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We generalize the notion of moment-angle manifold over a simple convex polytope to an arbitrary nice
manifold with corners. For a nice manifold with corners Q, we first compute the stable decomposition
of the moment-angle manifold #¢ via a construction called rim-cubicalization of Q. From this, we
derive a formula to compute the integral cohomology group of %¢ via the strata of Q. This generalizes
the Hochster’s formula for the moment-angle manifold over a simple convex polytope. Moreover, we
obtain a description of the integral cohomology ring of #¢ using the idea of partial diagonal maps. In
addition, we define the notion of polyhedral product of a sequence of based CW—complexes over QO
and obtain similar results for these spaces as we do for Zo. Using this general construction, we can
compute the equivariant cohomology ring of £ with respect to its canonical torus action from the
Davis—Januszkiewicz space of Q. The result leads to the definition of a new notion called the topological
face ring of Q, which generalizes the notion of face ring of a simple polytope. Moreover, the topological
face ring of O computes the equivariant cohomology of all locally standard torus actions with Q as the
orbit space when the corresponding principal torus bundle over Q is trivial. Meanwhile, we obtain some
parallel results for the real moment-angle manifold R% g over Q as well.

57S12; 57N65, 57S17, 57525

1 Introduction

The construction of a moment-angle manifold over a simple polytope is first introduced by Davis and
Januszkiewicz in [17]. Suppose P is a simple (convex) polytope with m facets (codimension-one faces).
A convex polytope in a Euclidean space is called simple if every codimension-k face is the intersection of
exactly k facets of the polytope. The moment-angle manifold % p over P is a closed connected manifold
with an effective action by the compact torus 7™ = (S1)™ whose orbit space is P. It is shown in [17]
that many important topological invariants of #¥p can be computed easily from the combinatorial structure
of P. These manifolds play an important role in the research of toric topology. The reader is referred
to Buchstaber and Panov [9; 10] for more discussions on the topological and geometrical aspects of
moment-angle manifolds.

The notion of moment-angle manifold over a simple convex polytope has been generalized in many
different ways. For example, Davis and Januszkiewicz [17] define a class of topological spaces now
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called moment-angle complexes —named by Buchstaber and Panov in [8] — where the simple polytope
is replaced by a simple polyhedral complex. Later, Lii and Panov [26] defined the notion of moment-
angle complex of a simplicial poset. In addition, Ayzenberg and Buchstaber [1] defined the notion of
moment-angle spaces over arbitrary convex polytopes (not necessarily simple). Note that in all these
generalizations, the orbit spaces of the canonical torus actions are all contractible. Yet an even wider class
of spaces called generalized moment-angle complexes or polyhedral products over simplicial complexes
were introduced by Bahri, Bendersky, Cohen and Gitler in [3], which has become the major subject in the
homotopy-theoretic study of toric topology.

In this paper, we generalize the construction of moment-angle manifolds by replacing the simple polytope
P by a nice manifold with corners O which is not necessarily contractible. Such a generalization has
been considered by Poddar and Sarkar [29] for polytopes with simple holes.

A motive for the study of this generalized construction is to compute the equivariant cohomology ring of
locally standard torus actions. Recall that an action of a compact torus 7" on a smooth compact manifold
M of dimension 27 is called locally standard if it is locally modeled on the standard representation of
T" on C". Then the orbit space Q = M/T" is a manifold with corners. Conversely, every manifold
with a locally standard T"—action and with Q as the orbit space is equivariantly homeomorphic to the
quotient construction Y /~, where Y is a principal 7"”-bundle over Q and ~ is an equivalence relation
determined by the characteristic function on Q; see Yoshida [35]. Generally speaking, it is difficult
to compute the equivariant cohomology ring of M from the corresponding principal bundle Y and the
characteristic function on Q. But we will see in Corollary 5.5 that when Y is the trivial 7"-bundle
over Q, the equivariant cohomology ring of M can be computed from the strata of Q directly. Examples
of such kind include many toric origami manifolds — see Ayzenberg, Masuda, Park and Zeng [2], Cannas
da Silva, Guillemin and Pires [12] and Holm and Pires [22] — with coorientable folding hypersurface
where the faces of the orbit spaces may be nonacyclic.

Recall that an n—dimensional manifold with corners Q is a Hausdorff space with a maximal atlas of
local charts onto open subsets of RZ , such that the transitional functions are homeomorphisms which
preserve the codimension of each po_int. Here the codimension c(x) of a point x = (x1,...,x,) in RZ,
is the number of x; which are 0. So we have a well-defined map c¢: Q — Zx¢, where c(q) is the
codimension of a point ¢ € Q. In particular, the interior Q° of O consists of points of codimension 0,
ie 0° =c71(0).

Suppose Q is an n—dimensional manifold with corners with 0Q # @. An open face of Q of codimension k
is a connected component of ¢ 1 (k). A (closed) face is the closure of an open face. A face of codimension
one is called a facet of Q. Note that a face of codimension zero in Q is just a connected component of Q.

A manifold with corners Q is said to be nice if either its boundary dQ is empty or dQ is nonempty and
any codimension-k face of Q is a component of the intersection of k different facets in Q.
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Let Q be a nice n—manifold with corners. Let #(Q) = {F1, ..., Fin} be the set of facets of Q. For any
subset J C [m] ={1,...,m}, let
Fr=\JF. Fo=9. Fay=()F. Fro=0.
jeJ jeJ

It is clear that, for all J € J’ C [m],
FyCFy, FnySFny, FnyCFy.

Let A: #(Q) — Z™ be a map such that {A(F1),...,A(F)} is a unimodular basis of Z™ C R™. Since
S ={z e C||z| = 1}, we can identify the m—torus (S!)" = R™/Z™. The moment-angle manifold
over Q is defined by

(1 %o =0 x(SH)"/~
where (x,g) ~ (x/,g’) if and only if x = x’ and g~!g’ € T} where T} is the subtorus of (S!)”

determined by the linear subspace of R spanned by the set {A(F;) | x € F;}. There is a canonical action
of (S1)™ on % defined by

2) g [(x.©)]=I(x.g'g)] for xeQ and g, g" € (S")™".

Since the manifold with corners Q is nice and A is unimodular, it is easy to see from the above definition
that & ¢ is a manifold.

Convention In the rest of this paper, we assume that any nice manifold with corners Q can be equipped
with a CW-complex structure such that every face of Q is a subcomplex. In addition, we assume that Q
has only finitely many faces. Note that a compact smooth nice manifold with corners always satisfies
these two conditions since it is triangulable; see Johnson [25]. But in general we do not require Q to be
compact or smooth. We do not assume Q to be connected either.

Similarly to the stable decomposition of (generalized) moment-angle complexes obtained in [3], we have
the following stable decomposition of %¢.

Theorem 1.1 Let Q be a nice manifold with corners with facets Fy, ..., Fy,. There is a homotopy
equivalence
3) T@o)~ \/ =VH(Q/F)),

JC[m]

where \/ denotes the wedge sum and X denotes the reduced suspension.
Here we will not explicitly write down the basepoints for our spaces unless it is necessary to do so.

Corollary 1.2 Let Q be a nice manifold with corners with facets Fy, ..., Fy,. The integral (reduced)
cohomology group of % ¢ is given by
@ HP@o) = @@ HPVNQ.Fy). HP@o)= @ HPVI(Q/F)) forall pe.
JElm] JElm]
Algebraic & Geometric Topology, Volume 24 (2024)
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Note that when J = &, H*(Q, Fg) = H*(Q,2) = H*(Q) ~ H*(Q) & Z.

The term “cohomology” of a space X, denoted by H *(X), in this paper always means singular cohomology
with integral coefficients if not specified otherwise.

When Q is acyclic (ie I-I*(Q) = 0), we have H?(Q, Fy) =~ HP~Y(Fy) by a cohomology long exact
sequence for the pair (Q, Fy). So, in this case,

HP(%g) =~ @ HPVI=Y(F;) forall peZ.
J &[m]
This recovers Hochster’s formula for the moment-angle manifold over a simple polytope in [10, Theorem
3.2.9]; see also [10, Proposition 3.2.11].

Remark 1.3 There is an analogue of % ¢ by replacing the group (S 1y by (Z,)™. The counterpart in the
(Z2)™ construction, denoted by R% g, is a special case of the basic construction of Davis [16, Chapter 5]
for a mirror space along with a Coxeter system. A formula parallel to Corollary 1.2 for computing the
integral cohomology group of R% is contained in Davis [15, Theorem A]; see also [16, Chapter 8]. We
call R¥ ¢ the real moment-angle manifold over Q.

Given a nice manifold with corners Q with facets Fi, ..., Fy,, define
) Ry = @ H* Q. F).
JC[m]

There is a graded ring structure U on QR*Q defined as follows:

e fJNJ %, then H*(Q, Fy)® H*(Q, Fy) — H*(Q, Fyuy) is trivial.

e fJNJ =0, then H*(Q, Fy)® H*(0, Fy)) — H*(Q, Fyuy) is the relative cup product U;
see Hatcher [20, page 209].

We can prove the following theorem via the above stable decomposition of %¢.

Theorem 1.4 Let Q be a nice manifold with corners with m facets Fy, ..., Fy,. There exists a ring
isomorphism (up to a sign) from (RY,, V) to the integral cohomology ring of %g. Moreover, we can
make this ring isomorphism degree-preserving by shifting the degrees of all the elements in H*(Q, Fy)
up by |J| forevery J C [m].

It is indicated in [10, Exercise 3.2.14] that Theorem 1.4 holds for any simple polytope. Moreover,
we can generalize Theorem 1.4 to describe the cohomology ring of the polyhedral product of any
(D,S) = {(D" ! 85" a j)};.”=1 over O (see Theorem 4.8). In particular, we have the following result
for R%g.

Theorem 1.5 (Corollary 4.10) Let Q be a nice manifold with corners with facets Fy, ..., Fy,. Then
T(R%g)~ \/ Z(Q/Fy). HPRZo)= ) HP(Q.F;). forall pel.
J S[m] J<[m]
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Moreover, the integral cohomology ring of R% ¢ is isomorphic as a graded ring to the ring (R, U)
where U is the relative cup product

H*(Q,F7)® H*(Q, Fy)) —> H*(Q, Fyuy) forall J,J' C [m].

We can describe the equivariant cohomology ring of % with respect to the canonical action of (S Hym as
follows.

Let k denote a commutative ring with a unit. For any J C [m], let R ,{ be the subring of the polynomial
ring k[x1, ..., Xn] defined by

spang {x}' - xP [n1 >0, 0 >0} if T = {1, s # 9,

k if J =a.

We can multiply f(x) € R,{ and f'(x) € R,{/ ink[xy,..., x| and obtain an element f(x) f’(x) € R,{UJ’.

(6) R =

Definition 1.6 (topological face ring) Let Q be a nice manifold with corners with m facets Fy, ..., Fp,.
For any coefficient ring k, the topological face ring of Q over k is defined to be

(7) k(Q):= @ H*(Fny:k)®R{.

J&m]
Here if Fny = @, we use the convention H*(&; k) = {0}.
For any J, J/ C [m], the product x on k{Q),
(H*(Fny:k) ® R{) ® (H*(Fry:k) ® R ) = (H* (Fnyusny: k) ® R %)

is defined, for ¢ € H*(Fny: k), f(x) € Ri, ¢ € H*(Fnyi k) and f'(x) € R,{/, by
®) @® f(x) * (¢ ® f(x):=(kFuy (@) UkTyy (@) ® f(x)f(x),
where k7 1 : Fnpr — Fnp is the inclusion map forany I C I’ C[m]and k}, ;: H*(Fny: k) — H*(Fnyi k)
is the induced homomorphism on cohomology.
In addition, we can consider k(Q) as a graded ring if we choose a degree for every indeterminate x; in
k[x1,...,xm] and define

deg(¢p ® (9671l ---xj'-is)) = deg(¢) +njydeg(x;,) +-- -+ ngdeg(x;,).
Theorem 1.7 Let Q be a nice manifold with corners with facets Fy, ..., Fy,. Then the equivariant
cohomology ring of £¢ (or RZ ) with Z—coefficients (or Zy—coefficients) with respect to the canonical

(SY™—action (or (Z,)™—action) is isomorphic as a graded ring to the topological face ring Z.{Q) (or
Z>(Q)) of Q by choosing deg(x;) =2 (or deg(x;) = 1) forall 1 < j <m.

Moreover, the natural H*(BT"™)-module structure on the integral equivariant cohomology ring H7.,, (¥0)
is described in (52) where 7™ = (S1)™.
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Remark 1.8 A calculation of the equivariant cohomology group of #¢ with Z—coefficients was an-
nounced earlier by T Januszkiewicz in a talk in 2020 [24]. The formula given in Januszkiewicz'’s talk is
equivalent to our Z(Q). But the ring structure of the equivariant cohomology of ¥ was not described
in [24].

For a nice manifold with corners @, there are two other notions which reflect the stratification of Q. One
is the face poset of Q which is the set of all faces of Q ordered by inclusion, denoted by ¥ ¢ (note that
each connected component of Q is also a face). The other one is the nerve simplicial complex of the
covering of dQ by its facets, denoted by K. The face ring (or Stanley—Reisner ring) of a simplicial
complex is an important tool to study combinatorial objects in algebraic combinatorics and combinatorial
commutative algebra; see [28; 30].

When Q is a simple polytope, all faces of Q, including Q itself, and all their intersections are acyclic.
Then it is easy to see that the topological face ring of Q is isomorphic to the face ring of K¢ (see
Example 5.2). But in general, the topological face ring of Q encodes more topological information of Q
than the face ring of Kg.

There is another way to think of the topological face ring k{Q). Let

fox= €D H*(Fns:k),
J <[m]

where product * on ‘OR;Q i is defined, for any ¢ € H*(Fny:k) and ¢’ € H*(Fny/: k), by

P = K;UJ/,J(¢) U K;UJ/,J/(¢/) € H*(Fm(JuJ’)§ k).

Moreover,
k[x1,...,xm] = @ R,{,
J<[m]
so we can think of both QR;Q’k and k[x1, ..., Xm] as 2P _graded rings where 2" = {J C [m]} is the

power set of [m]. Then the topological face ring k(Q) can be thought of as the Segre product of %;Q, K
and k[x1, ..., xu] with respect to their 21"]—gradings. By definition, the Segre product of two rings R
and S graded by a common semigroup «§ — using the notation of Hoa [21] —is
R®S =P Ra® Sa.
acs

So R® S is a subring of the tensor product of R and S (as graded rings). The Segre product of two
graded rings (or modules) is studied in algebraic geometry and commutative algebra; see Chow [13] and
Froberg and Hoa [19; 21], for example.

Here we can think of 2] as a semigroup where the product of two subsets of [m] is just their union.

Then by this notation, we can write
K(Q) =g 4 ®K[X,. ., X,

From this form, we see that k{Q) is essentially determined by QRRQ, K

Algebraic & Geometric Topology, Volume 24 (2024)
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The paper is organized as follows. In Section 2, we first construct an embedding of Q into Q x [0, 1]™
which is analogous to the embedding of a simple polytope into a cube. This induces an embedding of % o
into Q x (D?)™, from which we can do the stable decomposition of %o and give a proof of Theorem 1.1.
Our argument proceeds along the same line as the argument given in [3, Section 6] but with some extra
ingredients. In fact, we will not do the stable decomposition of #¢ directly, but the stable decomposition
of the disjoint union of ¢ with a point. In Section 3, we obtain a description of the product structure of
the cohomology of % using the stable decomposition of # ¢ and the partial diagonal map introduced
in [4]. From this we give a proof of Theorem 1.4. In Section 4, we define the notion of polyhedral product
of a sequence of based CW-complexes over a nice manifold with corners ¢ and obtain some results
parallel to % ¢ for these spaces. In particular, we obtain a description of the integral cohomology ring
of real moment-angle manifold R% ¢ (see Corollary 4.10). In Section 5, we compute the equivariant
cohomology ring of ¢ and prove Theorem 1.7. In Section 6, we discuss more generalizations of the
construction of ¢ and extend our main theorems to some wider settings.

2 Stable decomposition of % ¢

Let Q be a nice manifold with corners with m facets. To obtain the stable decomposition of &g, we first
construct a special embedding of Q into Q x [0, 1], called the rim-cubicalization of Q. This construction
can be thought of as a generalization of the embedding of a simple polytope with m facets into [0, 1]™
defined in [9, Chapter 4].

2.1 Rim-cubicalization of Q in Q x [0, 1]™

Let F1, ..., Fy, be all the facets of Q. For a face f of Q, let Iy be the subset of [m] called the strata
index of f,
Iy=tielml| f S F} < lm)

Then we define a subset f of O x [0, 1]™ associated to f as follows. We write

.1 = T [0.1]¢

J€lm]

F=rxJlo.0px [] 1o

jely jelm\Iy

and define

In particular,
ﬁ,- = F; x [0, 1]y x l_[ Iy, 1=<i=<m.
Jelm\{i}
Let ¢ be the face poset of O and define

) 0= J fcoxpom
fedo

Algebraic & Geometric Topology, Volume 24 (2024)
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Figure 1: Rim-cubicalization of Q in Q x [0, 1]™.

It is easy to see that Q is a nice manifold with corners whose facets are Fy, ..., Fp,. If we identify Q
with the subspace Q X []; e
codimension-k strata of Q with a k—cube to dQ (see Figure 1),

I € Q , then we can think of Q as inductively gluing the product of all

0 B Fx[0,1] 2N .. Bl ro o, 1]l e

Due to this viewpoint, we call Q the rim-cubicalization of Q in Q x [0, 1]™.
Lemma 2.1 Q is homeomorphic to Q as a manifold with corners.

Proof For any face f of Q and 0 <t <1, let
fo=fxJltumnx [ 1. 00= ] f@Ocox[r.m

JEly JEMN\Iy f€%0

Then Q (t) determines an isotopy (see Figure 1) from Q 0) = Q to

om= U (fx I 1(1))=QX [Tin=e
feYo J€lm] J€lm]

Around a codimension-k stratum of Q, the isotopy Q(¢) is locally equivalent to the standard isotopy
from C!(—1) to C}!(0) defined in Example 2.2.

Clearly, the isotopy Q (¢) sends each face f of Q to fx]] jelm]

0 x]] jepm) 1) with O, Q is homeomorphic to Q as a manifold with corners. a

I(j)- So, under the identification of

Example 2.2 Let C}!(0) and C[! (—1) be two subspaces of R" defined by
C,?(O)::{(xl,...,xn)eR” [0<x1,....,xx <1, =1 <Xgy1,...,Xn <1},

Cl(=1)={(x1,....x0) eR" | =1 <x1,..., X < L, =1 <Xpyq,..., %0 < 1}.

Algebraic & Geometric Topology, Volume 24 (2024)
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Figure 2: Isotopy from C}'(—1) to C}'(0).
There is a strong deformation retraction from C;’ (—1) to C;’(0) defined by
H(xt,....xn, 1) = (8x, (1) - X1, .., Oxp (1) - Xgeu X 15+ - - Xn)

for any (x1,...,x,) € C}'(—1) and 7 € [0, 1], where

—t ifx <0,

1
Sx(t) =
x(1) 1 if x > 0.

It is easy to see that for any ¢ € [0, 1], the image of H(-,1) is
CRt—1)={(x1,....xp0) [t =1 =<Xx1,...,x <1, =1 <Xpqq,....x5 < 1}.
So H actually defines an isotopy from C;'(—1) to C}!(0) (see Figure 2).
2.2 Embedding ¥ into Q x (D?)™
Using the above rim-cubicalization of Q in Q x [0, 1], we can embed the manifold % ¢ into Q x (D?)™,

where D% = {z € C | ||z|| < 1} is the unit disk.

In the following, we consider [0, 1] as a subset of D? and the cube [0, 1] as a subset of (D?)™ C C™.
For any j € [m], let S (lj) and D(zj) denote the corresponding spaces indexed by .

There is a canonical action of (S1)™ on Q x (D?)™ defined by
(gl,"-agm)'(x7zls-~szm) = (X,glzl,'--,gmzm)s

where x € 0, g; €S (lj) and z; € D(zj) for 1 < j < m. The orbit space of this action can be identified
with Q x [0, 1]". We denote the quotient map by

p: O x(DH™ - Q x[0,1]™.

For any face f of O, we define

(10) (D2 sH =p () =fx[] DEyx [] S <cexd)™
jely jelm\I,
2 o0 . 2 olhf _ 2 1
(11) (D*.sH2:= | J (p% 8" = U(fxl_[D(j)x I1 S(j)).
fedo fedo JEly JelmN\Iy

There is a canonical action of (S1)” on (D2, S')€ induced by the canonical action of (S)” on
Q0 x (D?)™,

Algebraic & Geometric Topology, Volume 24 (2024)
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Lemma 2.3 (D2, S")€ is equivariantly homeomorphic to Zo.

Proof By Lemma 2.1, it is equivalent to show that (D2, §1)€ is equivariantly homeomorphic to % o
We consider [0, 1)™ as a nice manifold with corners whose facets are F ID, R F,E, where

Fl=0px [] 0.0, 1<i<m.
Jelmi\{i}
It is clear that g 1)m = [0,1)" x (S1H™ /~ is homeomorphic to (DZ\S!)™. The quotient map
[0, )" x (S1)y" — Hl0,1)ym = (D2\S1)™ extends to a map 7: [0, 1] x (S1)™ — (D?)™ which can be
written explicitly as
(12) 7 [0, 1] x (ST = (D)™, ((t1s-- - tm), (1, - 8m)) = (111, - - -, Emlm).
Define
g =idg xm: Q x[0,1]" x (S1)" — Q x (D?*)™.
Notice that the facets of Q are the intersections of Q with O x FB, ..., 0 x FmD,
FF=0n(QxFR), 1<i<m.
We can easily check that the restriction of g to Q x (S1)™ gives exactly & o ie
Fp= 7o (0 x (SH™).
Moreover, for any face f of Q,
wo(f x(SH™) =g (f < [Tao. g xsG < 1 S(lj))
Jely Jj€lmNIy
== pgyx T1 SG=@*sH7.

Jj€ly JelmN\Iy
So we have a homeomorphism

%5 =100 x (Y = | mo(f xS = | (0%, 8H =(? 512,
feso fedo

Clearly, the above homeomorphism is equivariant with respect to the canonical actions of (S1)™ on % o
and (D2, 812, o

2.3 Viewing ¥ ¢ as a colimit of CW-complexes

By Lemma 2.3, studying the stable decomposition of % ¢ is equivalent to studying that for (D2, 8H2.
To do the stable decomposition as in [3], we want to first think of (D2, §1)€ as the colimit of a diagram
of CW—complexes over a finite poset (partially ordered set). The following are some basic definitions;
see [38].

e Let CW be the category of CW—complexes and continuous maps.

Algebraic & Geometric Topology, Volume 24 (2024)
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e Let CW, be the category of based CW—complexes and based continuous maps.

e A diagram 9 of CW—complexes or based CW—complexes over a finite poset % is a functor
D: P — CW or CW,
such that for every p < p’ in @, there is a map dpp: D(p’) — D(p) with
dpp =idgy(p), dpprdp pr =dppr forall p<p' <p”.
e The colimit of 9 is the space
colim(@) := ( 11 Qb(p)) / ~
pEP

where ~ denotes the equivalence relation generated by requiring that for each x € D(p’), x ~ dpp/ (x)
for every p < p/’.

To think of (D?, S1)€ as a colimit of CW-complexes, we need to introduce a finer decomposition of
(D2, 512 as follows. By the notations in Section 2.1, for any face f of Q and any subset L C [ ' C [m],
let
2 ¢I\(fiL) . 2 1
(13) (D=, §8) =[x l_[ Dy x 1_[ Sty
JEIF\L JelmN\Ur\L)
Clearly, (D2, 1)L ¢ (D2, §1H)/:L) if and only if L D L. So we have

(Dz,Sl)f — (DZ’Sl)(ny) — U (DZ’SI)(f,L)’

Lglf
(14) (p2.sH2 =) p2sH = | | w2 sHhvb,
feso fe$o LSy

Corresponding to this decomposition, we define a poset associated to Q by
(15) Po={(fL)| feFo. LS Iy < ml},
where (f, L) < (f’,L')ifand only if f 2 f"and Iy\L 2 I;/\L'. It follows from the definition (13) that
(D) =(f".L) <= (D> SHV ) ¢ (D? sHUD),
Note that % ¢ is a finite poset since by our convention Q only has finitely many faces.
Definition 2.4 Let D:?gp — CW be a diagram of CW—complexes where
D((f.L)) = (D%, SHYUD  forall (f,L)ePq.
Forany (f,L) <(f'.L") € g, ds1),(r,1): D((f'.L")) = D((f, L)) is the natural inclusion.

Clearly, (D2, 81)€ is the colimit of the diagram D. So we have

(16) %Q >~ (Dz’ Sl)Q — COllm(D) — U (DZ’ Sl)(f,L)
(f,L)e?o
Algebraic & Geometric Topology, Volume 24 (2024)



460 Li Yu

Remark 2.5 Here we do not write (D2, S1)€ as the colimit of a diagram of based CW-complexes.
This is because in general it is not possible to choose a basepoint in each (D2, S H(AD) 1o adapt to the
colimit construction of a diagram in CW.,.

2.4 Stable decomposition of % o

First of all, let us recall a well-known theorem — see [23; 34] — which allows us to decompose the
Cartesian product of a collection of based CW—complexes into a wedge of spaces after doing a suspension.

Let (X;, x;) for 1 <i <m be based CW—complexes. For I ={iy,...,ir} C[m]with1 <i; <---<i} <m,
define

R = Xi, A A Xy
which is the quotient space of X! = X iy X---x Xj, by the subspace given by

Fw(x"h = {Diys-oYip) € x| Vi, is the basepoint x;; € X;, for at least one i; }.

Theorem 2.6 Let (X;, x;) for 1 <i <m be based connected CW-complexes. There is a based, natural
homotopy equivalence

h:):(Xlx---me)—>Z( \/ )?I),

@#1<[m]

where I runs over all the nonempty subsets of [m]. Furthermore, the map h commutes with colimits.

In our proof later, we need a slightly generalized version of Theorem 2.6. Before that, let us first prove
three simple lemmas.

Lemma 2.7 If (X, x¢o) and (Y, yo) are based CW—complexes with X contractible, then X A'Y is also

contractible.

Proof The deformation retraction from X to x¢ naturally induces a deformation retraction from
XAY =X x¥/({xo} x ¥)U (X x {y0})

to its canonical basepoint [(xg, vo)] = [({x0} x Y) U (X X {y0})]. a

Lemma 2.8 Suppose a CW—complex X has N connected components X1, ..., Xy. Then there is a

homotopy equivalence
TX)~Z(X)v--vEXN VYV S
N-1

where \/ y_, S is the wedge sum of N — 1 copies of S'.

Proof This follows easily from the definition of reduced suspension. |
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Lemma 2.9 Let X; = X| U {x} where X7 is a connected based CW—complex and x; ¢ X is the
basepoint of X .

(a) For any connected based CW-complex X», there is a homotopy equivalence
T (X1 A X2) > Z(X2)VE(X]AX2).
(b) If X> = X} U{x2}, where X} is a connected based CW-complex and x» ¢ X} is the basepoint
of X5, then X1 A X is the disjoint union of X| A X} and a point represented by {x1} x {x2}.
Proof (a) By the definition of smash product, we have a homeomorphism
X1 AXo = (X{U{x1}) x Xo/({x1} x Xo U X x {x2}) = X| x X2/ X{ X {x2}.

Then we have
T (X1 AX2)=2(X] x X2/ X x{x2})
~ X (X{x X2)/ZT(X] x{x2})
~ (Z(X))VE(X2)VE(X]AX2))/Z(X]) (by Theorem 2.6)
~ ¥ (X2)VEX]AX2).

(b) This follows directly from the definition of smash product. O
We can generalize Theorem 2.6 to the following form.

Theorem 2.10 Let (X;, x;) for 1 <i < m, be based CW—complexes. Assume that for some 1 <n <m,

e X; =Y;U{x;} for1 <i <n, whereY; is a connected CW—complex and x; ¢ Y;.

e X;, forn+1<i <m,isaconnected CW-complex.

There is a based, natural homotopy equivalence which commutes with colimits,

h:):(Xlx---me)—>Z( \/ )?’).

@#1<[m]
Proof For brevity, let [n1,n3] = {n1,...,n,} for any integer n; < nj. Let
xI:{x,-l}x---x{x,-k}, YI:Y,-lx---xY,-k, I ={iy,... 0}, i1 <---<lig.

There are 2" connected components in X [ml — x 1 X +++ X Xy, which are
(PN s y I xIntloml | p < (1, n]).
We choose a basepoint for each Y; with 1 <i <n. So, by Lemma 2.8,

T(Xyxox Xy \/ T xxbrimhyy\/ st
I1<[1,n] 21—1
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Since Y1,...,Ys, Xn+1, ..., Xin are all connected based CW—complexes, we can apply Theorem 2.6 to
each Y7 x XIn+1.m] and obtain

(17) T(Xypxx Xm) > \/ \/  =EAx)Hv\/ st
IC[1,n] LUJ#@,LCT 2n—1
JC[n+1,m]

On the other hand, for any I = {iy,...,ix} S [l,n]and J C [n 4+ 1,m],
XIAX =X Ao A Xy AXT = (W Ul DA A (Vi Ul DA XY
If J # @, X1 A X7 is a connected CW-complex. Then by iteratively using Lemma 2.9(a), we obtain

SXIAX) =\ TP AT,
LCI

Alternatively, if J = @ and I # @, by iteratively using Lemma 2.9(b), we can deduce that X7 is the
disjoint union of Y7 and a point represented by x’. So, by Lemma 2.8, ()/(\I) ~X (171) vSL

So we have
\/ zxH)= \/ TXTAXT)
HC[m] TUJ#32,1C[1,n]
H#@ JCn+1,m]
= ( \/ = (X! A)?J)) v ( \/ 2()?1))
I<[1,n] Z#I<[1,n]
@#JC[n+1,m]
:( \/ \/ 2(?LA)?J))V( \/ (z(?’)vsl)).
I<[1,1] LCI @AIC[1,n]
@#JC[n+1,m]
By comparing the above expression with (17), we prove the theorem. |

Remark 2.11 By Theorem 2.10, it is not hard to see that all the main theorems in [3] also hold for based
CW-—complex pairs {(X;, A;,a;)}7L, where each of X; and 4; is either connected or is a disjoint union
of a connected CW—complex with its basepoint. In particular, [3, Corollary 2.24] also holds for (D!, S?).

Remark 2.12 It is possible to extend Theorem 2.10 further to deal with spaces which are a disjoint
union of a connected CW—complex with finitely many points. But since Theorem 2.10 is already enough
for our discussion in this paper, we leave the more generalized statement to the reader.
Definition 2.13 For any based CW-complexes (X, xo) and (Y, yp), let

XxY:=XxY/[xoxY, XxY:=XxY/XXyj.
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If each of X and Y is either connected or is a disjoint union of a connected CW—complex with its
basepoint, there is a homotopy equivalence by Theorem 2.10,

(18) FAXAXY) XX xY)/Z(xoxY)~X(X)VE(XAY),

19) YXxY)2Z(XXxY)/Z(X xyo) ~X(Y)VEXAY).

We can further generalize Theorem 2.6 to the following form. We will use the following convention in
the rest of the paper:

Convention For any based space Y, define ¥ A X! :=Y whenI = 2.

Theorem 2.14 Let (X;,x;) for 1 <i <m and (B, by) be a collection of based CW-complexes where
each of X; and B is either connected or is a disjoint union of a connected CW—complex with its basepoint.
Then there is a based, natural homotopy equivalence which commutes with colimits,

]’llZ(B)d(X1X~--XXm))—>Z( \/ B/\)?I).
I<[m]
Proof By definition,
YBAX I X XXm)=X2(BX (X1 XX Xm)/BV (X1 x---XxXp))
>YBxX1 X xXXp)/E(B)VEX1 XX Xpm)
o~ \/ Z(B/\)?I) (by Theorem 2.10).
@#1<[m]

Then, by (18),
YBX(X1 XX Xp)=2(B)VEBAX1 XX Xm))

~3B)v \/ Z(BAX))
@#1<[m]

:z( \/ BA)?’). O

I1<[m]

To apply the above stable decomposition lemmas to (D2, S1)€, we need to choose a basepoint for each
(D2, SHAL) in the first place. But by Remark 2.5, there is no good way to choose a basepoint inside
each (D2, S1)(:L) to adapt to the colimit construction of (D2, S1)€. So, in the following, we add an
auxiliary point to all (D2, S 1)(f’L) as their common basepoint:

* Let 1(;) be the basepoint of § (lj) and D(zj) for every j € [m].

e Let Q4+ = Q Ugp where go ¢ Q is the basepoint of Q.

e For any face f of Q, let f4 = f Uqo with basepoint ¢g.

e Forany (f, L) € g, define (D2, SI)SFf’L) = (D2, SHUD) U gy, where o = go X [Tepm 1)

is the basepoint.

e Let (D%, 812 = (D2,5")2 Ugo with basepoint go.
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Let D :® o — CW, be a diagram of based CW—complexes, where
Di((f.L)) = (D, Sl)gLf’L) forall (f,L) € Pg,

and (d4)(£.L).(r.L): D+ ((f'. L)) = D ((f, L)) is the natural inclusion forany (f, L) < (f'. L") € Pg.
Then it is clear that

(20) (D%, 812 = (D2,512 U gy = colim(D) U o = colim(D.4).

Next, we analyze the reduced suspension X (colim(D4)) from the colimit point of view. Since all the
(D2, S 1)g_f’L) share the same basepoint g,

. L ,L
2<cohm(D+>)=z( U o2shy ))= U =2 sH¥).
(fL)e?o (f,.L)e?o

Lemma 2.15 For any (f, L) € P, there is a natural homeomorphism which commutes with taking the

2 ol\(fiL) 2 1
(D7, 8% =f+>4( [T ogyx 11 S(j))-

colimit,

JEI L jem\U,\L)
Proof By our definitions,
2 1
fox [T 0ty T1 S
JEIF\L JEmN\U,\L)
_ 2 1 2 1
=(fugex [] pgyx ] S(j)/‘lﬂx [T otyx I1 sé
JeI \L J€mN\U,\L) JeI \L J€mN\I,\L)
~ 2 1 A 2 ol(fL)
=(fx IT pgyx 11 S(j))qu_(D,S)+ .
Jelr\L jelm\U7\L)

The above homeomorphism “~” is induced by the global homeomorphism
0+x [] g~ (Q x [ D(zj)) Udo
J€lm] j€lm]

which identifies go X [1jepm) D/ 90 X [1;epm) D¢y With o. m

Since we assume that each face f of Q is a CW—complex in our convention, we can deduce from
Theorem 2.14 and Lemma 2.15 that

Q1) Z((DZ,SI)S{’L))gz(erx( [T r3)x I S(lj)))

JeI\L JemN\U,\L)
~ \/ Z(f+A N DHr A S(j))-
JSlm] jeIn(,\L) jeI\UI\L)
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According to (21), we define a family of diagrams of based CW—complexes
DI: %o —CW., JC[m]
nJ e 2 1 2
(22) DL((fLy:=fin N DHA N SGSQen N\ DYy

jeJn(s\L) jeI\U,\L) jeJ
where (‘i-{)(f,L),(f’,L’): ﬁfr((f’ L)) — ﬁ_{((f, L)) is the natural inclusion for (f, L) < (f',L") e Po.
The basepoint of D _{_(( fiL))is
991:= [qo <[] 1(;)]

JjeJ
Since here the reduced suspension commutes with colimits up to homotopy equivalence [3, Theorem 4.3],
we obtain a homotopy equivalence

(23) % (colim(D 4)) ~ colim(E (D)) ~ \/ X (colim(D)).

J S[m]
The following theorem from [3] will be useful in our proof of Theorem 1.1. It is a modification of the
“homotopy lemma” given in [31; 33; 38].

Theorem 2.16 [3, Corollary 4.5] Let D and E be two diagrams over a finite poset % with values in CW 4
for which the maps colimgs , D(q) < D(p) and colimys , E(q) < E(p) are all closed cofibrations. If
S is a map of diagrams over % such that for every p € P, f,: D(p) — E(p) is a homotopy equivalence,
then f induces a homotopy equivalence f : colim(D(P)) — colim(E(P)).

Now we are ready to give a proof of Theorem 1.1.

Proof of Theorem 1.1 By (20) and (23), we obtain a homotopy equivalence
(24) (D% sH2) >~ \/ Z(colim(DY)).
J<m]
Notice that when J N (I£\L) # @, ﬁi((f, L)) is contractible by Lemma 2.7. So, for any J C [m], we
define another diagram of based CW—-complexes
DL((f L) =frANjes Sty T NUP\L) =2,
[9]1 if JN(IF\L) # 2.

For (f,.L)<(f'.L")ePg, (éi)(f,L),(f’,L’) : EJ{ ((f'.L"))— EAJ{ ((f, L)) is either the natural inclusion
or the constant map ¢ a1 (mapping all points to [c}(‘)’ ]). The basepoint of E J{ ((f,L))is [(}({ I

(25) E{((f L)) :=

Moreover, let &7 : D _{_ —E _{ be a map of diagrams over ¢ defined by

N A idsy if JN(p\L) =2,
o DI(fL)— EL(fL). &/, =) DLy
(f£.L) +((f: L)) F((f£ L)) (f,L) cad if JN(IF\L) # 2.
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Then by Theorem 2.16, there exists a homotopy equivalence

colim(ﬁi) ~ colim(l?i).
Note that we always have lS_{((f, Ir)) € ﬁ_{((f, L)) forany L & Iy # &. So we can ignore the
terms {ﬁ_{((f, Ir) | Iy # @, f € o} when computing colim(ﬁfr). If Iy = @, then f € Q° and
DL((fL)=DL((f.2) = frANjes Sy
To understand colim(EA _{ ), we need to figure out in (25) what are those faces f of Q with some L & Ir
such that J N (If\L) # @.

 There exists L & Iy with J N (If\L) # @ if and only if J N Iy # &, which is equivalent to
f € Fj. Conversely,

pm=Ursirn=UUrr=U U rpelU U s
fedo feso jet fesojelnly fedo INls#0
This implies

(26) U U f=Fjy.

fedo ALGIy
INUIAL)#D

 There exists L & Iy with J N (Iy\L) = @ if and only if f C FJ,)\ 7. So

27) U U  f=Fm

fedo LGy

INUI\L)=2
The above discussion implies
(28) U U S =Fmpns NFy.
fe¥o 3IL,L'GIy
JNU\L)=2

INU\L)#2

By the definition of E7 ., if we have a face f of Q and two subsets L, L' G I such that J N (I \L) = @
while J N (If\L") # @, then J N (I \(LUL')) =@ and J N (If\(LNL")) # @. So, in this case,

o (éJJr)(f,L/),(f,LUL’) : EA{_ ((ALUL"))— Ei ((f. L)) is the constant map a1

S+ A /\ S(lj) —[43]:
jeJ

o @Dryrrony: EL((f.LUL")) — EL((f. L)) is identity map,
1 1
Sen NSy Fen N SGy

jeJ jeJ
Then in colim(f _{), the image of any of such f4 A /\ jes S (1 ) is equivalent to the point [c}({ ]. So we can
deduce that:
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e ForJ # @,
colim(EY) (Q° u U f+) A\ S(lj)/( U f+) AN Sy
LS, jedJ aL.L'SIy jed
JN(UI\L)=2 JN(I\L)=2

JNIF\L)#D

= (((Q° U Fimp\s) U 90) /[ (Fymps N F)Ugo)) A J\ 'S¢y (by (27) and (28))

jeJ
=~ (Q/Fnr NS¢y =zVQ/F).
JjeJ
e ForJ =g, colim(ﬁf) = Q°UFUqo=0Uqo= Q+.
Combining all the above arguments, we obtain homotopy equivalences
(D2 SH9) ~ \/ Z(colim(DY))
J S[m]
~ \/ Z(colim(E{))
J S[m]
~xpv \/ =Vr(Q/F)
@#J Sm]
~stvE)v \/ =VH(Q/F)
@#J S[m]
~stv \/ =VH/F)).
J S[m]
On the other hand,
> (D?, Sl)g) =X (D2, SH2Ugo) =~ STvE((D% SH?) =S v E (%) o

3 Cohomology ring structure of ¥ ¢

The cohomology ring of the moment-angle complex over a simplicial complex K was computed by
Franz [18] and Baskakov, Buchstaber and Panov [7]. The cohomology rings of a much wider class of
spaces called generalized moment-angle complexes or polyhedral products were computed by Bahri,
Bendersky, Cohen and Gitler [4] via partial diagonal maps and by Bahri, Bendersky, Cohen and Gitler [5]
by a spectral sequence under certain freeness conditions (coefficients in a field for example). The study in
this direction is further extended in [6]. A computation using different methods was carried out by Wang
and Zheng [32] and Zheng [37].

It was shown by Bahri, Bendersky, Cohen and Gitler [4] that the product structure on the cohomology of
a polyhedral product over a simplicial complex can be formulated in terms of the stable decomposition
and partial diagonal maps of the polyhedral product. For a nice manifold with corners Q, since we also
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have the stable decomposition of %, we should be able to describe the cohomology ring of £ in a
similar way.

Let us first recall the definition of partial diagonal in product spaces from [4]. Let X;,..., X, be a
collection of based CW—complexes. Using the notations in Section 2.4, for any I C [m], there are natural
projections X [m] _, X7 obtained as the composition

[ xtml Lo,y o1, g1
where IT7: X" — X7 is the natural projection and py is the quotient map in the definition of the smash

product X! In addition, let
wl = N\ Wi JuJ =1

where
X; ifi e IN\(JNJ'),

Wi = e
X;nNX; ifiedJnJ.
Note thatif JUJ =T and J N J' =&, W7 = X1
JJ' .G J,J' J,J . .
Define ¢, " : X — W7 as¢;" = /\;¢; Vi, where ¥; : X; — W; is defined by

i = id ifi e IN\(JNJ),
"TlAGXi > XiAX ifiedn,
where A;: X; — X; x X; = X; A X is the reduced diagonal of X;.

4 A~ A
Note that the smash products WIJ’J and X’ A X7 have the same factors, but in a different order arising
from the natural shuffles. Let

(29) oll . wl S RIART, Jur =1,

be the natural homeomorphism given by a shuffle. Define the partial diagonal
~ PN J.J! , ol ~)

(30) INRED (RIS 2R SN ¢/

’ 4
be the composition of @IJ’J and wIJ 7" There is a commutative diagram

X
Xl A yim] \ ylm]
1
l j/ﬁj /\ﬁj/
~ AJ’J/ A A 7/
X —— X/ A X7
where Affn] is the reduced diagonal map of X [m],

Let k denote a commutative ring with a unit. For any J C [m], there is a homomorphism of rings given
by the reduced cross product x (see [20, page 223]),

Q) H*(Xj:k) 2> H* (X7 k).

jeJ
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In particular, this ring homomorphism becomes a ring isomorphism if all (possibly except one) H* (Xj: k)
are free k—modules; see [20, Theorem 3.21].
Lemma 3.1 Forany ¢; € H*(X;: k) with j € J andanyd)} e H*(X;: k) with j € J',
ALY H XT AR k) > H* (X k), T=JUlJ,
A (X o)< (X 0))=( X o) x( X #7)x( X 87@x9))

jeJ’ jeq\J’ JjeINT jerny’

Proof The above formula follows easily from the definition of ﬁIJ’J/. Note that the shuffle @IJ’J/
(see (29)) sorts all the cohomology classes {¢; } s and {¢J/. }jeJ in order without introducing any = sign.
This is because for any space X and Y,

T:XAY >YAX, [(x,)] [y, x)],
induces a group isomorphism 7*: H*(Y A X;k) — H*(X AY; k) such that
T*(¢py x¢x) = ¢x xdpy, ¢x € H*(X;k), ¢y € H*(Y: k).
So, when @‘I”J/ transposes the space factors, the cohomology classes in the reduced cross product are
transposed accordingly. a
The following lemma will be useful for our proof of Theorem 1.4 later.
Lemma 3.2 Let X be a CW—complex and A and B be two subcomplexes of X. The relative cup product
H*(X,A)® H*(X, B) N H*(X, AU B) induces a product
A*(x/A) ® B*(X/B) <> B*(X/(AU B)),
which can be factored as
¢ 00" = Ax(px¢)). ¢ H*(X/A).¢' € H*(X/B)
where Ay : X — X x X is the diagonal map and ¢ x ¢’ is the reduced cross product of ¢ and ¢'.

Proof This can be verified directly from the following diagram when A and B are nonempty:

A*
H*(X,A)QH*(X,B) — = H*(XxX.(AxX)U(XxB)) ——X  H*(X,AUB)

relative cross product

H*(X/A,A/A)®@H*(X/B,B/B) = H*(X/AxX/B,(A/AxX/B)U(X/AxB/B)) H*(X/(AUB), AUB/AUB)

= >~ >~

H*(X/A)®@ H*(X/B) H*(X/AAX/B) H*(X/(AUB))
where the lower = is the reduced cross product on H*(X/A) ® H*(X/B).

If A or B is empty, we should replace H* (X/A)or H* (X/B) by H*(X) in the above diagram. Moreover,
since H*(X) =~ H*(X) ® Z, the U on H*(X) is just the restriction of U from H*(X). O
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Another useful fact is when X; is the suspension of some space, the reduced diagonal A;: X; — X; A X;
is nullhomotopic; see [4]. So we have the following lemma.

Lemma 3.3 If for some j € J NJ', X; is a suspension space, then the partial diagonal
A1 RTS RO AR
is nullhomotopic, where [ = J U J'.

Now we are ready to give a proof of Theorem 1.4. Our argument is parallel to the argument used in the
proof of [4, Theorem 1.4].

Proof of Theorem 1.4 For brevity, we will use the following notation in the proof:
0 x(D)M:= 0, x [] D). 04D :=0.n A\ D,
J€lm] jeJ
Considering the partial diagonals (30) for Q4 x (D2)"] we obtain a map

A0, 0 ADHY 5 (04 (DY) A (@1 A (DY)

for any J, J/ C [m] and a commutative diagram

i
Q4 x (DM —=—— (04 x (D)) A (4 x (D))
(31) lr[ lﬁ,/\ﬁ,,
~ ’ JUJ’.Q A~ A~ ’
0+ A (DY ——5 (04 A (D)) A (Q+ A (D))
2
where A[%]“D is the reduced diagonal map of Q4 X (DZ)[’”]. By restricting the above diagram to

colim(D ), we obtain a commutative diagram for all J, J’ C [m],

Q+.D2
colim(Dy) — 2 colim(D4) A colim(D )
(32) lﬁjuj/ o l/ﬁ‘] /\ﬁJ/

colim(D 7YYy 225, colim(DY) A colim(D?)
Given cohomology classes u € H*(colim(D fr)) and v € H*(colim(D fr/)), let
(33) u®v= (A% 5 )" uxv) e H*(colim(DI%"),

where u x v € H *(colim(ﬁ _{) A colim(ﬁ _{/)) is the reduced cross product of ¥ and v. This defines a
ring structure on JC[m] H *(colim(ﬁ _{_)).

The commutativity of diagram (32) implies

where U is the cup product for colim(D ).
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By (23), the direct sum of ﬁf} induces an additive isomorphism
(34) P 15 @ A*(colim(D)) — A*(colim(Dy)) = A*((D% 5H2).
J S[m] J S[m]
Then since 1:[}‘ H*(col/i\m(ﬁ_{_)) — H*(colim(D4.)) is a ring homomorphism for every J C [m], we
can assert that P ; [, 1} is a ring isomorphism. Then by the proof of Theorem 1.1, this induces a ring
isomorphism
(35) P ﬁj:( &P a*Q/Fin )\ S(lj)),®) — H*((D?,5H)9).
JC[m] JC[m] jeJ
Finally, let us define a ring isomorphism from (%, U) to the cohomology ring H*((D2, S1)9) via
D cpm 117-
Forany 1 < j <m, let L%j) denote a generator of ﬁl(S(lj)). Then for any subset J = {j1,..., js} C [m]
with j; <--- < jg, we have a generator
J_ 1 ] 7171 1
=g XXy € 1 ( A S(j))-
jeJ
For each J C [m], there is a canonical linear isomorphism (see [20, page 223]),
A*(Q/Fy) => H*( Q/F Sty )= a*=Vig/F 4
(/Fn) = T*(0/Frn N\ SL)) = B*EVNQ/F). ¢ xl.
jedJ
Let
Gy = P H*(Q/Fy.

JE[m]

Then RY, = éj{*Q @ Z. By Lemma 3.2, there is natural ring structure on %, denoted by U, that is induced
from the product U on 97?,*Q (see (5)). We have a commutative diagram

H*(Q. F)® H*(Q, Fy) —— H*(Q.Fyuy)
(36) l l
H*(Q/Fy)® H*(Q/Fy) —— H*(Q/Frus)
such that for any J, J' C [m] with J N J' # @, U is trivial; and for any J, J' C [m] with J N J = @,
U = U is induced from the relative cup product U on H*(Q, Fy) ® H*(Q, Fy’) (see Lemma 3.2).
It is clear that (R%, V) and (%, U) determine each other.

e When J NJ' # @, since (D2, S!) =~ (=D, £59) is a pair of suspension spaces, Lemma 3.3
implies that /
Aj’d!’,QJr : Colim(D_{UJ ) —> colim(DJJr) A colim(D_{r )

is nullhomotopic. So, by (33), ® is trivial in this case which corresponds to the definition of U

o %
onQRQ.
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e When J NJ’' = &, suppose in (35), we have elements
u=¢xi’ e ﬁ*(Q/FJ AN Sb)) = a*zV1(Q/F))).
jeJ
v=¢'x" e ﬁ*(Q/FJ/ WA S(l,.)) = 1=/ Fr)).
jeJ’
Then Lemmas 3.1 and 3.2 imply that
u®v=(A705 0@ x))x @ x7)) = () I(p T gy <7V

So we have a commutative diagram

H*(Q/Fy)® H*(Q/Fy) = H*(Q/Fsu1)
(37) Xﬂmwl lmm/
221/ Fyy @ B*(EV1(Q/Fr)) = H*(EVY1(Q/Frup)
which implies that the product U on 97?,’& corresponds to the product & in (35) in this case.
Combining the above arguments, we obtain isomorphisms of rings,

~ ~ o~ ~ im a* ~ -
(%* i @) = ( @ H*(Q/FJ A /\ S(lj))’ ®) M} H*((DZ,SI)Q) — H*(%Q)
JC[m] jeJ

It follows that there is a ring isomorphism (up to a sign) from (R7,, V) to H*(%).

Note that the above ring isomorphism is not degree-preserving. But by the diagram in (37), we can make
this ring isomorphism degree-preserving by shifting the degrees of all the elements in H*(Q, Fy) up by
|J| for every J C [m]. |

4 Polyhedral product over a nice manifold with corners

Let O be a nice manifold with corners whose facets are Fi, ..., Fy,. Let (X, A) = {(X;, Aj,aj)}}"zl,
where X; and A; are CW—complexes with a basepoint a; € A; C X;.

For any face f of Q, define
XA =rx[[xx [[ 4. xa2=)xa/cox][]x.

jely Jjelm\Iy fedo j€lm]
If (X, A) = {(Xj, 4),a;) = (X, A,a0)}]_,, we also denote (X,A)2 by (X, A)2.

We call (X, A)2 the polyhedral product of (X, A) over Q. Note that in general, the homeomorphism
type of (X, A)2 depends on the ordering of the facets of Q and the ordering of the X 7. We consider
(X, A)2 as an analogue of polyhedral products over a simplicial complex; see [8].
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In the rest of this section, we assume that each of X; and A4; in (X, A) is either connected or is a disjoint
union of a connected CW—complex with its basepoint. Then we can study the stable decomposition and
cohomology ring of (X, A)€ in the same way as we do for %o.

e Let Q4+ = Q Ugp where go ¢ Q is the basepoint of Q4.
e For any face f of Q, let f4 = f Ugo with basepoint gg.
e Forany (f, L) € ?g, define

@)  KAUP=rx [T x5 [T 4 @aPP=maPhug?,

Jelr\L Je€mN\U,\L)
where c}(()X’A) is the basepoint defined by c}(()X’A) =qox[]jema-

e Let (X, A)g =(X,A)QuU C}SX’A) with basepoint (}(()X’A).
Let D(x a)+: Po — CWy be the diagram of based CW—complexes, where
L
Dex.ay+ ((f, L) := (X, A)" forall (f,L)e Py,

and let (d(x,a)+)(£.L).(7".L): Dx.a)+((f's L)) = Dx.a)+((f. L)) be the natural inclusion for any
(f,L)<(f".L') €ePgo. Then

(39) (X, A)g = COlim(D(X’A)+) = U (X’ A)g_f’L)
(f,L)G@’Q

By Theorem 2.10, we can prove the following lemma parallel to Lemma 2.15.

Lemma 4.1 For any (f, L) € P g, there is a natural homeomorphism which commutes with taking the

(X,A)S_f’m;ﬁrx( [T x;ix TI Aj).

JEI\L JelmN\U\L)

colimit

So, by Theorem 2.14,

(40) z«x,A)(fL))g):(fM( T xx T[] Aj))

jel\L JEmN\U,\L)
~ \/ Z(f+A AN xirn A Aj).
JElm] JjeInU \L) JeJ\U,\L)
Accordingly, we define a family of diagrams of based CW—-complexes,

D% p)p:P0—>CWa, JC[m],

DL i (fL):=fin N\ Xin 4 forall (f.L)e®Pg.
JEINUAL)  jel\U,\L)
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Define (d(X A)+)(fL) (f.L)" D(X A)+((f/ L)) — D(X A)Jr((f L)) to be the natural inclusion for any
(fiL) <(f'.L") € ?o. The basepoint of D(X A)Jr((f L)) is [qo X ]_[]61 aj] So we have the following
theorem by [3, Theorem 4.3].

Theorem 4.2 Let (X, A) = {(X;, A4}, aj)};”=1 where each X; and A; is either connected or is a disjoint
union of a connected CW—complex with its basepoint. Then there are homotopy equivalences
S'VE(X,A)9) ~ (X, A)2) = B(colim(D(x a)4)) = \/ Z(colim(D} 4 )
JCm]
This implies

H*((X.A)2) = H*(colim(Dx a)1)) = @ H*(colim(D 4, ).
J<m]

Moreover, using the partial diagonal map for Q4+ x [[; je[m] X; as in the proof of Theorem 1.4, we have a
diagram parallel to diagram (32) for any J, J' C [m],

04.X
: [m] . .
COhm(D(X’AH_) _— COhm(D(X’AH_) A COllm(D(X’AH_)
1) lﬁﬂ”’ . lﬁ,Aﬁ,,
AJUJ

colim(D&l"X;Jr) BihdilaN cohm(D(X M)A cohm(D(X Aye)
Similarly, we can obtain the following theorem parallel to Theorem 1.4.

Theorem 4.3 Let (X,A) ={(X;,4),a J)} —, Where each X; and A; is either connected or is a disjoint
union of a connected CW-complex with its basepoint. Then there is a ring isomorphism

P m5: @ A*(colim(DF 4y ,)) — H*(colim(Dx,a)4+)) 2= H*((X,A)2),
JC[m] JC[m]

where the product ® on JC[m] H* (cohrn(D(X A) +)) is defined by
. . ® 5 NP~ (O 4
(42) H*(cohm(D(X, ) ® H*(cohm(D(X’ ay)) — H*(colim(DEL L)),

/\J’J/
UBV = (AJUJ’,Q+)*(M X ).

In the following two subsections, we will study the stable decomposition and cohomology ring of (X, A )2
under some special conditions on (X, A).

4.1 The case of (X, A)2 with each X j contractible

Observe that in the proof of Theorem 1.1, the only properties of (D2, S!) that we actually use are that
(i) D? is contractible;

(i) X A S! is homeomorphic to X (X) for any based CW—complex X .
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So, if we assume that every X; in (X, A) is contractible, we can obtain the following theorem parallel to
Theorem 1.1.

Theorem 4.4 Let Q be a nice manifold with corners with facets Fy, ..., Fy,. Let
X, A) ={(X;, 47, a)) )=y,

where each X is contractible and each A; is either connected or is a disjoint union of a connected
CW-=complex with its basepoint. Then there is a homotopy equivalence

(XA~ \/ Z(Q/F,/\/\A,-).
J &lm] jeJ
So the reduced cohomology group

H((X.A)?%) = P ﬁ*(Q/FJAAAj).
JC[m] JjeJ

Proof We can easily extend the argument in the proof of Theorem 1.1 to show

0. ifJ =g.

Then the statements of the theorem follow from Theorem 4.2 and the fact that X (Q 1) ~ S'v X(Q). O

colim(ﬁ&,A)+) ~ {

Moreover, we have the following theorem which is parallel to [4, Theorem 1.4].

Theorem 4.5 Under the condition in Theorem 4.4, there is a ring isomorphism
( D ﬁ*(Q/F, A Aj), @) — H*((X,A)?) inducedby P T17.

J&m] jed J&[m]
Remark 4.6 If any combination of Q/F; and A;’s satisfies the strong smash form of the Kiinneth
formula as defined in [3, page 1647] over a coefficient ring k, ie the natural map

H*(Q/Fr:k)® Q) H*(4;:k) > H*(Q/FJ AN Aj;k)
jel jel
is an isomorphism for any I, J C [m], then we can write the cohomology ring structure of (X, A)€ with
k—coefficients more explicitly via the formula in Lemma 3.1.

In the following, we demonstrate the product @ for (D, S)€ where
(D,S) = {(D™+1, 8™ aj)T,.
Here D! is the unit ball in R?*! and $” = 9D 1,
In particular, if (D, S) = {(D"™ 1, 8% a;) = (D"*! S", ao)};?“zl, we also write
(D,S)2 = (D", §M)Q.
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Example 4.7 %o = (D?,51)2 and R%¢ =~ (D', S°)€ (see Remark 1.3).

We define a graded ring structure W(®-S) on QRE according to (D, S) as follows.
e fJNJ =@orJNJ #Sbutn; =0forall j € JNJ’, then
* * y®.S) *
H™(Q.Fr))@H™(Q.Fy) —— H™(Q. Fjuy)
is the relative cup product U.

o If JNJ' # @ and there exists n; > 1 for some j € J N J’', then

* * y®.5 *
H*(Q,F))@H™(Q,Fy) —— H™(Q, Fjuy’)
18 trivial.

By Lemma 3.2, the product w®-S) on 97{*Q induces a product @(D’S) on Gj't*é

e fJNJ =@orJNJ #Sbutn; =0forall j € JNJ’, then

~(D.S)
- ~ 0] ~
H*(Q/F;)® H*(Q/Fy) —— H*(Q/Fsur)
is the product U induced by the relative cup product H*(Q, Fy)®@ H*(Q, Fy/) N H*(Q,Fyuy).

e If JNJ' # @ and there exists n; > 1 for some j € J N J', then
. . g™
H*(Q/F))® H*(Q/Fy)) —— H™(Q/Fyuy)
is trivial.

We have the following theorem which generalizes Theorems 1.1 and 1.4.

Theorem 4.8 Let Q be a nice manifold with corners with facets Fy, ..., Fy,. Then for any
(D,S) = {(Dnﬁ-l’ Sn"',aj)}}n=1»
(a) there is a homotopy equivalence

2@.59 = \/ x(0/Fn \s™) =\ BHEem/E),

J<[m] jeJ J<[m]
which implies

H?((D,S)?) =~ @ HI’_Z./GJ”j(Q,FJ) forall p e Z;
J S[m]

(b) there is a ring isomorphism (up to a sign) from (%*Q, w®-5)) to the integral cohomology ring of
(D, S)2; moreover, we can make this ring isomorphism degree-preserving by shifting the degrees
of the elements in H*(Q, Fy) for every J C [m].
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Proof For brevity, we use the notation

NJ=ZI’lj, J C [m].

jeJ
Statement (a) follows from Theorem 4.4 and the simple fact that
Q/Fyn ]\ 8" = Q/F; nSN = =N/ (Q/F)).
jeJ
For statement (b), note that, by Theorem 4.5, we have a ring isomorphism
(43) a ﬁ}‘:( &y H*(Q/FJA/\S”/),®)—>ﬁ*((]D),S)Q).
JC[m] JC[m] jeJ

For any 1 < j <m, let '/ denote a generator of H"i (S™). Let

As)

‘(JDS)Z X GFIN’(
jet jeJ

be a generator.

(i) Assume J N J’ # @ and there exists n; > 1 for some j € J NJ'. Then since S”/ is a suspension

J,J’

space, the map A 70770 in (41) is nullhomotopic. This implies that the product ® in (43) is trivial

+ D,S)

which corresponds to the definition of U on 97%*Q in this case.
(i) Assume JNJ'# @ butn; =0forall j € JNJ'. Let
Jo=1j €[m][n; =0} < [m].
So the condition on J and J’ is equivalent to J N J’ C Jy which implies
(44) (J\Jo) N (J'\Jp) = @.

Since X A S® 2 X for any based space X, we have for any J C [m],

Q/Fin \SY=0Q/F;n [\ SY=XIN\o(Q/F)).

jeJ jeJ\Jo

By Lemmas 3.1 and 3.2, we can derive an explicit formula for the product & in (43) as follows. For any

elements
J\J ~ ; 7
u=9xipG) € ”*(Q/FJ A S) = A*(ZN10(Q/F))),
jeJ\Jo
v=9'xip € A *(Q/Fw AN S"") = A*(Z""0(Q/Fp)).
Jj€J\Jo
we have

> JI\Jo,J\J J\J J'\J / ~ JUJIN\J
u®v= AL 00 (@ xips) x (@ xup'en) = (=DMl T ¢ x o 5 M
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by (44). So we have a commutative diagram parallel to diagram (37),

~(D,S)

H*(Q/Fr)® H*(Q/Fy) o s H*(Q/Fyur)
i enind | [t

H*(EN0(0/Fp) @ H*(ENV0(0/Fr)) —2= H*(ENWN0(Q/Fru))

D,S)

This implies that the product U on ?7{5 corresponds to the product ® in (43) in this case.

D,S)

(iii) When J N J’ = @, the proof of the correspondence between the product U on @i*Q and the

product ® in (43) is the same as case (ii).
The above discussion implies that there is an isomorphism of rings
@0~ ( @ Ae/rin \ S”f),@) remly, fx(,5)9).
JCm] jed

This implies that (QRE, w®-8)) is isomorphic (up to a sign) to the integral cohomology ring H*((D, S)2).
Moreover, according to the above diagram, we can make the ring isomorphism between (97%*Q, w®.5))
and H*((D,S)2) degree-preserving by shifting the degrees of all the elements in H*(Q, Fy) up by
Nj\j, forevery J C [m]. |

Remark 4.9 S9 is not a suspension of any space and the reduced diagonal map
Ago =idgo: §® — SO A S0 =~ 50

is not nullhomotopic. This is the essential reason why for a general (D, S), the cohomology ring of
(D, S)€ is more subtle than that of %o.

A very special case of Theorem 4.8 is (D!, §9)2 = R%¢ where the product W(?"-5") on R is exactly
the relative cup product for all J, J" C [m].

Corollary 4.10 Let Q be a nice manifold with corners with facets Fy, ..., Fy,. Then
T(R%g)~ \/ Z(Q/Fy). H'RZg)= @ HP(Q.F;) forall pe.
JC[m] J<S[m]

Moreover, the integral cohomology ring of R% ¢ is isomorphic as a graded ring to the ring (R}, U)
where U is the relative cup product

H*(Q,Fr)® H*(Q, Fy)) ~> H*(Q, Fyuy) forall J,J' C [m].

Note that in the case of R¥ g, the sign factor of the isomorphism between (Ry,, U) and H*(R%p) is

J

trivial because the degree of ¢ (D15

is always zero.

Remark 4.11 When Q is a simple polytope, the ring structure of the integral cohomology of R¥ o was
studied in [11] via a different method.
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4.2 The case of (X, A)2 with each A j contractible

If in (X,A) = {(X;,4,,a j)};?’zl, each A; is contractible, we can derive the stable decomposition of
(X, A)€ from Theorem 4.2 as follows.

Theorem 4.12 Let Q be a nice manifold with corners with facets Fy, ..., Fy,. Let
X, A) ={(Xj, 4j,a)) )=,

where each A;j is contractible and each X; is either connected or is a disjoint union of a connected
CW-=complex with its basepoint. Then there is a homotopy equivalence

STVE(X,A)9) ~ (X, A)2) ~ \/ Z((Fm Ugo) A /\ X,-).
J<lm] jeJ

So we have X ((X,A)2) ~ \/Jg[m] E(Fﬂj X /\je] Xj) and

HY(X.4)9 =~ P FI*((FnJquM AN x,-).

JC[m] jeJ
Proof By Lemma 2.7 and our assumption on A;, when J\(Ir\L) # @,
DL ((fLY=Frn N Xin N\ 4
JeJNUr\L) J€J\UF\L)

is contractible. So, for any J C [m], we define a diagram of based CW—-complexes
~J .
Dl (FL) = frANjes Xj it I\U\L) = 2.
[99] if J\(Ip\L) # 2.
where (& ) )(AL).(/7.L) 6& ag (S L) — 6& ay4 (/1)) is either the natural inclusion or

the constant map ¢l for any (f. L) < (f’.L’) € P¢g. The basepoint of 6& A)+((f, L)) is [§7].

(45) Gy (f1):=

J . D
Let ID(X,A)—F' D

(JX’AH ” 6&’A)+ be a map of diagrams over P ¢ defined by
(V)0 Dy (£ L) = Gige a4 (L)),

idpr oroy EIUAL) =2,

143 it J\(If\L) # @.

Then by Theorem 2.16, there exists a homotopy equivalence

J
(‘I’(X,A)Jr)(f,L) =

colim(ﬁ(JX’A)_i_) ~ colim(é&’AH), J C [m].

To understand colim((A;(JX A) Jr), we need to figure out in (45) what are those faces f of O with some
L C Iy such that J\(If\L) = @.

Algebraic & Geometric Topology, Volume 24 (2024)



480 Li Yu

* There exists L C Iy such that J\(Iy\L) = @ if and only if J C Ir. So

(46) U U r=U U r=ru

fedo 3LCIy fego JCIy
JINUI\L)=2

e There exists L C Iy such that J\(Iy\L) # @ if and only if J # @.

Then for any @ # J C [m],

colim(G o) = (f+/\/\Xj)/ U (f+A N Xin A Aj)

aLcl, jed aLcl, jel AL jeJ\U\L)
I\UF\L)=2 I\UF\L)#2
) :((U f+)/\/\Xj)/ U (f+A INET a,-)
JCIy jeJ fe¥o,LCIy JeIs\L Je€J\Ur\L)
I\U,\L)#D
(48) o ( U f+) AN X / 431 = (Fny Ugqo) A J\ X;  (by (46)),
JCIy jed jed

where the “~” in (47) is because each A; is contractible, so A; deformation retracts to its basepoint a;,
and the “=” in (48) is because f X HjeIf\L X; x ]_[jGJ\(If\L) a; is equivalent to the basepoint [c}(‘)’]
in fi A /\jej X since a; is the basepoint of X .

When J = @,

COlim(éég,AH_) = U J+=0Uq0 = Fng Uqo.
f€Yo

So, by Theorem 4.2, we have homotopy equivalences

(X, A)9) = Z(colim(Dx,a)+) = \/ Z(colim(D »),))

J<lm)
~ \/ Z(colim(G¥ 4 )~ \/ ):((Fm qu)/\/\Xj).
JC[m] JC[m] jeJ

By Definition 2.13,

FﬂJlX/\jEJXj if J # @,

Fny U A X ~
(Fny Ugo) ~ [\ X {Qqu it J =o.

jeJ
Then since X (Q Ugg) ~ S v X(Q), the theorem is proved. m|
The cohomology ring structure of (X, A)€ can be computed by Theorem 4.3. In particular, if any

combination of Fny and X;’s satisfies the strong smash form of the Kiinneth formula over a coefficient
ring k, we can give an explicit description of the cohomology ring of (X, A)€ with k—coefficients. Indeed,
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by Theorems 4.3 and 4.12 we obtain an isomorphism of rings

i P 15 @ (10 © QA" (Xb) = (K. 4)%: ),

J Elm] JElm] JjeJ

where the product ® on the left-hand side is defined by (42) via the partial diagonal maps. We will do
some computation of this kind in the next section to describe the equivariant cohomology ring of the
moment-angle manifold #¢.

5 Equivariant cohomology ring of %y and R% ¢

Let Q be a nice manifold with corners whose facets are F7i, ..., Fy,. Since there is a canonical action of
(SH™ on F o (see (2)), it is a natural problem to compute the equivariant cohomology ring of £ with
respect to this action.

For a simple polytope P, it is shown in Davis and Januszkiewicz [17] that the equivariant cohomology
of % p with integral coefficients is isomorphic to the face ring (or Stanley—Reisner ring) Z[P] of P defined
by

Z[Pl=Z[x1,...,xm]/%P,

where $ p is the ideal generated by all square-free monomials x;, x;, - - - x;, such that F;; N---NF;, = &
in P. A liner basis of Z[P] is given by

(50) (U x| Fy NN Fyy # @, n1>0,... 15> 0},

We can also think of Z[P] as the face ring of 0P* where P* is the dual simplicial polytope of P; see [9,
Chapter 3].

For brevity, let 7™ = (S1)™. By definition, the equivariant cohomology of % g, denoted by HY.(%0),
is the cohomology of the Borel construction

ET" xtm%g = ET" x%g/~,
where (e, x) ~ (eg, g7 1x) forany e € ET™, x € %0 and g € T™. Here we let
ET™ = (ESH™ = (§®°)™.
Associated to the Borel construction, there is a canonical fiber bundle
(&2)) %o —> ET" xrm %9 — BT™,
where BT™ = (BS1H)™ = (§®°/S1)™ = (CP>)™ is the classifying space of T™.

By Lemma 2.3, ¢ is equivariantly homeomorphic to (D2, 512 So computing the equivariant coho-
mology of ¢ is equivalent to computing that for (D2,81H)€.
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By the colimit construction of (D2, S1)€ in (16) and our notation for polyhedral products (38), the Borel
construction

ET" xgm (D*,81)2 = | ) ET" xpm (D? sHVD
(iL)e?o
= |J ®xg D% 5% xq sHUD
(iL)e?o
= (8% xg1 D%, 5% xg1 SH?.
Then, by the homotopy equivalence of the pairs
(S® xg1 D2, 8% xg1 S1) = (CP*, %),
we can derive from Theorem 2.16 that there is a homotopy equivalence
(8% xg1 D2, 8% xg1 §1)2 ~ (CP>, %)2.
We call (CP*®,%)2 the Davis—Januszkiewicz space of Q, denoted by 9$(Q). So the equivariant
cohomology ring of % is isomorphic to the ordinary cohomology ring of 4 $(Q).

Similarly, we can prove that the Borel construction of R% o with respect to the canonical (Z)™-action
is (RP>®, %)2.

Proof of Theorem 1.7 By the proof of Theorem 4.12 and the fact that H*(CP ) is torsion free, we
can deduce from (48) that

H*(D{epoo yyy) = H*(Gilpoo 4y ) = H*(Fny) @ Q) H*(CP) forall J C [m],
jeJ
where (CP )" = ]_[j em] CCP(C;?). Then we obtain a ring isomorphism from (49),
P 05 P (H*(Fm) ® ) ﬁ*((CPg;)) — H*((CP®,%)?) = H}n(%0).
J Elm] JE(m] jeJ

where the product ® on the left-hand side is defined by (42) via the partial diagonal maps

N
- (S0 4 JUJ 0 PP PPy
cohrn(D(JCUPJoo’*)_i_) L AL SN cohm(D(J(CPoo’*)_i_) A cohm(D(J(CPoo’*)_i_).

Example 5.1 If Q = [0, 1), the moment-angle manifold g ;) = D?\S', whose Borel construction is
homotopy equivalent to CP°°. Then
Hg (%jo,1)) = H*(CP™) = Z[x], deg(x) =2.

The above ring isomorphism implies that the homomorphism A ., induced by the reduced diagonal
map Acpoo: CP® — CP% A CP on the integral cohomology is given by

Afpoo: H*(CP® ACP™®) = H*(CP®)® H*(CP™®) — H*(CP™®), 0®6 —0U0.
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Then, by Lemma 3.1 and the above example, for any elements

u=¢®X)0;. ¢eH"(Fny). 0; € H*(CP).

jeJ
v=9'® Q) 6. ¢ cH*(Fny), 6 € H*(CP),
jedJ’

we have
u®v=(Kju; ;UG N R ORI X (6 Ub)),
J\J’ INJ jeJnJ’
where 7/ 1 Fnpr — Fny is the inclusion map for any subsets 7 € I’ C [m].
Finally, since there is a graded ring isomorphism
H*((CP®)™) = Z[x1, ..., Xm], deg(x1) =+ = deg(xm) = 2,

it is easy to check that @Jg[m] (H* (Frhy)® ®j€J H* ((CP(‘;.O))) with the product ® is isomorphic to the
topological face ring Z(Q) = D j [y H* (Fny) ® Ré, where @ ;¢ s H*(CP(‘}")) corresponds to R ;
see (6).

By replacing (D2, S!) with (D1, §9), (S1)™ with (Z,)™ and CP > with R P> in the above argument,
and by the fact H*(RP*°; Z») = Z»[x], deg(x) = 1, we obtain the parallel result for R%¢. |

From the canonical fiber bundle associated to the Borel construction in (51), we have a natural H*(BT"™)-
module structure on H7,,(¥0). By the identification

H*(BT™) =Z[x1. ..., Xm].
we can write the H*(BT™)-module structure on H,, (¥¢) as, for each 1 <i <m,
(52) Xi(@® f(x) = (1®x;) % (9 ® f(x) =kJyg. @) ®xi f(x) (by B)),
where ¢ € H*(Fny) and f(x) € RS, J C [m].

Example 5.2 Let P be a simple polytope with facets F1, ..., Fy,. For a subset J C [m], Fny is either
empty or a face of P and hence acyclic. So we can write the topological face ring of P as

Z(P) =~ ( . Ré,*),
Fn,#9
JCm]
where for any f(x) € Ré and f'(x) € R%/ with Fry # @ and Fny # @,

) f'(x) if Fagugy # 9,
0 otherwise.

f(x)*f/(x):{

According to the linear basis of the face ring Z[P] in (50), we can easily check that Z(P) is isomorphic
to Z[P].

Algebraic & Geometric Topology, Volume 24 (2024)



484 Li Yu

Theorem 5.3 Let Q be a nice manifold with corners with m facets. If a subtorus H € T™ = (S1)™ acts
freely on % o through the canonical action, the equivariant cohomology ring with Z—coefficients of the
quotient space % / H with respect to the induced action of T™ / H is isomorphic to the topological face

ring Z{Q) of Q.

Proof Suppose T™/H = T*. Since H acts freely on %0, the Borel constructions of %o /H and ¢
are homotopy equivalent by

(53) ET" xrm%g = EH x(E(T™/H) xrm/g (£9/H)) =~ ET* X7k %0/ H.

So the equivariant cohomology ring of ¢ /H is isomorphic to the equivariant cohomology ring of %¢.
Then the theorem follows from Theorem 1.7. |
In Theorem 5.3, the group homomorphism 7 — T™ / H = T* induces a commutative diagram

ET™ —— E(T™/H)

| |

BT™ —— B(T™/H)
which, along with the maps in (53), induces the diagram

ET™xrm%9 — E(T™/H) xm/p (%0/H)

| l

BT™ s B(T™/H)

We can describe the natural H*(B(T™ /H))-module structure of the integral equivariant cohomology
ring of %o /H as follows. The inclusion H < T™ induces a monomorphism ¢y : 7"k — 7™ whose
image is a direct summand in Z™. This determines an integer m X (;m — k) matrix S = (s;;) if we choose
a basis for each of Z"” % and Z™. Then since the image of ¢ is a direct summand in Z™, there is
an integer k X m matrix R = (r;;) of rank k such that R-S = 0 which defines the homomorphism
™ — T™/H.

If we write H*(B(T™/H)) = H*(BT*) = Z[y1.. .., yx), it follows from the diagram (54) that the
natural H*(B(T™/H))-module structure of the integral equivariant cohomology ring of ¥o/H is
determined by the formula in (52) along with the map H*(B(T™/H)) — H*(BT™) given by

Z[)’l»---»)’k]_>Z[x1,---,xm], yi'_>ri1x1+"'+rimxm-

The above formula is parallel to the formula given in [9, Theorem 7.37] (where Q is a simple polytope).

Remark 5.4 If a subtorus H C 7™ of dimension m —dim(Q) acts freely on %0 through the canonical
action, the quotient space %o/ H with the induced action of 7/ H =~ T4m(Q) can be considered as a
generalization of quasitoric manifold over a simple polytope defined by Davis and Januszkiewicz [17].
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The following is an application of Theorem 5.3 to locally standard torus actions on closed manifolds.
Recall that an action of 7" on a closed 2n-manifold M 2" is called locally standard — see [17, Section 1] —
if every point in M?" has a T"—invariant neighborhood that is weakly equivariantly diffeomorphic an
open subset of C” invariant under the standard T"-action,

(€1, 8n) (21, Zn) = (Q121+. ... 8nZn). gi€S'z;eC,1<i<n.

Corollary 5.5 Let M?" be a closed smooth 2n—manifold with a smooth locally standard T"—action
and the free part of the action is a trivial T"—bundle. Then the integral equivariant cohomology ring
Hy, (M?") of M?" is isomorphic to the topological face ring Z(M?"/T™).

Proof The orbit space Q = M?"/T" is a smooth nice manifold with corners since the T"—action is
locally standard and smooth. Then Q is triangulable — by [25] — and hence all our theorems can be
applied to Q. In addition, using the characteristic function argument in Davis and Januszkiewicz [17] —
see also [27, Section 4.2] or [35] — we can prove that M 2n js a free quotient space of Z g by a canonical
action of some torus. Then this corollary follows from Theorem 5.3. |

Remark 5.6 The equivariant cohomology ring H7., (M 21) in the above corollary was also computed by
Ayzenberg, Masuda, Park and Zeng [2, Proposition 5.2] under an extra assumption that all the proper
faces of M?"/T™ are acyclic. We leave it as an exercise for the reader to check that the formula for
HZ, (M?") given in [2] is isomorphic to Z(M?"/T™").

6 Generalizations

Let Q be a nice manifold with corners with facets #(Q) = {Fi, ..., Fiu}. Observe that neither in the
construction of ¢ nor in the proof of Theorems 1.1 and 1.4 do we really use the connectedness of each
facet Fj. So we have the following generalization of .

Let $ = {J1,...,Ji} be a partition of [m] = {1,...,m}, ie the J; are disjoint subsets of [m] with
JiU---UJg =[m]. So 9Q = Fy, U---U Fy, . Moreover, we require $ to satisfy

(55) forany 1 <i <k, if j, j' € J;, then F; N Fjs = @.
From Q and the partition $, we can construct the following manifold.

Let {e1, ..., e} be a unimodular basis of ZX. Let yu: %(Q) — Z¥ be the map which sends all the facets
in Fy, to e; for every 1 <i < k. Define

%0.9:= 0 x(SH¥/~,
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where (x, g) ~ (x’, g’) if and only if x = x” and g1 g’ € T£ where T~ is the subtorus of (S1)* =Rk /Zk
determined by the linear subspace of R¥ spanned by the set {1 (F i) | x € Fj}. There is a canonical action
of (S1)* on % 0,4 defined by

(56) gl 9l =[(x.¢'9), xe€Q, gg e(SHt
If $0 = {{1},...,{m}} is the trivial partition of [m], then o 5, =Z%o.
Note that here {Fy, } play the role of facets { F; } in the definition of %o, but F;;, may not be connected.

Using the term defined in Davis [14], the decomposition of dQ into {Fy, } is called a panel structure
on Q and each Fy, is called a panel.

Remark 6.1 For a general partition § of [m], it is possible that F; N F;s # & for some j, j' € J;.
Although the definition of #¢ ¢ still makes sense in the general setting, the orbit space of the (S 1)k —
action on ¢ ¢ may not be Q (as a manifold with corners). It would be Q with some corners smoothed.
But for a general partition of [m], one can always reduce to the case where the condition (55) is satisfied
by smoothing the corners of the orbit space.

For any subset w C [k] ={1,...,k}, let

Fo=|\JFs. Fo=2. Fro=()Fs. Fro=0.
i€w i€w
Theorem 6.2 Let Q be a nice manifold with corners with facets Fy,..., F,,. For any partition

$=4{J1,....Jx}of [m]={1,...,m},

(%09~ \/ ZMNQ/F). HPEpg) = @ HPTN(Q.F,) forall peZ.
wC[k] wC[k]

Proof We can generalize the rim-cubicalization of Q in Section 2.1 as follows. For any face f of Q, let

Il ={iel]| f < Fr} <kl
Then define

fAf’L:fXH[Ovl](i)X l_[ Ly, QA‘?Z Ungng[O,l]k.

iel} ielkI\I} feYo

By the same argument as in the proof of Lemma 2.1, we can show that Q} with faces f 4 is homeomorphic
to Q as a manifold with corners. The partition ¢ of the facets of Q naturally induces a partition of the
corresponding facets of Q‘g, also denoted by $. So we have & bs.g = %0.5-

For any face f of Q, let
0> 8Yy = fx [T D4yx [] Sk @25HP:= J 0%.8"] c@x (D).
iel} ielk)\I} fedo
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There is a canonical (S ') —action on (D2, S )Q induced from the canonical (S!)¥—action on Q x (Dz)k.
And parallel to Lemma 2.3, we can prove that there is an equivariant homeomorphism from (D2, S ) F;
to QZ s .=%0.9.

For any subset L C If , let

2 gly(AL) . _ 1
(D2 sHY == [T doyx Il Siy
ieI]\L i€[kI\(IJ\L)
We can translate the proof of Theorem 1.1 to obtain the desired stable decomposition of £ ¢ = (D2, S 1)52
by the following correspondence of symbols:
Theorem 1.1 — Theorem 6.2
J C[m] — o C[k]
FJ —> Fw
Iy <[m) — I} C[k]
2 ¢l
Dy SijysJ €lml —> DGy Sy € k]
,L
(D%, S )(f,L) — (D2, Sl);f ) O

Remark 6.3 Theorem 6.2 is an analogue of [36, Theorem 1.3].

To describe the cohomology ring of Z ¢ ¢, let
(57) by =P H*(Q.F.).

w<lk]
There is a graded ring structure Ug on R 0.9 defined as follows:
e fwNw # @, then H*(Q, Fy) ® H*(Q, Fu) =% H*(Q, Fuue) is trivial.
e fwNo =g, then H*(Q, Fyp) @ H*(Q, Fu) s, H*(Q, Fyue) is the relative cup product U.

To describe the equivariant cohomology ring of Z ¢ ¢, let

kK(0):= @D H*(Fro:k) ® R,
w<[k]

where the product on k¥ (Q) is defined in the same way as k(Q) in Definition 1.6.

The following theorem generalizes Theorems 1.4 and 1.7. The proof is omitted since it is completely
parallel to the proof of these two theorems.

Theorem 6.4 Let Q be a nice manifold with corners with m tacets Fy, ..., Fy, andlet $ ={J1, ..., Ji}

be a partition of [m].
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e There is a ring isomorphism (up to a sign) from (QRZ ¢ Y g) to the integral cohomology ring
of #¢ ¢. Moreover, we can make this ring isomorphism degree-preserving by shifting the degrees
of all the elements in H*(Q, F,) up by |w| for every w C [k].

* There is a graded ring isomorphism from the equivariant cohomology ring of ¢ ¢ with integral
coefficients to Z#(Q) by choosing deg(x;) =2 forall 1 <i <k.

By combining the constructions in Theorems 4.4 and 6.2, we have the following definitions which provide
the most general setting for our study.

Let $ ={J1,..., i} be a partition of [m] ={1,...,m} and let
(X, A) = {(X;. Aran)}iy,
where X; and A; are CW—complexes with a basepoint a; € A; C X;.
For any face f of Q, let
XA =rx[[xix [ 4. &xaf:=Jxa]cox]]x.
iel} ielk]\I} fedo ielk]

The following theorem generalizes Theorems 4.4 and 4.5.

Theorem 6.5 Let Q be a nice manifold with corners with facets Fy, ..., Fy,. Let

(X, A) = {(X;, Aj, a)}¥

i=1’

where each X; is contractible and each A; is either connected or is a disjoint union of a connected

CW-complex with its basepoint. Then for any partition $ = {J1, ..., Ji} of [m], there is a homotopy
equivalence
(X2~ \/ Z(Q/Fw WA A,-).
wCl[k] i€Ew

In addition, there is a ring isomorphism

( &b ﬁ*(Q/FwA/\A,-),@) — H*((X.A)9).

wC[k] icw

where ® is defined in the same way as in (42).
In particular, for (D,S) = {(D™*1, 5" a,')}f.‘zl, we can describe the integral cohomology ring of
(D, S)g explicitly as follows. Define a graded ring structure w)gD’S) on QR*Q g according to (D, S) by:

e fwNw' =ForwNw #@butn; =0foralli € wNw’, then

y-S)

H*(Qa Fa)) ® H*(Q7 Fw’) j—) H*(Q’ Fwa’)
is the relative cup product.
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e If wNw' # @ and there exists n; > 1 for some i € w N w’, then

. . uPs
H*(Q, Fo) ® H*(Q, Foy) ~—— H*(Q, Fyuw')
is trivial.
Theorem 6.6 Let Q be a nice manifold with corners with facets Fi,..., F,. For any partition

$={J1,..., i} of [m] and (D, S) = {(D"+1, §" a;)}*_ ., there is a homotopy equivalence

i=1

(.92~ \/ E'TRiconi(Q/F,).
wC[k]

and there is a ring isomorphism (up to a sign) from (QRZ ¢ LUJ;D’S)) to the integral cohomology ring of
D, S)g. Moreover, we can make this ring isomorphism degree-preserving by shifting the degrees of the
elements in H*(Q, Fy,) for every w C [k].

When (D, S) = {(D!, So,ag)}k we denote (D, S)g also by R¥ ¢ 4, which is the real analogue

=1’

of #p ¢. Then we have the following corollary which generalizes Corollary 4.10 and Theorem 1.7.

Corollary 6.7 Let Q be a nice manifold with corners with facets Fy, ..., I;,. Then for any partition
$=1{J1,...,Jx} of [m],

T(R%pg) > \/ Z(Q/F,). HPRZg4) = P HP(Q.F,) forall pel.
wClk] wC[k]

Furthermore, the integral cohomology ring of R% ¢ ¢ is isomorphic as a graded ring to the ring (QR*Q ¢ U),
where U is the relative cup product

H*(Q, Fy) ® H*(Q, Fu) —> H*(Q, Fpue) forall o,o’ C [k],
and there is a graded ring isomorphism from the equivariant Z,—cohomology ring of R¥¢ ¢ to Z% (Q)
by choosing deg(x;) =1 forall 1 <i <k.
The proofs of Theorems 6.5 and 6.6 and Corollary 6.7 are almost the same as their counterparts in
Sections 4 and 5, hence omitted.
For any partition $ = {J1, ..., Ji} of [m],

 we can think of ¢ ¢ as the quotient space of % ¢ by the canonical action of an (7 —k )—dimensional
subtorus T# of (§1)™ determined by (see (1))

{A(F;) —A(F;’) | j, j' belong to the same J; for some 1 <i <k} CZ™;

 similarly, we can think of R¥¢ 4 as the quotient space of R¥¢ by the canonical action of a
subgroup of rank m — k in (Z,)™.
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Note that the canonical action of T on %o may not be free. But when the action is free, the integral
equivariant cohomology ring of %9 /T? = %g ¢ is isomorphic to Z({Q) by Theorem 5.3. So, by
Theorem 6.4, Z7(Q) is isomorphic as a ring to Z{Q) in this case. But this ring isomorphism is not
obvious from the algebraic definition of Z#(Q) and Z(Q).

Remark 6.8 For any partition $ = {J1, ..., Jx} of [m] with k = dim(Q), the £p ¢ and R¥o ¢ can be
considered as a generalization of the pull-back from the linear model —see [17, Example 1.15] —in the
study of quasitoric manifolds and small covers.
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