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We study the category of (K(k)VK(k + 1)V ---VvK(n))-local spectra, following a
suggestion of Hovey and Strickland. When k = 0, this is equivalent to the category of
E (n)-local spectra, while for k = n, this is the category of K(n)-local spectra, both
of which have been studied in detail by Hovey and Strickland. Based on their ideas,
we classify the localizing and colocalizing subcategories, and give characterizations
of compact and dualizable objects. We construct an Adams-type spectral sequence
and show that when p > n it collapses with a horizontal vanishing line above
filtration degree n? + n — k at the E,—page for the sphere spectrum. We then study
the Picard group of (K(k)VK(k + 1)V ---VvK(n))-local spectra, showing that this
group is algebraic, in a suitable sense, when p > n. We also consider a version
of Gross—Hopkins duality in this category. A key concept throughout is the use of
descent.
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3656 Drew Heard

1 Introduction

In their memoir [32] Hovey and Strickland studied the categories of K(n)-local and
En—-local spectra in great detail. Here K (n) is the n™ Morava K—theory; the spectrum
whose homotopy groups are the graded field

K(m)x = Fplvg'].  Jval =2(p" ~1)

n

and E,, is the n™ Lubin—Tate spectrum, or Morava E—theory, with
(En)s = W(Em) 1, ... un—1 JuEt, Jui| =0, ju] = 2.

As explained in the introduction of [32], the Morava K-theories are the prime field
objects in the stable homotopy category — for a way to make that precise, see Hopkins
and Smith [27], or more specifically, Balmer [4, Corollary 9.5] — and are one of the
fundamental objects in the chromatic approach to stable homotopy theory.

A deep result of Hopkins and Ravenel [48] is that Bousfield localization with respect
to E, is smashing, which simplifies the study of the category of E,-local spectra
considerably. On the other hand, localization with respect to K(#) is not smashing [32,
Lemma 8.1], and the monoidal unit L g,)S O¢Sp K(n) 1s dualizable, but not compact.
In the language of tensor-triangulated geometry, Spg,) is a nonrigidly compactly
generated category. Because of this, much of the work in [32] is therefore dedicated to
understanding the more complicated category of K(n)-local spectra.

By a Bousfield class argument, the category of E,—local spectra is equivalent to the
category of (K(0)V --- Vv K(n))-local spectra. In this paper we study the categories of
(K(k)v---VvK(n))-local spectra for 0 < k < n, which were suggested as “interesting
to investigate” by Hovey and Strickland; see the remark after Corollary B.9 in [32].
We write Ly , for the associated Bousfield localization functor. As we shall see, when
k # 0, the category Spy , of (K(k)V---VK(n))-local spectra behaves much like
the category Spk ;) = Sp,,, of K(n)-local spectra. For example, it is an example
of a nonrigidly compactly generated category; as soon as k # 0, the monoidal unit
LinS® € Spk,» 1s dualizable, but not compact. However, the categories Spy ,, for
k # n are in some sense more complicated than the case k = n; for example, Spg ;)
has no nontrivial (co)localizing subcategories, while this is not true for Spy ,, as long

as k #n.
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1A Contents of the paper

We now describe the contents of the paper in more detail. We begin with a study
of Bousfield classes, constructing some other spectra which are Bousfield equivalent
to K(k) v ---v K(n). In particular, we show that there is a Bousfield equivalence
between a localized quotient of BP, denoted by E(n, J;), and K(k) v --- Vv K(n).
For this reason, as well as brevity, we often say that X is E(n, Ji)-local, instead of
(K(k)V ---VvK(n))-local.

As was already noted by Hovey and Strickland [32, Corollary B.9], Spy ,, is an algebraic
stable homotopy theory in the sense of Hovey, Palmieri and Strickland [30] with compact
generator Ly , F(k), the localization of a finite spectrum of type k. We investigate
some consequences of this; for example, analogous to Hovey and Strickland’s formulas
for L g ()X, in Proposition 2.24, we prove some formulas for Ly , X in terms of towers
of finite type k Moore spectra. Some of these results had previously been obtained by
the author and Barthel and Valenzuela [11].

In Section 3 we investigate the tensor-triangulated geometry of Spy ,. We begin by
characterizing the compact objects in Sp ,,, culminating in Theorem 3.8 which is a
natural extension of Hovey and Strickland’s results in the cases k =0, n. A classification
of the thick ideals of Spi”n is an almost immediate consequence of this classification;
see Theorem 3.16 for the precise result. Of course, here we rely on the deep thick
subcategory theorem in stable homotopy [27] and its consequences. Finally, we classify
the localizing and colocalizing subcategories of Spy ,, in Theorem 3.33. We obtain the
following.

Theorem 1.1 There is an order-preserving bijection between (co)localizing subcate-
gories of Spy , and subsets of {k, ... ,n}. Moreover, the map that sends a localizing
subcategory C of Spy , to its left orthogonal ¢t induces a bijection between the
set of localizing and colocalizing subcategories of Spy ,. The inverse map sends a
colocalizing subcategory U to its right orthogonal 1.

We also compute the Bousfield lattice of Spy , (Proposition 3.39) and show that a form
of the telescope conjecture holds (Theorem 3.46).

In Section 4 we show that, as a consequence of the Hopkins—Ravenel smash product
theorem, the commutative algebra object E, € Spy , is descendable, in the sense
of Mathew [41]. This has a number of immediate consequences. For example, it
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implies the existence of a strongly convergent Adams-type spectral sequence, which
we call the E(n, Ji)-local E,—Adams spectral sequence, computing 7« (L , X ) for
any spectrum X. Moreover, descendability implies this collapses with a horizontal
vanishing line at a finite stage (independent of X). In the case of X = S? it is known
that, in the cases k = 0 and k = n, this vanishing line already occurs on the E>—page
so long as p > n. In order to generalize this result, we first show that when X = §©,
the Er—term of the E(n, Ji)-local E,—Adams spectral sequence spectral sequence
can be given as the inverse limit of certain Ext groups computed in the category of
(En)« En—comodules; see Proposition 4.16 for the precise result. We are then able to
utilize a chromatic spectral sequence and Morava’s change of rings theorem to show
the following (Theorem 4.24):

Theorem 1.2 Suppose p — 1 does not divide k + s for 0 < s < n —k (for example, if
p > n+ 1), then in the E;—term of the E(n, Ji)-local E,—Adams spectral sequence
converging to Lk’nSO, we have E;’t =0fors>n?+n—k.

In the case k = 0, this recovers a result of Hovey and Sadofsky [31, Theorem 5.1].

As noted previously, so long as k # 0, the categories of dualizable and compact spectra
do not coincide in Spy ,; every compact spectrum is dualizable, but the converse does
not hold, with the unit Ly , S 0 being an example. In Section 5 we study the category of
dualizable objects in Spy ,,. As a consequence of descendability, we show that X € Spy ,,
is dualizable if and only if Ly ,(E, A X) is dualizable in the category of E(n, Ji)-local
Ey—modules. In turn, we show that this holds if and only if Ly ,(E, A X) is dualizable
(equivalently, compact) in the category of E,—modules. We deduce that X € Spy ,, is
dualizable if and only if its Morava module (E ;) (X) := 7« Lg ,(En A X) is finitely
generated as an (£,)«—module; see Theorem 5.11. This generalizes a result of Hovey
and Strickland, but even in this case our proof differs from theirs.

It is an observation of Hopkins that the Picard group of invertible K (n)-local spectra
is an interesting object to study; see Hopkins, Mahowald and Sadofsky [26]. Likewise,
Hovey and Sadofsky [31] have studied the Picard group of E(n)-local spectra. In
Section 6 we study the Picard group Picy , of E(n, Ji)-local spectra. Our first result,
which is a consequence of descent, is that X € Spy ,, is invertible if and only if its
Morava module (Ey ;) (X) is free of rank 1. We then study the Picard spectrum —
see Mathew and Stojanoska [44] — of the category Spy ,. Using descent again, we
construct a spectral sequence whose abutment for g is exactly Picg ,. The existence of
this spectral sequence in the case k = n is folklore. We say that this spectral sequence
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is algebraic if the only nonzero terms in the spectral sequence occur in filtration degree
0 and 1. Using Theorem 1.2 we deduce the following result (Theorem 6.8). In the case
k = n, this is a theorem of Pstragowski [45].

Theorem 1.3 If2p—2>n?+4n—k and p—1 does not divide k + s for 0 < s <n—k,
then Picy ,, is algebraic. For example, this holds if 2p —2 > n?+n.

There is an interesting element in the K(n)-local Picard group, namely the Brown—
Comenetz dual of the monochromatic sphere [32, Theorem 10.2]. In Section 7 we
extend Brown—Comenetz duality to the E(n, Ji)-local category. We do not know
when the Brown—Comenetz dual of the monochromatic sphere defines an element of
Picy ,; this is not true when k = 0, and we provide a series of equivalent conditions
for the general case in Proposition 7.10.

Thecasen=2and k =1

The first example that has essentially not been studied in the literature is when n = 2
and k = 1, ie the category of (K(1)Vv K(2))-local spectra. In Section 5B we give a
computation of the Balmer spectrum of (K(1)Vv K(2))-locally dualizable spectra. For
this, we recall that Hovey and Strickland have conjectured a description of the Balmer
spectrum Spc(Sp‘}gf‘i)) of dualizable objects in K(n)-local spectra [32, page 61]. This
was investigated by the author, along with Barthel and Naumann, in [10]. This admits a

natural generalization to Spi”fll. For i <n, let D; denote the category of X € Sp%“f;l such

that X is a retract of ¥ A Z for some Y € Spi‘j’;‘: and some finite spectrum Z of type
at least . We also set D, 41 = (0). The conjecture is that these exhaust all the thick
tensor-ideals of Spi‘:zl. We show in Theorem 5.21 that if this holds K (#n)-locally (ie in
Spﬂ‘jﬁl), then it holds for all Spi‘,‘zl. In particular, since it is known to hold K(2)-locally

by [10, Theorem 4.15], we obtain the following; see Corollary 5.22.

Theorem 1.4 The Balmer spectrum of K(1) v K(2)-locally dualizable spectra
Spe(Sp}s) = {D1.D2, D3}

with topology determined by {D;} = {D; | i > j}. In particular, if C is a thick
tensor-ideal of Sp‘ll‘fgl, then C = Dy for 0 <k <3.

Conventions and notation

We let {(X) denote the Bousfield class of a spectrum X. The smallest thick tensor-
ideal containing an object A will be denoted by thickg(A4) (it will always be clear

Algebraic € Geometric Topology, Volume 23 (2023)
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in which category this thick subcategory should be taken in). Likewise, the smallest
thick (resp. localizing) subcategory containing an object A will be written as Thick(A)
(resp. Loc(A)).

Acknowledgements

It goes without saying that this paper owes a tremendous intellectual debt to Hovey
and Strickland, in particular for the wonderful manuscript [32]. We also thank Neil
Strickland for a helpful conversation, as well as his comments on a draft version of this
document.

2 The category of Sp, ,—local spectra

2A Chromatic spectra
We begin by introducing some of the main spectra that we will be interested in.

Definition 2.1 Let BP denote the Brown—Peterson homotopy ring spectrum with
coefficient ring

BP, =~ Z(p)[vl, V2, .. ]
with |v;| = 2(p' — 1).

Remark 2.2 The classes v; are not intrinsically defined, and so the definition of BP de-
pends on a choice of sequence of generators; for example, they could be the Hazewinkel
generators or the Araki generators. However, the ideals I, = (p, vy, ..., vs—1) for
0 <n < oo do not depend on this choice.

By taking quotients and localizations of BP —for example, using the theory of
structured ring spectra [19, Chapter V] — we can form new homotopy ring spectra.
In particular, let J denote a fixed invariant regular sequence p©, vil, e v,i"_‘ll of
length k. Then we can form the homotopy associative ring spectrum BPJ} with

(BPJy)x = BP./ Jy.

These were first studied by Johnson and Yosimura [35]. A detailed study on the product
structure one obtains via this method can be found in [51].

Definition 2.3 We let E(n, Ji) for n > k denote the Landweber exact spectrum with

En, Ji)x = v, ' ((BPIg)«/(Un41. Vn2. . ..)).
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Here Landweber exact means over BPJy (as studied by Yosimura [56]), that is, there
is an isomorphism

E(n, Ji)«(X) = (BPJi)«(X) ®pp, /7, E(n, Ji)«.

Example 2.4 If k = 0 (so that Jj is the trivial sequence), then E(n, Jo) >~ E(n),
Johnson—Wilson theory. For the other extreme, if J, = p,v1,...,vs—1, then BPJ, is
the spectrum known as P(n), and E(n, J,) >~ K(n) is Morava K-theory [32].

Definition 2.5 For k < n < oo, we let Spy , € Sp denote the full subcategory of
(K(k)VK(k +1)v---VvK(n))-local spectra.

Lemma 2.6 The inclusion Spy , <> Sp has a left adjoint L , and Spy , is a pre-
sentable, stable co—category.

Proof This is a consequence of [39, Proposition 5.5.4.15]. |

Remark 2.7 The category Spy , and localization functor Ly , only depend on the
Bousfield class (K(k) Vv ---Vv K(n)).

Notation 2.8 We will follow standard conventions and write Spy, ,, as Sp,, and Sp,, ,
as Spg(y)- Similarly, the corresponding Bousfield localization functors will be denoted
by Lon = Lp and Ly n = Lg(n), respectively.

Remark 2.9 By [46, Theorem 2.1] we have (E(n)) = (K(0) vV---Vv K(n)). In fact,
let E be a BP-module spectrum that is Landweber exact over BP, and is v,—periodic,
in the sense that v,, € BP, maps to a unitin E«/(p, v1,...,vs—1). Then Hovey has
shown that (E) = (K(0) v---Vv K(n)) [28, Corollary 1.12]. In particular, this applies
to the Lubin—Tate E—theory spectrum E, —see [49] — with

(En)s = W(Em) [y, ... up—1][u*]
or the completed version of E—theory used in [32] with

Ex = (EM))], = Zplvr. ... . va-1. v} .
2B Bousfield decomposition

In the previous section we introduced the spectra E(n, Ji) for n > k and an invariant

lk—1

regular sequence p'°,...,v +_, of length k. We now give Bousfield decompositions

for E(n, Ji)-local spectra.
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Proposition 2.10 There are equivalences of Bousfield classes:
(1) (Johnson-Yosimura) (v, 'BPJy) = (E(n,Jy)).
(2) (Yosimura) (E(n,Ji)) = \/i—x(K(0)).
3) (En/Ik) = Vi (K(@)).

Proof Part (1) is [35, Corollary 4.11]. Part (2) can be deduced from [57] as we now
explain. First, by [57, Corollary 1.3 and Proposition 1.4] along with (1),
n
(E(n.Ji)) = (v ' BPJi) = (LnBPJi) = \[ (v ' P(0).
i=k

By [57, Corollary 1.8] we have (vi—1 P(i)) = (K(i)), and hence (2) follows. For (3),
we first note that by the thick subcategory theorem (E, /I;) = (E, A F(k)) for some
finite type k spectrum. Since E, = \/7_o K (i), (3) then follows from the definition of
a type k spectrum. ad

Remark 2.11 In other words, the category of E(n, Ji)-local spectra is equivalent
to the category of K(k) Vv --- K(n)-local spectra. Note that this implies this category
only depends on the length of the sequence, and not the integers iy, . .., ip—1. We will
therefore sometimes say that a spectrum X is E(n, Ji)-local if X € Spy .

2C Algebraic stable homotopy categories

We now begin by recalling the basics on algebraic stable homotopy theories; see [30]
in the triangulated setting.

Definition 2.12 A stable homotopy theory is a presentable, symmetric monoidal
stable oo—category (C, ®, 1) where the tensor product commutes with all colimits. It
is algebraic if there is a set G of compact objects such that the smallest localizing
subcategory of C containing all G € G is C itself.

Remark 2.13 The assumptions on C imply that it the functor — A Y has a right adjoint
F(Y, —), ie the symmetric monoidal structure on C is closed.

Remark 2.14 The associated homotopy category Ho(C) is then an algebraic stable
homotopy theory in the sense of [30]. We note that compactness can be checked at the
level of the homotopy category; see [40, Remark 1.4.4.3].

Applying [32, Corollary B.9; 30, Theorem 3.5.1], we have the following.
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Proposition 2.15 (Hovey, Palmieri and Strickland) Spy , is an algebraic stable
homotopy category with compact generator Ly , F (k). The symmetric monoidal
structure in Spy ,, 1s given by

XAY :=Lia(X AY).

Colimits are computed by taking the colimit in spectra and then applying Ly ,, while
function objects and limits are computed in the category of spectra.

Remark 2.16 The most difficult part of the above proposition is that Ly , F (k) is
a compact generator of Spy ,. Indeed, one must show that the conditions of [32,
Proposition B.7] are satisfied and to do this, one at some point needs to invoke the
thick subcategory theorem [27], or one its consequences (such as the Hopkins—Ravenel
smash product theorem [48]).

Remark 2.17 The localization L, = Lg 5 is smashing (thatis L, X >~ L,S OAX)
by the Hopkins—Ravenel smash product theorem [48] and in this case X AY ~ X A Y.
However, if k # 0, then localization Ly , is not smashing as the following lemma
shows, and so X AY % X AY in general.

Lemma 2.18 If k #0, then Ly , is not smashing, and Lk’nSO is not compact in Spy, ,,.

Proof We first claim that (Lx ,S°) = (E(n)). To see this, note that we have ring
maps L, S® — L ,S® — Lgm)S® 50 (Lgm)S®) < (LS < (L.S°). However,
(Lkm)S 0 = (L,S% = (E(n)) [32, Corollary 5.3], so these inequalities are actually
equalities, and all three are Bousfield equivalent to E (7).

Suppose now that Ly , were smashing, so that (Lg ,S°%) = \/7_(K(i)); see [46,
Proposition 1.27]. Then, since (E(n)) = \/7_(K(i)) as soon as k # 0, we have
obtained a contradiction.

The second part is then a consequence of [30, Theorem 3.5.2]. a
Remark 2.19 Using the periodicity theorem of Hopkins and Smith [27], Hovey and

Strickland [32, Section 4] constructed a sequence of ideals {/;}; Cm C E¢ and type k
spectra { M (j)}; with the following properties (see also [7, Remark 2.1]):

(D) Ij+1 - ]J' and ﬂj]j =0;
(2) Ego/I; is finite; and
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(3) E«(My(j)) = E«/I; and there are spectrum maps q: My (j +1) — My (j)
realizing the quotient Ey/ My (j + 1) = Ex/ M ().

We call such a tower {M ()}, a tower of generalized Moore spectrum of type k.

Remark 2.20 The tower as above is constructed in the homotopy category of spectra.
However, as explained in [27, page 9, equation (15)], such sequential diagrams can
always be lifted to a sequence of cofibrations between cofibrant objects, and in particular
to a diagram in the co—category of spectra (the point is that such diagrams have no
nontrivial homotopy coherence data). Then, the (co)limit in the oco—categorical sense,
agrees with the homotopy (co)limit used in [30, Definitions 2.2.3 and 2.2.10].

Notation 2.21 We write M} , X for the fiber of the localization map L, X — Li_; X.
By definition, we set Mo, = Lj.

Lemma 2.22 We have an equality of Bousfield classes

n

(M, S%) = \/ (K(i)).

i=k
Proof Recall that, by definition, there is a cofiber sequence
Cr18°—> 8% > L;_,S°.
Applying Ly to this and using L; Lj 2 Lyn(;, j) We see that
My nS® ~ LyCr—1S® ~ Cp_1 L, S°,
where the last equivalence follows as both functors are smashing. It follows from [32,

Proposition 5.3] that (Mk,nSO) = \V7_4(K(i)) as claimed. ad

Remark 2.23 In [32, Proposition 7.10(e)] Hovey and Strickland give a formula for
Lgn)X in terms of towers of generalized Moore spectra. We show now that their
proof extends to Ly , X .

Proposition 2.24 There are equivalences

LinX ~ LpgyLnX > 1Iim(Ly X A My () > F(My,S°, Lp X).
J

where the limit is taken over a tower {M}. (j)} of generalized Moore spectra of type k.

Proof We firstnote that L;,_1X >~ L,Lp_1X ~ LnL,{_lX, the latter by Corollary
6.10 of [32]. It follows that My, X =~ L,C;_ X, where C_ is the acyclization
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functor associated to L,{_l. By [32, Proposition 7.10(a)] (and Remark 2.20) C kf—lX ~
li_r)nj D(My(j))AX,s0 My , X ~ li_r)nj D(My(j)) AL, X. It follows that

lm(La X A Mg(j)) = F(Mg , S, Ly X).

J
Moreover, by [32, Proposition 7.10(a)] this is equivalent to L )L X .
To finish the proof, we will show that Ly , X >~ Lpk)LnX. First, note that X —
L,X is an L,S%equivalence, and L, X — L F(k)LnX is an F(k)—equivalence, so
X — Lp@)LaX is an L,S® A F(k)-equivalence. But L,S° A F(k) ~ L,F(k)
and (L, F(k)) = \/7_x(K(i)) [32, Proposition 5.3]. Therefore X — Lpx)L,X
is a (K(k)Vv---VK(n))-equivalence, and we only need show that L p)L,X is
(K(k)Vv---vK(n))-local. But Lpg)LyX =~ F(Mk’,,SO, L, X) and so it follows
from Lemma 2.22 that Lp )L, X is (K(k)V---VK(n))-local. We conclude that
LgnX =~ Lpx)LnX, as required. m|

Remark 2.25 The equivalence

LgnX >~1m(Lp X A Mg (j))
J
has also been obtained in [11, Proposition 6.21] using the theory and complete and
torsion objects in a stable oo—category. The next result is also contained in [11,
Corollary 6.17].

Proposition 2.26 For any spectrum X there is a pullback square

LyX —— Ly, X

1 1

L1 X — Lg—1LgnX
Proof This is a standard consequence of the Bousfield decomposition
(E(n)) = (E(k—1)) v (E(n. Ji))
using for example [13, Proposition 2.2] (or, in the co—categorical setting, see [1]). O

Remark 2.27 Use [13, Proposition 2.2] one can deduce various other chromatic
fracture squares. For example, we have a pullback square

Lk,nX E— Lk,hX

1 1

LpyinX —— LgpLlpyinX
fork<h<n-1.
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Remark 2.28 These types of iterated chromatic localizations have been investigated
by Bellumat and Strickland [53]. Results such as the chromatic fracture square can be
recovered from their work; however we do not investigate this in detail.

Corollary 2.29 Suppose M; is a generalized Moore spectrum of type at least k. Then
LnMj o Lk,nMj-

Proof By definition, Ly_; M; >~ *, and so by the pullback square of Proposition 2.26
we must show that Li_q Lg , M; is contractible. Because M; is a finite complex, this
is equivalent to Ly _ ((Lk,,,SO) A Mj) >~ *, and the result follows. a

Definition 2.30 Let M , denote the essential image of the functor My , : Sp — Sp.

Theorem 2.31 For any spectrum X, we have natural equivalences

Mgy LgnX =~ My, X, LgpX > LMy, X.
It follows that there is an equivalence of categories My , >~ Spy , given by Ly ,,, with
inverse given by My .
Proof The proof of Hovey and Strickland in the case k = n generalizes essentially
without change.
By definition, My , X fits into a cofiber sequence

Mgy X — Ly X — L1 X,
so applying Ly , gives a cofiber sequence
Ly oMy pnX — Ly yLpX — Lg p L1 X.

But(E(k—1)) = {:& (K(k)),s0 Lg nLg—1 X ~0, whileclearly Ly , Ly X ~ Ly ,X.
It follows that Ly , My , X ~ Ly , X.

Using Proposition 2.24, Ly , X =~ F(Mk’nSO, Ly X), and so applying F(—, L, X) to
the defining cofiber sequence for My , S 0 we obtain a cofiber sequence

F(Lg—1S° LyX) — F(LyS® LyX) — F(My ,S°, LnX),

or, equivalently,
F(Li—1S% LyX)— Ly X — Ly X.

It is easy to check that F(L;_;S°, L, X) is E(k—1)-local, and so by Lemma 2.22 we
have Mk’nF(Lk_lSo, Ly X )~ x. It follows that My , L, X >~ My , X >~ My , Ly , X
as claimed. O
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Remark 2.32 Once again, this result was obtained (by different methods) in [11,
Proposition 6.21].

3 Thick subcategories and (co)localizing subcategories

In this section we compute the thick subcategories of compact objects in Spy ,, and
(co)localizing subcategories of Spy ,,. When k = 0 or k = n both results have been
obtained by Hovey and Strickland. Along the way we give a classification of the
compact objects in Spy .

3A Compact objects in Sp; ,

In this section we characterize the compact objects in Spy ,. We will use this in the
next section to compute the thick subcategories of Spy, .

We begin by recalling the notions of thick and (co)localizing subcategories.

Definition 3.1 Let (C, A, 1) be an algebraic stable homotopy category, and let D be a
full, stable subcategory.

(1) D is called thick if it is closed under extensions and retracts.

(2) D is called localizing if it is thick and closed under arbitrary colimits.

(3) D is called colocalizing if it is thick and closed under arbitrary limits.

(4) Disatensor-ideal if X € C and Y € D implies X A Y € D.

(5) Disacoidealif X e C and Y € D implies F(X,Y) € D.

We will also speak of localizing (or thick) tensor-ideals and colocalizing coideals.

Remark 3.2 In Sp,, the dualizable and compact objects coincide, and are precisely
those that lie in the thick subcategory generated by the tensor unit L, S°. In categories
whose tensor unit is not compact, such as Spy ,, for k # 0, the dualizable and compact
objects do not coincide — for example, the tensor unit is always dualizable, but is not
compact (Lemma 2.18). In [32] Hovey and Strickland gave numerous characterizations
of compact objects in Spg ;). In this section we extend some of these characterizations
to Spy ,- We first recall the concept of a nilpotent object in a symmetric monoidal
category.

Definition 3.3 We say that X is R—nilpotent if X lies in the thick ®—ideal generated
by R, ie X € Thickg(R).
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Lemma 3.4 The category of Ej/I—nilpotent spectra is the same in Spy ,, Sp,
and Sp.

Proof Using that (E, /I;) = (E(n, J;)) (Proposition 2.10) we see that E, /I A X
is always E(n, Ji)-local, from which the result easily follows. |

Remark 3.5 In other words, we can talk unambiguously about the category of E, /[;—
nilpotent spectra.

We will also need the following generalization of [32, Lemma 6.15].

Lemma 3.6 If X is a finite spectrum of type at least k, then Ly, X ~ Ly ,X is
E, /[ —nilpotent.

Proof The argument is only a slight adaptation of that given by Hovey and Strickland.
By a thick subcategory argument, we can assume that X = M}, is a generalized Moore
spectrum of type k. By [48], L, S € thickg (E,), and it follows that L, S® A M} ~
Ly My, ethickg (E, AM; ). Butitis easy to see that thickg ( E, AMy ) ~thickg (E, / Ii)
and we are done. O

Remark 3.7 The fact that L, S® € thickg ( E,,) is equivalent to the claim that E,, € Sp,,
is descendable, a condition we investigate further in Section 4A.

The compact objects in Spy , can be characterized in the following ways, partially
generalizing [32, Theorem 8.5]. We note that every compact object in Spy , is auto-
matically dualizable by [30, Theorem 2.1.3]; we investigate the dualizable objects in
Spk,, in more detail in Section 5.

Theorem 3.8 The following are equivalent for X € Spy ,:
(1) X is compact.
(2) X € thick(L, F(k)).
(3) X isaretractof L,X' >~ Ly , X’ for a finite spectrum X' of type at least k.

(4) X isaretract of Y A X', where Y is dualizable and X’ is a finite spectrum of
type at least k.
(5) X is dualizable and E, /I —nilpotent.

The category Spy,, < sz“;‘;l is thick. Moreover, if X € Spy , and Y € Spi“;‘;l, then

X AY,F(X,Y)and F(Y, X) lie in Sp} ,,. In particular, F (X, Lk’nSO) € Spy.
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Proof The equivalence of (1) and (2) is [30, Theorem 2.1.3] along with Proposition 2.15.
Item (3) implies (2) because every finite spectrum of type at least k lies in the thick
subcategory generated by F (k). That (1) implies (3) is the same as given by Hovey
and Strickland [32, Theorem 8.5]. Namely, suppose that X € Spy ,, is compact. By
Proposition 2.24, X ~ li_n)lj(X A DM (j)), so [X, X] ~ li_n)lj[X,X A DM (j)]. In
particular, X is a retract of Y := X A DMy (j). We claim that such a Y is compact
in Sp,,. Indeed, let {Z;} be a filtered diagram of E,—local spectra. Then we have
equivalences
[Y.lim Z; ]« = [X, Ln My (j) Alim Z; ]
1 1
~[X, L, (M () A Z)],

1
~ im[X, My (j) A Zil

1

1
The first and last equivalence follow by adjunction, the second because (L, My (j)) =
V7 _x (K(i)) [32, Proposition 5.3], so

LuMyp(j) Alim Z; >~ Ly My (j) A Ly im Z; > L im(My () A Zi),
i i i

while the third equivalence follows because X € Sp;("n by assumption and because
L lim, is the colimit in Spy ,,. We have K(i)+Y =0 fori <k and so Corollary 6.11
of [32] implies that Y, and hence X, is a retract of L, Z ~ Ly ,,Z for a finite spectrum
Z of type at least k. This shows that (1), (2) and (3) are equivalent.

Assume now that (4) holds. Note that Y A X’ is E(n, Ji)-local, and moreover Y A X' ~
Y ALk, X', where Ly , X' € Spf’n. By [30, Theorem 2.1.3] the smash product of a
dualizable and compact object is compact, and so X is a retract of a compact E (n, Ji )—
local spectrum, and thus is also compact; ie (1) holds.

To see that (3) implies (5), we use a thick subcategory argument to reduce to the case
that X = L, My ~ Ly , M} is alocalized generalized Moore spectrum of type k. Such
an X is clearly dualizable and is additionally E},/I;—nilpotent by Lemma 3.6.

Now suppose that X satisfies (5). Following Hovey and Strickland [32, Proof of
Corollary 12.16] let 7 be the collection of spectra Z € Spy ,, such that Z is a module
over a generalized Moore spectrum of type i (for a fixed i with k <i <n). By [32,
Proposition 4.17], J forms an ideal. Because K (i) A Z is nonzero and a wedge of sus-
pensions of K(i), J contains the ideal of K(i)-nilpotent spectra. Moreover, it follows
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from the Bousfield decomposition (Ey /) = \/7_; (K (i)) that K(i)AE, /I #0, and
so thickg (K (i)) C thickg (E, /11 ); ie every K(i )—nllpotent spectrum (for k <i <n)
is also Ej / I;—nilpotent. In particular, X € J, so X is retract of a spectrum of the form
Y A X where Y is a generalized Moore spectrum of type i, and thus (4) holds.

Finally, we prove the subsidiary claims. It is immediate from (2) that Spk e Spduall

is thick, and it is an ideal by [30, Theorem 2.1.3(a)]. Because generalized Moore
spectra are self-dual — see [32, Proposition 4.18] —(c) implies that Spf’n is closed
under Spanier-Whitehead duality. Therefore, F(X,Y) >~ F(X, Ly ,S 0) AY and
F(Y,X)~ X AF(Y, Ly, S°) lie in Sp . i

Remark 3.9 When k = 0, then X is compact if and only if X is dualizable [32,
Theorem 6.2]. To reconcile this with (5) of the previous theorem, we note that every
spectrum X € Sp,, is E,/Ip ~ E,-nilpotent [48, Theorem 5.3].

3B The thick subcategory theorem

We now give a thick subcategory theorem for Spy’ . As we shall see, given Theorem 3.8
this is an immediate consequence of the classification of thick subcategories of Sp,
which ultimately relies on the Devinatz—Hopkins—Smith nilpotence theorem.

Definition 3.10 For 0 < j <n+1let C; denote the thick subcategory of Sp,, consisting
of all compact spectra X such that K(i)«X =0 foralli < j;ie

Ci={X eSpy | K(i)«+X =0foralli < j}.
Remark 3.11 By [32, Proposition 6.8], we equivalently have
Ci={X eSpy | K(j —1)x+X =0}.
Remark 3.12 We have
Co2C1 2+ 2Cnt1=(0),
and moreover L, F(j) isin C;j, but not C;11.
We now present the result of Hovey and Strickland [32, Theorem 6.9].

Theorem 3.13 (Hovey—Strickland) If C is a thick subcategory of Spy, thenC = C;
for some j suchthat 0 < j <n+1.

Remark 3.14 This result can be restated in terms of the Balmer spectrum of Sp¥ [3].

In particular,
Spe(Spy) = {C1. .., Cat1}
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with topology determined by the closure operator {C_]} ={C; |i > j}. This is in fact
equivalent to Theorem 3.13, essentially by the same argument as in [10, Proposition 3.5].

The Balmer support of X € Sp%, defined in [3, Definition 2.1], is given by
supp(X) = {P € Spc(Spy) | X ¢ P}.

Note that X ¢ C; if and only if K(j —1)+«X # 0. Therefore, by Theorem 3.13,
supp(X) ={i €{0,....,n} | K(i)+X #0} ={i €{0,....,n} | K@) A X #0}.
For a thick subcategory 7, we define supp(7) = |y supp(X). Then, Balmer’s

classification result [3, Theorem 4.10] shows that there is a bijection

{thick subcategories of Sps } ﬁ) {specialization closed subsets of {0,...,n}}.

with the topology on {0, ..., n} determined by {k} = {k,k +1,...,n}, with inverse
given by sending a specialization closed subset Y to {X € Sp} | supp(X) C Y}. Note
that there are exactly n + 2 such specialization closed subsets, namely & and the subsets
{k,...,n}fork =0,...,n. The thick subcategory C,+1 corresponds to & under this
bijection, while Cy corresponds to {k,...,n} for 0 <k <n.

Given the classification of compact E (n, Ji)-local spectra in Theorem 3.8, we deduce
the following.

Lemma 3.15 The category of compact E(n, Ji)-local spectra, Spy, . is equivalent to
the thick subcategory Cy < Sp% .

Proof By [32, Corollary 6.11] if X € C, then X is aretractof LY >~ Ly ,Y for some
finite spectrum Y of type of least k. Then X is a compact E(n, Ji)-local spectrum
by Theorem 3.8. Conversely, if X is a compact E(n, Ji)-local spectrum, then X
is aretract of L,Y >~ Ly ,Y for Y a finite spectrum Y of type of least k, again by
Theorem 3.8. Therefore K(i)«X =0 fori <k and X € Cy. |

Theorem 3.16 (thick subcategory theorem) There is a bijection

~

sup,

{thick subcategories of Sp}, } > {specialization closed subsets of {k, ..., n}},
with inverse given by sending a specialization closed subset Y to
{X €Spy, |'supp(X) S Y}

In particular, if C is a thick subcategory of Spy . then C = C; for some j such that
k<j=<n+1
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Proof This follows by combining Theorem 3.13 and Lemma 3.15. O

Remark 3.17 Note that Spy’, is not a tensor-triangulated category when k # 0, as
it does not have a tensor unit. Therefore, we cannot speak of the Balmer spectrum
of Spy .

We also have a nilpotence theorem.

Proposition 3.18 Let X € Spy,, and u: >4 X — X a self-map such that K(i)xu is
nilpotent for k <i <n. Then u is nilpotent; ie the j—fold composite

uo-—ou: X 5 x

is trivial for large enough j .

Proof In light of Lemma 3.15, this follows from [32, Corollary 6.6]. m|

3C Localizing and colocalizing subcategories

In this section we calculate the (co)localizing (co)ideals of Spy ,,. We first observe that
every (co)localizing subcategory is automatically a (co)ideal, so it suffices in fact to
concentrate on (co)localizing subcategories.

Lemma 3.19 Every (co)localizing subcategory of Spy ,, is a (co)ideal.

Proof We prove the case of localizing subcategories — the case of colocalizing sub-

1

categories is similar.” To that end, let C € Spy , be a localizing subcategory, and

consider the collection D = {X € Sp | X AC C C}. This is a localizing subcategory of
Sp containing S, and hence D = Sp itself. It follows that C is a localizing ideal. O

Remark 3.20 We remind the reader that 1 is not compact in Spy ,, unless k = 0 (see
Lemma 2.18). Therefore, in all other cases, 1 is a noncompact generator of Spy ,,.

Notation 3.21 Throughout this section we let Q = {k,...,n}.

We begin by defining a notion of support and cosupport in Spy ,,, extending the notion
of support defined previously for Sp%.

Definition 3.22 For a spectrum X € Spy ,,, we define the support and cosupport of X
by

supp(X) =1{i € Q[ K(i) A X #0},  cosupp(X) = {i € Q| F(K(i). X) # 0j.

IWe thank Neil Strickland for providing this argument, which simplifies a previous argument.
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Example 3.23 Because K(i)AK(j) =0ifi # j,and K(i) A K(i) # 0 [46, Theorem
2.1], we have
supp(K (1)) =i

for i € Q. On the other hand, K(i)*K(j) = Homg¢;), (K(i)+«K(j), K(i)«), and so

cosupp(K(i)) =i
as well.

Remark 3.24 The notion of support is slightly ambiguous, as objects can live in
multiple categories. For example Lk ;)S 0¢ Sp; , forall 0 <i < n, and in fact has
different support in each category. However, it should also be clear in which category
we are considering the support.

Remark 3.25 Because K(i) A X is always K(i)-local, we equivalently have

supp(X) ={i € Q| K(i) A X #0}.

Remark 3.26 In [32, Definition 6.7] Hovey and Strickland define the support of an
object by
suppys(X) = {i | K()) A X # 0.

By definition then, supp(X) = suppyg(X) N Q.

Support and cosupport are well behaved with respect to products and function objects
in Sp k.-

Lemma 3.27 Forany X,Y € Spy, there are equalities

supp(X AY) = supp(X) Nsupp(Y), cosupp(F(X,Y)) = supp(X) Ncosupp(Y).

Proof Because K(i) A X is always K(i)-local, K() A(X AY) ~ KG)AX AY,
and it is clear that supp(X A Y) C supp(X) Nsupp(Y). The converse follows because
K (i)« is a graded field; if K(i) A X AY =~ x then either K({)AX ~*xor K(i)AY >~ x.

For the cosupport, suppose i € cosupp(F(X,Y)), ie F(K(i), F(X,Y)) # 0. By
adjunction we must have F(K(i) A X,Y) # 0 as well as F(X, F(K(),Y)) # 0,
so that K(i) A X # 0 and F(K(i),Y) # 0. This shows that cosupp(F(X,Y)) C
supp(X) N cosupp(Y). For the converse, let i € supp(X) N cosupp(Y), and consider
F(K(@),F(X,Y)) ~ F(K(I)AX,Y). Because i € supp(X), and K (i)« is a graded
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field, K(i) A X is a wedge of suspensions of K(i), and it suffices to show that
F(K(i),Y) # 0, which is precisely the statement that i € cosupp(Y). Therefore,
i € cosupp(F(X,Y)), as required. ad

Notation 3.28 For an arbitrary collection C of objects we set

supp(C) = U supp(X), cosupp(C) = U cosupp(X).
XecC XecC

For a subset 7 C O we also define
supp™ ' (T) = {X € Spy, | supp(X) € T},
cosupp™!(T) = {X € Spy, | cosupp(X) € T}.

Lemma 3.29 For a subset T € Q, supp~ ! (7) and cosupp™!(T) are localizing and
colocalizing subcategories of Spy ,, respectively.

Proof We simply note that
supp™ ' (T) ={X €Spy, | K() AX =0foralli € Q\ T},
cosupp™ ' (T) ={X € Spy, | F(K(i), X) ~0foralli € Q\ T},

which are clearly (co)localizing subcategories of Spy ,,. |

We thus obtain maps

supp
(3-1) {localizing subcategories of Spy , } — {subsets of Q},

supp~

cosupp

(3-2) {colocalizing subcategories of Spy ,} +——— {subsets of Q}.
cosupp

We will see that these are bijections. We need the following local-global principle,
which is a slight variant of that given by Hovey and Strickland [32, Proposition 6.18].

Proposition 3.30 (local-global principle) Forany X € Spy ,,
X € Locsp, , (X) = Locsp, , (K(i) | i € supp(X)),
X e Colocspk’n (X) = Colocspk!n (K@) |i € cosupp(X)).
Proof Because X € Spy , € Sp,,, applying [32, Proposition 6.18] we have
(3-3) X € Locsp(X) = Locsp(K(i) | i € suppys (X)),
X € Colocsp(X) = Colocsp(K(i) | i € cosupp(X)).
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The result for colocalizing subcategories is then clear, as we get the same result taking
the colocalizing subcategories in Spy ,,. For localizing subcategories we apply [8,
Lemma 2.5] to (3-3) with the colimit-preserving functor F' = Lg ,: Sp — Spy ,, to see
that

LinX ~ X €Locsy, ,(X) = Locsp, ,(K(i) | i €suppys(X) N Q),

where we have used that

. K@) ifieQ,
Ly K(i) ~
eaKO=00"" itigo.
As noted in Remark 3.26, suppyg(X) N Q = supp(X), and the result follows. O

Remark 3.31 If follows from the local-global principle that both support and cosup-
port detect trivial objects:

supp(X) =9 << X ~0 < cosupp(X) = 2.

Corollary 3.32 We have
supp_l(T) = Locsp, ,(K(i) | i €T), cosupp_l(T) = Colocsp, , (K(i) | i €T).

Proof Let A= Locsp, ,(K(i)|i € T). Because supp(K(i)) =i (Example 3.23), it
is clear that A C supp~ (7). Conversely, if X € supp~!(7), then Proposition 3.30
shows that

X € Locsp, ,(K(i) |[i €T) = A,

so supp~ ! (7) = A, as claimed. The argument for colocalizing categories is similar. O
We now give the promised classification of localizing and colocalizing subcategories.

Theorem 3.33 (1) The maps (3-1) give an order-preserving bijection between
localizing subcategories of Spy , and subsets of Q@ = {k,...,n}.
(2) The maps (3-2) give an order-preserving bijection between colocalizing subcate-
gories of Spy ,, and subsets of Q = {k, ..., n}.

Proof Let C C Spy , be a localizing subcategory and 7 C {k, ..., n} a subset. Then
via Corollary 3.32 and basic properties of support,
supp(supp~" (7)) = | J supp(K(i)) = T.
ieT
Now suppose that X € C, so that supp(X) < supp(C). It follows from the definitions
that X € supp~!(supp(C)), and so C  supp—! (supp(C)). We are therefore reduced
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to showing that supp~! (supp(C)) € C. To that end, let Y € supp~! (supp(C)), so that
supp(Y) C supp(C). Using the local-global principle, Proposition 3.30, we then have

Y € Locsy, , (K(i) |i €supp(Y)) C Locsp, , (K(i) |i € supp(C)) =C,
where the last equality follows from Proposition 3.30 again. The proof for colocalizing

subcategories is analogous. O

Notation 3.34 For the following, we recall that for C € Spy ,, the right orthogonal ct

is defined as
Ct={Y eSp;, | F(X.Y)=0forall X €C}.

Similarly, the left orthogonal +C is
Le={Y eSp, | F(Y.X)=0forall X €C}.
Moreover, the right orthogonal is a colocalizing subcategory, and the left orthogonal is
a localizing subcategory.
Corollary 3.35 The map that sends a localizing subcategory C of Spy , to ¢t induces
a bijection
(3-4) {Localizing subcategories of Spy, ,} — Colocalizing subcategories of Spy , }.
The inverse map sends a colocalizing subcategory U to +U.
Proof We follow [14, Corollary 9.9]. Let C be a localizing subcategory; then, using
Remark 3.31 and Lemma 3.27,
Ct={Y eSpg, | F(X.Y)=0forall X €C}
={Y € Spg, | cosupp(¥Y) Nsupp(C) = T}
=Y € Spy | cosupp(Y) S Q\ supp(C);
= cosupp™ ' (Q \ supp(C)).
Similarly, if ¢/ is a colocalizing subcategory, then
LU ={X eSp;, | F(X.Y)=0forall Y el}
= {X € Spg, | cosupp(tf) N supp(X) = &}
={X €Spy, | supp(X) S Q\ cosupp(tf)}
= supp™ ' (Q\ cosupp()).

It follows that under the equivalences of Theorem 3.33, the maps C > C+ and U/ > 114
correspond to the map Q — Q sending a subset to its complement, and are thus mutually
inverse bijections. O
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3D The Bousfield lattice

We recall the basics on the Bousfield lattice of an algebraic stable homotopy theory. In
order to avoid confusion with the (localized) categories of spectra considered previously
we let (C, A, 1) denote a tensor triangulated category.

Definition 3.36 The Bousfield class of an object X € C is the full subcategory of

objects
(X)={WeC|XAW =0}

Remark 3.37 We always assume that our categories are compactly generated and
hence there is a set of Bousfield classes [34, Theorem 3.1].

Remark 3.38 We let BL(C) denote the set of Bousfield classes of C. As is known, this
has a lattice structure, which we now describe. We say that (X) <(Y)if Y AW =0
implies X AW =0. Hence, (0) is the minimum Bousfield class, and (1) is the maximum.
The join is defined by \/;¢;(Xi) = ([[;e; Xi), and the meet is the join of all lower
bounds.

Proposition 3.39 The Bousfield lattice BL(Spy ,) is isomorphic to the lattice of
subsets of Q via the map sending (X} to supp(X).

Proof Define a map that sends 7 C Q to (\/; - K(i)) in BL(Spg ,,). We claim that
this gives the necessary inverse map. By the local-global principle (Proposition 3.30),

Locsp, ,, (X) = Locsp, , (K(i) | i € supp(X)).

In particular, X A W ~ 0 if and only if K({) AW ~ 0 for all i € supp(X), so

(3-5) (x) =< \/ K(z‘)>.

i €supp(X)

The result then follows by direct computation. |

3E The telescope conjecture and variants

We begin by considering variants of the telescope conjecture in the localized categories
Spk,» using work of Wolcott [S5].

Definition 3.40 Fori € O, let ll.f : Spg.n — SPk,» denote finite localization away from
L F(i +1).
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Remark 3.41 Because Ly , F'(i + 1) is in Spy , by Theorem 3.8, this is a smashing
localization.

Remark 3.42 By [55, Proposition 3.8] we have an equivalence of endofunctors of
Spg,n (recall that (Tel(n)) is the Bousfield class of a telescope of a finite type n
spectrum),

ll-f >~ L Tel(0)V Ly Tel(1)V- L Tel(i)-
We note that Ly, Tel(j) is trivial when j ¢ Q by [48, Proposition A.2.13]. In particular,

lif > Lp; , Tel(k)Vvev L p Tel(i)-

We also consider the following Bousfield localization on Spy ,,.

Definition 3.43 For i € Q, let /;: Spy , — Spy , denote Bousfield localization at
Kk)yvKk+1)v---v K(i).

Remark 3.44 Following Wolcott [55], we consider the following variants of the
telescope conjecture on Spy , fori € Q:

LTCL; (Lg,, Tel(i)) = (K(i)) in BL(Spg »)-

LTC2 ll-f X = [; X for all X, or equivalently,

1 1
<\/ Lin Tel(j)> - <\/ K(j)>
J=k J=k
in BL(Spg ,)-
LTC3; If X is atype i spectrum and f is a v; self-map, /; (L, X) = L p (f71X).
GSC Every smashing localization is generated by a set of compact objects.

SDGSC Every smashing localization is generated by a set of dualizable objects.
Here LTC stands for the localized telescope conjecture, GSC is the generalized smashing
conjecture, and SDGSC is the strongly dualizable generalized smashing conjecture. We
emphasize the difference here because compact and dualizable objects do not coincide
in Spy , when k # 0.

Proposition 3.45 On Spk’n, we have that LTC1,, LTC2; and LTC3; hold for all i € Q.

Proof By [55, Theorem 3.12] it suffices to prove that LTC1; holds. By Proposition 3.39
this will follow if we show that L , Tel(i) and K (i) have the same support in Spy ,.
To see this, we have supp(K(i)) = {i} by Example 3.23, while supp(Tel(i)) = {i} by
[55, Lemmas 2.10 and 3.7]. O
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We now classify all smashing localizations on Spy ,, and show that all variants of the
telescope conjecture hold.

Theorem 3.46 Let L be a nontrivial smashing localization functor on Spy. ,,. Then
i~ lf ~ l; for some j € Q. In particular, the GSC and SDGSC both hold in Spy .

Proof We closely follow [55, Theorem 4.4]. Throughout the proof we let 1 denote
Lg.»S°, the monoidal unit in SPk > so that (L) = (L1). By (3-5),

(L1) = < \/ K(i)>.

i €supp(L1)

Note that supp(L1) is nonempty because we assume L # 0. Hence, we can fix
J € supp(L1) such that (K(j)) < (L(1)) in BL(Spg ). It follows that Lg ;)L ~
LLgjy~ Lk and (L)1) = (Lg )1 A L1) < (L1) in BL(Spy ). We also note
that Lg(j)1 = Lg(j)LiaS® =~ Lk(;)S°.

By [32, Proposition 5 3], (Li(j)S®) = \V/_o(K(i)) in BL(Sp), and it follows easily
that (LK(j)SO) = (K(@)) in BL(Spk n) It follows that (L1) \/] (K(i)) in
BL(Spg,n)- We deduce that (L1) = l= (K@), where j = max{supp(Ll)}, and
hence by Proposition 3.45 that L ~ [ jf ~ [;. Finally, because L, F'(j + 1) is compact
and therefore also dualizable in Spy ,,, both the GSC and SDGSC hold in Spy ,,. |

Remark 3.47 Using [30, Proposition 3.8.3] and Theorems 3.33 and 3.46 one can
reprove the thick subcategory theorem Theorem 3.16.

4 Descent theory and the E(n, J;)-local Adams spectral
sequence

In this section we use descent theory to construct an Adams-type spectral sequence in
the E(n, Ji)-local category. Using descent, we shall see that this has a vanishing line
at some finite stage. Moreover, for p > n, we show that the E(n, Ji)-local Adams
spectral sequence computing 7w« Ly , S 0 has a horizontal vanishing line on the E>—page,
and there are no nontrivial differentials.

4A Descendability

We begin with the notion of a descendable object in an algebraic stable homotopy
category.
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Remark 4.1 We recall that in C there is an co—category CAlg(C) of commutative
algebra objects; see [40, Chapter 3]. Moreover, given A € CAlg(C) we can define a
stable, presentable, symmetric monoidal co—category Mod4(C) of A—-modules internal
to C, with the relative A-linear tensor product [40, Section 4.5]. We will mainly focus
on the case A = Ej and C = Spy ,,, so that Modg,, (Spy_,) denotes the co—category
of E(n, Ji)-local E,—modules, that is E,—modules whose underlying spectrum is
E(n, Ji)-local, with monoidal structure AA B = Ly ,(A Ag B).

Remark 4.2 Note that £,, € CAlg(Sp) by the Goerss—Hopkins—Miller [21] theorem,
and so E, € CAlg(Spy ) as well. On the other hand, E(n, Ji) will not, in general, be a
commutative ring spectrum (for example, K(#) is never a commutative ring spectrum).

Definition 4.3 [41, Definition 3.18] A commutative algebra object A € CAlg(C)
is said to be descendable if 1 € C is A—nilpotent (Definition 3.3), or equivalently
C = thickg(A).

One reason to be interested in descendable objects is the following [41, Proposition
3.22].

Proposition 4.4 (Mathew) Let A € CAlg(C) be descendable. Then the adjunction
C = Mod¢(A) given by tensoring with A and forgetting is comonadic. In particular,
the natural functor from C to the totalization

C— Tot( Mod4(C) =X Mod gp4(C) 3 )

is an equivalence.
We also note the following [41, Proposition 3.19].

Proposition 4.5 (Mathew) If A € CAlg(C) is descendable, then the functor
C—>Mody(C), M—MAA,

1S conservative.

4B Morava modules and L—complete comodules

The following theorem, essentially due to Hopkins—Ravenel [48], shows that the
results of the previous section can be applied in Spy ,. We note that E, € Sp is a
commutative algebra object; this is the Goerss—Hopkins—Miller theorem [21]. It follows
that £, € CAlg(Spy ,)-
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Theorem 4.6 E, € CAlg(Spg,) is descendable, and there is an equivalence of
symmetric-monoidal stable co—categories

(4-1) Spy.n = Tot( Modg, (Spg ,,) = Mod g, xE,, (Spk. ) = )

Proof It is consequence of the Hopkins—Ravenel smash product theorem that E, €
CAlg(Sp,,) is descendable; see [41, Theorem 4.18]. It follows from [41, Corollary 3.21]
that Ly, En >~ E, is descendable in Spy ,. The equivalence then follows from
Proposition 4.4. O

By Proposition 4.5 we deduce the following.

Corollary 4.7 The functor E, A (—): Spy_, — Modg, (Spy ) is conservative.

We therefore define the following.

Definition 4.8 For X € Sp; ,, the Morava module of X is (Eg ,)J X := m«(En A X).

We recall that Ly , X ~ Liﬂlj (Ln X A My (j)) (Proposition 2.24). The Milnor sequence
then gives the following.
Lemma 4.9 There is a short exact sequence

0 — im' (En)ss1(X A M; (k) = (Egn)y X — lim Ex(X A M;(k)) — 0.
j J

Example 4.10 If (E,)+«X is a free (E,)«—module, then the 1i(_m1 term vanishes and it
follows that (Eg ,)y X = (E*X);\k.

Remark 4.11 As the short exact sequence shows, (Eg ,)y X is not always complete
with respect to the Ij—adic topology. However, it is always L(I)" —complete in the sense
of [32, Appendix A] — this the same argument as given in [32, Proposition 8.4(a)].

4C The E(n, Ji)-local E,—Adams spectral sequence

In this section we construct an Adams-type spectral sequence in the E(n, Ji)-local
category. When k = 0, this is the E,—Adams spectral sequence, while when k = n
this is the K(n)-local E,—Adams spectral sequence considered in [16, Appendix A].
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To begin, we recall that the cobar (or Amitsur) complex for E, in Spy ,, is
CB*(En): En = En NEp = -+

Definition 4.12 Let E’thgk vy (En)ss (En)s) = H (14 (CB*(Ep))), ie it s the

cohomology of the complex

(En)x =% (Eg )Y (En) =5 -+ .

More generally, we let

EXQ vy (Enx (Exn)Y (X)) := HE (m(X A CB*(Ep))).

Proposition 4.13 For any spectrum X there is a strongly convergent spectral sequence
Ey' =Extiy g (En)e. (Eip) ¥ (X)) = ma(Lign X)

which has a horizontal vanishing line at a finite stage (independent of X).

Proof This is the Bousfield—Kan spectral sequence associated to the tower
X ACB*(Ep).

The claimed results are a consequence of descendability (Theorem 4.6); see [41,
Corollary 4.4; 42, Example 2.11, Propositions 2.12 and 2.14]. O

Remark 4.14 For the Spg,)—local homotopy category, this completed Ext can be
interpreted as an Ext group in the category of L (I)" —complete comodules [9]. In the case
of X = S9, Morava’s change of rings theorem, in the form [9, Theorem 4.3], shows
that

Ey" = H(Gn. (En)o),

the continuous cohomology of the Morava stabilizer group G,, and this spectral
sequence is isomorphic to that considered by Devinatz and Hopkins in [16, Appendix A].
The key point is the computation that

(En)x (En) = Hom® (Gn, (En)+).

for which see [29]. We remark that we do not know what (Ex ,)y (Ey) is for k # n.
However, the same arguments as in [9] go through; the pair ((En)«, (Eg )y (En)) is
an L(I)k —complete comodule, and if (E ,)y (X) is either a finitely generated (E,)«—
module, is the Ip—adic completion of a free-module, or has bounded [j—torsion,
then (Eg_,)y (X) is a comodule over this Hopf algebroid —see [9, Lemma 1.17 and
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Proposition 1.22]. The relative homological algebra studied in [9, Section 2] also goes
through to see that Ext"* as used above is a relative Ext group in the category of
L(I)k —complete comodules. We will not use this in what follows, so we leave the details
to the interested reader.

Remark 4.15 1In [26, Section 7] the authors construct the K(n)-local Adams spectral
sequence for dualizable K(n)-local X as the inverse limit of the E,—Adams spectral
sequences for X A My (j). The following result recovers the identification of the
E>—term in the case k = n.

Proposition 4.16 Let M} (j) be a tower of generalized Moore spectra of height k.
Then there is an isomorphism

o~

Extigk’”)mEn)((En)*, (En)s) = LiLnExtfgn)*En ((En)ss (En)«(Mi(j))).
J

s,
(Ex

(En)e = (Ex)¥ (En) = --- .

The 1™ term of this complex is the homotopy of Lg , (EjY) =~ lim (E)" AMi(j)) by
Proposition 2.24, and there is a corresponding Milnor exact sequence of the form

Proof By definition, Ext WY (E )((E 1), (En)«) is the cohomology of the complex

0 — lim" g1 (EN' A My (j)) = 7g(Lic n(ER)) = lim g (Ep' A Mg (j)) = 0.
J J
We note that £, is Landweber exact, as the smash product of Landweber exact spectra;
see [12, Lemma 4.3]. It follows that m«(E)" A My (j)) = wa(Ep')/(p™, ... ult ™))
for suitable integers ip, ..., ix—1. In particular, the maps in the tower are surjections
by the construction of the tower { M} (j)} (see Remark 2.19), and so the linjl —term
vanishes, and
(Ere)y (B = ma(Lin (ERY)) = lim g (Ep' A My (7).
J
Note that the cohomology of the complex {7, (EL, A My (j))}: is

Ext(z). £, (En)x. (En)x (Mi())))-

Therefore, there is an exact sequence

. -1, . g,
0= tim' Bl 7, (B (En)e(Me (1) = BXE, g,y (Bl (En)e)

J
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We will see below in Corollary 4.22 that Ext?;n)* E, ((En)«. (En)« (Mg (j))) is finite,

and so the Lﬁl]l —term vanishes in the exact sequence, and the result follows. O

Remark 4.17 Tt follows that when k # 0, the groups E;ti};k W(E )((En)*, (En)x)
are profinite, ie either finite or uncountable. Contrast the case k= 0, where

EXtign)*En ((En)x, (En)x)

is countable [28, Proof of Lemma 5.4].

4D Vanishing lines in the E(n, Ji)-local E,—Adams spectral sequence

In Proposition 4.13 we constructed a spectral sequence

E;ti}ék,n)i(En)((En)*’ (En)x) = mwi—s (Lk,nSO)v

and showed that, as a consequence of descendability, this has a horizontal vanishing
line at some finite stage. In the extreme cases of k = 0 and k = n it is known that when
p>nand X = SO, this vanishing line occurs on the E»—page, and occurs at s =n2+n
and s = n?, respectively; see [31, Theorem 5.1] and [47, Theorem 6.2.10]. In this
section, we show (Theorem 4.24) that the analogous result occurs in general; for p > n
there is a vanishing line on the E>—page of the spectral sequence of Proposition 4.13
above, and s = n? +n —k in the case X = S°. The proof relies on a variant of the
chromatic spectral sequence [47, Chapter 5], which we now construct. Along the way
we prove Corollary 4.22, which also completes the proof of Proposition 4.16.

Remark 4.18 (the chromatic spectral sequence) Fix k <n, and for 0 <s <n —k let
M denote the (E,)«(E,)—comodule
u,:_}_s(En)*/(p, ULy s U UG s Uy g q)-
Arguing as in [47, Lemma 5.1.6], there is an exact sequence of (Ey)«(Ey,)—comodules
(En)s/Ix > M° > M! — o> MR 0,

Applying [47, Theorem A.1.3.2], there is then a chromatic spectral sequence of the
form

42)  EY"N=Ext(p ) g, (En)e, M*) = Exqg:)’j(En)((En)*, (En)s/11).

Proposition 4.19 In the chromatic spectral sequence (4-2),
E‘f’r’* ~ Ethgk-‘,-s)*(Ek+s)((Ek+S)*, (Ek-i-s)*/(]’, ey Ug—1, u]iov ey u]io+s_1)) if's =< n—k,
0 if s > n—k.
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If particular, if p — 1 does not divide k + s, we have Ef’r’* =0 for r > (s + k)?. Thus,
if p — 1 does not divide k + s forall 0 <s <n —k,? then

fors >n2+n—=k.

Proof This is similar to the proof by Hovey and Sadofsky [31, Theorem 5.1], which is
the case where kK = 0. We first recall the change of rings theorem of Hovey and Sadofsky
[31, Theorem 3.1]; if M is a BP« BP—comodule, on which v; acts isomorphically, and
n > j, then there is an isomorphism?

Extgp gp(BPx, M) = Ext(; ) ((En)x. (En)x ®pp, M).
Applying this change of rings theorem twice to the BP, BP—-comodule
u,;lLsBP*/(p, e UE UG URS )
with j =k + s and j = n shows that the Ej—term has the claimed form.

For brevity, let us denote I = (p, ..., ug_1, uzo, R ”Zo+s—1)' By Morava’s change
of rings theorem,

Ethgk+S)*(Ek+s)((Ek—l—s)*’ (Ek—i-s)*/l) = Hr(Gk—i-s’ (Ek-i-s)*/l)-

Morava’s vanishing theorem [47, Theorem 6.2.10] shows that if p — 1 does not divide
k + s, then

Hr(Gk—i-Sv (Ek+s)*) =0

for r > (k +s)?. Along with an argument similar to that given by Hovey and Sadofsky’s,
using standard exact sequences and taking direct limits we find that

Extz (B s) (Bts)e (Eieis) /1) =0

for r > (k + 5)? as well. O

Remark 4.20 Let M} denote a generalized Moore spectrum of type k. Then there is
an obvious analog of this spectral sequence, whose abutment is

Ext(g 5" ) (En)xs (En)x(My)) = Bxt(5" o J((En)s, (En)x/ (P, .o w )
2Taking p > n + 1 suffices, but may not be optimal.

3Hovey and Sadofsky work with E (n) instead of Ej,, but this does not change anything in light of [33,
Theorem C].
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with E£1—term of the form

EST* ~ EXt’(‘gk+s)*(Ek+s)((Ek+S)*’ (Ekts)«/ (PO, g, URS—y) ifs <n—k,
"o ifs > n—k.

Remark 4.21 The following completes the proof of Proposition 4.16.

Corollary 4.22 Let M} denote a generalized Moore spectrum of type k. Then the
group Extzgn)*(En)((En)*, (En)«(My)) is finite.

Proof By taking appropriate exact sequences it suffices to show this for (Ej,)«/ I
(alternatively, one can argue directly using the spectral sequence of Remark 4.20). Given
the chromatic spectral sequence, we can reduce to showing that H" (Gg s, (Ex+5)«/1)
is finite, with I as in the proof of the previous proposition. For this, see Proposition 4.2.2
of [54]. O

Corollary 4.23 Let M}, denote a generalized Moore spectrum of type k. Then if p — 1
does notdividek +s for0<s <n—k,

Extig ) oz, (En)x (En)«(Mg)) =0
fors >n%+n—k.

Proof Recall that (E,)«(My) = (En)«/(p, ..., uZ‘_‘f) for a suitable sequence of
integers (ig, ..., ix—_1). The result for the sequence (1,..., 1) holds by Proposition 4.19,
and therefore in general by taking appropriate exact sequences. m|

Theorem 4.24 Suppose p — 1 does not divide k + s for 0 < s <n —k. Then

fors >n%+n—k.
Proof Combine Proposition 4.16 and Corollary 4.23. O

Remark 4.25 The condition on the prime is always satisfied if p is large enough
compared to n (in fact p > n + 1 suffices). This suggests the following, which we do
not attempt to make precise: for large enough primes, the cohomological dimension
of (E,)« in a suitable category of (completed) (Ey ), (En)—comodules is finite, and
equal to n? +n —k.
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We also have the following expected sparseness result.

Proposition 4.26 Letq =2(p —1). Then
BXg, v () (En)x: (En)x) =0

for all s andt unless t =0 mod q. Consequently, in the spectral sequence of Proposition

= EX* forallm > 0.

4.13, dy is nontrivial only if r = 1 mod g and qu+2 ma+q+1

Proof Using Proposition 4.16 it suffices to show the first statement for the £—term of
the chromatic spectral sequence of Proposition 4.19. Again using the Hovey—Sadofsky
change of rings theorem, this E1—term is isomorphic to

S,k %k o e}
Extgp. BP(BP*,uk+SBP*/(p,...,uk_l,uk U 1)

Now apply [47, Proposition 4.4.2]. a

5 Dualizable objects in Sp, ,

In this section we use descendability to characterize the dualizable objects in Spy ,.
As noted previously, as long as k # 0, these differ from the compact objects studied in
Section 3A.

Definition 5.1 Let (C, A, 1) be a symmetric-monoidal co—category. Then X € C is
dualizable if there exists an object D¢ X and a pair of morphisms

e:DeXAX —>1, ¢:1—>XADeX
such that the composites
X SN Y ADX AX A2 X DX A DX AX ADeX 42 DX

are the identity on X and D¢ X, respectively.

Remark 5.2 The definition makes it clear that X € C is dualizable if and only if it is
dualizable in the homotopy category of C. Moreover, a formal argument shows that,
if it exists, we must have D¢ X ~ F(X,1). Finally, for the equivalence with other
definitions of dualizability the reader may have seen, see [17, Theorem 1.3].

Definition 5.3 We let 9" C C denote the full subcategory consisting of the dualizable
objects of C.

Remark 5.4 The full subcategory cdual i o thick tensor ideal [30, Theorem A.2.5].
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We have the following relationship between descent theory and dualizability.

Proposition 5.5 Let A € CAlg(C) be descendable. Then the adjunction C < Mody4 (C)
gives rise to an equivalence of symmetric monoidal co—categories

c! — Tot( Mod (€)% = Mod g 4(C)3! = ).
In particular, M € C is dualizable if and only if M N A € Mod4(C) is dualizable.

Proof The first claim follows from Proposition 4.4 because passing to dualizable
objects commutes with limits of co—categories [40, Proposition 4.6.1.11]. The second
is then an easy consequence, using that all the maps in the totalization are symmetric
monoidal. |

SA Dualizable objects in the E(n, J;)-local category

Using Theorem 4.6 and Proposition 5.5 we deduce the following.

Proposition 5.6 The adjunction Spy , < Modg, (Spg ) gives rise to an equivalence
of symmetric monoidal co—categories

Spis! — Tot( Modg, (Spy. »)™* =2 Modg, x g, (Spx )™ = ).

In particular, X € Spy , is dualizable if and only if E, A X € Modg, (Spg ) is
dualizable.

This proposition suggests we begin by studying dualizable objects in the category
Modg, (Spk ,)- Fortunately, these have a nice characterization. We begin with the
following.

Lemma 5.7 If X is dualizable in Modg,, (Spy ) then the spectrum underlying X is
K(n)-local.

Proof We first note that for any M € Modg, (in particular, for M = X)), the Bousfield
localization Lg,)M is the spectrum underlying ng x> Where the latter denotes
the Bousfield localization with respect to £, A X internal to the category of E,—
modules. In particular, the localization map M — Lk, M is amap in Modg,,; see [19,
Chapter VIII], particularly [19, Proposition VIII.1.8]. If follows that K (n)-localization
defines a localization

Lg(ny: Modg, (Spg,,) = Modg, (Spg(n))-
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Because X € Modg, (Spk’n)d“al, using [30, Lemma 3.3.1], we see that there are
equivalences

LgmyX ~ Lign(Lk@m)En) NE, X) = Lgn(En ANE, X) = Lg X ~X. O

Remark 5.8 For the following, we let K, =~ E,/I,. This is a 2—periodic form of
Morava K—theory; indeed,

(Kn)«X = (Kn)x ®kn), K(n)«X,

and so (K(n)) = (K, ). We use this only because K}, is naturally an E,—module.

Proposition 5.9 For X € Modg, (Spg,,) the following are equivalent:
(1) X is dualizable in Modg,, (Spg ,)-
(2) X is compact (equivalently, dualizable) in ModEg,, (Sp).

(3) The spectrum underlying X is K (n)—local and the homotopy groups w« (K, AE, X)
are finite.

Proof We first show that (2) implies (1). The compact objects in Modg, (Sp) are
precisely those in the thick subcategory generated by Ej; see, for example, [40,
Proposition 7.2.4.2]. Since E, € Modg, (Spk,n)d“al, and the collection of dualizable
objects is thick, the implication (2) implies (1) follows.
Conversely, assume that (1) holds. As above, we have a symmetric-monoidal localiza-
tion

Lk Modg, (Spy ,) > ModE,, (Spi(n)).
which preserves dualizable objects (as any symmetric-monoidal functor does). Using
Lemma 5.7 it follows that L g ;)X >~ X is dualizable in Modg, (Spg ), which implies
by [41, Proposition 10.11] that X is compact in Modg,, (Sp).

Finally, the equivalence of (2) and (3) is well known; see for example Proposition 2.9.4
of [25].4 O
Remark 5.10 Suppose X € Spy™s, so that Ly ,(En A X) € Modg, (Spy ,)™*. The
previous proposition then implies that

Lin(En ANX) > Lgm)Lkn(En A X) = Lgm)(En A X).
In other words, for dualizable X, there is an isomorphism (Eg )y (X) = (En )y (X).

4Lurie has confirmed via private communication that the cited proposition [25, Proposition 2.9.4] should
additionally have the assumption X is K(n)-local in condition (3).
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We now give our characterization of dualizable spectra in Spy, , — see [32, Theorem 8.6]
for the case k = n. We note that even in this case our proof, which uses descendability,
differs from that of Hovey and Strickland.

Theorem 5.11 The following are equivalent for X € Spy ,,:

(1) X is dualizable.

(2) X is F—small, ie for any collection of objects {Z;}, the natural map

Lin (\/ F(X, Z,-)) — F (X, Lin (\/ Z,-))
i i
is an equivalence.
(3) En A X €Modg, (Spy ) is dualizable.
(4) E, A X € Modg, (Sp) is dualizable (equivalently, compact).
(5) EnAX is K(n)-local and (Ky)«X is finite.
(6) (Eg,n)+(X) is a finitely generated E«—module.

Proof The equivalences between the first five items come from [30, Theorem 2.1.3(c)]
((1) <= (2)), Proposition 5.5 ((1) <= (3)) and Proposition 5.9 ((3) <= (4) <= (9)).
We note that if M is an E,,—module, then M is compact if and only if 7, M is finitely
generated over (Ey)«; see [22, Lemma 10.2(i)]. Applying this with M = E, A X gives
the equivalence between (4) and (6). a

Finally, we show that there is only a set of isomorphism classes of dualizable objects.

Lemma 5.12 There are at most 2%0 isomorphism classes of objects in Spi”fll.

Proof This is the same as the argument given in [32, Propositon 12.17]. Namely,
there are only countably many finite spectra X’ of type at least k, and for each one
[LnX', L,X'] is finite, so L, X’ has only finitely many retracts. By Theorem 3.8
it follows that there is a countable set of isomorphism classes of objects in Sp;é”n.
If U and V are finite, then [U, V] is finite, and so there are at most xgo = 2o
different towers of spectra in Spi” a- For X € Spl‘i"‘zl, write X ~ LiLnj X AMp(j), as
in Proposition 2.24. Because X is dualizable and M} (j) is compact, X A M (j) is
compact [30, Theorem 2.1.3(a)]. Therefore, X is the inverse limit of a tower of spectra

in Spy . and hence there are at most 2% jsomorphism classes of objects in Spi“f;l. O

Algebraic € Geometric Topology, Volume 23 (2023)



The Spy. ,~local stable homotopy category 3691

5B The spectrum of dualizable objects

In Theorem 3.16 we computed the thick subcategories (equivalently, thick tensor-ideals)
of compact objects in Spy ,. One could also ask for a classification of the thick tensor-
ideals of dualizable objects in Spy ,, or equivalently a computation of the Balmer
spectrum Spc(Spi‘jfll) (which is well defined by Lemma 5.12). Based on a conjecture
of Hovey and Strickland, the author, along with Barthel and Naumann, investigated
Spc(Sp%‘?}l)) in detail in [10], showing that the Hovey—Strickland conjecture holds
when n = 1 and 2, and that in general it is implied by a hope of Chai in arithmetic

geometry. In this section, we make some general comments regarding Spc(Spl‘i“f;l .

Remark 5.13 The following full subcategories were considered in the case k = n by
Hovey and Strickland [32, Definition 12.14].

Definition 5.14 For i < n, let D; denote the category of spectra X € Spi";‘l1 such that

X is aretract of Y A Z for some Y € Spi“fll and some finite spectrum Z of type at

least i. It is also useful to set Dy +1 = (0).

Remark 5.15 We note that Dy =~ Sp?’ _ ; this is a consequence of the characterization

of compact objects given in Theorem 3.8, and that Dy = Spi“;‘fll.

The following is [32, Proposition 4.17].

Lemma 5.16 X is in Dy if and only if X is a module over a generalized Moore

spectrum of type k. Moreover, Dy C Spi“f;l is a thick tensor ideal.

Hovey and Strickland conjecture that in the case k = n these exhaust the thick-tensor
ideals of Sp%‘é‘}l). This has been investigated in detail in [10]. We conjecture this holds

more generally in Spy .

Conjecture 5.17 If C is a thick tensor-ideal of Spi”fll, then C = D; for some 0 <i <

n + 1. Equivalently,
SPC(SP%ZI) ={D1,...,Dns1}

with topology determined by the closure operator {D;} = {Dj|j=>i}.

In this section we show that if Conjecture 5.17 holds K (n)—locally, ie for Spg"‘fll, then
it holds for all Spi“,‘:l. We first recall the following definition.
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Definition 5.18 Suppose F': K — L is an exact tensor triangulated functor between
tensor-triangulated categories. We say that F detects tensor-nilpotence of morphisms
if every morphism f: X — Y in K such that F( f) = 0 satisfies f®™ = 0 for some
m>1.

We will use the following.

Proposition 5.19 Suppose A € CAlg(C) is descendable. Then extension of scalars
C — Mody (C) detects tensor-nilpotence of morphisms.

Proof Let / denote the fiber of 1 - A, and let £: I — 1 denote the induced map. By
[43, Proposition 4.7] if A is descendable, then there exists m > 1 such that / ®m _1is
null-homotopic, ie & is tensor-nilpotent. We can now argue as in (ii) implies (iii) of [S]:
suppose we are given f: X — Y, amorphisminC,with AQ f:AQX > ARY
null-homotopic. Now consider the diagram of fiber sequences:

I®X "§®idx> 0% Tl®idx> A® X
id1®fl lf lidA®f
rey @iy Y e A®Y

We see that (n ® idy) f is null-homotopic, so f factors through ¢ ® idy, which is
tensor-nilpotent. |

The following is our key observation.

Proposition 5.20 If i > k, then the map induced by localization

Spe(Spj!) — Spe(Spya

i,n
is surjective.

Proof By [6, Theorem 1.3] it suffices to show that the functor L; 5 : Spi“f;l — Sp?"‘,f‘l

detects tensor-nilpotence of morphisms. To that end, let f: X — Y be a morphism in
Sp%“fll with L; ,(f) = 0, so that we must show f"" = 0 for some m > 1. Because

Ey € Spy, 1s descendable, Proposition 5.19 shows that
Ly n(En A—):Spg , — Modg, (Spg )

detects tensor-nilpotence of morphisms, and hence so does its restriction to dualizable
objects; ie L ,(Ep A f) = 0 implies f" = 0 for some m > 1. In other words,
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it suffices to show that Ly ,(E, A f) is trivial. By Lemma 5.7 however, this is a
morphism in Modg, (Sp, ). In particular,

Lk,n(En Af)x Li,n(En Af)x Li,n(En AN Li,n(f)) =0
because L; ,(f) = 0 by assumption. ad

Theorem 5.21 Suppose Conjecture 5.17 holds for SpClual Then it holds for all Spd“al.

Proof By [10, Proposition 3.5], Conjecture 5.17 holds for Spd'”‘l if and only if
n n' Spdual dual

the composite, 1nduced by the localization maps,

Spc(Spya) — Spe(Spyy ) — -+ — Spe(Spha’

— Sp,, ., induces a homeomorphism on Balmer spectra. In other words,

dual .
n—1 ,n) 1S

an injection, and hence a bijection by Proposition 5.20. Using that Spc(L,—1,,) is

is a homeomorphism. It follows that Spc(L;—1,,): Spc(Spd“al) — Spc(Sp

continuous and the topologies on each space, we see that it is fact a homeomorphism.

It follows that Spc(Sp‘,jlu_al1 n) = SpC(Spd“a]) is a homeomorphism, and we can now

repeat the argument. O

By [10, Theorem 4.15], Conjecture 5.17 holds for SpOlual Along with Theorem 5.21
we deduce the following.

Corollary 5.22 The Balmer spectrum Spc(Spd“al) = {D1, D>, D3} with
(0) =D3 & D2 & D1 = SpTs.

In particular, if C is a thick tensor-ideal of Sp‘lhf;l, then C = Dy for 0 <k < 3.

6 The Picard group of the Sp, ,—local category

In this section we study invertible objects in the Spy ,—local category. We show that
invertibility of an object can be detected by its Morava module. We construct a spectral
sequence computing the homotopy groups of the Picard spectrum of Sp ,, and use
this to show that if p is large compared to n, then the Picard group of Spy , is entirely
algebraic, in a sense we make precise.

6A Invertible objects and Picard spectra

We recall that if C is a symmetric monoidal category, we denote by Pic(C) the group of
isomorphism classes of invertible objects; a priori this could be a proper class, but if
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C is a presentable stable co—category (which it will always be in our cases), then it is
actually a set [44, Remark 2.1.4].

The following standard lemma will be useful for us. Here we write D¢(X) for the dual
of an object in a category C, ie D¢(X) = F(X,1). Note that an invertible object is
always dualizable [30, Proposition A.2.8].

Lemma 6.1 Let F:C — D be a symmetric-monoidal conservative functor between
stable co—categories. Then X € C is invertible if and only if F(X) € D is invertible.

Proof We first note that X is invertible if and only if the natural morphism
X ®c De(X) = 1¢

is an equivalence; see [30, Proposition A.2.8]. Because F is assumed to be sym-
metric monoidal and conservative, this is an equivalence if and only if it is so after
applying F; ie if and only if F(X) ®p F(D¢(X)) — 1p is an equivalence. But
F(D¢(X)) ~ Dp(F(X)), as symmetric-monoidal functors preserve dualizable objects,
and the result follows. |

Remark 6.2 To our symmetric monoidal category C we can instead associate the
Picard spectrum pic(C) [44, Definition 2.2.1]; this is a connective spectrum with the

ty that
property Hha Pic(C) ifi =0,

i (pic(C)) = | (wo(Endc(1))* ifi =1,
wi—1(Endc (1)) ifi > 1.
The key advantage of using the Picard spectrum is that, as a functor from the co—category
of symmetric monoidal co—categories to the co—category of connective spectra, pic
commutes with limits [44, Proposition 2.2.3].

Example 6.3 Let C be a category and A € CAlg(C). Then the Picard spectrum of the
category Mody4 (C) of A—modules internal to C satisfies

Pic(Mod4(C)) ifi =0,
7 (pic(Modg (C)) = { (mo(Home(1¢, A))* ifi =1,
wi—1(Home(1¢, A)) ifi > 1.
This follows because A is the tensor unit in Mod g4 (C). Indeed, writing F :C — Mod¢(A)
for the extension of scalars functor (so that 4 >~ F(1¢)), we have

Endygod, () (A) = Homygeq,0) (F(1c), A) >~ Home(1¢, A)

by adjunction.
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6B Invertible objects in the Sp; ,-local category

Our main group of interest is the Picard group of K(k) Vv ---Vv K(n)-local spectra.

Definition 6.4 Let Picg , = Pic(Spy ), the group of invertible K (k) V- -V K(n)-local
spectra.

Remark 6.5 By [36, Lemma 2.2] the localization functors induce natural morphisms

Picg , — Pic14 — -+ — Picy 5.
Remark 6.6 The morphism X + E, A X induces a functor

Picy , — Pic(Modg,, (Spk,n)).

We can fully understand the latter Picard group.

Lemma 6.7 Forall 0 <k <n,

Pic(Modg, (Spk ) = Pic(Modg,,) = Pic(Ey,) = Z/2.

Proof We always have Pic(Modg,) € Pic(Modg, (Spg ,)) because any invertible
E,—module is compact, and hence E (n, Ji)-local. The other inclusion follows if any
M € Pic(Modg, (Spk ,)) is compact as an E,—module. Such an M is automatically
dualizable in Modg, (Spg ,,), and hence compact in Modg, by Proposition 5.9. This
gives the first of the above isomorphisms, and the others hold by work of Baker and
Richter [2]. m|

We now give criteria for when X € Picy , is invertible. This (partially) extends work
of Hopkins, Mahowald and Sadofsky [26], who considered the case k = n.

Theorem 6.8 Let X € Spy ,,. The following are equivalent:
(1) X €Picgp.
(2) En A X €Pic(Modg, (Spk »))-
(3) En A X €Pic(Modg,,).
(4) (Eg.n)yX = (Epn)+, up to suspension.

Proof The equivalence of (1) and (2) follows from Corollary 4.7 and Lemma 6.1,
while the equivalence of (2) and (3) follows from Lemma 6.7, which also shows that
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(3) implies (4). Finally, to see that (4) implies (3), we note that if M is any E,—module
whose homotopy groups are free of rank one over (Ej,)«, then M is equivalent to a
suspension of Ej; for the elementary proof, see [23, Proposition 2.2]. Thus, (4) implies
that E, A X >~ E,, up to suspension, and hence (3) holds. O

Remark 6.9 When n = 1, there are two possibilities, the K(1) and E(1)-local Picard
groups, both of which are known:

Picm:{Z@Z/z if p=2, Zr®ZL/4DZ/2 if p=2,

’ Z if p>2, Zp®Z/(p—1)®Z/2 if p>2.

These are due to Hovey and Sadofsky [31] and Hopkins, Mahowald and Sadofsky [26],
respectively.
When n =2, we have three possibilities, the K(2), K(1) v K(2), and E(2)-local Picard
groups. The first and last are known for p > 2:

PiCl,l =

. Z@®Z/3®Z)3 if p=3,

PIC()2= .
’ 7 if p>3,

pic _{Z3®Z3®Z/16@Z/3®Z/B if p=3,
22T\ 2, @2, ®Z/2(p2— 1)) if p > 3.

These are due to a combination of authors: Hovey and Sadofsky [31], Lader [38],
Goerss, Henn, Mahowald and Rezk [20], Karamanov [37], and Hopkins (unpublished).

This leaves the remaining case of Picy,;. We note the following.
Proposition 6.10 If p > 3, then the morphism Picy > — Picy,; of Remark 6.5 is an
injection.

Proof The morphism in question factors through the morphism Picg  — Picz > and
so it suffices to show that this is an injection. When p > 3 this is clear, and so we focus
on the case p = 3. In this case, the calculations of Goerss, Henn, Mahowald and Rezk
[20] show that this map is an injection. a

Remark 6.11 As noted in the proof, the interesting case in the above proposition is
the case p = 3. In fact, for all # and p >> n we have that Picq , — Pic; , is an injection
for i > 0. However, here Picg , = Z (by [31]), so this is not particularly helpful.

6C Descent and Picard groups

In Remark 6.2 we recalled that we can associate a connective Picard spectrum pic(C) to
a symmetric-monoidal co—category C. Using descent for the E(n, Ji)-local category,
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we now construct a spectral sequence whose o computes Picy ,,. We need to introduce
another algebraic gadget to describe the spectral sequence.

Definition 6.12 We let Picil“’; denote the first cohomology of the complex

(En)g = (Exn)g (En))* = -+

induced by taking the units in degree 0 in the cobar complex.

Theorem 6.13 There exists a spectral sequence with

7]2 ifs=1t=0,
ES' = I Pic®, ifs=1=1,
EoS,f—1
EXt ey () (En)xs (En)x) 122,
which converges for t —s > 0 to 7ty —spic(Spy ,,). In particular, whent = s, this computes
Picy . The differentials in the spectral sequence run d; : EY — Ef+r’t+r_1.

Proof Because pic commutes with limits (Remark 6.2), Theorem 4.6 implies that
(6-1) pic(Spg.n) ~ 720 Tot( pic(Modg, (Sp.,)) =% pic(Modg, £, (SPe.a)) =5 ).
We have (compare Example 6.3)

PiC(MOdEnm) ift =0,
(6-2) 7 (pic(Mod gz (Spg ) = | 7o (Ep7)™ ift =1,

w1 (ENY  iftr>2.
The Bousfield—Kan spectral sequence associated to (6-1) has the form

EY' = H®( mpic(Modg, (Spg ) =2 m:pic(Mod g, x g, (SP.)) = ).

By (6-2) when ¢ > 2, the spectral sequence is just a shift of the E(n, J;)-local Adams
spectral for X = §° sequence considered in Proposition 4.13.

When 7 = 0 and i = 0, we have Pic(Modg, (Spg ,)) = Z/2 by Lemma 6.7. We do
not know the higher terms, but this does not matter as only the Z /2 is relevant for the
s =t = 0 part of the spectral sequence.

Finally, we consider the t = 1 part of the spectral sequence. Again using (6-2),
Ey' = H*((En)y = (Exn)y (En)* =+,

By definition, when s = 1 this is Picilf’; . O
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Remark 6.14 The proof shows that when t+ = 1, we can compute E;’l as the s
cohomology of the complex in Definition 6.12. However, unless £k = 0 or n we do
not have a convenient description of this group (for the case k = n, see Example 6.18
below).

Definition 6.15 We will say that Picy , is algebraic if the only contributions come
from the s = 0 and s = 1 lines of the spectral sequence.

Remark 6.16 The Eg % term of the spectral sequence always survives the spectral
sequence, as it is the Picard group of E,-modules. It is however possible that there is
a nontrivial differential in the £ rl o1 spot.

Theorem 6.17 Suppose that 2p —2 > n? +n —k and p — 1 does not divide k + s for
0 <s <n—k. Then Picy , is algebraic. For example, this holds if 2p —2 > n%+n.

Proof For all primes p and ¢ > 2 we have that E;’t =Ounlesst—1=0mod2(p—1)
by Proposition 4.26. In particular, for s > 2, E5™ = 0 unless s = 1 mod 2p —2, and
the lowest possible nonalgebraic term is in filtration degree 2p — 1.

By Theorem 4.24 and the assumption that p — 1 does not divide k +s for0 <s <n—k
we have that E;’S =0 for s > n?+n—k. Therefore, if additionally 2p—2 > n2+n—=k,
there can be no nonalgebraic contributions to the spectral sequence.

Finally, if 2p —2 > n? 4+ n, then p > n + 1, and in particular p — 1 does not divide
k+sfor0<s<n-—k. O

Example 6.18 Let us spell out the details in the case k = n. We first claim that the
spectral sequence of Theorem 6.13 takes the form

7/2 ifs=1=0,
Ey' = { HS(Gy, (En)y) ift =1,
H(Gp, i1 En) if1 =2,

and converges for t —s > 0 to m_spiC(SpK(n))-

The identification is much as in Remark 4.14. For the ¢ = 1 term, we note that
7o(Ef1)* 2 Home (G '™V (En)o)* = Hom® (G . (En)}).

The existence of such a spectral sequence is folklore; see [18, Remark 6.10] or [45,
Remark 2.6]. In fact, the latter also proves Theorem 6.17 in the case k = n.
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7 E(n, Ji)-local Brown—-Comenetz duality

We recall the classical definition of Brown—Comenetz duality. The group Q/Z is an
injective abelian group, and so the functor

X — Hom(mo X, Q/Z)

defines a cohomology theory on spectra represented by a spectrum /g, z; this is the
Brown—Comenetz dual of the sphere. The Brown—Comenetz dual of a spectrum X is
then defined as I,z X := F(X, Ig,z), and satisfies

Y. Ig/z X]o = Hom(mro(X AY),Q/Z).

It is an insight of Hopkins [24] that there is a good notion of Brown—Comenetz duality
(also known as Gross—Hopkins duality) internal to the K(n)-local category, given by
defining I, X = F(M,X, Ig,z) for a K(n)-local spectrum X. For details on this,
see [52]. As we will see, this definition can also naturally be made in the E (n, Ji )-local
category. We begin with the following generalization of a result of Stojanoska [50,
Proposition 2.2]. We recall that, by definition, Mo, = L. In this case, the following
lemma just says that F (L, X,Y) is already L,-local.

Proposition 7.1 For any X and Y, the natural map F(L,X,Y) — F(My ,X,Y) is
an E(n, Ji)-localization.

Proof We can repeat Stojanoska’s argument. First, we show that F(Mj ,X,Y) is
E(n, Ji)-local. Indeed, let Z be E(n, Ji)—acyclic. Then we must show that

F(Z, F(MgnX,Y))~ F(Z AMg,X,Y)~ F(My,Z AX,Y)

is contractible. Here we have used that My , is smashing. But My ,Z ~ My , Ly ,Z
by Theorem 2.31 and this is contractible because Z is E(n, J)—acyclic.

We now show that the fiber F(Ly_1X,Y) is E(n, Ji)—acyclic. By Proposition 2.15
it suffices by a localizing subcategory argument to show this after smashing with a
generalized Moore spectrum M (k) of type k. Then (up to suspension),

F(Lp 1 X, Y)AM(k)~ F(Lr_1X,Y)ANDM(k)
~ F(M(k), F(Lr,_1X,Y))
~ F(Lg_1MME)ANX,Y) > . O
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Definition 7.2 The E(n, Ji)-local Brown—Comenetz dual of X is
lgnX = 1giz(MgnX) = F(Mpn X, Ig/z)-

We let Iy , denote the E(n, Ji)-local Brown-Comenetz dual of Ly ,S 0,

Remark 7.3 It does not matter if we ask that X be E(n, J;)-local in the previous
definition, as I , X only depends on the E(n, Ji)-localization of X . Indeed, we have
equivalences

IknX = F(My y X, Ig)z) ~ F(My y Ly X, 1g/z) = Ik n (L X).

In particular, Iy , = Iy , (Lk,nSO) ~ Ik,nSO.
From the definition of /g7, we deduce the following.

Lemma 7.4 There is a natural isomorphism

[Y, Ik » X]o = Hom(mwo(My ,(X)AY),Q/Z).
As a consequence of Proposition 7.1 we deduce the following.

Lemma 7.5 Iy , X is always E(n, Ji)-local. In fact, Iy , X ~ L ,1g/7z(Ln,X) and
moreover, Iy , X = Ly ,1; X forany j <k.
It follows that we have natural maps given by localization,

IO,n — Il,n —> > In,n-
Example 7.6 Letn =1 and p > 2. Then Io,; >~ L (SI%), the localization of the p—
completion of S2. On the other hand, when p = 2 we have I ; ~ %2L(D Q%) where

DQ is the dual question mark complex [15, Remark 1.5]. Similarly, 71,1 >~ Lg)S 2
if p > 2, while I1,; ~ X?Lg1)DOQ.

Example 7.7 We always have Iy ,(K;) >~ K. Indeed, first note that Ly , K, >~ K,
so Lemma 7.5 allows us to reduce the case where k = 0 (although the proof is no more
difficult in the other cases — just note that My , K, >~ Kj). Using the fact that

[Y’ Kn]* = Hom(Kn)* ((Kn)*X’ (Kn)*)’
we argue as in [32, Theorem 10.2(a)] to see that
[Y, Kn]O = HOl’n((Kn)oX, ]Fp) = HOl‘n((Kn)()X, Q/Z) = [Y, I(),n (Kn)]().

This implies that /o ,(Ky) >~ K, as claimed.
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Theorem 7.8 Let X € Spy ,,. Then the natural map X — 1 lan is an isomorphism
when 74 (F (k) A X) = mta (L o F (k) A X) is finite in each degree. In particular, this
holds for X = Ly, S°.

Proof Letky: X —1 kan denote the natural map. We first note that
IR (FU)AX) > IZ  (F(k) AX) ~ F(k) AE (X)),

because F (k) is compact (and hence dualizable) in Sp. As in the proof of Theorem 10.2
in [32], this identifies Kk p()Ax =~ idF A kx, and so it is enough to show that ky is an
equivalence, where Y = F(k) A X.

Because F(k) has type k, Ly F (k) >~ %, and My , F(k) >~ L, F(k), so
My Y =My n(FK)ANX) =My fF(K)AX ~ Ly F(k)AX Y.

Likewise, My n(Ix nY) =~ My n(DF (k) A}y X) >~ DF (k) A I , X >~ It , Y. This
implies that ”*Il?nY ~ Hom(Hom(x.Y,Q/Z),Q/Z), which is the same as w4}
because 7« Y is finite in each degree. Therefore ky is an equivalence, as required. O

Remark 7.9 The Gross—Hopkins dual I, , is always an invertible K (n)-local spec-
trum. We do not know what happens for i ,, in general; however we note the following
result.

Proposition 7.10 The following are equivalent:
(1) Irn €SPEs
(2) Ik,n € Picg p;
(3) (Eg.n)sgn) is a finitely generated Ex—module;
4) En A Iy, is K(n)-local.

Proof Suppose first that (1) holds. Then, F (g ,, Ix n) =~ DIj p A I », but on the
other hand F(Iy y, Iy p) >~ Ilf’n (Lk,nSO) ~ Lk,nS0 by Theorem 7.8. It follows that
Iy n € Picy ,, ie that (2) holds. The converse, (2) => (1), always holds; see for example
[30, Proposition A.2.8].

The equivalence of (1) and (3) is just Theorem 5.11.
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Finally to see that (1) <= (4), we note that it suffices to show that (K )« Iy , is finite.
In fact, because (K, )« is a graded field, it suffices to see that (K,)* Iy , is finite. For
this, we compute, using Example 7.7 and Theorem 7.8,

[Ik,nv Kn]* = []k,n’ Ik,n (Kn)]*

=~ [Ik,nv F(Km Ik,n)]*

= [Kn» F(Ik,nv Ik,n)]*

~ [Kn, Lk nS%x.
By [32, Lemma 10.4] if M, denotes a generalized Moore spectrum of type 7, then
[En. Lkm)yMnulsx > [En, L, My]x is finite (the last equivalence follows, for example,
from the fact that L, M, >~ L) M, for a generalized Moore spectrum of type n).
As in [32, Corollary 10.5] it follows that [E, A DM,,, Lk,nSO] is finite, and hence so
is [Ky, LgnS 0], as K, lies in the thick subcategory generalized by E, A DM,, (note
that DM, is also the localization of a generalized Moore spectrum of type n; see [32,
Proposition 4.18]). ad

Question 7.11 For which values of k and n do the conditions of Proposition 7.10
hold?

Remark 7.12 Condition (4) clearly holds in the case k =n. Of course, Proposition 7.10
is precisely Hovey and Strickland’s proof in this case. However, due to the p-—
completion, this does not hold for n = 1 and k = 0 (Example 7.6). In fact, this
fails at all heights when k = 0, as we now explain.

Remark 7.13 Fix n > 1 and k = 0, and take p > n. Then Pico , = Z, generated by
L, S! [31, Theorem 5.4]. Therefore, if Proposition 7.10 held for k = 0, we must have
Iop~LyS k for some k € Z. On the other hand, work of Hopkins and Gross [24], as
written up by Strickland [52], and known results about the K (n)—local Picard group
[26, Proposition 7.5] show that [, ,, ~ xni-ng (det), where S (det) is the determinant
sphere spectrum [7]. It cannot then be the case that Lg(,)lo,n = In,n; a contradiction
to Lemma 7.5. We do not know what occurs in the cases k # 0, n.
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