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Detection of a nontrivial product
in the stable homotopy groups of spheres

LINAN ZHONG

YUYU WANG

In this paper, we prove that there exists a new family of nontrivial homotopy elements
in the stable homotopy groups of spheres with dimension q.pn C sp C 2/ � 4 .
These nontrivial homotopy elements are represented by žsh0hn in the E

sC2;t
2 –

term of the Adams spectral sequence, where p > 5 , n > 4 , pC 1 < s < 2p � 1 ,
t D q.pnC spC 2/C s� 2 , q D 2.p� 1/ .

55Q45; 55T15, 55S10

1 Introduction

Let S be the sphere spectrum localized at an odd prime p and let A be the mod p

Steenrod algebra. To determine the stable homotopy groups of spheres ��S is one
of the central problems in homotopy theory. One of the main tools for investigating
this problem is the Adams spectral sequence (ASS) E

s;t
2
D Exts;t

A
.Zp;Zp/) �t�sS ,

where the E
s;t
2

–term is the cohomology of A and the Adams differential is dr W Es;t
r !

E
sCr;tCr�1
r . In detecting nontrivial elements of ��S with the ASS, three problems

arise: calculation of the E2 –terms Ext�;�
A
.Zp;Zp/, computation of the differentials

and questions of extensions from E1 to ��S .

The known results on Ext�;�
A
.Zp;Zp/ are as follows. From Liulevicius [8], we

know that Ext1;�
A
.Zp;Zp/ has a Zp –basis consisting of a0 2 Ext1;1

A
.Zp;Zp/ and

hi 2 Ext1;p
i q

A .Zp;Zp/ for all i > 0. Ext2;�
A
.Zp;Zp/ has Zp –basis consisting of ˛2 ,

a2
0

, a0hi .i > 0/, gi .i > 0/, ki .i > 0/, bi .i > 0/ and hihj .j > iC 2; i > 0/ whose
internal degrees are 2qC 1, 2, piqC 1, q.piC1C 2pi/, q.2piC1Cpi/, piC1q and
q.piCpj / respectively. Ext3;�

A
.Zp;Zp/ for p > 2 has been computed by Aikawa [1].

Let M be the Moore spectrum modulo an odd prime p given by the cofibration

(1-1) S
p //S

i1 //M
j1 //†S:
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Let ˛W †qM !M be the Adams map and V .1/ be its cofibre given by the cofibration

(1-2) †qM
˛ //M

i2 //V .1/
j2 //†qC1M:

Let ˇW †.pC1/qV .1/! V .1/ be the v2 –mapping. It is well known that, in the ASS,
the ˇ–element ˇs D j1j2ˇ

si2i1 is a nontrivial element of order p in �.pC1/sq�q�2S ,
where p > 5; see Miller, Ravenel and Wilson [10].

From Wang and Zheng [13], we know that ˇs 2 �spqC.s�1/q�2S is represented by
the second Greek letter family element, žs 2 Exts;spqC.s�1/qCs�2;�

A .Zp;Zp/, in the
ASS and žs is represented by the element s.s� 1/as�2

2
h2;0h1;1 in the May spectral

sequence (MSS).

Using the ASS, X Wang [12] proved in 1994 that the product žsh0bn is a permanent
cycle in the ASS and converges to a nontrivial element of order p in ��S . In 1998,
X Wang and Q Zheng [13] proved the convergence of žsh0hn . Recently, X Liu [4; 5]
and Liu and Li [6] proved the convergence of žsh0hnb0 , zsC3h0hnhm and žsh0hnhm .
However, all of them are working under the condition s <p . If s >p , the computation
becomes much more complicated.

In this paper, we interest ourselves in the problem of convergence of the product žsh0hn

.pC 1< s < 2p� 1/, and get the following theorem.

Theorem 1.1 If n> 4, p > 5 and pC 1< s < 2p� 1, the product žsh0hn survives
to E1 in the ASS and it converges to an element in ��S .

Remark 1.2 If pC 1< s < 2p� 2, we believe that žsh0bn also survives. However,
this must be more complicated.

So far, not so many families of homotopy elements in ��S have been detected. In [2],
Cohen detected a family �n 2 �pnqCq�3S , for n > 1, which has filtration 3 in the ASS
and is represented by h0bn 2Ext3;p

nqCq
A .Zp;Zp/. Lee [3] proved that ˇp�1

1
�n is non-

trivial for all n, ie, b
p�1
0

h0bn is a permanent cycle in the ASS and converges nontrivially
to ˇp�1

1
�n . This result gave another infinite family of elements in the stable homotopy

of spheres. In [9], M Mahowald detected a family �j 2�pj qCpq�2S , for pD 2; j ¤ 2,
which has filtration 2 in the ASS and is represented by h1hj 2 Ext2;p

j qCpq
A .Zp;Zp/.

For the convenience of the reader, let us briefly indicate the main idea in the proof of
Theorem 1.1.

Note that žs and h0hn are both permanent cycles, so žsh0hn is a permanent cycle,
that is dr . žsh0hn/D 0. Thus, to prove the convergence of the product žsh0hn , it is
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enough to show that the product

ž
sh0hn ¤ 0 2 ExtsC2;t

A
.Zp;Zp/

and that it is not a dr boundary in the ASS. For the latter, it is enough to show that

ExtsC2�r;q.pnCspCs/Cs�rC1
A

.Zp;Zp/D 0; sC 2> r > 2:

The MSS is a powerful tool to prove both of the above.

This paper is organized as follows. In Section 2, we introduce a good method used
to compute the generators of the MSS E1 –term. In Section 3, we use this method to
prove some important results on Ext groups. The proof of Theorem 1.1 will be given
in the last section.

2 Detecting generators in the May E1–term

From Ravenel [11], there is an MSS fEs;t;�
r ; dr g which converges to Exts;t

A
.Zp:Zp/

with E1 –term

E
�;�;�
1

DE.hi;j j i > 0; j > 0/˝P .bi;j j i > 0; j > 0/˝P .ai j i > 0/;

where E. � / denotes the exterior algebra, P . � / denotes the polynomial algebra, and

hi;j 2E
1;2.pi�1/pj ;2i�1
1

; bi;j 2E
2;2.pi�1/pjC1;p.2i�1/
1

; ai 2E
1;2pi�1;2iC1
1

:

One has dr W Es;t;M
r !E

sC1;t;M�r
r for r > 1, and if x 2E

s;t;M
r and y 2E

s0;t 0;M
r ,

then
dr .x �y/D dr .x/ �yC .�1/sx � dr .y/:

From Liu and Wang [7, Proposition 2.5], there exists a graded commutativity in the
May E1 –term as follows:

(2-1)

8
ˆ̂<
ˆ̂:

amhn;j D hn;j am;

ambn;j D bn;j am;

aman D anam;

hm;khn;j D�hn;j hm;k ;

hm;kbn;j D bn;j hm;k ;

bm;nbi;j D bi;j bm;n:

The first May differential d1 is given by

(2-2)

8
ˆ̂<
ˆ̂:

d1.hi;j /D�
P

0<k<i hi�k;kCj hk;j ;

d1.ai/D�
P

06k<i hi�k;kak ;

d1.bi;j /D 0:
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For each element x 2E
s;t;M
1

, we define dim x D s , deg x D t . Then we have

(2-3)

8
ˆ̂̂
ˆ̂̂
<̂
ˆ̂̂
ˆ̂̂
:̂

dim hi;j D dim ai D 1; dim bi;j D 2;

deg hi;j D 2.pi � 1/pj D q.piCj�1C � � �Cpj /;

deg bi;j D 2.pi � 1/pjC1 D q.piCj C � � �CpjC1/;

deg ai D 2pi � 1D q.pi�1C � � �C 1/C 1;

deg a0 D 1;

where i > 1, j > 0.

We denote ai ; hi;j and bi;j by x;y and z respectively. By the graded commutativity
of E

�;�;�
1

, we can consider a generator

g D .x1; : : : ;xb/.y1; : : : ;ym/.z1; : : : ; zl/ 2E
bCmC2l;tCb;�
1

;

where t D .xc0Cxc1pC � � �C xcnpn/q with 0 6 xci < p .xcn > 0/, 0< b < q .

Note that the degrees of xi ;yi and zi can be uniquely expressed as

deg xi D q.xi;0Cxi;1pC � � �Cxi;npn/C 1;

deg yi D q.yi;0Cyi;1pC � � �Cyi;npn/;

deg zi D q.0C zi;1pC � � �C zi;npn/:

Furthermore, the sequence .xi;0;xi;1; : : : ;xi;n/ is of the form .1; : : : ; 1; 0; : : : ; 0/,
while the sequences .yi;0;yi;1; : : : ;yi;n/ and .0; zi;1; : : : ; zi;n/ are of the form
.0; : : : ; 0; 1; : : : ; 1; 0; : : : ; 0/. Denote the sequences by columns, then the generator g

determines a matrix:

A B
0
BBB@

x1;0 � � � xb;0 y1;0 � � � ym;0 0 � � � 0

x1;1 � � � xb;1 y1;1 � � � ym;1 z1;1 � � � zl;1
:::

: : :
:::

:::
: : :

:::
:::

: : :
:::

x1;n � � � xb;n y1;n � � � ym;n z1;n � � � zl;n

1
CCCA(2-4)

The entries of the matrix (2-4) are 0 or 1. Because of the graded commutativity
of E

�;�;�
1

, by interchanging columns in part A and B respectively, the matrix (2-4)
can always be transformed into a new one whose entries xi;j ;yi;j ; zi;j satisfy the
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following conditions:

.1/ x1;j > x2;j > � � �> xb;j ;xi;0 > xi;1 > xi;n for i 6 b and j 6 n:

.2/ If yi;j�1 D 0 and yi;j D 1; then for all k < j ;yi;k D 0:

.3/ If yi;j D 1 and yi;jC1 D 0; then for all k > j ;yi;k D 0:

.4/ y1;0 > y2;0 > � � �> ym;0:(2-5)

.5/ If yi;0 D yiC1;0;yi;1 D yiC1;1; : : : ;yi;j D yiC1;j ; then

yi;jC1 > yiC1;jC1:

.6/ Conditions (2)–(5) apply also to zi;j :

For example, part A of the matrix (2-4) may be transformed into the following form:

(2-6)

0
BBBBBBBB@

1 � � � 1 � � � � � � 1 � � � 1

1 � � � 1 � � � � � � 1

:::
:::

:::
:::

1 � � � 1

1

1
CCCCCCCCA

The entries not displayed are all 0 and a column .

i‚ …„ ƒ
1; : : : ; 1; 0; : : : ; 0/T denotes ai . Part

B of the matrix (2-4) may be transformed into the following form:

0
BBBBBBB@

1
CCCCCCCA

I1

I2

In

: : :

The entries of each Ii are all 1, the others are all 0. Unfortunately, we can not determine
which columns .0; : : : ; 0; 1; : : : ; 1; 0; : : : ; 0/T (j 0s, i1s, 0; : : : ; 0) in the above matrix
denote hi;j or bi;j�1 . For this reason, we give the following definition.

Definition 2.1 Define the polynomial algebra

zEs;t;�
1
D P Œhi;j j i > 0; j > 0�˝P Œbi;j j i > 0; j > 0�˝P Œai j i > 0�
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and note the obvious identification E
s;t;�
1
D zEs;t;�

1
=.h2

i;j /. If, in the above, bi;j is
replaced by hi;jC1 , then we get

F
s;t;�
1
WD P Œai j i > 0�˝P Œhi;j j i > 0; j > 0�:

By the graded commutativity of F
s;t;�
1

, we can consider a generator

g D .x1; : : : ;xb/.y1; : : : ;ym/ 2 F
bCm;tCb;�
1

;

where t D .xc0Cxc1pC � � � C xcnpn/q with 0 6 xci < p.xcn > 0/; 0 < b < q . Similarly,
the generator g determines a matrix:

A B
0
BBB@

x1;0 � � � xb;0 y1;0 � � � ym;0

x1;1 � � � xb;1 y1;1 � � � ym;1
:::

: : :
:::

:::
: : :

:::

x1;n � � � xb;n y1;n � � � ym;n

1
CCCA

c0

c1
:::

cn

(2-7)

By interchanging columns in parts A and B respectively, the matrix (2-7) can be
transformed into a new matrix of the form

0
BBBBBBB@

1
CCCCCCCA

I1

I2

In

: : :

A B

where a column .1; : : : ; 1; 0; : : : ; 0/T (with i1s) in part A denotes ai and a column
.0; : : : ; 0; 1; : : : ; 1; 0; : : : ; 0/T (j 0s, i1s, 0; : : : ; 0)) in part B denotes hi;j . By the
properties of the p–adic numbers, we have the following system of equations:

(2-8)

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
<
ˆ̂̂
ˆ̂̂
ˆ̂̂
:

x1;0C � � �Cxb;0Cy1;0C � � �Cym;0 D xc0C k1p D c0;

x1;1C � � �Cxb;1Cy1;1C � � �Cym;1 D xc1� k1C k2p D c1;
:::

x1;n�1C � � �Cxb;n�1Cy1;n�1C � � �Cym;n�1

D xcn�1� kn�1C knp D cn�1;

x1;nC � � �Cxb;nCy1;nC � � �Cym;n D xcn� kn D cn;

where ki > 0.
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Definition 2.2 In (2-8), the integer sequence k D .k1; k2; : : : ; kn/ is called the carry
sequence.

Definition 2.3 In (2-8), the integer sequence cD .c0; c1; : : : ; cn/ which is determined
by .xc0; xc1; : : : ; xcn/ and the carry sequence k D .k1; k2; : : : ; kn/ is called the sum of
the row sequence.

Definition 2.4 For the sum of the row sequence c , we denote m0 Dmaxfc0� b; 0g,
mi Dmaxfci � ci�1; 0g for i > 0 and zmDm0Cm1C � � �Cmn .

We have the following simple method for constructing matrix solutions of (2-8) which
satisfy the conditions (2-5)(1–5).

Simple method 2.5 Without loss generality, we suppose the first i rows are as follows:
0
BBB@

1 � � � 1 1 � � � 1 � � � 1 � � � 1 � � � 1

1 � � � 1 1 � � � 1 � � � 1 � � � 1

:::
:::

:::
:::

:::

1 � � � 1 1 � � � 1

0 � � � 0 0 � � � 0 � � � 0 � � � 0

1 � � � 1 1 � � � 1 � � � 1 � � � 1

:::
:::

:::
:::

:::

1 � � � 1 1 � � � 1

1
CCCA

c0

c1

:::
ci�1

Then the .i C 1/th row is constructed as follows:

(1) If ci > ci�1 , put 1s in the next neighboring ci –ci�1 columns, like so:
0
BBBBB@

1 � � � 1 1 � � � 1 � � � 1 � � � 1 � � � 1

1 � � � 1 1 � � � 1 � � � 1 � � � 1

:::
:::

:::
:::

:::

1 � � � 1 1 � � � 1

1 � � � 1 1 � � � 1

0 � � � 0 0 � � � 0 � � � 0 � � � 0 0 � � � 0

1 � � � 1 1 � � � 1 � � � 1 � � � 1 0 � � � 0

:::
:::

:::
:::

:::
:::

:::

1 � � � 1 1 � � � 1 0 � � � 0

1 � � � 1 1 � � � 1 1 � � � 1

1
CCCCCA

c0

c1

:::
ci�1

ci

„ƒ‚…
ci�ci�1

(2) If ci < ci�1 , delete 1s from some former ci�1� ci columns:
0
BBBBB@

1 � � � 1 1 � � � 1 � � � 1 � � � 1 � � � 1

1 � � � 1 1 � � � 1 � � � 1 � � � 1

:::
:::

:::
:::

:::

1 � � � 1 1 � � � 1

1 � � � 1 0 � � � 0

0 � � � 0 0 � � � 0 � � � 0 � � � 0

1 � � � 1 1 � � � 1 � � � 1 � � � 1

:::
:::

:::
:::

:::

1 � � � 1 1 � � � 1

1 � � � 1 0 � � � 0

1
CCCCCA

c0

c1

:::
ci�1

ci

„ƒ‚…
r

„ƒ‚…
h

where r C hD ci�1� ci ; r; h > 0.
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Sometimes, by Simple method 2.5, we can not detect the generators of F
bCm;tCb;�
1

.
For example, assume that the first two rows are as follows:

�
1 � � � 1 1 1

1 � � � 1 0 1

�
s

s� 1

By Simple method 2.5(1), we have the following matrix:

0
@

1 � � � 1 1 1

1 � � � 1 0 1

1 � � � 1 0 1

1
A

s

s� 1

s� 1

It detects the generator as�2
3

a1h3;0 2 F
bCm;tCb;�
1

, but we can not get the following
matrix by Simple method 2.5(1):

0
@

1 � � � 1 1 1 0

1 � � � 1 0 1 0

1 � � � 1 0 0 1

1
A

s

s� 1

s� 1

However, the above matrix actually exists, and it will in fact detect the generator
as�2

3
a1h2;0h1;2 2 FbCmC1;tCb;�

1
. The following discussion gives us a good idea to

solve this problem.

For an element g D x1x2 � � �xb � y1y2 � � �ym 2 F
bCm;tCb;�
1

, we denote the set of
terms in d1fgg by D1fgg. Then D1fgg generates a submodule of FbCmC1;tCb;�

1
and

Dk
1
fgg DD1f � � �D1fgg � � � g generates a submodule of FbCmCk;tCb;�

1
. Furthermore,

we have

D1faig D fa0hi;0; a1hi�1;1; : : : ; ai�1h1;i�1g;
D1fhi;j g D fh1;j hi�1;jC1; h2;j hi�2;jC2; : : : ; hi�1;j h1;iCj�1g:

From [7, Lemmas 5.5 and 5.7], we get the following diagram:

FbCzm
1

�1

ss

�1

uu
�1

��
�1

((
FbCzm

1
//

�2

++

FbCzmC1
1

//

�2

))

� � � // FbCzmCk
1

//

�2

��

� � � // F s
1

�2

uu
Es

1
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where �1 denotes the resolution hi;j ! hi�k;jCkhk;j and ai ! ai�j hj ;i�j , k > 0,
and �2 denotes the replacement hi;jC1! bi;j .

From the discussion above, the determination of E
s;tCb;�
1

is reduced to the following
steps:

Step 1 Express t=q as a p–adic number so that t D .xc0Cxc1pC � � �C xcnpn/q .

Step 2 List all possible carry sequences k such that in the corresponding sum of row
sequence c, zm 6 s� b (Definition 2.4).

Step 3 For each sum of a row sequence c , we can solve the associated system of
equations by Simple method 2.5. Thus, we get all generators of FbCzm;tCb;�

1
.

Step 4 Through the replacement and resolution

(2-9) hi;jC1! bi;j ; hi;j ! hi�k;jCkhk;j ; ai! ai�j hj ;i�j ;

we get all generators of E
s;tCb;�
1

.

3 Some results on Ext groups

In this section, we will prove some results on Ext groups which will be used in the
proof of the main theorem.

Theorem 3.1 If p > 5, n> 4 and pC 1< s < 2p� 1, then we have that the product
ž

sh0hn ¤ 0 2 ExtsC2;t;�
A .Zp;Zp/, where t D q.pnC spC s/C s� 2.

Proof Let s D s0Cp . Then

t D q.pnCp2C .s0C 1/pC s0/C s0Cp� 2;

where 0< s0 < p� 1.

In the MSS, the product žsh0hn is represented by

s.s� 1/as�2
2 h2;0h1;1h1;0h1;n 2E

sC2;t;M
1

;

where M D 5s� 4D 5s0C 5p� 4. We need to prove that E
sC1;t;MCr
2

D 0 .r > 1/.

By using the method which was introduced in Section 2, the generator g 2 F
s;t;�
1

can be represented by ak1
ak2
� � � akl

hi1j1
� � � himjm

. For convenience, we write
g D x1 � � �xly1 � � �ym 2 F s;t;�

1
, where xi D aki

;yi D himjm
, k1 > k2 > � � � > kl ,
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j1 6 j2 6 � � �6 jm , im > imC1 if ji D jiC1 . Since l D s0Cp�2 and m 6 sC1, then
gD x1 � � �xs

0Cp�2y1 � � �ym 2 F
s;t;�
1

and we have the following system of equations:

(3-1)

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂:

x1;0C � � �Cxs0Cp�2;0Cy1;0C � � �Cym;0 D s0C k1p D c0;

x1;1C � � �Cxs0Cp�2;1Cy1;1C � � �Cym;1 D s0C 1� k1C k2p D c1;

x1;2C � � �Cxs0Cp�2;2Cy1;2C � � �Cym;2 D 1� k2C k3p D c2;

x1;3C � � �Cxs0Cp�2;3Cy1;3C � � �Cym;3 D 0� k3C k4p D c3;
:::

x1;n�1C � � �Cxs0Cp�2;n�1Cy1;n�1C � � �Cym;n�1

D 0� kn�1C knp D cn�1;

x1;nC � � �Cxs0Cp�2;nCy1;nC � � �Cym;n D 1� kn D cn:

Case 1: 0< s0 < p� 2 From (3-1), the carry sequence k D .k1; k2; : : : ; kn/ can
only be of the following forms:

.0; : : : ; 0/;

.1; 0; : : : ; 0/;

.1; 1; 0; : : : ; 0/;

.1; 1; : : : ; 1/:

Subcase 1.1 When k D .0; : : : ; 0/, the corresponding c D .s0; s0C 1; 1; 0; : : : ; 0; 1/.
We see that the first two rows are:

�
1 1 � � � 1 0 0 � � � 0 0 0

1 1 � � � 1 0 0 � � � 0 1 0

�
s0
s0C 1

Then the possible third rows are:

0
BB@

1 1 � � � 1 0 0 � � � 0 0 0

1 1 � � � 1 0 0 � � � 0 1 0

1 0 � � � 0 0 0 � � � 0 0 0

0 0 � � � 0 0 0 � � � 0 1 0

1
CCA

s0
s0C 1

1 � � � (1)
� � � (2)

If we choose (1) as the third row, then we get the following solution:

0
@

1 1 � � � 1 0 0 � � � 0 0 0

1 1 � � � 1 0 0 � � � 0 1 0

1 0 � � � 0 0 0 � � � 0 0 0

1
A

s0
s0C 1

1
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Thus, we can obtain the following matrix:

0
BBBBBBBBB@

1 1 � � � 1 0 0 � � � 0 0 0

1 1 � � � 1 0 0 � � � 0 1 0

1 0 � � � 0 0 0 � � � 0 0 0

0 0 � � � 0 0 0 � � � 0 0 0
::: � � � :::

:::
:::
::: � � � ::: ::: :::

0 0 � � � 0 0 0 � � � 0 0 0

0 0 � � � 0 0 0 � � � 0 0 1

1
CCCCCCCCCA

s0
s0C 1

1

0
:::

0

1

It detects the generator a3as0�1
2

a
p�2
0

h1;1h1;n 2 F
s;t;�
1

, and by the replacement and
resolution (2-9), we have

(
as0�1

2
a

p�1
0

h3;0h1;1h1;n as0�1
2

a1a
p�2
0

h2;1h1;1h1;n

as0

2
a

p�2
0

h1;2h1;1h1;n a3as
0�2

2
a

p�1
0

h2;0h1;1h1;n

)
2E

sC1;t;M1

1

with May filtration M1 D 5s0CpC 1<M , and
n
a3as0�1

2
a

p�2
0

b1;0h1;n a3as0�1
2

a
p�2
0

h1;1b1;n�1

o
2E

sC1;t;M2

1

with May filtration M2 D 5s0C 2pC 1<M .

Similarly, if we choose (2) as the third row, then we get the following solution:
0
@

1 1 � � � 1 0 0 � � � 0 0 0

1 1 � � � 1 0 0 � � � 0 1 0

0 0 � � � 0 0 0 � � � 0 1 0

1
A

s0
s0C 1

1

Thus we can obtain the following matrix:

0
BBBBBBBBB@

1 1 � � � 1 0 0 � � � 0 0 0

1 1 � � � 1 0 0 � � � 0 1 0

0 0 � � � 0 0 0 � � � 0 1 0

0 0 � � � 0 0 0 � � � 0 0 0
:::
:::
:::
:::
:::
::: � � � ::: ::: :::

0 0 � � � 0 0 0 � � � 0 0 0

0 0 � � � 0 0 0 � � � 0 0 1

1
CCCCCCCCCA

s0
s0C 1

1

0
:::

0

1

It detects the generator as0

2
a

p�2
0

h2;1h1;n2F
s;t;�
1

, and by the replacement and resolution
(2-9), we have
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n
as0

2
a

p�2
0

h1;2h1;1h1;n as0�1
2

a
p�1
0

h2;1h2;0h1;n as0�1
2

a1a
p�2
0

h2;1h1;1h1;n

o
2E

sC1;t;M1

1

with May filtration M1 D 5s0CpC 1<M ,

fas0

2 a
p�2
0

h2;1b1;n�1g 2E
sC1;t;M2

1

with May filtration M2 D 5s0C 2pC 1<M , and

fa3as0�1
2 a

p�2
0

h1;1b1;n�1g 2E
sC1;t;M3

1

with May filtration M3 D 5s0C 4p� 1<M .

Subcase 1.2 When kD .1; 0; : : : ; 0/, the corresponding cD .s0Cp; s0; 1; 0; : : : ; 0; 1/.
Similar to Subcase 1.1, we have

a3as0�1
2 a

p�2
1

h1;0h1;0h1;n D 0 and a3as0�1
2 a

p
1

h2;0h2;0h1;n D 0:

Subcase 1.3 When kD.1;1; : : : ;0/, the corresponding cD.s0Cp;s0Cp;1;0; : : : ;0;1/.
Then we have

a
s0Cp�2
2

h2;0h2;0h1;n D 0:

Subcase 1.4 When k D .1; 1; 1; : : : ; 1/, then we have that the corresponding
c D .s; s;p;p � 1;p � 1; : : : ;p � 1; 0/. We can construct the matrix solutions of
(3-1) as follows.

Note that the first two rows are:
�

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 1 � � � 1 1 1

�
s

s

Then the possible third rows are:

0
BBBB@

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 0 � � � 0 0 0

1 � � � 1 1 0 0 � � � 0 1 0

1 � � � 1 0 0 0 � � � 0 1 1

1
CCCCA

s

s

p � � � (1)
� � � (2)
� � � (3)
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If we choose (1), (2) and (3) as the third row, respectively, then we get the following
three solutions:

0
@

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 0 � � � 0 0 0

1
A

s

s

p;
0
@

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 0 0 � � � 0 1 0

1
A

s

s

p;
0
@

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 0 0 0 � � � 0 1 1

1
A

s

s

p:

If we choose (1), then the four rows can be expressed as:

0
BB@

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 0 � � � 0 0 0

1 � � � 1 1 0 0 � � � 0 0 0

1
CCA

s

s

p

p� 1

We obtain the following matrix:

0
BBBBBBBBB@

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 0 � � � 0 0 0

1 � � � 1 1 0 0 � � � 0 0 0
::: � � � ::: ::: ::: ::: � � � ::: ::: :::
1 � � � 1 1 0 0 � � � 0 0 0

0 � � � 0 0 0 0 � � � 0 0 0

1
CCCCCCCCCA

s

s

p

p� 1
:::

p� 1

0

So we can get the generator a
p�1
n a3as0�2

2
h2;0h2;0 2 F

s;t;M5

1
with May filtration

M5 D .2nC 1/.p� 1/C 5s0C 3.

If we choose (2), then the four rows can be expressed as:

0
BBBB@

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 0 � � � 0 1 0

1 � � � 1 1 0 0 � � � 0 0 0

1 � � � 1 1 0 0 � � � 0 1 0

1
CCCCA

s

s

p

p� 1 � � � (1)
� � � (2)
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Similarly, we can get a
p�1
n as0�1

2
h3;0h2;0 , a

p�2
n a3as0�1

2
hn;0h2;0 2 F

s;t;M5

1
with May

filtration M5 D .2nC 1/.p� 1/C 5s0C 3.

If we choose (3), then the four rows can be expressed as:

0
BBBB@

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 1 � � � 1 1 1

1 � � � 1 1 1 0 � � � 0 1 1

1 � � � 1 1 0 0 � � � 0 1 0

1 � � � 1 1 0 0 � � � 0 1 1

1
CCCCA

s

s

p

p� 1 � � � (1)
� � � (2)

Similarly, we can get a
p�2
n as0

2
hn;0h3;0 , a

p�3
n a3as0

2
hn;0hn;0 2 F

s;t;M5

1
with May filtra-

tion M5 D .2nC 1/.p� 1/C 5s0C 3.

From the above discussion, we get the following possible generators in F
s;t;M5

1
:

a
p�1
n a3as0�2

2 h2;0h2;0 , a
p�1
n as0�1

2
h3;0h2;0 , a

p�2
n a3as0�1

2 hn;0h2;0 , a
p�2
n as0

2
hn;0h3;0

and ap�3
n a3as0

2
hn;0hn;0 which will be denoted by x0;x1;x2;x3 and x4 respectively,

where x0 D 0 and x4 D 0. It is easy to see that x0;x1;x2;x3 and x4 belong to
Es;t;M5

1
. At the same time, we also get generators of EsC1;t;M5

1
by (2-9). Then we

list all the possibilities in Table 1.

Let
k1 D a

p�1
n a3as0�2

2 h2;0h1;1h1;0; k2 D a
p�1
n as0�2

2 a1h3;0h2;0h1;1;

k3 D a
p�1
n as0�1

2 h2;1h2;0h1;0; k4 D a
p�1
n a3as0�2

2 h2;0h1;1h1;0;

k5 D a
p�1
n as0�2

2 a1h3;0h2;0h1;1; k6 D a
p�1
n as0�1

2 h2;1h2;0h1;0;

k7 D a
p�2
n a3as0�2

2 a1hn;0h2;0h1;1; k8 D a
p�2
n as0

2 hn;0h2;0h1;2;

k9 D a
p�2
n as0�1

2 a1hn;0h3;0h1;1; k10 D a
p�2
n as0�1

2 a1hn;0h2;1h2;0;

k11 D a
p�2
n as0�1

2 a0hn;0h3;0h2;0; k12 D a
p�2
n a3as0�1

2 hn�1;1h2;0h1;0;

k13 D a
p�2
n as0

2 hn�1;1h3;0h1;0; k14 D a
p�2
n as0�1

2 a1hn�1;1h3;0h2;0;

k15 D a
p�2
n aia

s0�1
2 hn�i;ih3;0h2;0; k16 D a

p�2
n a3as0�1

2 hn�3;3h3;0h2;0;

k17 D a
p�2
n as0

2 hn�2;2h3;0h2;0; k18 D a
p�2
n a3as0�1

2 hn�i;ihi;0h2;0;

k19 D a
p�2
n as0

2 hn�i;ihi;0h3;0; k20 D a
p�3
n a3as0

2 hn;0hn�1;1h1;0;

k21 D a
p�3
n a3as0�1

2 a1hn;0hn�1;1h2;0; k22 D a
p�3
n as0

2 a1hn;0hn�1;1h3;0;

k23 D a
p�3
n a3as0

2 hn;0hn�2;2h2;0; k24 D a
p�3
n as0

2 a2hn;0hn�2;2h3;0;

k25 D a
p�3
n a3as0

2 hn;0hn�3;3h3;0; k26 D a
p�3
n a3as0�1

2 hn;0hn�3;3h2;0;

k27 D a
p�3
n aia3as0�1

2 hn;0hn�i;ih2;0; k28 D a
p�3
n aia

s0

2 hn;0hn�i;ih3;0;

k29 D a
p�3
n a3as0

2 hn;0hn�i;ihi;0;
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The generators of F s;t;M5
1

The generators of EsC1;t;M5
1

x0 D a
p�1
n a3as0�2

2
h2;0h2;0 a

p�1
n a3as0�2

2
h2;0h1;1h1;0

x1 D a
p�1
n as0�1

2
h3;0h2;0

a
p�1
n as0�1

2
h3;0h1;1h1;0

a
p�1
n as0�1

2
h2;1h2;0h1;0

a
p�1
n as0�1

2
a1h3;0h2;0h1;1

a
p�2
n as0�1

2
a0hn;0h3;0h2;0

a
p�2
n as0�1

2
a1hn�1;1h3;0h2;0

a
p�2
n as0�1

2
a2hn�2;2h3;0h2;0

a
p�2
n a3as0�1

2
hn�3;3h3;0h2;0

a
p�2
n aia

s0�1
2

hn�i;ih3;0h2;0 .4 6 i 6 n� 1/

x2 D a
p�2
n a3as0�1

2
hn;0h2;0

a
p�2
n a3as0�1

2
hn;0h1;1h1;0

a
p�2
n as0�1

2
a0hn;0h3;0h2;0

a
p�2
n as0�1

2
a1hn;0h2;1h2;0

a
p�2
n as0

2
hn;0h2;0h1;2

a
p�2
n a3as0�2

2
a1hn;0h2;0h1;1

a
p�2
n a3as0�1

2
hn�1;1h2;0h1;0

a
p�2
n a3as0�1

2
hn�3;3h3;0h2;0

a
p�2
n a3as0�1

2
hn�i;0hi;0h2;0 .4 6 i 6 n� 1/

a
p�3
n a3as0�1

2
a1hn;0hn�1;1h2;0

a
p�3
n a3as0�1

2
a2hn;0hn�2;2h2;0

a
p�3
n a2

3
as0�1

2
hn;0hn�3;3h2;0

a
p�3
n aia3as0�1

2
hn;0hn�i;ih2;0 .4 6 i 6 n� 1/

x3 D a
p�2
n as0

2
hn;0h3;0 a

p�2
n as0

2
hn;0h2;1h1;0

a
p�2
n as0

2
a0hn;0h2;0h1;2

a
p�2
n as0�1

2
a0hn;0h3;0h2;0

a
p�2
n as0�1

2
a1hn;0h3;0h1;1

a
p�2
n as0

2
hn�1;1h3;0h1;0

a
p�2
n as0

2
hn�2;2h3;0h2;0

a
p�2
n as0

2
hn�i;0hi;0h3;0 .4 6 i 6 n� 1/

a
p�3
n as0

2
a1hn;0hn�1;1h3;0

a
p�3
n as0

2
a2hn;0hn�2;2h3;0

a
p�3
n a3as0

2
hn;0hn�3;3h3;0

a
p�3
n aia3as0

2
hn;0hn�i;ih3;0 .4 6 i 6 n� 1/

x4 D a
p�3
n a3as0

2
hn;0hn;0

a
p�3
n a3as0

2
hn;0hn�1;1h1;0

a
p�3
n a3as0

2
hn;0hn�2;2h2;0

a
p�3
n a3as0

2
hn;0hn�3;3h3;0

a
p�3
n a3as0

2
hn;0hn�i;ihi;0 .4 6 i 6 n� 1/

Table 1: The generators of E
sC1;t;M5

1

Algebraic & Geometric Topology, Volume 13 (2013)



3024 Linan Zhong and Yuyu Wang

where 4 6 i 6 n � 1, and then consider the first May differential of x1;x2;x3 ,
d1.x1/D�k1C � � � , d1.x2/D�k2C � � � , d1.x3/D�k3C � � � . We can see that the
leading terms k1; k2; k3 are not contained in the first May differential of the other
generators and are also not equal to as0Cp�2

2
h2;0h1;1h1;0h1;n up to sign. From the

above results we know that x1;x2;x3 in E
s;t;�
r .r � 2/ is not bounded.

Since M5 D .2nC 1/.p� 1/C 5s0C 3, we take

g4 D ap�1
n as0�2

2 a0h3;0h2;0h1;1h1;0; g5 D ap�1
n as0�2

2 a1h2;1h2;0h1;1h1;0;

g6 D ap�1
n as0�1

2 h2;0h1;2h1;1h1;0; g7 D ap�2
n a3as0�2

2 a0hn;0h2;0h1;1h1;0;

g8 D ap�2
n as0�1

2 a1hn;0h2;0h1;2h1;1; g9 D ap�2
n as0�1

2 a0hn;0h3;0h1;1h1;0;

g10 D ap�2
n as0�1

2 a1hn;0h2;1h1;1h1;0; g11 D ap�2
n as0�1

2 a0hn;0h2;1h2;0h1;0;

g12 D ap�2
n as0�1

2 a0hn�1;1h3;0h2;0h1;0; g13 D ap�2
n as0

2 hn�1;1h2;0h1;2h1;0;

g14 D ap�2
n as0�1

2 a1hn�1;1h3;0h1;1h1;0; g15 D ap�2
n aia

s0�1
2 hn�i;ih2;1h2;0h1;0;

g16 D ap�2
n a3as0�1

2 hn�3;3h3;0h1;1h1;0; g17 D ap�2
n as0

2 hn�2;2h2;1h2;0h1;0;

g18 D ap�2
n a3as0�1

2 hn�i;ihi;0h1;1h1;0; g19 D ap�2
n as0

2 hn�i;ihi;0h2;1h1;0;

g20 D ap�3
n as0C1

2
hn;0hn�1;1h1;2h1;0; g21 D ap�3

n a3as0�1
2 a0hn;0hn�1;1h2;0h1;0;

g22 D ap�3
n as0�1

2 a1a0hn;0hn�1;1h3;0h2;0; g23 D ap�3
n a3as0�1

2 a1hn;0hn�2;2h2;0h1;1;

g24 D ap�3
n a3as0

2 a0hn;0hn�2;2h3;0h2;0; g25 D ap�3
n a3as0

2 hn;0hn�3;3h2;1h1;0;

g26 D ap�3
n a3as0�1

2 hn;0hn�3;3h1;1h1;0; g27 D ap�3
n aia3as0�1

2 hn;0hn�i;ih1;1h1;0;

g28 D ap�3
n aia

s0

2 hn;0hn�i;ih2;0h1;0; g29 D ap�3
n a3as0�1

2 a0hn;0hn�i;ihi;0h2;0;

where 4 6 i 6 n� 1. By (2-2), an easy computation shows that

d1.k4/D g4Cg5�g6 C � � � ;
d1.k5/D�g4Cg5C � � � ;
d1.k6/D g5�g6 C � � � ;
d1.k7/D �g7C � � � ;
d1.k8/D �g8 C � � � ;
d1.k9/D g9�g10C � � � ;

d1.k10/D g10 �g11C � � � ;
d1.k11/D g9 Cg11C � � � ;
d1.k12/D �g12 �g13Cg14 � � � ;
d1.k13/D �g12 Cg13Cg14C � � � ;
d1.k14/D g13Cg14C � � � ;
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d1.k15/D g15C � � � ;
d1.k16/D g16C � � � ;
d1.k17/D g17C � � � ;
d1.k18/D g18C � � � ;
d1.k19/D g19C � � � ;
d1.k20/D g20C � � � ;
d1.k21/D�g21C � � � ;
d1.k22/D �s0g22C � � � ;
d1.k23/D g23C � � � ;
d1.k24/D �.s0C1/g24C� � � ;
d1.k25/D g25C � � � ;
d1.k26/D g26C � � � ;
d1.k27/D g27C � � � ;
d1.k28/D �g28C � � � ;
d1.k29/D � s0g29C � � � :

Through the computation of the first May differentials of the generators and the rank of
its coefficient matrix, we see that their first May differentials of generators are linearly
independent.

Case 2: s0 D p� 2 From (3-1), we can get the carry sequence k D .0; 0; 1; : : : ; 1/,
the corresponding c D .s0; s0C 1;pC 1;p� 1; : : : ;p� 1; 0/. Similar to Subcase 1.4,
we can get the five generators in the E

sC1;t;�
1

as follows:

as0

4 a
p�2
0

h3;1h1;2h1;2 D 0; as0

4 a
p�2
0

h2;2h2;1h1;2;

as0�1
4 a3a

p�2
0

h2;2h2;2h2;1 D 0; as0�1
4 a3a

p�2
0

h3;1h2;2h1;2;

as0�2
4 a2

3a
p�2
0

h3;1h2;2h2;2 D 0:

The first May differential of the above generators are as follows:

d1.a
s0

4 a
p�2
0

h2;2h2;1h1;2/D s0as0�1
4 a

p�1
0

h4;0h2;2h2;1h1;2C � � � ¤ 0;

d1.a
s0�1
4 a3a

p�2
0

h3;1h2;2h1;2/D�as0�1
4 a

p�1
0

h3;1h3;0h2;2h1;2C � � � ¤ 0:

From the above results, we get E
sC1;t;MCr
2

D 0 .r > 1/ in the MSS, so it follows that
ž

sh0hn ¤ 0 2 ExtsC2;t;�
A .Zp;Zp/.
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Theorem 3.2 Let p > 5, n > 4 and p C 1 < s < 2p � 1. Then we have that
ExtsC2�r;t 0�rC1;�

A .Zp;Zp/D 0, where t 0 D q.sC spCpn/C s and 2 6 r < sC 2.

Proof We need to prove E
sC2�r;t 0�rC1;�
2

D 0. Let s D s0C p , then t 0 � r C 1 D
q.pn C p2 C .s0 C 1/p C s0/C s0 C p � r � 1. We claim that s0 C p � r � 1 > 0.
Otherwise, if s0C p � r � 1 < 0 and p > 5, then p > qC .s0C p � r � 1/ > p , it
is a contradiction. Consider g D x1 � � �xs0Cp�r�1y1 � � �ym 2 F s0Cp�rC2;t 0�r�1;�

1
,

where xi D aki
;yi D himjm

; k1 > k2 > � � � > kl ; j1 6 j2 6 � � � 6 jm; im > imC1 if
jm D jmC1 .

Case 1: 0< s
0

< p� 2

Subcase 1.1 When k D .0; : : : ; 0/, the corresponding c D .s0; s0C 1; 1; 0; : : : ; 0; 1/.
Then we get that the generators are

a3as0�1
2 ap�r�1

0 h1;1h1;n 2 F s0Cp�rC1;t 0�r�1;M
1 ;

as0

2 ap�r�1
0 h2;1h1;n 2 F s0Cp�rC1;t 0�r�1;M

1 ;

with May filtration M D 5s0Cp� r C 3. By (2-9), we have
8
ˆ̂̂
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂̂
ˆ̂:

as0�1
2

a
p�r
0

h3;0h1;1h1;n as0�1
2

a1a
p�r�1
0

h2;1h1;1h1;n

as0

2
a

p�r�1
0

h1;2h1;1h1;n a3as0�2
2

a
p�r
0

h2;0h1;1h1;n

a3as0�1
2

a
p�r�1
0

b1;0h1;n a3as0�1
2

a
p�r�1
0

h1;1b1;n�1

as0

2
a

p�r
0

h1;2h1;1h1;n as0�1
2

a
p�r
0

h2;1h2;0h1;n

as0�1
2

a1a
p�r
0

h2;1h1;1h1;n as0

2
a

p�r�1
0

h2;1b1;n�1

a3as0�1
2

a
p�2
0

h1;1b1;n�1

9
>>>>>>>>=
>>>>>>>>;

2 F
s0Cp�rC2;t 0�r�1;M 0

1
:

Subcase 1.2 When k D .1; 0; : : : ; 0/ or k D .1; 1; 0; : : : ; 0/, it is easy to show that
such a g cannot exist.

Subcase 1.3 When we have k D .1; : : : ; 1/, then we have that the corresponding
c D .s0Cp; s0Cp;p;p� 1; : : : ;p� 1; 0/. The generators exist if and only if r D 2.
We list all the possibilities in the following:

ap�2
n as0�1

2 h4;0h3;0h2;0 2 F
s0Cp�rC2;t 0�rC1;�
1

;

ap�1
n a3as0�3

2 h2;0h2;0h2;0 D 0;

ap�2
n a3as0�2

2 h4;0h2;0h2;0 D 0;

ap�4
n a3as0

2 h3;0h3;0h3;0 D 0;

ap�6
n a3

3as0

2 h4;0h4;0h3;0 D 0;

ap�1
n as0�2

2 h3;0h2;0h2;0 D 0;

ap�1
n as0�2

2 h3;0h3;0h2;0 D 0;

ap�5
n a2

3as0

2 h4;0h3;0h3;0 D 0;

ap�7
n a4

3as0

2 h4;0h4;0h4;0 D 0:
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Furthermore,

d1.a
s0�1
2 a

p�r
0

h3;0h1;1h1;n/D�as0�1
2 a

p�r
0

h2;1h1;1h1;0h1;nC � � � ¤ 0;

d1.a
s0�1
2 a1a

p�r�1
0

h2;1h1;1h1;n/D�.s0�2/as0�2
2 a

p�rC1
0

h2;1h1;1h2;0h1;nC � � � ¤ 0;

d1.a
s0

2 a
p�r�1
0

h1;2h1;1h1;n/D .s0� 1/as0�1
2 a

p�r
0

h2;0h1;2h1;1h1;nC � � � ¤ 0;

d1.a3as0�2
2 a

p�r
0

h2;0h1;1h1;n/D as0�2
2 a

p�rC1
0

h3;0h2;0h1;1h1;nC � � � ¤ 0;

d1.a3as0�1
2 a

p�r�1
0

b1;0h1;n/D as0�1
2 a

p�r
0

h3;0b1;0h1;nC � � � ¤ 0;

d1.a3as0�1
2 a

p�r�1
0

h1;1b1;n�1/D as0�1
2 a

p�r
0

h3;0h1;1b1;n�1C � � � ¤ 0;

d1.a
s0

2 a
p�r
0

h1;2h1;1h1;n/D .s0� 1/as0�1
2 a

p�rC1
0

h2;0h1;2h1;1h1;nC � � � ¤ 0;

d1.a
s0�1
2 a

p�r
0

h2;1h2;0h1;n/D as0�1
2 a

p�r
0

h2;0h1;2h1;1h1;nC � � � ¤ 0;

d1.a
s0�1
2 a1a

p�r
0

h2;1h1;1h1;n/D as0�1
2 a

p�rC1
0

h2;1h1;1h1;0h1;nC � � � ¤ 0;

d1.a
s0

2 a
p�r�1
0

h2;1b1;n�1/D as0

2 a
p�r�1
0

h1;2h1;1b1;n�1C � � � ¤ 0;

d1.a3as0�1
2 a

p�2
0

h1;1b1;n�1/D as0�1
2 a

p�1
0

h3;0h1;1b1;n�1C � � � ¤ 0;

d1.a
p�2
n as0�1

2 h4;0h3;0h2;0/D ap�2
n as0�1

2 h3;1h3;0h2;0h1;0C � � � ¤ 0:

Obviously, the first May differential of every generator contains a term which is not
contained in the first May differential of the other generators. This implies that all the
first May differentials of the generator are linearly independent.

Case 2: s0 D p� 2 In this case, we have that the carry sequence k D .0; 0; 1; : : : ; 1/
and c D .s0; s0C 1;pC 1;p� 1; : : : ;p� 1; 0/. Similar to Subcase 1.3, we get the five
generators in the E

s�rC2;t;�
1

as follows:

as0

4 a
p�r�1
0

h3;1h1;2h1;2 D 0; as0

4 a
p�r�1
0

h2;2h2;1h1;2;

as0�1
4 a3a

p�r�1
0

h2;2h2;2h2;1 D 0; as0�1
4 a3a

p�r�1
0

h3;1h2;2h1;2;

as0�2
4 a2

3a
p�r�1
0

h3;1h2;2h2;2 D 0:

Consider the first May differential,

d1.a
s0

4 a
p�r�1
0

h2;2h2;1h1;2/D s0as0�1
4 a

p�r
0

h4;0h2;2h2;1h1;2C � � � ¤ 0;

d1.a
s0�1
4 a3a

p�r�1
0

h3;1h2;2h1;2/D�as0�1
4 a

p�r
0

h3;1h3;0h2;2h1;2C � � � ¤ 0:

Similarly, the first May differentials of the generator are linearly independent.
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From the above results, it is easy to see that E
sC2�r;t 0�rC1;�
2

D 0 for r > 2. It follows
that ExtsC2�r;t 0�rC1;�

A .Zp;Zp/D 0.

4 Proof of the main theorem

In this section, we give the proof of the main theorem.

Proof of Theorem 1.1 From [2], .i1/�.h0hn/ 2 Ext2;p
nqCq

A
.H�M;Zp/ is a per-

manent cycle in the ASS and converges to a nontrivial element �n 2 �pnqCq�2M .
Consider the composite

†pnqCq�2S
�n //M

i2 //V .1/
ˇs

//†�s.pC1/qV .1/
j1j2 //†�s.pC1/qCqC2S:

Since �n is represented by .i1/�.h0hn/ 2 Ext2;p
nqCq

A
.H�M;Zp/ in the ASS, then zf

is represented by

zc D .j1j2/�.ˇs/�.i2/�.i1/�.h0hn/D .j1j2ˇ
si2i1/�.h0hn/

in the ASS.

By using the Yoneda products, we know that the composite

Ext0;0
A
.Zp;Zp/

.i2i1/� // Ext0;0
A
.H�M ;Zp/

.j1j2/�.ˇ
s/�// Exts;spqC.s�1/qCs�2

A
.Zp;Zp/

is a multiplication by

ž
s 2 Exts;spqC.s�1/qCs�2

A
.Zp;Zp/:

Hence zf is represented by

ž
sh0hn 2 ExtsC2;pnqCspqCsqCs�2

A
.Zp;Zp/

in the ASS.

From Theorem 3.1, we see that žsh0hn ¤ 0. Moreover, from Theorem 3.2 it follows
that žsh0hn can not be hit by any differential in the ASS. Thus the žsh0hn survives
nontrivially to a homotopy element of ��S .
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