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On the discrete logarithm problem
in elliptic curves Il

Claus Diem

We continue our study on the elliptic curve discrete logarithm problem over finite
extension fields. We show, among others, the following results:

For sequences of prime powers (¢;);eny and natural numbers (7;);eny With
n; — oo and n; /log(g;)* — 0 for i — oo, the discrete logarithm problem in the
groups of rational points of ellip;i-c curves over the fields [Fqlf’i can be solved in
subexponential expected time (g;* o,

Let a, b > 0 be fixed. Then the problem over fields F4», where ¢ is a prime
power and 7 a natural number with a - log(¢)'/? < n < b-log(g), can be solved

. . O(loa(g™)3/4
in an expected time of 0llog@3/%)

1. Introduction

In our previous work [Diem 2011b] we have shown that there exist sequences of
finite fields over which the elliptic curve discrete logarithm problem can be solved
in subexponential expected time in the bit-length of the input.
In this work, we strengthen those results. We show that for larger classes of
ground fields the problem can still be solved in subexponential expected time.
Recall that the main result from [Diem 2011b] is as follows.

Theorem 1. The discrete logarithm problem in the groups of rational points of
elliptic curves over finite fields F4n can be solved in an expected time of

oOmax(log(q), n?))

Here and in the following, ¢ is always a prime power and » a natural number.

It follows from this theorem that, for any two sequences (¢;)ien and (#;);en of
prime powers and natural numbers with n; — oo and n; /log(g;) — 0 for i — oo,
the discrete logarithm problem in the groups of rational points of elliptic curves
over the fields Fg”" can be solved in an expected time of (q;' o),

The main result of this work is the following stronger theorem.

MSC2010: primary 11Y16; secondary 14H52, 11G20.
Keywords: elliptic curves, discrete logarithm problem.
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Theorem 2. The discrete logarithim problem in the groups of rational points of
elliptic curves over finite fields F4n can be solved in an expected time of

e@(max(log(q), n-log(g)!/2,n3/2)) .

Note here that

log(q) forn < log(q)l/z,

max(log(q). - (log(¢)) /%, n*/?) = { n-(log(¢))"/?  for log(¢)'/? <n <log(q).
n3/2 for log(q) <n.

Theorem 2 gives the following results.

(1) Let sequences of prime powers (¢;);en and natural numbers (1;);en With g; — 00
and n; /log(g;)* — 0 for i — oo be given. Then the discrete logarithm problem in
the groups of rational points of elliptic curves over the fields 4"/ can be solved in
an expected time of

(g7 .

(ii) Let B €[4, 1] and @, b > 0 be fixed. Let

=

N —

1 +
o= = .
28+1 B+1 B+1

Then the discrete logarithm problem in the groups of rational points of elliptic
curves over finite fields Fgn with

N —

and y:=1-

a-log(¢)* <n < b-log(q)” ()
can be solved in an expected time of
000og(@")”)
Note that o < % (with equality if 8 = %), and y is maximal if « = 8 = %, and
then it is equal to %

As a special case we obtain that for a, b > 0 the discrete logarithm problem in
the groups of rational points of elliptic curves over finite fields Fg» with

a-log(q)'”* <n < b-log(q)
can be solved in an expected time of 0llog(@)¥' ")
(iii) Let B €[1,2) and a, b > 0 be fixed. Let
_2-F

o:=—— and y:=

3

[\SJON}

N
1+8
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Then the discrete logarithm problem in the groups of rational points of elliptic
curves over finite fields Fgn with

a-log(q)® <n <b-log(q)?

can be solved in an expected time of

(Ollog@™?)

The first statement follows immediately from Theorem 2.

The derivation of the second statement from Theorem 2 is as follows:

We have § = (y—%)/(l —y)anda=1/y —1.

The first inequality in (1) is equivalent to 7 > a-log(¢) /¥ !, and this is equivalent
to (1/a”)- (nlog(q))? = log(q).

The second inequality is equivalent to 5' 7 -log(g)?~'/2 > n'~7, and this is
equivalent to b'~7 - (nlog(q))? > n-log(q)'/2.

Additionally, except if ¢ = 2, we have log(g) > log(q)? > (1/b) -n and thus
n-log(q)'/? = (1/b)-n3/2.

The results now follow with Theorem 2.

We now show how the third statement follows from Theorem 2. We have
B=2y/(3—2y) and—as above—a = 1/y — 1.

For the range a -log(q)® < n <log(g), the result follows from the second point,
so we consider the range log(q) <n < b-log(q)®?. We have n < b-log(q)3¥/G—27),
that is, n3/27Y < b3/27¥ .log(q)" . With other words: n3/2 < b3/27Y . (n-log(q))? .

As an application of Theorem 2 we now consider the discrete logarithm prob-
lem in the groups of rational points of elliptic curves over finite fields of a fixed
characteristic p. We first remark that Theorem 2 does not give a nontrivial result if
q is set to p and n is set to the absolute extension degree of the ground field. We
therefore consider a factorization of the absolute extension degree in the form mn;
that is, we write the cardinality of the ground field in the form p”". We can then
regard both m and n as the extension degree. One sees that it is advantageous to
regard » as the extension degree provided that n < m and m as the extension degree
otherwise. In this way one obtains:

Theorem 3. Let p be a fixed prime number. Then the discrete logarithm problem in
the groups of rational points of elliptic curves over finite fields Fpmn can be solved
in an expected time of

e@(max(m,n,min(m -nl/2 n-ml/2)))
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Here we have

m forn <m!/2,
max(m,n,min(m-n"'“, n-m'°)) = 1/2 1/2
m-n for n <m=<n,
n for m <n'/2,

For any fixed prime number p, Theorem 3 gives the following results:

(iv) Let (m;)ien and (n;)ien With m;, nj — oo for i — oo. Then the discrete
logarithm problem in the groups of rational points of elliptic curves over the finite
fields [,m;n; can be solved in an expected time of

(pm,-ni)o(l)'

(v) Let o > 3 and a, b > 0. Then the discrete logarithm problem in the groups of
rational points of elliptic curves over finite fields F,m» with

m<a-n* and n<b-m*
can be solved in an expected time of

mnyl1—1/(14w)
o 0Cog(p™™") )|

Just as statement (i) above, statement (iv) is again immediate.

So we consider the last statement. Let o > 3. Note first that 1 — ﬁ = % =

ﬁ. We have m1t1/a < gl/a -mn, som < ql/(+ae), (mn)“/(l"'“). Similarly,

n<a'/0+® (mp)e/ A+ Moreover, 1— 135 = 3. Thus, if n <m, then n-m'/? <

(mn)3/* < (mn)®/ 1+ Analogously, if m < n, then m -n'/% < (mn)2/ 1+,

Some more information on the results. We give here some more information on
the precise meaning of the statements above and similar statements throughout this
article.

First, we choose some concrete representation of the “abstract input instances”
(elliptic curves E over finite fields K and elements a, b € E(K) with a € (b)) by
bit-strings. Every “abstract instance” is then given by at least one and finitely many
bit-strings. Concretely, we represent elliptic curves by Weierstral3 equations, as
usual. We also choose some (uniform) randomized model of computation with an
appropriate complexity measure, for example, a usual randomized RAM model
with logarithmic cost function or a randomized Turing model.

For a function f from some infinite countable set S to R~ ¢, we define the sets
0(f), 0, o(f) and Poly( f) as usual (for the latter see also [Diem 2011b]). We
note here that it makes no difference if .S is a subset of N or not.

The assertion in Theorem 1 is then as follows: there exists a machine in the given
model and a constant C > 0 such that, if the machine is applied to an instance of
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the elliptic curve discrete logarithm problem over a field F4», the expected running
time is bounded by € -max(log(@),7*) The agsertions in Theorem 2 and Theorem 3
are analogous. We stress that the expected value concerns only the internal choices
of the computation; there is no averaging over input classes.

Statement (i) means the following: Let (¢;);en and (#;);en be given as indicated.
Then there exists a randomized machine and a sequence (¢;);en With €; — 0 for
i — oo such that the expected running time of the machine if applied to an instance
over F4"i is bounded by (q;’i )€i. Statement (iv) is again analogous.

As usual, throughout this article we use the word “algorithm” instead of “ma-
chine”. Also as usual, we use the word “algorithm” in an informal way when we
outline a computation.

Outline. Just as the algorithm in [Diem 2011b], the algorithm for Theorem 2 is
based on the usual index calculus or relation generation and linear method. Again
we use multivariate polynomial systems over [, to obtain relations. The main
conceptual difference between the new algorithm and the previous algorithm is
that we enlarge the factor base. This enlargement causes some difficulties in the
analysis of the algorithm, and in order to complete the analysis we further modify the
definition of the factor base. We also employ a new algorithm to find decompositions.
Otherwise the index calculus algorithm in [ibid.] is not changed.

Below we outline a preliminary algorithm, and, on the basis of this algorithm,
we discuss under various heuristic assumptions why one should be able to obtain
an expected running time of ¢9(max(log(@),n 10g@'%) | In the course of this work,
we will change the algorithm in various ways. Unfortunately, even with a modified
algorithm we cannot prove that one can obtain the expected running time one
might expect by heuristic considerations. Indeed, in odd characteristic we can
only complete the analysis under the condition that ¢" < ¢ for a suitable constant
¢ > 0. In even characteristic the situation is more fortunate and we can complete
the analysis if n¢ < ¢ for a suitable constant ¢ > 0. This does however not
lead to an improvement over the result in Theorem 3 applied to fields of even
characteristic.

The index calculus algorithm we employ has the same overall structure as the
one in [ibid.] (see Subsection 2.3 of that work). The changes we perform concern
the definition of the factor base (Steps 4 and 5 of that algorithm) and the relation
generation (Step 6), where a new decomposition algorithm is employed. Because
the overall structure of the algorithm stays the same, we will focus on the parts of
the index algorithm which need to be changed.

In the next section, we give the new algorithm for the constructions leading
to the definition of the factor base. In Section 3 we formulate a decomposition
problem adapted to the new situation and give an algorithm to solve the problem.
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In the fourth and last section, we prove that under suitable conditions on # and g
the probability that a uniformly randomly distributed point P € E(F4») leads to a
relation between P and factor base elements is large enough. In the last part of this
section, we indicate how Theorem 2 can be obtained. Additionally, in an appendix
we correct two misprints in our previous work [ibid.].

Throughout the article we use the same notation as in our previous work, with
the exception that we now denote an affine defining polynomial for the elliptic
curve by f(x, ).

The application of the scalar restriction functor, that is, the formation of Weil
restrictions, is crucial in this work. Furthermore, many arguments here are based
on the consideration of tangent spaces. Background information on these topics is
given at the end of this section. The reader should also be familiar with the first two
sections of [ibid.]. Additionally, we assume some familiarity with toric geometry
and its application to solving polynomial systems as given in [Fulton 1993], [Cox
et al. 2005] and in particular in [Rojas 1999].

A preliminary algorithm. The algorithm follows the usual “index calculus” strat-
egy: after some preliminary computations to determine the group structure, we fix
a so-called factor base, generate relations and finally solve the discrete logarithm
problem via linear algebra.

Just as in [Diem 2011b], the factor base is defined in an algebraic way, and the rela-
tions are obtained by solving systems of multivariate polynomial equations over [F.

Let some instance of the problem with a prime power ¢, a natural number n > 2
and an elliptic curve E/F,n be given, where E is (as usual) given by an affine
Weierstrall equation in x and y with neutral element the point at infinity.

The definition of the factor base and the relation generation are as follows:

Let m be some natural number not exceeding n, which will be optimized later,
and let d := [n/m] and § := dm —n.

We choose some d-dimensional vector subspace U of the Fg4-vector space Fyn
and define the factor base by

F:={P e E(Fgn) | x(P) €U}

Furthermore, if 7 is not divisible by m (that is, 6 # 0), we choose a (d — 1)-
dimensional vector subspace U’ of U and set

F :={PeE[s)|x(P)elU’}.
Given some element P € E([F4#), we want to find a relation

Pi4-+Py=P
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with P; € ¥ fori =1,...,6 and P; € ¥ fori =& + 1,...,m. The key idea is
again to find such relations by solving systems of polynomial equations over [F,.
One possibility to obtain such a system is via summation polynomials.

Recall that the (m + 1)-th summation polynomial with respect to the cover-
ing xjg : £ — I]j’[%qn is an irreducible multihomogeneous polynomial S, €
U:qn[Xl, Yi,..., Xime1, Yime1] such that, for Py, ..., Py € E([Fq), Pi+---+
Py+1 = 0if and only if 5,1 (x| (P1), . . ., X|E(Pm+1)) = 0; see Proposition 2.1
and Section 3 of [ibid.]. The (m + 1)-th affine summation polynomial with respect
to x| g is the dehomogenization of this polynomial with respect to Y71, ..., ¥p,. This
is a polynomial Sy, 1 (x1,..., Xmt1) € Fgn[x1, ..., Xpmy1].

We choose a basis of F4n |F,. We expand the variables (or coordinates) x1, ..., X,
over [, with respect to the basis. Then fori =1,...,§andi =5+1,...,m we
restrict the resulting systems of coordinates to U’ and U, respectively. In this way
the polynomial sy,4+1(X1, ..., Xm, X (P)) gives rise to a system of n polynomials
in n variables. The polynomial s, 1 1(xX1. ..., Xm, x(P)) has degree 2! in each
variable and therefore total degree at most »1 - 2"~ Therefore each polynomial in
the system has degree at most 1 - 2"~ 1. It follows that “with multiplicities” the
system has at most (2 -2~ 1)" = " . 20m=1) 7 jsolated solutions over F4. Here
by an isolated solution we mean an isolated point of the scheme defined by the
system. (This can be seen by intersection theory in P”q, similarly to statement a)
in Proposition 2.5 of [ibid.].)

Now, with an algorithm by M. Rojas [1999], one can compute a list of solutions
of the system over [, containing all isolated solutions over [, in an expected time
of Poly(m™ - 2" m=1 .10g(¢)) = Poly(e™" -10g(q)).

Let us assume that, for varying P, most solutions over [, of these systems are
indeed isolated. It is reasonable to estimate the size of & as roughly qd and the size
of ¥ as roughly g%~ This indicates that the expected value of relations obtained
per try is in O(1/m!).

Disregarding the possibility that some of the relations generated might be linearly
dependent, we need roughly qd relations. This indicates an expected running time of

Poly(m!- "M TD d) = gpopy(enm-Floe@) -n/m)

for the relation generation part.
The expected running time for the linear algebra part is merely Poly(e'°8@ ).
Now, for m := min([{/log(¢g)], n), we obtain, again on the basis of the above
heuristic arguments, a total expected running time of

Poly(emlos@)n /o)),

We stress again that we have used various heuristic assumptions. The goal of the
rest of this work is to modify the algorithm in such a way that we can indeed prove
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the claimed expected running time for large input classes. As already stated, we are
however not able to establish the desired expected running time for all instances of
the problem.

Weil restrictions and the scalar restriction functor. Let us recall the definition of
the scalar restriction functor with respect to a finite field extension.

Let K|k be a finite field extension. Now let X be a quasiprojective K-scheme
of finite type. Then a representing object of the contravariant functor Z
Homg (Z x; K, X') from the category of k-schemes to the category of sets is called
the Weil restriction of X with respect to K|k. We denote the representing k-scheme
by Resi (X); as usual we also fix a corresponding natural transformation. A refor-
mulation of the definition is: The Weil restriction of X with respect to K|k is a k-
scheme Res,f (X) together with a morphism u : Res,f X))k = Res,f X xp K—>X
satisfying the following universal property: For any k-scheme and any K-morphism
o:Zg = Z x K — X there exists a unique k-morphism § : Z — Res,f(X)
with @ = u o Bg. We denote 8 by a. Now, the formation of the Weil restriction
defines a functor from the category of quasiprojective K-schemes to the category
of quasiprojective k-schemes; this functor is called the scalar restriction functor.
Furthermore, if X is a group scheme, so is the Weil restriction in an obvious way.

In this work, we often use Weil restrictions of the affine line A}( = Spec(K|[x]).
Note here that Res,f (A}()(k) ~ Al(K) = K. One sees easily the following: Let
by, ...,by be a k-basis of K. Then A} = Spec(k[x1,...,x,]) together with the
universal morphism A% — A}(, given on Z-valued points for any K-scheme Z by
P x1(P)by +---+ xn(P)by, is a Weil restriction of A}{ with respect to K|k (as
a group variety). The choice of a k-basis of K of course corresponds to choosing a
k-homomorphism K =~ k".

We would like to have an explicit and canonical description of the Weil restriction
of A }c which does not depend on the choice of a basis. For this, let us define for any
finite-dimensional k-vector space V' the polynomial algebra k[V] in the usual way:

o0 .
K i
k[V]:=@vem .
i=0
For some finite-dimensional k-vector space V, let
Ar[V]:= Spec(k[V"]),

where V'V is the dual space of V. Now, for any k-algebra 4, we have A[V](A4) ~
Homy (VV, A) ~ A ®; V in a natural way. Now, 4 ®; V is a k-vector space
and therefore in particular an abelian group. We obtain in this way a commutative
group structure on Ag[V]. Clearly, Ag[V](k) is isomorphic to (V, +) itself. The
association V +— Ay[V] gives rise to a covariant functor from the category of
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finite-dimensional vector spaces over k to the category of affine group varieties
over k. Here, an injective homomorphism U — V gives a closed embedding
Ay [U]— Ag[V], and in particular, for a vector subspace U of V', Ai[U] is a group
subvariety of Ag[V].

As a special case of the preceding we have natural isomorphisms Az [K](A) >~
A ® K for any k-algebra A. Therefore Ax[K] is in a natural way a Weil re-
striction of A}( with respect to K|k. We remark that the universal morphism
u: Ap[K] xp K — A}{ is given as follows: Ag[K] x; K is the affine scheme
defined by the K-algebra k[KV]®y K ~ @72, (K")®» @) K, and the universal
morphism corresponds to a homogeneous element of degree 1 in the algebra,
that is, to an element of KV ®; K. This vector space is naturally isomorphic to
the vector space of endomorphisms of K as a vector space over k. The univer-
sal morphism is the element of KY ®; K corresponding to the identity in this
space.

We also use Weil restrictions with respect to flat coverings, that is, finite and flat
morphisms. For this and also for other aspects of the scalar restriction functor we
refer to Subsection 4.1 of [Diem 2011b].

Tangent spaces and ramification. We make frequent use of homomorphisms be-
tween tangent spaces to address whether morphisms of schemes over fields are
unramified at rational points. For the convenience of the reader and because we
could not find a suitable reference, we make some general remarks here.

Let & be a field.

Let X be a k-scheme of finite type and P a k-rational point of X. Denoting by
k (P) the residue field at P, we have a canonical isomorphism k >~ «(P). We use
the latter notation if we regard k as an Oy, p-algebra.

The k-vector spaces Qx, p ®ay p K(P) and mp/ m%, are canonically isomor-
phic; see [Hartshorne 1977, Chapter II, Proposition 8.7]. Either one of these
spaces is called the cotangent space at P. The Zariski tangent space or simply
tangent space of P in X is Tp(X) := Homy(mp /m%,,k). The formation of
the tangent spaces behaves well under base change via a field extension over
k. Let us note here that it is important that P is a k-rational point. A special
case which is of importance in this work is: for any finite-dimensional k-vector
space V' we have a canonical isomorphism T(Ag[V]) >~ V; we identify these
spaces.

Let now X be a smooth k-scheme. Then the tangent sheaf of X is Ty := Q}/( =
Home,, (2x, Oy ). The canonical homomorphism

Ix,p =~ Homey ,(Qx, p,0x,p) — Homey ,(Qx,p,k(P))
~ Homk(Qx,P ®@X’P K(P),k) ~ TP(X)
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induces a homomorphism of k-vector spaces
Tx,p Qoy p k(P)— Tp(X).

As Qyx p is (by assumption) a free Oy, p-module, this homomorphism is an isomor-
phism. We denote the image of 1 € Tx p in Tp(X) by t(P).

Now let X and Y be arbitrary k-schemes of finite type, let f : X — Y be a
morphism of k-schemes and let P € X. Then the local ring of P in its fiber over
f(P)is Ox, p/f*(my, r(p))Ox,p, and f is said to be unramified at P if this local
ring is a finite and separable « ( /' (P))-algebra. If f is unramified at P then it is in
particular quasifinite at P; that is, P is isolated in its fiber.

Let now P be a k-rational point of X. Then f is unramified at P if and only if
f #(mY, f(p)) generates the maximal ideal of Oy p. By Nakayama’s lemma, this
is the case if and only if the induced homomorphism between cotangent spaces
STimepy/ mjzp( p)y > mp /m3, is surjective. Therefore, / is unramified at P if and
only if the induced homomorphism between tangent spaces f«: Tp(X)— Trp)(Y)
is injective.

2. The factor base

2A. Some general thoughts. In [Diem 2011b] we first described the algorithm,
which is rather elementary, and later presented the geometric background, involving
in particular the role of the Weil restriction of the elliptic curve with respect to
[Fql’l | [Fq .

This approach would also be possible here. However, we now present the
geometric background together with the description of the algorithm. The main
reason for this is that the conditions required for the definition of the factor base
are quite involved but closely related to geometric considerations.

We first make some remarks on the definition of the factor base in [ibid.].

Let an instance with a nontrivial extension of finite fields [F4»|F, and an elliptic
curve E over F4n be given, where an affine part of £ is given by a Weierstrall
equation in x and y with degree 2 in x. Let k :=F; and K := Fyn.

Then, in [ibid.], the factor base is defined as follows:

We fix a covering ¢ : £ — IP}( of degree 2 with ¢ o[—1] = ¢ satisfying a certain
condition (Condition 2.7 in [Diem 2011b]). Then the factor base % is the set

{PeE(K)|p(P)eP(k)}. 2

Now there exists a unique automorphism o of [P’,lc with ¢ = a o x|g. The factor
base is then equal to

{Pe E(K)|xg(P)ca (P(K))}. 3
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A geometric description of the definition of the factor base in (2) is as follows: Let
t=1idg : |]3’,1c — Res,f ([|3’}<) be the morphism corresponding to the identity on IP}(
under the universal property of the Weil restriction. This morphism is a closed
immersion; it might be called the canonical immersion.

We define V' by the diagram

VC—— ResK (E) 4)
lRes{f (@)
[FD}C% Res]{{([@}()

being Cartesian; cf. [ibid., Subsection 4.3]. Then, under the canonical isomor-
phism E(K) ~ Resf (E)(k), the factor base & corresponds to V' (k). Recall here
that as the morphism ¢ : E — IP’}( is a flat covering of degree 2, the morphism
Res}f (p): Res,f (E) —> Resf(l]:"}() and the induced morphism V — Pllc are flat
coverings of degree 2”.

From a geometric point of view, the equivalence of the two descriptions of the
factor base via (2) and (3) follows from the commutativity of the diagram

Ve———ResK (E)

l @ He

Ple——= Resf (PL) ResK (¢)

\ lRes,’f @

Res,f(lp}().

lResf(xE)

Note here that, by the universal property of the Weil restriction of IP}( with respect

to K|k, the immersions I]J’}c — Resf ([P’}() correspond exactly to the automorphisms

of IP’}( (via @ = a@). Thus, instead of varying the covering ¢ : £ — PII( in the

construction of the factor base, we could also have varied the immersion of [P’,l{ into
K (pl

Res; (Pg).

2B. The preliminary definition of the factor base. We now give some geomet-
ric background on the definition of the factor base in the preliminary algorithm
outlined in the introduction. We conclude this subsection with a wish list on the
geometric objects related to the definition of the factor base. This then leads to a
modification of the construction of the factor base which is described in the next
subsection.
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Let E, be the “affine part” of E; that is, E, := xI_El (A}(). Furthermore, as
already mentioned above, let m be some natural number not exceeding » and let
d:=[n/m]and é:=dm—n.

In the preliminary algorithm in the introduction we defined the factor base as
follows: we fix a d-dimensional k-vector subspace U of K, and we set

F:={P € Es(K)|x(P)eU}.

We now give a geometric description. As mentioned in the introduction, the
inclusion U < K gives rise to a closed immersion A [U] — Ay[K], and thus
A[U] is a group subvariety of Ax[K] = Res,f (A}(). Defining V,; € Res,f (E) by
the diagram

Vo Resf (Eq) 5)

l lReSIIc((XEa)

Ap[U]——— Ai[K]

being Cartesian, the factor base corresponds to V, (k).

In the preliminary algorithm, we also have a (d — 1)-dimensional k-vector
subspace U’ of U, defining a subset & of %. We define V, analogously to V,
with Ax[U] being substituted by Ax[U’]. Then % corresponds to V (k). As the
maps V, — A and V] — A’ are finite flat, every irreducible component of V, has
dimension m and every irreducible component of V, has dimension m — 1; see
[Hartshorne 1977, Chapter I1I, Corollary 9.6].

Now, we would like that the following conditions on V, and V are satisfied:

(1) The addition morphism (Res,f (E)" - Res,f (E) induces a dominant mor-
phism from every irreducible component of (Va’)5 X Vam_‘s to Res,f (E).

(2) There exists an (absolute) constant ¢ > 0 such that V,(k) contains at least
¢ ¢4 points and V) (k) contains at least ¢ - ¢?! points.

Note that dim((Vé)‘S X Vam_s) = n and therefore the statement in the first item
implies that the morphism (VC;)‘S X Va’"_8 — Res,f (E) is generically finite.

With a randomized algorithm it is straightforward to construct in an efficient
way U and U’ such that the second item is satisfied.

For d = 1, the morphism (Va/)g X Vam_5 — Res,f (E) is surjective and therefore, if
V, and Vj are irreducible, the first item is satisfied; see [Diem 2011b, Remark 4.21].
However, for d > 1, we cannot even give an example for which we can prove that
the first condition holds. For this reason, we modify the definition of the factor base.

2C. The essential modification. We now discuss the modification of the construc-
tion of the factor base.
We impose the following condition.
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Condition 2.1. The point 0 € P} is not a branch point of x| : E — Pk and its
preimage in E consists of two K-rational points.

Note that, for ¢ > 16, there exist at least 5 K-rational points on E, so there
exists a point in £(K) which is not a ramification point. In the algorithm for the
definition of the factor base, we first pass to a projectively equivalent elliptic curve,
also given in Weierstrall form with the point at infinity being the neutral element,
such that the condition is satisfied. We then fix k-vector subspaces U; of K of
dimension d — 1 fori = 1,...,6 and of dimension d fori =§ +1,...,m such
that we have a decomposition

K=@Ui (6)

and such that some further conditions are satisfied; see Section 2E below. With
Fi:={P € Eq(K) | x(P) € Ui —{0}}, (7
we define the factor base as

m
F = U F;. 8)
i=1

Later, for P € E(K), we search for a relation of the form
Pi+--+P,=P
with P; € %;.

We now apply the geometric considerations of the previous subsection here.
Decomposition (6) gives rise to a decomposition

Ar[K] = D AclUI] )

i=1
in the category of commutative k-group varieties. Decomposition (6) is then

obtained from (9) by taking k-valued points.
Similarly to above, we define V; C Res,f (E,) via the diagram

V;&— Resk (Eq)

]

AplUi]——— Ax[K]

being Cartesian. Note that the morphism Res]f (Eq;) — A[K] is a flat covering of
degree 2" which is unramified at 0 € Ay [K]. As flatness and unramifiedness are
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stable under base change, the morphism V; — A [U;] is a flat covering of degree 2"
which is unramified at 0 € Ay [U;] too. In particular, V; has the same dimension as
the vector space U;.

Let

am : Resk (E)™ — Resy (E) (10)
be the m-fold addition morphism and
dhy i Vi X -+ X Viy — ResK (E) (11)

be the restriction of a,, to V; x---x Vy,. Let Py be one of the two points of E(K)
which are mapped to 0 by x|g.
Note that Reslf ((Pg)®) = 0. In particular, (Py)e is a k-rational point of all V;.

Proposition 2.2. The morphism a,, is unramified at ((Po)@, - - -, (Po)®)-

Remark 2.3. As unramifiedness is an open property, we obtain: ), is unramified
in an open neighborhood of ((Py)@,.- .., (Py)e). Every irreducible component of
Vi x-+-x Vy, has dimension n (because we have a flat covering of V; x---x Vp,
to Ag[K]). Thus the morphism «), is dominant. If furthermore Vi, ..., V,, are
irreducible, a}, is generically unramified.

Proof of Proposition 2.2. We wish to show that

(@) TP o (P)) (V1 X+ X Vin) = Tin (Py) (Resg (E))

is an isomorphism.

As the morphism Resf (x| ) is unramified at (Pp)@, it induces an isomorphism
of tangent spaces

T(Py)o (ResF (Ea)) <> To(Ak[K]). (12)

Decomposition (9) induces a decomposition of tangent spaces To(Ai[K]) =
DL, To(Ar[U;]) which is nothing but the original decomposition of vector spaces
K = @7, U;. Under isomorphism (12), T(py)e (Vi) corresponds to To(Ag[U;]).
Therefore, we have the decomposition

T(py)o (Resg (Ea)) = @D Tipy)o (Vi) (13)

i=1

By the next lemma, we have the following commutative diagram whose vertical
maps are isomorphisms:
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(@m) «

T(Po)o. . (Po)o) (RESE (E)™) Tin(Poyo (Resf (E))
((pl)*,...,(pm)*)j T(f(m—l)'wo)@)*
(Tepy)o (Resf (E)))™ T(py)o (Resg (E))

Here p; : Res,{( (E)Y" — Res,f (E) is the projection to the i-th coordinate and the
map »_: T(po)@)(Res,f(E)) = T(Py)e (Res]f (E)) is the addition of the k-vector
space T(py)e (Resf (E)).

By restriction of the horizontal maps we obtain the commutative diagram

(@m)«

Tin(Po)o (Res,f (E))

] (f(n1—l)<(P0)@)*

T(Py)o, - (Po)@)(Vl XX Vi)

)
T(Poyo (V1) X -+ X T(py)o (Vin) ——=—— T(py)e (Resf (E))

Because of decomposition (13), the addition maps T p)o (V1) XX T(py) g (Vin)
bijectively to T(py)q (Resf (E)). This gives the desired statement. d

In the following lemma, we use this notation: Let U, V', W be k-vector spaces.
Ifthenp:U — W and ¥ : V — W are k-linear maps, we denote the induced map
UxV —>Wby(p ¥).Ifo:W - U and ¢ : W — V are k-linear maps, we
denote the induced map W — U x V by (f;)

Lemma 2.4. Let k be a field.

(a) Let X1, X, be two k-schemes, and let Py € X1(k), Py € X5(k). Let us assume
that X is smooth at Py and X, is smooth at P,. The points P; give rise to
closed immersions t; : X; — X1 X X,. Let p; : X1 X X — X; be the canonical
projections. Then the maps

((t1)x (12)%) : Tp (X1) X Tp,(X2) — T(p,,py) (X1 X X3)

and

(83:) TPy, Py (X1 X X2) = Tp, (X1) X Tp,(X2)
are isomorphisms of k-vector spaces which are inverse with respect to each
other.

(b) Let A be an abelian variety over k with addition morphisma : Ax A — A and
neutral element O. Let 1; - A — A x A be the two canonical immersions. Then
the map ax o ((t1)x (12)x) : To(A) x To(A) — To(A) is the addition on the
k-vector space To(A).
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(¢) Let A be an abelian variety over k and P € A(k). Then we have a commutative

diagram
Tp(Ax A) —=— Ty p(A)
(pl)*
((Pz)*) p)s

b
Tp(A)xTp(A) —=Tp(4),
where the lower map Y : Tp(A) x Tp(A) — Tp(A) is the addition morphism
on the k-vector space Tp(A).

Proof. (a) The k-linear map

(P1)x
((Ll)* (12)*) ((Pz)*)

Tp, (X1)x Tpy(X2) T(py, Py (X1 X Xo)—————Tp, (X1) x Tp, (X2)

is obviously the identity. As the dimensions of these k-vector spaces are the same,
the two maps in (a) are both isomorphisms.

(b) We only have to check that the k-linear map ax o ((t1)x (t2)«) : To(A) x
To(A) — To(A) agrees with the addition (which is also k-linear) on the first
and second factor. But restricted to factor i, ax o ((t1)« (t2)«) becomes ax o (t;)x,
which is the identity, just as is the addition when restricted to one of the factors.

(c) Let us consider A as an abelian variety with P as neutral element, and let ap
be the addition law. Then ap = t_p oa. The commutativity of the diagram then
follows from (b). O

2D. Irreducibility. If the characteristic is odd, in order to complete the analysis
of the relation generation procedure, we need that the V; are irreducible. In this
subsection, we give some theoretical background for the algorithmic construction
of the V; such that they are indeed irreducible.

All the statements in this subsection are valid except in the case that the char-
acteristic is 2 and the j-invariant of E is 0, or, in other words, except if E is a
supersingular elliptic curve in characteristic 2. So let us assume that it does not
hold that the characteristic is 2 and j = 0.

Lemma 2.5. Let U be a vector subspace of K, and let V,; be defined as in (5).
If Ap[U] contains an irreducible scheme containing 0 whose preimage in Vg is
irreducible, then Vy is irreducible. Likewise, if Ay[U] contains a geometrically
irreducible scheme containing 0 whose preimage in V, is geometrically irreducible,
then V, is geometrically irreducible.

Proof. Assume that V is not irreducible, and let Va(l) and Va(z) be two irreducible
components of V. Let s§ € Ay [U] be the étale locus of the flat covering V; — A¢[U]
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and V', its preimage on V. By Condition 2.1 the covering £, — A}( is unramified
at 0. Thus so is the covering Res,f(Ea) — A [K] and the induced covering
Va — Ag[U]. Thus 0 is contained in ${. In particular, & is nonempty and thus a
nonempty open part of Ak[U ]

For i =1, 2, the map V ) Ay [U] is surjective. (As the map V( N Ar[U]is
flat and finite, by [Hartshorne 1977, Chapter III, Corollary 9.6], V( D has the same
dimension as Ay [U]. The dimension of Va(i) is equal to the dimension of its image.
Thus the dimension of the image is equal to A [U]. Therefore the map is dominant.
As the map is finite, it is in particular closed, and therefore the image is equal to
A [U].) Therefore V( D contains a preimage of 0. Let °V(l) be the preimage of o in
Va(i) . Then °V[(1i) is a nonempty open part of Va(l) which contains a preimage of 0.

As Ar[U] is smooth, so is o, and, as furthermore V" — o is étale, V" is also
smooth. It follows that Vfll) and °I/’512) are disjoint.

Let now S be an irreducible subscheme of A[U] as in the first claim of the
lemma. As V; — Ag[U] is unramified at 0 and 0 € S by assumption, S N A is a
nonempty open part of S. It follows that the preimage of S N & is a nonempty
open part of the preimage of S and thus also irreducible. Therefore it is contained
in either °V§11) or °Vflz). On the other hand, as it contains all preimages of 0, it has
nontrivial intersection with both °i/’§,1) and °l/’§12), a contradiction.

The second claim follows via base change to k. O

In the algorithm, we first search for 1-dimensional k-vector subspaces 7T; of
K such that the preimages of Ag[T;] in Res,f (E,) with respect to Res,f (x1E,)
are geometrically irreducible. Then we search for suitable k-vector subspaces
U; of K containing 7;. The preimages V; of the corresponding group subvari-
eties Ag[U;] of Ag[K] then contain Ay [7;] and are therefore geometrically irre-
ducible.

To choose the spaces 7; we employ ideas from the first subsection of this section
and of our previous work.

Let © € K*, and let us consider the vector subspace u~! -k of K and the
associated group subvariety A[u~! - k] of A¢[K]. Furthermore, let W, be the
preimage of A[u~! - k] in Resf(Ea).

Clearly, the group subvariety A[x~! - k] is the image under the closed immersion
A}( — Ag[K] induced by the injective homomorphism of vector spaces k — K,
at— y,_l
Then the morphism A}C — Ar[K] is equal to (o V).

We now essentially apply the considerations of Section 2A here, restricting
ourselves to the “affine parts”. We set ¢, := a4 0 x|g,. Now W is the preimage

a. This morphism can also be given as follows: Let o, := pux : A}c — A}{.

of L(A ) in ResX i« (Eq) with respect to the covering Resf (¢q). This is very closely
related to the situation studied in [Diem 2011b, Section 2.2] — the only difference is
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that here we use automorphisms of the group variety A}( instead of automorphisms
of IP}( and we restrict ourselves to the “affine parts”.

Lemma 2.6. There are more than q" —3(n — 1) - ¢ * elements . € K* such that,
with W, as defined as above, W, is geometrically irreducible.

Proof. By assumption on k and E, the covering x|g : Ef — [P’I% has two or four
branch points, one of which is at infinity. Thus there are exactly one or three branch
points not equal to infinity.

LetAy,...,As€F g 6n—{0}, with s €{1,3}, be the branch points of x| g,,: (Eq) ¢ —>A}€.
Let € K* and let o := pux. Then the branch points of o x| g, : (Eq); — AIIF are

WAL, ..., uAs. Therefore Condition 2.7 from [ibid.] is equivalent to the following
condition.
Condition 2.7. There exists an i = 1,...,s such that, for j = 1,...,n — 1,

(uA)? ¢ {puhy, ..., phsh.
As shown in [ibid., Proposition 4.9], if this condition is satisfied, W, is geomet-
rically irreducible.

We are interested in the probability that, for j = 1,...,n — 1, (uh;)? ¢
(i ). |

For j=1,...,n—land{=1,...,s, the condition (ukl)qj = Ay is equivalent
to ,uq]_l' = Ay /)fllj. As the cardinality of the kernel of the map K* — k*,
a > a?’ 7' is q2dU-M _ 1 (see next lemma), there are either no or exactly
q&40U-m _ 1 such elements .

The situation is now very similar to the situation in [ibid., Lemma 2.10]: in total
there are at most s - Z;’;i (q&40G-m) _ 1) elements 1 for which the condition in the
lemma is not satisfied.

Now a crude estimate is that s - Zy;} q&dU-m=1 < g . (n—1)-¢"2. |

Lemma 2.8. Let g be a prime power and m, n € N. Then ¢™ — 1 | ¢" — 1 if and
only if m | n. Moreover ged(¢™ — 1,¢" — 1) = g&dtm:n) _ 1,

Proof. If m | n then clearly ¢ — 1| ¢ — 1. So assume that ¢ — 1 | ¢ — 1. For
ae [F;m we have ¢4"' =1 = 1 and by assumption also a9"~1 = 1. But this means
thata € F,. Thus Fgm is a subfield of Fgn and thus m | n. .

For the second statement, consider the set G := {a € Fyn | a? = 1}. On the
one hand, as G is a subgroup of the cyclic group [FZ’”’ it has ged(¢g™ —1,4" — 1)
elements. On the other hand, G U {0} is a subfield of F4», and therefore there exists
some « | n with #G = g% — 1. The result now follows with the first statement. [

2E. The algorithm for the factor base. Let a field extension K|k as above, an
elliptic curve E /K, two points A, B € E(K) with B € (A) as well as m € N with
2 <m < n be given, where #K > 16. As always, let d := [n/m] and § := dm —n.
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We first choose — with a randomized algorithm — some point Py € E;(K)
which is not a ramification point of x| and pass from E to its image under the
automorphism of [P’%( givenby P=(X(P):Y(P): Z(P))—~ (X(P)—x(Py)Z(P):
Y(P): Z(P)). Let E be the resulting curve. This is again a curve in Weierstrall
form, X\ g is unramified above 0 and the preimage of 0 consists of two K-rational
points. Clearly, this computation can be performed in an expected time which is
polynomially bounded in log(¢").

So let us now assume that there exists a K-rational point of £ which is unramified
under x|g and mapped to 0.
Given an instance as described, we would like to compute a decomposition

with dim(U;) =d —1fori =1,...,8 and dim(U;) =d fori =8+ 1,...,m such
that

« #{P € Eqo(K) | x(P) € Ui — {0}} > Lgdim(0;

e if char(k) is odd: Vi,..., V}, are irreducible.

The factor base is then defined as described in (7) and (8) above.

We now give an algorithm for the task just mentioned under the condition that

m <n/2 and g > 4. This is sufficient for the algorithm for Theorem 2.

Algorithm to compute a suitable decomposition of K

Input: A field extension Fgyn|F, with g >4, an elliptic curve E/Fgn in
Weierstrall form with respect to x and y such that there is a K-rational point
of E which is unramified under x|g and mapped to 0, two points

A, B € E(F4n) with B € (4) and a natural number m with 2 <m <n/2.

Output: A decomposition Fgn = P7L; U; with dim(U;) =d —1fori =1,....,8
and dim(U;) =d fori =85+ 1,...,m such that the conditions mentioned above
are satisfied.

(1) If ¢ is not a power of 2

Fori=1,...,mdo
Repeat
Choose u; € [F;n uniformly at random.
Until w; is not contained in (T4,...,T;—1) and u; satisfies
Condition 2.7.

Let T,~<—;Li_1-|]:q<|]:qn.
If ¢ is a power of 2, let T; < {0} fori =1,...,m.
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(2) Let d < [n/m] and § < dm —n.

Fori=1,...,mdo
Ifi <8, let e <« d—1, otherwise let e < d.
Repeat

Compute an [F4-vector subspace U; of F4» which is uniformly
randomly chosen from the set of e-dimensional F4-vector subspaces
of Fyn containing T; with intersection {0} with
U+ 4+ Ui+ Tiv1 ++ T

Until {E4(Fgn) | x(P) € U; —{0}} contains at least %-qe elements.

(3) Output Uy,...,Up.

Remark 2.9. We represent [F;-vector subspaces of [F4n by bases over ;. Therefore
the definition of 7; is computationally void; we inserted it only to be able to reason
about 7; later.

Note here that, at the end of each iteration of the for-loop in Step 2, we have
adirectsum Uy &:--- B U; @ Tj+1D--- D Ty, inside K, where, for j =1,...,1,
Uj contains T, dim(U;) = d —1if j < § and dim(U;) = d if j > §. The
vector space T; corresponds to a 1-dimensional group subscheme of Ag[K] whose
preimage in Res,f (E) is geometrically irreducible by the arguments in Lemma 2.6.
By Lemma 2.5, V; is then also geometrically irreducible. Therefore an output of
the algorithm defines a decomposition K = €}, U; which satisfies the conditions
given above.

We remark here that the algorithm itself is much more elementary than the
geometric arguments.

The main result of this section is the following proposition.

Proposition 2.10. For2 <m <n/2 and q > 4, following the above algorithm, one
can compute a decomposition of K with the desired properties in an expected time
of Poly(n-q%) = Poly(n - ¢g"'™).

Proof. We only have to consider the expected running time. For this, we discuss
the steps of the algorithm.

Step 1. Let ¢ be odd. We consider, for a particular iteration of the for-loop, the
expected value of iterations of the repeat-loop.

As i <m, the space (T}, ..., T;_;) contains at most ¢"*~! < ¢"/? elements. By
Lemma 2.6, there are at least ¢" —3(n— 1) -¢™/2 — ¢g"/? > ¢" —3n - ¢"/? clements
wu € K* which do not lie in (77, ..., T;—1) and which satisfy Condition 2.7. The
probability that this is satisfied is therefore at least 1 — 3n/ q"'?. For n > 4 and
g > 4, which is the case by assumption, this is at least 1 —3n/2" > 1 — % = %.
The expected value of iterations of the repeat-loop is therefore at most 4. We can
obtain an expected running time which is polynomially bounded in 7 - log(g).
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Step 2. We always have e > 2. In the repeat-loop, the space U; can be computed in
an expected time which is polynomially bounded in 7 -log(g) by the next lemma.
The counting of the set { E4(Fg4n) | x(P) € U; —{0}} can be performed in a time
which is polynomially bounded in ¢¢. The expected number of repetitions of the
loop is at most 14 by Lemma 2.12 below. The expected running time of Step 2 is
then polynomially bounded in q?. O

Lemma 2.11. Let S and T be two Fq-vector subspaces of Ty with S N T = {0}
and S+ T < [FZ, and let e € N with dim(T) < e <n—dim(S) be given. Then in
an expected time which is polynomially bounded in n -1og(q) one can compute an
Fq4-vector subspace U of [F’(} which is uniformly randomly chosen from the set of
e-dimensional Fg-vector subspaces U of Fg with T C U and S NU = {0}.

Proof. Consider the following algorithm:

Input: Two [4-vector subspaces S and T' of F7 with SNT = {0}, and e € N
with dim(7) < e <n—dim(S).

Output: An [Fg4-vector subspace U satisfying the conditions in the lemma.

Let vy, ..., Vgim(T) be the basis of T" given with the input.
Fori =dim(T)+1,...,e do
Repeat

Choose v; € FZ uniformly at random.
Until v; € (vy,...,v;—1)+ S.
Output (vi,..., Ve).

Obviously the space (vq,..., V) is uniformly randomly distributed in the set
of e-dimensional subspaces U of Fy with 7 C U and S N U = {0}. The claimed
expected running time follows from the fact that the probability that v; is in the
(i — 1 4+ dim(S))-dimensional vector subspace is g~ +dm(S)—n <1 /4 O

Lemma 2.12. For g > 4 and n > 4, elliptic curves E [Fyn in Weierstraf3 form,
proper Fg-vector subspaces S and T of Fgn with dim(S) <n—2,SNT = {0} and
S+ T & Fj and a natural number e with dim(T') < e < n —dim(S), the following
holds:

Let U be a uniformly randomly distributed vector subspace of IFZ of dimen-
sion e with T C U and S NU = {0}. Then, with a probability of at least ﬁ,
#{P € Eq(Fgn) | X(P) € U —{0}} = - ¢
Proof. Let first U be a uniformly randomly distributed e-dimensional [,-vector
subspace of Fyn. Then, as each point of F;n — {0} has the same probability of
appearing in U, each point of Fg» — {0} has a probability of

q¢—1

q"—1
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to appear in U.
Likewise, if S, T and e are as in the lemma and U is a uniformly randomly
distributed e-dimensional vector subspace of Fy» with T C U and U N S = {0},
each point of Fgn — (S N T') has a probability of
qe _qdfm(T) . l y

qn _ qdlm(S) 2

e—n

to appear in U.
Let

$:={P € Eq(Fgn) | x(P) €S}, T:={PcE,(Fg)]|x(P)eT—{0}
N :=#{P € Eq(Fgn) | x(P) € U —{0}}.

The expected value of N, F[/N], can be expressed as follows:

qe _ qdim(T)
V) = #(EaFr) ~ (PO 7)) T 449
e _ ,dim(T)

q9 —1q i -
= (#Ea([Fq")—#ff)'m > (q"—=2-q"* =24 L. g,

the last inequality by the Hasse—Weil bound.
Asg>4andn >4,2-¢4"2 < 1.¢" Asq>4and dim(S) <n -2,
2.q4mS) <2.4m"2 < 1.4 We obtain

E[N]>2-4°.

On the other hand, N <2-¢°. The claimed bound on the probability that N > % -q°
now follows by the following elementary probability theoretic argument. We have

§:0° <ENI<P[N <3:¢°]- 54 +P[N = 5-¢°]-2:¢°

In other words,

O

PN = 3-9°] = 13-

After suitable k-vector subspaces U; of K have been computed, the sets F; :=
{P € Eq(Fygn) | x(P) € U; —{0}} are enumerated and sorted for the elements in &F;
(such that given an element of %&; one can easily find its number). The factor base
is then & := /L, F;.

The total expected running time for all these computations is polynomially
bounded in n -qd .
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3. The new decomposition algorithm

Just as in the predecessor [Diem 2011b] to this work, the relation generation
relies on an algorithm to compute “decompositions”, and this algorithm is again
based on solving systems of multivariate polynomials over 4. The definition of a
“decomposition” is however different in this work from the previous one. Moreover,
we do not use summation polynomials anymore, and, more generally, we do not use
the projection to a product of projective lines. The reason for this is that, by avoiding
the projection to projective lines, we can significantly improve the lower bound on
the success probability of the relation generation algorithm. This improvement is
crucial for the derivation of Theorem 2.

We start with some definitions.

As in the previous section, let ¢ be a prime power, # a natural number at least
2, and let us set k := F, and K := F4n. Let E be an elliptic curve in Weierstrafl
form in x and y over K (with zero point at infinity), and let f(x, y) € K[x, y]
be the defining polynomial of the affine part E,. (The notation for the defining
polynomial is different from the one in [ibid.].) Let us fix a direct sum decomposition
K= EB;"ZI U; with m > 2 into k-vector subspaces. (In this whole section, we do not
impose any conditions on x| g or the direct sum decomposition of K, except that the
decomposition be nontrivial.) Let %; be defined as above. Finally, let P € E(K).

Definition 3.1. A tuple (Py,..., Py) € F1 XX Fp, with Py +---+ Py, = P is
called a decomposition of P with respect to the direct sum decomposition of K.

Let now V; be defined as in the previous section. Then, under the isomorphism
E(K) ~ Resf (E)(k), the set of decompositions of P corresponds to the set of
tuples (Py, ..., Py) € Vi(k)x--x Vi (k) with }_; P; = Pg and ResX (x)(P;) #0.
This is nothing but the set of k-rational points (P, ..., Py,) of the fiber at Pg of
the morphism

VixeoxVip —>Res]§(E)

induced by the addition morphism on Res,f (E) with Res,f (x)(P;) # 0 for all 7.
This leads to the next definition.

Definition 3.2. A decomposition (P, ..., Py) of P is called isolated if it corre-
sponds to an isolated (k-rational) point of the fiber (V7 X+ --Xx Vi) p just considered.

The “new decomposition problem” is now the computational problem with the
following specification: The input consists of a prime power ¢, a natural number 7,
an elliptic curve E C I]j’%qn in Weierstral form with respect to x and y and point
at infinity as zero point, a direct sum decomposition Fgn = @]~ U; of F4n into
[F4-vector subspaces with m > 2 and a point P € E(F4n). The output consists of a
list of decompositions of P with respect to the direct sum decomposition of Fg4n,
containing all isolated decompositions.
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For the relation generation, the first crucial result is the following proposition.
Furthermore, we need a nontrivial lower bound on the probability that a uniformly
randomly distributed point in E([F,») has an isolated decomposition with respect
to the chosen decomposition of K, given that certain conditions are satisfied. Such
bounds are established in the next section.

Proposition 3.3. (a) There exists an absolute constant C > 0 such that the number

of isolated decompositions of some point P € E(Fyn) is at most eCmn,

(b) The “new decomposition problem” can be solved in an expected running time
which is polynomially bounded in ¢™" -1og(q).

The rest of this section is devoted to the proof of this proposition.

We now give some background information on the idea of the algorithm and
address claim (a). Computational aspects will be discussed later.

Let us fix an instance as specified in (b), and, as above, let K|k be the extension
of finite fields under consideration.

We first make the following assumption:

m
x(P) ¢ J Ui
i=1
At the end of the section we will discuss an easy modification of the following
arguments and the algorithm for the case that x(P) € Jj~, U;.

The main idea is to use the isomorphism E(K) ~ CI°(E). Let us use the
following notation (cf. [Silverman 1986]): For P € E(K), the prime divisor defined
by P is denoted by (P).

For points Py,..., Py € E(K), we have ) ; P; = P if and only if there exists
a function g € K(E)* with (g) = (P1) + -+ (Pm) + (—P) — (m + 1) - (0).
Moreover, g is uniquely determined “up to a constant” by the points.

Let us assume that P # O. (For the case P = O, the following consid-
erations can easily be modified.) Let p; := 1, py; = X', paiy1 := xi71y
for i € N. Note that, for £ € N, (p1)|Eg,....(p¢)|E is a basis of L(£0). Let
Ly:={(p1,...,pe)N{f €k[x,y]| f(—=P) =0}, and let gy,..., gm be a basis
of Ly, 41 suchthat g1, ... g;,—1 is abasis of Ly,. Then (g1)|g.....(gm) E is a ba-
sisof L((m~+1)-(0)—(—P)) and (gm)|E € L(m-O—(—P)). Now (P, ..., Py)is
a decomposition of P if and only if there exists a tuple (a1, . . . , tm—1) € K™ ! with

(Em+om—18m—1+--+a18) =(P1)+: -+ (Pm)+(=P)—(m+1)-(0). (14)

Furthermore, there exists at most one such tuple (o, ..., ®;,—1) in k™=1. The
set of decompositions of P is thus in canonical bijection to the set of tuples
@1,y 01, P1y. .., Pm) € K" 1 E™(K) with x (P;) € U;—{0} such that (14)
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holds. Note that in any such tuple the points Py, ..., Py, P are distinct. (Recall
that x(P) ¢ J/Z, U; by assumption).
Let us recall that the defining polynomial of E, is denoted by f. Let now
Joy = f(xi,yi) € K[X1, y15 -+ s Xms Y]

forall i = 1,...,m; the scheme V(f(1),..., f(m)) is therefore equal to E}’ in

Spec(K[X1, Y1+ Xm» Ym])-
Let

h = gm +am—1gm—1 +.”a1g1 € K[x7y’a17--'vam—1]
and let
hay = gm(Xi, yi) + am—18&m—1(Xi, yi) + - +aig1(xi, yi)
eKlay,....,am—1,X1, Y1+ Xm» Vm]

foralli =1,...,m.

The set of decompositions of P is then in canonical bijection to the set of
K-rational points (aq,...,Qnu—1, P1,..., Py) of the scheme V(f1)..... fon).
hqy, ... homy) inSpec(Klay,....am—1,X1, Y1, .., Xm, Ym]) With x (P;) € U;—{0}
for all 7. Note that we have the canonical projection

V(fay s Samy hays -« hamy) = V(Ifays - fomy) = EZ'
given on Z-valued points for any k-scheme Z by
(Oll,...,C(m_l,Pl,...,Pm)l—)(P],...,Pm).

It is natural to pass to the Weil restriction of V( f(1). ..., fon). A(1)s - -+ A(m))
here. Let us first fix some notations: Let W be defined by the diagram

W= ResK (V(ft1y. -+ Simy- h(1)s - -+ i)

|

Vi X+ X Vi€ (Resy (Eq))™
A[U1] % -+ - X Ag[Upn]C Ar[K]

being Cartesian. Now the k-rational points of W correspond exactly to the K-
rational points (@i,...,0m—1, P1,..., Pm) of V(fa). -\ fom)- h(1ys - imy)
with P; € U;.

We now give an explicit description of W via a polynomial system. This
description will serve as a basis for the algorithm.
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Let by,...,b, be a k-basis of K. (In the algorithm, such a basis is given
with the input.) With this basis, we now identify K with k" and also Ai[K]
with A%. Moreover, fori = 1,...,m, letb; 1, ..., b; gim(u;) be a basis of U;. The
scheme W C Res,f(V(f(l), ooy Jemys h1ys - - - hmy)) can be described explicitly
as follows: Let the polynomials %) ; and f(;) ;j fori =1,....m, j=1,...,n

ink[(ag,j)e=1,...m=1,j'=1,...n-((Xir,j)jr=1,....dim@W;)> Vi, j))j'=1,..,n)i’=1,...,m]
be defined by

n dim(U;) n
h(i)(( > aé,j’bj’)e .2 Xi by, Z i, jrbjr )= Zlh(i),jbjs
' =1,..,m—1 j=

j'=1 j'=1 j'=1

dim(U;) n
f(i)( > Xijrbij, Z Yi,jrbjr ) Z 0),jbj

Jj’=1 Jj’=1

We have isomorphisms

Vi = V((fi),j)j=1,....n) S Spec(k[xi 1, ..., Xi dim@;)» Vi,1s-- > Vi,n])
and
> V(S ji=t,osm, j=1,.ons (i), j)i=1, .om, j=1,...n)

(which are canonical for the chosen basis).

The k-rational points of V((f(;),j)i=1,...m, j=1,...n (hG),})i=1,....,m, j=1,...,n)
correspond in an obvious way to the K-rational points (ay,...,dm—1, P1,..., Pm)
of V(f(l), ceey f(m)» /’1(1), ceey h(m)) with x(P;) € U;. Such points with x(P;) €
U; — {0} then correspond to the decompositions of P.

We have a polynomial system in 2mn variables and 2mn equations.

We want to obtain a suitable polytope which contains the exponents in the support
of the system.

Let us first consider the total degrees of /1(;), j and f(;),; with respect to the three
systems of variables (ag, /)¢, s, (Xi’,j’)ir,j and (;,jr)i,jo. Concerning the A, j
we have: the total degree with respect to the ay ;- is at most 1; the total degree with
respect to the x;- s is at most |m/2]; the total degree with respect to the y;/ ;- is
at most 1. Concerning the f(;),; we have: the total degree with respect to the x;/ ;-
is at most 3; the total degree with respect to the y;/ j- is at most 2.

We now consider the ay ;- and the y; j- as one system of variables and the x;-, ;/
as another system of variables. So we have 2-(m — 1) -n variables in the first system
and the total degrees of all polynomials under consideration with respect to this
system are at most 2. Furthermore, we have n variables in the second system and
the total degrees with respect to this system are at mostmax(3, [m/2]).
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Let Ay :={x ¢ [RR‘;O | >; xi < 1}. With a suitable numeration, the exponents
are contained in the polytope

P:=2-Aom_1).nX max(S, {%J) -Ay.

The toric variety 7 (P) defined by this polytope is I]Dl(czm_l) " x P The volume
of the polytope is 22™=D 7 /(2m — 1) - n)! - max(3, [m/2])"/n!. The system of
equations defines a system of sections of a line bundle on 7 (P), and the degree of
the 0-cycle in the Chow ring of J(P) defined by this system is (2mn)! times the
volume of the polytope; that is,

H(@m—1)-n -max(3, LEJ)n . (2mn)
2 n
n n
< 2@@m=1)-n -max(3, L%J) .p2mn  H4mn -max(3, %) .

Therefore the scheme defined by the sections on J(P) associated to the equations
has at most 24" . max (3, m /2)" isolated k-rational points. We have a natural em-
bedding of Aim” into I (P), and the sections restrict to the equations under this em-
bedding. Thus the scheme V((f),j)i=1,...m, j=1,...n> (@), j)i=1,....m, j=1,....n)
has at most 247" . max (3, m/2)" € ¢°0"™ jsolated k-rational points.

Let us now turn to algorithmic aspects: It is straightforward to compute a system
(fG),j)i=1,.om, j=1,...n> (h@@),j)i=1,...m, j=1,..,n @ above. We then use Rojas’
algorithm [1999] for sparse polynomial systems to determine all isolated k -rational
solutions. The input and output structure as well as the running time of the algorithm
are given in [ibid., Main Theorem 2.1]; all the following statements on the algorithm
refer to this theorem.

We apply the algorithm with the system of equations and the polytope P de-
fined above. The output of the algorithm is a system of univariate polynomials
h,hy, ..., homn, the degrees of which are all bounded by the degree of the 0-cycle
defined by the given system of sections in the Chow ring of J(P) and thus by
24mn . max(3,m/2)". By factoring /& and applying the system /1, ..., 13, to the
rational roots, we obtain a list of points in k2", This list consists of solutions to
the system and contains all isolated k-rational solutions of the system on A,%m”.

The running time of Rojas’ algorithm is polynomially bounded in ™" - log(q),
and in an expected time which is also polynomially bounded in ¢™ " -log(g) we
can factor the univariate polynomial /4. Explicitly, the running time of Rojas’
algorithm depends on mixed volumes of various systems of polytopes, all of which
are contained in the polytope P. Therefore these mixed volumes are also bounded
by 24" . max (3, m/2)".

We obtain the following intermediate result:
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Lemma 3.4.

(@) A system (f(;),j)i=1,...m, j=1,...n» (@), j)i=1,...m, j=1,..,n as above has
e90mm) jsolated k-rational solutions.

(b) Given an instance of the “new decomposition problem”, one can compute
a system (f(iy,j)i=1,...m, j=1,...n> (N@),j)i=1,....m, j=1,..,n as above and a
list of k-rational solutions, containing all isolated k-rational solutions, in an
expected time which is polynomially bounded in e™" -1log(q).

This is however not yet the statement we want to prove. Indeed, we still have to
show that in this way we can obtain a list of decompositions of P which contains
all isolated decompositions.

Let P € E4(K).
We first study the geometric fibers of the morphism

V(fay s Sy Ry - hamy) = V(@) - fomy) = EG'

Let (Py,..., Py) € EY (k) such that the points Py, ..., P, Pg are distinct. Then
there is at most one tuple (oq,...,0u—1) € k™ such that (14) holds, depending on
whether ) ; P; = Pg or not.

Let now D be the closed subscheme of E' given on Z-valued points for any
k-scheme Z by

D(Z)={(Py.....Pn) € EM™(Z)|3i #i': Pj= Pyor3i: P, = P}.

Let T:= E}'—D andlet S be the preimage of T in V(f(1), ..., fim). h(1)s- - -+ hm))-
Now the morphism S — 7" induces an injection on the sets of geometric points and
its image consists of those points (Py,..., Py) € E (k) with > Pi=Po.

We consider the restriction of the m-fold addition morphism E™ — E to T.
Following the usual notation, let 7p be the fiber of this morphism at P. This is an
open subscheme of a scheme isomorphic to E”~1.

The morphism S — T induces a bijection S(k) — Tp(k). As Tp is reduced,
we have an induced morphism S — Tp.

We now pass to Weil restrictions. Note first that we again have the addition
Resf (E)"™ — Res]f(E) and the fiber (Res,f (E)")pg-
We have a canonical open embedding

Resy (T') € Resk (E™) ~ (ResK (E,))™.

Note that, under the canonical isomorphism Res,f (Eq)™(k) ~ EJ'(K), the points
of Res,f(T) (k) correspond to the points (Py,..., Py) € E™(K) which are con-
tained in 7(K), that is, to points (Py,..., Py) € E™(K) such that the points
Pi,..., Py, P are distinct.
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Let
V¥i= (Vi X %X Vi) ﬂRes,f(T) - (Resf(Ea))m

and let V;@ be the fiber of Pg under the restriction of the addition morphism
Res,{( (E)™ — Resf(E) to V*. We have

Vig = V*N (Resf (Ea)") p, = V* NRes(T)pg. (15)

Let now P ¢ | Jj—, U;. The set of k-rational points of V* contains all k-rational
points of Res,f (Ez)™ corresponding to decompositions of P. (There might be
more points in V' * (k) because there might be k-rational points (Py, ..., Py) of V*
with x;(P) = 0 for some i € {1,...,m}.) As Res,f(T) is open in Res,f(Ea)m, a
k-rational point of V}* x---x V1 is open in V* x ---x V,» if and only if it is open
in Vi x -+ x Vy,. Therefore, the set of isolated k-rational points of V* contains all
k-rational points of Res,f (Ez)™ corresponding to isolated decompositions of P.

Let W* be the preimage of V* in Res,f(V(f(l), coos Jomy Bty - - s Bmy))- Our
goal is to show that the preimages of the isolated k-rational points of V' * are isolated
k-rational points of W*.

We have the Cartesian diagram

ResK (S) = ResK (V(ft1y. -+ fimy- Bty - -+ hmy))

| |

Res,{((T)% Res,{( (EM") ~ Res,{( (Ex)™.

Moreover, as the morphism .S — 7" factors through the fiber 7p, by functoriality,
the morphism Res,f S) —» Resz(T ) factors through the fiber Res,f (T)pgy- We
claim that we have an induced bijection between Res,f (S)(l;) and Res,f (T)pg k).
For this, we can (obviously) apply the base change to k|k. But over k, the two
Weil restrictions become products of Galois twists of .S and 7', respectively, and
we have already shown the claim for the factors of the product. The claim thus
follows. By considering the Galois operation, we obtain that, for every algebraic
field extension A |k, we have a bijection between Res,f (S)(A) and (Resi (T)) pgy(1).
We are going to use this for A = k.

As V* is contained in Resf (T), W* is contained in Res,f (S), and we have a
Cartesian diagram

WH*e——s Res,f (S)

|

V*Fe— Res,f(T).
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The composition W* — Res,f (T) (obviously) factors through V* and — as we
have just seen — it factors through (Res,f (T)) pg- By (15) it factors through V;@.
The morphism

w* — V;@

again induces a bijection
w*(k) — V;@ (k).

Let now (Pq,..., Py) be an isolated k-rational point of V*. This is a k-rational
point of V* which is open in V*. Then the fiber over (Py,..., Py) in W* is open
in W*, and it is a k-rational point. Therefore it is an isolated k-rational point
of W* and also of W.

We note again that for any isolated decomposition of P the corresponding point
in (V] x -+ x Vi) (k) lies in V*(k) and is isolated. Therefore every isolated
decomposition of P defines an isolated k-rational point of W.

This finishes the proof of Proposition 3.3 under the assumption x (P) ¢ | Ji—, U;.

Modification for x(P) € U;-"=1 U;. We now discuss the modification for the case
that x(P) € |/, U;. Except for finitely many instances, there exists a point
R € E4(K) with x(R) ¢ /L, U;j and x(P — R) ¢ /L, U;.

Let us fix such a point R and let S := P — R. Let Ly := (p1.....pg) N
{f eklx,y]| f(=R) =0, f(—=S) =0}. Let gy, ..., &m be abasis of L,,,, such
that g1,..., g&m—1 isabasisof L,,11. Nowatuple (Py,..., Pp) € F1 XX Fp, is
a decomposition of P if and only if there exists a tuple (. . ., t—1) € K™~ with

(Emtom—18&m—1+--+a181) =(P)++(Pp)+(—=R)+(=5)—(m+1)-(0).

Moreover, if such a tuple exists, it is unique. With this modifications, we obtain
again the desired bound on the number of isolated decompositions. Moreover, by
choosing a point R € E,4(K) uniformly randomly, we also obtain the algorithmic
result. Note here that, if P is in the factor base, we immediately have a relation, so
we do not need to apply the decomposition algorithm. The bound on the number of
isolated decompositions will however be used later.

4. Analysis and the final result

Let K|k and E/K be as above and m € N with 2 < m < n/2. We assume that
Condition 2.1 is satisfied. Furthermore, let a decomposition K = Dj-; U; be given
which satisfies the conditions in Section 2E. Moreover, let &; and V; be as above.
As in Section 2C, let Py € E(K) be one of the two points in E(K) lying over 0.
We want to obtain a lower bound on the number of points P € E(K) which
have isolated decompositions. For this goal, we first want to derive an upper bound
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on the number of tuples (Pq, ..., Py) € Fq X--- X F,, which define nonisolated
decompositions.

Let ay, : Res,f (A) — Resf (E) be the m-fold addition morphism and a), :
VixXeoo X Vy — Res,f(E) the restriction of a,, to Vi x--- x V.

We now consider a point (Py,..., Py) € E™(K) with x(P;) € U; and let
P .= Z;nzl P,'.

The morphism a},, : Vi X+ - X Vyy — Res,f(E) is unramified at ((P1)@,...,(Pm)®)
if and only if ((P1)®,...,(Pm)e) is an isolated reduced point of the fiber at Pg.
We ask ourselves for which tuples (Py, ..., Py) as above the morphism is ramified
at (P1)e,...,(Pm)e). As already pointed out in the proof of Proposition 2.2 the
morphism a),, : Vi X -+ X Vi — Res,f(E) is unramified at ((Py)@,--., (Pm)e) if
and only if the induced map on tangent spaces

(@)% TP g, s (Pr)e) (V1 X=X Vi) = T (Vi X -+ X Vi)
is injective.
We now consider points (P, ..., Py) € E(K)™ with x(P;) € U; for all i which
satisfy the following condition.

Condition 4.1. The flat covering x| g is unramified at Py, ..., Pp,.

This condition is equivalent to the condition that, for every i, the flat covering
Res,f (Ep) — Res,f (A}C) is unramified at (P;)@. By base change, this implies that,
for every i, V; — A[U;] is unramified (and thus étale) at (P;)g. Therefore, V;
is smooth at (P;)@ and we have an isomorphism of tangent spaces T p;)g (Vi) —

T(x(P))o (AklUi]).
Let such a point (Pq,..., Pp) be given and let again P := ) ;- Pi. By

Lemma 2.4 we have a commutative diagram

(@)

TP o o (Pa)o) (V1 X+ X Vi) —=> Ty (Resf (E))

(TPy—P) . ... (Pg—Pm) ) j(frw(PO—P)@)*

(a;n)*

T(Po)os s (Po)e) (V1 X+ X Vi) =" TPy (Resi (E))

](T(m—l)-(PO)@))*

T(Py)e (Resﬁ (E))

T(Po)@(Vl) Koo X T(Po)@(Vm)

where the lower map is the addition on tangent spaces. Moreover, by the proof of
Proposition 2.2, the two lower vertical homomorphisms are isomorphisms. Under
the isomorphism T(P1)© (VI)X---XT(Pm)@(Vm) ad T((Pl)@’_“’(pm)(@)(vl XX Vi),
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the horizontal map on the left-hand side is

(T(Po—P1)©)* XX (T(Po—Pm)@)* :
TPy (V) XX T(p,yo (Vi) = T(py)e (V1) X+ X T(py)e (Vin).

So the morphism (a},,)« is unramified at ((P;)e. ..., (Pm)e) if and only if we
have a direct sum decomposition

T(Po)@ (Reslf (E)) = @ (T(PO_Pi)@)*(T(Pi)@ (Vi) (16)

i=1

We want to derive a condition under which we do have such a decomposition.
For this, we distinguish between three cases: ¢ odd; ¢ even and j # 0; and ¢ even
and j = 0.

The case that q is odd. We need some facts on tangent vectors of the projective
line and the elliptic curve E. Here and in the following we assume that the defining
polynomial f of E, is of the form y? — v(x) (with v monic of degree 3).

Following our usual notation, let [P’}( ;= Proj(K[X,Y]). We set xp1 := X/Y €
K(P') (such that K(P') = K(xp1)).

On [P’}(, we have the meromorphic cotangent vector field dxpi with divisor
—200. Under duality, this corresponds to a tangent vector field which we denote by
tp1 € T(Py, Tp1) and which has divisor 200.

Let R be the ramification divisor of the covering x|g. Then the meromorphic
cotangent vector field dx| g has divisor —4(0) + R, and we have the holomorphic
cotangent vector field dx|g/y|g. This field is invariant under translation; that is,
for every translation t of E we have t*(dx|g/y|g) = dx|E/Y|E-

Again under duality, dx|g corresponds to a meromorphic tangent vector field;
we denote this by #g. It has divisor 4(O) — R. So we have the holomorphic tangent
vector field ygtg, which corresponds to dx |/ y g under duality. Moreover, the
field ygtE is also invariant under translation; that is, for every translation t of E,
t«(V|ELE) = V|EIE-

Following the notation fixed in the introduction, for some point P € E(K), we
denote the tangent vector in 7p(E) induced by ¢g by tg(P).

Let two K-rational points Py and P; of E which are not ramification points
under x| be given and let us consider the homomorphism (zp,—p, )« : Tp, (E) —
T'p,(E). This homomorphism is given by y(P1)tg(P1) =y (Po)tg(Po); that is,

y(Po)
y(Pr)

As in the previous section, Let us fix a basis (bj); of K over k and bases (b;,;);
of the U;. Let us denote the corresponding dual bases by (x;); and (x;,j);. The

tg(Py) = tg(Py). (17)



On the discrete logarithm problem in elliptic curves Il 1313

bases (bj); and (b;,j); define bases of the spaces I'(Ax[K], 7) and T (Ax[U;], 7).
We denote these bases by (¢j)j=1,...,n» for Ag[K]and (4, 7)j =1, ..., dim(w;) for Ag[U;].

Let P € E(K) such that x| g is unramified at P. Then Res,f (x|E,) defines an iso-
morphism of tangent spaces (Res,f (x1E,)= : Tpg (Resf (x1E,)) = Tx(P)g (A[K]).
Now, for t € I'(A[K], T), we define ¢ ( Pg) ::((Res,f (X|Ea))*)_1 (t(x(P)®)). The
isomorphism of tangent vector spaces restricts to an isomorphism of tangent vec-
tor spaces Tpgy (Vi) = Tx(p)g (AlUi]). Thus 1(Pe) is in Tpy (Vi) if and only if
1(x(P)e) is in Tx(p)q (AUi]).

Just as the bases (¢ (x(P)@)); and (d(x;)(x(P)e)); are dual to each other, so
are the bases (¢ (Pg)); and (d(xj)|Res{f(Ea)(P©))j'

Let A; be the coordinate matrix of (b; j); with respect to (b;);. Then this is
also the coordinate matrix of (#; ;); with respect to (¢);, and, for any P € E(K)
as above, it is also the coordinate matrix of (#;,j(Pe)); with respect to (¢; (Pg));-
For the following, it is important that the matrix does not depend on P.

Let now (Py,..., Py) € E™(K) with x(P;) € U; for all i satisfy Condition 4.1.
Then, for each i = 1,...,m, the system (4, j ((P;)®)); is a basis of the k-vector
space T(p;)q (Vi). We have a direct sum decomposition of T(py)q (Res,f (E)) as
in (16) if and only if the elements (/(py—p;)g)«(t,j ((Pi)e)) fori =1,....,m,
Jj =1,...,dim(U;) form a k-basis of Tpg (Res}f (E)).

Let, for j =0,...,n—1, fj € k[x1,...,Xs, y1,..., yn] be defined by f =
27=1 bj- fj. Letu: (Resf (Eq))xk — E,4 be the universal morphism. We have
the isomorphism

n—1

(u,o0(),....c" Y(u)): (Resk (Ea)) g = l_[ 0K|k(Ea) (18)

s=0
corresponding to the isomorphism of K-algebras

n—1

Q KX,y (05 (NS, y ) =5 Klxy, oo X y1see vl /(1o S

s=0

n n
VoY ogp ) -xin yO =D ok b))y
j=1 ji=1

Note that, for P € E(K), under isomorphism (18) the point Pg € Resllz (E)(k) C
Res,f (E)(K) corresponds to the point (0°(P))s—o,....n—1 € ]_[s 0 Klk(Ea)(K)

We have an induced isomorphism F(Resk (Ea)k, Q) >~ P F(Gs(Ea) Q)
under which d(x ))|0s(E ) corresponds to Z -1 aKlk(bJ) d(xj)|ReSK(E )- This
isomorphism induces an isomorphism between the cotangent spaces at Pg and
(0%(P))s=o0,..,n—1- Let again x| be unramified at P. If we then apply the
duality between cotangent and tangent spaces, we obtain that ¢; (Pg) corresponds to
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(cr;ﬂk (b5) 'ZGS(EQ)(O-S(P)))S=O, ....ny under the induced isomorphism of tangent
spaces at Pg and (0°(P))s=o,...,n—1-

On each of the factors of the product []_ 0 K| «(Eq), we can apply the consid-
erations above. We obtain that (t(p,— p;)e )+ (4 ((Pi)@)) corresponds to

(%o (Po)—0 () * Ok (0j)  tos (£, (07 (P0))) s—p. . n_1

(S)
("Klk(f) y(E)iO((PO;)) ”S(E”)(OS(PO)))FO,...,n_1
> t=10% 1k (be) - ye((Po)o) )
=(o%, (bj)- s (P
(GKlk( ) > i=19% 1 o) - ye((P)o) fort£a) (7" (F0)) $=0,...,n—1

This vector is of course invariant under the Galois operation of K |k. Let C be
the inverse of the matrix ((0°(b;)))s=o0,...,n—1, j=1, ..., n; this is a matrix of the form
((0*(cu))u=1,...,n,s=0, ..., n—1. Going back, we have

(T(Py—P) o)+t (Pi)e))
> i=19% 1 0e) - ye((Po)o)
> t=19% 1 0e) - ye((P)o)

2i=1be ye(Po)o)
S i—1be-ye((P; )o)

( 5 oS(cu)(zu«Po)@)))

u=1

n—1
=2 U;(|k(bj) :
s=0

n n—1
- £ k(b )l Po)o).

Let ¢j,u:=bjcu- (D 7= be- ye(Po)o) € K. (These constants are independent
of P1,..., Py.) Then

- . B n n—1 s Cj,u .
(T(Po—Pi)@)*(l] ((P)e)) = ugl sgo Ok ik (Z’Z:l by 'yz((Pi)(«D)) tw((Po)e)-

Lety : Vi — Res,f (E) be the immersions. It follows that there are constants
¢i,j,u € K (again independent of Py, ..., Py) with

((T(Py=P)e)+ © (t1)+)1i,j (Pi) o)

B n n—1 Ci,j,u ) P
=52 "K'k(zg Tbe-vi o (Pay) (P00

i ( K|k(Ci jou)
u=1s=0 Z( 10 |k(b€) Vi, t((Pi)e)

) 1,((Po)®)-
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Let

. n—1 O—;ﬂk(ci’j’“)
My = > =7 7
s=0 Zz=1 UK|k( e)'J’i,E u=1,...n,G=1,...m,j=1,...,dim(U;))
dim(U;)

K, )ir=1, it ) S G,

Note here that as indicated M, is a matrix over k((yi’,j’)i'=1,...,m, j'=1,...,n De-
cause the entries are invariant under the Galois operation. The matrix has the size
n x n. It is however more convenient to use the indicated indices for the columns.
Note further that, for no (Py, ..., Pp) € E"™(K) with x (P;) € U; for all i satisfying
Condition 4.1 and forno i, s, Y y—, 0*(bg) - y;,¢ vanishes at ((P1)e, .., (Pr)o)-

We have a direct sum decomposition of T (Res,f (E)) as in (16) if and only if
the matrix My((P1)®,--., (Pn)e) is nonsingular.

By Proposition 2.2 we know that this matrix is nonsingular for (Py,..., Py) =
(Py, ..., Pp). In particular, the matrix My itself is nonsingular.

We now multiply the columns of M by polynomials such that the entries of the
resulting matrix are polynomials. Concretely, we multiply all columns with column
index (i, j) with the polynomial []"Z} (>i=1 a}ﬂ 4 (be)-Yi,¢). The resulting matrix
is

n—1 n—1 n
m = (S skt T £ otutore))),,
5=0 g;(s) t=1 (i=1,...,m, j=1,...,dim(U;))

m dim(U;) (. .
€ K[(ir,j)ir=1, e, jr=1, ] < Uimi Ui THEDY

Letd :=det(M) € k[(yis,j’)i’,j’]. Again for (Py, ..., Pp) as above, d vanishes

at (P1)e,--.,(Pm)e) if and only if the homomorphism «, is unramified at
((P))@,---,(Pm)e). Furthermore d does not vanish identically on V; x ---x Vj,
because it does not vanish at ((Py)@, ..., (Po)e)-

We want to study the vanishing locus of d on V; x ---x V},;, and derive an upper
bound on the number of k-rational points in the locus.

An entry of M with column index (i, j) is a homogeneous polynomial in the vari-
ables y; 1,..., yi,n of degree n — 1. Therefore d is multihomogeneous with respect
to the sets of variables (y;1,..., Yi,n)i=1,..., m of multidegree (dim(U,) - (n — 1),
...,dim(Up,) - (n — 1)). The total degree is therefore n> —n. We want to prove:

Proposition 4.2. The number of k-rational points in the locus of d on Vi Xx---xVy,
is at most n> - 4™ . g" =1,

Proof. Let us first mention the following general fact.

Lemma 4.3. Let f be a nontrivial polynomial in Fy4[x1, ..., x,] of total degree d.
Then V(f) contains at most d - ¢"~1 Fy-rational points.
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Proof. As Fy[x1, ..., xp]is factorial, we are immediately reduced to the case that f
is irreducible. If now f = x, —a for some a € F,, we are done. Let us assume that
this is not the case and let a € F,. Now f is not divisible by x, —a. This means

that not every coefficient of f as a polynomial in Fg[x,][x1, ..., x,—1] is divisible
by x, — a; in other words, the polynomial f(xq,...,X,—1,a) is nontrivial. The
result now follows by induction on 7. O

We will use resultants to eliminate the ““y-variables”. Let us consider the poly-
nomials f, fj and f(;) ; as polynomials in the ““y-variables”. Now let

F:=2Zz>. f(x, ;) e K[x][Y, Z].

Yl Yn

F] ::Zz']pj(x19~~-9xnv_7

Z ceey Z)ek[XI,,Xn][Yl,,Yn,Z],

Yi Y;,
F(i),j = Zz-f(l')’j (x,-,l,...,x,-,dim(Ui),%,..., lZn)

€ k[xi1, .o Xi dim@)llYi1s -+ Yin, Z]

be the homogeneous polynomials of degree 2 obtained by “homogenizing with
respect to the y-variables to a homogeneous degree-2 polynomial”. Let us consider
k[x][Y, Z], k[xl, . -xn][Yl R 5 Z], k[X,‘,l, NN ’)ﬁ,dim(Ui)][Yi,h ceey Yi,n» Z] as
graded rings in the second set of variables. Let V; be the scheme defined by

. . im(U;
(Fay,)j =1, i0 PROJKLXE 1o Xy dim@ I Yi1 - Yin, Z]) = A P,
We have a commutative diagram of canonical embeddings

Vi€ Vi

| |

ResK(E)=V(fi,.... )= V(F1..... Fy).

Lemma 4.4. For each i, the embedding V; < V; is an isomorphism.

Proof. We have to show that V; has no points “at infinity”; that is, the in-
tersection V(Z) N V; is trivial. We show in fact the stronger statement that
V(Z)YNV(Fyq,..., Fy) is trivial.
Let /()= a;ﬂk(f)(x(s), y®yand FO:= F(x®,Y® Z)fors=0,...,n—1.
Let us consider the isomorphism of graded K-algebras

K[xX1. . xnl[Y1.. . Y Z] > K[xO, . xOy @ y® 7],

n n
x(s)HZU;(lk(bj)-Xj, Y(S)HZO';(lk(bj)'Y}', Zw— Z.
j=1 j=1
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We have the following commutative diagram over K:

Spec(K[x1,...,Xn]) Spec(K[xM, ..., x™)))
X _ X
Spec(K[y1, .-, y)) Spec(K[y™M, ..., y™))

U

ResK (B) = V(fi..... fulk —= V(... f®) = [T 0% (o)

M

V(Fi,....Fa)k V(FD, .. Fm)
Spec(K|[x1, ..., Xn]) Spec(K[xM, ..., x™))
X _— X
Proj(K[Yi,....Ys, Z]) Proj(K[Y™,...,Y® Z])

Here the horizontal maps are induced by the isomorphism mentioned above.
They are clearly isomorphisms. One can easily see that the middle morphism on
the right is an isomorphism: we have F(x®), Y®) 0) = (¥ ®))2, and the scheme
V(Y M)2, .. (Y®™)2 Z) s trivial. Therefore the middle morphism on the left
is an isomorphism too. ([l

We fix the following notation: for b € N, (Po)é’,3 is the point ((Py) e, - - ., (Po)e)
with b entries. Let now for £ = 0,...,m the k-scheme V', be the following
subscheme of V| X --- X Vp,;:

Vo=V x--xVygx (Po)'(g_e.

ceey

from d by evaluating y;s js fori’=£+1,...,mand j'=1,...,n at (Py)e. Note
that d; does not vanish identically on ¥’y because it does not vanish at (Po)é.
We want to show by induction on £:

#V V) (k) < C-n* .21 (2g)Eim1 dimUD-1,

Recall here that dim(U;) = dim(V5).

The induction base is £ = 0. As d does not vanish at (Pg), the set Vo N V(d)
is empty. Therefore the claim holds.

So let £ < m be given and let us assume that the claim holds for £ — 1.
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The set (V; N V(d))(k) can be divided into two disjoint parts: The first part
consists of the points (Py, ..., Pg) withdy_{(P1,..., Pg_1) =0. The second part
consists of the points (Py,..., Pp) withdy_1(Py,..., Pr_q1) #0.

We first consider points in the first part. As over each point of A!(K) there
lie at most 2 points of E,(K), over each point A" (k) lie at most two points of
Res,f (Eg) (k). In particular, over each point of Ay [U/](k) lie at most 2 points
of V; (k). Because of this and because of the induction hypothesis, there are at most

(2q)dim(Uz) (0— 1)-n4~2”-(2q)(2f;{ dim(U;))—1 _ (- 1)-n4-2” ,(2q)(2f=1 dim(U;))—1

points in the first part.

We now consider points in the second part.

Let (Py,..., Pi_1) € Vilk)x---xVy_i(k) withdy_{(Pq,..., Py_y) #0; that
iS, dZ(Pla e PK—I’ (P())@) # 0.

The polynomial

do(Pr,....Pp_y) €klye s ye,nl SKIXe 100 Xe, dimUy)s Ve, 15 -+ > Ve, nl

is now nontrivial on V. Since—by the conditions we have imposed — V} is
irreducible, Vy N V(dy(P1,..., Pi_q)) is of codimension 1 in Vy by Krull’s Haupt-
idealsatz; with other words, it is of dimension dim(Uy) — 1.

The polynomial dy(Py,..., Py_1) is already homogeneous with respect to
Ve1s- Ve letd €k[Yy 1, . Yg 0, Z) S k[xg 1o X dim@p)Ye 15+ Yo, n, Z]
be the polynomial obtained by substituting Yy , for yg ,. This is a homogeneous
polynomial of degree dim(Uy) - (n — 1) with respect to Yy 1,...,Y; 5. Z. As
V; = V; (Lemma 4.4), we have

VinV(dy(Py,...,Pe_1))= V@ﬂV(ti) = V(F(g)’l,...,F(g)’n,(?)
gSpec(k[xg’I,...,xg,dim(UZ)])xProj(k[Yg,l,...,Yg,,,,Z]).

LetRes=Res(Gy,...,Gy+1) be the dense multivariate resultant for 7+ 1 homoge-
neous variables and polynomials of (homogeneous) degrees 2,...,2,dim(U;)-(n—1).
Here, the Gy, ..., G, are independent generic polynomials, that is, polynomials
with algebraically independent coefficients. (As in [Diem 2011b], the similarity
between the notation for the Weil restriction and the resultant is accidental.)

Taking the resultant of Fg) 1. .., F(g), ns d with respect to Your,....Y¢ 0 Z, we
obtain Res(Fg),1.- ., F(),ns d), a nontrivial polynomial in k[xg, 1.\ X, dim@Up))-
For some point Q € A"(k), the resultant Res(F), 1. .., F(g),n. d) vanishes at Q
if and only if there is a k-rational pointin V,NV(d) =V, NV(dy(Py,..., Pi_1))
over Q.

We want to determine the multidegree of this polynomial. First we consider
the degrees of Res as a polynomial on the coefficients of the G;. By [Gelfand
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et al. 1994, Subsection 3.3A] we have: for j = 1,...,n, Res is a homogeneous
polynomial of degree dim(U;)-(n—1)-2""! <n?.2"~2 in the coefficients of the G;.
The inequality is obtained as follows: As m > 2, dim(U;) < [n/2] < (n+1)/2.
Furthermore, Res is a homogeneous polynomial of degree 2” in the coefficients
of G,41. Moreover, F) ; has degree at most 3 in the x¢ ;- (' =1,...,dim(U;))
and d obviously has degree 0 in the xy ;.

Therefore, Res(Fy 1, ..., Fy ,, d) has degree at most 72+ 3-n%-2"~2 in each of
the variables xg_ ;. Its total degree is thus at most 3n*.2"2, By Lemma 4.3, the
locus the resultant contains at most 3n%-2"~2.g4mU)=1 k_rational points. As over
each of these points lie at most two k-rational points of V; N V(d (Py, ..., Py_1)),
this set contains at most 6n* - 272 . gdimU—1 points. We now let Py, ..., Pi_;
vary, and we obtain that there are at most

6n* . 2n2 . gdimUO—1 (2q)zf;} dim(U;)
— pt.on—1 . pXiZ dimU)—1 _qu=1 dimU)=1 _ 4 on . (zq)(zf=1 dim(U;))—1

points in the second part of the set (¥, N V(d))(k). (We use that dim(Uy) > 2 as
m=<n/2.)
Altogether, there are < £-n*.2". (zq)(2f=1 dimUi)=1 points in (Vy N V(d)) (k).
This concludes the proof of Proposition 4.2. O

There are at most 3 K -rational ramification points in E, under x|g,. Therefore,
there are at most 3-2"~1.4"~1 < 2". 4"~ tuples in F; x - -+ x F,, which do not
satisfy Condition 4.1. Proposition 4.2 gives therefore:

Proposition 4.5. The number of tuples in F{ X - - X Fp, which do not define isolated
decompositions is at most (n> - 4" +2") . g" 1,

The case that q is even and j # 0. Let a € K be the ramification point of E,
over A}(. Then dx|g/(x|g —a) is a holomorphic differential on E.

As above, we obtain a nontrivial polynomial d € k[(X;,j)i=1, ... m, j=1, ..., dim(U;)]
of total degree n> —n such that, for points (Py, ..., Py) € E(K)™ with x(P;) € U;
satisfying Condition 4.1, ((P1)@, ..., (Pm)@) is an isolated reduced point in its
fiber if and only if d ((P1)®,---, (Pm)e) = 0.

There are at most (12 —n) - ¢"~! points in the locus of d on A}. Moreover,
over each point of A!(K) are at most two points of E(K). The number of points
(P1,..., Py) e Vi(k)x---xVy(k) satisfying Condition 4.1 which are not isolated
reduced points in their fiber is thus at most 2 - (n> —n) - ¢ ~!. Therefore:

Proposition 4.6. The number of tuples in F X - - - X F,, which do not define isolated

decompositions is at most 2™ -n? - q" 1.

The case that q is even and j = 0. In this case, dx|g itself is a holomorphic
differential on E. It follows that (7(p,—p,))*(i,; ((Pi)e)) = (4,j((Po)e)) for
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any P € E4(K). Therefore, the morphism aj, : Vi X -+ X Vi — Res,f(E) is
unramified everywhere and we obtain:

Proposition 4.7. Every decomposition is isolated.
The final result of the analysis. All in all, we have:
Proposition 4.8. For

e 25" < g, or

o geven,n® <qgandm < [V10g,(q)1,

the following holds: The probability that a uniformly randomly distributed point of
E(K) has an isolated decomposition is in

1 1 \&M
e@(mn) = (em_n) :

We remark here that the condition m < [,/log,(q)] is satisfied for m in the
preliminary algorithm presented in the introduction.

Proof. Let first ¢ be odd and the first condition satisfied. By the conditions in
Section 2E, we have #%; > % -qdim(Ui) for all i and therefore #(%F{ X --- X Fpy) >
(1/4™)-q™ > (1/4™)-¢". By Proposition 4.5, at most (n° - 4" + 2")-¢"~! of these
tuples do not define isolated decompositions. So if 1> - 4" 42" < % -(1/4")-q, we
have at least % - (1/4") - ¢" tuples which do define isolated decompositions. This
is for example the case if 2°” < ¢ and n is large enough, and for every fixed 7 it
holds if ¢ is large enough. By Proposition 3.3(a) the image of the set of tuples in
F 1 x- - -xF, which define isolated decompositions has a size of (1/e%?"™)).¢"  The
probability that a uniformly randomly distributed point in £ (F4») has an isolated
decomposition is therefore in 1/e90"™

We now consider the case that ¢ is even. The proof is similar to the previous
one, only that we now apply Propositions 4.6 and 4.7. We now want that the
condition 2™ - n? < % - (1/4™) . q is satisfied; that is, 2- 23" .2 < g. This is
always satisfied under the first condition; that is, 251 < q. Furthermore, under the
condition that m < [\/log,(g)] the desired condition is in particular satisfied if

2n? < 2022@)=3[V1o22 (D1 This condition is for example satisfied if 73 < ¢ and n
is large enough, and it holds for every fixed n if ¢ is large enough. |

Derivation of Theorem 2. Finally, we show how Theorem 2 follows. In addition we
show that in characteristic 2 one can obtain a result which on first sight seems to be
an improvement over Theorem 2 but is in fact further improved upon by Theorem 3
which relies solely on Theorem 2.

As already mentioned in the outline in the introduction, the basic structure of
the index calculus algorithm is the same as that in [Diem 2011b]. So we only
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discuss the constructions surrounding the definition of the factor base and briefly
the relation generation and the linear algebra part, using the results proved above.
For an overview over the complete algorithm, we refer to Subsection 2.3 of our
previous work.

The input to the index calculus algorithm consists of a field extension F4n |Fg, an
elliptic curve E /Fg4n and points A, B € E(Fgn) with B € (A) such that 2°" < g or g
is even and n> < ¢. The following considerations hold for ¢ and n large enough.
An algorithm for all instances under consideration running in the claimed expected
time can be obtained by running the index calculus algorithm “in parallel” with a
brute force computation.

Similarly to the “preliminary algorithm”, we set m := min{[\/log,(q)], |n/2]}.
(We need m < n/2 in order to be able to apply the algorithm for the construction of
a decomposition of K in Section 2E.) So d = [n/m] < max(n//log,(q) + 1, 3)
and thus @oly(qd) C O(max(log(q), n- 4/10g(q)))

The expected running time of the construction of the decomposition of K and
the definition of the factor base is in Poly(n - g¢) C eOmax(iog(@). 7 /log(@))) (see
Proposition 2.10). We have an algorithm for the “new decomposition problem”
with an expected running time of Poly(e™" -log(g)) < %"
probability of 1/e%"" (see Propositions 3.3 and 4.8). Therefore the expected
running time of the relation generation part is in Poly(e™ V1°8@) . p; . ¢9) C
eO(max(log(@),n- \/10g(9)))  The linear algebra part has an expected running time of
Poly(m -q9) € ¢Omaxllog(@), n- /log(@)))

In total, we obtain an expected running time of

e@(max(log(q), n- 4/log(q))) .

10g(9)) and a success

We recall again that we have only considered instances with 23" < g or g even
and n3 < ¢ so far. The derivation of Theorem 2 is now analogous to the derivation
of Theorem 1 from [ibid., Proposition 2.11].

We make the following case distinction: If 23" < g, we apply the index calculus
algorithm directly. If 25" > ¢, we set a := [5n/log,(¢)] and apply the index
calculus algorithm to the curve E Fgan » the field extension Fgan |Fya and A, B. Now
257 < ¢“; thus we can conclude that the index calculus algorithm runs in an expected
running time of eOmax(og(q),n- \/log(@) — 02,

This gives Theorem 2 except that in the theorem the field extension Fyn|F; is not
given with the input data. As already pointed out in [ibid.], one can apply the above
algorithm with all possible field extensions “in parallel” to obtain the desired result.

In addition to the derivation of Theorem 2 we now consider only instances in char-
acteristic 2. Under this condition, we can proceed as follows: For n3 < g we apply
the index calculus algorithm directly. For n® > ¢, we set @ := [3log,(n)/log,(¢)]
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and proceed as above. We obtain an expected running time of 001 /logm) 1
total, we obtain an expected running time of

o O(max(log(g), n -log(@)'/2,n-log(n)'/2)) : (19)

with ¢ = 2™ this is
oOmax(m, n-m!/2,n-1og(n)!/2)) (20)

We note however that for the derivation of Theorem 3 we only apply Theorem 2
under the condition that n <. Under this condition, we do not have an improvement
upon the expected time given in Theorem 2, and in fact Theorem 3 improves upon
the expected time given by (20) if m € o(n).
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Appendix: Misprints in the previous work
I would like to take the opportunity to correct two misprints in [Diem 2011b].

e In Subsection 4.2 the following situation is considered: Let k be a field, let n; > n,,
and let p: (PL)" = [T/, Proj(k[Xi. Y;]) — ()" = [1}2, Proj(k[X;. Yi]) be
the projection to the first n, factors. Let /; be the class of V(X;) in any of the
two Chow rings. Lemma 4.6 is on the push-forward map psx : CH((IP}()”I) —
CH((P}{)"Z), which is a group homomorphism. There is a misprint in the lemma.

The correct statement is:
Let e € {0, 1}, Then py(h' -+ hy\) = hi' -+ hy% (rather than being 1)
ifeny41 ="+ =en, = Land px(h$" -+ hy}) = 0 otherwise.
Computations with the push-forward map are used only once in the analysis

of the algorithm, namely in equalities (6) in Subsection 4.5. Here, the correct
statement is applied.

e In Proposition 4.28 a subset M of {(Py,...,Py) € E(K)" | Vi =1,...,n:
@(P;) € P1(k)} is fixed and a lower bound on the number of elements P € E(K)
such that there exists a ¢-isolated decomposition ( Py, ..., Py) of P or —P with
Py, ..., P, € M is given. This lower bound is a difference, and in the subtrahend
a factor of n! is missing. The correct lower bound is

#M —n3.nl. 22070, (g + 1)1

n!.2n
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In a similar way, the next lower bound is also incorrect. All following bounds
are correct again and no further changes have to be performed for the proof of
Proposition 4.29. Proposition 4.28 is also cited for Proposition 5.9 in [Diem
2011a], which is concerned with an application for fixed n. This proposition is
not at all affected by the cited misprint.
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Identifying Frobenius elements
in Galois groups

Tim Dokchitser and Vladimir Dokchitser

We present a method to determine Frobenius elements in arbitrary Galois exten-
sions of global fields, which may be seen as a generalisation of Euler’s criterion.
It is a part of the general question how to compare splitting fields and identify
conjugacy classes in Galois groups, which we will discuss as well.
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1. Introduction

Take a Galois extension L/Q. Associated to each (unramified) prime p is a Frobe-
nius element Frob,,, an element of the Galois group that reduces to x > x” modulo
a prime above p. In the setting when L is the splitting field of a polynomial f,
this element is intimately connected to the factorisation of f mod p: Viewed as a
permutation of the roots, Frob,, is a product of disjoint cycles whose lengths are
the degrees of the irreducible factors.

In this paper, we address the question of how to determine Frob,. Generally,
we study the problem of how to compare splitting fields and identify conjugacy
classes in Galois groups; see Sections 2—4. Our motivation was computing L-series
of Artin representations for arbitrary Galois groups, which requires the knowledge
of Frobenius elements at all primes; see Remark 5.8 and Example 7.7. Obtaining

MSC2010: primary 11R32; secondary 11R42, 12F10.
Keywords: Frobenius elements, Artin representations, Galois groups.
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them directly from the definition is impractical unless L either has small degree or
is particularly simple to work with.

Let us briefly illustrate the various standard techniques for computing Frobenius
elements. As before, L is the splitting field of a polynomial f € Z[x], and we write
G = Gal(L/Q).

Quadratic fields. Suppose f(x) =x2—d, so L = Q(+/d). For a prime p12d, the
Frobenius element is given by the Legendre symbol:
d

Frob, =id <«— (x) mod p isreducible <+— —)=1.
p p »

There are two essentially different methods to compute it:

(A) Euler’s criterion (%) =d»=D/2 mod p.

(B) Quadratic reciprocity.

Kummer extensions. Suppose f(x)=x>—2,s0 L =Q(¢3, v?2) and G = S3. For
p # 2, 3 the number of cube roots of 2 mod p determines whether Frob, is trivial,
a 3-cycle or a transposition. It is easy to see that the last case is equivalent to

p =2 mod 3. There are analogues of both (A) and (B) to distinguish between the
first two cases:

(A) Euler’s criterion: Since [F; is cyclic,
2isacubemod p = 277Y3 =1 mod p.
2notacube mod p <= 2P~D/3 s another third root of unity z € F 'y

To link this criterion to our main theorem below, let us rephrase it: Let

002 200
M=( ) GL3(F,). thtM3=< ) d f(M)=0.
100 )€ 3(F,), sotha 020) an fM)

Then
Frob, =id <= M’ ' = (égg) = 1TrM’ ' =1,
00
Frob, € [(123)] <= MP~! = (ééo) — %TrM”_1 satisfies 124+1+1 =0,
Z
Frob, € [(12)] = M7= (300) <= {Trmr! =o.
*

(B) Class field theory over Q(3):

Factorise p = (a+b¢3)(a+bZ3). Then 2 is a cube mod p if and only if the ideal
(a + b&3) splits in L, and class field theory says that this is a congruence condition
on a and b. In fact, it is easy to verify that

2isacubemod p << a+biz==x1,+Lo0r j:§32mod6.
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Modular forms. See [Zagier 2008, §4.3]. Suppose f(x) =x>—x —1,50 G = S3
and L is the Hilbert class field of Q(+/—23). Let p be the 2-dimensional irreducible
representation of G. It has an associated Artin L-series

00
an

L(p,S): f’l_,

s
n=1

whose coefficient a,, for a prime p # 23 is 2, —1 or 0 depending on whether Frob,,
is trivial, a 3-cycle or a transposition. The theory of modular forms tells us that

o0 o0
D ang"=q[]0—g"1—-g>"),
n=1 n=1

and is a cusp form of weight 1, level 23 and character (ﬁ) Moreover, for all
integers n not divisible by 23,

Cln=%(#{x,yeZ|n=x2+xy+6y2}—#{x,yez|n:2x2+xy+3y2})_

Let us remark that in an arbitrary Galois group G, the L-series of the irreducible
representations of G also pin down the Frobenius elements. The global Langlands
conjecture predicts that, as in this example, all such L-series come from automorphic
forms. This is a massive conjectural generalisation of “method (B)”. Moreover,
like quadratic reciprocity and class field theory, this approach gives expressions for
the L-series coefficients a, that do not depend on n being prime. This is crucial
for theoretical applications such as analytic continuation of L-functions. (Note,
however, that formulas such as the one above are not practical for numerically
computing Frobenius elements.)

The purpose of this paper is to extend “method (A)” to arbitrary Galois groups.
Here is an illustration for cubic polynomials of the type of criterion that we obtain.
Note its similarity to the Kummer case.

General cubic. Suppose f(x) = x>+ bx + c. Pick a prime p{3bA, where A =
—4b3 —27¢? is the discriminant of f. Let

00 -c
M=(107)eCLa(F)).
Then
f(x) has3roots mod p = TrMP*'=_2b,

f(x)has I rootmod p <= TrMP*! satisfies (¢ +2b)(t — b)2 = —A,
f(x) is irreducible mod p <= TrM?*!=p.

This can be easily checked by hand; alternatively, see Theorem 7.2.
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Our main result for Frobenius elements is the following generalisation of Euler’s
criterion. Note that taking the class of x in F,[x]/f (x) is the same as taking a
matrix M with characteristic polynomial f(x), like in the examples above.

Theorem 1.1. Let K be a global field and f (x) € K [x] a separable polynomial with
Galois group G. There is a polynomial h(x) € K|[x] and polynomials T'c € K[X]
indexed by the conjugacy classes C of G such that

Froby € C = TI¢(Trem

g0 g (h(x)x7)) =0 mod p

for almost all primes p of K; here [ is the residue field at p.

This is proved in Section 5; see Theorem 5.3. Usually one can take 4 (x) = x?
(see below); in particular Tr(x9+?) then determines the conjugacy class of Frob,,.
In Section 6 we explain how the theorem recovers classical formulas for Frobenius
elements in cyclotomic and Kummer extensions. In Section 7 we give explicit
examples for nonabelian Galois groups, including general cubics, general quartics
and quintics with Galois group Dyy.

The polynomials I'c are explicitly given by

re =[] (X = 3 hiapoa).
oceC =

’

where ay, . .., a, are the roots of f in some splitting field. The “almost all primes’
in the theorem are those not dividing the denominators of the coefficients of f, its
leading coefficient and the resultants Res(I'¢c, I'¢r) for C # C’; the latter simply
says that the I'c mod p are pairwise coprime. (This condition always fails for
ramified primes; see Remark 5.6.) Finally, the only constraint on the polynomial
h is that the resulting I'c are coprime over K. This holds for almost all 4, in the
sense that the admissible ones of degree at most n — 1 form a Zariski dense open
subset of K. Also, a fixed & with 1 < degh < n (for instance /(x) = x?) will work
for almost all f that define the same field; see Section 8.

Remark 1.2. The method of using polynomials in the roots of f to recognise
conjugacy classes is also used in “Serre’s trick” for alternating groups. For example,
G = As has 5 conjugacy classes and all but the two classes of 5-cycles have their
own cycle type. (Recall that the cycle type of Frobenius can be recovered from the
degrees of the factors of the defining quintic f mod p; in practice, these are readily
determined by computing gcd(xf’d —x, f(x)) ford =1, 2.) It was pointed out by
Serre (see Buhler [1978, p. 53]) that the classes of 5-cycles can be distinguished by
evaluating the square root of the discriminant of f modulo p; see Example 3.9. This
has been generalised by Roberts [2004] to all alternating groups, and was used for
instance by Booker [2005] in his work on L-series for icosahedral representations.
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Finally, let us illustrate our approach to Frobenius elements with a simple case:

Example 1.3. The polynomial f(x) = x>+2x*—3x3+1 has Galois group G =D
over K = Q. If we number its complex roots by

ar ~=3.01, a=~-035-0.53i, a3~085—-03li, as=az as=ay,

then G is generated by the 5-cycle (12345) and complex conjugation (25)(34). It
is easy to see that f(x) is irreducible over [, so Frob, € G is in one of the two
conjugacy classes of 5-cycles, either [(12345)] or [(12345)2]. How can we check
which one it is?

Consider the expressions

np = aia; + aras + aszas + asas +asay,
ny = aias + aras + asas + asay + asay.

If we think of G as the group of symmetries of a pentagon, the sums are taken over
all edges and over all diagonals, respectively. Therefore they are clearly G-invariant,
and hence rational numbers. Also, as a; are algebraic integers, n| and n; are in fact
integers, readily recognised from their complex approximations as being 2 and —5.

Now suppose b is a root of f(x) in Fys, and b; = bl.z_1 fori =2,3,4,5 are its
other roots ordered by the action of the Frobenius automorphism. Then

N =b1by + byb3 + bsbsy + babs + bsb,

is in ;. By considering the reduction modulo a prime ¢ above 2 in the splitting
field, we see that if Frob, is (12345) or ( 12345)~!, then n; = N mod 2. Similarly,
if Frob, is (12345)? or (12345)3, then n, = N mod 2. Computing in [Fg (or noting
that N = Tr[Fz[x]/f(x)(ﬁ)) we find that N = 0, so Frob, must be in [(12345)].

In the language of Theorem 1.1, we took 4 (x) = x and proved that

Ti(12345)) = (X —2)*  and L2345 = (X + 5)

distinguish between the two conjugacy classes of 5-cycles: If f(x) is irreducible
mod p (and p # 7, so that 2 £ —5), then

Frob, € C & Tc(Tre,(xy/r0&PT)) =0 mod p.

This choice of i(x) was in some sense deceptively simple, because the roots n;
of the I'c were integers. (We used that the conjugacy classes of 5-cycles are self-
inverse in Djj.) Generally, these roots would be algebraic integers of degree |C]|.
For example, h(x) = x? leads to

Tiio34s)) = X*+5X +18 and  'omspy = X* — 11X +42,

and Tr(x”*2) is a root of one of them whenever f(x) mod p is irreducible.
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Notation. Throughout the paper we use the following notation:

K ground field

f(x) separable polynomial in K[x] of degree n

L some extension of K where f splits completely

a=/|ay,...,a,] orderedrootsof f in L

K (a) field generated by the a; over K (a splitting field of f)

G, Galois group of f, considered as a subgroup of S,, via its
permutation action on [ay, ..., a,].

[V] conjugacy class of ¥V € G,.

p prime of K, when K is a global field

Fy residue field at p

Frob, any (arithmetic) Frobenius element at p in G,

eq, T, M(f’\p see Definitions 2.2, 2.7, 3.4 and 4.3.

Recall that a global field is a finite extension of either Q or [, (7). The Frobenius
element in Gal(L/K) at p is characterised by Frob,(x) = x? mod q for all x € L
that are integral at some fixed prime q of L above p. The element Frob,, is well-
defined modulo inertia and up to conjugation. In particular, its conjugacy class is
well-defined if p is unramified in L/K.

The symmetric group S,, acts on n-tuples by [cy, ..., 417 =[co-1(1), - - - » Co-10)]-
It acts on the ring of polynomials in n variables K[x1, ..., x,] by 0 (x;) = Xo(i);
thus, for a polynomial F € K[xy, ..., x,],

Fo(cr,....ca) =F(cr,....cal’ ),

where F ([ -]) is the evaluation of F on the n-tuple. Note that all our actions are
left actions.

2. Isomorphisms of splitting fields

In this section we introduce our main tools. The reader who is only interested in
applications to Frobenius elements may skip to Section 5 and prove Theorem 5.3
directly (at the expense of not seeing the origins of I'¢).

As a motivation, consider the following general question:

Problem 2.1. Suppose a given separable polynomial f(x) € K[x] of degree n
splits completely in L D K and L’ D K. Given the roots ay, ..., a, and by, ..., b,
of fin L and L, find a bijection between them that comes from an isomorphism
of splitting fields of f inside L and L'.

We assume that we know the Galois group of f over K as a permutation group on
the roots in L, but we do not want to construct the splitting fields explicitly. Instead,
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we will evaluate polynomials in K [xy, ..., x,] on the roots in L and L’ taken in
various orders and try to extract information out of the values (as in Example 1.3).

Definition 2.2. For F € K[xy, ..., x,] define the evaluation map S,, — K (a) by
eq(0)=F(lai,...,a,]%).
Definition 2.3. Let 7 be a subgroup of S,. A T-invariant F is an element of

K|[x1, ..., x,] whose stabiliser is precisely T'.

Remark 2.4. Any F € K[xy, ..., x,] is evidently T-invariant if we take for T its
stabiliser in S,. Also, any subgroup T < S, has a T-invariant, for example,

F= E m', where m =x?_1x§‘_2---xn_1,
teT

since clearly the stabiliser of m in S,, is {1}.

Lemma 2.5. Let F be a T-invariant and o, T € S,,.

(1) efi(o)=el(o7).

(2) gleg(0) =eg(og™") for g € Ga.

(3) The map e}, : S, — K (a) is constant on the right cosets To.
Proof. (1) el (0) = F((a¥)) = F(a’%) = el (o 7).
(2) For g € G,

gleg(0) =g(F(lar,...,a,1°)) = F(lg(ar), ..., g(a)]")
—1 -1 - _
=F((lar,....anl* ) =F(lar,....a,]* )  =ezog™).
B)ForteT,
eg(to)=F(lar,...,a,]"") = F((la1, ..., a,]")")
-1
=F" (a1,...,a)") = F(la1,...,a,]°) =e,(0). O

Remark 2.6. Part (3) of the lemma says that the values of F' on the various permu-
tations a° of the roots are essentially the right cosets of 7" in S,,. It may accidentally
happen that the same value occurs on two right cosets, but it is always possible
to adjust the original polynomial f to prevent this (see Lemma 8.1c). Part (2) of

Lemma 2.5 says that the action of the Galois group Gal(K (a)/K) on these values
translates into right multiplication by G,. This motivates the following:

Definition 2.7. For a double coset D = To(G, in S,,, define the corresponding
“minimal polynomial”

Choy=Tap(X) =[] (X—es(0)) € KIX].
oeT\D

By Lemma 2.5(3), this is well-defined.



1332 Tim and Vladimir Dokchitser

Remark 2.8. Note that by Lemma 2.5(2), G, permutes the linear factors of
', p transitively, so it is a power of an irreducible polynomial in K[X]. If
e, : T\S, — K(a) is injective, then l"g’ p(X) is irreducible, and hence the minimal
polynomial of e} (09).

Remark 2.9. The point is that the T, ;,(X) are K-rational objects, and they can
be used to compare different splitting fields:

Proposition 2.10. Let a, b be orderings of roots of f in two splitting fields of f,
and let ¢ : K (a) — K (b) be an isomorphism. If e}, : T \'S, — K (a) is injective,
then for every double coset D € T\S,,/ G,

Cop(F(0)=0 <= b=[¢(a).....¢(a,))° forsome o€ D.

Proof. We have that FZ’ p(F(b)) =0if and only if F'(b) = ¢ (x) for some root x of
FZ’D in K (a). Such roots are ¢ (o) for some o € D, so

Lo p(F(B)=0 <<= F(b)=¢(e,(0)) for some o € D
= F@ (b)) =el(0)=F@a’)
= ¢'B)=@") =a" forsomet € T
— b= ¢(a(’/) = d)(a)”/ forsome o’ € D. O

Theorem 2.11. Let F be a G4-invariant with e}, : G4\ S, — K (a) injective. If
F(b) = F(a) € K, then a; — b; defines an isomorphism K (a) — K (b).

Proof. Take T = G, and D the principal double coset G,1G,, and apply the
proposition. Since I'; ,,(X) = X — F(a), we have I'; ,,(F (b)) =0, s0 b= ¢(a)’
for some o € G, and some isomorphism ¢ : K(a) — K(b). Then ¢ o o is the
required isomorphism. O

Remark 2.12. This gives a solution to Problem 2.1:

Pick a G4-invariant F, for instance using Remark 2.4. Adjusting f if necessary,
we may assume that es : T\ S, — K(a) is injective (Lemma 8.1c). In L, keep
permuting the roots of f until F(b) becomes F(a) € K. When this happens,
a; — b; defines an isomorphism of the two splitting fields.

Note however, that in the worst case we are evaluating a polynomial with |G|
terms on |G\S, /G| permutations. So the complexity is about n! operations, which
is impractical for large n.

Example 2.13 (Djp-extensions). Suppose f(x) € K[x] has degree 5, and G, =
Gal( f/K) is the dihedral group Djg, generated by (12345) and (25)(34). Take

F(x1,...,x5) = Xx1X2 + X2X3 + X3X4 + X4X5 + X5X7.
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This is a T-invariant with T = G,: It is clearly invariant under Do, and on the
other hand a permutation preserving F is determined by x| > x;, X2 > X;+1, SO
there are at most 10 choices. In particular, F(ay, ..., as) is invariant under the
Galois group, and so lies in K. Substituting the a; into F in all possible orders
gives the values

65(071) =do(1)c2) T A5 2)Ac(3) + A5 (3)As(4) + Ao (4)s (5) T Ao (5)Aa(1)-

Clearly each one occurs at least 10 times for varying o € S5, corresponding to the fact
that e‘f factors through Dj\Ss. The assumption that the map e} : T\ S,, — K (a)
is injective simply says that there are no more repetitions, and there are 120/10 =12
distinct values.

Suppose that this is indeed the case, and let by, ..., bs be the roots of f in some
other splitting field. If we substitute the b; in F in all possible orders b, we get
again 12 values, one of which is F(ay, ..., as) € K. There are 10 isomorphisms
K (a) — K (b) obtained from one another by composing with Galois. They are
determined by a — b° for 10 permutations o € S,. Clearly, for each of these o,
we have F(b°) = F(a). But, since every value is taken exactly 10 times, we have
the converse as well: if F(b°) = F(a) for some o € S,,, then a — b° must define
an isomorphism of the splitting fields. So to find an isomorphism, we only need to
locate F'(a) among the 12 values F(b7).

Note that the other values F'(b°) are not in general K -rational, so we cannot
compare them with the values on a. Their minimal polynomials are the I', j,(X)
for the 4 double cosets D1g\Ss/D1yg.

3. Recognising conjugacy in Galois groups

In questions such as computing Frobenius elements in Galois groups it is not
necessary to compare the roots in two splitting fields. It suffices to identify the
conjugacy class of a specific Galois automorphism:

Problem 3.1. Let f(x) € K[x] be a separable polynomial that splits completely
in L D K, and suppose we know G = Gal(f/K) as a permutation group on the
roots in L. If L’ is another field where f splits completely and we are given a
permutation of the roots of f in L’ that comes from some Galois automorphism,
find the conjugacy class of this automorphism in G.

Remark 3.2. An isomorphism ¢ of the two splitting fields of f induces an isomor-
phism of Galois groups G and G’. We would like to identify an element % € G’
as an element o € G. Note, however, that s{ depends on the choice of ¢. As any
two isomorphisms differ by a Galois automorphism, the conjugacy class [s4] is
well-defined and this is what we are after.
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It is easy to see that a solution to Problem 2.1 answers Problem 3.1 as well,
so this is a weaker question. However, we aim for a more practical solution (see
Remark 2.12). We may clearly restrict our attention to one cycle type in S,. For
convenience, throughout the section we also fix a representative:

Notation 3.3. Fix an element £ € S,, and write Z¢ < S,, for its centraliser.

Definition 3.4. Suppose ¥ € S, is conjugate to &, in other words they have the
same cycle type, say § = ogWVo, !, For a T-invariant F and an ordering a of the
roots of f, define the polynomial

My (X) = I1 e, (X).
oe(ZeNT)\Zgoo

It is well-defined by Lemma 2.5(3). Note that Z¢ oy is the set of all permutations
that conjugate W to &; in particular it is independent of the choice of oy.

Remark 3.5. The situation we have in mind is that we have two sets of roots a and
b of f in different splitting fields. So there is an isomorphism ¢ : K (a) — K (b),
but we do not have it explicitly. However, suppose we know that an automorphism
A e Gal(K (a)/K) corresponds to B € Gal(K (b)/ K ) under ¢, and that they permute
the roots by

d@)=a"¥, BB)=b5, WV E€8,.

Then {a®}scz.0, 18 the set of all reorderings of @ on which s acts as &, and M, ‘f’q, (X)
is the smallest K -rational polynomial that has F(a®) as roots for all such o. But
¢~ !(b) must be one of these reorderings because % acts on b as &. The upshot is that
M aF,w (X) has F(b) as a root, and its construction does not require the knowledge
of ¢. In other words, if M ;\y (F (b)) #0, then we know that &¢ does not correspond
to % under any isomorphism. (In Section 4 we will take 7 = Z; and turn this into
an if and only if statement.)

Lemma 3.6. Let ¢ : K (a) — K (b) be an isomorphism of two splitting fields of f,
and define p € S, by b = ¢(a”). Then M, e = My o
Proof. Write ¥ = p~!®p. Pick o¢ with £ = oo Doy ! and let oy = 0P, SO that

1 1

O’\p\IJO\;l ZGq;p\I/,O_ (fq; :o’q,(l)aq:l :%‘,

By definition,

F o _ F F _ F
Mb,<I> - 1_[ Fb,a’ a, Vv — 1_[ Fa,a'

UE(Z;QT)\Z;O}D UE(ZEQT)\Zgo’\y
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We claim that I'; (, =T} fors € Z¢. First we show that they have the same
degree. Because Gp = pG, p! by the definition of p,
degT, . = IT\TsoyGa| = |T\TsowGap™'|

= |T\Ts60pGap | = |T\Ts06Gp| = degT} . .

Since both polynomials are powers of irreducible ones, it now suffices to identify
one of the roots:

65(.5‘0\1/) = ej(saq)p) — F(a*™")) = F((b_l(b)‘wq’))
=F(¢~'0) = ¢~ (FB"7*) = ¢ (¢} (s00)). 0

Corollary 3.7. The map ¥V — M ;,\11 is constant on every conjugacy class of G,
with cycle type &.

Proof. By the lemma above, M aF’\l, =M

.gWg-! for g € Gg. [l

We now have an approach to Problem 3.1:

Proposition 3.8. Ler a, b be orderings of the roots of f in two different splitting
fields, and suppose ¥ € G, and ® € Gy have cycle type &. If the polynomials M ;’1//
are distinct for \ in different conjugacy classes of G, of cycle type &, then

there is an isomorphism K (a) — K (b

_ phism K (a) — K (b) MT o= ML
under which \V corresponds to ® : '
If, moreover, the M;w are pairwise coprime, then this occurs precisely when

Mg o (F(b7)) =0 for some (any) o € S, with§ = odol.

Proof. “=>"is Lemma 3.6. For “<=", pick any isomorphism ¢ : K (a) — K (b). The
polynomial M bF’cD agrees with some M, , by the lemma, and W lies in the conjugacy
class of i by assumption. Composing ¢ with an automorphism of K (a)/K (which
corresponds to conjugating 1) we obtain the required isomorphism. (Il

Example 3.9 (Serre’s trick [Buhler 1978; Roberts 2004]). Suppose char K # 2,
f € K[x] has degree n, and G, = Gal(f/K) is the alternating group A,. There is
a particularly nice T -invariant with T = A, a “square root of the discriminant”

F(xi,...,xy) = H(x,- —Xj).
i<j
The only double cosets To G, in S,, are D = A,, and its complement D’ in S,,.
Clearly T, ,(X) = X — F(a) and FZ’D/(X) =X + F(a), and F(a)? = Ay is the
discriminant of f. So if b is the list of roots of f in some other splitting field, we
find that

a; > b; defines an isomorphism ., (ai—a) =@ —b)).
K(a) — K (b) [l =ap =]l

i<j i<j
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This illustrates Theorem 2.11 in the case of A,. To explain Proposition 3.8 in this
setting, suppose £ € S, is a product of cycles of distinct odd degrees, so that there
are two conjugacy classes [V1], [¥,] in G, = A, of cycle type & (for example
5-cycles in As). Say 01\11101_1 =¢&= 62\11202_1 with o1 € A, and 07 ¢ A,. In this
case Zg CA, =T, so0

My (X)=T} , (X)=T} ,(X)=X— F(a),
M} o, (X)=T% (X)=T% (X) = X + F(a).

a,on

Suppose again that b is the list of roots of f in some other splitting field, and
%B € Gal(K(b)/K) is an automorphism of cycle type £&. Rearranging the b; if
necessary, assume that % acts on the b; as &, that is, B(b) = b*. The statement of
the proposition is that

?73 comes.from [Wi] under an H(ai —a;) = l_[(bi —b)),

isomorphism K (a) — K (b) i< i<
which is precisely Serre’s trick. The same invariant F may sometimes be used in
other subgroups of S, to distinguish between the conjugacy classes of such cycle
types. (It determines whether the two classes are conjugate in A,, or not.)

4. The directed edges invariant

As before, suppose f(x) € K[x] is separable and @ = [ay, ..., a,] are its (ordered)
roots in a splitting field. We apply the results of Section 3 when T = Z¢, the
centraliser of £. This is particularly nice for two reasons: First, the polynomials
M ‘f’,// of Proposition 3.8 are irreducible and distinct, and second, it is easy to write
down a T -invariant with just n terms and of degree 3 (compare the polynomials in
Remark 2.4 and Example 4.2).

Proposition 4.1. Let & € S, with centraliser Zg. Suppose that F is a Zg-invariant
such that e}, : Z¢ \ S, — K (a) is injective. Let W, W' € G4 be two elements of cycle
type &. Then

@)) M;’q, is irreducible, and equals T'y , for any o € S, with & = oWol

2) M‘f’\p has degree |[W]).

(3) My y =M, ifand only if ¥ and V' are conjugate in G,.
Proof. For brevity, write Z = Z¢. Pick 0,0’ € S, withoWo ! =& =o' W(o")7 L.
(1) By definition,

F | | F F
Ma,\ll = Fa,r = Fa,a'
te(ZNZ)\Zo

It is irreducible by the assumed injectivity of e, ; see Remark 2.8.
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(2) By definition,

-1
degT | =|Z\Z0o G4l = |Z|GZC|;a| _lo |ZZc|rGa|

|Ga| |Ga|
_ — = |[¥]].
|GaNo~1Za| | Centg, (V)| 2

(3) If ¥ and W’ are conjugate, then M ;ﬁq, =M f g by Corollary 3.7. Conversely,
suppose that M, , = M, .. Since e, is injective, Zo G4 = Zo'Gg4, s0 0’ = sog
for some s € Z and g € G,. Then

loleog =g g,

lIJ’ — (O_/)flsa/ :gilo’flsflfsag =g*
so [W'] =[W]. O

Example 4.2 (the directed edges invariant). Let & € S, and fix a polynomial
h € K[x] of degree at least 2. Define

Fxi,.oox) =Y h(x) xej-
j=1

It can be visualised as the directed edges in a graph that define the action by &. For
instance, for £ = (1234)(56) € Sg and h(x) = x2,

2 3

1 4
F = XIZ)CQ + x22x3 + x32x4 + xfxl + x52x6 + xgxs

It is clearly a Zg-invariant.

Definition 4.3. Fix h(x) € K[x]. For each conjugacy class C in G, define

re() =[T(x - X h@poy).
j=1

oeC

Lemma 4.4. Let F be as in Example 4.2. Then for every ¥ € G,
M, o (X) =Ty (X).

Proof. Pick o € S,, with o Wo ~! = £. First, suppose 7 € [¥] and u, € S, satisfies
u;'€u,; = t. Then

ea(ur) = F@") =)  h@,1)a,1 )= ) h@pa, g, ;=) haptia).
i ] j
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On the other hand, note that for t € Z¢ and g € G,

lo7leog =g 1wy,

(tog) 'E(tog) =g ‘o7 17 Etog =g~
So for t = g~ 'Wg e [W],
{ur € Sulu;'éu, =1} = Zsog,

because the left-hand side is clearly some right coset of Z¢. This equality gives a
correspondence between [V] and Zg\Z:0 G,. So

Myy(X)=T5,X)= ] X-et@)
uG(Zg\ZgO’Ga)
- 11 (X—Zh(a)f(aj)>=rm(X). 0
Te[W] j=1

Corollary 4.5. Let a, b be orderings of the roots of f in two different splitting
fields, and let ¥ € G4 and ® € Gy. If the I'c(X) are pairwise coprime for different
conjugacy classes of G, then

there is an isomorphism K (a) — K (b) _ N
under which \V corresponds to ®, = Iﬂ[‘IJ](Zj h(bj)q)(bj)) =0.

The condition that the I'c are coprime is satisfied for h(x) in a Zariski dense open
set in the space of all polynomials of degree at most n — 1.

Proof. The equivalence follows from Proposition 3.8 and the lemma above. For the
last assertion apply Lemma 8.2. O

Example 4.6. Take f(x) = x*+ 14 over Q. It splits completely over L = Qs and
L’ = C, with roots in Qjs

ar=143-542-524, ay=2+42-54+0-5+---, a3=—a), as=—a,

and

by =~v—14, by=iv—14, by=—v—14, bs=—iv—14

in C (with, say, Argb; = 7w /4). The Galois group of f is G = Dg, which we
view as a subgroup of S4 via the action on the g;. It is generated by the 4-cycle
ai +— ap — asz — a4 — a; and the transposition a; <> a3. We will illustrate how to
identify the conjugacy class of complex conjugation by <> by, by <> b3 in G, using
the polynomials "¢ (x).

There are two conjugacy classes of double transpositions in G, namely C; =
{(12)(34), (14)(23)} and C, = {(13)(24)}. Let h(x) = x and compute

Lo, (X) = (X — Qajaz +2a3a4))(X — 2a1a4 +2a2a3)) = X* — 224,
Ie,(X) = X — Qayas + 2azas) = X.
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These are coprime, and Corollary 4.5 applies:
4
> “bibj = 2byby + 2bybs = ~/224
j=1

is a root of I'c, (X), so complex conjugation corresponds to an element of Cj.

Note that the coefficients of the ['c (X) were computed as 5-adic numbers. Since
they are integers and we can bound them from the (complex) absolute values of the
roots of f, they can be identified exactly.

5. Frobenius elements

Now suppose K is a global field. We turn to our initial problem of computing
Frobenius elements in Galois groups. We use the following remarkable property of
the directed edges invariant:

Proposition 5.1. Let f(x) € F,[x] be a polynomial with roots a, ..., a, € Fq
counted with multiplicity, and let ¢ = Frob, € Gal(Fq /F4). For every polynomial
h(x) € Fylx],

> hap$(aj) =Tras, (h(X)X9),

j=1
where X is the class of x in the algebra A =T [x]/f.
This is an immediate consequence of the lemma below (with H(x) = h(x)x?).

Lemma 5.2. Let k be a field and f (x) € k[x] a polynomial with roots ay, . . ., a, € k
counted with multiplicity. Then for every H(x) € k[x],

> H(aj) =Tra/(H(X)),

j=1
where X is the class of x in A = k[x]/f.

Proof. Consider X as a linear map A — A, Y — XY. Its minimal polynomial
is f, since f(X) =0 but no linear combination of 1, X, ..., X"~ ! is zero. So the
generalised eigenvalues of X are exactly the a;, and those of H(X) are therefore
H (a;) (look at the Jordan normal form of X over k). The result follows. U

Theorem 5.3 (generalised Euler’s criterion). Let K be a global field and let
f(x) € K[x] be a separable polynomial with roots ay, . .., a, in K and Galois
group G. Fix h(x) € K[x] and for each conjugacy class C of G, set

rex) =[](x =Y htapowy).
j=1

oeC
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(a) The polynomials I'c (X) have coefficients in K.

(b) Let p be a prime of K with residue field I, and C a conjugacy class of G. If
p does not divide the denominators of the coefficients of f and h, the leading
coefficient of f and the resultants Res(U¢c, T'¢cr) for C' # C, then the coefficients
of U'c(X) are integral at p and

Frobp eC <— I¢ (TI‘ Fylx]

ALY (h(x)x?)) =0 mod p.

(c) For all h(x) in some Zariski dense open set in the space of polynomials of
degree at most n — 1, we have Res(IU'¢, I'c’) # O for every pair of conjugacy
classes C #C'.

Proof. (a) This follows from Lemma 4.4, Definition 3.4 and Remark 2.8.

(b) I'c(X) is clearly integral at the required primes.

= If Frob, € C then Z?:l h(a;) Froby(a;) is aroot of I'c (X) by the definition
of I'c, and it reduces mod p to Tr, /£ 00/, (h(x)x?) by Proposition 5.1.

<=: The polynomial I'c(X) is distinguished from the others by any one of its
roots mod p by the assumption that pt Res(I'¢c, I'¢v) for C # C'.

(c) Apply Lemma 8.2. ([

Remark 5.4 (choice of i). If the resultants Res(I'¢, I'¢) are nonzero, then Theorem
5.3(b) describes the Frobenius element for all but finitely many primes p. If one of
the resultants vanishes, or equivalently, I'c has a common factor with some "¢/, the
statement does not apply to C for any p. However, this is rare and easily avoided
by choosing a different /; most choices will work by Theorem 5.3(c).

Alternatively, for any fixed & with 1 < degh < n it is possible to replace f by
another polynomial f of degree n with the same splitting field so that the resulting
I'c are coprime. To see this, consider

v (0 = TT(X = Yo heepxon) ),
j=1

oeC

and note that they are coprime as polynomials in X over K (xy, ..., x,). Now apply
Lemma 8.1(b) to F| = HC#C, Res(yc, y¢’) and F, = 0. We obtain a Zariski dense
open set of polynomials B(t) of degree at most n — 1 for which f =[] j (x—B(a;))
works.

Remark 5.5 (Euler’s criterion). The classical criterion

(p—1/2 — <ﬁ> d
a = mod p
Y4
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says that aP~D/2 = 41 determines whether x> — a has a root modulo p. Similarly,
to see whether x> — & has a root modulo p = 1 mod 3 one checks whether a?~1/3
is 1 or another third root of unity in [, etc.

One can reformulate this as a matrix statement: Take a 2 x 2 matrix M with
minimal polynomial x> — a (respectively 3 x 3 and x* — a). Then M?~! is the
scalar matrix with a?=1/2 or a'P=1/3  respectively, on the diagonal, so its trace
determines whether the polynomial has a root in [,; for example, for x> —a the
distinction is whether % Tr MP~!is 1 or a root of x4 x + 1.

Theorem 5.3 generalises this to arbitrary polynomials over global fields. Observe
that for a polynomial

F) =x"+c,x" "o,

the trace in the theorem can be interpreted as a trace of a matrix, for instance,

d 1 —C1
Tre, F xY)="Tr . mod gq.
ISEAL :
1 —Cn—1

Therefore (a minor modification of) the trace Tr M9~! for a matrix M with minimal
polynomial f determines the splitting behaviour of f mod p and the conjugacy
class of Frobenius, in the same way as above. See also Sections 1 and 7.

Remark 5.6 (ramified primes). The condition that p does not divide any resultant
Res(I'c, I'¢r) excludes all primes that ramify in the splitting field of f over K.
Indeed, if o # 1 is an element of inertia at q for some q|p, it is easy to see that I'[j;
and I'[;] have a common root mod p.

Remark 5.7 (extending to all p). In order to deal with the primes dividing the
resultants, we may work over the completion K, instead of the residue field [F,.
Compute the splitting field L/ K, of f and the roots by, ..., b,. Choose a lift ¥ of
the Frobenius element in Gal(L/K}) and evaluate

D hb)W(b)).

Jj=1

This number is now a root of precisely one of the ¢, and this C is the conjugacy
class of the chosen Frobenius lift W. (See Corollary 4.5.)

Remark 5.8 (Artin L-functions). Suppose L/K is a Galois extension of number
fields with Galois group G, represented as a splitting field of some polynomial
f(x) € K[x]. Recall that a complex representation p of G is called an Artin
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representation. It has an L-series defined by the Euler product over all primes of K,

1
Lo =]l 75
b

Here ¢ is the size of the residue field at p and P,(7T") = det(1 — Frob, T | o) is
the inverse characteristic polynomial of Frobenius on the subspace of p fixed by
the inertia group I, at p.

Theorem 5.3 and Remark 5.7 allow us to explicitly compute the coefficients of
such L-series. For the unramified primes, they recover the conjugacy class of Frob,,
in G, which determines the local polynomial P,(T'). For the ramified primes, it
suffices to find the restriction of p to the local Galois group G, at p with respect
to an embedding G, — G as a decomposition group. Assuming we can find Gy,
Remark 5.7 enables us to identify the conjugacy class in G of any element of Gy,
under this embedding. This is sufficient to compute the character of p on Gy, and
thus also p’» and P,(T). Note that we have not actually found the decomposition
group at p as a subgroup of G, which appears to be a harder problem.

This algorithm to compute Frobenius elements and L-series of Artin representa-
tions has now been implemented in Magma [Bosma et al. 1997]. For the functional
equation of the L-series one also needs to identify the conjugacy class of the
complex conjugation. If G is represented as acting on the roots of f in a p-adic
field, this can be done with the same method. (See Corollary 4.5 and Example 4.6.)

Remark 5.9 (complexity). From the complexity point of view, the computation of
Frobenius elements for “good” primes has two steps:

One is the initial precomputation of the polynomials I'c, each of which takes
O(n|C|) operations in some field containing the a; (for instance C or Q p). This
needs to be done for all conjugacy classes that are not determined by their cycle
type.

The second step deals with a specific prime p of K with residue field F,. We
determine the cycle type of Frob, by computing ged( f, x?" —x) for j <n/2, which
takes O (nlog ¢) multiplications of n x n matrices over [,. Then we evaluate the
trace Tr(h(x)x?) with another O (n + log ¢) matrix multiplications. Finally, we
substitute the trace into all I'c corresponding to the cycle type of Froby,, which is
O(d) coefficient reductions and multiplications in [, where d is the number of
elements in G of this cycle type.

Here is as an illustration for polynomials of degree at most 11. There are 474
transitive groups G on at most 11 points, for each of which we took a polynomial
f € Q[x] with Gal f = G as a permutation group on the roots. (We used the
database in Magma [Bosma et al. 1997, V2.16].) For each G we computed Frob,,
for all p < 100000 with pt A f, using Serre’s trick (Example 3.9) and the algorithm
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above. Together with the Galois group computation and the precomputation of
the I'¢ this took under 15 seconds on a 3GHz dual-core CPU for each G, with
only four exceptions: G = A% x C,, Ag X C%, A% x C4 and Mj;. These took 17,
254, 1512 and 61 seconds respectively, with approximately 10-30 seconds taken
by computing Frobenius elements and the rest by precomputing the I'c(x). These
four groups have large conjugacy classes of the same cycle type (the largest being
the two classes of size 1800 for Ag x Cy).

Remark 5.10 (additional symmetries). Suppose all conjugacy classes of elements
of some order o and a fixed cycle type are closed under the power maps g — g~
for k in some nontrivial subgroup H C (Z/oZ)* (for instance they are self-inverse,
like in dihedral groups). Then one may replace I'c(X) in Theorem 5.3 by

U(X—éhmj)(gla"(aj))),

taking the product over some representatives for C modulo the action of H, and
modifying the trace accordingly. In practice, this speeds up the computation of
the "¢, as their degree drops by a factor of |H|.

6. Examples: Abelian groups

If the Galois group is abelian, its conjugacy classes are of size 1, and all the I'¢ of
Theorem 5.3 are linear, that is, I'c (X) = X —r¢ with r¢ € K. For a good choice of
h(x) and all but finitely many primes p, the trace Tr(h(x)x?) agrees with exactly
one of the r¢ modulo p, which then determines the conjugacy class of Frob,.

In the examples below, ¢, denotes a primitive n-th root of unity.

Example 6.1. Let K = Q(i) and
F) =x* 4203 + B +30)x% +4ix — 1 4.
Its complex roots are

a; = —0.31795 — 0.57510i, a =0.50870 — 1.1289;,
a3 = —1.4682 4 1.8471i, as = —0.72255 — 0.14308i,

to 5 decimal places. The splitting field L is a C4-extension of Q(i), non-Galois
over @, and the Galois group of L/K is ((1234)) < S4. Take h(x) = x2. An
elementary computation gives
Ilig) = X — (104 6i), Ta2say =X — (4+4i),
Fazean =X — (=2+20), I3 =X +8.
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For a prime p # (1+41i), (2—1), (3) (the primes dividing r¢c — r¢ for C # C') with
residue field [, we deduce that the Frobenius at p is determined by

Tr([pq[x]/f(x))/[pq(xq”)z 104+6i 4441 —24+2i -8
Frob, — | id (1234) (13)(24) (1432)

Example 6.2 (Kummer extensions). Suppose { = ¢, € K and L = K({/s) is a
Kummer extension of degree n. It is abelian with Galois group C,, whose elements
are determined by

O','Z%H{i\"/; fori=1,...,n.
Take f(x) =x" —s and h(x) = x"~'. Then

o1 (X) =X =Y R 5)0i (¢ Ys) =X —ns-¢'.

j=1
For a prime p of K with residue field [, because n|g — 1, we have
Trer, 11/ ooy F, (REOXD) = Trp, g jen—syp, (24771
— Tr([Fq[x]/x”—s)/[Fq (s(qfl)/nﬂ) —ns-s@=b/n
So Theorem 5.3 says that for p{ns,
Frob, =0; <= s@=D/n =l mod p,
which is the classical criterion for Kummer extensions.

Example 6.3 (Q(¢,)/Q). Let ¢ = ¢, for some prime p > 2, and take
K=Q, L=0F), fx)=x""++x+1.

Thus Gal(L/K) = (Z/pZ)*, with elements 0; : ¢ +— ¢ fori =1, ..., p—1. For
h(x) = x% we have [6;1(X) = X — r; with r; € Q given by

p—1 p—1 s
; ; 04 -1 ifi £p—2,
— N2oi () = JQ+)
r j§:1(c)a,(z) ]§ZIc {p_1 il
For a prime ¢ of Q,

Trr, 11/ 7 e/, (ROOXT) = Tree, ey p ey, 97) = Trpa payz(x9%?) mod g
-1 mod ¢ if ptq+2,

=T a+2y =
rr/e@") {p—l mod g if plg+2.

Hence Theorem 5.3(b) shows that for all ¢ # p,

Froby =0, » <= ¢=-2 mod p.
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The same computation with /(x) = x”~* for varying k yields the classical criterion
Froby =0y <<= ¢=k mod p.

Note that none of these /4 (x) work for all conjugacy classes simultaneously, because
the I'i5,) are not coprime. This tends to happen when the roots of f are “too nice”
and h(x) is “too simple”. By Lemma 8.2, most # do work. In our example, a
general polynomial

h(x) =rxP "4 4, 1x+ A, has T(X) = X +h(1) — phs,

and these are distinct if and only if Ay, ..., A,_ are. The primes to which the
theorem then applies are those not dividing p [ [(A; — A).

Example 6.4 (cyclotomic extensions). In general, suppose L = K(¢,) is some
cyclotomic extension, and f(x) is the minimal polynomial of ¢, over K. As
in the previous example, G = Gal(L/K) — (Z/nZ)*, and we write o; for the
automorphism with o;(¢,) = {,’;. We do the same computation as above: For
h(x) = x* and p a prime of K with residue field Fys

Mo (X) =X =Y @) oi(e(@)) = X = Y g(en)™ = X = Tro/k (55,

8eG geG
Tr(e, iy £ oy /Fy 85T = Trryk (6519 mod p.

Because Try /g (;,{ ) is |G| precisely when n| j, the polynomial I',, ,; differs from
all the other Iy}, and we find that

Froby =0,y <<= g¢g=n—k modn
for almost all p. (One may improve “almost all” to “all p{n” by taking several A.)

Remark 6.5. The fact that we obtained a simple formula for Frobenius elements for
cyclotomic and Kummer extensions relied on the existence of a universal expression
for the trace Tr(h(x)x?) mod p. It follows from class field theory that there are
such formulas in all abelian extensions.

For instance, consider Example 6.1 of a C4-extension of K = Q(i) from the
point of view of class field theory. There the conductor of L/K is

N=(0+*Q2—i)=8—4i,

and the group (Og/N)™ is C4 x C4 x C,, with generators i, 7 and 3 — 2i, respec-
tively. For a prime p = («) C Z[i] not dividing N, if o = i%7°(3 — 2i)° mod N,
then Frob, = (1234)°.
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Now compare this with the description of Frobenius in Example 6.1. Writing
F, = Z[i1/p and Tr for Tr, x1/f(x))/F,» We get 4 congruences for the traces:

p= (), a=i7"°3G—=2i)° mod N

p=(a), 0 =i7"3—=2i)° mod N

p=(a),a=i"7"(3—2i)° mod N

p=(a), 0 =i7°3—=2i)° mod N

Tr(x?*?) =10+6; mod p,
Tr(x?*?)=4+4i  mod p,
Tr(x?™2) = —2+2i mod p,
Tr(x7*?) = —8 mod p

trut

for p # (1+1), (2—1i), (3).
Note that if one had a way to prove these congruences directly, one would have
a proof of Artin reciprocity in the extension L/K.

7. Examples: Nonabelian groups

We continue with examples to Theorem 5.3. When G is nonabelian, the only
difference is that the I'c are no longer linear.

Example 7.1. Let K = Q and f(x) = x> — 2. It has Galois group S3 and roots
ar =2, ay = t~/2 and a3 = ¢2v/2, where ¢ is a primitive cube root of unity.
Take h(x) = x2/6 (the factor é is only chosen for convenience) and compute the
polynomials I'c for the three conjugacy classes:
Tig) = X — t(aja +a3ay + a3as)
=X-1,
T2 = (X — glatar +ajar +a)) (X — g(ajas +a; +ajan)

(X - é(af’ + a§a3 + a%az))
=X - Q@+ + DX = 3@ +H1+)X =50+ +¢%)
=Xx3

Tz = (X — g(afar +a3as + a3an)) (X — g(atas + a3ar + ajaz))
= (X =3¢+ +ONX = 3@+ =X =X =)
=X>4+X+1.
On the other hand, for a rational prime ¢ = 3m + k with k =1 or 2,

Ty, (557) =Te(127 15471
2" ifk=1,
{0 ifk=2

_ 247 if g =1 mod3,

_{0 if g =2 mod 3.
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The conclusion of Theorem 5.3 is that, as expected, for g # 2, 3,
g=1mod3,2¢e(F,)*® = Frob, =id,
g=1mod3,2¢ ([Fq)X3 = Frob, € [(123)],
g=2mod3 = Frob, €[(12)].
Clearly, an identical computation goes through for f(x)=x3—c (with (x) =x2/3¢)
over any global field K with ¢ & K.

We can also take a general cubic polynomial and obtain an analogue of Euler’s
criterion for its factorisation modulo primes:

Theorem 7.2. Let f(x) = x> + bx + ¢ be a separable cubic polynomial over a
global field K, and p a prime of K with residue field [,. Write

00 —c\ ™"
T = Tr([pq[x]/f(x))/[pq (xq+1) =Tr|1 0 —b mod p.
01 0

If p does not divide 3b(4b> +27¢?) and the denominators of b and c, then
T'=-2bmodp <= f(x)has3roots modp,
T= bmodp <<= f(x)isirreducible mod p,
T is a root of x> —3b*x —2b> —27¢> =  f(x) has 1 root mod p.

Proof. We compute the polynomials I'c for G = Sz, h(x) = x by expressing
their coefficients in terms the elementary symmetric functions a; 4+ a; +az =0,
ayap + arasz + aza; = b and ajaraz = —c:
Tia) = X — (a1 + a3 +a3) = X — (a1 + a2 + a3)* + 2(araz + a1a3 + aza3)
=X +2b,
T2 = (X — (@1a2 + aza; +a3))(X — (a1a2 + axa) +a3))
(X — (a1a2 + azay +a3))
= X? - 3b*X —2b° — 277,
[a23)) = (X — (@102 + aza3 + azap)) (X — (a1a3 + az2a; + azay))
=(X —b)>.
The least common multiple of their pairwise resultants is 3b(4b3 +27¢?), which
completes the proof by Theorem 5.3. ]

An identical computation can be done for polynomials of higher degree, as
long as one has the patience to work out the coefficients of the I'c. Here is the
corresponding result for quartics:
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Theorem 7.3. Let f(x) = x* + bx? + cx + d be a separable quartic polynomial
over K, and p a prime of K with residue field [,. Then the value

Trege . (971

70 /Fa

is a root of one of the polynomials
Ilia) = X +2b,
Tia2)Gay) = X° —2bX* — 16d X 4 32bd — 8¢,
T2 = X0 +4bX° 4+ (2b* +8d) X* + (—12b* +48bd — 26¢*) X
— (23b* — 120b%d 4 108bc? + 112d%) X
— (16b° — 128b°d 4 138b*c? 4 256bd* + 216¢>d) X — 4b°
+48b*d — 56b°c* — 192b%d* — 288bc*d — 27¢* +2564°,
T3y = X* + (—2b% + 84) X2 — 8¢2X + b* — 8b?d 4 8bc? + 16d°,
T1234)) = X° —2bX* + (b* —4d) X + .
If p does not divide the denominators of b, c and d and the pairwise resultants of

the U'c, then this determines the degrees in the factorisation of f mod p: They are
the cycle lengths of the permutation in the index of T

A theorem of Brumer (see [Jensen et al. 2002, Theorem 2.3.5]) states that any
Galois extension L /K with Galois group G = Dy is a splitting field of

far@)=x4+@-3)x*+b—a+3)x>+@*—a—1-2b)x>+bx +a
for some a, b € K. Using a similar argument to G = S3 and S4, we find:
Theorem 7.4. Suppose L/K is the splitting field of f, p(x) as above, with
G = Gal(L/K) = Dyy.

Ifp is a prime of K with residue field [, not dividing 3a—b+1 and the denominators
of a and b and such that f mod p is irreducible, then

Treg (qurl)

7o /T

is either —2a+b+1 or a+2 modulo p. This determines which of the two conjugacy
classes of 5-cycles contains Froby,.

Remark 7.5. In this setting, if Froby, is not a 5-cycle, it is either the identity or an
element of order 2. In the former case,

Treg . (291 =a® —4a —2b+3 mod p;

7o /T
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in the latter the trace is a root of

Ci@3)@sy
=X —(a—23)*X*+ (31 —2a° +4b —3b> + a*(11 +2b) —2a(21 +2b)) X*
+ (12a° (34 2b) — a*(137 + 44b) +a(114 + 6b — 28b%)
—51+7a* —4a° — 20b + 14b* — 2b°) X?
+ (404 16a° — 8a® 4 32b — 17> — 4b° + a*(58 + 42b) 4 a*(182 + 18b — 52b7)
+4a3(—49 —21b + b*) — 2a(65+ 13b — 17b> + 6b°)) X
+8a% — 4a” +4a> (7 + 5b) — 4a* (32 4 17b) + 2a> (123 + 85b + 4b?)
—a*(245+4218b +24b%) — 2a(—30 — 6b + 51b* +22b°) +2(—6 — 8b + 3b* + b — 4b*).

Example 7.6. Here is another example, to illustrate what the I'c look like in
general. Take K = Q2 and L = Q(E[3]), the 3-torsion field of the elliptic curve
E :y>+y=x3—x2 Then Gal(L/K) = GL,(F3), and L is the splitting field of

Fx) =x% —9x7 +18x% 4+ 33x° —93x* — 15x — 23x% — 36x —27.
The ¢ for h(x) = x?2 are

Tpia) = X —144,
L) 466 (781 = X =3,
Tioaenes) = X' 2—699X 4204666 X 10 ~32922129X° 43212225793 X8
—196600821903 X7 +7340079612456 X *—145234777501584 X
+566948224573848 X *+26747700562448082 X >
—187604198442957555 X% —2946247136394353892X
—24290099658154516203,
Tjaas)273)) = X5 —546X7+120102X°— 14088342 X°+989228043 X *
—43566817716X°+1248800990265 X > —21583664066961 X
+167939769912993,
Ti1432)(5768)] = X0 —258 X7 +26448 X* — 1344378 X> 434859664 X >
—445164021 X +2926293624,
7438256y = X5 —264X7+29292X°— 1698042 X°+51288993 X*
—654852960X > +3360584547 X —~277935306777 X +7299371089503,
Tis5473608)] = X°—258X°4+26250X*—1336755X 3435700471 X>
—477465444X 42707751520,
643527y = X°—258X°+28230X* 1674048 X +57362760X>
—1097286921X+9616023198.

Example 7.7. As an indication of the kind of Artin L-series that may be numer-
ically computed, we give an example with a big Galois group over (). We take
G =PGSp(4, F3) of order 51840, realised through the Galois action on the 3-torsion
of the Jacobian of a genus 2 curve, and evaluate the Artin L-series of an irreducible
6-dimensional representation of G.
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Specifically, G is the unique double cover of the simple group Sp(4, F3)/F5 in
PGL4, F3) =GL#4, F3)/ F;‘. To obtain it as a Galois group, take the hyperelliptic
curve

€/Q:y*— 2+ 1Dy=x>—x*+x>—x%

Consider the field Q)(J[3]) obtained by adjoining to Q) the coordinates of the 3-
torsion points of its Jacobian J/Q. Then Gal(Q(J[3])/Q) is GSp(4, [3). The group
we want is G = GSp(4, F3)/{%1}, and it can be obtained from the Galois action on
the 40 lines through the origin in J[3]. Specifically, if (P) 4+ (Q) —2(0) € J[3] is
a nonzero point with P = (xp, yp), Q = (xg, yo), the minimal polynomial f of
xpxg over Q has Galois group G;

f=x"427x% 4+ 39x% —61x%7 4. +2259x + 347 1x% + 1057x + 69.

In its action on the roots of f, the group has several conjugacy classes of the same
cycle type, and the largest ['c that we need has degree 2160 (using Remark 5.10).

The group has two irreducible 6-dimensional representations, p and p’ (whose
traces on elements of order 10 in G are +1 and —1, respectively). The curve €
has good reduction outside 2 and 3, so L/Q is unramified at all primes p # 2, 3.
The conductor of p is 2!°3!7 and we used our machinery to compute the local
polynomials for the Artin L-series L(p, s) for primes up to 410203. Using Magma
[Bosma et al. 1997], we then evaluate

L(p, 1)~ 1.852529796, L(p,2)~1.119877506,

to 10-digit precision. This computation relies implicitly on the validity of Artin’s
conjecture for p. It took half an hour on a 3GHz dual-core CPU to compute
Gal(f/Q), 5 hours for the I'c, 3 hours for the local information at p = 2, and
3 (ramification groups, conductor exponents etc.), 3 minutes for the Frobenius
elements and the local polynomial computation and half an hour for each of the
L-values.

8. Appendix: Two lemmas on Zariski density

Lemma 8.1. Suppose K is an infinite field, f € K|[t] is a separable polynomial of

degree n and ay, . . ., a, are its roots in some splitting field L.
(@) If F,G € K[x1, ..., x,] take the same values on
x1=Bo+Brar+- -+ Burdl ™, o Xy = Bo+ Bran + -+ Buoral !
forall [By,...,Bu] € K", then F =G.
(b) Suppose Fi, ..., Fg € K[x1,...,x,] are distinct. There exists a polynomial

B(t)=po+-- -+ﬂn,1t”_1 € K|[t] such that B(a,), ..., B(a,) generate L and
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the F; take distinct values on [B(ay), ..., B(a,)]. The set of such B contains
a Zariski dense open subset of K @ Kt & ---® Kt 1.

(c) Let F be a T-invariant for some T < S,,. There is a Zariski dense open set of
polynomials B(t) e K®Kt®---® Kt"™! for whicha' =[B(ay), . .., B(ay)]
generate L and ef, : T\ S, — L is injective.

Proof. (a) Let U = K(ty,...,t,). As a first step, we observe that K" is Zariski
dense in A}, = U": This is clear for n = 1 as K is infinite; generally, if K" were not
Zariski dense, it would be contained in a (not necessarily irreducible) hypersurface
of some degree d, so it would contain at most d hyperplanes. But, by induction, it
contains all {r} x U"~! for all r € K, which gives a contradiction.

Therefore, as F and G are continuous in the Zariski topology, they agree on all
of U", that is, on all the combinations above with [By, ..., B,] € U". Now solve
the system of equations Z’};(l) aij Bj =t for B1, ..., By. (This is possible because
a; # ay for i # k, so the Vandermonde matrix is invertible.) Using this solution we
find that F(#,...,t,) =G(t,...,t,), so F = G as polynomials.

(b) Put F(xy,...,x,) = ]_[i<j(x,- —xj)(F; — F;) and G = 0 and apply (a). This
gives a polynomial B(t) = By + -+ - + Bn_1t""! € K[t] that clearly satisfies the
“distinct values” condition. Furthermore, B(a;) # B(a;) guarantees the “generate L”
condition as well: The Galois action permutes the B(a;) in the same way as the a;,
so the Galois group has the same order. Finally, consider F'(B(ay), ..., B(a,)) as
a polynomial in By, ..., B,—1. Its zero set is Zariski closed in A" and we proved
that its complement is nonempty. This proves the last claim.

(c) Apply (b) to the set of polynomials {F?},c7\s,, using that, by definition,
ef(o™) =F(@)" ) =F’@). O

Lemma 8.2. Suppose K is an infinite field, f € K|[t] is a separable polynomial of
degree n and ay, . . ., a, are its roots in some splitting field L. Then on a Zariski
dense open set of polynomials h(x) in K @ Kx @ --- @ Kx" 1 = A, the values

vp(o) = Zh(aj)o'(aj)

j=1
foro € G =Gal(L/K) are distinct.

Proof. For any o € G, the map E, : h+— v,(0) is K-linear K" — L. So E,, agrees
with E; on a K-linear subspace for every o, T € G. If none of these subspaces is
all of K", then the complement of their union is the desired set (nonempty since K
is infinite). It remains to prove that E, # E; for o # 7.

Suppose E, = E; : K" — L. Then their extensions by linearity to maps L" — L
agree as well. In other words, vy (o) = vp(r) forall hin LOLx D --- D Lx"!. In
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particular, taking
hx)=]]&—-a)
J#
we get that o (q;) = t(a;). As this holds for all i, it follows that o = 1. (]
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Weak approximation for cubic
hypersurfaces of large dimension

Mike Swarbrick Jones

We address the problem of weak approximation for general cubic hypersurfaces
defined over number fields with arbitrary singular locus. In particular, weak
approximation is established for the smooth locus of projective, geometrically
integral, nonconical cubic hypersurfaces of dimension at least 17. The proof
utilises the Hardy-Littlewood circle method and the fibration method.

1. Introduction

Let k be an algebraic number field. The possible existence and structure of k-rational
points on hypersurfaces defined over k is a major theme in number theory and
arithmetic geometry. Let X C [P’Z_1 be a variety defined over k. Given a place v
of k, define k, to be the completion with respect to that place. If X is smooth, recall
that weak approximation holds for X if X (k) # @ and the image of the diagonal
embedding
X(k) - [[X k)
ves

is dense for any finite set of places S. Given a possibly singular X, we shall consider
weak approximation for X001, the smooth locus of X.

We say that X is k-rational if there is a k-birational map |]3>Z_1 --» X. Weak
approximation is a birational invariant of smooth integral varieties, and since weak
approximation holds on [P}’ for any positive integer m, it must hold for any smooth
k-rational variety.

A classical observation is that a quadric k-hypersurface Q with a nonsingular
k-point will be k-rational, provided it is geometrically integral. Essentially this is
because we can parameterise the surface by lines through the k-point. In this case, the
smooth locus of the quadric satisfies weak approximation. The Hasse—Minkowski
theorem implies that Qo0m (k) # D <= Osmoorn(ky) 7= @ for all places v of k.

MSC2010: primary 11G35; secondary 11D25, 11D72, 11P55, 14G25.

Keywords: cubic hypersurfaces, weak approximation, local-global principles, fibration method, circle
method, many variables.
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For larger degree hypersurfaces, relatively little is known. The emergence of
counterexamples to weak approximation, even when rational points are present, is
an indication that the situation is much more complex. For instance, with k = Q
we have a cubic surface from [Swinnerton-Dyer 1962],

x1 (x5 +x3) = (dxg — Tx1) (x] — 2x7). (1-1)

Ignoring the subvariety x; = x4 = 0, this has two components over the reals: one
with x4/x1 > 7/4, which contains infinitely many rational points, and the other with
|x4/x1| < +/2, which contains none. Clearly then this fails weak approximation.
This counterexample can be accounted for by the Brauer—Manin obstruction. A
conjecture of Colliot-Thélene [2003] states that this will be the only such obstruction
for rationally connected varieties such as cubic hypersurfaces of dimension at least 2.

Suppose (once and for all) that ¥ C I]J’Zf1 is a geometrically integral, nonconical
cubic hypersurface given by the zero locus of a cubic form C € k[x, ..., x,].
The Brauer group of Y00 Will be trivial if its dimension is at least 3, and the
codimension of the singular locus is at least 4 (see the appendix by Colliot-Thélene
in [Browning 2010]). Thus, we expect that these assumptions, together with
Ysmoon (k) # &, imply that weak approximation holds for Y,o0s-

We should note at this point that Y (k) # & for n > 16 by the Corollary in
[Pleasants 1975]. Furthermore, Y (K) # 9 = Yynoorn(K) # & for any field K,
for example, by [Kollar 2002, Theorem 2.3], and so the Hasse principle holds on
Yomoorh @s soon as n > 16.

Let us now consider a few cases where weak approximation for Y00 is known.
We shall assume that Yy,00m (k) 7 & for all v since otherwise the matter is trivial
(this is in fact guaranteed if n > 10; see, for example, [Birch and Lewis 1960]).
First a classical remark: if Yj;,, (k) # &, where Y, is the singular locus, then we
can parameterise ¥ by means of lines through a rational singular point, so Y is
k-rational. If Y contains two conjugate singular points and n > 7, it follows from
work of Harari [1995, §5.1; 1994]. If Y contains three conjugate singular points, it is
known for n =4 [Coray 1976, Corollary 2; Coray and Tsfasman 1988, Theorem A]
and for n > 6 [Colliot-Thélene and Salberger 1989], but counterexamples exist for
n = 5 [ibid., Section 8]. If n > 5 and Y is smooth and contains a k-rational line,
then it follows from §5.2.2 of [Harari 1995]. Finally, Corollary 2 of [Skinner 1997]
shows that if Y is smooth, n > 17 is sufficient.

Note that all the results mentioned so far rely fundamentally on the shape of the
singular locus of Y, either that it is empty or contains some arithmetic structure. The
aim of this paper is to consider general cubic hypersurfaces Y with arbitrary singular
locus and to obtain a reasonable lower bound on the dimension required to guarantee
that Y00 Satisfies weak approximation. Our main result is the following:
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Theorem A. Let Y C I]j’Z_1 be a geometrically integral, nonconical cubic hypersur-
face defined over k. If n > 19, then Yoo Satisfies weak approximation.

In a qualitative sense, this result is best possible in that the geometrically integral
and nonconical assumptions cannot be eliminated. For example, we could consider
the union of a line and a quadric having no nonsingular rational points, or we could
take a cone over the surface (1-1).

2. Structure of the proof

Theorem A is related to the result of Skinner [1997, Corollary 2], which was
obtained using the Hardy-Littlewood circle method. This is advantageous when
the dimension of the singular locus is small. The circle method can also be an
effective tool when the equations involved have large ‘h-invariant’. This concept
was originally introduced by Davenport and Lewis [1964].

Given a cubic form C, define the h-invariant of C, h = h;(C), as follows: & is
the smallest positive integer such that C(x) is expressible identically as

Li(x)Q1(x)+---+ Ly(x)Qn(x), 2-1

where L; and Q; are linear and quadratic forms, respectively, with coefficients
in k. Similarly, for the cubic hypersurface Y, we shall define 4z (Y) to mean the /-
invariant of the underlying cubic form. Finally, for a cubic polynomial f, we define
hi (f) to be the h-invariant of the homogeneous cubic part of the polynomial. Clearly
it is an invariant with respect to nonsingular linear transformations on x over k.
Also note that h;(Y) < n with equality if and only if Y (k) = &. Furthermore, if
n>hy(Y)+r+1, there is a k-rational r-plane contained in ¥ given by L; =0in (2-1).

Our strategy is to show weak approximation for two classes of cubics, the union
of which contains all of those considered in Theorem A. The first class is cubics
for which the A-invariant is sufficiently large.

Lemma 1. Suppose we have a geometrically integral, nonconical cubic hypersur-
face Y defined over k. If hy(Y) > 16, then Yoo Satisfies weak approximation.

To prove this, we take a cue from the concluding remarks of [Skinner 1997]
and note that to find k-rational points that are p-adically close to a p-adic point, it
is sufficient to find infeger points that are in specific classes modulo p’ for some
integer ¢; this is equivalent to finding integral solutions to a cubic polynomial f,
where the cubic part has the same A-invariant as the original cubic form. For large £,
this problem is tailor-made for the circle method. Indeed, we will use a mild
generalisation of a previous result of Pleasants [1975] that obtains an asymptotic
expression for the number of integral solutions to f in an expanding region under
the assumption that i, (f) > 16.
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The second class of cubic hypersurfaces we consider are those for which the
dimension is somewhat larger than the /-invariant.

Lemma 2. Suppose we have a geometrically integral, nonconical cubic hypersur-
face Y defined over k. If n > hy(Y) + 4, then Yoo Satisfies weak approximation.

This is based on the fibration method (see, for example, [Colliot-Thélene 2003]
for a more general description), which reduces the question to proving weak approx-
imation for the fibres of a particular map involving Y. Thanks to the assumptions of
the lemma, the fibres in question are quadrics of dimension at least 3. As noted in
the introduction, a quadric Q will satisfy weak approximation if Qguoom (ky) # D
for each place v of k. A well known theorem of Hasse [1923] tells us that this holds
if the underlying quadratic form has rank at least 5 and Q g00m (k) 7 @ for each
real place v. We must then find conditions on Y under which we can assume that for
a generic fibre Q, this is the case. This is achieved using an elementary argument.

Lemmas 1 and 2 immediately give Theorem A.

3. Proof of Lemma 1

First we introduce some notation. Let k be of degree d over @, and let o be the
ring of integers of k with Z-basis wy, ..., wg. Let m be an integral ideal of o with
Z-basis 11, ..., 14.

Define o1, . . ., 04, to be the distinct real embeddings of k and 04,11, . . ., 04,+24,
the distinct complex embeddings such that oy, +; is conjugate to o4, 4+4,+i. Put k; to
be the completion of k with respect to the embedding o; fori =1, ..., d| + d>.

Define V to be the commutative R-algebra EB?‘:‘;dZ ki =k ®qg R that has dimen-
sion d. For an element x € V, we write m;(x) for its projection onto the i-th
summand (so x = @ 7; (x)). There is a canonical embedding of k into V given by
o — P oi(x), and we identify k with its image in V. Under this image, m forms a
lattice in V, and 74, ..., T; form a real basis for V.

We define a distance function |- |; on V as follows:

x| = |x171 + - - - + X4 Tq | = max|x;].
l

This extends to V" in the obvious way: if x = (xD, ..., x™) e V", then

x|, = max|x|,.
J

We note that there will be some constant ¢, dependent only on k and the choice of
basis 11, ..., T4, such that

|7i ()| < clxle (3-1)

forall x € V and 1 <i <d; +d, (since each 7; is linear, this is clear).
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For any point b € V", let *B(b) be the box
Bb)={xeV":|x—bl. <p/2}, (3-2)

where p will always be a real number 0 < p < 1.

For any set s{ C V" and positive real number P, we define P to be the set
{xeV": P lx esl}. Givena polynomial v (xy, ..., x,) defined over k, we shall
be interested in the quantity

Nystm(P) =#{x € Psdnm" : ¥ (x) =0}

and its asymptotic behaviour as P — 00.
We can now state the generalisation of the main theorem of [Pleasants 1975] we
shall use.

Lemma 3 (Pleasants). Let m be an integral ideal of o, and let f(x) be a cubic
polynomial over k with homogeneous cubic part C(x) that is not the cube of a
linear form. Suppose that hy(f) > 16 and that for every integral ideal a of o, the
congruence

f(x)=0 (mod a) (3-3)

has nonsingular solutions in m". Also, let ¢y = @?':Jlrdzl;i, where each §; € m; (V)"

is a nonsingular solution to C (x) = 0. Then there exists a set R C V" containing &,
and a real constant ¢y, m > 0 such that

N poun(P) = ¢ PO 4 0(PUH)

Proof. In the case where m = o, this is equivalent to Lemmas 6.1, 7.1, 7.2, and 7.4
of [Pleasants 1975], which were proved using the circle method. However, all
the arguments go through unchanged to prove the generalisation. Indeed, if one
just changes the words ‘integral points’ to ‘elements of m’ and ‘wi, ..., w;’ to
‘t1, ..., 77 in the relevant places, essentially all the arguments work verbatim in
the same way. In terms of the circle method, the commutative algebra V does
not behave differently whether m is the ring of integers or an arbitrary integral
ideal, and the nontrivial algebraic number theory results required [Pleasants 1975,
Section 4] were not specific to o. Il

It is straightforward to show that a suitable ¢, exists, for example, the argument
following [Pleasants 1975, Lemma 7.2]. Thus, Lemma 3 shows that any such cubic
polynomial has infinitely many solutions in m”.

We now prove Lemma 1. Recall Y is the hypersurface associated to a rational
cubic form C with h;(C) > 16. As noted in the introduction, since Y is not a cone
and C has at least ten variables, the congruences (3-3) have nonsingular solutions
in 0" for all ideals a. Then it is clear upon taking m = o in Lemma 3 that Y (k) # @.
Furthermore, this implies that Y00 (k) # @ as in the introduction. Suppose
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we are given ¢ > 0, any finite set of places S, and any set of nonsingular points
{x,= (x,(,l), R xﬁ")) € Ysmoon(ky) 1 v € S }. To show that weak approximation holds
for Ygnoom it suffices to show there exists a point x = (x, ..., x™) € Yp0m (k)
such that [x® — xl(,i)lv < ¢ for each i and every v € S (where | - |, is the valuation
with respect to v). We follow the line of argument of [Skinner 1997, Section 5].

Lete <1, S, and {x,},cs be given. Write § = Soc U Sy, where Sy, consists of
infinite places and Sy consists of finite places. Without loss of generality, we can
assume that S, consists of all the infinite places of k since there are only finitely
many of them and Yoo (ky) D Ysmoom (k) # @ for all v. We may also assume that
ord, (x,gi) ) > 0 for every i and every v € Sy.

We can find a = (aV, ..., a™) € 0" such that |a® —x‘gi)l,, < ¢/3 for all i and
v € ¢ (by the Chinese remainder theorem). Let

ry, =min ord, {a'? — xlgi)},
1

and let p,, be the prime ideal corresponding to v. Put

m=[] w0

vesy

Consider f(x)=C(x+a), a cubic polynomial defined over k. Let ¢ be a positive
integer. Choose D =1 (mod m’) to be a positive integer such that

D>%

with ¢ as in (3-1). For each infinite place v, let
r, = Dx,.

Put
di+d>

;Oz @ rv,' € an
i=1

where v; is the infinite place corresponding to the embedding ;. Note that ¢,
satisfies the conditions of Lemma 3. Take a set 2R as in Lemma 3 centred at ). In
[Pleasants 1975], the region fR is essentially a box-like shape, and the only extra
condition it needs to have is that it is sufficiently small. Therefore, we can take its
‘diameter’ with respect to | - |; to be as small as we like, and we can assume it is
contained inside a box of side length p < 1 as in (3-2).

We consider the congruence conditions (3-3). For any finite place v ¢ S7, we
have 0, =m,, and so any point in Y00 (k) Will give rise to a nonsingular solution
inm] of f(x) =0. On the other hand, if v € S¢, then x, —a € m] is a nonsingular
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solution to f(x) = 0. Thus, the conditions hold for all integral ideals a in k by the
Chinese remainder theorem.

Finally, we note that the cubic part of f is just C and /;(C) > 16. Thus, the
conditions for Lemma 3 are met, so for a sufficiently large integer P =1 (mod m’),
there exists a point y € m” N PR that is a zero of f, and thus, z = y +a is a zero
of C. Also, since we can have arbitrarily many such points, we can choose one
such that z # 0. We now fix our point x to be z/(D P).

For v € S5 we have

|DPx5i) — y(i)|v <pcP <cP,

whence
. . : @)
Z
) = x O = = 55|
<0 _ y® ja®],
-V DPl, DP
(@)
¢ la™]y
<= <€
- D + DP

for P sufficiently large.
For every v € Sy and when DP =1 (mod m’) for sufficiently large 7, we have

o 29
v DP

< =20, +

|x(i) _x(i)lv = |x

v

v
IDP—1],
|D P,

<l =z, 27
— (@ @) @) @) -t
—|(Zl —a")—(x}) —a" )|v—|—2

< %8—{—2_’ <e.

|Z(i)|v

Finally, we note that by taking ¢ sufficiently small, we can make x be arbitrarily
close to a nonsingular point on Y (k,) for each v € S. In this way, we may clearly
assume that X € Y00 (k). This proves Lemma 1. |

4. Proof of Lemma 2

Throughout this section, we shall suppose that 4 = h(Y) and that n > h 4+ 4. In
fact, for simplification, we shall only consider the case n = h + 4, other cases being
handled similarly. After a change of variables if necessary, we can express the cubic
form C in terms of variables (x, y) = (x{..., X4, Y1, ..., yi) as follows:

Y:Cx, ) =y1Q1(x1, ..., X4, Y1, ..o yp) + -+
+thh(xl’"'7x4ayl’---7yh):0’
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where the Q; are quadratic forms defined over k. Clearly Y (k) # & since h < n, so
Ysmoom (k) # & as in the introduction.

Consider the three-dimensional linear space L given by y; = - - - = y, = 0. Take
the blow-up W of Y along L. Let zy, ..., z;, be coordinates for AZ. Then the variety
given by the vanishing of C and y;z; — y;z; foralli, j € {1,...,h}is LUW. Our
plan is to prove weak approximation for W,,.m, which, by birationality, will prove
it for Ygnoorh-

Letm: W — AZ be the projection (x, y, z) — z. The generic fibres of this map
are quadrics in [P’i. Abusing our notation slightly, suppose that for y € AZ \ {0}, the
fibre of W/A,’j at the point y is given by the quadric

Xy:0yx,1)=0. 4-1)
Then we see that
Qy(x, )t =C(x, yt). (4-2)

For an alternative description of the fibres, consider a generic four-dimensional
linear space L4 that contains L. Then this cuts out on Y the union of L and one
such quadric Q.

We now quote a simple case of the fibration method, which is given in the paper
of Colliot-Thélene, Sansuc, and Swinnerton-Dyer [1987]. To avoid confusion, we
say that a generic fibre of a fibration Z/ X, for varieties X and Z, is one where the
image lies in some Zariski dense open subset X' C X.

Lemma 4. Let X be a smooth geometrically integral variety such that X (k) = &
and X satisfies weak approximation. Let Z |/ X be a fibration such that the generic
fibre is a smooth quadric of dimension at least 3. Then weak approximation holds
for any smooth model of Z.

Proof. This is essentially [Colliot-Thélene et al. 1987, Proposition 3.9] with the
caveat that only the generic fibre is smooth. This amounts to trivial changes in the
argument that we will not discuss here. U

We may write

h 4
Y:iCx,p)=> Qi) +2) x;q;(y) +cy).

i=1 j=1
where Q; and ¢q; are quadratic forms and c is a cubic form. Then by (4-2), O,
takes the form

h 4
Qy(x, )= Qi) +2)  x;q;(»i+c(yr’. (4-3)

i=1 j=1
We rewrite this in terms of a 5 x 5 matrix A = A(y) defined by

Oy(x,1) = (x,0)TAx, 1).
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Also we consider the 4 x 4 submatrices M; given by Q;(x) =xTM;x.
By (4-3), A must take the shape

q1(y)

A(y) = X yiM; - (4-4)
q4(y)
@y o gy | )

Now we can reduce Lemma 2 to the following:

Lemma 5. Suppose Y is as in Lemma 2. For y € Al', we define A(y) as in (4-4).
Either A(y) is generically of full rank, or Yine (k) # @.

If A(y) is generically of full rank at least 5, then Q, is generically smooth and
of dimension at least 3, so we apply Lemma 4 with Z =W and X = AZ to prove
weak approximation for Woom and hence Ygpnoom. In the alternative, Yin, (k) # 9,
which is sufficient for weak approximation as noted in the introduction.

We now establish Lemma 5. Note that the equation det[A(y)] = O defines
an algebraic set, o say, in A,i‘, so if A(y) is not generically of full rank, then
det[A(y)] = 0 identically in y.

We examine the leading 4 x 4 submatrix M = M(y) =), yiM;.

Lemma 6. Let M, ..., My, be m x m symmetric matrices defined over an arbitrary
field k with char(k) # 2. For (y1,...,yn) € k", put M(y1, ..., yp) = > ViM;.
Either there exists a vector v € A]' such that vI Mv= Oforeach 1 <i <h, orthe
polynomial det[M (y)] is not identically zero in y.

Proof. This is essentially contained in [Colliot-Thélene et al. 1987, Lemma 1.14],
which deals with the case & = 2, but there are enough changes to warrant giving
detail. We proceed by induction. Suppose that det[M (y)] = 0 identically. If 7 =1,
then the lemma follows from the fact that det(M;) = O implies that M| has a
nonzero null space. Now assume that 4 > 2 and that the lemma is true for smaller
values of h. If M| = --- = M) = 0, then the lemma is obvious. So we assume that
M # 0. Inserting y = (1,0, ..., 0), we see that det(M) = 0. Since char(k) # 2,
we can choose a basis vy, ..., v, of A} such that M = diag(a, ..., a,,0,...,0)
with each a; # 0 for some 0 <r <m. Let M}, ..., M} be the (m —r) x (m —r)
symmetric matrices corresponding to the basis elements v,1, ..., v,. Then for
fixed ys, ..., yn, the coefficient of y| in det[M(y)] is a; - - - a, det [Zlh:2 yiM[].
Hence, by assumption this must vanish identically. By the induction hypothesis,
this implies that there is a nonzero vector w = (by+1, ..., b,) € A™" such that
w'Mw=0for2<i<h.Thenv=(0,...,0,b41,...,by) satisfies vIMiv=0
forl <i<h. O
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Now we prove Lemma 5. First suppose that det[M (y)] is identically zero. Then
we apply the previous lemma with m = 4 to show that there is a nonzero v € A,i’
such that vI M;v =0 for 1 <i < h, i.e., Q;(v) = 0. We can assume after a change
of variables that this vector is (1, 0, 0, 0). Now note that this implies there is no x12
term in any of the Q;. This implies that all terms in C(x, y) are at most linear in x.
But then Y, (k) # & since it contains the point (1,0, ..., 0), so we are done.

Next, we suppose that det[M (y)] is not identically zero. In particular, after a

change of variables involving only yi, ..., y,, we can assume that it is not zero at
(1,0...,0), sodet(M;) # 0. Now applying another change of variables involving
only xp, ..., x4, we can assume that M = diag(ay, ..., as) witha; € k.

We write

q;j(y)=2d;yi+--- forl<j<d
and

c(y)=ey; + YLy o,y + -,

with L a linear form defined over k.
Assume that det[A(y)] is identically zero. Now

4 4
C(x,y1,0...,0)=y (Zajsz) +22djxjy12+eyl3
j=1 j=1

4 4 g\
ZYIZaj<ZXj+#y1) +€/y13
j=1 j=1 /

for some ¢’ € k. The invertible linear change of variables x} =xj+ dj/aj)n
shows that we can assume that each d; = 0. The coefficient of yf in det[A(y)] is
aj - - - age, which must be zero; hence, ¢ = 0. The coefficient of yl6 in det[A(y)] is
ap---aaL(y2, ..., yn), which is also identically zero in y», ..., y,; hence, L = 0.
Now we see that all terms in C are at most linear in y;; consequently, the point
(%0, y0)=(0,0,0,0; 1,0, ...,0) lies in ¥y, (k), completing the proof of the lemma.

O
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The Picard crossed module of
a braided tensor category

Alexei Davydov and Dmitri Nikshych

For a finite braided tensor category € we introduce its Picard crossed module
B(€) consisting of the group of invertible ‘6-module categories and the group
of braided tensor autoequivalences of 6. We describe B3(6) in terms of braided
autoequivalences of the Drinfeld center of ‘6. As an illustration, we compute the
Picard crossed module of a braided pointed fusion category.

1. Introduction

Tensor categories can be thought of as categorical analogues of associative alge-
bras. One can adapt standard notions and constructions of the classical theory of
associative algebras to tensor categories. Analogues of (bi-)modules over algebras
are (bi-@ )module categories over tensor categories [Quillen 1973; Janelidze and
Kelly 2001; Ostrik 2003b].
Given an algebra C the isomorphism classes of invertible C-bimodules form
a group BrPic(C) called the Brauer—Picard group of C. There is a well-known
homomorphism
¢ : BrPic(6) — Aut(Z(C)), (D)

where Z(C) denotes the center of C, constructed as follows. Given an invertible
C-bimodule M and z € Z(C), the element ¢ (M)(z) € Z(C) is defined by the
condition that the endomorphism of M given by the left multiplication by ¢ (M)(z)
equals that given by the right multiplication by z.

There is an analogue of the homomorphism (1) for tensor categories. Given a
finite tensor category 6 one defines its Brauer—Picard group BrPic(‘€) of equiva-
lence classes of invertible €-bimodule categories (see [Etingof et al. 2010]) and a
homomorphism

® : BrPic(€) — Aut™(%(¢)), 2)

Nikshych’s work was partially supported by the NSF grant DMS-0800545.
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where %(6) is the Drinfeld center of € and Aut®(%(%)) is the group of braided
autoequivalences of #(€).

It was shown in [Etingof et al. 2010] that (2) is an isomorphism when € is a
fusion category.

Braided tensor categories are analogues of commutative algebras. Similarly to the
classical case, module categories over a braided tensor category € can be regarded
as bimodule categories. In this case the group BrPic() contains a subgroup Pic(‘6€),
called the Picard group of 6, consisting of invertible ‘6-module categories [Etingof
et al. 2010]. One defines a homomorphism

9 : Pic(€) — Aut™(6) 3)

in a way parallel to (2). The classical analogue of (3) for commutative algebras
is trivial, but in general 9 is far from being trivial. It was shown in [Etingof et al.
2010] that it is an isomorphism for every nondegenerate braided fusion category €.

Groups Pic(%) and Aut™ (%) play important roles in the theory of braided tensor
categories. In particular, they are used in the classification of group extensions of
fusion categories [Etingof et al. 2010]. They also appear as parts of an important
invariant of € called the core, studied in [Drinfeld et al. 2010]. We thus hope that
our description of the algebraic structure formed by these groups will shed more
light on these constructions.

The starting point of this paper is a conjecture of V. Drinfeld that for a braided
tensor category % the pair J3(€) = (Pic(¢), Aut™ (%)) along with the homomor-
phism (3) and the natural action of Aut® () on Pic(®) is a crossed module, called
the Picard crossed module of €. See Section 3D for the definition of a crossed
module and [Joyal and Street 1993; Drinfeld et al. 2010, Appendix E.5.3] for an
interpretation of crossed modules in terms of monoidal categories. We prove this
conjecture in Theorem 3.10.

For a finite tensor category ‘€ we define its Brauer—Picard group BrPic(€) as
the group of equivalence classes of invertible exact ¢-bimodule categories. We
prove in Theorem 4.1 that the canonical homomorphism (2) is an isomorphism.
This extends the corresponding result for fusion categories proved in [Etingof et al.
2010].

Next, for a braided finite tensor category ‘¢ we show in Theorem 4.3 that the
image of Pic(¢) C BrPic(‘) under the isomorphism (2) is the subgroup of braided
autoequivalences of %#(6) trivializable on <.

Finally, we explicitly compute the Picard crossed module of a pointed braided
fusion category in Section 5. It turns out that the Picard groups of pointed braided
fusion categories interpolate between the orthogonal groups of quadratic forms and
the exterior squares of finite abelian groups.
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The paper is organized as follows.

Section 2 contains basic facts about finite tensor categories and module categories
over them. Here we also define the Brauer—Picard group of a finite tensor category
and the Picard group of a finite braided tensor category. (They were previously
defined in [Etingof et al. 2010] in the setting of fusion categories.)

In Section 3 we introduce the Picard crossed module of a braided tensor category.

In Section 4 we prove our Main Theorems 4.1 and 4.3 and describe the Picard
crossed module of a braided tensor category in terms of braided autoequivalences
of its center.

Section 5 is devoted to the computation of the Picard crossed module of a pointed
braided fusion category and its invariants.

2. Preliminaries

2A. General conventions. We work over an algebraically closed field k. Recall
that a k-linear abelian category 6 is finite if

(i) 6 has finite dimensional spaces of morphisms;
(ii) every object of € has finite length;

(iii) € has enough projectives, that is, every simple object of € has a projective
cover; and

(iv) there are finitely many isomorphism classes of simple objects in €.

All abelian categories considered in this paper will be finite. Any such category is
equivalent to the category Rep(A) of finite dimensional representations of a finite
dimensional k-algebra A. All functors between such categories will be additive
and k-linear. We use the symbol =~ for equivalence between categories and the
symbol = for isomorphisms between objects.

In this paper we freely use basic results of the theory of finite tensor categories
and module categories over them [Bakalov and Kirillov 2001; Etingof and Ostrik
2004; Ostrik 2003b] and the theory of braided categories [Joyal and Street 1993;
Drinfeld et al. 2010].

2B. Tensor categories. By atensor category we mean a finite rigid tensor category
A whose unit object 1 is simple [Etingof and Ostrik 2004]. A semisimple tensor
category is called a fusion category.

Let o be a tensor category with the associativity constraint

axyz: (X®Y)QZ > X® (Y QZ).

The tensor category with the opposite tensor product X ®°P Y := Y ® X and the
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accordingly adjusted associativity constraint ¢°P
op
ax,y,z

(X ®PY)R®PZ X ®P (Y ®P Z)

H -1 H
Azy.x

Z® Y ®X) (ZRY)®X

will be called the category opposite to 5§ and will be denoted s{°P.
Let o and % be tensor categories. Their Deligne tensor product [Deligne 2002]
will be denoted by « X %3.

Definition 2.1. Let s be a tensor category and let B C o be a tensor subcategory.
A tensor autoequivalence o of o is called trivializable on 3 if the restriction o|g
is isomorphic to idg as a tensor functor.

We will denote by Aut(sd) (respectively, Aut(sd, B)) the group of isomorphism
classes of tensor autoequivalences of o (respectively, tensor autoequivalences of s
trivializable on %).

2C. Braided tensor categories. Recall that a braided tensor category €6 is a finite
tensor category equipped with a natural isomorphism

cxy X®YSY®X

satisfying the hexagon axioms [Joyal and Street 1993]. The braiding of € gives
rise to a tensor equivalence between 6 and 6°P.

An important example of a braided tensor category is the center %#(s{) of a finite
tensor category &. It is defined as the category whose objects are pairs (Z, y),
where X is an object of & and y is a natural family of isomorphisms

vy XQZ>ZRX, Xed,

called half-braidings, satisfying compatibility conditions. The center is a finite
braided tensor category with the braiding given by

857:(Z,y)®(Y,8) = (Y.8) ® (Z, y).

Let €™ denote the tensor category ¢ equipped with the reversed braiding

~
Cx,y =Cyx-

For a braided tensor category ‘6 there are canonical embeddings € — %(%€) and
@'V < F(€) given by

X X,c_x) and X+ (X,c_ x). €))
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For a braided tensor category ¢ the embeddings (4) combine into a single braided
tensor functor
GG — %(6). 5)

A braided tensor category € is called factorizable if the functor (5) is an equivalence.
We will denote by Aut™ (%) the group of isomorphism classes of braided tensor
autoequivalences of a braided tensor category €.
Recall that a tensor category is called pointed if its every simple object is
invertible.

Example 2.2. Let € be a pointed braided fusion category. Then isomorphism
classes of simple objects of € form a finite abelian group A.

The associativity constraint of € determines a 3-cocycle w: A x A x A — k*.
The braiding determines a function

c:AxA— k> (6)

satisfying the following identities coming from the hexagon axioms of the braided
tensor category:

cx,y+ 2,y lex, ) =w@x, y, Doy, x, 2) oy, z, x), @)
cx+y, e, ) ey, ) =k, y, 0 ok, z, Vo x, )L (8)

for all x, y, z € A. Following [Eilenberg and Mac Lane 1953; 1954], we denote by
Zgb(A, k™) the set of pairs (w, ¢), where w is a 3-cocycle on A and c is a function
satisfying (7) and (8). Note that Zgb (A, k™) is a group with respect to pointwise
multiplication.

Thus, every pointed braided fusion category determines an element of Z3, (A, k*).
Conversely, given (w, ¢) € Zflb(A, k) one defines a braided category structure on
the fusion category Vecy of finite dimensional A-graded vector spaces using w for
the associativity constraint and c¢ for braiding.

Let € and ¢’ be pointed braided fusion categories corresponding to (w, ¢) €
Zsb (A, k) and (', ) € Z;b (A’, k™), respectively. A tensor functor F : ¢ — €’
gives rise to a group homomorphism f : A — A’. The tensor structure of F gives
rise to amap ¢ : A x A — k. The coherence axiom for the tensor structure becomes
the 2-coboundary condition

PO, DP(x+y, ) p(x,y+2) TP (x, )
=w(x,y, 200 (f(X), ), fF@), )

for all x, y, z € A. Here w, ' are the associativity constraints in 6, ¢’ respectively.
The tensor functor F is braided if

c(e, @), FON =, oy, 07 (10)
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Tensor autoequivalences isomorphic to the identity functor (identity f) define
an equivalence relation on the group of pairs (w, ¢), where (w, ¢) and («/, ¢’) are
related as in (9) and (10) with trivial f. The quotient group is known as the third
abelian cohomology H jb (A, k) [Eilenberg and Mac Lane 1954]. Elements of the
latter group parametrize equivalence classes of pointed braided fusion categories.

The function

q(x):=c(x,x), x€A

is a quadratic form on A, that is, g(—x) = g (x) and the symmetric function

g(x+y)
O'(X,)’)=—, xvyeA (11)
q(a)q(b)
is bimultiplicative. We have the identity
o(x,y) =clx,y)c(y,x), x,y€A. (12)

Mac Lane proved that the map (w, c¢) — ¢ defines an isomorphism between
H jb(A, k*) and the group of quadratic forms A — k*.

By associating to 6 the pair (A, g) one gets a functor from the 1-categorical
contraction of the 2-category of pointed braided fusion categories to the category
of premetric groups. Each objects of the latter category is a finite abelian group
equipped with a quadratic form, and the morphisms are group homomorphisms
preserving the quadratic forms (that is, orthogonal homomorphisms).

It was proved by Joyal and Street [1993] that the above functor is an equivalence
(see also [Drinfeld et al. 2010, Appendix D]). The braided fusion category associated
to (A, g) will be denoted 6(A, g).

It follows from the above that

Aut™(€(A, ¢)) = O(A, q),

where O (A, g) denotes the group of orthogonal automorphisms of (A, g), that is,
automorphisms « : A — A such that g oo = gq.

2D. Centralizers in braided tensor categories.

Definition 2.3 (M. Miiger [2003]). Two objects X and Y of a braided tensor category
% are said to centralize each other if

Cy, xCx,y = idxgy.

The centralizer %' of a tensor subcategory & C 6 is defined to be the full subcategory
of objects of 6 that centralize each object of %. It is easy to see that %’ is a tensor
subcategory.
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We will denote the self-centralizer 6" of 6 by Fsym(6) and call it the symmetric
center of €. We say that 6 is nondegenerate if and only if %y, (6) is trivial, that
is, consists of extensions of the unit object 1.

Remark 2.4. It was shown in [Drinfeld et al. 2010, Proposition 3.7] that a braided
fusion category ‘6 is nondegenerate if and only if it is factorizable.

Let € be a braided tensor category. Let us identify 6 and €™ with their images
in %#(%6) under the embeddings (4). Then € and €™ are centralizers of each other.

Example 2.5. Let us describe the centralizers in the pointed braided fusion category
%(A, q), see Example 2.2. Two simple objects x, y € A of this category centralize
each other if and only if o (x, y) = 1, where o is the bimultiplicative symmetric
function (11) corresponding to ¢. That is, in this case the centralizing property
coincides with orthogonality.

Every fusion subcategory of €(A, g) corresponds to a subgroup B C A and is
equivalent to 6(B, ¢q|g). We have 6(B, q|p) = €(B™, q|BL), where B is the
subgroup of A orthogonal to B. In particular,

Foym(G(A, @) = C(AL, gla0),

where AT ={a € A|o(a,b) =1 forall b € A} is the kernel of . The category
(A, g) is nondegenerate if and only if o is nondegenerate.

2E. Module categories over tensor categories. Let o be a finite tensor category.
A left sd-module category (see [Quillen 1973; Janelidze and Kelly 2001; Ostrik
2003b]) is a finite category Jl together with a bifunctor

AxM— M, (X, M)y XxM
equipped with a functorial isomorphism
axym X*(YxM)> (XQY)«xM, X, Yesd, Mell,

called the associativity constraint, plus a unit constraint, the whole satisfying natural
compatibility axioms.

Equivalently, Jl is a left module category over « if there is given a tensor functor
A — End(M) to the tensor category End(Jl) of endofunctors of Jl (with tensor
structure given by composition of functors).

A right sd-module category is defined in a similar way. It corresponds to a tensor

functor °° — End(M). For a right s{-module category .l the category obtained
from Ji reversing the directions of morphisms is a left s{-module category via

XOM=M=xX*, Mecl,Xed.

We will denote this category M°P and call it the opposite module category.
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Functors between sl-module categories and natural transformations between
them are defined in an obvious way, see [Ostrik 2003b].

Let o be a tensor category. Following [Etingof and Ostrik 2004] we say that an
A-module category Jl is exact if for any projective object P of & and every object
M of M the object P ® M is projective. An sd-module category .l is exact if and
only if for every €-module category N any ¢-module functor M — N is exact.

Example 2.6. If s is a fusion category then an s{-module category is exact if and
only if it is semisimple.

Note 2.7. All module categories in this paper are assumed to be exact.

Given an indecomposable left s{-module category .l the dual category of s with
respect to .l is the category 0’ = Funy (M, M) of s¢-module endofunctors of ..
It was shown in [Etingof and Ostrik 2004, Section 3.3] that () is a finite tensor
category. Furthermore, .l is an exact indecomposable left <’ -module category
and there is a canonical tensor equivalence s = (7).

Remark 2.8. It was proved in [Etingof and Ostrik 2004, Theorem 3.31] that the
assignment
N+ Fung (M, N)

is an equivalence between the 2-category of exact left sd-module categories and
that of exact right &{’j -module categories.

2F. Bimodule categories. Let s, B be tensor categories.
By definition, an (s{ —RB)-bimodule category J is an (A4 XRBP)-module category.
Equivalently, a category Jl is an (4 — B)-bimodule category if it has left «d-
module and right %B-module category structures compatible by a collection of
isomorphisms ax py : X * (M xY) — (X * M) %Y called middle associativity
constraints natural in X € i, Y € B, M € M, and such that the diagrams

(XQY)x(Mx*Z) and (X*kM)*x(ZQW)

aXYMV Y@)'MZ aXsz YMZW

Xx(Yx(M%2)) (XQY)«xM)xZ Xx(Mx(ZQW)) ((XxM)*xZ)xW

1*ay,M,zj [QX.Y,M*I I*UM.Z‘Wl T“X‘M.Z*l

Xx((YxM)*xZ) - > (X*x(YxM))xZ X*((M*Z)*W)m (Xx(M=2))xW

commute forall X, Y e A, Z, W e B, and M € M.

Example 2.9. A left s{-module category .l has a structure of an (A — (s4%)°P)-
bimodule category.
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2G. Tensor product of module categories and the Brauer—Picard group of a ten-
sor category. Let o be a finite tensor category, let . be a right sd-module category,
and let N be a left sf-module category. The sd-module tensor product of A and N
was defined in [Etingof et al. 2010, Section 3.1]. Let us recall this definition. A
bifunctor F : M x N — I, where K is an abelian category, is called -balanced if
there exists a family of isomorphisms F(M ® X, N) > F (M, X ® N) natural in
M e M, N €N, and X € o satisfying coherence axioms. Let Fungy; . (M x N, )
denote the category of s{-balanced functors from Jl x N to ¥ right exact in each
variable.

The s{-module tensor product of Al and N is an abelian category X4 N together
with the “-balanced bifunctor

BM,NL/‘/LXN%J‘/LX&QN

which is right exact in each variable and for every abelian category ¥ induces an
equivalence

Fungy re (M x N, ) =~ Fun,, (M Xy N, I).

Here and below, the subscript re indicates that functors under consideration are right
exact. The existence of the s{-module tensor product was established in [Etingof
et al. 2010, Section 3.2]. Namely, it was shown that

MRy N > Fung o (MP, N). (13)

Note that although the categories considered in [Etingof et al. 2010] were assumed to
be semisimple the proof of this particular result does not use semisimplicity. Indeed,
first observe that M X N is equivalent to Fun,,(M°P, N'), since for .M = Rep(A)
and N'=Rep(B), where A and B are algebras, both categories are identified with
Rep(A® B). Next, by [Etingof et al. 2010, Proposition 3.5] every balanced bifunctor
M x N — K that is right exact in every variable canonically factors through the
functor

B N
MEN ~ Fune (MP, N) —=> Funy_. (MP, N),
where By y is the left adjoint to the forgetful functor
Fungy . (M°P, N) — Fun,, (AP, N).

Furthermore, if Ml and N are s{-bimodule categories then so is M Xy N (the
s-bimodule structure on M Xy N is induced by the s{-bimodule structure on JUXIN).

Proposition 2.10. Let M and N be exact d-bimodule categories. Then M Xy N is
an exact A-bimodule category.



1374 Alexei Davydov and Dmitri Nikshych

Proof. 1t is enough to check that for all objects F in M Xy N and projective objects
Py, P, in € the object P; ® F ® P, is projective. That is, we need to show that the
compositions of an s{-module functor F : M°P — N with the functors
MP = MP M— MR P,
N>N:N>NQP,
are projective objects in Funy (M°P, N'). This is clear since the latter category

is exact over s and s} and the right multiplications by P;, P, are s{-module
endofunctors. U

We say that an exact s{-bimodule category .l is invertible if there exists an exact
A-bimodule category N such that

MRy N~ N K M~ A,

where o is viewed as an s{-bimodule category via the regular left and right actions
of .
Remark 2.11. It was proved in [Etingof et al. 2010, Propositon 4.2] that an -
bimodule category J is invertible if and only if the tensor functor

L:A— (AP X—>?20X (14)

is an equivalence.

The group of equivalence classes of invertible s{-bimodule categories is called
the Brauer—Picard group of & and is denoted by BrPic(#A).

2H. Module categories over braided tensor categories. Let now € be a braided
tensor category with the braiding

cxy X®YSY®X, X, Yee.

The braiding of € gives a tensor structure on the multiplication functor € X € — €
[Joyal and Street 1993]. Hence, there is a canonical tensor functor

®:CREP ~CRE — €. (15)

This allows us to turn any left ¢-module category .t into a ‘6-bimodule category
as follows. The right action is M x X := X « M for all X € € and M € (. Let
axym: XQ Y QM) = (X ®Y) ® M denote the left 6-module associativity
constraint of Jl. The right €-module associativity constraint of .l is given by

am,x,y

(M X)*Y M+ (X®Y)
H H 19
YsXsM) 2L yox)ysM L5 (X@Y)s M
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and the middle associativity constraint is given by

ax.y,.m

X+ (M=%Y) (X*xM)*xY
| | o

ax.y.m

[5'8% Ay x.M
X (Y M) —= (XQY)*M —> (Y@ X)*+ M — Y % (X * M)

forall X,Y e € and M € M.

Let Mod (%) and Bimod(%€) denote the 2-categories of exact module and bi-
module categories over 6, respectively. The above tensor functor (15) yields a
2-functor

B : Mod(¢) — Bimod(¢). (18)
Clearly, the 2-functor % is an embedding of 2-categories.

Definition 2.12. We will call a €-bimodule category one-sided if it is equivalent
to B(M) for some left €-module category JL.

Remark 2.13. One can give an explicit characterization of one-sided categories.
Namely, a ‘6-bimodule category .l is one-sided if it is equipped with a collection
of isomorphisms

dyx: MxX —> X*xM, (19)

natural in X € € and M € ., such that the diagrams

d
M+(XQY) X (X®Y)xM

y m

(M X)xY XxYs«M) (20

dM,Xl 1 M

-
X« M)*Y -5 X% (M xY)

and

dxsm,
(X M) Y 2Ly 5 (X + M)

X*(Mx*Y) Xx(MxY), @D

m %*17

Xsx (¥ sM) XL x@v)sM

commute, where a denotes the associativity constraint of JL.
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Given left 6-module categories Al and N, there is an obvious ‘6-bimodule equiv-
alence

B(BM) R N) =~ BM) R BN).

Hence, when € is braided, the group BrPic(‘¢) contains a subgroup Pic(6)
consisting of equivalence classes of one-sided invertible 6-bimodule categories.
Following [Etingof et al. 2010], we call this group the Picard group of €.

In what follows we will omit the 2-functor 9 from notation and identify invertible
€¢-module categories with their images in Bimod (6).

21. The a-induction. Let 6 be a braided tensor category and let Jl be a ‘6-module
category. There is a pair of tensor functors

af e — e (22)

defined as follows (see [Bockenhauer et al. 2001; Ostrik 2003b]). For each X € €
the endofunctors ozji(X ) 1 M — M coincide with left multiplication by X, that is,

X)) =X®—.
Their ¢-module functor structures are given by

XYM =XQYOM =5 Y@XQM=Y®al(X)(M),
-1

C
GXNMRY)=XRYOM -5 YRXQM=Y Qay(X)(M),

for all X, Y €€ and M € Jl. Here we suppress the associativity constraints.
When Jit is invertible the functors aﬁ are equivalences and the functor 9, : ‘€ — €
defined by

(ay) o du =0 (23)

is a braided autoequivalence of €. The assignment Jl — d gives rise to a group
homomorphism

9 : Pic(6) — Aut™ (@), M dy. (24)

To be precise, the condition (23) defines a tensor autoequivalence of ‘€. The reason
why it is braided is explained in Remark 4.5 (see also [Etingof et al. 2010] for
details in the fusion case).

3. The Picard crossed module of a braided tensor category

3A. Algebras and their modules. We refer the reader to [Ostrik 2003b] for basic
definitions and facts about algebras in tensor categories and modules over them.
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Let A be an algebra in a tensor category & with the multiplication u: AQ A — A
and let M be a right A-module in s with the structural map v: M ® A — M. For
any X € o there is an A-module structure on X ® M defined by

dy@V: XQMRA—-> XQM.
Thus the category sd4 of right A-modules in o is a left s{-module category via
AxAs—>Asr, X, M)~ XQM.

Similarly, the category 4 of left A-modules in ¥ is a right sd-module category.
We say that an algebra A is exact if the sd-module categories sd4 and 454 are
exact.

Remark 3.1. Let A be an algebra in «. Then the left sd-module category (44)°P
is equivalent to 4.

It was shown in [Etingof and Ostrik 2004] that every left (respectively, right)
SA-module category is equivalent to o 4 (respectively, to 4) for some algebra A in
A.

Let A be an algebra in a tensor category & and JM be a left sd-module category.
Define 44l (the category of A-modules in M) as the category of pairs (M, m), where
M 1is an object of M and m : A* M — M is a morphism in Jl such that the diagram

1xm

Ax(AxM) AxM

aA.AM M
A

(A®A)xM AxM

commutes.
A morphism between (M, m) and (M’, m’) is a morphism f : M — M’ such
that fom =m’ o (ids % f).

Lemma 3.2. Let A be a finite tensor category and let M be an exact right sd-module
category. The functor

T :Fung (A, M) — oM : F+— F(A) (25)
is an equivalence of categories.

Proof. For any s{-module functor F : s{ 4 — JIl the object F(A) € Jl has a structure
of an A-module,

AxF(A) S FA® A) 2 Fa), (26)
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where the first arrow is given by the s{-module structure of F and the second
arrow is the image of the multiplication of A. It is easy to see that {-module
transformations between s{-module functors F, G correspond to morphisms of
A-modules F(A), G(A) in /. Thus, T is a well-defined functor.

Define a functor S: g4/l — Fung(sd 4, M) by M +— Sy, where Sy (X) =X QR4 M.
It is clear that Sy, is an sd-module functor and that 7 o § is isomorphic to the identity
endofunctor of 4.M.

Also, S o T is isomorphic to the identity functor since for every sd-module
functor F : sd4 — M and a right A-module X in s{ there is a natural isomorphism
X ®a4 F(A) = F(X). Thus, T is an equivalence. O

A particular case of Lemma 3.2 that will be useful for us later is the category of
A-modules in M = A, where B is an exact algebra in . The category s p is
the category of (A-B)-bimodules in 6.

Corollary 3.3. The functor
Funy(da, dp) = asddp, Fir> F(A)
is an equivalence of categories.

3B. Tensor product of algebras in a braided category. Let now 6 be a braided
tensor category and let A be an algebra in 6. Given a left ‘6-module category JL, the
braiding in ‘€ allows us to turn 4/t into a left ‘€-module category. In this situation
the functor Fung (€ 4, JiL) = Al from Lemma 3.2 is an equivalence of ¢-module
categories.

It is well-known that for braided € the tensor product A ® B of two algebras
A, B € € has an algebra structure, with the multiplication map usgp defined as

ids®cp,A®id
ARBRA®B 20 Ao A B® B % Ag B,
where 4 and up are multiplications of algebras A and B, respectively (here we
suppress the associativity constraints in €).
Let A°? = A denote the algebra with the multiplication opposite to that of A:

AQAZL AAts A,

Proposition 3.4. Let € be a braided tensor category and let A and B be exact
algebras in 6. Then
€A X¢€p~Cagn

as €-module categories.

Proof. Note that a left €-module category €4 considered as a right 6-module
category is equivalent to 4»%. By Remark 3.1 the opposite category (4006)°P is
equivalent to € 4op as a left ‘6-module category.
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Hence, using (13) and Corollary 3.3 we obtain 6 4546 5 >~ Fune ((406)°P, 6 5)
Funeg (600, €p) > g400€p >~ € 4gp, since an (A ® B)-module in € is the same thing
as an (A°P — B)-bimodule. ]

3C. Azumaya algebras. Here we recall the characterization of algebras in € whose
categories of modules are invertible.

Let A be an exact algebra in a braided tensor category 6.

Note that multiplication on A, via

ida®ca,a nA®idy HA

AQAPRA — S AQAQRA— 5 AQRA —S A,

induces a homomorphism of algebras
AQRAP > AR A*, 27

where A* is the dual object to A and the multiplication in A ® A* is defined using
the evaluation morphism.

Definition 3.5. An exact algebra A in a braided tensor category € is Azumaya if
the map (27) is an isomorphism.

It was established in [Van Oystaeyen and Zhang 1998, Theorem 3.1] that A is
an Azumaya algebra if and only if the tensor functors

O[%:A 16— A(6 A
defined in (22) are equivalences. Thus, the Picard group of € is isomorphic to the
group of Morita equivalence classes of Azumaya algebras (the latter group was
considered in [Van Oystaeyen and Zhang 1998]).
Let A be an Azumaya algebra in €. Let d4 = d¢, denote the braided autoequiv-
alence introduced in (24). By definition of dy4, there exists a natural isomorphism
of right A-modules

Py ARX > 4 (X)®A, Xee.

This means that the following diagram commutes:

ARX®A fx&ida LX) @AR A

ca,x®idg l
XRARA
idy®pua l idy, ) ®ura (28)
X®A

CX,A\L
A®X ox LX) ®A.
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The tensor structure
vy (X ®Y) S 4 (X)®a(Y), XY e

of 04 satisfies the following commutative diagram:

¢$xQidy

ARXR®Y W X)QRARY
¢X®Yj lidaA(X)®¢y (29)
UXQY)® A e 9A(X) ®04(Y) @ A.

Lemma 3.6. The diagram

ARX®AQY OxO0 0AX)® AR DY) ® A
CX,AL CAA(Y)
ARA®XQ®Y WX RUYI®A®A (30)
dxey VXY

ARXRY —— 1 (XQ®Y)®A 0AX)®04(Y)®A

is commutative (here, as usual, we suppress the associativity constraints and identity
morphisms).

Proof. Note that compositions of the left and the right vertical arrows in diagram
(30) coincide, respectively, with the canonical epimorphisms

ARXRARY > (ARX)®4 (ARY)ZAQRXQY

and
0y (X) QAR Ig(Y)R®A — (04a(X) Q@A) ®A(04(Y)RA) = 04(X)®@du(Y)®A.

Hence, the diagram

ARXRARY xS0 X))@ AR (Y)® A
x4 L CA4(1)
AQARXQY UWX)Qu¥)eAaa Gl
MAL lm
ARX®Y — 2 g (X)®ARY — 2= 4(X) ®4(Y) ® A

is commutative by functoriality of ® 4. But the bottom row composition in diagram
(31) coincides with that of diagram (30) by the identity (29). U
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Let B be an algebra in ‘6 and suppose that A is an Azumaya algebra in €. Then
04 (B) is also an algebra in €. We will denote by

up:B®B— B and wy,B):0a(B)®04(B)— d4(B)

the multiplications of B and d4(B) respectively.

Proposition 3.7. The morphism ¢p : AQ@ B — 04(B) ® A is an isomorphism of
algebras.

Proof. Consider the diagram

ARBRAR®B ou&on 94(B)®A®A(B)® A
CB.A CA04(B)
ARARB®B 04(B)®3A(B)®A® A
1a 1a (32)
ARB®B """ 5, (BRB)®A — " 3,(B)®d,(B)® A
nB a4 (B)
A®B i 3(B)® A.

The upper subdiagram is commutative by Lemma 3.6 and the lower subdiagram is
the definition of multiplication wy,(p). Hence, diagram (32) is commutative. This
is precisely the property of ¢p being an algebra homomorphism. U

3D. Definition of the Picard crossed module.

Definition 3.8. A crossed module (G, C) is a pair of groups G and C together with
an action of G on C, denoted by (g, ¢) — 8c, and a homomorphism 0 : C — G
satisfying
3(%c) = gd(c)g™! (33)
and
00 = ¢c’e™ ¢, eC,geC. (34)

Let (G, Cy) and (G, C;) be crossed modules with structural maps 9; : C; — G
and 91 : C; — G». A homomorphism between these crossed modules is a pair of
group homomorphisms y : G; — G and ¢ : 6] — ¢, such that o =y 094
and ¢ (8c) =@ ¢ (c) forall c € Cy and g € G.

Remark 3.9. It is clear that the kernel of the homomorphism 9 in Definition 3.8 is
a subgroup of the center of C and the image of d is a normal subgroup of G.

Let € be a braided tensor category. Set
G :=Aut”(6), C :=Pic(6). (35)
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In (24) we defined a canonical homomorphism
0:C—> G:M+— 9y.

There is also a canonical action of Aut® () on Pic(%). Namely, for g € Aut™ (€)
and a €-module category Jl the category 8/l is defined as follows. As an abelian
category, 8l = Jl. The action of ‘6 on Jl is defined by

XOM:=g ' (X)«M forall M e, X €.

Note that for an algebra A € 6 the 6-module category (6 4) is equivalent to 64 (4).
Here g(A) is the algebra with multiplication g4y = g(1ta).

Theorem 3.10. The pair (G,C) = (Aut® (€), Pic(%)) equipped with the above
structural operations is a crossed module.

Proof. To check the axiom (33), note that tensor equivalences
oz;fm 16— 6y
defined in (22) satisfy a;'ju = ozji o g~ !. Hence,
e = (azy) oo Sgodyog™" forall M € Pic(6),geG.  (36)

Let us check axiom (34). Take M, N € Pic(¢) and let A and B be algebras in €
such that Ml ~ €4 and N =~ €. By Proposition 3.4 we have

M @cg N~ C6,4@3 and 3“”.]‘( &q; M~ (63",“,(3)(@,4.

Since by Proposition 3.7 the algebras A ® B and 94 (B) ® A are isomorphic, we
conclude M K N ~ 9N K M, as required. |

Definition 3.11. We will call the pair (Autbr (@), Pic(%)) the Picard crossed module
of € and denote it P (€6).
4. Picard crossed module and braided autoequivalences of the center

In this section we give a characterization of the Picard crossed module of a braided
tensor category 4 in terms of braided autoequivalences of %(6).

4A. The Brauer-Picard group and braided autoequivalences of the center. Let
JM be an exact left 6-module category. It can be regarded as a (6 X €’ )-module
category. The following constructions are taken from [Etingof and Ostrik 2004,
Section 3.4]: There are canonical equivalences

ag %) => (@R (Z,y) > Z %2, (37)
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where the left ¢-module functor structure of a(Z, y) is given by
X*(Z*M)M(XQM)*MK(Z@X)*MMZ*(X*M) (38)
for all X € 6 and M € JM, and its left €” -module functor structure
F(ZxM) = Z%F(M) (39)

for F € €}, is given using the ¢-module functor structure of F.
One defines a functor

g %(6h) = (CREG), (40)

in an analogous way.

The composition &A]l oay is a braided tensor equivalence between % (%) and
E(CH)" =Z(€7P).

When J is an invertible 6- bimodule category, the composition of ay and the
braided tensor equivalence %#(€) N Z((¢7)°P) induced by the tensor equivalence

L:6= (€)% : Xt 7xX
from Remark 2.11 gives a tensor equivalence
bu :%(€) = (CXEC)}:(Z,y)—> % Z, 41)

where the left €-module functor structure of by(Z, y) is given by the middle
associativity constraint of Ji,

X*(M*Z) (X*M)*Z 42)

while the right ‘¢-module functor structure (which is the same as the left Cj-module
functor structure upon the identification €% ~ “6°P) of by (Z, y) is given using the
right €-module associativity constraint of Jl and the half-braiding:

-1 a—l
MxZ)xY 225 Mx(Z@Y) s Mx (Y @ Z) 2254 (M Y)Y« Z, (43)

forall X,Y € ¢ and M € M.
Thus, we have a canonical braided tensor autoequivalence

dM) = m oay : Z(€) — Z(6). (44)

The following result was proved in [Etingof et al. 2010, Section 5] when € is a
fusion category. This argument carries over verbatim to the case of finite tensor
categories. We recall the proof for the reader’s convenience and also for future
reference.
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Theorem 4.1. Let € be a finite tensor category. The assignment M+ ® (M), where
® (M) is defined in (44), gives rise to a group isomorphism

@ : BrPic(€) > Aut™(%(€)). (45)

Proof. To see that @ is a homomorphism observe that the ¢-bimodule functor
of right multiplication by an object Z € %(€) on M X¢ N, where / and N are
invertible €-bimodule categories, is isomorphic to the well-defined functor of
“middle” multiplication by (®(N)) (Z), which, in turn, is isomorphic to the functor
of left multiplication by (CD(./I/L) o ®(N )) (Z). This gives a natural isomorphism of
tensor functors ® (M) o (N) = & (M K¢ N). Hence, ® is a homomorphism.

Let us recall the construction of the map

W Aut®(%(€)) — BrPic(®), (46)

inverse to the homomorphism (45).

Let F :%(€) — € and I : € — %(%€) denote the canonical forgetful functor and its
right adjoint. Given a braided autoequivalence o € Aut (#(@)) let Ly :=a~ (1 (1)).
The category 1% (%) is a finite tensor category with respect to ®p,,.

Let us show that the algebra F(L,) € € is exact, that is, that the category 6
of F(Ly)-modules in € is exact. By Lemma 3.2 this category is equivalent to
Fung ) (%(€) 1, , €) as a ‘6-module category. By Remark 2.8 the latter category is
exact as a Fung ) (€, €)-module category. In particular, it is exact as a ‘¢-module
category.

Let

F(Ly) = @ L
iel
be the decomposition of F(L,) into a direct sum of indecomposable exact algebras
in 6.
For any i € J the composition

F i
€ > 1,2(6) = FLy)6rw, — 1,61 (47)
is a tensor equivalence, where
116 L %(@): X > o (I(X)) (48)

and 7; is a projection from g )€ F(r,) = @i,jef L;6L; to the (i, ) component.
Hence, 61, gets a structure of an invertible €-bimodule category. Its equivalence
class does not depend on a particular i € J. One sets W («) :=%6y,.
The verification of the identities ® o W = id and W o & = id is the same as in
[Etingof et al. 2010, Section 5.3]. (]
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Remark 4.2. Note that BrPic(%) and Aut® (%(%)) are monoidal groupoids (that is,
monoidal categories in which every object is invertible). In fact, the assignment
(45) is a monoidal equivalence rather than just a group isomorphism, see [Etingof
et al. 2010, Section 5].

4B. The image of Pic(6) in Aut’" (#(€)). Recall from Section 2H that the group
BrPic() contains a subgroup Pic(‘¢) consisting of equivalence classes of invertible
%-module categories (regarded as one-sided ‘6-bimodule categories).

Our goal now is to describe the image of Pic(¢) in Autbr(ii(%)) under isomor-
phism (45).

Let Aut™ (%(€); €) C Aut™(%(%)) be the subgroup consisting of isomorphism
classes of braided autoequivalences of %(€) trivializable on 6, see Definition 2.1.

The next theorem was suggested to us by V. Drinfeld.

Theorem 4.3. Let € be a braided tensor category. The canonical isomorphism
@ : BrPic(€) = Aut™ (%(®)) restricts to an isomorphism

®|picce) : Pic(€) = Aut (% (€); 6). (49)

Proof. First, let us show that ® (Pic(6)) C Aut™ (%(%); 6). Let L be an invertible
one-sided 6-module category. Let ® (M) € Aut (%(%)) be the braided autoequiva-
lence of %(6) defined in Section 4A. The equivalences a, and b defined in (37)
and (41) can be explicitly described as follows. Let (Z, y) be an object in %(6),
where

vx  X®Z—>72Q0X, Xeb

is the half-braiding. Then ay(Z, y)(M) = Z x M and its left and right 6-module
functor structures are found by translating (38) and (39) to our setting:

X % (Z* M) = Zx(XxM)
lax,z,M TaZ}X,M (50)
X®Z)*xM ™ (ZRX)*M
and
(ZM)*Y = Z#(Mx*Y)
| 1 e

ay,z.m

a
Y+ (ZsM) 225 (YRZ) M —2 (Z@Y)x M 2% 7 5 (Y + M)

for all X,Y € € and M € Jl, where a denotes the left ¢-module associativity
constraint of JL.
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Also, by(Z, y)(M) =M Z = Z+M as a functor and its left and right ¢-module
functor structures are found from (42) and (43):

~

X*x(Mx2Z) — (X*xM)*xZ
| | @
X*(Z*M)M(X@)Z)*M&(Z@X)*M@iz*(x*m
and
(M*Z)xY = (M*Y)*Z
| |
Y (ZxM) Zx(Y M) (53)

—1
jaY.Z,M 1 T“Z'Y‘M
-1 —

cy,z Yy Czy

YRZD)s«xM — (ZQY)*sM —= YR Z)xM — (ZQY)*xM
forall X,Y €6 and M < Jl.

The diagrams (52) and (51) are nothing but middle associativity isomorphism
(17) and its inverse. The diagram (53) uses the right €-module associativity (16)
and its inverse as well as the half-braiding of Z.

Since 46 is embedded into %(%¢) via

Zv— (Z,c_7),

that is, yx = cx,z in this case, we see from (50), (51) and (52), (53) that the
restrictions of ay and by on the subcategory € C #(%) coincide, that is, ® (M) is
trivializable on €. So ® (Pic(6)) C Aut™ (%(%); ).

It remains to show that @ (Pic(6)) = Aut™ (%(6); 6). Let o € Aut™ (%(6); 6).
We need to show that the equivalence class of invertible ¢-bimodule category
M= W (a) (Where W : BrPic(¢) — Aut™(%(6)) is the inverse of @, see (46)) is
in Pic(6).

According to the description from the proof of Theorem 4.1 Jl is equivalent to
any indecomposable component of the ¢-module category 6z, of left modules
over the algebra F (L), where L, = a~ (I (1)) € %(6). Thus, it suffices to show
that the 6-bimodule category €r (., is one-sided.

The left action of X € 6 on €z, is via tensor multiplication:

X*xM=XQM. (54)

The right action of X is via module multiplication over F (L) with the image of X
under equivalence (47). Let us describe this action explicitly. Since I (X) = X®1 (1)
for all X € € C %(6) and « is trivializable on € we see that equivalence (48) in
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our situation becomes
€= Z(€), : X X® L. (55)
Therefore, the right action of X on €f(.,) is given by
M*xX=MQrur,)(XQF(Ly))=MRX (56)
forall X € 6, M € 6p(r,). The action of F(L,) on M x X =M ® X is given by

1®cx. F(Ly 1
M®X®F(Ly) —2X"" M@ F(Ly) @ X 22% Mo X,
where we omit the associativity constraints. Here py : M ® F(L,) — M denotes
the F (Ly)-module structure on M.
We have a natural family of F(L,)-module isomorphisms

dyx =cux MX—>XQM.

To show that the 6-bimodule category €r(z,) is one-sided we need to check that
isomorphisms dy js satisfy commutative diagrams (20) and (21). But these diagrams
are nothing but hexagon axioms of the braiding.

Thus, Aut™ (%(€); €¢) C ®(Pic(%)) and the proof is complete. O

4C. A characterization of the Picard crossed module. Let 6 be a finite braided
tensor category. There is a canonical homomorphism

¥ : Aut™ (%(%6); €) — Aut™ (@) (57)

defined as follows. Every braided autoequivalence o € Autbr(%(%)) trivializable
on % maps the centralizer € in %(%6) to itself. This centralizer is €™ C %(€).
Hence, « restricts to a braided autoequivalence of €™, that is, to an element of
Aut® (€"") = Aut®(€) which we denote T («).

Lemma 4.4. Let € be a braided tensor category. The composition
Pic(€) > Aut™(%(€): €) > Aut™(©)
coincides with homomorphism 3 : Pic(€) — Aut™ (@) defined in (24).

Proof. We need to show that for each invertible ¢-module category Jl the restriction
of the braided autoequivalence ® () on €™ C #(%€) is isomorphic to 9, defined
in (23). This result follows from comparing definitions. Indeed, ® (M) = bJ,_/L1 oay,
where a and b, are defined in (37) and (41), and 9y = (ocJ,_A)_1 oajv[, where aji
are defined in (22).
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Thus, it suffices to check the commutativity of the diagrams

%) —> (6 HEP), %(6) —Ls (6 REOPYY,
and (58)
afy o
(grev A gng (6I'GV A (gjh ,

where the arrows €™ — %(€6) are given by the embedding (4) and the arrows
(€ X €°P)% — €7 are given by the restriction of ‘6-bimodule functors to left €¢-
module functors. The commutativity is checked directly using definitions of aﬁ in
Section 2I and explicit formulas (50) and (52) for the ¢-module functor structures
of ay(Z,y) and by(Z, y), where (Z, y) is an object in %(€). In the bottom row
of (58) we use that 6™ = <€ as tensor categories.

Hence, @ (M)|¢rev = 34 in Aut® (€) = Aut® (€™Y). O

Remark 4.5. Lemma 4.4 shows that the homomorphism 9 : Pic(€) — Aut(%€)
defined in (24) factors through Pic(€¢) — Aut® (@).

The next corollary was established in [Etingof et al. 2010] for braided fusion
categories.

Corollary 4.6. Let € be a factorizable braided tensor category. Then 0 : Pic(€) —
Aut™ (@) is an isomorphism.

Proof. We have %(€) = €X%™ and Aut®™(%(%6); €) = Aut™ (€™) = Aut™(¢). O

There is canonical action of Aut™ (%) on Aut™ (%(%6); €) defined as follows. Any
tensor autoequivalence g of € induces a braided autoequivalence g € Aut™ (%(%)):

8(Z,y)=(8(2), v,

where (y%)x : X ® g(Z) = g(Z) ® X is given by (y¥)x = g(Ve-1(x))-
For all g € Aut™ (%) and o € Aut® (%(6); €) set

S :=Foaog l. (59)
It is clear that 8« is trivializable on @, that is, (59) defines the required action.
Lemma 4.7. The isomorphism
@ : Pic(€) => Aut™(%(%6); ¢)
is Aut® (®)-equivariant; that is,

O (4l) = S (M)
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for all g € Aut®(€) and M € Pic(®).

Proof. This is an immediate consequence of the identities

1

asu=ayog ' and bey=byog .

We have ®(8Ml) = by o asy = § o D(M) 0 ™" = $D(L). O

Corollary 4.8. The pair of groups (Autbr((@), Aut®™ (%(6); (6)) along with the ac-
tion (59) and homomorphism X : Aut® (%(€); €) — Aut™ (@) from (57) is a crossed
module.

Proof. This follows from Lemmas 4.4 and 4.7. O

We will call the crossed module (Aut™(6), Aut™ (%(6); 6)) the autoequivalence
crossed module of € and denote it by 2((€).

Corollary 4.9. The pair of group isomorphisms (id,pr ), P) is an isomorphism
of crossed modules

P(€) =2A(6). (60)
Proof. This follows from Lemmas 4.4 and 4.7. O

4D. On the kernel and cokernel of 9 : Pic(€¢) — Aut® (€). Since the Picard
crossed module B3(6€) is isomorphic to the autoequivalence crossed module of
(), the kernel of 3 : Pic(€) — Aut™ (%) is isomorphic to the kernel of the
restriction map 9 : Aut® (%(%), €) — Aut™(%).

The natural tensor embeddings gy, (€) <— €, €™ allow us to look at € and
€' as Fsym(€)-module categories. The functor € X €™ — %(€) of (5) is
clearly balanced with respect to these module structures. Hence, it factors through
€ Xy, ¢) €. Here the tensor product € Xy, ) €™ of module categories over
a symmetric tensor category ¥gy,(€) has a natural structure of braided tensor
category, see [Davydov et al. 2013]. The image of € @g{sym(%) @™ in % (%) coincides
with the full tensor subcategory € v €™ generated by € and €™V in % ().

Proposition 4.10. The kernel of the restriction map 9 : Aut®™ (%(€), €) — Aut® (6)
coincides with the group Aut® (£(6), 6V ere) of braided autoequivalences of % (‘€)
trivializable on 6 v 6™,

Proof. The kernel of the restriction map 0 : Aut® (%(€), €) — Aut” (%) coincides
with the subgroup Aut® (%(%)) of braided autoequivalences of (%), trivializable
on both € and €™". All we need to show is that a braided autoequivalence of % (%)
that is trivializable on both ¢ and €™ is trivializable on € v €™,
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A braided autoequivalence F' of % (%) stabilizing both 6 and €™ and trivializable
on ¥gym(6) fits into a commutative diagram:

//\
CRC > € By, () € — = %(6)

FIEF[ F&ff?sym(%’)Fl Fl

CRES ——> @Ry, () 6" —= F(%).
\—/’

Thus a braided autoequivalence F of %(€) that is trivializable on both € and €™
is also trivializable on € v €™, O

Note that there is a canonical homomorphism
J i PicZgym(©)) — ker(Pic(6) 2 Aut (e; Foym(€))) (61)

given by the induction of module categories. Namely, if [l is an invertible gy, (6)-
module category then

J M) =€ R, ) M.

To see that j (L) is in the kernel of 0, let us take an algebra A in gy, (€) such that
M >~ F gy, (€) 4. By Lemma 3.2 we have

j(./l/t) = Fung;;sym(%) ((6, ./l/() ~ (6A .

The functors ozjt( n coincide with each other since cy 4 = cZ’IX for all objects X in
€, that is, d(j (M)) is a trivial autoequivalence.

Let gy, (‘€) be the symmetric center of 6, see Section 2D. Clearly the restrictions
of aji to Zym(6) coincide. Hence for an invertible Jl the autoequivalence 0y is
trivializable on %y, (6), that is, the restriction of 9,y to %gyy (‘6) is isomorphic to
the identity functor. Thus the homomorphism (24) factors as follows.

Pic(€) — Aut™ (; Fqym () — Aut™ ().

Hence, the restriction map defines canonical homomorphism from the cokernel
of 0:

coker(Pic() = Aut™(€)) — Aut™ (Fym(€)). (62)

5. The Picard crossed module of a pointed braided fusion category

Let A be a finite abelian group and let g : A — k™ be a quadratic form on A. In this
section we explicitly compute the Picard crossed module of the pointed braided
fusion category € := €(A, ¢g) associated to the pair (A, g) as in Example 2.2.
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Note that 6(A, ¢)™ ~€6(A, g~ ).

5A. Invertible module categories over a braided pointed fusion category. The
classification of module categories over pointed fusion categories is well-known
[Ostrik 2003a]. Any indecomposable ¢-module category il corresponds to a pair
(B, y), where B C A is a subgroup and y : B x B — k* is a function such that

_ye+y.dy(ey)

d ,V,2) =
). 5.2) vy, y+2y(y,2)

w(x,y,2), Xx,y,z€B. (63)

Here w : A3 — k* is the 3-cocycle defining the associativity constraint of €.

The pair (B, y) is constructed from L as follows. The simple objects of Jl form
a transitive A-set and B denotes the stabilizer of a point in this set. The function
y : B x B — k> comes from the module associativity constraint of Jil. This function
is determined by Jil up to a 2-coboundary.

Let us define a function 8 : B x B — k> by

y(x,y)
y(y,x)’

where the function ¢ : A x A — k* is defined in Example 2.2.

Bx,y)=c(x,y) X,y €B, (64)

Proposition 5.1. The function (64) is bimultiplicative and satisfies
B(x,x)=q(x) forallx e B. (65)
Proof. For all x, y, z € B we compute

B(x,y+2)
y(x, y+2)y(y,2)
Yy +z, 0y, 2)
y(x+y,2)yx,y)

=c(x,y+2) o ',y Do (v, 7, %)
y(y,z+x)y(z, x)

_ yO+x, 20y, x)yx, y) yx,2) 1
=Yt oy r Oy Y0 ey
c(x,y+2z) w(y, x,z)

c(x, y)e(x,z) w(x,y, 2wy, z, X)
= B(x, y)B(x, 2).

In the second and the fourth equalities we used identity (63) and in the last equality
we used (7). Thus, B is multiplicative in the second argument. That it is mul-
tiplicative in the first argument is proved in a similar way. Finally, the identity
B(x, x) = q(x) is obtained by setting y = x in (64). U

=c(x,y+2)

=P, »)P(x,2)
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Corollary 5.2. There is a bijection between

equivalence classes of pairs (B, B), where B is a subgroup of A,
indecomposable module } and { B: B x B — k™ is bimultiplicative and
€(A, q)-categories B(x, x)=¢qx), xeB

Proof. Let B be a subgroup of A corresponding to an indecomposable ¢-module
category. Formula (64) defines a map between sets

maps ¥ : B x B — k> B € Hom(B®2, k)
suchthatd(y)=w  — such that . (66)
modulo coboundaries Bx, x)=q(x), xeB

We need to prove that (66) is a bijection.
Let y1, y» be 2-cochains on B such that d(y;) = d(y2) = w and such that
yie,y) y2(x, y)

S A e

Then y»/y) is a symmetric 2-cocycle on B. Since a symmetric 2-cocycle is co-
homologically trivial, y; and y, differ by a coboundary. Thus the map (66) is
injective.

Consider the diagram

c(x,y)

, XxX,y€B.

H>, (A, k%) H3(A, k)
lreSB LrCSB (67)
Hom(B®Z, k) H> (B, k) H3(B, k)

with commutative square and the bottom row exact in the middle term. (Abelian
cohomology groups were defined in Example 2.2.) Let g be a quadratic form on A,
identified with an element of H, jb(A, k). It follows from diagram (67) that g is in
the kernel of the composition

H> (A, k™) — H>(A, k) — H*(B, k™)

if and only if the restriction of ¢ to B can be represented by some bimultiplicative
B : B®2 — k. This proves surjectivity of (66). U

Remark 5.3. Note that the condition (65) along with identity (12) imply
Blx,y)B(y,x)=0(x,y), x,y€B. (68)

By M (B, B) we will denote a module category corresponding to the pair (B, B)
under the bijection from Corollary 5.2.
The following lemma is a special case of the result proved in [Naidu 2007]:
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Lemma 5.4. Let M = M(B, B) be a 6(A, q)-module category. Then the group
Autg (M) of isomorphism classes of 6-module autoequivalences of M fits into a
short exact sequence:

1 —= B —— Autg (M) A/B 1

Proof. The homomorphism Autg (M) — A/B assigns the effect of a 6-equivalence
on the set A/B of simple objects of Al. It is clear that this homomorphism is
surjective (it is enough to look at the images of «-inductions).

The kernel of the homomorphism Autg (/M) — A/B consists of isomorphism
classes of ‘6-equivalences isomorphic to the identity functor. With a choice of
simple object m € J a ‘6-module structure on the identity functor on .l gives rise
to a character € B

Y(b)idy, :m=bxm — bxm=m.

It follows from Shapiro’s lemma that the character determines the ¢-module struc-
ture. ]

Proposition 5.5. The €(A, q)-module category M (B, B) is invertible if and only if
the form B : B x B — k™ is nondegenerate.
Proof. Note that Ml = M(B, B) is invertible if and only if the a-inductions

a1 € — Ende (M)

from Section 2I induce isomorphisms of groups A — Autg(Jil) on the level of
isomorphism classes of objects. We can see that «-inductions give morphisms of
short exact sequences:

0 B A A/B 0
A
M
0 ——>= B —— Autg (M) A/B 0.

The homomorphisms B — B can be recovered from the 6-module functor structures
of ai(a) for a € A. The ¢-module functor structure for O‘jv_t (a) is given by the
diagram

DlT(a) m
a(bm) M b(am)
V(a,b)l ly(b,a)
c(a,b)

(abym (ba)m

so that aj;t(a)b’m = B(a, b) for a, b € B. Here m is a simple object of Jl. Thus, the
corresponding homomorphism B — B has the form b — B(b, —).
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Similarly, the 6-structure for o (a) is defined by

oy (@)p.m
a(bm) _ A b(am)
V(a,b)l Ly(b,a)
c(b,a)~!

(abym ————— (ba)m.

Hence, o (@)p,m = B(b, a)~! for a, b € B and the corresponding homomorphism
B—>1§hasaf0rmb—>,3(—,b)_1. O

From the proof of Proposition 5.5 we have the following:
Corollary 5.6. The homomorphism 0 : Pic(€(A, q)) — Aut™(A, q) sends the class
of M(B, B) into the unique automorphism g € O (A, q) such that

* 8(B)C B,

o g induces the identity on A/ B, and

e B(b, g(c)) = B(c,b)~ " forallb,c e B.
Remark 5.7. It follows from (68) that the last condition in Corollary 5.6 can be
written as B(b, g(c) —c¢) = o (b, ¢)~! forall b, c € B. This gives an alternative
description of g (compare [Davydov et al. 2011]; the graph of —g is the Lagrangian
subgroup I'(B, B) C(AD A, g EBq_l) there):

e g(a)—ae Bforanya e A and

e B(b,g(a)—a)=oc(b,a)"! forall b € B.

In accordance with the crossed module axiom (36) the map
d: Pic(6(A, q)) > O(A, q)

is O(A, g)-equivariant: d(h(B, f)) =hod(B,pB)o h=! for h € O(A, q). Here
h(B, B) = (h(B), h(B)) with h(B)(a,b) = B(h~"(a), h~' (b)) and "M(B, B) ~
M(h(B, B)).

This gives a description of the map 9d for the Picard crossed module SB(6€(A, g)).
The part which is unclear in this presentation is the group structure of Pic(¢(A, q)).
It appears that the group operation is more accessible on the level of the autoe-
quivalence crossed module 2A(‘€(A, q)) (recall that A(€(A, g)) >~ B(6(A, q)) by
Corollary 4.9). In the remaining sections we compute this crossed module.

5B. The center of a pointed braided fusion category. Let € = €(A,q) be a
pointed braided fusion category. The following fact is no doubt known to experts
but we were unable to locate a reference in the literature:

Proposition 5.8. The center %(%) is pointed and %(€) >~ 6(A @ A, Q), where
Q(a, ¢) = (¢, a)q(a). (69)



The Picard crossed module of a braided tensor category 1395

Proof. Forany a € A and ¢ € A there is an invertible object Z, ¢ in Z(€) which is
equal to a as an object of € and has a half-braiding given by

c(x,a) (P, X)idasx 1 X ® Zap = Zap @ X, (70)

where ¢ : A*? — k* is the function (6) determining the braiding of 6. That
the morphism (70) is indeed a central structure on a (that is, satisfies necessary
coherence conditions) follows from identities (7) and (8).

Thus, %(€) contains |A|> nonisomorphic invertible simple objects. Since the
dimension of %(%) is dim(€)? = |A|?, the category % () is pointed. Furthermore,
Zu$®@Zy oy = Zaa pp-a,a €A, @, ¢ € A, that is, the group of invertible objects
of (6) is A @ A. Finally, from (70) we see that the braiding on Z, 4 ® Z, 4 is
given by the scalar (¢, a)q(a). O
Remark 5.9. Let
gla+Db) .
qa)qgb)’”

be the bimultiplicative form corresponding to the quadratic form ¢ : A — k*. Then
the bimultiplicative form corresponding to the form Q defined in (69) is

;o Qa+ad,¢+¢"
B , -
((a, ¢), (@', 9")) 0. )0@. )

= (¢, a)lp,d)o(a,a), a,d €A, b, ¢ €A.

o(a,b) = yeA (71)

Remark 5.10. Note that in general the category #(Vec?), where A is an abelian
group and @ € Z3(A, k*), is not pointed, see [Goff et al. 2007].

Leto : A x A — k™ be the symmetric bimultiplicative form (71). For any a € A
define a homomorphism 6 : A — A by

(6(a),x)=0(a,x) forallx e A.

The embeddings €(A, ¢), 6(A, ¢)™" — #(6(A, ¢q)) defined in (4) are given by
injective orthogonal homomorphisms

(A,q) > (A®A, 0):ar> (a,0),
(AqgH)—> (A8 A 0):ar (a,—6(a)).
5C. The Picard group of €(A, q). By Theorem 4.3 any invertible €(A,q)-module

category corresponds to an orthogonal automorphism o € O(A @ A, Q) such that
a(a,0)=(a,0) forall a € A.

Proposition 5.11. Ler f: A— Abea group homomorphism satisfying the following
conditions:

(i) id; — o f is invertible;
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(i) (b, f(9)) =q(f(9)) forall ¢ € A.
Then the map

ar(@a,¢)=(a+f@).¢—6f(p), acA peA (72)

is an orthogonal automorphism of (A @ A, Q) that restricts to the identity on A.
Conversely, any orthogonal automorphism with this property is of the form (72)
for a unique homomorphism f : A — A satisfying conditions (i) and (ii).

Proof. Suppose a group homomorphism f : A—> Alis given. Clearly, ay is a
homomorphism and its restriction to A is the identity. Condition (i) in the statement
of the proposition is equivalent to « s being invertible. Let us explore the property
of a s being orthogonal. We compute

Qays(a,d)=Qa+ f(p).¢—5f(9))
= Q(a, ) Q(f (@), =5 f(9))B((a, ¢), (f($), =5 £(9)))
= Q(a, ) (f @), f@) a(f @), f(@®))
= Q(a, $)q(f () (., f(@)),

whence a s is orthogonal if and only if condition (ii) is satisfied.

Let us prove the converse statement. Let o« € O (AEBA, Q) be such that « restricts
to the identity on A. Let f : A — Aand g: A — Abe homomorphisms such that
a(0,0) = (f(¢), g(¢p)) forall ¢ € A. Since preserves the quadratic form Q, the
condition Q(0, ¢) =1 implies Q(f(¢), g(¢)) = 1, which is equivalent to

(8(@), f(P)q(f(P) =1 (73)
Next, for arbitrary a € A and ¢ € A we have
ala, p) =(a+ f(), g(9)). (74)

We have Q(a(a, ¢)) = Q(a, ¢) = (¢, a)q(a). On the other hand, we compute

O(ala, ) = Q(a+ f(9), g(9))
= Q0(@a, DO(f(#), g(){g(¢). a)a(a, f($))
=q(a)(g(9), a)o (f (). a)
=q(a)(g(®)+5f(9),a).

Comparing two expressions we obtain
§@)=¢—5f(¢) forallgecA. (75)
This along with (74) yields (72).
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Substituting (75) into (73) we obtain

(@, F(@)q(f(@)=(5f(@). [( @) =0(f@). f(#)=q(f (@)
whence (¢, f(¢)) =q(f(¢)) as required. U

Let P(A, q) be the set of group homomorphisms f : A— A satisfying conditions
(1) and (ii) of Proposition 5.11, that is,

homomorphisms f : A — A such that
P(A, g):= idj —oo fisinvertibleand . (76)
(@, f(@)=q(f(@)) forallpec A

Endow the set P(A, g) with the binary operation
fog=f+g—foogog, [f,geP(A q). (77)

Proposition 5.12. The set P(A, q) with the operation ¢ defined in (77) is a group.
Furthermore, the map

f>ar:P(A, q) — Aut™(Z(€(A, 9)), 6(A, q)), (78)
where ay € Aut™ (%(€(A, q))) is defined in (72), is a group isomorphism.
Proof. By Proposition 5.11 the assignment (78) is a bijection. Since
afoa, =ay.e forall f,ge P(A,q),
we see that P(A, ¢g) is a group and the assignment (78) is a group isomorphism. []

Remark 5.13. Clearly, the identity element of P(A, g) is the zero homomorphism.
Let us describe the inverse of f € P(A, q).
It is immediate from (77) that the inverse of f is given by the formula

fl=(fod—ida) "o f. (79)

Let f*: A — A denote the homomorphism dual to f. We claim that f* € P(A, q)
and that f* is the inverse of f with respect to the multiplication ¢. Indeed, equality
of quadratic forms in condition (ii) of Proposition 5.11 implies equality of the
corresponding bilinear forms

(f+ 5@ ) =0 (f@). fO). .Y €A,
whence f+ f*= f*od o f, that is, f* coincides with the right hand side of (79).
Corollary 5.14. There is a group isomorphism P(A, q) = Pic(€(A, q)).
Proof. This follows from Proposition 5.12 and Theorem 4.3. U
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Remark 5.15. We have two parametrizations for the group Pic(€(A, ¢)). The first
one is given in terms of pairs (B, ), where B C A is a subgroup and 8: Bx B — k*
is a nondegenerate bimultiplicative map such that 8(x, x) = g(x) for all x € B,
see Corollary 5.2 and Proposition 5.5. The second one is given in terms of the
set P(A, g) consisting of homomorphisms f : A—> A satisfying conditions listed
in (76).

Let us establish a bijection between these parametrizations. Let M = M(B, B)
denote the invertible € (A, g)-module category corresponding to a pair (B, B) as
above. Let ® (J/l) denote the corresponding braided autoequivalence of %(6€(A, q)
defined as in (44). By Proposition 5.11 ® (/M) = oy for a unique f € P(A, q). Let
¢ e A andlet b = f(¢). Then b is uniquely determined by the condition

(M) (Zo.p) = Zpy for some ¢ € A.

Equivalently,
an(Zo,p) =bu(Zpy),
where ay and b are functors defined in (37) and (41). Note that b € B since the

functor a(Zo,e) is identical on the classes of isomorphic objects of ..
Take x € B and compare isomorphisms

x @ a(Zo.p)(?) = au(Zogs)(x ®?) (80)
and

X Q@bu(Zpy) () = bu(Zpy)(x ®?) (81)

coming from left 6€(A, g)-module functor structures of a,(Zo,4) and by (Zo 4).
Using Equations (50) and (70) we see that the isomorphism (80) is given by

1®(Zop®) L Zos @ (x®). (82)

On the other hand, using (52) we see that the isomorphism (81) is given by

(x,D)
X®(Zhy ®7) 7> (x® Zpy) ®?
b b,x)~!

O Zry o0 ©2 Sz, 0 (@), (83)
where y : B x B — k* is the function that determines the module associativity
of M(B, f)—see (63)—and c: A x A — k* is the braiding of €(A, ¢). From
(64) we see that the product of scalars in the composition (83) is equal to B(x, b).
Since B is nondegenerate it follows that b = f(¢) is completely determined by the
condition

(¢, x) =B(x, D).
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Thus, the homomorphism f : A—> A corresponding to (B, B) is given by the
composition

fiAsBL B a, (84)

where A — B is the surjection dual to the embedding B — A and ﬁ : B = Bis
the isomorphism induced by S.

Example 5.16. (i) Suppose g is nondegenerate (that is, the category €(A, gq) is
nondegenerate). Then 6 : A — A is an isomorphism and the map

P(A,q) > O(A,q) givenby fr>idg— foo

is an isomorphism.

(i1) Suppose g = 1 (that is, the category €(A, ¢) is tannakian). Then
P(A,q)=1p:A— Al(p, f($) =1}

Thus, elements of P(A, g) are identified with alternating bimultiplicative maps
AXx A — k* and

P(A,q) = NAZH (A k);
see [Etingof et al. 2010, Corollary 3.17].

(iii) Suppose that o =1 but g # 1 (that is, the category €(A, ¢) is symmetric but
not tannakian). In this case g € A is a character of order 2. Let (g) denote the
subgroup of A generated by g. We have

HZ(A, k>) if {(g) is a direct summand in A,
H2(A,k*) x ZJ2Z otherwise.

This agrees with the result of [Carnovale 2006] in the case of semisimple Hopf
algebras.

P(A,q)g{

5D. Description of the Picard crossed module of €(A, q). Let €(A,q) be a
pointed braided fusion category. By Corollary 4.9 the Picard crossed module
of ¢ is isomorphic to the autoequivalence crossed module

ACB(A, 9))
= (Aut™(Z(6(A, 9));: €(A. q)), Aut™ (6(A, 9))) = (P(A.q), O(A.q))

introduced in Section 3D.
By Lemma 4.4 the structural homomorphism

3 :Pic(€(A, ) = Aut™ (¥(€(A, q)); €(A, q)) — Aut™(€(A, q)) (85)

is given by restriction of the autoequivalences in Aut® (%(€(A, q)); 6(A, q)) to
C(A, )™ CZ(6(A, q)).
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Let us describe o explicitly. We already observed that the tensor subcategory
©G(A, q)"™ C%(6(A, q)) corresponds to the subgroup {(a, —a) |a € A} C AP A.
Given f € P(A, gq) we have

ar(a, —o(a)) =(a— fo(a), —(o(a)—0 fo(a)).
Hence,
o(f)=idg— foo, feP(A, q). (86)

Next, forany g € O(A,gq)letg € O(AD A, Q) be the orthogonal automorphism
induced by g, that is, g(a, ¢) = (g(a), ¢ o g~ 1). It is straightforward to check the
identity
g oay Og_l = oz,
where
Sf=gofog™!, g€O0(A ), fePA Q. (87)

Thus, the autoequivalence crossed module of €(A, ¢q) is
2U(6(A, q)) =~ (P(A,q), O(A, q))
with structural operations (86) and (87).

5E. Invariants of *B(€(A, q)). The kernel and the cokernel of the homomor-
phism 0 are important invariants of a crossed module. Below, we compute the
kernel of 9 for the crossed module B(6(A, ¢)). We also describe the cokernel of d
for the crossed module B(6€(A, g)) when Fgy, (6(A, g)) is tannakian.

As before, let A C A denote the kernel of o. Note that €(A+, g|41) =
Fsym(€(A, g)) is a symmetric fusion category.

Proposition 5.17. The group homomorphism (61)
J 1 Pic(€(A*, gl41)) — ker(d)
is an isomorphism.

Proof. The homomorphism j can be explicitly described as follows. For g in
P(AL, g|41) the image j(g) € P(A, g) is the composition

j(g): A — AL S At < 4,

where the first arrow is the restriction of a character and the last arrow is the
embedding.
We will construct the inverse homomorphisms

i 1 Ker(d) — Pic(6(AL, gl40))
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to j. Let f € Ker(d). Then f o6 = 0; that is, flA/Ai = 0. By Remark 5.13 we
also have f* € Ker(d), and hence f* o6& = 0. Taking the dual we get 6 o f =0,
that is, f(A) C A+. Hence f descends to a homomorphism

i(f): ALZ A/(A/AT) > A,
which is easily seen to be in P(A*L, g|41). O

Now let 6(A, ¢g)) be a pointed category whose symmetric center Zy, (6(A, q))
is tannakian. In other words let ¢| 41 = 1. Note that in this case the form g descends
to A/A+ (we denote the descendent form by §). Below, we describe the kernel of
the homomorphism (62) for €(A, q).

Proposition 5.18. Let g|,. = 1. Then the kernel of the canonical homomor-
phism (62)

coker(Pic(CG(A, q)) KN Autbr(%(A, q))) — Aut(AL)

is isomorphic to the abeliaan group Hom(A /AL, AY). In other words, the cokernel
C = coker(Pic(CG(A, q)) —> Aut™ (€(A, q))) fits into an exact sequence

0 —— Hom(A/At, AY) —= C —— Aut(A"1) . (88)
Proof. From the commutativity of the diagram

P(A,q) O(A, q)

| l

P(A/AY.§) — = O(A/AR.§)

it follows that coker(P(A, q) i) O(A, q)) coincides with
ker(O(A, ) = O(A/A*, §))/im(d) Nker(O(A, ) — O(A/AL, §)).

Now ker(O(A, g) = O(A/A*, §)) consists of automorphisms of the form id4 + ¢
for ¢ € Hom(A, A+). Indeed any element of ker(O(A, q) — O(A/A™L, é)) must
have this form and conversely any automorphisms of this form preserves g:

q(a+¢(a)) =q(a)q(@(a))o(a, ¢(a)) =q(a).
Note that composition of automorphisms induces the following group operation on
Hom(A, A1):
prU=¢+U+poy.
It is straightforward that C = {¢ € Hom(A, A1) | id4 + ¢ is invertible} with the
group operation x fits into an exact sequence (88).
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All we need to show now is that the intersection of im(d) with the kernel
of O(A,q) — O(A/AL,§) is trivial. Assume that 3(f) = idy + ¢ for ¢ in
Hom(A, A1). Then ¢ = — f o6 so thatim(f) C A+. We also have 8(f*) =id s+
for Y € Hom(A, A1), which implies that im(f*) C A+. Then
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A Gross—Zagier formula for quaternion
algebras over totally real fields

Eyal Z. Goren and Kristin E. Lauter

We prove a higher dimensional generalization of Gross and Zagier’s theorem
on the factorization of differences of singular moduli. Their result is proved
by giving a counting formula for the number of isomorphisms between elliptic
curves with complex multiplication by two different imaginary quadratic fields K
and K’ when the curves are reduced modulo a supersingular prime and its powers.
Equivalently, the Gross—Zagier formula counts optimal embeddings of the ring of
integers of an imaginary quadratic field into particular maximal orders in B, o,
the definite quaternion algebra over @ ramified only at p and infinity. Our work
gives an analogous counting formula for the number of simultaneous embeddings
of the rings of integers of primitive CM fields into superspecial orders in definite
quaternion algebras over totally real fields of strict class number 1. Our results can
also be viewed as a counting formula for the number of isomorphisms modulo p| p
between abelian varieties with CM by different fields. Our counting formula can
also be used to determine which superspecial primes appear in the factorizations
of differences of values of Siegel modular functions at CM points associated to
two different CM fields and to give a bound on those supersingular primes that
can appear. In the special case of Jacobians of genus-2 curves, this provides infor-
mation about the factorizations of numerators of Igusa invariants and so is also
relevant to the problem of constructing genus-2 curves for use in cryptography.

1. Introduction

The celebrated theorem of Gross and Zagier [1985] gives a factorization of norms
of differences of singular moduli: values of the modular j-function evaluated at
CM points associated to imaginary quadratic fields. Let K and K’ be two imaginary
quadratic fields with relatively prime fundamental discriminants d and d’. For t
and 7’ running through equivalence classes of imaginary quadratic integers in the
upper half-plane modulo SL,(Z) with disc(t) = d, disc(z’) = d’, and w and w’

MSC2010: primary 11G15, 11G16; secondary 11G18, 11R27.
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equal to the number of roots of unity in K and K’, respectively, define

4/(ww')
J(d,d’>:( I1 (j(r)—j(r/))) :
[t],[7']

Then the Gross—Zagier thereom states that if A is a prime of Ok of characteristic p,

ord, J(d,d) = % 3 5(x)R(d”Z;f2>,

xeZ n>1

where R(m) is the number of ideals of Og of norm m and §(x) = 1 unless x is
divisible by d, in which case it is 2. Their results can also be viewed as a counting
formula for the number of isomorphisms between the reductions modulo primes
and their powers of elliptic curves with complex multiplication by two different
imaginary quadratic fields K and K'. This in turn is equivalent to counting optimal
embeddings of the ring of integers of an imaginary quadratic field into particular
maximal orders in B, ., the definite quaternion algebra over QQ ramified only at p
and infinity. Gross and Zagier gave an algebraic proof of this result under the
additional assumption that d is prime, and the algebraic proof of the theorem was
extended to arbitrary fundamental, relatively prime discriminants in a series of
papers by Dorman [1988; 1989a; 1989b].

In this paper, we prove a generalization to higher dimensions of Gross and
Zagier’s theorem, which can also be viewed in three ways: (1) a statement about
primes in the factorization of differences of values of Siegel modular functions
at CM points associated to two different CM fields, (2) a counting formula for
isomorphisms modulo p between abelian varieties with CM by different fields, and
(3) a counting formula for simultaneous embeddings of the rings of integers of two
primitive CM fields into superspecial orders in certain definite quaternion algebras
over a totally real field.

First we explain our interest in these three contexts. Assume throughout that K
and K’ are primitive CM fields with a common totally real subfield K* =K't = L
and [L : Q] = g, where L has strict class number 1. In the special case of g = 2,
we are inspired by some concrete calculations of values of certain Siegel modular
functions at CM points associated to primitive quartic CM fields. Let C and C’
be two genus-2 curves whose Jacobians J and J' have complex multiplication
(CM) by K and K’. In analogy with the modular j-invariant for elliptic curves, for
genus-2 curves Igusa defined ten modular invariants. Equality of these ten invariants
determines whether two curves are isomorphic geometrically, so primes appearing
in the factorization of all ten differences correspond to primes where the curves
become isomorphic when reduced modulo that prime. Concrete calculations and
the tables of van Wamelen [1999] suggest that such primes are “small”. An explicit
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characterization of such primes gives information about the numerators of Igusa
invariants and thus has some value computationally as well.

Thus, we are led to be interested in counting the number of isomorphisms modulo
various primes and their powers between abelian varieties with CM by two different
CM fields K and K’'. The existence of an isomorphism modulo p between abelian
varieties with CM by two different CM fields K and K’ with K+ = K’" implies
supersingular reduction modulo p. Fixing an abelian variety A with CM by K,
each isomorphism modulo p with an abelian variety A" with CM by K’ gives an
embedding of Ok into Endg, (A). In the case of superspecial reduction, we can
give a very explicit description of the orders Endg, (A), which allows us to derive a
formula that counts such embeddings.

Nicole introduced the notion of superspecial orders in definite quaternion algebras
over totally real fields as a generalization of maximal orders in definite quaternion
algebras over Q; see [Nicole 2005; 2008]. These orders were further studied in
[Charles et al. 2009a; 2009b; Goren and Lauter 2009], where related Ramanujan
graphs were constructed and certain cryptographic applications suggested. Through-
out this paper, assume that p is a prime number that is unramified in the totally real
field L of degree g and strict class number 2™ (L) = 1. Under these assumptions,
a superspecial order in B, | := B, o, ®q L is an Eichler order of level p. The
connection with geometry is given in the thesis of Nicole, where it is shown that
Endg, (A) is a superspecial order for A a principally polarized superspecial abelian
variety with RM over F »- Conversely, every superspecial order arises in this way
from such an abelian variety A.

Next we give an overview of the results of the paper. The core of the paper
is the generalization of Dorman’s work constructing and classifying superspecial
orders in B, ; with an optimal embedding of a CM number field K with K tT=L.
First, Section 3 is devoted to giving a description of the quaternion algebra B,
with a fixed embedding of the CM field K for superspecial primes, i.e., unramified
primes p such that an abelian variety with CM by K has superspecial reduction
modulo a prime P3| p in a field of definition of the abelian variety. Sections 4 and 5
establish a classification of superspecial orders with an optimal embedding of K,
giving both an explicit construction of all such superspecial orders and a bijection
(up to conjugation by elements of K *) with the class group of K (Theorem 5.7).
These three sections together establish the generalization to g > 1 of Dorman’s
work on orders [1989a] and fix several gaps in his proofs.

Section 6 gives a method for counting embeddings by counting elements of the
superspecial orders with a prescribed trace and norm in a way that generalizes the
Gross—Zagier formula. Our method is very similar to Gross—Zagier’s and Dorman’s;
their results are the special case g = 1. To make the link between the algebraic and
the geometric sides of the story, we include the determination of endomorphism
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rings of superspecial abelian varieties in Section 7. Section 8 connects the counting
formula for isomorphisms between CM abelian varieties with the counting formula
for embeddings into superspecial orders.

The main result of the paper is an explicitly computable counting formula for the
number of isomorphisms modulo 3| p between abelian varieties with CM by two
different CM fields K and K’ with Kt = K’ (Theorems 6.5 and 8.2). This formula
can be viewed as an intersection number under the assumption that a reasonable
lemma in intersection theory holds (Section 9). Less precisely, we refer to this
value as a “coincidence number”. It also has an algebraic interpretation as the
number of “optimal triples” of embeddings of Og and Ok into superspecial orders
(Section 8.4).

For primes of supersingular reduction for CM abelian varieties, a separate com-
putation of the endomorphism rings is given in Section 10. In Section 11, a volume
argument such as was used in [Goren and Lauter 2007] is given to establish a bound
on primes p of either supersingular or superspecial reduction, where isomorphisms
exist modulo p between CM points associated to K and K’. In Section 12, an
example of two Galois CM fields is given and all primes dividing the differences of
the Igusa invariants are examined and compared with our counting formula.

The authors thank the referee for helpful comments to improve the paper.

2. Preliminaries

2.1. Quadratic reciprocity for number fields. Let L be a number field and y and §
prime elements of L that are nonassociates such that (y§, 2) = 1. Define

(y):{ 1 if y =0 modS$,

B 1 else.

Let B := (VT‘S) be the quaternion algebra over L defined by the elements y and §.
For any place 1 of L, including the infinite places, define

1 if B® L, is split,
—1 else,

(J/, 8)71 = {

and we have the following analogue of quadratic reciprocity for the number field L:
Proposition 2.1. (1) If n is a finite prime such that 112, then (y, 8),, = 1 if and
only if x> — yy* — 82> = 0 has a nontrivial solution modulo .
(2) If nis complex, then (y, 8), = 1.

(3) Ifnisreal (n: L — R), then (y, §), =1if and only if n(y) > 0 or n(8) > 0.
That is, (y, 8), = —1 if and only if both n(y) and 1n(38) are negative.
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@ (5)() = T,
nl2

where r(y, 8) equals the number of real places n such that both n(y) and n(5)
are negative. In particular, if either y or § are totally positive, then

() =002 Toon

7|2

-1 .
5) (5) L=,
where r(y) is the number of real places n such that n(y) is negative.

Proof. We prove (1). By [Vignéras 1980, Chapter II, Corollary 1.2], (y, §), =1 if
and only if x> — yy% — 8z = 0 has a nontrivial solution in L,,, where by “nontrivial”
we mean a solution where at least one of the variables with nonzero coefficients
is nonzero. Suppose that x> — yy? — 8z = 0 has a nontrivial solution in L,.
By multiplying by a common denominator, we can assume x, y,z € 0y, and
one of them is a unit. Then reducing modulo 7, we get a nontrivial solution to
x? —yy? —8z> =0 mod 5. Conversely, suppose x> — yy> —8z> =0 mod 1 has a
nontrivial solution. By Hensel’s lemma, we can lift the solution to Op, .

Part (2) is clear, and (3) follows from loc. cit. because x> — n(y)y*> —n(8)z2 =0
has a nontrivial solution in R? if and only if either n(y) > 0 or n(§) > 0.

To prove (4), first note that (y, §),, = 1 if and only if x2—yy?—8z2=0
has a nontrivial solution modulo y if and only if § = (x/z)? for some nonzero

x,z€0r/(y) if and only if (%) = 1. By the product formula,
_ 1Y@ S\(v
L=[]0r. 80 = 1" Dy, 5)2(y)<5> [T .o
n n finite
n2ys

But for {2y8, x2—yy?—8z> =0 has a nontrivial solution modulo 7, so (y, 8)y,=1.
Similarly for (5), for any real place n, n(y) > 0 if and only if (-1, y), =1, so
it follows from the product formula that

=Tl ()L 0

2.2. The ring of integers in CM fields. Let K be a CM field with a totally real
subfield K+ = L. Assume that L has strict class number 1. Let % k/L be the
different of the extension, and let n denote a prime ideal of Op.

Lemma 2.2. (1) Ox = O.[t], where t*> + at + b = 0 for some a,b € Oy, and
QD}}L = (1/4/d) with d = a® — 4b a totally negative element of Oy.
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(2) Assume for n|2 that if n|a then b is not a square modulo n. Then (d,?2) =1,
and d is square-free.

Proof. Part (1) is proved in [Goren and Lauter 2006, Lemma 3.1].

We now prove (2). Since Og = Op[r]/ (t2 +at + b), the prime decomposition
of every prime 7 is determined by the prime factorization of 1> + at + b mod 7. If
n is ramified, that implies that 1> 4+ at + b = (t — ¢)*> mod 5 for some ¢ € 0 /().
But since 7|2, we have

(z‘—c)zztz—czzz‘z—i—c2 mod 7,
o)
t*+at+b=(t—c)> modn <= nla and b= mod 1.

Thus, our condition implies that Ok is unramified over all primes 7|2. It follows
that (d, 2) = 1.

Next we prove that d is square-free. Let n be a prime of O not dividing 2. For
nld, we have Ox ®q, Or, = @Ln[«/g] because Ox = Oz[(—a + ~/d)/2]. Write
@Ln[\/g] = @Ln[\/m]’ where u is a unit at n and oy |d. If > 1, then

OLn[ /u-a;]:@Ln—i-@Ln- fu-of

has no element of valuation 1, which is not possible. Indeed, if 7 is a uniformizer
of Ok, with valuation normalized so that val,(0.,) = Z>o, then for x € Of,,
val; (x) =2val,(x) € 2750, and

val,, (\/m) = %val,r (u -a;) = val, (u “12) - r

In other words, we have shown that discriminants of quadratic extensions of p-adic
fields are square-free when p # 2. U

Lemma 2.3. We have Og = 01 [(a’ + ~/d)/2] exactly for the a’ € Oy such that
a' = a mod 20;. Such a’ satisfy (a')> = d mod 40;. Conversely, given a’' € O
such that (@')* = d mod 40, we have Ox = 0[(a’ + \/3)/2].
Proof. If a’=a mod 20, we have O =0, [t]=0, [(a+~/d)/2]1=0.[(a'++/d)/2]
if @’ = a mod20;. We have d = a> — 4b = a> mod 40;. Then also (a)? =
(a+2y)* =a’+4ay +4y> =d mod 40 .

If 0, [(a ++/d)/2] = O.[(@’ ++/d)/2], then

which implies that
a+~/'d=2u+vd +vd,

and so
v=1 and a=2u+d = a=a mod20,.
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Finally, suppose a’ € 0, satisfies (a’)? = d mod 40;. Then (a’ + v/d)/2 is
integral. Therefore, we get successively

a++vd _ a++/d
2 —l/l+v< 2 )a

from which we get successively
d ++vd=2u+va+vvd, v=1, a=da mod?20;,. O

2.3. CM points on Hilbert modular varieties. Assume that L is a totally real field,
[L : Q] = g, and L has strict class number 1; we write hzr = 1. This implies
that (0;>)" = (0.>)2. In this case, the Hilbert modular variety #; associated
to L is geometrically irreducible and affords the following description. It is the
moduli space for triples (A, t: Oy — End(A), n), where A is a complex abelian
variety of dimension g, ¢ is a ring embedding, and 7 is a principal O -polarization
or, equivalently, 7 is a principal polarization and the associated Rosati involution
fixes O elementwise. We have #; = SL,(0p) \ $%; see [Goren 2002, Chapter 2,
§2]. Our interest is in the parametrization of CM points on ¥y .

2.3.1. Abelian varieties with CM. Let K be a CM field such that KT = L. We
consider triples
(A,1:0g — End(A), n) (2-1)

such that A is a g-dimensional complex abelian variety, ¢ is a ring homomorphism,
and 7 is a principal Ok -polarization, by which we mean a principal polarization
whose associated Rosati involution induces complex conjugation on K.

Such datum produces a point on ¢, namely, the point parametrizing (A4, t|g, , n).
This will be examined later. First we want to classify triples (A, ¢, n) as in (2-1) up
to isomorphism.

To a triple (A, ¢, n), we may associate a CM type & that records the induced
action of K on T4 , the tangent space to A at the origin. The theory of complex
multiplication then asserts the existence of a fractional ideal a of K such that

(A, 0) = (C¥/P(a), tcan),

where ®(a) is the lattice {(¢1(a), ..., pg(a)) :aca}and ® = {1, ..., @g}; tcan IS
the canonical action of Og on that abelian variety obtained by extending the natural
action on & (a). Furthermore, the principal polarization 7 is induced from a paring
on K of the form

(x,y) = Trg,alaxy)

for some a € K. The conditions on a ensuring the associated polarization, say 7,
is principal are these:
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(1) (a) = Dgad)~".
) a=—a.
3) Im(gp;(a)) >0fori=1,...,g.

It follows easily that for every A € K, the principally polarized abelian variety
associated to (P, a, a) in the manner above is isomorphic to that associated to
(®, Aa, (A1)~ 'a). Furthermore, any isomorphism of principally polarized abelian
varieties (A, t,n) = (A’, ', ') as in (2-1) arises that way.

Now, given a fractional ideal a of K, the ideal aa is of the form bOg for some
fractional ideal b of L, and since h; = 1, we can write (aa)~' = A0k for a suitable
A € L. The fractional ideal Qb;l is of the form d~!/20, where d is a totally negative
element of L. Thus,

@)~ = (hd ™'/,

and Ad—1/2 = —Axd~'/2. We are free to change A by any unit € € 0. Since
(0.)T = (0.™)?2, it follows easily that for any choice of signs s, .. ., Sg in {1},
there is a unit € € O, such that the sign of ¢; (¢) is s;. Since

Im(gi (eAvd ') = gite) Im(gs (i ).

by choosing € properly we may arrange Im(g; (e)m/gfl)) >0foralli=1,...,g.
We have thus shown that for every fractional ideal a of K, there is a suitable a such
that (P, a, a) gives a principally polarized abelian variety with CM by K.

Our discussion so far shows that the isomorphism classes of principally polarized
abelian varieties with CM by O are in bijection with equivalence classes of the set

{(®,a,a): P isaCM type, a satisfies (1)—(3) above relative to (P, a) }.

The equivalence relation is (®, a, a) ~ (®, Aa, Aa) for A € K* and, further, that
every pair (P, a), where ® is a CM type and a is a fractional ideal, appears in a
suitable triple (®, a, a).

Given (®, a, a) and (®, a, b), there is a unit € € O * such that b = €;a because
both a and b generate the ideal (@ aa)~!. Since @ = —a and b = —b, it follows
that €; € 07, and since Im(¢(a)) > 0 and Im(¢ (b)) > 0, it follows that €; € 07 .
Using that 0, T =0, %2 we conclude that there is an € € 0, such that €; = €2 = €.
Thatis, (®, a, a) ~ (P, a, b). We therefore conclude that, in the strict class number 1
case, isomorphism classes of principally polarized abelian varieties with CM by K
and a fixed CM type are parametrized by the ideal classes of K.

2.3.2. CM points on #. Let (A,1:0Ox — End(A)) be a complex abelian variety
with CM by K (so [K : @] =2dim(A)). Since hzr =1, it carries a unique principal
polarization up to isomorphism. Consider Endg, (A). We use [Chai 1995, Lemma 6,
p- 464]. In the notation of that lemma since A has CM, only cases III(a) and IV
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can arise. But since we are working over the complex numbers, in fact only case
IV can arise, and according to which, A ~ B", where B is of dimension g/n
and has CM by a CM field Ky whose totally real subfield L¢ is contained in L
and satisfies [L : Lg] = n. One has End% (A) = L ®, Ko, which is a CM field
according to that lemma. It follows, because K is primitive, that End(z (A)=K. As
a consequence, once a RM structure is specified on A, there are precisely two CM
structures extending it; if ¢ : Ox — End(A) is one of them, the otherist:=to7,
where 7 is complex conjugation on K. If ¢ has CM type ®, then 7 has CM type ®.
Let & be the set of CM types for K.

Proposition 2.4. Let (®, [a]) ~ (@, [a]) (= (P, [a~'])) define an equivalence
relation ~ on F x CI(K). Then the set F x CI(K)/ ~ has 287! x # CI(K) elements
and is in a natural bijection with the K-CM points on ¥, that is, with the points
(A, 1:0p — End(A), n) for which we can extend t to an embedding Ox — End(A)
whose image is fixed (as a set) by the Rosati involution associated to n.

3. Quaternion algebras over totally real fields

Let L be a totally real number field of degree g and strict class number 1. Let p be
a prime number unramified in L, and let

B, :=B)®alL,

where B),  is the rational quaternion algebra ramified at p and co alone. Let

S:={p<OL:plp}

be the set of prime ideals of L above p, and let

So={peS:f(p/p)=1mod2}

be those with odd residue degree. The algebra B, ; is ramified precisely at all
infinite places and at the primes p € Sp.

The rest of this section and Sections 4 and 5 are devoted to giving a description
of the quaternion algebra B, ; and a classification of some particular orders under
the assumptions that all primes p € S\ Sy split in K and all primes p € Sy are inert
in K. First we prove that this assumption is satisfied when p is an unramified prime
of superspecial reduction for an abelian variety with CM by K.

3.1. Splitting behavior in the case of superspecial reduction.

Proposition 3.1. Let p be a rational prime unramified in K. Let A be an abelian
variety with CM by O defined over a number field M with good reduction at a prime
ideal py of M dividing the rational prime p. Assume that A has supersingular
reduction modulo . Then every prime in Sy is inert in K. Assume further that A
has superspecial reduction; then every prime in S\ Sy is splitin K.
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Proof. Since A has supersingular reduction, say A, End? (A) = B, 1 = B, ®q L
[Chai 1995, Lemma 6], and so

K — BPsL‘

Thus, at every prime 3 of K above a prime p of L, the field K splits the quaternion
algebra B, ; ® Ly. The quaternion algebra B, ;, is ramified precisely at the primes
in Sy and at infinity, so if p € Sy, we find that each K is a quadratic field extension
of Ly; that is, since p is unramified in K, all the primes in Sy are inert in K.

Assume now that there is a prime p € S\ Sp that is inert in K, and let *J3 be the
prime of K above p. Let us denote the embedding of 0; into W (F p) associated to p
{¢1,...,9r} and f = f(p/p), where we may order the embeddings so that o o
¢; = ¢;i+1 and o denotes the Frobenius automorphism. Each embedding ¢; is the
restriction of two embeddings of O into W (F p) that we denote 1//1.1 and z//iz, where
one is the composition of the other with complex conjugation. Since 3 is inert over
p, o still acts transitively on the set {wl.j i=1,...,f,j=12}.

The Dieudonné module of A decomposes as D = @pl » D(p) relative to the Op,
structure. Let H := D(p). Then H decomposes further as

f f
H=&DH(p) = HW) O HY).
i=1 i=1
where H(g;) is a free W([? p)-module of rank 2 on which O, acts via ¢;, and
it decomposes into a direct sum of two free W (F p)-modules of rank 1, H (lﬁil)
and H (wl.z), on which Ok acts by wil and lﬁiz, respectively. Now, the transitivity of
the action of ¢ on the wij means that we can order them so that

oyl ="yl i=12..f-1,

ooy =i,
coyl=vyl,, i=12..,f—1,
ooy =1
Let us choose a basis {eij :i=1,2,..., f,j=1,2} for H such that eij spans

H (1//1:/ ). Note that the kernel of Frobenius on H := H mod p is an Og-module and
is one-dimensional in every H (¢;) because A satisfies the Rapoport condition or,
alternately, for each i, precisely one of {wil, wiz} belongs to the CM type. Suppose,
without loss of generality, that e} spans the kernel of Frobenius in H (¢;); then we
must have that Fr(e%), which is equal up to a unit to e%, spans the kernel of Frobenius
in H (¢») (this is where “superspecial” is being used), and by the same rationale, we
find that the kernel of Frobenius in H (¢;) is spanned by el.l for i odd and by ei2 fori
even. In particular, the kernel of Frobenius in H (¢ ) is spanned by e? because f is



A Gross—Zagier formula for quaternion algebras over totally real fields 1415

even. Now, by the same rationale, Fr(e}-) spans the kernel of Frobenius in H(p1),
and it lies in H (1&12) because o o Y ]1, = wf. This is a contradiction. O

3.2. A description of B, ;. Next we give a description of the quaternion algebra
B, in terms of a CM field K for a certain set of primes p, which according to
Proposition 3.1 includes the superspecial primes of K. This description generalizes
the approach of Gross and Zagier.

Notation. If q is a prime ideal of L, let aq denote a totally positive generator of .
It is unique up to an element of 07 %" = 0 **2. Write p = HpeS .

Proposition 3.2. Let K be a CM field and K™ = L. Assume p is odd and unramified
in L and that all primes p € S\ So split in K and all primes p € Sy are inert in K.
These conditions imply that K embeds in By 1. Assume that the discriminant
0k /L = (d) satisfies (d,2p) = 1. Then there is a totally negative prime element
oo € Op such that (ag, 2pd) = 1, the ideal (ay) is split in K, and

~ (d,op
B, = (’_>
p.L [

Proof. We first need a lemma.

Lemma 3.3 (Primes in arithmetic progressions). Let L be a number field, and let
Vi, ...,V be some of L’s embeddings into R. Let vt <<O be an integral ideal and
r € O an element such that (r, v) = 1. Then there is a prime element « € O such
thata =r mod v and vi(a) >0 fori=1,...,¢t.

Proof. We may assume v;(r) > 0 fori = 1,...,¢. Indeed, one may replace r
by r 4+ n for any element n € v. Since t @ Q@ = L, for any ¢ € R, v contains elements
n such that v(n) > ¢ for every real place v of L. Taking C = max{|v;(r)|:v;(r) <0}
and a suitable element n € v, we get v;(r +n) >0fori =1, ...,¢.

Consider the modulus tvivy --- v, = m and the ray class group modulo m,
I(m)/P(m). Here I(m) is the multiplicative group of fractional ideals prime
to m and P(m) is the subgroup of principal ideals having a generator 8 such
that 8 =1 mod m and v;(8) > 0 fori =1,...,¢. Let L(m) be the correspond-
ing class field with Gal(L(m)/L) = I (m)/P(m). The ideal (r) is an element of
I(m)/P(m). Let

o:=((r), L(m)/L) € Gal(L(m)/L)

be the Artin symbol. By Chebotareyv, there is a prime ideal p such that (p, m) =1 and
o =0y =(p, L(m)/L).
Also, p is equivalent to (») modulo P (m) and hence also principal. Indeed,

oplg, =0lm, = ((r), L(m)/L)|y, = 1.
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Since Gal(Hp/L) = I/P, we must have that p is principal. Let (o;) = p. By
construction, («1) = (r) in I (m)/P(m). That means that the ideal (;r~1) has a
generator uo 7!, u € 0%, such that

uozlr_l =1 mod m.
Let « = uay. Then @ =r mod m, meaning « =r mod ¢, and foreveryi =1, ..., ¢,
v; (ov) has the same sign as v; (r), i.e., is positive. O

According to Lemma 3.3, we can choose o € O satisfying these conditions:

(1) «ag is a totally negative prime element of Oy .

(2) ag= p mod n" for each 1|2 and some N >0 (for the choice of N, see below).
(3) ap = p mod q for each q|d.

4) ap=1 mod p.

Since x? —dy? —agpz> =0 mod n" has a nontrivial solution and N is large enough,
by Hensel’s lemma there is a p-adic solution. We therefore have

(d, aop)y =1 forall 5|2, (%) - (%) forallqld  (3-1)

and (ag, 2pd) = 1. J
To show that B, ; = (%), we need to check the following:

1. (d, app), =1 for all n|2. This follows from (3-1).

2. (d, agp),=1for all finite n with n{dagp. This is because x2—dy’—appz>=0
mod 1 has a nontrivial solution.

3. (d, app), =1 for all finite n such that n|d. This is so because x? —appz? =

0 mod 7 has a nontrivial solution if and only if (%) = 1, which is true by (3).

4. (d,app), =1forall n € S\ Sp. Indeed, x% —dy? =0 mod 5 has a nontrivial
solution if and only if d = [J mod 7, which holds if and only if 7 splits in K.

5. (d, agp),=1if n=0ag. This is so because the congruence x2—dy*=0 mod o
has a nontrivial solution if and only if ((f—o) = 1. We will examine this below.

6. (d,agp), =—1forall n € Sp. Indeed, x%— dy2 = 0 mod 7 has only the trivial
solution if and only if d # [J mod 5, which holds if and only if 7 is inert in K.

7. (d,app), = —1 for all n real. This is so because x?2—dy? —oagpz?=0in R

has only the trivial solution (since —d and —oqp are both positive).

So it remains to prove only that (aio) =1.
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Write d = (_1)'Hq|d°‘q and p = ]_[mpap. Then

)-GO
_ (;_01) g((£>(a0, aq)2> (by quadratic reciprocity)
= (GTI(TT(E) e e (since ()= (£))
- (;_01)(0(0, ~d» [] 3‘7';
ald.plp
_ (;_01)(0(0, —d), qglp(zﬂ>(ap, ag)2  (by quadratic reciprocity)
_ <_—01)(010, —d), g(;—f)(—d, ap)
_ (;_01)(@0, ~Da(ao, ) ﬂ(;—:)(ap, —1)a(ay, d)2<0%>
= (=)%(aq, d)s ﬂ(%, d)z(aip) (by Proposition 2.1(5))
= (=D&(aop, d)a(—=1)* (by our assumptions on K).

This equals (—1)$7#% since (agp, d), = 1 for all 17|2; but the exponent, being
the number of ramified primes of B, ;, is necessarily even. This concludes the
proof. (Il

3.3. Another description of the quaternion algebra B |.

Definition 3.4. For «, 8 € K, define

—( «_B
lo, B]:= (aopﬂ_ o_[) € My(K).

Lemma 3.5. With assumptions as in Proposition 3.2, B, | = {[a, Bl :a, B € K }.

Proof. Proposition 3.2 implies that B, ; = L®Li® Lj® Lij with i’=d, j>=agp,
and ij = —ji. We can write this as K @ Kj with the multiplicative structure such
that, for x, y € K, we have x(yj) = (xy)j, j> = agp, and

xj = (X1 +x20)j =x1j +x2ij = jx1 — jixy = j(x1 —ixz) = jx.

So for the isomorphism x + yj — [x, y] to respect the multiplicative structure, it is
enough to check the following:
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(1) [, 01[0, B] = [0, ap], so

«0\[( 0 B\ ([ 0 op
(0 o‘t) (aopﬁ 0>_(aopa_ﬂ 0)’

(2) [0, 11%> = [agp, 01, so

0 1 0 I\ (aop O
aop 0/ \aop 0/ \ 0 aop/’

3) [«, 0][0, 11 =0, 1][a, 0], so

(5.2) (ea 0)=(apa 0)=(ap o) (50) - @

4. Orders in the quaternion algebra B, ;.
By Proposition 3.2, the ideal «gOy, splits in K. Write
a0k = o - o,
and let 9 =9k, = («/Z) be the different ideal of K /L.

Definition 4.1. Let a be an integral ideal of Ok . For each q|d, fix a solution A4 to
x% = agp mod q.
Let e(a, q) € {1} be a choice of sign for each q|d and A € L, (1, d) =1, such that
() A=¢(a, q9)Aq mod q, Vq|d and
(2) rast~'a"'ais an integral ideal of O.
This is possible by the Chinese remainder theorem and using (4~ 'a~!a, d) = 1.
We shall denote €(a) the vector of signs {e(a, q) : q|d}. When we need to
emphasize the dependence of A on the choice of signs, we shall write A(q) instead
of A. For example, one particular choice of signs that we will often make is

e(a, q) = (=1)"¥a@ where § <1 O is an ideal such that q0x = G, and we denote
Aq the corresponding A.

Let [ € O be any nonzero element such that (/, «od a'a)=1and/is split in
K /L. In particular, / could be a power of p. Now define

R:=R(, 1D ={[a,pl:acD ", peD 't la""d, a =18 mod Ok }.

Proposition 4.2. Apply assumptions as in Proposition 3.2. In particular, K is a
CM field such that K+ = L has strict class number 1, the discriminant of K /L
is prime to 2 and thus square-free, and p is odd and unramified in K. All primes
p e S\ Sy splitin K, and all primes p € Sy are inertin K. Then:
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(1) R is an order of B, | containing Ok.
(2) R has discriminant p - 1.
(3) R does not depend on the choice of A as long as ) satisfies the same local sign

conditions.

Proof. (1) It should be clear that R is a finitely generated 07 -module containing
Ok = {ler, 0] : @ € Og }. We need to show that R is closed under multiplication.
The multiplication formula is

[x, ]z, w] = [xz + aopyw, xw + yZ],

and we need to show that, for [x, y], [z, w] € R, also [x, y][z, w] € R.
Step 1: Show that xz + agpyw € D'

A priori, xz € %2, and

agpyw € agpD ' a7 a1~ a1a
= agpD 2 (Ad)? = pD21* C D %m,

so it is enough to show that val(xz +aopyw) > —1 for all q|%. Letq=qN 0.
Then qOx = §*. We will work g-adically. Let 7 € © k; be a uniformizer such that

7 = —7 (the extension of complex conjugation from K to Kj).
Lemma 4.3. Such a & exists.

Proof. Choose a uniformizer my of O 0 and let Ky = Lq(,/m0). Then for K there
exists such a uniformizer. So it is enough to show that if q|g and g # 2 then any
g-adic field L; has a unique quadratic ramified extension. By local class field
theory, ramified quadratic extensions are in bijection with subgroups of index 2
of Of . There is a unique subgroup of index 2 of O since it contains @le and
0; /0;>=7/27. O

Note that 9~ 'sd~'a~ a0k, = (1/m)0k, since (s4,§) = 1, (/,§) = 1, and
(a~'a, ) = 1 because a~'d has no ramified or inert primes. Write then x = xo/7,
y=yo/m, z=20/7, and w = wp/7w with xg, yo, 20, Wo € OKa' So

x=AymodOgx = xg—Ayo € (wr) and z=Aw modOgx = zo— Awg € (7).

Now

_ 1 _
XZ+appyw = ;(xozo —appyowo),
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so it is enough to show valg(xozo — @opyowo) > 1. But

X0Z0 — o PYoWo = Ayorwo — o pyowo mod ()
= 2 yowo — g pyowo mod (1)
because conjugation is trivial mod (1)
= (A% — aop)yowo
= (A; — aop)yowo
=0 mod ().

Step 2: Show that xw + yz € 9~ 'sd~'la"a.

A priori, xw, yz7 € D24 a™!

all primes q|%. We need to show valg(xowo — y0Zo) > 1, using the same notation

a, so we just need to show valz(xw + yz) > —1 at

as in 1. We have, modulo (1), xowo — Y0Zo = Xowo — Y0Z0 = AYowo — Ayowo = 0.
Step 3: Show that xz + agpyw — L(xw + yz) € Ok.
A priori, by steps 1 and 2, xz + agpyw € 9~ and

row+yD) e st lalaca i co!
since Asd~'a~!a C Ok. Therefore, we just need to show that for all q|%,
valg(xz +appyw — Alxw + yz)) > 0.
Using the same notation as above, this is equivalent to
valg(xozo — ao pyowo — A(xowo — Y0Z0)) > 2.
Write xg = Ayo + x; and zg = Awg + 7z;. Then

(Ayo +mx1)(Awo + 121) — og pyowo — A(Ayo + mwx1)wo + Ayo(Awo — 7 21)
= (A* —aop)yowp + Amyo(z1 — 21) = 0 mod 7°

since (z1 —71) € () and (A2 — aop) €90, C (7r%). This proves conclusion (1) of
the proposition.

(2) We need to compute the discriminant of
R=R@, 1) ={le,fl:acD ' BB 'd " la"a,  =21B mod Ok}.

Let
R :={la,Bl: ¢ €0k, B ela"al.

Then R’ is an 07 -module of rank 4.

Lemma 4.4. We have disc(R’) = (lag pd)>.
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Proof. The quadratic form on R’ is det[a, 8] = @ — oo pBB =: g ([, B]). Note this
quadratic form coincides with the norm form on the quaternion algebra B, 1 ; writing

[, B] = [, 0]+ [0, BIIO, 1] = (a1 + a2i) + (B1 + B2i) J.
where i> = d and j* = agp, we have
Norm(a; + i + B j + Baij) = af — azd — Bieop + Bydoo p
= (a1 +azi) (o1 — i) —aop(B1 + Bai) (B1 — Pai)
= ad — agpPp.
The associated bilinear form is
([ B1. [y 81) = ay +ay —op(BS + o),
where 1 (x, x) = g (x). Note that ([e, 0], [0, 8]) =0,

([oe1, 01, [a2, O]) = eyaa +axyon = Trg/p g @z,

([0, B11, [0, B2]) = —aop(Bi1 By + B1B2) = —aop Tri /1 B1 By

To compute the discriminant of R” with respect to the bilinear form, we need to
compute the determinant of the matrix ({x;, x;)) for {x;} a basis for R". Choose
a basis {wy, wy} for Og as an Oz-module (for example, {1, ¢}). Choose a basis
{w3, wa} for la~'a as an Oz -module. By the above calculations, we see that

det({w;, w;)) = det(M,) det(M>),

where
Wi __ _
My = ( 2wy wiib +Ezw1> — (Tr(wiw)), i j=1.2,
wiwo + wowi 2wy wo
_ 2w3 w3 w3wg + wW4w3\ jp— —
M2 - p (w3u)—4+w4173 2w4u)—2 - aop(Tr(wle))a l’ .] _3a4
We have

det(M;) = —discg;.(Ox) and det(M>) = —(app) discK/L(la_ld).

For any Og-ideal b, disck,; (b) = discg /1 (Ok) NormK/L(b)2 [Lang 1986, Propo-
sition 13, p. 66], so

disc(R") = discg 1 (0x)* Normg . (la~'a)* (o p)* = (latg pd)*.

We remark that this uses that / is split in K /L. In a typical application, / will be
a prime lying above p. If p is inert in L, then it will automatically be split in K /L
according to the hypotheses of Proposition 3.2. If / is not split in K /L, we get a
higher power of / in the final answer. ]
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In order to show that R has discriminant p - [, the following lemma is needed:

Lemma 4.5. The following sequence is exact:

0— R < R5 a7 1410k — 0,

where

D' o e o

o Bl pe = =12 =gyl /0k.

Proof. First, R C R because o € Ok and A8 € Ma—la = (ra~'a) € Ogl C Ok.
Since A8 € O, clearly o = A mod Og. Now:

« Exactness at R: Clearly R’ C Ker(y). Now suppose [«, 8] € Ker(y). Then
B € la~'a, and so a € Ok because AB € Ok by the definition of A and o =
AB mod Ok. So [a, Bl € R'.

« Surjectivity of ¥: Let 8 € 9~ 's¢~'/a~'a. Then we have [A8, B] € R because
AMead s a la) c e 0g c T O

Thus, disck /. (R) = disck /. (R")/Normg 1 (Ds)? = (lag pd)? [ (aod)? = 1% p2,
so the discriminant of R as an order of B), ; is Ip. This proves conclusion (2).

(3) Finally, R is independent of the choice of A assuming A satisfies the same local
sign conditions. Suppose both A and A’ satisfy the conditions of Definition 4.1. Let
[, Ble R(a, A, 1), soa €D, peD st la"'a, and @ = A8 mod Og. Then

o —AB € Ox = (Vda) — MNdB) € (Vd),

and

(Vda) — N (VdB) — (. — 1) (VdB) € (Vd).

Now, because d is square-free and for all q|d we have ' = e(a, q)Aq = A mod q,
it follows that A — A’ € (d). But

A=A e(d) = r—A)VdBedlsd 'a 'a

and

AdB — N dB € Ok
by the definitions of A and A/, so
(A —A)WdB e Ox Ndld™ 'a 'a C ().

It follows that (vda) — A'(v/dB) € (v/d), so o = A’'B mod Og. O
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S. Classification of superspecial orders of B, ; in which O embeds, having
chosen an embedding K — B, ;,

By a superspecial order in B,, ., we mean an order of discriminant pO. An example
is R ®z 0y, for a maximal order R of B, . Let K be a primitive CM field such
that Kt = L. As before, d will denote a totally negative generator of the relative
different ideal @, . In this section, we classify the superspecial orders in which
Ok embeds, relying on the results in Section 4 and making the particular choice
of local signs &(a, q) = (—1)"¥@®  where § <1 O is an ideal such that qOx = §°,
and we denote A, the corresponding A. We shall prove that, once the embedding
K < B, has been fixed, the isomorphism classes of the superspecial orders in
which O embeds are in bijection with the ideal class group of K (Theorem 5.7).
Our classification of these orders will be achieved through a series of lemmas:

Lemma 5.1. Let Ry and R; be two superspecial orders in B, ;. Then Ry = R;

over K if and only if there exists ju € K such that Ry = R~ "

Proof. By Skolem—Noether, R = R; if and only if there exists u € B; ;. such that
Ry = puRou~"'. This is a K -automorphism if and only if u € Centp,, (K) =K. U

Lemma 5.2. Given a and X as in Definition 4.1, there exists c|d such that we have
R(a, L) = R(ac, hqe).

Proof. We have R(ac, Aqe, [) = R(a, Aq- A, \vaiz0, [) because

(=D
Aac = (—1)‘”’1‘3(“))&q mod q for all qld,
o)
Aac = Aa(—1)"¥© mod q for all q|d.
So as ¢ ranges over the ideals dividing d, we get all sign vectors ¢(a) that appear in
the left-hand side and each one once. (I

Lemma 5.3. Fix {by, ..., by} representatives for the class group of K and the
choice of local signs as above. Then every R(a, Ay) is isomorphic to R(b, Ay) for
some b € {by, ..., by}.

Proof. Let u € K* be such that b = pa for some (unique) b € {by, ..., by}. Then

1w R(a, ko)

(5 ) (i £) (6 2)

caed ! peddata, o= 1B mod@K}

o (m/w)B . IR
{(aop((ﬁ/u)ﬁ) a ) aed ", pe a a4, a=Aqf mo K}



1424 Eyal Z. Goren and Kristin E. Lauter

By setting b = % B, this is equal to
a b -1 -1 4—1p—1% M
— _|iaeD  ,beDT AT b b,a=Ar,=b modOg
aopb a I
because b = ua,

Bgcgtgtatah —g-1yp'p,
n m

and o = Aq (/) (/) B = Aa(p/p)b mod Ok .
Now it remains to show o = A4 (/)b mod Ok if and only if & = Apb mod Ok.

In other words, we must show that the following two conditions are equivalent:
(Vda) = xa%(\/ﬁb) mod§ for all §|v/dOk,

(Vda) = re(Vdb) mod q for all E{I\/E@K.

This can be checked in Ok, for every g. The point is that (—=D¥a® = (—yvala(@ .
(—1)¥@a( and so it is enough to show that 11/ji = (—1)*¥a*) mod §. This follows
from the fact that @Kﬁ = @Lq [7] with T = —m, so writing u =" -u with u € @,X(ﬁ,
we have # = u mod g and

B = (=1L =(=1) mod3i.
n u

Thus, we have proved that u ' R(a, Ay = R(ua, Ayq). O

Lemma 5.4. We have R(a, Aq) = R(b, Ap) ifand only if a='a =1b""b and val;(a) =
valz(b) mod 2 for all q|d.

Proof. (<) This is obvious.

(=)Let Be D 'sd~'a"'a and o := AoB. Since A, A~ 'a~'a C O, it follows that
o € B~ L. Therefore, [or, Bl € R(a, Aq) = R(b, Ap), 50 B € D~ 4~ 1b6~1b. Therefore,
'~ la'a € @'~ '6~'b. By symmetry, we have equality.

Furthermore, since [1q8, 8] € R(b, Ap), we have

Aaf =2 modOg forall B e 'd'a a.
Otherwise said,
B(a—rp) =0 mod Ox forall Be D 'd'a'a,

and this implies
Aa=Ap mod I ' Ta"la,

We conclude that

Aa=hip mod§ forall Gld (because (@, daa')=1).
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It follows that
(— 1@ = (— 1) ® for all ld. -
Lemma 5.5. For b, b’ € {b1, ..., by}, R(b, Ap) ~ R(V', Ay) if and only if b =b".

Proof. (<) This is obvious.
(=) Suppose R(b, kp) = ' R(0', Ay )t = R(1b’, Aup) (this second equality was

proved in Lemma 5.3 above). By Lemma 5.4, this implies

b lo=0"10E or WO 'lu=0bb"1p.

T I=l

An ideal f <1 O satisfies f = f if and only if f = j - Hﬁ\d §°@ for j € L. Indeed,
write f as a product of inert, split, and ramified prime ideals. Inert prime ideals are
generated by elements of L. Split prime ideals must appear in the factorization to
the same power as their complex conjugate because of the condition f = §. Thus, it
is actually some power of their norm that appears, and that is also generated by an
element of L. What remains is a product of some ramified primes.

Applying this to the ideal § = b’b~! i, we find that

po'=j-T]3@ v
qld
Note that R(1b’, Aue) = R((1t/)b’, A¢u/jer), so we can replace w by /] to obtain
R(b, 1p) = R(ub’, Ayp) with ub’ of the form

Mb/ — 1_[ Els(E]) .b.
qld
Now Ap = A, implies that each s(q) is even, so ub’ = kb for some k € K. Thus,
b’ = b because they are already representatives for the class group. U

Lemma 5.6. Any superspecial order R O Ok is isomorphic to some R(a, A).

Proof. Let ¢ be a prime ideal of L. For any ideal a of K, define orders R (a, Aq)
of (B, 1), exactly the same way as for R(a, Aq). The orders have the same properties
that were proved for the R(a, A,) in Proposition 4.2: independent of the choice of A
and conductor pOp, .

Then for an ideal a of K, we have R(a, Aq). = R°(a,, Ay, ). Let R be an order
of B, ; that contains Ok of discriminant pO;. For every ¢, the order R, is an
Eichler order of discriminant pOy_ as is the order R(0O, A¢)., where O represents
the trivial ideal class. For every c, there is a i € (B, 1) such that

Re = u 'R(O, ho)eite
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because Eichler orders of the same discriminant are locally conjugate. Furthermore,
Rc = M2(©Lc) .- (Bp,L)c = M2(LC)

for almost all ¢, and the same holds for R(a, A,). Now it is enough to show that we
can choose u, € K* for all ¢ because in that case

Re= 7' R(O, ho)epte = RE((1he): Auy))
for a collection of elements
{c: ¢ <10p prime, . = 1 for almost all ¢, u. € K* }.

Therefore, there is an ideal a of K such that, for all ¢, a, = (u.). The two orders R
and R(a, A,) are equal because they are equal locally everywhere, and we are done.

To show that we may choose u. € K for all ¢, we use [Vignéras 1980, Theo-
rems 3.1 and 3.2, pages 43—44] to produce an element v, such that

(D VC_I(MFIR(@» AO) o) Ve = MC_IR(@a Ao)cie = R and

(2) the embedding of Ok, into R, is the embedding of Ok into R(0, A¢g). conju-
gated by v /L.

Since conjugation by v u. fixes K. pointwise, this implies v, commutes with K.,
and so veu, € K. O

Our conclusion is that isomorphism classes of superspecial orders of B, ; in
which Og embeds are the isomorphism classes of R(a, A4). Thus, we have proved
the following theorem:

Theorem 5.7. Fix an embedding of K — B, ;. The isomorphism classes of the
superspecial orders in which Og embeds are in bijection with the ideal class group
of K via the map

[al = R(a, 1q).

Remark 5.8. In the case L = Q, Theorem 5.7 provides a different proof for the
main theorems of Dorman’s paper [1989a] on global orders in definite quaternion
algebras and corrects several minor errors and gaps in the proofs there. For example,
we correct the missing condition on the integrality for A% ~'s¢~'a~!a and the
resulting mistake in the proof of Proposition 2, and we give a different proof of the
one-to-one correspondence.

6. Main theorems on counting formulas

6.1. Assumptions and notation. Let L be a totally real field of degree g of strict
class number 1, p a rational prime that is unramified in L, and K a primitive CM
field with K+ = L. Using the same notation as in Lemma 2.2, write the ring of
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integers of K, Og = Op[t], where t2 4+ at + b = 0 for some a, b € 0y, and the
different 9 = D, = (ﬁ) withd =a?>—4b a totally negative element of Op.

Assume as in Proposition 3.2 that all primes p € S\ Sp split in K and all primes
p € Sp are inert in K and that the discriminant 0x,; = (d) satisfies (d, 2) =1 and
(d, p) =1. Let g € O, be a totally negative prime element such that

~ da (& 10]
By = ( L p)’

where (g, 2pd) =1, g = p mod q for each q|d, «p =1 mod p, and ¢¢Og = .

For [ € Oy such that (I, apda™'a) =1, let

R:=R(, 1D ={[a,fl:a D, pecD ' la"'a,a = 1f mod Ok }.

6.2. Counting simultaneous embeddings. Let K' be another CM field that has
©K’ = @L[w] and

disck//r = (Tr(w)? — 4 Norm(w)) = (d')

generated by a totally negative element d’ of L.
Now we are assuming we are in the situation where an abelian variety A with
CM by K has superspecial reduction modulo p, and we fix an isomorphism

Endo, (A) = R(a, 1)

for some unique a < Og (Lemma 5.6, Theorem 5.7). Then, to count simultaneous
embeddings of Ok =0 [w], i.e., embeddings Ox, — Endg, (A), we count elements
[a, B] € R(a, 1) with trace equal to Tr(w) and with norm equal to Norm(w), that
is, elements of the set S(a, A, 1), where

S(a, A, 1) = {[a, Bl= (aOO;B g) € R(a, A, 1)

: Trlee, B] = Tr(w), Norm[e, 8] = Norm(w)}.

Let [«, B] be an element of this set. Since

d 20 +1 d
@K=GL+@L-G+I= 1+2(a+\/_)211,12€@L
2 2
I3+ 144/d
= {#213,l4€@L,l3—al4EOmOdZ@L},

we can write « € ! in the form « = (I3 + l4«/3)/2«/3, where I3, [4 € O with
I3 —aly =0 mod 20, and in this notation, Tr(«) = Tr([e, B]) =14. So

o= x+Tr(w)vd

, x€0p, x—aTr(w)=0 mod?20,,
Wi L (w) L
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where a = —Tr(¢) and

B = ﬁy, yed 'a a.
Norm[e, B] = det[e, Bl = a& — aopBS
x +Tr(w)vd x —Tr(w)d 2
= : —oop—VYVY

24/d —2/d —d

1
= 7 0% = Tr(w)’d — 4o ply ),

Since

it follows that
—d (4 Norm(w) — Tr(w)z) =x2— 4a0plzy)7.
So an element [«, 8] of the set S(a, A, [) gives rise to a solution (x, y) to
dd = x* —4agpl’yy

with y € d~'a~'a, x € 07, and x = a Tr(w) mod 20, where x> — dd’ is a totally
negative element of Oy because « is. Call this set of conditions on x conditions C.

Our analysis allows us to define a function ¢ : S(a, A, ) = S;(a, x, [) that sends
[, B] — y (it is used in the proof of Theorem 6.5 below), where the set S (a, x, /)
is defined for an integral ideal a and x satisfying conditions C by

x2 —dd’}

Si(a,x,1):=1y esd 'a”'a: Norm(y) = yy =
dagpl?

For y € A4~ 'a~!a, the ideal generated by y can be written as (y) =< 'a™'a-b
for b an ideal of Ok, and Norm(b) = o9 Norm(y). We let S>(a, x, [) be the set

x2—dd

Sa(a, x, 1) = {b <10k : Norm(b) = pyE

b~ a%«}.
Proposition 6.1. The map S\ (a, x, 1) — S2(a, x, [) that sends y +— b, = (y)sdaa™!
is a surjective [wk : 1]-map, where wi equals the number of roots of unity in K.

Proof. To show that the map is [wk : 1], we first show b, = bs if and only if y = ué,
where 4 is a root of unity in K. Since b, depends only on (y), the “only if”” part
is clear. Now if b, = bs, then (y) = (8), so y = ué for some u € Og ™, but also
Norm(y) = Norm(§) = Norm(u) - Norm(y) implies Norm(w) = 1 implies u € pg.

Next we show that the map is surjective. Given b € S>(a, x, ), let y be a generator
of i~ 'a~'ab. Then y € 4~ 'a~'a, and

x> —dd
dagpl?

(Norm(y)) = (y7) = (
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Hence, there exists a totally positive unit €’ € 07 % = 0 *? with €’ = €2 such that

. x2—dd
evy= dagpl?
Changing y to €y,
_ x?—dd
vy = dagpl?

So y € S (a, x, 1), and since it is still true that (y) =d""a"'ab, we have b,=0b. O

Now given an element y of S;(a, x, [), we can construct elements of S(a, A, /)

as follows. Let
oy = SHTrw)Vd .
23/d Jd'

First, we note that « € @~ ! if and only if (x + Tr(w)~/d) /2 € Ok if and only if
x € O and x = a Tr(w) mod 20, which holds because x satisfies conditions C.

Next, note that 8 = (I/v/d)y € D~ 's¢~'la"'aif and only if y € 4 ~'a~'a, which
holds by the definition of the set S;(a, x).

It remains to check that the congruence o = A mod Ok is satisfied. Since
y € Si(a, x,1),

and B =

x? —4aypl’yy =dd' =0 mod d.
Next, the congruence A% = aigp mod d implies that
x?— 4aoplzy)7 +412y)7(010p —2%)=0 modd,

and so
x> —42%1%yy =0 mod d.

Therefore,
(x + Tr(w)v/d) (x — Tr(w)~/d) —42*1>yy =0 mod d.
Using x —i—Tr(w)\/z = 2+/da and ly = \/(,_1,3, we get
—4d(ad — 2*BB) =0 mod d.

Since (d, 2) = 1, it follows that a@ = A28 mod Og. Now, « and AS belong to
g1 = (1/«/3)@1(, and hence,

o] = Vdo and B = \/c_lkﬂ

are in Ok, and we have a0 = ,31,5 1 mod d. Equivalently, this relation holds
modulo all ideals ¢ of O dividing d:

a1 = p1B modq forall q|d,q<0y. (6-1)
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Let < O be a prime such that q0x = §*. Then Ok /q = 0 /q, and complex
conjugation hence acts trivially modulo g. So (6-1) is equivalent to

a%zﬂlz mod q forall q|d0k, <0k,
which is equivalent to
oy ==+p modq forall q|dOg, q<10k.

So this shows that there exists a choice of signs (a, q) and a A depending on
this choice for which the congruence condition is satisfied, and [«, 8] € S(a, X, ]).
However, for any ideal q for which x = 0 mod g, both signs will work. This
motivates the following definitions and theorem:

Definition 6.2. (1) For x € Oy, let §(x) := 2#aldx=0moda}
(2) Let T :=#{q|d}.
For clarity, we also repeat previous definitions.

Definition 6.3 (conditions C). We say that x € Op satisfies C if x = a Tr(w)
mod 20;, x> — dd’ is totally negative, and (x> —dd’)/4pl*> € O;.

Definition 6.4. We write A, to emphasize the dependence of A on the choice
of signs. For example, for a <1 Ok, let A4 = A¢(q), Where &(a, q) = (—1)"¥(® and
g <1 Ok is an ideal such that q0g = G°.

Theorem 6.5.
(1 D o#S@ A D= ) () -#Si(ax.])

e(a) x satisfies C

=wg Y 8(x) - #S(a, x, D).
x satisfies C

2) Z#S(a, )\.g(u), = Z #S(ac, g, 0).

e(a) c|ld

<10k

Proof. To avoid confusion, we remark that in (1), the first summation is a sum over
27 elements, one of them being #S(a, A4, ). The second equality of (1) follows
from Proposition 6.1. To prove the first equality in (1), we refer to the construction
given above of the map ¢ : S(a, A, 1) — Si(a, x, [). It can be extended to a map

¢:1[S@r@. D~ ] SiG@xD.
e(a) x satisfies C

We claim that ¢ is a surjective map that is [§(x) : 1]. Given an element y of
S1(a, x, 1), we constructed above, for some possible choice of signs € (a) determining
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A, an element of S(a, A, )

_ x+Tr(w)Vd _
o= 2Va and ﬂ_\/gy.

For any ideal q|d, let u(x, y) € {£1} be such that «; = u(x, y)B; mod g, where
o) =+/da and BiL= «/Ekﬂ. Given e(a), we have o = Ay (q)# mod O if and only if,
for all q|d, either «; = 81 =0 mod q or 8; #0 mod q and £(a, q) = u(x, y) mod q.
It follows that for a given (x, y), the number of sign vectors &(a) such that we have
o = Ag(q)f mod Ok is equal to

o#(d |d:/doa=0 mod § }

Now since valg(v/der) = valg(x + Tr(w)~/d) > min{val;(x), valg(Tr(w)/d)}, it
follows that

Valﬁ(‘/ga) >0 < valg(x) >0 <= valz(x) >0,

so the number of sign vectors (a) such that « = A B mod Ok is equal to
2#{q|d:x50 mod q }.

The second assertion in the theorem follows from the same argument given in
the proof of Lemma 5.2. ]
7. Endomorphism rings of abelian surfaces with complex multiplication

Let K be a primitive CM field of degree 4 over the rational numbers. Let W = W (F »)
be the Witt ring, and let

(A,1:0x — Endw(A))

be an abelian scheme over W of relative dimension 2 such that A (mod p) is
superspecial. Assume also that p is unramified in K. Then R :=Endg, (A (mod p))
is a superspecial order of the quaternion algebra B, ; [Nicole 2008, Proposition 4.1].

Theorem 7.1. One has
End@L,W/(pn)(A (mod pn)) = @K +pn_1R.

This theorem is a generalization of a theorem of Gross that deals with the case of
elliptic curves [1986], but our method of proof is different; it is based on crystalline
deformation theory.

Proof. Consider A (mod p"). We have an identification

Hyg(A (mod p")) = Hiyy (A (mod p)/ W)@ W/(p").
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Using that W/(p"*!) — W/(p") has canonical divided power structure, we know
the deformations of A (mod p") to an abelian scheme B over W/(p"*!) are in func-
torial correspondence with direct summands of Hclrys(A (mod p)/ W)@ W/(p"+1)
such that the following diagram commutes:

M C H¢,y (A (mod p)/ W)@ W/(p"*)

rys

mod p” l mod p”

@4 (mod pry S Herys (A (mod p)/ W) ®@ W/ (p")

where @4 (o4 ) are the relative differentials at the origin of A (mod p").

We shall show that there exists a unique such B to which the O -action extends,
namely, a unique M fixed under the Og action on HCIrys(A (mod p)/W). We may
conclude then that for that M there is an isomorphism

Endo, (A (mod p"*"))®7Z, =Endg, (M C H,y (A (mod p)/ W)W/ (p" ™))
NEndg, (A (mod p" ™)) ®77,. (7-1)

We then calculate the right-hand side and find that it is equal to (Ox + p"R) ®z Z,.
Since we know a priori that Endg, (A (mod p"*1)) has index equal to a power of p
in R [Goren and Lauter 2012, Proposition 6.1], our theorem will follow.

First, the uniqueness of M is easy to establish. We have an isomorphism of
Ok ®7 W modules

Hly(A mod p)/ W)= P W)
0€Emb(0k, W)

where W (g) is just W with the Ok action given by ¢. Since p is unramified, for all
n>1, W(p)ZW (") (mod p") as Og-modules for any distinct ¢, ¢’ € Emb(Og, W).
If @ is the CM-type of A, it follows that if M is a direct summand of rank g, which
is an Og-submodule, then M must be @(peq, W () (mod p™+1).

Let R, :=Endg, ,w/p (A (mod p")). We prove by induction on n that

R, =0k + p"'R.

As remarked, it is enough to prove that after p-adic completion, and in fact, we
actually calculate the right-hand side of (7-1). The case n = 1 is tautological.
Since we assumed that A (mod p) is superspecial and p is unramified in K,
there are, according to [Goren and Lauter 2012, Tables 3.3.1(ii), 3.4.1(iii) and (iv),
and 3.5.1(iii) and (vi)] and the results of Yu [2004], precisely two possibilities for
HéryS(A (mod p)/ W), equivalently for the Dieudonné module of A (mod p), as an
Ok ®z Z,-module. Our calculations are done separately according to these cases.
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Case 1: In this case, the completions at p of the rings are
OLp=2,®Z, and Ok ,=Z,®Z,,

where we write Z,> for W(F,2). The Dieudonné module D is a direct sum of
Dieudonné modules

D=D; &Dy,
where for i =1, 2, D; has a basis relative to which Frobenius is given by the matrix
0p
10)°

and the ith copy of Z > in Ok, acts on D; by

a
ar— .
and D; 41 (mod 2) by zero. (Here o is the Frobenius automorphism of Z p2-) Clearly,

Endg, (D) = End(D;) x End(Dy),

and, as one can easily check,

End(D;) = {(“ ”ﬁ) ‘o, B e W([sz)}.

ﬂ(f aO’

(The restriction on the entries (‘; Z) comes from the identity

(2 (0= o) )

that an endomorphism of the Dieudonné module must satisfy.)

Now, for every 1, @4 (mod pry = SPany,m {0 1T} @ Spany,n {0 1T} in
the decomposition D = D; @ D,. By induction, the endomorphisms in Endg, (D)
PIeserving @, (mod pr) are

Ok +p" 'R)Y®72Z,

n n8
= {(<pnalﬂ0 [;UIB> ’ <pny180 ?/0>> Ny ,3, ')/,6 € W([sz)}

The condition for such an endomorphism to preserve w4 (ymoq pr+1) is that the vectors

a  p"B\ (0 y p"8\ (0
(pn—lﬁa aa)(l) and (pn—laa yo)<1>
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are multiples of (0 1)T modulo p"*!. This is the case precisely when f and 6,
respectively, are in pW. Thus, End(A (mod p"*!)) ®7 Z,=Ok+p"R)Rz7Z,,
and the proof is complete in Case 1.

Case 2: In this case, the completions at p of the rings are
@L,p = sz and GK,p = sz @sz,

where Z > is embedded diagonally in Z,> @ Z,,>. The Dieudonné module has a
basis {e1, e3, e3, e4} relative to which

Fr

Il
o — oo
T~ oo o
cC oo
c o~ o

The element (a, b) € Ok, acts by the diagonal matrix diag(a, b, a’, b°), and so
a €0y, acts by diag(a, a, a’, a”). Change the order of the basis elements to get
a new basis {e], e4, €3, e2}. Then Frobenius is given by

0 ph
L 0 )’

and (a, b) € Ok , acts by the diagonal matrix diag(a, b°,a’, b), and soa € O,
acts by diag(a, a’, a?, a).
The condition for a matrix

A B
(C D) € My(W)

to be in End(D) is
A B 0 phb\ (0 ph\ (A° B°
c D)\, 0) \ILb 0)\c° D°)’

End(D) = {(é Pfg) LA.Ce MZ(W(sz))}.

and so we find

For such a matrix to be in Endg, (D), it must commute with all matrices of the form
diag(a, a’, a”, a), where a runs over W ([ 2). An easy computation gives

o

Endg, (D) = {(2 pAC:’ ) : diagonal matrices A, C € Mz(W([sz))}.

We have w4 (mod pn) = Span{es, e}, where e3 and e; are the last two vectors in the
current basis. One argues by induction, as before, to prove that the endomorphisms
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in Endg, (D) preserving @, (moq pn) are precisely those of the form

A piC?y . .
p”_IC A0 : diagonal matrices A, C € M (W (F 2))

= Ok +p"'R)®27,.

That completes the proof of Case 2 and hence of the theorem. |

8. Geometric interpretation

Let W:=W(F p)and O :=W®zQ; Q is the completion of the maximal unramified
extension of Q,. Assume that p is unramified in K, and consider the functor on
W-schemes associating to a W-scheme § the isomorphism classes of triples

A:(A’Lan)a (8_1)

where A — § is an abelian scheme of relative dimension g, ¢ : O — Endg(A) is
a ring homomorphism, and 7 is a principal polarization of A inducing complex
conjugation on K. Arguments as in [Goren and Lauter 2007] show that this functor
is represented by an étale scheme over W whose complex points are in natural
bijection with & x C1(K') as described in Proposition 2.4. In particular, isomorphism
classes of A over EP as in (8-1), or more generally of A over W/(p"), are also in
bijection with (% x C1(K))/ ~ once we have fixed an identification of Hom(K, C)
with Hom(K, @ »)- This allows us to speak about the CM type of A over W/(p").
Of course, this is nothing but the isomorphism class of the representation of Og on
the Lie algebra of A and is determined by its reduction modulo p.

Consider pairs (A, ) over F p» such that A is a g-dimensional abelian variety and
t:0g — End(A) is a ring homomorphism such that (A, t|g, ) satisfies the Rapoport
condition. One knows that there exists a principal O -polarization n on A, unique
up to isomorphism. We claim that n automatically induces complex conjugation
on K. This can be verified by case-by-case analysis using [Chai 1995, Lemma 6].

8.1. Isomorphisms of CM abelian varieties. Now fix a CM field K’ whose totally
real subfield is L. Consider (A, 14 : Ox — End(A)) and (A’, 14 : Og — End(A"))

over [, and assume that we are given an isomorphism
a: (A, o) = (A wrlo,)-
We then get an embedding
jo: 0k — End(A), Jju(r)=a lown(r)oa.
If B: (A, tale,) = (A',tarle,) is another isomorphism, then

B=yoaq,
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where

1

y € Aut(A', tarlg,) and jg(r)=a oy lown(r)oyoa.

This gives another embedding of Ok into End(A). The embeddings are equal if
and only if y "' o14/(r) oy = 14 (r) for all r € Og. This, in turn is equivalent to
y € CentEndo(A,)(K’) NAut((A’, tarlo,)) = O,. (Here CentEndo(A,)(K/) denotes the
centralizer of K’ in End’(A’).) Thus, each isomorphism class of (A’, t4/) such that
(A, tale,) = (A, tarlo,) gives us

#(Aut((A', talo,))/0%,) = #(Aut((A, tale,))/0k/)
distinct embeddings of Ok into End(A).

8.2. Counting isomorphisms in the superspecial case. Now assume we are in the
superspecial reduction situation, and fix an isomorphism

Endg, (A) = R(a, Aq)

for some unique a <10k (Lemma 5.6 and Theorem 5.7). With Ok, = O [w] as before,
to give an embedding Ox' — Endg, (A) is to choose an element [«, 8] € R(a, A4)
with trace equal to Tr(w) and norm equal to Norm(w), that is, an element of the set
S(a, Aq, 1). Such an embedding makes (A, t4]g,) into an abelian variety with CM
by Ok, and so the embedding Og’ — Endg, (A) arises via a particular isomorphism

(A,14:0x — End(A)) = (A, :0x — End(A"))
(where, in fact, we may take A = A’ and (' restricts to t4 on O). We conclude that

#5(a, Ao, 1) , N .
=#{(A’, 14 :0x— Endg, (A))/F,: (A, ta A,
#(R(a,)ta)x/@;é/) {( LA K’ — En @L( ))/ p ( LA |@L) — ( LA|©L)}

(where on the left-hand side we consider (A’, 14’ : Ox» — Endg, (A”)) up to isomor-
phism with CM by Ok, of course). Exactly the same analysis is valid over W/(p"),
and using Endw (,n (A, tlo,) = R(a, Aq, p"‘l) as follows from Theorem 7.1, we get

#S(a, Ag, ")
#(R(Cl, )‘a, pnil)x/Gz/)
=#{(A', 1o : O = Endo, (A))/W/(p") : (A, 1arle,) => (A, tale,) ). (8-2)

8.3. Counting formulas for the number of isomorphisms for superspecial CM
types. Now fix a superspecial CM type ® of K, namely, a CM type arising for
some superspecial abelian variety. By [Goren and Lauter 2012], then any abelian
variety with CM by Ok of CM type @ is superspecial.
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We consider representatives A = (A, t4 : Ox — End(A)) for the isomorphism
classes with CM type ®. For each such A, we may choose an isomorphism

fa:End}(A) = B,
and hence get an embedding
féolA K — BPsL‘

By Skolem-Noether, we may conjugate the identifications f4 so that the embeddings
faoua are the same, and in fact, this will be the case if f4, and f4, are related by a
CM isogeny to begin with. Then for every A, fa(Endg, (4)) is a superspecial order
containing Ok . This order is uniquely determined by A up to conjugation by K*.

By our results, the representatives for these orders modulo conjugation by K*
are precisely the orders R(a, Aq) as a ranges over representatives for C1(Og ). We
therefore conclude:

Theorem 8.1. We have (where, of course, the A" are taken up to isomorphism)

> #S@, da p" )
a

_— #(End(@L,W/(pn)(é)x) 4 {A’ with CM by O’ such that
0% (A" tarlo,) = (A, talo,)

} . (8-3)

A/(W/(p"))
with CM type ®

If we wish not to fix a CM type on K, we get the following:
Theorem 8.2. We have

#{superspecial CM types} x Z #S(a, Aq, p”_l)
a

Z u End@L,W/(p")(é)X) L { A’ with CM by Ok such that
Ok (A’ tarle,) = (A, tale,)

} . (8-4)
A/(W/(p"))

with CM by Ok
8.4. Counting formulas for pairs of embeddings into superspecial orders. The
left-hand side of (8-3), for n = 1, has another interpretation. Consider a pair of
embeddings ¢ : Ox — R and (' : Og, — R into a superspecial order R such that
both restrict to a fixed, given embedding of O, into R. We call it an optimal triple
(t,/, R). We say that (¢, , R) is conjugate to (j, j/, R) if there exists 7 € B;’L
such that 'Rt = R and r~!i(x)r = j(x) for all x € Og* and ¢t~/ (x)r = j'(x)
for all x € O,.

To count the number of conjugacy classes of optimal triples, let us fix an embed-
ding I : K — B, ;. Then any optimal triple is conjugate to (I|g,, ¢’, R), where Ris a
superspecial order containing / (O ). We may still conjugate by K> and so assume
that R = R(a, A4) for some a. We may still conjugate by Og >, and if K # K, that
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induces a faithful action of Og > /0. ™ on the embeddings (' : Og: — R(a, Aq) if
they exist at all. We conclude that

#(0g* /07! Z #S(a, Aq, 1) = #{optimal triples up to conjugation}.

a

Corollary 8.3. The number of optimal triples up to conjugation equals

#(OK™/0L7) 'Y #S(a, da, 1)

= Y #(@KX/@LX>—1#(@X,/@LX>—1#(

A/(W/(p")
with CM type ®

Endg,, w/(pr)(A)™
or

u { A" with CM by Ok such that
X
(A’, tarlo,) = (A, talo,)

If we multiply the whole set of equalities (8-5) above by the number of superspecial
types for K, we may be justified in calling the new right-hand side of (8-5) the
“coincidence number of K and K’ at p” as it counts the number of coincidences
between abelian varieties with CM by K and abelian varieties with CM by K’ in
characteristic p once one considers them as abelian varieties with RM only.

} . (8-5)

9. The connection to moduli spaces

In their paper [1985], Gross and Zagier give a beautiful formula. Let E and E; be
two elliptic curves over W = W (F p)- Let j; be the j-invariant of E;. Their formula is

. 1
valp(j1 = j2) = 5 ) #lsomy (E1, Ea),

n>1

where Isom,, denotes the isomorphisms between the reduction of E; modulo (p™).

The proof Gross and Zagier provided is through direct manipulations of Weier-
strass equations. A more conceptual proof was given by Brian Conrad in [2004].
The proof makes essential use of moduli spaces but uses many features unique to
modular curves and hence is not readily amenable to generalization. This result is
the basis of interpreting their theorem on J (d, d’) and ord; (J (d, d’)) (cf. Section 1)
as an arithmetic intersection number. It thus remains a question of how to give
an interpretation for our theorems, Theorem 8.2 for example, as an intersection
number of CM points on Shimura varieties.

One possibility is to use Shimura curves associated with quaternion algebras
over totally real fields split at exactly one infinite prime. This approach entails
using the p-adic, not-quite-canonical models for these Shimura curves, following
Morita, Carayol, and Boutot—Carayol. The other possibility is to view these CM
O-cycles as lying on a Hilbert modular variety. This approach is complicated by the
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fact that there is no “robust” definition of the arithmetic intersection of 0-cycles
(1-cycles on the arithmetic models) once their codimension is bigger than 1. This
calls for an ad-hoc approach, and it has its own challenging problems.

For now, we will replace the notion of an intersection number with something
less precise and define instead a coincidence number, which does not reflect the
power to which various primes may appear in the differences of invariants but at
least reflects whether a prime appears in the factorizations of the differences of
invariants. In Section 12, we will give an example to illustrate the coincidence
number in computations.

Let L be a totally real field with strict class number 1 and K; withi =1, 2 two
CM fields containing L as their maximal totally real subfield. Let p be a prime
unramified in both K; and K,. For each CM field, we can associate a O-cycle
CM(K;) on the generic fiber of the Hilbert modular variety 3¢; parametrizing
principally polarized abelian varieties with RM by O (Section 2.3). Each point x,,
in CM(K;) can be extended to a W (F p)-point x on J¢; [Goren and Lauter 2012,
Lemma 2.3]. This implicitly depends on a choice of a prime p in a common
field of definition for all the CM abelian varieties under consideration. We write
CM(K )=, x;and CM(Ky) =) ; ¥j- We then define the arithmetic coincidence
number (for lack of better terminology) of CM(K) and CM(K>) as

CM(K1)A CM(K2) = ) XinYj,
ij
where x; . y; is defined as 1 if x; and y; have isomorphic reduction modulo p and
as 0 otherwise. In this notation, Theorem 8.2 implies the following:

Corollary 9.1. The contribution from a prime p of superspecial reduction to
CM(K ) CM(K>) is equal to #{superspecial CM types} x Y #S(a, Aq, .Y This
number, and in particular whether it is zero, can be effectively calculated.

10. Supersingular orders

Theorem 10.1. Let p be a rational prime and k an algebraically closed field of
characteristic p. Let K be a quartic CM field, and let L = K™ be its real subfield.
Let A/k be an abelian surface that is supersingular, but not superspecial, with
complex multiplication by Ok. Let 0 := Endg, (A), where the endomorphisms are
over k. Let B), o be the quaternion algebra over Q ramified at only p and oo, and
let B, 1 := B, o ®q L. Then O is an Eichler order of B, 1, of discriminant p>.

Proof. Let H be a quaternion algebra over a number field F, and let R be an order
of H containing Or. Recall that R is called an Eichler order if it is the intersection
of two maximal orders. This is a local property [Vignéras 1980, p. 84]. If F' denotes

ILikewise, the notion of superspecial CM types depends on the implicit choice of p.
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now a nonarchimedean local field with uniformizer 7, then an order of H containing
OF is Eichler (namely, is the intersection of two maximal orders of H) if and only

if it is conjugate to the order
Or Op
M =
<7Tn@p @F>

for some positive integer n [Vignéras 1980, p. 39].

We wish to find the completion of O at every rational prime ideal [ of O .

First, since there exists an isogeny of degree a power of p between any two
supersingular abelian surfaces A and A’ with real multiplication respecting the
real multiplication structure [Bachmat and Goren 1999], for [t p, we have that
01 :=0®g,0r,1 = 0}, where 0’ = Endg, (A"). We may choose for A" the surface
E ®7 O, where E is a supersingular elliptic curve with R = End(E) a maximal
order in B, o,. Then 0" =End(A’) = R®z 0y, so 0" and O are maximal orders at .

We remark that according to the classification of the reduction of abelian surfaces
with CM, the situation we consider occurs if and only if p is inert in K, that is, in
the following cases:

(a) K/Q is cyclic Galois and p inert in K [Goren and Lauter 2012, Table 3,
case (iii)], and

(b) K/Qisnon-Galois and p inertin K [Goren and Lauter 2012, Table 5, case (vii)].

Following the conventions of [Goren and Lauter 2012], the Dieudonné module of
the p-divisible group of the reduction of A modulo py is

D= W(1) & W(y*) & W(y) @W(Y),

where W («) denotes the Witt vectors of F p» Where Ok acts through the embedding
o:K—>Q p- Let o denote the Frobenius automorphism of W. Then

(a) Op acts on D by [ — diag(l,l,0(),o0(l)), and

(b) Ok acts on D by k — diag(k, o2 (k), o (k), o3 (k)).

The p-adic CM type is {1, y*} according to our conventions, but since the situation
is symmetric, we may assume that the p-adic CM type is {1, y}, and so Frobenius
is given in the standard basis by the matrix

0
Fr=

o O©

- o O O
ocoxT O
S O O -

By a theorem of Tate, End(A) ®z Z,, = End(D), where on the right the endomor-
phisms are as Dieudonné modules (cf. [Waterhouse and Milne 1971, Theorem 5]),
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namely, in this case, W-linear maps I — D that commute with Frobenius. In the
same way,

0p =Endo, (A) ®0, 01, = Endg, (A) ®z Z), = Endg, (D).

Since 0, commutes with O, one finds that O, is given by block diagonal matrix
with blocks of size 2. Writing the general such matrix as

mip mi

mpy1 mpp
M =
npn ni2

na1 no2
the condition M - Fr = Fr-o (M) gives, after a short computation,
mpp o mp2
2,02 o?
mf, m
©p= p 12 11 o o mij EW([FP4)
M P
(o g
pmyy My

Since p is inert in L, the quaternion algebra B), ; is ramified only at the two places
at infinity. In particular, B, 1 ®r L, = M»(Q,2), where Q2 = W(F 2) ®7 Q. To
determine the nature of 0, we want to recognize it as a suborder of M (W(F 2)).

The case p # 2. Put
) 1 ) o
i = (p2 > and j:= ( O{JZ) )

where « is chosen such that W(F ,4) = W(F ,2)[ec] and a®’ = —a. We have then

.2 2 ) 2 .. .. —a
= p, —a?, and k:=ij=—ji= .
i p j =« an ij Jji (p2a )

Writing m; = x1 + y1 and my = x, + yra with x;, y; € W(F ,2), we can write

miomi) 1 n o e 1 —a
Py mgy ) T ) T ) TR )T e
=x1-14+y1-j+x-i—y -k
Conversely, for any x;, y; € W(F pz), we get an element of 0. Thus,
Op =W(F,2) - 1TOW(EF,2) - i ®W(F,2) - j OW(EF ) - k.

Let/I=p~li,J=j,and K=I1J=—JI. ThenI’>=1, J> =a?, and K> = —a?.
The module
R=W(F,)[1,1,J,K]
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is in fact an order of M»(Q ), and it has discriminant 1. It must then be isomorphic
to M>(W ), and, indeed, if we send

1 1 o o
1»—>( 1), 1»—>( _l), J»—><1 ) and KH(_l )

we get the isomorphism R = M>(W(F ,2)). Under this isomorphism, 0, is mapped
isomorphically to the order spanned over W(F ,2) by the matrices

() O (7)o ()

which can be described as

b
{(i d) Za,b,c,dGW(ﬂ:pz),p|(a_d),p|(b_azc)}.

Now conjugate 0, by the matrix

Using
_yfa b a+a 'b+ac+d a(a—d)+ (a’c —b)
24 A=\ i -2 2 -1 ’
cd o (a—-d)+a“b—ac) a—aoa 'b—ac+d
we find that 0, is conjugate to a suborder of

R — (W([sz) PW([F,,Z))'
PW(F,2) W(F,2)

However, comparing the discriminant of O, which is p?, and of R, which is p? as
well, we conclude that O, is isomorphic to R’. Further conjugation by the matrix

(")

shows that O, is isomorphic to the order

ab
RNZ{(C d):a,baC,dGW(ﬂ:pz)vp2|C}’

which is an Eichler order of discriminant pz.

The case p = 2. We may find « € W(FF 2) such that W(F ,4) = W(F 2)[(1 + «)/2]
and @ = —a. Indeed, for a suitable € € W([sz)x, we have W(F ,4) = W(F ,2)[8],
where B2 + B + € = 0. Note that S is a unit. Take « = —(28 + 1).
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To make the analogy with the previous case more visible, we keep using p
instead of 2 in most places. As before, we let

. 1 . o .. .. —o
l—<p2 ) ]—( —oz)’ and k—l]——]l—(apz )

Writing my =x1+y1(1 +«)/2 and my = x> + y2(1 +«)/2 with x;, y; € W([sz),
we can write,

miy mpa 1+ '—k
=x;-14+y- —+x2 i+y-
(psz2 m‘l’l) 2 2

and one concludes that
W(F ) - 1@ W(F W(F “” W(F
0, = ) - 1OW(F,2) - i ®W(F2) - DW(F,2) - ==

One can verify directly that the right side is indeed an order and its discriminant is p?.

The order O, contains the order W([sz)[l, i, j,kl= W(I]:pz)[l, 1, J, K], where
I =i, J=j/a, and K = k/a. Note that I> = p?, J> =1, K? = —p?, and
1J =—JI =K. Consider the linear map

W(F,2)[1, 1, J, K1— Ma(W(F )

determined by

() () () )

One checks that this map is a ring homomorphism and verifies that

1 4o 1 Ita
omunsf(1).(% 1)) %)
Letu:=((1+a)/( —oe):ﬁz/e. Then u and 1 —u =2+u/f are units. It follows that

N 10 00 01 00
= (00)-(01)2(00)-2(1 )
ab
= {(C d) ta,b,c,d eW([sz),p|b,p|c}.

An additional conjugation as in the case p #* 2 shows that this is an Eichler order
of discriminant p?. U
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11. A crude version of Gross—Zagier’s result on singular moduli

Let A be a g-dimensional abelian variety over a field k. Let L be a totally real field
of degree g over Q of strict class number 1, and let K; with i = 1, 2 be two CM
fields contained in some algebraic closure of L such that K;" = K2+ = L. We allow
K| = K. Assume we are given two embeddings

i : K; — End}(A) :=End;(A) ®7 Q

such that
o1l =@2lL and  @1(K) # ¢2(K).

Lemma 11.1. The field k has positive characteristic p. The abelian variety is
supersingular, and EndO(A) = Bp,1,where B, | = B, oo ®q L and B,  is “the”
quaternion algebra over Q ramified at p and oco.

Proof. This follows easily from the classification of the endomorphism algebras of
abelian varieties with real multiplication as in [Chai 1995, Lemma 6]; one observes
that under our assumptions, the centralizer of L in Endg(A) is an L-vector space of
dimension greater than 2. ([

Let O; C K; be orders containing Oy . The order 0; is determined by its conductor
¢;, which is an integral ideal of Oy for which we choose a generator ¢; [Goren and
Lauter 2009, Lemma 4.1]. In fact, one can write

Ok, =0 [k,

where —m; = Bl.2 — 4C; is a totally negative element of Oy and «; satisfies a
quadratic equation x% 4+ Bix + C; for B;, C; € 0. The relative different ideal
Dk, is equal to Ok, [1//—m;] [Goren and Lauter 2006, Lemma 3.1]. We have
Ok, =0.[x;1 2 0L[/—m;] 2 O [2«;], and so

0; =0L[ciki] 2 Op[civ/—m;] 2 Or[2cik;].

The discriminant of O; relative to Oy, discg, 1 (0;), is equal to the Oy -ideal gener-
ated by c?mi, and the discriminant of 0; relative to Z, disc(0;) = discg,q(0;), is
equal to Normp, /@(cizm,-) -disc(0)2. (In general, we use “disc” to denote absolute
discriminant, that is, relative to Z.)

Let B be any totally definite quaternion algebra over L; thatis, B ®; - Ris a
division algebra for any embedding o : L — R, and let 0 be its discriminant. Let

¢;i . Ki—> B
be two embeddings such that ¢1|; = @[ and ¢ (K1) # ¢2(K>3). Let
ki = @i(ci/—m;).
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Let © be an order of B, which we assume to contain ¢; (0;) for i = 1, 2 and hence
also Oy (we view ¢; as the identity maps on L). Let 91 be the discriminant of O.
As in [Goren and Lauter 2007], subject to the assumption ¢ (K1) # ¢2(K>), one
proves the following lemma:

Lemma 11.2. The Op module A = Op + Opk; + Opks + Opk1ko has finite index
in O and is in fact a direct sum A =0p & Opk| ® Opky & Opk k.

Theorem 11.3. Let o = Trd(k1ky). We have a divisibility of integral ideals in L:
07| (4 Nrd(k;) Nrd(ky) —a®)  in 0.

Furthermore,

disc(07)-disc(05)

N Ty <48
L/a@") = disc(07)?

Proof. The discriminant of the order A relative to L, discg/; (A), is divisible by
the discriminant of O; namely, it is an integral ideal of L divisible by 9. Using the
basis {1, k1, k2, k1k>} for A and putting o« = Trd(k k,), we find that the discriminant
of A is the Oy -ideal generated by

2 0 0 o

0 2Nrd(ky) —o 0 _ o
det 0 Yy 2 Nrd (k) 0 = (4 Nrd(ky) Nrd(ky) — @)~,

o 0 0 2 Nrd (k1) Nrd(k»)

and so 0 | (4 Nrd(k;) Nrd(k;) — «?) in O7. Thus,
NL/@(D+) | N1/ (4 Nrd(ky) Nrd(kz) — «?) inZ

Now, 4 Nrd(k;) Nrd (k) —a? is a totally positive element of Oy . Indeed, this is just
the Cauchy—Schwartz inequality applied to the bilinear form Trd(xy) under every
embedding L — R. We can therefore conclude that

N1,;0(@") < Npjo(@Nrd(k) Nrd(k)).
We conclude that

2
Npjo(@") <disc(0y) 478 ]_[ 48 disc(01)* N /g Nrd(k;)

i=l1
2

< disc(0)~*478 ]_[ disc(0,[2¢ik:])
i=1

disc(0q)-disc(05)
disc(0p)*

2
= disc(0,) "4 [ [ disc(OL[cixi]) = 4¢

i=1
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p I'Jnramlﬁc'ed Inert Ramified Ramified
(inert/split)
Reduction Ssp s.sing, not ssp ssp ssp
Rapoport? Yes Yes Yes No
r’ 2 4 2 1
Table 3 ii, iv, v iii vi
(K cyclic)
Table 4 | i iy vii, viii vi ix, X, i
(K biquadratic)
1ii, vi, viii, iX, XVi, XVii, XViii,
X Tablz:}Sl . X, X1, Xiii, XV, vii XiX, XX, XX1, XXiV,
(K non-Galois) Xx11, xxiil XXV, XXVi

Table 1. The case [L : Q0] = 2. Table numbers refer to [Goren and
Lauter 2012]. The column headings refer to the decomposition
of p in L. “Reduction” refers to the reduction of the abelian
variety modulo p. The abbreviations “s.sing.” and “ssp” mean
“supersingular” and “superspecial”.

Corollary 11.4. (1) Let A; be an abelian variety with CM by Ok,. Choose a
common field of definition M for A1 and A, such that M contains the normal
closure of both K| and K, and both A; have good reduction over M. Let p be
a prime ideal of M, (p) =p N Z, and suppose that

A1 (mod p) = Ay (mod p).
Let r be the number of prime ideals q in O for which e(q/p) f(q/p) is odd. If

r >0, then
< (¢ discg, - discg, l/r‘
- disc(07)*

(2) Suppose that [L : Q] =2 and that A; are principally polarized abelian surfaces.
Then we have the bound

p< 16disc?K1-discK2 Ur
disc(0p)*

according to the cases listed in Table 1 (and no other case is possible).

Proof. Since the A; are principally polarized abelian surfaces, they satisfy the
Deligne—Pappas condition and, when p is unramified, even the Rapoport condition.
We can therefore use the results of [Bachmat and Goren 1999; Nicole 2005].

If p is split in L, then every supersingular abelian variety is superspecial. In that
case, Endg, (A) is an order of discriminant pO; in B), ; , and we apply (1) with r =2.
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If p is inert, then the reduction is necessarily supersingular by Lemma 11.1 and
may or may not be superspecial. If it is superspecial, then, again, Endg, (A) is an
order of discriminant pOy in B, 1, and the bound holds with r’ = 2.

If the reduction is supersingular and not superspecial, then in fact Endg, (A) has
discriminant p?0;, and so we may take r’ = 4.

Next we consider the case when p is ramified. There are three cases. The first
is when we have superspecial reduction and the Rapoport condition holds. In that
case, Endg, (A) has discriminant pOy, and we may take r’ = 2. The second case is
when we have superspecial reduction and the Rapoport condition does not hold (but
the Deligne—Pappas condition holds). In this case, Endg, (A) has discriminant p,
where p is the prime of O above p, and we can take ' = 1. The last possibility is,
ostensibly, that we have supersingular reduction, which is not superspecial. This in
fact never happens in the presence of CM by the full ring of integers. It is interesting
to note, though, that for supersingular and not superspecial reduction, the abelian
variety A has a unique copy of the group scheme «), contained in it, which is
therefore preserved under all endomorphisms. Thus, End(A) < End(A /), and
A/ap is superspecial but doesn’t satisfy the Rapoport condition [Andreatta and
Goren 2003]. And so, were this case to occur, we could have taken r’ = 1. ]

Remark 11.5. Suppose that r = 0. Then g is even, and a maximal order R C B, 1
has discriminant 1 since B, ; can only be ramified at primes dividing p, and if
F/Q, is a field extension and [F : Q,] = «, then B, o ®q, F is split if and only
if o is even. Taking F = L, we have that @ = e(q/p) f(q/p). For every prime
p (and for any decomposition behavior of p), there certainly exist supersingular
abelian varieties A with RM such that Endg, (A) = R. This is easily achieved by
choosing an R-stable lattice of the Dieudonné module of A. Experience shows,
however, that such abelian varieties tend to be badly behaved; for example, the
Deligne—Pappas condition tends to fail when p is unramified (it fails in the cases
we have checked, and we did not find an example where it holds), or in other cases,
such as when p is totally ramified, the Deligne—Pappas condition holds, but the
endomorphism ring is not the maximal order. Thus, one would expect that under
the Deligne—Pappas condition the discriminant of Endg, (A) is never 1 and, if so,
one obtains a version of Corollary 11.4(1) in all cases.

In fact, one can be more optimistic and guess that the largest order O aris-
ing for a supersingular characteristic p abelian variety with RM A satisfying the
Deligne—Rapoport condition also arises for some superspecial such abelian variety.
Superspecial abelian varieties with RM were studied by Nicole [2005; 2008]. When
p is unramified in L and A is superspecial, Endg, (A) has discriminant pO;. When
p isramified in L, larger orders arise [Nicole 2005, Theorem 2.8.5], but at least when
p is totally ramified, p0; = p!&@1 still the largest order arising (for a superspecial
abelian variety) has discriminant p.
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12. Computations: g =2

Consider the two primitive Galois quartic CM fields K’ = Q(v/ —85 + 34+/5) and
K = Q(¢s). The common real quadratic subfield L = K+ = K't = Q(/5) has
strict class number 1 as it has class number 1 and a unit (1 + \/5) /2 of negative
norm. The field K has class number 1, and the triple of absolute Igusa invariants of
the principally polarized abelian surface with CM by K is i; =iy = i3 =0. The
field K’ has class number 2, and the triple of absolute Igusa invariants for one of
the CM points associated to K’ is

. 233.310.55.195.5215 . 223.310.55.195.5213
ll - 7112 k) 12 - 718 )
. 216.37.5%.193.5212.755777339
13 = 718 .

Genus-2 curves over  with these invariants are given by the affine models

y2 =x>—1,
y? = —584x% — 4020x° +28860x* + 130240x> — 514920x> — 190244x — 289455

for Q(¢5) and K', respectively. In this case, the triple of absolute invariants is
insufficient to determine whether the two curves are isomorphic modulo a prime p
since the first invariant is zero. To understand for which primes the curves are
isomorphic, it is necessary to compute all ten Igusa invariants for the CM point
associated to K’ to determine which primes divide all ten invariants (see [Goren
and Lauter 2012, Section 2.2] for an explanation, especially Consequence 3 at the
end of the subsection). In particular, primes that divide the differences of all ten
Igusa invariants associated to two CM points of K and K’ are primes for which the
coincidence number of K and K’ defined in Section 9 is nonzero.

The prime 19 appears in all three invariants, and checking all ten invariants, we
find that they too are all zero modulo 19. There is also a positive contribution at the
prime p =19 in our formula in (8-3), which implies a nonzero coincidence number.
Since K has class number 1, there is only one superspecial order R(0O, A). We find
an element x € O satisfying conditions C and count the elements in S,(0, x). Let
d and d’ be as in Section 6. We find that for x = 3\/5 — 3, the ideal in O generated
by (x> —dd’) /4 factors as

2
P2P19,1P19,2.

We see that there is a positive contribution for p = 19 in our formula because this
factorization has both split factors for 19, and 2 is totally inert in K /L but appears
to the power 2, so (x> —dd")/(4-19) is a norm of an ideal from K /L, and the set
$>(0, x) is nonempty.
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Consider the other primes that are common to all three numerators in this example.
The prime 5 is ramified in L, so our results do not cover it; neither do our formulas
pertain to the prime 2, which also appears in all three numerators. The prime 3
divides all ten invariants but is supersingular, not superspecial, and it certainly
satisfies the crude bound Theorem 11.3 from Section 11. The prime 521 does not
divide all ten invariants.
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Counting rational points over
number fields on a singular cubic surface

Christopher Frei

A conjecture of Manin predicts the distribution of K -rational points on certain
algebraic varieties defined over a number field K. In recent years, a method using
universal torsors has been successfully applied to several hard special cases of
Manin’s conjecture over the field Q. Combining this method with techniques
developed by Schanuel, we give a proof of Manin’s conjecture over arbitrary
number fields for the singular cubic surface S given by the equation xg = X|X2X3.
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1. Introduction

We consider the cubic surface S € P? defined over any number field K by the
equation
xg = X1X2X3.

It is toric, has three singular points (0:1:0:0),(0:0:1:0),(0:0:0:1), and
contains three lines L; := {xqg =x; =0}, fori € {1, 2, 3}. The set S(K) of K -rational
points on S is infinite.

The Weil height of x = (xq : x1 : X2 : x3) € P3(K) is defined by

d
Hx)y= ] max{lxolv. lx1lv. [xaly, [xal,}%.
veM(K)

Here, M (K) is the set of places of K, the absolute values | - |, are normalized such
that they extend the usual absolute values on @, and d, is the local degree [K,, : Q,,],
if v extends the place p of Q.
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It is well known that there are only finitely many points of bounded height in
P3(K), so it makes sense to study the number of K -rational points on S of height
bounded by B, as B tends to infinity. A generalization of a conjecture by Manin
[Franke et al. 1989; Batyrev and Tschinkel 1998b], applied to our case, links the
asymptotic behavior of this quantity to geometric features of S, provided that we
exclude the points lying on the lines L;. Indeed, the number of K -rational points
of bounded height on these lines dominates the number of K -rational points on the
rest of S, whereas much of the geometric information about S would be lost when
considering just the lines.

Therefore, we denote by U the complement of the three lines in S and define the
counting function

N(B) :=[{x e U(K) | H(x) < B}|.

Here, U (K) is the set of K -rational points on U. The above-mentioned generaliza-
tion of Manin’s conjecture [Franke et al. 1989; Batyrev and Tschinkel 1998b] to
Fano varieties with at worst canonical singularities predicts in this case that

N(B) ~ cB(log B)®,

with a positive leading constant ¢ = cg x y. A conjectural interpretation of the
leading constant in Manin’s conjecture was given by Peyre [1995] and extended
to Fano varieties with at worst canonical singularities by Batyrev and Tschinkel
[1998b]. When writing “Manin’s conjecture”, we implicitly include the conjecture
about the leading constant.

Manin’s conjecture has been proved for smooth toric varieties over arbitrary
number fields by Batyrev and Tschinkel [1998a], studying the height zeta function
with the help of Fourier analysis. In [Batyrev and Tschinkel 1998b] they explain
how this result can be applied to prove Manin’s conjecture for our singular surface S.
Similar methods work for other varieties that are equivariant compactifications of
certain algebraic groups; for example, see [Chambert-Loir and Tschinkel 2002].

Salberger [1998] gave a new proof of Manin’s conjecture for split toric varieties
over the field QQ of rational numbers by a fundamentally different approach using
universal torsors. These were first introduced by Colliot-Théleéne and Sansuc [1980;
1987] to study the Hasse principle. In the context of Manin’s conjecture, the
basic idea is to find a parametrization of the rational points on the variety under
consideration that makes it feasible to count them by analytic number theory.

Based on Salberger’s ideas, proofs were found for several hard special cases of
Manin’s conjecture over @, to which the methods of Batyrev and Tschinkel cannot
be applied; see for instance [Baier and Browning 2013; de la Breteche 2002; de la
Breteche and Browning 2011; de la Bretéche et al. 2007; de la Breteche and Fouvry
2004; de la Breteche et al. 2012; Browning and Derenthal 2009; Le Boudec 2012].
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For our surface S, independent proofs of Manin’s conjecture over Q were given by
de la Breteche [1998], Fouvry [1998], Salberger [1998], Heath-Brown and Moroz
[1999], and de la Breteche and Swinnerton-Dyer [2007], with the help of such
parametrizations. The best error terms have been obtained in [de la Bretéche 1998;
de la Breteche and Swinnerton-Dyer 2007].

In a first attempt to generalize universal torsor techniques to number fields other
than Q, Derenthal and Janda [2013] modified the approach by Heath-Brown and
Moroz [1999] and successfully applied it to the case of imaginary quadratic number
fields of class number 1.

In this article, we combine the method of Derenthal and Janda with ideas devel-
oped by Schanuel [1979] and apply it to arbitrary number fields. To the author’s
best knowledge, this is the first example of universal torsor techniques applied
to a special case of Manin’s conjecture over general number fields, aside from
Schanuel’s result for P*. Hopefully, similar approaches will lead to results for
nontoric varieties.

Before we state the theorem, let us fix some notation: by Ak, hx, Rk, and wg,
we denote the discriminant, class number, regulator, and number of roots of unity
of K. Moreover, r and s denote the number of real and complex places of K, and
q :=r+s— 1. We write Ok for the ring of integers of K and ta for the absolute
norm of the nonzero fractional ideal a of K.

Theorem 1. For every number field K , we have
N(B) = c B(log B)® + O (B(log B)),
for B > e. Here, the implicit O-constant depends on K, and
91 (2727)\ [ hg Rk \’ 1Y 7 1
= l—— ) (14+=—+ =),
o 4-6!<«/|AK|> wK U ) U o T

where the product runs over all nonzero prime ideals p of Ok.

The leading constant. Let us check the leading constant cx in Theorem 1 against
the expected one. According to [Batyrev and Tschinkel 1998b, Section 3.4, Step 4],
it should have the form

Va1 (U)dg—1 (U) t9-1 (U)
6! ’

where y5-1(U) is the volume of a certain polytope depending only on U, §3-1(U)
is a cohomological invariant, and t5-1(U) is a generalized version of the Tamagawa
number introduced by Peyre [1995] for smooth Fano varieties.

Derenthal and Janda [2013, Section 3] computed these constants for our U over
arbitrary number fields K, using a minimal desingularization S of S constructed
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by blow-ups of P? in six rational points: We have 84-1(U) = 1, and, as already
given in [Batyrev and Tschinkel 1998b, Section 5.3], y5-1(U) = %. The Tamagawa
number 141 (U) is an adelic invariant given as a product of local densities with
certain convergence factors

2"2m) hk Ry

wg+/1Ak]|

For the Archimedean densities, we have

7
) 1Ak ] T onmr o SED) T4 om0 (S(KL)).

v|oo vtoo

Ty-1(U) = (

36 if K, =R,

wafl,v(S(Kv»:{%nz c K

The non-Archimedean density at the place v corresponding to the prime ideal p of
Ok is given by

Ay (K =1 Ly el L
Wyr— = — .
v FHTLVAARY Np Np | Np?
Putting this together, we see that the constant cx in Theorem 1 is as expected.

More notation. The ideal class of a nonzero fractional ideal a of K is denoted by
[a]. We write Pk for the group of nonzero principal fractional ideals of K. We
denote the real embeddings by o1, ..., 0, : K — R and the complex embeddings
by 0441, Ort1s - -+ Orts, Orts . K — C. The componentwise continuation of o;
to K" is also denoted by o;. If v is the place corresponding to o; then we put
d; :=d,. When convenient, we write «®) := 0; () for « € K. If a, b are fractional
ideals of K, we put (a, b) := a+ b. For any point x = (xp, ..., x;) € K" let
J(x) := (xO0k, ..., x,0k). Then, for x € K*,
r+s . . . .
Hx) = 03007 [ max {1 1671, x5 16§71}
i=1
We fix, once and for all, a system of fundamental units of Ok, and denote by
% the multiplicative subgroup of K* generated by this system. Then ¥ is a free
Abelian group of rank ¢, and the unit group O is the direct product O = ug %,
where g is the group of roots of unity in K.
Moreover, we fix, once and for all, a system € of integral representatives for
the ideal classes of Ok, that is, a set of 1x nonzero ideals of O, one from every
ideal class.

2. Passing to a universal torsor

In this section, we find a parametrization of the rational points of bounded height on
U by (almost) integral points on an open subset of A%, subject to some height- and
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coprimality conditions, and up to a certain action of (@2)7. This parametrization
has the merit that, due to the coprimality conditions, the non-Archimedean parts of
the height conditions are trivial.

Over QQ and imaginary quadratic number fields, the action of (@,X()7 makes no
problems, since then @2 is finite. In general, that is not the case; this is one of the
main difficulties which we have to overcome.

While we will use purely number-theoretic arguments, we mention that the open
subset of A? is a universal torsor over S, and that our construction is motivated by
geometric considerations; see [Derenthal and Janda 2013]. The choice of indices
might seem slightly counterintuitive at the beginning. It is, however, closely related
to those geometric considerations and will lead to a rather symmetric result.

Parametrization. Let ¥, : K3 — K* be given by
- 2 2 2
Wo(x23, X31, X12) = (X12X23X31, X12X37, X23X12, X31X33).
We will also consider W as a rational map P2 --» 3. Let W C [P? be the open subset
. : 2
W ={(x23 : x31 : x12) € P7 [ x12x23x31 # 0.

Then W, induces a bijection between W (K) C P»(K) and U (K) C P3(K) with
inverse (xg : X1 :Xxp:X3) (xg 1 XoX1 : x1x2). Therefore,

N(B) = [{x € W(K) | H(Wo(x)) = B}|. 2-1

Whenever indices j, k, [ appear in an expression, this expression is understood
to hold for all (j, k,/) € {(1,2,3),(2,3,1),(3,1,2)} =: A.

Lemma 2.1. Let by, by, b3 be nonzero ideals of Ok, and let ¢ := (by, by, b3). Then
there exist unique nonzero ideals a1, ay, az, aja, a1, 23, a3z, a31, 013 of Ok
such that

2
bj=c-aji-ag-ag-a;-ag, (2-2)

and such that the following coprimality conditions hold:
(a, aj) =0k, (2-3) (ag, a;;) =0k, (2-6)  (a, ;) =0k, (2-9)
(ag, ;) =0k, (2-4) (ag, o) =0k,  (2-7)  (ax,a;) =0k, (2-10)
(ag, a;) =0k, (2-5)  (au,aj) =0k, (2-8)  (aji, au) =0g. (2-11)

Conversely, given ideals ay, aji, aj as in (2-3)=(2-11), the ideals b defined by
(2-2) satisfy (by, by, b3) =c.
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Proof. It is enough to prove the lemma if ¢ = Ok, since we can always replace b
by ¢~ !b;. In this case, we have (b;, b7)(b;, b;) | b;. Let

b
" J . (2-12)

b, (b, bp)
= ap:=(—2L—,b¢), and ay:=-—L—
(b, 62 (b, 6,) <(bj, bx) "> k g

Then the a i, ax, a; are nonzero ideals of Ok and (2-2) holds, since
(bj, bp) = (b, bp)ax = agay  and (b, b)) = ajay;.

One readily verifies that the left-hand sides in conditions (2-3)—(2-6), (2-9), and
(2-10) divide (by, by, b3) = Og. Similarly, the left-hand sides in (2-7), (2-11)
divide (b;/(b;, by), br/(bj, b)) = Ok, and the left-hand side in (2-8) divides
(br/ak, b;/((bj, br)ay)) = Ok.

Now assume that (2-2) holds, with given nonzero ideals a, a i, aj satisfying the
coprimality conditions (2-3)—(2-11). These conditions imply that (b;, bx) = ara,
and furthermore (b;/(axask), bx) = ar. Thus, the ai,a; are as in (2-12). Clearly,
this holds as well for the aj;, and uniqueness is proved.

The last assertion is again a direct consequence of (2-3)—(2-11). O

The coprimality conditions (2-3)—(2-11) can be expressed in a more convenient
way: Let G =(V, E) be the graph with vertex set V:={1, 2, 3, 12, 21, 23, 32, 31, 13}
and edge set E :={{k, jk}, {k, Lk}, {kl,lk}|(j, k,]) € A}. We can draw it as follows:

1 21 12 2
I I
31 13 3 23 32

Then (2-3)—(2-11) hold if and only if (a,, a,,) = O for all pairs (v, w) of nonadja-
cent vertices of V. If we denote the edge set of the complement graph by E’, this
means that

for any {v, w} € E’, we have (a,, a,) = Ok. (2-13)

For every point (x23 : x31 : x12) € W(K), the ideal class [J(x23, x31, x12)] is well-
defined, and [J(x23, x31, x12)] =[C1, for some C € 6. By multiplying with a suitable
element of K, we can choose a representative x = (x23, x31, X12) € (Og \ o3
with J(x) = C. This representative is unique up to scalar multiplication by units
in O%.

We apply Lemma 2.1 to the principal ideals b; := x 1Ok and obtain

2
xjkOg =C-ajg-ay-ap-a; -,

with unique ideals a, of Ok satisfying (2-13). For all v € V \ {12, 23, 31}, there
is a unique C, € € with [a,] = [CU_I]. Choose y, € K* with y,0x = a,C,, and
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define yi2, y23, ¥31 € K* by the equations

Xk = Yjk Ve ViKY Vij- (2-14)
Then
yjk@]( = Cljijk with Cjk = CC;zcl;lC;lclzjl.

For C = (C, Cy, C3, C3, Cay1, C32, C13) € €7, we define M¢ as the set of all
y = (»)vev € (K*)? such that

vy € C, for all v € V, and the ideals a, := yvcv_l satisfy (2-13). (2-15)
By what we have shown above, relations (2-14) define a surjective mapping

¢: | Mc— W(K).
Ccee’
If y e Mc and ¢ (y) = (x23 : x31 : x12) With x; as in (2-14) then

2
xjk©K :C-ajk-ak-alk-aj-akj.

By Lemma 2.1, we have J(x23, x31, x12) = C, and the a,, (and thus as well the C,)
are uniquely determined by the x;;Og. In particular, the sets M¢, C € ¢7, are
pairwise disjoint. Moreover, (x23, x31, X12) and the y,, v € V, are determined by
¢ (y) up to multiplication by units. Therefore, ¢ (y) = ¢ (z) if and only if there are
units ¢, ¢, € O with

=Gy forallveV and j¢fautGy = ¢ forall (j,k, 1) € A.

By eliminating the ¢, we see that ¢ (y) = ¢ (z) if and only if y and z are in the
same orbit of the action ©® of (@2)7 on (K*)? given by

(€, ¢15 82, 83, £215 6325 £13) © (Vo)v = (Z0)v» (2-16)

where z, 1= ¢,y, forall v e V \ {12,23,31} and zj; := {(k_zglzlgj_l;k;lyjk.

In what follows, it will be more convenient to work with the free Abelian subgroup
F of O generated by our fixed system of fundamental units. Clearly, (@2)7 is the
direct product (0%)7 = pu} - F'. Since the action of (0%)7 on (K *)? is free, every
orbit of (K *)? under the action of (@;)7 is the union of |MZ<| = a)z( orbits under
the action of F’.

Let % be a system of representatives for the orbits of (K *)? under the action
of %’. Then ¢ induces an 60;( -to-1 map

¢: | Mcnd) —> WK).

7
The benefits of our construétion become apparent in the height condition. With
X = (x3, X31, X12) as in (2-14), we have o(x) = y{y3¥3y21y32)13 ¥/ (¥). where
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V() = 3o YD1 ¥ ()2 ¥ (9)3),
with
vo:=[]y and v, :=ylyuyuyiy; for 1<j<3.
veV

Therefore,
r+s

H(o(x) =HW () =NIJwon~" ] 0@@3“@0@);0”%

i=1
A straightforward computation using y, = a,C, and (2-13) shows that

Iy =C3cicrec cg ol

By our construction, 1 (y) satisfies the equation 1//(y)0 =y ()1 (¥)2¥(y)s. Since
this holds as well for all conjugates, the maximum is always one of |1 ( y)(1 [,

1y Y], [ (1)), We define

R(B) := {ye?R

r+s

3 2 284
HQf‘;{"Ti(yjyjkyﬂykjyzj)l} sB}. (2-17)
=

The results of this section can be summarized as follows.

Proposition 2.2. Let M¢ be as in (2-15), let R be any system of representatives for
the orbits of(l(x)9 under the action © of ' given by (2-16), and let R(B) be as
in (2-17). Then M¢c NR(B) is finite for all B > 0, C € €’, and

1

N(B)=— Y [McNR(ucB),

K ceq
where uc :=M(C3C;*Cy2C57Ch €L .
A system of representatives for the orbits. We construct a system R of representa-

tives for the orbits of (K *)? under the action © of %’ given by (2-16).

Lemma 2.3. Let o1, a0z, a3 € F and consider the system of equations
53 =y for () € ((1,2), (2.3), B, D), (2-18)
with variables ¢, {; € F

(1) If a3 is not a cube in F then this system has no solutions.

(i) If ayopaz = E3 with & € F then the solutions are given by
G=8 =8 'u, n=%w'. =8% e,
foralls € &
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Proof. Equations (2-18) imply that
§3§j’9 = ajoclzzoef = a1a2a3a;3al3, (2-19)
which proves (i).
Now assume that ojopa3 = 53 for some & € %. Then £ is unique since F is free
Abelian. Direct computations verify that the values given in (ii) are solutions.
Given any solution (¢, ¢1, &2, ¢3) of (2-18), let 6 := ¢;. Then (2-19) with j =1

shows that ¢ has the desired form. Similar computations using (2-19) with j =2
and j = 3 prove that ¢, and {3 are as desired. O

Let H be the subgroup of (K*)° of all & = (a2, 21, 023, @32, @31, &13) € F°
for which a12a§1a23a%206310l%3 is a cube in %.

Lemma 2.4. Let R C (K *)? be a system of representatives for the orbits of (K *)>
under the action of F by scalar multiplication, and let Ry < (K *)® be a system of
representatives for (K*)8/H. Then R := Ry x Ry is a system of representatives
for the orbits of (K %Y under the action © of F'.

Proof. Let y = (yy)vev € (K*)°. Then there is a unique o € H such that

(@12y12, @21 Y21, 02323, 03232, A31Y31, X13Y13) € Ra.

The elements { = (¢, 41, &2, £3, {21, 832, £13) € F with £ O y € (K*)? x % are
those satisfying

—2,—1,—1,—-1
Ckj =0 and $& 78, 8L = i (2-20)
With o := ooy, this simplifies to (2-18). Now
_ 2 2 2

is a cube in &, so ¢, {1, &, ¢3 are of the form given in Lemma 2.3(ii), for § €
%. There is exactly one 6 € & such that the corresponding ¢;, ¢, {3 satisfy
(C1y1, £2y2, £3y3) € Ry. Hence, there is exactly one { € %' with toyek. U

Lemma 2.5. Let R C K™ be a system of representatives for K* /%, and let Rg C %
be a system of representatives for %/{&3 | &€ € F). Then

Fa:= [ J (bRx Rx Rx Rx RxR)
PERg
is a system of representatives for (K>*)°/H.
Proof. Clearly, | pea, PR 18 a system of representatives for K>/ (38 e F).

Letye (KX)6. For all v € {21, 23, 32, 31, 13}, there is exactly one «, € & with
oy Yy € R. Moreover, there is exactly one & € & such that

2 2 2 \—1g3
yia(asazagasiay;)” §7 € U oR.
PERF
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Hence, there is exactly one «; := (oz%1 a23oc_,2,2a31a123)_1§3 € % such that
a = (a2, 001,003, 032,031, ¢13) € H and ay e Rs. O

We choose the system R = R X R, as in Lemma 2.4, where R is any system of
representatives for the diagonal action of & on (K *)3 and R, is as in Lemma 2.5.

3. Proof of Theorem 1

This section is a generalization of [Derenthal and Janda 2013, Section 5]. We
reduce Theorem 1 to a central lemma (Lemma 3.1), whose proof will take up the
rest of the article. We assume that K is of degree d > 2. Over Q, one would need
to replace Lemma 5.2 by a slightly more intricate argument to make the sum over
the error terms converge, for which we refer to [Heath-Brown and Moroz 1999].

Mobius inversions. Let C = (C, C;, Ca, C3, Ca1, C32, C13) € €7 be fixed. We
investigate the quantity |M¢ NR(uc B)| from Proposition 2.2. We can write

IMc NRuceB)= Y L

YER(ucB)
(2-15) holds

Mobius inversion for all the coprimality conditions in (2-13) yields

|Mc NR@ucB) = ) (Hu(%)) > L G-

Oc)pepr  VecE’ yeR(uc B)
{0}#0,<0k Ve={v,w}€E :y,€0,Cy,yu€0.Cy

where each 0, runs over all nonzero ideals of Og and u is the Mo6bius function for

nonzero ideals of Og. Lemma 3.1 will imply that the last sum is always finite and
nonzero for at most finitely many (0.).cg. With a, := ﬂve ccp 9¢Cy, We obtain

Z 1= Z 1. (3-2)

YER(ucB) yeR(ucB)
Ve={v,w}eE":y,€0,Cy, y,€0,Cy Vuiyy€ay

We estimate this sum by the following lemma. Its proof is central to this article and
will be given in Section 5.

Lemma 3.1. For every v € V, let a, be a fractional ideal of K with Na, > c, for
some constant ¢ > 0 depending only on K. With R(B) as in (2-17), we have

91 (2727)*\’ R
> 1:4'6'< — Km B(log B)®
YR (B) "\ VIAk] nvev Ay
Yuiy,€ay

Lo maxj{‘ﬁaj}l/d
l_[j N, 1—[[# Mgl ~2/CD

ij

B(log 3)5),

for B > e. The implicit O-constant depends on K.
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For any (0,).cg’ and v € V, we define r, := N(Nyeecr0e),
Ri= T ad Rommast) T [ @)
veV ! jo i
We notice that Na, = N(Nyeecr0.Cy) = N(Cy)ry. Recall that we defined Cji 1=
CcC.’cylcy'c! for jk € {12,23,31}, s0

[1mc, =i cr2cy ey ey e e = ue.

veV

Since the C, C;, Cy; are members of the fixed finite set 6, their absolute norms are
bounded from below and above by positive constants depending only on K. With
this and Lemma 3.1, we obtain

o (e 5 B 6 B 5
YER(ucB)

Yv€Qy
whenever B > e/uc. Otherwise, the error term dominates the main term. Let

wi= Y [[u@r’, o= 3 [leJIR". G4

(De)geE/‘ eckE’ (De)eeE" ecE’
{0}#0.90k {0}#0.<40k

We will see in Lemma 3.2 that these sums converge under our assumption that
d > 2. Since the sum defining p converges, (3-1) and (3-2) yield

9 <2r(2n)s
46!\ /TAk]

Computation of the constant. We notice that the above expression for

9
|Mc NR(ueB)| = ) Ry wB(log B)® + O(B(log B)°).

|Mc N R(ucB)
does not depend on C € %¢’. Therefore, Proposition 2.2 implies
94 (2’ 2m)*
4-6!'\ /IAk]|
Theorem 1 is an immediate consequence of the following lemma.

Lemma 3.2. Let w, p be as in (3-4), with Ry, Ry as in (3-3). If d > 2 then both
sums converge, and

N(B) =

9
) (hKRK >7a)B(10g B)® + O(B(log B)Y).
wk

w:]:[(l—mlp)7<1+mlp+m+gz), (3-5)

where the product runs over all nonzero prime ideals p of Ok.
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Proof. The proof is a straightforward generalization of the one in [Derenthal
and Janda 2013, Section 5]. An obvious modification of the argument given
there shows that the Euler factor of p corresponding to a prime ideal p of Ok is
1+ 0 Mp~©=3/GD) 5o the sum defining p is convergent whenever d > 2. Since
o < p, the sum defining @ converges as well.

Let A(x) be the polynomial defined [ibid., Section 5], and A, the Euler factor of
w corresponding to p. Then we have A, = AMp~1), and (3-5) follows from the
investigation of A(x) [ibid., Section 5]. U

This completes our proof of Theorem 1, up to proving Lemma 3.1.

4. Auxiliary results

Let n, M be positive integers and L > 0. By Lip(n, M, L) we denote the set of
all subsets % of R” for which there exist M maps @ : [0, 1]"~! — R" satisfying a
Lipschitz condition

|®() —P(w)| = Llv—w

such that % is covered by the union of the images of the maps ®. Here, | - | is the
usual Euclidean norm. (The subsets in Lip(1, M, L) are just those with at most
M elements.) We will use the following lemma to bound the error terms when
estimating a sum by an integral. Part (i) generalizes an argument used in [Lang
1994, Chapter VI, Theorem 2].

Lemma 4.1. Let D, B C R" be bounded subsets with B € Lip(n, M, L).
(1) Let A CR" be a lattice. Then

L e A (A +D)NB # 3} Kap ML+1)"""
(1) If D, 9B are compact then {x € R" | (x + D) N B # T} is measurable and
Vol{x e R" | x+D)NB £ @} <p M(L+1)"".

Proof. For x e R", we have (x + D) N % # & if and only if x € B — D. If B and
D are compact, the set B — D is compact as well. This proves measurability of the
set in (ii).

Let @ : [0, 1]"~! — R” be one of the M maps with Lipschitz constant L whose
images cover 9. We split up [0, 1]7*~! into L'l’f1 subcubes of side length 1/L1,
where L; := | L]+ 1. Let C be one of those subcubes. Then ®(C) has diameter
at most /n —1L/Ly < +/n—1, so it is contained in a closed ball B;(2+/n — 1) of
radius 2+/n — 1 centered at some point z € R".

Since D is bounded, it is contained in a closed zero-centered ball By(Rp)
of some radius Rp. Every point x € R" with (x + D) N ®(C) # O satisfies

x € B,(2v/n—1) — By(Rp) = B,(2v/n — 1 + Rp).
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The number of lattice points in such a ball is finite and can be bounded indepen-
dently from z. Therefore,

{Ae Al(A+D)NP(C) # T} La,p 1. (4-1)

Moreover,
Vol{fx eR" | (x+D)N®(C) #2} <VolB,2vn—1+Rp)<pl. (4-2)
Summing (4-1) and (4-2) over all C and & yields (i) and (ii). Il

Counting lattice points. We will need to count lattice points in certain bounded
subsets of R" for lattices A € R" of the form A = Ay x--- x A,, where each A; is
a lattice in R™ and n; +---+n, =n. Then we have det(A) = det(A) - - -det(A,),
and the successive minima (with respect to the unit ball) of A are just the successive
minima of Ay, ..., A,. Several authors (for instance [Christensen and Gubler
2008; Masser and Vaaler 2007]) provide counting results where the first successive
minimum is reflected in the error term by making an argument from [Lang 1994,
Chapter VI, Theorem 2] explicit. For our application, we need the error term to
reflect information about all the lattices A;, which is accomplished with the help of
a theorem by Widmer.

Theorem 4.2 [Widmer 2010, Theorem 5.4]. Let A be a lattice in R" with successive
minima (with respect to the unit ball) Ly, . .., A,. Let B be a bounded set in R" with
boundary o®B € Lip(n, M, L). Then B is measurable, and moreover

k
Vol % < cop(n)M max L

BOA|— _ Lt
| | det A O<k<n A1 -+ Ak

For k = 0, the expression in the maximum is to be understood as 1. Furthermore,

2
one can choose co(n) = n3" /2.

Let A;; <--- < A;p, be the successive minima of A;, and assume that the A; are
ordered in such a way that ;] < Xiy; <--- <A, holds.

Corollary 4.3. Let A and A; be as above, and let B C R" be a bounded set with
boundary oW € Lip(n, M, L). Then B is measurable and

Vol % nr—1
|%mA|—detA\_co<n>M_1‘[(—+1) (7+1) .

Proof. We use Theorem 4.2. Let A <--- < A, be the successive minima of A, that
is, the A;; in correct order. Clearly,

= ~(L , \" /(L
max —— < —+1)< — +1 — 41,
0<k<xn ALt Ak _H(Aj + )_H()\il + > /()»iol + )

J=1 i=1
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where i is chosen such that )‘ionio = A,. The last expression is at most

r—1 ni np—1
L (L '
—+1 —+1 . O
U()\u ) (Arl )
i=1

Lemma 4.4. Let A and A; be as above, and let B C R" be contained in a zero-

centered ball of radius R. Assume, moreover, that 0% € Lip(n, M, L), and that the
following property holds for all x € RB:

If we write x = (x1, ..., x,) with x; € R" then x; # 0 for all i. 4-3)

Then B is measurable and, for all T > 0, we have

r—1 n; ny—1
T" Vol R T\'(T)\"
TBNA| — ———— — — .
| |~ “och ‘<<n,M,R,L U (m) (M)
=

Proof. By Theorem 4.2, % is measurable. We start with the case where TR < A,1.
Suppose that a = (ay,...,a,) € T®B N A. Then a, # 0 by (4-3). Therefore,
la| > |a,| > A,1 > TR, soa ¢ TR, acontradiction. Hence, |T% N A| = 0. Denote
by V) the volume of a ball of radius 1 in R”. Then Vol B < R"V;. We denote the
successive minima of A again by Ay, ..., A,. By Minkowski’s second theorem

we have
T"Vol® _ V,2"(RT)" ﬁ V(T \""
S 1 Sann—l .
det A A AV i1 Al Arl
1=

Now assume T R > A,1. Clearly, Vol(T®B) =T" Vol B and 9(TRB) € Lip(n, M, T L).
To finish the proof, we use Corollary 4.3 and observe that

—(re N(rL  N"' ST+ (TR
. Ail Ar . Ail A1
i=1 i=1
r—1 n; ny—1
_ T\ ( T\’
=(L+R)"" <—> <—> . O
( ) D Ait Arl

The basic sets. Here, we describe the sets % to which Lemma 4.4 will be applied.
These sets were introduced in [Schanuel 1979] and, in a more general context, in
[Masser and Vaaler 2007]. Our notation is similar to that of the latter. When talking
about lattices, volumes, etc., we identify C with R2.

Let X be the hyperplane in R" ™S where x; + - - - + x4y = 0. It is well known
that the map [ : K* — R+ defined by /(«) = (d; log |V, ..., dyys log |a"+9)])
induces a group homomorphism of O onto a lattice in X, with kernel ug. In
particular, / induces a group isomorphism from % to /(0% ). Let F be a fundamental
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parallelotope for this lattice, and let § := (di, ..., d,+s) € R"™. We define the
vector sums

F(co):=F+RS and F(T):=F +(—o0,logT]s for T > 0.

Then F(oc0) is a system of representatives for the orbits of the additive action of
I(F) = l(@,x() on R™**, Let S%(T') be the set of all

(211 ooy T oo Zrs,ls oo Zrsn) € (RTA{ODT x (€7 {0})

such that

r—+s

(di log 113;2(”“11‘,,/”) | € F(T).

i=

Since F € ¥ and d| + - - - +d,+; = d, this is equivalent to

r+s
(d; log max {|z; ;|D/}} € F(oco) and [] max {|z;;}* < T°.
l<j=n i I<j<n

The set S%(00) is defined similarly. Here are some basic properties of S%(7'):
(i) S%(T)=TS%(1) is homogeneously expanding.
(ii) S%(1) is bounded.
(i) 0S%(1) € Lip(nd, M,, L,) for some M,, L,,.
(iv) §%(1) is measurable and Vol S%.(1) =n92"" 7" Ri.
Properties (i), (ii) follow directly from the definition, and (iii), (iv) are immediate
consequences of Lemmas 3 and 4 of [Masser and Vaaler 2007]. Strictly speaking,

the case n = 1 is not covered in that paper, but the proofs remain correct without
change. We need a slightly modified version: Define

SF (1) = Sp(T) N (R™™ x (C)™). (4-4)

Then (i)-(iv) hold as well for S%*(T'). This is clear for (i), (ii), (iv). For (iii), let
X = (R" x C")\ (R*)" x (C*)™*). Then 9S8%" (1) € a5k (1) U (SE(1) N X).
Since S%(1) is bounded and X is a union of finitely many proper subspaces, we
have (% NX) € Lip(nd, M, L)), for suitably chosen M,, L/, so

n

35" (1) € Lip(nd, M, + M/, max{L,, L. }).

5. Proof of Lemma 3.1

Whenever we use Vinogradov’s < notation, the implicit constant may depend on K.
Let us start by summing over yq, y2, y3, for fixed y;x, yr;. Write

V' :=V\{1,2, 3} ={12,21,23,32,31, 13}.
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For any choice of y,, v € V', we define &; := yjryji y,fj ylzj. The height condition in
(2-17) implies that

r+s

INOGDNED =] loi(v}En1% < B.

i=1

For y; € a;j, we obtain [N (§;)| < B|N(yj)|_3 < B‘ﬁaf. By our choice of R in
Lemma 2.4, we can write the sum in Lemma 3.1 as

Yo 1= > > 1. (5-1)

YER(B) (Vo) pey’ €R2 (1,¥2,y3)€R1
Yv€ay YvEay Yj ea,

VINEI=BNa;T TTE max{lor (61 <B

The first summation. Here, we handle the inner sum in (5-1). The necessary tool
is provided in Lemma 5.2.

Lemma 5.1. Let a be a fractional ideal of K, and let T be the linear automorphism
of R" x C* (regarded as RY) given by t(z1, ..., Zr4s) = (1121, - -+, trgsZrts), With
t,...,trys > 0. Leto : K — R" x C° be the standard embedding. Then t o o (a)
is a lattice in R" x C* of determinant

det(t oo (a)) =10+t . 275 . N(a;) - /| Ax]

and first successive minimum A > (tld b rfs‘ Na)l/d,

Proof. For d = 1, the lemma is trivial, so we assume d > 2. Classically, o (a) is a
lattice in R” x C* of determinant 2~*9%(a j)«/m . Since 7 is a linear automorphism
of determinant tf b t,d i, it follows immediately that T o o (a) is a lattice with the
correct determinant.

For A, we slightly generalize the argument in [Masser and Vaaler 2007, Lemma
5] (see also [Widmer 2010, Lemma 9.7]). There is an @ € a with A = |t o 0 ().

By the inequality of weighted arithmetic and geometric means, we have

r+s r+s r—+s 2
=D kP2 dikieP 2 (l_llfl i ) > (1" IN @)l

The lemma follows upon noticing that |N («)| > Da. O

Lemma 5.2. Given constants C;; > 0,fori € {1,...,r+s}and j € {1,2,3}, let

T dl dr+.v
Cji= Clj Gl

Let a1, az, a3 #% {0} be fractional ideals of K, and R a system of representatives
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for the orbits of (K )3 under the action of F by scalar multiplication. Define

r+s
M(T) := (a; X az x az) N {(yl, v2, y3) €y | [ ] max (Cyj1y§" 1} < T"}.
i 1=is3

Then M (T) is finite and

392% (27)* Ry 3d <T3d—1 maxj{c,fnaj}l/d)
T o :
(«/ |Ak|)3C1C2C3ma1ma2‘ﬁa3 C1 C2C3ma1‘ﬁa291a3
forall T > 0. The implicit O-constant depends only on K.

|M(T)| =

Proof. We notice that |M(T)| does not depend on the choice of R, since both
a; x ap x a3 and the height condition are invariant under scalar multiplication of
(y1, ¥2, ¥3) by units. Hence, it is enough to prove the lemma with a specific choice
of R, which we construct below.

Let o : K3 — R x C* be the embedding given by o (y) = (0:(y));1]. For
ie{l,...,r+s},let ¢; be the linear automorphism of R (if i <r) or C? (if i > r)
given by ¢; (21, 22, 23) = (Ci121, Cinz2, Ci323), and let ¢ : R x C — R¥ x C**
be the automorphism obtained by applying the ¢; componentwise.

With S%*(T) as in (4-4), we define R as the set of all y € (K*)? such that
¢poo(y) € Sf;* (00). Then R is a system of representatives for the orbits of (K*)3
under the action of % by scalar multiplication. Indeed, for any y € (K*)? and
¢ € &, we have

(d; log max {|Ci;o3 ¢y )DL} = (d; log max {ICijoi () DL +1),

and F(00) is a system of representatives for the orbits of the additive action of /(%)
on R 5.

Let A :=¢oo(a; xar xaz). Then A is a lattice in R3 x C3, and ¢ oo induces
a one-to-one correspondence between M{(T) and A N S%*(T). Therefore,

|Mi(T)| = |ANSPT)|. (5-2)

Since S%*(T) is bounded, M (T) is finite. To simplify the notation, we change the
order of coordinates by

(z11, 212, 2135 - - - » Zr+s,15 Tr+s,25 Zr+s,3) = (z11, - - - Zrdgsds vy 230 eves Zr+s,3)-
This way, R¥ x C3 becomes (R x C*)3, and A becomes

A=1100(a)) X p00(ay) X 1300 (a3),
where o : K — R" x C* is the standard embedding given by o (y) = (0;(y));_, and

‘Ej(Zlv ooy Zpgs) = (Clth cees Cr+s,er+s)-
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Each Aj:=7t;00(a;)is alattice in R" x C° = R?. Let A be the first successive
minimum of A ;. By Lemma 5.1, we have

det A =det Ay -det Ay -det Az =27 (/| Ak ) C1C2C3Ma; NapMNas

and A; > (C;Na j)l/ 4 The lemma now follows from (5-2), Lemma 4.4 and the
properties of the basic sets discussed on pages 1464—1465. ([

The inner sum in (5-1) is exactly |M(T)| in Lemma 5.2, with
Cij=loiEDI'?, Cj:=INEHI'"? and T :=BYCO,

Observe that C1C,C3 = [N (£1683)'3 = [T,y IN (7v)]. We define

1
M(B, (@p)y) = > ———— (5-3)
(M) yey’ €R2 HUEV/ |N(yv)|
Yv€ay
Vj:IN(E))|<BNa;?

3 max; {|N (§;)[}'/CV

R(B, (ay)y) = l_[veV’ [N (yu)l

(5-4)
Ov)yey’ €R2
Yu€ay
Vj:IN())I<BNa;?

Then (5-1) and Lemma 5.2 imply

R 392% (2m)¥ Rk B B @)

YER(B) VTAK)3*9Na;NaxNas P

Yv€ay
max; (Na V)G )
Taaotas > R(B, . (55
( Na;NarNaz (B, (ay)v) (5-5)

Recall that the 9a, are bounded from below by a positive constant ¢ depending
only on K. This implies, for example,

m(a.l.kaﬂa]%jalzj)l/Gd) & 1_[ {J‘tag/cﬁd)’ (5-6)
veV’
Nalajrajaz;an) ' <ca, (5-7)

for some constant ¢; > 1 depending only on K.

The error term. With R, as in Lemma 2.5, the term % (B, (a,),) has the form

, AN 1/Gd)
R(B, (ay)y) = Z Z max; {|N (&)} ‘

N
pERg  Vu#l12:y,eRNa, [Toev INOWI
yiz€pRNayp
Vj:IN(E))I<BNa;’
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Both R and pR are systems of representatives for K* /%, so they contain exactly
wg generators for every nonzero principal fractional ideal of K. Let H, be the
principal fractional ideal H, = y,0g. The norm condition and the summand in
the inner sum depend only on (H,),cy’. Therefore, the sum does not depend on p.
Since |Rg| = 37 « 1, we obtain

max ; {M(H jx HﬂHij Hé)}l/@d)
l_[vEV’ SJt(l—lv)

R(B, (ay)y) K >
{0}#£H, € Pk, veV’
Hy,Cay
Vj:(H i Hjt HE, HY) <BNa

We replace H, by H,a; 1 <90k and use (5-6), (5-7) to bound this sum by

< 1 5 max; {(N(Hjx Hji HE HE) Y G
1-2/(3d)
vl;[,/ ) (0} H, <0, veV’ [y 2M(Hy)
Hyela,]™!

Vj:WHj Hj HE HE) < B

Let us denote the above sum by R (B, (a,),). What follows is a rather straight-
forward generalization of arguments used by Heath-Brown and Moroz [1999] and
Derenthal and Janda [2013]. By symmetry, we may assume that the maximum in
the summand is taken for j = 1. This allows us to bound R (B, (a,),) by

1
< Z N(Hi2Hi3) =V CDN(Hyy Hzp) ' =2/ CON(Haz H3p)
{0}#H, <0k, veV’

Vj:N(HHji H Hf)<c2 B

1 d(U)
< Z N(Hy, Hay)' 2/ CDON(Hys Hay) Z NU-1/Gd)’
()£ H, 0k, i1~ 213 2370320 oy £U <0k
mH,'j <cB NU <u

where u := ¢, BRW(H, H3;) ™2 and d is the divisor function for nonzero ideals.

Lemma 5.3. For T > 1, we have

> ngtC‘O‘<<{TOHrl if —1<a=0,
{0} £a<0k max{l,logT} ifa=—1.
Na<T

Proof. This is a straightforward generalization of [Derenthal and Janda 2013,
Lemma 4]. The proof uses Abel’s summation formula and the well known fact that

[{{0} #a 20k [Na<T} K T. a
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In the following computation, the sums run over nonzero ideals of Ok . Using
Lemma 5.3, we obtain

dU) _
Z NUT-1/Gd) — Z ZMU eD

NU<u NU<u VIU

_ Z gy —1+1/Gd) Z sy~ 1+1/Gd)
NV <u NU <u/NV

< Z MY~ 1H/GD () jpy )/ CD  ,1/GD) log B.
mVSczB

Therefore,
1
R (B, (av)y) < BYCDlog B
o {0}7&H§@K e N(Hy H31 Haz H3p)
NH, <c2B
< B'/G(log B’

Having estimated R (B, (a,),) and thus R(B, (a,),), we obtain from (5-5):

3 3923 (27)* Rk B B, (o)
- ’ av v

YER(B) (VTAk)39a; NaNas

yveav

+0< maxj{‘)’taj}l/d
1-2/(3d)
Hj RICY Hi;ﬁj Na;;

The main term. Just as before, we have

1
M(B, (@)) = ) > ey INGWI

pPERF VYv#12:y,eRNa,
yiz€pRNay
Vj:IN())|<BMa;?

B(log B)5>. (5-8)

For all v € V', let b, € 6 with [b,] = [a,], and ¢, € K> with t,a, = b,. Moreover,
we define b; :=DU(a%ajxa;iaz;07;) ' Db kb j167;67)). Then (5-7) implies that
bj<c3 forall je{l,2,3}, (5-9)

with a constant c¢3 > 1 depending only on K. We replace y, by t,y, and obtain

(17 2 —
M(B, (ay)y) = ( l_[ ;)’tav) Z Z HveV’ IN(yu)l .

veV’ peRg Yv#12:y,€t,RNb,
yi2€LpRNby,
Vj:INEj)I<b;B
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Again, the inner sum does not depend on the sets of representatives #, R, t,pR
for K*/%. Thus,

I
J%(B,(au)v)=3q<l_[ %) 3 ot (5-10)

veV’ YwERNb,, eV’
vj: IN(SJ)\<}J B

where R is any system of representatives for K */F. Let 0 : K — R” x C’ be the
standard embedding, and let S},(T) be defined as on page 1465. We choose R to
be the set of all y € K> with o (y) € S}v(oo). This is indeed a set of representatives
for K*/%: Forany y € K*, ¢ € %, we have

(d; log |o; ()it = (di log loy (M +1(2),

and F(0c0) is a system of representatives for the orbits of the additive action of /(%)
on R"™5. We will first consider the sum

M (B, (by)y) := Z I
yyERNBy,, veV’ l—[veV’ |N()’v)|
Vj:IN@E)I<B

Forany z € R" x C*, let N(z) := |21 - - - |z,45|%*. We define M(B) as the set of
all (zy)pev’ € (R” x C*)° such that

for all v € V', we have z, € S}.(c0) and N(z,) > 1, and
for all j, we have N(z)N(z;))N (z;)*N (z;)* < B.
Then M (B) is bounded for all B. Let A be the lattice in (R” x C*)® defined by

A= 1_[ o(by).

veV’

By the componentwise extension of o to K, we obtain

B o) Z 1 (5-11)
1(B, (by)y) = _ _
(20)vEANM (B) [Toev: N(zv)

We identify C with R? and estimate this sum by an integral. Let

25 \6 1 dz
1(B) :=( ) / v
VIAKT TToev M0y Jucs) E, N(zv)
Lemma 5.4. We have

> T vy ~ (B + 0 B))

(zo)veAnM(B) 1 LveV’ N( v)

for B > e. The implicit O-constant depends on K.
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Proof. This is a generalization of [Derenthal and Janda 2013, Lemma 5]. Let
us fix some notation. For v € V', let F, be a fundamental parallelotope for the
lattice o (b,) € R" x C* = R?, and let R, be the minimal d-dimensional inter-

val containing F,. We denote the side lengths of R, by [, 1, ...,y 4. For any
2=1(z1,...,24) € R? satisfying
|zil > 1+1,; foralli e{l,...,d}, (5-12)

let R,(z) be the (unique) translate of R, such that z is the corner of R,(z) at utmost
distance from the origin, and let F,(z) be the (unique) translate of F, contained in
R, (z). Similarly, for any z with

lzi| > 1forallie{l,...,d}, (5-13)

let R, (z) be the (unique) translate of R, such that z is the corner of R} (z) closest
to the origin, and let F(z) be the (unique) translate of F, contained in R} (z).
Consistently with the above definition of N(z) for z € R” x C*, we let

N(z) = |z ---zr(zfﬂ +zf+2) (@B D)

Since N(z) > N(y) for all y € F,(z), we have

L1 dy 2 / dy (5-14)
N(z) = Vol Fy(z) JF, () Ny VIAKING, S N
Similarly,
Lo 1 dy _ 2 f dy (5-15)
N(z) = Vol F/(z) Fi(2) N(y) JIAk[Nb, FJ(2) N(y)

Clearly, if z #7' € o (b,) with (5-12) then F,(z) N F,(z') = @. Let us first prove that

Y TGy 5B+ 0w ), (5-16)

@o)veAnM(B) L LlveV’ N(Zu)

To this end, we define
E(B):={(zy)y € M(B) | all z, satisfy (5-12) and F,(z,) € S;(oo)},

and G(B) := M (B)\ E(B). Keep in mind that E(B) and G(B) depend on (b,),cv.
For any (z,), € AN E(B), we have [ [, F,(zy) € M(B). Therefore,
1

dy
Z Hve\/’ N(zy) = Z 1_[ \/|AK b, /Fv(zv) N(y)

(zv)v€ANE(B) (Zv)v€ANE(B) veV’

s 6 1 dz
< < I1(B).
B (leKl) [Toev by Z l_[ ~/I;(zv) N(zy) — )

(ZU)UEAOE(B) veV’
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We need to prove that

> o NG ! = 0((log B)®). (5-17)

(Z)veANG(B) 1 lveV’ N(zy)
For every (z,)» € A N G(B), there is at least one w € V' such that either

Zw does not satisfy (5-12) (5-18)
or

Zy satisfies (5-12) and F,,(z,,) € Sk (00). (5-19)

Therefore, we have
1

(z0)y€ANG(B) Hvev’ N(zy)
1
= —_
B Z Z [Toev N(zv)

weV' (z,),€ANSk(00)°
N(zy)<B
(5-18) or (5-19)

-y ( nm > ﬁ) 3 ﬁ (5-20)

weV' “vFEW zeo(b,)NS)(00) z€0 (by,)NS}:(00)

N(z)<B N(z)<B
(5-18) or (5-19) for z

Now
Y Lo Y e Y L«igs 521)
NG NH NH
z€0 (by)NSL(00) {O}[flc']bEPK {0}9%&1753%
N@=B NH<B -

by Lemma 5.3. Moreover, we write

B

1 1
> Y5 = > a,- H (5-22)

2€0 (b,)NS L (00) n=l1
N(z)<B
(5-18) or (5-19) for z

with a, := |{z € 6(by) N SE(00) | N(z) = n, (5-18) or (5-19) holds for z}|. We
will apply the Abel sum formula, so we need to understand

A(T) =) an=|{z € 5(by) N SH(T"¥) | (5-18) or (5-19) holds for z}].
n<T

Let
={zeR|z1--- 24 =0}, (5-23)
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and let D,, be the d-dimensional interval
Dy i=[=Up1+ D Ly + 1% x [=Uya+ Dy Lpa+ 1SR (5-24)

Then any z counted by A(T) satisfies (z + D) N H # & (if (5-18) holds) or
2+ Dy Z SL(TY?) (if (5-19) holds). Therefore, any such z is contained in
A1(T)U A»(T), where
AN(T):={z€0(by) | (z+ Dy,)NISL(TY) # )
Dz €a(by)NSLTYV) | (z4 D) € SL(TV4)),
Ay(T):={z€0(by) | (z+Dy) N (ST N H) # 2}
D{zea(b,)NSL(TY) | (z+ D) € SLTYY), (2w + Dy) N H # ).

Now 3Sp.(TV4) = T1/4381.(1) € Lip(d, My, T'/9Ly). We recall that b, € 6, so
Lemma 4.1(i) implies that

|A1(T)| < My (L \ TV + 1) '« TU-D/4 forall T > 1.

Moreover, S}(Tl/d)ﬂHzTl/d(S}(l)ﬂH), and clearly S}p(l)ﬂHeLip(d, Ml, f,l)
for some 1\711 and I:1. By Lemma 4.1(i),

|A2(T)| < My(L TV + 1) « TW=D/4 forall T > 1.
Therefore, A(T) <« T“@=V/4 for T > 1. The Abel sum formula yields
B 1 B B
> an ~=A(B)/B +/ A(t)/t>dt < B4 +/ 1~ D gy « 1.
-1 t=1 t=1

With (5-20), (5-21), (5-22), we see that (5-17) holds, which finishes the proof of
(5-16). Let us prove the other inequality, that is

1
I(B) < Z o NG U)+0((10gB)5). (5-25)

(zv)veANM (B)

For every v € V' and every z € R4 satisfying (5-12), there is a unique A,(z) € o (b,)
with (5-13) such that z € F)(1,(z)). In a similar way as above, we define

E'(B) :={(zy)y € M(B) | all z, satisfy (5-12) and A,(z,) € S}p(oo)},

and G'(B) := M(B) \ E'(B). Both E’(B) and G’(B) are clearly measurable. For
any (z,)y in E’(B), the point (A,(z,)), is the unique element of A N M (B) with
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2y € F[)()Lv(zv)) for all v € V’. With this and (5-15), we obtain

dz, dz
WAk )6 [T Mo, / 1_[ N (zy ) Z 1_[ «/IAK 1 N(z)
vev’ N7 ()

1
= oD T Ve &2

(Ay)veANM(B)

We need to prove that

s 6 1 dz 5
v = 0((log B)"). 527
( |AK|) [T,y 90y //(B) vl;!/ N(z,) ((log B)”) (5-27)

For every (z,), € G'(B), there is some w € V’ such that either

Zy does not satisfy (5-12) (5-28)
or
2y satisfies (5-12) and Ay, (z,) & Sk(00). (5-29)

Similarly to (5-20), we obtain

dz, dz
/HN(z,of (1—[ /N(z)) / o O

’ ’
G'(B) V€V wev z€SL(00) z€51(00)
1<N(@z)<B 1<N(z)<B
(5-28) or (5-29) for z

We denote the Lebesgue measure on R, R4 by my, my. The restriction of N to
S }v(oo) defines a measurable function Ny : S}T (00) — R. Since

(mq o Ny ((a, b]) = Vol Sk (b"4) — Vol S} (a'/?) = (b — a) Vol S}.(1)
for all 0 < a < b € R, we obtain nm, o N; ' = Vol S (1)m; on R>*. Therefore,

dz dmg 1 —1N _ 1 )
N Nl(z)_/ td(meNl )=Vol Si(1)log B. (5-31)

2€S1(0) NyN([1L,B)) [1,B]

I<N(z)<B
Let A(T) :={z € S}(oo) | 1 < N(z) < T, (5-28) or (5-29) holds for z}. Then
A(T) is measurable for all T and the restriction of N to A(B) defines a mea-
surable function N, : A(B) — [1, B]. For any E C [1, B] with m(E) = 0, we
have N, '(E) € Ny '(E) and (mq 0 N;')(E) = 0. Thus, mg o N, ' is absolutely
continuous. With the distribution function F(T) := (mgo N, (1, T]), we obtain

dz dmy 1 1 5
az — L dmgo Ny ):/ LAF(@). (5-32)
/A<B) N(z) /NZ‘(U,B]) N> (2) /[1,31 P ot
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Integration by parts for the Stieltjes integral on the right-hand side suggests that we
need to find a suitable bound for F(T). Clearly,

F(T) = Vol(N; '([1, T1)) = Vol A(T).
With H, D,, as in (5-23), (5-24), let
AN(T) :={z € R | (z+ Dy,) NISL(T) £ &1},
Ay(T) :={z e R | (z + Dy) N(SL(T V) N H) # o).

A similar argument to before shows that A(T) C A (T)U A>(T). We already know
that dSL(T'/?) € Lip(d, My, TY?L,) and S}.(T'4) N H € Lip(n, My, TV4L).
The same holds of course for the closure. By Lemma 4.1(ii) we obtain

Vol A{(T) < TV Nol Ay(T) « T4V for T > 1,

and thus F(T) « T“=D/4 for T > 1. Integration by parts gives

B

B B
/ %dF(t):F(B)/B—F(l)—/ Fd% < B—W+/ t~HD g « 1.
1 1 1

With (5-30), (5-31) and (5-32), we obtain (5-27). Together with (5-26) this gives
(5-25). U

Lemma 5.5. We have

1 (2eryRe\ ] 6
10 = 6 () iy om0

Proof. Let m, denote the Lebesgue measure on R”. We define the measur-
able function f : (SL(00))® — RS by f((zy)vev’) = (N(zy))vevr. For any cell
E :=[],cy (av, by], with 0 < a, < b,, we have

(mea o fY(E) = [ ] (Vol Sp(by/*) — Vol Sp.(a)/*)) = (Vol Sj.(1))°ms(E).

veV’
Thus, meg o f~! = (Vol SL(1))mg on (R=%)°. Let

Mg(B) := {(ty)vey’ € R®| 1, = 1 for all v and #1157 < B for all j}.

Then
dz, f 1 / 1 4
= ——dmey = — d(megy o
/ [~y [1 7, dmes [17 domesor™
M(B) V€ F-1(Mo(B)) V€ Mq(B) V€
1 Vol SL(1))°
= (Vol Sk(1))° f I1 t—dm6=%(log3)6.
Mg (B) veV’ v

The last integral is computed at the end of [Heath-Brown and Moroz 1999]. [
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We define
1 (2R g
Co(K) = 4-6!( NG ) and C(K):=39Cy(K).
Then (5-11) and the previous two lemmata imply that
CO(K) 6 5
Mi(B, (by)y) = m—-— (log B)” 4+ O(log B)".
[T,y 910,
Keep in mind that b, € %6 for all v € V’. With (5-9), (5-10), we obtain
C(K) 6 1 5
M(B, (ay)y) < = (og B)"+ O <—(10g B)” ).
HveV’ Nay ]_[veV’ Na,

Let R := max; {Ma;}/9 ],y MNay/®?. Then R > ¢4 > 0 for some constant cy
depending only on K. This implies in particular that log R << R. Moreover, we
have 1/(csR3?) <b ; for some constant cs > 1 depending only on K. Therefore,

MCB, (@),) 2 3’1< I1 %)M1(3/(65R3d), (b2)0).

veV’
Whenever B > ecs R3, we obtain

(B, (@)) > HC(—K;a log(B/ (csR*))° + 0(
veV’ v

&) R
[Ty Nay [Tyey Nay

This result holds as well if e < B < ecsR3?, since then the error term dominates
the main term. Therefore,

1 3dy\5
nvev’mavlog(B/(CSR )))

(log B)® + 0( (log B)5>.

C(K
(B, (ay)y) = H(—;aaog B + o(
veV’ v

and Lemma 3.1 follows from (5-8).

a (1 B>5>
— Og s
[Ty Nay
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On the ample cone of a rational surface
with an anticanonical cycle

Robert Friedman

Let Y be a smooth rational surface, and let D be a cycle of rational curves on Y
that is an anticanonical divisor, i.e., an element of |—Ky|. Looijenga studied the
geometry of such surfaces Y in case D has at most five components and identified
a geometrically significant subset R of the divisor classes of square —2 orthogonal
to the components of D. Motivated by recent work of Gross, Hacking, and Keel
on the global Torelli theorem for pairs (Y, D), we attempt to generalize some of
Looijenga’s results in case D has more than five components. In particular, given
an integral isometry f of H?(Y) that preserves the classes of the components
of D, we investigate the relationship between the condition that f preserves the
“generic” ample cone of Y and the condition that f preserves the set R.

Introduction

The ample cone of a del Pezzo surface Y (or rather the associated dual polyhedron)
was studied classically by, among others, Gosset, Schoute, Kantor, Coble, Todd,
Coxeter, and Du Val. For a brief historical discussion, one can consult the remarks
in [Coxeter 1973, §11.x]. From this point of view, the lines on Y are the main
object of geometric interest as they are the walls of the ample cone or the vertices
of the dual polyhedron. The corresponding root system (in case K )2, < 6) only
manifests itself geometrically by allowing del Pezzo surfaces with rational double
points or, equivalently, smooth surfaces ¥ with —Ky nef and big but not ample.
This is explicitly worked out in [Du Val 1934]. On the other hand, the root system,
or rather its Weyl group, appears for a smooth del Pezzo surface as a group of
symmetries of the ample cone, a fact which (in a somewhat different guise) was
already known to Cartan. Perhaps the culmination of the classical side of the story
is [Du Val 1937], where the blowup of P? at n > 9 points is also systematically
considered. In modern times, Manin explained the appearance of the Weyl group
by noting that the orthogonal complement to Ky in H>(Y; Z) is a root lattice A.
Moreover, given any root of A, in other words an element 8 of square —2, there

MSC2010: 14J26.
Keywords: rational surface, anticanonical cycle, exceptional curve, ample cone.
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exists a deformation of Y for which 8 = +[C], where C is a smooth rational curve
of self-intersection —2. For modern expositions of the theory, see for example the
book of Manin [1986] or the account of Demazure [1980a; 1980b; 1980c; 1980d].

In general, it seems hard to study an arbitrary rational surface ¥ without imposing
some extra conditions. One very natural condition is that —Ky is effective, i.e.,
that —Ky = D for an effective divisor D. In case the intersection matrix of D
is negative definite, such pairs (Y, D) arise naturally in the study of minimally
elliptic singularities: the case where D is a smooth elliptic curve corresponds to
the case of simple elliptic singularities, the case where D is a nodal curve or a
cycle of smooth rational curves meeting transversally corresponds to the case of
cusp singularities, and the case where D is reduced but has one component with
a cusp, two components with a tacnode, or three components meeting at a point
corresponds to triangle singularities. From this point of view, the case where D is a
cycle of rational curves is the most plentiful. The systematic study of such surfaces
in case the intersection matrix of D is negative definite dates back to [Looijenga
1981]. However, for various technical reasons, most of the results of that paper
are proved under the assumption that the number of components in the cycle is at
most 5. Some of the main points of Looijenga’s seminal paper are as follows. Let
R denote the set of elements in H2(Y; Z) of square —2 that are orthogonal to the
components of D and that are of the form &=[C], where C is a smooth rational curve
disjoint from D, for some deformation of the pair (¥, D). In terms of deformations
of singularities, the set R is related to the possible rational double point singularities
that can arise as deformations of the dual cusp to the cusp singularity corresponding
to D. Looijenga noted that, in general, there exist elements in H>(Y; Z) of square
—2 that are orthogonal to the components of D but that do not lie in R. Moreover,
reflections in elements of the set R give symmetries of the “generic” ample cone
(which is the same as the ample cone in case there are no smooth rational curves on
Y disjoint from D). Finally, still under the assumption of at most five components,
any isometry of H 2(Y; Z) that preserves the positive cone, the classes [D;], and
the set R preserves the generic ample cone.

This paper, which is an attempt to see how much of [Looijenga 1981] can be
generalized to the case of arbitrarily many components, is motivated by a question
raised by the recent work of Gross, Hacking, and Keel [Gross et al. 2013] on,
among other matters, the global Torelli theorem for pairs (Y, D) where D is an
anticanonical cycle on the rational surface Y. In order to formulate this theorem in
a fairly general way, one would like to characterize the isometries f of H*(Y, Z),
preserving the positive cone and fixing the classes [ D;], which preserve the ample
cone of Y. It is natural to ask if, at least in the generic case, the condition that
f(R) = R is sufficient. In this paper, we give various criteria on R that insure
that, if an isometry f of H 2(Y; 2) preserves the positive cone, the classes [D;],
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and the set R, then f preserves the generic ample cone. Typically, one needs
a hypothesis that says that R is large. For example, one such hypothesis is that
there is a subset of R that spans a negative definite codimension-1 subspace of the
orthogonal complement to the components of D. In theory, at least under various
extra hypotheses, such a result gives a necessary and sufficient condition for an
isometry to preserve the generic ample cone. In practice, however, the determination
of the set R in general is a difficult problem, which seems close in its complexity to
the problem of describing the generic ample cone of Y. Finally, we show that some
assumptions on (Y, D) are necessary by giving examples where R = &, so that the
condition that an isometry f preserves R is automatic, and of isometries f such
that f preserves the positive cone, the classes [ D;], and (vacuously) the set R but f
does not preserve the generic ample cone. We do not yet have a good understanding
of the relationship between preserving the ample cone and preserving the set R.

An outline of this paper is as follows. The preliminary Section 1 reviews
standard methods for constructing nef classes on algebraic surfaces and applies this
to the study of when the normal surface obtained by contracting a negative definite
anticanonical cycle on a rational surface is projective. In Section 2, we analyze
the ample cone and generic ample cone of a pair (¥, D) and show that the set R
defined by Looijenga is exactly the set of elements 8 in H>(Y; Z) of square —2
that are orthogonal to the components of D such that reflection about 8 preserves
the generic ample cone. Much of the material of Section 2 overlaps with results
in [Gross et al. 2013], proved there by somewhat different methods. Section 3 is
devoted to giving various sufficient conditions for an isometry f of H>(Y; Z) to
preserve the generic ample cone, including the one described above. Section 4 gives
examples of pairs (Y, D) satisfying the sufficient conditions of Section 3 where the
number of components of D and the multiplicity —D? are arbitrarily large as well
as examples showing that some hypotheses on (Y, D) are necessary.

Notation and conventions. We work over C. If X is a smooth projective surface
with 2! (0x) = h?(0x) =0 and o« € H*(X; Z), we let L,, denote the corresponding
holomorphic line bundle, i.e., c;(Ly) = . Given a curve C or divisor class G on X,
we let [C] or [G] denote the corresponding element of H 2(X; Z). Intersection
pairing on curves or divisors, or on elements in the second cohomology of a smooth
surface (viewed as a canonically oriented 4-manifold), is denoted by multiplication.

1. Preliminaries

In this paper, Y denotes a smooth rational surface with —Ky =D =Y _, D; a
(reduced) cycle of rational curves; i.e., each D; is a smooth rational curve and D;
meets D,y transversally, where i is taken mod r except for r = 1, in which case
D = D is an irreducible nodal curve. We note, however, that many of the results
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in this paper can be generalized to the case where D € |—Ky]| is not assumed to be
a cycle. The integer r = r (D) is called the length of D. An orientation of D is an
orientation of the dual graph (with appropriate modifications in case r = 1). We
shall abbreviate the data of the surface Y and the oriented cycle D by (Y, D) and
refer to it as an anticanonical pair. If the intersection matrix (D; - D;) is negative
definite, we say that (Y, D) is a negative definite anticanonical pair.

Definition 1.1. An irreducible curve E on Y is an exceptional curve if E = P!,
E*=—1,and E # D; for any i. An irreducible curve C on Y is a —2-curve if
C=P!, C*=—-2,and C # D; for any i. Let Ay be the set of all —2-curves on Y,
and let W(Ay) be the group of integral isometries of H>(Y; R) generated by the
reflections in the classes in the set Ay.

Definition 1.2. Let A=A (Y, D) C H*(Y; Z) be the orthogonal complement of the
lattice spanned by the classes [ D;]. Fixing the identification Pic’ D = G,, defined
by the orientation of the cycle D, we define the period homomorphism @y : A — Gy,
as follows: if « € A and L, is the corresponding line bundle, then ¢y («) € G, is
the image of the line bundle of multidegree O on D defined by L, |D. Clearly gy is
a homomorphism. The period map is the function that associates to the pair (¥, D)
the homomorphism ¢y : A — G,,.

By [Looijenga 1981; Friedman and Scattone 1986; Friedman 1984], we have:

Theorem 1.3. The period map is surjective. More precisely, given Y as above
and given an arbitrary homomorphism ¢ : A — G,,, there exists a deformation of
the pair (Y, D) over a smooth connected base, which we can take to be (G,,)" for
some n, such that the monodromy of the family is trivial and there exists a fiber of
the deformation, say (Y', D'), such that oy = ¢ under the induced identification of
A(Y', D) with A. U

For future reference, we recall some standard facts about negative definite curves
on a surface.

Lemma 1.4. Let X be a smooth projective surface, and let Gy, ..., G, be irre-
ducible curves on X such that the intersection matrix (G; - G ;) is negative definite.
Let F be an effective divisor on X not necessarily reduced or irreducible and such
that, for all i, G; is not a component of F.

(i) Givenr; e R, if (F+)_,riG;)- G;j=0forall j,thenr; >0 forall i, and,
for every subset I of {1,...,n}, ifU,‘e] G, is a connected curve such that
F-G; #0 forsome j €l,thenr; >0 foriel.

(i) Givens;, t; e R, if [F1+)_; si[Gi1=)_, t:[G;], then F =0 and s; =t; for all i.

The following general result is also well known:
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Proposition 1.5. Let X be a smooth projective surface, and let Gy, ..., G, be
irreducible curves on X such that the intersection matrix (G; - G ) is negative
definite. (We do not, however, assume that \_J; G; is connected.) Then there exists a
nef and big divisor H on X such that H - G ; =0 for all j and, if C is an irreducible
curve such that C # G| for any j, then H - C > 0. In fact, the set of nef and
big R-divisors that are orthogonal to {Gy, ..., G,} is a nonempty open subset

of {G1, ..., G} " ®R.

Proof. Fix an ample divisor Hy on X. Since (G; - G;) is negative definite,
there exist r; € @ such that (Zl rl-G,-) -Gj = —(Hp- Gj) for every j. Hence,
(Ho+)_,riG;)-G; =0. By Lemma 1.4, r; > 0 for every i. There exists an N > 0
such that Nr; € Z for all i. Then H = N(Hy+ ) _; r;G;) is an effective divisor
satisfying H - G; = 0 for all j. If C is an irreducible curve such that C # G for
any j, then Hy-C >0and G;-C >0foralli. Hence, H-C > 0. In particular, H is nef.
Finally, H is big since H>=NH -(Hy+Y_, riG;) = N(H - Hy) > 0 as Hy is ample.

To see the final statement, we apply the above argument to an ample R-divisor x
(i.e., an element in the interior of the ample cone) to see that x+ _, r; G; is a nef and
big R-divisor orthogonal to {G1, ..., G,}. Asx+)_, r;G; is simply the orthogonal
projection p of x onto {G1, ..., G,}*®Rand p : H*(X; R) — {G1, ..., G, )7 ®R
is an open map, the image of the interior of the ample cone of X is then a nonempty

open subset of {G1, ..., G,}= ® R consisting of nef and big R-divisors orthogonal
to {Gy, ..., Gp}. ]
Applying the above construction to X =Y and Dy, ..., D,, we can find a nef

and big divisor H such that H - D; =0 for all j and such that, if C is an irreducible
curve such that C # D; for any j, then H - C > 0.

Proposition 1.6. Ler (Y, D) be a negative definite anticanonical pair, and let H
be a nef and big divisor such that H - D; = 0 for all j and such that, if C is an
irreducible curve such that C # D; for any j, then H - C > 0. Suppose in addition
that Oy (H)|D = Op, i.e., that oy ([H]) = 1. Then the D; are not fixed components
of |H|. Hence, if Y denotes the normal complex surface obtained by contracting
the D;, then H induces an ample divisor H on Y and |3H | defines an embedding
of Y in PN for some N.

Proof. Consider the exact sequence
0—-0y(H—D)—0Oy(H)— Op— 0.
Looking at the long exact cohomology sequence, as
H'(Y:0y(H — D))= H'(Y; Oy(H) ® Ky)

is Serre dual to H!'(Y; Oy(—H)) =0, by Ramanujam’s vanishing theorem, there
exists a section of Oy (H) that is nowhere vanishing on D, proving the first statement.
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The second follows from the Nakai—Moishezon criterion and the third from general
results on linear series on anticanonical pairs [Friedman 1983]. U

Remark 1.7. By the surjectivity of the period map (Theorem 1.3), for any (Y, D)
a negative definite anticanonical pair and H a nef and big divisor on Y such that
H-D;=0forall jand H - C > 0 for all curves C # D;, there exists a deformation
of the pair (Y, D) such that the divisor corresponding to H has trivial restriction
to D. More generally, one can consider deformations such that gy ([H]) is a torsion
point of G,,. In this case, if Y is the normal surface obtained by contracting D,
then Y is projective. Note that this implies that the set of pairs (Y, D) such that ¥
is projective is Zariski dense in the moduli space. However, as the set of torsion
points is not dense in G,, in the classical topology, the set of projective surfaces ¥
will not be dense in the classical topology.

2. Roots and nodal classes
Definition 2.1. Let € = 6(Y) be the positive cone of Y, i.e.,
€ ={xe H*(Y;R):x*>>0}.

Then % has two components, and exactly one of them, say 6T = %" (Y), contains
the classes of ample divisors. We also define

65, =%65Y)={xe6t:x-[D;]>0forall i}.

Let (YY) €€t C H2(Y; R) be (the closure of) the ample (nef, Kihler) cone of Y
in €*. By definition, s{(Y) is closed in ¢* but not in general in H(Y; R).

Definition 2.2. Let o € H*(Y; Z), a # 0. The oriented wall W* associated to « is
the set {x € €* : x -a =0}, i.e., the intersection of ¢* with the orthogonal space
to « together with the preferred half space defined by x-a > 0. If Cisacurveon Y,
we write W¢ for WICI. A standard result (see, for example, [Friedman and Morgan
1988, II (1.8)]) shows that, if I is a subset of H>(Y; Z) and there exists an N € Z™
such that —N < a? < 0 for all & € I, then the collection of walls {W¢ : « € I} is
locally finite on 6*. Finally, we say that W is a face of s{(Y) if ds4(Y) N W¢
contains a nonempty open subset of W* and x - o > 0 for all x € s{(Y).

Lemma 2.3. &E(Y) is the set of all x € €™ such that x - [D;]1 >0, x - [E] > 0 for all
exceptional curves E, and x -[C] > 0 for all —2-curves C. Moreover, if « is the class
associated to an exceptional or —2-curve, or o = [ D;] for some i such that Dl.2 <0,
then W is a face of A(Y). If a and B are two such classes, W = WP < o = B.

Proof. For the first claim, it is enough to show that, if G is an irreducible curve on Y
with G% < 0, then G is either D; for some i, an exceptional curve, or a —2-curve.
This follows immediately from adjunction since, if G # D; for any i, then G- D >0
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and —2 < 2p,(G) —2=G?—G - D < 0; hence, p,(G) =0 and either G> = —2,
G-D=0,0r G>=G-D = —1. The last two statements follow from the openness
statement in Proposition 1.5 and the fact that no two distinct classes of the types
listed above are multiples of each other. (I

As an alternate characterization of the classes in the previous lemma, we have
the following:

Lemma 2.4. Let H be a nef divisor such that H - D > 0.
G) Ifa € H*(Y; Z) witha?> = a - [Ky] = —1, then a - [H] > 0 if and only if «

is the class of an effective curve. In particular, the wall W* does not pass
through the interior of (Y). (See [Friedman and Morgan 1988, p. 332] for a
more general statement.)

(i) If p € H*(Y; Z) with B> = =2, B-[D;1=0forall i, B-[H] = 0, and gy (B) = 1,
then £ is the class of an effective curve, and B is effective if B - [H] > 0.

Hence, the ample cone A(Y) is the set of all x € €% such that x - [D;] > 0 and
x-o >0 for all classes o and B as described in (1) and (ii) above, where in case (ii)

we assume in addition that B is effective or equivalently that 8 - [H] > 0 for some
nef divisor H.

Proof. (i) Clearly, if « is the class of an effective curve, then « - [H] > O since
H is nef. Conversely, assume that o?=wo-[Kyl=—1and thato - [H] > 0. By
the Riemann—Roch theorem, x (L) = 1. Hence, either h°(Ly) > 0 or h%(L,) > 0.
But 1*(Ly) = h°(L;' ® Ky) and [H] - (—a — [D]) < 0 by assumption. Thus,
h%(Ly) > 0 and hence « is the class of an effective curve.

(i1) Asin (i), H - (—B —[D]) <0, and hence, hO(ng1 ® Ky) = 0. Thus, hz(Lﬂ) =0.
Suppose that 2°(L g) = 0. Then, by the Riemann—Roch theorem, x(Lg) =0 and
hence h'(Lg) = 0. Hence, h'(L;' ® Ky) =0. Since ¢y(8) = 1, Lj'|D =0p.
Thus, there is an exact sequence

0— Lgl ®O0y(—D) — LEl — O0p — 0.
Since Hl(Lgl ® Ky) = H'(L;' ® Oy(—D)) =0, the map H(L;") - H"(0p)
is surjective and hence — g8 is the class of an effective curve. (Il

Definition 2.5. Let « € H*(Y;Z). Then « is a numerical exceptional curve if
o? =0« [Ky]= —1. The numerical exceptional curve « is effective if hO(La) > 0,

1e., if « = [G], where G is an effective curve.
A minor variation of the proof of Lemma 2.4 shows the following:

Lemma 2.6. Let H be a nef and big divisor such that H - G > 0 for all irreducible
curves G not equal to D; for some i, and let o be a numerical exceptional curve.



1488 Robert Friedman

(1) Suppose that [H] -« > 0. Then either [H] -« > 0 and « is effective or
H-D =[H] -a =0and«a is an integral linear combination of the [ D;].

(i) If (Y, D) is negative definite and « is an integral linear combination of the
[D;], then either some component D; is a smooth rational curve of self-
intersection —1 or K 12, = —1, @ = Ky, and hence « is not effective.

(ii1) If no component D; is a smooth rational curve of self-intersection —1, then o
is effective if and only if [H] - o > 0.

Proof. (1) As in the proof of Lemma 2.4, either « or —a — [D] is the class
of an effective divisor. If —a — [D] is the class of an effective divisor, then
0<[H] - (—a—[D]) <0,s0[H]-a=H-D =0. In particular, (¥, D) is negative
definite. Moreover, if G is an effective divisor with [G] = —a — [ D], then every
component of G is equal to some D;. Hence, [G] and therefore « = —[G] — [ D]
are integral linear combinations of the [D;].

(ii) Suppose that « is an integral linear combination of the [D;] but that no D; is a
smooth rational curve of self-intersection —1. We shall show that K }2, = —1 and
o = Ky. First suppose that K2 = —1. Then @, Z-[D;1=7-[Ky]® L, where L,
the orthogonal complement of [Ky] in €, Z - [D;], is even and negative definite.
Thus, o = a[Ky] + B, with either 8 =0 or ,32 < -2, and &® = —a*+ ﬁz. Hence,
if > = o - [Ky] = —1, the only possibility is 8 =0 and a = 1. In case KIZ, < -1,
D is reducible, and no D; is a smooth rational curve of self-intersection —1, then
Dl.2 < —2 for all i and either Dl.2 < —4 for some i or there exist i £ j such that
Dl.2 = DJZ. = —3. In this case, it is easy to check that, for all integers a; such that
a; # 0 for some i, (}_; a; D,~)2 < —1. This contradicts & = —1.

(i) If [H] - o > 0, then « is effective by (i). If [H] - o < O, then clearly « is not
effective. Suppose that [H] - o = 0; we must show that, again, « is not effective.
Suppose that o« = [G] is effective. By the hypothesis on H, every component of G
is a D; for some i so thatazzi a;[D;]forsomea; €Z,a; >0. Let I C{1,...,r}
be the set of i such thata; > 0. Then H-D; =0foralliel. If I ={1,...,r},
then (Y, D) is negative definite and we are done by (ii). Otherwise, | J;., D; is a
union of chains of curves whose components D; satisfy Dl.2 < —2. It is then easy
to check that «? < —1 in this case, a contradiction. Hence, « is not effective. [

Definition 2.7. Let Y; be a generic small deformation of Y, and identify H?(Y;; R)
with H2(Y; R). Define sden = &zgen(Y) to be the ample cone A(Y,) of Yy, viewed
as a subset of H2(Y; R).

Lemma 2.8. With notation as above, the following are true:

(i) If there do not exist any —2-curves on Y, then A(Y) = &_Qgen. More generally,

HAgen is the set of all x € @Gt such that x -[D;] > 0 and x - a > 0 for all effective
numerical exceptional curves. In particular, S4(Y) C Agep.
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(i) We have A(Y) = {x € &_dgen :x -[C] > 0 forall —2-curves C}.

Proof. Let Y be a surface with no —2-curves (such surfaces exist and are generic
by the surjectivity of the period map (Theorem 1.3)). Fix a nef divisor H on Y
with H - D > 0. Then A(Y) is the set of all x € €* such that x - [D;] > 0 and
x - [E] > 0 for all exceptional curves E, and this last condition is equivalent to
x-a>0foralla € H*(Y; Z) such that > = o - [Ky] = —1 and « - [H] > 0 by
Lemma 2.4. Since this condition is independent of the choice of Y, because we can
choose the divisor H to be ample and to vary in a small deformation, the first part
of (i) follows, and the remaining statements are clear. U

In fact, the argument above shows the following:

Lemma 2.9. The set of effective numerical exceptional curves and the set &_dgen
are locally constant and hence are invariant in a global deformation with trivial
monodromy under the induced identifications. (I

Lemma 2.10. If C is a —2-curve on Y, then the wall W< meets the interior of &_Qgen,
and in fact, r¢ (&den) = &den, where rc : H*(Y; R) — H*(Y; R) is reflection in the
class [C). Hence, A(Y) is a fundamental domain for the action of the group W(Ay)
on &_Qgen, where W(Ay) is the group generated by the reflections in the classes in
the set Ay of —2-curveson'Y.

Proof. Clearly, if rc(dgen) = Hgen, then WE meets the interior of slgen. To see that
re (&Egen) = &zgen, assume first more generally that 8 € A is any class with ,32 =-2,
and let rg be the corresponding reflection. Then rg permutes the set of o« € H 2(Y;Z)
such that o> = «-[Ky] = —1 but does not necessarily preserve the condition that « is
effective, i.e., that o -[ H] > O for some nef divisor H on Y with H - D > 0. However,
for 8 = [C], there exists by Proposition 1.5 a nef and big divisor Hy such that
Hy-C=0and H-D > 0. Hence, [ Hp] is invariant under r¢, and so r¢ permutes the
setof « € H>(Y; Z) such that o’ =« -[Ky]=—1 and «-[ Hy] > 0. Thus, r¢ permutes
the set of effective numerical exceptional curves and hence the faces of Eagen so that
re (&_dgen) = &_Qgen. Since A(Y) C &_Qgen is given by Lemma 2.8(ii), the final statement
is then a general result in the theory of reflection groups [Bourbaki 1981, V §3]. UJ

Remark 2.11. (i) The argument for the first part of Lemma 2.10 essentially boils
down to the following. Let Y be the normal surface obtained by contracting C.
Then the reflection r¢ is the monodromy associated to a generic smoothing of the
singular surface Y, and the cone &den is invariant under monodromy.

(i) If E is an exceptional curve, then WE is a face of «(Y). For a generic Y
(i.e., no —2-curves), Lemma 2.10 then says that the set of exceptional curves on Y
is invariant under the reflection group generated by all classes of square —2 that
become the classes of a —2-curve under some specialization. A somewhat more
involved statement holds in the nongeneric case.
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Lemma 2.12. With W(Ay) as in Definition 1.1, for all w e W(Ay) and all B € A,
ey (w(a)) = gy (@).
Proof. This is clear since ¢y ([C]) = 1 implies ¢y (rc (o)) = gy () foralla € A. O

Lemma 2.13. Suppose that C =), a;C;, where the C; are —2-curves, a; € Z,
C? = =2, the support of C is connected, and (C; - C ;) is negative definite. Then
there exists an element w in the group generated by reflections in the [C;] such that
w([C]) = [C;] for some i.

Proof. This follows from the well known fact that, if R is an irreducible root system
such that all roots have the same length, then the Weyl group W(R) acts transitively
on the set of roots. U

Theorem 2.14. Let B € A with > = —2. Then the following are equivalent:

(1) Let Y1 be a deformation of Y with trivial monodromy such that gy, () = 1.
Then, with W(Ay,) as in Definition 1.1, there exists w € W(Ay,) such that
w(B) = [C], where C is a —2-curve on Y|. In particular, if Y| is generic
subject to the condition that ¢y, (B) =1 (i.e., if Ker oy, =Z- B), then £ = [C]
fora —2-curve C.

(i) The wall WP meets the interior of &Egen.
(iii) If rp is reflection in the class B, then rg (&den) = &den.

Proof. Lemma 2.10 implies that (i) => (iii) in case ¥ = Y| and 8 = [C] where C
is a —2-curve. The case where w(8) = [C] follows easily from this since, for all
w e W(Ay,), worgo wl = ruw(p)- Lemma 2.9 then handles the case where Y is
replaced by a general deformation Y. Also, clearly (iii) = (ii). So it is enough
to show that (ii)) = (i). In fact, by Lemma 2.13, it is enough to show that, if Y
is any surface such that ¢y (8) =1 and WP meets the interior of &den, then there
exists a w € W(Ay) such that w(B) =[>_, a;C;] where q; € 77, the C; are curves
disjoint from D, and | J; C; is connected.

By hypothesis, there exists an x in the interior of &Egen such that x - § = 0. In
particular, x - [D;] > O for all i. We can assume that x = [H] is the class of a
divisor H. After replacing x by w(x) and g by w(8) for some w € W(Ay), we can
assume that x (and hence H) lies in «(Y) so that H is a nef and big divisor with
H - D; > 0 for all i, and we still have ¢y (8) = 1 by Lemma 2.12. By Lemma 2.4,
possibly after replacing 8 by —8, B = [Y_; a;C;] where the C; are irreducible
curves and a; € Z+. Since B-[H] = Zi a;(C;-H)=0,C;-H >0,and D;-H >0,
Ci-H =0forall i, and no C; is equal to D; for any j. Hence, the C; are curves
meeting each D; in at most finitely many points and ) ; ¢;(C; - D;) = 0 so that
CiND; = . Finally, each (C;)? < 0 by Hodge index, and so each C; is a —2-curve.
Moreover, the C; span a negative definite lattice, and in particular, their classes are
independent. From this, the statement about the connectedness of | J; C; is clear. [
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Definition 2.15. Let R = Ry be the set of all 8 € A such that 82 = —2 and such that
there exists some deformation of Y for which g becomes the class of a —2-curve.
Following [Gross et al. 2013], we call R the set of Looijenga roots (or briefly roots)
of Y. Note that R only depends on the deformation type of Y.

The definition of R is slightly ill-posed since we have not specified an identi-
fication of the cohomologies of the fibers along the deformation. In particular, if
B =[C]is a—2-curve on Y, then by Remark 2.11(i) if Y’ is a nearby deformation
of Y, then a general smoothing of the ordinary double point on the contraction of C
on Y has monodromy that sends [C] to —[C], and hence, —f € R as well. To avoid
this issue, it is simpler to define R to be the set of 8 € A, B2 = —2, which satisfy
either of the equivalent conditions Theorem 2.14(ii)—(iii).

Given Y, let Ay be the set of classes of —2-curves on Y and W(Ay) the reflection
group generated by Ay. Finally set R™9, the set of nodal classes, to be W(Ay)- Ay.
Then R™4 C R.

Corollary 2.16. (i) If f: H*(Y;Z) - H 2(Y Z) is an integral isometry preserv-
ing the classes [ D;] such that f (&Qgen) = Agen, then f(R) =

(i) If W(R) is the reflection group generated by reflections in the elements of R,
then W(R) - R = R and w(Agen) = Agen for all w € W(R). O

Remark 2.17. A result similar to Theorem 2.14 classifies the elements of H>(Y; Z)
that are represented by the class of a smoothly embedded 2-sphere of self-intersection
—2 in terms of the “super P-cell” of [Friedman and Morgan 1988].

For the case where the length r(D) <5, Looijenga [1981] defines a subset R,
of A by starting with a particular configuration B of elements of square —2 (a root
basis in his terminology) and setting R; = W(B) - B, where W(B) is the reflection
group generated by B. In fact, the set Ry is just the set R of Looijenga roots.

Proposition 2.18. In the above notation, Ry = R.

Proof. It is easy to see from the construction of [Looijenga 1981, I §2] that B C R.
Hence, Ry € R. Conversely, if « € R, then, by Corollary 2.16(ii), ry (&Egen) = Eagen. It
then follows from [Looijenga 1981, Proposition I (4.7)] that r, e W(B). By a general
result in the theory of reflection groups [Bourbaki 1981, V §3.2, Theorem 1(iv)],
rq = rg for some B € R;. Thus, @ = £ so that « € R;. Hence, R C R, and
therefore, R; = R. O

Example 2.19. Let (Y, D) be the blowup of P?> at N > 10 general points on an
irreducible nodal cubic curve. We let & be the pullback of the class of a line on P2
and ey, ..., ey be the classes of the exceptional curves.

(i) Let o« = —3h + Z; €. Then o?> =« -[Ky] = —1 so that « is a numerical
exceptional curve. But there exists a nef and big divisor H (for example h) such that
o-[H] <0 sothat « is not effective. Hence, a-x <O forall x € sﬁ(Y ) = A gen since W
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does not pass through the interior of &_dgen. Note that W is never a face of &_igen. For
N =10, W™¢ is a face of &den, but this is no longer the case for N > 11. Thus, the
condition «-[ H] > 0 for some H such that H-D > 0 is necessary for « to be effective.

More generally, let f = 3h — Z?:l e; and set @« = kf + e1o (the case above
corresponds to k = —1). As above, « is a numerical exceptional curve. For k < —1,
h-o < 0. Hence, « is not effective. For k > 1, « is effective but it is not the class of
an exceptional curve: for all x € quen, x-f>0,and x-ejp > 0. Hence, x - > 0
for all x € &den. Thus, W¢ is not a face of Qgen and so « is not the class of an
exceptional curve.

(i1) With o any of the classes as above, suppose that N > 11 and k # O and set
B =o —eq;. Then ﬂz = —2and B - [Ky] = 0. However,

re(en) =ei+(e1n-B)B =c.

Since W is a face of &Egen and W¥ is not a face of &_Qgen, g (&_Qgen) # &_Qgen. Hence,
B does not satisfy any of the equivalent conditions of Theorem 2.14 so that 8 ¢ R.

Remark 2.20. In the situation of the example above, it is well known that if D
is irreducible, N <9 (i.e., D? > 0), and there are no —2-curves on Y, then every
numerical exceptional curve is the class of an exceptional curve, so (i) above is
best possible. A generalization is given in Proposition 3.3 below. We shall show in
Proposition 3.5 that the example in (ii) is best possible as well.

The numerical exceptional curves given in Example 2.19(i) were known to
Du Val. In fact, he showed that they are essentially the only numerical exceptional
curves in case Y is the blowup of P? at ten points [Du Val 1937, pp. 46-47].

Proposition 2.21. Suppose that (Y, D) is the blowup of P? at ten points lying on
an irreducible cubic, that Y is generic in the sense that there are no —2-curves
onY, and that o is a numerical exceptional curve. Then there exists an exceptional
curve E on Y and an integer k such that « is the class of k(D + E) + E.

Proof. Suppose that « is a numerical exceptional curve on Y. Then, since K2 = —1,
rA=a+[D]=a—[Ky] satisfies \2=r-a =A-[Ky]=0. In particular, A € A.
Conversely, given an isotropic vector A € A, if we set ¢ = A+ [Ky], then o is a
numerical exceptional curve.

Any isotropic vector A € A can be uniquely written as nAg, where n € Z and X is
primitive and lies in . Note that H*(Y; Z) =Z[Ky]® A and that A = U @ (—E3)
(both sums orthogonal). An easy exercise shows that, if Aut* (A) is the group of
integral isometries A of A such that A(¢* N A) =%T N A, i.e., A has real spinor
norm equal to 1, then every A € Aut™(A) extends uniquely to an integral isometry
of HX(Y; Z) fixing [ Ky] and hence [ D] and moreover that Aut™ (A) acts transitively
on the set of (nonzero) primitive isotropic vectors in €+ N A. Hence, there exists
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an A € Autt(A) such that A(Ag) = f in the notation of Example 2.19. If we
continue to let A denote the extension of A to an isometry of H>(Y; Z), then
A@) =nf +[Ky]l] = — 1)f + ejp since f = —[Ky] —|— e1o. It follows that
a=m—Drg+A"(e). Using Proposition 3.5 below, A~ preserves the walls of
the ample cone of Y, and thus A~ (ey0) = e is the class of an exceptional curve E,
and A=A 1(f) D]+ej0) =[D]+ E. Hence, setting k =n — 1, « is the
class of k(D + E) + E as clalmed. U

The proof above shows the following:

Corollary 2.22. Let (Y, D) be the blowup of P? at ten points lying on an irreducible
cubic and such that there are no —2-curves on Y, let o be a numerical exceptional
curveonY,and let . = o — [Ky]. Then

(1) « is effective if and only if A € (@ —{0h NA,
(i1) o is not effective if and only if A € (—6H)N A, and

(iii) o is the class of an exceptional curve if and only if A is a primitive isotropic
vector in €t N A. Thus, there is a bijection from the set of exceptional curves
on Y to the set of primitive isotropic vectors in 61+ N A. Il

Remark 2.23. In the above situation, let W be the group generated by the reflections
in the classes e; —e3, ..., e9 — ejg, h — ex — ex — e3, which are easily seen to be
Looijenga roots. A classical argument (usually called Noether’s inequality) shows
that, if A¢ is a primitive integral isotropic vector in A lying in €+, then there exists
w € W such that w(Ag) = f =3h — 21'9:1 e; in the notation of Example 2.19. Thus,
W acts transitively on the set of such vectors. Using standard results about the affine
Weyl group of Eg, it is then easy to see that W = Aut™ (A). This was already noted
in [Du Val 1937].

3. Roots and the ample cone

By Corollary 2.16, if f : H*(Y; Z) — H*(Y; Z) is an integral isometry preserving
the classes [ D;] such that f (&Qgen) = Agen, then f(R) = R. In this section, we find
criteria for when the converse holds.

Lemma 3.1. Let f: H>(Y; Z) — H*(Y; Z) be an integral isometry preserving @6t
and the classes [ D;). If f (&ﬂgen) N &ﬁgen contains an open set, then f (&ﬁgen) = Agen.

Proof. Choosing x € f (&Qgen) N &Qgen corresponding to an ample divisor, it is easy
to see that f (&den) and &Egen have the same set of walls and hence are equal. [

Next we deal with the case where one component of D is a smooth rational curve
of self-intersection —1.
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Lemma 3.2. Suppose that D is reducible and that Dr2 = —1. Let (Y, D) be the
anticanonical pair obtained by contracting D,. Then any isometry f of H*(Y; Z)
preserving the classes [D;], 1 <i <r, defines an isometry f of H*(Y; Z) preserving
the classes [D;],1<i<r—1, and conversely. Moreover, f preserves &Egen(y ) ifand
only if f preserves &Egena? ), and Ry is naturally identified with the roots Ry of Y.

Proof. The first statement is clear. Identifying H 2(y, 7) with [D,]+ € H3(Y; 2),
it is clear that &den(Y) N[D, ]+ = &den(l_’). Hence, if f preserves szgen(Y), then ]_‘
preserves gen (Y). Since a divisor H on Y is ample if and only if N H — D, is ample
for all N >> 0, it follows that, if f preserves Hgen(Y), then f(Agen(Y)) N Agen(¥)
contains an open set, and hence, f (&_Qgen(Y ) = &_Qgen(Y ) by Lemma 3.1. It follows
from this and from Theorem 2.14 that Ry is naturally identified with Ry (or directly
from the definition by noting that there is a bijection from the set of deformations
of (¥, D) to those of (Y, D)). O

Henceforth, then, we shall always assume if need be that no component of D is
a smooth rational curve of self-intersection —1.
We turn to the straightforward case where (Y, D) is not negative definite.

Proposition 3.3. Suppose that (Y, D) and (Y’, D’) are two anticanonical pairs with
r(D) = r(D') and neither pair is negative definite. If f : H*(Y;7) — H*(Y'; 2)
is an integral isometry with f([D;]) = [D}] for all i, then f(szgen(Y)) = &den(Y/)
and hence f(Ry) = Ry'. Moreover,

Ry ={B € A(Y,D): B> =-2).

Proof. By Lemma 3.2, we may assume that no D; has self-intersection —1. The
statement that the cycle is not negative definite is then equivalent to the statement
that either D? > 0 for some j or Dl.2 = —2 for all i and » > 2. In the first case,
D;isnefand D;- D > 0. Hence, if « is a numerical exceptional curve such that
a-[D;] >0, then « is effective by Lemma 2.4. Thus, quen(y ) is the set of all
X € CGJB(Y ) such that x - @ > 0 for all numerical exceptional curves « such that
@-[Dj]1=0. Since f(@)* =a?, f(ID,]) =[D}], and f(a) - [Ky]= o [Ky], it
follows that f(sgen(Y)) = Sgen(Y’). Applying this to reflection in a class B of
square —2 in A(Y, D) then implies that 8 € Ry.

The case where Di2 = —2 for every i is similar, using the nef divisor D =) ', D;
with D?> = 0. If « is a numerical exceptional curve, then « is effective since
(—a+[Ky]D - [D]=a-[Ky] = —1. The rest of the argument proceeds as before. [

Remark 3.4. If D is irreducible and not negative definite (i.e., D? > 0) and there
are no —2-curves on Y, then, as is well known and noted in Remark 2.20, every
numerical exceptional curve is the class of an exceptional curve. However, if D is
reducible but not negative definite, then, even if there are no —2-curves on Y, there
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may well exist numerical exceptional curves that are not effective and effective
numerical exceptional curves that are not the class of an exceptional curve.

From now on, we assume that D is negative definite. The case K> = —1 can
also be handled by straightforward methods as noted in [Looijenga 1981]. (See
also [Friedman and Morgan 1988, II (2.7)(c)] in case D is irreducible.)

Proposition 3.5. Let (Y, D) and (Y', D') be two negative definite anticanonical
pairs with r(D) = r(D') and K} = K3, = —1. Let f : H*(Y;Z) — H*(Y'; Z)
be an isometry such that f([D;]) = [D!]for all i and f(€*(Y)) =%*(Y’). Then
f(&_dgen(Y)) = &_Qgen(Y’). Moreover,

Ry ={B € A(Y,D): B> =-2).
Hence, f(Ry) = Ry.

Proof. Since (Y, D) is negative definite, no component of D is a smooth rational
curve of self-intersection —1. Fix a nef and big divisor H such that H - D; =0
for all i and H - G > O for every irreducible curve G # D;. If « is a numerical
exceptional curve, (@ — [Ky])? = (¢ +[D])?> = 0. By Lemma 2.6, « is effective
if and only if [H] -« > 0 if and only if [H] - (o + [D]) > 0. By the light cone
lemma [Friedman and Morgan 1988, p. 320], this last condition is equivalent to
o +[D] € €+ — {0}. Since this condition is clearly preserved by an isometry f as
in the statement of the proposition, we see that f (&den(Y)) = &zgen(Y’ ). The final
statement then follows as in the proof of Proposition 3.3. O

Remark 3.6. The hypothesis K2 = —1 implies that »(D) < 10, so there are only
finitely many examples of the above type. For r(D) = 10, there is essentially just
one combinatorial possibility for (¥, D) neglecting the orientation [Friedman and
Miranda 1983, (4.7)], where it is easy to check that this is the only possibility. For
r(D) =9, however, there are two different possibilities for the combinatorial type
of (Y, D) (again ignoring the orientation). Begin with an anticanonical pair (Y, D)
where Y is a rational elliptic surface and D = Dg + - - - + Dy is a fiber of type Ag
(or Iy in Kodaira’s notation). There is a unique such rational elliptic surface ¥, and
its Mordell-Weil group has order 3 (see, for example, [Miranda and Persson 1986]).
In particular, possibly after relabeling the components, there is an exceptional curve
meeting D; if and only if i =0, 3, 6. It is easy to see that blowing up a point on
a component D; meeting an exceptional curve leads to a different combinatorial
possibility for an anticanonical pair (Y, D) with K 2 = —1 and r(D) = 9 than
blowing up a point on a component D; that does not meet an exceptional curve.

We turn now to the case where (Y, D) is negative definite but with no assumption
on K 12,
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Definition 3.7. A point x € 6TNA is R-distinguished if there exists a codimension-1
negative definite subspace V of A ® R spanned by elements of R such that x € V*.
Note that the definition only depends on the deformation type of the pair (Y, D).

Remark 3.8. Clearly, if V is a codimension-1 negative definite subspace of A ® R
spanned by elements of R, then V is defined over Q and VN (A ® R) is a one-
dimensional subspace of H>(Y; R) defined over Q and spanned by an h € H>(Y; Z)
with h2 > 0, h-[D;] =0, and h-B=0forall Be RNV. Hence, if h € €T N A,
then & is R-distinguished.

Also, if the rank of A is one, then {0} is a codimension-1 negative definite
subspace of A ® R, and hence, every point of €+ N A is R-distinguished.

However, as we shall see, there exist deformation types (Y, D) with no R-
distinguished points.

The following is also clear:

Lemma 3.9. Let (Y, D) and (Y’', D’) be two anticanonical pairs with r (D) =r(D’),
andlet f: H*(Y; Z) — H*(Y'; Z) be an isometry such that f([D;]) = [D]foralli,
(€T (Y)) =%"(Y'), and f(Ry) = Ry Then, if x is an Ry-distinguished point of
CT(Y)NAY, D), f(x) is an Ry -distinguished point of 6T (Y )N A(Y’', D).

Our goal now is to prove this:

Theorem 3.10. Suppose that (Y, D) and (Y', D') are two anticanonical pairs
such that r(D)=r(D’). Let f:H?*(Y;Z)— H?*(Y'; Z) be an isometry such that
FUAD)=[D/1foralli, f(€T(Y))=%"(Y"), and f(Ry) =Ry If there exists an
R-distinguished point of 6+ N A, then f(Agen(Y)) = Agen(¥").

We begin by showing:

Proposition 3.11. Let x be an R-distinguished point of €™ N A. Then x € &_Qgen.
Moreover, if o is a numerical exceptional curve and o is not in the span of the [D;],
then o is effective if and only if o - x > 0.

Proof. Tt is enough by Lemma 2.9 to check this on some (global) deformation
of (Y, D) with trivial monodromy. By Theorem 1.3, we can assume that

Kergy =V NA,

where V is as in the definition of R-distinguished. In particular, if C € Ay, i.e., C is
a—2-curveon Y, then [C] € V. It follows from Theorem 2.14(i) that every 8 € VNR
is a sum of elements of Ay so that Ay spans V over Q. Thus, there exist —2-curves
Cy, ..., Cg such that V is spanned by the classes [C;], and the intersection matrix
(Ci - Cj) is negative definite. The classes [C1], ..., [C], [D1],...,[D,] span a
negative definite sublattice of H>(Y; Z). By Proposition 1.5, there exists a nef and
big divisor H such that H is perpendicular to the curves Cy, ..., Cy, Dy, ..., D,.
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Clearly, then [H] € AY) C ﬂgen and [H] = tx for some t € R*. Hence, x € quen
as well. Note that [H]~ is spanned over Q by [Cy], ..., [C], [D1], ..., [D:].

Since x € A(Y), if « is effective, x - &« > 0. Conversely, suppose that o is
a numerical exceptional curve with x - « > 0 and that « is not effective. Then
—a + [Ky] = [G], where G is effective, and H - (—a + [Ky]) = —a - [H] < 0.
Hence, (—a +[Ky]) - [H] = 0.

Claim 3.12. We have —a +[Kyl =), a;[Ci]+ Zj b;[D;l, where a;, bj € Z.

Proof. In any case, since —« + [Ky] is perpendicular to [ H], there must exist
ai,bj € Qsuch that —a +[Ky] =), a;[Ci]+ Zj b;[D;]. There exist n;,m; € Z
such that —a+[Ky]=[G]=)_; n,-[C,-]—I—Zj m ;[ D;]+[F], where F is an effective
curve not containing C; or D; in its support for any 7, j. By Lemma 1.4(ii), F =0,
ai =n;,and b; =m; forall i, j. Hence, a;, b; € Z. O

Because —a + [Ky] is an integral linear combination of the [C;] and [D;],
the same holds for @. Then o« = ), ¢;[Ci] + Zj d;[D;] with ¢;,d; € Z. How-
ever, a2 = —1 = (3, ¢;Ci)* + (> d; D;)’. Both terms are nonpositive, and so
(X, ¢iC)’ = —1. Butif Y, ¢;C; #0, then (Y, ¢;C;)* < —2. Thus, ¥, ¢;C; =0
and « lies in the span of the [D;]. Conversely, if « is not in the span of the [D;]
and « - x > 0, then « is the class of an effective curve. |

Proof of Theorem 3.10. It follows from Proposition 3.11 that, if x e € (Y)NA(Y, D)
is Ry-distinguished, then &_Qgen(Y) is the setof all y € C(éJlg(Y) such thata -y > 0
for all @ a numerical exceptional curve on Y, not in the span of the [D;], such that
o -x > 0. Let f be an isometry satisfying the conditions of the theorem. Then f(x)
is Ry -distinguished, and f (Qgen(Y )) is clearly the set of all y € ©7,(Y') such that
« -y >0 for all @ a numerical exceptional curve on Y’, not in the span of the [D; 1,
such that « - f(x) > 0. Again by Proposition 3.11, this set is exactly sden(Y/). O

Theorem 3.10 covers all of the cases in [Looijenga 1981] except for the case of
five components: by inspection of the root diagrams on [Looijenga 1981, pp. 275—
277], the complement of any trivalent vertex spans a negative definite codimension-1
subspace except in the case of five components. To give a direct argument along the
above lines that also handles this case (and all of the other cases in [Looijenga 1981]),
we recall the basic setup there: there exists a subset B = {1, ..., 8,} € R such that
B is a basis for A ® R, and there exist n; € Z* such that (Zl n,-ﬁ,-) -Bj > 0forall j
(compare also [Looijenga 1980, (1.18)]). In particular, note that the intersection
matrix (B; - B;) is nonsingular. Finally, by the classification of [Looijenga 1981,
Theorem (1.1)], there exists a deformation of (Y, D) for which 8; = [C;] is the class
of a —2-curve for all i. (With some care, this explicit argument could be avoided
by appealing to the surjectivity of the period map and Theorem 2.14(i).)
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Theorem 3.13. Ler (Y, D) and (Y', D') be two anticanonical pairs satisfying the
hypotheses of the preceding paragraph, both negative definite, with r (D) = r(D’),
and let f : H*(Y;7) — H*(Y'; Z) be an isometry such that f([D;]) = [D;]for
alli, f(€T(Y)) =%T(Y'),and f(Ry) = Ry Then f(gen(Y)) = Agen(Y").

Sketch of the proof. With notation as in the paragraph preceding the statement of
the theorem, let 1 = ), n; B; have the property that & - 8; > 0. By the arguments
used in the proof of Theorem 3.10, it is enough to show that i € &_dgen and that,
if o is a numerical exceptional curve and « is not in the span of the [D;], then
« is effective if and only if a - & > 0. Also, it is enough to prove this for some
deformation of (Y, D), so we can assume fB; = [C;] is the class of a —2-curve for
all i and hence that £ is the class of H =), n;C;. By construction, H - C;>0
for every j. Hence, H is nef and big. By Lemma 2.6, it is enough to show that,
if G is an irreducible curve not equal to D; for any i, then H - G > 0. Since H is
nef, it suffices to rule out the case H - G =0, in which case G*> < 0. As G # D;
for any j, then G is either a —2-curve or an exceptional curve. The case where
G is a —2-curve is impossible since then G is orthogonal to the span of the [C;],
but the [C;] span A over QQ and the intersection form is nondegenerate. So G = E
is an exceptional curve disjoint from the C;. If (Y, D) is the anticanonical pair
obtained by contracting E, then the [C;] define classes in A = A(Y, D). Since the
intersection form (C; - C;) is nondegenerate, the rank of A is at least that of A. It
is easy to check that the classes of Dy, ..., D, are linearly independent: if say E
meets Dy, then the intersection matrix of D-, ..., D, is still negative definite and
then Lemma 1.4(ii) (with F = Dy and Gy, ..., G, = D>, ..., D,) shows that the
classes of Dy, ..., D, are linearly independent. Hence, the rank of H 2(17 1 Z) is
greater than or equal to the rank of H?(Y; Z), which contradicts the fact that Y is
obtained from Y by contracting an exceptional curve. U

4. Some examples

Example 4.1. We provide a series of examples that satisfy the hypotheses of
Theorem 3.10, where the number of components and the multiplicities are arbitrarily
large. Let (Y, D) be the anticanonical pair obtained by making k + 6 infinitely near
blowups starting with the double point of a nodal cubic. Thus, D = Do+- - -+ Dy,
where 5(2) =—k, 5? =—-2,1<i<k+5,and 5,%% =—1. Now blow up N > 1 points
Pis---, Py on Dy, and let (Y, D) be the resulting anticanonical pair. Note that
(Y, D) is negative definite as long as k >3 ork =2 and N > 2. Clearly r (D) =k+7
and K% =3 —k— N. It follows that A = A(Y, D) hasrank N. If Eq, ..., Ey are
the exceptional curves corresponding to py, ..., pn, then the classes [E;] — [Ej 1]
span a negative definite root lattice of type Ay—_1 in A. By making all of the blowups
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infinitely near to the first point, we see that all of the classes [E;] — [E;+1] lie in R.
Hence, (Y, D) satisfies the hypotheses of Theorem 3.10.

Next we turn to examples where the rank of A is small. The case where the
rank of A is 1 is covered by Theorem 3.10 as well as the case where the rank of A
is 2 and R # . Note that, conjecturally at least, the case where R # & should be
related to the question of whether the dual cusp singularity deforms to an ordinary
double point. It is easy to construct examples where the rank of A is 2 and with
R # &: begin with an anticanonical pair (Y D) where the rank of A(Y D) is 1,
locate a component D; such that there exists an exceptional curve E on Y with
E-D; =1, and blow up a point of D; to obtain a new anticanonical pair (¥, D)
together with exceptional curves E and E’ (where we continue to let E denote the
pullback to Y and E’ the new exceptional curve) such that [E]—[E’] € R. So our
interest is in finding examples where R = &.

Remark 4.2. In case the rank of A is 2 and R # @, it is easy to see that either
(sdgen N A) /R is a closed (compact) interval or slgen N A =6+ N A (and in fact
both cases arise). In either case, there is at most one wall W# with 8 € R passing
through the interior of &Egen N A, and hence, either R = @ or R = {+}.

Example 4.3. We give an example where the rank of A is 2 and there are no
B € A such that g2 = —2 (in particular, R = @; hence, the condition f(R) =

is automatic for every isometry f) and of an isometry f that preserves €' and
the classes [ D;] but not the generic ample cone. Let (Y, D) be the anticanonical
pair obtained by making nine infinitely near blowups starting with the double point
of a nodal cubic. Thus, D = Do+ - - - + Do, where Dy = 3H —2E; — Z?:z E;,
D; =E; —E;j;1, 1 <i <8, and Dy = Eg. Make two more blowups, one at a
point pig on Do and one at a point pj; on Dy4. This yields an anticanonical pair
(Y, D) with Dy =3H —2E; =Y, , E;, D = E; — Eiy1, i > 0 and i # 4, and
D4 = E4 — E5 — E]]. Thus,

(=do,...,—d9)=(3,2,2,2,3,2,2,2,2,2),

i.e., D is of type (g ) with dual cycle (0 0) in the notation of [Friedman and
Miranda 1983]. Set

4 10 4 10
G1=5H—2ZE,-—ZE,»—E11 and G2=10H—5ZE,-—ZE1-—4E11.
i=l1 i=5 i=1 i=5

It is straightforward to check that (G; - Dj) =0fori =1,2and 0 < j <9. Hence,
G], G2 € A. AlSO,

Gi=2, G3=-22, G;-G»=0.
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The corresponding quadratic form
qg(n,m) = (nG1 +mG,)* =2n* — 22m?

has discriminant —44 = —22 . 1. Note that this is consistent with the fact that the
discriminant of the dual cycle is

-6 2
=44,
det( N —8)

It is easy to see that G| and G, are linearly independent mod 2 and hence span a
primitive lattice, which must therefore equal A.

First, we claim that there is no element of A of square —2. This is equivalent to
the statement that there is no solution in integers to the equation n*> — 11m? = —1,
i.e., that the fundamental unit in Z[\/ﬁ ] has norm 1. But clearly if there were an
integral solution to n%—11m? = —1, then since —11 =1 mod 4, we could write —1
as a sum of two squares mod 4, which is impossible. In fact, the fundamental unit
in Z[\/ﬁ] is 10 4+ 3+/11. Thus, if R is the set of roots for (Y,D),then R=@. In
particular, any isometry f trivially satisfies f(R) =

Finally, we claim there is an isometry f of H 2(Y; Z) such that fUD;]) =1[D;]
for all i and f(€") =%" but such that f does not preserve the generic ample cone.
Note the unit group U of Z[+/11] acts as a group of isometries on A and hence acts
as a group of isometries (with Q-coefficients) of the lattice

HX(Y;Q)=(A®Q) & alD;.

fixing the classes [D;]. Also, any isometry of A that is trivial on the discriminant
group AY/A extends to an integral isometry of H>(Y; Z) fixing the [D;]. Con-
cretely, the discriminant form AV /A =Z7/27 ®7/227. If p = 10+3+/11, then it is
easy to check that the automorphism of A corresponding to > = 1994 60+/11 acts
trivially on AV /A and hence defines an isometry f of H*(Y; Z) fixing the [D;].
Then f acts freely on (¢ N A)/RT, which is just a copy of R (and f acts on it via
translation). But the intersection of the generic ample cone with A has the nontrivial
wall WE11 so that the intersection cannot be all of €+ N A. It follows that f*! does
not preserve the generic ample cone. Explicitly, let (Y, D) be the surface obtained
by contracting £ and let G1 =4G|— Gz =10H -3 leol E; be the pullback of the
posmve generator of A(Y D) Thus, G1 is nef and big so that G1 € &ﬁgen Clearly
GieWEn If A= (% ”2) is the isometry of A corresponding to multiplication
by the unit a + b+/11, then A(G) = aG + bG,, A(G2) = 11bG| + aG,, and
A(G1) = (4a — 11b)G | + (4b — a)G,. Thus,

Eq - A(G)) = (4a — 11b) +4(4b — a) = 5b.
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Hence, E; -A(él) < 0if b < 0. Taking f‘l, which corresponds to 199 — 60+/11,
we see that f~1(G1) ¢ Agen-

Example 4.4. In this example, the rank of A is 2 and R = &, but there exist
infinitely many 8 € A such that 2 = —2. The condition f(R) = R is again
automatic for every isometry f, and reflection about every g € A with 2 = —2 is
an isometry that preserves ¢ and the classes [ D;] but not the generic ample cone.
As in the previous example, let (Y, D) be the anticanonical pair obtained by
making nine infinitely near blowups starting with the double point of a nodal cubic.
Thus, D = Do+ - - - + D9, where Dy = 3H —2E; — Z?:z E;, D = E; — Ei1,
1 <i <8, and Dy = Eg. Make two more blowups, one at a point pjg on Dy
and one at a point pj; on Dy. This yields an anticanonical pair (Y, D) with
Dy=3H —2E| — Z?:Z Ei—Ej and D; =E; — E;y1,1 <i <9. Thus,

(—do, ..., —do)=1(4,2,2,2,2,2,2,2,2,2),
i.e., D is of type (§), with dual cycle (1?) in the notation of [Friedman and Miranda

1983]. Set

10 10
G =10H-3) E; and G,=3H-) E;+Ey.
i=1 i=1
It is straightforward to check that (G; - D;) =0fori =1,2and 0 < j <9. Hence,
G, Gy e A. Also,

Gi=10, G3=-2, and G;-G,=0.
The corresponding quadratic form
g(n,m) =G +mG»)* = 10n> — 2m?

has discriminant —20 = —22. 5. Note that this is consistent with the fact that the
discriminant of the dual cycle is

—12 2
det< ) _2)_20.

It is easy to see that G| and G, are linearly independent mod 2 and hence span a
primitive lattice, which must therefore equal A.

To give a partial description of &_Qgen N A, note that (as for él in the previous
example) G is the pullback to Y of a positive generator for A(I? , ﬁ), where ¥
denotes the surface obtained by contracting E;;. Thus, G is nef and big so that
G| € dgen and also G| € WEI. Hence,

¢*NA={nG,+mG,:5n> —m?> >0, n> 0},
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i.e., n > 0and —nv/5 < m < n+/5. The condition Ei-(nG;+mGy) >0 gives
m < 0. To get a second inequality on n and m, let

10
E'=5H —4E\ - ) E;.
i=1
Then (E')?=E'-Ky =—1, and H - E’ > 0. Hence, E’ is effective. (In fact, one
can show that E’ is generically the class of an exceptional curve.) Thus, for all
nGy+mGp € ﬂgen’

E - (nG{ +mG;y) =20n+9m > 0;

hence,
Agen VA S {nG1+mGr:n >0, —2n <m <0}

Next we describe the classes 8 € A with 2= —2. The element 8 =aG+bG, € A
satisfies 82 = —2 if and only if 5a>—b*> = —1, i.e., if and only if b+a+/5 is a unit in
the (nonintegrally closed) ring Z[+/5]. For example, the class G, corresponds to 1;
as we have seen, the wall W = WEn_ The fundamental unit in Z[+/3] is easily
checked to be 9 4 4+/5. However, since we are only concerned with walls that are
rays in the fourth quadrant {(nG|+mG>) :n >0, m < 0}, we shall consider instead
+(9 — 44/5) and shall choose the sign corresponding to 8 = 4G — 9G,. Note that

B-(nG1+mGy)=40n+18m =0<= E'- (nG| +mG,) = 0.

Hence, W = WE'. Moreover, for every y € A such that y? = —2 and such that the
wall W passes through the fourth quadrant, either W¥ = W# or the corresponding
ray W lies below W, Thus, for every y € A with y? = —2, r, does not preserve
szgen N A. Hence, R = &.

Note that, aside from the isometries rg, where B% = —2, one can also construct
isometries of infinite order preserving ¢ and the classes [D;] that do not preserve
szgen using multiplication by fundamental units in Z[+/5] as in the previous example.

Remark 4.5. The exceptional curve E’ used in the above example is part of a
general series of such. For n > 0, let Y be the blowup of P? at 21 + 1 points
po, - - -, Pan With corresponding exceptional curves Ey, ..., Es,, and consider the
divisor

2n
A:nH—(n—l)EO—ZEi.
i=1

Then A2=A-Ky = —1, and it is easy to see that there exist py, ..., p2, such
that A is the class of an exceptional curve. In fact, if F; is the blowup of P2 at p,
then ¥ =nH — (n — 1)Ey is very ample on [F; and, for an anticanonical divisor
D e |—Kf, | =|3H — Ey|, - D =2n+ 1. From this, it is easy to see that we
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can choose the points pi, ..., p2, to lie on the image of D in P2, and hence, we
can arrange the blowup Y to have (for example) an irreducible anticanonical nodal
curve.
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Commuting involutions
of Lie algebras, commuting varieties,
and simple Jordan algebras

Dmitri |. Panyushev

Let 07 and o, be commuting involutions of a connected reductive algebraic group
G with g = Lie(G). Let
5= D o

i,j=0,1

be the corresponding Z, x Z,-grading. If {¢, 8, y} = {01, 10, 11}, then [ , ]
maps g, X gg into g,, and the zero fiber of this bracket is called a o -commuting
variety. The commuting variety of g and commuting varieties related to one
involution are particular cases of this construction. We develop a general theory
of such varieties and point out some cases, when they have especially good
properties. If G/G?! is a Hermitian symmetric space of tube type, then one can
find three conjugate pairwise commuting involutions oy, 03, and 03 = 0707. In
this case, any ¢ -commuting variety is isomorphic to the commuting variety of
the simple Jordan algebra associated with 0. As an application, we show that if
d is the Jordan algebra of symmetric matrices, then the product map J x J — J is
equidimensional, while for all other simple Jordan algebras equidimensionality
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Introduction

The ground field K is algebraically closed and char k = 0. Let G be a connected
reductive algebraic group with Lie(G) = g. Richardson [1979] proved that any
pair of commuting elements of g can be approximated by pairs of commuting
semisimple elements. More precisely, if t C g is a Cartan subalgebra (CSA), then

{(x,y)egxgllx,y]=0}=G-(tx 1), (0-1)

where a bar indicates the Zariski closure. The left-hand side is called the commuting
variety of g, denoted €(g). That is, E(g) is the zero fiber of the multiplication map

[.]
gxg—>4g.

It follows from (0-1) that &(g) is irreducible and dim €(g) = dimg + rk g. For
arbitrary Lie algebras, for example, for Borel subalgebras of g, the commuting
variety can be reducible [Vasconcelos 1994, p. 237].

There are several directions to take in generalizing Richardson’s work.

First, for given subvarieties U, V C g, one can consider the restriction of [ , ] to
U x V and study properties of &(g) N (U x V). For instance:

— Let o be an involution of g with the corresponding Z,-grading g = go @ g1.
Taking U = V = g, yields the commuting variety &(g;) := &(g) N (g1 X ¢1),
which was considered first in [Panyushev 1994b]. Here the structure of &(g;)
heavily depends on o. If g; contains a CSA of g, then &(g;) is an irreducible
normal complete intersection [Panyushev 1994b]. At the other extreme, if
the symmetric space G/Gy is of rank 1, then &(g;) is often reducible. In
[Panyushev and Yakimova 2007], the question of irreducibility of E(g;) is
resolved for all but three involutions of simple Lie algebras, and the remaining
cases are settled in [Bulois 2011]. It seems, however, that there is no simple
rule to distinguish the involutions for which &(g;) is irreducible.

— Another natural possibility is to take U =V =N/, where  is the set of nilpotent
elements of g. This leads to the nilpotent commuting variety of g, €(N'), which
is often reducible. However, €(N) is equidimensional, dim €(N') = dim g,
and the structure of irreducible components is well understood [Premet 2003].

— An interesting situation with U # V occurs if g = €D,_, g(i) is Z-graded,
U =g(i), and V = g(—i), see [Panyushev 1999, §3].

Second, one may look at commuting varieties related to other types of algebras.
If A is any algebra, then €(A) is defined to be the zero fiber of the multiplication
map A x A — A. Itis a natural task to study the commuting variety of a simple
Jordan algebra. As far as I know, this problem has not been addressed before.
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In this article, we elaborate on both directions outlined above. We study certain
“commuting varieties” associated with Z, x Z,-gradings of g (the first direction). It
turns out that, for some gradings, these new commuting varieties are isomorphic to
the commuting variety of simple Jordan algebras (the second direction). To describe
our results more precisely, we need some notation. Let oy and o, be different
commuting involutions of a connected reductive algebraic group G. This yields a
Zy x Z,-grading of g:

o= EP gij. where g;; ={x €g|o1(x) = (~1)'x and 05(x) = (=1)x}. (0-2)
i,j=0,1

Then o1, 07, and 03 = 0107 are pairwise commuting involutions, and following
[Vergne 1995] we say that (0-2) is a quaternionic decomposition of g. For, if
(a, B, y) is any permutation of the set of indices {01, 10, 11}, then [goo, §o] C e
and [gq, 9g] C g,. The conjugacy classes of pairs of commuting involutions are
classified, see [Kollross 2009] and references therein. Therefore, it is not difficult
to write down explicitly all the quaternionic decompositions of simple Lie algebras.
This article is a continuation of [Panyushev 2013], where we developed some theory
on Cartan subspaces related to (0-2) and studied invariants of degenerations of
isotropy representations involved.

Set ¢ = (01, 02, 03), and let Goy denote the connected subgroup of G with
Lie algebra goo. A a-commuting variety is the zero fiber of the bracket [ , ]:
go X g8 — @,. Associated with (0-2), one has three essentially different such
varieties that are parameterized by the choice of y € {01, 10, 11}. All these mappings
are Gp-equivariant, and all 6-commuting varieties are Go-varieties. The above-
mentioned varieties €(g;) can be obtained as a special case of this construction,
see Example 3.1. We usually stick to one particular choice of the commutator,
© 910 X 911 — go1, and try to realize what assumptions on ¢ imply good properties
of & := ¢~1(0) and other fibers of ¢. Clearly, ¢ can be regarded as a quadratic
map from g, := g10 D g11 to go1. Let ¢y, be a Cartan subspace (CSS) in gj,. Say
that ¢y, is homogeneous if it is o,-stable (or, equivalently, o3-stable), that is, if
¢1x = ajo ®ayy with a;; C g1;. We prove:

o If ¢;, is a homogeneous CSS, then the closure of Gg-¢y, is an irreducible
component of & (Theorem 3.4). (Such irreducible components are said to
be standard). However, there can be several standard components, of dif-
ferent dimensions, and there can also exist some “nonstandard” irreducible
components.

» All homogeneous CSS in g;, are Goo-conjugate (that is, & has only one
standard component) if and only if dim ¢j, = dim ¢ + dim ¢y, where ¢;; are
CSS in gy; (Theorem 3.7).
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e The commutator map ¢ is dominant if and only if there exist x € g;o and
y € g11 such that 34(x)o1 N 34(y)o1 = {0}.

However, one cannot expect really good properties for ¢ and & without extra
assumptions. One natural assumption is that some of involutions in ¢ are conjugate.
Another possibility is that some of the o; possess prescribed properties. Our more
specific results are:

(1) If o1 and o, are conjugate, then ¢ is surjective and dim (p_l (¢§) = dimg for
all & € go; (Proposition 3.8). We also provide a method for detecting subvarieties
of € whose dimension is larger than dim g;;. This exploits certain restricted root
systems related to decomposition (0-2), see Section 5.

(2) If 01 and o, are involutions of maximal rank (hence they are conjugate), then
@ is surjective and equidimensional, each irreducible component of € is standard,
and the scheme ¢~'(0) is a reduced complete intersection (Theorem 4.1).

(3) Let g be simple and o a Hermitian involution (that is, g° is not semisimple). If
the Hermitian symmetric space G/G? is of tube type, then there exists a commuting
triple & such that each o; is conjugate to o, and in this case € is isomorphic to the
commuting variety of the corresponding simple Jordan algebra, see Section 6.

(4) The relationship with 6-commuting varieties implies that the multiplication map
IxJ>Jis equidimensional if and only if J is the Jordan algebra of symmetric
matrices. The commuting variety of a simple Jordan algebra J is reducible, since
d x {0} and {0} x J are always irreducible components, and there are certainly some
other components.

(5) The results stated in (2) rely on an interesting property of Z,-gradings. For any
e € go, its centralizer in g is also Z»-graded: g° = g ® g{. Then we prove that

dim g( + rk g > dim g

and the equality occurs only if e = 0 and o is of maximal rank. However, the
proof of this inequality (Theorem 4.4) is not quite uniform, and a better proof is
welcome! The required case-by-case calculations are lengthy and tedious, so not
all of them are actually presented, and a part is placed in the Appendix. We hope
that an a priori proof of this inequality might be related to a geometric property of
centralizers of nilpotent elements in go, see Conjecture 4.6.

— Throughout, G is a connected reductive algebraic group and g = Lie(G). Then
3g(a) is the centralizer of a subspace a C g, and the centralizer of x € g is
denoted by 34(x) or g*.

— R(A) is a simple finite-dimensional G-module with highest weight A.

— Algebraic groups are denoted by capital Roman letters and their Lie algebras
are denoted by the corresponding lower-case Gothic letters.
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1. Preliminaries on involutions and commuting varieties

The set of all involutions of g is denoted by Inv(g). The group of inner automor-
phisms Int(G) >~ G/Z(G) acts on Inv(g) by conjugation. Two involutions are said
to be conjugate if they lie in the same Int(G)-orbit. If o € Inv(g), then g = go D g1
is the corresponding Z,-grading of g, where g; = {x € g | o (x) = (=1)'x}. We
also say that (g, go) is a symmetric pair. Whenever we wish to stress that gg and
g1 are determined by o, we write g° and g(lo) for them. We assume that o is
induced by an involution of G, which is denoted by the same letter. The connected
subgroup of G with Lie algebra gg is denoted by Go. Hence Gy is the identity
component of G° = {g € G | 0(g) = g}. The representation of Gy in g; is the
isotropy representation of the symmetric space G/Gy.

We freely use the invariant-theoretic results on the Gg-action on g; obtained in
[Kostant and Rallis 1971]. A Cartan subspace (CSS) is a maximal subspace of g;
consisting of pairwise commuting semisimple elements. The Cartan subspaces are
characterized by the following property:

Suppose that a subspace a C g1 consists of pairwise commuting semisim-
ple elements. Then a is a CSS if and only if 34(a) Ng; = a [Kostant and ~ (1-1)
Rallis 1971, Chapter I].

An element x € g is called Gg-regular if the orbit Go-x is of maximal dimension.
Let ¢ be a CSS of g;. Below, we summarize some basic properties of the Cartan
subspaces and isotropy representations:

— Al CSS of g; are Gy-conjugate and Gg-c is dense in g;.

— Every semisimple element of g; is Gg-conjugate to an element of c.
— A semisimple element x € g1 is Go-regular <= 34(x) Ng; is a CSS.
— The orbit Gy-x is closed if and only if x is semisimple.

— The closure of Gg-x contains the origin if and only if x is nilpotent.

— The number of nilpotent Gy-orbits in g; is finite.

We say that o € Inv(g) is of maximal rank if g; contains a Cartan subalgebra of g.
The following facts are well known:
(1) dimg; —dim go < rk g for any o, and the equality holds if and only if o is of
maximal rank.
(2) All involutions of maximal rank are conjugate.

(3) The involutions of maximal rank are inner if and only if all exponents of g are
odd.
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Lemma 1.1 [Kostant and Rallis 1971, Proposition 5]. For any x € g1, one has
dim gg — dim g5 = dim g; — dim g}. Equivalently, dim G-x = 2dim Go-x for all
X € 01.

Consequently, if o is of maximal rank, then
dim g) =dim gy +rkg. (1-2)
The property of having maximal rank is inheritable in the following sense.

Lemma 1.2. Let o be of maximal rank and x € g1 semisimple. Then the restriction
of o to g* and [g*, g*] is also of maximal rank.

The commuting variety associated with o is

€(g) ={(x,y) g1 xg1[x,y]=0}. (1-3)

That is, E(g;) is the zero fiber of the commutator map [ , ]; : g1 X g1 — go- The
following is known:

e Go-(c x ¢) is always an irreducible component of &(g;) [Panyushev 1994b,
Proposition 3.7].

o If o is of maximal rank, then Go- (¢ x ¢) = €(g;) and g; X g; — go is equidi-
mensional [Panyushev 1994b, Theorem 3.2]; moreover, all the fibers of [ , ];
are irreducible and normal [Panyushev 1994b, Corollary 4.4].

o &(g;) can be reducible [Panyushev 1994b, Example 3.5].

Example 1.3. Suppose that g=g@ g and o (x, y) = (¥, x). Then go = A(g) and
g1 = {(x, —x) | x € g}. Here the commutator g; x g; — go coincides with the usual
commutator g X g — g and €(g;) is isomorphic to the usual commuting variety of
a semisimple Lie algebra g. By a result of Richardson [1979], &(g) is irreducible
and dim €(g) =dimg+rkg.

A torus S of G is called o-anisotropic if o (s) = s~! for all s € S. All maximal
o-anisotropic tori are Gy-conjugate, and if C C G is a maximal o-anisotropic torus,
then Lie(C) is a CSS in g;. Recall that a restricted root of C is any nontrivial weight
in the decomposition of g into the sum of weight spaces of C. Write ¥¢(G/G)
or just W(G/Gy) for the set of all restricted roots. Then

g=gc®( &y gy>- (1-4)

ye¥(G/Go)

We use additive notation for the operation in X(C), the character group of C, and
regard W(G/Gy) as a subset of the vector space X(C) ®z R. The set W(G/Go)
satisfies the usual axioms of finite root systems [Helgason 1978]. The notable
difference from the structure theory of split semisimple Lie algebras is that the
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root system W(G/Gp) can be nonreduced and that multiplicities m, = dimg,
(y € ¥(G/Gyp)) can be greater than 1.

For all involutions of simple Lie algebras, the restricted root systems and the
respective multiplicities are known, see [Helgason 1978, Chapter X, Table VI].

2. Commuting involutions and quaternionic decompositions

Let 07 and o, be different commuting involutions of g. Then the corresponding
Zy x Z,-grading of g is

o= P gy, where gij = (x € g o1(x) = (=1)'x and o2(x) = (=1)/x}. 2-1)
i,j=0,1

We also say that it is a quaternionic decomposition of g (determined by o; and o07).
Set 03 := 0107 and ¢ = (01, 02, 03). The pairwise commuting involutions o7, 07,
and o3 are said to be big. The induced involutions on the fixed-point subalgebras g°',
g%2, and g% are said to be little. The same terminology applies to the corresponding
Z,-gradings, isotropy representations, and CSS. Thus, associated with (2-1), one
has three big and three little Z,-gradings. It is convenient for us to organize the
summands of (2-1) in a 2 x 2 “matrix”:

goo - 9ol

= P . 2-2
8 910@911 1 (2-2)

02

Here the horizontal (resp. vertical) dotted line separates the eigenspaces of o
(resp. 02), whereas two diagonals of this matrix represent the eigenspaces of o3.
Hence the first row, first column, and main diagonal represent the three little
Z,-gradings (of g°', g°2, and g3, respectively).

We repeatedly use the following notation for the eigenspaces of o7 and o»:

07 =00« == 000D 001, 91« =010DP g1, 97 =0.0:=000DPd10, J«1 :=go1 D Y11

Likewise, Go. (resp. G.o) is the connected subgroup of G corresponding to go, (resp.
8+0), Goo is the connected subgroup of G corresponding to goo, etc. If q is a a-stable
subalgebra of g, then q = EBI-’ ; 9ij 18 the induced quaternionic decomposition of g,
and Q and Qg are the corresponding connected subgroups.

Following [Vinberg 2005, 0.3], we say that a triple {07, 02, 03} C Inv(g) is a
triad if all three involutions are conjugate and 010> = 03. A complete classification
of triads is obtained in [Vinberg 2005, §3]. The triads lead to the “most symmetric”
quaternionic decompositions. In [Panyushev 2013], we considered less restrictive
conditions on the o;. We say that {0, 02} C Inv(g) is a dyad if o1 and o, are
conjugate and o107 = 0,07 (no conditions on o3!).
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The product of two conjugate involutions (not necessarily commuting) is al-
ways an inner automorphism of g. For, if op = Int(g)~ol-Int(g*1), then o107 =
Int(o1(g)g~"). Therefore, any triad consists of inner involutions. (But not every
inner involution gives rise to a triad!) Any involution can be a member of a dyad
[Panyushev 2013, Proposition 2.4]. But the third involution, o3, is then necessarily
inner.

Proposition 2.1 (see [Panyushev 2013, Proposition 2.2(1)]). Suppose that u €
Inv(g) is inner. Then there are commuting involutions of maximal rank, oy and o3,
such that @ = o102. Moreover, o and o, induce an involution of maximal rank

of gh.
For (ij) # (00), let ¢;; be a CSS of g;;; that is, a little CSS related to the little

Z>-grading goo @ g;;. There are also big CSS in the (—1)-eigenspaces of three big
involutions:

Cla CPlxs Gl CGxls G 1—x C G, 1—x = go1 D g10-

Each little CSS can be included in two big CSS. For example, because g9 C g1+ and
910 C g, 1—+, One can choose Cartan subspaces ¢, and ¢, j_, such that ¢;o C ¢y, and
€10 C ¢4 1—. If at least one equality occurs among all such inclusions, then this will
be referred to as a coincidence of CSS (for a given quaternionic decomposition).

In [Panyushev 2013], we obtained two sufficient conditions for a coincidence of
CSS:

Theorem 2.2 (see [Panyushev 2013, Theorems 3.3 and 3.7]).

(1) Suppose that o is of maximal rank. Then

o any little CSS ¢11 C g1y is also a CSS in g.1, that is, for o2, and
o any little CSS c19 C g0 is also a CSS in g10 @ go1, that is, for o3.

(2) Suppose that {01, 03} is a dyad. Then any little CSS ¢;1 C g11 is also a CSS in
01« OF §41, that is, for oy or oy.

The coincidences of CSS in Theorem 2.2(2) can formally be expressed as ¢j; = ¢,
or ¢11 = ¢,1, and likewise in all other possible cases. In view of (1-1), any coincidence
of CSS can be restated as certain property of the little CSS in question. For instance,
the first coincidence in Theorem 2.2(1) means that if x € g;; is a generic semisimple
element (that is, x belong to a unique little CSS), then 34(x).1 = 34(x)11 = ¢;1, and
hence 34(x)o1 = 0.

3. Commuting varieties and homogeneous Cartan subspaces

Consider a quaternionic decomposition (2-2). For any permutation (¢, 8, y) of the
set {01, 10, 11}, there is the commutator mapping (p;ﬁ g X gg —> gy. Clearly,



Commuting involutions, commuting varieties, and simple Jordan algebras 1513

(p; p 1s Goo-equivariant. As our main interest is in fibers of this mapping, we do
not distinguish gof;’ p and <pg’ «- We concentrate on the following problems:

e When is (pg P dominant?

« What is the dimension of (¢ ﬁ)—‘ (0)?

» How to describe the irreducible components of ((pg{/’ ﬂ)_1 0)?

e When is <p3; p equidimensional?

The variety €}, ; = (¢, /3)_1 (0) is said to be a 6-commuting variety. For general
quaternionic decompositions, one has three such varieties, and their properties can
be rather different. We mainly restrict ourselves to considering the test case:

@ =911 810 X 911 — Go1.- (3-1)

and also write € in place of (‘c‘% 1;- Note that we can regard ¢ as a quadratic map
from g1, to go1, and € as subvariety of g;,.. The following example shows that the
commuting variety in (1-3) is a particular case of this construction.

Example 3.1. Let g be a reductive Lie algebra and o an involution of g with the
corresponding Z,-grading g = go @ g1. Set § = g @ g and define three involutions
of g as follows:

o1(x1, x2) = (0(x1),0(x2)), 02(x1, X2) = (X2, X1), 03 =0]02.
Then g°' = go @ go; §°2 = A(g), the diagonal in gH g; and g% = {(x, o (x)) | x € g}.
Set A_(M) :={(m, —m) |m € M} for any subspace M C g. Then the corresponding
quaternionic decomposition is
A(go) A_(go)
A(g1) A_(g1)
02

o].

(L=}
Il

Upon the obvious identifications A(g;) >~ A_(g1) = g1, etc., our test commutator
map g0 X g11 — go1 becomes the commutator g; X g; — go associated with
o € Inv(g); whereas two other commutator maps are identified with the bracket
go X g1 — g1. Therefore, the concept of a 6-commuting variety provides a uniform
setting for studying the fibers of both g; x g; — go and go x g1 — g1.

Lemma 3.2. The commutator map (3-1) is dominant if and only if there exist x € gy
and y € g1y such that 34(x)o1 N 34(y)o1 = {0}.

Proof. A morphism of irreducible varieties is dominant if and only if its differential at
some point is onto. As ¢ is bilinear, an easy computation shows that do, ,)(§, n) =

[x, n]+ (&, y1, & € g10, n € g11. Hence Imdy(, ) = [g11, Xx] + [g10, y], and taking
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the orthogonal complement with respect to the restriction of the Killing form to go;
yields (Im de(x, )" = 3¢(X)o1 N 3g(3)o1- O

As we see below, certain CSS in gj, play an important role in describing irre-
ducible components of €.

Definition 1. A big CSS ¢;, C g1, is said to be homogeneous if it is o-stable (or,
equivalently, o3-stable). In other words, if one has ¢j, = a9 @ ay; with a;; C g1;.

Remark. A coincidence of CSS means that there is a homogeneous CSS of special
form. For instance, if ¢;; = ¢y, then ¢;; is a homogeneous CSS in g;,, with trivial
g10-component.

Lemma 3.3. (1) Homogeneous CSS always exist.

(2) Moreover, if x € g0 and y € g11 are commuting semisimple elements, then
there exists a homogeneous CSS in g1, containing both of them.

Proof. (1) Take a little CSS ¢1o and consider the o-stable reductive subalgebra
3g(c10). If ayy is a little CSS in 34(c10)11, then c1o @ a1y is a homogeneous CSS in
Plx-

(2) Consider the a-stable reductive subalgebra [ = 39(x) N34(y). By the previous
part, there exists a homogeneous CSS in [y,, say ¢,. Since x and y are central in I,
we have x, y € ¢y,. It is also clear that ¢y, is a CSS in gi,. O

If ¢1, = ajp®ay; is a homogeneous CSS, then [ag;, ;1] =0 and hence Ggg-¢1, C
€. However, a stronger result is true.

Theorem 3.4. (i) Let ci, be a homogeneous CSS in gi.. Then Gyy-ci1. C € is an
irreducible component of €.

(i1) If two homogeneous CSS in g1, are not Goo-conjugate, then the corresponding
irreducible components are different.

Proof. (i) The centralizer of c), is o-stable. Hence 34(c1.) = €D; j—o,; @ij» and here
C1x = 010D ajp. Recall that G, ¢ = g14. Therefore, dim ¢j, +dim G, —dim agy —
dim ag; = dim gy,. It follows that

dim Ggp-¢1, = dim ¢, +dim Ggp — dim agg = dim g1, — dim go; +dim ag;. (3-2)

On the other hand, let x +y € ¢, (x € g10, ¥ € g11). The proof of Lemma 3.2
shows that dim(Im dg(yy)) = dim go; —dim(34(x)o1 N3g(¥)o1). Now, if x +y € ¢y,
is generic, then 34(x) N 34(y) = 34(x +y) = 34(c1.). Hence dim(Imdg, ) =
dim go; — dim ag;. This means that any irreducible component of & containing
(x, y) has dimension at most

dim gy, — dim(Im dg, y)) = dim g1, — dim go; + dim ag;.
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Comparing with (3-2) shows that Gg-c1, is an irreducible component of & contain-
ing (x, y), and (x, y) is a smooth point of Gyg-Cy4.

(i1) As we have just shown, if x 4+ y € ¢y, is generic, then it belongs to a unique
irreducible component of € (and to a unique CSS in g,). (I

Claim 3.5. The number of Gyy-orbits of homogeneous CSS in g1, is finite.

First proof. Since the number of irreducible components is finite, this readily follows
from Theorem 3.4. However, it can also be proved in a different way. As the second
proof has its own merits, we provide it below.

Second proof. Recall that Goy C Gy, are connected reductive groups and all big
CSS in g, form a single Gg,-orbit. Let ¢;, be a homogeneous CSS. Set

N ={g € Gox | g:C1x = C1x}, M ={g € Gy, | g-c1« is homogeneous }.

Note that N is reductive, but not connected, since N is mapped onto the (finite)
little Weyl group associated with ci,. If g € M, s € Gop, and z € N, then sgz € M.
Therefore, M is a union of (G, N )-cosets, and our task is to prove that Goo\ M /N
is finite.

If g € M, then g-c¢;, = 02(g)c1.. Hence g~ 'o2(g) € N. Since Gy C G, the
map

Ui Goo\M — N,  Goog— g 'oa(g),

is well defined. Note that N is o,-stable and the range of 1, belongs to the closed
subset

Q=0Q(N)={geN|om(g) =g}

The twisted N-action on N is defined by z * x = zxo2(z) ™. Obviously, Q is stable
under the twisted action of N. Moreover, ¥a((gz) = 2z~ ¥ r(g)0o2(z). Hence
Im(prq) C Q is the union of twisted N-orbits, and each twisted N-orbit gives rise
to a Ggo-orbit of homogeneous CSS. It follows from [Richardson 1982, §9] that Q
is a finite union of twisted N-orbits, which is sufficient for our purpose. (See also
the remark below.) O

Remark 3.6. Richardson’s results on twisted orbits [Richardson 1982, §9], specifi-
cally Proposition 9.1, are stated for a connected reductive group G, whereas we
apply them to the reductive nonconnected group N (in place of G). But his argument
can easily be adjusted to cover the case of nonconnected reductive groups. That is,
one can give a version of Richardson’s Proposition 9.1 for nonconnected groups G.

Definition 2. For a homogeneous CSS ¢, C g1., the irreducible component Go-¢14
of & is said to be standard.
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Since all big CSS in g;, are Gg,.-conjugate, their centralizers in g, are essen-
tially “the same”. The centralizer in go, of a homogeneous CSS splits, and these
splittings can be quite different. That is, dim 34(c1,)o1 can be different for different
homogeneous CSS, and this leads to a new phenomenon that standard irreducible
components of & may have different dimensions, see (3-2). Moreover, there can
also be some “nonstandard” irreducible components of € that contain no semisimple
elements at all.

By Theorem 3.4, a necessary condition for € to be irreducible is that all homoge-
neous CSS in g;, are Gyp-conjugate, that is, there is only one standard component.
If ¢1, = ajo @ ap; is a homogeneous CSS with dim ay; = d;, then (dy, d}) is called
the dimension vector. Obviously, two homogeneous CSS with different dimension
vectors are not Gop-conjugate.

Theorem 3.7. (1) If ¢1, = aj0 D a;; is a homogeneous CSS with dimension vector
(d(), d]), then d() < dim €10 and d1 < dim €11, hence dim Clx < dim C10 + dim C11.

(2) All homogeneous CSS in g1, are Gog-conjugate if and only if dim ¢, =dim ¢j9+
dim C11-

Proof. (1) Being a toral subalgebra of g;;, a;; is contained in a little CSS in g;;.

(2) “If” part. Let ¢, and ¢1, = a9 @ a;; be two homogeneous CSS. By part (1),
dim ag; = dim ag; = dim ¢;9. Therefore, both ag; and ag; are little CSS, they are
both Ggo-conjugate, and we may assume that ap; = do;. Consider then the o-stable
reductive algebra 34(a10). As ajo is a central toral subalgebra, 34(a19) = ajo ® s,
where s is reductive and a-stable. By construction, s;9 = {0} and a1, @1 C s11.
Moreover, these are little CSS in s1; (otherwise, ¢q, or ¢;, wouldn’t be maximal).
Therefore, ag; and ag; are Spp-conjugate, which implies that ¢, and ¢, and G-
conjugate.
“Only if” part. Assuming that dim ¢y, < dim ¢j9 + dim ¢, we construct two ho-
mogeneous CSS with different dimension vectors. First, let us take a little CSS
¢10 and choose a little CSS in 34(c10)11, say aji. This yields a homogeneous CSS
with dimension vector (dim ¢¢, dim ¢;, —dim ¢j(). On the other hand, one can start
with a little CSS ¢y, etc., which yields a homogeneous CSS with dimension vector
(dim ¢y, —dimecyy, dimeyq). O
Note that dim¢;; > 0 whenever g;; # {0}. Therefore, a coincidence of CSS of
the form ¢1; = ¢y, or ¢j9 = ¢y, certainly excludes the possibility of having a unique
standard component of €. For our test commutator (3-1), one may envisage several
examples of good behavior (not necessarily all together):

(1) All irreducible components of & are standard (possibly of different dimension).
(2) ¢ is surjective and equidimensional, and hence flat.

(3) ¢ has a unique standard component, but there may be other components too.
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Property (3) always holds in the setting of Example 3.1, with any o; and for o of
maximal rank, one gets a rare situation, where all three properties are satisfied. All
quaternionic decompositions of simple Lie algebras can be written out explicitly,
and then the presence of (3) amounts to a routine verification of the equality in
Theorem 3.7(2).

Proposition 3.8. Let {0}, 02} be a dyad. Then dim g o =dim go; and ¢ : g10xXg11 —
go1 is onto. (Therefore, dim ¢ ~1 (&) > dim gy, for all &€ € go1.) Moreover, {0} x g11
is a standard irreducible component of € of minimal dimension.

Proof. Since dim g = dim g°2, we have dim g;9 = dim go;. By Theorem 2.2(2),
any little CSS ¢;; C gy is also a big CSS in g;,. Therefore, ¢;; is a homogeneous

CSS and Ggo-ci; = g1 is an irreducible component of &. Furthermore, if x € ¢y is
generic, then 34(x) N g1, = ¢y, that is, 35(x) N gio = {0}. Therefore, dim[g;o, x] =
dim g1, that is, [g10, X] = go1- O

4. Dyads of maximal rank and commuting varieties

Let {01, 02} be a dyad of maximal rank, that is, both o7 and o, are of maximal
rank. Recall that this implies that o3 = 0707 is inner, dim go; = dim g9, and, by
Proposition 2.1, g®* = goo @ @11 is a Z»-grading of maximal rank. In particular, g,
contains a CSA of g and any CSS in gy, or g,; is a CSA. The main result of this
section is the following.

Theorem 4.1. Let {01, 03} be a dyad of maximal rank. Then
(1) the commutator mapping ¢ : g1o X g11 — go1 IS surjective and equidimensional,

(i1) each irreducible component of € = (p_l (0) is standard, that is, is the closure
of the Goo-saturation of a homogeneous CSS in g1, and

(iii) the ideal of € is generated by quadrics w#(g(”;l), where ¢* : K[go1] — Klgio] ®
Klgi1] is the comorphism (that is, the scheme go_l(O) is a reduced complete
intersection).

Proof. If q is a o-stable reductive subalgebra of g, then &; stands for the zero
fiber of the commutator g9 x qi1 — qo1. Clearly, €, C € = &,. Since o} and
oy are of maximal rank, the center of g, 3(g), is contained in g;;. Consequently,
€y >~ €4 41 % 3(g) and without loss of generality, we may assume that g is semisimple.

By Proposition 3.8, ¢ is onto and dim & > dimg;;. In this situation, ¢ is
equidimensional if and only if dim € = dim g;;. If ¢;, is a homogeneous CSS, then
it is necessarily a CSA of g. That is, 34(c1.)o1 = O for all homogeneous CSS and
dim Ggp-c1, = dim g;;. Hence all the standard components of & have the same
(expected) dimension, and for (i) and (ii) it suffices to prove that there are no other
irreducible components.

To this end, we argue by induction on rk g = dim ¢;.
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— If dim ¢y = 1, then g = sl, and the assertion is true.

— Suppose that rk g > 1 and the assertion holds for all dyads of maximal rank
for semisimple algebras of rank smaller than rk g.

(1) Take (x, y) € € and y € g11, and let y = y; + y, be the Jordan decomposition.
Then [x, ys] = 0. If y; # 0, then y, € s := [34()s), 3g(ys)] and rks < rkg. By
Lemma 1.2, 0;|s, i = 1, 2, are again involutions of maximal rank. Let 3 denote the
center of 34(y), so that 34(ys) =3®s and y; € 3. Since both o1 and o, are of maximal
rank, 3 C g11 and hence x € s. By the induction assumption, (x, y,) € 10 @ 511 lies
in a standard irreducible component of €. Obviously, adding a central summand
does not affect this property, hence (x, y) lies in a standard component of &;_(y,).
As rk34(ys) = rk g, this also means that (x, y) lies in a standard component of €.

(2) Hence it suffices to consider the case in which y = y,. Write A/}, for the closed
set of all nilpotent elements in g;;. Let K be an irreducible component of &, hence
dim £ > dimgy;. Then K; := K N (g10 x N71) is a closed subvariety of K. If
K1 # K, then, by part (1), all the points in K \ X; belong to standard irreducible
components. Consequently, K must be one of the standard components.

(3) The next possibility is that IC = C;. Let p : g10 X g11 — ¢11 be the projection.
Then p(K) C Nji, and therefore p(K) = Gg-y is the closure of a nilpotent
Gp-orbit.

If y=0, then IC=g;0x{0}. Let ¢;o be alittle CSS. The fact that Goo- (cio x {0}) =
g10 X {0} is an irreducible component of &€ implies that 34(c10)11 = {0}, whence
¢1o is also a CSS in gy,. That is, ¢jg is a CSA of g. (Incidentally, this means that
the (-1)-eigenspace of o3 contains a CSA, that is, {0}, 02, 03} is actually a triad.)
Anyway, we see that if y = 0, then such K appears to be a standard component.

(4) Finally, we prove that the case in which X = K and y # 0 is impossible.
Assuming the contrary, we would have

dim g;; < dim K < dim Ggp-y +dim p~1(y)
= dim goo — dim 34(y)oo + dim 34(y)10 = dim gi1 — dim 34(y) 11 + dim 34() 10.

The last equality uses Lemma 1.1. Hence, the existence of such a component K
would imply that dim 34(y)11 < dim 34(y) 10 for some nonzero y € N1 C gi1. One
can rewrite the last condition so that it will only depend on the (inner) involution
03. Since {01, 02} is a dyad, we have dim 34(y)10 = dim 34(y)o1; and since o3 is
inner and g% = goo ® g11 is a Z,-grading of maximal rank, we have dim 34(y)11 =
dim 34(y)oo + rk g = dim 34(y)oo + rk g, see (1-2). Then

dim34(y)11 +dim3g(y)oo +rkg = 2dim 34(y) 11 < 2dim34(y)10
=dim 34(y)10 + dim 34(y)o1.
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In other words, if the assumption were true, we would have
dim(3g(y) N g™) + rk g < dim(34(y) Ng\™) 1)

for some nonzero nilpotent y € g;;. (Note that since g = goo @ g11 is a Z»-grading
of maximal rank, g;; meets all nilpotent orbits in g°3 [Antonyan 1982]. Therefore,
a priori, y can be any nonzero nilpotent element of g°*.) However, Theorem 4.4
shows that (4-1) is never satisfied if y # 0. This completes the proof of parts (i)
and (i1).

For (iii), it suffices to prove that each irreducible component of & contains a
point (x, y) such that dg y) is onto, that is, Im dg(, yy = go1, see [Richardson
1981, Lemma 2.3]. Since each irreducible component of € is the closure of the
Goo-saturation of a homogeneous CSA, it contains a point (x, y) such that 34(x)o1 N
3a(»)o1 = {0} and then dyy, ) is onto, as shown in the proof of Lemma 3.2. O

Remark 4.2. (1) For any inner o € Inv(g), there exist commuting involutions of
maximal rank o] and o, such that o = 0107, see Proposition 2.1. Therefore, there
are sufficiently many quaternionic decompositions, where Theorem 4.1 applies.

(2) For an arbitrary dyad {0}, 0}, it can happen that all irreducible components of
¢ are standard, but they have different dimensions. That is, ¢ : g10 X g11 — go1 1S
not equidimensional, but still any pair of commuting elements in g9 X g;; can be
approximated by a pair of commuting semisimple elements.

Example 4.3. Let o; be an involution of g = so, such that g°* = so,_;. This
can be included in a dyad {0}, 02} such that g = s0,,_» X s0,. The quaternionic
decomposition is

50,2 R(@1)
= ® o1,

R(@i)  R(0)

(o))

where the trivial so,_>-module R(0) is just the central torus so, in g?*. Here
dimc¢jp =dim¢;; = 1 and the zero fiber of multiplication g9 X g1 — go1 consists
of two irreducible components, g9 x {0} ~ k"=2 and {0} x g11 =~ K. Both components
are standard.

The following auxiliary result does not refer to quaternionic decompositions; it
concerns the case of a sole involution.

Theorem 4.4. Let o be an arbitrary involution of g and g = go @ g1 the corre-
sponding Z,-grading. For any nonzero x € gy, we have

dim gy +rkg —dimg; > 0. (4-2)
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More precisely, one always has dim g, + rk g — dim g} > 0 and the equality only
occurs if x = 0 and o is of maximal rank.

Remark 4.5. For application to Theorem 4.1, we only need the case when x is
nilpotent and o is inner. But, surprisingly, the assertion appears to be absolutely
general. Unfortunately, our proof is not conceptual, after all. Having successfully
reduced the problem to noneven nilpotent elements of gy, we then resort to case-
by-case considerations. Certainly, there must be a better proof!

Proof. Note that dim G-x is even and, therefore, the left-hand side in (4-2) is always
even; hence the more accurate assertion is that dim g;; + rk g — dim g} > 2 for all
nonzero x € go.

(1) If x =0, then we have dim gg + rk g — dim g; > 0, and the equality holds if and
only if o is of maximal rank.

(2) If x is nonzero semisimple, then g* is a o-stable reductive subalgebra and x is a
central element of g* that belongs to g;. Write g* = 3 ® s, where 5 = [g", "] and
3 is the center. Then dim 39 > 0 and

dim g + rk g — dim g = (dimsp + rks —dims;) + 2dim 3o > 2.

(3) If x is nonnilpotent, then using the Jordan decomposition x = x; + x,, we
reduce the problem to the same property for the nilpotent element x,, in the o-stable
reductive subalgebra 34(x;).

(4) From now on, we assume that x = e € g is nonzero and nilpotent. Choose an
sly-triple {e, i, f} C go. Suppose that e is even in g, that is, the eigenvalues of ad &
in g are even. Then dim g" = dim g° and dim gg = dim g,. Thus, the assertion is
reduced to the same assertion for 4 € go and we are again in the setting of part (2).

(5) Suppose that e is even in gg, but not in g. That is, the eigenvalues of ad / in gg
are even, but ad & has also some odd eigenvalues in g;. Decomposing g into the
sum of o-stable ideals, we may assume that either g is simple or g = s @ s, where s
is simple and o is the permutation involution. In the second case, if e is even in
go = A(s), then e is also even in g. Therefore, without loss of generality, we may
assume that g is simple.

Let us decompose g; according to the parity of ad h-eigenvalues: g; = g‘l’ddeB g7
By assumption, g‘l’dd #0. Then g := [g‘l’dd, g(l’dd] &) g‘fdd is an ideal of g that does not
meet g5'". Therefore, § = g and ¢5"*" = 0. Hence g§ = (g°)*'*" and g = (g*)°%.
Consider the Z-grading of g determined by the eigenvalues of /1, g=&D, ., 9(i). The
slp-theory shows that dim(g®)®¥*" = dim g(0) and dim(g®)°% = dim g(1). Hence
dim g§ = dim g(0) and dim g{ = dim g(1). Finally, it follows from Vinberg’s lemma
[Vinberg 1976, §2.3] that the group G (0) has finitely many orbits in g(1), whence
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dimg(1) < dimg(0). Thus, in this case the stronger inequality dim g§ > dim g{
holds.

(6) Thus, it remains to handle the case in which a nilpotent element e € gg is not
even. Here we do not know an a priori argument and resort to the case-by-case
considerations.

(7) If g is a classical Lie algebra, then the nilpotent orbits in g and g are param-
eterised by partitions, and we use the explicit formulae for dim g° and dim g in
terms of partitions. Some of these calculations are presented in the Appendix.

(8) If g is an exceptional simple Lie algebra, then, for any noneven nilpotent element
e € go, we determine the corresponding nilpotent orbit in g and then compare the
dimensions of g{ and dim g¢. While rather boring, the verification is, however, not
very difficult.

For o inner, we use the seminal work [Dynkin 1952, Tables 16-20], in which
Dynkin computed, for all simple three-dimensional subalgebras in exceptional
Lie algebras, the “minimal including regular semisimple subalgebras” and the
corresponding weighted Dynkin diagrams. See also comments on this article in
[Dynkin 2000, pp. 309-312], where a few errors occurring in [Dynkin 1952] are
corrected.

To convey the idea, consider some examples related to an (inner) involution of
g = Eg with gg = Dg = s0;6. There are 33 noneven nilpotent orbits in gg. (Recall
that e € 5016 is noneven if and only if the partition of e contains both odd and even
parts.)

(a) Let e € 5016 be a nilpotent element corresponding to the partition (11, 2, 2, 1).
Using [Hesselink 1976, Corollary 3.8(a)] or [Kraft and Procesi 1982, Proposi-
tion 2.4], we obtain dim g{j = 16. This partition also shows that a minimal including
regular semisimple subalgebra of Dg containing e is of type Dg + A;. (Here (11, 1)
is the partition of the regular nilpotent element of D¢ and any pair of equal parts
(n, n) gives rise to the simple summand A,,_;.) Then using [Dynkin 1952, Table 20],
we detect the simple three-dimensional subalgebra in Eg with minimal including
regular semisimple subalgebra of type Dg + A;. The corresponding nilpotent orbit
has the modern label E7(a3) and here dim g° = 28. Hence dim g{ = 12 and (4-2)
holds.

(b) Let e € 5016 correspond to the partition (7, 5, 2, 2). By [Hesselink 1976, Corol-
lary 3.8(a)], dim g;; = 22. Here a minimal including regular semisimple subalgebra
is of type Dg(as) + A, because the partition (7, 5) determines the distinguished
nilpotent orbit in Dg, which is denoted by Dg(as). Using [Dynkin 1952, Table 20],
we detect the corresponding nilpotent orbit in g. This orbit is denoted nowadays by
E7(as) and here dim g° = 42.
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(c) Let e € 5016 correspond to the partition (7, 4, 4, 1). By [Hesselink 1976, Corol-
lary 3.8(a)], dim g§ = 22. Here a minimal including regular semisimple subalgebra
is of type D4 + A3. Using [Dynkin 1952, Table 20], we detect the corresponding
nilpotent orbit in g. This orbit is denoted nowadays by Dg(a,) and here dim g° = 44.

If o is outer, then g is of type Eg. In the respective two cases, we use the information
on e € go for decomposing g; as a (e, h, f)-module, which allows us to compute
dim gf. O

A case-free proof of Theorem 4.4 might be derived from the following conjectural
invariant-theoretic property of centralizers. Recall that g = go @ g; and e € go. Let
G, be the connected subgroup of G( with Lie algebra gj. Then G acts on (g{)*
and we write k((gf)*)Gg for the field of G{y-invariant rational functions on (g)*.

Conjecture 4.6. For any e € go NN, we have trdeg k((gi)*)Gﬁ <rkg.
By Rosenlicht’s theorem [Brion 2000, Chapter 1.6],

trdeg k((gf)*)G6 =dimgj — max dimGg-§.
£e(g)*
If e # 0, then the one-dimensional unipotent group exp(te), ¢ € K, acts trivially on
g1 and hence maxge(ge)« dim G- < dim gg — 1. Therefore, if the conjecture were
true, we would obtain dim g{ — dim g; + 1 < rk g, as required. Perhaps, this can be
related to the Elashvili conjecture, which asserts that trdeg K((g¢)*)¢* = rk g for all
eec\N.

Remark 4.7. Inequality (4-2) can be written as dim g; > dim B,, where B, is the
variety of Borel subalgebras of g containing x (the Springer fiber of x). (Recall that
dim B, = (dim g* —rk g)/2.)

5. Commuting varieties and restricted root systems

Here we assume that {0, 03} is a dyad. As above, we consider the commutator map
®: 910 X g11 — go1 and the G-commuting variety € = (p_l (0). Then dim & > dim g
and € has a standard irreducible component of expected dimension dim g;1; namely,
{0} x g11, see Proposition 3.8.

In this section, we describe a method for detecting subvarieties of € of large
dimension. This method is based on comparing restricted root systems for little and
big symmetric spaces related to the quaternionic decomposition in question.

Take a little CSS ¢;; C g11. Then, by Theorem 2.2(2), ¢ is also a CSS in g,
and g,1, which is equivalent to that 39(C11)10 = 39(C11)01 = {0} and 3g(C11)11 =011
Our idea is to replace ¢;; with a proper subspace ¢ such that

¢ still contains Gp-regular elements. (5-1)
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Then we consider ¢ := 3g(©)10 x ¢ C € and compute the dimension of Goo-c. Since
GOO‘cll =g11, W€ have

dim Ggp +dime¢;; — dimjg(ﬁ])oo =dimg;.

Set Tpo(¢) ={g € Goo | gy € ¢ for generic y € ¢}, and likewise for ¢11. In view of
(5-1), we have dim To(¢) = dim TTp(c11) = dim 34(c11)00. Then

dim Ggp-¢ = dim Gop + dim ¢ — dim T ()
= (dim Ggp+dim ¢11— dimgg(cl1)00)+(dim59(3)10— dim ¢;;+dim¢)
=dimg;; + (dim¢ —dim¢yy). (5-2)

Thus, we obtain a subvariety of larger dimension, if dim 34(¢)10+dim ¢ > dim ¢y;.
Of course, it is not always possible to construct such a ¢. Our sufficient condition
exploits restricted root systems. Set h = g°3, and let H denote the corresponding
connected (reductive) subgroup of G. Write o for the restriction to H of o or o».

Let C1; =exp(c11) C H C G be the corresponding torus. The coincidence of CSS
means that C; is a maximal o;-anisotropic torus in G and a maximal o-anisotropic
torus in H. Accordingly, one obtains the inclusion of two restricted root systems
relative to Cyy:

V(H/Goo) CW(G/Gow).

Identifying restricted roots and their differentials, one may consider restricted roots
as linear forms on ¢;;. Then the set of Ggg-regular elements of ¢;; is

{x €ciy | n(x)#0 for all u € W(H/Goo)}

and the set of G,-regular elements is {x € ¢j1 | w(x)7#0 for all u € ¥(G/Go,)}.

Proposition 5.1. Assume that u € V(G /Go,) andriu & V(H/Gog) for any r € Q.
Ifm, > 1, then dim € > dimgy +m, —1 > dimgi;.

Proof. Under this assumption, ¢ := Ker(u) C ¢;; still contains Ggg-regular elements,
and dim ¢ =dim ¢;; —1. Furthermore, 34(¢) is -stable and 34(€) =34(c11) DG DI,
Recall that 34(c11) is contained in goo @ g1;. Clearly, g, @ g, is also o-stable and
is contained in go; D g10.

Since {01, 02} is a dyad, dim(g, @ g—,) N gio = dim(g, ® g—,) N go1 = m,.
Hence dim 34(¢)10 = m,,, and the assertion follows from (5-2). [l
Remark 5.2. (1) Such a construction gives nothing, if all root multiplicities in
W (G/Go,) are equal to 1. For instance, if o} is of maximal rank.

(2) The procedure described in the previous proof admits obvious modifications.
Roughly speaking, if there are linearly independent roots (i1, w2, ..., in W(G/Go,),
with large multiplicities, such that @ — span{uy, 12, ...} NV (H/Gyy) = &, then
one can take ¢ = Ker(u, 12, ...), see Proposition 6.5.
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Although it is convenient to stick to one specific 6-commuting variety in theoret-
ical considerations, it may happen that in concrete examples different 6-commuting
varieties exhibit different good (or bad) properties.

Example 5.3. Let o be an outer involution of g = sl,, with g°' = sp,,. In
[Panyushev 2013, §2], we gave a method for describing all the dyads including
o1, which exploits the restricted root system W (G/G°"). This implies that one can
find o, conjugated o such that the inner involution 03 = 007 has the fixed-point
subalgebra ) =sl,,, Bslr, 2, Dt;. The corresponding quaternionic decomposition is

SP2 D SP2p_2m o R(w)R(w)

R@)R@))  R(@)+R(@))+R(0)
02

where @; (resp. w/) are fundamental weights of sp,,, (resp. sp,, ), and R(}) is

a simple module of the respective simple Lie algebra with highest weight A.

e Here G = SLG, G()* = Sp2n, H = SL2m X SLz(n,m) X Tl, and G()() = szm X
Spa(n—m). According to [Helgason 1978, Chapter X, Table VI], we have W (G /Go,)
=A,_1, V(H/Ggo) = Ay—1 +Ay—_—1, and all root multiplicities in W(G/Gy,)
equal 4. Since W (H/Gp) has fewer roots, Proposition 5.1 implies that € has an
irreducible component of dimension greater than dim g;; + (4 — 1) and our test map
@ :g10 X 811 — goi1 1s not equidimensional.

e Here dim ¢p; = dim ¢j9 = min{m, n — m} and any big CSS in g;o & go; is of
dimension 2 min{m, n —m}. By Theorem 3.7(2), this means that all homogeneous
CSS in g9 @ go1 are Goo-conjugate, and therefore the o-commuting variety related
to the commutator g0 @ go; — @11 has a unique standard component.

Example 5.4. Let o be an involution of g = E; with g° = Dg x A;. It can be
included in two nonconjugate triads [Kollross 2009]. One of them has ggo =D4 X A%,
with quaternionic decomposition

Dy xA}  R(@wy)R@)R@")
R(@3)R(@)R(@’) = R(@)R(@)R(@")

(o)

E;=

01,

where @, @', and @ are the fundamental weights of the simple factors of A3, and
w; are fundamental weights of D4. Here dim g;; = 32 for (ij) # (00) and our test
commutator map is

¢ : R(@3)R(@)R(w') x R(w)R(@')R(w") — R(w4)R(w)R(@”).
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Using [Helgason 1978, Chapter X, Table VI], we find that rk(E7/Dg x A1) = 4
and the restricted root system W (E;/Dg x A}) is of type F4; whereas rk(Dg x
A1 /Dy x A? ) = rk(Dg/Dy x A%) = 4 and the corresponding root system is of type
B4. The long (resp. short) roots of B4 are also long (resp. short) roots of F4, and
the multiplicities are mjong = 1 and mgpore = 4. However, the root system By has
fewer short roots than F4. Therefore, Proposition 5.1 applies here, and € has an
irreducible component of dimension at least mgpor — 1 + dim gy = 35.

Example 5.5. Let o be an involution of g = F4 with g¢° = B4 = s09. Up to
conjugacy, this involution can be included in a unique triad [Kollross 2009], with
quaternionic decomposition

D, R
Fy=- S 01,

02

where dim R(zw;) = 8 and the main diagonal represents the little involution of
g% = B4 = s09. Our test commutator is the bilinear Ds-equivariant mapping
R(w3) x R(w1) — R(w4). Here rk(F4/B4) = 1 and the restricted root system
W (F4/By) is of type BC;. The restricted root system W (B4/Dy) is of type C;.
Since all little and big CSS are one-dimensional, Proposition 5.1 does not help here.
Actually, the only standard components of € are g9 x {0} and {0} x g1, both of
dimension eight. Below, we describe an “intermediate” nonstandard irreducible
component of dimension eleven.

Let x € g11 >~ R() be a nonzero nilpotent element. All such elements form
a sole seven-dimensional SOg-orbit. By Lemma 1.1, dim SOg-x = 2.7 = 14 and
hence dim(s09)* = 22. The only nilpotent SOg-orbit of dimension fourteen in sog
is the orbit of short root vectors. The short roots of g°> = B4 are also short roots
of g = F4. Therefore, a minimal including regular semisimple subalgebra is A;in
Dynkin’s notation. This implies that dim 34(x) = 30 and completely determines the
dimension matrix of the spaces 34(x);;:

214

401"
Here the one-dimensional space g1 is just the line Kx. Then dim G- (34(x) 10 ® Kx)
=4+7=11. Using the projection & — g1, one can prove that Goo- (34(x)10 ® Kx)

is the only new irreducible component of €. It is contained in N9 x Aqy. Thus, &
has three irreducible components.

6. Triads of Hermitian involutions and simple Jordan algebras

In this section, g is assumed to be simple. We say that o € Inv(g) is Hermitian if gg
is not semisimple. All these involutions are associated with Z-gradings of g with
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only three nonzero terms (short gradings), that is, with parabolic subalgebras with
abelian nilpotent radical. Let g = g(—1) @ g(0) & g(1) be a short grading. Then p =
g(0) ® g(1) is a (maximal) parabolic subalgebra with abelian nilpotent radical, and
one defines a Hermitian involution ¢ by letting g° = g(0) and g&g) =g(—1)dg(l).

Since g is simple, the center of g(0) is one-dimensional and there is a unique
h € g(0) such that g(i) = {x € g | [h, x] = 2ix}. By [Vinberg 1976, §2.3], the
reductive group G (0) has finitely many orbits in g(1). Let O be the dense G (0)-orbit
ing(l) and e € O. Set g(i)¢ = g(i) Ng°.

For future reference, we provide a proof of the following well-known assertion.

Lemma 6.1. & € [g, ¢] <= g(0)¢ is reductive.

Proof. (1) If h € [g, e], then h =[e, f] for some f € g(—1) and therefore, {e, h, f}
is an sly-triple. Then g(0)¢ = 34(e, h, f), which is reductive.

(2) For e € O, we have dim g(0)¢ =dim g(0) —dim g(1). Using the Kirillov—Kostant
form associated with e, we see that dim g(—1) —dim g(—1)¢ =dim g(0) —dim g(0)°.
Hence g(—1)¢ = 0 and g° = g(0)¢ ® g(1). Set £ = g(0)¢, and let ( )* denote
the orthocomplement with respect to the Killing form. Then [g, e] = (g°)* =
g(1) ® (E- N g(0)). Now, if £ is reductive, then the restriction of the Killing form to
t is nondegenerate and m := £+ N g(0) is a £-stable complement to £ in g(0). Since
dim[g(—1), e] = dimg(1) = dim g(0) — dim £, we conclude that m = [g(—1), e].
Thus, e acts on g as follows:

{g(—l)—)m—> g(l) >0 6-1)

£E— 0.

Let {e, h, f} be an sl,-triple with he g(0) and f € g(—1). Such a triple always exists,
see [Vinberg 1979, §2]. Then (6-1) shows that g is a sum of three-dimensional and
one-dimensional sl,-modules, and that g" = ¢@m. Since g(0) has a one-dimensional
center, one must have 4 = h. Thus, h € [g, el. O

Theorem 6.2. Suppose that a Hermitian involution o = oy has the property that
g(0)¢ is reductive. Then o1 can be included in a triad.

Proof. Using the notation of the previous proof, we set £ = g(0)¢ and take (the unique)
f € g(—1) such that h = [e, f]. Then {e, h, f} is an s[,-triple, [e, g(—1)] =: m is
a complementary €-submodule to € in g(0), and [e, [e, g(—1)]] = g(1). This also
shows that g(—1), m, and g(1) are isomorphic £-modules.

In this case, ¢ is the fixed-point subalgebra of an involution of g(0) and for
this involution the (—1)-eigenspace is m (see [Panyushev 1994a, proof of Proposi-
tion 3.3]). Let o7 denote this involution of g(0). Then o3 (h) = —h. We extend o, to
the whole of g by letting o> (e) = f. Then o, ([x, e]) =[—x, f] for all x € m, which
defines o, on g(1) and shows that o> (g(1)) C g(—1). Clearly, o7 and o, commute.
Furthermore, o1 and o, are different involutions of the three-dimensional simple
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subalgebra (e, h, f). This implies that o1, 02, and 03 = 070, are already conjugate
with respect to PSL, = Aut(e, k, f). In particular, {01, 02, 03} is a triad. O

This theorem can be derived from the classification of triads, but our direct
construction allows us to visualize the resulting quaternionic decomposition rather
explicitly. We have

D ol. (6-2)

Here hem=gg,e+ fe[me— fl=gip,ande— f € [m,e+ f]=g;11. Note
also that tE@®m =g(0) and [m,e — f1®[m,e+ fl=g(1) ®g(—1).

Remark. If g(0)¢ is not reductive, then such a triad may not exist. For instance, if
g=slp, and go =sl,;, x5, X t; with n # m and m odd, then there is no respective
triad, see [Vinberg 2005, 3.2].

As is well known, if g(0)¢ is reductive, then g(—1) has a structure of a simple
Jordan algebra. Namely, for x, y € g(—1), we set

xoy=[x,[e,yll € g(—1).

Then {g(—1), o} is a simple Jordan algebra [Tits 1962; Kantor 1964]. (See also
[Kac 1980, §4] for possible generalizations). Here £ = g is the Lie algebra of
derivations of {g(—1), o}. The triad constructed in Theorem 6.2 is called a Jordan
triad.

Definition 3. The commuting variety of a Jordan algebra {7, o} is
€@ ={(x,y)[xoy=0}CJxd.

The Jordan triad (6-2) provides a link between the commutator mapping ¢ :
g10 X 911 — go1 and the commuting variety of the simple Jordan algebra g(—1).

Theorem 6.3. The commuting variety of the Jordan algebra {g(—1), o} is isomor-
phic to the zero fiber of the commutator mapping ¢ : gio X g11 = [m, e — f] x
[m, e+ f]— m=gor

Proof. Any element of m can uniquely be written as [x, e] with x € g(—1). So, if
[x, e], [y, e] € m are arbitrary, then [[x, e], e — f] € g10 and [[y, e], e+ f] € g1 are
arbitrary and ¢ takes the corresponding pair to [[[x, el,e— f1, [y, el,e+ f]] €
m = go;. [t is a good exercise in the Jacobi identity to check that

[[[x,el,e— f1. Iy, el, e+ f1] =2[[[x. el. y1. e]-
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(One should use the fact that &7 = [e, f] is the defining element of the short grading.
Hence [[x, e], f]=2x, etc.) Since a = [[x, e], y] € g(—1) and g° Ng(—1) =0, we
have [a, e] = 0 if and only if a = 0. Therefore,

([[x,el,e — f1 [y, el,e+ f) € 1 (0) < [[x,el,y]=0
<~ (x,y) € E(g(—1)). O

If J is a simple Jordan algebra, then the operator L, : § — J, L,(y) =xo0y,
is invertible for almost all x. Therefore, J x {0} and {0} x J are two irreducible
components of &(J). Clearly, there are some other irreducible components. It is an
interesting problem to determine all the components of &(J) and their dimensions.

The list of Hermitian involutions leading to Jordan triads and simple Jordan
algebras is given in Table 1. We point out the semisimple subalgebra s =[g(0), g(0)]
and the structure of g(1) as a s-module. Here the z; are the fundamental weights
of s.

Remark. The Jordan multiplication in the space Skewsy, of usual skew-symmetric
matrices is defined as follows. If A, B, J € Skewy, and J is nondegenerate, then
AoB=1(AJB+BJA).

There are some coincidences for small n. Namely,

Iteml(n=1)~Item2(n=1), Item1(n=2)>~Item4 (n=23).

Furthermore, if n = 1 in Item 3, then g is not simple. This explains the conditions
on n given in the last column. For Item 2, the Hermitian involution (of sp,,,) is of
maximal rank and the respective Jordan algebra is the algebra Sym,, of symmetric
n x n matrices. Therefore, by Theorems 4.1 and 6.3, the multiplication morphism
o :Sym,, x Sym,, — Sym,, is equidimensional, that is, dim &(Sym,,) = dim Sym,, =
(n>+n)/2.

In all other cases, the multiplication morphism J x J — {J is not equidimensional,
see Proposition 6.5. Before checking this, we give an “elementary” explanation for
the Jordan algebra of all matrices (Item 1).

g s g(1) 4 dJ
1| sb, sl,®sl, R(@w)QR(@) sl, nxXn matrices n>1
2| sp,, sl RQ2w) 50, symmetric nxn matrices n=?2
3| so4, shy, R(@») 5p,, skew-symm. 2n X 2n matrices | n>2
4| 80,42 S0, R(w) 50,1 spin-factor n=4
5 E, Eq R(w@) F4 the Albert algebra

Table 1. List of Hermitian involutions leading to Jordan triads and

simple Jordan algebras.
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Example 6.4. Let M be the associative (and also Lie and Jordan) algebra of all
n x n matrices. That is, we exploit the usual matrix product, the Lie bracket
[A, B] = AB — BA, and the Jordan product Ao B=(AB+ BA)/2. Let x(B) =
det(A\] —B) =), Xn—i (B)A! be the characteristic polynomial of a matrix B. Let
3’ (B) and 3 (B) denote the Jordan and Lie centralizers of B, respectively. Consider
the subvariety

M? ={B e M| x2i+1(B) =0 for all i}.

It is an irreducible complete intersection and codim M2 =[n+1 /2] (see [Richard-
son 1987, Lemma 5.3]). We also need the dense open subset M™2 of regular
elements (in the Lie algebra sense) and the subvariety

M® = {B € M | B is conjugate to —B}.

If Be M® and ABA~! = —B, then A € 3/ (B) and the mapping C € 3¥*(B)
AC € 5J (B) is a linear isomorphism. In particular, dim 3J (B) =dim 3Lie(B). The
following is clear:

o M2 N M8 £ & (it contains a regular nilpotent element).
e M C M@ and M N M™ £ &,
Claim. We have M N M™8 C M®. In particular, dim 3/ (B) = n for almost all

BeM®?,
Proof. If B € M’ M, then B and — B are both regular and have the same Jordan
blocks and the same eigenvalues. Hence B and — B are conjugate. ]

Let ¢/ (M) denote the Jordan commuting variety and p : ¢/(M) — M the
projection to the first factor. The previous analysis implies that

dim p~'(MP N M™8) = dim M®? +n = n® + [n/2].

Thus, dim &’ (M) > n’+[n/2] > dim M. One can prove that this yields an irreducible
component of maximal dimension; that is, dim ¢/ (M) = n’+[n/2l.

Table 2 contains information on the restricted root systems associated with Jordan
triads. For a Hermitian involution o, we point out Lie algebras g, h = g%, goo = ¢,
the restricted root systems W(G/H) and W (H/Gqg), and the multiplicity of the
short roots in W(G/H), denoted mghorx. For all items in Table 2, the multiplicity
of long roots in W (G/H) equals 1 and W (H/Gqp) is embedded in WV (G/H) as a
subset of short roots.

The root system of type C, has some short roots that are not roots of A,_;.
Therefore, Proposition 5.1 guarantees the existence of a subvariety in &(J) of
dimension dim J 4 mgport — 1, which is larger than the dimension of a generic fiber
if mghore > 1. However, a clever choice of ¢ C ¢;; (see Remark 5.2(2)) allows us to
get a better lower bound on dim &(J):
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g b goo W(G/H) mguox Y(H/Goo)
1| sb, sl,®sl,dt s, C, 2 A,
2] spy, gl, 50, C, 1 . V)
3| 504y gly, 5P, C, 4 A,
4 | 80,42 50, D50y 50,1 C, n—2 Ay
5 E; Es Dty F, C; 8 A,

Table 2. Restricted root systems associated with Jordan triads.

Proposition 6.5. For all items in Table 2, we have
dim €(J) > dim J + (mghort — D[r/2],

where r is the rank of V(G /H).

Proof. Using Theorem 6.3, we identify E(J) with the zero fiber of the quadratic
covariant gio X g11 — gio and work in the setting of Section 5. Let ¢y, ..., &, be
the usual basis of X(C11) ® Q such that the roots of W(G/H) are ¢; £¢; (i # j)
and £=2¢;. The roots in W(H /Gp) are =(&; — &;). Therefore, g0 @ gor is the sum
of root spaces corresponding to &=(&; + &) and £2¢;. Set

E:{xecn |(8,-+8r+1—i)(x)=0f0ri:1’2""»[r‘gl]}'

Then dim ¢ = [r/2], and we have 2[r/2] short roots of g9 @ go; vanishing on ¢.
Moreover, if r is odd, then the long roots £2¢y, 11,2 also vanish on ¢. Therefore,

Mshort't /2 if r is even,

. -~ 1 .. -
im 34(¢) 10 > im(34(c) N (g10 D go1)) {mshort'[r/z] 1 ifris odd.

In both cases, this yields dim Goo- (3¢(¢)10 ® ¢) = dim g11 + (Mghore — D[r/2]. O

For the Jordan algebra of all matrices (related to a Hermitian involution of
sly,), the above construction of ¢ gives exactly the subvariety of Example 6.4. It
is plausible that the lower bound of Proposition 6.5 provides the exact value of
dim &(J).

Remark 6.6. It is curious that, for all Hermitian involutions leading to Jordan
triads, the restricted root system is of type C,; whereas, for all other Hermitian
involutions, the restricted root system W is of type BC,. Namely, the symmetric
pairs gl, ., D gl, x gl,, x t{ (n < m) and $04,42 D gly,, lead to ¥ ~ BC,;
E¢ D D5 x t; leads to ¥ >~ BC>.

Appendix: Computations in classical Lie algebras

Here we provide some computations related to the proof of Theorem 4.4 for nilpotent
elements in classical Lie algebras.
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Let A = (Aq, ..., Ay) be a partition and e € gl,, a nilpotent element corresponding
to A, also denoted by e ~ A. Then ) A; =n and

dim(gl,)* =n+2) min{i;, A;}, dim(sl,)* = dim(gl,)* — 1. (A.1)
i<j
If e is a nilpotent element in so, or sp,,, with respective parity conditions on A,
then

dim(gly, )¢ +#{i | A; is odd}

dim(sp,,)* = . (A2)
dim(so,)¢ = dim(gl,,)¢ — #;{z | A; 1s odd}. (A3)

See [Hesselink 1976, (3.8); Kraft and Procesi 1982, 2.4]. Below, we consider several
symmetric pairs with classical g and check that (4-2) is satisfied for all nonzero
nilpotent elements of go. There is no need to consider only noneven nilpotent
elements in go, since the computations go through without this assumption.

A1 (g, go) = (sl,, s0,). If e € 50, and e ~ A, then using (A.1) and (A.3) yields
_dim(gl,,)* —#{i | A; is odd} _dim(gl,,)* +#{i | A; is odd} 1

B 2 ' N 2 '
Therefore, dim gj —dim g{ + (n—1) =n —#{i | A; is odd}. Here the parity condition
means that each even part of A occurs an even number of times. Since e # 0, that
is, A £ (1, ..., 1), the minimal value is 2, and it is attained for A = (3, 1”_3).

dim gg

dim g

A2 (g, g0) = (spPy,, 9l,). If e € gl, and e ~ A, then the partition of e as an
element of sp,, is obtained by doubling A, that is, each part A; is replaced with
(Ai, A;). Then dim gg = dim(gl,, )¢ is given by (A.1), and using (A.2) yields

A1
dimg§ =2 [T+ +2 "min{A;, A},
i - i<j

Hence

[+ 1
dimg§ — dimg§ +n=2n—-2%" T+] =n—#{i | A; is odd)}.

L
For e # 0, the minimal value 2 is attained for A = (2, 1”72) or (3, 1"73).

A3 (g, g0) = (so2, gl,). If e € gl, and e ~ A, then dim gj = dim(gl,,)¢ is again
given by (A.1), using this time (A.3), and we obtain

. Ai .
dimg{ = 22 [El] +2Zm1n{ki, Aj).
i

i<j
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Hence the result is even better than in the previous case. Indeed, we have here
dim gi — dim g{ > 0.

A4 (g, g0) = (slytms s, xsly, x t1). Here n, m > 1. A nilpotent element e € g
is determined by two partitions, e ~ (A; ) = (A1, ..., Ag); (U1, ..., Us)). Using
(A.1), we obtain

dimgf=n+m—142% min{d;, A;}+2 ) min{u;, 11},
i<j i<j
dimg§ =2 min{A;, ;).
inj
Therefore,
dimgy —dimg{+ (n+m —1)
=2(n+m =1+ Y mina, )+ Y min{ui, ) — Y minfi, 151).
i<j i<j i,j

Sincen =7, A;,m = Zj wj, and ij min{A;, A;} =D 5, — 1)A;, half of the
right-hand side equals
k

K k K
FRip) =Y iki+Y juj—1=Y " minfi;, ;).

i=1 j=1 i=1 j=1

Arguing by induction, we prove that F(A; ) > 0 for all A and p, and if n +m > 3,
then F(A; ) > 0.

(1) First, F(1"; 1) = (n—m)2/2+(n—|—m)/2—1, which is positive if (n, m) # (1, 1).
(2) The inequality is easily verified, if A or u consists of only one part.
(3) Suppose that k > 2 and s > 2. Write A = (A1, 1)) and g = (1, #’). Then
Fip)=FQ;p0) +max{ir, i} +Y_(—minfa;, i h+Y_(w;—minfar, ;)
i22 j=2
>FA ;1) +max{ry, w1} > max{ry, u1}.

Here max{A, u} arises as Ay + w1 — min{Aq, ©1}.
We omit the computations related to the remaining classical symmetric pairs

(8han, $P2,)s (SP2y12ms 5P2 X 5P2p,)s AN (50p4m, 50, X $0).
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