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Arithmetic theta lifting and L-derivatives
for unitary groups, |

Yifeng Liu

We study cuspidal automorphic representations of unitary groups of 2n variables
with e-factor —1 and their central L-derivatives by constructing their arithmetic
theta liftings, which are Chow cycles of codimension » on Shimura varieties of
dimension 2n — 1 of certain unitary groups. We give a precise conjecture for the
arithmetic inner product formula, originated by Kudla, which relates the height
pairing of these arithmetic theta liftings and the central L-derivatives of certain
automorphic representations. We also prove an identity relating the archimedean
local height pairing and derivatives of archimedean Whittaker functions of cer-
tain Eisenstein series, which we call an arithmetic local Siegel-Weil formula
for archimedean places. This provides some evidence toward the conjectural
arithmetic inner product formula.
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1. Introduction

Rallis [1982] developed a formula, called the Rallis inner product formula, to
determine whether a certain theta lifting is vanishing. It is used to calculate the
Petersson inner product of two automorphic forms on an orthogonal group lifted
from those on a symplectic group through the Weil representation. It turns out,
using the Siegel-Weil formula, that the inner product is related to a diagonal in-
tegral on the doubling symplectic group of the original automorphic forms with
certain Eisenstein series. This doubling method was generalized to other cases
by Gelbart et al. [1987]. If we assume that the automorphic forms we lift are

MSC2000: primary 11G18; secondary 11F27, 11G50, 20G05.
Keywords: arithmetic inner product formula, arithmetic theta lifting, L-derivatives, special cycles.
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cuspidal, this diagonal integral is in fact Eulerian, and decomposes into so-called
local zeta integrals, which are closely related to the L-factors of the corresponding
representations. In fact, Gelbart et al. prove in many cases that when everything is
unramified, the local zeta integral is just the local Langlands L-factor divided by a
product of certain Tate L-factors. Li [1992] extended this result for unitary groups.

Since, at that time, the key ingredient, the Siegel-Weil formula, was only known
“above the convergence line”, which means that the group we lift to should have
a certain larger size than the group we lift from, the inner product formula could
only regard the values of global L-functions at points far to the right of the central
point. For example, if we lift forms from Sp(n) (rank 2n matrices) to O(2m) then
m > 2n+ 1. In fact, using the nonvanishing result of these L-values, Li [1992] was
able to prove some nonvanishing results for the cohomology of certain arithmetic
quotients, which is an important and well-known application of the inner product
formula. Kudla and Rallis [1994] extended the Siegel-Weil formula with great
generality for symplectic-orthogonal pairs and Ichino [2004; 2007] did that for
unitary pairs using the similar idea of Kudla and Rallis. Now we can extend Rallis’
original inner product formula “below the convergence line” (after regularization if
necessary) which enables us to say some words about the global L-values at other
points, especially the central point %

Now let us stick to a special case where the dual pair are unitary groups with
the same even rank, hence the related L-value is the central value. Suppose that
E/F is a quadratic imaginary extension of a totally real field with t the nontrivial
Galois involution. Let us denote by H' = U(n, n)  the unique quasisplit unitary
group of rank 2n (with respect to t) and by H another unitary group of the same
rank. Let 7t be an irreducible cuspidal automorphic representation of H' and let f
be a nonzero form inside it. Choosing an auxiliary Schwartz function and using the
Weil representation, we get an automorphic form on H called the (regularized, if
necessary) theta lifting of f. If the global epsilon factor e(%, ) = 1, then among
all pure inner forms of H, the theta lifting of forms inside 7 should always vanish
except for one possible H = H (;r). For this unitary group, the only obstruction to
some theta lifting being nonvanishing is that L(%, m)=0.

The theory is not complete since we miss another half, ones whose € (%, T)=-—1.
If this is the case, then L(%, 1) is automatically O and all theta lifting to all possi-
ble unitary groups of the same rank should vanish. A great observation of Kudla
[1997; 2002; 2003; Kudla et al. 2006] was that (in the symplectic-orthogonal case)
there should exist some “arithmetic theta lifting” which is a cycle on certain (inte-
gral models of a) Shimura variety and an “arithmetic Siegel-Weil formula”. This
arithmetic Siegel-Weil formula should be related to the central derivative L’ (%, )
of the global L-function instead of the central value L(%, ) via an arithmetic
analogue of Rallis’ inner product formula (see [Kudla 2003, Section 11]). For this
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direction, a particular form of the arithmetic inner product formula has already been
obtained, for holomorphic cuspidal newforms of PGL(2)g of weight 2 and level
[o(N) for N square-free with epsilon factor —1, in [Kudla et al. 2006, Theorem
9.2.4], based on a lot of previous work.

In this paper, we will set up a general formulation and a more explicit for-
mulation extending the above line. We will establish the general conjecture of
an explicit form of the arithmetic inner product formula assuming some well-
accepted properties of Arthur packets, the existence of Beilinson—Bloch height
pairing when F # Q, and some other auxiliary conjectures when F = Q, all of
which can be proved when n = 1. We also prove some partial results toward
the general arithmetic inner product formula, namely the modularity theorem on
the (noncompactified) generating series and the arithmetic analogue of the local
Siegel-Weil formula at archimedean places. In the second part of this paper [Liu
2011], we will give a full proof of the arithmetic inner product formula for n = 1.

Before we state the main results, we would like to remark that the L-function
appearing here is the so-called doubling L-series defined by Piatetski-Shapiro and
Rallis (see [Harris et al. 1996] for a detailed definition for the unitary group case).
This L-function is conjectured to coincide with the Langlands L-function of the
standard base change BC(x) which is an irreducible automorphic representation
of GL,, r. Hence the set of central L-derivatives which can be computed by the
arithmetic inner product formula at least contains those L’(%, IT), where IT is an
irreducible cuspidal automorphic representation of GLy, g such that [TV ZT17, [1®
€g/F 1s GLy, p-distinguished, and I1, is the base change of the trivial representation
of U(2n, O)g for any archimedean place ¢, where g, is the associated quadratic
character by class field theory. In particular, when n = 1, this set is exactly the
same as the one of central L-derivatives appearing in the (complete version of the)
Gross—Zagier formula recently proved by X. Yuan, S.-W. Zhang and W. Zhang
[Yuan et al. 2011].

More precisely, let E/F, T, and €g,r be as above and v be an additive character
of F\AF, standard at archimedean places, which is used to define Weil representa-
tions and Fourier coefficients. For n > 1, let H, be the unitary group over F such
that for any F-algebra R, H,(R) = {h € GL,(E ®F R) | '"h"w,h = w,} where

w,; = ln
n— _ln .

The center of H,, is the F-torus E**! =ker[Nm: EX — F*]. Let & be an irreducible
cuspidal automorphic representation of H, and 7" its contragredient. Let x be a
character of Ay which is trivial on EXA ;. We can associate with x a sequence
of integers £X = (£[), for each archimedean place ¢ of F whose definition is in
Section 3A. In particular, they are all even integers for this x.



852 Yifeng Liu

By the theta dichotomy proved in [Paul 1998; Gong and Grenié 2011], we get
a factor (i, x) (see Section 2D for a precise definition) which is the product of
the local factors € (i, x,) for each place v of F, such that €(m,, x,) € {£1} and
€(my, xv) = 1 for almost all v. Although it is conjectured that this € (i, xy) is
related to the local e-factor in representation theory (see [Harris et al. 1996]), it is
not by our definition. From these local factors, we can construct a hermitian space
V(m, x) over Ag of rank 2n which is coherent (resp. incoherent) if e(m, x) =1
(resp. —1) (for this terminology, see Section 2A). When €(rr, x) = 1, we get the
usual (extended) Rallis inner product formula. Moreover, we prove in Section 2
that when €(, x) = —1, L(%, m, x)=0.

Now let us assume €(r, x) = —1 and further assume that 7, is a discrete series
of weight (n — €X/2, n 4+ €X/2). Careful readers may find that this is not standard
terminology. We will now explain this in a more general situation. We say that
a discrete series representation w of U(r, r)g (r > 1) is of weight (a, b) for some
integers a, b such that a+ b is positive if the minimal type of the maximal compact
subgroup U(r)r x U(r)g C U(r, r)r, for which we choose the standard embedding
elaborated at the beginning of Section 4A (although we only write it for r even
there, but it is the same for all r), is det] X det, b where det; is the determinant
on the i-th U(n)r. One can prove that it is the theta correspondence (under certain
Weil representation) of the trivial representation from U(a + b, O)g to U(r, r)g.
Finally, the first sentence in the paragraph means that for each ¢, m, is a discrete
series of weight (n — £%/2, n + £/2). For 7 as above, the corresponding V(, )
is incoherent and totally positive definite.

Moreover, for any hermitian space V over Ag which is incoherent and totally
positive-definite of rank m > 2, let H = Resp,. /o U(V) be the corresponding unitary
group. Then we can construct a projective system of unitary Shimura varieties
(Shg (H))k of dimension m — 1, smooth and quasiprojective over E where K is
a sufficiently small open compact subgroup of H(A () (for the construction, see
Section 3A). Let x be a character of E*\A such that Ax = Eg/p and 1 <r<m
another integer. For any Schwartz function ¢ € $(V")U~K (see Section 3A for
notation), we can define Kudla’s generating series Z4(g) for any g € H,(Ar) which
takes values as formal sums in CH” (Sh(H))¢: the inductive limit of Chow groups of
codimension r cycles with complex coefficients on the Shimura varieties. For any
linear functional £ of CH" (Sh(H))¢, we can evaluate it on the generating series and
hence obtain a smooth function £(Zy)(g) on H,(Af) provided that it is absolutely
convergent. We prove in Section 3B the following theorem on the modularity of
the generating series:

Theorem 3.5. (1) If £(Z4)(g) is absolutely convergent, then it is an automorphic
form of H,(Af). Moreover, £(Zy) is in a discrete series representation of

weight ((m +€X)/2, (m —£X)/2).
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(2) If r =1, then £(Z4)(g) is absolutely convergent for any £.

There is also a version in the case of symplectic-orthogonal pairs which is proved
in [Yuan et al. 2009]. The proof in the unitary case is similar to that of [Yuan et al.
2009] using the induction process on the codimension. Actually, the proof of the
case r = 1 uses the result in the symplectic-orthogonal case. We will also state
another version for the compactified generating series in Section 3C if the Shimura
varieties are not proper, which happens in particular when F = QQ and m > 2, but
so far we are not able to prove it.

For simplicity, let us assume F # Q in the following discussion; then Shg (H)
is projective. Let m = 2n. Similarly to [Kudla 2003; Kudla et al. 2006], for any
f € m and Schwartz function ¢ € $(V")V~K we construct a cycle ®{;, called
the arithmetic theta lifting, which is a cycle on Shg (H) of codimension n. On
the contragredient side, we also have @gi for f¥ € 7. The definition of ®£ is
basically the integration of f with the generating series, that is,

of = F(©)Zo(8) dg,
Hn(F)\Hn (AF)

which is a formal sum in CH"” (Sh(H))¢ but whose (Betti) cohomology class is well-
defined. We show in Section 3D that it is cohomologically trivial assuming certain
properties of Arthur packets. Hence we can consider the (conjectural if n > 1)
Beilinson—Bloch height pairing (see [Bloch 1984; Beilinson 1987]) (@é; , @gji )BB-
Analogous to the coherent case, when V £ V(ir, x), one easily shows that ®£ =0.
IfV=V(r, x), we conjecture the following:

Conjecture 3.11 (arithmetic inner product formula). Let &, x be as above (in
particular, €(wt, x) = —1) and V =V (7, x). Then, forany f € w, ¥ € 7" and
any ¢, ¢V € S(V")V> decomposable, we have

L' 7 x)
]—[2n i( i )l_[Z*(O’ Xv>» fvafvv»¢v ®¢vv),
i=1 “\L€p/p)

where Z* are normalized local zeta integrals (see Section 2C) of which almost all

(©). 0. )88 =

are 1.

We remark that this conjectural arithmetic inner product formula is different
from that of Kudla (see, for example, [Kudla 2003, Section 11]) in the sense that
our arithmetic theta lifting ®277; is canonically defined on the Shimura variety, not
on any integral model. More important, it is cohomologically trivial, at least when
the Shimura variety is proper, hence we can talk about its canonical height through
the conjectural Beilinson—Bloch height pairing.

As we do in [Liu 2011], to prove the arithmetic inner product formula, we in-
troduce analytic kernel functions and geometric kernel functions which carry over
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all cusp forms simultaneously. The former is the derivative of certain Eisenstein
series on the doubling group which deals with derivatives of L-functions, while
the latter is the height pairing of the generating series which deals with that of
the arithmetic theta lifting. Both kernel functions can be essentially decomposed
as a sum of local terms for each place v of F. Hence we should compare them
place by place. At each archimedean place of F, it turns out that we need to
compare the derivatives of certain Whittaker functions with the local height pairing
of special subdomains of the hermitian symmetric domain D,,_; of U(m — 1, 1)g.
Let V be the complex hermitian space of signature (m, 0) and V'’ that of signature
(m — 1,1). For any nonzero x € V’, we can associate a hermitian symmetric
subdomain D, C D,,_; and a Green’s function £(x) to it (see Section 4B). It is of
codimension 1 if the inner product of x is positive and empty if not. The Green’s
function, originally constructed in [Kudla 1997], is related to the Kudla—Millson
form [1986] and very closely related to derivatives of Whittaker functions. But
this is not the admissible Green’s function used in the Beilinson—Bloch height
pairing (at an archimedean place); instead, they have a certain relation which will
be elaborated in [Liu 2011] when » =1 and we expect that they relate for general n.
For any X = (x1, ..., Xx) € V" such that x, ..., x,, are linearly independent, we
get an intersection number H (X), (With respect to the Green’s functions & (x;)). It
is clear that the moment matrix 7 (X) is in Her,,(C): the set of complex hermitian
matrices of rank m, and whose signature is (m — 1, 1). The intersection number
H (X)oo only depends on T = T (X); hence it makes sense to write it as H (T)xo.
In Section 4, we prove the following local arithmetic Siegel-Weil formula at an
archimedean place:

Proposition 4.5, Theorem 4.17. Let T € Her,,(C) be nonsingular with sign(T) =
(P, q).

(1) ords—oWr (s, e, %) > g.

(2) If T is positive definite, that is, g = 0, we have

2 m
WT(O e, QO)—VV( 7T) —ZHII‘T.

L (m)
Q) If T is of signature (m — 1, 1), we have
0 Qm)" o 2muT
W7 (0, e, @ )—VVF ¢ H(T) .

Here, ®° € $(V™) is the standard Gaussian; W7 (0, e, ®°) is the T-th Whittaker
integral at s = 0 and e € U(m, m)R; yyv € {£1} is the Weil constant and I';,,(m) is
a product of certain usual gamma functions (see Lemma 4.3).

The study of derivatives of L-functions starts from the celebrated paper [Gross
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and Zagier 1986], which studied the relation between the central derivatives of
Rankin L-series and the heights of Heegner points on modular curves thus obtain-
ing the famous Gross—Zagier formula predicted by the Birch and Swinnerton-Dyer
conjecture. Later, this was generalized to the case of Shimura curves over totally
real fields in [Zhang 2001a; 2001b]. The complete version of the Gross—Zagier
formula has been achieved in [Yuan et al. 2011]. Moreover, Bruinier and Yang
[2009] used regularized theta lifting and related the inner product to L-derivatives
to give another proof of the original Gross—Zagier formula. A certain p-adic (or
rigid analytic) version of the Gross—Zagier formula has been studied in [Bertolini
and Darmon 1997; 1998].

There is another approach to studying L-derivatives via doubling integrals and
in general derivatives of Eisenstein series, discovered by Kudla [1997; 2002; 2003;
Kudla et al. 2006]. He proposed the project of the arithmetic Siegel-Weil formula
and proved a special form of the arithmetic inner product formula with Rapoport
and Yang. Our work follows the second approach, establishing an explicit form
of the arithmetic inner product formula and, together with [Liu 2011], proving the
complete version of the arithmetic inner product formula in the case of unitary
groups of two variables over totally real fields.

For applications of the arithmetic inner product formula, we are able to construct
nontorsion Chow cycles instead of cohomology classes in the classical case if the
central derivative is nonzero. In the case of the Gross—Zagier formula [Gross and
Zagier 1986; Yuan et al. 2011] and the arithmetic triple product formula [Yuan
et al. 2010], we have already seen many interesting and important applications of
nontorsion cycles on certain Shimura varieties.

For the positivity of the global L-function at the central point, which is a con-
sequence of the generalized Riemann hypothesis, it is obvious that the positivity
of normalized local zeta integrals (at the point 0) will imply the positivity of the
central value L(%, 7, x). Moreover, through the arithmetic inner product formula,
the positivity of normalized local zeta integrals plus the (conjectural) positivity of
the Beilinson—-Bloch height pairing will imply the positivity of the central derivative
L' (%, 7, x), which is again a consequence of the generalized Riemann hypothesis!

Now we state the outline of the paper. In Section 2, we review the classical
Siegel-Weil formula; in Section 2A is its generalization of the work of Ichino, and
in Section 2B the doubling integral introduced by Piatetski-Shapiro and Rallis. We
introduce the definition of the L-function and its relation with the local zeta integral
in Section 2C. In Section 2D, we introduce the Rallis inner product formula for
the central L-value in the coherent case. In Section 2E, we derive a formula for
central L-derivatives using derivatives of Eisenstein series in the incoherent case.

In Section 3, we treat the geometric part of the theory. We introduce the notion
of Shimura varieties of unitary groups, Kudla’s special cycle, and generating series
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in Section 3A. Section 3B is devoted to proving Theorem 3.5. We introduce the
canonical smooth compactification in the case of higher dimensions in Section 3C.
In Section 3D, we define the arithmetic theta lifting and formulate the conjecture
above and two auxiliary conjectures.

Section 4 is devoted to proving Proposition 4.5, Theorem 4.17 and hence fin-
ishing the archimedean comparison on the Shimura variety in the global setting.

In the Appendix we calculate the theta correspondence for spherical repre-
sentations at a nonarchimedean place. This result is a key step in the proof of
Proposition 3.9. Our calculation for the unitary case follows exactly that of the
symplectic-orthogonal case which is proved in [Rallis 1984].

The following conventions hold throughout this paper.

o Ay =Z®Z@ = (l(iLnN Z/NZ)®z7Q is the ring of finite adeles and A=Ay x R
is the ring of full adeles.

e For any number field K, Ay =A®g K, Arxk =Ar QR K, Ko = K ®g R,
and 'y = Gal(K?¢/K) is the Galois group of K.

e As usual, for a subset S of places, —g (resp. —5) means the S-component
(resp. component away from §) for the corresponding (decomposable) adelic
object; —o (resp. — r) is the infinite (resp. finite) part.

o The symbols Tr and Nm mean the trace (resp. reduced trace) and norm (resp.
reduced norm) if they apply to fields or rings of adeles (resp. simple algebras),
and tr means the trace for matrix and linear transforms.

e 1, and 0, are the n x n identity and zero matrices; ‘g is the transpose of a
matrix g.

o All (skew-)hermitian spaces and quadratic spaces are assumed to be nonde-
generate.

» For a scheme X over a field K, we let Pic(X) be the Picard group of X over
K, not the Picard scheme.

2. Doubling method

2A. Siegel-Weil formulae. In this section, we will review the classical Siegel—
Weil formula and some generalizations to be used later.

Let F be a totally real field and E a totally imaginary quadratic extension of F'.
We denote by 7 the nontrivial element in Gal(E/F) and by €g;p : Az /F* — {1}
the associated character by class field theory. Let X (resp. X r; resp. X) be the
set of all places (resp. finite places; resp. infinite places) of F, and X°, X%, and
272, those of E. We fix a nontrivial additive character ¥ of Ar/F.

For positive integer r, we denote by W, the standard skew-hermitian space over
E with respect to the involution 7, which has a skew-hermitian form ( - , -) such
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that there is an E-basis {ey, ..., ey} satisfying (e;, e;) =0, (e, e,1;) =0, and
(ej,e,qj) =0;jfor1 <i,j <r. Let H = U(W,) be the unitary group of W,
which is a reductive group over F. The group H,(F), in which F can be itself
or its completion at some place, is generated by the standard parabolic subgroup
P.(F) = N,(F)M,(F) and the element w,. More precisely,

Nr(F)={n(b)=(1’ f) 'beHerr(E)},

M. (F) = {m(a) = (a t r,—l)
a
— lr
w, = 1, )

Here Her, (E) = {b € Mat,(E) | b = b}.

ac GL,(E)},

and

Degenerate principal series and Eisenstein series. We fix a place v € ¥ and sup-
press it from the notation. Thus F = F, is a local field of characteristic zero,
E = E, is a quadratic extension of F' which may be split, and H, = H, , = H,(F})
is a local reductive group. Also, we denote by J{, its maximal compact subgroup
which is the intersection of H, with GL,, (Og) (resp. is isomorphic to U(r) x U(r))
if v is finite (resp. if v is infinite). For s € C and a character x of E*, we denote
by I, (s, x) = s—Indg’ (x| |2+r/ 2) the degenerate principal series representation (see
[Kudla and Sweet 1997]) of H,, where s-Ind means the nonnormalized smooth
induction. Precisely, it realizes on the space of J{,-finite functions ¢, on H, satis-

fying

¢s(n(b)m(a)g) = x (deta)|detal;™ ¢, (s)
for all g € H,, m(a) € M,, and n(b) € N,. A (holomorphic) section ¢, of I,(s, x)
is called standard if its restriction to J{, is independent of s. It is called unramified
if it takes value 1 on ¥,.

Now we view F and E as number fields. For a character x of Az which is trivial
on E* and s € C, we have an admissible representation I, (s, x) = ®' I.(s, xv)
of H,(Ar), where the restricted tensor product is taken with respect to the unram-
ified sections. For any standard section ¢; = ®gs ., € I,(s, x), we can define an
Eisenstein series as

E@e)= Y  olre.

y € P, (F)\H,(F)

The series is absolutely convergent if N (s) > r/2 and has a meromorphic contin-
uation to the entire complex plane which is holomorphic at s = 0 (see [Tan 1999,
Proposition 4.1]).
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Hermitian spaces, Weil representations, and theta functions. Let us have a quick
review of the classification of (nondegenerate) hermitian spaces. Suppose v € X
and E is nonsplit at v. Then, up to isometry, there are two different hermitian
spaces over E, of dimension m > 1: V*, defined by

e(VE) = egr((=1)"" D2 det VF) = +1.

Suppose v € Xy and E is split at v. Then, up to isometry, there is only one hermitian
space VT over E, of dimension m. Suppose v € Xo,. Then, up to isometry, there
are m + 1 different hermitian spaces over E, of dimension m: V, with signature
(s,m —s) where 0 < s < m. In the latter two cases, we can still define (V) in
the same way. In the global case, up to isometry, all hermitian spaces V over E of
dimension m are classified by signatures at infinite places and det V € F*/NmE™;
particularly, V is determined by all V,, =V ®F F,. In general, we will also consider
a hermitian space V over Ag of rank m. In this case, V is nondegenerate if there
is a basis under which the representing matrix is invertible in GL,,(Ag). For any
place v e X, we let V, =V Q®a, Fy, Vy =V ®na, As r, and define X (V) = {v €
¥ | €(Vy) = —1}, which is a finite set, and € (V) =[] e(V,). We say V is coherent
(resp. incoherent) if the cardinality of X (V) is even (resp. odd), that is, e(V) =1
(resp. —1). By the Hasse principle, there is a hermitian space V over E such that
V=V ®pAp if and only if V is coherent. These two terminologies are introduced
in the orthogonal case in [Kudla and Rallis 1994]; see also [Kudla 1997].

We fix a place v € £ and suppress it from the notation. For a hermitian space
V of dimension m with hermitian form (-, -) and a positive integer r, we can
construct a symplectic space W = Resg,r W, @ g V of dimension 4rm over F with
the skew-symmetric form %TrE/F( -, )T®(-, -). Welet H=U(V) be the unitary
group of V and ¥ (V") the space of Schwartz functions on V’. Given a character
x of EX Fx = €f ,F» We have a splitting homomorphism

;(x,l) : Hr x H— Mp(W)

lifting the natural map 1 : H, x H — Sp(W) (see [Harris et al. 1996, Section 1]).
We thus have a Weil representation (with respect to ¥) w, = w, 4 of H, x H on
the space ¥(V"). Explicitly, for ¢ € (V") and h € H,

* 0y (n(0)¢(x) =Y (trbT (x))p (x),

o w (m(@)¢(x) = [detaly* x (deta)d (xa),

* 0, (W) (x) = yvp(x), and

s 0 (Mg (x)=¢h'x),

where T'(x) = ((x, , X J)) I<i.j<r is the moment matrix of x, yy is the Weil constant
associated to the underlying quadratic space of V (and also ), and d) is the Fourier



Arithmetic theta lifting and L-derivatives for unitary groups, | 859

transform

3= [ 90w (ETresr (s, ') dy

using the self-dual measure dy on V" with respect to 1. Taking the restricted tensor
product over all local Weil representations, we get a global (V") := &' (V) as
a representation of H,(Ar) x H(AFf).

Now for V over E, x a character of Az /E* such that x |A; = eg/F, and ¢ €
S (V"), we define the theta function

0. h:d)= D wy(g. Mpx),

xeV'(E)

which is a smooth, slowly increasing function of H, (F)\H,(Ar) x H(F)\H (Af),
and consider the integral

1v<g,¢>>=/ 0(g, h: &) dh
H(F)\H(AFr)

if it is absolutely convergent. Here we normalize dh so that vol(H (F)\H (Afr))=1.
It is absolutely convergent for all ¢ if m > 2r or V is anisotropic.

Siegel-Weil formulae. It is easy to see that ¢y ;(g) =w, (8)p(0)Ap, ()~ M=/ is
a standard sectionin /, (s, x) forany ¢ € ¥(V"), where Ap.(g) =Ap. (n(b)m(a)k) =
|det a| g under the Iwasawa decomposition with respect to P,. Hence we can define
an Eisenstein series E(s, g, ¢) = E(g, ¢4,5) and we have:

Theorem 2.1 (Siegel-Weil formula). Let so = (m —r)/2,
(1) If m > 2r, E(sg, g, ¢) is absolutely convergent and

E(s0, 8, ®) =1y (g, ¢).

2) Ifr <m <2r and V is anisotropic, E(s, g, ¢) is holomorphic at sy and

E(s,g.9)|,_, =1Iv(g.®).

B) If m =r and V is anisotropic, E(s, g, ¢) is holomorphic at s) = 0 and

E(s,8.9)|,_g=2Iv(g.9).

In the above theorem, (1) is the classical Siegel-Weil formula. (2) and (3) are
certain generalizations which appear in [Ichino 2007, Theorem 1.1] and [Ichino
2004, Theorem 4.2], respectively. In the following, we simply write E (sg, g, ¢)
for E(s, g, ¢)|,_ if it is holomorphic at so.

=50

Remark 2.2. In case (3), if V is isotropic, we still have a (regularized) Siegel—
Weil formula. But then since the theta integral Iy (g, ¢) is not necessarily conver-
gent, a regularization process must be applied. The inner product introduced in
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the next section also requires a regularization process. Since the classical inner-
product formula is not the purpose of this paper, we will always assume that V
is anisotropic for simplicity, or pretend that the regularization process has been
applied for general V in the following discussion.

2B. Doubling integrals. In this section, we will review the method of doubling
integrals which is first introduced in [Gelbart et al. 1987].

We now let m = 2n and r = n with n > 1 and suppress n from the notation,
except that we will use H’ instead of H,, P’ instead of P,, N’ instead of N,, and
I instead of I,. Hence x «x=1 Letm = &' 7, be an irreducible cuspidal
automorphic representation of H'(Ar) contained in L?(H'(F)\H'(Ar)) and 7V
realizes on the space of complex conjugation of functions in 7.

We denote by (—W) the skew-hermitian space over E with the form —( -, -).
Hence we can find a basis {e, ..., e,,} satisfying (e, , ej_) =0, (e, ;> er_ﬂ.) =0,
and (¢; , e, ;) =—8;; for 1 <i <n. Let W =W @ (—W) be the direct sum of two
skew-hermitian spaces. There is a natural embedding ¢ : H' x H" < U(W") which

is, under the basis {ey, ..., ey,} of W and {ey,...,ex5e),.... e, €nq1, ..., €m;
—e, 1,---,—e,,} of W, given by i(g1, &2) =10(g1, g5 ), Where
-1
gzalbl g=a2b2 gv= 1, gln
! C1 d1 ’ 2 (6] dz ’ —ln —ln ’
and
aq b]
as by
10(g1,82) =
81, 8 d
) d>
For a complete polarization W’ = W’ @ W', where W’ = spang{ey, ..., e,; e,
...,e,}and W =spang{entii, ..., €n; =€ s —e,,}, there is a Weil repre-

sentation of U(W”"), denoted by ) (with respect to yr), on the space & (V?"), such
that z*a); = wy gy X Xw;,W’ which is realized on the space ¥(V") @ S(V"). Here
we realize the contragredient representation a);,w on the space (V") through the
bilinear pairing

(#.07) :f P (x)¢" (x)dx
Vi(Ag)

for ¢, ¢¥ € F(V"). Then a);’w is identified with @, -1 1.
For ¢ e ¥(V") and f e,

o= [ 6g.h: $) /() dg
H'(F)\H'(AF)
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is a well-defined, slowly increasing function on H (F)\ H (Af), where dg = ®'dg,
such that ¥/ gets volume 1 for any v € X. Similarly, for ¥ € (V") and [V e,
we have QJVV . One should be careful that in the contragredient case, the Weil
representation used to form the theta function should also be a))v(. We have

ol f gl
@ ,0v>H:=/ 6! (6L (hy dh
010 H(F)\H(AF) ¢ ¢

=f / 6(g1. h: §) £ (g0 (g2, b ¢
H(F)\H(Afp) J[H'(F)\H'(Ap)]? v
X f7(g2)dgi1dgrdh

0(1(g1,8),h;p Q")
x f(g) [ (g2)x ' (detgr) dgi dgr dh
Fg) Y (g2)x ' (detgo)

fH(F)\H(AF) /[H’(F)\H’(AF)]Z

AH/(F)\H’(AF)]Z

Xf 0G(g1,82),h; ¢ ®¢")dhdgidg. (2-1)
H(F)\H(Ar)

We assume that V' is anisotropic; then the inside integral in the last step is absolutely
convergent and by Theorem 2.1(3), we have

2-1)= 1 /

2 Jiwenaapp
It should be mentioned that the Eisenstein series on U(W”) appearing above

is formed with respect to the parabolic subgroup P fixing the subspace W' (with

maximal unipotent subgroup N), that is,

E@s.8. D) =E@.9o5)= Y  aj(y9)PO0rp(yg)’
yEP(FO\UW")(F)

FlenfY(g)x " (detg2)E(0,1(g1, g2), p®") dgidgs.

for g € UW")(Af), ® € (V?), and R(s) > n. The coset P(F)\U(W")(F) can
be canonically identified with the space of isotropic n-planes in W”. Under the
right action of H'(F) x H'(F) through 1, the orbit of an n-plane Z is determined
by the invariant d = dim(Z N W) =dim(Z N (—=W)). Let y,; be a representative of
the corresponding double coset where 0 < d < n. In particular, we take

and Vn = 14,

(see [Kudla and Rallis 2005]). Let St; be the stabilizer of Py i(H' x H') in
H' x H'. In particular Sty = A(H’) is the diagonal. Hence for a standard section
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@5 € Iy (s, x) and N(s) > n,

/[ - F(g)fY(g2)x ' (detg2)E(i(g1, g2). ¢5) dgidgn
H'(F)\H'(Ap

=/ O XN Y. erig)dg
[H'(F)\H'(Ap)]?

yEPFNUW)(F)
n

(f® Y x H@es(var(9) dg. (2-2)
d=0

/Sxtd(F)\H’(AF)2

When d > 0, St; has a nontrivial unipotent radical. Since f and f" are cuspidal,
we have

(2-2) = / (f® Y x H@es(ro(g) dg
ACH'(F))\H'(AF)?2

:/ / f(g182) ¥ (g)x ' (detgr)
H'(F)\H'(Afr) J H'(Ar)
x@s(Yor(g182, 81)) dg1dg>

—/ / 7(g2) f(g) fY (g)x " (detgy)
H'(F)\H'(Ap) J H'(Ar)
x@s(p(g1)yor(g2, 1)) dgidgs, (2-3)

where p(g1)yo= Yot (g1, g1) having the property that under the Levi decomposition
p(g1) =n(b)m(a) € P(Ar), we have deta = det g;. Hence

(2-3)=/ / () f(g1) f(g1) dgios (o1 (g2, 1)) dga
"(Ap) JH/(F)\H'(AF)
- / () f. 1 )os (vou (5. 1)) dg
H'(Ar)
= 1_[/ (o (gv) fos fl)ﬁos,v(yol(gva 1)) dgy,
vEXD Hv/

where we assume f, fV and gy are all decomposable. In summary, we have:

Proposition 2.3. Let f, fV and @, be as above. For R(s) > n, the integral

/[ A )]2f(gl)fv(gz))(*l(detgz)E(z(gl,gz),(ps)dgldg2
H'(F)\H'(Af

— l_[ /H’ (ﬂv(gv)fvv fv\/>(ﬂs,v()/()l(gv, 1) dgv,

veEX

which defines an element in

Homprapyx i ap (In (s, x), 77 M xm) = ® Hom gy w1y (I2n (5, x0), ) B3 xuT0y).

v
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2C. Local zeta integrals. In this section, we will study the local functional we
finally found in the last section.

Fix a finite place v of F and suppress it from the notation. For f e, f¥ enm",
and holomorphic section ¢ € I, (s, x), define the local zeta integral

Z(x, f, fv,ws)=/H/<ﬂ(g)f, Fes(vot(g, 1) dg,

which is absolutely convergent when N (s) > 2n. In [Harris et al. 1996, Section 6],
the family of good sections is introduced. For any good section, the zeta integral
Z(x, f» [, @s) is a rational function in ¢—*, where ¢ is the cardinality of the
residue field of F. In particular, it has a meromorphic continuation to the entire
complex plane. Consider the family of zeta integrals

{Z(Xv fv fvvgos) | f€7T, fVEJTV,QDS ngOOd}

and the fractional ideal $ of the ring C[g*, ¢ ~°] in its fraction field generated by
the above family. In fact, $ is generated by 1/P(g~*), for a unique polynomial
P(X) € C[X] such that P(0) = 1. We let

1

P(q™)
be the local doubling L-series of Piatetski-Shapiro and Rallis. The same construc-
tion can also be applied to the archimedean case.

Now suppose E/F is unramified (including split) at v and i, x, and 7 are also
unramified. Let fy € 77, fo € V% and (fp, 1)) =1, ¢ be the unramified
standard section. Then the calculation in [Gelbart et al. 1987] and [Li 1992] (see
Theorem 3.1 of the latter reference) shows that

L(s+ %, T, X)

Lis+Y 0
Z(X9 ) \/’ O) = 47
Jo- Jo'- ¢ b (s)
where
m—1
bu(s) =[] L@s+m—i. €y p) (2-4)
i=0

is a product of local Tate factors. For the general case,

bZn(s)Z(X’ f? fv7 (05)
L(s+ %, T, ()

admits a meromorphic extension to the entire complex plane which is holomorphic
at s = 0. Moreover, the normalized zeta integral

_ b2n(s)Z(X’ fv f\/’ gDS)

Z5( fo Y 0s)
' Lis+3.7m %) o

(2-5)
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defines a nonzero element in Hompg/y g/ (12,(0, x), ¥ X x7) (see [Harris et al.
1996, Proof of (1) of Theorem 4.3]).

Remark 2.4. It is conjectured (see, for example, [Harris et al. 1996]) that for all
irreducible admissible representations 77 of H’ and characters x of E*, we have

L(s,m, x)=L(s,BC(w)® x).

This is known when E/F, x, and 7 are all unramified due to [Li 1992] and (the
similar argument for unitary groups in) [Kudla and Rallis 2005, Section 5]. It is
also known when n = 1 due to [Harris 1993].

For further discussion, we need to recall a result on the degenerate principal
series. In the following, we will use the notation H” instead of U(W”) for short
and recall our embedding 1 : H' x H' < H". Let V be a hermitian space of
dimension 2n over E. Then ¢4(g) = w,(g)¢(0) defines an H"-intertwining map
PV — I, (0, x) whose image R(V, x) is isomorphic to P(V?) . Recall that
we denote by V* the two nonisometric hermitian spaces of dimension 21 when v
is finite nonsplit, by V* the only hermitian space of dimension 2n when v is finite
split (up to isometry), and by V; (0 < s < 2n) the 2n + 1 nonisometric hermitian
spaces of dimension 2n when v is infinite.

Proposition 2.5. (1) If v is finite nonsplit, R(V™, x) and R(V ™, x) are irredu-
cible and inequivalent and I,(0, x) = R(V*, x) @ R(V ™, x).

(2) If v is finite split, R(V, x) is irreducible and I,,(0, x) = R(V™, x).

(3) If v is infinite, R(Vs, x) are irreducible and inequivalent and 1,,(0, x) =
By R(Vs. ).

Proof. (1) is [Kudla and Sweet 1997, Theorem 1.2], (2) is [Kudla and Sweet 1997,
Theorem 1.3], and (3) is [Lee 1994, Section 6, Proposition 6.11]. U

2D. Central special values of L-functions. In this section, we will make a con-
nection between the theta lifting Qdff defined in Section 2B and the central special
value of the L-function of the representation .

Recall that we have an irreducible unitary cuspidal automorphic representation
7 of H' = H, and a hermitian space V over E of dimension 2n. One key question
in the theory of theta lifting is whether 49(1{ is nonvanishing. A sufficient condition
is to look at the local invariant functional as follows.

First, we have the following theta dichotomy.

Proposition 2.6. For any nonsplit place v € X, Homp/ g (R(Vy, Xu), ) W xp1y)
is nonzero for exactly one hermitian space V, (up to isometry) over E, of dimen-
sion 2n, which we denote by V (7y, xv).
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Proof. If v is (real) archimedean, this is [Paul 1998, Theorem 2.9]. If v is nonar-
chimedean, it is due to [Gong and Grenié 2011, Theorem 2.10] and the nonvanish-
ing of Z*. (]

In Proposition 2.3, if we let ¢; = @pgev s and denote Z*(s, xv, fo, f,/, v @
®)) = Z*(Xv: fo. £+ ©p,0¢.5), then both sides have meromorphic continuations
to the entire complex plane that are actually holomorphic at the point s = 0; that
is, we have

of ol 1y = — L@ TN 70, Xo. fur £, v, 26

03,05 ) m ST La e ]‘g ©, xvs for £, b0 ® ) (2-6)
in which the product of normalized zeta integrals can actually be taken over a finite
set S by the unramified calculation. In particular, for v € S, V, =V (,, xv), thatis,
0y, (), V) #0. Then one necessary condition for Qq{ to be nonvanishing for some
f and ¢ is that each local (normalized) zeta integral is not identically zero, which
exactly means V, = V (,, xy) for all v € X. Let V(7r, x) be the hermitian space
over Ag such that V(mr, x), = V(m,, xv) and let €(my, xy) = €(V (y, xv)) and
€(m, x)=][ €@y, xv)- fe(m, x)=—1. Then V(z, x) is incoherent, hence for any
V, the (possibly regularized) theta lifting 9;: is always vanishing. If e(m, x) =1,
then V(m, x) = V(m, x) @ Ap for some V (r, x) over E. Assume V (7, x) is
anisotropic. Then there exist some f € m and ¢ € FS(V (;r, x)") such that Qd{ #0
if and only if L(3, 7, x) #0.

We want to give another interpretation for the formula (2-6) when € (7, x) =1,
which is crucial for our proof in [Liu 2011]. For this purpose, let us assume the
following conjecture raised by Kudla and Rallis (see [Harris et al. 1996]):

dim HomHéxHé (121(0, xv), 771;/ X xpmry) =1 (2-7)

for all components m,, of 7. This is proved in [Liu 2011, Section 6B] when n = 1.
Let V=V(m, x)and R(V, x) = Q' R(Vy, xu); the functional

B fY . 6.0Y):=10].00 )
defines an element in

Homprapxmam (R(V, x), 7 R xm) = ® Hompyse i (R(V, x), 70, B xuT00).
v

On the other hand, the functional

alf, [V 0, 6") =[] 2°0, xu fo, 1)) 60 ® )

(when everything is decomposable, otherwise we take the linear combination) also
defines an element in @) Homp/x 17 (R(Vy, xu), 7, X xu7,) which is nonzero. But
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by our assumption (2-7), this space is of dimension one. Hence § is a constant
multiple of «. This constant, by (2-6), is
B L(5,7, x)

o« 2017 L. €h)p)

In some sense, the vanishing of L (%, 7, x) is the obstruction for § to be a nontrivial
global invariant functional. This kind of formulation is first observed in [ Yuan et al.
2011; 2010].

2E. Vanishing of central L-values. In this section, we will prove that the central
L-value L(%, 7, x) vanishes when e€(, x) = —1.
By Proposition 2.5, we have a decomposition of H”(Af)-admissible represen-

tation /
1i (0.0 =D RV, ) =P @) R(Vu, x0),
\Y \Y

where the direct sum is taken over all (isometry classes of) hermitian spaces over
Apg of rank 2n and each R(V, x) is irreducible. Recall the group H” = U(W”)
and its standard parabolic subgroup P fixing W’ whose unipotent radical is N as
in Section 2B. First, we need some lemmas for local representations.

Fix any place v and suppress it from the notation. For T € Hery, (E), let Q7 =
{x € V" | T(x) = T} and define a character ¥7 of N = Hery, (E) by ¥r(n(b)) =
Y (tr Th).

Lemma 2.7. (1) Suppose v is finite, let ff(VZ”)N,wT (resp. R(V, x)n,y;) be the
twisted Jacquet module of $(V>") (resp. R(V, x)) associated to N and the
character yrr.

(a) The quotient map PV — PV N,yr can be realized by the restric-
tion $(V2) — L(Q7);
(b) If T is nonsingular, then

1 ifQr+#0,

dim R(V, X)Nyr =
XNy 0 otherwise.

(2) Suppose v is infinite, that is, E/F = C/R and T is nonsingular, the space of
H-invariant tempered distribution T on & (V) such that
T (wy (X)P) =dyr(X)T(P)
for X e n=Lie N is of dimension 1 (resp. 0) if Qr # & (resp. Qr = Q).

Proof. (1)is [Rallis 1987, Lemma 4.2], (2) is [Rallis 1987, Lemma 4.2], and [Kudla
and Rallis 1994, Proposition 2.9]. O
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We now construct the twisted Jacquet module R(V, x)y,y, or the invariant dis-
tribution explicitly if it is not trivial. For a standard section ¢; € I, (s, x), define
the Whittaker integral

tm@m=ﬁ%wmww*m

where w = wjy, and dn is self-dual with respect to . The integral Wr(g, ¢s) is
absolutely convergent when 9i(s) > n. It is easy to see that Wr (e, - ) : o, (s, x) =
Cn,y; 1s an N-intertwining map. Let W7 (s, g, ®) = Wr(g, 9o 5) for ® € PV,
We have

Lemma 2.8. Assume T is nonsingular.
(1) Wr(g, ¢s) is entire.
(2) The integral ® — Wr (0, e, @) realizes the surjective N-intertwining map
FV) = RV, x) = RV, Ny
or the invariant distribution in Lemma 2.7(2).

Proof. (1) is [Karel 1979, Corollary 3.6.1] for v finite and [Wallach 1988, Theorem
8.1] for v infinite; (2) is [Kudla and Rallis 1994, Proposition 2.7]. U

Lemma 2.9. Suppose v is finite, E/F, ¥, and x are all unramified, and V = V™.
Then for ®° the characteristic function of (A1) for a self-dual Og-lattice A
and T € Her,,(OF) withdet T € 0%, we have

Wr (s, e, @) = b (s) ™"
Proof. This is [Tan 1999, Proposition 3.2]. U

Now suppose we are in the global situation. We denote by sd(H”") the space of
automorphic forms of H”. For T € Her,, (F), define the T-th Fourier coefficient
of f(g) € A(H") as

Wrte. )= f(ngyprr ()" dn.
N(F)\N(Ar)
For any hermitian space V over A of rank 2n, we have a series of linear maps
€s: RV, x) > A(H")
q) = E(Sa ga CD) = E(gﬂ (pdi',s)

for s near 0. It is an H"” (Ap)-intertwining map exactly when s = 0. Then for T
nonsingular (and s near 0), we have

Er(s, g, @) :=Wr(g, €(P)) = l_[ Wr (s, gv, Po). (2-8)

vex
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Lemma 2.10. For any H' (Af)-intertwining operator € : R(V, x) — A(H"), if
Wr (g, -) o € vanishes for all nonsingular T, then € = 0.

Proof. Fix a finite place v; by Lemma 2.7(1), we can find a section &9 = ®, od" €
P(V¥) with nonzero projection in R(V, x) such that &, € H’(W%”)reg, the set
consisting of functions supporting in the set {x € V2" | det T (x) # 0}. For any
g" € ey H"(A}), the functional @, — Wr (0, gV, ®,P") factors through the twisted
Jacquet module 9’(\/%") N,.ur- If T is singular, then by our choice of ®, o and
Lemma 2.7(1-a), Wr (0, g¥, @, 0®") =0. Similarly, W7 (0, g, ®, 0P") =0 for all
g € P,H"(A}) since P, keeps the set Ef’(\/%”)reg. For T nonsingular, W7 =0 by the
assumption. Hence €(®g)(g) =0 for g € P,H"(A}.). It follows that €(Pg) =0
and € = 0 by our choice of ®¢ and the irreducibility of R(V, x). ([

Proposition 2.11. (1) If V is incoherent, then Hompr ) (R(V, x), A(H")) has
dimension 0.

(2) If V is coherent, then Homgra,(R(V, x), A(H")) has dimension 1 and €
given above is a nontrivial element.

Proof. For (1), assume that € is a nontrivial intertwining map. By Lemma 2.10,
there is a nonsingular T € Her,, (F) such that Wy (g, -) o € does not vanish. By
parts (1-b) and (2) of Lemma 2.7, T is representable by V,, for any v € X; that is,
Q7 # <. But then V will be coherent which is a contradiction.

For (2), assume € and €’ are both nontrivial intertwining maps. By Lemma 2.10,
there is a nonsingular 7" such that Wz (g, - ) o € does not vanish. By parts (1-b) and
(2) of Lemma 2.7, or the general fact that the Whittaker model with respect to a
generic character is unique, there exists ¢ € C such that Wr (g, - )o€' =cWr(g, - )o
‘€. Furthermore, c is independent of nonsingular 7" since all of those which can be
represented by V are in a single M (F)-orbit under the conjugation action on N (F).
Then by Lemma 2.10, ¢’ —¢€ =0, that is, dim Hom g a ) (R(V, x), d(H")) < 1.

For the rest, we need to prove that € is actually nontrivial. Choose a non-
singular T € Herp, (F) such that it is representable by V which exists since V is
coherent. By (2-8) and Lemmas 2.8(2) and 2.9, we can find a suitable ® such that
Wr (0, e, @) £ 0; hence €y # 0. O

Now we can state our main result in this section.
Theorem 2.12. If e (7, x) = —1, then L(%, 7, x) =0.

Proof. Let V =V(x, x); then it is incoherent. We can choose suitable f,, f,, ¢,
and ¢,/ when one of E, ¥, x, and r is ramified at v, such that

Z*(O’ XU’fU’ fv\/’(bv®¢l\)/) #O

Let f, [V, ¢, and ¢V be global vectors with these subscribed local components
and unramified ones at the places where E, v, x, and 7 are unramified. Then from
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Proposition 2.3 (after analytic continuation), we have

Fg)fY(g)x ' (detg)E(0,1(g1, 82), p ® ") dgidgn

L(z. 7, 0
= 2}12—1 1_[ Z*(Ov Xv» fv, fvv’ ¢U ®¢;/)
[T4 LG, €E/F) ves
But €g is zero on R(V, x) by Proposition 2.11(1). We have E(0,1(g1, g2), ¢ ®
¢") =0. Hence L(%, 7, x) = 0 by our choices and the fact that the Tate L-values
appearing here are finite. U

'/[‘H/(F)\H/(AF)]Z

Since L(%, 7, x) =0, it leads us to consider its derivative at this point. In fact,
we have

_ d
/ F(en)fY(g2)x ' (det g) | Els, (g1, 82), PR¢")dgi1dg,
(H'(F)\H'(Ap))? §1s=0
d _
= / Flg)fY¥(g)x " (detgn)
ds Is=0 Jim/(ry\ /A p) 2
xE(s,1(81,82), ¢ ®@¢")dgidg,
d L(s+5, 7, 1) y v
= 5 n . . Z*(S,Xv,fv’f ’¢v®¢ )
ds 5:01_[1'2:1 L(2s +1, éjg/F) }1 ' ’
L'(5.7 x)

= l_[ Z*(O’ XU’ fv» fy\/? ¢U ®¢1\)/)

2 T
[T:L, L(, €g/p) yes
+L(l,ﬂ,x>i l—[UESZ*ZElS’XU’fU’.Uv’,¢v®¢l\)/)
2 §=0 l_L-ZIL(ZS-f—l,EjE/F)

ds

L/(%,JT,X) * \Y \Y
= 5 . . _ Z 0’ vy JUs Jyp 0 U® v/ 2_9
n%;w,egmg ©, Xvs for s 0 @ @)) (2-9)

We call E'(0, g, ®)=(d/ds) |S:0E(s, g, ©) the analytic kernel function associated
to the test function ® € ¥ (V2.
Recall that for T € Hery, (F), we let

ET(S’ 8 (I)) - WT(g’ %S(CD))

for s near 0. If T is nonsingular, then

Wr (g, €(®)) = [ | Wr(s, v, D)
veEX
if ® =) ®, is decomposable. Hence,
EG.8.®)= Y Er(s.g.®+ > []Wrs. g ).

T sing. T nonsing. veX
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Taking the derivative at s = 0, we have

E'0,g,®)=) Er(0,g®+ Y Y Wi g,®) [ Wr g, )

T sing. T nonsing. veX v'F#v
=Y Er0.8.®)+> Y Wp0.g,. 0 [[ Wr(0. g, D).
T sing. veX T nonsing. v'#v

But we have ]_[U/#v Wr(0, gy, ®,) # 0 only if V,, represents T for all v" # v by
Lemma 2.7(1-b). Since V is incoherent, V, cannot represent 7. For T' nonsingular,
there are only finitely many v € ¥ such that T is not represented by V,, that is,
there does not exist xq, ..., xp, € V, whose moment matrix is 7. We denote the
set of such v by Diff(T, V). Then

E'0,g ® = ) Er(0,g ®+) E, 05 ®),

T sing. veX
where
Ey0.8. @)= Y Wp(0.g,. @) [ Wr(0. gv. ). (2-10)
Diff (T,V)={v} v'#v

In fact, the second sum is only taken over those v which are nonsplit in E.

3. Arithmetic theta lifting

3A. Shimura varieties of unitary groups and special cycles. In this section, we
will recall the notion of Shimura varieties of unitary groups and Kudla’s special
cycles on them. We fix an additive character ¢ : F\Ar — C such that i, is
the standard 7 > >’ (t € F, = R) for any ( € X, until the end of this paper.
The basic references for this section are [Kudla and Millson 1990; Kottwitz 1992;
Kudla 1997].

Shimura varieties of unitary groups. Let m > 2 and 1 <r < m be integers. Let
V be a totally positive-definite incoherent hermitian space over Ag of rank m. Let
H = Resa,,aU(V) be the unitary group which is a reductive group over A and
Her = Resa,/aSU(V) its derived subgroup. Let T = Resa, /a Ag’l be the maximal
abelian quotient of H which is also isomorphic to its center. Let T = Resp/ E x;1
be the unique (up to isomorphism) Q-torus such that 7 xg A = T. Then T has
the property that 7'(Q) is discrete in 7 (A ). For any open compact subgroup K
of H(Ar), there is a Shimura variety Shg (H) of dimension m — 1 defined over the
reflex field E. For any embedding (° : E — C over t € X, we have the (°-adic
uniformization

Shx ()2 = HO@)\ (2" x HA)/K).



Arithmetic theta lifting and L-derivatives for unitary groups, | 871

We briefly explain the notation above. Let V) be the nearby E-hermitian space
of V at ¢, that is, V' is the unique E-hermitian space (up to isometry) such that
VY 2V, for v # ¢ but V,“) is of signature (m — 1, 1) and H® = Resy,gU(V®).
We identify H® (A r) and H(A ¢) through the corresponding hermitian spaces. Let
") be the symmetric hermitian domain consisting of all negative C-lines in v
whose complex structure is given by the action of F,® r E, which is isomorphic to C
via :°. The group H”(Q) diagonally acts on @*” and H(A¢)/K via the obvious
way. In fact, 9“*) is canonically identified with the H'(R)-conjugacy class of the
Hodge map h¥ : S = Res¢/gGm,c — HY ~U@m -1, D x U(m, 0)4~" given by

h“)(z):((l’"‘1 ) ),1,,,,...,1m).
7/z

From now on, we assume that K is contained in the principal congruence sub-
group for N > 3. Then Shg (H) is a quasiprojective nonsingular E-scheme. It is
proper if and only if F #Qor F =Q, m =2, and X (V) £ Xw. The set of geometric
connected components of Shg (H) can be identified with 7 (Q)\7 (A )/ det(K).

For any other open compact subgroup K’ C K, we have an étale covering map
n,’{ : Shg/(H) — Shg (H). Let Sh(H) be the projective system of these Shg (H).
On each Shg (H), we have a Hodge bundle £ € Pic(Shgx (H))g which is ample.
They are compatible under pull-backs of n,lf, and hence define an element & €
Pic(Sh(H))g := h_r)nK Pic(Shx (H))q.

Special cycles. Let V| be an E-subspace of Vy =V ®a, Ar . We say that V;
is admissible if ( -, -)|V1 takes values in E and for any nonzero x € Vi, (x, x) is
totally positive. We have

Lemma 3.1. V; is admissible if and only if for any 1 € ¥, there is an h € [H]de’(Af)
such that hV, C VW C V¢ and is totally positive definite.

Proof. One direction is obvious. For the other direction, let us assume that Vj is
admissible and fix any ¢. Take v; € V| with nonzero norm. Then g (v{) = %(vl, V1)
is locally a norm for the hermitian form on V by the definition of admissibility
and the fact about signatures of V and V. Thus it is a norm for some v € V® by
the Hasse—-Minkowski theorem. Now we apply Witt’s theorem to find an element
h1 € U(Vy) = H(Ay) such that hjv; = v as elements in V. Choose any vector
v € (v}t € V©® with nonzero norm. Let &’ € H(A ) fixing (v')* and multiplying
(deth;)~! in the A g-line spanned by v'. Then h'hyvy =h'v=vforh=hh; €
SU(V ) = H*r(A ).

Replacing Vi by hV; we can assume that vy = v € V. Since dim V| < m, we
can use induction on r by considering the orthogonal complement of v in V; and
V© to find an h € H*"(A () such that hV; C VO C V. O



872 Yifeng Liu

For admissible Vi, let V| be a totally positive-definite (incoherent) hermitian
space over Ag such that V; r = Vll C Vy. Let Hy be the corresponding unitary
group. We have a finite morphism between Shimura varieties

Yi': Shg, (H) —> Shg (H), (3-1)

where K; = K NH;(Ay), such that the image of the map is represented, under
the uniformization at some ¢, by the points (z, h1h) € 3 x H(A ;) where h is as
in Lemma 3.1 (with respect to ¢), z L hVy, and h; fixes all elements in 2 V). The
image defines a Kudla’s special cycle Z(Vi)x € CH" (Shg (H))g. It only depends
on the class K'V;.

For x e V }, let V, be the E-subspace of V¢ generated by the components of x.
We define

Z(Vo) ke (Ly) —dime Vs if v, is admissible,

Z(x)g =
K otherwise.

Generating series. First, we need a restriction of the space (V") of Weil repre-
sentation when ¢ is infinite. We define a subspace $(V; Wecy (V") which consists
of functions of the form

P(T(x))e—ZJT tr T(x)’

where P is a polynomial function on Her,(C). It is a (Lie H,,,, X,,)-module gen-
erated by the Gaussian

¢go<x) — e—ZT[ trT(x).

Let YV = (®,c5.. S(VHVI@F(VE) and (V)UK =(®),5 S(VI)V)®
IV f)K for an open compact subgroup K of H(A ). Recall that we have a Weil
representation w, of H,(Ar), where x : E*X\A; — C* such that x ax = EE/F
Associated to this x, we get a sequence £X = (£)), € Z¥~ determined by XL (2)=2"
for z € E)*! = C*!, hence m and £/ have the same parity.

For ¢ € $(V")Y=K  we define Kudla’s generating series to be

Zp@)= Y wy@p(Tx),)Zx)k

xeK\V}

as a series with values in CH" (Shx (H))¢ for g € H,(Afr). Here for ¢ = ¢y,
we denote ¢ (T (x), x) = ¢poo(¥)@r(x) for any y € VI with T(y) = T (x) which
does not depend on the choice of y. This makes sense since Z(x)g # 0 only for
V. admissible and hence T (x) is totally semipositive definite. It is easy to see that

Z4(g) is compatible under pull-backs of 7r , hence defines a series with values in
CH"(Sh(H))c := 1£I>1K CH" (Shx (H))c.
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3B. Modularity of the generating series. In this section, we are going to prove
the modularity of the generating series. This is the only section where we use
Shimura varieties of orthogonal groups.

Shimura varieties of orthogonal groups. The Ap-module V is also a totally positive
definite quadratic space over A of rank 2m with quadratic form %TrAE ap ey o).
Then its discriminant is rational and it is incoherent. Let G = Resa,. /o GSpin(V) be
the special Clifford group of V with adjoint (quotient) group G*¢ = Resp, /aSO(V)
and the derived subgroup GY¢" = Resp,, /aSpin(V). For any open compact subgroup
K’ of G(Ay), there is a Shimura variety Shg'(G) defined over the reflex field F such
that, for any embedding ¢ : F — C, we have the following ¢-adic uniformization:

Shg/ (G)™" = GY(@\ (2" x G(Af)/K'),

where the notation is similarly defined as in the unitary case. In particular, now
the symmetric hermitian domain %'’ consists of all oriented negative definite
2-planes in V. We denote the corresponding Hodge bundles by £/, special
cycles Z'(x) g for x € \/]C and the generating series Z;,(g/) for ¢ € P(V7)V=K'
and g’ € G,(Ay) (see [Yuan et al. 2009]). Here we introduce the standard skew-
symmetric F-space W, (comparing to the space W, in Section 2A) which has
a basis {ey, ..., ey} with symmetric form (e;, e;) = 0, (e,4;,e,1;) = 0, and
(ei, erj) =6;j for 1 <i, j <r,and G, = Sp(W/) which is an F-reductive group.
Similarly, when defining the generating series, we have used the Weil representa-
tion w (with respect to ) of G,(Ar) x G(A) on F(V").

Pull-back formulae. In this subsection, we will fix an embedding (°: E < C over ¢
and suppress the latter from the notation of nearby objects: V=V, H=H®Y §=
%), ... Hence we have our usual notions of Shimura variety Shx (H, X) (resp.
Shg/(G, X’) with a connected component X of X’) which is defined (to be pre-
cise) over (°(E) (resp. t(F)). The neutral component is the connected Shimura vari-
ety Sh% (H", X) (resp. Sh%, (G, X ) attached to the connected Shimura datum
(H9", X) (resp. (G, X)) which is defined over Eg (resp. Eg/), a finite abelian
extension of ¢ (F') in C. The canonical embedding H der . Gder (see Remark 3.3(a))
between reductive groups and the embedding % < %' by forgetting the E-action
define an injective map of connected Shimura data (H der X)) — (G, XT) which
hence gives an embedding i : Sh (H", X) < Sh%,(G%", X*) which is defined
over Ex providing KNH* (A ) = K'NH" (A ) and K' is sufficiently small. Let
Z(x)% (resp. Z'(x) %, Zy(8)°, pr(g’)o) be the restriction of Z(x)g (resp. Z'(x) k-,
Zy(2), Z(’b (g’)) to the neutral component.

Proposition 3.2. Assume K’ is small enough and K N H%® (A ;) = K'N Hde'(Af).
For x € Vy, the pull-back of the special divisor i}, Z'(x)%, is the sum of Z(x1)%
indexed by the classes x1 in K\K'x, both considered as elements in Chow groups.
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Proof. If x = 0, the only class in K\ K’x is x; = 0; the proposition follows from
the compatibility of Hodge bundles under pull-backs induced by maps between
(connected) Shimura data. Now we assume that (x, x) € E which is totally positive.
Suppose that (z, h) € 9 x HY"(A r) represents a C-point in the scheme-theoretic
intersection Sh‘}((Hder, X)NZ'(x1)S, for some x; € K'x. Let g € G(Ay) such that
gx; =x; € V.CVy. Then z L yx| for some y € G(Q) and & € yG(Af)x gk’
for some k" € K’, where G(Ay),/ « 18 the subgroup of G(Ay) fixing x}. We now
show that y G(Ay) gk’ N Hdef(Af) = G(Ay)yxyek'n He® (Ay) # @, that is,
GAf)yx NHY (A )k~ lg=1y~1 £ & which is true by Lemma 3.1. Hence (z, &)
represents a C-point in the special cycle Z(h~'E (ygx;))S % of Sh (H der X). If we
write h = g1y gk’ with some g1 € G(Ay), ./, then

W E(ygx)) = E(h'ygx)) = E(K g7y g yex) = E(K ' xy).

Hence the scheme-theoretic intersection is indexed by the classes x; in K\ K'x.
This is also true in the Chow group since the intersection is proper. U

Remark 3.3. (a) The canonical embedding H9" < G9" is given in the following
way: first, we have an embedding H%" < H < G by forgetting the E-action on
V =V, Since H%*" is simply connected, we have a canonical lifting H%" < G.
Since H9" has no nontrivial abelian quotient, the image is in fact contained in G9",

(b) In the proof of Proposition 3.2, we can still use the adelic description of the
C-points of Sh% (HY", X) (resp. Sh%., (G, XT)) which is compatible with that
of Shg (H) (resp. Shg/(G)) since H der (resp. G9°") is semisimple, of noncompact
type, and simply connected.

The group G, is canonically embedded in H, by identifying the basis (ey, . . ., e2,)
of W/ and W, and hence w, | G, =@ From Proposition 3.2, we have

Corollary 3.4. Let r = 1 and K, K’ as m Proposition 3.2. Then zK/Z¢(g )° =
Zy(g)° for g € Gi(Ar) and ¢ € F(V) V=K'

Modularity. For a linear functional £ € CH" (Sh(H))g, we have a complex-valued
series

(Zy)(g) = Z wy (8)¢(T (x), x)E(Z(x)k)

xek \\/j’
for any K such that ¢ is invariant under K (which is of course independent of such

choice). Our main theorem in this section is this:

Theorem 3.5 (modularity of the generating series). (1) If £(Zy)(g) is absolutely
convergent, then it is an automorphic form of H,(Ar). Moreover, {(Zy) is
in a discrete series representation of weight ((m +€X)/2, (m — £X)/2).

(2) If r =1, then £(Z4)(g) is absolutely convergent for any £.
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Proof. (1) We proceed as in [Yuan et al. 2009, Section 4]. First, we can assume
that ¢ = d)go ® ¢ ¢ since other cases will follow from the (Lie H, o, J{,, 0)-action.
Assuming the absolute convergence of £(Z4)(g), we only need to check the auto-
morphy, that is, the invariance under left translation of H, (F). The weight part is
clear.

It is easy to check the invariance under n(b) and m(a). For b € Her,(E), the
matrix b7 (x) is F-rational if Z(x)g # 0, hence £(Zy)(n(b)g) = £(Z4)(g) for all
g € H.(Ap). For a € GL,(E), we have Z(xa)x = Z(x)g, hence

UZg)(m(a)g) =LU(Zg)(8)-
Since H,(F) is generated by n(b), m(a) and w, ,_;, where

1,
Wrg = 0<d<r, (3-2)
_lr—d
we only need to check that £(Zy) (w,,,—18) =£(Zy)(g) forall g € H,(Af). Assum-
ing this for r = 1 (see Lemma 3.6), we now prove it for general r > 1, following
[Yuan et al. 2009; Zhang 2009].

Recall that we have assumed that ¢ = ¢2. and we suppress ¢ from the notation
for simplicity. Then for K sufficiently small, we have

Zywrr—18) = Y oy, 19)¢(T(x), X)Z(x)g
xeK\\/}
= YY) oy, 9)e(T y). () Z(x. k. (3-3)

xek\V; ! yeKAVy

where K, is the stabilizer of x in K, and

G3= > D> D wywe,1g)

xeK\V; ! Y€KV} y2eVy
X ¢(T(x, y1+y2), x, y1 +y2)Z((x, y1 + y2)k, (3-4)

where V ; is the orthogonal complement of V, = E(x) in V. Recall the morphism
¢"* in (3-1); we have

G-H= D D D oy )@y ()T (X, yi+2), (¥, Y1+ ¥2)

XGK\\/"_I ylEKx\\/; yZEVx
! x ¢ ZOnk,. (3-5)
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Applying the case r =1 to the special cycle Z(V,)k,, we have

3= Y Y > oD@ (TCx,yi+y2). (x, 1+ y2)

xeK\V; ! €KV} y2€Vy
! x ¢ ZOnk,, (3-6)

where the superscript y; means taking the Fourier transformation with respect to
the y; coordinate. Applying the Poisson formula (recall that ¢, is the Gaussian),
we have

— =, YL)2
G-6)= > > Y ooy )¢ (T yi+y2). (x. yi1+y2)
xeK\V 7! MEKAV] Vs y
X6y Z(y1)k,

— =
= Z Z Z @y (Wrr—1)wy ()P (T (x, y1 + y2), (x, y1 + y2))
xeK\\/'_] )7161()(\\/)C yZGVx
' ' X6 Z()k,

= Y )Y o @¢(T v+ y2), (6, 1+ 3D ZOn)k,

xeK\V; ! €KV yeVy

= ) @I (). DZ)k = Zy(8).

xeK\\/}

This finishes the proof of (1).
(2) follows from the argument in Lemma 3.6, following Corollary 3.4 and [ Yuan
et al. 2009, Theorem 1.3], which uses the result in [Kudla and Millson 1990]. [

Lemma 3.6. Ifr =1, then £(Zy)(w18) = €(Zy)(g) for all g € Hi(Af).

Proof. We suppress ¢ from the notation. Further, we fix any (° € £ over 1 € X
and suppress them as in the previous subsection. It is clear that we only need to
prove that Zy(w18) = Zy(g) for g € G1(Ay) since G1(Aoo, F) K1 00 = Hi (Ao, F).
As before, we assume that ¢, is the Gaussian and K is sufficiently small. Recall
that 7o (Shg (H, X),c) =T (Q)\T (Ay)/ det(K). We have the following inclusion:

CH' (Shg (H, X))c < ¢ CH'(Shx (H, X)ype.  (3-7)
{1}eT (@N\T (Ay)/ det(K)

where Shg (H, X){; is the (canonical model of the) corresponding (geometric)
connected component. Let & € H(A ) such that det(h) =t and let 7}, be the Hecke
operator. Then T}, : Shgn (H, X) — Shg (H, X) induces

Ty : Sho, (H, X) = Shga (H, X)(1y —> Shx (H, X)ny = Shx (H, X),
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where K" = hKh='. We have T,"*Z,(g) = Z4(g)° which is the image of Z,(g)
under the projection to CH'(Shg (H, X){1))c under (3-7). Here Z4(g)° is the gen-
erating series on Sh%, (HY", X). Now shrinking K" if necessary such that we can
apply Corollary 3.4, we have Z(g)° = i’;(,Z;) (g)° for g€ G1(Ay). Applying [Yuan
et al. 2009, Theorem 1.2 or Theorem 1.3], we conclude that Zy(w18)° = Z4(g)°.
The lemma follows by (3-7). U

3C. Smooth compactification of unitary Shimura varieties. In this section, we
introduce the canonical smooth compactification of the unitary Shimura varieties
if they are not proper and the compactified generating series on them.

Let m > 2 be an integer, E = Q(+/—D) C C for some square-free integer D > 0,
let Of be its ring of integers, and let t be the nontrivial Galois involution on E.
Let (V, (-, -)) be a hermitian space of dimension m over E whose signature is
(m—1,1). If m =2, we further assume that det V € NmE*. Let H = U(V) be the
unitary group; we have the Hodge map 7 : S — Hg = U(m — 1, 1)g given by

1
h(z) =
7/z

Then we have the notion of the Shimura variety Shx (H, k) for any open compact
subgroup K of H(Ay). For K sufficiently small, it is smooth and quasiprojective
but nonproper over E of dimension m — 1. Hence we need to construct a smooth
compactification of Shg (H, k) such that we can do height pairing. When m = 2,
it is trivial since we only need to add cusps. When m = 3 and H is quasisplit,
a canonical smooth compactification (even of the integral model) has been con-
structed in [Larsen 1992]. In fact, the same construction works in the more general
case (just for compactification of the canonical model), namely any H appearing
here. We should mention that, if the signature of V is (a, b) such thata > b > 1
or V is over a totally real field but not @ and indefinite at any archimedean place,
then we should not hope that there exists a canonical smooth compactification.

Now let us assume m > 2. Since we are going to use modular interpretations,
we should work with the group of unitary similitude. For any v, w € V,

(v, w)' =Trg/o(v—=D(v, w))

defines an alternating form of V satisfying (ev, w) = (v, e*w) for any e € E. Let
G H = GU(V) such that for any Q-algebra R,

GH(R)=1{h €GL,(E®gR) | (hv, hw)' = A(h)(v, w)’ for some A(h) € R*}
and the Hodge map Gh: S — GHgr = GU(m — 1, 1)g is given by
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Gh(z) =
z

Z

For any sufficiently small open compact subgroup K of GH(Ay), we have the
Shimura variety Shx (G H, Gh) which is smooth and quasiprojective but nonproper
over E of dimension m — 1. Although we don’t have a map between Shimura data,
ShImH(Af)(H, h) and Shx (G H, Gh) have the same neutral component for suffi-
ciently small K. Hence it is the same to give a canonical smooth compactification
of Shx (GH, Gh) instead of the original one. In fact, Shx(GH, Gh) is a moduli
space of abelian varieties of certain PEL type. We fix a lattice Vz of V such that
V7 C VZl and let V5 = V7 ® 7. Then Sh k represents the following functor: for
any (S, s) where S is a connected, locally noetherian E-scheme with a geometric
point s, Shx (GH, Gh)(S, s) is the isomorphism classes of quadruples (A4, 0, i, 1),
where

¢ A is an abelian scheme over S of dimension m;
e 6:A— AY isa polarization;

e i : O — End(A) such that tr(i(e); Lies(A)) = (m — 1)e+ e and O oi(e) =
i(e")V o forall e c Of;

e 1 is a (S, s)-invariant K-class of Of ®z—linear symplectic similitude 7 :
V5 — H{'(Ay, Z), where the pairing on the latter space is the 0-Weil pairing;
hence the degree of 6 is [VZL - V7.

Here in the third condition, 1 € Og goes to the identity endomorphism and we view
(m — 1)e + e as a constant section of Og via the structure map £ — Ofy.

In the theory of toroidal compactification (see [Ash et al. 1975]), we need to
choose a rational polyhedral cone decomposition. But in our case, we only have
one unique choice, namely a torus in an affine line. We claim that there is a scheme
Shx (GH, Gh) with these properties:

e Shx(GH, Gh) is smooth and proper over E.

o ig: Shx(GH, Gh) — Sh(GH, Gh) is an open immersion and for K’ C K

there is a morphism 77 ,I(( " such that the diagram

Shx/(GH, Gh) —= Sh%,(GH, Gh)

] .
Shx(GH, Gh) — Shx(GH, Gh)

e

commutes.
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e The boundary GYx = Sh (GH, Gh) — Shg(GH, Gh) is a smooth divisor
defined over E and each geometric component is isomorphic to an extension
of an abelian variety of dimension m — 2 by a finite group.

The boundary part G Yk parametrizes the degeneration of abelian varieties with the
above PEL data. We consider a semiabelian variety G with i : O — End(G) such
that tr(i (e); Lie(G)) = (m — 1)e + €7; then for any e € Of, we have the following
commutative diagram:

0 T—>6-—2-4 0
li(e)
0 T—>G-—2>4 0.

Then the composition « oi(e) ot is trivial. Thus i induces actions of O on both
torus part 7 and abelian variety part A. Suppose X (7)) =Z" with r > 0. Then r is
even since E is quadratic imaginary. Further assuming tr(i (e); Lie(T)) = ae+be",
we have a+b =r and a = b. Hence there is only one possibility, namely a =b =1
and r =2. Then T is of rank 2 and A is an abelian variety of dimension m —2 such
that O acts on A and tr(i(e); Lie(A)) = (m — 2)e. Let A; be an elliptic curve of
CM type (Og, e — e). Then A is isogenous to A'1"_2. Each geometric point s of
GYg corresponds to a semiabelian variety Gy = (T — G; — Aj) as above with
certain level structure which will be defined later. For two geometric points s, s
in the same geometric connected component, the abelian variety part A; = Ay and
the rank 1 Og-modules X (7) and X (Ty) are isomorphic. It is easy to see that if
A and T are fixed, then the set of such G, up to isomorphism, is parametrized by
X(T) ®c, A which is an abelian variety of dimension m — 2.

To include the level structure, we only stick in one geometric component since it
is same to others. This means that we fix T and A with Og-actions but, of course,
not G. Let us fix a maximal isotropic subspace W of Vz. Then W is of rank
1. We have a filtration 0 C W € W C V. Let By be the subgroup of H(Ay)
that preserves this filtration, Ny C By that acts trivially on the associated graded
modules, and Uy C Ny that acts trivially on W+ and VW Nw /Uyw. We also fix
a generator w of W. On the other hand, fix an O ® 7 generator wy of Het(T Z)
and a polarization 64 : A — A" such that there exists a symplectic similitude
between H‘i’t(A, 2) and Vyy ® Z. For a sufficiently small open compact subgroup
K C H(Af), let Ny xk=NwNK,Uyx =UyNK, and Vw.xk = NW,K/UW,K-
Then the level structure of (G, T — G — A) with respect to K is a Vi g-class of
isomorphisms wieZ — H‘ft(G, Z) which sends w to wr and induces a symplectic
similitude between Viy ® Z and H‘i"t(A, Z) = H?t(G, 7) /Og -wr. We conclude that
any geometric component of GYk is isomorphic to (a connected component of)
an extension of X (7T') ®¢, A by Vi /Vw g for some T and A as above. There is a
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universal object 7 : 9 — Shi (GH, Gh) which is a semiabelian scheme of relative
dimension m.

Now we come back to the Shimura variety Shx :=Shx (H, h). As we have said,
the canonical smooth compactification above gives a canonical smooth compacti-
fication for Shx, which we denote by Shy, Yx = Shy — Shg; then they will have
the same property as above. We also apply the notation above to the trivial case
m = 2. We let £ be the line bundle on Sh induced from A" W*Q%/Sh;(GH,Gh)
on Shy (GH, Gh) which is an extension of the Hodge bundle £x on Shg (see
Section 3A). By the canonicality of the compactification, (£ ) x defines an element
in Pic(Sh™)¢c = li_n>1K Pic(Shz)c. We also need to extend special cycles and hence
the generating series. For 1 <r <m and x € V; = V" ®q Ay, we define the
compactified special cycle as

Z(Vo)ger(LY)—dme Vs if V. is admissible,
0 otherwise,

Z; = {

where Z (V) is just the Zariski closure of Z(V,)g in Shy. We define the com-
pactified generating series by formal series in CH” (Sh™)¢ = li_I)l’lK CH"(Shy)c:

Y 0@ (T ()., D)ZW) ifm > 2,
77 (g)= xeK\V}
’ Y 0 @b @), DZx) 5+ Wo(L. g ¢)er(E5Y) ifr=1,m=2,
xeK\V;

for g € H,(A) and ¢ € PV~ Here, Wy(s, g.¢) =11, Wo(s, gv, ¢), which
is holomorphic at s = % Moreover, we define the following positive partial com-
pactified generating series as

Zy (@)= ) oI x),)Zx05,
xeK\V}
T (x)>0,

where the sum is taken over all x such that 7' (x) is totally positive definite. We
would like to propose the following conjecture on the modularity of the compacti-
fied generating series:

Conjecture 3.7. Let ¢ be a linear functional on CH" (Sh™)¢ such that E(Z;)(g)
is absolutely convergent. Then if 1 <r <m — 2, Z(Z;)(g) is a holomorphic
automorphic form of H,(Ag); ifr =1,m =2, E(Z;)(g) is an automorphic form
of Hi(AF), not necessarily holomorphic; in general, if r = m — 1, £(Z )(g)
is the sum of the positive-definite Fourier coefficients of an automorphic form of
Hy— 1 (AF).

The case m =2 (r = 1) will be proved in [Liu 2011, Section 3B] and is actually
not far from Theorem 3.5 as we point out there.
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Fix a rational prime £. There are class maps cl : CH"(Shy)¢c — Hét’(Sh; XE
E*, Zy(r))"F ®z, C compatible under # X', which induces cl : CH"(Sh™)¢ —
H2I (Sh™ x g E*, Z(r))"= ®7,C C HF (Sh™, C) (the Betti cohomology) where the
two cohomology groups are defined as inductive limits as K varies. Let H}, (Sh™, C)
= li_H}K H}, (Shi (€), C) be the inductive limit of cohomology groups with support
in Yx as K varies. Then since Y is a smooth divisor, we have H}(Sh™, C) =
Hg (Y, ©) =lim Hy (Y% (C), ©).

On the other hand, let us denote by Sh’}; the Baily—Borel compactification of
Shg. Hence we have the commutative diagram

Sh#

which is compatible when K varies, and, more importantly, Hecke equivariant.
We also denote by IH*(Sh*, C) = lim . IH*(Sh% (C), C) the inductive limit of the
intersection cohomology groups. Then by [Beilinson et al. 1982, Théoreme 6.2.5],
we have the exact sequence

H} (Sh™, ©) —— H(Sh™, ©) —=— |H*(Sh*, ©) 0. (39
Let Hj(Sh™) be the image of the first map which is isomorphic to a quotient of
He 2(Y, ©).

3D. Arithmetic theta lifting and inner product formula. We next define the arith-
metic theta lifting and prove its cohomological triviality under certain assumptions.
We then formulate the conjectural arithmetic inner product formula in general.

Arithmetic theta lifting. We assume Conjecture 3.7 and the following assumptions
on A-packets which are a certain part of the Langlands—Arthur conjecture (see
[Arthur 1984; 1989]); they should be proved by a similar method to that in [Arthur
2012] (which handles the case of symplectic and orthogonal groups):

 A-packets are defined for all unitary groups U(m),r. We denote by AP(U(m)a )
the set of A-packets of U(m) and by AP(U(m)a, )disc C AP(U(m)a, ) the subset
of discrete A-packets.

 If IT; and I, are in AP(U(m)a, )disc sSuch that for almost all v € X, IT; ,, and
I1,,, contain the same unramified representation, then IT1; = IT,.

e Let U(m)* be the quasisplit unitary group. Then we have the correspondence
between A-packets of inner forms: JL : AP(U(m)a, )disc = AP(U(m)KF)d;SC.
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Definition 3.8. Let © be an irreducible cuspidal automorphic representation of
H,(Ap) realized in L>(H,(F)\H,(Ar)). We assume that | <r <m —2 orr =
1,m =2. For any ¢ € $(V")V>~ and any cusp form f € , the integral

er(F)\Hr(AF) f(8)Zy(g)dg € CH" (Sh)¢ if Sh is proper,
er(F)\Hr(AF) f(g)Z(;(g) dg € CH"(Sh™)¢ otherwise,

is called the arithmetic theta lifting of f which is a (formal sum of) codimension
r cycle(s) on a certain (compactified) Shimura variety of dimension m — 1. Its co-
homology class (restricted to Sh) is well-defined due to [Kudla and Millson 1990].
The original idea of this construction comes from Kudla; see [Kudla 2003, Section
8] or [Kudla et al. 2006, Section 9.1]. He constructed the arithmetic theta series as
an Arakelov divisor on a certain integral model of a Shimura curve.

I _
Oy =

In the following discussion, let m = 2n and r = n. Let m be an irreducible
cuspidal automorphic representation of H,(Ar), x a character of E XA; \Ag such
that 7w, is a discrete series representation of weight (n — €X/2, n + €X/2), and
€(m, x) = —1. Then the (equal-rank) theta correspondence of 7, (under w, ) is the
trivial representation of U(2n, O)g for any archimedean place . Hence V(m, )
is a totally positive-definite incoherent hermitian space over Ag. Now we fix an
incoherent hermitian space V which is totally positive-definite of rank 2rn and let
(Shg)k be the associated Shimura varieties.

We fix an embedding (° : E < Cinducing ¢ : F < Cif F # Q. Then similarly we
have the class map cl : CH*(Shg)c — HZB’ (Shg 2 (C), C). By a theorem in [Zucker
1982, Section 6] concerning the L?-cohomology and the intersection cohomology,
we have a (compatible system of) Hecke equivariant isomorphisms:

R Hg (Shg o (C), C) if Shg is proper,
Hi) (She) =1 1 e eyt :
IH*(Sh%, ©) otherwise.

We let

K
In the nonproper case, we compose the map j, in (3-8) to get a class map still
denoted by cl : CH®*(Sh™) — H%z‘)(Sh).
Proposition 3.9. The class cl(®£ )=0in H%;’) (Sh), that is, if Sh is proper (resp.
nonproper), ®£ is cohomologically trivial (resp. such that cI(@éj ) e H%” (Sh™)).
Proof. If Sh is nonproper, we can assume n > 1. By our definition of the arithmetic
theta lifting, for ¢ = ¢ with fixed ¢, cI(@{Z ) defines an element in

Homp, a, ) (F(V) @717, HE) (Sh)),

where H, (A r) acts trivially on the L?-cohomology.
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Let V® be the nearby hermitian space of V at ¢ (see Section 3A) and H® =
U(V*). Then since Z, ,(g) = T;Z; (¢) for all h € HV (A r) where Tj is the
Hecke operator of /&, we see that cl(®£ ) in fact defines an element

Ho s € Hom a1 s ) (F (V) @ 71, HE (SH)
= Homp, ¢, x0 ) (FV)), T @ HE (Sh)),

where H, (A r) x H ©A £,F) acts on 9’(\/?) through the Weil representation w,
and H® (A f,F) acts on H%Z? (Sh) through Hecke operators and on 77 trivially. As
an H (‘)(Af,p)—representation, we have the following well-known decomposition
(see, for example, [Borel and Wallach 2000, Chapter XIV]):

HE, (Sh) = €D maisc(@)H> (Lie HY, K 03 00) @ 077,

where the direct sum is taken over all irreducible discrete automorphic representa-
tions of H® (Ap). If the invariant functional Hg 4., # 0, then some oy with

Maisc(0)H* (Lie HY, Ky 000) #0

is the theta correspondence G(nJY) of JT}/.

We define a character  of E*'"\A%'" in the following way. For any x € A%,
we can write x = e/e” for some e € Ay and define ¥ (x) = x(e) which is well-
defined since yx Ax = 1.

For all finite places v such that v { 2 and v, x,, and 7, are unramified, we
have Hv(’) =H,,. Let ¥ € AP(HXi)disc be the A-packet containing o and IT €
AP(H, . )disc containing 7. Then by Corollary A.6, we have that for v as above,
JL(®), = JL(E,) = X, and I1, ® ), contain the same unramified representation,
hence JL(X) and I1® yx coincide. In particular,

JL(Zoo) = JL(E) oo = oo ® Xoo,

which implies that X, is a discrete series L-packet (see [Adams 2011]). This
contradicts our assumption since for any discrete series representation o, we can
have H*(Lie Héé), K, 0;0x) # 0 only in the middle dimension, which is 2n — 1,
not 2n (see [Borel anozl Wallach 2000, Chapter II, Theorem 5.4]). Thus Hg 4., =0
and we prove the proposition. O

The proposition says that ®«£ is automatically cohomologically trivial at least
in the proper case.

Conjecture 3.10. When Sh is nonproper, cI(@éj) € H%” (Sh™) is O for any cusp
form f € w and ¢ as above.
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When n =1, this is proved in [Liu 2011] just by computing the degree of the gen-
erating series which is the linear combination of an Eisenstein series and (possibly)
an automorphic character (that is, one-dimensional automorphic representation) of
H;(A). Hence cl(®£ ) is zero since f is cuspidal. For the general case, we believe
that the same phenomenon will happen.

Main conjecture. Let us assume Conjecture 3.10 and the existence of Beilinson—
Bloch height pairing on smooth proper schemes over number fields. Then ®£ is
cohomologically trivial and we let

(©). 058

be the Beilinson-Bloch height on Shg (resp. Shi) if it is proper (resp. nonproper)
for sufficiently small K. Let vol(K') be the volume with respect to the Haar measure
defined in the proof of Theorem 4.20. Then

(©}. 0], 88 1= vol(K)(0), ©,)k;
is a well-defined number which is independent of K.

If VZV(r, x), then <®£’ ©®/v)gg =0forany f, fV and ¢, ¢" since otherwise,
it defines a nonzero functional

v(fi [ 0,9") € Homp,a, pyxh, i, (R(V s, xp), w7 B xps)

which contradicts the fact that the latter space is zero. This will imply that, assum-
ing the conjecture that the Beilinson—-Bloch height pairing is nondegenerate, any
arithmetic theta lifting @Z; =0.

If V=V(rr), we have the following main conjecture:

Conjecture 3.11 (arithmetic inner product formula). Let & be an irreducible cusp-
idal automorphic representation of H,(Ar), x a character of E* Az \A% such that
oo IS a discrete series representation of weight (n—¥X/2, n+€X/2), e(mw, x) =—1,
and N = V(w, x). Then, for any f € w, f¥ € w¥, and any ¢, p" € Q(W'})Uw
decomposable, we have

o L't x)
S 2070 * v v
(04, 0488 = —5 | | Z°0, xo. fur 1)/ 6 ® 8,
v [T LG, ey ﬂ ' '
where in the last product almost all factors are 1.

We remark that when n = 1, the height pairing (@é: , O/ )pp is just the Néron—
Tate height pairing, hence is defined without any assumption.



Arithmetic theta lifting and L-derivatives for unitary groups, | 885

4. Comparison at infinite places

4A. Archimedean Whittaker integrals. In this section, we will calculate certain
Whittaker integrals Wr (s, g, ®) and their first derivatives (at s = 0) at an archi-
medean place.

Elementary reductions. We fix an archimedean place ¢ : F < C and suppress it
from the notation. Hence we have H' = U(n, n) and H” = U(2n, 2n) with para-
bolic subgroup P, V =V, the standard positive definite 2n-dimensional complex
hermitian space, and y a character of C* which is trivial on R*. In this section, we
write a* instead of ‘a” for a complex matrix. Recall that we are always writing the
elements in H” in matrix form with respect to the basis {ey, ..., e; el ....e;;
€ntls - vns €y =€ 1senes —e,,, } under which P is the standard maximal parabolic
subgroup. The map

UQ2n) x U2n) — H" = U(2n, 2n)

1 (k1+k2 —ik1+ik2>

(ki, ko) —> [ki, ko] := 2 \iky —iky ki +ky

is an isomorphism onto its image which is a maximal compact subgroup of H”,
denoted by %. Let ®° be the standard Gaussian in $(V>") and x (z) =z*¢ (|z] = 1)
for some € € Z. Then w, ([k1, k2])®° = (detk)" T (detky) "¢ @O, Our first goal
is to analyze the integral

Wr (s, g, @) = /H © 90 s (wn(w)g)Yr (n(w) ™" du (4-1)

for T € Her,(C) and %i(s) > n, where du is the self-dual measure with respect to
(the standard) . Write g = n(b)m(a)lki, k2] under the Iwasawa decomposition.
Then

4-1) = / o unnbm @k, k) E0)
Hery,
© Ao (wnGOnBm(@) ki, ko) ¥ (— tr Tu) du

=y (tr Th)(det k)" (det kp) "

x/ Wy (wn(u)m(a))CDO(O)Ap(wn(u)m(a))st//(— trTu)du. (4-2)
Hery, (C)

Since wn(u)m(a) = wm(a)n(a 'ua®™"" = m@> Hwn(a 'ua®"") and after
changing variable du = |deta|%"d(a_lua*’_1), we have

(4-2) = Y (tr Th)|detal " x (deta)(detk;)" T (detkp) ™" **

x/ Wy (wn(u))CDO(O)AP(wn(u))slﬁ(— tra*Tau) du
Hery, (C)
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= (tr Th)|detall* x (deta)(detk;)" T (detka) " T  Worra(s, e, °).  (4-3)

Hence we only need to consider Wr (s, e, ®%). From now on, we will not restrict
ourselves to considering the case of dimension 2n. Let m > 1 be an integer, V
the totally positive-definite complex hermitian space of dimension m, and ®° the
standard Gaussian. For T € Her,,(C), we can still consider Wr (s, e, ®°) which
has the usual integral presentation for N (s) > m /2.

Lemma 4.1. For u € Her,, (C), (wn(u))®°(0) = yy det(L,, —iu)", where Yy is
the Weil constant.

Proof. By definition,
y;lwx(wn(u))CI)O(O):/‘/nwx(n(u))cbo(x)dx:/v Y(truT(x) P (x) dx, (4-4)

where yy is the Weil constant. Write u = kdiag[...,u;,...]k* withu; e R (j =
1,...,m)and k € U(m). Then

@4y = [ Yrkdiagl...,uj, ... JK*T (x)kk~)®%(x) dx
. (4-5)

= | rdiagl...,uj,...1T(xk))e T gy,
Vm

Changing the variable x — xk and using tr T (x) = tr T (xk), we have

(4-5) =/ exp2mitrdiagl...,uj,...1T(x) =2r tr T (x)) dx

m (4-6)
=]_[/ exp(2miu;T(x;) — 21T (x;)) dx;.
=1

We identify V with C" and (-, -) with the usual hermitian form on C™”, and

then the self-dual measure dx; on V is just the usual Lebesgue measure dx on
C™ = R?>". Hence

" m 00 2m
(4-6) = 1‘[/ o =iuplxl? gy 1—[([ Y dt)
i—1 R2m e — 00
Jj= j=
m
ZH(I—iuj)_mzdet(lm—iu)_’". 0

1

~.
Il

Lemma 4.2. For u € Her,,(C), Ap(wn(u)) = det(1,, + u?) L.
Proof. We have

i1, L\ (e« (il _( 1n
v\, )=\ -1, 1) \1,) " \=it,, —u)



Arithmetic theta lifting and L-derivatives for unitary groups, | 887

Then,
Lu(—=ily, —uw) ' = —u(l, +u®) ' +i@1, +uH 7.

Hence A p(wn(u)) = det(1,, +u?)~! whichis a positive real number. U

Combining Lemmas 4.1 and 4.2, we have for R(s) > m/2,
y;l Wr(s, e, ®°) = / Y(—trTu)det(,, +iun) *detd,, —in) " du.
Herm(C)
Now we proceed as in [Shimura 1982, Case II]. First, we need to introduce some
new notation which may be different from that in [Shimura 1982]. Let
Her! (C) = {x € Her,,(C) | x > 0},
b = {x +iy | x € Her,, (C), y € Her} (C)},
b, ={x+iy|x € Her! (C), y € Her,,(C)}.

m

Lemma 4.3 (Siegel; see [Shimura 1982, Section 1]). (1) Forz € by, and R(s) >
m — 1, we have

/ e—tr(zx) det(x)s_m dx =T,,(s) det(Z)_S,
Her:;(C)

where dx is induced from the self-dual measure on Her,,(C) and

m—1

() = @)D [T (s = ).
j=0

(2) For x € Her,,(C), b € Her! (C) and R(s) > 2m — 1, we have

m

. —tr(xb) d t s—m . H + C
D (5) 2T Get(p 2 i)~ du = {e o)™ ifx €Hery (©)
Her,, (C) 0 if x ¢Her, (C).

Now for 9i(s) > m — 1, by Lemma 4.3(1),

—1 0
vy Wr(s,e, ® ):/ Y (—tr Tu)
Y Her,y (C) Lo (s)

X / e T X qor () det(1,, — iu) > " dx du
Her;:(C)

. 1
L (s) Her (C)

eftrx det(x)sfm

« / e_i tr(x+27T)u det(lm _ l.u)—s—m dudx. (4'7)
Her,, (C)

Apply Lemma 4.3(2) with b =1,,, x =x + 27T, and s = s + m, and perform
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the change of variable u — —u/(27) to obtain

1 ,
(4-7) = X f e ¥ det(x)* "
Fm(s) x>0,x+27T>0 5
2 m
X Le—m“ﬂ) det(x +27T) dx. (4-8)
Lo (s +m)

We change the variable x +— x /7 + T,

(27‘[)’"277,’2"” w2 B
4-8) = ——~2 e " det(x+T) det(x = T)* " dx
( ) Fm(s)rm(s+m) x>—T,x>T ( ) ( )
@y 21, T:s+m,s) (4-9)
= T mo ; k) ’ -
T ()T (s m) | s

where the function 1(g, h; o, B) for g € Her (C), h € Her,,(C), R(a) > 0, and
N(B) > 0 is introduced in [Shimura 1982, (1.26)]. In what follows, we as-
sume that 7 is nonsingular with sign(T) = (p, q) for p + g = m. We write

T = kdiag[ty ..., tp, —tps1, ..., —ty)k* with k € U(m), t; € R.p and let a =

kdiag|. .., t}/z, ...]. Then T = ae), 4a* where ¢, , = diag[1,, —1,]. It is easy to
see that we have

n(g. T o, B) = |det T|*P~"n(a*ga, &) 4; @, B), (4-10)

n(g epgs @, f) =2"CH M8, (2g5 0, B). (4-11)

We introduce ¢, 4 as in [Shimura 1982, (4.16)]. For g € Her! (C) and p +q =m,
let ¢, = diag[1,, 0,] and 8; = diag[0,, 1,]. Then

{pq(ga, B) = / e™ "6 det(x + )%™ det(x + gg)ﬂ—m dx,
X]’"i

where X, , := {x € Her,,(C) | x +¢, > 0, x + 8:] > (0} with the measure induced
from the self-dual one on Her,, (C). Then X, o = Her/ (C). If ¢ = 0, we simply
write & = &m.0-

Analytic continuation. Following [Shimura 1982, (4.17)], we let

wp.a(gi o, B) =Tyl —p)'T,(B—q) 'dett (e, ,8) 4>
x det™(e,.48)" P¢pq(g . B), (4-12)

where det™ denotes the absolute value of the product of positive or negative eigen-
values (equal to 1 if there are no such eigenvalues) of a nonsingular element in
Her,, (C). It is proved in [Shimura 1982, Section 4] that w, ,(g; o, B) can be
continued as a holomorphic function in (o, 8) to the whole C? and satisfies the
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functional equation w, ,(g;m — B, m —a) = w, 4(g; a, B). Also, if g =0, we
simply write @, = @y, 0.

Lemma 4.4. If g =0, then w,,(g; m, B) = w,(g; o, 0) = 1.
Proof. The integral defining ¢,,(g; m, B),

/ e @) det(x)P " dx,
Her;(C)

is absolutely convergent for N(B) > m — 1 and is equal to I',,(8) det(g)*'3 by
Lemma 4.3(1). Hence w,,(g; m, B) = 1, which proves the lemma by the functional
equation. O

Proposition 4.5. Let T € Her,,,(C) be nonsingular with sign(T) = (p, q).
(1) ordSZOWT(Sv ea CDO) 2 q
(2) If T is positive definite, that is, g = 0, then

(2”)"12 2 uT
Wr(0, e, ®°) = yy ———e 27T
T Yv T, (m)

Proof. (1) Combining (4-9), (4-10), (4-11), and (4-12), we have

Fq (m+s— p)FP (s—9q) (Zn)mz-‘ers |det T|2S€_2n tr(a*a)
L ()L (s +m)
x det™ (4x T)1?*det” (4x T)P/* " Sw, ,(4mwa*a;m+s,s). (4-13)

vo ' Wr(s, e, ®°) =

All terms except the gamma factors are holomorphic for any s € C. But

Pgm+s—p)L'p(s—q) (2)~pa—mim=1/2
I, (s+m) T T(s)--- F(s—qg+1)xT(s+m)---T(s+m—p+1)

Hence ord;_oWr (s, e, ®) > —ord,_o'(s) - - - ' (s — g+1)=gq.
(2) If T is positive definite, then tr(a*a) = tr T. By (4-13) and Lemma 4.4, we
have

(27[)’"2 e—27r trTwm(471a*a; m, O) — (Zn)mz e—27r trT.
The case g = 1. By Proposition 4.5(1), the T-th coefficient will not contribute to
the analytic kernel function E’(0, g, ®) if sign(T) = (p, q) with ¢ > 2. For this
reason, we now focus on the case ¢ = 1, that is, the functions &,_1,1(g; o, B)
and w,;,—1.1(g; o, B). We can assume that g = diag[a, b] with a € Her;_l(C) and
b € R.¢. We write elements in X in the form

vy ' Wr(0, e, @) = O

(Zx i) x €Hern_1(C), yeR, zeMaty_(C).
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Then (see [Shimura 1982, p. 288])
X={(x,y,2)[x>0,y>0,x+1,_>zy 125 y+1>z7*x7'g}
={(, 3,2 [ X+ Loy > 0,y +1>0,x > z(y+ D712 y > 2"+ 1) 72}
We have
Cm—1.1(85 ¢, B)

— ﬂf
- / o wan by gor (T Lo DT g (2 AR dydz, (4-14)
X z* z Z y+1 ’

where we use the self-dual measure dx on Her,,_;(C), the Lebesgue measure dy
on R, and dz = 2"~ ! x the Lebesgue measure on Mat,,_; 1(C). Now we make a
change of variables as in [Shimura 1982, p. 289] as follows. Put

f=@+1, ) 2y + 1712

Then 1,,_; — ff* > 0. Putr = (1 — f*A)/? and s = (1, — ff*)'/?; also
w=s"'f=fr ' u=x—ww* and v=y—w*w. The map (x, y, 2) — (u, v, w)
maps X bijectively onto ¥ = Her:;_l(C) x R-0 x Maty,—1,1(C). Then the Jacobian

9(x,y,2)

=det(L—1 +X)(1+ )" A +ww)™
o(u, v, w)

for the measure d(u, v, w) on Y induced from that on Her,,_; (C) xRxMat,,_; 1(C)
as an open subset. We have

det (x + 1*’"71 ;) = det(u + 1,,—1 + ww*)v det(1,,_jww*) !,
b4

det( " ° ) =@+1+ww)det(u)det(d,_jww*) .
y+1

‘We obtain that
(4_14) — / e—tr(uu+aww*)—(bv+bw*w) det(lm,1 + ww*)m—a—ﬂ
Y
x det(u+1,_j+ww*)* " det(u)? =" x (v+1+w*w)?~'v* " dudvdw
- / e M@ =bwtw e (h(1 4 wrw); B, —m 4 1)
Mat,,—1,1(C)
X / e @) det(u 4+ 1,1 +ww*)* " det(w)? " dudw.  (4-15)
Herjn' 1 (©)

On the other hand, again by (4-10), (4-11), and (4-12), we have

(2n)m2+2ms |det T|2s
Lo ()T (s+m)

vy ' Wr(s,e, @°)= e IC@C D (drrata;m+s,s). (4-16)
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Assuming T ~diaglay, ..., an—1, —b] with a;j, b € R., then a*a = diag[a;, .. .,
am—1, b]. By (4-16) and Proposition 4.5(1),
2
e 0 . Qm)™
wW.(,e, ®°) =lim —————
vy Wr(0 e, @) = lim o
x e~ @t tan e (Ardiaglay, . .., ap_1, bl;m,s). (4-17)

Plugging in (4-15) for («, 8) = (m, s):

1 2
@-17) = lim 2 " ot tan-+h)
s—=0 8Ly ($)T, (m)

% f 6_477[(al+am)wlw1+"'+(am—l+am)wm71wm—l]gl (4rb(1 + w*w); 0,1)
Cm—]

x det(u + 1,1 + ww*) det(u)* ™" dudwy - - -dw,,—1. (4-18)
It is easy to see that
O@Tb(1+w w); 0, 1) = —*PUH WE 4z p(1 + w*w)), (4-19)

where Ei is the classical exponential integral
oo Lzt
Ei(z) == —/ € dr.
1 t

The main difficulty is calculating the inside integral, the one over Herzil(([:).

We temporarily let gg = 4 diaglay, ..., a,—1] and consider the integral
/ e~ U0) det(u + 1,1 + ww™) det(u)* ™ du. (4-20)
Herzfl(C)
. . 9 \m!
We define a differential operator A = det(—) . Then
g jk/ jk=1

Ae™ "9 = (—1)"" det(u)e” ¢S

Hence

(4-20) = etr(lm_1+ww*)go

X / e~ Tl FwwIL qor(y 41, + ww™) det(x)* " du
Her:;fl((l:)

= (- 1)M—letr(lm4 +ww*)go

x / A, e” TS det(x) " du. (4-21)
Her;:il [(®) g=8o
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We can exchange A and the integration by analytic continuation; then

(4_21) — (_l)m—letr(lm,1+ww*)g0A| 3 e—tr(u—{—lm,l—‘rww*)g det(x)s_m du
§=80 Her,';_l(@)

= (—1y" ettt A | (e At eeDs e, (gim — 1,5 — 1)

— (_l)m—letr(lm_l-i-ww*)goA‘ (6_ tr(L,—1+ww*)g det(g)l_sl"m,l(s _ 1))

8=80

— (_1\ym—1 _ tr(1,,—1+ww*)go
= (=1)" D15 = De Al

x (7 Mm=1Fww08 det(g)! ). (4-22)

We plug (4-19) and (4-22) in (4-18):

Tt (s — D(=2)" ' Qm)™’ o2t
ST ($)T ) (m)

% / P G lI)l+"‘+am—lwm—lwm—l)etr(lm—l+ww*)g0A|
Cm—l

4-18) = Ii
(4-18) = lim

§=80
% (e—tr(lmfl-i-ww*)g det(g))(—Ei)(—47'[b(1 +w*w)) dw; - - dwy,_
2 ~1
— (27-[)”” (_Z)m —27‘[[['T/ e—47T(alwlwl+"‘+amflwm71wmfl)
Ly (m) 2 )m=! -
w U Am=1Fww)go A |g=g0 (e_ tr(Ly—1+ww*)g det(g))

x (—Ei)(—4nb(1 + w*w))dw; - - - dwp—1. (4-23)
Now we make a change of variables. Let
Dp_1={z=@1,....2m-) €C" ' |2Z:=21Z1+ -+ Zm—1Zm—1 < 1}

be the open unit disc in C"~!. Then the map

<j

j=1...,.m—1 (4-24)

is a C*°-homeomorphism from C"!to D,,_;. To calculate the Jacobian, let w =
uj+vji and z; = x; + y;i be the corresponding real and imaginary parts. Then

Buj_ XjXg Kt Buj_ sz- n 1 ) Buj_ XjVk

dxp  (1—z2)32° Ty, T (=22 (=) 2 gy (1—z0) 2
2

0v; ; ov; yi 1 ov; ;

ovj __ Yik ktj: S0 j ovj __ Yikk

e (I—z2)2 dy; (=22 (=) ax (-2
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Letc; =x; and ¢;,_14j = yj for j =1,...,m — 1. Then by Lemma 4.6(2)

below withn =2m+2, ¢ = (cy, ..., com—2), and € = 1 — zZ,
A1, V1, -y Um—1, Um—1)
(X1, Y1y e vy Ximn—15 Ym—1)

(U, e U5V, e U )

A ey X 13 V1s e ey Y1)
= (1 —z2) 2" Ddet((1 — 22)1ppm_2 + cc)
= (1 =273 VA —z)" 31—z xi 4 22 Ay YA
=(1-zz)™". (4-25)
Lemma 4.6. Let ¢ € Mat,, 1 (C). Then
(1) det(1,, +cc*) =1+ c*c and
(2) for € > 0, det(el, + cc*) = €" (e 4+ c*c).
Proof. (1) is [Shimura 1982, Lemma 2.2]. Since it is not difficult, we will give a
proof here, following Shimura. We claim that det(1, + scc*™) = 1 + sc*c for all

¢ € R. Since they are both polynomials in s, we only need to prove this for s < 0.
We have

() (e ) e )= ()
(—«/lj_sC* 1) («/1_Sc* Ec) (ln _Fc) - <1n 1+sc*c)‘

Hence det(1,, + scc™) = 1 4+ sc*c. (2) follows from (1) immediately. O

Now we write the Lebesgue measure dz; - - - dz,,,—1 in the differential form of
degree (m — 1, m — 1) on D,,_; which is

m—1

dd—IQ'—l/\d/\d'
<l Z’"_l_(_zi)m—l T (=2i)ym—1 o <j Zj>

where in the latter we view dz; as a (1, 0)-form, not the Lebesgue measure any-

more. By (4-25), we have
@m)"

Ly (m)2ri)m=!

*
Xetr(lm_l-i-ww )g0A|

(4_23) — 6_277 T / 6_47[(611wl'lz)l+“'+amflwmfla)mfl)(l _ ZZ)_m
Dy

o (€T det() ) (—ED(—4mb(1+w ), (4-26)

where w; are as in (4-24). The final step is finished by the following lemma.
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Lemma 4.7. For gy = 4ndiaglay, ..., am—1],

|g=g0 (e—tr(l,,,_l-i-ww*)g det(g)) — e—tr(lm_|+ww*)g

X Z (_47T)t(m_1_t)!(as1 "'as,)(1+w5|u_)S|+"'+ws,u_)s,)a

I<si<--<s;<m—1
where the sum is taken over all subsets of {1,...,m —1}.

Proof. Let ujr = —(1 +wj;wy) and g = (gjk);ff,::ll be the matrix variables. For
short, we also use |g| to indicate the determinant of the square matrix g. For subsets
I, J C{l,...,m— 1} of the same cardinality, we denote by g; x (resp. gJ’K) the
(square) matrix obtained by keeping (resp. omitting) the rows indexed in J and
the columns indexed in K. Let &,,_; be the group of (m — 1)-permutations; for
0€ 6y, 1andasubset J ={j; <---<j} C{l,...,m—1},lete;(0) e {£l}bea
factor which only depends on J and o. This factor comes from the combinatorics
in taking successive partial derivatives. In our application, we only need to know
its value in the case o maps J to itself. In this case, let o be the restriction of o

to J. Then €;(0) = (—=1)!°/|. Now we compute
0
5 etr(ug)|g| — ua(1),1etr(”g)|g| + 6{1}(0)etr(ug)|g{1},{0(1)}|’
81,0(1)
0

082,0(2) 981,0(1)

") | g| = Uy ) 2Ule (1), 1678 | g |+ €12) (0t (1), 178 | g 27D

1) (0t 27,2670 | gHEDY | ¢} 5 () gl1.21{0 D0 )

By induction, we have

8 ) 8
08m—1,0m—1)  981,0(1)

) |g| = > €t} O VUG (5101 501

I<ji<-<jism—1

U (5., €0 | gL IO U0 0 Y

where {s; < -+ < s,,—1—+} is the complement of {ji, ..., j;}. Summing over o,
we have

A g:goetr(ug)|g| — o'r(ugo) Z (_1)|0| Z €l it (O o511

0eB,-1 1<ji<--<ji<m—1

s Us(sy),s |g({)Jl
Changing the order of summation, since gg is diagonal, we have

A g=goetr(ug) 18]

J,J
— oMr(ug0) Z Z (—1)|G|(—1)‘U‘I|Ma(sm,1,,),sm,1,t e Ug(sy)sy |g0 |
J={ji<<ji} o()=J
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J.J /
= etr(ug()) Z t‘|g0 | Z (_1)|G |u0(5m—l—t)vsm—l—1 e uU(Sl)ysl
J={ji<<jt} o' J—>J
=) N gyl =) N (m—1=0)!(0) s s .
J={j1<-<ji} J'={s1<<s¢}
The lemma follows by Lemma 4.6(1). O

In conclusion, using (4-26), we obtain our main result.
Proposition 4.8. For T ~diaglay, ..., an—1, —b] of signature (m —1, 1), we have
@m)™
[y (m)2mi)ym=1
x Yo (A m =1 =) ay, - ag) (14 wy by, + - -+ Wy, Wy,)

1<si<--<s;<m—1

/( ) y ! f e ((1UJ17._01 am—lwm—lu_)m—l)
s €,
Dyp—1

X (—Ei)(—4nb(1 + w*w))(1 —z7) " Q,
where w; are C*°-functions in z as in (4-24) and 2 is the volume form in z.

4B. An archimedean local height function. In this section, we will introduce a
notion of height on the symmetric domain which will finally contribute to the local
height pairing at an archimedean place. We will also prove some important proper-
ties of this height. A basic reference for archimedean Green’s currents and height
pairing is [Soulé 1992, Chapter II].

Green’s functions. We still let m > 2 be an integer and V' the complex hermitian
space of signature (m — 1,1). We identify V' with C" equipped with the her-
mitian form (z,2") = 212} + -+ + Zm-12,,_; — ZmZy, for z = (z1,...,2m) and
7 =(z},...,z,) in C". The hermitian domain % of U(V') =U(n — 1, 1) can be

identified with the (m — 1)-dimensional complex open unit disc D,,_; through

z=[z1: 1 zZml € D> <Z—l Zm_l) € D, _1
Zm Zm

and we will not distinguish them anymore. Given any x #0€ V" (1 <r <m—1)
with nonsingular moment matrix 7'(x), let D, be the subspace of D,,_; consisting
of lines perpendicular to all components in x which is nonempty if and only if
T (x) is positive definite. Now suppose r =1, for z € D,,_, and let x = x, + x*°
be the orthogonal decomposition with respect to the line z, that is, x, € z and
x* 1 z. Let R(x, z) = —(x;, x;) which is nonnegative since z is negative definite
and R(x, z) =0if and only if x =0 or z € D,. Explicitly, let x = (x1, ..., x,) € V'
and z = (z1,...,2Zm—1) € Dy,_1; then

1z 4+ Xm—1Zm—1 = Xm) (X121 + - Xy 1Zm—1 — Xm)

R(x,2)= 1 — ,
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where we recall that zz =z,21 4+ - -+ Zm—12Zm—1. We define
5(3@ Z) = —EI(—ZJTR(X, Z))

Foreachx #0€ V', &(x, -) is a smooth function on D,,_; — D, and has logarithmic
growth along D, if not empty. Hence we can view it as a current [§(x, - )] on D. On
the other hand, we recall the Kudla—Millson form ¢ € [F(V"") @ A" (Dy_1)]V""
(1 <r <m —1) constructed in [Kudla and Millson 1986] and let w(x, ) =
2T T (x, ). Then we have

Proposition 4.9. Let x #0 € V', as currents; we have

dd‘[§(x)]+dp, = [w(x)].
Proof. We will only give a proof for m = 2 since the proof for general m is similar
but involves tedious computations.

First, we prove that dd“£(x) = w(x) holds away from D,. Let x = (x, x2) and
z € D1 — D,. Sometimes we simply write R for R(x). We have the formula

1 {e—ZnR e—2nR

dd“§(x) = 3 —{ “—(ROGR —9R ADR) — 27 aRAéR}. 4-27)

Computing each term, we have

(12— x2)(X1z2 — X2)

R(x,2)= - s
1—2z2z
éR:xl()hz—)?z)(l—zZ)+(fC1Z—X2)()?1Z—J?2)Z dz.
(1—2z2)2
9R — X1 (x1z —x2)(1 —z2) + (fclf—xz)(flz—fz)z dz.
(1—-1z2)
_ ; (Fiz— ¥ 7 —x2)(2F12 — %2) + 2RzZ
aaR:(x1X1_+x1z(xlz X2) + (x12 xz)g X12 —X2) + ZZ)dz/\dZ,
1—z7 (I —-2z2)
_ UR | X1z(x1Z —x)R+x12(X1z — X)) R+ R*zZ
aR/\aR:(xlxl_+x1z(x1z X2) +X1Z(i612Z X)R+ ZZ)dZ/\dZ.
1—2zZ (I —-2z2)
Hence,
_ _ 7—x2)(X1z—X2)R  R*zZ dzndz
R88R—8R/\8R=<(xlz XZ)(xfzz . 2>dZ/\dZ=R2 - _Zz (4-28)
(1-z2) (1—-z2) (1—-zz2)
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and
= _ - _ o _ Rdzndz
AR ANOR = (x1x1(1—2z2) +x1z(x1z—xz)+x1z(x1z—x2)+Rzz)m
- _ _ __Rdzndz
= (X1 X1 + X120 + X120 + X1 X120) ————
(1—-z2)
_ (4-29)
_ _ _ _Rdzndz
= ((x, x) + (12 —X2) (x12 —x2) + R22) ———
(1 —-2z2)
(RGx, 2)+ (&, ) SN
= X, Z Xy X)) = -
(1—22)%
Plugging in (4-28) and (4-29), we have
dzNdz
— —27R(x,2) —
(4-27) = (1 =27 (R(x, 2) + (x, x))) e~ T2 i —R w(x, 2).
The rest is the same as the proof of Proposition 11.1 of [Kudla 1997], from Lemma
11.2 on page 606. We omit it. (]

The proposition says that £(x) is a Green’s function of logarithmic type for D;.
Now we consider x = (xq, ..., x,) € V" with nonsingular moment matrix 7 (x).
Then using the star product of the Green’s current, we have a Green’s current
By i=[E(x)]*---*%[E(x,)] for D, and as currents of degree (r, r) and

dd ([E(x)]* - % [E(x)]) +3p, = [w(x1) A~ Aw(x,)] = [0(x)].

A height function. For x = (x1, ..., Xxy,) € V'™ with nonsingular moment matrix
T (x), we define the height function

H(X)oo 1= (1, Bx) = (L, [§(x))] - - - # [E(xm) ]).

Since &(hx, hz) = &(x, z) for h € U(V’), the height function satisfies H (hx)o =
H (x) and thus only depends on the (nonsingular) moment matrix 7' (x). We
sometimes simply write H (T ) for this function. Our main result is this:

Proposition 4.10 (invariance under U(m)). The height function H(T )~ only de-
pends on the eigenvalues of T, that is, for any k € U(m), H(kTk™)oo = H(T)co.

Proof. We prove this by induction on m. We will treat the case m = 2 in the next
subsection. Now suppose m > 3 and the proposition holds for m — 1. Since U(m)
is generated by the elements

<k/ 1), K'eU(m—1)

and elements of the form k = (k;, j)l’.’f =1 with entries k; ;) € U(1) and zero for oth-
ers for some o € G,,. We only need to prove that H((x'k’, X)) 00 = H (X', X))o
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where x = (x', x,,) € V"' @ V' = V'™ with T (x) = T. By definition,

H((X',Xm))oo=(1,[S(M)]*---*[S(Xm—l)]|D~\,m)+_/. @ (XDA . AD (Xp—1)AE(X)

Dy

—HEwt [ W) AEG)
Dy

By induction, H (x'k")oo = H(x")so. Moreover, w(x") = w(x’'k"), by [Kudla and

Millson 1986, Theorem 3.2(ii)]. Hence H (x'k’, x2))0o = H (X, X)) 00- O

Invariance under U(2): A calculus exercise. Now we consider the case m = 2.

Suppose
T = (d_‘ ’") dy, d> € R.
m dy

Choose a complex number € with norm 1 such that €2m € R. Then

d - dy €2
() () () = (B ) esoma

Now we write the elements of SO(2) in the form

cosf sinf
= ) , R
ko (—sm@ cosS 0) 0

and write T[0] = kg Tkj;. Since &(ex) = £(x) for any x € V', we have reduced the
problem to proving this:

Proposition 4.11. For any T € Sym,(R), we have H(T[0])co = H(T ) co-

Proof. The proof is similar to that in [Kudla 1997, Section 13]. Here is the idea.
We construct a differentiable map

o : R x D; — Her,(C)%=?

and a 2-form E on the latter space such that the integration of oy (E) — oy () on
D calculates the difference H (T [61])o0 — H (T [6p]) 0, Where ag = (6, -). Then
we try to apply Stokes’ theorem. The difficulty is that «*(E) has singularities
along the real axis, hence a limit process should be taken to get the correct result.
The difference between our proof and Kudla’s is that we have different symmetric
domains. Although they are conformal to each other, we need to take different
2-forms and limits of the integration domains.
Suppose that T = diagla, —b] with a, b > 0. Let

T[0] = (dw m9> € Sym,(R)
mg dyg
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and let xg = (v/2a,0) € V', yo = (0, +/2b) € V'. For 0 € R, let
X9 = Xokg = (x1,9, X2,0) =080 - xg —siné - yo,
Yo = Yoko = (¥1,0, y2,9) = sin - xo +cos 0 - yp.

We have dxg/d0 = —yg, dyg/dO = xg, and H(T[0])0o = H (X0, ¥9))oo- Let 2, 9 =
x260/x1,0 and zy 9 = y29/y1,6). Then D,, = [z, 0, 1] and Dy, = [z, ¢, 1], if not
empty. We make the convention that if |z| > 1, then f(z) is O for any function f.

Lemma 4.12 [Kudla 1997, Lemma 11.4]. We have

H((x9, y6))oo = &(xp, 2y,6) + A &(yg)w(xg)
— £ 2e0) + /D £ (v ()

— £(xp 2.0) +E G 2) — / dE(xg) A dE(3).

D,

We now write x = (x1,x3) € V', y = (y1, y2) € V' and R; = R(x), R, = R(y)
and consider the following integral in general:

I(T) = 1((x,y) 2=—/D d&(x) Nd°E(y)

1 _ -
=~ ], @+DEO A G =D
:—ﬁ 98 (x) A BE(Y) + 0E(y) A BE(x)
D

L R ARy + Ry AR
__ b A A .
= /Dl R (R, 2+ 0R 1)

For z € Dy, letting x(z) = (1 —z2)"Y?(z, 1) e V' and M = (x, x(2)) (v, x(2)),
we have

Lemma 4.13. Let 2m = (x, y). Then

- - _ — dzANdz
OR{NORy +0Ry ANOR; = 2(R1R2+mM+mM)—_2,
(1—z2)
- - _ — dzANdz
OR{NORy —0Ry, ANOR; =2(mM—mM)—_2.
(1—2z2)

Proof. By definition,
~ (z—x) X1z —X2)

Ry -
1—-22

Hence,

_ (nz—x)x1 +zR; J

0R; =
1—zz
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and similarly for o R», 9R;, and R,. We compute

OR; A SRZ

dzndz
(1—z2)?
dzndz
(1-z2)?

_ _ dzndz
+(x1Z2—x2)X1ZR2+R R» -
(1-2z2)

={(x1z—x2)(V1z—y2)X1y1+ (V12— Y2) y1Z R1+(x12—x2) X 12 R2+2Z R1 R}

={(x1Z—x2)(M1z=y2)X1y1+(1z2—y2) y2 R1+(x12—x2) X1 2R+ R R>}
y2(X1z2—X2)
1—zz
Xiy1—x2y2—x12(y12—y2)
1—zz

= {(xli—xz)(j’lz—)_’z) <X1Y1+

= {(Xlz—xz)()_flz—)_fz) H(xlf—xz)flzR2+R1R2}

dzndz
X——=
(1—z2)?
dzndz
(1-z2)%*

The lemma follows from a similar calculation for Ry A dR]. U

= 2mM+R\R,)

We define a morphism « : R x D; — Her, (€)%= between two 3-dimensional
real analytic spaces where

(0. 7) = (1& M> _ o, x(2)) (%, x(2)) (x9, X(2))(¥e, X(2))
’ M Ry (xg, x(2)) (Yo, x(2)) (¥, x(2))(yg, x(2))
and ap :=a(0, - ). By an easy computation, we see that

Ry _ i, Py M _goig (4-30)

Hence R; + R, and M — M, which are the values at 6 = 0, are independent of 6:

z 2 —  2Jab(z—z
2a2242b _ 5, (a+l_1)’ Mo ez =2

1—zz2 1—1zz 1—1zz

Ri+R,= 4-31)

By Lemma 4.13 and the fact that 2mg = (xp, y9) € R, we have

— dznNdz
(RiRy+mM+M)——
(I —2z2)

[(TTo i e—271(R1+R2)
T =5 | “Rm

_ <_’_/ - 2m(Ri+Ry 42N A2 )
27 I, (1 —z2)

; o~ 2T(RI+R)) — dzndz
+-— —m(M-i-M)——z
27 Jp,  RiR (1—-z22)

1(T[0)) + 1" (T[0)). (4-32)
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By (4-31), the integral I’(T[#]) is independent of 6; hence we now only consider
the second one, I”(T[0]). We define a differential form of degree two on (the
smooth locus of) Her, (C)d¢t=0:

_ i e~ 2T(Ri+R) M+ M IR AdR
B=——— = A
4T RiRy M-—-M 2

which has singularities along Ry Ry(M — M) =0.
Lemma 4.14. (1) For a fixed 0 € R,

) i e M + i) SN
N)=—-————m B ——
¢ 21 RR» (1 —z2)?

(2) On Hery(©)%=0 e have

; o2 (RI+R2)

T (M — M)2(M+ M)
Proof. (1) follows from Lemma 4.13. For (2), by the relation

d

(]

d(M —M)AdR| AdR>.

(M + M)> — (M — M)> =4R R,

we have .
d M+ M _ 4R R,

AdM—-M)yM—-M  (M—M>M+M)

O

Let Dfr = {z € D1 | 3(z) = 0}. Since a;(E)/dz A dZz is invariant under z > Z,
by (4-32) and Lemmas 4.12 and 4.14(1), we have

H(T[01D)oc — H(T[60]) oo
= g(-xe] ) Zy,@.)"‘é()@] ) Zx,91)_€(x90» Zy,@o)_g(ye()v Zx,90)+I(T[9])_I(T[90])
= E(XQU Zy,91)+$(y915 Z}C,@])_s(xe(p Zy,eo)_s(ye(p Zx,90)+1”(T[9])_IN(T[GO])

:g(xﬁaZy,€1)+£:(y91vZx,el)_s(x%sZy,@g)_s(yGO:Zx,Qo)‘i‘f ag (B)— | og (E)
Dy Dy
= g(-xe] ) Zy,9|)+$(y9] ) Zx,91)_§:(x90» Zy,@o)_g(yeov Zx,@o)
+2/ agl(a)—zf o (B). (4-33)
Df Df

We see that the form a;; (E) has (possible) singularities when Ry R, = 0, that is,
the (possible) points zx g, Zy . An easy calculation shows that

X
Zx,e:ﬁ:—tané"\/éeﬂ%, Zy,e=y2—’9=cot9-\/ge[l%.
X6 a V1,0 a
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Now we assume that [0, 1] C (0, w/2). Then 0 will not be a singular point for
0 € [0y, 01]. Our goal is to calculate the value

/+a§0(8)—/+a§1(E).
D] Dl

For any € > 0 small enough, let B . be the (oriented) path {z = re | relo, 1)}
fromr =0tor =1, By the path {z =re'@~ | r €0, 1)} fromr =1 to r =0, and
D, C DT the area containing points on or above the lines By and B, .. By our
assumption, «;(E) is nonsingular on D, for any 6 € [0, 61]. By Stokes’ theorem
and the fact that e =27 (R1+R2) decays rapidly as |z| goes to 1, we have

f a*(dE):/ O(;I(E)—/ Ot;O(E)—{—/ Ot*(E) (4-34)
[60,011x D¢ D, D, [00,011x (B2,e+Bi,e)

Lemma 4.15. / a*(dEB)=0.
[60,61]1x De

Proof. By (4-30) and (4-31), we have
dR,=0R,+ 3R, — (M + M) do,
dRy=0Ry+ 3Ry + (M + M) do,

d(M-M):NE(E) % 1 Z_Z>.

1—1zz 1—zz

Hence

a*(d(M — M) AdRy AdR>)

z2—7 = -7—Z
Z/\8(R1—i—Rz)—B(Rl—l—Rg)/\Bl )

1—z -2z

=2Vab(M + M) (a

_ 1 1 _z-3
:4\/ab(a+b)(M+M)<8Z A — AR Z_)
1—-2z2z 1—-2z 1—2z2z 1—2z2z

and by Lemma 4.14(2),

4iv/ab(a +b) e 7 Ri+R) -z - 1 1 -7—7
0 (dE) — ivab(a+b) e - (az 2, 4 B z_)
T M—-M?\ 1-zz 1-zZ 1-zz 1-2zz
divab(a+b) e” " RiTR) 74 7 _
= — — dzAdz.
T (M —M)? (1—22)3

Since z — —Zz keeps the domain [6y, 81] x D, and maps a«*(d E)/dz A dZ to its
negative, the integral is zero. U



Arithmetic theta lifting and L-derivatives for unitary groups, | 903

Hence by (4-34),

/ a;O(E)—/ a;}(E):lim/ a;O(E)—lim/ g (B)
DT D e—0 D, e—0 D,

1 1

= lim a*(E). (4-35)
€0 J160,011x (By «+Bs.e)

A simple computation shows that on [0y, 61] X (B2, + Bi1.¢),

—i(a+b) o~2t(Ri+R) (M +M)?  r

*(B) = — dr nd6
"(8) - RiRy  M—m a—rm2®
— b) e 2t (Ri+R) (A — M
_Tilatbe ( L S
- RiR, (1—r2)2
—4i b) e 27 (Ri+R2)
LTHatb)e _ " dr ade.
T M—-M (1-r?:?

Since the integrations of the second form on the two paths cancel each other, we
have

o —i(a+b) . e RFRI(M-M) 1
(4-35) = df-—— lim s dr
6o b4 e—0 Bi.c+Boc R1R2 (l—r )

O 4 ab(a+b) e 2n(Ri+Ry)  p2
=/ dQ-—limsine/ 55 dr.
a T e—0 Bic+Bo. R\ R (1=r°)

(4-36)

0

To proceed, we need the following lemma.

Lemma 4.16. Let f(r) be a C*°-function on [0, 1) which is rapidly decreasing as
r — 1. Then for any c1, ¢3,dy, dr > 0,

1 sin e

lim r)dr
e—0+ Jo (c%r2+c%—2clczr cose)(dlzr2+d22+2d1d2r cos e)f( )
T <02>
— ), C1>C,
— Jca(crda+cad))?” \ci
0, c1 <o

Proof. The case c| < ¢, follows from the fact that f is rapidly decreasing. To prove
the first case, we only need to prove that

1 .
) sin € T
lim s dr =2 (4-37)
e~>0t Jo cyro+cy — 2cicor coS € c1c2
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The integral of the left-hand side of (4-37) (for small € > 0) equals

1
1
s1ne/ .
0 (cir —cacose€)?+c5(1 —cose)

. C1—C2 COS€
_ sine o /T—cose 1 Cl¥ —C2COS €
B clczx/l—cose _Lose (Clr—02COS€)2 /1 —cose
T T—cose |(—F———) +1
et N T—cose
sin e ( . C1F —CyCOS€ +arct cos € )
=———[arctan ——— + arctan —— ).
cicav/1 —cose cav/ 1 —cose V1 —cose
Let € — 07, and the limit is 7 /cjcs. O
Applying the lemma, we have
01 —2m R1(zy,0) —27 Ry (2x.6)
(4-36) = VGZm+b)<e Y0220 | € thle)da
b Ri(zy0) dj, Ry(zx0)  diy
(4-38)
But
dRi(zy9) d 4(a+D)r d (Y26
———— = ——=(Ri(zy0) + Ra(zy0)) = vl
d@ d@ (1 2)2 r= yz,e/yl,e d@ ylﬂ
_ 2@(61_”)) Y1,92y2,9’
di g

dR
2(2x.0) =2«/E(a+b)x1’9x2’9.
do di,

Hence

1 Ri(zy.0) p=2mR1(zy.0) Ra(zx01) p=27R2(2x,0)
(4-38) = —(/ ————dRi(zy,0) +/ ———dR(z ,9))
2\JRizyay  Ri(zy0) Y Rorgy)  R2(zr) *

1
= z(g(xela Zy,@l) + E()’Hls Zx,@l) - g(xe(p Zy,@o) - S(YGO, Zx,eo))
which, by (4-33), implies that
H(T[01D)oc — H(T[60])oc =0

for [0y, 01] € (0, w/2). The same argument works for other intervals and the con-
stancy of H(T[0])o for all 8 € R follows from the continuity. This finishes the
proof of Proposition 4.11. (]

4C. An arithmetic local Siegel-Weil formula. In this section, we will find a re-
lation between derivatives of Whittaker functions and the height functions defined
above. Further, we will prove a local arithmetic analogue of the Siegel-Weil for-
mula at an archimedean place for general dimensions.
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Comparison on the hermitian domain. We are going to prove a relation between
W}(O, e, ®%) and H(T)s. Now suppose T ~ diaglay, ..., an—1, —b] which is
hermitian of signature (m — 1, 1). By Proposition 4.10, H (T )~ only depends on
ai,...,am—1,b. Hence, if we let x; = (...,«/E, ...) € C"™ =2V’ with the j-th
entry \/ﬂj and all others zero for j =1,...,m —1 and x,, = (0, ..., 0, \/ﬁ),
then H(T)oo = H((X1, ..., Xm))oo- SINCE (X4, Xp) < 0, we have D, = & and

H(T)oo = / (XD A Ao (n—1) AE(xm).
Dm—l
Our main result is the following local arithmetic Siegel-Weil formula at an archi-
medean place:
Theorem 4.17. For T € Her,,(C) of signature (m — 1, 1), we have

(27.[ )7712

—2rtr T
_— H(T)wo.
Tn(m) (e

W50, e, ®°) = py

Proof. By the above discussion, we can assume T = diaglay, ..., auy—1, —b] and,
by Proposition 4.8, we need to prove that

(2711')"1_1/ a)(xl)/\. . ./\w(xm_l)/\s(xm) =/ e_4n(alwlwl+'“+am—lwm—lwm—l)
Dy, Dy—1

X Yo (A m =1 =) ay, - ag) (14 wy by, + -+ Wy, Wy,)
1<si<--<s;<m—1

X (—Ei)(—4nb(1 + w*w))(1 —z2)""Q. (4-39)

By definition and (4-24), we have

2077 . .
Ri(z) :=R(xj,2) = lj——jzij =2ajwjw;, j=1,...,m—1,
Ru(2) i= R(m, 2) =~ = <2b(1 +w*w).
1-zz
Hence & (x,,) = —Ei(—4mb(14+w*w)). Now we need an explicit formula for @ (x ).

By (4-27), we need to calculate dR;, dR;, and d9R; for j =1,...,m —1. We
have

(1-z2)Rj =2a;z;z;

= (1 —z2)R; + (1 —22)dR; =2a;z;dzZ;, (4-40)
. 2ajz;dZ; + R;d(zZ
. iR, = a;z; z,—l—_, (zz)‘ (4-41)
1—zz
Similarly,

_ 2a;zjdzj+ R;09(z2)
B 1—22 '

IR, (4-42)
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Differentiating (4-40) again and plugging in (4-41) and (4-42), we have
39(1 —zZ)R; +dR;d(1 —z2) + (1 —z2)dR; + (1 — 22)ddR; = 2a, dz;d7;
which implies that

1 _
Rj=——5(2a;(1 —22)dz;dZ; +2a;7; dz;0(z2) + 2a,2;0(z2) dZ;

(1—-22)2 B _
+2R;3(z2)8(z2) + R; (1 — 22)88(22)).  (4-43)

Taking the wedge of (4-41) and (4-42), we have

B 4a3z;Zjdz;d7;+2a;R,7,;dz;3(22)+2a;R;z;8(22)dZ;+R38(22)d(22) (44d)
(1—2z2)? '
Combining (4-43) and (4-44), we have
1 . . 3(z2)3(z2) .~ 99(z2)
—(R;3dR;, —dR; AR ) = . 4-45
R2.( 7 / 2 (1-2z7)2  1—zz (4-43)

J

For simplicity, we make some substitutions. Let

0 =3(z7)3(z2) + (1 — 22)30(22),
wj=(1-22)7;dz;dZ; +7;dz;0(z2) +2,;0(z2)dZ,
+w;w;d(z2)0(z2), j=1,....m—1.
Then 2miw(x;) = —855()(]-) = e 4majw;w; (w—4ma;w;)(1 —27)%. Hence to prove

(4-39), we only need to prove the following equality between (m — 1, m — 1)-forms
onD,,_1:

m—1

/\ (w—4majw;)

j=1
= Y (—4m) (m—1=0)Nay, - ag)(1+w Wy, +- - - +wgy,) (1 —22)"°Q

S < <S8y

which follows from the claim that for any subset {s; <--- <s,} C{1,...,m—1},
we have

W A Awg, A"

=m—1-)1 4+ wsws, + -+ wsws, )(1 —22)"72Q. (4-46)

This will be proved in the next lemma where, without loss of generality, we assume
that s; = j. The theorem follows. U



Arithmetic theta lifting and L-derivatives for unitary groups, | 907

Lemma 4.18. Let w;, Q, , and w; be as above; for any integer 0 <t <m — 1,
we have the following equality between (m — 1, m — 1)-forms:

(/[\ a)j> Aot = (m—1-— t)!(l + i wjzj)j>(1 —ZZ)”’_2Q.
j=1

j=1

Proof. For j=1,...,m—1, we let

0j=2;dz;0(z2), 0] =2;0(z2)dzj, 8;=(1—z2)dz;dz;.

Then
m—1 m—1 m—1 ml
Yoi=Y 0l =) @+8). ©;=8+0;+0+wb; Y o,
k=1 k=1 k=1 k=1
and

— / /— . . —
ojANoj =0, aj/\aj_O, djNd;=0.

We introduce the (m — 1) x (m — 1) matrix

7121 2221t Zm—1Z21
2122 2222 ' Im—122
Z1Zm—1 22Zm—1 " Zm—1Zm—1

and recall the notation Z; g (see the proof of Lemma 4.7) for subsets J, K C
{1,...,m —1} with |J| = |K|. It is easy to see that |Z; x| # 0 only if |J| <1
where |Z(j} | =Zjzx and | Zg o| = 1.

Now we consider three subsets I, J, K C{l,...,m—1} with |I|+|J|+|K|=

m — 1. Writing
(oF) :/\O'i

and similarly for o and 8¢, we have the following equalities

1.0k Z; 70 Ziog ;1A —20%1Q, quHnK=02,

010, 8k =01NT NSk =
A ) (IUDNK £,

where € j x € {1} is a factor only depending on /, J, K. This is not zero only if
|| <1 and |J]| < 1. Explicitly,

Zizizjzj(1=2)"73Q, i #jI={i},J={j}, K=1UJ,
—72i2;2j2(1 —2)"3Q, i #j, I=J={i}, K =TU{j},
Zizi(1 —z2)"2Q, 1UJ ={i}, K ={i},

1 -z)m'q, I=J=0,K={1,...,m—1)}.

0'10'}5[( =
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Now we compute

m—1-1! [ )’"“""Q'>
1)
X( 2 (m—l—r—|Q|>!<,§“" ¢

ocl,....m—1
Ql<m—1—t
1 |Pl+m—1—1—| Q)
m—1—1)! _ (N
= Z _ml SLUQOMONWPWp ZG"
(m—1—-1—[Q|)!
L,M.N,P,Q k=1
= Z Tr MNP0 (4-47)
L,M,N,P,Q

where wp =[] pep Wp and similarly for wp. We now classify and calculate all
the terms 77y v, p,o Which are not zero. It is easy to see that |Q| > m —2 —1 if
Ty, m.n,p,0 #0. We now list all cases where T7, y v, p,o may not be zero.
Casel: |Q|=m—1—t¢. Then |P| < 1:
CaseI-1: |P|=0.Then Q={t+1,...,m—1}and |IM| <1, |N| < 1:

CaseI-la: M ={m}and N = {n} form #n € {1,...,t}. Then the sum
of corresponding terms is

t

D Timnro=m—1-D1 > zuiminia(l —20)" Q. (4-48)

m,n=1

m#n
Case I-1b: MUN = {m} for 1 <m <t. Then the sum of corresponding

terms is
t

Y Temnro=2m—1-01) zuZn(1—22)" Q. (4-49)

m=1

Case I-1c: M = N = &. The corresponding term is

Tomunr.o=Th. noooiil. m1=m—1=-01-z2)""'Q. (4-50)

.....
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CaseI-2: |P|=1. Then M = N = &. Suppose P ={p}for1 < p <t.
Then Q ={p,t+1,...,m—1} —{q} for some ¢ inside. The sum of the
corresponding terms is

t m—1
S Tewpo=0n—1-0! Y wyiy(z)2p+ D 247, )(1-20)"2Q. (4-51)
p=1 q=t+1

CaseIl: |Q|=m—2—t. ThenM=N=P=gZand |Q|={t+1,...,m—1}—{q}
for some ¢ inside. The sum of the corresponding terms is

m—1

D Timnrog=m—1-01 > z,7,(1-20)" Q. (4-52)
g=t+1

Taking the sum from (4-48) to (4-52), we have

t m—1
4-47) =m—1—1)!(1 — zZ)’“Q[Z w,W, (zpzp + > zqzq)

p=1 q=t+1
t — —
Zm,n=1 ZmZmZnZn t m—1
m#n - - -
m=1 g=t+1

=(m—1-011- zZ)m_ZQ[l + ) Znim

m=1

m#n

_ _ _ _ 1 _
Y et ZmZmZnZn + 2 pe1 2pZp(2pZp + Dgii12424) }
+

1 —zz

t -
Zm:l Zmim

=m—1-—01(1—-2z2)"2Q i
1—2zz2

t
=(m—1-D11+ Y wjw)(l —z0)" Q.
j=1
This finishes the proof of the lemma. U

Remark 4.19. W. Zhang has proved Theorem 4.17 independently (unpublished)
using a similar method, assuming invariance under U(2) (Proposition 4.11).

Comparison on the Shimura variety. Now we use the previous results to compute
the archimedean local height pairing on the unitary Shimura varieties with respect
to suitable Green’s currents. Let n > 1 be a positive integer. We recall the notation
for groups in Section 2B and the notation for Shimura varieties in Section 3A
with m = 2n and r = n. We let Mk be the variety Shg (H) for simplicity. For
decomposable ¢; = (;580(1)1-, ¢ with the Gaussian ¢go at infinite places and ¢; s €
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EP(\/})K (i=1,2)suchthat ¢ ,®¢7, € S’(V%")reg for some v € X ¢, the generating
series Zy, (g1) and Zy,(g2), defined by the Weil representation w, 4 with standard
Voo, Will not intersect on M providing g; € P, H'(A}.). For any infinite place :° €
X2, overt € Yo, we will attach a Green’s current By, (g;),c to Zg, (g;) € CH" (M)
and consider the local height pairing

VOl(K)<(Z¢1 (gl)’ E¢1 (gl)to)s (Z¢2(g2)v E¢2(g2)t°)>MK~

Our main theorem is the following:

Theorem 4.20. Let ¢;, g; (i = 1,2) and (°, 1 be as above. Then there is a unique
Haar measure on H(A r) which only depends on v ¢ such that

Et(Ov l(glv gﬁ/)’ ¢1®¢2):_2V0|(K)<(Z¢1(g1)’ E¢1(g1)1°)’ (Z¢2(g2>7 E¢2 (gZ)L"))MK

where E, is given in (2-10) and vol(K) is the volume of K determined by this
measure.

Proof. We can assume that K =[] K,, is decomposable and sufficiently small. To
do this, we consider the uniformization of Mg at (° and suppress the superscript
(v) for the nearby objects such as H, %, and V. We have

(M) = H@\D x HA)/K) =] | Mk,
{n}

and Mg (ny = I'iy\ 9D is a geometric connected component with ',y := H(Q) N
hKh~! viewed as a subgroup of H(Q), where {h} goes through the double cosets
HQ\HAf)/K.

By our assumption on ¢; and g;, we may write the generating series in the
following way:

Zy(@)= Y > 0y (80)i (Ti, by ' xp) Z(hi ' x7)

TieHer, (E) hicHy (Ap\HAp)/K

fori =1, 2, where Her;" (E) is the set of totally positive-definite hermitian matrices
in Her,(E) and x7; € V" is any element (if it exists) such that T (x7,) = T; since
H(Q) acts transitively on Q7 := {x € V" | T(x) = T} for T € Her!(E). By
definition,

Zh'xr)k =Y Zu o
h

where Zle_ nisacyclein CH" (Mg ) represented by the points (z, h) withz € Dxn
and the sum takes over a set of representatives £ in the double coset

H,,, (@)\HXT,- (Ap)hiK/K.
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Then we have

Zy ()= Y. > @, (&) (Ti, hi ' x1) Zoy -

TieHer; (E) hi€Hy, (W\H(Af)/K

Writing g; ,=n(b;)m(a;)[ki 1, ki 2] for the Iwasawa decomposition as in Section 4A,
let Ey.q4, 1, be the (n—1, n—1) Green’s current of D, ,, on the hermitian symmetric
domain (%, h) C 9 x H(Ay)/K. We define a current

Eag)e =Y. Y. wDdi(T@) ) S
Xi hieH@\H(Af)/K

on %9 x H(Ay)/K, where x; is taken over all elements in V" whose components
are linearly independent. It It projects to a current on H(Q)\9x H (Ar)/K, which
is a Green’s current for Zy, (g;). Then we have

((Zg,(81), g (81)0), (Z4,(82), Epr (82)0)) My
=> Y (gL N1 @G (T(x) & T (x2), (h'x1, b~ x2))

x1,x2 he H@Q)\HAf)/K

=
[\

=
xiar,h ¥ Sxoan,h

X
/H(@)\(@xH(Af)/K)
=Y. D @1, 8¢ ®pa(T,h™ xp)H(a* Ta)u

T heHAp)/K

=Y H@Ta)w [] o (810, 85,)PT)
T

VEX o

Xl—[ Z @) (1(81.0: 85 ) P10 ® $2v(hy ' x7),  (4-53)

veXy hyeH, /K,

where the sum is taken over all nonsingular T € Her,,, (E) that are moment matrices
of some x7 € V¥ and a = a; ® a» € GL,,(C). We compute for each v.

Case I: v =1, by (4-3) and Theorem 4.17 for the coefficient a*Ta, we have

1T, (2n)
112
H(a*Ta)oow;L (l (gl’“ gZL))Q?(T) = )/\/[ (Z;ZW

Recalling the local Tate factors (2-4), we have
H(a*Ta)oot), (1810, 85 ) PVT) = vy, ' bon ()W (0, 1(g1.0. 85,). BY). (4-54)
Case Il: v € X, v #t. By (4-3) and Proposition 4.5(2), we have
&), (10810, 85 ) PUT) = ¥y b2 o O W7 (0, 1(81,0. 85,), D). (4-55)

Case III: v € . Recalling the set Q27 defined in Section 2E, it is easy to see
that Qr # @ is a single orbit of the left translation by H,, whose stabilizer at

W7 (0,1(81., 85 D).
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any point is trivial. Hence any Haar measure d’h, on H, induces a measure
d’'x on Q7. We have

D W (810 8P ® bou (B x7)

hyeHy /Ky

= vol'(K,) ™! / @) (10810, 83 P10 ® bou(hy ' xp) d'hy,
H,

where vol’ (K, ) is the volume of K, under the measure d’h,. By [Rallis 1987,
Lemma 4.2], we can choose a unique measure d’h, such that

Wr (0, 1(g1,v, g;,v)v D1y ®¢2y) =Wr (0» e, w;U(l (81,0, gﬁ/,v))(pl,v ®¢2,v)

= yv,b2n,v(0) ! / @) (1(81,0+ 85.,))P1.0 ® b2 (hy ' x7) d'hy.  (4-56)
H,

v

By Lemma 2.9, for almost all v, we have vol' (K,) = 1.

Now taking the product of (4-54), (4-55), and (4-56), we have
(4-53) = —b2, (O)vol (K) ' EL(0, 1(g1, &), $1 ® o).

Now we take the modified measure (2b,(0)) " I, ez, d’h, under which we have
the desired identity in Theorem 4.20. U

Appendix: Theta correspondence of spherical representations

In this appendix, we consider the theta correspondence of spherical representations
for unitary groups since we cannot find literature in this case. We follow [Rallis
1984] where the symplectic-orthogonal case was discussed.

Let F/Q, be a finite field extension with p #2 and E/F an unramified quadratic
field extension with Gal(E/F) = {1, t}. Let Op (resp. Of) be the ring of integers
of F (resp. E),  a uniformizer of Op, and ¢ the cardinality of O /@wOp. Let
be the unramified additive character of F' which determines an additive character
of E by composing with %TrE /F- Let dx be the Haar measure of E which is self-
dual with respect to ¢ o %TrE/F and d*x = dx/|x|g the Haar measure of E*,
normalized such that |@ |z = g 2.

Let n,m > 1 be two integers and r = min{m, n}. Let (W,, (-, -)) be a skew
hermitian space over E whose skew hermitian form is given by

(")
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under the basis {ei, ..., e, ef, ..., e} and (V,,, (-, -)) a hermitian space over E
whose hermitian form is given by
1
1,

under the basis {fi, ..., f; f7', ..., fin}. Let H = UW,), H, = U(V,,) and
K, = U(W,) N GL2,(Of), K,y = U(Vy) N GLy, (Of) be hyperspecial maximal
compact subgroups. We have a Weil representation w = wy y of H, x H, on the
space of Schwartz functions ¥(V,!) defined as

. w((A , A,,_l))gb(x) = |det Al (x ),

. w((l f)>¢<x> — Y(tr BT (1) (x),

: a)((_l 1">)¢(x> — ).

« o(h)p(x) =9 'x),
where p e ¥(V,), AcGL,(E), B eHer,(E), h€ H,,, and ais the Fourier transform
with respect to i o %TrE/F and dx.

Let Wy, =spangfef |, ..., e,} for 0 <i <nand Vn’:] = spanE{fj*H, e i}
for 0 < j < m. Then we have filtration of the maximal isotropic subspaces W
and Vr;zk,O:

W:,O D) W:’l DD WI’T,I’[ = {0}, V*,O D V,,::’] IDEERND) V’::’m == {0}

m

Then, up to conjugacy, the maximal parabolic subgroups of H, x H,, are precisely
those subgroups P,ZJ x Py, j consisting of elements (h’, 1) stabilizing the subspace
Wy, ®V, .. Let N, ; x Ny ; be its unipotent radical. Also the Levi factor of

P,i’i X Py, j is isomorphic to (GL,—; (E) x H) x (GL,,—;(E) x H;). We also define
the algebraic closed subsets X; of V) for 0 <t <n to be

Si={x=01...,x) €V, | (xj,xj))=0fort+1=<j<n}
We say that a function ¢ € S(V)) is spherical if it is invariant under the action of
K, x K. Then we have

Lemma A.l1. Let ¢ be a spherical function in (V) such that for any h' € H,,
w (h")¢ vanishes on the subset X, then w (h')¢ vanishes identically.

Proof. The proof follows exactly that of [Rallis 1984, Proposition 2.2]. ]

Now we identify V, with Maty,,»,(E) via the basis {f1, ..., fu; fi', ..., fi}
Then as a GL,(E) x H,-module, the action is given by (A, h).X = hXA™'. We
have the following version of [Rallis 1984, Lemma 3.1]:
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Lemma A.2. Let E(Z) {X € Xo | rank(X) = i}. Then E() (if nonempty) is an
orbit under GL,(E) x Hy,, and X is a disjoint union oforbtts of the form E( )for
i=0,1,...,r where Z(r) is the unique open one.

Let us review some facts about spherical representations of H, x H,,. Consider
the minimal parabolic subgroup B, x By, , of H, x H,, defined as follows. Let

et ) (-2)

which has a decomposition B, =T, - U,, with

A is lower triangular and B is hermitian},

= (diaglti, .., tu, 17 10T [ 1 € EX)

and U, the unipotent radical of B, . Let

o= () (% 2) = ("))

where A1 € Mat,«,(E) is lower triangular, A3 € Mat(,—r)xm—r)(E) is upper tri-
angular, A> € Mat, x(u—r)(E), and B is skew-hermitian. We have a decomposition
By, =Ty - Uy, where T,, = T, and U,, , is the unipotent radical of B,, ,.

For v = (v, ...,v,) € C", we define the space I’(v) consisting of all locally
constant functions ¢ : H, — C satisfying

n
o'ty =87 2 [ i1 o)
i=1
forall " € H,,t € T, and u’ € U, where §), is the modulus function of B,. We
have &, (t)) = []i_, 1t/ |125’_1. These I'(v) give all spherical principal series of H,.
Let ¥(H, //K,) be the spherical Hecke algebra of H,. Then we have the Fourier—
Satake isomorphism FS: #(H, //K|) — C[ X}, Xl’l, ooy X, X711V WD such that
for any f' € S(H//K}),

FS(F) (@™, g ™, ..., g™, q ") = tracep ) ().

For = (1, ..., um) € C", we define the space I (1) consisting of all locally
constant functions ¢ : H,, — C satisfying

m
o(h-t-uy=38,720) [ 115 o)
=1
forall h € Hy, t € Ty, and u € U, ,, where §,, , is the modulus function of

By.r. We have 8,,,(1) = [[; 1|tj|2’" PR 1 These 1(u)
give all spherical principal series of H,,. Let ¥(H,,//K,,) be the spherical Hecke
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algebra of H,,. Then we have the Fourier—Satake isomorphism FS: ¥(H,, // K,,) —
CIX1, X'ty X, X1V ) such that for any f € S(Hy //Kn),

FS(F) (g™, q 21, ..., g%, g~ ) = traces ) (f).

Now we are going to construct a certain explicit intertwining operator from
FVr) to I'(v) ® I(w). To do this, we introduce the subgroup Y, = A, - L, of
GL,(E), where

1
A, ={diaglay,...,a;1|a; € E*}, L,= lije E
L1

It has a right invariant measure given by
r
2i—(r+1 5
dy, =[lailz " Pa*a; ] dbi;.
i=1 I<j<i<r

where 31,3 j 18 a certain measure on L, normalized as in [Rallis 1984, p. 490]. For
o = (o1, ...,0.) € C" such that R(o;) > 0, the integral

Zy = Y 0>) : iad r
@) /Yr¢<<0 0 EmlE y

is absolutely convergent. We define a functional %, sending ¢ to the function
(W, h) — Zy((® ', h=1¢). It is a nonzero H) x H,-intertwining map from
SV to $(H, x Hy); moreover:

Lemma A.3. For 9i(o;) > 0, the image of the above intertwining map %, lies in
I'(v) ® I (u) where

v:(2+01—m—%,...,Zr—i—ar—m—%,(r+1)—m—%,...,n—m—%),

,u:(—2—01+m+%,...,—2r—|—ar+m+%,—(r—i—l)—i—m—i—%,...,%).

Proof. We have

Fo($)N'1'u' htu) = / U u—lr—lh—lw((y ' ))l_[|ai|% dy,
Y i=1

=/ CIC r—lh—1>¢<<y’ ))]‘[m,-rgdyr

Yy i=1

:f |det?'|;" w (b, h—1)¢(z<y’ )t/_l)l_[|a,~|j§dyr. (A1)
Y. i=1
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Changing the variable y, > y’ = diag[t1, .. ., t]yr, we have
r—3i—o;+2
1‘[|a,|E dy, = 1_[|z, o2 T il dyy.
i=1
Changing the variable y, > y. = diag[t{_l, ..o, /71, then

,
i+o;i—1 —1
]_[|a,|Edyr 1_[|rz| [T a1 dy;.
i=1

Hence

(A. 1)—]_[|r ey 1_[|rj|’ v

i=r+1
X/ w(h'_l,h_l)dﬁ((yr >> Hldil%dyr
Y, i=1
i+o;j—m— r—=3j—o;j+2
—1_[|z|+ 1 H Hrs 1‘[|rj g, () ). O
i=r+1

From this lemma, it is easy to see the following. If m > n =r, there is a surjective
homomorphism ®,, , : ¥(H,,//K») = ¥(H, //K,) which has the property

gzcro(cI)m,n(f)_f):

for all f € ¥(H,,//Ky,) and NR(o;) > 0. Using the Fourier—Satake isomorphism,
the map &,, , is given by

CIX1, X7 X, X 1Y) — €y, X7 X, XY,

where
log, X — log, X, j=1,...,n,

loquj|—>2m—2j+1, j=n+1,...,m

In particular, when m = n, ®,, , is the identity map.
If n>m =r, similarly there is a surjective homomorphism @, :¥(H, //K,) —
S(H,, // Ky) which has the property

%y o (f — ), (f)) =0

for all ' € ¥(H, //K,) and R(o;) > 0. Using the Fourier—Satake isomorphism,
the map ®; , is given by

CIXy, X7, X, XD s Xy, XYL X, X 1Y)
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where
loqu,-l—>10qu,-, i=1,...,m,

10qu,-|—>2m—2i—|—1, i=m+1,...,n.
In fact, we have

Lemma Ad4. Let ¢ € S(V)) be spherical and Z,(¢) = 0 for all 0 € C" with
N(o;) > 0. Then w(h')¢ vanishes on X for all h’ € H,.

Proof. It suffices to show that w(h’)¢ vanishes on Eér) since it is dense open in
0. Since E(()r) is a GL,(E) x H,,-orbit, we only need to show that

()=

for all (4', h). But we can write i’ = b'k’ with b’ € B,, k' € K, and h = bk with

b e By, , and k € K,,. Then since ¢ is spherical, we have

o' h)g ((1 )) = (b b)p ((1 )) =¢((X ))

with X € Mat,,(E). Hence the lemma follows from [Rallis 1984, Lemma 5.2]
for k = E. ]

Combining Lemmas A.1, A.3, and A.4, we have
Proposition A.5. The ideal

Inm=A{f €S (H,//K}) ® S (Hn//Kn) | 0(f) =0}
is generated by
{@un(f) = f I f €S Hp//Kn)} (resp. {f' =P, ,,(f)] f € S(H,//K)D
ifm>n (resp. m < n).

We have a similar result for the Weil representation of GL, (F) x GL,,(F) on
F(Mat,,, (F)) given by w(g’, g)p(x) = ¢(g_1xg’) (see [Rallis 1984, Section 6]).
Without lost of generality, we assume that n > m; then the ideal

Inm ={f € F(GLy(F)//GLa(OF)) & F(GLu(F)//GLn(OF)) | 0 (f) =0}

is generated by
{f =Wam(N) | f € F(GL(F)//GL.(OF))}.

In terms of the Fourier—Satake isomorphism, the surjective homomorphism W, ,,
is given by

CIX1, X', X, X, VORI s orxy, X8 X, X,V CEn (D)

n
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where
log, X; > —log, Xi + "5, i=1,....m,
log, Xi > —i + "1, i=m+1,....n.

Corollary A.6. (1) If m is an unramified irreducible admissible representation
of H,, then the theta correspondence of w to H, = H, is nontrivial and
isomorphic to w, that is, 01 (7, V,) = 7.

(2) If m is an unramified irreducible admissible representation of GL,(F) and x
an unramified character of F*, then the theta correspondence of m to GL,(F)
through the Weil representation ., where w,(g', )¢ (x)=x(det g")p (g~ 'xg")
for ¢ € $(Mat, «,,(F)), is nontrivial and isomorphic to m¥ ® x.
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Arithmetic theta lifting and L-derivatives
for unitary groups, |l

Yifeng Liu

We prove the arithmetic inner product formula conjectured in the first paper of
this series for n = 1, that is, for the group U(1, 1) unconditionally. The formula
relates central L-derivatives of weight-2 holomorphic cuspidal automorphic rep-
resentations of U(1, 1)r with e-factor —1 with the Néron—Tate height pairing
of special cycles on Shimura curves of unitary groups. In particular, we treat
all kinds of ramification in a uniform way. This generalizes the arithmetic inner
product formula obtained by Kudla, Rapoport, and Yang, which holds for certain
cusp eigenforms of PGL(2)q of square-free level.
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1. Introduction

The Birch—Swinnerton-Dyer conjecture predicts a deep relation between ratio-
nal points on rational elliptic curves and the associated analytic object called the
Hasse—Weil zeta function or L-function. This conjecture has also been generalized
to higher dimensions and to more general varieties and motives by Beilinson, Bloch
and others. Gross and Zagier [1986] studied the relation between the central deriv-
ative of the L-function of a rational elliptic curve and the height pairing of Heegner
points on it, through the arithmetic theory of modular curves and Rankin L-series.
After elaborate computations, they obtained the famous Gross—Zagier formula,
which is exactly predicted by the Birch—-Swinnerton-Dyer conjecture. This was

MSC2000: primary 11G18; secondary 20G0S5, 11G50, 11F27.
Keywords: arithmetic inner product formula, arithmetic theta lifting, L-derivatives, unitary Shimura
curves.
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generalized by S.-W. Zhang [2001a; 2001b] to the case of Shimura curves over
totally real fields. The complete version of the Gross—Zagier formula was recently
achieved by X. Yuan, S.-W. Zhang and W. Zhang [Yuan et al. 2011]. Bruinier
and Yang [2009] used regularized theta lifting and relate the inner product to L-
derivatives to give another proof of the original Gross—Zagier formula. Certain
p-adic (or rigid analytic) versions of the Gross—Zagier formula have been studied
in [Bertolini and Darmon 1997; 1998].

Kudla [1997; 2002; 2003; Kudla et al. 2006] found another way to study L-
derivatives, or more generally, derivatives of Siegel Eisenstein series. It was his
great discovery that the theory of doubling integrals established in [Gelbart et al.
1987] can be used instead of the classical Rankin—Selberg convolution and that
derivatives of (Siegel) Eisenstein series are also related to the height pairing of
certain arithmetic objects. His project on the arithmetic Siegel-Weil formula sheds
new light on this area. More importantly, the idea should work for higher dimen-
sions and in both symplectic-orthogonal and unitary cases. Kudla, Rapoport, and
Yang [Kudla et al. 2006] have also proved a special form of the arithmetic inner
product formula for quaternion Shimura curves over Q of minimal level.

Extending that work, we set up in [Liu 2011] a general, explicit formulation
of arithmetic theta lifting. Conjecture 3.11 of that paper gave an arithmetic inner
product formula for unitary groups; we also proved the modularity theorem for
the generating series (Theorem 3.5) and an archimedean arithmetic Siegel-Weil
formula for any dimension (Theorems 4.17 and 4.20) predicted by this formulation.
In this second paper, we prove the complete version of the arithmetic inner product
formula for unitary groups of two variables over totally real fields.

The following is a detailed introduction. Let F be a totally real field, E/F a
quadratic imaginary extension, T the nontrivial Galois involution, €, the associ-
ated quadratic character by class field theory, and i an additive character of F\AF,
standard at archimedean places. For n > 1, let H, be the unitary group over F such
that for any F-algebra R, H,(R) = {h € GL,(E ®F R) | 'h*w,h = w,} where

Wy, = L,
n — —ln .

The center of H,, is the F-torus E*-! =ker[Nm: EX — F*]. Let 7 be an irreducible
cuspidal automorphic representation of H, and 7" its contragredient. Let x be a
character of Ay which is trivial on E*Ay.

By the theta dichotomy proved in [Paul 1998; Gong and Grenié 2011], we get
a factor e(m, x) (see Section 2A for a precise definition) which is the product
of local ones €e(m,, x,) for each place v of F, such that €(m,, xy) € {£1} and
€(my, xv) = 1 for almost all v. Although it is conjectured that this € (i, xy) is
related to the local e-factor in representation theory (see [Harris et al. 1996]), it is
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not the same, according to our definition. From these local factors, we can construct
a hermitian space V(rr, x) over Ag of rank 2n which is coherent (resp. incoherent)
if e(mr, x) =1 (resp. —1). When € (7, x) = 1, we get the usual (generalized) Rallis
inner product formula (see [Kudla and Rallis 1994; Ichino 2004; 2007], also [Liu
2011, Section 2] in our setting).

Now let us assume n =1 and € (7, x) = —1. Then the central L-value L(%, T, X)
vanishes where the global L-function L(s, 7w, x) = [[,(s, 7y, xv) is the product
of local ones, which are essentially defined as the common denominators of lo-
cal zeta integrals by Piatetski-Shapiro and Rallis (see [Gelbart et al. 1987; Harris
et al. 1996]; this will be recalled in Section 2A). It is natural to ask the value of
L’(%, 7, x). For this purpose, we further assume that for any archimedean place ¢
of F, m, is a discrete series representation of weight 2 such that its central character
wz, = x, . Then the corresponding V(r, x) is incoherent and totally positive
definite of rank 2. Now for any hermitian space V over Ag which is incoherent
and totally positive definite of rank 2, let H = Resa, /aU(V) be the corresponding
unitary group. Then we can construct a projective system of unitary Shimura curves
(Shg (H))k, smooth and quasiprojective over E, where K is a sufficiently small
open compact subgroup of H(A ). These curves are nonproper if and only if F =0Q
and € (iry, xy) =1 for all finite places v of F. In any case, we denote by (Mg )k the
(compactified, if necessary) system of unitary Shimura curves for simplicity. For
any f € m and Schwartz function ¢ € ¥(V)V> (see Section 3B), we construct a
cycle A , called the arithmetic theta lifting, which is a divisor on Mg of degree 0
for any K fixing ¢, through the Weil representation w,. On the contragredient
side, we also have ®£5 for f¥ € 7 (but through wy). We prove the following
arithmetic inner product formula for U(1, 1) g:

Theorem 1.1. Let w, x be as above and let V be any totally positive-definite inco-
herent hermitian space over Ag of rank 2. Then

(1) If V2 V(m, x), then the arithmetic theta lifting @é: is a torsion class for any
femnandp e F(V)V,
() If V = \(m, ), then for any f € m, f¥ € ¥ and any ¢, ¢" € (V)=
decomposable, we have
L'(5.7 %)
T Lr@L(L egr)

where we take the Néron—Tate height pairing on some Mg (same as Beilinson—

(©). O InT [12°©. x0. fu. £ 40 @B},

v

Bloch pairing on curves) such that ¢ and ¢V are invariant under K and we
normalize it by a volume factor such that the resulting pairing is independent
of the K we choose. The terms Z* in the product are normalized local zeta
integrals defined in Section 2A, of which almost all are 1.
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We remark that the L-function L(s, , x) defined by Piatetski-Shapiro and Ral-
lis (see [Harris et al. 1996] for a detailed definition for the unitary group case)
coincides with L(s, BC() ® x) when n = 1; this is conjectured to be true for any
n. In particular, the set of L-derivatives appearing in the above main theorem is
exactly the same as in the Gross—Zagier formula in full generality, recently proved
in [Yuan et al. 2011].

Our basic idea is similar to that of [Kudla 1997; Kudla et al. 2006]. The dif-
ference is that those works consider a certain integral model of the Shimura curve
associated to a (D-quaternion algebra and view the generating series and hence
the arithmetic theta lifting as Arakelov divisors on that integral model. It has a
canonical integral model in their minimal level case. But for general-level struc-
tures and even higher dimensional Shimura varieties, it is not all known. Instead,
we work over canonical models of (unitary) Shimura varieties over reflex fields
and define the generating series and the arithmetic theta lifting as usual Chow
(co)cycles. In this way, we can formulate a precise version of the arithmetic inner
product formula assuming that the Beilinson—Bloch height pairing, which is just
the Néron—Tate pairing in the case of curves, is well-defined. At least in the case
of U(1, 1) r, everything is well-defined.

For the proof, we use theories of Siegel Eisenstein series, Arakelov geometry,
local heights, and p-divisible groups. The geometry part of this method actually
goes back to [Gross and Zagier 1986]. Instead of explicit place-by-place compu-
tation (which is possible in the minimal level case) as in [Kudla et al. 2006], we
greatly use the theory of theta lifting, certain multiplicity one results, modularity of
the generating series, and various techniques for choosing test functions to avoid
explicit computations at bad places which are almost impossible in the case of
general levels. This allows us to prove the result for all kinds of ramification,
from both representations and geometry, in a uniform way. This new idea was first
proposed by Yuan, Zhang, and Zhang, and was used in their recent work on the
general Gross-Zagier formula and the arithmetic triple product formula [Yuan et al.
2010; 2011].

The paper is organized as follows. In Section 2, we start by reviewing the
method of doubling integrals, especially the integral presentation of L-functions
and L-derivatives for unitary groups. In particular, we recall the analytic kernel
function E’(0, g, ®). Usually, it is extremely difficult to calculate its Fourier co-
efficients explicitly. But we prove later in the section that for a certain “nice”
choice of test functions, we can kill all irregular Fourier coefficients and even
arbitrary finitely many derivatives of regular ones. This nice choice is quite deli-
cate and hence not easy to describe at this point. Finally, we have the following
decomposition for nice & and g in a subgroup of H,,(Ar) which is dense in

Hy, (F)\H>, (AF):
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E'0,g,®)=Y E,0,g ®),
vgS

where S is a certain finite set of finite places of F which are “bad”. The term
Ey(0, g, @) is a sum of products of local Whittaker functions away from v and
their derivatives at v; it is 0 if v is splitin E.

In Section 3, we review the definition of Néron—Tate and Beilinson—Bloch height
pairing on curves over number fields. Using this, we have a parallel construction of
the kernel function for the height-pairing side when n = 1, namely the geometric
kernel function E(g;, g2; ¢1 ® ¢2) which is essentially the height pairing of two
generating series Zy, (g1) and Zy,(g2). Thanks to the theorem of modularity of the
generating series proved in [Liu 2011], it is not difficult to see that E(gy, g2; ¢1R¢»)
is an automorphic form of H; x H;. Analogous to the analytic side, for nice choice
of ¢1 ® ¢, we have a decomposition for g; inside a subgroup of H;(Af) which is
dense in Hj(F)\H;(AF):

E(1, 82 1 ®¢2) = —vol(K) Y (Zy, (81), Zg(82))re
veeXxe

+ Eisenstein series and (possibly) automorphic characters,

where v° takes over all places of E and the local height pairing is taken over a
certain integral model of Mg . The terms of automorphic characters appear only in
the case where the original Shimura curve is nonproper due to the nonvanishing of
a certain intertwining operator.

Section 4 is dedicated to comparing the corresponding terms in two kernel func-
tions for good finite places, namely the analytic side E (0, t(g1, g2v ), 1 ® ) and
the geometric side <2¢1 (g1), sz (g2))ve With v°|v.

Section 5 is dedicated to treating bad places appearing only on the geometric
side. We prove that, for nicely chosen ¢; ® ¢,, these (finitely many nonzero) height
pairings are Eisenstein series and theta series.

We reach the final stage of the proof in Section 6. First, we introduce the notion
of holomorphic projection and compute that for the analytic kernel function. By the
comparison theorem at infinite places proved in [Liu 2011, Section 4], it turns out
that after doing holomorphic projection, we will get the correct Green’s function.
Second, the difference between the (holomorphic projection of the) analytic kernel
function and the geometric kernel function

Pr(E"(0,1(81,85). 1 ® ¢2)) — E(g1. 82: 1 @ ¢2)

is now a linear combination of Eisenstein series, automorphic characters (that is,
one-dimensional automorphic representations), and theta series for (g, g») inside a
subgroup of H (Ar) x H{(AF) whichis dense in H; (F)\ H{(Ar)x H/(F)\H(AF).
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But the key thing is that they are both automorphic forms; hence they really differ
by a linear combination of Eisenstein series, automorphic characters, and theta
series. Now we integrate automorphic forms f € and f € 7 with this difference
and get zero since 7 is cuspidal and €(sr, x) = —1! This has already implied the
arithmetic inner product formula but only for nicely chosen ¢ ® ¢¥. To obtain the
full formula, we need to use the multiplicity-one result proved in Section 6B. We
introduce functionals

Ol(f, fv’ ¢a d)v) = 1_[2*(07 XU? va fu\/v ¢U®¢1\)/)’

y(f £, 6.9") = (0], 0] T,

which are obviously inside Hom g, a,)x a1, ap) (R(V, x), 77 X x 1), whose dimen-
sion is 1 when V = V(rr, x). Moreover, by [Harris et al. 1996] we know that as a
functional, & # 0. Hence y is a constant multiple of «. To calculate this constant,
we only need to plug in certain f, Y, ¢, ¢" such thata(f, fV, ¢, ¢") #0. By the
density result proved in Section 2D, we can choose nice ¢ ® ¢ and f, f such
that a(f, ¥, ¢, ¢") # 0 where the constant has already been computed. As a
consequence, we obtain the arithmetic inner product formula for any f, Y, ¢, ¢".
The following conventions hold throughout this paper.

o Ay =7®;0Q= (l<i£1N Z/NZ) ®z Q is the ring of finite adeles, A = Ay x R
is the ring of full adeles.

e For any number field K, Ay =AQ®qg K, Arx =Ar QR K, K = K ®g R,
and 'y = Gal(K?3¢/K) is the Galois group of K.

e As usual, for a subset S of places, —g (resp. —5) means the S-component
(resp. component away from §) for the corresponding (decomposable) adelic
object; —o (resp. — ¢) is the infinite (resp. finite) part.

e The symbols Tr and Nm mean the trace (resp. reduced trace) and norm (resp.
reduced norm) if they apply to fields or rings of adeles (resp. simple algebras),
and tr means the trace for matrices and linear transformations.

e 1, and 0, are the n x n identity and zero matrices; ‘g is the transpose of a
matrix g.

o All (skew-)hermitian spaces and quadratic spaces are assumed to be nonde-
generate.

o For aring R, sometimes R also stands for its spectrum Spec R or Spf R (if it
causes no confusion) according to the context.

» For a scheme X over a field K, we let Pic(X) be the Picard group of X over
K, not the Picard scheme.
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2. Analytic kernel functions

2A. Doubling method. We briefly recall results mainly from [Gelbart et al. 1987;
Li 1992; Harris et al. 1996] with the setups and notation of [Liu 2011, Section 2].

Let F be a totally real field and E a totally imaginary quadratic extension of F.
We denote by 7 the nontrivial element in Gal(E/F) and €g/F : A;/FX — {£1}
the associated character by class field theory. Let X (resp. X r; resp. ) be the
set of all places (resp. finite places; resp. infinite places) of F, and X°, X%, and
22, those of E. We fix a nontrivial additive character ¢ of Ap/F.

For a positive integer r, we denote by W, the standard skew-hermitian space
over E with respect to the involution 7, which has a skew-hermitian form ( -, -)
such that there is an E-basis {ey, ..., e, } satisfying (e;, e;) =0, (e,4;, e,1;) =0
and (e;, e,y ;) = 6;; for 1 <i, j <r. Let H, = U(W,) be the unitary group of W,
which is a reductive group over F. The group H,(F), in which F can be itself
or its completion at some place, is generated by the standard parabolic subgroup
P.(F) = N,(F)M,(F) and the element w,. Precisely,

N, (F) = {n(b)z (1’ lb) ' be Herr(E)},

M, (F) = {m<a>= (“ t rl)
-
J— lr
wr - —lr ’

where Her, (E) = {b € Mat,(E) | b* = 'b}.
We fix a place v € ¥ and suppress it from the notation. Thus F = F,, is a local
field of characteristic zero, E = E, is a quadratic extension of F which may be

ac GL,(E)},

and

splitand H, = H, , = H,(F,) is a local reductive group. Also, we denote by J{, the
maximal compact subgroup of H, which is the intersection of H, with GL,,(0OF)
(resp. is isomorphic to U(r) x U(r)) if v is finite (resp. if v is infinite). For s € C and
a character x of E*, we denote by I, (s, x) = s—Indgr" ( X|-|2+r/ 2) the degenerate
principal series representation (see [Kudla and Sweet 1997]) of H,, where s-Ind
means the unnormalized smooth induction. Precisely, it realizes on the space of

J{,-finite functions ¢; on H, satisfying

@ (n(bym(a)g) = x (deta)|detal” % (g)
for all g € H,, m(a) € M,, and n(b) € N,. A (holomorphic) section ¢, of I, (s, x)
is called standard if its restriction to J{, is independent of s. It is called unramified
if it takes value 1 on J{,. Now we view F and E as number fields. For a character
x of A% which is trivial on E* and s € C, we have an admissible representation
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I.(s, x) = ®' I, (s, xv) of H.(Afr), where the restricted tensor product is taken
with respect to the unramified sections.

Let us have a quick review of the classification of (nondegenerate) hermitian
spaces. If v € ¥y and E is nonsplit at v, there are, up to isometry, two different
hermitian spaces over E, of dimension m > 1: V* defined by

e(VF) = eg/p((=1)"" D2 det VF) = £1.

If v e Xy and E is split at v, there is, up to isometry, only one hermitian space
VT over E, of dimension m. If v € £, there are, up to isometry, m + 1 different
hermitian spaces over E, of dimension m: V; with signature (s, m — s) where
0 < s < m. In the later two cases, we can still define €(V) in the same way. In
the global case, up to isometry, all hermitian spaces V over E of dimension m are
classified by signatures at infinite places and det V € F*/NmE™; particularly, V
is determined by all V, = V ®F F,. In general, we will also consider a hermitian
space V over Ag of rank m. In this case, V is nondegenerate if there is a basis under
which the representing matrix is invertible in GL,,(Ag). For any place v € X, we
let V, =V®a, Fy, Vy =V®a, Ay r, and define X(V) ={v e X | e(V,) = -1},
which is a finite set, and € (V) =[] e(V,). We say V is coherent (resp. incoherent)
if the cardinality of X (V) is even (resp. odd), that is, e (V) =1 (resp. —1). By the
Hasse principle, there is a hermitian space V over E such that V=V ® p A if and
only if V is coherent. These two terminologies are introduced in the orthogonal
case in [Kudla and Rallis 1994]; see also [Kudla 1997].

We fix a place v € X and suppress it from the notation. For a hermitian space
V of dimension m with hermitian form (-, -) and a positive integer r, we can
construct a symplectic space W = Resg,r W, @ g V of dimension 4rm over F with
the skew-symmetric form %TrE/F( -, )T+, -). Welet H=U(V) be the unitary
group of V and ¥ (V") the space of Schwartz functions on V’. Given a character
x of E* satisfying x| .. =€ /p> We have a splitting homomorphism

I(x,1): H x H— Mp(W)

lifting the natural map 1 : H, x H — Sp(W) (see [Harris et al. 1996, Section 1]).
We thus have a Weil representation (with respect to ¥) w, = wy 4 of H, x H on
the space ¥(V"). Explicitly, for ¢ € (V") and h € H, we have:

wy (n(b))p(x) = Y (trbT (x)) @ (x).

w, (m(a))p (x) = |detaly’* x (deta)¢ (xa).
0y (W) (x) = Yy p(x).

wy (N (x) = (h~'x),
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where T (x) = ((x, L Xj )) 1<i j<r is the moment matrix of x, yy is the Weil constant
associated to the underlying quadratic space of V (and also ), and ¢ is the Fourier
transform

$x) = /V SOV (T, W) dy,

using the self-dual measure dy on V" with respect to 1. Taking the restricted tensor
product over all local Weil representations, we get a global $(V") := @) F(V) as
a representation of H,(Ar) x H(AF).

We now let m = 2n and r = n with n > 1 and suppress n from our notation,
except that we will use H' instead of H,, P’ instead of P,, N’ instead of N,, and
X' instead of Ji,. Hence x|ax = 1. Let w = &' 7, be an irreducible cuspidal
automorphic representation of H'(Af) contained in L?>(H'(F)\H'(Ar)) and 7
realizes on the space of complex conjugation of functions in 7.

We denote by (— W) (recall that W = W,,) the skew-hermitian space over E with
the form —( -, - ). Hence we can find a basis {e| , ..., e, } satisfying (e;", e;) =0,
(e, i ey )) _O and (e; , e, ;) = —d; for 1 <i <n. Let W' =W (—W)
be the direct sum of two skew-hermitian spaces. There is a natural embedding
1 : H x H — H" := UW") given, under the basis {ey, ..., ez} of W and
len, ... enser, o e s ensl, - vy €m; —€, g, ..., —ey } of W, by 1(g1,82) =
10(g1, &), where

-1
_ (@ b _ (a2 b2 v_ (1 1,
1=\ a) ©2=\ea) 8 )80 )

and al by
ay bz
10(g1, &) =
(g1, &2) 4
) d
For a complete polarization W” = W’ @ W', where W' = spang{ei, ..., e,;
er,....,e, ) and W' = spangfe,t1,...,em; —e, |,...,—e,,}, there is a Weil

representation of H”, denoted by ) (with respect to ¥/), on the space PV,
such that l*a)” = wy .y X Xa)X v Wthh is realized on the space (V") @ ¥(V").
Let P be the parabohc subgroup of H” fixing the subspace W’ whose maximal
unipotent subgroup is denoted by N.

Let V be a hermitian space over Ag of rank 2n. We have a linear map

LV = Do(s, x)

given by ¢¢ 5(g) = a); (©)®0)Ap(g)*. When s = 0, it is H"”(Ap)-equivariant
and we denote by R(V, x) = ®:} R(V,, x) the image of this map. We define the
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Eisenstein series

E@e)= Y. g

yeP(F)\H"(F)

for any standard section ¢, and E (s, g, ) = E(g, ¢¢.s). Itis absolutely convergent
when 9i(s) > n and has a meromorphic continuation to the entire complex plane,
holomorphic at s = 0 (see [Tan 1999, Proposition 4.1]).

By [Gelbart et al. 1987; Li 1992] (see also [Liu 2011, Proposition 2.3]), for any
femn, f¥ en’, and standard ¢, € I,(s, x) which are decomposable, we have for
N(s) >n

Fe) fY(g2)x ' (detg) E(1(g1, g2), ¢s) dg1 dga

= l_[ Z(va fv, fvv, (Ps,v)a

veEX

/[H’(F)\H’(AF)JZ

where

Z(Xvs fo fv\/’ QDS,U) = / (o (gv) fos fvv>¢s,v()/01(gva 1)) dgy
H

is the local zeta integral, which has a meromorphic continuation to the entire com-
plex plane. Here,

1}’1 lﬂ

Let us temporarily suppress v in the following. As in [Harris et al. 1996] (see
also [Liu 2011, Section 2C]), we define the local L-factors L(s, , x) through these
local zeta integrals and define the normalized one to be

_ bZn(S)Z(X’ f’ fv’ 905)
L(s+ %, T, X)

Z°(x L fY o) ; (2-1)

s=0

which is a nonzero element in Hompg/y g/ (12,(0, x), ¥ X x7) (see [Harris et al.
1996, Proof of (1), Theorem 4.3]), where

m—1

bu(s) =[] L@s+m—i. €y p). (2-2)
i=0

We let Z*(S’ X’ f’ fv’ CI)) = Z*(Xa f’ fvvgaq),S)'

When everything is unramified, Z*(s, x, f, f”, ®) = 1, by [Li 1992]. Hence,
globally (and assuming everything is decomposable; otherwise we take a linear
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combination), the assignment

Ol(f’ f\/’ CD) = 1_[2*(05 Xva fv’ fv\/’ qDU)
v
defines an element in

Hompr(apyxmap (R(V, ), 7/ K xm) = ® Homp: w1y (R(Vy, o), 1) B xu710).

v

By analytic continuation, we have

g fY(g2)x " (detg)E(s,1(g1, g2), ®) dg1 dga

1
_ 2’1L(S+2’7T., X.) l_[Z*(S»Xvafv’fyvquU)
[TZiL@s+iepp) 7,
for any s € C, where in the last product almost all factors are 1.

By the theta dichotomy proved in [Paul 1998] in the archimedean case and [Gong
and Grenié 2011] in the nonarchimedean case (see [Liu 2011, Proposition 2.6] for
our statement), we have Homp/ s g (R(Vy, o), ) W xymy) # 0 for exactly one
V, (up to isometry) over E, of dimension 2n. We denote this hermitian space
by V (my, xv) and €(my, xy) = €(V (y, xv)). Let V(mr, x) be the hermitian space
over Ag, unique up to isometry, such that V(rw, x), = V (my, x») forany v € &
and €(r, x) = [[€(my, x»). Hence we can choose f € w, f¥ € n¥, and @ €
P(V(m, x)*") such that a(f, fV,®) #0. If e(r, x) = —1, then V(x, x) is inco-
herent and E (0, g, ®) =0 by [Liu 2011, Proposition 2.11(1)]. Then L(%, m,x)=0
and we have

KH/(F)\H/(AF)]Z

g fY(g2)x ' (detg) E'(0,1(g1, g2), D) dg1 dga

L'(3,7, %)
= [ 2°0. x0. fu, 1/, ®). (2-3)
[T4 LG, €g/r) v
We call E'(0, g, ®) =d/ds|s—oE(s, g, ®) the analytic kernel function associated
to the test function ® € PV,
For any T € Her,,(E), we have the T-th Fourier coefficient

»/[H’(F)\H’(AF)F

Er(s, g @) =/ E(s,ng, ®)yr(n)~" dn,
N(F)\N(AF)
where Y7 (n(b)) =y (tr Th) and locally dn, is the self-dual measure with respect to
Yry. It turns out that for nonsingular 7', the Fourier coefficient has a decomposition
as
Er(s, 8. ®) = Wr(s. 8. ®) := [ [ Wr(s. g0, @) (2-4)
VEX
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if ® = Q) P, is decomposable. Here, locally for any standard section ¢, in
I, (s, xv), we define the Whittaker integral as

Wr(gy, w‘v,v) = / gos,v(wnvgv)wT(nv)_l dn,,
N,
where w = wy, and Wr (s, gy, ®,) := Wr(g, 9o, ) for any T € Hery,(E,).
Hence we have
E(s,g.®)= > Er(s,g.®)+ Y []Wr(s. g ®).
T sing. T nonsing. veX

Taking the derivative at s = 0, we have

E0.8.®) =Y EpQ.g®+ Y Y W0, g.0) [ Wr. gy @)

T sing. T nonsing. veX v'#v
=Y Ep0.g.®)+> > Wr (0.8, @) [| Wr(0. gu. D).
T sing. veX T nonsing. v'#v

But ]_[v/#) Wr(0, gy, ®,) # 0 only if V, represents T for all v’ # v. Since V
is incoherent, V,, cannot represent 7. For T nonsingular, there are only finitely
many v € ¥ such that T is not represented by V,, that is, there does not exist

X1, ..., X2, €V, whose moment matrix is 7. We denote the set of such v by
Diff(T, V). Then

E'0,8,®)= Y E70,8®+Y E0,g ®),

T sing. vex
where
E,0.8.®)= Y Wp0.8,.9) [[ Wr(0. gv. ®y).  (2-5)
Diff(T.,V)={v} Vv

In fact, the second sum is only taken over those v which are nonsplit in E.

2B. Regular test functions. In this section, we will prove that the summation of
E%(0, g, ®) over singular 7’s vanishes for a certain choice of ® and g in a suitable
subset of H”(Afr). We follow the ideas in [Yuan et al. 2010].

For a finite place v, recall the definition

PV )reg = (@0 € SV | @u(x) = 0if det T(x) =0},

We call the elements in this set regular test functions.

Fix a finite subset § C X y with S| =k > 0 and let 9’(\/%"),%. =
Our main result in this section is:
Proposition 2.1. For ® = ®5®5 € $(V3"),ee @ F(VS2), ords—E7 (s, g, ®) > k
for T singular and g € P(AF,S)H”(A]S;).

PV reg-

vesS



Arithmetic theta lifting and L-derivatives for unitary groups, Il 935

We can assume that ® = ) ®,, is decomposable with ®,, € S’(V%")reg forveS
and rank T =2n — r < 2n. Choose a € GL,,(E) such that

tT 0, _
aTa—< 7 (2-6)

Er(s, g, ®)=Euri (s, m(a)g, ).

with T € Hera,_,(E). Then

Hence we can assume that 7" is of the form (2-6).
First, we need a more explicit formula for the singular coefficient E7. By defi-
nition, for R(s) > n

Er(s, 8, ®) = / > voslyng)yrm) dn
N(F)\N(AF) )/EP(F)\H”(F)
(2-7)

-/ S r@es(rmdr o0 dn,
N(F)\N(AF) ]/GP(F)\H”(F)

where r(g) means the H” action on I, (s, x) by right translation. We need to

unfold this summation. Let
1,

15—
W = , (2-8)

_12n—d
for 0 < d < 2n be a set of representatives of the double coset Wp,Ny\Wpy»/Wp/n
of Weyl groups, thus ws, o = wy, = w. We have a Bruhat decomposition

2n

H"(F) =] [ P(F)wanaP(F),
d=0

where F can be the global field or its local completions.

Lemma 2.2. If v € S and g, € P,, the support of r(g,)¢ae, s is contained in
P(Fy)wN (Fy).

Proof. It suffices to prove that ¢¢, ¢ vanishes on P (F,)wz, 4 P(F,) for d > 0 since
gv € P(Fy). For g = n(by)m(a))wa, an(ba)m(az) € P(Fy)wa, qa P(Fy), we have

Po,.5(8) = wy, ()P O0)A(g)°
= xv(detaia)|detajaz|p A(g)" /wd Vi, (T (X)) Py (xa2) dx,

where \/%”_d is viewed, via (x1, ..., x2,—q) > (0, ...,0,x1, ..., X2,_4), as a sub-
set of \/%”. Since &, is regular and d > 0, ®,(xaz) =0 for x € \/%”_d. O
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By the lemma, we have for g € P(Ar s) H" (A},

en= | S r@ees e dn

ENNAE) e p(F)\P(F)wP(F)

= (@)¢as(ym)¥rn)~'d
/N(F)\N(AF) Z 8o VT "

yewN (F)

= / ()¢ (wn)Yr(n)~ dn
N(AF)

= / @s (wn)yrr(n) ™" dn
N(AF)

=T1 / oWy )Pr ()" dny, (2-9)
Nv

veX
where we write ¢y instead of 7 (g)@e s for simplicity. Let §’ C X be the finite subset
containing all infinite places and ramified places, away from which y, and vy, are

unramified; ¢, ; is the (unique) unramified section in I», (s, x,) (hence S’ O S) and
detT € 0 ;iv. Then

(2-9) = <H Wr (e, gov,a) Wr (e, 95). (2-10)

ves’

By [Kudla and Rallis 1994, p. 36] and [Tan 1999, Proposition 3.2], we have

S/
’ as (s)
Wr(e, ¢5) = —— 22 —,
Yl 5= 5nb3, )

where
m—1 m—1

amo(s) =[] Lo@s+i—m+1,€p,) and by y(s)=[] Lo@s+m—i, egp),
i=0 i=0

as in (2-2). Hence Wy (e, (p‘f/) has a meromorphic continuation to the entire com-
plex plane. For v € §’, we normalize the Whittaker functional to be
1
a2n—r,v(s —3 r)bZn,v(s)
an.v (s)

Using the argument and notation of [Kudla and Rallis 1994, p. 35], we have

Wr (e, (pv,s) = W’f(é’, i*o Ur,v(s)ﬂov,s)-

By [Piatetski-Shapiro and Rallis 1987, Section 4], the (local) intertwining operator
U, (s) has a meromorphic extension to the entire complex plane. By [Liu 2011,
Lemma 2.8(1)], which combines results from [Karel 1979] and [Wallach 1988],

W;f (e, (pv,s) = Wr (e, QDU,S)-
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Wr (e, ¢y,5) and hence W7 (e, ¢, ;) have meromorphic continuations to the entire
complex plane. Together with the meromorphic continuation of Wy away from S’
and W3 in §’, (2-10) has a meromorphic continuation which equals

az (s)

aon—r(s — 37)b2(s)

[ Wie. pus.
ves’

Proof of Proposition 2.1. Consider the point s =0, b,,(0) = ]_[1221 L(, efE / ) eCx,
and

az,(0) — i+1
_ 92O YT L= ety e,
aZn—r(_%r) E e

Let k, = ords—oWj (e, -) be the order of the functional at s = 0 for v € S” and
K, = ords—o Wy (s, e, - )¢y, for v e S. Since Er(e, pp) =0 if & =& @, for
at least one @, regular, by (2-10) and the proof of [Liu 2011, Lemma 2.10], we
have k; + 3, L cs kv > 1 for any vo in S. Also by the definition of Wr, we see
that

©v,0 > sikv W;(e» (pv,s)iszo
is a nontrivial N-intertwining map from 15,(0, x) to Cy y,. Now if v € §, our
$u.0 = Pa, 0 for a regular test function ®, € $(V?"),.,. By [Rallis 1987, Lemma

4.2] stated as [Liu 2011, Lemma 2.7(1-a)], ¢,,0 goes to 0 under the above map,
that is, x| >k, + 1 for v € S. Hence

ords— Ol_IWT(e (va)>ZK + Z Kv>k_1+Kv0+ Z Ky = k.

ves’ ves vesS'— vo#VES’

In conclusion, if we choose S such that |.S| > 2 and a decomposable test function
D = DD’ € F(V§")eg ® F(V2),

then for g € P(Ar s)H"(A3),

E'(0.g.®) =) E,0,g. ). 2-11)

veX

2C. Test functions of higher discriminant. In this section, we will show that if
we have a better choice of @, for v € S, we can even make W} 0, e, ®,) =0 for
any nonsingular 7" which is not representable by V,. We follow the ideas in [Yuan
et al. 2010].

Since the argument is local, we fix one v € § which is nonsplit and suppress it
from the notation in this section. Let V be one of V* and V' the other one which
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is not isometric to V. For d € Z, let
Herd (E) = {T € Hery,(E) | detT # 0},
9 = {b € Her), (E) | b = T (x) for some x € V*"},
' = {b' € Herd (E) | b = T (x") for some x" € V'*"},
¥, = (b +b" | b € % and b” € Hera, (p;9)} NHerd, (E),

where pp is the maximal ideal of Of. Then Her), (E) = ¢ L1 %/,

G WL GH GG

Ny %, =%, and |, %, = Hergn(E). We say that a test function ® € $(V?") is
of discriminant d if
{T(x)|x €Supp(®)}N¥, = 2.

We denote by ¥(V?"), the space of such functions, and set
PV rega = F(V reg NS (V).
Lemma 2.3. Foranyd € 7, ¥ (Vzn)reg,d is not empty.

Proof. Fix any d; in fact, we only need to prove that there exists 7 ¢ ¥/, such that
detT #0. Then (T +Hery, (pgd)) N#' = . Any test function with support whose
elements have moment matrices contained in (7 + Hery, (pgd)) N Hergn(E ), which
is open, will be in Q(Vz"),eg,d. Now we want to find such a T. Take any 71 € #
with det 77 # 0. Since 7€ is open, we can find a neighborhood 77 + Herz, (p};) C 3
foraveZ. If v < —d, then we are done. Otherwise, let o be the uniformizer of
F. Then @ ~~4(T; + Herp, (p}.)) C 9. But

@ (T + Heray () = (@ " ~“T; + Herz, (p)).
Hence T = o ~"~¢T) will serve for our purpose. U

Since v is nontrivial, we can define its discriminant d., to be the largest integer d
such that the character vy is trivial on N (Og) = Her,, (Of) for all T € Hery, (pgd).
We need to mention that this is not the conductor of a p-adic additive character.
But the difference between them only depends on n and the ramification of E/F.
The main result of this section is:

Proposition 2.4. Let d > dy be an integer. Given ® € H’(Vz”)reg,d, we have
Wr (s, e, ®)=0for T € ¥ nonsingular.

Proof. For N (s) > n,

Wr(s, e, ®) = f W, (wn) D (0)A(wn)* Yy (n) ™ dn
N
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is absolutely convergent. Hence it equals
/ ( YtrbT (x))D(x) dx)k(wn(b))sw(—tr Th)db
Hery, (E) y2n
=/ CD(x)dx/ AMwn (D) Y (te(T (x) — T)b) db
y2n Hery, (E)
=/ <I>(X)dX/ AMwn (D)) Yr @)1 (n(b)) db. (2-12)
y2n Her,, (E)
Since A(wn(b)n(by)) = A(wn(b)) for by € Hery,(Of),
(2-12) = / @ (x) dX/ A(wn (b))’ Yr(x)—1(n(b)) db
v Hery, (E)/Her2,(0F)
X/ V1)1 (n(b1)) dby,
Her2, (OF)

in which the last integral is zero for all x € Supp(®) by our assumption on .
Hence Wr (s, e, ®) = 0 after continuation. In particular, W} 0, e, d)=0. O

In conclusion, if S is a finite subset of X ¢ with S| >2, & =Q) P, € PV
with @, € F(V2"),e, for v € S, and ®, € FS(V2"),q 4, for v € S nonsplit with
dy > dy,, then

E'0,g, ®) = Z E, O, g, ®) (2-13)
veS

for g € eSH”(A,S:).

2D. Density of test functions. In the previous two sections, we have made particu-
lar choices of test functions to simplify the formula of the analytic kernel functions.
But for our proof of the main theorem, arbitrary choices will not suffice. In this
section, we will show that there are “sufficiently many” test functions satisfying
these particular choices we have made in the sense of Proposition 2.8. We follow
the ideas in [Yuan et al. 2011].

We keep the notation from the previous two sections. In particular, v will be
a place in S and will be suppressed from the notation. Recall that we have an
H"-intertwining map $(V>") — $(V?")y = R(V, x) < ©,(0, x) through the
Weil representation a); Hence we have an H' x H' admissible representation on
(V2" through the embedding ¢ defined in Section 2A.

Lemma 2.5. If v is nonsplit, then for any d € Z we have

PV )reg = &) (m(F* 1p))F (V) ega-
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Proof. Fix d € Z. For any function ® € S"(VZ”)reg, Supp(®P) is a compact subset
of 9¢. Since Her) (E)\%, is open and

L;zJ (Her) (E)\%/,) = Her) (E)\ D 9, = Her) (E)\%' =¥,
(Hergn (E )\%&)dez is an open covering of Supp(®), and hence has a finite subcover.
Then there exists dy € Z such that Supp(®) N %/do = g. If dy > d, then we are
done. Otherwise, consider @' = o/ (m(@w?=91,,))®; then Supp(®) N ¥/, = @.
The lemma follows. U

In the rest of this section, let n = 1. Then H' = U(W)).

Lemma 2.6. Let 7w be an irreducible admissible representation of H' which is not
of dimension 1 and A : ¥(V) — 7 a surjective H'-intertwining map, where H' acts
on F(V) through a Weil representation w. Then for any ¢ with A(¢) # 0, there is
@' € S(V)reg such that A(¢") # 0 and Supp(¢’) C Supp(¢).

Proof. Let f = A(¢). If there exists n € N such that w(n) f # f, then

Alwm)p —¢)=nn)f — f #0
but
wme@x) — ) = (YT (x)) — 1)p(x),

where n = n(b). We see that ¢’ = w(n)¢ — ¢ € F(V),eg and Supp(¢’) C Supp(e).
If w(n)f = f for any n € N, then f will be fixed by an open subgroup of H’
containing N since 7 is smooth. But any such subgroup will contain SU(W)),
hence 7 factors through H'/SU(W;) =U(W;)/SUW) = E %1 which contradicts
the assumption on 7. U

Lemma 2.7. If m; and 7, are two irreducible admissible representations of H'
which are not of dimension 1, then for any surjective H' x H'-intertwining map
B:P(V)YRF(V)=S(V?) — 71 R, where H' x H' acts on $(V) @F(V) by a
pair of Weil representations w1 X w,, there is an element ® = ¢ Q ¢, € 9’(V2)reg
such that B(®) #£ 0.

Proof. Let ® € $(V?) be such that B(®') # 0. Write ® =) ¢;1 ® ¢, > as an
element in $(V) ® ¥(V). Hence we can assume that there is ¢; ® ¢, such that
B(¢1 ® ¢2) # 0. By Lemma 2.6, we can also assume that ¢ € F(V ). For
x € Supp(¢1), let V; be the subspace of V generated by x and V~* its orthogonal
complement. Both V, and V* are nondegenerate hermitian spaces of dimension 1.
As an H'-representation, (V) = F(V,) ® F(V*). Now write ¢ = ) ¢; » @ ¢
according to this decomposition. We can assume there is a ¢, ® ¢* such that
B(¢1 ® (¢x ® ¢*)) # 0, since as an H'-representation, ¥(V*) is generated by the
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subspace F(V*),eg. We can then write

G ®" =Y w2(g) (@, ()Px ®P)),

with ¢}‘ € F(V)reg. So we can further assume that B(¢ ® (¢, ® ¢*)) # 0 with
¢ €F(VF)req, thatis, Supp(¢, ®¢*)NV, =. Applying Lemma 2.6 again, we can
further assume there exists ¢>§x) € F(V)reg such that Supp(q)éx)) C Supp(¢, ® ¢¥)
and B(¢ ®¢§x)) # 0. The condition that Supp(¢2) N V* = & is open for x. Hence
we can find a neighborhood U, of x such that ¢|y, ® ¢£x) € ff(Vz)reg. Since
Supp(¢;) is compact, we can find ® of this kind such that B(®) # 0. O

Recall the zeta integrals introduced in Section 2A. For @ € PV, we write
25, x, L Y, @)=Z*(x, f» [, ¢o.s). Combining Lemmas 2.5 and 2.7, we have:

Proposition 2.8. Letn = 1, v € Xy, w be an irreducible cuspidal automorphic
representation of H', and V,, = V (1, xv). For any d € Z, we can find f, € w,,
f)en),and 1, ® ¢, € Ef(sz),eg,d (resp. S’(VUZ),eg) if v is nonsplit (resp. split)
in E, such that the (normalized) zeta integral Z*(0, xy, fv, [,/ ¢1.0 @ ¢2.4) # 0.

3. Geometric kernel functions

3A. Néron-Tate height pairing on curves. In this section, we will review the gen-
eral theory of the Néron—Tate height pairing on curves over number fields and some
related facts.

Height pairing of cohomologically trivial cycles. Let E be any number field, not
necessarily CM, and let M be a connected smooth projective curve over E, not nec-
essarily geometrically connected. Let CH' (M )% be the group of cohomologically
trivial cycles which is the kernel of the map

deg : CH'(M)¢ —> HZ,(Mp=, Z,(1)'2 ®7,C=C

for any fixed rational prime number £. Let Al be a regular model of M, that is, a
regular scheme, flat and projective over Spec O with generic fiber Mg = M.
Recall that an arithmetic C-divisor is a datum (%, g,-), where % € Z' (M) is a
usual divisor and g,- is a Green’s function (that is, a Green’s (0,0)-form of logarith-
mic type [Soulé 1992, 11.2]) for the divisor #,-(C) on M- (C) for each :°: E — C.
We denote by ’Z\(}: (M) the group of arithmetic C-divisors. For a nonzero rational
function f on Jl, we define the associated principal arithmetic divisor to be

div(f) = (div(f), — log| fie.c|?).

The quotient of ’Z\}: (M) divided by the C-subspace generated by the principal arith-
metic divisors is the arithmetic Chow group, denoted by CH¢.(Al). Inside CH. (L),
there is a subspace CH}_(.Ml)c which is C-generated by (%, 0) with % supported

fin
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on special fibers. Let CH, (JI/L)Q% C @lé(ﬂ&) be the orthogonal complement under

fin
the C-bilinear pairing
—~1 1
(+,)es : CHe (M) x CHe (M) — C.

Recall that an arithmetic divisor (%, g,-) is flat if we have the following equality
in the space D1 (M, (©)) of (1, 1)-currents:

dd (gl +8x.c) =0

for any (°, where d° = (4mi)~'(d — 9), [—] is the associated current, and § is
the Dirac current. Flatness is well-defined in él\-l(]E(Jl/t). Now we introduce the
subgroup GFLID(A/L)O of @;:(Jl/t) consisting of elements (represented by) (¥, g,)
such that (%, g,0) € CH}in(M)é, %p e CHY (M)Y, and (%, g,) is flat. Hence we have
a natural map

pu: CHEM® = CHY (M)

(3-D
(E{v gt) = 2{E
which is surjective. Now we can define the Néron—Tate height pairing:
T CHY D x CHY (M) — €
< )NT ( )@ ( )@ (3_2)

(Z1, Z2) = (&1, g1,0), (%2, 82.0))Gs>

where (%;, gi o) (i =1,2) is any preimage of Z; under py. It is easy to see that
this is independent of the choices of preimages and also the regular model J(.

Modification of the height pairing. Practically, the cycles we are interested are not
automatically cohomologically trivial. We need to make some modifications with
respect to some auxiliary data. This is quite easy if we are working over a curve.
Let F7E:(M ) be the abelian group of isomorphism classes of hermitian line bundles
on M. Recall that a hermitian line bundle is £ = (£, || - ||,»), where &£ € Pic(M)
and || -], is a (smooth) hermitian metric on the holomorphic line bundle £ ¢. We
assume that deg ¢ (£) # 0. For any Z € CH'(M), the divisor

0_, _degZ PN
70 =2 dos s (gg)cl(i) e CH'(M)2.

Now we define the modified height pairing with respect to &:
(Z1, Za)g = (2 4. Z3 )Nt

for any Z; € CH "(M)e (i =1, 2). In particular, we need to choose a suitable Green’s
function on Z; when computing via (3-2). We say that the Green’s function g, of
Z is $-admissible if the following equalities between (1, 1)-currents hold:

deg Z

L8 402:0 = Goger @)

[e1(Eee,cs - 110)],
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/ ge-c1(&Epecyll-lle) =0,
Mo (C)

where ¢ (Lo ¢, || ||.) € AL (Mo (T)) is the Chern form associated to the hermitian
holomorphic line bundle (£,- ¢, ||-||,») which is a (1, 1)-form.

3B. Decomposition of geometric kernel functions. In this section, we will apply
the above section to the special case of Shimura curves of unitary groups. We fix
until the end of this paper an additive character v : F\Ar — C such that v, is the
standard character ¢go it e (t € F, = R) for any ( € Yoo

Shimura curves of unitary groups. We review the setup of [Liu 2011, Section 3A]
in the particular case m = 2 and r = 1. Hence V is a totally positive-definite her-
mitian space over Ag of rank 2. Let H = Resp /aU(V) be the unitary group which
is a reductive group over A and H%" = Resp,. /aSU(V) its derived subgroup. Let
T = Resp, /AAE’I be the maximal abelian quotient of H which is also isomorphic
to its center. Let 7 = Resp /g E *:1 be the unique (up to isomorphism) Q-torus such
that T xgA =T. Then T has the property that 7'(Q) is discrete in T'(A ). For any
open compact subgroup K of H(A ), which we always assume to be contained in
the principal congruence subgroup for N > 3, there is a Shimura curve Shg (H)
that is smooth over the reflex field E. For any embedding (° : E < C over: € X,
we have the following (°-adic uniformization:

Shx (H)2" = HO @)\ (@Y x H(Af)/K).

We briefly explain the notation above. Let V) be the nearby E-hermitian space of
V at ¢, that is, V' is the unique E-hermitian space (up to isometry) such that VU(‘) =
V, for v # ¢ but V[(‘) is of signature (1, 1) and H® = ResF/@U(V(‘)). We identify
HO(A r) and H(A ) through the corresponding hermitian spaces. Let 3¢ be
the hermitian domain consisting of all negative C-lines in V" whose complex
structure is given by the action of F, ® r E, which is isomorphic to C via °. The
group H”(Q) diagonally acts on @“” and H(A s)/K via the obvious way. In fact,
%" is canonically identified with the H‘(R)-conjugacy class of the Hodge map
h©® .S =Resc/rGm.c — HY ZU(1, g x U2, 0)4~! given by

h(l)(z):<(1 _ ),12,...,12).
7/z

The Shimura curve Shg (H) is nonproper if and only if F = Q and X (V) = {oc}.
In this case, we can add cusps to make it proper. We denote by Mk the compactified
(resp. original) Shimura curve if Shg (H) is nonproper (resp. proper) and by M the
projective system of (Mg )x with respect to the projection II(( ": Mg — Mg. On
each Mg, we have a Hodge bundle £ € Pic(Mg)g which is ample. They are
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compatible under pull-backs of Ilg ", hence define an element
&L ePic(M)g := li_r)nK Pic(Mk)q.

Now we briefly recall the construction of Kudla’s special cycles Z(x)k and
generating series Zy(g) (see, for example, [Kudla 1997]). Here, we will make a
consistent formulation as in [Liu 2011, Section 3A]. We say x € V is admissible
if (x,x) € E is totally positive definite. For x admissible, we define Z(x)g in
the following manner: under the uniformization at some ¢, it is represented by the
points (z, h1h) € D) x H(A ;) where h € H¥"(A) as in [Liu 2011, Lemma 3.1]
(with respect to ), z L hx, and h; fixes hx. The cycle (actually a divisor) is in
fact defined over E and hence independent of «. We define Z (x)x = ¢1(£},) when
x =0 and O for all other x. In any case, Z(x)k defines an element in CH'M K)Q
which only depends on the class K (x).

As in [Liu 2011, Section 3A], we define a subspace PV)Y ¢ L(V,) which
consists of functions of the form

P(T(x))e T

where P is a polynomial function on Her(C) = R. It is a (LieH,,, ¥, )-module
which is generated by the Gaussian

¢(O)O (x) — e—ZJTT(X).

Let
G = (@ FV)U) @IV, FWUK =( @ SV @I (VK

LE€EX s LE€EX o
for an open compact subgroup K of H(A 7). Recall that we have the Weil represen-
tation w, = w, y of H'(Ar) on ¥(V) (see Section 2A) with y : EX\AE such that
X ax = 1. Asxsociated to this x, we define a sequence £X = (¢/), € Z*> determined
by x.(z) = 7% forz e Ell*X =C*! In particular, ¢/ are all even.
Let us recall the definition of Kudla’s generating series and define the (modified)
compactified one as in [Liu 2011, Section 3C]. They are

Zy(8) = Z wy ()T (x), x)Z(x)k,

)CEK\\/f

Zg(8) if Sh(H)x is proper,
Zs(9)+Wo(3. 8. ¢)c1(£y) if not,

as series with values in CH!(Mk)¢ for ¢ € $(V)Y~K and g € H'(Af), where
Wo(s, g, @) =11, Wo(s, gv, ¢») Whichis holomorphic at s = % Here for ¢ =po b,
we denote ¢ (T (x), x) = Ppoo(¥)@f(x) for any y € Vo, with T'(y) = T (x) which
does not depend on the choice of y. This makes sense since Z(x)x 7% 0 only for x

Z,(8) =
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admissible or equal to 0 and hence 7 (x) is totally positive definite or 0. It is easy
to see that Zy(g) and Z(g) are compatible under pull-backs of n,lg/, and hence
define series with values in CH' (M)¢ := li_n)lkCH1 (Mg)c. Readers may view the
modification in the nonproper case as an analogy of the classical Eisenstein series
G, (7) (which is not a modular form!). It becomes modular if we add a term —7 /3t
at the price of being nonholomorphic (see, for example, [Diamond and Shurman
2005, p. 18]).

Now we apply the argument of the previous section to the curve Mg. The
cycles whose heights we want to compute are the generating series Z, (g) which
are not necessarily cohomologically trivial. We use the dual of the Hodge bundle
&£ = (Lk)k € Pic(M) to modify as in the above section. The metric of £,- ¢ for
some (° € X2, Over L € X, is the one descended from the H/ -invariant metric

1
[vlle = 3 (v, V),

forv e V[(‘) and the hermitian form ( -, - ), of V¥ at (. We denote by P= (EK) K €
Pic(M) the corresponding metrized line bundle. Since £ is ample, deg ¢; (£ ) #O0.
For ¢ € $(V)U~K and g € H'(Af), we define the arithmetic theta series as

deg Z; (g)

O4(8) = Z;(g) - mcl (£x)

on any curve Mg, with K’ C K. The ratio

deg Z7 (g)

D(g, ¢) := dege (20

is independent of the choice of K'.

Definition 3.1. The series O4(g) is called the arithmetic theta series. It is a
CH'(M )%—Valued automorphic form of H'(Ar) by Corollary 3.3.

Degree of the generating series. In this subsection, we will compute the degree
function D(g, ¢). From ¢ € $(V)U=~X which is decomposable, we can form an
Eisenstein series

Es,g.9)= Y.  o,ra)¢Orp(yg) '
yeP (F)\H'(F)
on H'(Af), which is absolutely convergent if i (s) > % and has a meromorphic con-
tinuation to the entire complex plane. We take Tamagawa measures (with respect to
¥)dh on H(A), dh on Ag’l =MH/H"(A), and dh, on H(A), which is the stabilizer
of x € V. Now forany v € X, let b € F* such that Q; :={x eV, | T (x) =b} # 2.
Then the local Whittaker integral Wy (s, e, ¢»,) has a holomorphic continuation to
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the entire complex plane and Wb(%, e, ¢U) is not identically zero. Hence we have
an Ny-intertwining map

P(Vy) = Cpgpe Su > Wi(3. €, 80).

On the other hand, by [Rallis 1987, Lemma 4.2] for v finite and [Rallis 1987,
Lemma 4.2] and [Kudla and Rallis 1994, Proposition 2.10] for v infinite (see also
[Ichino 2004, Proposition 6.2]), we have

Wi(3, e, 00) = v, fQ P (x) dpty 5 (x) (3-3)

for the quotient measure d i, p, = dh,/dh, x on 2, for any x € Qp.

Proposition 3.2. The Eisenstein series E(s, g, ¢) is holomorphic at s = % and
D(gv ¢) = E(S’ 8 ¢)|S:%

Proof. We can assume that ¢ is decomposable. For b € F*, let

1
D,,(g,qs):m KZW w,(8)¢ (b, x) deg Z(x) g
xe f
T (x)=b

be the b-th Fourier coefficient of D(g, ¢). Now we compute the degree of Z(x) g’
when T (x) = b is totally positive. Without lost of generality, let us assume x is
contained in the image of some (rational) nearby hermitian space V) < V ¢ and
K’ is sufficiently small. The isomorphism det : H — E*! induces a surjective
map Hy'\H(Af)/(K'NH(Af),) - EXNAL) /det K'. Hence

det K’
K'NHA ),

_ vol(detK’, dhy)
T vol(K'NH(A )y, dhgy)

deg Z(x)g = '

When b # 0 and is not totally positive, deg Z(x) g = 0 by definition. Hence for b
totally positive,

vol(det K”)
vol (K" MH(A£),)

1
Dy(g, ¢) = deg 1 (2, Y 0y (@)p (b, x)

)CEK’\\/f

T (x)=b
@y (8o0) oo (b) vol(det K)
N d
deg c1(£y/) vol(K) Tx(e?/_fb wy (&) (x) dup(x)

_ 0y (8o0)Poc (b) vol(det K') / _
© degc (L) vol(K") l_[f - Wy (8u)Pu(x) d iy p(x)  (3-4)

Ve,

and Dy(g, ¢) = 0 otherwise.
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On the other hand, Ej(s, g, ¢) is holomorphic at s = % for b # 0. For b not
totally positive, Ep(s, g, ¢)|S_ ; = 0; otherwise,
-2

Ep(s. 8. ®)],_1 = Wo(3.8.9) = [ [ Wu(3. 0. 1)
vEX

and so, by (3-3),

Eb(s,g,¢)|sz% =11 J/vv/ wy (80) P (x) dity,p(x)

vex $2

:_V0|(Qoo)wx(goo)¢oo(b)nwa(gv)¢v(x)de,b(x)a (3-5)

UEZf
where vol(£24,) = vol(24 ) for any totally positive b. Let

D— vol(det K)
~ vol(Qo0) deg ¢ (L) vol(K7)

Now we compute the constant term

Do(g. ¢) = 0y (8)$(0) + Wo(3. 8. 9).

On the other hand, the constant term of E (%, g, ¢) 18

Eo(3. 8. ¢) = 0y (8)$(0) + Wo(3. 8. ¢).

Here the intertwining term Wy( %, g, @) is nonzero only if Shg (H) is nonproper,
that is, |X (V)| = 1. Now, if Shg (H) is proper, then we can apply the theorem
of modularity of the generating series (see [Liu 2011, Theorem 3.5]) to see that
D(g, ¢) is already an automorphic form. Comparing the ratio of the constant term
and nonconstant terms, we find that D = 1. Second, if Shx (H) is not proper, we
calculate the degree of the Hodge bundle in the classical way on modular curves
and find that D = 1.

Let E(g. ¢) = E(s. 8. $)|,_1 = Wo(5. &, #); then
Op(8) = Zy(g) — E(g, p)c1(LR).

If 12(V)] > 1, WO(%, g, ®) = 0; otherwise, it equals C(x o det), where C is a
constant and x is the descent of y to Ag’l. Precisely, x (x) = x (ex) for any e, € A;
such that x = e, /e}. In any case, E(g, ¢) is a linear combination of an Eisenstein
series and an automorphic character for g in P, H' (A r). O

From this computation, we have the following corollary of the modularity of the
generating series in the compactified case:

Corollary 3.3. For any linear functional £ € CH'(M e E(Z(;)(g) (and hence
£(©4)(g) as well) is absolutely convergent and an automorphic form of H'(AF).
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Proof. We only need to prove that Zg(yg) = Zg(g) € Pic(M)¢ for any y € H'(Q).
But by [Liu 2011, Theorem 3.5] and the fact that the Hodge bundle is supported
on the cusps, Z;(yg) = Z;(g) in CH'(Shg (H))¢, so their difference must be
supported on the set of cusps. By a theorem due to Manin [1972] and Drinfeld
[1973], which posits that any two cusps are the same in CH'(Mk)c, we have an
exact sequence

C — CH'(Mg)e — CH!(Shg (H))e — 0.

Hence we only need to prove that deg Z,; (v g) = deg Z, (g), which is true by the
above proposition. O

Definition 3.4. Let © be an irreducible cuspidal automorphic representation of
H'(Ar). For any cusp form f € m and ¢ € $(V)V~, the integral

o = f £(2)0(2)dg € CH' (M)
H'(F)\H'(AF)

is called the arithmetic theta lifting of f which is a divisor on (compactified)
Shimura curves. The original idea of this construction comes from Kudla [2003,
Section 8; 2006, Section 9.1]. He constructed the arithmetic theta series as an
Arakelov divisor on a certain integral model of a Shimura curve.

Geometric kernel functions. For ®=)"¢; 1Q¢;» with ¢; ; € P (V)UK we define
the geometric kernel function associated to the test function @ to be

E(g1, 825 @) :=vol(K') Y (O, (21), O, (€2))N

where the measure giving vol(K’) is defined in [Liu 2011, Theorem 4.20], and the
superscript K’ means that we are taking the Néron—Tate height pairing on the curve
Mg for some K’ C K. The function is independent of what K’ we choose. By
Corollary 3.3, E(g1, g2; @) € A(H' x H'), the space of automorphic forms of the
group H'(Ar) x H'(Ar). Now let us just work over Mg and choose a regular
model Jlg of it. We fix an arithmetic line bundle @x to extend Q;. Of course, the
metric on @k is same as that on @2.

Now since the map py, (see (3-1)) is surjective, we can fix an inverse linear
map pJ,_A}{ and write

Op(8) = Pk (Op(8)) = ([Z()1™", g2) + (V(8). 0) — E(g, $)a,

where g, is an @K—admissible Green’s function of Zy(g) and ¥V'4(g) is the sum
of (finitely many) vertical components supported on special fibers. We also write
simply

Zs(9) = ([Zs(1™", ) + (V(8), 0).
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Then we have for ¢; € $(V)U=K (i =1, 2),

E(g1, 82; 1 @ ¢2)
= vol(K) (B4, (g1), O, (g2)) K+

= —vol(K)(By, (g1). O, (82))Gs
= —vol(K)(Zg, (g1) — E(81, $1)@k, Zp,(22) — E(82. $2)@k ) s
= —V0|(K)(Zp1 (g1), sz(gz))cs + E(g1, ¢1) vol(K) (wk, @¢2(82))Gs
+ E(g2, ¢2) vol(K) (B, (g1), Bk )cs
+ E(g1, 1) E(g2, ¢2) vol(K) (@K, Wk )cs, (3-6)

where the Gillet-Soulé pairing are taken on the model J/Mg. By Corollary 3.3,
A(g, ¢) :=vol(K){wg, @¢ (g))cs is an automorphic form of H” which may depend
on K, and also on the model [lg since we do not require any canonicality of pA_AL.
Let C = vol(K)(wk, @k )gs. Then

(3-6) = —vol(K)(Zy, (81), Zs,(82))cs + E(g1, p1)A(g2, ¢2)
+ A(g1, 1) E(g2, ) + CE(g1, ¢1)E(g2, ¢2). (3-7)

Now we assume that ¢; and ¢, are decomposable and ¢, ® ¢, € Sf’(\/%)reg
for some v € X . Then Zy, (g1) and Zy,(g2) will not intersect on the generic fiber
if gi € PyH'(A}) (i =1,2). Then

(Zg,(81): Zgy(8))as = Y (Zg (1) Zipy (82))e (3-8)
veeXxe
where the intersection ( -, - ),o is taken on the local model Mg, o := Mg X, O Eyo
if v° = p° is finite and Mg ,-(C) if v° =(° is infinite. Combining (3-7) and (3-8),
we have for such ¢; and g; (i =1, 2),

E(g1. g2: 1 ® $2) = —Vol(K) D (Z,(81): Zgy (82))ve + E (1, 1) A(g2. $2)
veeXxe

+A(g1, P E(g2, 2) + CE(g1, p1)E(g2, 92). (3-9)

4. Comparison at finite places: good reduction

4A. Nonarchimedean Whittaker integrals. In this section, we calculate certain
Whittaker integrals Wy (s, g, ®) and their derivatives (at s =0) at a nonarchimedean
place when T has rank 2.

Let F/Q, be a finite extension and E/F a quadratic extension with Gal(E/F) =
{1, t}. We fix a uniformizer @ of F and let g be the cardinality of the residue field
of F. Let V™ (resp. V™) be the two-dimensional E-hermitian space withe(V 1) =1
(resp. €(V™) = —1); it is unique up to isometry. Set H* = U(V?*), and let A®
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be a maximal Og-lattice in V* where the hermitian form takes values in Og. Let
¢t € P(VE) (resp. ®OF € L((V*)?)) be the characteristic function of AT (resp.
(A%)?), and let K" be the stabilizer of A* in H* which is a maximal compact
subgroup. Recall that we have local reductive groups H' = H;, H' = H,, P, .. ..

Now, we assume that £/ F is unramified and p > 2. Let i be the unramified
character of F. For nonsingular 7 € Her (E), we consider the Whittaker integral,

Wr (s, g, %) = / Yoo s(wn(w))Yr (n(w) ™" du, (4-1)
Hery(E)

for M(s) > 1, where du is the self-dual measure with respect to . We write
g = n(b)m(a)k under the Iwasawa decomposition of H”. Then

4-1) =/ oy (wn(u)n(bym(a)k) ol O Ap(wnw)nb)m(a)k) Y (—tr Tu) du
Hery (E)

=Y {trTh) Ap(wn(w)m(a))’ v (—tr Tu) du
Hery (E)

= Y (tr Th)|detaly ™ Wigrra(s, e, OF).

Hence we only need to consider the integral W (s, e, SN If T & Hery(Og), then
Wr (s, e, ®0) is identically 0. For T € Hery(0Og), it is known (see [Kudla 1997,
Appendix], for example) that forr € Zand r > 1, Wy (r, e, POty = yy+op Loy, T)
where yy+ is the Weil constant and af is the classical representation density (for
hermitian matrices). From [Hironaka 1999], we see that for r > 0

ar(oyr, T)=Pr(12, T; (=q)™")
for a polynomial Pr(1,, T; X) € Q[X]. By analytic continuation, we see that
Wr(s, e, ®°%) = yy+ Pr(12, T; (=) ).

If ord(det T) is odd, that is, if T cannot be represented by V', then we know that
Wr (O, e, CI>0+) = Pr(1,, T; 1) = 0. Taking the derivative at s = 0, we have
d
Wi (0, e, 8% = —py+logq - - Pr(la, T5 X)| .

Proposition 4.1 [Hironaka 1999]. If T is GL2(Og)-equivalent to diag[ew®, w”]
with 0 <a < b, then

a a+b-2I
Pr(Lo, T: X) = (1+q7'X)(1 —¢7%X) Z(qX)’( > (—X>k>.
=0 k=0
Corollary 4.2. If a + b is odd, then

a
Wi(0, e, @) = yy+b2(0) "' log g - % Y dla+b—20+1).
=0
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4B. Integral models. We now introduce the integral model of the Shimura curves
Mg with full-level structure at p and integral special subschemes. First, we fix
some notation for Sections 4 and 5.

e For any rational prime p, we fix an isomorphism ¢, : C ANy p once for all.

e Lety; (i =1,...,d) be all the embeddings of F into C, and let ¢} and ¢ be
the embeddings of E into C that induce ;.

« For p a finite place of F, let p° be that of E over p if p is nonsplit and p° and
p® be those of E if p is split. We fix a uniformizer @ of Fj,.

o For a number field F, Tr = Resp;qGm r and Tl = ResF/@F/X’1 for any
quadratic extension F’/F where F"*'! = ker[Nm: F’* — F*]. If F is totally
real, then F is the set of all totally positive elements.

o For any finite extension L/Q, of local fields with ring of integers 0; and
maximal ideal q C Oy, let U} be the subgroup of 0} congruent to 1 mod ¢°.
Denote by L"" the maximal unramified extension of L and L its completion
whose ring of integers is 0j. Let L* be the finite extension of L"" = L°
corresponding to U; through local class field theory and L* its completion.

o Let [ be the algebraic closure of [,.

If the Shimura curve Shg (H) is nonproper (then F = Q), we add cusps to make
it proper — this holds also for integral models (see Remark 4.10 and [Katz and
Mazur 1985] for details). In what follows, we will not pay any attention to these
cusps since they will not affect our later computations. In the first two subsections,
we recall some results in [Carayol 1986] which are useful for us.

Change of Shimura data. Let p = py,p2, ..., 0, (1 <r < d) be all places of F
dividing p and p° the place of E above p. We assume that the embedding

poti: E—=C,

induces the place p°. As before, we suppress ¢; for the nearby objects. Hence, we
have the hermitian space V over E of dimension two, whose signature is (1, 1)
at ¢; and (2, 0) elsewhere, the unitary group H, and the Shimura curve Mg =
Shi (H, X) for a sufficiently small open compact subgroup K C H (A ), which is
a smooth projective curve defined over (](E). Here X is the conjugacy class of the
Hodge map i : S — Hp defined by

z=x+iy—>[(_* y)‘1 xz, 1, ..., 1] € HR) C(GLa(R) xgx C) x (H* xgx C*)4~,

—yx

where we identify Tg(R) with (C*)? via (:$, ..., 3). We denote by v: H — T}
the determinant map. We have the zero-dimensional Shimura variety

Li = Shyx)(Tg, v(X))
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and a smooth morphism (also denoted by) v : Mg — L between ({(E)-schemes
such that the fiber of each geometric point is connected.

Now let us define a subgroup Ky, , of U(V}). Recalling the notation in the last
section and assuming that V, = V*, we have the lattice A¥ (if p is split, we only
have the positive one). For any integer n > 0, we define K , to be the subgroup
of Kst whose elements act on A* /@ A* trivially. Then Ky, o = Kat is a maximal
compact subgroup. For K = K, , x K¥, we write M, g» (resp. L, g») for Mg
(resp. Lk).

Since the Shimura datum (H, X) is not of PEL type when F # Q (even when
F = Q, we still need another PEL datum for later computation, see Remark 4.10),
we need a variation in order to obtain the moduli interpretation, and hence the
integral model. This is analogous to the case considered in [Carayol 1986; Zhang
2001a; 2001b; Yuan et al. 2011] and we refer for the detailed proof of various facts
to [Carayol 1986]. We choose a negative number A € Q such that the extension
QW) is split at p and the CM extension F' = F(v/1)/F with Gal(FT/F) =
{1, T} is not isomorphic to E/F. We fix a square root of A in C with positive
imaginary part, say A’, and a square root of A in Q, A,,. Let Li] (resp. Liz) be the
embeddings of F into C above ; (i =1, ..., d) which sends v/A to A’ (resp. —1').
Since p is split in Q(v/A), each p; (i =1, ..., r) is split in FT; we denote by pl.l
(resp. pl.z) the place above p; that sends +/A to A p (resp. —A,) and assume that
L(p) o] induces p}.

By the Hasse principle, we see that there is a unique quaternion algebra B over
F, up to isomorphism, such that B, as an F'-quadratic space (of dimension 4), is iso-
metric to V viewed as an F-quadratic space with the quadratic form %Tr E/FCy)
where ( -, -) is the hermitian form on V. More precisely, for v finite, B, = BQr F),
is nonsplit if and only if v is nonsplit and V,, = V. Also, B, (R) = Mat,(R) and
B, (R)=H fori > 1. We identify the two quadratic spaces B and V through a fixed
isometry; hence V has both left and right multiplication by B. We fix an embedding
E < B through which the action of E induced from the left multiplication of B
coincides with the E-vector space structure of V. Let G = Resp,gB™ with center
T =TFr and .

G' =G xr Tp = T x T},

where v sends (g x z) to (ng-zzﬂ, z/z”). Consider the subtorus 7" = G, g x
T1: and let H' be the preimage of TT under v'. We define the Hodge map h :
S — Hﬂg C Ggr X Tr TF*,R by

Z:x+iy|—>[(_’y‘)y€)_] xl,lzxzfl,...,lzxzfl]

and let X' be the H'(R) conjugacy class of 2", where we identify Tr(R) with
(C*)4 through (:1, ..., t}). So we have the Shimura curve M} := Shg+(H', XT)
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which is defined over ¢} (F') for an open compact subgroup K of H'(A £). Sim-
ilarly, we have the smooth morphism v’ : M}, — L% .. Moreover h'(i) defines a
complex structure on V,,; hence V,, becomes a complex hermitian space of dimen-
sion 2 which is isometric to its original complex hermitian space structure from the
E-hermitian space V. Then X' can be identified with the set of negative definite
complex lines in V,,; and hence X' is isomorphic to X as hermitian symmetric
domains.

As in [Carayol 1986, Section 2.2], we can view H' as a group of symplectic
similitude. In fact, let B = B®p FT and let b — b be the involution of the second
kind on BT which is the tensor product of the canonical involution of B and the
conjugation of F'. Consider the @-vector space V' underlying B'. We define a
symplectic form by

¥ (v, w) i= Trpe g(vVATrge pr (VD))

for v, w € BY. Then H' can be identified with the group of B-linear symplectic
similitude of (V¥, ¢ T) with the left action given by h.v = vh~! and hence H(Q »)
can be identified with the group @X x [T, B For any open compact subgroups
KTp of [Ti , B, and K7 of H (AR), we 51mp1y write M0 KiP KTP for M}
where K’ = Z, x @;; x KT Px KTP and similarly for LO ki KT

Through ¢(,), we can take the base change of the curve Mg to Eye and the curve
M i 1O Fh = F, embedded in Ey, which are denoted by M,y and M+.,,, and
s1m1larly for L and L. Since H and H' have the same derived subgroup, which
is also the derived subgroup of G, we have

Proposition 4.3 [Carayol 1986, Section 4]. Let KP C Hp =U(VQpAP F) be an
open compact subgroup which is decomposable and suﬁiczently small. Then there
is an open compact subgroup K, TPxKTP ]_[r . X H T(Ap ), such that the geo-
metric neutral components M . po and Mo Ki? Kkhppare deﬁned and isomorphic
over Ey .

Moduli interpretations and integral models. From the Hodge map defined above,
we have a Hodge filtration 0 C FiIO(Vg) = (Vg)o’_1 - VE and define ¢7(b) =
tr(b; Vg/FiIO(Vg)) € L{ (F") for b € BT. For sufficiently small K7, the curve M,T(-;-
represents the following moduli functor (see [Kottwitz 1992]) on the category of
locally noetherian schemes over L} (F"): for such a scheme S, M};%(S) is the set of
equivalence classes of quadruples (A, 0, i, ), where

e A is an abelian scheme over S of dimension 4d;
e 0:A— AYisa polarization;

e i: BT < End’(A) is a monomorphism of @-algebras such that, for all b € BT,
we have tr(i (b); Lies(A)) =t7(b) and 8 o i (b) = i ()" 06,
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« 77 is a K'-level structure; that is, for a chosen geometric point s on each
connected component of S, 7 is a (S, s)-invariant K "-orbit of BT ® A -
linear symplectic similitude n : V' ® A ¢ — H{*(A;, Ay), where the pairing
on the latter space is the 6-Weil pairing.

Here in the third condition, we view ¢¥(b) as a constant section of O via the struc-
ture map L% (F") — Og. This convention is also applied to other trace conditions
appearing later. The two quadruples (A, 0,1, 7) and (A’,0’,i’, ') are equivalent
if there is an isogeny A — A’ which takes 6 to a Q@*-multiple of 6, i to i’, and 7
to 77’.

Now taking the base change through ¢(,), we obtain the functor M}T;p over
the completion [1;(F")] = F,. For any (A, 0,i,7) € M{+,(S, ), Lies(A) is a

Up)
BT =B"®q Qp-module. Since the algebra BT BRr(F'® Q,) decomposes as

Bl=B &B,® - ®B ®B ®B;®---® B,

where Bl:/ =B '®p ng is isomorphic to By, as Fp,-algebra, the B;—module Lies(A)
decomposes as

Lies(A) = @) Lie] (A) @ P Lief(A),

i=1 i=1

while
r r
Ape = Pape)) & EPAp);].
i=1 i=1

for the associated p-divisible group. Since the involution b — b on BJ‘ changes
the factors B1 and 32 by computing the trace we see that the COIldlthIl that
tr(i (b); Lles(A)) = tT(b) is equivalent to

tr(b € By; Lief(A)) = Trp/, (b) and Lief (A) =0 for i > 2. (4-2)

Fix a maximal order Al.2 = ©Bpf of Bl.2 foreachi =1,...,r and let A} be the
dual of A?. Then

A, = @AI @AZ C @(VT) ® EB(VT)2 =V =VvigQ,
i=1

i=1 i=1

is a Z,,-lattice in V| and self-dual under . There is a unique maximal Z,,)-order
0" c BT such that 0" = 0" and @Tz = Op, acting on A2 where @Tz is the image of
of ®znLp C B'®qQ, = BT n the B? component Then the functor Mo KiP KTPp
is isomorphic to the followmg moduh functor in the category of locally noetherlan
schemes over Fy: for such a scheme S, M0 KiP K, .p(S) 1s the set of equivalence
classes of quintuples (A, 0,1, 7, n p) where
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A is an abelian scheme over S of dimension 4d;
e §:A— AV is aprime-to-p polarization;

e i:0" < End(A) ® Zpy is a monomorphism such that (4-2) is satisfied and
Ooi(b)=i(b)Y o6 forall be O;

e 71”7 is a K "P-level structure, that is, a T (S, s)-invariant K "-7-class of BT®AP
linear symplectic similitudes n? : V' ®Ap — Het(Aq, )

. 77 pisa K ; P _level structure, that is, a 77 (S, s)-invariant K ; P_class of isomor-
phisms of 0-modules 1} : @I_, A? — P}_, H (A, Z,)2.

The two quintuples (A, 6, i, 77, 1) and (A’, 0", i’, (77, (ﬁf,)/) are equivalent if
there is a prime-to-p 1sogeny A — A’ such that it carries 0 to a Z ,-multiple of
0',itoi’, nP to (4?), and 5 np to (np)

We are going to extend this moduli functor to O, to get an integral model of
M&K;P’KT.p;p. Now let us consider an abelian scheme (A, 0, i) which is a part of
the datum defined just above, but for A over an Op,-scheme S. Through 6, we see
that (A =) 11 and (A poo)l.z are Cartier dual to each other. We replace (4-2) by

tr(b € Op, C BY; Lief(A)) = Trgz . (b) € Or, and Lief(A) =0 fori = 2. (4-3)

This means that the p-divisible group (A 17°°)i2 is étale for i > 2. We let T,A =
lim A[p"](S). Then (T,A)? is isomorphic to A? as OF-modules if S is simply
connected.

Now we define a moduli functor A/LT K ke ON the category of locally noe-
therian schemes over Op,: for such a scheme S, J(/LO KiP KT ~»(S) is the set of
equivalence classes of quintuple (A, 8,i, n?, n p) where

e (A, 0,1i) is as in the last moduli problem but satisfies (4-3);

« 7” isa K TP-level structure, thatis, a 771 (S, s)-invariant K 7-class of BT(XAI’
linear symplectic similitudes n? : Vi® N’ — HEt(AS, )

. n pisa KZ, "P_level structure, that is, a 771 (S, s)-invariant K ;’p—class of isomor-
phisms of 0-modules 1} : @/_, A — @/_,(T,A,)>.

The two quintuples (A, 6, i, 77, 7j,) and (A’,0',i’, (;7”)', (75)") are equivalent if
there exists a prime-to-p isogeny A — A’ satisfying the same requirements as in
the last moduli problem. For sufficiently small K ;’p x KTP_ this moduli functor is
represented by a regular scheme (also denoted by) JI/L(T)’ KiP KiPs which is flat and
projective over Of,. Using Proposition 4.3, we get a regular scheme o, x» flat
and projective over Og,. whose generic fiber is Mo k»;p-. Here, we also need to
use the fact that ./l/La ki® ktr 18 stable for K 7 small and the results in [Deligne
and Mumford 1969, Section 1] to make the descent argument. By construction, the
neutral components of ./I/L(T)’ K khr X0p, o) ED, and Mo kv Xg Fpo ) Ers are isomorphic.
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We shall write (4, 9, i) for (a part of the datum of) the universal object over
Jl/to ki kir- We also denote by AT = (Ape)} — JI/LO ki kt» the universal p-
divisible group with Op, -action and an action by [T BpX x Hf (A ) compatible
with that on the underlying scheme JI/LO Ko Khe We also have a p- d1V1Slble group
& — Mo, g» with an action by Hj P compatlble with that on Mo g».

Remark 4.4. In fact, when p|2 and By is division, the condition (4-3) is not
enough. One needs to pose that (A poo)% is special (see [Boutot and Carayol 1991,
Section I1.2]) at all geometric points of characteristic p.

Now consider the case where €(V,) =1, that is, V,, = V+, and By = Maty (Fp)
or U(V,) is quasisplit. At the outset, we introduce some notation for the Morita
equivalence. Let R be a (commutative) ring (with 1) and M a (left) R-module
(or p-divisible group according to the context). Let m > O be any integer. We
denote by M f=pmm (arranged in a column) the left Mat,,, (R)-module in the natural
way. Conversely, for any left Mat,,(R)-module N, we denote by N” = eN the
(left) R-module, where e =diag[1, 0, ..., 0] € Mat,,(R) and the action is given by
r.(en) = (exdiaglr, ..., r]).nforr € Rand n € N. Itis easy to see that the functors
(—)% and (—)" are a pair of equivalences between corresponding categories.

We identify A2 @Bp with Matz(@pp) and hence 0% B, with GLz(@Fp) Using
Morita equlvalence we easily see that in the moduli problem Jl/tz) Ki® Kies WE can
replace the first condition in (4-3) by the following:

tr(b € OF, ; Lief(A)") = b. (4-4)

Consider a geometric point s : Spec F — A/LO ki gt Of characteristic p and let
©(S) be the completion of the henselization of the local ring at s. By the Serre—Tate
theorem, it is the universal deformation ring of (s, 65, is) which is the same as
that of (sdy p.., 0, is). By the conditions in the moduli problem and the Morita
equivalence, we see that this is the same deformation ring of the p-divisible group
%I’b = (s, poo)?’b which is an @F,, -module of dimension 1 and height 2. Hence

@(S) = Oﬁp [[Z]. We have

Proposition 4.5 [Carayol 1986, Section 6]. The scheme J(/L(T), K K (resp. Mo, kv)
is smooth and projective over OF, (resp. Og,.).

For a geometric point s of characteristic p on L/(/ta KiP K (resp. Mo kv ), there
are two cases. We say s is ordinary if the formal part of 96: (resp. &) is of
height 1; supersingular if %T (resp. ¥;) is formal. We denote by [Jl/t 0.K7 K t.0]s.s.»
(resp. [Mo, k¥ ]s.s.) the supersingular locus of the scheme ,/(/U KR KT (resp Mo gv).

A basic abelian scheme. To give the moduli interpretation of the special cycles,
we need first to construct a basic abelian scheme. We fix an imaginary element
win E, thatis, u* = —p and u # 0. Since we only care about the place p, we
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identify the following two isomorphic commutative diagrams to ease our notation:

HE) e———[(] (E)][/E) E—— Ep

| ~
L (FC [ (FOI F Fe.
7 - / 7

NG (R 311 F - Fp

L(p)

where [— ]A means the completion in C,, through ¢(,).

Now let E = E ®F FT, which is a CM field of degree 4d and a subalgebra of
B extending the fixed embedding E < B. We also denote by e > & the canonical
involution of the second kind of E T such that the subfield fixed by this involution
is totally real. The maps (! ®¢/ : EQp F' — C®gC— Cand (! @t/ : E®r F' —
CpC—->C(@G=1,...,d, j=1,2) give 4d different complex embeddings of
E7 into C, where C ®g C — C is the usual multiplication. We choose a CM type
D = {i] ®t%, [ ®L%; [ ®Ll-l, [ ®Ll~l |i=2,...,d}of E". Then ® determines a
Hodge map h¥: S — T[é where T* is the subtorus of Resgi /@Gm Et Consisting
of elements e such that ee € G, g. The Shimura varieties M* = = Sh KT(TJIE {(h*})
basically parametrize abelian varieties over E™® with CM by ET of type ®. It is
finite and projective over Spec ET® where ET-® is the reflex field of (ET, ®).

To make this more precise, let V* be the Q-vector space underlying E. Define
a symplectic form

Y (v, w) 1= Trps @(VATrg pr (VD))

for v, w € ET. Then T# can be identified with the group of ET-linear symplec-
tic similitude of (V*, ¥¥) and Ti(@p) can be identified with Q@ x [Ti- L Ep
The Hodge map h* induces a filtration 0 C F|I0(V ) C Vg such that r¥(e) =
tr(e; VC/F”O(Vi)) =) ,cqplle) foree ET. Since we have identified E (resp. FT
with its embedding through ¢} (resp. ti), we now identify ET with its embedding
through ($ ® (], that is, with (§(E)..](FT) C C.

Lemma 4.6. The reflex field EV® is ET.

Proof. By definition, E¥® is the field generated by the numbers ¢*(e) forall e € E7.
Let e = (x + yu) x (x' +y'A) be an element in ET with x, y, x’, y’ € F. Then

d

(&) = (x + ym)2x) + D 240 (1 (x) + 1))
i=2
=2Trp/q(xx") + 2Trp/(xy )N + 2yx' — 2xy'A.

Hence ET® = ET. O
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As before, the algebra E; =E'®gQ p» has a decomposition

r r r r
El = @E} @ @E} = @EW@ @Ep,.,

which is also true for its modules. Let 7} ! be the projection of E T to the first factor
E;. ! The additive map ¢ extends to a map tp E, I > E I', From the calculation in

the above lemma, we find that, for (el )= (el, .. e1 e%, . 2) €El,

p
mloti((e]) =) Trg, ja,(e)) +el+ef —Trg, /5, (e]). (4-5)
i=1

Let 0¥ C 0" be the unique maximal Z(,,)-order in E¥ such that 6* = 0% and the
ring of integers is @42 = @E,, , where @L is the image of 0% ®z(p) p in the E2
component. For any abellan variety A over an Eyo-scheme S with an action by
0%, Lieg(A) is an EJf -module, and hence decomposes as the direct sum of L|e (A)
i=1,...,r,j= 1 2). In view of (4-3) and (4-5), we pose the trace condltlon as

tr(e € O, C E7; Lief(A)) = ey € Eye and Lief (A) =0 fori > 2, (4-6)

where ey is just e if E = Eye is a field or the component in Epe if Epy = Epo @ Epe
is split.
Let
P _ X X Lp
K _Zp XH@E;J,- x K
i=1

be an open compact subgroup of Ti(Aj) Set M00 Kip = MKU and let Mgo KEppe
be the base change under ¢(,)o (1] Q) Ef <> Epp. Then for sufficiently small K#7,
M(;o «+p Tepresents the following moduh functor (due to (4- 6)) on the category of
locally noetherian schemes over Eye: for such a scheme S, M (S) is the set

of equivalence classes of quadruples (A, ¥, j, n”) where oK
e A is an abelian scheme over S of dimension 2d;
e ¥ :A— AV is a prime-to-p polarization;
e j:0% < End(A) ® Z(,) is a monomorphism of Z,)-algebras such that (4-6)
is satisfied and ¥ o j(e) = j (&)Y o ¥ for all e € OF;
e P is a K *P_structure, that is, a (S, s)-invariant K*P-class of ET ® A_’;—
linear symplectic similitude n” : V¥ @ A — HEE (A, AL,
The notion of equivalence is similarly defined as before. Moreover, we can extend
this moduli functor to be over O Eyo- We omit the detailed definition. One can

similarly prove that the extended one, say Jl/t%o x+p, 1s finite, projective, smooth
over O Eyos and connected, and hence is isomorphic to Spec Og: for some finite
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unramified extension of local fields E*/Ey.. Fix an embedding ¢* : E* < E}¢ and
let (€, 9, j) be the universal object over Jl/tio KEP X000 @Enr = Spec @Enr and
Y = (€ poo)%. Fix a geometric point s : O Er, > C of characterlstlc Zero and an
0*-generator x of H?(%S, Z(py) where H 1s the first Betti homology. We call the
quadruple (€, 9, j; x) a basic unitary datum.

For any x € V which is positive definite, we have a subscheme Z(x)x on Mg
which is a special cycle as in Section 3B. Let us consider the curve My g».pe and its
subscheme Z(x)o,pe, which is the base change of Z(x) KpoKP in My gv». We denote
by Z (x)o P the neutral component of Z (x)o po XE E .. By Proposition 4.3, we
have an irreducible closed subscheme Z (x)o pon M{) K K ., Dy passing between
the neutral components, which is an element in CH! (Mo ki khep XF, ER). For
KP® sufficiently small (which is independent of x), Z (x)0 . O(C) is represented by
(z, e) for any complex geometric p01nt 0:Egi— Cwherez Lxande € H (A 1)
is the identity element. Actually, Z (x)O is deﬁned for any x € V' —{0} if we view
x=x®1 e V" and extend by Z(ax) = Z(x) fora € FT*. Let [Z(x)o 1%
be the Zariski closure of Z(x)0 in Jl/LO KiP KT XCF @E;g

We fix a basic unitary datum (% v, J; x) Since Spec 0 EM, is simply connected,
we can extend x to a section x” of the lisse Ap -sheaf Het(% AP ) over Spec @Enr
hence a section xS of Het(% X Spec Ognr S, Ap ) for any @E;r scheme S. If Sis an
E nr—scheme we have a section xg oprét (¢ xspec ET, S, Ay). In particular,

-
(Xp.5. %0 ) € (Tp(E€ Xspectne ST B ED(TH (€ X spec 6. 7.
p i P
Let E =% X, F be the spe01al fiber. Since (E), oo) is étale for i > 2, (T, E)2
is canonlcally 1som0rph1c to (H (€5, 7 p)) Hence x canonically determines an
element x} » € @t:Z(T E )l . For any F-scheme S, we have element xz’ 5

Proposition 4.7. Let x € VT N A} such that Z(x){, ,, is nonempty and let S be an

2 MG g1 gir Xop, O, induc-

@E{," -scheme. For any morphism S — [Z(x)o ]
ing the quintuple (A, 0,i4, n?, n}’,) there is a quaszhomomorphlsm 04 € x Spec gy,

S — A satisfying the following conditions:

o For any e € 0%, the following diagram commutes:

1
€ XSpec@E;rO S _>A A
j(e) l lz’A () 4-7)
oA

€ X Spec Opnr §——A
pO
* 04 induces a homomorphism from Y Xspec @EQL S to (Apoc)%.

o For any geometric point s € S, the map oa, . = HS (€5, ALY — HEE (A, AL)
sends x! into 7? (x).
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o For any geometric point s € S, the map

r r
P @E)] - @ (T,A)] ®0y, Fr

i=2 i=2
sends xp into 7 (x)
p,s NMp .

Proof. Let o : Ejc — C be any embedding such that it gives a complex geometnc
point of [Z (x)g lD]Z:”' which corresponds to the quintuple (A,, 6,,i4,, (17)0, (1 p)o)
and also to the point represented by (z, e). This means that we can find a symplectic
similitude y : H¥(A,, @) — V7 such that y~!(x) € Lie(A4,) is an i-eigenvector
of iy, (h7(i)) (see [Kottwitz 1992, Section 8] for the complex points of Shimura
varieties of PEL type). Consider the operator i4, (h'@) —i acting on Lie(A,)
which is by zero on the Z,)-sublattice Y () = i, (0%)(y ~'(x)) of rank 4d, and
hence is also by zero on the R-subspace it generates, which is Tg = is, (E" ®q
R)(y ~'(x)). But since, on this space, multiplying i is the same as iy, (h"()),
we see that Y/ Y, defines a complex subtorus (up to prime-to-p isogeny) E of
dimension 2d and a quasihomomorphism ¢} : E — A,, hence E is a complex
abelian variety. Itis easy to see that E is isogenous to € X ¢ . »C, hence we can find
a umque quasihomomorphism Q E: € Xg o C—>E sendmg xtoy lxe T =
HB(E, Z(,)), and 0a, = 0g 0 0/ a, satisfies pthe properties in the proposition. Since
o is arbitrary, it is not difficult to see that o4, descends to a quasihomomorphism
o4 1€ X 0pm, Eg — A satisfying all properties but where (A, 6, i4, n”, nf,) is
the qumtuple on Z (x)0 p- If we denote by A’ the corresponding abelian scheme
over [Z (x)o’p]Zar the quasihomomorphism g4 uniquely extends to g : € — A’,
satisfying (4-7). The other properties follow from the comparison theorems (for
homology) and the assumption that x € A%. For general S, we only need to pull
back 04'. O

Integral special subschemes in the quasisplit case. We now assume that p is non-
splitin E. For any element r € F7-*N0O F,» we define a functor Ei(t)o p in the follow—
ing way. For any @Enr -scheme S, Zf(t)o p(S) is a sextuple (A, 60,ia, n? np, 0A)
where (A, 0,i4, n? np) is an element in JI/LO KiP K" »(S)and g4 : € xspec@En, S —
A is a nontrivial quasihomomorphism such that

» we have a commutative diagram like (4-7);
* o induces a homomorphism from Y Xgpec @E;z Sto(A poo)%; and

o the nontrivial quasihomomorphism A oQX 06 op, induces j (1) Xspec F Sspe
E XSpecF Sspe — E XSpecF Sspe where Sspe =S X@Ear F.
These properties cut out a subscheme, which is still denoted by if(t)o P of

Jl/LO ki Kkhe By the positivity property of the Rosati involution, one easily sees
that 1t is nonempty if and only if 7 is totally positive. Let o be an E-point of the
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generic fiber ZZ(t)O b such that it is equal to some Z (x)o p- We write T (0) =t to
indicate their relation. If 22(0)0 " is the unique irreducible component of Zf(t)o o
containing o, then it is a closed subscheme of JI/LO ki ke X0, O, By con-
struction, o corresponds to a special cycle Z(x)o P Hence we have the following
identity between sets:

U { generic point of %(o)g’p | T (o) = t}

lEFT'Jrﬂ@Fp

{Z@)g, | xeVinAT—(0})

= { —{0}},

where A, = AT is the self-dual lattice of Vp. Hence, again by Proposition 4.3, we
obtain an integral special subscheme Si(x)g’po of Mg g, such that its generic fiber
18 Z (X)) po-

From now on, we assume further that e(V,) = 1.

Proposition 4.8. The special fiber ii(o)o plspe (resp., [Z£(x)g, P olspe) Of ii(o)o 9
(resp. Z(x)g, P .) lies in the supersingular locus [JI/LO KiP K rlss. (resp. [Mo, grlss)-

Proof. We only need to prove this for [ii(o)0 p]spe Lets=(A,0,i4,1n? np, 0a)
be an [F-point of %(0)0 Then we have a nontrivial homomorphism between
OF,-modules 04« : Y — (A ~)? = (%T) (96T b)é’a2 Hence there is at least one
projection (96T b)ﬂ32 — 96' whose composition with g4 4 is nonzero. We know
that both Y and %Z are Of,-modules of dimension 1 and height 2. But since we
have assumed that p is nonsplit in E, Y is formal, which implies that %; is also
formal; that is, s is located in the supersingular locus. 4

We need to study the supersingular loci of JI/LO KiP KT and Mo x». We fix an
integral special subscheme %(0)0 with T (0) =1 and an F-point s of it. We set A =
Ay and X = %7, which is a formal OF,-module of dimension 2 and height 4 over
[ with an action by GL,(0 Fp)‘ In fact, the isomorphism class of X is independent
of the choice of 0 and s. We denote by (A, 6°,i 40) the (unique) isogeny class of
the abelian variety with polarization and endomorphism (A4, 8,i4). Let B be the
division algebra over F obtained from B by changing Hasse invariants at ¢; and p,
hence both B,; and B, are division algebras. Let B' =B ®F FT, G= ResF/@l?X
with center 7', and

[

. oF
G'i=G xy Tyt = T x T+,

where 17(g x z) = (Nmg 'ZZH, Z/ZTT). Let H' be the preimage of 77 under v'.
Then we have End(A°, i 40) = BT asan F-algebra and Aut(A°, 0°, i 40) = H'(Q)
(see [Carayol 1986, Section 11]). We can also choose the isomorphism such that
the involution of the second kind on B' induced by 6 is the tensor product of the
canonical involution of B and the conjugation of F'. In what follows, we identity
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End(A°, i 40) with BT and Aut(A°, 6°, i 40) with H'(Q). We also identify HT(A?)
with H T(A?) through the level structure (777, 7jh) of A.

Let ST = [JI/L(T), Kb, xirlss.(F) be the set of supersingular points in the special
fiber together with a p-divisible group %ng on it. The group H'(Ay) acts on
%T| ¢+ Which is compatible with its action on ST. It is easy to see that the action
factors through Z; x SL, (0 pp). Hence its normalizer SL;(F}) acts trivially on § ¥
and the action factors through F* x [T, By x H T(A?).

By Honda-Tate theory, it is proved in [Carayol 1986, Section 11.3] that

.
T (AP
Frx[]ByxH (A)
i=2
acts transitively on S and its stabilizer at s is H'(Q) x (@f,p x K ;’p x KTP). Hence
we have

St H*(@)\(z < [ By /K" HT(AJ’;)/KW).
i=2

Similarly for S = [ g»]ss. (F), we have a p-divisible group 9€| e with an ac-
tion by H(Ay) which is compatible with that on §. The action factors through
SL2(0f,) C H(Ay). Hence its normalizer SLy(F}) acts trivially on § and the action
factors through E;(o’l X H}z. Let Z be the center of H. Then the stabilizer at s is
H(Q) x (pro’l x KP), where H = Z - H"9". Hence we have

S = H(@)\H}/K".
where I:I]f = Hj’f.

Moreover, if we denote by [JI/L(T)’ KiP, xirls (resp. [Mo k»]7) the formal comple-
tion at the point s, then we have

T ~ ~
[MO,K;’p,KT-I’];\ :Na [”/M'O,Kp];\ :N/v
where N = Spf RF, 2 with Rp, 2= @Fp [z and N =N X@ﬁp @EPO. Hence we have
the following p-adic uniformization of the formal completion at the supersingular
locus:

L’

,
~ 17t s 7 s
O’K;,p’mp]gs. xop, Of = H (@)\(J\f xZx []By/KLP x H (AR /KT P)

i=2
and
[Mo.kv10s X, O, = H@\N' x H}/KP,

where H T(Q) (resp. H (@)) acts on N (resp. N”) through the p-component, which
is trivial on the center. Such uniformization is a special case of that considered in
[Rapoport and Zink 1996].
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Next we must determine the formal completion [%(0)8’ p]SApe and [Z(x)g, pc,]sApe of
the integral special subschemes. We consider the Z,)-module

A =End((E, j),(A,is):={0:E— A|ooj(e) =is(e)op forall e € 0%},

which has an action by 0% through e.¥ = ¥ o j(e) for e € 0 and X € A. Hence
Ag=A®Q has an E*-vector space structure which is of dimension 2. The group
H(Q) acts on Ag through i.X = h o ¥. Hence we have an action of H(Q) on
Ag. Let V be the Q-vector subspace of Ag generated by H(Q).X, which is an
E-vector space of dimension 2, where Xo = 04. We define an E-hermitian form
(-,-) onitin the following way:

9 =j o oy oboX €E, X, yeVCAg. (4-8)

By the following lemma, H is the unitary group of (V, (+,-)) (and the hermitian
form really takes values in E). In particular V is totally positive definite and is
isometric to the nearby hermitian space V® of V.

Lemma 4.9. For any be B*'= H"9(Q), we have (b.%y, b.%) = 1, where B*"!
is the subgroup of all norm-1 elements.

Proof. By definition,

(l;.)vco,l;.io)/=j71019710(50)?0)\/090([;.)?0) =j71019710)vc(\)/o(5v09 ol;)o)?o
=j_1ol9_10)?ovo(l;v’_l 00 ob)oiy

=j71017710xv(\)/090)\50=()zo,)zo)/=1. O
The level structure (1?, ﬁg) of A gives a KP-class of isometries
VerAl > VerAl,

by sending x to X € 1% QF AfF such that ¥,(x!) € 77(x) and x*(xp s) € np(x)
We identify these two spaces through any isometry in this class. For the place p,
we let [\p = End((Y, j), (X,ix)). Then ]\p is a maximal lattice in \u/p such that
the hermitian form restricted to it takes values in Og,..

Let 7 : N — [M{ KiP, kirles Xog, Of,. be the natural projection map. Then
the base change & l([Zi(o)g p]A) is Sf(xo) Xg}, % @Ep Here, %(Xp) is a cycle on N
where the endomorphism Xg € A deforms. In the next section, we will define and
discuss in detail the cycle %(x) for any X € Z\p —{0}.

For any heH /Kp we denote by #(x, h) the cycle of [Mo kv 1 X0, 0z Epo
represented by (ii(x) X0} 0z Eyo h) For any & € Hp/Kp we denote by Zi(x h)
the cycle of Mg kv X0, @ O, which is the translatlon of %(x)O - by the Hecke
operator of i. Since A@ﬁAp = (HT(Q)HGL(AP)) (V ﬂAp) we have the following
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identity between sets:
{2 h) | e HQ\(VNA,—{0). h € Hi(@\H}/KP}
= {[Zx, W | x € H@\(V N A, — (0D, h € H(@)\H}/KP}. (4-9)

Remark 4.10. In the case F = Q, the Shimura datum (H, X) is of PEL type. But
for our later computation, we still want to change the datum. Recall that from
the hermitian space V, we get a unique quaternion algebra B over Q which is
indefinite. Now the group H' = B* and MKT := Shg+(H', X") is just the usual
Shimura curve over @ (the modular curve if B is the matrix algebra). In this case,
we don’t introduce the auxiliary imaginary field @(+/A) anymore. We still have
Proposition 4.3.

For moduli interpretations, it is well known that M}+ parametrizes abelian sur-
faces with Op action and K '-level structure. But notice that for local decompo-
sition, we only have one term which is B, = 82 If B, is a matrix algebra for
some rational prime p we still have the object (&ﬁ oo)1 , which is just (4, )", and
Proposition 4.5 holds. In particular, when M + 1s the modular curve, we use the
results in [Katz and Mazur 1985] to construct the compactified integral models.

The basic abelian scheme in this case is just the elliptic curve over Ogn with
generic fiber of CM type (E, (*). Moreover, we have a similar but simpler version
of Propositions 4.7 and 4.8. For various kinds of special cycles, we can define
similar notions and their relation (4-9) still holds.

4C. Local intersection numbers. In this section, we study the formal scheme N
and its formal special subschemes %(x). Then we compute certain intersection
numbers of these formal special subschemes. In fact, the case we consider is es-
sentially the same one as in [Kudla and Rapoport 2011] with the signature (1, 1),
only with mild modifications. We keep assuming that € (V) = 1 and p is nonsplit
in E.

Formal special subschemes. Let (X, ix) be as in the last section. Then X" is a
formal Of,-module of dimension I and height 2. We define a moduli functor N
on ‘ﬁt[p@ the category of O -schemes where @ is locally nilpotent. For any
S € Obj ‘ftt[p@ N(S) is the spet of equivalence classes of the couples (G, pg)
where

* G is an Op,-module of dimension 1 and height 2 over S, and

e 06 : G X5 Sspe > X " X Sspe 15 a quasiisogeny of height 0 (isomorphism
actually).
Two couples (G, pg), (G', pg’) are equivalent if there is an isomorphism G’ — G

sending pg to pg. Then N is represented by a formal scheme of finite type over
Spf O £, of relative dimension 1 which is just Spf O £, 21
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Recall that we have a two-dimensional Ey--hermitian space Vp = Hom((Y, j),
(X,ix)) @@= V~. For any X € A, — {0}, we define a subfunctor Z(X) of N
as follows: for any S € Obj MNilpgy. , #(X)(S) is the set of equivalence classes of

Fp .
(G, pg) such that the composed homomorphism

v 1

Y %0z, Sope = ¥ XF Sspe —> X X¢ Sepe > LRI Sepe
extends to a homomorphism Y X0y S — G*. Then ¥(X) is represented by a closed
formal subscheme of N (in fact, one can show that it is a relative divisor as in [Kudla
and Rapoport 2011, Proposition 3.5]). For linearly independent X = (X, X3) €
(Z\p —{0})?, two formal special subschemes %(x) and %(X;) intersect properly at
the unique closed point in N'eq. Assuming that y = X g for some g € GL,(0 Ep°) such
that y = (31, y») has the moment matrix 7 (y) = diag[w ¢, w?’], then of a, b > 0,
one is odd and the other is even.

Intersection numbers. Now we assume that p { 2 is unramified in E. Let Y be the
unique (up to isomorphism) formal O, -module of dimension 1 and height 2 over
[ but with action by O Eyo such that the induced character of O Eyo ON Lie(Y) is the
one twisted by 7 from that on Lie(Y). By [Kudla and Rapoport 2011, Lemma 4.2],
there is an isomorphism

ox Y xY > X

in Homo,, , (¥ x Y, X) such that, as elements of Homg, , (¥, Y x Y),

. a i
inc;oIM%, i=1,

inc; o 10, =2,

9%

px 0¥ =

where inc; denotes the inclusion into the i-th factor of the product and IT is a
fixed uniformizer of End(Y). We identify ¥ x Y with X, and hence ]\p with
HomoE (Y,Y xY). If we denote by Def(X”; X) the subring of Def(X") = Op, 1
deformlng X, then

F (X)) % (%) = lengtho, Def(X”; X) = lengthe, Def(X”; ¥) = %(31) - Z(3n).

Let F; be a quasicanonical lifting of level s which is an O Fy -module over @ﬁé’
unique up to the Galois action (see [Gross 1986]). Hence it defines a morphism
Spf O By = N which is a closed immersion. Let %; be the divisor on N defined
by the image, which is independent of the choice of F;. We have the following
proposition generalizing [Kudla and Rapoport 2011, Proposition 8.1].

Proposition 4.11. As divisors on N,

a b
EG) =Y % LG =) %

even odd
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Proof. The original proof of [Kudla and Rapoport 2011, Proposition 8.1] again
works for one direction:

a b
D% <G, Y % %G
s=0 s=1
even odd

To prove the other side, we only need to prove that the intersection multiplicities
of both sides with the special fiber N, = Spf F[[#] are the same. For the left side

we have
a a

a+1_1
Y %y Nepe =D 107 :Us 1=1—=
s spe [ Fp Fp] q—l >
s=0 s=0
even even
b b
b—H_l
> % Nepe= Y [0F :Us 1=1
s spe [ Fp Fp] q—l s
s=1 s=1
odd odd

where ¢ is the cardinality of the residue field of F},. The assertion follows from
the following proposition, which is a generalization of [Kudla and Rapoport 2011,
Proposition 8.2]. (]

Proposition 4.12. For y € Hom Oryo (Y, X), the intersection multiplicity

. v+l_1
%(y) 'Nspe = qua

where v > 0 is the valuation of (y, y)'.

Proof. We generalize the proof of [Kudla and Rapoport 2011, Proposition 8.2] to
the case Fj, # Q, again by using the theory of windows and displays of p-divisible
groups [Zink 2001; 2002]. In the proof, we simply write F = Fy,, E = E and let
e and f be the ramification index and extension degree of residue fields of F/Q,,
respectively. Then g = pf. Let R = F[[#]] and A = W[[¢]] where W = W([F).
We extend the Frobenius automorphism o on W to A by setting o (t) = ¢?. For
any s > 1, we set Ry = R/t* and Ay = A/t°. Then A (resp. Ay) is a frame of
R (resp. Ry). The category of formal p-divisible groups over R is equivalent to
the category of pairs (M, «), consisting of a free A-module of finite rank and an
A-linear injective homomorphism « : M — M(©) := A®, , M, such that coker(a)
is a free R-module.

First, we treat the case f = 1. Consider the p-divisible group ¥ over [ of
dimension 1 and (absolute) height 2e with action by Og. It corresponds to the pair
(N, B), where N is the Z/2-graded free 05 = Of ®z, W-module of rank 2 (which
is a free W-module of rank 2e¢) with N; =0 -n; (i =1, 2) and S(ng) = @ Qny,
B(n1) =1Q®ng. We extend Op-linearly the Frobenius automorphism on W to 0.
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Similarly as in the proof of [Kudla and Rapoport 2011, Proposition 8.2], the p-
divisible group X over [ corresponds to (M, «) there and its universal deformation
is (M, a;). The only difference is that we should replace p by @w. The proof there
works exactly in this case.

Now we treat the general case and assume that f > 2. Consider the p-divisible
group Y over F. It corresponds to the pair (N, ), where N is a Z/2-graded free
Op ®z, W-module of rank 2. Since

f-1 -1
J
OF ®z, W = @ OF Qw00 W =: @ @f ),
Jj=0 J=0

where k is the residue field of F, we can write

f-1 A f-1 ‘
(o) (o)
N = (EB 0% eOJ) © (@ O elJ)
j=0 j=0

and B(e; j) =eijy1fori=1,2and0<j < f—1; Bleo,s—1) =er0and Bler, r—1) =
wep 0. Similarly, the p-divisible group Y corresponds to (N, ) where we write

f-1 _ f-1 _
N ()5 (e 5
N=<€D o eo,f)@<@ O eu)
j=0 j=0

and B(&; ;) =é;, j41 fori =0,1and 0< j < f—1; B(&1,s—1) =&, and B(eo, y—1) =
we o. Then we extend them to F[[¢] by scalars, still denoted by N and N.

The p-divisible group X corresponds the direct sum (M, o) := (N, B) D (N, B).
Under the basis {eo’o, 51’0, <5 €0, -1, él,f—l; €1,0, éo,o, e €1 -1, éO,f—l}, the
matrix of « is
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Let (M, ;) corresponds to the universal deformation of (X, iy) over F[[#]]. We
can write in the same basis

Explicitly, we have

oz,(e,;j):e,-,jH, i:0,landj:0,...,f—2,

a; (e, r—1) = e1,0 —tey,o, a(er, r—1) = wep,
O[[(E,',j)=él"j+1, i=0,1andj=0,...,f—2,
ai(er,r—1) = ep,0+teg,o, ai(eo, f—1) = e .

Now we denote by o¥(a) : M @) 5 M@ the induced homomorphism for k > 0.
Then, formally, we have

of ) Neij)=ej1, i=1,2andj=1,...,f—1,

k

_ 1 _ P
of @) Neo0) = —erp-1,  oF (@) Nero) =eo -1+ —e0 1,
w w

of)y e )=¢é-1, i=1,2andj=1,...,f—1,
k
- 1_ 1.- - tP

ok @) @1.0) = —é0 -1, o* (@) @o0) = &1 fo1— —e1 fo1.
w w

Now let y correspond to the graded A-linear homomorphismy : N®4A; — M.
Then the length £ = %(¥)-Nspe of the deformation space of y is the maximal number
a such that there exists a diagram of the form

N L N

?l lw

M —2 )

that commutes modulo 7%, where y lifts y.

Casei: v = 2r is even. We may assume that y = @’incj, represented by the
4f x 2 f matrix
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o 0 0
0 O 0
0 o' 0
xo=|0 0 0
0 0 o’
0 O 0

If r =0, in order to lift y mod ¢”, we search for a 4 f x 2 f matrix X (1) with
entries in A, such that X (1) = X (0) in A and satisfies

a0 X (1) =0 (X(1))op.

Buto (X (1)) =0(X(0)) = X(0). Hence we need to find the largest a < p such that
o Tox (0)op has integral entries mod . But the entry at the place (eq, r—1, €o, f—1)
is t /@, so the largest a is just 1. Hence when v = r = 0, the proposition holds.

If r > 0, we first show that we can lift ¥ mod 197 By induction, we introduce
X (k) for k > 1 by requiring that X (k + 1) = X (k) in A,x and o, 0 X (k + 1) =
o(X(k+1))op. But o(X(k+ 1)) = o(X(k)); hence formally we should have
X(k+1) =a oo (X (k) op. Weneed to show that

XQrf)y=a " oo(@) o0 N a) o X(0)0 g7

has integral entries. Let x; j.;/ j» (resp. X; j.;/,j/) be the entry of X (2rf) mod @
at the place (e; j, ey j/) (resp. (e; j, e ;7). Then among all these terms, the only
nonzero terms are

_ —1 f—=1-j 2r—2+ 2’_3+...+] .
Xo,j.0. = (=) lept @7 ) =0, f—1,

f=1=j(,2r—1 2r=2 ... 1 .
X1 i1, = (=D ep @R D i=0,..., f—1,

which shows that we can lift y mod 17", Next, we consider the lift of y mod tpa”
that is, the matrix

XQrf+1)=0a " oo (X@2rf)o}p.

It has exactly one entry which is not integral: the place of (eg, s_1, €0, y—1) whose
nonintegral part is

t ropopf—l(g?-! =24 .41 (_l)r 2y 2r=14 .. 11
S (=D)rgprpt @ AT ) 2 L 7 a7 T e ]
o (2

It turns out that the length £ = %(y) - Ngpe is exactly

q2r+1_1 qv-i-l_l

g—1 — q-—1
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Caseii: v = 25 + 1 is even. We may assume that We may assume that y =
w’incy o I, where IT is the endomorphism of ¥ determined by Il(ep ;) = ep ;
and I1(ey ;) =weq, j for j =0,..., f —1. Then y is represented by the 4 f x 2 f
matrix

0 0
oSt 0
0 0
0 ZD.s-i—l
0 --- 0
(o 0
0O --- 0
0 w?

Similarly, we introduce the notation Y (k) for k > 0. We first show that y lifts
mod t‘lzm, that is, the matrix

Y(2s+1Df)=a " oo(a)  o---0a® @) oy (0)o g&hS

has integral entries. Let y; ;.; j7 (resp. y; j.i’, j*) be the entry of Y ((2s+1) f) mod &
at the place (e; ;j, e’ ;) (resp. (e; j, e j)). Then among all these terms, the only
nonzero terms are

.)_’O,j;O,j — (_l)stpfflfj(q2s71+q2x72+-..+1)’ ] =0,..., f -1,

f=l=j 25 4 ,25—1 1 . .
Vi1, = (=1 Hep! e D i f 1,

which shows that we can lift y mod 17" Next we consider the lift of y mod P4 i

that is, the matrix
Y(2s+Df+D =0 'oo(Y(2s+1)f))oB.

It has exactly one entry which is not integral: the place of (eg r_1, €o, y—1) whose
nonintegral part is

L e N A ﬂtqzx+l+q23+...+l‘
w w
It turns out that the length £ = %(y) - Ngpe is exactly
2421 gvtl_]
qg—1 qg—1
This proves the proposition. U

q
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The results in [Gortz and Rapoport 2007] used in the proof of [Kudla and
Rapoport 2011, Proposition 8.4] also work for Fy, not just Q,. For 0 < s < b
odd we have

a+1 _

4 _11, a<s,
2o0-%=q 0

qul—i-E(a—l—l—s)[@;p:U;p], a>s.

By summing over s, we get the following local arithmetic Siegel-Weil formula at
a good finite place:

Theorem 4.13. Let X; € ]\p — {0}, fori =1, 2, be linearly independent. Then the
intersection multiplicity %(x1) - %(X) only depends on the GL, (0 E,o)-equivalence
class of the moment matrix T = T (X). Moreover, if we set T ~ diag[@?, w ] with
0<a < b, then

Ho(T) := (%)) - (%) = % Y qa+b+1-2),
=0

where q is the cardinality of the residue field of Fy,.

4D. Comparison at good places. In this section, we will consider the local height
pairing (Zm (g1), Z¢2 (g2))v° at a finite place v° of E which is good. Recall that
we have a Shimura curve Mk and we assume that K is sufficiently small and
decomposable. We also assume that ¢; (i =1, 2) are decomposable.

Let S C Xy be a finite subset with |S| > 2 such that for any finite place p ¢ S,
we have

e P12, pis unramified or split in E;

e e(Vp) =1,

e Pip= ¢8 (i =1, 2) are the characteristic functions of a self-dual lattice A, =
AT CVy;

e K, is the subgroup of U(V,) stabilizing Ay, that is, K, is a hyperspecial
maximal compact subgroup;

o x and ¢ are unramified at p.

Fix a place p € S such that p is nonsplit in E. We have the generating series
Zy(8) = Y oy(8)hi(x)Z(xi)k
)C,'EK\\/

- ¥ 3 wy (8¢ (hi ' x)Z(h 'x)k,  (4-10)

X €H@\V hieHy (Ap)\H(Af)/K
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where V = V@ is the nearby (coherent) hermitian space as in Section 4B. Write
gi.p = n(b; p)m(a; p)k;p in the Iwasawa decomposition and choose any number
e; € E* such that valy(e;) = valy(a; p). Let g; = m(ei)*lgi; then

@10= > > 0y ()91 (h; ' xie) Z(hy ' xi)k
xi€eH(@)\V h,-eHxl. A\HAf)/K
= > > w0y @i (h xie) Z(hy ' xien)k
xieH(@Q)\V ]’l,‘EHxl. (A_/)\H(A_[)/K
= > > wy @i (h ) Z(h )k
i €H@\V hieHy (Ap)\HAf)/K
= Y D Ui Ta)Pp® @y (BN (' x) Z(hy ' xi)

xi €H@\V hieHy(Ap)\HAf)/K

since in the Iwasawa decomposition g; , = n(b; p)m(ai p)ki p, aip € Of,.. In what
follows, we assume that ¢, ® 2., € Q(W%),eg for at least one v € S and g; €
P H'(A},). Then if Z (hl._lx,-) x appears in the generating series Zg, (g;), we must
have x; € V — {0} and hifgxi € Ay. Hence by the last part of Section 4B, we
can extend Z (hi_lx,-) k to a union of integral special subschemes %(x;, i;) on the
smooth model g x». We define

X (i)
= Y > V(b p T (x)) Py ® (0 (BD)F) (' x)E(xi, hi).

xi€H@\V hieHy, (Q\H(Af)/K

which is a cycle of Ay gr extending the generating series Zy, (g;).

If p ¢ S is splitin E, we just take %4, (g;) to be the Zariski closure of Zg, (g;)
in t/l/l()’ Kp.

We now state the main theorem of this section. Here vol is the same volume as
in [Liu 2011, Theorem 4.20].

Theorem 4.14. Suppose that ¢, QP2 € SD(V%),egfor at least oneve S and g; €
P H'(AY.). Let p be a finite place not in' S, let Mg.po = Mo, x» be the smooth local
model introduced in Section 4B, and let %y, (g;) be the cycle introduced above.

(1) For p nonsplitin E,
Ep(0,1(81, 83). $1® ¢2) = —vol(K)(Zg, (81). Z,(82)) e,
where, by definition,
(Zg,(81): Zgy (82))pe =log g% (&, (1) - %, (82))
(2) Z¢,(81) - %4,(g2) =0 for p split in E.
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Combining this with [Liu 2011, Theorem 4.20], we have:

Corollary 4.15. Assume that ¢; = qbgqui, £ satify ¢1,, @2, € Ef(\/%)reg forallveS
and g1, @ oy € S’(V%),eg,dv with d,, > dy, for nonsplit v € S (see Section 2C for
the notation). Assume further that g; € egH' (A‘g) (i = 1,2), and that the local
model Mgy is Mo kv for all finite places p°|p € S. Then

E'(0.1(21,85). $1 @ ¢2) = —vol(K) Y (Z,(81): Z,(82)) -
vo|v

vgS

(Here the Green’s functions used in archimedean places are those defined in [Liu
2011, Theorem 4.20], not the admissible Green’s functions defined in Section 3B.)

Proof of Theorem 4.14. (1) Since the special fiber of %y, (g;) locates in the super-
singular locus, we have

%, (81) - %, (82) = [Z, (8D)pe - [%,(82)15e- 4-11)

But

(%4, (8)]5pe =
> D iy TENG) @y GNGF (i )L hi),  (4-12)
Y eH@\V hieHy (Q\H} /KP
where d;g is the characteristic function of A p- For any t; € FN Of, which is totally

positive, we fix an element X;, € VNA p With 7' (X;,) =t;. Then

@-12) = Ypbipt) Y oy @] (A ¥ L i)
f hi€ Hy, (Q\H] /K?
= > WG TE) Y e @Dl R R ).
% eVNA,—{0} hieH(@)\H} /K?

Two formal cycles %(x1, }uzl) and %(x,, flz) intersect only if fz] and };2 are in the
same double coset of H(@)\H?/Kp. Hence

@)= Y YpBpTE) Y o (@ 8 )NeIeeE (DL F) % (%)

¥=(x1,x2) heH(@Q\H} /K?

= > Vp(bpT (¥))

TEGLQ(Epo)ﬂHerQ(@EpO)

XY W@ &Nl @R HHY(T), (4-13)
heH} /K?
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where l;p = diag[l;l,p, l;z,p]. By Theorem 4.13, Corollary 4.2 and following the
same steps in the proof of [Liu 2011, Theorem 4.20], we get

—vol(K) 1og ¢*(%4,(81) - %4, (82)) = Ep(0,1(31, &), b1 @ $2). (4-14)

By definition,

(4-14)
= Y Wi0,1Gip &) ¢1p®b2p) [ [ Wr0.1(G10, &) $1.0 @ d2.0)
Diff(T,V)={p} vED
= Y Word0.1(g1p 83,), $1.p @ $2)
DIff(T,V)={p} .
X 1_[ We’Te(O, l(gl,va gz,v)» ¢1,v ®¢2,v)
v#p
= > Wi 0,108 85): d1p®@2p) [ [ Wr(0. 1(810: 85,): $1.0 © 62.0)
Diff(T,V)={p} VP
= Ep(07 l(gh gg/)’ ¢1 ® ¢2)9
where e = diag[eq, e2] € GLy(E).
(2) We will prove this in a more general case in Lemma 5.1. (]

5. Comparison at finite places: bad reduction

In this section, we discuss the contribution of the local height pairing at a finite
place in S. There are three cases we need to consider: the split case (that is,
U(V,) is split), the quasisplit case (that is, U(V,) is quasisplit but not split) and
the nonsplit case (that is, U(V,) is not quasisplit).

SA. Split case. We first discuss the contribution of the local height pairing at a
split (finite) place in S.

We fix a prime p € S which is split in E a’r'l\d any p° € Z; over p. What we want
to consider is the height pairing (Zy, (g1), Z¢,(g2))pe on a certain model Mg, pe,
forprs®@pr.s € Ei’(\/?s),eg and g; € eSH’(A‘g). We assume that K = K, K? with
KP sufficiently small and K, = K, , for n > 0, hence Mx = M,, g». In Section 4B,
we constructed a smooth integral model Mo gr for Mo g».pe, a p-divisible group
%X — Mo kv, and hence ¥ — Mo, x», which is an O Fy -module of dimension 1
and height 2. A Drinfeld @ "-structure for an Of,-module X of height 2 over an
) F, -scheme S is an O Fy -homomorphism,

an : (OF, /@"0F,)* - X[o"1(S),

such that the image forms a full set of sections of X[z "] in the sense of [Katz
and Mazur 1985, Section 1.8]. Let M, x» = Mo x» (1) be the universal scheme
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over Jlp kv of the Drinfeld " -structure «;, (see [Harris and Taylor 2001, Lemma
I1.2.1]). Then M, kv is regular, finite over o, kv, and its generic fiber is M, gv.po.
We compute the intersection number after a base change M kv = M kvipe XF,
Fg. Then JI/L;,L xv» the normalization of M, kv X0p, 0 Fis is still regular and its
generic fiber is M, KPipe- We denote by [/l/t;l kv Jord the ordinary locus of the
special fiber [Jl/L Kp]spe = Jl/tn Kp X0, ; F which is also the smooth locus. The
set of connected components of [Ji/tn Kp]spe canonically corresponds to the set of
geometric connected component of Mn kv, and hence to E* I\AX 1/ V(K). The
set of irreducible components on each connected component of [./i/tn’ kv Ispe, that is,
the Igusa curves, corresponds to the set P(Vy)/K,, ,, where P (V}) is the set of all
Ep = F, @ Fp-lines in V}, where U(V,) acts from right by [.h = h~'l for [ € P(V,)
and h € U(V,). Together, the set of irreducible components of [Mn kr lspe 18

lg, kv i= P(Vp)/Kpn x (EXN\AZ/0(K)).

Now we consider the special cycles. We use the same notation for the base
change of special cycles Z(x)k and the generating series Zg, (g;) on M KPper As
before, we denote by Z(x)k (resp. #4,(g;)) the Zariski closure of Z (x) k (resp.
Zy,(gi))1in Jl/tn kv - Since p is splitin E, the special fiber [Z, (gi)]spe C [Jl/t;th]ord.
Let P(V) be the set of E-lines in V. Then the set of geometric special points of
M, kv (also of M, kv pe, Mr’th;po) is
Spx =H@\P(V)xHAp/K=[] H@\H®)/K

IeH(@)\P(V)

and the set [M;’Kp]ord([F) is

[I H@\(WNA\UWV)/Kpn) x H/KP),

[eHQ\P(V)

where N; C U(V,) is the unipotent subgroup of the parabolic subgroup fixing /.
The reduction map

Spg — [, ko Jord(F) — Igy ko (5-1)

is given by (I, h) — (I, hy, h?) — (hgll, v(hyh?)) (see [Zhang 2001b, Section 5.4]
for a discussion).

We compute the local height pairing on the model ./l/L,’L xp- We write 2@ (gi) =
%4, (gi) + Vg, (gi) for some cycle Vg (g;) supported on the special fiber as in
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Section 3B. Let wye be the base change of wy to M, x». We have

(1og @)™ (Zy, (81). Zg,(82))pr
=%y, (g1)+V,(81)(Z4,(82)+V 9,(82)—E (g2, P2)wpe+E (g2, h2)wype)
=%4,(81) - (%4,(82) + V¢, (82) — E(g2, p2)wpo)
+E(g2, 92) &y, (1) +V'p,(81)) - wpe
=%y, (81) - ZLp,(g2) +Zp,(g1) - V'p,(82) + E(g2, 92)V'g,(81) - wpe, (5-2)

where g is the cardinality of the residue field of Fy,.
Now we discuss the above three height pairings respectively. First, we have

Lemma 5.1. Under the weaker hypotheses that ¢1 ., @ ¢2,, € Sf(\/%)reg and g; €
P)H'(A}) for some finite place v other than p, %4, (g1) and %4,(g2) do not inter-
sect.

Proof. This is clear from the first arrow of the reduction map (5-1). (]

Second, we define a function v(-; ¢, g2) on V, — {0} in the following way. For
any x € V, — {0}, write x for the line in P(V,) containing x. Then v(x; ¢2, g2)
is the coefficient of the geometric irreducible component represented by (x, 1) in
lg, x» appearing in V'y,(g2). It is a locally constant function and

vol(det K)

v(-, (bl,p; 2, 82) = W

D1p V(- P2, 82)

extends to a function in #(Vp) such that v(0, ¢1 p; ¢2, g2) = 0 since ¢ ,(0) = 0.
Then the intersection number

T (81) Vi(82) = Y @y (€1 EX)k -V, (82)
xeK\Vy

= ) OB L g1 o, 22) @ (g (PPN (5-3)
s vol(K NH(Af),) 77 XS17¥]

T(x)eF™

since g1 € e, H'(AP).
On the other hand, we let

E(s, g, v(-, d1,p; 2, 82) @ ¢})
= > 0O by b2 82 @D O (rg) 2

yEP/(F)\H'(F)

be an Fisenstein series which is holomorphic at s = % Then we have

(5-3) = E(s, 8, V(- $1.p5 62, 82) @)1 = Wo(3, & V(- b1.p3 62, 82) ® 97)
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by the standard Siegel-Weil argument and the argument in Proposition 3.2. For
simplicity, we let

E) (g, ¢1; $2, 82)

=logq[E(s, 8. v(-, brp: $2.82)®PD)| _1 — Wo(3. 8, V(- d1.p; d2. 82) @) .

2
Finally, we let
Apy (g1, $1) =log gV 'y, (g1) - wpe.

Then in summary, we have

Proposition 5.2. For ¢1 s ® ¢2,.5 € $(V3)reg and gi € egH'(A) (i = 1, 2),
(2@ (g1), /Z\qbz(gZ))p" = E) (g1, P15 &2, 92) + Ape) (&1, 1) E (g2, $2).

5B. Quasisplit case. In this section, we discuss the contribution of the local height
pairing at a nonsplit (finite) place p in S such that €(V,) = 1.

We fix such a p and denote by p° the unique place of E over p as usual. As
before, we need to consider the height pairing (/Z\¢,1 (g1), 2¢2 (82))pe On a certain
model Mg pe, for ¢1, @ ¢ p € S’(V%),eg and g; € epH/(Afp). We assume that
K = K,K? with K? sufficiently small and K, = K, , for n > 0. In Section 4B,
we have fixed an isometry between Vy, and Maty(Fy) sending Ay to Mata(OF, ).
Hence V,, has an action by GL>(Fy) by both left and right multiplication where the
latter is Eye-linear. We write \/i, with respect to the left multiplication and GL, (Fy)
acts on F(Vy) via (g.¢)(x) = ¢(xg). By enlarging n (to be an least 1), we assume
that ¢; , is not only invariant under Ky , but also 1> + @" GL> (0 Fy ).

We let Jl, kx» be the normalization of Mg kv in Mn K¥;pe Which is regular and
finite over Jlp x». We take a base change M KPipe n,KPipe X Epo Epo , Where
E('J) =E, F" and E(o =Ep F” Let ./l/t/ K be the normahzatron of M, kv X0k, ,
0 E<"> whrch in turn is a regular model of M) Then the set of supersrngular
pomts is

JKPiper

S = [, o lss. (F) = H@\(ER /v(Kpa) x HY/KP),

where H (Q) acts on the first factor by multiplying the determinant. For any point
s € Sy, the completion [, KP ]{ at the point s is isomorphic to a formal scheme N,

over Spf O E). It can be constructed in the following way. We have a p- d1V1Slble
group 96”""’ — N=Spf R Fp.2- Let R Fp.2.n (see [Harris and Taylor 2001, Lemma
I1.2.2]) be such that Spec RF,2n = (Spec Rp, 2)(n) is the universal scheme of
the Drinfeld @ ”-structure for ¥""V-" which is even defined over Spec R Fy 2. Let
Spec R), be the normalization of Spec R Fp 2®o0; i, 0 E;”) in any connected component
of Spec R, 2.n ®c, E(”) Then N/, = Spf R, and is finite over N’ x¢ i, @E<">

The generic fiber J\!P oy = Spec R, ® E(") is Galois over N} :=Spec RE, 2 ® E(”)
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with Galois group SL,(OF, /@ "OF,). Moreover, it inherits a universal p-divisible
%' — Spec R}, a universal Drinfeld & "-structure

o), i Ap/a" Ay — X" (N, )
for %:Ib. In particular, we have the uniformization
[, o 15 = H@\W), x E /v(Kp ) x HE/KP).

In Section 4B, we construct the (irreducible) integral special subscheme % (x, ")
forxe VNA,—{0},h' e H}O/Kp. We still write %(x, h') for its base change under
the map ‘/M“;z, xr — Mo kv X0k, , @E;'Q. But now it is not irreducible anymore. We
write #(x, h) with h € Ky o/Kpn X H}?/Kp and AP = K/, for all its irreducible
components such that its complex geometric fiber (point) is represented by (z, k)
with z L x. Each %(x, h) is defined over O E;@, is geometrically irreducible, and
2. 1) lspe C (AL, gy 1ss.

We have a p-divisible group ¥’ |€£ ® %(x) where we use the same notation
for the pull-back of %(x) from Spf R, » to N,. Consider &, ‘ 2, #(x), and

o, Ap/a" Ay —> B[ [ E(E)y0),

where %(xX), o is some connected component of %(X),. By the definition of %(x),
the element X € Hom((Y, j), (X, ix)) canonically induces a homomorphism gy :
y ><@Enr F(x)—> X |g( .)» hence 0i 1 Yy x g E(X); — &, |3(x) In particular, we
have ah element

03+ (xp) € Ty(%) ) ) = im ¥, [ 1(A(E),) = (im ;[0 1A (D))’

For each connected component ZZ()?),7 0, O , extends to a (1o + @"GL2(0F,))-

class of 1som0rph1sms Np: Ap — Tp(%n 0)> Where %n o 1s the restriction of 96 to
F(X)p,0. Letx = np (Qx +(Xp)), which is well-defined in A, /(1> + w”GLz(@FP))

By construction, we have the following property:

(x,x)/(%,%) € 1+ @"0f, andx e m" Ay & X € wm[\p forallm > 0. (5-4)

We denote by (X, x) the union of all irreducible components of %(X) containing
%(xX),,0 whose ﬁgl(gg,*(xp)) = x. It is nonempty only when (5-4) is satisfied.
Hence for a fixed X, the number of x such that (X, x) is nonempty is at most
ISL2(OF, /@"OF,)|. Now for any he E /v(Kp,,) X Hp/Kp we let %(x, x, h)
be the cycle of [Jl/Ln kv 1L represented by (% (X, x), h) Then we have the following
identity between sets:

{2, x, h) | ¥ € H@N\(Ap—{0), h € He( @\ (' /v(Kyn) x HY/KP))
={[%(x. W15 | xe H@\(VNA,—{0}), heHx(@)\(Kp,o/Kp,,,xH]’?/KP)}. (5-5)
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Now we can consider the height pairing. Pick an element ¢ € E* such that
—valy(e) is sufficiently large. Then

Zo@) = Y ox@)i)Z(xk= Y wy(g)di(xie)Z(xie)k

xiEK\\/f x,-EK\\/f
= Y oy (g)pi(xie)Z(xi)k.
x,'EK\\/f

Hence we can assume that ¢; j, is supported on Ajp. Recall that we assume ¢ , ®
hrp€ Ef(\/,%)fgg", gi € epH/(A;), and ¢;  is also invariant under 1,+@" GL2(OF, ).
We define

F ()= D > bp ® (y (81 (' x1) E(xi, hy)

xi€H@\V hieHy (@\HAf)/K

which is a cycle of JI/L:L x» extending the generating series Zy, (i) on M, y». po-
The special fiber [%4, (gi)]spe C [, p]ss. and

EZACHINEY > ¢i.p(x)
BEVNA—{0),xi hie H@\(ES /v(Ky )< HY /KP)
X (@, (&) @) (hy ' X%, xi, i),
We have a similar decomposition as in (5-2) but the first term is not zero any-
more. First, we consider

%4, (81) - %y (82) = [, (8)1e - [%,(82)150e
= 2. 2. > P1,p(x1)92,p(x2)
F1,52€VNAp—{0) 12 heH@\(E)S! /v(Kp ) x HY /KP)
()G (g1, & NPT @ SEG " (1, 52)) E (K, 1) - E(Ha, x2). (5-6)
Now the key point is to analyze the last intersection number. We have:
Lemma 5.3. We can extend
w1, X2 prp, $.p) = > b1.p(r1)b2,p(x2) E(F1, x1)-% (%2, x2)
x1,%2€Ap /(La+@"GL2(OF;, )
to a function in & (\V/pz).

Proof. First we note that % (X, x;) and #(X,, x) intersect properly unless x|
and X, are Ep.-colinear and x; and x, are also Ep.-colinear. But in this case,
®1,p(x1)¢2,p(x2) = 0 by our regularity assumption. For (X, X;) ¢ (]\p —{0))2, we
let (X1, X2; @1,p, ¢2,p) = 0. Hence (X1, X2; @1, ¢2,p) is now a function on \u/pz
which is compactly supported. We only need to prove that it is locally constant.
We have several cases.
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« If one X;, say X1, is not in [\p, then p is locally zero at (X1, X).

« If, say, X; = 0, then since ¢; , vanishes on a neighborhood of 0 and (5-4), u
is also locally zero.

« If both X; are in A, — {0}, but are not Ee-colinear, choose a neighborhood
U such that any (x{, x3) € U is still not Ep.-colinear; (x/,x])'/(X;, X;)' €
1 +@"0F,; (x], x3) and (¥, X2) span the same Og,.-sublattice in [\p. Then
W is locally constant on U.

o If both X; are in Ay — {0} and Ee-colinear, we choose U as above. Then
for x1, xp not Eye-colinear, %(Xy, x1) - #(X2, x2) is locally constant on U, and
hence u is also. O

By the lemma,

(5-6)=) > (@) (21, 8 NPTRPY (A~ ) 1 (%; P1.pr B2.p)-

XeV2 he H@\(E:'/v(Kp ) xH} /KP)
Since the set FI(@)\(E;O’I/v(Kp,,,) X I:I]E/Kp) is finite, we let
06 (-3 ¢, ¢2) =logq Y ()@ (X)
Fev?

be the theta series for the Schwartz function

oher = 3 PO Drps b2.p) ® (@ (D] ® 95).

heH@\(ES' /v(Ky ) xHY /KP)
Then we have

Lemma 5.4. For g; € epH’(Alpr),

log g%, (81) - F4,(82) = 002, (1(81. 85): b1 $2).
where q is the cardinality of the residue field of Ey..
Now we consider the second term, 4, (g1) - V'4,(g2). For any
€ HQN\(ES' /v(Kpn) x HY/KP),
we write s(/;) for the corresponding supersingular point in S,. Then

Lo (8D V4 (82) = (L1 (€01 [V (€2)1Gs
= 2 > $1.5001) (@5 (8PN (i ' 51)
XeVNA,—{0}x1 Iy eI—VI(CD)\(E:(;I/u(Kp,,,)x[—“[}i/[{p)

EE L h) - [V (1 - 6D
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Lemma 5.5. For any ;Ll, we can extend

V(EL, Prp, b1 o, 82) = Z Prp(x)EEL, 21, El)'[ﬁf@(&)]:@l)
x1€Ap /(La+@"GL2(0F, )

to a function in & (Vp).

Proof. The proof is similar to that of Lemma 5.3. In fact, for X; € zv\p —{0},let U
be a neighborhood such that for any x| € U, (x;, x))'/(¥;, X;)’ € | + @ "OF,. Then

F(-, x1, hy) - [°V¢2(g2)]SA(ﬁl) is locally constant on U. O
The lemma implies that

(5-7) =

> > $1.p(1) (@y (80PN (A DV, P1p. 1 b2, 82).

f1ev fz.eﬁ(@)\(E;Q/u(K,,,,,)xH}f/m)

Let 62’:!)( <, 015 82, P2) = Z wy (-)¢"®"(X1) be the theta series for the Schwartz
)Z| € ‘7
function

P = Z V(- rp, b1 2, 82) ® 0, (h1)g.
e H@\(ES' /v(Kp )< Hf /KP)
Then we have:

Lemma 5.6. For g; € e, H'(A}),

ver

log g%y, (81) - V4,(82) = 0(e) (81, P15 82, $2)
is a theta series for g| € e,,H’(N;:).
Finally, we let
Aoy (81, 1) =1og g Vg, (81) - wpe.
Then, in summary, we have:

Proposition 5.7. For ¢1 s ® ¢2.5 € $(V5)reg and g; € egH'(A) (i = 1, 2),

(Zy (21), Zgy (82))pe
=002 (1(21. 85): d1. $2) + 0 (81, D13 82, $2) + A (81, $1) E (g2, $2).

5C. Nonsplit case. In this section, we discuss the contribution of the local height
pairing at a nonsplit (finite) place p in S such that €(Vp) = —1.

We fix such a p and denote by p° the unique place of E over p as usual. As
before, we need to consider the height pairing (2¢1 (g1), sz (82))pe ON a certain
model Mg pe, for ¢1p @ ¢ € Ef(\/g)reg and g; € epH’(N}). We assume that
K = K,K* with K? sufficiently small and K, = K}, , for n > 0. In Section 4B, we
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have fixed an isometry between V;, and By, the division quaternion algebra over
Fy, sending Ay to Op,, the maximal order. Hence V,, has an action of By, by both
left and right multiplication where the latter is Eye-linear. Also, By, acts on (V)
via (g.¢)(x) = ¢(xg). By enlarging n (to be an least 1), we assume that ¢; j, is not
only invariant under K , but also 1, + @ "0 By - Moreover, we assume that ¢; , is
supported on Ay.

We need to choose some model for M), g».po. If n = 0, we have already con-
structed a regular model Jly x» which is flat and projective, but not smooth over
O,.. Similar to the quasisplit case in Section 4B, we let B be the quaternion
algebra over F' by changing the Hasse invariant at ¢; and p from which we construct
B' and an algebraic group HY over Q. We let H = Z - H"9". Then we have the
following variant of the Cherednik—Drinfeld uniformization theorem (see [Boutot
and Carayol 1991, Chapitre I1I]):

[%1gpe X0z, Of,. H@\X' x H}/KP

l !

[ Mo, kv epe X0, O, ——= H(@)\Q x H}/KP,

where Q' = Q Xop, OF,o (resp. ¥ = guniv Xop, OF,.) and €2 (resp. gunivy is the
Jormal Drinfeld upper half plane over O, (resp. universal Op, -module over €2).
For general n > 1, we construct an integral model of the base change M, g».

Mo kv X E,0 EQ as follows. Let Q8 = unVi8[zp"] — guniv-rig [y "*1] be the
étale covering over Q"€ with Galois group (Op, /@"0p,)*. Consider Q% x r, E ()
it has (Of, /@"0F,) connected components. Pick any connected component E
which is étale over Q"€ XF, E(”) with Galois group (@Bp /w”@g y<-1. Then it is
easy to see that

M, = H@N(S, x ES v(Kpn) x HYKP),

where H (@) acts on X, through the p-component modulo center and acts on
E %1 /v(Kp ) via the determinant map.

Let Q,, be the normalization of Q' X0, ©E<"> in X,. It is not regular but has
double points; we blow up these points to get a regular formal scheme €2/, and (for
sufficiently small KP)

H@\(Q, x Ej' /v(Kp,) x Hf /KP)

is regular, flat, and projective over O E®, where H(Q) acts on Q! by the universal
property of normalization and blowing-up of double points. By Grothendieck’s
existence theorem, we have a regular scheme J;, x» that is flat and projective over
SpecO E®, and a morphism 7, : Jl/t:z’ K = ,/(/té)’ kv X0k, 0 E®) such that the following
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diagram commutes:

LG, g e H@N\(Q, x Ej' /v(Ky,) x H} /KP)

- |

[ Mg, g X0, @E;@]Qpe — 2 (H@\Q x H}/KP) X0z, 0 £

Now let us define the integral special subschemes on these models. We recall the
integral special subschemes 25(0)2, (resp. %(X)S’po) on JI/L(T)’ KiP KT (resp. Mo, x»)
defined in Section 4B. Similar to the quasisplit case, we fix an integral special
subscheme Zf(o) p With T'(0) = 1. Let s be the unique geometric point in the Zariski
closure of the generic fiber of %(o)p Weset A= and X = %f a special formal
0p,-module of height 4. The isogeny class of A is independent of 0. We denote
by (A%, 6°,i40) the corresponding abelian variety up to isogeny. Then we have
End(A°, i) = BT as an F'-algebra and Aut(A°, 6°,i40) = H'(Q). We define
A= Hom((E, j), (A,ia)) and ]\@ =A®Q. LetV C A@ be the sub- E-vector space
generated by H (@).xp where xg = 04. One can define a hermitian form ( -, -)’ on
V asin (4-8) such that (‘7, (-,-)) is isometric to the nearby hermitian space y®
of V and has the unitary group H. The level structure (n?, ﬁg) of A gives a KP-class
of isometries V® FA'; F—> Ve F N}’ r- We identify V@ FA’}’ r With Ve F A? F Via
a fixed isometry in this class. For the place p, we let Ay, = Hom((Y, j), (X, ix)),
which is a self-dual lattice in f/p. We are going to define a formal special subscheme
%(x)on Q:=Q X0, Og,.

Let us first recall the moduli problem represented by . For any element S €
Obj ‘ﬁt[p@ﬁp, Q(S) is the set of equivalence classes of couples (P, pp) where

» @ is a special formal Op,-module of height 4 over S and

o po 1 D XgSspe = X X Sspe 15 a quasiisogeny of height 0.

Two couples (P, pp) and (D', pg) are equivalent if there is an isomorphism
®’ — @ sending pg to pg. For any X € ]\p, we define a subfunctor %#(x) as
follows: for any S € Obj ‘3‘(1[]3@ , Z(X)(S) is the set of equivalence classes (P, po)
such that the composed qua51h0m0morph1sm

-1

X Py
Y Xg, Sspe =Y XF Sspe —> X XF Sspe —> D X5 Sepe

I}P
extends to a homomorphism Y xg. S — P.

Now we proceed exactly as in Sectlon 5B. We use the same notation for the pull-
back of %(x)0 . to the scheme Jl/V KP and define &(x, h) for x € VN Ap — {0},
heKpo/Kpn % H /KP. We also have the formal special subscheme % (X, x, h)
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for x € [\p — {0}, he pro’l/v(Kp,n) X PVIJE/KP, and x satisfying a similar relation
as in (5-4). The identity of sets (5-5) still holds. There is only one difference:
when n > 1, we only keep the irreducible component which is not supported on
the special fiber when defining %#(x, x, h).

Now we can consider the height pairing. We define

Fp(g)= Y, > bp ® (0, (8PN (' x1) % (x;, hi),

xi€eH@\V hieH,, (@\HAf)/K

which is a cycle of M}, x» extending the generating series Z, (g;) on M, . 0. We
have

(% (8)]pe =
> > i.p () (@y (81)F) (R ' X)L (Fi xi ).

HEeVNRy—{0)xi hie H@\(ES' /v(Kp ) xH] /KP)

We have a similar decomposition as in (5-2) but the first term is not zero any-
more. First, we consider

%p,(81) - %y (82) = [Z, (8D)e - [%,(82)150e

= > 2 > 1.5 (1) br.p(12)

%1, %2 €VNA, —{0) X132 ﬁeﬁ(@)\(E:(;l/u(Kp,n)xﬁ}’/Kp)
x () (g1, 8)P] ® Y (h™" (1. ¥2))) 2 (&1, x1, h) - E(¥2, x2. h). (5-8)
We have the following lemma, whose proof is similar to that of Lemma 5.3.
Lemma 5.8. We can extend

I’L(jél’ -562’ ha ¢1,p, ¢2,P) =

> $1p(x1) 2. p(x2) £, x1, ) - % (Fa, X2, h)
x1,X260, /(1+@"GL2(0F, )

to a function in ff(\}pz).
By the lemma,
(5-6) =
> > (@) (g1, 8N} @Y (') w(F; B, b1, b2.p)-

Fev? ﬁeﬁ(@)\(Eggl/u(Kp,n)xﬁf/Kv>
Since the set Ijvl(@)\(E;o’l/v(Kp,n) X I:I}O./Kp) is finite, we let

O (1 b, g) =logg Y &) ( )™ (E)

XeV?
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be the theta series for the Schwartz function

ohor = 3 wCeo il frp. 62) ® (@) (DG] ® 63).

he H@\(Es' /v(Ky ) xH} /K?)

Lemma 5.9. For g; € e, H'(A}),

log g%, (21) - %p,(82) = 002 (1(81. &): $1. $2),

where q is the cardinality of the residue field of Ey..
Now we consider the second term, %4, (g1) - V'4,(g2). For any
hy € HQ\(ES /v(Kpa) x HY/KP),

we write s(}uz]) for the corresponding connected component of [Jl/L; ko lspe- Then

%p,(81) - Vg, (82) = [%4, (81150 - [Vr (82) 150
= 3 B1.p(xD) (y (21N (i 51)

F1eVNAp—{0).x1 e H@N\(ES' /v(Ky n)x HY /KP)

L@, 21, ) - [V, () - (59)
Lemma 5.10. For any hi, we can extend

V(EL, G1p B1 o, g2) = > Srp(eD) L, 21, ) - [V (8213
x1€Ay /(La+@"GL2(OF, )

to a function in & (f/p).

This lemma implies that (5-9) equals
> > $1p(x1) X (@ (gDPN) (hy ' TDV(E1L B1p, 1 d2, 82).
BV hieH@N\E /v(Ky ) x HY/KP)

Let

O (- 1i g2, ) = Y w0, ()™ (¥y)
)?16‘7

be the theta series for the Schwartz function

¢ = > V(- frp s 2. 82) ® w0, (D]

e H@\(Eys' /v(Kp ) xHf [KP)
Lemma 5.11. For g; € e, H'(A}),

log g%y, (81) - V4,(82) = O (81, 15 82, P2)

is a theta series for g| € epH/(Afp).
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Finally, we let
Apey (g1, #1) =log gV 'y, (g1) - wpe.

Then, in summary, we have:

Proposition 5.12. For ¢1,.s @ ¢2,5 € $(V3)reg and g; € egH'(AS) (i = 1, 2),

(Zgy(81): Zps (82
=002 (1(21, 85): d1. $2) + 005 (81, D1: 82, $2) + A (81, BV E (82, h2).

6. An arithmetic inner product formula

6A. Holomorphic projection. In this section, we calculate the holomorphic pro-
jection of the analytic kernel function E'(0, 1(g1, g5), $1 ®¢>) and its relation with
the geometric kernel function when n = 1. We follow the general theory for the
GL, case in [Gross and Zagier 1986; Zhang 2001a; 2001b; Yuan et al. 2011].

Holomorphic projection in general. Let € = (£, € Z*> be a sequence of integers.
We denote by Ao(H') C (H') the subspace of cuspidal automorphic forms of
H' =U(W)) and by &QS(H "y C do(H') those ones whose archimedean component
is in a discrete series representation of weight (14£, 1 —£). Let Z’ be the center of
H’, and hence isomorphic to E*-! as an F-torus. From &, we define a character ¢*
of Z_ by {f(z) =74 Let si(H', ¢%) be the subspace of s{(H’) consisting of all
forms which have the archimedean central character . It is obvious that &QS(H NC
A(H',¢%. For any element in &QS(H’) and any ¢t € F7, the ¢-th archimedean
Whittaker function (with respect to the standard 2 ) is W¥, where

Winbm@lk, k) = [ 7D @ak; Tk, "

LEX o

forall a = (a,) € EX, b = (b) € Fx and [k, ko] = ((k1,,, k2, ]) in the standard
maximal compact subgroup K.

We let &QS(H’ x H') (resp. sd(H' x H', ¢*)) to be the subspace of s{(H' x H')
consisting of functions F such that F(-, g») and F(gy, -) are both in &QS(H ") (resp.
A(H', ¢%) for all g1, g2 € H'(Ar). For any form F € A(H' x H', ¢%) and any
f1® fre &QS(H "x H"), we can define the usual Petersson inner product as

(F, i® o = F(g1, ) f1(g1) f2(g2) dg1dg>.

/[H’(F)\H’(AF)]2
Definition 6.1. The holomorphic projection Pr is a linear map from sd(H'x H', ¢ %)
to &QS(H’ x H"), such that Pr(F) is the unique form in &QS(H’ x H') satisfying
(Pr(F), fi® f)uw = (F, fi® fo)u forany f1 @ fr € df(H x H').
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For any automorphic form F € sd(H' x H', ¢%), we define the Whittaker function
for a nontrivial character iy of F\AF to be

Fys(g1, 82) =@M W(g1.00) WE(g2.00) Apr (R Apr(hy)®
[Z/(Foo)N'(Foo)\H'(Fso)1?

X Fy(g1,rhi, g2, fh) W) WE(hy) dhy dhy,  (6-1)
where Wt = Wf' such that V¥ (x) = wgo (tx) and d = [F : Q] as before.

Proposition 6.2. Let F € si(H' x H', ¢*) be a form with asymptotic behavior
F(m(a)gr, m(@g2) = Og g, (Ia102],°)

as a; € A and |ayaz|a, — 00 for some € > 0. Then the holomorphic projection
Pr(F) has the Whittaker function

Pr(F)y (g1, 82) = }l_rf(l) Fy (g1, 82).

Proof. First, we can decompose F = )  F; ., as a finite sum of element
Fp o ¢,€A(H xH', ¢*%) which has central character ¢ 1X¢; 5 such that (¢ 1, &s.2)
are distinct pairs. One can easily show that if F satisfies the asymptotic behavior
in the proposition, so does each F¢ | ¢ ,.

Now consider any Whittaker function Wi(g;) = We(g,-,oo)WJ‘;.(gi, N GE=12)
of H'(Ar) with central character ¢; such that W} (&i,r) is compactly supported
modulo Z'(A s, r)N'(Ay r), we define the Poincaré series as

Pyi(gi) = Sl_i)r& Z Wiy gi)hp (Yoogi o)
yEZ/(F)N'(F)\H'(F)

If (¢1, &2) doesn’t appear in {(¢; 1, ¢5.2)}, then the Petersson inner product
(F, Py ® Py2)m

is automatically zero; hence we only need to consider the case where it appears.
Then, assuming that F' has the asymptotic behavior as in the proposition, we have,
after choosing suitable quotient measures dg; and dg»,

(F, Py1 @ Py2)

=chl,cz(gl,gz)Pwl(gl)sz(gz)dgldgz

= lim [ F (81,82 W (g1)W2(g2)Ap (81,00) AP (82,00) dg1dgn

s—0t

= li%1+/(F;1,;2)w(g1,gz)Wl(g1)W2(gz)/\p/(gl,oo)‘“)\p/(gz,oo)‘d&dgz,
Nand
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where the first two integrals are taken over [Z'(Ar) H'(F)\H'(Ar)]* and that last
over [Z'(Ap)N'(Ap)\H'(Ap)]*.
Since (Pr(F), Py1 @ Py2) g is equal to (F, Py ® Py2) g, its value is

/ W)W (g2 W g1 WH(ga) dg1 dga x
[Z/ (Foo)N'(Foo)\H' (Fso) ]2

/[Z/(A N A )]Z(Pr(F)Cl,Q)I//(gl,f’gZ,f)W}(gl,f)WJ%(gZ,f)dgl,fng,f-
1. F 1. F 1 F

The first factor equals (47)~%4. Therefore

(Pr(F), Py1 ® Py2) = (4) "2 x

/[Zm N, )JZ(PV(F)gl,gz)w(gl,f,gz,f)W,l"(gl,f)W%(gz,f)dgl,fng,f-
OLACY, fF

Since this holds for all possible W}, szc, and (¢1, &), we conclude that
Pr(F)y (81, 82) = Sh_r)% Fy (81, 82)- O

Now suppose F does not satisfy an asymptotic behavior as in Proposition 6.2.

Definition 6.3. For any F € si(H' x H', ¢%), we let
Pr(F)y (g1, 82) = const Fy (g1, 82).

where const ;_,o denotes the constant term at s = 0 after the meromorphic contin-
uation (around 0). We define the quasiholomorphic projection of F to be

Pr(F)(g1.82) = ) Pr(F)y (1. 82).
v
where the sum is taken over all nontrivial characters of F\Afr. The above propo-
sition just says that for F satisfying that asymptotic behavior, we have Pr(F) =
Pr(F). In fact, the definition can apply to more general functions just in

LA (N'(F)\H'(AF), ¢Y ® L*(N'(F)\H'(Af), ¢ Y.

Holomorphic projection of the analytic kernel function. Now we want to apply the
above theory to the particular form E’(0,1(g1, g5), 1 @ ¢2)) € A(H' x H', x°)
for oo = 9L = ¢<(>)o’ where x°:= x | = {EX 2. Unfortunately, this form does not
have the asymptotic behavior stated in Proposition 6.2. To find its holomorphic
projection, we introduce the following function:

F(s; 81,82 ¢1.02) = E(s+ 5,81, ¢1)E(s + 3, 82, ¢2) € sA(H' x H', x°),

where we use the Weil representation w, y in both Eisenstein series on H'(Af).
This function is holomorphic at s = 0. We claim that
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Proposition 6.4. The difference E'(0,1(g1,85), 1 @ ¢2) — F'(0; g1, 825 b1, ¢2)
has the asymptotic behavior stated in Proposition 6.2.

Proof. Since it is symmetric in g1 and g», without lost of generality, we prove the
asymptotic behavior for g;. Consider the Fourier expansion

E(s,1(mag, &), ¢1®pa) = Y Er(s,1(m@)gi, g), ¢1 ® ¢o)

T eHer, (E)

in which all terms except those with

00
r=(0 )

in the summation are bounded as |a;|a, — oo. Hence we only need to consider
those 7. Before we compute these terms, we recall some matrices representing
elements in Weyl groups:

1

Case I: d, € F*. We have
Er(s,1(81,8)): $1 ® $2)

=/ AC)OX(wzn(b)l(gugzv))%®¢2(O)/\P(w2n(b)l(g1,gzv))‘YW(trTb)_ldb
Hery (Ag

+f wy (w2, 1n(b)1(g1, 851 ® $2(0)Ap(wa,1n(b)i(g1,85)) ¥ (trTh)~'db
Hery (Ag)
+ terms that are bounded,

where the first term is just Wz (s, 1(g1, &), ¢1 ® ¢2) and the second term equals

00
Wi.a,(s; 81, 855 d1, $2) ::/A wy (wz,m (0 bz) (g1, gzv)>¢1 ® P2(0)Apr(g1)*
x Apr(win(br)g2)* v (daby) dby
= 0, (g)P1(OAp(g1)* x Wy (s + 1, 82, $2).

Case II: d, = 0. We have, apart from the terms Wr (s, 1(g1, &), ¢1 @ ¢») and
Wio(s; g1, 855 @1, ¢2), another term,

Wa0(s; 81, 855 @1, 92) := @, (81)P1(O)Ap(g1)° X wy (g5 )p2(0)Ap(g2)".

Now the term Wy (s, 1 (m(ap)g, gzv), ¢1®¢2) has asymptotic behavior O, 4,(1)
as |aj|a, — 0o, hence we don’t need to consider it. What is left is
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Eoo(s, (21, 8), $1®2) :=Wa 0(s; 81, 855 $1, )+ > Wiar(s5 81, 85’5 1, 2)
dzEF

= wy (g1 (0Ap (81" X E(s+ 3, 82, 2)-
It turns out that our form F (s; g1, g2; ¢1, ¢2) is just the Eisenstein series (in g;) of
the section Eqo(s. 1(81. 8Y). 1 ® ¢»). namely
F(s;gug:01,00= Y Eools,1(yg1,8), 1 ® ).
yEP'(F)\H'(F)
Viewing it as a function in g1, we have the Fourier expansion

F(s; 81,82 ¢1,$2) = Z Eq(s+3.81.61) xE(s+13, 8. 62).
dleF

For all dj € F*, the term Eg4 (s + 1, m(a1)g1, ¢1) decays exponentially as |aj|a,
goes to infinity. Hence we only need to consider the term

Fo(s: g1, 825 @1, ¢2)
=Eo(s+3.81.61)E(s+ 3. g2, $2)
= (@, (€)1 OAp (81)" + Wols + 3, g1, 1)) E(s + 3, 82, 62)
= Eoo(s, 1(g1, 85), $1 @ $2) + Wo(s + 3. 81, 1) E(s + 3., 82, $2).

Now the proposition is equivalent to showing that

E(0,1(v81, 85), ¢1 @ ¢2) — Fy(0; g1, 823 b1, $2)

=~ sl Ly (Wols b g1 60 E(s 3. 2.02))
=—Wo(3. 81.01)E'(3. 82. 2) — W((3. 81, $1) E (3. 82. 92)

has the asymptotic behavior (in g;). This is true since
Wo(3, m(angr, é1)= g5, (1), Wo(3.m(angi, d1)= 0y, g, (0glarla,). O
By the proposition, we have

Pr(E'(0,1(g1,85).¢1 ® $2)) (6-2)

(E'(0,1(81.85). 1 ® ¢2) — F'(0: g1, 82:01.92)) + Pr(F'(0: g1, 82: h1.¢2))

=Pr
=Pr(E'(0,1(81.85). 61 ® $2) — F'(0: 81.82:91.02)) + Pr(F'(0; g1, 82: 1. 62)).

Since

F'(0;81,8: 01,62 = E'(3.81.01)E(3. 82. ¢2) + E(3. g1, 1) E'(%. 82, $2).
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its holomorphic projection Pr(F’(0; g1, g2; ¢1, #2)) = 0. Then

(6-2) = Pr(E'(0,1(g1, 85), o1 @ ¢2) — F'(0; g1, 82: D1, ¢2))
=Pr(E'(0,1(81. 8). ¢1 ® $2)) — Pr(F'(0; g1. 82: b1 ¢2))
=Pr(E'(0,1(31. 8). 1 ®$2)) — Pr(E' (5. 81. 1) E(3. 82. $2))
—Pr(E(3. 81, 41)E'(3. 82. 92))-
It is easy to see that
Pr(E'(L, g1, 1) E(}. 82.62)) = Pr(E'(3. 81, 61)) E+ (%, 82. ¢2),
where

E.(3. g.00)= Y Wa(3. g 1)

dl'EFX

In particular, if ¢1,, @ ¢o,y € Ef’(\/%),eg for at least one finite place v, then given
g1 and g» in P)H'(A}.), each E*(%, gi, ¢i), i =1,2,is alinear combination of an
Eisenstein series and an automorphic character. In summary:

Proposition 6.5. The holomorphic projection of the analytic kernel function is
Pr(E"(0, (81, 8), $1 ® $2)) = Pr(E'(0. 1(81, 85), $1 © ¢2))
- ﬁ}(E/(%’ 81, ¢1))E*(%s 82, ¢2) - E*(%’ 81, ¢1)I5vr(E/(%7 82, ¢2))

Quasiholomorphic projection of the analytic kernel function. Now we are going
to compute the quasiholomorphic projection of E'(0,1(g1, &), ¢1 @ ¢>) under the
following assumption:

(REG) ¢ = ¢ i r with ¢1.4 ® ¢2.y € S(V2),eg for all v € S and
D1,0®P2,0 € F(V2) eg.a, for v €S nonsplitwithd, > dy,; gi €egH' (A).

Recall from (2-13) that

E'0,1(81,85), 91 @) = > _ EL(0,1(g1, 85), 1 @ $2).
vegS

It is clear that when we apply Pr to the above expression, nothing will change
except the terms E, (0, 1(g1, g5), ¢1 ® ¢2) for t € To. Now we just fix one ¢ € Lo
and consider, by [Liu 2011, Theorem 4.20],

—2vol(K)((Zg,(81), B¢, (81)ee)s (Z4,(82), B (82)2)) g »

which is (after forgetting the constant —2 vol(K)), by definition, the integration
over the (complex) Shimura curve of
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> D wx(g)$i(Tx), h;lmaxlal,hl)

X170 hieH@\HAp)/K

* (Z Z wy, (£2)92(T (x2), hzzxz)Exzaz,hz)-

x27#0 thH(@)\H(A_/')/K

See [Liu 2011, Section 4C] for the notation. Since this expression and the process
of taking Pris symmetric in g; and g», let us just do the first variable and hence
omit the subscript 1 in the following calculation. Of course we only need to do
this for the neutral component, hence we consider the current

Y w0y (9)¢(T (). %) Eva.
x#0

It is clear that for T(x) =t ¢ F ™,
Pr(wy (—)p(t, x)Exa)y, (8) =0

for any ¢ € F* (which is just the set of all totally positive numbers in F), hence
these terms vanish after applying Pr. For those x such that T(x) = ¢ € FT, the
corresponding term will contribute to the #-th Fourier coefficient in the quasiholo-
morphic projection. Namely,

ﬁr(wa<g>¢(T<x>,x>Em) =y ﬁr( > wx(—)mr,x)Em) (@),

x#0 teF+ T(x)=t 17

where, similar to (6-1),

ﬂ( > wx<—>¢(T<x>,x>Em) (8) = const (4m) W/ *(g,)
T (x)=t Vi =
<y A (B @, (g WP (t, 1) Era dh, (63)
T(x)=t * Z' RN R\H'(R)

where we identify F, with R in the domain of the integral and a is such that & =
n(b)m(a)k of h in the Iwasawa decomposition. Making the substitution y = aa,
we have

o0
(6-3) = const 4w ) W, *(8) D wy(819'(1.%) /0 E yyay’e T dy
T (x)=t

o0
— const (47t , E oy e Y dy. 6-4
e B @0 [ ST 6
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If we let 6, (z) = R(x, 2)/2t = —(x;, x;)/(x, x), then

(6-4) = const (4r1) > o), x)/ (/

—4mtyudy(z) ! !
4 du>yse—4rrty dy

T (x)=t
0 —4nyu<§x(z)
_const(4ﬂt) Z wy (8)o(t, X))t V/ / Se™ D du dy
T (x)=t
s [T
_ 4 1—s 1 4y (14ud,(z))
C?i%t( Tt) Z wy (8)P(t, x)t /1‘ M(/o e du
T (x)=t
rd+s) [ du
congm >T(XZ)_th<g>¢< Varoms Jy i Fus, @
du
= t t, i 6-5

T (x)=t 1

Admissible Green’s function. As in [Gross and Zagier 1986], we introduce the
Legendre function of the second type:

[e.¢]
Qs_1(1) =/ (t++vVt>?—1coshu)*du, t>1,s>0.
0

Then the admissible Green’s function attached to the divisor > Wy (8)P(t, x)Zy
(on the neutral component) is Tx)=t

3" (g = const2 Y @, () (1, %) Q51 (1425,(2)).
T (x)=t
By a result of Gross and Zagier, we have
/Oo du 20, 1(14+20) + 0™ +
_ = _ C C ) Cc — Q.

1 u(l+uc) s
Combining (6-5), Corollary 4.15, and Proposition 6.5, we have:
Proposition 6.6. Under the assumptions (REG) for ¢ ® ¢, and g;, we have
Pr(E'(0.1(81. 85). $1 ®$2)) = —vol(K) Y (Z, (81). Zp,(82)) v

ve|v

vgS
- ﬁr(E’(%, g1, 1)) Ex (3. 82.92) — E+(3. g1, ¢1)|§r(E/(%, 2. $2)),
where at the archimedean places we are using admissible Green’s functions.
6B. Uniqueness of local invariant functionals. We now fix a place v € ¥ and sup-

press it from the notation. We prove that the space Homp'« g/ (12(0, x), 7" X x )
is of dimension 1, following [Harris et al. 1996].
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From x, we have defined an automorphic character 7, of H' in the following
way. Given g € H', detg € E*°!; hence we can write detg = eg/eg for some
e, € E*, by Hilbert’s Theorem 90. Define 7, (g) = x (e,), which is well-defined
since x|px = 1.

Proposition 6.7. For an irreducible admissible representation w F . Uof H',

we have dim Homy/y g/ (12(0, x), 7¥ X x7) = 1 and L(s, 7, x) is holomorphic at

=1
s =3

First, we have a double coset decomposition
H" =Pyp(H x HYUPit(H x H) =: QyuU

with Qg open and €2; closed. Hence we have a filtration 15(0, x) D 12(0) O, x)
where

120, ) = {9 € 10, x) | Suppy C o},

which is invariant under the action of H' x H’ by right translation through 1.
As H' x H' representations, we have Qg)) O, ) = 12(0) (0, x) and Qél)(O, X) =
L0, x)/ 12(0) (0, x). We have an H' x H' intertwining operator

050, x) — F(HH(1® X)
@ — W (g) = (g, 12)),
where S(H') is the space of Schwartz functions on H’, since
0(r0i(g, 1)1(81, £2) = (o1 (g2, 82)1(g; 'gg1, 12)=x(det £2)9(yi(g; 'gg1, 12)).

There is on $(H') ® (7 X 7¥) a unique H' x H’-invariant functional (up to a
constant) given by

Voo [ mef v ds

But,
Homp/ sy ($(H) @ (m X 7"), C) = Hompyr g/ (F(H'), ¥ K 1)
= Homp g (Y(H) @ (1K x), w7 K x )
= Hompzrx (05 (0, x), 7' B ).
For the representation Q(zl) (0, x), we have:

Lemma 6.8. If m % 7", then Homyy i (05”(0, x), m/ ® x ) = 0.
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Proof. We have an intertwining isomorphism le)(O, xX) — 11(%, X) X7 1(%, X)
given by

@ ((g1,82) > @((g1. 82))).

since (1 (p181,P282)) =@ (p1, p2)1(g1,82)) = x(a1a2)|araz| (1 (g1, g2)) where
p1 =n(by)m(ar)k; and pr = n(by)m(az)k,. Hence

Hom g 1(05 (0, x), 7/ & x7)
=Hompxm (L (3, X)X L(3, x), 7" K x7)
= HomH/XH/(JT X X_lﬂv, 11(—%, X_l) X 11(—%, X_l)).

By [Kudla and Sweet 1997, Theorem 1.2] for v finite nonsplit, [Kudla and Sweet
1997, Theorem 1.3] for v finite split, and [Lee 1994, Theorem 6.10 (1-b)] for v in-
finite, the only irreducible H’-submodule contained in I (-1, x 1) is isomorphic

~!. The lemma follows by our assumption on 7. U

to 7TX

Proof of Proposition 6.7. The normalized zeta integral (2-1) has already defined a
nonzero element in Hom g, g (12(0, x), ¥ X x ), so the dimension is at least 1. If
it is higher than one, we can find a nonzero element in Hom gy g/ (12(0, ), 7Ry )
whose restriction to 12(0) (0, x) is zero since dim Homyfo/(Qéo) 0, ), 7"Rym)=
1. Then it defines a nonzero element in HOmH’XH’(le)(O, x), ¥ X x7) which is
0 by the above lemma. Hence dim Homp/ g/ (12(0, x), ¥ X x7) = 1.

For the L-factor part, the restriction of the normalized zeta integral to 12(0) O, x)
is nonzero. But the original zeta integral has already been absolutely convergent
ats=0ifgp e 12(0) (0, x), hence L(s, , x) cannot have a pole at s = % since by (s)
is holomorphic and nonzero at s = 0. (Il

Remark 6.9. Proposition 6.7 is conjectured to be true for any n, s, x, and irre-
ducible admissible representation 7. This is proved in [Harris et al. 1996] for
supercuspidal — more precisely, for w not occurring in the boundary at the point
s, which exactly equivalent to the assumption of Lemma 6.8 when n = 1.

6C. Final proof. In this section, we prove the main theorem by combining all the
results we have obtained.

We need to compare the (holomorphic projection of the) analytic kernel function
and the geometric kernel function defined in Section 3B. First, we still assume
(REG) on ¢p; ® ¢ and g;. Let

€(g1. 82; P1 @ d2) =Pr(E'(0,1(31. 85). 1 @ ¢2)) — E(g1, 82; 1 @ $2).

which isin 4(H' x H', x°). By (3-9), and Propositions 5.2, 5.7, 5.12, and 6.6, we
have that the restriction of €(g1, g2; #1 ® ¢2) to the subset [eg H ! (A‘Ig)]2 is equal
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to the sum of the following terms:

C1(g1, 82; D1 @ o) = —E(g1, $1)A(g2, $2) — A(g1, 91 E(g2, $2)
_CE(glv ¢1)E(g27 ¢2),
Cu(g1, &2: 91 Q) = Z Ay (81, P1)E(g2, $2);

p°lp
peS
Cmi(g1, &2; 1 @) = Z Epey(g1, P15 82, 2);
p°|p split
peS

Cvign g d1®d) = Y 0021, 8): é1. 92) + 05 (21, b1 g2, )
p°|p nonsplit
peS

Cy(g1, 82; 1, 2) = —Pr(E'(3, g1, 1)) E« (3, g2, ¢2)
—Eu(3, 81, 01)Pr(E' (3, &2, 92)).

Now given any cuspidal automorphic representation 7 of H’ such that 7, is a
discrete series of weight (1 —€X/2, 1+ €X/2) and €(r, x) = —1, forany f e
and fV € ¥, the integral

/ FefY (@) x (detg) (g1, g2: d1 ®¢2) =0

[PlesH'(A? )2

oo

for ? =1, II, III, IV, V, since each term involves either Eisenstein series, auto-
morphic characters, or theta series when restricted to e H ! (A‘;’;) which is dense in
H'(F)\H'(Ar)! Hence we have

/ Flg)f¥(g)x ' (detg2)E'(0,1(g1, 82), 1 ® $2)
(H'(F)\H'(Ap) P
= / Fg)fY(g2)x ' (detga)E(g1, 85; d1 @ d2). (6-6)
[H'(F)\H'(Ap) 2

Recall our definition of the geometric kernel function, which is

E(g1, &2; ¢1 ® ¢2) = vol(K) Z(®¢1 (1), Og,(82)) 0,

and we are using the Weil representation w, in the formation of both ®,(g;)
(i =1,2). If we now use a); to form the second and, to be consistent with the
previous convention, write ¢ = ¢ and ¢ = ¢, then Oy, (g,) = Oy (g2) x (det g2).

Recall our definition of arithmetic theta lifting (with respect to the Weil repre-
sentation w, ) in Section 3B:

o/ =/ £(©)O(8) ds, 6-7)
H'(F)\H (AF)



Arithmetic theta lifting and L-derivatives for unitary groups, Il 997

which is an element in CH! (M )% and also @gi with respect to a);(/, where M =
(M) is the projective system of (compactified) Shimura curves. For any K’
under which ¢ and ¢V are invariant, the height pairing vol(K’ )(@{;, el )ﬁ/T cal-
culated on Mg is independent of K’, where vol(K') is defined as before. Hence
we can use <®£» M )NT to denote this number.

Recall that we have a totally positive-definite incoherent hermitian space V(r, x).
We now prove our main theorem:

Theorem 6.10 (Arithmetic inner product formula). Let w and x be as above and
V any totally positive-definite incoherent hermitian space over Ag of rank 2. Then
(D) If V22V(m, x), then the arithmetic theta lifting @éj =0 forany f € w and
¢ € S(V)=;
) If V= \(m, x), then for any f € w, fV € n¥, and any ¢, " € (V)=
decomposable, we have
L'(3,7, %)
~ LrQQ)L(1, €g/F)

where almost all normalized zeta integrals (see Section 2A) appearing in the
product are 1.

<®£, ®£\/>NT

1_[ Z*(09 Xvs fvv fvv’ ¢U ®¢;/)’

Proof. We first prove (2). Recall that in Section 2A, we defined the functional
a(fa f\/a ¢7 ¢V) = 1_[ Z*(09 Xl)a fl)v fv\/’ ¢U ®¢1\}/)
v

in the space &) Homp/xu/ (R(Vy, xv), m, B x,m,) which is nonzero since V =
V(r, x). By Proposition 2.8 for v € S and the fact that 7, is a discrete series
representation of weight (1 — €X/2, 1 4 £X/2), we can choose local components
fv and f,” for all v € ¥ and ¢, and ¢, for v € X such that ¢ ® ¢" satisfies the
assumption (REG) and a(f, fV, ¢, ¢") # 0. On the other hand, the functional

y(f. £V 0.9") = (O], O )t = vol(K)(©], O], )&+
is also in ®U Homp s ur (R(Vy, x0), m, W xy7,) whose dimension is 1 according
to Proposition 6.7. Hence we know that the ratio y /& is a constant. By our special
choice of f, ¢, and ¢ and by (6-7), (6-6), and (2-3), we have
'J/ Ll(%» T, X)

@ LrQ)L(, eg/p)

Hence
L'(3,7, %)
~ Lr(2)L(1,€g/F)

forany fen, f¥ en¥,and ¢, ¢ € F(Vy)U=~.

(©). O InT [12°0. 0. fu. £ b0 @)

v
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For (1), the functional y is zero since V 2 V(m, x). If we take ¢ = ¢ and
fY = f, then ®£ = 0 since the Néron-Tate height pairing on curves is positive
definite. ([
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