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We explain how compactifications of Kuga families of abelian varieties over
PEL-type Shimura varieties, including for example all those products of universal
abelian schemes, can be constructed (up to good isogenies not affecting the
relative cohomology) by a uniform method. We also calculate the relative
cohomology and explain its various properties crucial for applications to the
cohomology of automorphic bundles.
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Introduction

To study the relations between automorphic forms and Galois representations, it
is desirable to understand the cohomology of Shimura varieties with coefficients
in algebraic representations of the associated reductive groups (i.e., the so-called
automorphic bundles).

In the case of PEL-type Shimura varieties, the associated reductive groups
are (up to center) twists of products of symplectic, orthogonal, or general linear
groups. According to Weyl’s construction [1997] (see also [Fulton and Harris 1991;
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Goodman and Wallach 2009]), all algebraic representations of a classical group
can be realized as summands in the tensor powers of the standard representation of
the group. In geometry, one is led to consider the cohomology of fiber products
of the universal families of abelian varieties over the PEL-type Shimura varieties.
Such fiber products are special cases of what we will call PEL-type Kuga families,
or simply Kuga families. When the PEL-type Shimura variety in question is not
compact, the total spaces of such Kuga families are not compact either.

To study cohomology properly, one is often led to the question of the existence
of projective smooth compactifications with good properties, such as allowing the
Hecke operators to act on their cohomology spaces (but not necessarily the geometric
spaces). In what follows, let us simply call such compactifications good compactifi-
cations. In characteristic zero, such questions can often be handled by the embedded
resolution of singularities due to Hironaka [1964a; 1964b]. However, more explicit
theories exist in our context. The work of Mumford and his collaborators in [Ash
et al. 1975] provides a systematic collection of good compactifications of Shimura
varieties with explicit descriptions of local structures, while the work of Pink [1990]
provides a systematic construction of good compactifications of the Kuga families as
well. These compactifications are called foroidal compactifications. Their methods
are analytic in nature and cannot be truly generalized in mixed characteristics.

Based on the theory of degeneration of polarized abelian varieties initiated by
Mumford [1972], Faltings and Chai [Faltings 1985; Chai 1985; Faltings and Chai
1990] constructed good compactifications over the integers for Siegel moduli spaces
defined by the moduli space of principally polarized abelian varieties. In [Faltings
and Chai 1990], they also constructed good compactifications of fiber products
of the universal families by gluing weak relatively complete models along the
boundary. We ought to point out that, although most works on compactifications
spend most of their pages on the construction of boundary charts, it is only the
gluing argument that validates the whole construction. (This is not necessarily
the case for works using the moduli-theoretic approach, such as [Alexeev and
Nakamura 1999; Alexeev 2002; Olsson 2008]. However, the questions there are
not less challenging: What can one say about the boundary structures? Are they
equally useful for applications to cohomology?) Thus, even if the construction
of toroidal compactifications of Siegel moduli spaces in [Faltings and Chai 1990,
Chapter IV] has been generalized for all PEL-type Shimura varieties in [Lan 2008],
the gluing of weak relatively complete models has to be carried out separately
when one works along the original idea of [Faltings and Chai 1990, Chapter VI].
(This is the case in for example [Rozensztajn 2006], in which the assumption
that the boundary divisors are regular, i.e., have no crossings, unfortunately rules
out all cases where choices of cone decompositions are needed for the Shimura
varieties.)
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Note that gluing is not just about techniques of descent. Any theory of descent
requires an input of some descent data. Since a naive generalization of the con-
structions in [Faltings and Chai 1990, Chapter IV] introduces unwanted boundary
components, which have to be studied and removed carefully by imposing liftability
and pairing conditions as in [Lan 2008], we have reason to believe that a naive
generalization of the construction in [Faltings and Chai 1990, Chapter VI, §1]
requires delicate modifications, without which even the strongest descent theory
cannot be applied.

The aim of this article is to avoid any further argument of gluing, and to treat all
PEL-type cases on an equal footing. We shall reduce the construction of toroidal
compactifications of PEL-type Kuga families to the construction of toroidal com-
pactifications of Shimura varieties in [Lan 2008], by systematically realizing the
Kuga families as locally closed boundary strata in the toroidal compactifications
of (larger) PEL-type Shimura varieties. Partly inspired by Kato’s theory of log
abelian schemes, we can show that, up to refinements of cone decompositions, the
structural morphisms from the Kuga families to the Shimura varieties extend (up to
good isogenies not affecting the relative cohomology) to log smooth morphisms
with nice properties between the toroidal compactifications. This approach differs
fundamentally from the one in [Faltings and Chai 1990, Chapter VI]. As Chai
pointed out, although no technique can be truly shared between analytic and
algebraic constructions, our idea is close in spirit to that of [Pink 1990]. (See
Remark 3.10 below.)

Since we replace Faltings and Chai’s construction with a different one, we need
to explain that our simpler (but perhaps cruder) construction is not less useful.
Thus our second task is to calculate the relative (log) de Rham cohomology of the
compactified families. We show that such relative cohomology not only enjoys
the same expected properties as in [Faltings and Chai 1990, Chapter VI, §1],
but also admits natural Hecke actions defined by parabolic subgroups of larger
reductive algebraic groups, because our construction uses toroidal boundaries of
larger Shimura varieties. This exhibits a large class of endomorphisms on our
cohomology spaces, including ones needed in the geometric realization of Weyl’s
construction (i.e., the realization of automorphic bundles as summands in the relative
cohomology of Kuga families).

The outline of this article is as follows. In Section 1, we review some of the
results we need from [Lan 2008]. We consider the investment of this summary
worthwhile because, although we do not need to carry out another gluing argument,
we do need the full strength of the long work [Lan 2008]. In Section 2, we define
what we mean by PEL-type Kuga families, state our main theorem, and give
an outline of the proof. In Section 3, we carry out the construction of toroidal
compactifications for these Kuga families that admit log smooth morphisms to the
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Shimura varieties in question. (This section serves roughly the same purpose as
[Faltings and Chai 1990, Chapter VI, §1].) In Sections 4 and 5, we show that these
toroidal compactifications are indeed good by justifying what we mentioned in
the previous paragraph. (These two sections serve roughly the same purpose as
[Faltings and Chai 1990, Chapter VI, §2].) We would like to mention that the use
of nerve spectral sequences in Section 4 imitates immediate analogues in [Harris
and Zucker 1994; 2001] (based on techniques that can be traced back to [Kempf
et al. 1973, Chapter I, §3]), while the use of log extensions of polarizations is
inspired by Kato’s idea of (relative) log Picard groups [Illusie 1994, 3.3]. (See
Remark 5.7.) The article ends with Section 6, in which we explain how to define
canonical extensions of the so-called principal bundles.

Although used as the main motivation for our construction, applications to
cohomology of automorphic bundles will be deferred to some forthcoming papers.
There the readers will find the construction of proper smooth integral models useful
for studying cohomology with not only rational coefficients, but also integral and
torsion coefficients.

We shall follow [Lan 2008, Notations and Conventions] unless otherwise spec-
ified. (Although our references to [Lan 2008] use the numbering in the original
version, the reader is advised to consult the errata and revision (available online)
for corrections of typos and minor mistakes, and for improved exposition.)

1. PEL-type moduli problems and their compactifications

In this section, we summarize definitions and main results in [Lan 2008] that will
be needed in this article. We will emphasize definitions such as the ones involved
in the description of boundary structures, but will have to be less comprehensive on
some fundamental definitions including the ones of level structures.

1A. Linear algebraic data. Let O be an order in a finite-dimensional semisimple
algebra over QQ with a positive involution *. Here an involution means an antiauto-
morphism of order two, and positivity of * means Trog r/r(xx*) > 0 for any x # 0
in O ®, R. We assume that O is mapped to itself under *. We shall denote the
center of O ®, Q by F.

Let Z(1) := ker(exp : C — C*), which is a free Z-module of rank one. Any
choice /—1 of a square-root of —1 in C determines an isomorphism (27/—1)"!:
Z(1) = Z, but there is no canonical isomorphism between Z(1) and Z. For any
commutative Z-algebra R, we denote by R(1) the module R ®, Z(1).

By a PEL-type O-lattice (L, (-, -), k) (as in [Lan 2008, Definition 1.2.1.3]), we
mean the following data:

(1) An O-lattice, namely a Z-lattice L with the structure of an O-module.
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(2) An alternating pairing (-, ) : L x L — Z(1) satisfying (bx, y) = (x, b*y)
for any x,y € L and b € O, together with an R-algebra homomorphism
h: C — Endog,r(L ®; R) satisfying:
(a) Forany z€ Cand x, y € L®; R, we have (h(z2)x, y) = (x, h(z°)y), where
C — C:z > z“is the complex conjugation.
(b) For any choice of v/—1 in C, the R-bilinear pairing

Q=D h(V=1) ) (L®,;R) x (L®,;R) — R

is symmetric and positive definite. (This last condition forces (-, -) to be
nondegenerate.)

The tuple (O,*, L, (-, ), h) (over Z) then gives us an integral version of the tuple
(B,*,V,{-,-), h) (over Q) in [Kottwitz 1992] and related works. (We favor lattices
over Z rather than their analogues over Q (or over Z(,) for some p) because we
will work with isomorphism classes rather than isogeny classes; cf. Remark 1.7.)

Definition 1.1 [Lan 2008, Definition 1.2.1.5]. Let a PEL-type O-lattice (L, {-,-),h)
be given as above. For any Z-algebra R, set

G(R) := {(g.7) € GLog,r(L ®7 R) x Gn(R) : (gx, gy) =r(x,y),Vx,y € L}.

In other words, G(R) is the group of symplectic automorphisms of L ®, R (respect-
ing the pairing (-, - ) up to a scalar multiple; cf. [Lan 2008, Definition 1.1.4.11]).
For any Z-algebra homomorphism R — R’, we have by definition a natural homo-
morphism G(R) — G(R’), making G a group functor (or in fact an affine group
scheme) over Z.

The projection to the second factor (g, ) — r defines a morphism v : G — Gy,
which we call the similitude character. For simplicity, we shall often denote
elements (g, r) in G by simply g, and denote by v(g) the value of r when we need
it. (If L # {0}, then the value of r is uniquely determined by g. Hence there is
little that we lose when suppressing » from the notation. However, this is indeed an
abuse of notation when L = {0}, in which case we have G = G;.)

Let O be any set of rational primes. (It can be either an empty set, a finite
set, or an infinite set.) We denote by Z ) the unique localization of Z (at the
multiplicative subset of Z generated by nonzero integers prime to [J) having [J as
its set of height one primes, and denote by ke (resp. A5, resp. AY) the integral
adeles (resp. finite adeles, resp. adeles) away from 0. Then we have definitions
for G(Q), G(A®D), G(A®), G(R), G(AP), G(A), G(Z), G(Z/nZ), GZP), G(2),
UP(n) = ker(G(ZP) — G(Z7/nZ") = G(Z/nZ)) for any n prime to [, and
U(n) :=ker(G(2) — G(Z/nZ) = G(Z/nZ)).

Following Pink [1990, 0.6], we define the neatness of open compact subgroups H
of G(Z") as follows: View G(Z7) as a subgroup of GL g, 700 (L ®,27) x G (Z).
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(Or we may use any faithful linear algebraic representation of G.) Then, for each
rational prime p > 0 not in [J, it makes sense to talk about eigenvalues of elements
gp in G(Z,), which are elements in @X Let g =(gp) € G(zm) with p running
through rational primes such that [J t p. For each such p, let ', be the subgroup
of @X generated by eigenvalues of g,,. For any embedding Q <—> Q »» consider the
subgroup @*Nr ¢, tors Of torsion elements of Q*N [’y ,, which is independent of
the choice of the embedding Q —> @

Definition 1.2 [Lan 2008, Definition 1.4.1.8]. We say that g = (g,) is neat if
mmﬂ (@*nN [, )tors = {1}. We say that an open compact subgroup H of G(Z") is
neat if all its elements are neat.

Remark 1.3. The usual Serre’s lemma that no nontrivial root of unity can be
congruent to 1 modulo n if n > 3 shows that H is neat if H C " (n) for some n >3
such that O 1 n.

Remark 1.4. Definition 1.2 makes no reference to the group G(Q) of rational
elements. For the related notion of neatness for arithmetic groups, see [Borel 1969,
17.1].

1B. Definition of moduli problems. Let us fix a PEL-type O-lattice (L, (-, -), h)
as in the previous section. Let F be the reflex field of (L ®, R, (-, -), h) defined
as in [Kottwitz 1992, page 389] or [Lan 2008, Definition 1.2.5.4]. We shall denote
the ring of integers in Fy by OF,, and use similar notations for other number fields.
(This is in conflict with the notation of the order O, but the precise interpretation
will be clear from the context.)

Let Disc = Discp,z be the discriminant of O over Z (as in [Lan 2008, Defini-
tion 1.1.1.6]; see also [Lan 2008, Proposition 1.1.1.12]). Closely related to Disc is
the invariant Iy,q for O defined in [Lan 2008, Definition 1.2.1.17], which is either 2
or 1, depending on whether type D factors are involved. Let L* := {x € L ®,Q:
(x,y) e Z(1),Vy e L} denote the dual lattice of L with respect to the pairing (-, - ).

Definition 1.5. We say that a prime number p is bad if p|lpaq Disc[L* : L]. We
say a prime number p is good if it is not bad. We say that (J is a set of good primes
if it does not contain any bad primes.

Let us fix a choice of a set O of good primes. By abuse of notation, let O, ) be
the localization of OF, at the multiplicative set generated by rational prime numbers
not in 0. Let Sy := Spec(OF,,(m)) and let (Sch /Sp) be the category of schemes
over Sg. For any open compact subgroup H of G(ZP), there is an associated moduli
problem My, defined as follows:

Definition 1.6 [Lan 2008, Definition 1.4.1.4]. The moduli problem My is de-
fined as the category fibered in groupoids over (Sch /Sg) whose fiber over each
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S is the groupoid My (S) described as follows: The objects of M4 (SS) are tuples
(G, A, i, ), where:

(1) G is an abelian scheme over S.
(2) »: G — GV is a polarization of degree prime to (1.

(3) i : O — Endg(G) defines an O-structure of (G, A) (satisfying the Rosati
condition i (b)" oA = A oi(b*) for any b € O).

(4) Lieg/s with its O ®, Z(m)-module structure given naturally by i satisfies the
determinantal condition in [Lan 2008, Definition 1.3.4.2] given by

(L®ZR’<’>’h)

(5) ay, is an (integral) level-H structure of (G, A, i) of type (L ® 79, (-,-)) as
in [Lan 2008, Definition 1.3.7.8].

The isomorphisms (G, A, i, &) ~isom. (G', A, i’, o) of My(S) are given by (naive)
isomorphisms f : G => G’ suchthat A = f¥Y o) o f, foi(b) =i'(b)o f for all
beO,and foa, = ay (symbolically).

Remark 1.7. The definition here using isomorphism classes is not as canonical
as the ones proposed by Grothendieck and Deligne using quasiisogeny classes (as
in [Kottwitz 1992]). For the relation between their definitions and ours, see [Lan
2008, §1.4]. We introduce the definition (using isomorphisms) here mainly because
this is the definition most concrete for the study of compactifications.

Theorem 1.8 [Lan 2008, Theorem 1.4.1.12 and Corollary 7.2.3.10]. The moduli
problem My, is a smooth separated algebraic stack of finite type over So. It is
representable by a quasiprojective scheme if the objects it parametrizes have no

nontrivial automorphism, which is in particular the case when H is neat (as in
Definition 1.2).

We shall insist from now on the following technical condition on PEL-type
O-lattices:

Condition 1.9 [Lan 2008, Condition 1.4.3.9]. The PEL-type O-lattice (L, (-, -), h)
is chosen such that the action of O on L extends to an action of some maximal order
O’ in B containing O.

1C. Cusp labels. Although there is no rational boundary components in the theory
of arithmetic compactifications (in mixed characteristics), we have developed in
[Lan 2008, §5.4] the notion of cusp labels that serves a similar purpose. (While
G(Q) plays an important role in the analytic theory over C, it does not play any
obvious role in the algebraic theory over O, ). This is partly due to the so-called
failure of Hasse’s principle; see for example [Kottwitz 1992, §8] and [Lan 2008,
Remark 1.4.3.11].)
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Unlike in the analytic theory over C, where boundary components are naturally
parametrized by group-theoretic objects, the only algebraic machinery we have is
the theory of semiabelian degenerations of abelian varieties with PEL structures.
The cusp labels are (by their very design) part of the parameters (which we call the
degeneration data) for such (semiabelian) degenerations.

Definition 1.10 [Lan 2008, §1.2.6]. Let R be any noetherian Z-algebra. Suppose
we have an increasing filtration F = {F_;} on L ®, R, indexed by nonpositive
integers —i, such that Fp = L ®, R.

(1) We say that F is integrable if, for any i, GrF_l- :=F_;/F_;_ is integrable in the
sense that Grlii =M, ®, R (as R-modules) for some O-lattice M;.

(2) We say that F is split if there exists (noncanonically) some isomorphism
Grf := @; Gr¥; = Fj of R-modules.

(3) We say that F is admissible if it is both integrable and split.

(4) Let m be an integer. We say that F is m-symplectic with respect to (L, (-, -))
if, for any i, F_,,4; and F_; are annihilators of each other under the pairing
(-,-) onFy.

We shall only work with m = 3, and we shall suppress m in what follows. The
fact that Z" involves bad primes (cf. Definition 1.5) is the main reason that we
may have to allow nonprojective filtrations.

Definition 1.11 [Lan 2008, Definition 5.2.7.1]. We say that a symplectic admissible
filtration Z on L ® 75 is fully symplectic with respect to (L, (-, -)) if there is a
symplectic admissible filtration Z,o ={Z_; y0} on L @, A" that extends Z in the

sense that Z_ ;00N (L ®, 2‘:') =Z_;in L ®, A for all i.

Definition 1.12 [Lan 2008, Definition 5.2.7.3]. A symplectic-liftable admissible
filtration Z,, on L/nL is called fully symplectic-liftable with respect to (L, (-, -))
if it is the reduction modulo 7 of some admissible filtration Z on L ®, 7" that is
fully symplectic with respect to (L, (-, -)) as in Definition 1.11.

Degenerations into semiabelian schemes induce filtrations on Tate modules and
on Lie algebras of the generic fibers. While the symplectic-liftable admissible
filtrations represent (certain orbits of) filtrations on L ® 79 induced by filtrations
on Tate modules via the level structures, the fully symplectic-liftable ones are
equipped with (certain orbits of) filtrations on L ®, R induced by the filtrations on
Lie algebras via the Lie algebra condition (4) in Definition 1.6. (One may interpret
the Lie algebra condition as the “de Rham” (or rather “Hodge”) component of a
certain “complete level structure”, the direct product of whose “£-adic” components
being a level structure in the usual sense.) Such (orbits of) filtrations are the crudest
invariants of degenerations we consider.
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Definition 1.13 [Lan 2008, Definition 5.4.1.3]. Given a fully symplectic admissible
filtration Z on L ® 7" with respect to (L, (-, -)) as in Definition 1.11, a forus
argument ® for Z is a tuple ® := (X, Y, ¢, p_2, ¢p), where:

(1) X and Y are O-lattices of the same O-multirank (see [Lan 2008, Defini-
tion 5.2.2.5]), and ¢ : Y — X is an O-equivariant embedding.

2) o : Grz_2 = Homyn(X ®, ZD,ZD(l)) and ¢ : Gr(z) = Y ®, 75 are
isomorphisms (of 7P-modules) such that the pairing (-, - )20 : Gr%, x Gr(z) —
79(1) defined by Z is the pullback of the pairing

(-, )¢ Homyn(X ®; 75, 75(1)) x (Y @, 2) — 75(1)
defined by the composition

Homyn (X ®, 27, 77 (1)) x (Y ®, 27)

"B Homso (X @, 27, 29(1) x (X ®, 27) — 29(1),
with the sign convention that (-, -)s(x,y) = x(¢(y)) = (¢(y))(x) for any
x € Homyn(X ®, ZD, ZD(I)) andany y € Y ®, 7°.

Definition 1.14 [Lan 2008, Definitions 5.4.1.4 and 5.4.1.5]. Given a fully symplectic-
liftable admissible filtration Z,, on L/nL with respect to (L, (-, -)) as in Definition
1.12, a torus argument ®,, at level n for Z, is a tuple &, := (X, Y, ¢, 9_2.4, Qo.n),
where:

(1) X and Y are O-lattices of the same O-multirank, and ¢ : ¥ < X is an
O-equivariant embedding.

(2) 92 : Gr*,, => Hom(X/nX, (Z/nZ)(1)) (resp. go : Gr§,, => Y/nY) is
an isomorphism that is the reduction modulo n of some isomorphism ¢_ :
Gr?, = Homyo (X ®, 25, Z7(1)) (resp. ¢o : Gr& => (Y ®,Z7)), such that
O =(X,Y, p, p_2, @) form a torus argument as in Definition 1.13.

We say in this case that @, is the reduction modulo n of &.

Two torus arguments &, = (X, Y, ¢, 9_2.,, o,,) and &, = (X", Y', ¢, SDLZ,n’ <p(’)’n)
at level n are equivalent if and only if there exists a pair of isomorphisms

yx: X' = X,yv: Y =Y

(of O-lattices) such that ¢ = yx¢'yy. ¢, , = 'Vx@_2.. and ¢, = yy@oa. In
this case, we say that &, and @), are equivalent under the pair of isomorphisms
¥ = (yx, yv), which we denote as y = (yx, yy) : &, = &/,.

The torus arguments record the isomorphism classes of the torus parts of de-
generations of abelian schemes with PEL structures. These are the second crudest
invariants of degenerations we consider.
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Definition 1.15 [Lan 2008, Definition 5.4.1.9]. A (principal) cusp label at level n
for a PEL-type O-lattice (L, (-, -), h), or a cusp label of the moduli problem M,,
is an equivalence class [(Z,, ®,, §,)] of triples (Z,, ®,, §,), where:

(1) Z, is an admissible filtration on L/nL that is fully symplectic-liftable in the
sense of Definition 1.12.

(2) @, is a torus argument at level n for Z,,.
(3) 8, : Gr* = L/nL is a liftable splitting.

Two triples (Z,, ®,, 8,) and (z,, ¥, , §,) are equivalent if Z, and Z], are identical,
and if ®, and @), are equivalent as in Definition 1.14.

The liftable splitting &, in any triple (Z,, ®,, §,) is noncanonical and auxiliary
in nature. Such splittings are needed for analyzing the “degeneration of pairings” in
general PEL cases (unlike in the special case in [Faltings and Chai 1990, Chapter 1V,
§6D.

To proceed from principal cusp labels at level n to general cusp labels at level
‘H, where H is an open compact subgroup of G(z']), we form étale orbits of
the objects we have thus defined. The precise definitions are complicated (see
[Lan 2008, Definitions 5.4.2.1, 5.4.2.2, and 5.4.2.4]) but the idea is simple: For
any H as above, consider those n > 1 sufficiently divisible such that O { n and
U (n) C 'H. Then we have a compatible system of finite groups H,, = H/U" (n),
and an object at level H is simply defined to be a compatible system of étale
‘H,,-orbits of objects at running levels n as above. Then we arrive at the notions
of torus arguments ®y = (X, Y, ¢, o_2.,, @o.n) at level H, and of representatives
(Zy, Py, 1) of cusp labels [(Zy, Py, §1)] at level H. (The liftability condition is
implicit in such a definition, as in the definition of level structures we omitted.) By
abuse of language, we call these H-orbits of ® = (X, Y, ¢, ¢_2, ¢o), (Z, P, §), and
[(z, @, §)], respectively.

For simplicity, we shall often omit Z;; from the notation.

Lemma 1.16 [Lan 2008, Lemma 5.2.7.5 in the revision]. Let Z, be an admissi-
ble filtration on L/nL that is fully symplectic-liftable with respect to (L, (-, -)).
Let (Gr% |, (-, -)11) be induced by some fully symplectic lifting Z of Z,, and let
(GrZ_I’R, (-, )11L.R, h—1) be determined by [Lan 2008, Proposition 5.1.2.2 in the
revision| by any extension Z, in Definition 1.11 (which has the same reflex field Fy
as (L®, R, (-,-), h) does). Then there is associated (noncanonically) a PEL-type
O-lattice (L%, (-, - )2, h%) satisfying Condition 1.9 such that:

() [(LE*: L% is prime to .
(2) There exist (noncanonical) O-equivariant isomorphisms

(Gr2 |, (-, ) = (L2 ®, 75, (-, )%
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and
(Grgl’ﬂ@’ < s " )11,R9 h—l) - (LG ®Z R, ( y " )Zna hzn)'

(3) The moduli problem M,%" defined by the noncanonical (L%, (-, )% h%") as
in Definition 1.6 is canonical in the sense that it depends (up to isomorphism)
only on Z,,, but not on the choice of (L%, (-, ), h%").

Definition 1.17 [Lan 2008, Definition 5.4.2.6]. The PEL-type O-lattice
(LZH, ( N )ZH’ hZH)

is a fixed (noncanonical) choice of any of the PEL-type O-lattice (L%, (-, - )%, h%n)
in Lemma 1.16 for any element Z, in any Zy,, (in Zy = {Z, }, a compatible collection
of étale orbits 3, at various levels n such that O{n and U B(n) C H). The elements
of H, leaving Z, invariant induce a subgroup of G( LZn (- \2n, hzn)(Z /nZ). Let Hy,
be the preimage of this subgroup under

G(LG’< . )Zn,th)(ZD) - G(LG’< .- )Zn,th)(Z/nZ)-

Then we define M%7 to be the moduli problem defined by (L%, (-, - )%, h*") with
level-H;, structures as in Lemma 1.16. (The isomorphism class of this final moduli
problem is independent of the choice of (L2%, (-, - )21, h%H) = (L%, (-, )% h%"))

Such boundary moduli problems M,Z{” are the fundamental building blocks in
the construction of toroidal boundary charts for M. (They actually appear in the
boundary of the minimal compactification of My, which we call cusps. They are
parametrized by the cusp labels of My.)

It is important to study the relations among cusp labels of different multiranks.

Definition 1.18 [Lan 2008, Definition 5.4.1.15]. A surjection

(Zp, @y, 8p) — (Z;p o) 3/)

n’>-n
between representatives of cusp labels at level n, where ®, = (X, Y, ¢, 9_2.,, ¥o.n)
and @, =(X", Y, ¢/, <p/72’n, (p(’)’n), is a pair (of surjections) (sx : X — X', sy: Y - Y’)
(of O-lattices) such that:

(1) Both sx and sy are admissible surjections (i.e., with kernels defining filtrations
that are admissible in the sense of Definition 1.10), and they are compatible
with ¢ and ¢’ in the sense that sxy¢ = ¢'sy.

2) 7z 2 is an admissible submodule of Z_, ;, and the natural embedding Grz_/z’ >
Gr?-2» satisfies Q2.0 (Grz_/z’n s Gré-2n) = sk © ‘Plz,n-

(3) Z_1, is an admissible submodule of z" Lo and the natural surjection Gron —
Grgfn satisfies sy o @o., = (p(/)’n o (Gréor — Grg:n).
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In this case, we write s = (sx, sy) : (Z,, ®p, 8,) - (2, P/, 5))

By taking orbits as before, there is a corresponding notion for general cusp labels:

Definition 1.19 [Lan 2008, Definition 5.4.2.12]. A surjection (Zy;, @3, 1) —
(Z},, 3, 8;,) between representatives of cusp labels at level H, where &3 =
(X, Y, 9,021, 90x) and &, = (X', Y, ¢/, (pLZ’H, go(’)’H), is a pair (of surjections)
s=(sx: X — X', sy:Y = Y’) (of O-lattices) such that:

oth sx and sy are admissible surjections, and they are compatible with ¢ an
(1) Both d dmissibl jecti d they patible with d
¢’ in the sense that sy¢ = ¢’sy.

(2) 73, and (¢’ , 5, ¢ 5) are assigned to Zy; and (¢—2 3, ¢o,%) respectively under
s = (sx, sy) as in [Lan 2008, Lemma 5.4.2.11].

In this case, we write s = (sx, sy) : (Zy, Py, 1) = (Z3, Py, 67)).

Definition 1.20 [Lan 2008, Definition 5.4.2.13]. We say that there is a surjection
from a cusp label at level H represented by some (Zy;, D, 6) to a cusp label at
level H represented by some (Z;,, ®3,, 87,) if there is a surjection (sx, sy) from
(Z’H’ (DH, (SH) to (Z’I/-t’ d s 87/,[)

This is well defined by [Lan 2008, Lemma 5.4.1.16].

The surjection among cusp labels can be naturally seen when we have the
so-called two-step degenerations (see [Faltings and Chai 1990, Chapter 111, §10]
and [Lan 2008, §4.5.6 in the revision]). This notion will be further developed in
Definitions 1.32, 1.37, and 1.38 below.

1D. Cone decompositions. For any torus argument ®, = (X, Y, ¢, ¢_2.,, ¢o.n) at
level n, consider the finitely generated commutative group (i.e., Z-module)

Y®P(Y)—y ®b(y) ) (121
y,y'eY

Se =((LY)Y®, X

xeX, beO

and set Sg, = S”q>n,free, the free quotient of S“¢’1. (See [Lan 2008, (6.2.3.5) and Con-
vention 6.2.3.26].) Then, for a general torus argument @3 = (X, Y, ¢, 0_2 7, ¢0.%)
at level H, there is a recipe [Lan 2008, Lemma 6.2.4.4] that gives a corresponding
free commutative group S¢,, (Which can be identified with a finite index subgroup
of some Sg,).

The group S¢,, provides indices for certain “Laurent series expansions” near the
boundary strata. In the modular curve case, it is canonically isomorphic to Z, which
means there is a canonical parameter ¢ near the boundary —i.e., the cusps. The
expansion of modular forms with respect to this parameter then gives the familiar
g-expansion along the cusps. The compactification of the modular curves can be
described locally near each of the cusps by Spec(R[qi],-ez) — Spec(R[qi],-eZZO)
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for some suitable base ring R. For My, we would like to have an analogous theory
in which the torus with the character group Se,, can be partially compactified
by adding normal crossings divisors in a smooth scheme. This is best achieved
by the theory of toroidal embeddings developed in [Kempf et al. 1973]. Many
terminologies in such a theory will naturally show up in our description of the
toroidal boundary charts, and we will review them in what follows.

Let SéH :=Homz(Se,,, Z) be the Z-dual of Sg,,, and let (Se,, ), := SéH Q,R=
Homyz(Se,,, R). By construction of S¢,,, the R-vector space (Sq;H)ﬁ is isomorphic
to the space of Hermitian pairings ( -, - ) : (Y ®,R) x (Y ®,R) - O®,R=BQyR,
by sending a Hermitian pairing ( -, - ) to the function y ® ¢ (y") = Trga(y, y'
in Homg((Y ®, R) x (Y ®, R), R) = (S¢,, ). (See [Lan 2008, Lemma 1.1.4.6].)

Definition 1.22 [Lan 2008, beginning of §6.1.1]. (1) A subset of (Sqm)ﬁ is called
a cone if it is invariant under the natural multiplication action of RZ, on the
R-vector space (S¢,,) -

(2) A cone in (S, )y is nondegenerate if its closure does not contain any nonzero
R-vector subspace of (S,,) -

(3) A rational polyhedral cone in (S¢,,)y is a cone in (Se, )y of the form o =
R-ovi + ...+ Roov, with vy, ..., v, € So,)4 = SdV,H ®, Q.

(4) A supporting hyperplane of o is a hyperplane P in (So, ) such that o does
not overlap with both sides of P.

(5) A face of o is a rational polyhedral cone 7 such that T = o N P for some
supporting hyperplane P of o. (Here an overline on a cone means its closure
in the ambient space (So,,)5-)

Let Py, be the subset of (Sa,,); corresponding to positive semidefinite Hermitian
pairings (-, - ) : (Y ®,R) x (Y ®,R) — B®gR, with radical (namely the annihilator
of the whole space) admissible in the sense that it is the R-span of some admissible
submodule Y’ of Y. (We say a submodule Y’ of Y is admissible if Y' C Y defines
an admissible filtration on Y cf. Definition 1.10. In particular, the quotient Y/ Y’ is
also an O-lattice.)

Definition 1.23 [Lan 2008, Definitions 6.2.4.1 and 5.4.1.6]. The group I'e,, is the
subgroup of elements y = (yx, yy) in GLo(X) x GLo(Y) satisfying ¢ = yx¢yy,
Y—2m = "yx@_2.1 and @y = yyo.n (if we view the latter two as collections of
orbits).

The group I'g,, acts on Se,,, and its induced action preserves the subset P,
of (Se,, ). (The group I'e,, is the automorphism group of the torus argument ®.
Such automorphism groups show up naturally because torus arguments are only
determined up to isomorphism.)
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Definition 1.24 [Lan 2008, Definition 6.1.1.12]. A I'e,,-admissible rational poly-
hedral cone decomposition of Pg,, is a collection X = {0} ;c; with some indexing
set J such that:

(1) Every o is a nondegenerate rational polyhedral cone.

(2) Pg,, is the disjoint union of all the o;’s in X. For each j € J, the closure of o
in Py, is a disjoint union of o;’s with k € J. In other words, Pg,, = ]_[jej of
is a stratification of Pg,,.

(3) X is invariant under the action of I'p,, on (Sq;H)ﬁ, in the sense that I'e,,
permutes the cones in . Under this action, the set ¥/ I'¢,, of I'g,,-orbits is
finite.

Definition 1.25 [Lan 2008, Definition 6.1.1.13]. A rational polyhedral cone o in
(So,, ) is smooth with respect to the integral structure given by Sg)H if we have
o =R.gv; +...+R.gv, with vy, ..., v, part of a Z-basis of Séﬂ.

Definition 1.26 [Lan 2008, Definition 6.1.1.14]. A I',, -admissible smooth ratio-
nal polyhedral cone decomposition of Pe,, is a I'¢,,-admissible rational polyhedral
cone decomposition {0} jes of Pg,, in which every o; is smooth.

Definition 1.27 [Lan 2008, Definition 7.3.1.1]. Let
Yo, =1{0j}jes

be any I'g, -admissible rational polyhedral cone decomposition of Pg,,. An
(invariant) polarization function on Pg,, for the cone decomposition X¢,, is a
', -invariant continuous piecewise linear function polg,, : Pg,, — R>0 such that:

(1) polg,, is linear (i.e., coincides with a linear function) on each cone o in Xg,,.
(In particular, polg,, (1x) = tpolg, (x) for any x € Py, and € R>o.)

(2) polg,, (P, ﬂSéH) —{0}) CZ~o. (In particular, polg,, (x) > 0 for any nonzero
xin Pg,,.)

(3) polg,, is linear (in the above sense) on a rational polyhedral cone o in Pg,, if
and only if o is contained in some cone o; in X¢,,.

(4) For any x, y € S¢,,, we have polg, (x +y) > polg, (x) + polg,, (y). This is
called the convexity of polg,, .

If such a polarization function exists, then we say that the I'¢,,-admissible rational
polyhedral cone decomposition X¢,, is projective.

Definition 1.28. An admissible boundary component of Pg,, is the image of Po;,
under the embedding (S(%)ﬁ — (So,, ) defined by some surjection (®yq, 53) —
(P4, 87,). (See Definition 1.19.)

We shall always assume that the following technical condition is satisfied:
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Condition 1.29 (cf. [Faltings and Chai 1990, Chapter IV, Remark 5.8(a)]; see
also [Lan 2008, Condition 6.2.5.25 in the revision]). The cone decomposition
Yo, ={0)}jes of Po,, is chosen such that, for any j € J, if yo; No; # {0} for
some y € I'e,,, then y acts as the identity on the smallest admissible boundary
component of Py, containing o;.

This condition is used to ensure that there are no self-intersections of toroidal
boundary strata when the level H is neat.

To describe the toroidal boundary of My, we will need not only cusp labels but
also the cones:

Definition 1.30 [Lan 2008, Definition 6.2.6.1]. Let (P4, 8%) and (®;,, &;,) be two
representatives of cusp labels at level H, let o C (Sg,, ). and let o’ C (So;, ). We
say that the two triples (P4, 8%, o) and (®y,, 8;,, 0') are equivalent if there exists
a pair of isomorphisms y = (yx : X' => X, yy : ¥ => Y’) (of O-lattices) such that:

(1) The two representatives (P4, 831) and (®;,, 8;,) are equivalent under y (as in
[Lan 2008, Definition 5.4.2.4], the general level analogue of Definition 1.15).

(2) The isomorphism (S¢;, )z = (Se, )y induced by y sends o’ to 0.

In this case, we say that the two triples (®y, 81, o) and (®;,, 8;,, ') are equivalent
under the pair of isomorphisms y = (yx, yy).

Definition 1.31 [Lan 2008, Definition 6.2.6.2]. Let (P4, 8) and (Py,, 87,) be
two representatives of cusp labels at level H, and let Xo, (resp. Xq; ) be a
['¢,,-admissible (resp. gy, -admissible) smooth rational polyhedral cone decom-
position of Pg,, (resp. Py, ). We say that the two triples (®y, éy, Xo,,) and
(D3, 814, Tay,) are equivalent if (Pyy, 83¢) and (Py,, 8;,) are equivalent under some
pair of isomorphisms y = (yx : X' = X, yy : Y = Y’), and if under one (and
hence every) such y the cone decomposition X4, of Pg,, is identified with the cone
decomposition Yoy, of Pz%. In this case we say that the two triples (P, %, Xo,,)
and (95, &, Ygy,) are equivalent under the pair of isomorphisms y = (yx, yr).

The compatibility among cone decompositions over different cusp labels is
described as follows:

Definition 1.32 [Lan 2008, Definition 6.2.6.4]. Let (P4, é) and (Py,, 87,) be
two representatives of cusp labels at level H, and let Xg,, (resp. Zq;/H) be a
['p,,-admissible (resp. gy, -admissible) smooth rational polyhedral cone decom-
position of Pg,, (resp. Py ). A surjection (93, 8y, Zapy) — (Pyy, 845 Tay,) is
given by a surjection s = (sx : X = X', sy : Y = Y') : (Pyy, 8y) — (3, 87,) (see
Definition 1.19) that induces an embedding Pg;, < Po,, such that the restriction
Yo, lp ok of the cone decomposition X4, of Pg,, to Pq;;{ is the cone decomposition
E@;_t of qu;i.
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This allows us to define:

Definition 1.33 [Lan 2008, Condition 6.3.3.1 and Definition 6.3.3.2]. A compatible
choice of admissible smooth rational polyhedral cone decomposition data for My is
a complete set X = {Xg,, } of compatible choices of X 4,, (satisfying Condition 1.29)
such that, for every surjection (®4, 81) — (P, 87,) of representatives of cusp labels,
the cone decompositions X4, and X¢; define a surjection (®yy, 3y, X)) —
(@34, 87, Lay,) as in Definition 1.32.

Definition 1.34 [Lan 2008, Definition 7.3.1.3]. We say that a compatible choice
Y = {Xo,,} of admissible smooth rational polyhedral cone decomposition data for
My (see Definition 1.33) is projective if it satisfies the following condition: There
is a collection pol = {polg,, : Pe,, — Rxo} of polarization functions labeled by
representatives (P4, d7) of cusp labels, each polg,, being a polarization function
of the cone decomposition X¢,, in ¥ (see Definition 1.27), which are compatible
in the following sense: For any surjection (®3, §7) — (P, 87/1) of representatives
of cusp labels (see Definition 1.19) inducing an embedding Pg;, < Pgo, , we have

pole, [Py, = POlgy,-
The most important relations among cone decompositions and among compatible
choices of them are the so-called refinements:

Definition 1.35 [Lan 2008, Definition 6.2.6.3]. Let (¥4, §37) and (Py,, 8;,) be
two representatives of cusp labels at level H, and let Xg, (resp. Xgj,) be a
["p,,-admissible (resp. I'g; -admissible) smooth rational polyhedral cone decom-
position of P, (resp. Py ). We say that the triple (®y, 0%, Xa,,) is a refinement
of the triple (®;,, 8, Xgy,) if (Pyy, %) and (D3, 8;,) are equivalent under some
pair of isomorphisms y = (yx, yy), and if under one (and hence every) such y
the cone decomposition Xg,, of Pg,, is identified with a refinement of the cone
decomposition Xq;, of Pgy, . In this case we say that the triple ($y, 63, Xo,,) is a
refinement of the triple (®3,, 8, L¢;,) under the pair of isomorphisms y = (yx, yy).

Definition 1.36 [Lan 2008, Definition 6.4.2.2]. Let ¥ = {X¢,,} and X' = {Z&,H}
be two compatible choices of admissible smooth rational polyhedral cone decom-
position data for My,. We say that X refines ¥’ if the triple (®y, 8%, To,,) is a
refinement of the triple (D, 5, EZDH), as in Definition 1.35, for (®4, §7) running
through all representatives of cusp labels.

Finally, we would like to describe the relations among the equivalence classes
[(®4, 8%, 0)], which will describe the “incidence relations” among (closures of)
the toroidal boundary strata.

Definition 1.37 [Lan 2008, Definition 6.3.2.14]. Let (4, §1) be a representative
of a cusp label at level H, and let o C PgH be a nondegenerate smooth rational
polyhedral cone. We say that a triple (®3,, 8;,, 0') is a face of (P4, 84, o) if:
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(1) (dy,, 8;,) is the representative of some cusp label at level H, such that there
exists a surjection s = (sx, sy) : (P, 1) — (P4, 8;,) as in Definition 1.19.

(2) o' C P;;,1 is a nondegenerate smooth rational polyhedral cone, such that for one
(and hence every) surjection s = (sx, sy) as above, the image of o’ under the
induced embedding Pq;;{ < Pg,, is contained in the I'g,,-orbit of a face of o.

Note that this definition is insensitive to the choices of representatives in the
classes [(®y, 8%, 0)] and [(P;,, 8;;, 0')]. This justifies the following:

Definition 1.38 [Lan 2008, Definition 6.3.2.15]. We say that the equivalence class
[(D5, 84, 0)] of (Py,, 81, 0') is a face of the equivalence class [(Py, 8y, 0)]
of (P4, 8y, o) if some triple equivalent to (®;,, 8;,, o) is a face of some triple
equivalent to (®y, y, 0).

1E. Arithmetic toroidal compactifications.

Definition 1.39 [Lan 2008, Definition 5.3.2.1]. Let S be a normal locally noetherian
algebraic stack. A tuple (G, A, i, a;,) over S is called a degenerating family of type
My, or simply a degenerating family when the context is clear, if there exists a
dense subalgebraic stack S; of S, such that §; is defined over Spec(OF, o)), and
such that:

(1) By viewing group schemes as relative schemes (cf. [Hakim 1972]), G is a
semiabelian scheme over § whose restriction G, to S is an abelian scheme. In
this case, the dual semiabelian scheme G" exists (up to unique isomorphism),
whose restriction Ggl to S is the dual abelian scheme of Gyg,.

(2) A:G — GV is a group homomorphism that induces by restriction a prime-to-[]
polarization Ag, of Gyg,.

(3) i : O — Endg(G) is a homomorphism that defines by restriction an O-structure
iS] . O — EndS] (GS]) of (GS] , )\’Sl)‘

4) (Gs,, As,, is,, o) — 87 defines a tuple parametrized by the moduli problem
My,.

We will only talk about (semiabelian) degenerations (of abelian varieties with
PEL structures) of this form.

Definition 1.40 [Lan 2008, Definition 6.3.1]. Let (G, A, i, a;,) be a degenerating
family of type My, over S (as in Definition 1.39) over So = Spec(Op, @)). Let
Lies/s i= 5,5 be the dual of Lieg/s, and let Lief 5 := e5;Qgy g be the
dual of Liegv/s. Note that A : G — GV induces an O-equivariant morphism
A* :Liegy s — Lieg s (Here the O-action on Lie; ¢ is a left action after twisting
by the involution x.) Then we define the sheaf KS = KS G 3)/s = K_S(G,k,,-,aﬁ)/g by
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setting

Ry .
xeLleG/S

Vv
GV/S

AMMR®z—A2)®Yy
O*'x)®y—x® (by)

KS := (Lie, s ®¢, Liegvs)/ (
y.z€Lie
beO
Analogues of the sheaf KS appear naturally in the deformation theory of abelian
varieties with PEL structures (without degenerations). The point of Definition 1.40 is
that it extends the conventional definition (for abelian schemes with PEL structures)
to the context of (semiabelian) degenerating families (see Definition 1.39).

Theorem 1.41 [Lan 2008, Theorems 6.4.1.1 and 7.3.3.4]. To each compatible
choice ¥ = {Xg,,} of admissible smooth rational polyhedral cone decomposition
data as in Definition 1.33, there is associated a proper smooth algebraic stack
M;f’[fz over So = Spec(OF, o)), which is an algebraic space when 'H is neat (as in
Definition 1.2), containing My as an open dense subalgebraic stack, together with
a degenerating family (G, A, i, a,,) over M%f’(r (as in Definition 1.39) such that:

(1) The restriction (Gwm,,, AMyy» IMyy» @) Of the degenerating family (G, A, i, o)
to My is the tautological (i.e., universal) tuple over My.

(2) MY has a stratification by locally closed subalgebraic stacks

MPs= I Ziewson
[(P2,84,0)]
with [(®y, 8y, 0)] running through a complete set of equivalence classes of
(D, 6%, o) (as in Definition 1.30) with o C P$H and o € Yo, € 2. (Here
Zy 1s suppressed in the notation by our convention.)

In this stratification, the [(®;,, 81,, 0")]-stratum Zy(e;, 5, o)) lies in the clo-
sure of the [(Pyy, 8y, 0)]-stratum Zj(a,,.s,,,0)) If and only if [(Py, 83, 0)] is a
face of [(®;,, 8;,, 0')] as in Definition 1.38.

The [(Py, 0w, 0)]-stratum Zj(o,, 5,,,0)) IS smooth and isomorphic to the
support of the formal algebraic stack Xo,, 5,0/ I o,,,0 for any representative
(Pn, 81, 0) of [(Py, 84, 0)], where the formal algebraic stack Xe,, s, (be-
fore quotient by I',, o, the subgroup of I'e,, formed by elements mapping o to
itself) admits a canonically defined structure of a torus-torsor over an abelian
scheme over the smooth algebraic stack M,ZW{H in Definition 1.17. (Note that
Zy and the isomorphism class of Mi}" depend only on the class [($yy, §x, 0)],
but not on the choice of the representative ($4, 4, 0).)

In particular, My is an open dense stratum in this stratification.

(3) The complement of My in M;‘i’rz (with its reduced structure) is a relative Cartier
divisor Do 3¢ With normal crossings, such that each connected component of a
stratum of M —Myy is open dense in an intersection of irreducible components
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of Doo 1 (including possible self-intersections). When H is neat, the irreducible
components of Do 14 have no self-intersections (cf. Condition 1.29, [Lan 2008,
Remark 6.2.5.26 in the revision], and [Faltings and Chai 1990, Chapter 1V,
Remark 5.8(a)]).

The extended Kodaira—Spencer morphism [Lan 2008, Definition 4.6.3.32] for
G — MY induces an isomorphism

Mtor/s

(see Definition 1.40). Here the sheaf QM“” /S, [d log o0] is the sheaf of modules
of log 1-differentials on M over Sy, with' respect to the relative Cartier divisor
Doo, 1 with normal crossings.

The formal completion
( M tor

)Z[@H 83¢.0)]

of Mtﬁr along the [(®y, 8y, o)]-stratum Zj(s,, s,,0)] IS canonically isomor-
phic to the formal algebraic stack X¢,, s,.0/ 1,0 for any representative
(P, 8, 0) of [(Py, 83, 0)]. (To form the formal completion along a given
locally closed stratum, we first remove the other strata appearing in the closure
of this stratum from the total space, and then form the formal completion of
the remaining space along this stratum.)

This isomorphism respects stratifications in the sense that, given any for-
mally étale morphism Spf(R, 1) — Xao,,8,,0/ U oy,0 inducing a morphism
Spec(R) = Ea,,.8,,(0)/ o, 0, the stratification of Spec(R) (inherited from
Edy,80(0)/ Ta,,.0; see [Lan 2008, Proposition 6.3.1.6 and Definition 6.3.2.16
in the revision]) makes the induced morphism Spec(R) — Mtor a strata-
preserving morphism.

The pullback to (M;gr)?[@H_BHﬂ)] of the degenerating family (G, A, i, ay,)
over MY is the Mumford family

over Xa,,.8,1,0/ w0 (see [Lan 2008, §6.2.5]) after we identify the bases using
the isomorphism. (Here both the pullback of (G, A, i, ;) and the Mumford
family (°G, A, “i, “ay) are considered as relative schemes with additional
structures; cf. [Hakim 1972].)

Let S be an irreducible noetherian normal scheme over Sy. Suppose we have a
degeneratingfamily (GT, A%, i oeH) of type My over S as in Definition 1.39.
Then (GT, )T, aH) — S is the pullback of (G, X, i, ;) — MY via a
(necessarily umque) morphism S — M3 (over So) if and only if the following
condition is satisfied:
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Consider any dominant morphism Spec(V) — S centered at a geometric
point s of S, where V is a complete discrete valuation ring with quotient field
K, algebraically closed residue field k, and discrete valuation v. Let

(Gi,ki, ii,a;ﬂ) — Spec(V)

be the pullback of (GT, AT, i, ozL) — S. This pullback family defines an object
of DEGpgL,m,, over Spec(V'), which corresponds to a tuple

(AR5, 5, X5 YH of, oF, (e)F, o8, (@) )

in DDpgr m,, (under [Lan 2008, Theorem 5.3.1.17]). Then we have a fully
symplectic-liftable admissible filtration Z% determined by [((X,E_[)i]. Moreover,
the étale sheaves X* and Y* are necessarily constant, because the base ring V
is strict local. Hence it makes sense 10 say we also have a uniquely determined
torus argument d>i at level H for Z;i
On the other hand we have objects Dy (GH), Sq)H(Gi), and B(G¥) (see [Lan
2008, Construction 6.3.1.1]), which define objects CbH, Sq)t and in particular
B¥: SCD;1 — Inv(V) over the special fiber. Then
i.
voB*: Sq);i -7

defines an element of SY . , where v :Inv(V) — Z is the homomorphism induced
by the discrete valuation' of V.

Then the condition is that, for any Spec(V) — S as above, and for any
choice of 8;2 (which is immaterial, because this choice will not be used), there
is a cone o* in the cone decomposition . of of Py: (given by the choice of X3
cf. Definition 1.33) such that 5* contains all the v o B¥ obtained in this way.

is neat an is projective (see Definition 1.34), then is projective
) IfHi d X is projective (see Definition 1.34), th M;gfz'pj j

(and hence a scheme) over Sy.

Statement (1) means the tautological tuple over My, extends to a degenerating
family (G, A, i, ay,) over MiJ. (Since MY is normal, this extension is unique by
a result of Raynaud; see [Raynaud 1970, IX, 1.4] or [Faltings and Chai 1990,
Chapter I, Proposition 2.7].) Statements (2)—(5) and (7) are self-explanatory. State-
ment (6) can be interpreted as a “universal property” for the degenerating family
(G, A, i, ay) — MY among degenerating families over normal locally noetherian
bases, as in Deﬁnmon 1.39, satisfying moreover some conditions describing the
“degenerating patterns” over pullbacks to complete discrete valuation rings with
algebraically closed residue fields. This “universal property” will be crucial in the
main construction of this article (in Section 3A below).
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2. Kuga families and their compactifications

Let O,*, (L, (-, ")), h, and O be as in the previous section. Then we have a moduli
problem My, over So = Spec(OF, (o)) for each open compact H of G(Z°), with a
toroidal compactification M;‘{’TE for each choice of X.

For simplicity, let us maintain the following:

Convention 2.1. All morphisms between schemes or algebraic stacks over Sg =
Spec(OF,,@)) will be defined over S, unless otherwise specified.

2A. PEL-type Kuga families. Let Q be any O-lattice. Consider the abelian scheme
Gwm,, over My in (1) of Theorem 1.41. By [Lan 2008, Proposition 5.2.3.8], the
group functor Homep (Q, Gwm,,) over My, is representable by a proper smooth group
scheme which is an extension of a finite étale group scheme, whose rank has no
prime factors other than those of Disc, by an abelian scheme Homp(Q, Gwu,,)°,
which we call the fiberwise geometric identity component of Homp(Q, Gwm,,)-

Example 2.2. If Q = O% for some integer s > 0, then Homp(Q, Gwm,)° =
Homop(Q, Gwm,) =G ,TASH is the s-fold fiber product of Gu,, over My,.

Example 2.3. If O = M;(OF) and Q is of finite index in (’);‘?k for some integer
k > 1, then the relative dimension of Homp(Q, Gwm,,)° over My is 1/k of the
relative dimension of G, over M.

Definition 2.4. A PEL-type Kuga family over My, is an abelian scheme N — My
that is Z{D)-isogenous to Homp(Q, Gwm,,)° for some O-lattice Q.

Consider Diff ™! = Diffa}z, the inverse different of O over Z [Lan 2008, Defini-
tion 1.1.1.11] with its canonical left O-module structure. Since the trace pairing
Diff ! xO - Z: (¥, x) = Tro/z(yx) is perfect by definition, for each O-lattice
Q, we may identify Q" := Homyz(Q, Z) with Homp (Q, Diff~ b. By composition
with the involution * : © = O, the natural right action of © on Diff ! induced
a left action of © on Diff~!, which commutes with the natural left action of ©
on Diff~!. Accordingly, the Z-module QV is torsion-free and has a canonical left
O-structure induced by the right action of O° on Diff ™! (and * : © => ©O°P). In
other words, Q" is an O-lattice. Then the trace pairing induces a perfect pairing

(+.)0:0"xQ—Z:(f, x) Trojz(f(x)).
Forany b€ O, f € QY, and x € Q, we have
(bf, x)o =Trojz(f(x)b*) = Tro;z(b* f (x)) = Tro;z(f (b*x)) = (f, b*x).

Lemma 2.5. There exists an embedding jo : Q¥ — Q of O-lattices inducing an
isomorphism jgo : Q¥ ®, Zoy = Q ®, Zy of O ®, Zyy-modules such that the
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pairing
(g (), )0 (Q®;R) x (Q®;R) > R
is positive definite.

Proof. By the explicit classification [Lan 2008, (1.2.1.10), Proposition 1.2.1.13, and
Lemma 1.2.1.23], there exists an isomorphism jp 0: 0¥V ®,R = 0®,Rof 0®,
R-modules such that the induced pairing (jé’lo( ), )0:(0®,R)x(0®,R) — Ris
positive definite. If (1 is the set of all rational prime numbers, then necessarily O =7,
and the lemma is clear. Otherwise, we know that Isomog, 7 o (0" ®,Zn), 0®,
Z)) is dense in Isompg r(QY ®; R, O ®; R) (with the topology induced by
R). Hence there exists an element jo | : Q¥ ®, Zoy = Q ®, Z) close to
Jo.,0in Isom0®ZR(QV ®; R, O ®,R) such that the induced pairing (jé’ll( ), o
(0®,R) x (Q®,R) — Ris still positive definite. By multiplying jp, by a positive
element in Z (), we may assume that it maps Q" to a submodule of Q. Then the
induced morphism jo : 0¥ — Q satisfies the requirement of the lemma. (]

Lemma 2.6. The abelian scheme Homyz(Q", G,\VAH) is isomorphic to the dual
abelian scheme of Homz(Q, Gw,,).

Proof. Let s be the common rank of Q and QV as free Z-modules. Let {ey, ..., e}
be a Z-basis of Q, and let {e), ..., e/} be the dual Z-basis of QV, such that
el.v (ej) = 6;j forany 1 < i, j <s. Then the choices of bases define canonical
isomorphisms

Homz(Q, Gwm,,) = GK‘ASH 2.7

and

Homyz (Q", Gyy,) = (Gyy,) " (238)

As a result, Homz (Q"V, GKAH) = GK(A“; is isomorphic to the dual abelian scheme of
Homz(Q, Gw,) = (Gy, ). U

Lemma 2.9. Let jo: QY — Q be as in Lemma 2.5. Then the isogeny
Ay jo.z : Homz(Q, Gwm,) — Homz(QY, Gyy,,)

induced canonically by jo and A, : Gm,, —> G\I\//IH’ which is of degree prime to O
because both [Q : jo(Q")] and deg(iw,,) are prime to O, is a polarization.

Proof. We need to show that the invertible sheaf

(IdHomz(0.Guyp)» MMy, jo.2) PHomz(0,Gy,)

is relative ample over My,. Using the choice of basis {e1, ..., es} (resp. {e}’, ..., e}
of Q (resp. Q") as in the proof of Lemma 2.6, the morphism j, can be represented
by e’ ZISjSS a;je; for some integers a;;, for each 1 <i <s. These integers form
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a positive definite matrix a = (a;;), because the induced pairing ( jé 1( ), o
(Q ®;R) x (Q ®, R) — R is positive definite. By completion of squares for
quadratic forms, we know that there exist an integer m > 1 such that ma = ud 'u
for some matrices d and u with integral coefficients, where d = diag(dy, ..., d;) is
diagonal with positive entries. As a result, the morphism mi,, j, z factors as a
composition

MAMy.jo.z = [ U] 0 Amy.a,z © [u]*

of morphisms

[u]* : Homz(Q, Gw,,) — Homz(Q, Gw,,),

AMy.a.z - Homz(Q, Gw,) — Homz(Q", Gy ),

[‘u]*: Homz(Q", Gy;,) — Homz(Q", Gy, ).
If we identify Homz(Q, Gwm,,) and Homz(Q", GKAH) as dual abelian schemes
of each other using the canonical isomorphisms (2.7) and (2.8) defined by the
dual bases {ej, ..., e} and {e}, ..., e/}, then ["u]* = ([u]*)", and Am,.47 =
(diAm,,) X (dadm,,) X ... X (dshimy,) : G,\XASH — (G,\VAH)” is a polarization. Since
[u]* is finite, this implies that Ay, joZ is also a polarization, as desired. O

Proposition 2.10. The abelian scheme Homp(QV, G,\VAH)o is 7 ) -isogenous to the
dual abelian scheme of Homo (Q, Gm,,)°.

Proof. Since Aw,,, j,.z 18 a polarization by Lemma 2.9, the induced morphism

ANy, jo © Homo(Q, G, )° < Homz(Q, Gw,,)

Ay jg.Z

= Homz(Q", Gy,) - (Homo(Q, Gm,)%)"  (2.11)

is also a polarization. (Since the condition of being a polarization can be checked
fiber by fiber [Deligne and Pappas 1994, 1.2-1.4], it suffices to note that the
restriction of an ample invertible sheaf to a closed subscheme is again ample.)
Since Amy. j,.z maps Homo(Q, Gw,,)° onto the subscheme Homp (Q", G,\VAH)O of
Homz(Q", Gy;, ), we obtain an isogeny

Homo(Q", Gyy,,)° = (Homo(Q, Gw,,)°)”.
The degree of this isogeny is prime to [J because Am,,, j,.z 1. U

Corollary 2.12 (of the proof of Proposition 2.10). Let jo : Q¥ < Q be as in
Lemma 2.5. Then the canonical morphism

Ay, jo : Homo(Q, Gum,,)° — (Homo(Q, Gw,)°)”

induced by jo and Aw,, : Gwm,, — G,\VAH (as in (2.11)) is a polarization of degree
prime to (.
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Corollary 2.13. If a Kuga family N — My is Z -isogenous to Homo(Q, Gwm,,)°
for some O-lattice Q, then we have canonical isomorphisms over My:

Lien/m,, = Homo(Q, Lieg,m,,), Lienv/m, = Homp(Q", Liegv/m,,),

Lieyw,, = Homo(Q", Lief,):  Liey i, = Homo(Q, Liek u,,)-

Remark 2.14. We do not need to choose a polarization N— N in the isomorphisms
in Corollary 2.13. The sheaves on the right-hand sides of the isomorphisms are
locally free because the order O is maximal at any good prime (see Definition 1.5
and [Lan 2008, Proposition 1.1.1.17]), and because lattices over maximal orders
are projective modules (see [Lan 2008, Proposition 1.1.1.20]).

2B. Main theorem. (Convention 2.1 will persist until the end of this article.)

Theorem 2.15. Let Q be any O-lattice. Suppose that H is neat (as in Definition 1.2),
so that the moduli problem My, it defines is representable by a quasiprojective
scheme, and so that M5 = M;gfz is a proper smooth algebraic space over Sg. Then
there is a directed partially ordered set K¢ 1 5 parametrizing the following data:

ey

2

For each k € Kg 1.5, there is a Z 1 -isogeny 1592 : Homop (Q, Gwm,,)° — Ny
over My, together with an open immersion " : N, < N'' of schemes over
So, such that the scheme N*" is projective and smooth over Sy, and that the
complement of N, in N2 (with its reduced structure) is a relative Cartier
divisor Ex  with simple normal crossings.

For each relation k' > « in K¢ 3, 5, there is a proper log étale morphism

ot NOT— N extending the canonical 77 -isogeny

ferwe 1= 1% 0 (()*8) 7L i N — Ny

such that R (f$")Oer = 0 for i > 0.

For each k € Ko 15, the structural morphism f, : N, — My extends (nec-
essarily uniquely) to a morphism f°" : N — MY, which is proper and log
smooth (as in [Kato 1989, 3.3] and [Illusie 1994, 1.6]) if we equip N©°" and
M" with the canonical (fine) log structures given respectively by the relative
Cartier divisors with (simple) normal crossings Ex  and Do 3¢ (see (1) above
and (3) of Theorem 1.41). Then we have the following commutative diagram:

+NCD
N P ( N f{or
projective
proper proper tor smooth
smooth Je log smooth K
C tor
My M H proper S0
+NCD smooth

If k' > k, then we have the compatibility " = fi" o fi" .
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(3) Let us fix a choice of k € Ko 3 s and suppress the subscript k from the
notation. (All canonical isomorphisms will be required to be compatible with
. . . t .
the canonical isomorphisms defined by pullback under fK?’rK for each relation
k' > k.) Then the following are true:

(3a) Let Q N /S, [d log oc] and QM“"/S [d log oo] denote the sheaves of modules
of log 1-differentials over Sg given by the (respective) canonical log structures

defined in (2). Let
Qpjor M 1= (Qpor s, [d Tog 00]) / (f*)* (QMM 1s,[d log 00])).

Then there is a canonical isomorphism

(f*)* (Homo(Q", Lieg o)) = Qyor per (2.16)

between locally free sheaves over N'*', extending the composition of canonical
isomorphisms

f*(Homo(Q", Lieg, n,)) = f*Liegm,, = 2w, (2.17)
over N.

(3b) For any integer b > 0, there exists a canonical isomorphism

bfmr(QNtor/Mlor)
= (\(Homo Q" Liegugy))) @, (N (Homo (QY, Liey, ). (2.18)

of locally free sheaves over MY, compatible with cup products and exterior
products, extending the canonical isomorphism over My, induced by the com-
position of canonical isomorphisms

R"f.(On) = N'Lien«jm,, = N’ (Homo(Q", Liey, jwp))-  (2.19)

(3c) Let QNtor M P= N QNtor v e the log de Rham complex associated with
H

flerNer — Mtor (with dlﬁ‘erentlals inherited from Q0 N/ M, ). Let the (relative)
log de Rham cohomology be defined by

MI()r

- iOg—dR(Ntor/M'tf?[r) R f;or(QNmr/Mmr)

Then the (relative) Hodge spectral sequence

Ed b —R ftor(QNlor/Mmr) == H?O—"g_bdR<Ntor/M;?{r) (220)

degenerates at E| terms, and defines a Hodge filtration on H {'Og_dR(N“’r /M)
with locally free graded pieces given by R " (QNlor /Mtor) for integers a+b =1,
extending the canonical Hodge filtration on H jz (N/ MH)

As a result, for any integer i > 0, there is a canonical isomorphism

N Hjop qg (N /M) <> Hioo qp (N /M),



910

Kai-Wen Lan

compatible with the Hodge filtrations defined by (2.20), extending the canoni-
cal isomorphism /\iﬁéR(N/MH) = ESR(N/MH) over My (defined by cup
product).

(3d) For any jg : Q < Q as in Lemma 2.5, the Z,-polarization Aw,,.j, :
Homp(Q, Gwm,,)° — (Homp(Q, GMH)")v in Corollary 2.12 defines canoni-
cally (as in [Deligne and Pappas 1994, 1.5]) a perfect pairing

(s Vs - Hair(N/Ma) X H gg (N/My) = Opy (1).
Then H!

log ar (N©/MEF) is the unique subsheaf of (My; — M;‘}r)*(ﬂ(}R(N/MH))
satisfying the following conditions:

1) Hlog dR(N“’r/M“’r) is locally free of finite rank over Opyr.
(i1) The sheaf f, Or(SZ o /Mmr) can be identified as the subsheaf of
H

(M > M) (f+(Qn/m,,))

formed (locally) by sections that are also sections of H! log- ar (N /M.
(Here we are viewing all these sheaves canonically as subsheaves of
(MH > M) (H i (N/M3y)).)
(iii) H! (N /M"Y is self-dual under the push-forward
log-dR H

(Mg = M) (-, Vi
(3e) The Gauss—Manin connection
Vi Hig(N/My) — Hig(N/My) @, Qs /50 (2.21)

extends to an integrable connection

V: Hlog dR(Ntor/Mtor) N Hlog dR(Ntor/Mtor) ®© Q (222)

mor Mtor /So

with log poles along D 3, called the extended Gauss—Manin connection,
satisfying the usual Griffith transversality with the Hodge filtration defined by
(2.20).

(4) (Hecke actions.) Suppose we have an element gj, € G(A°*5), and suppose we

have a (neat) open compact subgroup H' of G(ZD) such that g, In gn CH.
Suppose ¥/ = {Z/,, } is a compatible choice of admissible smooth rational
polyhedral cone decomposztlon data for My, which gp-refines X (as in [Lan
2008, Definition 6.4.3.3]; the notion was called “dominance” in the original
version, but changed to the more common “refinement” in the revision). Then
there is also a directed partially ordered set K¢ 1 s parametrizing (for k' €
Ko s) Z(XD)-isogenies Homo(Q, Gm,,)° — N’ over My, together with

tor

. . / !/
open immersions N, , < (N,)"" of schemes over So, satisfying analogues of

properties (1)—(3) above. The constructions of Ko 1, s and Kg 1 s/ (and the
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objects they parametrize) satisfy the compatibility with g, in the sense that, for
each k € Ko w5, there is an element k' € K¢ 3¢ 5 such that the following are
true:

(4a) There exists a (necessarily unique) finite étale morphism [gp ]’ x : Nf(, — N,
covering the morphism [gn] : My — My given by [Lan 2008, Proposi-
tion 6.4.3.4], inducing a prime-to-0 isogeny N/, — N, Xwm,, My, which
agrees with the 7 -isogeny induced by (i’ yisog, /c‘s"g and the Z,-isogeny
GMH, — Gwmy, XMy, My realizing G, X m,, My as a Hecke twist ofGMH, by
gn- (Here all the base changes from My to My use the morphism [g,].)

(4b) There exists a (necessarily unique) proper log étale morphism

[gn ] (N — N (2.23)

K’

extending the morphism (g . and covering the morphism [g,]"*" : M;‘;f 5 >

M35 given by [Lan 2008, Proposition 6.4.3.4], such that
R} )0y yor =0 (2.24)

foranyi > 0.

(4¢c) There is a canonical isomorphism

(18] Hiogar (N /M3 5) =5 Higt i (NG /MEF 5)

respecting the Hodge filtrations and compatible with the canonical isomor-
phisms

tor ol
([gh] ) QNlor/Mmf Q(N’/)“’T/M“’r s

H/ ¥/

tory *
(Len]™) " Liegy mir, = L_wGV/Mth, i

tory*xy : .V ~ LV
—>
(L] )L—lec/wlt,?;Z L—lec/M;?;,,z,’

and the canonical isomorphisms in (3) for N°" and (N/ ),

(&) (Z(D)—lsogenles ) Let g; be an element of GLO® pee0(Q ®, A% D). Then
the submodule g;(Q ® ZD) in Q®,A* . determmes a unique O-lattice
Q' (up to isomorphism), together with a unique choice of an isomorphism
[g1lo: 0®,Z0) = Q' ®, 2y, inducing an isomorphism Q ®, A% S =
Q' ®, A Y matching g;(Q ®7 79 with 0'®, 7", and inducing a canonical
Z{y-isogeny

(41T} : Homo (Q', G,)° — Homo (0, G,)°
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defined by [g/1p. For Homp(Q', Gwm,,)°, there is also a directed partially
ordered set Ko 31 5 parametrizing (for k' € Ko 31.5) Z{-isogenies

I—IO_ITIO(Q/v GM’H)O - N:(’

over My, together with open immersions N, — (N,’(,)tor of schemes over Sy,
satisfying analogues of properties (1)=(3) above. The constructions of Ko 1 s
and Ko 1 5. (and the objects they parametrize) satisfy the compatibility with
g1 in the sense that, for each k € Kg 3.5, there is an element k' € K¢ 1, »
such that the following are true:

(5a) The Z(XD)-isageny [gl]z,’x = k108 [gl]*Q o ((x/)isog)~1 . N', — N, is an
isogeny (not just a quasiisogeny), and hence defines a finite étale morphism.

(5b) There exists a (necessarily unique) proper log étale morphism
t t
(Lgll O s (N — N (2.25)
extending the morphism [gl]/t’,/( over My, such that
R0, Oy yor = 0 (2.26)

foranyi > 0.

(85¢) For any integer i > 0, there is a canonical isomorphism
(8118, : Higgrar (NO/MY5) <> Higo g (N /M3 )
extending the canonical isomorphism
(Lg1Teri )™+ Hag(Nie/Mag) => Hp (N, /My)

induced by [g1¢, respecting the Hodge filtrations and inducing canonical
isomorphisms

(A1, 2 RO e ) = RSy e )

(for integers a + b = i) compatible (under the canonical isomorphisms in (3)
for N¥" and (N;,)tor) with the canonical isomorphisms

([&1g)* : Homp(Q", Liegv pgr) = Homo ((Q")”, Liegy mer)
and

(lg11)" - Homo(Q", Liey, ) <> Homo((Q')”, Liey ).
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2C. Outline of the proof. The proof of Theorem 2.15 consists of seven steps:

(1) Find a PEL-type O-lattice (Z -,V h),a fully symplectic admissible filtra-
tionZ on L ®, 77, a torus argument ®, and a splitting & for Z, such that, for
some choices of H Z and &, the [(CDH, SH, 0)]-stratum Z[(<1> S5 of the
toroidal compactification Mt‘)r = Mtor has a canonical structure of an abelian
scheme over My, and such that there exists a canonical Z{;)-isogeny

K08 Homp (Q, GMH)O - ’z[(aﬁ,gﬁﬁ)]-
Then we take N, to be this Z_ ..
[(@57.57.5)]
Take KP° oz tO be the set of all such triples k = (H 2 o), with directed
partial order defined by the relation

K'=H, 2.5k =(H,%,5)

when H' C H and ¥ refines ¥ as in [Lan 2008, Definition 6.4.2.8], and
when the [(571’ SH, 0')]-stratum of M;‘j 5 is mapped (surjectively) to the

(dDH, 837,5)]-stratum of Mmr M;‘f~ under the canonical morphism M;‘;f s
M“’rE given by [Lan 2008, Propos1t10n 6.4.2.9].

Fork=(H, &, ), take N" to be the closure of the [(CIDH, (SH, 0')]-stratum in
M;?ZZ. Fork'=(H', ¥, &)=k =(H, £, 5), the morphism £ :N!9"— NI is
just the morphism induced by the canonical proper morphlsm M;‘;f S M‘Or
given by [Lan 2008, Proposition 6.4.2.9].

—

(2) Show that N'' is projective and smooth over Sy for k € KpQr’eH’E.

(3) Find a condition on « that guarantees the existence of a morphism f°" : NI** —
MY extending the structural morphism f, : N — My,.

(4) Take Ko 3 5 to be the subset of KpQr?H’E consisting of elements « satisfying
the condition we have found. Show that this subset is nonempty and has an
induced directed partial order by showing that the conditions we need can be
achieved after suitable refinements of cone decompositions. This verifies (1)
and (2) of Theorem 2.15.

(5) For each k € K¢ 3 5, verify that the morphism f{°" : Ni>" — M} extending
N, — My is log smooth, and verify (3a) of Theorem 2.15.

(6) Assuming (3b) and (3c¢), verify (4) and (5) of Theorem 2.15 using the Hecke
actions on the double tower {M7 s}57 5.

(7) Verify (3b), (3¢c), and (3d) of Theorem 2.15 using explicit descriptions of the
formal fibers of f°" along (locally closed) strata of M}J". (A crucial step for
(3b) requires the notion of log extensions of polarizations we mentioned in the
introduction.)
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We will carry out these steps in Sections 3—5. We will make frequent references
to results cited in Section 1, and also to the original statements in [Lan 2008].

2D. System of notation. Although the underlying ideas are simple, the notation
can be quite heavy. (This seems unavoidable in general works on compactifications.)
We decided to keep the notation informative (and hence complicated), because
we believe it is more difficult to keep track of three sets of cusp labels and cone
decompositions with simplified notation. We understand that the heaviness of
notation will inevitably be an enormous burden on the readers, and hence we would
like to provide some guidance by explaining the key features in the system of
notation, as follows:

o The superscript ' stands for toroidal compactifications (or objects related to
them). For morphisms this typically means extensions to morphisms between
toroidal compactifications.

» Depending on the context, the overlines can have different meanings:

— For geometric objects they almost always mean closures.

— For sheaves of differentials (or related objects) they mean the log versions.

— Notable exceptions (to the above two) are in Sections 3B—3C below, where
overlines can also stand for guotients of group schemes or sheaves.

» Objects for the “given” moduli problem My and its compactifications are
denoted as in Section 1.

o Objects for the “larger” moduli problem Mﬁ (mentioned in step (1) above) will
be denoted with either ~ (tilde) or ~ (breve) on top of the symbols in Section 1.
The difference is the following:

- Symbols with ~ will be used for defining I\7Iﬁ and its compactifications
M;‘;rz, and for realizing the Kuga families we would like to compactify as
boundary strata Z(& . 5;.5) of M;;’r :

— Symbols with * will be used for the boundary strata of Mtor appearing in
the closure of the realizations

L@ 580000
(These strata are parametrized by faces [(&Dﬁ, Sﬁ, 7)] of [(&57;, Sﬁ, o)1)
In other words, they parametrize the boundary strata of the toroidal com-
pactification of the Kuga families we consider.

« In the local descriptions of toroidal boundary structures, we will encounter
notations of the forms (-)(o) and (-),.

— When the object ( - ) being modified is a scheme with action by some torus,
() (o) will stand for the affine toroidal embedding adding the o -stratum
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(which then also adds all the strata for nontrivial faces of o), while (- ),
will stand for the closed o-stratum (without the nontrivial face strata).

— The formal version of (- ), (often denoted in Fraktur) will mean the formal
completion of (-)(o) along (-)s.

The notation will be most heavy in Sections 45, where the calculation of relative
cohomology is carried out in detail. For readers only interested in applications
to cohomology of Shimura varieties, the statements of Theorem 2.15, the two
propositions in Section 3D, and the applications in Section 6 are all they need.

3. Constructions of compactifications and morphisms

3A. Kuga families as toroidal boundary strata. The goal of this subsection is to
carry out steps (1) and (2) of Section 2C.

Let Q be an O-lattice as in Theorem 2.15. Identify Q¥ with Home (Q, Diff~ D)
and give it an O-lattice structure as in Section 2A. The (surjective) trace map
Tro,z : Diff~ ' Z induces a perfect pairing

(.01 Q" x Q= Z:(f,x) > Trosz(f(x)).

By extension of scalars, the pairing (-, -)o induces a perfect pairing between
0' ®, Q@ and Q ®, Q. By Condition 1.9, the action of O on L extends to an
action of some maximal order O in B containing O. Let us fix the choice of such
a maximal order O’. By [Lan 2008, Proposition 1.1.1.17], O ®, Zp) # O’ ®, Z(,)
for a prime number p > 0 only when p|Disc. Let Q¢ :=0"- Q0 C 0 ®, Q and
0 _,:=Homp(Q, Diff(;,l/z)(l) C 0V ®,Q(1). Then the induced pairing

(«.)0:02x Qo— Q)

has values in Z(1). The localizations of this pairing at primes of Z are perfect
except at those dividing Disc.
Let (L, (-,-)", h) be the symplectic O-lattice given by the following data:

(1) An O-lattice L:= 0 »®LD Qp, where Q_» and Qg are defined as above.
(Note that L satisfies Condition 1.9 by construction.)
(2) A symplectic O-pairing (-, -} : LxL— Z(1) defined (symbolically) by the

matrix
X_o (-, )0\ [y
(x, y)Ti=" xy (,+) y-1 ],
X0 (.0 Y0
namely by

(x, y) == (x_2, y0) o + (x—1, y—1) — {(¥y-2, X0) 0,
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X2 y-2
where x = |x_; ] and y = | y_; | are elements of L = Q_, ® L & Qo
X0 Yo

expressed (vertically) in terms of components in the direct summands.

Let jo : 0¥ < Q be an embedding of O-lattices given by Lemma 2.5, so that
the pairing (jé1 (+), )0 :(QO®,R) x (0O ®,R) — Ris positive definite. Consider
the R-algebra homomorphism / : C — Endo®ZR(Z ®, R) defined by

z=z21+~v—-122
) z11dg e,r —22(Q2rv=Do jy")
= h(z) = h(z) ,
22(jo o 2n/—1)7h z1ldgee,Rr

where 2r+/—1:Z <> Z(1) and 27 +/—1)"':Z(1) => Z stand for the isomorphisms
defined by the choice of 4/—1 in C, and where the matrix acts (symbolically) on
elements of L ®, R by left multiplication. In other words,

o [x 21x-2 — 22(2rvV/=T) 0 j5 ) (x0)
h@) x| = h(z)x_1
X0 22(jo o @r/=1D) ™ (x2) +z1x0

Then # is a polarization of (L, (-, +)") making (L, (-,-Y", h) a PEL-type O-lattice.
Note that the reflex field of (Z ®,R, (-, Y, E) is also Fp.

By construction of (Z , (+,+)), there is a fully symplectic admissible filtration
onL ® 7" induced by

0CQ2CQ2®LCQ LB Qo=L.

More precisely, we have

§_3 =0,
Z,:=0:,Q; 75,
71:=(028,79 & (L ®,7"),

2= (028, 27)© (L ®; 27 ®(Qo®,27) =L ®, 27,
so that there are canonical isomorphisms
G, = 0.,®,7°, G, =L®,7°, Gt=Qy®,7"

matching the pairings Gri_2 X Grg — ZD(I) and Grf_1 X Grz_1 — 25(1) induced
by (-, ) with (-, -)p and (-, -), respectively.



Toroidal compactifications of PEL-type Kuga families 917

Let X := Homo(Q_,, Diff "' (1)) and ¥ := Q. The pairing
(-, )0:0-2x Qog— Z(1)

induces a canonical embedding 5 Y <> X and there are canonical isomor-
phisms ¢_, : Gr%, => Hom;n (X ®, 75, 75(1)) and o : Grg => Y ®, 7° (of
79-modules). These data define a torus argument ® := (X, Y, ¢, §_», o) for Z as
in Definition 1.13.

Let 5 be the obvious splitting of Z induced by the equality Q_» ® L & Q¢ = L

Let G be the group functor defined by (L -Y7) as in Definition 1.1. For any
7°- -algebra R, let Pz( R) denote the subgroup of G(R) con51st1ng of elements g such
thaLg(v_z ®ZD R=7_, ®ZD R and g(Z_; ®ZD R)=7_, ®ZD R. Any element g
in P3(R) defines an isomorphism

Grz_l(g) : Grz_1 ®;0R = GrAZ;1 ®soR,

which corresponds under the canonical isomorphism GrAZ;1 ®,0 R=L ®, R above
to an element of G(R). This defines in particular a homomorphism

GrZ, : P3(27) — G(2D).

Let H be any neat open compact subgroup of G(ZD) such that the image
Gr 1(HﬁP (ZD)) is exactly H. (Such an H exists because the palrmg (-,-Yis the
direct sum of the pairings on Q_» & Qg and on L.) The data of O, (L (-,- Y h),
O, and HC G(ZD) define a moduli problem MH as in Definition 1.6.

Take any compatible choice & of admissible smooth rational polyhedral cone
decomposmon data for MH that is projective (see Definitions 1.33 and 1.34). Since
H is neat, any such % defines a toroidal compactification Mtor Mtor which is
projective and smooth over Sg by (7) of Theorem 1.41.

Let (Z, o, §) be as above, and let (ZH, CI>H = (X Y, q) (,0 2.5 P07 (SH) be the
induced triple at level H, inducing a cusp label [(Zg, CIDH, 857)] at level H.

Leto C PJr be any fop-dimensional nondegenerate rational polyhedral cone
in the cone decomposmon Eq)N in 3. Then, by (2) of Theorem 1.41, we have a
stratum Z[@H ) of Mtor

Since & is a top- dzmenszonal cone in E¢ , the locally closed stratum Z[(¢> 5791
(not its closure) is a zero-dimensional torus bundle over the abelian scheme Cx &5,
over My. In other words, Z[(q) 37,51 18 canonically isomorphic to C B.65 By the
construction of C<I> 55 in [Lan 2008 §§6.2.3-6.2.4], it is canonically Z(D) 1sogen0us
to the abelian scheme Homp(Q, Gwm,,)°. Let us define N, to be this stratum
Z[@H 5.5 and denote the canonical morphism N, — My by fK This gives
the Z{)-isogeny K508 Homo(Q, Gw,)° = Ni. Note that N, = Z[@H §5.5)] 18
cangnlcally isomorphic to Cz B85 for every $ and every top-dimensional cone &
in Xg_.



918 Kai-Wen Lan

As planned in step (1) of Section 2C, let us take KpreH 5, to be the set of all
possible such trlples Kk =(H,Z, 0) with directed partlal order defined by the
relation k' = (H', £/,5') = k = (H, £,5) when H' C ‘H, when ¥’ refines &
as in [Lan 2008, Definition 6.4.2.8], and when (CIDH, SH, o) refines (CDH, 57—1’ o)
as in [Lan 2008, Definition 6.4.2.6]. In this case, the [(CI>H/, SH/ o')]-stratum of
M;‘;f 5 is mapped to the [(®5, 857, &)]-stratum of Mtor by the canonical morphism
Vi l\/I“’r given by [Lan 2008, Proposition 6 4 2.9]. Note that the induced
morphlsm fK « : N = N,, which is «5°2 o ((x’ )‘“’g) ! by definition, can be
identified with the canonical Z(D)—lsogeny C I Cz Bid In particular, it is
surjective and is an isogeny of degree prime to [.

For k = (H s, o), take NI' to be the closure of Z[(<1> 3.1 in M r . Then we
obtain the canonical immersion «'*" : N, < N,

When «’ = (H', £/,5") = k = (H, £, ), the morphism S s NEE— NOT s
simply the morphism induced by the canonical proper morphlsm Mtof 5= M“’r2
given by [Lan 2008, Proposition 6.4.2.9]. Note that the latter morphlsm is étale
locally given by equivariant morphisms between toric schemes, and the same is
true for the induced morphism fKtorK NIS" — N*. Therefore, both the morphism
M — M;%ri and the induced morphlsm £ N“)r — N are log étale essentially
by definition (see [Kato 1989, Theorem 3. 5]) Moreover as in [Faltings and Chai
1990, Chapter V, Remark 1.2(b)] and in the proof of [Lan 2008, Lemma 7.1.1.3],
we have Ri(fl(t,o’rl()*GN}:)/r =0 for i > 0 by [Kempf et al. 1973, Chapter I, §3].

Lemma 3.1. Under the assumption that H is neat, the closure of every stratum in
M;%ri has no self-intersection.

Proof. According to Definitions 1.33 and 1.34, the collection T of cone decomposi-
tions for I\7Iﬁ satisfies Condition 1.29. Hence [Lan 2008, Lemma 6.2.5.27 in the
revision] implies that the closure of any stratum does not intersect itself. (See also
[Faltings and Chai 1990, Chapter IV, Remark 5.8a].) U

Corollary 3.2. Forany k= (H,2.5)€ KpQr .5 the closure Ni&* of NK_Z[(CDH 591
in M“’r is projective and smooth over Sy, and the complement of N in N'f (Wlth
its reduced structure) is a relative Cartier divisor with simple normal crossings.
Thus the collection of open embeddings k' : N, — N, with k € KpQreH 5. satisfies
(1) of Theorem 2.15.

Proof. Combine Lemma 3.1 with (3) and (7) of Theorem 1.41. O

From now on, let us fix a choice of k = (H, £,5) € KQ 1.5 and suppress « and
T from the notation. The compatibility of various objects under compositions with
or pullbacks by f,:?rk :NYOT— N (for k" >« in K" Q’H’E) will be obvious from the
constructions.
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3B. Extendability of structural morphisms. The goal of this subsection is to carry
out steps (3) and (4) of Section 2C.

Let (G i, o) be the degeneratmg family of type MH over Mt'Qr By construc-
tion of N as a boundary stratum of Mtor the restriction Gy of G to N is an extension
of the pullback of the abelian scheme Gwm,, over My to N by f N — My, by
the split torus Tx over N with character group X. The data of X, i, and & as induce
respectively a polarization, an O-endomorphism structure, and a level H-structure
on the abelian part of Gn, which agree with the pullbacks of the data A, i, ang oy
over My to N by f : N — My. By normality of (the closure) N*" (of N in M;%r),
and by a result of Raynaud (see [Raynaud 1970 IX 2. 4] or [Faltings and Chai 1990,
Chapter I, Proposition 2.9]), the embeddlng Tn < Gy of group schemes extends
(uniquely) to an embedding Tyor <> Gyor of group schemes, and the quotient

G = aNlor/TNtor

is a semiabelian scheme whose restriction to N can be identiﬁed with the pullback
of G from My to N. Similarly, we obtain G = Gmwr / yor- By another result of
Raynaud (see [Raynaud 1970, IX 1.4] or [Faltlngs and Chai 1990, Chapter I, Propo—
smon 2.7]), the semiabelian G carries (unlque) additional structures A : G — G
i, and &y such that the restriction of (G, A, i, &) to N is the pullback of the
tautological tuple over My by f : N — My, and so that (G, A, i, a@y) defines a
degenerating family of type My, over N'',

Now the question is whether the structural morphism f : N — My extends
(necessarily uniquely) to a (proper) morphism f'°" : N** — M between the
compactifications. By (6) of Theorem 1.41, this extendability can be verified after
pullback to complete discrete valuation rings (with algebraically closed residue
fields).

The stratification of l\7|;%r induces one on Nfi’r. By (2) of Theorem 1.41, the
strata of N'°' are parametrized by the faces of [(Dg, Sﬁ, 0)] (as in Definition 1.38).
Concretely, the faces of [(EIVDﬁ, Sﬁ, 0)] are equivalence classes [(&Dﬁ, gﬁ, 7)] of
H-orbits of data of the following form:

. o« e . S 45 > >0 . .
- —1
(1) A fully symplectic admissible filtration Z = {Z_;} on L ®, Z- satisfying

% 9 ~

7.20CZ2.0CZ2_1C7Z_. (3.3)

Any such filtration Z induces a fully symplectic admissible filtration Z =
{Z_i}on L®,7° by Z_p :=%7_5/7Z_5 and Z_y :=Z_; /Z_,, so that there is a
canonical isomorphism

Zo/Z—1 22_1/2_1. 3.4
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Conversely, any fully symplectic admissible filtration Z on L ®, 7" induces a
fully symplectic admissible filtration Z on L ®7 Vi satisfying (3.3) and (3.4).

A torus argument d=(X,Y, ¢ (p 2, goo) for Z (as in Definition 1.13), together
with admissible surjections sy : X — X and sY Y Y satisfying sXqS d)sY
and other natural compatibilities with ¢_5, @y, @_2, and ¢y. (See Definitions
1.18-1.20.)

Any CTD, 5%, and sy determine a torus argument ® = (X, Y, ¢, ¢_», o) for
Zby X :=Kker(sy), Y :=ker(sy), and ¢ := ély, so that there is a commutative
diagram

0 Y Y Y 0 (3.5)
el
0 X X X 0

S)‘(

whose horizontal rows are exact sequences.

The existence of some sphttlng of Z, 1nducmg some liftable splitting (SH defining
the cusp label (Zs7, P57, 877) at level H.

Given the liftable splitting SH, the existence of the liftable splitting Sﬁ is
equivalent to the existence of some liftable splitting 64, of Zy;. Then we see that
there is a canonical bijection between cusp labels [(Zy, @, §7)] at level H and
cusp labels [(Zﬁ, &)ﬁ, Sﬁ)] at level H admitting a surjection to [(Zﬁ, 57;, Sﬁ)].

Let @y (resp. é)ﬁ) be the torus argument for Zy (resp. fﬁ) at level ‘H (resp.
‘H) induced by ® (resp. &D). Then (3.5) induces morphisms

Soy =S4 — S5, (3.6)

where the first morphism is canonical, and where the second morphism is
defined by 54 and s, whose composition is zero. (In general, the morphisms
in (3.6) do not form an exact sequence.)
The dual of (3.6) defines morphisms
J’_

P%,; — Péﬁ — Po,,, 3.7
where the first morphism is defined by sy and sy, and where the second
morphism is canonical, whose composition is zero.

Then T C Pg is a cone in the cone decomposition T b having a face &

that is a Fq, _-translation (see Definition 1.23) of the image of o C PJr under
the first morphlsm in (3.7). o
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By (5) of Theorem 1.41, the formal completion

(Mtor)/\
721655500

is 1somorphlc to the formal scheme :{¢H S7.% 3~€5>H 5.8/ Doyt for any repre-
sentative (CDH,SH,‘L') of [(CI)H,SH, 7)]. Here oz is trivial by [Lan 2008, Lemma
6.2.5.27 in the reV1s10n] and i{(p 37.# 1s the formal completion of E¢ ., 35 (7) along

its £-stratum (26,5, )7

Let us describe the structure of the scheme E uq) 55 (r) in more detail:

ey

2

3)

“

By construction, u(b 5n (7) is a scheme over M ol , the latter of which is
isomorphic to M}/ Zn because of (3.3) and (3.4). (Note that MZ“ = MH isa
scheme by [Lan 2008 Corollary 7.2.3.10].)

By abuse of notation, we shall simply denote the push-forward

B ® = Cop 403, o

by 0z By in (D) and view O%;_; () as an O¢; _ i -algebra when there is no
confusion. We shall adopt a similar convention for other affine morphisms.

Let (A, Aa,ia, 9—1,3) be the tautological object over My, 2 Then Cq>H 35 is
the abelian scheme over MH parametrizing liftings (to level H) of data of the
form (¢: X — AV, ¢¥: Y — A), compatible with ¢ : ¥ < X and satisfying
certain liftability and pairing conditions (coming from the so-called symplectic-
liftability on the level structures). By construction, Cq> 35 is Z(D)—lsogenous
to Hom@(Y A)°.

The scheme c@ﬁ,gﬁ is a torsor over C dg.85 under (the pullback of) the split
torus E¢, = Hom(S&;ﬁ, Gn), which can be identified with the relative spec-
trum

Specoy. (@ ‘Ifq,H (E)>,

Cé i
HTH eS8y,
>R

where @éﬁ,gﬁ (5) is the subsheaf of 0%, _ ;  (considered as an @5(3# s -algebra
l:gy our convention) on Whieh E¢ actsuby the character £. In the case when
£ =[y® x], where y € Y and x € X, there is a canonical identification
\fﬂéﬁ’gﬁ (¢) and the pullback of (¢Y(y), ¢(x))*Pa over aiﬁ,gﬁ. (See [Lan
2008, Convention 6.2.3.26 and end of §6.2.4].)

Consider the subsemigroups of Séﬁ (see [Lan 2008, Definitions 6.1.1.9 and
6.1.2.5]) given by

={leS;_:(L,y)=0,Vyet),
fJ:{Zeséﬁ:<Z,y>>o,Vyef},
={Z€S&>ﬁ:(z,y)=0,\7’y€f’}§f /%y
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The scheme Eég, 55 (7) is constructed as an affine toroidal embedding

&N
1

6555 = Bagss (D)
along T over the abelian scheme C b8 which can be identified with the
relative spectrum

Specos. (G} liéﬁ’gﬁ(f)).

D0 Ny o
H™H “petrV

(5) Finally, the sheaf of ideals

v

$:= ‘TJ@ 550

~V
€T

¢
Rl

(see [Lan 2008, Lemma 6.1.2.6]) defines the 7-stratum (é s, Sﬁ)f, which can
be identified with the relative spectrum

Speco; i u~( @ \INJéﬁ’gﬁ (f)).
lett

d)H,é
Here 9 is an ©N¢H 5.(¢)-1deal represented as an O _ i -submodule of OF B i5(D)
(the latter being viewed as an @C¢ b5 -algebra by our convention).

Suppose ¢ is the face of T that is a I _-translation of the i 1mage of & 0 C P+
under the first morphism in (3.7). Similar to the definition of ¢V, 7}, and 7 Tt above
consider the following subsemigroups of Séﬁ:

={teS¢_ {4, y)20,Vyea},
gz{ieséﬁ (0, y)>0,Vy s},
={leSs :(L,y)=0,Vye5)=5"/5
Note that ¥ C &Y and T+ C 5+, but Ty ¢ 6, in general The closure (uq> 55 ) (T)
of the &-stratum on ﬁé (r) = SpeC@C (@ZETV v 255 (Z)) is deﬁned by the

sheaf of ideals 5 Tesynev \qu)ﬁ (E) Then we have a canonlcal isomorphism

By O =Spec. (@ Ty 5.0).

5
H lestnev
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Let %&;H §5.6.% denote the formal completion of (ﬁ&;H SH)g (7) along (E&;H gH);,
which can be canonlcally identified as a closed formal subscheme of X¢ ., 57857, induc-
ing the closures of the [(<I>H, 857, &)]-strata on any good formal (&, 857, ©)-model.
(See [Lan 2008, Definition 6.3.1.11] for the definition of good formal models, and
see [Lan 2008, Definition 6.3.2.16 in the revision] for the labeling of the strata by
equivalence classes of triples of the form [(Ef)ﬁ, Sﬁ, 5)].) By (5) of Theorem 1.41,
the strata-preserving canonical isomorphism (I\~/I;%r§)§ = %q) 5 ; then
induces a canonical isomorphism A

tory A ~
(N )Zl@ﬁ«gﬁfﬂ = xéﬁ,éﬁ,&,f'
(Alternatively, one may refer directly to the gluing construction of I\7I;%r in [Lan
2008, §6.3.3], based on the crucial [Lan 2008, Proposition 6.3.2.13].)

By the theory of two-step constructions (see [Faltings and Chai 1990, Chapter 111
Theorem 10.2] and [Lan 2008, §4.5.6 in the revision]), the degeneration data of
the pullback of (G, 4, i, &) to affine open formal subschemes of 3€¢ $p.5,8 can
be obtained from the degeneration data of pullback of (G, 1, aH) to afﬁne open
formal subschemes of i{q)ﬁ’ 55t by restricting objects defined on X and Y to the
subgroups X and Y. Therefore, in order to verify (6) of Theorem 1.41, it suffices
to verify the following:

Condition 3.8 (cf. [Faltings and Chai 1990, Chapter VI, Definition 1.3]). For
each (537;, Sﬁ, T) as above, the image of T in Pg,, under the (canonical) second
morphism in (3.7) is contained in some cone T C P$H in the cone decomposition
Yo,
If Condition 3.8 is satisfied (for x = (ﬁ, f], 0)), then the structural morphism
f : N = My extends to a (unique) morphism ' : N — M;?{r, which is étale
locally given by morphisms between toric schemes equivariant under (surjective)
morphisms between tori. By construction, we have a commutative diagram

NtOl‘ — %&)ﬁ,gﬁ,é,f — C&)ﬁ,gﬁ

1T

t
Mf{r ¢ X‘DH,(SH,T ? Cd’?—tﬁﬁ

3.9

of canonical morphisms whenever the image of 7 under the (canonical) second
morphism in (3.7) is contained in t.

Remark 3.10. Condition 3.8 is analogous to the condition in [Pink 1990, 6.25(b)],
used in for example [Harris and Zucker 1994, Lemma 1.6.5] and related works
based on [Ash et al. 1975]. Unfortunately, we must point out that, apart from some
pleasant (and often suggestive) analogies, there is no logical implication between
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the analytic theory in [Ash et al. 1975; Pink 1990], and the algebraic theory in
[Faltings and Chai 1990; Lan 2008]. (One cannot even use G(Q) in the algebraic
theory.) The applicability of Condition 3.8 in our work cannot be proved using
[Pink 1990, 6.25(b)].

As planned in step (4) of Section 2C, let us take K¢ 3 5 to be the subset of
KpQrf:H’Z consisting of elements « satisfying Condition 3.8. Since Condition 3.8 can
be achieved by replacing any given ¥ with a refinement, we see that Ko s is
nonempty and has an induced directed partial order.

From now on, assume that our fixed choice x = (ﬁ, f, o) lies in K¢ 3 5.

3C. Logarithmic smoothness of f'*". The aim of this subsection is to carry out
step (5) of Section 2C.

We need to show that the morphism f*" is log smooth (as in [Kato 1989, 3.3] and
[Mllusie 1994, 1.6]) if we equip N'" and M}J" with the canonical fine log structures
given respectively by the relative Cartier divisors with simple normal crossings
given by the complements N*" — N and M})" — My, with their reduced structures.
According to [Kato 1989, 3.12], we have the following:

Lemma 3.11. To show that the morphism f'°" is log smooth, it suffices to show that
the first morphism in the canonical exact sequence

(ftor)*(Qllvlg/So [d log 00]) — Q,l\,mr/so[d log co] — ﬁ,l\lwr/M%r -0 (3.12)

1
Nmr/M;(_llr

By (4) of Theorem 1.41, the extended Kodaira—Spencer morphism [Lan 2008,
Definition 4.6.3.32] for G — ME,?[ induces an isomorphism

is injective, and that Q is locally free of finite rank.

1

KSG/M;‘_’;/SO . I<_SG/ME;_’: L) QME,?[/S() [d IOg OO]

over M}, while the extended Kodaira—Spencer morphism for G — I\7I;%r induces
an isomorphism

L CKQe o~ OL
KSG/M;%:/S() . I(_SG/M;O{ —> QM;%r/S()[d log OO]
over M;:Ozr. Over N, we have canonical extensions
~ ~ [— ~ ~ _\/
0 —> TNlor —> GNtor —> G e 0 and 0 — T,\\l/wr — G\N/lor — G — 0

of group schemes, inducing exact sequences

. \/ . \/ . \/
0 — Lieg o = Lieg nor = Lieg por =0
and
0 — LieY, — Lie¥ — Lie¥%, — 0.

G /N©r Gﬁlor/Nmr TNtor/Nmr
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Therefore, there is a canonical surjection
K_SENM/N“” - I<_Smer/Ntor, (3 13)

where KS7 /nor is the pullback of the sheaf

: : MN®z-A )y
5 = b4 X
IQTsO/So T (IieTSO/so ®@so ]ieTSVO/SO)/ ((b*x) ®y—x® (by) ) xeLie /5

¥,z €Lle~

beO

v /S
defined (as for degenerating families in Definition 1.40) by the split tori T and TV
over So with respective character groups X and Y. The kernel

I—( = ker(l{—séNlor/Nmr - I<—STNlor/Nmr)

contains KS~ /Nor as natural subsheaf, and the quotient of K by KSz /N is
isomorphic to

(Lieg yor Ooyer LiChy o)/ (OX) ®y =2 ® BY))  cpjer

ye Lle~v /N
beO

= Homog,0yor (LleTv /N Lie% Lies /Nmr)

= Homog,0,0r (Homg (Y, Oyer), LieY, Lies /N“’T)

>~ Homo (Y, LleG/Nm,)

= Homp(Q" LleG/Nm)

Since the pullback of (G, A, 7, a;,) under Nor M;gr is isomorphic to (G, X, i, o),
we have canonical isomorphisms

(f{OT)*I(_SG/M%?tr = I{_Sa/Nmr
and

(f**)* (Homo(Q", Lieg o)) = Homo(Q", Lief, r)-

Smce the étale local structure of Mtor along the [(CIDH, SH, 7)]-stratum is the same as
uq, 55 (7), the calculation in the proof of [Lan 2008, Proposition 6.2.5.14] shows
that the isomorphism KSg /Rt /50 induces by restriction (to the closure N of the
[(CDH, SH, 0)]-stratum) an 1somorphlsm

K <> QUors, [d log 00] (3.14)
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making the diagram

(f*)*KSg/murC K
KSG/Mtor/solz zl(3.14>

(flory* (QMtor/S [d log 00]) —— Qi 5, [d log 0]

commutative. In particular, the bottom arrow (which is the first morphism in (3.12))
is injective, and the isomorphism (3.14) induces a canonical isomorphism

(f*)* (Homo(Q", Lieg, yor)) = Lyjor e (3.15)

of coherent sheaves over N''. (The restriction of (3.15) to N is compatible with the
composition of isomorphisms (2.17) because of the same calculation in the proof
of [Lan 2008, Proposition 6.2.5.14].)

Thus the desired isomorphism (2.16) is a consequence of (3.15). Moreover, since
Homp(QV, Lie, /M“’f) (see Remark 2.14) is locally free of finite rank over MY, the
isomorphism (3.15) "shows that the sheaf QNwr e is also locally free of finite rank
over N, By Lemma 3.11, this shows that f'°"is log smooth, and completes the
proof of (2) and (3a) of Theorem 2.15.

3D. Equidimensionality of f''. Let us take a closer look at the diagram (3.9). By
construction of f'°, given any stratum Z(e,,,s,,,r)] of M}, the preimage

tor)fl

Z{(@4,80,0)1 = (f (Z{(®1,80,1)1)

has a stratification formed by i[(&)ﬁ 55,61 where T runs through cones in i&’ﬁ
satisfying the following conditions:

- +
() # P} .

(2) T has a face & that is a F&,ﬁ-translation of the image of & C P:Tg~ under the
H
first morphism in (3.7).

(3) The image of T under the (canonical) second morphism in (3.7) is contained

int C P;g
The formal completion (N“’r)Z ) admits a canonical morphism
[(®9¢,69¢,7)]
toryA
2 - C
Z{(@34.84.0)] Ry

whose precomposition with the canonical morphism

NtOr — Nt()r L\ ,
( )Z (G871 ( )Zl@H,ﬁH‘f)J
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for any stratum 7[(@ﬁ,gﬁ,f) 1 of ’Z[(q>H,5H,T) 1, coincides with the composition of canon-
ical morphisms X¢, 5;.5.+ = Cds.5; = Cayy.sy, Dy its very construction.

Since f'" is étale locally given by morphisms between toric schemes equivariant
under (surjective) morphisms between tori, to determine if f*' is equidimensional
(cf. [Faltings and Chai 1990, Chapter VI, Definition 1.3 and Remark 1.4]), it
suffices to determine if the relative dimension of each of the induced (smooth)
morphism AZJ[@ﬁ,gﬁ,;)] — Z[(®4,,5,,,7)] between strata is at most dimp,, (N), the
relative dimension of f : N — My.

By abuse of language, we define the R-dimension of a cone to be the R-dimension
of its R-span. Then the codimension of N = z[@ﬁ,gﬁ’gn in I\7I;%r is dimp(0) =
dimR((Sg,ﬁ)ﬁ) because o is top-dimensional. The codimension of

Zi(d5.55.51 = (

in I\A/JI;_QIr is equal to dimp(7). Therefore, the codimension of 2[(%577,{)] in N is
equal to dimg(7) — dimg(0) = dimg(7) — dimR((Sg,ﬁ)ﬁ). On the other hand, the
codimension of Zy(@,,.5,,1)] = (Eay,s,)7 in M3 is dimg (7). Hence we have

dimzl(%,mrn (Z[(ég,ég,%)])
= dimp,, (N) — (dimp(7) — dimR((Sgﬁ)ﬁ)) +dimg(t). (3.16)

Let t” denote the image of 7 in (Se, ). By assumption on 7, we have ¢’ C . If
/
v’ =1, then

dimg(7) = dimp(7") < dimp(?) — dimp((S3 )g).
and hence (3.16) implies
dimzl@%a%m (Z[(ég,ég,f)]) < dimp,, (N).

(If this is true for all 2[(5% 5.0 then f " is equidimensional.) On the other
hand, suppose 7" C 7. Then there exists a face of 7”7 of ¢’ such that t” C 7
and dimg(t”) < dimg(t). Note that t” is the image of at least one face of T
satisfying the three conditions in the first paragraph of this section. By dropping
redundant basis vectors, we may assume moreover that this face 7" of 7 satisfies
dimp(t”) = dimp (") — dimR((Saﬁ)ﬁ). Then we have

dimg(7) > dimg(t”) = dimg(7") — dimR((Sgﬁ)ﬁ),
and hence (3.16) implies
dimz;q,, 5, (z[(éﬁ’gﬁ’w/)]) > dimp,, (N),

which means f'" cannot be equidimensional.
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This motivates the following strengthening of Condition 3.8:

Condition 3.17 (cf. [Faltings and Chai 1990, Chapter VI, Definition 1.3]). For
each (CIDH, SH, T) such that Z[(q) $5.0] is (a stratum) in N*, the image of T C P+
under the (canonical) second morphzsm in (3.7) is exactly some cone T C PJr in
the cone decomposition Lo,,.

Proposition 3.18. The morphism ' : N*" — MY is equidimensional (with rel-
ative dimension equal to the one of f : N — My), and hence flat, if and only
if Condition 3.17 is satisfied, if and only if ' is log integral (see [Kato 1989,
Definition 4.3]).

Proof. The equivalence between Condition 3.17 and equidimensionality has been
explained above. Since both N*" and MY are regular (because they are smooth
over So = Spec(OF,, (o)), the equidimensionality and flatness of f'" are equivalent
by [EGA V3 1966, 15.4.2 b) < ¢)]. By [Kato 1989, Proposition 4.1(2)], the log
integrality of f'°' is equivalent to the flatness of each of the canonical morphisms
Z[t"] < Z[t"] (defined when Z[($5.7) is mapped to Z{(a,.s,.7))), Which is
equivalent to the equidimensionality of any such morphism (by the smoothness of
Z[t"] and Z[t"] over Z, and by [EGA V3 1966, 15.4.2 b) < ¢')] again), which
is equivalent to Condition 3.17 by the same (dimension comparison) argument. []

Proposition 3.19 (cf. [Faltings and Chai 1990, Chapter VI, Remark 1.4]). Condition
3.17 can be achieved by replacing both the cone decompositions ¥. and ¥ with
some refinements.

Proof. Instead of taking refinements of Y and © separately, we consider the mor-
phism Pg — Pg,, in (3.7) and consider the graph of 3. More pre(nsely, using the
canonical morphisms X < XandY <Y compatlble with ¢ and ¢, we obtain canon-
ical morphisms X' := X®X — X and Y':=Y @Y — Y compatible with ¢’ := ¢ D¢
and <Z>, inducing morphisms S¢, ©Sq¢,, — S¢; and Pe, — Po EB..I.)Q’H' The image
of this latter morphism is the graph of Py, — Po,,. Let us define S by X', Y, and
¢’ asin (1.21), and let S’ be its free quotient. Define P” accordingly as the subset of
(S"), consisting of positive semidefinite pairings with admissible radicals, contain-
ing the graph of Pg; — Pg,, canonically as an admissible boundary component (cf.
Definition 1.28). The cone decomposition Eq;H defines a cone decomposition on
this graph, which might fail to be projective or smooth with respect to the structure
of the ambient space. But we can find a projective smooth cone decomposition of
P’, admissible with respect to the actions of all elements in GLy(X") x GLp(Y)
respecting ¢> such that its restriction to the graph refine the cone decomposition
defined by E¢H Thus we obtain a simultaneous smooth projective refinement of
Eq> and Xg¢,,, such that image of cones in Eq> under Pq> — Pg,, are cones
in Zq:.H Since this construction is compatible Wlth surjections between different
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choices of &)ﬁ and ®4;, we can conclude by induction on magnitude of cusp labels
(®y, 83) as in the proofs of [Lan 2008, Propositions 6.3.3.3 and 7.3.1.5]. ([

Remark 3.20. We will not need Propositions 3.18 and 3.19 in what follows. We
supply them here because knowing flatness or log integrality of f'' is useful in
many applications.

3E. Hecke actions. The aim of this subsection is to explain the proof of statements
(4) and (5) of Theorem 2.15, with (4c) and (5¢) conditional on (3b) and (3c) of
Theorem 2.15. These statements might seem elaborate, but they are self-explanatory
and based on the following simple idea: Since N and N' are constructed using
the toroidal compactifications of Mj;, we can use the Hecke actions on Mj; and
their (compatible) extensions to toroidal compactifications provided by [Lan 2008,
Proposition 6.4.3.4 in the revision].

Let g, H', ¥/, g;, and Q' be as in (4) and (5) of Theorem 2.15. (For proving (4)
and (5) of Theorem 2.15, we may assume in what follows either g, =1 or 81 = 1,
although the theory works in a more general context.) Using the splitting § of 7, we
obtain an element g g in Pz (A% D) such that Gr ~ 1(g) = gn, and such that Gr0 (g) is
identified with g, ! under g 0o : GrO = 0o ®; /B 0Q, 7°. (See Section 3A.) Let
H’ be a (necessarlly neat) subgroup of G(ZD) such that g*IH’g C H, and such that

= Gr? 1(H/ NPz (Z':’)) By [Lan 2008, Proposition 6.4.3.4 in the rev1s10n] there
exist some choices of %’ such that the canonical morphlsm [g]: MH, — MH extends
canonically to [g]*" : M;‘;f s = Mtor By replacing &’ with a refinement such
that it satisfies Condition 3.8 (with Z/ and) with some choice of &/, and such that
the morphism [2]"" sends the stratum Z[@H, 55,57 tO Z[@H - 5] we see that the
induced morphism from the closure of Zi(dz.57 .5 to the closure of Z[(@H 55,51
gives the existences of the morphisms [gp ]’ «» [gh]fcof,{, [gl]K o and ([g/] ’K)tor
as in (4a), (4b), (5a), and (5b) of Theorem 2.15, where «’' = (H, ¥', ") lies in
Ko 3.5, except that (2.24) and (2.26) still have to be explained.

As in the case of showing R'( £ )*@Ntor = 0 for i > 0 in Section 3A, since
the morphisms [gh]tof and ([gl]* )tOr are etale locally given by equivariant mor-
phisms between toric schemes, wé have (by [Kempf et al. 1973, Chapter I, §3])
R"([gh]f(o,f,()*(@(N;/)mr) =0 and Ri([gl]j,’K)ior(@(N;/)mr) = 0 for i > 0, which are
(2.24) and (2.26) of Theorem 2.15.

The remaining statements in (4c) and (5c¢) of Theorem 2.15 now follow if we

assume statements (3b) and (3c) of Theorem 2.15. (See the end of Section 5, p. 957.)

4. Calculation of formal cohomology

Throughout this section, unless otherwise specified, we fix the choice of an arbitrary
(locally closed) stratum Z(s,,,s,,,)] of M. The aim of this section is to calculate
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the relative cohomology of the pullback of the structure morphism f'°" to the formal
completion (Mtﬁr) waﬁ.aﬁ o (See (5) of Theorem 1.41 for a description of this for-
mal completion. See also the first paragraph of Section 3D for a description of the for-

mal completion (N*")2 of N©" along Zwy,.5r,.0)] = (L) Zi@r.600.007)-)

VATCYVRIRS)

4A. Formal fibers of f'°". Let ['$; ¢ be the subgroup of elements in I'¢;; stabiliz-
ing (both) X and Y and inducing an element in I'¢,, ; (the subgroup of I'¢,, formed
by elements mapping 7 to itself). Since we have tacitly assumed that I',, . is trivial
by Condition 1.29 and [Lan 2008, Lemma 6.2.5.27 in the revision], | is also the
subgroup of elements in I'¢;, fixing (both) X and Y. Let Fq, @, be the subgroup
of elements in Homo(X X) sendlng ¢(Y ) to ¢ (Y) that are compatlble with @_ 251>
®o.7» ¢—2.1> and @g 3. Note that these compatlblhty conditions imply that the
subgroup Fq, .@,, has index prime to [ in Homo (X, X). The two surjections
;(:X—»X and s;,:lv/—»'f

identify Fq, @, as asubgroup of I'¢; . (More precisely, any 7 € Fq, @, defines a
translation actlon X+ x+1(sg(x)) on X inducing compatibly a translatlon action
on Y, and hence defining an element in ', ; fixing both X and Y.)

Since I'g . ¢,, does not modify s and sy, it does not modify the first morphism
in (3.7). Therefore, if we denote the image of & in P by o, then '3, maps
o to itself. On the other hand, by Condition 1.29 (and Lemma 3.1), if a cone
TC P in P98 has a face that is a IR c-translation of &, then it cannot have a
d1fferen7t face that is also a I'¢, ;-translation of 5. Let us denote by Xog.6.1 the
subset of X¢; consisting of cones 7 satisfying the following conditions (cf similar
conditions in the first paragraph of Section 3D):

(1) tcC P*ﬁ.
(2) T has o as a face.

(3) The image of T under the (canonical) second morphism in (3.7) is contained
intC P$H

Then, to obtain a complete list of representatives of the cusp labels [(&)ﬁ, Sﬁ, )]
parametrizing the strata of fZV[(q)H’(;H,,)], it suffices to take representatives of X4 PR
modulo the action of I'§ 7P (That is, we do not have to consider I'g 7P -translates
of 5.)

Let E quH (1) denote the toroidal embeddlng of B Edy 5H formed by gluing the
affine tor01da1 embeddings E Ed.55 (T) over C<1> S where T runs through cones in
X$4.6.0- To minimize confus1on we shall dlstmgulsh Ed.55 (71) and E Edy 5H(‘E2)
even when [(CDH, (SH, )] = [(CDH, 8H, 7p)]. For each T as above (hav1ng o asa
fzice), recall that we have denoted the closure of the o -stratum of Eéﬁ,gﬁ () by
(Ed4.5,)5(T). Let (Edy.5;)5 (r) denote the union of all such (E¢.5;)s (7). let
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(uq)H 5H), denote the union of all such (ucpH (gH),, and let .’{q)H §j.6.1 denote the
formal completion of (uc[) 375 (@) along (uq) ‘;H),

For each T € Yoz cons1der the open subscheme U; of (ucp (;H), formed
by the union of all (locally closed) strata of (quH 57)< that contains the stratum
(u([) SH), in its closure, and consider the open formal subscheme i; of %cpH §5.6.1
supported on Uz. The subscheme U; of (_@H _); 1s the closed subscheme of
Edy.55 (7) given by the intersection of & Eds.85 (r) and (ucI)H 55)c In u(bH 55(T)-
The formal subscheme iz of X4 55 .5.c 18 the formal completion of (quH 57)6 (T)
along U;. The collection {U,}Tezq,~ ;.. forms an open covering of (__@H SH)I We
can interpret .’%Zq>H 3560 as constructed by gluing the collection {i; },eg . of
formal schemes along their intersections (of supports).

Explicitly, let us denote by 7. the intersection of (') for 7’ running through
faces of T in Zéﬁ’ s.¢ (including 7 itself). Then we have the canonical isomorphism
Ur = Specor, (( D Yo (E)>/( D Yari (E)))

HH Letv tety
of schemes affine over 5@ _5.-As Oz -modules, we have a canonical isomor-
phism HOH dp.85

(D %o,5,D)/( BVs,5,D)= B Wy 5,0
etV Let) feiv_i

rv

If we equip ¢V — . with the semigroup structure induced by the canonical bi-
jection (7 —.)) — ©/7./, then we may interpret P :v_;v \Iléﬁ 5 (€) as an
@55% i —algebra, with algebra structure given by canonical isomorphisms

HH

wéﬁ,éﬁ (5) ®@5&> wéﬁygﬁ (Z/) = llj‘i'ﬁygﬁ (Z + Z/)

HOH

(inherited from those of Oz, . = ®ZES“7:Z b7.35 (Z)) ifl0+0 ey — 7./ and by

.. (P .y
le(bﬁ,Sﬁ () B, \Ijq)ﬁ,aﬁ ) —0
otherwise. Then we have a canonical isomorphism

Ur=Specoe, (@ W 5,0).

CROA ety
By definition, we have

-t=( U (@&*n#))catne
7/ face of ¥
m 2&)7'_2,57,1:
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The formal scheme iz, being the formal completion of

(@ F55,0)

PR N fesLnzv

(géﬁ,gﬁ)é(f) = Specoz,
along U;, can be canonlcally identified with the relative formal spectrum of the
@Cd) 5 -algebra @zeaimrvqjm 55 () over Cq> 55> Where QB denotes the com-
pletlon of the sum with respect to the @Cd) i -ideal 69/3 esiniy Vo5 (Z) Note
that all the above canonical 1somorphlsms correspond to canonical morphisms
of O¢yy, 5;;-2lgebras formed by sums of sheaves of the form \Aﬁéﬁ,gﬁ (E) (with
O3 57 ~algebra structures inherited from that of Oz, ;7 )-

The descriptions above imply the following simple but important facts:

o o . o . .
Lemma 4.1. Suppose T and t’ are two cones in quﬁ, .7 such that T’ is a face of 7.

(1) We have a canonical open immersion Uy — U3 (resp. Uy — Uyz) of formal

subschemes of .'{q) RS

(2) The canonical restriction morphism from \; to iy corresponds to the canoni-
cal morphism

Voo 550> @ Vo 5.0

ngv festn@E)Y

Qﬁ @)

le
of 0¢; . b -algebras, where the two symbols EB denote completions of the sums

with respect to the sheaves of ideals ] b \IJ (Z) and P \Dq) 55 ),
respectively. tegtnt) festn(@ny

(3) The canonical restriction morphism from Uy to Uy corresponds to the canoni-
cal morphism

D Vi 5 O—> B Yy ;O

fetv—zY le(@)V—@@"Y

4

OfGEéﬁ.éﬁ -algebras, which maps \Ijéﬁ,&q (Z) to lpéﬁ,gﬁ (Z) when

le@ —F)) =@ —-tHNEF) - @)Y,
and to zero otherwise.

(4) The correspondences in (2) and (3) above are canonically compatible with
each other.

By Condition 1.29 (and Lemma 3.1), the action of I's .o, induces only the
trivial action on each stratum it stabilizes. Therefore, the quotient morphism

Xop s ™ Xogine.c/ Loz 4.2)
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of formal schemes over Sy is a local zsomorphzsm The morphism (4.2) is not defined
over Cq) 35 when the action of I'$;. 0, on Cq> 35 is nontrivial. Nevertheless,
since Fq;H’Q)H acts trivially on &4, it acts tr1v1ally on Cg,, s, and hence (4.2) is
defined over Co,, s, -

Proposition 4.3. There is a canonical isomorphism

tor ~ .. ~
( )Z[@H S30.0)] xQDQ,(Sg,&,r/ F@ﬁ,QDH (44)

of formal schemes over Co,, s,,, characterized by the identifications

(Ntor)/i\ ~ .

(Gg7.557.01 ®57,077,0,7T
of formal schemes over C D185 (compatible with the canonical morphisms

(Ntor)/N\

Zidg.b5 VAIC IR IVRS)

( tOI')

and C &5.85 = Cayy.8y,)- (The formation of the formal completion here is similar
to the one in (5) of Theorem 1.41.)

Proof. Let T € ZCD S Let ﬁf denote the completion of Eéﬁ,gﬁ () along Uy,

which contains 4l; as a closed formal subscheme (with the same support U ).
Since Uy is the union of (u([) )+ with 7/ running through faces of 7 in

2'5)7?[ s.7> Which are cones in PJr the tautological degeneration data over il

satisfies the positivity condition (w1th respect to the ideal deﬁnmg U;), and we
obtain by Mumford’s construction a degenerating family ( °G, 9%, i, ‘i) — e

as in [Lan 2008, §6.2.5; especially the paragraph preceding Definition 6.2.5.17],
called a Mumford family. Note that a Mumford family is defined in the sense of
relative schemes, namely as a functorial assignment to each affine open formal
subscheme Spf(R) of i~1 a degenerating family over Spec(R). Therefore (6) of
Theorem 1.41 apphes and implies the existence of a canonical (strata-preserving)

morphlsm U — Mtor under which (°G, “%, © ‘i) — 4; is the pullback of
G, 1, an) — Mtor Moreover, if T/ € E‘i’m" o

from il to Mtor agree over the intersection 1y N Lz

then the morphisms from ﬁf and

~

By taking the closures of the [(EI;ﬁ, Sﬁ, o)]-strata (not as closed subschemes
of the supports, but as closed formal subschemes, as in the second last paragraph
preceding Condition 3.8), we obtain canonical morphisms {; — N for all 7 in
)IF S which patch together, cover all strata above [(Dy, 83, 7)], and define

(4.4) as desired. Ul

By (5) of Theorem 1.41, we have a canonical isomorphism

( IOT)Z (@20.520.0] :{CDH,(SH,T‘ (45)
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By the very constructions, we may and we shall identify the pullback of f'" to
(M%E)[r)%@w%m with the canonical morphism %5)%57;’5,{/ F5ﬁ,<pH — Xo,,61.7- BY
abuse of notation, we shall also denote this pullback by

tor . A -
f : %Cbﬁ, ﬁ,(;',‘l,’/ Fd>7:t,(I>H - %‘DH,BHJ‘

For each 7 € Xé4.5.1. let Uz denote the image of Uz under (4.2), which is
isomorphic to ; as a formal scheme over Co,, s,. By admissibility of ¢,
we know that the set X¢;.5.:/I's o, 18 finite. Then Xog55.6.0/ I'g. ¢, can
be constructed by gluing the finite collection {u[f]}[ﬂeiéﬁ.&,z /T o, of formal
schemes over their intersections. Let us denote by "

f[t;)]r Ui = Xoponr

the restriction of f'" to l7;. If we choose a representative T of [7], then we can
identify f[t;’]r : Ui7) = Xy, With the canonical morphism f1°: 4z — X5,
induced by the canonical morphism X4 185,00 = X®,,8,,7- Let us denote by

h: C&)ﬁ7“ —> C<I>H,Zw

g‘E uf — xd)H,BH,T XCcpvaH Cé) 87_7

R

and
he s Xaos 1.0 XCoppiyy Cop by = Xordrer

the canonical morphisms. Then we have a canonical identiﬁcatiog f =hogx.
(Note that gz is a morphism between affine formal schemes over C&)ﬁ’ 50 and that
h+ is the pullback of 4 to the affine formal scheme Xo,, s, - over Co,, s,,.)
For simplicity, let us view Ox,,, ; . and Oz, ; ., assheaves over Co, s, and
suppress (X551 —> Cayy,80) AN (Z(04,,6y.,7)] = Cdyy,85 )+ from the notation.
for push-forwards (to Co,, s,,) of sheaves over Xo,, s,,,z, we shall use the notation
@ to denote the completion with respect to (the push-forward of) the ideal of
definition of Ox,, ;. .-
Based on Lemma 4.1, we have the following important facts:

Lemma 4.6. (1) ForanyT € E&)ﬁ,é,r’ and any integer d > 0, we have the canoni-

cal isomorphisms

RSO0 = @ R 5 (D) @7
testntv
and
RUSENO0) = @ R 5 D) 4.8)
Letv—t)

over Co,, 5y,
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(2) Forany y € Fgﬁ’q)H, we have a commutative diagram

uf 4 Ll)/ T

‘| Jo

- y -
X100 XCopiy Cop 5 — 2 Xdpbrt XCappsy Cor s
hrJ/ lhr

-7
%(DH,(SH,T XQH,SH,T

of formal schemes, (naturally) compatible with the commutative diagram

14
Uz Uyt

. Jo

. ~ v o ~
(Bop.o)r X Coyyip Ccf)ﬁ,éﬁ H(Ey.sp)r X Coyyip C&)ﬁ,gﬁ

hrl lhr

(E‘:DH,(SH)‘L' (EQH,(SH)T

of their supports. Then (4.7) and (4.8) are compatible with the canoni-
cal isomorphisms y*0y . — Oy, induced by the canonical isomorphisms

*

y v 657,55 (yﬁ)—>\11¢ S5 (E)overCcD S

(3) For any integer d > 0, if T’ is a face of T, then the canonical morphism
RA(f1), 0y, — RU(fE").Oy, induced by restriction from U to Uz corre-
sponds to the morphism

& Ry ;. OD)> B R ;5 (D)
fesiney fegin@ny
over Co,, s, and the canonical morphism Rd(fftor)*GUf — Rd(fft‘,)r)*@yr,
induced by restriction from Uy to Uz corresponds to the morphism
D Ry 5.0)—> D Ry, 5 0)

betv—zy Ce(@)V—(F)yY

over Co,, s, Both of these morphisms send RY h*(llféﬁy 55 (Z)) (identically) to

Rdh*(\lléﬁ’ 5 (f)) when it is defined on both sides, and to zero otherwise.

4B. Relative cohomology of structural sheaves. Using (4.5), we shall identify
(Mg)gt(%-rmm with X,, s,,,r. and identify Z{(a,,,s,.7)] With (Ew,,,s,,)7. For sim-
plicity of notation, we shall use X¢,,,s,,,r and Zj(,,,5,,,r)] more often than their
counterparts.
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Recall that Co,, s, is an abelian scheme over the moduli problem Mf{” (see
Definition 1.17). Let (A, A4, 14, ay,) be the tautological tuple over Mf{”. LetT
(resp. T") be the split torus with character group X (resp. Y). For simplicity of
notation, we shall denote the pullbacks of A, AV, T, and T, respectively, by the
same symbols. The pullback of G (resp. GV) to Xo,,,7,,.r is an extension of A (resp.
AY) by T (resp. T"), and this extension is a pullback of the tautological extension
G"® (resp. GV*%) over Co,,.s,,. For simplicity, we shall also denote the pullbacks of
G' and GV°%, respectively, by the same symbols.

Lemma 4.9. The morphism h : 6&;71 55 = Cayy.5y IS proper and smooth, and is
a torsor under the pullback to Cq,, s, of an abelian scheme Z ,-isogenous to
Homo(X A)° — I\/IZH

Proof. For s1mp1101ty, let us denote the kernel of Cq)H — Co,,.s,, by C, viewed
as a scheme over M; 2n,

While the abehan scheme Cé o Mf{” parametrizes liftings of pairs of the
form (¢: X — AV, ¢V :Y > A) > M721H satisfying the compatibility ¢¢ = A ,¢ and
the liftability and pairing conditions, and while the abelian scheme Cg,, s,, — Mf{”
parametrizes liftings of pairs of the form (¢ : X — AY,c¢Y : Y — A) satisfying
the compatibility c¢ = Aac” and the liftability and pairing conditions, the scheme
C— MH parametrizes lifts of pairs of the form (¢: X—>AY, &Y —> A) satisfying
the compatibility ¢ =2, and the liftability and pairing conditions induced by the
ones of the pairs over Ci b5 = My 2% Therefore, the same (component annihilating)
argument in [Lan 2008, §6 2.3-6. 2 4] shows that the kernel C of /4 is an abelian
scheme Z {,-isogenous to Imlo(f( ,A)°.

Consequently, all geometric fibers of & are smooth and have the same dimension
(as the relative dimension of C — Mf{“). Since both 5@ 755 and Cg,, s5,, are smooth
over Sy, the morphism # is smooth by [EGA IV3 1966, 15.4.2 ¢') = b)] and [EGA
IV4 1967, 17.5.1 b) = a)]. By [Bosch et al. 1990, §2.2, Proposition 14], smooth
morphisms between schemes have sections étale locally. This shows that 4 is
a torsor under the pullback of C to Co,, s,,- (Regardless of this argument, the
morphism / is proper because the morphism o dg.85 — MH is.) ]

The nerve of the open covering {5.1 },62% 5.0 Of %q;H §7.6.7, OF equivalently
the open covering {Us}icx;_ 5, Of (_@H s (1) (bz the supports of the formal
schemes {il; }tegq,ﬁvw) defines a simplicial complex N - formed (up to scaling by
the multiplicative action of R. o, inducing homotopy equivalences harmless for our
purpose) by the union of the cones 7 in X4, 5 . (with natural incidence relations
among their closures inherited from their realizations as locally closed subsets of
Sé ﬁ)@. Then the nerve of the open covering

S toryA ~ " ~
{u[r]}[r]eZ@ﬁ,g,,/FgﬁmH of (N )Z[@H,SHJ)] = %¢g,87;,0,1/r¢ﬁ,®ﬁv
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or equivalently the open covering
{Uf}f62é~,5,r/r<§~,¢7_t of Z[(d)H,BH,T)] = (E&)ﬁ,gﬁ)'[/rav)ﬁ,@,}_l

of the supports of formal schemes, is naturally identified with s ; := ‘ﬁg z/ Fq, Dy

The simplicial complex ‘ﬁ(, . has a closed covering by the closures £ (in
MNs.1) of the cones T in Xdg.6.1 which induces a closed covering of 915 , by the
closures [r]Cl (in s ;) of the subsets [T] of Xdg.6. </ Fq, Dy . For any sheaf ./l on

= I's such as O yorya
(8 b8/ Tg 0 ( N2 o mron

integer d > 0 the local system %4 (M) on Ns Wthh associates with each [T] in
Xé5.6.0/ T3 0, the coefficients

=0 Ko s/ T ong ), define for any

9 (M) ([£17) == H Uz, Ml
Then, by [Godement 1958, II, 5.4.1], there is a spectral sequence
Es® = H My o, ' (0) = HH(Eg 500/ T, 0,0 M. (4.10)

The construction of 95 ; depends only on the cone decomposition X$s.5.0, while
the constructions of both % () and the spectral sequence (4.10) are compatible
with restrictions to affine open subschemes of Z[(,, s,.r)]- Therefore, we can
define the sheaves 3 () (of local systems on M ;) Over Z{(a,,.5,,.7)]» and obtain
a spectral sequence

ESY = HE Mo, #4(M)) = R FLo8 (). 4.11)

Here H (M5 -, %16‘1 (/L)) is interpreted as a sheaf on Zj(s,,.s,,,7)], and the formation
of (4.11) is compatible with morphisms in Jil. In particular, we have compatible
spectral sequences
EST = HC M ., % (Onoryg ) = R FL0(0 yuory2 ) (4.12)
2[(@74,694,0)] Z[(@p,69¢,0)]

and

c, d c c
E =H (mg - %d(@zuq) e r)J)) = R +d Or(GZ[(sz ) (413)

81,71

To calculate the left-hand sides of (4.12) and (4. 13) we define the sheaves
4 (Ox;. o .) and 94 (03 Eagyi _),) of local systems on ‘ﬁg ¢ (in the obvious way),
which, by Lemma 4.6, carry "canonical equivariant actions of the group I'z _ 7P
and descend to the sheaves %¢ (@(N“")Ql(q, " )J) and %d(@i[(%

spectively. Hence we obtain compatible spectral sequences

s.01) ON ‘ﬁg,’,, re-

Ey = H (D 0y H e 3O, )
:Hf(mg,t,zed@mm% ) (4.14)
[(®9¢.57¢,D)]



938 Kai-Wen Lan
and
Ey = H (g 0 H o, #' Oz, 1))
N d %
= H M5 ., X (@Z[@Hﬁn.w]))' (4.15)

Lemma 4.16. For any d > 0, the canonical morphisms

R Oy ixca, s, & s~) — H'M ., ¢ (E) (4.17)
and
R O pimgnxce, s, € )—> Ho(ma,,%d((@(u . >,)) (4.18)
b7b :
are isomorphisms compatible with each other. Moreover, for any integer e > 0, we
have
H Dy 4 Ox, ;. ) =0 (4.19)
and
H' O ., %0z, ) =0. (4.20)
CP,):E.S?; T

Proof. By (4.7), we have

W' (O, JED Z RIS (On,) = B RV, 5. (D),

lestnev
and for any face 7’ of 7, the canonical morphism
v/l
)((E)7)

#(Ox,  , IED - #H(Ox,

<D6~, <1>80r

sends the subsheaf R%h (W 5 (K)) either (1dent1cally) to R%h, (Vo555 (Z)) when
festn(#)Y, orto zero otherw1se Since (Jjcsv T =Jjcsv T is a convex subset
of ‘ﬁg,, for any given lest , this shows (4.19) as usual (by the argument in [Kempf
et al. 1973, Chapter I, §3]). On the other hand, since ﬂre% o GtntYy=1Y, we
see that (4.17) is an isomorphism. The proofs for (4.20) and (4.18) are similar. [

Lemma 4.21. The topological space s ; is homotopic to the real torus
T&g,qm = (FE%@H)ﬁ/ F&g,qm’
whose cohomology groups (by contractibility of (Fg)ﬁ’d,ﬁ)ﬁ) are
HI (g, 4, 2) = H (T ¢, 2) 2 N (Homz (T3 o, 2))
forany j > 0. Over Co,, s,,» we have a canonical isomorphism

HI (T3, 0,0 2) ®70cq, 5, = N (Homo(Q", Lierv/cy, ;. ))- (4.22)
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Proof. Since o is a top-dimensional cone in Pt ,any T € Yoot (which has & as
a face) is generated by & and some rational basis vectors not contained in the i image
of the first morphism in (3.7). Moreover, the image of T under the second morphism
in (3.7) is contained in T C PJr By choosing some (noncanonical) splitting of
550,Q: X®,Q X®, @ we can decompose the real vector space (S¢;)p
(noncanonically) as a direct sum (S¢H)R @ (F¢H,¢H)R ® (S¢H)R, on which the
action of 3. on is realized by its canonical translation action on the second factor.
élong the directions of (Saﬁ)ﬁ and (Sdm)ﬁ’ we can contract the simplicial complex
Ns . (say, towards some arbitrarily chosen points in the convex sets & and 7) in a
way compatible with the actions of &5 0 Therefore, s ; = ‘yt&,f / '3, 0y is
homotopic to the real torus T5ﬁ,<1>n = (Faﬁ,QH)ﬁ/ '3, oy

The canonical isomorphism (4.22) then follows from the composition of the
following canonical isomorphisms:

HI (T3 0, 2) ®70cq,, ), = (N (Homz(Tg_ 4,.2))) ®70cy,, 4,
= (N (Homz(Homo(X, X), Z1))) ®
= N (Homo(Q", Homz (Y, Oc,, , )
= N (Homo(Q", Lier/cy, 5, ))- O

Lemma 4.23. There are compatible canonical isomorphisms

d d
R h*(@B&bn,SH.rXCqm,zSH ﬁ) =N (HomO(Q LleAv/%q)H L T)

(=)} @CG)HJH

H
and

) = A\ (Homo(Q" s Lieav 710, 5,00))

d
R h (OZ[((DH 51 r)]XC(D ‘SH H

for any integer d > 0.

Proof. By Lemma 4.9, the morphism # : aiﬁ,gﬁ — Co,,,s, 1 a torsor under an
abelian scheme Z{D)—isogenous to Homp(Q, A)° (and hence has a section étale
locally). Since the cohomology of abelian schemes (with coefficients in the structural
sheaves) are free and are compatible with arbitrary base changes (see [Berthelot
et al. 1982, Proposition 2.5.2; Mumford 1970, §5]), we obtain compatible canonical
isomorphisms

d
RO, 50y x5, € .

= A\ (Homo(QY, Lieav/x,, 5,.))-

Copis R A (Lie(Homo (0, 4)°)" /Xe,,

d
Rh.(0y (@rpyg.0) )= N (Lie(Homo (0,4)°)" JRATCIVRS o)
= /\ (MO(Q 7L£AV/Z[(®H,5H.I)J))

for any integer d > 0. (]

1 XC:DH 51 <I>7:z
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Proposition 4.24. There are compatible canonical isomorphisms

c d ~ > .
H oo, 8O N = (A (Homo(Q", Lier /xe, s, ) ®cr,

(N (Homo(QY, Lieav x,, 4, .)) (4.25)

and

H N0, 203,45, ) = (N (Homo (0", Lier z0,,0))) Rezy,

(AN (Homo(Q, Lieav /zq,, 5,.0y))  (4.26)

S0

for any integers ¢, d > 0.

Proof. By Lemma 4.16, the spectral sequences (4.14) and (4.15) degenerate and
show that for any integers ¢ and d we have compatible canonical isomorphisms

H N5, 9 (O oy, )

Z[(®94.57¢.7)]

=H' T, 0, ,HO(mM,%"(@% Pn))

= H To0,0 D 82 ROy ey &) 427)

LR

and

HE N0, %Oz, , )

= Hc(rcbﬁ’q;.H, Ho(mé,f’ %d(G(Eéﬁgﬁ)r)))

~ ~ d ~
= H (50,0 D ® ROz ey &y ) (428)

HOH

Now combine (4.27) and (4.28) with Lemmas 4.21 and 4.23. ]

Lemma 4.29. The spectral sequence (4.12) degenerates at E, terms. Consequently,
since the choice of the stratum Zy(,, s,,,r)] is arbitrary, by Grothendieck’s funda-
mental theorem [EGA 1II; 1961, 4.1.5] (and by fpqc descent for the property of
local freeness [SGA 1 1971, VIII, 1.11)), the sheaf Rbff’r(@,\,mr) is locally free of
the same rank as |\’ (Homp(QV, Liegvmur)) over M.

If, for every maximal point s of Z|(,,.5,,,v)] (see [Grothendieck 1971, 0 2.1.2]),
we have

dimk(s)((R”f;"r(@z[(wﬁr)])) AL O)

> dimgo) (R/" Ouong - N®y,  k(s)), (4:30)
i o
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then the spectral sequence (4.13) degenerates at E; terms as well, and there is a
canonical isomorphism

b ~
RO Onr) @y Oz ary sy = RO 10 ) (4.31)

tor
M3

Proof. Let Spf(R, I) be any connected affine open formal subscheme of X¢,, 5,7
with the ideal of definition / satisfying rad(/) = I for simplicity. Since M} is
smooth and of finite type over So = Spec(OF, (). the ring R is a noetherian
domain. (See [Matsumura 1980, 33.1 and 34.A].) Since Zj(®,,.5,,7)] 1S a smooth
subscheme of M}, the quotient R/1 is also a noetherian domain. Let K := Frac(R)
and k := Frac(R/I) be the fraction fields. By abuse of notation, we shall denote
pullbacks of schemes to Spec(K) (resp. Spec(k)) by the subscript K (resp. k).

Since we have an exact sequence
0 — Lierv/xy, s, = Li€Gvayx,, 5, . = Li€av 2y, 4, = 0
of locally free sheaves, we have an equality
> dimg (A (Home(Q", Liey))) ®x (A’ (Homo(Q", Liery)))
c+d=b
= dimg (/\’ (Homo (Q", Liegy.))
= dim (A’ (Homo(Q", Liegy))), (4.32)

and an analogous equality with K replaced with k.
By construction of the spectral sequences (4.12) and (4.13), by the canonical
isomorphisms (4.25) and (4.26), and by the equality (4.32), we have

> dimg (O, % (Oyeryg
c+d=b [(®

Oeg, s KO

8701 byt

= dimg (/\"(Homo (Q", Liegy)))
> dimg (R”£,% (0o ) ®g,, . K) (4.33)
1 HOH T

3,874,701

and
k)

Y dimg(H (N5, #7(0,

N
c+d=b

@Z[@H,aH,m
= dimg (A" (Homo (Q", Liegy)))

= dim (R, (03,

(D3¢.89,7)

k). (4.34)

®
.5H,r)]) @z[(d)Hng_,)]

Since the pullback of f'" to the open dense subscheme My of MY is simply

the abelian scheme f : N — My, we have
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(R"£% (Onwr)) @, Ontye = Rf(On)
H
= N'Lien</m,, = N’ (Homo(Q", Liegy, /wy,)-

Since the canonical morphism Spec(K) — M})" factors through some maximal
point of My, this implies that the inequality in (4.33) is an equality, and hence
that the spectral sequence (4.12) degenerates at E, terms after pullback to K.
Since all E; terms of this spectral sequence are locally free sheaves, this shows
that (4.12) degenerates at E, terms after pullback to R. Since the choice of R is
arbitrary, this shows that (4.12) degenerates over the whole X¢,, s,,.r, and hence
RP£1T(Opr) is locally free of the same rank as N (Homp(QV, Liegv Jmr)) over
M. (Nevertheless, since f'°" is not necessarily flat, this does not imply that the
formation of R?f°"(Owr) is compatible with arbitrary base change.)

Since the canonical morphism Spec(k) — Z{(e,,,5,,7)] factors through some
maximal point of Z[(¢,, s,,,7)], the inequality (4.30) implies that

. b ptor A
dimy (R"f, (@Z[(4>H~5H~”‘) ®@Z[(¢H

83,01
> dimy ((RPfL" (O porys 0x k)
Z[(q)H-EHj)] Dqy.694.7T
. b rt
el dlmK ((R f*or(G(Nlor)L\ GX ‘ K),
Z[(®g¢.89¢.0)] LR

and hence the equality in (4.33) implies the equality in (4.34), because
dimy (A’ (Homo(Q", Liegy))) = dimg (A’ (Homo(Q", Liegy))).-

Therefore, by the same reasoning as in the case of (4.12) above, the spectral sequence
(4.13) also degenerates at E, terms. Since the spectral sequences (4.12) and (4.13)
are compatible with each other (by their very construction), their degeneracy implies
that the canonical morphism

b rtor b rtor
R £ (O o 7 Ozo . . — RVF (05 )
* ( )Z[(¢H.5H,‘E)] qu)H"SH’r [(®9¢.69¢,7)] * Z[(‘DH*‘SH’T”

is an isomorphism (by comparing graded pieces) and induces (4.31). ([l

Remark 4.35. By upper semicontinuity for proper flat morphisms (see [Mumford
1970, §5 Corollary (a)]), the assumption (4.30) is satisfied when f'°' is flat, or
equivalently when Condition 3.17 is satisfied (by Proposition 3.18), which can be
achieved by refining both Y and ¥ (by Proposition 3.19).

Corollary 4.36. For any integer b > 0, the canonical (cup product) morphism
/\b(R1 FLOT(Opor)) — REFIO(Opeor) is an isomorphism.

Proof. As in Lemma 4.29, by properness of ', this is true if and only if it is
true over the formal completion along each stratum Z(g,,,s,,,7)], Which is the case
because the canonical morphism induces isomorphisms on all graded pieces defined
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by spectral sequences such as (4.12), which are compatible with cup products by
the very construction (see [Godement 1958, II, §5-6]). U

4C. Degeneracy of the (relative) Hodge spectral sequence. As in (3c) of Theorem
2.15, let Hj, g (N/ME) := R | flor O or smer be the (relative) log de Rham coho-
mology. By the definition of H log- ar(N®Y/ Mtor) as the “relative hypercohomology”,
the natural (Hodge) filtration on the complex €2}or ymyr defines the (relative) Hodge
spectral sequence (2.20):

EY = RFL Qe ) = Hiograg N/MED).

By (3a) of Theorem 2.15 (which we have proved in Section 3C), there is a canonical
isomorphism

QaNtor/MtOr - [(ftor) (HOm(')(Q LleG/MlOF))]

= ()" [\ (Homo (Q", Lieg )]

of locally free sheaves over N''. Then (by the projection formula [EGA T 1960,
chapitre 0, 5.4.10.1]) we have canonical isomorphisms

mr(QNmr/er) = (RPf1°" (Oner)) ®g iy (/\H(MO(QV,L_ieé/Mg)))- (4.37)

Lemma 4.38. If R f1°"(Onwr) is locally free for every integer b >0, then the spectral
sequence (2.20) degenerates at the E| terms.

Proof. By (4.37), if RPf!"(Onw) is locally free for every integer b > 0, then all
the E; terms Rbftor(QNwr/Mm
Therefore, to show that (2. 2(% degenerates at E; terms, it suffices to show that it
degenerates at E| terms over the open dense subscheme My, of MY, which is true
because f'°|y = f : N — My is an abelian scheme. (See for example [Berthelot
et al. 1982, Proposition 2.5.2].) O

) of the spectral sequence (2.20) are locally free.

This proves (3c) of Theorem 2.15, because the local freeness of R? f;OT(GNtor)
has been established in Section 4B for every integer b > 0.

4D. Gauss—Manin connections with log poles. In Section 3C, we proved the log
smoothness of f'": N*" — M)" by verifying Lemma 3.11. For simplicity, let us set

al
QM“"/S _QM“"/S [dlogoo] and QNwr/so _QNtor/so[dlogoo]

Then (3.12) can be rewritten as the exact sequence

00— (ftOI‘) (QM[OF/S ) — QNtor/S — QN“’T/M[‘" — O (439)



944 Kai-Wen Lan

which induces the Koszul filtration [Katz 1972, 1.2, 1.3]
K@ (ﬁ;\,m/so) = image(SZ;\l;f/SO R, (ftor)*(ﬁtlfllg‘_’[/so) N ﬁ;\lmr/So)

on ﬁ;\por /S0° with graded pieces Gry (ﬁ;\,w, /50) = Ql‘\ljo‘r‘/er ®o, ( ftor)*(ﬁﬁﬂ ‘;I/So)'

On the other hand, we have the Hodge filtration

o>ll

F (QNmr/SO) —_ Nlnr/so

on Q;\ltor/so >

giving the Hodge filtration
F* (H o qn (N /M) = image(R'f (F Qi ss,)) = RFL (Qpgor5,))
on H fog_dR(Ntor /ME"). By applying R* f° to the short exact sequence
0— Q) s Boy () Qe s,) = K /K > Qjjor 5, = 0, (4.40)
we obtain in the long exact sequence the connecting homomorphisms
Hiog dR(Ntor/Mtor) =R ftor(QNlnr/Mlor)
_) Rit! ftor(QNtor/Mlor ®©N lor/s ) = log dR(Ntor/Mg?[r) ®©M Qll\/I‘Or/S 4.41)

As explained in [Katz 1972, 1.4], the pullback of V in (4.41) to My is nothing but
the usual Gauss—Manin connection on H fiR(N /My). Since the sheaves involved in
(4.41) are all locally free,

Vi Higgqr(N/ME) = Hige g (N/MI) @6, Qygor s,

satisfies the necessary conditions for being an integrable connection with log poles
(because its restriction to the dense subscheme My, does). If we take the F-filtration
on (4.40), we obtain

0= (B (@iyoragr) oy, ()" (a5, 11 = F (/) = F Qi) = 0
and hence the Griffith transversality

V(F* (Hjog.ar (N /M) C F™ (Hiog qn (N'/ME)) @, Qs
(as in [Katz 1972, Proposition 1.4.1.6]). This proves (3e) of Theorem 2.15.
Remark 4.42. By (3c) of Theorem 2.15, the (relative) Hodge spectral sequence

E;ll a = Rl aftor(QNmr/Mmr) = H{og-dR(Ntor/Mg?[r)

degenerates. Then we have Gr(H {Og_dR(N“’r/ M) = Ri—¢ ﬁ,for(S2|\|tur M)
can conclude (as in [Katz 1972, Proposition 1.4.1.7]) that the 1nduced morphism

), and we
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V1 Grg Higy qg (N'/MYT) — G~ Higo g (N7/MI) @, agrees with

the morphism

1
ML /So

i—a ptor ;a i—a+1 ctor ;(a—1 1
R * (QNlor/M};)tr) — R * (QNwr/Mtﬁ[) ®@MH QME,?[/SO

defined by cup product with the Kodaira—Spencer class defined by the extension
class of (4.39). We will revisit a special case of this in Section 6B.

5. Polarizations

The aim of this section is to prove (3b) and (3d) of Theorem 2.15, by studying the
log extension of polarizations on the relative de Rham cohomology.

5A. Identification of R® f°" (Onwr). By Corollary 2.12, any morphism Jjo:0V—0
in Lemma 2.5 (together with the tautological polarization A, : Gm,, —> G,\VAH over
My,) induces canonically a polarization

AMy.jo - Homo(Q, Gw,,)° = (Homo(Q, Gw,,)°)”

of degree prime to [J, and hence an isomorphism
Ay, jo - Homo(Q, LieGy, my,) => Homo(Q", Liegy, /my,)-

Therefore, it induces canonically a Z,-polarization A, j, : N — NY, and
hence an isomorphism diw,,. j, : Lien/m,, — Lienv/m,. Over Mtf‘r, the mor-
phisms jo : Q¥ — Q and dA : LEG/M;? — @GV/M;DJ induce canonically an
isomorphism d2, : Homep(Q, LLeG/M;?‘r) -~ Homp(Q"V, I_LeGV/MI;_)tr) extending
dAmy.jo : Homo(Q, Lieg,,, /m,) = Homo(Q", IieGK,IH/MH)-

1
N“’r/Mt;_)‘r ’

be canonically identified with Dery,m,, := Homg, (Q,l\I Mg On).
Let us denote by j : My, — MY the canonical open immersion. Then we have
the commutative diagram

Let us define Deryjor M P= Homg, (2 Optor). Its restriction to My, can

FE (Detyor i) ————Homo(Q, Licg,,/m) (5.1)
res. res.
Jx(fx(Dernmy,)) — J«(Homo (Q, Lieg,,, /M)
Jeinagg.jg) dijy
J*(le*(@N)) ————«(Homo(Q, Liegy, /m,,))

leior(@Nmr) Home(Q, I—LeGV/M‘;_’[)
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of sheaves over M%‘{’r, with the dotted arrow induced by j.(dAwm;,,.j,)- By abuse of
notation, let us denote the dotted arrow also by j.(dAm,,, j,). We have the following
simple observation:

Lemma 5.2. If j.(dAwm,,, j,) maps the image of the canonical injection

& (Detyuor o) <> Jx(fi(Dernmy)

isomorphically to the image of the canonical injection

R £ (Onwr) = Ju(R'f<(On)),
then (5.1) induces the desired canonical isomorphism

R (Owr) = Homo (Q, Liegv /mr) (5.3)
extending the canonical isomorphism R'f,(On) = Homo (Q, L_ieGthH /M) over My,

Remark 5.4. The question is whether the assumption of Lemma 5.2 can be satisfied.
Since this is a question about morphisms between locally free sheaves over the
normal base scheme MY, it suffices to verify the statement after localizations at
points of codimension one. Therefore, since the statement is tautologically true
over My, it suffices to verify it over M) @ , Q.

5B. Logarithmic extension of polarizations. By construction (see Section 3A),
XY (1) = Homo (X, Diff (1)) is the submodule Q5 of Q¥ ®, Z(1), and ¥
is the submodule Qy of Q ®, Zy. Therefore, the embedding jo : Q¥ — Q
corresponds to an element { Jo of Saﬁ ®, Z ). The positive definiteness of the
in~duced pairing (j, O ) o then translates to the strong positivity condition that
(€jy,y) >0 forany y € Pg — {0}. By replacing Jo with a multiple by a positive
integer prime to [J, we may and we shall assume that ¢, € Sg; (without altering the
above strong positivity condition). Then we obtain an 1nvert1ble sheaf V.55 (Z jo)
over the abelian scheme N — M. Note that Z 0 € 00

Lemma 5.5. The invertible sheaf W, 5, (@ jo) s relatively ample over My, and
induces twice of a Z ) -polarization )\.\Ijq, e (ng) :N — NY (namely a Z ) -isogeny
whose sufficiently divisible positive multlple is a polarization). Under the canonical
isomorphisms in Corollary 2.13, the induced morphism

dhy, : Lienym,, — Lienv/my,

is twice a positive Z ) -multiple of
dhwyy.jo - Homo(Q, Liegy, /my) => Homo(Q", Liegy, /m,,)-

In particular, dk\péﬁ_gﬁ @y) is an isomorphism over My ® , Q.
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Proof. Just note that the morphism Aq,® 55 ig) is twice a positive Z {;)-multiple of
the Z{)-polarization A, j, in Corollary 2.12. ([

The invertible sheaf Vg, 5, (57 jo) over N defines a global section of Rf, ©{)
and the morphism

dlog: 0y — Q}\,/MH, arsa 'da

induces a global section D@ =dlog(Vg .5, (EJQ)) of le*(Q N/My, ). Then it is
standard (cf. [Lan 2008, Proposmon 2.1.5.14]) that the cup product with D[/Q
induces a composition of morphisms

UD
feDetnm,) —° R fu(Dernm, ®cy Q) — R' f2(On),

and that this morphism f, (Dern/m,,) — R! f+(On) can be identified with the mor-
phism dk\pa,ﬁygﬁ @) under the canonical isomorphisms

f(Dernmy,) = Lienm,, and  R'fi(On) = Lienv my,-

The first question is whether we can extend the morphism f (Dern/m,,) — R 1£.(0n)
to M%)'; and the second question is whether the extended morphism is an isomor-
phism, at least in codimension one.

A naive approach is to extend the invertible sheaf V3,55 (f jo) to N®©r Since
N is projective and smooth over Sy = Spec(OF, (o)), it is locally noetherian
and locally factorial. Then [EGA 1V4 1967, 21.6.11] implies that the canonical
restriction morphism Pic(N'") — Pic(N) is surjective.

However, since f' : N'" — MJJ" is not smooth, we have little control on
the canonical restriction morphism R' flor (Q,l\,mr /Mmr> = Jx(R! f*(QN M) and
there is no obvious reason that the image of the class defined by any extension of
V5.5 (E jo) should induce an isomorphism extending qu,® e (g]Q) (at least) in
codimension one. (This is mentioned in [Faltings and Chai 1990 Chapter VI, end
of §2], but with no details.)

An alternative approach is to consider the canonical restriction morphism

res.

R f:or(QNwr/MlOr) - .]*(R f*(QN/MH)) (56)
By Lemma 4.29, and by (3a) of Theorem 2.15, 1ft0r(QNlor/Mtor) is locally free

over M. Therefore, the morphism (5.6) is injective.

Remark 5.7. The use of R'f/"(Q s

log Picard groups mentioned in [Illusie 1994, 3.3]. An application of this idea has
been carried out in [Olsson 2004].

) is inspired by Kato’s idea of (relative)
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So far we have refrained from introducing the log structures (because they had
not been necessary), but they are needed (at least formally) here. We shall adopt a
notation slightly different from those of [Kato 1989; Tllusie 1994]. Let j : N — N'*
denote the canonical open immersion. Then the canonical (fine) log structure on N'**
(which we have been using so far) given by N*" — N (with its reduced structure) can
be defined explicitly as the sheaf of monoids 63.(“ := Oner N 40y (sheafification of
the obvious presheaf), with associated sheaf of groups 63{0%1). Clearly, the restriction
of 6,>\,<{(:°;p to N is canonically isomorphic to Oy.

Definition 5.8. A relative log invertible sheaf over f°": N'*" — M is a global
section of RIf©r(@:5).

Since we do not assume that " is flat (or log integral), the appropriate inter-
pretation of relative log invertible sheaves can be quite delicate (and beyond this
article).

Lemma 5.9. To define a global section of R'f tor(@;m‘%p) it suffices to have the
following data:

(1) A collection of schemes Ug over N forming an étale covering. We shall
denote the fiber product Uy X yor U g (i.e., “intersection” in the étale topology)
by ﬁaﬁ, denote Uo,ﬂlN = 170,5 xnwor N by Uyp, and use similar notations for
higher fiber products.

(2) A usual invertible sheaf Ly over each U,.

(3) A comparison isomorphism Lq|v,, = Lglu,, over each Uyg, satisfying the
usual cocycle condition over triple fiber products Uyg, .

Proof. Since the restriction morphism @;{fp(ﬁ ap) = 6;{0%13(%[,3) Z0)(Ugp) is a
bijection when the image of U «p in N is sufficiently small, the data above define a
section of H'!(N®r, 6:\,({0%[)), which then defines a section of HO(MY", R! f;or(6;[;%p))
by the Leray spectral sequence in low degrees. (See [Godement 1958, 14.5.1].) U

In the construction of toroidal compactifications in [Lan 2008, §6.3.3] (following
[Faltings and Chai 1990, Chapter 1V, §5]), there is a strata-preserving étale covering
U— Mtor (serving as an étale presentation for the algebraic stack M“’r) where
Uis a ﬁmte union of the so-called good algebraic models of M“’r (See [Lan
2008, Definition 6.3.2.5].) By taking the closures of the [(CDH, 8H, a)] strata, we
obtain a strata-preserving étale covering U — N, with strata labeled by triples
[(&Dﬁ, Sﬁ, 7)] having [(57;, Sﬁ, o0)] as a face.

Each connected component Uy, of Uis given by the closure of the [(5H, SH, 0)]-
stratum in a so-called good algebraic (QDH, 5H, 7)-model UO, = Spec(Ra) — Mtor
where (d>H, 8H, 7) is a representative of some [(QJH, SH, 7)] having [(CDH, 8H, a)]
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as a face (cf. second property in [Lan 2008, Definition 6.3.2.5]), which we may
assume to satlsfy 7€ Ed) 5.0+ (See Section 4A. There are usually many o for
each [(CDH, SH, ].) Then we also have a strata—preservmg étale morphism U, —
(uq) 5~)g (%), which we shall call a good algebraic (<I>H, SH, 7)-model of N*". The
(open) [(QJH, (SH, &)]-stratum in U, is exactly the open subscheme U, := U,y XnorN
of U,,.

Lemma 5.10. Suppose that, for each T € 2q> &.7> we have chosen an element l; jo.t
131 T, that i is mapped to Z; jo In o, under the second morphzvsm in (3.6), and that
Cigyi = ijQ,ffor any y € I'g @, (Note that the choice of £ j,, ; is unique only up
to translation by 5+.) Let U — N pe any strata-preserving étale covering formed
by a ﬁmte union of good algebraic models. Then the choices of {Z jo. r},@;@ 5
and U determine a relative log invertible sheaf L over N©" — M“’r extendlng the
rigidified invertible sheaf W, 5, @ jo) over N, in the following sense: For each
good algebraic (&)ﬁ, Sﬁ, t)-model U of N, with T € é5.5.1, let Ly denote the
pullback of o, 5 (£, #) under the composition U o, — (E&;ﬁ,gﬁ)g(f) — Cog 5
Zhen Lqly, is canonically isomorphic to the pullback of lllg)ﬁ’gﬁ (£j,) (from N =
C s, 57;) to Uy. Furthermore, the collection {(Uy, L)} satisfies the requirements in
Lemma 5.9, and defines a log invertible sheaf as in Definition 5.8.

Proof Let (G i, ozH) be the degenerating family of type MH over M“’r Let
B(G) S5 I e Inv(M“’r) be constructed as in [Lan 2008, Construction 6 3.1.1].
If U isa good algebralc (CDH, 8H, 7)-model, then for any lc S¢~, the invertible
sheaf B(G)(U )(E) over U is canonlcally 1som0rphlc to the pullback of Wy 55 (E)
under the composition U, — (E; brd5 ) (T) = Cq) S (cf. third property 1n [Lan
2008, Definition 6.3.2.5]).

Given that B(G) is defined over M“’r and functorial with respect to pullback
morphlsms Uaﬁ — Ua, the restrlctlon of the pullback of Yoy (ﬁ jo, #) to the
[(dDH, 8H, 0)]-stratum of U is 1som0rphlc to the pullback of Vg 5 (E jo) When
(CDH, (SH, o) is a face of [(CDH, 8H, 7)]. In other words, £, |y, is isomorphic to the
pullback of g 5. (E jo) over each Uy . Since the isomorphisms Ly [y,, = Lglu,,
induced by such identifications satisfy the cocycle condition (because V.55 £j,)
is defined on N), the claim follows, as desired. |

Remark 5.11. Any (usual) invertible sheaf over N**' extending V3,55 _( jo) satis-
fies the requirements in Lemma 5.9 trivially. The point of Lemma 5. 10 is that it
provides an explicit extension of Vg 5, (57 jo) (useful for our later argument) over
an étale covering of N''. (We do not have such an explicit description of a global
invertible sheaf extension over N*'.)
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Definition 5.12. To any relative log invertible sheaf £ over N — MY defined by
a global section of R'f “’r(@,ﬁlfp ), we define d log(L) to be the image of £ under the
canonical morph1sm RfOr @) — Rflor(Q!

morphism d log : Oy’ — Qll\lmr/Mtor

Ntor /Mm) induced by the canonical

Corollary 5.13. There exists a (unique) global section Dtor of RIf} °r(Q o /er)
whose image under the canonical injection (5.6) is J, (D Q) and which satisfies

Dt"r =d log(L) for any L constructed in Lemma 5.10 (wzth any choices of i jo.t 8-
tig

Proof. Existence is clear because there is always some (usual) invertible sheaf
over N'' extending \1157_7’ 52 @ jo) (by [EGA V4 1967, 21.6.11], since N'" is locally
noetherian and locally factorial, as mentioned above). Uniqueness is clear because
(5.6) is injective. Once we know the unique existence of D(‘Z‘)_r , it has to agree with
dlog(L) for any £ constructed in Lemma 5.10. e O

Thus we are led to state the following:

Proposition 5.14. Cup product with the global section Dtor of R! f;"r(Q o /er)
in Corollary 5.13 induces a composition of morphisms K

U Dtor
tor
(Deerr/Mtor) R f (Deerr/Mtor ®@Nmr Nlor/MIOT)

K RN Oner). (5.15)

This composition is an isomorphism over My ® , Q. (By Lemma 5.2 and Remark 5.4,
this implies the existence of the canonical isomorphism (5.3).)

We will carry out the proof of Proposition 5.14 in the next subsection.

5C. Induced morphisms over formal fibers. We fix the choices of {£ jo.t }rezq) .
and U, so that £ is constructed as in Lemma 5.10, and so that D“’r =d log(L) as in
Corollary 5.13. bio

Since f'" is proper and the sheaves involved are all coherent, by Grothendieck’s
fundamental theorem [EGA III; 1961, 4.1.5], Proposition 5.14 can be verified by
pulling back to formal completions along strata of M{". Let us fix the choice of a
cusp label [(®y, 83, 0)] of M;ﬁr , and consider the canonical morphism

. ~ toryA tor
l: %q,H,gH,, = (MH )Z[(%{,BH,GH — MH .

By abuse of notation, we shall also denote by :*(-) the pullbacks of objects un-
der pullbacks of the morphism :. We would like to show that the morphism
1* £ (Deryor M) = 1* R (Owor) defined by cup product with 1*(D‘°r ) is an

isomorphism over Xo,, 5, ®, Q.
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As said in Section 4A, the pullback of f'°' to X 4,8y, can be identified with the
canonical morphism %éﬁ,gﬁ’g’,/r‘gﬁﬁ@?{ —> Xay.6.7o a0 Xo 5560/ Fgﬁm%
has a finite open covering by the collection {3}z 1656 75,0/ T g of open formal
subschemes. Let T € X5, be arepresentative of [T]e Eq; Xy Fcb Dy . For each
such 7, recall that the formal scheme 4l; is the completion of (HQ) 7.8 )(I () along Us;.
By abuse of notation, let us denote the pullback of lllcpH (E jo- #) over Co 55 to s
by the same notation. For any y € Fd, Dy since EJQ pi= yZJQ 7 (see Lemma 5.10),
we have a canonical isomorphism y \I&DH,(;H (Z joyt) = Vo (Z jo.t)s Where
y : 4z => U, ; is the canonical isomorphism (see Lemma 4.6). Hence Yoy (E Jo.t)
descends to an unambiguous invertible sheaf W¢ - 55 (£;,.1¢1) on Uz

The étale covering U — N® induces (by taking formal completion along the
pullback of Z[@H 83,,0)]) a formally €tale covering of (N“’r)zl@ P IfUgyisa good
algebraic ((DH, (SH, 7)-model of N, then the formal completlon U of

U, along the pullback of Zj(a,,.s,,.0)] is formally étale over $L;.
Lemma 5.16. The pullback of L, to (Ua)z[@ oy
of Yo 55 (KJQ ) from ;.

Proof. The canonical morphisms

“)Z[@H.aH.UH

. is isomorphic to the pullback

— Uy — N and (U — z — N©*

A A
( ")Z[@H,aﬂ,an "‘)Z[@H.sH.aﬂ

are induced respectively by morphisms

7 \A 7 Cator 7 \A . 7 tor
(Ua)z[(q,H b U, —> M~ and (ch)zl(@ sron Uy — M~

over Mtor Under both these morphisms, the pullback of (G, %, I, &) — Mtor

canomcally isomorphic to the pullback of the Mumford family (as in the proof of
Proposition 4.3). Since the 1som0rphlsm class of the pullback of £, to (U, )Zm o)
is determined by the pullback of B(G) S<1> 26— Inv(M“’r) (as in the proof of

Lemma 5.10), we can pullback along U a)z (Orgigon $1z — N and conclude

that £, is isomorphic to the pullback of W¢ . 5, (E JQ,,) from ;. O
By Lemma 4.29, we have
*FE (Onr) = £ (O oy )= H My o, 0Oy ),
Z( @3y, 594,01 [(®3¢.87¢.0)]
and 1* R £ (Onor) = R £107 (O yeory ) is equipped with a decreasing filtration

Z[(@94.674.7)]

with (locally free) graded pieces
GrP(* R £ (Onor)) = HO M ¢, ' (O yeoryz

- 2[(@gy.694.0)]
and

Gr! (R £2 (Onwr)) = H' (M ¢, OO gorys ).

(<I> 1,01
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Thus, to show that (5.15) is an isomorphism over MY’ ® , @, it suffices (by com-

parison of ranks of locally free sheaves) to show that it induces surjections from

subquotients of ¢* £°T (Deryor smer) to these graded pieces over Xo,,.5,,.r ®7 Q.
By tensoring the above filtration with : *Ql (and by (3.15)), we obtain a

Nmr/MlOr
decreasing filtration on 1* R £ (Q!

Ntor/ Mlor ) Wlth

GO R (@) = HO N, H (R )

and

Gr (l*R f:or(QNtor/Mmr)) - H (md T %O(I*QNLOI‘/MKW)).
Since ENM/M;{;Y = (f*9*(Homo(Q, Lieg,,, /my,)), we have
l*fior(ENwr/Mg) =H'M; ., %O(I*Emwr/wﬁr))a
and the morphism

tOr(DerNtor/'\/|tor) — H (mg Ts % (@(Nlnr)/\

Z[(®p4.83.0)]
induced by (5.15) can be identified with the morphism
H® (M, #° @ Detyuorjpper)) = HOOg o, H' (O yoryy ) (5.17)
[(@34.54.0)]

given by cup product with the image of z*(Dtor ) in Gr° (*R'f t"r(QNmr /M‘O‘)) =
HO(mJ T z‘fl (l *Qll\llor/Mlor))

For simplicity, let us define .’%Zq>H 83,1 = Xy 80,7 X Capy.50, Cq b8 Then the
structural morphism %.:DH,(;H,U’I — Xy, factors as %%{’%ﬂ,f — %qu,aH’r —

X@y.8,.0- Over Xo.55.5.0, there is an exact sequence
O - (xCDH 87‘[ O’ T - CCDH ) (ch) 8 /C‘bH 53¢
*l
— *QL o e = Q1 ~ -0
Ner /My Xogdn.6.0/ Xy sy
of locally free sheaves, where 1 QNM M = Q% S Kapgon _- By taking duals,
we obtain an exact sequence

0— Der3€ — z*Deer/M;&r

ERTE TS
P N -

- (xd)ﬁ,éﬁ,a,r - CCDﬁ,Bﬁ) (%Céﬁ’sﬁ/cq)ﬁv‘h{) — 0.

We have similar sequences with X4, 5, 5.- replaced with the locally isomorphic

quotient X¢ . 55.5.7/ I's ., (For simplicity, in the notation of such differentials,
we shall suppress the locally isomorphic quotients by Faﬁ,q, )
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Since ¥4 757 (Z jQ’{) is the pullback of an invertible sheaf on C $5.855 the image

of z*(D%‘fr )yin HOM ., %! (z*Q}\Im/Mmr)) lies locally over each 41 in the image of
io

Uz — Cay,50,) R D (szl

Coz 557/ Cogyoyg

= (W > Conin) @, e, )~ B o).
Hence (5.17) factors as
H® (M . 3° (1 Detyor )
— H' M o, #O(Xo.55.6.c — E’éﬁ,sﬁ)*an_erawﬁ )
= Ryt = Copn) RODergy e, )

- (:{q)H 8y, T T Cq)‘}-t 5H)*R1h*(@5$ﬁ‘5ﬁ)
= HOMs o, %' (Oyorys

Z[(@y,894.0)]

Lemma 5.18. The morphism
0 ~ 1 ~
R h*(DerCéﬁ,gﬁ/%H’aH) — R h*(GCéﬁ,sﬁ)

defined by cup product with d log(Vé , 5, (EJ-Q’;)) depends only on the image ZjQ of
‘ jo.t N Saﬁ under the second morphism in (3.6) (and hence is independent of the
choice of ‘ jo.t)- Moreover, this morphism is surjective over X, 5, ®7 Q.

Proof. By Lemma 4.9, the morphism # : Cq> Sy — Ca,,,s,, 18 a torsor under 1ts
kernel C, which is an abelian scheme Z(D)—lsogenous to Home ( Q A)° — M

The restriction of W¢, 5 (Z jo.#) to C depends only on the image Z of £; jo.t 1N
o, » and is relatively ample by the same proofs of Corollary 2.12 and Lemma 5.5
(with Gm,, — My, replaced with A — M721H)~ Hence the lemma follows. [l

Corollary 5.19. The morphism (5.17) is surjective over M ® , Q. Its kernel is the
subsheaf HOO o, 3 (Detz, . /5y, . ) of HOO v, 2O Detyer page))

Now consider the induced morphism

H(M; ., ze(’(Ex@ﬁ,gﬁ,é,r/se@Ha D) = HOMs o, #° (¥ Detyor psr))
Oftor(l *DerNtor/Mlor) — R ftor(G(Nmr)/\

2[(®34.83.0)]

defined by cup product with z*(DE?r ). This composition has image in
io

H' (N1, %°(0 ory ),

Z[(®3¢.87¢.7)]
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because its further composition with

R £ (O oy ) = HOM 1, %' (Oyonyg )
[(®71.69¢.0)] [(@2¢.374,0)]
is zero (by Corollary 5.19). Thus the question is whether cup product with z"‘(Dtor )
induces a morphism o

H' ., %° (Dery, ) — H' Oy ., #° (@(Nm,)A 5 H)) (5.20)
LR

5556, BETS
surjective over Xo,,,s,,r ® Q.

Lemma 5.21. Suppose T € Xéy.5.0, and lest. Suppose ‘U is an affine open
formal subscheme of %q;.H 5y.z over which the pullback of W¢, (K) isa prlnapal
ideal of Oy genemted by some section x. Let i := Ly X% £ Q] and let @u P be
the pullback of O Ntor to L. Let

O™ = (U= V), (@ *).

Then there exists a canonical injection W, 5 (E) — 6;} £ over 8, and the value
of the section d log(x) of (4 — ‘U)*Qu/xq) . determines a canonical section of
Qu/x% iy . (Which is independent of the chowe of the generator x).

Proof. 1If we replace x with ax, for some a € 0y, then d log(ax) = dlog(a) +

dlog(x) = d log(x) because d log(a) =0 in ({4 — QJ)*QL/%H . O

Corollary 5.22. Suppose T € L¢ .51, and ¢ € 5L, Then the local generators of
V5 (Z) in Lemma 5.21 determine a well-defined section of Ql L/ Fo s , which
we denote by dlog(W¢ 55 (E)) o

Proof. Since Vs by (f) is defined over %qm,g%, (or rather 55)7;,57;), we can always
cover iy by open formal subschemes il as in Lemma 5.21. ([

Lemma 5.23. For any t,7’ € Yég.6.1 such that T and T’ are adjacent to each
other, let us define the section uz) [z/] of #° (52354> d T z)([1:]Cl N [f’]d) to
be

d1og(We 5, (L s — Ljy.i)

(as in Corollary 5.22). Then this is well defined and determines a section u of
Hl (m&,‘ra g_eo(l*gll\ltor/Mmr
(5.20).

)) that induces by cup product the same morphism as

Proof. If T and 7’ are adjacent, then y7 and y'7’ are adjacent for y, y’ € T3 0
only when y = y’ (by Condition 1.29; cf. Lemma 3.1), in which case

9 “ v

ng,yf _EjQ,'E = VEjQ,f _ejQ,r =

“ o “

- Est'E/ =YLjo.yt' — Z.iQ,f/

<
¢
©
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(because I'g_ o, acts by the same translation on ‘ jo.# and ¢ jo.#")- This shows
that the assignment of u[z) [ is independent of the choices of the respective
representatives T and 7’ of [7] and [7'], and that u is well defined.

Cup product with u induces the same morphism as (5.20) because the canonical
morphism

Sl
Derxq) ® 1”‘52,\“0,/,\/'mr — O(yoryy

~§~Jr/x®H8Hf Zl(q’H‘)H Il

factors through

Q! — @(Nmr)A y

Der ® 2 ~
——Xoz.55.6, f/x“’?-c Syt Xo 58560/ Koy oy Z(0py.870.0))

and because cup product with the image of z*(D}Z‘er) in H® Ns .7, %! (f"Q'l\lwr /er))

induces the zero morphism (cf. the paragraph preceding Lemma 5.18). ([
Consider any sequence 7, 72, ..., T of adjacent cones in X¢ 5 ¢, such that
Ty = yT; for some y € Ig. .0, The union of the cones in any such sequence

form a subset of ‘ﬁa z contractlble to a path joining a point in 7 with its translation
by y in y 7, whose image in 91s ; defines a loop. Suppose we have a class s in

H! (QIEN %00 (N3 )) represented by a collection of sections
[(@4.89¢,0)]
vrcl A el
stnien € 0 (Oquonyg Y[E19 N[ET)
Z[( H 0 T)]

for [T], [T'] € Yoz.6.0/ Fgﬁ’q)ﬁ, and suppose we define formally s; z» = spz), [z for
any 7,7’ € X¢; 5, Then we can define the path integral of s along the sequence
71, T2, ..., Tx to be the sum

k—1

Z St T -

i=1
This defines a morphism
H' M., %° (@(Nlor)g ) = Oxq, 5 .- (5.24)
(GRS
Note that this is a realization of the cap product

H (N5 ., 2) x H! QIS %° (@(Ntor)/\

Z[(D4y,674,0)]

— H()(mg T % (@(Ntor)A )) =0

SICIVRIVE)|
Lemma 5.25. For any le S¢,, that is mapped to Z in O’O under the second
morphism in (3.6), the assignment y +—> dlog(lIJ~ (yﬂ E)) fory e Fq)H Oy
induces a morphism

Xogy 807"

N ~ o o v ’
Ao x%;,éﬁﬁ,r/x‘bHEH-T

which is an isomorphism over :{cbﬁ,éﬁ,&,r ®, Q.



956 Kai-Wen Lan

Proof. Since yi and ¢ have the same image Z,-Q in 5/’ under the second morphism
in (3.6), the difference y ¢ — £ lands in 5. For any ¢’ € 5, an elementary matrix
calculation (using any splitting of s; ®, Q : X ®; Q — X ®, Q) shows that
yf ¢ lies in Seo,, = So,, ®, Q)N Sq> (identiﬁed as the image of the first
morphlsm in (3. 6)) Therefore, we have (y; yzﬁ - Z) (ylz — Z) (ng — E)

Y1 (ygﬁ K) (yzﬁ E) € So,,, which shows that the assignment y > yE ¢ defines

a group homomorphism I‘<I> Dy (+/ S&,,). By the choice of jg, the element
l; jo 1s represented by a positive definite matrix with respect to any choice of ba51s,
and hence the homomorphism Fcb Dy s /Se,,) induced by y yﬁ lis
injective (by another elementary matrlx calculation over Q). By comparison of
dimensions, this shows that the induced injective homomorphism

I'3:0,9Q— (G /Sa,) ®7Q

is bijective. Since Q% P S is generated over ©3€&>g . by

{d log(\lléﬁ’gﬁ (K )): VA representatives of&l/Sqm},
the lemma follows. O
Lemma 5.26. Let T, T, ..., Tx be a sequence of adjacent cones in L g RT such

that T, = y T, # 1| for some y € I3 0 Then the composition of (5. 2()) and (5.24)
is surjective over Xg_ 5. 5 . @7 Q.
Proof. If yT; # 11, then ij,},;l = ijQ,;l * ng,fl by the proof of Lemma 5.25. By
Lemma 5.25, this implies that dlog(\lféﬁ,gﬁ (EjQ’{l — ZjQ,fk)) defines a nonzero
section of ﬁ;&m 5150/ Xy, 5y OVET EVETY Uz ®, Q. Let t be any section of
H 0(%I . OO Der,\,mr /er)) Cup product with u (see Lemma 5.23) sends ¢ to the
class s in H' MNs .7, % (@(Ntor)/z\ )) represented (up to a sign convention) by

Ry
the collection of sections o

M orqcl
Ste1,181 € %O(@(Nwr)g )([E1 N [E)
[(®34.87¢.0)]

determined by s; 7 =t U (d1og(Wé 5.5 (€jp.: — €jp.2)) foru any f,uf’ € Zéﬁ,&,r‘
Therefore, if locally there exists ¢ such that U (d log(lﬂéﬁ,gﬁ ¢4 Jjo.hi —0 jQ,fk))) is the
pullback of (local) generators of Ox,, ;. .®,0, Which is possible by Lemma 5.25,
then the path integral

— k—1
Y St = Z tU (d log(Was, 5 (Ljg.t = Ljg.t11))
=1 =

Y (d1og(Woy 57 (Ljo 5, — Ljg.5)))
is defined locally by generators of Ox,,, , .®,0. This shows that the composition
of (5.20) with (5.24) is surjective over %&,ﬁ’ 5.1 ®y Q, as desired. O
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Corollary 5.27. The morphism (5.20) is surjective over X556 Oz Q.

Proof. By Lemma 4.21, (4.25), and Lemma 5.25, the morphism (5.20) is surjective
over :{&)ﬁ,gﬁ,&,‘[ ®,Q if its composition with (5.24) is surjective over :{&)ﬁ,gﬁ,6,‘[ Q5
Q for some collection of sequences 7i, Ty, ..., Tx defining loops in s , generating
H;(Ms 1, Z). Hence the corollary follows from Lemma 5.26. O

Now Proposition 5.14 follows from the combination of Corollaries 5.19 and
5.27. By Lemma 5.2 and Remark 5.4, Proposition 5.14 implies the existence of the
canonical isomorphism (5.3). Thus Corollary 4.36 implies:

Corollary 5.28. For any integer b > 0, we have a canonical isomorphism
RE£ (Onr) = N (Homo (QV, Liev )

of locally free sheaves over MY', compatible with cup products and exterior products,
extending the composition of canonical isomorphisms (2.19) over M.

This completes the proof of (3b) and (3d) of Theorem 2.15, using respectively
(3a) and (3¢c) of Theorem 2.15. As explained in Section 3E, this also makes (4c) and
(5¢) of Theorem 2.15 unconditional. The proof of Theorem 2.15 is now complete.

6. Canonical extensions of principal bundles

6A. Principal bundles. Consider (Gwm,,, Ay, iMyy» &) — My, the restriction of
the degenerating family (G, A, i, o) — M" which is isomorphic to the tautological
tuple over My; and consider the relative de Rham cohomology H (liR(G M, /Mz) and
the relative de Rham homology ﬂcllR(GMH/I\/IH) :=H0m@MH(ﬂC11R(GMH/MH),OMH).
We have the canonical pairing (-, - ) : H{®(Gwm, /My) x H}(Gwm,,/My) —
Owm,, (1) defined as the composition of (Id xAwm,, )« followed by the perfect pairing
I_-ICIIR(GMH/MH) X ﬂ‘liR(G,\VAH/MH) — Owm,, (1) defined by the first Chern class of
the Poincaré invertible sheaf over Gw,, Xwm,, G,\VAH. (See for example [Deligne
and Pappas 1994, 1.5].) Under the assumption that Ay, has degree prime to [J,
we know that Ay, is separable, that (A, )« is an isomorphism, and hence that
the pairing (-, -), above is perfect. Let (-, -), also denote the induced pair-
ing on HJ(Gw, /M#) x Hx(Gwm,,/My) by duality. By [Berthelot et al. 1982,
Lemma 2.5.3], we have canonical short exact sequences

0— Iﬁél\v/m/MH - ﬂ(ljR(GMH/MH) - L—ieGMH/MH -0
and
0— LﬁéMH/MH - H(liR(GMH/MH) - @GI\VAH/MH — 0.

Ly .y . . L
The submodules ILGG;\//I M and [LCGMH /My, are maximal totally isotropic with
respect to (-, - ),.
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Consider the O ®, C-module
L®,C— (L®;C)/Py, (6.1)

where Py, ;= {/—Ix —h(s/—Dx:x €L ®,R}CcL®,C.

Now suppose there exists a finite extension F, of Fy in C, and a subset (I’ of [J,
such that Fj) is unramified at all primes in [J', and such that, by setting Ro:= O ),
there exists an O ®, Ro-module L such that L Qg, C=(L®;C)/P. Once
the choice of F] is fixed, the choice of Lg is unique up to isomorphism because
O ®, Ro-modules are uniquely determined by their multiranks. (See [Lan 2008,
Lemma 1.1.3.4 and Definition 1.1.3.5] for the notion of multiranks.) Let

(s Jean. : (Lo® L (1) x (Lo ® Ly (1)) — Ro(1)

be the alternating pairing defined by ((x1, f1), (X2, f2))can. := f2(x1) — f1(x2) (cf.
[Lan 2008, Lemma 1.1.4.16]).

Definition 6.2. For any Ry-algebra R, set
Go(R) = {(g, r) € GLog,rR((Lo® Ly (1)) ®p R) x Gm(R) : }
' (gx, gy) =r{x,y),¥x,y € (Lo® Ly (1) ®p R |’
Po(R) :={(g,7) € Go(R) : g(Lg (1) ®p, R) = Lg (1) ®p, R},
Mo(R) := GLog, r(L§ (1) ®¢, R) X Gn(R),

where we view My (R) canonically as a quotient of Py(R) by
Po(R) = Mo(R) : (g, 1) = (g|Lg(1)®ROR, r).

The assignments are functorial in R and define group functors Gy, Py, and My
over Ry.

Lemma 6.3. For any complete local ring R over Ry with separably closed residue
field, there is an isomorphism

(LR, (-, NE(Lo®Ly(1), (-, )can) ®p, R,

and hence an isomorphism G(R) = Go(R). (Consequently, Py(R) can be identified
with a “parabolic” subgroup of G(R).)

(In practice, it is not necessary to take R to be complete local. Much smaller
rings would suffice for the existence of isomorphisms as in Lemma 6.3.)

In what follows, by abuse of notation, we shall replace My, etc. with their base
extensions from Spec(OF, ) to Spec(Ry), and replace So = Spec(OF,, () with
Spec(Rp).
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Definition 6.4. The principal Py-bundle over My is the Py-torsor

SPO = MO@Z@MH ((E(IIR(GMH/MH)a ( B ))w @MH(l)a ]_LeéIYAH/MH)’
(Lo® LY (1)) ® g, O {+ * ean» Oty (1), L (1) @, Outy)),

the sheaf of isomorphisms of Oy,,-sheaves of symplectic O-modules with maximal
totally isotropic O ®, Ro-submodules. (The group Py acts as automorphisms on
(L ®7 Omyps (-4 )iy Omy (1), Lg(l) R, Owm,,) by definition. The third entries in
the tuples represent the values of the pairings.)

Definition 6.5. The principal My-bundle over My, is the My-torsor
v, = Isﬂnmzm”((@é& Mo O (D), (L (1) ® g Omayy, Omay (1)),
H

the sheaf of isomorphisms of Oy, -sheaves of O ®, Ro-modules. (We view the
second entries in the pairs as an additional structure, inherited from the correspond-
ing objects for Py. The group My acts obviously on (Lg(l) Qg, Omyys Omy, (1)) as
automorphisms, by definition.)

These define étale torsors because, by the theory of infinitesimal deformations
(cf. for example [Lan 2008, Chapter 2]) and the theory of Artin’s approximations
(cf. [Artin 1969, Theorem 1.10 and Corollary 2.5]),

(H Gy /M), (-5 i, O (1), Lieg )
and
(Lo® Lo (1) ®g, Omyys (5 + Vean.r Omy, (1), L (1) @ g, Owmyy)
are étale locally isomorphic.

Definition 6.6. For any Rp-algebra E, we denote by Rep (Po) (resp. Repz(My))
the category of E-modules with algebraic actions of Po ® p E (resp. Mo ® E).

Definition 6.7. Let E be any Rp-algebra. For any W € Repy (Pg), we define
Epy £t (W) 1= (Ep, @, E) x"®0 " W,

called the automorphic sheaf over My ® E associated with W. It is called an
automorphic bundle if W is locally free of finite rank over E. We define similarly
Emy. (W) for W € Repy(Mp) by replacing Py with My in the above expression.

Lemma 6.8. Let E be any Ro-algebra. If we view an element W € Repp(Mp) as
an element in Repp(Py) via the canonical surjection Py — My, then we have a
canonical isomorphism Ep, (W) = Em, £ (W).
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6B. Canonical extensions. By taking Q = O, so that Homp(Q, Gwm,,)° = Gy,
and so that there exists some Z i -isogeny k%% : Gp,, — N as in Theorem 2.15,
the locally free sheaf H éR(N /My) = H (liR(GMH /M) extends to the locally free
sheaf I_—Illog_dR(Ntor/M;‘zr) over Oppor. Let

log-dR

I__I (Ntor/Mtor) = Hom@Mlor (Hl()g dR(Ntor/Mtor) @Mtor)

Proposition 6.9. There exists a unique locally free sheaf H ‘liR(G My, /Mz) " over
0 Mer satisfying the following properties:

(1) The sheaf H ?R(GMH /M) canonically identified as a subsheaf of the quasi-
coherent sheaf (My — Mtor) (HdR(G My, /M), is self-dual under the pairing
My = M), ( -, - )a. We shall denote the induced pairing by (-, - )§*".

2) HdR(G My /M) contains Ller/Mmr as a subsheaf totally isotropic under
(-, -)em

(3) The quotient sheaf H X (Gw,, /M) /Lie/,, g
with the subsheaf Lieg jpor of (My < M) LieGy,, /My,

can be canonically identified

(4) The pairing (-, - )5*" induces an isomorphism Lieg Mg > Liegy mr which
coincides with dA.

(5) Let Hx(G, /Mp)™ := Hom@Mm(HdR(GMH/MH)Can Omwr). The Gauss—
Manin connection

Vi Hig(Gty, /M) = Har (G /My0) @, Qs
extends to an integrable connection

Vi Hlig (G, /M) — H ix (G, /Mp)“™ Qg (6.10)

Mlor Mtor /So

with log poles along D 14, called the extended Gauss—Manin connection, such
that the composition

LA%Z;/MM > H g (G, /M)
5 Hig (G /M) @, iy |]v|l°'/s — Liegv mr D00 |]v|t°r/s (6.11)
induces by duality the extended Kodaira—Spencer morphism

LleG/Mmr ®@ lor Ller/Mmr — QMLOr/S

in [Lan 2008, Theorem 4.6.3.32], which factors through KS (in Definition 1.40)
and induces the extended Kodaira—Spencer isomorphism KSg IME/S, in (4) of
Theorem 1.41.
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With these characterizing properties, we say that (H ?R(GMH/ M), V) is the
canonical extension of (EdR(GMH/MH), V).

Proof. The uniqueness of H dR(G My /M) is clear by the first four properties. To
show the existence, let us take H dR(G M,/ M#)" to be the sheaf H | log- GlR(N“’r /M)
(for Q = O, as mentioned before this proposition). It is locally free with a Hodge
filtration by (3c) of Theorem 2.15. Moreover, by taking some integer N > 0
prime to O such that N Diff "' C ©, we obtain by multiplication by N a mor-
phism jg : 0¥ = Diff~ '<»> 0 = 0 as in Lemma 2.5 such that pullback by «°2
identifies (-, >)‘MH jo dR(N/I\/IH) x H! r(N/My) — O, (1) canonically with
(s g, * H R(GMH/MH) x H! R (GM; /M) — Opm,, (1). Then (1)—(3) follow
from (3d) of Theorem 2.15, and (4) follows from Proposition 5.14 (which is
used to prove (3b) of Theorem 2.15). It remains to verify (5). By definition,

dR(GMH/MH)Can = log r(N®T/ME"). The existence of V in (6.10) follows
from (3e) of Theorem 2.15. By Remark 4.42, the pullback of (6.11) to My is
induced by the usual Kodaira—Spencer class. Since the extended Kodaira—Spencer
morphism in [Lan 2008, Theorem 4.6.3.32] is defined exactly as a morphism
induced by the usual Kodaira—Spencer morphism (by normality of M} and local
freeness of the sheaves involved), it is induced by duality by (6.11), as desired. [J

Remark 6.12. The notion of canonical extensions is closely related to the notion
of regular singularities of algebraic differential equations. (See [Deligne 1970] and
[Katz 1971] for the notion of regular singularities. See [Mumford 1977; Faltings
and Chai 1990, Chapter VI; Harris 1989; 1990; Milne 1990] for the notion of
canonical extensions over C, and see [Mokrane and Tilouine 2002] for an earlier
treatment of canonical extensions in mixed characteristics. See in particular [Harris
1989, Theorem 4.2] for the explanation of why and how the two notions are related.)

Then the principal bundle £p, extends canonically to a principal bundle Ep, S over
MY by setting

&5y 1= 150M0, 0,50 (H " (Gitye/Mp)™™, ()5, Onagr (1), Liesy per),
((Lo® Ly (1) ®g, Opgr (- Yean.» Opair (1), L (1) @ g, Opger),

and the principal bundle £y, extends canonically to a principal bundle Slff[’(? over
MY by setting

(91(\:/?(? = ]&10@1 er ((Ller/Mtor, @Mtor(l)) (LO (1) ®R0 @Mtor @Mtor(l)))
Definition 6.13. Let E be any Ry-algebra. For any W € Repy (Pp), we define

lg(e)mE(W) ( gean ®R0 E) XPO®R0E W,
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called the canonical extension of Ep, (W), and define

gEzPE(W) = g[(;(a)lflE(W) ®@Mtor me,H ’
H

called the subcanonical extension of &p, g(W), where 9p_,, is the @Mtﬁtr-ideal
defining the relative Cartier divisor D 7, (With its reduced structure) in (3) of
Theorem 1.41. We define similarly Slf,?(‘)’ £ (W) and 51?,‘[15’, £ (W) with Py (and its
principal bundle) replaced accordingly with My (and its principal bundle).

Lemma 6.14. Let E be any Ry-algebra. If we view an element in W € Rep; (Mp) as
an element in Repg (Py) in the canonical way, then we have canonical isomorphisms
ER (W) Z ERN (W) and EXPp (W) Z E° L (W).

6C. Fourier-Jacobi expansions. Let us fix a representative (Z,, ®,, §,) of a cusp
label [(Z,, ®,, 6,)] for My (as in Section 1C). As usual, we shall omit Zy from the
notation.

Definition 6.15. The principal My-bundle over Co,, s,, is the My-torsor
et =1 Lie}, 0 1
My = &HO(@ZGC@H‘?H ((ﬁcv,u/cq)%(m, C@H_(s?_‘( )),
(L(\)/(l) ®R0 @quHJ;H ’ @CCDHJSH (1)))5

with conventions as in Definition 6.5.

Then we define Sﬁzﬁ” (W) for any Rp-algebra E and any W € Repy(My) as in
Definition 6.7.

Lemma 6.16. Let E be any Ro-algebra. For any W € Repgp(My), there is a
canonical isomorphism

t ~ y,8
(-%CI)H,(SH,J - M’}—O[r)*g](\:/?(?(w) - (%Q)H,(SH,O‘ - CCI)H,SH)*(C/’MZ; H(W)
Proof. This is because of the canonical isomorphism
tory*y : .V ~ *7 1,V
(X@s.80.0 = My) Iie(;V/M;(;r = Xon.sr.0 = Conoy) ILCGV-D/CQ,H,,;H' O

By the construction of Xo,, 5,,,0 — Ca,.s, as a formal completion, we have a
natural morphism

(xCDH,(SH,U - CCDH,(SH)*@%@H.SH,U — 1_[ lIJ(DH,(SH (E)
fESq;H

of Oc,,, ;,,-modules. By Lemma 6.16, we have the composition of canonical
morphisms
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F(M;?{r can(W)) N F(xCDH 530> (%QH 5y, — Mtor) can(W))
= T (Xopsn.00 Eopsro = Cons) e (W)
= T T(Coner Yaron D) Bcp, | Ey" W),

EESq)H
which we call the morphism of algebraic Fourier—Jacobi expansions.

Definition 6.17. The ¢-th algebraic Fourier—Jacobi morphism
F(M;(zr can(W)) — F(C<1>H S1s \Ilq)H S ) ®@c o <I>H (SH(W))

is the £-th factor of the morphism of algebraic Fourier—Jacobi expansions.

Remark 6.18. If Grz_1 = {0}, then the abelian scheme Cg,, 5,, — M,Zl” is trivial (i.e.,
the structural morphism is an isomorphism), and M2 s ﬁnite over So = Spec(Ry).
Hence I'(Cayy iy, Wann (O ®cp, Evie (W) = T(MF, Opz @ W). In
this case, the Fourier—Jacobi expansiofis are often called g-expansions (because no
genuine “Jacobi theta functions” are involved).
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