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Sharp upper bounds for the Betti numbers
of a given Hilbert polynomial

Giulio Caviglia and Satoshi Murai

We show that there exists a saturated graded ideal in a standard graded polynomial
ring which has the largest total Betti numbers among all saturated graded ideals
for a fixed Hilbert polynomial.

1. Introduction

A classical problem consists in studying the number of minimal generators of ideals
in a local or a graded ring in relation to other invariants of the ring and of the ideals
themselves. In particular, a great amount of work has been done to establish bounds
for the number of generators in terms of certain invariants, for instance, multiplicity,
Krull dimension, and Hilbert functions (see [Macaulay 1927; Sally 1978]). An
important result was proved in [Elias et al. 1991], where the authors established
a sharp upper bound for the number of generators v([/) of all perfect ideals / in a
regular local ring (R, m, K) (or in a polynomial ring over a field K) in terms of
their multiplicity and their height.

In a subsequent paper, Valla [1994] provides, under the same hypotheses, sharp
upper bounds for every Betti number ,BiR (1) =dimg Tor{e (I, K); notice that with
this notation ,86? (I) = v(l). More surprisingly, Valla proved that among all perfect
ideals with a fixed multiplicity and height in a formal power series ring over a field
K, there exists one which has the largest possible Betti numbers ;.

The main result of this paper is an extension of Valla’s theorem. We will consider
both the local and the graded case, although the result we present for the local case
follows directly from the graded case.

We first consider the graded case. We show that for every fixed Hilbert polynomial
p(t), there exists a point Y in the Hilbert scheme Hilb?”, such that Bi(ly) = Bi(Ix)

pn—1

for all i and for all X € Hilbﬁ’lj’,,(f,)1 . Equivalently, let S = K[X1, ..., X, ] be a standard

graded polynomial ring over a field K. We prove:
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Theorem 1.1. Let p(t) be the Hilbert polynomial of a graded ideal of S. There
exists a saturated graded ideal L C S with Hilbert polynomial p(t) such that
,BiS(S/L) > ﬂiS(S/I)for all i and for all saturated graded ideals I C S with Hilbert
polynomial p(t).

Notice that Valla’s result corresponds to the special case of the theorem when
p(t) is constant.

An important result in the study of upper bounds for Betti numbers is the
Bigatti-Hulett—Pardue theorem, which shows that the lex ideal has the largest Betti
numbers among all homogeneous ideals in a standard graded polynomial ring for
a fixed Hilbert function. By using the Bigatti—-Hulett—Pardue theorem, we reduce
Theorem 1.1 to a certain combinatorial problem on lex ideals, and prove the theorem
by purely combinatorial methods.

We have chosen to not present an explicit formula of the bounds. We are
convinced that such a formula, in the general case, would be hard to read and to
interpret. Instead, as a part of the proof, we describe the construction of the lex
ideal that achieves the bound. Using the Eliahou—Kervaire resolution it is possible
to write an explicit formula for the total Betti numbers of every lex ideal in terms
of its minimal generators.

In particular, explicit computations of the bounds can be carried out for a given
Hilbert polynomial. Thus, it would be possible to describe an explicit formula of
the bounds for classes of simple enough Hilbert polynomials. For example, in the
special case when the Hilbert polynomials are constant, such a formula was given
by Valla [1994].

Theorem 1.1 induces the following upper bounds of Betti numbers of ideals in a
regular local ring (see Section 3 for the proof): For a regular local ring (R, m, K)
and an ideal I C R, let pg/;(t) be the Hilbert-Samuel polynomial of R/I with
respect to m (see [Bruns and Herzog 1998, §4.6]).

Theorem 1.2. Let (R, m, K) be a regular local ring of dimension n, and let p(t)
be a polynomial such that there is an ideal J C R such that p(t) = pg;;j(1).
There exists an ideal L in A = K[xy,...,x,]l with pa,(t) = p(t) such that
BA(A/L) > BR(R/I) for all i and for all ideals I C R with pg;;(t) = p(2).

Unfortunately, the combinatorial part of the proof of Theorem 1.1 is very long
and complicated. Moreover, a construction of ideals which achieve the bound is
not easy to understand. Thus, it would be desirable to get a simpler proof of the
theorem and to get a better understanding for the structure of ideals which attain
maximal Betti numbers.

The paper is structured in the following way: In Sections 2 and 3, we reduce
a problem of Betti numbers to a problem of combinatorics of lexicographic sets
of monomials with a special structure. In Section 4, we introduce key techniques
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to prove the main result. In particular, we give a new proof of Valla’s result.
In Section 5, a construction of ideals which attain maximal Betti numbers of
Theorem 1.1 will be given. In Section 6, we give a proof of the main combinatorial
result about lexicographic sets of monomials, which essentially proves Theorem 1.1.
In Section 7, some examples of ideals with maximal Betti numbers are given.

2. Universal lex ideals

In this section, we introduce basic notations which are used in the paper.

Let S = K|[xy, ..., x,] be a standard graded polynomial ring over a field K. Let
M be a finitely generated graded S-module. The Hilbert function H(M, —):Z — Z
of M is the numerical function defined by

H(M, k) =dimg My

for all k € Z, where My is the graded component of M of degree k. We denote
Py (2) by the Hilbert polynomial of M. Thus Py (¢) is a polynomial in ¢ satisfying
Py (k) = H(M, k) for k > 0. The numbers

ﬁfj (M) = dimg ToriS(M, K);

are called the graded Betti numbers of M, and ﬁl.S M)=>" jez ,Bf ; (M) are called
the (total) Betti numbers of M.

A set of monomials W C S is said to be lex if, for all monomials # € W and
v >ex U Of the same degree, one has v € W, where > is the lexicographic order
induced by the ordering x| >jex - - * >1ex Xn. A monomial ideal / C S is said to be
lex if the set of monomials in [/ is lex. By the classical Macaulay’s theorem [1927],
for any graded ideal / C S there exists the unique lex ideal L C S with the same
Hilbert function as /. Moreover, Bigatti [1993], Hulett [1993], and Pardue [1996]
proved that lex ideals have the largest graded Betti numbers among all graded ideals
having the same Hilbert function.

For any graded ideal I C S, let

sat [ = (I : m*)

be the saturation of I C S, where m = (xy, ..., x,,) is the graded maximal ideal of
S. A graded ideal [ is said to be saturated if I = sat I. It is well-known that [ is
saturated if and only if depth(S/I) >0or [ = S.

Let L C S be a lex ideal. Then sat L is also a lex ideal. It is natural to ask which
lex ideals are saturated. The theory of universal lex ideals gives an answer.

Alex ideal L C S is said to be universal if LS[x,+1] is also a lex ideal in S[x;,+1].
The following are fundamental results on universal lex ideals:
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Lemma 2.1 [Murai and Hibi 2008]. Let L C S be a lex ideal. The following
conditions are equivalent:

(1) L is universal.

(i1) L is generated by at most n monomials.

i1) L = S or there exist integers a, as, ..., a; > 0 with 1 <t <n such that
8
ar+1  _ay _ax+1 ay _a a—1 _a;+1
L= xy xS ). )

A relation between universal lex ideals and saturated lex ideals is the following:

Lemma 2.2 [Murai and Hibi 2008]. Let L C S be a lex ideal. Then depth(S/L) >0
if and only if L is generated by at most n — 1 monomials.

A lex ideal I C S is called a proper universal lex ideal if I is generated by at
most 7 — 1 monomials or / = S.

Let I C S be a graded ideal. Then there exists the unique lex ideal L C S with
the same Hilbert function as /. Then sat L is a proper universal lex ideal with the
same Hilbert polynomial as /. This construction / — sat L gives a one-to-one
correspondence between Hilbert polynomials of graded ideals and proper universal
lex ideals:

Proposition 2.3. For any graded ideal I C S there exists the unique proper universal
lex ideal L C S with the same Hilbert polynomial as 1.

Proof. The existence is obvious. What we must prove is that, if L and L’ are proper
universal lex ideals with the same Hilbert polynomial then L = L'.

Since L and L’ have the same Hilbert polynomial, their Hilbert functions coincide
in sufficiently large degrees. This fact shows Ly = L/, for d > 0. Thus sat L =sat L'.
Since L and L' are saturated, L =sat L =satL' = L. O

3. 1-lexicographic ideals, Betti numbers and max sequences

In this section, we reduce a problem of Betti numbers of graded ideals to a problem
of combinatorics of lex sets of monomials.

Let S =K|[xy,...,x,] and S = K[xy, ..., x,—1]. For a monomial ideal I C S,
let I =1NS. A monomial ideal / C S is said to be 1-lexicographic if x, is a
nonzero divisor of S/ and I is a lex ideal of S.

Lemma 3.1 [Iyengar and Pardue 1999, Proposition 4]. For any saturated graded
ideal 1 C S, there exists a 1-lexicographic ideal J C S with the same Hilbert
function as 1 such that ,ij (I < ,ij (J) foralli, j.
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Lemma 3.2. Let J C S be a 1-lexicographic ideal. Then:
(i) dimg Jg = Y"¢_, dimg Ji forall d > 0.
(i) B5(J) = B5(J) forall i.
Proof. Condition (ii) is obvious since x, is regular on S/J. Also, for all d > 0,

we have a decomposition J; = EBf:o ka,‘f_k as K-vector spaces. This equality
proves (i). O

Corollary 3.3. Let J and J’ be 1-lexicographic ideals in S. If J and J " have the
same Hilbert polynomial then J; = J for d > 0.
Proof. Lemma 3.2(i) says that dimg J; —dimg J;—1 = dim Jy, S0
dimg J; =dimg J; for d > 0.
Then the statement follows since J and J' are lex. ]

Next, we describe all 1-lexicographic ideals in S. By Proposition 2.3, fixing a
Hilbert polynomial is equivalent to fixing a proper universal lex ideal U. For a
proper universal lex ideal U C S, let

£W)
={I C §:1is alex ideal with I C satU and dimg (sat U)/I = dimg (satU)/U}.

Note that dimg (sat J)/J is finite for any graded ideal J C S since (satJ)/J is
isomorphic to the zeroth local cohomology module HnOl(S /J). By using Lemma 3.2,
it is easy to see that if / € £(U) then IS has the same Hilbert polynomial as U.
Actually, the converse is also true.

Lemma 3.4. Let U be a proper universal lex ideal. If J is a 1-lexicographic ideal
such that P;(t) = Py (t) then J € L(U).

Proof. By Corollary 3.3 we have Uy = J; for d > 0, so sat U = sat J. Also, since
U and J have the same Hilbert polynomial, for d > 0, one has

d d
dimg Uy =) _dimg Uy =Y _ dimg (sat Uy) — dimg (sat U /U)
k=0 k=0
and
d d
dimg Jy =) dimg Jp = Y _ dimg (sat J;) — dimg (sat J/ J).
k=0 k=0
Since sat J = sat U, we have dimg (sat f/f) = dimK(satﬁ/l_]) and J € $(U). O
By Lemmas 3.1 and 3.4, to prove Theorem 1.1, it is enough to find a lex ideal
which has the largest Betti numbers among all ideals in £(U). We consider a more
general setting. For any universal lex ideal U C S (not necessarily proper) and for
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any positive integer ¢ > 0, define
FWU;c)={I CcU:1Iisalex ideal with dimg U/I = c}.

We consider the Betti numbers of ideals in £(U; ¢).

We first discuss Betti numbers of lex ideals. We need the following notation:
For any monomial u € S, let max u be the largest integer £ such that x, divides
u, where max(1) = 1. For a set of monomials (or a K-vector space spanned by
monomials) M, let

m<i(M)=#{u e M :maxu <i}

fori =1,2,...,n, where #X is the cardinality of a finite set X, and
m(M) = (m<i(M),m<(M), ..., m=,(M)).

These numbers are often used to study Betti numbers of lex ideals. The next
formula was proved by Bigatti [1993] and Hulett [1993], by using the famous
Eliahou—Kervaire resolution [1990].

Lemma 3.5. Let I C S be a lex ideal. Then, for all i, j,

n n—1

n—1\ .. k—1 k—1
By (D= ( ; )dlmK I —Z ( ; )mfk(lj—l) - Z (i B 1)m§k(1j).
k=1 k=1
For vectors a = (ay, ..., a,), b= (b1, ...,b,) € 7", we define

a>bsa >b, fori=1,2,...,n.

Corollary 3.6. Let U be a universal lex ideal and I, J € £(U; ¢). Let My (resp. M)
be the set of all monomials in U \ I (resp. U\ J). If m(M;) > m(My) then
B = B (J) forall .

Proof. Observe that ,B;?i n (1) = ﬂfi n (J) =0for j > 0. Thus, for d > 0, we have
B =Y9_0 B, ;(I). Let I<g = @j_ I. Then by Lemma 3.5,

n n—1

-1 k—1 k—1
ﬂ§<1)=<”i )dimKlgd—Z< ; )mgkugdo—Z(l._l)mgk(lgd)

k=1 k=1
and the same formula holds for J. Since, for d > 0,
m(J<q) =mU<q) —m(M;) = m(U<q) —m(M;) =m(I<q),
we have ﬂis 1) > ,31.5 (J) for all i, as desired. O
Next, we study the structure of Ji;. Let

_ (a1t _ar ax+] aj az a—1 _a;+1
U= " x] x5 X)Xy X, x )
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be a universal lex ideal, §; = x{" - - -x?ffxf”“, and b; =a;+---+a; + 1 =degé;.
(IfU=Sthent=1anda; =—1.) Let

SD = Klxi, ..., %]
Then, as K -vector spaces, we have a decomposition
U=65SV085Y0 - @85".

Definition 3.7. A set of monomials N C S is said to be revlex if, for all monomials
u € N and v <|x u of the same degree, one has v € N. Moreover, N is said to
be super-revlex (in §?) if it is revlex and u € N implies v € N for any monomial
v e §Y of degree < degu — 1. A multicomplex is a set of monomials N C S®
satisfying that u € N and v|u imply v € N. Thus a multicomplex is the complement
of the set of monomials in a monomial ideal. Note that super-revlex sets are
multicomplexes.

Let I € £(U; c¢) and Jil; be the set of monomials in U \ /. Then we can uniquely
write
My = 31M(1) &JSZM(z) W--- H’J(S,M(I),

where M;, C S) and ¥ denotes the disjoint union. The following facts are obvious:

Lemma 3.8. (i) Each My;y is a revlex multicomplex.

(i) If 6; M ;y has a monomial of degree d then §; 1M 11y contains all monomials
of degree d in 8; 11 STV forall d.

Lemma 3.8(ii) is equivalent to saying that if M(;, contains a monomial of degree
d then M; 11y contains all monomials of degree d — a; 1 in SU*D.
We say that a set of monomials

where M;y C S, is a ladder set if it satisfies conditions (i) and (ii) of Lemma 3.8.
The next result is the key result in this paper:

Proposition 3.9. Let U C S be a universal lex ideal. For any integer ¢ > 0, there
exists a ladder set N C U with #N = c such that for any ladder set M C U with
#M = c one has

m(N) >m(M).

We prove Proposition 3.9 in Section 6. Here, we prove Theorem 1.1 by using
Proposition 3.9.

Proof of Theorem 1.1. Let U C S be a proper universal lex ideal with Py (f) = p(t)
and U = U NS. Let ¢ = dimg (sat U/U). For any lex ideal I C sat U, let ; be
the set of monomials in (satU \ I).
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Let N C sat U be a ladder set of monomials with #N = ¢ given in Proposition 3.9.
Consider the ideal J C S generated by all monomials in sat U \ N. Then J C sat U
and My = N. In particular, J € (U).

Let L = JS. By construction, Py (t) = Py (t) = p(t). We claim that L satisfies
the desired conditions. Let I C S be a saturated graded ideal with P;(¢) = p(¢).
By Lemmas 3.1 and 3.4, we may assume that / is a 1-lexicographic ideal with
[ € $(U)=%(satU:; c). Since A7 is a ladder set, by the choice of J, m(M ;) >
m(Al7). Then, by Corollary 3.6,

B =B () = B (D) =B ()
for all i, as desired. O
Another interesting corollary of Proposition 3.9 is:

Corollary 3.10. Let U C S be a universal lex ideal and ¢ > 0. There exists a
lex ideal L C U with dimg U/L = c such that, for any graded ideal I C U with
dimg U/I = c, one has B (L) > B> (1) for all i.

Proof of Theorem 1.2. Let I be an ideal in a regular local ring (R, m, K) such that
Pry1(t) = p(t). Then the associated graded ring gr,, (R/I) has the same Hilbert—
Samuel polynomial as R/I. Also, we may regard gr,,(R/I) as a quotient of a
standard graded polynomial ring S = K[xy, ..., x,] (see [Bruns and Herzog 1998,
Proposition 2.2.5]), and it is known that ﬁ[.R(R/I) < ﬂl.s(grm(R/I)) for all i (see
[Robbiano 1981; Herzog et al. 1986]).

Let S = S[x,+1]. By adjoining a variable to gr,,(R/I) we obtain a graded ring
that is isomorphic to S’/ J for a saturated graded ideal J C §". Then pg (r/1)(t) is
equal to the Hilbert polynomial of S’/J and ﬂis (gr,,(R/1)) = ,BiS/(S/ /J) foralli.
Let L' C S’ be the saturated ideal with the same Hilbert polynomial as J given in
Theorem 1.1. Observe that L’ has no generators which are divisible by x,,; by the
construction given in the proof of Theorem 1.1.

Let L C A= K][xi,...,x,]l be amonomial ideal having the same generators
as L’. We claim that L satisfies the desired conditions. By construction, the
Hilbert-Samuel polynomial of A/L is equal to the Hilbert polynomial of S’/L’ and
BAA/L) = B5(S'/L) for all i. Since BR(R/T) < B5(S'/J) < B (S'/L’) and
PRry1(t) = Pgj(t) = Ps/p/(t), the ideal L satisfies the desired conditions. U

4. Some tools to study max sequence

In this section, we introduce some tools to study m(—). Let S = K[x1, ..., x,] and
S=KI[x, ..., x,]. From now on, we identify vector spaces spanned by monomials
(such as polynomial rings and monomial ideals) with the set of monomials in the
spaces. First, we introduce pictures, which help to understand the proofs. We
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associate with the set of monomials in § the following picture:

O
Sz xf X1X2 - x,%
St x1 x2 - Xy
sl L

Each block represents a set of monomials in S of a fixed degree ordered by the lex
order. We represent a set of monomials M C S by a shaded picture so that the set
of monomials in the shade is equal to M. For example, here is a representation of
the set M = {1, x1, x2, ..., X, x,%}:

Definition 4.1. We define the opposite degree lex order > gpdiex by U >gpdiex U if
(i) degu < degv or
(i) degu =degv and u >4 v.

For monomials 1 >opdiex 42, let

[up,url={vesS:u Zopdlex VU Zopdlex us}.

A set of monomials M C S is called an interval if M = [u;, u,] for some monomials
ui, uy € S. Moreover, we say that M is a lower lex set of degree d if M = [xf, us],
and that M is an upper revlex set of degree d if M = [u,, x,‘f] (see figure).

iy

Interval Lower lex set Upper rev-lex set

A benefit of considering pictures is that we can visualize the map p : § — S
defined as follows. For any monomial x’fu e Swithu e §, let

,o(x]fu) =u.
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This induces a bijection

d d
P Sd = @x{‘sd_k — SSd = @Sk
k=0 k=0

xu — u.

It is easy to see that if [u], up] C Sy then p([u1, u2]) =[p(u1), p(uz)] is an interval
inS:

b2 N
T
L1, u2] € Sa p(lu1, uz]) C S=q

In particular:
Lemma 4.2. Let M C S; be a set of monomials.
1) If M is lex then p(M) is a lower lex set of degree 0 in S.
(i1) If M is revlex then p(M) is an upper revlex set of degree d in S.

We define max(1) =1 in § and max(1) =2 in S. For any monomial u € S; with
u#+ xf, one has max(u) = max(p(u)). Hence:

Lemma 4.3. Let M C S; be a set of monomials. One has m(M) > m(p(M)).
Moreover, ifxf & M then m(M) = m(p(M)).

Lemma 4.4 (Interval Lemma). Let [u1, us] be an interval in S,0 <a <degu, and
b>deguy. Let L C S be the lower lex set of degree a and R the upper revlex set of
degree b with #L. = #R = #[u, uy]. Then

m(L) = m([uy, uz]) = m(R).

Proof. We use double induction on n and #[u;, u;]. The statement is obvious if
n=1orif #{uy, ur] = 1. Suppose n > 1 and #[u, us] > 1.

Case 1. We first prove the statement when [u(, u>], L, and R are contained in a
single component S; for some degree d. We may assume L # [uy, up] and L # R.
Then, since x{ & [u1, ual, m(lu, uz]) = m(p([ur, u21)) and m(R) = m(p(R)).
Since p(L) C S<4 is a lower lex set of degree 0, p([u1, u2]) C S<4 is an interval,
and p(R) C S’Sd is an upper revlex set of degree d in S. By the induction hypothesis,
we have

m(L) = m(p(L)) = m(p([uy, uz])) = m(p(R)) =m(R).
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Then the statement follows since m (p([u1, u21)) = m([uy, uz]).

Case 2. Now we prove the statement in general. We first prove the statement for L.
We identify S; with the set of monomials in § of degree i. Suppose #[u1, us] > #S,.
Then there exist u}, u}, € S such that

(w1, uz] = [uy, uy) W lu}, usl

and #[u 1, u,] =#S,. Let L’ be the lower lex set of degree a+1 with #L' =#[u', u2].
By the induction hypothesis, m(S,) > m([u1, u5]) and m(L") = m([u), us]). Thus

m([uy, uz]) <m(S,WL) =m(L).

Suppose #[u1, uy] <#S,. Then L C S,. Letd =degu; and A C S; be the lex
set with #A = #[u1, us]. Then A = xf_“L. Since m(A) = m(L), what we must
prove is:

m(A) = m([uy, uz]).

Since #[u, us] <#S, <#S44+1, we have degu, <d +1.
If degu, =d then [uy, u] C S4. Then the desired inequality follows from Case 1.
Suppose degur, =d + 1. Then

d+1
[ur, uzl = [ug, x 1 [x{ T us).

Recall #[uq, uy] < #S, <#S,;. Let B C S, be the lex set with #B = #[xld“, us].
Then [x{*', us] = x| B. Since #B +#{uy, x¢1=#[u1, us] <#Sq4, BN [uy, x¢1= 2.
Then, by Case 1,

m(lu1, uz]) = m(B) +m([ur, x?1) < m(A)

(see figure).

[u1, uz] BW[uy, x¢] A L

Next, we prove the statement for R. In the same way as in the proof for L, we
may assume #[uy, up] < #S,. Let d = degu,.

If deguy =d then [uy, up] C Sy and A = x{’*d[ul, u»] is an interval in S;,. Then,
by Case 1, we have m([u1, uz]) = m(A) = m(R) as desired. Suppose degu; < d.
Then

[ur, ua] = [ur, x? W [x{, us).
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Let R’ be the upper revlex set of degree b in S with #R' = #[u;, x?~']. Then,
m([u1, u2))=m(R") + m([x{, uz]) = m(R") + m([x7, x{~u2]),

where the first inequality follows from the induction hypothesis on the cardinality.
Since R\ R’ C S}, is an interval and [xlb, x{’_duz] C Sp is lex, by Case 1 we have

m(R) +m([x}, x¥"us]) = m(R) + m(R\ R") = m(R),

as desired (see figure). U

[ur, us] R'W[x{, us] R'W[x}, x{"us] R
Recall that a set M C S of monomials is said to be super-revlex if it is revlex
and u € M implies v € M for any monomial v € § of degree < degu — 1.

Corollary 4.5. Let R C S be an upper reviex set of degree d and M C S a super-
revlex set such that #R +#M < #S5<4. Let Q C § be the super-revilex set with
#Q =#R+#M. Then

m(Q) = m(R) +m(M).
Proof. Let e = min{k : x¥ ¢ M} and F ={u € S, :u ¢ M}. If #F > #R then
Q=MU(Q\M)

and Q\ M C F is an interval. Thus m(Q \ M) > m(R) by the interval lemma.
Suppose #F < #R. Write
R=IWR

such that 7 is an interval with #/ = #F and R’ is an upper revlex set of degree d.
Since F is a lex set, the interval lemma shows

m(M)+m(R)=m(M)+m(I)+m(R") <m(FYM)+m(R).

Then F'W M is a super-revlex set containing x{. By repeating this procedure, we
have m(M) +m(R) < m(Q). O

The above corollary proves the next result, which was essentially proved by
Elias, Robbiano and Valla [Elias et al. 1991].

Corollary 4.6. Let R C S be a finite revilex set of monomials and M C S the
super-reviex set with #M = #R. Then m(M) > m(R).
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Proof. Let R = LﬂlN: o Ri, where R; is the set of monomials in R of degree i
and N = max{i : R; # J}. Let M<;) be the super-revlex set with #M<;) =
#4J/_, Ri. We claim m(M < j)) = m(\#J/_, R;) for all j. This follows inductively
from Corollary 4.5 as follows:

J Jj—1
m(LJ_rJ R,-) = m(trj Ri> +m(Rj) 2m(M<j_1) +m(R;) 2m(M<)).
i=0 i=0
(We use the induction hypothesis for the second step and use Corollary 4.5 for the
last step.) Then we have m(M) = m(M<n)) > m(@-}fvzo Ri). O

We finish this section by proving the result of Valla, which we mentioned in the
introduction.

Corollary 4.7 [Valla 1994]. Let c be a positive integer and M C S the super-revlex
set with #M = c. Let J C S be the monomial ideal generated by all monomials
which are not in M. Then, for any homogeneous ideal I C S with dimg (S/I) =c,
we have B5(S/J) > B5(S/I) forall .

Proof. The proof is similar to that of Corollary 3.6. By the Bigatti—Hulett—Pardue
theorem, we may assume that / is lex. Then Lemma 3.5 says, for d > 0, we have

—1 " (k-1
,3,-5(1)=(nl. )dimKlgd—g( ; )msk(lsd—l)_

and the same formula holds for J. Let N C S be the set of monomials which are
not in /. Since N is a revlex set with #N = ¢, for d > 0, by Corollary 4.6 we have

n—1

k—1
Z( )msk(lgd)
i—1

k=1

m(J<q) =m(S<q) —m(M) 2m(S<q) —m(N) =m(I<q).
Hence ﬁis(]) > ﬁis([) for all i as desired. O

The proof given in this section provides a new short proof of the above result.
The most difficult part in the proof is Corollary 4.6. The original proof given in
[Elias et al. 1991] is based on computations of binomial coefficients. On the other
hand, our proof is based on moves of interval sets of monomials.

5. Construction

In this section, we give a construction of sets of monomials which satisfy the
conditions of Proposition 3.9, and study their properties.

Throughout Sections 5 and 6, we fix the following notation: Let ay, as, ..., a; be
nonnegative integers, where t <n,and letb; =a;+---+a;+1fori=1,2,...,1t.
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Let F=Se ®Se;®- - -@ Se; be afree S-module withdege; =b; fori =1,2,...,1.
We consider the set

U=SVewsPe, - w5V C F.

Note that we identify each § (®) with the set of monomials in it. Fori = 1,2, ..., ¢,
let §; = x{" - -xffll xi“"H. Then, by the decomposition given before Definition 3.7,
the above set U can be identified with the set of monomials in the universal lex
ideal (81,...,8)=8SV@---®8,S® via the natural correspondence ue; < §;u.

We call an element ue; € U a monomial in U. For each monomial ue; € U, we

define

i ifu=1,

max(ue;) = .

max(u) otherwise.
Also, for M CU,wedefinem(M)=(m<1 (M), m<x(M), ..., m<,(M)) in the same
way as in Section 3. We say that a subset M = M jye1W- - -WM e, CU is aladder set
if My, ..., My, satisfy the conditions (i) and (ii) of Lemma 3.8. Then, considering
m(—) of ladder sets in U = SWe - - -wSWe, is equivalent to considering m (—) of
ladder sets in the universal lex ideal (81, ..., 8,) =8, SV @®---@4,5?. In particular,
to prove Proposition 3.9, it is enough to consider ladder sets in U.

Let M C U. We write

t
U9 — S(i)ei, MD =MnN U(i), UEH = L_U S(k)ek, and MG = MNUED.
k=i

Note that U = |4),.; S® e, can be identified with the universal lex ideal in
Kl[x;, ..., x,] generated by {(xfi‘])xfi ---x,‘:"_‘llx,ka ck=i,i+1,...,t}. For
a subset M CU, we write M; for the set of monomials in M of degree k and
M<j= L‘*J/cho M.

As in Section 4, we use pictures to help to understand the proofs. We identify U
with the following picture:

u® U® Uu®

Note that each low represents the set of monomials in U having the same degree.
Thus, in the previous figure, deg e; = deg e + 2 and dege; = dege, + 1. Also, we
present a subset M C U by a shaded picture. For example, the following figure
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represents M = {1, x1, x2, ..., x,}e; W {1}en:

M
Also, we define the map p : U — U by extending the map given in Section 4 as
follows: For xfue; € UV with u € K[x;11, ..., x,], let
& ue; 1 ifi <r—1,
X, ue;) =
plxjue:) {o ifi=1.

We call the above map p : U — U the moving map of U. The moving map induces
a bijection from U;’) ={ue; cUW :degu=j—b;}to Ué‘ﬁ;m ={uej; € UMD :
degu <j—b;}fori=1,2,...,t—1.

Lemma 5.1. For N C U](.i) withi <t —1, one has m(N) > m(p(N)). Moreover, if

x! P e; & N then m(N) = m(p(N)).

1

Next, we define ladder sets M C U which attain maximal Betti numbers. Recall
that a subset M C U is called a ladder set if the following conditions hold:

() {ueSD:ue; € MDY is a revlex multicomplex fori =1,2,...,¢.
(i) If M # @ then M{™V = U fori =1,2,....1— 1 and for all j > 0.

To simplify the notation, we say that N C U@ is a super-revlex set (resp. interval,
lower lex set or upper revlex set of degree d) if N' = {u € S© : ue; € N} is super-
revlex (resp. interval, lower lex set or upper revlex set of degree d — b;) in S©. For
monomials ue;, ve; € U and for a monomial order > on S, we write ue; > ve; if
u>v.

Definition 5.2. A monomial f = x{"'x3?---x,"e; € U is said to be admissible
over U if the following conditions hold:

() degp'(f)<e+lorp'(f)=eipifori=1,2,...,t—2.

.. _ —_ 1-b,
(i) p! 1(f)=e, or p! ](f) Zopdlexxte+ ‘e

Note that the second condition in (ii) cannot be satisfied when e+ 1 —b; < 0 and that
if # = 1 then all monomials in U are admissible. Also, p’~! (f) Zopdiex fo_b’et if
and only if deg o'~ (f) < e or p' =L (f) =x ' Pre,.

We say that f € Ue(i) is admissible if it is admissible over U=". Note that
e; € U is admissible for all i and k.

I

k

X
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Definition 5.3. Let >g4x be the degree lex order. Thus for monomials u, v € S,
u >qex v if degu > degv or degu = degv and u > x v. We extend >giex tO
monomials in U by ue; >giex ve; if 8;u >qiex 6;v. Thus, we have ue; > qex ve; if

(i) degue; > degve;,
(i1) degue; =degve; andi < j, or
(iii)) degue; =degve;, i = j and u >qiex V.
Fix an integer ¢ > 0. Let

f = max {g e UW : g is admissible and #{h € U : h <qiex g} < c}

>dlex
and

Liy={heU" h<ge ).

Let M =MD ...y MO C U be a set of monomials with #M = c. We say that
M satisfies the maximal condition it M) = L.,. Also, we say that M is extremal
if MEP ¢ UEP satisfies the maximal condition in UZP for all k.

Example 5.4. If r =1 then any monomial in U = § Me, is admissible and extremal
sets can be identified with super-revlex sets in S,

Example 5.5. Suppose 1 = 2. Then f = x'x3”---x,"e;, where f # x{'ej, is

admissible in U = SMe; W SPe, if a1 > ay or f = xfz_lxgzel. In other words, a

monomial f € S[(ll)el is admissible if and only if f > xfrlxg*az“el ifa, <d
and f = xfel if a > d. For example, if dege; = 2 and dege, = 4 then the
admissible monomials in US(I) = (Sél))el are

xfel, xlzxzel, XIZX381, ey xlzx,,el, xlxgel.

Example 5.6. Suppose t = 3. The situation is more complicated. A monomial
f=x"x?-x,"e; € U, where f # x7'e; is admissible in U if and only if

e a1 >ap—1and

. xé“ ceexpt > opdlex x§+l_b3 or xé“ coexyt =1,
For example, if dege; = 2, dege, =4, deges = 6, and n = 3 then the set of the
admissible monomials in Ué(l) = (K[x1, x2, x3]4)e; are

{xfel} U {xfxzel , x13x3e1} U {xlzx%el , x12X2X36’]} U {xlxgel , xlx%x3e1 }.

Example 5.7. Let U = x?S® wx;x3S®. Suppose ¢ = ("}?) +2. Then

max { f € UV : f is admissible and #{h € U : h <aiex f} <c} = x{e1.

> dlex

Indeed,
2
#heU :h <qex xier} :#S(le)el wile = (n—2i_ ) !
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and

#lh e U :h <qex x1x3e1} = #(SO\ (], xfxa, .., xfxa))er w S8 e
n+3
= >c
3
By Example 5.5, the lex-smallest admissible monomial in Us(l) is xlxgel. Thus the
extremal set L C U with #L = is

L= 5(512)61 &) {1, Xn}ez.

Example 5.8. In general, it is not easy to understand the shape of extremal sets,
but in some special cases they are simple.

If by = by = - - - = b, then any monomial in U is admissible. Thus any extremal
set M in U is of the form

M:{hEU:hfdlexf}

for some f e U.

If b, > e then the only admissible monomial in Ue(l) is xffblel. Thus if b; K
by L -+ K b, (for example, if b;;| — b; > ¢ for all i) then any extremal set M in
U with #M = c is of the form

M=50) e ws2) ey WSt Ve | WN,

t—1
where N c SVe, and#Sg;Ple,-HLﬂ- . -LﬂSgd_tRe,_l&JN <#S£(12H fori=1,...,t—1.

In the rest of this section, we study properties of extremal sets. Suppose ¢ > 3.
For an integer k > —as, we write UV [—k] = S@e], where e/ is a basis element with
deg e; = b; + k. In the picture, U)[—k] is the picture obtained from that of U
by moving the blocks k steps above. In particular, for any integer k > —as, U’ =
U®P @;:3 UD[—k] can be identified with a universal lex ideal in K[xa, ..., x,]:

U=2

U'=UP W (i, UV—k])

Lemma 5.9. Suppose t > 3. Let f € U", d = deg p(f), and k > —az with
e—d+k>0. Then f is admissible over U if and only if the following conditions
hold:
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e degp(f)<e+1lorp(f)=en.
o« xR p(f) e UR, is admissible in U’ = U@ w4fi_y UD[—k].

Proof. LetU' = S(z)ez&JSG)eg&J- . -LﬂS(’)e; with dege; =dege;+k fork=3,...,1,
and let ¢ be the moving map of U’. Let p' (f) =u;1€;41 fori =2, ...,t—1. Then
o' (x5 p(f)) =uii2el , fori=1,2,...,t —2. Thus deg p'(f) < e+1if and
only if deg ¢~ (x¢™** p(f)) <e41+k fori >2. Also, p' 1 (f) Zopdiex x¢ T e
if and only if ¢'“2(x$T p () Zopaiex x¢ T €] Since deg x{™ T p(f) = e +k,
the above facts prove the statement. ([

By the definition of the maximal condition, the next result is straightforward:
Lemma 5.10. Let M C U be an extremal set.
1) If#M = #U<, then M D U,.
Gi) if#M > #UL) | wUS? then M > UL)

<e—1

G,
Proof. Since M is extremal, there exists an f € U" such that

MD ={h e UV h <gex f).
(i) Since xf_b‘ e; is admissible and {h € U : h <gex xle_b‘ e1}=U<., f >diex xle_b' er.
Then MDD > {h e UD : h <gex xf_b‘el} = Ugg Also, since
#MCED = #M —#MD > #h e U h <gex f} —#h e UV 1 h <qex £} = #US),
we have MZ? 5 UL by induction on 7.
(i1) It is clear that M D U<, by (1). If deg f > e then

#M > #{h €U h <gex [} > #MV v UED,

Then #MZ? > #UZ? and M= 5 US? by (i) as desired. If deg f < e then
MO = Uge)_l and #M &2 > #UZ? by the assumption. Hence M&? > U&?
by (D). a

Corollary 5.11. Extremal sets are ladder sets.

Proof. If M C U is extremal then M is super-revlex for all i by the maximal
condition. It is enough to prove that if Me(l) # & then M D Ue(zZ)‘ If Me(l) * O
then there exists an admissible monomial f € Ue(l) such that

#M > #heU h <qe f} 24U | wUE?.
Then the statement follows from Lemma 5.10. O
To simplify notation, for ue;, ve; € U with u >paiex v, We write

[ue;, ve;] = {we; € U®:u Zopdlex W = opdlex v}
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Lemma 5.12. Supposet > 2. Let M C U be an extremal set.
(i) If a > 0 then M" # 0 if and only if #M > #U ).
(i) Ifay =0 and MS" # 0 then #M > #U').
Proof. Let f € Ue(]) be the lex-smallest admissible monomial in Ue(l) over U.

(1) It suffices to prove that

#heU:h <qe f} =#UL). )
If f=x] bie, then fr=x{ bi=1 e is not admissible. By the definition of

admissibility, one has deg p( f ) =degxze; > e+ 1 and by > e. In this case we
have {h e U : h <d]ex f} =U<

Suppose f # x|~ e1 We prove (2) by using induction on ¢. Suppose ¢ = 2.
Then f = x{” - §+ 2., and

(heU:h<qge f1=U_ Wlf,x e wUl).

<e—1

Since p([f, x¢b1ei]) = UTZ] U(z) we have

#heU:h<age f} =400 +#U%)  =#UL),

where we use ,o(Ue(l)) = Uéze) +a, Tor the last equality.

Suppose ¢ > 3. Since p(f) #e,, we have deg p(f) =e+1. Indeed, by Lemma 5.9,
—1 €+l b2

deg p(f) < e+ 1. On the other hand, since x{*" x5 e; is admissible over U,
f<]ex ar—1 ;+1 hzel Thus degp(f) >degp(xaz 1 e-‘,—l by )=€+1

C0n51der U=UP4+ Ul: UD[—1]. By Lemma 5.9 (consider the case when
d=c¢+1and k =1), p(f) is the lex-smallest admissible monomial in Ue(i)l over
U’. Then

(=3)

#p(f),xi T el wUSY =#o(f), xi ' el w UL WU S,
:#{h eU' :h =dlex /O(f)}

=#UC) . 3)
where the last equation follows from the induction hypothesis. On the other hand
(heU:h<ae f)=Lfx; e lwUL) UL @
and eta
p(Lf. x™"er]) = [p(f). xH Perlw |4 UP. )
j=e+2

Equations (3), (4), and (5) show that
#heU h <ge f} =#UL)

<e—1

2 1 1
WUl =400 wud =#U"),

where the second equality follows since ,o(Ue(l)) = Uge) -
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(i1) It suffices to prove that #{h e U : h <qiex [} > #Uge). Since ap =0, #Uge) = #Ue(l).
Then we have

#heU:h<aqe f} > #UY

<e—1

wu2 =w0l U =0,
as desired. O

Corollary 5.13. Supposet > 2. Let B C Ue(]) be the revlex set and N C UZ? a
ladder set with #N > #U ED Lety C U be the extremal set with

<e—1°
#y =#U") WBWN.

IF#BWN < #ULV then
Y =Ul)  wy®?,

Proof. Since #Y > #U<,_1, we have ¥ D U<,_; by Lemma 5.10. On the other
hand, since #Y =#U')_ & BW N < #U') by the assumption, we have ¥." = &

<e—1
by Lemma 5.12. Hence Y = v U

<e—1°
For monomials f >qiex g € U, let [f, g) =[f. g1\ {g}.

Lemma 5.14. Let f € Ue(l) be the lex-smallest admissible monomial in Ue(l) over U
and g >1ex h € Uél) admissible monomials over U such that there are no admissible
monomials in [g, h] except for g and h. Then #(g, h) < #[ f, xﬁ_blel].

Proof. If t =1 then all monomials are admissible over U. If t = 2 then any
monomial w € Ue(l) with w > f is admissible over U. Thus the statement is clear
if t <2.

Suppose t > 3. Since g # h we have [ # xf_h'el. By the definition of admis-
sibility, we have deg(p(f)) = e if a, = 0 and deg(p(f)) = e+ 1if ap > 0. We
consider the case when a, > 0 (the proof for the case when a, = 0 is similar).

Consider U’ = U® W |4J;_; UV [—1]. Since any monomial w € U such that
p(w) = xfez with k < e+ 1 — b, is admissible over U, we have p([g, h)) C S, for
somed <e-+1. Let

A= x5 (1g ) =[x 0 (), x5 o)) < US,

(see figure).
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Let w € A. Then w =x§+1_d,0(w’) for some w’ € [g, h). Lemma 5.9 says that w
is admissible over U’ if and only if w’ is admissible over U. Hence A contains no

admissible monomial over U’ except for x§+1_d p(g). By Lemma 5.9, p(f) € Ue(er)l

is the lex-smallest admissible monomial in U 6(_2:1 over U’. Then, by the induction
hypothesis,

#A <#p(f). x: e = #p([f. x: el ) UL, <#[f. x¢ ey,

Then the statement follows since #[g, h) =#p([g, h)) = #A. U

Lemma 5.15. Let M C U be an extremal set, ¢ = min{k : x’l‘fb‘el ¢ M}, and
H=U\M,. Let f € Ue(l) be the lex-smallest admissible monomial in Ue(l) over
U. Then:

() #U<e +#f, x5 e <#UL), |

. M
(i) #M +#H <#UL), .

Proof. We use induction on ¢. If = 1 then the statements are obvious. Suppose
t>1.

@) If a > 0 then by Lemma 5.12

BU—+#1f, x| =#{h € Ut h <qen f1+#00 =400 4400 <40 ),

as desired. Suppose a; = 0. Then
p(Lfoxy e =[p(f), x; er] C UP

and p(f) is the lex-smallest admissible monomial in Ue(z) over UZ? by Lemma 5.9.
Then by the induction hypothesis,

#U<, +#f, xc e = #UL) + (BUS? +#0(f), x2es])
<#U%) +#UC)

<e+1
(¢))
=#U_,

as desired.

(ii) Suppose M # U . Then MY = @. Since MZ? is extremal over U=, by
the induction hypothesis,

#M +#H =#U") WM 30V wHED <s0l) 408 <#ul)

where we use #Ue(}r)l = #Uéze) i = #Ug 1 for the last inequality.

Suppose MP =UP. Let g = max-,, M and let

u =min{h € Uile) : h is admissible over U and & > gex g}-
>dlex -
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b1 —

Then [, g) C Ue(]) Since g >diex xle_ 1e1. Since M is extremal,

#M <#he U :h <qex U}
Since MV ={h e UM 1 h <qex g}, H = [xf_blel, g). Thus

M +#H <#{h € U :h <gex p} +#x$ " e1, 2)
=#U<, +#[1. 8)
S #Ufe + #[f’ x;_blel]’

where the last inequality follows from Lemma 5.14. Then the desired inequality
follows from (i). O

6. Proof of the main theorem

Let U =SWe, wSPe, ...y SO¢, be as in Section 5. The aim of this section is
to prove the next result, which proves Proposition 3.9.

Theorem 6.1. Let M C U be a ladder set and L C U the extremal set with #L =#M.
Then m(L) = m(M).

The proof is by case analysis, and occupies the next three subsections.
In the rest of this section, we fix a ladder set M C U.

Preliminary of the proof. For two subsets A, B C U, we define
A>B &S #A =#B and m(A) > m(B).

Let X C U be the super-revlex set with #X = #M . Then {k : M,El) # @} D
{k : Xy # @}. Thus X UM3? is also a ladder set in U. Since X > M1 by
Corollary 4.6, we have:

Lemma 6.2. There exists a ladder set N C U such that NV is super-revlex and
N> M.

Thus, in the rest of this section we assume that M1 is super-revlex. Let

e =min{k +b; : xfe| ¢ M}
and
f = max {g € Uile) : g is admissible over U and #{h € U : h <giex g} < #M},
> dlex -

where f =0 if #{h € U : h <qiex €1} > #M. Since xf_b‘_lel is admissible over U

(when e # b)), we have [ = xf_b'_]el or deg f = e. We will prove:
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Proposition 6.3. With the same notation as above, there exists a ladder set N such
that N > M and
NV ={heUD:h<qe [},

where {h e U i h <qex f} =D if f =0.

The above proposition proves Theorem 6.1. Indeed, by applying the above
proposition repeatedly, one obtains a set N which satisfies the maximal condition
and N > M. Then apply the induction on ¢. Also, if # = 1 then Proposition 6.3
follows from Corollary 4.6. In the rest of this section, we assume that ¢ > 1 and
that the statement is true when the number of the free basis of U is at most t — 1.
By the above argument, we may assume that Theorem 6.1 is also true when the
number of the free basis of U is at most # — 1.

Lemma 6.4. There exists a ladder set N C U with N > M and min{k + b : x’fel &

N} = e satisfying the following conditions:

(A1) NO is super-reviex and NZ? is extremal in U=,

(A2) p(NNHYUND UL, or p(NYNND = o,

(A3) Ift=2and p(N")NN® =@ then N" = 2. Ift >3 and p(N")NN® =&
then Ne(l) = & or there exists a d > e such that N® = Ug; and Nﬁ:l =+ Uﬁ:l.

Proof. Let F = M{". Then M = (U)

<e—1

WF) W MP w MEY since MWD is
super-revlex.

Step 1. We first prove that there exits N satisfying (A1). Let X be the extremal set
in UZ? with #X =#M =2, Let

N=MVux=U" wFuXx.

Since we assume that Theorem 6.1 is true for U2, N 3> M. What we must prove
is that N is a ladder set. Since MZ2 > US?  #x = #M =2 > #ng)l. Then

<e—1°
Lemma 5.10 says X D Ugi)l, which shows that N is a ladder set if F = @. If

F # & then by the definition of ladder sets, MZ? > ng), and X D ng) by

Lemma 5.10. Hence N is a ladder set.

Step 2. We prove that if M satisfies (A1) but does not satisfy either (A2) or (A3) then
there exists an N satisfying (A2) and (A3) such that N > M and #N M s strictly
smaller than #M (). We may assume p(F)UM @ AU ge) +a, and F # &, otherwise

M itself satisfies the desired conditions. Note that F # & implies M@ > UZ). Let
a=min{k: M> £ U},
b=max{k :k <e+ay, p(F)#U>),
d =max{k : M> = U},
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where d = oo if n =2. Let H = Ug} \ M@ (see figure).

The set p(F) equals p(F), ¥ L‘!’JjZZZH U;z), s;nce it is an upper revlex sgt of
degree e + a,. Suppose H = @. Then M? = Uéj Since p(F)UM® UL, .,
we have b > d and p(F) N M® = @, which say that M satisfies (A2) and (A3).
Suppose H # @&. Observe that for any super-revlex set L with Uge) CLC Ug;,

MDDy LwMEY is aladder set.

Case I: Suppose #H > #F. (Note that if t = 2 then we always have #H > #F'.)
Then M@ is super-revlex since we assume that M (22) i5 extremal and p(F) is an
upper revlex set of degree e +a, with #M @ +#p(F) < #US}. Let R C U® be
the super-revlex set in U® with #R = #M? +#p(F). By C;)rollary 4.5,

m(R) = m(M®) +m(p(F)) = m(M?) +m(F). (6)
Also, since R is super-revlex, Uge) CRC Ug;. Thus

N=UY wRuM=Y

<e—1
is a ladder set. Then Ne(l) =@ and N > M by (6). Hence N satisfies (A2) and
(A3).

Case 2: Suppose #H < #F. Observe that M® U p(F) contains all monomials of
degree k in U® fork <aand b <k <e-+a,. Since MU p(F) ) Uge)ﬂz, we have
a<b.

Let I C p(F) be the interval in U® such that #1 = #H, and p(F) \ / is an upper
revlex set of degree e +ay, and let F’ C F be the revlex set with p(F') = p(F)\ I.
Since H, is a lower lex set of degree a, the interval lemma gives

m(M®) +m(o(F)) <«m(H, W M®) +m(p(F)\1)
=m(US)) +m(p(F)).

This is illustrated at the top of the next page.



Suppose p(F’)U Uéza) D Uéze)m. Then
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M®

p(F) vl
N=UY  wF)wUs)wmE

is a ladder set and satisfies N > M and conditions (A2) and (A3) since

2
p(NVYUN® > U2, .

Suppose p(FYUUS) p UL\, Then p(F') C |47

j=a+1

1043

2 .
U; ) Since we assume

#H < #F, #F' = #F — #H, > #(H \ H,). Let J C p(F’) be the interval in
U@ such that #J = #(H \ H,) and p(F’) \ J is an upper revlex set of degree
e+ ap, and let F” C F’ be the revlex set satisfying p(F") = p(F’) \ J. Since
H\H, = Lﬂ?:a 41 U;z) is a lower lex set of degree a + 1, the interval lemma yields

m(US) +m(p(F)) 2m(M® W H) +m(p(F")) =m(UZ)) +m(p(F"))

(see figure).

Then

M®

N= (Ul

<e—1

WF") WU WM

is a ladder set and satisfies N > M and conditions (A2) and (A3).
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Finally, since Step 1 does not change the first component M1 and Step 2
decreases the first component, by applying Steps 1 and 2 repeatedly, we obtain a
set N C U satisfying conditions (A1), (A2), and (A3). U

Lemma 6.4 says that to prove Proposition 6.3 we may assume that M satisfies
(A1), (A2), and (A3). Thus in the rest of this section we assume that M satisfies
these conditions. Also, we may assume f # 0 since the proposition follows from
the induction hypothesis when f = 0.

Proof of Proposition 6.3 when f # xf_bl_lel. In this case we have deg f = e.
Let
f =x‘111 .. ._xfl[nel

and F = Me(l). Since xffb‘el ¢ F by the choice of e, we have m(F) = m(p(F)).
Also, we have
> 2
M= 5 Uul?.

Indeed, this is obvious when F' # & by the definition of ladder sets. If F' = & then

#ME =#M —#U")

<e—1

>#heU:h<qe f}—#UY) | =#U%,

<e—1 =
and since M =2 is extremal we have M=? > ng) by Lemma 5.10. Let

e=degp(f)=ar+---+a,+b.

Case 1. Suppose p(F) C W72 U and #F +#M@\ lJ5_ U < #U%), ..
Observe that M» > L—ﬂj: U ;2). Let P be the super-revlex set with

e
— (@3] (@)
#P =#MP\ [+ U,
j=€
and let Q C U'® be the super-revlex set with #Q = #F +#M @ \ L—ﬂ‘;zg U;Z). Since

p(F) is an upper revlex set of degree e 4+ a; and M® \ U—sze Uj@ is revlex, by
Corollaries 4.5 and 4.6, we have

m(Q) = m(P)+m(p(F)) > m(M<2> \|H U}”) +m(F) (7

j=¢€
(see the first two steps in Figure 1).
Observe that Q C Uge) +a, SiNCE #Q <#U ge) +a, Dy the assumption of Case 1. Let
U =UPWl_, UD[—as]. Since MEV[—a3] > US [—ar) = U'EY

<e+tay’

QWM [—ay] U’

is a ladder set in U’ (see the third step in Figure 1).



WO wWMEI[—a,]

vl)  wHWUS

<e—1

WY [+as]

v e

<e—1

(o) 8 U2

<e—1

JwY

Figure 1. Some steps in the proof of Proposition 6.3 in the case
when f # xf_bl_lel. See bottom of previous page and middle and
bottom of page 1047.
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Let g be the largest admissible monomial in U ge) +a, OVEr U " with respect to > gjex
satisfying
#lhe U’ h <qex 8} <#Q W M[—as].

By the induction hypothesis, there exists ¥ C U '3 uch that
X={heU? h<guglwYcU

is a ladder set in U’ and
X>QuwM=Y, (8)

Lemma 6.5. Letd =e+ar —€. Then g > xg,o(f).

Proof. Consider
={heU:h=<ae [}

Then #M > #L and L&Y = US?. Thus LO\ W U =UD | Let F' =
LY =[f x;ey). Then p(F') = [p(f), x{ €2 uUjij U, Also, p(F) is
disjoint from L® \ 4J°_, U> and

m(p(F/w( L@\ U U@)>) =m(USD, 0, \ [x5 e, p()))

2 —b
:m(Uée)Jraz\[x;Jra2 2e2,x§p(f))).
Let
2 —b 2 _
R=US o\ [357 e0 xi0() = UL, WK 0 (), 51 0]

(see figure).

yW

<e—1

Wp(F) R

Then RW LE3)[—a,] € U’ is a ladder set in U’ and xg,o(f) is admissible over U’
by Lemma 5.9. On the other hand,

e
#RWLED =#L —#U0) | —#|+ U(” <#M—#U") | —#|H U =#x.

j=¢€ j=¢€
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Since x¢ p(f) is admissible over U’ and since RW LEI[—ay] = {h € U’ : h <qiex
xg,o(f)}, by the choice of g, we have

g Zlex X5 p(f)
as desired. O

By Lemma 6.5, g is divisible by xg . Let H C U" be the revlex set such that

e+ap
p(H) = H—J UJQ) \x;d[xsﬂz_bzez, g)-
j=¢€
Then by Lemma 4.3
m(H) +m(UZ_ ) =m(US 0 \ 15" Per ) =m(XP). (9
Let

N=UY wH) WUD WY[+a] CU.

<e—1

Since X is a ladder set, Y D U’gﬁaz and Y[+az] D U§3). Thus N is a ladder set

in U. We claim that N satisfies the desired conditions.
A routine computation shows

e e
#M\ | HUP =#U")  wQouME) =4Ul) WX =#N\|HUP

j=¢ j=¢

(see Figure 1). Thus #N =#M. Let © = max-,, H. Then xg,o(,u) = g. We claim

that w = f. Since g > xg,o(f), W >lex f. Since g is admissible over U’, u

is admissible over U by Lemma 5.9 (If t = 2 then Lemma 5.9 is not applicable;

however, if ¢ =2 then any monomial s € Ue( D with & >1ex f 1S admissible). However,

since #N =#M and N D {h € U : h <giex 1}, by the choice of f, we have f = u.
It remains to prove N > M. This follows from (7), (8), and (9) as follows:

e e
M\[HUP = (UL | wF)u <M<2> \[+ UJ(.Z)> W M=
Jj=¢€ j=¢€
< U wowMEY

<e—1

<u®

<e—1

WX

e
< (Uge)—l W H) W Uéze)—l WY[+az] =N\ L'_"J UJ('Q)

J=€

(see Figure 1).



1048 Giulio Caviglia and Satoshi Murai

Case 2. Suppose p(F) C |+ Ue+a2 U(z) and #F +#M® \ Gy U}Z) > #Uézgﬂn.

Lemma 6.6. We have f = x{'x3’ey; that is, a3 = - -+ = o, = 0.

Proof. Suppose f # x{'x)’e;. Let g = x?lxngrO”Jr e, Then g >qiex f i8
admissible over U by the definition of admissibility. Also,
#M <#{h € U h <qe g) = #(UL)_ | W[g, x: ")) UL WU

<e—1

chig]) =2 UP and MED 5 UL,

n

Since p([g, x

¢ e
#F +#(M(2> \[+ U}2)> = (#M — 40D —#M =) gl U?

j=¢€ j=€
e
-b 2 2 )
<#lg. x; e +#US) —#|H U =402, .
j=¢€
which contradicts the assumption of Case 2. Thus f = x{"'x3%e;. O

Lemma 6.6 says that p(f) =x5 P2e,. In particular, p([f, x¢~P1e;]) = Ue+"2 U(Z).
Let

e+ap

H= 4 U\ o(F)

Jj=¢

(see figure).

----------------- A R

H

Since p(F) is an upper revlex set of degree e + a», H is a lower lex set of degree
e. Also, since #F +#M@ > #U2,  p(F)UM® 5> UE? by (A2). Thus
M® > H.

Let R be the super-revlex set in U® with #R =#M@® \ H. Since M» \ H is
revlex, by Corollary 4.6 we have

R>MP\ H. (10

Then since #R < #M @,
RW M(Z3) C U(ZZ)

is a ladder set (see the third picture in Figure 2).
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(heUW : h<gex fITWRUMED N={heUW h<gex flWY

Figure 2. Toward the proof of Case 2.

Let Y € UZ? be the extremal set in U2 with #Y = #R W M =3, We claim
that

N={heUW :h<qex flYY

satisfies the desired conditions. Indeed, we have

=(UY) |\ WFYH)YMP\ H)w M=
< (US) \Wif,xi e )W Ry MED

<theUW  h<gex fIWY =N

(see Figure 2) since p(F) W H = 4572 U = p([f. x5 e2]). by (10).
It remains to prove that N is a ladder set Since

#Y =#M —#{h e UD 1 h <qex f} > #UE?
by the choice of f, we have Y D U2 z 2) by Lemma 5.10. This fact guarantees that

N is a ladder set.

Case 3. Suppose p(F) ¢ |+ Ue+a2 U; @ Then p(F) properly contains |+ Ue+“2 U; @
since p (F) is an upper revlex set of degree e+ay. In particular, F properly contalns
[ ,xjfb‘el]. We claim:

Lemma 6.7. We have f = x{"x5%e; and o # 0.
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Proof. If ay # 0 for some k > 3 then x{"x5>" "¢ >gex f is admissible over U.
Then by the choice of f, F C [x?lxgﬁ"'w”el, x¢bre;] and

n

e+ap
i _ 2
p(F) C p(Ix{'x5> "+ ey xt™ey]) = |+ U,

Jj=¢

a contradiction. Also, if &y = 0 then € = deg p(f) = 0 which implies

e+ap
2 2
p(F) CpWD) =UE,,, = ) U,
j=¢€
a contradiction. O

Recall € =deg p(f). Thus o, = € — by by Lemma 6.7. Let

H=heF:h>ef}
and
g =max H.

>lex

By the choice of f, H contains no admissible monomials over U. By Lemma 6.7,
p(F\ H) = L—ﬂj:f UJ(.Z). Hence H # & by the assumption of Case 3. Since

1 -1 . L.
x‘f”+ x5° ey is admissible over U,

1 —1 2
p(H) C p(Ix] x5 ey, 1 x5%€1)) = U2

is revlex. Also, € — 1 > b, since sz) ={ex}and H # @.
If t = 2 then any monomial & € Uél) with & > f is admissible, which implies
H = . Thus we may assume ¢ > 3.
To prove the statement, it is enough to prove that there exists an extremal set
Z c U= such that
Z>HyYME, (11)

Indeed, if such a Z exists then N = (MW \ H)w M @ Z satisfies the desired
conditions. Recall that € < e + 1 by the definition of admissibility.

Subcase 3-1. Suppose az > e — (€ — 1).
Let d =e — (¢ — 1). We consider

t
U'=U?u|H U [+d].
i=3
This set is well-defined since a3 > d. Recall p(H) C U ﬁ)l Let

Y =p(H)WUL W MEI[1d]

<e—2
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(see figure).

= T s :
— MED 4]
p(HYWUL ,yME Y
Then Y is a ladder set since M3 > U;?Hd = U(>3) Also, U(2) _, # @ since
€—1> bs.
Let n € Uize)_l be the largest admissible monomial in U _, over U’ with

respect to > giex satisfying #{h € U’ : h <qiex 4} < #Y. Then since we assume that
Proposition 6.3 is true for U’, there exists an extremal set Z C U’ (=3 such that

Y<{heU®  h<qepulWZ.
(2)

UZ._,; in other words:

To prove (11), it is enough to prove {h € U h <gex n} =

Lemma 6.8. pw=x5""e,

Proof. Recall that Ug_z = &. It is enough to prove that deg i # € — 1. Suppose to

the contrary that degu =€ — 1. Let u’ € ULY be a monomial such that o) =pu
Then 1 is admissible over U by Lemma 5.9. Also,

> #lp, x5 e +#U'EY | = #p xg T e) +#USY

<e—1—

#y —#U%

<e-—2

Since #M =Y L #H = #Y — #U( ) _, and since ,0( w, f)) [, x,~ 1=b2g,], w
have
#M =#M\H) Wy MP v H M

> #M\H)WUS) +#{u, xS ey 0 Z
>#p, HYM\H)WUS? =#{h € U - h <gex 1),

which contradicts the maximality of f since (' >ex &€ >1ex f and ' is admissible
over U. U

Subcase 3-2. Suppose a3z < e — (¢ — 1). We consider
X = xs (€= l),o(H) C Ue(z),

as illustrated at the top of the next page.
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M X

Let
Y={heU?:h<qex; V@) wM=?,

as on the left part of the figure:

Further, let
¢ =max(Y?\ X).

=>dlex
Sincee — (e — 1) > a3, e — (e — 1) > 1. Thus
g/ — ng(efl)flxg—bzez
and
YO =Xw{heU® : h<qe g}

Since a3 < e — (€ — 1), deg p(g') = € +az < e. Thus g’ is admissible over U =2,

Let u be the largest admissible monomial in Uge) over U=? with respect to
> dlex With #{h € UZ? : h <giex 1} < #Y. Since Lemma 5.9 says that X contains
no admissible monomials over U (=%,

M Zdlex g/ and pu ¢ X.

Since we assume that Proposition 6.3 is true for U =%, there exists an extremal set
Z C U= such that

W={heU? h<qexulWwZz

is a ladder set and
W>Y,

as shown in the figure immediately above.
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Lemma 6.9. uw=g.

Proof. Suppose to the contrary that i # g’. Then > gex &’ and
W =[x Vo) wr®uwz.

Then there exists u' € Ue(l) such that

—(e—1
x5 CPpuy =

By Lemma 5.9, i’ is admissible over U and ' >1ex g€ >1ex f. Observe that

#ME) +#H =#Z W[, &) =#Z +#[1, f)

by the construction of Y and Z. Since Z D Ug”,

#M > # MY\ H) W Hy UL w M

=#MV\H) WUl wZwy, f)
>#MO\ W[, HHevs wus
=#heU:h <qex 1}
Since ' is admissible over U, this contradicts the maximality of f. ]

Now
W=heU? h<guglWZ

andsince W > Yand Y =X W{h € U@ : h <giex gy MZ3 | we have

m(Z) = m(X W MEY) =m(Hw M=),

e—b;—1
1 e

which proves (11). This completes the proof of Proposition 6.3 when f # x 1.

Proof of Proposition 6.3 when f = xf_bl_lel. Let F = Mél). If F = o then there
is nothing to prove. Thus we may assume F # &. Then M D U%z) since M is a
ladder set. B

Case 1. Suppose a; = 0. Then dege; = dege, = b;. Since xs_blel is admissible
over U, x‘;_b]el ¢ F. Indeed, if xg_b'el eFthen M D{heU:h<qe xs_b]el},
which contradicts the maximality of f. Thus

e—bj

F C[x, el,xﬁfb‘el]

and
p(F) C p([xsfblel,x,i_blel]) =U®P,

Consider
X=pF)WUL_ wMED cUuE?
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and let Y ¢ UZ? be the extremal set with #Y = #X. Since X is a ladder set in
U2, by the induction hypothesis we have

Y > X.
(@)
Lemma 6.10. y®=vz .

Proof. Suppose to the contrary that Y® £ U (2) . Let g = ge, be the largest
admissible monomial in Yie) over UZ? with respect to >giex. Since X D U gz)l’
we have ¥ D Uie) , by Lemma 5.10. Thus degg =eand Y D Ugf).

Let ¢’ = ge,. Since g = ge; is admissible over U= and since p(g') = g, g’ is
admissible over U by Lemma 5.9. Observe that #Y = #X < #F +#M=? — #Ue(z).

Then
#M = #U(” (WFyMED

> #4U") 1+#U<2) +#Y
. #U(l) 1+#U(2) +#{h e UZ? 1 h <qex 8}
=#U

<e—1

+#UP +#U0)  W[g. 2 el w UL

=#UY) | +#UEY +#g 1]
=#helU:h Sdlexg}7

which contradicts the maximality of f. Hence Y® = Ufe) - O
Then, since Y > X, we have
YEY > FumM©Ed, (12)

Let
N=UY wMPyyE

Then N is a ladder set since #Y = > #M =3 Also, N > M by (12). Thus N
satisfies the desired conditions.

Case 2. Suppose ap > 0. Since deg f # e, by Lemma 5.12 we have
1
#M < #UL). (13)

Hence
#F +#M@ <#M —#U") | <#UD <408, . (14)

Then, by (A2) and (A3), we may assume that p(F) N\ M @ = &, t > 3, and there
exists a d > e such that M? = US‘; and Mﬁﬁl #* Uﬁ:l. Let

A={ue; € p(F)eta :xée””*(d“) divides u and u/xéeJ“aZ)*(dH)ez & p(Fat},

as illustrated in the second picture at the top of the next page.



Ucel\ W PYQ Ny

<e—1

W P W Q[+as]

Also set

E=x; T A cU? and B=p(Flesa \ACUZ,,.

e

Subcase 2-1. Suppose #B + #M 3 < #US . Consider
t
U =029+ U -a].
i=3

Since MEI[—a,] > U'EY by Corollary 5.13 and by the induction hypothesis,

<e+aj’
there exists the extremal set Q C U’ =3 such that

0> ByM=Y, (15)
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Let P be the super-revlex set in U® with #P =#M® +#p(F)\ B. Then since
P(F)<etay—1 W E is revlex, Corollary 4.6 shows

m(M® W p(F)\ B) =mMP) +m(p(F)<era-1 WE) <m(P)  (16)
(see the second step in the figure on the previous page). We claim that

N=Ul)

<e—1

WPWO[+a]CU
satisfies the desired conditions. Indeed, by (15) and (16),
m(N) = m(UL)_ o MP W (p(F)\ B)W(BWYMZY)) =m(M)

(see figure on the previous page).

It remains to prove that N is a ladder set. If p(F)\ B=@ then P =M @ and
therefore N is a ladder set since #Q > #M =3, Suppose p(F)\ B # &. Recall that
p(FYNM® = &. Since

#UC) <#M@ <#P =#p(F) <oy 1 WEWM® <#U%

<e+4ar—1°
we have
vl cpcu?

<etar,—1°

Then by Lemma 5.10 what we must prove is that

#Q > #U(Z?))

<e+ar—1°

Since #8;” = Y"_, #8,”, forall i > 0 and k > 0, we have

t
#U0 =Y #U =40 (17)
j=3
for all k > 0. Since p(F) \ B # &, #B = #0(F)oya, \ A > #U3, —#U|. Thus
e+ay e+ay etar—1
#B=#US, —#US =#[H UD, =#lH U = Y wUu,
j=d+2 j=d+2 j=d+1

(we use (17) for the last step) and therefore

e+ar—1
#0 =#M +4B > 405" + > U = 405D
d+1

as desired.
Subcase 2-2. Suppose #B +#M =3 > #Ue(i)az.

Lemma 6.11. p(F) plEe U,
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Proof. Suppose to the contrary that p(F) D |41 U}Z). Then

j=d+2
et+ar—1

#p(F)\B=#(p(F)\(AYB)WE =# |+ U
j=d+1

by the choice of E. Then #(p(F)\ B)¥ M® =#U)_ | and

#M =40 wp(F) o MPuME >3l 14Ul +#Ul, =40l

<e+4ar— etap =e>

where we use the assumption #B +#M =3 > #U K(er)az for the second step. However,
this contradicts (13). (]

The above lemma says that e +a, > d 4+ 2 and p(F)y+1 = @. Thus B does not
contain any monomial #e, such that u is divisible by x§e+“2)_(d+1) . Hence

et+ar+az
(3)
pBYC |H U (18)
j=d+2+a3
Since Mﬁl #= Utgi)v by Lemma 5.15,
3 3)
#MED <#UD) .
Lemma 6.12. a3 =0.
Proof. If a3 > 0 then
et+ar+as
#B+#M=Y < # |4 UP +#Ul), <08, ., =402,
j=d+2+a3
which contradicts the assumption of Subcase 2-2. O

Let
H={heU3) h¢Mm=>)

(see figure).
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By Lemma 5.15,
>3 (3)
#H +#M=Y <#U2) .

Since a3 = 0, by the assumption of Subcase 2-2,
e+ap
#B > #US, —#M =) =4U8) | —#MED > #H +4 | U
j=d+3
Let
B=14WJWaG,

where [ is the set of lex-largest #H monomials in B and G is the revlex set with

p(G) = Lﬂj:zﬁﬁ U;S) (see figure):

By M
. _ e+ay 2 3) (3)
Since a3 = 0, (18) says p(B) C Lﬂj:d+2 U;”. Hence p(I) CU,7,. Let C C U7,
be the lex set in Uﬁz with #C = #H. If we regard U =% as a universal lex ideal in

K[x3, ..., x,],then H and C are lex sets in K [x3, ..., x,] with the same cardinality.
Hence C = x3H. Then, by the interval lemma,

m(H) =m(C) = m(p(I)) =m(I). (19)

Let P C U® be the super-revlex set with #P = #A 4+ #J + #M® . By the
choice of G, G is the set of all monomials ue; € p(F) such that u is not divisible
by x§+a2_(d+2). Also, since B does not contain any monomial ue; such that u is
divisible by x5 ~“*V "any monomial in J is divisible by x57>"“*¢,. Then
xy PR cuP is areviex set. Since M W EW (x; “FYH) ) s reviex,

we have

m(P) = m(M® @ Ewx, T ) (M@ wAw ). (20)

MO WAWT MO WEWJ M@ W Ewx, T2y P
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Let
Q0 =p(F)\(AYB) = p(F)<etar—1-
Subcase 2-2-a. Suppose that #P +#Q < #Uge) vay—1- Let R C U be the super-

revlex set with #R = #P + #(Q. Then since Q is an upper revlex set of degree
e+ ay — 1, by Corollary 4.5 and (20)

R>»>PYO>MPWAWJWQ. (21)
On the other hand, by Lemma 5.15,

#H +#M = <300 .

Then since p(G) = HJ;J;ZZJA UJG)’

#HYGYME) =#GWwHYM=D <3Ul),  =#U%

e+ay*

LetU'=U® |¢J/_, UD[—ay]. Observe that M [—ay] > U'EY) . Then Corollary

<e+ay*

5.13 and (19) say that there exists an extremal set Z C U (=3)[—a,] such that

Z>»GYWHY (M [-a]) > GuluM=. (22)

TYGyME3 GYHWM®Ed Z[+ay]

We claim that
N=UuY

<e—1

WRW Z[+as]
satisfies the desired conditions. Indeed, by (21) and (22),
N> U wMPYALWIWQWGWIYMED
> UL WFeMPuMED =M.

Weuse p(F)=AWIWJWGWQ and m(F) =m(p(F)) for the second step.)
It remains to prove that N is a ladder set. Since Ug; CRC Uge) P

enough to prove that Z[+az] D usd Since p(G) = L-gj"*“z U](.3),

<etar—1° Jj=d+3
e+tay
#Z=#HUMwG) 2 #U ) v |+ U =405,

j=d+3
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(We use #UJ@ > #U;f?) for the last step.) Then Z[+a>] D Ugi)az_l by Lemma 5.10
as desired.

Subcase 2-2-b. Suppose that #P +#Q > #U @

<e+tar—1°

Note that

#P +#0 +#] +#G =#F +#M®.

Then #M@ W F > #U 2 va,—1- Let R be the super-revlex set with #R = #M @ +#F .

Then #R = #M® +#F < #UZ),, by (14). Since #R > #P +#0 > US|
@ B

there exists a revlex set B’ C U,Y,, such that

e

R=U2, |WB.

Also by Corollary 4.5,

B'wUZ =R>MPupF). (23)
Since #F + #M=? < #UZ), . we have #B' + #M=) < #U . Then by
Corollary 5.13 there exists the extremal set Z C U =3)[—a,] such that

B'Y (M [-a]) < Z. (24)

We claim that

N=UL) WUl _ ¢Z[ta]

satisfies the desired conditions.

By (23) and (24),
N> UL WUl wB M > Ul wFuMPuME) =M.

o) 3 _ 0 ©
U, W RYMED N=U, WU . _,

W Z[+as]
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It remains to prove that N is a ladder set. What we must prove is:

(=3)
<e+ay—1-

Zl+ar] DU
By the assumption of Subcase 2-2-b,

HMO +#F —#(1 W G) = #Q +#P > #U?

<etar—1°
Then
#B =#M@ y#F —#U")

<e+tap

| >#HIWYG.
Then in the same way as the computation of #Z in Subcase 2-2-a, we have

47 =#ME W B > #MZD w1 wG) > #UED

<etax—1°

Then by Lemma 5.10, Z[+a3] D Uy as desired.

<e+ar—1
7. Examples

In this section, we give some examples of saturated graded ideals which attain
maximal Betti numbers for a fixed Hilbert polynomial. Observe that, by the decom-
position given before Definition 3.7, the Hilbert polynomial of a proper universal
lex ideal I = (81, 82, ..., ;) is given by

t—bi+n—1 t—by+n—2 t—b;+n—t
H (1) = T (T e (T,
n—1 n—2 n—t

where b; =degé; fori =1,2,...,1.

Example 7.1. Let S = K[x, ..., x4] and S = K|[xi, ..., x3]. Consider the ideal
I = (x13, xlzxz, xlxzz, x%, x%X3) C S. Then

t+2 t—4 t—9
H1(t)=ét3+t2—%t+l=(—i3_ >+( 5 >+< . )

and the proper universal lex ideal with the same Hilbert polynomial as [ is
L = (x1, xg, xgxg).

Let
U=satL = (L 1x30) = (xl,xg) cS

and ¢ = dimg U/i = 5. Then the extremal set M C U with #M =5 is
M = xi{1, x1, x2, x3} Wx3{1}.
Then the ideal in S generated by all monomials in U \ M is

J = x1(x, X122, X1X3, X3, X2X3, X3) + X5 (x2, x3) C S,
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and J has the largest total Betti numbers among all saturated graded ideals in S
having the same Hilbert polynomial as /.

Example 7.2. Let S = K[xi, ..., xs5] and S = K[x1, ..., x4]. Consider the ideal

I = (xy, x22, x2x33, x2x32xi5). Then [ is a proper universal lex ideal. Let

U=satl =(:x{°) = (xl,xzz,xzxf) cS
and ¢ = dim U/I = 15. Then the extremal set M C U with #M = 15 is
M = x {1, x1, x2, X3, X4, X2X3, X2X4, x32, X3X4, xf} Lﬂx%{l, X2, X3, X4} Lﬂxzxg{l}.
Then the ideal in S generated by all monomials in U \ M is
J =x1(x12, X1X2, X1X3, X1X4, x%, x2x32, X2X3X4, xzx‘%, xg, x32x4, xgxf, xi)
+ x%(x%, X2X3, X2X4, x32, X3X4, xf) + x2x32(x3, X4)

and J has the largest total Betti numbers among all saturated graded ideals in S
having the same Hilbert polynomial as /.

Finally, we give an explicit formula of the bounds in Theorem 1.1 for one special
case. For positive integers a and d, let

ag +d ag_1+d—1 a, +t
"‘( d )*( a1 )+"'+< r )

be the d-th binomial representation of a. Thus ay, ..., a; are integers satisfying
ag > ag—1 > --->a; >0 with t > 1. We define

ag—1+d ag—1—1+d—1 a;— 141t
ad) = d + d—1 +--+ ; .

Also, for k=0, 1,...,n—1, we inductively define aw k) by a0 =a and ay k) =
(a(a,k—1))ay for k > 1, where 04, = 0. The following formula is due to Valla [1994,
Proposition 5]:

Lemma 7.3. Let ¢ be a positive integer, M C S the super-revlex set with #M = c,
and let J C S be the ideal generated by all monomials which are not in M. Let e be
the unique integer such that (efrlf") <c< (e;:") and letr = c — (e7’11+n)' Then, for
i > 1, one has

Fi—2\[fe+n—1\ ‘[ k
51.5(5/]):(66:1 )(j+:_1)+z<i—1)”e’”"‘>' (25)
k=1

The right-hand side of (25) only depends on ¢, n, and i. Thus we denote it by
Bl' (C, I’l)
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Let b and ¢ be positive integers. Consider the polynomial

p([):(t_b+n_1)+...+(Z_b+2)+(t_b_c+2). 26)
n—1 2 1

The universal lex ideal having the Hilbert polynomial (26) is
L= (xf, e, xlb_lxn_z, xlb_lxzfl).

Then U = satL = (xlbfl) and dimg (sat i)/i = ¢. In this case, an ideal which
attains the bound in Theorem 1.1 was considered in Example 5.4. Let M C S =
K[x1,...,x,-1] be the super-revlex set with #M = ¢ and let J C S be the ideal
generated by all monomials in § which are not in M. Then the ideal L = xf -y
attains the bound. In particular, by Lemma 7.3, we have:

Proposition 7.4. Let I C S be a saturated graded ideal whose Hilbert polynomial
is of the form (26). Then ﬁl.S(S/I) < Bi(c,n—1) foralli > 1.

Remark 7.5. When b = 1, the above proposition is the result of Valla [1994] who
considered the case when the Hilbert polynomial of S/I is constant. Indeed, if
Pg,1(t) is equal to a constant number ¢ then

t+n—1 t—14+n—-1 t—142 t—1—c+2
Pi(t) = —c= +--- 4+ + .
n—1 n—1 2 1
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Comparing numerical dimensions

Brian Lehmann

The numerical dimension is a numerical measure of the positivity of a pseu-
doeffective divisor L. There are several proposed definitions of the numerical
dimension due to Nakayama and Boucksom et al. We prove the equality of these
notions and give several additional characterizations. We also prove some new
properties of the numerical dimension.

1. Introduction

Suppose that X is a smooth complex projective variety and L is an effective divisor.
An important principle in birational geometry is that the geometry of L is captured
by the asymptotic behavior of the spaces H*(X, Oy (mL)) as m increases. When L
is a big divisor, this asymptotic behavior has close ties to the cohomological and
numerical properties of L. These connections have been applied profitably in many
situations in birational geometry, most notably in the minimal model program.

However, when L is an effective divisor that is not big, these close relationships no
longer hold. In order to understand the interplay between numerical and asymptotic
properties, Kawamata [1985] defined the numerical dimension of a nef divisor.
Nakayama [2004] and Boucksom et al. [2012] proposed several different extensions
of this notion to pseudoeffective divisors. Our goal is to give a unifying framework
for the numerical dimension by proving the equality of these definitions and giving
other natural descriptions as well. We also describe some new properties of the
numerical dimension. The crucial perspectives are the following:

(1) The numerical dimension measures the asymptotic behavior of L when it is
perturbed by adding a small ample divisor € A.

(2) The numerical dimension measures the largest dimension of a subvariety W C X
such that L is positive along W. An important subtlety is that one should not
simply consider L|w but should “remove” contributions of the base locus of L.

This material is based upon work supported under a National Science Foundation Graduate Research
Fellowship.

MSC2010: 14C20.

Keywords: divisor, numerical dimension.
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Since some of the definitions used in the main theorem are rather technical, we
simply give references here. We will describe in Section 1A the intuition behind
the theorem. The notation B_ (L) denotes the diminished base locus defined in
Section 2A, volx|w denotes the restricted volume defined in Section 2D, P, (—)
denotes the divisorial Zariski decomposition defined in Section 3, and (—) denotes
the restricted positive product defined in Section 4.

Theorem 1.1. Let X be a normal projective variety over C, and let L be a pseu-
doeffective R-Cartier R-Weil divisor. In the following, A will denote some fixed
sufficiently ample Z-divisor, and W will range over all subvarieties of X not
contained in B_ (L) U Supp(L) USing(X). The following quantities coincide:

Perturbed growth condition:
(1) max{k € Z¢ | limsup,,_, o, h°(X, Ox(lmL] + A))/m* > 0}.
Volume conditions:
(2) max{k € Z~¢ | AC > 0 such that Ct"~* < vol(L +tA) for all t > 0}.
(3) max{dim W | lim._,o volxjw (L +€A) > 0}.

(4) max{dim W | infy.y_, x voly (Ps (¢*L)|j) > O}, where ¢ varies over all bira-
tional maps such that no exceptional center contains W and W denotes the
strict transform of W.

Positive product conditions:

(5) max{k € Zo | (L*) #0).

(6) max{dim W | (LYI™ W)y > 0}.
Seshadri-type condition:

(7) min{dim W | ¢*L — € E is not pseudoeffective for any € > 0}, where ¢ denotes
the blow-up ¢ : Blyw X — X and E denotes the Cartier divisor on Bly X such
that Op;, x (—E) = O 1Sy - Opiy, x. (By convention, if L is big, we interpret
this expression as returning dim X.)

This common quantity is known as the numerical dimension of L and is denoted v(L).
It only depends on the numerical class of L.

The definitions «, and x, of [Nakayama 2004, pp. 174 and 181] are listed
as (1) and (7), respectively; the definition v of [Boucksom et al. 2012] is listed
as (5). When L is numerically effective, this definition agrees with the definition of
[Kawamata 1985].

Remark 1.2. The numerical dimension also admits a natural interpretation with
respect to separation of jets, reduced volumes, and the other invariants considered
in [Ein et al. 2009].
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The numerical dimension is natural from the viewpoint of birational geometry.
It is established in [Nakayama 2004] that for a pseudoeffective divisor L,

e 0<v(L) <dimX,
e V(L) =dim X if and only if L is big and v(L) = 0 if and only if P, (L) =0,
e k(L) <v(L), and
e if ¢ : Y — X is a surjective morphism, then v(¢p*L) = v(L).
We prove two additional basic properties, answering a question of Nakayama:
e We have v(L) = v(P,(L)).

« Fix some sufficiently ample Z-divisor A. Then there are positive constants C
and C; such that

Cim" P < WX, 0x(ImL] + A)) < Com” P
for every sufficiently large m.

The properties of v(L) will be discussed in more depth in Section 6.

1A. Intuitive description. We now turn to an intuitive description of several of the
definitions in Theorem 1.1. Classically, one measures the positivity of a divisor
using the rate of growth of sections of H°(X,0x(mL)) as m increases. More
precisely, the litaka dimension is defined as

0
K(L)Zmax{kEZzo 1imsuph (X, Ox(LmL])) >0}'

m— 00 mk

(If H°(X, Ox(|lmL])) =0 for every m, we set k (L) = —o00.) To obtain a numerical
invariant, we must instead consider sections of m L + A for some sufficiently ample
divisor A. Thus, definition (1) indicates that v(L) can be viewed as a numerical
analogue of the Iitaka dimension.

Another way to calculate the positivity of L is to use intersection products.
[Kawamata 1985] defined the numerical dimension of a numerically effective
divisor L as

V(L) :==max{k € Zoo | L*- A" £0}

for some (thus any) ample divisor A. The naive extension of this definition to
pseudoeffective divisors does not work as the diminished base locus of L might
contribute positively to this intersection and distort the measurement. The positive
product of [Boucksom et al. 2012] gives a precise method of taking intersection
products while discounting these contributions. Definition (5) shows that v(L) can
be defined as in [Kawamata 1985] by replacing the intersection product by the
positive product.



1068 Brian Lehmann
A third way to measure the positivity of a divisor is the volume: if n = dim X,

0
vol(L) := lim sup (X, Ox(mL) @X(mL)).
M—> 00 m"/n!
Conceptually, we can view the volume as a loose analogue of the top self-intersection
of L. While this latter quantity does not usually yield geometric information, the
volume is a useful alternative that still shares many of the desirable properties of
intersection products. It is shown in [Lazarsfeld and Mustatd 2009; Boucksom et al.
2009] that vol is a differentiable function on the space of big R-Cartier divisors.
Definition (2) demonstrates that v(L) controls the derivative of vol near L.

1B. Restricted numerical dimension. 1t is useful to study not only numerical in-
variants on X but also restricted versions that measure positivity along a subvariety V.
We will define a restricted numerical dimension of L along a subvariety V of X.
Just as in the nonrestricted case, the restricted numerical dimension should measure
the maximal dimension of a very general subvariety W C V such that the “positive
restriction” of L is big along W.

Definition 1.3. Let X be a smooth variety, V a subvariety, and L a pseudoeffective
R-divisor such that V ¢ B_(L). Fix an ample divisor A. We define the restricted
numerical dimension vy y (L) to be

vx v (L) :=max{dim W | 6113% volxjw(L+€A) >0},

where W ranges over smooth subvarieties of V not contained in B_(L). The
restricted numerical dimension is an invariant of the numerical class of L.

The restricted numerical dimension satisfies (slightly weaker) analogues of
Theorems 1.1 and 6.7. For numerically effective divisors, we obtain nothing new
because vy |y (L) =vy (L|y). Nevertheless, the restricted numerical dimension plays
an important role in understanding the geometry of a pseudoeffective divisor L.

1C. Organization. The paper is organized as follows. Section 3 is devoted to the
study of the divisorial Zariski decomposition, giving the technical background for
the rest of the paper. Sections 4 and 5 prove some basic facts about the invariants
of Theorem 1.1. We then turn to the proof of Theorem 1.1 in Section 6. Section 7
is devoted to a discussion of the restricted numerical dimension.

2. Preliminaries

All schemes will lie over the base field C. A variety will always be an irreducible
reduced projective scheme. The ambient variety X is assumed to be normal unless
otherwise noted. The term “divisor” will always refer to an R-Cartier R-Weil divisor.
Let N?(X) denote the R-vector space of codimension-p cycles quotiented out by
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those numerically equivalent to 0, and CD(X) will denote the R-vector space of
Cartier divisors quotiented out by those that have degree 0 along every irreducible
curve.

2A. Base loci. Let L be a pseudoeffective divisor. The R-stable base locus of L is
defined to be

Br(L) :=( ){Supp(D) | D >0and D ~ L}.

When L is not R-linearly equivalent to an effective divisor, we use the convention
that Br(L) = X. The R-stable base locus is always a Zariski-closed subset of X;
we do not associate any scheme structure to it.

We obtain a much better behaved invariant by perturbing by an ample divisor.
This approach to invariants was first considered in [Nakamaye 2000] and was
studied systematically in [Ein et al. 2006].

Definition 2.1. Let L be a pseudoeffective divisor. The augmented base locus of L is

Bi(L):= [ Br(L—A).
A ample

Note that B, (L) D Br(L). [Ein et al. 2006, Corollary 1.6] verifies that the
augmented base locus is equal to Bgr(L — A) for any sufficiently small ample
divisor A. Thus, B (L) is a Zariski-closed subset of X, and it only depends on the
numerical class of L.

For the second variant, we add on a small ample divisor.

Definition 2.2. Let L be a pseudoeffective divisor. The diminished base locus of L is

B (L):= |J Ba(L+A4).
A ample

Remark 2.3. Although Nakayama [2004] uses a different definition, it is equivalent
to ours by his Theorem V.1.3.

Proposition 1.15 of [Ein et al. 2006] checks that the diminished base locus
only depends on the numerical class of L. Unlike the augmented base locus, the
diminished base locus is probably not a Zariski-closed subset (although no examples
are known of such pathological behavior). However, it is a countable union of
closed subsets by the following theorem:

Theorem 2.4 [Nakayama 2004, Theorem V.1.3]. Let X be a smooth variety, and
let L be a pseudoeffective divisor. There is an ample divisor A such that

B_(L)=JBs(ImL1+A),

where Bs denotes the (set-theoretic) base locus.
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From [Nakayama 2004] we know B_ (L) is invariant under surjective morphisms.

Proposition 2.5. Let ¢ : Y — X be a surjective morphism from a normal variety Y
onto a normal variety X. Suppose that L is a pseudoeffective divisor on X. Then
we have an equality of sets

¢ 'B_(L)Ugp ! Sing(X) =B_(¢p*L) Ugp ! Sing(X).

Proof. Fix an ample divisor H on Y and an ample divisor A on X. We have

¢ 'B_(L) = (UB (L+1a ) by [Ein et al. 2006, Remark 1.20]

—UB[R (L++A))
DUBR (L+14)+ L)

=B_(¢"L) by [Ein et al. 2006, Remark 1.20].

This proves the inclusion D. Furthermore, the same argument shows that it suffices
to prove the reverse inclusion C after replacing Y by any higher birational model.

We next reduce to the case where X and Y are smooth. Let i : X — X denote
a resolution that is an 1som0rphlsm away from Sing(X). Suppose that the closed
point X ¢ B_(¢*L) U ¢! Sing(X). Fix an ample divisor A on X and choose an
ample divisor A on X so that ¢p*A — A is an effective divisor E. Since ¥ is not
contained in the v/-exceptional locus, we may also ensure that X ¢ Supp(E). Then

X ¢Br(¢p*(L)+eH +€eE)=¢ 'Br(¢*(L+€A))
for any € > 0, showing that
v IB_(L) Uy~ Sing(X) =B_(¥*L) Uy~ Sing(X).

As discussed earlier, we may verify the desired equality of sets by replacing ¥ by
a smooth birational model that dominates X. Thus, we have reduced to the case
when both X and Y are smooth.

[Nakayama 2004, Lemmas III.2.3 and II1.5.15] together show that for a smooth
variety Z and a pseudoeffective divisor M on Z, a closed point z € Z is contained
in B_(M) if and only if, for every birational map ¢ : W — Z from a smooth
variety W and every 1/-exceptional divisor E with ¢ (E) =z, we have E CB_(y/*L).
This immediately implies the inclusion C when both X and Y are smooth. (]

2B. V-pseudoeffective cone and V-big cone. The perturbed base loci can be used
to describe when a divisor L sits in “general position” with respect to a subvariety V.
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Definition 2.6. Suppose that V C X is a subvariety. We define the V -pseudoeffective
cone Psefy (X) to be the cone in CD(X) generated by classes of divisors L with
V ¢ B_(L). We define the V-big cone Bigy, (X) to be the cone generated by classes
of divisors L with V ¢ B (L).

It is easy to verify that Psefy (X) is closed and Bigy (X) is its interior. Note
also that L|y is pseudoeffective whenever L has numerical class in Psefy (X). The
following perspective will sometimes be useful:

Definition 2.7. Suppose that V C X is a subvariety. If L is an effective divisor
such that Supp(L) 2 V, we say L >y 0.

The relationship with the earlier criteria is given by a trivial lemma.

Lemma 2.8. Suppose that V C X is a subvariety. If L is a V-big divisor, then
L ~r L' for some L' >y 0.

2C. Admissible and V -birational models. Suppose that X is a normal variety
and V is a subvariety. In order to study how V-pseudoeffective divisors behave
under birational pullbacks, we need to be careful about how V intersects the
exceptional centers of the map. The most general situation is the following:

Definition 2.9. Let X be a normal variety and V a subvariety of X. Suppose that
¢ : Y — X is a birational map and that W is a subvariety of ¥ such that the induced
map ¢|w : W — V is generically finite. We say that (Y, W)or¢ : (Y, W) = (X, V)
is an admissible model for (X, V). When both Y and W are smooth, we say that
(Y, W) is a smooth admissible model.

The disadvantage of admissible models is that in many circumstances we need to
keep track of the degree of ¢|. Since we want to focus on the birational geometry
of V, we will usually restrict ourselves to the following situation:

Definition 2.10. Let X be a normal variety and V a subvariety not contained
in Sing(X). Suppose that ¢ : X — X is a birational map from a normal variety X
such that V is not contained in any o- exceptlonal center. Let V denote the strict
transform of V. We e say that (X V) or¢: X — X is a V-birational model for (X, V).
When both X and V are smooth, we say that (X , V) is a smooth V -birational model.

Suppose that V is a subvariety not contained in Sing(X) and ¢ : (Y, W) — (X, V)
is an admissible model. By Proposition 2.5, the pullback of a V-pseudoeffective
divisor under ¢ is W-pseudoeffective. If ¢ is a V -birational model, then more is true.

Proposition 2.11. Let X be a normal variety and V a subvariety not contained
in Sing(X). Suppose that ¢ : X — X is a V-birational model. If L is a V-big
divisor, then ¢* L is a V-big divisor.



1072 Brian Lehmann

Proof. The V-pseudoeffectiveness of L implies that ¢p*L is V—pseudoeffective. By
openness of the V—big cone, it suffices to check that ¢* H is V—big for an ample
divisor H on X. Let ¢ : ¥ — X be a smooth model such that ¥ is an isomorphism
away from Sing(i ). Note that for some sufficiently small e,

VBL(¢p"H) =y 'Br((1 —€)¢p*H) by [Ein et al. 2006, Corollary 1.6]
=Br((1 —€)y"¢"H)
CBL(y"¢"H).
But clearly B (y¥*¢*H) is contained in the (¢ o vr)-exceptional locus. Thus,

B (¢*H) is contained inside the union of the ¢-exceptional locus and Sing(i ). In
particular, it does not contain V. (]

2D. Restricted volume. Just as the volume measures the asymptotic rate of growth
of sections, the restricted volume measures the rate of growth of restrictions of
sections to a subvariety V. This notion originated in the work of Hacon-McKernan
and Takayama and is systematically developed in [Ein et al. 2009].

Definition 2.12. Suppose that X is a normal variety, V is a d-dimensional subvariety
of X, and L is a divisor. We define

H(X|V,0x(LL]))) := Im(H(X, Ox(lmL])) = H°(V, Oy (lmL))))

and h°(X|V, Ox(|L])) to be the dimension of this space. We then define the
restricted volume volyy (L) to be

RO(X|V, Ox(lmL
volx|y (L) :=limsup X dX(Lm 1)
m—oe m?/d!

Remark 2.13. Although this definition of volyy is formulated differently from
that of [Ein et al. 2009], the two definitions agree (whenever the restricted volume
is defined in [Ein et al. 2009]). An elementary argument proves that volyy is
homogeneous of degree d so that Definition 2.12 agrees with the definition in
[Ein et al. 2009] for Q-divisors. In particular, volx|y is a continuous function on
the space of V-big Q-divisors. Using this fact, one readily checks that volxy is
continuous on the set of V-big R-divisors by perturbing by ample divisors and thus
coincides with the definition of [Ein et al. 2009].

As with the other quantities we consider, the restricted volume is a numerical
and birational invariant. More precisely, [Ein et al. 2009, Theorem A] shows that
if L and L’ are numerically equivalent V-big divisors, then volxy (L) = volxy (L").
Furthermore, [Ein et al. 2009, Proposition 2.4] proves that the restricted volume
remains unchanged upon pulling back to an admissible model.



Comparing numerical dimensions 1073

2E. Twisted linear series. It was observed by litaka that linear series of the form
[LmL] + A| play an important role in governing the numerical behavior of L. Due
to the presence of the auxiliary divisor A, we call these “twisted” linear series.
In this section, we recall the work of Nakayama [2004] analyzing the asymptotic
behavior of twisted linear series.

Definition 2.14. Let X be a normal variety, L a pseudoeffective R-divisor, and A any
divisor. If H(X, Ox(|mL + A])) is nonzero for infinitely many values of m, we
define

lim sup
m—00 m

0
KU(L;A):zmax{keZzo h (X’OX(LTL+AJ)) >O}.

Otherwise, we define «, (L; A) = —o0. The o-dimension «, (X, L) is defined to be

Ko (L) := mjlx{/cg (L; A)}.

Note that this maximum will be computed by some sufficiently ample divisor A.
Thus, we restrict our attention to the case when A is an ample Z-divisor from now on.

Remark 2.15. As we increase m, the class of the divisor [m L] — |mL | is bounded.
Thus, if we replace |—] by [—] in the definition of k, (L), the result is unchanged
as the difference can be absorbed by the divisor A.

Remark 2.16. Nakayama asks whether «, (L) coincides with

* k, (L), where we replace the lim sup by a liminf, and

e k7 (L), where we replace > 0 by < oo.
The equality of these three notions is a consequence of Theorem 6.7(7).

Nakayama shows that k. is a birational and numerical invariant. In fact, since
ks 1s one of the many equivalent definitions of the numerical dimension, it satisfies
all of the properties of Theorem 6.7. The following key result shows that «, is
nonnegative for pseudoeffective divisors:

Proposition 2.17 [Nakayama 2004, Corollary V.1.4]. Let X be a smooth variety
of dimension n. Fix a big basepoint-free divisor B on X. Then a divisor L is
pseudoeffective if and only if h°(X, Ox (K x +(n+2)B+[mL1)) > 0 for every m > 0.

Proof. Nakayama’s Corollary V.1.4 is actually a similar statement for B very ample.
We explain how to extend the argument to the case when B is big and basepoint-free.
The main point is to show that there is an effective divisor D = (n+1) B+ [m L] such
that $(D) has an isolated point. There is an effective divisor £ = B+ [m L. Choose
a general point x that does not lie in Supp(E£) UB_,(B). Let By, ..., B2 € |B| be
irreducible smooth divisors going through x. Since B is big, by choosing the B;
sufficiently general, we may ensure the intersections of any collection of at most n
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of them has the expected dimension. Thus, D := ) %Bi + E has multiplicity n at
x and less than 1 in a neighborhood of x. By [Lazarsfeld 2004, Propositions 9.3.2
and 9.5.13], $(D) has an isolated point. The proof then proceeds as in [Nakayama
2004, Corollary V.1.4]. ([

3. Divisorial Zariski decomposition

The divisorial Zariski decomposition is a higher dimension analogue of the classical
Zariski decomposition on surfaces. It was introduced by Nakayama [2004] and by
Boucksom [2004] in the analytic setting.

Definition 3.1. Let X be a smooth variety, and let L be a pseudoeffective divisor.
Fix an ample divisor A on X. For any prime divisor I" on X, we define

or(L) = 61i_)rr&+inf{ multpr (L) | L' ~g L+€Aand L' >0}.

By Lemma III.1.5 of [Nakayama 2004], this is independent of the choice of A.

Lemma III.1.7 of the same reference says that for any pseudoeffective divisor L
there are only finitely many prime divisors I" with o (L) > 0. Thus, we can define
the following:

Definition 3.2. Let X be a smooth variety and L a pseudoeffective divisor. Define
Ny(L)=) or(L)T and P,(L)=L—Ny(L).

The decomposition L = N, (L) + P, (L) is called the divisorial Zariski decomposi-
tion of L.

The following proposition records the basic properties of the divisorial Zariski
decomposition. The key point is that P, (L) captures all of the interesting geometric
information about L.

Proposition 3.3 [Nakayama 2004, Lemma III.1.4, Corollary I11.1.9, Theorem V.1.3].
Let X be a smooth variety and L a pseudoeffective divisor. Then

(1) Ny (L) depends only on the numerical class of L,

(2) No(L) = 0and k(Ns(L)) =0,

(3) Supp(N, (L)) is precisely the divisorial part of B_(L), and

4) Ho%(X,0x(lmP,(L)]))— H°(X, Ox(|mL))) is an isomorphism for all m > 0.
Note that N, (L) = 0 if and only if B_(L) has no divisorial components. This

simple observation leads to a different perspective on the divisorial Zariski decom-
position.
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Definition 3.4. Let X be a smooth variety. The movable cone Mov' (X) C CD(X)
is the cone consisting of the classes of all pseudoeffective divisors L such that
B_ (L) has no divisorial components.

The positive part P, (L) of the divisorial Zariski decomposition can be understood
as a “projection” of L onto the movable cone. We will need a slightly modified ver-
sion of [Nakayama 2004, Proposition I1I.1.14] that takes into account a subvariety V.

Proposition 3.5. Let X be smooth, V a subvariety, and L a V -pseudoeffective
divisor. If M is a movable divisor, then L >y M if and only if P;(L) >y M.
Thus, L — M is V-big or V -pseudoeffective if and only if P,(L) — M is V-big or
V -pseudoeffective, respectively.

Proof. First suppose that P, (L) >y M. Since L is V -pseudoeffective, no component
of Ny (L) contains V. Thus, L >y M. Conversely, suppose L = M+ E with E >y 0.
Since M is movable, N, (L) < E by [Nakayama 2004, Proposition III.1.14]. Thus,
E — N, (L) is still effective and does not contain V in its support, showing that
Pa (L) Zv M.

Suppose now that L — M is V-big. Choose an ample divisor A sufficiently small
so that L—M — A is V-big. By Lemma 2.8, there is some D ~r L —M — A such that
D >y 0. Applying the first step to L — D shows that P, (L)—L+D=P,—M—A
is V-pseudoeffective so that P, (L) — M is V-big. The converse is straightforward.
The analogous statement for V-pseudoeftectiveness follows by taking limits. [

3A. Birational properties. Although the divisorial Zariski decomposition is not a
birational invariant, its birational behavior is relatively nice.

Proposition 3.6 [Nakayama 2004, Theorem II1.5.16]. Let ¢ : Y — X be a bira-
tional map of smooth varieties, and let L be a pseudoeffective divisor on X. Then
Ny (@*L) — ¢p* N, (L) is effective and ¢p-exceptional.

We say L admits a Zariski decomposition if there is a birational map ¢ : ¥ — X
from a smooth variety Y such that P, (¢*L) is numerically effective. An important
example due to Nakayama [2004, Section IV.2] shows that Zariski decompositions
do not always exist. Nevertheless, there is a sense in which the positive part P, (¢* L)
becomes “more numerically effective” as we pass to higher models ¢ : ¥ — X. We
will give two versions of this fact. In the first, we consider a V-big divisor L.

Proposition 3.7. Let X be smooth, V a subvariety, and L a V-big divisor with
L >y 0. Then there is an effective divisor G so that for any sufficiently large m there
is a model ¢, : )’Zm — X centered in B (L) and a big and numerically effective
divisor N, on X m Such that, with ﬁm denoting the strict transform of V on X s

Nu <¢, Po($iL) <y N+ 267G.
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The second version handles V-pseudoeffective divisors L. Although the state-
ment is slightly more technical, the additional flexibility will be useful later on.
Proposition 3.8. Let X be smooth, and let L be a pseudoeffective divisor. There
are birational maps ¢, Xm — X centered in B_(L), an ample 7-divisor A, and
an effective divisor G satisfying the following condition. Suppose that V is a
subvariety of X not contained in B_(L). Then there is some Gy ~q G, and for
every m, there is an effective divisor D,, ~ [mL] + A and a big and numerically
effective divisor M, p,, such that

Mm,Dm 5\7”1 P (¢:1Dm) 5\7," Mm,Dm + ¢:;,GV’
where Vm denotes the strict transform of V on X m- We may furthermore assume that

A+ D is ample for every D supported on Supp(L) with coefficients in the set [—3, 3].

Proposition 3.7 is equivalent to the following comparison between asymptotic
multiplier ideals and base loci. It is the analogue for R-divisors of [Lazarsfeld
2004, Theorem 11.2.21]. Note that the theory of asymptotic multiplier ideals for
big R-divisors works just as in the case of Q-divisors.

Lemma 3.9. Let X be smooth, and let L be a big divisor on X. Fix a very ample 7 -
divisor H on X such that H+ D is ample for every divisor D supported on Supp(L)
with coefficients in the set [—3, 3]. Suppose that b is a sufficiently large positive
integer so that |bL| — (Kx + (n + 1) H) is numerically equivalent to an effective
Z-divisor G. Then for every m > b, we have

FUlmL|) ® 0x(—=G) S b(|lmL]).
Proof. The condition on H guarantees that for m > b, we can write
ImL]|—G=|mL]—|bL]|+Kx+(n+1)H
=((m—-b)L+A)+Kx+nH

for some ample R-divisor A. By applying Nadel vanishing and Castelnuovo—
Mumford regularity, we find that

Ox(ImL]) ® (Ox(=G) @ $(l(m —D)L|))
is globally generated for m > b. Then $(||mL|) C $(||(m —b)L]|). U

Proof of Proposition 3.7. Fix a very ample Z-divisor H and an integer b as in
Lemma 3.9. Thus, for any m > b, we have

FlmL|) ® 0x(=G) S b(|lmL]]).

Recall that G can be chosen to be any effective Z-divisor numerically equivalent to
lbL] — (Kx + (n+ 1)H). In particular, for b large enough, the base locus of |G| is
contained in B (L). Since this set does not contain V, we may ensure that G >y 0.
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Let ¢y, : )?m — X be a resolution of the ideals b(||mL||) and $(|lmL]||). Note
that each ¢,, is centered in B, (L). We write q&,;l b(|lmL]|)-Oy, =0y, (—E,) and
¢,;1 $(lmL])- Oy, =0y, (—F,). We also define the big and numerically effective
divisor M, :=m¢;; L — E,, — ¢;; {mL}.

We know that F,,+¢,, G > E,, for all sufficiently large m. Let M =), Supp(L) D
be the sum of the components of Supp(L). Replacing G by G + M allows us to

take into account the fractional part of m L so that
Fu+¢,G>E,+¢,{mL}.

Note that still G >y 0. Since L is V-big, we know that F;, >{; 0. Thus, the in-
equality in the equation above is a V,,-inequality. Furthermore, Ny (mé,, L) >3 Fyn,
by [Ein et al. 2006, Proposition 2.5]. In all, we get P, (m¢, L) <y, M, +¢,,G.

Dividing by m and setting N,, := M,,/m yields P, (¢, L) <y, Nm + %d);‘;G.
The inequality N, <y, Po (¢ L) follows from Proposition 3.5 and the fact that
En+¢{mL} 27 0. O

Proof of Proposition 3.8. Fix very ample divisors H and G. By Theorem 2.4, there
is an ample Z-divisor A such that Bs(|[mL] + A|) C B_(L) for every positive
integer m. We may assume that A is sufficiently ample so that

e [mL1+A—Kx—(n+1)H is numerically equivalent to an effective divisor G,
for every m > 0 and

e A+ D is ample for every D supported on Supp(L) with coefficients in [—3, 3].

Choose D,, ~ [mL] + A so that D,, >y 0. Note that we can apply Proposition 3.7
to D,, using G,, as our choice of effective divisor (since D,, is an integral divisor,
there is no need to set conditions on the ampleness of H along the components
of D,,). In particular, for every positive integer m, choose an €, > 0 such that
G —¢,,G,, is ample. Proposition 3.7 constructs a birational map ¢,, : X,,, — X and
big and numerically effective divisors M,, p, such that

Mm,Dm 5\7”1 Pa(d);:;Dm) SVm Mm,Dm +€m¢:;le~

Since G — €,,G,,, is V-big, we may replace G by some Q-linearly equivalent
divisor Gy so that

M. p, =7, PU(¢;Dm) =7, M, p,, +¢:1GV U

4. The restricted positive product

Fujita realized that one can study the asymptotic behavior of sections of a big
divisor L by analyzing the ample divisors sitting beneath L on higher birational
models. The positive product (developed in [Boucksom 2004; Boucksom et al.
2012]) is a construction that encapsulates this approach to asymptotic behavior.
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In this section, we discuss the restricted positive product (L - Ly -+ - L) xv
of Boucksom, Favre, and Jonsson [Boucksom et al. 2009]. Unlike the usual inter-
section product Ly - L, - --- - Ly - V, the restricted positive product throws away the
contributions of the base loci of the L;. The result is a numerical equivalence class
of cycles on V that gives a more precise measure of the positivity of the L; along V.

4A. Definition and basic properties. We start by reviewing the construction of
the restricted positive product in [Boucksom et al. 2009]. Throughout, we will use
the intersection product of [Fulton 1984]. We will use the following notation:

Definition 4.1. Let X be a normal variety. Suppose that V is a subvariety of X and
that [L] € CD(X). We will let [L]|y denote the image under the restriction map
CD'(X) — CD' (V).

Note that if L is a divisor such that Supp(L) B V, then [L|y] =[L]|v.
Definition 4.2. Let X be a normal variety of dimension n. Suppose that K and K’

are two classes in N¥(X). We write K > K’ if K — K’ is contained in the closure
of the cone generated by effective cycles of dimension n — k.

Lemma 4.3 [ibid., Proposition 2.3, Definition 4.4]. Let X be a smooth variety and
V a subvariety of X. Suppose that Ny, ..., Ny and N7, ..., N,i are numerically
effective divisors on X satisfying N; >y N!. Then

Ni---- 'Nk-VEN{“-"N;Q-V-
Theorem 4.4 [ibid., Lemmas 2.6 and 2.7]. Let X be a normal variety, V a sub-
variety not contained in Sing(X), and Ly, ..., Ly V-big divisors. Consider the
classes

Ge(Ni-Ny- - - Ny - f/') e NX(V),

where ¢ : ()?, ‘7) — (X, V) varies over all smooth V -birational models, the N;
are numerically effective, and E; := ¢*L; — N; is a Q-divisor satisfying E; > 0.
These classes form a directed set under the relation < and admit a unique maximum
under this relation.

Remark 4.5. Although [Boucksom et al. 2009] only proves this when V is a prime
divisor in X, the proof works without change in this more general situation.

The restricted positive product is defined as the maximum class occurring in the
previous theorem.

Definition 4.6. Let X be a normal variety, and let V be a subvariety not contained
in Sing(X). Let Ly, Ly, ..., Ly be V-big divisors. We define the cycle

(Li-La- - Li)xyy € NS(V)
as the maximum under < of ¢, (N - Ny« --- - Ni - ‘7), where ¢ : (}N(, \7) — (X,V)
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runs over smooth V-birational models, the N; are numerically effective and E; :=
¢*L; — N; is a Q-divisor satisfying E; > 0. In the special case X =V, we write
(Li-Ly- - Li)x.

In fact, [ibid., Proposition 2.13] shows that the definition is unchanged if we allow
E; to be a V-pseudoeffective R-divisor. The restricted positive product satisfies a
number of important properties.

Proposition 4.7 [ibid., Proposition 4.6]. As a function on the k-fold product of the
V -big cone, the restricted positive product is continuous, symmetric, homogeneous
of degree 1, and superadditive in each variable in the sense that

(L4+LY- Ly Liyxyy =(L-Lay- - L)xyy+ (L' - Ly~ -+ - L) x|v-

Since the product is continuous, this allows us to define a limit as we approach
the pseudoeffective cone.

Definition 4.8. Let X be a normal variety, V a subvariety not contained in Sing(X),
and Ly, Ly, ..., L V-pseudoeffective divisors. For each i, fix a sequence of V-big
divisors B; ; converging to 0 as j increases. We define the class

(Ly-Ly-----Li)xv =jli>fglo((L1 +Byj) - (La+Byj)- - -(Lk+Bk,j))X|V.

Note that this limit is independent of the choice of the B; ; since by superadditivity
any two choices are comparable under >.

We will sometimes abuse notation by allowing the restricted positive product to
take numerical classes as arguments rather than actual divisors. Since the restricted
positive product is compatible under pushforward, we can extend the definition to
arbitrarily singular varieties in the following way:

Definition 4.9. Let X be an integral variety, and let ¢ : ¥ — X be a smooth model.
For [L{],...,[Lt] € CD(X), we define

(IL1]- - - [LiD) x := @ul@™[L1]- -+ - @ [Li])y-

Even though the restricted positive product is continuous along the V-big cone,
it is only semicontinuous along the V -pseudoeffective boundary in the sense that
if L; ; is a sequence of V-pseudoeffective divisors whose limit is L;, then

(Ly- - 'Lk>X|V zjli)nolo<Llj 'Lk,j>X|V'

As noted in [Boucksom et al. 2009], it is most natural to consider the restricted
positive product as tlle set of classes {{(¢*L; - --- '¢*Lk>?~(\\7} on all smooth V-
birational models ¢ : X — X or, in other words, as a class on the Riemann—Zariski
space of V. Although we will not develop this principle systematically, this idea



1080 Brian Lehmann

appears implicitly as some theorems will only hold upon taking a limit over all
sufficiently high birational models.

Since the restricted positive product should be considered as a birational object,
the class in N¥(V) may not be closely related to the geometry of L and V. The
class (L1 - --- - Lg)x|v seems to be most interesting in the following two situations:

Example 4.10. When X is smooth, (L) x is the numerical class of P, (L). It suffices
to check this when L is big. Recall that for any birational map ¢ : ¥ — X from
a smooth variety Y, we have ¢, P;(¢*L) = P,(L). Thus, choosing an effective
divisor G as in Proposition 3.7, the result of the proposition implies that for any € > 0,
we have (L)x < [P,(L)] < (L +€G)x. Letting ¢ — 0 demonstrates the equality.

Example 4.11. Consider (L - --- - Ly)x|v, where d = dim V. Since the restricted
positive product is compatible under pushforward, deg(¢*Ly - -+ - ¢*Ly) 5|7 1s
independent of the choice of V -birational model (X, V) by the projection formula.
In fact, we have the following:

Proposition 4.12 [Ein et al. 2009, Proposition 2.11, Theorem 2.13]. Let X be
a smooth variety, V a d-dimensional subvariety, and L a V-big divisor. Then
deg(L?) xjv = volyv (L).

4B. Properties of the restricted positive product. In this section, we study the
properties of the restricted positive product. The main goal of the section is to
show that the restricted positive product can be interpreted as the usual intersection
product of P, (¢*L;) if we take a limit over all birational models ¢. The advantage
of this viewpoint is that it gives us a natural interpretation of the restricted positive
product along the boundary of the pseudoeffective cone.

We first show that the restricted positive product has a natural compatibility with
the divisorial Zariski decomposition.

Proposition 4.13. Let X be a smooth variety, V a subvariety, and L, ..., Ly
V -pseudoeffective divisors. Then
(Ly- - Li)xyy = (Ps(L1) - -+ - Po(Li)) x)v-

Proof. First suppose that the L; are V-big. Since any numerically effective divisor
is movable, Proposition 3.5 shows that for any of the N; as in Definition 4.6, we
have P, (¢*L;) > N;. We also know that Ny (¢p*L;) >¢ ¢*N,(L;) since V is not
contained in B_(L;). Combining the two inequalities yields

¢*P,(L;) >y Nj.

Thus, the classes (L - --- - Li)xjv and (Ps (L) - --- - P; (L)) x v are computed by
taking a maximum over the same sets, showing that they are equal.
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Now suppose that the L; are only V-pseudoeffective. Fix an ample divisor A
on X. Note that

Po(L+€A)— Ps(L) =€A+ (No(L) — No (L +€A))
is V-big. As € goes to 0, these V-big classes also converge to 0. Thus,

(Po(Ly) - Po(Li))xyy = Im(Po(Ly +€A) - - Po(Li+€A))xpv-

Applying the V-big case to the right-hand side finishes the proof. ([l

The following proposition compares the restricted positive product of the L;
along V with the positive product of the restrictions L;|y. The statement is proved
in [Boucksom et al. 2009] only when the L; are V -big, but the proposition extends
to the V -pseudoeffective case by taking limits.

Proposition 4.14 [Boucksom et al. 2009, Remark 4.5]. Let X be a smooth variety,
V a subvariety, and L1, . .., Ly V-pseudoeffective divisors. Then

(L1- - - Li)yxiv 2A[L1]ly - -+ - [Lellv)v.

By combining Propositions 4.13 and 4.14, we obtain
(Li- - Li)xyy 2 0u{[Po (@ LD - -+ - [Po(9*Li)]I7 )7

where ¢ : (f , V) — (X, V) is any V-birational model. The main theorem of this
section states that by taking a limit over all birational models, the right-hand side
approaches the left.

Theorem 4.15. Let X be a smooth variety, V a subvariety, and Ly, ..., Ly V-
pseudoeffective divisors. Fix an ample divisor A. Then for any €, there is some
V-birational map ¢ : (X, V) — (X, V) such that

¢«{[Po (@ LD - -+ '[Pa(¢*Lk)]|\7)‘7 <(Li---Ly)xyy +€A*- V.

Proof. First suppose the L; are V-big. By Lemma 2.8, we may replace the L; by
some R-linearly equivalent divisors to ensure that L; >y 0. Proposition 3.7 then
yields an effective divisor G; such that for any m there is a V-birational model
¢ : X m — X with

Ni <¢ Po (9 Li) <y Ni + =G,

for some numerically effective divisors N,, ;. Fix some ample divisor A on X
such that A — L; and A — G; are ample for every i. By Lemma 4.3, there is some
constant C such that

¢m*<[PG(¢;;Ll)]|\7; T [Pa(¢;Lk)]|\7:n>"/"; 2 d«(Nm1- Ny r V)+%Ak V.
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Now suppose that the L; are only V-pseudoeffective. We first choose an ample
divisor H so that

(Li+H)- L+ H)xpy < (L L xyy + 545 V.

Construct a model ¢ by applying the V-big case to the L; + H and €/2. Since
P, (¢*(L; + H)) — P, (¢*L) is V-pseudoeffective, the conclusion follows. O

Corollary 4.16. Let X be a smooth variety, and let Ly, ..., L be pseudoeffective
divisors. There is a sequence of birational maps ¢, : X,y — X centered in U;B_(L;)
such that for any subvariety V not contained in U;B_(L;), we have

(Ly- oo Ligxyy = i gui{[Po (@ LDlg, - - [Po($p L7, ) -

Proof. Fix a sequence of birational maps ¢,,, an ample divisor A, and an effective
divisor G as in Proposition 3.8 for each of the L; simultaneously. The proposition
constructs divisors D,, ; = [mL;] 4+ A and big and numerically effective divisors
My.i.p,,; such that

M i.p,; <9, Po(PpDm.i) <y, Mm.i.p,,; + &, Gv.

Just as in the previous proposition, we have

.1 v
llm k¢m*(Mrﬂ’laDm,l Tt Mmakam,k : Vm)
m— o0 M
. 1
< lim —(Dy,1- - Dpui)x|v
m—00 m
. 1
=< lim —hna[Po (85, Dm D17, - -+ - [Po (65, D 115, )7,

. 1 ~
< lim —@us((Mp, 1.0, + 9 Gv) - -+ - (M k. Dy + 5 GV) - V).

T m—soom

Arguing as in the previous proof, we see that the leftmost and rightmost expressions
converge as m increases. Recall that by our choice of A we have [mL;]+A—mL;
is V-big for every m. Thus,

— lim (L s L
(Li- - Li)xyv = mh—>moo<mDm’1 mDm,k>X|V
so that the sequence converges to the restricted positive product as desired. ([

We extract a useful feature of the previous arguments as a definition.

Definition 4.17. Let X be a smooth variety, V a subvariety, and Ly, ..., Ly V-big
divisors. Choose L] ~g L; satisfying L} >y 0. Suppose that ¢,, is a countable
sequence of maps that satisfy the conclusion of Proposition 3.7 for every L’ simul-
taneously. We say that the ¢,, compute the restricted positive product of the L;.
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Note that for any finite set of subvarieties V1, ..., V,, we can choose ¢,, and N,,
to simultaneously compute the restricted positive product for each V;. The key
property of Definition 4.17 is that only countably many maps are needed to compute
the restricted positive product.

The restricted positive product reduces to the usual product for numerically
effective divisors.

Lemma 4.18. Let X be a smooth variety, V a subvariety, and Ly, ..., Ly V-
pseudoeffective divisors.

(1) Suppose N is a numerically effective divisor. Then
(Li-Ly----Lg-N)xyy =(L1-La-----Li)xjv - Nlv.
(2) If H is a very general element of a basepoint-free linear system, then
(Ly-La- - Liyxyv-H=(Ly-Ly- -+ - L)x\vru-
3) If f : X — Z is a morphism and F is a very general fiber, then
(Ly-Ly- - -Liyxyv-F=(Li-Ly- -+ - L) xjvnr-

Proof. For each of these properties, it is enough to check the case when the L; are
V -big.

The first property is shown in [Boucksom et al. 2009, Proposition 4.7]; one simply
notes that for an ample divisor A the pullback ¢* A is already numerically effective
so that one may take ¢*A to be the numerically effective divisor in Definition 4.6.
By taking limits as A approaches N, we obtain the statement.

To show the second property, consider a countable set of smooth V -birational
models ¢, : X,, — X that compute the restricted positive product. Choose H
sufficiently general so that it does not contain any ¢,,-exceptional center. Then the
strict transform of V N H is a cycle representing the class ¢;, H - V. Thus, we can
identify the classes

(,bm*(Nl'NZ'""Nk'V)‘H=¢m*(N1‘N2‘""Nk'(b;;H‘V)

= @ms«(N1- Ny~ - - Ni- VO H).

The third property can be proved by a similar argument. One uses the second
property inductively by pulling back very ample divisors from Z. U

Corollary 4.19. Let X be a normal variety, V a subvariety not contained in Sing(X),
and Ly, ..., Ly V-pseudoeffective divisors. Suppose ¢ : (X,V) — (X, V) isa
smooth V -birational model. If (¢p*Ly- --- ~¢*Lk)§“7 #0,then (Ly-----Li)x)v #0.
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Proof. Let A be an ample divisor on X, and let H be an ample divisor on X such
that ¢*H > A. Since ¢ is V -birational, we may ensure that Supp(¢p*H — A) does
not contain V. Setting d = dim V, we have

= (¢*L1 e ¢*Lk)}?|\7 .¢*Hd_k

> (L1~ ¢ Li- A M)z

=(¢*Li- - ¢* Li)gp - A" > 0. O

(Ly- - L)y -H*

We next consider how the restricted positive product behaves when passing to
an admissible model.

Proposition 4.20. Let X be a smooth variety, V a subvariety,and Ly, ..., Ly V-
pseudoeffective divisors. Suppose [ : (Y, W) — (X, V) is an admissible model. Then

Ll Ly - f*Li)yyw = deg(flw){L1- - - Li)xv-
Note that f*L; is W-pseudoeffective by Proposition 2.5.

Proof. 1t suffices to consider the case when the L; are V-big. By Lemma 2.8, we
may suppose that L; >y 0. Let ¢,,, : X,,, — X be a sequence of V -birational models
that computes (L - --- - Li)x|v, and let ¥, : ¥,,, — Y be a sequence of W-birational
models that computes (f*Ly - --- - f*Li)yw. Since the natural map ¢n_11 ofo,
is a morphism on the generic point of W, by passing to higher W-birational models,
we may assume that Y, admits a morphism f;, : ¥,, — X,,. Note that

FNim =i, Po W fnLi) <0, o Po@pLd) <, fosNian + 5 b G
By construction, the pushforwards

¢m>kfm*<fntN1,m crte fn):Nk,m : Wm)

converge to deg(f|w){(L1 - --- - Ly)x)v. The same is true for the terms on the
right-hand side. Thus, fuV,«(Ps (Y, f*L1) - -+ - P (Y f*Lk)>Y|W,,, converges to
the same thing, and Theorem 4.15 finishes the proof. (]

It is worth pointing out that Proposition 4.20 does not contradict the invariance
of volx|v (L) under passing to admissible models. Even if L is V-big, ¢*L will not
be W-big when deg(f|w) > 1, so Proposition 4.12 does not apply to W.

Proposition 4.21. Let X be a smooth variety, V a subvariety of dimension d,
and L a V-pseudoeffective divisor. Suppose that deg((Ld)XW) > 0. Then for a
very general intersection of very ample divisors W of dimension d, we also have
deg((L?) x)w) > 0.
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Proof. Fix a sequence of maps ¢y, : X, — X for L as in Corollary 4.16. By
choosing very ample divisors Hj, ..., H,_4 very general in their linear systems,
we may ensure that no H; contains any ¢,,-exceptional center and the intersection
W =H;N---N H,_, is smooth of the expected dimension.

Foreachi =1, 2,...,n—d, choose a positive integer ¢; so that $y (c; H;) is gen-
erated by global sections, and set C =] |, cl._l. Note that for any V-birational model
¢, 17) — (X, V), there are D; € |c;¢* H;| such that each D; has multiplicity at
least 1 along V and DiN---ND,_; has dimension k. In particular for ¢,,,

(W] =Cl}ci HI1N[p)caHa) N - - - N [¢F cnaHpa]
> C[V],

where W and V denote the strict transforms of W and V on X,,. In particular, for
any numerically effective divisor N on X,,, we have N - W > N¢ .V, and the
conclusion follows. 0

5. Nakayama constants

Suppose that L is an ample divisor and V is a subvariety in X. Let¢ : ¥ — X
be a smooth resolution of the ideal $y, and define the divisor E by the equation
Oy(—E) = ¢~ 19y - Oy. The Seshadri constant

e(L,V):=max{t | ¢*L — tE is numerically effective }

measures “how ample” L is along the subvariety V. Seshadri constants play an
important role in understanding the positivity properties of ample divisors. We will
be interested in a related notion that can be defined for an arbitrary pseudoeffective
divisor L. It first appears in connection with the numerical dimension in [Nakayama
2004].

Definition 5.1. Let X be a normal variety, $ an ideal sheaf on X, and L a pseudo-
effective divisor. Choose a smooth resolution ¢ : ¥ — X of $, and define E by
setting Oy (—E) = ¢~ 19 - Oy. We define the Nakayama constant

¢(L, %) :=max{t | ¢*L —tE is pseudoeffective }.

Of course, ¢ is independent of the choice of resolution. When ¢ is the ideal sheaf
of a subvariety V, ¢(L, V) will denote the Nakayama constant.

One advantage of ¢ (L, V) is that it can be positive even when L is pseudoeffective
but not big. Thus, the Nakayama constant is a more sensitive measure of positivity
than the moving Seshadri constant of [Nakamaye 2003], which always vanishes as
we approach the pseudoeffective boundary. It turns out that the Nakayama constant
is closely related to the other notions of positivity we have considered.
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Remark 5.2. Nakayama [2004] works with a slightly different formulation of this
concept. His definition is equivalent to ours; the equivalence is demonstrated in the
first paragraph of the proof of Proposition 5.3.

There is a useful criterion for nonvanishing of ¢ that is closer in spirit to
Nakayama’s original formulation.

Proposition 5.3. Let X be a normal variety, $ an ideal sheaf, and L a pseudoef-
fective divisor. Then ¢(L, $) > 0 if and only if there is an ample divisor A on X so
that for any q

h0(X, 99 ® Ox(fmL] + A)) > 0

for sufficiently large m, where $9 denotes the integral closure of $9.

Note that we can replace [—] by |—| by absorbing the difference into A.

Proof. Let ¢ : Y — X denote a smooth resolution of $ and Oy(—E) =¢~'$ -0y
define E. Suppose that ¢ (L, $) =0 so that m¢*L — E is not pseudoeffective for
any m. Let p: N'(Y) — V denote the cokernel of the inclusion R[¢*L] — N'(Y).
Note that p(—E) is disjoint from p(]ﬁ 1(Y)). Thus, there is a small ample divisor
H on Y so that p(—E + H) is still disjoint from p(ﬁl(Y)). In other words,
m¢*L — E + H is not pseudoeffective for any m.

Let A be any ample divisor on X. Choose ¢ so that g H —¢* A is pseudoeffective.
Then m¢*L — g E + ¢* A is not pseudoeffective for any m. Thus, for any A there
is a g so that

hO(Y, Oy (¢*(LmL] + A) —gE)) =0

for every m. Since the class of [mL] — [mL] is bounded as m varies, by absorbing
the difference into A, the condition using [m L7 also fails.

Conversely, suppose that ¢(L, %) > 0. Then for any real number » > 0,
a¢*L — bE is pseudoeffective for any a > b/c(L, $). By Proposition 2.17 (and
Remark 2.15), there is an ample divisor H on Y (independent of b) so that

ho(Y, Oy (lc(ap™L —bE)| + H)) > 0

for every ¢ > 0 and every a > b/s(L, $). Choose an ample Z-divisor A > ¢, H.
Then ¢p*A > ¢p*¢p.H > H so that

hO(Y, Oy (¢*(JacL] + A) — |bcE])) > 0.
Fix an integer ¢ and choose ¢ so that |cbE | > g E. Then for any m > bc/c (L, $),
(X, 99 @ O0x(fmL]+ A)) > 0. a

If we are only interested in whether ¢ (L, $) > 0, we can replace the condition of
Proposition 5.3 by several alternatives. We have $7 C $¢ C $/¢), and by the compar-
ison theorems for symbolic powers (for example, [Swanson 2000, Theorem 3.1]),
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there is some k independent of ¢ so that $%¢ C $9. When X is smooth, we have
99 C $(99), and by Skoda’s theorem, $($9) C $7-4mX+1 for sufficiently large g.
Thus, the nonvanishing of ¢(L, $) is equivalent to the statement that for any ¢

hO(X, %, ® Ox(fmL]+ A)) > 0
for sufficiently large m, where *, can be
. 94,
e 9 or

o $(97) when X is smooth.
Applying the statement for symbolic powers, we immediately get the following:

Proposition 5.4. Let X be a normal variety, V a subvariety not contained in
Sing(X), and L a divisor. If (X, V) is a smooth V -birational model for (X, V),
then ¢(¢*L, V) > 0ifand only if ¢(L, V) > 0.

The following proposition indicates that the Nakayama constant satisfies the
usual compatibility relations:

Proposition 5.5. Let X be a smooth variety, let L be a pseudoeffective divisor, and
let $ be an ideal such that no associated prime of $ is centered in B_(L). Then

(1) ¢(L, %) =c(P,(L),9),and

(2) if L is big, then (L, $) =maxg >4 G (A, ¢~19.0y), where ¢ : Y — X varies
over all birational maps and A is big and numerically effective.

Proof. (1) It suffices to show the inequality <. Let ¢ : ¥ — X denote a smooth
resolution of $, and let E denote the divisor satisfying Ox(—E) = ¢~'9 - Oy.
Suppose that ¢*L — T E is pseudoeffective. Fix an ample A on Y. For any € > 0,
we find that ¢*L + €A ~g TE + F for some effective F. Since Supp(E) is not
contained in the diminished base locus of ¢*L, we know that N, (¢*L +€A) < F.
Subtracting, we find that P, (¢*L + € A) — T E is pseudoeffective. Taking a limit
over € and noting that ¢* P, (L) > P,(¢*L) completes the proof of the inequality.

(2) It suffices to show the inequality <. We may also replace L by some Q-
linearly equivalent divisor so that L > 0. Fix an effective ample divisor H on X.
Proposition 3.7 indicates that there are birational maps ¢, and big and numerically
effective divisors N, satisfying N, < P (¢, L) < N, + %qﬁ;‘;H . The expression
on the right-hand side can be made arbitrarily close to ¢ (P, (L), $~'$-0Oy). By (1),
this equals ¢ (L, $). O

[Nakayama 2004] shows that ¢ (L, V) is controlled by what happens to a very
general subvariety of dimension equal to dim V.



1088 Brian Lehmann

Proposition 5.6 [Nakayama 2004, Lemma V.2.21]. Let X be a smooth variety
of dimension n, and let L be a pseudoeffective divisor. Suppose there is a d-
dimensional subvariety V such that ¢(L,V) = 0. Then there is a very ample
divisor H so that any complete intersection W of (n — d) very general elements
of |H| satisfies ¢(L, W) =0.

6. The numerical dimension

Our goal in this section is to show that the different definitions of the numerical
dimension coincide. We start by giving an example of effective divisors that are
numerically equivalent but have different litaka dimensions.

Example 6.1. We give an example of a threefold X and effective divisors L and L’
sothat L=L'"butx (L) #«(L’). Fix an elliptic curve E, and consider S = E x E with
projection maps p1 and p,. Let F be a fiber of p;. Choose a degree-0 divisor 7 on E
that is nontorsion, and define N = p3T. We have « (F) =1 and k (F + N) = —o0.

Let X be the P'-bundle Ps(Og @ Og(F + N)) with the morphism 7 : X — S.
Define L to be the section Pg(0Og), and define L’ = L — 7*N. Note that L and L’
are numerically equivalent. By identifying the pushforwards of Ox(mL) with
symmetric powers of Og @ Os(F + N), we see that (L) = 0. Similarly, since
Ox (L") can be realized as the relative dualizing sheaf of Pg(Os(—N) @ Os(F)), we
see that k(L) > k(F) = 1.

We first prove Theorem 1.1 for smooth varieties X. For convenience, we arrange
the definitions in a more suitable order. Definition (1) in the following theorem is
the definition of numerical dimension in [Boucksom et al. 2012] while (5) and (6)
correspond to k(L) and «,, (L) (by Remark 5.2) in [Nakayama 2004]. Note that we
allow varieties W C Supp(L) at the slight cost of using numerical restrictions in (4).

Theorem 6.2. Let X be a smooth variety, and let L be a pseudoeffective divisor.
Here A will denote some fixed sufficiently ample Z-divisor and W will range over all
subvarieties of X not contained in B_(L). Then the following quantities coincide:

(1) max{k € Z5o | (L¥)x #0).

() max{dim W | (L™ W)y > 0}.

(3) max{dim W | lim._,o volx;w(L +€A) > 0}.

(4) max{dim W | infs volz ([Ps ($*L)]|57) > 0}, where ¢ : (X, W) — (X, W)
ranges over W -birational models.

(5) max{k € Z¢ | limsup,,_, . h°(X, [mL] + A)/m* > 0}.

(6) min{dim W | ¢(L, W) = 0} (by convention, if L is big we interpret this
expression as returning dim X).

(7) max{k € Z>¢ | 3C > 0 such that Ct" % <vol(L +tA) forallt >0}.
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We call this common quantity the numerical dimension of L and denote it vy (L). It
only depends on the numerical class of L.

We will prove Theorem 6.2 using a cycle of inequalities. The equivalence of
(1)—(4) is an easy consequence of the properties of the positive product, and the
inequality (5) < (6) was proved in [Nakayama 2004, Proposition V.2.22]. The other
inequalities will require more work.

Proof. (1)=(2). Let Hy, ..., H;_; represent very general elements of a very ample
linear system. Since (L*)y is in the closure of the cone generated by effective
cycles, it is nonzero if and only if (LYYx -Hy- - -Hy_; > 0. By Lemma 4.18, this
is equivalent to (Lk>X|Hm-~de,k > 0. Thus, (1) < (2). By Proposition 4.21, the
same argument in reverse shows that (2) < (1).

(2) = (3). Proposition 4.12 shows that the conditions set on W in (2) and (3) are
the same.

(3) = (4). Proposition 4.12 allows us to translate between restricted volume and
the restricted positive product in the V-big case. Thus, Theorem 4.15 implies that

volxw(L +€A) = ¢_§?an voly ([ Py (9™ (L +€AD]l),

where ¢ : ()? , W) — (X, W) varies over W-birational models. Consider

lim volxw(L +€A) = lim inf VOIW([PU (*(L + eA))]|ﬁ;).
e—0 e=>0p:X—>X

Note that on any model voly ([ P, (¢*(L+€A))]|7) is nondecreasing and continuous

as a function of €. Thus, on the right-hand side, we may commute the limit with

the infimum.

(4) < (5). The first step is to show that there is some ample divisor on W whose
pullback lies beneath each restriction P, (¢*L)|y. Using this ample divisor, we
find a lower bound for the growth of sections of a certain twisted linear series on W.
The last step is to prove a lifting theorem for twisted linear series to conclude that
hO(lmL| + A) satisfies the necessary growth conditions.

Lemma 6.3. Let X be a smooth variety of dimension n, let L be a big divisor, and
let N be a general element of a big basepoint-free linear system. Then we have
vol(L — N) > vol(L) — n volx|y (L).

The easiest demonstration appeals to the results of [Boucksom et al. 2009].

Proof. Let a = sup, (o ){L — ¢ N is pseudoeffective}. Note 1 > «, and since L is
big, 0 < a. We will prove the stronger result vol(L — N) > vol(L) — na volx |y (L).
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By [Boucksom et al. 2009, Corollary C], the function vol is continuously differ-
entiable on the big cone. More precisely, for ¢ € (0, @) we have

d
EVOI(L —tN) = —I’LVO]X|N(L —tN).

Note that volyy (L —tN) < volx|y(L) for any t > 0. Thus, for every ¢ € (0, )
there is an inequality

d

7 vol(L —tN) > —nvolxn(L).
Integrating both sides over ¢ € [0, a], we get vol(L —aN) > vol(L) —na volx |y (L).
But if & # 1, then vol(L — aN) =0 = vol(L — N), finishing the proof. O

Lemma 6.4. Let W be a smooth variety. Suppose that for every smooth birational
model ¢ : W — W we associate a divisor L so that for any birational map
Y : W — W we have y* Ly > L. Suppose furthermore that

inf vol(Ly) > 0.
W

There is some ample divisor H on W and constant € such that vol(Ly —¢*H) > €
for every ¢.

Note that vol(Ly;) > vol(L) for every higher model w.

Proof. For convenience, set n = dim W and t = inf vol(Ly;). Fix a very ample
divisor H on W. It suffices to show that there is some constant k such that for any
smooth model ¢ : W — W, there is an H' = H so that

vol(Ly — +¢*H') > /2.

Choose a prime very ample divisor H' = H sufficiently general so that ¥*H' is
equal to the strict transform of H’. Note that

VOlWl(b*H/(LW) S VOlW‘(p*H/((p*LW),

and by [Ein et al. 2009, Lemma 2.4], the latter quantity is equal to volw |z (Lw).
Choose some constant k£ so that
T

1
+ volw g/ (L —.
7 Vol m/( W)<2n

(Note that by [Boucksom et al. 2009, Proposition 4.8], k is independent of the
choice of H' and thus also independent of the choice of W.) Lemma 6.3 implies

vol(kL — ¢*H') > vol(kLyy) — n voly sy (KL )
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Rescaling the above expression by k, we find
vol(Liy — L¢*H') = vol(L ) — % Vol gy ($*Lw) > /2. O

In our situation, we find the following:
Corollary 6.5. Assume that W is a very general intersection of very ample divisors
such that infy voly (Py (¢*L)|) > 0, where ¢ : (X, W) — (X, W) varies over
all W-birational models. Then there is an ample divisor H on W so that for any
W -birational model ¢ : X — X, we have

voly (Py (¢ L) |y —¢*H) > 0.

Proof. Consider the set of divisors P, (¢*L)|. Since Ny (¢*L) > 0, they satisty
the comparison condition of Lemma 6.4. By assumption, the infimum condition of
Lemma 6.4 also holds. The lemma yields an appropriate ample divisor H on W. [

Our next goal is a lifting theorem for twisted linear series.

Proposition 6.6. Let X be a smooth variety, and let L be an effective divisor.
Suppose that N is a big and numerically effective divisor satisfying 0 < N < L
such that N has simple normal crossing support. Let | B| be a basepoint-free linear
system defining a birational morphism on X. For sufficiently general elements
By, ..., By € |B|, we have an inequality

RO (W, 0w (Kw +[Nlwl+Alw)) <h°(X|W, Ox(Kx+[L1+Bi+- -+ Bi+A)),

where W is the complete intersection B1N- - -N By and A is any numerically effective
Z-divisor on X.

Proof. For convenience, define W; := By N---NB; and M; := Bj 1 +---+ By.
Note that since the B; are sufficiently general, we may assume that each W; is
smooth, that N >, 0, and that N|w; has simple normal crossing support. Note
furthermore that B is big and numerically effective so that M;[w; is also a big and
numerically effective divisor for any i and j.

Kawamata—Viehweg vanishing implies that we have surjections

HO(W;, Ow,(Kw, + [N|w, 1+ (A+ Mp)|w)) —
HO(Wit1, Ow,,,(Kwiy, + [N, 1wy + (A4 Mit)lw,))-

Furthermore, since N >y, O for every i, we have [N|w, 1|lw,,, > [Nl|w,, . Thus,
by induction we obtain

RO (X|Wi, Ox(INT+ (Kx + A+ Bi + -+ BY))
> hY (W, Ow,([N|w,1+ (Kx + A+ Bi +---+ Bo)lw,)).

When i = k, we obtain the desired statement. O
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We now finish the proof of the inequality (4) < (5). Set k to be the value of (4).
Fix an ample divisor A on X as in Theorem 2.4 so that for any m there is an
L,, ~ [mL]+ A such that L,, > 0.

For each L,,, we can apply Proposition 3.7 to find an effective divisor G,,, a
countable sequence of maps ¢; ,,, and a big and numerically effective divisor N; ,,
satisfying

Nim < Po (@ L) < Nim + 197,,Gm-

We may of course assume that each N; , has simple normal crossing support and
each ¢; , is a composition of blowups along smooth centers.

Note that the set of maps ¢; ,, is countable as m and i vary. Fix a very ample
linear system |B| on X. We can choose very general elements By, ..., By € |B|
so that the ¢;j B satisfy the conditions of Proposition 6.6 for each X im and N
simultaneously. We may also choose the B; sufficiently general so that the strict
transform of B; over ¢; , is the same as the pullback for every i and m. Set
W =B;N---NBy. Then each ¢; ,, is W-birational and W,-,m,j = ¢13me10- . -ﬂq&;‘ijj
is smooth for every j between 1 and k.

Choose an ample divisor H on W as in Corollary 6.5. For each G,,, choose a
sufficiently small €,, > 0 so that H — €,,G,,|w is pseudoeffective. By choosing
i > 1/€,, we find models ¢,, : fm — X so that

N EvT/m Pa(d);:le) EVT/m N +6m¢:;,Gm

Thus,

Nm|vT/m - (m - l)d):lH = (Pa(qs;Lm) - €m¢:;,Gm)|ﬁ/m - (m - 1)¢;:1H
> (Py (¢, Lm) — Ps($,,mL)|g,
+m(Po (b, L)y, — S H) + & (H — €1 Gl w).

m

We analyze this last sum term by term. Since L,, — mL is W-pseudoeffective
and Ny (¢, L) >, 0, the first term is pseudoeffective by Proposition 3.5. The
conclusion of Corollary 6.5 is that the second term is big. The third term is also
pseudoeffective by construction. Thus, Dy, := Ny |y, — (m — 1)¢; H is big.
Fix a very ample divisor M on X. Then
W (Won, O (K, + (k+ 25 Mlw + [Nl 7, 1)
> h(Wi, Oz (Kiiz. + (k+ 25 Ml + [Dy] + L — D¢ H))
> hO(W, lm—1)H]) by Proposition 2.17

2ka

for some constant C > 0 and for m sufficiently large.
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We conclude by applying Proposition 6.6. We have already chosen the divisors
By, By, ..., By sufficiently general so that their pullbacks satisfy the conditions of
the theorem. For convenience, define A’ = By + - - - + By. Proposition 6.6 shows
that the dimensions of the spaces of restricted sections

WO (X | Wi, O (K, + @5 (L + A"+ (k +2)¢*M))) > Cm*

m

for some constant C > 0 and for sufficiently large m. Since K,y is ¢,-exceptional,
these dimensions are equal to

hO(XIW, Ox(Kx 4+ L+ A’ + (k+2)¢*M))
=h2(X|W, Ox(Kx + [mL1+ A+ A’ + (k+2)¢*M)).

Thus, h°(X,0x(Kx 4+ [mL] + A + A’ + (k + 2)¢*M)) is also bounded below
by Cm* for sufficiently large m.

(5) < (6). This is proved in [Nakayama 2004, Proposition V.2.22].

(6) < (1). By Proposition 5.6, we may assume that W is a very general intersection
of very ample divisors. We need to consider the O-case separately. Note that (1) is O
precisely when P, (L) is numerically trivial. This means that (6) is also 0. Thus,
we can prove that (6) < (1) by considering the case where (6) is at least 2 and (1)
is at least 1.

Suppose for a contradiction that (1) is less than the value of (6). For convenience,
we set k to be the value of (1). Let W be a k-dimensional intersection of very
general, very ample divisors. Set t = ¢(L, W) > 0, and let ¢ : Y — X be the
blowup of W with exceptional divisor E.

Fix a very ample divisor H on Y. We first analyze ¢*L + ¢ H. Choose models
v 17, — Y computing positive products ((¢*L+6H)k)y|E and ((¢*L+eH)* 1)y,
Choose big and numerically effective divisors A; < ¥/ (¢*L + €H) on 171 that
compute the product. By Proposition 5.5, P; (Y (¢*L +€H)) — 1y E is always
pseudoeffective, so by choosing v; appropriately, we may also assume A; — 59 E
is pseudoeffective for each A;. Thus, A; — %E is also pseudoeffective, where E
denotes the strict transform of E on 17, Then

0<(A;—LE) - A¥-yrHI
By taking a limit over pushforwards on all such models, we find
0<(@*L+eH) )y HI T — (@ L+e ) )yp - HTE
This is true for all sufficiently small €, so

0<(@*L"Yy HT = 2 LNy - HTTH
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By choosing sufficiently general elements Hy, ..., Hy_x—1 € |H|, we may ensure
that ENH; N---N Hy_;—1 maps finitely onto W via ¢. Letting the Ay, ..., Ag—
denote the ample divisors whose intersection is W, we have

(@*LEyyie - H7 = (0" LYY yienmn-nmy o
=C(LNxjw
=C(LMx A+ Ay

for some positive constant C. By assumption, this latter quantity is positive, so
0< <¢*Lk+l>y . Hd_k_l,

contradicting the fact that (L¥+1)y = 0.
(7) < (1). Let k denote the value of (1). Note that

"R 1A ATF = (L 1A (1A
< ((L+tA)").
The expression in (1) implies that there is some constant C such that C < ((L +
t A%y . A"* for every t > 0. Thus, we obtain Ct" % < vol(L 4+t A) for every ¢t > 0.

(1) < (7). Let k denote the value of (7). For every constant C, there is some ¢ > 0
such that
(L +tA)" < Ccr" 1,

This implies that
tn_k_l ((L +[A)k+]> . Al’l—k—l < Ctn_k_]

so that for any C there is some ¢ such that ((L + tAF1y . An—k=1 - C . Note that
the left-hand side is increasing in ¢ so that the inequality must hold for arbitrarily
small z. Thus, the value of (1) is at most k. U

The numerical dimension satisfies a number of natural properties. All of the
following are checked in [Nakayama 2004, Proposition V.2.7] except for (5) and (7):

Theorem 6.7 [Nakayama 2004, Proposition V.2.7]. Let X be a smooth variety, and
let L be a pseudoeffective R-divisor.

(1) We have 0 <v(L) <dim X and « (L) < v(L).

(2) We have v(L) = dim X if and only if L is big and v(L) = 0 if and only
if Po(L) =0.

(3) If L is pseudoeffective, then v(L + L") > v(L).

@ If f: Y — X is any surjective morphism from a normal variety Y, then

v(f*L) = v(L).
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(5) We have v(L) = v(P,(L)).

(6) Suppose that f : X — Z has connected fibers and F is a very general fiber
of f. Then v(L) <v(L|f)+dim Z.

(7) Fix some sufficiently ample Z-divisor A. Then there are positive constants C
and C» so that

Cim" P < h%(X,0x(ImL] + A)) < Com" P

for every sufficiently large m.

Proof. Part (5) follows from the invariance of the positive product under passing
to P,.

Consider the inequality of (7). The leftmost inequality was stated explicitly while
demonstrating the implication (4) < (5) in the proof of Theorem 6.2. To show the
rightmost inequality, let W be a subvariety of dimension v(L) with ¢(L, W) =0.
Proposition 5.3 (and the following discussion) shows that there is a positive integer g
with

(X, 9%, ® Ox(fmL]+ A)) =0

for sufficiently large m. Writing W, for the subscheme defined by the ideal $,,
for sufficiently large m there is an injection

h%(X,0x(TmL] + A)) — h°(W,, Ow, (TmL] + A)),

and the rate of growth of the latter is bounded by m4mWe) — V(L) O

It is interesting to note that v is not lower semicontinuous as might be expected.
This is a consequence of the fact that the restricted positive product is only semi-
continuous on the boundary of the V-pseudoeffective cone.

Example 6.8 [Boucksom et al. 2009, Example 3.8]. Let X be any smooth surface
with infinitely many —1-curves. Take some compact slice of NE'(X). We can
choose a convergent sequence of distinct classes {c;} on this compact slice such that
each o; lies on a ray generated by a different —1-curve. Note that for any irreducible
curve C, there is at most one i for which «; - C < 0. Thus, 8 :=1im;_, o &; must be a
numerically effective class. A nontrivial numerically effective class 8 has v(8) > 1
but v(e;) = 0 for every i. Thus, v is not lower semicontinuous.

Question 6.9. What properties does v satisfy along the V-pseudoeffective bound-
ary?

6A. The numerical dimension for normal varieties. Since the numerical dimen-
sion is a birational invariant, we can extend the definition to any normal variety X.

Definition 6.10. Let X be a normal variety, and let L be an R-Cartier divisor on X.
We define v(L) to be v(f*L), where f : Y — X is any smooth model.
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We now complete the proof of Theorem 1.1 by showing that the criteria of
Theorem 6.2 can be applied directly to a normal variety. Note that the numbering
in the two theorems is different; we will use the numbering of Theorem 1.1.

Proof of Theorem 1.1. We have (1) = v(L) since the arguments in the proof of
[Nakayama 2004, Proposition V.2.7] show that (1) is a birational invariant even for
normal varieties.

We next show that (3) = v(L). We first claim there is a complete intersection W
of very general, very ample divisors that maximizes (3). Suppose that V C X is a k-
dimensional subvariety that achieves the maximum value in (3). Choose very ample
divisors Ay, ..., A,—x whose (scheme-theoretic) complete intersection Wy contains
V and also has dimension k. Set P =PH(X, Ox(A}))x---xPHY(X, Ox(A,_k)).

Let $ be the ideal sheaf on X x P whose restriction to a fiber of the second
projection is the ideal sheaf of the corresponding complete intersection on X. Note
that ¢ is flat over the locus on P representing intersections of the expected dimension.
By upper-semicontinuity, we find that for any fixed divisor D we have

hO(X, 9w (D)) < h*(X, $w,(LD]))
for a general complete intersection W. Thus,

RO (X|W,0x(LD))) = h°(X|Wo, Ox(LD]))
> h'(X|V,0x(LD)))

since the restriction map Ox — Oy factors through restriction to Owy,. In particular,
if we fix a countable collection of divisors D;, then for a very general complete
intersection W, we have voly w (D;) > volxy (D;) for every i. Setting D; := L+ %A
yields the claim.

Let ¢ : Y — X be a smooth model of X. For any ample divisor A on Y, there
is an ample divisor H on X such that ¢*H > A. Since W is not contained in any
¢-exceptional center, we may furthermore ensure that Supp(¢*H — A) does not
contain W.

In particular, for any ample divisor A on Y there is some H on X such that

voly|w (L +€H) = voly i (¢* (L + € H)) > voly 7 (¢*L + € A).

Similarly, for any ample divisor H on X there is an A on Y with A — ¢*H ample.
Thus, (3) = v(L) is proved.

Then (2) = v(L) follows from the arguments of the previous two paragraphs,
(4) = v(L) since (4) remains unchanged upon passing to a smooth V-birational
model, both (5) =v(L) and (6) = v(L) follow from Corollary 4.19, and (7) = v(L)
by Proposition 5.4. U
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7. The restricted numerical dimension

We now turn to the restricted numerical dimension. For a subvariety V, vy y (L)
should measure the maximal dimension of a subvariety W C V such that the
“positive restriction” of L to W is big.

Theorem 7.1. Let X be a smooth variety, let V be a subvariety of X, and let L be a
V -pseudoeffective divisor. In the following, A denotes some fixed sufficiently ample
Z-divisor, and W will range over all subvarieties of V not contained in B_(L).
Then the following quantities coincide:

(1) max{k € Z=o | (L*)xjv #0},

(2) max{dim W | (L™ W)y, > 0},

(3) max{dim W | lim._,o volx|w (L +€A) > 0}, and

(4) max{dim W | lim inf vol ([ Py (¢*L)]|§7) > 0}, where ¢ : (X, W) — (X, W)

ranges over W -birational models.

This common quantity is known as the restricted numerical dimension of L along V
and is denoted vx |y (L). It only depends on the numerical class of L.

The argument is the same as in the proof of the first four equivalences in
Theorem 6.2. One wonders whether the other equalities in Theorem 6.2 can be
extended to analogous notions for the restricted numerical dimension. Perhaps the
most important is the restricted version of «,.

Definition 7.2. Let X be a smooth variety, let V be a subvariety, and let L be
a V-pseudoeffective divisor. Fix any divisor A. If HO(X|V,0x(lmL + A))) is
nonzero for infinitely many values of m, we define

: WO (X|V, Ox(ImL + A)))
lim sup > 0}.

m—00 mk

ke (X|V, L; A) := max{k €Z>

Otherwise, define x, (X|V, L; A) := —o0. The restricted o -dimension «, (X |V, L)
is defined to be

ko (X|V, L) := mle{Ka(XlV, L; A)}.
Arguing as in the proof of [Nakayama 2004, Proposition V.2.7], one can check
that the restricted o -dimension is a numerical and birational invariant.

Question 7.3. Let X be a smooth variety, V a subvariety, and L a V -pseudoeffective
divisor. Does vy v (L) =k, (X|V, L)?

Since the restricted numerical dimension is invariant under passing to admissible
models, we can extend the definition to pairs with singularities.
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Definition 7.4. Let X be a normal variety, V a subvariety not contained in Sing(X),
and L a V-pseudoeffective divisor. We define vx |y (L) = vyw(f*L), where (Y, W)
is any smooth V -birational model of (X, V).

7A. Properties of the restricted numerical dimension. The restricted numerical
dimension satisfies similar properties to the numerical dimension. Since we know
less about vy |y, the statements are slightly weaker.
Theorem 7.5. Let X be a smooth variety, V a subvariety of X, and L a V-
pseudoeffective divisor.
(1) We have vx v (L) <v(L), and if V is normal, then vx)y (L) < v(L|y).
(2) We have vxy (L) = vx |y (Ps(L)).
(3) When L is numerically effective, vx )y (L) = vy (L|y).
(4) If L is also V -pseudoeffective, then vxy (L + L") > vx v (L).
(5) Suppose that vx\y(L) < dim V. If H is a very general, very ample divisor
on X, then vxy (L) = vxvnu (L).
©) If ¢ (i, ‘7) — (X, V) is an admissible model with X smooth, then we have
Vg7 (@*L) = vx|v (L).
(7) Let ¢ : Y — X be a smooth birational model, and let W be a subvariety of Y
such that ¢|w maps surjectively onto V. Then vy,w (¢*L) = vxv (L).
Proof. (1) Note that if Z and Z’ are subvarieties of X with Z C Z’, then we have
volx|z/(L) > volx z(L) since the restriction map on sections of L from X to Z
factors through the restriction map to Z’.

Fix an ample divisor A on X, and let W be an intersection of very general,
very ample divisors on X. The two inequalities follow from the two facts that
volyw (L +€A) > volxynw (L +€A) and volx|y (L +€A) > volxjynw (L +€A).
(2) This follows from the fact that the restricted positive product is invariant under
passing to P, as demonstrated in Proposition 4.13.

(3) The restricted volume of an ample divisor can be calculated as an intersection
product, so the equality follows from characterization (3) in Theorem 7.1.

(4) Fix an ample divisor A. Then the inequality follows from the other inequality
volx|w(L + L' +2€A) > volx;w(L +€A).

(5) Using characterization (1) in Theorem 7.1, we see that if k < dim V, then
(L*)x|v # 0 if and only if (L*) xjynu = (L*)xv - H #0.

(6) This is a consequence of Proposition 4.20 that describes how the restricted
positive product is compatible with admissible models.

(7) First suppose that dim W > dim V'; we show vy w(¢*L) < dim W. Every fiber
of ¢|w is covered by curves with ¢*L - C = 0. Since B_(¢*L) = ¢~ 'B_(L), the
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general such curve avoids B_(¢*L). In particular, for any W-birational model
v:Y > Y, the subvariety W is covered by curves satisfying P, (Y *¢*L) - C =0.
Thus, vy;w(¢*L) < dim W by characterization (4) in Theorem 7.1.

Fix a very general, very ample divisor H on Y. Then vy|w (¢*L) =vy|wnu (¢*L)
by property (5). Proceeding inductively, we reduce to the case dim W = dim V,
which is (6). O

It is important to note we can have vy|y (L) =dim V even when L is not V-big.

Example 7.6. Let X be a smooth variety, V a smooth subvariety, and L a V-
big divisor. Let ¢ : (Y, W) — (X, V) be an admissible model such that some
¢-exceptional center contains V. Then ¢*L is W-pseudoeffective but not W-big.
Nevertheless, the invariance of vy |y (L) under passing to admissible models shows
that we still have vy|y (L) =dim V.

We next show that the nonvanishing of v(L) can be detected by the restricted
numerical dimension vy c (L) for a very general curve C.

Proposition 7.7. Let X be a smooth variety, and let L be a pseudoeffective divisor
on X. Then v(L) > 0 if and only if there is a curve C on X defined as a very general
complete intersection of very ample divisors with vx,c(L) > 0.

Proof. If v(L) =0, then vy c(L) = 0 by Theorem 7.5.

Conversely, suppose that C is a very general intersection of very ample divisors.
By choosing C appropriately, we may assume that it avoids every component
of B_(P,(L)). In particular, for any C-birational model ¢ : ¥ — X, we have

vol(P, (¢*L)|z) = Py (¢p*L) - C = ¢* P, (L) -C = P, (L) - C.

Thus, if vx|c(L) =0, then P,(L)-C = 0. But since C is an intersection of ample
divisors, this implies that P, (L) =0 and v(L) = 0. O
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Some consequences of a formula of Mazur
and Rubin for arithmetic local constants

Jan Nekovar

We prove a very general case of the parity conjecture for Selmer groups of elliptic
curves over totally real fields, as well as slightly less general results for classical
modular forms, Hilbert modular forms of parallel weight two and for abelian
varieties with real multiplication.

The main results of this article are the following two instances of the parity
conjecture for Selmer groups (see [Nekovar 2006, Section 12.1] for a general
discussion of this conjecture). Along the way we also prove slightly weaker results
for Hilbert modular forms of parallel weight two with trivial character (Theorems 1.4
and 3.5) and for abelian varieties with real multiplication (Theorem 4.3).

Theorem A. Let E be an elliptic curve over a totally real number field F and let p
be a prime number. The p-Selmer rank of E over F

sp(E/F) :=r1kz E(F) +corkz, IL(E/F)[p*]

(which is also equal to the dimension dimg, H }-(F , Vp(E)) of the Bloch—Kato
Selmer group [Bloch and Kato 1990, Definition 5.1] of the Galois representation
Vp(E) =Ty(E) ®z, Q) over F) and the analytic rank of E over F

Fan(E/F) :=ords—; L(E/F,s)

satisfy
Sp(E/F) =ru(E/F) (mod 2)

in each of the following cases:

(1) E does not have complex multiplication,
(2) E has complex multiplication and 21 [F : Q), and
(3) E has complex multiplication by an imaginary quadratic field K' and p splits
in K'/Q.
MSC2010: 11G40.

Keywords: Selmer groups, parity, elliptic curves, modular forms.
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Note that potential modularity of £ [Wintenberger 2009, Theorem A.1] implies
that the L-function L(E/F, s) has a meromorphic continuation to C and satisfies
the expected functional equation [Taylor 2002, proof of Corollary 2.2; Nekovar
2006, 12.11.6]. As a result, the integer ord,—; L(E/F, s) € Z is well defined.

Various special cases of Theorem A (for F' # Q) were proved in [Nekovar 2006;
Kim 2009; Nekovar 2009].

If the p-primary part of HI(E/F) is finite for some prime number p, then
sp(E/F) =r1kz E(F) and the statement of Theorem A is the conjecture of Birch
and Swinnerton-Dyer for E over F modulo 2.

Theorem B. Let g = Z:ozl anq" € $2-(Lo(N)) for r > 1 be a normalised (a; = 1)
newform, and let L = Q(ay, ay, . ..) be the (totally real) number field generated by
its coefficients. For any prime p of L above a rational prime p # 2, denote by V,(g)
the two-dimensional representation of Gg = Gal(Q/Q) over Ly attached to g:

det(1 — X Frgeom() | Vo(g)) =1 —a;X +1*7'X?,  forall 1{pN.

In the case when r > 1, assume that the residual representation of V,,(g) is irre-
ducible. Then

dimp, H}(Q, V,(g)(r)) = ords—, L(g. s) (mod 2).

If g is (the newform associated to) a twist of a p-ordinary eigenform, Theorem B
was proved in [Nekovar 2006, Theorem 12.2.3], even for p = 2 and without the
assumption on the residual representation.

The proofs of Theorems A and B combine the techniques developed in [Nekovar
2001; 2006; 2007a; 2007b; 2008; 2009] and [Aflalo and Nekovar 2010] — namely,
a combination of suitable relative parity results involving two Selmer groups with
an Euler system argument [Nekovar 2007a] applied to a nontrivial Euler system
[Cornut and Vatsal 2007; Aflalo and Nekovar 2010] — with a formula of Mazur and
Rubin [2007, Theorem 1.4]. This formula expresses the difference of the parities
of ranks of Selmer groups corresponding to two self-dual Selmer structures on a
given finite (self-dual) Galois module as a finite sum of terms depending on purely
local data at a finite set of (finite) primes. In a motivic setting, when the two Selmer
structures are obtained by propagation from the Bloch—Kato Selmer structures for
two self-dual geometric Galois representations that are congruent modulo a prime
ideal dividing p, these local terms are expected to mirror the local e-factors of
the corresponding L-functions. Unfortunately, such a relation to e-factors remains
conjectural (in the required generality) even in the fairly simple situation relevant to
us, when the two Galois representations come from two congruent Hilbert modular
forms of parallel weight (as in Section 3). This means that we do not have at our
disposal appropriate relative parity results in the generality we desire. To get around
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this problem we apply the formula of Mazur and Rubin in two different global
situations for which the local data agree. We obtain a “birelative” global result
(Theorem 2.2) for the parities of ranks of four different Selmer groups. If we are
able to control three of them (in our case, Theorem 1.4 applies to two of them and
the auxiliary global situation is chosen in such a way that the third Selmer group is
trivial, by an application of another Euler system argument [Kato 2004; Nekovar
2012]), the sought-for parity result for the remaining Selmer group follows. Note
that the formula of Mazur and Rubin is used in the proofs of both Theorems 1.1
(on which Theorem 1.4 relies) and 2.2. This program is carried out for Hilbert
modular forms in Section 3; the results for abelian varieties with real multiplication
are deduced in Section 4. The assumptions on E in Theorem A come from an
application of [Nekovaf 2012, corollary of Theorem B'].

Notation and conventions

All representations (in particular, characters) of various Galois groups are assumed to
be continuous. Given a number field F, a choice of an embedding F — F,, for each
prime v of F, identifies Gr, = Gal(F,/F,) with a subgroup of G = Gal(F/F).
For each representation V of G, we denote by V,, its restriction to G r,. Denote by
Soo the set of all archimedean primes of F, and by S, the set of all primes above a
rational prime p of F. For any R[G]-module M and a character x : G — R* we
denote by M = {m € M | g(m) = x(g)m for all g € G} the x-eigenspace for the
action of G on M.

1. A parity result for Hilbert modular
forms of parallel weight two

Theorem 1.1 (an abstract cohomological version of the case & = & of [Mazur and
Rubin 2007, Theorem 7.1]). Let F be a number field, and let V be a geometric
representation (in the sense of Fontaine and Mazur) of G g with coefficients in a
finite extension J of Q,, where p # 2. Assume that

(1) there exists a nondegenerate skew-symmetric G p-equivariant bilinear pairing
(+,):VxV—=>H(QA)and

(2) after possibly multiplying ( -, - ) by an element of K>, there exists a G p-stable
O-lattice T C V that is self-dual (that is, for which the rescaled pairing
defines an isomorphism T = T*(1)). (This is automatic if dimy (V) = 2, for
any T.)

Let K/ F be a quadratic extension, and let K’ be a cyclic extension of K of p-power
order, dihedral over F. Assume that no finite prime of K stable under Gal(K / F)



1104 Jan Nekovar

ramifies in K' /K. Then, for each character x : Gal(K'/K) — H*,

j:l)

dimy H}(K', V)X _ dimg HOK', V)
= dimy; H}(K, V) —dimy H*(K, V) (mod 2).

Proof. Fix a finite set S of primes of F' containing S, U S, such that V is
unramified outside S. Fix a uniformiser t € O = Oy and denote by k = 0/t0
the residue field of ¥. The J{-subspaces H}(FU, V) C H'(F,, V) for v & Sy
define, by propagation [Mazur and Rubin 2004, Example 1.1.2], a Selmer structure
H}(Fv, X)c H'(F,,X)oneach X =T, V/T, T/t"T, T = T/tT, which is
cartesian on {T/t"T},<co [Mazur and Rubin 2004, Lemma 3.7.1]. The exact
sequences

0— H(F,V/T)®ck — H{(F.T) — H{(F,V/T)[1]— 0,
0— H(F,,T)®ck — H°(F,, T) > H}(F,, T)[t] >0

imply that

dim H((F, V/T)[t] — dimy H*(F, V)
= dimy H}(F, T) —dim;y HY(F, T), (1.1.1)

and

dimy (H {(Fy, T) = H} (Fy, T) ®c k)
=dimy H*(F,, T) + dimgy H}(Fv, V) —dimy HO(F,, V). (1.1.2)

So far we have not used the assumptions (1) and (2) of the theorem, but we are
going to do it now. The existence of a nondegenerate skew-symmetric bilinear
pairing on H}(F, v/ T)/(H}(F, T) ®¢g ¥ /0) with values in K /0O constructed in
[Flach 1990] (taking into account [Bloch and Kato 1990, Proposition 3.8]) implies
that

dimy; H}(F, V) = corke (Hj(F, T) ®¢ %/0) = dimy Hy(F, V/T)[t] (mod 2);
we deduce from (1.1.1) that

dimy; H{(F, V) —dimg H(F, V)

= dimy H/(F,T) —dim; H*(F,T) (mod2). (1.1.3)
The induced representation Indgzizﬁijg (x) has a natural model I[ ] (free of rank
two) over O, which is equipped with a nondegenerate symmetric G p-equivariant
pairing I[x] x I[x] — O inducing an isomorphism I[x] = I[x]*. By Shapiro’s



Some consequences of a formula for arithmetic local constants 1105

lemma,
Hi{(F.VRIx)=H{(K.V®y) =H}K' . V)® ) GalK /K)
= H}(K’, VYA,
HI(F,V®I[x)=H/(K.V®x) =H/ (K V)*.

Since I[x]=> I[x '], these groups are respectively isomorphic to H}(K/, V)
and H/(K', V)0,

The discussion leading to (1.1.1)—(1.1.3) applies to V ® I[x] and the self-dual
lattice T ®¢ I[x]. Note there is a canonical identification 7T ® I[x] =T ® I[1],
where we have denoted by “1” the trivial character of Gal(K’/K) (this notation,
which occurs only in Theorem 1.1 and Lemma 1.2, should not be confused with
the Tate twist “(1)”1 However, t_he Selmer structures H},x (Fy, ) and H}’I(Fv, )
on the Gr-module 7 ® I[x] =T ® I[1] obtained by propagation of the subspaces
H}{(Fy, V®I[x) CH'(F,, V®I[x]) and H {(F,, VQI[1]) C H'(Fy, VI[1]),
respectively, are not necessarily the same. The formula [Mazur and Rubin 2007,
Theorem 1.4] applies in our case, since both Selmer structures H } , and H }’1 are
self-dual, thanks to [Bloch and Kato 1990, Proposition 3.8]; it yields

dimg H;  (F. T®I[x])—dimy H} | (F, T ®I[1]) = Z 8, (mod2), (1.1.4)

VES—Sn
where
8y =dimy Hy ((F,TQI[1])/(H} (F.TQI[I)NH} ,(F,T ®I[x])) (mod2).
Combining (1.1.4) with (1.1.3) for T ®¢ I[x] and T ®¢ I[1], we obtain

Xp(K,V®x)—xr(K, V)= Z 8, (mod 2), (1.1.5)

veS—Sx

where we have put
Xy (K, W) :=dimy H(K, W) — dimy H*(K, W). (1.1.6)
To conclude the proof, it remains to prove the following lemma.

Lemma 1.2. Under the assumptions of Theorem 1.1, we have §, =0 (mod 2) for
allve S — Sx.

Proof. 1f there is a unique prime w | v in K, then y,, (that is, the restriction of
x to Gk, ) is unramified by assumption, and therefore trivial [Mazur and Rubin
2007, Lemma 6.5]. It follows that [x], = I[1],; hence H}vx(Fv, T®Ix]) =
Hp\ (F,, T®I[1]).
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The case when v splits as vOx = ww’ requires a more detailed argument. In this
case K, =F, =Ky, I[1],=1&1 and I[X]v:Xw@Xu*}lAS

Y®Y
YNZ)e¥YNZo)

Sy = dimk( ) (mod 2),

where
Y =Im(H[(F,,T) ®c k — H'(F,, T)),
Ze=Im(H{(F), T ® x3) @k~ H'(F,, T® x;;') = H'(F,, T)),
we must show that
dimy(Y N Zy) =dimg (Y NZ_) (mod 2).
Firstly, the local duality
HY(F,,T)x H'(F,,T) - H*(F,, k(1)) > k

is a nondegenerate symmetric bilinear pairing under which Y+ =Y and Z1 = Z,
by [Bloch and Kato 1990, Proposition 3.8]. Secondly, (1.1.2) applied to T ® !
yields (since T® X;)H =T)

dimy (Z1) —dimy HO(F,, T) =dimy H{(F,, V® ;') —dimy HO(F,, V® x;; ).

If v { p, then the right-hand side is equal to zero, but if v | p, then it is equal, by
[Bloch and Kato 1990, Corollary 3.8.4], to

dimgc Dyr (Vo ® X, )/Fil” = dimy Dar(Vy)/Fil°,
which does not depend on the sign +. In either case,

dimy(Z4) = dim(Z_) = 4 dimy H'(F,, T) = dimg(Y)

and
dimg (Y N Z4) = dimg(Y) + dimg (Z4) — dimg (Y + Z)
=dimy H'(F,, T) — dimg(Y + Z,)
= dimg (Y + Z;)*t = dimp (YT N Z7) = dimg (Y N Z_),
as required. The lemma (and Theorem 1.1) is proved. (]

1.3. If V arises as a subquotient of Heztr _1(X ®p F, %) (r) for some proper and
smooth scheme X over F, then H°(L, V) = 0 for all finite extensions L /F, by
Deligne’s proof of Weil’s conjectures. Theorem 1.1 in this case states that

dimye H}(K', V)X =dimg H}(K, V) (mod 2). (1.3.1)
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This remark applies, in particular, to V = V,,(g)(r) as in Theorem B, and to any
subrepresentation of V),(A) ®q, K, where A is an abelian variety over F.

Theorem 1.4 (generalisation of [Nekovar 2009, Theorem 1]). Let g € So(n, 1) be a
cuspidal Hilbert modular newform of parallel weight two and trivial character over
a totally real number field F. Let L be the (totally real) number field generated by
its Hecke eigenvalues )\, (g). For any prime p of L above a rational prime p # 2,
denote by V,(g) the two-dimensional representation of G g over Ly attached to g:

det(1 — X Frgeom(v) | Vp(g)) =1 —2A,(@) X + N(v)XZ, forall v pn.
Assume that at least one of the following three conditions is satisfied:

(a) 21[F : Q],

(b) there exists a nonarchimedean prime of F at which the local component of the
automorphic representation 7w (g) of PGLy(A ) attached to g is a twist of the
Steinberg representation, or

(c) there exists a nonarchimedean prime vg of F at which the local component of
m(g) is supercuspidal.

Then
dimg, H}(F, Vo (@)(1) = ran(F, g) (mod 2),

where 1y (F, g) :=ords—; L(g, s).

Proof. Assume either (a) or (b). In the case when g corresponds to an elliptic
curve defined over F this result was proved in [Nekovar 2009]. The argument there
applies in general, with the following modifications: We replace the conductor of
E by n (the level of g) and use Theorem 1.1 instead of [Mazur and Rubin 2007,
Theorem 7.1]. As V;(g)(1) arises as a subrepresentation of V,(A) ®q, Ly, where
A is the Jacobian of a suitable Shimura curve, (1.3.1) applies in this case.

Now assume (c). Thanks to (a) we can assume that 2 | [F : Q]. In addition, we
can assume, as in [Nekovar 2009, Step 3] (after replacing F by a suitable cyclic
extension of odd degree), that there exists a prime P | p in F, with P # vg. Let K
be any totally imaginary quadratic extension of F in which P splits and that satisfies
the properties of Lemma 1.5 below (and such that g does not have CM by K). As
in [Nekovar 2008, 1.2-1.5] (for x = 1, ¥ = {P}, and ¢ = 1), the generalisation
of [Cornut and Vatsal 2007, Theorem 4.1] proved in [Aflalo and Nekovar 2010,
Theorem 4.3.1] combined with [Nekovaf 2007a, Theorem 3.2] implies that there
is a finite cyclic subextension K’/K of the ring class field extension K[P*°]/K
and a character x of Gal(K’/K) for which 2 dimg; H} (K', Vy(8) (1)), where
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JH = Ly(x). Theorem 1.1 then yields
2tdimg, Hp(K, Vy(g)(1))
=dimy, H}(F, Vy()(1)) +dimg, H(F, V(g @ a)(1)), ()

where « is the quadratic character associated to K /F. We can now vary K as in
the endgame of [Nekovér 2001]:

If 24 ran(F, g), then 2 | roan (F, g @) for any « as in Lemma 1.5 below. According to
[Waldspurger 1991, Theorem 4] and [Friedberg and Hoffstein 1995, Theorem B.1]
there exists such an « satisfying ry (F, g®a) =0, which implies that H } (F, Vp(g®
«)(1)) =0, by [Nekovaf 2012, Theorem B(b)]; thus 2 { dimg, H}(F, Ve (g)(1)),
by (%).

If 2 | ran(F, g), then 24 ryn(F, g ® @) for any « as in Lemma 1.5. The previous
argument applies to ¢ ® a, yielding 2 { dimg, H}(F, Ve(g ® a)(1)). Applying (x)
again, we obtain 2 | dimy,, H}(F, Ve(g)(1)). U

Lemma 1.5. Let g be as in Theorem 1.4(c). If 2 | [F : Q), then there exists a
character | : GFU0 — {1} such that, for any character o : G — {£1} satisfying

Oyy = [, ay, =1 forallv|nwithv #vy, ay(—=1)=—1forallve Sy,

the corresponding quadratic extension K = FX"® of F is totally imaginary and
2+ran(Fv g)+ran(F7g®a)-
Proof. See [Nekovét 2012, Proposition 2.10.2]. U

2. A relative parity result with a twist

2.1. Assume that V satisfies the assumption (1) of Theorem 1.1. For each nonar-
chimedean prime v of F we write, as in [Nekovar 2007b, Proposition 2.2.1(1)],

e (V) =&,(Vy) =e(WD(Vy), ¥, dxy) € {£1},

where v is any nontrivial additive character of F,, where dxy, is the corresponding
self-dual Haar measure on F),, and where W D(V,) is the representation of the
Weil-Deligne group of F, attached to V,, if v { p, or to D, (V,) if v | p (see
[Deligne 1973, 8.4; Fontaine 1994; Fontaine and Perrin-Riou 1994, 1.1.3.2]).

Theorem 2.2. Let F and K be as in Theorem 1.1 (in particular, p #2). Let V and
V' be geometric representations of G g with coefficients in K that satisfy assumptions
(1) and (2) of Theorem 1.1. Let T C V and T' C V' be G g-stable O-lattices,
self-dual with respect to the corresponding pairings (-,-) : T x T — 0(1) and
(-,-):T'xT"— O(1). Assume that there exists an isomorphism of k[ G r]-modules
u:T =T ®ck = T =T Q¢ k compatible with the pairings induced by { -, - ) on
T andby (-,-Y onT'. Let S be a finite set of primes of F containing Ss, U Sy and
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all primes at which V or V' is ramified. If a : G — {1} is a character such that
oy =1 forallv e S — S, then (using the notation from (1.1.6)):

Xf(F. V)= xp(F, V)= xs(F,VQa)— xs(F,V' @a) (mod?2),
ev(V)/eo(V) =e,(VRa)/e,(V @a) forall v Se.
Proof As remarked in the course of the proof of Theorem 1.1, the Selmer structure
H (F,, T) obtained by propagatlon of H (F,, V) C H'(F,, V) is self-dual; so
is the structure H ,(F,, T) obtained by propagatlon of Hf(FU, V'Yc H'(F,, V),

composed with the isomorphism HY(F,,T") > H'(F,,T) induced by u. Combin-
ing [Mazur and Rubin 2007, Theorem 1.4] with (1.1.3) we obtain

Xy (F. V)= xs(F, V') =dimy H(F, T)—dimy H}.(F,T)
= Z 8,(Ty, T!) (mod 2), (2.2.1)
veS—Sw

where
8u(T,. T,) = dimy H{(F,. T)/(H}(F,, TYN H}.(F, T)) (mod 2).
Set S(a) = SU{v | oy is ramified}. We claim that
H/(F,,T®a)=0 forallve S(@)—Sand j=0,]1,?2. (2.2.2)

Indeed, H(F,, T ® o) C (T ® @) = 0 (since p # 2) and H*(F,, T Q o) =
HO(F,, (T®a)*(1)* = HO(FU, TRw)* =0, by local duality. Finally, by the local
Euler characteristic formula, H'(F,, T @ a) =

The pairings (-, -) and ( -, - )" and the isomorphism u induce the same data for
T ®a and T’ ® a. Applying (2.2.1) to these twisted modules, we obtain

xr(F,V®a)—xs(F, V' ®a) = Z 8u(T @)y, (T' Q@ @)y)
veS(a)—Sxo

> (T ®a), (T'®a),)

veES—Soo

> 8(T,, T))

vES—Soo

= x/(F,V)— xs(F, V') (mod 2),

where the second congruence follows from (2.2.2) and the third from the fact that
oy =1forallves— Sx.

Let us now prove the statement about local e-constants. For v € § — Sy, there is
nothing to prove, as (W Q@ @), = W, (here W =V, V’); hence ¢,(W Q @) = ,(W).
For v ¢ S(«) all four e-constants are equal to 1. Finally, for v e S(a) — S, e, (W) =1
(W =V, V). It follows from (2.2.2) that (W ® «)” = 0, which implies that
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ee(W®a) = ¢epy(W ®a). As the local gp-constants at primes not dividing p
are compatible with congruences modulo p [Deligne 1973, Theorem 6.5], the
isomorphism 7/ ® o = T ® o implies that £,(V @ ), &,(V' ® a) € {£1} are
congruent modulo p; therefore they are equal to each other. ([

2.3. In practice, we are often given a slightly different set of data:
2.3.1 representations V and V' that satisfy the assumption (1) of Theorem 1.1;
2.3.2 a Gp-stable O-lattice T C V, self-dual with respectto (-, -): 7T x T — O(1),
2.3.3 for which T = T ®g k is an absolutely irreducible representation of G ¢, and
2.3.4 a dense set of elements g € G for which Tr(g | V) =Tr(g | V') (mod r0).
The condition 2.3.4 implies that, for any G g-stable O-lattice 7' C V’, the
semisimplification 77° of T’ is isomorphic to 7%, which is in turn equal to
T, by condition 2.3.3. It follows that there is an isomorphism u : T’ = T of
k[G r]-modules, which is unique up to a scalar in k™ (again by condition 2.3.3).
Irreducibility of 77 implies that any G r-stable O-lattice in V"’ is of the form a7’ for
some a € H*; as a result, T’ satisfies the assumption (2) of Theorem 1.1. Finally,
the pairings induced on T by ( -, - ) (and respectively by ( -, -} and u) coincide up
to a multiplicative factor b € k™ (by condition 2.3.3). After multiplying (-, -)' by a
suitable element of 0>, we obtain b = 1. In other words, the conditions 2.3.1-2.3.4
give rise to the data required in Theorem 2.2.

3. Two applications of Theorem 2.2 to modular forms

3.1. Let F be a totally real number field. If g € Si(n, 1) is a cuspidal Hilbert
newform over F of level n, of trivial character and parallel weight k£ (necessarily
even), then its completed L-function coincides, up to a shift, with the L-function
of the automorphic representation 7 (g) of PGL,(A ) associated to g:

(LooL)(g:9) =L(x(9) s —(k=1)/2),  Loo(g,) =Te(s)".

Since the I'-factor L, (g, s) has no zero nor pole at the central point s = k/2 of
the functional equation, the parity of the analytic rank of g over F,

ran(F, g) :=ords—x/2 L(g, 5),
can be read off from the corresponding e-constant in the functional equation
L(7(g),s) =€(m(g),s)L(m(g), 1 —s),
(1= =g(m(g). ) = [ eu(m(@)v: 3)-

v

If L, Ly, and V,(g) are as in Theorem B (with an appropriate modification if F # Q;
see Theorem 1.4 in the case k = 2), then the Galois representation V = V,,(g)(k/2)



Some consequences of a formula for arithmetic local constants 1111

satisfies the assumption (1) of Theorem 1.1. The conjectures of Bloch and Kato
[1990; Fontaine and Perrin-Riou 1994] predict that

dimz, H{(F, V) =ra(F, g).
We are interested in this conjecture modulo 2:
dimz, H{(F, V) =ran(F, g) (mod2).

3.2. Let g € Sg(n, 1) be as in Section 3.1. If F'/F is a quadratic extension and
a : Gal(F'/F) = {£1} the corresponding quadratic character, then we have

H{(F',V)=H}(F.V)®H/(F.V ®a) B.2.1)

and
LEg®F', s)=L(g, s)L(gQua,s),

, _ (3.2.2)
Fan(F', 8) =ran(F, 8) +1an(F, g @),

where we have denoted, somewhat abusively, by g’ = ¢ ® F’ the base change
of g to an automorphic form on PGL;(A /) and by ry,(F’, g) the analytic rank
ran(F’, g® F") (strictly speaking, it is the automorphic representation of PGL, (A /)
attached to g’ that is the base change of 7 (g)).

3.3. Proof of Theorem B. The claim for r = 1 is a special case of Theorem 1.4(a).
If r > 1, then it follows from [Ribet 1994, Theorems 2.1 and 2.2, Corollary 3.2] (the
author would like to thank F. Diamond for pointing out this reference) and from our
assumption about the residual representation of V,(g) that there exists a normalised
newform g; € S$>(Ny, @*?") of level N, dividing p N whose coefficients lie in a
number field L’ D L and that satisfies, for a suitable prime p’ | p of L,

Tr(g | Vy(g) =Tr(g | Vy(8) ®1, L;,) (mod p’) forall g € Gg.

Let g’ € S»(N’, 1) be the newform associated to g; ® @' ~! (of level dividing N
multiplied by a suitable power of p); set i = L;,, 0=0y,V=V,()(r® Ly H
and V' = Vp (g (1) = Vy(gN(D @ .

The representations V and V'’ satisfy conditions 2.3.1 and 2.3.4 (note that
Z,(r)and Z,(1) @ o" ~! have the same residual representation F,(r)). Fix any
Gq-stable O-lattice T C V. It satisfies condition 2.3.3 (irreducibility implies
absolute irreducibility, as the action of the complex conjugation on T has two
distinct eigenvalues =1 contained in k = 0/10) and, after rescaling the symplectic
form (-,-):V xV — J(1), also condition 2.3.2. The discussion in Section 2.3
implies that the assumptions of Theorem 2.2 are satisfied. Using, in addition,
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Section 1.3, we deduce that
dimy; H{(Q, V) — dimy; Hp(Q, V')
= dimy H{(Q, V ® @) —dimy H{(Q, V' ®a) (mod2), (3.3.1)
whenever o : Gg — {%1} is a character satisfying
a;=1 forall [|pN. (3.3.2)
According to Theorem 1.4(a),
dimy Hp(Q, V) =rp(Q.¢)  (mod?2), 333
dimy H}(Q, V' ® @) = ran(Q, g’ ® &) (mod 2).

Combining (3.3.1) and (3.3.3) with Lemma 3.4 below, we obtain

dimy Hp(Q, V) = ran(@, &)

=dimy H/(Q, V ®a) —ran(Q, g @) (mod2). (3.3.4)
It follows from the nonvanishing results of [Waldspurger 1991, Theorem 4; Friedberg
and Hoffstein 1995, Theorem B.1] that there exists a character « satisfying (3.3.2)
for which r,, (Q, g ® @) = 0. A fundamental result of Kato [2004, Theorem 14.2(2)]

then implies that H } (Q, V®a) =0. The congruence (3.3.4) for this particular o
becomes

dimy H{(Q, V) = ran(@, g) (mod 2),
which proves Theorem B.

Lemma 3.4. For any character o satisfying (3.3.2) we have
ran(Q, &) — ran(Q, g/) =ram(Q, g @a) —ra(Q, g' ® o) (mod 2).

Proof. To simplify the notation we write &, (h) =&, (7‘[ (h)y, %) for the corresponding
local e-constants. It is enough to show that, for any prime v of (0,

ev(8)/ev(g) =eu(g @) /ey(g @ ). (34.1)

Firstly, eoo(h) = €0 (h @ @) (h = g, &), since the twist by « does not change the
weight. Secondly, if / is a prime number dividing p N, then (3.3.2) implies that
ah®a),=mh); (h=g, g"); hence g;(h@a) = ¢;(h). Finally, if [ does not divide
pN, then m(g); = m(u, =) and 7(g'); = (', u'~') are unramified principal
series representations with trivial central characters; it follows that 7(g Q a) =
m(poy, o), (g’ @) = (p'oy, W'~ ey) and

g(@)=pn(=D)=1=p'(-1)=¢(g),
e(g®a) = (na)(—D) =o(=1) = (Wa)(—1) =&(g Qu),
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which completes the proof of (3.4.1). (Il

Theorem 3.5. Let g € So(n, 1), Land p | p (p # 2) be as in Theorem 1.4. Assume
that 2| [ F : Q), that the residual representation T,(g)/pT,(g) (where T,(g) C V,(g)
is a Gg-stable Oy p-lattice) is an irreducible G p-module and that one of the
following two conditions holds:

(1) g has no complex multiplication and V,(g) is not quaternionic (in the sense of
Section 3.6 below);

(2) g has complex multiplication: g is the theta series attached to an alge-
braic Hecke character Alx((g) — L'*, where K(g) and L' are totally imag-
inary quadratic extensions of F and L, respectively, p splits in L' /L and
Vp(g)|GK(g) = Y1 ® V2, where ¥ : Ggg) —> Lg are characters for which
Yo (Ker(yr)) is infinite.

Then
dimg, H}-(F, Ve(8)(1)) =ran(F, g) (mod 2).

Proof. As in the proof of Theorem B, the Gr-modules V,(g)(1) D T,(g)(1)
satisfy conditions 2.3.1-2.3.3. The level raising machinery [Taylor 1989] together
with [Deligne and Serre 1974, Lemme 6.11] imply that there exists a newform
g € S(w, 1) of level n’ satisfying q | 0’ | nq (for a suitable prime q { n) whose
Hecke eigenvalues lie in a number field L’ D L and satisfy

Ao(g) =2y(g) (modp’) forall vfpng

for a suitable prime p’ | p of L’. It follows from the Cebotarev density theorem that
the representations V = V,,(g)(1) @, H, T =T, (g)(1) ®0, , Oz (Where K = L;,),
and V' = Vi (g')(1) satisfy conditions 2.3.1-2.3.4. Applying Theorem 2.2 and
taking into account Section 1.3, we obtain, for any character o : Gp — {£1}
satisfying

o, =1 forall v| png, (3.5.1)

that
dimg H}(F, V) — dimg H}(F, V')
= dimy H{(F,V ®a) —dimy H{(F, V' ®a) (mod2). (3.5.2)

Since ordy(n’) = 1, the local representation 7 (g’)q is the twist of the Steinberg
representation by an unramified character of order one or two. Then Theorem 1.4(b)
applies to g’ and its quadratic twists:

dimy H{(F, V') = r(F. g') (mod 2),
dimy; H{(F, V' ® &) = ron(F, g’ ® @) (mod 2). (3.5.3)
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The argument used in the proof of Lemma 3.4 applies, yielding
Fan(F, §) — ran(F, g/) =ram(F,g®a) —ran(F, g/ ®a) (mod 2). (3.54)
Combining (3.5.2)—(3.5.4), we obtain

dimg; H}-(F, V) —ra(F, g)
= dimy H{(F,V ®a) —ru(F, g ®a) (mod2), (3.5.5)

for any quadratic character « satisfying (3.5.1). As in the proof 3.3, it follows
from [Waldspurger 1991, Theorem 4; Friedberg and Hoffstein 1995, Theorem B.1]
that there exists « satisfying (3.5.1) such that r,, (F, g ® o) = 0. A generalisation
of [Longo 2006, Theorem C] proved in [Nekovar 2012, Theorem B] implies that
H}(F , V ®a) =0 (this is where the assumptions (1) and (2) come in, by [Nekovar
2012, B.5.5(2) and B.6.5(2)], respectively). The congruence (3.5.5) for this «¢ yields
the desired result. U

3.6. (Non)quaternionic representations. If g from Theorem 3.5 does not have
complex multiplication, recall from [Nekovar 2012, Appendix B.3] that there exists
a finite abelian group I' C Aut(L/Q) of exponent at most two and a quaternion
algebra D over L' such that, for each finite prime p of L, the Lie algebra of the
Galois image

Im(GFr — Autr, (Vy(g)) = GLa(Ly))

is equal to

where pr is the prime of L' C L below p and Dp. = D ®;r (L"),

As in [Nekovii 2012, B.4.7] we say that V},(g) is quaternionic if Dy, is a division
algebra (which can happen only for finitely many p).

According to [Nekovar 2012, B.4.8(1)], if the extension Ly / (LF),gr is unramified
and the residual representation 7,,(g)/pT,(g) is an irreducible G r-module, then
Vp(g) is not quaternionic. In particular, the condition “V},(g) is not quaternionic”
can be omitted in Theorem 3.5(1) if Lp/(LF),Jr is unramified.

4. Parity results for abelian varieties with real multiplication

4.1. Let F and L be totally real number fields, and let A be an abelian variety over
F satisfying
dim(A) =[L:Q], O =Endr(A). “4.1.1)

For each finite prime p of L the two-dimensional Ly-representation V,(A) :=
T,(A) ®0, 8z, Ly of GF satisfies the assumptions of Theorem 1.1 (with J{ = Ly).
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Recall that A is modular (over F) if there exists a cuspidal Hilbert modular
newform g € S>(n, 1) whose field of Hecke eigenvalues is equal to ¢(L) C C (for
some embedding ¢ : L < C) and that satisfies

Vp(A) = Vp(g)(l)

for one (equivalently, for each) finite prime p of L. This is, in turn, equivalent to an
equality of L-functions,
L(A/F,s)=L(g,s)

(Euler factor by Euler factor), which implies that
L(octA/F,s)=L(g,s) forall o € Aut(C).

4.2. The potential automorphy results of [Barnet-Lamb et al. 2010, Theorems 4.5.1
and 5.3.1] imply that every abelian variety A satisfying (4.1.1) is potentially modular
in the following sense: For each finite extension M /F there exists a totally real
finite extension F’/F that is linearly disjoint from M/F such that A @ p F’ is
modular over F’.

As in [Nekovat 2006, 12.11.6; 2009, Step 4], a minor improvement (use of
Solomon’s induction theorem [Curtis and Reiner 1981, Theorem 15.10] instead of
the usual Brauer theorem) of an argument of Taylor [2002, proof of Corollary 2.2]
implies that there exist intermediate fields F C F; C F’ and integers n; with the
following properties:

4.2.1 A is modular over each F;: there exists a Hilbert modular newform g; of
parallel weight 2 over F; such that L(tA/F;,s) = L(g;, s) and V, (A)|GF1 =
Vo (gi)(1) for each finite prime p of L.

422 LGA/F,s) =], LGA/F;, )" =[], L(gi. s)".

423 Vo(A)=@P; ni Indgi Vp(A)lg,) = b, ni Indgi_ (Vy(gi)(1)) in the Grothen-
dieck ring of Ly[G r]-modules.

It follows that, for each o € Aut(C), the L-function
L(ctA/F,5) =] [LCgi.5)"
has a meromorphic continuation to C and satisfies the expected functional equation.
In particular, the analytic rank
ran(0tA/F) :=ords—y L(ctA/F,s)eZ

is defined. Since the e-constant in the functional equation of L(°g;, s) does not
depend on o, the parity

ran(TA/F) (mod?2) € Z/27
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of the analytic rank r,,(t A/ F) does not depend on the embedding 7 : L — C.

Theorem 4.3. Let A, F and L be as in (4.1.1). Let p be a prime of L above a
rational prime p # 2. Assume that at least one of the following conditions holds:

(a) A is modular over F and 21 [F : Q].
(b) A does not have potentially good reduction everywhere.

(c) A does not have complex multiplication, A[p] is an irreducible G p-module,
and the simple algebra C := Endz(A) ® Q satisfies C @z(cy Z(C)yp. =
M, (Z(C)yp.), where pc is the prime of Z(C) C L below p (the latter condition
follows from the irreducibility of A[p] if Ly/Z(C)y. is unramified).

(d) A has complex multiplication by a totally imaginary quadratic extension L'
of L (defined over a totally imaginary quadratic extension K (A) of F), A[p]
is an irreducible G p-module, p splits in L'/L, and the image of G a) in
Autpg, 1,(Vy(A)) = L x L, contains an open subgroup of Z; X Z.

(e) Alplis a reducible G p-module, L, /Q),, is unramified and p > 2[L, : Q]+ 1.

Then the Selmer rank
dimyg, H}»(F, Vp(A)) =1ko, A(F)+corko, , III(A/F)[p™]

satisfies
dimz, H(F, Vy(A)) = ran(tA/F) (mod 2),

for each embedding t : L — C.

Proof. The case (a) follows from Theorem 1.4(a). In the cases (b)—(e) we have,
thanks to Section 4.2,

dian H}(F’ Vp(A)) —ran(tA/F)
=" ni(dimp, H}(Fi, Vy(g)(1) — ran(Fr, 8:)) (mod 2),

which means that we can replace F' by F; and assume that A is modular over
F (taking M = F(A[p]) in Section 4.2 we ensure that A[p] is irreducible as a
G r,-module in cases (c) or (d)). The case (b) then follows from Theorem 1.4(b)
and the cases (c) and (d) from Theorem 3.5 (using [Nekovar 2012, B.6.5(2)]). In
case (e) we can assume, thanks to Theorem 1.4(c), that 7 (g) is a principal series
representation at each finite prime of F, which implies that A acquires locally at
each completion of F' (hence also globally, by [Artin and Tate 1990, Chapter 10,
Theorem 5]) good reduction over a suitable cyclic extension. The result then follows
from an O, y-equivariant version of the proof of [Coates et al. 2010, Theorem 2.1].

O
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4.4. Proof of Theorem A. As in the proof of Theorem 4.3, potential modularity
of E [Wintenberger 2009, Theorem A.1] together with properties 4.2.2 and 4.2.3
imply that we can write s,(E/F) —ryn(E/F) as an integral linear combination of
sp(E/F;) —ran(E/F;), for suitable totally real extensions F;/F over which E is
modular. It is enough, therefore, to replace F' by F; and consider only the case
when E is modular over F (which is automatic if £ has complex multiplication).

Assume first that p =2. It follows from [Waldspurger 1991, Theorem 4; Friedberg
and Hoffstein 1995, Theorem B.1] that there exists a nontrivial quadratic character
o : Gg — {£1} such that r,,(E ® o/ F) = 0. This implies, by [Nekovar 2012,
corollary of Theorem B’], that s5(E ® a/F) = 0. Let F’'/F be the quadratic
extension corresponding to . Since

$2(E/F")y = ryn(E/F") (mod 2)

by [Dokchitser and Dokchitser 2011, Corollary 4.8], we conclude by the following
analogue of (3.2.1) and (3.2.2):

Sp(E/F/) :sp(E/F)'i'sp(E@a/F)’ ran(E/F/) =ra(E/F)+ra(EQa/F).

If p #2, we can assume that 2 | [F : @], in view of [Nekovar 2009, Theorem 1(a)].
Theorem 4.3(c),(d) (respectively (e)) then implies the desired result if E[p] is an
irreducible G p-module (respectively when E[p] is reducible and p > 3). The
remaining case when p = 3 and E[3] is a reducible G r-module is treated in
[Dokchitser and Dokchitser 2011, Corollary 5.8].

4.5. Further absolute parity results (it would be too cumbersome to list them all
here) follow from a combination of Theorem A with the relative parity results
proved in [Mazur and Rubin 2007, Theorems 6.4 and 7.1; 2008, Theorem 1.1;
Dokchitser and Dokchitser 2009, Theorems 4.3 and 4.5; 2011, Proposition 6.12;
Greenberg 2011, Section 11.8; de La Rochefoucauld 2011, Theorem 2.1].

4.6. Our proof of Theorem A in the case when E[ p] is a reducible G p-module uses
Theorem 1.4(c), which relies on several very recent technical advances: [Aflalo
and Nekovar 2010; Nekovar 2012] and [Yuan et al. 2008] (used in the proof of
[Nekovéar 2012, Theorem B(b)]). It would be desirable to have a more direct proof
in the reducible case.

4.7. The conclusion of Theorem A also holds in the case when E has complex
multiplication (and hence is modular over F), p # 2 and the conductor of E
is not a square, by Theorem 1.4(c) (conductors are preserved under the local
Langlands correspondence and the conductor of any principal series representation
of PGL,(Fy) is a square).

I Added in proof: This is done in [éesnaviéius 2012].
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Quantized mixed tensor space and
Schur—Weyl duality

Richard Dipper, Stephen Doty and Friederike Stoll

Let R be a commutative ring with 1 and ¢ an invertible element of R. The (special-
ized) quantum group U= U, (gl,) over R of the general linear group acts on mixed
tensor space V& ® V*® where V denotes the natural U-module R", r and s
are nonnegative integers and V* is the dual U-module to V. The image of U in
Endz(V® ®V*®) is called the rational q-Schur algebra S, (n; r, s). We construct
a bideterminant basis of S, (n; r, s). There is an action of a g-deformation B} (¢)
of the walled Brauer algebra on mixed tensor space centralizing the action of U.
We show that End%ﬁx(q)(vg” Q@ V*®) = Sq(n; 7, 5). By a previous result, the
image of B” (¢) in Endg(V® ® V*®°) is Endy(V® ® V*®*). Thus, a mixed
tensor space as (U, B] ((¢))-bimodule satisfies Schur-Weyl duality.

Introduction

Schur—Weyl duality plays an important role in representation theory since it relates
the representations of the general linear group with the representations of the
symmetric group. The classical Schur—Weyl duality, due to Schur [1927], states
that the actions of the general linear group G = GL,(C) and the symmetric group
S, on the tensor space V®" with V = C" satisfy the bicentralizer property, that
is, Endg,, (V®™) is generated by the action of G and correspondingly, Endg (V™)
is generated by the action of &,,. This duality has been generalized to subgroups
of G (e.g., orthogonal, symplectic groups, and Levi subgroups) and corresponding
algebras related with the group algebra of the symmetric group (e.g., Brauer algebras
and Ariki—Koike algebras) as well as deformations of these algebras. In general,
the phrase “Schur—Weyl duality” has come to indicate such a bicentralizer property
for two algebras acting on some module.

One such generalization is the mixed tensor space V& ® V*®* where V is the
natural and V* its dual CG-module. The centralizer algebra is known to be the
walled Brauer algebra ‘B” , and it was shown by Benkart, Chakrabarti, Halverson,

r,s?

Leduc, Lee and Stroomer [Benkart et al. 1994] that mixed tensor space under the
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action of CG and By ( satisfies Schur-Weyl duality; see also [Koike 1989; Turaev
1989]. In [Kosuda and Murakami 1993] the authors introduced a one-parameter
deformation B} ((¢) of the walled Brauer algebra and proved Schur—Weyl duality
in the generic case (i.e., over C(q)), where CG is replaced by the generic quantum
group Ug(y) (gl,).

In this paper, we generalize the results of [Benkart et al. 1994; Kosuda and
Murakami 1993] to a very general setting. Let R be a commutative ring with 1 and
q € R be invertible. Let U be (a specialized version of) the quantum group over R,
which replaces the general linear group in the quantized case. Let B} ((g) be the
g-deformation of the walled Brauer algebra defined in [Leduc 1994]. Here we use
a specialized version of Leduc’s multiparameter version that acts on mixed tensor
space V& ® V*® where V = R" is the natural U-module.

In [Dipper et al. 2012], one side of Schur—Weyl duality was shown in this situation,
namely that the image of B} ((g) in Endg(V®" ® V*®%) is the centralizing algebra
of the action of U on mixed tensor space.

In this paper, which is a revised version of a preprint that has circulated since
2008, the other side of Schur—Weyl duality will be proven, namely that the image of
U in Endg (V® ® V*®) is the endomorphism algebra of mixed tensor space under
the action of B ((¢). We call this image the rational q-Schur algebra and denote it
Sq(n; r,s). Itis a g-analogue of the rational Schur algebra introduced and studied
in [Dipper and Doty 2008]. In case ¢ = 1, we obtain a similar statement (which is
also new) for the rational Schur algebra with respect to the hyperalgebra over R
of gl,. In the meantime, this result was shown in [Tange 2012] in the special case
g = 1 by different methods. One may also wish to consult [Brundan and Stroppel
2011], which enlarges the landscape on walled Brauer algebras considerably.

For technical reasons, it will be useful to turn things around and instead define
Sy(n; r,s) to be Endgn (q)(V®’ ® V*®%). Since we show at the end that this coin-
cides with the image of U in End r(V® @ V*®5) there is no harm in this abuse of
notation. In our proof, we will show that Endgn (q)(V®’ R V*®) = Sq(n;r,s) is
free as R-module of rank independent of the choice of R and ¢. We shall accomplish
this by constructing an R-basis of S, (n; r, s) that is dual to a certain bideterminant
basis of the dual coalgebra A, (n; r, s) of S,(n;r,s).

As a guide for the reader, we briefly outline the main ideas behind the proof.
There is a natural embedding of mixed tensor space V& ® V*® into ordinary
tensor space V& T"=Ds_This embedding « is not U-linear but is U’-linear, where
U’ is the subalgebra of U corresponding to the special linear Lie algebra. We will
see that replacing U by U’ is not significant. For u € U, the restriction of the
action of u on V& T01=Ds 1o y&r @ y*® < y@r+0n—Ds commutes with the action
of B7 (g) on V® @ V*® and hence lies in Sy (n; r, s). Thus, « induces an algebra
homomorphism 7 from the ordinary g-Schur algebra S, (n, r + (n — 1)s), which
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is the image of U’ in Endg(V® T"=1%) into S, (n; r, 5). This homomorphism was
motivated by a similar homomorphism in [Dipper and Doty 2008].

Let pora : U — S, (n, 7 + (n — 1)s) be the representation of U’ on V& +(1=Ds
and ppmxd : U — S, (n; r, s) the representation of U’ on mixed tensor space. Then
Pmxd = 7T © Pord Y construction. By classical quantized Schur—Weyl duality, poq 1S
surjective, SO pmxd 1S surjective (i.e., pmxa(U') = Sq(n;r,s)) if  is surjective. We
show that 7 possesses an R-linear right inverse, thus proving the surjectivity of .

At this point, we switch over to coefficient spaces. It is well known that the
dual coalgebra A, (n,r + (n — 1)s) = S,(n, r + (n — 1)s)* is the coefficient space
of U’ acting on ordinary tensor space V® +(*=Ds_There is no problem here with
dualization since the classical g-Schur algebra S, (n, r + (n — 1)s) is known to be
free as R-module of fixed rank independent of the choice of R and ¢g. Moreover,
Ay (n,r+ (n —1)s) possesses a bideterminant basis [Huang and Zhang 1993]. The
endomorphism algebra S, (n; r, s) = Endgr () ( Ve @ V*®s) may be described by
a system of linear equations in the endorhorphism algebra Endg (V® @ V*®),
which is free as R-module. Using these equations, we apply a general argu-
ment (Lemma 2.3) to construct a factor coalgebra A, (n; r, s) of the R-coalgebra
Endz (V® ® V*®) such that A, (n; r, s)* is isomorphic to the R-algebra S, (n; r, 5).
In Section 5, we exhibit a map ¢ : A,(n;r,s) — Ay(n,r + (n — 1)s) and show
explicitly that * =7 : S;(n, r +(n—1)s) — S, (n; r, s). In Section 6, we show that
A4 (n; r,s) and hence S, (n; r, s) are free as R-module by constructing a (rational)
bideterminant basis. From this it is not hard to find an (R-linear) left inverse of the
map ¢ whose dual map is then the required right inverse of t* = m, proving that
Sq(n; r,s) is the image of U’ (and hence U) acting on mixed tensor space.

1. Preliminaries

Let n be a given positive integer. In this section, we introduce the quantized
enveloping algebra of the general linear Lie algebra gl, over a commutative ring R
with parameter ¢ and summarize some well known results; see for example [Hong
and Kang 2002; Jantzen 1996; Lusztig 1990]. We will start by recalling the definition
of the quantized enveloping algebra over Q(g), where ¢ is an indeterminate.

Let P be the free Z-module with basis A, ..., h,, and lete;, ..., &, € PV* be
the corresponding dual basis: ¢; is given by ¢;(h;) :=§; j for j =1, ..., n, where
8 is the usual Kronecker symbol. Fori =1,...,n —1, let o; € PV* be defined by

Q=& —Ei41.

Definition 1.1. The quantum general linear algebra U, (g[,,) is the associative Q(q)-
algebra with 1 generated by the elements e;, f; (i =1,...,n—1) and ¢" (h € PV)
with the defining relations

CIO =1, qhqh — qh-i-h , qheiq_h — qa;(h)ei’ thiq_h — q—a,'(h)fi’
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Ki—K !
Eifj - iji = ai’jl_—q—ll’ where Ki = qh,'—/1,-+|’

e,-zej —(q +q_])eieje,~ +ejel-2 =0 forl|i—j|=1,
Fefi=@ra D fififi+ 2 =0 forli—jl=1,
eej=eje; and fif;=fjfi forli—j|>1.
We note that the subalgebra generated by the K;, ¢; and f; i =1,...,n—1)1is
isomorphic with U, (sl,). Also, U, (gl,,) is a Hopf algebra with comultiplication A,

counit ¢ the unique algebra homomorphisms and antipode S the unique invertible
antihomomorphism of algebras, defined on generators by

A"y =q"®4q",

Ale)=e®K ' +1®e,  Afi)=fi®1+Ki® fi,
s =1, ele)=e(f)=0,
Sh=q¢7"  Sen=—eKi.  S(fi)=—K 'f
Let V(g be a free Q(g)-vector space with basis {vy, ..., v,}. We make Vg, a

U, (gl,)-module via
q¢"v;i=q"Mv; forhePYandj=1,...,n,
=il ' if =i,
¢iv; = v, 1fj l.+ fivj = Vipr 1t z.
0 otherwise, 0 otherwise.

We call Vg, the vector representation of U, (gl,,). This is also a U, (sl,)-module
by restriction of the action.
Let [/], in Z[q, g™"] (or in R) be defined by

-1

[l]q — Zq2i—l+l

i=0
and set [[],! := [[]4[l — 1] - - - [1]4. Define the divided powers el.(l) = ef/[l]q! and
0= flyn,. Let Uzgq1 (resp. Uy 1)) be the Z[g, g~ ']-subalgebra of

U,(gl,) generated by the qh (resp. the K;) and the efl) and fi(l) for [ > 0. Then
Uz4.4-17 1s @ Hopf algebra, and we have

/ I
! k) (I—k —1 (k 1 —k(I—k) U~k k
A =3 Pl P g kle® . A =Y g PR @ £,
k=0 k=0

S(efl)) _ (—l)lq”l_l)e;l)l(f, S(f,-(l)) — (_l)lq—l(l—l)Kiflfi(l)’
ee)=e(f")=0.
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Furthermore, the Z[g, g~ ']-lattice V14.4-11 11 Va(g) generated by the v; is invariant
under the action of Uy, ,-1 and of U/Z[q,qfl]' Now, make the transition from
Z[q,q~'] to an arbitrary commutative ring R with 1. Let ¢ € R be invertible, and
consider R as a Z[q, ¢~']-module via specializing ¢ € Z[q, g~ ']+~ g € R.

Let Ug := R ®z14.4-11 Uzig.4-1; and Uy := R ®z(, 41 U/Z[q,q_l]' Then Ug in-
herits a Hopf algebra structure from Uz, ,-17, and Vg := R ®z4 4-11 Vz14,4-17 1S @
Ug-module and by restriction also a U-module.

If no ambiguity arises, we will henceforth omit the index R and write U, U’
and V instead of Ug, U/R and V. Furthermore, we will write elgl) as shorthand for
1® el.(l) € Ug, similarly for the fl.(l), K; for 1 ® K; and qh for 1 ®qh.

Suppose W, Wy and W, are U-modules; then one can define U-module structures
on Wi ® Wy, = W) ®g W, and W* = Homg (W, R) using the comultiplication and
the antipode by setting x (w; @ wy) = A(x)(w; ® wy) and (xf)(w) = f(S(x)w).

Definition 1.2. Let r and s be nonnegative integers. The U-module V& ® V*®*
is called mixed tensor space.

Let I(n, r) be the set of r-tuples with entries in {1, ..., n}, and let I (n, s) be
defined similarly. The elements of I (n, r) (and I (n, s)) are called multi-indices.
Note that the symmetric groups G, and &, act on [ (n, r) and [ (n, s) respectively
from the right by place permutation, that is, if i = (i1, i, . ..) is a multi-index and
s is a Coxeter generator, then let i.s; := (i1, ...,ij—1,ij41,ij,ij42,...). Thena
basis of the mixed tensor space V& ® V*®5 can be indexed by I(n,r) x I(n,s).
Fori =(iy,...,iy)el(n,r)yand j = (ji,..., js) € I(n,s), let

Vilj ::vi]®...®vir®vjfl®...®v;‘fxev®r®v*®s’

where {v], ..., vy} is the basis of V* dual to {vy, ..., v,}. Then {v;; :i € I(n,r),
jel(n,s)}is abasis of V& @ V*®,

We have another algebra acting on V& ® V*®° namely the quantized walled
Brauer algebra B} ( (¢) introduced in [Dipper et al. 2012]. This algebra is defined as
a diagram algebra in terms of Kauffman’s tangles. A presentation by generators and
relations can be found in [Dipper et al. 2012]. Note that this algebra and its action
coincide with Leduc’s algebra [1994] (see the remarks in [Dipper et al. 2012]).

Here, all we need is the action of generators given in the following diagrams.
The Brauer algebra B} ((¢) is generated by the elements

E=}o) 32 4b si=b 0t and §=) b At

where the nonpropagating edges in E connect vertices in columns r and r + 1 while
the crossings in §; and §; connect vertices in columns i and i + 1 and columns
r+jand r + j + 1, respectively. If v;j; =v Q@ v;, ® vjl ® v/, then the action of the
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generators on V& ® V*®* is given by

n
2i,—n—1
vilj E =i, Zq T Qus QU @V,

s=1

q i) if i; = ijq1,
Vi|jSi = | Vis|j ifi; <ijq,
Vislj (@ =iy if i > iy,

R q i if jj = Jjj+1,

Vil jSj = { Vilj.s; if jj > jj+1,

Vil + (g7 = uiyy if ji < i
The action of B} ((¢) on VO ® V*® commutes with the action of U.
Theorem 1.3 [Dipper et al. 2012]. Let o : B} (q) — Endy(V®" ® V*®°) be the

representation of the quantized walled Brauer algebra on the mixed tensor space.
Then o is surjective, that is,

EndU(V®r ® V*®S) = %:fl,s (q)/ann%ﬁx(q)(V®"®V*®S)‘

The main result of this paper is the other half of the preceding theorem.

Theorem 1.4. Let pmxa : U — Endyr () (VO @ V*®5) be the representation of the
quantum group. Then pyxq is surjective, that is,

End«B;{S(q)(V@’r ® V*®S) = U/annU(V®’®V*®S)~

Theorems 1.3 and 1.4 together state that the mixed tensor space is a (U, B ((¢))-
bimodule with the double centralizer property. In the literature, this is also called
Schur—Weyl Duality. Theorem 1.4 will be proved at the end of this paper.

For s = 0, this is well known; %Z’O(q) is the Hecke algebra %, and V®™" is
the (ordinary) tensor space.

Definition 1.5. If m is a positive integer, let ,, be the associative R-algebra with 1
generated by elements 71, ..., T,,—; with respect to the relations

(Ti+q)(Tj—qgH=0 fori=1,...,m—1,
Tl T =T LTy fori=1,...,m—2,
T,T; =T;T; for|i— j|>2.
If w € G,, is an element of the symmetric group on m letters and w =s;,s;, . . . 5,
is a reduced expression as a product of Coxeter generators, let o, :=T1;, T}, . .. Tj,.
Then the set { T, : w € &,,, } is a basis of ¥,,.

Note that ¥, acts on V®" since #,, = B .0(g), the isomorphism given by
T,' = S,'.
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Theorem 1.6 [Dipper and James 1989; Green 1996]. Let poq : U — Endg (V&™)
be the representation of U on V™. Then im porq = Endge, (V™). This algebra is
called the q-Schur algebra and denoted S, (n, m).

We will refer to V®™ as ordinary tensor space.

2. Mixed tensor space as a submodule

Recall that U’ is the subalgebra of U corresponding to the Lie algebra sl,,.

Theorem 2.1. If m is a nonnegative integer, let porq : U — Endg(V®™) be the
representation of U on V®™. Then

Pord (U) = Pord (U/) .

Proof. Define the weight of i € I (n, m) tobe wt(i) :=A = (A, ..., A,) such that A;
is the number of entries in i that are equal toi. If A = (A1, ..., A,) is a composition
of m into n parts, i.e., Ay +---+ A, = m, let Vk®m be the R-submodule of V&
generated by all v; with wt(i) = A. Then V®™ is the direct sum of all VA®’", where A
runs through the set of compositions of m into n parts. Let ¢, be the projection onto
Vk®m. By [Green 1996], the restriction of poq : U — S, (n, m) to any subalgebra
U’ C U is surjective if the subalgebra U’ contains the divided powers el.(l) and fi(l)
and preimages of the projections ;.

Therefore, we define a partial order on the set of compositions of m into n parts
by A < w if and only if

(A — A2, A — A3, ooy Ayt — Ay) < (1 — M2, 2 — U3, « vy n—1 — M)

in the lexicographical order. It suffices to show that for each composition A, there
exists an element u € U’ such that uv; = 0 whenever wt(i) < A (i.e., wt(i) < A and
wt(i) # A) and uv; = v; whenever wt(i) = A. In Theorem 4.5 of [Lusztig 1990], it
is shown that certain elements

K;:c . ﬁ Kiqc—s-‘rl _Ki—lq—c-‘rs—l
t : qs_q—s

s=1

are elements of U fori =1,...,n—1,ceZand t € N. Let

which is an element of U’ since A; — A; 41 +m + 1 > 0. Then u has the desired
properties. U

The next lemma is motivated by [Dipper and Doty 2008, §6.3].
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Lemma 2.2. There is a well defined U'-monomorphism k : V* — V&'~ given by

v (=)' Y (=02 i

weS,_;
=(—9)" Y "vainTe =)V im Y, ()" Ty,
wesS,_; weS,_;

where I means leaving out i.

Proof. Clearly « is a monomorphism of R-modules, and K; v;'f = gd+1i7%) v;'.‘ and
Kivy. ;.m= ql_‘siqu‘si“»f_lv(]mfm,,) by definition. Thus, ¥k commutes with K;.

Now eiv;f = —8,~7jq*1v7+1. If j #i,i+1, then

eik (W) = (=q) e Y (=)' v iist.jomTw

w

=—(—q)’ Z(_Q)l(w)U(l...ii...j..‘n)Tw =0=r(ev}).
w

For j =i (resp. i+ 1), we get

eik (W) = (=)™ > (=)' (eivgy 1.0 Tw =0,
w
eic(v)) = (=9)" Y (=)' (v iis1.m) T
w
=(—q)' Z(_Q)l(w)v(l...i TiomTw=—q""K@})).
w

Furthermore, for [ > 2 we clearly have elgl)v}‘ =0 and elgl)/c(v;‘) = 0. The argument

for f; works similarly. ([

Lemma 2.2 enables us to consider the mixed tensor space V& ® V*®* as a
U’-submodule T of V& +®=Ds via an embedding that we will also denote «.
Thus, B} ((¢) acts on T"*.

If we restrict the action of an element of U’ on V®+®=Ds or equivalently
of the g-Schur algebra S,(n,r + (n — 1)s) to T"*, then we get an element of
Endg (T"™*). Since the actions of U’ and B} ((g) commute, this is also an element
of Endg;;ys(q)(Tr’S). Let S,(n;r,s) = End%@(vw ® V*®%): thus, we have an
algebra homomorphism 7 : S, (n, r + (n — 1)s) — §,(n; r, s) by restriction of the
action to 7"° = V& ® V*®_ Our aim is to show that 7 is surjective, for then each
element of End%ﬁx(q)(V@ Q V*®%) is given by the action of an element of U’.

Lemma 2.3. Let M be a free R-module with basis B = {by,...,b;} and U a
submodule of M given by a set of linear equations on the coefficients with respect
to the basis B, i.e., a;j € R such that U = { > cibi e M : Zj ajjcj =0 forall i }
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exist. Let {b], ..., b/} be the basis of M* = Homg(M, R) dual to B, and let X be
the submodule generated by all Zj aijbjf. Then U = (M*/ X)*.

Proof. We have that (M*/X)* is isomorphic to the submodule of M** given by
linear forms on M* that vanish on X. Via the natural isomorphism M** = M, this
is isomorphic to the set of elements of M that are annihilated by X. An element
m =), ciby is annihilated by X if and only if 0 = Zj’k aijb;f(ckbk) =)} QikCk
for all i, and this is true if and only if m € U. (]
Note an element ¢ € (M*/X)* corresponds to the element ¢ = Y, (b 4+ X)b;
of U. In our case, S,(n, m) and S, (n; r, s) are R-submodules of R-free algebras,
namely Endz (V®™) and Endg (V%" ® V*®*) respectively, given by a set of linear
equations, which we will determine more precisely in Sections 3 and 4.

Definition 2.4. Let M :=Endz(V®™) and U := Sq(n, m). Then U is defined as the
algebra of endomorphisms commuting with a certain set of endomorphisms and thus
is given by a system of linear equations on the coefficients. Let A, (n, m) := M*/X
as in Lemma 2.3. Similarly, let A, (n; r, s) :== M*/ X with M :=Endg (V¥ ® V@S
and U := S, (n; r,s).

By Lemma 2.3, A;(n, m)* = S;(n,m) and A, (n;r,s)* = S;(n; r,s). We will
proceed as follows. We will take m = r 4 (n — 1)s and define an R-homomorphism
LA (n;r,s) = Ay(n,r+(m—1)s)sothat * =m : Sy (n, r+(n—1)s) — S,(n; r, s).
Then we will define an R-homomorphism ¢ : A, (n, r+(n—1)s) — A, (n; r, s) such
that ¢ ot =1ida, (n:r,s) by giving suitable bases for A;(n, r+(n—1)s) and A, (n; r, s).
Dualizing this equation, we get 7 o ¢™ = (* 0 ™ = idsq (n:r,s)» and this shows that
is surjective. Actually, A, (n,r + (n —1)s) and A, (n; r, s) are coalgebras, and ¢ is
a morphism of coalgebras, but we do not need this for our results.

3. Ay(n,m)

The description of A, (n, m) is well known; see, e.g., [Dipper and Donkin 1991].
Let A, (n) be the free R-algebra on generators x;; (1 < i, j < n) subject to the
relations

XikXjk = qXjkXik ifi <j,
XkiXkj = qXpjXki ifi <j,
XijXkl = Xkl Xij ifi<kandj>l,

XijXp = XpiXij +(q — q_l)xilxkj ifi <kand j <I.

Note that these relations define the commutative algebra in #> commuting inde-

terminates x;; in case ¢ = 1. The free algebra on the generators x;; is obviously
graded (with all generators in degree 1), and since the relations are homogeneous,
this induces a grading on A, (n). Then we have the following lemma:
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Lemma 3.1 [Dipper and Donkin 1991]. A, (n, m) is the R-submodule of A, (n) of
elements of homogeneous degree m.

Proof. Since our relations of the Hecke algebra differ from those in [Dipper and
Donkin 1991] ((T; — ¢)(T; +1) =0 is replaced by (T; +¢)(T; —g~') = 0) and thus
Ay (n, m) differs as well, we include a proof here.

Suppose ¢ is an endomorphism of V®" commuting with the action of a generator
S;. For convenience, we assume that m =2 and S = S;. Then ¢ can be written as a
linear combination of the basis elements E; ;) () mapping vx ® v; to v; ® v; and
all other basis elements to 0. For the coefficient of E;}) ), we write c;xcj; so that
Q= Zi,j,k,l cikCj1Ejy, . On the one hand, we have

S(p (v ®vy))
= S(Z CikCj1v;i @ vj>
i,j

=) cikcjvi®vi+q " Y cikcivi ®vi+ Y cicji(v; @vi+ (g —q)vi ®v;)

i<j i i>j
-1 -1
= E CikCjivi ® v +¢q E CikCiivi @ vi + (g~ —q) E CjkCilVj @ ;.
Iy i i<j

Now, suppose that k > /. Then
PSS ®v) =W @+ (g~ — o ® )
= Z(lecik +(q7" = @)cjrci)v; ®v;.

i,j
Similar formulas hold for k =/ and k£ < [. Comparing coefficients leads to the
relations given above. O

A, (n, m) has a basis consisting of monomials, but it will turn out to be more
convenient for our purposes to work with a basis of standard bideterminants; see
[Huang and Zhang 1993]. In that reference, the supersymmetric quantum letterplace
algebra for L~ = P~ ={l1,...,n} and L* = P" = & is isomorphic to A,-1(n) =
A, (n)°PP, and we will adjust the results to our situation.

A partition ) of m is a sequence A = (A1, A2, ..., Ag) of nonnegative integers such
that A > Ao >---> Az and Zle X; =m. Denote the set of partitions of m by AT (m).
The Young diagram [A] of a partition A is { (i, j) e NxN:1 <i<k,1<j <\ }.
It can be represented by an array of boxes: A; boxes in the first row, A, boxes in
the second row, etc.

A A-tableau tis amap f : [A] = {1, ..., n}. A tableau can be represented by
writing the entry f (i, j) into the (i, j)th box. A tableau t is called standard if the
entries in each row are strictly increasing from left to right and the entries in each
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column are nondecreasing downward. In the literature, this property is also called
semistandard, and the role of rows and columns may be interchanged. Note that if t
is a standard A-tableau, then Ay <n. A pair [t, t'] of A-tableaux is called a bitableau.
It is standard if both t and t’ are standard A-tableaux.

Note that the next definition differs from the definition in [Huang and Zhang
1993] by a sign.

Definition 3.2. Let i, v dpy Jlyeees Jr €{1,...,n}. Forip <ip <--- <ig, let
the right quantum minor be defined by

(1112 e lk|.]1.]2 M .]k)r = Z (_q) (w)xiqujlxiu,ijZ . 'xiu)k,jk'

weSy
For arbitrary iy, ..., iy, the right quantum minor is then defined by the rule
. .. L. . L —1,: L . L .
(recdpier -kl ija o e = —q Ur e i - dkljrja - - Jir

for i; > i;4;. Similarly, let the left quantum minor be defined by
G oeeikljy e =Y (=) Xy o Xinjus - X i 1 < < ko
wEGk

Gy eeeiklji o= —q Gkl e ot ji > i
Finally, let the quantum determinant be defined by
det, :=(12...n[12...n), =(12...1n[12...n);.

If [t, ]is abitableau and t;, t, ..., & (resp. £}, t;, .. ., ;) are the rows of t (resp. t'),
then let

() = (&), . .. (2]6) (1 ]t),.
Then (t|t) is called a bideterminant.

Remark 3.3. We note the following properties of quantum minors:

(M) Gu-eikdjr-j)r =—qG - ikljr e Jistji -« Jio)r for jr > jia,
W eeviklgr e i =—q - igrip gl jy - i) for iy > i

Q) Ifip <ip <---<iyand j; < jo < --- < ji, then right and left quantum
minors coincide, and we simply write (i1 . ..it|J; ... jr). This notation thus
indicates that the sequences of numbers are increasing. In general, right and
left quantum minors differ by a power of —g.

(3) If two i;s or js coincide, then the quantum minors vanish.

(4) The quantum determinant det, is an element of the center of A, (n).
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Definition 3.4. Let the content of a monomial x;,j, ...x;,;, be defined as the
tuple (¢, B) = (a1, - .., a,), (B1, ..., Bn)), where o; is the number of indices i,
such that i; =i and B; is the number of indices j; such that j, = j. Note that
> a; =) B; =m for each monomial of homogeneous degree m. For such a tuple
(a0, B), let P(a, B) be the subspace of A,(n, m) generated by the monomials of
content («, B). Furthermore, let the content of a bitableau [t, t'] be defined similarly
as the tuple (c, B) such that «; is the number of entries in t equal to i and B; is the
number of entries in t' equal to j.

Theorem 3.5 [Huang and Zhang 1993]. The bideterminants (t|t') of the standard
A-tableaux with A a partition of m form a basis of A, (n, m) such that the bidetermi-
nants of standard ,-tableaux of content («, 8) form a basis of P («, ).

The proof in [Huang and Zhang 1993] works over a field, but the arguments are

valid if the field is replaced by a commutative ring with 1. The reversed order of

the minors is due to the opposite algebra. Note that for i; < i, < --- < i} and

J1 < ja <---< jk, we have

MEDR iy ikliga - d0r = Y (@) T X X - - K e
wEGk

q

which is a quantum minor of A,-1(n)°PP.
Lemma 3.6 (Laplace’s expansion [Huang and Zhang 1993]).
(1) For ji< jo<-++ < ji < Ji+1 <-++ < jr, we have
(riz .. ikl jij2 - - Ji

=Y =)' G-l jur - Jun)iGig -kl s - - Jwr
w

where the summation is over all w € Sy such that wl < w2 < --- < wl and
wl+1) <wd+2) <--- < wk.

(2) Foriy <iy <--- < iy, we have
(riz . ikljrja - Jor

=Y =) Gl r - DGy -kl 0
w

the summation again over all w € Gy, such that wl < w2 < --- < wl and
wl+1) <wl+2) <. <wk.

4. Ay(nyr,s)

A basis ofEndR(V®’®V*®S) is given by matrix units Ej|; gz such that E;|j givs)s =
Skit,s|tVi|j- Suppose @ := > it Cilj kit Eilj ki € Endp(V® ® V*®) commutes
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with the action of B; ((¢) or equivalently with a set of generators of B (). Since
coefficient spaces are multiplicative, we can write

k * *
Cirki Cinky *** Cirky €1, Cjoly " €l

for the coefficient c;j ;. It is easy to see from the description of A, (n, m) that ¢

commutes with the generators without nonpropagating edges if and only if the ¢;;

satisfy the relations of A, (n) and the c;f/. satisfy the relations of A -1 (n) = Ay (n)°PP.
Now suppose that ¢ in addition commutes with the action of the generator

AN 4
e:l...l = TT
We assume ¢ = Z?,j,k,l:l cikc;k.lE,'U ki and that r =s = 1 (the general case being
similar). Let v =v; ® v;f be a basis element of V ® V*. We have (the indices in the
sums always run from 1 to n)

p(v)e = Z Csic;kj(vs ® Ut*)e = Z C]zs_n_leiC;kj (e ® v;:),

st s,k
=8 2i—n—1 Y — 8 2i—n—1 * *
p(ve) = ijq ¢(Uk®vk)— ijq CskCp Vs ® U, .
k k,s,t

Comparing coefficients, we get the following conditions:

n
Zcikcjszo fori # j,
k=1

n
Zq%ckic:j =0 fori#j,
k=1
n

n
2—2i . x *
Zq "CkiCy; =chkcjk.
k=1

k=1
This, combined with Lemma 2.3, shows the following:

Lemma 4.1. We have
Ay(n;r,s) = (F(n,r) Qg Fi(n, s))/Y,

where F(n,r) (resp. Fy(n, s)) is the R-submodule of the free algebra on gener-
ators x;j (resp. x;}) generated by monomials of degree r (resp. s) and Y is the
R-submodule of F(n,r) ®r Fy(n, s) generated by elements of the form hihyhs,
where hy is one of the elements

XikXjk — qXjkXik fori < j, 4.1.1)
XkiXkj — qXkjXki fori<j, 4.1.2)

Xjj Xkl — Xk1Xij fori <k, j>I, 4.1.3)
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XjjXp — X Xij — (q — q_l)xilxkj fori <k, j<lI, “4.1.4)
XX T — q_lx}kkxl-*k fori < j, (4.1.5)
XXk —q_lx,fjx,’;i fori < j, (4.1.6)
X[5Xp = XX fori <k, j>1, 4.1.7)
XXl — XXl + (g —q xhxg fori<k,j <l (4.1.8)
n
> xix, fori # j, (4.1.9)
k=1
n
> g xixt; fori # j, (4.1.10)
k=1
n n
ZqZk_z’xkix,fi — Z XjkX g (4.1.11)
k=1 k=1

and h| and h3 are monomials of appropriate degree.

Remark 4.2. The map given by x; — g%~

automorphism of A, (n; r, s).

xi; and xl.*k — x,j‘l. induces an R-linear

Bideterminants can also be formed using the variables x;“J In this case, let

(t)* := (L[t} (RI)] - - (el )],

where the quantum minors (i ... i|ji ... ji); /) are defined as above with g replaced

by q_l.

S. Themap:: A,(n;r,s) > A;(n, r + (n —1)s)
Forany 1 <i, j <n, let t«(x;;) := x;; and
() = (—¢q)7"(12...7...n|12...j...n) € Ay(n.n — 1);
then there is a unique R-linear map
t:F(n,r)®g Fi(n,s) > Ay(n, r + (n—1)s)
such that ¢(x;, j, - - -xirjrx,flll . 'x,fslx) =1(x;j,) - L(xirjr)t(x,’flll) e t(xljxlx).
Lemma 5.1. The kernel of t contains Y, and thus, t induces an R-linear map
Ay(n;r,s) = Ay(n,r+(n—1)s),

which we will then also denote t.
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Proof. We have to show that the generators of Y lie in the kernel of ¢. Generators of Y
involving the elements (4.1.1)—(4.1.4) are obviously in the kernel of ¢. Theorem 7.3
of [Goodearl 2006] shows that generators involving elements (4.1.5)—(4.1.8) are
also in the kernel. Laplace’s expansion shows that

n n
L(inkx;‘k> = Z(—Q)(k_l)_(j_l)xik -(1...7...n|l.. k.. .n);
k=1 k=1

= (=)' G1... ] .nll...n) =8 -det,,

n n
L(Z q”“”’xkix,fj) =g 2N () T (L k L f ),
k=1

k=1
= (—q)/ . .nlil.. ] n), =8 ;- dety;
thus, the generators involving the elements (4.1.9)—(4.1.11) are in the kernel of ¢. [
Now, we have maps
FrAy(n, r+(n—=1)s)" = Ay(n;r,)* and w:S,(n,r+m—1)s)— S,(n; r,s).
By definition, A, (n, r+(n—1)s)*=S,(n, r+n—1)s) and A, (n; r, s)* =S, (n; 1, 5).
Lemma 5.2. Under the identifications above, we have 1* = 7.

Proof. We will write

Xiyodp jioi = Xinji 0 X i

—_— . e e e . . * .« .. *
Xipeit\lood i i otk = Xig ji ** Xig, o1 X, gy 0 X0

m’km'

Suppose that ¢ € A, (n, r + (n —1)s)*. Then

¢ = > ¢(xij) Eij

i,jel(n,r+mn—1)s)

is the corresponding element of S, (n, r + (n — 1)s). Since (*(¢) = ¢ o, we have

@)= > @otlrijan)Eilji-
ikl

In other words, the coefficient of E;j g in t*(¢) can be computed by substituting
each xg in t(xj|j k) by ¢(xs). On the other hand, to compute the coefficient
of Ej)j ki in 7w (@), one has to consider the action of ¢ on a basis element v = k (vg7)
of T"*. For a multi-index I € I(n, s), let I* € I(n, (n — 1)s) be defined by

o~ o~

PFo=(...0...n1...I...n...1...1,...n).
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Then
v=rk(vgp) = ()" TN ()P o ® (v T,
web,*,

and thus, we have

e() = (=)= D" (=)' G (xst) Est (v ® (v Tyy))

s,t,w

= Z(_Q)l(w)+zlk¢(xs klw) Vs

s,w

Since ¢ leaves T"* invariant, ¢(v) is a linear combination of the basis elements
k (v;)j) of T"S. Distinct k (v;|j) involve distinct basis vectors of V& +=Ds_Thys,
if
I 14 s
p(v) = Z)\i\j’f(viu) = Z i j (=) I ey,
ilj iljw
then (—q)zj’f)»” j 1s equal to the coefficient of v;;+ when ¢(v) is written as a linear

combination of basis vectors of V& +(*=Ds_The coefficient of v; j+ in @(v) is, by
the formula above,

=" (=)' G i aw)-

Thus,
Mij = (=) Z" Y (=) MG xije ) = G 0 Lxij an)-
w

But 1;; is also the coefficient of E;j kg in 7 (¢), which shows the result. O

Theorem 5.3 (Jacobi’s ratio theorem). Supposen >1>0andi| <iy <---<i;and
Ji<jo<---<jilLetii<i),<---<i_,and j| < j, <---< ] _, be the unique
numbers such that {1, ... ,ny={iy, ..., i, i\, ... 0 _Y={j1s s Jis J{s -5 Jo_ys)-
Then

. . . . l '_. j— . . . .
G eigljre ") = (=)= 90 det NG )

Proof. We argue by induction on /. Note that for / =0, deti]_1 = detq_1 is not an
element of A, (n). However, (i|...i,_,|j{ ... j,_,) turns out to be det,; thus, the
right-hand side of the formula is det;1 det, =1 =1(1). In this sense, the formula
is valid for [ = 0.

For [ =1, the theorem is true by the definition of L(xl.*j). Now assume the theorem
is true for / — 1. Apply Laplace’s expansion and use induction to get

l
WGy dlr e ) = <Z(—q)_(k_l)x;;jl 1 ooipnitljaenn.. j,)*)

k=1
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1
=3 @ ALl i) - () B iR el
k=1

—~ —~ ~ ~ —~ —~ ~

SN I ST I, Dl oo D] eeeee s ij...n|l...jo..j3...... Ji...n).

We claim that this is equal to

(—q) Xim Gimin) det! 2 (=)' wlw2. . wmr—DI1...fi...n)
w

cwnl.. . iy...... il o G, (530

where the summation is over all w € G, such that wl < w2 <--- <w(m—1). If
wn is not one of the igs, then the summand in (5.3.1) vanishes since wn appears
twice in the row on the left side of the second minor. Thus, the summation is over
all w as above with wn = i; for some k. Note that [(w) =n — i} and

Gel o igen.... i.onr= (=) . it kg .l D)
the claim follows. Again apply Laplace’s expansion to the second minor in (5.3.1)
to get

(wnl...ij...... ij...n|l...jo...... Ji...n)
=Y (=) xppn (1. 0y 0. nv2v3.. V... Vji...on),

the summation being over all v € &y 5 = ) with v2 <v3 <--- <vn. After
substituting this term in (5.3.1), one can again apply Laplace’s expansion to get

that (5.3.1) is equal to
(—) XY™ det, 2y (=)' A2, nll L nwl),
v

(i, 0. nv2v3.. ... vji...on). (5.3.2)

The only summand in (5.3.2) that does not vanish is the term for vl = j; with
[(v) = j; — 1. Thus, (5.3.2) is equal to

(—q) =00 det! (=) "2 a1 GOy G )

[ . .
= (—q) ==Y det Vil L), O
6. A basis for A,(n;r, s)

Theorem 5.3 enables us to construct elements of A, (n; r, s) that are mapped to
standard bideterminants under ¢. First, we will introduce the notion of rational
tableaux although we will slightly differ from the definition of rational tableaux in
[Stembridge 1987]. Recall that AT (k) is the set of partitions of k.
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Definition 6.1. Fix 0 <k <min(r, s). Let p € AT (r —k) and 0 € A" (s — k) with
p1+o01 <n. A rational (p, o)-tableau is a pair (v, s) with v a p-tableau and s a
o -tableau.

Let first; (¢, s) be the number of entries of the first row of v, which are at most i,
plus the number of entries of the first row of s, which are at most i. A rational tableau
is called standard if v and s are standard tableaux and the following condition holds:

first;(v,s5) <i foralli=1,...,n. (6.1.1)

A pair [(¢, 5), (v, 8)] of rational (p, o)-tableaux is called a rational bitableau,
and it is called a standard rational bitableau if both (t, 5) and (v/, s’) are standard
rational tableaux.

Remark 6.2. In [Stembridge 1987], condition (6.1.1) is already part of the defini-
tion of rational tableaux. The condition p; + 0 <n is equivalent to condition (6.1.1)
for i = n. The reason for the difference will be apparent in the next lemma’s proof.

Lemma 6.3. There is a bijection between the set consisting of all standard rational
(p, o)-tableaux for p € AT (r —k) and o € A+ (s —k) as k runs from 0 to min(r, s)
and the set of all standard A-tableaux for » € A (r+(n—1)s) so Z?:l Ai>(n—1)s.

Proof. Given a rational (p, o)-tableau (r, s), we construct a A-tableau t as follows.
Draw a rectangular diagram with s rows and n columns. Rotate the tableau s by
180 degrees, and place it in the bottom right corner of the rectangle. Place the
tableau t on the left side below the rectangle. Fill the empty boxes of the rectangle
with numbers such that in each row the entries that do not appear in t appear in the
empty boxes in increasing order. Let t be the tableau consisting of the formerly
empty boxes and the boxes of t. We illustrate this procedure with an example. Let
n=5r=4,s=5and k=1, and let

_([1]3][3]4
(t,s)—( ,35).
Then
1123145 112345
11213415 1123415
1/2(3/4/5 112345
(r, ) ~ 5[3|~]1]2]4[5|3]~t=|1]2]4
413 1125143 11215
113 13 113
12] 12] 2]

It is now easy to give an inverse. Just draw the rectangle into the tableau t, fill the
empty boxes of the rectangle in a similar way as before, and rotate these back to
obtain s. Note v is the part of the tableau t that lies outside the rectangle. We have
to show that these bijections provide standard tableaux of the right shape.
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Suppose (¢, 5) is arational (p, o)-tableau, so tis a A-tableau with A; =n—o541—;
fori <sand A; = p;_s fori >s. SoA; > A;4) fori <s is equivalent to o541—; <oy,
and for i > s it is equivalent to p; s > pj+1—s. NoW p1 +01 = Agr1 — (Ay —n). This
shows that X is a partition if and only if p and o are partitions with p; + o] < n.
We still have to show that (v, s) is standard if and only if t is standard.

By definition, all standard tableaux have increasing rows. A tableau has nonde-
creasing columns if and only if for alli =1, ..., n and all rows (except for the last
row) the number of entries at most i in this row is greater than or equal to the number
of entries at most i in the next row. Now it follows from the construction that t
has nondecreasing columns inside the rectangle if and only if s has nondecreasing
columns, t has nondecreasing columns outside the rectangle if and only if v has
nondecreasing columns and the columns in t do not decrease from row s to row s + 1
if and only if condition (6.1.1) holds. O

Definition 6.4. Let Det,(lk) € Ay(n; k, k) with k > 1 be recursively defined by
vetl) =30 xyxy; and vet =30 xllbeték_l)xfl for k > 1.
Let a (rational) bideterminant ((t, s)|(t', ")) € A, (n; r, 5) be defined by

(e, 9)|(, 8) := (e|t)) 0et? (s]8)*
whenever [(t, 5), (v, 5')] is a rational (p, o)-bitableau such that p € A*(r — k) and
o€ At (s —k) forsome k=0, 1, ..., min(r, s).

Note that the proof of Lemma 5.1 and Remark 3.3(4) show that L(Deték)) = det’;.
Furthermore, if p; or o1 > n, then the bideterminant of a (o, o)-bitableau vanishes.
As a direct consequence of Theorem 5.3, we get the following:

Lemma 6.5. Let (x, s) and (v, §) be two standard rational tableaux, and let t and
t' be the (standard) tableaux obtained from the correspondence of Lemma 6.3. Then

L((x, 9|, 8)) = (=) E (tY)

for some integer c(t,t). In particular, the bideterminants of standard rational
bitableaux are linearly independent.

Proof. This follows directly from Theorem 5.3, the construction of the bijection
and L(Detflk)) = det’;. The second statement follows from the fact that the (t|t)s are
linearly independent. O

Lemma 6.6. We have

n
D xiet®Pxt =0 fori # j, 6.6.1)
=1

n
quxlibet;k)xfj =0 fori#], (6.6.2)
I=1
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and
n

n
> e = Y et 663)
=1 =1

Proof. Without loss of generality, we may assume k = 1. Suppose that i, j 7 1. Then

n n

1) % * ok * % -2 * %
E xilbet((] )xﬂ: E Xik X1 XX = E XUXikX jp Xy +4q E X1XikX X
=1 k=1 k<l k

-1
+ Z(Xux,'kx;kxn + (g7 — @) QXXX + Xuxiex . x75))
k>1
* ¥ -2 ® %
=lelxikxjkx11+(q - I)qulkxikxlkxjk
k.l k
~1
(g7 =) ) Conxinxx Ty + Xuxaxfxy)
k>1
2 -1 )
= 3fj°ef§ '+@"'—9 lekxizxflx;'fk = Sijbet((] ),
k.l

For j # 1, we have
n n
1) % * % * % —1 * ok
lelaet; )le = Z XXX X jp = qullxlkxjkxll +q lekxlkxjkxlk
=1 k=1 k<l k

—1 * ok —1 * %k
+ D (g ruxnxx + (@ = @xuxuxiag)
k>l

-1 * Lk
= Zq XUX1KX jpX ] =0.
k,l

Similarly, one can show that

n
D xipvetVxt =0 fori #1,
=1

n n
I=1 =1

n
> " PxpoetVxf =0 for j #£1,
=1

n
Zq”—z"xliaeti,”x;ﬁ =0 fori#l.
I=1

Finally,
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n

Zqzz_lelbety)xf]
=1

21-2 * ok 21-2 * ok
= E q X1 X1kX1x X1 = E q X1kX11X11 X1k
1k 1k#1

21—4 * ok 2 * ok * ok
+Zq anllx“x“-i-zq XTkX11X] X g F X11X11X] 1 X

I#1 k1
=etl? + Z 7?7 = gP)xpxnxfixf + Z(qz — Dxyexnnxy; Xy
I#1 k1
=et? + (1 — 8) (Z q* *xnxnxfixf —q7? lelxlkxikkxikl)
11 k#1
— et
= et d

Lemma 6.7. Suppose r = (ry,...,r¢),s = (s1,...,8) € I(n, k) are fixed. Let
jel{l,...,n}and k > 1. Then we have, modulo Det(l),

DR GV Y DRIV WP O
J<qi<ja<--<Jk
k—1 . .
= (D20l N @l a0 Sl o)

Ni<ja<<jk<J

Proof. The only difference between (s|jij2 ... ji); and (s|jij2...jr)] is on a
power of —g not depending on ji, jo, ..., jr. Thus, we can show the lemma with
(-, )y replaced by (-, -);. Similarly, we can assume that ry <r <--- <r; and
s1 > 8§92 > - - - > 5. Note that, modulo Oetél), we have the relations ZZZI xikx;‘k =0.
It follows that the lemma is true for k = 1. Assume that the lemma holds for £ — 1.
If M is an ordered set, let M* < be the set of k-tuples in M with increasing entries.
For a subset M C {1, ..., n}, we have

PG DRIV )
jeMk<

= Y QT a0l X

jeMk< w
. . *k *
= Z (rl‘]wk e JWI)rxslju'l T xskjwk
jeMk< w
. . * *
= Z i JOrXg gy o X
jeMk

Applying Laplace’s expansion, we can write a quantum minor (r|j; j2), as a linear
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combination of products of quantum minors, say

(rljij)r =Y a/ljr @12
!

. k—=1. . . . . . .
Then with ¢, == (— D2 Zi=0! j =i, oo ji)s J = Gto oo oy k1), C={1... )
and D ={j+1...n}, we have

D @l haiDr Sl O =Yl ek X,

jeDk< jeDk
AR VABE . * * *
= E crrpj)r (Fp =1 -+ JORXg o Xg i X
jeDk1
_ /s 7 . * * *
= €r—1 E c(rplJior (L ie=1 oo JORXG o Xg i X
J'eCHLL, ji>j
= €k—1 Z (PljkJe=1 - JORXG X i X

JeCH > j

*

k—1 . ..
=61 > (O TNkt SR X X
JECKL ji>j

k—1 /s .
=€r1 Z (=) " et =t - -« JOrXey X5 1 X5 i X e

J'eCHLL, ji>j
_ § : k—1 A . * * *
= —€k—1 (_Q) Cl(rl |.]k71 oo ]l)l‘xr;,jkxskjkxsljl e xsk—ljk—l
jeckl

*

k—1 . .o * *
= —€x—1 Z (=)™ (P ljr—=1 - JUIDrXg X X e

jeck
=—a1 Y (=l ekl 07
jeck<
=—a1 Y (=" el o)
jeck,<
=e Y (lje.. jaj0r(sliia . Jof- D
jeck<

Lemma 6.8. Let r’ and s’ be strictly increasing multi-indices considered as tableaux
with one row. Let i be the maximal entry appearing, and suppose that i is minimal
such that i violates condition (6.1.1). Let I be the set of entries appearing in both
r’ and s’; then we have i € I. Let Ly = {ki, ..., k;,} be the set of entries of r’ not
appearing in s', let Ly := {kj, ..., k},} be the set of entries of s" not appearing in r’,
andletiy <iy <--- <ip =1 be the entries of I.



Quantized mixed tensor space and Schur-Weyl duality 1143

Let D :={iy, ..., ik, ix+1,it+2,...,n}and C :={1,...,n}\(DUL; U L»).
Furthermore, for jy, ..., j, €{1,...,n}, let

m(jl,...,j,):=|{(l,c)e{1,...,t}xC:j1<c}|.

Letk := (ky, ..., k) and k' := (k}, ..., kl’z), and let r and s be multi-indices of the
same length as v’ (resp. s'); then we have

> @D rlkjic. . j)rslji - jek)f =0 mod det.
JjeDk<
Proof. Note thati € I and i =2k +1; +1, — 1; otherwise, i — 1 would violate (6.1.1).
Therefore, |C| = k — 1. Let cipax be the maximal element of C, C = {1, ..., Cmax},
D ={cmax+ 1, cmax +2,...,n} CDUL; UL, D_={deD:d < cpx}and
Dy ={deD:d>cna}. With j =(ji,..., Jj;) and j = (ji+1, ..., jix), we have

3 @Dk i jOrsli - ik
jEDk*<

k
Z Z qu(J) Z (rlkjy .. j])r(s|j1...jkk/)>:. (6.8.1)

:OJED_ JEDkl<

Without loss of generality, we may assume that the entries in s are increasing. We
apply Laplace’s expansion and Lemma 6.7 to get for fixed / and j

S lkji el k=Y ki e ik

JEDk l,< 7€Dk—l,<

R S 1.5 B 1Y Sy /ER) I TR B 7. 5
76Dk—1,<

=eg? " " @l i ) e Sl iy - kO
JeCk-t.<

e T D S (1 3 O 15 U AR) M1 TR 15 [BON 1 5 1
Je(Cup ki<

This expression can be substituted into (6.8.1). Each nonzero summand belongs
to a disjoint union §;US, = § C C U D_ such that |S| =k, S| = {ji, ..., ji} and
S> ={ji+1, ..., jr}. We will show that the summands belonging to some fixed set S
cancel out.

Therefore, we claim that for each subset S C C U D_ with k elements, there exists
some d € DN S such that m(d) = |{s € S:s > d }|. Suppose not. Since |C|=
S contains at least one element of D. Let s| <sp <--- <s,, be the elements of DNS.
We show by downward induction that m(s;) > [{s € S:s5 > 57} for 1 <[ < m;
m(sy,) is the cardinality of {s,, + 1, ..., cmax} N C. Since all s € § with s > s, are
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elements of C, we have {s,, + 1, ..., cmax] NS C {s;u + 1, ..., cmax} N C, and thus,
m(sy,) > |{s €S:s>s,}|. By assumption, we have > instead of >. Now suppose
m(s)) >|{seS:s>s;},s0{seS:s5i_1<s<s;}={seSNC:s51_1 <s <55 }U{s7};
thus, S contains at most m(s;—1) — m(s;) elements between s;_; and s;, so at most
m(si—1) —m(s;)) + 1 +m(s;)) — 1 = m(s;—1) elements are greater than s;_;. By
assumption, we have m(s;_1) > |{s € S :s > s5;_ }|. We have shown that S contains
less than m(s;) elements greater than s;; thus, S contains less than |C|+ 1 =k
elements, which is a contradiction. This shows the claim.

Let S C CU D_ be fixed subset of cardinality k. By the previous consideration,
there is an element d € DN S with m(d) = |{s € S : s > d }|. We claim that the
summand for S; and S, with d € S cancels the summand for S; \ {d} and S, U {d}.
Note that

(I’|kj1...d...j]jk...d...jl+1)r(s|j1+1 ...d...jkjl d][k/);k
= g2 = AI2ED Gy e el - it - KD}
Comparing coefficients, we see that both summands cancel. ([

Theorem 6.9 (Rational Straightening Algorithm). The set of bideterminants of
standard rational bitableaux forms an R-basis of A4(n; r, s).

Proof. We have to show that the bideterminants of standard rational bitableaux
generate A, (n; r, s). Clearly, the bideterminants ((t, 5)[(t’, s")) with v, ¥/, s and
standard tableaux generate A, (n; r, s). Let cont(t) (resp. cont(s)) be the content
of v (resp. s) defined in Definition 3.4.

Let t, v/, s and s’ be standard tableaux, and suppose that the rational bitableau
[(x, 5), (t/, s")] is not standard. It suffices to show the bideterminant ((t, §)|(¥/, "))
is a linear combination of bideterminants ((t,%)|(t’,s")) such that T has fewer boxes
than v or cont(t) > cont(t) or cont(s) > cont(%) in the lexicographical order. Without
loss of generality, we make the following assumptions:

« In the nonstandard rational bitableau [(t, 5), (t/, §')], the rational tableau (v, ")
is nonstandard. Note that the automorphism of Remark 4.2 maps a bidetermi-
nant ((t, 5)|(t/, §")) to the bideterminant ((v/, s")|(x, 5)).

« Suppose that (t, s) and (v/, s’) are (p, o)-tableaux. In view of Lemma 6.6, we
can assume that p € AT (r) and o0 € AT (s).

o The tableaux t, v/, s and s" have only one row (each bideterminant has a factor
of this type), and we can use Theorem 3.5 to write nonstandard bideterminants
as a linear combination of standard ones of the same content.

o Let i be minimal such that condition (6.1.1) of Definition 6.1 is violated for i.
Applying Laplace’s expansion, we may assume that there is no greater entry
than i in v/ and in 5’
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Note that all elements of A, (n; r, s) having a factor Detél) can be written as a linear
combination of bideterminants of rational (p, o)-bitableaux with p € A1 (r — k),
k > 0. Thus, it suffices to show that ((t, s)|(¥/, s")) is, modulo vet'V. a linear
combination of bideterminants of “lower content”. The summand of highest content
in Lemma 6.8 is that one for j = (i, ip, ..., ix), and this summand is a scalar
multiple (a power of —g, which is invertible) of ((t, 5)|(¥, §)). O

The following is an immediate consequence of the preceding theorem and
Lemma 6.3.

Corollary 6.10. There exists an R-linear map ¢ : Ay(n, r+(n—1)s) — Ay (n;r, s)
given on a basis by ¢ ({|t) := (—q) E((x, 5)| (v, §)) if the shape A of t satisfies
Zle Ai > (n—1)s, where (v, 8) and (v, &) are the rational tableaux respectively
corresponding to t and t' under the correspondence of Lemma 6.3, and ¢ (t|t') :== 0
otherwise. We have

¢ ol = iqu(n;r,s)’
and thus, T = (* is surjective.
As noted in Section 2, we now have the main result.

Theorem 6.11 (Schur—Weyl duality for mixed tensor space, II). We have
Sq(n: 1, 5) = Endss, ) (V® ® V') = pmxa(U) = puna(U),
and Sy (n; r, s) is R-free with a basis indexed by standard rational bitableau.

Proof. The first assertion follows from the surjectivity of r; the second assertion is
obtained by dualizing the basis of A, (n; 1, s). (I

References

[Benkart et al. 1994] G. Benkart, M. Chakrabarti, T. Halverson, R. Leduc, C. Lee, and J. Stroomer,
“Tensor product representations of general linear groups and their connections with Brauer algebras”,
J. Algebra 166:3 (1994), 529-567. MR 95d:20071 Zbl 0815.20028

[Brundan and Stroppel 2011] J. Brundan and C. Stroppel, “Gradings on walled Brauer algebras and
Khovanov’s arc algebras”, preprint, 2011. arXiv 1107.0999

[Dipper and Donkin 1991] R. Dipper and S. Donkin, “Quantum GL,”, Proc. London Math. Soc. (3)
63:1 (1991), 165-211. MR 92g:16055 Zbl 0734.20018

[Dipper and Doty 2008] R. Dipper and S. Doty, “The rational Schur algebra”, Represent. Theory 12
(2008), 58-82. MR 2009e:20097 Zbl 1185.20052

[Dipper and James 1989] R. Dipper and G. James, “The g-Schur algebra”, Proc. London Math. Soc.
(3) 59:1 (1989), 23-50. MR 90g:16026 Zbl 0711.20007

[Dipper et al. 2012] R. Dipper, S. Doty, and F. Stoll, “The quantized walled Brauer algebra and mixed
tensor space”, preprint, 2012. arXiv 0806.0264

[Goodearl 2006] K. R. Goodearl, “Commutation relations for arbitrary quantum minors”, Pacific J.
Math. 228:1 (2006), 63—102. MR 2007j:17019 Zbl 1125.16034


http://dx.doi.org/10.1006/jabr.1994.1166
http://msp.org/idx/mr/95d:20071
http://msp.org/idx/zbl/0815.20028
http://msp.org/idx/arx/1107.0999
http://dx.doi.org/10.1112/plms/s3-63.1.165
http://msp.org/idx/mr/92g:16055
http://msp.org/idx/zbl/0734.20018
http://dx.doi.org/10.1090/S1088-4165-08-00303-8
http://msp.org/idx/mr/2009e:20097
http://msp.org/idx/zbl/1185.20052
http://dx.doi.org/10.1112/plms/s3-59.1.23
http://msp.org/idx/mr/90g:16026
http://msp.org/idx/zbl/0711.20007
http://msp.org/idx/arx/0806.0264
http://dx.doi.org/10.2140/pjm.2006.228.63
http://msp.org/idx/mr/2007j:17019
http://msp.org/idx/zbl/1125.16034

1146 Richard Dipper, Stephen Doty and Friederike Stoll

[Green 1996] R. M. Green, “g-Schur algebras as quotients of quantized enveloping algebras”, J.
Algebra 185:3 (1996), 660-687. MR 97k:17016 Zbl 0862.17007

[Hong and Kang 2002] J. Hong and S.-J. Kang, Introduction to quantum groups and crystal bases,
Graduate Studies in Mathematics 42, American Mathematical Society, Providence, RI, 2002.
MR 2002m:17012 Zbl 1134.17007

[Huang and Zhang 1993] R. Q. Huang and J. J. Zhang, “Standard basis theorem for quantum linear
groups”, Adv. Math. 102:2 (1993), 202-229. MR 94j:16067 Zbl 0793.05143

[Jantzen 1996] J. C. Jantzen, Lectures on quantum groups, Graduate Studies in Mathematics 6,
American Mathematical Society, Providence, RI, 1996. MR 96m:17029 Zbl 0842.17012

[Koike 1989] K. Koike, “On the decomposition of tensor products of the representations of the classi-
cal groups: by means of the universal characters”, Adv. Math. 74:1 (1989), 57-86. MR 90j:22014
Zbl 0681.20030

[Kosuda and Murakami 1993] M. Kosuda and J. Murakami, “Centralizer algebras of the mixed
tensor representations of quantum group Uy (gl(n, C))”, Osaka J. Math. 30:3 (1993), 475-507.
MR 94k:17025 Zbl 0806.17012

[Leduc 1994] R. E. Leduc, A two-parameter version of the centralizer algebra of the mixed tensor rep-
resentations of the general linear group and quantum general linear group, Ph.D. thesis, University
of Wisconsin—-Madison, 1994. MR 2691209

[Lusztig 1990] G. Lusztig, “Finite-dimensional Hopf algebras arising from quantized universal
enveloping algebra”, J. Amer. Math. Soc. 3:1 (1990), 257-296. MR 91e:17009 Zbl 0695.16006

[Schur 1927] 1. Schur, “Uber die rationalen Darstellungen der allgemeinen linearen Gruppe”, Sitzungs-
ber. Akad. Berlin (1927), 58-75. Reprinted as pp. 6885 in Gesammelte Abhandlungen, 111, Springer,
Berlin, 1973. MR 57 #2858¢c JFM 53.0108.05

[Stembridge 1987] J. R. Stembridge, “Rational tableaux and the tensor algebra of gl,,”, J. Combin.
Theory Ser. A 46:1 (1987), 79-120. MR 89a:05012 Zbl 0626.20030

[Tange 2012] R. Tange, “A bideterminant basis for a reductive monoid”, J. Pure Appl. Algebra 216:5
(2012), 1207-1221. MR 2012j:20138 Zbl 1251.05179

[Turaev 1989] V. G. Turaeyv, “Operator invariants of tangles, and R-matrices”, Izv. Akad. Nauk SSSR
Ser. Mat. 53:5 (1989), 1073—-1107, 1135. In Russian; translated in Math. USSR, Izv. 35:2 (1990),
411-444. MR 91e:17011 Zbl 0707.57003

Communicated by Georgia Benkart
Received 2011-11-11 Revised 2012-04-12 Accepted 2012-06-20

rdipper@mathematik.uni-stuttgart.de
Institut fiir Algebra und Zahlentheorie, Universitit Stuttgart,
Pfaffenwaldring 57, 70569 Stuttgart, Germany

doty@math.luc.edu Department of Mathematics and Statistics,
Loyola University Chicago, 1023 West Sheridan Road,
Chicago, IL 60660, United States

stoll@mathematik.uni-stuttgart.de
Institut fiir Algebra und Zahlentheorie, Universitdt Stuttgart,
Pfaffenwaldring 57, 70569 Stuttgart, Germany

mathematical sciences publishers :'msp


http://dx.doi.org/10.1006/jabr.1996.0346
http://msp.org/idx/mr/97k:17016
http://msp.org/idx/zbl/0862.17007
http://msp.org/idx/mr/2002m:17012
http://msp.org/idx/zbl/1134.17007
http://dx.doi.org/10.1006/aima.1993.1065
http://dx.doi.org/10.1006/aima.1993.1065
http://msp.org/idx/mr/94j:16067
http://msp.org/idx/zbl/0793.05143
http://msp.org/idx/mr/96m:17029
http://msp.org/idx/zbl/0842.17012
http://dx.doi.org/10.1016/0001-8708(89)90004-2
http://dx.doi.org/10.1016/0001-8708(89)90004-2
http://msp.org/idx/mr/90j:22014
http://msp.org/idx/zbl/0681.20030
http://projecteuclid.org/euclid.ojm/1200784541
http://projecteuclid.org/euclid.ojm/1200784541
http://msp.org/idx/mr/94k:17025
http://msp.org/idx/zbl/0806.17012
http://msp.org/idx/mr/2691209
http://dx.doi.org/10.2307/1990988
http://dx.doi.org/10.2307/1990988
http://msp.org/idx/mr/91e:17009
http://msp.org/idx/zbl/0695.16006
http://msp.org/idx/mr/57:2858c
http://msp.org/idx/jfm/53.0108.05
http://dx.doi.org/10.1016/0097-3165(87)90077-X
http://msp.org/idx/mr/89a:05012
http://msp.org/idx/zbl/0626.20030
http://dx.doi.org/10.1016/j.jpaa.2011.10.029
http://msp.org/idx/mr/2012j:20138
http://msp.org/idx/zbl/1251.05179
http://dx.doi.org/10.1070/IM1990v035n02ABEH000711
http://dx.doi.org/10.1070/IM1990v035n02ABEH000711
http://msp.org/idx/mr/91e:17011
http://msp.org/idx/zbl/0707.57003
mailto:rdipper@mathematik.uni-stuttgart.de
mailto:doty@math.luc.edu
mailto:stoll@mathematik.uni-stuttgart.de
http://msp.org

ALGEBRA AND NUMBER THEORY 7:5(2013)
dx.doi.org/10.2140/ant.2013.7.1147

Weakly commensurable S-arithmetic
subgroups in almost simple
algebraic groups of types B and C

Skip Garibaldi and Andrei Rapinchuk

To Kevin McCrimmon on the occasion of his retirement

Let G| and G, be absolutely almost simple algebraic groups of types B, and C,,
respectively, defined over a number field K. We determine when G| and G, have
the same isomorphism or isogeny classes of maximal K -tori. This leads to the
necessary and sufficient conditions for two Zariski-dense S-arithmetic subgroups
of G| and G, to be weakly commensurable.
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1. Introduction and the statement of main results

This paper has two interrelated goals: first, to complete the investigation of weak
commensurability of S-arithmetic subgroups of almost simple algebraic groups
begun in [Prasad and Rapinchuk 2009], and second, to contribute to the classical
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problem of characterizing almost simple algebraic groups having the same isomor-
phism or the same isogeny classes of maximal tori over the field of definition.

Let G| and G, be two semisimple algebraic groups over a field F of characteristic
zero, and let I'; C G; (F) be a (finitely generated) Zariski-dense subgroup fori =1, 2.
We recall in Section 7 below the notion of weak commensurability of I'1 and I',
introduced in [Prasad and Rapinchuk 2009]. (This notion was inspired by some
problems dealing with isospectral and length-commensurable locally symmetric
spaces, and we state some geometric consequences of our main results in (7-1)
and (7-2).) We further recall that the mere existence of Zariski-dense weakly
commensurable subgroups implies that G| and G, either have the same Killing—
Cartan type, or one of them is of type B, and the other is of type C,. Moreover,
cumulatively the results of [Prasad and Rapinchuk 2009; 2010; Garibaldi 2012]
give, by and large, a complete picture of weak commensurability for S-arithmetic
subgroups of almost simple algebraic groups having the same type.

On the other hand, weak commensurability of S-arithmetic subgroups in the case
where G is of type B; and G, is of type C, has not been investigated so far —it
was only pointed out in [Prasad and Rapinchuk 2009] that S-arithmetic subgroups
corresponding to the split forms of such groups are indeed weakly commensurable;
see also Remark 2.6 below. Our first theorem provides a complete characterization
of the situations where S-arithmetic subgroups in the groups of types B and C
are weakly commensurable. In its formulation we will employ the description,
introduced [ibid., §1], of S-arithmetic subgroups of G (F'), where G is an absolutely
almost simple algebraic group over a field F of characteristic zero, in terms of
triples (9, K, S) consisting of a number field K C F, a finite subset S of places of K,
and an F/K-form % of the adjoint group G — we briefly recall this description in
Section 6.

The following definition will enable us to streamline the statements of our results.

Definition 1.1. Let ¢; and %, be absolutely almost simple algebraic groups of
types By and C, with £ > 2, respectively, over a number field K. We say that %,
and 9, are rwins (over K) if for each place v of K, both groups are simultaneously
either split or anisotropic over the completion K.

Theorem 1.2. Let G| and G, be absolutely almost simple algebraic groups over
a field F of characteristic zero having Killing—Cartan types By and C, (£ = 3),
respectively, and let T'; be a Zariski-dense (§;, K, S)-arithmetic subgroup of G;(F)
fori=1,2. Then I'y and "y are weakly commensurable if and only if the groups
G, and 9, are twins.

If Zariski-dense (91, K1, S1)- and (%, K», Sy)-arithmetic subgroups are weakly
commensurable then necessarily K| = K and S; = S, by [Prasad and Rapinchuk
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2009, Theorem 3], so Theorem 1.2 in fact treats the most general situation. Further-
more, for £ =2 we have B, = C;, so G| and G, have the same type; then I'; and
[', are weakly commensurable if and only if §; >~ %, over K by [ibid., Theorem 4].
This shows that the assumption £ > 3 in Theorem 1.2 is essential — the excluded
case of £ =2 is treated in Theorem 1.5 below.

Turning to the second problem, that of characterizing almost simple algebraic
groups having the same (isomorphic classes of) maximal tori, we would like to
point out that, as we will see shortly, one gets more satisfactory results if instead
of talking about isomorphic groups one talks about isogenous ones. We recall
that algebraic K-groups H; and H, are called isogenous if there exists a K-group
H with central K-isogenies 7;: H — H;, i = 1,2. For semisimple K-groups
G and G,, this amounts to the fact that the universal covers 51 and 52 are
K -isomorphic, and for K-tori 77 and 7, this simply means that there exists a
K-isogeny Ty — T5. Furthermore, we say that two semisimple K-groups G| and
G, have the same isogeny classes of maximal K-tori if every maximal K -torus
Ty of G is K-isogenous to some maximal K-torus 7, of G», and vice versa.
Unsurprisingly, K-isogenous groups have the same isogeny classes of maximal tori.
Using the results from [Prasad and Rapinchuk 2009; Garibaldi 2012], we prove the
following partial converse for almost simple groups over number fields.

Proposition 1.3. Let G| and G, be absolutely almost simple algebraic groups
over a number field K. Assume that G| and G, have the same isogeny classes of
maximal K -tori. Then at least one of the following holds:

(1) G and G, are K -isogenous.

(2) G and G, are of the same Killing—Cartan type, which is one of the following:
A for £ > 1, Dyyyq for € > 1, or Eg.

(3) One of the groups is of type B, and the other of type C; for some € > 3.

We will prove the proposition in Section 8. As Theorem 1.5 below shows, it is
possible for two isogenous, but not isomorphic, groups to have the same isomor-
phism classes of maximal K -tori, so the conclusion in (1) cannot be strengthened
even if we assume that G; and G, have the same maximal tori. On the other
hand, for each of the types listed in (2) one can construct nonisomorphic simply
connected, and hence nonisogenous, groups of this type having the same tori [Prasad
and Rapinchuk 2009, §9], so these types are genuine exceptions. In this paper, we
will sharpen case (3). Specifically, we prove the following in Section 6.

Theorem 1.4. Let G| and G, be absolutely almost simple algebraic groups over a
number field K of types By and Cy, respectively, for some £ > 3.

(1) The groups G| and G, have the same isogeny classes of maximal K -tori if
and only if they are twins.
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(2) The groups G| and G, have the same isomorphism classes of maximal K -tori
if and only if they are twins, G is adjoint, and G, is simply connected.

We note that one can give examples of groups G| and G, of types B, and C,,
respectively, over the field R of real numbers, that are neither split nor anisotropic but
nevertheless have the same isomorphism classes of maximal R-tori; see Example 3.6.
This shows Theorem 1.4, unlike many statements about algebraic groups over
number fields, is not a global version of the corresponding theorem over local fields.
What is crucial for the proof of Theorem 1.4 (and also Theorem 1.2) is that if the
real groups G| and G, are neither split nor anisotropic with G adjoint and G,
simply connected then they cannot have the same maximal R-tori; see Corollary 3.4.

The special case B; = C,. Theorem 1.4 completely settles the question of when
the groups of types By and C; have isogenous tori for £ > 3. The case where £ =2
is special because the root systems B, and C, are the same.

Let G and G, be groups of type B, = C,. They have the same isogeny classes of
maximal tori if and only if they are isogenous by Lemma 8.1 below or [Prasad and
Rapinchuk 2009, Theorem 7.5(2)]. In particular, when G| and G, are both adjoint
or both simply connected, they have the same isogeny classes of maximal tori if
and only if G| >~ G, if and only if they have the same maximal tori. It remains
only to give a condition for G and G, to have the same maximal tori when one is
adjoint and the other is simply connected, which we now do.

Theorem 1.5. Let g1 and g, be 5-dimensional quadratic forms over a number
field K. The groups G| = SO(q) and G, = Spin(q,) have the same isomorphism
classes of maximal K -tori if and only if

(1) g is similar to q,, and

(2) q1 and g, are either both split or both anisotropic at every completion of K.

Notation. For a number field K, we let VX denote the set of all places, and let VX
and VfK denote the subsets of archimedean and nonarchimedean places. Given a
reductive algebraic group G defined over a field K, for any field extension L/K we
let rk; G denote the L-rank of G, that is, the dimension of a maximal L-split torus.

We write r{(a) for the symmetric bilinear form (x, y) — a Zle x;y; on K", and
adopt similar notation for quadratic forms and hermitian forms.

In Section 6, we systematically use the following: For G| and G, absolutely
almost simple groups of types B, and C,, respectively, we put Gﬂ for the adjoint
group of G (“SO”), and Gg for the simply connected cover of G, (“Sp”).

2. Steinberg’s theorem for algebras with involution

Our proofs of Theorems 1.2 and 1.4 rely on the well-known fact that groups of
classical types can be realized as special unitary groups associated with simple
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algebras with involutions, so their maximal tori correspond to certain commutative
étale subalgebras invariant under the involution. This description enables us to
apply the local-global principles for the existence of an embedding of an étale
algebra with an involutory automorphism into a simple algebra with an involution
[Prasad and Rapinchuk 2010]. To ensure the existence of local embeddings, we
will use an analogue for algebras with involution of the theorem, due to Steinberg
[1965], asserting that if G is a quasisplit simply connected almost simple algebraic
group over a field K and G is an inner form of Gg over K, then any maximal
K-torus T of G admits a K-defined embedding into Gg. The required analogue
roughly states that if (A, 7) is an algebra with involution such that the corresponding
group is quasisplit then any commutative étale algebra with involution (£, o) that
can potentially embed in (A, ) does embed. It can be deduced from the original
Steinberg’s theorem along the lines of [Gille 2004, Proposition 3.2(b)], but in fact
one can give a simple direct argument. To our knowledge, this has not been recorded
in the literature. Further, the argument for type B, (in Proposition 2.5) extends with
minor modifications to other types. So, despite the fact that we will only use this
statement for algebras corresponding to groups of type B, and C,,, we will give the
argument for all classical types. We begin by briefly recalling the types of algebras
with involution arising in this context, indicating in each case the étale subalgebras
that give maximal tori.

Description of tori in terms of étale algebras. Let A be a central simple algebra of
dimension n?2 over a field L of characteristic other than 2, and let T be an involution
of A. Set K = L*. We recall that 7 is said to be of the first or second kind if the
restriction t|y is trivial or nontrivial, respectively. Furthermore, if 7 is an involution
of the first kind, then it is either symplectic (that is, dimg A" = n(n — 1)/2) or
orthogonal (that is, dimg A" =n(n+1)/2).

We also recall the well-known correspondence between involutions on A =M, (L)
and nondegenerate hermitian or skew-hermitian forms on L" [Knus et al. 1998]:
Given such a form f, there exists a unique involution 7 such that

flax,y) = f(x,tr(a)y)

for all x, y € L" and all a € A; then the pair (M, (L), ) will be denoted by A .
Moreover, f is symmetric or skew-symmetric if and only if 7, is orthogonal or
symplectic, respectively. Conversely, for any involution t there exists a form f on
L" of appropriate type such that T = 74, and any two such forms are proportional.
(For involutions of the second kind one can pick the corresponding form to be either
hermitian or skew-hermitian as desired.)

Type *Ay. Let (A, T) be a central simple L-algebra of dimension n* with an invo-
lution t of the second kind. Then G = SU(A, t) is an absolutely almost simple
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simply connected K -group of type A, with £ = n — 1, and conversely any such
group corresponds to an algebra with involution (A, ) of this kind. Any r-invariant
étale commutative subalgebra £ C A gives a maximal K -torus

T =Rg/k(GL1) NG =SU(E, 7|E)

of G, and all maximal K-tori are obtained this way; see, for example, [Prasad
and Rapinchuk 2010, Proposition 2.3]. The group G is quasisplit if and only if
A= M,(L) and T = 15, where A is a nondegenerate hermitian form on L" of Witt
index [n/2].

Type By (€ > 2). Let A = M, (K) with n = 2¢ + 1, and let T be an orthogonal
involution of A. Then T = 77 for some nondegenerate symmetric bilinear form
fon K", and G = SU(A, t) = SO(f) is an adjoint group of type B, and every
such group is obtained this way. Furthermore, maximal K-tori 7 of G bijectively
correspond to maximal commutative étale t-invariant subalgebras £ of A (of
dimension n) such that dimg E* = ¢ + 1 under the correspondence given by
T = Rg/xk(GL1) N G = SU(E, t|g). Furthermore, any such algebra admits a
decomposition

(E,7)=(E',7") x (K,idg), (2-1)

where E’ C E is a t-invariant subalgebra of dimension 2¢. Finally, the group G is
quasisplit (in fact, split) if and only if f has Witt index £.

Type Cy (£ >2). Let A be a central simple K -algebra of dimension n* with n = 2¢,
and let T be a symplectic involution of A. Then G = SU(A, 7) is an absolutely
almost simple simply connected group of type C,, and all such groups are obtained
this way. Maximal K -tori of G correspond to maximal commutative étale t-invariant
subalgebras £ C A (of dimension n) such that dimg E* = £ in the fashion described
above. The group G is quasisplit (in fact, split) if and only if A = M,,(K). Then
T =17, where f is a nondegenerate skew-symmetric form on K"; there is only one
equivalence class of such forms, so in this case G >~ Sp,,.

Type 2Dy (£ > 4). Let A be a central simple K -algebra of dimension n?, where
n = 2¢, and let T be an orthogonal involution of A. Then G = SU(A, t) is an
almost absolutely simple K -group of type 12Dy that is neither simply connected
nor adjoint, and any K -group of this type is K -isogenous to such a group. Maximal
K-tori of G correspond to maximal commutative étale t-invariant subalgebras
E C A (of dimension n?) such that dimg E7 = €. The group G is quasisplit if and
only if A= M,(K) and t = 77, where f is a symmetric bilinear form on K" of
Witt index £ — 1 or £.

Summary. Thus, if A is a central simple L-algebra of dimension n% (and L = K for
all types except 2A;) then maximal K -tori of the algebraic K-group G = SU(A, 1)
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correspond in the manner described above to maximal abelian étale t-invariant
subalgebras E C A with dim; E = n such that for 0 = 7|g we have

n ifol|, #idg,
[(m+1)/2] ifo|p =idg.

(The condition is automatically satisfied if o|; #idy.)

Now, let (E, o) be an n-dimensional commutative étale L-algebra with an invo-
lution satisfying (2-2). Then the question of whether the K-torus T = SU(E, 0)°
can be embedded into G = SU(A, 7), where A is a central simple L-algebra of
dimension n2 with an involution 7 such that o | = t|L, translates into the question
of whether there is an embedding (E, o) < (A, t) of L-algebras with involution,
which we will now investigate in the cases of interest to us. We note that if G is

dimg E° = { (2-2)

quasisplit, then A = M,, (L) in all cases. In this case, the universal way to construct
an embedding (E, o) — (M, (L), t) is described in the following well-known
statement.

Proposition 2.1. Let (E, o) be an n-dimensional commutative étale L-algebra
with an involution o.

(i) Foranybe E*, themap ¢p,: Ex E — K given by ¢p(x, y) =trg;r(x-b-0(y))
is a nondegenerate sesquilinear form, which is hermitian or skew-hermitian if
and only if b is such.

(ii) Let b € E* be hermitian or skew-hermitian, and let Ty, be the involution on
A :=End; (E) ~ M, (L) corresponding to ¢p; then the regular representation
of E gives an embedding (E, o) — (A, 14,) = Ay, of algebras with involution.

(iii) Let t be an involution on A = M, (L), and let f be a hermitian or skew-
hermitian form on L" such that ty = t. Then the following conditions are
equivalent:

(a) There exists b € E* of the same type as f such that ¢, is equivalent to f.
(b) There exists a form h on E >~ L" that is equivalent to f and that satisfies

h(ax,y)=h(x,o0(a)y) forall a,x,y € E. (2-3)

(c) There exists an embedding (E, o) — (A, t) as L-algebras with involu-
tions.

Sketch of proof. The nondegeneracy of ¢, in (i) follows from the fact that the
L-bilinear form on E given by (x, y) /> trg,(xy) is nondegenerate as E/L is
étale; other assertions in (i) and (ii) are immediate consequences of the definitions.
The implications (a) = (b) = (c) in (iii) are obvious, and the equivalence of (a)
and (c) (which we will not need) is established in [Prasad and Rapinchuk 2010,
Proposition 7.1]. ]
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We also note that in fact any nondegenerate hermitian/skew-hermitian form
h on E satisfying (2-3) is of the form ¢, for some b € E* of the respective
type. Indeed, since the form ¢; is nondegenerate, we can write 4 in the form
h(x,y) =trg/ (x - g(o(y))) for some K-linear automorphism g of E. Then (2-3)
implies that g is E-linear, and therefore is of the form g(x) = bx for some b € E*,
which will necessarily be of appropriate type.

Example 2.2 (involutions of the first kind). According to [Prasad and Rapinchuk
2010, Proposition 2.2], if L = K and (E, o) is a K-algebra with involution of
dimension n =2¢ satisfying (2-2), then (E, o) ~ (F[8]/(8>—d), 6), where F = E°,
de F*, and 0(8) = —$.

For invertible b € E° and x;, y; € F, we have

¢p(x1+ y18, X2 + y28) = trg k (bx1x2 — bdy1y2) = trp x (2b(x1x2 — dy1y2)),

SO ¢y is the transfer from F to K of the symmetric bilinear form (2b, —2bd).
Clearly, if E is F x F, then ¢ is hyperbolic.

The example gives the entries in the ¢, column of Table 1.

Proposition 2.3 (type C). Let (E, o) be an étale K -algebra of dimension n = 2¢
with involution satisfying (2-2). Then for every symplectic involution t on M,(K),
there is a K-embedding (E, o) — (M,(K), 1).

Proof. 1t follows from the structure of (£, o) in the example that there exists a skew-
symmetric invertible b € E (one can take, for example, the element corresponding
to §); then by Proposition 2.1(i), the form ¢ is nondegenerate and skew-symmetric.
On the other hand, since 7 is symplectic, we have T = 7, for some nondegenerate
skew-symmetric form f on K”". As any two such forms are equivalent, our assertion
follows from Proposition 2.1(iii). U

To handle the algebras corresponding to types B and D, we need the following.

Lemma 2.4. Let (E, o) be a commutative étale K-algebra with involution of
dimension n = 2¢ satisfying (2-2). Then there exists a nondegenerate symmetric
bilinear form h on E that satisfies (2-3) and has Witt index > £ — 1.

Proof. If K is finite then one can take, for example, & = ¢, sO we can assume
in the rest of the argument that K is infinite. It follows from the description of
E that (E @k K,o ® idg) ~ (M, w) for K an algebraic closure of K, where
M= ]_[le(l? x K) and p acts on each copy of K x K by switching components.
Viewing M as an affine n-space, we consider the K-defined subvariety M_ :=
{x e M| u(x) = —x}. Clearly, M_ is a K-defined vector space, so the K-points
E_ := M_ N E are Zariski-dense in M_. On the other hand, let U C M be the
Zariski-open subvariety of elements with pairwise distinct components; then any
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x € U generates M as a K -algebra. Furthermore, it is easy to see that U N M_ # &,

soUNE_ #@.
Fixec UNE_;then 1,e,...,e" ! form a K-basis of E. For x € E we define
ci(x)fori=0,...,n—1sothat x = ?:_01 ci(x)el. Set

h(x,y) = cp2(x0(y)).

Clearly, i is symmetric bilinear and satisfies (2-3). Let us show that / is nonde-
generate. If x = :’:_01 ci(x)é' is in the radical of &, then so is o (x), and therefore
also xy = Y\ g ¢ (x)e? and x_ 1= Y "1_j caip1(x)e¥ . From h(xy, 1) = 0,
h(xy, e?) = 0, etc., we successively obtain that ¢,—>(x) = 0, c,—4(x) = 0, etc.,
that is, x; = 0. Furthermore, we have 0 = h(x_, e~') = —c,_(x). Then from
h(x_,e) =0, h(x_, e>) =0, etc., we successively obtain ¢, _3(x) =0, ¢,—5(x) =0,
etc. Thus, x_ = 0; hence x =0, as required. It remains to observe that the subspace
spanned by 1, e, ..., ‘=2 is totally isotropic with respect to /. O

Remark. In an earlier version of this paper, we constructed / in Lemma 2.4 in the
form h = ¢, using some matrix computations. The current proof, which minimizes
computations, was inspired by [Bhargava and Gross 2011, §5].

Proposition 2.5 (type B). Let (E, o) be an étale K -algebra of dimensionn =20+ 1
with involution satisfying (2-2). If T is an orthogonal involution on A = M, (K)
such that T = vy, where f is a nondegenerate symmetric bilinear form on K" of
Witt index £, then there exists an embedding (E, o) — (A, t) of K-algebras with
involution.

Proof. Pick a decomposition (2-1), and then use Lemma 2.4 to find a form A’
on E’ with the properties described therein. We can write 4’ = h} L h/, where
h' is a direct sum of £ — 1 hyperbolic planes and #/ is a binary form. Choose a
1-dimensional form A" so that A, 1. h” is isotropic, and consider 7 = h’ L h” on
E = E’' x K. Then h is a nondegenerate symmetric bilinear form on E satisfying
(2-3) and having Witt index £. So, & is equivalent to f; hence (E, o) embeds in
(A, 7) by Proposition 2.1(iii). O

Remark 2.6. Let now G| be the K-split adjoint group SOy,4; of type B, and
G, be the K-split simply connected group Sp,, of type C,, where £ > 2. It was
observed in [Prasad and Rapinchuk 2009, Example 6.7] that G| and G, have the
same isomorphism classes of maximal K-tori over any field K of characteristic
not 2. This was derived from the fact that G; and G, have isomorphic Weyl
groups using the results of [Gille 2004; Raghunathan 2004]. Now, we are in a
position to give a much simpler explanation of this phenomenon. Indeed, G| =
SU(Ay, 71), where A; = My;4+1(K) and 7| is an orthogonal involution on A
corresponding to a nondegenerate symmetric bilinear form on K2¢*! of Witt index ¢,
and G, =SU(A», 12), where Ay = M, (K) and 5 is a symplectic involution on A,
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corresponding to a nondegenerate skew-symmetric form on K2¢. Any maximal K -
torus 7> of G, is of the form SU(E>, o), where E is a 2¢-dimensional commutative
To-invariant subalgebra of A,, and 03 = 12| g,, with (E3, o2) satisfying (2-2). Set
(E1,01) = (E3,02) x (K,idg). According to Proposition 2.5, there exists an
embedding (E1, 1) <= (Aj, t1), which gives rise to a K-isomorphism between
T, and the maximal K-torus 77 = SU(E, o1) of G;. This, combined with the
symmetric argument based on Proposition 2.3, yields the required fact. Then,
repeating the argument given in [Prasad and Rapinchuk 2009, Example 6.7], we
conclude that if K is a number field then for any finite subset S C VX containing
VX, the S-arithmetic subgroups of G| and G, are weakly commensurable.

Turning now to type Dy, we first observe that if (E, o) is a K-algebra with
involution of dimension n = 2¢ satisfying (2-2) then the determinant — viewed
as an element of K*/K*?—of the symmetric bilinear form ¢, for invertible
b € E° does not depend on b [Brusamarello et al. 2003, Corollary 4.2] and will
be denoted d(E, o). Now, if 7 is an involution on A = M,,(K) that corresponds
to a symmetric bilinear form f on K" having determinant d( f), then it follows
from Proposition 2.1(iii) that an embedding (E, o) < (A, t) can exist only if
d(E,o)=d(f)in K*/K*2.

Proposition 2.7. Let (E, o) be an étale K-algebra of dimension n = 2¢ with
involution satisfying (2-2). If t is an orthogonal involution on A = M,(K) such
that T = ty, where f is a nondegenerate symmetric bilinear form on K" of Witt
index at least £ — 1 such that d(E, o) = d(f) (in K*/K*?), then there exists an
embedding (E, o) — (A, t) of K-algebras with involution.

Proof. Let h be the symmetric bilinear form on E constructed in Lemma 2.4. As we
observed after Proposition 2.1, & is actually of the form & = ¢, for some invertible
be E°,sod(h) =d(E, o). We can write h = hy L hy, where h is a direct sum of
£ — 1 hyperbolic planes and 4, is a binary form. Similarly, f = f; L f,, where fi
is a direct sum of ¢ — 1 hyperbolic planes and f; is binary. Then d(E, o) = d(f)
implies that d(hy) = d(f>), so hy and f; are similar. Thus, a suitable multiple of &
is equivalent to f, and our claim follows from Proposition 2.1(iii). O

Finally, we will treat algebras corresponding to the groups of type 2A;. Here L
will be a quadratic extension of K and all involutions will restrict to the nontrivial
automorphism of L/K.

Proposition 2.8 (type A). Let (E, o) be an étale n-dimensional L-algebra with
involution. If T is a unitary involution on A = M, (L) such that t =Ty, where f isa
hermitian form on L" having Witt index m := [n /2], then there exists an embedding
(E,o0) — (A, 1) of L-algebras with involution.
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Proof. 1t is enough to construct a nondegenerate hermitian form on E that satisfies
(2-3) and has Witt index m. If K is finite, one can take, for example, 1 = ¢, so
we can assume that K is infinite. Set ' = E° so that E = F ®k L. Since K is
infinite, arguing as in the proof of Lemma 2.4, one can find e € F so that F = K|[e].
Then any x € E admits a unique presentation of the form x = Z?:_ol ¢! ®c;(x) with
¢;i(x) € L. Define

h(x,y) :=cp_1(xa(y)).

It is easy to see h is a hermitian form satisfying (2-3); let us show that it is
nondegenerate. If x is in the radical of A, then from A (x, 1) =0, h(x, e) =0, etc.,
we successively obtain that ¢, (x) =0, ¢,—2(x) =0, etc. Thus, x =0, proving the
nondegeneracy of 4. Since 2(m —1) <n—1, the subspace spanned by 1, ¢, ..., ™!
is totally isotropic; hence the Witt index of & is m, as required. (Il

3. Maximal tori in real groups of types B and C

This section is devoted to determining the isomorphism classes of maximal tori in
certain linear algebraic groups, primarily of types B and C, over the real numbers.
Recall that every torus T over R is R-isomorphic to the product

(GL) x R (GL1)? x (Re/m(GL1))” (3-1)

for uniquely determined nonnegative integers «, 8, y [Voskresenskii 1998, p. 64],
and then the group T (R) is topologically isomorphic to (R*)% x (§")# x (C*)?,
where S! is the group of complex numbers of modulus 1. The fact that T is
isomorphic to a maximal R-torus of a given reductive R-group G typically imposes
serious restrictions on the numbers «, 8 and y. To illustrate this, we first consider
the following easy example.

Example 3.1. Every maximal R-torus in G = GL,, y, where H is the algebra of
Hamiltonian quaternions, is isomorphic to (Rc/r(GL1))". Indeed, every maximal
R-torus in G is of the form Rg,r(GL1), where E is a maximal commutative 2n-
dimensional étale subalgebra of A = M,,(H). Any commutative 2n-dimensional
étale R-algebra E is isomorphic to R* x C¥ with o + 2y = 2n. But in order for
E to have an R-embedding in A, we must have « = 0 and then y = n [Prasad and
Rapinchuk 2010, 2.6], so our claim follows.

We now recall the standard notation for some classical real algebraic groups. We
let SO(r, n —r) denote the special orthogonal group of the n-dimensional quadratic
form g = r(1) L (n —r){(—1). Similarly, we let Sp(r, n — r) denote the special
unitary group of the n-dimensional hermitian form 4 =r(1) L (n —r)(—1) over H
with the standard involution. Every adjoint R-group of type By is isomorphic to
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some SO(r,n —r) forn =2¢ + 1 and some 0 < r < n, and every nonsplit simply
connected R-group of type C; is isomorphic to Sp(r, £ —r) some 0 < r < £.

Lemma 3.2 (adjoint B, over R). The maximal R-tori in G = SO(r, n —r), where
n=20+1, are of the form (3-1) witha+B+2y =L and a+2y <s:=min(r,n—r).

Proof. Let t be the involution on A = M,,(K) that corresponds to the symmetric
bilinear form f associated with the quadratic form ¢ =r(1) L (n —r){—1) so that
G =SU(A, 7). Let T be a maximal R-torus of G written in the form (3-1). Since
the rank of G is £, we immediately obtain dim 7 = « 4+ 8 + 2y = £. Furthermore,
we have T = SU(E, o), where E C A is a t-invariant maximal commutative étale
subalgebra, 0 = t|g, and (2-2) holds. There are exactly 4 isomorphism classes
of indecomposable étale R-algebras with involution, which are listed in Table 1.
Using this information, we can write

(E,0) =R% x (Rx R)*” x C» x (Cx C)*,

where the involutions on factors are as in the table. Comparing this with the structure
of T, we obtain 6, = v, §3 = B, and 64 = y. According to Proposition 2.1(iii), there
exists b € E? such that ¢, is equivalent to f. But the Witt index of f is s (which
equals the R-rank of G), and the Witt index of ¢, is > 8, + 284. Thus, o + 2y <.
(We note that rkg T = o + y, immediately yielding the restriction o + y <s. So,
the restriction we have actually obtained is stronger than one can a priori expect.)

Conversely, suppose «, 8, v satisfy the two constraints, and assume that r > n—r
(otherwise we can replace the quadratic form g defining G with —q); in particular,
r > £. Consider the étale R-algebra

(E,a):[R{x([R{x[R{)“xC’Sx(CXC)”::(El,al)x--~x(E4,a4)

of dimension 1+ 2« + 28 4+ 4y = 2¢ + 1 = n, where the involutions on the
factors R, R x R, ... are as described in Table 1. (Clearly, E satisfies (2-2).)
Let us show that there exists b = (by, ..., bs) € E° such that ¢, is equivalent
to f.Setby=((1,1),...,(1,1)) and by = ((1, 1), ..., (1, 1)). Then the quadratic
form associated with the bilinear form (¢2.4)@,.5,) On E2 x E4 is equivalent to
(¢ +2y)([(1) L (—1)). Since t :=(n—r) — (¢ +2y) > 0, we can choose b| = %1
and b3 = (%1, ..., £1) so that the quadratic form associated with (¢1.3),.5,) 1S
equivalent to 28 + 1 —1)(1) L ¢#(—1). Then b = (by, ..., bs) is as required. By
Proposition 2.1(iii), there exists an embedding (E, o) < (A, t), and therefore
an R-defined embedding SU(E, o) < SU(A, ) = G. Finally, it follows from
our construction and Table 1 that 7 = SU(FE, o) is a torus having the required
structure. O

Lemma 3.3 (simply connected C, over R). The maximal R-tori in the group G =
Sp(r, £ —r) are of the form (3-1) witha =0, B+2y =L and y <s:=min(r, L —r).
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E o ¢p for b € E° SU(E, o)
R Id (b) {1}
R xR switch (1, —1) GL;
C  conjugation (b, b) R (GLy)
CxC  switch | (I,=1)® (I, —1) Re/r(GL))

Table 1. Isomorphism classes of indecomposable étale R-algebras
with involution and their associated symmetric bilinear forms and
unitary groups.

Proof. Let t be the involution on A = M, (H) that gives rise to the hermitian form
f=r{l) L€ —r){(—1), sothat G = SU(A, t). Every maximal R-torus T of G is
of the form 7' = SU(E, o) for some (2¢)-dimensional étale T-invariant subalgebra
E of A, where o = t|g and condition (2-2) holds. As in Example 3.1, E =~ ct
as R-algebras, and therefore (E, o) = C% x (C x C)%, where the involutions
on C and C x C are as in Table 1. Then in (3-1) for T = SU(E, o) we have
o =0, B =94, and y = §,. By dimension count, we get 8 + 2y = £. Furthermore,

=1k T <rkg G =s5.

Conversely, suppose that T has parameters «, 8 and y satisfying our constraints.
Consider (E, o) = CP x (C x C)” with the involutions as above, and assume (as
we may) that £ —r < r. Note that

z 0
(Z’w)H(o w)

defines an embedding of algebras with involutions C x C — (M,(H), ), where
6(x) = J'x'J with J = ( ) where x is obtained by applylng quatermomc

conjugation to all entries. Consider the involution 6 on A given by 6(x)=J"'%"J,
where
J=diag(l,...,1,=1,...,=1,J,...,J).
—_— -
r—y B—(r—y) Y

Then it follows from our construction that there exists an embedding (E, o) <
(A, 6). Noting that (A, ) >~ (A, 6), we obtain an embedding (E, 0) < (A, 7).
So, there exists an R-embedding SU(E, o) — SU(A, 7) = G, and it remains to
observe that T = SU(E, o) is a torus having the required structure. O

Alternatively, the results of Lemmas 3.2 and 3.3 can be deduced from the more
general classification of maximal R-tori in simple real algebraic groups obtained
in [Dokovi¢ and Théaig 1994]. For the reader’s convenience we have included the
direct proofs above, written in the same language as the rest of the paper.
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Corollary 3.4. Let G| be an adjoint real group of type By, and let G, be a simply
connected real group of type Cy. The groups G| and G, have the same isomorphism
classes of maximal R-tori if and only if G| and G, are either both split or both
anisotropic.

Proof. Since every R-anisotropic torus 7 is of the form (RS;R (GL)4™T | there
is nothing to prove if both groups are anisotropic. If both groups are split, our
claim follows from Remark 2.6. Clearly, G| and G, cannot have the same maximal
tori if one of the groups is anisotropic and the other is isotropic. So, it remains to
consider the case, where both groups are isotropic but not split. Then G| contains
the torus witha =1, =€ — 1, and y =0 by Lemma 3.2, but G, does not by
Lemma 3.3. O

Remark 3.5. Our argument shows that if G is isotropic and G is not split, then
G has a maximal R-torus that is not isomorphic to any R-torus of G,. Moreover, by
Lemma 3.2, a maximal R-torus 7 of G that contains a maximal R-split torus has
parameters « =s, B =+{—s and y =0, and hence does not allow an R-embedding
into G,. In particular, if G; =SO(n — 1, 1) and G, is not split then every isotropic
maximal R-torus of G is not isomorphic to a subtorus of G».

Example 3.6 (absolute rank 3). As an empirical illustration of the landscape over R,
we divide the 14 real groups of types Bz and Cs into equivalence classes under
the relation “have isomorphic collections of maximal tori”. For forms of SO
or Spg, the maximal tori are described by Lemmas 3.2 and 3.3. Also, the four
anisotropic (compact) forms obviously make up one equivalence class. For the
other groups one can use a computer program such as the Atlas software [Adams
and du Cloux 2009] to find the maximal tori. In summary, the groups SO(1, 6),
SO(2,5), and Spin(2, 5) are each their own equivalence class, and we find the
following nonsingleton equivalence classes:

{4 anisotropic forms}, {Spg, SO(4,3)}, {PSps, Spin(4, 3)},
and {Sp(1, 2), PSp(1, 2), Spin(1, 6)}.

In particular, Spin(1, 6) and PSp(1, 2) have the same isomorphism classes of max-
imal tori and yet are neither both split nor both anisotropic. This situation is
dual to the one considered and eliminated in Corollary 3.4 (adjoint B, and simply
connected Cy).

For completeness, we mention the (much easier) analogue of Corollary 3.4 for
nonarchimedean local fields.

Lemma 3.7. Let G| and G, be absolutely almost simple groups of type B, and
Cy, respectively, with £ > 3, over K a nonarchimedean local field of characteristic
not 2. The following are equivalent:
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(1) The groups G| and G, have the same isogeny classes of maximal K -tori.
(2) tkg G| =1kg G).
3) G| and G, are split.

Proof. (1) obviously implies (2). Suppose (2) and that G is not split. Then
[K/Z] :I'kK G2 :I‘kK G] Z L — 1,

but this is impossible because ¢ > 3, hence (3).

To prove (3) implies (1), we may assume that G is split adjoint and G is split
simply connected. Combining Propositions 2.3 and 2.5 with (2-1) gives that G
and G, have the same isogeny classes of maximal tori. (Il

4. Local-global principles for embedding étale algebras with involution

The last ingredient we need to develop before proving Theorem 1.4 in Section 6 is a
result guaranteeing in our situation the validity of the local-global principle for the
existence of an embedding of an étale algebra with involution into a simple algebra
with involution. This issue was analyzed in [Prasad and Rapinchuk 2010]: although
the local-global principle may fail (see [ibid., Example 7.5]), it can be shown to
hold under rather general conditions. For our purposes we need the following case.

Let (E, o) be an étale algebra with involution over a number field K of dimension
n = 2m and satisfying (2-2). Then E = F[x]/(x> —d), where F = E° is an m-
dimensional étale K -algebra and d € F*, with the involution defined by x > —x
as in Example 2.2. We write F = ]_[.r,-:1 F;, where F; is a field extension of K,
and suppose that in terms of this decomposition d = (dy, ..., d,;). Let T be an
orthogonal involution on A = M,,(K).

Proposition 4.1 [Prasad and Rapinchuk 2010, Theorem 7.3]. Assume that for every
v € VK there exists a K,-embedding

L: (EQk Ky, 0 ®1dKL) — (AQx Ky, T ®1dKU)
If it holds that

for every finite subset V.C VK there exists vg € VK \ V such that

forj=1,...,r, ifd; ¢ ijz, thend; ¢ (F; @k Ky,)*?, ©)

then there exists an embedding 1: (E, o) < (A, ©). Furthermore, (¢) automatically
holds if F is a field.

We will now derive from the proposition the following statement, in which n
can be odd or even.
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Lemma 4.2. Let K be a number field, let (E, o) be an n-dimensional étale algebra
with involution satisfying (2-2), and let T be an orthogonal involution on A= M, (K).
Assume that for every v € VX there is an embedding

L (E®k Ky, o ®idg,) = (AQk Ky, T ®idg,).

Then in each of the situations

() n<S5or

(2) there is a real v € VX such that (E @k K,, o ®idg, ) is isomorphic to (C, )™

or (C, )™ x (R, idr) depending on whether n = 2m orn =2m + 1,

there exists an embedding : (E, o) — (A, 7).
Proof. First, we will reduce the argument to the case of even n, that is, when E
satisfies one of the following conditions:

(1Y n=2or4,or

(2') there is areal v € VX such that (E ®x K, 0 ®id,) is isomorphic to (C, ~)™.
Indeed, let n = 2m + 1 and suppose E satisfies condition (1) or (2) of the lemma.
Then by [Prasad and Rapinchuk 2010, Proposition 7.2], (E, o) =(E’, 0') x (K , idg)

and there exists an orthogonal involution 7" on A" = M,,_1(K) such that for every
v € VK there is an embedding

t: (E'®k Ky, 0’ ®idg,) — (A" ®k Ky, T’ ®idk,),

and the existence of an embedding (': (E’,0") < (A’, ') is equivalent to the
existence of an embedding ¢: (E, o) < (A, 7). Clearly, E’ satisfies the respective
condition (1) or (2'). So, if we assume that the lemma has already been established
for E’, then the existence of ¢ follows.

Now, suppose that dimg E =2m and E satisfies (2-2). Write E = F[x]/ x%=d),
where F = E° = H;:le and d_= (di,...,d,) withd; € ij. Assume that there
exist K-embeddings ¢;: F; < K such that if

M=¢i((F1)---¢/(F) and N=M(ei(dD),..., Ve (d)),

then there is A € Gal(N /M) with the property

Myej(d)) =—ypj(d;) wheneverd; ¢ Fiforj=1,...,r. 4-1)

Let P be the normal closure of N over K, and let u € kGal(P/K) be such
that u|y = A. By Chebotarev’s density theorem [Cassels and Frohlich 2010,
Chapter 7, 2.4], for any finite V C VK there exists a nonarchimedean vy € VX \V
that is unramified in P and for which the Frobenius automorphism Fr(wg|vg) is
for a suitable extension wo|vg. Then it follows from (4-1) that d; ¢ (Fj, UO)X2 for
any j such thatd; ¢ F sz, and therefore condition (¢) holds.
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Let now (E, o) be an étale algebra with involution satisfying (1’) or (2') for
which embeddings ¢, exist for all v € VX, In order to derive the existence of
¢ from Proposition 4.1, we need to check (¢), for which it is enough to find an
automorphism A as in the previous paragraph. Suppose that (1’) holds. Then
F = E? has dimension 1 or 2, respectively. Since we don’t need to consider the
case where F is a field (see Proposition 4.1), the only remaining case is where
F = K x K. Clearly, K(/d;, ~/dy) always has an automorphism A such that
k(\/dT) = —\/ch ifd; ¢ K %2 as required. Finally, suppose that (2') holds. Then
F®x K, ~R" and d = (61, ...,8,,) in R™ with §; < O for all i. Then for any
embeddings ¢;: F; — C we have ¢;(F;) C R and the restriction A of complex
conjugation satisfies A(,/d;) = —,/d; for all j, concluding the argument. O

Remark. Example 7.5 in [Prasad and Rapinchuk 2010] shows that there exists
(E, o) with E of dimension 6 for which the local-global principle for embeddings
fails, so in terms of dimension the condition (1) in Lemma 4.2 is sharp.

For convenience of further reference, we will also quote the local-global principle
for embeddings in the case of symplectic involutions.

Lemma 4.3 [Prasad and Rapinchuk 2010, Theorem 5.1]. Let A be a central simple
K -algebra of dimension n®> with a symplectic involution T (then, of course, n
is necessarily even), and let (E, o) be an n-dimensional étale K -algebra with
involution satisfying (2-2). If for every v € VX there exists an embedding

tU: (E ®K Kl)a o ®1dKU) — (A ®K Kl)a T ®idKU)7

then there exists an embedding (E,o0) — (A, T).

5. Function field analogue of Theorem 1.4

We recall the following immediate consequence of the rationality of the variety of
maximal tori (see [Harder 1968; Platonov and Rapinchuk 1994, Corollary 7.3]),
which will be used repeatedly: Let G be a reductive algebraic group over a number
field K ; then given any v € VK and any maximal K ,-torus T of G there exists
a maximal K -torus T of G that is conjugate to T"Y) by an element of G(K,).
In particular, for any v € VX there exists a maximal K-torus T of G such that
rkx, T =r1kg, G. It follows that if G| and G, are reductive K-groups having the
same isogeny classes of maximal K -tori, then

kg, G| =rtkg, G, forall ve VK. (5-1)

The remark made in the previous paragraph remains valid for global function
fields, which can be used to give the following analogue of Theorem 1.4: Suppose
G and G are absolutely almost simple algebraic groups of types B, and C, (£ > 3)
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over a global field K of characteristic greater than 2. The groups G| and G, have
the same isogeny classes of maximal K -tori if and only if they are split. Indeed, if
the two groups have the same isogeny classes of maximal K -tori, then both groups
are K,-split for every v (by (5-1) and Lemma 3.7); hence both groups are K -split
(by the Hasse principle). The converse holds by Remark 2.6.

6. Proof of Theorem 1.4

Throughout this section G| and G, will denote absolutely almost simple algebraic
groups of types By and C, for some ¢ > 3 defined over a number field K. In
Definition 1.1 we defined what it means for G; and G, to be twins. We now
observe that since G| and G, cannot be K-anisotropic for v € vk they are twins
if and only if both of the following conditions hold:

tkg,G1 =tkg, Gy =£ forallve VE, (6-1)
tkx, G1 =1kg,Go =0o0r ¢ forallve Volg. (6-2)

We also note that if G| and G, are twins over K then they remain twins over any
finite extension L/K. If K has r real places, then (by the Hasse principle) there
are exactly 4 - 2" pairs of K-groups G, G, that are twins, equivalently, 2" pairs if
one only counts the groups G| and G, up to isogeny.

Now, let G| and G, be as above, with G adjoint and G, simply connected.
Then G; = SU(A;, ;) for i = 1,2, where A = M, ,(K), n; =2+ 1 and the
involution 7 is orthogonal, and A, is a central simple K -algebra of dimension n%
with n, = 2¢ and the involution 7, is symplectic. Any maximal K -torus 7; of G;
is of the form SU(E;, 0;), where E; C A; is an n;-dimensional étale t;-invariant
K -subalgebra and o; = 7;|g, so that (2-2) holds. For i = 1, we can always write
(E1,01) = (E}, 0]) x (K,idk). Fori =2, we set (E; , 05") = (E2, 02) x (K, idk).
Proposition 6.1. Let (A, 7)) and (A3, T2) be algebras with involution as above,
and assume that G| = SU(A1, 11) and G, = SU(A», 1p) are twins. If (Eq, o1)
is isomorphic to an ni-dimensional étale subalgebra of (A1, 11) satisfying (2-2),
then (E!, 01/) is isomorphic to a subalgebra of (Aa, 12). Conversely, if (E», 07) is
isomorphic to an ny-dimensional étale subalgebra of (A;, 1p) satisfying (2-2) then
(ET, 02+ ) is isomorphic to a subalgebra of (A1, t1). Thus, the correspondences

(E1,00) > (Ej,00) and (Ea, 02) v+ (ES,05)

implement mutually inverse bijections between the sets of isomorphism classes of n -
and ny-dimensional étale subalgebras of (A, 11) and (A, 12) that are invariant
under the respective involutions and satisfy (2-2).

Proof. 1f we have tkxg, G| = 1kg, G, = £ for all v € Volé then the groups G
and G, are K-split by (6-1) and the Hasse principle. Then 7; corresponds to a
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nondegenerate symmetric bilinear form of Witt index ¢, and Ay = M,,,(K) with 7,
corresponding to a nondegenerate skew-symmetric form. In this case, our claim
immediately follows from Propositions 2.3 and 2.5, as in Remark 2.6. So, we may
assume that there is a real vy € Volg such that rkKU0 G = rkKU0 G, =0. Observe that
given any real v € Volg satisfying rkx, G| =rkg, G2 = 0, the data in Table 1 shows
that for any »n;-dimensional 7;-invariant étale subalgebra E| C A; satisfying (2-2)
and o1 = 11|g,, we have

(E1 ®k Ky, 01 ®idg,) = (C, ) x (R, idg), (6-3)

and for any n,-dimensional tp-invariant étale subalgebra E, C A, satisfying (2-2)
and oy = 12|g, we have

(E2; ®k Ky, 02 ®idg,) ~ (C, )" (6-4)

Let (Eq, o1) be as in the statement of the proposition. We first show that for any
v € VK there is an embedding ¢, : (E1®k Ky, 0{ ®idg,) = (A2 ®k Ky, 1 ®idk,).
If tkx, G1 =r1kg, G2 = ¢, this follows from Proposition 2.3. Otherwise, v is real, and
tkx, G1 =r1kg, G2 =0, so we see from (6-3) that (E] ®k K,, 0] ®idk,) > (C, ).
Then the existence of ¢, follows from the argument given in the proof of Lemma 3.3.
Now, applying Lemma 4.3 we obtain the existence of an embedding

2 (E}, o)) = (A2, 1),

as required.

Conversely, let (E;, 07) be as in the proposition. Then arguing as above (using
Proposition 2.5 and the proof of Lemma 3.2) we obtain the existence of local
embeddings t,: (E; ®k Ky, 0, ®idg,) > (A1 ® K,, 71 ®idg,) forall v e VK.
It follows from (6-4) that

(EY ®x Ky 05 ®idg, ) = (C, )" x (R, idg).

This enables us to use Lemma 4.2 which yields the existence of an embedding
(ES, 055) = (A1, 71), completing the argument. O

The following consequence of the proposition proves the “if”” component in both
parts, (1) and (2), of Theorem 1.4.

Corollary 6.2. Let G| and G, be absolutely almost simple algebraic groups of
types By and Cy, respectively, that are twins.

(1) G| and G, have the same isogeny classes of maximal K -tori.

(1) If Gy is adjoint and G is simply connected then G| and G, have the same
isomorphism classes of maximal K -tori.
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Proof. Statement (ii) easily follows from the proposition, and (i) is an immediate
consequence of (ii). O

Remark 6.3. The assumption that £ > 3 was never used in Proposition 6.1 and
Corollary 6.2. So, these statements remain valid also for £ = 2, which will be
helpful in Section 8.

We now turn to the proof of the “only if”” direction in both parts of Theorem 1.4,
where the assumption £ > 3 becomes essential and will be kept throughout the
rest of the section. This direction requires a bit more work and involves the notion
of generic tori. To recall the relevant definitions, we let G denote a semisimple
algebraic K -group, and fix a maximal K -torus T of G. Furthermore, we let ® (G, T)
denote the corresponding root system, and let K7 denote the minimal splitting field
of T over K. The natural action of Gal(K7/K) on the group of characters X (T)
gives rise to an injective group homomorphism

0r: Gal(K7/K) — Aut(®(G, T)).

We say that T is generic (over K) if 67(Gal(K7/K)) contains the Weyl group
W(G, T). As the following statement shows, generic tori with prescribed local
properties always exist.

Proposition 6.4 [Prasad and Rapinchuk 2009, Corollary 3.2]. Let G be an abso-
lutely almost simple algebraic K -group, and let V.C VX be a finite subset. Suppose
that for each v € V we are given a maximal K ,-torus T™ of G. Then there exists a
maximal K -torus T of G which is generic over K and which is conjugate to T™
by an element of G(K,) forallve V.

We now return to the situation where G| and G, are absolutely almost simple
K -groups of types By and C; (£ > 3), respectively. We let Gul denote the adjoint
group of G, and Gg the simply connected cover of G,. Furthermore, given a
maximal K-torus 7; of G;, we let Tl.u denote the image of 7; in G? if i =1 and the
preimage of 7; in GE ifi =2.

Proposition 6.5. Let T; be a generic maximal K -torus of G, where i = 1,2. If
there exists a K -isogeny w: T; — Ts_; onto a maximal K -torus of G3_;, then there
exists a K-isomorphism Tl.u ~ T3u7i.

The proof below is an adaptation of [Prasad and Rapinchuk 2009, Lemma 4.3
and Remark 4.4].

Proof. We have K1, = K7, =: L, and let §=Gal(L /K. Then 67, is an isomorphism
of on W; = W(G,, T;) for j = 1,2. The isogeny 7 induces a %-equivariant
homomorphism of character groups 7*: X (T3_;) — X (T;). Let XE. = X(Tl.u); we

need to prove that there is a G-equivariant isomorphism r: X g_i - X lt . (Wé recall
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that X T is the subgroup of X (77) generated by all the roots in ®; = &(G, T1), and
Xg is generated by the weights of the root system ®, = ® (G, 13).)

To avoid cumbersome notation, we will assume that i = 1. (This does not restrict
generality as along with 7 there is always a K -isogeny 7": T5_; — T;.) Consider

¢=n"Qidr: V2 =X(T2) @z R — X(T1) @2 R =V,

and p: Wy — W) defined by u =6r, o 9T_2 ! Then the fact that * is %-equivariant
implies that

¢(w-v)=pu(w) -¢) forall veV,, we W,. (6-5)

On the other hand, it follows from the explicit description of the root systems as in
[Bourbaki 2002] that there exists a linear isomorphism ¢g: V> — V| and a group
isomorphism pg: Wy — W such that

do(w - v) = po(w) - po(v) forall ve V,, we Wy, (6-6)

¢o takes the short roots of ®; to the long roots of ®1, and (1/2)¢g takes the long
roots of @, to the short roots of &, consequently ¢o(X 5) =X T (We identify W;
with the Weyl group of the root system &;.)

We claim that there exists a nonzero A € R and z € W such that

d(W)=Ar-z-¢o(v) and pw)=z-po(w)-z~' forall ve Vo, w e Wa.

Indeed, it was shown in [Prasad and Rapinchuk 2009, Lemma 4.3] (using that
¢ > 3) that a suitable multiple ¢’ = A~! - ¢ takes the short roots of ®, to the long
roots of ®,, and (1/2)¢g takes the long roots of @, to the short roots of ®;. Then
z:=¢'o¢, Visan automorphism of @, and hence can be identified with an element
of W;. This gives the formula for ¢, and then the formula for x follows from (6-5)
and (6-6).

Put ¥ := A~ - ¢. Then w(Xg) = Z(qﬁo(Xg)) = X?, and ¢ is 9-equivariant, as
required. U

Corollary 6.6. Let T; be a generic maximal K -torus of G;. If there exists v eV
such that Tiu does not allow a K,-defined embedding into Gi,i, then T; is not K -
isogenous to any maximal K -torus Ts_; of G3_;. Thus, if G| and G, have the same
isogeny classes of maximal K -tori, then G? and Gg have the same isomorphism
classes of maximal K ,-tori forallve V.

Proof. The first assertion immediately follows from the proposition. To derive the
second assertion from the first, we observe that given v € V and a maximal K,-torus
J; of GE that does not allow a K,-embedding into Gg_l., we can find a maximal
K -torus T; of G; such that Tiu is conjugate to J; by an element GE(KU). O
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Proof of Theorem 1.4, “only if ”. Assume G| and G, have the same isogeny classes
of maximal K -tori. Then by Corollary 6.6, G? and Gg have the same isomorphism
classes of maximal K,-tori for all v. It follows that G; and G, are twins (by
Corollary 3.4 for v real and Lemma 3.7 for v finite), completing the proof of part
(1) of Theorem 1.4.

Now suppose that G| and G, have the same isomorphism classes of maximal K -
tori, in particular, there is a K -isomorphism 7 : 71 — T> between two generic K -tori.
Then as in the proof of Proposition 6.5, 7* induces ¢: V, — Vi, which necessarily
satisfies ¢ (X (T2)) = X (Ty) and ¢ (X (Ty)) = X (T}). Since X (T{) € X (T}) and
X (Tzu) D X (Tp), this is possible only if both inclusions are in fact equalities, that
is, G| = Gi and G, = Guz. This completes the proof of part (2) of Theorem 1.4. [

7. Weakly commensurable subgroups and proof of Theorem 1.2

We begin by recalling the notion of weak commensurability of Zariski-dense sub-
groups introduced in [Prasad and Rapinchuk 2009]. Let G| and G, be semisimple
algebraic groups over a field F of characteristic zero, and let I'; C G;(F) be a
Zariski-dense subgroup for i = 1,2. Semisimple elements y; € I'; are weakly
commensurable if there exist maximal F-tori 7; of G; such that y; € T;(F) and
for some characters x; € X (7;) we have x1(y1) = x2(y2) # 1. Furthermore, the
subgroups I'y and I', are weakly commensurable if every semisimple element
y1 € I'1 of infinite order is weakly commensurable to some y» € I'; of infinite order,
and vice versa.

The focus in [ibid.] was on analyzing when two Zariski-dense S-arithmetic
subgroups in absolutely almost simple algebraic groups are weakly commensurable.
This analysis was based on a description of such S-arithmetic groups in terms
of triples, which we will now briefly recall. Let G be a (connected) absolutely
almost simple algebraic group defined over a field F of characteristic zero, G be
its adjoint group, and 77 : G — G be the natural isogeny. Suppose we are given the
following data:

e a number field K with a fixed embedding K — F,
« a finite set S of valuations of K containing all archimedean valuations, and

e an F/K-form ¢ of G (that is, a K-defined algebraic group such that there
exists an F-defined isomorphism of algebraic groups 6 ~ G, where 4 is
the group obtained from <4 by the extension of scalars F/K).

(It is assumed in addition that S does not contain any nonarchimedean valuations v
such that ¢ is K -anisotropic.) We then have an embedding ¢: 4(K) — G(F) and
a natural S-arithmetic subgroup 94(Ok (S)), where Ok (S) is the ring of S-integers
in K, defined in terms of a fixed K-embedding ¢ — GL,, that is, 40k (S)) =
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G(K)NGL,(0k(S)). A subgroup I' of G(F) such that 7(I") is commensurable
with ((4(0k (S))) is called (¢, K, S)-arithmetic. (It should be pointed out that we
do not fix an F-defined isomorphism % ~ G in this definition, and by varying it
we obtain a class of subgroups invariant under F-defined automorphisms of G in
the obvious sense.)

It was shown in [ibid.] that if G; is absolutely almost simple and I'; is Zariski-
dense and (%;, K;, S;)-arithmetic for i = 1, 2, then the weak commensurability of
I'1 and I', implies that K| = K> =: K and S| = $; =: §, and additionally either
G and G are of the same type or one of them is of type B, and the other is of
type C, for some ¢ > 3. That paper also contains many precise conditions for two
S-arithmetic subgroups to be weakly commensurable in the case where G and
G, are of the same type. The goal of this section is to prove Theorem 1.2, which
provides such conditions when one of the groups is of type B, and the other of type
C¢ (€ = 3). In conjunction with the previous results, this completes the investigation
of weak commensurability of S-arithmetic subgroups in absolutely almost simple
groups over number fields.

Proof of Theorem 1.2. Let G| and G, be absolutely almost simple algebraic groups
of types By and C, (£ > 3), respectively, defined over a number field K, and let I';
be a Zariski-dense (%;, K, S)-arithmetic subgroup of G;.

Suppose that 9; and 9, are twins. Then by Theorem 1.4, they have the same
isogeny classes of maximal K-tori. This automatically implies that I'; and I'; are
weakly commensurable. To see this, we basically need to repeat the argument given
in [Prasad and Rapinchuk 2009, Example 6.5], which we also give here for the
reader’s convenience. First, we may assume without any loss of generality that G
and G, are adjoint (see [ibid., Lemma 2.4]); hence I'; C %;(K). Let y; € '} be a
semisimple element of infinite order, and let 77 be a maximal K -torus of %; that
contains y;. Then there exists a K -isogeny ¢ : T — T, onto a maximal K -torus
T, of 4,. The subgroup ¢(77(K) NTI') is an S-arithmetic subgroup of 75(K), so
there exists n > 0 such that y, := ¢ (y1)" € I';. Let x; € ¢*(X(T>)) be a character
such that x;(y1) is not a root of unity, and let x» € X (75) be such that *(x2) = x1.
Then

(nx)W) =x1(y)" = x2(y2) # 1,

which implies that I"; and I' are weakly commensurable.
Conversely, suppose that I'; and I'; are weakly commensurable. According to
[ibid., Theorem 6.2], this in particular implies that

rkg, 9 =rkg, % forall ve vk,

As we have seen in Lemma 3.7, for v € VJ{( and the groups under consideration,
the equality of ranks implies that both groups are actually K,-split, verifying
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condition (6-1). Assume that condition (6-2) fails for a real vy € Volg. Then by
Corollary 3.4, there is an i € {1, 2} and a maximal K, -torus J; of CQ? that does
not allow a K,-embedding into (g;—ﬁ obviously J; is Ky, -isotropic. Let Ti(v‘)) be
a maximal K, -torus of %; such that (Tit)(“f)) = 7 ;. Furthermore, for v € S\ {vp}
we let Ti(v) denote a maximal K,-torus of %; such that rkg, Tl.(v) =rkg, %;. Using
Proposition 6.4, we can find a maximal K-torus 7; of %; that is generic and that
is conjugate to T™ by an element of 4;(K,) for all v € SU {vg}. Then clearly
kg T; := Zve sTtkg, T; > 0 as tkg §; > 0. By Dirichlet’s theorem [Platonov and
Rapinchuk 1994, Theorem 5.12], the group of S-integral points 7; (Ok (S)) has the
structure H x Z9, where d = rkg T; — rkg T;. Since T} is obviously K -anisotropic,
we conclude that there exists y; € T;(K) N T'; of infinite order (as in the previous
paragraph, we are assuming that G| and G, are adjoint, and hence I'; C 9;(K)
for j =1, 2). Then y; is weakly commensurable to some semisimple y3_; € I'3_;
of infinite order. Let 73_; be a maximal K-torus of 9;_; containing y3_;. By
the isogeny theorem [Prasad and Rapinchuk 2009, Theorem 4.2], the tori 7; and
T;_; are K-isogenous. Using Proposition 6.5, we conclude that Tiu and T3u_l. are
K -isomorphic. This implies that over K, the torus J; >~ Tl.u has an embedding into
%3_;, a contradiction, proving (6-2) and completing the proof of Theorem 1.2. [J

As we already mentioned, the notion of weak commensurability was introduced
to tackle some differential-geometric problems dealing with length-commensurable
and isospectral locally symmetric spaces, and we conclude this section with a sample
of geometric consequences — established in [Prasad and Rapinchuk 2013] — of the
results of the current paper. For a Riemannian manifold M, we let L (M) denote the
weak length spectrum of M, that is, the collection of lengths of all closed geodesics
in M. Two Riemannian manifolds M; and M, are called length-commensurable if
Q-L(M)=Q-L(M,).

Let My be an arithmetic quotient of the real hyperbolic space H? (p = 5),
and M, be an arithmetic quotient of the quaternionic hyperbolic space  (7-1)
[H];]{ (q =2). Then M| and M, are not length-commensurable.

Theorem 1.2 is used to handle the case p = 2n and ¢ = n — 1 for n > 3; for other

p and g, the claim follows from [Prasad and Rapinchuk 2009, Theorem 8.15].
Now, let X be the symmetric space of the real Lie group ; = SO(n + 1, n),

and let X, be the symmetric space of the real Lie group %, = Sp,,,, where n > 3.

Let M; be the quotient of X; by a (§;, K)-arithmetic subgroup of §; for
i=1,2. If9 and 9, are twins, then

(7-2)
Q-L(My)=x1-Q-L(M;), where =,/ ;Zi—% .
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(We refer to [Prasad and Rapinchuk 2009, §1] for the notion of arithmeticity and
the explanation of other terms used here.) We finally note that even though one can
make M, and M, length-commensurable by scaling the metric on one of them, this
will never make them isospectral [Yeung 2011].

8. Proofs of Proposition 1.3 and Theorem 1.5

Proof of Proposition 1.3. We can assume that G| and G, are connected absolutely
almost simple adjoint K -groups having the same isogeny classes of maximal K -tori.
Assume that provisions (2) and (3) of the proposition do not hold; let us show
that (1) must hold. First, by [Prasad and Rapinchuk 2009, Theorem 7.5], G and
G have the same Killing—Cartan type. Furthermore, if L; is the minimal Galois
extension of K over which G; becomes an inner form then L; = L,; in other
words, G and G, are inner twists of the same quasisplit K-group. So, the required
assertion is a consequence of the following lemma. U

Lemma 8.1. Let G| and G, be connected absolutely almost simple adjoint K -
groups of the same Killing—Cartan type, which is different from Ay (£ > 1), Dogyq
(€ > 1) or Eg. Assume that G| and G, are inner twists of the same quasisplit
K -group (which holds automatically if G| and G, are not of type D). If G| and G,
have the same isogeny classes of maximal K -tori then G| = G».

Proof. First, suppose that the groups are not of type D. As we have seen in Section 5,
the fact that G; and G, have the same isogeny classes of maximal K -tori implies
that rkgx, G| = rkg, G, for all v € VK. For groups of one of the types under
consideration, this implies that G; ~ G, over K, for all v € VK and then our
assertion follows from the Hasse principle for Galois cohomology of adjoint groups;
see [Prasad and Rapinchuk 2009, §6] for details of the argument.

Now, suppose the groups are of type D¢ for some £ > 2. There exists a maximal
K-torus T7 of G that is generic and such that rkg, 77 = rkg, G at every place v
where at least one of G| or G is not quasisplit. (The set of such v is finite; see
[Platonov and Rapinchuk 1994, Theorem 6.7].) By hypothesis, T; is isogenous to a
maximal K -torus 7> of G;, which is necessarily also generic. Following [Prasad
and Rapinchuk 2009, Lemma 4.3 and Remark 4.4], one finds a K-isomorphism
T; — T» that extends to a K- -isomorphism G| — G». Then our assertion follows
from Theorem 20 in [Garibaldi 2012]. U

Proof of Theorem 1.5. The “if” direction is actually contained in Corollary 6.2 —
see Remark 6.3. For the “only if” direction, we first observe that if G| and G, have
the same isomorphism classes of maximal K -tori then by Lemma 8.1 the groups
SO(gq1) and SO(gy) are isomorphic; hence the forms ¢g; and g, are similar, yielding
assertion (1). Thus, we can assume that G| = SO(q) and G, = Spin(q) for a single
quadratic form q.
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To prove assertion (2), it is enough to show that if v € VX is such that the Witt
index of ¢ over K, is 1 then there exists a 2-dimensional K,-torus 7} that has a
K,-embedding into G but does not allow a K,-embedding into G,. For this we
pick a quadratic extension L /K, and set

Ty = GLy x Ry (GLy).

We can write ¢ = ¢’ 1 q”, where ¢’ is a hyperbolic plane. Then SO(g¢’) = GL,
and SO(q”) = PSL; p, where D is a quaternion division algebra over K. Since L
embeds in D, the torus R(Ll/) K, (GL1) embeds in SL; p and then also in PSL; p. It
follows that T embeds in G| = SO(g). On the other hand, let 7, C G, be a maximal
K ,-torus that splits over L. We can identify G, with SU(A, 1), where A = M»(D)
with D a quaternion division algebra over K and 7 is a symplectic involution on A.
Let E; be the K, -subalgebra of A generated by 7>(K,). Then E; ®, L =~ L% As
in Section 3, we conclude that (E», T|g,) is isomorphic to (L, o) x (L, o), where
o is the nontrivial automorphism of L, or to (L x L, 1), where A is the switch
involution. Then 75 = SU(E3, 7|g,) is isomorphic, respectively, to R(Ll/)KU (GL1)?
or Ry k, (GL). Neither such torus can be isomorphic to 77. U

9. Alternative proofs via Galois cohomology

Although the main body of the paper demonstrates the effectiveness (and in fact the
ubiquity) of the technique of étale algebras in dealing with maximal tori of classical
groups, it is worth pointing out that some parts of the argument can also be given
in the language of Galois cohomology of algebraic groups. In this section, we will
illustrate such an exchange by giving a cohomological proof of the “if”’ direction of
Theorem 1.4(2), that is, of Corollary 6.2(ii).

Our main tool is Proposition 9.1, for which we need some notation. Let G be
a connected semisimple algebraic group over a number field K. Fix a maximal
K-torus T of G, and let N = Ng(T) and W = N/T denote, respectively, its
normalizer and the corresponding Weyl group. For any field extension P /K, we let
6p: H' (P, N) — H'(P, W) denote the map induced by the natural K -morphism
N — W, and let

6(P) :=Ker(H'(P,N) - H'(P, G)).

The elements of €(P) are in one-to-one correspondence with the G (P)-conjugacy
classes of maximal P-tori in G; see for example [Prasad and Rapinchuk 2009,
Lemma 9.1] where this correspondence is described explicitly. There is an obvious
K-defined map W — AutT, so for any & € H'(K, W) one can consider the
corresponding twisted K-torus ¢7'.
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Proposition 9.1. Assume that there exists a subset Vy C Volg such that G is K-
anisotropic for all v € Vi and is K,-split for all v € VX \ Vy. Then the sequence

CK) 2> 1k, w) 12 TT H' (Ko, W) (9-1)

UEV()

is exact.
Here p, denotes the natural restriction map H'(K, W) — H(K,, W).

Proof. If Vj is empty then it follows from the Hasse principle for adjoint groups
[Platonov and Rapinchuk 1994, Theorem 6.22] that G is K-split. In this case it was
shown by Gille [2004] and Raghunathan [2004] (or earlier by Kottwitz [1982]) that
Ok (€(K)) = H'(K, W), and our claim follows. So, we will assume in the rest of
the argument that Vj is not empty.

We first prove that p,0x = 0 for all v € V. Given & € €(K), one can pick
g € G(K) such that n(o) := g‘la(g) belongs to N(K) forall o € Gal([?/K),
and the cocycle o > n (o) represents &. Then the maximal torus 7' = gTg ™! is
defined over K. Now, let v € Vj. According to our definitions, G is anisotropic
over K, = R, so it follows from the conjugacy of maximal tori in compact Lie
groups that 7 and 7" are conjugate by an element of G(K,). Then the one-to-one
correspondence between the elements of €(K,) and the G (K,)-conjugacy classes
of maximal K,-tori in G (or a simple direct computation) implies that the image
of & under the restriction map 6(K) — €(K,) is trivial, and hence the image of
0k (£) under the restriction map H'(K, W) — H'(K,, W) is trivial as well.

Now suppose that G is simply connected; we verify that every & € mve\/o ker o,
is in the image of Og. Pick v € Vj. Since £ lies in the kernel of HY K, W) >
H'(K,, W), the twisted torus ¢T is K,-isomorphic to 7', hence K, anisotropic (as
G is K,-anisotropic). Thus,

Ker(H*(K, ¢T) = [Tyeyx HX(Ky, 6T)) =0

by [Prasad and Rapinchuk 2009, Proposition 6.12]. Invoking [ibid., Theorem 9.2],
we see that to prove the inclusion & € 6g (€(K)), it is enough to show that p, () €
Ok, (6(K,)) for all v € VK. If v € V, then by construction p, (&) is trivial, and
there is nothing to prove. Otherwise, the group G is K,-split, so by the result
of Gille, Kottwitz and Raghunathan we have 0k (€(K,)) = H L(K,, W), and the
inclusion p,(§) € 0k, (€(K,)) is obvious. Since & was arbitrary, we have proved
that () ker p, is contained in the image of 6.

In case G is not simply connected, we fix a K -defined universal cover 7 : G—>G
of G and use the tilde to denote the objects associated with G. Then 7 yields a
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K -isomorphism of W and W and we have a commutative diagram

k) 2wk, Wy B ] H(K W)

! | |

CK) —"s HY(K, W) 2% [, HY(K., W)

UEV()

The top row is exact by the previous paragraph; hence (] ker p, is contained in the
image of 6. U

We now begin to work our way towards the proof of Theorem 1.4(2) and
Corollary 6.2(ii). Let G be adjoint of type B, and let G, be simply connected of
type C; for some £ > 2. We will use a subscript i € {1, 2} to denote the objects
associated with G;. In particular, we let 7; denote a maximal torus of G;, and let
N; = Ng,(T;) and W; = N;/T; be its normalizer and the Weyl group. Then W;
naturally acts on 7; by conjugation. We say that the morphisms of algebraic groups
¢: Ty = T, and ¢ : W; — W, are compatible if

ow-t) =Y (w)- @) forall t €T, weW.

Lemma 9.2. One can pick maximal K -tori T; of G; for i = 1,2 so that there exist
compatible K -defined isomorphisms ¢: T\ — T, and ¥ : Wi — Wh.

Proof. Imitating the argument given in [Platonov and Rapinchuk 1994, Proposition
6.16], it is easy to see that there exists a quadratic extension L/K that splits both
G and G;. Indeed, let V; be the (finite) set of places v € VK such that G; does
not split over K,, and let V = V| U V;,. Pick a quadratic extension L/K so that the
local degree [L,, : K,] =2 for all v € V and w|v. We claim that L is as required.
By the Hasse principle, it is enough to show that both G| and G, split over L, for
any w € VL. For a given w, we let v € VX be the place that lies below w. If v ¢ V
then by our construction G and G, split already over K,, and there is nothing to
prove. If v € V then [L,, : K,] = 2, and then the proof of [ibid., Proposition 6.16]
gives that G| and G split over L,,, as required.

Now, let 0 € Gal(L/K) be a generator. According to [ibid., Lemma 6.17],
for each i € {1, 2}, there exists an L-defined Borel subgroup B; of G; such that
T; := B; N B is a maximal K-torus of G; that splits over L. Considering the
action of o on the root system ®(G;, T;), we see that it takes the system of positive
roots corresponding to B; into the system of negative roots. For groups of types By
and C,, this implies that o acts on the character group X (7;) as multiplication by
(—1). It easily follows from the description of the corresponding root systems (see
[Bourbaki 2002]) that there exist compatible (in the obvious sense) isomorphisms
¢*: X(T,) - X(Ty) (of abelian groups) and ¢ : W; — W, (of abstract groups
considered as subgroups of GL(X(T})) and GL(X (T>))). Then ¢* gives rise to an
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isomorphism ¢ : 77 — T, of algebraic groups that is compatible (as defined above)
with ¥ (which can be considered as a morphism of algebraic groups). It remains to
observe that since o acts on X (77) and X (7>) as multiplication by (—1), both ¢
and i are K-defined (in fact, o acts on W and W, trivially). O

Remark. If both groups G| and G, are K-split then one can, of course, take for
T\ and 75 their maximal K -split tori.

For the rest of the paper, we fix compatible K-defined isomorphisms
@°: T10—> T20 and 0: W]O — Wg.
(Thus, we henceforth slightly change the notation used in Lemma 9.2.) Given
arbitrary maximal K-tori 7; of G; for i =1, 2, we pick elements g; € G (K) so that
T, =gi Tiogi_l, and then for any o € Gal(I?/K), the element n; (o) := gi_lo(gl-)
belongs to NI.O(I?). Let ¢ = ¢(g1, g2) be the morphism 77 — T, defined by
w(t) = g2¢°(87 18085
and let v? N l.o — Wl.0 denote the canonical morphism.

Lemma 9.3. If
Y2 (n1(0))) =v)(n2(0)) forall o € Gal(K/K) (9-2)
then ¢ = ¢(g1, g2) is defined over K.

Proof. We need to show that ¢ commutes with every o € Gal(K/K). Since ¢ is
defined over K, for any t € T} (K), we have

o (@) =0(82)¢" (0 (g o (Do (g1)o(82)™"
= g22(0)¢" (n1(0) g7 ' (g1 (0)n2(0) g !
= 82(03(12(0))) - (V) (11(0))) - (g7 "o (D81))) &5 -
Since ¢ is compatible with ¥°, condition (9-2) implies that the latter reduces to
220°(g7 o (8185 = (o ().
It follows that o (¢(t)) = @(o (1)), that is, ¢ commutes with o, as required. U
Pursuant to the notation above, for an extension P/K and i = 1, 2, we set
%;(P) =Ker(H'(P,N/) > H'(P, G))),

and let 0;p: H'(P, NiO) — H' (P, Wl.o) denote the canonical map (induced by v;).
The isomorphism H (K, WIO) — HY(K, Wg) induced by 0 will still be denoted
by 0.
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Lemma 9.4. Assume that
YO(61(K)) = 62(K). (9-3)

Then fori =1 or 2, given any maximal K -torus T; of G; and an element g; € G; (K)
such that T; = g; Tiogi_ 1, there exists g3—; € G3_; (K) such that the maximal torus
T3_i:=g3—; T30_l. g _ll. and the isomorphism ¢ (g1, g2): Ty — T, are K -defined. Thus,
in this case G| and G, have the same isomorphism classes of maximal K -tori.

Proof. To keep our notation simple, we will give an argument for i = 1 (the argument
in the case i =2 is totally symmetric). As above, we setn(o)= gl_]a(gl) € N?(I?)
for 0 € Gal(K/K), observing that these elements define a cohomology class
ny € €1(K). Then (9-3) implies that there exists hy € G»(K) such that for the
cohomology class m, € €, (K) defined by the elements m; (o) = hz_lo (hy) e Ng([?),
we have Y001k (n1)) = 62k (m>) in H' (K, W,). Then there exists wy € Wo(K)
such that

YO (n1(0))) = wy v (ma(o))o(wa) forall o € Gal(K/K). (9-4)
Picking z; € Ng(l?) so that vg(zz) = wjy, and setting
@ =hzz and nay(0) =g, '0(g) € NY(K) for o € Gal(K/K),

we obtain from (9-4) that (9-2) holds. Then g is as required. Indeed, the fact
that ny (o) € Ng (K) implies that 7, = ngzog; !'is defined over K, and Lemma 9.3
yields that the morphism ¢(g1, g2): T1 — T> is also defined over K. O

Proof of Corollary 6.2(ii). Suppose that G| and G, are twins, and let Vj be the set of
all archimedean places v € VK such that G| and G, are both K y-anisotropic. Then
forany v e vk \ Vo, both G| and G, are K,-split. Then according to Proposition 9.1
we have

0k (€ (K)) =ker(H' (K, W®) = [T,ev, H (Ky, W)

veVy

fori =1,2,and as vy : Wl0 — Wg is an isomorphism, condition (9-3) holds, and
the claim follows from Lemma 9.4. |

Remark. It follows from the explicit description of the root systems of types By
and C, that the isomorphism ¢ in Lemma 9.2 can be chosen so that for r € T1(K)
there exist Ay, ..., Ay € K * such that the values of the roots « € &(Gy,Ty)ont
are

ML oi=1,0 and AFNATL =1, 0 #
and the values of the roots @ € ®(G,, T;) on ¢(t) are

AP i=1,0 and AFLATL =100 #
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Then any identification of the form ¢(g;, g2) also has this property, which was used
in [Prasad and Rapinchuk 2013].

Alternatively, suppose that G; fori =1, 2 is realized as SU(A;, 7;) as described in
the beginning of Section 6. Let E be a (11 ® idg)-invariant maximal commutative
étale K. -subalgebra of A| ®k K satisfying (2-2), and let o1 = 71|g,. Then in the
notation of Section 6, the algebra (E}, o{) admits a K -embedding embedding into
(A Rk K, 1 ® idg), and we let (E3, 02) the image of this embedding. It is easy
to see that if we let 7; denote the maximal torus of G; defined by (E;, o;) then the
isomorphism 7 2 T, coming from the isomorphism of algebras (E|, o) = (E3, 02)
is the same as the isomorphism coming from the description of the root systems
(see the proof of Lemma 9.2); in particular, it is compatible with the natural
isomorphism of the Weyl groups. So, the assertion of Lemma 9.2 means that
given any K -algebras with involutions (Aj, t1) and (A3, 12) as above, there exists
a tj-invariant maximal commutative étale K-subalgebra E;| of A; that satisfies
(2-2) and is such that for o1 = 71|, , the algebra (E{, o{) admits an embedding into
(A2, 02). Moreover, by Corollary 6.2(ii), if the corresponding groups G and G»
are twins then the correspondence (E, o1) > (E], 01/ ) gives a bijection between
the sets of isomorphism classes of maximal commutative étale K -subalgebras of
(A1, 71) and (A», 1) that are invariant under the respective involutions and satisfy
(2-2). Thus, we recover Proposition 6.1.
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Minimisation and reduction of 5-coverings
of elliptic curves

Tom Fisher

We consider models for genus-1 curves of degree 5, which arise in explicit 5-
descent on elliptic curves. We prove a theorem on the existence of minimal
models with the same invariants as the minimal model of the Jacobian elliptic
curve and give an algorithm for computing such models. Finally we describe how
to reduce genus-1 models of degree 5 defined over Q.

Introduction

Let E be an elliptic curve defined over a number field K. An n-covering of E is a
pair (C, ), where C is a smooth curve of genus 1 and 7 : C — E is a morphism,
both defined over K, with the property that 7 = [n] o ¢ for some isomorphism
¥ : C — E defined over K. An n-descent on E computes the everywhere locally
soluble n-coverings of E. For such n-coverings, we have ¥*(n.0g) ~ D for some
K -rational divisor D on C. The complete linear system |D| defines a morphism
C — P"~!. Thus, in the cases n = 2, 3, 4, we may represent C by a binary quartic,
ternary cubic, or pair of quadrics in four variables. In the case n =5, we obtain
curves C C P* of degree 5 that are defined by the 4 x 4 Pfaffians of a 5 x 5 alternating
matrix of linear forms.

The question naturally arises as to how we can choose coordinates on P"~! so
that the equations for C have small coefficients. In the cases n = 2, 3, 4, this was
answered in [Cremona et al. 2010] using the combination of two techniques called
minimisation and reduction. In this paper, we extend to the case n =5. We establish
results on minimisation over an arbitrary local field (immediately implying results
over any number field of class number 1), whereas those for reduction are specific
to the case K = (0. Implementations of our algorithms in the case K = Q are
available in Magma [Bosma et al. 1997].

MSC2010: primary 11G05; secondary 11G07, 14H52, 14H25.
Keywords: elliptic curves, genus-1 curves, minimisation, reduction, descent.

1179


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2013.7-5
http://dx.doi.org/10.2140/ant.2013.7.1179

1180 Tom Fisher

1. Genus-1 models

A genus-1 model (of degree 5) is a 5 x 5 alternating matrix of linear forms in
variables xi, ..., xs. We write X5(R) for the space of all genus-1 models with
coefficients in a ring R. Models ® and ®' are R-equivalent if & =[A, B]® for
some A, B € GLs5(R). Here the action of A is via ® — A®PAT, and the action

of B is via (®;(xq, ..., x5)) = (P (x], ..., x35)), where x;. = Zle Bijx;. The
determinant of the transformation g = [A, B] is det g = (det A)? det B.
We write Pf(®) for the row vector (p1, ..., ps), where p; is (—1)i~! times the

Pfaffian of the 4 x 4 submatrix obtained by deleting the ith row and column of ®.
This choice of signs is made so that Pf(®)® = 0. For A € GL5(R), we note that
Pf(AD®AT) = Pf(P) adj A.

A genus-1 model ® € X5(K) over a field K is nonsingular if the subscheme
©e = {rank ® <2} C P* defined by the 4 x 4 Pfaffians of ® is a smooth curve of
genus 1. We write K[Xs] for the polynomial ring in the fifty coefficients of a genus-1
model. A polynomial F € K[X5s] is an invariant of weight k if F o g = (det g)*F
for all g = [A, B] with A, B € GL5(K). Taking A and B to be scalar matrices
shows that an invariant of weight k is a homogeneous polynomial of degree 5k.

Theorem 1.1. Let cy4, cg, A € Z[Xs] be the invariants of weights 4, 6 and 12
satisfying ci — C% = 1728A and scaled as specified in [Fisher 2008].
(i) A model ® € X5(K) is nonsingular if and only if A(P) # 0.
(i1) There exist ay, az, as, as, ag € Z[Xs] and by, by, bg € 7| Xs] satisfying
by, = a% +4ay, by=ajaz+2a4, bg= a% + 4ag,
c4 =b3—24by and cg = —b3 +36byby — 216bs. M

(ii1) If ® € Xs5(K) is nonsingular, then € has Jacobian elliptic curve
y2 +aixy—+azy = x3 +a2x2 + asx + ag,
where a; = a; (D).
For the proof of Theorem 1.1(ii), we use the following lemma:

Lemma 1.2. Letc4, cg, A € R=7Z[xy, ..., xn] be primitive polynomials satisfying
ci — C% = 1728A. If there exists a; € R satisfying a]ZC4 +c6 =0 (mod 4), then there

exist a, az, ay4, dg, ba, by, bg € R satisfying (1).

Proof. By unique factorisation in F3[xy, ..., xy] and the Chinese remainder theo-
rem, there exists some b, € R such that ¢4 = b% (mod 3), ¢c¢ = —bg (mod 3) and
b, = a? (mod4). Then bycs + ¢ = 0 (mod 12), and ¢} = ¢ = b3c7 (mod 24).
Since ¢4 is primitive, it follows that ¢4 = b% (mod 24). Next, putting x = b, in an
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identity of Kraus [1989],
(x2 — C4)3 = (x3 —3xcq —2c¢6) (x3 +2c6) +3(xcq + c(,)2 + cé — ci,

we deduce b3 — 3bycy — 2c6 = 0 (mod 432). We put by = (b5 — c4)/24 and
be = (b3 —3bycs —2c6)/432. Then 0 = ¢ — c2 = 16b3(bybe — b3) (mod 64), and so

brbg = bﬁ (mod 4). By unique factorisation in Fp[xy, ..., xy], there exists a3 € R
with by = ajas (mod 2). Then b} = aja3 (mod4), and be = a3 (mod 4). We put
ar = (by —a?)/4, as = (by — ajas) /2 and ag = (be — a3) /4. O

Proof of Theorem 1.1. (i) This is [Fisher 2008, Theorem 4.4(ii)].

(i1) By Lemma 1.2, it suffices to construct a; € Z[X5] with af(:4 + ¢ =0 (mod 4).
In [Fisher 2008, Section 10], we constructed an invariant a; € F,[Xs] of weight 1
and showed that together with A it generates the ring of invariants in characteristic 2.
In particular, ¢4 = af (mod 2), and ¢ = a]6 (mod 2). So if we lift a; to Z[X5],
then a%04 +c¢ =2 f for some f € Z[Xs]. Since a; is an invariant mod 2, af is an
invariant mod 4 and f is an invariant mod 2. Therefore, f = ka? (mod 2) for some
A € {0, 1}. Hence, afC4 4 c6 =0 (mod 4). Specialising to one of the Weierstrass
models in [Fisher 2008, Section 6] shows that the sign is +.

(iii) It is shown in [Fisher 2008, Theorem 4.4(iii)] that if K is a perfect field with
characteristic not 2 or 3, then €4 has Jacobian y? = x3 — 27¢c4(®)x — 54ce(P).
The proof is now identical to that of [Cremona et al. 2010, Theorem 2.10]. This
generalises a result of Artin, Rodriguez-Villegas and Tate [Artin et al. 2005] in the
case n = 3. U

2. Minimisation theorems

Let K be a discrete valuation field with ring of integers O and normalised valuation
v: K> — Z. We assume throughout that the residue field k is perfect. A genus-1
model ® € X5(K) is integral if it has coefficients in Og. If & is nonsingular
and integral, then by Theorem 1.1 and the standard formulae for transforming
Weierstrass equations, we have v(A(P)) = v(Ag) + 12 £(P), where Ag is the
minimal discriminant of £ = Jac(‘6¢) and £(®) is a nonnegative integer we call the
level. We say that @ is minimal if v(A(®P)), or equivalently the level, is minimal
among all integral models K -equivalent to ®. Notice that if & = g® for some
g =[A, B] with A, B € GL5(K), then £(®") = £(®) + v(det g).

Theorem 2.1. Let ® € X5(K) be nonsingular.

(1) (Weak minimisation theorem) If €4 (K) # O, then ® is K -equivalent to an
integral model of level 0.

(i) (Strong minimisation theorem) If €4 (L) # &, where L is an unramified exten-
sion of K, then ® is K -equivalent to an integral model of level 0.
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In this section, we prove the weak minimisation theorem. In Section 3, we
describe an explicit algorithm for minimising. Inspection of this algorithm shows
that the minimal level is unchanged by an unramified extension. Theorem 2.1(ii)
then follows from Theorem 2.1(i). In Section 7, we prove a converse to the strong
minimisation theorem thereby showing this result is best possible.

We refer to [Cremona et al. 2010, Section 2] for notation and results analogous
to those in Section 1 for genus-1 models of degree 4, i.e., quadric intersections. Let
E be an elliptic curve over K and D a K-rational divisor on E of degree n = 4
or 5. The complete linear system | D| defines an embedding E C P"*~!. The image
is defined by a genus-1 model ® € X,,(K), and this model is uniquely determined,
up to K-equivalence, by the pair (E, [D]). Moreover, every nonsingular model
® € X,,(K) with €4 (K) # O arises in this way. Therefore, Theorem 2.1(i) is an
immediate consequence of the following:

Theorem 2.2. Let E/K be an elliptic curve with integral Weierstrass equation
y2+a1xy+a3y=x3+a2x2+a4x+a6, 2)

and let D € Divg (E) be a divisor on E of degree n =4 or 5. Then (E, [D]) can be
represented by an integral genus-1 model with the same discriminant as (2).

The case n =4 is proved in [Cremona et al. 2010, Theorem 3.8]. To deduce the
case n =5 from the case n =4, we use the following lemma:

Lemma 2.3. Let D € Divg (E) be a divisor of degree 4, and let P € E(K). Let
L, o and B; fori = 1,2, 3 be linear forms in xy, ..., x4 over K. The following
statements are equivalent:

(i) The pair (E, [D]) is represented by the quadric intersection
Lray +Lrar + L33 =0 and 1B+ B2+ €383 =0, 3)
and P is the point defined by €| = £, = {3 = 0.
(i1) The pair (E, [D + P]) is represented by the genus-1 model of degree 5

0y or o a3

0 B1 B Bs
0 & -6 |, 4)
— 0 £
0
where y = x5 and P is the point (x; :---:x5)=(0:---:0:1).

Proof. An isomorphism v : C4 — Cs between the curves C4 and Cs defined by (3)
and (4) is given by

Yooy ixpixzixg) > (0l xol cx3l; i xaly o B — arBj)
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(where i, j and k are any cyclic permutation of 1, 2 and 3) with inverse
1//*1 T(Xp X0t x3 x40 x5) > (X] D X0 X3 X4).

The points {£; =€, =03 =0} € C4(K) and (0:---:0:1) € Cs(K) are identified by
this isomorphism. To prove the equivalence of (i) and (ii), we note that if C4 C P3
meets some plane in the divisor D = P} + P, + P3 + P4, then the points ¥ (P;) and
(0:---:0:1) are a hyperplane section for C5 C P*. O

Lemma 2.4. The genus-1 models (3) and (4) have the same invariants.

Proof. Let @ be the matrix (4), and write P = Pf(®) = (p1,..., ps). Then (3)

and (4) define curves C; = {p; = p» = 0} C P3 and C5 = {rank ® < 2} C P*.

According to [Fisher 2008, Section 5.4], there are invariant differentials w4 on Cy4

and ws on Cs given by

_ xpd(xa/x)
Q,(x1, ..., x,)

n ’

where

op1 dp2  dp1 dp2 aP od 9PT
y=—————" and Qsy=———

- aX3 8)64 8)64 8)63 - 8)C3 8)(5 8)(4 )

In the expression for 25, we have written the partial derivative of a matrix as
a shorthand for the matrix of partial derivatives. Since the only entries of @ to
involve x5 are in the top left 2 x 2 submatrix, it is clear that 24 = +Q5. Hence, the
isomorphism ¥ : C4 — Cs identifies the invariant differentials w4 and ws (up to
sign). It follows by [Fisher 2008, Proposition 5.23] that (3) and (4) have the same
invariants ¢4, c¢ and A. O

Proof of Theorem 2.2. Let D € Divg (E) be a divisor of degree 4, and let P € E(K).
We show that if the theorem holds for D, then it holds for D + P. Suppose
(E, [D]) is represented by an integral quadric intersection with discriminant A.
Since Ok is a principal ideal domain, SL4(Og) acts transitively on P3(K). So we
may assume P is the point (x; : x2 :x3:x4) = (0:0:0:1). Our model is now
of the form (3) with ¢; = x; for i = 1, 2, 3. We may choose the linear forms «;
and B; to have coefficients in Og. Then the genus-1 model (4) is an integral model
of discriminant A representing the pair (E, [D + P]). ]

3. Minimisation algorithms

For ® € X5(0k), we write ¢ € X5(k) for its reduction mod 7. The singular locus
Sing € is the set of points P € 64 with tangent space of dimension greater than 1.
(We make this definition regardless of whether 6, is a curve. In particular, all
points on components of dimension at least 2 are singular.) For example, if ¢
takes the form (4) with y = x5 and ¢;, «; and B; linear forms in x, ..., x4, then
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P=(0:---:0:1) is singular if and only if £;, £, and ¢3 are linearly dependent. An
integral genus-1 model ® € X5(0k) is saturated if its 4 x 4 Pfaffians py, ..., ps
are linearly independent mod . We write [, for the m x m identity matrix.

Our algorithm for minimising genus-1 models of degree 5 generalises the algo-
rithm for models of degree 3 in [Cremona et al. 2010, Section 4B].

Theorem 3.1. Let © € X5(0g) be saturated and of positive level.

(1) The singular locus Sing 64 does not span P4,

(ii) Let B € GL5(Ox) represent a change of coordinates on P* mapping the linear
span of the singular locus in (i) to {x;+1 = - - - = x5 = 0}. Then there exist
A € GLs(K) and u € K> such that [A, u Diag(l,,, wIs—,;,) B]® is an integral
model of the same or smaller level.

(iii) If ® is nonminimal, then repeating the procedure in (ii) either gives a nonsatu-
rated model or decreases the level after finitely many iterations.

As it stands, Theorem 3.1 does not give an algorithm for minimising since we
must show how to find A and p in (ii) and show how to decrease the level of a
nonsaturated model. We do this in Theorem 3.2 below. Theorem 3.1 is proved in
Sections 4 and 5. In Section 6, we bound the number of iterations required in (iii).

Theorem 3.2. Let ® € X5(Og) be nonsingular. Let £y be the minimum of the levels
of all integral models that are K -equivalent to ® via a transformation of the form
[A, uls], where A € GLs(K) and u € K*.

(i) We may compute an integral model of the form [A, ls]® with level £y as

follows:

Step 1. Write Pf(®) = (p1,..., ps). Compute A = (a;;) € GLs(K) and
quadrics q1, ..., qs5 € Og[x1, ..., xs] such that p; = Z?:l a;jq; and
qi, - .., qs are linearly independent modulo ww. Then replace ® by

[A, uls]®, where u € K* is chosen so that ® has coefficients in Ok
notall in mOg.

Step 2. Replace ® by [A, I5]®, where A € GL5(Ok) is chosen so that the first
two rows of @ are divisible by ¢ with e > 0 as large as possible. Then
divide the first row and column by °.

(i1) If the model computed in Step 1 is nonsaturated, then we may compute an
integral model of level smaller than £y by modifying Step 2 so that we divide
the first two rows and columns by ¢ and then make a transformation of the
form [Is, B] to preserve integrality.

Proof. With the notation of Step 1, we have

Pf(APAT) =Pf(®)adjA = (q1,...,q5)Aadj A = (det A)(q1, ..., q5).
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So after Step 1, we have Pf(®) = (Aq1, ..., Ags), where A = u>det A € Ox. We
split into the cases v(A) = 0 and v(X) > 1. First we need two lemmas.

Lemma 3.3. Let ®, ' € X5(0x) be nonsingular models with ® = [A, uls]® for
some A € GL5(K) and u € K*.
(1) If © is saturated, then £(®") > £(D) with equality if and only if ® and O’ are
Ok -equivalent.
(ii) If ® and @' are of the form output by Step 1, then they are O -equivalent.
Proof. We have Pf(®’) = Pf(®) M, where M = > adj A.

(1) Since @ is saturated, M has entries in Og . Hence, £(®") —£(D) = %v(det M)=>0
with equality if and only if M € GL5(0g). If M € GL5(Ok), then replacing [A, 5]
by [AA, 272 uls] for suitable A € K*, we may assume A € GL5(0g). Since ®
and @’ have the same level, they must therefore be O -equivalent.

(ii) Since Pf(®) and Pf(®’) are scalar multiples of bases for the same O -module,
some scalar multiple of M belongs to GL5(0k). So after replacing [A, ils] by
[LA, A‘2/LI5] for suitable A € K*, we may assume A € GL5(0Og). Since ® and &’
are primitive, they must therefore be Og-equivalent. Il

Lemma 3.4. Let ¢ € X5(k) be a genus-1 model all of whose 4 x 4 Pfaffians are
identically zero. Then ¢ is k-equivalent to either

052£3£4E5 0)61)6200
0 00O 0 x300
0 00 or 0001,
— 0 0 — 00
0 0
where {5, . .., s are linear forms. |

We now complete the proof of Theorem 3.2. Let e = v(A). If e = 0, then ®
is saturated and we are done by Lemma 3.3(i). So suppose e > 1. In Step 1, the
matrix A has entries in Og. So v(i) <0, and the level is increased by

2v(det A) + 5v(p) < 2v(u? det A) = 2e.

Lemma 3.3(ii) shows that when we apply Step 1 to both ® and the model implicit
in the definition of £y, we obtain models that are Ok -equivalent. So it will suffice
to show that Step 2 reduces the level by 2e, whereas the modified version in (ii)
reduces the level by more than 2e.

Since Pf(®) = (Aqy, ..., Ags5), we have (q1,...,q5)® = 0. The reduction
of ® takes one of the forms specified in Lemma 3.4. In the first case, we have
q1¢; =0 (mod ) for j=2, ..., 5. This contradicts the choices of g1, ..., g5 and
in Step 1. So we must be in the second case. Replacing ® by an Og-equivalent
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model, we may assume it takes the form (4) with £; = x; fori = 1,2, 3 and «;,
oo, a3, B1, B2, B3 and y linear forms that vanish mod w. By row and column
operations, we may assume o € (x, ..., xs) and a3 € (x3, ..., xs). Then since
€| (x1o1 + X000 + x3003), we have 7°¢ | oy, ap, 3. Likewise, we may assume
¢ | B1, B2, B3. The remaining Pfaffians show that 7¢ | y. Step 2 and its modified
version in (i1) now reduce the level by 2e and 3e, respectively. (]
Corollary 3.5. For the proof of Theorem 3.1, we are free to replace ® by an
Ok -equivalent model and to replace K by an unramified field extension.
Proof. Let @1, ®; € X5(0k) be Og-equivalent models and @7, ¥, € X5(0k)
the models returned by Theorem 3.1(ii). Lemma 3.3(i) and [Cremona et al. 2010,
Lemma 4.1] together show that if @/, is saturated and £(®)) = £(®P}), then | and P/,
are Ok -equivalent. Therefore, the number of iterations required in Theorem 3.1(iii)
depends only on the Ok -equivalence class of ®.

For the final statement, we note that the performance of the algorithms in Theo-
rems 3.1 and 3.2 is unchanged by an unramified field extension. U

Replacing K by its strict Henselisation, we may assume in the next three sections
that K is Henselian and its residue field k is algebraically closed.

4. The singular locus

In this section and the next, we prove Theorem 3.1.

Lemma 4.1. Let ¢ € Xs5(k) be a genus-1 model. Suppose I' C € is either a line
or a (nonsingular) conic. Then either I' C Sing €4 or

1 i = =0,
#(I' N Sing €,) = lfC4(¢>). c6()

2 otherwise.
Proof. (i) If 64 contains the line I' = {x3 = x4 = x5 = 0} but not every point
on I is singular, then (unless 6, is a cone, which is an easy special case with

c4(¢) = c6(¢p) = 0) we may suppose ¢ is

0 x; xp % *

0 «x o B
0y 61,

— 0 x5

0

where «, 8, y, 6 and the entries * are linear forms in x3, x4, x5. By row and column
operations (and substitutions for x; and x;), we may suppose «, 8, ¥ and § do not
involve x5. We write @ = a3x3 + ax4, ..., 8 = 83x3 + 84x4 and put

_ V3 V4 (o3 a4
q(s,t)_det(((s3 84)s (/33 ﬁ4)t)'
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By the Jacobian criterion, we have
I'NSing6y ={(s:1:0:0:0)|gq(s,1)=0}.

A calculation using Lemma 2.4 shows that c4(¢) = A(q)2 and cg(¢p) = —A(q)3,
where A(q) is the discriminant of the binary quadratic form q.

(ii) Suppose €y contains the conic I' = { f(x1, x2, x3) = x4 = x5 = 0} but not
every point on I' is singular. Let Pf(¢) = (p1,..., p5). Replacing ¢ by an
equivalent model, we may suppose p;(xi, x2,x3,0,0) =0 fori =1, 2,3,4 and
ps(x1, x2, x3,0,0) = f. Since Pf(¢)¢ =0 and I is not contained in any component
of 64 of higher dimension, we may further suppose the last column of ¢ has entries
X4, x5, 0, 0, 0. The monomials appearing in the invariants c4 and cg are limited by the
fact they are invariant under all pairs of diagonal matrices. These restrictions show
that c4(¢) and ce(¢) are unchanged if we set x4 = x5 = 0 in all entries of ¢ outside
the last row and column. Writing f = Zifj a;jxix; and ¢34 = ) b;x;, we put
2a1y aip aiz b
app 2axpn axs b
a3 ax 2a33 bs|’
by by b3 O

§ =

A calculation using Lemma 2.4 shows that c4(¢) = 82 and cg(¢p) = —8°. By a
change of coordinates, we may suppose f = x1x3 — x%. Then § is the discriminant
of the binary quadratic form ¢(s, ) = $34(s2, st, 12,0, 0), and by the Jacobian
criterion,

[ NSing@y = {(s*:st:12:0:0) | g(s,1) =0}. a
Lemma 4.2. Let ¢ € Xs(k) be a genus-1 model. Suppose the 4 x 4 Pfaffians
D1, - - ., ps are linearly independent and c4(¢) = c¢(¢p) = 0. Then either Sing 6 is
a linear subspace of P* or ¢ is equivalent to a model of the form
08 ap
0 Y 5 Xs
0xs 0], (%)
— 00
0
where £, 1, a, B, vy and § are linear forms in xy, ..., Xs.

Proof. If Py, P, € Sing 6, are distinct and the line ¢ between them is contained
in 6y, then by Lemma 4.1, we have £ C Sing6,. So either Sing 6, is a linear
subspace of P* or there exist Py, P; € Sing 64 joined by a line not contained in 6.
We move these points to (1:0:---:0)and (0:1:---:0). Writing ¢ = > x; M;,
the matrices M| and M, have rank 2, but their sum has rank 4. Therefore, ¢ is
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equivalent to a model with ¢12 = x1, ¢34 = x2 and all other ¢;; (for i < j) linear
forms in x3, x4, x5. Since Py and P; are singular, ¢35 and ¢45 are linearly dependent
and ¢;s and ¢»5 are linearly dependent. So the space of linear forms spanned by
the entries of the last column has dimension at most 2. In fact, it has dimension
exactly 2 since pq, ..., ps are linearly independent.

Replacing ¢ by an equivalent model, we may assume it has last column with
entries x4, x5, 0, 0, 0. The transformation used here does not move P; and P but
may change the matrices M and M». Let I' = {x4 = x5 = p5 =0} C €4. Then P,
and P, are contained in I', but the line between them is not. It follows that I" is
either a nonsingular conic or a pair of concurrent lines. In either case, Lemma 4.1
shows that I' C Sing€,. By the Jacobian criterion, it follows that ¢34 € (x4, x5).
However, ¢34 is nonzero since py, ..., ps are linearly independent. Therefore, ¢ is
equivalent to a model of the form (5). O

Lemma 4.3. Let ® € X5(0k) be a saturated nonsingular model with reduction ¢
of the form (5). Suppose Sing €y has linear span {xp, 41 = --- = x5 =0}
(1) There exist A € GL5(K) and n € K> such that [A, uDiag(l,,, w1s_,)]® is
an integral model of the same or smaller level.
(ii) Suppose that either § =0 and ®45 =0 (mod 772) or &35 = B45 =0 (mod 72).
Then there is a transformation as in (i) that decreases the level.

Proof. Computing the 4 x 4 Pfaffians of (5), we find
Cp=n=xs=ad—Py =0}U{y =8 =x5=0}. (6)

First suppose y, § and x5 are linearly dependent. By an Ok -equivalence, we may
assume § = 0. Then {y = x5 =0} C Sing€y C {x5 = 0}. Therefore, m = 3 or 4.
The required transformations are as follows:

‘ m=73 ‘ m=4
A =Diag(m, 1,1,1,1), u=n""
A =Diag(m, 1,1, 1,1), =1

A =Diag(m, m, 1,1, 1), n =g~!
A = Diag(m, 1, 1, aha ™, u=1

@

(ii)

Now suppose y, § and x5 are linearly independent. Since & is saturated, n and x5

are linearly independent. A calculation shows Sing 64 is the first of the two compo-

nents in (6). Therefore, m =2 or 3. If m =2, then we may assume 8, y, 8, n and ¢»s
are linear forms in x3, x4 and xs5. The required transformations are as follows:

‘ m=2 ‘ m=3
A =Diag(m, 1,1, 1, 1), /L:rr’l A:Diag(l,l,l,l,n’l), u=1
A:Diag(l,l,l,n’l,n’l), n=1 A:Diag(n,n,l,l,n’l), /L:fr’l O

@

(i)

We now prove the first two parts of Theorem 3.1. Let ® € X5(0Ok) be saturated
and of positive level. Lemma 4.2 shows that either Sing 6, is a linear subspace or
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%4 is contained in a hyperplane. Since 64 is defined by five linearly independent
quadrics, it cannot be all of P*. This proves Theorem 3.1(i).

The proof of Theorem 3.1(ii) in the case ¢ takes the form (5) was already given in
Lemma 4.3(i). So by Lemma 4.2, we may assume Sing 64 = {x,,11 =-- - =x5=0}.
We apply Lemma 3.4 to the reduction mod n of [I5, Diag(Z,,, w Is—_,;;)]®. In the
second case of that lemma, we have m > 3. We take A = Diag(1, 1, 1, 1, 71_1) and
= 1. Otherwise, we are in the first case. If m > 2, then we take yu = 71 and
A =Diag(m, 1,1, 1, 1). It remains to treat the case m = 1; in other words, the case
Sing € is a point.

By [Fisher 2008, Lemma 5.8], every component of 6,4 has dimension at least 1.
So if Sing 64 is just a point, then there are also smooth points on €4. Since K is
Henselian, it follows that €4 (K) # &, and so by Theorem 2.1(i), @ is nonminimal.
With this extra hypothesis, we show in the next section that the singular point on €
is nonregular (as a point on the Og-scheme €¢).

We may suppose ¢12 = x; and all other ¢;; (for i < j) are linear forms in
X2, ...,xs.3ince P=(1:0:-..:0) is singular, ¢34, ¢35 and ¢45 are linearly depen-
dent. So replacing ® by an Ok -equivalent model, we may assume ¢45 = 0. In the
presence of the stronger condition that P is nonregular, we may further arrange that
the coefficient of x; in ®ys is divisible by 2. Taking A = Diag(1,1, 1,7~ ", 7~ 1)
and © = 1 now preserves the level.

5. Weights and slopes

In this section, we complete the proof of Theorem 3.1.

Definition 5.1. (i) The set of weights is

W:{(r,s)eZ5XZS

FM=r=--=rs5 §§=$=--=55
2y =140 s }
(i) A weight for ® € X5(0g) is (r, s) € W such that the model
[Diag(z ™", ..., "), Diag(=*, ..., 7%)]® @)
has coefficients in O .
(iii) Let w = (r, s) and w’ = (', s") be weights. Then w dominates w' if
max(r; +r; — s, 0) > max(r; +r; — s;, 0)
foralll<i<j<S5and 1<k <5.

Let1=(1,1,...,1). Then A € Z actson W as (r, s) — (r + 11, s +2A1). Since
weights in the same Z-orbit determine the same transformation (7), we may regard
such weights as equivalent.
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Lemma 5.2. Let ® € X5(0k) be an integral genus-1 model.

(1) If ® is nonminimal, then it is Ok -equivalent to a model with a weight.

(ii) If ® has weight w and w dominates w’, then ® has weight w'.

Proof. (i) By hypothesis, there exist A, B € GLs(K) with [A, B]® integral and
2v(det A) +v(det B) = —1. We put A and B in Smith normal form.

(ii) Let ® = (®;;) with ®;; = Y, a;jxxx. Then ® has weight (r, s) if and only if
v(a,-jk) zmax(ri—i—rj—sk,O) foralll<i<j<S5and1<k<S5. U

Lemma 5.3. Let ® € X5(0k) have weight (r, s) € W with either ry +rq > 51 Or
rp+r3>s1. Then P=(1:0:---:0) € 6, is a singular point. Moreover, if 51 < s3,
then P is nonregular (as a point on the Qg -scheme € o).

Proof. We write ¢ =Y _ x;M;. If rj 4+ ra > s1, then the only nonzero entries of M
are in the top left 3 x 3 submatrix. If r, 4+ r3 > s, then the only nonzero entries
of M are in the first row and column. In both cases, rank M| < 2, and so P € €.
If M1 =0, then P is singular (and nonregular). So we may assume M; # 0. We
are free to multiply rows of ® by units in Og and to subtract O -multiples of later
rows from earlier rows (it being understood that we also make the corresponding
column operations). In particular, these operations do not upset our hypothesis that
® has weight (r, s). Let E;; be the 5 x 5 matrix with a 1 in the (7, j)-place and Os
elsewhere. By row and column operations, we reduce to the case M| = E;; — E};,
where (i, j) € {(1, 2), (1,3), (1,4), (1,5), (2,3)}. Let a < b < ¢ be chosen such
that {i, j,a,b,c}={1,...,5}. Since r; +r; < s1 < 57, it follows by the definition
of W that

83+ 84+85 < (ra +1p) + (ra +re) + (rp +r¢).
Therefore, at least one of the following three inequalities holds:

$3<7ra+r, = Gabs Pac, Poc € (Xs, X5),
Sq4 <rg+r. = ¢aCa d’bc € <X5>,
ss<rp+r. = ¢bc:0-

Since the tangent space at P is {¢qp = ¢uc = ¢pc = 0}, it follows that P € €4 is a
singular point.

If 51 < 53, then the same argument shows there is some Ok -linear combination of
®,p, Py and Dy (with not all coefficients in w0k ) that not only vanishes mod
but whose coefficient of x; vanishes mod 2. Hence, P is nonregular. O
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Lemma 5.4. Let (r,s) € W be a weight withr| +rq4 < sy and ry +r3 < s;. Then

(r, ) dominates one of the weights wy, . .., wy in the following table:

Fi Ty T3 T4 Ts|S| 82 3 S4 S5
w0000 1|0 0001
wy|O O 1 1T 1|1 1 1 1 1
w30 0O 1 1 2|1 1122
we|O0O 1 1 2 2|2 2 2 23
ws|0 1 1 2 3|2 2 2 3 4
we|lO 1 1 2 3|2 2 3 3 3
w01 2 3 4|3 3 4 45

Proof. We checked the lemma by writing a computer program using the simplex
algorithm. See the proof of Lemma 6.1 for details. (I

Definition 5.5. The slope of ® € X5(0g) is the least possible value of v(det B) for
B € GL5(K) a matrix with entries in Og for which there exist A € GLs(K) and
u € K> such that [A, uB]® is an integral model of smaller level.

We now complete the proof of Theorem 3.1. Since & € X5(0g) is nonminimal,
it has a slope o, say. Lemma 3.3(i) shows that if o =0, then ® is nonsaturated. So
we may assume o > 0. By Lemma 5.2 (and Corollary 3.5), we may replace ® by
an Og-equivalent model with a weight, say (7, s). Moreover, we may assume the
weight realises the slope, i.e., 0 = Zle (s; — s1).

Suppose that either r; 4+r4 > 51 or ry+r3 > s1. Since o > 0, there exists 1 <m <4

such that s; = - -- = ,,, < s;+1. Lemma 5.3 shows (by first making unimodular
transformations involving only xy, ..., x,,) that
{Xmt1="-+-=x5 =0} C Sing 6. (8)

Moreover, if m = 1, then the point we have constructed is nonregular. (This is
needed to complete the proof of Theorem 3.1(ii) at the end of Section 4.)

Regardless of whether we have equality in (8), it follows that if the level is
preserved, then the slope is decreased. So after finitely many iterations, & is either
nonsaturated or has weight (r, s) with r; +r4 < s and r, +r3 < s;. In this last case,
Lemmas 5.2 and 5.4 show that ® has weight w for some w € {wy, ..., wy}. If
w € {wy, wa, we}, then ® is nonsaturated. If w € {ws, w7}, then ® is O -equivalent
to a model with weight ws. (This is achieved by a unimodular transformation
involving only the second and third rows and columns, respectively a unimodular
transformation involving only x3 and x4.) Finally, if w € {ws3, w4}, then @ is
Ok -equivalent to a model of the form considered in Lemma 4.3(ii).
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6. The number of iterations

We have shown that if we start with a nonminimal model, then iterating the procedure
in Theorem 3.1(ii) eventually gives a nonsaturated model or decreases the level. In
this section, we show that the maximum number of iterations required is 5. (In our
Magma implementation, we count the use of Theorem 3.2 to decrease the level of
a nonsaturated model as a further iteration. With this convention, the maximum
number of iterations is 6.)

Lemma 6.1. Let (1, s) € W be a weight. Then (r, s) dominates one of the weights
wi, ..., Wy in the following table. (The weights in Lemma 5.4 appear with new
numberings. We have marked these weights in bold.)

Py ry T3 r4 F5| S1 S2 83 S4 S5 | Ay Py Fy T3 F4 F5|S1 82 83 S4 85| Ay
wp|0OO0O0OO0O0[-1000O0|1 we|O0O1 1221227337
w, [000O01|0 0O0O0T1[1 wy|01122|12224|6
w3 (00 1 1 1|1 1 1 111 wg|0O1122[11234]|7
wy[O1T 1111 11221 we|01123[22333|6
ws [0 001 1[0 01113 wye|/01123|22234|7
we |0 O0OO0O1T 1[0 0O0T1 2|3 wy|0 1 1 2 3]1 2 3 3 4/13
w0011 1[0 01223 wp|/01123(12235]12
wg |0 O 11170 11123 w01 22 31233 34)9
we |0 1 1 222 222 3|3 wu |0 1 22 31223449
w0 01 1 21 1 12204 ws|01 22313344110
wi |00 1 1210 0223[5 wye|01223[12345]|15
w001 120 1222[8 wy/01 2343344512
w3001 1 20 1 1 23[8 wyg|0123 4|23 455|20
w01 1 1 201 22224 we|01234|13 456|222
wis|0 1 1 1 201 12234

Proof. We define a standard inequality to be an inequality of the form r; +r; < sy +m,
where 1 <i < j <5,1 <k <5 and m is a nonnegative integer. The condition that
(r, s) € W does not dominate w, is equivalent to a list of A, standard inequalities,
at least one of which must hold, where X, is as given in the table. For example,
(r,s) # wy if and only if | +r; < sy, whereas (r, s) # ws if and only if rj +r4 < s,
orry+rs <sp+1orrs+rs <ss. (We have used the conditions r; < --- <rs5 and
s1 <--- <ss to remove redundant inequalities.)

We wrote a program using the simplex algorithm to maximise Y _(2r; — s;) for
(r,s) € R0 subjectto 0 <r; <---<r;5,0<s; <... <55 and a list of standard
inequalities. Our program starts with the basic feasible solution (7, s) = (0, 0). If
there is a finite maximum and it is less than 1, then (by definition of W) there are
no weights satisfying these inequalities. If the maximum is 1, then we add the
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constraint Y (2r; —s;) = 1. We then use the simplex algorithm to maximise each
of the functions r; +r; — s; in turn. In the case of a finite maximum «, we obtain
an additional standard inequality r; +r; < sy +max(|c ], 0). Then running our
original program on the enlarged set of standard inequalities, we may still be able
to show that Y (2r; —s;) < 1.

After processing the inequalities coming from wy, ..., w, forv=1,..., 29, the
number of cases remaining were

1,1,1,1,3,5,8,13, 16, 30, 31, 49, 58, 47, 60,
64, 58, 53, 45, 36, 39, 34, 25, 15, 14, 10, 3, 1, 0.

The final 0 indicates that no cases remain, and this proves the lemma. The proof of
Lemma 5.4 is similar but easier. ]

If ® € X5(0k) is nonminimal, then by Lemmas 5.2 and 6.1 it has slope at
most 14. This already shows that the algorithm in Theorem 3.1(iii) takes at most
fourteen iterations. The next lemma improves this bound to seven iterations.

Lemma 6.2. If the procedure in Theorem 3.1(ii) returns a saturated model with the
same level, then the slope goes down by at least 2.

Proof. We revisit the proof of Theorem 3.1(iii) at the end of Section 5. If the slope
goes down by only 1, then Sing €4 spans a hyperplane. If Sing 6, is a hyperplane,
then the proof of Theorem 3.1(ii) at the end of Section 4 shows that the level is
decreased. Otherwise, by Lemma 4.2 we may assume ¢ takes the form (5). We then
follow the proof of Lemma 4.3(i) with m = 4. After applying the transformation
suggested there, the second row of ¢ has at most one nonzero entry. This implies
that ® is nonsaturated. 0

The next lemma will be used to show that only five iterations are required.

Lemma 6.3. Let ® € X5(0k) be nonminimal and of slope greater than 10. Then
replacing ® by an O -equivalent model, we may assume it has weight wog and the
coefficient of xi in ®;; is a unit for

(i, j, k) €
{(1,2,1),(1,4,2),(1,5,3),2,3,2),(2,4,3),(2,5,4),(3,4,4), (3,5,9)}.

Proof. By Lemma 5.2, we know that ® is Og-equivalent to a model with one of the
twenty-nine weights listed in Lemma 6.1. For all but one of these weights (r, s), we
have Z?:l (s; —s1) < 10. The remaining case is wyg. If one of the coefficients listed
is not a unit, then ® has weight w, for some v € {1, 5, 13, 26, 16, 21, 8, 12}. U

We write [, ..., 5] for a linear combination of x;, ..., x5 and underline in cases
where we know the coefficient is nonzero. If the slope is at most 10, then at most
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five iterations are needed. Thus, Lemma 6.3 shows that we can reduce to the case
where ® € X5(0k) has reduction ¢ € X5(k) of the form

0 [1,2,3,4,5] [2,3,4,5] [2,3,4,5] [3.4,5]
0 [2,3,4,5] [3,4,5] [4,5]

0 [4, 5] [3]

0 0

0

Let Pf(¢) = (p1, ..., ps). By considering the partial derivatives of p;, p; and p4
with respect to xq, xo and x3, we see that if P = (x : --- : x5) € Sing 64, then
x5 =0. Then since P € €y, we have x4 =x3 =x,=0. So (1:0:---:0) is the
unique singular point.

Our algorithm applies the transformation

[Diag(1, 1, 1, 71_1, 71_1), Diag(1, m, 7, m, )].

The result is a model & with weight wos = (0, 1, 2,2, 3; 1, 2, 3,4, 5) whose reduc-
tion ¢ takes the form

0 [1] 0 [2,3,4,5] [3.4,5]
0 0 [3,4,5] [4.5]
0 [45] [3]
0 [5]
0

A calculation similar to that above shows that Sing €4 = {x3 = x4 = x5 = 0}.
Our algorithm applies the transformation

[Diag(w, 1,1, 1, 1), Diag(z !, 771, 1,1, D].

The result is a model & with weight w3 = (0,0, 1, 1,2;0, 1, 1, 2, 3) whose reduc-
tion ¢ takes the form

0f[l] 0 (2] 0
0 [2] [2,3,4,5] [4,5]

0 [45] [3]

0 [5]

0

A calculation similar to that above shows that Sing 64 = {x2 = x4 = x5 = 0}.

The next transformation [Diag(1, =, 1, 1, 1), Diag(n_l, Lz b1, 1) gives a
model with weight w5 = (0,1,1,1,2; 1,1, 2,2, 3). So after three iterations, the
slope is at most 4. It follows by Lemma 6.2 that at most five iterations are required.
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Example 6.4. The simplest example of a genus-1 model satisfying the conditions
of Lemma 6.3 is
0x1 0 xp x3
0 xp x3 x4
o= 0 X4 X5
— 0 0
0

We find that €4 is a rational curve with a cusp parametrised by
(s:1)—~ (—s5 5317 52 st ts).

In this case, our algorithm takes the maximum of exactly five iterations to give a
nonsaturated model. (The first three iterations are already described above.) Al-
though the model in this example is singular, there are m-adically close nonsingular
models that are treated in the same way by our algorithm.

7. Insoluble models

In this section, we prove a result converse to the strong minimisation theorem. This
is analogous to the results for models of degrees n =2, 3, 4 proved in [Cremona
et al. 2010, Section 5]. As in Section 2, we work over a discrete valuation field K.
We write K* for the strict Henselisation of K. (If K is a p-adic field, then this is
the maximal unramified extension.)

Theorem 7.1. If ® € X5(K) is nonsingular and €¢(K*") = @, then the minimal
level is at least 1 and is equal to 1 if char(k) # 5.

As in Section 6, we write [, ..., 5] for a linear combination of x;, ..., x5 and
underline in cases where we require the coefficient is nonzero.

Definition 7.2. A genus-1 model ® € X5(Ok) is critical if it has reduction mod

of the form
0[1,2,3,4,5] 2,3,4,5] [3,4,5] [4,5]

0 [3.4,5] [4,5] [5]
0 (3] 0

0 0

0

and 77 1 ®35 and 7~ ®4s have reductions mod 7 of the form [1,2,3,4,5] and
(2,3,4,5].

We show in the next three lemmas that critical models are insoluble, minimal
and of positive level. We then take K = K" and show that every insoluble model
® € X5(K) is K-equivalent to a critical model.
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Lemma 7.3. Critical models are insoluble over K.

Proof. Suppose (x1, ..., xs5) € K? is a nonzero solution with min{v(x;)} = 0. By
considering the 4 x 4 Pfaffians, we successively deduce 7 | x5, 7w | x4, ..., 7 | x1.
In particular, min{v(x;)} > 0. This is the required contradiction. U

Since the definition of a critical model is unchanged by an unramified field
extension, it follows immediately that critical models are insoluble over K.

Lemma 7.4. Critical models are minimal.

Proof. It is easy to see that critical models are saturated. Moreover, every point on
6p = {x3 = x4 = x5 = 0} is singular. Our algorithm (see Theorem 3.1) makes the
transformation [Diag(w, 1, 1, 1, 1), 7~} Diag(1, 1, m, r, )]. This gives an integral
model of the same level that is Og-equivalent (by a pair of cyclic permutation
matrices) to a critical model.

If ® were nonminimal, then our algorithm would succeed in reducing the level.
But on the contrary, when given a critical model our algorithm endlessly cycles
between five Ok -equivalence classes. O

The next lemma describes the possible levels of a critical model. To treat the
cases char(k) = 2, 3, we need to work with the a-invariants defined in Section 1.
Although these are not SLs x SLs-invariant, if we make our choices of a;, b, and a3
so as not to introduce any new monomials when we lift to characteristic 0, then
they will be invariant under all pairs of diagonal matrices. It follows by the proof
of Lemma 1.2 that a, .. ., ag are isobaric, i.€.,

2i i
aj o [Diag(ri, ..., As), Diag(ui, ..., us)] = (]‘[ ,\U) (]‘[ m) a;.

Lemma 7.5. The level of a critical model is at least 1 and equal to 1 if char(k) #£ 5.
Proof. Applying
[Diag(1, 7=/5, 7=2/5, 7 =3/5 7 =4/5) Diag(x /3, 73, 735, 2*5, )]

to a critical model ® gives a model with coefficients in Ok [ 1731, 1t follows by the
isobaric property that ' | a;(®) for all i. Hence, ® has positive level.
The model with coefficients in Ok [71/7] has reduction

0 Ayxy poxo —m3x3 —Agxs
0 A3x3s paxs —psxs
0 Asxs  uix
0 )\.2)62
0
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for some Ay, ..., As, 1 ..., us € k*. The invariants of this model are

CaOuu ) = X4 422833 + 4940217 — 22831’ + i,
co(hy 1) = =25 4+ 52245 11 + 1000514 112 + 1000532 0* — 5225 — i

and A(A, ) = Ar(A> — 11ap — pu?)>, where A =[] A; and o =[] u;. Computing a
resultant shows that if char(k) #£5, then c4(A, i) and A(X, w) have no common roots.
Therefore, the critical model & with which we started satisfies either v(cq4(P)) =4
or v(A(P)) = 12. It follows that ® has level at most 1. U

Remark 7.6. The following example of a critical model of level 2 over K = Qs
shows that the hypothesis char(k) # 5 cannot be removed from Lemma 7.5:

0 X1 X2 —X3 —X4
0 X3 X4 —X5

0 x5 35x;
— 0 5x
0

We recall that the minimal level is unchanged by an unramified field extension.
Replacing K by K*", we may assume for the rest of this section that K is Henselian
and its residue field k is algebraically closed. To complete the proof of Theorem 7.1,
we show the following:

Theorem 7.7. If ® € X5(0k) is minimal and €4 (K) = &, then ® is Ok -equivalent
to a critical model.

We start the proof of Theorem 7.7 with the following lemma:

Lemma 7.8. If ® € X5(0g) is minimal, then its reduction ¢ € Xs(k) has the
following properties:

(1) the 4 x 4 Pfaffians of ¢ are linearly independent,
(i1) the subscheme 64 C P* does not contain a plane and

(iii) the entries of ¢ span the space of linear forms on P*.

Proof. (i) This follows by Theorem 3.2 and Lemma 3.3(i).

(ii) Suppose €4 contains the plane {x4 = x5 = 0}. By Lemma 3.4, we may assume
the reduction mod 7 of [Is, Diag(1, 1, 1, =, m)]® takes one of the two forms given
in the lemma. We decrease the level by applying either [Diag(m, 1, 1, 1, 1), 7' Is]
or [Diag(1, 1,1, 7~1 =1, B], where B is chosen to preserve integrality.

(iii) This is clear, as we could otherwise decrease the level by dividing one of the
coordinates by . U
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Lemma 7.9. Let ¢ € Xs5(k) be a genus-1 model satisfying the conclusions of
Lemma 7.8. Suppose that every point on €y is singular. Then ¢ is k-equivalent to

00 X1 X3 X4 0 X1 0 X3 X4 0 X1 X2 X3 X4
0 X2 X4 X5 0 X2 X4 X5 0 X3 X4 X5

0 x5 O or 0 x5 O or 0 x5 0

— 00 — 00 — 0 0

0 0 0

Our proof of Lemma 7.9 uses the following classification of degenerations of
the twisted cubic. (Only the last sentence of the statement is needed.)

Lemma 7.10. Let { be a 3 x 2 matrix of linear forms in R=k[xy, ..., x4]. Suppose
the 2 x 2 minors of ¥ are linearly independent and no linear combination of them
has rank 1. Then r is GL, x GL3 x GLy4-equivalent to one of the following:

X1 X2 X1 X2 X1 X2 x1 O
x2 x3 |, x x3 |, 0 x3 or X x| )
X3 X4 X4 0 X4 0 0 X3

In particular, the locus of smooth points on T = {rank ¥ < 1} C P3 spans P3.

Proof. We may realise I" as the intersection of the image of the Segre embedding
P! x P2 — P> with a linear subspace 3. So every component of I' has dimension
at least 1. If every component has dimension 1, then by the Buchsbaum-Eisenbud
acyclicity criterion, there is a minimal free resolution

0— R(=3)2% R(=2)* X R, (10)

where M is the vector of 2 x 2 minors of ¥. If in addition dim 7pI" = 1 for every
P €T, then by an argument using Serre’s criterion [Eisenbud 1995, Section 18.3],
the ideal in R generated by the 2 x 2 minors of ¥ is a prime ideal. By (10), the
Hilbert polynomial is

ht) = (t:3>—3<t§1)+2<;> Y

Therefore, I' is a twisted cubic and v is equivalent to the first of the matrices in (9).
In all other cases, dim 7pI" > 1 for some P € I'. First suppose rank ¥ (P) = 1.
Moving P to (1:0:0:0), we may suppose
X1 o
v=|46 B,
y 0
where «, B, y and § are linear forms in x, x3, x4. Our hypotheses on the 2 x 2
minors ensure that «, 8 and y are linearly independent; say they are x,, x3 and x4.
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By row and column operations (and a substitution for x;), we may assume § is a
multiple of x;. This gives the second and third cases in (9).

Now suppose rank ¢ (P) = 0. Let Q € I" be any other point. If rank ¥ (Q) = 0,
then the 2 x 2 minors are binary quadratic forms, and so some linear combination
has rank 1. Therefore, rank ¢ (Q) = 1. If dim TpI" > 1, then our earlier analysis
applies (and in fact gives a contradiction). Otherwise, we may assume

x; O
Yv=|a x|,

B x3

where « and § are linear forms in x5, x3. (The O in the top right has been cleared
by row operations.) Since ax3 — Bx; is a rank-2 quadratic form in x,, x3, we can
make a change of coordinates so that I' = {x;xy = x1x3 = xpx3 = 0}. Then i is
equivalent to the last of the matrices in (9).

For the final statement, we note that the four cases correspond geometrically
to (i) a twisted cubic, (ii) a conic and a line, (iii) three nonconcurrent lines and
(iv) three concurrent lines. In each case, I' spans [P3, and the only singular points
are the points where the components meet. O

Proof of Lemma 7.9. Let P € €4 be a singular point. Moving P to (1:0:0:0:0),
we may assume ¢ takes the form

0 x1 £ a1 B

0 43 ar B
0 a3 B3|,

— 00

0

where ¢;, o; and B; are linear forms in xy, ..., xs5. Let ¥ be the top right 3 x 2
submatrix, and let I C P be the curve defined by its 2 x 2 minors. Since the 2 x 2
minors of i are a subset of the 4 x 4 Pfaffians of ¢, they are linearly independent.
In particular, @3 and B3 cannot both vanish identically. Without loss of generality,
o3 1S nonzero.

Suppose no linear combination of the 2 x 2 minors of ¢ has rank 1. Then by
Lemma 7.10, there is a smooth point Q = (x; : x3 : x4 : x5) on I with a3(Q) # 0.
Solving for x; gives a smooth point (xj :x2:---:x5) on €y. This is a contradiction.
Therefore, some linear combination of the 2 x 2 minors of v has rank 1. It is then
easy to see that ¢ is k-equivalent to a model of the form (5).

By properties (i) and (ii), n and x5 are linearly independent, and y, § and x5 are
linearly independent. However, if 7, y, § and x5 were linearly independent, then
taking them to be x, ..., x5 would give that (0:1:0:0:0) is a smooth point on €.
By row and column operations, we may therefore suppose n = & (= x4, say).
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By property (ii), B, x4 and x5 are linearly independent, and y, x4 and x5 are
linearly independent. By row and column operations (and substitutions for the x;),
we may suppose 8 = x3 and y = xp or x3. If y = x,, then by further row and
column operations (and substitutions for the x;), we may suppose « is a multiple
of x;. The lemma now follows using property (iii). ([

Proof of Theorem 7.7. Since K is Henselian, any smooth point on 6, lifts to a
K-point on €. So we may assume ¢ takes one of the three forms in Lemma 7.9.
In the first two cases, ¢ defines a pair of concurrent lines with multiplicities 2 and 3.
(These cases may be distinguished by the dimension of the tangent space at the
point of intersection.) In the third case, it defines a line with multiplicity 5.

We apply the transformation [Diag(1, 1, 1, 1, # 1), Diag(1, 1, 1, 7, 7)]. This
gives an integral model of the same level. So the reduction must again be k-
equivalent to one of the three models in Lemma 7.9. We tidy up by an Og-
equivalence that cyclically permutes the rows and columns and makes substitutions
for x4 and x5. The reduction ¢ € X5(k) now takes the form

0x4 x5 ¢ B 0 x4 x5 ¢ B 0 x4 x5 B

0 0 X1 X3 0 X1 0 X3 0 X1 X2 X3
0 x» O or 0 x» O or 0 x3 0],

— 00 — 00 — 00

0 0 0

where « and § are linear forms in x1, x3, X3.

In the first case, (0:0:0:1:0) is a point with tangent space of dimension 3,
and 6, contains points not on the line {x; = x, = x3 = 0}. So the transformation
has moved us to the second case.

In the second case, we obtain a contradiction as follows. If &« = x; + Ax> + uxs,
then adding u times the fifth row/column to the third row/column and making
substitutions for x; and x5, we may assume ;. =0. Then (0:0:1:0:0) is a smooth
point on 64. Likewise, if B = x1 + Axy + px3, then subtracting A times the fourth
row/column from the second row/column and making substitutions for x; and x4,
we may assume A =0. Then (0:1:0:0:0) is a smooth point on 64. We are forced
to the conclusion that neither o nor 8 involves x;. But then 64 contains the plane
{x2 = x3 =0}, and by Lemma 7.8, this contradicts that ® is minimal.

In the third case, we show that if the transformation above brings us back to the
third case, then the original model is critical. If 8 = x| + Ax, 4 ux3, then adding
A times the fourth row/column to the third row/column and making substitutions
for x; and x5, we may assume A = 0. Then €4 contains the lines {x; = x, = x3 =0}
and {x; = x3 = x5 = 0}. So if the transformation returns us to third case, then
cannot involve xi. Since €4 does not contain a plane and the 4 x 4 Pfaffians of ¢
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are linearly independent, o must involve x| and 8 must involve x;. It follows by
Definition 7.2 that the original model is Ok -equivalent to a critical model. O

8. Reduction

Let C C P* be a genus-1 normal curve of degree 5 defined over Q. We may
represent it by a nonsingular genus-1 model ® € Xs(Z). Running the algorithm in
Section 3 locally at p for all primes p dividing the discriminant A(®), we obtain
a (D-equivalent model (still with coefficients in Z) whose discriminant is minimal
in absolute value. If C is everywhere locally soluble, then this discriminant is
the minimal discriminant of E = Jac(C). It remains to make a GLs(Z) change of
coordinates on P* so that (after running the LLL algorithm on the space of five
quadrics defining the curve) the coefficients (and not just the invariants) are small.
The general method, described in [Cremona et al. 2010, Section 6], is to run the
LLL algorithm on the Gram matrix for the (unique) Heisenberg invariant inner
product. In this section, we outline how to compute this inner product in the case
n=>3.

We recall that the Heisenberg group is the subgroup of SL5(C) consisting of
matrices M7y that describe the action of T € E[5] on C C P* by translation. For
T # O, we call the five points in P* fixed by M7 a syzygetic 5-tuple. It may be
shown (for example, by adapting the proof of [Fisher 2012, Proposition 4.1] or
using that H L(R, E[5]) is trivial) that ® is SLs(R) x SLs (R)-equivalent to a model
in Hesse form:

0 axg bx; —bxy, —axs
0 axp bxs —bxy

0 axg4 bxo |. (11)
— 0 ax|
0

The invariants of this model are

cq = a®® +228ab + 494450 — 2284°p" + p?°,
c6 = —a>0 +522a% b’ + 10005a%°5'° + 100054'°6*° — 5224°p% — p*°

and A = D3, where D = ab(a'® — 11a°h> — b'0). For a model in Hesse form, the
Heisenberg group is generated by Diag(1, ¢, ..., ¢*), where ¢ is a primitive fifth
root of unity, and a cyclic permutation matrix. Since these matrices are unitary, the
Heisenberg invariant inner product is the standard inner product on R°.

The Hessian, introduced in [Fisher 2012], is an SL5 x SLs-equivariant polyno-
mial map H : X5 — Xs with the property that the Hessian of (11) is of the same
form with a and b replaced by —dD/db and dD/0a.
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Theorem 8.1. Let ® € X5(C) be a nonsingular genus-1 model with invariants c4
and cg. Let A be the 3 x 5 matrix of quadrics such that A® + wH (®) has 4 x 4
Pfaffians

{A2An+ApAy + Az i =1,...,5).

Then % = {rank A < 1} C P* consists of thirty points, and the syzygetic S5-tuples
for @ are the fibres of the map o : ¥ — P? given by the first (or indeed any) column
of A. The image of « is the set of six points (x : y : z) € P? satisfying

0 5x y 6c4x +2
rank [x y 6cyx —z  8cex <2. (12)
y —z 8cex 9cix

Proof. 1t suffices to prove this for ® in Hesse form. Then & is defined by

2 2 2 2 2
XO Xl X2 X3 X4
rank | x1x4 xox2 x1x3 Xox4 xox3 | <1 (13)

X2X3 X3X4 X0X4 X0X| X1X2

and by [Barth et al. 1987, Proposition 1] is a set of thirty points. Evaluating the
columns of (13) at these points, we obtain (1:0:0) and (1:¢":¢~7) fori =0, ..., 4.
These are the points (£ : 1 : v) € P? satisfying

Env O
rank [v € 0 —np | <2. (14)
00n v

The remaining statements follow by direct calculation. In particular, our descrip-
tion (12) of the image of « is checked by making the substitution

X ab b? —a’ 3
y|=|-a@D/da)+b(@®D/3db) —2b(dD/da) —2a(dD/db) | | n
z —(@D/3b)(dD/da) (dD/3a)> —(3D/db)? v

We note that this change of coordinates and the matrix relating the 3 x 3 minors
of (12) and (14) each have determinant a constant times a power of D. U

After computing the Hessian exactly (using the algorithm in [Fisher 2012, Sec-
tion 11]), we use Theorem 8.1 to compute the syzygetic 5-tuples numerically. We
then compute a Gram matrix for the Heisenberg invariant inner product as follows.

Proposition 8.2. Let C C P* be a genus-1 normal curve defined over R.
(1) Exactly two of the syzygetic 5-tuples for C are defined over R, say
Y={yy=0li<j}cP* and Z={zz;=0|i<j}CP*

where vy, ..., ys and 2o, . . ., z4 are linear forms in C[xo, ..., X4].
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(i) One of the 5-tuples in (i) has 5 real points, and the other has 1 real point. We
may therefore arrange that yy, . .., ya and 7o have real coefficients and that
the pairs z1, z4 and 73, 3 are complex conjugates.

(iii) The Heisenberg invariant quadratic form spans the 1-dimensional real vector

space

(Vs -+ ¥3) N (25, 2124, 2223).

Proof. For C in Hesse form, we may take y; = x; and z; = ijo ¢Yx;. In this
case, the Heisenberg invariant quadratic form is xg 4+ 4 xf. (Il
9. Examples

Wauthrich [2001] constructed an element of order 5 in the Tate—Shafarevich group
of the elliptic curve E/Q with Weierstrass equation

Y24 xy+y =x> + x> —3146x 4 39049.
His example (see also [Fisher 2008, Section 9]) is defined by the 4 x 4 Pfaffians of

0 310x; +3x, +162x5 —34x; — S5x5 — 14xs5 10x; +28x4 + 16x5 80x; — 32x4

0 6x1 + 3x2 + 2x5 —6x1 4+ Tx3 —4x4 —14x, —8x3
0 —X3 2x>
— 0 —4x,
0

This model has discriminant 2'32A ¢, where A is the minimal discriminant of E.
In other words, the model is minimal at all primes except p = 2, where the level
is 11. Minimisation and reduction suggest the change of coordinates

X1 0 4 -8 4 8 X1
b 0 0 0 0 16 b
x31«< 10 —4 4 0 12 X3
X4 4 5 —-15 2 7 X4
X5 4 —12 20 —12 -8 X5

so that Wuthrich’s example simplifies to

0 xp+ x5 —Xs5 —Xx1+x7 X4
0 xo—x3+x4 X1 +x2+X3—X4—X5 X|—X2—X3—X4—X5
b= 0 X1 — X2 +2x3— X4 — X5 —X3 — X4+ X5
— 0 —X3—X4—2)C5
0

Our Magma function DoubleGenusOneModel, described in [Fisher 2013], computes
a genus-1 model @' that represents twice the class of @ in the 5-Selmer group. This
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model has entries
CIJ’I2 =3534132778x;+3583651940x,—881947110x3—323014538x4+3395115339x5,

@3 =5079379222x,—2965539950x,+11022202860x3+12821590868x4+64027647 1 x5,
@', = —10098238458x; —1274966110x,—7873816170x3—3456923272x4—62353929x5,

@5 =—12929747724x,—6790511810x,—11113305270x3—15161763156x4
43241937033 x5,

@)y = —3381247332x,+3810679160x,+5919634530x3+75326852x4— 12450854265,
@), = —3572860258x; —5569480730x2—953739600x3 —2138046812x, —858145244 x5,
D) = —4674149266x1 —943631490x,—6754488160x3+751535046x4+117685567 x5,
@, = —1851228934x,+5238146110x,—165588410x3—2070411506x4+678105748xs,
@’y = —6992835070x; —3744630360x,+3130208220x3—4523781310x4+433739425xs5,
@)y =780078472x;+2039763820x, —450062790x3—7105731722x4+1625466111x5.

The discriminant of @’ is A‘};. In particular, this model is nonminimal at all bad
primes of E. Minimisation and reduction suggest the change of coordinates

X1 92 =36 —153 129 -131 X1
X2 —54 84 5 =206 139 X2
x3| <« | —-63 -174 —-60 —-79 53 X3
X4 —111 106 206 —115 —162 | | x4
X5 314 —466 158 —328 —12 X5

so that @’ simplifies to

0 —x4+x5 X3—X4+X5 Xp—X5 X|—Xp+XxX3—X4—2X5

0 X1+ X5 —X2 — X3 —X2 + X5
0 X4 —X1
— 0 X1+ x4 —X5
0

See also [Creutz and Miller 2012, Section 7.4] for an example where our algo-
rithms are used to help find a Mordell-Weil generator of large height.
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On binary cyclotomic polynomials
Etienne Fouvry

We study the number of nonzero coefficients of cyclotomic polynomials ®,,,
where m is the product of two distinct primes.

1. Presentation of the results

Let m > 1 be an integer, and let ®,, be the cyclotomic polynomial defined by

m
Ou(X) =[] (X —exp@mij/m)).
j=1
(,m=1
This monic polynomial belongs to Z[X], and its degree is equal to ¢ (m), the Euler
function of the integer m. Let 6 (m) be the number of nonzero coefficients of ®,,.
Of course, 0(m) satisfies the trivial inequalities

2<60(m) <¢@@m)+1,

which are optimal when one considers the case m = 1 or m = p, a prime number.
In these cases, all of the coefficients of ®,, are equal to 1.

We reserve the letters p and g for prime numbers. We call an integer m binary
if it is of the form m = pgq, with p and ¢ distinct. Let B = {6, 10, 14, 15, 21, ...}
be the set of binary integers. For m € %, we say that the associated cyclotomic
polynomial ®,, is binary. The coefficients of the binary cyclotomic polynomial
®,, are equal to 0, 1 or —1. Furthermore, in that particular case, the function 6 (m)
has an explicit expression in terms of p and g that can be exploited by analytic
number theory. More precisely:

Proposition A. Let m = pq be a binary integer with p # q. Then we have
0(m) =2pgqp—1, ey
where p, is the unique integer satisfying
pgp=1lmodg and 1=<p,<gq
and q , is defined similarly.

MSC2010: primary 11N13; secondary 11L.20, 11C08, 11N36, 11L07, 11NO5.
Keywords: cyclotomic polynomials, exponential sums, sieves.
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For a proof of this basic result, see [Carlitz 1966, Theorem; Bzdgga 2012], and
for an interesting characterization of the nonzero coefficients of ®,,, see [Lam and
Leung 1996] for instance.

Recently Bzdgga [2012] started the study of the distribution function of the map

meRB— 60(m).

Let us review his results. Let y and x be real numbers satisfying 0 < y < % and
x > 6, and let H), (x) be the counting function

H,(x):=#{m:meB,m<x,00m) <m>*} )

(because of the inequality (12) below, it is useless to study H, for y < 0). With
these conventions, Bzdgga [2012, Theorem] proved the following:

Theorem A. Forevery0 <y < % and every € > 0, there exist C(y), c(e,y) >0
and xo = xo(€, y) such that for x > xg one has the inequalities

cle, y)x2t7 e < H,(x) < C(y)xzt. 3)

The idea of Bzdega is to relate the integers m = pg contributing to H,, (x) to the
solutions of the equations

tg —np =1, “

where ¢ and n are integers satisfying some inequalities depending on p, g and y.
Write + = np. By (4) and by ingenious considerations, he is led to counting
integers ¢ such that ¢ and 7 + 1 both have a large prime factor. Appealing to a deep
result of Hildebrand [1985] on p-stable subsets of integers, Bzdgga deduces the
inequalities (3).

Our plan is to study (4) in the context of prime number theory and to get three
different types of results according to the size of . These results suggest that this
investigation becomes more and more intricate as y decreases to 0. The first result
gives an asymptotic formula when y is large. Its proof is mainly based on bounds
for Kloosterman—Ramanujan sums over primes (see Lemmas 2 and 3 below) and
on the Bombieri—Vinogradov theorem (see Lemma 5).

Theorem 1. For(0 <y < %, let

2 142
CO) =137, loe 1—2;

&)

Then for every yy > 0, uniformly for y satisfying % +w <y =< % — Y0, we have

X2ty

log x

H, (x) ~ C(y)

as x — OQ.
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The second result produces a universal upper bound for H, (x) and is a rather
direct consequence of the two-dimensional sieve (see Lemma 4).

Theorem 2. For every yy > 0, there exists C T (yy) such that, for every y satisfying
VWy=< % — Yo and for every x > 6, the following inequality holds:

X2ty

<t
Hy (1) = CT 00~
The last result is a lower bound when y is large enough. Judging by the tools
involved, it is certainly the deepest of our three results (see Lemma 7).

Theorem 3. For every yy > 0, there exist C~ (yp) > 0 and x (yp) such that, for every
y satisfying % +Yw=y= % — yo and for every x > x(yp), the following inequality
holds:

X2ty

Hy,(x) = C™ (v0) logx "

When y = %, H,, (x) counts the number of binary integers less than x, and this

number is asymptotic to x (loglog x)(log x)~!. This explains why the asymptotic

formula in Theorem 1 cannot be uniform for y < % Finally, we postpone to

Section 7 a discussion on a conjectural value of H,, (x).

2. Tools

2.1. Notation.
o We reserve the letters p and ¢ for distinct prime numbers. For brevity, we
replace the symbols p, and g, (defined in Proposition A) by p and g.
o For x > 1, ¥ denotes log 2x, and & :== 1+ £~

e For N > 1, the notation n ~ N and n & N respectively replaces the conditions
N<n<2Nand N <n <é&N.

e For N > 1, the notation n < N means that n satisfies c;N < n < ¢, N, where
0 < ¢ < ¢y are absolute constants that are useless to specify.

e For x > 1, w(x) is the number of primes less than x.

« For integers r and s, 7 (x; r, s) is the number of ps less than x and congruent
to s modulo r.

« For a real number ¢, e(¢) is the additive character exp(2mit).

o The number of positive divisors of the integer n is denoted by 7 (n).
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2.2. Trigonometric sums. To detect the oscillations of the fractional part of the
quotient g/ p, we shall appeal to the following well known lemma of Vinogradov,
which is stated in different ways in the literature:

Lemma 1 [Vinogradov 1954, Lemma 12, page 32]. Let r > 1 be an integer, and
let B and A be real numbers satisfying 0 < A < B8/2 < 1/4. Then there exist two
functions Y* with period 1 satisfying

Yy =1 for0<t =<8,

0<yT (=<1 for—A<t=<0orp=t=<p+A, (6)
Y1) =0, ift (mod1) ¢[—A, B+ Al

v =1 Jor A<t <p—A,

0<y~(1)<1 forO<t<Aorp—A=<t=<8p, (7
Y () =0, ift (mod 1) ¢ [0, B,

and
0

wi(t)z Z cniqe(mt) for every real t. (8)

m=—00

The coefficients c,jn: satisfy the equalities c(j)E = B & A and the inequalities

Ic*| §2min{,3j:A, 1 ( r )} m#£0.
mn wlm|’ wim|\mw|m|A
2.3. Kloosterman—Ramanujan sums over primes. For real y > x > 1 and for a a
nonzero integer, we introduce the following trigonometric sum over primes:

Spla; x,y) = Z e(a%). )

x<q<y

This sum differs from a classical Kloosterman—Ramanujan sum by the fact that the
summation is restricted to prime values. We will benefit from oscillations of the
function ¢ — e(a(g/p)) under the form of the two following lemmas extracted
from [Fouvry and Shparlinski 2011]. The proofs of these two lemmas are based on
the method of Garaev [2010]. For more general results on sums of this type, see
[Fouvry and Michel 1998].

The first of these two lemmas considers the case where p is small compared
with x and y.

Lemma 2 [Fouvry and Shparlinski 2011, Theorem 3.2]. The bound
Spla; x,y) K pTIxSLE A pixip:

holds uniformly for every prime p > 2, for every integer a not divisible by p and
foreveryl <x <y <2x.
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This bound is interesting for p < x5 only. We will have to deal with sums
Sp(a; x,y) for p slightly less than x. Still based on the method of Garaev, we
have the following average bound of this sum, which is Theorem 3.3 of [Fouvry
and Shparlinski 2011] for the choices x, = x and x;, = 2x; the extension to the
statement given is straightforward.

Lemma 3. For every € > 0, the inequality

3B s o3
Z max |Sp(a;xp,x;))’<<e (x3P10 +x6P1)Pe
pNP(a,p)zl

holds uniformly for P> > x > 1 and for any sequences of integers (x,) p~p and
(x1,) p~p satisfying x < x, < x/, < 2x.

2.4. The two-dimensional sieve. The following lemma can be obtained by Brun’s
sieve and will be used in the proof of Theorem 2 since it produces an upper bound
for the number of solutions to (4) with a large uniformity over ¢ and n:

Lemma 4 [Friedlander and Iwaniec 2010, Proposition 6.22]. Let a, b and h be
positive integers satisfying

(a,b) =(ab,h) =1 and 2|abh.

Let Nypp(x, 2) be the number of pairs of positive integers m and n satisfying am < x,
(mn, h) =1, am + h = bn and mn has no prime factors less than z. Then, for 7 > 2
and

x > t(h)abz(log 2)*, (10)

we have the inequality

hx

-2
2(abh) (logz)™7,

Napn(x, 2) K

where the implied constant is absolute.

2.5. The Bombieri-Vinogradov theorem. We now recall this cornerstone of cur-
rent analytic number theory. It gives the average behavior of the function 7 (x; r, s)
and replaces the assumption of the Generalized Riemann Hypothesis for Dirichlet
L-functions in many applications. Among the numerous possible references, we
give here the version in [Iwaniec and Kowalski 2004, Theorem 17.1, (17.24)].

Lemma S. For every A > 0, there exists C(A) such that, for every x > 1 and for
R:= x%EB*ZA*G, one has the inequality

T (x)

—A-1
0 < C(A)xP A1,

E max )n(x; r,s)—
(s,r)=1
r<R
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2.6. A variant of the Brun—Titchmarsh theorem. The proof of Theorem 3 heavily
depends on lower bounds for the function 7 (x; r, s) in cases that are not covered
by Lemma 5, which means r is larger than x 2. We first recall the original statement
of Mikawa [2001, Theorem)].

Lemma 6. Let L > % and A, B > 0 be given. Let s be an integer and R be
large with 0 < |s| < (log R)8. Then, except possibly for O(R(log R)™*) integers r
satisfying (r,s) =1 and r ~ R, we have

inf(p:p=smodr} < rk,
where the implied constants depend only on A, B and L.

This result can be interpreted as an average version of Linnik’s famous theorem
concerning the least prime in an arithmetic progression. Actually, Mikawa’s proof
gives more. For instance, it instantly gives a lower bound with the correct order of
magnitude for the function 7 (rl; r, s) for almost all r as above. Due to the value
of L, this result can be viewed as a lower bound of the function 7 (x; r, s) for almost
all r coprime with s and slightly larger than /x. As far as we know, the first result of
that type was due to Rousselet [1988] following techniques of Fouvry [1985], who
was dealing with upper bounds of the function 7 (x; r, s) (Brun—Titchmarsh theorem
on average). The problem of giving both upper and lower bounds for 7 (x; r, 5)
for almost r in the interval [x%, x%“s], where § is a small positive constant, was
then treated in several remarkable papers [Bombieri et al. 1987; 1989; Baker and
Harman 1996].

We give an improved version of Lemma 6 where we count primes in the interval
]x, 2x] with some uniformity over the congruence class s mod r (as above, s is
the multiplicative inverse of s mod r). Such a generalization is necessary for our
application and is possible by the structure of the proof of Lemma 6 based on
bounds for Kloosterman sums on average (see [Habsieger and Sivak-Fischler 2010,
Theorem 1.5] for another reference where this extension is made).

Lemma 7. For every K < %, there exist ag > 0, Bx > 0 and xg such that for

every x > xg, every R satisfying 2 < R < xX and every s such that 1 < |s| < xPx,
the inequality

_ _ X
2 . — N > R
a7(2x;r,§) n(x’r’s)_aKga(r)logx’

holds for every r ~ R coprime with s with at most R(log R)~? exceptions.

Remark. Of course, in this lemma, we can suppose that the functions K +— ak
and K +— Bk are decreasing and K +— xg is increasing.
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3. Basic transformations

3.1. Properties of the function 0. We first write the expression of 8(pg) given
by Proposition A in an asymmetrical way. Actually, Bézout’s identity and the
inequalities 1 < p < g and 1 < g < p lead to the equality

pp+qq=1+pq,
which transforms (1) into

_ L
0(pq) =2 -1(1+———)—1. 11)
Pq) =2pq » q p (

Now suppose that p < g. From the trivial inequalities

<1-1

4
and from the properties of the function t — ¢((1 4+ 1/pg) —t), we deduce

1
— <
P

<Rl

0(pq) = q > (pq)?, (12)

which implies that H, (x) =0 for y <0.
We now want to translate in an efficient manner the inequality

0(pq) < (pg)=™" .

In order to control uniformity aspects, we will frequently assume that we have

— Y0 (13)

BN —

YW=y =

where yy is a fixed positive number.
For t > T'(yp), let 0 < 6y(¢) <1 —6;1(¢) < 1 be the solutions of the polynomial
equation of degree 2 in the unknown X

2x(1+ % —X)—1=137,
For simplicity, we omit in the sequel the dependency on the parameter y .

Lemma 8. We suppose that (13) holds. Let m = pq be a binary integer with p < q
and m > T (yg). Then

O(m) <mt’ = 0<%§90(m) 0r1—91(m)§%< 1. (14)

The functions t — 0y(t), 0,(t) are decreasing for t > T (), are of €*°-class and

satisfy
= 2y-1
bo(0), 61() = ">+ 0,

where the implied constant depends on yy only.
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Proof. The proof of (14) is easy; it is only a transcription of (11). Finally, the
asymptotic behaviors of the functions 6; () are consequences of the exact formula

13 (141 a2
2 .

Oo(t), 1 —=61(t) = (]

3.2. Decomposition of H,(x). We always suppose that (13) is true. Let T (o) be
defined as in Lemma 8. We use (14) to split the set contributing to H,, (x)

{(P.@):p<q.TOW) < pg <x.6(pq) < (p)*™" }

into two disjoint subsets corresponding to 0 < g /p <6p(pgq) or 1-601(pq) <q/p < 1.
Let H](/) (x) and H}} (x) be the corresponding cardinalities, which give the equality

H,y (x) = H)(x) + H, (x) + O(T (y0)). (15)

We shall concentrate our study on the case of H)(/) (x) since the case of H)l (x) is
quite similar because the functions 6y and 6; play the same role (see Lemma 8).

To control the order of magnitude of the variables p and ¢, we consider, for
P, O > 2 such that PQ > T (yp), the counting functions

Ry(P.Q)i=#{(p.@)ip<q.pg=x.p~Pg~0.0<T =00} (16
where
B¢ =6p(P Q). a7
Since the function 6y is decreasing, we obtain the inequality
H)(x) <Y Y Ry(P, Q), (18)
P Q

where the sum is over pairs (P, Q), where P and Q are of the form 2 - & k for
k=0,1,2,... and satisfy the inequalities

T(p)=PQ=x and P=<§Q. (19)
Finally note that (12) implies that we can even restrict the summation to the cases
4PQ)*Y = Q (20)

since otherwise R, (P, Q) = 0. Combining (19) and (20), we deduce that P and Q
satisfy the inequalities

1-2
P<£Q and Q™ <P <xQ~' withkg=4 1% 1)



On binary cyclotomic polynomials 1215

The inequality (18) can be easily transformed into a lower bound on HJ(/) (x) if
one replaces ®g by O with @, := 0p(€2P Q) in the definition (16) of R, (P, Q).
We note that

) — B = 0(0L™), (22)

as a result of Lemma 8 and the fineness of the cutting of the sum H}(,) (x) (see (18)).

4. Proof of Theorem 1

The first purpose of this section is to prove the following:
Proposition 1. Let yy > 0. Then uniformly for y satisfying
BHNsSy=5-w (23)
and for (P, Q) satisfying the conditions (21), one has the equality
R,(P,Q)=1(PQ) 2(1+ 0(58—1»( > 1) +OET L0+ 0(QE ).
p=P q=Q
Pq=x P<q
Our proof depends on the size of P compared with Q.
4.1. When P is small. Let €(p, ©¢) denote the set of congruence classes s mod p

such that 0 < 5/p < ®g. Of course, s is the multiplicative inverse of s mod p. By
the definition (17) and by Lemma 8, its cardinality satisfies

1 —1\y pAit -1
#€(p,B0) =G+ O0E ))PTVQOY 24+ 0(1). (24)
Let
yp :=max(Q, p) and z,:=min(¢Q,x/p). (25)
With this definition, we have the equality
Ry(P,O)= )" > (w(zpip.s)—=7(ypip.s)). (26)
prP s€€(p,©0)
ypfzp

For (P, Q) satisfying (21), the trivial estimate
((zps P ) —7(yp: p.5)) < Q/p+1<KQ/p
inserted in (26) gives the bound
R,(P.Q) < (PQ)™ + 0 < (PQ)™ (27)
by (20). Hence, for the proof of Proposition 1, we may add the extra condition

PQ>x$12. (28)
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The equalities (24) and (26) and Lemma 5 allow us to improve (27) by

R,(P, Q) =[(A+0(& )P Q"2 + 0(1)] (Z y ( )
oS A0
pq<x p=<q
+O((PQ) L0 +0(QL ) (29)
provided
P<Qrg 100 (30)

The contribution of the O(1)-term to the right-hand side of (29) is bounded by
Q<%~*, up to a multiplicative constant. Recalling the restriction (28), we see that
the proof of Proposition 1 is complete in the particular case

P <xig 1 31)
4.2. Medium values of P. We apply Lemma 1 with the choices
B=0) A=0.%3 r=4
We then have the inequalities

> Y v (%) < Ry(p. Q)<ZZW( 7). (32)

pRP gq=Q prP q=Q
Pg<x P<q Pg<x p<q

We only study the upper bound of R, (P, Q) in (32). We recall the definitions (9)
and (25). We apply Lemma 1 (in a slightly weaker form) and decompose the sums
according to the values of m and whether p and m are coprime. This gives

PRYC)

pP g0
Pg=x P<q
<B+M Y Y1
p~P q~Q
pg<x p<q

1 256
2y X ot T e

PP 1<im|<A!

pim ptm
2 256 ‘
+ Z 7r|m|+ Z W}‘Sp(m,yp,zp)‘. (33)
1<m|<A™! | > A1

It remains to apply Lemma 2 when p {m, or the trivial inequality |, | < Q otherwise,
and to sum over m to obtain the inequality
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IIDACEEINDIPIE

pRP g0 pRP g0
Pg<x p<q pq<x p<q
+ O(Z{<$+ 1><p—5Q+piQ‘s‘>582+(p—ls£+p—1>Q}). (34)
p~P

Using the upper bound ) pap 1 Ky P$£72, we see that the error term satisfies

error term <y, (P% o0+ pi Qg)i’. (35)
By Lemma 8 and (28), we have the equality
O =3(PQ) 2+ 0((PO¥ ) =3(PQY 1(1+ 027,
which, combined with (32), (34) and (35) gives the inequality
R, (P, Q)
=LPoyr(+o@ 3))(2 > ) +0((P2Q+PiQH)¥). (36)
pP qxQ
pPg=x p<4q

Recalling the restrictions (21), we see that (36) implies Proposition 1 as soon as P
satisfies the inequalities

P>xI"7P¥ and P <x37igTl6 (37)

4.3. Large values of P. Actually, in (33) we may benefit from the summation over
p &~ P by appealing to Lemma 3 instead of Lemma 2. By the same technique as in
Section 4.2, we arrive at the equality

Ry (P, Q) =0y(1+ O£~ 3))(2 > ) (((PH Q5+ PEQO)x) (38)
pRP q=Q
pPq=x p<q
provided 3 > (Q and € is an arbitrary positive number. Hence, by (21) and (28),
we see that (38) implies Proposition 1 as soon as P satisfies the extra conditions

0

5 P<x777772% and P <x¥i% (39)

P > x5,
Suppose now that y satisfies (23) and that P satisfies 1 < P < 2,/x. Then we
see that P satisfies at least one of the sets of conditions (31), (37) or (39). This
completes the proof of Proposition 1. U
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4.4. Conclusion of the proof of Theorem 1. We insert the expansion of R, (P, Q)
given in Proposition 1 in the right-hand side of (18) and sum over (P, Q) satisfying
(21). Recall that the numbers P and Q are of the shape 2 - €. We first consider the
contribution of the term O(Q% ™). By (21), this contribution satisfies

0(QEHterm< LY 0 > 1
o

1-2y
koQ 12y <P<xQ~!

<3 3 Q(log(%oQ_szy>+l)

0=(£)2"

<<:£—3{ > Q%L +log ¥ > Q}
QS(KLO)%-H/D(E_I (%)%+y2_lfgf(%)%+y
< x2r g,
Since the number of (P, Q) satisfying (21) is O (%), the contribution of the

term O(x%+7”§£_6) (coming from Proposition 1) is O(x%+7”§£_2). From the above
considerations, we deduce the inequality

H)(x) <(2+0(1))ZZ(PQ)V‘<Z Z >+0(x%+ys£—2>,

pxP gx
pg=x I’<‘1

where P and Q satisfy (21). We now want to drop the dissection parameters P and Q.
1 1

To do so, we remark that (P Q)Y "2 = (1+0(1))(pg)Y "2 for p~ P and g =~ Q.

We gather the rectangles of summation | P, & P] x ]Q, & Q] to deduce the inequality

H)(x) < <%+o(1))(22(pq>y—%> + O e, (40)

p<q=x/p
By the prime number theorem, we have

1

1 x27Y yy_% xy~! Zy_%
ZZ(pq) 2~f1 logydy/3 logde (x — 00).

2
p<q=x/p .

Write y := x* and z := x" to deduce
Y u(y+d) I—u  vy+3)
Y=1 ~ X r o2
S e [T
P<q=x/p Tog x

1Y+ LA=0+D
1 u (1—u)(y+§)logx

(41)
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where C(y) is defined in (5).
The study of H)} (x) defined in (15) is similar to the study of HS (x). Combining
(15), (40) and (41), we finally arrive at the inequality
x%+7

log2x”

Hy(x) < (I+0(1)C(y) (42)
To produce a lower bound for H)(,) (x), we follow the idea presented at the end of
Section 3.2, which consists of replacing the constant ®¢ by @, in the definition of
R, (P, Q). By (22), we also obtain the inequalities

Cly) x%7
2 log2x

Hy(x), Hy (x) = (1= o(1))

as x tends to infinity. Summing these two inequalities, we arrive at

H, (0= (1 — o(1)C £
Combining with (42), this completes the proof of Theorem 1. U

5. Proof of Theorem 2

We still suppose that (13) is satisfied and that P Q is large enough, which means
P QO > T(y), where T (yp) is defined in Lemma 8. Since we are searching for an
upper bound, it is useless to work with a very thin cutting up as in (16). So let

(P Q) =#{(p.):p~P.g~0.p<q.0<T <0} 43)

S,(P. Q) :=#{ (P.q9):p~P,qg~0,p<q,1-0;< % <1 } (44)
where Q) is still defined by (17) and ®; = 6;(P Q). We then have the inequality

Hy() <) D Sy (PO +) ) S(P.OY+ 0T (). (45
(P,0) (P,0)
where P and Q are powers of 2 and satisfy P <20 and T'(yp) < PQ <x. We will
focus our study on the case of Sg (P, 0).
Define
L:=PrtiQrr. (46)

If (p, q) contributes to Sg (P, Q), then we have the equality (4) for some ¢ satisfying
1 < £ « L. Hence, we have the inequality

SYP, Q)< Y > Ft,n, P, 0Q), (47)
I<€kLn=tQ/P
where
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« the constants implicit in the symbols < and =< depend on y; only and

o F(¢,n, P, Q) is the number of solutions of the equation £g —np =1 in primes
p~ Pandg~ Q.

By Lemma 4, we have the inequality

F(t.n, P.O) <<% log™2 (48)

provided z < P > and ¢ Q > fnzlog* z. By the order of magnitude of the parameters,
this last condition reduces to

P>z log4 Z.
However, since we have ¢ < L, this inequality is satisfied as soon as
1
(PQ)77 > 2%
Y

Choose 7z := (P Q)é_? With this choice of z inserted in (48) and by (47), we
obtain the inequality

0
S, (P, Q) <<V0 Z(PQ) Z Z go(ﬁn) @

1<t<L n=tQ/P

Recall the inequality ¢(€n) > ¢(£)¢(n) and the bound ), _, ¢~ (1) < 1, which is
uniform in 7 > 1. Then summing over £ and n in (49), we deduce the inequality
SO(P, Q) <y LQlog 2(PQ) <y, (PQ)"*2log (P Q).

This bound also holds for S}E(P, Q). Inserting this bound in (45) and summing
over (P, Q) such that P Q < x, we conclude the proof of Theorem 2. O

6. Proof of Theorem 3

We now suppose that

wTwsy =<3
since the case where y takes large values is covered by Theorem 1. Define also
17—49yy
32—4y

To deal with the lower bound of H,, (x), we consider

Ko = (<.

-

T)(P,Q):=#{(p.q): p~P.q~0.0<L <0} (50)

“5 |>Q|

with
®f = 60(4P Q).
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where 6 is defined in Lemma 8. We have the inequality
Hy(x) > H)(x) = Y " Y T)(P, Q), (51)
P Q0
where H}(,) (x) is defined in (15) and the sum is over the pairs (P, Q) of the form
(2%, 2%) with
P<Q®™,  x/1I6<PQ<x/4, P<Q/2 and 1<L<Q, (52)

where L is defined in (46) and Bk is the constant introduced in Lemma 7. If the
triple (¢, p,q) issuchthat 1 <¢ K L, p~ P and g ~ Q and satisfies £g —np =1
for some integer n, then it contributes to T}E)(P, Q). This leads to the inequality

TP, Q)= ) Y (720;p,0)—7(Q; p. D).
p~P 1<tKL

Thanks to (52), we can apply Lemma 7, giving

0 0 _ P_ . @
T, (P, Q)ZaKOI;JL'QO(P)IogZQ 0(10g22P L PlogZQ)’

which simplifies into

0 oKy, LO
L, (P.0) = 2 log2Plog2Q (53)

for x > x¢ and (P, Q) satisfying (52).
In terms of P, the conditions (52) and L > 1 reduce to

K
P« xﬁ and x%—)’ <P <<x(%+.31<0—)/)/(1+/31<0)‘ (54)

The definition of Ky implies the inequality

()2 - ()
vk, 3 77) =215k, o= 1)>nl
Combining with the inequality Bk, > 0, we see that there are >, & values of P
of the form P = 2 satisfying (54). Since we also have x/(16P) < Q < x/(4P),

we deduce that there are >, & pairs (P, Q) satisfying (52). It remains to insert
the lower bound (53) in (51) and to sum over the suitable (P, Q) to deduce

H](/)(x) > xrtrel
This completes the proof of Theorem 3. O

Remark. Not using Lemma 7 but only Lemma 5, one proves Theorem 3 but under
the more restrictive condition % +1r=y=<l-—-mw.
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7. A conjectural formula
One may conjecture that for every yy > 0, one has

1
x2t

Hy () ~ COY o

(35)

as x — oo uniformly under the condition (13). This conjecture, if true, would
be an important extension of Theorem 1. However, (55) is a consequence of the
Elliott—Halberstam Conjecture (see [Friedlander and Iwaniec 2010, page 406] for
instance).

Conjecture 1. For any € > 0 and any A > 0, one has

T(Xx)| _

= O a(xE™). (56)
@(r)

Z max )JT(X; r,s)—
i (s,r)=1

This conjecture can be interpreted as a considerable improvement of Lemma 5
since it gives the average behavior of the function 7 (x; r, s) for almost all r < x 1-¢

We now give some indications on how to deduce (55) from Conjecture 1. First of
all, one applies the formula (56) to evaluate R, (P, Q) as written in (26). This shows
that (29) is true uniformly for P < Qx~¢ (compare with (30)). Summing over all
these (P, Q), we see that their contribution to H,, (x) is ~ (C(y) — O(e))x%ﬂ”éﬁ_l
by a computation analogous to (41) and (42) with uniformity given by (13).

For the remaining (P, Q) (those that satisfy Qx~¢ < P <& - Q), we apply the
two-dimensional sieve as in Section 5. Then one shows that their contribution to
H,(x)is Oy (ex%“’ %~1). Summing up these two contributions and letting € tend
to 0, we get (55).
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Local and global canonical height functions
for affine space regular automorphisms

Shu Kawaguchi

In memory of Professor Masaki Maruyama

Let f: AV — AN be a regular polynomial automorphism defined over a number
field K. For each place v of K, we construct the v-adic Green functions G,
and G ;-1 , (i.e., the v-adic canonical height functions) for f and f —!. Next
we introduce for f the notion of good reduction at v, and using this notion, we
show that the sum of v-adic Green functions over all v gives rise to a canonical
height function for f that satisfies a Northcott-type finiteness property. Using an
earlier result, we recover results on arithmetic properties of f-periodic points and
non- f-periodic points. We also obtain an estimate of growth of heights under f
and f~!, which was independently obtained by Lee by a different method.

Introduction

Height functions are one of the basic tools in diophantine geometry. On abelian
varieties defined over a number field, there exist Néron—Tate canonical height
functions that behave well relative to the n-th power map. Tate’s elegant construction
is via a global method using a relation of an ample divisor relative to the n-th power
map. Néron’s construction is via a local method and gives deeper properties of the
canonical height functions. Both constructions are useful in studying arithmetic
properties of abelian varieties.

In [Kawaguchi 2006], we showed the existence of canonical height functions
for affine plane polynomial automorphisms of dynamical degree at least 2. Our
construction was via a global method using the effectiveness of a certain divisor
on a certain rational surface. In this paper, we use a local method to construct a
canonical height function for affine space regular automorphisms f : AY — AV,
which coincides with the one in [Kawaguchi 2006] when N = 2. We note that
arithmetic properties of polynomial automorphisms over number fields have been

Supported in part by MEXT Grant-in-Aid for Young Scientists (B) 21740018.
MSC2010: primary 37P30; secondary 11G50, 37P05, 37P20.
Keywords: canonical height, local canonical height, regular polynomial automorphism.
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studied, for example, by Silverman [1994], Denis [1995], Marcello [2000; 2003],
and the author [Kawaguchi 2006].

We recall the definition of regular polynomial automorphisms. Let f: AN — AN
be a polynomial automorphism of degree d > 2 defined over a field, and let
f PN ——5 PV denote its birational extension to PN. We write f~! for the inverse
of f,d_ for the degree of f~!, and f~! for its birational extension to PV . Then
S 1s said to be regular if the intersection of the set of indeterminacy of f and
that of f~! is empty over an algebraic closure of the field (see Definition 2.1 and
Remark 2.2). Over C, dynamical properties of affine space regular polynomial
automorphisms f are deeply studied, in which the Green function for f plays a
pivotal role; see [Sibony 1999, §2].

In Sections 1 and 2, we construct a Green function (a local canonical height
function) for f over an algebraically closed field 2 with nontrivial nonarchimedean
absolute value | - |. For x = (x1, ..., xy) € QV, we set ||x| = maxi<;<y{|x;|}. Our
results are put together as follows.

Theorem A (see Proposition 1.1, Lemma 1.3, and Theorem 2.3). Let f ‘AN 5 AN
be a regular polynomial automorphism of degree d > 2 defined over Q2.

(1) Forall x € AN(Q), the limits

m 1 log max{|| f " (x)|l, 1}

. 1 n .
lim — logmax{]| f"(x)||,1} and n£+oo 7"

n——+oo d"

exist and are nonnegative. We respectively write G r(x) > 0 and G y-1(x) > 0
for the limits, which we call Green functions for f and f~'. They satisfy the
Junctional equations G ¢(f (x)) =dG ¢(x) and G - (f~'(x) = d_G ¢-1(x).

(2) There are constants cy, ¢ -1 € R such that, on AN (Q),

G () =logmax{l| - ||, 1} +cy,
G g1 (+) <logmax{] - ||, 1} +c -
(3) There are subsets V™ and V— of AN (Q) with VUV~ =AN(Q) and constants
¢t, ¢ € R such that
Gys(-) >logmax{||- ||, 1} +c* on V™,
Gs-(-) =logmax{|- ||, 1} +¢c~ on V™.

Over C, Green functions are constructed using compactness arguments [Sibony
1999, §2]. Here we use more algebraic arguments based on Hilbert’s Nullstellensatz.
Our construction of V* and ¢¥ is rather delicate with a choice of two parameters &
and §, which behaves well when we work over number fields in Sections 6 and 7. We

note that over C, our construction gives a different proof of the existence of Green
functions with more explicit estimates (see Section 5). In Section 3, we continue
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to study some basic properties of regular polynomial automorphisms f over €2,
characterizing the set of the points with unbounded orbit by G s and showing a
filtration property for f.

Now we turn our attention to number fields. Let f : AY — A be a polynomial
automorphism defined over a number field K. For each place v of K, let K,
denote the completion of K with respect to v and K, an algebraic closure of K.
Then f induces a regular polynomial automorphism over K, so we have Green
functions G s, and G ;-1 ,, and estimates with ¢y, ¢ -1 ,,, and ¢t as in Theorem A.
(Here we use the suffix v to indicate that we work over K ,. See Section 5 when v
is archimedean.)

We want to define the canonical height functions fz? and fz; for f as the sum
of Gfy and G f-1,, Over all the places v of K. To this end, we introduce the
notion of good reduction at a nonarchimedean place v of K. Let R, denote the
ring of integers of K, and k, the residue field. Recall that the notion of good
reduction for an endomorphism ¢ of P! over K, is introduced in [Morton and
Silverman 1994], which means that ¢ extends to a morphism over R, and the
induced morphism @ over k, has the same degree as ¢. Here we say that a regular
polynomial automorphism f : AN — AN has good reduction at v if f extends to
an automorphism over R, and the induced morphism f over k, is again a regular
polynomial automorphism such that the degrees of f and f~! are the same as the
degrees of f and f~!, respectively (see Definition 4.1 for the precise definition).

Using the notion of good reduction, we show the existence of canonical height
functions. Let & : AY (K) — R denote the usual logarithmic Weil height function.

Theorem B (see Proposition 6.2 and Theorem 6.3). Let f : AN — AN be a regular

polynomial automorphism of degree d > 2 over a number field K. Let d_ > 2 denote
the degree of f~\.

(1) Then f has good reduction at v except for finitely many places. Further, if this
is the case, we can take the constants ¢y, = c oy = cvi =0 in Theorem A, so

Gy(-)=logmax{||-|[,1} on VT,
G p-1(-) =logmax{| - |, 1} onV~.

(2) Forall x € AN(K), the limits
it = lim —Lh(f" ()= lim —h(f" ]
Fre = lim h(() and (o= lim Seh(F7@) (0D
exist. Further, we have the decomposition into the sum of local Green functions

Py =Y mGro(x) and hyx)= Y nyGpi,(x).

veEMg veEMg
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(3) We define hj AN(K) — R by h fzj{ + fz; Then ﬁj- satisfies fzf >Kh
and

Further, for x € AN (K) we have
fzf(x) =0 <= fzJ“(x) =0 < fz*(x) =0 < x is f-periodic.

In [Kawaguch1 2006] we have defined h+(x) as lim supn_) 00 7 h( f"*(x)), and
similarly for h . Theorem B shows that {d” h(f” (x))} and {d,, h(f""(x ))}’1 0
are in fact convergent sequences, i.e., lim sup can be replaced by lim as in (0-1).

Using estimates on local Green functions over all places, we obtain the following
estimate on global height functions for all N > 2 [Kawaguchi 2006, §4; Silverman
2006, Conjecture 3; 2007, Conjecture 7.18]. This result has been independently
proved by Chong Gyu Lee [2013]. His proof uses a global method and is based on
the effectiveness of a certain divisor (as was done for N = 2 in [Kawaguchi 2006]).

Corollary C (see Theorem 7.1). Let f : AN — AN be a regular polynomial
automorphism over a number field K. With the notation as above, there exists
a constant ¢ > 0 such that

1 1 _
Zh )+ h(F @) = (14 7 )b — ¢ (0-2)
for all x € AN (K). Further, we have
- Fh(f @)+ Fh(f7Hx) ]
imin = _—
xeAN (K) h(x) dd_

h(x)—o00

Since (0-2) holds, by the argument of [Kawaguchi 2006] we recover the results on
f-periodic points and refine the results on non- f-periodic points in [Silverman 1994;
Denis 1995; Marcello 2000; 2003]. For x € AN (K), let Or(x):={f"(x)|neZ}
denote the f-orbit of x. If O ¢(x) is infinite, we have the canonical height fz(O r(x))
of Oy(x) (see Equation (7-6)).

Corollary D (see Equation (7-6) and Corollary 7.4). Let f : AN — AN be a regular
polynomial automorphism over a number field K. With the notation as above,

(1) the set of f-periodic points in AN (K) is a set of bounded height and
(2) for any infinite orbit O y(x),

#y € 0,() | () =T ) = (== + ) log T = h(0;(x) + O(1)

logd lo d_
as T — 400, where O (1) is independent of T and x but depends on f.
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1. Nonarchimedean Green functions for polynomial maps

Let © be an algebraically closed field with nontrivial nonarchimedean absolute
value |- | and R its ring of integers. For a point x = (x1, ..., xy) € AN(Q), the
,,,,, ~{lxil}. We set log* (a) :=log max{a, 1}
for a € Rx¢ as usual so that log™||x|| = log max{||x||, 1} = log|| (x, 1) ||.

Let f = (fi1,..., fv) : AN — AN be a polynomial map of degree d > 2 defined
over 2, where f1(X), ..., fv(X) are polynomials in Q[X1, ..., Xx] such that
d =max;—1 . n{deg fi}. We write F; (X, T) := Tdf,-(X/T) e QXy,..., Xy, T]

norm of x is defined by || x| = max;—

for homogenization of f;. Let f = (Fy:---: Fy : T¢) : PN ——s PV denote the
extension of f to PV, We put F := (Fy, ..., Fy, T%) : AN*1 - AN*1 which is a
lift of f.

For the composition f" = fo---o f, we write f" = (f{",..., fy). Similarly,
for the composition F" = Fo---o F, we write F" = (F[', ..., Fy, Td"). Let d,

denote the degree of f", and let F,,; (X, T) = Td"fl."(X/T) e QXy,..., Xy, T]
be homogenization of f;'. Since F'(X, 1) = f/'(X) = F,;(X, 1), counting degrees
gives F'(X, T) =T~ F;(X, T).

Proposition 1.1. Let f : AN — AN be a polynomial map of degree d > 2 defined
over Q. Then for all x € AN (), dl,l log™ || £ (x) || converges to a nonnegative real
number as n — +00.

Proof. We take anr € RsothatrF; € R[X, T] foralli =1,..., N. We set

n n 1 n
ap = d" log Il f" I, by = ,,IOgIIF O DI en = logll(r F) (x, DL

d

where rF = (rFy, ..., rFy,rT%). We claim that

—n

d—1
Indeed, the first equality follows from (f"(x),1) = (F"(x,1)). The second

equality follows from (r F)" = pltd+-+d""  pn — @' =D/@=D pn Tt follows from
I(rF)(x, DI < [[(x, D] that

a, =b, =c, —

log|r|. (1-1)

1 1 1 _
i logllr FY" (x, DI < 2 logll P~ (x, DI = =7 Togl| ()"~ (x, DI
In other words, {cn 2{ is a nonincreasing sequence. Equation (1-1) implies that

{cn}:: is bounded from below. Indeed, since a, is nonnegative and |r| < 1, we have
> a, + d%] log|r| > d%] log|r|. Thus, lim,_, 1 ¢, exists. Equation (1-1) then
gives the existence of lim,_, a,, which is nonnegative from the definition. [J

Proposition 1.1 allows the following definition:
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Definition 1.2. For a polynomial map f : AY — AN defined over €2, we define the
nonnegative function G s : AN (Q) — R by

. 1
Gr(x):= ngr-il:loo an log™|| f"(x)|| forx e AN(Q)

and call it the Green function for f.

Lemma 1.3. Let C } be the maximum of the absolute value of all the coefficients
of fi(X) for 1 <i < N, and we set

cr= log max{C’;, 1}.

d—1
Then

Gr(-)<log™||-|+c; onAN(Q).

Proof. We take r € R such that |r| = 1/max{C’,, 1}. Then rF; € R[X, T] for all
i=1,..., N. From the proof of Proposition 1.1, we have
. 1 1 4 1
Gr(x) < lim ¢, — —— loglr| < co— - loglr| =log*|lx|| = —— loglr].
Hence, we get the assertion. ([

Lemma 1.4 below shows that for some polynomial maps f, G r is not interesting.
However, we will see in the next section that G y enjoys nice properties for regular
polynomial automorphisms f (see Definition 2.1 and Theorem 2.3).

To state Lemma 1.4, we recall that a polynomial map f is said to be algebraically
stable if d, = d" for all n > 1 [Sibony 1999, §1.4].

Lemma 1.4. If f is not algebraically stable, then G r(x) =0 for all x € AN (Q).

Proof. We take ng such that d,,, < d"°, and we put g = f"°. Proposition 1.1 tells us
that (1 /d,’;:)) log™||g"™ (x)|| converges to a nonnegative number as m — -+oo. Hence,

d,, \" 1
log ™ || £ (x) || = (ﬁ) T log®||g”(x)|| — 0 asm — +oo.
no

dnom

From Proposition 1.1, we get G ¢(x) = 0. U

2. Nonarchimedean Green functions for regular automorphisms

In this section, we consider polynomial automorphisms. Let f : AN — AN be a
polynomial automorphism of degree d > 2 defined over an algebraically closed
field 2 with nontrivial nonarchimedean absolute value.

As before, let f =(F(X,T): - : Fy(X,T): T% : PV -—s PV denote the
extension of f to PV. We denoted by d_ the degree of the inverse f~!: AN — AN
of f. The integer d_ > 2 may be different from d. We denote the extension of f~!
P by f1=(G(X,T): - :Gn(X,T): T%): PN -5 PV,
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Let I, and I_ denote the set of indeterminacy of f and le, respectively:
L ={(x:0)ePY(Q) | Fi(x,0)="--= Fy(x,0) =0},
I={(x:0)eP¥(Q)|Gi(x,0)=---=Gn(x,00=0}.

Definition 2.1 [Sibony 1999, §2.2]. A polynomial automorphism f : AN — AV is
called regularif I, NI_ = 2.

Remark 2.2. The definition of regular polynomial automorphisms works over any
algebraically closed field.

The purpose of this section is to prove the following theorem, which says that
the Green functions for regular automorphisms exhibit nice properties:

Theorem 2.3. Let Q be an algebraically closed field with nontrivial nonarchi-
medean valuation and f : AN — AN a regular polynomial automorphism over Q.
Then there are open subsets V' and V= of AN (Q) with respect to the topology
induced from the valuation on Q and constants ¢*, ¢~ € R with the properties

(i) Gr(-)=log |- | +cton V*,

(i) Gp-1(-) =log*||- | +c”on V™, and
(i) VTUV- =AN(Q).
Remark 2.4. Over C, corresponding results (and much more) were established by
Sibony [1999, §2.2]. Here since AN () is not locally compact in general, we give
a different proof that is more algebraic in nature based on Hilbert’s Nullstellensatz.

We also give V', V~, ¢™, and ¢~ with precise estimates so that they work well
when we introduce the notion of good reduction in Section 4.

Before proving Theorem 2.3, we will need several lemmas. We begin by in-
troducing some notation. Since I, N I_ is empty, Fi(X,0), ..., Fy(X,0) and
G1(X,0),...,Gy(X,0) have no solutions in common other than 0. Thus, for each
1 <i < N, there are polynomials P;;(X), Q;;(X) € Q[X] for 1 < j < N such that

N N
D P(X)Fi(X. 004+ Y 0ij(X)G(X,0) = X" (2-1)
j=1 j=1

with some m > 1. Hence, there is a polynomial R; (X, T) € Q[X, T] such that

N N
Y OPOF; (X, T)+ ) 0ii(XN)G(X, T)+TR(X, T)=X]".  (2-2)
J=1 j=1
Here we may and do assume that m is independent of i. Replacing P;;(X) by its
homogeneous part with degree m —d, Q;;(X) by its homogeneous part with degree
m —d_, and R;(X, T) by its homogeneous part with degree m — 1, we may and do
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assume that the P;;(X), Q;;(X), and R; (X, T') are homogeneous polynomials with
degree m —d, m —d_, and m — 1, respectively.

Let C’ be the maximum of the absolute value of all the coefficients of P;;(X),
Q;j(X),and R;(X,T)for1 <i <Nand1<j<N.Weset

C = max{C’, 1}. (2-3

~—~—

We fix real numbers ¢ > 0 and § > 0 as follows. First we choose § to satisfy § < é

Then choose ¢ to satisfy

51/d 81/d’
e < min{—, —}
C C
This ensures & < %, so in particular, ¢ < 1. To sum up, we have
e<t, 8=t (e0)'<s, and (sO)- <. (2-4)
For example,
1
€= Cmind.d ) and 6= Cmin{d.d_}(min{d.d_}—1) (2-5)

satisfy (2-4).
We define N(;r . and sta by
Ny, :={x e AY(Q) |1 <elx| and || f(X)]| < 8]lx[|},

(2-6)
Vil = AN@\ NS, = {x e AN@Q) | [Ix]l < Lor [| F(o) ]| = 8l1x]|14 ).

Intuitively, points in N 5+ . are near to the hyperplane {(x : 0) € PN ()} at infinity
(measured by ¢) and also near to I in “the direction of x” (measured by §). We note
that both N 5+ . and V‘;’rs are open and closed with respect to the topology induced
from the valuation of 2.

Remark 2.5. We set
Ni,={@:0ePY@]|ll <ellx| and [|(F(x, 1), 1) <8l (x. )] }.

Then Ny, = N NAN(Q). If (x:1) € I, then s =0 and F(x, 1) =0. Thus, |¢| =0
and ||(F(x,1),1%)|| =0, so we have

N+
I, S Ny,.

The next lemma says that if a point is not too close to I, then f maps it to a
point that is also not very close to /; and that the measurement of “closeness” is
uniform with respect to the point.

Lemma 2.6. We have f (V{e) - V(;’E.
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Proof. Taking the complement, it suffices to show that
fTHNS) SN

Suppose x = (x1, ..., Xy) € Na—,:- Without loss of generality, we assume |x;| = ||x]||.

We note f(x) = (Fi(x,1),..., Fy(x, 1)) and f~'(x) = (Gi(x, 1), ..., Gn(x, 1)).
Since & < 1, we have |x|| > 1. Then the definition of N, gives

& < lxll, (2-7)

ILf Gl < 8llx]1. (2-8)

We need to show that f “lx)eN 5+ > Which is equivalent to

L<ellf 'l (2-9)
lxll < 81F~ oyl (2-10)

First we show (2-9). To derive a contradiction, we assume that || f ! (x)]| < é Let
A > 0 be any small number. We have

N N
D O P@F(x, D+ Y 010G (x, D+ Ri(x, 1)

j=1 j=1
< max{C|lx ||~ 8|x[|, (C + M) x|I""" L, (C + 1) x|}
< max{C8|x|™, (C+ 1) |x[|"" =T (C+n)xII"""}y  (from (2-7))
< max{C8||x||"™, (C+ M) |lx||™"} (since d_ > 2).

Since A > 0 is arbitrary, (2-2) and the assumption that |x{| = ||x|| then gives either
x| < Cllx|"~! or ||x||" < C8|x||". Equivalently, we have either ||x|| < C or
1 < C§. However, the former contradicts (2-4) and (2-7) while the latter contradicts
(2-4). Hence, we get (2-9).

Next we show (2-10). To derive a contradiction, we assume the contrary, i.e.,
x|l = 8]l f~1(x)||4. Letting A > 0 be any small number, we have

N N
Y PH@FG D+ Y 010G (x, D+ Rilx, 1)

j=1 j=1
<max{C x|~ 8||x[|, (C+ W) x| - (HV4Ix V9, (€ + 1) x|
< max{C3||x ||, (C + 1) x|~ (€ + 1) x|

< max{C8[lx ", (€ +)(H|x """} (since d_ — é > 1),

Since A > 0 is arbitrary, (2-2) and the assumption that |x;| = ||x]|| gives this time

either [x[| <($)C or 1<Cs.
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However, the former contradicts (2-4) and (2-7) while the latter contradicts (2-4).
Hence, we get (2-10), which completes the proof. U

Lemma 2.7. Set C, :=min{8, &*}. Then
max{|| f (x)|, 1} = C;, -max{||x||%, 1} forallx € V..
Proof. For x € V;’rg, the definition of Va’; gives
either [lx|| <! or max{|f(x).1} > 8max{|x|’, 1}.

If the latter holds, then we get the assertion since § > C;s. If the former holds,
then C;€||x||d < 1. We get max{|| f(x)||,1} > 1> C;s -max{||x||¢, 1} noting that
Ci. <L O

Lemma 2.8. Set ¢, := 15 log Cyf,. Then
Gy(x) =log"|lx|| +c5, forallx €V,

Proof. Suppose x € V;;. It follows from Lemma 2.6 that f"(x) € VB’; foralln > 1.
Then Lemma 2.7 gives

log* || f" (x)|| = dlog™ || /"~ (x) || +1og Cy,.
The usual telescoping argument tells us that
— : i + n
Gp) = lim o log"|f" )]
oo
1 _

=log" x|l + Y —-(log™ | f" ()| —d log ™ £~ ()1
n=1

> log" [lx ]| +c5,. O

With f~! in place of f, we define N 5. and Vi by

Ny, = {x e AN(Q) | 1 <e|x|| and max{||f*1(x)||, 1} < 5max{||x||d*, 1} },

,€

Vs :=AY(Q)\ Ny,. (2-11)
Then setting ¢; , 1= d_+1 log min{8, £%-}, we have
G f-1(x) = log" x| +¢;5, forallxeVy,. (2-12)

The next lemma may be seen as a quantified version of the fact that a point
cannot be too close to both It and 7~ since IT NI~ = 2.

Lemma 2.9. V;" UV, =AN(Q), or equivalenily, N, NNy, = @.
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Proof. Taking the complement, it suffices to show that N 5+ ¢ NN; = 3. To derive
a contradiction, we assume that there is an x € N, 5* ¢ NN .. Then we have

Ixll > ¢, (2-13)

LfColl < 8l )%, (2-14)

L @l < sl (2-15)

Without loss of generality, we assume that |x;| = ||x||. Let A > O be any small

number. By (2-13)—(2-15), we have

N N
D POF(x, D+ Y 010G (x, D)+ Ri(x, 1)
j=1 j=1

< max{Cllx||"~¢-8]x||, Cllx||™ 4= - 8||x||~, (C + 1) l|x||™ "}
< max{C8[x|™, (C+ 1) [|x|I"""}.

Since A is arbitrary, it follows from (2-2) that ||x||" < C§||x||™ or ||x||"" < C||x 1.
Hence, we get
either 1<C§ or |x|<C.

However, the former contradicts (2-4) while the latter contradicts (2-4) and (2-13).
Thus, we have Nj, N\ N;, = 2. O

Proof of Theorem 2.3. Let § and ¢ be constants satisfying (2-4). Then Theorem 2.3
holds with V* = Vg—; and ¢ = cf;':. Indeed, the condition (i) follows from
Lemma 2.8 and the condition (ii) from (2-12) while the condition (iii) follows from
Lemma 2.9. [l

3. Nonarchimedean Green functions and the set of escaping points

In this section, we continue to study basic properties of regular polynomial automor-
phisms defined over 2. We keep the notation and the assumption of Section 2. In
particular, f:AY — AN denotes a regular polynomial automorphism of degree d > 2
defined over €.

In analogy with the field of complex numbers, we define the set W+ of escaping
points and the set X+ of nonescaping points by

WHi={x e AY@) | |l /") = 400 (n > +00) },
Ht={xe AN(Q) | {f" (x)}:{ig is bounded with respect to || - || }.

Then the following theorem holds, which is a nonarchimedean version of the results
of [Bedford and Smillie 1991, §2 and §3; Sibony 1999, §2]:
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Theorem 3.1. Let f : AN — AN be a regular polynomial automorphism over S,
and let G y be the Green function for f.

(1) The set X7 is exactly the set of points where G ¢ vanish:
HT={x e AY(Q) | G;(x)=0}.
(2) AN(Q) = Wt LK™ (disjoint union).

To prove Theorem 3.1, we need the following two lemmas. Recall that § and ¢
are fixed constants satisfying (2-4).

Lemma 3.2. For any x € N;E/z, one has || x| < %llf_l(x)H.
Proof. 1t follows from x € N 5+ ¢/2 that
Ixl>2 and |If()l <8lx]?. (3-1)

To derive a contradiction, we assume that ||x|| > %II f~1(x)||. Without loss of
generality, we assume that |x;| = ||x||. Then (we take A = C here)

N N
Y PF (x5, D+ Y 010G, (x, D+ Ri(x, 1)
j=1 j=1

< max{C|lx ||~ -8||x |9, Cllx ||~ - 2| x|, 2C]|x |}
< max{C8|x||", 2C x| '}.

Using (2-2), we get
either 1<C§ or |x]| <2C.

However, the former contradicts (2-4). If the latter holds, then Equation (3-1)
implies 1 < Ce, contradicting (2-4). This completes the proof. J

Lemma 3.3. For any x ¢ AN (RQ), one has f"(x) € V(;;/z for all sufficiently large n.

Proof. Note that 5 and § satisfy (2-4) with 5 in place of &. Thus, if x € V(;; /> then
Lemma 2.6 gives f"(x) € Vgs 2 for all n > 0.

Suppose now that x € N, ,. We take a positive integer ng so that ||x|| < 2"0%!/e.
We claim that f"0(x) € V;fa /2 Indeed, if we assume the contrary, then Lemma 3.2
applied to x, ..., f"(x) € N(;’Ls/z gives

_ 1
2 <IN = TN < < i,

which contradicts our choice of ng. Thus, f*(x) € V(;’FS P for all n > ny. U
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Proof of Theorem 3.1. (1) We get X7 C {x € AN(Q) | Gr(x) = 0} from
Definition 1.2. To show the other inclusion, we assume that G (x) = 0. Then
Gr(f"(x)) =d"Gs(x) =0 for all n > 0. By Lemma 3.3, we take n such that
f(x) e V;’FS /2 It follows from Lemmas 2.6 and 2.8 (applied to 5 in place of &)
that

Gr(f" @) =log I " Wl +cf, )

for all n > ng. Combined with G ¢ (f"(x)) =0, we see that || " (x)| < exp(—c({s/z)
for all n > ng. Thus, {x € AN(Q) | Gs(x) =0} CHT.

(2) If x ¢ KT, then G r(x) > 0 by (1). Definition 1.2 then gives || f"(x)|| — +o0
as n — +o00. [l

With f~!in place of f, we put

W= {x e AN@) | |/ " @) = +00 (n = +00) },
K ={x e ANQ) | {f™" (x)}:{zog is bounded with respect to || - || }.
Then we have AV (Q) = W~ LI~ as in Theorem 3.1.
In the rest of this section, we give filtrations of AV relative to f over nonar-
chimedean fields as in [Bedford and Smillie 1991, §2.2; Shafikov and Wolf 2003,

§3] over C.
We set

B.={x e AV@) | |x] <},
U, ={x e AN@) | x| > L and || f(x)]| = 8lx ]|},
where § and ¢ are constants satisfying (2-4).

Since ¢ < 1 and §/¢¢ > C? > 1 by (2-4), we have

Us,={x e AV (Q) | lIx]| > L and max{]| f (x)[|, 1} = 8 max{||x|., 1}¢ }
so that B; 11 U;e = V;’rg.
Proposition 3.4. We assume that € and § satisfy
1< and &71<3$ (3-2)

in addition to (2-4) (for example, if we take € and § as (2-5), then they also satisfy
(3-2)). Then we have the following:

(1) AN(Q) = B, LU, LI N, (disjoint union),
(2) W) U, and f(B, LU, € B, LUy, and
3) f7UNS,) S NS, and f~1 (B, LINS,) € B.LIN,.
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Proof. (1) This is obvious from the definition.

(2) Since B, LUy, = V,*,, we have f(B; L1U,) € B, L1 U}, by Lemma 2.6.
Suppose that x € U 5+ .- Then

8
If @) =8lx? > — =1, (3-3)
&

where we have used (3-2) in the last inequality. Also since x € U, g’ . C V;fe, we have
f(x) € Vs, by Lemma 2.6. Since f(x) ¢ B, by (3-3), we get f (x) € Vy', \ B =U},.
Hence, f(U(;fg) - U;S.

(3) We put

Use = {x € AN | lx]l > ; and [ f 70l = ][ ) (3-4)
={x e AY(Q) | IxIl > { and max{]| £~ (x)[|. 1} > 8 max{||x ||, 1}~ },

&

where the second equality follows from §/¢¢ > C4- > 1 by (2-4). Then as in (2),
we have ! (UB_,s) C U, Since B, 1U; , = Vs .- Lemma 2.9 implies Na—,: C U,
Suppose that x € N 8+ .- Then

e M ) s, e Uy

In particular, ||f_1(x)|| > % so that f‘l(x) ¢ B.. On the other hand, since x ¢ Us—,:
and f(Uy,) C U, weget f~1(x) ¢ Uf,,s0 f~1(x) e N, = AN (Q)\ (B, LIUY,).
We conclude that f_l(Na"fg) - N(;’LE.

Next we show f~!(B; LI N",) € B, LI Njf,.. Since Uy, = AN (Q) \ (B; LI N}",),
it suffices to show that f‘l(U(;fs) 2 U(;fg, which is obvious from f(U(;fs) - U(;fe. U

Proposition 3.5. We assume that € and § satisfy

d—

el <8 and &' < (3-5)

in addition to (2-4). Then we have
() UpSy Wy ) =Wt and
@ U /Ny =w-.
Proof. (1) We set r := §/e%~1 > 1. We first show that Ugfg C W, Indeed, if
X € U;E, then
1 1

é
||f(X)|| Z(suxnd > 1= =r—.
& & &

Since f(Uy',) € Uy, we inductively get || " (x)|| > r@=D/@=D1 for all n > 0.
Hence, x € W. This completes the proof of U;, € W*. Since f~'(WH) = W,
we get f‘”(Ugfs) C W for all n > 0 so that | ;%5 f‘"(U(;fs) cwWt.
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To show the inclusion [ J, % £ " (Uy",) 2 W, suppose that x ¢ ;25 £ " (U;",).
We need to show that x € %", Since f"(x) ¢ U(;’FS, we have either f"(x) € B, or
f"(x) € Ny,

Case 1. Suppose there is an ng > 0 such that f"°(x) € B,. Then f”°+1 (x)e BgLIU;S
by Proposition 3.4(2). Since f"t!(x) ¢ U 5+ ., we obtain "0 (x) € B,. Inductively,
f™(x) € B, for all n > ng, so we conclude that x € H*.

Case 2. Suppose that f"(x) € N;E for all n > 0. By Lemma 3.3, there is an 7 > 0
such that f"(x) € V;fa 2 for all n > ng. Then for all n > ng, we have

fro) eV NN Clye A @)L <yl <2}

Hence, x € X

In both cases, we have x € K, so we get :208 f‘”(U(;rS) DWT.
2)LetU 5.6 be the set defined by (3-4). Then ::O(% A 5.e) =W~ by the argument
in (1), and so U:ﬁg SN 5+ .) © W™, To show the other inclusion, suppose that
x ¢ U0 f"(Ny,). Then we have either f~"(x) € B, or f™"(x) € Uy,.

Case 1. If there is an ng > 0 such that f~"(x) € B,, then the argument of Case 1
of (1) together with Proposition 3.4(3) gives f"(x) € B, for all n > ny.

Case 2. Suppose that f~"(x) e U ; . for all n > 0. Then the argument of Case 2
of (1) together with Lemma 3.3 with f~! in place of f gives % < x|l < % for
sufficiently large .

In both cases, we get x € % ~. Hence, | ) f”(Ng;) W O
Remark 3.6. If we take

1 1
0=¢<maar M °= Con@a a1

then they satisfy both (2-4) and (3-5).

4. Regular automorphisms having good reduction

Morton and Silverman [1994] introduced the notion of having good reduction for
endomorphisms of P! over 2, which has been useful in studying endomorphisms
of P! over a global field. For endomorphisms of PV having good reduction,
see for example [Kawaguchi and Silverman 2007, Remark 12; 2009]. In this
section, we introduce the notion of having good reduction for regular polynomial
automorphisms of AV over Q. This notion will be useful in studying regular
polynomial automorphisms over a global field in Sections 6 and 7.

As in Section 1, R denotes the ring of integers of 2. Let M be the maximal ideal
of R and k := R/M the residue field. Note that k is algebraically closed since €2 is
algebraically closed.
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Definition 4.1 (Good reduction). Let f = (fi, ..., fv) : AY — A" be a regular
polynomial automorphism over an algebraically closed field 2 with nontrivial
nonarchimedean absolute value, and let ' = (gq, ..., gn) : AY — AY denote its
inverse. We write d and d_ for the degrees of f and f~!, respectively. We say that
f has good reduction if the following three conditions are satisfied:

(i) We have that f extends to the polynomial automorphism f : AY — AY over R,
so both f1(X),..., fn(X)and g;(X), ..., gy(X) are in R[ X1, ..., Xn].

(i) Let f=(F1..... fn): AN —> AY and f=1 = (&1, ... &) : AN — AY be the
induced polynomial automorphisms over k. Then the degrees of f and f~!
are equal to d and d_, respectively.

(iii) We have that f is regular (see Remark 2.2).

We give some equivalent conditions for regular polynomial automorphisms f
to have good reduction. As in Section 1, let F;(X, T) and G;(X, T) be the ho-
mogemzatlon of fi(X) and g;(X). If F;(X, T) and G;(X, T) are defined over R,
F (X, T) and G (X, T) denote their reductions to k. Let p : R — k be the natural
map.

Proposition 4.2. Let f be a regular polynomial automorphism of AN over Q.
Assume that f satisfies the conditions (i) and (ii) of Definition 4.1. Then the
following are equivalent:

(1) We have that f has good reduction, i.e., f also satisfies Definition 4.1(iii).
(2) Asideals in R[X,, ..., Xy, T], one has

X1,... Xy, DS (X, T),...,FN(X,T),Gi(X,T),...,Gn(X,T), T)
for some integer k > 1.
(3) Asideals in R[Xy, ..., XN], one has
(X1,..., X0 ' C(FI(X,0),..., Fy(X,0), G1(X,0),...,Gn(X,0))
for some integer £ > 1.

Proof. (1) = (3). It suffices to show that

(X1, ..., XN C(Fi(X,00%, ..., Fy(X,00%, G1(X,0)%,...,Gn(X, 0)D
4-1)
for some £ > 1. We set
r=l,cr there is an £ > 1 suchthatr(Xl,...,XN)Zg
- (F1(X,00%, ..., Fy(X,00%,G1(X,0)4, ..., Gy(X,00%) |

Since f is regular, [ is a nonzero ideal of R.
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We claim that p (1) # 0. Indeed, suppose that p(/) = 0. Then elimination theory
tells us that there is a point x = (x; : - - - : x,) € PY~1(k) such that F;(x, 0) = 0
and (%- (x,0) =0 for all i and j; see [Kawaguchi and Silverman 2007, Theorem 6].
Since f satisfies condition (ii), F,-(X ,T) and C~¥j(X , T') are the homogenizations
of E and g}, respectively. Then the existence of such an x € PN=1(k) contradicts
condition (iii), which yields the claim.

Since p(I) #0, there is an r € I such that r € R* = R\ M. Then I = R, and
we obtain Equation (4-1).

(3) = (1). The assumption of (3) gives, as ideals in lz[X],

(X1, . X0 S (p(FI(X,0)), ..., p(Fy(X,0)), p(G1(X,0)),.... p(Gn(X,0)).
Since p(Fi(X,0)) = F;(X, 0) and p(G;(X,0)) = G;(X, 0), we obtain that f is
regular.

(2) = (3). We have only to put 7 = 0.

(3) = (2). It suffices to show that for any « =1, ..., N, there are an integer k > 1
and polynomials P; (X, T), Q;(X,T), and R(X, T) defined over R such that

N N
XE=Y"P(X.T)FX.T)+)_ Q;(X.T)G;(X, T)+TR(X.T). (4-2)
i=1 j=1

By the assumption of (iii), there are an integer £ > 1 and polynomials P;(X) and
Q ;(X) defined over R such that

N N
XE=Y"P(XOF(X.00+ ) 0;(X)G;(X,0).

i=1 j=1

We setk:=4¢, P;(X,T):= P;(X),and Q;(X,T) := Q;(X). Then

N N
XE-Y"PX,TFX.T)= Y Q;(X.T)G;(X.T)
i=1 j=1

is a polynomial in R[X, T'] that is divisible by 7. Hence, there is a polynomial
R(X,T) in R[X, T] satisfying Equation (4-2). [l

Suppose now that a regular polynomial automorphism f has good reduction.
By Proposition 4.2, for each 1 <i < N there are polynomials P;;(X) and Q;;(X)
in R[X] that satisfy (2-1). Then the polynomial R; (X, T) in (2-2) is also defined
over R, and the constant C in (2-3) is equal to 1. This means that e =1 and § =1
satisfy (2-4). It follows that when f has good reduction, Gy and log™|| - || are
related simply.
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Proposition 4.3. Suppose that f has good reduction.

(1) Gy(-) <log™| - |l and G -1 (-) <log"|| - | on AN ().

) logt| - || = Gr(-) on Vil and log™| - | = Gy-1(+) on V. Moreover,
AN@©@) =V uv.

Proof. (1) Since the f;(X) are defined over R, in the proof of Lemma 1.3 we

may take r = 1 so that c; = 0. Thus, G¢(-) < log™|| - || on AN (). The estimate

for G ;-1 is similar.

(2) Since ¢ =1 and § = 1 satisfy (2-4), Lemma 2.9 gives AN () = V;", UV, . The

constant cf , in Lemma 2.8 is equal to 0, and thus, combined with 7( 1), we have

logt|lx|| =G r(x) forall x € Vfl. The estimate for G 41 is similar. O

5. Green functions for regular automorphisms over C

In this section, we remark that the proof of Theorem 2.3 gives a different proof
(more explicit and without compactness arguments) of the corresponding estimates
of Green functions over C.

We write the usual absolute value of C for | - |, and we set ||x|| oo := maX; {|X;|oo}
for x = (xy, ..., xy) € AY(O).

Let f = (fi,..., fy) : AY — A" be a regular polynomial automorphism of
degree d > 2 defined over C. Then the Green function for f is defined by [Sibony
1999, §2]

Gr(x):= lim —log"|f" )| forx e AN (C). (5-1)
n——+oo d"

Let || f]loo be the maximum of the absolute values of all the coefficients of f;(X)
for1 <i <N, andsetcfoo = le] logmax{(NJrj_])llflloo, 1}. Note that (N+j_l)
is the number of monomials of degree d in the ring of homogeneous polynomials
in N variables. Since

N+d—1
log* | £ ()] = dlog* el +logmax] ("5 T )1l 1}, 52)

we get
G (x) <logt|x||+cfoo forany x € AN(C). (5-3)

Let P;;(X), Q;j(X) € C[X] and R(X, T) € C[X, T] be polynomials satisfying
(2-2). As before, we may and do assume that the P;;(X), Q;;(X), and R;(X, T)
are homogeneous polynomials with degree m —d, m —d_, and m — 1, respectively.
We write || P|| for the maximum of the absolute values of all the coefficients of
Pj(X)forl <i<Nand1<j<N,and we write || Qo and || R/« similarly.
We set

ctmmaef (1 Y (Y b (5 i)
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We note the above formula for C_ is not as explicit as in the nonarchimedean
case since it involves the coefficients of P, O, and R and not only those of F and G.
However, || Pllco, |Qlloo, and ||R||o can be expressed in terms of F and G via
an effective version of Hilbert’s Nullstellensatz (see [Masser and Wiistholz 1983,
Chapter 4] for example).

We put

Coo = (2N +1)CL..
Fix real numbers ¢ > 0 and § > O satisfying (2-4) with C in place of C. We

define N ;fg and fog by (2-6) and (2-11) with C in place of 2. Then exactly as in
Theorem 2.3, we have the following:

Theorem 5.1. Let f : AN — AN be a regular polynomial automorphism over C.
(i) G() = log" ||| +c, on Vs,

(i) Gp-1() = log™ || - | +c5 . on V..

(i) V5", UV, =AN(Q).

6. Global theory of regular automorphisms

In this section, we turn our attention to regular automorphisms over a number field.
Let K be a number field and Ok its ring of integers. We fix an embedding
K C K into an algebraic closure. Let M be the set of absolute values on K. We
extend the absolute values on K to those on K.
Let L be a finite extension field of K. For x € AN (L), we define

h(x) =Y nylogt|lx, (6-1)

veMg

where n, =[L,: K,]/[L : K]. This gives rise to the logarithmic Weil height function
h:ANK) - R.

For more details on height functions, we refer the reader to [Bombieri and Gubler
2006; Hindry and Silverman 2000; Lang 1983].

Let f:AY — AN be a regular polynomial automorphism over K (see Remark 2.2).
If the coefficients of f are all defined over K, then we say that f is a regular
polynomial automorphism over K.

Lemma 6.1. If f : AN — AV is a polynomial automorphism over K, then the
coefficients of =" are also all defined over K.

Proof. We take a finite Galois extension field L of K such that the coefficients
of f~! are elements of L. For every o € Gal(L/K), the uniqueness of the inverse
gives (f~1)? = f~!. Thus, the coefficients of f~! are in fact elements of K. [
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In [Kawaguchi 2006], we constructed (global) canonical height functions hJr
and h for polynomial automorphisms f over K under the assumption that there
exists a constant ¢ > 0 such that

SHF) + (T ) = (14 0 )hw) —c (6-2)
for all x e AN (K), where d and d_ denote the degrees of f and f~!. (We showed in
op. cit. that (6-2) holds for regular polynomial automorphisms in dimension N =2
by a global method, i.e., a method using the effectiveness of a certain divisor on a
certain rational surface.)

In the following, using properties of local Green functions studied in the previous
sections, we will first construct in Theorem 6.3 (global) canonical height functions
h and h for regular polynomial automorphisms. Indeed, we will construct hJr
and h as approprlate sums of local Green functions. Then we show local vers10ns
of (6- 2) for all places v, and summing them up, we will obtain (6-2) for regular
polynomial automorphisms in any dimension N > 2 in Theorem 7.1.

For a finite subset S of Mg that contains all the archimedean absolute values
of K, we let Ok s denote the ring of S-integers:

Oks={xeK||x|l,<1forallves}.

Proposition 6.2. Let f : AN — AN be a regular polynomial automorphism of
degree d > 2 over a number field K. Then there exists a finite subset S of Mg that
contains all the archimedean absolute values of K with the following property: for
allv ¢ S, f induces a regular polynomial automorphism over K, that has good

reduction.
Proof. We write f = (f1,..., fv) and let F;(X, T) € K[X, T] be the homoge-
nization of f;. Let d_ denote the degree of f~' = (g1, ..., gn), and in virtue of

Lemma 6.1, let G;j(X,T) € K[X, T] be the homogenization of g;. Then there
are an integer m and homogeneous polynomials P;;(X) € K[X] of degree m —d,
Qij(X) € K[X] of degree m —d_, and R;(X, T) € K[X, T] of degree m — 1 such
that (2-2) holds as polynomials in K[X, T].

We take a finite subset S of Mk that contains all the archimedean absolute values
of K with the following properties:

(i) The coefficients of F;(X,T), G;(X,T), P;;(X), Q;;(X), and R;(X, T) are
all in 0K,S-

(i1) Forv¢ S, welet p,: Ok s — k, denote the natural map, where k, is the residue
field of (Ok),. Then deg(f) = deg(p,(f)) and deg(f~") = deg(p,(f ).

Then for any v ¢ S, f xg K, AN — A% satisfies the properties (i) and (ii) of
Definition 4.1 and (3) of Propos1t1on 4.2. Hence, f xx K, has good reduction. [
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Theorem 6.3. Let f : AN — AN be a regular polynomial automorphism of degree
d > 2 over a number field K. Let d_ > 2 denote the degree of f~\.

(1) For all x € AN (K), the limits

n—-+o00

. 1 n . 1 —n
lim d—nh(f (x)) and ngrfwﬁh(f (x))

exist. We write ﬁ}r(x) and fz}?(x) for the limits, respectively.

(2) (Global-to-local decomposition) For each place ve Mk, let G ¢, and G -1 ,, be
the Green functions for f and f~' at v, respectively. Then for all x € AN (K),

FE@) =Y nGro(x) and hyx)= ) nyGpr,(x).

veMg veMg
(3) We define h; : AN(K) — R by
]:\lf = ]:l-}_ + ﬁ;
Then h r satisfies the following two conditions:
(i) Shpof+hpof™ =+ )k on AN(K) and
Bil) h+0(Q) < fzf <2h+0(1) on AN(K).
(4) The function ﬂf has the following uniqueness property: if i’ : AN (K) — R is
a function satisfying the condition (3i) such that h' =h g+ O(1), then i’ = hy.

(5) The functions lAzjf fzjf and h ¢ are nonnegative. Further, for x € AN (K) we
have

fzf(x) =0 <= fl}“(x) =0 < fz}(x):O < x is f-periodic.

Proof. For each v € Mg, we have estimates of Green functions for f at v as
in Lemmas 1.3 and 2.8. We use the suffix v when we work over the absolute
value v € Mg. For example, the Green function for f at v is denoted G 7, and
constants ¢y and Cia in Lemmas 1.3 and 2.8 and (2-12) are denoted c,, and Cis, >
respectively.

Let S be a finite subset of Mg as in Proposition 6.2.

()(2) We fix x € AN (K). We will show the existence of h}f(x) and the decomposi-
tion h}r-(x) =) e my TG fo (). The existence and decomposition for hj?(x) are
shown similarly.

For v € Mg and n > 0, we set

1
G, () = T 1og 1" (@)l

Then the following are true:
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e We have 0 < Gf)fn(x) <log™|x|ly + ¢y, for all v € Mg and n > 0 from
Proposition 1.1, Lemma 1.3, and Equations (5-2) and (5-3). Indeed, if v is
nonarchimedean, then with r in the proof of Proposition 1.1, we have only to
setcry = —lel log|r|. If v is archimedean, then by (5-2) we have only to set

¢ro =7 logmax{ ("IN fllos, 1.
e We have lim,,_, 4 o Gj,n(x) = G f,y(x) from Definition 1.2 and Equation (5-1).
« We have -h(f"(x)) =,y vGy, (x) from Equation (6-1).
o We may take ¢, =0 for any v ¢ S from Propositions 4.3 and 6.2.
« We have Y, no(log@llxlly +cpo) = h(x) + 3, cgnocpy < +00.

Lebesgue’s dominated convergence theorem then implies that ) My nij’n(x)
converges as n — +0o0 and that

. 1 nen 1 n
lim —ch(f"()= lim Y nGL ()

n——+00
UEMK
= § lim n,G}, (x)= § nyG f.y(x).
n——+00 ’
veMg veEMg

This completes the proof of (1) and (2)
(3)(4)(5) First we have

hpy= D" mGro)+ Y Gy (x) (6-3)
veMg veMg
< Y mQlogtllxlly + ot cpo1,) =2h() + Y nulcpytepiy).
veEMg vesS

On the other hand, we have
e min{cy ..y ) +logt|x| < Gfy(x) + G p-1 , (x) from Lemma 2.8, (2-12),
and Theorem 5.1 and

e forany v ¢ S, we may take e =1and § =1 and min{ctl,v, C1.1.,3 =0 from
Propositions 4.3 and 6.2.

Then
hp@)= " mGro)+ Y nyGpy(x) (6-4)
veEMg veMk
> Y ny(log*|lxlly +minfcy . e ) = Ay (¥) + Y nymin{cf o crs ).
veEMg vesS

Equations (6-3) and (6-4) give (3ii). For the rest of the proof, see [Kawaguchi 2006,
Theorem 4.2(2-4)]. U
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Remark 6.4. Theorem 6.3(1) shows that { 2 (f"(x))} 25 and { -h(f " (x)} 5
are convergent sequences, which gives an improvement of [Kawaguchi 2006] since
we replace lim sup by lim in the definition of hjf.

We now introduce another function

hp(x):= )" nymax{G y(x), G y-1 ,(x)} (6-5)

veMk
for x € AN (K). The next proposition shows that / 1 also behaves well relative to f.
Proposition 6.5. (1) On AN (K), fzf =h+0().
(2) Forx € AN(K), we have fzf(x) = 0 if and only ifﬁf(x) =0.
Proof. (1) We use the notation of the proof of Theorem 6.3. By Lemmas 1.3 and 2.8,
Equations (2-12) and (5-3), and Theorem 5.1, we have

. + —_
10g+ llx]lv + mln{cs,&,v’ ce,B,v}

<max{G s, (x), G p-1 ,(x)} <log" x|, +max{csy, c -1 ,}.

Summing up over all places v, we get

h(x)+ Y nymin{cfy cos } <hp() <h()+ Y nymax{csy, ¢y ).
veMg veMg
Since we have cfy =cp-1, = C;:S,v = ¢, ¢, = 0 except for finitely many v (indeed
for every v ¢ ), this gives the assertion.

(2) Since G ¢, and G ;-1 ,, are nonnegative functions, we see that h r(x) =0if and
only if G fy(x) = G y-1 ,(x) =0 for every v € M if and only if & ¢(x) = 0. O

7. Arithmetic properties of regular polynomial automorphisms

In this section, we give some applications of local and global canonical height
functions. The first application is the following theorem on the usual height function
[Kawaguchi 2006, §4; Silverman 2006, Conjecture 3; 2007, Conjecture 7.18], which
is independently obtained by Lee [2013] via a different method (global method based
on the effectiveness of a certain divisor as in the case of N =2 in [Kawaguchi 2006]).

Theorem 7.1. Let f : AN — AN be a regular polynomial automorphism over a
number field K. Let d and d_ be the degrees of f and .

(1) There exists a constant ¢ > 0 such that

Lh(Fen+ 1m0 = (14 2 he) —e

for all x € AN (K).
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(2) We have

; .fgh(f(x»n%h(f—l(x))_l | -
Rt o ~tac "

h(x)—o00

Proof. (1) We set

(A}Jf,v :=max{Gyy, G -1}

Claim 7.1.1. For all x € AN(K), we have

1~ 1 ~ -
LGN+ TG o 2 (14 2-) 8@, ()

We first show that Claim 7.1.1 implies (1). Indeed, we assume Claim 7.1.1. Then
summing up over all v, we have

1~ | .
TR @)+ R ) 2 (14 2 )R, (7-3)

Since fzf = h+ O(1) by Proposition 6.5(1), Equation (7-3) yields (1).

To show Claim 7.1.1, for notational conveniencelet A = G s, (x), B=G -1 (),
and y = -— d, Then the definition of G fv and G -1, and the functional equation
of Gy(x) and G -1, (x) show that the equality (7-2) is equivalent to

max{A, y B} + max{y A, B} > (1 4+ y)max{A, B}. (7-4)
But the left-hand side of (7-4) is
max{(l+y)A, A+ B,y(A+B), (1+y)B},

which is clearly greater than or equal to the right-hand side of (7-4). This completes
the proof of Claim 7.1.1 and hence the proof of Theorem 7.1(1).

(2) From (1), we obtain

- Th(f @)+ Zh(F~1 () il
ng{lNl(nl?) h(x) - +E'

h(x)—>o00

On the other hand, it is shown in [Kawaguchi 2006, Proposition 4.4] that for any
polynomial automorphism f : AY — AN one has

; .fﬁh(f<x>>+d%h<f—1(x>><1 1 s
e A T = "

h(x)—o0

Combining these two inequalities gives the assertion. U
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Remark 7.2. It is shown in [Kawaguchi 2006, Theorem 4.4] that the equality (7-1)
holds in dimension N = 2 for regular polynomial automorphisms. Theorem 7.1(2)
asserts that the equality holds in any dimension N > 2 for regular polynomial
automorphisms.

Theorem 6.3 recovers the following theorem on f-periodic points.

Corollary 7.3 [Marcello 2000]. Let f : AN — AN be a regular polynomial auto-
morphism over a number field K. Then the set of f-periodic points in AN (K) is a
set of bounded height. In particular, for any integer D > 1 the set

{x e AN(K) | x is f-periodic, [K(x):K]< D}
is finite.
Proof. By Theorem 6.3(3ii)(5), & s satisfies /i  3>< h, and a point x € AN (K) is
f-periodic if and only if h f(x) =0. Thus, we get the assertion. |

For a non- f-periodic point x, let O¢(x) :={ f"(x) | n € Z} denote the f-orbit
of x. We define the canonical height of the orbit O (x) by

log fz}L(x) log fz; (x)

hp(0rx)) = logd logd_

(7-6)

We note that for any integer n, Theorem 6.3 implies that

logﬁ-}-(fn(x)) logfz;(f"(x)) B logd”ﬁ}r(x) logd:"ﬁ;(X)

logd logd_ N logd logd_
_ log Rt loghy(x)
logd logd_

Thus, the value h (O y(x)) depends only on the orbit O ;(x) and not the particular
choice of the point x in the orbit. The next corollary gives a refinement of [Marcello
2003, Corollary B].

Corollary 7.4. Let f : AN — AN be a regular polynomial automorphism over a
number field K. Let d and d_ be the degrees of f and f~'. Then for any infinite
orbit O ¢(x),

1
#Hye0px)|h(y) <T}= (_+

logd logd_) log T —h(Oy(x))+ O(1)

as T — +oc. Here the O(1) bound depends only f, independent of the orbit O y(x).
Proof. Since f satisfies (7-3), we apply [Kawaguchi 2006, Theorem 5.2]. U
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In the rest of this section, we consider some global-to-local arithmetic properties.
Suppose that f is a regular polynomial automorphism. By Theorem 6.3(2)(5),
x e AN(K) is f-periodic if and only if G £, (x) =0 for all v € Mg . By Theorem 3.1
for nonarchimedean v and [Sibony 1999, §2] for archimedean v, G, (x) =0 is
equivalent to { " (x)}:;’f) being bounded with respect to || - ||,. Thus, we see that
x € AN(K) is f-periodic if and only if { " (x)}'5 is bounded with respect to || - ||,
for all v e Mg.

This actually holds for any polynomial map f, replacing f-periodic points by
f-preperiodic points (see [Call and Goldstine 1997, Corollary 6.3] for N = 1).

Proposition 7.5. Let f : AN — AN be a polynomial map over a number field K.
For x € AN (K), the following are equivalent:

(1) x is f-preperiodic and

(i1) for every v € Mg, {f" (x)}:ig is bounded with respect to the v-adic topology.

Proof. Taking a finite extension field of K over which x is defined if necessary,
we may assume that x is defined over K. It is obvious that (i) implies (ii). We
assume (ii) and show (i). We take a finite subset S of Mg containing the set of all
archimedean absolute values such that x and f are defined over Ok s. Then for
any v ¢ S, we have

/"))y <1 foralln>0.

Since we assume (ii), there is a constant C,, for each v € S such that
I f"()lly < Cy  foralln>0.

Then we have
h(f" )= ) nloghllf" @)l <) n,Cy foralln=0.
veEMg vesS
Then
(f"0) [n=0}C {y e AN (K) ' h(y) <> n,Cy }
ves

Since the latter set is finite, the set { " (x)},>0 is finite, so x is f-preperiodic. [J
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On the ranks of the 2-Selmer groups
of twists of a given elliptic curve

Daniel M. Kane

Swinnerton-Dyer considered the proportion of twists of an elliptic curve with full
2-torsion that have 2-Selmer group of a particular dimension. Swinnerton-Dyer
obtained asymptotic results on the number of such twists using an unusual notion
of asymptotic density. We build on this work to obtain similar results on the
density of twists with particular rank of 2-Selmer group using the natural notion
of density.

1. Introduction

Let c1, ¢» and c3 be distinct rational numbers. Let E be the elliptic curve defined
by the equation

¥y =(x—c)x —e)x —c3).

We make the additional technical assumption that none of the (¢; — c¢;)(¢; — cx)
are squares. This is equivalent to saying that E is an elliptic curve over () with
complete 2-torsion and no cyclic subgroup of order 4 defined over (. For b a
square-free number, let £, be the twist defined by the equation

y? = (x — bey)(x — bey) (x — bes).

Let S be a finite set of places of Q including 2, co and all of the places at which E
has bad reduction. Let D be a positive integer divisible by 8 and by the primes in S.
Let S>(Ejp) denote the 2-Selmer group of the curve E,. We will be interested in
how the rank varies with b and in particular in the asymptotic density of b’s such
that S>(E}p) has a given rank.

The parity of dim(S2(E)) depends only on the class of b as an element of
[T,cs QF/(@7)%. We claim that for exactly half of these values this dimension is
odd and exactly half of the time it is even. In particular, we make the following
claim, which will be proved in Section 4:

MSC2010: 11GO05.
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Lemma 1. There exists a set S consisting of exactly half of the classes c in
(Z/D)*/((Z)D)*)? such that for any positive integer b relatively prime to D we
have that dim(S,(Ep)) is even if and only if b represents a class in S.

Let b = p1p>--- p,, where p; are distinct primes relatively prime to D. In
[Swinnerton-Dyer 2008], the rank of S,(E}) is shown to depend only on the images
of the p; in (Z/D)*/((Z/D)*)?* and upon which p; are quadratic residues modulo
which p;. There are 2111+ () possible sets of values for these. Let m (n) be the
fraction of this set of possibilities that cause S>(E}p) to have rank exactly d. Then
the main theorem of [Swinnerton-Dyer 2008] together with Lemma 1 implies:

n
Theorem 2. Let g = o =0 and o190 = T @ 1)21_100 527 Then
j=1\"— j=0

lim 7y(n) = ay.
n—>oo

The actual theorem proved in [Swinnerton-Dyer 2008] says that if, in addition,
the class of b in [ [, ¢ CI;Dﬁ/(@jj)2 is fixed, then the analogous 7, (1) either converge
to 2ay for d even and O for d odd or to 2«,; for d odd and O for d even.

This tells us information about the asymptotic density of twists of E whose
2-Selmer group has a particular rank. Unfortunately, this asymptotic density is
taken in a somewhat awkward way by letting the number of primes dividing b go to
infinity. In this paper, we prove the following more natural version of Theorem 2:

Theorem 3. Let E be an elliptic curve over Q with full 2-torsion defined over (1
and such that

lim T (n) =0y

n—oo

with ag as given in Theorem 2. Then
. #{b < N : b square-free, (b, D) = 1 and dim(S7(Ep)) = d}
im =«
N—oo #{b < N : b square-free and (b, D) = 1} d

Applying this to twists of E by divisors of D and noting that twists by squares
do not affect the Selmer rank, we obtain:

#{b < N :dim(S2(Ep)) =d
Corollary 4. lim = im(S$>(Es)) i =ay
N—o0 N

. #M{=N <b =< N:dim(S5,(Ep)) =d}
Corollary 5. lim =0y
N—o0 2N

Our technique is fairly straightforward. Our goal will be to prove that the average
moments of the size of the Selmer groups will be as expected. As it turns out, this
along with Lemma 1 will be enough to determine the probability of seeing a given
rank. In order to analyze the Selmer groups, we follow the method described in
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[Swinnerton-Dyer 2008]. Here the 2-Selmer group of Ej can be expressed as the
intersection of two Lagrangian subspaces, U and W, of a particular symplectic
space, V, over [F,. Although U, V and W all depend on b, once the number of primes
dividing b has been fixed along with its congruence class modulo D, these spaces
can all be written conveniently in terms of the primes, p;, dividing b, which we think
of as formal variables. Using the formula [UNW| = (1/vIVD Y cv wew (=D"*™,
we reduce our problem to bounding the size of the “characters” (—1)*" when
averaged over b. These “characters” turn out to be products of Dirichlet characters
of the p; and Legendre symbols of pairs of the p;. The bulk of our analytic work is
in proving these bounds. These bounds will allow us to discount the contribution
from most of the terms in our sum (in particular the ones in which Legendre symbols
show up in a nontrivial way) and allow us to show that the average of the remaining
terms is roughly what should be expected from Swinnerton-Dyer’s result.

We should point out the connections between our work and that of [Heath-Brown
1994], where our main result is proved for the particular curve

v =x3—x.

We employ techniques similar to those of Heath-Brown, but the algebra behind
them is organized significantly differently. His overall strategy is again to compute
the average sizes of moments of |S>(Ej)| and use these to get at the ranks. He
computes |S>(Ep)| using a different formula than ours. Essentially what he does is
use some tricks specific to his curve to deal with the conditions relating to primes
dividing D, and instead of considering each prime individually, he groups them
based on how they occur in # and w. He lets D; be the product of all primes
dividing b that relate in a particular way (indexed by i). He then gets a formula
for | S, (Ep)| that’s a sum over ways of writing b as a product, b = [ [ D;, of some
term again involving characters of the D; and Legendre symbols. Using techniques
similar to ours, he shows that terms in this sum where the Legendre symbols have
a nonnegligible contribution (are not all trivial due to one of the D; being 1) can
be ignored. He then uses some algebra to show that the average of the remaining
terms is the desired value. This step differs from our technique where we merely
make use of Swinnerton-Dyer’s result to compute our average. Essentially, we
show that the algebra and the analysis for this problem can be done separately and
use [Swinnerton-Dyer 2008] to take care of the algebra. Finally, Heath-Brown uses
some techniques from linear algebra to show that the moment bounds imply the
correct densities of ranks while we use techniques from complex analysis.

We also note the work of Yu [2005]. In this paper, Yu shows that for a wide
family of curves of full 2-torsion that the average size of the 2-Selmer group of a
twist is equal to 12. This work uses techniques along the lines of Heath-Brown’s,
though has some added complication in order to deal with the greater generality.
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One advantage of our technique over these others is that we can, to some degree,
separate the algebra involved in analyzing the sizes of these Selmer groups from the
analysis. When considering the distribution of ranks of Selmer groups of twists of an
elliptic curve, there are two types of density estimates that have come up in the liter-
ature. The first is to use the natural notion of density over some obvious ordering of
twist parameter. The other is to use some notion similar to that of Swinnerton-Dyer,
which can be thought of as letting the number of primes dividing the twist parameter
go to infinity. Although one is usually interested in natural densities, the Swinnerton-
Dyer—type results are often easier to prove as they tend to be essentially algebraic in
nature while results about natural density will generally require some tricky analytic
work. The techniques of this paper show how asymptotics of the Swinnerton-Dyer—
type can be upgraded to results for natural density. Although we have only managed
to carry out this procedure for the family of curves used in Theorem 2, there is hope
that this procedure might have greater applicability. For example, if someone were
to obtain a Swinnerton-Dyer—type result for twists of an elliptic curve with full
2-torsion over (D that has a rational 4-isogeny, it is almost certain that the techniques
from this paper would allow one to obtain a result for the same curve using the natural
density. Additionally, in [Klagsbrun et al. 2013], Klagsbrun, Mazur and Rubin con-
sider the ranks of twists of an elliptic curve with Gal(K (E[2])/K) =~ S; and obtain
Swinnerton-Dyer—type density results. It is possible that ideas in this paper may be
adapted to improve these results to work with a more natural notion of density as well.
Unfortunately, working in this extended context will likely complicate the analytic
aspects of the argument considerably. For example, while we make important use
of the fact that the rank of S>(E}) depends only on congruence classes of primes
dividing b and Legendre symbols between them, it is shown in [Friedlander et al.
2013] that, for curves with cyclic cubic field of 2-torsion, the Selmer rank can depend
on more complicated algebraic objects (such as what they term the spin of a prime).

In Section 2, we introduce some basic concepts that will be used throughout. In
Section 3, we will prove the necessary character bounds. We use these bounds in
Section 4 to establish the average moments of the size of the Selmer groups. Finally,
in Section 5, we explain how these results can be used to prove our main theorem.

2. Preliminaries

2.1. Asymptotic notation. Throughout the rest of this paper, we will make exten-
sive use of O and similar asymptotic notation. In our notation, O (X) will denote a
quantity that is at most H - X for some absolute constant H. If we need asymptotic
notation that depends on some parameters, we will use O, (X) to denote a
quantity that is at most H(a, b, ¢) - X, where H is some function depending only
ona, b and c.
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2.2. Number of prime divisors. In order to make use of Swinnerton-Dyer’s result,
we will need to consider twists of E by integers b < N with a specific number of
prime divisors. For an integer m, we let w(m) be the number of prime divisors
of m. In our analysis, we will need to have estimates on the number of such b with
a particular number of prime divisors. We define

I1,(N) =#{primes p < N such that w(p) = n}.

Lemma 6 [Hardy and Ramanujan 1917, Lemma A]. There exist absolute constants
C and K such that for any v and x

Kx (loglogx +C)”

ogx p! ’

I, 11(x) < ]

By maximizing the above in terms of v, it is easy to see:
Corollary 7. We have
I,(N)=0 (L> .
vloglog N

It is also easy to see from the above that most integers of size roughly N have
about loglog N prime factors. In particular:

Corollary 8. There is a constant ¢ > 0 such that for all N, the number of b < N
with |w(b) —loglog N| > (loglog N)3/* is at most

2N exp( —cy/loglog N).
In particular, the fraction of b < N with |o(b) — loglog N| < (loglog N)3'* goes
to 1 as N goes to infinity.

We will use Corollary 8 to restrict our attention only to twists by » with an
appropriate number of prime divisors.

3. Character bounds

Our main purpose in this section will be to prove the following propositions:

Proposition 9. Fix positive integers D, n and N with 4 | D, loglog N > 1 and
(loglog N)/2 <n < 2loglog N, and let ¢ > 0 be a real number. Let d; ;, e; j € Z/2
fJori,j=1,....,nwithe;j=ej;, d;j=d;j;ande;; =d;; =0 foralli and j. Let
Xi be a quadratic character with modulus dividing D fori =1, ..., n. Let m be the
number of indices i such that at least one of the following holds:

e ¢; j =1 for some j or

o x; has modulus not dividing 4 or

* Xi has modulus exactly 4 and d; ; = 0 for all j.
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Lete(p)=(p—1)/2. Then if m > 0,

‘% > [T [-pemeend H(%)m

SNap 1 i<j i<j

= Oc,p(Nc™), (1)

where Sy n p is the set of n-tuples of distinct primes pi, ..., p, such that b =
p1 - -+ pn is relatively prime to D and of size at most N.

Note that m is the number of indices i such that, no matter how we fix the values
of p; for the j # i, the summand on the left-hand side of (1) still depends on p;.
The index set Sy ,,p above is a way of indexing (up to overcounting by a factor
of n!) the set of integers b < N that are square-free, relatively prime to D and
have w(b) = n. This notation will be used throughout the rest of the paper. The
sum in (1) can be thought of as a sum over such b (the 1/n! term accounts for
the overcounting) of a “character” defined by the yx;, d; ; and e; ;. Proposition 9
will allow us to show that the “characters” in which the Legendre symbols make a
nontrivial appearance add a negligible contribution to our moments.

Proposition 10. Let n, N and D be positive integers satisfying loglog N > 1 and
(loglog N)/2 <n < 2loglog N. Let

G = (/D)*/((Z/D)")?*)".
Let f: G — C be a function with | f|eo < 1. Then

%Zf(pl,-.-,pn)

SN.n,D
h 1 ISN.n.DI
= (@ Z f(g)>< o

geG

N logloglog N
)+0D<—g g8 ) @)
loglog N

(Here f(p1, ..., pn)isreally f applied to the vector of their reductions modulo D.)

This proposition says that the average of f over such Sy , p is roughly equal
to the average of f over G. This will allow us to show that the average value of
the remaining terms in our moment calculation equals what we would expect given
Swinnerton-Dyer’s result.

We begin with a proposition that gives a more precise form of Proposition 9 in
the case when the ¢; ; are all 0.

Proposition 11. Let D, n and N be integers with 4 | D and loglog N > 1. Let
C > 0 be a real number. Letd; j € Z/2 fori, j=1,...,nwithd; ; =d;; and
dii =0. Let x; be a quadratic character of modulus dividing D fori =1, ..., n.
Suppose that no Dirichlet character of modulus dividing D has an associated Siegel
zero larger than 1 — B, Let

B — max(e(c+2)ﬂlog logN, eK(C+2)2(log D)% (log log(DN))z, n logc+2(N))
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for K a sufficiently large absolute constant. Suppose that B" < «/N. Let m be the
number of indices i such that either

o x; does not have modulus dividing 4 or

 X; has modulus exactly 4 and d; ; = 0 for all j.

Then
‘ﬁ Z HXi(Pi)H(—l)e(l")dl’/)dz./
" Snap i i<j

= 0<—N )(0(—loglog3>m+(1o N)_C) 3)
a Vloglog N n & '

Note once again that m is the number of i such that if the values of p; for j #i
are all fixed, the resulting summand will still depend on p;.

The basic idea of the proof will be by induction on m. If m = 0, we can bound
by the number of terms in our sum, giving a bound of I1,(N), which we bound
using Corollary 7. If m > 0, there is some p; such that no matter how we set the
other p;, our character still depends on p;. We split into cases based on whether
pi > B. If p; > B, we fix the values of the other p; and use bounds on character
sums. For p; < B, we note that this happens for only about a (loglog B)/n fraction
of the terms in our sum and for each possible value of p; inductively bound the
remaining sum. To deal with the first case, we prove the following:

Lemma 12. Let K be a sufficiently large constant. Take x any nontrivial Dirichlet
character of modulus at most D and with no Siegel zero more than 1 — =", constants
N, C > 0and X any integer with

X > max(e(C+2)ﬂloglogN’ eK(C-‘rZ)Z(log D)z(loglog(DN))z)‘

Then,

> x(p)‘ < 0(Xlog “7*(N)),
p=X

where the sum is over primes p < X.

Proof. Theorem 5.27 of [Iwaniec and Kowalski 2004] implies that, for any Y, for
some constant ¢ > 0,

Y xmAm=Y-0 (Y—ﬁ] + exp(ﬂ) (log D)4).

= log D

Note that the contribution to the above coming from n a power of a prime is
O (VY). Using Abel summation to reduce this to a sum over p of x (p) rather than
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x (p)log p, we find that

- —cy/log X
Y ox(p<X- O(X—ﬂ ' —i—exp(—g)(log D)4) +O0(WX).
log D
p=X
The former term is sufficiently small since by assumption X > e(C+28loglog N The
latter term is small enough since X > eX (C+2)*(log D)*(loglog(DN))* | The Jast term is

small enough since clearly X > log>¢T#(N). O

For positive integers n, N and D and S a set of prime numbers, denote by
Qn, N, D, k, S) the maximum possible absolute value of a sum of the form given
in (3) with m > k with the added restriction that none of the p; lie in S. In particular,
a sum of the form

1 Ne(pd: -
- 2 TIn JJpeeewnd,
" Sy i i<j
where x; are characters of modulus dividing D, d; ; € {0, 1} and

D'=D-]p

pes
We write the inductive step for our main bound as follows.

Lemma 13. Consider integers n, D, N, M, C and B with

B> max(e(c+2)ﬁlog logM’ eK(C+2)2(log D)?(log log(DM))z’ n 1ogc+2(M)),

where 1 — B~ is the largest Siegel zero of a Dirichlet character whose modulus
divides D, and K is a large enough constant. Then, if 1| <k <n and S is a set of
primes not exceeding B, the quantity Q(n, N, D, k, S) defined above is at most

O(N log N log=C~2(M)) +% 3 0(—1,N/p, Dk—1,SU{p}.

p<B

PES
Proof. Since k > 1, there must be an i such that either x; has modulus bigger than 4
or has modulus exactly 4 and all of the d; ; are 0. Without loss of generality, n is
such an index. We split our sum into cases depending on whether p, > B. For
Pn > B, we proceed by fixing all of the p; for j # n and summing over p,. Letting
P =T1/=] pi. we have

i=1

N/B .
Z ; Z a Z X (pn)’
P=1 P=pi--pp-1  B<p,<N/P

pi distinct DPn#Dj
pi¢S, (D,P)=1
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where a is some constant of norm 1 depending on p; - - - p,—; and x is a nontrivial
character of modulus dividing D, perhaps also depending on py, ..., p,—1. The
condition that p, # p; alters the value of the inner sum by at most n. With this
condition removed, we may bound the inner sum by applying Lemma 12 (taking
the difference of the terms with X = N/P and X = B). Hence, the value of the
inner sum is at most O(N /P log_c_Z(M) +n). Since

N/P > B > nlogtt*(M),

this is just O(N/P log’c’2(M)). Note that for each P, there are at most (n — 1)!
ways of writing it as a product of n — 1 primes (since the primes will be unique up
to ordering). Hence, ignoring the extra 1/n factor, the sum above is at most

N/B

> O(N/Plog “2(M)) = O(Nlog N log "> M).

P=1

For p, < B, we fix p, and consider the sum over the remaining p;. We note that

for p a prime not in S and relatively prime to D, this sum is =1/#n times a sum of
the type bounded by Q(n — 1, N/p, D,k — 1, SU {p}). In particular, we note that,
since by assumption the value of m for our original sum was at least k, upon fixing

this value of p,, the value of m for the resulting sum is at least kK — 1 and is thus
bounded by Q(n — 1, N/p, D,k —1, SU{p}). ]

Proof of Proposition 11. We prove by induction on k that for n, N, D, C, M,
and B as above with

B> max(e(C—Q—Z)ﬂloglogM’ eK(C+2)2(10g D)z(loglog(DM))z’ nlogC“(M))

and S a set of primes less than or equal to B and c a sufficiently large constant,

N cloglog B k
Qn,N,D,k,S) <c

~/loglog(N/B") n
k—1 a
log log B
+cN 1ogNlog—C—2(M)Z<%) @
a=0 n

Pluggingin M =N, k=m, S =& and

B — max(e(c-i-Z),BloglogN’ eK(C+2)2(]0g D)Z(loglog(DN))z, n logc+2(N))

yields the necessary result.

We prove (4) by induction on k. For k = 0, the sum is at most the sum over
b = p; - -- p, with appropriate conditions of 1/n!. Since each such b can be written
as such a product in at most n! ways, this is at most I, (N), which by Corollary 7
is at most c¢(N /v loglog N) for some constant c, as desired.
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For larger values of k, we use the inductive hypothesis and Lemma 13 to bound
Q(n,N,D,k,S) by

¢Nlog N log~¢~2(M) +% > Qn—1,N/p.D.k—1,5)
p<B

<cNlogN log*C*Z(M)

N clog logB)k_]
+
Z (\/loglog(N/pB" 1))( n—1

p<B
_ cloglog B
E —Nl Nlog ¢~2(M E _
—I— p<B c¢N log N log (M) ( 1 )

<cNlog Nlog 2(M)

+c< N >(c10glogB)
+loglog(N/B") n

cloglog B)“Jrl

+cNlog Nlog= ¢~ 2(M)Z(
n

a=0

c( N )(cloglogB)
~ \Wloglog(N/B") n

loglog B
+cNlog Nlog ¢~ 2(M)X:(ﬂ)
n
a=0

Above we use that

11 V1 1\
;(n—l) szcloglogB(E)

p<B

for all @ < n if c is sufficiently large. This completes the inductive hypothesis,
proving (4) and completing the proof. ([

Proof of Proposition 10. First note that we can assume that 4 | D. This is because if
that is not the case, we can split our sum up into two cases, one where none of the
pi are 2 and one where one of the p; is 2. In either case, we get a sum of the same
form but now can assume that D is divisible by 4. We assume this so that we can
use Proposition 11.

It is clear that the difference between the left-hand side of (2) and the main term
on the right-hand side is

ﬁ( 2 (% 2. X(Pl’---’Pn))(Zf(g)x(g)».

xeG\(1} SN.n.D g€G
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2>1/2

We note that | |, < /|G| and hence that (1/|G|)+/|G||f|> < 1. Bounding the
character sum using Proposition 11 (using the minimal possible value of B), we
get O(N?/loglog N) times

Using Cauchy—Schwarz, we find that this is at most

ﬁﬂlﬂz( >

x€G\(1}

1
;Zx(pl,...,pn)

SN.n.D

logloglog N \**

Z OD( loglog N ) ’
x€G\{1}

where above s is the number of components on which x (thought of as a product
of characters of (Z/DZ)*) is nontrivial. Since each component of x can either be
trivial or have one of finitely many nontrivial values (each of which contributes
Op((logloglog N)?/(loglog N)?)) and this can be chosen independently for each
component, the inner sum is

1+0 loglog log N \? n—l=exp o (logloglog N)? .
b loglog N b loglog N
(logloglog N)?
=O0p| ————— ).
loglog N

Hence, the total error is at most

1 N?logloglog?(N) 12 N logloglog N
@V|G|\/|G|OD(( =O0p|\ —— :

loglog?(N) loglog N

The proof of Proposition 9 is along the same lines as the proof of Proposition 11.
Again we induct on m. This time, we use Lemma 13 as our base case (when all of
the e; ; are 0). If some ¢; ; is nonzero, we break into cases based on whether p;
and p; are larger than some integer A (which will be some power of log N). If both
pi and p; are large, then fixing the remaining primes and summing over p; and p;
gives a relatively small result. Otherwise, fixing one of these primes at a small
value, we are left with a sum of a similar form over the other primes. Unfortunately,
doing this will increase our D by a factor of p; and may introduce characters with
bad Siegel zeroes. To counteract this, we will begin by throwing away all terms
in our sum where D [[; p; is divisible by the modulus of the worst Siegel zero in
some range and use standard results to bound the badness of other Siegel zeroes.

We begin with some lemmas that will allow us to bound sums of Legendre
symbols of p; and p; as they vary over primes.
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Lemma 14. Let Q and N be positive integers with Q> > N. Let a be a function
{1,2,..., N} > C, supported on square-free numbers. Then we have

N
DD anxm)

X 'n=1

2
= 0(QVN|al). (5)

where the outer sum ranges over quadratic characters whose modulus does not
exceed Q and is either a prime or four times a prime, and where ||a||*> = Ziv:l lan|?
is the squared L* norm.

Note the similarity between this and Lemma 4 of [Heath-Brown 1994].

Proof. Let M be the largest positive integer such that Q> < NM? < 4Q?. Let
b:{1,2,..., M?} — C be the function b,» = 1/M and b = 0 on nonsquares. Let
¢ = axb be the multiplicative convolution of @ and b. Note that, since a is supported
on square-free numbers and b supported on squares, ||c[|> = [|la||*|b]]? = ||la||>/M.
Applying the multiplicative large sieve inequality (see [Iwaniec and Kowalski 2004,
Theorem 7.13]) to c,

>y
qSQdJ(q)

x mod ¢

2
< (Q*+ NM?2=1D)|c| (©6)

> eax(m)

n

The right-hand side is easily seen to be

0(QHllall*/M = 0(Q*lal*/(V Q*/N)) = O(Q/'Nlla|®).

For the left-hand side, we may note that it only becomes smaller if we remove the
q/®(q) or ignore the characters that are not quadratic or do not have moduli either
a prime or 4 times a prime. For such characters y, note that

> eax(m) = (Z anx(m) (Z bnx(n)> = Q(Z anx(m),

n

where the last equality above follows from the fact that x is 1 on squares not
dividing its modulus and noting that, since its modulus divides 4 times a prime, the
latter case only happens at even numbers of multiples of p. Hence, the left side of
(6) is at least a constant multiple of the left side of (5). This completes the proof. [J

Lemma 15. Let A < X be positive numbers, and let a, b : Z — C be functions such
that la(n)|, |b(n)| <1 for all n. Denoting by (—) the Legendre symbol, we have

p _
> a(Pl)b(P2)<p—;>‘ — O(X log(X)A~/3).
P1,p2 prime and > A
p1p2<X
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Proof. We first bound the sum of the terms for which p; < v/X.

We begin by partitioning [A, v/X] into O(A'/*log X) intervals of the form
[V, Y(1 + A~'/%)). We break up our sum based on which of these intervals p,
lies in. We throw away the terms for which p> > X /(Y (1 + A~'/4)) once such an
interval is fixed. We note that for such terms p;p; > X (1 + A~Y% =1 Therefore,
the number of such terms in our original sum is at most O (X A~Y%), and thus,
throwing these away introduces an error of at most O (X A~!/4).

The sum of the remaining terms is at most

p1
> X ()
A<pr<X/(Y(14+A1/4) 'Y<pi <Y (1+A~1/4)

By Cauchy-Schwarz, this is at most

(%

A<pr<X/(Y(1+A~1/4))

2\1/2
> (@) )"

Y<pi<Y(1+A~1/%)

In the evaluation of the above, we may restrict the support of a to primes between Y
and Y (1 + A~!/#). Therefore, by Lemma 14, the above is at most

VXY O (X Y)Y 2y A~V = 0(XY V4 A~18) = 0(x A7),

Hence, summing over the O(A'/#1og X) such intervals, we get a total contribution
of O(X log(X)A~!/3).

We get a similar bound on the sum of terms for which p, < +/X. Finally, we
need to subtract off the sum of terms where both p; and p; are at most +/X. This is

> > a(Pl)b(PZ)(%>-

A<pi=VX A<pr<VX

Yol X aen(5)

A<pr<VX A<pi<vX

This is at most

By Cauchy—Schwarz and Lemma 14, this is at most

VX120V X12X14X1/2) = 0(X78) = 0 (X A™/8).
Hence, all of our relevant factors are O (X log(X)A~Y/ 8), thus proving our bound. [J

As mentioned above, in proving Proposition 9, we are going to want to deal
separately with the terms in which D []; p; is divisible by a particular bad Siegel
zero. In particular, for X <Y, let g(X, Y) be the modulus of the Dirichlet character
with the worst (closest to 1) Siegel zero of any Dirichlet character with modulus
between X and Y. In analogy with the Q defined in the proof of Proposition 11, for
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integersn, N, D, k, X and Y and a set S of primes, we define Q(n, N, D, k, X, Y, S)
to be the largest possible value of

1 (P poeppds; TT(PEY™
a2 [Txeo [T o era T,

i i<j i<j

()

’
SN,n,D

Above, S;\/,n, p 1s the subset of Sy ,, p such that none of the p; are in § and such that
q(X,Y) does not divide D [ p; and where the x; are Dirichlet characters of mod-
ulus dividing D, ¢; j, d; j € {0, 1} and k is at most the number of indices i such that

e ¢; j =1 for some j or

¢ x; has modulus not dividing 4 or

e x; has modulus exactly 4 and d; ; = O for all ;.

We wish to prove an inductive bound on Q. In particular, we show:

Lemma 16. Letn, N, D, k, X and Y be as above. Let B be a real number so that
the worst Siegel zero of a Dirichlet series of modulus at most D other than q(X,Y)
is at most 1 — ,3_1. Let M, A, B and C be integers such that

B> max(e(C”)ﬁ loglogM’ eK(C-‘rZ)z(logD)Q(loglog(DM))z, nlogc+2(M), A)

for a sufficiently large constant K. Then for S a set of primes less than or equal
to A, we have that Q(n, N, D, k, X, Y, S) is at most the maximum of

loglog B \* 1 /loglog B
N(O<w> +0(log Nlog C2(M)) 0(%) )
n n

a=0
and

ON 1o (N) A%+ 237 0 —1,N/p, Dp,k—1,X, Y, SU{p})
p<A

Z Q(n_Z»N/pIPZ’Dplplvk_2’x’ YaSU{Pl’pZ})-
p1.p2<A

1

+ nn—1)

Proof. We consider a sum of the form given in (7). If all of the ¢; ; are 0, we have
a form of the type handled in the proof of Proposition 11, and our sum is bounded
by the first of our two expressions by (4).

Otherwise, some e; ; is 1. Without loss of generality, this is e, ,. We can also
assume that d,_; , = 0 since adding or removing the appropriate term is equivalent
to reversing the Legendre symbol. We split our sum into parts based on which of
pn—1 and p, are at least A. In particular, we take the sum of terms with both at
least A plus the sum of terms where p,_; < A plus the sum of terms with p, < A
minus the sum of terms with both less than A.
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First, consider the case where p,,_1, p, > A. Fixing the values of py, ..., pp—2
and letting P = ]_[l":_l2 pi, we consider the remaining sum over p,_; and p,. We have

O ape k().

n! Pn
Afpn—lvpm
pnfl#pn»
(pi,DP)=1,
QtDPpy—1pn,
Pn—1Pn<N/P

where a and b are some functions Z — C such that |a(x)|, |b(x)| <1 for all x. We
note that the condition that (p;, D P) =1 can be expressed by setting a and b equal
to O for some appropriate set of primes. We note that the condition that g(X, Y)
not divide D Pp,,_1 p, is only relevant if D P is missing only one or two primes
of g(X, Y). In the former case, it is equivalent to making one more value illegal
for the p;. In the latter case, it eliminates at most two terms. The condition that the
p; are distinct removes at most /N /P terms from our sum. Therefore, perhaps
after setting a and b to 0 on some set of primes, the above is

j,j—,l(()(\/N/PH > a(pnob(pn)(”"‘l)).

Pn
A<pn—1,pn,
pn—lanN/P

By Lemma 15, this is at most
%O(N/P log(N)A~!/8).

Now for each P < N, it can be written in at most (n — 2)! ways; hence, the sum
over all p,_1, p, = A is at most
N
Z O(N/Plog(N)A™'3) = O(N1og*>(N)A~!/3).
P=1
Next, we consider the case where p, < A. We deal with this case by setting p,

to each possible value of size at most A individually. It is easy to check that after
setting p, to such a value p, the sum over the remaining p; is 1/n times a sum of
the form bounded by Q(n — 1, N, Dp, k—1, X, Y, SU{p}). Hence, the sum over
all terms with p, < A is at most

1
; ZA Q(n—1,N/p. Dp.k—1.X.Y.SU{p}).
pP<

The sum of the terms with p,_; < A has the same bound, and the sum of terms
with both less than A is similarly seen to be at most

1

nn—1)

> Qm—2.N/pipr. Dpiprk—2.X. Y, SU{p1, p2}). O
p1,p2<A
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We now use Lemma 16 to prove an inductive bound on Q.

Lemma 17. Letn, N, D, k, X, Y, S, M, A, B, C and B be as above. Assume
furthermore that Y > D A",

B> max(e(C”)ﬂ loglogM’ eK(C+2)2(log Y)z(loglog(YM))z’ nlogC“ M, A)

and S contains only elements of size at most A. Let L =n — k. Then the quantity
O(n,N,D,k,X,Y,S) is at most

N(O(loglog B)k
L k-1
loglog B \*
+ 0(log*>(N)A™'® +10g(N)log= 2 M) Z 0 (T) )
a=0

Note that we will wish to apply this lemma with n about loglog N, D a constant,
A polylog N, X polylog N, M =N, Y = DA" and B its minimum possible value.

Proof. We proceed by induction on k. In particular, we show that for a sufficiently
large constant ¢ that Q(n, N, D, k, X, Y, S) is at most

k—1 a
cloglog B k ) ~1/8 —C-2 cloglog B
N(<T> + (log®>(N)A™'/® +1og(N) log M)§0 — ) )
a=

We bound Q inductively by Lemma 16. Our base case is when Q is equal to

log log B \* L /loglog B\
N(()(&) +0(1ogNlog—C—2M)Zo(%) )
n =0 n

(which must happen if k£ = 0). In this case, our desired bound holds assuming that
c is sufficiently large.
Otherwise, Q(n, N, D, k, X, Y, S) is bounded by

O(N log>(N)A™"/%) + % Y 0(m—1,N/p,Dp,k—1,X,Y,SU{p})
p<A

> Qm—2,N/pips. Dpip2. k=2, X, Y, SU{p1, p2}).
p1,p2<A

1
nn—1)

+

Notice that the parameters of Q in the above also satisfy our hypothesis, so we may
bound them inductively. Note also that, for the above values of Q, the value of L is
the same. Letting U = (cloglog B)/L and

E =c(log> (N)A™Y8 4 log N log=¢ =2 M),
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then for ¢ sufficiently large the above is easily seen to be at most

k—2 k—3 k—1
U( k-1 o\, U152 a k a
N(E+3(U +EZU>+7<U —i—EZU))SN(U —I—EZU).
a=0 a=0 a=0
This completes our inductive step and finishes the proof. U

Proof of Proposition 9. The basic idea will be to compare the sum in question to
the quantity Q(n, N, D, k, X, Y, @) for appropriate settings of the parameters. We
begin by fixing the constant ¢ in the proposition statement. We let C be a constant
large enough that ¢" > log~¢(N) (recall that n was O(loglog N)). We set A to
10g8c+16(N), X to logC(N) and Y to DA" = exp(Op(C(loglog N)?)). We let
M=N.

We note that 8 comes from either the worst Siegel zero of modulus less that X or
the second worst Siegel zero of modulus less than Y. By Theorem 5.28 of [Iwaniec
and Kowalski 2004], 8 is at most O.(X€) in the former case and at most O (log Y)
in the latter case. Hence (changing € by a factor of C), we have unconditionally
that 8 = Oc(log®(N)) for any € > 0. We next let

B = max(e(C“)ﬁ loglogM’ eK(C+2)2(log Y)z(loglog(YM))z’ n logC“(M), A).
Hence, for sufficiently large N (in terms of € and D),

loglog B < eloglog N.

Finally, we pick k sothatn/2 >k >m/2. Thus, L=n—k >n/2=Q(loglog N).
Noting that we satisfy the hypothesis of Lemma 16, we have that, for N sufficiently
large relative to € and D, Q(n, N, D, k, X, Y, &) is at most

k
N(O(e)m/2 + 0 (log* (N)log=“~2(N) +log N log ¢ ~'(N)) Z 0(6)“).
a=0

If € is small enough that the term O(€) is at most 1/2, this is at most
N(O(e)"? +10g~ ¢ (N)).
If additionally the O (€) term is less than 2, this is
O(Nc™).
Hence, for N sufficiently large relative to ¢ and D,
Q(n,N,D,k,X,Y, &)= O(Nc").
Therefore, unequivocally,

Q(nv N7 Dv ka Xa Y’ @) = OC,D(NCm)'
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Finally, we note that the difference between Q(n, N, D, k, X, Y, &) and the term
that we are trying to bound is exactly the sum over such terms where p; --- p,
is divisible by ¢(X, Y)/gcd(¢(X, Y), D). Since ¢g(X,Y) > X, there are only
Op(N log_C(N )) such products. Since each product can be obtained in at most !
ways, each contributing at most 1/n!, this difference is O p (N log_c (N)=O(NCc™)
at most. Therefore, the thing we wish to bound is O, p(Nc™). O

4. Average sizes of Selmer groups

Here we use the results from the previous section to prove the following:

Proposition 18. Let E be an elliptic curve satisfying the conditions of Theorem 3
(and in particular by Theorem 2, for any E with full 2-torsion defined over Q) and
no cyclic 4-isogeny defined over Q). Let S be a finite set of places containing 2, 0o
and all of the places where E has bad reduction. Let x be either —1 or a power of 2.
Let w(m) denote the number of prime factors of m. Say that (m, S) =1 if m is an
integer not divisible by any of the finite places in S. For positive integers N, let ¥y
denote the set of integers b < N square-free with | (b) —loglog N| < (loglog N)3/4
and (b, S) = 1. Then

T, xdimE)
v = Z x"a,.

1m
Nooo [yl ~

This says that the k-th moment of |S>(E})| averaged over b < N with
lw(b) —loglog N| < (loglog N)*/*

is what you would expect given Theorem 2. Furthermore, Proposition 18 says that,
averaged over the same set of bs, the rank of the Selmer group is odd half of the
time. The latter part of the proposition follows from Lemma 1.

Proof of Lemma 1. First we replace E by a twist such that ¢; — ¢; are pairwise
relatively prime integers. It is now the case that E has everywhere good or multi-
plicative reduction, and we are now concerned with dim(S2(Egp)) for some constant
d | D. By [Mazur and Rubin 2010, Theorem 2.7; Kramer 1981, Corollary 1], we
have that dim(S;(Epg)) = dim(S,(E)) mod 2 if and only if (—1)* xpg(—N) =1
where x = w(d), N is the product of the primes not dividing d at which E has
bad reduction and ;4 is the quadratic character corresponding to the extension
Q(v/bd). From this, the lemma follows immediately. O

In order to prove the rest of Proposition 18, we will need a concrete description
of the Selmer groups of twists of E. We follow the treatment given in [Swinnerton-
Dyer 2008]. Let b = p; - - - p, where p; are distinct primes relatively prime to §
(we leave which primes unspecified for now). Let B=SU{p1, ..., p»}. Forv e B,
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let V, be the subspace of (uy, us, u3) € (@j/(@j)2)3 such that uuu3z = 1. Note
that V, has a symplectic form given by (u1, us, u3z) - (vy, v2, v3) = ]_[le(ui, Vi)v,
where (u;, v;), is the Hilbert symbol. Let V =] | V., be a symplectic [F,-vector
space of dimension 2M.

There are two important Lagrangian subspaces of V. The first, which we call U, is
the image in V of (Z7;/ (ZE)Z)?. The other, which we call W, is given as the product
of W, over v € B, where W, consists of points of the form (x —bcy, x —bcyr, x —bc3)
for (x, y) € Ep. Note that we can write W = Wy x W), where Wy =[], . W, and
Wi, = [1,, Wy. The Selmer group is given by

veB

ves

S2(Ep) =UNW.

As written, U, W and V all depend on the primes dividing b. Fortunately,
as we will see, there are natural spaces U’ and W’ that depend very little on b
with convenient isomorphisms to U and W. It would also be possible to similarly
parametrize V, but this will prove to be unnecessary as we intend to compute
the size of the intersection of U and W solely in terms of the restriction of the
symplectic pairingon V to U x W.

Let U’ be the [F,-vector space generated by the symbols v and v’ for v € S and p;
and p/ for 1 <i <n. There exists an isomorphism f : U’ — U given by f(o0) =
(—1, =1, 1), f(c0) = (1, =1, =1), f(p) = (p. p, 1) and f(p') = (1, p, p).

Note also that W), is generated by ((c1 —c2)(c1 —c¢3), b(c1 —c¢2), b(c1 —c¢3)) and
(b(c3—c1), b(cz—c3), (c3—c1)(c3 —c2)). If we define W’ to be the [F,-vector space
generated by the symbols p; and p; for 1 <i < n, then there is an isomorphism
g: W' — W, given by g(p;) = ((c1 — c2)(c1 —¢3), b(c] —2), b(c1 —¢3)) € W),
and g(p;) = (b(c3 —c1), b(c3 —¢2), (c3 —c1)(c3 — ¢2)) € W),

Let G =[],cg o]’j/(o?j)2 (here o are the units in the ring of integers of k, ). Note
that Wy is determined by the restriction of b to G. So for ¢ € G, let Wg . be Wy
for such b. Let W, = Wg . x W'. Then we have a natural map g. : W, — V that is
an isomorphism between W/ and W if b restricts to c.

Proof of Proposition 18. For x = —1, this proposition just says that the parity is odd
half of the time, which follows from Lemma 1. For x = 2, this says something
about the expected value of |S2(Ep)|F. For x = 2%, we will show that, for each
n € (loglog N — (loglog N)3/4 loglog N + (loglog N)3/%),

N (logloglog N)?
Z |SZ(Eb)|k=|SN,n,D|(Zam(2k)m+8(n,N))+OE,1<( (loglog log N') )

SN.n.D

loglog N

where §(n, N) is some function such that limy_, o, §(n, N) = 0. Summing over n
and noting that there are Q2 (N) values of b < N square-free with (b, §) = 1 and
|w(b) —loglog N| < (loglog N)3/4 gives us our desired result.
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In order to do this, we need to better understand |S>(Ep)| = |UNW]|. Forve V,
we have, since U is Lagrangian of size 2¥,

1 . 1 ifveU*t
- _luv: ]
2M§( ) {O else,
u
1 ifveU,
- else.

Hence,
|S2(Ep)| = UNW|
=#HweW:weU}

=Y g b

weW uelU
1 )
=57 2. (D"
uel, weWw
_ LM Z (—1)F @ 8w
5 .
uel’, wew,

If we extend f and g. to f*: (U)* — U* and gt : (W/)¥ — V¥ and extend the
inner product on V to an inner product on V¥,

1 Kok

2E) = g Y (DT s
ue(UNH*
we(W))k

and therefore that

k1 —1y (1) fE@-gk )
1S20E0)I" = Fm1755 2 xbeThHi= : ®)

ceqG, xeG

ue(UH*

we(W)Hk
Notice that once we fix values of ¢, x, u and w in (8), the summand (when treated
as a function of py, ..., p,) is of the same form as the “characters” studied in
Section 3.

We want to take the sum over Sy , p of |S2(Ep) k. If we let D be 8 times the
product of the finite odd primes in S, we note that each such b can be expressed ex-
actly n! ways as a product b = p; - - - p,, with p; distinct and (p;, D) = 1. Therefore,
this sum equals

% Z sz;|G| Z 1_[X(p,-))f(c)(_])fk(u)'gf(w)‘

SN.n.D ceG, Xea, i
ue(U"Yk, we(wWhHk
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Interchanging the order of summation gives us

! x(c) .
2kM |G| Z ! Z HX(Pi) (—1)7 g
SN.n.D ’ . Pl Dn i
distinct primes,
(D,pi)=1,
[l; pi<N

Now the inner sum is exactly of the form studied in Proposition 9.

We first wish to bound the contribution from terms where this inner sum has
terms of the form (f,’—’,) or in the terminology of Proposition 9 for which not all
of the ¢; ; are 0. In order to do this, we will need to determine how many of
these terms there are and how large their values of m are. Notice that terms of the
form (5—;) show up here when we are evaluating the Hilbert symbols of the form
(p, b(ca — b)) p, (P, b(ca —cb))g, (g, b(ca — cp))p and (g, b(ca — ¢p))4 and in no
other places.

Let U; C U’ be the subspace generated by p; = (p;, pi, 1) and p! = (1, p;, pi).
For u € U’, let u; be its component in U; in the obvious way. Let W; C W' be W),.
For w € W/, let w; be its component in W;. It is not hard to see that the power
of (I’,’—;,) appearing in (—l)fk(”)‘gf ) depends only on the projections of u and w
onto U; x U; and W; x W;, respectively. Our analysis of these exponents will be
simplified considerably by noting that the U; and W; have convenient isomorphisms
to fixed spaces, which we call Uy and Wy. In particular, let Uy be the [F,-vector space
with formal generators p and p’. We have a natural isomorphism between Uy and U;
sending p to p; and p’ to p;. We will hence often think of u; as an element of Uj.
Similarly, let Wy be the [F,-vector space with formal generators ((c; — c2)(c1 — ¢3),
b(c1—c2), b(c1 —c3)) and (b(c3 —c1), b(c3 —¢2), (c3 —c1)(c3 —c2)). We similarly
have natural isomorphisms between W; and Wy and will often consider w; as an
element of Wy instead of W;.

Additionally, we have a bilinear form Uy x Wy — [, defined by

p-((c1—c2)(c1—c3), b(ci —c2), b(cy —¢3))
=p'-(b(cz—c1), b(c3—c2), (c3—c1)(c3—¢2))
=1,

p'-((c1 —c2)(e1—c3), b(cr —c2), b(c1 —c3))

= p-(b(cz—cy), b(cz —c2), (c3—c1)(c3—2))
=0.

Notice that if u € U’ and w € W/, then the exponent of (5—;) that appears in
(= 1)/ 08 s (u; +u;) - (w; +w;). Similarly, if u € (U’)* and w € (W)X, the
exponent of (1‘,’—;) that appears in (—1)/" @8 ®) js (u; + uj) - (w; +wj), where u,
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and w, are thought of as elements of U(’)‘ and WK, and the inner product is extended
to Ué‘ X Wé‘ as (X1, .., Xk) - (V1y oo YO = D iy Xi - Vi

LetT = U(')‘ X Wé‘. We define by ((u, w), (u’, w)) =u-w'+u’-w a symplectic
form on T'. Also define a quadratic form g on T by g (u, w) =u-w. We claim, given
some sequence of elements, 7, = (u,, wy) €T forx € I, that (u,+uy)-(wy+w,)=0
for all pairs x, y € I only if all of the ¢, lie in a translate of a Lagrangian subspace
of T under the symplectic form (—, —). To show this, we note that, for r = (u, w)
and t' = (', w"), w+u") - (w+w") =, ')+ q(t) +q(t"). We need to show that,
forall x,y,z €1, ((ty +1ty), (tc +1t;)) = 0. This is true because

((tx + 1), (tx +12))
= (tx, 1)+ (te, 12) + {1y, 1) + {8y, 12)
= (tx, 1) + {1y, 1) + (1, 12)
= (tx, 17) + (ty, tx) + 1y, 1) +2q () +2q (1) +2q(z;)
= ((ty, 1x) +q(tx) +q(ty) + ({tx, 12) +q () +q () + {1y, 12) +q(ty) +q(12))
=0.

Givenu = (uy, ..., u,) € [ [, Uik and w = (wy, ..., wy) €[], Wl.k, suppose
that we have a set of / indices in {1, 2, ..., n}, which we call active indices, such
that (—1)/ “@)¢" () has terms of the form (5—;) only if i and j are both active, and
suppose furthermore that each active index shows up as either i or j in at least one
such term. Let #; = (u;, w;) € T (where we have identified u#; and w; as elements
of U(l)‘ and W(l)‘, respectively). We claim that #; takes fewer than 4% different values
on nonactive indices, i. We note that our notion of active indices is similar to the
notion in [Heath-Brown 1994] of linked indices.

Since (1;, t;) +q(t;) +q(t;) = 0 for any two nonactive indices #; and ¢;, all of
these must lie in a translate of some Lagrangian subspace of 7. Therefore, #; can
take at most 4 values on nonactive indices. Suppose for sake of contradiction that
all of these values are actually assumed by some nonactive index. Then consider #;
for j an active index. The #; for i either nonactive or equal to j must similarly lie
in a translate of a Lagrangian subspace. Since such a space is already determined
by the nonactive indices and since all elements of this affine subspace are already
occupied, 7; must equal #; for some nonactive i. But this means that every #; is
assumed by some nonactive index, which implies that no terms of the form (%)
survive, yielding a contradiction.

Now consider the number of such u and w so that there are / > 1 active indices.
Once we fix the values #; that are allowed to be taken by the nonactive indices
(which can only be done in finitely many ways), there are (’;) ways to choose

the active indices, at most 2¥ — 1 ways to pick #; for each nonactive index and at
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most 2% ways for each active index. Hence, the total number of such u and w with
exactly [ active indices is

0((’;)(4k _ 1)n—1(42k)1)'

The value of the inner sum for such a (u, w) is at most OE,k(N(Z_Zk_l)l) by
Proposition 9. Hence, summing over all / > 0 and recalling the 2~"* out front, we
get a contribution of at most

1
N4—nkoE,k<Z(7)<4k -1(3) ) — N4 0p 1 (45 = 1/2)")
; = NOg((1—47%1ym

= NOgi((ogN)="7).

Therefore, we may safely ignore all of the terms in which a (1[,’—’1) shows up. This
is our analogue of Lemma 6 in [Heath-Brown 1994].

Notice that, by the above analysis, the number of remaining terms must be
O£ (2M*%). Additionally, for these terms, we may apply Proposition 10. Therefore,
each term, up to an error of Og((logloglog N)?/loglog N), equals |Sy ., p| times
the average of its summand over all possible conjugacy classes of py,..., p,
modulo 4D. Since there are Oy, £(2M*) such terms and since there is an outer
factor of 27¥™ we reach two conclusions. Firstly, the sum in question is bounded
by Or £(|Sn.n.pl). Secondly, 1/n! times the sum over Sy, p of |Sz(E;,)|k is, to
within an error of Og ((logloglog N)?/loglog N) equal to |Sy .. p| times the

average over b = py - - - p, over all possible values of p; modulo 4D and Legendre
symbols ([’;—;) of |S2(Ep)|F. By definition, this latter average is simply
> ma(n)2t.
d

Using the fact that this is bounded for k£ + 1 independently of n, we find that
74(n) = O g(2~%*+D4) Tn order to complete the proof of our proposition, we
need to show that

. . kd _
Tim deord(m )2k =0.

But this follows from the fact that

Y (ra(n) —aa)2* = O (Z z—d) = 0527

d>X d>X

and that 7y (n) — o4 for all d by assumption. O
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5. From sizes to ranks

In this section, we turn Proposition 18 into a proof of Theorem 3. This section
is analogous to Section 8 of [Heath-Brown 1994] although our techniques are
significantly different. We begin by doing some computations with the «;.

Note that

UGS B PRCY » PP
Op42 (1—[1 0(1+2 /)> l_[( )

Now []" jo (=27 7y~1 is the sum over partitions, P, into parts of size at most n
of 277!, Equivalently, taking the transpose, it is the sum over partitions P with at
most n parts of 27171, Multiplying by 2~ G, we get the sum over partitions P with
n distinct parts (possibly a part of size 0) of 27!?I. Therefore,

0 . xZHj‘;O(lJrz—fx)
F) =) anx' = 1 (1 +277)
n=0 Jj=0

since the x?*2 coefficient of F(x) is also the sum over partitions, P, into exactly
d distinct parts (perhaps one of which is 0) of 2—| P| divided by []7Zo(1 +27/).
This implies in particular that ) -, «, equals 1 as it should.
Let Ty be the set of square-free b < N with |w(b) —loglog N| < (loglog N)3/4
and (b, D) =1. Let C4(N) be
#{b e Ty : dim(S2(Ep)) = d}
| Tw| '

Let C(N)=(Co(N), C1(N),...)€]0, 1]°. Theorem 3 is equivalent to showing that

lim C(N) = (g, o1, ...).
N—o0

Lemma 19. Suppose that some subsequence of the C(N) converges to some se-
quence (Bo, B, ...) € [0, 11 in the product topology. Let G(x) =), B,x". Then
G (x) has infinite radius of convergence and F (x) = G (x) for x = —1 or x equals
a power of 2. Also Bo = p1 =0

This lemma says that, if the C (V) have some limit, the naive attempt to compute
moments of the Selmer groups from this limit would succeed.

Proof. The last claim follows from the fact that since E, has full 2-torsion, its
2-Selmer group always has rank at least 2. Notice that ), C4(N )x¢ is equal
to the average size of x4M2(E») gver h < N square-free, relatively prime to D
with |w(b) — loglog N| < (loglog N)¥/%. This has limit F(x) as N — oo by
Proposition 18 if x is —1 or a power of 2. In particular, it is bounded. Therefore,



On the ranks of the 2-Selmer groups of twists of a given elliptic curve 1277

there exists an Rj such that

Y CaN)2M < Ry
d

for all N. Hence, Cy(N) < Ry27% for all 4 and N, which implies By < Ry27%4.
Therefore, G has infinite radius of convergence.

Furthermore, if we pick a subsequence, N; — oo, such that C;(N;) — B4 for
all d,

F2H =1 Ca(N;)2%
(2% = lim Xd: a(N)

Z Rk+12_d>

d>X

i—00

= lim Z Cy(N;)2%* + 0(
d<X

= lim » " Cq(N)2% + O(Ri1127%)

11— 00

d<X
=Y B2% + O(Rip127%).
d<X

So

li dk _ ky

Jim Y724 = F2Y)
d<X

Thus, G(2%) = F(2%). For x = —1, the argument is similar but comes from the
equidistribution of parity rather than expectation of size. ]

Lemma 20. Suppose that G(x) =), B,x" is a Taylor series with infinite radius
of convergence. Suppose also that B, € [0, 1] for all n and that G(x) = F (x) for x
equal to —1 or a power of 2. Suppose also that By = B1 =0. Then B, = oy, for all n.

Proof. First we wish to prove a bound on the size of the coefficients of G. Note that

22K(1 420y 4251y ..
1+291 4271

k
— 22k 1_[(1 + 2/() — 0(22k+k(k+1)/2).
j=1

F(2% =
Now
2"kﬂn < G(2") = F(zk) — 0(22k+k(k+1>/2)'

Therefore,
ﬁn — 0(22k+k(k+1)/2—k}1).

Setting k = n, we find that
o= 0@ 25112y = (2 (D)),

The same can be said for F'. Now congider F — G. This is an entire function whose
x" coefficient is bounded by 0(2_("2 )). Furthermore, F — G vanishes to order at
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least 2 at 0 and order at least 1 at —1 and at powers of 2. The bounds on coefficients
imply that

IF(x) = G()| < O(Z 2—<"22>|x|").

The terms in the above sum clearly decay rapidly for n on either side of log, (|x|).

Hence,
|F(x) — G(x)| = 0(2<— log, (Jx[)>+5 10g2(\x\))/2+10g2(|x\)2)

= O (20om(xD +5log(x))/2)
In particular, F — G is a function of order less than 1. Hence, it must equal

cx* T]a—x/p),
P

where the product is over nonzero roots p of F — G and ¢ is some nonnegative
integer. On the other hand, Jensen’s theorem tells us that if C # O the average value
of log,(|FF — G|) on a circle of radius R is

logy|Cl+ 2+ 1) logy R+ Y logy(R/|p)).
[p|<R

Setting R = 2* and noting the contributions from p = —1 and p =2/ for j <k,

k2+7k>k2+5k
2 2

O +3k+ Y (k—j)= 0(1)+3k+(k;1) = 0()+

j<k

which is larger than log, (| F — G|) can be at this radius, providing a contradiction. [

Proof of Theorem 3. Suppose that C (N) does not have limit (¢, o1, . .. ). Then there
is some subsequence N; such that C(N;) avoid some neighborhood of («g, o1, .. .).

By compactness, C (&V;) must have some subsequence with a limit (S8, 81, ...). By
Lemmas 19 and 20, («g, o1, ...) = (Bo, B1, ...). This is a contradiction.
Therefore, limy_, oo C(N) = (ag, a1, ...). Hence, limy_. o C4(N) = a4 for

all d. The theorem follows immediately from this and the fact the fraction of
b < N square-free with (b, D) = 1 that have |w(b) —loglog N| < (loglog N)3/4
approaches 1 as N — oo. U

It should be noted that our bounds on the rate of convergence in Theorem 3 are
noneffective in two places. One is our treatment in this last section. We assume
that we do not have an appropriate limit and proceed to find a contradiction. This
is not a serious obstacle, and if techniques similar to those of [Heath-Brown 1994]
were used instead, it could be overcome. The more serious problem comes in our
proof of Proposition 9, where we make use of noneffective bounds on the size
of Siegel zeroes. In particular, the rate of convergence depends on the function
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Z(€), which is the largest modulus g of a Dirichlet character with a Siegel zero
larger than 1 — g€ (or 1 if no such ¢ exists). It should then be the case that, if for a
sufficiently large constant K and integer m > d we have that N > exp(Z(K ~™)X)
and N > exp(exp(eKd)), then

#{b < N :dim(S,(Ey) =d}

N o < OE(Z_(g)(loglog N)~1/8 +2—(§)—m2)‘
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