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New series in the Johnson cokernels of
the mapping class groups of surfaces

NAoyA ENOMOTO
TAKAO SATOH

Let X, 1 be a compact oriented surface of genus g with one boundary component,
and My ; its mapping class group. Morita showed that the image of the k™ Johnson
homomorphism 7" of M1 is contained in the kernel b, (k) of an Sp—equivariant
surjective homomorphism H®z Ly (k+1) = Log(k+2), where H:= H,(2g,1.7Z)
and L4 (k) is the degree k part of the free Lie algebra £,, generated by H.

In this paper, we study the Sp—module structure of the cokernel h?,l k)/ Im(t,f,/‘Q)
of the rational Johnson homomorphism }'¢, := 7;"' ® idg, where b?,l (k) :=
he,1(k) ®z Q. In particular, we show that the irreducible Sp—module corresponding
to a partition [1%] appears in the k™ Johnson cokernel for any k& = 1 (mod 4) and
k > 5 with multiplicity one. We also give a new proof of the fact due to Morita that
the irreducible Sp—module corresponding to a partition [k] appears in the Johnson
cokernel with multiplicity one for odd k& > 3.

The strategy of the paper is to give explicit descriptions of maximal vectors with
highest weight [1%] and [k] in the Johnson cokernel. Our construction is inspired by
the Brauer—Schur—Weyl duality between Sp(2g, Q) and the Brauer algebras, and our
previous work for the Johnson cokernel of the automorphism group of a free group.

20G05; 57TM50

Dedicated to the memory of Midori Kato

1 Introduction

Dennis Johnson established a new remarkable method to investigate the group structure
of the mapping class group of a surface and the Torelli group in a series of his pioneer
works [11; 12; 13; 14] in 1980s. Especially, he gave a finite set of generators of the
Torelli group, and constructed a homomorphism 7 to determine the abelianization of the
Torelli group. Now, his homomorphism t is called the first Johnson homomorphism,
and it is generalized to the Johnson homomorphisms of higher degrees. Over the last
two decades, the study of the Johnson homomorphisms of the mapping class group has
achieved a good progress by many authors including Morita [22], Hain [8] and so on.
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To put it plainly, the Johnson homomorphisms are used to describe “one by one
approximations” of the Torelli group as follows. To explain it, let us fix some notation.
For a compact oriented surface ¥, | of genus g with one boundary component, let
Mg 1 be its mapping class group. Namely, M, ; is a group of isotopy classes of
orientation-preserving diffeomorphisms of X, ; that fix the boundary component
pointwise. The fundamental group 71(Zg 1, *) of X, ; is isomorphic to a free group
F,¢ of rank 2g. In this paper we fix an isomorphism (X, 1,*) = Fag. Let
Iy (k) be the lower central series of F,, beginning with I'yg (1) = Fyg, and set
Lrg(k):=T2g(k)/'2g(k +1). For each k > 1 let Mg ; (k) be a normal subgroup
of Mg 1 consisting of elements that act on Fy4/ I'z¢(k + 1) trivially. Then we have a
descending filtration

Mg i1(1)DMg1(2)D---D Mg (k) D+

of My 1 such that the first term M {(1) is just the Torelli group Zg ;. This filtration
is called the Johnson filtration of Mg 1. Set gr¥(My 1) := Mg 1(k)/ Mg 1(k +1)
for each k > 1. Then each of gr¥(M ¢,1) 1s an Sp(2g, Z)—equivariant free abelian
group of finite rank, and they are considered as one by one approximations of the
Torelli group. Although to clarify the Sp(2g, Z)-module structure of each grk (M g,1)
plays an important role on various studies of the Torelli group; even to determine its
rank is quite a difficult problem in general.

In order to study each graded quotients gr (M ¢,1), the Johnson homomorphisms
o g (Mg1) > H* @z Log(k + 1)

of Mg 1 are valuable tools where H := H(Xg,1,Z) and H* :=Homgz(H,Z). Here
we remark that H* is canonically isomorphic to H by the Poincaré duality. In general,
the k™ Johnson homomorphism is denoted by t; simply. In this paper, however, to
distinguish the Johnson homomorphism of the mapping class group from that of the
automorphism group of a free group, we attach a subscript M to that of the mapping
class group. (See Section 3.3 for details.) Since each of r,?’l is an Sp(2g, Z)—equivariant
injective homomorphism, determining the image Im(t,'cM) of r,?/’ is one of the most
basic problems. In particular, from a representation-theoretic view, it is important to
clarify the irreducible decomposition of Im(r]?,/‘@) as an Sp(2g, Q)—module where
r]?,/‘Q = r]?/‘ ® idg. In the following, the subscript Q always means tensoring with
Q over Z. Now, we have Im(rlM) ~ A3H due to Johnson [11]. Furthermore the
Sp(2g, Q)—module structure of Im(‘l,']é\’/[@) is completely determined for 1 < k < 4.
(See a table in Section 3.3.)

On the other hand, Morita [22] began to study the Johnson images systematically,
and gave many remarkable results. Here we recall some of them. First, Morita [22]
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showed that Im(r]?/‘) is contained in the kernel bg ;(k) of H ®z Lyg(k +1) —
Lrg(k +2) for any k > 2. (See Section 3.3.) Second, he also showed that Im(r,?/’)
does not coincide with bg i(k) in general. Namely, the Johnson homomorphism
r,?’[: gtk (M ¢,1) = bg 1(k) is not surjective in general. More precisely, he constructed
an Sp(2g, Q)—equivariant surjective homomorphisms

Tre: b, (k) — S* Ho

such that Try or]?,/‘(@ = 0 for any odd k& > 3 using the Magnus representation of Mg ;.
Here Sk Hg is the symmetric tensor product of Hg of degree k, and is isomorphic
to the irreducible Sp(2g, Q)—module with highest weight [k]. Hence S kHQ appears
in the irreducible decomposition of the cokernel

Coker(r,?,/l@) = f)gl (k)/ Im(T;?,AQ)

for odd k > 3. We should remark that throughout the paper Coker(r]?/‘Q) denotes

b, (k)/ Im(t)h).

not Hé ®Q L’% k+1)/ Im(t,?”‘Q). Now, the map Try, is called the Morita trace, and

Sk Hg the Morita obstruction. Here the term “obstruction” means an obstruction for

the surjectivity of the Johnson homomorphism f,?/‘@.

From results for the irreducible decomposition of Coker(t,ﬁ’l(@) for low degrees, it
seems that the number of the irreducible components in Coker(tlé\”’(@) grows rapidly as
degree increases. At the present stage, however, there are few results for obstructions
other than the Morita obstruction for a general degree k. Thus, to establish a new
method to detect a non-trivial irreducible component in Coker(r,?/‘) other than the

Morita obstruction is an important problem in the study of the Johnson homomorphisms.

The main purpose of the paper is to detect new series of obstructions in the Johnson
cokernels. To state our theorem, we will use the following notation. First, we remark
that for each k > 1 the symmetric group Sy, of degree k& + 2 naturally acts on
the space Hgk *2 from the right as a permutation of the components. For each
1 <i <k +1, denote by s; € Sy, the adjacent transposition between i and i + 1,
and by oy 4, the cyclic permutation sg 415k -+ 5251. Let P be a subgroup of &y »
which fixes 1. The group P is isomorphic to S ;. The Dynkin—-Specht—Wever
element O0p for P in the group algebra QG&y 4, is defined to be

Op == (1 —52)(1 —5352) -+ (1 = Sp415¢ -~ 52).
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Our main theorem is:

Theorem 1 (Theorem 7.8) Suppose k =1 (mod4), k > 5 and g > k+2. An
element

Ppr = (@ ® (e /\"‘/\ek))‘QP'(l+(7k+2+"'+01]€¢21)

is an Sp—maximal vector of weight [1¥] in h?l (k). Moreover this gives a unique
Sp—irreducible component with highest weight [lk ] in Coker tl?/lQ .

In addition to this, we also give a new proof of the fact that the Morita obstruction
uniquely appears in Coker(r,é”) for odd k > 3, due to Morita [22] and Nakamura.
(See Theorem 7.7.)

In order to prove these, we use two key facts. The first one is a remarkable result
with respect to grk (M ¢,1) due to Hain [8]. In general, the graded sum gr(Mg ;) :=
D1 arf (M ¢,1) has a Lie algebra structure induced from the commutator bracket of
Zg,1- In [8], Hain showed that the Lie algebra grg(My,1) is generated by the degree
one part gr(l@ (Mg,1) as a Lie algebra. This shows the following. Let M;, , (k) be the
lower central series of Zg ; and set grk (./\/l/g’l) = /\/l;,,1 (k)//\/l;,,1 (k +1). Then we
can define the Johnson homomorphism-like homomorphism

r,/CM: grk(/\/l:g,l) — bg,1(k).

(See Section 3.3.) Then Hain’s result above induces Im(r,?AQ) = Im(r]/cg) for any
k>1.

The second is our previous result for the cokernel of the Johnson homomorphism of
the automorphism group of a free group. By a classical work of Dehn and Nielsen, it
is known that a natural homomorphism M | — Aut(F,,) induced from the action
of Mg ; of the fundamental group 71(Zg 1, *¥) = Fyg is injective. Namely, we can
consider M, 1 as a subgroup of Aut(F,g). From this view point, we can apply results
for the Johnson homomorphisms of Aut(F5g) to the study of that of M, ;. For any
n > 2, in general, a subgroup 1A, consisting of automorphisms of a free group F;, that
act on Hy(Fy,Z) trivially is called the IA—automorphism group of F,. Let A}, (k) be
the lower central series of IA,, and set gr¥ (A}) := A’ (k)/ A, (k + 1) for any k > 1.
Then we can define the Johnson homomorphism ‘[]/(I grk (A) —> H*®z Ly(k +1)
for each k > 1. Then, in our paper [28], we showed that for £k > 2 and n > k + 2,

Coker(t} o) = CR(k),
where Cy (k) := H®* /(a; ® ---®a; —ars ®--®ay ®ay | a; € H). (See Section 3.3

for details.)
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In our previous paper [5], we gave the irreducible decomposition of Coker(tz Q)=
C (k) as a GL(n, Q)-module. Especially, we showed that S¥ Hg, which is also
called the Morita obstruction, appears in Coker(rk ) with multiplicity one for any
k > 2, and that A¥ Hg appears with multiplicity one for odd k > 3.

We remark that, as a GL(n, Q)—module, C,;Q) (k) is isomorphic to the invariant part
an(k) := (Hgk)cyck of Hg’k under the action of Cyc,. Namely, the cokernel
Coker(z ) is isomorphic to Kontsevich’s a,(k) as a GL(n, Q)-module. We also
remark that in our notation a, (k) is considered for any # > 2 in contrast to Kontsevich’s
notation for even n = 2g. (See Kontsevich [17; 18].)

Combining Hain’s result above with the fact Coker(t;c’Q) ~ C,(,Q (k) forn >k +2,
we can establish a new method to detect non-trivial Sp—irreducible components in
Coker(t,?/l). (For more details, see Section 7.1.) The present paper produces the first
successful results for the use of such method.

This paper is organized as follows. In Section 2, we fix some notation. In Section 3,
we recall the theory of the Johnson homomorphisms for the mapping class groups of
surfaces and the automorphism groups of free groups. Especially, we exposit Hain’s
remarkable result on the Johnson homomorphisms of the mapping class groups and
the second author’s result on those of the automorphism groups of free groups. In
Section 4, we prepare some results from the highest weight theory for the symplectic
group Sp(2g, Q). By using Brauer—Schur—Weyl duality, we recall a description of
the maximal vectors of Hgk as an Sp(2g,Q)-module. In Section 5, we explain a
characterization of elements in [721 (k) by using the Dynkin—Specht—-Wever idempotent
and cyclic permutations. Combining this characterization with the description of
maximal vectors in Hg Bk given in Section 4, we give a description of maximal vectors
in th (k) in Section 7 3. In Section 6, by using Kraskiewicz and Weyman’s results, we
give explicit calculations for the multiplicity of some irreducible representations of the
cyclic group which are obtained from the restriction of those of the symmetric group.
By using these, we obtain a multiplicity formula for some irreducible representation of
Sp(2g, Q) in b?,l (k). This gives an upper bound on the multiplicities of Sp—irreducible
representations in the Johnson cokernels.

Section 7 is the main chapter of this paper. First, we consider a new Sp—equivariant
homomorphism c¢y: th (k) — CQ (k) This ¢y is not injective and not surjective.
Then, this gives a new class Ker(ck) in the Johnson cokernels Second, we give explicit
multiplicities for Sp—irreducible modules L[SI;] and L[1 Vin hQ (k) and CQ (k). Third,
we explicitly describe their maximal vectors. And we prove that they do not vanish
by our Sp—equivariant homomorphism c . Thus we detect a series of Sp—irreducible
components in the Johnson cokernels for the mapping class groups of surfaces. Finally,
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in Section 7.5, we discuss a gap between our Ker(cy) and the k™ Johnson image.
Furthermore, we also give a problem on relationships between our results and Conant,
Kassabov and Vogtmann’s recent results on a structure of the abelianization of the
graded Lie algebra bgl .

Note added After we wrote this paper, Professor Hiroaki Nakamura told us about
the following personal communication. In 1996, in his letter to Professor Shigeyuki
Morita, he mentioned that, for k = 5,9, 13, an Sp—module [1¥] appears in h?l (k)
with multiplicity one, based on his explicit calculation in [24]. And he conjecture& that
these Sp—irreducible components [1¥] survive in the Johnson cokernel for k > 5 such
that kK =1 (mod 4).

2 Notation

Throughout the paper, we use the following notation. Let G be a group and N a
normal subgroup of G.

e The binomial coefficient (':) is denoted by ,C; .

e For any real number x, we set | x| :=max{n € Z | n < x}.
¢ For any integer p, set

1 if p =a (mod m),

5 = ::
p=a (mod m) {O otherwise.

e The automorphism group Aut(Fy) of F, acts on F, from the right unless
otherwise noted. For any o € Aut(F,) and x € Fj, the action of o on Xx is
denoted by x°.

¢ For an element g € G, we also denote the coset class of g by g € G/N if there
is no confusion.

e Forelements x and y of G, the commutator bracket [x, y] of x and y is defined

to be [x, y]:=xyx~1y~L,

¢ Forelements g1,..., g% € G, a left-normed commutator

[---[lg1. g2]. &3]+~ 1. &l
of weight k is denoted by [gi,, Zir. - - .. &ix]-

e For any Z-module M and a commutative ring R, we denote M ®z R by the
symbol obtained by attaching a subscript R to M, like Mg or MR Similarly,
for any Z-linear map f: A — B, the induced R-linear map Ar — Bpg is
denoted by fg or fR.

Algebraic € Geometric Topology, Volume 14 (2014)



New series in the Johnson cokernels of the mapping class groups of surfaces 633

e For a semisimple G-module M and an irreducible G-module N, we denote
by [M : N] the multiplicity of N in the irreducible decomposition of M .

3 Johnson homomorphisms of the mapping class groups and
the automorphism group of free groups

The first aim of this section is to recall the notion of Johnson homomorphisms for the
mapping class groups of surfaces and the automorphism groups of free groups. The
second one is to review the second author’s results on the structure of the Johnson
cokernels with respect to the lower central series of the IA—automorphism group of free
groups. Third, we obtain a diagram (2) at the end of this section by using Hain’s result
(Theorem 3.5). Through this diagram, we can compare the structure of the Johnson
cokernels of the mapping class groups of surfaces with those for the automorphism
groups of free groups. In Section 7.1, we give a new class in the Johnson cokernels for
the mapping class groups of surfaces by using this diagram.

3.1 Mapping class groups of surfaces

Here we recall some properties of the mapping class groups of surfaces. For any
integer ¢ > 1, let X4 ; be the compact oriented surface of genus g with one boundary
component. We denote by M, | the mapping class group of X4 {. Namely, Mg ; is
the group of isotopy classes of orientation-preserving diffeomorphisms of X ; that
fix the boundary pointwise.

The mapping class group M, | has an important normal subgroup called the Torelli
group. Let pag: Mg 1 — Aut(H;(Zg,1,Z)) be the classical representation of Mg ;
induced from the action of My ; on the integral first homology group H{(Xg 1, Z) of
Y4 .1. The kernel of a4 is called the Torelli group, denoted by Zg . Namely, Z,
consists of mapping classes of X, that act on H;(Zg 1,7Z) trivially.

Let us observe the image of 1. Take a base point * of X, | on the boundary. Then
the fundamental group 71 (X4 1, *) of X4 ;1 is a free group of rank 2g. We fix a basis
X1,...,X2g Of m1(Xg 1,%*) as shown Figure 1.

Then the homology classes ey, ...,ezg of X1,..., X2 form a symplectic basis of
the homology group H;(Zg i,7Z). Using this symplectic basis, we can identify
Aut(H;(X4,1,7Z)) as the general linear group GL(2g,Z). Under this identification,
the image of s is considered as the symplectic group

I
Sp(2g.Z) :={X e GL(2g,Z) |"XJX = J} for J=( (; og)
g
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Xog : Xog—1 i Xg+1/

Figure 1: Generators xq, ..., X2g of w1 (24,1, *) and a simple closed curve ¢

where /g is the identity matrix of degree g.

Next, we consider an embedding of the mapping class group M, ; into the auto-
morphism group of a free group of rank 2g. For n > 2 let F, be a free group of
rank n with basis xp,...,x,. We denote by Aut(F;) the automorphism group of
F,. Let H be the abelianization H;(Fy,,7Z) of F, and wu: Aut(F,) — Aut(H) a
natural homomorphism induced from the abelianization map F, — H. Throughout
the paper, we identify Aut(H) with the general linear group GL(%, Z) by fixing a
basis eq,...,e, of H induced from the basis x1,...,x, of Fy. By a classical work
of Nielsen [25], a finite presentation of Aut(F}) is obtained. Observing the images of
the generators of Nielsen’s presentation, we see that p is surjective. The kernel 1A, of
p is called the IA—automorphism group of F;,. The IA—automorphism group 1A, is a
free group analogue of the Torelli group Zg ;.

Now, throughout the paper, we identify 71 (X4 1, %) with Fag, and H{(Zg 1, Z) with
H for n = 2g using the basis above. Then the action of Mg ; on m1(Zg 1, %) = Foe
induces a natural homomorphism

1 Mg 1 — Aut(Fag).

By a classical work due to Dehn and Nielsen, it is known that ¢ is injective. More
precisely, we have:

Theorem 3.1 (Dehn and Nielsen) For any g > 1, we have

¢(Mg,1) ={0 € Aut(Fy,) [ {7 =},

where § = [x1, X2g][X2, X2g—1]*[Xg, Xg+1] € Fag, namely { is a homotopy class of
a simple closed curve on X4 | parallel to the boundary.
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For n = 2g, we have ua = pog: Mg 1 — Sp(2g.7Z), and a commutative diagram:

| — > TAyg — > Aut(Fag) ——> GL(2g.Z) —— 1

[

1 Ty, Mgy —2 Sp(2g,Z) — 1

3.2 Free Lie algebras

In this subsection, we recall the free Lie algebra generated by H, and its derivation
algebra. (See Serre [29] and Reutenauer [27] for basic material concerning the free Lie
algebra for instance.)

Let I',(1) D I'y(2) D --- be the lower central series of a free group F;, defined by the
rule

Ta(1):= Fy, Tu(k):=[Tulk—1), F,], k> 2.

We denote by £, (k) :=T,(k)/ T, (k +1) the k™ graded quotient of the lower central
series of [y, and by £, := @5 Ln(k) the associated graded sum. The degree 1
part £, (1) of £, is just H. Classically, Magnus showed that each of £, (k) is a free
abelian, and Witt [30] gave its rank as follows.

M rankz, (L (k)) = % > Méb(d)n,
dlk

where Mob is the Mobius function. For any k, / > 1, let us consider a bilinear
alternating map

[+, ]uie: Ln(k) X Ly(l) — Ly(k +1)

defined by [[c], [B]]Lie := [[@, B]] for any [«] € £, (k) and [B] € L,(/), where [a, B] is
a commutator in Fy,, and [[, B]] is a coset class of [«, B] in L, (k +1). Then [-,-]Lie
induces a graded Lie algebra structure of the graded sum £, . By a classical work of
Magnus, the Lie algebra £, is isomorphic to the free Lie algebra generated by H .

The Lie algebra £, is considered as a Lie subalgebra of the tensor algebra generated
by H as follows. Let T(H):=7Z @ H ® H®? @ --- be the tensor algebra of H over
Z. Then T (H) is the universal enveloping algebra of the free Lie algebra £,, and the
natural map ¢: £, — T(H) defined by [X, Y] X QY —Y QX for X, Y € L, is
an injective graded Lie algebra homomorphism. We denote by (5 the homomorphism
of degree k part of ¢, and consider £, (k) as a submodule H ®k through ¢ .
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Here, we recall the derivation algebra of the free Lie algebra. Let Der(L,) be the
graded Lie algebra of derivations of £, . Namely,

Z linear

Der(Ln) :=={/f : Ln —— Ln | f(a.b]) =[f(a).b]+]a. f(D)]. a.b € Ly}.
For k > 0, the degree k part of Der(L,) is defined to be
Der(Ly) (k) :={f €Der(Ly) | f(a) e Ly(k + 1), ac H}.

Then, we have

Der(L,) = @) Der(Ly) (k).

k>0

and can consider Der(L,)(k) as Homg (H, L, (k + 1)) = H*®zL,(k + 1) for each
k > 1 by the universality of the free Lie algebra. Let Dert (£,) be a graded Lie subal-
gebra of Der(L,)(k) with positive degree. (See Bourbaki [3, Chapter II, Section 8].)

3.3 (Higher) Johnson homomorphisms

First we recall the Johnson filtration and the Johnson homomorphisms of the automor-
phism group of a free group. Then we consider those of the mapping class group.

Foreach k > 1,let N, . := Fy/ I'y(k +1) of F, be the free nilpotent group of class k
and rank 7, and Aut(N, ) its automorphism group. Since the subgroup I';, (k + 1) is
characteristic in Fy, the group Aut(F;) naturally acts on N, j from the right. This
action induces a homomorphism Aut(F,) — Aut(N, ). Let A, (k) be the kernel of
this homomorphism. Then the groups .4, (k) define a descending filtration

1A, =A,(1) DA(2) D
This filtration is called the Johnson filtration of Aut(F;). Set
g (An) 1= Au(k) [ An(k +1).
Andreadakis [1] originally studied the Johnson filtration, and obtained basic and impor-
tant properties of it as follows:
Theorem 3.2 (Andreadakis [1])

(i) Foranyk,l>1,0¢€ Ay(k) and x e T,(I), x 'x% e Ty, (k +1).

(i) Forany k, ! > 1, [Ay(k), An(1)] C An(k + ). In other words, the Johnson
filtration is a descending central filtration of 1A,,.

(iii) Forany k > 1, gr®(A,) is a free abelian group of finite rank.
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In order to study the structure of gr¥ (A,), the k™ Johnson homomorphism of Aut(F})
is defined as follows.

Definition 3.3 For each k& > 1, define a homomorphism
T An(k) — Homg (H, L, (k + 1)),
o (x mod T,(2) » x 'x% mod I'y(k +2)), x € F.
Then the kernel of T is just Ay, (k + 1). Hence it induces an injective homomorphism
% ¥ (An) < Homg (H, Ln(k + 1)) = H* ®7 La(k + 1).

This homomorphism is called the k™ Johnson homomorphism of Aut(F},).

Here we consider actions of GL(n, Z) = Aut(Fy)/IA,. First, since each term of the
lower central series of F}, is a characteristic subgroup, Aut(F},) naturally acts on it,
and hence on each of the graded quotients £, (k). By (i) of Theorem 3.2, we see that
the action of 1A, on L, (k) is trivial. Thus the action of GL(n, Z) = Aut(f})/ 1A,
on L, (k) is well-defined.

On the other hand, since each term of the Johnson filtration is a normal subgroup of
Aut(Fy), the group Aut(F;) naturally acts on A, (k) by conjugation, and hence each
of the graded quotient gr¥(A,). By (ii) of Theorem 3.2, we see that the action of 1A,
on gr¥(A,) is trivial. Hence, the quotient group GL(n, Z) = Aut(F,)/ IA, naturally
acts on each grk (Ay). With respect to the actions above, we see that the Johnson
homomorphism 7z is GL(n, Z)—equivariant for each k > 1.

Furthermore, we remark that the sum of the Johnson homomorphisms forms a Lie
algebra homomorphism as follows. Let gr(A,) := @ >, gr¥(A,) be the graded sum
of grk(A,). The graded sum gr(A,) has a graded Lie algebra structure induced from
the commutator bracket on 1A, by an argument similar to that of the free Lie algebra
L. Then the sum of the Johnson homomorphisms

=@ w: gr(An) > Der™ (L)
k>1

is a graded Lie algebra homomorphism. (See also [22, Theorem 4.8].)

In the following, we consider three central subfiltrations of the Johnson filtration of
Aut(Fy), and “restrictions” of the Johnson homomorphism 7y .

The first one is the lower central series of IA,. Let A} (k) be the lower central series
of IA, with A, (1) = IA,. Since the Johnson filtration is central, A} (k) C A, (k)
for each k > 1. Set gr*(A,) := A, (k)/ A, (k + 1). Then GL(n, Z) naturally acts on
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each of gr¥ (Aj,), and the restriction of 7T; to A}, (k) induces a GL(n, Z)—equivariant
homomorphism
7 gf (ALY — H* @z Ln(k + 1).

We also call r]/c the Johnson homomorphism of Aut(F,). Let iy: gr¥ (A) — gtk (An)
be the homomorphism induced from the inclusion Aj (k) < Ay (k). Then 7; = 7z oiy
for each k > 1. Similarly to the sum 7 of the 7%, the sum v’ := P 5, t,’(: gr(A)) —
Der™ (L,) is a graded Lie algebra homomorphism.

Let C,(k) be a quotient module of H®* by the action of cyclic group Cycy of order
k on the components:

Calk)=H®* [(a1 ®a, ® - ®ax—a,®a3 8+ @ ay ®ay | a; € H)

In [28], we determined the cokernel of the rational Johnson homomorphisms r,’{ in
stable range. Namely, we have:

Theorem 3.4 (Satoh [28]) Forany k > 2 andn > k + 2, COkCI‘(T]/( Q) ~ C? k).

We also remark that in our previous paper [5], we studied the GL—irreducible decom-
position of C;? (k). For more details, see Lemma 7.2 and Proposition 7.3.

Next, we consider the Johnson filtration of the mapping class group. By Dehn and
Nielsen’s classical work, we can consider Mg ; as a subgroup of Aut(F,g) as above.
Under this embedding, set My (k) := Mg 1 N Ayg(k) for each k > 1. Then we
have a descending filtration

Te1=Mg1(1)DMg1(2)D---

of the Torelli group Zg ;. This filtration is called the Johnson filtration of M, ;. Set
grk(j\/lg,l) =My 1(k)/ Mg 1(k+1). Foreach k > 1, the mapping class group M,
acts on gr (M ¢,1) by conjugation. This action induces that of Sp(2g,Z) = Mg 1/Z¢ 4
on it.

By an argument similar to that for Aut(F7,), the Johnson homomorphisms of Mg ; are
defined as follows. For n = 2g and k > 1, consider the restriction of Tx: Ayg (k) —
Homgz (H, Lg(k + 1)) to Mg (k). Then its kernel is just Mg ;(k 4 1). Hence we
obtain an injective homomorphism

M @tf (Mg,1) = Homz (H, Log (k + 1)) = H* @7 Lag(k + 1).

The homomorphism r]?/‘ is Sp(2g, Z)—equivariant, and is called the k™ Johnson
homomorphism of M, ;. If we consider a GL(2g,Z)-module H as a Sp(2g,Z)—
module, then H* =~ H by the Poincaré duality. Hence, in the following, we canonically
identify the target H* ®z Lsg(k + 1) of T with H ®z Lag(k +1).
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Historically, the Johnson filtration of Aut(F;) was originally studied by Andreadakis
[1] in the 1960s as mentioned above. On the other hand, study of the Johnson filtration
and the Johnson homomorphisms of M, ; was begun in the 1980s by D Johnson
[11], who determined the abelianization of the Torelli subgroup of the mapping class
group of a surface in [14]. In particular, he showed that Irn(t1 ) = A*H as an
Sp(2g, Z)—module, and this gives the free part of H{(Zg 1,7Z).

Now, let us recall the fact that the image of r,?/’ is contained in a certain Sp(2g,Z)—
submodule of H ®z L¢(k + 1), due to Morita [22]. In general, for any n > 1, let
H®gyz L,(k+1)— L,(k+2) be a GL(n, Z)—equivariant homomorphism defined by

a® X +—la,X], forae H X e€L,k+1).
For n = 2g, we denote by b4 1 (k) the kernel of this homomorphism:
f)g71(k) = KCI'(H K7 ,ng(k + 1) — ,C,zg(k + 2))

Then Morita [22] showed that the image Im(r,ﬁ"‘) is contained in b4 1 (k). Therefore,
to determine how different Im(t,?/‘) is from b4 1 (k) is one of the most basic problems.
Throughout the paper, the cokernel Coker(f,?/‘) of r,?/‘ always means the quotient
Sp(2g.Z)—module b 1(k)/ Im(r/?/l). So far, the Sp—module structure of Coker(r/?,’l(@)
is determined for 1 < k <4 as follows.

k| Im(zg) Coker(z{',)

L [1P1e[1] 0 Johnson [11]

2 | [2]e[1’]@]0] 0 Morita [21], Hain [8]

313, 17e2,1] 3] Asada and Nakamura[2],
Hain [8]

4| [4.20eB. 132 ®23. 1]®[2,.12]®2[2] | [2.1?]®[2] | Morita [23]

Morita [22] showed that the symmetric tensor product SkHQ appears in the Sp—
irreducible decomposition of Coker(r,?" ) for odd k > 3 using the Morita trace map. In
general, however, to determine the cokernel of ‘L’k is a difficult problem.

Here, we recall a remarkable result of Hain. As an Sp(2g, Z)—module, we consider
bg,1(k) as a submodule of the degree k part Der(L,)(k) of the derivation algebra
of L. On the other hand, the graded sum b, := @y be,1(k) naturally has a
Lie subalgebra structure of Dert(L,). Therefore we obtain a graded Lie algebra
homomorphism

=P " er(Mg1) = b1

k>1
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Then we have:

Theorem 3.5 (Hain [8]) The Lie subalgebra Im(tM) is generated by the degree one
part Im(r1 Q) = A*Hg as a Lie algebra.

Finally, we consider the lower central series of the Torelli group, and reformulate Hain’s
result above. Let M;, | (k) be the lower central series of Zg 1, and set

gF (M, ) = MY () /M, (k + 1)

for k > 1. Let ‘E;CMI grk (M;,,l) — H ®gz Lyg(k + 1) be the Sp—equivariant homo-
morphism induced from the restriction of 7 to /\/l;, (k). Then we have:

Proposition 3.6 (Hain [8]) We have Im(r,ﬁ”Q) = Im(z, Q) foreach k > 1.
For n = 2g, we have the following commutative diagram:
nn%QL——————>H*®Q£ M%%De>H®k—e»CQ@)

2 J ]z

M
Im 7, = Im 775 <= b2, (k) Ho ®q L (k+ 1)

LY (k+1)

4 Highest weight theory for Sp(2g, Q)

In order to detect a series of Sp—irreducible representations in the Johnson cokernels
for the mapping class groups of surfaces, we use some representation theory of the
symplectic group, for example, the Brauer—Schur—Weyl duality. In this section, first,
we review the highest weight theory for Sp(2g, Q), a classification of isomorphism
classes of Sp—irreducible (rational) representations and the branching rules for GL to
Sp. These branching rules are used to calculate the multiplicities of Sp—irreducible
representations in f)gl in Section 7.2. Second, we review the classical Schur—Weyl
duality for GL and the symmetric group, the Brauer—Schur—Weyl duality for Sp, and
the Brauer algebra. From these results, we can obtain a description of a generating
set of the space of Sp—maximal vectors in Hgk . This fact is used in Section 7.3
when we detect a series of Sp—irreducible representations in the Johnson cokernels.
Third, in the last of this section, we explain a result for the irreducible characters of the
Brauer algebras. This enables us to calculate the multiplicities of the Sp—irreducible
representations in Hgy ®k In particular, we obtain the dimension of Sp—invariant part
of H Sk , which is another proof of Morita’s result [23, Lemma 4.1].
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4.1 Irreducible highest weight modules for Sp(2g, Q)

Let us consider the general linear group GL(n, Q) and the symplectic group

Sp(2¢.Q) :={X € GL(2¢.Q) |'XJX = J} for J = ( (; Iog)
g

where /g is the identity matrix of degree g. We fix a maximal torus
Tn = {diag(xy,...,x5) | xj #0, 1 < j <n}

of GL(n, Q). The intersection Sp(2g, Q) N 15, = {diag(xy, ... Xn, X ,xl_l)}
gives a maximal torus of Sp(2g, Q). We also fix this maximal torus and write T 285‘

We define one-dimensional representations ¢; of 7, by g;(diag(xy,..., X)) = X;.
Then

PoL(n,Q) =M1+ +Anen | Mi €L, 1 <i <n} =177,

PCJ}FL(n,Q) ={Ae1+--+Anen € PGL(H,Q) [ A1 = Ay > o> Ay)

give the weight lattice and the set of dominant integral weights of GL(n, Q), respec-
tively. If n = 2g, we can restrict ¢; to T2S ; for 1 <i < g. Then

Psp2g,) :=tMe1+ -+ Ageg |Ai€Z, 1 i < g} = VAR

P+

5p(22.Q) = ME1 T+ Ageg € Pspag,@) [ A1 Z A2 22 Ag 20}

give the weight lattice and the set of dominant integral weights of Sp(2g, Q) respec-
tively. In particular, there exists a bijection between P§£(2 ¢,@) and the set of partitions
such that £(A) < g.

Let G be a classical group GL(n, Q) or Sp(2g,Q), T its fixed maximal torus, P
its weight lattice and P the set of dominant integral weight with respect to T'. For
a rational representation V of G, there exists an irreducible decomposition V =
@D;cp Va asa T-module where V) :={veV |tv=A(t)v forany t € T}. We call
this decomposition a weight decomposition of V' with respect to 7. If V) # {0}, then
we call A a weight of V. For a weight A, a non-zero vector v € V), is called a weight
vector of weight A.

Let U be the subgroup of G consists of all upper unitriangular matrices in G . For a
rational representation V of G, we define VYU :={veV |uv=vforallueU}. We
call a non-zero vector v € V¥ a maximal vector of V. This subspace VU is T —stable.
Thus, as a T'—module, V'Y has a irreducible decomposition VU = @Ae P VU, where
vV =vUnw.
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Theorem 4.1 (Cartan and Weyl’s highest weight theory)

(i) Any rational representation of V' is completely reducible.

(ii) Suppose V is an irreducible rational representation of G. Then VY is one-
dimensional, and the weight . of VU = VAU belongs to P+ . We call this A the
highest weight of V', and any non-zero vector v € V)LU is called a highest weight
vector of V.

(iii) Forany A € P, there exists a unique (up to isomorphism) irreducible rational
representation L* of G with highest weight . Moreover, for two A, € P,
L* >~ LM ifand only if . = pu.

(iv) The set of isomorphism classes of irreducible rational representations of G is
parametrized by the set P of dominant integral weights.

(v) Let V be a rational representation of G and yy a character of V as a T —
module. Then for two rational representation V and W , they are isomorphic as
G —modules if and only if Xy = Xw .

Remark 4.2 We can parametrize the set of isomorphism classes of irreducible rational
representations of GL(n, Q) by PgL(n,Q) . On the other hand, we define the determinant
representation by det®: GL(n, Q) > X — det X¢ € Q. The highest weight of this
representation is given by (e,e,--,e) € Pd ). If A € P satisfies A, < 0,
then L* = det ™ @ L*1—*n:22=2n...0) ' Moreover the set of isomorphism classes of
polynomial irreducible representations is parametrized by the set of partitions A such
that £(A) < n. We denote the polynomial representations corresponding to a partition
A by LéL, LD or simply (1).

Remark 4.3 We can parametrize the set of isomorphism classes of irreducible rational
representations of Sp(2g, Q) by

PS_;(Zg,Q)g{)‘lZ}‘22"'—Ag20|ki€Z,1§iSn},

namely the set of partitions A such that £(A) < g. In this paper, we denote the irreducible
representation corresponding to A by Lé‘p, LM or simply [A].

Note that the natural representation Hgp = Q28 of Sp(2g,Q) is irreducible with
highest weight (1,0,...,0) and H6 =~ Hg by Poincaré duality. More precisely, we
set i’ :=2g —i + 1 for each integer 1 <i < 2g. Then for the standard basis {e; l.zil
of Hg, we see

(3) (eivej) =0={(eir,ejr), (ei,ejr) =36ij =—(ej,ei), (1=i=g).
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There is an isomorphism Hg — H6 as Sp(2g, Q)-modules given by
4) Hg 3 v (s,v) € Hp.

In general, every irreducible rational representation [A] is isomorphic to its dual.

Let us recall Pieri’s formula, the simplest version of the decomposition of tensor product
representations. For two partitions A and p satisfying A D ., the skew shape A\ p is
a vertical strip if there is at most one box in each row.

Theorem 4.4 (Pieri’s formula) Let w be a partition such that £(i) < n. Then
(1%)
Lg ® L = @ L.

where A runs over the set of partitions obtained by adding a vertical k —strip to p such
that L(A) <n.

4.2 Branching rules from GL(2g, Q) to Sp(2g, Q)

We regard Sp(2g, Q) as a subgroup of GL(2g, Q). We consider the restriction of an
irreducible polynomial representation L)Ci_L to Sp(2g, Q). We can give its irreducible
decomposition using the Littlewood-Richardson coefficients LR} u as follows.

Theorem 4.5 (Fulton and Harris [6, 25.39], and Koike and Terada [16, Proposition
25.1]) LetA = (A =Ay>=---=Ag >0) be a partition such that £(A) < g. Then we
have

GL(Zg,Q) ~
Resg, a0y (L6L) = EBNMLSp’

where A runs over all partitions such that £(\) < g. Here Ny = Zn LR -, where n
runs over all partitions 1 = (n; =1y > 13 = 174 -+) with each part occumng an
even number of times, namely 1’ even. Here 1’ is a conjugate partition of 7).

Remark 4.6 We give a combinatorial description of the Littlewood—Richardson coef-
ficients. (See, eg, Fulton and Harris [6], and Macdonald [20].) For two Young diagrams
A and p satisfying A C pu, we denote by A\u a skew Young diagram, which is the
difference of A and . For a skew Young diagram A\p of size m, a semi-standard
tableau of shape A\ is an array 7' of positive integers 1,2, ...,m of shape A\u that
is weakly increasing in every row and strictly increasing in every column.
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(i) For two partitions A D w, a semi-standard tableau on A\ is a numbering on
A\ — Z>1 such that the numbers inserted in A\ must increase strictly down
each column and weakly from left to right along each row. For a semi-standard
tableau on A\, we denote the number of i appearing in this semi-standard
tableau by m;. We call (m,m,,...) a weight of the semi-standard tableau.

(i1) For a semi-standard tableau 7" on A\, we define a sequence w(7T") of integers
by reading the numbers inserted in A\p from right to left in successive rows,
starting with top row.

(iii) For a sequence w = (aay ---), we denote the number of i appearing in a subse-
quence (aqay---ay) by mj(aias---a,). A sequence w is a lattice permutation
if mi(ajaz---a,) >my(aaz---ay) >--- forany r > 1.

The Littlewood—Richardson coefficients LR?‘W is the number of semi-standard tableaux
T on A\p with weight v such that w(7) is a lattice permutation.

4.3 Review on the classical Schur—Weyl duality

For the natural representation Hg = LD of GL(n, Q), we consider the k™ tensor
product representation pg: GL(n, Q) — GL(Hgk) of Hg. For each k > 1, the
symmetric group & of degree k naturally acts on the space Hg’k from the right
as a permutation of the components. Since these two actions are commutative, we
can decompose Hgk as a (GL(n, Q) x ©;)—module. Let us recall this irreducible
decomposition, called the Schur-Weyl duality for GL(n, Q) and Gy.

Theorem 4.7 (Schur—Weyl duality for GL(n, Q) and &)

(1) Let A be a partition of k such that £(A) < n. There exists a non-zero maximal

vector vy, with weight A satistying the following three conditions:

(a) The &y —invariant subspace S* := > Quy, -0 gives an irreducible repre-
sentation of Sy . 06k

(b) The subspace (Hgk )){] of weight A coincides with the subspace S*, where
U is the fixed unipotent subgroup of GL(n, Q) consisting of upper unitrian-
gular matrices.

(¢) The GL(n, Q)-module generated by v, is isomorphic to the irreducible
representation Lg}_) of GL(n, Q) with highest weight ..

(i) We have the irreducible decomposition
®k ~ A A
HE" =~ a L'RS
A=(h=>A,=0)Fk
as (GL(n, Q) x &) —-modules.
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(iii)

Suppose n > k. Then {S* | A - k} gives a complete set of representatives of
irreducible representations of Sy .

Remark 4.8

®

(i)

(6))

The irreducible representation S Aof &y is isomorphic to the following & —
module.
For a partition A of k, we define two special Young subgroups

CX :=6)»1 X6)\2X"' and R)\ I=6)L/1 XG)\/ZX-H

of &y. Here a partition A’ = (A, A}, ...) is the conjugate partition of A. In the
group algebras of these two groups, we find idempotents

a) =

Z 0 €QR) and by = |C | Z sgn(o)o € QCy.

OER; oeCy,

|RA|

Then c) = |Ry||Cylayb; gives an idempotent in Q& , called the Young
symmetrizer for A. The right ideal c; - QS; in QS gives an irreducible
&y —module that is isomorphic to S » above.

We construct vy, appearing in the theorem above by the following way.
First, we define v{ A vy A--- A v, to be an anti-symmetrizer

> sen(@)vi ® vy ®-- @) -0 € HE".

0ES,

For the natural base {¢;}_, of Hg, we define
— ®k
—(e1A---Aexi)®(e1/\---/\ek/z)®---eHQ .
Note that v), is a maximal vector of weight A and
vy = (el ®...®e)\’,1 ®el ®...®e)\’,2 ®"')'CA.

This vy, gives our desirable vector in the theorem above.

4.4 Brauer-Schur-Weyl duality

The first two subsections are based on Hu and Yang [10], and Hu [9]. The last one is
based on Ram [26].
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4.4.1 Brauer algebras Let us define the Brauer algebra By (—2g) with a parameter
—2g and size k.

Definition 4.9 The Brauer algebra B (—2g) over Q is a unital associative (Q —algebra
with the following generators and defining relations:
generators : S1, ..., 81, V1r--+» Vn—1
relations : s,-2 =1, yiz = (=29, visi=vi=siyi (1Zi<k-1),
8isj = Sjsi, Siyj = Vjsi, vivy =vjvi (1=i<j—-1=k=2),
SiSi+15i = Si+15iSi+1, ViVi+1Yi = Vi, Yi+1YiVi+1 = Vi+1,
(I1<i=<k-2),

SiVi+1Vi = Si+1Vi> Vi+1ViSi+1 =Vi+15i (1 =i <k =2).

Remark 4.10 The Brauer algebra By (—2g) is obtained by the following diagrammatic
way.

First of all, the Brauer k diagram is a diagram with 2k specific vertices arranged in
two rows of k each, the top row and the bottom row, and exactly k& edges such that
every vertex is joined to another vertex (distinct from itself) by exactly one edge.

=\

We define a multiplication of two diagrams as follows. We compose two diagrams D,
and D, by identifying the bottom row of D; with the top row of D, such that the ;™
vertex in the bottom row of D coincides with the i™ vertex in the top row of D,. The
result is a graph, with a certain number, n(D1, D;), of interior loops. After removing
the interior loops and the identified vertices, retaining the edges and remaining vertices,
we obtain a new Brauer k —diagram Dj o D,. Then we define a multiplication D - D,
by (—=2g)"P1:-P2) Do D,.
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The Brauer algebra By (—2g) is defined as Q-linear space with a basis being the set
of the Brauer k—diagrams and the multiplication of two elements given by the linear
extension of a product above.

The generators s; and y; correspond to the following diagrams.

1 i i+1 k
° ° ° °

yi = (1<i<k—1)
) PP ) [} e [ ]
1 i i+1 k
[ ] [} [ ] [}

si = >< (1<i<k-1)
[ ] [} [ ] [}

4.4.2 Decomposition of tensor spaces (Brauer—-Schur-Weyl duality) Let us recall
the inner product on Hg defined by (3). Set i’ :=2g—i +1 for each integer 1 <i <2g.
For the standard basis {ei}l.zi , of Hg, we see

(e,-,ej) =0= (e,v,ej/), (ei,ej/) = 5,’j = —(ej/,ei) (1 <i< g).
For each integer 1 <i < 2g, we define
i 1<i <
(6) e;k: el ( —l —g)7
—epy (g+1=<i=<2g).
Then both of {e,-}l.zi , and {e} }lzi | are bases for Hg such that one is dual to the other
*

in the sense that (e;, e ) =6;j forany i, j.

The following lemma is obvious, but important for generalizing the Schur—Weyl duality
for Sp(2g, Q).

2g
Lemma 4.11 The element v := ) ¢; @ e/ € ng is invariant under the action of

Sp(2g, Q) on ng. i=1
We define a right action of Bj(—2g) on Hgk as follows.
Proposition 4.12 For any i, j, let us define

1 ifi =,

€ij =4q—1 ifi =7,
0 otherwise.
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There is a right action of By (—2g) on H(S k' that is defined on generators by

2g
Vi, ® -+~ @ Vi) Vj 1= €iji; 4, Vi, @ QVj;_, ® (Z er ® e,’;)

r=1
®vij+2®"'®vika
(vil ®"'®vik)'sj =V ®"'®Uij_1 ®vij+1 ®Ui]' ®vij+2®"'®vik,

for any vj,, ..., v;, € Hg. Moreover, this action commutes with that of Sp(2g, Q).
Here we state the Brauer—Schur—Weyl duality.

Theorem 4.13 (Brauer—Schur—Weyl duality for Sp(2g, Q) and By (—2g))
(i) Let A be a partition of k —2j for 0 < j < L%J such that £(A) < g. Then
there exists a maximal vector v), € Hgk with highest weight A satistying the

following three conditions:
(a) A By (—2g)—submodule

D = Z Quy -0

o0€Br(-2g)

of Hgk gives an irreducible representation of By (—2g).

(b) The subspace (Hgk)}{] of Hgk coincides with D*. Here U is the fixed
unipotent subgroup for Sp(2g, Q).
(c) The Sp(2g, Q)—module generated by v, is isomorphic to the irreducible
representation L[S);,] of Sp(2g, Q) with highest weight A.
(i) We have the irreducible decomposition
151
®k ~ [A] A
@ @ e
Jj=0 AFk—2j L(A)<g
as an (Sp(2g, Q) x Br(—2g))-module.
(iii) Suppose g > k. Then {D* |\ Fk -2/ (0<j < L%J)} gives a complete set of
representatives of irreducible representations of By (—2g).

In order to show our main theorem, it is important to observe an explicit construction
of v), and a description of D*. By combining the following theorem with some results
explained in the next section, we obtain a description of the Sp—maximal vectors
in b?,l (k). Thus we can get some series of Sp-irreducible representations in the
Johnson cokernels systematically by using a strategy described in Proposition 7.1 and
a subsequent remark.
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Theorem 4.14 [9, Definition 3.9, Lemma 3.10, Lemma 4.8]
(i) For a partition A of k —2j for.O <j=< [%J such that £(\) < g, a maximal
vector v, is given by vy, := 0®/ ® (e, /\---/\e;\/l)®(e1 A---Aekfz)®---.
(i1) We regard a subalgebra generated by s; (1 <i <k —1) in By (—2g) as a group
algebra Q &y, . Then the right module vy, - By (—2g) coincides with vy - Q& as
a Q —vector space.

4.43 Character values and decompositions of D* asan Sy -module  We give
a branching law of the irreducible By (—2g)-modules D* as &j—modules. But
confusingly, the algebra Q& has an involution ¢: o — sgn(o)o, and the action of
a subalgebra generated by s;’s in By (—2g) on Hgk is twisted by this involution.
Therefore a Q& —module D is isomorphic to sgn ® D as an ((QG&; )—module. Here
sgn is the signature representation of Gy . Note that an irreducible G —module S v s
isomorphic to sgn ® SV.

For our purposes, we consider the ordinary (untwisted) action of G5 on Hg *in the
following theorem (ii).
Theorem 4.15 [26, Theorem 5.1]

(i) For a partition A of k —2j for0 < j < [%J such that £(A) < g, let X)fak(—zg)

be the irreducible character of D*. Then we have

@ = 3 (X Ryt
vk,vDMA “Beven

for any 0 € Gy C (a subalgebra generated by {s; }f‘;ll ). Here Xva is an irre-
ducible character of &y, associated to a partition v of k. The number LR is the
Littlewood—Richardson coefficient. The even partition 8 = (B, B2,...) is a
partition such that any parts B; are even.

(i) We have that the irreducible decomposition of D* is given by

B (s)OTserlRig
vk, vDM

with respect to the ordinary Sy, —action on Hgk .

Remark 4.16 For a partition A -k — 2, we have the following dimension formula:
dim D* = ; Cy;(2j — 1)!! - dim §*

This gives the multiplicity of Lép in Hg k. For A = 0, the formula above is nothing
but [23, Lemma 4.1].
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5 Dynkin-Specht—-Wever idempotent and the free Lie alge-
bras

In this section, we give a characterization of elements in h?,l (k) by using two specific
idempotents in the group ring of the symmetric group. The first one is the Dynkin—
Specht—Wever idempotent. For an element v € H Ok | this idempotent gives a necessary
and sufficient condition for v to be contained i 1n the free Lie algebra £Q (k). The
other is 1 + oj + ak 4+ -4 a,’c‘ I € Q6y, where oy is the cyclic permutatlon of
length k defined by ak(z) =i+1 (1<i=<k-1)and or(k) = 1. By using these
two idempotents we obtain a characterization of elements in F)Ql (k) in Corollary 5.3.
In Section 7.3, we use this corollary to describe Sp—maximal vectors in b 1(k) with
Theorem 4.14.

Let us consider the right action of &4, on Hg(k+2). Set 0 :=§;_15j—p -85 for
each2 <i <k +2,and

Okv2:=(1—=02) - (1 =0k 12) € Q6 4,.

This element characterizes the degree (k 4 2)™! part E 2 (k +2) of the free Lie algebra
E ¢ generated by Ho = Q728 as follows. (See, eg, Gars1a [7, Theorem 2.1], Reutenauer
[27 Theorem 8.16], and Morita [23, Lemma 4.5].)

Theorem 5.1 (Dynkin—Specht—Wever)
(1) 9,f+2 = (k 4+ 2)64,. We call an element (1/k + 2)6y ., the Dynkin—Specht—

Wever idempotent.

(i) Forvi@u,®---QUgys € HQZ’kJr2 a left-normed element [vy, v, ..., Vg yo] €
£2g(k + 1) coincides with (v1 RV @+ ®Vg+2)Ok+2. Hence the r1ght action
of Oy 4+, on Hgk *2 induces a projection

H®k+2 N ﬁQ (k + 1),

and H®k+2 O+ is isomorphic to E (k +2).

(iii) Forv € Hg(" +2)

(a) ve,c;Qg(kJrz)
(B) vy = (k+2)v

, the following two conditions are equivalent:

Recall that we need to consider the Sp(2g, Q)-module
by (k) = Ker(Hg ®q L3y (k + 1) > L3 (k +2)).
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To characterize b?l(k) in Hgk *2 let us consider the subgroup P of Gy, that fixes
1. Namely, P is isomorphic to G 1. Set

Op = (1 —s52)(1 —53852) -+ (1 =Sy 15k -+ 52).

We can regard this element in Q P as the Dynkin—Specht—Wever idempotent for P.
Using this element, we obtain a characterization of h?l (k) as the following theorem.

Proposition 5.2 [23, Proposition 4.6] For v € Hg (k+2) , the following two condi-
tions are equivalent:

@ vebd, (k)

(i) v-Op=(k+1vandv-og4p, =0
Corollary 5.3 We have
Op- (140442 +0F,++0rt 1) 0p=(k+1)0p-(1 40k 42 +0F,,+ - +0r 1))
on Hgkﬂ, Thus we obtain

v-0p(l+0kyr + 07, + - +of i) e b?,l(k)

forany v € Hgk+2'

Proof Let us recall the following expansions of a left-normed element in the free Lie
algebra:

@) [x1,x2, ..., Xm] = 2:(—1)56,-1 ® X, QX1 ®Xj; @ QXj,_,_,»

where the sum runs over all integers r and tuples (i,...,i,) and (ji,..., jm—r—1)
of integers satisfying the conditions

0<r=m-1, m=zii>--->i, 22, 2=5j1 << jpop_1 =m.
(See eg, [27, Lemma 1.1].) The expansion above is equivalent to
®) YD T @ @, @ X2 ® ), @ BN,

where the sum runs over all integers r and tuples (i,...,i,) and (ji,..., jm—r—1)
of integers satisfying the conditions

0<r<m-1, m=2ii>--->i,>1, 15ji<---<jp—p_1m

and ila---air»j1,~~-,jm—r—1 #2
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Note that (v ® --- @ Vg42) - 0p = v1 ®[v2, ..., V4] forany vy, ..., vk4s € Hg.
To prove our statement, we shall prove that

) (vl®"'®Uk+2)'ep-(l—|—o'-|-..._|_o—k+1)

=V ®[v2,..., Vk42]
k+2
=Y v ®2. 30 v L Vg Ve [okg2s v 1
j=2

In the formula above, the righthand side is contained in Hgp ®q E?g (k +1). Therefore
if (9) is true, by Theorem 5.1, we obtain our claim.

To prove the formula (9), we set
X1 =[V1,...,vj—1], X2=Vj, X3=Vj41,..., Xkgd—s = Vk42-
Then applying the formula (8), we expand (v; ® -+ ® vg42) - Op as
V1 ® Z(_l)r_lxld X @ Xj, X2 Q@ Xj; @+ @ Xjpys o,

satisfying a similar condition to (8). Hence, in (v ®- - -®vg42)-0p-(1+0+-- okt
the terms whose first part is equal to v; are given by

(10) Uj ® Z(_l)r_l‘le Q- ®xjk+3fsfr ® V1 ®xil ® .”®‘xir
satisfying the conditions
0<r=<k+3-s, 1=j1<-<jrts—s—r <k+2, k+2=i1>-->i,>1

and il,...,ir,jl,...,jk+3_s_r 752

On the other hand, note that we have the following expansion of a right-normed element
in a free Lie algebra:

[x1,[X2, oo Xt X -+ ]] = Z(—l)’le Q@ Xy QXm @Xi; ® - ®Xi,,

where the sum runs over all integers r, tuples (i1,...,i,) and (ji,..., jm—r—1) Of
integers satisfying the conditions

0<r=m-1, m=zij>--->i, =21, 1=5j << jpop_1 <m.
Applying this formula to (10), we obtain —vj ® [x1, [X2, ..., [Xk44—s, V1]]] for x; =

[Vi,...,vj—1], X2 =Vj, X3 =Vj41,..., Xk44—s = Vk4+2. Thus we have (9). O
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6 Multiplicities in ResCyc S* via Kraskiewicz and Weyman’s

combinatorial description
To calculate the multiplicities of the Sp—irreducible representations L[ ] and L[Slp ]
in hQ (k) and CQ (k), we use some multiplicity formulae for some GL—1rredu01ble
representa‘uons in UQ (k) and C (k) and the branching rules from GL to Sp. In
this section, we give a combmatonal description of the multiplicities of some GL—
irreducible representations in E% (k) and C% k).

Let Cycy be a cyclic group of order k. Take a generator o} of Cyc; and a primitive
k™ root ¢, € C of unity. In this section, we consider representations of the cyclic
group Cyc; over an intermediate field Q () C K C C. To begin with, we define
one-dimensional representations (or characters) Xk Cyc; — K> by Xk (o) =1 i for
0 < j <k —1. Especially, we denote the trivial representation x2 by trivy. The set
of isomorphism classes of irreducible representations of Cycy is given by { X/]c’ 0=<
J =k —1}. Consider Cycy as a subgroup of &y by an embedding o > (12---k)’
for 0 <i <k —1. Let us recall the following proposition.

Proposition 6.1 ([5, Proposition 4.1, 4.3], Klja¢ko [15]) Suppose 2g > k. For a
partition A of k, we have the following multiplicity formulae:

(1 [c2 L (k) : Lk 1= [Rescyc S* - trivg]

@ (L zg(k):LGL]—[ReSS;C S*:xi

We explain a combinatorial description of the righthand side of the above equations:
Kraskiewicz and Weyman’s combinatorial description for the branching rules of irre-
ducible & -modules S* to the cyclic subgroup Cycy . To do this, first we define a
major index of a standard tableau.

Definition 6.2 For a standard tableau 7', we define the descent set of 7' to be the set
of entries 7 in 7T such that i + 1 is located in a lower row than that which i is located.
We denote by D(T) the descent set of 7. The major index of T is defined by

maj(T) ;= » i
ieD(T)
If D(T)= o, we set maj(T) =0.
Theorem 6.3 (Kraskiewicz and Weyman [19] Reutenauer [27, Theorem 8.8, 8.9],

Garsia [7, Theorem 8.4]) The multiplicity of 7 % in ResG" S* is equal to the number
of standard tableaux with shape A satisfying maj(T) = j modulo k.
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Example 6.4 For m > 2, we have the following table on the multiplicities of triv,, =

X? and le..
A T major index mult. of triv,, | mult. of xJ,
(m) 1{2]||m 0 1 0
1|2 |m
m—1,1) p—1 0 1
p
2=p=m)
1 m(m—1)
(1) 2 2 1 m odd, 1 m=2
:{O m odd, 0 meven, | (0 m=#2
" - —%  meven,
L7 m(m—1) ( 1
(2. 17-2) 2 2 P {1 m even, {1 m#2
’ :{l—p modd, | 0 modd, | 0 m=2
" l—p—% m even,
2=p=m)

Example 6.5 For m > 3 and a partition A = (m —2, 1), we have

. S ok e (m—2)/2 if m even,
R St otr =
i [ CScye,y, V] {(m —1)/2 if m odd.
B —3)/2 if m odd
ResSm  Gh . 17— (m ’
(i) [ CScye,, Xom] {(m —2)/2 if m even.
In fact, for a partition
1|2|-|m

q

its major index is given by maj(T) = p+¢g—2 for 2 < p <q <m. Then maj(T) =
0 (mod m) if and only if p + ¢ = m + 2. Hence we have the number of standard
tableaux of shape A is equal to % — 1 for odd m and mT_l for even m. On the other
hand, maj(7’) = | (mod m) if and only if p +¢g = m + 3. Hence the number of
standard tableaux of shape A is equal to mT_3 for odd m and mT—z for even m.
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Example 6.6 For m > 4 and a partition A = (22, 1”%), we have

m=3  ifmis odd,

4 ifm=0 (mod4),
2 ifm =2 (mod4).

3

3

6'71 .
[Rescycm st X}n] =

o
R

N‘

To prove this, we consider the following two kinds of standard tableaux of shape A:

1P 1|2
214 2 |p+1

Tpg = — R=sp<pt+tl<g=m), Tp= ‘p B<p<m-—1)
m m

Their major indices are given by

m(m—1)

. . m(m—1
maj(Tp,q) = — +2—p—q and maj(T,) = mim=1)

2
If m is odd, m(m —1)/2 = 0 (mod m). Thus maj(7p,4) = 1 (mod m) if and only
if p4+q =m+ 1. The number of such pairs (p,q) is (m —3)/2. There is no 7T},
such that maj(7)) = 1 (mod m). If m is even, m(m —1)/2 = m/2 (mod m). Since
m # 2, maj(Tp) =1 (mod m) if and only if p =m/2 for m > 4. If m = 4, there is
no such 7.

+1-p.

On the other hand, maj(7,,4) = 1 (modm) if and only if p +qg =m + 14 (m/2)
form=4,6,8and p+g=m+ 1+ (m/2),or 1+ (m/2) for m > 10. If m = 4,
6 or 8, the number of such pairs (p,q) is 0, 1 or 1 respectively. Suppose m > 10.
If m =4M, maj(Ty4) =1 (modm) if and only if p+g =6M +1 or 2M + 1.
The number of such pairs (p,q) is (M — 1)+ (M —2) =2M —3 = (m/2)—-3. If
m=4M +2, maj(Tp 4) =1 (mod m) if and only if p +qg =6M +4 or 2M + 2.
The number of such pairs (p,q) is M + (M —1) =2M — 1 = (m/2) — 2. Therefore
we obtain the claim.

7 Sp-irreducible components of the Johnson cokernels

This section is the main part of this paper. First, in Section 7.1, we introduce an
Sp—equivariant homomorphism cy: b?,l k) — C% (k), and give a strategy to detect
Sp—irreducible representationslin the Johnson cokernels. In Section 7.2, we calculate the
multiplicities of L[SI;] and L[Slp Vin hgl (k) explicitly. We give their maximal vectors
explicitly in Section 7.3, and show that they do not vanish under ¢j, in Section 7.4. By
these results, we detect L[s];] forodd k>3 and L[Slp ] for k > 5 such that k =1 (mod 4)
in the Johnson cokernels. In the final subsection, we summarize our new classes of
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Johnson cokernels, and give some discussions about relationships between our classes
and recent results of Conant, Kassabov and Vogtmann.

7.1 Our strategy for detecting Sp—irreducible components

In the rest of this paper, we assume g > k + 2. To explain our strategy for detecting
Sp—irreducible components in the Johnson cokernel of the mapping class group, let us
recall the following diagram as mentioned in the end of Section 3:

Im7) o HY ®q L?g(k +1) > Hgk — Cg(k)

J i

Im r]?’/‘Q = Im f,’{{él(—> hgl(k)g Hp ®q E?g(k +1)

Q
L2k +1)

Here we may regard it as a diagram of Sp(2g, Q)-modules and Sp(2g, Q)—equivariant
homomorphisms. By Theorem 3.4, we see Coker(Im o = Hp ®o 5% (k+1))
coincides with C% (k) for 2g > k 4+ 2. Observing a natural isomorphism

H* ®¢ £%(k +1)=~ H®g DZQg(k +1)

induced from the Poincaré duality, we obtain Sp(2g, Q)—equivariant homomorphisms
Ck: hg1(k) — C%(k). Note that Im t,’cg Clmr 0 Then we have the following
criterion for detecting Sp—irreducible components in the Johnson cokernel

Coker(Im 7} ') — 631 (k)).

Proposition 7.1 Let V be an irreducible Sp(2g, Q) —submodule of h?,l (k). If ci. (V)
is a non-trivial (then automatically irreducible) component of C%, (k), then V is an
irreducible Sp(2g, Q)-module in Coker(Im T]/Cg) In particular, if there is a maxi-
mal vector v of weight X in b?,l (k) such that cj (v) # 0 (then ¢y (v) is a maximal in
C(z% (k) ), then v gives an Sp(2g, Q)—irreducible component in Coker(Im r]’cg) that
is isomorphic to the irreducible Sp(2g, Q)—-module L[S);)]. ,

To find such a maximal vector, we use Theorem 4.14 and Corollary 5.3. Namely, for a
maximal vector v, as in Theorem 4.14, we consider

$r =02 0p- (1 + g2+ +0op i)
If ¢ # 0, this is a maximal vector of weight A such that ¢, € f)?l (k) by Corollary 5.3.

Then we investigate whether ¢ (¢;) € C% (k) is 0 or not.
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7.2 Some multiplicity formulae

In this subsection, we give some explicit multiplicity formulae for [k] and [1¥] in
h?l (k) and C% (k). First, let us recall Proposition 6.1 and the following lemma
obtained by Pieri’s formula (Theorem 4.4).

Lemma 7.2 Suppose n > k + 2. For a partition A of k + 2,
[Ho®q L7k +1): Lg] =) [CR(k+1): L.
"

where (1 runs over all partitions obtained by removing a single node from .

Proposition 7.3 (i) The multiplicities of the Sp(2g, Q) —irreducible representation
[k] in bgl (k) and C%(k) are given by

1 ifk odd,

cQ (k) LM =1.
0 ifk even, [ Zg( )i Lsp]

02, (k) : LY = { b

(ii) The multiplicities of the Sp(2g, Q)—irreducible representation [1¥] in f)gl (k) and
C%(k) are given by

1 ifk=1,2 (mod4),
0 if otherwise,

1 ifk odd,

Q I
[hg,l(k) . LSp ] = { 0 ifk even.

€2 (k) L) = {

Proof We will use irreducible decompositions of the restriction Resg;“ (see Theorem
4.5) and Pier’s rule (see Theorem 4.4).

1 If Resgg;((zzéf' g)) Lg‘L) has an Sp—irreducible component L

either A = (k + 1, 1) or (k, 1%). We have

(k]

sp » then a partition A is

[Ho ®g L3 (k+1): LET =22 (k+1) : LE 1+ (22 (k+1) : LG V=1,
(L2 (k+2): L&D
[Ho®o L2 (k+1): LED = (22 (k + 1) : LE 14 1£2 (k + 1) L&),
B {I%z—i—l if k even,
5L 1 ifk odd,

if k even,
L if k odd,

bl Nkl

2
(L2 (k+2): LG = {

N‘

€2 (k) : LET=1c2 (k) : L1 =1.

Thus we obtain the claim.
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[15]

(i) If ResSL28:D) Lg”L) has an Sp—irreducible component LSp ,

Sp(2g,Q)
is either A = (22, 1¥72), (2, 1%) or (1¥+2). We have

then a partition A

[Ho ®q L3 (k +1): L= (L2 (k+1): L8 D=,
12 (k+2): LG =0,
[Ho @0 L5, (k-+1:LG ) = [£5, (k+1:LG HCS, e+ L&) =1,
L2 (k+2): L&) =1,

1 if kodd,
0 if k even.

k k
C2 (k) : LY T=1c2 (k) LG 1= {
Suppose k = 1,3 (mod 4). Then
2 1k—2
[Ho ®g L2, (k+1): LG "]
2 1k=3 k—1
=2k + 1) LG 1+ L2k + ) LG )
5 ifk =3 (mod4),
AL itk =1 (mod 4),
2 1k—2
(L2 (k+2): LG " =5
Suppose k = 0,2 (mod 4). Then
2 1k—2
[Ho ®q L2 (k+1): LG " ]
2 1k—3 k—1
=12+ LG ML e+ LG 1= £,

k=2 .
2 k=2 < if k =2 (mod 4),
L2k +2): LT =12
£op (K +2) Ly ] k= itk =0 (mod 4).
Hence we obtain the claim. O

Remark 7.4 By the argument above, the Sp—irreducible component [lk Isp appears
in the restriction of the GL—irreducible component (22, 1¥=2)g .

Remark 7.5 Our calculation above gives a combinatorial description of the GL (and
Sp) irreducible decomposition of h?,l obtained by Kontsevich in [17; 18].

Remark 7.6 In [24], Nakamura and Tsunogai completely calculated Sp—irreducible
decompositions of f)gl(k) for 1 <k < 15. In their table, we can check that Sp—
irreducible components [1¥] have multiplicity one for k = 5,9, 13 and k = 6, 10, 14.
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7.3 Descriptions of maximal vectors

To give an explicit description of maximal vectors, we use an (i, j)—expansion operator
k+2
Dyt H* — HE**? defined by
2g
(V1 ®V2Q- - ®Vg)-Djj:= Z V1@ QUi—1 R, QV;® - QVj_2®e; QUj_1 @ - QU
r=1
for 1 <i < j <k + 2. Using this, we obtain several maximal vectors satisfying the

condition of Proposition 7.1. First we consider a maximal vector that defines the Morita
obstruction [k] in Coker(Im ‘U/'?AQ).

Theorem 7.7 (Morita and Nakamura) Let k be an odd integer such that k > 3.
Suppose g > k + 2. An element

k+1k—i+2

=2(Z Z (—1)r_lkcr—1(6’i®k)'Di,i+r)

i=1 r=1

is a maximal vector with highest weight [k] in h?l (k). Moreover this gives a unique
irreducible component of [k] in Coker 11?4@ .

This fact was originally showed by Morita and Nakamura. More precisely, Morita [22]
showed that [k] appears in h?,l (k) for odd k& > 3 with multiplicity at least one, using
the Morita trace map. Nakamura showed that the multiplicity of [k] in h?,l (k) for odd
k > 3 is exactly one, and determined the maximal vector with highest weight [k] in
his unpublished work.

Second we consider a maximal vector that defines the Sp(2g, Q)—module with highest
weight [1¥] in Coker(Im 74 for k =1 (mod 4) and k > 5.

Theorem 7.8 Suppose k =1 (mod4), k > 5 and g > k + 2. An element

Gs) = @@ (er A Aeg)) - Op (14 Ojin + -+ 0k D)

k41 k—i+2
= 2(2 Y (1= s 1oy e /\"'/\ek)'Di,i+r)
i=1 r=1

is a maximal vector with highest weight [lk ] in h?l (k). Moreover this gives a unique

irreducible component of [1¥] in Coker f]é\/‘(@.
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7.4 Proofs of main theorems

We will give proofs of Theorem 7.7 and Theorem 7.8. But, since our proof for
Theorem 7.7 is easier than that of Theorem 7.8, we omit the details for Theorem 7.7.

7.4.1 Proof of Theorem 7.8 Step 1 For p =2 (mod 4), we prove

(er A---Neg)Dia(1—s2)(1 —S3sz)"'(1 —Sp-8352)

_Z( 1)8] 2.3 (mod 4) ZCL] 1J(61/\ /\ek)Dl,1+]

by the induction on r.

Indeed, if p =2, both sides of the formula above coincide with (e1 A- - -Aeg)(D12—D13).
Suppose p > 2 and p +4 < k + 1. For simplicity we denote (e; A---Aeg)D;j by
DSgn We have:

igrllﬂ(l Spt182) (1 =spra---52)(1 = spg3---52) (L —5ptq---52)
=D, — (_1)p+1Dig,I21+j)(1 —Spt2852) (L —=Sp43---52)(1 = Spya---52)

P (D;grll-i-J T Dig;ﬂ)(l —Sp+252)(L=8pq3-+-52)(1 —Spta---52)

_ sgn sgn
= (D, REN; + Dy 24

—(=1)PT2DE = (=D)PT2DE L (1 =spt3---52) (1 =5psa---52)
(D — D5, — Sp+3"'S2)(1—Sp+4"'S )

_ (Dsgn _p& (_1)p+3DSgn +(— 1)P+3Dsgﬂ (1 —Spta- -857)

peven

L1+j 1,3+j 1,24j 1,44
D+ D~ DY = DY (= spaaes2)
=D D D D
— DD+ Dy — D = Dissy)
D DL 4 D

Thus the action of (1—s,11+--52)(1=Sp42--52)(1=Sp43---52)(1 =5p44---52) on

p
_11%i=2.3 (mod &) ) sgn
2D p52Cis Dy
j=1

is obtained in the following way:

I} mo sgn sgn sgn
Z( =23 mead) 2 = IJ(Dl 1+j — 2D, 3+]+D1 5+1)
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Z{( 1)8, 2.3 (modd) ZCL/ 1J—2( 1)8] 0.1 (mod 4) ZCLJ 3]

j=5
HDP= s o € DY
+ 0 - Dy -2 P2 pen pszsgn
- 2(Dsgn Dsgn + Dig;ﬂ - Dsg;+3)
e PR ey A A
p+4

— _11%/=2.3 (mod 4) ) sgn
=2 D 252 Qs Py

Step 2 We have

(ex A== Neg)DijSgy1- 5281

_ k odd oo
_ e ne) (DRI Dy 1 T ey A Ae) D e i E k2,
—(ex A= Aeg) Dy it if j =k+2,

for k =1 (mod 4). Hence we obtain an explicit formula

(@@ (er A Aer) Op- (1 +0kn++0ortl)

k+1 k—i+2
=2 Z Z (_1)5j52,3 (mod 4) LEICL%J (el /\/\ek) 'Di,i-‘r-j‘
i=1 j=1
In fact,
k+1

Z(_1)8j52,3 (mod 4) %CL%J Dig,rll-i-](l 4+ Ok+2 44 O-]I(C-_:Zl)

j=1
k+1 k+2—j
— _ 8'52,3 (mod 4) . sgn sgn
- Z( 1) ! %CL%J Z Dl REYI ZDI i+k+2—j

j=1 i=1 i=1
k+1 k+2—i
_Z Z ( 1)8, =2.3 (mod4) , _ 1CLJ L 15%2—1
== k+1 k+1
- Z Z(—l)‘sf;“ (mod4)%CLj%1JD:’gilk+2_j
i=1 j=i
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k+1 k+2—i
8 (mod 4) Sgn
=D D (DY Oy DT
i=1 j=1
k+1 k+2—i
—Z Z ( 1)81‘+2 j=2.3 (mod4) k— ICLk-i-l JJ ll+]
i=1 j=1
k+1 k+2—i
) mo pEn
_Z Z( 1)1 =2.3 (mod4) | _ 1CLJ IJ Li+j
i=1 j=1
k+1 k+2—i
+Z Z ( 1)8] 2.3 (mod4) | ICLk+1 ]J ll+j
i=1
k+1 k+2—i

_22 Z ( 1)81 =2.3 (mod4) , JCL] IJ :glrif—j

i=1
Step 3 Let us consider a surjective Sp—homomorphism

conty: Hg(kJrz) > Hp ® HSUCH) — Hgk

by composing an Sp—isomorphism
®(k+2) * ®(k+1)
Hg — Ho ® H,
induced from Hgp — H@ given by (4) in Remark 4.3 and a contraction homomorphism
defined by ef ®@ej, ®ej, ®---®ej, ., = (e].ej ) -ej, ®--®ej,, . Then we obtain

(—2g)(eg A---Neg) ifi =1, j =2,
(=) 2(ey A---neg) ifi=1, j>3,
(D)3 ey Ao ney) ifi=2, >3,
0 if otherwise.

contg((e; A---Aeg)Djj) =

To prove these formulae, let us recall that
(einej) =0=Aerejr)s (| gy {ei/ (1=i<g).
(ei,ejr) =68ij = —(ejr, ei), ! —eir (g+1<i<2g).
where i’ :=2g —i + 1 for each integer 1 <i <2g.
Then we have

2g
conty, (Digzn) = conty (Z er®er@(eg A A ek))

r=1
2g

= Z(e:,e,)el/\m/\ek = (=2g)e1 A Aey.

r=1
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Moreover,

2g v
conty (D) = conty (Z Z sgn(0)e; ®eq(1) ®ep2) @ Q e, @@ ea(k))

r=10€6y

2g v
=Y sgn(0){ea(r)er) ®epa) @ ® ef @+ ® eq()

r=10€6y

j-2

= D s2n(0)eo) ® -+ ® ey ® -+ ® k)

oSy

j\—/2
=— ) sgn(0)es(2) ® -+ ® eg(1) -+ ® k)
oeS,

:—(el/\.../\ek).slsz...sj_3 :(_1)j_2el/\.../\ek’

and similarly,
j

2g %
conty (D3') = conty (Z Z sgn(0)es (1) ®er ®ep2) @ Ve, @+ ® eo(k))

r=10€6y,
=Y ) sgn(0){er.eo1)) ®eg) @+ ® €f @+ ®eok)
r=1 o0€e6y
j-2
Vv
k
= Z sgn(0)eg) ® -+ ® exiy @ ® ek
o€Cy
j\—/z
= Z sgn(0)eq(2) @+ ® eg(1) ®** ® €q (k)
[ogS(ST%

= (e A-rrANeg)-s18y- - Sj_3 = (=1)/3ey Aee Ay
For i > 3, because of g > k, it is clear that conty ((e; A---Aeg)Djj) =0.

Step 4 We obtain cx (¢pyx)) # 0.

Indeed, for the natural surjection pr: H(S ks C? (k), we have

g
k+1
Z(_l)lsjszj (mod 4) %CL%Jck(el /\"'/\ele,l-i-j)
=1
C(‘P[lk]) =21’ k
+ Z(_1)8j52,3 (mod 4) %CL%Jck(el Aeee AekD2,2+j)
j=1
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k+1
_2g + Z(_l)SjEZ,S(modM R%CL/%J(_I)]_I
|, 7 pries A+ A )
+ Z(—l)5i§2~3 (mod 4) R%CL%J(_I)j_I

j=1

k
—_nl_ _ 1}/ 1+8i=2.3 (moa ) .
_2( 2g—|—2+2Z;( 1) j a ,{EICL,;IJ)pr(elA Aex)
J:

k+1
— 2(—2g —2 + 2 Z(_1)1_1+8j52,3 (mod 4) kz_lCLJ;lJ) pr(el Aeee /\ek)
j=1
Here, we claim that
k+1
Z( 1)/ 71+ =23 moas) ICLI 1 =0.
j=1

In fact, by setting k = 4K + 1, we have

k+1
Z( 1)/~ 14+8j=2.3 (moa4) |, _ 1CL] !
/=1 k+1
= ;(_1)5];0.3 (mod 4) %CL%J
j=
Z (_1)5j53 (mod 4) %CL%J + Z (_1)8]'50 (mod 4) /\%ICL%J
1<j<k+1 1<j<k+1
jodd J even
2K+1
—Z(Mwmwmq+2<u%wwmql
p=0 g=1
2K
=2 Z(_1)5p51 (mod 2) ZKCp =2(1— 1)2K -0
p=0

Hence, we conclude ¢k (¢pyx)) = —4(g + 1) pr(eg A--- Aeg).

Since [L[lk] Hgk] [L[lk] CQ 2(/)] =1 and ey A--+ A eg is a maximal vector
with highest weight (1%) of H®k, we have pr(e; A--- A ek) #0.

Step 5 By Proposition 7.1 and Proposition 7.3, the maximal vector ¢[ik] gives a

unique irreducible component of [1¥] in Coker r,?/lQ.

This completes the proof of Theorem 7.8. |
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7.4.2 OQOutline of proof of Theorem 7.7 To begin with, we can show

r
@ D1o)(1—s52)(1—5382) - (L=, - -5350) = D (=), 1 Ci1(e¥¥) Dy 14
ji=1
by using induction on r. Secondly, we have
®k _Jer " Diy1j41 ifj#Fk+2,

ey Dij)Sg418k 52851 =

( 1 lj) k+15k 251 {_ei@le,H-l ifj — k4.
Hence we get an explicit formula

k+1k—i+2
(@®e)-0p-(1+ 0k +-+of i) =>" > (1) xCry(®*) Dijr.

i=1 r=1

Thirdly, we have
(—29)(e®%) ifi=1,j=2,

k o .
- fi=1,j=>3,
contk(e‘lx’kD,-j)= E;Ilc ) 1 l J._
(er™) ifi=2,j>3,
0 otherwise,
and pr(e®k) # 0. Thus we obtain
k+1
(o) = D (=17 Cioy (e Dl,)+2( D7 Cimt ek (ePX D)
j=1 j=1
k+1
( 26— 3 (1Y 1+Z( DI l)pr(e®")
j=2 =1

_ (—zg LDk Z{(—l)fkcj )G+ 1) pr(e®)
=2

= (2-2g)pr(eP*) # 0.

Therefore, by Proposition 7.1 and Proposition 7.3, the maximal vector g gives a
unique irreducible component of [k] in Coker 11?4@.

This completes the proof of Theorem 7.7. |

7.5 Problems for the Johnson cokernels

Finally, we conclude by suggesting a problem for the Johnson cokernels of the mapping
class group.
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By observing the table of Coker(rk ) for 1 < k < 4 in Section 3.3, we see that
Coker(r,?’t ) = Im(cg) for 1 <k <4 as an Sp(2g, Q)-module, where cy: hQ (k) —
(k) is an Sp(2g, Q)—equivariant homomorphism defined in Section 7.1.
In general the cokernel Coker(r ) is not isomorphic to Im(cy) for k > 6. In fact, for
k = 6 according to the descrlptlon in [23] the Sp—invariant part of h 1(6)/ Im(r6 Q)
is Q®3. On the other hand, that of C (6) is Q®2. Hence we can not detect all of
the Sp—invariant part of th (6) using the map cg. We have heard from Morita about
these facts in a thoughtful e-mail.

Here we suggest a problem to determine the Sp—component of f)?l (k) that can be
detected by the map c; . Namely:

Problem 7.9 For any k > 1, determine the image Im(cy) of ¢.

Let us consider a sequence of Sp—submodules of h g1

Im(rk ‘) C Ker(e) C f)g 1

for each k > 2. Problem 7.9 is equivalent to a problem to determine the Sp—module
structure of the quotient hQ /Ker(cy). We remark that from the description in [23]
as above, for k = 6, an 1rreduc1ble module [0] appears in Ker(cg)/ Im(r6 Q) with
multiplicity at least one. (Morita told us this fact in his e-mail to us.) This shows
Im(r,?”lQ) # Ker(cg) in general.

Let (h?’l)ab be the abelianization of hgl as a Lie algebra, and [f)gl, f)?’l] the kernel

)2 We write

[62,.52,1(k)

for the degree k part of [th f)Q .J- Itis still open problem to determine the Sp—module
structure of (f)@l)db From Ham s result (see Theorem 3.5) we have

Im(rk’Q) clhd PRT g,l](k) = bgal

for each k > 2. In [23], Morita constructed a surjective Lie algebra homomorphism

‘I,’i/\,/l@ @@Trzk_l’_l: h?,l — A3HQ ® @ S2k+1HQ
k>1 k=1

of the abelianization h?l — (h? |

using the Morita trace maps Trpg4;, where the target is considered as an abelian
Lie algebra Hence, the Morita obstructions can be detected by th (k)/Ker(cg) and
(h )alb Recently, in [4], J Conant, M Kassabov and K Vogtmann announced there
are new series in (hg )2 other than the Morita obstructions.

Then we have a problem:
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Problem 7.10 Does there exist an irreducible Sp—module L C Ker(cy) such that L ¢
[h?l, h? 11(k)? For example, clarify whether or not the Conant-Kassabov—Vogtmann
obstruction is contained in Ker(cy).
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