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Detection of a nontrivial product
in the stable homotopy groups of spheres

LINAN ZHONG
YuYyu WANG

In this paper, we prove that there exists a new family of nontrivial homotopy elements
in the stable homotopy groups of spheres with dimension g(p” + sp + 2) — 4.
These nontrivial homotopy elements are represented by ﬂ shohy in the E St2r_
term of the Adams spectral sequence, where p =5, n >4, p+1<s<2p—1,
t=q(p"+sp+2)+s—-2,9g=2(p—-1).

55Q45; 55T15, 55510

1 Introduction

Let S be the sphere spectrum localized at an odd prime p and let A be the mod p
Steenrod algebra. To determine the stable homotopy groups of spheres 7S is one
of the central problems in homotopy theory. One of the main tools for investigating
this problem is the Adams spectral sequence (ASS) E5" = Ext' (Zp, Z,) = 71— S,
where the E ! _term is the cohomology of A and the Adams differential is d,: E3" —
EStritr= 2 . In detecting nontrivial elements of 7, S with the ASS, three problems
arise: calculation of the E,-terms Ext:;’*(Z p» Zp), computation of the differentials
and questions of extensions from E to 7S

The known results on Ext® 4 (ZP,ZP) are as follows. From Liulevicius [8], we
know that Ext1 *(ZP,Z ) has a Z, —ba31s consisting of ay € Ext 4 (ZP,Z ) and
h; € ExtA’P q(Zp,Zp) forall i = 0. Ex *(Zp,Zp) has Z,-basis consisting of &y,
ao,aoh i>0),g(@=0),k({=0)), b (i =0) and h;h;j (j >i+2,i =0) whose
internal degrees are 2¢ + 1, 2, piqg + 1, q(p't!1 +2p"), q(2p"‘H + pY), p'Tlq and
q(p' + p’) respectively. Extil’*(Z p» ZLp) for p > 2 has been computed by Aikawa [1].

Let M be the Moore spectrum modulo an odd prime p given by the cofibration

(1-1) s—Pos oy Tl
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3010 Linan Zhong and Yuyu Wang

Let o: ¥9M — M be the Adams map and V(1) be its cofibre given by the cofibration

J2

(1-2) SIM -2 M-y (1) L sty

Let B: T4y (1) — V(1) be the v,—mapping. It is well known that, in the ASS,
the B—element Bs = ji joB%i»i; is a nontrivial element of order p in 7(p41)sg—g—25
where p = 5; see Miller, Ravenel and Wilson [10].

From Wang and Zheng [13], we know that B € mpq+4(s—1)q—2S is represented by
the second Greek letter family element, Bs € ExtSpat(—Da+s=2x(7 7.y in the
ASS and ,B s is represented by the element s(s — 1)a2 2hy ohy,1 in the May spectral
sequence (MSS).

Using the ASS, X Wang [12] proved in 1994 that the product E shoby is a permanent
cycle in the ASS and converges to a nontrivial element of order p in 74S. In 1998,
X Wang and Q Zheng [13] proved the convergence of E shohy . Recently, X Liu [4; 5]
and Liu and Li [6] proved the convergence of ,gshohnbo, Vs+3hohnhy, and Eshohnhm
However, all of them are working under the condition s < p. If s > p, the computation
becomes much more complicated.

In this paper, we interest ourselves in the problem of convergence of the product E shohy
(p+1<s<2p—1), and get the following theorem.

Theorem 1.1 If n>4, p>=5and p+1 <s <2p—1, the product Eshohn survives
to E in the ASS and it converges to an element in 7w4.S .

Remark 1.2 If p+1 <5 <2p—2, we believe that ff shoby also survives. However,
this must be more complicated.

So far, not so many families of homotopy elements in 7S have been detected. In [2],
Cohen detected a family ¢, € 7, "q-+q—3 S, for n = 1, which has filtration 3 in the ASS
and is represented by hob € Ext3 p'ata(z,, 7.,). Lee [3] proved that ,Bp Ly is non-
trivial for all n, ie, b Yhoby isa permanent cycle in the ASS and converges nontrivially
to ,Bp lé‘n This result gave another infinite family of elements in the stable homotopy
of spheres. In [9], M Mahowald detected a family 7; € 77,44 pq—2S . fqr p=2,j#2,

which has filtration 2 in the ASS and is represented by h1h; € Exty? ‘atra(y, p-Lp).

For the convenience of the reader, let us briefly indicate the main idea in the proof of
Theorem 1.1.

Note that ,g s and hgh, are both permanent cycles, so E shohy is a permanent cycle,
that is dr (Bshohn) = 0. Thus, to prove the convergence of the product Bshohy, it is

Algebraic € Geometric Topology, Volume 13 (2013)



Detection of a nontrivial product in the stable homotopy groups of spheres 3011

enough to show that the product
Bshohn # 0 € Ext; > (Zp, L)
and that it is not a d, boundary in the ASS. For the latter, it is enough to show that
Ext 2 AP ESpAI ST (g 7 ) =0, s+2>r 22,
The MSS is a powerful tool to prove both of the above.

This paper is organized as follows. In Section 2, we introduce a good method used
to compute the generators of the MSS FE|—term. In Section 3, we use this method to
prove some important results on Ext groups. The proof of Theorem 1.1 will be given
in the last section.

2 Detecting generators in the May E;—term

From Ravenel [11], there is an MSS {E;""*, d,} which converges to Extil’t(Zp.Zp)
with E{—-term

EP™  =Ehijli>0,j=0)®P(bi;li>0,j=0)®P(a;|i>0),
where E(-) denotes the exterior algebra, P(-) denotes the polynomial algebra, and
hij e E1,2(p"—1)pi,2i—1
; 1

2.2(p' =D p/ T p2i—1 1,2p'—1,2i+1
bi,jEEl’(p )p! T pQRi—1) aieEl’p ,z+_

’ ’

— . Yy
One has d,: Ef’t’M — E;VH’I’M "forr>=1,andif x € Ef’t’M and y € E; ot ’M,
then

dr(x-y) =dr(x) -y + (=1)’x-d, ().

From Liu and Wang [7, Proposition 2.5], there exists a graded commutativity in the
May E;—term as follows:

amhn,j :hn,jam, hm,khn’J == _hn’jhm’k,
(2-1) ambn,j = bn,jams hm,kbn,j = bn,jhm,k’
Amdp = Apdm, bm,nbi,j = bi,jbm,n-
The first May differential d; is given by
dy(hij) = =2 o<k<i it je+jlic,j-

(2-2) di(ai) = =Y o<k<i hi—k kK
di(bi,j) =0.
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For each element x € E i’t’M, we define dim x = s, degx = ¢. Then we have

dim h; j =dima; =1, dimb;; =2,

deghij =2(p' = 1)p! =q(p'™/ 7+ + p7),

(2-3) deghij =2(p' = )p/* =q(p" +---+ p/™h),
dega; :2pi —1 :q(pi—l +o+ D+,
degag =1,

where i = 1, j = 0.

We denote a;, h;,j and b; j by x, y and z respectively. By the graded commutativity
of £ T’*’*, we can consider a generator

b+m+21,t+b,*
g=01. ... X))o ym) (.. z) € E]TT

where t = (co+cip+---+eup™)g with 0<c; <p (¢, >0),0<b <gq.
Note that the degrees of x;, y; and z; can be uniquely expressed as

degx; =q(xjo+xi1p+--+xinp")+1,
deg yi =q(io+yiap+---+ yinp").
degzi =qO0+zi1p+--+ziap").

Furthermore, the sequence (X;0,X; 1,...,X;n) is of the form (1,...,1,0,...,0),
while the sequences (yio.Vi1.--.,Yi;n) and (0,z1,...,zin) are of the form
©,...,0,1,...,1,0,...,0). Denote the sequences by columns, then the generator g
determines a matrix:

A B
X1,0 *** Xpo|V1,0 0 Ymo O -+ O
X1,1 0 Xp,1| V1,1 0 Vm,1 Z1,1 0 Z11
(2-4) . . . . . .
X1,n *°" Xpu|Vin *°° Ymmn Zi,n ' Zln

The entries of the matrix (2-4) are 0 or 1. Because of the graded commutativity
of E T’*’*, by interchanging columns in part 4 and B respectively, the matrix (2-4)
can always be transformed into a new one whose entries x; j, yi j, zi,j satisfy the
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following conditions:

(1) X1, =X2j=-=Xp,j.Xi0 = Xj1 = Xjpfori <band j<n.
(2) Ifyij—1=0andy;; =1, thenforallk < j,y;x =0.
(3) Ifyij=1landy;;+; =0, thenforallk > j,y;x =0.
(2-5) @) y1,0= 9202 Z Ym,o-
(5) If yio=Yi+1,0. Vit = Yi+1,15---»Vi,j = Vi+1,j, then
Vi, j+1 Z Vit1,j+1-
(6) Conditions (2)—(5) apply also to z; ;.

For example, part A of the matrix (2-4) may be transformed into the following form:

(1 U R BT |

1 ver 1 eer wee 1
(2-6)

1 - 1

! /

i
——

The entries not displayed are all 0 and a column (1,...,1,0,...,0)T denotes a;. Part

B of the matrix (2-4) may be transformed into the following form:

n

JI,ZH

Iy ;
The entries of each I; are all 1, the others are all 0. Unfortunately, we can not determine

which columns (0,...,0,1,...,1,0,.. .,O)T (jOs, ils, 0,...,0)in the above matrix
denote h;,j or b; j_;. For this reason, we give the following definition.

Definition 2.1 Define the polynomial algebra

EYY = Plhij|i>0,j=0]1® Plbij|i >0,/ =0]® Pla; |i = 0]
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and note the obvious identification £ f’t’* =E ft*/ (hf j). If, in the above, b; ; is
replaced by /; j 11, then we get

FPU* o= Pla; |i =2 0]1® Plhij |i >0, =0].

By the graded commutativity of F ls 1* we can consider a generator

b+m,t+b,
g:(xl,...,Xb)(yl,...,ym)EF1+mt+ *,

where t = (co+c1p+---+cup™)g with 0 <¢; < p(cy, > 0),0 < b < g. Similarly,
the generator g determines a matrix:

A B
X1,0 **° Xp,o|V1,0 0 VYm0 \ Co
X1,1 °°° Xp1 | V1,1 o Vm,d C1
2-7 ’
X1,n **° Xpn|Vin *°° Vmn Cp

By interchanging columns in parts 4 and B respectively, the matrix (2-7) can be
transformed into a new matrix of the form

A B

11’—

JI,ZH

Iy yil
where a column (1,...,1,0,..., O)T (with i1s) in part A denotes a; and a column

©,...,0,1,..., 1,0,...,O)T (jOs, ils, 0,...,0)) in part B denotes /; j. By the
properties of the p—adic numbers, we have the following system of equations:

X1,0+ -+ Xpo+Vi,0+ -+ Ymo =Co+kip=co,
Xpg+txp vt ymp =i —ki+kap=cy,
(2-8) :
Xipn—1++Xpu—1+Vin—1+ "+ Ymn-1

=Cp1 —kn—1+knp=cn_1,

Xipn+ o +Xpn+Vin+ -+ Ymn = Cn—kn = cn,

where k; = 0.
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Definition 2.2 In (2-8), the integer sequence k = (kq, k3, ..., ky) is called the carry
sequence.

Definition 2.3 In (2-8), the integer sequence ¢ = (¢cg, ¢y, - . . , ¢y) Which is determined
by (cg,¢1,...,Cn) and the carry sequence k = (k, ks, ..., ky) is called the sum of

the row sequence.

Definition 2.4 For the sum of the row sequence ¢, we denote my = max{cy — b, 0},
m; = max{c; —cj—1,0} for i >0 and m =mqg+m; +---+my.

We have the following simple method for constructing matrix solutions of (2-8) which
satisfy the conditions (2-5)(1-5).

Simple method 2.5 Without loss generality, we suppose the first i rows are as follows:

.1 ++1+-1-+-1/0--00:-0---0---0\ ¢o

1 - 11 -
1 -1 1 «+1¢%-1+--1 1 -1 1--1¢+-1--11]c
L 11 1] L1 11l Cimt

Then the (i + 1)™ row is constructed as follows:

(1) Ifc; =cj—1, put 1s in the next neighboring c; —c;—1 columns, like so:

co

1 -+ 1 -+1+-1+-10:+00++0:-0-:-00---0
1 1 11 C1

N PO R 1 .-

Ci—1
Ci

1 --- |

where r +h =ci_1—c¢;,r,h =0.
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Sometimes, by Simple method 2.5, we can not detect the generators of F f) Fmithx

For example, assume that the first two rows are as follows:

-« 11]1Y s
1 -+ 10(1) s—1

By Simple method 2.5(1), we have the following matrix:

-1 11N s

I .-« 101 ) s—1

1 10[1/) s—1
It detects the generator ag_zalh 30€F lb +tm ’t+b’*, but we can not get the following
matrix by Simple method 2.5(1):

I -« 11{10Y\ s

1 -+ 10[10])] s—1

11001/ s—1

However, the above matrix actually exists, and it will in fact detect the generator
as 2ayhy ohy € Flb+m+1’t+b’*. The following discussion gives us a good idea to
solve this problem.

b+m,t+b,*
For an element ¢ = x1x3+-Xp - Y1Y2+-ym € F| , we denote the set of

terms in dy{g} by Di{g}. Then D;{g} generates a submodule of Ff”‘m"'l’”rb’* and
D{C{g} = D;{---D;{g}---} generates a submodule of Ff’+m+k’t+b’*. Furthermore,
we have

Dilaiy ={aohio.arhi—1,1.....ai—1hy -1},
Diihijy=1{hyjhi—1,jy1. 0o, jhi—sjv2, .o hicyjhivj—1}-

From [7, Lemmas 5.5 and 5.7], we get the following diagram:
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where 1 denotes the resolution /; j — h;_y jyrhg,j and a; — aj—jhji—j, k=0,
and *, denotes the replacement h; j 1 — b j.

From the discussion above, the determination of E
steps:

T’Hb’* is reduced to the following

Step 1 Express t/q as a p—adic number so that t = (co +c1p+---+cnp™)q.

Step 2 List all possible carry sequences & such that in the corresponding sum of row
sequence ¢, m < s — b (Definition 2.4).

Step 3 For each sum of a row sequence ¢, we can solve the associated system of
equations by Simple method 2.5. Thus, we get all generators of F' lb itk

Step 4 Through the replacement and resolution
(2-9) hijwr = bij. hijj = higjvihi,j. @i = ai-jhji-j.
s,t+b,%

we get all generators of £

3 Some results on Ext groups

In this section, we will prove some results on Ext groups which will be used in the
proof of the main theorem.

Theorem 3.1 If p>=5,n>4 and p+1<s <2p—1, then we have that the product
Bshohn # 0 € ExtSt2*(Zp, L), where t = q(p" +sp +5) +5—2.

Proof Let s =s'+ p. Then
t=q(p"+p*+ G +Dp+s)+s +p-2,
where 0 < s’ < p—1.
In the MSS, the product E shohy is represented by
_ M
s(s —1aj 2haohy1hohig € Ei“’t’ .

where M = 55 —4 = 55’ + 5p — 4. We need to prove that E§+1’t’M+r =0(r=1).

By using the method which was introduced in Section 2, the generator g € F ls’t’*

can be represented by ay ag, ---ay,hi, j, -+ hi,j, . For convenience, we write
g =X{"X]V1""Vm € Fls,[,*’ where X = ak,"yi = h kl = k2 = e = kl’

imjm»
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J1< o< < jmsim Zimay if Ji = jiz1. Since [ =5+ p—2 and m < s+ 1, then
§=X1- Xy, oV1 " Ym € Ff’t’* and we have the following system of equations:

X1,0+FXgpp—20+ Yo+ F IYmo=5+kip=co,
X+t Xgrp2i+yiitocFIyma =5 +1-ki+kap=cy,
Xip+ o+ Xggp 2ot ViptFIymar=1—ks+kip=c,
3-1) X13+ -+ Xgpp23+ Y13t +ym3=0—ks+ksp=cs,
Xin—1+ +Xyrp—2n—1+Vin—1+"+ VYmn-1

=0—ky—1+knp=cn_1,
Xtut ot XyqrpontVint -t Ymn=1 —kn =cn.

Case 1: 0 <s’ < p—2 From (3-1), the carry sequence k = (kq,k»,..., k) can
only be of the following forms:

,...,0),
(1,0,...,0),
(1,1,0,...,0),
(1,1,....,1).

Subcase 1.1 When k = (0, ...,0), the corresponding ¢ = (s’,s" +1,1,0,...,0,1).
We see that the first two rows are:

11--100--0/00Y)5s
11--100--0/10) s +1
Then the possible third rows are:
11--100--000Y\ s
11--100--0{10]|s+1
10---000---0{00 |1 - (1)
00---000---0(10 - (2)

If we choose (1) as the third row, then we get the following solution:

11--100--000Y\ s
111000101 s+1
10.--000---0/00/ 1
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Thus, we can obtain the following matrix:

(11 100-000Y
11 - 100--0[10]s+1
10 --000---0[00]1
00 --000--000]|0
00 --000--000]0
\0 0 000--001/1

It detects the generator a3a§/_1ag _zhl,lhl,n e F ls 1% and by the replacement and
resolution (2-9), we have

_1 —1
{a§ hsohihi g @i~ 611610 ha by }EEs—i-l,t,Ml
1

aSal "2 hyphyahy g asad "2al " hy ol h g
with May filtration My = 55"+ p+1 < M, and
2 -2 +1,6,M,
{a3a2 “1ab™2by ohy y azal 'al hl,lbl,n—l} € E} 2
with May filtration M, = 55" +2p+1< M.

Similarly, if we choose (2) as the third row, then we get the following solution:

- 100 000\ s

- 100 0110 ] s+1
00 000 0j10/ 1

Thus we can obtain the following matrix:
(11’--100'--000 !

- 100--0/10])s+1
00---000---0[10]1
00:---000---0{007]0O0
00:---000---0{00]O
00:.-000---0/01/1

It detects the generator a5 ao h2 1hin€ Fr S6* and by the replacement and resolution
(2-9), we have
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{aélag_zhl,zhl,lhl,n a8~ al ™ oy haoh g ai/_lalag_2h2,1h1,1h1,n} € ETHJ’MI
with May filtration My =5s'+p+1< M,
{ai/ag_zhz,lbl,n—l} € ETHJ’MZ
with May filtration M, = 55" +2p +1 < M, and
{a3as2/_l%p_2h1,1bl,n—1} € Ei+1’t’M3
with May filtration M3 =5s'+4p—1< M.
Subcase 1.2 When k =(1,0,...,0), the corresponding ¢ = (s’ + p,s’,1,0,...,0,1).

Similar to Subcase 1.1, we have

s'—1 p—2 — s'—1_p —
asda, al hlsohl,ohl,n—o and asda, Cllhz’()hz’()hl’n—o.

Subcase 1.3 When k=(1,1,...,0), the corresponding ¢ = (s'+ p,s'+p, 1,0,...,0,1).
Then we have

s’+p—2 _
a, ha,0h2 001, = 0.

Subcase 1.4 When k = (1,1,1,...,1), then we have that the corresponding
c=(s,s,p,p—1,p—1,...,p—1,0). We can construct the matrix solutions of
(3-1) as follows.

Note that the first two rows are:
l1---1111---1{11)\s
l1---1111---1]11) s

Then the possible third rows are:

lI---1111-- 1[11Y\ s
l---1111--1/11]s
1---1110--0/00]p-- (D
1---1100---0[/10 e (2)
1---1000---0[11 e (3)
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If we choose (1), (2) and (3) as the third row, respectively, then we get the following
three solutions:

I---1111-- 1|1 1Y\ s
I---1111--1/11]s
l1---1110---0/00/ p,
I---1111-- 1|1 1Y\ s
I---1111-- 1|1 1]s
l1---1100---0[10/ p,
1 1111+ 1111\ s
1 r111.-- 111 11]s
1 1000---0(1 1/ p

If we choose (1), then the four rows can be expressed as:

I--- 1111+ 1]11Y\s
I---1111---1(11]s
l1---1110---0[00]) p
1---1100---0[00/) p—1
We obtain the following matrix:
1-1111---111\s
I---1111--1{11]s
l---1110---0(00] p
1---1100---0[00]) p—1
1---1100---0[00]) p—1
\0--0000---000/0

So we can get the generator a,l,’_la3a§/_2h2,oh2,0 € Fls’t’M5 with May filtration
Ms=Q2n+1)(p—1)+5s +3.

If we choose (2), then the four rows can be expressed as:

11111 1{11\ s
I -«-1111--1[111]s
l1---1110---0(10])p
1---1100--000]) p—1--- (1)
1---1100---0/10 Q)
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Similarly, we can get aﬁ_lag_lhwhz,o, a5_2a3a§/_1h,,,0h2,0 € Fls’t’M5 with May
filtration Ms = 2n+ 1)(p — 1) + 55" + 3.
If we choose (3), then the four rows can be expressed as:
I---1111-- 1|11\ s
l---1111---1|111]s
I« 1110-.--0/111]p
[~ 1100--010]| p=1-- (D
11100011 2)
Similarly, we can get a,‘?_zaghn,oh3,0, a,f_3a3a§/hn,ohn,o € Fls’t’M5 with May filtra-
tion Ms = (2n+ 1)(p—1)+ 55" + 3.
s,t,Ms .

From the above discussion, we get the following possible generators in Fj
ab ' azas "2hy oha 0, ag_lasz/_lhaohz,o, ab "2 azas = hyohao, 615_261;71;1,0}13,0
and a,ll’_3a3a;/hn,0h,,,o which will be denoted by xg, X1, X2, X3 and x4 respectively,
where xo = 0 and x4 = 0. It is easy to see that xq, X1, X2, x3 and x4 belong to
Ef’t’MS. At the same time, we also get generators of Ef“’t’MS by (2-9). Then we

list all the possibilities in Table 1.

Let

ki = aé’_lasai/_zhz,oh1,1/11,0, ky = arf—la;/_zalh&ohz,ohl,l7

ks = are_lai/*lhz,lhz,ohl,o, kg = 05_10361572}12,0%,1}11,0,

ks = ag_lai/_zalhxohz,ohl,ls ke = ap_lai/_lhz,lhz,ohho,

k7 = are_zasaé,_zaﬂln,ohz,oh1,1s kg = arlz)_zaghn,ohz,ohl,z,

ko = ailz)_zai/_lalhn,ohlohl,l7 k1o = aﬁ_zai'_‘alhn,ohz,lhz,o,
kit = al~2a8 " aghy,ohs oha 0. kiz = af 2asal " hy_11ha 0k 0,
ki3 = ailz,_za;/hn—l,lhlohl,o» k14 = ap_zai/_lalhn—1,1h3,oh2,07
kis = al " 2ajal " hu—iihs,oha.. kis = ab 2azal " hu_s 3h30hs 0.
ki7 = al"2a8 hy_s 2h3 ohs 0. kig = af 2asal " ha—iihiohs 0.
kio = ab " 2a$ hu—iihiohs 0. kao = af " aza$ hy ohn—1,1h1.0.

_ p-3 s'—1 _ p—3 ¢
kot =ay “azay” arhpohy—1,1h20. koa=a, “ayaihyohy—1,1h3,0.

_ p-3 s’ _ b3 s
koz = ay “azay hyohy—2 220, kos = ay “dayazhyohy—22h3 0,
p—3 s’ p—3 s'—1
kys =ay “azday hyohp—3,3h3,0. kys =an “azay” hyohn—33h2 0,

_ p—3 s'—1 _ p-3 s/
kop =ay “ajazay " hyohp—iihao, kog =an “ajay hyohn—iihso,

p—3 s’
kag = ap asd, hn,Ohnfi,ihi,Oy
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The generators of FY . Ms

The generators of

Eiv+1,t,M5

xo=al asal " hyohao | af " azad 2hy ohy 1hi
af ™ a§ " hs ohy 1hy o
X1 = ap_lfl“;/_thohz’o are_lag/_lhz,IhZ,Ohl’O
af ™ a§ " Vayhs ohs ohy
af a8 “Vaghy,ohs 0ha 0
afl a8y " ayhy_y 1ha oha o
afl a8 " ayhy_z 2h3 oha o
af 2 azal " hy_3 33 0ha o
abaiay " hyiihyohae (4<i<n-—1)
af 2 azal " hyohy by
Xy = a5‘2a3a§*1hn,ohz,o af_zai/_laohn,ohs,ohz,o
are_zai/*lalhn,ohz,lhz,o
afl 2a8 hyoha ohy
af 2 azal 2ayhyoha oy
af 2 azal " hy_y 1haohi o
aﬁ’_zawg_lhn—3,3h3,0h2,0
af 2azal T hy_iohiohyy (4<i<n—1)
af " azal T ayhy ohy—1,1h2,0
af 7 azal T azhy ohy—2 220
05_361%”5_1hn,ohn—s,3h2,o
ab aiasay " hyohniihae (4<i<n-—1)
Xy =al a8 hyohs g af2a8 hy,oha,1hi
af_za“;/aohn,ohz,ohl,z
ag_zai/_laohn,ohs,ohz,o
afl 2ay " Vayhy ohs ohy
afl a8 hy_y 13 0hy 0
a2 a8 hy—z 2h3 oh2 o
05_2a§/hn—i,ohi,oh3,o @<i<sn-1
af 7 as arhoha—1,1h3 0
afl a8 ayhy ohy—2 2h3 0
af " azyad hyohn—3,3h3,0
af 7 ajaza$ hyohn—iihsg (4<i<n—1)
af " aza hy ohp—1,1h1,0
xg = al " a3a hy ohyo al 7 a3a8 hy ohy—2,2h2,0
05_3a3a§/hn,0hn—3,3h3,0
af a3ad hyohn—iihip (4<i<n—1)

Table 1: The generators of £

S+1,t,M5

Algebraic € Geometric Topology, Volume 13 (2013)

3023



3024 Linan Zhong and Yuyu Wang

where 4 < i < n — 1, and then consider the first May differential of xi, x5, x3,
di(x))==ki+---,di(x3) ==k +---, di(x3) = —k3 +---. We can see that the
leading terms ky, k;, k3 are not contained in the first May differential of the other
generators and are also not equal to a§/+p_2h2,0h1,1h1!0h15,, up to sign. From the
above results we know that x;, x5, x3 in E f’t’*(r > 2) is not bounded.

Since Ms = (2n+ 1)(p —1) + 55’ + 3, we take

-1 _s'—2 -1 _s'—2
gs =al™ a3 “aohsohzohi1hi . gs=al™ ay “aihs1haohi1h .

_ p—1 s/—1 — ,p—2, =2
ge=al= ay " haohi2hi1h0. g7 =al"aszay, “aohnohz 0hi,101,0,

s/—

2 ¢/ 2 ¢/
gs =al™"ay " aihpohaohi2hi . go =al™>a} " aohnohsohi,1hi .

—2 /-1 -2 s'—1
gro=al™"ay " arhyoha1hi1h 0, g1 =al™"a " aohnoh2,1ha0hi 0.

-2 s'—1 -2 s
g2 =al™"a " aoghy—1,1h3,0h2,0h1 0. g3 =al™a} hy—1,1h20h1 201 0,

—2 /=1 -2 s'—1
gua=al™"ay aihy—1,1h30h1,1h1 0. gis =al " a;a5 " hy_iiha1haohi o,

-2 s/ —1 -2 5
g6 =al “aszay " hp_33h3ohi,1h10, g17=al™°a} hy—22h2 1h2 0010,

-2 s'—1 -2 s
gis =al"azay " hy—iihiohi,1h1,0, 819 =al™a hy—iihiohz,1h1,0,

_ p=3 s'+1 — =3, 51
g0 =ab>ay " hyohp—1,1h1 2010, g2 =al™azay, " aohnohn—1,1h2,001,0.

p—3 s'—

1 -3 g
g2 =al™>ay T araohnohn—1,1h3,0h20. g3 =albCasal T aihpohn—2,2h2 001 1,

-3 s/

824 = al ™ azal aohnohn—2,2h3,0h2.0,
-3 s/—1

826 = alazal ™ hyohu—33hi1h0.

-3 s’
g2s = al > a;al hpohn—iihsohio.

_ p-3 s/
gas = alazal hyohn—33hs,1hi 0.
-3 s/—1
g7 =ala;asa’ " hpohp—iihi,1h 0,

-3 s/ —1
829 = alazal " aohpohn—iihiohs.,

where 4 <i <n—1. By (2-2), an easy computation shows that

di(ks) = gatgs—ge +-.
di(ks) =—ga+gs+---.
di(ke) =
dy(k7) =
dy(ks) =
di(ko) =
dy(k1o) =
di(kn) = g9
dy(ki2) =

dy(ky3) =

dy(ki4) =

g5—8 +--,
g7+,
—83 +:-,
g9 — 810+ -,
g0 —&u+---,
+g8u+-,
— 812 —813+ 8140,
—&12 813+ grat+-0-,
g13+81at+---,
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di(kis) =gis+---,

di (ki) = g6+,

di(ki7) = g7+,

di(kis) = g+,

di(kio) = g9+,

di (ko) = 820+,
di(kz1) =—g21 4+,

di(kaz) = —s'ga +-

di(ka3) = 823+,

dy(kas) = "+ Dgaa+---,

di(kas) = gas+- -,

dy(ka6) = 826+,
di(ka7) = ga7 +--,

di(kas) = —gag + -,

dy(ka9) = —5'ga9 4 e

Through the computation of the first May differentials of the generators and the rank of

its coefficient matrix, we see that their first May differentials of generators are linearly
independent.

Case 2: s' = p—2 From (3-1), we can get the carry sequence k = (0,0, 1,...,1),

the corresponding ¢ = (s’, s’ + 1, p+1,p—1,..., p—1,0). Similar to Subcase 1.4,

s+1t*

we can get the five generators in the £ as follows:

614610 h31h12h12—0 a4a0 hz 20y 10 2,
s'—1 -1
ay " lazay” hz 2hs, 2h2 1=0, a4 asal” h3 1ha2hy 2,

ai_z 2a h31h22h22—0
The first May differential of the above generators are as follows:

dl(ai/ap_zhzzhz1h12)=561i_1 - h40h22h21h12+ - #£0,
dl(as_lazao h31h22h12)__ai_1 "'y hsohaahy g+ #0.

From the above results, we get E, STLLMAT _ (r = 1) in the MSS, so it follows that
Bshohn ;éOeExs+2’*(Zp,Zp). m
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Theorem 3.2 Let p > 5, n>4 and p+1 <s <2p—1. Then we have that
Exty > (L, Zp) = 0, where t' = q(s +sp+ p") +s and 2 S 1 <542,

s+2—r,t'—r+1,x

Proof We need to prove E,

q(p" + p* + (s +1)p+s’)—|—s’+p—r—1 We claim that 5"+ p—r — 1=

Otherwise, if '+ p—r—1<0and p >
is a contradiction. Consider g = X -
= h; ki =k, =

imim>»

where x; = ay,, yi
Jm = Jm+1-

Case 1: 0<s/<p—2

X'+ p—r—1)1"

=0.Lets=s"+p,thent/ —r +1=
0.
5,then p > q + (s —|—p—r—1) p, it
“ Ym € e FS "+p—r+2,t'—r—1,%

1 9

'Bkhjl S]Zs

< jmJ.m = im+1 if

Subcase 1.1 When k = (0, ...,0), the corresponding ¢ = (s’,s" +1,1,0,...,0,1).
Then we get that the generators are
’_ e / _ [
a3as2 lag r lhl,lhl,nEFiv +p—r+1,t'—r l,M,
/ —r—1 ’ — l,l‘/— _I’M
ayal™" hz,lhlineFf’LP rrle-r ,
with May filtration M = 55" + p —r + 3. By (2-9), we have
'—1, p—r —1
ay tal " haohyhig afagal) o hihy g
r—1
aya h12h1 i azal~ hz oh1,1h1,n
a3a§_1 P by ol 6130;_1 p- by g ¢ Pt —r—1.M’
— 1 M
02610 hthl Ah1n ai la /’l21h2 0111
(12 (1100 h21h1 1hin 612(10 hz 1b1,n—1
azal ' al " hy by

Subcase 1.2 When k& = (1,0,...

,0)or k=(1,1,0,...

,0), it is easy to show that

such a g cannot exist.

Subcase 1.3 When we have k = (1,...
c=("+p.s"+p.p.p—

, 1), then we have that the corresponding
l,...,p—1,0).
We list all the possibilities in the following:

The generators exist if and only if r = 2.

ap 2 1/’!40h30h20€Fs+p r+2,t'—r+1,% ’
615_1613612 3hz,ohz,ohz,o =0, al7la 2h3 oh2,0h2,0 =0,
aP™2a3a haohaohao =0,  ab'ad " hs ohs oha =0,
a5_4a3a;/h3,0h3,0h3,0 = 0, a,’l’_5a3a2 h4,0h3,0h3’0 = 0,

-6 .3 s
al ™ aza3 hyohsohso =0,

-7, 4 s
Clﬁ asd, h4,()//l4’0/’l4’0 =0.
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Furthermore,
dl(az “1al ™" hy ohy 1hln)——61§_1 “Thyhyihyohy g+ #0,
dl(az alao h21h11h1n)—_(5 —2)02_ p r+1h21h11h20h1,n+ - #0,
dl(azao_ B hl,zhl,lhl,n) = (s'—Daj ! ay™"hyohy2hithig+-+#0,
dl(a3a§/_zap_rh2 ohi,1hin) = 02_ ag_r+1h3,oh2,oh1,1h1,n +---#£0,
d1(a3a2 tal™"™ 11?1,0}11,n)=a§/_lap_rh3 ob1,ohin+---#0,
dy(azas ~'al ™ " hy by amy) = aS T ad T hyohy by 4 # 0,
di(ayad ™" hyghih ) = "= Day ™ ag ™  hyohyphy ihig - # 0,
61'1(61s_1 & hy,1hy ohln)=a§_1 P hyohyahyhy g+ #0,
dl(az aral” h21h11h1n)—as_1 m” r+1h21h1 1hiohin+---#0,
dl(az ab™"! h2,101 n—1) =a§a o hl 2hi1bip—1 +--- #0,
d1(03a2_ a _2h1 1b1 n—1)—0l2_1 - hs ohi,1bip—1+---#0,
di(@l=2a5 " hy ohs0ha,0) = al~2a5 " hy 1hyohaohie + - #0.

Obviously, the first May differential of every generator contains a term which is not
contained in the first May differential of the other generators. This implies that all the
first May differentials of the generator are linearly independent.

Case 2: s' = p—2 In this case, we have that the carry sequence k = (0,0, 1,...,1)
and c=(s',s'+1,p+1,p—1,..., p—1,0). Similar to Subcase 1.3, we get the five

generators in the E S=r2,tn as follows:
S
614 g h31h12h12—0 ayay™’ hz 20y 10 2,
-1 s'—1
a4 asay " “hyphy 2hy1 =0, ay laza)" h3 1ha2h 2,

s'=2 2 p—r—1
ay a3a h3,1h2’2h2’2 = 0.

Consider the first May differential,

dy (ai/ap_r_lhz,zhz,lhl,z) = S/ai/_lap_rfu 0h2,2h2,1h1,2 +---#0,
— —r—1 —
dl(as tasal™ h3,1h2,2h1,2)——ai Yal ™ hy 1hy ohyahy g + - #0.

Similarly, the first May differentials of the generator are linearly independent.
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p— /_
From the above results, it is easy to see that E ;+2 PESrHL* — 0 for r = 2. It follows

2—rt'—r+1, —
that Ext{ 2" "+t1%(Z, Z,) = 0. m

4 Proof of the main theorem

In this section, we give the proof of the main theorem.

Proof of Theorem 1.1 From [2], (i;)«(hohn) € Extfl’pnq+q(H*M, Zp) is a per-
manent cycle in the ASS and converges to a nontrivial element &, € mpng1q—2M .
Consider the composite

»P'ata-2 g & M2 V(1) s E—S(p+1)qV(l)ﬂz—S(erl)quqHS'

Since &, is represented by (i)« (hohn) € Extfl’an-"q (H*M,Zp) in the ASS, then ]7
is represented by

¢ = (j172)%(B*)x(i2)x(i1)x(hohn) = (j1j2B i2i1)x (hohn)
in the ASS.

By using the Yoneda products, we know that the composite

(iZil)*

(1 2B s
Ext’(Z 5, Z ) ExtO(H* M, 2 ;) - B’ pat e ats2 g 7 )

is a multiplication by
Es € Extil’SPq-'-(s_l)qH_z(Zp, ZLp).
Hence f is represented by
Bshohy € Bxt[T 2P 4spatsats=2z 7

in the ASS.

From Theorem 3.1, we see that ,g shohn # 0. Moreover, from Theorem 3.2 it follows
that Bshohy, can not be hit by any differential in the ASS. Thus the Bs/oh, survives
nontrivially to a homotopy element of 74.S. |
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