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Bounded gaps between primes
with a given primitive root
Paul Pollack

Fix an integer g # —1 that is not a perfect square. In 1927, Artin conjectured that
there are infinitely many primes for which g is a primitive root. Forty years later,
Hooley showed that Artin’s conjecture follows from the generalized Riemann
hypothesis (GRH). We inject Hooley’s analysis into the Maynard—Tao work on
bounded gaps between primes. This leads to the following GRH-conditional
result: Fix an integer m > 2. If q1 < q» < q3 < -- - is the sequence of primes
possessing g as a primitive root, then liminf,_, o (gn+m—1) — qn) < Cpn, where
C,, is a finite constant that depends on m but not on g. We also show that the
primes gy, ¢u+1, - - - » @n+m—1 in this result may be taken to be consecutive.

1. Introduction

The following conjecture was proposed by Emil Artin in the course of a September
1927 conversation with Helmut Hasse:

Artin’s primitive root conjecture. Fix an integer g = —1 that is not a square.
There are infinitely many primes p for which g is a primitive root modulo p. In fact,
the number of such p < x is (as x — 00) asymptotically cy7 (x) for a certain cg > 0.

While there is a substantial literature surrounding Artin’s conjecture (lovingly
catalogued in the survey [Moree 2012]), we still know infuriatingly little. In
particular, there is no specific value of g which is known to occur as a primitive
root for infinitely many primes. However, thanks to work of Heath-Brown [1986]
(refining earlier results of Gupta and Murty [1984]), we know that at least one of
2, 3, and 5 has this property. In fact, one can replace “2, 3, and 5” with any three
multiplicatively independent integers satisfying mild conditions.

In a seminal paper, Hooley [1967] (see also his exposition in [Hooley 1976,
Chapter 3]) showed that the Chebotarev density theorem with a sufficiently sharp
error term would imply the quantitative form of Artin’s conjecture. Moreover, he
showed that such a variant of Chebotarev’s density theorem — at least for the cases
relevant for this application — follows from the generalized Riemann hypothesis
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(GRH) for Dedekind zeta functions. Thus, under GRH, we have a complete proof
of Artin’s conjecture.

In this paper, we combine Hooley’s work on Artin’s conjecture with recent
methods used to study gaps between primes. In sensational work of Maynard
[2013] and Tao, it is shown that lim inf,—, oo (Pr4+m—1 — Pn) < 00 for every m. Here
p1 < p2 < p3 < --- is the sequence of all primes, in the usual order. Our main
theorem is an analogous bounded gaps result for primes possessing a prescribed
primitive root.

Theorem 1.1 (conditional on GRH). Fix an integer g # —1 and not a square. Let
g1 < q2 < q3 < --- denote the sequence of primes for which g is a primitive root.
Then, for each m,

liminf (gn4+m—1 — qn) < Cpi,

n—oo

where C,, is a finite constant depending on m but not on g.

In the last section of the paper, we show how to modify the proof of Theorem 1.1
to impose the additional restriction that the m primes g, gn+1, - - - » Gn+m—1 are in
fact consecutive (Theorem 4.1).

We remark that other recent work producing bounded gaps between primes in
special sets has been done by Thorner [2014], who handles primes restricted by
Chebotarev conditions, and by Li and Pan [2014], who work with primes p for
which p + 2 is an “almost prime”.

Notation. The letters p and g always denote primes. We use the Bachmann-Landau
O and o notations, as well as the associated Vinogradov symbols < and >, with
their usual meanings.

2. Technical preparation

Configurations of quadratic residues and nonresidues. We will use that certain
configurations of residues and nonresidues are guaranteed to appear for all large
enough primes. This is a fairly standard consequence of the Riemann Hypothesis
for curves, as proved by Weil, but we give the argument for completeness. The
following lemma is a special case of [Wan 1997, Corollary 2.3].

Lemma 2.1. Let p be a prime. Suppose that f(T) is a monic polynomial in [ ,[T ]
of degree d and that f(T) is not a square in [ ,[T]. Then

5 (%)

a mod p

<(d—1)p.

Lemma 2.2. Let p be a prime, and let k be a positive integer. Suppose that
hi, ..., hy are integers, no two of which are congruent modulo p. Suppose
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€1, ..., € € {xX1}. The number of mod p solutions n to the system of equations

hi
(”+ ):ei forall 1<i <k (-1)
p

is at least p/2* — (k — 1) /p — k.

Proof. For each n, let t(n) = (1/29 15—, (1 + e,(";h )). If we suppose that
n#—hy,...,—h; (mod p), then t(n) equals 1 when (2-1) holds, and 0 otherwise.
Since |¢(n)| <1 for all n, the number of solutions to (2-1) is at least —k+ _, . » t(n).
For each subset S C {1, 2,3, ...,k}, put fs(T) = ]_[,-GS(T +h;) € F,[T]. Then

o=z T () X (57)

n mod p Sc{1,2,....k n mod p p

If S = @, then fg = 1, and we get a contribution of p/2*. In all other cases,
fs is a nonsquare polynomial of degree at most k. By Lemma 2.1, the total

contribution from all nonempty subsets of {1, 2, ..., k} is bounded in absolute value
by (2= 1)/25 (k= 1) /P < (k= 1)/P. Thus, Y, 10q , L(n) = p/25 = (k= 1) /7.
and the lemma follows. |

Effective Chebotarev. The next result is due in essence to Lagarias and Odlyzko
[1977], although the precise formulation we give is due to Serre [1981, §2.4]:

Theorem 2.3 (conditional on GRH). Let L be a finite Galois extension of Q with
Galois group G, and let C be a conjugacy class of G. The number of unramified
primes p < x whose Frobenius conjugacy class (p, L/Q) is C is given by

#C 12

—L( )+0( log | ALl +[L : @]logx)>

forall x >?2. Here A denotes the discriminant of L and the O-constant is absolute.

To apply Theorem 2.3, we require an upper bound for the term log |A|. The
following result, which is contained in [Serre 1981, Proposition 6], suffices for our
applications.

Lemma 2.4. For every Galois extension L/Q, we have

log|AL| < ([L:Q]—1) > logp+I[L:Qllog[L : Q.
plAL

3. Proof of Theorem 1.1

The Maynard-Tao strategy. We begin by recalling the strategy of [Maynard 2013]
for producing bounded gaps between primes. Let k > 2 be a fixed positive integer,
and let % = {h| < hy < --- < hy} denote a fixed admissible k-tuple, i.e., a set of
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k distinct integers that does not occupy all of the residue classes modulo p for
any prime p. With N a large positive integer, we seek values of n belonging to
the dyadic interval [N, 2N) for which the shifted tuple n + hy, n+ ho, ..., n+ hy
contains several primes.

Let W =[] ,<jogl0g10g v P- Choose an integer v so that ged(v +h;, W) = 1 for
all 1 <i < k; the existence of such a v is implied by the admissibility of 7. We
restrict attention to integers n = v (mod W). This has the effect of pre-sieving the
values of n to ensure that none of the n + h; have any small prime factors. Let
w(n) denote nonnegative weights (to be chosen momentarily), and let x s denote
the characteristic function of the set & of prime numbers. One studies the sums

k
Sii= Y w@m and S:= > (Zx,ap(n—i-hi))w(n).

N<n<2N N<n<2N i=l1
n=v (mod W) n=v (mod W)
The ratio S,/S; is a weighted average of the number of primes among n + A1, .. .,
n + hg, as n ranges over [N, 2N). Consequently, if S, > (m — 1)S; for the positive
integer m, then at least m of the numbers n + k1, ..., n + hj are primes. So, if the
inequality S, > (m — 1)S; is achieved for a sequence of n tending to infinity, then
liminf(py4m—1— pn) < he —hy < 00.

As we have described it so far, this strategy goes back to Goldston, Pintz, and
Yildirim. The key innovation in the approach of Maynard and Tao is the choice of
congenial weights w(n). The following result, which is a restatement of [Maynard
2013, Proposition 4.1], is crucial.

Proposition 3.1. Let 6 be a real number, ) <6 < 7. Let F be a pwcewzse differen-
tiable function supported on the simplex {(xy, .. xk) each x; > 0, Zl 1Xi <1}
With R := N?, put

k ko2
:(Hu(d')d') s i) F<l°g” 1°grk>
i=1 Tlyeens T H?:] 90(”1') IOgR’ ’ IOgR

d;|r; Vi
(ri, W)=1Vi

.....

2
w(n)IZ( Z Adi...., dk>~

di|n+h; Vi

k
whenever gcd( [1d:. W) =1, and let Ay, ... 4, = 0 otherwise. Let
i=1

Then, as N — 00,

k

5 ~ ¢ £ N(log R\ IL(F) and
W

Wk N

S~ W Jog

o (log B! Z I (F),

m=1
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provided that I (F) # 0 and Jk(m)(F) #£ 0 for each m, where

Ik(F)Z:/~--/ kF(l],...,l‘k)Zdl‘ldtz"-dlk,
[0,1]

1 2
J,j"%F)::/---/ / F(t1, ..., 0 dty ) dty - dtyy_y diyyy - - - dig.
[0,1]%-1 0

From our interpretation of S,/S; as a weighted average, we know that there is
an n € [N, 2N) for which at least S;/S| of the numbers n + hy, ..., n + h; are
prime. Proposition 3.1 shows that S,/S; — (Q/IIC(F))Z],;:1 Jk(m)(F) as N — oo.
For each F satisfying the conditions of Proposition 3.1, put

k

1
My(F):=——Y JU"(F), andset My :=sup My(F).  (3-1)
I (F) = F

Upon choosing 8 close to % and F so that M (F) is close to My, we find that,
infinitely often, at least HM;J of the numbers n + Ay, ..., n+ hi are prime. The
following lower bound on M is due to Maynard [2013, Proposition 4.3].

Proposition 3.2. M; — oo as k — oo. In fact, for all sufficiently large values of k,
My > logk —2loglogk — 2.

Consequently, once k is a little larger than ¢*", we have [ 1My ] > m — 1. From
the above discussion, lim inf,,—, oo (Pr+m—1— Pn) <hyr—h < oo for every admissible
k-tuple 3. Choosing ¥ carefully, this argument gives liminf,, _, oo (Py4m—1— pn) <K
m3e*™; see the proof of [Maynard 2013, Theorem 1.1] for details.

Modifying Maynard-Tao. For the rest of the paper, we fix an integer g = —1 that
is not a square. Let & denote the set of primes having g as a primitive root. Fix an
integer k > 2, and let

K :=9k* . 4k,
We fix 7 as the admissible k-tuple having #; = (i — 1)K! for all 1 <i < k; that is,
#:={0,K!,2K!, ..., (k—1)K!}. (3-2)

We work below with a fixed function F satisfying the conditions of Proposition 3.1.
For the rest of the argument, implied constants may depend on g, k, and F' without
further mention.

In what follows, we think of N as very large, in particular much larger than g.
We use the Maynard—Tao strategy to detect integers n € [N, 2N) for which the
list n 4+ hy, ..., n+ hi contains several primes belonging to P. Let go denote the
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discriminant of the quadratic field Q(,/g). Set
W .= lcm[go, 1_[ p].
p=<logloglog N

Once again, we pre-sieve values of n by putting n in an appropriate residue class
v mod W. Whereas Maynard could choose any v with gcd(v + h;, W) =1 for all
1 <i <k, we must tread more carefully. We choose v so that the primes detected
by the sieve are heavily biased towards having g as a primitive root.

Lemma 3.3. We can choose an integer v with all of the following properties:
(1) v+ h; is coprime to W forall 1 <i <k.

(ii) v+ h; — 1 is coprime to l_[2<p§logloglogN pforalll <i<k.

(iii) The Kronecker symbol (vf—o}r) equals —1 forall 1 <i <k.

Proof. Factor gg as a product D1 D, ... D, of coprime prime discriminants, where
the prime discriminants are the numbers —4, —8, 8, and (—1)(”_])/2p for odd
primes p. Reordering the factorization if necessary, we can assume all of the
following:

o If all |D;| < K and gy is even, then D; € {—4, —8, 8}.

o Ifall |D;| < K, goisodd, and £ > 1, then |D;| > 5.

e If some |D;| > K, then |D;| > K.
We start by choosing any odd integer v, that avoids the residue classes —hy, ..., —hy,
1—hy,...,1—h; modulo p for each odd prime p <logloglog N not dividing D;.
Note that when p < K the only requirement on vy is that it avoids the residue classes
0 and 1 mod p, while when p > K we are to avoid at most 2k of the p > K > 2k

residue classes modulo p. So such a choice of v; certainly exists by the Chinese
remainder theorem. We choose v to satisfy

v =v; (mod [W/Dy,2]).
To ensure (i), (ii), and (iii), it suffices to impose a further condition on v guaranteeing
(i) v+ h; is coprime to all odd p dividing D, forall 1 <i <k,
(ii") v+ h; — 1 is coprime to all odd p dividing D; for all 1 <i <k,

- D )__(Dz---Dg) .
(>iii") <—v+hi = —V1+hi forall 1 <i <k.
Dy--- Dy

Notice that for all 1 <i < k we have ( o ) # 0, by the choice of v;.
1+n;
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Case I: all |D;| < K. In this case, (i') and (ii’) are satisfied as long as v # 0 or 1
(mod p) for any odd p dividing Dy, while (iii’) is satisfied as long as

() =-(=57)
v/ Vi '
Assume first that go is even. Then D € {—4, —8, 8} and (i’) and (ii") hold

vacuously. Choose v, so that (%) = —(Dz;);l'Df). We ensure (iii’) by selecting v as

any solution to the simultaneous congruences
v=v; (mod [W/Di,2]) and v =v; (mod Dy). (3-3)

While the moduli here share a factor of 2, it is clear that these congruences still
admit a simultaneous solution, since the only 2-adic information encoded by the
first congruence is that v is odd, which is certainly compatible with the second!

Now assume instead that gg is odd, so that | D] is an odd prime. Either |D;| =3
and ¢ = 1, or | Dy| > 5. If the former, then (i’), (ii’), and (iii") hold upon selecting
v = 2 and choosing v to satisfy (3-3). If the latter, choose v, % 1 (mod D;) with
(13—2‘) = —(Dzl');l'D‘) (possible since that equality of Kronecker symbols holds for a
total of %(lDll — 1) > 1 residue classes v; mod D;). Once again, choosing v to
satisfy (3-3) completes the proof.

Case II: some |D;| > K. In this case, |D;| > K. Since K > 8, we see that | D|
is an odd prime. To satisfy (i), (ii’), and (iii’), it suffices to show that there is an
integer vy £ 1 —hy, ..., 1 —hx (mod D) with

h: Dr.--D
(V” ’):—(#) forall 1<i <k, (3-4)

| D] v + h;
for then we can choose as v any solution to (3-3). (We used here that (%}h) = (‘f;?f )2
The integers hy, ..., hi are incongruent modulo D;, as each nonzero difference

h;—h; = (j—i)K! has only prime factors smaller than K. So Lemma 2.2 gives that
the number of v, mod D; satisfying (3-4) is at least | Dy|/2% — (k — 1)/[D;] — k.
Since |D;| > K = 9k? - 4%, this count of solutions exceeds k. In particular, we can
satisfy (3-4) with vo £ 1 —hy, ..., 1 —h (mod Dy). |

Assume that v has been chosen to satisfy the conditions of Lemma 3.3. We
let R = N, with 6 to be specified momentarily, and we define the weights w(n)
exactly as in the statement of Proposition 3.1. We let

k
S = Z w(n) and S = Z <ZX§,(n+hi)>w(n).
N<n<2N N<n<2N i=1
n=v (mod W) n=v (mod W)

Theorem 1.1 is a consequence of the following result, established in the next section.
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Proposition 3.4 (assuming GRH). Fix a positive real number 0 < }f. As N — o0,

we have the same asymptotic estimates for S\ and S, as those for S and S given
in Proposition 3.1.

Once Proposition 3.4 has been established, the earlier analysis we applied to
Maynard’s Proposition 3.1 applies, and we immediately obtain Theorem 1.1.

Proof of Proposition 3.4. The S| estimate is established in precisely the same
way as Maynard’s S estimate in Proposition 3.1; see the proofs of Lemmas 5.1
and 6.2 in [Maynard 2013]. So we describe only the estimation of S,. We write
S =Yk _, S‘ém), where
S i= Y xzpn+hnwn).
N<n<2N
n=v (mod W)

This is precisely analogous to Maynard’s decomposition of S, as an:l Sém), where

"= Y xotthyw).
N<n<2N
n=v (mod W)
Maynard’s proof of Proposition 3.1 gives that each

p(W)* N k1 0m)
Wk+1 @(log R) . Jk (F)

(m)
S2 ~

So, to prove Proposition 3.4, it suffices to show that for each m we have

m o(m (W)k
s 3§ >:o(‘0Wk+l N(logN)k> (3-5)

as N — oo. From now on, we think of m as fixed, and we focus our energies on
proving (3-5).

To prepare for the proof of (3-5), for each prime g we let 33,;0) denote the set of
all primes p satisfying

p=1(modg) and g» V4 =1 (mod p). (3-6)
Let
2,:=2\ | 29.
q'<q
Provided that the argument is not a prime divisor of g,
0<x2—x5 <) X2, (3-7)
q

Indeed, if p is a prime not dividing g, then either g is a primitive root mod p or g
is a g-th power residue mod p for some prime g dividing p — 1. From (3-7), it
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follows immediately that

0=y =8 <> > o0+ h)wn). (3-8)
q N<n<2N
n=v (mod W)

We claim that the primes ¢ < logloglog N make no contribution to the right-
hand side of (3-8). Indeed, suppose p :=n + h,, is prime with N <n < 2N and
n=v (mod W). By Lemma 3.3(ii), the number p — 1 has no odd prime factors up
to loglog log N; it follows trivially that x % (p) =0 for odd g <logloglog N. By
Lemma 3.3(iii), x2,(p) = 0, since, modulo p,

= (8)= ()= () =
p n—+h,, n+h,

Thus, the right-hand side of (3-8) can be rewritten as X + ¥, + X3 + X4, where
each X; represents a partial sum of (3-8) over values of ¢ in the following ranges:

%1 logloglog N < g < (log N)'00%,

%y (log N)'% < g < N'/2(log N)~100%,

Y30 NY2(log N)719% < g < N'/2(log N0,
Y4 q > Nl/z(log N) 100k

We treat these ranges of g separately.

Estimation of ¥, and 4. We need the following lemma, which facilitates later
applications of Cauchy—Schwarz.

N
Lemma 3.5. 2 « —(log R)",
E w(n)” K W(og )
N<n<2N
n=v (mod W)

Pl‘OOf. Letd:(d1, .. .,dk),e=(e1, .. .,ek), f=(f1, ey fk),andgz(gl, .. .,gk)
represent k-tuples of positive integers. Expanding the sum using the definition of
w(n) gives

> D dadehphg= > hakehplg Y.L
N<n<2N de,f.g de,f.g N<n<2N
n=v (mod W) [d;,e;, f;, g,]\n+h, Vi n=v (mod W)

[di.ei, fi.gilln+h; Vi

Remembering that A4, 4 vanishes unless dj - - - di is prime to W, we see that
a quadruple d, e, f, g makes no contribution to the right-hand side unless the
numbers [d;, e;, fi, gi], for 1 <i <k, are pairwise coprime and all coprime to W.
In that case, the conditions on z in the inner sum put 7 in a uniquely determined
congruence class modulo W ]_[ [di, e;, fi, gi]- It follows that our sum is bounded
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above by
> lahersh |( x " 1)
d/elfhg % .
de.f.g W Tz ldi. i, fi. gi
Let
k
ri= H[di9ei7 ﬁ’ gl] (3_9)
i=1
Since Ag4, .. 4, vanishes unless d - - - di is a squarefree integer smaller than R, we

may restrict attention to squarefree r < R*. Given r, there are 7;5¢(r) choices of
d,e, f,and g giving (3-9). Hence, writing Amax = maxg, .4, |Aq,....q.|, We find
that

d/e 1
f & W

k
de.f.g Hizl[diveiafiygi]

2
< M Z Mz(")ﬁSk(")<%+1> < Aﬁlax<%+R4>ZM, (3-10)

r<R4 r<R4

.....

The remaining sum on r is bounded above by ]_[p<R4(1 +15k/p) < (log R)'*.
Since R = N? with 6 < le fixed, we get that R* < N/W. Finally, we note that
Amax < (log R)¥ (see [Maynard 2013, equations (5.9) and (6.3)], and recall that our
implied constants may depend on F). Inserting these estimates into (3-10) gives
the lemma. U

Proof that ¥, = 0((<p(W)k/Wk+1)N(log N)k). Let 2 be the union of the sets &,
for (log N)!0% < g < N'/2(log N)~'1%%  Then

Ta= Y, xem+hp)wn).
N<n<2N
n=v (mod W)

Applying Cauchy—Schwarz and Lemma 3.5, we see that

1/2
T <« WTAN 2 (log R)9~5k( Y. xe +hm)) .G
N<n<2N
n=v (mod W)

The remaining sum on # is certainly bounded above by the total number of
primes p € [N, 3N] belonging to 2. For each such p, we may select a g with
(log N)'9% < 4 < N1/2(log N)~10% for which (3-6) holds. Given ¢, we count the
number of corresponding p using effective Chebotarev.

Since g is fixed and ¢ is large, we see that g ¢ (Q2*)?. So, by a theorem of Capelli
on irreducible binomials, the extension Q(¢/g)/Q has degree g. For later use, we
note that the discriminant of Q(.¢/g) divides (gq)? — so the only ramified primes
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divide gg. By a theorem of Dedekind and Kummer, a prime p € [N, 3N] satisfies
(3-6) precisely when p splits completely in L := Q(¢,, ¢/g). To continue, we need
to know the degree of L/Q. Now ¢/g is not contained in Q(¢,) — otherwise, ¢/g
would generate a Galois extension of Q, contradicting that Q(.¢/g) contains only a
single g-th root of unity (since it can be viewed as a subfield of R). So, by another
application of Capelli’s theorem,

[L:Q]=[L:Q)] [Q) : QI =g(g — D).

Moreover, since ¢ is the only ramified prime in Q(¢,)/Q, the only primes that may
ramify in L/Q all divide gg. By Lemma 2.4, log |A7| < ¢*log (|glg) < ¢*log N.
We plug this estimate into Theorem 2.3, taking C as the conjugacy class of the
identity. We find that the number of p € [N, 3N] for which (3-6) holds for a given ¢
is

3N
1 dt 1/2
+ O(N'/“logN).
q(q—l)/N logr 9 )

Summing this upper bound over primes ¢ with (log N)!'%% < g < N1/2(log N)~100%,
we get that the total number of these p is O (N (log N )~ 100k,

Now, referring back to (3-11), we see that ¥» <« W~/2N (log N)~*%, But this
is o(N), and so certainly also o(((W)* /W) N (log N)¥). O

Proof that ¥4 = 0(((p(W)k/Wk+1)N(log N)k). We proceed as above, but now
with 2 equal to the union of the sets &, for ¢ > N'/?(log N)!%%. We will
show that #2 N[N, 3N] <« N(log N)~2%% By the previous Cauchy—Schwarz
argument, this is (more than) enough. If p € 2 N[N, 3N], then the order of g
modulo p, call it £, divides (p — 1)/q for some ¢ > N'/?(log N)'%% . In particular,
¢ <3N'"2(log N)~'%% Since g — 1 has only O(£) prime factors, summing on
{ < 3N1/2(log N)~10% shows there are O(N (log N)~200ky possibilities for p. [J

Estimation of ¥3. For each prime g, we let 27, denote the set of natural numbers
n=1 (mod g). We estimate X3 using the trivial bound x», < x.,. To save space,
write $ := (Nl/z(log N)~ 100k, Nl/z(log N)'10%] Then

B3 Y Xenthawin).

ge$ N<n<2N
n=v (mod W)

Expanding out the right-hand side yields

S Mydireree Y Xyt ). (3-12)

qed dy,....dy N<n<2N
el,....ex n=v (mod W)
[di,ei]ln+h; Vi

We can assume d - - - di is a squarefree integer coprime to W and not exceeding R,
since otherwise A4, ... 4, =0. A similar assumption can be made for e; - - - ex. Since
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g € 9, it follows that g is coprime to each d; and each e;, and W. Now the innermost
sum in (3-12) vanishes unless [d], e1], [d2, e2], ..., [dk, ex], and W are pairwise
coprime. Using a’ to denote this restriction on the d; and ¢;, we get that

Z Z Ady....di ey, ....e Z me,,(n-i-hm)

qed dy,..., dy N<n<2N
€ls-nesCk n=v (mod W)
[d;,ei]lln+h; Vi
/
=Y Mydirerer , +om).
qedd,..., dy qWHi:][di9ei]
el,....ex

The error here is

2 2
<<(Zl)( 2, V. dk') < Nl/z(lo%N)mo"kfnax(Zuz(r)rk(r)).

qey dy,...,dy r<R

Recalling that Amax < (log R)* and that }°, _, 7 (r) < R(log R)*~!, our final O
error term is O (N '/?R? - (log N)10%) Since R = N? with 6 < ‘l‘, this error is o(NV)
and so is negligible for us.

We now turn to the main term, which has the form

k
qeg’ q Wd[ ,,,,, dy 1_[1:] [dlv ei]

The first factor here is O (loglog N /log N), and so in particular is o(1). Maynard’s
analysis (see the proofs of [Maynard 2013, Lemmas 5.1, 6.2]) shows that the second
factor here satisfies the asymptotic formula asserted for S in Proposition 3.1. Hence,
23 = o((e(W)*/W 1) N (log N)¥), as desired.

Estimation of ¥. For this case, let $ := (logloglog N, (log N)'%%]. Using the
bound x», < x50, we get that
<4

2152 Z X%m(n—i—hm)w(n).

qe$ N<n<2N

Expanding out the right-hand side gives

Z Z Ady,...diher,....e Z X%O)(nﬁ—hm). (3-13)

qed dy,....dx N<n<2N

€1,..0s€k n=v (mod W)

[d;,eilln+h; Vi
The inner sum can be written as a sum over a single residue class modulo
f=Ww ]_[le[di, e;], provided that W, [dy, e1], . . ., [dk, ex] are pairwise coprime;
otherwise we get no contribution. We also need that n + h,, lies in a residue class
coprime to f, which happens precisely when d,, = e,, = 1. Also, x 20 (1 + hy)

q
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vanishes unless g | n+ A, — 1, and this implies that the inner sum in (3-13) vanishes
unless ¢ is coprime to each d; and ¢;. Indeed, if g divides d; or e; without the inner
sum vanishing, then ¢q | h,, — h; — 1. But that divisibility cannot hold for g € ¢,
since 0 < |h, —h; — 1| <k-K!.

Thus, we only see a contribution to (3-13) if [d, e1], [d>, e2], ..., [dk, ex], W,
and ¢ are pairwise coprime. Under these conditions, we claim that

> X0 (1 +hw)

N<n<2N
n=v (mod W)
[d;,e;illn+h; Vi 1 IN-+h,, dt
= g f —— + O(N'?logN). (3-14)
q(q —DeW) [Tie, (di, ei]) IN+n, logt

To see this, let p := n + h,,. Then the prime p € [N + hy,, 2N + h,,) makes a
contribution to the left-hand sum precisely when Frob, is a certain element of
Gal(Q(¢r)/Q) — determined by the congruence conditions modulo the [d;, e;] and
W—and when p splits completely in Q(g,, ¢/g). Now Q(¢/g) Z Q(&,r), since
Q(¢/g) is not a Galois extension of Q. Thus, letting L := Q(¢,y, ¢/g), we find that

k
[L:Q]=[L: QIR Q=g 9(qf) =q(q— DeW) [ ] ed:, &)

i=1

Hence, Q(¢y) and Q(g,, ¢/g) are linearly disjoint extensions of @ with com-
positum L. Our conditions on p amount to placing Frob,, in a certain uniquely
determined conjugacy class of size 1 in Gal(L/Q). Since the only primes that
ramify in L divide ¢fg, Lemma 2.4 gives that

log |AL| < [L:Q](log (gfg)+1log[L : Q]) < [L: Q]log N.

Inserting this estimate into Theorem 2.3 yields (3-14).
Returning now to (3-13), we see that the error term in (3-14) yields a total error
of size

2
< N1/2 logN(Z ])( Z |)»d1,..,,dk|>

q69 d1 ,,,,, dk

2

r<R

This is o(N) and so is again negligible for us. Letting

2N+h,, dt
XN i=/ —,
N+h”1 IOgt
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the main term has the shape

1 X A )
L D Ly R
ges Q(q_l) (p(W) dy,..., di 1_[1':1 (p([di9ei])

€k

el,...,
dn=en=1

Here the ' on the sum indicates that W, [d;, e1], ..., [dk, ex], and g are pairwise
coprime. Owing to the support of the A’s, this restriction on the sum has the same
effect as requiring that (d;, e;) = 1 for all i # j and that (d;, q) = (e;, q) =1 for
all 1 <i, j < k. We incorporate the restrictions that (d;, e;) = 1 by multiplying
through by in.jl die; u(s; ;) fori # j. Similarly, we incorporate the restrictions that
(di, q) = (ej, ) = 1 by multiplying through by » 5, #(5;) and Ze_j\e_/,q w(ej),
for all pairs of i and ;.

Let g be the completely multiplicative function defined by g(p) = p — 2 for all
primes p, and note that

! 1
Ted = pdyptey 2 8

uild;,e;

for squarefree d; and ¢;. This allows us to rewrite the parenthesized portion of
(3-15) as

2 5 (A 2 (o) %

Uy, .oty N i=1 S1.25e08k k=1 ~ 1<i, j<k 8155 8klq N i=
i#] €1, €klq

A A
X Z il ,,,,, dk €1,...,6k ’ (3—16)
ar—a licied)e(e)

k

k
1(57) Hu(ep)
1 j=1

sijldiej Vi#£j
5,’|d,‘,€j‘€j Vi,j
dy=en=1

where the * on the sum indicates that s; ; is restricted to be coprime to u;, u;, s; 4,
and s, ; for all @ # j and b # i. (The other values of s; ; make no contribution.)
Introducing the new variables

k
Ady,...d,
A :=(1_[u<ri>g(ri>) Yo el

k b
i=1 dy .ol [Tizi v(@)

we may rewrite (3-16) as
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wW) (ﬂgmﬁ Zf( I1 maﬁ 2}(ﬂp®ﬂ1m@9

..... Skk—-1 S 1<i,j<k 81,..,0klg
i#j €1, €k|q

k k
/L(ai))( M(bj)) m
) (E g(a;) jl:[1 g(by) ) e b

where a; =lem [u; [];4; si j, 8] and bj =lem [u; [,.; i j, €;]. Define §; € {1, ¢}
and €} € {1, ¢} by the equations

a,-:(u,-l_[s;,j>8£, bj=(ujl_[S,"j>€;.

J# i#]

Exploiting coprimality, we can write p(a;) = (M(u i) ]_[j#i u(s;, j))u(éf ), and simi-
larly for u(b;), g(a;), and g(b;). This transforms (3-16) into

% (1) (11,2

2
UL, Ul g(u;) Skker N <i, j<k g(sl,j)
i#]
k k
IR o mEm(E)) -
X Z (l_[ (8{)l 1_[ (6) L(zm?..,akyb’ﬁ...,hk'
----- Sklg ~i=1 810 j=1 8

61 ,,,,, €lg

(m )

Let ym"f& =max, . .n ‘y T ’ From [Maynard 2013, equation (6.10)], we have

yl(ﬁi <L (p(W)/W)log R. Inserting these bounds into the previous display, we find

that (3-16) is

XN M(”)2>k_l< M(S)2>k(k_l) m)2
<<wwv( L ) (X))

U<R

ged(u, W)=1
X 1174 k+1 W k

We used here that there are only O(1) possibilities for the §; and €, and that for
each of these, [ [,(1/g(5})) ]_[j(l/g(e;)) < 1. Referring back to (3-15), we see that
our original main term contributes

p(W)k 1 (W)
< <W>N(Iog N ST 0( eV dlog N)k),

qe9

as desired.
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Remark. The truth of Theorem 1.1 could also have been predicted on heuristic
grounds. Indeed, there are well-known heuristics for Artin’s primitive root con-
jecture, suggesting even the “correct” value of ¢, (see [Moree 2012, §§2-5]), as
well as heuristics for the prime k-tuples conjecture (see, for instance, [Crandall and
Pomerance 2005, pp. 14-15]), and these can be fitted together. As an example, this
combined heuristic suggests that the count of twin prime pairs p, p +2 with p <x
and with 2 a primitive root of both p and p + 2 should be approximately

Yoo dt
6/2 (lognz” “here ©:= 41_[( <p—1>2>

Quantitative conjectures of this kind, but in the context of primes represented by a
single irreducible polynomial rather than primes produced by linear forms, appear
in recent work of Moree [2007] and of Akbary and Scholten [2013].

4. Concluding remarks

We conclude with a proof of the following result, which seems of independent
interest:

Theorem 4.1 (conditional on GRH). Fix an integer g % —1 and not a square. For
every positive integer m, there are m consecutive primes all of which possess g as a
primitive root.

Theorem 4.1 might be compared with Shiu’s celebrated result [2000] that each
coprime residue class a mod ¢ contains arbitrarily long runs of consecutive primes.
Our proof of Theorem 4.1 is similar in spirit to a short proof of Shiu’s theorem
recently given by Banks, Freiberg, and Turnage-Butterbaugh [Banks et al. 2013].

It will be useful to first translate the proof of Theorem 1.1 into probabilistic
terms. Let k be a fixed positive integer, and let &y, ..., h; be given by (3-2). We
view the set of n € [N, 2N) with n =v (mod W) as a finite probability space where
the probability mass at each ng is given by

w(no)/ Z w(n).

N<n<2N
n=v (mod W)

Here the weights w(n) are assumed to be of the form specified in Proposition 3.1.
Introduce the random variables
k k

X = Z Xzm+h;) and Y := Z Xg\gé(n +hi).
i=1 i=1

Then E[X] = S»/S;. Given suitable parameters F' and 6, Proposition 3.1 gives us
the limiting value of E[X] as N — oco. Combining Propositions 3.1 and 3.2, we see
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that for k large enough in terms of m, we can choose parameters so this limiting
value exceeds m — 1. On the other hand, it was shown in Section 3 that (with the
same choice of parameters) E[Y] = o(1) as N — oco. Thus, E[X — Y] >m — 1
for all large N. But X —Y =Y "'_, x5(n + h;). Hence, for some n € [N, 2N),
the list n + hy, ..., n+ hy contains at least m primes having g as a primitive root.
Theorem 1.1 follows, with C,,, = hy — hy.

We now present the minor variation of this argument needed to establish
Theorem 4.1.

Proof of Theorem 4.1. Given m, we fix a large enough value of k (and parameters
F and 0) so that the limiting value of E[X] exceeds m — 1. Then, for all large N,

M] — l([E[X] —(m—=1)> 1.
k k

Note that Pr(Y > 0) < E[Y]=0(1), as N — o0. So, for large N, there is a positive
probability that both X > m and Y = 0. This allows us to select n € [N, 2N) with

n=v (mod W) satisfying

Pr(X > m) > [E[

(i) atleastm of n+hy, ..., n+ hy are prime,
(ii) all of the primes among n + A1, ..., n + hj possess g as a primitive root.
We will argue momentarily that we can also assume

(iii) the only primes in the interval [n + hj, n 4 hi] are the primes in the list
n+hy,...,n+hg.

From (i), (ii), and (iii), we see that the set of primes in [n 4 &, n + h;] contains at
least m elements, all of which have g as a primitive root. Theorem 4.1 follows.

In order to show we may assume (iii), we tweak the choice of the residue class
v mod W from which n is sampled. In the proof of Lemma 3.3, we chose v; as
any odd integer avoiding —h1, ..., —hg, 1 —hy, ..., 1 —hx modulo p, for all odd
p <logloglog N not dividing D;. We now add an extra condition on v;. Choose
distinct primes p™ € [§ logloglog N, logloglog N) for all even /1 € [hy, h] \ %.
We add the requirement that v = —h (mod p™) for each such 4. This is con-
sistent with our earlier restrictions, since / is not congruent modulo p® to any
of hy,..., hy (since h & ¥) or to any of h; — 1, ..., hy — 1 (since h and the h;
are all even). Using the resulting value of v from Lemma 3.3, we see that for
even h € [hy, hi] \ #, we have p; | n + h whenever n = v (mod W). For all odd
h € [hy, h], we have trivially that 2 | n + h whenever n = v (mod W). Thus, n+h
is composite if & € [hy, k] \ %, and so (iii) holds. O

Acknowledgement

The author thanks the referee for a careful reading of the manuscript.



1786 Paul Pollack

References

[Akbary and Scholten 2013] A. Akbary and K. Scholten, “Artin prime producing polynomials”,
preprint, 2013. To appear in Math. Comp. arXiv 1310.5198

[Banks et al. 2013] W. D. Banks, T. Freiberg, and C. L. Turnage-Butterbaugh, “Consecutive primes
in tuples”, preprint, 2013. To appear in Acta Arith. arXiv 1311.7003

[Crandall and Pomerance 2005] R. Crandall and C. Pomerance, Prime numbers: A computational
perspective, 2nd ed., Springer, New York, 2005. MR 2006a:11005 Zbl 1088.11001

[Gupta and Murty 1984] R. Gupta and M. R. Murty, “A remark on Artin’s conjecture”, Invent. Math.
78:1 (1984), 127-130. MR 86d:11003 Zbl 0549.10037

[Heath-Brown 1986] D. R. Heath-Brown, “Artin’s conjecture for primitive roots”, Quart. J. Math.
Oxford Ser. (2) 37:145 (1986), 27-38. MR 88a:11004 Zbl 0586.10025

[Hooley 1967] C. Hooley, “On Artin’s conjecture”, J. Reine Angew. Math. 225 (1967), 209-220.
MR 34 #7445 Zbl 0221.10048

[Hooley 1976] C. Hooley, Applications of sieve methods to the theory of numbers, Cambridge Tracts
in Mathematics 70, Cambridge University Press, 1976. MR 53 #7976 Zbl 0327.10044

[Lagarias and Odlyzko 1977] J. C. Lagarias and A. M. Odlyzko, “Effective versions of the Cheb-
otarev density theorem”, pp. 409-464 in Algebraic number fields: L-functions and Galois prop-
erties (Durham, 1975), edited by A. Frohlich, Academic Press, London, 1977. MR 56 #5506
Zbl 0362.12011

[Li and Pan 2014] H. Li and H. Pan, “Bounded gaps between primes of the special form”, preprint,
2014. arXiv 1403.4527

[Maynard 2013] J. Maynard, “Small gaps between primes”, preprint, 2013. To appear in Ann. Math.
arXiv 1311.4600v2

[Moree 2007] P. Moree, “Artin prime producing quadratics”, Abh. Math. Sem. Univ. Hamburg 77
(2007), 109-127. MR 2008m:11194 Zbl 1214.11107

[Moree 2012] P. Moree, “Artin’s primitive root conjecture—a survey”, Integers 12:6 (2012), 1305—
1416. MR 3011564 Zbl 1271.11002

[Serre 1981] J.-P. Serre, “Quelques applications du théoreme de densité de Chebotarev”, Inst. Hautes
Etudes Sci. Publ. Math. 54 (1981), 323-401. MR 83k:12011 Zbl 0496.12011

[Shiu 2000] D. K. L. Shiu, “Strings of congruent primes”, J. London Math. Soc. (2) 61:2 (2000),
359-373. MR 2001f:11155 Zbl 0973.11083

[Thorner 2014] J. Thorner, “Bounded gaps between primes in Chebotarev sets”, Res. Math. Sci. 1:4
(2014), 1-16.

[Wan 1997] D. Wan, “Generators and irreducible polynomials over finite fields”, Math. Comp. 66:219
(1997), 1195-1212. MR 97j:11060 Zbl 0879.11072
Communicated by Andrew Granville

Received 2014-04-27 Revised 2014-06-21 Accepted 2014-07-19

pollack@uga.edu Department of Mathematics, University of Georgia, Boyd
Graduate Studies Building, Athens, GA 30602, United States

mathematical sciences publishers :.msp


http://msp.org/idx/arx/1310.5198
http://msp.org/idx/arx/1311.7003
http://dx.doi.org/10.1007/0-387-28979-8
http://dx.doi.org/10.1007/0-387-28979-8
http://msp.org/idx/mr/2006a:11005
http://msp.org/idx/zbl/1088.11001
http://dx.doi.org/10.1007/BF01388719
http://msp.org/idx/mr/86d:11003
http://msp.org/idx/zbl/0549.10037
http://dx.doi.org/10.1093/qmath/37.1.27
http://msp.org/idx/mr/88a:11004
http://msp.org/idx/zbl/0586.10025
http://dx.doi.org/10.1515/crll.1967.225.209
http://msp.org/idx/mr/34:7445
http://msp.org/idx/zbl/0221.10048
http://msp.org/idx/mr/53:7976
http://msp.org/idx/zbl/0327.10044
http://msp.org/idx/mr/56:5506
http://msp.org/idx/zbl/0362.12011
http://msp.org/idx/arx/1403.4527
http://msp.org/idx/arx/1311.4600v2
http://dx.doi.org/10.1007/BF03173492
http://msp.org/idx/mr/2008m:11194
http://msp.org/idx/zbl/1214.11107
http://dx.doi.org/10.1515/integers-2012-0043
http://msp.org/idx/mr/3011564
http://msp.org/idx/zbl/1271.11002
http://www.numdam.org/item?id=PMIHES_1981__54__323_0
http://msp.org/idx/mr/83k:12011
http://msp.org/idx/zbl/0496.12011
http://dx.doi.org/10.1112/S0024610799007863
http://msp.org/idx/mr/2001f:11155
http://msp.org/idx/zbl/0973.11083
http://dx.doi.org/10.1186/2197-9847-1-4
http://dx.doi.org/10.1090/S0025-5718-97-00835-1
http://msp.org/idx/mr/97j:11060
http://msp.org/idx/zbl/0879.11072
mailto:pollack@uga.edu
http://msp.org

Algebra & Number Theory

msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Georgia Benkart
Dave Benson
Richard E. Borcherds
John H. Coates

J-L. Colliot-Thélene
Brian D. Conrad
Hélene Esnault
Hubert Flenner
Edward Frenkel
Andrew Granville
Joseph Gubeladze
Roger Heath-Brown
Craig Huneke
Yujiro Kawamata
Janos Kollar

Yuri Manin

Barry Mazur
Philippe Michel

Susan Montgomery

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud

University of California
Berkeley, USA

BOARD OF EDITORS

University of Wisconsin, Madison, USA
University of Aberdeen, Scotland
University of California, Berkeley, USA
University of Cambridge, UK

CNRS, Université Paris-Sud, France
University of Michigan, USA

Freie Universitit Berlin, Germany
Ruhr-Universitit, Germany

University of California, Berkeley, USA
Université de Montréal, Canada

San Francisco State University, USA
Oxford University, UK

University of Virginia, USA

University of Tokyo, Japan

Princeton University, USA
Northwestern University, USA

Harvard University, USA

Ecole Polytechnique Fédérale de Lausanne

University of Southern California, USA

Shigefumi Mori
Raman Parimala
Jonathan Pila
Anand Pillay
Victor Reiner
Peter Sarnak
Joseph H. Silverman
Michael Singer
Vasudevan Srinivas
J. Toby Stafford
Bernd Sturmfels
Richard Taylor
Ravi Vakil

Michel van den Bergh

Marie-France Vignéras

Kei-Ichi Watanabe
Efim Zelmanov

Shou-Wu Zhang

RIMS, Kyoto University, Japan

Emory University, USA

University of Oxford, UK

University of Notre Dame, USA
University of Minnesota, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Tata Inst. of Fund. Research, India
University of Michigan, USA
University of California, Berkeley, USA
Harvard University, USA

Stanford University, USA

Hasselt University, Belgium

Université Paris VII, France

Nihon University, Japan

University of California, San Diego, USA
Princeton University, USA

PRODUCTION
production@msp.org
Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2014 is US $225/year for the electronic version, and $400/year (4-$55, if shipping outside the US)
for print and electronic. Subscriptions, requests for back issues and changes of subscribers address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans
Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage
paid at Berkeley, CA 94704, and additional mailing offices.

ANT peer review and production are managed by EditF Low® from MSP.

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2014 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 8 No. 7 2014

Double Dirichlet series and quantum unique ergodicity of weight one-half Eisenstein
series
YIANNIS N. PETRIDIS, NICOLE RAULF and MORTEN S. RISAGER

Monodromy and local-global compatibility for [ = p
ANA CARAIANI
Finite generation of the cohomology of some skew group algebras
VAN C. NGUYEN and SARAH WITHERSPOON
On the supersingular locus of the GU(2,2) Shimura variety
BENJAMIN HOWARD and GEORGIOS PAPPAS
Poincaré-Birkhoff—Witt deformations of smash product algebras from Hopf actions on
Koszul algebras
CHELSEA WALTON and SARAH WITHERSPOON

Highly biased prime number races
DANIEL FIORILLI

Bounded gaps between primes with a given primitive root
PAUL POLLACK

1539

1597

1647

1659

1701

1733

1769


http://dx.doi.org/10.2140/ant.2014.8.1539
http://dx.doi.org/10.2140/ant.2014.8.1539
http://dx.doi.org/10.2140/ant.2014.8.1597
http://dx.doi.org/10.2140/ant.2014.8.1647
http://dx.doi.org/10.2140/ant.2014.8.1659
http://dx.doi.org/10.2140/ant.2014.8.1701
http://dx.doi.org/10.2140/ant.2014.8.1701
http://dx.doi.org/10.2140/ant.2014.8.1733

	1. Introduction
	2. Technical preparation
	3. Proof of 0=thm.31=Theorem 1.1
	4. Concluding remarks
	Acknowledgement
	References
	
	

