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Models for knot spaces and Atiyah duality

SYUNJI MORIYA

Let Emb(S!, M) be the space of smooth embeddings from the circle to a closed manifold M. We
introduce a new spectral sequence converging to H*(Emb(S', M)) for a simply connected closed
manifold M of dimension 4 or more, which has an explicit £1—page and a computable E,—page. As
applications, we compute some part of the cohomology for M = S¥ x S’ with some conditions on
the dimensions k and /, and prove that the inclusion Emb(S!, M) — Imm(S?!, M) to the immersions
induces an isomorphism on m; for some simply connected 4-manifolds. This gives a restriction on a
question posed by Arone and Szymik. The idea to construct the spectral sequence is to combine a version
of Sinha’s cosimplicial model for the knot space and a spectral sequence for a configuration space by
Bendersky and Gitler. The cosimplicial model consists of configuration spaces of points (with a tangent
vector) in M. We use Atiyah duality to transfer the structure maps on the configuration spaces to maps on
Thom spectra of the quotient of a direct product of M by the fat diagonal. This transferred structure is the
key to defining our spectral sequence, and is also used to show that Sinha’s model can be resolved into
simpler pieces in a stable category.

18M75, 55P43, 55T99, 57R40; 18N40

1. Introduction 183
2. Preliminaries 189
3. The comodule Tas 201
4. Atiyah duality for comodules 209
5. Spectral sequences 214
6. Algebraic presentations of the E,—page of the Cech spectral sequence 225
7. Examples 236
8. Precise statement and proof of Theorem 1.5 243
References 248

1 Introduction

In [36; 37] Sinha constructed cosimplicial models of spaces of knots in a manifold of dimension > 4, based
on Goodwillie—Weiss embedding calculus; see Goodwillie and Klein [17], Goodwillie and Weiss [18],
and Weiss [41]. The model was crucially used in the affirmative solution to Vassiliev’s conjecture for a
spectral sequence for the space of long knots in R4 (with d > 4) for rational coefficient by Lambrechts,
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Turchin and Voli¢ in [25] (see Boavida de Brito and Horel [5] for other coefficients). We study a version
of Sinha’s model in stable categories.

Let Emb(S', M) be the space of smooth embeddings from the circle S' to a manifold M (without any
basepoint condition) endowed with the C *°~topology. The space Emb(S!, M) is studied by Arone and
Szymik [1] and Budney [8], and study of embedding spaces including the knot space is a motivation of
Campos and Willwacher [10] and Idrissi [22]

In the rest of the paper, M denotes a connected closed smooth manifold of dimension d. Our knot space
Emb(S?', M) is slightly different from the one considered by Sinha, but we can construct a cosimplicial
model similar to Sinha’s, which is called Sinha’s cosimplicial model and denoted by C*(M). Its n'" space
is homotopy equivalent to the configuration space of n 4 1 ordered points in M with a unit tangent vector.

To state our first main theorem, we need some notation. Let SM be the tangent sphere bundle of M. Fix
an embedding eg: SM — RX | and a tubular neighborhood v of the image eo(SM) in RX. Let D be the
little interval operad. We use a notion of a D—comodule, which plays a role similar to a simplicial object
but is homotopically more flexible. We work with the category of symmetric spectra SP. For a manifold
N and an integer n > 1, N" denotes the direct product of n copies of N. The fat diagonal of M" is by
definition the union of all the diagonals of M". We regard the product v" as a disk bundle over SM" via
the obvious identification (eq(SM))" = SM". The following theorem gives a dual equivalence between
the configuration spaces and quotients by a fat diagonal, which preserves structure necessary to recover
(some part of) the knot space.

Theorem 1.1 (Theorem 4.4 and Lemma 4.7) Under the above notation, there exists a zigzag of weak
equivalences of left D—comodules of nonunital commutative symmetric ring spectra

Cm)” ~Tu,
where (Cpr)Y is a comodule whose n'™ object is the Spanier—Whitehead dual of the configuration space of
n points with a tangent vector in M, and Ty is a comodule whose n™ object is a natural model of the
Thom spectrum
="K Th(v™)/Th(v"|fp,,)-
Here
e 3 denotes the suspension equivalence and Th(—) denotes the associated Thom space,

» FD, is the preimage of the fat diagonal by (the product of) the projection SM" — M", and

e V"|pp, denotes the restriction of the base to FD,,.

See Section 2.1 and Definitions 2.10, 4.1, 4.3 and 4.5 for details of the notation. Theorem 1.1 is a
structured version of the Poincaré—Lefschetz duality

(1-1) H*@C"" Y (M)) = H«(SM",FD,,),
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deduced from a homotopy equivalence C"~1(M) ~ SM"™ —FD,,. (We are loose on degrees.) If we do not
consider the (nonunital) commutative multiplications, an analogue of Theorem 1.1 holds in the category
of prespectra (in the sense of Mandell, May, Schwede and Shipley [28]), a more naive, nonsymmetric
monoidal category of spectra, and it is enough to prove Theorem 1.2, but the multiplications may be
useful for future study and our construction hardly becomes easier for prespectra.

To state the second main theorem, we need additional notation. For a positive integer r, let G(n) be the set of
graphs G with set of vertices V(G)=n={1,...,n}and setof edges E(G) C{(i,j)|i,j €n withi < j}.
Let Dg be the subspace of SM" consisting of elements whose image by the projection to M” has the
same i and j™ components if i and j are connected by an edge of G (i, j € n). The space FD,
in Theorem 1.1 is the union of the spaces Dg whose graph G has at least one edge. D¢ is a rather
comprehensible space compared to the space C"~1(M). For example, its cohomology ring is computed
in Lemmas 6.5 and 6.6 under some assumptions. Throughout this paper, we fix a coefficient ring k
and suppose k is either of a subring of the rationals Q or the field I, of p elements for a prime p. All
normalized singular (co)chains C* and Cx and singular (co)homology H* and H, are supposed to have
coefficients in k, unless otherwise stated. As an application of Theorem 1.1, we introduce a new spectral
sequence converging to H*(Emb(S', M)).

Theorem 1.2 (Theorems 5.16, 5.17 and 6.11) Suppose M is simply connected and of dimension d > 4.
There exists a second-quadrant spectral sequence {IvEf 1, converging to HP+t4(Emb(S!, M)) such that:

(1) Its E>—page is isomorphic to the total homology of the normalization of a simplicial commutative
differential bigraded algebra A}* (M) which is defined in terms of the cohomology ring H*(Dg)
for various graphs G and maps between them,

E2? = H(NAY*(M)) = HP T4 (Emb(S!, M)),
where the bidegree is given by x = p and x —e = gq.

(2) If H*(M) is a free k—module, and the Euler number y(M) is zero or invertible in k, the object
AY*(M) is determined by the ring H*(M).

We call this spectral sequence the Cech spectral sequence, or in short, the Cech s.s. A feature of this
spectral sequence is that its £ page and differential d; are explicitly determined by the cohomology
of M. As spectral sequences for H*(Emb(S!, M)) we have the Bousfield—Kan type cohomology spectral
sequence converging to H*(Emb(S!, M)), see Definition 2.7, and Vassiliev’s spectral sequence [40]
converging to the relative cohomology H * (2 (M), Emb(S 1. M)), where Q (M) is the space of smooth
maps S! — M. But no small (ie degreewise finite-dimensional) page of these spectral sequences has been
computed in general. The E;—page of the Bousfield—Kan type s.s. is described by the cohomology of the
ordered configuration spaces of points with a vector in M, which is difficult to compute; Vassiliev’s first
term is also interesting but complicated. By this feature, we can compute examples; see Section 7. We
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186 Syunji Moriya

obtain new computational results in the case of the product of two spheres. While we only do elementary
computation in the present paper, one of potential merits of Cech s.s. is that computation of higher
differentials will be relatively accessible since we deal with the fat diagonals and Cech complex instead
of configuration spaces. The other is that we will be able to enrich it with operations such as the cup
product and square, and relate them to those on H*(M ). We will deal with these subjects in future work.
Precisely speaking, we can also construct the Cech spectral sequence in the 3—dimensional or nonsimply
connected case, where it does not converge to H*(Emb(S!, M)) but might have some information about
the knot space; see Remark 5.18.

Arone and Szymik studied Emb(S!, M) for the case of dimension d = 4 in [1]. Let Imm(S!, M) be the
space of smooth immersions S! — M with the C*°—topology and ips : Emb(S!, M) — Imm(S!, M) be
the inclusion. Among other results, they proved that ips is 1-connected, so in particular surjective on my
in general. (They proved interesting results for the nonsimply connected case M = S! x S3; see also
Budney and Gabai [9].) They asked whether there is a simply connected 4-manifold M such that ips has
nontrivial kernel on 7r1. Using Theorem 1.2, we give a restriction to this question:

Corollary 1.3 Suppose that M is simply connected, of dimension 4 and satisfies H»(M ; Z) # 0, and
that the intersection form on H (M ;IF5) is represented by a matrix whose inverse has at least one nonzero
diagonal component. Let iy : Emb(S!, M) — Imm(S!, M) be the inclusion to the space of immersions.
Then the map iy induces an isomorphism on 1y . In particular, 1 (Emb(S', M)) = Hy(M; Z).

The assumption does not depend on the choice of matrix. For example, M = CP? # C P2, the connected
sum of complex projective planes, satisfies the assumption, while M = §2 x 2 does not. For the case
of Hy(M) = 0, by Proposition 5.2 of [1], Emb(S!, M) is simply connected. We can also prove this
similarly to Corollary 1.3. The case of all of the diagonal components of the matrix being zero is unclear
by our method.

Remark 1.4 In the recent preprint [23], Kosanovié gave a proof of a complete answer to the question,
which states that the inclusion iy induces an isomorphism of 7;_; if M is simply connected and of
dimension d > 4 by an independent method.

Sinha’s cosimplicial model can be considered as a resolution of Emb(S!, M) into simpler spaces. We
resolve it into further simpler pieces in the category of chain complexes as an application of Theorems 1.1
and 1.2. To state the result, we need additional notation. We consider a category W of planar rooted
trees and edge contractions. It is equipped with a functor G o F: ¥ — A, where A is the category of the
standard simplices. We also use a category G(n)™. Roughly speaking, the objects of G(n)™ are a symbol
* and the graphs in G(n), and the morphisms are the inclusions (of edge sets) and formal arrows * — G
to the graphs having at least one edge. Let U be the Grothendieck construction of a functor from W
sending a tree T to the category G(|v,| — 1), where |v,| denotes the valence of the root vertex of T'. So
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an object of W is a pair (T, G) of a tree T’ and a graph G with exactly |v, | — 1 vertices (or the symbol ).
Let n: U — W be the projection given by n(7,G) =T.

Theorem 1.5 (Theorem 8.4) Under the above notation, there exists a functor T pg : WP — SP satisfying
the following conditions:

(1) Itsvalueon (T, G) € U is a natural model of the Thom spectrum
K Th(v™|p,)  with m = |v,|—1
if G is a graph, and the basepoint if G = x.

(2) There exists a zigzag of weak equivalences of functors
(GoF)*(C*(M)Y) =Ly Tpg: WP — SP.

Here the dual of the cosimplicial model is regarded as a functor from A°P and 1L, is the (derived)
left Kan extension along .
(3) Suppose M is simply connected and of dimension d > 4. There exists a zigzag of quasi-
isomorphisms of chain complexes
C*(Emb(S!, M)) ~ hocolim Cx 0 Tps.
Wop
Here hocolim denotes the homotopy colimit, and Cyx on the right-hand side is a certain singular
chain functor from spectra to chain complexes.

See Section 2.1 and Definitions 5.1 and 8.1 for details of the notation. We give an intuitive explanation
for this theorem. We regard G(n) as the full subcategory of G(n)™. Let @ denote the graph with
no edges. There is a standard quasi-isomorphism Cx(FD,) =~ hocolimgec, C+x(Dg), where C; =
G(n)°? — {&}. Since the relative complex C«(SM",FD,,) is the homotopy cofiber of the inclusion
C«(FDy,) — C«(SM"™) = C«(Dy), we have quasi-isomorphisms

C*(C" Y (M)) ~ C+(SM" ,FD,,) ~ h%ceoéizm C«(Dg),

where we set C; = (G(n) )% and C«(Dg) = 0 for G = *. We regard this presentation as a resolution
of C*(C""1(M)). A category of planar rooted trees is a lax analogue of the category of the standard
simplices. Actually, homotopy limits over these categories are weakly equivalent. So, intuitively speaking,
existence of the functor T 3y means potential compatibility of the resolution and the cosimplicial structure.

We shall explain why we use spectra, which also serves as an outline of our arguments. Our motivation is
to derive a new spectral sequence from Sinha’s cosimplicial model. The idea is to combine the cosimplicial
model and a procedure of constructing a spectral sequence for the cohomology of the configuration space
due to Bendersky and Gitler [3]. So we consider the above duality (1-1), and describe the chain complex
C+«(SM™,FD,,) by an augmented Cech complex as follows. Consider
D)L P o)l P cwe)d P cupe) L.
GeG(n,1) GeG(n,2) GeG(n,3)
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where G(n, p) C G(n) denotes the subset of graphs with exactly p edges. We want to extend this to the
following commutative diagram of semisimplicial chain complexes by defining suitable face maps d;:

PD
C*(C"(M)) +—— C«(D2) «— Dgecm+1,1) C+(D6) +— Dgecmnri,2) Cx(Dg) +— -+

(1-2) luf)* ldi ld" ld"

_ PD
C*(C"1 (M) +— Cx(D2) +— Dgecm,1) C+(D6) +—— Dgecm,2) Cx(Dg) -+

Here d' is the coface map of C*(M), and PD actually denotes the zigzag
C*(C"(M)) — C«(Dg,FDp) <= Cx(Dy)

of the cap product with the fundamental class and the quotient map. If we could construct a semisimplicial
double complex in the right-hand side of PD in (1-2), by taking the total complex, we would have a
certain triple complex C,.x, where o (resp. *, %) denotes the cosimplicial (resp. Cech, singular) degree.
Then by filtering with » 4+ e, we would obtain a spectral sequence as in Theorem 1.2.

Unfortunately, it is difficult to define degeneracy maps d; fitting into (1-2). This difficulty is essentially
analogous to the one in the construction of a certain chain-level intersection product on Cx (M ). We shall
explain this point more precisely. The coface map d’: C"(M) — C" (M) is a deformed diagonal, and
the usual diagonal induces the intersection product on homology. So the maps d; should be something
like a deformed intersection product. The simplicial identities for d; are analogous to the associativity of
an intersection product. In addition, the map (d’)* on the cochain is analogous to the cup product. So
construction of d; is analogous to construction of a chain-level intersection product which is associative
and compatible with the cup product through the duality. We could not find such a product in the literature.

A nice solution is found in a construction due to R Cohen and Jones [11; 12] in string topology. They
used spectra to give a homotopy theoretic realization of the loop product, which led to a proof of an
isomorphism between the loop product and a product on Hochschild cohomology (see Moriya [30]
for a detailed account). Their key notion is the Atiyah duality, which is an equivalence between the
Spanier—Whitehead dual MY and the Thom spectrum M ~TM = % =K Th(v). To prove their isomorphism,
Cohen [11] introduced a model of M ~TM in the category SP, and refined the duality to an equivalence
of (nonunital) commutative symmetric ring spectra. This equivalence can be regarded as a multiplicative
version of the Poincaré duality. In fact, the multiplication on the model of M ~TM works as an analogue
of a chain level intersection product in their theory. So is efficient to construct necessary semisimplicial
objects and their equivalence in SP, then take chain complexes of them, and derive a spectral sequence.

This is why we use spectra.

Even if we use spectra, the (co)simplicial object is too rigid, and we use a laxer notion of a left comodule
over an Aso—operad.

As we demonstrate, the duality is very useful to transfer structures on the configuration space to the
Thom spectrum of the quotient by the fat diagonal, which is homotopically more accessible, and may be
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applied in much research on configuration spaces. In future work, we will study collapse of Sinha’s (or
Vassiliev’s) spectral sequence for the space of long knots in R4 [36] using the duality.

The organization of the paper is as follows. In Section 2, we introduce basic notions. We define a version
of Sinha’s cosimplicial model and show that its homotopy limit is equivalent to the space Emb(S!, M).
We define the notions of a (co)module and Hochschild complex of a comodule over the associahedral
operad. These notions are minor variations of ones given by others. Section 3 is the technical heart
of this paper. We introduce a version of Cohen’s model of Thom spectra and use it to construct the
comodule Tps in Theorem 1.1. We take care about definitions of parameters such as the radius of tubular
neighborhoods to make structure maps of a comodule compatible with the diagonals. In Section 4, we
prove Theorem 1.1. In Sections 5 and 6, we prove Theorem 1.2. These two sections have a homotopical
and algebraic nature compared to the previous sections, where we give detailed space level constructions.
In Section 5, we define a chain functor for symmetric spectra and construct the spectral sequence filtering
Hochschild complex of the chains of a resolution of the comodule T3s. We prove that the Ej—page of
the Cech spectral sequence is quasi-isomorphic to the total complex of a simplicial differential bigraded
algebra, and prove the convergence of the Cech spectral sequence. In Sections 3—5 we mainly deal with
comodules, but we need the cosimplicial model in the proof of convergence since we deduce it from
a theorem of Bousfield. In Section 6, we compute the cohomology rings H*(D¢) and maps between
them, and give a description of the simplicial algebra in terms of the cohomology ring H* (M) under
some assumptions. The computation is standard work based on Serre spectral sequences. In Section 7,
we compute examples and prove Corollary 1.3. In Section 8, we prove Theorem 1.5.

Acknowledgments The author thanks Keiichi Sakai and Tadayuki Watanabe for valuable comments on a
version of this paper. Their comments motivated him to consider the 4-dimensional case. He also thanks
Ryan Budney for pointing out errors in a previous version of this paper, and Dev P Sinha and Victor
Turchin for valuable comments. He is grateful to anonymous referees for reading this paper carefully,
pointing out many errors and typos, and giving many suggestions to improve readability. This work is
supported by JSPS KAKENHI grant numbers 26800037 and JP17K14192.

2 Preliminaries
In this section, we fix notation and introduce basic notions. Nothing is essentially new.

2.1 Notation and terminology

e We denote by A the category of standard simplices. Its objects are the finite ordered sets [#] ={0,...,n}
for n > 0 and its morphisms are the weakly order-preserving maps. We denote by A, the full subcategory
of A that consists of the objects [k] with k < n. We define a category (or poset) P, as follows. The
objects are the nonempty subsets S of n, and there is a unique morphism S — S’ if and only if S C §’.
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Gn :Pny1— Ay denotes the functor given in [37, Definition 6.3]. Tt sends a set S to [#S—1] and an inclusion
S C S’ to the composition [#S —1] = § C S’ = [#S’ — 1], where = denotes the order-preserving bijection.

e For a category C, a morphism of C is also called a map of C. A symmetric sequence in C is a sequence
{Xk}k>o0 (or {X(k)}r>1) of objects in C equipped with an action of the k'™ symmetric group £ on Xj
(or X(k)) for each k. The group X acts from the right throughout this paper.

e Let G(n) be the set of graphs defined in Section 1. For a graph G € G(n), we regard E(G) as an
ordered set with the lexicographical order. To ease notation, we write (i, j) with i > j to denote the edge
(j,i) of a graph in G(n). For a map f:n — m of finite sets, we denote by the same symbol f the map
G(n) — G(m) defined by

E(f(G)) ={(f(D), f()) | G, )) € E(G) with () # f(j)}.
Also, f denotes the natural map o(G) — mo( f(G)) between the connected components.

e Our notion of a model category is that of [21]. Ho(M) denotes the homotopy category of a model
category M.

e We will denote by CG the category of all compactly generated spaces and continuous maps (see
[21, Definition 2.4.21]), by CG+ the category of pointed compactly generated spaces and pointed maps,
and by A the smash product of pointed spaces.

e For a category C, a cosimplicial object X* in C is a functor A — C. A map of cosimplicial objects is a
natural transformation. X" denotes the object of C at [n]. We define maps

di:nl—>[n+1] for0<i<n+1 and siin]—>[n—1] for0<i<n-—1
>y k k k k
i if k <i, ; ifk <i,
= d =
TO=es1 k=i ™ TOT 0 ks

Here d?,s': X" — X"*1 denote the maps corresponding to the same symbols. As is well known, a
cosimplicial object X* is identified with a sequence of objects Xg, X1,..., X,,... equipped with a
family of maps {d’, s’} satisfying the cosimplicial identity; see [16]. We call a cosimplicial object in
CG a cosimplicial space. Similarly, a simplicial object X, in C is a functor A°° — C. We denote by
d;,si: Xn+1 — X, the maps corresponding to d' and s'.

e Our notion of a symmetric spectrum is that of Mandell, May, Schwede and Shipley [28]. A symmetric
spectrum consists of a symmetric sequence { Xy }x>o in CGx and a map ox : S VA X — Xp 4 for each
k > 0 which is subject to certain conditions. The category of symmetric spectra is denoted by SP. We
denote by A = Ag the canonical symmetric monoidal product on SP given in [28], and by S the sphere
spectrum, the unit for A. Henceforth the term “spectrum” means symmetric spectrum. For a spectrum,
we refer to the numbering of the underlying sequence as the level.
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e For K €CG and X € SP, we define a tensor K ® X € SP by (K ® X)x = (K+) A Xi, where K is
K with disjoint basepoint. This tensor is extended to a functor CG x SP — SP in an obvious manner.
For K,L € CG and X,Y € SP, we call the natural isomorphisms

KQLIX)~(KXxL)®X and K®XAY)=(KRX)AY,

the associativity isomorphisms. A natural isomorphism (K x L) ® (X AY) = (K ® X)A(L®Y) is
defined by successive compositions of the associativity isomorphisms and the symmetry one for A. We
define a mapping object Map(K, X) € SP by Map(K, X); = Map,. (K +, X ), where the right-hand side
is the usual internal hom object (mapping space) of CG«. This defines a functor (CG)°? x SP — SP. The
functors K ® (—) and Map(K, —) form an adjoint pair. We set K¥ = Map(K, S) for K € CG.

* We use the stable model structure on SP; see [28]. This is only used in Section 5.1 and Section 8.
Weak equivalences in this model structure are called stable equivalences. Level equivalences and 74—
isomorphisms are more restricted classes of maps in SP; see [28]. The former are the levelwise weak
homotopy equivalences and the latter are the maps which induce an isomorphism between (naive)
homotopy groups defined as the colimit of the sequence of canonical maps (g : T« (Xg) = Tst1(Xg41)-

e We say a spectrum X is semistable if there exists a number « > 1 such that, for any sufficiently large /,
the map ¢;: 7w (X7) = 7wk 41(X741) is an isomorphism for each k < «/. Semistability in this sense implies
semistability in the sense of [34], so a stable equivalence between semistable spectra (in our sense) is a
Tx—isomorphism.

e A nonunital commutative symmetric ring spectrum (in short, NCRS ) is a spectrum A with a commutative
associative multiplication A A A — A (but possibly without a unit). A map of NCRS is a map of spectra
preserving the multiplication.

e CHy denotes the category of (possibly unbounded) chain complexes over k and chain maps. Differentials
raise the degree (see the next item for our degree rule). We endow CH, with the model structure where
weak equivalences are quasi-isomorphisms and fibrations are surjections. We denote by ® = ®j the
standard tensor product of complexes.

e We deal with modules with multiple degrees (or gradings). For modules having superscript(s) and/or
subscript(s), their total degree is given by the formula

(total degree) = (sum of superscripts) — (sum of subscripts).

For example, singular chains in C;, (M) have degree — p, and the total degree of a triply graded module A}*
is * + x —e. We denote by |a| the (bi)degree of . We sometimes omit super- or subscripts if unnecessary.

» For a simplicial chain complex C;* (ie a functor A°°? — CHy), the normalized complex (or normalization)
NC[ is a double complex defined by taking the normalized complex of a simplicial k-module in each
chain degree.

e For a small category C and a cofibrantly generated model category M (in the sense of [21]), we denote
by Fun(C, M) the category of functors C — M and natural transformations, which is endowed with
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the projective model structure; see [20]. The colimit functor colim¢ : Fun(C, M) — M is a left Quillen
functor. Its left derived functor is denoted by hocolim¢ and called the homotopy colimit over C.

o A commutative differential bigraded algebra (in short, CDBA) is a bigraded module A** equipped
with a unital multiplication which is graded commutative for the total degree and preserves the bigrading,
and a differential 3: A** — A*T1* which satisfies the Leibniz rule for the total degree. A map of CDBA
is a map of differential graded algebras preserving bigrading.

2.2 Cech complex and homotopy colimit

Definition 2.1 Let M be a cofibrantly generated model category. We define a functor

C: Fun(Pyf 1. M) — Fun(A® M) by CXIkl= | | Xrqep.
Silkl->n+1
where f runs through the weakly order-preserving maps. For an order-preserving «: [[] — [k] € A, the map
CX[k] = CX[l] is the sum of the maps Xz ([k]) —> X foa([z]) induced by the inclusion f oa([l/]) C f([k]).

Lemma 2.2 We use the notation of Definition 2.1. Let X € F un(PZ%rl , M) be a functor.

(1) There exists an isomorphism hocolimpop+l X = hocolim pep CX in Ho(M) which is natural for X .

(2) X is cofibrant in F un(Pff;l , M) if the following canonical map is a cofibration in M for each
colim Xgr — Xg.
525 S §
Proof Let (i 0 Gy)*: Fun(A®, M) — F un(vP:)lpJr1 , M) be the pullback by the composition of G, and
the inclusion i, : A, — A. Clearly the pair (C, (i, 0 G,)*) is a Quillen adjoint pair, and it is also clear
that colimpop+l X and colim pop CX are naturally isomorphic. Part (1) follows from these observations.
Part (2) is a special case of [21, Theorem 5.1.3]. O

2.3 Goodwillie-Weiss embedding calculus and Sinha’s cosimplicial model

In this subsection, we give the definition of the cosimplicial space C*(M) modeling Emb(S!, M), and
state its property. This is a minor variation of the model given in [37]. In [37], models of a space of
embeddings from the interval [0, 1] to a manifold with some endpoint condition, while we consider
embeddings S' — M without any basepoint condition. The difference which needs care is that the
homotopy limit of our cosimplicial model on the subcategory A, need not to be weak homotopy equivalent
to the n'™ stage of the corresponding Taylor tower, while Sinha’s original one is. At the co—stage, they are
equivalent, which is sufficient for our purpose. We begin with an analogue of the punctured knot model
in [37, Definition 3.4], which is an intermediate object between Emb(S!, M) and C*(M).

Definition2.3 ¢ Let S!'=][0,1]/0~1and J; C S be the image of the interval (1—1/2/—1/10",1—1/2")
by the quotient map [0, 1] — S1.
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e We fix an embedding M — RN *1 for sufficiently large N. We endow M with the Riemannian metric
induced by the Euclidean metric on RV *1 via this embedding. Let SM denote the total space of the unit
tangent sphere bundle of M.

e Forasubset S Cn+1,let Eg(M) be the space of embeddings S*! — Uies Ji = M of constant speed.
e Define a functor £,(M): P,4+1 — CG by assigning to a subset S the space Eg(M), and set

P,Emb(S!, M) := holim &, (M).
n+1
Let o, : Emb(S!, M) — P, Emb(S!, M) be the map induced by restriction of the domain. The category
P, is regarded as a subcategory of P, via the standard inclusion n — n + 1. By our choice of J;, we

have a canonical restriction map r,, : P, Emb(S LM ) — Py—1 Emb(S U'm ). The maps o, induce a map
®loo: Emb(S', M) — holim P, Emb(S!, M),
n

where the right side is the homotopy limit of the tower - - - 2+ P, Emb(S ', M) > P, Emb(S!, M) =L
-2 PLEmb(St, M).

Remark 2.4 Our choice of J; is different from [37], since we adopt the reverse labeling of coface and
codegeneracy maps of the cosimplicial model to [37], for the author’s preference. This does not cause
any new problem.

Lemma 2.5 Suppose d > 4. The map o, : Emb(S', M) — P, Emb(S', M) is (n—1)(d —3)—connected.
In particular, o« is a weak homotopy equivalence.

Proof Let p: Emb(S!, M) — SM be the evaluation of value and tangent vector at 0 € S'. As is well
known, p is a fibration. Let D be a closed subset on M diffeomorphic to a closed d—dimensional disk.
Let Emb([0, 1], M —Int(D)) be the space of embeddings [0, 1] — M — Int(D) whose value and tangent
vector at endpoints are a fixed value in dD and vector. If we take a point of SM, for some choice of
the disk D, fixed endpoints and embedded path between the points in D, we have the inclusion from
Emb([0, 1], M —Int(D)) to the fiber of p at the point. This inclusion is a weak homotopy equivalence. Its
homotopy inverse is given by shrinking the disk D to the point. Thus, we have a homotopy fiber sequence

Emb([0, 1], M —Int(D)) — Emb(S', M) — SM.

Restricting the domain, we have a similar fiber sequence Eg(M —Int(D)) — Eg(M) — SM, where the
left-hand side is the space defined in [37, Definition.3.1] with the obvious modification for J;. (In [37], M
denotes a manifold with boundary, so we apply the definitions to M — Int(D) instead of our closed M .)
Passing to homotopy limits, we have the diagram

Emb([0, 1], M —Int(D)) —— Emb(S', M) —— SM

| L

P, Emb([0, 1], M —Int(D)) —— P, Emb(S!, M) —— SM
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where both horizontal sequence are homotopy fiber sequences and the left bottom corner is the punctured
knot model in [37, Definition.3.4] (with the obvious modification for J;). As in [37, Theorem.3.5], by
theorems of Goodwillie, Klein, and Weiss, the left vertical arrow is (n—1)(d —3)—connected, and so is
the middle. |

Remark 2.6 Let 7, Emb(S!, M) be the n'" stage of the Taylor tower (or polynomial approximation).
Restriction of the domain induces a map P, Emb(S!, M) — T,, Emb(S!, M) which is compatible with
canonical maps from Emb(S!, M), but the author does not know whether this map is a weak homotopy
equivalence.

Our cosimplicial space is analogous to the well-known cosimplicial model of a free loop space, just like
Sinha’s original space is analogous to that of a based loop space. So the space C" (M) is related to a
configuration space of n 4 1 points (not n points).

Definition 2.7 Let ||—|| denote the standard Euclidean norm in RV +1,
e LetCp(M)={(x0,...,xn—1) € M" | x}, # x; if k # [} be the ordered configuration space of n points
in M. Similarly, we set Ca([n]) = {(k,[) € [n]*? | k #=1}.
o Let C,,(M) be the closure of the image of the map
Cu(M) — M" x (SN)*C2U=1D (o) > (e, e

where ug; = (x; — xx)/||x; — xg||. Cn(M) is the same as the space in Definition 4.1(6) of [37], though
our labeling of points begins with 0. Define a space C"* (M) by the following pullback diagram:

C"(M) —— SM™ 1

J

Cp1 (M) —— M"+1
Here the right vertical arrow is the product of standard projection and the bottom horizontal one is the

composition of the canonical inclusion C,, 1 (M) — M*"+1 x (§N)*C2(nD) apnd the projection.

o Let7:TyM — RN+ be the linear monomorphism from the tangent space induced by the differential
of the embedding fixed in Definition 2.3 and the identification xRN +1 =~ R¥+1 by the standard basis.
Set Al, | (M) := M1 x (SN)X([”]XZ). Let B, ,:C"(M) — A;, (M) be the map given by
, Uk] itk #1,
Uk = 7 =
yk) lf k - la

where yy is a unit tangent vector at xz. This is clearly a monomorphism. For an integer i with0 <i <n+1,

B (ks ke, yi) = (X uy;) and

we define a map d; : [n + 1] — [n] by
k ifk <i,

di(k) = k=1 ifk>i. for 0<i<n and dp+1 =dyooao,
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Uij+1 =i

Figure 1: Intuition of the coface map d’. Here y; is the vector at x;.

where o is the cyclic permutation o (k) = k + 1 (mod n + 2). (This d; is the same as s’ in Section 2.1,
but we use the different notation to avoid confusion.) We define a map d': A, (M)~ A, 12(M) by
d* (vt urn)ok,i<n = (pge)» Upe), 7()oki<ns1  With f=d;.

This map restricts to the map d’: C"(M) — C"T1(M) via Bri1> Bpyn- Similarly, we define a map

s CM(M) — C" Y (M) for 0 <i <n—1 as the pullback by the map
k ifk <i,
k+1 ifk>i.

The collection C*(M) = {C"(M),d"’, s} forms a cosimplicial space. Well-definedness of this is verified
in Lemma 2.8.

sit[n—1] — [n], si(k) =

e We call the Bousfield—Kan type cohomology spectral sequence associated to C*(M ) the Sinha spectral
sequence for M, in short, the Sinha s.s., and denote it by {E, }.

Intuitively, an element of C,, (M) is a configuration of 7 points in M, some points of which are allowed to
collide, or in other words, to be infinitesimally close, and the direction of collision is recorded as the unit
vector uy; if the k™ and /™ points collide. An element of C*(M) is an element of C,, 1 (M), each point
of which has a unit tangent vector. For 0 <i < n, the map d’ replaces the i™ point in a configuration
with the two points colliding at the point along its vector. These points are labeled by i and i + 1. Their
vectors are copies of the original vector (see Figure 1). The map d” ! replaces the 0™ points with two
points similarly, and labels them by 7 + 1 and 0 (and slides other labels). The map s’ forgets the (i +1)™
point and vector.

Lemma 2.8 (1) The map C,(M) — M" x (SN)xC2(ln—1] given in Definition 2.7 restricts to a
homotopy equivalence C,,(M) — C,(M).

(2) The cosimplicial space C*(M) is well defined.

Proof Part (1) is proved in [35, Corollary 4.5 and Theorem. 5.10]. For (2), by [35, Proposition 6.6]
the image of d’ and s’ is contained in C"*!(M)— C}([M]) in the proposition is the same as C"~1 (M)
in our notation. Confirmation of the cosimplicial identities is routine work. For example, to confirm
d"t?2dt = didntl: ¢c"(M) — ¢"t2(M) for i < n + 2, it is enough to confirm the dual identity

Algebraic & Geometric Topology, Volume 24 (2024)



196 Syunji Moriya

didy4+2 = dp41d;: [n + 2] — [n]. Both sides are equal to the map

k ifk <i, i
e . k ifk <n, e
k—<dk—1 ifi<k<n+2, ifi<n+l, k— ) if i =n+1.
i 0 ifk=n+1,n+2,
0 ifk=n+2, O

Lemma 2.9 Let G*C*(M) be the composition functor P41 £ A, CM), g,

(1) The homotopy limits of &,(M) and G,C*(M) are connected by a zigzag of weak homotopy
equivalences which are compatible with the inclusionn — n + 1.

(2) The homotopy limit of C*(M) over A, and that of G,;C*(M) over P, are connected by a zigzag
of weak homotopy equivalences which are compatible with the inclusionn —n + 1.

(3) If d > 4, the homotopy limit of C*(M) over A and Emb(S', M) are connected by a zigzag of
weak homotopy equivalences.

Proof The proof of (1) is completely analogous to the proof of [37, Lemma 5.19] so we omit details.
The idea of the proof is to consider the two space C*S~1(M) and Eg(M) as subspaces of a common
space, where one can “shrink components of embeddings until they become tangent vectors”, as in
[37, Definition 5.14]. The space is a subspace of the space of compact subspaces of C*S~1(M) with the
Hausdorff metric. This space and the inclusions can be chosen to be compatible with maps in P, ;. For
example, the restriction Eg(M) — Eg/(M) corresponding to the inclusion S =n+1C S ' =n+2
divides the component including the image of 0 € S! into two components, since the image of J, 12
is removed. At the limit of shrinking components, this is consistent with the coface map d” 1. These
inclusions to the common space give rise to a zigzag of natural transformations which is a weak homotopy
equivalence at each set S C n 4 1. This induces the claimed zigzag. Part (2) follows from the fact that
the functor G, is left cofinal; see Theorem 6.7 of [37]. Part (3) follows from (1), (2) and Lemma 2.5. O

2.4 Operads, comodules and the Hochschild complex

The term operad means nonsymmetric (or non—X) operad; see [24; 31]. An operad O = {O(n)},>1 in a
symmetric monoidal category (C, ®) is a sequence of objects equipped with maps

(—o0;i —=):OmM)@OMm) > Om+n—1) for 1 <i<m

in C, called partial compositions, which are subject to certain conditions. O(n) is called the object at
arity n. More precisely, our notion of an operad is different from the one in [24; 31] only in that we do
not consider the object at arity 0, so conditions on partial compositions given in [24; 31] are imposed only
in the ranges of all involved arities being 1 or more. We mainly consider operads in CG (resp. in CHy),
which are called topological operads (resp. chain operads), where the monoidal product is the standard
cartesian product (resp. tensor product). Let O be a topological operad. C«(Q) denotes the chain operad
given by Cy(0)(n) = C+«(O(n)) with the induced structure. We equip the sequence {O(n) ® S}, of
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spectra with a structure of an operad in SP as follows. The i™ partial composition is given by
(OmM)BS)A(OM)BS) = (O(m)x O(n) & (SAS) = (O(m)xOm) &S =222 om+n—1)&S.

See Section 2.1 for the isomorphisms. The action of X, is the naturally induced action. We denote this
operad by the same symbol, O. We let A denote both of the (discrete) topological and k-linear versions
of the associative operad by abuse of notation. For the k-linear version, we fix a generator u € A(2)
throughout this paper. X denotes the Stasheff associahedral operad, and A the cellular chain operad
of IC. Precisely speaking, Ao is generated by a set {{tx € Aoo(k)}k>2 With |pg| = —k + 2, with partial
compositions. The differential is given by the formula

duk = Z (=D it 0pt1 Kg.

l,p.q
I+q=k+1

where { = (1, p.q) = p+q(—p—1).
In the following definition, we adopt the point—set description, as if a category C were the category of
sets, for simplicity.
Definition 2.10 « Let O be an operad over a symmetric monoidal category C. A (left) O—comodule in
C is a symmetric sequence X = {X(n)},>1 in C equipped with maps
(—o0;i—):Om)@X(m+n—1)— X(n)eC
form >1,n>1and 1 <i <n, called partial compositions, which satisfy the following conditions:
(1) Forae O(m),beO(l)and x € X(I +m+n-2),
bOj (CZOi+l_1X) 1f]<l,
aoj(bojx)=1(aoj_ijy1b)o;x ifi<j<i+m—1,
boj—m—i—l (aojx) ifi+m—1<j.
(2) Forthe unit 1 € O(1) and x € X(n), we have 10; x = x.
(3) Forae O(m),x e X(m+n—1)and o € 3y,
(@o; x)° =aos—1(; (x7),

where 01 € ¥,,45,—1 is the permutation induced by o, replacing the letter o~ (i) with the m letters

o~ 1(i),...,07 (i) + m — 1. In other words,
o(k) ifk <o~ l(i)and o (k) < i,
ok)+m—1 ifk <o~l()and o(k) > i,
or(k)=Ri+k—01() ifo ') <k <o l(@)+m—1,
olk—m+1) ifk>c"'i)+m—1lando(k—m+1) <i,

ok—m+1)4+m—1 ifk>0"'Gi)+m—1lando(k—m+1)>i.
A map f: X1 — X, of O—comodules is a sequence of maps in C { f,: X1(n) — X2(n)}, which is
compatible with the actions of symmetric groups and the partial compositions.
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e A (right) O—module in C is a symmetric sequence ¥ = {Y(n)},>1 equipped with a set of partial
compositions Y(n) ® O(m) — Y (m + n — 1) which satisfy the following conditions:
(1) Forae O(m),b e O()and y € y(n),
(inb)Oj+l_la 1fl<],
(yoja)oib={yoj(aci—jt1b) ifj<i<j+m-—1,
(yoi4m—1b)oja ifi>j+m—1.
(2) Forthe unit 1 € O(1) and y € X(n), we have yo; 1 = y.
(3) Forae O(m),y € X(n) and 0 € 3y,

y7oia=(yogu)a),

where 0y € ¥, +,—1 is the permutation induced by o, replacing the letter i with the m letters

I,...,1 +m—1. In other words,
o(k) ifk <iando(k) <o(i),
ok)+m—1 ifk <iando(k)>0o(i),
oxk)=30()+k—i ifi<k<i4+m-—-1,
otk—m+1) ifk>i+m—landok—m+1)<a(i),

otk—m+1)4+m—1 ifk>i+m—1lando(k—m+1)>0c(i).

A map of modules is defined similarly to that of comodules.
e For a topological operad O (regarded as an operad in SP), an O—comodule of NCRS is an O—comodule
X in SP such that each X(n) is equipped with a structure of an NCRS and the action of X, on X(n) and
the partial composition (¢ o; —): X(n +m — 1) — X(n) is a map of NCRS for each a € O(m). A map of
comodules of NCRS is a map of comodules which is also a map of NCRS at each arity.
e For a topological operad O and an O-module Y, we define an O—comodule Y of NCRS as follows:

(1) Weset YV (n)="Y(n)" (see Section 2.1).

(2) For f €YY (n) and 0 € X,, we define an action /% by f°(y) = f(y"il) for each y € Y(n).

(3) ForaeO(m)and f €YY (m+n—1), we define a partial composition ao; f by ao; f(y) = f(yo;a)
for each y € Y (n).

(4) We define a multiplication YV (n) A YV (n) — YV (n) as the pushforward by the multiplication
of S. (This is actually unital.)

This construction is natural for maps of O—modules.

e An A-comodule X of CDBA is an A—comodule (in CHy) such that each X (n) is a CDBA, and the
partial composition @ o; (—): X(n) — X(n — 1) — with the fixed generator u € A(2) —and action of
o € X, preserve the differential, bigrading, multiplication and unit.

The axioms for the partial compositions of modules (Definition 2.10) are the standard ones, which are
naturally interpreted in terms of concatenation of trees. The action of o € X, is interpreted as replacement
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of labels i on leaves with labels 0~1(i), and the axiom is the natural one with this interpretation. The
axioms for a comodule are simply dual to those for a module. The comodule in Example 2.14 may give
some intuition for it.

Remark 2.11 The notion of a right module in Definition 2.10 is similar to the one in [26]. A right
O-module is also essentially the same as a topological contravariant functor from the PROP of 20O to
spaces (or spectra), and a left O—comodule is a covariant functor. Here X O is the standard symmetrization
of 0, ie XO(n) = O(n) x Iy; see [29].

Composing the unity and associativity isomorphisms, we get a natural isomorphism K ® X = (K @ S)A X
in SP. Let O be a topological operad. Via this isomorphism, a structure of an O—comodule in SP on a
symmetric sequence X is equivalent to a set of maps

Om) @ X(m+n—1)— X(n)

which satisfy conditions completely similar to those given in Definition 2.10. We also call these maps
partial compositions, and henceforth will define comodules in SP with these maps.

Remark 2.12 Precisely speaking, comodules in Definition 2.10 should be called contracomodules,
because our comodules are to modules as contramodules are to comodules in [32], but for simplicity we
adopt our terminology.

The following definition is essentially due to [16], though we adopt a different sign rule.

Definition 2.13 Let X* be an Ao—comodule in CHy. We define a chain complex (CH, X*, d), called
the Hochschild complex of X, as follows. Set CH,, X* = X*(n + 1). By our convention, the total degree
is * — o. The differential d is given as a map
d=d-5 P cH, x> P CH,x“
a—n=k a—n=k+1
Here d is the internal (original) differential on X“(n + 1) and § is given by

n n—i+1 n n+1
§)=Y" > (=Dugoirrx+Y. Y. (~Dfpgorx’
i=0 k=2 s=1k=s+1

for x € X%(n + 1), where € = €(a,i,k) = (a+i)(k+1), 8 =0(s,n,k,a) =sn+ (k + 1)a and x*
denotes the image of x by the action of the permutation in ;4 which transposes the first n —s + 1
letters and the last s letters.

The following example gives some intuition for the definitions of a comodule and the Hochschild complex,
but is not used later.

Example 2.14 Let C be the category of k-modules and A4 be a k—-algebra. Let m, € A(n) be the element
defined by successive partial compositions of the generator y € A(2). Define an A—comodule X4 by

Xa(n)=A®", mpoj(x1® + ®@Xpin—1) =X1 @+ ®Xj—1 ® (Xi +* Xj 1f—1) ®Xj 1k ®*** @ X1,
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where x; ---x;4x—1 is the product in A. We regard X4 as an Ax—comodule via a map A — A
of operads. The Hochschild complex of X4 is the usual (unnormalized) Hochschild complex of the
associative algebra A.

Lemma 2.15 With the notation of Definition 2.13, (c? )2 =0.

Proof Roughly,
(d)*(x) =d(dx —8x) = ddx —d8x — 8dx — §8x
= d (g 0i+1 X + pg 01 X°) + (g 0j+1 dx + pg o1 dx*)
— i1 9j+1 (i 041 X) + 7 0 (g 01 X*) + g o1 (g 041 X)' + a7 01 (g 01 X°)’
= (dpr) oi+1x + (dpg) o x*
— w1 0j+1 (g 041 X) + g © (g 01 X°) 4 g 01 (g 0541 X)° + g o1 (g 01 x°)".
(Here we already canceled the terms containing dx, since the cancellation of signs is obvious.) So we

have six types of terms. To see which terms cancel with each other, we divide these terms into the
following smaller classes:

(1) (dpg) oit1x, djtg = 3 [y Op+1 Kqs
(2) (dpg)or x®, dug =3 i Op+1 Jiq:
(@ s<p+1,
(b) p+q=s,
(¢ p=0andg > s,
d p>0and p+g>s>p+1,
(3) mroj+1 (i 0i+1X):
(@ i</,
by j+I-1<i,
(© j=<i<j+Il-1,
@) proj+1 (g 01 x%):
(@ Jj =0,
(b) j >0,
() o1 (g oit1X)":
(@ i+l<n—k—t+3andl <s+i+1,
b) i+l<n—k—t+3andl>s+1i+1,
© i+1>=n—k—t+3,

(6) ppo1 (ug o1 x*).
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Now we claim that the terms in (1) cancel with the terms in (3¢), (2a) with (5b), (2b) with (5¢), (2¢c) with
(4a), (2d) with (6), (3a) with (3b) and (4b) with (5a).

We shall verify the first and third parts of the claim. Other verification is similar and omitted. For the first
one, the coefficient of a term ((; 0p41 fg) 0i+1 X in (1) is (—=1)*!, where

ar=¢(, p.q)+eai,l+q+1)+1.
For a term in (3-c), by the rules of the partial composition, ft; 0j 41 (fg ©i4+1X) = (Jb] Oi—j+1 k) Oj+1 X.
In order to match this term with a term in (1), we setq’ =k, p+1=i—j+landi’+1=j + 1.
This change of subscripts implies ft; 0j 41 (g ©i41X) = (U7 ©p/41 tq’) Oi'+1 X. Clearly j =i’ and
i = p’+i’. The coefficient of y; 0j+1 (g 0j+1 X) in (3-¢) is (—1)%2, where
ar=¢€(a,i,k)+1+ela+k—2,j,)+1=¢(a,p +i'.qg)+ela—q +2,i’" 1)+2.

When we substitute ¢’ = ¢, p’ = p and i’ = i in the last expression, elementary computation shows
o1 + o =1 (mod 2). Thus the terms in (1) cancel with the terms in (3-¢).

For the third part, the coefficient of a term (7 0p41 ftg) 01 x* in (2-b) is (=1)#1, where
B1=¢U,p,q)+6(s,n,l+q—1,a)+1.

For a term in (5-¢), the condition i + 1 > n —k — ¢ + 3 implies that y; acts on a part of the last ¢ letters.
By this, and the rule of the partial composition, we have

k—1 k—1
1 01 (i 0541 %) =y 01 (ke O —pmktr—1 X" = (g 0 —pker—1 pae) 01 X T

In order to match this term with a term in (2-b), we set p'+1=i—n+k+t—1,¢' =k ands' =t +k—1.
This change of subscripts implies 47 o1 (itg 0i+1X)" = (17 0pr4+1 fg) 01 x° . Clearly t = s’ — ¢’ + 1 and
i = p'+n—s'+ 1. The coefficient of ; o1 (g 0i+1 x)! is (—1)B2, where

Br=¢e(a,i,k)+1+0(t,a—k+2,n—k+1,1)+1
=c(a,p+n—s"+1,¢)+0("—q¢ +1,n—q' +1,a—q +2,1)+2.

When we substitute ¢’ = ¢, p’ = p and s’ = s in the last expression, elementary computation shows
B1+ B2 =1 (mod 2). Thus the terms in (2-b) cancel with the terms in (5-c). O

3 The comodule 7Ty,

The purpose of this section is to define the comodule 7Tz .

3.1 A model of a Thom spectrum

We introduce a model of a Thom spectrum in the category of symmetric spectra. This model is essentially
due to Cohen [11], and is slightly different from Cohen’s original nonunital model, mainly in that we use
expanding embeddings.
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Definition 3.1 Let N be a closed manifold. We fix a Riemannian metric on N and denote by dn (—, —)
the distance on N induced by the metric. The standard Euclidean norm on R is denoted by ||—||. The
distance in R¥ is induced by ||—||.

e For a smooth embedding e: N — L to a Riemannian manifold L, we set a number
dp(e(x),e(y))
dn(x,y)

It is easy to see r(e) > 0. We say e is expanding if the inequality r(e) > 1 holds. Emb®™ (N, L) denotes

r(e):inf{ x,y €N with x # y;.

the space of all expanding embeddings from N to L with the topology induced by the C ®°—topology.

e For a smooth embedding ¢: N — R¥, we define a number |e| by

k
le] =) max{le’ (y)| | y € N},

i=1
where e : N — R is the i component of e and | — | is the absolute value.
e Lete: N — R¥ be a smooth embedding. For € > 0, we denote by v.(e) the open subset of R¥
consisting of the points whose Euclidean distance from e(/N) is smaller than €. Let L(e) denote the

minimum of 1 and the least upper bound of € > 0 such that there exists a retraction 7, : ve(e) — e(N)
satisfying the following conditions:

— For any u € v¢(e) and any y € N we have ||, (1) —u|| < |le(y) —u||, and equality holds if and
only if 7, (1) = e(y).

— For any y € N we have Jre_l({e(y)}) = Bc(e(y))N(e(y) + (TyN)J-). Here Bc(e(y)) is the open
ball with center e(y) and radius e.

— The closure D¢ (e) of ve(e) is a smooth submanifold of R¥ with boundary.
(Such a retraction exists for a sufficiently small € > 0 by a version of the tubular neighborhood theorem;

see [27].) The retraction 7, satisfying the above conditions is unique. We regard the map 7z : ve(e) — e(N)
as a disk bundle over N, identifying N and e(N) via e.

e Let ﬁk_t be the subspace of Emb®™ (N, R¥) x R x R¥ consisting of the triples (e, €, u) with 0 <€ < L(e).

Define a subspace 8]\7,:r C ]Vk_t by (e,e,u) € 8]Vk_r if and only if u ¢ ve(e). We put
N7T=NTJONCT.

We define a structure of a symmetric spectrum on N ~° as follows:

— We let ¥ act on R* and Emb™ (N, R¥ ) by the standard permutation on components. The action
of X on N, * is given by [e, €,u]” = [¢?, €,u’].

— The map S' A N " — N, isgivenby 1 Ale e, u] = [0 x e, €, (1,u)], where we regard St as

R U {oo}, and 0 x e: M — R¥*1 is given by (0 x ¢)(x) = (0, e(x)).
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e We shall define a structure of NCRS on N~7. An element of (N~7 A N77); is represented by data
(le1,€1,u1], [e2, €2, uz]; o) consisting of [e;, €;,u;] € N,_F fori = 1,2 and ky +kz =k, and 0 € Z.
We define a commutative associative multiplication u: N"*AN"* — N~ 7 by

u({ler, €1, u1], [e2. €2, uz]:0)) = [e12, €12, (u1,u2)]°.

Here we set e1p = (e1 X e3) o A, where A: N — N x N is the diagonal map, and set
L(e}) L(ep,)

. €1 €2 / l ’ l
€12 = min{ —, ——, L(ey2), — ., — | m=>2,e7: N>R, ...,e, : N—>R"},
12 gleal” grer” L(€12) glerzl—le}] gleral—len| |7 =01 m
where the finite sequence (e}, ..., e,,) runs through the sequences of expanding embeddings satisfying

(€] x---xey,) o A™ = (e12)" for a permutation T € X, 4k, and the diagonal map A™: N — N™.
Lemma 3.2 The structure of NCRS on N ~F given in Definition 3.1 is well defined

Proof Most of the proof is the same as the proof of [11, Theorem 3]. We shall only verify the associativity
of the number €;5. Let [¢;, €;, u;] be an element of Nk_it fori =1,2,3. We denote by €(12)3 (resp. €1(23))
the number in the second entry of the product of the three elements where the elements labeled by i = 1,2
(resp. i = 2, 3) are multiplied at first. By definition,

. ) €12 €3 L(e}) L(e,) ’ ’
€ =min{ ——, —, L(e123), m>2ey,...,6, ¢,
(12)3 { glesl” gleiz] (e123) gle123]—le] gle123|—lesl - 1 m
where e123 = (e] X ez X e3) 0 A3, and the finite sequence (e’l, ..., ep,) runs through the sequences of
expanding embeddings satisfying (e] x --- x ¢;,) o A™ = (e123)" for some 7 € X, 4k,+k;- BY the
obvious equality |e12| = |e1| + |e2|, we have
. €1 €2 €3 L(e/l) L(e;n) ’ /
€ =min , , ,L(e123), >2,€],. . €0,
12)3 { Slealrleal” glexl+leal” glerirleal (€123 S e e lel | 221 m
where the finite sequence (e}, ..., e;,) runs through the same set as above. The number €;(,3) is also
seen to be equal to the value of the right-hand side. a

3.2 Construction of a comodule %M

Definition 3.3 ¢ For a closed interval ¢ = [a, b], we set |c| = b —a, and call the point %(a +b) € c the

center of c.

e We define a version of the little interval operad, denoted by D, as follows. For n > 1, let D(n) be the

set of n—tuples (cy, ¢2, ..., cy) of closed subintervals ¢; C [—% %] such that c; U---Uc¢, = [—%, %] and
¢i Nc¢j is a one-point set, or empty if i # j, and the labeling of 1,...,n is consistent with the usual

order of the real line R (so —% € c¢1 and % € ¢p). D(1) is understood as the one-point set consisting of
1

-1,

to its center. The partial composition is given in a way that is completely analogous to the usual little

the interval [ %] We topologize D(n) as a subspace of R” by the inclusion sending each interval

interval operad.
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(x3,3)

[T ) 3 (x’y)/4 .
| |

(x2,32)
(x1,31) pld;|

Figure 2: The map A’. The geodesic segment is divided into the pieces of rate of length |cq ]| : |c2] : |c3]-

e We identify Ho(D(2)) with A(2) by sending the generator represented by a topological point to the
generator (L.

Recall that we fixed a Riemannian metric on M in Definition 2.3. Henceforth we equip the space SM
with the Sasaki metric, and the product SM" of n copies of SM with the product metric. We assume
the maximum of the distance between two points in SM is larger than 1. This is clearly possible by
modifying the embedding used in the definition of the metric on M. This assumption is used in the proof
Lemma 3.11(2). We fix a positive number p small enough that a geodesic of length p exists for any initial
value in M. After Lemma 3.7, we impose an additional assumption on p.

Definition 3.4 We define a map
A = Ao, c;i]: SM — SM™

for each 0 = (dy,...,dn) € D(n), c=(¢1,...,cm) € D(m) and 1 <i <n. Let (x, y) denote a point
of SM with x € M and y € Sy M, where Sy M denotes the fiber of the sphere bundle over x. Let
s [—%p, %p] — M denote the geodesic segment with length parameter such that s(0) = x and the tangent
vector of s at Ois y. Let ¢; € [—% %] be the center of ¢, put x; = s(p-|d;|-;) and set y; to be the
tangent vector of s at p-|d;|-;. We set A'(x,y) = ((x1, 1), ..., (Xm, ym)); see Figure 2.

The following lemma is clear from the definition of A0, ¢;i].

Lemma 3.5 For any configurations 0, ¢; and ¢; and numbers i and j, the following equality holds:
Ao, c10j ;i) = (1j—1 x A[ooj er,¢p50 4+ j — 1] x Lj—j) o A0, ¢158].

Here m is the arity of ¢, and 1; is the identity on sMm’. a

Lemma 3.6 For any sufficiently small positive number p, the map A[0, ¢; i] is expanding for any numbers
n>1,m>1andi with1 <i <n, and elements 0 € D(n) and ¢ € D(m).

Proof It is enough to prove the case of m = 2, since for m > 3, A’ is equal to a successive composition
of copies of A’ of arity 2 by Lemma 3.5. We set pg = |d;|p. We shall consider the case that M is a
metric vector space V' as a local model. Take points (x, y), (v, w) € V =V xSV, where SV is the unit
sphere in V. Put ¢ = (c1, ¢2). Let —s and ¢ be the centers of ¢ and ¢;, respectively, with 0 < s, < %
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ands+1 = % By definition, A’(x, y) = [(x — posy, ¥), (x + poty, ¥)]. When we set a = ||x — v|| and
b=y —w]|, we easily see
A" (x, y) — A (v, w)||? > 2a* — po|s — t|ab + {1 pg(s* +12) + 2}b*
>2a” — Lpols —t](a* + b?) + {05 (s> +1%) +2}b>.
So
A/ ) _A/ )
3-1) [A"Cx, y) = A'(v, w)| . VT s h<l.
I(x, y) = (v, w)| 2

We shall consider the case of a general manifold M. There exists a number r > 0 such that, for sufficiently

small p, for any point p € Mand any pair (x, y), (v,w) € T,M x ST, M with ||x||, |v]| <r, we have
the inequality
d(A),(expx,exp’ y), A, (exp v, exp’ w)) L

d(A,TpM(X’ y)’A/TpM(v’w)) 100
where exp is the exponential map at p and exp’ is its differential. Combining (3-1) and (3-2), for
(x,y), (v,w) € SM, we see dg,,2(A'(x,y), A (v, w)) > dsu((x,y), (v, w)) if dpr(x,v) < r. For the
case of dps(x,v) > r, if we take p sufficiently small relative to r, the following inequality holds:

/ /
dd((AAg’ i;’ i((vlj’ul)u)))) >1— 155 for (x,y), (v.w) € SM with d(x,v) > r.

Here A: SM — SM*? is the usual diagonal. Then, if das(x, v) > r, we have the inequality

d(A (x,y), AN(v,w)) > (1 — ﬁ)x/ﬁd((x, ¥), (v, w)).

(3-2)

Thus, we have shown the lemma. O
The following lemma is an exercise of Riemannian geometry:

Lemma 3.7 For any sufficiently small positive number p, the following condition holds. For any n > 2,
G € G(n) and set of positive numbers {€;; | i < j for (i, j) € E(G)} satisfying Z(i,j)eE(G) €ij < p, the
inclusion of subspaces of M"

(o xn) [ VG ) € E(G) xi = xj} = {(x1, ... x0) | V(L)) € E(G). d(xi. X)) < €}

is a homotopy equivalence. O
Assumption In the rest of paper, we fix the number p so that Lemmas 3.6 and 3.7 hold.
We define a D—comodule 7'M of NCRS. We set
SM™*(n) = (SM™)™F,;
see Definition 3.1. We first define a subspectrum Tar(c) C SM™%(n) as follows:
Tar () = {[e,e,u] ESM " (n)g | e < %,omin{lcll, e |cn|}}.

Algebraic & Geometric Topology, Volume 24 (2024)



206 Syunji Moriya

We define a subspectrum 7Tas (1) C Map(D(n), SM~% (1)) as follows:
peTum)y < ¢(c)eTu(r forall ceD(n).

It is clear that the inclusion Ty (n) — Map(D(n), SM~*(n)) is a level-equivalence for any n > 1. We
denote the sequence {737 (1)} by Tar.

We shall define an action of £, on Ty (n), with which we regard Ty as a symmetric sequence. For
c=(c1,...,cp) €D(n) and 0 € X, we define ¢® € D(n) to be the configuration of the subintervals of
length |co 1], [co(2)ls - - -+ [Co(m)| Placed from the side of —% to the side of % For [e,e,u] € SM™(n)
and 0 € X,, we set [e,€,u]y, = [e 0 0,€,u] where a: SM" — SM" is given by (z1,...,z,) >
(Zg=1(1)s - - + s Zo—1(n))- (To distinguish the action of X which is a part of the structure of the spectrum,

we use the subscript [—]q.)

Definition 3.8 With the above notation, for ¢ € Tas (1) and o € =, we define an element ¢ € Tz (1n)x by

¢7(c) = {p(c" o

Clearly ¢ — ¢° gives a S,—action on T (n).

In order to define a partial composition on T, we shall define a map
E=E,¢i]:SM " (n+m—1) —> SM *(n).
For an element [e, €, u] € SM™%(n +m — 1), we put
o ¢/!=eo(li_1 x A x1,_;): SM" — R¥, where A’ = A[0, ¢;i] and 1; is the identity on SM*, and

o ¢ =(1/8""1)min{e, L(e,d0;¢)}, where L(e, ¢’) is the minimum of the numbers L(eoA[cy, ¢2; j])

over all triples (c1, ¢2, j) satisfying ¢’ = (¢ o, ¢2) o; ¢3 for some configuration ¢3 and number /.

By Lemma 3.6, ¢’ is expanding. We set E([e, €, u]) =[¢’, €/, u]. Clearly E is a well-defined map of spectra.

Definition 3.9 Using the above notation:
e We define a partial composition

(—o0i =):D(m) & Tag (n +m—1) > Tay (n)
on T by setting

(coi ¢)(0) = E(¢(00; ) where E = E[o, c;i],
for elements ¢ € Tpr(n +m —1), ¢ € D(m) and 0 € D(n).
o We define a multiplication fi: Tas (1) A Tag (n) — Tar (n) by
(@1, 92:0))(0) = u({¢1(0). $2(0): 0)).
where p denotes the multiplication given in Definition 3.1.

With these operations and the action of 3, in Definition 3.8, we regard T M as a D—comodule of NCRS.
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Lemma 3.10 The structure of a D—comodule of NCRS on Ty given in Definition 3.9 is well defined.
Proof By Lemma 3.5, we see the equality in Definition 2.10(1) holds. The equality in (2) in the same
definition is clear.

We shall prove the equality in (3). Take elements ¢ € D(m), 0 € D(n), ¢ € Tu(m+n—1)and o € =,,.

By definition, » »
(c0; $)7(0) = {c0i p(?7 )}o ={E1(PQ7 0))}o.

€og-1(3) (87 @) = B2t (@061 )T oy
where 1 = E[D"_1 ,c;i]and E» = B[0, ¢;o1(i)]. It is easy to check the equalities

0 oje=(005-13) 0% and {E1(x)}e = E2(¥o,)-
These verify the desired equality. Compatibility of the multiplication with the partial composition
is obvious. d

3.3 Construction of the comodule 73,

Let p and ¢ be two different integers with 1 < p,g <n, and ¢ € D(n) be an element. We set a number

8pq(c. €) by
Opq(c.€) = %P(|Cp| +[eql) —€

for a number €. We define a subspectrum 7,4 (¢) C T (¢) by the following equivalence. For each k > 0,
le,e.ul € Tog(O)x = [e,e,u]l=x or dy(xp,xq) <8pq(c,e€),

where x; € M is the image of the i component of . (u) by the standard projection SM — M for
i = p,q. On the right-hand side, 6,4 (¢, €) is positive by the definition of T (¢). Define a subspectrum
Tpq(n) C Ty (n) by

P ETpg(n)k = ¢(c) € Tpg(c)x forall c € D(n).

Clearly we have T,4(n) = T4p(n). The following lemma is the key to defining the comodule 737. Most
of the preceding technical definitions are necessary to make this lemma hold.

Lemma 3.11 (1) For any numbersn > 1 and m > 2 and element ¢ € D(m), let co; Tpq(n +m—1) C
Tu (n) denote the image of Tpq(n +m — 1) by the map ¢ o; (—). We have the following inclusion
at each level k:

{*} ifi<p<q<i+m-—1,

Tpi (n) ifp<i<g=<i+m-—1,
co; Tpg(n+m—1) C | Tp,g—m+1(n) if p<i,i+m—1<gq,

Ti.g—m+1(n) ifi<p<i+m-—1<gq,

7;)—m+1,q—m+1(n) ifi+m—1< P <4q.
More precisely, for example, the second inclusion means co; Tpq(n+m—1)x C Tpi(n)y for each k.

(2) The image of Tpq(n) ATu (n) by the multiplication ji given in Definition 3.9 is contained in Tpg(n).
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Figure 3: The first inclusion of Lemma 3.11(1) with n = 2. The bold line is a part of the geodesic
segment used to define A’, (x’, y’) is the i™ component of 7. (1) € SM", and x; and x; exist
in the interior of the disks at x; and x; if (co; ¢)(0) # *.

Proof We shall show (1). Let ¢ € D(m), 0 € D(n) and ¢ € Tpq(n +m — 1) be elements. Let (e, €, u)
be a representative of ¢ (0 o; ¢). Write
me(u) = ((x1,31), - -, Xn4m—1, Yn4+m—1)),
{(Lim1) x A" x (Lp—i) }we () = (X7 Y1)+ -+ g1+ Yngm—1)):
with x;, xj/. €M, yj€Sx;M and yj’. € Sx} M . Here we use the notation given in the paragraph above
Definition 3.9. We shall show the first inclusion, the case of i < p <g <i +m —1.

The situation of the case n = 2 is as in Figure 3 (so p =i and ¢ =i +1). We first give a sketch of the proof
for n = 2. We suppose (co; ¢)(0) # * and will show a contradiction. Since the map A’ arranges points
along a geodesic and the length of the geodesic segment between x; and x;  ; is % pldi|(lc1] + |c2]), we
have dps(xj, x{ ;) > 8(D0; ¢, €). As we have taken €’ in the definition of E sufficiently small, x; and x;
(resp. xj+1 and xlf 4p) are sufficiently close. These observations imply dps (x;, Xj+1) > 6(0 0; ¢, €), or,
equivalently, ¢ (D o; ¢) & Tpq (D 0; ©).

We shall give the formal proof. We assume (¢ o; ¢)(0) # *. Since the image of ¢’ is contained in the
image of e and the map 7, sends u to its closest point in e(M) = M, we have

[ —e(me @) < llu—e'(mer @) <€
So
e’ (7rer () — e(mwe ()| < [l€’ (wer () — || + [lu — e(me ()| < 2€”.

Ase’ =eo(1j—1) x A" x (1,—;) and e is expanding,
d{((xlb y/l)’ ) (x;z—i—m—lv y}/1+m—1))1 ((xl’yl)’ CRER ) (xn—i—m—l, J’n+m—1))} < 26/’
where d denotes the distance in SM"T"~1. So
dy (xj, x5) < dsu((xj, y;), (xj, p})) <2€" for j=1,....n+m—1.
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By this inequality, and the definition of the map A’, we have the inequality
dpt (5p. Xg) = dig (xy. x) — dag (5p. X)) — g (xg. X)) = dpg (x). x}) — e’
> Lpldi[(cpiv1]+leg-is1]) —4€ = Lp(1@0; O)p] + (@ o; )gl) —4€
Lo(1(@ 07 ©)pl + 1@ 05 gl —€/2 > 8 (D05 €. ).
This inequality implies ¢ (0 o; ¢) & Tpq (9 0; ¢), which is a contradiction. So (co; ¢)(d) = *, and we have

A%

proved the first inclusion.

We shall show the second inclusion, the case of p <i <gq <i +m — 1. Let (x’, y’) € SM be the i
component of ./ (u). Clearly,
((F Yoo K gme Yigm—1)) = A ).

By an argument similar to the above, we have the inequality
dyr (x, X') <dpg (x, xp)+dpg (Xp, Xg)+du (xg. xg)+dp (x, x")

<2¢'+8pq(00;¢, €)+2€'+ 3 pld; [(1=|cg—i+1])

=2p(|dp|+|di|lcg—i+1])—e+4€ +3pldi |(1=|cqoi+1]) < 2 p(|dp|+|di|)— %€ <8pq(D. €).
This implies the second inclusion. The other cases are similar to the first and second cases. The proof

of (2) is similar in view of the assumption on the metric given in the paragraph after Definition 3.3, and
so is omitted. d

Let 75 (1) be the subspectrum of Tjs (1) whose space at level k is given by
T = |  Toak.
l<p<q=<n
Since {Tpq(n)}° = To-1(p).6—1(g) ("), we have that Tgy(n) is stable under the action of ¥,. By
Lemma 3.11, the sequence {7ty (n)}n>0 is stable under partial compositions and is an ideal for the
multiplication fi. So the sequence {7, (1) }n>0 inherits a structure of a comodule from Ta M, and we can
define the quotient comodule as follows:

Definition 3.12 We define a spectrum 7 (1) by the quotient (collapsing to *)
Taa (Wi = Toa () Tra ()i

for each k > 0 and n > 2, and by Tas(1) = Tar(1). We regard the sequence Tps = {TmM(n)}n>1 as a
comodule of NCRS with the structure induced by that on e

4 Atiyah duality for comodules

Definition 4.1 We define the following zigzag consisting of D—comodules of NCRS and maps between

them:
(Cn)Y L (Fa)¥ s (Fag)Y L Fyy 255 Bl & T
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o SetCp(n) =C" 1(M). When we regard a configuration as an element of Cpz (1), we label its points
by 1,...,ninstead of 0, ...,n—1. We give the sequence Cps = {Cpsr(n)},>1 a structure of an .A-module
as follows. For the unique element x € A(2) and an element x € Cps(n), we set x o; 0 = d’~1(x), where
d'~1 is the coface operator of C*(M). The action of X,, on Cp(n) is given by permutation of labels and
(Capr)VY is the A—comodule of NCRS given in Definition 2.10. By pulling back the action by the unique
operad morphism D — A, we also regard (Cps)Y as a D—comodule.

e Let Fps(n) be the subspace of D(n) x SM" defined by the following condition. For an element
(¢; (X1, 91)s -+, (Xn, yn)) € D(n) x SM" with x; € M and y; € Sx; M,

(¢ (x1, 1), (n,yn)€F(n) <= d(xi,x;)> %p(lci|+|cj|) for each pair (i, j) with i # j,
where p is the number fixed in Section 3.2.

e The sequence {Fas(n)} has a structure of a D-module. For ¢ € D(n) and (0; z1, ..., 2n) € Fpr(n), we
set 0:21,...,zp)0; ¢ =(0;¢;z1,...,A(2i),....zy), where A’ = A0, ¢;i] is given in Definition 3.4,
The symmetric group acts on Fps(n) by permutation of little intervals and components. The D—comodule
of NCRS (Fyy)Y is the one induced by Fjy.

e We shall define a symmetric sequence of spectra {Sys (n)},. Set Sum () =N o« for N = SM" (see
Definition 3.1). Define a subspace 9(Sps(n))r C Sy (n)i by (e, €,v) € 3Spr(n)g if and only if |v| > €.
We put

Sm (W) = Sa (n)/9Sar ().

We regard Sps (1) as an NCRS by a multiplication defined similarly to that of N ~F, given in Definition 3.1.

e Set F ;4 (n) := Map(Fpr(n), Spr(n)). We give the sequence { F ];rl (n)}n a structure of a D—comodule
as follows. For c € D(n) and f € FATJ (n+m—1),set co; f to be the composition

Far(m) S5 Fyyntm—1) L Sy +m—1)% Sy ().
Here « is given by
a(fe,e,v]) =[e/, €, v],

where e’ and €’ are as defined in the paragraph above Definition 3.9. Similarly to (Cas)Y, we define a
multiplication on F ATJ (n) as the pushforward by the multiplication on Syy ().

e We define a map D Tu (n) —> FL (n) of spectra by
D, () ((¢;21, ..., 2n)) = [e. €, u—e(z1.. ... 2n)].

Here we write ¢(¢) = [e, €, u] and we set € = %e. Lemma 4.2 proves that ®,, induces a morphism
D, Tyy(n) - F ;4 (n) which forms a morphism of comodules.

e We shall define a D—module I*:M. Set
Far,1(n) = [0, 1] x D(n) X Car (n)/ ~,
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where the equivalence relation is generated by the relation (¢, ¢, z) ~ (5,0, z’) if and only if s = = 0 and
z=2z'. Fyr(n)is the subspace of FM,I (n) consisting of elements (¢, ¢, z) with z = (x, Uy, yr ) satisfying

t#0 = zelt(Cpy(n) and dup(xi,x;)>1-2p(|ci| +|c;]).

Here Int(Cps (n)) is the subspace consisting of the elements (xg, uz;, y) such that x; # x; if k #£ [, or
equivalently, (xg, uy;) belongs to Cy, (M) via the canonical inclusion Cy, (M) C C,(M). We endow the
sequence {f M (n)}, with a structure of a D-module analogous to that of Fjs. The difference is that we
use the number 7p instead of p in the definition of A’ for ¢ > 0, and use the module structure on Cps
for t = 0. The obvious inclusions ig: Cps(n) — Fy (n) and iy: Fpr(n) — Fy (n)tot =0, 1 give rise to
morphisms of D-modules ig: Cpr — FM and i;: Fyy — ﬁM.

* To define F;,, p« and g, we shall define a symmetric sequence of spectra {S},(n)},. Let g;‘,[ (n) be
the subspace of Emb((SM)", R¥) x R x S¥ consisting of triples (e, €, v) with 0 < € < L(e). We put

Shy (W) = Sy (W) /{(e. €, 00) | e, € arbitrary},
where we regard S¥ = R¥ U {oo}. We regard Shy(n) as a spectrum analogously to Sps(n). Let
p: S}y (n) = Spr(n) be the map induced by the collapsing map Sk Rk /{v||v]| =€} and g: Sy — S
be the map forgetting the data (e,€). Set F;, (n) = Map(Fpr(n), S}y, (n)). We regard {F;,(n)} as a
D—comodule of NCRS analogously to F 1\T4 The pushforwards ps and g« are clearly morphisms of
comodules of NCRS.

Verification of well-definedness of the objects defined in Definition 4.1 is routine work. For example, the
associativity of the composition of Cps follows from the cosimplicial identities of C*(M'), and that of Fs
can be verified similarly to the associativity of little cubes operads. We omit details.

Remark Right modules similar to Fjs are used in [2; 6].

Lemma 4.2 The map ®,, uniquely factors through a map ®,,: Tas (n) — F ]L (n), and the sequence {®,}
is a map of D—comodules of NCRS.

Proof We shall show that ®,, (¢) = * for any element ¢ € 7,4 (). Suppose that there exists an element
(¢:21,...,2n) € Far(n) such that ®,(¢)(c;z1,...,2,) # * € Spr(n). If we put ¢(c) = [e, €, u], the

inequality ||lu —e(z1,...,zx)| < %e holds. So ||lu —e(weu)| < %e. Thus,

lle(meu) —e(z1,...,zn)|| < lle(meu) —u| + |lu —e(z1,...,z0)| < %e.
As e is expanding, we have d (e (1), (z1,...,25)) < %e where d denotes the distance in SM”. If we
write z; = (x;, ¥;) and we(u) = ((X1, ¥1), ..., (Xn, ¥n)) as pairs of a point of M and a tangent vector, it

follows that dps (X;, xi) < %e, and
d(Xp,%q) > d(xp. xXq) —d(xp, Xp) — d(xg. Xq) > 3p(Icp| + |cq|) —€ = pq (c. €).

This inequality contradicts the assumption ¢ € 7,4(n). Thus we have proved o, (Tpg(n)) = *. This
implies the former part of the lemma. The latter part is obvious. O
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Definition 4.3 A D—comodule of NCRS is semistable if the spectrum X(n) is semistable for each n.
A map f: X — Y of D-comodules of NCRS is a wy—isomorphism if each map f,: X(n) - Y(n) is a
mx—isomorphism (see Section 2.1).

The notion of a wy—isomorphism in Definition 4.3 is what we call “weak equivalence” in Theorem 1.1.
Since a mx—isomorphism of spectra is a stable equivalence, a wyx—isomorphism of D—comodules gives a
stable equivalence at each arity. The following is a version of Atiyah duality which respects our comodules.
We devote the rest of this section to its proof.

Theorem 4.4 As D—comodules of nonunital commutative symmetric ring spectra, (Cpr)" and Tyy are
mw«—isomorphic. Precisely speaking, all the comodules in the zigzag in Definition 4.1 are semistable and
all the maps in the same zigzag are m—isomorphisms.

Definition 4.5 * For G € G(n) and ¢ € D(n), we define two subspectra 7 (¢), Tra(c) C Tar () by

Noaere Tpa© HGET, 0 o o= U 7@

Te(c) = .
Ta (¢) if G =, l<p=g<n

Similarly, we define a subspectrum 7 C Taz (1) by
76 = | Dwer@) T 16 #2,
Ty (n) ifG=0.
Here the union and intersections are taken in the levelwise manner.

¢ We fix an expanding embedding eo: SM — RX, a positive number €y < L(ep) and a configuration
¢o € D(n) such that €y < % min{|ci]. ..., |cn|}. We set v = v¢,(eg). We impose an additional condition
on ¢¢ in Definition 5.8, which is satisfied by any sufficiently small €q, and we will assume K is a multiple
of 4 in the proof of Theorem 5.16. (We may impose the assumption on K from the beginning, but for the
convenience of verification of signs we do not do so.)

e Fora graph G € G(n), let M™(@) be the space of maps 7¢(G) — M with the product topology, where
7o(G) is the set of connected components of G. Let Dg be the pullback of the diagram
SM™ projection M" < M;-;O(G)

where the right arrow is the pullback by the quotient map n — m9(G). Dg is naturally regarded as
a subspace of SM" via the projection of the pullback. This subspace is the same as the one given in
Section 1. We define the subspace FD, C SM" as the unions of the spaces DG whose graph G has at
least one edge.

e Consider v C R™X as a disk bundle over SM" and denote by vg be the preimage of Dg by the
projection v — SM". Let Ag: Th(vg) — TG (co)nk be the map [u] — [(eo)”, €0, u]. Then A induces
a morphism Ag: "X Th(vg) — TG (co) in Ho(SP), where X denotes the suspension.

Lemma 4.6 For a closed smooth manifold N and k > 1, the inclusion I : Emb™ (N, R¥) — Emb(N, R¥)
is a homotopy equivalence.
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Proof Let f:R-o— R be a C°—function which satisfies the following inequalities:
f(x)>% for x <1, f(x)>=1 for x> 1.

We define a continuous map F: Emb(N, RF) — Emb™ (N, R¥) by e — f(r(e)) - e, where r(e) is the
number given in Definition 3.1, and - denotes componentwise scalar multiplication. A homotopy from
Foltoidisgivenby (¢,e) — {t + (1 —1) f(r(e))}-e, and a homotopy from 7 o F to id is also given by
the same formula. |

Lemma 4.7 We use the notation in Definition 4.5. For each n > 1 and G € G(n), Tas(n) and Tg are
semistable, and each map in the following zigzags in Ho(SP) is an isomorphism.

K Th(vg) 2% 76 (co) < Ta,

=K (Th(™) /Th(" [kp,)} 29> Tor(c0) /{Tra(c0)} < Tar (n).

Here, see Section 1 for FD,,, and the right maps are the evaluations at cg.

Proof For simplicity, we shall prove the claim for the maps in the first line for the case of G = &. The
same proof works for general G thanks to the assumptions on p given in Section 3.2. Set N = (SM)".
The evaluation at ¢g and the inclusion 7z (cg) C N~ ° are clearly level equivalences. So all we have to
prove is that 7 is semistable and that the composition of Ag and the inclusion, which is also denoted by
Ag: "8 Th(vg) — N7, is an isomorphism in Ho(SP). We define a space & by

£ = {(e.€) | e € Emb™(N,R¥) and 0 < € < L(e)}.

By Lemma 4.6 and Whitney’s theorem, & is (%k—n (2d—1)—1)—connected. Let P: ]V,;f — & be the
fiber bundle obtained from the obvious projection N, * — & by collapsing the complements of the ve(e)
in a fiberwise manner (see Definition 3.1). So each fiber of the map P is a Thom space homeomorphic to
Th(vg). P has a section s: & — N i to the basepoints, and there is an obvious homeomorphism

N % /s(E) = N °.
With this, by observing the Serre spectral sequence for P, we see that the composition

— A — — ion of —
Sk nK/\Th(l)g) G Sk nK/\Nn[é action of S th

is (%k—Zn 2d —1)—2)—connected. This implies N7 is semistable and A is an isomorphism. |

Proof of Theorem 4.4 Similarly to the proof of Lemma 4.7, it is easy to see Sps and S, are semistable,
which implies each comodule in the zigzag in Definition 4.1 is semistable, combined with the fact that the
spaces Fyy(n), Fy (n) and Cpy (n) have homotopy types of finite CW complexes. It is clear that p and ¢
are my—isomorphisms, and so are ps and g«. Then ip and i1 are homotopy equivalences for each n, since
Faz(n) is homotopy equivalent to the mapping cylinder of the inclusion C,, (M) C C, (M), which is also
a homotopy equivalence. So (ig)" and (i1)" are m«—isomorphisms. Finally ®, is a w«—isomorphism
since it reduces to the equivalence of the original Atiyah duality in the (homotopy) category of classical
spectra via Lemma 4.7; see [7]. O
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5 Spectral sequences

5.1 A chain functor

Definition 5.1 ¢ For a chain complex Cy, C[k]« is the chain complex given by C [k]; = C4; with the
same differential as Cx (without extra sign).

« Fix a fundamental cycle wgi € C1(S!). Let C«(U) denote the reduced singular chain complex of
a pointed space U. We shall define a chain complex C.(X) for a spectrum X. Define a chain map
i,g(: Cx(Xi)[k] = Cx(Xiy1)[k+1] by i]g((x) = (—l)lo*(wsl x x) for x € C;(Xy), where 0: S'A Xj —
X 41 is the structure map of X. We define Cy«(X) as the colimit of the sequence {Cy(Xy)[k]: i ,‘CX He>0-
Clearly the procedure X +— C,(X) is extended to a functor SP — CHy in an obvious manner.

e For a spectrum X, we denote by H4(X) the homology group of C«(X).
e Let fCW denote the full subcategory of CG spanned by finite CW complexes. We define a functor
CE:(fCW)P — CHy by CE(X) = C_g(XY).

The proofs of the following two lemmas are very standard, so we omit them.

Lemma 5.2 If f: X — Y is a stable equivalence between semistable spectra, the induced map
Jfrx: Cx(X) = Cx(Y) is a quasi-isomorphism. |

Lemma 5.3 There exists a zigzag of natural transformations between C* and Cg: (fCW)® — CH,, in
which each natural transformation is an objectwise quasi-isomorphism. O

Remark 5.4 The functor Csx does not have any compatibility with symmetry isomorphisms of the
monoidal products A in SP and ® in CHy, so the multiplication on 7Tz (n) defined in Section 3 does
not straightforwardly induce a multiplication on Cx(7a7(n)). To enrich the Cech spectral sequence
with multiplicative operations, we will need some extra work as in [33], which is not dealt with here.
The E>—term of the spectral sequence has a multiplication induced by a simplicial CDBA given in
Definition 5.14, but its topological meaning is unclear at present.

The functor Cy: SP — CHy has some compatibility with the tensor & with a space.

Lemmas.5 (1) ForU €(CG and X € SP, the collection of Eilenberg—Zilber shuffle maps
{EZ: Co(U) ® Cu(Xp)[k] = Cu(Us) A X[k}
induces a quasi-isomorphism
C+(U) ® Cx(X) — Cy (U & X).
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(2) Let O be a topological operad and Y be an O—comodule in SP. A natural structure of a chain
C«(O)—comodule on the collection C+Y = {Cx« (Y (n))}, is defined as follows. The partial compo-
sition is given by the composition

Cs(OmM) @ Cx(Y(m +n—1)) = Cx(O(m) ® Y(m +n—1)) = Cx(Y(n)),
where the left map is the one defined in (1) and the right map is induced by the partial composition
on Y. The action of X, on C«(Y)(n) is the one induced naturally.

Proof The cross product wgi X x is equal to EZ(wg1 ® x) by definition, and the shuffle maps are
associative and compatible with the symmetry isomorphisms of monoidal products without any chain ho-
motopy for normalized singular chains, so the maps EZ are compatible with the maps i ,g( in Definition 5.1
(the sign commuting an element of C«(U) and wg: is canceled with the sign attached in the definition
of i ,g( ). This implies the first part. The second part follows from commutativity of the following diagram,
which is clear from the property of the shuffle map mentioned above:

Cx(U) ® Cx (V) ® Cx(X) —— Cx(U) ® C5(V & X)

l l

Cs(UXV)QCy(X) —— Cx(UXxV)® X)
Here U,V € CG, X € SP, the left vertical arrow is induced by the EZ shuffle map and other arrows are
given by (1). |

5.2 Construction of the Cech spectral sequence

Definition 5.6 We define a Cy«(D)—comodule Tf’i of double complexes consisting of the following data:

e a sequence of double complexes {Ti"i (n)}n>1 with two differentials d and 9 of degree (0, 1) and

(1, 0), respectively,

* an action of X, on T% (n) which preserves the bigrading, and

e a partial composition (—o; —): Cx(D(m)) ® Ti"i m+n—1)— Ti"{*Jrk (n).
These satisfy the following compatibility conditions in addition to the conditions in Definition 2.10:

dd=0d, d(ao;x)=dao;x~+ (—D*ao;dx, dao;x)=aoc;ix.
We define the double complex Ti"{k (n) by
™Hm= P C.(T6)
GeG(n,p)

for p >0 and T}D‘{* (n) =0 for p <0, where G(n, p) C G(n) is the set of graphs with exactly p edges (see
Definition 4.5 for 7). The differential d is the original differential of C«(7g). The other differential o
is given by the signed sum

p
0= (=11,
t=1
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where 0, is the standard pushforward by the inclusion 76 — 7, where the graph G; is defined by
removing the ™ edge from G (in the lexicographical order). The action of o on Ta (n) restricts to a map
0:7G = Ts—1(G); see Section 2.1 for o~ 1(G). This map induces a chain map o : C«(Tg) — Cx (T, -1 G))
by the pushforward of chains. For G € G(n, p), let og € X, denote the composition

p=E( (G)) > E(G) = p.

where 2 denotes the order-preserving bijection and the middle map is given by (i, j) — (0 (i), 0(j)). We
define the action of o on TM (n) as sgn(og)-0x on each summand. We now define the partial composition.
Let f;:m + n — 1 — n be the order-preserving surjection which satisfies f; (i +t) =i fort=1,...,m—1.
For elements « € C«(D(m)) and x € C«(Tg) with G € G(n+m—1), it #E( f; (G)) =#E(G) then the partial
composition «o; x € C« (T, ) is defined similarly to Lemma 5.5 with the map (—o; —): D(m) TG — Tf:G>
and if #E£( f;(G)) < #E(G) then « o; x is zero. This partial composition is well defined by Lemma 3.11.
The compatibility between d, d and (— o; —) is obvious. We have completed the definition of ™.

Let Tot Tﬁ (n) denote the total complex. Its differential is given by d + (—1)?0 on Ti‘{] (n). We regard
the sequence Tot Ti"{k = {Tot Ti"i (n)}, as a chain Cx(D)—comodule with the induced structure. We fix
an operad map [ : Aso — Cx«(D), and regard Tot TM as an Ase—comodule by pulling back the partial
compositions by f. We consider the Hochschild complex CH, (Tot "\fﬁ) associated to this .Asc—comodule;
see Definition 2.13. The total degree of elements of CH, (Tot Ti"i) is —* — x —e. We define two filtrations
{F~P} and {F P} on this complex as follows. F 7 (resp. F —?) is generated by the homogeneous parts
whose degree satisfies x + e < p (resp. ® < p). We call the spectral sequence associated to { F~7} the
Cech spectral sequence, in short, Cech s.s., and denote it by {IVEr_p 43, The spectral sequence associated
to { F~P} is denoted by {E; ”*9},.

Lemma 5.7 The spectral sequence E, in Definition 5.6 and Sinha spectral sequence E, in Definition 2.7
are isomorphic after the E1—page.

Proof Put No =#{(i,j)|i,j €n withi < j}andlet X : Py, = G(n) —{d} — SP be the functor given
by Xg = Tg. By applying Lemma 2.2 to this functor, we see that the map Tot Tﬁ (n) = C«(Tar (n))
induced by the collapsing (quotient) map 7as (n) — Tas (1) is a quasi-isomorphism. Combining this with
Theorem 4.4 and Lemma 5.2, the two comodules Cx (CJ\\/J) and Tot T** are quasi-isomorphic. Clearly
CH, C«(Cpy) is quasi-isomorphic to the normalized complex of C«(C*(M)"), which is quasi-isomorphic
to the normalized total complex of C*(C*(M)) by Lemma 5.3. Thus, CH, Tot "\f%( and the normalized
total complex of C*(C*(M)) are connected by a zigzag of quasi-isomorphisms which preserve the
filtration. This zigzag induces a zigzag of morphisms of spectral sequences which are isomorphisms after
the E;—page because the homology of Tot Ty (1 + 1) is isomorphic to H*(C" (M )) under the zigzag. O

5.3 Convergence

In this subsection, we assume M is orientable. We shall prepare some notation and terminology which is
necessary to analyze the Ej—page of the Cech s.s.
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Definition 5.8 ¢ We fixed an embedding e¢: SM — RX and a number €o in Definition 4.5. We also
fix an isotopy t;: SM — R2K with 1p = 0 x eg and 17 = Agk oeg, where 0 X eg: SM — R2K g given
by (0 x eg)(z) = (0, e9(z)) and A« is the diagonal map on RX. We impose the additional condition
that € is smaller than min{L(¢;) | 0 < ¢ < 1}. We also fix a 1-parameter family of bundle maps
Kt:Veo(0 X €g) = ey (1) with ko = id.

e We fix the following classes:
W€ Hyg_1(SM), wp € H>**71(SM x SM, A(SM)®), wgx € Hg(SX), wgx € HX(SK),
wy € HE24H 1 (Th(v)),  w(n) € H"K24+D(Th(W™)), y € HY(SM x SM, (SM x pr SM)®).

Here w is a fundamental class of SM, A(SM)€ is the complement of the tubular neighborhood of the
(standard, nondeformed) diagonal, wa is the diagonal class satisfying the equality

(B X W) Nwpr = Ax(D) € Hyg_1(SM?),

wgk is the cross product (wg1)*” of K copies of the class wg1 fixed in Definition 5.1, wgx is the class
such that wgx Nwg«k is the class represented by a point, and w,, is the Thom class satisfying the equality

K1 (@A - (0y X 0y)) = ©gx X Wy.

Here wa - (wy X, ) is naturally regarded as a Thom class for the bundle ve, (Ag & 0eg). We set w(n) = w,".
The class y is a Thom class of a tubular neighborhood of SM xj3s SM in SM x SM.

e We call a graph in G(n) which does not contain a cycle (a closed path) a tree. For a graph G € G(n),
vertices i and j are said to be disconnected in G if i and j belong to different connected components of G.

e Fori < j,letm;j: SM™ — SM*? be the projection given by ;;(z1,...,zn) = (zi,2;). Set D;; = Dg
for E(G) ={(i, j)}, and
yij =5 (y) € H(SM" . (Dyj)°).
For a tree G € G(n), write E(G) as {(i1, j1) <--- < (ir, jr)} withi; < j; fort =1,...,r. We put
we =" NYiyjy - Virjr € Hu@d—1)-rd (D).
Clearly wg is a fundamental class of Dg.
e Let G € G(n,r) be atree. Suppose i and i + 1 are disconnected in G. Let d;: n — n —1 be the map
given by . <
. J iy =i,
di(j)=1". LT
j—1 ifj>i+1,
and set H = d; (G) € G(n — 1). We define maps
$G: Hi(Th(vG)) = Hink (T6), G Hi(T6) — H " (Dg).
wi: He(TG) — Hx(Th). m;: H*(Dg) — H*(Dg).
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The map ¢¢ is the composition

H.(Th(vg)) L% 7, (T6(co)nk) = Henk (T6(0)) = Hank (T6).

where Ag is the map defined in Definition 4.5, the second map is the canonical one and the third
is the inverse of evaluation at ¢g. Clearly ¢¢ is an isomorphism. The map {¢g is the composition
(wg N—=)"Lo(=Naw(mn))o ¢51 consisting of

R - e
Hy(Tg) == Hytnk (Th(vg)) ZOe@), Hyna—1)(Dg) eI, p—+ a(Dg).

The map w; is induced by the partial composition pu o; —, where . € Ho(D(2)) = A(2) is the fixed
generator. The map m; is given by (—I)AA;k, where A = * +dr +n with r =#E(G), and AT denotes
the pullback by the restriction to Dg of the diagonal

At SM"Y S SM™, (zy, .. zpe) - (21 2 Zi e Zne1).

e We denote by H Tf’i (n) the bigraded chain complex obtained by taking the homology of Tf’i (n) for
the differential d; see Definition 5.6. Its differential is induced by the differential (—1)49 on T% (n).
We regard the collection H ™ = {H ™ (n)} as an A—comodule with the structure induced by T™ . As
a k-module, HTM (n) is the direct sum P ec(n) H+(Tg). We denote by a G the element of H ™ (n)
corresponding to a € H«(Tg).

e The homology of the Hochschild complex CH, (H Tf’i) has the bidegree (—® —*, —%). We denote the
homogeneous part of bidegree (p,q) by H—p 4 (CH(H’TM)).

e For two graphs G, H € G(n) with E(G)N E(H) = &, the product GH € G(n) denotes the graph with
E(GH) = E(G)U E(H). Let i, j, k € n be distinct vertices, and [ijk] € G(n) denote the graph with
E([ijk])={(, j),(j,k)}. For a graph G € G(n), the products G[ijk], G[jki] and G[kij] have the same
connected component (if they are defined), so vg[ijk] = VG[jki] = VGkij]- Using these equalities, and
the isomorphisms ¢ for G’ = G[ijk], G[jki] and G[kij], we identify the three groups Hu«(TGH1[ijk])s
Hy(Tg[jki]) and H«(Tgki;]) With one another. Under this identification, let /(n) C H TM (n) be the
submodule generated by

— summands of graphs which are not trees, and

— elements of the form aG[jki]+ (—1)*aG[ijk]+ (=) aGlkij] for (i, j), (j. k), (i, k) ¢ E(G),
where a € Hx(Tg[ijk]), s + 1 is the number of edges of G between (i, j) and (i, k), and 7 + 1 is
the number of edges between (i, k) and (J, k).

e We say a graph G € G(n) with an edge set E(G) = {(i1, j1) <--- < (i, jr)} is distinguished if the
following inequalities hold:

1< Jlseeesdy < Jp, 01 <:<lp.
We denote by G(1)% C G(n) the subset of the distinguished graphs.
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The following lemma is obvious by the definition of the Cech s.s.

Lemma 5.9 With the notation in Definition 5.8, the E,—page of Cech s.s. is isomorphic to the homology
of the Hochschild complex of H Tﬁ More precisely, there exists an isomorphism of k—-modules

EP? ~ H_, _,(CH(HTM)) foreach (p,q). O

Lemma 5.10 With the notation in Definition 5.8, I(n) is acyclic, ie Hy(I(n)) = 0, and the sequence
{I(n)}, is closed under the partial compositions and symmetric group actions.

Proof Since G(n)% is stable under removing edges, the submodule @GGG(n)dis H.(Tg) of H ™ (n) is
a subcomplex. By an argument similar to (the dual of) [14], the inclusion

TGm™) := @ H«(To) c HTM (n)
GeG(n)dis

is a quasi-isomorphism. We easily see that the map T(G (n)%s) — T(n) /I(n) induced by the inclusion is
an isomorphism (see the proof of Lemma 6.9). |

Lemma5.11 Let é;:SM—R?X be an isotopy with &y =0xeq and &; = egx0, and F; Veo (€0) = Ve, (€7)
be an isotopy which is also a bundle map covering é; satistying Fo = id. Then

(F1)*(0y x wgx) = (~D)Kwgx x wy.

Here w, x wgk is considered as a class of H 2K—2d+1 (Th(ve,(e1))) via the map collapsing the subset
Veo (€) X RK — Veo(€1), and wgk X wy is similarly understood.

Proof Since the only problem is the orientation, it is enough to see a variation of a basis via a local
model. Let eg: R24~1 — RX be the inclusion to the subspace of elements with the last K —2d + 1
coordinates being zero. A covering isotopy is given by Fr(u,v) = (1 —t)u —tv,tu + (1 —t)v) for
u,v € RK. Since Fi(u,v) = (—v,u), the derivative (F;), maps a basis {a, b} of the tangent space
of R2K to {b, —a}, where a and b denote bases of TRX x 0 and 0 x TRX respectively. This implies
(F1)*(wy x wgx) = (=K (=1)KE=2d+D ) x x 0, = (1)K wgx x wy. o

Lemma 5.12 We use the notation in Definition 5.8. Let G € G(n, r) be a tree whose vertices i and i + 1
are disconnected in G. Set H = d;(G) € G(n — 1). Then the diagram

Ha(TG) ———— Hu(T)

l;G lslfH

H™~4"(Dg) — H™*~4"(Dp)
is commutative, where &1 = (—1)8 with B = K(x + 1+ 3(K —1)).
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Proof The claim follows from the commutativity of the following diagram:

H.(TG) - H(Ter)

¢
$G Py “

ﬁ*-i—nK(Th(VG)) M—/> H*-i-nK (Th(v")) — H*+(n—1)K(Th(UH))

(5-D w(n) '

. c1w(n—1)
o
Hyind-1)(D6) — Hay(m—1)2d-1)(DH)

wg wy

H™*4" (D) ——— H™*""(Dp)
Here:

e V' is the disk bundle over Dy of fiber dimension nK — (n — 1)(2d — 1) defined by
v = ve,(eg 0 Ai)|Dy s

where the restriction is taken as a disk bundle over SM™~!; see Definition 5.8 for A;.

o o € HK—(=1)2d=1)(Th(1')) is given by

0 = (=D (@) xwp - (wy X 0y) X ()71 with C = (n+i + K.

¢} is defined by using the following map A%, similarly to ¢ :

v U (ef o Aj,€0,u) € T(co)nk-

' is the map collapsing the subset vg — v’, where 1" and vg are regarded as subsets in R,

1" is the composition
Hy«(Dg) > H«(Dg, Ai(DH)®) > Hi—24+1(8i(DH)) = He—2q+1(DH),

where the first map is the standard quotient map, the third is the inverse of the diagonal and the second is
the cap product with the class

(—1)i+1+”1 X+ X WA X+-+x1 with wa in the i™ factor .
e o is the composition (1 x k1 X 1)x o T o (eawgkx x —) of the maps

E2W g K X—
—_— s

H.o(Th(vir) Hop (8K AThp) B g g (Th(0")) LD B (Th(V')),

where v” is the disk bundle over Dy of the same fiber dimension as v’ given by
/

V' =ve(€”)|p, with ¢’ = el I x (0xe)xel™ 1 SM"™! — R"K,

T is the composition of the transposition of SX from the first to the i component with the map induced
by the map collapsing the subset (/=1 x RK x p>n=i+1ly|, "

e2=(-DP, D=KHF+I(K-1)+i+1),
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and 1 x k7 x 1 is induced by the restriction of the product map
1 xKkyx1: RU-DK Veo (0 X ) X Re—I-DK _, pG-DK Veo (ARk 0 €g) X RO—i-DK
with k1 in the i™ component.

e The arrows with a (co)homology class denote the map given by taking the cap product with the class.
For example, the right vertical arrow of the middle square denotes the map x > x Nw'.

Our sign rules for graded products are the usual graded commutativity, except for the compatibility of
cross and cap products, for which we use the rule

(axb)n(xxy)=(=D=FDlGnx)yx B Ny).

These are the rules based on the definitions in [19]. More precisely, we use the homology cross product
induced by the simplicial cross product in [19, page 277] (or equivalently, the Eilenberg—Zilber shuffle
map) and the cohomology cross product defined by a xb = pya U p5b where p; is the projection to the i th
component of the product and the cup product is given in [19, page 215]. We also use the cap product given
in [19, page 239]. (This irregular sign rule is caused by absence of sign in the definition of cup product,
as is standard.) With these rules, the commutativity of the squares in (5-1) is clear since the map A’
defined in Section 3.2 is isotopic to the usual diagonal. We shall prove commutativity of the two triangles.
The commutativity of the upper triangle follows from the commutativity of the following diagram:

To(e2wg g X—) 1xk1%x1)4

H;(Th(v)g) —————— H; 4k (Th(v")) Hj 4k (Th(v"))

(A
(AG)* (A )*
E2W K X

H(Ta (c0) (n-1)K) Hj 4 x(TH (¢0)nk)

Here 1%, is given by u — (e’ ™! x (0 x eg) x e;" ", €9, u). Commutativity of the left trapezoid follows

from Lemma 5.11 (the sign ¢, is the product of the sign in ]g( in Definition 5.1 and the sign in Lemma 5.11),
and that of the right triangle follows from the homotopy between A, o k1 and A%, constructed from the
isotopy k; in Definition 5.6. We shall show that the lower triangle is commutative. We see

era(x) N’ = {(k)«Te(wgk X X)} N (@ X -+ X WA (W X @) X +++ X @)
= {(k)xTx(Wgx X )N (w0 X -+~ x (kK] * (wgx X 0) X+ X )
= (k) x{Tsx(Wgx XxX)N (W X+ X (Wgk X W) X+ X W)}
= (k1) Te{(wgx X X)NT* (0 X -+ X (Wgk X ®) X+ X W)}
= (kD)«Tx{(Wgr XX)Nwgr XWX+ X W)}
= (wgk Xx)N(wgk XWX+ Xw) =xNw(n-—1).
Here (k1) is an abbreviation of (1 x k1 X 1)x and w of w,,. All the capped classes are considered as
elements of the homology of the base space Dy of involved disk bundles by projections. The second

equality follows from the definition of w,. As endomorphisms on the base space, Tx and (1 X k1 X 1)«
are the identity, and hence the sixth equality holds. |
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The following lemma is easily verified and a proof is omitted.

Lemma 5.13 Let G € G(n,r) be atree and K € G(n,r — 1) be the tree made by removing the t " edge
(i, j) from G. Under the notation in Definition 5.8, the diagram

Hy(Tg) ——— H«(Tk)

lCG l;K
H_*_dr(DG) H—*—d(r—l)(DK)

is commutative, where the top horizontal arrow is induced by the inclusion and the bottom one is given by
—t)d A! ; ! — s
(== A;; with Al.j(x) =Y X. m|

Definition 5.14 ¢ In the following, for a module X with a decomposition X = @Gec(n) X, we denote
by X C X the direct sum of the summands X¢ labeled by a tree G.

e We define an A-comodule A3 of CDBA (see Definition 2.10). Put H} = H*(Dg). Let A(gij)
be the free bigraded commutative algebra generated by elements g;; for 1 <i < j < n, with bidegree
(—1,d). For notational convenience, we set g;; = (—l)dgji fori > j and g;; = 0. For G € G(n) with
E(G) = {(i1. j1) <--- <(ir. Jr)}, We set gG = &iy,j *** &iy.jr- PUL
Afim)y= P Hege-
GeG(n)
Here H é gG is a copy of H with degree shift. For G € G(n,r) anda € H, L the bidegree of the element
agg € Ap(n) is (—r,1 + dr). We give a graded commutative multiplication on Az (n) as follows. For
ace H(l; and b € Hpy, we set
—)ymr@=-D+sq . hyegy € Ht Mgy if E(G)NE(H) = o,
(ag6)-gm = @ Dgon € Hoir s () EE)
0 otherwise.
Here we set r = #E(G), a is regarded as an element of H ; by pulling back by the map i : Agy — D¢
induced by the quotient map 79(G) — mo(GH ), and similarly for b, and the product a-b is taken in H ;.
Also, s is the number determined by the equality g6 - g = (—1)°ggm for the product in A(g;;).

Let J(n) C Apr(n) be the ideal generated by the elements

a(gij&jk + &jk8ki + 8ki&ij)gc and bgk,
where G, K € G(n), a € H(*;[ijk] and b € Hy are elements such that (i, j), (/. k), (k,i) ¢ E(G), and K
is not a tree. Here by definition, D depends only on 79(G), so Ag[ijx] = AG[jki] = Ackij]- With
these identities, we regard a as an element of Hg[jx;] = Hg[kij], and the first type of generators as
elements of
Hglijr18alijk) @ Haljkil8G ki1 ® Hakij18G kij]-

We define an algebra A}/ (n) as the following quotient:
AsF(n) = A3f(n)]J(n).
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Since the restriction of the quotient map Ay ()" — Apr(n) is surjective, we may define a differential, a
partial composition and an action of X, on the sequence Ay = {Aps (1)}, through Aps(n)™. We define
amap 9: Ay (n)™ — Apr(n)" by

,
dage) = Y (~DTTVETVAL | (@)giy i Givjo o irjp for G €Gn) and a € HE,
t=1
where Ai.j (a) = yij-a and g;; means removing g;;. It is easy to see 5(/TM (m)*NJ(n))C Ay (m)"NJ(n).
We define the differential 0 on Az (1) to be the map induced by 3. For the generator u € A(2) fixed in
Definition 5.8 and an element agg € Ay (n)", we define the partial composition 1 o; (agg) by
A¥(a)gy ifiandi + 1 are disconnected in G,

o; (a =
wo;(agg) {0 otherwise,

where H = d; (G); see Definition 5.8. The action of o € =, on Az (n)" is given by (agg)® = a°(gg)°,
where a? is the pullback of a by (6g)™! (see Definition 5.6) and (gG)° denotes gt " &xlin) ()
with 7 = o~ L. The partial composition and the action of X, on {/T M (n)"}, are easily seen to preserve
the submodule {J(n) N Ay (n)"}, and induce a structure of an A-comodule on Ayy.

e Lets;:n — n+ 1 denote the order-preserving monomorphism skipping i + 1 for 1 <i < n. Then
s; naturally induces a monomorphism s; : 79 (G) — mo(s; G) (see Section 2.1), which in turn induces
(5i)*: Ds;6 — Dg. Let s; also denote the induced map (s/)*: H*(Dg) — H*(Dy,; ). By further abuse
of notation, we also denote by s; the map Aps(n) — Ap(n + 1) given by s;(agg) = si(a)gs,; G-

» Define a simplicial CDBA A}* (M) (a functor from A°P to the category of CDBAs) as follows. We set
A(M) = Ajf(n+1).

If we consider an element of Aps(rn+1) as an element of A, (M), we relabel its subscripts with 0, 1,...,n
instead of 1,2,...,n 4 1. For example, go1 € A, (M) corresponds to g2 € Ap(n + 1). The partial
compositions and the maps s; (defined in the previous item) are also considered as beginning with (—og—)
and sg (originally written as (—o; —) and s1). The face map d;: Ay(M) - Ap—1 (M) for 0 <i <n is
given by d; = po; (=) fori <n and d, = pog (—)?, where 0 = (n,0,1,...,n—1). The degeneracy
map s;: Ap(M) — Apy1(M) for 0 <i <n is the map defined in the previous item.

Lemma 5.15 Let i, j and k be numbers with i < j < k. The equalities y;;y;x = Vij¥jk = YikVjk hold.

Proof The three classes are Thom classes in H *(SM", Aﬁ.j k])' So to prove the equality, it is enough to
identify the corresponding orientations. This is easily done by observing the corresponding bases. O

Theorem 5.16 Suppose M is orientable.

(1) The two A—comodules H Tf’i and A}y of differential bigraded k—modules are quasi-isomorphic in a
manner where H Typs_q and Af,,’q correspond for integers p and q. (For H TM | see Definition 5.8.)
(2) The E»—page of the Cech s.s. in Definition 5.6 is isomorphic to the total homology of the normalized
complex NA;*(M). Under this isomorphism, the homogeneous part IE; 1 consists of the classes
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represented by a sum of elements in the complex, whose triple degree (—e, *, x) satisfies p = x — ®
and g = x.

The latter part of (2) of this theorem may need some care. It does not mean that the E>—page is generated
by the classes which are represented by elements of NA(M ) which are homogeneous for each of the
three degrees, since the differential of the E;—page of the Cech s.s. corresponds to the total differential of
NA(M) and changes both of the degrees x and .

Proof For (1), we consider the composition
H_«(Tg) Sa, Hé_d' — Hé_drgg.
The right map is given by a — e3ag¢ with the sign
e3=(—1)F where E=E( n,r)=+«(n+dr)+drn+ sn(n+ 1)+ 3dr(r +1)

on H é/. This composition defines an isomorphism as bigraded k—-modules between H ™ (n)" and
Apr(n)". By Lemma 5.15, this isomorphism maps H’T’ﬁ{h_*(n)tr N I(n) into AVXJ* ()" N J(n) isomor-
phically. A quasi-isomorphism H ™ (n) — Apr(n) is defined by the composition

HTY, ) — HTY, _ (/1) = HTY, _ )" /{HTY, ()" N 1)}

= A3 ()" /{4y ()" N T ()} = A3 ().

where the first map is the quotient map, which is a quasi-isomorphism by Lemma 5.10, the second and

fourth maps are induced by inclusions, and the third map is the isomorphism defined above. For the
above number E, we see

E' n—=1,r—E& nr)y=+4+dr+n and E& +d,n,r—1)—E& n,r)=x4+1)d

modulo 2. Now we may assume the integer K is a multiple of 4. With this assumption and the
above equalities for £, compatibility of the quasi-isomorphism with the partial composition follows
from Lemma 5.12 as &1 = 1. Compatibility with the (Cech) differentials follows from Lemma 5.13.
Compatibility with the actions of X, is clear. The sign sgn(og) in Definition 5.6, the sign occurring in
permutations of y;; and the sign occurring in permutations of g;; are canceled. Thus the isomorphism
is a morphism of .A—comodules. For (2), by (1), the E;—page is isomorphic to the homology of the
Hochschild complex CH, (A4 ), which is isomorphic to the unnormalized total complex of 4,(M), and
so is quasi-isomorphic to the normalized complex. O

Sinha proved the convergence of his spectral sequences using the Cohen—Taylor spectral sequence. Here we
prove the convergence of the Cech and Sinha spectral sequences simultaneously by an independent method.

Theorem 5.17 If M is simply connected and of dimension d > 4, both the Cech s.s. and Sinha s.s. for
M converge to H*(Emb(S!, M)).

Proof We set a number s; by 54 = min{%d, 2}. If d > 4, clearly s; > 1. Recall that {Iﬁlr}r denotes the
Cech s.s. By Lemma 5.7, we identify the Sinha s.s. with the spectral sequence E,. We shall first show the
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claim that E; 77 = 0if ¢/ p <s4. If a graph G € G(n+ 1) has k discrete vertices, H* (D) is isomorphic
to H*(SM)®* @ H*(Dg’) ® {torsions}, where G’ € G(n 4+ 1—k) is the graph made by removing discrete
vertices. With this observation, and simple connectivity of M, we see that generators of the normalization
NA, (M) are presented as a1 - - - apbgg where G is a graph in G(n+ 1) with r edges and k discrete vertices
except for the vertex 0, a, belongs to the ¢ discrete tensor factor H=2(SM), and b € H},. We may
ignore the torsion part in estimation of degree by the universal coefficient theorem. The bidegree (—p, ¢)
of this element satisfies p =n +r and ¢ > 2k + rd. Clearly we have k +2r > n + ¢, withe =0 or 1
according to whether the vertex 0 has valence 0 in G. With this, if d <5, we have the following estimate:

g_ld>6k+(3r—p)d>(6—d)k+de>0
p 3 7 3m+r)y T 3m+r)
If d > 6, we have the following estimate:
g_zzwzo
p n—+r

We have shown the claim. Since the filtration {F ~?} of the Cech s.s. is exhaustive, and the total homology
of each F~7 is of finite type, the Cech s.s. {IE,}, converges to the total homology H(NA.(M)) of
the normalized complex. By the same reasoning, {E,} also converges to H(NA.(M)). We shall show
E, 7% =0if q/p < sq4, for sufficiently large r. Suppose there exists a nonzero element x € E "¢
with ¢/p < s;z. We consider x as an element of (F~?/F Pt1)H(NA.,(M)). Take a class x’ in
F~P H(NA,(M)) representing x. Take the smallest p’ such that F —P'H (NA.(M)) contains x’. Then
E;op/’qup/_p is not zero and p’ > p as F~P O F~P. In the coordinate plane of bidegree, x’ and x are
on the same line of the form —p + ¢ = constant. This and p’ > p imply that the “slope” of x’ is smaller
than s4, which contradicts to the claim. This vanishing result on E, and (the cohomology version of)

[4, Theorem 3.4] imply the convergence of E, and E, to H *(Emb(S!, M)). |

Remark 5.18 If the dimension of the target manifold M is 3, or if M is not simply connected, the
Cech s.s. does not converge to the cohomology of the knot space but it does to the same target as the
Sinha s.s. (see the proof of Theorem 5.17). The diagonal of the Sinha s.s. for long knots converges to the
universal finite type invariants at least in the rational coefficient. So the Cech s.s. in dimension 3 may

contain some information about knot invariants.

6 Algebraic presentations of the E;—page of the Cech spectral sequence

In this section, we assume M is oriented and simply connected and H*(M) is a free k—-module.

Definition 6.1 ¢ A Poincaré algebra of dimension d is a graded commutative algebra H* with a linear
isomorphism €: H? — k such that the bilinear form defined as the composition

,H* ®7‘l* multiplication ,H* projection Hd i) k

induces an isomorphism #* 2 (H4~*)V. We call € the orientation of .
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» For a Poincaré algebra H*, we denote by Ay the diagonal class for H* given by

Y (D la; @af e HOH)?,

1

where {a;} and {a} are two bases of 7£* such that €(a; -aj’f‘) = J;;, the Kronecker delta. This definition

does not depend on a choice of a basis {a; }.

o Let H be a Poincaré algebra # of dimension d with H! = 0. We set H=92 = Dp<q—» H? and
H>? = @5, H?, and define a graded k-module #>?[d — 1] by (HZ?[d — 1])? = XP~d+1 with
X* =1Z2. We denote by a the element in (%Z2[d — 1])? corresponding to a € HP~4+1, We define a
Poincaré algebra SH of dimension 2d — 1 as follows. As a graded k—-module, we set

SH* =12 o HZ2[d —1].

For a,b € H=?~2, the multiplication a - b in S is the one in H except for the case |a| + |b| = d, in
which we seta-b=0. Weseta-b =ab fora e H=4"2and b € H=2, and a-b =0 for a, b € HZ2. We
give the same orientation on S7{ as the one on H via the identity SH24~1 = %4,

e We regard H = H*(M) as a Poincaré algebra with the orientation

HY(M) 240 Ho(M) =k,
where wyy is the fundamental class of M determined by the orientation on M, and the isomorphism
sends the class represented by a point to 1.

The following lemma is obvious:

Lemma 6.2 With the notation of Definition 6.1, let (b;;);; denote the inverse of the matrix (e(a; -a;));j.
Then

AHIZ(—1)|aj|bjiai®aj. O
i’j

Under some assumptions, S is isomorphic to H*(SM) (see the proof of Lemma 6.6), and the algebras
A3, o and B, ; defined as follows are isomorphic to H*(Dg).

Definition 6.3 For a Poincaré algebra # of dimension d and graph G € G(n), define a graded commutative
algebra Ay g by
AH’G:%®HO(G)®/\{y1”yn}’ degyl :d—l

Here we regard 7¢(G) as an ordered set by the minimum in each component, and the tensor product is
taken in this order. Furthermore, we also define a graded commutative algebra By ¢ by

Buc=SH®" & \{yij|1<i.j<nandi~g j}/Jg. degyj=d-1.
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Here i ~g j means that the vertices i and j belong to the same connected component of G, and Jg is
the ideal generated by the following relation:

{ei(a) —ej(a). ei (@) —e; (@) —ayij.ei(b) —e; (b), yii. yij + Yjk — Vik
laeH= 2 bend 1 <i,jk<n,i~gj~ck}
Here e;(a) is regarded as 0 if a € 1°.

Fori < j,let fi;: H®2 — H®" denote the map given by
fii@a®b)=1® - ®a® - b®---®1
(a is the i™ factor, b is the j™ factor and the other factors are 1). We set
AY = fii(Ay) € HO™,
We sometimes regard AZ as an element of (S7H)®” via the projection and inclusion H — H=¢~"1 C S7.

We also regard it as an element of A, ¢ for a graph G via the map HO" 5 3 ®70(0) given by multiplication
of factors in the same components with the standard commuting signs. We also set

A, = fli(Asw) € SHO",
where A g4, is the diagonal class for the Pqincaré al_gebra SH and fl; : SH®2 — SH®" is the map defined
by the same formula as f;;. We regard A;ﬁ and AZSJH as elements of By ¢, similarly to the case of Ay .
As a graded algebra, BZ,G is isomorphic to (SH)®70(G) NWij li~c j}/(iisyij + Yjk — Yik), but
we need the presentation to describe maps induced by identifying vertices and removing edges.

The proof of the following lemma is easy and omitted.

Lemma 6.4 Consider the Serre spectral sequence for a fibration
F—-FE—B

with the base simply connected and the cohomology groups of the fiber and base finitely generated in each
degree. If for each k there is at most a single p such that E&k_p #£ 0, the quotient map F? — FP /FP+1
has a unique section which preserves cohomological degree. Gathering these sections for all p, one can
define an isomorphism of graded algebra Eo, — H *(E), which we call the canonical isomorphism. The
canonical isomorphisms are natural for maps between fibrations satisfying the above assumption. O

Henceforth we regard the Euler number y (M) as an element of the base ring k via the ring map Z — Kk,
and k* C k denotes the subsets of the invertible elements.

Lemma 6.5 We use the notation d;, A;, s; and Ag.j given in Definitions 5.8 and 5.14. Suppose
X(M)=0¢€k. Set H* = H*(M). There exists a family of isomorphisms of graded algebras

{9G: AnG => H*(Dg) |n>1,G € G(n)}

which satisfies the following conditions:
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(1) Let G € G(n) be a tree with i and i + 1 disconnected. Set H = d;(G). The following diagram

1S commutative: oc
A;"_[,G —— H*(Dg)

L

$H
A;“{,H —— H*(Dpg)
Here the algebra map A; is defined as follows. Fora; @ -+ ® ap € HB®70(F) we set
Ai(@1® - ®ap)=+a1 ® - ®as;-a;®---®ap, and  Aj(y;)=y; with j'=d;(j).

Here s,t € mo(G) are the connected components containing i and i + 1, respectively, and + is the
standard sign in transposing graded elements.

(2) Foragraph G € G(n), set S = s5;(G). The following diagram is commutative:

A%, 6 — H*(Dg)

L

A% g~ H*(Ds)

Here 5; is given by inserting the unit 1 as the factor of H®70(G) which corresponds to the component
containing i + 1, and by skipping the subscript i + 1, ie by the equality 5;(y;) = Y5, (j)-

(3) For a graph G € G(n) and a permutation o € X, the following diagram is commutative:

oG
A%, 6 —— H*(Dg)

o2 o

P (G)
— H*(Dyg))

P
AH,r(G)
Here © = 0!, the right vertical arrow is induced by the natural permutation of factors of the product
D) — D¢ and the left vertical arrow & is the algebra map given by the permutation of tensor factors

and subscripts.

(4) Foranedge (i, j) of atree G € G(n) with i < j, we define K € G(n) by E(K) = E(G) —{(, j)}.
The following diagram is commutative:

A%, 6 —— H*(Dg)

- !
lAU lAﬁ

Axrd P gr+d(Dy)

Here A; j 1s the right A;’; k —module homomorphism determined by A; (1) = AZ, and AL G 1s considered
as an A;’ g —module via the natural algebra map A;"{’ K= A;"{’G.
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Proof In this proof we fix a generator y of H4~1(S9~1), and we denote by y; (or 7; ) the image of y
by the inclusion to the i factor, H4~1(§9~1) - H4=1(§4-1)®" We consider Serre spectral sequence
for the fibration
(Sd—l)n — Dg — Mzro(G)’
where the projection is the restriction of that of the tangent sphere bundle. The first possibly nontrivial
differential is dg: H2~1((S4~1)") = Eg’d_l — EZ’O = H% (M), where d in the super- and subscripts
is the dimension of M. This differential takes y; to the generator of H¢ (M) multiplied by x(M). As
x(M) =0, we have d; = 0. Since the this differential on y; is zero for degree reasons, y; survives
eternally, which implies £y = E. Clearly E satisfies the assumption of Lemma 6.4. We define ¢ as
the composition
Ay, = E2 = Eoo — H*(Dg),

where the left map is the isomorphism given by identifying y; in both of the sides and #H®70(G) with
H*(M>*™0(G)) by the Kiinneth isomorphism, and the right map is the canonical isomorphism defined in
Lemma 6.4. Parts (1), (2) and (3) obviously follow from naturality of the canonical isomorphisms. For (4),
H*(Dg) is regarded as a H™*(Dg)-module via the pullback A;‘j : H*(Dg)— H*(Dg) by the inclusion
Dg — Ag. This module structure is compatible with the A;k_[’ x—module structure on A;k_[’ G Via g and
¢k by naturality of the canonical isomorphism. By a general property of a shriek map, the map Ai" ; isa
H*(D g )-module homomorphism. So to prove the compatibility, we have only to check the image of 1.
For simplicity, we may assume n =2 and (7, j ) = (1, 2). We may write Dg as SM x s SM. The diagram

Hy (M) —2 gy — 22 5 (SM x 3y SM)

[ [+ |2t

Hy_o(M x M) -2 5+ (0 x My 22 g+d (SM x SM)

is commutative, where PD denotes the cap product with the fundamental class. By the commutativity
of the left square, we see that A'(1) is the Poincaré dual class in H*(M x M) of the diagonal A(M),
which corresponds to Ay, by the Kiinneth isomorphism. By the commutativity of the right square, we
see that A!lz(l) corresponds to f;; Ay. This completes the proof. |

Lemma 6.6 We use the notationd;, A;, s; and A;.j given in Definitions 5.8 and 5. 14. Suppose y(M) € k*.
Set H = H*(M). There exists a family of isomorphisms of graded algebras
{96: Big = H*(Dg) | n = 1,G € G(n)}
which satisfies the following conditions:
(1) Let G and H be trees given in Lemma 5.12(1). The following diagram is commutative:
B¢ —— H*(Dg)

E lA;f

By, H 2 H*(Dy)
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Here A; is defined by

Z,-(ej (x)) =ejr(x) forxeSH and Zi(yjk) = Yjk’s
where we set j' = d;(j) and k' = d; (k).
(2) Foragraph G € G(n), set S = s5;(G). The following diagram is commutative:

B}, ¢ —~ H*(Dg)

Lk

B}, s —— H*(Ds)
Here §; is given by inserting 1 in the (i +1)™ factor of SH®" and skipping the subscript i + 1.

(3) For a graph G € G(n) and a permutation o € X, the following diagram is commutative:

B}, g —— H*(Dg)

|o l

P (G)

B':[,‘[(G) ? H*(Dt(G))

Here t and the right vertical arrow are defined as in Lemma 6.5, and ¢ is the algebra homomorphism
defined by the permutation of the tensors and subscripts.

(4) Foranedge (i, j)€ E(G) ofatree G € G(n) with i < j, define K € G(n) by E(K) = E(G)—{(i, j)}.
The following square is commutative:

Bf, ¢ —— H*(Dg)

lﬁw‘ lAﬁj

Bitd X, prtd (D)

Here Z,-j is the right B;;,K—module homomorphism determined by Eij(l) = AZ and Zij (yij) = Afgjﬂ,
and By, ; is considered as a B}, p—module via the algebra map fKG : By, ¢ — Bj,  given by

e et forxesiw ad fEow=|) 000D
Proof As in the proof of Lemma 6.5, we fix a generator y € H4~1(§9~1). Note that d is even as
x(M) # 0. We first show an isomorphism of algebras SH* =~ H*(SM). Consider the Serre spectral

sequence for the tangent sphere fibration
S$41 5 SM — M.

The only nontrivial differential is dg: E®4~1 = H4=1(S4~1) — HA(M). As x(M) is invertible,
dg is an isomorphism. Since all other differentials vanish by degree reasons, Eoo = Eg4+1 = SH,
where the second isomorphism is given by Eé’fl = HP(M) C =972 c SH for p < d —2 and
EPAd—1 = gd-1(§d-1Y@ HP(M)> yQa+>a c SH for p >2. Since H' (M) =0 and H*(M) is
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free, H4~1(M) = 0, which implies the fibration satisfies the conditions of Lemma 6.4. Composing this
isomorphism with the canonical isomorphism E, — H*(SM), we have an isomorphism

(6-1) SH* = H*(SM).

If necessary, we modify y so that the composition SH24~1 — H24=1(SM) — k of (6-1) and the cap
product with the fundamental class @ in Definition 5.8 coincides with the orientation given in Definition 6.1
by multiplying by a scalar.

We shall define the isomorphism ¢pg. We may assume that G € G(n) is connected, as in the disconnected
case everything involved is a tensor product of the objects corresponding to connected subgraphs. Consider
the Serre spectral sequence for the fibration

(S Hr=1 . pg > Sm

given by projection to the first component. As E;i,o = SH? =0, elements in Eg’d_l ~ Hi-1(gd-1)®n—1
survive eternally. As in the proof of Lemma 6.5, y; denotes the copy of y living in the j™ factor of
H*(S91)®n=1 \which is also regarded as a generator of Eg’d_l. We construct an isomorphism
Vo: SH* Q@ AN(D1s.-.,Vn—1) = Eeoc = H*(Dg) using (6-1) similarly to the construction of (6-1).

Consider the Serre spectral sequence {EZ*?} for the fibration

(S 5> Dg > M
given by the projection of the sphere bundle. Let y; be the copy of y in the j factor of E g’d_l =~
(H*(S4~1)®nmy*=d—1 Foranyi and j, since dy(;) = d;(7;) = (a multiple of) y (M )wjy, the element
Yi — yj survives eternally by degree reasons. Clearly E o satisfies the assumption of Lemma 6.4, so we
can take the canonical isomorphism E 55" — H*(Dg). We define an algebra map

0 SH®" @ N\lyij | 1<i.j <n}—> EL*
by ei(a) > a € EX fora € HS972, ¢;(b) — by; € EX? for b € HZ2, and yij B> ¥i — Jj. We see
¢ (Jg) =0, where Jg is the ideal in Definition 6.3. For example, since dg (i ;) = x(M)(y; — yi)wp
(up to k™) and y(M) is invertible, (y; — y;)wpr =0 in Ej’fl_l, which implies ¢, (e; (b) —e; (b)) = 0
for b € H. Annihilation of other elements in Jg is obvious. We define ¢ to be the unique map which
makes the following diagram commutative:

(SH)®" ® N\lyij} — (SH)®" @ Alyij}/J6 —— B} g

l«»a le

— canonical isomorphism
ES H*(Dg)

Since G is connected, e1: SH — SH®" induces an isomorphism aG: SH ® A{V12..... Vin} = B;; G-

It is easy to see that the composition
—1

aG 1pG
SH® N\i2.. ...y} = By g 29 H*(Dg) = SH® N\{y1.....yn}
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identifies the subalgebra S# in both sides and the sub-k-module k({y12,..., y1n) with k{y1,..., yn)
(since these are both isomorphic to H 4-1(Dg)), which implies the composition is an isomorphism and

we conclude that ¢ is an isomorphism.

Parts (1), (2) and (3) obviously follow from naturality of the canonical isomorphism. We shall show (4).
Since ¢g is an isomorphism, we may define A; j to be the map which makes the square in (4) commute.
As in the proof of Lemma 6.5, Eij is a B;{’K—module homomorphism and we have Eij (1) = fij (Ayp).
We shall show the equality A;;(y;j) = fij (Asy). We may assume n =2 and G = (1, 2). In this case,
clearly Dg = SM x4 SM. We consider the commutative diagram

HO(S9-1) HOSM) —— 2 Hoy (SM)

lAa lA’z l(Az)*

HA=1(S91 % §4=1y  FAd=V(SM x 3y SM) — 2 Hoy_ 1 (SM x a1 SM)

J/A!l2 l(Alz)*

H24=1(SM x SM) —2 5 H, | (SM x SM)

where the left horizontal arrows are induced by the fiber restriction, the right ones are capping with the
fixed fundamental classes, and A!l and A!Z are the shriek maps induced by the diagonals. As d is even,
A!l (1) = y1— ¥2. As y1 — y» coincides with the image of @G (y12) by the fiber restriction which induces
an isomorphism in degree d — 1, we have A} (1) = ¢ (y12). So A, (96 (y12)) = (A12 0 Az)'(1). By
the commutativity of the right-hand square, (A2 o A)'(1) is the diagonal class for SM. Thanks to the
modification of y after the definition of (6-1), the diagonal class corresponds to A g4 by ¢ . This implies

A1a(y12) = Asy. m
Definition 6.7 Let  be a Poincaré algebra of dimension d.
o We define a CDBA A}*(n) by the equality

AFm) =H®"® Niyi.gij |1 <i.j <n}/T.

Here, for the bidegrees, we set |a| = (0, /) for a € (H®")*=!, |y;| = (0,d —1) and |gij| = (=1,d). The
ideal Z is generated by the elements

gij—(—l)dgji,(gij)z,gii,(ei(a)—ej(a))gij,gijgjk+gjkgki+gkigij for 1<i,j,k<n and a€H.

We call the last relation the 3—term relation for g;;. The differential is given by d(a) = 0 for a € H®"
and 0(g;;) = A;ﬁ; see Definition 6.3.

* Suppose d is even. We define a CDBA B *(n) by the equality
By (n) = (SH)®" ® \lgij. hij | 1 <i.j <n}/T
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Here, for the bidegrees, we set |a| = (0, 1) for a € (H®")*=!, |gij| = (=1,d) and |h;;| = (—=1,2d —1).
The ideal 7 is generated by the elements

gij — gji> (8ij)% &iis hij + hji, (hif)?, hii, eij(@)gij . eij (@hij, eij (b)gij —ei (D)hij, eij (b)hij,

8ij&jk + &jk&ki + &ki&ij hijhji + hjrchii + hiihij. (hij + hii)gjk — (hij + hjx) ki

for1 <i,j.k <n, a e H=?"2 and b € HZ2, where we regard ¢; (b) as 0 for b € #?, and ejj: SH—
(SH)®" is the map given by e;; = ¢; —e;. The differential is given by d(x) = 0 for x € SH®",
d(gij) = Airjl and d(h;;) = AZ_S].H; see Definition 6.3.
e We equip the sequences Ay = {Ax(n)}, and By = {By(n)}, with the structures of .A-comodules of
CDBA as follows. For By, we define a partial composition and an action of ¥, by the equalities

poiej(x)=ej(x), poj(hjx)=hj, pnoi(gix) =g €j(x)7 =er(x),
h;.’k = he(j),z(k)> g}’k = g:(j),c(k), for xeSHando € Zy,

where j’ and k’ are the numbers given by j’ = d;(j) and k' = d;(k), and we set T = o~ ! (see
Definition 5.8 for d; and w). The definition of Ay is similar.

» We define simplicial CDBAs A}*(H) and B}*(H) as follows. For B}*(H), we set
B*(H) = B (n +1).

As in Definition 5.14, we relabel the involved subscripts with 0, ..., n. The face map d;: B;*(H) —
B}* (H) is given by d; = puo; (=) fori <n and d, = oo (—)? where 0 = (n,0,1,...,n—1). The

degeneracy map s; : B)*(H) — B, (1) is given by inserting 1 as the (i +1)™ factor of SH®"*! and

skipping the subscript i 4+ 1. A}* (%) is defined similarly using A7 *.

Remark 6.8 An algebra similar to the algebras A}*(n) and B};* (n) has already appeared as the E,—page
of Totaro’s spectral sequence defined in [39].

In the rest of this section, we prove that Ay and By are isomorphic to Ay as A—comodules of CDBA
under different assumptions, and also prove similar statements for the simplicial CDBAs. We mainly deal
with the case of By. The case of Ay is similar.

Lemma 6.9 The map

@ Hige — Am
GeG(n)dis

defined by the composition of the inclusion and quotient map is an isomorphism of k—modules (see
Definition 5.8 for G(n)%").

Proof Let IT be the set of partitions of n. The ideal J(n) in Definition 5.14 has a decomposition
J(n) =ED,;eqy J(n)7 suchthat J(n), C @HO(G)=” Hg, since generators of J(n) are sums of monomials
which have the same connected components. If 79(G) = mo(H) = m, clearly H}, = H};. We denote this
module by Hy. We have B, ()= H686 = Hzx ® (D, (G)=r k8G)- Similarly J(n)r = Hz ® J(n);,
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where J(n), is the sub-k-module of @HO(G):” kgg generated by multiples of 3—term relations, gl.zj and
8ij — (—l)dgj,'. We have

ALZ@{( @ HGgG)/J(n)n}=@Hn®{( @ kgg)/J(n);}.

mell no(G)=m well no(G)=m
Note that @ﬂen{(@ﬂo(m:ﬂ kgg)/J(n)..} is isomorphic to the cohomology group of the configuration
space H*(C,(R?)), whose basis is {gG | G € G(n)%5}. So then (EBno(G)=n kgg)/J(n),, has a basis
{gG | G € G(n)%S, m9(G) = 7}, which implies the lemma. |

Under the assumptions and notation of Lemma 6.6, we identify H g with By, g by the isomorphism ¢g,
so A}, (n) is regarded as a quotient of g ey By, &G~ With this identification, we set hij = vijgij €
Apr(n). Apg(n) contains SH®" as the subalgebra Hy gy, the summand corresponding to the graph
@ € G(n). We regard Ay (n) as a left SH®"—module via the multiplication by Hygg. In the following
lemma and its proof, hg, hg and yG are defined similarly to gg. For example, hg = h;,,j, -+ hi,,j, for

E(G) = {(il,jl) <--< (ir’jr)}-

Lemma 6.10 Under the assumptions of Lemma 6.6 and the above notation, as an S H®" _module,
Apg(n) is generated by the set S = {ggﬁH | G,H € G(n), E(G)NE(H) = @,GH € G(n)%}, and
By(n) is generated by the set S’ = {gGhrr | G. H € G(n), E(G) N E(H) = @, GH € G(n)*s}.

Proof Ajps(n) is generated by the elements yg g, for graphs G and H, such that each connected
component of H is contained in some connected component of G. We can express gg as a sum of
monomials g, with G € G(n)% and 7 (G) = o(G1 ) using the 3—term relation and the relation g;; = g;;
(this is standard procedure in the computation of H*(C,,(R?)). So we may assume G is distinguished. For
a sequence of edges (i,k1), (k1,k2), ..., (ks, j) in G, we have y;; = y; , + -+ Yk, ;. By successive
application of this equality, yg is expressed as a sum of monomials yg, with Hy being a subgraph
of G. Thus any element of Ay (n) is expressed as a SH®"—linear combination of monomials yg gg
with G € G(n)¥ and E(H) C E(G). Clearly yggG = +gG—ghp. Thus the set S generates Ay (n).
A proof for the assertion for By, (n) is similar when one use 3—term relations for g;; and /;;, and the last
relation for g;; and 4;; in the ideal 7 in Definition 6.7. O

To prove that By (n) and Aps(n) are isomorphic, we define a structure of a By, g—module on By (n) as
follows. We first define two graded algebras EH,G and By (n). For a graph G € G(n), we set
BuG=SH®"QT{yjli<jandi~gj} and By(n)=SH® & \lgij. hij|1<i<j=<n}

where T'{y;;} denotes the tensor algebra generated by the y;;. For convenience, we set y;; = —y;;,
gij = gji and h;; = —hj; fori > j. The degrees are the same as the elements of the same symbols in
By, and By/(n). We shall define a map of graded k—-modules

(—-=): By,g ® Bu(n) — By(n).
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We define y;; - xgghu for x € SH®" and G, H € G(n) as follows. If E(G) N E(H) # @, we set
yij - xgcha =0. Suppose E(G)NE(H) = @.1f (i, j) € E(G) is the ™ edge (in the lexicographical
order), we set y;; - xgohy = (1) T h xgphy with E(K) = E(G) —{(i, j)}. If (i, j) € E(H)
is an edge, we set y;; - xgghy = 0. If i ~gg j, we take a sequence of edges (ko, k1), ..., (ks,ksy1)
of GH with ko =i and ks41 = j and set y;j - Xgcha = Y |—o Yk, ki1, - X&€Ghm. This does not
depend on the choice of the sequence, because gghy = 0 if GH is not a tree, which is proved by
using the last three relations in the definition of 7 in Definition 6.7. If i and j are disconnected
in GH, we set y;j - xgghy = 0. For z € SH®", we set z - xgghy = zxgghy, the multiplication
in By (n). We shall show that the map (— - —) annihilates the elements of J (we regard J as an
ideal in EH(n)). Direct computation shows that the generators of J are annihilated by any elements
of By,. For example, yij - (gij&jk + &k&ki + &kigij) = (hij + hir)gjk — (hij + hjx)gki = 0
and yjx - {(hij + hii)gjk — (hij + hji)gkit = hijhjx + hjxhi; + hiihij = 0. We also easily see
vij - xgchy = £(yij -xg6'hH')gG—c'hH—m for subgraphs G’ C G and H' C H such thati ~g'g j.
These observations imply the assertion, and we see that (—-—) factors through EH,G Qk By (n) — By(n),
which is also denoted by (—-—). Clearly the map (— - —) annihilates Jg in the definition of By, g. It
also annihilates the commutativity relation y;; yx; + yk;i;. If two paths connecting i and j or k and /
have a common edge, both of the actions of y;; yx; and yg;y;; are zero, and otherwise the commutativity
in By (n) implies the annihilation. Annihilation of these relations implies that the map (— - —) factors
through a map (—-—): By,G ® By (n) — By (n), which defines a structure of By, g—module on By (n).

Theorem 6.11 Suppose M is simply connected and oriented, and H* (M) is a free k—-module. Set
H=H*(M).

(1) Suppose y(M) = 0 € k. The two A—comodules of CDBA Aj; and A} are isomorphic, and
the two simplicial CDBAs A}* (M) and A}*(H) are isomorphic. In particular, the E>—page of
the Cech s.s. is isomorphic to the total homology of the normalization NA*(H) as a bigraded
k—module. The bigrading is given by (x — e, *).

(2) Suppose y(M) € k*. The two A-comodules of CDBA A} and BJ* are isomorphic, and the two
simplicial CDBAs A** (M) and B}*(H) are isomorphic. In particular, the E,—page of the Cech s.s.
is isomorphic to the total homology of the normalization NB}*(H) as a bigraded k—module. The
bigrading is given by (x — e, x).

Proof Part (1) obviously follows from Theorem 5.16 and Lemma 6.5. We shall prove (2). We define a
map ®,: By(n) — Ap(n) of algebras by identifying the subalgebra SH®" and elements g;; in both
sides, and taking h;; to h; ; (see the paragraph above Lemma 6.10). We easily verify that ®, is well
defined. Then ®, fits into the following commutative diagram:

Deecmyss Hoga

.

By (n) ———— Ap(n)
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Here the vertical arrow is induced by the inclusion of a submodule Hg g6 = By,686 C Bw(n) given by
the isomorphism ¢ in Lemma 6.6 and the module structure defined above, and the slanting arrow is
given in Lemma 6.9. The vertical arrow and ®,, are epimorphisms by Lemma 6.10, and the slanting arrow
is an isomorphism by Lemma 6.9, so ®, is an isomorphism. By the definition of ®, and Lemma 6.6, the
collection {®, },, commutes with the structures of an .A-comodule and degeneracy maps. The assertion
for the E»—page immediately follows from the isomorphism of simplicial objects. O

Remark 6.12 The Euler number y (M) can be recovered from the Poincaré algebra H* = H*(M). It is
the image of Ay by the composition

(,H®2)*:d multiplication ,Hdi)k

So under the assumptions of Theorem 6.11, the E>—page of the Cech s.s. is determined by the cohomology
algebra H*(M). (Different orientations give apparently different presentations, but they are isomorphic.)

7 Examples

In this section, we compute some of the E,—page of Cech s.s. for the spheres and products of two spheres
Sk % S with (k,l) = (odd, even) or (even, even), and deduce some results on cohomology groups for
the products of spheres. We also prove Corollary 1.3. Our computation is restricted to low degrees and
consists of only elementary linear algebra on differentials and degree argument based on Theorem 6.11.
We briefly state the results for the cases of spheres since, in these cases, the Cech s.s. only gives less
information than the combination of Vassiliev’s (or Sinha’s) spectral sequence for long knots and the
Serre spectral sequence for a fibration Emb(S!, S ) T5? (see the proof of Proposition 7.2), at least
in the degrees where we have computed. We give concrete descriptions of the differentials in the case of
M = S* x S! with k odd and [ even. In the rest of this section, we set 7 = H* (M) for a fixed orientation.

7.1 The case of M = S¢ with d odd

In this case A}*(#) is described as
A ) = Nixio i gij 10<i,j <n}/T,
where |x;| = (0,d), |yi| = (0,d —1), |gij| = (—1,d) and Z is the ideal generated by
()%, (vi)*. (8ij)*. gii- &ij + &ji (xi — x;)gij and the 3—term relation for g;;.

The diagonal class is given by Ayy = xg—x1 € HQ H.

Proposition 7.1 Consider the Cech s.s. ]Evlf ? for the sphere S¢ with odd d > 5. We abbreviate IVEg 7 as
(p,q). The following equalities hold:

(_3vd):k<g12>v (_Ld_l):k()’l)’ (Ovd_l):k<y0)9 (O,d):k<)€()>,
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(—6,2d) = k(g13824, —&12834 + g14823). (—4.2d —1) =k(y1823 — 2813 + ¥3812).
(—5,2d) = k(go1823 + 02813 + g13823), (=3.2d —1) =k(y0g12).
(=3.2d) = k{x0g12), (=1,2d —1) =k{xoy1.x1¥0,Xx1y1), (0,2d —1) =k(x0y0).

For other (p,q) with p +¢q <2d — 1, we have (p,q) = 0. |

Proposition 7.2 Let d be an odd number with d > 5.
(1) Emb(S?, S?) is (d —2)—connected.
(2) The Cech s.s. for S does not collapse at the E,—page in any coefficient ring.
Proof For (1), consider the fiber sequence
Emb. (R, R¢) — Emb(S?, $¢) — STS?,

where STS? is the tangent sphere bundle of S 4 the left map is given by taking the tangent vector at a
fixed point, and the right space is the space of long knots. As is well known, STS? is (d—2)—connected
and Emb, (R, R?) is (2d —7)—connected. As d > 5, we have the claim. Part (2) follows from (1) and
Proposition 7.1. (There are nonzero elements in the total degrees d —3 and d —2.) O

Remark 7.3 The reader may find inconsistency between [8, Proposition 3.9(3)] and Proposition 7.2(1).
This is just a typo; n — j — 2 should be replaced with n — j — 1 (and n — j — 1 with n — j) in the former
proposition (see its proof).

7.2 The case of M = S with d even

In this subsection, we assume 2 € k™. B}*(H) is described as

By (H) = N\izi.gij hij |0 =i, j <n}/J.
where |z;| = (0,2d — 1), |gij| = (=1,d), |hjj| = (=1,2d — 1) and J is the ideal generated by
(zi)%.(gij)?, (hij)? gii hii, &ij—gji- hij +hji, (zi—2))gij, (Zi—2)hij, (hij +hii) gk —(hij +hik) gki
and the 3—term relation for g;; and %;;. The diagonal classes are given by Ay =0 € SH ® SH and
Asy=2z0—z1 € SHR SH.
Proposition 7.4 Suppose 2 € kX. Consider the Cech s.s. Iﬁlfq for S¢ with even d > 4. We abbreviate

IVqu as (p, q). The following equalities hold:

(—6,2d) =k{(g13824),  (=5,2d) = k{go1823 + 3802813 + £03&12),
(—=3,2d = 1) =k(h12), (0,2d — 1) = k(zo)-
For other (p, q) with p +¢q <2d — 1, we have (p,q) = 0. |

For the case of k = [, the same statement as in Proposition 7.1 holds, except that “odd d > 5” is replaced
with “even d > 4”.
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7.3 The case of M = S* x S! with k odd and / even

We fix generators a € HX(S¥) and b € H! (S?). H is presented as A{a, b}. We fix an orientation € on H
by €(ab) = 1. We write a; for e; (a) and b; for e; (b), and A, (H) is presented as
An(H) = \lai.bi,yi,gij |0 <i,j <n}/T,
where |y;| = (0,k +1—1), |gij| = (=1,k +1) and T is the ideal generated by
(@i)?, ()%, ()2, (g,-j)z, gii»&ij +&ji.(ai —aj;)gij. (b —bj)gi; and the 3—term relation for g;;.

The diagonal class is given by Ay = agbo —a1bo + apb1 —a1by € H ® H. The module NA, (H) is
generated by the monomials of the form ap, ---ap by, -+~ by, &i, j, - - &i, j, such that the set of subscripts
{P1,---»Ps+q1>-+-»qts015---s0r, j1,.-., jr} contains the set {1,...,n}.

We shall present the total differential d on
Ef= P NADI(H)
*_.=p

upto p+q <max{2k +1,k +2l}. For (p,q) = (—1,k), (—=1,0), (=1, k+1-1), (=1, k+1), (—1,2k),
(—1,20), (—1,2k+ 1), (=1, k+20), (—1,2k+1—1), (—1,k + 21 —1), (-2, 2k), (—2,21), (=2, 3k) or
(-2,30), d is zero.

For (p,q) = (-3, k+ 1), d is presented by the following matrix

This is read as ci(glz) =ay1by —azby. For (p,q) = (-2, k +1),

‘ go1 aiby axb;
a0b1 1 1 1
albo -1 1 1
a1b1 -1 -1 —1

For (p,q) = (—4,2k +1),

a1823 dz813 aszgiz
aogiz 1 0 -1
aigoz 1 1 0
aigiz -1 0 1
asgoi 0 1 1
a1a2b3 —1 1 0
a1a3b2 1 0 1
a2a3b1 0 1 —1
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For (p,q) = (=3,2k +1),

a»go1 aiazbsz aiazby araszb

aop812 di18o2 dif12
aogo1 0 0 0
a0a1b2 -1 1 0
aoa2b1 1 0 0
a1a2b0 0 1 0
a1a2b1 0 0 1
a1a2b2 0 1 1

For (p,q) = (—2,2k + 1),

0
0
1
-1
-1
0

0
—1
0
1
0
-1

0
-1
-1

0

1
-1

0
0
-1
-1
1
0

‘ apgo1 aoaiby apaxby aiaxby aiaxby aiazb,
a0a1b0 1 —1 —1 0 —1 1
(l()(l]b] 1 1 1 0 1 -1
For (p,q) = (-2,2k +1—1),
aipyz2 azyi
apy1 1 1
aiyo 1 1
aryi e |
For (p,q) = (—4,k + 21),
b1g23 bag13 bagiz
bog12 -1 0 1
b1go2 —1 -1 0
bigiz 1 0 —1
bago1 0o -1 -1
a1b2b3 0 1 1
a2b1b3 1 0 —1
6l3b1b2 -1 -1 0

For (p,q) = (=3,k +2I),

b1g12 bago1 aibabs arbi1bs azbib,

bog12 b1go2
bogo1 0 0 0
Cl()blbz 0 1 0
a1b0b2 1 0 0
aib1by 0 0 1
a2b0b1 —1 —1 0
a2b1b2 0 -1 -1

For (p,q) = (-2, k + 21),

0
1
-1
-1

0
1
-1
-1
0
0

0
0
1
—1
—1
1

‘ bOgOI aob1by arboby aibiby arboby axbib,

Cl()b()bl 1 2
Cllb()bl —1 0
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For (p,q) = (=2, k +21—1),

blyz b2Y1
boy1 -1 -1
bly() 1 1
blyl 1 1

By direct computation based on the above presentation we obtain the following result. Let ky (resp. k?)
denote the module k/2k (resp. k @ k).

Proposition 7.5 Suppose k is either of Z or IF, where p is prime. Let k be an odd number and [ be an

even numbers with k +5 <[ <2k —4 and |3k —2l|>2,0rl +7 <k <2l —7 and |3] —2k| > 2. We

abbreviate E29 for S* x S as (p, q). We have the following isomorphisms:
0,k)=(-1k)=(0,1)=(-1,1) =(—1,2k) = (-2,2k) = (—1,2]) = (-2,2]) =k
(—2,3k)=(-33k)=(-2,3)=(-33)=0,k+]-1)=(-Lk+1-1) =k,

0,k +1) =k, (=1,k+1) =k ky or k2, (=2,k+1)=0ork,
0,2k +1—1) =k, (—=1,2k+1—-1)=k2, (=2,2k +1—1) =k,
(—1,2k +1) =ky or k, (=2,2k +1) = ky or k2, (=3,2k +1) = ks or k2,
(—4,2k +1)=0ork, 0,k +21—1) =k, (=1, k+20—-1) =k,

(=2, k+2[—1) =k, (=1,k +21) =ky or k, (=2,k +21) =k or k2,
(=3, k+20) =k, (—=4,k +20) =k.

Here “(p,q) = A or B” means (p,q) = A if k=7 or IF, with p # 2 and (p, q) = B if k =F,. For other
(p,q) with p 4+ q <max{k +2/,2k + [} we have (p,q) = 0. a

The isomorphisms of Proposition 7.5 hold under milder conditions on k and /. It suffices to ensure the
bidegrees presented above are pairwise distinct. By degree argument, we obtain the following corollary:

Corollary 7.6 Suppose k is either Z or IF, where p is a prime. Let k be an odd number and | be an even
number with k +5 <[ <2k —4 and |3k —2l| > 2,0rl +7 <k <2l —7 and |3] —2k| > 2. We set
H* = H*(Emb(S!, Sk x §1)).

(1) We have isomorphisms
H' =k fori=k—1,k2k—2,2k—1,1-1,1,21-2,21 =1,k +1.
(2) If k=T, with p # 2, we have isomorphisms

k ifi=k+1-22k+1-32k+1—1,
H =k ifi=k+1—-1,2k+1-2,
0 ifi=2k+1—4.
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(3) If k = Z, we have isomorphisms
k ifti =k+1-2,
Hi— K@k ifi=k+1-12k+1-2,
kedky ifi =2k+1-3,
0 iti =2k+1—4.
(4) We have H' = 0 for an integer i that satisfies i < max{k + 21,2k + 1} and is different from any of
the following integers:

k—1,k,1—1,1,2k—2,2k—1,21 —2,2] — 1,3k —3,3k—2,31 —-3,3] -2,k +1 -2,k +1—1,
k+1,2k+1—-42k+1-32k+1-22k+1—1,k+2]—4,k+2] -3, k+2] -2,k +2]—1.
Proof By an argument similar to the proof of Theorem 5.17, E;p 1=0ifq/p < %(k—l—l ). We shall show
that any differential d,: EC? 9"~V _ E P o5ing into the term contained in the cohomology of the

claim is zero. It is enough to show this for the case of (—p,q) = (0,2k+[/—1)andg+r—1>k+2/—1
since other cases are obvious, or follow from this case. We see

g+r—1 gq-—1 2%k +1-2 k+20-1
p+r P l—k+1 l—k+1 s(k+0)
So ECP74* =D — ¢ and d, = 0. O

7.4 The case of M = S* x S with k, [ even

We fix generators a € H¥(S*) and b € H!(S"). H is presented as A{a, b}. We fix an orientation € on
by e(ab) =1. Wesetc =ae€ SHand d = b € SH. We write a; for e; (a), b; for e; (b), etc, and B, (H)
is presented as

Bu(H) = Nlai,bi.ci di gij hij |0<i,j <n}/T

where |g;j| = (=1,k +1), |hij| = (—=1,2(k +1) — 1) and J is the ideal generated by
(@i)®, (bi)?. (ci)*. (di)?. aibji, ajci . bid;, cidi, aid; — bici(gi)*. (hij)*. gii. hii. gij — &ji- hij + hji.
(ai—aj)gij. (bi=bj)gij. (ci—c;j)gij—aihij. (di—d;)gij—bihij. (ai—aj)hij. (bi —bj)hij. (ci—cj)hij.
(di —dj)hij, (hij +hig)gjx — (hij + hjr)gk:; and the 3—term relations for g;; and h;;.
The diagonal classes are given by
Ay =aphbr +a1tbg e SH® SH and Agy =aodo +ardo+ bico—boc1 —aody —ards.

By an argument similar to the proof of Corollary 7.6, we obtain the following corollary:

Corollary 7.7 Suppose 2 € k*. Let k and | be two even numbers with k +2 <[ < 2k —2 and
|3k —21| > 2. We set H* = H*(Emb(S!, S* x S')). We have isomorphisms

H' =k fori=k—1,k1—1,1k+1-3k+1-2k+1-1,3k.
For any other degree i <2k + [, we have H' = 0. |
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7.5 The case of 4—~dimensional manifolds

In this subsection, we prove Corollary 1.3. We assume that M is a simply connected 4—dimensional
manifold. So, as is easily observed, H is a free k-module for any k.

Definition 7.8 Set y = y(M). We define a map o : (H?)®? @ kgo1 — (H2)®? @ H*/ xH* by
a@a®b)=(—a®b—-b®a)+ab, «(go1)=pr;(Ay).
Here go1 is a formal free generator (which will correspond to the element of the same symbol in IVEI_ZA)
and pr is the projection
(H®2)*=4 5 B2 3 (1 @ HY) — (HH)D2 @ H*/ yH*.

The next proposition follows from direct computation and degree argument based on Theorem 6.11.

Lemma 7.9 We use the notation in Definition 7.8. Suppose k is a field and H? is not zero.
(1) When p+q =1, Ef’q is stationary after E;. In particular, Eg,q > fEé’g,q. We have isomorphisms
IEP,q ~ Hz if (p’ q) = (_1’2)’
2 7|0  otherwise.

(2) There exists an isomorphism
IVE;2’4 =~ Ker(a)/k(pry(Ax) +2g801)-

Here pr, is the projection (H®?)*=* — (#42)®2. The differential d, coming into this term is zero
forr > 2. O

Remark 7.10 Actually, Lemma 7.9 holds even when k is a not a field since torsion in the Kiinneth
theorem does not affect the range.

Proof of Corollary 1.3 In this proof, we suppose k is a field. Set HZ = H,(M:;Z). As is well
known, there is a weak homotopy equivalence between Imm(S!, M) and the free loop space LSM,
and there is an isomorphism 71 (LSM) = 71 (SM) & 72(SM). As M is simply connected, we have
w1 Imm(SY, M) = m5(SM) = (M) = HZZ.

By the Goodwillie—Weiss convergence theorem, connectivity of the standard projection holima C*(M) —
holima, C*(M) increases as n increases. Since A is a compact category in the sense of [13] and C" (M)
is simply connected for any 7, by [13, Theorem 2.2] we see that Emb(S !, M) is Z—complete. In particular,
71 (Emb(S!, M)) is a pro-nilpotent group. So, by a theorem of Stallings [38], we only have to prove that

the composition .
Emb(S!, M) 2% tmm(S?!, M) = LM 25 K(HZ, 1)

induces an isomorphism on Hj(—; Z) and a surjection on H(—; Z). Here the rightmost map cl; is the
classifying map; see [15].
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Consider the spectral sequence E*? associated to the Hochschild complex of Cy (%M)- This spectral
sequence is isomorphic to the Bousfield—Kan type cohomology spectral sequence associated to the
well-known cosimplicial model for LSM given by [n] — SM™ 1. The quotient map 737 — Tas induces
amap fr: EPY — EP? of spectral sequences. For r = oo, this map is identified with the map on the
associated graded induced by the inclusion ips. For p +¢q = 1, by Lemma 7.9 (and similar computation
for EF?), f» is an isomorphism for any field k. Since 1 (Emb(S', M)) is the same as 1 of a finite
stage of Taylor tower which is the finite homotopy limit of a simply connected finite cell complex, it
is finitely generated, and so is H;. By the universal coefficient theorem, ips induces an isomorphism
on Hi(—;Z). For the part of p +¢ =2, we see E5? =0 for p < —2 and E~%* =~ Ker(a) N (H?)®2.
Consider the zigzag
LsM 22, 1 k(HE 2) £ QK (HE,2),

where the left map is induced by the classifying map clp: SM — K(HZ,2) and the right one is the
inclusion from the based loop space. Clearly the composition cl; oix: QK(HZ,2) — K (HZZ, 1)isa
weak homotopy equivalence. Observe spectral sequences associated to the standard cosimplicial models
of the above three spaces. Since the maps L(cl,) and ig are induced by cosimplicial maps, they induce
maps on spectral sequences. In the part of total degree 2, we see that the filtration level F =2 for each of
the three spectral sequences is the entire cohomology group, and the filtration level F~! for the one for
QK(HZ,2) is zero. With these observations, we see that the image of HZ(K(HZZ, 1)) in H2(LSM) by
the map cl; is sent to a subspace V of F~2/F~1 ~ E* E2_2’4 isomorphically, and a basis of V' is
given by {a; ®a; —a; ®a; | i < j} as elements of E2_2’4, where {a;}; denotes a basis of H2. (We also
see that these elements must be stationary.) If k # 5, or if k = [F, and the inverse of the intersection
matrix has at least one nonzero diagonal component, the restriction of f> to V' is a monomorphism by
Lemmas 6.2 and 7.9. (Otherwise, the elements of the basis of V' have the relation pry(Ay) = 0.) This
implies i)y induces a surjection on H, for any field k under the assumption of the theorem. By the
universal coefficient theorem, we obtain the desired assertion on Hy(—; Z). a

Remark 7.11 If all of the diagonal components of the inverse of the intersection matrix on Hy(M ;)
are zero, the map f>:V — IE;ZA in the proof is not a monomorphism for k = [, but this does not
necessarily imply the original (nonassociated graded) map is not a monomorphism. So in this case, it is
still unclear whether ips is an isomorphism on 7.

8 Precise statement and proof of Theorem 1.5

Definition 8.1 e Fix a coordinate plane with coordinates (x, y). A planar rooted n—tree (T, ¢) consists
of a 1-dimensional finite cell complex 7" and a continuous monomorphism ¢ from its realization | 7’| to
the half plane y > 0 such that:

— T is connected and 7r1(7) is trivial.
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— The intersection of the image of ¢ and the x—axis consists of the image of n univalent vertices
called leaves. These vertices are labeled by 1, ..., n in the manner consistent with the standard
order on the axis.

— T has a unique distinguished vertex, called the root, which is at least bivalent.

— Any vertex except for the leaves and root is at least trivalent.

An isotopy between n—trees (11, ¢1) — (T2, ¢3) is an isotopy of the half plane onto itself which maps
¢1(|T1|) onto e2(|T2]) and the root to the root. (So an isotopy preserves the leaves, including the labels.)
We will denote an isotopy class of planar rooted n—trees simply by 7'. The root vertex of a tree is usually
denoted by v,. For a vertex v of a tree, |v| denotes the number which is the valence minus 1 if v # v,
and equal to the valence if v = v, (|v| is the number of the “out-going edges”).

e Let U, be a category defined as follows. An object of W,, is an isotopy class of planar rooted n—trees.
There is a unique morphism 7" — T if T" is obtained from T by successive contractions of internal edges
(ie edges not adjacent to leaves).

e Let Cat be the category of small categories and functors. Let i,,: ¥, — W, 41 be a functor which
sends T to the tree made from T by attaching two edges to the n leaf of 7' and labeling the new leaves
with n and n 4+ 1. We define a category W as the colimit of the sequence W, LN v, 2, ... taken in Cat.
Fn:Wni41 — P, denotes the functor given in [37, Definition 4.14], which sends a tree T € W, 41 to the
set of numbers i such that the shortest paths from i and i + 1 to the root in 7 intersect only at the root.
For the functor G, : P, 41 — Ay, see Section 2.1. The square

Gn+19Fn
Vypo ————— Ay

I I
Gn+20Fn+1
V43 ————— Apgq

is clearly commutative, where the right vertical arrow is the natural inclusion, so we have the induced
functor Go F: ¥ — A.

e Henceforth, for a symmetric sequence X and a vertex v of a tree in ¥, we denote X (|v]), X(Jv|—1)
and |v|—1by X(v), X(v—1) and v — 1, respectively.

e For a K—comodule X in SP, we shall define a functor F* X : ‘1’212 — SP. The definition is similar to

(a dual of) the construction of Dy, [M] in [37, Definition 5.6]. For a tree 7" € W45, define a space K7 by
F=]]Kw.
v
Here v runs through all the nonroot and nonleaf vertices of 7. This is denoted by K7 in [37]. We set
F'X(T) = Map(KT, X (v, —1)).

For a morphism 7" — T given by the contraction of a nonroot edge e (an edge not adjacent to the root),
the map e*: F* X(T') — F" X(T) is the pullback by the inclusion X' — K7, to a face corresponding to
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the edge contraction (see [37, Definition 4.26]). For the i root edge e, the corresponding map is given
by the following composition:

Map( ]_[ IC(v),X(v;—l)) :Map( 1_[ lC(v),X(v;—l))—>Map( 1_[ IC(v),Map(IC(vt),X(v,—l)))

veT’ veT veT
v#v; vF#V;
gMap(( l_[ IC(v))xlC(vt), X(vr—l)) =Map( 1_[ K(v), X(vr—l)).
veT veT
v#vU;

Here v; is the vertex of e which is not the root. For 1 <i < |v,| — 1, the arrow is the pushforward by the
adjoint of the partial composition (—o; —): K(v;) ® X(v. — 1) — X (v, — 1), and for i = |v,| it is the
pushforward by the adjoint of the composition

K(v) & X, — 1) 2297 k) & X! — 1) 22 x (v, — 1),

where o is the transposition of the first |v).|—|v,| and last [v;|—1 letters. The functors {F"}, are compatible
with the inclusions iy, : ¥,4+2 — W, 43. Precisely speaking, there exists an obviously defined natural
isomorphism j,: F"X =~ F"t1X|y, ., because the inclusion does not change |v,|. We define a functor
FX:W — SP by FX(T) being the colimit of the sequence F" X(T) = F*" 1 X(T) S Frt2x(T) S ...

o We define a category G(n)™ for an integer n > 1 as follows. Its objects are a symbol * and the graphs
G with set of vertices V(G) = n and set of edges E(G) C {(i, j)|i,j € n withi < j}. There is a unique
morphism G — H if and only if either both of G and H are graphs and E(G) C E(H), or G = * and
H # @, where @ denotes the graph with no edges. As in the definition, we allow graphs in G(n)™" to
have loops, ie edges of the form (i, i) for i € n.

e We define a functor w: \IJZI;Z — Cat by o(T) = G(|vy|—1)*. For the contraction T — T of an edge e,
we define a map e*: v, — 1 — v, — | as follows. If e is a nonroot edge, e* is the identity. If e is the it

root edge for 1 <i <|v,|—1, e* is the order-preserving surjection with e*(j) =i fori < j <i+|v,|—1.
For i = |v,|, e* is the composition
) (e)* 1 if 1<j <o,

v.—1-—>v.—1-"5v,—1, where (¢')*(j) =
' ' , (€)™ (/) J—lvel+1 iffu+1<j<[vl]—1,

and o is the permutation given in the previous item. For G € G(|v.| — 1)T, we define an object
¢*(G) € G(lvr| =¥ by

* if G = %,

*
G) =
¢ (G the graph with the edge set {(e*(s),e*(¢)) | (s,t) € E(G)} otherwise.

e We define a category @n+2 as the Grothendieck construction for the (nonlax) functor w

\Dn+2 = / w.
W42
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An object of W, is a pair (T, G) with T € ¥, ;» and G € o(T). A map (T, G) — (T’, G') is a pair
ofmapse: T — T’ € ¥, 15 and G — ¢*(G’) € w(T). The functor iy, : ¥, +2 — ¥, +3 and the identity
o(T) = w(iy(T)) naturally induce a functor iy : ‘If,,+2 — \TJ,,+3. We denote by U the colimit of the
sequence {4 2;in}.

e We fix a map K — D of operads and regard T as a K—comodule via this map.
* We shall define a functor T%,: ¥,", , — SP. We set

T (T,G) = * if G has at least one loop or G = x,
M Map(K%, Tg) otherwise.

For a map (T, G) — (T', G'), we set

Map( I1 ;cm,frg/) »Map( I1 /C(v»Map(/C(vt),TG)) ;Map(( I1 K(v)) xlC(v,),Tg)

veT’ veT veT

v#£v; v#£;

= Map( 1—[ K(v), Tg).

veT

Here the arrow is the adjoint of the map K(v;) ® Tg- — Tg which is the composition of the map
Ks) ® Tgr — Tex(G'y defined in view of Lemma 3.11 and the inclusion 7.+g» C TG coming from
G Ce*(G’). The collection {T, }, naturally induces a functor Ty : U — SP with natural isomorphism

-~
TM|\I/n+2 =Ty

e Let M be a model category. Let 7: U — W be the functor given by the projection n(7,G) = T. Let
n: Fun(WP, M) — Fun(¥°P, M) be the left Kan extension along 7, ie

X)(T) =colim X
(nX)(T) = colim X
for X € F un(\TJOP, M). Here abusing notation, for 7 € W we denote by w(7) the full subcategory

{(T,G)|Gew(T)}of ¥, and by X7 the restriction of X to w(T'). Let n*: Fun(W¥°P, M) — Fun(V°P, M)
be the pullback, ie n*(Y) =Y on.

Remark 8.2 The category W, is equivalent to the category W¢ given in [37, Definition 4.12].
Notation Henceforth we omit (—)°P under (ho)colim. For example, hocolimy denotes hocolimuyep.

In the rest of this section, as before, all functor categories are endowed with the projective model structure
(see Section 2.1).
Lemma 8.3 Let M be a cofibrantly generated model category.

(1) The pair (ny, n*) is a Quillen adjoint pair.

(2) The restriction

Fun(¥P, M) = Fun(o(T)®, M), X — Xr,
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preserves weak equivalences and cofibrations. In particular, the natural map hocolim,, 7y X7 —
LmX(T) € Ho(M) is an isomorphism.

(3) For any functor X € F un(U°P, M), there is a natural isomorphism in Ho(M)

hocolim L X = hocolim X.
v v

Proof Part (1) is straightforward. We shall prove (2). Let I be a set of generating cofibrations of M. Let
C be a category. For objects a € C and A € M, the functor sending b € C to the coproduct of copies of
A labeled by morphisms from b to a is denoted by F € Fun(C, M). A set of generating cofibrations
of Fun(C, M) is given by

IC:{F;‘:F£—>F§|a€Candf:A—>BeI}.

See [20, Theorem 11.6.1] for details. Since w(T) is a full subcategory of U, the restriction functor sends
I into I, (7). Since the restriction preserves colimits, it preserves relative cell objects with respect to
these generating sets. As any cofibration is a retract of a relative cell object, we have proved (2). Part (3)
follows from (2) and a standard property of colimits. a

Theorem 8.4 (1) There exists an isomorphism in Ho(Fun(¥°P, SP))
(GoR)"(C*(M)”) =LiyTy.
(2) If M is simply connected and of dimension > 4, there exists an isomorphism in Ho(CHy)

C*(Emb(S!, M)) = hocolim Csx 0 T .
v

Proof Let T € W be an object and set m = |v,| — 1, where v, is the root vertex of 7. By definition
Tm (m) = colimg ey, (1) TG. We shall show that the natural map

hocolim 7g — colim Tg = Ty (m) € Ho(SP)
Gew(T) Gew(T)

is an isomorphism. Put Ny = #{(i, j) | i, j € m withi < j}. By abuse of notation, we denote by
Py, the subcategory of w(7') consisting of nonempty graphs, which is actually isomorphic to Py, .
The functor P?\?l 5> G +— Tg € SP satisfies the assumption of Lemma 2.2(2), so the natural map
hocolimp,, 7G — colimp,, 7g is an isomorphism. More precisely, for each k, P(])\I,’l 535G+ (Tg)k €CGx
satisfies the assumption for M = CG.. Since a trivial fibration in SP is a level equivalence and a finite
homotopy colimit is obtained by successive applications of a homotopy pushout, the finite homotopy
colimit of a diagram of semistable connective spectra is w«—isomorphic to the levelwise homotopy
colimit. As Tps(m) is a cofiber of the natural map colimp N T — %M, which is also a (levelwise)
homotopy cofiber, we have the assertion. We define a natural transformation Tjs — n* o F(7p7) by
the pushforward by the constant map Tg — {*} C Tar(m) for G # & € w(T), and by the quotient
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map Ty — Tar(m) for G = @. By the assertion and Lemma 8.3(2), the derived adjoint of the natural
transformation LmTps — FTjs is an isomorphism in Ho(Fun(W°P, SP)). It is clear that F preserves
weak equivalences, so by Theorem 4.4 we have isomorphisms in Ho(Fun(¥°P, SP))

F(C]\‘/,[) ~FTay =LmTyy.

We define a natural transformation (G o F)*(C*(M)") — F(C),) by the inclusion Y (M) =Cpy(m) C
Map(K%, Cpr(m)) onto constant maps. This is clearly a weak equivalence, so we have proved (1).

For (2), since the functor Cx: SP — CHy preserves homotopy colimits (of semistable spectra), by (1),
Lemma 8.3(3) and Lemma 5.3, we have isomorphisms in Ho(CHy)
hoc‘glim(g o F)*Cix(C*(M)V) = hocglimLmC* oTpy =hocolimCyxoTpy.
v

By Lemma 5.3, Theorem 5.17 and the fact that G o 7: WP — AP is (homotopy) right cofinal (see
Proposition 4.15 and Theorem 6.7 of [37]), we have isomorphisms in Ho(CHy)

C*(Emb(S!, M)) =~ hocglim C*(C*(M)) =~ hocglim C«(C*(M)Y) = hoc&)[lim(g o F)*Cix(C*(M)Y).

Thus, we have an isomorphism C*(Emb(S!, M)) = hocolimg Cx 0 Ty a
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