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The intersection of a curve with a union of
translated codimension-two subgroups
in a power of an elliptic curve

Evelina Viada

Let E be an elliptic curve. An irreducible algebraic curve C embedded in E¢ is
called weak-transverse if it is not contained in any proper algebraic subgroup of
E$, and transverse if it is not contained in any translate of such a subgroup.

Suppose E and C are defined over the algebraic numbers. First we prove
that the algebraic points of a transverse curve C that are close to the union of all
algebraic subgroups of E¢ of codimension 2 translated by points in a subgroup
I" of ES$ of finite rank are a set of bounded height. The notion of closeness is
defined using a height function. If T" is trivial, it is sufficient to suppose that C is
weak-transverse.

The core of the article is the introduction of a method to determine the finite-
ness of these sets. From a conjectural lower bound for the normalized height of a
transverse curve C, we deduce that the sets above are finite. Such a lower bound
exists for g < 3.

Concerning the codimension of the algebraic subgroups, our results are best
possible.

1. Introduction

Let A be a semiabelian variety over @ of dimension g. An irreducible algebraic
subvariety V of A defined over Q is weak-transverse if V is not contained in any
proper algebraic subgroup of A, and transverse if it is not contained in any translate
of such a subgroup.

Given an integer » with 1 <r < g and a subset F of A(@), we define the set

sV.H=v@n |J B+,

codim B>r

where B runs over all semiabelian subvarieties of A of codimension at least » and
B+F={b+f:beB, feF}

MSC2000: primary 11GO05; secondary 11D45, 11G50, 14K12.
Keywords: heights, diophantine approximation, elliptic curves, counting algebraic points.
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250 Evelina Viada

For r > g, we define S, (V, F) to be the empty set. We denote the set S, (V, Ator)
simply by S, (V). Note that

Sr+1(V, F) C S (V, F).

A natural question to ask would be: For which sets F' and integers r is the set
S, (V, F) not Zariski-dense in V' ?

Sets of this kind, for » = g, appear in the literature in the context of the Mordell—
Lang, Manin—-Mumford and Bogomolov conjectures. More recently Bombieri,
Masser and Zannier [Bombieri et al. 1999] proved that S,(C) is finite for a trans-
verse curve C in a torus. They investigated, for the first time, intersections with
the union of all algebraic subgroups of a given codimension. This opens a vast
number of conjectures for subvarieties of semiabelian varieties.

In this article we consider the elliptic case for curves. Let E be an elliptic curve
and C an irreducible algebraic curve in E¢, both defined over Q. Let | -] bea
seminorm on E£(Q) induced by a height function. For & > 0, we set

Oc = (§ € EX(@): |§]| < ).
Let ' C E4(Q) be a subgroup of finite rank. Define ', = I" 4 O,.
Conjecture 1.1. Let C C ES.
(1) If C is weak-transverse, S>(C) is finite.
(ii) If C is transverse, S>(C, I') is finite.
(ii1) If C is weak-transverse, there exists € > 0 such that S,(C, 0,) is finite.

(iv) If C is transverse, there exists € > 0 such that S,(C, I') is finite.

The transversality hypothesis is crucially stronger than weak transversality. One
should note carefully which hypothesis is assumed in each of the four statements.

Clearly (iv) implies (ii) by setting € = 0, and similarly (iii) implies (i).

The union of all algebraic subgroups of codimension g is exactly the torsion of
ES. Then, CNT, C S,(C,T¢) C $2(C,T;). So, Conjecture 1.1(iii) implies the
Bogomolov Theorem [Ullmo 1998; Zhang 1998], and (iv) implies Mordell-Lang
plus Bogomolov [Poonen 1999].

Partial results related to (i) and (ii) have been proved. In [Viada 2003] we solved
a weak form of (i), namely we assumed the stronger hypothesis that C is transverse.
If £ has CM (complex multiplication) then S»(C) is finite. If £ has no CM then
S(g/2)+2(C) is finite. In [Rémond and Viada 2003] a weak version of (ii) was pre-
sented. Again if £ has CM the result is optimal. If £ has no CM the codimension
of the algebraic subgroups depends on I'. In addition, we show that (i) and (ii) are
equivalent. There are no trivial implications between (iii) and (iv), because of the
different hypotheses on C.
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These known proofs rely on Northcott’s theorem: a set is finite if and only if
it has bounded height and degree. To prove that the degree is bounded one uses
Siegel’s Lemma and an essentially optimal generalized Lehmer’s Conjecture. Up
to a logarithmic factor, the generalized Lehmer conjecture is presently known for
a point in a torus [Amoroso and David 1999] and in a CM abelian variety [David
and Hindry 2000]. This method has some disadvantages: it is only known to
work for transverse curves and for ¢ =0, and a quasioptimal generalized Lehmer’s
Conjecture is not likely to be proved in a near future for a general abelian variety.

In this article we introduce a different method. First, we bound the height also
for weak-transverse curves.

Theorem 1.2. There exists € > 0 such that:
(1) If C is weak-transverse, S»(C, O;) has bounded height.
(ii) If C is transverse, S»(C, ') has bounded height.

The proof of both statements uses a Vojta inequality, as stated in Proposition 2.1
of [Rémond and Viada 2003]. The second assertion is proved in Theorem 1.5 of
the same paper. To prove the first assertion (see Section 7), we embed S>(C, 0,)
into two sets associated to a transverse curve. We then manage to apply a Vojta
inequality on each of these two sets.

As a second result, we prove:

Theorem 1.3. Forr > 2, the following statements are equivalent:
(1) If C is weak-transverse, there exists € > 0 such that S,(C, O,) is finite.
(1) If C is transverse, there exists € > 0 such that S,(C, I',) is finite.

That (i) implies (ii) is elementary, but the converse implication is not as easy
as the equivalence of (i) and (ii) in Conjecture 1.1. In particular we make use of
Theorem 1.2 (see Section 7).

In the third instance, we show how to avoid the use of the Siegel Lemma and
the generalized Lehmer Conjecture. Instead, we use Dirichlet’s Theorem and a
conjectural effective version of the Bogomolov Theorem. Bogomolov’s Theorem
states that the set of points of small height on a curve of genus at least 2 is finite. We
define £ (C) as the supremum of the reals € (C) such that S, (C, O¢(c)) = CNO¢(c) is
finite. The essential minimum of C is 1 (C)2. (Often in the literature the notation
O, corresponds to what we write as O,2; thus in the references given below the
bounds are given for the essential minimum and not for its square root u(C) as we
do here.)

Nonoptimal effective lower bounds for w(C) are given by S. David and P.
Philippon [2002, Theorem 1.4; 2007, Theorem 1.6]. The lower bound we need
is the elliptic analogue of [Amoroso and David 2003, Theorem 1.4], which gives
a quasioptimal lower bound for the essential minimum of a variety.
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The following conjecture is a weak form of [David and Philippon 2007, Con-
jecture 1.5(ii)] where the line bundle is fixed.

Conjecture 1.4. Let A= E| X --- X E; be a product of elliptic curves defined over
a number field k. Let L be the tensor product of the pullbacks of symmetric line
bundles on E; via the natural projections. Let C C A be an irreducible transverse
curve defined over Q. Let 1 be any positive real. Then there exists a constant
c(g, A, n)=c(g,deg; A, hp(A), [k:Q], n) such that, for

e(C,n) =c(g, A, n)(deg, C)~1/CE=D)=n

the set
C(Q)NO¢c,y

is finite.
In Section 11, we prove:
Theorem 1.5. Conjecture 1.4 implies Conjecture 1.1.

Conjecture 1.4 can be stated for subvarieties of A. Galateau [2007] proved that
such a conjecture holds for varieties of codimension 1 or 2 in a product of elliptic
curves. Then, for g < 3, Conjecture 1.1 holds unconditionally.

Theorems 1.2 and 1.5 are optimal with respect to the codimension of the alge-
braic subgroups; see Remark 9.2.

We have already pointed out that Conjecture 1.1 implies the Bogomolov Con-
jecture and the Mordell-Lang plus Bogomolov Theorem. Let us emphasize that
our Theorem 1.5 does not give a new proof of the Bogomolov Conjecture, as we
assume such an effective result. On the other hand, it gives a new proof of the
Mordell-Lang plus Bogomolov Theorem, under the assumption of Conjecture 1.4.

The proof of Theorem 1.5 is based on the observation that a union of sets is
finite if and only if

(1) the union can be taken over finitely many sets, and

(2) all sets in the union are finite.

Showing (1) is a typical problem of Diophantine approximation. The proof
relies on Dirichlet’s Theorem on the rational approximation of reals. The fact that
we consider small neighborhoods enables us to move the algebraic subgroups “a
bit”. So we can consider only subgroups of bounded degree, of which there are
finitely many; see Proposition A, Section 12.

Step (2) takes place in the context of height theory. Its proof relies on Conjecture
1.4. The bound € (C, n) depends on the invariants of the ambient variety and on the
degree of C. A weaker dependence on the degree of C would not be enough for
our application. Also the independence of the bound from the field of definition
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of C proves useful. Playing on Conjecture 1.4, we produce a sharp lower bound
for the essential minimum of the image of a curve under certain morphisms (see
Proposition B and Section 13).

The effectiveness aspect of our method is noteworthy; the use of a Vojta in-
equality makes Theorem 1.2, and consequently Theorem 1.5, ineffective. Though,
the rest of the method is effective. Indeed, in Section 14, we prove a weaker, but
effective analogue of Theorem 1.5.

Theorem 1.6. Assume Conjecture 1.4. If C is transverse, there exists an effective
& > 0 such that the set S>(C, O) is finite.

A bound for the number of points of small height on the curve would then imply
a bound on the cardinality of S, (C,0,) for C transverse and ¢ small (Theorem 14.3).

The toric version of Theorem 1.6 was independently studied by P. Habegger in
his Ph.D. thesis [2007]. He follows the idea of using a Bogomolov-type bound,
proved in the toric case in [Amoroso and David 2003, Theorem 1.4]. He proves
the finiteness of S,(C, 0.), for € > 0 and C a transverse curve in a torus.

2. Preliminaries

Morphisms and their height. Let (R, |- |) be a hermitian ring, that means R is a
domain and | - | an absolute value on R.

We denote by M, ,(R) the module of r x g matrices with entries in R.

For F' = (fij) € M, ¢(R), we define the height of F' as the maximum of the
absolute value of its entries

H(F)=H}?X|fij|-

Let E be an elliptic curve defined over a number field. The ring of endomor-
phism End E is isomorphic either to Z (if E does not have CM) or to an order in
an imaginary quadratic field (if £ has CM). We consider on End E the standard
absolute value of C. This absolute value does not depend on the embedding of
End E in C. An intrinsic definition of absolute value on End E can be given using
the Rosati involution.

We identify a morphism ¢ : E¥ — E” with a matrix in M, ,(End E). The set of
morphisms of height bounded by a constant is finite.

In the following, we aim to be as transparent as possible, polishing statements
from technicality. Therefore, we principally present proofs for E without CM
Then End E is identified with Z and a morphism ¢ with an integral matrix. In the
final section, we explain how to deal with the technical complication of a ring of
endomorphisms of rank 2 and with a product of elliptic curves instead of a power.
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Small points. On E, we fix a symmetric very ample line bundle £. On E&, we
consider the bundle L which is the tensor product of the pullbacks of & via the
natural projections on the factors. Degrees are computed with respect to the polar-
ization L.

Usually E£2(Q) is endowed with the L-canonical Néron—Tate height 4’. Though,
to simplify constants, we prefer to define on E¢ the height of the maximum

h(xy, ..., xg) =max(h(x;)).

where A(-) on E(Q) is the $-canonical Néron—Tate height. The height /4 is the

square of a norm | - || on E$(Q) ® R. For a point x € E$(Q), we write ||x|| for
lx @ 1]

Note that 2(x) < h'(x) < gh(x). Hence, the two norms induced by & and i’ are
equivalent.

For a € End E, we denote by [a] the multiplication by a. For y € E4(Q) we
have
[Laly | = lal- 1yl
The height of a nonempty set S C E2(Q) is the supremum of the heights of its
elements. The norm of S is the nonnegative square root of its height.
For ¢ > 0, we denote

0p = O, pc = {£ € E5(Q) : IE]| <&}

Subgroups. Let M be a R-module. The R-rank of M is the supremum of the
cardinality of a set of R-linearly independent elements of M. If M has finite rank
s, a maximal free set of M is a set of s linearly independent elements of M. If M
is a free R-module of rank s, we call a set of s generators of M, integral generators
of M.

Note that a free Z-module of finite rank is a lattice; in the literature, what we
call integral generators can be called basis, and what we define as maximal free set
is a basis of the vector space given by tensor product with the quotient field of R.

We say that (M, || - ||) is a hermitian R-module if M is an R-module and || - ||
is a norm on the tensor product of M with the quotient field of R. For an element
p € M we write || p|| for ||p ® 1]

Let E be an elliptic curve. In the following, we will simply say module for an
End E-module.

Note that any subgroup of E2(Q) of finite rank is contained in a submodule of
finite rank. Conversely, a submodule of E¢ of finite rank is a subgroup of finite
rank.

Let I' be a subgroup of finite rank of E2(Q). We define

Ire=I+0,.
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The saturated module I'y of the coordinates group of I (in short of I') is a sub-
module of E(Q) defined as

IFo={¢p(y) e Efor¢: E$ — E and Ny € I" with N € Z*}. 2-1)

Note that Fg =Ty x --- xI'gis a submodule of E¢ invariant via the image or
preimage of isogenies. Furthermore, it contains I" and it is a module of finite rank.
Thus to prove finiteness statements for I' it is enough to prove them for Fg .

We denote by s the rank of I'g. Let y1, ..., s be a maximal free set of I'g. We
denote the associated point of E° by

Yy =W ¥s)-

For p=(p1, ..., ps) € E® we define I', as the saturated module of (py, ..., ps).

3. Some geometry of numbers

We present a property from the geometry of numbers and extend it to points of
E#(Q). The idea is that, if in R” we consider n linearly independent vectors and
move them within a “small” angle, they will still be linearly independent. The norm
of a linear combination of such vectors depends on the norm of these vectors, on
their angles, and on the norm of the coefficients of the combination. Such estimates
are frequent in the geometry of numbers.

Lemma 3.1 (compare [Schlickewei 1997, Theorem 1.1; Viada 2003, Lemma 3]).
Every hermitian free Z-module of rank n admits integral generators p1, ..., P,

such that
co(m) Y leiPllpill* < ‘ > aipi
i i

for all integers «;, where co(n) is a constant depending only on n.

2

Proof. A hermitian free Z-module (T, || - ||) of rank 7 is a lattice in the metric space
I'r given by tensor product with R. The proof now follows that of [Viada 2003,
Lemma 3] (page 57, from line 19 onwards), with n instead of r and p; instead
of 8i- U

This lemma allows us to explicit the comparison constant for two norms on a
finite-dimensional vector space over the quotient field of R.

Proposition 3.2. Let (M, || - ||) be a hermitian R-module, where R is a finitely
generated free Z-module. Let pi, ..., ps be R-linearly independent elements of
M. Then there exists an effective positive constant c\(p, T) such that

> bipi
i

2

ci(p.t) Y Ibilglpill* <
i
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forallby,...,b; € R,where p=(p1,...,ps)and t = (1,1, ..., 1) are integral
generators of R.

Proof. The submodule of M defined by I'z = (p1, ..., Ps, -+ +» Tt Pls---» Tt Ps)Z
has rank st over Z. Clearly, for 1 <i <rand 1 < j < s the elements t;p; are
integral generators of I'z. Consider the normed space (M ®z R, || - ||), in which I'z
is embedded, and endow I"7 with the induced metric.

Apply Lemma 3.1 to (I'z, || - ||) with n = st. Then, there exist integral generators
P1, ..., ps of ['z satisfying

2
“Zaim zcom)Z|ai|2||pi||zzco<sz>Z|ai|2mlgn||pk||2, 3-1)
1 1 1
forall aq, ..., a5 €Z.
We decompose the elements by, ..., bs € R as

t
bl’: E O;;T;
j=1

with o;; € Z. We set
t
O = (011, e vvs Oy e, O, ...,0) €L,
Next we write

Pr =(T1p19"'9‘[lp177:1p25 ---srtp29"'atlpsa ---artps)Ter%t’
P = (:01» "'5pSl‘)Te Fita

where the superscript T indicates the transpose, as usual. Let P € SLg,(Z) be the
base change matrix such that

pt = Pp.
Then
Dobipi=) aytipi=a-pt=a-(Pp)=(@P) p.
i i
Passing to the norms and using relation (3-1) with the coefficients («1, . .., 05) =

o P, we deduce

szil’i
i

2
=l@P)-pl* = CO(SI)WP@HEH w1,
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where | - |5 is the standard Euclidean norm. On the other hand, the triangle inequal-
ity gives

t t

2
2 2 2 2
bil% < m,gx|rk|R<Z |a,-j|> < rmax |zl ) lou .

j=1 j=1
We deduce

: 2
1>, bi pill? - co(st)  min; [|p;]|* lePl3
Yo bilklpill? T tmax; |t;l% max; [pill> |3

We shall still estimate |« P |§ / |oz|% independently of «. For a linear operator A and
a row vector B, there holds the classical norm relation |8A|, < H(A)|B|,. For
A= P "and B =aP, we deduce

laP|3 1
> .
|er|3 H(P~1)?

Then
1>, bipill? - co(st)  min; || p;||? 1
Y lbilRlpill> T tmax;|t;|% max; [|pi||> H(P~1)?

or equivalently
H Z bi pi |

2
>ci(p. 1) Y Ibilgl il
i

where
co(st)  min; || p;||? 1

. ([
t max; |t;|% max; ||p;i||* H(P~1)?

Cl(pa T) =

The following unsurprising proposition has some surprising implications; it al-
lows us to prove Theorems 1.2 and 1.3.

Proposition 3.3. Let py, ..., ps be linearly independent points of E(Q) and p =

(p1,..., ps). Let T be a set of integral generators of End E. Then, there exist
positive reals cy(p, T) and go(p, T) such that

2

ca(p, ) Y IbilPllpil> < | Y bipi — &) —be
i i
forall by, ...,bs,b € EndE with |b| <max; |b;| and for all &, ...,&,¢ € E(@)
with ||& I, IS 1] < €o(p, 7).
In particular p;1 — &1, ..., ps — & are linearly independent points of E.

Proof. Recall that the norm on End E is compatible with the height norm on E(Q),
that is, ||b; p; || = |bilend | pill. Thus (End E, | -|) is a hermitian free Z-module of
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rank 1 if £ has no CM or 2 is E has CM. Furthermore, (E, || - ||) is a hermitian
End E-module.

Apply Proposition 3.2 with R=EndE, M = Eand t = (1) if EndE = Z or
t=(,n)ifEndE =7+ 1nZ. For by, ..., by € End E, we obtain

S

Let |& I, I¢]] < e. Since |b| < max |b;| the triangle inequality implies

Zb,»pi' —& Y |bil—elb|
Zbip,-' ~2¢)  |bil.
Squaring and keeping in mind that (}_;_, |b; |)2 <5 i_; |bi|*, we deduce
2
‘ > HZM Zbipi' > bl + 482<Z|bi|)
1 ) l 1 l
HZbI-pi - 4se(Z |bl-|2) max | pi |

2
> ci(p. ) Y Ibil*llpill*. (3-2)
i

=

szz‘(lh —&)—b¢

=

2 2
— 4e

> bi(pi— &) — bt

(A%

Choose
c1(p, ) min; || p;||?
8s  max; || p;l

e < g(p, 1) = (3-3)

Using relation (3-2), we deduce
2
' > ci(p. 1) Y_IbiPIpillP—5e1(p. ) (Z b |2) min | p;|*
i i

> e1(p, 1) ) IbiPllpill*.
i
Set, for example,

> bi(pi—&)—b¢

c2(p, ©) = z¢1(p, 0), (3-4)

where ¢ (p, 7) is defined at the end of the previous proof (page 257).
The preceding relation, with b = 0, implies in particular that only the trivial
linear combination of p; — &y, ..., py — & is zero. O

We next state a lemma that will enable us to choose a nice maximal free set of I,
the saturated module of a submodule I" of E(Q) of finite rank, as defined in relation
(2-1). There is nothing deep here, as we are working with finite-dimensional vector
spaces.
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Lemma 3.4 (Quasiorthonormality). Let I'g be the saturated module of . Let s be
the rank of T'g. Then for any real K > 0, there exists a maximal free set y1, ..., Vs
of Ty, with ||y;|| = K, such that for all by, ..., b; € End E

2
‘ me‘ > %Z 16 211y 112

Proof. Recall that End E is an order in an imaginary quadratic field k. Furthermore,
the height norm ||-|| makes I'y a hermitian End E-module. Let I''*®® be a submodule
of Ty isomorphic to its free part. Then I''® is a k vector space of dimension s. Its
tensor product with C over k is a normed C vector space of dimension s, and "' is
isomorphic to '™ ® 1. Using for instance the Gram—Schmidt orthonormalization
algorithm in I'™*® ®, C, we can choose an orthonormal basis

Vi =& Q pi.
So

"Xi:b,-vi ’ = Z |b; 2.

Decompose p; = ri1 + tr;i2 for 1, T integral generators of End E and r;; € R.
Choose 8 = (2(1 + |7|) max; ||g;||) " and rationals qij such that ¢;; =r;; +d;; with
|d;j| < & (use the density of the rationals).

Define

V=8 ®(qi+1q0) = (g +192)81 @1 eT™®1,

and
3 = g ® (di1 +1d;2).
Then v; = y/ +8;, with [|§;]] < [lgi (1 +|z])$ < % The triangle inequality gives

2 2
Sbu| = | L] -2 Yo
i i i
The orthonormality of v; and ||§; | < % implies that
2
/ 2 21 1 2
ZHme = D Il =2) b’y = 3 ) Il
l l l l

Finally ||y}l < [lvi[l + 1]l < 3, so

2o
i

2
d .

2
1
> 5 2 1B Plly/IP.
i
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It is evident that for any integer ng the same relation holds:

2
1 2 2
HZbino)/i/‘ = 5 2 IbiPlnoy .
i i

Let ng be an integer such that ng > 2K . Note that

17 1= Hoill = 11811 = 3.
o)
Inoy/ Il = K.
Thus the maximal free set y; = ngy; satisfies the desired conditions. O

We cannot directly choose an orthonormal basis in I''®®, because the norm has
values in R and not in (2. What one can prove is that for any small positive real §,
there exists a maximal free set yy, ..., s such that

o]

> (1+5)2Z' 1yl

4. Gauss-reduced morphisms

The aim of this section is to show that we can consider our union over Gauss-
reduced algebraic subgroups, instead of over all algebraic subgroups.

Let B be an algebraic subgroup of E# of codimension . Then B C ker ¢ for a
surjective morphism ¢ : E§ — E". Conversely, we denote by By the kernel of a
surjection ¢ : E¢ — E". Then By is an algebraic subgroup of E¢ of codimension r.

The matrices in M, ,(End E) of the form

a ... 0 arr+1 .- al,g
p=G@LIn=|: : |
0 ... a arpq1 ... ary
with H(¢) = |a| and entries having no common factors (up to units), will play a
key role in this work. For r = g, such a morphism becomes the identity, and L
shall be forgotten. These matrices have three main advantages:
o The restriction of ¢ to the set E” x {0}87" is just the multiplication by a.

 The image of O, C E¢ under ¢ is contained in the image of O, N (E" x{0}$7").
Similarly, the image of Fg under ¢ is contained in the image of I'j x {0},

o The matrix ¢ has small height compared to other matrices with same zero
component of the kernel.
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Definition 4.1 (Gauss-reduced morphisms). We say that a surjective morphism
¢ : E® — E" is Gauss-reduced of rank r if the following conditions are satisfied:

(i) There exists a € (End E)* such that al, is a submatrix of ¢, with I, the r-
identity matrix.

(i) H(¢) = lal.

(iii) If there exists f € End E and ¢’ : E® — E" such that ¢ = f¢' then f is an
isomorphism.

We say that an algebraic subgroup is Gauss-reduced if it is the kernel of a Gauss-
reduced morphism.

Remark 4.2. If End E = Z, condition (iii) simply says that the greatest common
divisor of the entries of ¢ is 1 and f = £1. Also when End E = 7, we make
condition (ii) more restrictive, requiring that H (¢) = a, instead of H (¢) = |a|; this
assumption simplifies the notation. Obviously By = B_g4, so all lemmas below
hold with this “up to units” definition of Gauss-reduced.

A morphism ¢’ given by a reordering of the rows of a morphism ¢, has the same
kernel as ¢. Saying that al, is a submatrix of ¢ fixes one permutation of the rows
of ¢.

A reordering of the columns, on the other hand, corresponds to a permutation
of the coordinates. Statements will be proved for Gauss-reduced morphisms of the
form ¢ = (al|L). For any other reordering of the columns the proofs are analogous.
Since there are finitely many permutations of g columns, the finiteness statements
will follow.

The following lemma is a simple useful trick to keep in mind.

Lemma 4.3. Let ¢ : E8 — E" be Gauss-reduced of rank r.

(i) For & = (&1,...,&,) € O, there exists a point &' = (§”,{0}87") € Oy, such
that

¢E)=¢E) =[alg”.
(i) Fory=(y1,...,yg) € Fg, there exists a point y' = (y", {0}7") e Ty x {0}~
such that

d(y) =) =Ilaly”.

Proof. Up to a reordering of the columns, the morphism ¢ has the form

a ... 0 arr4+1 ... al,g

0 ... a apq1 ... arg

with H(¢) = |a|.
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(i) Consider a point £&” € E” such that [a]é” = ¢ (). Since
lp@n ;@
—— =max —————

|la| i |al

I1€"1l =
and |a| = max;; |a;;|, we obtain

1€ < ge.
Define £’ = (¢”, {0}87"). Clearly

¢ EN =[als" =p(&).
(i) Note that ¢ (y) € T'j. Since I'y is a division group, the point y” such that

[aly” = ¢ (),
belongs to T} Define y' = (y”, {0}¥"). Then ¢(y') = [aly” = ¢ (). U

In the next result we show that the zero components of By, for ¢ ranging over
all Gauss-reduced morphisms of rank r, are all possible abelian subvarieties of E#
of codimension r. This is proved using the classical Gauss algorithm, where the
pivots have maximal absolute values.

Lemma 4.4. Let iy : E¢ — E" be a morphism of rank r. Then:
(i) Forevery N € End E*,

BN¢ - Bl/, + (E{"or x {0}877).
(ii) There exists a Gauss-reduced morphism ¢ : E$ — E” of rank r such that
By C By + (E1o, x {0}¥77).

Proof. (i) Let b € Byy,. Then Nyr(b) =0, so ¥ (b) =t with t a N-torsion point in
E". Let | be an invertible r-submatrix of . Up to a reordering of the columns,
we can suppose ¥ = (¥1|¥»). Let t’ be a torsion point in E” such that ¢ (t') =1t.
Then ¢ (b — (t',0)) = 0. Thus b € By + (Ef,. x {0}¢7").

(i1) The Gauss algorithm gives an invertible integral r-matrix A such that, up to
the order of the columns, A is of the form

a ... 0ay,q1 ... aiy
Ay =] : Do S K
0 ... a ayq1 ... arg

with H (A1) = |a| (potentially there are common factors of the entries).
Let b € By,. Then ¥ (b) =0, so Ay (x) = 0. It follows that

Bv, C BA,/,.
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Take N € End E* such that N|Ar and such that if f|(Ay/N) then f is a unit (if
End E = Z, then N is simply the greatest common divisor of the entries of Ayr).
Define

¢=Ay/N.

Clearly ¢ is Gauss-reduced and By C Bay = Byg. By part (i) of this lemma
applied to N¢, we conclude

By C By + (Ehy, x {0}677). O

Note that, in the previous lemma, a reordering of the columns of i or ¢ induces
the same reordering of the coordinates of Ep . x {0}$7".

Taking intersections with the algebraic points of our curve, part (ii) of the pre-
vious lemma translates immediately as

Lemma 4.5. Let C C E8 be an algebraic curve (transverse or not). For any real
e>0
SC.THa= | c@nBy+Td..

¢ Gauss-reduced

rk(¢)=r
Proof. By definition
SC.THH2 U ca@n®y+Td)e.

¢ Gauss-reduced

rk(¢p)=r
On the other hand, by Lemma 4.4(ii), we see that
C(@ N (By +(T5)e) CCQ N (By + (Ef, x {017) +(TH)e),

with ¢ Gauss-reduced of rank r. Moreover (Ep . x {0}¥7") C 0, C (Fg)g. O

5. Relation between transverse and weak-transverse curves

We discuss here how we can associate to a couple (C, I'), where C is a trans-
verse curve and I' a subgroup of finite rank, a weak-transverse curve C’ and vice
versa. There are properties which are easier for C and others for C’. Using this
association, we will try to gain advantages from both situations.

From transverse to weak-transverse. Let C be transverse in E8. If I' has rank 0,
we set C' = C. If tk T’ > 1, consider the saturated module I'y of rank s associated
to I', as defined in relation (2-1). Let yy, ..., ys be a maximal free set of I'y. We
denote the associated point of E° by

Y= ..., V).
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We define

C'=Cxy.
Since C is transverse and the y; are End E-linearly independent, the curve C’ is
weak-transverse. For suppose to the contrary that C’ were contained in an algebraic
subgroup By of codimension 1, with ¢ = (ay, ..., ag,). Take a point y; € E such
that ayyy = Y527 | a;yi—g and define y = (1,0, ..., 0) € E¥. Then C C By, +
with ¢1 = (ay, ..., ag), contradicting that C is transverse.

From weak-transverse to transverse. Let C' be weak-transverse in E”". If C' is
transverse, we set C = C’ and I' = 0. Suppose that C’ is not transverse. Let
H, be the abelian subvariety of smallest dimension g such that C’ C Hy + p for
pE HOL(@) and let HOL be the orthogonal complement of Hj with respect to the
canonical polarization. Then E” is isogenous to Hy x Hol. Furthermore H, is
isogenous to E$ and HOL is isogenous to E*, where s =n — g. Let jy, j; and j, be
such isogenies. We fix the isogeny

J=01xj2)ojo: E"— Hyx Hy — E$ x E’,
which sends Hp to ES x 0 and HOL to 0 x E®. Then
J(C) C(ES x0)+ j(p),

with j(p) =(,...,0, p1,..., ps).
We consider the natural projection on the first g coordinates

T:ESxE*— E8, j(C)w m(j(C)).
We define
C=n(j(C") and T = (py, ..., ps)®.
Since Hj has minimal dimension, the curve C is transverse in ES.
Note that
J(C)=Cx(p1,...,ps)

In addition j(C') is weak-transverse, because C’ is. Therefore, (p1, ..., ps) has
rank s; indeed if Y ;_, a;p; =0, then j(C') C By for ¢ = ({0}%, ay, ..., ay).

Weak-transverse up to an isogeny. Statements on boundedness of heights or finite-
ness of sets are invariant under an isogeny of the ambient variety. Namely, given
an isogeny j of E€, Theorems 1.2 and 1.5 hold for a curve if and only if they
hold for its image via j. Thus, the previous discussion shows that without loss of
generality, we can assume that a weak-transverse curve C' in E" is of the form

C'=Cxp,

where
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(i) C is transverse in E$,
(1) p=(p1,..., ps) € E’ is such that the module (py, ..., ps) has rank s, and
(i) n=g+s.
This simplifies the setting for weak-transverse curves.
Implying Mordell-Lang plus Bogomolov for curves. Note that
Se(C,0,) =CN0O, and S,(C(TH)e)=CN(TH),.

Moreover $>(C, -) D S¢(C, -). This immediately shows that Conjecture 1.1 implies
the Bogomolov Theorem for weak-transverse curves and the Mordell-Lang and
Bogomolov Theorems for transverse curves. We want to show that Conjecture 1.1
implies these theorems for all curves of genus > 2.

In E# a curve of genus 2 is a translate of an elliptic curve isogenous to E. If
C is not transverse, then C C Hp 4 p with Hy an algebraic subgroup of minimal
dimension satisfying such inclusion. Let : E8 — E8/ HOl be the natural projection
and let y : E$/H;- — E* be an isogeny. Then ||y (x)| < ||x]|. In E*, consider
the transverse curve C' =y (C—p) and I'" =7 (I", I',). Note that Y7 (Torgs) C
Torgx. Then

Sg(C, (T§)e) C ! Si(C, (TH)e).

The map ﬂl_cl has finite fiber. Applying Conjecture 1.1 to C’ C E* we deduce that
Se(C, (I'§)e) is finite.

Note that such a proof works only for S, (C, - ), because the projection Y7 (B) C
E* of an algebraic subgroup B of E2 of codimension » may not have codimension
r in E*. Tt could even be all of EX.

6. Quasispecial morphisms

Just as Gauss-reduced morphisms play a key role for transverse curves, quasi-
special morphisms play a key role for weak-transverse curves. In particular, for
small &, quasispecial morphisms are enough to cover the whole of S, (C x p, O;);
this is Lemma 6.2 below.

To motivate quasispecialness, suppose that C x p is weak-transverse in ES**
with C transverse in E$. A point of C x p is of the form (x, p). The last s-
coordinates are constant and just the x varies. This two parts must be treated
differently. Saying that a morphism ¢ = (¢|¢’) is quasispecial ensures that the
rank of ¢ is maximal (note that ¢ acts on x). In particular, this allows us to apply
the Gauss algorithm on the first g columns of é.

Definition 6.1 (Quasispecial morphism). A surjective morphism ¢ : E$*S — E” is
quasispecial if there exist N € End E*, morphisms ¢ : E¢ — E" and ¢’ : E® — E”
such that
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D) &= (Nglg",
(i) ¢ = (al,|L) is Gauss-reduced of rank r, and
(iii) if there exists f € End E and ¢’ : E¢* — E” such that ¢ = f¢’, then f is an
isomorphism.

We do not require that é be Gauss-reduced; the fact is that H(¢') might not

be controlled by NH (¢). This extra condition will define special morphisms (see
Definition 10.1).

Lemma 6.2. Let C x p be weak-transverse in ES** with C transverse in ES. Then,
there exists € > 0 such that

S(Cxp0)c |J (€@ xpn(B;+0.).
é quasispecial
tk g=r
We can choose € < ey(p, T), where go(p, T) is as in Proposition 3.3.

Proof. Take (x, p) € S,(C x p,0,). Then (x, p) € (C(Q) x p)N (By +0,) for a
morphism ¥ = (¥|y/') : E8T — E” of rank r. In other words, there exists a point
(¢, &) € 0, such that

¥ ((x, p)+(§,&)) =0.

First, we show that ¢ has rank r. Suppose, on the contrary, that the rank of
were less than r. Then a linear combination of the rows of i is trivial, namely

Oty oy ) = 0.

Since ¥ (x + &)+ ' (p+£&") =0, the same linear combination of the » coordinates
of ¥'(p + &) is trivial, namely

1y MY (p+8) =0.

Apply Proposition 3.3 with (by,...,bs) = (A1,..., A)¥, (&1,...,&) = —&,
¢ =0 and b = 0. This implies that, if & < gq(p, 7), then the points p; + 5{, e
ps + &, are linearly independent. It follows that

Oty vy AW =0.

Hence, the rank of ¥y would be less than r, contradicting the fact that the rank of
yisr.

Since the rank of v is r, we can apply the Gauss algorithm using pivots in ¥ of
maximal absolute values in ¥ (clearly we cannot require that they have maximal
absolute values in 7). Let A be an invertible matrix, given by the Gauss algorithm,
such that Ayr = (¢1|¢,) with £, a submatrix of ¢;.
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We next get rid of possible common factors. Take Ny, n; € End E* such that
Ni|¢1 and n1|Av. Further suppose that, if £|(¢1/N;) or f|(Ay¥/ny) then f is a
unit of End E (if End E = Z, then N is the greatest common divisor of the entries
of ¢; and n| the greatest common divisor of the entries of AV ). Then

AY =ni(Nglg')
with N = Ny/ny, ¢ = ¢1/Ny and ¢’ = ¢po/n1. We define
¢ = (Nolg).

Clearly ¢ is quasispecial. In addition
By C Bry =B, ;-
By Lemma 4.4(i), with = ¢ and N = n;, we deduce that
By C By + Eqp x {0}

Since (x, p) € By + 0,, we obtain (x, p) € Bd3 + O, with gz7> quasispecial. O

7. Estimates for the height: the proof of Theorem 1.2

As mentioned, Theorem 1.2(ii) is part of Theorem 1.5 in [Rémond and Viada 2003].
In this section, we adapt the proof given there to part (i) of Theorem 1.2.

In view of Section 5, we can assume, without loss of generality, that a weak-
transverse curve C’ in E™ has the form

C'=Cxp,
where C and p satisfy conditions (i)—(iii) on page 265.

Definition 7.1. Let p be a point in E* and ¢ a nonnegative real. We define G7, as
the set of points 6 € E? for which there exist a matrix A € M; ;(End E), an element
a € End E with 0 < |a| < H(A), points £ € E* and ¢ € E? of norm at most & such
that

[al0 = A(p+§)+[ald.
We identify G, with the subset G, x {0}¢ —2 of ES.

Recall that I', is the saturated module of the coordinates of p.
Now we embed S, (C x p, O,) in two sets related to the transverse curve C. We
then use the Vojta inequality on these new sets.

Lemma 7.2. The natural projection on the first g coordinates,

E$ x E°— E%, (x,y)+— x,
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defines an injection

$1(C % p.Oepgs) > S(C.THIU | ] C@nBy+G,

¢:E$—E?
Gauss-reduced

Proof. Let (x, p) € $2(C x p, Og2¢s). By Lemma 6.2, (x, p) € B¢; + 0245, With
q~5 = (N¢|¢') : E&TS — E? quasispecial of rank 2. Hence

$((x. p)+ (5.8 =0,
for (¢,&') € Oy 245. We can write the equality as
No(x)+N¢©E)+¢'(p+&)=0.
By the definition of quasispecialness ¢ is Gauss-reduced, so
¢ = (al2|L).
By Lemma 4.3(i) applied to ¢ and &, we can assume that
§=1(61,5,0,...0) € Oy 2.
Suppose first that NH (¢) > H(q;). Let ¢ be a point in E? x {0}%72 such that
Nlal¢ = (¢'(),0...,0).

Then

l" DI _ &
NH(¢) — 2
Let y be a point in E2 x {0}8~2 such that

1E1 =

Nlaly = (¢'(p),0,...,0).
Since I'), is saturated, y € I“If x {0}872. Then
No(x+&E+¢+y)=0
with y +& +¢ € I'j +0,. So
x € $2(C, (TF)e).

Now suppose that NH (¢p) < H (¢) or, equivalently, NH (¢p) < H(¢'). Let 6’ be
a point in E? such that

Nl[al6' = ¢'(p+&) +N[a](2>,
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and 0 = (¢',{0}*"). Then 6 € G*,. Moreover

No(x+0)=Np(x)+ Np(©9)
= N¢(x) + N[al0' = Nop(x) +¢'(p +£) + N[a]@)
=Nop(x)+Nop(E)+¢' (p+&)
=((x. p)+ (£.8)) =0.
Thus x € Byg + G;, and by Lemma 4.4(i),
X € By + (Eg, x {07 + G¥,.
Note that G, + (E2, x {0}¥72) C G*,. Hence,
xeC(@NBy+G5,. O

Lemma 7.3 (Counterpart to [Rémond and Viada 2003, Lemma 3.2]). For¢: ES —
E? Gauss-reduced of rank 2, we have the set inclusion

(By+G%) C {P+0: PeBy, 0cG and max(|0], |P]) < 2g|IP +0]}.

Proof. Take x € (By + Gf,) with ¢ = (al,|L) Gauss-reduced of rank 2. Then
x=P+0 with Pe Byand 6 € Gf, and ¢ (x—0) =0. By definition Gf, C E*x{0}¢72,
so ¢(0) = [a]B. Then

16/ = le@I _ eIl _ < gllxl.
H(¢) H(¢)
So
[Pl =Ilx—0ll <(g+DIxll=(E+DIP+0]. U

Lemma 3.3(1) of [Rémond and Viada 2003] is a statement on the morphism;
therefore it holds with no need for any remarks.

Lemma 7.4 (Counterpart to [Rémond and Viada 2003, Lemma 3.3(2)]). There
exists an effective €5 > 0 such that, for all ¢ < &,, any sequence of elements in GZ
admits a subsequence in which every two elements 0, 0’ satisfy

1
< 9
~ 16gc

H o1 |I9/||

where c| depends on C and is as defined in [Rémond and Viada 2003, Proposition
2.1].

Proof. We decompose two elements 6 and 6’ in a given sequence of elements of
G, as
[al0 = A(p+8&) +lal¢, [a'10'=A(p+&)+a'¢,
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with A, A" € M, (End E) and 0 < |a| < H(A), 0 < |a’| < H(A"). Define y and y’
such that
[aly=A(p) and [a'ly'=A'(p).

Since the sphere of radius 1 is compact in ({(py, ..., ps) X (p1, ..., Ps)) @ R, we
can extract a subsequence such that, for any two elements y and y’,

1

[

_48gc1
Note that
[ - il =76 veer
en el A(p+§)+lal¢
H___” AP —IACp + &)+ [al¢]] H A(§) +[al¢ H
en iyl IA(p+&) +[allll A(p+§)+lal¢

and the same relations for primed variables. We deduce that

i B T ier R et R T
e el Iyl 1yl efn iyl ||9 I Iyl
o~ ol + i~ o)
el el e el
“ 2” A¢) +al¢ H H A& +[d'1¢’
||y|| A(p+§) +al¢ Al(p+&EN+ a1t |
Choose
e < & =min(go(p, 1), &y(p, 7)), (7-1)

where go(p, 7) is defined in (3-3), c2(p, 1) is defined in (3-4) and

c2(p, ©)Y2min| p; |

96(s 4+ 1)cy

g(p, 1) =

Note that ||A(p + &) + [al¢|| = |Ar(p+&)+al] fork=1or2and A = (ﬁ;)
Proposition 3.3 applied with by, ..., by = Ay, § = —&, { = — ¢ and b = a, implies

|A(p +&) +lalcll = H(A)ea(p, ©)"*min| p; |

(same relation with /).
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It follows that

H o

_ 1 L 2H(A)(s+1) . 2H(A)(s+ 1)
~48ger  H(A)ea(p, )V min|lpill - H(A)ea(p, )V min || pi|
- 1 N 1 N 1 ’
~ 48gc;  48gc;  48gc

where in the last inequality we use & < g;(p, 7). ([

We are ready to conclude.

Proof of Theorem 1.2(i). In view of Lemma 7.2, we shall prove that there exists
& > 0 such that $;(C, (I'5),) and | $ ES— E? cC@n By + G, have bounded
height. Gauss-reduced

By Theorem 1.2(ii), there exists ¢; > 0 such that for & < g;, the first set has
bounded height.

It remains to show that there exists g, > 0 such that, for ¢ < &, the second set
has bounded height. The proof follows, step by step, the proof of [Rémond and
Viada 2003, Theorem 1.5]. In view of Lemma 7.3 and 7.4, all conditions for the
proof of that theorem are satisfied. The proof is then exactly equal to the one in
[Rémond and Viada 2003, p. 1927-1928]. U

Remark 7.5. In Theorem 1.5 of [Rémond and Viada 2003] we showed that for

g1 = 1/(28¢y), the set $2(C, I';,) has bounded height. The constant ¢; depends

on the invariants of the curve C. This constant is defined in Proposition 2.1 of the

same reference and it is effective. On the other hand, the height of S»(C, I',) is

bounded by a constant which is not known to be effective, unless I" has rank 0.
For C x p, we have shown that for

, _ min(l, ¢x(p, 7)) min | p; ||

ErF =

27 2%+ D2max|piller
the set S>(C x p, @a;) has bounded height; see relation (7-1) and Lemma 7.2. As
in the previous case, the height of S>(C x p, O;) is bounded by a constant which,
in general, is not known to be effective.

8. Summary of notation

We stop to recapitulate and fix the notations for the rest of the article.

For simplicity, we assume that End £ = Z. In this case the saturated module
of a group coincides with its division group. According to Remark 4.2, we use
H(¢) = a in the definition of a Gauss-reduced morphism and N € N* in the
definition of quasispecialness.
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Let E be an elliptic curve without CM over Q.
Let C be a transverse curve in E€ over Q.
Let

¢1 a ... 0 L]

o= :|=|: i

o, 0...alL,
be a Gauss-reduced morphism of rank 1 <r < g, with L; € Z8™" and H (¢) =a.
Let I" be a subgroup of finite rank of E£(Q).
Let I'g be the division group of I' and s its rank (the definition is given in
relation (2-1)).
Choose ¢; > 0 so that S>(C, (Fg)gl) has bounded height; the definition is
consistent in view of Theorem 1.2 (ii).

Let K be the norm of $>(C, (I'§)¢,).

Let y = (¥1, ..., ) be a point of E*(Q) such that yy, ..., ¥, is a maximal
free set of I'¢ satisfying the conditions of Lemma 3.4 with K =3g K. Namely,
for all integers b;

2
(8-

1
5 2 byl <

Z biyi

and

min [[y;|| = 3g K. (8-2)
Let C x y be the associated weak-transverse curve in ES1*,
Let = (N¢|¢') : ESTS — E” be a quasispecial morphism with N € N*.,

Choose €2 > 0 so that S>(C x y, O,,) has bounded height; this definition is
consistent in view of Theorem 1.2(1).

Let K, be the norm of $>(C x y, O,).

Let p = (p1, ..., ps) € E® be a point such that the rank of (py, ..., ps) is s.
Let I', be the division group of (p1, ..., py) (in short the division group of
p).

Let ¢, and ¢, be the constants (c2(p, 7))!/2 and &o(p, 7) defined in Proposi-
tion 3.3 for the point p and v = 1 (please note the square root in c)).

Let C x p be the associated weak-transverse curve in ES*1*,

Choose €3 > 0 so that $>(C x p, O,) has bounded height; the definition is
consistent in view of Theorem 1.2 (i).

Let K3 be the norm of S>(C x p, Og,).
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9. Equivalence of the strong statements: the proof of Theorem 1.3

The following theorem implies Theorem 1.3 immediately; in addition it gives ex-
plicit inclusions. Once more, we emphasize that we need to assume that S, (C x
p, 0;) has bounded height in order to embed it in a set of the type S,(C, I'xr).
Therefore we assume r > 2 and & < g3 in part (ii).

Theorem 9.1. Let ¢ > 0.
(i) The map x — (x, y) defines an injection
S (C,Te) = S§,(C xy,0).

(Recall that y is a maximal free set of I'g.)

(1) For?2 <r and ¢ < min(e,, €3), the map (x, p) — x defines an injection
p

Sr(C X ps ©6) — SV(C’ (F§)8K4)a

<1 g(K3+e¢)

where K4 = (g + 5) max -
cp min; || p; |

). (Recall that I', is the division
group of p.)

Proof. (i) Let x € S,(C, ;). There exists a surjective ¢ : E¢ — E" and points
y €I and & € O, such that

d(x+y+£&)=0.

Since y = (y1, ..., ¥s) is a maximal free set of [y, there exists a positive integer
N and a matrix G € M, ;(Z) such that
[N]y =Gy.
We define
¢ =(N¢|pG).

Then ¢((x, ) +(§,0)) = N¢p(x +8) +9¢G(y) = Np(x +£+y) =0, 50
(x,y) € $:(C xy,0).

(i1) Take (x, p) € §,(C x p, O;). Thanks to Lemma 6.2, the assumption ¢ < ¢,
implies
(x, p) € (B3 +0)
with ¢ = (N¢|¢’) quasispecial. Hence
$((x, p)+(£.8)) =0
for (&, &’) € O,. Equivalently,

No(x +&)=—¢'(p+&. 9-1)
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By the definition of quasispecialness, ¢ is Gauss-reduced of rank r. Let

¢1 a...OLl
o= : = [
or 0... alL,

with L; € Z87" and H(¢) = a.
Since I, is the division group of p, the point y’ defined by

Nlaly' =¢'(p)

belongs to I';.
Let ¢’ be a point of E” such that

Nlal¢' = (&, &).
We define
y=(/.0,...,00 €T, x {0}, ¢=(.0,....0) € E" x {0}¥".
We have
No(y) = Nlaly' = ¢'(p)N$ (&)= Nlal¢' = p(&, §).
It follows that
Np(x+y+0) = Np(x)+¢'(p) +$(E &)= ¢((x, p)+ (£ &)) = 0.

Thus
x € C@NBrg+TE+0))).

In order to finish the proof, we shall prove
12l < eKy.

By the definition of ¢ we see that

(8 +9) Na 1€, &Nl

max(H (¢'), Na)
Na s.

- ’/ i ”N
jei =gy = IEEN _ p p yman (@), No)
a

<(g+s)

We claim that

max(H(¢'), Na) _ Ky
Na Tg+s
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Let ¢/ = (bi;). We shall prove that H(¢') = max;; [bi;| < %Na. Let |by| =
H (¢"). Consider the k-th row of the system (9-1) J

Ne(x) + Np (&) ==Y bij(pj +E)).
J

The triangle inequality gives

MAMHJ@@MZHZWMW+%M‘

a a Na

9-2)

Since ¢ < e3 and r > 2, we have (x, p) € $(C x p, Og,), which has norm K3.
Hence
lxll < ICx, pII < K5.

Since a = H (¢), we see that

||<15k;X)IIS(g_r_i_l)K3 and Hd)kf)uf

(g—r+1e.

Substituting in (9-2),

Y ibii(p;+&)
(g—r+1)(K3+e) > 225 54 (pi 6] ”.
Na
Recall that ¢ < ¢,. Hence, Proposition 3.3 with (b1, ..., bs) = (b1, ..., bis),
(&1,...,&)=—¢& and ¢ =0, implies that
1 2 2 2 172 c H(¢/) .
(g—r+D(Ks3+e) > m(cp Z|bkj| lp;ll ) > p—amilnllpill-
J

Whence X

H@) < —* Na. 0

g§+s

The inclusion in Theorem 9.1(ii) has been proved only for a set S,(C x p, 0,)
known to have bounded height. If the norm K3 of S,(C x p, O,) goes to infinity,
the set (Ff,)gK4 tends to be the whole of ES.

Remark 9.2. We would like to show that our Theorems 1.2 and 1.5 are optimal.
Take I' = ((y1,0,...,0)), where y; is a nontorsion point in E(Q). Since C is
transverse, the projection m; of C (Q) on the first factor E(Q) is surjective. Let
X, € C(@) such that 7 (x,) = ny;. So x, —n(y1,0, ...,0) has first coordinate
zero, and belongs to the algebraic subgroup 0 x E€~!. Then, for all n € N we have

Xn € By=(1,0

.....

This shows that x, € §1(C,TI"), so S1(C, I'") does not have bounded height. By
Theorem 9.1(i), neither does S1(C X y1).
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10. Special morphisms and an important inclusion

We can actually show a stronger inclusion than the one in Theorem 9.1(i). The set
S, (C, I'y) can be included in a subset of S,(C x y, 0,), namely the subset defined
by special morphisms.

Definition 10.1 (Special morphisms). A surjective morphism ¢ : E¢tS — E’ is
special if q~5 = (N¢|¢') is quasispecial and satisfies the further condition

H($) = NH(9).
Equivalently, ¢ is special if and only if

@) 45 is Gauss-reduced, and

(ii) H(¢)I, is a submatrix of the matrix consisting of the first g columns of ¢.

Proof of the equivalence of the two definitions. That the first definition implies
the second is clear. For the converse, take the decomposition é = (A|¢)), with
A€ My, y(Z) and ¢' € M,(Z). Let N be the greatest common divisor of the
entries of A. Define ¢ = A/N and a = H(¢)/N. Then ¢ = (al,|L’) is Gauss-
reduced and ¢ = (N¢|¢). O

A nice remark is that the obstruction to showing unconditionally that S, (Cx p, O,)
is included in S, (C, (Fpg )e) 1s exactly due to the nonspecial morphisms. Sets of
the form

(C(@) x p)N (Bz+0;)
not having bounded height can be included in S, (C, (F};’ )er) if ¢~5 is special; indeed
in general
H($)
H(A)

g =c(g,s) e

for any ¢ = (A|¢’).

Proposition 10.2. Let2 <r and ¢ < min(e, K1/g). The map x — (x, y) defines
an injection

U caonB+Tfe) = J (€@ xy)n(B;+0:).

) Galiss-r_educed ¢3=(N¢|<é’) special
tkg=r tkd=r

Proof. LetxeC (@)H(B¢+Fg +0,), with ¢ Gauss-reduced of rank r. Equivalently,
there exist y € Fg and & € 0, C E¢ such that

p(x+y+E&)=0.
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Since y1, ..., ¥s is a maximal free set of Iy, there exists an integer N and a matrix
G € M, (Z) such that

[N]y=G(y).
Let n be the greatest common divisor of the entries of (N¢|¢pG). We define

~ 1
¢ =_(NoIpG).
Clearly

(Ng19G) ((x, ) +(§,0) =No(x) +¢G(y) + N¢p(E)=Np(x +y+§) =0.

Thus
nd((x, y)+(€,0) =0. (10-1)
Equivalently,
(x,¥) € (C(@) x )N (B,5+0p).

By Lemma 4.4(i) with ¢ = é and N = n, it follows
(x, ) € (C(@) x y) N (Bz +0p).

We next show that ¢ is special. By assumption, the morphism ¢ is Gauss-
reduced. By the definition of ¢, the greatest common divisor of its entries is 1. In
order to conclude that ¢ is special, we still have to show that

H($) = Na

or equivalently
H(¢') < Na.

The proof is similar to the last part of the proof of Theorem 9.1(ii).
Let ¢' = (bij) = ¢G. Let |by| = max;; |b;;j| = H(¢'). Let ¢ be the k-th row of
¢. Consider the k-th row of the system (10-1):

nN (¢ (x) + () = —nY_ biy;.
J

Then

a a

o COll Nl _ 1
2L LA WHZbW"
J

Clearly x € S,(C, (I'§)s). Since & < &1, we have x € S(C, (T'3),), which has
norm bounded by K;. So
lxll < Ki.

Since H(¢y) < H(¢) =a,
llpx )l

a

<(g—r+1Kj.
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Furthermore,
19O _ e
a
Then
1
(g—D(K1+e) > mHZbijj .
J
From relations (8-1) with (by, ..., by) = (b1, ..., brs) and (8-2), we deduce

1 (1 o D\ H@) . H(¢")
(g—D(Ki+e) > mGZIquI Iyl ) > 3Na mjmllyjll > 3Na 3gK;.
J

We assumed that ¢ < K/g, so H(¢') < Na. O

This inclusion is important; the Bogomolov-type bounds are given for inter-
sections with O, and not with I';. Actually there exist bounds for ¢ such that
C N T is finite. They are deduced using the Bogomolov-type bounds and their
dependence on the degree of the curve is not sharp enough for our purpose. To
overcome this obstacle and solve the problem with I';, we use Proposition 10.2
and the Bogomolov-type bounds for C x y intersected with B; + 0,, where ¢ is
special of rank 2.

11. Proof of Theorem 1.5: Structure

Sections 12 and 13 below will develop the core of the proof of Theorem 1.5. In
Proposition A we show that the union can be taken over finitely many sets, while
in Proposition B we show that each set in the union is finite.

We prefer to present first the proof of Theorem 1.5 assuming Propositions A and
B, and then to prove them. We hope that, knowing a priori the aim of sections 12
and 13, the reader gets the right inspiration to handle the proofs.

Proof of Theorem 1.5. Assuming Conjecture 1.4, we prove Conjecture 1.1(iv). In
view of Theorem 1.3, part (iii) is also proved. Parts (i) and (ii) are then obtained
by setting € = 0.

Choose
n=2g+s) -3,
min(&yg, € ) ) "
51 = (—422), where ¢4 is as in Proposition B,
(g+s)

§ = 51M/_1_1/(2"), where M’ = max (2, (Kz/Sﬂz)n.
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Recall that I's C (Fg )s. Apply Lemma 4.5, replacing € by §. Then

SHC.TsHc | ca@nBy+TH)).

¢ Gauss-reduced
rk =2

Observing that § < §; < min(e;, K1/g) and applying Proposition 10.2 (again with
& = §) we obtain an injection

U caonB+THs — |J (€@ xy)n(B;+0s).
Gauss-red d T_ / :
¢ aruks;;ez uce ¢_(N<fk|zg):;pemal
Note that § = §; M'~ /@) and §, < &,. Then, Proposition A(ii) in Section 12
below, with ¢ = 81, r =2 (and n already defined as 2(g +s) — 4 + 1), shows that

U €@ xy)n(B;+05)
é sp~ecial
rk =2

is a subset of

U (C(@) X V)m(B¢§+@(g+s)51/H(¢§)|+|/(2n)). (11-1)

¢ special
H(@)<M'
kg=2

Observe that in (11-1), ¢ ranges over finitely many morphisms, because H (¢) is
bounded by M’.

We have chosen 8; < €4/(g + 5)°. Proposition B(ii) in Section 13 below with
& = (g +5)d;, implies that for all (/3 = (N¢|¢') special of rank 2, the set

(C(@) xy)N (qu + ©(g+s)81/[-](¢)l+l/(2n))
is finite. Note that H(¢) < H ((/3), thus also the sets

(C@ x¥)N(Bs+0y s 5, /1) +1700)

appearing in (11-1) are finite.
It follows that, the set S»(C, I's) is contained in the union of finitely many finite
sets. So it is finite. O

Despite our proof relying on Dirichlet’s Theorem and a Bogomolov-type bound,
a direct use of these two theorems is not sufficient to prove Theorem 1.5. Using
Dirichlet’s Theorem in a more natural way, one can prove that, for r > 2,

S(C.To) ¢ | c@n(By+Te).

H()<M(e)
rk p=r
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On the other hand, a direct use of the Bogomolov type bound shows that

is finite, for ¢ of rank at least 2. Even if we forget I', the discrepancy between &
and &/ H (¢)? does not look encouraging, and it took us a long struggle to overcome
the problem. In Propositions A and B, we succeed in overcoming the mismatch;
in both statements we obtain neighborhoods of radius ¢/ H ()1 H1/@m)

Warning: One might think that, since we consider only morphisms ¢ such that
H(¢) < M, it might be enough to choose &’ = e/M?. However, M = M (¢) is an
unbounded function of ¢ as ¢ tends to O.

12. Proof of Theorem 1.5:
The box principle and the reduction to a finite union

In Lemma 12.2, we approximate a Gauss-reduced morphism by a Gauss-reduced
morphism of bounded height. Such an approximation allows us to restrict our
attention to unions over finitely many algebraic subgroups, instead of over all al-
gebraic subgroups; this is Proposition A, already mentioned. We start by recalling
Dirichlet’s Theorem on the rational approximation of reals.

Theorem 12.1 (Dirichlet, 1842; see [Schmidt 1980, p. 24, Theorem 1]). Suppose
that oy, . .., o, are real numbers and that Q > 2 is an integer. There exist integers
£, fi, ..., fn sSuch that

I<f<Q" and |ozl~f—ﬁ|§é forl1<i<n. (12-1)

Lemma 12.2. Let Q > 2 be an integer. Let ¢ = (al,|L) € M,«¢(Z) be Gauss-
reduced. There exists a Gauss-reduced \y = (f1,|L") € My g(Z) such that

Q) Hy)=f < Q"+ and
1
N DRI S
(ii) \% - % <Q7V2p gD,
Here the norm | - | of a matrix is the maximum of the absolute values of its entries.

2 . . . . . .
Proof. If a < Q""" *! no approximation is needed, since ¢ itself satisfies the
conclusion. So we can assume that

a ... 0Ly
0...alL,

is a Gauss-reduced morphism such that H(¢) = a > Qrg*rz“. Consider the
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element

L, L, 2
—r°+1
O[:<1,7,...,? I(Oll,Olz,...,Olrg_r2+1)ERrgr .

Setn =rg—r>+1. Apply Dirichlet’s Theorem to « to select integers f, fi, ..., fx
satisfying (12-1); they can be assumed to have greatest common divisor 1. Define

1 _1
f f

with L] € Z8~". We claim that

=1, |fil = f.
Indeed, (12-1) for i =1 yields

(fl?"'afn)

w =

(flaL/l,---yL;«)s

’ﬁ _ 1’ -l
f of
so | f — fi| < 1. Since f and f; are integers, we must have f = f;. Similarly,
by (12-1) for i = 2,...,n, we have |f;/f —a;| < 1/(Qf). This implies that
|fil < f+1/0. We deduce that | f;| < f.
It follows that
f ... 0L
V=1 : :
0... f L,
is a Gauss-reduced morphism of rank r with H(y) = f.
Relation (12-1) immediately gives

f=<0"
and
v_ eyt
f — Qf — Q1/2f1+1/(2n)’
where in the last inequality we have used the inequality Q'/? > f1/@m, O

At last we can prove our first main proposition; the union can be taken over
finitely many algebraic subgroups. If ¢ has large height and By is close to x,
with x in a set of bounded height, then there exists i with height bounded by a
constant such that By, is also close to x. One shall be careful that, in the following
inclusions, on the left-hand side we consider a neighborhood of By of fixed radius,
while on the right-hand side the neighborhood becomes smaller as the height of
grows. This is a crucial gain with respect to the simpler approximation (obtained
by a direct use of Dirichlet’s Theorem) where the neighborhoods have constant
radius on both sides.
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Proposition A. Assume r > 2.

(1) If 0 <e <e¢gy, then

U  ca@n(Bs+(TF), pvem)
¢ Gauss-reduced —
tk p=r C U cnN (Bw + (Fg)gg/H(w)l-H/(Zn)),
Y Gauss-reduced
rky=r
HW)<M
where n =rg —r? + 1 and M = max (2, |'K1/8]2)n.

(1) If 0 < & < &, then

U €@ xy)n(B;+0,,ym10m)
é special —
k=r c |J €@ xy)n(By+0rge myien),
¥ special
tk g =r
H{@)<M'

where n =r(g +s) —r>+ 1 and M’ = max (2, (Kg/ﬂz)n.

Proof. (i) Let ¢ = (al,|L) be Gauss-reduced of rank r.
First consider the case H(¢) < M. Then ¢/M 't/ < ¢/H (¢)! 1/ Obvi-
ously

C(@) N (By + Fg + @8/M1+1/(2n)) C C(@) N(By + Fg + @E/H<¢)|+|/(2n))

is contained in the right-hand side.
Secondly consider the case H (¢) > M. We shall show that there exists ¥ Gauss-
reduced with H (y) < M such that
C@N (By+T§ 40, ppr1/00) CC@Q) N (By +T§ + Oy yriven) -

We fix Q0 = max (2, |'K1/8]2). Recall that n = rg — r> + 1. By Lemma 12.2,
there exists a Gauss-reduced morphism

f ... 0L
V=1 : :
0... f L,
such that
HYy)=f=<M
and
¢ 1
7_5 = Q172 f1+1/Gn)” (12-2)
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Let x € C(Q) N (By + Fg + O jp1+1/em). Then there exist y € Fg and £ €
@e/MH—]/(Zn) such that

px—y—§)=0.
We want to show that there exist y’ € Fg and £’ €0 ge/f1+1/2m such that
vx—y —&)=0.

Let y” be a point such that

[aly”" =9 ().
Since Iy is a division group, y” € I';j;. We define

Yy =0",0elyx {0},

whence

v =11y"

Let &” be a point such that
[f1E" =y (x—y),

and define &’ = (£”, 0). Then

vEN=[fI"=yx—-y) and Yx—y —-&)=0.
It follows that
x € C(@QN(By +T§ +0).
In order to finish the proof, we are going to prove that

/ 8¢

By definition
Iy (x =)l

1§ =171 = 7

Consider the equivalence
ay (x —y) =ay(x) —ay (y) = ay (x) —alf1y"
=ay(x) = fo(y) =ay(x) — fo(x) + fo(E).
Then
/ 1 1 1
181 = 7179 ® = fo@) +ay o] < ZIe@ll+ 7 [av @) = fo].

We estimate separately each norm on the right.
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On the one hand,

—1
—||¢($)|| =@—-r+Dlsll = ]\(/11“/();’) = ](ré;+1/(;5)’

because [|£]| <e&/M'TV/@ and f < M.
On the other hand, since the rank of ¢ is at least 2 and ¢ < &1, we have x €
$>2(C, (T'$)e,), which has norm K. Thus

lxll = K.

Using relation (12-2) and that Q > [K/¢]?, it follows that

—fllat/f(x) feI =

7 llxl

EIIXII €
< < .
= K fIH/@n = fIE1/n)

We obtain ( -
8 — € 8¢
€] < + < ;
Flr/@) T I/ @n) = fI1/@n)

concluding the proof of part (i) of the proposition.

(i) We fix Q = max(2, [K»/€]?). Let q~§ = (N¢|¢'): ET5 — E" be special. From
conditions (i) and (ii) of Definition 10.1 we know that

¢ = (b,]%)

is Gauss-reduced and H ((13) =

As in part (i) of the proof, if H(¢) < M’ then /M'" T/ < ¢/H ()1 +1/@m
and the set

(C@) x y)N(By+0, ) ypis1/0m)

is contained in the right-hand side.

Now, suppose that H(¢) > M'. Recall that n = r(g +s) — r2 + 1. By Lemma
12.2 (applied with ¢ = ¢ and y = ) there exists a Gauss-reduced ¥ = (f I, |x)
such that H({¥/) = f < M’ and

1
‘ (12-3)

Q1/2f1+1/(2n)
Then v is special, since it satisfies (i) and (ii) in Definition 10.1.
The proof is now similar to that of part (i). We want to show that, if ¢~5((x, y)+£€)

vanishes for & €0, ;1+1/20, then ¥ ((x, y)+E&’) vanishes for £’ € 0
Let &” be a point in E” such that

[f1E" = —d(x, p).

(g+s)e/Hr)1+1/2°
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We define &' = (¢”, {0}6~"1%). Then

U ((x,y)+ (€, 0)=0.
It follows that
(x,y) € (C(@) x y) N (By +Oper),

where ¥ is special and H({¥) < M.
It remains to prove that

I8 < S
— H(J,)l+1/(2n)'

Obviously
b (x,y) = f(®Cx, 7) =P, ) + b (x, ).
According to the definition of &’,

[NCH2] S

IE'] = 11€"|l = = ﬁHf(ci(x, ¥)—¢(x, 1)) +b¥(x, )|

1, -~ 1 - -
s—||¢<x,y)||+ﬁ||bw<x,y>—f¢(x,y>||.

We estimate the two norms on the right.
On the one hand,

IdCe, VI 6@l (g—r+1+s)e  (g—r+1+s)e
=, S Gl = e < FiEeom

where in the last inequality we have used that f < M’.

On the other hand, by the definition of &, we know that the norm of the set
S$2(C x y, Og,) is bounded by K». Since ¢ < g, we have (x, y) € $2(C x y, Og,).
Therefore

G, W = Ka.
Using relation (12-3) and the inequality Q > [K,/e]?, we estimate

Lo ; bV :
|0 = s = |2 - i = il
el e

= (Kz)f1+1/(2”) — f1+1/(2n)'
Since r > 2, we conclude that

(g—1+s)e & (g+s)e
/ J—
1§71 < f1+1/(2n) + f1+1/(2n) - H(&)H—l/(zn). =
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13. Proof of Theorem 1.5:
The essential minimum and the finiteness of each intersection

Up until now we have used, several times, the boundedness of the height of our
sets. In this section we often use the fact that we are working with a curve.
In the following, we set

n=2(g-+s)—3.

We would like to use Conjecture 1.4 to provide ¢ > 0 such that, for all ¢ Gauss-
reduced of rank r = 2, the set

(C(@) x ) N (By + Oy 1y (gy1+170m) (13-1)
is finite. This set is simply

¢|_Clxy (@(C xY)NGO, 1 gy+170m)) -
Further
¢ O 11 (py1+170m) C Oge sy 1/cn s

because if § € O,/ pgy1+1/en then @) < gH (@)L < geH(¢)™/?. Thus,
the set (13-1) is contained in the preimage of

A(C xy)N O/ pr(gy1/am.

If we can ensure that there exists ¢ > 0 such that, for all morphisms ¢ Gauss-
reduced of rank r =2,

geH ()™ < u(@(C x y)), (13-2)

then the set (13-1) is finite.

The direct use of a Bogomolov-type bound, even an optimal one, is not suc-
cessful in the following sense: For a curve X C E¢ and any 1 > 0, Conjecture
1.4 provides an invariant € (X, 1) such that (X, ) < w(X). To ensure (13-2), we
could naively require that

geH (@)™ <e(@(C xy),n)

for all ¢ Gauss-reduced of rank r = 2. But this can be fulfilled only for ¢ = 0.

We need to throw new light on the problem in order to prove (13-2); via some
isogenies, we construct a helping curve D and then we relate its essential minimum
to C x y. We then apply Conjecture 1.4 to D. In this way we manage to provide
a good lower bound for the essential minimum of C x y. We take advantage of
the fact that u([b]C) = bu(C), while e([b]C, n) = €(C, n)/b"/€=D+21 for any
positive integers b.
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6= 1\ _ (a0 L
“\¢/) \0a L
be a Gauss-reduced morphism of rank 2 with H (¢) = a. We introduce the notation

X =(x3,...,Xg), and recall that n = 2(g +s) — 3.
We define

Let

ap = a'/®].

We associated to the morphism ¢ an isogeny
G ES = ES,  (x1,...,Xg) > (@09 (X), X3, ..., Xg).
We then relate it to the isogenies
A:E® — E&, (x1,...,Xq) = (X1, X2,ax3,...,axX,),
Ao :E® — E&, (x1,...,Xq) = (X1, X2,a0X3, ..., aoXg),
L:E® — E%, (x1,...,xg) > (x1 4+ L1(X), x4+ La(X), X3, ..., Xg).

Definition 13.1 (Helping curve). We define the curve D to be an irreducible com-
ponent of A 'LA=Y(C), where (-)! simply means the inverse image.

The obvious relation
lapalD = ®(C)
is going to play a key role in the following.
We need to estimate degrees, since the Bogomolov-type bound depends on the
degree of the curve.

Lemma 13.2. (i) The degree of the curve ¢(C) in E? is bounded by 6ga® deg C.
(i) The degree of the curve D in E& is bounded by 12g2a§(g_2)a2(g_1) deg C.
Proof. (i) Consider

2
degp(C) = " ¢(C)- H,,
i=1
where H; is the coordinate divisor given by 3x; = 0. The intersection number
¢(C) - H; is bounded by the degree of the morphism ¢;. : C — E. Recall that
¢ = (g;) By Bézout’s Theorem, deg ¢; . is at most 3ga’ deg C; see [Viada 2003,
p. 61]. Therefore
deg ¢ (C) < 6ga’deg C.

(i1) Let X be a generic transverse curve in E¢. By [Hindry 1988, Lemma 6(i)],

we deduce that

deg A~ (X) <2a*® D deg X, deg Ay'(X) <2a0®? deg X.
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To estimate the degree of L(X), we proceed as in part (i). We write

8
deg L(X) =)  L(X)- H;,
i=1

where H; is given by 3x; =0. The intersection number L (X)- H; is bounded by the
degree of the morphism L;X : X — E, where L! is the ith. row of L. By Bézout’s

Theorem, deg L;‘X is at most 3ga® deg X. Therefore
deg L(X) <3g%a*deg X.
We conclude that
deg D <deg A7'LA™'(C) <240 deg LA™ (C)
< 6gza§(g_2)a2 deg A~1(C) < 12g2a§(g_2)a2a2(g_2) deg C. O

The next proposition is a lower bound for the essential minimum of the image of
a curve under Gauss-reduced morphisms. It reveals the dependence on the height
of the morphism. While the first bound is an immediate application of Conjecture
1.4, the second estimate is subtle. Our lower bound for u(®(C + y)) grows with
H(¢). On the contrary, the Bogomolov-type lower bound €(®(C + y)) goes to
zero as (agH (¢))~1/~D="_a nice gain.

Potentially, this suggests an interesting question; to investigate the behavior of
the essential minimum under a general morphism.

Proposition 13.3. Assume Conjecture 1.4 and take y € E$(Q) and n > 0. Then:

@) w(p(C+y) > € (C, a1+,
where € (C, 1) is an effective constant depending on C and n. (Recall that
a=H(¢p).)

(if) W (@(C+)) > e(C,may/ €D HEED,

where €,(C, 1) is an effective constant depending on C, g and n. (Recall that
ao = a"/®" )

Proof. Recall the Bogomolov-type bound given in Conjecture 1.4: for a transverse
irreducible curve X in E¢ over (QQ and any n > 0,

c(g, E,n)
eX,n) = deg X 1/ codim X)+n

< u(X).

(i) Observe that ¢ (C) C E? has codimension 1.
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Letg' =¢(y). So p(C+y)=¢(C)+q’. Since C is irreducible, transverse and
defined over Q, so is ¢ (C) + ¢’. Conjecture 1.4 gives

c(2,E,n)
(deg(¢p(C) + g/

Degrees are preserved by translations; hence Lemma 13.2(i) implies that

w(@(C+y) =u@C)+4")>e@C)+q ., n) =

deg(¢(C) +4q') = deg ¢ (C) < 9ga” deg C.

If follows that
@O tq oz BB
" T (9ga?deg C)V/2Hn
Define Q. E. )
clZ, £,n
VO Bedeg 0y
Then

€1(C,n)

n(@(C+y)) > ST

(ii) Let g € E8 be a point such that [aga]g = ®(y). Then
O(C +y) =lapal(A;' LAT'(C) + q) = [apal(D + q).

Therefore
u (®(C +y)) = (apa)u(D + q). (13-3)

We now estimate © (D +¢q) using Conjecture 1.4. The curve D +q is irreducible
by the definition of D. Since C is transverse and defined over Q, so is D+¢g. Thus

c(g, E,n)
deg(D + q)!/@le=D)+n"

uw(D+q)>e(D+q,n) =

Translations by a point preserve degrees, so Lemma 13.2(ii) gives

deg(D +q) =degD < 12g2a§(g72)a2<g_1) deg C.

Then
c(g, E,n) 28-2)_2g—1)\~ 2=y "
g—D

«Dha.mz= (12g2 degC)1/<2<g—1>)+n( o7 TaR) D

Define
_ c(g, E, n)
e(C,n) = (122 deg C)1/@&—D)+n"

So

—1+ L —2(g-2)y

w(D +q) > €2(C, n)a, 8~ 172D
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Substitute into (13-3), to obtain

g%le(g%)n
u(®(C +y)) > e2(C, n)ag

Recall that aq is the integral part of a'/®" where n =2(g+s) —3. So 2ag > a'/@"
and

a 2&=Dn

q2&—Dn < (230)4"(8—1)'7.
Further, 2(g —2) +4n(g —1) <8(g+s)(g—1), so
w(®(C +y)) > e(C, n)acl)/(g_l)—s(g‘f‘s)(g—l)’]. 0

We now come to our second main proposition: each set in the union is finite.
The proof of (i) case (1) below is delicate. In general u(7(C)) < u(C), for 7 a
projection on some factors. We shall rather find a kind of reverse inequality. On a
set of bounded height this will be possible.

Proposition B. Assume Conjecture 1.4. There exists ¢4 > 0 with the following
properties:

(1) Fore <eq4,forall y € Fg x {0}4~2 and for all Gauss-reduced morphisms ¢ of
rank 2, the set

(C(@) + y) N (B¢ + @5/H(¢)l+l/(2n))

is finite.
(ii) For e < e4/(g+ s) and for all special morphisms ¢ = (N¢|¢') of rank 2, the
set
(C@ xy)N (B¢3 + O 1 (gy1+1/Cm) )
is finite.

(Recall thatn =2(g +s) — 3.)
Proof. (i) Choose

1
n=no= .
2%(g+9)(g—1?
Define
g—1
( K )1—8(g+s)(g—1)2n
m =max |2, )
€(C,n)
and choose
) K e(C,n)
& < min &1, —, an ’
8 gm

where €1 (C, ) and €, (C, n) are as in Proposition 13.3.
Recall that H (¢) = a. We distinguish two cases:

(1) ap = a'/®] > m,
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(2) ap = a"/®] <m.

Case (1):ap>m.Letx+y¢€ (C@Q) + Y)N(By + O jg1+1/0m ), Where

y=(1,y2.0,...,0) €T3 x {0} 2.
Then
px+y)=0¢(&)
for ||§]] < e/a't1/Cm.
We have chosen ¢ < ¢, s0 x € $(C, (Fg)el) which is a set of norm K;. Then
xIl < K.
Recall that ®(z1, ..., zg) = (aoP(2), 23, . . ., Zg). SO

q)(x+y) = (a0¢(x+y)’x3a ... ’xg) = (Cl()¢($),)€3, .. .,Xg).

Therefore

[P x + W = [l(aop (§), x3, ..., xg) | <max (aoll@ &), llxIl) -

Since ||€|| < ea=HV/C) gy < al/@ and ¢ < K /g, we have

£
aollo )| <ao(g—r+ l)m < K.

Also ||x|| < K. Thus
[®(x+ Il < K.
In view of the hypothesis ag > m, we have

1

Ky < e(C, nags—T 8(g+S)(g—1)n.

In Proposition 13.3(ii) we have proved that

1

(C, n)ag&1 8(g+s)(g—Dn

< u(@(C +y)).
So

[@(x+ W < Ky < pn(P(C+y)).
We deduce that @ (x 4 y) belongs to the finite set

CD(C—i—y)ﬂ@K,.

The morphism C + y — ®(C + y) has finite fiber. We can conclude that since
e <min(e;, K/g), for every ¢ Gauss-reduced of rank 2 with ag = [a'/@®" | > m,
the set

(c (@) +y)N (B¢ + @e/H(¢)l+1/(2n))

is finite.
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Case (2): ag <m.Letx+y € (C(Q)+y)N(By+0,/41+1/a0), where y € T x {0} 2.
Then

¢(x+y)=0¢()

for ||€|| < &/a't'/@ . However we have chosen ¢ < €;(C, 1)/gm*". Hence

_ 8¢ €1(C,n)
lox+I=1lo@EI = e = pangijen

We are working under the hypothesis ag = |a'/®"] <m and m > 2, so a <
(2ao)2” < m*. Furthermore, n<ny< ﬁ implies that a? < a'/Cm_ Thus

a2 < ping1/en)

And consequently

a(C.n)  a(Cn
G+ 3l = s < Th

In Proposition 13.3(i) we proved that

€1(C,n)

pIEE T u(@(C +y)).

We deduce that ¢ (x + y) belongs to the finite set
$(C+y)n @gl(cw)m—éma—l/(zn).

The morphism C + y — ¢(C + y) has finite fiber. Since ¢ < €| (C, n)/(gm*"), we
conclude that for all ¢ Gauss-reduced of rank 2 with ag = [a'/®" | < m, the set

(C(@) + y) N (B¢ + @E/H(¢)l+1/(2n))

is finite.
For the curve C, define

€(C) =min(e(C, no), €2(C, no)).

Note that

€@\ _e(Com)
gk T ogmt

Thus, we could for instance choose

. K (e<0)>8<g“>g
Eg=mnj| e, —, .
g \gkKi

Proof of (ii). We want to show that, for every ¢ = (N¢|¢') special of rank 2,
there exists ¢ Gauss-reduced of rank 2 and y € Fg x {0}¢2 such that the map
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(x,y) = x + y defines an injection

(C(@) X y)N (Bé + @8/H(¢)1+]/(2”)) — (C(([_;D) +y)n (B¢ + @(g_;’_S)S/H(¢)1+1/(2n)) .
(13-4)
We then apply part (i) of this proposition; if (g + s)e < &4, then

(C@ + )N (Bs + Ogaye gy +1/om)
is finite. So if € < &4/(g + 5), the set
(C@) x ¥) N (B + Oy yprgyv/an)

is finite too.
Let us prove the inclusion (13-4). Let ¢ = (N¢|¢’) be special of rank 2. By
definition of special ¢ = (al,|L) is Gauss-reduced of rank 2. Let

(x, ¥) € (C@) x ¥) N (Bj+ 0, g1 pyr+1/0m).

Then, there exists § € O/ (g)1+1/en such that

¢((x, y) +£) =0.
Equivalently,
No () +6'(y) + () =0.
Let y' € E? be a point such that
Nlaly'=¢'(y).
Since Iy is a division group,
y=(",0,...,0) €} x {0}572
and
N¢(y) = Nlaly' = ¢'(y).
Therefore
N (x + )+ () =0.
Let £” € E? be a point such that
Nlalg" = ().
We define &’ = (§”, {0}4~2). Then
N (') = Nlalg" = $(),

and
No(x+y+&)=0.
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Since qS is special H(q~§) = Na. Furthermore ||£|| < &/a't1/@" . We deduce

9@ _ (g+5)e

Na — aH—l/(Zn)'

"1 =11g"1 =

In conclusion
No(x+y+&)=0
with [|E']| < (g +s5)e/a' /@ and y € I'3 x {0}472. Equivalently,

(x+3) € (C@Q) + y) N (Brg + O (g psre/migy+1rem) -
By Lemma 4.4(i), with ¢ = ¢, we deduce that
(x +y) € (C@) +3) N (By +Oge/migy+ren)

with y € F% x {0}¢~2 and ¢ Gauss-reduced of rank 2.
This proves relation (13-4) and concludes the proof. ]

14. The effectiveness aspect

An effective weak height bound. We give an effective bound for the height of
S1(C, 0,) for C transverse.

Theorem 14.1. Let C be transverse. For every real ¢ > 0, the norm of the set
S1(C, Oy) is bounded by Ky max(1, €), where Ky is an effective constant depending
on the degree and the height of C.

Proof. If x € §1(C, O,), there exist ¢ : E&¢ — E and & € O, such that ¢ (x — &) = 0.
Now the proof follows that of [Viada 2003, Theorem 1, p. 55], where we replace i
by h, y by ¢, p by x and h(y(p)) =0 by h(¢(x)) = co(deg §) h(§) with h(§) < &.

O
The strong hypotheses and an effective weak theorem.

Proof of Theorem 1.6. The proof is similar to the proof of Theorem 1.5 given in
Section 11.

Theorem 14.1 implies that for » > 1 the norm of the set S, (C, 0;) is bounded
by an effective constant K. Define

1

770=24—gz,

€(C) = min(el(C, no), €2(C, no)), where €1, €, are as in Proposition 13.3,

82
51=lmin( &(@)g)
8 g \gKo

L 1 2 2¢-3
S§=8M ! 2(2g-3) where M = max (2, [@—‘ ) .
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In Section 12, Proposition A(i) with ' =0, &; =1 and K| = K, we have shown
that

U C(@) N (B¢> + @8) - U C(@) N (B¢> + @ggl/H((p)Hl/(Z(ng}))) .

¢ Gauss-reduced ¢ Gauss-reduced
tk(¢)=2 tk(¢)=2 H($)<M

In Section 13, Proposition B(i) with y =0, s =0 and n =2g — 3, K| = Ky, we
have shown that for all ¢ Gauss-reduced of rank 2, the set

C(@) N (B¢ + @gSI/H(¢)]+]/(2(2g—3)))

18 finite. It follows that
U c@n,+0s)

¢ Gauss-reduced

tk(¢)=2

is finite. By Lemma 4.5(i) we deduce that S»(C, Oy) is finite. This shows that
Theorem 1.6 holds for

2

1 C 887\ 4g

8§—min(1,K0_1)4gmin 1, Ko, €€) . O
g 8Ko

An effective bound for the cardinality of the sets. We have just shown that for C
transverse, ¢ can be made effective. The purpose of this section is to indicate an
effective bound for the cardinality of S»(C, 0,), under the following conjecture:

Conjecture 14.2 (S. David; personal communication). Let C be a transverse curve
in A. There exist constants ¢’ and c”, each depending on g, deg; A, hy(A), [k:Q],
such that, for

c/

€(C) = (deg, V)1/@ codim V)

and ©(C) = c"(deg; C)%,

the cardinality ofC(@) N O¢(c) is bounded by O (C).
This is the abelian analogue to [Amoroso and David 2003, Conjecture 1.2].

Theorem 14.3. Let C be transverse. Assume that Conjecture 14.2 holds. Then,
there exists an effective € > 0 such that the cardinality of S>(C, O¢) is bounded by
an effective constant.

Proof. Let 6 and §; be as defined in the previous proof.
By Proposition A(i) in Section 12 we deduce that

$C.0c | C@n(By+0g m@yees).

¢ Gauss-reduced
H(p)<M
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Note that, for any curve D and positive integers n, the cardinality of [n]D NO,¢(p)
is still ®(D). Going through the proofs of Proposition B(i) in Section 13, we see
that
#55(C.05) = Y #(¢. (#(C) NOep(c)))
H(p)<M
where ¢). : C — ¢(C) is the restriction of ¢ to C. Recall from [Viada 2003, p. 61]
that the fiber of ¢). has cardinality at most 3g H (¢)> <3gM?>. We set

Apax = H%?;M #(@(C)NOcp(c))-

We deduce
#5,(C, 05) <3gM>Apax.

By Lemma 13.2(i), deg ¢ (C) < (BgH ($))? deg C. Conjecture 14.2 implies that
Amix < 3¢ H($)*0(0),
with ®(C) explicitly given. We conclude that
#5,(C, 05) < (39)* ' M*$30(0). (14-1)

By Theorem 14.1 the constant Ky is effective. So M is also effective. Thus the
bound (14-1) is effective, for C transverse. O

Similar computations imply a bound for the cardinality of S;(C, I's).
For & < e4(g + ) 2 M/~ 71/ E8H4570) e obtain

#8)(C, Ts) < c1(M' >0 (C).

Here c1(g) (and c2(g, s)) are effective constants depending only on g (and s). The
number M’ depends explicitly on C, g and K;, while &4 depends explicitly on C,
g, s and K. In view of Theorem 9.1, the above bound also implies a bound for
the cardinality of $>(C X v, Os/(g+5)k4)-

However, Theorem 1.2 does not give effective K; or K,. Consequently neither
M’ nor g4 are effective. An effective estimate for K or K, would imply an effective
Mordell Conjecture. This gives an indication of the difficulty to extend effective
height proofs from transverse curves to weak-transverse curves.

15. Final remarks

The CM case. The proofs in 2—7 hold whether or not E has CM. Since Conjecture
1.4 is stated for any E, Proposition B holds unchanged for E with CM.

We can extend Proposition A to Gauss-reduced ¢ € M, 4(Z + tZ) as follows.
Decompose ¢ = ¢ + 1¢; for ¢; € M, ¢(Z), then let the morphism ¥ = (¢1[¢2)
acton (x, 7x) + (y, y) + (£, t&) for x € S,(C, (T'§).), y € T§ and & € O,. Apply
Proposition A to . Constants will depend on t.
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From powers to products. In a power there are more algebraic subgroups than in
a product where not all the factors are isogenous. If we consider a product of non-
CM elliptic curves, then the matrix of a morphism ¢ is simply an integral matrix
where the entries corresponding to nonisogenous factors are zeros. So nothing
changes with respect to our proofs.

If the curve is in a product of elliptic curves in general, we extend the definition
of Gauss-reduced, introducing constants ¢ (t) and c»(7), such that the element a
on the diagonal has norm satisfying c1(t) H(¢) < |a| < c2(t) H (¢).

We leave the details to the reader.
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Diophantine subsets of
function fields of curves

Janos Kollar

We consider diophantine subsets of function fields of curves and show, roughly
speaking, that they are either very small or very large. In particular, this implies
that the ring of polynomials k[#] is not a diophantine subset of the field of rational
functions k() for many fields k.

Let R be a commutative ring. A subset D C R is called diophantine if there are
polynomials
Fi(x, 1, ..., yn) € R[x, y1, ..., yul
such that the system of equations

E(r’ylv---yyn)ZO Vl

has a solution (yy, ..., y,) € R" if and only if r € D.
Equivalently, if there is a (possibly reducible) algebraic variety X g over R and
a morphism 7 : X — Az such that D = 7 (X g(R)). In this situation we call

dioph(Xg, ) := n(Xr(R)) CR

the diophantine set corresponding to X and .

A characterization of diophantine subsets of Z was completed in connection
with Hilbert’s 10th problem, but a description of diophantine subsets of @ is still
not known. In particular, it is not known if Z is a diophantine subset of (2 or not.
(See [Poonen 2003] or the volume [Denef et al. 2000] for surveys and many recent
results.)

In this paper we consider analogous questions where R = k(¢) is a function
field of one variable and k is an uncountable large field of characteristic 0. That
is, for any k-variety Y with a smooth k-point, Y (k) is Zariski dense. Examples of
uncountable large fields are

(1) C or any uncountable algebraically closed field,

(2) R or any uncountable real closed field, and

MSC2000: primary 11U05; secondary 14G25, 14M20, 14G27.
Keywords: diophantine set, rationally connected variety.
Partial financial support was provided by the NSF under grant number DMS-0500198.
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(3) Q,, Q((x)) or the quotient field of any uncountable local Henselian domain.

Roughly speaking, we show that for such fields, a diophantine subset of k() is
either very small or very large. The precise result is somewhat technical, but here
are two easy-to-state consequences which serve as motivating examples.

Corollary 1. Let k be an uncountable large field of characteristic 0. Then k[t] is
not a diophantine subset of k(t).

Corollary 2. Let k be an uncountable large field of characteristic 0 and
K, D K| Dk(t)

finite field extensions. Then K is a diophantine subset of K, if and only if K| = K.

The latter gives a partial answer to a question of Bogomolov: When is a subfield
K| C K, diophantine in K,?

It is possible that both of these corollaries hold for any field k. Unfortunately,
my method says nothing about countable fields. The geometric parts of the proof
for Propositions 12 and 13 (see 16 and 20) work for any uncountable field, but
the last step 23 uses in an essential way that & is large.

We use two ways to measure how large a diophantine set is.

3 (Diophantine dimension and polar sets). Let B be a smooth, projective, irre-
ducible curve over k. One can think of a rational function f € k(B) as a section of
the first projection 77; : B x P! — B. This establishes a one-to-one correspondence

k(B)U{oo} <« ({sectionsof m;:B xP!' — B}.

Any section o : B — B x P! can be identified with its image, which gives a point
in the Chow variety of curves of B x P!. This gives an injection

k(B)U{oo} <> Chow;(B x P).

Let U be a countable (disjoint) union of k-varieties and D C U (k) a subset.
Define the diophantine dimension of D over k as the smallestn € {—1,0, 1, ..., oo}
such that D is contained in a countable union of irreducible k-subvarieties of U of
dimension < n. It is denoted by d-dimy D. Note that d-dimy D = —1 if and only
if D = @ and d-dimy D <0 if and only if D is countable.

In particular, we can talk about the diophantine dimension of

dioph(X, f) C k(B) C Chow; (B x P).
For f € k(B), let pole( f) denote its divisor of poles. For D C k(B), set
Pole, (D) := {pole(f): f € D and degpole(f) =n}.

I think of Pole, (D) as a subset of the k-points of the n-th symmetric power S"B.
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Taking each point with multiplicity r > 1 gives embeddings S”B — S""B,
whose image I denote by r - S B.

With these definitions, the main result is the following theorem illustrating the
“very small or very large” dichotomy.

Theorem 4. Let k be an uncountable large field of characteristic 0 and B a smooth,
projective, irreducible curve over k. Let Xy (p) be a (possibly reducible) algebraic
variety of dimension n over k(B) and my(p) : Xr3) — Alks) a morphism. Then
either

(1) d-dimyg diOph(Xk(B), 7Tk(3)) <n,or

(2) d-dimy dioph(Xy By, mk(B)) = 00 and there is a 0-cycle P, € SB and r > 0
such that for every m > 0 there is a smooth, irreducible k-variety D,, and a
morphism p,, : D,, — S*T"™ B such that

(@) Dy (k) # 9,
(b) Poleqrm (dioph(Xk(s), 7k(5))) D pm (D (K)), and
(c) the Zariski closure of py,(D,,(k)) contains P, +r-S™B C S4B,

5 (Proof of the Corollaries). In trying to write a subset D C k(B) as
D = dioph(X(B), Tk(B)):
we do not have an a priori bound on dim Xy py; thus the assertion
d-dimy dioph(Xy gy, mi(B)) = 00

is hard to use. The Corollaries 1 and 2 both follow from the more precise results
about the distribution of poles.

If B=P!, then a rational function with at least 2 poles on P! is not a polynomial;
thus Theorem 4 implies Corollary 1.

Next consider Corollary 2. Let K| =k(B;) € Ko =k(B;) be adegree d > 1 ex-
tension of function fields of smooth, projective, irreducible k-curves. By Riemann—
Roch, any zero cycle of degree > 2g(B;) defined over k is the polar set of some
f € k(By). Pulling back gives a map j : S B; — "¢ B,; thus

j((S™By)(k)) if n=md >2dg(B;), and

Pole,(K;) =
KV {@ if d1n.

If by # by € B, map to the same point of By, then a 0-cycle in j (S B1) contains
either both b and b, or neither. Thus the Zariski closed set j (S™ B;) never contains
a set of the form P, +r - S B;. By (2.c) of Theorem 4, this shows that K is not
diophantine in K>, proving Corollary 2.
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Example 6. (1) The bound » in (1) of Theorem 4 is actually sharp, as shown by
the following.
Note first that any k(¢)-solution of x3 4+ y* = 1 is constant. Set

Xp = () +y] = =x,+y =1 CA”

and
T (X1, Via s Xns Vo) > X1 X028+ 42,8

Then dim X = n and for k = C or k = R, dioph(X,,, ) is the set of all degree
<n — 1 polynomials.

Using similar constructions one can see that any (finite dimensional) k-algebraic
subset of k(¢) is diophantine when k is algebraically closed or real closed. These
are the “small” diophantine subsets of k(7).

(2) The somewhat unusual looking condition about the Zariski closure of D,, in
(2.c) of Theorem 4 is also close to being optimal. For g € k(¢) and r > O consider
the diophantine set

Ly, = {f €k(t):3h suchthat f =gh"}.

Then, up to some lower dimensional contribution coming from possible cancella-
tions between poles and zeros of g and 4",

pole(g) +r - (S"B)(k) if n =degpole(g) + rm, and

Pole, (L, ,) =
e & otherwise.

7. If k = C then our proof shows that in case (2) of Theorem 4 there is a finite set
P C B(C) such that for every p € B(C) \ P there is an f), € dioph(X, ) with a
pole at p.

If k = R, then we guarantee many poles, but one may not get any real poles. To
get examples, note that 4 € R(¢) is everywhere nonnegative on R if and only if &
is a sum of two squares. Thus for any g € R(z), the set

Li(g) :=={f eR@®): f(1) =gt) Vi e R}

is diophantine. L(g) is infinite dimensional but if g € R[¢] then no element of
L1(g) has areal pole.

From the point of view of our proof a more interesting example is the diophan-
tine set

Ly(g) = {f eR@):3ceR, f2(r)<c? g*(r) Vit e R).

The elements of L;(g) are unbounded everywhere yet no element of L,(g) has a
pole in R if g is a polynomial.
This leads to the following question.
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Question 8. Is R[¢]g, the set of all rational functions without poles in R, diophan-
tine?

There should be some even stronger variants of the “very small or very large”
dichotomy, especially over C. As a representative case, I propose the following.

Conjecture 9. Let D C C(t) be a diophantine subset which contains a Zariski
open subset of C[t]. (Meaning, for instance, that D contains a Zariski open subset
of the space of degree < n polynomials for infinitely many n.) Then C(t) \ D is
finite.

In connection with Bogomolov’s question, I would hazard the following:

Conjecture 10. Let k be a large field and K| C K, function fields of k-varieties.
Then K is diophantine in K, if and only if K is algebraically closed in K.

11. The proof of Theorem 4 relies on the theory of rational curves on algebraic
varieties. A standard reference is [Kollar 1996], but nonexperts may prefer the
more introductory [Araujo and Kollar 2003].

The proof is divided into three steps.

First we show that if d-dimy dioph(X(g), m) > n + 1 then there is a rationally
connected (see 18) subvariety Zyp)y C Xi(p) such that 7|z is nonconstant and
Zi() has a smooth k(B)-point. This relies on the bend and break method of [Mori
1979]. In a similar context it was first used in [Graber et al. 2005].

Then we show, using the deformation of combs technique developed in [Kollar
et al. 1992; Kollar 1996; 2004; Graber et al. 2003], that for any such Zj ), there
are infinitely many k-varieties S,, and maps S, X B --» Zj(p) which give injections
S (k) = Zim) (k(B)).

Both of these steps are geometric, but the statements are formulated to work
over an arbitrary field L.

Finally, if k is a large field, then each S, (k) is “large”, which shows that
Ziy(k(B)) is “very large”.

For all three steps it is better to replace 7 : Xy () — Aly(p) with a morphism of
k-varieties f : X — B x P
Proposition 12. Let L be any field and B a smooth, projective, irreducible curve
over L. Let f : X — B x P! be an L-variety of dimension n + 1 and consider the
corresponding diophantine set dioph(X gy, f) C L(B). Then either

(1) d-dim dioph(X By, f) <n, or
(2) there is a subvariety Z C X such that
(a) Z — B x P! is dominant,
(b) the generic fiber of Z — B is rationally connected, and

(¢c) there is a rational section o : B --+ Z whose image is not contained in
Sing Z.



304 Janos Kollar

Proposition 13. Let L be an infinite field and B a smooth, projective, irreducible
curve over L. Let f : Z — B x P! be a smooth, projective L-variety such that

(1) Z — B x P! is dominant,
(2) the generic fiber of Z — B is separably rationally connected, and

(3) thereis a sectiono : B — Z.
Then, for some r > 0 and for all m > 0 in an arithmetic progression, there are

(4) a smooth, irreducible L-variety S, with an L-point, and

(5) a dominant rational map o, : S, X B --+ Z which commutes with projection
to B,

such that the Zariski closure of the image of f o oy : Su --+ Chow (B x P)
contains

[foo(B)+r[{b1} x P 1+ +r[{by} x P'1 forevery b; € B(L).

14 (Spaces of sections). Let L be any field, B a smooth, projective, irreducible
curve over L and f : X — B a projective morphism. A section of f (defined over
some L’ D L) can be identified with the corresponding L’-point in the Chow variety
of 1-cycles Chow;(X). All sections X (X/B) defined over L form an open set of
Chow/ (X). Indeed, if H is an ample line bundle on B of degree d then a 1-cycle
C is a section if and only if C is irreducible (an open condition) and (C- f*H) =d
(an open and closed condition). This procedure realizes Xy (p)(k(B)) as the set of
k-points of a countable union of algebraic k-varieties £ (X/B) = J; ;.

The choice of the %; is not canonical. Given X — B, we get “natural” irreducible
components, but for fixed generic fiber X;(p), these components depend on the
choice of X. Any representation gives, however, the same constructible sets. We
usually make a further decomposition. Since every variety is a finite set-theoretic
union of locally closed smooth subvarieties, we may choose the ¥; such that each
one is smooth and irreducible.

As an explicit example, consider B = P!'. Then k(B) = k(¢) and every f € k(t)
can be uniquely written (up to scalars) as

ap~+ait +---+aut"

= bt b+ A byt

where the nominator and the denominator are relatively prime and at least one of
ay or b, is nonzero. For any #, all such f form an open subset

Y, CPag:a:---:an:by:by:---:by) =P"TL
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15 (Very dense subsets). Let U be an irreducible variety over a field L. We say
that a subset D C U (L) is Zariski very dense if D is not contained in a countable
union of L-subvarieties V; C U.

It is easy to see that for any D, there are countably many closed, irreducible
L-subvarieties W; C U such that D C |, W; (Z) and D N W;(L) is Zariski very
dense in W; for every i. There is a unique irredundant choice of these W;.

16 (Proof of Proposition 12). Write X = | J X; as a finite set-theoretic union of
locally closed, smooth, connected varieties. If Proposition 12 holds for each X;
then it also holds for X; thus we may assume that X is smooth and irreducible. Let
X’ O X be a smooth compactification such that f extends to f': X' — B x Pl
As before, there are countably many disjoint, irreducible, smooth L-varieties
U; Zi = 2(X’/B) and morphisms u; : B x ¥; — X’ commuting with projection
to B giving all L-sections of f’. As in 15, there are countably many disjoint,
irreducible, smooth L-varieties S; C £(X’/B) such that each S; (L) is Zariski very
dense in S; and the L-sections of X" — B are exactly given by | J; S;(L).
Composing u; with f’, we obtain maps

fl:S; — £ c Chow;(B x P").
There are 2 distinct possibilities. Either
(1) dimg f,(S;) <n whenever u; (B x S;) N X # &, or
(2) there is an ig such that dimy, f,(S;)) >n+1and u;,(B x S;;)) N X # @.

In the first case dioph(X’, f’) is contained in the union of the constructible sets
f1(Si), thus we have (1) of Proposition 12. This is always the case if L is countable.

In the second case we construct Z as required by (2) of Proposition 12 using
only the existence of u;, : B x S;;, — X. Set § :=S;, and u :=u,,. We can replace
X' by a desingularization of the closure of the image u(B x S). By shrinking S we
may assume that u liftstou : B x § — X'.

For a point x € X’ let S, C S be the subvariety parametrizing those sections that
pass through x.

Let us now fix b € B(L) such that u({b} x S) is dense in X; and let x run through
X}, the fiber of X’ over b. Since every section intersects X,

S=J 8 andso fi($)={J fi(So).

’ ’
xeX), xeX),

By assumption dim;, f,(S) > n + 1 and dim; X}, = n; hence dim; f/(Sy) > 1 for
general x € X ,;(Ij). In particular, there is a 1-parameter family of sections C, C S,
such that

flou:BxC—>X— BxP!
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is a nonconstant family of sections passing through the point f/(x).
By 17, this leads to a limit 1-cycle of the form

A+ {b} x P! + (other fibers of ;)

where A is a section of 7r; : B x P! — B.
Correspondingly, we get a limit 1-cycle in X’ of the form

A, + R, + (other rational curves)

where A, is a section of X’ — B which dominates A and R, is a connected union
of rational curves which dominates {b} x P'. Note also that x € R,.

Thus we conclude that for general x € X (L), there is a connected union of
rational curves x € R, C X, which dominates {5} x P

Asin 19, let us take the relative MRC-fibration f’: X'--»>W' --» B.

For very general x € X'(L) let X’ be the fiber of w containing x. By 19, X’ is
closed in X’ and every rational curve in X' that intersects X', is contained in X’,.
In particular, R, C X/ and hence X/, dominates {b} x P!.

Let now p € S(L) be a general point and C C X’ the corresponding section. By
assumption S(L) is Zariski dense in S; hence we may assume that w is smooth at
the generic point of C. Let Z' C w~!(w(C)) be the unique irreducible component
that dominates C and Z = Z' N X. It satisfies all the required properties. U

17 (Bend-and-break for sections [Mori 1979; Kollar 1996, §I1.5; Graber et al.
2005, Lemma 3.2]). Let & :Y — B be a proper morphism onto a smooth projective
curve B. Let C be a smooth curve and u : B x C — Y a nonconstant family of
sections passing through a fixed point y € Y.

Then C can not be a proper curve and for a suitable point ¢ € C \ C the corre-
sponding limit 1-cycle is of the form

Ey = Ay + Ry,

where A, is a section of & (which need not pass through y) and R, is a nonempty
union of rational curves contained in finitely many fibers of 4. Furthermore, A, +
R, is connected and y € R,.

This holds whether we take the limit in the Chow variety of 1-cycles, in the
Hilbert scheme or in the space of stable maps.

18 (Rationally connected varieties [Kollar et al. 1992; Kollar 1996, Chapter 1V;
Araujo and Kolldr 2003, Section 7]). Let k be a field and K D k an uncountable
algebraically closed field. A smooth projective k-variety X is called rationally
connected or RC if for every pair of points x, xo € X (K) there is a K-morphism
f: P! — X such that £(0) =x; and f(00) = x». X is called separably rationally
connected or SRC if for every point x € X (K) there is a K-morphism f : P! — X
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such that f(0) =x and f*Ty is an ample vector bundle. (That is, a sum of positive
degree line bundles.) Furthermore, f : P! — X can be taken to be an embedding
if dim X > 3. It is known that SRC implies RC and the two notions are equivalent
in characteristic 0.

We may not have any rational curves over k, but we can work with the universal
family of these maps f : P! — X. Thus, if dim X >3 and p € X is a k-point, then
there is an irreducible, smooth k-variety U and a k-morphism G : U x P! — X
such that

(1) GWU x{0}) = p,
) Gy : {u} x P! - X} is an embedding for every u € U (k), and
(3) G*,Tx is ample for every u € U (k).

By [Kollar 1999, Theorem 1.4], if k is large then we can choose U such that
U(k) #@.

19 (MRC fibrations [Kollar et al. 1992; Kollar 1996, §IV.5]). Let K D k be as
above. Let X be a smooth projective k-variety and g : X — § a k-morphism.
There is a unique (up to birational maps) factorization

h
g:X—lfeW——eS

such that

(1) for general p € W(K), the fiber w—!(p) is closed in X and rationally con-
nected, and

(2) for very general p € W(K) (that is, for p in a countable intersection of dense
open subsets) every rational curve in X (K) which intersects w~!(p) and maps
to a point in S is contained in w~!(p).

The map w : X --» W is called the (relative) maximal rationally connected
fibration or MRC fibration of X — §. Note that if X contains very few rational
curves (for example, if X is an Abelian variety or a K3 surface) then X = W.

20 (Proof of Proposition 13). Here we essentially reverse the procedure of the
first part. Instead of degenerating a 1-parameter family of sections to get a 1-
cycle consisting of a section plus rational curves, we start with a section, add to
it suitably chosen rational curves and prove that this 1-cycle can be written as the
limit of sections in many different ways.

We assume that Z is smooth, projective. If necessary, we take its product with
P3 to achieve that dim Z > 4. This changes the space of sections X (Z/B) but it
does not change the image of X(Z/B) in L(B).

Apply 18 to X = Z(p) and the point p = o (B) to get

G: UL(B) X ﬂj)l — ZL(B)-
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Next replace Uy (py by an L-variety 7 : U — B such that G extends to
g:Ux P! > Z.

By shrinking U if necessary, we may assume that for general b € B(L), the corre-
sponding
8ph: Ub X [FDI — Zb

is a family of smooth rational curves passing through o (b) and g*; , T, is ample
for every u € U, where g, is the restriction of g, to {u} x Pl

Given distinct points by, ..., b, € B(L), let B(by, ..., by,,) be the comb assem-
bled from B and m copies of P! where we attach [Ij’l.1 to B at b; (see 21).

By [Kolldr 2004, Theorem 16], there are by, ..., by, € B(L) and an embedding

0(81s--y 8mgy) : Bb1,....byy) > Z

given by o on B and by g; := gp, ,, on [P’} for some u; € Uy, such that the image,
denoted by B(g1, ..., 8m,) C Z is defined over L and its normal bundle is as
positive as one wants. In particular, by 22, B(gy, ..., &m,) gives a smooth point of
the Hilbert scheme of Z. Furthermore, for any further distinct points by, 41, . .., by
and g; fori =mg+1, ..., m, the resulting

o(g1,..-,8m):Bby1,...,by) > Z

also gives a smooth point of the Hilbert scheme of Z.

Let S, denote the smooth locus of the corresponding L-irreducible component
of the Hilbert scheme of Z. B(gi, ..., &) gives an L-point of S,,; hence S, is
geometrically irreducible. By 22 the general point of S, corresponds to a section
of f, the universal family is a product over a dense open subset of S,,, and we have
a dominant rational map o, : S;,, X B --+ Z.

For a given m, it is not always possible to choose by +1, - . . , by, such that the
set by, ..., by, is defined over L. To achieve this, choose a generically finite and
dominant map p : U --» A;%™U For general ¢ € A%™mU (L), its preimage p~!(c)
gives deg p general points in U which are defined over L. Thus we can choose
by, ..., by to be defined over L whenever m — my is a multiple of deg p.

Let us now consider f,(S,,) C Chow;(B x P). By construction, it contains

(B, - gm) = A+r({bi} x P+ +r({byn) x P!

where A = f oo (B) is a section of B x P! and r > 1 is the common (geometric)
degree of the maps

fogpu:{u}xP'— (b} xP' c B x P
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The combs B(gy, ..., gn) C Z have some obvious deformations where we keep
B fixed and vary the points b; and the maps g; with them. By construction, the
points b; can vary independently. The images of these 1-cycles in B x P! are of
the form

A+r(b)y xPY+---+r(b),}) x PY,
where the b; vary independently. O

21 (Combs). A comb assembled from B and m copies of P! attached at the points
b; is a curve B(by, ..., by,) obtained from B and {by, ..., b,} x P! by identifying
the points b; € B and (b;, 0) € {b;} x P!

A comb (with m teeth) can be pictured as below:

1 1 1
Pl Pl P

22 (Deformation of reducible curves). Let X be a smooth projective variety and
C C X a connected curve with ideal sheaf /. Assume that C has only nodes
as singularities. By the smoothness criterion of the Hilbert scheme [Grothendieck
1962, exposé 221, p. 211, if H'(C, (I¢/I¢?)*) =0 then [C] is a smooth point of the
Hilbert scheme Hilb(X) and there is a unique irreducible component H- C Hilb(X)
containing [C]. Let Uc — H¢ be the universal family.

If, in addition, (I¢/ IcH)* is generated by global sections, then a general point
of H¢ corresponds to a smooth curve and the natural map Uc — X is dominant.

23 (Proof of Theorem 4). Let us start with the k(B)-variety Xy (p). We can write
it as the generic fiber of a quasiprojective k-variety X — B and extend my(p) to
f:X — B x P! If (1) of Theorem 4 fails then using Proposition 12 we obtain
Z C X. Take a compactification Z and a resolution Z; — Z such that the composite
map Z; --+» B x P! is a morphism. Next apply Proposition 13 to Z; — B x P'.
We obtain, for every m in an arithmetic progression, a dominant family of sections
Om Sy X B— Z;.
There is a dense open subset D,, C S, such that for every g € D), (E),

(1) the corresponding section o0, ({g} x B) C Z intersects Z, and

(2) the corresponding rational function f oo, : {g} x B — P! has exactly a +rm
poles where a is the number of poles of f oo (B).
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Thus the composite map
Pm = poleof oo, : D, — S*"B

is defined. The condition (2.b) of Theorem 4 holds by construction and the Zariski
closure of p,,(D,,) contains P,+r-S™B C S*T"™ B by (5) of Proposition 13, where
P, denotes the polar divisor of the section o, that is, the O-cycle

foa(B)N(B x {o0)}).

S, has a smooth k-point by Proposition 13 and k-points are Zariski dense since
k is a large field. Thus D,, (k) is Zariski dense in D,,. This implies both (2.a) and
(2.c) of Theorem 4.

Finally, D,, (k) is Zariski very dense in D,, by Lemma 24 and

d-dimy dioph(X, 7) > d-dimy p,,; (D, (k)) = dimy o, (D,,;) = dimg S B = m,

where the middle equality holds by Lemma 24. Thus d-dim; dioph(X, 7) = oo.
The only remaining issue is that our m runs through an arithmetic progression
and is not arbitrary. If the progression is m = b + m’c then

a+r(b+m'c)=(a+rb)+ (roym,
so by changing a — a +rb, r — rc we get Theorem 4. U

Lemma 24. Let X be a smooth and irreducible variety over a large field k such that
X (k) #= @. Then X (k) is not contained in the union of fewer than |k| subvarieties
X, € X. In particular, if k is uncountable then X (k) is Zariski very dense in X.

Proof. Assume to the contrary that X (k) # @ but X (k) C |, ., X where [A] < |k]|
and X, # X.

If dim X > 2, then pick p € X (k) and let {H; : t € IP’,&} be a general pencil of
hypersurface sections of X passing through p. Since |A| < |k[, there is an H,; such
that H; is smooth at p and H; ¢ X, for every A. Thus H; (k) C |, (H; N X)) is
a lower dimensional counterexample. Thus it is enough to prove Lemma 24 when
X is a curve. Then lower dimensional k-subvarieties are just points, thus we need
to show that | X (k)| = |k|.

Let {H, : t € P!} be a linear system on X x X which has (p, p) as a base point
and whose general member is smooth at (p, p). Since k is large, each H, contains
a k-point different from (p, p). Thus | X (k)| = | X (k) x X (k)| > |k]|. U
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Symmetric obstruction theories and Hilbert
schemes of points on threefolds

Kai Behrend and Barbara Fantechi

In an earlier paper by one of us (Behrend), Donaldson-Thomas type invariants
were expressed as certain weighted Euler characteristics of the moduli space.
The Euler characteristic is weighted by a certain canonical Z-valued construc-
tible function on the moduli space. This constructible function associates to any
point of the moduli space a certain invariant of the singularity of the space at the
point.

Here we evaluate this invariant for the case of a singularity that is an isolated
point of a C*-action and that admits a symmetric obstruction theory compatible
with the C*-action. The answer is (—1)¢, where d is the dimension of the Zariski
tangent space.

We use this result to prove that for any threefold, proper or not, the weighted
Euler characteristic of the Hilbert scheme of n points on the threefold is, up to
sign, equal to the usual Euler characteristic. For the case of a projective Calabi—
Yau threefold, we deduce that the Donaldson-Thomas invariant of the Hilbert
scheme of n points is, up to sign, equal to the Euler characteristic. This proves a
conjecture of Maulik, Nekrasov, Okounkov and Pandharipande.

Introduction

The first purpose of this paper is to introduce symmetric obstruction theories. In a
nutshell, these are obstruction theories for which the space of infinitesimal defor-
mations is the dual of the space of infinitesimal obstructions.

As an example of an obstruction theory, consider the intersection of two smooth
varieties V, W inside an ambient smooth variety M. The intersection X carries an
obstruction theory. This is the 2-term complex of vector bundles

resy —resy

E = [Qulx

Qvlx ®Qwlx ]

considered as an object of the derived category D(X) of X, taking up degrees —1
and 0. We see that infinitesimal deformations of X are classified by h°(EY) = T,

MSC2000: 00AO05.
Keywords: symmetric obstruction theories, Hilbert schemes, Calabi—Yau threefolds, C* actions, S 1
actions, Donaldson—Thomas invariants, MNOP conjecture.
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the sheaf of derivations on X. Moreover, the obstructions to the smoothness of
X are contained in A'(EY), which is called the obstruction sheaf, notation ob =
hY(EV). Note that h°(EY) is intrinsic to X, but 2 (EY) is not. In fact, if X is
smooth, all obstructions vanish, but ' (EY) may be nonzero, although it is always
a vector bundle, in this case.

This obstruction theory E is symmetric, if M is a complex symplectic manifold,
i.e., hyperkihler, and V, W are Lagrangian submanifolds. In fact, the symplectic
form o induces a homomorphism Tx — €2j, defined by v — o (v, —). The fact
that V and W are Lagrangian, i.e., equal to their own orthogonal complements with
respect to o, implies that there is an exact sequence

0—Txy — Qulx — Qyix®Lw|x — Qx — 0.

Assuming for simplicity that X is smooth and hence this is an exact sequence of
vector bundles, we see that ob = h! (EY) =Qyx and hence Ty is, indeed, dual to ob.

In more abstract terms, what makes an obstruction theory E symmetric is a
nondegenerate symmetric bilinear form of degree 1

B E®E —> Oy[l].

If M is an arbitrary smooth scheme, then €2, is a symplectic manifold in a
canonical way, and the graph of any closed 1-form w is a Lagrangian submanifold.
Thus the scheme theoretic zero locus X = Z(w) of w is an example of the above,
the second Lagrangian being the zero section.

As a special case of this, we may consider the Jacobian locus X = Z(df) of a
regular function on a smooth variety M. It is endowed with a canonical symmet-
ric obstruction theory. In Donaldson-Thomas theory, where the moduli space is
heuristically the critical locus of the holomorphic Chern—Simons functional, there
is a canonical symmetric obstruction theory; see [Thomas 2000].

Unfortunately, we are unable to prove that every symmetric obstruction theory
is locally given as the zero locus of a closed 1-form on a smooth scheme, even
though we see no reason why this should not be true.

The best we can do is to show that the most general local example of a symmetric
obstruction theory is the zero locus of an almost closed 1-form on a smooth scheme.
A form w is almost closed if its differential dw vanishes on the zero locus Z(w).

For the applications we have in mind we also need equivariant versions of all of
the above, in the presence of a (3,,-action.

Weighted Euler characteristics and Gy,-actions. In [Behrend 2005] a new (as far
as we can tell) invariant of singularities was introduced. For a singularity (X, P)
the notation was

Ux(P).
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The function vy is a constructible Z-valued function on any Deligne-Mumford
stack X. In [Behrend 2005], the following facts were proved about vy:

o If X is smooth at P, then vy (P) = (—1)dmX,
s vx(P)vy(Q) =vxxy(P, Q).

o If X = Z(df) is the singular locus of a regular function f on a smooth variety
M, then

vx(P) = (=DM (1 — x (Fp)),
where Fp is the Milnor fibre of f at P.

e Let X be a projective scheme endowed with a symmetric obstruction theory. The
associated Donaldson—Thomas type invariant (or virtual count) is the degree of the
associated virtual fundamental class. In this case, vy (P) is the contribution of the
point P to the Donaldson-Thomas type invariant, in the sense that

#(X) = x (X, vx) =Y nx({vx =n}).

neZ

We define the weighted Euler characteristic of X to be

X(X) = x (X, vx).

The last property shows the importance of vy (P) for the calculation of Donald-
son—Thomas type invariants.

In this paper we calculate the number vy (P) for certain kinds of singularities.
In fact, we will assume that X admits a G,,-action and a symmetric obstruction
theory, which are compatible with each other. Moreover, we assume P to be an
isolated fixed point for the G,,-action. We prove that

vx (P) = (—1)dimTxle, (1)
in this case.

We get results of two different flavors from this:

« If the scheme X admits a globally defined G,,-action with isolated fixed points
and around every fixed point admits a symmetric obstruction theory compatible
with the G,,-action we obtain

X(X) =Y (~)timTxlr, )
P

the sum extending over the fixed points of the G, -action. This is because nontrivial
G, -orbits do not contribute, the Euler characteristic of 3,, being zero, and vy being
constant on such orbits.



316 Kai Behrend and Barbara Fantechi

o If X is projective, with globally defined G,,-action and symmetric obstruction
theory, these two structures being compatible, we get

#Vir(X) =%(X)= Z(_l)dime\P. 3
P

An example. It may be worth pointing out how to prove (1) in a special case. As-
sume the multiplicative group G, acts on affine n-space A" in a linear way with

nontrivial weights ry, . .., r, € Z, so that the origin P is an isolated fixed point. Let
f be a regular function on A", which is invariant with respect to the G,,-action.
This means that f(xy, ..., x,) is of degree zero, if we assign to x; the degree r;.

Let X = Z(df) be the scheme-theoretic critical set of f. The scheme X inherits
a G,,-action. It also carries a symmetric obstruction theory which is compatible
with the G,,-action.

Assume that f € (xq, ..., x,)>. This is not a serious restriction. It ensures that
Tx|p = Tan|p and hence that dim Tx | P = n.

Lete € R, e > 0 and n € C, n # 0 be chosen such that the Milnor fiber of f at
the origin may be defined as

Fp={xeC"| f(x) =nand |x| <€}.

It is easy to check that Fp is invariant under the S L_action on C" induced by our
G,-action. Moreover, the S'-action on Fp has no fixed points. This implies im-
mediately that x (Fp) = 0 and hence that vy (P) = (—1)".

Even though we consider this example (Z(df), P) to be the prototype of a
singularity admitting compatible (5,,-actions and symmetric obstruction theories,
we cannot prove that every such singularity is of the form (Z(df), P). We can
only prove that a singularity with compatible G,,-action and symmetric obstruction
theory looks like (Z(w), P), where w is an almost closed G,,-invariant 1-form on
A", rather than the exact invariant 1-form df. This is why the proof of (1) is more
involved, in the general case. Rather than the Milnor fiber, we use the expression
of vx (P) as a linking number, found in Proposition 4.22 of [Behrend 2005].

Lagrangian intersections. One amusing application of (3) is the following for-
mula. Assume M is a complex symplectic manifold with a Hamiltonian C*-action,
all of whose fixed points are isolated. Let V and W be invariant Lagrangian sub-
manifolds. Assume their intersection is compact. Finally, assume that the Zariski
tangent space of the intersection at every fixed point is even-dimensional. Then we
can express the intersection number as an Euler characteristic:

deg([VIN[W] = x(VNW).

Hilbert schemes. Our result is a powerful tool for computing weighted Euler char-
acteristics. It is a replacement for the lacking additivity of X over strata.
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As an example of the utility of (1), we will show in this paper that
X (Hilb" Y) = (—1)" x (Hilb" Y), 4)

for every smooth scheme Y of dimension 3.
In particular, if Y is projective and Calabi—Yau (i.e., has a chosen trivialization
wy = Oy), we get that

#U(HIID" ¥) = (—1)" x (Hilb" Y),

where #' is the virtual count 2 la Donaldson—Thomas [2000]. This latter formula
was conjectured by Maulik, Nekrasov, Okounkov and Pandharipande in [Maulik
et al. 2003]. Using the McMahon function M () = ]_[f;l(l —t")™", we can also
express this result as

oo
> #THIIL" Y) 1" = M(—1)* D,
n=0
The strategy for proving (4) is as follows. We first consider the open Calabi—Yau
threefold A. We exploit a suitable G,,-action on A3 to prove (4) for ¥ = A3, using
Formula (2). At this point, we can drop all Calabi—Yau assumptions.
Let F, be the punctual Hilbert scheme. It parameterizes subschemes of A3 of
length n which are entirely supported at the origin. Let v, be the restriction of
Vi a3 to Fy,. Formula (4) for Y = A3 is equivalent to

X (Fn,vn) = (=1 x (Fp). )

Finally, using more or less standard stratification arguments, we express X (Hilb” Y)
in terms of x (F,, v,). This uses the fact that the punctual Hilbert scheme of Y at
a point P is isomorphic to F,. Then (5) implies (4).

Conventions. We will work over the field of complex numbers. All stacks will be
of Deligne—Mumford type. All schemes and stacks will be of finite type over C.
Hence the derived category Dgcon(Ox), of complexes of sheaves of Ox-modules
with quasicoherent cohomology is equivalent to the derived category D (Qcoh-Ox)
of the category of quasicoherent Ox-modules (see Proposition 3.7 in Exposé II of
SGAG6). To fix ideas, we will denote by D(X) the latter derived category and call it

the derived category of X. We will often write £ ® F instead of E 6L§ F, for objects
E, F of D(X).

Let X be a Deligne-Mumford stack. We will write L x for the cutoff at —1 of the
cotangent complex of X. Thus, if U — X is étale and U — M a closed immersion
into a smooth scheme M, we have, canonically,

Lxly =U/I* = Qulx],
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where I is the ideal sheaf of U in M and we think of the homomorphism /1% —
Q| x of coherent sheaves on U as a complex concentrated in the interval [—1, 0].
We will also call Lx the cotangent complex of X, and hope the reader will forgive
this abuse of language. The cotangent complex L x is an object of D(X).

We will often use homological notation for objects in the derived category. This
means that E, = E~", for a complex --- — E' — E'*! — ... in D(X).

For a complex of sheaves E, we denote the cohomology sheaves by i’ (E).

Let us recall a few sign conventions: If £ =[E) = Eo] is a complex concen-
trated in the interval [—1, O], then

EV=[E] = EY]
is a complex concentrated in the interval [0, 1]. Thus the shifted dual EV[1] is
given by
EV[1]1=[Ey = EY]

and concentrated, again, in the interval [—1, 0].

If 6 : E — F is a homomorphism of complexes concentrated in the interval
[—1, 0], such that 8 = (01, 6p), then the shifted dual OV[1] : FV[1] — EV[1] is
given by 6V[1]= (6, 6,).

Suppose E =[E; BN Eoland F =[F; i) Fp] are complexes concentrated in
the interval [—1,0] and 6 : E — F and n : E — F homomorphisms of complexes.
Then a homotopy from 7 to 6 is a homomorphism 4 : Eg — F; such that hoo =
61 — M andﬁoh:@o—no.

1. Symmetric obstruction theories

Nondegenerate symmetric bilinear forms.

Definition 1.1. Let X be a scheme or a Deligne—Mumford stack. Let E € Df()h ©x)
be a perfect complex. A nondegenerate symmetric bilinear form of degree 1 on E
is @ morphism

B:E é) E — Ox[1]
in D(X), which is
(i) symmetric, which means that
Ble®@e) = (1) p(e @ e);
(ii) nondegenerate, which means that 8 induces an isomorphism

0:E— E[1].
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Remark 1.2. The isomorphism 6 : E — E"[1] determines B as the composition

E® E2Y pvine E-h oy 11,

Symmetry of 8 is equivalent to the condition
0V[1]=6.

Usually, we will find it more convenient to work with 6, rather than 8. Thus we
will think of a nondegenerate symmetric bilinear form of degree 1 on E as an
isomorphism 6 : E — EY[1], satisfying 6¥[1] = 6.

Remark 1.3. Above, we have defined nondegenerate symmetric bilinear forms of
degree 1. One can generalize the definition to any degree n € Z. Only the case
n = 1 will interest us in this paper.

Example 1.4. Let F be a vector bundle on X and let @ : F — F" a symmetric
bilinear form. Define the complex E = [F — F], by putting F" in degree 0 and
F in degree —1. Then EV[1] = E. Define 6 = (6, 6y) by 6; =idr and 6y =idpv:

E = |[F—>FV]
i@ IJ/ ll
EV[1] = [F—"=FV]

Then E is a perfect complex with perfect amplitude contained in [—1, 0]. More-
over, 6 is a nondegenerate symmetric bilinear form on E. Note that 6 is an iso-
morphism, and hence the form it defines is nondegenerate, whether or not « is
nondegenerate.

Example 1.5. Let f be a regular function on a smooth variety M. The Hessian of
f defines a symmetric bilinear form on Tys|x, where X = Z(df). So there is an
induced symmetric bilinear form on the complex [Ty/|x — Qum|x]-

Lemma 1.6. Let E be a complex of vector bundles on X, concentrated in the
interval [—1,0). Let 0 : E — EY[1] be a homomorphism of complexes. Assume
that 6" [1] = 0, as morphisms in the derived category. Then Zariski-locally on the
scheme X (or étale locally on the stack X) we can represent the derived category
morphism given by 0 as a homomorphism of complexes (61, 6p):

E = [EI— E
\LG GI\L i@o
EV[1] = [Ey —“~EY]

such that 6 = 6.
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Proof. Let us use notation & = (1, ¥p). Then the equality of derived category
morphisms 6V[1] = 6 implies that, locally, 6"[1] = (¥, ¥,") and 6 = (Y1, o)
are homotopic. So let 4 : Eg — E be a homotopy:

ha =y — Yy,
a’h =y — 1//1V.
Now define

00 = 2 (Yo + ¥,
01 = L1 + ¥y

One checks, using £, that (61, 6p) is a homomorphism of complexes, and as such,
homotopic to (1, ¥o). Thus (61, 6p) represents the derived category morphism 6,
and has the required property. (]

The next lemma shows that for amplitude 1 objects, every nondegenerate sym-
metric bilinear form locally looks like the one given in Example 1.4. Again, locally
means étale locally, but in the scheme case Zariski locally.

Lemma 1.7. Suppose that A € Dfah (Ox) is of perfect amplitude contained in

[—1,0], and that n : A — AY[1] is an isomorphism satisfying n*[1] = n. Then
we can locally represent A by a homomorphism of vector bundles o : E — EV
satisfying a” = o and the isomorphism n by the identity.

Proof. Start by representing the derived category object A by an actual complex
of vector bundles « : A; — Ay, and the morphism n : A — AY[1] by an actual
homomorphism of complexes (11, no). Then pick a point P € X and lift a basis of
cok(a)(P) to Ag. replace Ag by the free Ox-module on this bases, and pull back
to get a quasiisomorphic complex.

Now any representative of n has, necessarily, that ny is an isomorphism in a
neighborhood of P. By Lemma 1.6, we can assume that n; = ng . Then both ng
and n; are isomorphisms of vector bundles. Now use 7g to identify Ay with Alv. O

Isometries.

Definition 1.8. Consider perfect complexes A and B, endowed with nondegenerate
symmetric forms 6 : A — AV[1]and n: B— BY[1]. An isomorphism ®: B — A,

such that the diagram

B i A

| g
V(1]

BY[1] =<— AY[1]
commutes in D(X), is called an isometry ® : (B, n) — (A, ).
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Note that because 1 and 6 are isomorphisms, the condition on @ is equivalent
to ®~! = ®V[1], if we use 1 and 6 to identify A with B.

We include the following lemma on the local structure of isometries for the
information of the reader. Since we do not use it in the sequel, we omit the (lengthy)
proof.

Lemma 1.9. Let A and B be perfect, of amplitude contained in [—1, 0]. Suppose
0:A— AV[1]l and n : B — BY[1] are nondegenerate symmetric forms. Let
O : B — A be an isometry.

Suppose that (A, 0) and (B, n) are represented as in Example 1.4 or Lemma
1.7. Thus,

A=[ESEY] and B=[F2> F¥.

for vector bundles E and F on X. Moreover, 0 and 1 are the respective identities.
Assume that tK(F) = tk(E). Then, étale locally in X (Zariski locally if X is a
scheme), we can find a vector bundle isomorphism

¢:F— E,

suchthata o = ¢V~ o B, and (¢, ¢V ~1) represents :

[F Lo P

]

o

= [E——EY]
In particular, (¢~, ¢") represents ®V[1].

Symmetric obstruction theories. Recall from [Behrend and Fantechi 1997] that
a perfect obstruction theory for the scheme (or Deligne—-Mumford stack) X is a
morphism ¢ : E — Ly in D(X), where E is perfect, of amplitude in [—1, 0], we
have h%(¢) : h°(E) — Qy is an isomorphism and 2~ : h~1(E) - h~'(Ly) is
onto.

We denote the coherent sheaf 1! (EV) by ob and call it the obstruction sheaf of
the obstruction theory. It contains in a natural way the obstructions to the smooth-
ness of X. Even though we do not include E in the notation, ob is by no means an
intrinsic invariant of X.

Any perfect obstruction theory for X induces a virtual fundamental class [X]
for X. We leave the obstruction theory out of the notation, even though [X]"'"
depends on it. The virtual fundamental class is an element of A g(X), the Chow
group of algebraic cycles modulo rational equivalence. The degree of [X]'' is
equal to the rank of E.

vir
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Definition 1.10. Let X be a Deligne—-Mumford stack. A symmetric obstruction
theory for X is a triple (E, ¢, 0) where ¢ : E — L is a perfect obstruction theory
for X and 0 : E — EV[1] a nondegenerate symmetric bilinear form.

We will often refer to such an E as a symmetric obstruction theory, leaving the
morphisms ¢ and 6 out of the notation.

Remark 1.11. It is shown in [Behrend 2005] that for symmetric obstruction the-
ories, the virtual fundamental class is intrinsic to X, namely it is the degree zero
Aluffi class of X.

Proposition 1.12. Every symmetric obstruction theory has expected dimension
zero.

Proof. Recall that the expected dimension of E — Ly istherank of E. If E — Ly
is symmetric, we have rk E =rk(E"[1]) = —rk EY = —rk E and hence 1k E = 0.
O

By this proposition, the following definition makes sense.

Definition 1.13. Assume X is proper and we have given a symmetric obstruction
theory for X. We define the virtual count of X to be the number

#T(X) = deg[ XV = / L
[X]Vlr

If X is a scheme (or an algebraic space), the virtual count is an integer. In general
it may be a rational number.

Proposition 1.14. For a symmetric obstruction theory E — Ly, the obstruction
sheaf is canonically isomorphic to the sheaf of differentials:

ob = Qy.
Proof. We have ob = h'(EY) = h°(EV[1]) = h°(E) = Q. O
Corollary 1.15. For a symmetric obstruction theory,
h~Y(E) = %om(Qx, Ox) = Tx.
Proof. We always have h™!(E) = ob". O

Definition 1.16. Let E and F be symmetric obstruction theories for X. An iso-
morphism of symmetric obstruction theories is an isometry ® : E — F commuting
with the maps to L.

Remark 1.17. Let f : X — X’ be an étale morphism of Deligne-Mumford stacks,
and suppose that X’ has a symmetric obstruction theory E’. Then f*E’ is naturally
a symmetric obstruction theory for X.
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Conversely, if we are given symmetric obstruction theories E for X and E’ for
X', we will say that the morphism f is compatible with the obstruction theories if
E is isomorphic to f*E’ as symmetric obstruction theory.

Remark 1.18. If X and X’ are Deligne-Mumford stacks with symmetric obstruc-
tion theories E and E’, then p{E @ p5E’ is naturally a symmetric obstruction
theory for X x X’. We call it the product symmetric obstruction theory.

Example 1.19. Let M be smooth and w a closed 1-form on M. Let X = Z(w)
be the scheme-theoretic zero locus of w. Consider w as a linear epimorphism
" : Ty — I, where 1 is the ideal sheaf of X in M. Let us denote the restriction to
X of the composition of w¥ and d : I — Q2 by V. It is a linear homomorphism
of vector bundles Vw : Tys|x — Qpr]x. Because w is closed, Vw is symmetric and,
as we have seen in Example 1.4, defines a symmetric bilinear form on the complex
E=[Tulx — Qulx].
The morphism ¢ : E — Lx as in the diagram

v
[Tux —= Qulx]

NI

Ly /12— Qulx]

t
I

makes E into a symmetric obstruction theory for X. In particular, note that Ex-
ample 1.5 gives rise to a symmetric obstruction theory on the Jacobian locus of a
regular function.

Let us remark that for the symmetry of Vw and hence the symmetry of the
obstruction theory given by w, it is sufficient that w be almost closed, which means
that dw € 1Q3,.

A remark on the Ici case. We will show that the existence of a symmetric obstruc-
tion theory puts strong restrictions on the singularities X can have.

For the following proposition, it is important to recall that we are working in
characteristic zero.

Proposition 1.20. Let E — Lx be a perfect obstruction theory, symmetric or not.
A criterion for the obstruction sheaf to be locally free is that X be a reduced local
complete intersection.

Proof. As the claim is local, we may assume that E has a global resolution £ =
[E; — Ey], that X — M is embedded in a smooth scheme M (with ideal sheaf
I) and that E — Ly is given by a homomorphism of complexes [E; — Eg] —
[I/I2 — Qulx]. We may even assume that Eg — Q,/|x is an isomorphism of
vector bundles.
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Under the assumption that X is a reduced local complete intersection, /17 is
locally free and that /1> — Qu|x is injective. Then a simple diagram chase
proves that we have a short exact sequence of coherent sheaves

0—>h_1(E) — F| — 1/12—>O.

Hence, h~!(E) is a subbundle of E; and ob = h~'(E)". In particular, ob is locally
free. (We always have h~!(E) = ob"; the converse is generally false.) O

Corollary 1.21. If X is a reduced local complete intersection and admits a sym-
metric obstruction theory, then X is smooth.

Proof. Because ob = Qy, the sheaf Qy is locally free. This implies that X is
smooth. O

Examples.

Lagrangian intersections. Let M be an algebraic symplectic manifold and V, W
two Lagrangian submanifolds. Let X be the scheme-theoretic intersection. Then
X carries a canonical symmetric obstruction theory.

To see this, note first of all that for a Lagrangian submanifold V C M, the normal
bundle is equal to the cotangent bundle, Ny,y = Qy. The isomorphism is given
by v —> o (v, —), where o is the symplectic form, which maps Ny, y = Ty /Ty
to Qy = T,/. It is essentially the definition of Lagrangian, that this map is an
isomorphism of vector bundles on V.

Next, note that the obstruction theory for X as an intersection of V and W can
be represented by the complex

resy —resy

E = [Qy

Qv & Qw |-
The shifted dual is
EV[1] = [Tv®Tw—=Tul|,.

Define 0 : Ty — Qv @ Qw as the canonical map Ty, — Ny, ® Nw,p given by
the projections, multiplied by the scalar factor % Then (0", 0) defines a morphism
of complexes EV[1] — EV:

EV[1] (Ty®Twy —— Ty 1

l GVl le
E = [ Qu —QvoQy]
One checks that (0, 0) is a quasiisomorphism. Since (6", 0)"[1] = (6", ), this

morphism of complexes defines a symmetric bilinear form on E[1], hence on E.
Thus E is a symmetric obstruction theory on X.
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Sheaves on Calabi—Yau threefolds. LetY be an integral proper 3-dimensional Gor-
enstein Deligne-Mumford stack (for example a projective threefold). By the Gor-
enstein assumption, Y admits a dualizing sheaf wy, which is a line bundle over
Y, also called the canonical bundle. Let wy — Oy be a nonzero homomorphism,
giving rise to the short exact sequence

0— wy — Oy — Op — 0,

so that D is an anticanonical divisor on Y. In fact, D is a Cartier divisor. Of course,
D may be empty (this case we refer to as the Calabi—Yau case). Finally, choose an
arbitrary line bundle L on Y. Often we are only interested in the case L = Oy.

Now let us define a certain moduli stack 91 of sheaves on Y. For an arbitrary
C-scheme S, let M(S) be the groupoid of pairs (€, ¢). Here € is a sheaf of Oy 5-
modules, such that

(i) € coherent,

(i1) € is flat over S,

(iii) € is perfect as an object of the derived category of ¥ x S, i.e., locally admits
finite free resolutions, (by Cor. 4.6.1 of Exp. III of SGA 6, this is a condition which
may be checked on the fibres of 7 : Y x § — §).

The second component of the pair (€, ¢) is an isomorphism ¢ : det € — L of line
bundles on Y x S. Note that the determinant det € is well-defined, by Condition (iii)
on é.

We require two more conditions on €, namely that for every point s € S, denoting
the fibre of € over s by €, we have

(iv) €, is simple, i.e., k (s) — Hom(é;, €;) is an isomorphism,

(v) the map induced by the trace R ¥om(€;, €,) — Oy, is an isomorphism in a
neighborhood of D;.

The last condition (v) is empty in the Calabi—Yau case. It is, for example, satis-
fied if €; is locally free of rank 1 in a neighborhood of D.

We let X be an open substack of 9t which is algebraic (for example, fix the
Hilbert polynomial and pass to stable objects, but we do not want to get more
restrictive than necessary). Then X is a Deligne-Mumford stack. We will now
construct a symmetric obstruction theory for X.

For this, denote the universal sheaf on Y x X by € and the projection ¥ x X — X
by m. Consider the trace map R #om(é, €) — O and let & be its shifted cone, so
that we obtain a distinguished triangle in D(Oy x):

/™

+
o3 R #om(€, €)
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Note that ¥ is self-dual: ¥ = %, canonically.
Lemma 1.22. The complex
E = R, R #om(F, wy)[2]
is an obstruction theory for X.
Proof. This is well-known deformation theory; see [Thomas 2000]. ([
The homomorphism wy — Oy induces an isomorphism
R (F @ wy) — Rm,.F,

because the cone if this homomorphism is R7.(¥ ® Op) and ¥ ® Op = 0, by
Assumption (v), above. Dualizing and shifting, we obtain an isomorphism

(R, F)' [~ 1] — (RT(F @ wy)) [-1].
Exploiting the fact that & is self-dual, we may rewrite this as
(R, %) [~1] —> (R7.R Hom(F, wy)) ' [-1],

or in other words
(R, F)'[—1] — EV[1]. (6)

Now, relative Serre duality for the morphism 7 : ¥ x X — X applied to & states that
Rn. R ¥om(F, wy[3]) = (Rm,.F)",

or in other words
E = (Rm,%F)'[-1].

Thus, we see that (6) is, in fact, an isomorphism

0:E— EV[1].
Lemma 1.23. The isomorphism 0 : E — EY[1] satisfies the symmetry property
0V[1]=06.
Proof. This is just a derived version of the well-known fact that tr(AB) = tr(BA),
for endomorphisms A, B of a free module. U

Lemma 1.24. The complex E has perfect amplitude contained in the interval
[—1,0]

Proof. Perfection is clear. To check the interval, note that by symmetry of E it
suffices to check that the interval is [—1, co]. We have seen that £ = Rm,%[2]. So
the interval is no wore than [—2, co]. But i~ 2(E) =0, by Assumption (iv), above.

O



Symmetric obstruction theories and Hilbert schemes of points on threefolds 327

Corollary 1.25. The Deligne-Mumford stack X admits, in a natural way, a sym-
metric obstruction theory, namely

E = R, R #om(%F, wy)[2] = Rm.F[2].

We call this obstruction theory the Donaldson—Thomas obstruction theory.
In the next two propositions we mention two special cases. The first was origi-
nally introduced in [Thomas 2000], where the symmetry was pointed out, too.

Proposition 1.26. Let Y be a smooth projective threefold with trivial canonical
bundle, and let X be the fine moduli stack of stable sheaves on Y of rank r > 0,
with fixed determinant L and with Chern classes c;, c3. Then X admits a symmetric
obstruction theory.

Proof. In fact, every trivialization wy = Oy induces a symmetric obstruction theory.
O

Proposition 1.27. Let Y be a smooth projective threefold and D an effective anti-
canonical divisor on Y. Let X' be the scheme of torsion-free rank 1 sheaves with
trivial determinant and fixed Chern classes cy, c¢3. Recall that such sheaves can be
identified with ideal sheaves. Let X C X' be the open subscheme consisting of ideal
sheaves which define a subscheme of Y whose support is disjoint from D. Then X
admits a symmetric obstruction theory.

For example, Hilb" (Y \ D), the Hilbert scheme of length n subschemes of Y \ D
admits a symmetric obstruction theory.

Proof. Again, we would like to point out that every homomorphism wy — Oy
defining D gives rise to a symmetric obstruction theory on X. Even though the
compactification is used in its construction, this symmetric obstruction theory does
not depend on which compactification is chosen. (]

Stable maps to Calabi—Yau threefolds.

Proposition 1.28. Let Y be a Calabi—Yau threefold and let X be the open locus
in the moduli stack of stable maps parameterizing immersions of smooth curves.
Then the Gromov—Witten obstruction theory of X is symmetric, in a natural way.

Proof. Let m : C — X be the universal curve and f : C — Y the universal map.
Let F be the kernel of f*Qy — Q¢, which is a vector bundle of rank 2 on C.
The Gromov—-Witten obstruction theory on X is E = Rm.(F ® wc/x)[1]. By Serre
duality for 7 : C — X, we have EV[1] = Rm,(FY)[1].

As F is of rank 2, we have F = FY ®det F. Because Y is Calabi—Yau, we have
det F @ wc,x = Oc¢. Putting these two facts together, we get F ® wc;x = F" and
hence E = EV[1]. O
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2. Equivariant symmetric obstruction theories

A few remarks on equivariant derived categories. Let X be a scheme with an
action of an algebraic group G. Let (Qcoh-Ox)® denote the abelian category
of G-equivariant quasicoherent Ox-modules. Thus, and object of (Qcoh-Ox)¢ is
a quasicoherent Ox-module F together with descent data to the quotient stack
[X/G], in other words and isomorphism between p*F and o*F satisfying the
cocycle condition. Here p and o are projection and action maps X x G — X,
respectively. Denote by D(X)C the derived category of (Qcoh-Ox)¢. Note that
Oy is an object of D(X)Y, in a natural way.

There is the forgetful functor D(X)¢ — D(X), which maps a complex of equi-
variant sheaves to its underlying complex of sheaves. It is an exact functor.

To simplify matters, let us make two assumptions:
(a) X admits a G-equivariant ample invertible sheaf O(1),
(b) G is a diagonalizable group, i.e., G = Spec C[W] is the spectrum of the group
ring of a finitely generated abelian group W. Then W is canonically identified with
the character group of G.

The affine case. If X = Spec A is affine, A is W-graded. A G-equivariant Ox-
module is the same thing as a W-graded A-module.

We call a W-graded A-module quasifree, if it is free as an A-module on a set
of homogeneous generators. Any quasifree W-graded A-module is isomorphic to
a direct sum of shifted copies of A. Quasifree W-graded A-modules are projective
objects in the abelian category (Qcoh-Ox)Y of W-graded A-modules. Hence this
category has enough projective objects.

The global case. Let F be a G-equivariant Ox-module. We can shift F by any
character w € W of G. We denote the shift by F[w]. Every G-equivariant quasi-
coherent Ox-module F can be written as a quotient of sheaf of the form

B o) wil. (7
iel
Thus, every G-equivariant quasicoherent Oy-module admits left resolutions con-
sisting of objects of form (7). More generally, every bounded above complex in
D(X)¢ can be replaced by a bounded above complex of objects of type (7). These
resolutions are G-equivariant.

Since objects of the form (7) are locally free as Ox-modules (forgetting the
G-structure), we can use these resolutions to compute the derived functors of ®
and #om(—, F). Thus we see that for G-equivariant quasicoherent Ox-modules
E. F the quasicoherent Ox-modules Jor;(E, F) and ¢xt'(E, F) are again G-
equivariant. More generally, we see that for bounded above objects E, F of

L
D(X)Y, the objects E ® F and R #om(E, F) are again in D(X)¢.
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For a G-equivariant sheaf E, we write EY = #om(E, Oy). For a bounded above
object E of D(X)¢, we write EY = R #om(E, Oy).

Let {U;} be an invariant affine open cover. Let F be a G-equivariant quasi-
coherent Ox-module. Then, the Cech resolution €*({U;}, F) is a right resolution
of F' by G-equivariant quasicoherent Ox-modules. It is an acyclic resolution for
the global section functor, showing that the cohomology groups H' (X, F) are W-
graded. More generally, let f : X — Y be a G-equivariant morphism. Then we
see that R’ f, F are G-equivariant quasicoherent Oy-modules.

Moreover, if E is a bounded below complex in D(X)Y, we can construct the
associated Cech complex 4({U;}, E), which is a double complex. Passing to the
associated single complex, we see that we may replace E by a bounded below com-
plex of G-equivariant Ox-modules which are acyclic for f;, for any G-equivariant
morphism f : X — Y. Thus we see that the functor Rf : D(X) — D(Y) passes to
a functor Rf : D(X)¢ — D(Y)°.

The cotangent complex. If X is a G-scheme as above, the sheaf of Kihler differ-
entials Qx and its dual Ty = Q; are G-equivariant.

We can use the equivariant ample line bundle L to construct a G-equivariant
embedding X < M into a smooth G-scheme M. The cotangent complex /1% —
Q| X is then naturally an object of D(X)¢. The usual proof that Ly is a canon-
ically defined object of D(X) works equivariantly and proves that Lx is a canon-
ically defined object of D(X)¢. By canonically defined, we mean that any two
constructions are related by a canonical isomorphism.

Perfect objects. We call an object E in D(X)© perfect (of perfect amplitude in the
interval [m, n]), if its underlying object of D(X) is perfect (of perfect amplitude
in the interval [m, n]).

Remark 2.1. If X is a scheme and E in D(X) is a perfect complex, of perfect
amplitude contained in [m, n], then we can write E locally as a complex

[E" — .- — E"]

of free Ox-modules contained in the interval [m, n]. This is essentially because if
E — E” is an epimorphism of locally free coherent sheaves, the kernel is again
locally free coherent.

In the equivariant context, we have to forgo this convenient fact. Suppose E
in D(X)% is perfect, again of amplitude contained in [m, n]. We can, as we saw
above, write E as a bounded above complex of sheaves of form (7), all of them
coherent, i.e., with finite indexing set /. But when we cut off this infinite complex
to fit into the interval [m, n], we end up with a G-equivariant quasicoherent sheaf
which is locally free coherent as an Oy-module without the G-structure, but which
is not locally quasifree and not locally projective in the category (Qcoh-Ox)°.
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Symmetric equivariant obstruction theories.

Definition 2.2. Let X be a scheme with a G-action. An equivariant perfect ob-
struction theory is a morphism E — Ly in the category D(X), which is a perfect
obstruction theory as a morphism in D(X). (This definition is originally due to
Graber and Pandharipande [1999].)

A symmetric equivariant obstruction theory, (or an equivariant symmetric ob-
struction theory) is a pair (E — Lx, E — EY[1]) of morphisms in the category
D(X)Y, such that E — Ly is an (equivariant) perfect obstruction theory and
0 : E — EY is an isomorphism satisfying 6V[1] = 6.

This is more than requiring that the obstruction theory be equivariant and sym-
metric, separately, as we can see in the following example.

Example 2.3. Let w =) ! fidx; be an almost closed 1-form on A”. Recall from
Example 1.19 that w defines a symmetric obstruction theory

H(w) = [Tylx ~3 Qulx]

on the zero locus X of w.

Define a G,,-action on A" by setting the degree of x; to be r;, where r; € Z.
Assume that each f; is homogeneous with respect to these degrees and denote the
degree of f; by n;. Then the zero locus X of w inherits a G,,-action.

If we let G, act on Ty, by declaring the degree of d/dx; to be equal to n;, then
H (w) is G,,-equivariant as well as the morphism H(w) — Lx. Thus H(w) is an
equivariant obstruction theory.

But note that H () is not equivariant symmetric. This is because the identity
on H(w) (which is 0 in this case) is not G,,-equivariant if we consider it as a
homomorphism

H(w) — H(w)"[1].

Unless n; = —r;, because then the degree of d/dx; is equal to its degree as the dual
of dxl- .
Inthe case n; = —r;, the form w=>_ f;dx; is an invariant element of I'(M, Qy),

or an equivariant homomorphism Oy; — ;4. In this case we do get an equivariant
symmetric obstruction theory.

The equivariant Donaldson—Thomas obstruction theory. Let G be a diagonaliz-
able group as above. Consider a projective threefold Y, endowed with a linear
G-action. Consider a G-equivariant nonzero homomorphism wy — Oy, defining
the G-invariant anticanonical Cartier divisor D.

Proposition 2.4. Let X be as in Proposition 1.27. Then the Donaldson—Thomas
obstruction theory of Corollary 1.25 on X is G-equivariant symmetric.
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Proof. Let X’ be the compactification of X as in Proposition 1.27. Let € be the
universal sheaf on ¥ x X and Z C Y x X be the universal subscheme. We have an
exact sequence

00— ¢ — Oyyx — 0, — 0.

Let : Y x X — X be the projection. Note that ¢ and O, are G-equivariant. This
follows directly from the universal mapping property of €.

The standard ample invertible sheaf on X’ is det,(0z(n)), for n sufficiently
large. It is G-equivariant, as all ingredients in its construction are. Hence X admits
an equivariant ample invertible sheaf.

Next, notice that all the constructions involved in producing the obstruction
theory E = Rm R Hom(F, wy)[2] work equivariantly. Hence the symmetric ob-
struction theory is equivariant.

To prove that it is equivariant symmetric, we just need to remark that the bilinear
form 6 is induced from w — Oy, which is equivariant, and that Serre duality is
equivariant, because it is natural. U

Local structure in the G,,-case. Let G = G,,. We will prove that Example 2.3
describes the unique example of a symmetric (,,-equivariant obstruction theory,
at least locally around a fixed point.

Lemma 2.5. Let X be an affine G,,-scheme with a fixed point P. Let n denote
the dimension of Tx|P, the Zariski tangent space of X at P. Then there exists
an invariant affine open neighborhood X' of P in X, a smooth G,,-scheme M of
dimension n and an equivariant closed embedding X' — M

Proof. Let A be the affine coordinate ring of X. The G,,-action induces a grading
on A. Let m be the maximal ideal given by the point P. We can lift an eigenbasis of
m/m? to homogeneous elements x1, ..., x,, of m. Choose homogeneous elements
Vi, ..., Y inminsuchawaythatx, ..., x,, y1,..., y,is aset of generators of A
as a C-algebra. This defines a closed embedding X <> A" which is equivariant
if we define a G,,-action on A" in a suitable, obvious, way.

We have thus written A as a quotient of C[x, y]. Let I denote the corresponding
homogeneous ideal in C[x, y]. Then we have

m/m? = (e, )/ (I + (x, »)?).
Since this C-vector space is generated by x1, ..., x,, we have, in fact,
yi € I+ (x, »)° + (),

fori = 1,...,m. We can therefore find homogeneous elements fi,..., f, € 1
such that

yi—fi€e(x, )+ (x) and deg fi =degy;,
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foralli =1,...,m. Let g € C[x, y] be the determinant of the Jacobian matrix
(3fi/dy;). We see that g is homogeneous of degree 0 and that g(0,0)=1. Let U C
A"t be the affine open subset where g does not vanish. This is an invariant subset
containing P. Let Z C A™*™ be the closed subscheme defined by (f1, ..., f). It
carries an induced G,,-action. The intersection M = ZNU is a smooth scheme of
dimension 7.

AS (fi1,..., fm) is contained in I, X is a closed subscheme of Z. Let X' =
XNU. [l

Proposition 2.6. Let X be an affine G,,-scheme with a fixed point P and let n =
dim Tx|p. Furthermore, let X be endowed with a symmetric equivariant obstruc-
tion theory E — Lyx. Then there exists an invariant affine open neighborhood X'
of P in X, an equivariant closed embedding X' < M into a smooth G,,-scheme M
of dimension n and an invariant almost closed 1-form w on M such that X = Z (w).
We can further construct an equivariant isometry E — H(w) commuting with the
maps to Ly, but it will not be necessary for the purposes of this paper.

Proof. We apply Lemma 2.5, to obtain the equivariant closed embedding X' < M.
Write X for X’. Let A be the affine coordinate ring of X and I the ideal of I'(0y,)
defining X.

Consider the object E of D(X)®". We can represent E by an infinite complex
[--- — E| — Ey] of finitely generated quasifree A-modules.

Because quasifree modules are projective, if E is represented by a bounded
complex of quasifree modules as above and E — F is a morphism in D(X)%,
then E — F can be represented by an actual morphism of complexes, without
changing E.

Thus we have morphisms of complexes of graded modules

[+ — E; — Eol— [1/1* > Qulx]
and
O:[-— E\—> Eg)l > [Ef > E{ = -]

We can represent the equality of derived category morphisms 6V [1]=6 by a homo-
topy between 6¥[1] and 6, because E is a bounded above complex of quasifrees.
Then, as in the proof of Lemma 1.6, we can replace 6y by %(90 + GIV ) and 6; by
%(91 +6,), without changing the homotopy class of 6. Then 6; = 6.

Now we can replace E| by cok(E; — E1) and Elv by kcs:r(Elv — Ezv). Because
of the perfection of E, both cok(E, — E;) and ker(Elv — E2v ) are projective
A-modules (after forgetting the grading), which are, moreover, dual to each other.

Thus we have now represented E by a complex [E; — Eg] of equivariant vector
bundles and E — Ly and 6 : E — E"[1] by equivariant morphisms of complexes.
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Moreover, 0 = (6, 6p), for an equivariant morphism of vector bundles 6y : Ey —

Now we remark that we may assume that the rank of E is equal to n. Simply
lift a homogeneous basis of Qx|p to Eg and replace Eg by the quasifree module
on these n elements of Ey. Then pass to an invariant open neighborhood of P
over which both Ey — Qu|x and 6y : Ey — Elv are isomorphisms. Use these
isomorphisms to identify. Then our obstruction theory is given by an equivariant
homomorphism

[Tulx —= Qulx]

N}

[1/1> — Qulx]

such that o = «. Note that ¢ is necessarily surjective.

As we may assume that 27| x and hence Tj;|x is given by a quasifree A-module,
we may lift ¢ to an equivariant epimorphism 7x — . This gives the invariant 1-
form w. ]

3. The main theorem

Preliminaries on linking numbers. Here our dimensions are all real dimensions.

We work with orbifolds. Orbifolds are differentiable stacks of Deligne-Mumford
type, which means that they are representable by Lie groupoids X = X, where
source and target maps X| — X are étale (i.e., local diffeomorphisms) and the
diagonal X; — Xo x Xg is proper. If a compact Lie group G acts with finite
stabilizers on a manifold X, the quotient stack [X/G] is an orbifold.

All our orbifolds will tacitly assumed to be oriented, which means that any
presenting groupoid X; =% Xy is oriented, i.e., Xo and X are oriented and all
structure maps (in particular source and target X; — Xj) preserve orientations.

Given an orbifold X, presented by the groupoid X; =2 X, with proper diagonal
X1 — Xo x Xy, the image of the diagonal is a closed equivalence relation on Xj.
The quotient is the coarse moduli space of X.

We call an orbifold compact, if its course moduli space is compact. More gen-
erally, we call a morphism f : X — Y of orbifolds proper, if the induced map on
coarse moduli spaces is proper.

To fix ideas, let H*(X) denote de Rham cohomology of the orbifold X. For
the definition and basic properties of this cohomology theory, see [Behrend 2004].
Note that homotopy invariance holds: the projection X x R — X induces an iso-
morphism H*(X) - H*(X x R).

If f: X — Y is a proper morphism of orbifolds, there exists a wrong way map
fi: H(X) - H'=%(Y), where d = dim X — dim Y is the relative dimension of
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f. If Y is the point, then we also denote f by [ x- We will need the following
properties of fi:

(i) Functoriality: (go f)1=gio fi.

(i1) Naturality: if v: V C Y is an open suborbifold and u : U C X the inverse
image of U under f : X — Y, we have v*o fi = giou™, where g : U — V is the
restriction of f.

(iii) Projection formula: fi (f*(a) U ,3) =aU fi(B).

(iv) Poincaré duality: if X is a compact orbifold, the pairing | x @ U B between
H'(X) and H"7'(X) is a perfect pairing of finite dimensional R-vector spaces
(n =dim X).

(v) Long exact sequence: if ¢ : Z C X is a closed suborbifold with open com-
plement U, there is a long exact sequence (¢ = dim X —dim Z)

...LHI'—C(Z) ! Hi(X) Hi(U)LHi—chl(Z)H...

In the situation of (v), we call cl(Z) = v(1) € H°(X) the class of Z.
We could use any other cohomology theory with characteristic zero coefficients
which satisfies these basic properties.

Remark 3.1. Let T C R be an open interval containing the points 0 and 1. Let
Z and X be a compact orbifolds and & : Z x T — X a differentiable morphism
of orbifolds such that g : Z x {0} — X and h; : Z x {1} — X are isomorphisms
onto closed suborbifolds Zy and Z; of X. We call & a differentiable homotopy
between Zg and Z;. It is not difficult to see, using Poincaré duality and homotopy
invariance, that the existence of such an 4 implies that cl(Zy) = cl(Z;) € H*(X).

Linking numbers and S'-actions. Let A and B be closed submanifolds, both of di-
mension p, of a compact manifold S of dimension 2p+1. Assume that H?+1(S) =
H?(S) =0 and that AN B = @. For simplicity, assume also that p is odd.

Under these assumptions we can define the linking number Ls(A, B) as follows.
By our assumption, the boundary map 9 : H?(S\ B) — H°(B) is an isomorphism.
Let B € HP(S\ B) be the unique element such that 38 = 1 € H(B). Via the
inclusion A — S\ B we restrict 8 to A and set

A

Now assume A’ is another closed submanifold of S of dimension p, and A’'NB =
&, too. Thus Lg(A’, B) is defined. We wish to compare Ls(A’, B) with Lg(A, B).

Suppose h : Z x T — S is a differentiable homotopy between A and A’, as in
Remark 3.1. It is an obvious, well-known fact, that if the image of & is entirely
contained in S \ B, then Lg(A’, B) = Lg(A, B). We wish to show that in the
presence of an Sl-action, Lg(A’, B) = Ls(A, B), even if h(Z x T) intersects B.
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Proposition 3.2. Let S' act on S with finite stabilizers. Assume that A, A’ and
B are S'-invariant. Finally, assume that there exists an S'-equivariant homotopy

h:TxZ— SfromAtoA'. Then Ls(A’, B)=Lg(A, B).

Proof. The condition that 4 be equivariant means that S' acts on Z with finite
stabilizers and that / is equivariant, i.e. h(t,y -z) =y - h(t, z), for all y € S! and
(t,z2)eT x Z.

We form the quotient orbifold X = [S/S'], which is compact of dimension 2p.
It comes together with a principal S'-bundle 7 : S — X. Let A, A', B and Z be
the quotient orbifolds obtained from A, A’, B and Z. The homotopy h descends
to a differentiable homotopy / : T X 7Z — X between A and A, proving that
cl(A) = cl(A ) € HPT1(X). This conclusion is all we need the homotopy # for.

Next we will construct, for a fixed B, an element n € H?~!(X), such that

Ls(A, B>=/ nUcl(A),
X

for any A, such that AN B = &. This will conclude the proof of the proposition.

In fact, let B € H”(S\B), such that 38 =1 € H°(B). The S'-bundle S\ B — X\ B
induces a homomorphism 7, : H? (S\ B) > H? “(x\ E). Note that the restriction
HP~'(X) — HP~'(X\ B) is an isomorphism, since the codimension of B in X is
p + 1. Thus, there exists a unique 1 € HP~1(X), such that

77|X\§=7T!,3-

Ls(A,B)=/ﬂ=/Nmﬂ=f~n=/nUcl(Z),
A A A X

as claimed. The last equality follows from naturality of the wrong way maps and
the projection formula. (]

Hence

The proof of vx(P) = (—1)". We return to the convention that dimensions are
complex dimensions.

Let X be a scheme with a G,,-action. Let P € X be a fixed point of this action.
The point P is called an isolated fixed point, if O is not a weight of the induced
action of G, on the Zariski tangent space Tx|p.

Proposition 3.3. Let M be a smooth scheme on which G, acts with an isolated
fixed point P € M. Let w be an invariant (homogeneous of degree zero) almost
closed 1-form on M and X = Z(w). Assume P € X. Then

vx (P) = (—1)4mM,

Proof. We will use the expression of vy(P) as a linking number from Proposi-
tion 4.22 of [Behrend 2005]. We choose étale homogeneous coordinates x1, . . ., X,
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for M around P and the induced étale coordinates xi, ..., X,, p1, ..., Pp Of Qp.
Since the linking number in question is defined inside a sufficiently small sphere
in Q) around P (and is a topological invariant), we may as well assume that
M = C" and P is the origin. Of course, w is then a 1-form holomorphic (instead
of algebraic) at the origin. We write w =Y ._, fidx;.

As in [ibid.], for n € C, n # 0, we write I';, for the graph of the section %a) of
Q. Itis defined as a subspace of 2y, by the equations np; = f;(x). It is oriented
so that M — T';, is orientation preserving.

For ¢t € R, we write A, for the subspace of €2, defined by the equations tp; = X;.
We orient A in such a way that the map C" — A given by (xy,...,x,) —
(X1, ..., Xn, X1, ..., Xy) preserves orientation. Then we orient all other A, by
continuity. This amounts to the same as saying that the map (py,..., py) —
(tp1,.--stPn, P1,--., pn) from C" to A, preserves orientation up to a factor of
(—D™

Proposition 4.22 of [ibid.] says that for sufficiently small € > 0 there exists n # 0
such that F:] =T, NS¢ is a manifold disjoint from A} = A N S, and

vx(P) = Ls (A}, T)).

Here S is the sphere of radius € centered at the origin P in Q. It has dimension
4n — 1. Let us fix € and 7.

The given G,, = C*-action on M induces an action on 4 = C?". Let us denote
the degree of x; by r;. Then the degrees of p; and f; are both equal to —r;. By
restricting to S' C C*, we get an induced S'-action on S.. This action has finite
stabilizers, because none of the r; vanish, P being an isolated fixed point of the
G,,,-action. Note that F;) is an S'-invariant submanifold of S..

Consider the map from R x §2*~! — §, given by

€ _ _
&, ply---, Pn)— ﬁ(z‘pl,...,tpn,pl,...,pn).

This map is an S'-equivariant homotopy between the invariant submanifolds Ay=
AgN Se and Af.

The fact that A is disjoint from F; follows from the fact that w is almost closed,
as explained in [ibid.]. The fact that Aj is disjoint from F;? is trivial: Ag is (up to
orientation) the fiber of the vector bundle €2y, — M over the origin and I', is the
graph of a section. But there is no reason (at least none apparent to the authors)
why there shouldn’t exist values of ¢ other than O or 1, for which A} = A; N S,
intersects I")).

Still, Proposition 3.2 implies that

Ls (A}, T)) = Ls. (5. T)).
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Let us denote the fiber of 4, over the origin by A, and its intersection with S, by
Zlo- By the correspondence between linking numbers and intersection numbers (see
[Fulton 1984], Example 19.2.4), we see that L, (Z:), F;) is equal to the intersection
number of A with I',, at the origin. This number is 1, as the section I, intersects
the fiber Ag transversally.

Since the orientations of Ag and Aq differ by (—1)", we conclude that

vx(P) = Ls, (A}, T)) = Ls (A, T}) = (=1)"Ls, (Ag, T')) = (—=1)",
which is what we set out to prove. O

Theorem 3.4. Let X be an affine G,,-scheme with an isolated fixed point P. As-
sume that X admits an equivariant symmetric obstruction theory. Then

vx(P) = (—1)dmTxle,

Proof. Let n = dim Tx | p. By Proposition 2.6, we can assume that X is embedded
equivariantly in a smooth scheme M of dimension n and that X is the zero locus
of an invariant almost closed 1-form on M. Note that the embedding X — M
identifies Tx|p with Tys|p, so that P is an isolated point of the G,,-action on M.
Thus Proposition 3.3 implies that vy (P) = (—1)". [l

Corollary 3.5. Let X be a G,,-scheme such that all fixed points are isolated and
every fixed point admits an invariant affine open neighborhood over which there
exists an equivariant symmetric obstruction theory. Then we have

X0 =) (=nlmTxlr,
P

the sum extending over the fixed points. Moreover, if Z C X is an invariant locally
closed subscheme, we have

X(Z.X) = (=1imixlr,
PeZ
the sum extending over the fixed points in Z.
Proof. The product property of v implies that vy is constant on nontrivial G,,-
orbits. The Euler characteristic of a scheme on which G,, acts without fixed points

is zero. These two facts imply that only the fixed points contribute to ¥ (X) =
x (X, vx). 0

Corollary 3.6. Let X be a projective scheme with a linear Gy,-action. Let X be
endowed with an equivariant symmetric obstruction theory. Assume all fixed points
of G, on X are isolated. Then we have

#Vil‘(x) — Z(_l)dimT)dp,
P
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the sum extending over the fixed points of G, on X.

Proof. We use the fact that X can be equivariantly embedded into a smooth scheme
to prove that every fixed point has an invariant affine open neighborhood. Thus
Corollary 3.5 applies. The main result of [Behrend 2005], Theorem 4.18, says that
#r = Y (X). O

Application to Lagrangian intersections. Let M be an algebraic symplectic man-
ifold with a Hamiltonian G,,-action. Assume all fixed points are isolated. Let V
and W be invariant Lagrangian submanifolds, X their intersection.

Proposition 3.7. We have
X(X) =) (=1ydimIxlr,
PeX

the sum extending over all fixed points inside X.

Proof. One checks that the action of G,,, being Hamiltonian, i.e., that Gz, preserves
the symplectic form, implies that the symmetric obstruction theory on X is equi-
variant symmetric. ([

Proposition 3.8. Assume X is compact. Then
deg([VIN[W]) = ) (=)™ Txlr,
PeX
the sum extending over the fixed points contained in X.

Proof. Note that, in fact, the virtual number of points of X is the intersection
number of V and W. ]

Corollary 3.9. Assume that X is compact and that dim Tx | p is even, for all fixed
points P. Then we have

deg([VIN[W]) = x (X).

4. Hilbert schemes of threefolds

The threefold A3. Let T = G?ﬂ be the standard 3-dimensional torus with character
group Z3. Let Ty be the kernel of the character (1, 1, 1). Thus,

To={(t1,0,3) €T | 1rtz = 1}.

We let T act in the natural way on A3. Write coordinates on A3 as x, ¥, 2,
then, as elements of the affine coordinate ring C[x, y, z] of A3, the weight of x is
(1,0, 0), the weight of y is (0, 1, 0) and the weight of z is (0, 0, 1).

We choose on A3 the standard 3-form dx Ady Adz to fix a Calabi—Yau structure.
The torus Ty acts by automorphisms of A® preserving the Calabi—Yau structure.
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by Proposition 2.4 we obtain a Ty-equivariant symmetric obstruction theory on
X = Hilb" A3,
Lemma 4.1. (a) The Ty-action on X has a finite number of fixed points. These
correspond to monomial ideals in C[x, y, z].
(b) If I is such an ideal, the Ty-action on the Zariski tangent space to X at I has
no invariant subspace.
(c) If I is such an ideal and d is the dimension of the Zariski tangent space to X at
I, we have (—1)? = (=1)", in other words, the integer d has the same parity as .

Proof. (a) Since the Ty-action on A3 has the origin as unique fixed point, any
invariant subscheme must be supported at the origin. Let I C Clx, y, z] be the
corresponding ideal; / must be generated by eigenvectors of the torus action on
the polynomial ring. Any eigenvector can be written uniquely in the form m g(xyz)
where m is a monomial and g € CJ[¢] is a polynomial with g(0) # 0. However,
since the ideal is supported at the origin, the zero locus of g(xyz) is disjoint from
the zero locus of 1, and so by Hilbert’s Nullstellensatz, the monomial m is also in
1. Hence every Tp-invariant ideal is generated by monomials.

(b) Let us write A = C[x, y, z]. The tangent space in question is Hom(/, A/I).
We will prove that none of the weights w = (wy, wy, w3) of T on Homy (1, A/I)
can satisfy wy, wy, w3 < 0 or wy, wy, wz > 0. In particular, none of these weights
can be an integer multiple of (1, 1, 1).

This will suffice, in view of the following elementary fact: Let wy, ..., w, € 73
be characters of 7. If none of the w; is an integer multiple of (1, 1, 1), there exists
a one-parameter subgroup A : G,, < Tp, such that w; oA #£0, foralli =1, ..., n.

Suppose, then, that ¢ : I — A/I is an eigenvector of T with weight (w1, w,, w3),
with w; > 0, wy > 0 and w3 > 0. Then for a monomial x“ybzc € I we have
¢ (x4 yPz¢) = xotwiybtwrzctws mod I, which vanishes in A /I, proving that ¢ =0.

Now suppose ¢ : I — A/l is an eigenfunction whose weights satisfy w; < 0,
wy < 0 and w3 < 0. Let a be the smallest integer such that x* € I. Then let b
be the smallest integer such that x*~'y? e I. Finally, let ¢ be the smallest integer
such that x4~ 'y?~1z¢ € I. Then if a monomial x"y*z’ is in I, it follows that r > a,
s>bort>c.

We have

¢(xaybzc‘) — xzcd)(xaflyb) = xzcxafH»wlberwz = xa+w1yb+wzzc mod 1.
We also have
¢ (x4yPz%) = xyp (x4l yPT176) = xatwiybturetus mod

We conclude that

xa-i—wl b+w, ¢ _xa-i-wl

y z b+wzzc+w3 el.

y
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Since the ideal 7 is monomial, each of these two monomials is in /. But the latter
one cannot be in /.

(c) This is an immediate consequence of [Maulik et al. 2003], Theorem 2 in § 4.10.

In fact, this theorem states that if wy, ..., wy are the weights of 7 on the tangent
space V,
[T (—wo) ]
BEEEE = )
[Tz wi
inside the field of rational functions on 7. O

Proposition 4.2. For any Ty-invariant locally closed subset Z of Hilb" A® we have
X(Z, Hilb" A%) = (=1)"x(2).

Proof. Since there are only finitely many fixed points of T on X, we can use
the fact mentioned in the proof of Lemma 4.1 to find a one-parameter subgroup
Gm — To with respect to which all weights of all tangent spaces at all fixed points
are nonzero. Thus, all G,,-fixed points are isolated. Because Hilb" A3 admits an
equivariant embedding into projective space (see the proof of Proposition 2.4),
every fixed point has an invariant affine open neighborhood.

The symmetric obstruction theory on Hilby, A? is equivariant symmetric with
respect to the induced G,,-action. We can therefore apply Corollary 3.5. We obtain:
X(Z, Hilb" A3) = Z(—l)”,

Pez
where the sum extends over fixed points P contained in Z. Since x(Z) =#{P €
Z, P fixed}, the result follows. O

Let F, denote the closed subset of Hilb" A3 consisting of subschemes supported
at the origin. Let v, be the restriction of the canonical constructible function
Vi a3 to Fy,. Thus ¥ (F,, Hilb" A%) = x (F,,, v,). Note that all Ty-fixed points of
Hilb" A3 are contained in F,.

Let M(t) = ]_[flozl( 1 —#")™" be the McMahon function. It is the generating
series for 3-dimensional partitions. Hence, if we write M (¢) = Z;O:o pat", then p,
denotes the number of monomial ideals / in A = Clx, y, z], such that dim¢ A/l =
n. The number p, is the number of Ty-fixed points in F, or Hilb" A3. Thus,
Pn = x(Fy) = x (Hilb" A%).

Corollary 4.3. We have

X(Fp,vp) = (=D)"x(F,) = (=1)"p,,
and hence

Y X (Fovn)t" = M(—1).

n=0
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Weighted Euler characteristics of Hilbert schemes. Let Y be a smooth threefold,
and n > 0 an integer. Consider the Hilbert scheme of n points on Y, denoted
Hilb" Y. The scheme Hilb" Y is connected, smooth for n < 3 and singular other-
wise, and reducible for large enough n.
Let us denote by vy the canonical constructible function on Hilb" Y. Our goal
is to calculate
X (Hilb" Y) = x (Hilb" Y, vy).

Let us start with a useful general lemma on Hilbert schemes.

Lemma 4.4, Let f : Y — Y’ be a morphism of projective schemes and Z C Y
a closed subscheme. Assume that f is étale in a neighborhood of Z and that the
composition Z — Y', which we will denote by f(Z), is a closed immersion of
schemes.

Let X be the Hilbert scheme of Y which contains Z and P the point of X cor-
responding to Z. Let X' be the Hilbert scheme of Y' which contains f(Z). Then
there exists an open nelghborhood U of P in X and an étale morphism ¢ :U — X',
which sends a subscheme Z — Y to the composition Z->Y.

Proof. For the existence of the open set U and the morphism ¢, see for example
Proposition 6.1, Chapter I of [Kollar 1996]. The fact that ¢ is étale in a neighbor-
hood of P follows from a direct application of the formal criterion. (]

The closed stratum. We start by recalling the standard stratification of Hilb" Y
The strata are indexed by partitions of n. Let ¢ = («y,...,®,) be a length r
partition of n, i.e., ¢y >y > ... >, > 1 and Z?:l a; = n. Let Hilb], Y be the
locus of subschemes whose support consists of r distinct points with multiplicities
of, ...,ar. The closed stratum is Hllb?n) Y. It corresponds to subschemes sup-
ported at a single point. To fix ideas, we will endow all strata with the reduced
scheme structure.

Lemma 4.5. For any threefold Y there is a natural morphism
my : Hilb(,) ¥ — Y.

Proof. This is a part of the Hilbert-Chow morphism Hilb" Y — S§"Y to the sym-
metric product. A proof that this is a morphism of schemes can be found, for
example, in [Lehn 2004]. O

Note that F), is the fiber of w43 over the origin.

Lemma 4.6. We have a canonical isomorphism
Hilb},) A® = A’ x F,. ®)

Moreover, vas = p*v,, where p : Hllb(n) A3 — F, is the projection given by (8).
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Proof. Consider the action of the group A3 on itself by translations. We get an
induced action of A on Hilb” A3. Use this action to translate a subscheme sup-
ported at a point P to a subscheme supported at the origin. Obtain the morphism
p : Hilb(,, A3 — F, in this way. The product morphism 73 X p : Hilbg,) A3 —
A3 x F, is an isomorphism.

It is a formal consequence of the general properties of the canonical constructible
function, that it is constant on orbits under a group action. This implies the claim
about vu3. O

Lemma 4.7. Consider an étale morphism of threefolds ¢ : Y — Y.

(a) Let U C Hilb" Y be the open subscheme parameterizing subschemes Z C Y,
which satisfy: if P and Q are distinct points in the support of Z, then ¢ (P) ¢ (Q).
There is an étale morphism ®:U — Hilb" Y’ sending a subscheme of Y to its image
under ¢.

Hilbg,) ¥ U Hilb" Y

N

Hilbg,) Y —— Hilb" v’

(b) The restriction of ® 10 Hilb?n) Y induces a cartesian diagram of schemes

. @ .
H11b’(1n) Yy —» Hllb’(’n) Y’

ﬂyl O \L”Y’
¢

Y Y’

Proof. The existence and étaleness of @ follows immediately from Lemma 4.4,
applied to quasiprojective covers of ¥ and Y’. Part (b) is clear. ([

Let ¢ : Y — Y’ be an étale morphism with induced morphism & : Hilbz’n) Y —»
Hilb’(’n) Y’. By Lemma 4.7, the morphism & extends to open neighborhoods in
Hilb" Y and Hilb" Y, respectively. The extension @ is étale. Thus, we see that

®* (vy) = vy.

Proposition 4.8. Every étale morphism ¢ : Y — A3 induces an isomorphism
Hilb'(’n) Y =Y x F,. The constructible function vYIHﬂb»(vn) y is obtained by pulling
back v, via the induced projection Hilbz’n) Y — F,.

Proof. Combine Lemmas 4.6 and 4.7(b) with each other. O

Corollary 4.9. The morphism wy : Hilb’gn) Y — Y is a Zariski-locally trivial fibra-
tion with fiber F,,. More precisely, there exists a Zariski open cover {U;} of Y, such
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that for every i, we have
(7 ' (Up), vy) = Ui, 1) X (Fyy va).

This is a product of schemes with constructible functions on them.

Proof. Every point of Y admits étale coordinates, defined in a Zariski open neigh-
borhood. U

Reduction to the closed stratum. From now on the threefold Y will be fixed and
we denote Hilb, ¥ by X/ and Hilb" Y by X".

Lemma 4.10. Let @ = («y, ..., a,) be a partition of n.

(a) Let V be the open subscheme of [|i_, X* parameterizing r-tuples of sub-
schemes with pairwise disjoint support. Then there is a morphism f, : V — X"
mapping (Z1, ..., Z,) to Z =\J; Zi. The morphism fy is étale. Its image U is

open and contains X;. Let Z, = fa_lX o

Zoy —=V —][; X%

Galoisl O l Ja

Xo U X"

Moreover, the induced morphism Z, — X, is a Galois cover with Galois group
G, where G, is the automorphism group of the partition .

(b) The scheme Z, is contained in []; X‘(x(;l_) and has therefore a morphism Z, —
Y". There is a cartesian diagram

Q;
Zg — [1i X,
| o |
Y(; — Y7
where Y is the open subscheme in Y" consisting of r-tuples with pairwise disjoint

entries.

Proof. The existence of f, and the fact that it is étale follows from Lemma 4.4
applied to the étale map [ [[_, Y — Y and the subscheme Z; LI.. . LIZ, C [];_, Y.
All other facts are also straightforward to prove. (|

Theorem 4.11. Let Y be a smooth scheme of dimension 3. Then for alln > 0
X Hilb" Y) = (—1)" x (Hilb" Y).
This implies
o0
> X(HI" Y)" = M(—)* ",
n=0
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Proof. By formal properties of X as proved in [Behrend 2005], we can calculate
as follows, using Lemma 4.10(a):

XXM = F(X0 XM=Y F(Xp. U)=)_|Gal X(Za, V)

aln akn abn
=" 1Gal % (2 [T X%).
abn i

By Lemma 4.10(b) and Corollary 4.9, Z, — Y(f @ isa Zariski-locally trivial fibra-
tion with fiber ]_[l- Fy,;. Here we have written £(c) for the length r of the partition
(aq,...,a,). We conclude:

7(Ze TTX*) = x5 T Fas ver)

1

Together with Corollary 4.3 this gives:

KX = (=1)" > 1Gal x Vg [ x (Fa)- ©)

abn i

Using the exact same arguments with the constant function 1 in place of v gives
the same answer, except without the sign (—1)". This proves our first claim. The
second one follows then directly from the result of [Cheah 1996], which says that
302 o x (Hilb" Y)#" = M (£)x ). O

The dimension zero MNOP conjecture. We now prove Conjecture 1 of [Maulik
et al. 2003]. A proof of this result was also announced by J. Li at the workshop on
Donaldson—-Thomas invariants in Urbana—Champaign in March 2005.

Theorem 4.12. Let Y be a projective Calabi-Yau threefold. Then, for the virtual
count of Hilb" Y with respect to the Donaldson—Thomas obstruction theory, we
have

#THilb" Y) = (—1)" x (Hilb" Y).
In other words:

o
n=0

Proof. By Theorem 4.18 of [Behrend 2005], we have
#T(Hilb" Y) = X (Hilb" Y).

Thus the result follows from Theorem 4.11. O
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Minimal y-sheaves
Manuel Blickle

In a seminal work Lyubeznik [1997] introduces a category F-finite modules
in order to show various finiteness results of local cohomology modules of a
regular ring R in positive characteristic. The key notion on which most of his
arguments rely is that of a generator of an F-finite module. This may be viewed
as an R finitely generated representative for the generally nonfinitely generated
local cohomology modules. In this paper we show that there is a functorial way
to choose such an R-finitely generated representative, called the minimal root,
thereby answering a question that was left open in Lyubeznik’s work. Indeed,
we give an equivalence of categories between F -finite modules and a category of
certain R-finitely generated modules with a certain Frobenius operation which
we call minimal y-sheaves.

As immediate applications we obtain a globalization result for the parameter
test module of tight closure theory and a new interpretation of the generalized
test ideals of Hara and Takagi [2004] which allows us to easily recover the ratio-
nality and discreteness results for F-thresholds of Blickle et al. [2008].

1. Introduction

Let R be a regular ring of positive characteristic p > 0. We denote by 0 : R — R
the Frobenius map which sends r € R to its p-th power r”. We assume that R is F'-
finite, which means that the Frobenius map o is a finite morphism. In order to show
various finiteness results for the generally nonfinitely generated local cohomology
modules H } (R), with J being some ideal of R, Lyubeznik [1997] observes that if
one enlarges the ring R by adjoining a new, noncommutative variable represent-
ing the Frobenius morphism o then all local cohomology modules (on which the
Frobenius acts in a natural way) are finitely generated over the resulting ring
R{o}

Rlo] = .
(or —rPo|r € R)

MSC2000: 13A35.

Keywords: positive characteristic, D-module, F-module, Frobenius operation.
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Note that the datum of a module over this ring is the same as giving an R-module
M together with a p-linear map oy : M — A representing the action of o. By
adjointness of restriction and extension, the p-linear map oy is equivalent to an

def

R-linear map 0 : o*M = M ®, R — M. This leads to the key definition:

Definition 1.1. A finitely generated R[o]-module .l is called a unit module if the
structural morphism 6 : ¢ * A — A is an isomorphism.

Lyubeznik [1997] shows many good properties of the category of finitely gen-
erated unit R[o']-modules.' Most notably, they form an abelian category in which
every object has finite length. By observing that local cohomology modules are
finitely generated unit R[o ]-modules he is able to conclude many strong finiteness
results about them. A systematic study of a globalized version of finitely generated
unit modules is undertaken by Emerton and Kisin [2004]. There it is shown that
the category of locally finitely generated R[o ]-modules is (derived) equivalent to
the category of €tale sheaves of [ ,-vector spaces on Spec R.

A prominent role in Lyubeznik’s as well as in Emerton and Kisin’s study of
finitely generated unit R[o ]-modules has the concept of a generator or root. A root
of a finitely generated unit R[o]-module M is a finitely generated R-submodule
M C M such that the structural map 6 induces an inclusion y : M C ¢*M and
that | Jo®*M = .M. Hence one may view the root y : M — o*M as a coherent
representative of the finitely generated unit R[o ]-module /M. Generalizing slightly
we define:

Definition 1.2. A finitely generated R-module M together with an R-linear mor-
phism y : M — o*M is called a y-module, or y-sheaf.

The Frobenius iterates of the map y form a directed system

O‘*}/ O.Z*V

y
oM e,

M~ c*M

the limit of which we denote by GenM. One checks easily that y induces a map
GenM — o*GenM which is an isomorphism. By inverting this isomorphism,
GenM becomes a unit R[o ]-module. It is shown in [Emerton and Kisin 2004] that
a finitely generated unit R[o ]-module [l is precisely a module which is isomorphic
to GenM for some y-module (M, y).

Of course, different y-modules may generate isomorphic unit R[o ]-modules.
The obvious question whether there is a unique minimal (in an appropriate sense,
see Definition 2.7) y-module that generates a given unit R[o ]-module has remained
open for a long time. In the case that R is complete, a positive answer was given
already in [Lyubeznik 1997, Theorem 3.5]. In [Blickle 2004] this is extended to

In [Lyubeznik 1997] this category is called F-finite modules. We follow here the notation of
Blickle and Bockle [> 2008] which in turn is taken from the monograph [Emerton and Kisin 2004].
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the case that R is local (at least if R is F-finite). The purpose of this article is to
show this in general, that is, for any F-finite regular ring R (see Theorem 2.24).
A notable point in the proof is that it does not rely on the hard finiteness result
[Lyubeznik 1997, Theorem 4.2], but only on the (easier) local case of it which is
in some sense proven here en passant (see Remark 2.14). Our main result is the
following.

Theorem 2.27. Let R be a regular ring of positive characteristic p > 0 such that
the Frobenius map is finite. Let M be a finitely generated unit R[o ]-module, then
there is a unique minimal y-sheaf M such that GenM = J.

Moreover, the functor Gen induces an equivalence of abelian categories between
finitely generated unit R[o]-modules and minimal y -sheaves.

Our approach to prove this result is not the most direct one imaginable since we
essentially develop a theory of minimal y-sheaves from scratch (Section 2). The
benefit is that after this is established, the result on the existence of minimal roots
naturally appears as a byproduct. For this reason, it is important to isolate the key
point in the argument: For a fixed coherent y-sheaf M, the order of nilpotency
of quotients of M is universally bounded. This is the statement of Proposition
2.11 (local case) and of the main result Theorem 2.22 (general case). The proof of
this comes down to checking that decreasing sequences of y-subsheaves of a fixed
coherent y-sheaf are eventually constant. This is achieved using the Chevalley
lemma in the local case, or, via duality, by invoking a key result of Hartshorne and
Speiser [1977]. The main difficulty (and the achievement in this paper) however
lies in reducing the general case to the local case.

The quite explicit nature of our proof allows us to draw a series of interest-
ing consequences. In particular, the connection to generalized test ideals [Hara
and Takagi 2004] which appeared in computing the simplest examples of minimal
gamma sheaves is quite surprising at first. In Section 3 we also give some applica-
tions of the result on the existence of minimal y-sheaves. First, we show that the
category of minimal y-sheaves is equivalent to the category y-crystals of Blickle
and Bockle [> 2008]. We show that a notion from tight closure theory, namely the
parameter test module, is a global object (Proposition 3.3). Statements of this type
are notoriously hard in the theory of tight closure, particularly in the light of recent
evidence that localization for tight closure might fail in general. Furthermore, we
give a concrete description of minimal y-sheaves in a very simple case (Proposition
3.5), relating it to the generalized test ideals studied in [Blickle et al. 2008]. This
viewpoint also recovers (and slightly generalizes, with new proofs) the main results
on the rationality and discreteness of jumping numbers of Blickle et al. [2008]
and the results on generators of certain D-modules of Alvarez-Montaner et al.
[2005]. A similar generalization, however using slightly different (but related, see
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Remark 2.12) methods, was recently obtained independently by Katzman et al.
[2007].

We are pleased to recently have learned that Carl Miller obtained the existence
of minimal roots in the case of dimension 1 independently in his PhD thesis [Miller
2007]. He uses the existence of minimal roots in this case as the main tool to obtain
a lower bound for the Euler characteristic of a p-torsion étale sheaf on a smooth
characteristic p curve, thereby answering a question of Pink (who considered the
case where there is no higher wild ramification). The link between the p-torsion
sheaf and the coherent minimal y-sheaf is obtained via the Riemann—Hilbert type
correspondence of Emerton and Kisin [2004]. I expect that the results in the present
paper could be of great use for similar applications to the study of p-torsion sheaves
via coherent sheaves. For example, starting with a suitable p-torsion étale sheaf
F, one can now uniquely associate a coherent y-sheaf M with F, and one may, as
in the work of Miller, use invariants of Jit, such as its degree, as an invariant for F.

The ideas in this paper have two sources. Firstly, the ongoing project of Blickle
and Bockle [> 2008] lead to a systematic study of y-sheaves (the notation y -sheaf
is chosen to remind of the notion of a generator introduced in [Lyubeznik 1997]).
Secondly, insight gained from the D-module theoretic viewpoint on generalized
test ideals developed in [Blickle et al. 2008] jointly with Mircea Mustatd and Karen
Smith leads to the observation that these techniques can be successfully applied to
study y-sheaves.

Notation. Throughout we fix a regular scheme X over a field k 2 [, of charac-
teristic p > 0 (with ¢ = p® fixed). We further assume that X is F-finite, that is,
the Frobenius morphism o : X — X, which is given by sending f € Ox to f4,is a
finite morphism.? In general, o is affine. This allows to reduce in many arguments
below to the case that X itself is affine and I will do so if convenient. We will
use without further mention that because X is regular, the Frobenius morphism
o : X — X is flat such that o* is an exact functor (see [Kunz 1969]).

2. Minimal y-sheaves
We begin with recalling the notion of y-sheaves and nilpotence.

Definition 2.1. A y-sheaf on X is a pair (M, yys) consisting of a quasicoherent
Ox-module M and a Ox-linear map y : M — o*M. A y-sheaf is called coherent
if its underlying sheaf of Ox-modules is coherent.

21t should be possible to replace the assumption of F-finiteness to saying that if X is a k-scheme
with k a field such that the relative Frobenius oy / is finite. This would extend the results given here
to desirable situations such as X of finite type over a field k with [k : k9] = oco. The interested reader
should have no trouble to adjust our treatment to this case.
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A y-sheaf (M, y) is called nilpotent (of order n) if

n def

% :(Tn*)/ ocr(n_l)*

yo...oo'yoy=0
for some n > 0. A y-sheaf is called locally nilpotent if it is the union of nilpotent
y subsheaves.

Maps of y-sheaves are maps of the underlying Ox-modules such that the obvi-
ous diagram commutes. We denote the category of coherent y-sheaves on X by
Coh,, (X). The following proposition summarizes some properties of y-sheaves;
for proofs and more details see [Blickle and Bockle > 2008].

Proposition 2.2. (a) The set of y-sheaves forms an abelian category.

(b) The coherent, nilpotent and locally nilpotent y -sheaves are abelian subcate-
gories, also closed under extension.

Proof. The point in the first statement is that the Ox-module kernel, cokernel and
extension of (maps of) y-sheaves naturally carry the structure of a y-sheaf. This
is really easy to verify so we only give the construction of the y-structure on the
kernel as an illustration. Recall that we assume that X is regular such that o is
flat, hence o* is an exact functor. A morphism ¢ : M — N of y-sheaves is a

commutative diagram

M%N

S

oy
oM — > o*N

from which we obtain the induced map ker ¢ — ker(c*p). Since o* is exact, the
natural map o *(ker ¢) — ker(c*¢) is an isomorphism. Hence the composition

ker ¢ — ker(c*p) =, o (ker @)

equips ker ¢ with a natural structure of a y-sheaf.
The second part of Proposition 2.2 is also easy to verify so we leave it to the
reader (see the proof of Lemma 2.3 below). [l

Lemma 2.3. A morphism ¢ : M — N of y-sheaves is called nil-injective (respec-
tively, nil-surjective, nil-isomorphism) if its kernel (respectively, cokernel, both) is
locally nilpotent.

(a) If M (respectively, N) is coherent and ¢ is nil-injective (respectively, nil-
surjective) then ker ¢ (respectively, coker @) is nilpotent.

(b) Kernel and cokernel of ¢ are nilpotent (of order n and m respectively) if and
only if there is, for some k > 0 (k =n +m), a map  : N — o**M such that
vy =Wopandyy =@ oy.
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(c) If N is nilpotent of order <n (that is, yy, = 0) and N' C N contains the kernel
ofy,’;,for 1 <i <n,then N/N' is nilpotent of order < n —1i.

Proof. The first statement is clear since X is noetherian. For the second statement
consider the diagram obtained from the exact sequence 0 - K — M — N —
C— 0

0 K C 0
| |
0 —— ™K ——— ™M o™ N o™ C 0

l L] J

0 —— gtmxg —— gdmypp —— rmx Ny —— srtmxc —— (),

If there is a ¥ as indicated, then clearly the leftmost and rightmost vertical arrows
of the first row are zero, that is, K and C are nilpotent. Conversely, let K = ker ¢
be nilpotent of degree n and C = coker ¢ be nilpotent of degree m. Then the top
right vertical arrow and the bottom left vertical arrow are zero. The fact that the
top right arrow is zero allows to define v as follows: Take n € N, map it down
to o"*N. Since its image to the right is zero, take any preimage from the left and
map that element down in the diagram to o *+")* M. This procedure defines v/ (n).
To show that it is well defined and to see that the two relevant triangles commute
is not difficult by using that the bottom left vertical arrow is zero.

For the last part, consider the short exact sequence 0 > N’ — N — N/N' — 0
and the diagram one obtains by considering o ~"* and o”* of this sequence:

0 N’ N N/N —0

N

0O—— O—(nfi)*N/ [N O_(nfi)*N [N J(n—i)*(N/N/) 0

lo Ja.(n—i)*yi J{

0 ——o™N ——— o™ N ——— ™ (N/N') —— 0.

The composition of the middle vertical map is yy which is zero by assumption.
To conclude that the top right vertical arrow is zero one uses the fact that

"N Do kery = ker(a("_i)*yi).

With this it is an easy diagram chase to conclude that the top right vertical map is
Zero. (]
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Lemma 24. Let M > N be a map of y-sheaves. Let N' C N be such that
N/N' is nilpotent (hence N’ C N is a nil-isomorphism). Then M /(¢~'N') is also
nilpotent.

Proof. M/(¢~'N’) injects into N/N’. Since the latter is nilpotent, so is the former.
O

If (M, y) is a y-sheaf, then 6*M is naturally a y-sheaf with structural map
o*y. Furthermore, the map y : M — o*M is then a map of y-sheaves which is
a nil-isomorphism, that is, kernel and cokernel are nilpotent. We can iterate this
process to obtain a directed system

Mo T oy T

whose limit we denote by GenM . Clearly GenM is a y-sheaf whose structural map
YGenym 18 injective. In fact, it is an isomorphism since clearly 0 *GenM = GenM.
One observes that GenM =0 if and only if M is locally nilpotent. Note that even if
M is coherent, GenM is generally not coherent. Furthermore, let M be the image
of M under the natural map M — GenM. Then, if M is coherent, so is M and the
map M—> M is a nil-isomorphism. Since M is a y-submodule of GenM whose
structural map is injective, the structural map ¥ of M is injective as well.

Proposition 2.5. The operation that assigns to each y-sheaf M its image M in
GenM is an end-exact functor (preserves exactness only at the end of sequences)
from Coh,, (X) to Coh,, (X). The kernel

M° = U ker yﬁ,,
of the natural map M — M is the maximal locally nilpotent subsheaf of M.

Proof. The verification of the statement about M° is left to the reader. One has a
functorial map between the exact functors id — Gen. An easy diagram chase shows
that the image of such a functorial map is an end-exact functor (see for example
[Katz 1996, 2.17 Appendix 1]). In the concrete situation we are in, one can also
verify this directly: right exactness is clear since M is a quotient of M. On the
other hand, if M C N is a y-subsheaf, then N° N M C M?° since the former is
clearly locally nilpotent. It follows that M C N. O

Such y-submodules with injective structural map enjoy a certain minimality prop-
erty with respect to nilpotent subsheaves:

Lemma 2.6. Let (M, y) be a y-sheaf. The structural map yy is injective if and
only if M does not have a nontrivial nilpotent subsheaf.
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Proof. Assume that the structural map of M is injective. This implies that the
structural map of any y-subsheaf of M is injective. But a y-sheaf with injective
structural map is nilpotent if and only it is zero.

Conversely, ker vy, is a nil-potent subsheaf of M. If y,s is not injective it is
nontrivial. (]

2.1. Definition of minimal y—sheaves.

Definition 2.7. A coherent y-sheaf M is called minimal if the following two con-
ditions hold:

(a) M does not have nontrivial nilpotent subsheaves;
(b) M does not have nontrivial nilpotent quotients.

We denote by Min,, (X) the subcategory of all y-sheaves consisting of the minimal
ones.

A simple consequence of the definition is

Lemma 2.8. Let M be a y-sheaf. If M satisfies (a) then any y -subsheaf of M also
satisfies (a). If M satisfies (b), so does any quotient.

Proof. Immediate from the definition. ([

As the preceding Lemma 2.6 shows, (a) is equivalent to the condition that the struc-
tural map y is injective. We give a concrete description of the second condition.
Proposition 2.9. For a coherent y-sheaf M, the following conditions are equiva-
lent.

(a) M does not have nontrivial nilpotent quotients.

(b) For any map of y-sheaves ¢ : N — M, if yyy(M) C (6*@)(0*N) (as subsets
of 0*M) then ¢ is surjective.

Proof. 1 begin with showing the easy direction that (a) implies (b): Note that the
condition yp (M) C (6*¢)(c*N) in (b) precisely says that the induced structural
map on the cokernel of N — M is the zero map, thus in particular M/¢(N) is a
nilpotent quotient of M. By assumption on M, M /¢ (N) =0 and hence ¢(N) =M.

Let w : M—>C be such that C is nilpotent. Let N C M be its kernel. We
have to show that N = M. The proof is by induction on the order of nilpotency
of C (simultaneously for all C). If C = M/N is nilpotent of order 1 this means
precisely that y (M) C o™ N; hence by (b) we have N = M as claimed. Now let N
be such that the nilpotency order of C =M /N is equal to n > 2. Consider the y-
submodule N’ = 7~ ! (ker yc) of M. This N’ clearly contains N and we have that
M /N’ = C/(ker yc). By the previous Lemma 2.3 we conclude that the nilpotency
order of M/N'is < n — 1. Thus by induction N’ = M. Hence

M/N = N'/N =ker y¢
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is of nilpotency order 1. Again by the base case of the induction we conclude that
M=N. O

By replacing N by its image ¢(N) in M in item (b) of Proposition 2.9 it follows
that it would be enough to consider such ¢ which are injective.

Corollary 2.10. A coherent y-sheaf M is minimal if and only if the following two
conditions hold.

(a) The structural map of M is injective.
(b) If N € M is a subsheaf such that y (M) C o*N then N = M.

The conditions in this corollary are essentially the definition of a minimal root of
a finitely generated unit R[o ]-module in [Lyubeznik 1997]. The finitely generated
unit R[o]-module generated by (M, y) is of course GenM. Lyubeznik shows in
the case that R is a complete regular ring, that minimal roots exist. In [Blickle
2004, Theorem 2.10] I showed how to reduce the local case to the complete case
if R is F-finite. For convenience we give a streamlined argument of the result in
the local case in the language of y-sheaves.

2.2. Minimal y-sheaves over local rings. The difficult part in establishing the
existence of a minimal root is to satisfy condition (b) of Definition 2.7. The point
is to universally bound the order of nilpotency of any nilpotent quotient of a fixed
y-sheaf M.

Proposition 2.11. Let (R, m) be regular, local and F-finite. Let M be a coherent
y-sheaf and {N;}ic; be a collection of y-subsheaves which is closed under finite
intersections and such that M / N; is nilpotent for all i. Then M/ () N; is nilpotent.

Proof. Note that if N and N’ are y-subsheaves of M such that M/N and M /N’
are nilpotent of order n and n’, then M /(N N N’) is nilpotent of order max{n, n'}.
Hence, with {N;} the family of all N € M such that M /N is nilpotent, Proposition
2.11 may be equivalently stated:

The order of nilpotency of any nilpotent quotient of M is universally bounded.

By faithful flatness of completion (together with the fact that completion commutes
with Frobenius), order of nilpotency of quotients of M is preserved by completion.
Therefore we may reduce to the case that R is complete.

Let us hence assume that R is complete, local, regular and F-finite. Since R
is via o a free R-module of finite rank, ¢* is nothing but tensorisation with a
free R-module of finite rank. Such an operation commutes with the formation of
inverse limits such that o* (| N; = ()(¢*N;) and hence [ | N; is a y-subsheaf of
M. Clearly we may replace M by M/ (| N; such that we have (| N; = 0. We
may further replace M by its image M in GenM. Thus we may assume that M has
injective structural map y : M C o*M. We have to show that M = 0.
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By the Artin—Rees Lemma (applied to M C ¢*M) there exists ¢t > 0 such that
forall s > ¢,

MNw'o*M C m* ' (MNm'e*™M) C m* 7'M .

By Chevalley’s Theorem in the version of [Lyubeznik 1997, Lemma 3.3], for some
s >> 0 (in fact s > ¢+ 1 will suffice) we find N; with N; Cm* M. Possibly increasing
s we may assume that N; € m**! M (unless, of course N; =0 in which case M/N; =
M is nilpotent = M = 0 since yyy is injective, and we are done). Combining these
inclusions we get

N; Co*N;NM Co*(m*M)NM
cmHe*MNM Cm i MNM
g msq—lM .

But since sqg —t > s + 1 for our choice of s > ¢ + 1 this is a contradiction (to the
assumption N; #~ 0) and the result follows. ([

Remark 2.12. An alternative way to prove this result is to use Matlis duality and
then invoke a result of Hartshorne and Speiser [1977, Proposition 1.11]. Their
result states that if U is a cofinite R[o ]-module then the subset

Ui={uecU|o"(u) =0 for some n }

is annihilated by a fixed power of o, that is, there is k > 1 such that X (Un) = 0.
If one applies this to the Matlis dual U = M of M and the union of its o -nilpotent
submodules (M /N;)" in the above statement, an alternative proof is obtained. This
approach via the Hartshorne—Speiser result is used in [Katzman et al. 2007] to study
F-thresholds and hence appears to be directly related to the observations we make
in Section 3.3 below.

Corollary 2.13. Let R be regular, local and F-finite and M a coherent y -sheaf.
Then M has a nil-isomorphic subsheaf without nonzero nilpotent quotients (that is,
satisfying (b) of the definition of minimality). In particular, M is nil-isomorphic to
a minimal y -sheaf.

Proof. Let N; be the collection of all nil-isomorphic subsheaves of M. Since M is
coherent each M /N; is indeed nilpotent, say of order < n;. Since
M/(N;NN;j) SM/N;®M/N;,

it follows that M /(N; N N;) is nilpotent of order < max{n;, n;}. Hence the collec-
tion of nil-isomorphic subsheaves of M is closed under intersection which allows
to apply Proposition 2.11 to conclude that M/ () N; is nilpotent. Hence N e (N
is the unique smallest nil-isomorphic subsheaf of M. It is clear that N cannot have
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nonzero nilpotent quotients (since the kernel would be a strict subsheaf of N, nil-
isomorphic to M, by Proposition 2.2 (b)).

By first replacing M by M we can also achieve that condition (a) of the def-
inition of minimality holds. As condition (a) passes to subsheaves, the smallest
nil-isomorphic subsheaf of M is the sought after minimal y-sheaf which is nil-
isomorphic to M. U

Remark 2.14. Essentially the same argument as in the proof of Proposition 2.11
shows the following: If R is local and M is a coherent y-sheaf over R with injective
structural map, then any descending chain of y-submodules of M stabilizes. This
was shown (with essentially the same argument) in [Lyubeznik 1997] and implies
immediately that y-sheaves with injective structural map satisfy DCC.

If one tries to reduce the general case of Corollary 2.13 (that is, R not local) to
the local case just proven, one encounters the problem of having to deal with the
behavior of the infinite intersection () N; under localization. This is a source of
troubles I do not know how to deal with directly. The solution to this is to take
a detour and realize this intersection in a fashion such that each term functorially
depends on M and furthermore that this functorial construction commutes with
localization. This is explained in the following section.

2.3. D}l)—modules and Frobenius descent. Let Dy denote the sheaf of differen-
tial operators on X. This is a sheaf of rings on X which locally, on each affine
subvariety Spec R, is described as

o0 .
Dr=|JDY
i=0
@

where Dp’ is the subset of Endf, (R) consisting of the operators which are linear
over R?', the subring of ¢'-th powers of elements of R. In particular

DY =R, and DY =Endgi(R).

Clearly, R itself becomes naturally a left D'”-module. Now denote by R the
Dg)—R—bimodule R which has this left D;ﬁ—module structure and the right R-
module structure via Frobenius, that is, for r € R) and x € R we have r - x =
x%r. With this notation we may view Dg) = End%(RW) as the right R-linear
endomorphisms of R". Thus we have

o*( )=RV®g__: R-mod — Dg)—mod,

which makes ¢ * into an equivalence of categories from R-modules to Dg)—modules
(because, since o is flat and R is F-finite, RV is a locally free right R-module of
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finite rank). Its inverse functor is given by
o7'(_) =Hom%(RV, R)®p® _: DY-mod — R-mod.  (2-1)

For details see [Alvarez-Montaner et al. 2005, Section 2.2]. I want to point out that
these constructions commute with localization at arbitrary multiplicative sets. Let
S be a multiplicative set of R.> We have

ST'DY’ = 57" End}y(R™)
=Endj_, ,((S"))"'RV) = End}_, . ((ST'R)V)
—_pnd
=Dg g
Furthermore we have for an Dg)—module M:
SN o™'M) =57 (Homk (R, R) ®p» M)
= 57" Homx(R", R) ®g-1p S™' M
- —1py() o1 -1
=Hom{ (SR, sT'R)@p», S7'M
= (S 'M).
These observations are summarized in the following proposition.
Proposition 2.15. Let X be F-finite and regular. Let U be an open subset (more
generally, U is locally given on Spec R as Spec S™' R for some (sheaf of) multi-
plicative sets on X). Then
&) O]
(DX ) =Dy
and for any sheaf of D(l)—modules M one has that
(0" M)|y = (Hom' (0%, 0x) @pp M) |,
= Hom'(0})’, O) ® 0 My = o~ (M)

as Oy -modules.

2.4. A criterion for minimality. The Frobenius descent functor o ~! can be used
to define an operation on y-sheaves which assigns to a y-sheaf M its smallest y -
subsheaf N with the property that M /N has the trivial (= 0) y-structure. This is
the opposite of what the functor o* does: y : M — o*M is a map of y sheaves
such that 6*M /y (M) has trivial y-structure.
We define the functor o, ~1 from y-sheaves to y-sheaves as follows. Let M RN
0*M be a y-sheaf. Then y(M) is an Oy-submodule of the D( )_module o*

3Since STIR = (SM)~1R we may assume that S € RY. This implies that S is in the center of
Dg) such that localization in this noncommutative rm% along S is harmless. With this I mean that
we may view the localization of the left R-module D at S™' in fact as the localization of Dg) at
the central multiplicative set (S lg ]) 1
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Denote by Dg(l)y(M) the Dgfl)—submodule of o*M generated by y(M). To this
inclusion of Dg(l)-modules

DVy(M)yCo*M,

we apply the Frobenius descent functor o~ : Dgg) -mod — Ox-mod defined above
in (2-1) and use that 0 ~! 0 0* = id to define

O’y_lM d:efo_l(Dg(l)y(M)) Colo*M =M.
In general one has
o, (0*M)=0"'Do*(y) (0" M) = y (M)

since o*(y)(c*M) already is a Dg)—subsheaf of the D;?)—module o*(oc*M) =
2
oM.
By construction,

O’y_lM cm L y(M) C Dg(l)y(M) = a*cr_ng(l)y(M) :O'*O'V_IM

such that o 'M is a y-subsheaf of M.
Furthermore, the quotient M /o, 'M has zero structural map. One makes the
following observation.

Lemma 2.16. Let M be a y-sheaf. Then o, "M is the smallest subsheaf N of M
such that c*N 2 y(M).

Proof. Clearly o ~'M satisfies this condition. Let N be as in the statement of
the Lemma. Then o¢*N is a Dg)—subsheaf of ¢*M containing y(M). Hence
Dg)y(M) C o*N. Applying o ~! we see that 6 ~'M C N. O

Therefore, the result of the lemma could serve as an alternative definition of o~ !
(one would have to show that the intersection of all such N has again the property
that y (M) C o* () N but this follows since o* commutes with inverse limits since
it is locally just tensorisation with a free module of finite rank). The following
lemma is the key point in our reduction to the local case. It is an immediate con-
sequence of Proposition 2.15. Nevertheless we include here a proof using only the
characterization of Lemma 2.16. Hence one may avoid the appearance of D()-
modules in this paper altogether but I believe it to be important to explain where
the ideas for the arguments originated, so D(-modules are still there.

Lemma 2.17. Let M be a y-sheaf and let S C Ox be multiplicative set. Then
SN o, ' M) =0,1(S7'M).

Proof. This follows from Proposition 2.15. However, this can also be proven using
only the characterization in Lemma 2.16. By this we have

(57 o, ' M) =S (c* (0, ' M) 2 STy (M) = y(ST' M), (2-2)
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which implies that o1 (§™'M) € S~ (o, M) because o ' (S~ M) is smallest (by
Lemma 2.16) with respect to the inclusion shown in (2-2). To show the converse
inclusion, we consider the localization map ¢ : M — S™'M and N C S~ 'M isa
submodule such that y (S ~IM) C o*N. Consider the diagram

M/¢p7'N——— S~ 'M/N

g JV

o*M/c* (7' N) —— o*(S"'M)/o*N

of which the horizontal arrows are injections (using the exactness of o*). By as-
sumption on N, the right vertical arrow is zero, hence also the left vertical arrow.
This implies that y (M) C 0*((,0_1N ). By the characterization of Lemma 2.16 one
concludes that o’ 'M C ¢~'N and hence S_lay_ 'M C N. Applying this with
N = O'y_l (S~'M) our claim follows. U

Proposition 2.18. Let M be a y-sheaf. Then o, 'M = M if and only if M has
no proper nilpotent quotient (that is, M satisfies condition (b) of the definition of
minimality).

If M is coherent, the condition on x € X that the inclusion o, (M, € M, is
equality is an open condition on X.

Proof. One direction is clear since M /o, 'M is a nilpotent quotient of M. We use
the characterization in Proposition 2.9. For this let N € M be such that y (M) C
o*N. Aso, 'M was the smallest subsheaf with this property we obtain o, 'Mc
N S M. Since M = o, 'M by assumption it follows that N = M. Hence, by
Proposition 2.9, M does not have nontrivial nilpotent quotients.

By Lemma 2.17, o, I commutes with localization which means that o, M) =
(o, 'M),. Hence the second statement follows simply since both M and o, "M
are coherent (and equality of two coherent modules via a given map is an open
condition). U

Lemma 2.19. The assignment M — o, "M is an end-exact functor on y-sheaves.

Proof. Formation of the image of the functorial map id s o* of exact functors is
end-exact (see for example [Katz 1996, 2.17 Appendix 1]). If M is a Dg(l)-module
and A C B are Oy-submodules of M then

p’acpB.

If M—>N is a surjection of DV-modules which induces a surjection on Oy-
submodules A—»> B then, clearly, D;DA surjects onto D;DB. Now one concludes
by observing that o ~! is an exact functor. ([
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Lemma 2.20. Let N € M be an inclusion of y -sheaves such that c"*N 2 y" (M)
(that is, the quotient is nilpotent of order < n). Then

a(”*l)*(Nﬂo}flM) D y”fl(ay*lM).
Proof. Consider the y-subsheaf M’ = (y"~1)~1(¢"~D*N) of M. One has
o*M' = (o*y" ) (0" N) 2y (M)
by the assumption that " (M) € ¢™*N. Since o, ' M is minimal with respect to

this property we have ay_lM C (" H~le"=D*N). Applying y"~! we conclude
that y”‘l(oy_lM) C o= D*N_ Since oy_]M is a y-sheaf we have

such that the claim follows. O

2.5. Existence of minimal y—sheaves. For a given y-sheaf M we can iterate the
functor o, ! to obtain a decreasing sequence of y-subsheaves,

CM;CMyC M CM(Ls "M — ..)

where M; = o, 'M;_,. Note that each inclusion M; € M;_; is a nil-isomorphism.

Proposition 2.21. Let M be a coherent y-sheaf. Then the following conditions are
equivalent.

(a) M has a nil-isomorphic y-subsheaf M which does not have nontrivial nilpo-
tent quotients (that is, M satisfies condition (b) in the definition of minimal
y -sheaf).

(b) M has a unique smallest nil-isomorphic subsheaf (equivalently, M has a
(unique) maximal nilpotent quotient).

(c) For somen >0, M, = My,.
(d) There is n > 0 such that for allm > n, M,, = M, 4.

Proof. (a) = (b): Let M € M be the nil-isomorphic subsheaf of part (a) and let
N € M be another nil-isomorphic subsheaf of M. By Lemma 2.4 it follows that
M NN is also nil-isomorphic to M. In particular M /(M NN) is a nilpotent quotient
of M and hence must be trivial. Thus N € M which shows that M is the smallest
nil-isomorphic subsheaf of M.

(b) = (c): Let N be this smallest subsheaf as in (b). Since each M; is nil-
isomorphic to M, it follows that N € M; for all i. Let n be the order of nilpotency
of the quotient M /N, that is, y" (M) C ¢™*N. Repeated application (n times) of
Lemma 2.20 yields that M, € N. Hence we get N € M, ;1 € M, € N which
implies that M, = M,,.
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(¢) = (d) is clear.
(d) = (a) is clear by Proposition 2.18. O

This characterization enables us to show the existence of minimal y-sheaves by
reducing to the local case which we proved above.

Theorem 2.22. Let M be a coherent y-sheaf. There is a unique nil-isomorphic
subsheaf M of M which does not have nontrivial nilpotent quotients.

Remark 2.23. The following proof shows that in the notation of Proposition 2.21,
M = M, forn > 0.

Proof. By Proposition 2.21 it is enough to show that the sequence M; is eventually
constant. Let U; be the subset of X consisting of all x € X on which

(Mi)x = (Mi1)x (= (0, Mi),).

By Proposition 2.18 U; is an open subset of X (in this step I use the key observation
Proposition 2.15) and (M;)|y, = (M;+1)|y,. By the functorial construction of the
M;’s the equalilty M; = M, for one i implies equalities for all bigger i. It follows
that the sets U; form an increasing sequence of open subsets of X whose union is
X itself by Corollary 2.13 and Proposition 2.21. Since X is noetherian, X = U; for
some i. Hence M; = M; so the claim follows by Proposition 2.21. O

Theorem 2.24. Let M be a coherent y-sheaf. Then there is a functorial way to
assign to M a minimal y -sheaf My, in the nil-isomorphism class of M.

Proof. We may first replace M by the nil-isomorphic quotient M which satisfies
condition (a) of Definition 2.7. Then replace M by its minimal nil-isomorphic
submodule @ which also satisfies condition (b) of Definition 2.7 (and condition
(a) because (a) is passed to submodules). Thus the assignment

def ( M)

M — Mmin

is a functor since it is a composition of the functors M — M and M — M. U

Proposition 2.25. If ¢: M — N is a nil-isomorphism, then @umin: Mmin —> Nmin IS
an isomorphism.

Proof. Clearly, @iy is a nil-isomorphism. Since ker g, is a nilpotent subsheaf
of Mpin, we have by Definition 2.7 (a) that ker ¢, = 0. Since coker gp;, is a
nilpotent quotient of Ny, it must be zero by Definition 2.7 (b). O

Corollary 2.26. Let M be a finitely generated unit Ox|o |-module. Then M has a
unique minimal root in the sense of [ Lyubeznik 1997].
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Proof. Let M be any root of [, that is, M is a coherent y-sheaf such that y,, is
injective and GenM = M. Then My, = M is a minimal nil-isomorphic y -subsheaf
of M by Theorem 2.24. By Corollary 2.10 it follows that M, is the sought after
minimal root of /M. Uniqueness is clear since the intersection of any two roots is
again a root. (]

Note that the only assumption needed in this result is that X is F'-finite and regular.
In particular it does not rely on the finite-length result [Lyubeznik 1997, Theo-
rem 3.2] which assumes that R is of finite type over a regular local ring (however,
in [Lyubeznik 1997] F-finiteness is not assumed).

Theorem 2.27. Let X be regular and F-finite. Then the functor
Gen: Min,, (X) — finitely generated unit Ox[o |-modules

is an equivalence of categories.

Proof. The preceding corollary shows that Gen is essentially surjective. The in-
duced map on Hom sets is injective since a map of minimal y-sheaves f is zero if
and only if its image is nilpotent (since minimal y-sheaves do not have nilpotent
submodules) which is the condition that Gen(f) = 0. It is surjective since any map
between g : Gen(M) — Gen(N) is obtained from a map of y-sheaves M — o**N
for some e >> 0. But this induces a map M = Muyin = (0*N)min = Nmin = N. U

3. Applications and Examples

In this section we discuss some further examples and applications of the results on
minimal y-sheaves we obtained so far.

3.1. y—crystals. The purpose of this section is to quickly explain the relationship
of minimal y-sheaves to y-crystals which were introduced in [Blickle and Bockle
> 2008]. The category of y-crystals is obtained by inverting nil-isomorphisms in
Coh,, (X). In [Blickle and Bockle > 2008] it is shown that the resulting category
is abelian. One has a natural functor

Coh,, (X)—>Crys,, (X)

whose fibers we may think of consisting of nil-isomorphism classes of M. Note that
the objects of Crysy (X) are the same as those of Coh,, (X); however a morphism
between y-crystals M — N is represented by a left-fraction, that is, a diagram of
y-sheaves M < M’ — M where the arrow < is a nil-isomorphism.

On the other hand we just constructed the subcategory of minimal y-sheaves
Min,, (X) € Coh,, (X) and showed that there is a functorial splitting M > My, of
this inclusion. An immediate consequence of Proposition 2.25 is that if M and N
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are in the same nil-isomorphism class, then My, = Npin. The verification of this
may be reduced to considering the situation

MM =N

~

with both maps nil-isomorphisms in which case Proposition 2.25 shows that My,
M! . = Npin. One has the following Proposition.

min
Proposition 3.1. Ler X be regular and F -finite. Then the composition
Min,, (X) — Coh, (X)—> Crysy (X)

is an equivalence of categories whose inverse is given by sending a y-crystal rep-
resented by the y-sheaf M to the minimal y -sheaf Min.

Proof. The existence of Mpyin shows that Min,, (X) — Crys, (X) is essentially
surjective. It remains to show that Homygin, (M, N) = Homcyys, (M, N). A map
@: M — N of minimal y-sheaves is zero in Crys,, if and only if img ¢ is nilpotent.
But img ¢ is a subsheaf of the minimal y-sheaf N, which by Definition 2.7 (a) has
no nontrivial nilpotent subsheaves. Hence img ¢ = 0 and therefore ¢ = 0. This
shows that the map on Hom sets is injective. The surjectivity follows again by
functoriality of M +— Mpjn. O

Corollary 3.2. Let X be regular and F-finite. The category of minimal y -sheaves
Min,, (X) is an abelian category. If . M — N is a morphism then

kermin ¢ = (ker @)min =kerp and  cokerpyjy, ¢ = (coker ¢)min = coker ¢.

Proof. Since Min,, (X) is equivalent to Crysy (X) and since the latter is abelian,
so is Min, (X). Since ker and coker in Crys,, (X) are represented by the kernel
and cokernel of the underlying coherent sheaf the statement about ker and coker in
Min,, (X) follows, where overline and underline are as defined in Proposition 2.5
and Proposition 2.21. O

3.2. The parameter test module. We give an application to the theory of tight
closure. In [Blickle 2004, Proposition 4.5], it was shown that the parameter test
module 7, is the unique minimal root of the intersection homology unit module
LCHY “(R)if A=R /1 is the quotient of the regular local ring R (where dim R =
n and dim A = d). Locally, the parameter test module z,,, is defined as the Matlis
dual of

d
Hm (A)/O*H,Z(A)
where O*Hd (A) is the tight closure of zero in H,Z (A). The fact that we are now able

to construct minimal y-sheaves globally allows us to give a global candidate for
the parameter test module.
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Proposition 3.3. Let A = R/I be equi-dimensional of dimension d where R is
regular and F -finite. Then there is a submodule

L Cws=Ext""%(R/I, R)
such that for each x € Spec A we have L, = 1.

Proof. Let ¥ C H f_d(R) be the unique smallest submodule of H f_d(R) which
agrees with H f_d(R) on all smooth points of Spec A. By [Blickle 2004, Theo-
rem 4.1] &£ exists and is a unit Ox-submodule of H I”_d(R). Let L be a minimal
generator of &, that is, a coherent minimal y-sheaf such that GenL = ¥ which
exists due to Theorem 2.22. Because of Proposition 2.15 it follows that L, is also
a minimal y-sheaf and GenL, = ¥,. But from [Blickle 2004, Proposition 4.5] we
know that the unique minimal root of ¥y is 7,,, , the parameter test module of A .
It follows that L, = t,,, by uniqueness. To see that L C Ext""4(R/I, R) we just
observe that Ext"~¢(R/I, R) with the map induced by 6*(R/I) = R/I'Y — R/I
is a y-sheaf which generates H f*d(R). Furthermore, the map

Ext"“(R/I, R) — o*Ext""*(R/I, R)

is injective since it is so locally and in this case the map is dual to the surjec-
tion o*HA(R/I) — HY(R/I) (d = dim R/I) via local duality for the local ring
(Rm, m). Hence by minimality of L we have the desired inclusion. O

3.3. Test ideals and minimal y—sheaves. We consider now the simplest example
of a y-sheaf, namely that of a free rank one R-module M (= R). That means that
via the identification R = o*R the structural map

y:M%RLR%a*R%a*M

is given by multiplication with an element f € R. It follows that ¢ is given by
multiplication by £1+4++¢"" under the identification of o**R = R. It is an easy
exercise to observe that GenM = R with its usual unit R[F]-structure.

We will show that the minimal y -subsheaf of the just described y-sheaf M can
be expressed in terms of generalized test ideals. We recall from [Blickle et al.
2008, Lemma 2.1] that the test ideal of a principal ideal ( f) of exponent o« = ;"—(, is
given by

7(f%) = the smallest ideal J such that /™ e J141

By Lemma 2.2 of op. cit. 7(f%) can also be characterized as o ¢ of the D©-
module generated by f™. We set as a shorthand

J, = r(f<l+q+42+---+q"‘1)/qe)
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and repeat the definition
J, = the smallest ideal J of R such that fH’ququr""Lqefl e J'l
and we set Jo = R. Further recall from Section 2.5 that
M, = smallest ideal I of R such that f - M,_; C 9]
with Mg =M.
Lemma 3.4. Forall e > 0 one has J, = M,.
Proof. The equality is true for ¢ = 0, 1 by definition. We first show the inclusion
Je € M, by induction on e.
M (f Mo = (1 M)
= () 2 o g

— plHat g

’

and since J, is minimal with respect to this inclusion we have J, C M,.
Now we show foralle > 1that f-J,_; C Je[q]. The definition of J, implies that

('71]

f1+q+~-+qe’2 e (Jll: fq"*l) — (J491; pyla

which implies that J,_; € (J!91: £) by minimality of J,_;. Hence f - J._; C J91.

Now, we can show the inclusion M, C J, by observing that by induction one has
JODF I D f Moy

which implies by minimality of M, that M, C J,. O

This shows that the minimal y-sheaf Mp;,, which is equal to M, for e > 0 by
Proposition 2.21, is just the test ideal r(f(”‘”‘]z*“'*qe*l)/‘f) fore > 0. As a
consequence we have:

Proposition 3.5. Let M be the y-sheaf given by
RIS R=0o*R.

Then My = T(f(l+q+q2+"'+qe_])/q€) for g > 0. In particular, My, 2 r(fq%l)
and the F-pure-threshold of f > q—ll if and only if M is minimal.
Proof. For e > 0 the increasing sequence of rational numbers (1 +¢q +¢%+-- -+
q¢~")/q¢ approaches q+l' Hence

M, = (f0Fata’++a D) 5 t(f7T)
for all e. If M is minimal, then all M, are equal and hence the multiplier ideals
7(f*) must be equal to R for all & € [0, q%]). In particular, the F-pure-threshold
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of f > q%]. Conversely, if the F-pure threshold is less than q+l’ then for some e
we must have that

T(f(1+q+q2+~--+q€*‘)/q“) £ (f(1+q+q2+~~+q“)/q”')

so M, # M., which implies that M # M;. So M is not minimal. ([

Remark 3.6. After replacing f by f”, this also shows that ﬁ is not an accumu-
lation point of F-thresholds of f for any f in an F-finite regular ring. In [Blickle
et al. 2008] this was shown for R essentially of finite type over a local ring since
our argument there depended on [Lyubeznik 1997, Theorem 4.2]. Even though
D-modules appear in the present article, they only do so by habit of the author; as
remarked before, they can easily be avoided.

Remark 3.7. Of course, for r = ¢ — 1 this recovers (and slightly generalizes) the
main result in [Alvarez-Montaner et al. 2005].

Remark 3.8. I expect that this descriptions of minimal roots can be extended to a
more general setting using the modifications of generalized test ideals to modules
as introduced in the preprint [Takagi and Takahashi 2007].

References

[Alvarez-Montaner et al. 2005] J. Alvarez-Montaner, M. Blickle, and G. Lyubeznik, “Generators of
D-modules in positive characteristic”, Math. Res. Lett. 12:4 (2005), 459-473. MR 2006m:13024
7Zbl 02207823

[Blickle 2004] M. Blickle, “The intersection homology D-module in finite characteristic”, Math.
Ann. 328:3 (2004), 425-450. MR 2005a:14005 Zbl 1065.14006

[Blickle and Bockle > 2008] M. Blickle and G. Bockle, “Cartier crystals”. In preparation.

[Blickle et al. 2008] M. Blickle, M. Mustata, and K. E. Smith, “F-thresholds of hypersurfaces”,
Trans AMS (2008). To appear.

[Emerton and Kisin 2004] M. Emerton and M. Kisin, “The Riemann—Hilbert correspondence for
unit F-crystals”, Astérisque 293 (2004), vi+257. MR 2005¢:14027 Zbl 1056.14025

[Hara and Takagi 2004] N. Hara and S. Takagi, “On a generalization of test ideals”, Nagoya Math.
J. 175 (2004), 59-74. MR 2005g:13009 Zbl 02138455

[Hartshorne and Speiser 1977] R. Hartshorne and R. Speiser, “Local cohomological dimension in
characteristic p”, Ann. of Math. (2) 105:1 (1977), 45-79. MR 56 #353 Zbl 0362.14002

[Katz 1996] N. M. Katz, Rigid local systems, Annals of Mathematics Studies 139, Princeton Uni-
versity Press, Princeton, NJ, 1996. MR 97e:14027 Zbl 0864.14013

[Katzman et al. 2007] M. Katzman, G. Lyubeznik, and W. Zhang, “On the discreteness and rational-
ity of jumping coefficients”, preprint, 2007.

[Kunz 1969] E. Kunz, “Characterizations of regular local rings for characteristic p”, Amer. J. Math.
91 (1969), 772-784. MR 40 #5609 Zbl 0188.33702

[Lyubeznik 1997] G. Lyubeznik, “F-modules: applications to local cohomology and D-modules in
characteristic p > 07, J. Reine Angew. Math. 491 (1997), 65-130. MR 99¢:13005 Zbl 0904.13003



368 Manuel Blickle

[Miller 2007] C. Miller, Cohomology of p-torsion sheaves on characteristic-p curves, PhD Thesis,
UC Berkeley, 2007.

[Takagi and Takahashi 2007] S. Takagi and R. Takahashi, “D-modules over rings of F—finite repre-
sentation type”, preprint, 2007.

Communicated by Craig Huneke
Received 2007-12-10 Revised 2008-02-13 Accepted 2008-03-02

manuel.blickle@uni-due.de Mathematik Essen, Universitit Duisburg-Essen,
45117 Essen, Germany
www.mabli.org



Guidelines for Authors

Authors may submit manuscripts in PDF format on-line at the Submission page at the ANT
website.

Originality. Submission of a manuscript acknowledges that the manuscript is original and
and is not, in whole or in part, published or under consideration for publication elsewhere.
It is understood also that the manuscript will not be submitted elsewhere while under con-
sideration for publication in this journal.

Language. Articles in ANT are usually in English, but articles written in other languages
are welcome.

Required items. A brief abstract of about 150 words or less must be included. It should
be self-contained and not make any reference to the bibliography. If the article is not in
English, two versions of the abstract must be included, one in the language of the article
and one in English. Also required are keywords and subject classifications for the article,
and, for each author, postal address, affiliation (if appropriate), and email address.

Format. Authors are encouraged to use ISEX but submissions in other varieties of TgX,
and exceptionally in other formats, are acceptable. Initial uploads should be in PDF format;
after the refereeing process we will ask you to submit all source material.

References. Bibliographical references should be complete, including article titles and
page ranges. All references in the bibliography should be cited in the text. The use of
BibTEX is preferred but not required. Tags will be converted to the house format, however,
for submission you may use the format of your choice. Links will be provided to all
literature with known web locations and authors are encouraged to provide their own links
in addition to those supplied in the editorial process.

Figures. Figures must be of publication quality. After acceptance, you will need to submit
the original source files in vector graphics format for all diagrams in your manuscript:
vector EPS or vector PDF files are the most useful.

Most drawing and graphing packages (Mathematica, Adobe Illustrator, Corel Draw, MAT-
LAB, etc.) allow the user to save files in one of these formats. Make sure that what
you are saving is vector graphics and not a bitmap. If you need help, please write to
graphics @mathscipub.org with details about how your graphics were generated.

White Space. Forced line breaks or page breaks should not be inserted in the document.
There is no point in your trying to optimize line and page breaks in the original manuscript.
The manuscript will be reformatted to use the journal’s preferred fonts and layout.

Proofs. Page proofs will be made available to authors (or to the designated corresponding
author) at a Web site in PDF format. Failure to acknowledge the receipt of proofs or to
return corrections within the requested deadline may cause publication to be postponed.



Algebra & Number Theory

Volume 2 No. 3 2008

The intersection of a curve with a union of translated codimension-two
subgroups in a power of an elliptic curve 249
EVELINA VIADA

Diophantine subsets of function fields of curves 299
JANOS KOLLAR

Symmetric obstruction theories and Hilbert schemes of points on threefolds 313
KAI BEHREND AND BARBARA FANTECHI

Minimal y-sheaves 347
MANUEL BLICKLE

1937-0652(2008)2:3;1-D




	Algebra & Number Theory Vol 2 Part 3, 2008
	Copyright and Masthead
	The intersection of a curve with a union of translated codimension-two subgroupsin a power of an elliptic curve
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9
	page 10
	page 11
	page 12
	page 13
	page 14
	page 15
	page 16
	page 17
	page 18
	page 19
	page 20
	page 21
	page 22
	page 23
	page 24
	page 25
	page 26
	page 27
	page 28
	page 29
	page 30
	page 31
	page 32
	page 33
	page 34
	page 35
	page 36
	page 37
	page 38
	page 39
	page 40
	page 41
	page 42
	page 43
	page 44
	page 45
	page 46
	page 47
	page 48
	page 49
	page 50

	Diophantine subsets offunction fields of curves
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9
	page 10
	page 11
	page 12
	page 13

	Symmetric obstruction theories and Hilbert schemes of points on threefolds
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9
	page 10
	page 11
	page 12
	page 13
	page 14
	page 15
	page 16
	page 17
	page 18
	page 19
	page 20
	page 21
	page 22
	page 23
	page 24
	page 25
	page 26
	page 27
	page 28
	page 29
	page 30
	page 31
	page 32
	page 33

	Minimal -sheaves
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9
	page 10
	page 11
	page 12
	page 13
	page 14
	page 15
	page 16
	page 17
	page 18
	page 19
	page 20
	page 21
	page 22

	Guidelines for Authors
	Table of Contents

