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Mod p decompositions of gauge groups

DAISUKE KISHIMOTO
AKIRA KONO
MITSUNOBU TSUTAYA

We give mod p decompositions of homotopy types of the gauge groups of principal
bundles over spheres, which are compatible with mod p decompositions of Lie
groups given by Mimura, Nishida and Toda. As an application, we also give some
computations on the homotopy types of gauge groups. In particular, we show the
p-local converse of the result of Sutherland on the classifications of the gauge groups
of principal SU(n)-bundles.

57505; 55R70, 54C35, 55P15

1 Introduction

Let G be a topological group and let P be a principal G-bundle over a space K. The
gauge group of P, denoted by G(P), is the group of all automorphisms of P endowed
with the compact-open topology, where automorphisms of P are G —equivariant self-
maps of P covering the identity map of K. By definition, one naively expects that
G (P) inherits properties of G, and this is known to be true in some cases. For example,
it is shown in Kishimoto and Kono [13] that higher homotopy commutativity of G
yields a splitting of a certain exact sequence including G(P) and G . Localize at the
odd prime p. If G is a Lie group, G is homotopy equivalent to a product of smaller
spaces, which is called a mod p decomposition of G. Then as above, one can expect
there is also a mod p decomposition of G(P). There are two results supporting this
expectation: one is due to the first and the second authors [11] when G admits a finite
order automorphism, and the other is due to Theriault [21] when G is of low rank and
K is the 4—sphere. In this paper, generalizing the above results, we construct a mod p
decomposition of G(P) when K is a sphere of certain dimension. Note that G(P) is
not connected in general, implying the p-localization of G(P) does not make sense.
So we set the p—localization of G(P) as

G(P)(p) = QBG(P)(p))-

Published: 18 May 2013 DOI: 10.2140/agt.2013.13.1757


http://msp.org
http://www.ams.org/mathscinet/search/mscdoc.html?code=57S05,(55R70, 54C35, 55P15)
http://dx.doi.org/10.2140/agt.2013.13.1757

1758 Daisuke Kishimoto, Akira Kono and Mitsunobu Tsutaya

To set notation, let us recall mod p decompositions of Lie groups. Let X be a ( p—local)
finite H-space. By a classical result of Hopf, there is a rational homotopy equivalence

X ) G2+l Ly g2netl

We denote the index set {ny,...,ng} by t(X) and call it the type of X. Put ;(X) =
{k et(X) |k =1imod(p—1)}. We list the types of compact, simply connected,
simple Lie groups.

SU(n) 1,2,....n—1 G, 1,5
Sp(n) 1.3,....2n—1 Fy 1,5,7,11
Spin(2n) 1,3,....2n—=3,n—1| E¢ 1,4,5,7,8,11
Spin2n+1) 1,3,....2n—1 E; 1,57,9,11,13,17
Es 1,7,11,13,17,19,23,29
Table 1

We state a result of Mimura, Nishida and Toda [17] on mod p decompositions of Lie
groups.

Theorem 1.1 (Mimura, Nishida and Toda [17]) Let G be a compact, simply con-
nected, simple Lie group such that H«(G;Z) is p—torsion free. Then there is a
homotopy equivalence

Gy = By x--xBp_y,

where t(B;) = t;(G) fori =1,...,p—1.

The above theorem is proved by Mimura, Nishida and Toda [17] by an explicit con-
struction of B;, and later, a simple proof is given by Wilkerson [24] using the unstable
Adams operations. We remark here that Harris [9] gives a mod p decomposition of
a Lie group G when G admits a finite order automorphism, which is included in
Theorem 1.1 as a special case. It is shown in [11] that these mod p decompositions of
Harris induce those of gauge groups.

For convenience, we regard a collection of sets {Sy,...,S p_l} as also indexed by
Z/(p —1). Namely, for n € Z, S, means S;, where 1 <i < p—1 and n =
i mod(p—1).

Let us return to gauge groups. Let G be a compact, simply connected, simple Lie
group. We restrict the base space of principal G-bundles to S2412 with d € t(G). In
constructing mod p decompositions of gauge groups, we exclude Spin(27)—bundles
for a technical reason. However, we have the following construction. Let P be a
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principal Spin(2n)—bundle over S24+2. Suppose that P is classified by an element
of Imtyx C mp44,(BSpin(2n)) for the inclusion ¢: Spin(2n — 1) — Spin(2n). Then
there is a principal Spin(2n — 1)-bundle Q over S2¢%2 such that P is the bundle
associated with Q by ¢. Let E be an S?"~!—bundle over S2¢*2 that is associated
with P by the canonical action of Spin(27) on S?"~!. Then as a special case of a
result of [11], we have a p—local homotopy equivalence

-1 G(P) ~(p) G(Q) xT(E)

for any odd prime p, where I'(E) is the set of sections of E. By the standard fiber
sequence

Spin(2n — 1) — Spin(2n) — S~

together with Table 1, we see that tx: w544, (BSpin(2n — 1)) — 75442 (BSpin(2n))
is an isomorphism on free parts except for d # n — 1. Thus we may say that in most
cases, mod p decompositions of gauge groups of Spin(2xn)-bundles over S 2d+2 yre
deduced from those of Spin(27 — 1)-bundles over S29+2.

Our main result is the following.

Theorem 1.2 Let G be a compact, simply connected, simple Lie group such that
H.(G;7Z) is p—torsion free and G # Spin(2n), and let P be a principal G —bundle
over S22 for d € t(G). Then there is a homotopy equivalence

G(P)(py =B x---xBF_|
and a homotopy fiber sequence
QT B - BE — B4,
fori e Z/(p—1).

The organization of the paper is as follows. In Section 2, we first give a proof of
Theorem 1.1 adapted to our situation, which is a slight modification of the proof due
to Wilkerson [24]. After that, we prove Theorem 1.2. In Section 3, we prove that the
homotopy fiber sequence in Theorem 1.2 is principal when G is of low rank. As a
consequence, we see that mod p decompositions of gauge groups due to Theriault [21]
are included in Theorem 1.2 as a special case. In Section 4, we give two applications of
mod p decompositions of gauge groups. The first application is to count the homotopy
types of gauge groups as in Kono [15], and Crabb and Sutherland [2]. As a consequence,
we see that the converse of a result of Sutherland [18] is true in the low rank case. The
second application is on the adjoint bundles of given principal bundles. We prove that
not all mod p decompositions of G(P) in Theorem 1.2 are induced from those of the
adjoint bundle of P.
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2 Proof of Theorem 1.2

We first reproduce a proof of Theorem 1.1 which is a slight modification of a proof by
Wilkerson [24] adjusted to our situation.

Proof of Theorem 1.1 By assumption, one has

Hy(G: Zp)) = AN X2 415+ Xomp+1), |Xi| =1,

where t(G) ={n,...,ny} and each x; is in the image of transgression of the universal
bundle G —- EG — BG . In particular, each x; is primitive. For an integer ¢ prime to
p.let 7. BG(,) — BG(,p) be the unstable Adams operation of degree ¢ as in [24].
Then we have (¢9)*(y) = ¢¥y for y € H**(BG; Z(p)), implying

(2-1) (07w (X2m;+1) = ¢"  xap, 11

fori =1,...,£. Choose an integer u whose modulo p reduction is a primitive (p—1)
root of unity in Z/p. Let r: X — X denote the r—power map of an H-space X . For
integers b and m, we define a map f(m,b): G,y — G(p) as

f(m,b) — ub ° Q¢u _ ub-‘rm-i-l’

where the subtraction is given by the standard multiplication of G (). Then by (2-1)
and primitivity of x5, 41, one has

(2-2) S (m,bYs(xan, 1) = (@bt - “b+m+1)x2n,-+1
fori=1,...,¢.
Define the index set ti.’ as
=@ UG +b+1]j€tip (G
k#i
forieZ/(p—1). If t? ={i1,...,is}, we put
F(i,b) = f(i1.b)o---0 f(is, b): G(py = G(p)-

Let B(i, b) be the homotopy colimit of the diagram

F(i,b) F(i,b)
G(p) G(p) Gy =+

Then it follows from (2-2) that

Hy(B(i.b): 2/ p) = A(x2x 11 | k € :(G))
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and the natural map G(,) — B(i, b) induces the projection in the mod p homology.

Thus the natural map €: G(p) — ]_[f:ll B(i, b) induces an isomorphism on mod p
homology.

Since the Hurewicz homomorphism induces an isomorphism from 74 (G) ® Q to the
module of indecomposables of Hy(G;Q), we see from (2-2) that

F(i,b): mox41(G(py)/torsion — max 4 1(G(p))/torsion

is an isomorphism for k£ & t;(G) and the zero map for k£ € t;(G), implying that the
map € is a rational homotopy equivalence. Then since € induces an isomorphism on
mod p homology and is a rational homotopy equivalence between simply connected
spaces, it is a homotopy equivalence. Thus the proof of Theorem 1.1 is completed by
putting B; = B(i, D). o

Remark 2.1 Wilkerson’s proof [24] of Theorem 1.1 is the case » = 0 in the above
proof.

Remark 2.2 The homotopy type of B(7, b) in the above proof does not depend on b.
Indeed, the composite
. p—l
B(i,b) =5 T BG.b) = Gy — BG.0)
i=1
induces an isomorphism on mod p homology and then a homotopy equivalence, where
the last arrow is the canonical map.

We next prove Theorem 1.2. The idea of the proof of Theorem 1.2 is to apply the
construction in the above proof of Theorem 1.1 to fiber sequences including gauge
groups. Then we need to know a relation of fiber sequences and homotopy colimits.

Lemma 2.3 (Farjoun [3]) Suppose there is a commutative diagram

Fo Fi F,
E, E, E,
By By B,

in which columns are homotopy fiber sequences. Then

hocolim F;, — hocolim £,, — hocolim B,
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is also a homotopy fiber sequence.
We describe the induced maps of the unstable Adams operations in homotopy groups.

Proposition 2.4 Let G be a compact, simply connected, simple Lie group such that
H.(G:Z) is p—torsion free and G # Spin(2n). Then for d € (G), mp441(G(p)) =

Zp)-

Proof In the case that G is SU(n) and Sp(n), we obtain the result by considering the
inclusions into SU(co) and Sp(co), respectively. Since there is a homotopy equivalence
Spin(2n + 1) () Sp(n) for any odd prime p as in Friedlander [4], we have already
proved the case of Spin(2n + 1). For exceptional Lie groups, we can verify the claim
using Theorem 1.1 together with a calculation of homotopy groups of B; in [17,
Proposition 6.3 and 6.6]. O

Corollary 2.5 Let G be as in Proposition 2.4, and let q be an integer prime to p. For
d €t(G), the induced map (2¢?)x: 724+1(G(p)) = T2d+1(G(py) is the ¢? ! —power
map.

Proof By Proposition 2.4, we have that the natural map

72d+1(G(p)) = 12441(G) @ Z(p) = m24+1(G) @ Q

is injective. Since the Hurewicz homomorphism induces an isomorphism of

T2d+1(G) ®Q

to the module of indecomposables of H,;41(G;Q) as is mentioned in the proof of
Theorem 1.1, the result follows from (2-1) and naturality of the Hurewicz homomor-
phism. a

Proof of Theorem 1.2 Let o: S29t2 — BG be the classifying map of P, and let
map(X,Y; f) be the component of the space of maps from X to Y including f.
Recall from Atiyah and Bott [1] that there is a natural homotopy equivalence

(2-3) BG(P) ~map(S2?*2, BG; ).

Let u be an integer whose mod p reduction of a primitive (p — 1) root of unity in
Z/p,andlet r: S(Zp“;Jrz ) (2pd)+2 denote a map of degree r. By Corollary 2.5, we
can define a map

gi: Qmap(S(zpd)Jrz, BGpy:ap)) — Qmap(S(Zp“;’Lz, BGpy:aqp))
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as
gi = Q) o) —ui=?,

where ¢*: BG(p) — BG(p) is the unstable Adams operation of degree u. Then there
is a commutative diagram of homotopy fiber sequences:

Q24+2 f(j,—d—1)

QTG () QT G(p)

N

@D Qmap(SET2. BG )i (p) Qmap(S24*2, BG )i a(p)

| |

G(p) G(p)

Sfi—d—1,0)

Let tl._d_l be as in the proof of Theorem 1.1. If tl._d_l ={iy,...,is}, we define a map
Gi = giy 0-+-0 gi;: Qmap(SEAT?, BG(p); () = Qmap(STAT2, BG (p); ()
Then (2-4) yields a commutative diagram:

Q24+2F(j,—d—1)

QTG () QT G(p)

| |

(2-5) Qmap(S2d+ BG(p);O((p)) Qmap(S(Z;)"' BG(p);(X(p))

G(p) G(p)

F(i—d—1,0)

For a self-map 4: X — X, we denote the homotopy colimit of a diagram

xhxLxo.

by hocolim /. If X = QY and h = QA for some h: Y — Y, Lemma 2.3 implies a
natural homotopy equivalence hocolim 2z ~ Q(hocolim /). Then we obtain

hocolim Q292 F(i, —d — 1) =~ Q(Q29 (hocolim F(i, —d —1))) ~ Q(Q29+! B;).

Put BiP = hocolim G;. Then it follows from Lemma 2.3 and (2-5) that there is a
homotopy fiber sequence

QB - BE — Bi_4
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satisfying a homotopy commutative diagram of homotopy fiber sequences

d .
QY Gp)) — Qmap(S() " BGp); ) — Gip)

| | |

QQT B) BF Bia—

4

in which vertical arrows are natural maps. Hence we get a homotopy commutative
diagram of homotopy fiber sequences

QT G(p) Qmap(S{ST2, BG(p): a(p)) G(p)

| | |

1
1_[,_1 Q(QZd-HB) Hlp_l BP l—[,_l i—d—1

in which the right and the left vertical arrows are homotopy equivalences by Theorem 1.1.
This implies that the middle vertical arrow is also a homotopy equivalence, and thus
the proof is completed by a natural homotopy equivalence

map(S2d+2, BG:.a)p) ~ map(S(p) s BG(pyia(p))
and (2-3). m|
3 The case of low rank Lie groups

In this section, we prove that the homotopy fiber sequence SZ(SZS“’Jrl B;) — BI.P —
B;_;_ is principal for the low rank Lie groups in Table 2.

SU(n) (p—D(p-2)=n—-1
Sp(n), Spin2rn+1) (p—D(p—-2)=2n—1
Gy, Fy, Eg p=5
Eq, Eg p=1

Table 2

As a consequence, we see that the following result of Theriault [21] is included in
Theorem 1.2. We set some notation. For a base point preserving map f: S — X,
we denote by & f the connecting map QX — Qg X of the evaluation fiber sequence
QyX — map(S”, X; /) — X . Hereafter, if a Lie group G satisfies the conditions

in Theorem 1.1, we identify G(,) with ]_[f:ll B; by the homotopy equivalence of
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Theorem 1.1. For i =n,n + 1, it is known that 75;(SU(n)) is cyclic, and then there
is only one u; such that 1 <u; < p —1 and m;(By,) # 0. Similarly for Sp(n), it
is also known that 74,4>(Sp(n)) is cyclic, implying there is only one v such that
l<v=<p—1and m44+2(By) #0.

When the type of a ( p—local) H-space is {ny,...,ns} with ny <--- < ny, we put
LX) =mny.

Theorem 3.1 (Theriault [21]) (1) Let G be a compact, connected, simple Lie
group, and let P be a principal G —bundle over S*. If {(G) +2 < p, there is a
p—local homotopy equivalence

g(P) :(p) 1_[ (S2i+l % QgS2i+1).
iet(G)
(2) Let P be a principal SU(n)—bundle over S* classified by « € m4(BSU(n)), and
fori =n,n+1,let Z iP be the homotopy fibers of the composite

. 80( .
Bi_y =% SUn)(py —2> Q3SU(n)(p) 2> Q3 By,

where u; is as above. Then there is a homotopy equivalence

G(PYp = Zy xZyyx [ Bix [ <8
i#n,n+1 i#”n,un-l-l
mod (p—1) mod (p—1)

(3) Let P be a principal Sp(n)—bundle over S* classified by a € m4(BSp(n)), and
let WP be the homotopy fiber of the composite

incl 8Cp proj
Ban—1 —> Sp(n)(p) —> Q3Sp(n)(p) —> Q3 By,

where v is as above. Then there is a homotopy equivalence
GPYpy2WPx [] Bix ] @B

i#2n—1 i#v
mod (p—1) mod (p—1)

Remark 3.2 Since BSpin(2n + 1) ~(,) BSp(n) for any odd prime p, (3) implies a
result for Spin(2n + 1). Theriault [21] also gave a partial result for Spin(2r). We get
a complete result by the construction in Section 1.

Remark 3.3 The above definition of Z iP and W7 is equivalent to that of X, Y in

[21] by [19, Lemma 5.1]. As we see below, the definition of Zl.P and WP is better
suited to our situation.
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Recall from [19] the universality of homotopy associative and homotopy commutative
H-spaces. Let X be a homotopy associative and homotopy commutative H-space, and
let A be a subspace of X'. X is called universal for A4 if for any homotopy associative
and homotopy commutative H-space Y and a map f: A — Y, there is a unique
H-—map j7 : X — Y extending f', up to homotopy. By an elementary observation, one
gets the following.

Lemma3.4 Fori=1,2,let X; be a homotopy associative and homotopy commutative
H-space and let A; be a subspace of X; for which X; is universal. Then X1 x X is
universal for A1V A,.

We use the following result of Theriault [19].

Theorem 3.5 (Theriault [19]) Let (G, p) be as in Table 2. Then fori € Z./(p — 1),
there are a homotopy associative and homotopy commutative H-structures (; on B;
and a subspace A; of B; satisfying the following.

(1) The inclusion A; — B; induces an isomorphism
A(Hx(Ai; 2/ p)) = Hx(Bi; Z] p).
(2) B; is universal for A; .

We can generalize [21, Theorem 1.1] simply by replacing 4 with 2d + 2; here we omit
the proof.

Lemma 3.6 (cf [21, Theorem 1.1]) Let (G, p) be as in Table 2 and let y; be as in
Theorem 3.5. For o € my44,(BG), the connecting map 5?‘1)): Gp) — diHG(p)
is an H-map with respect to the H-structure jt1 X -+ X p—1 on Gy and the loop
multiplication on Q211G ).

Remark 3.7 The H-structure pq X -+ X pp—1 on G(p) is homotopy commutative.
Then by a result of McGibbon [16], it is not equivalent to the standard H—structure on
G(p) in general.

Let us decompose the connecting map §* as a product of certain maps.

Proposition 3.8 Let G be a compact, simply connected, simple Lie group such that

G # Spin(2n) and H«(G;Z) is p—torsion tree. Then for 0 < k <i + p(p —1),
75, (Bi) =0 unless k =i mod (p — 1) with k > £(G).
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Proof By Table 2 and Theorem 3.5, we have

(3-1) H«(A;: Z(p)) = Z(p) (x2i+1+2m(p—1)7 cees x2i+1+2(m+n)(p—l)>a |xj| =]

for some m,n > 0. In [17], B; is shown to be spherically resolvable. Namely, there is
a fiber sequence

B(]) N B(] + 1) — S2i+1+2(m+j)(p—1)

for j = 0,...,n such that B(0) = §2i+1+2m(r=1) and B(n + 1) = B;. Recall
from Toda [22] that 75p 4ok (S2¢t1) =0 for £ >0, 0 <k <2p(p—1) + 3 and
k % 0 mod (p — 1). Thus by an inductive calculation of the homotopy exact sequence
of the above fiber sequence, we obtain the result for k£ > £(G). The remaining case is
proved quite similarly to Proposition 2.4. a

Corollary 3.9 Let (G, p) be as in Table 2. Then for o € my44,(BG) with d +
£(G)+ 1< p(p—1), the restriction of 5‘(1;;) to A; can be compressed into

2d+1 2d+1
QO B;_41C QO G.

Proof By Proposition 3.8 and (3-1), we see that the homotopy set [4;_4_1, diﬂ Bj]
is trivial for j #£i mod (p — 1) if d +£(G) + 1 < p(p — 1), implying the result. O

Remark 3.10 By Tables 1 and 2, one can easily check that the inequality d + £(G) +
1 < p(p—1) always holds for d = 1.

For o € m344,(BG) and i € Z/(p —1), let §¥ denote the composite

. 8(1 .
incl )  ~2d+1 Proj - Sod41
Bi—d—l —> G(p) —> QO G(p) — QO Bl'.

Lemma 3.11 Let (G, p) be as in Table 2 and let « € w5 442(BG). If d +4(G)+1 =<
— { (02 ~ 5% ce (o4

p(p —1), it holds that 5(p) G X -ee X 8p_1.

Proof Consider the H-structure 1y X ---x ptp—1 on G,y as in Lemma 3.6. Then

by Lemma 3.6, 8‘("p) and 6 are H-maps. By Corollary 3.9, 5‘("p) l4;v-va,_, and

8|4, VeV 5;‘_1 |4,_, are homotopic, and thus for Lemma 3.4 and Theorem 3.5, the

proof is completed. a

We now state the main result of this section.
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Theorem 3.12 Let (G, p) be as in Table 2 and let P be a principal G —bundle over
S24+2 for d € (G) classified by o € Td+2(BG). If d +4(G)+ 1 < p(p—1), the
homotopy fiber sequence

Q2B - BE — B4

is principal and is classified by 8§ fori € Z/(p —1).

Proof Consider the diagram

. 8%
incl i 2 1
Ai—d—a - Bi—d—l - Qod+ Bi

lincl jincl

o
8(p)

Aid—a G(p) QG ().

By Corollary 3.9, the outer rectangle is homotopy commutative, and then so is also
the right square by Theorem 3.5 and Lemma 3.6. Let F}* be the homotopy fiber of
8. Since Qmap(S 2d+2 BG)(p) is the homotopy fiber of 8“p), the above observation
shows that there exists amap 0: F{ — Qmap(S 2d+2 p G)(p) satisfying the following
homotopy commutative diagram.

QA By) Fali) Bia—

- 9 \
| QTG () — Qmap(S29+2, BG: o) () — G(p) ||

\ /

QT B)) BF Big—

4

Thus the top and the bottom homotopy fiber sequences are equivalent, completing the
proof. O

Let (G, p) be as in Table 2 and choose d € t(G). Define the index set I,(G, d) as
I,(G.d)={1 <i < p—1|[4i—a—1. """ Bi] = 0}.

We give a rough description of the homotopy types of p-localized gauge groups
using I,(G,d).
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Corollary 3.13 Let (G, p) be as in Table 2 and let P be a principal G —bundle over
S§24+2 with d € ¢(G). If d + £(G) + 1 < p(p — 1), there is a homotopy equivalence:

GPYp= [[ Bix [] Bica—rxQ23%'B)
i¢l,(G,d) iel,(G,d)

Proof Let o € my442(BG) be the classifying map of P. If i € I,(G,d), the
restriction of 8% to A;_g_ is trivial, implying triviality of §% by Theorem 3.5 and
Lemma 3.6. Thus the proof is completed by Theorems 1.2 and 3.12. a

As in the proof of Corollary 3.9, we can calculate I,(G, d) in some cases.

Proposition 3.14 For (G, p) in Table 2, we have the following.
(1) If6(G)+d+1 < p or (G, p,d) is as in the following table, I,(G,d) =
{I,...,p—1}.

G | .p)

G, | (1,5),(5,5)

Fs | (1,5),(1,7),(1,11),(5.5), (7.7)

E¢ | (1,11),(7,17), (8, 19)

E; | (1,17),(7.23), (13,29)

Eg | (1,17), (1,23), (1,29), (7.23). (7.29), (11, 37),
(13,29), (13,41), (17,43), (19,41), (19,47)

(2) Ifd+1<p, I,(SU(n),d) includes 1 <i < p—1 satisfying
iZnn+1,...,n+d mod(p—1).
(3) Ifd+1<p, I,(Sp(n),d) includes 1 <2i —1 =< p —1 satisfying

i;._én,n—i-l,...,n%—L%J mod(pT_l).

Proof (DIf L(G)+d+ 1< p, B;is S(Z;)“ or a point. Then the first assertion
follows from Toda’s calculation of the homotopy groups of spheres [22] as mentioned
above. The second assertion can be verified by a calculation of the homotopy groups
of B; in [17].

2) If £(Bij—4—1) +d + 1 < n, we see from Proposition 3.8 that i belongs to
I,(SU(n),d). (3) is quite analogous to (2). a

Proof of Theorem 3.1 (1) follows from Corollary 3.13 and Proposition 3.14(1).
Quite similarly, for (2) and (3), we only need to show u; =i 4+ 2 mod (p — 1) for
i=nn+1and v=2n+1mod (p—1). Indeed, by Proposition 2.4, we have the
desired congruences. a
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4 Applications

In this section, we give two applications of the mod p decompositions of gauge groups.
One is to count the homotopy types and the other is on a relation of gauge groups with
adjoint bundles.

4.1 Counting homotopy types

It is of interest to count the number of the homotopy types of G(P) when P ranges
over all principal G-bundles over K, where G and K are fixed. This problem
was first studied by the second author in [15] for G = SU(2) and K = S*. Later,
many results were obtained concerning this problem. See Hamanaka and Kono [7],
Hamanaka, Kaji and Kono [6], Crabb and Sutherland [2], Kamiyama, Kishimoto, Kono
and Tsukuda [10], Theriault [20], and Sutherland [18] for example. Here, we determine
the homotopy types of G(P)(,) when P ranges over all principal SU(n)—-bundles over
S*and n—1<(p—1)(p—2). As a consequence, we see that the converse of a result
of Sutherland [18] holds at the above prime p. We notice here that one can easily
generalize the following calculation to SU(n)—bundles over S29+2 for d < p —2.

We first recall the following description of the connecting map §%.

Proposition 4.1 (Whitehead [23]) For @ € m;(X), the connecting map §%: QX —
QgX corresponds to the Samelson product of (&, lgx) in QX through the adjoint

congruence
[QX, Qi X] =[S/ AQX, QX],

where @: S?1 — QX is the adjoint of «.

Fix an isomorphism w4(BSU(n)) = Z. Forn—1 < (p — 1)(p —2), let us determine
the order of 5k for k € Z = m4(BSU(n)). Let A;: B; — SU(n)(,) and rit Aj —
SU(n)(p) denote the inclusions. Since (A;)s: [S3ABij_s, Bi] = [S3AB;i_, SU#) (p)]
is injective, it follows from Proposition 4.1 that the desired order is equal to that of the
Samelson product (k,A;_,) in the group of the homotopy set [S> A B;_», SU#) (p)l.
where we denote the adjoint S3 — SU(n) of k also by k. Let 1: SU(n) — U(n) be
the inclusion. Then since S A B;_, is simply connected, the order of the Samelson
product (k,X;—5) is equal to that of (tok,t0A;_,). Note that the group structures
of [S* A Bi_», U(n)(p)] given by a suspension parameter of the source space and the
multiplication of U(n)(,) are the same. Here, we choose the latter one. In particular,
by tok =k otol and linearity of Samelson products, we have

(4-1) {tok,tohjz)=ko(tol.tohis).
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where k: U(n)(,) — U(n)(p) is the k—power map as above. So we determine the order
of (tol,t0A;_,) in the group [S3 A B;_,, U(n)(p)]- As in Kishimoto and Nagao [14],
the order of (to1,104;_5) is equal to that of {to1,10X;_,). Obviously, the projection
m: S*xA;_p — S3AA;_ induces an injection of groups 7*: [S>A4;_p, U(n) ()] —
[S3 x Ai—2,U(n)(p)]. Moreover, 7*({tolomy,L0 Xi—2)) is the commutator of
tolom and toAj_p o, in the group [S? x Aj—2,U(n)(p)], where m; is the it
projection. Thus we determine the order of the commutator [to 1oy, to0 Xi—z o 75|
in the group [S3 x Aj—2,U(n)p]. To this end, we apply the following result of
Hamanaka [5]. Let x,;_; € H*~1(U(n); Z) be the suspension of the i universal
Chern class ¢; € H*(BU(n); Z).

Theorem 4.2 (Hamanaka [5]) Let X be a CW—complex of dimension <2n+2p—4.
For f,g: X — U(n), we put

ve= Y Srir1)g* (x2j41)-
i+j+1=k
0<i,j<n—1
Then the order of the commutator [ f, g] in the group [X, U(n)(,)] is equal to the order
of (Vns - .., Yn+p—2) in the cokernel of

p—2 p—2
(4-2) P (2 + i)l chyyi: K(X)(p) —> €D H* 2 (X1 Z).
i=0 i=0

where chy, is the 2k —dimensional part of the Chern character.
For an integer m, let v, (m) be the maximum k such that m is divisible by pk .

Proposition 4.3 Letn—1=(p—1)(p—2) and let t,A; be as above. Then the order of
the commutator [to1 oy, 10A;_0m] in the group [S3 x A;_», Un)(p)] is prrEiE—1)
fori =n,n+1.

Proof Tt is shown in [14] that IZ(ZA,,,)(I,) is generated by &, 0, ....&m,¢,, for some
£ > 0 such that
m=n—2mod(p—1),

dg
—=—— Y Xop—
chy—1Gm,s) = (n—1)! e
0 mz#n—2mod (p—1),
bs

chy(&m,s) = { n!
0

YXop—3 m=n—1mod(p—1),
mz#£n—1mod(p—1),
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and
ap, b() € ZE(P)’

where x; is as in (3-1). Then since E(S3 X Ag) = K1 (S3)®IZ_1 (Ays), we obtain that
the image of the map (4-2) for X = A,,_,, A,—1 is generated by n(n—1)(u3 X x2,—3)
and n(n 4 1)(u3 X X2,_1), respectively, where u3 is a generator of H3(S3;Z). Thus
the proof is completed by Theorem 4.2. |

Corollary 4.4 Letn—1 =< (p—1)(p—2). Then for SU(n) andi =n,n + 1, the
order ofSl.l: B;i_, — 9(3)31. is pvp(i(i—l))'

Let Py be a principal SU(n)—bundle over S* classified by k € Z = m4(BSU(n)).
Sutherland [18] obtains the following necessary condition for G(Py) and G(Py) having
the same homotopy type with some indeterminacy, which is fixed later by Hamanaka
and the second author [7].

Theorem 4.5 (Sutherland [18], Hamanaka and Kono [7]) Let Pj be a principal
SU(n)—-bundle over S* classified by k € 7 = m4(BSU(n)). If G(Py) ~ G(Py), it
holds that (n(n> —1),k) = (n(n>—1),4).

The converse of the above theorem is true for » = 3 [7] but not for n = 2 [15]. However,
for n = 2, the converse is still true if we look at odd prime components, which is
generalized by the following result.

Theorem 4.6 Let Py be a principal SU(n)—bundle over S* classified by k € 7. =
m4(BSU(n)) and suppose n —1 < (p —1)(p —2). Then G(Pi)(p) = G(Py)(p) if and
only if min{v,(n(n? — 1)), v,(k)} = min{v, (n(n* —1)), v, (£)}.

Proof Notice that the equality (4-1) implies that 85‘ ~ko 81.1 and that since p is odd,
at most one of n — 1,n,n + 1 is divisible by p. Then if (v,(n(n* — 1)), v,(k)) =
(vp(n(n* = 1)),v,(0)), 5{‘ and 55 have the same order for both i = n,n + 1 by
Corollary 4.4, implying that there exists a; € ZZ(p) such that 5{‘ ~a; oéf fori=n,n+1.
Define a map a: Q3SU(n)(p) — 23SU(n) () as
a=dapXdayy1 x1:
QiBnxQBuy1x || QUBi—>QBuxQBurix [[ Q3B
i#n,n+1 i#n,n+1
mod (p—1) mod (p—1)

It follows from Lemma 3.11 that 5{‘ y~ao 8{ . Since the map « is a homotopy
equivalence, we obtain that G(Py)(p) =~ G(P¢)(p), completing the proof. a
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Remark 4.7 Sutherland [18] proved a result for Sp(n)—bundles over S* that is
analogous to Theorem 4.5. We can also show its converse as in Theorem 4.6 using
naturality of the mod p decompositions of SU(2xn) and Sp(n) with respect to the
inclusion Sp(n) — SU(2n).

4.2 Adjoint bundles

Let us first set some terminology and notation for fiberwise spaces. A fiberwise
space over B is a space X equipped with a map ny: X — B. Let nxy: X — B
and ny: Y — B be fiberwise spaces over B. A fiberwise map from X to Y is a
map f: X — Y satistying 7y o f = mx. A fiberwise homotopy is a homotopy
he: X x[0,1] = Y such that A, is a fiberwise map for each ¢ € [0, 1]. We then define
a fiberwise homotopy equivalence in the obvious way. The fiberwise product of X and
Y, denotedby X xgVY is {(x,y) € X xY | nx(x) = ny(y)}, where X xgY — B
is the restriction of mxy x wy. X is called a trivial fiberwise space if wy is a homotopy
equivalence. If X is fiberwise homotopy equivalent to a fiberwise product of non-trivial
fiberwise spaces, we say that X is fiberwise decomposable.

For a topological group G, let P be a principal G-bundle over K. The adjoint bundle
of P, denoted by ad P, is the associated fiber bundle P x G/ ~, where (p, g) ~ (g, h)
if g= pk and h =k~ 'gk for p,g € P and g,h,k € G. Then as in [1], there is a
natural isomorphism

(4-3) G(P) = TI'(adP),

where I"(ad P) is the set of all sections of ad P. It has been a standard method to study
the gauge group G(P) by investigating ad P as a fiberwise space over K. See [2; 11;
13], for example. However, the converse might not work well in general. Namely,
there are properties of the space G(P) that are not deduced from fiberwise properties
of ad P. Combining results of Crabb and Sutherland [2] and the second author [15],
we get an example for this converse problem, and this example is the only one we
know so far. By (4-3), a fiberwise product decomposition of (adP)?B) yields a product
decomposition of G(P)(p), where (—)?2) is the fiberwise p-localization. The first
two authors [11] construct mod p decompositions of gauge groups by constructing
fiberwise decompositions of adjoint bundles. We show not all mod p decompositions
of gauge groups are achieved in this way.

We start by recalling a result of Wilkerson [25] on the uniqueness of mod p decompo-
sitions. A space is called indecomposable if it is not homotopy equivalent to a product
of two contractible spaces.
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Theorem 4.8 (Wilkerson [25]) Let X be a simply connected, finite H-space. If
X(p) = X1 x--- X X, where each X is indecomposable, then the homotopy types of
X1,..., Xy are unique up to permutations.

If G is a compact, simply connected, simple Lie group such that Hx(G;Z) is p—
torsion free and G # Spin(2n), then the non-contractible product factor B; of G ) is
indecomposable. See [17]. Then by Theorem 4.8, we have the following.

Corollary 4.9 Let G be a compact, simply connected, simple Lie group such that
G # Spin(2n) and Hy(G;Z) is p—torsion free. Then for any decomposition Gy =~
X1 X --- %X Xy, there is a partition I{ U---U 1T, ={1,..., p—1} such that

szl_[B,‘

iely

fork=1,...,n.

We next calculate the cohomology of the adjoint bundle ad EG. It is well known
that ad £G is fiberwise homotopy equivalent to the free loop space LBG over BG.
Then we consider the cohomology of free loop spaces. In [12], the following useful
operation is constructed. Since there is a section of the projection LX — X, we assume
H*(X;R)C H*(LX; R).

Theorem 4.10 (Kishimoto and Kono [12]) There is a linear map 6: H*(X; R) —
H*~Y(LX: R) satistying the following, where R is a commutative ring.

(1) For the inclusion t: X — LX, it holds that

¥ 00 =0,
where o: H*(X; R) - H*~1(QX; R) is the cohomology suspension.
(2) Forx,y e H*(X:R), we have
6(xy) =5y +DHPLG ().
(3) IfR=1Z/p, we have
6P'=P'6 and 5B =p5.

Let G be a compact, simply connected, simple Lie group such that G # Spin(2n) and
H.(G;Z) is p-torsion free. It holds that

4-4) H*(BG;Z/p) =7/ plyrit+2 | i € (G)]
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and 1 € t(G). Then it follows from the Borel transgression theorem that

H*(G:Z/p) = Ao (y2i+2) |1 € HG)).

Thus by Theorem 4.10, we can apply the Leray—Hirsch theorem to the evaluation fiber
sequence G ~ QBG — LBG — BG and get

H*(LBG;Z/p) =7/ plyri+2 i e UG)]®A(X2i+1]i €UG)), X2it1=0(V2i+2)-

Let P be a principal G-bundle over S* classified by 1 € Z = 74(BG). Then since
LBG is fiberwise homotopy equivalent to ad EG over BG, there is a homotopy
pullback diagram

adP —= LBG
L,
S4 BG,
implying that
ws) H*(adP: L/ p) = 2/ plua)/ (u3) ® AFais1 |i € HG)).

usg=1i;(ya), Xoiy1 =7 (X2i41).
where i; represents 1 € Z = m4(BG). Let r,(G) be the number of i € Z/(p — 1)
such that t;(G) # @. We give a criterion for fiberwise indecomposability of (adP)?;).

Theorem 4.11 Let G be a compact, simply connected, simple Lie group such that
G # Spin(2n) and H«(G;Z) is p—torsion free, and let P be a principal G —bundle
over S* classified by 1 € 7 = w4(BG). Suppose there exists a prime p > 3 satisfying
the following conditions.

(1) p—2etG).
(2) P'y, includes the term aysyzp—» fora e (Z/p)*.

Then (adP)?;) is not fiberwise decomposable into r,(G) non-trivial fiberwise spaces
over S*.

Proof By the condition (2) together with Theorem 4.10 and (4-5), we get

(4-6) PlXs=aus ®Xpp 3+ .

Assume that (adP)?B) is fiberwise homotopy equivalent to X X g4 -+ X g4 X (G)»
where X; is a non-trivial fiberwise space over S* for i =1,..., rp(G). Then in
particular, we have that the homotopy fiber F; of X; — S* is not contractible for
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each i. By Corollary 4.9, we may assume B is included in F;. Then it follows from
(4-6) that By x B,_, must be included in F;. Thus by Corollary 4.9, at least one Fj
is contractible, a contradiction. a

Let G, P be as in Theorem 1.2. Then G(P)(p) is decomposable into r,(G) non-
contractible spaces. Then the following shows that not all these decompositions are

induced from those of (adP)f(iB).

Corollary 4.12 Let G be a compact, simply connected, simple Lie group such that
G # Spin(2n), Sp(1) (== SU(2)),SU(3) and H«(G;Z) is p—torsion free, and let P
be a principal G —bundle over S* classified by 1 € Z = m4(BG). Then there exists an
odd prime p such that (adP)?;) is not fiberwise decomposable into r,(G) non-trivial
fiberwise spaces over S*.

Proof When G is exceptional, p = £(G) + 2 satisfies all conditions in Theorem 4.11
by Hamanaka and Kono [8].

For G = SU(n) with n > 3, we can take a prime p > 3 satisfying p—1<n=<2p—1,
implying the conditions (1) and (2) in Theorem 4.11 are satisfied. By an elementary
calculation, we have

Pley =—(p+ Deacpg +--

and then the condition (3) is satisfied, where ¢; € H?*(BSU(n); Z) is the i™ universal
Chern class. Thus the proof is done by Theorem 4.11 in this case.

The case G = Sp(n) with n > 1 follows quite similarly from an equality
pEl
Plgr= (D" (p+ Do+
where ¢; € H* (BSp(n); Z) is the i™ universal symplectic Pontrjagin class. O

Remark 4.13 By [11], we have that for G = SU(3), (adP)?E) is fiberwise decom-

posable into two fiberwise spaces over S*.
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