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Relative cohomology of cuspidal forms
on PEL-type Shimura varieties

Kai-Wen Lan and Benoit Stroh

We present a short proof that, for PEL-type Shimura varieties, subcanonical
extensions of automorphic bundles, whose global sections over toroidal compact-
ifications of Shimura varieties are represented by cuspidal automorphic forms,
have no higher direct images under the canonical morphism to the minimal
compactification, in characteristic zero or in positive characteristics greater than
an explicitly computable bound.
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1. Introduction

The main goal of this article is to present a short proof of Theorem 1.1 below, as
an application of a certain vanishing theorem of automorphic bundles in mixed
characteristics. (We refer to [Lan 2013; Lan and Suh 2012; 2013] for the precise
definitions and descriptions of smooth integral models of PEL-type Shimura varieties
and their various compactifications, and of the automorphic bundles and their
canonical and subcanonical extensions.)

Letm: M;?[r 5= M%i“ denote the canonical proper morphism from any projective
smooth toroidal compactification to the minimal compactification of a p-integral
model My of a PEL-type Shimura variety at a neat level H C G(/Z\p ), where p
is good for the integral PEL datum (O, , L, (-, -), hg) defining My, as in [Lan
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and Suh 2013, §4.1] (and the references there). Let Wy, g := W), 7 @z R be a
representation of M; of weight vy € X;j[l over a coefficient ring R, where W 7
denotes a Weyl module of weight vy of a split model Mgp)ic of M over Z, as in [Lan
and Suh 2012, §2.6]. Let W, g :=Em, r (W, r) be the corresponding automorphic
bundle over My, as in [Lan and Suh 2012, Definition 1.16 and §6.3], and let
Wf;)‘f’R = 812}[13 # (W) be its subcanonical extension over M}/ ., as in [Lan and
Suh 2013, Definition 4.12 and §7]. (We similarly define W, g, W, g, and st‘ft;e for

all v e Xy )

Theorem 1.1. With the setting as above, there exists a bound C (vg) depending only
on the integral PEL datum (O, %, L, (-, -), hg) and the weight vq, such that

R Wi =0 (1.2)

for all i > O when the residue characteristics of R are zero or p greater than C (vp).
(See Lemma 3.3 below for an explicit choice of C(1p).)

To help the reader understand the restriction imposed by C (vy), let us spell out
the bound in some simple special cases. If vy = 0, then we can take C (1) to be
the relative dimension d of My over the base scheme Sg (see Example 3.9 below).
If My is a p-integral model of the Siegel modular variety of genus three, then the
weight vy is of the form (ky, k2, k3; ko) for some integers ko and k| > ky > k3, and
we can take C(vp) to be 6 4 (k; — k3) + (ko — k3) (see Example 3.10 below with
r = 3 there). If My is a p-integral model of a Picard modular surface, then the
weight vy is of the form (ky, k7, k3; ko) for some integers ko, k1, and k, > k3, and we
can take C(vp) to be 2+ (ko —k3) (see Example 3.12 below with (r —¢q, g) = (2, 1)
there). (In all cases, C(vp) is insensitive to shifting the weight vy by a “parallel
weight”. See Section 3C below for more examples.)

We note that, when R =C, global sections of W‘S)‘JPR over M;‘IE can be represented
by holomorphic cuspidal automorphic forms. (See, e.g., [Harris 1990b, Proposition
5.4.2]; see also [Harris 1990a] for a survey on how the higher cohomology of Wf);"”R
can be represented by nonholomorphic automorphic forms. See [Lan 2012] for
the comparison between algebraic and analytic constructions hidden behind this.)
Combined with the Leray spectral sequence, Theorem 1.1 allows one to identify
the cohomology of Wzg'fR over M;‘_’ZE with the cohomology of Wf)';f’R over M%i“.
Although the coherent sheaf V_Vf)‘;'fR is not locally free in general, there are reasons
for M%i“ to be useful for the construction of p-adic modular forms and p-adic
Galois representations.

Special cases of Theorem 1.1 have been independently proved in [Andreatta et al.
2013a; 2013b] (in the Siegel and Hilbert cases, for trivial weight vy) and in [Harris
et al. 2013] (in the unitary case, for all weights vp), without any assumption on the
residue characteristic p. The idea in [Harris et al. 2013] has also been carried out for
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all PEL-type cases in [Lan 2014]. Such results have played crucial roles in positive
characteristics in [Andreatta et al. 2013a; 2013b; Emerton et al. 2013; Pilloni
and Stroh 2013], and in characteristic zero in [Harris et al. 2013; Tian and Xiao
2013]. The proofs in [Andreatta et al. 2013a; 2013b] and [Harris et al. 2013; Lan
2014] directly used the toroidal and minimal boundary structures, and hence can be
considered more elementary, which is why they work for all residue characteristics p;
but they are lengthier and arguably more complicated. It is not easy to see from their
proofs why Theorem 1.1 should be true. (Itis not even clear how the two strategies in
[Andreatta et al. 2013a; 2013b] and [Harris et al. 2013; Lan 2014] are related to each
other.) Thus it is desirable to find a proof more closely related to other vanishing
statements, at least when the residue characteristics are zero or sufficiently large.

It was first observed by the second author that this is indeed possible —in
characteristic zero, the trivial weight case can be deduced from Grauert and Riemen-
schneider’s vanishing theorem [1970]; in positive characteristics, under suitable
assumptions (involving choices of projective but generally nonsmooth cone decom-
positions X for the toroidal compactification M;f’[j, whose existence is not very
clearly documented in the literature), it is also possible to deduce the statement
from Deligne and Illusie’s [1987] and Kato’s [1989] vanishing theorems. Then the
first author made the observations that the assumption on cone decompositions can
be relaxed by using Esnault and Viehweg’s [1992] vanishing theorem as in [Lan
and Suh 2011], and that (along similar lines) cases of nontrivial weights can be
treated using stronger vanishing theorems in [Lan and Suh 2013]. (In the Siegel
case, one can also use [Stroh 2010; 2013].)

In Section 2, we will present the proof of Theorem 1.1 and highlight the main
inputs. In Section 3, we will carry out some elementary computations needed in
the proof of Theorem 1.1, and find an explicit choice of C(vp). In Section 4, we
sketch a logically simpler proof for the trivial weight case.

2. Proof of the theorem

Let 7 : M%{’ZZ — Mﬁin, Vo € Xf(,ll, and W?BPR be as in Section 1. Since M%?[}E’l
and M%‘f‘l are proper over S; = Spec(R;) (see [Lan and Suh 2013, §4.1] and the
references there for the notation), which are in particular separated and of finite type,
for the purpose of proving Theorem 1.1 we may write R as an inductive limit over
its sub- R -algebras and assume that R is of finite type over R, which is in particular
noetherian. Then we may base change to R and abusively denote M;‘_’[rj’ R M%if}e
by the same notation 7. Our goal is to show that R'rw, W?;EPR =0 foralli > 0.
Asin [Lan and Suh 2012, §2.6], we shall denote by X;\LA’fp the subset of X;r,ll con-
sisting of p-small weights, namely the weights v € X]J(,II such that (v + pm,, @) < p

for all roots a € @y, where py, is the usual half sum of positive roots.
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2A. Application of Serre’s fundamental theorem. By [Lan and Suh 2013, Propo-
sition 7.13], there exists some weight v; € X;\r,[’fp such that W), g is free of rank
one as an R-module, and such that there exists an ample line bundle w,, over M%{“R
such that

Tt w,, = Wﬁ‘l‘f‘R, 2.1

aj
1

sub ~ sub can \QN
Wi, = Wikte @0y (W) (22)

the canonical extension Wi, of W, g. Since (by definition)

for all integers N, by the projection formula [EGA 1960, O, (5.4.10.1), p. 52] we
have

i sub ~ i sub QN
R Wi vk = (R n*WVO’R)QZ)@M%anUI . (2.3)

Then we have the following:

Lemma 2.4. There exists some integer N\ > 0 such that, for all integers N > N
and all i > 0, the sheaves R, Wf)‘éljr Ny, R Over M%{“R are generated by their global
sections and satisfy Hj(M%i’“R, Rim, W?;gszl,R) =0forall j > 0.

Proof. Since m is proper and M%{“R is noetherian, by the theorem of finiteness
[EGA 1961, III, Théoreme (3.2.1), p. 116], the sheaves Rin*Wi‘;?R are coherent
over My for all i > 0, and are nonzero only for finitely many i. Since w,, is
ample over Mrﬁf}?, the lemma follows from (2.3) and Serre’s fundamental theorem

for projective schemes [EGA 1961, 111, Théoréme (2.2.1), p. 100]. O

2B. Shifting weights into the holomorphic chamber. Let wq (resp. w;) be the
longest Weyl element in Wy, (resp. WM1) (see [Lan and Suh 2012, §2.4]), so that
(—wo) Py, =Py, and W, =W, forall v eXf{,{’f” and [(w1) =d =dims, (M7 1).

—wo(v)
Remark 2.5. When R=C, for any u € XJF1 , sections in HO(M;‘_’EE’R, (‘LVZ)1 %R)Sub)
are represented by holomorphic cusp forms of weight (—wg) (w1 - 1) € Xf{,ll, which
contribute via the dual BGG spectral sequence to

Hly g5 s (V7 ™) = Hip ((Mag . VY p)

(compactly supported of middle degree), compatible with their contribution to the
better-understood L? cohomology of My . (For more explanations see [Faltings
1983, Theorem 9; Harris 1990a, §2; 1990b, Proposition 5.4.2]; see also the compar-
isons with transcendental results in [Lan and Suh 2012; 2013] and the references
there.) Thus we consider weights of the form

(—wo)(wy - u) = (—wowy) (1) + (—wp)(wy - 0)

holomorphic; these holomorphic weights form a translation of the dominant chamber
XJGF1 because (—wow) preserves Xa.
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Proposition 2.6. There exists an integer N3, a positive parallel weight vy € Xl—\F/Ip
and a weight [1g € X+1’ all of which can be explicitly determined, such that

Vo + Novi — v = —wo(wy - Ko) 2.7

This proposition is elementary in nature. One can prove Proposition 2.6 using
general principles that also work for all reductive groups defining Shimura varieties.
However, we shall spell out a (less elegant) case-by-case argument, which has the
advantage of giving explicit choices of Ny, vo, and o of small sizes.

We will assume Proposition 2.6 in the remainder of this section, and post-
pone its proof until Section 3A. In Lemma 3.3, we will give an explicit choice
of C(ug), depending only on (O, %, L, (-, -}, hp) and the weight vy, such that
C(vp) > |olre (see [Lan and Suh 2012, Definition 3.9]) for some triple (N2, v, (o)
as in Proposition 2.6.

2C. Application of automorphic vanishing.

Corollary 2.8. Let (N, vy, (o) be any triple as in Proposition 2.6. Suppose that
p > |olre and that N is any integer satisfying N > N,. Then we have

H"(M;‘_’f’z’R, W?;EiNvl,R) =0 forevery i >0.

Proof. By definition, the subset X;rd’fp of Xf{,ll is preserved by translations by parallel
weights. Moreover, by [Lan and Suh 2012, Remark 2.30], and by the same argument
as in the proof of [Lan and Suh 2012, Lemma 7.20], we have vg € X;\L,I’fp under
the assumption that p > |uolr. Then the assertion H' (M} ¢ p, W\ 2) =0
follows from [Lan and Suh 2013, Theorem 8.13(2)], because v := vy + Nv; and
v4 := (N — N>)v; + v, satisfy the condition there, with u(v —v}) = o € ng“”
and w(v) = w; (sothatd — [(w(v)) =d — [(w;) =0). O

Remark 2.9 (erratum). There are typos in [Lan and Suh 2013, Theorem 8.13]:
both instances of Xg;<wp there should be ng”p , which is what was used in [Lan
and Suh 2013, Corollary 7.24], on which the theorem depends.

2D. End of the proof of Theorem 1.1. Let N; be as in Lemma 2.4, and let
(N3, va, o) be any triple as in Proposition 2.6 satisfying C(vg) > |uolre for some
C(vp) (which will be given in Lemma 3.3 below). Suppose that p > C(vg) and that
N is any integer satisfying N > N; and N > N,. By Lemma 2.4 and by the Leray
spectral sequence, and by Corollary 2.8, we have

HO(M%{HR’ Rin*Wil;l—)b—Nvl,R) = H' (M5 g Wil(ig—Nvl,R) =0 (2.10)

foralli > 0. Since R’ n*st‘;E’r Ny, g 18 generated by its global sections (by Lemma 2.4)
it follows that

R W™ v g =0 (2.11)
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for all i > 0. By combining (2.3) and (2.11), we obtain the desired vanishing (1.2)
for all i > O (under the assumption that p > C(vp) > |olre)-

Suppose that the residue characteristics of R are all zero. By shrinking R and
enlarging R by flat descent, we may replace the setup with a different one in which
p > C(v9) > |olre, and obtain the desired vanishing from the above.

Thus, Theorem 1.1 follows. ]

3. Elementary computations

We shall freely use the notation in [Lan and Suh 2012, §2 and §7]. The material in
this section can be read without any knowledge of algebraic geometry or Shimura
varieties.

3A. Proof of Proposition 2.6. We can rewrite (2.7) as
Vo + Novi — 12 = —wo(wipo +wip — p) = g+ (—wo) (wy - 0),

where 11 = —(wow1) (o) € Xgl satisfies V[%] = V[/vm]’ because wow; is the longest
Weyl element in Wg,. Hence it suffices to find N, and v, such that

o = vo+ Navi — vy — (—wp)(wy -0) € Xél . (3.1)

Let us write v; = ((Vj-)rer/e; vj,0) = ((Vj,r,i ) 1=i, <r)rer/cs Vj.0) € X1\J5[1 for
j =0,1,2. We shall also denote by p, (resp. wo r, wi, ;) the corresponding factors
of p (resp. wg, wy). Then we need

10,0 = Vo.r + Novir = var — (—wo o) (wi - 0) € X§ (3.2)

for each factor G; of G;. There are two cases:

(1) If t =7oc, then G; =Sp,, ®zR; or G; =0y, ®zR;, and M; =GL,, ®zR;.
If G; = Sp,,. ®z Ry, setdy = 3r:(r; +1) and r, = - + 1. If G; = 0y, ®7 Ry, set
de=5ro(re—1)andr, =r;. Sete; = (1, 1,....1). ifdjr1y =Yz, de =0, then
we must have G; = Oy, ®z R and r; < 1, in which case (3.2) is trivially true if we
take u{m =Vg,,any Na € Z, and vy ; = Navi  — (—wp ) (w1, -0). Hence we may
assume that dj}, > 0. By assumption, we know that vo ; 1 >vp:2>"-->vg,,,and
that vy ; = k1 re;, where k1 ; > 0 depends only on the equivalence class [t]g of T
(see [Lan and Suh 2012, Definition 7.12]). Also, we have p, =(r.,r.—1,...,r.—r;)

and (—wo ;) (wi,7 - 0) = rle;. Thus, in order for (3.2) to hold, we need

vo,r, + Nkir — ko ¢ er+1:r; if G, ;szrr ®z R,

or
V0,r,—1 +Nkl,r _k2,r —rr = |V0,rr +Nk1,r _k2,r —re] if G, = 02r, ®zRy.

We may take:



Relative cohomology of cuspidal forms on PEL-type Shimura varieties 1793

(@) 1o, 7= Vo, = Vo,[r]g€rs Where vy [r)q 1= minrefrig (Voo r, )
(b) wo.r :=—(worwi,0) (g ) = Ko 5 and
(c) N; to be any integer satisfying vo ¢}, + Nk, > 7., so that
vo,c + Nvi e — g, — (=wo, o) (w7 - 0) = (vo,7)q + Nkir —17) er,
with a positive coefficient vg [}, + Nki,r —r, > 0 for every N > N,.
(2) If t #1o0c, then G; = GL,, ®7R; and M; = (GL,, xGL,,) ®7 R;. Set
dv = pqs,
e,:(\l,_l,\.’;l/,0,0,...,O), and ¢, =(0,0,...,0,—1,—1,...,—1).
qr pe

If dirjg = D repeggse 4 = 0, then we must have pg. = 0 for all 7 € [t]q,
in which case (3.2) is trivially true if we take M6,f = Vo,r, any Ny € Z, and
V2 = Novir — (—wp,)(wi,r - 0). Hence we may assume that dj;), > 0. By
assumption, we know that

Vo,7,1 = V0,72 = = Vo,7,q; and Vo,7,q.+1 > Vo,7,q.+2 = Z V01,

and that v| ; =k re; + k1 roc€,, Where [k1]; = k1 ¢ + ki.7oc > O depends only on
the equivalence class [t]g of T (see [Lan and Suh 2012, Proposition 7.15]). Also,
we have p; = 3(r; — 1,7 =3, ..., —r; + 1) and (—wo ) (w1 ¢ -0) = pre; +gzel.
Thus, in order for (3.2) to hold, we need

V0,q. + Nkix —koz — pr Zv0,g.41 = Nki,zoc + k2,70 + gr,
or equivalently

(v0,q, —V0,g,+1) + Nlkilr — [k2]lz = pr + g =r1¢.
We may take:

(@) 1o, =Vo,r = Vo,[rle€r — (Vg .1 — Vo,[r]g)(er — €;), where

Vo ‘= min Vo.7'.q. — V0.t .q.+1
[tlo f/E[f]@,dr/#—O( Ty T g+ ),
Y o {VO,I,I if g. >0,
0,t,1 *— .
vo,r,1 + Vo [clg 1 g =0.

(b) por:= —(wo,rwl,t)(,u()’r), which ends with pg -, = 0 because /*6,: starts
with . | = 0; and

(¢) N: to be any integer satisfying vo (7] + N[k1]; > 17, so that

Vo,r + Nvl,r - Mé),f - (_wO,r)(wl,r -0)
= (vo,7,1 + Nki,r — pr) er + (Vo [c1g — Vo,7,1 + NK1 zoc — q1) €1
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with sum of coefficients, for every N > N,
(o,z,1+Nki = pr)+Wo,[r1g—V0,2,1+NK1 r0c—q<) =0, [¢1g +Nk1]c =7 > 0.
Now set:
N, := max (N;);
teY/c
o := ((Ho,x)rex/ci ho,0)  With any value of 0,0;
1o = (—wow1)(ko);
vy 1= Vg + Navi — pg — (—wo) (wy - 0).

Then the triple (N3, va, (o) satisfies (3.1) and hence also (2.7), as desired, because
each of its factors (N2, va, 1, (o,r) satisfies (3.2) by the above. U

3B. Explicit choice of C (vy).

Lemma 3.3. The minimal size |iole (see [Lan and Suh 2012, Definition 3.9])
among all o appearing in some (N, va, o) satisfying (2.7) in Proposition 2.6 is
smaller than or equal to

Cv) =Y Cr(vor), (3.4)

teY/c
where each C; (v ;) is defined as follows:
(D) If T = 1t oc, then we set d; = %r,(rr + 1) (resp. d; = %r,(rf - 1)) if
G; =Sp,,, ®zR) (resp. Gr = Oy, ®zR1), Vo,[1]q = Mingefr)y (Vo,r/.r, ), and

Cr(vo.o) :=de 4+ Y (Wori, = V0.[xl0)- (3.5

I<i;<r;

(2) If Tt #toc, then we setd; := p.q:,

Vo = min Vo.¢'.a., — Vo.1/ 1,
Irlo T,E[T]@’dﬂ#o( e g 1)
’ Vo1 if g >0,
Vo,r,1 = .
Vo,7,1 +Vo,[r1g  if g =0,
and
Crwor) i=de+ ) o1 —Vori)+ D (Wor1 = Vorcly — Vori,)-  (3.6)

1<i:<gq: qr<it<r¢

Proof. These follow from the definition of |gle =d + Ztewc (leifsrr Mo,r,i,)
and the explicit choices of (g ; in the proof of Proposition 2.6. O

Remark 3.7. By using [Lan and Suh 2013, (7.9) and (7.11)], it is possible to reduce
the proof of Theorem 1.1 to the case where the integral PEL datum is Q-simple,
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and replace (3.4) with

C'(vo) := f[ftl?x(c[r]@(vo,[rm))v (3.8)
Q
where:

(D) Crria (o (r10) = 0if dirig = D vefrjge de < 1

(2) Cir1gWo,e1g) = Zf/e[r]@/c C:(vo.r), where C; (v ;) are as in (3.5) and (3.6),
otherwise.

We leave the details to the interested readers.

3C. Some examples. To help the reader understand the notation and formulas, we
include some examples of familiar special cases.

Example 3.9 (trivial weight). If vy = 0, then (2.7) holds for nyp = 0 and any
sufficiently large N,, and we have C(vy) = ZTGT/C C:(vor) = Ztewc d; =d
in (3.4).

Example 3.10 (Siegel case). Suppose (O, x, L, (-, -), hg) is given with O =Z with
trivial *, with (L, (-, -)) given by Z%%" with some standard self-dual symplectic
pairing, and with any conventional choice of /(. Then we are in the so-called Siege!
case. There is a unique T € Y with T = t oc, which we can suppress in our notation,
and each v € X;{AI can be represented by a tuple ((vo,1, Vo2, - .-, Vo.r); V0,0), Where
Vo1 > Vo2 > -+ >V, are integers. Then (g can be chosen to be

vo—vo,((1,1,...,1,1);0) = ((vo,1 —vo,rs---»Vo,r—1 — Vo,r, 0); vo,0)

(where the last entry is irrelevant), and then C(vg) = %r r+1+ lei - (vo,i—vo,r)
(see (3.5)).

Example 3.11 (“Q-similitude Hilbert case”). Suppose (O, x, L, (-, -}, hg) is given
with O = OF with trivial x, where F is a totally real number field, with (L, (-, -))
given by O?z with some standard symplectic pairing defined by trace, and with any
conventional choice of /g; and suppose p is any prime number unramified in Op.
Then we are essentially in the so-called Hilbert case, although we only consider
elements in Resy;g GL, with similitudes in Gy, (rather than Resr,q Gp,). There
are d elements T € Y corresponding to the d = [F : @] homomorphisms from Op
to an algebraic closure of Q,, which all satisfy 7 = 7 o ¢ and determine a unique
equivalence class [7]g (of Galois orbits of 7), and our coefficient ring R is chosen
to contain the images of all these homomorphisms, over which all linear algebraic
data are split. Each vy € X;,[] can be represented by a tuple ((vo,r)ze; V0,0), Where
each vp ; = (vo,7,1) consists of just one integer vg ;1. Then v [r)g = mingey (Vo 7,1),
and 1o can be chosen to be vo — vg 714 ((Dzer; 0) = ((vo,z,1 — Vo,[r]0)zeTs V0,0),
and we have C(vg) =d + ZreT(VO,r,l —Vo,[z]g) (see (3.5)).
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Example 3.12 (simplest unitary case). Suppose (O, x, L, (-, -), hg) is given with
O = Op, where F is an imaginary quadratic extension of @ with an embedding
F — C, with » given by complex conjugation, with (L, (-, - }) given by a Hermitian
module over (9?3’ with signature (r — ¢, g) at oo (using the given F — C), and
with any conventional choice of A (respecting the signature); and suppose p is any
prime number unramified in Op. Then we obtain the simplest (nontrivial) unitary
case. There is a unique representative t of orbits in Y'/c¢ such that T # t o c and
(p<» q-) = (r —q, q), matching the signatures at oo and at p; hence we shall always
choose this T and suppress t from the notation. Each vy € XIJ\F/II can be represented by

a tuple ((vo,1, V0,25 -+ -5 V0,g5 VO,g+15 - - -» V0,r); V0,0), Where v 1 > vp2 > ... > g4
and vo 441 > ... > v, are integers. If g > 0, then o can be chosen to be
(V0,1 = V0,4 + V0,441 =0+ - - - » V0,1 = V0,g5 V0,1 — V0,45 - - - » V0,1 — V0,2, 0; vp,0) (note

the reversed order and the repeated term vy ; — vp ), and we have

Co) =(r—q)g+ Y (o1 —v0.)+ Y (Vo1 —Vog+Vogt1— Vo).

1<i<q g<i<r

If ¢ =0, then pp can be chosen to be (vo.1 —vor, --., V0,1 — V0.2, 0; vo,0) and we
have C (vg) = Zliiir (vo,7.1 —Vo,i); but d =0 and the map 7 is trivial — C(vp) =0
suffices. (See (3.6) and Remark 3.7.)

4. Simpler proof for the trivial weight case

In this final section, we sketch a logically simpler proof for the trivial weight case
vo = 0, which does not require the various advanced technical inputs in [Lan and
Suh 2013, §§1-3] (such as the theory of F-spans in [Ogus 1994]). The key is to
give a simpler proof of the vanishing statement in Corollary 2.8 when vy = 0 (with
a suitable choice of (N3, v2, tp)). By standard arguments, as in the proof of [Lan
and Suh 2013, Theorem 8.2], we may and we shall assume that R is a perfect field
extension of the residue field of R;.

Using the extended Kodaira—Spencer isomorphism—see [Lan 2013, Theo-
rem 6.4.1.1(4)] — and the very construction of canonical extensions of automorphic
bundles using the relative Lie algebra of the universal abelian scheme, one can
show that

d
« - an ~ yd . I
W0 = (Wi, 0" = Qe s (log o) = /\(QM%‘,:,I/SI (log 00))

as line bundles over M;‘_)[r,z’l (ignoring Tate twists). (The proof is left to the interested
readers.) Moreover, the proof of Proposition 2.6 in Section 3A shows that we
can take po = 0 in Proposition 2.6, with some integer N, such that the weight
vy = Novy — (—wp)(wy - 0) is positive and parallel. Then we have

sub ~ yyssub can ~ yr7sub d
WNUl - sz ®M[7r-)zr,z.1 = (mwo)(w1-0) — sz ®M[§.}[,>;,1 QM;‘;{Zyl/Sl(lOg D),
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where D is the boundary divisor Mtﬁz | — Mgy, 1 (with reduced subscheme structure).

By [Lan and Suh 2013, Proposition 4.2(5) and Corollary 7.14], there exists a
(usually nonreduced) divisor D’ with D;ed =D, and some ry > 0, such that the line
bundle (Wff;n)@’ (—D’) is ample for all integers r > ro. (This follows from [Lan
2013, Theorem 7.3.3.4], which implies that there exists some D’ as above such that
@Mmr (= D’) is relatively ample over Mmln .) By base change from R to R, this is
exactly the condition (*) needed in [Esnault and Viehweg 1992, Theorem 11.5].
Then, by [Esnault and Viehweg 1992, Theorem 11.5] and by Serre duality, we
obtain

MWL b s sub d
H (M35 o WD &) = H (M 5 g, W% ®@M%’2.19Mg,2.1/51(10g D))=0

for all i > 0. (This is the same approach taken in [Lan and Suh 2011].) This
gives the desired vanishing statement in Corollary 2.8 when vy = 0, and we can
conclude as in Section 2D. This argument does not depend on [Lan and Suh 2013,

Theorem 8.13(2)], and hence not on the various advanced technical inputs in [Lan
and Suh 2013, §§1-3].

Acknowledgements

The authors would like to thank the anonymous referee for valuable suggestions.
Stroh would like to thank Esnault for very helpful discussions, and to thank Scholze
for pointing out an error in an earlier approach.

References

[Andreatta et al. 2013a] F. Andreatta, A. Iovita, and V. Pilloni, “p-adic families of Siegel modular
cuspforms”, preprint, 2013, Available at http://perso.ens-lyon.fr/vincent.pilloni/AIP.pdf. To appear
in Ann. Math. arXiv 1212.3812

[Andreatta et al. 2013b] F. Andreatta, A. Iovita, and V. Pilloni, “p-adic families of Hilbert modular
forms”, preprint, 2013, Available at http://perso.ens-lyon.fr/vincent.pilloni/AIP2.pdf.

[Deligne and Illusie 1987] P. Deligne and L. Illusie, “Relévements modulo p2 et décomposition du
complexe de de Rham”, Invent. Math. 89:2 (1987), 247-270. MR 88j:14029 Zbl 0632.14017

[EGA 1960] A. Grothendieck, Eléments de géométrie algébrique, I: Le langage des schémas, Pub-
lications Mathématiques de I'LH.E.S. 4, Inst. Hautes Etudes Sci., Paris, 1960. MR 29 #1207
Zbl 0118.36206

[EGA 1961] A. Grothendieck, Eléments de géométrie algébrique, III: Etude cohomologique des
faisceaux cohérents, I, Publications Mathématiques de I'LLH.E.S. 11, Inst. Hautes Etudes Sci., Paris,
1961. MR 0163910 Zbl 0118.36206

[Emerton et al. 2013] M. Emerton, D. A. Reduzzi, and L. Xiao, “Galois representations and torsion
in the coherent cohomology of Hilbert modular varieties”, preprint, 2013. arXiv 1307.8003

[Esnault and Viehweg 1992] H. Esnault and E. Viehweg, Lectures on vanishing theorems, DMV
Seminar 20, Birkhiduser, Basel, 1992. MR 94a:14017 Zbl 0779.14003


http://perso.ens-lyon.fr/vincent.pilloni/AIP.pdf
http://perso.ens-lyon.fr/vincent.pilloni/AIP.pdf
http://msp.org/idx/arx/1212.3812
http://perso.ens-lyon.fr/vincent.pilloni/AIP2.pdf
http://perso.ens-lyon.fr/vincent.pilloni/AIP2.pdf
http://dx.doi.org/10.1007/BF01389078
http://dx.doi.org/10.1007/BF01389078
http://msp.org/idx/mr/88j:14029
http://msp.org/idx/zbl/0632.14017
http://www.numdam.org/item?id=PMIHES_1960__4__5_0
http://msp.org/idx/mr/29:1207
http://msp.org/idx/zbl/0118.36206
http://www.numdam.org/numdam-bin/browse?id=PMIHES_1961__11_
http://www.numdam.org/numdam-bin/browse?id=PMIHES_1961__11_
http://msp.org/idx/mr/0163910
http://msp.org/idx/zbl/0118.36206
http://msp.org/idx/arx/1307.8003
http://dx.doi.org/10.1007/978-3-0348-8600-0
http://msp.org/idx/mr/94a:14017
http://msp.org/idx/zbl/0779.14003

1798 Kai-Wen Lan and Benoit Stroh

[Faltings 1983] G. Faltings, “On the cohomology of locally symmetric Hermitian spaces”, pp. 55—
98 in Séminaire d’algébre Paul Dubreil et Marie-Paule Malliavin, 35¢me année (Paris, 1982),
edited by M.-P. Malliavin, Lecture Notes in Math. 1029, Springer, Berlin, 1983. MR 85k:22028
7Zbl 0539.22008

[Grauert and Riemenschneider 1970] H. Grauert and O. Riemenschneider, “Verschwindungssitze
fiir analytische Kohomologiegruppen auf komplexen Rdumen”, Invent. Math. 11 (1970), 263-292.
MR 46 #2081 Zbl 0202.07602

[Harris 1990a] M. Harris, “Automorphic forms and the cohomology of vector bundles on Shimura
varieties”, pp. 41-91 in Automorphic forms, Shimura varieties, and L-functions (Ann Arbor, MI,
1988), vol. 11, edited by L. Clozel and J. S. Milne, Perspect. Math. 11, Academic Press, Boston, 1990.
MR 91g:11063 Zbl 0716.14011

[Harris 1990b] M. Harris, “Automorphic forms of d-cohomology type as coherent cohomology
classes”, J. Differential Geom. 32:1 (1990), 1-63. MR 91g:11064 Zbl 0711.14012

[Harris et al. 2013] M. Harris, K.-W. Lan, R. Taylor, and J. Thorne, “On the rigid cohomology of
certain Shimura varieties”, preprint, Institute for Advanced Study, Princeton, NJ, 2013, Available at
http://www.math.ias.edu/~rtaylor/rigcoh.pdf.

[Kato 1989] K. Kato, “Logarithmic structures of Fontaine—Illusie”, pp. 191-224 in Algebraic analysis,
geometry, and number theory: proceedings of the JAMI Inaugural Conference (Baltimore, MD,
1988), edited by J. I. Igusa, Johns Hopkins University Press, Baltimore, MD, 1989. MR 99b:14020
Zbl 0776.14004

[Lan 2012] K.-W. Lan, “Comparison between analytic and algebraic constructions of toroidal
compactifications of PEL-type Shimura varieties”, J. Reine Angew. Math. 664 (2012), 163-228.
MR 2980135 Zbl 1242.14022

[Lan 2013] K.-W. Lan, Arithmetic compactifications of PEL-type Shimura varieties, London Mathe-
matical Society Monographs Series 36, Princeton University Press, 2013. MR 3186092 Zbl 1284.
14004

[Lan 2014] K.-W. Lan, “Compactifications of PEL-type Shimura varieties and Kuga families with
ordinary loci”, preprint, 2014, Available at http://math.umn.edu/~kwlan/articles/cpt-ram-ord.pdf.
[Lan and Suh 2011] K.-W. Lan and J. Suh, “Liftability of mod p cusp forms of parallel weights”, Int.

Math. Res. Not. 2011:8 (2011), 1870-1879. MR 2012e:11085 Zbl 1233.11042
[Lan and Suh 2012] K.-W. Lan and J. Suh, “Vanishing theorems for torsion automorphic sheaves

on compact PEL-type Shimura varieties”, Duke Math. J. 161:6 (2012), 1113-1170. MR 2913102
Zbl 06029039

[Lan and Suh 2013] K.-W. Lan and J. Suh, “Vanishing theorems for torsion automorphic sheaves on
general PEL-type Shimura varieties”, Adv. Math. 242 (2013), 228-286. MR 3055995 Zbl 1276.11103

[Ogus 1994] A. Ogus, F-crystals, Griffiths transversality, and the Hodge decomposition, Astérisque
221, Société Mathématique de France, Paris, 1994. MR 95g:14025 Zbl 0801.14004

[Pilloni and Stroh 2013] V. Pilloni and B. Stroh, “Surconvergence, ramification et modularité”,
preprint, 2013, Available at http://www.math.univ-paris13.ftr/~stroh/Artin.pdf.

[Stroh 2010] B. Stroh, “Relévement de formes modulaires de Siegel”, Proc. Amer. Math. Soc. 138:9
(2010), 3089-3094. MR 2011g:11093 Zbl 1257.11046

[Stroh 2013] B. Stroh, “Classicité en théorie de Hida”, Amer. J. Math. 135:4 (2013), 861-889.
MR 3086063 Zbl 06203651

[Tian and Xiao 2013] Y. Tian and L. Xiao, “p-adic cohomology and classicality of overconvergent
Hilbert modular forms”, preprint, 2013. arXiv 1308.0779


http://dx.doi.org/10.1007/BFb0098927
http://msp.org/idx/mr/85k:22028
http://msp.org/idx/zbl/0539.22008
http://dx.doi.org/10.1007/BF01403182
http://dx.doi.org/10.1007/BF01403182
http://msp.org/idx/mr/46:2081
http://msp.org/idx/zbl/0202.07602
http://www.jmilne.org/math/Books/AA1988b.pdf
http://msp.org/idx/mr/91g:11063
http://msp.org/idx/zbl/0716.14011
http://projecteuclid.org/euclid.jdg/1214445036
http://projecteuclid.org/euclid.jdg/1214445036
http://msp.org/idx/mr/91g:11064
http://msp.org/idx/zbl/0711.14012
http://www.math.ias.edu/~rtaylor/rigcoh.pdf
http://www.math.ias.edu/~rtaylor/rigcoh.pdf
https://www.uni-due.de/~mat903/sem/ss08/Kato-LogStructures.pdf
http://msp.org/idx/mr/99b:14020
http://msp.org/idx/zbl/0776.14004
http://dx.doi.org/10.1515/CRELLE.2011.099
http://dx.doi.org/10.1515/CRELLE.2011.099
http://msp.org/idx/mr/2980135
http://msp.org/idx/zbl/1242.14022
http://www.jstor.org/stable/j.ctt24hpwv
http://msp.org/idx/mr/3186092
http://msp.org/idx/zbl/1284.14004
http://msp.org/idx/zbl/1284.14004
http://math.umn.edu/~kwlan/articles/cpt-ram-ord.pdf
http://math.umn.edu/~kwlan/articles/cpt-ram-ord.pdf
http://dx.doi.org/10.1093/imrn/rnq145
http://msp.org/idx/mr/2012e:11085
http://msp.org/idx/zbl/1233.11042
http://dx.doi.org/10.1215/00127094-1548452
http://dx.doi.org/10.1215/00127094-1548452
http://msp.org/idx/mr/2913102
http://msp.org/idx/zbl/06029039
http://dx.doi.org/10.1016/j.aim.2013.04.004
http://dx.doi.org/10.1016/j.aim.2013.04.004
http://msp.org/idx/mr/3055995
http://msp.org/idx/zbl/1276.11103
http://msp.org/idx/mr/95g:14025
http://msp.org/idx/zbl/0801.14004
http://www.math.univ-paris13.fr/~stroh/Artin.pdf
http://dx.doi.org/10.1090/S0002-9939-10-10378-5
http://msp.org/idx/mr/2011g:11093
http://msp.org/idx/zbl/1257.11046
http://dx.doi.org/10.1353/ajm.2013.0038
http://msp.org/idx/mr/3086063
http://msp.org/idx/zbl/06203651
http://msp.org/idx/arx/1308.0779

Relative cohomology of cuspidal forms on PEL-type Shimura varieties 1799

Communicated by Richard Taylor
Received 2013-08-23 Revised 2014-08-03 Accepted 2014-10-08

kwlan@math.umn.edu School of Mathematics, University of Minnesota,
127 Vincent Hall, 206 Church Street SE,
Minneapolis, MN 55455, United States

stroh@math.univ-paris13.fr C.N.R.S, Université Paris 13, LAGA, 99 avenue J.B. Clément,
93430 Villetaneuse, France

mathematical sciences publishers :.msp


mailto:kwlan@math.umn.edu
mailto:stroh@math.univ-paris13.fr
http://msp.org




ALGEBRA AND NUMBER THEORY 8:8 (2014)
dx.doi.org/10.2140/ant.2014.8.1801

¢-modular representations of unramified
p-adic U(2,1)

Robert James Kurinczuk

We construct all irreducible cuspidal £-modular representations of a unitary group
in three variables attached to an unramified extension of local fields of odd residual
characteristic p with £ # p. We describe the £-modular principal series and show
that the supercuspidal support of an irreducible £-modular representation is unique
up to conjugacy.

1. Introduction

The abelian category Sizr(G) of smooth representations of a reductive p-adic
group G over an algebraically closed field R has been well studied when R has
characteristic zero. The same cannot be said when R has positive characteristic £;
here many questions remain unanswered. In this paper, we are concerned only with
the case ¢ # p. We study the set Irrg (G) of isomorphism classes of irreducible
R-representations, eventually specialising to G = U(2, 1), a unitary group in three
variables attached to an unramified extension F/F of nonarchimedean local fields
of odd residual characteristic. All R-representations henceforth considered will be
smooth.

A classical strategy for the classification of irreducible R-representations is
to split the problem into two steps: firstly, for any parabolic subgroup P of G
with Levi decomposition P = M X N and any o € Irrg(M), decompose the
(normalised) parabolically induced R-representation ig(o); and, secondly, con-
struct the irreducible R-representations which do not appear as a subquotient of an
R-representation appearing in the first step, the supercuspidal R-representations.
For any parabolic subgroup P, a supercuspidal irreducible R-representation 7 will
have trivial Jacquet module r,? (r) =0, by Frobenius reciprocity (i g is right-adjoint
to r[G,). When R has characteristic zero the irreducible cuspidal R-representations,
those whose Jacquet modules are all trivial, are all supercuspidal. However, in
positive characteristic ¢, there can exist irreducible cuspidal nonsupercuspidal
R-representations.

MSC2010: 22ES0.
Keywords: representations of p-adic groups, modular representations.
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By transitivity of the Jacquet module and the geometric lemma — see [Vignéras
1996, 11 2.19] — the cuspidal support of m € Irrg (G), that is, the set of pairs (M, o)
with M a Levi factor of a parabolic subgroup P of G and o an irreducible cuspidal
R-representation of M such that i is a subrepresentation of i g(o), is a nonempty
set consisting of a single G-conjugacy class; we say that the cuspidal support is
unique up to conjugacy. By transitivity of parabolic induction, the supercuspidal
support of w € Irrg (G), that is, the set of pairs (M, o) with M a Levi factor of a
parabolic subgroup P of G and ¢ an irreducible supercuspidal R-representation
of M such that & is a subquotient of i g(a), is nonempty. However, in general, it is
not known if the supercuspidal support of an irreducible R-representation is unique
up to conjugacy.

For GL,, and its inner forms, Vignéras [1996] and Minguez and Sécherre [2014b;
2014a] showed that the supercuspidal support of an irreducible R-representation is
unique up to conjugacy. The unicity of supercuspidal support is of great importance.
Firstly, the unicity of supercuspidal support (up to inertia) for GL,, leads to the block
decomposition of R (G) into indecomposable summands; see [Vignéras 1998].
Secondly, it is important in Vignéras’ £-modular local Langlands correspondence
for GL,, which is first defined on supercuspidal elements by compatibility with
the characteristic zero local Langlands correspondence and then extended to all
irreducible £-modular representations of GL,,. In this paper, we prove unicity of
supercuspidal support for U(2, 1). We hope this is the first step in establishing
similar results for U(2, 1) and in extending these to classical groups in general.

Our strategy is first to construct all irreducible cuspidal R-representations by
compact induction from irreducible R-representations of compact open subgroups.
The type of construction we employ has been used to great effect to construct all
irreducible cuspidal R-representations in a large class of reductive p-adic groups
when R has characteristic zero: [Morris 1999] for level zero R-representations
of any reductive p-adic group, [Bushnell and Kutzko 1993a; 1993b] for GL,
and SL,, [Sécherre and Stevens 2008] for inner forms of GL,, [Yu 2001] and
[Kim 2007] for arbitrary connected reductive groups under “tame” conditions,
and [Stevens 2008] for classical p-adic groups with p odd. Vignéras [1996] and
Minguez and Sécherre [2014b; 2014a] adapted the characteristic zero constructions
for GL, and its inner forms to £-modular representations. We perform similar
adaptations to Stevens’ construction to exhaust all irreducible cuspidal £-modular
representations of U(2, 1).

Theorem 5.3. Let G =U(2, 1) and let  be an irreducible cuspidal R-representa-
tion of G. There exist a compact open subgroup J of G with pro-unipotent radical
J ' such that J/J" is a finite reductive group, an irreducible R-representation « of J
and an irreducible cuspidal R-representation o of J/J" such that w ~ ind(]; (k®o).
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The construction is explicit and, furthermore, all R-representations
I, (0) =ind§ (k ® o)

constructed in this way are cuspidal. Moreover, we show that I, (o) is supercuspidal
if and only if o is supercuspidal (Remark 8.2). In work in progress, joint with
Stevens, we extend Stevens’ construction for arbitrary classical groups to the
£-modular setting.

In the split case, for general linear groups all irreducible cuspidal ¢-modular
representations lift to integral £-adic representations. For inner forms of GL,,, this
is no longer true; some cuspidal nonsupercuspidal £-modular representations do not
lift. For U(2, 1) we also find cuspidal nonsupercuspidal £-modular representations
which do not lift (Remark 5.5). These nonlifting phenomena appear quite different.
For U(2, 1) this nonlifting occurs because, in certain cases, there are £-modular
representations of the finite group J/J' which do not lift. For inner forms of GL,,
the nonlifting occurs when the normaliser of the reduction modulo £ of the inflation
of a cuspidal £-adic representation of an analogous group to J/J! is larger than
the normaliser of all of its cuspidal lifts. We find that all supercuspidal £-modular
representations of U(2, 1) lift (Remark 8.2), as is the case for GL, and its inner
forms.

Secondly, by studying the corresponding Hecke algebras, we find the charac-
ters x of the maximal diagonal torus 7" of U(2, 1) such that the principal series
R-representation i 2(2’1)( x) is reducible. We let x; denote the character of F* given
by x1(x) = x (diag(x, xx~!, x~1)), where x is the Gal(F/ F)-conjugate of x.
Theorem 6.2. Let G =U(2, 1). Then i g( X) is reducible exactly in the following
cases:

(1) x1 = v*?, where v is the absolute value on F;

(2) x1 = nvEL, where n is any extension of the quadratic class field character
WF/F, o F>*;

(3) x1 is nontrivial, but x | Fx is trivial.

When R is of characteristic zero this is due to Keys [1984]. In our proof we
need to apply his results to determine a sign. It should be possible to remove
this dependency by computation using the theory of covers (cf. [Blondel 2012,
Remark 3.13]). An alternative proof, when Fj is of characteristic zero, would be to
use the computations of [Keys 1984] with [Dat 2005, Proposition 8.4].

Finally, by studying the interaction of the right adjoints R, of the functors I,
with parabolic induction we find cuspidal subquotients of the principal series. When
cuspidal subquotients appear in the principal series we show exactly which ones
from our exhaustive list do, finding that the supercuspidal support of an irreducible
R-representation is unique up to conjugacy.
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Theorem 8.1. Let w be an irreducible R-representation of U(2,1). Then the
supercuspidal support of 7w is unique up to conjugacy.

In fact, in many cases, we obtain extra information on the irreducible quotients
and subrepresentations which appear. If £ # 2 and £ | ¢ — 1, we show that all
the principal series R-representations i g(z,l)( x) are semisimple (Lemma 6.8). If
£ g+1, we show that i g(z,l)( x) has a unique irreducible subrepresentation and a
unique irreducible quotient, and these are isomorphic (Lemma 6.10). A striking

example of the reducibilities that occur is when y = v=2.

Theorem (see Theorem 6.12 for more details). Let G = U(2, 1).

() If et (g — g+ (g> — g + 1), then ig(vfz) has length two with unique
irreducible subrepresentation 1 and unique irreducible quotient Stg.

Q) Ift £#2and t | q — 1, then ig(v_z) = 1 ® Stg is semisimple of length two.
B) Ift #3and €| g> —q + 1, then ig(v_z) has length three with unique cuspidal
subquotient. The unique irreducible subrepresentation is not isomorphic to the
unique irreducible quotient.

@ Ift#£2andl | g+ 1,orift=2and4|q+1, then ig(v_z) has length six
with 1 appearing as the unique subrepresentation and the unique quotient, and
Sfour cuspidal subquotients, one of which appears with multiplicity two. A maximal
cuspidal subquotient of ig (v™2) is not semisimple.

S) Ift=2and4|q—1, then ig(v_2) has length five with 1g appearing as the
unique subrepresentation and the unique quotient. All cuspidal subquotients of
ig(v_z) are semisimple and the irreducible cuspidal subquotients are pairwise
nonisomorphic.

2. Notation

2A. Unramified unitary groups. Let Fy be a nonarchimedean local field of odd
residual characteristic p. Let F' be an unramified quadratic extension of F and — a
generator of Gal(F'/ Fyp). If D is a nonarchimedean local field, we let o denote the
ring of integers of D, pp denote the unique maximal ideal of op, and kp =op/pp
denote the residue field. We let o9 = 0F,, po = PF,, ko = kF,, and ¢ = qo = |kF,|.
We fix a choice of uniformiser wr of Fy.

Let V be a finite-dimensional F-vector space and 4 : V x V — F a hermitian form
on V, that is, a nondegenerate form which is sesquilinear (linear in the first variable
and ~ -linear in the second variable) and such that & (vy, v2) = h(vy, vy) for all vy,
vy € V. The unitary group U(V, h) is the subgroup of isometries of GL(V), i.e.,
UV, h)={g e GL(V) : h(gvy, gvp) = h(vy, v2), vy, vy € V}. The form & induces
an anti-involution on Endr (V) which we denote by ~. Let o denote the involution
g g—l for ge GL(V). Wealsoleto acton Endr(V) by ar— —a fora €e Endg (V).
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2B. Parahoric subgroups. An op-lattice in V is a compact open o g-submodule
of V. Let L be an op-lattice in V and let Lat V denote the set of all og-lattices
in V. The op-lattice L* ={ve V :h(v,L) C pr}, defined relative to A, is called
the dual lattice of L. Let A=Endp(V) andg={X € A: X+ X° =0}. An
op-lattice sequence is a function A : Z — Lat V which is decreasing and periodic.
Let A be an op-lattice sequence. The dual op-lattice sequence A" of A is the
o r-lattice sequence defined by A%(n) = (A(—n))* for all n € Z. We call A self-dual
if there exists k € Z such that A(n) = A¥(n+ k) for all n € Z. If A is self-dual
then we can always consider a translate Ay of A such that either A (0) = A,E(O) or
Ax(1) = A(0).
Let A be an op-lattice sequence in V. For n € Z define

B, (A)={xeA:xA(m) C A(m+n) forall m € 7},

which is an op-lattice in A. We let 3, (A) =B, (A) N g.

If A is self-dual then the groups 33, (A) are stable under the involution which £
induces on A. In this case, define compact open subgroups of G, called parahoric
subgroups, by

P(A) =Po(A)* NG,

Pn(A)=0+B,(A)NG, meN.

The pro-unipotent radical of P(A) is isomorphic to P;(A). The sequence
(P, (A))men 1s a fundamental system of neighbourhoods of the identity in G and
forms a decreasing filtration of P(A) by normal compact open subgroups. The
quotient M(A) = P(A)/P1(A) is the kp-points of a connected reductive group
defined over k.

Let Py = P(A1) and P, = P(A;) be parahoric subgroups of G. Fix a set of
distinguished double coset representatives D; | for P,\G/ Py, as in [Morris 1993,
§3.10]. Let n € Dy 1; then

Pa,.un, =PL(P NPY)/ P}

is a parabolic subgroup of M; =P / P}, by [Morris 1993, Corollary 3.20]. Fur-
thermore, the pro-p unipotent radical of P} (P1NP3) is P% Py ﬂ(Pg)l), by [Morris
1993, Lemma 3.21]. If D, ; is a set of distinguished double coset representatives
for P,\G/ Py, then D, % is a set of distinguished double coset representatives for
P;\G/P,. Hence

Py, n1a, =P3(P2N"P1)/ P}

is a parabolic subgroup of My =P, / P;. Furthermore, the pro-p unipotent radical
of PY(P,N"Py) is P}(P2N"P}).
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2C. U2, 1)(F/Fy). Letx; € F fori =1,2,...,n. Denote by diag(xy, ..., X,)
the n-by-n diagonal matrix with entries x; on the diagonal and by adiag(x1, ..., x;)
the n-by-n matrix (a; ;) such that @, ,+1—m = Xn4+1-m and all other entries are zero.

Let V be a three-dimensional F-vector space with standard basis {e_1, eg, e;} and
h:V xV — F be the nondegenerate hermitian form on V defined by, for v, w € V,

h(v, w) = v_ 1w + vowo + vViW_;

if v = (v_1, v, v1) and w = (w_1, wo, wy) with respect to the standard basis
{e_1, eq, e1}. Let U(2, 1)(F/ Fy) denote the unitary group attached to the hermitian
space (V, h), i.e.,

UQR, 1)(F/Fp) =g € GLs(F) : gJg" J = 1},

where J = adiag(1, 1, 1) is the matrix of the form 4. We let U(1, 1)(F/Fy) and
U(2)(F/ Fp) denote the two-dimensional unitary groups defined by the forms whose
associated matrices are adiag(1, 1) and diag(1l, @ r) respectively. Let

U(F/Fy) ={geF":gg=1)}

and occasionally, for brevity, let F '=UW)(F/Fy). We use analogous notation for
unitary groups defined over extensions of Fy and defined over finite fields.

Let B be the standard Borel subgroup of U(2, 1) (F/ Fp) with Levi decomposition
B =T x N, where T = {diag(x,y,x ) :x e F*,ye F'} and

1 xy
N={ 01 x :x,yeF,y—F)_/:xi}.
001

The maximal Fy-split torus contained in T is Ty = {diag(x, 1,x ) :x € FOX}. The
subgroup of T generated by its compact subgroups is

T° = {diag(x, y, ¥ ) :xe€o0r, ye F'}.

Let 7! = TNdiag(1 +pr, 1 +pr, 1 +pF).

Let A be the ofg-lattice sequence of period three given by A;(0) =or ®orPDor,
Aj(l)=o0rp@or®pr and A;(2) = 0ofF @ pr D pr with respect to the standard
basis. The (standard) Iwahori subgroup of G is the parahoric subgroup

O O OF
P(A))=|pr or or | NG.

PF PF PF
There are two parahoric subgroups of G which contain P(A ), both of which are

maximal. These correspond to the lattice sequences A, of period one and A, of pe-
riod two with A, (0) =0r®0or®or, Ay(0) =0rPor®prand Ay(1) =0rDprdPpr.
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Note that we have M(A,) >~ U(2, 1)(kr/ko), M(Ay) = U(1, 1)(kr/ko) x k}p and
M(A;) ~ k; X k}. Furthermore, M(A ;) is a maximal torus in M(A,) and P(A )
is equal to the preimage in P(A,) of a Borel subgroup B,, which we call standard,
under the projection map P(A,) — M(A,); the same holds with y in place of x
throughout.

The affine Weyl group W= Ng(T)/TP of U2, 1)(F/Fy) is an infinite dihedral
group generated by the cosets represented by the elements w, = adiag(1, 1, 1) and
wy = adiag(wF, 1, wgl). Furthermore, we have P(A,) =P(A ;) UP(A))w, P(A))
and P(A,) =P(A;) UP(Ap)w, P(Aj).

2D. Reduction modulo £. Let Q) be an algebraic closure of the £-adic numbers,
Z, be the ring of integers of Qy, I be the unique maximal ideal of Zy,and Fy =27, /T
be the residue field of @y, which is an algebraic closure of the finite field with
£ elements. Let Btz (G) denote the Grothendieck group of R-representations, i.e.,
the free abelian group with Z-basis Irrg(G). A representation in 9%@ (G) will be
called £-adic and a representation in R, (G) will be called £-modular. We say € is
banal for G if it does not divide the pro-order of any compact open subgroup of G.

Let (;r, V") be a finite-length £-adic representation of G. We call  integral if 7 sta-
bilises a Z,-lattice & in V. In this case 7 stabilises ' and 7 induces a finite-length
£-modular representation on the space £/ I'{. In general, this depends on the choice
of the lattice . However, due to [Vignéras 2004, Theorem 1], the semisimplification
of £/T'Z is independent of the lattice chosen and we define r, (), the reduction
modulo £ of 1, to be this semisimple £-modular representation. If 7 is a finite-length
R-representation of G we write [r] for the semisimplification of 7 in Gtg(G).

We fix choices of square roots of p in @EX and FZ such that our chosen square
root of p in F is the reduction modulo ¢ of our chosen square root of p in Q,
and make use of these choices in our definitions of normalised parabolic induction
and the Jacquet module.

Parabolic induction preserves integrality and commutes with reduction modulo £:
if P = M N is a parabolic subgroup of G and o is a finite-length integral £-adic
representation of M, then r, (i g (o))~ [i g (re (o))]. Furthermore, compact induction
commutes with reduction modulo ¢: if H is a closed subgroup of G and o an
integral finite-length representation of H such that indg (o) is of finite length, then
re (indg (o)) = [indg (r¢(0))]. For classical groups, due to [Dat 2005], the Jacquet
module preserves integrality and commutes with reduction modulo £: if P =M x N
is a parabolic subgroup of G and 7 is a finite-length integral £-adic representation
of G, then r¢(r§ (r)) = [r& (r¢(r))]. This implies that the reduction modulo ¢ of a
finite-length integral cuspidal ¢-adic representation is cuspidal.

Anirreducible R-representation is admissible, due to [Vignéras 1996, 11 2.8]. If =
is an R-representation, we let 7 or 7~ denote the contragredient representation of .



1808 Robert James Kurinczuk

The abelian category Rg(G) has a decomposition as a direct product of full
subcategories Ry (G), consisting of all representations all of whose irreducible
subquotients have level x for x € 0>, which is preserved by parabolic induction
and the Jacquet functor, by [Vignéras 1996, 11 5.8 and 5.12].

3. Cuspidal representations of U(1, 1) (kg / ko) and U(2, 1) (kr [ ko)

Our description of the supercuspidal £-adic representations of U(1, 1)(kr/ko) and
U2, 1)(kr/ ko) and the decomposition of the £-adic principal series follow from
similar arguments made for GL,(kr) and SL;(kr) by Digne and Michel [1991,
§15.9]. The character tables of both groups were first computed by Ennola [1963]
and the £-modular representations of U(2, 1)(kg/ ko) were first studied by Geck
[1990]. In this section, let H = U(1, 1)(kg/ko) and G =U(2, 1)(kr/ ko). We can
realise H and G as the fixed points of GL, (k) and GL3(k) under twisted Frobenius
morphisms F: (a; J) — (a D7 ! where k is an algebraic closure of kg containing k.
A torus T of GL; (k) (resp GLg (k)) is called minisotropic if it is stable under the
twisted Frobenius morphism F and is not contained in any F-stable parabolic sub-
group of GL, (k) (resp. GL3 (k)). We call a torus in H or G minisotropic if it is equal
to the F-fixed points of a minisotropic torus of the corresponding algebraic group.

3A. Cuspidals of U(1, 1)(kF [ ko).

3A1. Cuspidals. There are %(q2 + gq) irreducible £-adic supercuspidal represen-
tations of H. These can be parametrised by the regular irreducible characters of
the minisotropic tori of H. There is only one conjugacy class of minisotropic tori
in G, which is isomorphic to k1 X k1 hence a character of this torus corresponds
to two characters of k},. Furthermore, this character is regular if and only if it
corresponds to two distinct characters of k}p. Thus the £-adic supercuspidals can be
parametrised by unordered pairs of distinct irreducible characters of k}p. Let x1, x2
be distinct £-adic characters of k},. Let o (x1, x2) denote the £-adic supercuspidal
representation parametrised by the set {x;, x2}.

Using Clifford Theory, the decomposition numbers for H follow from the
well-known decomposition numbers of SU(1, 1)(kr/ko) >~ SLy(ko). We have
|H|=q(g — 1)(g + 1); hence, because g is odd, there are four cases to consider:
0lg—1,0]g+1,£=2,and ¢ is prime to (g> — 1).

All irreducible £-modular cuspidal representations of H are isomorphic to the
reduction modulo £ of an irreducible £-adic supercuspidal representation. If x is an
¢-adic character we let x denote its reduction modulo £. If x/, x; are £-adic charac-
ters ofk;, we have r¢ (o (x1, x2)) =re(o (x1, x3)) if and only if {x1, X2} ={x}, X5}
Welet o (X1, x2) =re(o(x1, x2)). Furthermore, (X1, X2) is supercuspidal if and
only if |{)x1, X2}| =2 and we have 6 (X1, X2) =0 (X2, X1)- Hence the irreducible
cuspidal nonsupercuspidal £-modular representations of H are parametrised by the
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£-modular characters of k}p and, if x is an £-modular character of k}p equal to the
reduction modulo £ of two distinct £-adic characters of k}p, weleto (x) =0 (X, X).
When £ 1 ¢ + 1, all irreducible cuspidal £-modular representations are supercuspidal.

3A2. Cuspidal nonsupercuspidals when £ | g + 1. Let £%||g + 1, so that there are
(g + 1)/£% cuspidal nonsupercuspidal £-modular representations denoted by o (x);
these occur as the reduction modulo £ of o ()i, x2) when ¥ = ¥ = x». Let
T = {diag(x,x ') : x € ky} be the maximal diagonal torus of H and By be
the standard Borel subgroup containing 7. The principal series representations
i gH (Xo&)~i gH (1)(x odet) are uniserial of length three with () o det) appearing
as the unique irreducible subrepresentation and the unique irreducible quotient, and
unique irreducible cuspidal subquotient o ().

3B. Cuspidals of U2, 1)(kF [ ko).

3B1. {-adic supercuspidals. There are two conjugacy classes of minisotropic tori
in G, which give rise to two classes of irreducible supercuspidal £-adic repre-
sentations coming from regular irreducible characters of these tori. Let E be
an unramified cubic extension of F. One conjugacy class of the minisotropic
tori has representatives isomorphic to le X le X le; the other conjugacy class
has representatives isomorphic to k,{:. However, in contrast to H, the irreducible
representations parametrised by the irreducible regular characters of these tori do
not constitute all the irreducible supercuspidal representations of G: additionally
there exist unipotent supercuspidal representations of G. Thus we have three classes
of £-adic supercuspidals:

(1) There are %(q +1)g(g—1) £-adic supercuspidals of dimension (g—1)(g>—g+1)
parametrised by the irreducible regular characters of k}p X k; X k}p. An irreducible
£-adic character of k; X k}p X k}p is of the form x; ® x2 ® x3, with x1, x2, x3
irreducible £-adic characters of k}, and is regular if and only if [{x1, x2, x3}| = 3.
We let o (x1, x2, x3) denote the ¢-adic supercuspidal corresponding to the set
{x1, x2, x3}-

(2) There are %(q +1)g (g — 1) £-adic supercuspidals of dimension (¢ —1)(g + 1)?
parametrised by the irreducible regular characters of k}g. An irreducible £-adic
character ¥ of k}g is regular if and only if %971 £ 1. We let 7 () denote the £-adic
supercuspidal representation corresponding to .

(3) There are (g + 1) unipotent £-adic supercuspidals of dimension g(g —1). These
can be parametrised by the irreducible characters of k}. We write v(x) for the
unipotent £-adic supercuspidal representation corresponding to the irreducible £-adic
character x of kL.

3B2. ¢-modular cuspidals. We have |G| = q>(g — 1)(¢ + 1)*(¢> — g + 1); hence
there are six cases to consider: £ =2, f=3and £ |qg+1,£|g—1,¢|q+1,£|q*>—q+1,
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and £ is prime to (¢ —1)(¢g+1)(g*> —g+1). When £ # 2, the decomposition numbers
can be obtained from [Geck 1990] and [Okuyama and Waki 2002] using Clifford
theory. Parabolic induction of the trivial character is completely described in [Hiss
2004, Theorem 4.1]. When £ | g — 1 or £ | g + 1, all irreducible cuspidal £-modular
representations lift to irreducible cuspidal ¢-adic representations. Analogously
to the two-dimensional case, we write ¥(¥X) = r¢(v(x)), T(¥) = re(t(¥)) and
o (X1, X2, X3) =re(0 (X1, X2, X3))-

When ¢ # 3 and £ | g% — g + 1, we have irreducible £-modular cuspidal represen-
tations which do not lift: if v is an £-adic character of k}E such that y9%! =£ 1 but
Yt =1, then ry(z(¥)) = v(x) @71 (X), where ¥ is the character of k. such that
V¥ =X o&, where £(x) = x?!, and T+ () does not lift. When £ =2 and 4|q —1,
we also have cuspidal representations which do not lift: if i is an £-adic character
of k1. such that y9*! # 1 but Y9! =1, then r(z(¥)) = ¥(x) ® (X)) T+ (%),
where ¥ is the character of k.. such that ¥ = ¥ o &, where £(x) =x9~!, and 7+ (¥)
does not lift. All other irreducible cuspidal £-modular representations of G lift to
£-adic representations and we use the same notation as before.

3B3. (-adic principal series. Let T ={diag(x, y,Xx ") :x ek}, ye k}p} be the max-
imal diagonal torus in G and B be the standard Borel subgroup of G containing 7'.

Let x; be an ¢-adic character of k and x> an £-adic character of k}. Let x be
the irreducible character of T defined by y (diag(x, y, x79)) = x1(x) x2(xyx~9).
The character x is regular if and only if Xi”l # 1, and in this case the principal
series representation i g( x) is irreducible.

If qu+1 =1 then x; = xj o &, where £(x) = x4~! and X; is an £-adic character
of k}p. If x{ =1, or equivalently x; = 1, then

i$(x) = 16(x2 o det) ® St ()2 o det),

where St is an irreducible ¢3-dimensional representation of G. If x; # 1 then

i () = R, (2 0det) @ Ry, (1) (x2 0 det),

where Ry, ) and Rsy, (4 are irreducible representations of G of dimensions
g> —q + 1 and g(g> — g + 1) respectively. The reducibility here comes from
inducing first to the Levi subgroup L* = U(1, 1)(kr/ko) x U(1)(kr/ ko), which is
not contained in any proper rational parabolic subgroup of G. Here 1y and Sty
denote the trivial and Steinberg representations of U(1, 1)(kg/ko), and R is a
generalised induction from L* to G.

3B4. Cuspidal subquotients of £-modular principal series. If £ 22 and £ | g — 1,
or £ is prime to (¢ — 1)(¢ + 1)(¢g> — g + 1), then all irreducible cuspidal £-modular
representations are supercuspidal and the principal series representations are all
semisimple.
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Let x, be an £-modular character of k}p. We first describe the £-modular principal
series representations i g(l)()_(z odet) in all the cases where cuspidal subquotients
appear.

(1) If ¢ #3 and ¢ | q2 —qg+1, ig(i)()_(z o det) are uniserial of length three with
(X o det) appearing as the unique irreducible subrepresentation and the unique
irreducible quotient and T () as the unique irreducible cuspidal subquotient.

) If¢#2and €| g+ 1,0r £ =2and 4| g+ 1, then i§(1)(x o det) have
irreducible cuspidal subquotients v(x) and o (x) =0 (X, X, x). The principal series
representations ig(I)()_( odet) are uniserial of length five with () o det) appearing
as the unique irreducible subrepresentation and the unique irreducible quotient.
A maximal cuspidal subquotient of ig(i)()_( o det) is uniserial of length three
with v()) appearing as the unique irreducible quotient and the unique irreducible
subrepresentation, and remaining subquotient o ().

(3) If£=2and 4| g —1 then ig (1)(x odet) has length four with (¥ odet) appearing
as the unique irreducible subrepresentation and the unique irreducible quotient, and
cuspidal subquotient v(x) & T (X).

Now let x| and x> be £-modular characters of k} with x| nontrivial and let
X1=X]0&. Let x be the £-modular character of T defined by

X (diag(x, y, x79)) = x1(x) x2(xyx™9).

If £1g + 1 then ig()_() does not possess any cuspidal subquotients. If £ | g + 1
then ig()_() is uniserial of length three with EIH &, y(X2 o det) appearing as the
unique irreducible subrepresentation and the unique irreducible quotient and cusp-
idal subquotient o (X, X, X2). This follows from [Bonnafé and Rouquier 2003,
Theorem 11.8] and the principal block of H as x corresponds to a semisimple
element with centraliser H x k; in the dual group.

4. Irreducible cuspidal R-representations of U(2, 1)(F/Fy)

Let G =U(2, 1)(F/Fp). We construct all irreducible cuspidal representations of G
by compact induction from certain irreducible representations of compact open
subgroups. We review some general theory first and recall results of Vignéras on
level zero representations. Our construction of all irreducible cuspidal representa-
tions of G then follows the outline of Stevens’ construction [2008] of all irreducible
cuspidal representations of classical p-adic groups in the complex case. While his
construction is carried out when R = C the first part remains equally valid when R is
any algebraically closed field of characteristic unequal to p, essentially as all groups
involved are pro-p . However, when we move to defining 8-extensions and beyond
the subgroups we are dealing with no longer have pro-order necessarily invertible
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in F(. It is here, and after, where we need to be careful and have to make nontrivial
changes to the proofs of the statements of [Stevens 2008]. It turns out that, even
though we have to change the proofs, the definitions and properties of S-extensions
in the £-modular case are completely analogous to those of complex S-extensions.
We note that as we are in the special case of unramified U(2, 1)(F/Fp), using the
framework of Stevens, we can show that our 8-extensions satisfy closer compatibility
properties than are available in the general case of classical groups.

4A. Types and Hecke algebras. By an R-type, we mean a pair (K, o) consisting
of a compact open subgroup K of G and an irreducible R-representation o of K.
Given an R-type we consider the compactly induced representation indg (o) of G,
the goal being to find pairs (K, o) such that indg (0) is irreducible and cuspidal.
Let w € Irrg(G); we say that w contains the R-type (K, o) if w is a quotient
of ind§ (o).

Let (K, o) be an R-type in G and ‘W be the space of o. The spherical Hecke
algebra #(G, o) of o is the R-module consisting of the set of all functions f :
G — Endgr (W) such that the support of f is a finite union of double cosets in
K\G/K and f transforms by o on the left and the right, i.e., for all k1, k, € K
and all g € G, f(k1gky) = o(ky) f(g)o (k). The product in #(G, o) is given by
convolution: if f1, f>» € #(G, o) then

fix )y =" fi(®) f(g~ " ).

G/K

The spherical Hecke algebra 7 (G, o) is isomorphic to Endg (indg (0)), where
multiplication in Endg (ind,G( (0)) is defined by composition. For g € G, let
I¢(0) = Homg (o, ind’Ingg of)andlet Ig(o) ={g € G: I,(0) #0}.

Let M(G, o) denote the category of right #(G, o)-modules. Define

My :RRr(G) — M(G, 0)

by 7 — Homg (indg (0), m); this is a (right) Endg (indg (0))-module by precom-
position. In the £-adic case, if (K, o) is a type in the sense of [Bushnell and Kutzko
1998, p. 584], M, induces an equivalence of categories between M (G, o) and the
full subcategory of SRz (G) of representations all of whose irreducible subquotients
contain (K, o).

An R-representation (7, V") of G is quasiprojective if, for all R-representations
(o, W) of G, all surjective ® € Homg (7', W) and all ¥ € Homg (7, W), there
exists E € Endg (V) such that ¥ = ® o E.

Theorem 4.1 [Vignéras 1998, Appendix, Theorem 10]. Let w be a quasiprojective,
finitely generated R-representation of G. The map p — Homg (7, p) induces a bijec-
tion between the irreducible quotients of w and the simple right Endg (;r)-modules.
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Let P be a parabolic subgroup of G with Levi decomposition P =M x N. Let P°P
be the opposite parabolic subgroup of P with Levi decomposition P°P = M x NP,
Let KT =KNN and K~ = KN N°. An element z of the centre of M is called
strongly (P, K)-positive if:

() zKtz7'cKtandzK—z7' DK~

(2) For all compact subgroups H;, H, of N (resp. N°P), there exists a positive
(resp. negative) integer m such that 7 Hiz=™ C H,.

Let (Ky, on) be an R-type of M. An R-type (K, o) is called a G-cover of
(K p, op) relative to P if we have:

(1) KNM = Ky and we have an Iwahori decomposition K = K~ Ky K ™.

) ResllgM (o) =ouy, Res§+ (o) and Resllg_ (o) are both multiples of the trivial
representation.

(3) There exists a strongly (P, K)-positive element z of the centre of M such that
the double coset Kz~!K supports an invertible element of # (G, o).

The point is that the properties of a G-cover allow one to define an injective
homomorphism of algebras jp : #(M, oy) — #(G, o) and hence a (normalised)
restriction functor (jp)* : M(G, o) — M(M, oypy); see [Bushnell and Kutzko 1998,
p- 585] and [Vignéras 1998, 11 §10].

Theorem 4.2 [Vignéras 1998, Il §10.1]. Let 7 be a finitely generated £-modular
representation of G. We have an isomorphism (jp)*(My (1)) =~ M, (r[(,; (m)) of
representations of M.

4B. Level zero {-modular representations. An irreducible representation 7w of G
is of level zero if it has nontrivial invariants under the pro-p unipotent radical of
some maximal parahoric subgroup of G.

Let A be a self-dual op-lattice sequence in V and P(A) the associated parahoric
subgroup in G. We define parahoric induction 15 : Rr(M(A)) — Rg(G) on the
objects of Ar(M(A)) by

Ix(0) =indf,,(0)

for o an R-representation of M(A), where, by abuse of notation, we also write o
for the inflation of o to P(A) by defining P;(A) to act trivially. This functor has
a right-adjoint, parahoric restriction Ry : Rr(G) — Rr(M(A)), defined on the
objects of Rr(G) by

RA(7) = P1A)

for m an R-representation of G. Parahoric induction and restriction are exact
functors.
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We have the following important lemma, due to Vignéras [2001]. In her paper,
the statement is for a general p-adic reductive group G.

Lemma 4.3 [Vignéras 2001]. Let Py = P(A1) and Py = P(A»,) be parahoric sub-
groups of G. Let o be a representation of M(A3) and fix a set D\ » of distinguished
double coset representatives of P\ G/ P,. We have an isomorphism

Ra oln@) > @ ip™ (3“2 ()"

PAI ”AZ A2 n*lAl
n€D1 2

Lemma 4.4. Let P(A1) and P(A») be parahoric subgroups of G associated to the
op-lattice sequences A1 and A, in V. Suppose that P(Ay) is maximal and let o be
an irreducible cuspidal representation of M(A;). We have

o if P(Ay) is conjugate to P(A) in G,

R I ~
210 14,(0) {0 otherwise.

Proof. By cuspidality of o, if )y (ZA” (0) #0, then Py 15, = M(A3). If P(A7)
is not conjugate to P(A1) then, for all ne D 2, the parabolic subgroup Py, ,-1,, is
a proper parabolic subgroup of M(A3). Hence Ry, oI, (0) 20 by Lemma 4.3. As
Ng(P(A2)) = P(Ay), if there exists n € Dj , such that P(n~'A1) =P(A,), there
can be only one such #n. In this case, Rp, oI5, (0) ~ o, by Lemma 4.3. O

4C. Positive level cuspidal £-modular representations.

4C1. Semisimple strata and characters. Let [A, n,r, B] be a skew semisimple
stratum in A; see [Stevens 2008, Definition 2.8]. Associated to [A, n, r, 8] and a
fixed level one character of FO>< are:

(1) A decomposition V = @i:l Vi, orthogonal with respect to 4, and a sum of
field extensions E = @521 E; of E such that A = @521 A; with A; an og,-lattice
sequence in V;; we say that A is an og-lattice sequence and write A when we are
considering A as such.

(2) The Fy-points of a product of unramified unitary groups defined over Fp,
Ge=[li= G

(3) Compact open subgroups H (A, B) € J(A, B) of G with decreasing filtrations
by pro-p normal compact open subgroups H"(A, 8) = H(A, ) N P,(A) and
JUA,B) =J(A, B)NP,(A), n > 1. When A is fixed we write J = J(A, 8),
H = H(A, B), and use similar notation for their filtration subgroups. We have
J = P(Ag)J!, where P(A[) is the parahoric subgroup of G ¢ obtained by consid-
ering A as an og-lattice sequence.

(4) A set of semisimple characters €_(A, r, B) of H (A, B). For r =0, we
write 6_(A, B) =6_(A, 0, B).
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Let[A;,n, 0, B],i =1, 2, be skew semisimple stratain A. For all 6y e €_(A1, B),
there is a unique 6, € €_(A,, B) such that 1 € I5(61, 62), by [Stevens 2005,
Proposition 3.32]. This defines a bijection

TA],Az,,B :%—(Al’ ﬂ) - %—(AZ’ ,3)

and we call 0, = Tp, ,,p(61) the transfer of 0;.
The skew semisimple strata in A fall into three classes:

(1) Skew simple strata [A, n, 0, 8], where E is a field.

(a) If E = F we say that [A, n, 0, 8] is a scalar skew simple stratum. In this
case, J/J1 =P(A)/P1(A) is isomorphic to one of GL(kr) x U(1)(kg/ ko),
U1, 1)(kr/ko) x U(1)(kr/ko) or U2, 1)(kr/ ko).

(b) Otherwise, E/F is cubic and J/J1 ~P(AE)/Pi(Ag) 2 U)(kg/kgo) is a
finite unitary group of order gzo + 1, where

qo if E/F is ramified.

(2) Skew semisimple strata [A, n, 0, 8] = [A1, 11,0, B1] @ [A2, n2, 0, B2], not
equivalent to a skew simple stratum, with [A;, n;, 0, B;] skew simple strata in
Endfg, (V;). Without loss of generality, suppose that V; is one-dimensional and
V, is two-dimensional. We have J/J! ~ ]_[?ZIP(A,-,E)/Pl(A,-,E). If Bp € F
and V; is hyperbolic, then Gg >~ U (1, 1)(F/Fy) x U1)(F/Fp) and P(Az g) is a
parahoric subgroup of U(1, 1)(F/Fp) and need not be maximal. If 8, € F and
V, is anisotropic, then Gg >~ U(2)(F/Fy) x U(1)(F/Fp) is compact. If E»/F is
quadratic then it is ramified, because there is a unique unramified extension of Fj
in each degree and Eg / Fy is quadratic and also fixed by the involution. Thus, if
E»/F is quadratic then J/J' ~U(1)(kr/ko) x U(1) (kg / ko).

(3) Skew semisimple strata [A, n, 0, 8] = @?ZI[A,-, n;, 0, B;], not equivalent to a
skew semisimple stratum of the first two classes, with [A;, n;, 0, B;] skew simple
stratain End g, (V;). In this case, J) IV =U) (kp/ ko) xU) (kr/ ko) xU) (kr/ ko).

qg if E/F is unramified,
qeo0 =

We say that m contains the skew semisimple stratum [A, n, 0, 8] if it contains a
character 0 € €_(A, B).

Theorem 4.5 [Stevens 2005, Theorem 5.1]. Let w be an irreducible cuspidal
£-modular representation of G. Then mw contains a skew semisimple stratum
[A, n, 0, Bl

4C2. Heisenberg representations. Let 0 € €_(A, B). By [Stevens 2008, Corol-
lary 3.29], there exists a unique irreducible representation 1 of J!(A, B) which
contains 6. We call such an n a Heisenberg representation. Furthermore, by [Stevens
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2008, Proposition 3.31],

1 ifgeJ'GgJ?t,

dimg (1 =
img (1g(n)) {0 otherwise.

4C3. B-extensions. Assume P(Afg) is maximal. A B-extension of a Heisenberg
representation n to J = J(A, f) is an extension x with maximal intertwining,
I (k) = I (n). By [Blasco 2002, Lemma 5.8], for all maximal skew semisimple
strata which are not skew scalar simple strata, S-extensions exist in the £-adic
case for G, and for ¢-modular representations we obtain B-extensions by reduction
modulo ¢ from the £-adic extensions. Note that the reduction modulo ¢ of an £-adic
B-extension & of J is irreducible: its restriction to J! is the reduction modulo £ of
n= Resj1 (), reduction modulo £ commutes with restriction, and, as J Uis pro-p ,
the reduction modulo ¢ of 7 is irreducible. Let [A, n, 0, 8] be a scalar skew simple
stratum and 0 € 6_(A, B). Then J' = H' =P(A), J =P(A), and 6 = x odet for
some character x of P;(A) (cf. [Bushnell and Kutzko 1993a, Definition 3.23]). The
character x extends to a character ¥ of F! and we define k : / — R by k = x odet.
Then « extends 6 and is intertwined by all of G, hence is a 8-extension. Hence, in
the maximal case, B-extensions exist.

Let [A, n, 0, 8] be a skew semisimple stratum. Suppose P (AEg) is not maximal
and choose a maximal parahoric subgroup P (A';) of G g associated to the og-lattice
sequence Az in V such that P(Ag) C P(A;). This implies that P(A) C P(A™).
Note that this is the case for unramified U(2, 1)(E/F), but not for classical groups
in general. Let 6 € €_(A, B) and let n be the irreducible representation of
J”11 = J'(B, A) which contains 0. Let 6,, = Ta,Am,g(6) and let n,, be the irreducible
representation of J!'(8, A™) which contains 6,,. Let «,, be a S-extension of 7,,.

Lemma 4.6. There exists a unique extension k of n to J such that Reslj,”é Ap)J! (Km)

and k induce equivalent irreducible representations of P(Ag) Pi(A).

Proof. If P(Ag) is maximal then «,, = « and there is nothing to prove. Let k,, be a
lift of x. By [Stevens 2008, Lemma 4.3], there exists a unique irreducible £-adic
representation k£ of J such that Res{,’? Ag)J) (Km) and « induce equivalent irreducible
representations of P(Ag)P;(A). By reduction modulo ¢, we have an irreducible
£-modular representation k = r¢(k) which extends 5 such that

[lndi(AE)Pl(A) K] — [lndP(AE) PI(A) Resjm Jl (K'm)].

P(Ap)J,, P(AE)
By Mackey Theory,
ResE OO (ing?BEPD) 1) ingPi®)

Furthermore, J' C Ip,(r) (k) S Ip,a)(n)=J 1, s0 indi} (M) and hence indI;(AE) Pi(A),

are irreducible. O
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A B-extension of n is an extension k of n to J constructed in this way. We call two
B-extensions which induce equivalent representations, as in Lemma 4.6, compatible.
With the next lemma we show we can “go backwards” and from a S-extension
defined in the minimal case we define two unique compatible S-extensions in the
maximal case. In this way we get a triple of compatible B-extensions. Let P(A';) be
a maximal parahoric subgroup of G g containing P(A g) associated to the o-lattice
sequence A’; in V. Let 6, = ta a7 g(0), n, be the irreducible representation of
J! (B, A") which contains 6,, and « be a B-extension of 7.

Lemma 4.7. There exists a unique f3-extension k, of n, which is compatible with k.

Proof. By [Stevens 2008, Lemma 4.3], there exists a representation £ of P(A E)J,1
such that ¥ and k£ induce equivalent representations of P(Ag) P1(A). Let k" be a
B-extension of 5,. The restriction to P(A E)Jr1 of k" and « differ by a character
x of B, =P(AEg)/Pi(A’;) which is trivial on the unipotent part of B, and inter-
twined by the nontrivial Weyl group element w. By the Bruhat decomposition,
M, = M(A%;) = B, U B,wB,; hence x is intertwined by the whole of M, and
extends to a character of M,.. Hence «x, =k ® x ! is a B-extension of 7, which is
compatible with x. By reduction modulo ¢, as in the proof of Lemma 4.6, we have
the corresponding statement in the £-modular setting. O

4C4. «-induction and restriction. Fix [A, n, 0, B] a skew semisimple stratum in A,
6 € €_(A, B), n the unique Heisenberg representation containing 6 and « a
B-extension of 7.

Let o be an R-representation of M(A g) and, by abuse of notation, we also write o
for the inflation of o to J obtained by defining J! to act trivially. The functor
RrM(AE)) — Rr(J) given by 0 > « @ o identifies Rr(M(Ag)) with the full
subcategory of n-isotypic representations of J; see [Vignéras 2001, Definition 8.1].
Define «-induction, I, : Rg(M(AE)) = Rr(G), by

I, (0) =ind§ (k ® o)

for o an R-representation of M(A g) and defined analogously on the morphisms of
MRr(M(AE)). This functor has a right adjoint, R, : Rg(G) - Rr(M(AE)), called
k-restriction, defined by

Ry () = Hom i (k, ),

where the action of M(Ag) is given by: for f € Hom i («, w) and m € M(ApE), let
j € J represent the coset m € J/J', thenm - f =m(j)o for ().

In the level zero case, we have J = P(A) and we can choose x to be trivial,
thus we have I, =1, and R, = R,. Hence «-restriction and induction generalise
parahoric restriction and induction. Related to [A, n, 0, B8], we also have functors
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of parahoric induction If{ :RR(M(AE)) — Rr(GE) and parahoric restriction
Rf; Rr(GE) > Rr(M(AE)) obtained by considering A as an o g-lattice sequence.

Theorem 4.8 [Kurinczuk and Stevens 2014]. Let [A', n,0, Bl,i =1, 2, be skew
semisimple strata. Let 0; € 6_(A', B) and 6, = Tala2,8(01). Fori=1,2, let n;
be a Heisenberg extension of 0;, k; be compatible B-extensions of n;, and let o be
an R-representation of M(A}g). Then

Ry, ol (0) ~RE, oI5, (o).

The proof of Theorem 4.8 in [Kurinczuk and Stevens 2014] follows from a
combination of Mackey theory, isomorphisms defined as in [Bushnell and Kutzko
1993a, Proposition 5.3.2], and the computation of the intertwining spaces I, (11, 172)
for g € G, which are one-dimensional if g € G and zero otherwise.

Lemma 4.9. In the setting of Lemma 4.6, let k and k,, be compatible B-extensions.
Then, for all o0 € Rr(M(AE)), we have

Le(0) 2 indf p (ki @ 0)
and, for all R-representations w of G, we have R, (1) =~ HoerL P (Ap) Km» ).

Proof. By transitivity of induction and Lemma 4.6, I¢(0) = indf, ,, | (kn ® 0).
By reciprocity, for 7 an R-representation of G, R () >~ Hom 1 p, (a ) (km, 7). U

Define «-induction I; : RrR(M(AE)) — Rr(G) by (o) = ind?(;? ® o) for
o an R-representation of M(Ag). This functor has a right adjoint, k-restriction,
Rz : Rr(G) > Rr(M(AE)) defined by Ry (;r) = Homji (k, ), where the ac-
tion of M(Ag) on Rz () is defined analogously to x-restriction. In fact, K is
a —pB-extension for the semisimple character #~! for the semisimple stratum
[A,n,0,—8].

Lemma 4.10. Let w be an R-representation of G and o be an irreducible repre-
sentation of M(Ag). Then (R, (7)) ~ Rg(7) and, if I, (o) is irreducible, then
I. (o)™ >~ 1:(0).

Proof. We have an isomorphism of vector spaces
Hom i (k, 7)~ >~ Hom i (77, k) >~ Hom ;1 (k, 7T)

by [Henniart and Sécherre 2014, Proposition 2.6], and checking the action of J/J!
we have (R, (7))~ >~ Rz (). If I, (0) is irreducible, then it is admissible and we
have I, ()~ >~ Iz (6) by [Vignéras 1996, 1 8.4]. O

If P(Ag) is not maximal, let k7 = Res?, (k). Define Ry, a : Re(T) — Re(T)
by R, A () =Homypi (7, 7).
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5. Exhaustion of cuspidal representations

In this section, we exhaust all irreducible cuspidal ¢-modular representations of
unramified U(2, 1)(F/Fp). To do this we construct covers. The construction we
give here is a vast simplification of that of [Stevens 2008], available as we are in the
special case of unramified U(2, 1). As the covers are constructed on compact open
subgroups with pro-order not necessarily invertible in Fy it is not clear whether or
not the construction will follow mutatis mutandis the complex construction. In fact,
for the relatively simple proof we give here for U(2, 1)(F/ Fp), it does. It is only
when we come to computing the parameters of associated Hecke algebras later that
we have to change the complex proof, and these changes occur in computing the
parameters of Hecke algebras of certain associated finite reductive groups.

5A. Covers. In the £-adic case our construction of G-covers is a special case of the
general results of [Stevens 2008, Propositions 7.10 and 7.13]. Let [A, n, 0, B8] be a
skew semisimple stratum in A such that P(A g) is not a maximal parahoric subgroup
of G . For unramified U(2, 1)(F/Fp), this implies H' (A, 8) = J' (A, B), which,
in the notation of [ibid.], implies that J = Jp. Moreover, P(Ag)/ P (AE) is abelian
and isomorphic to k}g xkp. Let® € 6_(A, B); then n =0 is the unique Heisenberg
representation containing 6. Let k be a B-extension of 7 and o € Irrg(J/J ). Then
A =k ® o is a character of J. Let k7 = Res;O(K) and set Ay = k7 ® 0. Let
J = NN)JNT)J NN) be the Iwahori decomposition of J with respect to B.
We have A(j ™ j7jT) = Ar(jr) for j~ € (JAN), jre JNT,and j* € (JNN).

Lemma 5.1. The element w, intertwines A if and only if wy intertwines A.

Proof. Suppose w, € I5(A). Then, as w, normalises 7°, w, normalises Res;0 (A).
For all 1 € T° we have w tw, = wytwy; hence w, normalises Res;O(A). Let
j€JNwyJw, be such that j = w, j'w, with j" € J. Using the Iwahori decom-
position of J we have j = jyjrjy and j = j]/\,j/TjI’V with jy, jj upper triangular
unipotent, j, j/’V lower triangular unipotent and jz, j; in 7. Thus

Jj= Wyj/wy_l = (wy jywy) (Wy jzwy) (wy j5wy)

and, by unicity of the Iwahori decomposition, jy = w, jywy, jr = wyjrw, and
N = wyj’ﬁwy. Therefore wy € I (A). O

Lemma 5.2. Let Ay = k7 ® 0. Then (J, L) is a G-cover of(TO, Ar).

Proof. In the £-modular case, it remains to show that there exists a strongly
(B, J)-positive element z of the centre of T such that Jz~'J supports an invertible
element of #(G, A). Let { = w,w,. Then ¢ is strongly (B, J)-positive. For
g € Ig(1), because A is a character, I,(A) ~ R and there is a unique function in
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fe € #(G, 1) with support JgJ such that f,(g) = 1. We have ¢, ¢l els(V);
hence f;, fr-1 € #(G, 1).
Suppose that w, & Ig(X), i.e., Ig(A) = JT J. As ¢ is strongly positive,

Jedc\y=uci ¢,

Suppose y € J¢J¢~'JNJTJ. Then we can write y = jitj and y = j3¢j ¢ jy
with ji, jo, j3, ja€e J,t € T and j~ € J~. Thus, we can write
¢jeT =il
with j, j* € J. By the Iwahori decomposition of J applied to the elements j and
(j)~!, we have
i = xdrintiniriy

with ji, jy € JON, ji, ji € JNN and jr, j; € JNT. Then j;{j‘g“_l (jl’v)‘l eN
and j3'¢j7¢7 Gt = Jrintiyiy € Bi hence jI'ejTe ()™ =1 and
{j‘;‘l € J. Therefore, y € J and J{J{_IJ NJTJ = J. Hence f; * fr-1 is
supported on the single double coset J. We have f; x f,-1(1g) = g*. Hence Se-
is an invertible element of (G, ) supported on the single double coset J¢ ™! J.

Now, suppose that w, € Ig(A), then w, € I5(A) by Lemma 5.1. Hence
Sw.s fw, € #(G, ). Let s € {x, y}. The maximal parahoric subgroup P(A;) of G
contains J and wy and P(Ay) NG g is a maximal parahoric subgroup of G . More-
over, (JNGE)/(P1(Ay)NGE) is a Borel subgroup of (P (A;)NGE)/(P1(As)NGE).
By [Stevens 2008, Lemma 5.12], I (n) = JGEJ, thus the support of #(G, A) is
contained in JG g J. Hence,

SUPP(wa *fwx) CJwsJws J)NJGEJ
CPAINIGE] =J(P(A)NGE)S
=J((JNGRp)UUNGEp)ws(JNGE))J,
by the Bruhat decomposition of (P(A;) N GEg)/(P1(As) NGE), which is a finite
reductive group. Thus, supp( fu, * fu,) € J UJwsJ. We have that f,, » f,,, (16) =
[J:JNwsJws] is a power of g. Let a; = f, * fu, (1) and by = fi,, * fu, (Wy).
Therefore, for s € {x, y}, fu, is an invertible element of (G, 1) with inverse
(1/ag)(fw, — bs f1). By [Stevens 2008, Lemma 7.11], we have (J N N)*Y* C JNN
and (J N N)¥» € JNN. By the Iwahori decomposition of J,
JwyJweJ = J(wy(J NN)w )wywy (wy (J N T)wy) (wy (J N N)wy)J
=J(INN)wyw, (JNT)*(J NN J
CIUNN)wyw(JNT)JINN)J = Jwyw, J.

Moreover, we clearly have Jwyw,J € Jw,Jw,J. Hence Jwyw,J = Jw,Jw,J.
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Therefore, f, * fu, is an invertible element of (G, A) supported on the single
double coset J¢!J. U

5B. Cuspidal representations. The following theorem addresses the construction
of all irreducible cuspidal £-modular and ¢-adic representations of G.

Theorem 5.3. (1) Let[A,n,0, 8] be a skew semisimple stratum in A, 6 € 6_(8, A),
n the unique Heisenberg representation containing 0, k a 3-extension of n and o
an irreducible cuspidal representation of M(Ag). Then 1, (o) is quasiprojective.
Furthermore, if P(Ag) is a maximal parahoric subgroup of Gg, then 1, (o) is
irreducible and cuspidal.

(2) Let m be an irreducible cuspidal representation of G. Then there exist a
skew semisimple stratum [A, n, 0, B] with P(A g) a maximal parahoric subgroup
of Gg,0 € €_(B, A), a B-extension k of the unique Heisenberg representation 1
which contains 6 and an irreducible cuspidal representation o of M(Ag) such
that m >~ 1, (o).

Proof. (1) Quasiprojectivity follows mutatis mutandis the proof given in [Vignéras
2001, Proposition 6.1]. So suppose P(A ) is a maximal parahoric subgroup of G .
By Theorem 4.8 and Lemma 4.4 we have

R, ol (o) ~RE oI5 (0) ~ 0.

The proof of irreducibility follows mutatis mutandis the proof given in [Vignéras
2001, Proposition 7.1].

(2) By Theorem 4.5, w contains a skew semisimple stratum [A, n, 0, 8]. Suppose
6 € €_(A, B) is a skew semisimple character which m contains. Let k be a
B-extension of the unique Heisenberg representation n which contains 6. Then
contains ¥k ® o for some o € Irrg(M(AE)). We show that we may assume that o is
cuspidal. If P(A g) is not maximal then o is cuspidal, so we can suppose that P(Ag)
is maximal. Let B(Ag) be the standard Borel subgroup of M(A g) and P(A’;) the
preimage of B(Ag) under the projection map. Suppose that rg/l(([(\;)) (0) # 0. Then,
as T contains o, rgl(([(\EE)) (R (r)) # 0. We have

rg/[((leE)) (R (,r)) =~ Hom 1 (k, )P AT HomPl(A’E)Jl (r, 1),
which, by Lemma 4.9, implies that R,s o/ (7r) # 0 where «’ is the unique B-extension
containing 7 s/, (0) compatible with x. Hence 7 contains a skew semisimple
stratum [A’, n, 0, B] such that P(A’;) is not maximal and thus contains ¥’ ® o”,
with o a cuspidal representation of M(A’;). By Theorem 4.2 and Lemma 5.2, if &
contains a skew semisimple stratum [A, n, 0, 8] such that P(A ) is not a maximal
parahoric subgroup of G, then m is not cuspidal. Therefore P(Ag) is maximal
and o is cuspidal. (]
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For level zero representations we can refine the exhaustive list of irreducible
cuspidal representations given in Theorem 5.3 into a classification.

Theorem 5.4. Fori =1, 2, let P(A;) be a maximal parahoric subgroup of G and
o; an irreducible cuspidal representation of M(A;). If Homg (I, (01), Ix,(02)) #0
then (P(A1), o1) and (P(Ay), 02) are conjugate.

Proof. By reciprocity and Lemma 4.3,

M(A M(A
Homg (In, (01), In,(02)) = @5 Homuap (o1, ip, ) (rPA<2 Y 0)").
n 1
nEDl’z

Hence
Homg (I, (01),1a,(02)) #0

if and only if there exists n € D1 7 such that

Homia (01, 7y, (72, (02)") #0.

1
PA Ay Apn—lA

Assume there exists such an element n. By cuspidality of 02, Py, ,-14, = M(A2),
s0 P1(A2)(P(A2)NP(n=1A1))/ Pi(A2) = M(A»). By cuspidality of o1, Py, np, =
M(A1),s0P1(A)P(A)NP(AL))/Pi(A1)=M(A1). If P(A1) and P(A,) are not
conjugate then for all g € G, in particular n € D », the group P(A1) NP(gA2) must
stabilise an edge in the building and hence is not maximal. Thus it cannot surject
onto either M(A 1) or M(A»). Hence there exists n € D1 3 such that P(A1) =P(nA»)
and Homyy(a,) (01, 05) # {0}; i.e., (P(A1), 01) and (P(A2), 02) are conjugate. L[]

Remark 5.5. Let £ | (4> — g + 1). The irreducible cuspidal £-modular represen-
tations I, (T7(x)) do not lift. A lift must necessarily be cuspidal as the Jacquet
functor commutes with reduction modulo £. However, by Theorem 5.3, all £-adic
level zero irreducible cuspidal representations are of the form I, (0y) or I, (o)
with o, (resp. oy) an irreducible cuspidal £-adic representation of M(Ay) (resp.
M(A)). Furthermore, r¢(I5, (o)) =14, (r¢(0w)) as compact induction commutes
with reduction modulo ¢, for w € {x, y}. Hence, by Section 3B2, I, Tt (x))
does not lift, but does appear in the reduction modulo ¢ of I (t(v)), where

re(Ia, (t(¥)) =1a, 0CO) ®1a, T+ (X))

6. Parabolically induced representations

Let wr,F, be the unique character of F, < associated to F/Fy by local class field
theory. That is, wr/p, is defined by wr/F, |g; =1 and wr/f(wF) = —1. All
extensions of wr/p, to F* take values in Zz , hence are integral. Let x; be a
character of F* and x, be a character of F!. Let x be the character of T defined
by

x (diag(x, y, ¥71) = x1(x) 2 (xx " y),
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!'is a surjective map F* — F!. Every

character of T appears in this way: we can recover x| and x, from y by

which is well-defined because x — xx—

x1(x) = x (diag(x, ¥/x, x71),  x2(y) = x (diag(l, y, 1)).

The character yx, factors through the determinant and

iS00 ~i§ (x1)(x2 0 det),

where x is the character x;(diag(x, y, x71)) = x1(x) of T. Hence the reducibility
of i g () is completely determined by that of i g (x1). The character x is not regular
if x1(x) = x1(x)~!, which occurs if and only if x; is an extension of 1 or wr/F,
to F*. An irreducible character x has level zero if and only if both x; and y, have
level zero.

Let v be the character of T given by v(diag(x, y, 1Y) = |x|F, i.e., the character
with x;(x) = |x|F and y trivial, where we normalise |- |r so that || = 1/gq.
The modulus character 85 of B is given on T by 8z = v™*. Because the image of v
is contained in ZZ, v and §p are integral. If q4 =1 mod ¢ then §p is trivial.

6A. Hecke Algebras. To find the characters y such that the induced representation
ig( x) is reducible we study the algebras #(G, A).

Theorem 6.1. Suppose At is a character of TC. Let (J, 1) be a G-cover of (T°, A1)
as constructed in Lemma 5.2.

(1) If At is regular then (G, 1) ~ R[X*'].

(2) If At is not regular then (G, )) is a two-dimensional algebra generated as an
R-algebra by f,, and f, and the relations

fwx *fwx = (qa - l)fwx +C]a,
Jw, * fu, =(q = 1) fu, +4,

where a =3 and fy, (1) = fu, (1) = Lif A7 is trivial on T and factors through the
determinant, and a = 1, f,, (1) = 1/q and fy, (1) =1 if not.

Proof. If g € Ig(A) then I,(A) ~ R, because x is a character. For g € Ig(4),
r € R, we let f,, denote the unique function supported on JgJ with f, ,(g) =r.
If A7 is regular then the support of #(G, 1) is JTJ =,z J¢"J and, since each
intertwining space is one-dimensional and f;» | has support J¢"J, we have an
isomorphism #(G, 1) >~ R[X*!] defined by f; 1 — X.

Suppose wy € Ig(A). By Lemma 5.1, w, intertwines A if and only if w,
intertwines A. The support of the Hecke algebra is contained in the intertwining of
n= Resjl (x), which is JG g J. By the semisimple intersection property [Stevens
2008, Lemma 2.6] and the Bruhat decomposition we have JGgJ = Uw cw JwJ.
As in the proof of Lemma 5.2 we have Jw,Jw,J = Jw,w,J and, similarly,
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JwyJwy,J = Jwyw,J. Hence, as the intertwining spaces are one-dimensional, the
support of fy, * fu, * fu, *- - * fu, 18 Jwywywy - - - w; J. Thus, as W is an infinite
dihedral group generated by wy and wy, #(G, 1) is generated by f, 1 and fy, 1 and
the quadratic relations f, 1 * fy,, 1 and fwv | * fw 1. Let A* and AY be og-lattice
sequences such that the parahoric subgroups P(A}) =P(Ag)UP(Ag)w, P(AE) and
P(A ) =P(AEg) UP(Ag)wy, P(AE). The parahoric subgroups P(A%) and P(A )
are nonconjugate, maximal and contain P(A ). Let k, and k, be the B-extensions,
compatible with «, defined by Lemma 4.6 related to the skew semisimple strata
[A*,n,0, 8] and [A”, 1,0, B].

For z € {x, y}, let K, = Res’
isomorphism

TU(B.AT) P(A L )(KZ). We have a support-preserving

H(G,kR0)>H(G,k, ®0)

by Lemma 4.6 and transitivity of compact induction. We have a support-preserving
injection of algebras

HP(AL),0) = H(P(AY), k, ®0)

defined by ® — &, ® ®, where o is considered as a character of P(Ag) trivial on
Pi(AE).

Let B; be the standard Borel subgroup of M(A%,). In the £-adic case, by [Howlett
and Lehrer 1980, Theorem 4.14], if zM(AE)(o) = ,0l ® ,02 with dlm(,ol) > d1m(,02)
then % (M(A%), o) is generated by Tuz), which is supported on the double coset
B,w, B, and satisfies the quadratic relation

TiT: = (d, — )T +d. T,

where d, = dim(p})/ dim(p5) and 77 is the identity of #(M(A%), ). By Section 3,
dy =¢q and

J - {q3 if A7 is trivial on 7! and factors through the determinant,
=

qg otherwise.

In the ¢- modular case, we choose a lift & of & such that & * = &. Let L be
a lattice in &. Recall that & is called a reduction stable of & if HM(AY),0) =
Z, ®f, %(M(AZ) L) and H(M(AY), o) = Q ®f, HM(AL),L). A ba31s of
HM(AS), &) is called reduction stable if it is a ba51s of #(M(A%), L) and o o is
reduction stable. By [Geck et al. 1996, Section 3.1], & is reduction stable and a basis
of HM(AY), ) is reduction stable. Hence we obtain a basis of HM(AL), 0)
satisfying the quadratic relations required by reduction modulo £.

By inflation, 7;; determines an element f,, , € %(P(A ), o) supported on Jw_ J.
Furthermore, fy, 1* fu, 1(1c) =[J : J NwyJw,] = q and fwy,l * fw).,l(lG)
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[/ :JNwy,Jwy] = q in all cases; hence r, =r, =1 if A7 is trivial on T! and
factors through the determinant, and r, = 1/q and r, = 1 otherwise. [l

6B. Reducibility points. Suppose ig( x) is reducible and let Ay = Res;0 (x). By
Theorem 6.1, A7 is not regular. Let (J, 1) be a G-cover of (T, A7) as constructed
in Lemma 5.2 with A = xk ® 0. If 7 is an irreducible quotient of I, (¢) and an
irreducible quotient of ig( x) then, by exactness of the Jacquet functor, rg ()
is one-dimensional. Hence, as (jg)* (M) (7)) >~ M, (rg (r)) by Theorem 4.2,
must correspond to a character of #(G, A) under the bijection of Theorem 4.1.
The characters of #(G, 1) are determined by their values on the generators f,_ »
and fwy, 1, where we let b = 1 if Ay is trivial on 7! and factors through the

determinant and b = 1/¢ otherwise. Let a be given by Theorem 6.1. The characters
of #(G, L) are summarised as follows:

Character of (G, A) Value on f,, » Valueon f, wy, 1

Esgn -1 -1
Eind q‘ q
E] qa —1
Ez —1 q
If g% # —1 mod ¢, these characters are distinct; if ¢ = —1 mod £ but g # —1
mod ¢, there are two characters, Esgn = E; and Ejpg = Ep; if ¢ = —1 mod ¢, there
is a unique character Esgp = &1 = Eijng = Eo.

To calculate the values of x where this reducibility occurs we study the re-
striction of the characters of #z(G, 1) to (T, A7) under (jp)*. The injection
jB : H(T, A7) = #(G, )) is induced by taking the unique function fgl e #H(T, A7)
with support Jr¢ and ch’l (¢) = 11to f; 1, the unique function in #(G, A) with
support J¢J and f; 1(¢) = 1. Moreover, we know that f; | = €fy, 1 * fu,,1 for
some scalar ¢ € R. It is determining the sign of this scalar which requiresv work.
The normalised restriction map (jg)* is then induced by this injection and twisting
by v~2. To find & we compare the value of the characters of (G, A) on f, 1 fw_v,l
twisted by ev=2(¢) to known reducibility points.

Character x of 8V72(§)X(fwx,1*fwy,l) Eviz(g)X(fwx,l*fwy,l)

Hr(G, A) a=3, b=1 a=1,b=1/q
Esgn q—28 q_lg
Eind q’e qe
1 —q¢ —&

(] [

2 —q'e —e
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First consider the case when @ =3 and b = 1/¢. As the trivial representation is
an irreducible subquotient of ig(vﬁ), the induced representations are reducible.
Thus v*%(¢) = ¢*2 € {g ¢, ¢%¢, —qe, —q ¢} and this multiset of values of the
characters must be {¢~2, g2, —q, —g~'}. Moreover, by compatibility with the
¢-adic case by reduction modulo £, we must have ¢ = 1 with v*? corresponding to
8sen and Eijng. The other reducibility points, corresponding to the characters 2
and E, of %(G, 1), are the characters x of T of the form x = nv*!, where 7 is
any extension of wr /g, to F* which is trivial on F ! such that x |0 factors through
the determinant.

Now consider the case when a = 1 and b = 1/¢. Using an alternative method,
Keys [1984] computed the ¢-adic reducibility points. Comparing the value of a pair
of these on ¢ — see [Keys 1984, Section 7] — with our values in the table we must
have ¢ = —1 in all other cases. This gives reducibility points the characters y of T
of the form x = nv*!, where 7 is any extension of wr,r, to F* not trivial on F!,
corresponding to the characters Eggq and Eijng of #(G, 1), and the characters x of T
of the form y; is nontrivial, but y | Fr is trivial, corresponding to the characters
g1 and E, of #(G, A).

Theorem 6.2. Let x be an irreducible {-modular character of T. Then ig (x) is
reducible exactly in the following cases:

(1) x =v*%
(2) x = nvt!, where n is any extension of wr/F, to F™;

(3) x1 is nontrivial, but x | Fx is trivial.

6C. Parahoric restriction and parabolic induction. As the parabolic functors re-
spect the decomposition of Rz (G) by level, by [Vignéras 1996, I1 5.12], if x is a
level zero character of T (i.e., a character of T trivial on T'') then all irreducible
subquotients of i g (x) have level zero.

Lemma 6.3. Let w € {x, y} and let x be a level zero character of T. Then
Ra, (i§00) > ip (0.

Proof. The proof follows by Mackey theory, as the maximal parahoric subgroups
of G satisfy the Iwasawa decomposition. U

Let [A, n, 0, B] be a skew semisimple stratum in A. Let 6 € €_(A, ) and « be
a fB-extension of the unique Heisenberg representation containing 6. Let x be
an irreducible £-modular character of 7 which contains the R-type (Jr, k7 @ o).
Furthermore, suppose that (J, k ® o) is a G-cover of (Jr, kT ® o) relative to B, as
in Lemma 5.2. Let A™ be an og-lattice sequence in V such that P(A}) is maximal
and P(Ag) C P(A%). Let 6,, = o am g(0) and k,, be the unique B-extension of
the unique Heisenberg representation containing 6,, which is compatible with «,
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as in Lemma 4.6. Let B(A';) be the Borel subgroup of M(A;) whose preimage
under the projection map P(A’z) — M(A%) is equal to J. Suppose B(A';) has
Levi decomposition B(A';) = T (A'g) X N(A';).

The next theorem is a generalisation of a weakening of Lemma 6.3; precisely,
it generalises the isomorphism Lemma 6.3 induces in the Grothendieck group
Grr(M(Ay)).

Theorem 6.4. With the notation as above, there is an isomorphism

[ M(AT)

[Re, (0§ GOV = [Fparty R O]

Proof. We prove the corresponding result in the ¢-adic case first and deduce the
£-modular result by reduction modulo £. The proof in the £-adic case follows a simi-
lar argument made for GL,,(F) in [Schneider and Zink 1999]. Let Q¢ =[T, p]r and
Q=[T, plc be inertial equivalence classes. Let 9, (€2) denote the full subcategory
of Rg, (G) of representations all of whose irreducible subquotients have inertial
support in €2, and Rg, (€27) denote the full subcategory of Rg, (T') of representations
all of whose irreducible subquotients have inertial support in 27. Let @ denote the
M(A';)-conjugacy class of o and wr the T (A';)-conjugacy class of o. Let ER@ (w)
be the full subcategory of ?J%@ (M(A'Z)) of representations all of whose irreducible
subquotients have supercuspldal support in w and 9{@ (wr) be the full subcategory
of Rg (T(A )) of representations all of whose irreducible subquotients have lie
in wr. Let M, f)fi@ (w) — MM(A;), o) be defined by p HomB(Am)(a 0)
for p € 9‘{@[ (w). Similarly, let M,,, : 9%@ (wr) — M(T (A'g), o) be defined by
p +— Homg Arg)(o*, p) for p € %@Z (wr). We prove that the following diagram
commutes.

%@Z(w) *> MM(AE), o) <7 %@i(w)

M(Am

Ry, (Q) *> MG,k Q@0) M(T (AR, o) ‘7 E)f{q;p@(wT)

gl R

N5, () 7= MT k1 ®0) & =— Ng, ()

KT®U KT®U

m

We have Mwoiﬁ%,;)’ ~ (jp(am))x0Muy and Mg 0i§ = (jB)s0Merao by [Bushnell
and Kutzko 1998, Corollary 8.4], and M, g, is an equivalences of categories by
[Bushnell and Kutzko 1998, Theorems 4.3 and 8.3].

We have support-preserving injections « : #(M(A';), 0) — #(G, k ® o) and
ar: H(T (A'%), 0) — H(T, k7 ®0), as in the proof of Theorem 6.1, hence restriction
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functors M(G, k ® 0) — MM(A), o) and M(T, kT ® 0) — M(T (A;), o), de-
noted in the diagram by Res. Because #(7 (A';), o) is one-dimensional and the in-
jections defined are homomorphisms of algebras, we must have jpoa| 2 jp( A OU2,
hence also Reso(jp). =~ (jB(A’g))* oRes.

We show that M,,0R, =~ResoM,g.; asimilar argument shows that M,,, oR,, =~
ResoM,, gs. Let w € i)%@e (2). By Lemma 4.9 and adjointness, we have

MR, (7)) = Hompam) (0, Ry, (7)) = Homp(an) (0, Ry, (7))
~ Hom, (0, (Ry, (7r))”n P1A0) )
~ Homj (o, R (7))

~Homji(k ® 0, 7)) = Mygs (7).

In the £-modular case, we choose lifts of ¥ and x and then by the ¢-adic isomor-
M(Ag)

phism and reduction modulo £ we have [Ry,, (i§(x))] > [i ) R ( ] O
6D. Parabolic induction, k-restriction, and covers. Let x be an irreducible char-
acterof T. Let (T°, A7) be an R-type contained in x such that (J, A) is a G-cover of
(T, A7) relative to B as constructed in Lemma 5.2 with A =k ® 0 and A7 = k7 ®0,
where k7 = Res;0 (k). Hence J = P(Ag)J' with P(Ag) a nonmaximal parahoric
subgroup of G corresponding to the og-lattice sequence Ag. In all cases, there
are two nonconjugate maximal parahoric which contain P(A); we denote the
og-lattice sequences that correspond to these by A7 and A%. Let m € {x, y} and
let (k,,, A'g) be the unique pair compatible with (x, Ag) as in Lemma 4.6.

Lemma 6.5. Let w be an irreducible subrepresentation or quotient of i g( x) and
m € {x,y}. Then R, () #0.

Proof. By the geometric lemma, r (z (x)) is filtered by x and x*» = w x for some
unramified character y. Hence, by exactness of the Jacquet functor, r g ) =1yyx.
By Theorem 4.2, 7 contains (J, 1) if and only if rj G () contains (T, A7). Thus 7
contains (J, A); hence R, () # 0. Therefore R, () # 0. ]

The next lemma is crucial in our proof of unicity of supercuspidal support. It
shows that parabolic induction preserves the semisimple character up to transfer.

Lemma 6.6. Suppose that iy G (x) has an irreducible cuspidal subquotient . Then
there exists m € {x, y} such that R, () # 0.

Proof. By Theorem 5.3 there exist a skew semisimple stratum [A’, n’, 0, 8] such
that P(A’,) is a maximal parahoric subgroup of Gg/, where G denotes the
G-centraliser of B, a semisimple character 6’ € €_(A’, '), a f’-extension k' to
J' = J(A', B') of the unique Heisenberg representation n’ containing 6’ and a
cuspidal representation o’ € Irr(J'/(J)") such that 7 >~ L (o).
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As 7 contains ' ® o’, the restriction of ig( x) to J' has k' ® ¢’ as a subquotient.
We choose x an ¢-adic character lifting x such that ig( x) is reducible. Then,
because restriction and parabolic induction commute with reduction modulo ¢,
the restriction of ig(;%) to J' has an irreducible subquotient § such that r(8)
contains k’ ® o’. On restricting to (J')! we see that § contains the unique lift
n’ of n’ and, since § is irreducible and J' normalises 7', Res(JJ/,)1 (8) is a multiple
of n'. Thus § =k’ ® &, with £’ a lift of ¥’ and & an irreducible representation of
J'/(J")! whose reduction modulo £ contains o. However, & cannot be cuspidal,
otherwise ig(;?) would have a cuspidal subquotient I;/(§). Hence Gpg is not
compact. Therefore [A’, n’, 0, B'] is either a scalar skew simple stratum or a skew
semisimple stratum with splitting V = V| @ V;, with V| one-dimensional and
V, two-dimensional hyperbolic. (Note that, as o is cuspidal nonsupercuspidal, we
must have £ | g +1 or £ | g2 — g + 1 by Section 3.)

We continue by induction on the level [(;r) of 7.

The base step is when 7 has level zero. If 7 has level zero then, as all subquotients
of ig()() have the same level as x by [Vignéras 1996, 5.12], x and ig(x) have
level zero. Thus we can choose, and assume that we have chosen, «’, ¥ and «7 to
be trivial. By conjugating, we may assume A’ = A, for some m € {x, y} and then
km = k' is trivial and R, (r) =R,,, () #O.

Suppose first that [A, n, n—1, B] is equivalent to a scalar stratum [A, n, n—1, y].
The stratum [A, n, n — 1, y] corresponds to a character v, of P, (A) which extends
to a character ¢ o det of G. Twisting by ¢! o det we reduce the level of 7 and
the level of ig( x). The stratum [A, n,n — 1, 8 — y] is equivalent to a semisimple
stratum [A, n, n — 1, @] and the representations k (¢~ o det), k7 (¢! o det) and
km(¢p~! o det) for m € {x, y} are a-extensions defined on the relevant groups.
Similarly, the stratum [A’, n’, n’ — 1, B’ — y] is equivalent to a semisimple stratum
[A,n',n’ —1,a'] and k' (¢! odet) is an o’-extension. Moreover, k,, (¢! o det) is
compatible with k(¢! odet) for m € {x, y}, (k ® 0)(¢~! odet) is a G-cover of
(k7 @) (¢~ odet) relative to B, (k7 ® 0)(¢~' odet) is contained in x (¢~ odet),
and (k' ® 0”) (¢! o det) is contained in (¢! o det). Thus, by induction, we have

Ry, (1) 2 R, (5-1oden (T (@' o det))

is nonzero for some m € {x, y}.

Secondly, suppose that [A’, n’,n" — 1, '] is equivalent to a scalar stratum
[A’,n,n —1,y’]. As in the last case, we can twist by a character to reduce
the level.

Hence we may assume that both [A, n,n—1, 8] and [A’,n’,n’ — 1, B] are not
equivalent to scalar simple strata. This forces [A, n, 0, B] (resp. [A’, n’, 0, B']) to
be semisimple — and nonsimple — with splitting V = V; @ V, (resp. V = V/ @ V)
with V; (resp. V) one-dimensional and V; (resp. V) two-dimensional hyperbolic.
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Thus, by conjugation we may assume that the splitting of [A’, n’, 0, 8] is the same
as the splitting of [A, n, 0, B, i.e., V] = V; and V; = V,. We have E = E’ and
Gg = G/, and conjugating further we may assume that A’ and Ag lie in the
closure of the same chamber of the building of Gg. Moreover, A’; is a vertex
and A is the barycentre of the chamber.

Let
010
w=|100
001
We have
(W) | Ay (M)
JB', A =w wNG,
R A (W2 ] Ag(4)2
and
(' | Aoy (W)
J(ﬂs A) =w me’
Aer (M2 ] Ag(4)2

where r’ (resp. r) is minimal such that [A, n’, ¥/, B] (resp. [A, n, r, B]) is equivalent
to a scalar stratum. Thus, as we are now assuming that [A,n,n — 1, ] and
[A’,n',n" — 1, B'] are not equivalent to scalar simple strata, we have r' = n’ and
r = n. Furthermore, we have [(x) = [(7), i.e., n'/e(A') =n/e(A). We let k" be
the unique B-extension to J(B’, A) compatible with «’ relative to a semisimple
stratum [A, n, 0, B']. Therefore, J (B8, A) = J(B’, A). Similar considerations yield
H(B,A)=H(p',A)and J(B, A')=J(B', A).

As & is not cuspidal, it is a direct factor of i 1];/1((1(\,5)('[/ ), where we choose B(A )
to be the i 1mage of P(Ag) in M(A'), for some representation 7’ of T'(A’;). Fur-
thermore, i % (%) contains &’ ® ' with " a lift of «”, by Lemma 4.6 and transitivity
of induction. By Lemma 5.2, (J, k" ® t') is a G-cover of (T°, k7 ® t') relative
to B, where k. = Res;O (). By [Blondel 2005, Theorem 2], 1ndG K'®1t) ~
Ind9, Bop (1ndT (k7 ®1')). By second adjunction of parabolic induction and parabolic
restriction for £-adic representations, and right adjunction of restriction with compact

induction we have

Homyo(R} ® ', r§ 0iS (X)) NHomG(lndG(/?”@)t) iS(X) #0.

v/

We have [rB oiy ) ol =X ® ™ |lyo= X ® X |70. Hence KT 1T = Resgo(i).
Similarly if we let k& be a lift of «, 6 be alift of o, and k7 = ResT0 (), then we have
KT ®06 = Res;0 (%). This implies that we have an equality of semisimple characters
taap () =0, where ' € €_(B', A') is contained in &’ and 6 € €(B, A) is
contained in x.
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We let H (B, A) (resp. H (B’, A')) denote the compact open subgroup of GL3(F)
defined in [Stevens 2008], which defines H (B, A) (resp. H (,3’ A")) by inter-
sectmg with U(2 D(F/ FO) The Iwahori decomposmon for H! (,3/ A') gives
H! B, A)—H (B, A)” (H B, A)ﬂM)H (,8 AT where H'! (B, A)~ de-
notes the lower triangular unipotent matrices in H! (B, A), H! (,B AT denotes
the upper triangular umpotent matrices in H! (B, A), and M the subgroup of
diagonal matrices. As H! (B, A) contains (H B, AHN M ) and is contained in
ﬁl(ﬁ’, A’), we have

HY (B, Ny=H"(B, A (H(B, AYnH' (B, N)H (B, A

Thus a character of ﬁl(,B’, A’) is determined by its values on ﬁl(ﬂ/, A7,
HYB', AYNHY (B, A), and H' (B', A)T.

The semisimple characters 6 and 6’ are equal to the restriction of semisimple
characters 6 and 6" of GL3(F). Moreover, rA/,A,,gr(é/) =0 as tA/,A,ﬂr(é/) =0. It
follows from the decomposition of H! (B’, A’) given above that T A/, 5(5) =0,
they are both trivial on H! (B, A))” and H! (B’ A)t, and as 0" = 15 ar g (0) they
both agree with & on H'(8, )N H'(B, A) = H'(B', N) N H' (B, A). Hence,
TA,a,8(8) = 0’ by restriction and reduction modulo £. As there is a unique Heisen-
berg representation containing 6’, we have R, () # 0 for some m € {x, y}. O

Lemma 6.7. Suppose that ig( X ) is reducible with irreducible subrepresentation 1
and quotient Ty = ig (x)/m1. If ¥ is a maximal cuspidal subquotient of R, (i g (x)),
i.e., all subquotients of Ry, (i g (x)) not contained in X are not cuspidal, then I, (X)
is a subrepresentation of m».

Proof. Let X be a maximal cuspidal subquotient of R, (ig( x)). By Lemma 6.5,
Ry, (r1) and R, (7r2) are nonzero and must contain noncuspidal subquotients as
1 and 7 are not cuspidal. However, by Theorem 6.4 and Section 3, there are only
two noncuspidal subquotients of R, (i g( x)). Thus each of R, (71) and R, (712)
must have a single noncuspidal irreducible subquotient, say p; and p» respectively.

If Ry, (r1) # p1 then R, (1) has an irreducible cuspidal subrepresentation or
an irreducible cuspidal quotient. If R, (771) has an irreducible cuspidal subrepre-
sentation o then, by adjointness of R, and I, , I, (o) is an irreducible cuspidal
subrepresentation of 7y, contradicting the irreducibility and noncuspidality of 7;.
If Ry, (7r1) has an irreducible cuspidal quotient o then Rg, (771) has a cuspidal
subrepresentation ¢ by Lemma 4.10. Thus I, (¢) is an irreducible cuspidal subrep-
resentation of 771 by adjointness. Hence I, (o) is an irreducible cuspidal quotient
of m; by Lemma 4.10, contradicting the irreducibility and noncuspidality of ;.
Thus Ry, (771) = p1.
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Similarly, if Ry, (;72) has an irreducible cuspidal quotient o, then I, (o) is an
irreducible cuspidal quotient of 7. Hence I, (o) is a quotient of i§ (x), contradict-
ing the cuspidality of I, (o). Hence R, (772) can have no cuspidal quotients. Hence,
by Section 3, Lemma 6.3 and Theorem 6.4, X is a subrepresentation of R, (72).
Note that, as Theorem 6.4 only gives us an isomorphism in the Grothendieck group
of finite-length representations of M(A g), we have used that X is irreducible by
Section 3 in the skew semisimple nonscalar case to imply it is a subrepresenta-
tion of Ry, (2); in all other cases we twist by a character (if necessary) and use
Lemma 6.3. By reciprocity, I, (2) is a subrepresentation of 5. (|

By [Blondel 2005, Theorem 2] and Lemma 5.2, I, (o) =~ IndgOp (ind;o (kT ® 0)).
By second adjunction (cf. [Dat 2009, Corollaire 3.9]),

Homg (Ind§e, (ind] (k7 ® 0)), 7) = Homy (ind?, (k7 ® 0), 1 (7).

By Clifford theory, the irreducible quotients of ind;0 (k7 ® o) are all the twists of x
by an unramified character. Hence, 7 is an irreducible quotient of I, (o) if and only
if it is an irreducible quotient of i g( x ) for some unramified character ¢ of T.

The R-type (J, A) is quasiprojective by Theorem 5.3; hence a simple module
of #(G, L) corresponds to an irreducible quotient of i (x ) for some unramified
character ¥, by the bijection of Theorem 4.1. If i} Y (x W) is reducible with proper
quotient 7, then the Jacquet module of 7 is one-dimensional by the geometric
lemma. Hence, by Theorem 4.2, = must correspond to a character of #(G, A) under
the bijection of Theorem 4.1 and all characters of #(G, A) must correspond to a
proper quotient of a reducible principal series representation iy G (xy) with ¢ an
unramified character of 7.

Lemma 6.8. Suppose £ 2 and{|q — 1. Then i g( X) is semisimple.

Proof. If ig(x) is irreducible then it is semisimple, so suppose ig(x) is re-
ducible. If ig( x) has a cuspidal subquotient it is of the form I, (o) for m € {x, y}
and o an irreducible cuspidal representation of M(A%) by Theorem 5.3. By
Theorem 6.4, R, (zG(X)) = lgl(([(\xE)(R,{T (x)), and R (I, (o)) =0, by Theorem 4.8
and Lemma 4.4. Hence, by exactness, o is a cuspidal subquotient of 12%@ R, OO
However, by Section 3, when £ | ¢ — 1 no such cuspidal subquotients exist; hence
'G( x) has no cuspidal subquotients Thus, by exactness of the Jacquet functor and
the geometric lemma, i g @ (x) has length two. When £ #2 and £ | g — 1 there are four
characters of #(G, 1), yet only two reducibility points. Hence these two reducible
principal series representations must both have two nonisomorphic irreducible
quotients and must be semisimple. ([

Remark 6.9. If x ! = yx then i B G (x) is self-contragredient and there is a simple
proof of Lemma 6.8 using the contragredient representation and avoiding the use
of covers or second adjunction.
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Lemma 6.10. Let £ | g + 1. Then the unique irreducible quotient of iy G(x) is
isomorphic to the unique irreducible subrepresentation.

Proof. Let r denote the unique irreducible quotient of iy Y(x). When £ | g + 1 there
is only one character of #(G, k ® o). Hence 7 corresponds to the unique character
of #(G, A). Hence, if V" is the space of 7, R, (7") is one-dimensional and the action
of J is given by 0. As §p is trivial, the contragredient commutes with parabolic
induction: we have (ig(x))N ~ip @ (%). Furthermore, ¥ = x !, where x ! is the
character defined by, for all x € F*, x " '(x) = x(x1). The character x ' is
not regular and similar arguments, glven for iy % (x), apply to i B G(x~1. We find
that zg( x~ 1) has a unique irreducible quotient p which corresponds to the unique
character of #(G, 1) under the bijection of Theorem 4.1. As the contragredient is
contravariant and exact, p is a subrepresentation of i %(x). By Lemma 4.10, we
have (R;z(p))~ =~ R, (p) which is one-dimensional and hence must be isomorphic
to o. Hence p is irreducible and isomorphic to 7. Thus 7 appears twice in the
composition series of ig( X ), as the unique irreducible quotient and as the unique
irreducible subrepresentation. U

Remark 6.11. If £ #3 and £ | g*> — g + 1, then similar counting arguments show that
the unique irreducible subrepresentation is not isomorphic to the unique irreducible
quotient. However, in these cases we find out more information later so this
argument is not necessary.

6E. On the unramified principal series.

6E1. Decomposition of ig(v2) and ig(vfz). In all cases of coefficient field, the
space of constant functions forms an irreducible subrepresentation of iy Gv2)
isomorphic to 1. We let Stg denote the quotient of i G2 by 1¢. Parabohc
induction preserves finite-length representatlons hence Stg has an irreducible
quotient vg. By the geometric lemma, [rB oig (v_z)] ~p~2@(v=?)"x. Considering
v~2 as a character of F*, we have (v_z)““(x) =v2GxhH= vz(x), as v 2(x) =

2(x) Thus [rB oip Gy~ 2)] =12 @ v2. We have rg(l(;) =172, thus rg(Stc;) =
v? by exactness of the Jacquet functor. A quotlent of a parabolically induced
representation has nonzero Jacquet module; hence ry G (vg) = v2. Thus any other

composition factors which occur in iy ¢ (v=2) must be cuspldal

Theorem 6.12. (1) If¢+(qg—1)(g + 1)(q —q+1) then zg(v 2) has length two
with unique irreducible subrepresentation 1 and unique irreducible quotient Stg.
Q) Ift £2and ¥ | q — 1 then ig(v_z) = 1 @ St is semisimple of length two.
3) Ift #3and £ | g*> —q + 1 then ig(v_z) has length three with unique cuspidal
subquotient I (T (1)). The unique irreducible quotient v is not a character.

@ Ift#2andl | g+ 1,0orift =2and 4| q+ 1, then ig(v_z) has length
six with 1g appearing as the unique subrepresentation and the unique quotient,
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and four cuspidal subquotients. Let m be a maximal proper submodule of Stg.
Thenm >~ p @1x, (1) ® 1), where p is of length three with unique irreducible
subrepresentation( and unique irreducible quotient, both of which are isomorphic to
Ia, @(1)), and remaining subquotient isomorphic to 1, (¢ (D).

O)Ift=2and 4| q— 1, then ig(v_z) has length five with unique irreducible
subrepresentation and unique irreducible quotient both isomorphic to 1. Let w be
a maximal proper submodule of Stg. Then

Iy, (1) BIA, T (X)) ®I4,E(DH D).

Proof. By Theorem 5.3 and Lemma 6.6, if ig(v_z) has a cuspidal subquotient
then w >~ 15, (o) for w € {x, y} and o an irreducible cuspidal representation of
P(Aw)/Pi(Aw).

If ¥, is a maximal cuspidal subquotient of RAw(ig(v_z)) then I, (Zy) is a
subrepresentation of St;, by Lemma 6.7. Thus, we have an exact sequence

0— IAX(EX) @IAy(E}') — Stg — vg — 0.

By exactness and Section 3, we obtain composition series of I, (%) and of I Ay (%y).

Ifet(g—D(g+1)(g*>—qg+1),or¢#2and €| g—1,then Ry (i5(v™2)) and
Ra, (igvfz)) are of length two with no cuspidal subquotients, by Theorem 5.3 and
Lemma 6.6. Hence, ig(v_z) has no cuspidal subquotients as Ry, (I5,(0)) >~ o is
cuspidal by Lemma 4.4. By the geometric lemma, i g(v_z) is of length two with 15
as an irreducible subrepresentation and Stg as an irreducible quotient. By second
adjunction,

Homg (i§ (v™?), 1) =~ Homz (v™2, 17).

The character v—2

is nontrivial when £1 (g — 1)(¢ + 1)(g?> — g+ 1) and trivial when
] q— 1. Hence 15 is a direct factor when £ # 2 and £ | ¢ — 1 and ig(v_z) is
semisimple, and i§ (v=2) is nonsplit when €1 (g — 1)(g + D(g> —q + 1).

In all other cases, ig(v_z) has cuspidal subquotients. Thus 15 cannot be a
direct factor. Therefore i g(v—z) has a unique irreducible quotient vg and a unique
irreducible subrepresentation 1. When £ | g + 1 the unique irreducible quotient
is isomorphic to the unique irreducible subrepresentation by Lemma 6.10; hence
vg =~ 1g. When £ # 3 and ¢ | q2 — g + 1, the representation Ry, (ig(vfz)) has
noncuspidal subquotients 1 M, and Stay,. By exactness, Ry (vg) > Sty ; hence 16
is not isomorphic to vg, which is not a character. O

Note that ¢ g(vz) ~ i g(v—2)~; hence decompositions of i g(vz) can be obtained
from Theorem 6.12.

6E2. Decomposition of unramified ig(nv) and i g(nv_l). Let n be the unique un-
ramified character of F* extending wr,r,. If £|g+1, then a)F/FOv_l =wr/RV=1;
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I and

hence we refer to Theorem 6.12. When £ | g2 + g + 1 we have v> = nv~
v2= nv; hence once more we refer to Theorem 6.12. When £ | g — 1, v is trivial,
I'= . Thus ig(n) is self-contragredient. By Lemma 6.8, ig(n)

has length two and is semisimple.

hence nv = nv~

6F. Cuspidal subquotients of the ramified level zero principal series. We describe
the reducible principal series ig( x) which have length greater than two when x
is a level zero character of 7 which does not factor through the determinant map.
We twist by a character that factors through the determinant map so that we can
assume x» = 1. Then x9*! =1 and x = ¥ o & for ¥ a nontrivial character of k}..

When £ 1 g + 1, because Rx, (ig(x)) and Ry, (ig(x)) have no cuspidal subquo-
tients, I g( x) is of length two.

Theorem 6.13. Let £ | g + 1. The representation ig(x) has length four with
a unique irreducible subrepresentation and a unique irreducible quotient, and
cuspidal subquotient isomorphic to 15, G, ¥, 1) ®I), (0 (¥)®1). Furthermore,
the unique irreducible subrepresentation is isomorphic to the unique irreducible
quotient.

Proof. The proof is similar to the proof of Theorem 6.12. (|

7. Cuspidal subquotients of positive level principal series

In this section, suppose that yx; is a positive level character of F* trivial on F
and yx is the character of T’ given by x; and x, = 1. We assume we are in the same
setting as Section 6D with (79, A7) an R-type contained in x, (J, A) a G-cover of
(T°, A7) relative to B with A =k @ o, and (k,, A™) compatible with (x, A) for
m € {x, y}. Wehave M(A}) =U(1, 1)(kr/ko) xU(1)(kr/ko). When £{g+1, there
are no cuspidal subquotients of U(1, 1)(kr/ ko), and hence no cuspidal subquotients
of ig(x), by Lemma 6.6. Thus it remains to look at the case when ¢ | g + 1. Let
V= (XKT_I)TI and x the character of k}p such that ¥ = ¥ o &.

Theorem 7.1. Suppose £ | g + 1. The representation ig( Xx) has length four with
unique irreducible subrepresentation and unique irreducible quotient which are
isomorphic, and cuspidal subquotient isomorphic to 1, (c(X) ® 1) ® I"y c()®1).

Proof. The proof is similar to the proof of Theorem 6.12. ([

8. Supercuspidal support

Theorem 8.1. Let G be an unramified unitary group in three variables and w an
irreducible £-modular representation of G. Then the supercuspidal support of w is
unique up to conjugacy.
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Proof. Suppose 7 is not cuspidal. Then the supercuspidal support of 7 is equal
to the cuspidal support of 7 and is thus unique up to conjugacy. If 7 is cuspidal
nonsupercuspidal then it appears in one of the decompositions given in Theorems
6.12, 6.13, and 7.1, or is a twist of such a representation by a character that factors
through the determinant map, and we see that the supercuspidal support of 7 is
unique up to conjugacy. ([

Remark 8.2. Let I,/(0’) be an irreducible cuspidal representation of G as con-
structed in Theorem 5.3. After the decomposition of the parabolically induced
representations given in Theorems 6.12, 6.13, and 7.1, we see that I,-(¢’) is super-
cuspidal if and only if o’ is supercuspidal. Hence all supercuspidal representations
of G lift, by Section 3.
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McKay natural correspondences
on characters

Gabriel Navarro, Pham Huu Tiep and Carolina Vallejo

Let G be a finite group, let p be an odd prime, and let P € Syl ,(G). If
Ng(P) = PCg(P), then there is a canonical correspondence between the ir-
reducible complex characters of G of degree not divisible by p belonging to
the principal block of G and the linear characters of P. As a consequence, we
give a characterization of finite groups that possess a self-normalizing Sylow
p-subgroup or a p-decomposable Sylow normalizer.

1. Introduction

The McKay conjecture, one of the main problems in the representation theory
of finite groups, asserts that if G is a finite group and P is a Sylow p-subgroup
of G, then |Irr, (G)| = |Irr, (NG (P))|, where Irr, (G) is the set of the irreducible
complex characters of G that have degree not divisible by p. It is well known that, in
general, no choice-free correspondence can exist between Irr, (G) and Irr;, (NG (P)).
(On the other hand, the existence of certain type of bijections between these two
sets is the idea on which a possible solution of the McKay conjecture is nowadays
based [Isaacs et al. 2007].)

A key case to consider and understand in the McKay conjecture is when P is
self-normalizing or, even, when Ng(P) = PCg(P). It is not often that a natural
correspondence of characters is found.

Theorem A. Let G be a finite group, let p be odd, and let P € Syl ,(G). Suppose
that Ng(P) = PCg(P). If x € Irr,y (G) lies in the principal block, then

Xng(py = X"+ A,

where x* € Irr(Ng (P)) is linear in the principal block and A is either zero or a char-
acter whose irreducible constituents all have degree divisible by p. Furthermore,
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the map x — x* is a bijection
Ity (Bo(G)) — Tty (Bo(NG (P))),

where Irr,y (Bo(G)) is the set of irreducible characters in the principal block of G
of degree not divisible by p.

For p = 2, Theorem A is unfortunately false, as shown, for instance, by Ss.
(To prove the McKay conjecture for p = 2 for groups with a self-normalizing
Sylow p-subgroup is still a challenge.) For p odd, Theorem A is also not true for
p-blocks of maximal defect, as shown by the following example: G = SL,(27) - C3
has a rational, faithful, irreducible character y of degree 26 that belongs to the
unique nonprincipal 3-block of maximal defect of G, and x_p, contains two
linear characters as irreducible constituents.

Theorem A yields the following immediate consequence.

Corollary B. Let G be a finite group, let p be odd, and let P € Syl ,(G). Suppose
that Ng(P) = P. Then there is a natural bijection x — x* between Irr, (G) and
the linear characters of P. In fact, if x € Irr,y (G) and A € Irr(P) is linear, then x
and A correspond under the bijection if and only if

where A is either zero or a character whose irreducible constituents all have degree
divisible by p. This happens if and only if

A% =x+E,

where E is either zero or a character whose irreducible constituents all have degree
divisible by p.

Corollary B was proved in [Navarro 2003] for p-solvable groups (although a
different proof was later given in [Isaacs and Navarro 2008]).

We now mention several applications. A not very well-known consequence of
the Galois version of the McKay conjecture [Navarro 2004] states that whenever
G is a finite group and p is an odd prime, then Ng(P) = PCg(P) if and only
if the principal character 14 is the unique p-rational p’-degree character in the
principal block of G. If Ng(P) = PC¢(P), it follows by Theorem A that the fields
of values of the p’-degree nontrivial irreducible characters in the principal block
are cyclotomic fields Q« for a > 0, which implies one half of the statement above.
(The other half will be treated separately in another paper.)

A consequence of Theorem A and Corollary B is the following (perhaps sur-
prising) characterization of finite groups that possess a self-normalizing Sylow
p-subgroup or a p-decomposable Sylow normalizer (i.e., Ng(P) = PCg(P)), for
a given odd prime p.
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Corollary C. Let G be a finite group, let p be odd, and let P € Syl ,(G).
(a) Ng(P) = P ifand only if
(1p)° =16 +8,

where 2 is either zero or a character whose irreducible constituents all have
degree divisible by p.

(b) Ng(P) = PCg(P) if and only if 1¢g is the only irreducible constituent of
(1PCG(P))G that has p’-degree and belongs to the principal p-block of G.

It is remarkable that Corollary C(a) gives the exact opposite of a recent result by
G. Malle and Navarro [2012]: a finite group G has a normal Sylow p-subgroup if
and only if all irreducible constituents of (1) have degree not divisible by p.

Corollary C is false for p = 2, as shown again by G = Ss: in this case (1p)¢
contains the trivial character of G and an irreducible character of degree 5.

Now, we come back to Theorem A and natural correspondences. Although it
is entirely possible that, under the hypotheses of Theorem A, a natural correspon-
dence exists between all the characters in Irr, (G) and Irr, (NG (P)) (not only the
characters in the principal blocks), we have not been able to find it, except for
p-solvable groups. In this case, our correspondence in Theorem D below extends
the Glauberman correspondence (and the correspondence in Theorem A).

Theorem D. Let G be a finite p-solvable group, and let P € Syl,(G). Suppose
that Ng(P) = PCg(P),and let N = O (G). Let Irrp (N) be the set of P-invariant
characters 6 € Irr(N). Then, for every 6 € Irrp(N) and linear A € Irr(P/ P’), there
is a canonically defined character

Ax0 €Iy (G).
Furthermore, the map
Irr(P/P") x Irrp(N) — Irry (G)

given by (A, 0) — Ax0 is a bijection. As a consequence, Ng(P)= P x Cn(P), and
if 0* € Irr(Cy (P)) is the Glauberman correspondent of 6 € Irrp(N), then the map

AXO > Ax0

is a natural bijection Irt, (NG (P)) — Irr, (G). Also, if 0 = 1y and X € Irr(P / P'),
then A x 0% is the unique linear constituent of (A x 0) N, (p)-

Theorem D suggests studying the blocks B of finite groups with defect group D
satisfying Ng(D, bp) = DCg (D), where (D, bp) is a root of B. However, we
will leave this for another place.
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2. An extension theorem

We begin with a well-known lemma. If N < G and 6 € Irr(N), then I5(6) denotes
the stabilizer of 6 in G. In general, we follow the notation of [Isaacs 2006] for
characters. If G is a finite group, Irr, (G) denotes the set of the irreducible complex
characters of G whose degree x (1) is not divisible by the prime p.

Lemma 2.1. Let G be a finite group, let p be a prime, let P € Syl (G), and
let x € Ity (G). Assume that L < G. Then x; has a P-invariant irreducible
constituent 6, and all such constituents are Ng(P)-conjugate. In particular, if
Ng/L(PL/L) = PL/L, then 0 is unique.

Proof. Let n € Irr(L) be any irreducible constituent, and let 7 be the inertia
subgroup of 1 in G. By the Clifford correspondence, |G : T| is not divisible by p,
and therefore P8~ < T for some g € G, and thus P fixes n8 = 6. If P fixes 6%,
then P* and P are Sylow p-subgroups of I = I5(0), and P = P~ for some
y € l. Hence yx € Ng(P) and 6* = 6”*. The second part easily follows. (|

Lemma 2.2. Let G be a finite group, let p be prime, and let P €Syl ,(G). Let L< G,
and assume that NG, (PL/L) = PL/L. Let 0 € Irt(L) be P-invariant, let T =
15 (0) be the stabilizer of 0 in G and assume that Y € Irr(T | 0) has p’-degree. Then

W Lp =Vrp +A,

where either A = 0 or every irreducible constituent of A has degree divisible by p.

Proof. Let
G=JT1xpP
xeD

be a disjoint union of double cosets with 1 € D. Then, by Mackey’s formula, we
have that
WDep=vrr+ Y (W)t

I#£xeD

Suppose that some irreducible constituent @ of ((Y*)7xnr »)EP has degree not
divisible by p for 1 #x € D. Hence ay, € Irr(L) by Corollary (11.29) of [Isaacs
2006]. Thus the irreducible character ey~ p lies under y*. However (y*); =d6”*,
so we conclude that 8* = «, is P-invariant. Then by Lemma 2.1, we have that
6+ =6 and therefore x € T'. But this is impossible since 1 # x € D is a representative
of the double cosets of 7 and P in G. ([

The following theorem is key in this paper, and follows from deep results in
[Navarro and Spath 2014] and [Spath 2013] on the McKay conjecture. Despite
many efforts, we have been unable to find an elementary proof of it. Recall that a
finite simple group X is involved in a finite group G if there exist K <« H < G such
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that X = H/K. The so-called inductive Alperin—-McKay condition is defined in
Definition 7.2 of [Spéth 2013]. For character triples, see Chapter 11 of [Isaacs 2006].

Theorem 2.3. Let G be a finite group, and let p be a prime. Let P € Syl ,(G) and
assume that P = Ng(P). Let L < G and let 0 € Irr(L) be P-invariant of p’-degree.
Suppose that L <« H with H/L a p’-group. Assume that all nonabelian simple groups
of order divisible by p involved in L satisfy the inductive Alperin-McKay condition
for p. If 0 is H-invariant, then 0 extends to H. In particular, this holds if p is odd.

Proof. We argue by induction on |G|. Let Q = P N L. We are going to use
Theorem 7.1 of [Navarro and Spéth 2014]. The notation Irrg(L | Q) in that theorem
is defined in Notation 2.1 of the same article, and since Q € Syl p(L), we have that
Irro(L | Q) =Irr, (L) in this case. Theorem 7.1 of [loc. cit.] implies now that there
is a Ng(Q)-equivariant bijection

Mg : Irry (L) — Trry (N (Q))

such that the character triples (7, L, 6) and (N7(Q), N.(Q), 6') are isomorphic,
where 0" =TI (0) and T = I5(0). (In Section 3 of [loc. cit.] the reader will find
the appropriate definitions involved in Theorem 7.1 there.) Since I1g is Ng(Q)-
equivariant, we have that N7(Q) = In,)(0’). Since P < N;(Q), we have that 6’
is P-invariant. By character triple isomorphisms, we have that 6 extends to H if
and only if 6’ extends to Ny (Q). Also Ny (Q)/N(Q) is a p’-group, so, arguing
by induction, it is no loss to assume that Q < G. Since Ng(P) = P, it follows
that Cr,o(P) = 1. Let n € Irr(Q) be P-invariant under ¢, by Theorem (13.27) of
[Isaacs 2006]. Let I = Ig(n). Since 0 is H-invariant, we have that H = L(I N H)
by using Clifford’s theorem. Let = € Irr(/ N L | n) be the Clifford correspondent
of 8 over n. By the uniqueness in the Clifford correspondence, we have that t
is I N H-invariant. If I < G, then by induction we have that t has an extension
p € Irr(I N H). Now,

(™)L = (o) =€- =0,

and we are also done in this case. So we may assume that 1 is G-invariant. Since
Cr/0(P) =1, by Problem (13.10) of [loc. cit.] 6 is the unique P-invariant con-
stituent of nL. Now, we have that  has an extension 7 € Irr(H) by Corollary (8.16)
of [loc. cit.]. Since (7). is P-invariant and lies over 5, it coincides with 6 by
uniqueness. Hence 6 extends to H, as required.

If p is odd, then by Theorem A of [Guralnick et al. 2004], we have that all
nonabelian composition factors of G of order divisible by p are PSL,(3*") witha > 1
and that p = 3. By elementary general group theory, if X is a simple group involved
in G, then X is involved in a composition factor of G. By using the classification
of the subgroups of PSL,(p7) in Satz I11.8.27 of [Huppert 1967], we have that the
only simple groups involved in G of order divisible by p are PSL, (33h) (with p=3
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and b > 1). Now, the proof of Theorem 8.4 of [Spdth 2013] shows that the simple
groups PSL2(33b) with b > 1 satisfy the inductive Alperin-McKay condition. [J]

Corollary 2.4. Let G be a finite group, p any prime, P € Syl ,(G), and assume
that P = Ng(P). Let L < G. Let x € Ity (G), and let 0 € Irr(L) be P-invariant
under x. Assume that all nonabelian simple groups of order divisible by p involved
in L satisfy the inductive Alperin—-McKay condition for p. Then 6 extends to 15(6).
In particular, this holds if p is odd.

Proof. We may assume that 6 is G-invariant. Now, x,; has some irreducible
constituent £ € Irr(PL) such that p does not divide £(1). Then &, = 6, by
Corollary (11.29) of [Isaacs 2006]. Suppose now that g # p is another prime,
and let Q/L be a Sylow g-subgroup of G/L. Then 6 extends to Q by Theorem 2.3.
Hence, we have that 0 extends to G by Corollary (11.30) of [loc. cit.]. ([

3. A group theoretical result

Our aim in this Section is to prove Theorem 3.2 below. We start with the following
lemma, whose parts (ii) and (iii) will be used in the proof of Theorem A.

Lemma 3.1. Let S := PSLy(q) with g = 3% for some a > 1, P € Syl;(Aut(S)),
and Q := PN S e Syly(S).

(i) Assume that Y is a 3'-subgroup of Aut(S) that centralizes Q. Then Y = 1.
(ii) Assume that Q < R < P and Cny0))o(R) = 1. Then R = P.

(iii) Irr(S) contains exactly four P-invariant characters: the principal character 13,
two irreducible Weil characters n* of degree (q — 1) /2, and the Steinberg character
of degree q. If a € {15, 0", n~}, then ag contains a unique P-invariant irreducible
constituent a*, which occurs with multiplicity one. Finally, the map o — o™ is a bi-
jection between {1g, n*, n™} and the set of P-invariant irreducible characters of Q.

Proof. (i) Recall that Aut(S) = PGL;(g) - C3«. Since Y is a 3’-group, it embeds in
Ch(Q) for H :=PGL3(gq). But Cy(Q) = Q, hence the claim follows.

(i) Without loss we may assume that Q is the image of the subgroup

{[x] = ((1) ’1‘) ‘xel]:q}

in PSL;(g) and P = (Q, o), where o acts on S as the field automorphism raising
every entry y of any matrix in SL,(g) to y*. Then the maximal subgroup (Q, o)
of P centralizes a subgroup of order 13 of Ns(Q)/Q, namely, the one induced by
{diag(z, z71) | z € F;5}. Hence the claim follows.



McKay natural correspondences on characters 1845

(iii)) We keep the notation of (ii). The character table of S is given, for instance, in
[Digne and Michel 1991, Table 2]. Now, it is straightforward to check that 1g, ni,
and the Steinberg character (of degree g) are the only P-invariant irreducible
characters of S. Next,

r(Q) = {Aa : [x] = &5 [a € F,),

where w € C is a fixed primitive cubic root of unity. Since o acts on Irr(Q) via
Aa > Ag3, the only P-invariant irreducible characters of Q are 19 =40, A1, and A_;.
Relabeling n™ and 1~ if necessary, we have that

o=t o= Y. I

x2 X\ EX2
aely acl;\Fy

Hence 1, and A_; are the only P-invariant irreducible constituents of (7)o and
(n7) g, respectively, each occurring with multiplicity one. (]

Theorem 3.2. Let G be a finite group, let p be a prime, and let P € Syl ,(G).
Suppose that N(P) = P x X. If p is odd or G is p-solvable, then X < O ,(G).
In particular, if Ng(P) = PCg(P), then O, (Ng(P)) < 0,(G).

Proof. We argue by induction on |G|. If N < G, then
NG/N(PN/N)=Ng(P)N/N =PN/N x XN/N.

Hence, if N > 1, then we have that XN/N < O, (G/N). In particular, we may
assume that O,/ (G) = 1. Now, suppose that N = 0,(G) > 1. Then we conclude
that X < 0,,(G) = M. Since [X, P] =1, then [X, N] = 1. However, using that
0,(G) =1, we have that Cyy(N) = Z(N) x O (M) = Z(N), and we conclude
that X = 1, in this case. Hence, we may assume that G is not p-solvable, and that

p is odd.
Now, let N be a minimal normal subgroup of G. By [Guralnick et al. 2004], we
have that N = S; x - - - x S, where {S1, ..., S} are transitively permuted by G and

S =S =PSLy(3%). Now PONN = (PNS;) x---x (PNS). Fix some index i.
Since [P, X]=1, we have [Q;, X]=1, where 1 < Q; = PN S; € Syl;(S;). Now, if
x € X, then we have that (S;)* = §; for some j. However Q7 <57 N§; =S§;NS;, so
we conclude that X < Ng(S;) forall i with [X, Q;]=1. Let Y; = XCg(S;)/Cs(Si),
which is a 3’-subgroup of Aut(S;) centralizing the Sylow 3-subgroup Q; of S;. By
Lemma 3.1(i), ¥; = 1, whence X < Cg(S;) for all i. Thus X < Cg(N) for every
minimal normal subgroup. Since F(G) = 1, we have F*(G) = E(G) = E. Since
Z(E) =1, we have that E is semisimple and C;(E) = 1 by Theorems 9.7 and 9.8
of [Isaacs 2008]. Now, E is a direct product of nonabelian simple groups K; and
the normal closure of K; is a minimal normal subgroup of G (by Lemma 9.17 of
[Isaacs 2008], for instance), and we conclude that X < C;(E) = 1, as desired.
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Finally, since Cg(P)=Z(P)x 0, (N (P)) (by the Schur—Zassenhaus theorem),
it follows that if Ng(P) = PCg(P), then Ng(P) = P x Oy (Ng(P)), and we
apply the first part of the theorem. U

Note that Theorem 3.2 is not true for p =2: If G = Eg(11) and P € Syl,(G),
then Ng(P) = P x Cs; see [Kondratiev and Mazurov 2003, Theorem 6(c)].

4. Proof of main theorem
We will also need the following result.

Lemma 4.1 [Navarro et al. 2007]. Suppose that a finite p-group P acts on a finite
group G, stabilizing N < G. Suppose that Q/N € Syl ,(G/N) is P-invariant, and
assume that

G/N=T;/N x---xT,/N,

where the subgroups Ty, ..., T, are permuted by P. Let Q1 = Q N Ty, and let P,
be the stabilizer of Ty in P. IfCNG(Q)/Q(P) =1, then CNTI(QI)/QI(PI) =1.

Proof. This follows by applying Lemma 4.1 of [Navarro et al. 2007] to each of the
P-orbits on {T7, ..., T,}. O

The proof of the following lemma is a trivial consequence of the fact that O,/ (G)
is contained in the kernel of all the irreducible characters in the principal block
of G. (See, for instance, Theorem (6.10) of [Navarro 1998].)

Lemma 4.2. Suppose that N is a normal subgroup of H, with N < O,y (H). Sup-
pose that H = NU for some U < H. Then restriction defines a bijection between
the characters of the principal block of H and of the principal block of U N N.

We are finally ready to prove the main result of this paper. The only way we have
found to prove it is to use a strong induction using normal subgroups. Theorem A
of the introduction will be recovered by letting L = 1 in the next result.

Theorem 4.3. Let G be a finite group, and let p be an odd prime. Let P € Syl ,(G),
and suppose that Ng(P) = PCg(P). Let L < G. Let x € Irr, (G) lie in the
principal block of G. Then XLNg(P) = x*+ A, where x* € Irr,y (LNG (P)) lies in
the principal block of LNG(P), and A is either zero or a character of LNg(P)
whose irreducible constituents all have degree divisible by p. Furthermore, the map
X — x* is a bijection

Irry (Bo(G)) — Ity (Bo(LNG (P))).

Proof. (I) Let (G, L) be a counterexample to the first part of the theorem with
|G|-|G/L| as small as possible.
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(a) Here we show that O ,,(G) =1 and Ng(P) = P. To this end, using Theorem 3.2
we can write Ng(P) = P x X, where X < N := 0,/(G). Write G= G/N and use
the bar convention. Hence L = LN /N, P = PN /N and Ng(ﬁ) =PxX=P, by
elementary group theory. Now, N < ker(x). If N > 1, then, considering x as a
character of G, by induction we have that
Xing) = Xgp = X T A,

where x* is an irreducible character of p’-degree in the principal block of LP =
LPN/N and either A =0 or A is a character of L P N /N such that every irreducible
constituent of A has degree divisible by p. Now, Lemma 4.2 applies, and we are
done in this case. So we have that N = 1 and that Ng(P) = P. Hence, every
p’-degree character of every subgroup H with P < H < G (or of every quotient
G/K of G) lies in the principal block of H (of G/K) by the first main theorem of
Brauer (Theorem (4.17) of [Navarro 1998]).

(b) Next we show that L = 1. By Lemma 2.1, let 6 € Irr(L) be P-invariant under yx.
Let T = I5(0) be the stabilizer of 6 in G, and let ¢ € Irr(T | ) be the Clifford
correspondent of x over 8. Assume that T < G. By the choice of G, we have that

Vip=v"+GE,

where ¥ * has p’-degree and either E = 0 or the irreducible constituents of E have
degree divisible by p. Now, we use Lemma 2.2 to conclude that we may assume
that 6 is G-invariant. By Corollary 2.4, we then have that 6 has an extension
6 € Irr(G). Now, by Gallagher’s corollary [Isaacs 2006, Corollary (6.17)], we have
that x = 6, for some B € Irr(G/L). Now if L # 1, then the theorem holds for
G /L, whence we have that Bp; is the sum of a p’-degree irreducible character 8*
of PL/L (and hence linear) plus some character A of PL/L such that all of its
irreducible constituents have degree divisible by p, or A = 0. Then

XLp = (ﬁ*)éLP + AéLP,

and, using Gallagher’s corollary, we see that we are done again. Hence L =1, as
desired.

(c) Now we can show that p = 3, E := F*(G) = E(G) = §1 X -+ x §,, with
S; =PSL;(g;) for some g; = 33, a;, n>1,and E <G < Aut(E). Indeed, suppose
that K := 0,(G) #1. Since |G/K| < |G|=|G/L]|, the first statement of the theorem
holds for (G, K) and so for (G, L) as well (since K P = P), contradicting the choice
of (G, L). Thus 0,(G)=1. Since O,/ (G) =1, we have now that F(G) =1 and so
E=F*(G)=E(G). Next, Z(E) < F(G)=1, whence E =S| x---x S, is a direct
product of nonabelian simple groups and Cg(E) =1, yielding E < G < Aut(E).
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Since Ng(P) = P and p is odd, we have that p = 3 and S; = PSL,(g;) with
qi = 33 by the main result of [Guralnick et al. 2004].

dLetQ:=PNEEe€ Sylp(E) and write Q = Q1 X --- x Q, with Q; € Sylp(S,-).
Since P is self-normalizing in E P, by [Navarro et al. 2007, Lemma 2.1(ii)],
Cni(0)/0(P) = 1. This in turn implies by Lemma 4.1 that Cn (g,)/ ¢, (P;) =1 for
P; := Np(S;). It follows by Lemma 3.1(ii) that P; must induce the full subgroup
Csq of field automorphisms of S;. Applying Lemma 3.1(iii) to S;, we see that the
P;-invariant irreducible characters of p’-degree of S; are «; := 15, and the two Weil
characters nl.i of degree (q; — 1)/2. Furthermore, for each o € {«¢;, nii}, P; fixes a
unique irreducible constituent o* of o, occurring with multiplicity one. Moreover,
the map o — o* is a bijection between the set of irreducible P;-invariant characters
of p’-degree of S; and that of Q;.

(e) Since the theorem holds for (G, E),
XEp = X* + A,

where x* € Irr,y (E P) and all the irreducible constituents of A (if any) have degree
divisible by p. In particular, 6 := (x*)g is irreducible. Write

0 =01 x--- X0y,

with 6; € Irr,/(S;). Since 0 is P-invariant, it follows that ¢; is P;-invariant of
p’-degree, and so 6; € {«;, r]l.i} by (d). As mentioned above,

0o, =0 +6i,

where 6F € Irr(Q;) is P;-invariant and §; is a sum of non-P;-invariant irreducible
characters of Q;. Setting
0:=0 x---x6,

we see that each irreducible constituent of 6y — 6 is non- P-invariant and so must lie
under an irreducible character of P of degree divisible by p. But p {6(1). Hence
6p contains a unique linear constituent which lies above . Denote this constituent
by 6*. We have shown that every irreducible constituent of Op — 6* = (x*)p — 6*
is of degree divisible by p, whereas 8*(1) = 1.

(f) It remains to show that every irreducible constituent of A p has degree divisible
by p. Assume the contrary: Ap contains a linear constituent A, and write

)\,Q:)\.1X"'X)\.n,

with A; € Irr(Q;). Let y € Irr(E P) be an irreducible constituent of A that contains
A upon restriction to P. Also, let

B=p1x-x B, €lr(E)
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lie under y and above 1. Since E <1 G and both 6 and B are irreducible constituents
of xg, B is G-conjugate to . Recall that 0 =60, x - - - x 6, with 0; € {«;, nl.i}. Also,
note that the set {«;, nii} is Aut(S;)-invariant. It follows that g; € {«;, nl.i}. As
mentioned in (d), (B;) g, contains a unique P;-invariant irreducible constituent 87,
and each irreducible constituent of (5;) g, — B is non- P;-invariant. Denoting

Bi=Bix - x By,

we see that no irreducible constituent of B — B can be invariant under P. But Ao
lies under Bp and is P-invariant. Hence Ap = B and A; = 8.

(g) Now we consider two cases.

Case 1: B is not P-invariant. In this case, there is some g € P such that 8¢ # B.
Then B¢ lies above (Lg)® = Ao and under y. Writing 8¢ = | x --- x B, and
arguing as in (f), we see that 8/ € {o;, nl?JE} and, moreover,

Bl =% = (B)".

As mentioned in (d), the map « — «* is a bijection. It follows that 8; = B/ and so
B = B&, a contradiction.

Case 2: B is P-invariant. Then, by Corollary 2.4, 8 extends to ,é € Irr(E P). Since
y lies above B, by Gallagher’s corollary we have that y = ,é w, where p € Irr(P/ Q)
is considered as a character of EP/E. Note that p | y(1), as y is an irreducible
constituent of A. On the other hand, p 1 B (1) = B(1). It follows that p | u(1). As
shown in (f), no irreducible constituent of

Po—2ro=Bo—*0
can be P-invariant. Hence A is the unique linear constituent of ,3 p. Certainly, ui
is irreducible over P and nonlinear. Furthermore, again as shown in (f), every
irreducible constituent of

(yp —ur)g =u(l)-(Bo —Ag)

is non-P-invariant and so must lie under an irreducible P-character of degree
divisible by p. Thus the degree of every irreducible constituent of yp — ui is
divisible by p, and the same is true for ui € Irr(P). Consequently, the linear
character A cannot be a constituent of yp, again a contradiction.

Thus we have completed the proof of the first statement of the theorem.

(IT) Now we prove that our map x — x* is a bijection. Recall that O, (Ng(P)) <
0, (G) by Theorem 3.2 and that O, (G) is contained in the kernel of any ¥ €
Irr(Bo(G)). Modding out by O,/(G), we may assume that O, (G) = 1 and so
N¢(P) = P. Hence the principal block is the only block of maximal defect of G,
and the same is true for L P. Since all the nonabelian composition factors of G
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of order divisible by p are PSL, (3%) with a > 1, we know by [Isaacs et al. 2007,
Theorem A] that the McKay conjecture is true for G and for L P. Hence

| Ity (G)| = | Trry (NG (P)| = | Ire(P/ P)| = | Ity (N p (P))| = | Tty (L P)).

Now, if § € Irr, (L P), then some irreducible constituent x of 8¢ has p’-degree.
Therefore x, , contains é and, by the first statement of the theorem, we necessarily
have that x* = §. Thus the map x — x™ is surjective, and therefore injective. [

The proof of Corollary B, which we restate below, is now immediate.

Corollary B. Let G be a finite group, let p be odd, and let P € Syl ,(G). Suppose
that NG(P) = P. Then there is a natural bijection x > x* between Irr,y (G) and
the linear characters of P. In fact, if x € Irr, (G) and A € Irr(P) is linear, then x
and ) correspond under the bijection if and only if

XP:)"+A7

where A is either zero or a character whose irreducible constituents all have degree
divisible by p. This happens if and only if

26 = X+ &,
where E is either zero or a character whose irreducible constituents all have degree
divisible by p.

Proof. If Ng(P) = P, then the principal block is the unique block of maximal
defect by Brauer’s first main theorem. Hence, the first part of the corollary follows
from Theorem 4.3 by letting L = 1. For the second part, if A € Irr(P) is linear, then
19 has degree not divisible by p, and therefore A® has a constituent y € Irry (G).
Then [, A] # 0 and it follows that necessarily A = x*. It also follows that x is
unique, because our map is injective. (]

Next is Corollary C.
Corollary C. Let G be a finite group, let p be odd, and let P € Syl ,(G).
(a) Ng(P) = P ifand only if
(1p)° =16 +E,

where Z is either zero or a character whose irreducible constituents all have
degree divisible by p.

(b) Ng(P) = PCg(P) if and only 1¢ is the only irreducible constituent of
(1pcgp))© that belongs to Irt,y (Bo(G)).
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Proof. Both proofs are very similar. We start with (a). One implication follows
from Corollary B. Assume now that

(1p)¢ =16 +E,

where E is either zero or a character whose irreducible constituents all have degree
divisible by p, but N := Ng(P) > P. Then there exists a nonprincipal character
y € Irr(N/ P), which can be viewed as an N-character. Since y has p’-degree
(because N/ P is a p’-group), it follows that ¢ possesses an irreducible constituent
x € Ity (G). Now, x lies over y # 1y and therefore 15 # x lies over 1p, a
contradiction.

Next, we prove (b). Write C = Cg (P). One implication follows from Theorem 4.3.
Assume now that 14 is the unique irreducible constituent of (1 pc)C that belongs to
Irr, (Bo(G)) and that N := N (P) > PC. Then there exists a nonprincipal character
y € Irr(N /P C), which can be viewed as an N-character. Since N is p-solvable, and
0, (N) < C <kery, it follows that y lies in the principal block of N by [Navarro
1998, Theorem (10.20)]. Also, y has p’-degree, because N/PC is a p’-group. If b
is now the principal block of N, we know that b = B = By(G) is the principal
block of G, by Brauer’s third main theorem [loc. cit., Theorem (6.7)]. Write

GDe= Y Ir% xlx.

x €lrr(B)

(This is called the B-part of )/G; see page 72 of [loc. cit.].) Now, by [loc. cit.,
Corollary (6.4)], we have that

=), =((y9)s),,

where n, is the largest power of p dividing the integer n. It then follows that
some irreducible constituent x of ¥ lies in Irr, (B). We now have that x lies
over y and therefore over 1p¢. Since y # 1y, it follows that x # 15, and this is
a contradiction. ([

5. p-solvable groups

Our proof of Theorem D is short but uses deep character theory of p-solvable groups.
We assume that the reader is familiar with m-special characters (i.e., the characters
of w-degree whose subnormal irreducible constituents have determinantal -order;
see [Gajendragadkar 1979]).

Lemma 5.1. Suppose that L < G, P € Syl (G) and Ng;.(PL/L) = PL/L.
Assume that G/L is p-solvable. Let 6 € Irr(L) be P-invariant and p’-special. Then
there exists a unique 6 € Irr(G | 0) such that 0 is p’-special.
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Proof. We argue by induction on |G : L|. Let K /L be a chief factor of G, and notice
that G/K has a self-normalizing Sylow p-subgroup, by elementary group theory.
Assume first that K /L is a p-group, and let € Irr(K | 6) be the unique p’-special
character lying over 6, by using Proposition 4.3 of [Gajendragadkar 1979]. By
uniqueness, 7 is P-invariant, and by induction, there is a unique p’-special character
n € Irr(G) that lies over n (and therefore over 6). Now, if 0 is any other p’-special
character of G lying over 6 and ¥ € Irr(K) lies under 6 and over 6, we have that
Y is p’-special by Proposition 4.1 of [Gajendragadkar 1979], and therefore ¢ = 7,
by uniqueness. But in this case, 6 = 1, by using the inductive hypothesis.
Suppose finally that K/L is a p’-group. Then Ck,(PL/L) = 1, using that
PL/L is self-normalizing. Hence, by Problem (13.10) of [Isaacs 2006], there
exists a unique P-invariant t € Irr(K | 0). Also, 7 is p’-special by Lemma 4.4 of
[Gajendragadkar 1979]. By induction, there exists a unique p’-special character 7
lying over t (and therefore over ). Suppose now that y € Irr(G) is any other
p’-special character lying over 6. By Lemma 2.1, let ¢ € Irr(K) be P-invariant
under y, and, by Theorem (13.27) of [Isaacs 2006], let p € Irr(L) be P-invariant
under ¢. Then p and 6 are P-invariant and lie under y, so p =6 by Lemma 2.1.
Then ¢ = t by the uniqueness of 7, and hence y = 7 by induction. (]

We restate Theorem D for the reader’s convenience.

Theorem D. Let G be a finite p-solvable group, and let P € Syl,(G). Suppose
that Ng(P) = PCg(P),and let N = O (G). Let Irrp (N) be the set of P-invariant
0 € Irr(N). Then for every 0 € Irrp(N) and linear A € Irr(P/P’), there is a
canonically defined character

Ax0 €Iy (G).
Furthermore, the map
Irr(P/P") x Irrp(N) — Ity (G)

given by (A, 8) — Ax0 is a bijection. As a consequence, NG(P)= P x Cn(P), and
if 0* € Irr(Cn (P)) is the Glauberman correspondent of 6 € Irrp(N), then the map

AXO > Ax0

is a natural bijection Irt, (NG (P)) — Ity (G). Also, if 0 = 1y and X € Irr(P / P'),
then A x 0% is the unique linear constituent of (A x0) N (p)-

Proof. By Theorem 3.2, we can write Ng(P) = P x X, where X := Cy(P). Let
A € Irr(P) be linear and let 6 € Irrp(N). Since P N N = 1, we trivially have that
A extends to PN. Now, by Theorem 2.1 of [Isaacs and Navarro 2008] (or see
Corollary 2.2 of [Isaacs and Navarro 2001] for a self-contained proof), there exists
a maximal subgroup P € W C G such that A extends to W. Hence PN € W. Now,
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by elementary character theory, let A € Irr(W) be the unique linear character of
p-power order that extends A. Now, Ny,y(PN/N)= PN /N, and by Lemma 5.1,
there exists a unique p’-special 6 € Irr(W) lying over 8. Now, by Theorem 2.2 of
[Isaacs and Navarro 2008] and Theorem C of [Navarro 1997] we have that

A%x0 = O1)C e Irr(G).

Notice that Ax6 has p’-degree, because 6 has p’-degree and |G : W/ is not divisible
by p. (We notice for the record that (A x )y contains 6, and therefore, when
restricted to N, we have that (A x0) lies over 6. It is not in general true that A x 6
lies over A, on the other hand.)

We have now defined a map

Irr(P/P") x Irrp(N) — Irry (G)

given by (A, 0) > A %6.

Next we show that our map is surjective. Let x € Irr,,(G). By Theorem 3.6 of
[Isaacs and Navarro 2008], we have that x is a satellite of some ¥ € B,(G) of
p’-degree (see Section 3 of [Isaacs and Navarro 2008] for the necessary definitions).
In other words, this means that there is some linear character § € Irr(P) and a
p’-special character o € Irr(U), where U is the maximal subgroup of G to which §
extends, such that

x =(G)C,

where the order of § is a p-power and § extends §. Now, ay contains a (unique)
P-invariant character u € Irrp (N) by Lemma 2.1, and it follows that « is the unique
p’-special character of U lying over i by Lemma 5.1. It follows then that x = 8%,
and, therefore, that our map is surjective.

Recall that the Glauberman correspondence [Isaacs 2006, Theorem (13.1)] pro-
vides a natural bijection

Irrp(N) — Irr(Cy (P)).

Since the McKay conjecture is true for p-solvable groups (see for instance [Isaacs
et al. 2007]) we have that

| Ity (G)| = | Ity (NG (P))| = | Tee(P/ P)[| TIrr(Cy (P))| = | Tre(P /P Trr p(N))].

It then follows that our map is bijective.
In the case where 6 = 1y, the second part of the theorem easily follows from
Theorem 3.1 of [Isaacs and Navarro 2008] applied in the group G/N. (]

Under the hypothesis of the previous theorem, we notice that the blocks with
defect group P € Syl ,(G) of G can be parametrized by the P-invariant irreducible
characters of N = 0 ,/(G). The fact that in this case Irr, (G | 6) and Irr,y (N (P) | 6*)
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have the same cardinality is a consequence of [Okuyama and Wajima 1980]. Our
hypothesis, however, allows us to obtain a canonical bijection in our case.

6. A non-p-solvable example

To finish the paper, it might be interesting to show the reader how to construct
a natural bijection Irr, (G) — Irr,y (NG (P)) in the paradigmatic case where G =
SL2(33a) -Csa and p =3, with P € Sylp(G) as usual.

Let S:=[G, G] =SL,(q) with ¢ =3, and let o denote the field automorphism
of S of order ¢ := 3%, so that G = § x (o). Using [Digne and Michel 1991, Table 2],
it is easy to check that Irr, (S) contains exactly six o-invariant characters: 15, two
Weil characters n; 2 of degree (¢ — 1)/2 (denoted ch in [Isaacs et al. 2007, §15]),
two Weil characters &) 5 of degree (g +1)/2 (denoted x . in that work), and a unique
rational-valued character ¢ of degree g — 1. Here, the three former characters are
nonfaithful, and the three latter ones are faithful. Furthermore, one can label &; »
such that

§i(x) =ni(x)+1

for any element x € S of order 3 and i =1, 2. Since G/S is cyclic (and generated
by o), it follows that all these 6 characters extend to G, and the 6 extensions
are precisely the characters in Irr, (G). In particular, 15 extendsto A;, 1 < j <t,
with A; = 1. Next, we will single out a “canonical” extension for each of the
remaining five characters of S. As shown in [Navarro and Tiep 2014, §3], G embeds
in H := Sp,,(3) in such a way that n; extends to a Weil character of H that takes
value 1 at 0. We will denote the restriction of this character of H to G by 7;, so that

nie)=1, i=12.

Likewise, & extends to a Weil character of H that takes value 2 at o, and we will
denote the restriction of this character of H to G by &;, so that

E(0)=2, i=12.

Finally, by [Navarro and Tiep 2008, Corollary 2.2], there is a unique rational-valued
extension ¥ of ¥ to G.

Let 1z and v denote the two linear characters of Z := Z(G) = C,. For any
y € Irr(Z), let Irr,y (G | y) denote the set of characters x € Irr, (G) that lie above
y, and similarly for N := Ng(P) = P x Z. Now we see that

Iy (G [1z2) ={A;, midj |1 i <2,1<j<t},
Irry (G | v) = (YA, Erj | 1<i<2,1<j<t}.
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Moreover, the first set is contained in the principal 3-block By(G) of G and the sec-
ond set is contained in the other 3-block of maximal defect B (G) of G. Theorem A
yields a natural correspondence Irr, (Bo(G)) — Irry (Bo(N)). To get a natural
correspondence Irr, (B1(G)) — Irr,y (B1 (N)), it therefore suffices to define a natural
correspondence between Irr, (G | 17) =Irr, (Bo(G)) and Irr, (G | v) =Trry (B1(G)),
which can be given by

A Uk, dikj e Eig,

and a natural correspondence between Irr, (N | 17) =Irr, (Bo(N)) and Irr,y (N [v) =
Irr, (B1(N)), which can be given by

UXlz—> uxv

for all u € Irr(P/P’).

Note that an equivariant bijection 7 : Irr, (S) — Irr, (Ns(PNS)) was constructed
in [Isaacs et al. 2007, (15F)]. Choosing 7 ( Xai) and 7 ( Xbi) suitably, one can check
that = extends (from S to G) to our bijection Irr, (G) — Irry (NG (P)).
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Quantum matrices by paths

Karel Casteels

We study, from a combinatorial viewpoint, the quantized coordinate ring of m xn
matrices Oy (M, (KK)) over an infinite field K (often simply called quantum ma-
trices).The first part of this paper shows that Oy (M, , (I)), which is traditionally
defined by generators and relations, can be seen as a subalgebra of a quantum
torus by using paths in a certain directed graph. Roughly speaking, we view each
generator of Oy (M, (IK)) as a sum over paths in the graph, each path being
assigned an element of the quantum torus. The O, (M, , (IK)) relations then arise
naturally by considering intersecting paths. This viewpoint is closely related to
Cauchon’s deleting derivations algorithm.

The second part of this paper applies the above to the theory of torus-invariant
prime ideals of Oy (M, , (IK)). We prove a conjecture of Goodearl and Lenagan
that all such prime ideals, when the quantum parameter ¢ is a non-root of unity,
have generating sets consisting of quantum minors. Previously, this result was
known to hold only when char(l) = 0 and with ¢ transcendental over Q. Our
strategy is to prove the stronger result that the quantum minors in a given torus-
invariant ideal form a Grobner basis.
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1. Introduction

The purpose of this paper is to introduce a “combinatorial model” of Oy (M, (I£)),
the quantized coordinate ring of m x n matrices over a field K (simply called
quantum matrices). We demonstrate the utility of this model by using it to study
the prime spectrum of Oy (M, (IK)).
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Quantum matrices have generated a good deal of interest since their discovery
during the initial development of quantum group theory in the 1980s. This is
because not only do quantum matrices underlie many of the traditional quantum
groups such as the quantum special and general linear groups, but there are also
interesting connections with topics such as braided tensor categories and knot
theory. See [Takeuchi 2002] for a brief survey. More recently, it has been observed
[Goodearl et al. 2011a; 2011b; Launois and Lenagan 2009] that the prime spectrum
of quantum matrices is deeply related to the theory of totally nonnegative matrices
and the fotally nonnegative grassmannian in the sense of [Postnikov 2006].

Since the late 1990s, much effort has been expended toward understanding the
structure of the prime and primitive spectra of various quantum algebras. Quantum
matrices have received particular attention since, while this algebra has a seemingly
simple structure (for example, it is an iterated Ore extension over the field [), many
problems have proven difficult to resolve. In particular, the machinery employed
to analyze Spec(Oy (M, (IK))) has tended to use fairly sophisticated viewpoints
from noncommutative ring theory and representation theory, and even then often
requires extra restrictions on the base field K and choice of quantum parameter g.

The #-stratification theory of [Goodearl and Letzter 2000] (see also [Brown
and Goodearl 2002]) is an important advancement toward understanding the prime
and primitive spectra of some quantum algebras. Briefly, many noncommutative
rings support a rational action of a torus % which allows one to partition the
prime spectrum of the ring into finitely many #-strata, each #-stratum being
homeomorphic (with respect to the usual Zariski topology) to the prime spectrum
of a Laurent polynomial ring in finitely many commuting indeterminates, and each
containing a unique #-invariant prime ideal. Moreover, the primitive ideals of
the algebra are precisely those that are maximal within their #-stratum. For these
reasons, an important first step towards understanding the prime and primitive
spectra is to first study the F¢-invariant prime ideals, called #-primes.

The deleting derivations algorithm of [Cauchon 2003a; 2003b] has also proven
quite useful. Roughly speaking, this procedure shows that when the #-stratification
theory applies to a given quantum algebra, one can often embed the set of #-primes
into the set of #-primes of a quantum affine space. This is convenient since quantum
affine spaces are typically easy to handle thanks to results of Goodearl and Letzter
[1998]. The strategy then is to reverse the deleting derivations procedure in order
to transfer (more easily obtained) information about the quantum affine space back
to information about the quantum algebra.

The ¥-stratification and the deleting derivations theories both apply to quantum
matrices in the generic case, i.e., when the parameter ¢ is a non-root of unity, and
so a natural problem is to find generating sets for the #-primes. For 2 x 2 quantum
matrices, this problem is fairly straightforward, yet even the 3 x 3 case required a
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significant amount of work by Goodearl and Lenagan [2002; 2003]. However, in all
cases their generating sets consisted of quantum minors, and so it was conjectured
that this held true in general. Launois [2004a; 2004b] was the first to prove this
conjecture under the constraints K = C and ¢ transcendental over (Q. This was later
extended to any K of characteristic zero [Goodearl et al. 2011a].

An important part of Cauchon’s results is a parametrization of the -primes of
quantum matrices using what are now known in the quantum algebra community
as Cauchon diagrams. It turns out that a Cauchon diagram encodes fundamental
information about the corresponding #(-stratum. For example, the Krull dimension
can be easily calculated from the Cauchon diagram using the main result of [Bell
et al. 2012]. Launois also described an algorithm to find the generators of a given
d-prime from its Cauchon diagram, but the calculations involved very quickly
become unwieldy. A graph-theoretic interpretation of Launois’ algorithm provided
in [Casteels 2011] forms the starting point for some of the results presented below.
In fact, much of Section 3.1 may be seen as a combinatorial interpretation of the
deleting derivations algorithm.

It is notable that Cauchon diagrams arose independently in work of Postnikov
[2006] in his investigations of the totally nonnegative Grassmannian. In this con-
text, Cauchon diagrams are called I-diagrams (also Le-diagrams) and have been
investigated by several authors (see [Lam and Williams 2008] and [Talaska 2011]
in particular). The connections between these two areas and Poisson geometry have
been explored by Goodearl, Launois and Lenagan [Goodearl et al. 2011b; 2011a].

Finally, let us also mention that Yakimov [2010; 2013] has developed represen-
tation-theoretic methods with great success. In particular, he independently verified
(and generalized) Goodearl and Lenagan’s conjecture, but again, only under the
constraint that char(l{) = 0 and ¢ transcendental over Q. Furthermore, the generat-
ing sets obtained are actually smaller than Launois’ in general. It is unclear how
Yakimov’s work relates to the viewpoint presented in this paper; however, recent
work of Geiger and Yakimov [2014] explores the connections between Yakimov’s
work and Cauchon’s, and so there is quite possibly a close relationship.

As will be reviewed in Section 2, the usual description of Oy (M, » (IK)) is by
generators and relations. Our approach to Oy (M, (IK)) is the focus of Section 3,
where we begin by giving a directed graph and then assign elements (“weights”)
of a quantum torus to directed paths. We then discuss various subalgebras of the
quantum torus generated by sums over path weights. In particular, Corollary 3.2.5
shows that quantum matrices can be so obtained. One nice aspect of this is that the
quantum matrix relations naturally arise by considering intersecting paths (see the
proofs of Theorem 3.1.12 and Theorem 3.2.3).

While at first it may appear that the description of quantum matrices “by paths” is
a mere curiosity, it is in fact an indispensable tool in the bulk of this paper, Section 4.
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Here, the Goodearl-Lenagan conjecture is an immediate corollary to a stronger
result, Theorem 4.4.1, which states that for any infinite field I and non-root of
unity ¢ € K*, the quantum minors in a given ¥-prime form a Grobner basis with
respect to a certain term ordering. The difficulty with this approach is that for a
given #-prime of Oy (M, (IK)), a priori we do not know any generating sets at all
to which we can apply Buchberger’s algorithm, so we must check that the minors
form a Grobner basis by direct verification of the definition. The way we do this is
by using the strategy noted above for the deleting derivations algorithm. That is,
we transfer an (easily obtained) Grobner basis for an #-prime in a quantum affine
space to a Grobner basis for an #-prime in quantum matrices.

Finally, many nonstandard terms and notation have been invented for use in this
paper. A combined index and glossary is provided in a List of terms and notation
to assist the reader in more easily locating the definitions, should the need arise.

2. Quantum matrices

Let us first set some data, notation and conventions that are to be used throughout
this paper:

e Fix an infinite field K, integers m,n > 2, and a nonzero, non-root of unity
qg K.

e For a positive integer k, we set [k] = {1,2,...,k}.

* The set of m x n matrices with integer entries is denoted by M, ,(Z). The set
of m x n matrices with nonnegative integer entries is denoted by Jy; » (Z>0).

e The (i, j)-entry of N € My, »(Z) is denoted by (N );, j, and (i, ;) is called the
coordinate of this entry. In view of this, the elements of [m] x [n] are called
coordinates.

e We often describe relative positions of coordinates using the usual meaning of
terms such as north, northwest, etc. For example, (i, j) is northwest of (r, s)
ifi <randj <s,and northifi <r and j =s.

The restriction m, n > 2 is made simply to avoid some inconveniences in various
definitions that would occur if m = 1 or n = 1. Fortunately, it is already known
that all results presented in this paper hold when m =1 or n = 1, since in these
cases all algebras in this paper reduce to quantum affine spaces, and such algebras
can be dealt with using results of [Goodearl and Letzter 1998].

2.1. The algebras R®.
Definition 2.1.1. The lexicographic order on [m] x [n] is the total order < obtained
by setting

G, j)<k )<= i<k,ori=kandj </
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If (i, j) € [m] x [n], then (i, j)~ denotes the largest element less than (i, j) with
respect to the lexicographic order.

Note 2.1.2. Any reference in this paper relating to an ordering of the coordinates
[m] x [n] is with respect to the lexicographic order.

The algebras in the next definition each have a set of generators indexed by
[m] x [n]. Tt is natural to place these generators as the entries of an m x n matrix
that we call the matrix of generators.

Definition 2.1.3. Let ¢ € [mn] and set (7, s) to be the ¢-th smallest coordinate.
Define R to be the [<-algebra with the m x n matrix of generators X = [x; ;]
subject to the following relations. If

ab

cd

is any 2 x 2 submatrix of X, then:

(1) ab =gba, cd = qdc;

(2) ac =qca, bd = qdb;

(3) bc =cb;

da if d = xg ¢ and (k,£) > (r,5);

da+(q—q Ybe ifd =xiqand (k,£) < (r,s).

Example 2.1.4. If m =2,n =3 and ¢t =5, then (r,s) = (2,2) and R®) has matrix

of generators
X1,1 X1,2 X1,3
X2,1 X2,2 X2.3

The relations corresponding to Part (4) of Definition 2.1.3 are

4) ad =

X1,1%2,2 = X22X1,1 + (¢ — ¢~ )x12%2,1,
X1,1X2,3 = X2,3X1,1,
X1,2X2,3 = X2,3X1,2.
The two extremities in the collection of R® are of the most interest to us.
Notation 2.1.5. With respect to the notation in Definition 2.1.3:
(1) If t =1, then in Definition 2.1.3(4) we always have

ad =da.

We call this algebra m x n quantum affine space, denoted Oy (IK"*"). The
entries of the matrix of generators of Oy (IK"*") will often be labeled by ¢; ;
for (i, j) € [m] x [n].
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(2) If t = mn, then in Definition 2.1.3(4) we always have
ad =da+ (q—q Ybe.

This algebra is the quantized coordinate ring of m xn matrices over K, denoted
by Oy (M, (IK)) and simply referred to as the (m x n) quantum matrices.

(3) The localization of R = 04 (IK™*") with respect to the multiplicative set
generated by the standard generators ¢; ; is called the (m x n) quantum torus
@q ((KX)an)

(4) Two elements y, z € R® will be said to ¢*-commute if there is an integer r
such that yz = ¢”"zy. Note that commuting elements g*-commute.

In later sections, we work intimately with monomials in the generators of RO,
so we here set some notation in this area. For the remainder of this section, fix
t € [mn], and let [x; ;] be the matrix of generators for RW.

Notation 2.1.6. If N € J,, ,(Z>0), then we write

N = xi{\i)],lxgg)lﬁ x'(nA’”zmn e R®,
written so that the indices obey the lexicographic order from smallest to largest
as one goes from left to right. We call such a monomial a lexicographic term.
Similar notation will be used both for the quantum torus (where N € My, ,(2)),
and, if (r, s) is the ¢-th smallest coordinate, for R(t)[x; 1] (where all entries of N
are nonnegative except possibly the (7, s)-entry).

It is not difficult to check that each R® may be written as an iterated Ore
extension, which immediately yields the following:

Theorem 2.1.7. The following properties hold for every t € [mn]:

(1) R is a Noetherian domain.

(2) As a K-vector space, R has a basis consisting of the lexicographic terms x ™V

with N € My, n(Z>0). The same properties also hold for the m x n quantum
torus (but with N € My, n(2)). O

Definition 2.1.8. The lexicographic expression of a € R® is the unique linear
combinationa =) _ Ellon n(Z=0) X ~x ™ of distinct lexicographic terms with oy #
0. A lexicographic term in this expression will be called a lex term of a.

For RM = 0,(K™"), we will require a slight extension of Theorem 2.1.7.
Observe that any monomial ¢ = #;, j, ti,,j, - * li,,j, in the standard generators of
RM may be written as ¢ = g“t™™ for some integer £ and lexicographic term t M -
Since ¢* = 0, the next result follows easily.
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Proposition 2.1.9. For any coordinate (r,s), the set of lexicographic monomials
of Og4(K™*™) involving only t; ; with (i, j) > (r,s) is linearly independent over
the subalgebra generated by the t; ; with (i, j) < (r,s). Moreover, for a set
{t1,t2. ..., t;} of monomials in the standard generators of Og (IK™*™), the following
are equivalent:

(1) The set {t1,ta,...,t;} is linearly independent over IK.

Mlex Mlex Mlex . . .
(2) Theset{t;"' ,t, * ,....t, © }islinearly independent over K.
(3) The matrices M**,.... M éex are distinct.
A similar set of statements hold for the m x n quantum torus. O

We conclude this section by noting that R () has a natural Z’;gr "_grading that
will be very much exploited in the proof of Theorem 4.4.1. If

s = (rl,rz,...,rm,cl,cz,...,cn) € (Zzo)m+n,

then the homogeneous component of degree s is the subspace of RW spanned by
the lexicographic monomials of the form x?, where N satisfies

n
Z(N)i,j =r; foralli e [m],
j=1

m

Z(N),-,J- =c; forall je[n].

i=1
In other words, the sum of all entries in row i of N equals r;, and the sum of all
entries in column j of N equals ¢;. All references in this paper to a grading on
R will be with respect to this grading.

2.2. The deleting derivations algorithm. The relation between R® and R¢—D
has been studied by Cauchon [2003b] as a special case of the more general theory
developed in [Cauchon 2003a]. Here, we review his results as they apply to these
algebras. For each result in this section, we fix ¢ € [mn] with ¢ # 1, let (r, s) denote
the z-th smallest coordinate, and let [x; ;] be the matrix of generators of R® and
[vi,;] the matrix of generators for R,

Theorem 2.2.1 [Cauchon 2003a, Lemme 2.1 and Théoreme 3.2.1].

(1) The multiplicative set generated by x, s is a left and right Ore set for R and
the multiplicative set generated by y, s is a left and right Ore set for R,

(2) There is an injective homomorphism

T RETD o RO
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defined on the standard generators by
— Xi,j— x,sxrsxr] ifi <randj <s;
Xi,j otherwise.

(3) There is an injective homomorphism
HRW - RV
defined on the standard generators by

S yl,+ylsyrsyrj ifi <randj <s;
b Vi, j otherwise.

@) RO 1= RU-D[y . O

The homomorphism in Theorem 2.2.1(2) is called the deleting derivations map.
We call the homomorphism in Theorem 2.2.1(3) the adding derivations map. (This
map is called the “reverse deleting derivations map” in [Launois 2004a], and a step
of the “restoration” algorithm in [Goodearl et al. 2011b].)

The strategy of Cauchon’s theory is to use these maps to iteratively transfer
information between R(Y) = 04 (KK™>") and RUmn) — Oy (My, 5 (IK)). For example,
to embed the prime spectrum of the latter algebra into the prime spectrum of the
former.

As usual, for an algebra A, denote by Spec(A4) the set of prime ideals, equipped
with the Zariski topology. We may partition Spec(R®)) as

Spec(R(t)) = Spec¢(R(t)) U Spece(R(t)),
where
Spec(R®) = {P € Spec(RY) | x5 & P},
and
Spece(R(’)) ={P ¢ Spec(R(’)) | Xrs € P}.

Theorem 2.2.2 [Cauchon 2003b, Section 3.1]. There exists an injective map
o Spec(R(t)) — Spec(R(t_l))

satisfying the following properties:

(1) Restricted to Spec®(R®), ¢; is bijective, sending P € Spec® (R®) to

$:(P) = Py 1N RCD,
If O € Spec® (RC~D), then

$71(0) = O[x; 1N R®.
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(2) Restricted to Spec€(R®), ¢; is injective, sending P € Spec€(R®) 1o
¢t (P) = g_l(P/<xr,s>)’

where g : R&=1 — R(t)/(xr,s) is the unique homomorphism that maps the
standard generators as y; j = X j + (Xrs). O

2.3. ¥-stratification. For many quantum algebras, including the R®), the struc-
ture of the prime spectrum may be understood by first understanding the prime
ideals that are invariant under a rational action of an algebraic torus #. For
R with matrix of generators [xi.;], let 3¢ = (IK*)™*" and note that every
h=(p1,....Pm:V1.---.¥n) € ¥ induces an automorphism of R® by

h-xi,j = piyjXi,j-

Definition 2.3.1. An J-prime is a prime ideal K € Spec(R®) such that h- K = K
for all h € . The set of all #¥-primes of R® is denoted %-Spec(R®). The
dC-stratum associated to an ¥-prime K is the set

Specg (R®) = %P e Spec(R®) ‘ ﬂ h-P= K}.
heyt

Theorem 2.3.2 [Goodearl and Letzter 2000; Brown and Goodearl 2002, Part II].
For every t € [mn], there are finitely many #-primes in ¥ - Spec(R(t)), and

Spec(R(t)) = |_| SpecK(R(t)). O
Ke¥-Spec(R®)

Remark 2.3.3. Theorem 2.2.1 and Theorem 2.3.2 are where it is necessary to
require g to be a nonzero, non-root of unity. We also note here that the #-primes
are well known to be homogeneous ideals.

The %-primes of R = 04 (IK™*™) have generating sets of a simple form.

Theorem 2.3.4 [Goodearl and Letzter 1998, Section 2.1(ii)]. A prime ideal K €
Spec(RW) is an H-prime if and only if there exists a B C [m] x [n] such that

K={t;l|(@j)eB). ]
It is convenient to describe these ¥-primes by using diagrams.

Definition 2.3.5. Anm xn diagram is an m x n grid of squares, each square colored
either black or white.

We index the squares of a diagram as one would the entries of an m x n matrix. If

K ={(ti;| (G j)e B)e¥-Spec(RV)
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Figure 1. Two 3 x 4 diagrams.

for some B C [m] x [n], then the diagram corresponding to K is that in which the
black squares are precisely those (i, j) € B. Conversely, any diagram defines a
subset B C [m] x [n] corresponding to the indices of the black squares, and therefore
a corresponding K € %—Spec(R(l)). We henceforth identify a diagram with the
corresponding subset B C [m] x [n]. Figure 1 presents two diagrams, the left one
corresponding to the JC-prime (1,1, 12,1, 12,3) € ¥-Spec(0y (K3X4)).

The deleting derivations map behaves nicely with respect to #-primes.

Theorem 2.3.6 [Cauchon 2003b, Section 3.1]. Foreveryt € [mn], t # 1, the map ¢
injects %-Spec(R®) into % - Spec(R* V). Consequently, the composition

d=¢r00Pmn
is an injection of ¥ - Spec(Og (M 1 (I))) into I - Spec(Og (K*™)). O

In view of the strategy mentioned in Section 2.2, a natural problem is to identify
the diagrams of those #-primes in # - Spec(R(l)) that are the image of an #-prime
in 9¢- Spec(R"™) under ¢. We call these Cauchon diagrams

Definition 2.3.7. A diagram is a Cauchon diagram if, for any given black square,
either every square to the left or every square above is also black.

The right diagram in Figure 1 is an example of a Cauchon diagram, while the
left is not a Cauchon diagram since the black square in position (2, 3) has a white
square both above and to its left.

Theorem 2.3.8 [Cauchon 2003b, Théoreme 3.2.2]. A diagram is a Cauchon dia-
gram if and only if the corresponding ¥-prime in - Spec(R™V) is the image under
& of an ¥-prime in ¥-Spec(R™M), O

3. Quantum matrices by paths

3.1. Graphs and paths. Let B be a Cauchon diagram and, by Theorem 2.3.8,
consider the corresponding #-prime K of Oy (M, (I)). With the notation of
Section 2.3, the image of K under the composition ¢;41 0+ -+ 0 Py, 5 is an FH-prime
K; of R®). The goal of this section is to explain how R® /K is isomorphic to a
subalgebra Ag) of the quantum torus Oy ((I<*)™*") defined by considering paths
in a directed graph that is defined using B. In particular, when B = &, we obtain a
combinatorial description of Oy (A, (IK)).
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Definition 3.1.1. For a Cauchon diagram B, construct a directed graph Gg™",
called the Cauchon graph,' as follows. The vertex set consists of white vertices

W = ([m] x[n])\ B,

together with row vertices R = [m] and column vertices> C = [n]. The set of
directed edges E consists precisely of those in the following list:

(1) If (i, j). (i, j') € W are distinct white vertices with j > j’ such that there is
no white vertex (i, j”) forany j’ < j” < j, then we make an edge from (i, j)
to (i, j').

(2) If (i, j), (', j) € W are distinct white vertices with i < i’ such that there is
no white vertex (i”, j) for any i <i” <i’, then we make an edge from (i, ;)
to (i’, j).

(3) Fori € R, we make an edge from i to (i, j), where j is the largest integer
such that (i, j) € W (if such a j exists).

(4) For j € C, we make an edge from (i, j) to j where i is the largest integer
such that (i, j) € W (if such an i exists).

Note 3.1.2. There is a natural way to embed a Cauchon graph in the plane by placing
it “on top” of the Cauchon diagram B as follows. The white vertices are placed
at the center of the corresponding white squares, the row vertices to the right of the
corresponding diagram row, and the column vertices underneath the corresponding
diagram column. An example is illustrated in Figure 2. We call this the standard
embedding and always assume a given Cauchon graph is equipped with it. Hence,
without confusion we can refer to aspects of a Cauchon graph using common
directional or geometric terms.? That a diagram is a Cauchon diagram easily
implies that the corresponding Cauchon graph has the following important property.

Proposition 3.1.3. The standard embedding of a Cauchon graph is planar. O

Definition 3.1.4. A path in GF*" is a sequence P = (vo, V1, ..., V) of distinct
vertices such that* for all i € [k], there exists an edge in G'g™" directed from v; 1
to v;. Naturally, we say that P starts at vg and ends at vy and write P : vg — v.

We consider a directed edge e from v to w to be a path and write e : v — w. If
e is the edge between two consecutive vertices in a path P, then we abuse notation

1Cauchon graphs already appear in [Postnikov 2006], where they are called I'-graphs. We call
them Cauchon graphs here to be consistent with the Cauchon diagrams from which they derive.

2There is ambiguity between labels of the row and column vertices, but the type of vertex we mean
will always be explicitly stated.

3For example, horizontal, vertical, above, below, northwest, etc.

4Strictly speaking, we are defining a directed path, but we will never have use for nondirected
paths in this paper.
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(3. 1) 1(3.2)] (3.3)
) °

o3

o“——e

o1 o2 3

Figure 2. The graph Gg“ , embedded on top of the 3 x 3 Cauchon
diagram B = {(1, 1), (1, 3), (2, 3)}.

by writing e € P. Finally, if P :u — v, Q : v — w, then we write P U Q to denote
the concatenation of P and Q. To a path in a Cauchon graph we will assign an
element of the quantum torus as follows:

Definition 3.1.5. Let G7*" be a Cauchon graph. Define the function
w: E — Og (1))

as follows, where the numbering and notation correspond to the edge types of
Definition 3.1.1:

(D) wle: @, j)— G j")) =t 10

@ wle:@ /)~ 0" ))=1

@) wle:i—(@@.))=ti;;

@ we:G,j)—j)=1

The image w(e) of an edge e is called the weight of e.

If P = (vg,v1,...v;) is a path, and e; : v;—; — v;, then the weight of P is
defined to be

w(P) =w(e)w(ez) - wlek).

Example 3.1.6. Figure 3 illustrates the graph of Figure 2 with edges labeled by
their weights. The weight of the path

P=(1,(1,2),(12,2),2,1),3.,1),1)
is
w(P) = (t1,2) (D (t5 302, (D(1) = 11,285 3121
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Figure 3. The graph G3*3, with B = {(1,1),(1,3),(2,3)}, and
edges labeled by their weights. (Labels of white vertices omitted.)

It is convenient to observe that for a row vertex i and a column vertex j, the
weight of a path P :i — j can be computed by looking at the sequence of “turns”.

Definition 3.1.7. Let P = (vo,v1,...,Vr_1, V%) be a path in a Cauchon graph
starting from row vertex i = vy and ending at column vertex j = vy.

e A I'-turn in P is a white vertex v; € P such that the edge from v;_; to v; is
horizontal, and the edge from v; to v; 41 is vertical.

e A I-turn in P is a white vertex v; € P such that the edge from v;_; to v; is
vertical and the edge from v; to v; 41 is horizontal.

The next proposition follows easily using the definitions of edge and path weights.

Proposition 3.1.8. Let P : i — j be a path in a Cauchon graph, where i is a
row vertex and j is a column vertex. If (v;,, Vi,,...,v;,) C P is the subsequence
consisting of all I'-turns and I-turns, then

—1
Vig_y

w(P) = tvflfz)_izl’vi3 REY

Example 3.1.9. For the path P in Example 3.1.6, the vertex (1,2) is a ['-turn,
(2,2) is a I-turn, and (2, 1) is a I"-turn, so that w(P) = (tl,z)(tz_é)(tz,l). This, of
course, agrees with Example 3.1.6.

Parts (1) and (2) of the next result are Lemmas 3.5 and 3.6 respectively in
[Casteels 2011]. Part (3) is proven similarly.
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Figure 4. The shaded area represents all white vertices greater
than the #-th smallest coordinate (r, s). (This convention will be
repeated in later illustrations.) In this example, P; € Fg)(i 1, J1)
and Pz € Fg)(i3, j3) but Py ¢Fg)(l'2, j2).

Lemma 3.1.10. In a Cauchon graph Gg*", let (a,b) be a white vertex, i and k

row vertices with i <k, and j and £ column vertices with j < £.

() IfP:i — (a.,b)and Q : (a,b) — L are paths in GF*" with only (a,b)
in common, then

w(Q)w(P) ifb=21{,ie., Q has only vertical edges,

g 'w(Q)w(P) otherwise.

(2 If P :(a,b) — j and Q : (a,b) — L are paths in G'g*" with only (a,b)
in common, then

w(P)w(Q) = {

w(Q)w(P) ifb=1{,i.e., Q has only vertical edges,
qw(Q)w(P) otherwise.

B)IfP:i— (a,b)and Q : k — (a,b) are paths in Gl§*" with only (a,b)
in common, then

w(PYw(Q) = {

w(P)w(Q) = quw(Q)w(P).

For the remainder of this section, fix ¢ € [mn] and let (r, s) be the z-th smallest
coordinate.

Notation 3.1.11. For a row vertex i and a column vertex j of GZ*", let Fg)(i, J)
denote the set of all paths P :i — j in Gig*" for which no vertex larger than (7, s)
is a J-turn.

Figure 4 is meant to clarify Notation 3.1.11, and while we have drawn a vertex
(7, s) in this figure, it will not exist if (7, s) € B. The main theorem of this section
is the following:
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Theorem 3.1.12. Let G?X" be a Cauchon graph, let i, k be row vertices withi <k,
and let j,{ be column vertices.

(1) If j < £, then there exists a permutation of Fg)(i, j) X Fg)(i,ﬁ) sending
(P, Q) (P, Q), where

w(P)w(Q) = qw(Q)w(P).

(2) If j = £, then there exists a permutation of F(t)(z Jj)x I’(t)(k J) sending
(P,Q)—~ (P Q) where

w(P)w(Q) = quw(Q)w(P).
(3) If j > L, then there exists a permutation of TP(i, j) x T¥(k, €) sending
(P.Q)+> (P. D), where
w(P)w(Q) = w(Q)w(P).
@) If j <4, then:
@ IfPeTP, j), Qe Tk, £) and PN Q = 2, then

w(P)w(Q) = w(Q)w(P).

(b) There exists a bijection from the subset of F(t)(z J) X I‘(t) (k, £) consisting
of those | (P,Q)with PNQ # D to F (l £) x F (k ]) sending (P, Q)
to (P Q) where

w(P)w(Q) = qw(Q)w(P).

Proof. Part (1): Let (P, Q) € TP (i, j) x TP, £). Since j <€, P and Q have a
last (white) vertex in common, say (a, b). See Figure 5. Therefore, we may write
P = PyUP,, where Py:i — (a,b) and P, : (a b)— j,and Q = Q1 U Q,, where
01: k—)(a b) and 0s:(a,b) > L. Define P = 01U Pz and Q P1U Q5. We
have (P Q) € F (z Jj)x I‘(t)(z £) and that P =P and Q 0, i.e., the map
(P,Q)—~ (P Q) is an involution and so a permutation.

Finally, we apply Lemma 3.1.10 to make our final conclusion as follows. If O,
has only vertical edges, then (using the cited part of the lemma at each line)

w(PYw(Q) = w(Pr)w(P)w(Q1)w(Q2)
L gw(Pw(Q1w(Ps)w(02)
Wgw(Prw(02)w(Q1)w(P2)
— qu(Q)w(P).
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Figure 5. Illustration of Part (1) in the proof of Theorem 3.1.12.
The left figure shows paths P (solid) and Q (dashed). The right
figure shows paths P (solid) and Q (dashed).

°*j ot *J

If Q5 has a horizontal edge, then

w(P)w(Q) = w(Pw(P)w(Q1)w(Q2)

@ q_lqw(Pl)w(Qz)w(Pz)w(Ql)

(lﬁs)qw(Pl)w(Qz)w(Ql)w(PZ)
= qw(Q)w(P).

Part (2): Let (P,Q) € l"g)(i,j) X Fg)(k,j). In this case, P and Q have a
first common vertex, say (a, ). Therefore, we may write P = P; U P, where
P1:i — (a,b)and P, :(a,b) — j,and Q = Q1 U Q», where Q1 : k — (a,b)
and Q5 : (a,b) — £. Define P = Py U Q5 and Q = Q; U P,. We again have
(f;, Q) € I‘g)(z’, j)xl"g)(k, j) and that the map (P, Q) — (P, Q) is a permutation.
The remainder of the proof for Part (2) proceeds as in Part (1) and by using (1) and
(2) of Lemma 3.1.10.

Part (3): Let (P, Q) € Fg)(i, Jj) X F}(;)(k, £), where i <k and j > £. In this case,
P and Q have a first common vertex (a,b) and a last common vertex (a’, b’).
We can write P = Py U P, U P3, where Py :i — (a,b), P : (a,b) — (d’,})
and Pz : (a’,b’) — j. Similarly Q = Q1 U Q2 U Q3, where Q1 : k — (a,b),
0> : (a.b) — (a’,b') and Q3 : (a’,b') — L. Define P = P; U Q5 U P3 and
Q0 =01UPUQs.

We again have (15, Q) € Fg)(i, j)ng)(k, £) and that the map (P, Q) — (P, Q)
is a permutation. To prove the final conclusion concerning the weights relation, we
must consider several possibilities, according to whether or not any of P,, P3 and
Q> consists only of vertical edges, or no edges at all (the other paths here always
have a horizontal edge). Here, we discuss only the case that P», P3 and 05 each
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have a horizontal edge, the other possibilities being dealt with similarly. Before we
begin, we should mention that, strictly speaking, P> and O, do not begin nor end
at a row or column vertex, and so Lemma 3.1.10 does not directly apply. In order
to use the lemma, we identify P, and Q, respectively with the paths obtained by
adding the vertical path from (a’, b’) to b’ and the horizontal path from a to (a, b).
We can do this since in either case these latter paths have the same weight as w(P>)
or w( P3) respectively, by Proposition 3.1.8.
We have

w(P)w(Q) = w(Pw(P2)w(P3)w(Q1)w(Q2)w(Q3)

L qw(P)w(P)w(Q)w(Q2)w(Ps)w(Q3)

D L (PHW(P)W(01)w(02)w(03)w(P3)

L 4 w(PHw(PYW(Q1)w(Q3)w(Q2)w(Ps)

D w(PHw(Q1w(P)w(Q3)w(Q2)w(Ps)

Q1w (Pa)w(PW(Q3)w(Q2)w(Ps),

where each line again uses the respective part of Lemma 3.1.10 and the third line is
applying the cited part to P, and Q1 U Q». That the last line is equal to w(Q)w(P)
is now implied by the fact that w(P;) and w(Q3) commute. Indeed, we have

w(Pw(Q3) = w(P)w(Q2) 'w(Q2)w(Q3)

W qu(Q2) ' w(P)w(Q2)w(Q3)

D w(02) ' w(Q2)w(Q3)w(Pr)

= w(Q3)w(Pr),
where the third line is applying the cited lemma to P3 and Q> U Q3.

Part (4a): Lemma 3.4 in [Casteels 2011] shows that the weight of any edge not
sharing a vertex with QO commutes with w(Q). Since this is the case for all edges
of P we immediately have w(P)w(Q) = w(Q)w(P).

Part (4b): As in Part (1), we let (a, b) be the last common vertex in a nondisjoint
pair of paths (P, Q) € Fgl(i, Jj) x Fg)(k,f). We then “switch” the tails of P
and Q at (a,b) toobtaina P :i — £ and a Q : k — j. The remainder of the proof
is as in Part (1). O

3.2. Thealgebras A g). In this section we introduce for each ¢ € [mn] and Cauchon
diagram B a subalgebra Ag) of Oy ((KK*)™*™). When B = @, we will see that
Ag) ~ R®. Throughout this section we fix ¢ € [mn] and let (r,s) be the ¢-th
smallest coordinate.
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Figure 6. Two copies of the graph G{2(>i31)} of Example 3.2.2. The

left picture is shaded to assist the definition of A( ) , the right picture
shaded to assist that of A(S)

Definition 3.2.1. We define 4% to be the subalgebra of O, ((I)™*") with the
m X n matrix of generators [x; ;] where, for each coordinate (i, ),

Xi,j = Z w(P).

Pery.j)
When B = @ we write A®) = A9

Example 3.2.2. Consider the 2x3 Cauchon diagram B ={(1, 1)}. Figure 6 presents
two copies of the corresponding Cauchon graph, where we continue our illustrative
convention that no path may contain a J-turn in the shaded region. For each ¢ € [6],
we denote by [x ] the matrix of generators for A( )

The left graph of Figure 6 corresponds to t = 1 In this case, any path from
row vertex 1 to column vertex 1 necessarily contains a JI-turn in the shaded region.
Therefore, Ag) has matrix of generators

(1) @G @
X101 *12 %13 [ 0 1, 11,3]
U] P

One may check that A(l) Ag) = Ag’) = Ag'). For t = 5, the Cauchon graph
is illustrated on the rlght in Figure 6. In this case, there exists a unique path in
Fés)(l, 1), so that the matrix of generators for Ag) is

3 .6 5 _
|: 1,1 *1,2 x1,3i| . [Il,zlzéfz,l 1,2 11,3i|
G .6 G| )
X2,1 %22 X23 12,1 2 123

Finally, one may check that Ag) has matrix of generators

6) _(6) _(6) _ _ _
|: 1,1 *1,2 X1, 3i| |:f1,2f2,ét2,1+11,3lz,§lz,1 I1,2+f1,3I2,§I2,2 t1,3i|

6 (6 (6 t 4 5
X310 Xpn Xp3 2,1 2,2 2,3
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Theorem 3.1.12 implies some commutation relations between the generators of
Ag). Compare the following result with Definition 2.1.3:

Theorem 3.2.3. If X = [x; ;] is the matrix of generators for A(t), and
ab
c d

is any 2 x 2 submatrix of X, then:

(1) ab =gba, cd = qdc,
(2) ac =qca, bd = qdb;

(3) bc =cb;

da if d = x; ¢ and (k,£) > (r,s);
@) ad = g ’

da+(q—q " )bc ifd =xiyand (k,£) < (r,s).

Proof. First note that for any coordinates (i, j) and (i’, j'),

xXijxinj =y, w(P)w(Q)
Pery(i,))
Qery’(i',j")

= > wPw@)+ Y wPwQ). G-1)
P,0 P.0
PNO=o PNO#o

Let
a b . xl-,j xi,g
c d o Xk,j Xkt
be a 2 x 2 submatrix of X.

First, consider x; ; and x; ¢. In this case the first sum in (3-1) is necessarily
empty, since any pair (P, Q) € F](;) (i,j)x Fg)(i , ) has row vertex i in common.
Part (1) of Theorem 3.1.12 shows that for any such pair, there is a unique pair
(P,0)e Fg)(i, j)ng)(i, ¢) such that w(P)w(Q) = gqw(Q)w(P). Hence, (3-1)
implies x; jx; ¢ = qx; ¢x;,; The relations between xi ; and xg ¢; x; j and xg ;;
x;¢ and xg ¢; and x; ; and xi ; are all obtained similarly.

Now consider x; ; and xi ¢. If (r,5) < (k,{), then

r k0 =10 = (k. (k. 0,0},

and any P € Fl(;)(i , j) is disjoint from Q by definition of Fg)(i ,J). Hence
Xi,j Xk ¢ = Xk ¢Xi,j by Part (4a) of Theorem 3.1.12. If (k, ) < (r,s), then by (3-1)
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and Part (4b) of Theorem 3.1.12, we obtain

XijXke=qxiexe;+ Y. w(P)w(Q).
Pery (i, ))
Qery(i.))
PNO=w
Since the weights of disjoint paths commute by Part (4a) of Theorem 3.1.12, it
follows that x; ;xx ¢ — Xk ¢Xi,j = (9 — q_l)xl-’gxk’j. O

The intuition behind these algebras is that one obtains A(t) from A(l_l) by
“allowing more paths”. To be more precise, let [x;, ;] be the matrix of generators for
A(t) and [y;, ;] that for A(t D We have

Xij=yij+ Yy w(P) (3-2)

as elements of O ((I<*)™*"), where the sum is over all paths P :i — j for which
(r,s)isa d-turnin P. Ifi > r, j > s, or (r,s) € B, then no such P exists and

Xij = Vij-

On the other hand, if (r,s) ¢ B and both i <r and j <s, suppose P :i — j is
a path with a I-turn at (r, s). Consider w(P)w(Q), where Q = (r, (r,s),s). As
in the proof of Theorem 3.1.12, we may form paths P:i—sand Q r—
by “switching tails” at (r, s). Since w(P)w(Q) = qw(Q)w(P), multiplying (3-2)
through by y, s = x, s = w(Q) gives

XijXrs = Vi,jVrs + Z W(P)Yr,s = Yi,jVr,s +4VisVr,j-

One may easily check that 7, y = x, ; = y, s generates a left and right Ore set for
A(t) nd A(t D (For x5, this follows from the observation that x;_;x m‘H =xa
for some a € A( ) when xi,j 7 0 and (i, j) is northwest of (r, s).) Hence we have
just proved Parts (1) and (2) of the following result. Part (3) follows from these,
and Part (4) is trivial.

Compare the following theorem with [Cauchon 2003a, Proposition 5.4.2]:

Theorem 3.2.4. (1) If (r,s) & B, then AL™V is a subalgebra of

A(l)[ —1]

rs

where

Xi,j — Xzs(er) xp; ifi<randj <s;
Xi,j otherwise.
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) If (r,5) € B, then Ag) is a subalgebra of

-1 _
AUl

r,s

where

U Vi, j +J7i,s(yr,s)_l)’r,j ifi <randj <s;
b Vi,j otherwise.

3) If (r,5) & B, then A9 [x; 1] = A4~V y; 1.

@) If (r,s) € B, then A% = 447D, O
In view of Theorem 2.2.1, we conclude the following when B = &.

Corollary 3.2.5. For everyt € [mn] we have R® ~ A® where R® are the alge-

bras of Definition 2.1.3, and where the standard generator of R ) with coordinate
(i, j) maps to the generator of AD with coordinate (i, J)

Hence, A ~ Og (™M), Almn) ~ Og (M, (I€)) and both the deleting deriva-
tions and J-stratification theories apply to A® Moreover, we follow the arrow no-
tation introduced in Section 2.2 to distinguish a generator x;_; of Ag) from its image
«— . 4(-1) =1 —1 e — . 4O -1
X;,jin Ap ", and a generator y; ; of Ap~ [y, | fromits image y; j in Ap"[x; ¢].

3.3. H-primes as kernels. Fix t € [mn] and a Cauchon diagram B. Denote the
matrix of generators for A®) by [xi, ;] and the matrix of generators for Ag) by [xiB il

Definition 3.3.1. For ¢ € [mn] and a Cauchon diagram B, let al(; ). 4® Ag) be
defined on the standard generators by

B

Ug)(xi,j) =Xj ;-

Section 3.1 of [Cauchon 2003b] implies the following two results:

Proposition 3.3.2. The map Ug) extends to a well-defined surjective homomorphism.

Theorem 3.3.3. One has
ker(al(;)) € %-Spec(AD).
Moreover, if t > 1,
ker(ag_l ) = ¢ (ker(og))),
where ¢; is as in Theorem 2.2.2.
We conclude this short section with a technical lemma. For M € M, »,(Z>0),

write M = My + M7, where

(M)i;  if G, j) = (. 9);

(Mo)i,; = 0 it (i, j) > (r,s);
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and My = M — My. Now, let Ky =a € ker(og)). Let Jl denote the set of M €
Mo 0 (Z0) for which xM is a lex term of a. Hence, for some apy € K*, we have

0= Y aux¥ = Y axMoxti = (O et )a

Meu Meu Neu 7 Meu
m,n( ) M]=N1

Consider

Gl(;)(a)= Z ( Z aMag)(xMO))ag)(le)=O (3-3)

Neu, VA Me
ma@ " Mt

Let N € My »n(Z). If there is a coordinate (i, j) > (r,s) with both (i, j) € B and
(N)i,j > 1, then xNt e K, since Xi,j =t ;jand ol(;)(x,-,j) =0. Otherwise, x V1 #0,
and the coefficient of Gg)(x N1y must be 0 by Proposition 2.1.9; i.e., we have that

Lemma 3.3.4. With the notation of the preceding two paragraphs, we have that if

a € Ky, then
a=a + Z ayx™M,
N el n(2)

le ¢K[
where in the second summand each ay is in K;, and a’ € K; has the property that
every lex term x* of a’ satisfies xL1 € K, i.e., (L)i,j = 1 for some (i, j) > (r,s)
and (i, j) € B.

4. Generators of (-primes

The goal of this section is the proof of Theorem 4.4.1, where we show that an
#-prime in ¥ - Spec(Oy (M » (IK))) has, as a right ideal, a Grobner basis consisting
of the quantum minors it contains. That these elements also form a Grébner basis
as a left ideal can be shown similarly.

We begin by defining quantum minors in Section 4.1 and recalling Theorem 4.4
in [Casteels 2011], which shows that a g-analogue of Lindstrom’s classic lemma
[1973] holds in the context of Cauchon graphs. We follow this by reviewing the
notions of Grébner bases as applied to the algebras A®), and finally prove the main
result in Section 4.4.

4.1. Quantum minors. Throughout this section, we fix a Cauchon diagram B and
at € [mn]. Set (r,s) to be the -th smallest coordinate and [x; ;] to be the matrix
of generators for A I; .
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Definition 4.1.1. Let / ={i; <ip <---<ig}C[mland J ={j1 < ja <--- < Ji} C
[7] be nonempty subsets of the same cardinality. The quantum minor associated to
I and J is the element of Ag) defined by

[1 | .] 0 _ Z( CI)Z( Xit, oy~ Xiksjok)

oESK

where Sy is the set of permutations of [k] and £(o) is the number of inversions of
o € S, i.e., the number of pairs i,i’ € [k] withi < i’ but o (i) > o (i’).

Remark 4.1.2. The defining expression for [/ | J ]g) is its lexicographic expression.
More precisely, for o € Sg, let Py be the m x n matrix whose submatrix indexed
by (I, J) equals the standard k x k permutation matrix corresponding to o, and
where all other entries of P, are zero. We can then write

[I | J (t) Z( q)e(o) P<T

gESK

We will often write [ | J]® for [I | J ]g). However, for the remainder of this

section, we write [I | J] =[[|J ]g). For the remainder of this paper we shorten
“quantum minor” to just “minor”.

Definition 4.1.3. For I ={i; <ip <---<ip}C[mland J ={j1 < jo <--- < ji} C
[1], each (ig, jg) is called a diagonal coordinate of [I | J]. Moreover, (i, ji) is
the maximum coordinate of [I | J].

As elements of O ((IK*)™*™), each minor whose maximum coordinate is at most
(r, s) reduces to a particularly nice form via a g-analogue of Lindstrém’s lemma.
To explain, we first need to set some notation. At this point, the reader may wish to
recall some of the notation defined in Section 3.1.

Definition 4.1.4. Let I = {iy,...,i} S [m]and J = {j1...., jr} C [n] be such
that |7|=|J| =

(1) A vertex-disjoint path system from the row vertices I to the column ver-
tices J in G§*" is a set of k mutually disjoint paths (Py,..., Px) where
P, e F(t)(zr, Jjr) for each r € [k]. We write

Fl(;)(l | J) = {all vertex-disjoint path systems from 7 to J in G§*"}.
Q) P =(Py,..., P) e TP(1 | J), then the weight of P is the product

w(®@) = w(PYw(P2) -+ w(Px) € Og ((KK)™).
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Figure 7. A Cauchon graph.

1 2 3 4

Notation 4.1.5. If we wish to explicitly write out the elements of 7 and J in either
[1]J]or I‘g)(l | J), we will omit the braces. For example, we write
U= i e =i L il

Example 4.1.6. For the Cauchon graph shown in Figure 7, the path system % =
(P1, P2, P3), where

Py =(1.(1,3).(1,2),(2,2). (4.2), (4, 1), 1),

P> =1(2,(2.3),(3,3),(4,3),3),

Py =(4,(4.4).4),
is a vertex-disjoint path system in I‘ém)(l, 2,3]1,3,4). In fact, it is the unique
such vertex-disjoint path system, and

w(P) = (11,24 314,1)(12,3)(3,4).-

The reader may verify that the set Fl(;w)(l ,211,2) is empty.
The following is the g-analogue of a special case of Lindstrom’s lemma:

Theorem 4.1.7 [Casteels 2011, Theorem 4.4]. If[I | J]| has maximum coordinate
at most (r, s), then, as an element of Oy ((IKK*)™*"),

1= > w®). O
PeTP(11J)

The proof in [Casteels 2011] deals with the case ¢ = mn and uses a technique sim-
ilar to the “tail-switching” method of Theorem 3.1.12. The same proof is valid here
due to the assumption that the maximum coordinate of the minor is at most (7, s).
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Example 4.1.8. In the Cauchon graph of Figure 7, say with + = 16, there is
no vertex-disjoint path system from {1, 2} to {1,2}. Theorem 4.1.7 tells us that
[1,2]1,2] = 0. This may be verified directly:
[1,2]1,2] = x1,1X2,2 —qX1,2%2,1
= (204 5041 + 11,305 302 204 3141 + 11,305 314,1) (12,2 + 12,314 314.2)
—q(t12 + 11,385 311,315 314.2) (12,204 btay + 12,315 314,1)
=0.
Similarly, it may be checked that

[1.2,3]1,3,4] = x1,1X2,3X3,4 — gX1,1X2,4X3,3 — §X1,3X2,1X3,4 — ¢~ X1,4X2,3X3,1
+ 612X1,3X2,4X3,1 + 6]2X1,4X2,1X3,3
= w(P)w(P2)w(P3)
= (1,204 514,1)(12,3) (13,4).

where Pp, P, and Pj are as in Example 4.1.6.

Before moving on, a quick application of Theorem 4.1.7 is worth mentioning:
the well-known fact that in Oy (M, (IK)) the quantum determinant

Dy=[1,2....n|1,2,...,n]

is central. Indeed, it is easy to see that there is exactly one vertex-disjoint path
system from [n] to [1#] in GL*", namely ? = (Py, ..., Py), where P; = (i, (i,7),1i)
for each i € [n]. Hence,

Dg=t12p thn.

Centrality of Dy follows from the observation that the right-hand side commutes
with every generator tl.ﬂfjl of Og ((IX)™*™).

The next result was given as Theorem 4.5 in [Casteels 2011], but under the
additional assumption that ¢ is transcendental over (2. We here provide a proof for
when ¢ is a nonzero non-root of unity.

Theorem 4.1.9. A quantum minor [I | J] with maximum coordinate at most (r, s)
equals zero if and only if there does not exist a vertex-disjoint path system from
LioJ;ie.,ifandonly if TY(11J) = @.

Proof. 1t TP (1 | J) = @, then Theorem 4.1.7 implies that [7 | J] = 0.
Now suppose Fl(;)(l | J) # @, i.e., there is at least one vertex-disjoint path
system from I to J. The weight of a vertex-disjoint path system % is equal to
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q%tMo ¢ 04 ((I*)™*™) for some integer o, where

1  if there is a path in % with a ["-turn at (i, j);
(Mgp)i,; = y—1 if there is a path in % with a I-turn at (i, j);
0 otherwise.

Therefore, if for any distinct #,2 € l"g)(l | J) one has My # M, then, by
Theorem 4.1.7 and Proposition 2.1.9, we may conclude that [/ | J] # 0.

Suppose ? = (Py,..., Pr)and 9 = (Q1,..., Q) are two vertex-disjoint path
systems from [ to J and that My = My, i.e., a path in % has a I'-turn or a -turn
at (i, j) if and only if a path in Q does. We aim to show that % = 9. First, consider
the paths Py and Q. Let (i, {) be the first vertex where Py turns and (i, ¢’)
the first vertex where Qy turns. If £ > £/, then Qy goes straight through (ix, ).
However, since 2 contains some path Q that turns at (7, £), this implies (since B
is a Cauchon diagram) that Q and Q} intersect, contradicting the choice of 2 as
a vertex-disjoint path system. The symmetric case shows that £ £ £ and hence
¢ ={'. A similar argument can then be applied to the remainder of the turning
vertices (if any) in Py and Qj, from which we conclude that Py = Q. Repeating
the argument with Pr_; and Qj_1, etc., we see that P = 9, as desired. O

Recall the map og) (AW Ag) of Section 3.3.

Corollary 4.1.10. A quantum minor [I | J]® € A® with maximum coordinate at
most (r, s) is in ker(ol(;)) if and only if there does not exist a vertex-disjoint path
system from I to J in Glg™", i.e., Fg)(l |J)=@. O

We conclude this section by showing how one may construct new vertex-disjoint
path systems from / to J from old ones. First, suppose i is a row vertex and j
is a column vertex in G%*", and consider two paths P :i — j and Q :i — j.
Let (i = vg,...,vx = j) be the subsequence of all vertices that P and Q have
in common. For each a € [k], let P, and Q, denote the subpaths of P and Q,
respectively, starting at v,—; and ending at vg. If P, # Qg, then the first edge of
P, is perpendicular to the first edge of Q. If the first edge of P, is horizontal, let
us say that P, is above Q,, otherwise P, is below Q,. Now consider the paths

P, if Py = Qg;
U, =4 P,; if P,isabove Qg;
Q. if Qg is above Pg;
and
Pq if Py = Qa;
L,=4P, if P,isbelow Qg;
Q, if Q4 is below P,.
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o Vg =]

Figure 8. P is the solid path; Q is the dashed path; U(P, Q) is
the shadowed path.

Definition 4.1.11. With notation as in the preceding paragraph, we let U(P, Q) :
i — j be the path
UP,Q)=U,UlUU---UUy

and L(P, Q):i — j the path
L(P,Q)=L1ULyU---ULy.

Example 4.1.12. With respect to Figure 8, U is the solid path from i = vg to vy,
U, is the dashed path from v; to vy, Us is the solid path from v, to v3, etc. On
the other hand, L is the solid path from i = vg to vy, L, is the solid path from
v1 to vp, L3 is the solid path from v, to vs, etc.

The following lemma states the key property of U(P, Q) that we require:

Lemma 4.1.13. For a row vertex i and column vertex j in Gi§™", consider two
paths P i — j and Q :i — j. Suppose that R : i’ — j' is a path withi’ > i. If R
is disjoint from either P or Q, then R is disjoint from U(P, Q).

Proof. With respect to P and Q, we use the notation of the paragraph just prior to
Example 4.1.12. Without loss of generality, suppose P and R are disjoint.

If R and U(P, Q) have a vertex w in common, then w € Q and there exists an a
such that w is in the subpath Q, of Q. Since w € U(P, Q), we have U, = Q, for
this a and so Q, is above P,. On the other hand, since i’ > i, R must intersect the
Jordan curve formed by P, and Q. Since G’#*" is planar, the intersection occurs

at a vertex of P, a contradiction. O
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Corollary 4.1.14. Leti < i’ be two row vertices and j < j' two column vertices in
GE*". Suppose P :i — j and P’ :i' — j' are disjoint paths and Q :i — j and
Q' i’ — j’' are disjoint paths. Then U(P, Q) and U(P’, Q') are disjoint.

Proof. By two applications of Lemma 4.1.13, U(P, Q) is disjoint from both P’
and Q’. Since U(P’, Q') consists only of subpaths coming from either P’ or Q’,
we have that U(P, Q) and U(P’, Q') are disjoint as well. O

Repeated application of Corollary 4.1.14 immediately gives the following result.
Corollary 4.1.15. Let P = (Py,..., Py) and 2 =(Q1,..., Q) be vertex-disjoint
path systems from I to J. Then

U#.2) = (U(P1, Q1) ... U(Pg, Qk))

is a vertex-disjoint path system from I to J. O

Now, if F( )(1 | J) is nonempty, then repeated application of Corollary 4.1.15
to the ﬁnltely many path systems in F( (I | J) shows that the next definition
is sensible.

Definition 4.1.16. If Fl(;)(l | J) # @, then the supremum of Fg)(l | J) is the

(unique) vertex-disjoint path system (Q1,..., Q) € I‘g)(l | J) such that for any
P=(P1,...,Pr) € Fg)(l | J) one has, for each i € [k],
U(Qi, Pi) = Qi.

For L(P, Q), itis clear that results similar to Lemma 4.1.13, Corollary 4.1.14
and Corollary 4.1.15 hold. We omit their explicit statements here, but note that the
next definition is also sensible.

Definition 4.1.17. If T (1 | J) # @, then the infimum of TS(I | J) is the
(unique) vertex-disjoint path system (Q1,..., Q) € I‘(t)(l | J) such that for any
P=(P1,...,Pr) € F(t)(l | J) one has, for each i € [k],

L(Q;,Pi) = 0;.

Example 4.1.18. Once again, consider the Cauchon graph shown in Figure 7. The
supremum of Fl(;G)(l, 3|1, 3) is the path system (Ql, Qz), where

01 =(1.(1,3),(1,2). (2,2). (4,2). (4, 1), 1),
02 =(3.(3.4).(3.3).(4.3).3),
while the infimum of Fém)(l, 3|1, 3) is the path system (Q1, Q2), where

01=(1.(1,3),(2,3),(2,2),(4,2),(4,1),1),
02=1(3.(3.4).(4,4),(4.3).3).
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4.2. Grobner bases. Grobner basis theory is well known in commutative algebra,
and fortunately many of its key aspects transfer easily to quantum matrices and the
algebras R®W ~ A®_ For a more general and detailed account of Grobner basis
theory for noncommutative algebras, we refer the reader to the book of Bueso,
Gomez-Torrecillas and Verschoren [Bueso et al. 2003].

Throughout this section, we fix ¢ € [mn], let (r, s) be the ¢-th smallest coordinate,
and denote the matrix of generators of A® by [xi,;]. We now define a total order
of the lexicographic monomials in AD,

Definition 4.2.1. The matrix lexicographic order < on My, ,(Z) is defined as
follows. If M # N € My n(Z), let (k,£) be the least coordinate in which M and
N differ. Then we set

M <N (M)k,g < (N)k,g

and say that “M < N at (k,£)”.
If M < N are both in /M, , (Z>0), then the matrix lexicographic order induces a
total order (that we also call matrix lexicographic) on the lexicographic monomials

of A®, by setting

M o xN — M <N.

By allowing the (r, s)-entry in M and N to be negative, this terminology extends
to a total order on the lexicographic monomials of A¢ )[xr_’ 1.

For example, under the matrix lexicographic order, we have
Xi,j < Xi = (i, ]) > (k. 0).
If (i, j), (k,£) <(r,s),and (i, j) is northwest of (k, £), then we have the relation
XpeXij = Xij Xk — (4 —q 7 )xiexe, ;-
On the other hand, we also have
Xj 0 Xk, j < Xi,j Xk

Essentially by repeated application of these facts and the other relations amongst
the standard generators, we obtain the following, which is a special case of the
more general Proposition 2.4 in [Bueso et al. 2003]:

Proposition 4.2.2. For M, N € My n(Z>0), the lexicographic expression of x My N
is
AMN = qag AN 3™ g oL

LeMm n(Z=0)

for some integer a and where for every oy, # 0 one has L < M + N. O
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Definition 4.2.3. Let M, N € My, (Z>0). We say that x™ divides xV if
(M);,j <(N);,j forall (i,)) € [m]x][n].

Using this terminology, we will use Proposition 4.2.2 in the following way:

Corollary 4.2.4. Let M, N € My n(Zso). If x™ divides xN , then there exists an
integer o, matrices L < N, and scalars oy, € IK* such that

xN=q“xMxN_M+Zo¢LxL. a

Remark 4.2.5. Proposition 4.2.2, Definition 4.2.3 and Corollary 4.2.4 extend to
Al )[xr_’ 11 by allowing the (r, s)-entry in each matrix to be negative.

Definition 4.2.6. Let a € A®) with lexicographic expression
a= Z arxt.
L

The leading term of a is the maximum lex term of a with respect to the matrix
lexicographic order. We denote the leading term of a by £ (a).

We are now ready to give the definition of a Grobner basis for a right ideal.

Definition 4.2.7. Let J be a right ideal of A®, and let

G={g1.82,.... 8k} C J.

We say that G is a Grobner basis for J if for every a € J there existsa g; € G
such that £¢(g;) divides £¢(a).

If one has a Grobner basis {g1, g2, ..., gk} for a right ideal J, then one may
find an expression for any ¢ € J as a combination of the g; recursively. If £¢(a) is
divided by £¢(g;), then by Corollary 4.2.4 we may write

a=gia +b,

where £¢(b) < £t(a). Since b € J, we can repeat the process if b # 0. As there
are only finitely many lexicographic terms smaller than £¢(a), this will end after
finitely many steps. Thus, the elements of the Grobner basis generate J .

We will eventually deal with quantum minors, and in this context require the
following, more refined version of Corollary 4.2.4.

Lemma 4.2.8. Let [I | J]® € AD be a minor with maximum coordinate (ix, ji).
Recalling Remark 4.1.2, if we write

(11710 = 3" (=" x",

g€eSk
then:
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(1) One has £t([I | J]®) = x P4, where id is the identity permutation.
Q) If xPis divides x™ for some M € My n(Z0), then

xM = g1 | J)OxM Py 4-1)

for some integer o and w € AD, where if £t(w) = xX, then K < M at a
coordinate northwest of (i, ji)-

The first part of Lemma 4.2.8 is a trivial observation. The justification for the
second part is fairly technical, but its heart is the following auxiliary lemma. For this
lemma we set Ej ¢ to be the m xn matrix with 1 in coordinate (k, £) and 0 elsewhere.

Lemma 4.2.9. If (i, j) € [m] x [n] and x™ € A® is such that all entries of M in
coordinates larger than (a, b) are zero, then we may write

xMxi,j = q“x,-,ij +w,

where o € Z and if w # 0 and xX is a lex term of w, then M and K are equal in
all entries northeast of (i, j). Moreover, if {t(w) = xL, then L < M + Eijata
coordinate northwest of (i, j)

Proof. We proceed by induction on j, starting with the easy observation that for
Jj =1, x;;and xM 4*_commute.

Now, fix j > 1. Consider the process of commuting x; ; to the left of xM and
define step (a, b) to be the point in this process just before we commute x; ; past
xt(zjz)“’b. For a given (a, b), let My € My, »(Z>0) be equal to M in all entries with
coordinate less than (a, b), and let My = M — My. Suppose we are at step (a, b)
and we have an expression of the form

M
My = q“xMOxtg b)“"’x,-,‘,-xM1 +w,
where o € Z and w € A is such that £¢(w) < M + E; ;,and if w # 0 and xKis
a lex term of w, then M and K are equal in all entries northeast of (i, j). We claim
that there is such an expression for step (a, b)~. Note that, once proven, repeated
applications of this claim proves the inductive step, and hence the lemma.
If x, 5 and x; ; ¢*-commute, then the claim is trivial, so suppose x, pX;,; =
Xi,jXqp+(q— q_l)x,-,bxa,j. Thus b < j and, as is easily shown by induction on
(M), p, there is a ¢ € [ such that

x(M)a,b (M)a,b X(M)a,b_lx

ab | Xij =XijXg T XX, a,j-
From this, we obtain
o.My (M)a.b WM _ a My . . (M)a,b M,
g XTUX, XX W =T XX X X

M)qp—1
+cq°‘xM°x,~’bx[(l b)”'b xg, jx M L.
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Notice that the claim is established if we can show that any lex term xX of
xMoxi,bx‘(l{Z)“‘b_lxa,ijl is such that K equals M northeast of (i, j).

As Mj is zero in all entries with coordinates less than (a, b), thereisa f € Z
with x{¥a.r=1, ;M = qPxMi, where M| = My + ((M)ap—1)Eqp + Ea, ;.
Since b < j, we apply the induction hypothesis for b to obtain

xi,be{ = qyxM{JrEi‘b —w',
for some integer y and w’ € A®, where any lex term xK of w’ is such that
K’ < M{ and K’ equals M/ in all entries northeast of (i, b), and so in particular
northeast of (i, j). Moreover, since K’ < M7, we know that K’ can only be zero
in all entries with coordinate less than (a, b). For this reason, x Mox K" = yMo+K’
where Mo + K’ is equal to M in all entries northeast of (i, j). As M{ + E;
also equals M in all entries northeast of (i, j), we have established the claimed
expression at step (a,b)”.

Finally, from the above procedure we also get L < M + E; ;, where £t (w) = xL.
Furthermore, since the commutation relations are homogeneous with respect to the
grading introduced at the end of Section 2.1, we in fact have that L < M + E; ; at

a coordinate northwest of (i, j). O

Lemma 4.2.9 roughly says that as we commute x;_; to the left of xM and find the
lexicographic expression of any new terms, one never needs to “create or destroy”
any generator with coordinate northeast of (i, j).

Proof of Lemma 4.2.8, Part (2). By applying Lemma 4.2.9 to the generators corre-
sponding to x P4 in x™ | we find that there is an integer & and a w € A®) such that
xM — quxPidxM—Pid + w/’
where w’ € A® and if £¢(w’) = xX, then K < M at a coordinate northwest of

(ix.» Jx). On the other hand, notice that if o € S with ¢ # id, then

ngM—Pi M_Pid+PU +w//

X d=x

where x M —PiatPo is the leading term of the right side and M — Py + Py < M at
a coordinate northwest of (ix, ji). Our desired equation

M =g | J)OxM—Pa gy,

follows for some integer & and w € A®, where, if £1(w) = xX, then K < M at
a coordinate northwest of (ix, ji). O

4.3. Adding derivations and lexicographic expressions. Throughout this section,
we fix t € [mn],t # 1 and let (r, 5) be the ¢-th smallest coordinate. Let [x; ;] be
the matrix of generators for A® and [vi,;] the matrix of generators for A=,



Quantum matrices by paths

1889

The proof of the main theorem requires a somewhat detailed understanding of
the effect of the adding derivations map on the lexicographic expressions of an
element a € A® and its image @ e AW . sl] This short section provides this

information.

Recall from Section 2.2 that the adding derivations map is the homomorphism

<. 40 _)A(t—l)[yr—’sl]
defined on the standard generators by

o %yi,j + Yi,sVrs Vr,j if (i, ) is northwest of (r, 5);
l’.] -

Vi,j otherwise;
or, equivalently, by

— {yi,j —I—qyi,syr,jyr_ysl if (i, j) is northwest of (r, 5);
1] —

Vi,j otherwise.

Let x™ € A® and write

M _ L.
X =X, 1 Xin, ot Xip,jps

where for each k € [p — 1], (ix, jx) < (ix+1, jx+1)- Let D be the set of all k such

that (i, jz) is northwest of (r,s). Then we may write

< C C C
M _ ICl $——% — —
X = E q4  Xiy,j1Xiz,jo " Xip,jp>

Cc9

where, for C C 9%,

-1 .
<L Yie,sVrjxVrs ik €C;
ik jx =

Yik, ji ifkgC.

Lemma 4.3.1. With notation as in the preceding discussion, let z € AT D[y

a summand on the right side of (4-2), so that for some C C D,

C C C
zZ= xilajlxiZ’jz e xlp

5jp *
Then in the lexicographic expression of z, written as
L
2= )L ey
LceMm n(2)
where ar . € K*, the following hold:

(1) Foreach Lc,
(LC)r,s = (M)r,s - |C|

(4-2)

rsl be
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(2) If C # @, then for every Lc, we have Lc < M at the least (iy, ji) for which
keC.

(3) Foreach L¢ and for eachi € [m]\r,
(Lc)is=M)is+ ke C|ix=i}]
@) If (i, j) is northwest of (r, s) and if
(Le)ij > (M)ij — Itk € C | (ik. ji) = (. j)},
then there is a coordinate (i, j') with 1 < j' < j such that
(Lc)iyjr < (M)ijr— Itk € C | Gk, jx) = (i, j)}.

(5) For each L, the entries in coordinates not north, west or northwest of (r, s)
are equal to the corresponding entries in M.

Proof. First, let us split the summand z by row indices, i.e., write

C C C C C C
zZ= ('xl’jl.lxlaj].z ..'xlajl.ﬁl)..'(xm’jm.l'xm’jl,z “.xmajLI)m)’
where, for each i € [m], the generators appearing in the monomial

C C C
xi!ji,l xiyji,Z Tt xi:ji,ﬁl'

have indices
(a,b) e, j)|j €myUirj)|Jj €lsl}

Moreover, if y, ; appears with j # s, then y, ; is to the right of any y; ;» with
J' < j. In other words, such a y, ; ¢*-commutes with every generator appearing
to its right. Also, in A¢~1, we have that Vr,s actually g*-commutes with every
generator of A= Thus Yr. Sl q*-commutes with every generator in AC-D r. sl]
and we may write

C C C
_ o M; R;. —
xi,ji,l'xi?ji,Z ..'xiaji.pl =qy ly lyrssﬂ’

where o € Z, B is the number of occurrences of y, sl in the left monomial, M; €
My n(Z>0) is the matrix defined by

0 ifa #1i;
(M) p = (M)ip—Rk € C| (g, jx) =0, D)}| ifa=iandl=<b<s;
Pab = Y (Mg + [k eC g =i}l ifa=iandb=s;
(M)i,b if s <b <n,

and R; is a matrix whose nonzero entries appear only in coordinates between (r, 1)
and (r,s —1).
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It follows that we may write

M, erfl ery;;lvclyL (4-3)

z=g¥yMyRiyMyRo ..y
for some a’ € Z, where the entries of R, equal those of M at coordinates between
(r,1) and (r, s — 1) and are zero elsewhere, and where entries of L equal those of
M at all coordinates greater than (r, s).
Next, let y, ; be a generator with 1 < j <, and consider y; ; yMi for some
1 <i <r. Recall that, for j/ < j, we have the relation

Vi Yisj = Vi Vrj —(@—q )i jyrj-

Repeated application of this relation implies that

. . 4 14
yr,ijl — yszr’j +Za£yM, yR ,
L

for nonzero scalars oy and where:

(1) Every Mf € My 0 (Z>0) satisfies Ml-e < M, and the entries of each Mf differ
from those in M; only between coordinates (i, 1) and (i, s — 1);

(2) Each Rt € M n(Z>0) has nonzero entries only between coordinates (r, 1)
and (r,s — 1).

In particular, when finding the lexicographic expression of the monomial z written in
the form of (4-3), we never create or destroy any of the generators y; , yrffsl, nor any
generator with coordinates not north, west or northwest. Parts (1), (3) and (5) of the
lemma follow. It also follows that for every L¢ and i € [r — 1], if the entries in L¢

and M with coordinates between (7, 1) and (i, s — 1) differ, then the first different en-
try is smaller in L. This implies Part (4). Finally, Part (2) comes from the fact that
each term in the lexicographic expression of z must start with y;, ==+ Vi, |, jey

since no subsequent relation produces a generator y, , with (a,b) < (ig, jx). O

Corollary 4.3.2. Ifa € AD and Lt(a) = x™ , then £t (@) = yM.

Proof. If C # @, then each term y ¢ in the resulting lexicographic expression
satisfies y£C < yM by Part (2) of Lemma 4.3.1. On the other hand,

M %) j% %)
YU = Xi i Xin, g Xip,jp - O

4.4. Generators of ¥-primes. We come to the main theorem of this paper. It is
fairly straightforward to modify the proof and some of the above definitions to
obtain the analogous result for left ideals. We remind the reader that the terms and
notation used in the following proof can be found in the List of terms and notation.
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Theorem 4.4.1. Fix the following data: a Cauchon diagram B;t € [mn]; (r, s) the
t-th smallest coordinate; [x; ;] the matrix of generators for AD: and the sequence
of #-primes (K1, ..., Kyn) where

K; = ker(ag)).

Let G¢ be the set of all x; j with (i, j) > (r,s) and (i, j) € B, together with all
quantum minors in K; whose maximum coordinate is at most (r,s). Then G; is a
Grobner basis for K; as a right ideal.

Proof. First, note that B = & if and only if K1 = (0). On the other hand, in view
of Theorem 2.2.1, we have K; = (0) for some ¢ € [mn] if and only if K; = (0) for
every ¢ € [mn]. Since the empty set generates (0), we are done in the case B = @.
From now on, we suppose B # & and proceed by induction on 7.
If t = 1, then the only minor in A = Og4 (K™*") whose maximum coordinate
is (1,1) is
[ =y

Since #1,1 € Kj if and only if (1,1) € B, we see that G is precisely the set
of generators #; ; with (i, j) € B. On the other hand, these #; ; generate K1 by
Theorem 2.3.4 and so Proposition 2.1.9 implies G is indeed a Grobner basis.

So now suppose ¢ # 1 and that G;_; is a Grobner basis for K;_. Let [y;, ;] be
the matrix of generators for A= There are two cases to consider, according to
whether or not (r, s) € B.

If (r,s) € B, then, as elements of Oy ((I<*)™>™), we have for each coordinate
(i, j) that

op (xij) =og i),
Therefore,

a= ZozLxL e K;
L

if and only if
a = ZaLyL € K.
L

Hence, if y™ divides £ (a’), then x™ divides £1(a).

Now, the previous paragraph also implies that if [ | J]¢~D e K;_; with max-
imum coordinate at most (r, )™, then [/ | J]®) € K; with maximum coordinate
strictly less than (r, s), so that [I | J]®) € G;. Also, if (i, j) > (r,s) is such that
(i,]) € B, then x; ; € K,. Finally, since (r, s) € B,

[r |s](t) = X5 € K;.
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It now follows that since G;—_1 is a Grobner basis for K;_;, G; is a Grobner basis®
for K;.

Now assume (r,s) € B, i.e., X,y ¢ K;, and that G, is a Grobner basis for
K;_1. In the following we aim to verify that G, satisfies Definition 4.2.7 for K;,
but this requires some effort. The strategy we employ is as follows. Suppose a
nonzero a € K, is chosen such that £7(a) = x™ is not divisible by the leading
term of a member of G;. Using the full power of the paths viewpoint developed
above, we deduce in Claims 1 and 2 some structural properties of M. Using the
information so obtained, we then find a term y V¢ € A®=1 that is not divisible by
the leading term of any member of G;—; (Claim 3) yet is the leading term of an
element of K;_1 (Claims 4 and 5). Of course, these opposing properties contradict
the induction hypothesis.

Fix a nonzero, monic a € K; with lexicographic expression

a=xM —i—ZaLxL,
L

where £t(a) = x™ . Furthermore, we may assume that a is homogeneous with
respect to the grading introduced at the end of Section 2.1, i.e., that for each i € [m],
the i-th row sum of every L and M are equal, and for every j € [n], the j-th
column sum of M and every L are equal.

If there exists an (i, j) € B with (i, j) > (r,s) and (M); ; > 1, then x; ; € G,
divides £t (a), and we are done. So we may assume no such (i, j) exists. In fact by
Lemma 3.3.4 we may further assume that M and every L have the same values in
each coordinate (i, j) > (7, s), and, without loss of generality, that these entries are
all zero, i.e., (M); ; =0=(L);,; forall (i, j) > (r,s).

Since (r, s) € B, we have

% _
Ki = Ki—1[x;31n 4D,
and so there exists a b € K;_1 and a nonnegative integer & with

—_ _h
a=bx.g.

Then b = <a_y£”s, and, by Corollary 4.3.2,
t)=yMyls.

We henceforth call a minor in G;—; whose leading term divides £¢(b) critical.
Note that since the maximum coordinate of a critical minor is at most (r, s), its
leading term actually divides y™ . By induction, there exists at least one critical

51n general we have actually shown that a subset of G; is a Grobner basis for K, but nothing is
lost by adding the extra minors in K; with maximum coordinates equal to (r, s).
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minor. Now, if [/ | J]¢~V is critical and [I | J]®) € K, then, since the maximum
coordinate of [I | J]® is strictly less than (r,s), we have found an element of G,
whose leading term divides £¢(a), and we are done. From now on, we assume that
if [ J1%=Y is critical, then [I | J]® & K;.

Claim 1. If [T | J]™Y is critical, where I = (i1 < iy < --- < ig) and J =
(J1 < j2 <-+- < Jr), then we may assume the following:

(1) The set Fg)(l | J) is nonempty and every vertex-disjoint path system in it
contains a path with a I-turn at (r, s).

(2) If (igs, jx’) is the largest diagonal coordinate northwest of (r, s), then

[i1seeoir | J1aeens jir]€0

is critical.

(3) If (ig, jr) is northwest of (r,s), then for every (i, j) with i, <i <r and
Jk <Jj =s,onehas (M);; =0.

Proof of Claim 1. Part (1): This is simply restating the assumption preceding the
. . . . e . (t—1) .
claim, since otherwise there is a vertex-disjoint path system in 'y~ ' (1 | J), i.e.,

111D ¢ K,y

Part (2): By Part (1), there exists a J-turn at (r,s) in any vertex-disjoint path
system in Fg)(l | J). Hence r & I (in particular, i <r), s € J and at least (i1, j1)
is northwest of (r, s). Therefore (ix, ji) is either northwest or northeast of (7, s).

If (i, jr) is northwest of (r, 5), then there is nothing to prove, so suppose (ix, ji)
is northeast of (r,s). If [I \ i | J \ jx]®V € K;_1, then replace [1 | J]¢~V with
[T \ig|J\ jx]® D and restart this argument. So assume that (i, ji) is northeast
of (r,s) and [I \ix | J \ jx]®V & K,_1, i.e, there exists a vertex-disjoint path
system

P =(Pr,.... ) € Ty V(Ui [T\ o)
Let
9=(Q1,...,00) TP | ).

From Part (1), there exists a Qg : iy, — jo containing (r, s) as a JI-turn. Clearly,
we must have o = k', and k" # k since (ig, ji) is northeast of (r,s). Recalling
Corollary 4.1.15, consider the vertex-disjoint path system

G=U@,9\ 0r) e TS ™VUN\ir | I\ ja)-

See Figure 9. Since P/ does not contain a J-turn at (7, s), the path U(Py/, Q)
does not contain a I-turn at (7, s). Moreover, by Corollary 4.1.14, 9 is disjoint from
Q. Hence, R U Qy is a vertex-disjoint path system in the empty set Fg_l)(l | J),
an impossibility.
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|- @ lk

: —--4
| r &)
i' . : -/

i e e J—1 % ik

Figure 9. Illustration of the idea used to prove Part (2) of Claim 1.
The dashed paths represent 9 € F(t)(l | J). The solid paths rep-
resent P € F(t 1)(I \ix | J \ jr). The shaded paths represent

U@,2\ Qk)

Part(3): If (i, j) = (r s)and (M), s>1,then [/ Ur | J Us]® is a minor whose lead-
ing term divides x™ with maximum coordinate (r, s). The only path in F( )(r s)
is (r, (1, ), s). Hence, if I’(t)(l Ur|J Us) is nonempty, then any path system in
this set would have a subpath system from / to J not using (r, s). But this is a
vertex-disjoint path system in the empty set Fg_l)(l | J), an impossibility. Thus,
[IUr]|JUs]® e G; with leading term dividing x™ = £1(a), and there is nothing
left to prove. So we may assume (M), = 0.

If (i, j) # (r,s) but (M);,; > 1, then the leading term of [/ Ui |J U j]¢—D
diVides M Since [I|J]%~V e K,_1, there is no vertex- dlSJOlnt ;))ath system in
1"( ({1 | J) and so certainly no vertex-disjoint path system in F (Ui |JUj).
Thus [7Ui|JU;j]®D is critical and so there exists a & € F( (I Ui|JUj). By
Part (1) and vertex-disjointness, the path P :i — j € P is necessarlly the path with
a J- turn at (r,s). But then @ \ { P} is a vertex-disjoint path system in the empty
set F (I | J), an impossibility. This completes the proof of Claim 1. d

We now say that a coordinate (i, j) is critical if (i, j) is northwest of (r, s) and
there exists a critical minor with (7, j) as its maximum coordinate.

Claim 2. If (i, j) is critical, then every (i, j') for j < j' <s with (M); j» > 1is
critical, and every (i', j) fori <i’ <r with (M), ; > 1 is critical.
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Figure 10. Illustration of the idea used in proving Claim 2. In the
notation of that proof, the dashed line represents Q and the solid
line represents P. The other vertices and partial paths represent

P\ P =9\0.

Proof of Claim 2 . Suppose [I | J]¥~1 is a critical minor whose maximum coordi-
nate is (i, j). Notice that the leading term of

[7]J\ju,;¢D

divides y™ and its maximum coordinate is (i, j’), so it remains to show that this
minor is in K;_1.

Since [1 | J]¥~V) is critical, we may consider the supremum % € Fl(;)(l | J) # 2,
which, by Part (1) of Claim 1, contains a path P :i — j with a d-turn at (7, s).
Notice that P must have a horizontal subpath from (7, s) to (r, j), followed by a
['-turn at (7, j), and then vertically down to the column vertex j. In particular,
(r, j) is a white vertex. See Figure 10.

Suppose that [I | J \ j U j'1%~D & K,_1, i.e., there exists a vertex-disjoint path
system 2 from 7 to J\ j U’ in Fg_l)(l | J\jUJ’). Therefore, the path Q :i — j’
in 9 does not use vertex (r, s). By considering the appropriate supremums, we may
assume without loss of generality that 2\ Q = P\ P. Now, since j' > j, O must
intersect P in order to end at j'. Since Q cannot have a I-turn at a (r, s) or any larger
vertex, the Cauchon condition implies that (r, j’) is a white vertex. On the other
hand, %\ P is disjoint from both Q and P. If we let R be the path starting at i, equal
to Q up to (r, j'), and then equal to P until the column vertex j, then R is a path
from i to j that does not contain (r, s). Now (?\ P)UR is a vertex-disjoint path sys-
tem in Fl(;_l)(l | J), a contradiction. That a coordinate (i’, j) with i <i’ < r with
(M);r,j > 1is critical is proven similarly. This completes the proof of Claim 2. [
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Figure 11. Structure of M : The bullet represents coordinate (7, 5).
All critical coordinates lie in the striped region. All entries in the
two regions shaded solid gray are 0.

To summarize the discussion so far, we have shown that it suffices to assume the
following:

o If[7 | J]¥~V is a critical minor, then Fg)(l | J) # @ and every vertex-disjoint
path system contains a path with a J-turn at (7, s) (by Part (1) of Claim 1).
¢ Every critical minor contains a critical coordinate (by Part (2) of Claim 1).

e For each critical coordinate (i, j), there is a critical minor whose maximum
coordinate is (i, j) (by definition).

* For each critical coordinate (i, j) (of which there exists at least one), (M ) ¢ =
Oforalli <k <rand j <{ <s (by Part (3) of Claim 1). In particular, no
critical coordinate is northwest of another critical coordinate and so any critical
minor contains a unique critical coordinate. See Figure 11.

e If (i, j) is northwest of (r,s) and (i, j) is not a critical coordinate, then no

coordinate above or to its left is critical (by Claim 2).

The remainder of this proof will show that the above list of assumptions leads to
a contradiction to the induction hypothesis.
Recalling the notation in Section 4.3, let

_ M _ ..
Ci(a) =x™ = Xiy,j1 Xis,jo " Xip,jips

and set

C ={k € [p]| (g, jr) is critical},



1898 Karel Casteels

where C is nonempty (since, by induction, there exists at least one critical minor,
which in turn contains a critical coordinate). Consider the monomial

C C C
Xiy,j1 Xz, g2 " Xip,jp Vros

By the assumptions just established, Lemma 4.3.1 and Proposition 4.2.2, the lexi-
cographic expression of this monomial equals

@*yNe+ D areyte. (4-4)
LCeMm,n(Z)

for some integer o and with every Lc < N¢, where
0 if (i, j) is critical;
(M);,; ifi #£r, j#sand (i, j) not critical;
(Ne)ij = M)is+2 (M) s ifi#randj=s;
M) j+> ;/(M)p; ifi=randj#s;
h—|C| ifi=rand j =s;

and where the sum in the case that i # r and j = s is over all j/ with (i, j') critical,
and the sum in the case that i = r and j # s is over all i’ with (i’, j) critical. With
respect to Figure 11, the entries in the striped region are 0 in N¢, while entries
above (r, s) (respectively to the left of (r,s)) may become nonzero if there is a
critical coordinate to the left (respectively above).

Claim 3. The term y™NC is not divisible by the leading term of any element of G¢_1.
Consequently, yNC is not the leading term of any element of K;_.

Proof of Claim 3. To the contrary, suppose that y ¥ is divisible by the leading term
of some element in G,—1. Since (N¢);,; = (M);,; = 0 for every (i, j) > (r,s),
this element is a minor
717170,
where, say,
I=(G1<--<iz) and J=(j1<---<]z).

Now, [1 | /]~ does not contain a critical coordinate, since (N¢) i,j =0 for all
critical coordinates (i, j ). Moreover, we may in this way conclude that y™ is not
divisible by the leading term of [/ | J]¢~V. By the structure of the entries of N¢
compared to M, we then must have that [I | J]~ contains a coordinate (ix, ji)
in which (N¢ )i, . > 0 while (M); ; = 0, and so there are only two possibilities:
either (ix, jx) = (ik.s), where (i, j,) is critical for some j; , or (i, jx) = (7 j)s
where (i ]’C, Jx) is critical for some i ]’c We here show that the former possibility leads
to a contradiction. The latter case is dealt with similarly.
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Before we begin, we simplify our presentation slightly by further assuming that
(ik. jx) = (ix. s) is the maximum coordinate of [I | J]¢~V, i.e., that z = k. The
general case is obtained by simply adding in ig4q,...,iz and jg41,..., jz to the
respective index sets of every minor we consider below.

As yM is divisible by the leading term of [I \ ix | J \ 5]~V (a minor with no
critical coordinate), we have [1 \ ig | J \ 5]~ & K;_1. So it is well-defined to set

52 (leéZ?”’?Qk—l)

to be the supremum and

92=(01,02,...,Qk-1)

to be the infimum of Fg_l)(l \ig | J\s).
Because (ig,j,) is critical for some j, there exists, by Claim 1, a critical
quantum minor [I” | J']¢=1) where, for a (possibly nonpositive) integer a, we write

/ ./ -/ ./ . / ./ ./ ./
I'=(iy <igyq <--<ip=1i) and J = (jo <jgs1 <-<Jjp)

Set
Q])Z(Pa,...,Pk)
to be the supremum and

P = Py, ..., Py)

to be the infimum of Fg)(l/ | J'). By Claim 1, Py is a path from i; to j; in which
(r,s) is a d-turn.

The constructions to follow will show that if @ < 1, then we can construct a
vertex-disjoint path system

R e T,
or, if o > 1, a vertex-disjoint path system
ql, e TV 7).

As both Fg_l)(l | J) and I‘g_l)(l/ | J') were assumed to be empty sets, either
case will establish a contradiction and so complete the proof of Claim 3. The
construction is fairly intricate, so we first give an indication on how we plan to
proceed. For £ € [k],let Iy = (iy <--- < i) and Jy = (g < --- jr). Define Ié
and J, for « < £ < k similarly. The first step is to build a vertex-disjoint path system
Ry € Fg_l)(lk | J&) using 9. If k = 1, then we are done. Otherwise, we use Ry
to build %) € FBt_l (I | J;). Again, if o = k, then we are done. Now suppose we
have found %1 € Ty " (Ig41 | Jesr) and %) € Ty P (Igy1 | Jgpr) and that
£+ 1> max(1, ). We will show how to construct Ry € Fg_l)(le | J¢) using Ry q

and R ;. If £ = 1 we are done. Otherwise, we construct %), € Fg_l)(lé [ J0)
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EEEE— - i =i, = v,?
#(r.5) =v]
°Ji o5 =
Figure 12. Construction of Qj (dashed) from Py (solid) in the
proof of Claim 3.
using %’e 41 and the just-constructed Ry. If £ = a we are then done; otherwise we

repeat the above, eventually ending with the desired vertex-disjoint path systems.

Now we give the promised details of the previous paragraph, beginning with the
construction Ry . Recall that P € P has a subpath starting at row vertex i ]’C =iy and
ending at vertex (7, s). Define Q to be this subpath followed by the vertical path
from (r, 5) to column vertex s. For the purposes of the construction, set v,‘g = iy,
v,i = (r,s), and note that vg is the first vertex that P, and Qj have in common,
while v ,i is the last vertex they have in common. If one sets Ry = Qp, then note
that we (trivially) have Ry = Qy from i to v,g, Ri = U(Py, Q) from v,? to v,i,
and Ry = Qy from v]i to jr = s. See Figure 12.

Set R = (Ry). Of course, Ry, is a vertex-disjoint path system from ij to ji in
Fg_l (Ir | Jr). If k = 1, then we are done, so we may assume k > 1.

In order to construct Q‘t;{, we first need to prove that ji_; > j ,2 To the contrary,
suppose jr—1 < j,é, and consider

[1]J\sUj;]¢D,

If[7]|J\sU j,é](’_l) € K;—1, then it is critical and so there exists a vertex-disjoint
path system from 7 to J \ s U j, with the path from iy to j, containing a I-turn
at (r, s). But just as in the construction of Qj above, we may replace this path with a
path from iy, to s, thereby producing a vertex-disjoint path system from [ to J in the
empty set Fg_l)(l | J), which is absurd. Next, suppose [/ | J\sUj];](’_l) K1,
so that there does exist a vertex-disjoint path system from 7/ to J \ s U j Ié’ where
the path Q' : i — j]g does not contain a I-turn at (r, s). We may take this path
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.
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1
I__l
1
1
___________ ! o i _ .0
! " ® iy =i, = v/
1 w
1 k
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= & (r,5) =0}
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1
1
1
hd
. -/
*Jr *Jka

Figure 13. Qy_ is the dashed path, Py is the solid path, R;{ is
the shadowed path.

system to be

(O1..... Ok—1. Q).

Now Q_ is disjoint from Q’, and so disjoint from L(Q’, P;) by the lemma
that is analogous to Corollary 4.1.14. But this latter path contains (r, s) (since Py
does) and so we may replace Q' with a path from iy to s, thereby again impossibly
producing a vertex-disjoint path system in the empty set Fg_l) (I]J). We can
therefore conclude that j,_; > j]é.

As k > 1, consider Qf_1, which, in particular, does not contain (r,s). Now,
Q1 must intersect Qj at a vertex coming before (r,s) on Qf, as otherwise
QU Qp € Fg_l)(l | J). Let wg be the first such common vertex. On the other
hand, since jir_; > j,é and Q. _1 goes above (7, 5), Q}_1 must also share with Py
at least one vertex after (r, s). Let w,i be the last vertex that Q;_; and P} share.
See Figure 13.

Define R;c to be the path that equals Py from i ]’c to wg, then equals U(Qx_1, Px)
from wg to w,i, and then equals Py from w,i to jlé. Observe that R;C does not
contain (r, s), so that

e = (R})

is a vertex-disjoint path system in Fg_l)(llé | J0). If k = «, then again we have
obtained the desired contradiction, and so we may assume o < k.

Now let £ be an integer with max(c«, 1) < £ < k. Assume that iy < ié+1’
Je=>J é 4 and that we have the following data:
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Ty ¢
[ ] [ ]
Jé_H jZ jf—l—l ]é+1 j( j@-l—l
Figure 14. R, is the shaded path on the left diagram; R
the shaded path on the right diagram.

Z—H

e Wehave aRpy 1 = (Rg4q,..., Rg) € Fl(;_l)(le+1 | Je+1). Moreover, there
exists a vertex v? 41 which is the first vertex that Py, and Q¢4+ have in
common, a vertex v t} t1 which is the last vertex that Py, and Q¢4 have in
common, and RgH equals Q¢4 fromigsq to le, equals U(Py+1, Qp+1)
from UZ_H to ”e+1’ and equals Q¢ from le to jo41.

(t—1)
* Wehavea R, = (Ry,,,....,R) €'y (I, | J;, ). Moreover, there
exists a vertex wg 1, which is the first vertex that Py;; and @, have in
common, a vertex w} ¢+1 Which is the last vertex that Py4q1 and Qg have in
common and R’e+1 equals Py, from l£+1 to le, equals U(Py+1, Qy)

from weJrl to wé+1’ and equals Py from wele to J€+1

We will construct a path Ry : iy — j¢ disjoint from Ry 1, but first we need to show
that iy <i,. Suppose that i, >i,. Since j¢ > j;, | > j;, we may consider the minor

[I//|J//](t—1) [a,...,ié,ig,...,ik_l |j0/l’""jé’jﬁ’---,jk_l](t_l)_

Note that this minor does not contain a critical coordinate since [/ | J ](t D doesn’t
and (ig, jx) is the unique critical coordinate in [I’| J/]¢~1. But as yM is divisible
by the leading term of [1” | J”]*~V, we know that [/” | J”]%~V is not in K,_1,
ie., F(t 1)(I” | J”) is s nonempty.

Indeed (Pl, P04 Ok) € I‘(t 1)(I” | J”), since for any path

system in Fé )(I” | J") we choose the subpath system from {i{,...,i,} to
{J{:- ... J;} may be replaced with the supremum of
—1),. g .
Fg )(li,...,lé|]1/,...,]é),
and the subpath system from {iy,...,ix_1} to {j¢. ..., jx—1} with the infimum of

—1),. . . .
Fg Wit vik—1 1o Jeo1)-
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. . . .
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Figure 15. Constructing R, (upper shaded path). Note that it is
disjoint from Ry (lower shaded path).

These two sets are, of course, (I3 Lse-- ﬁg) and (Qy, ..., Qr_1) respectively. In par-
ticular, this implies P is disjoint from both Q,. But Py is also disjoint from Py ;.

By the construction of R% 41 it follows that Py and R% 41 are also disjoint, so that

{(Pr.....PlUR,

forms a vertex-disjoint path system in the empty set Fg_l)(l | J). Since this is an
impossibility, it must be the case that iy <i é

Next, we construct . Recall that Rz 41 has afirst vertex w? 1 thatis common to
Py41 and Qy. On the other hand, since Py and Py are disjoint and iy <i, <iy_ ,,
it must be the case that Py intersects Q. Let v? be the first vertex they have in
common and note that v? comes before w? 1 Oon Q. See Figure 15 for an example.

Next, observe that P, must also intersect Jy at a vertex coming after w? 1
This is the case since otherwise Py is disjoint from Rz 4 after w? - But by the
construction of Ry ,, we would then have (Py,..., Pp) UR), a vertex-disjoint
path system in the empty set Fg_l)(l " J7). So, let v be the last vertex that Q
and Py have in common. Define Ry as the path equal to Q, from iy to v?, equal to
U(Py, Qy) from v? to Uz}’ and then equal to Qy from vl} to jg. Since Qy is disjoint
from Qg4 up to v? and after vl}, and U(Py, Qy) is disjoint from U(Py41, Qp41),
we see that Ry is disjoint from Ry, 1, and so
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—-1),. . . .
%g=%e+1URg€Fg )(le,...,lk|]g,...,]k).

If £ = 1, then we have obtained the required path system, completing the proof of
this claim.

Assume ¢ > 1. To construct %’g, we first must show that j,_; > j é. To the
contrary, suppose that j,_; < j é . Now, iy <iy <i é, so we may consider the minor

71 T"MCD = (i, gy iy | s ees 1o Jgs - ).

Since yM is divisible by the leading term of [I”” | J"’]%~V, there are two possi-
bilities. If [I”| J”"]%~V is in K,_;, then it is a critical minor, and so there is a
vertex-disjoint path system in

(l) . . ./ ./ . . ./ .
Cp’ny oo ovig—1yipeeeosdp | 1o Jom1s Jgo oo s i)

which we may take to be

(Ql,...,ég_l,Pe,...,P ).

Therefore, Q ¢—1 1s disjoint from both P; and Qy, and so disjoint from R, by the
latter path’s construction. Hence, (Ql, .. Q ¢—1) U Ry is a vertex-disjoint path
system in the empty set F](; b (I|J),an 1mp0ssibility. The other possibility is that
[1”|J"1¢D is not in K;_1. This possibility is dealt with in a manner similar to
the above, where we justified the inequality jr_; > j]é. It follows that j,_ > jé .

We now describe the construction of R%. Since £ > 1, consider Qy_. This path
is disjoint from Qy. If Q1 does not intersect Py at a vertex between v? and vzl,
then Q,_; is disjoint from Ry, so that (Q1,..., Q¢_1) U%Ry is a vertex-disjoint
path system in the empty set Fg_l)(l | J), an impossibility. So we may let w? be
the first vertex that Qy_; shares with Py. Now, since j é < joe—1 < je, and the two
subpaths of P, and Q/ starting at v l} together with the line from j é to jp form a
closed curve in the plane, Qy_; must intersect Py at a vertex after v 2 Let w t} be
their last common vertex after v Zl We now take RZ to be the path equal to Py from
i to w?, equal to U(Py, Q¢_1) from w? to wé, and equal to Py from wé to j,.
See Figure 16 for an example. That R’ is disjoint from R/, , . is seen similarly to
when we showed that Ry and Ry are disjoint.

Of course, we now take

{+1

t] . . .

If £ = «, then we are done. Otherwise continue as above. As this process ends
when £ = max(a 1) we eventually construct a Vertex disjoint path system in either
the empty set F (I | J) or the empty set F (I | J/). This contradiction
completes the proof of Claim 3. O

Claim 4. The term yN¢ from Expression (4-4) is a lex term of b = (Eyf, 5
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Figure 16. Constructing R% (upper shaded path). Note that it is
disjoint from R% 41 (ower shaded path).

Proof of Claim 4. Recall that a lexicographic term is said to be a lex term of
an element of A~ or A® if it has a nonzero coefficient in the lexicographic
expression of that element.

We have already seen that y V¢ is a lex term of

C C C
Xip, i Xin,j2 " Xip,jp Yrse

We will show that this is, in fact, the unique appearance of y V¢ in (the lexicographic
expression of) any summand of

b Gyh Mo Lok
=aYrg =X yr,s+ZaLx Yrs>
L

and so is a lex term of b.
H
To start, consider in x ™ yf” s the lexicographic expression of some
c . c’

. . . . . . h — LC/
Xiy, 1 X,z " Xip,jp Vrs = Z AL/ Y
LC/EMm!n(Z)

where C’ # C. Suppose C’ is chosen so that there is an L~ equal to N¢.
Now, by Lemma 4.3.1, each term yLc’ satisfies (Lc7)rs = h—|C’|. Since
(Nc)r,s = h—|C|, we must have if |C’| = |C| > 0. But, since C # C’, there
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must exist k € C’ such that (ig, ji) is not a critical coordinate. Since (i, ji) is
not critical, we should have

(Lc)i,jx = (NCigjx = (M)igjie > (Mg ji =ik € C7 | Giger, jikr) = (ks i) -
By Part (4) of Lemma 4.3.1, there is a coordinate (ix, j) with j < ji and

(LC’)ik,j < (M)ik,j = (NC)ik,j’

where the equality follows from the fact that since (ig, ji) is not critical, neither is
(i, j) by Claim 2. Hence, L ¢ cannot be equal to N¢ since their entries differ in
coordinz}ti (ix. j). This is a contradiction and so we conclude that y V¢ is a lex
term of xMyf’,s.

Next, suppose

xb = Xai,by """ Xa;s by

appears in a, where (ay, bx) < (ag+1,bg+1) foreach k € [t —1] and where L < M
at coordinate (i, j). With the notation of Section 4.3, consider

< D D
L_h h
X" Vs = § C] xal bi1Xaz,by * Xag by Vrse

Suppose that y V¢ appears in

D D
Xai,b1raz,by xat,bz yrs ZaLDy

By Lemma 4.3.1(5), every entry in an Lp with coordinates not northwest, north
or west of (r, s) must equal the corresponding entry in L. Since we also require
Lp = Nc¢ for some D, this implies that those entries are equal to the corresponding
entry in M as well. Thus, (i, j) can only be north, west or northwest of (7, s). On
the other hand, if j = s, then all entries in L and M in row i except coordinate (i, j)
are equal. By homogeneity, this means that we must also have (L); ; = (M);,;,
a contradiction. Hence (i, j) is not north of (r, s), and by similar reasoning (i, j)
is not west of (7, s). Therefore, we may assume that L. < M at a coordinate (7, j)
northwest of (7, s).

There are two cases to consider. First, suppose (i, j) is not a critical coordinate.
In this case,

(Nc)i,j = (M);j > (L),

and so we may proceed as above by applying Part (4) of Lemma 4.3.1 to see that
in order to have (Lp);,; = (N¢)i,;j, we would require an entry with coordinate
(i, j) with j’ < j to satisfy

(Lp)i,jr < (L)i,jr = (M); j» = (Nc)i,jr-
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Hence we cannot have Nc = L p in this case.

Next, suppose (i, j) is critical. Let (i, jo) be the least critical coordinate in row i.
Notice that no (i, j') = (ag, bx) with j’ < jo has k € D, for reasons similar to the
previous paragraph. Now, consider j’ with jo < j’ <s. By Part (3) of Claim 1
applied to (i, jo), we know that every entry of M south of (i, ;') is equal to zero.
Hence, the sum of the entries in column j’ of M is equal to ) ;,_,;(M);s j». By
homogeneity, this is equal to the sum of the entries in column j’ of L. On the other
hand, the entries north of (i, j) in L are equal to the corresponding entries in M.
Since all entries of L are nonnegative, we see that

(L)i,jr < (M); jr

for every jo < j’ < s. Also, since the entries of L and M are equal prior to
(i, jo) and L < M, we must also have (L); j, < (M);,j,. But, since we know that
(L)i,j <(M);,;, applying Part (3) of Lemma 4.3.1 gives

(Lp)is=(L)is+ [k €D |ix =i}l

s s
<@is+ Y Lijr<(M)is+ > (M) jr=(Nc)is.
J'=jo J'=Jjo
Hence, we cannot have Lp = N in this case either, and so this completes the
proof of Claim 4. U

Claim 5. There exists an element of K;_1 for which yN¢ is the leading term.

Note that Claims 3 and 5 are incompatible, thus providing the required con-
tradiction to the assumptions on the entries of M and completing the proof of
Theorem 4.4.1.

Proof of Claim 5. By Lemma 3.3.4, we may write

e .
b= Zbiy;‘,s’
i=0

where finitely many b; # 0 and each b; € K;_; with lexicographic expression using
only generators with coordinates less than (r, ).

By Claim 4, yV¢ is a lex term of b and so, since (N¢)ys = h —|C|, it is a lex
term of

h—|C
20 = by_ic i€

Suppose for a positive integer k that we have constructed an element zj_; € K;—;
in which yN¢ is a lex term. Moreover, suppose any lex term of z;_; that is greater
than yN¢ also is a lex term of zo. If £¢(zx_;) = y™NC, then we have found the
required element of K;_1. Otherwise, we construct in the following an element
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zy € Ky—1 with the same properties as z;_1, but in which there are fewer lex terms
greater than yVC . Since there are only finitely many lex terms of zq that are greater
than yV¢, this process must end after finitely many steps, resulting in an element
of K;_1 whose leading term is y V¢, as required.

Let

Lt (zg—y) = y& = yNe

so that for some yr, yn. € K* we may write

Zk—1 = VLyL + VNcyNC +le¢—1-

In particular, observe that in Zk there are fewer lex terms greater than y V¢ than
in zk 1- Also y <y yr ¢ since the latter term is the leading term of b but
yLeb,_ |C|yrs cl #* bhyrs since |C| > 0. Finally, for i € [r — 1], let C; denote
the critical coordinates in row i.

Let ip be the least index such that C; = C;, is nonempty. Let (co, dp) be the
least coordinate in C;,. Since yNe < yb < yM yﬁ ¢ and the entries of N¢ and M
at coordinates prior to (cg, do) are equal, we have that the entries of L, M and N¢
are equal prior to (co, do) as well.

Suppose (co, d) € Cj, is such that (L), 4 > 0. In this case, we proceed as follows.
Since (co,d) is a critical coordinate, there is a critical minor [ | J]¢~V € K;_;
with maximum coordinate (co, d) whose leading term divides y ™, and so divides
yL by the previous paragraph. By Lemma 4.2.8, we have

yE =g | 7] ylmPa oy,

where w € AC~D has the property that if £¢(w) = yX, then K < L at an entry
northwest of (co, d). Since all entries of L northwest of (cg, d) are equal to those
of Nc and M, we have that £¢(w) < yV¢ as well.

Hence,

k1 =7yt +yne Ve + 24,
=y @ |10y )+ yne y N 2

so that if we define
2 = zp—1 —yLq®I | 1OV y ™ Po= yy o yNC L ypw + 24,

then we have zj € K;_; satisfying the desired properties described above.

Now, suppose each coordinate (co,d) € C;, is such that (L)C0 4 = 0. Thus,
L and N¢ are equal in all entrles prior to (co, s). Also, since L 1s a lex term of b,
there must be a lex term x =’ of a so that y L is a lex term of x© yr 5+ We also have
L <xM and it follows by Part (2) of Lemma 4.3.1 that the entries in L’ and M
are equal prior to (co, do).
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Now, as in the proof of Claim 4, we may apply homogeneity to conclude that
(L") eo.d < (M), .a for each (co, d) € Cjy, and if any of these inequalities are strict,
then (L)j,,s < (N¢)iy,s» contradicting the assumption that Nc < L. Hence, L’
and M have equal entries prior to (co, $).

Now, let i; be the second least index such that C;, is nonempty, and consider
coordinates from (cg, s) to (¢1,d1)”, where (c1, d1) is the least coordinate in C;_j.
Since yN¢ < yL_ we know that if any entry in L and N¢ in these coordinates
differ, then the first differing entry is larger in L than in N¢. On the other hand,
the entries of N¢ and M are equal in this range of coordinates. Thus, if the first
differing entry is larger in L than in N¢, then this entry in L’ is larger than in
M, yet every entry prior in L’ is equal to that in M, implying that y™ < yL/, a
contradiction. Hence, the entries in this range of coordinates are equal in N¢, M, L
and L.

Since all entries northwest of a critical coordinate are equal in M, N¢, L and L’,
we may now repeat the above arguments with the coordinates in C;,, and subsequent
C; if necessary. Eventually we must find a critical coordinate with a positive entry
in L, as otherwise we would find that N¢ = L, contradicting the assumption that
yNe < yL Hence, we can always construct the required z; and, eventually, an
element of K;_; with leading term yV¢ . This completes the proof of Claim 5 and
the theorem. O

4.5. Conclusions. The motivating goal of this work was to demonstrate the conjec-
ture of Goodearl and Lenagan that when ¢ € IK* is a non-root of unity, an ¥-prime of
Oy (M 5 (IK)) is generated by the set of quantum minors it contains. That this is true
is already immediate corollary of the t = mn case of our Theorem 4.4.1. However,
the theorem actually implies a sharper result, since we may consider a minimal
Grobner basis for the #-prime. The idea here is simple: if G is a Grobner basis for
an ideal and if g1, g» € G are such that £7(g1) is divisible by £7(g>), then G \ g1
remains a Grobner basis for the ideal. With respect to Oy (A, (I€)), this means the
following. Suppose [1 | J]") =[I | J]is a minor with [ = {i; <ip <---<i}}and
J={j1<ja<-jip- MLk, I"=1N{ig|€€L}and J'=JN{j; | L€ L}, then
call [I”| J'] a diagonal subminor of [I | J]. From the ¢ = mn case of Theorem 4.4.1
we find the following:

Corollary 4.5.1. If ¢ € IK* is a non-root of unity, then every ¥-prime K of
Og (My 0 (KK)), is generated, as a right ideal, by those quantum minors in K with
no diagonal subminor in K. These quantum minors form a minimal Grobner basis
for K with respect to the matrix lexicographic order.

In the statement of Corollary 4.5.1, “right ideal” can be replaced by “left ideal”
after proving the left ideal version of Theorem 4.4.1.
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Figure 17. The Cauchon diagram corresponding to K.

Example 4.5.2. Let K be the (-prime of O (3,4 (I)) corresponding to the Cau-
chon diagram in Figure 17. By using Corollary 4.1.10, we find that the quantum
minors in K are

{[123|123], [123]124], [12]12], [13|12], [23]12], [23]13], [23]23] .

Theorem 4.4.1 says that these form a Grébner basis for K. However, [12]12] is a
diagonal subminor of [123|123] and [123|124]. Therefore,

{[12]12], [13]12], [23]12], [23]13], [23|23]}

is a minimal (in fact reduced) Grobner basis for K.

List of terms and notation

To assist in the reading of this paper, in particular the proof of Theorem 4.4.1, we
below provide an index of some terms and notation used throughout this paper.

Coordinates Beginning of Section 2.
Lexicographic order Definition 2.1.1.
(r,s)” Definition 2.1.1.
Cauchon Diagram Definitions 2.3.5 and 2.3.7.
G%*"  (Cauchon graph) Definition 3.1.1.
rY(1|J) Definition 4.1.4.
U(P, Q) Definition 4.1.11.
L(P,Q) Definition 4.1.11.
U(P,2) (Supremum) Definition 4.1.16.
L(%?,2) (Infimum) Definition 4.1.17.
A® 4D Definition 3.2.1.
x™ Notation 2.1.6.
Lexicographic expression Definition 2.1.8.
Lex term of Definition 2.1.8.
ag) Definition 3.3.1.

@ Theorem 2.2.1.

@ Theorem 2.2.1.
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C

fﬂ Lemma 4.3.1 and preceding paragraph.

(Quantum) Minor [I | J19,[I | J]®,[I|J] Definition 4.1.1.
Diagonal coordinate (of a minor) Definition 4.1.3.
Maximum coordinate (of a minor) Definition 4.1.3.

< Definition 4.2.1.

01(a) (leading term of a € A®)) Definition 4.2.6.

Grobner Basis  Definition 4.2.7.

Nc See Expression (4-4) just prior to Claim 3
in proof of Theorem 4.4.1.
Critical Minor A minor in K;_; whose leading term di-
vides £1(b) = L1 (T yly).
Critical Coordinate A coordinate (7, j) that is northwest of

(r, s) such that there exists a critical minor
with (7, j) as its maximum coordinate.
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Twisted Bhargava cubes
Wee Teck Gan and Gordan Savin

In his reinterpretation of Gauss’s composition law for binary quadratic forms,
Bhargava determined the integral orbits of a prehomogeneous vector space which
arises naturally in the structure theory of the split group Sping. We consider a
twisted version of this prehomogeneous vector space which arises in quasisplit
SpingE , where E is an étale cubic algebra over a field F'. We classify the generic
orbits over F' by twisted composition F-algebras of E-dimension 2.
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2. Etale cubic algebras 1917
3. Twisted composition algebras 1918
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7. E-twisted Bhargava cube 1936
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10. Explicit parametrization 1943
11.  Exceptional Hilbert 90 1948
12.  Local fields 1953
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References 1956

1. Introduction

The seminal work of Bhargava [2004a; 2004b; 2004c] has extended Gauss’s compo-
sition law for binary quadratic forms to far more general situations. The key step in
his extension is the investigation of the integral orbits of a group over Z on a lattice
in a prehomogeneous vector space. The prehomogeneous vector space which plays
a role in elucidating the nature of the classical Gauss’s composition arises from a
simply connected Chevalley group G of type D4. More precisely, let P = M N
be a maximal parabolic subgroup of G corresponding to the branching point of
the Dynkin diagram of type Dg4. As it is readily seen from the Dynkin diagram,
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the derived group Mg, of the Levi factor M is isomorphic to SL%. The unipotent
radical N is 9-dimensional, and is a two-step nilpotent group with 1-dimensional
center Z. The adjoint action of My, on the abelian quotient N/ Z is isomorphic
toV =V,®V,® V,, where V> is the standard 2-dimensional representation of
SL,. Since Bhargava regards an element of (Z2)®3 as a cube whose vertices are
labeled by elements of Z, we shall refer to the prehomogeneous vector space V' or
its elements as Bhargava’s cubes.

One of Bhargava’s achievements is the determination of the corresponding
integral orbits, i.e., SL, (Z)3—0rbits onZ?2Q7*>x 7% In particular, he discovered
that generic orbits are in bijection with isomorphism classes of tuples (A4, 11, 12, I3),
where A is an order in an étale quadratic (D-algebra and /;, /5 and /I3 are elements in
the narrow class group of A, i.e., invertible fractional ideals, such that I -I>- I3 = 1.
More precisely, to every cube Bhargava attaches three pairs (A;, B;),i = 1,2, 3, of
2 x 2 matrices by slicing the cube in the three possible ways. In this way he obtains
three binary quadratic forms

Qi(x,y) = —det(Adix + B;y).

A remarkable fact, discovered by Bhargava, is that the three forms have the same
discriminant A. It is a degree-4 polynomial on V/, invariant under the action of
Mer. The cube is generic if A £ 0. In this case, the ring A is the unique quadratic
order of discriminant A and the three fractional ideals I; correspond to the three
quadratic forms Q; by a dictionary that essentially goes back to Gauss.

We now consider the group G over a field F of characteristic different from 2
and 3. The group G is exceptional in the sense that its outer automorphism group
is isomorphic to S3: no other absolutely simple linear algebraic group has such
a large outer automorphism group. In particular, since S3 is also the group of
automorphisms of the split étale cubic F-algebra F' x F' x F, we see that every
étale cubic F-algebra E determines a quasisplit form G g. Fixing an épinglage of
G defines a splitting of the outer automorphism group S3 to Aut(G), so that S3 acts
on V by a group of symmetries of the cube, fixing two opposite vertices. Then the
quasisplit group G g contains a maximal parabolic subgroup Pg = Mg Ng, which
is a twisted form of the parabolic P mentioned above. The derived group Mg ger
of M is isomorphic to Resg,r SL>. The adjoint action of Mg 4.r on Ng/ZE,
where Z g is the center of N, is isomorphic to a twisted form Vg of V. We shall
call Vg (F) (or its elements) the E-twisted Bhargava cube.

Since the action of S3 on V' permutes the three pairs (A;, B;) of 2 x 2 matrices
obtained by slicing a cube in three different ways, it follows by Galois descent
that A gives rise to a degree-4 polynomial invariant on Vg, denoted by Ag. Itis a
quasi-invariant for Mg. More precisely, if v € Vg (F) and g € Mg (F), then

Ag(gv) = x(v)*- Ag(v),
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where y is a character of Mg given by the adjoint action on Zg. An Mg (F)-orbit
0 C Vg (F) is called generic if Ag(v) # 0 for one and hence for all v € 0. If O is
generic, then the quadratic algebra K = F (‘/ AE (v)) is étale. It is an invariant of
the generic orbit.

The purpose of this paper is to classify the generic Mg (F)-orbits on Vg (F).
The main result is:

Theorem 1.1. Let F be a field of characteristic different from 2 or 3. Fix an étale
cubic F-algebra E.

(i) There are natural bijections between the following sets:
(a) Generic Mg (F)-orbits O on the E-twisted Bhargava cube.

(b) E-isomorphism classes of E-twisted composition algebras (C, Q, B) over F
which are of E-dimension 2.

(c) E-isomorphism classes of pairs (J,i), where J is a Freudenthal-Jordan
algebra over F of dimension 9 and
it E—J
is an F -algebra homomorphism. Here an E-isomorphism from (J,i)to (J',i’)
is a commutative diagram

E—'» J

Lo

E—i——>J’

where the first vertical arrows is the identity, while the second is an F-
isomorphism of J and J'.

(i1) The bijections in (i) identify
Stabps,. (0) = Autg (C, 0, B) = Autg(i : E — J).

(iii) Let K = F (\/ AE (v)) be the étale quadratic algebra K attached to a generic
orbit O containing v. Let L = E @ f K. The group Stabyy,. (0) in (ii) sits in a short
exact sequence of algebraic groups

1l —— Tg,x —— Stabpy,.(0) —— Z7/27 —— 1,

where
Tp,xk(F)={xeL*:Np/p(x)=1= Np/g(x)}

is a 2-dimensional torus and where the conjugation action of the nontrivial element

of 7/27 on Tg  is given by x +— x L.
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The reader is probably not familiar with some terminology in the theorem, so
an explanation is necessary. In order to define twisted composition algebras, recall
that the algebra E carries a natural cubic form, the norm Ng. The norm defines
a quadratic map x > x* from E to E such that x - x* = Ng(x). For example, if
E = F3, then

NE(x1,x2,x3) = x1x2x3 and (x1, X2, x3)* = (x2X3, X3X1, X1 X2).

Now, an E-twisted composition algebra (or simply twisted composition algebra) of
E-dimension 2 is a triple (C, O, B) where:

e C is an E-vector space of dimension 2.

e 0:C — E is a quadratic form.

e 3:C — C is a quadratic map such that, for every v € C and x € E,

Blxv) =x*-B(v) and Q(B(v) = Q)"

If by is the bilinear form associated to Q, then bg (v, B(v)) € F for every
veC.

This definition is due to Springer, as is the bijection of the sets (b) and (c). More
precisely, suppose we have an algebra embedding i : £ < J. Then we have a
decomposition

J=EaC,

where C is defined as the orthogonal complement to £ with respect to the trace
form on J. The upshot is that the Jordan algebra J determines the structure of a
twisted composition algebra on C, and vice versa.

Our contribution is the bijection between the sets (a) and (b). Starting with a
twisted cube, we define a twisted composition algebra. In fact, the construction
works over Z, and can be tied to Bhargava’s description as follows. Let (I, I3, I3)
be a triple of ideals in a quadratic order A such that /1-15-13 = A. Let N(I) denote
the norm of the ideal / and z — Z denote the action of the nontrivial automorphism
of the étale quadratic Q-algebra containing A. Let

C=LdL&Is.

Then C is a twisted composition algebra with quadratic form Q : C - Z xZ x Z
defined by

Q(z1,22,23) = (N(Zl) N(z2) N(Z3))

N(I1)" N(I2)" N(13)
and quadratic map 8 : C — C defined by

B(z1.22,23) = (2223N(11), 2321 N(12), 2122 N(13)).
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The key parts of the paper are as follows. In order to prove the correspondence
of generic Mg (F)-orbits and twisted composition algebras, we give a Galois
cohomological argument in Theorem 8.3, based on the observation that the stabilizer
of a distinguished cube is isomorphic to the automorphism group of a distinguished
twisted composition algebra. This gives a conceptual explanation for the existence
of the bijection. However, for arithmetic applications (such as Bhargava’s), it is
essential to have an explicit description of the bijection. This is done in two steps.
Firstly, after reviewing the theory of twisted composition algebras, we prove in
Proposition 3.5 that every twisted composition algebra C of E-dimension 2 has
a reduced basis, i.e., a basis of the form {v, 8(v)} for some v € C. Secondly, by
reinterpreting Bhargava’s work in the framework of twisted composition algebras in
Section 10, we attach to every generic E-twisted cube a twisted composition algebra
together with a good basis. In this correspondence, changing the cube by another
in the same M g (F)-orbit corresponds to changing the good basis. Since reduced
bases are good, every t twisted composition algebra is obtained in this construction.

We also consider M = M x S 5 and its twisted form M £. In this case, generic
M E (F)-orbits correspond to the F-isomorphism classes of objects in (b) and (c).
The isomorphisms of the stabilizer groups in (ii) lead us to another description
of Tk k., which we view as an exceptional Hilbert 90 theorem. This is the topic
of Section 11. We conclude the paper by illustrating the main results in the case
where F' is a local field.

2. Etale cubic algebras

Let F be a field of characteristic different from 2 and 3. Let F be a separable
closure of F, with absolute Galois group Gal(F/F).

2-1. Etale cubic algebras. An étale cubic algebra is an F-algebra E such that
E ®F F = F3. More concretely, an étale cubic F-algebra is of the form

FxFxF;
E = { F x K, where K is a quadratic field extension of F;
a cubic field.

Since the split algebra F' x F x F has automorphism group S3 (the symmetric
group on 3 letters), the isomorphism classes of étale cubic algebras E over F are
naturally classified by the pointed cohomology set H!(F, S3), or more explicitly
by the set of conjugacy classes of homomorphisms

pE :Gal(F/F) — S3.

2-2. Discriminant algebra of E. By composing the homomorphism pg with the
sign character of S3, we obtain a quadratic character (possibly trivial) of Gal(F / F)
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which corresponds to an étale quadratic algebra Kg. We call Kg the discriminant
algebra of E. To be concrete,

FxF if E = F3 or a cyclic cubic field;
Kg=1K it E=FXxK;
the unique quadratic subfield in the Galois closure of E otherwise.

2-3. Twisted form of S3. Fix an étale cubic F-algebra E. Then, via the asso-
ciated homomorphism pg, Gal(F /F) acts on S3 (by inner automorphisms) and
thus defines a twisted form Sg of the finite constant group scheme S3. For any
commutative F-algebra A, we have

SE(A) = Auty(E ®F A).

2-4. Quadratic map #. Given an étale cubic F-algebra, let Ng : E — F be the
norm map on E and let Trg : E — F be the trace map. Then Ng is a cubic form
and Trg is a linear form on E. There is a quadratic map

#: F—FE

such that

a*-a=a-a"* = Ng(a) forackE.

It has an associated symmetric bilinear map
axb:=(a+b)*—a*—b*
For the split algebra F3, we have:
N(ay,az,a3) = ajazas, Tr(ay,az,a3) =a;+az+as,
(a1.a2,a3)* = (a2a3.a3a1.a1a2).
We note the following identity in E:
@.1) (f x9)y + fy* =Tre r (f5"),
This curious identity can be checked in E ® p F = F3; we leave it as an interesting
exercise for the reader.
3. Twisted composition algebras

In this section, we introduce the E-twisted composition algebra of dimension 2 over
E. This notion was introduced by Springer, and the two standard (perhaps only)
references, covering many topics of this paper, are [Knus et al. 1998] and [Springer
and Veldkamp 2000]. Twisted composition algebras are treated in Chapter VIII, §36
of the former and Chapter 4 of the latter.
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3-1. Twisted composition algebras. A twisted composition algebra over F is a
quadruple (E, C, Q, B), where:
e FE is an étale cubic F-algebra.

e C is a free E-module equipped with a nondegenerate quadratic form Q, with
associated symmetric bilinear form bg (vq, v2) = Q(v1 +v2)—Q(v1)— Q(v2).

e B:C — C is a quadratic map such that
Blav) =a"-B(v) and Q(B(v)) = Q)"
foreverya € E andv € C.
o If we set
Nc(v) :=bo (v, B(v)),
then N¢ (v) € F forevery v € C.

For a fixed E, we shall call (C, Q, B) an E-twisted composition algebra (over F),
and the cubic form N¢ the norm form of C. Frequently, for ease of notation, we
shall simply denote this triple by C, suppressing the mention of Q and .

3-2. Morphisms. An F-morphism of twisted composition algebras (£, C, O, B)
and (E’,C’, Q’,B’) is a pair (¢,0) € Homp (C, C’) x Homp (E, E’) such that

¢(av) =o(a)-¢(v)
forve C anda € E, and
pop=po¢ and 000 =0 0.

In particular, we have the automorphism group Autg (E, C, Q, ). The second
projection gives a natural homomorphism

AutF(E,C, Q,,B) — SE.

The kernel of this map is the subgroup Autg (C, O, ) consisting of those ¢ which
are E-linear; we shall call these E-morphisms.

3-3. Autgp (E, C)-action and isomorphism classes. Let us fix an E-vector space
C and let Autg (C) be the automorphism group of C as an E-vector space. Let

Autp(E,C)={(g,0) € Autp(C)x Autg(E):goAl=0(A)-gforall A € E}.

This is the group of E-sesquilinear automorphisms of C. The second projection
induces a short exact sequence

I —— Autg(C) —— Autp(E,C) SE 1.
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This short exact sequence is split. Indeed, the choice of an E-basis for C gives a
splitting, with Sg acting on the coordinates with respect to the basis.

Now if (C, Q, B) is an E-twisted composition algebra, then for any (g,0) €
Autg (E, C), the triple

(C',Q".p)=(C.o0Q0g !, gofog™)

is also an E-twisted composition algebra. The norm forms are related by

Ner=Ncog™.

Moreover, we have

(g.0) e Homp ((E.C. Q. ). (E.C", Q". B)).

Thus the map (Q, B) + (Q’, B’) defines an action of Autg (E, C) on the set of
pairs (Q, f) which define an E-twisted composition algebra structure on C. The
orbits of such pairs under Autg (E, C) are precisely the F-isomorphism classes of
E-twisted composition algebras of a given E-dimension dimg C, and the stabilizer
of a given pair (Q, f) is precisely the automorphism group Autg(E,C, O, B).
Similarly, the set of orbits under Autg (C) is the set of E-isomorphism classes of
such E-twisted composition algebras, and the stabilizer of a particular (Q, B) is

Autg (C, O, B).

3-4. Dimension-2 case. It is known, by Corollary 36.4 in [Knus et al. 1998], that
for any E-twisted composition algebra (C, Q, ), dimg C =1, 2, 4 or 8. We shall
only be interested in the case when dimg C = 2.

We give an example that will feature prominently in this paper. We set Cg =
E & E, and define Q and 8 by

Q(x,y)=x-y and P(x,y)= (" x"

for every (x,y) € E @ E. It is easy to check that this defines an E-twisted
composition algebra over F', with norm form

Nc(x,y) = Ng(x) + Ng(y).

The group of automorphisms of this E-twisted composition algebra is easy to
describe. Let E'! be the set of elements e in E such that N(e) = e-e* = 1. For every
element e € E', we have an E-automorphism i, defined by i.(x, y) = (ex, e”y).
We also have an E-automorphism w defined by w(x, y) = (y, x). The group of
E -automorphisms is

Autg(Cg, Q.8) = E'x7/27
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and the group of F-automorphisms is
Autp(Cg, 0.B8) = (E'x7/27)xSg = E' x(Z/27 x SE).

If E =F x F x F, we denote the corresponding twisted composition algebra by
Co = (Co, Q. Bo) and refer to it as the split twisted composition algebra. In this
case, E! consists of (1, t2, t3) such that ¢12,¢3 = 1, so that

Autg (Co. Q0. Bo) = G2, xZ/27.
Observe that there is a natural splitting
3.1 S3 XZ/ZZ—)AutF(Co, Qo,ﬂo).

3-5. Identities. 1t follows by [Knus et al. 1998, Proposition 36.3] that if (£, C, O, B)
is a twisted composition algebra over F, then C ® ¢ F is isomorphic to Co @ r F.
This fact is useful for verifying polynomial identities in C. Indeed, any polynomial
identity in C may be verified over F and thus just needs to be checked in Cy. In
the following lemma, we list some useful identities which may be checked in this
manner.

Lemma 3.2. Let (E, C, Q, B) be a twisted composition algebra over F. Then
(3.3) B*(v) = Nc(v)v = Q()B(v)

and

(B4 B(xv+yB(v) = (V' Nc(v) = (=Q)x) x y) - v+ (x" = Q(v)y") - B(v)
foranyve Candx,y,€ E.

It follows from (3.3) that Q is in fact determined by 8 in a twisted composition
algebra. The proof of these identities can be found in [Springer and Veldkamp
2000, Lemmas 4.1.3 and 4.2.7]. We note that (3.4) looks slightly different from its
counterpart there (Lemma 4.2.7), but the two are equivalent by the identity (2.1).

3-6. Reduced basis. 1If dimg C =2, we call an E-basis of C of the form {v, 8(v)}
a reduced basis of C. We note:

Proposition 3.5. Let (C, Q, B) be an E-twisted composition algebra.

@) Forv € C, let
Ac(v) = Nc(v)>—4-Ng(Q(v)) € F.

Then {v, B(v)} is an E-basis of C if and only if Ac (v) # 0.

(ii) The degree-6 homogeneous polynomial Ac factors over F as

Ac =a- P2,
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witha € F* and P an absolutely irreducible homogeneous polynomial of degree 3
over F. The square class of a is uniquely determined, and for any g € Autg (C, Q, B),

P(v) ifgeAutg(C.0.p)°
—P(v) ifg¢Autg(C,Q,8)°
(iii) The algebra (C, Q, B) has a reduced basis.
(iv) Let {v’, B(v)} be another reduced basis of C. Let g € Autg (C) be such that
g(w) =v" and g(B(v)) = B(V'). Then det(g) € F*.

Proof. (i) The set {v, f(v)} is a basis if and only if the matrix of the symmetric
bilinear form b with respect to {v, f(v)} has determinant in E*. Since

bo(v,v) =20(v), bo(B(v),B(v)) =20)" and bo(v, B(v)) = Nc(v),

it follows that the determinant is —A¢ (v).

(3.6) P(gv) =

(ii) We first work over F, in which case we may assume that C = E 2, with E = F3,
Q(x,y) = xy and B(x, y) = (y*, x¥). Then Nc (x,y) = Ng(x) + Ng(»). So

Ac(x,y)=(Ng(x)+ Ng(»)*—4Ng(x)Ne(y) = (Ng(x) — Ne ()%

The cubic polynomial Py(x,y) = Ng(x) — Ng(¥) = x1x2x3 — y1y2y3 (with
X =(x1,X2,X3) € F3)is easily seen to be irreducible over F.

To descend back to F, we note that for any o € Gal(F/F), o(Py) = & Py by
unique factorization of polynomials over F. Thus there is a quadratic character yx
of Gal(F/F) such that 6 (Pg) = xx (o) - Py. If K is the quadratic étale F-algebra
associated to y g, represented by a € F*, then we see that P = \/a ~1. Py is defined
over F and Ac =a- P2.

It is clear that the square class of a is uniquely determined. Equation (3.6) can
be checked over F; we leave it to the reader.

(iii) Since F has more than 3 elements (as we assumed that char(F) # 2 or 3),
there exists v € C such that P(v) # 0. Hence Ac (v) # 0 by (ii) and {v, B(v)}is a
reduced basis by (i).

(iv) If v/ = xv + yB(v), then B(v’) is given by (3.4). So the transition matrix
between the bases {v, B(v)} and {v’, B(v")} is given by
e (x V¥ Ne () — (~0(0)x) x y)
y x*—Q()y* '
Hence
det(g) = Ng(x) = N (y)Nc (v) + (=Q (0)xy* + (=0 (v)x) X y)y)
= Ng(x) = Ng(»)Nc (v) = Trg(Q(v)xy*) € F



Twisted Bhargava cubes 1923

where the second equality follows by applying (2.1). O

We note that Proposition 3.5(i) and (iii) are contained in [Springer and Veldkamp
2000, Lemma 4.2.12], but (ii) seems to be new; at least we are not able to find it in
[Springer and Veldkamp 2000] or [Knus et al. 1998]. The results of the proposition
will be used later in the paper.

3-7. The quadratic algebra Kc. An immediate consequence of the proposition
is that to every twisted composition algebra (£, C, Q, B) with dimg C = 2, we
can associate an étale quadratic algebra K¢ which is given by the square-class of
Ac(v) € F* as in the proof of Proposition 3.5(ii). Thus we have a map
(3.7) {twisted composition F-algebras with E-rank 2}

— {étale quadratic F-algebras}.

For example, if Cg is the twisted composition algebra introduced in Section 3-4,
then

Ac(x,y) = (Ng(x)—Ng(»))?

and the quadratic algebra associated to Cg is the split algebra F x F'.

3-8. Cohomological description. We come now to the classification of twisted
composition algebras C of rank 2 over E. Since every such C is isomorphic to Cy
over F, the set of isomorphism classes of twisted composition algebras over F is
classified by the pointed cohomology set

HY(F,Autg (F3, Cy, Q0. Bo)).

We have seen that Autg (F3, Co, Qo, Bo) = G2, x (Z/2Z x S3), and so there is a
natural map

(3.8) HY(F,Autg (F3,Co, Qo.Bo)) — HY(F,7/27) x H'(F, S3).
Composing this with the first or second projections, we obtain natural maps
(3.9) H(F,Autg(F3,Co, Q0. Bo))

—> HY(F,7/27) = {étale quadratic F-algebras}
and
(3.10) H'(F,Autp(F?, Co, Qo, Bo)) —> H'(F.,S3).

All these projection maps are surjective, because of the natural splitting in (3.1).
Indeed, (3.1) endows each fiber of the maps in (3.8), (3.9) and (3.10) with a
distinguished point. We shall see in a moment that the map in (3.9) is the map
defined in (3.7).
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For an étale cubic F-algebra E with associated cohomology class [E] € H!(F, S3),
the fiber of (3.10) over [E] is precisely the set of F-isomorphism classes of E-
twisted composition algebras. Moreover, a Galois descent argument shows that the
distinguished point in this fiber furnished by the splitting (3.1) is none other than
the E-twisted composition algebra Cg constructed in Section 3-4.

Using Cg as the base point, the fiber in question is identified naturally with the
set H'(F, Autg (Cg, Q, B)) modulo the natural action of Sg (F) (by conjugation).
The cohomology set H!(F, Autg (Cg, Q, B)) classifies the E-isomorphism classes
of E-twisted composition algebras C over F, and the action of Sg(F) is given by

0:(C,0,8) > (C®EcE,000,p)
for o € Sg(F).
Lemma 3.11. The maps defined by (3.7) and (3.9) are the same.

Proof. We fix the cubic algebra E and let Cg = (E2, Q, B) be the distinguished
E-twisted composition algebra introduced in Section 3-4. Let Ac = P2 be the
homogeneous polynomials as given in Proposition 3.5(ii).

Any E-twisted composition algebra C’ is given by a pair of tensors (Q’, ')
on E2, and there is an element g € GL>(E ® g F) such that g- (Q, B) = (Q’, B).
A 1-cocycle associated to (Q’, f’) is given by

as = g 'o(g) € Autps(E2, Q. 8) foro € Gal(F/F).
The corresponding Ac- is related to Ac by
Acr(v) = Ac(g™ ).

Now, the quadratic algebra associated to C’ by (3.9) corresponds to the quadratic
character
X 10> lag] € mo(Autgs(E2, Q. B)) =Z/2Z

of Gal(F/F). By (3.6), we thus have
P(ag'v) = x(0)- P(v)

for any v € (E @ F)2.
On the other hand, the quadratic algebra associated to C’ by (3.7) is defined by
VAc:(v) for any v € E? such that Ac/(v) # 0. Since

VAc (v) = /Ac(g™v) = P(g"'v),

we need to show that

o(P(g"'v)) = x(0)P(g'v).
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But we have

a(P(g"'v)) = P(o(g)"'v) = Plag'g'v) = x(0)- P(g"'v),

as desired. O

3-9. Tits construction. Given an element
((E].[K]) € HY(F, S3) x H\(F,7/27),

we describe the composition algebras in the fiber of (3.8) over ([E], [K]). Note that

by (3.1), we have a distinguished point in this fiber. Now, we have:

Proposition 3.12. If C is an E-twisted composition algebra, with associated étale

quadratic algebra K, then we may identify C with E Q r K, such that
Q(x)=e-Ngg,k/E(x) forsomeec E*

and

B(x)=x"-e"1-T  forsomevekK

where x +— X is induced by the nontrivial automorphism of K over F. Moreover,
we have:

Ng,r(e) = Nk/r(v).

The distinguished point in the fiber of (3.8) over ([E], [K]) corresponds to taking
(e,v)=(1,1).

Proof. The proof of Proposition 3.5(i) shows that the quadratic discriminant algebra
associated to Q is £ ® r K. Hence, we may identify C with £ ® r K with Q
given by e - Npg . x/E for some e € E*. On the other hand, we claim that for
x € FE®F K and x¢ € C, one has

B(x - x0) = X" B(x0).

Indeed, one can check this by going to F, where one is reduced to checking this
identity in the split algebra Cp, which is straightforward. This shows that § is
determined by B(1) = v-e~! for some v € E ® p K. However, the identity

o()* = 0(B(1))
implies that
vV =Ngg.k/E(V)=Ng/F(e) €F.

The requirement that N(x) € F for all x € E ® p K implies that

Treg,k/E(V-NEgpk/K (X)) € F.
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In particular, taking x = 1 and then a trace-zero element § € K one obtains,
respectively,

v+veF and vS+vseF.

All these conditions imply that v € K.
Finally, it is easy to see by Galois descent that the distinguished point in the fiber
over ([E], [K]) corresponds to (e,v) = (1, 1). O

The description of twisted composition algebras given in the above proposition
is sometimes referred to as a Tits construction (though usually this terminology is
reserved for the Jordan algebra associated to the above twisted composition algebra
by Springer’s construction, which is the subject matter of the next section).

3-10. Automorphism group. Using Proposition 3.12, it is not difficult to determine
the automorphism group of any twisted composition algebra C. Indeed, if C =
E ®F K as in the proposition, then the special orthogonal group

SO(C,0)={A€ E®F K:Nggk/e(A) =1}

acts £ ® K-linearly on C by multiplication and preserves Q. An element A €
SO(C, Q) preserves B if and only if

A=A
But A* = 17! since Negk/E(A) =24 A*=1.So
Autg (C, Q,B)NSO(C, Q)={AcL=EQ®K:Np/g(A)=1=Nr gk (AM)}=Tg k.

which is a 2-dimensional torus. Since we know the automorphism group of the split
twisted composition algebra (Co, Qo, Bo), we see that

Autg(C,0,8)° =Tk k

and Autg (C, Q, p) sits in short exact sequences of algebraic groups as in (iii) of
Theorem 1.1.

3-11. Cohomology of Tg k. Using Proposition 3.12 and the above description of
Autg (C, O, B)?, we can describe the fiber of the natural map

HY(F,Autg (F3,Co, Q0. Bo)) — H'(F,7/27) x H'(F, S3)

over the element ([K],[E]) € H'(F,Z/27Z) x H'(F, S3). Indeed, this fiber is
equal to
H'(F, Tg k) modulo the action of Sg(F) x Z/27.
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The cohomology group H!(Tg k) classifies twisted composition algebras with
fixed £ and K, up to £ ® p K-linear isomorphism. With L = E ® r K, one has a
short exact sequence of algebraic tori

N, N
| — s Tpx — LX TR (px gy s,

where
(ExK)?={(e,v) € EXxK*:Ng,r(e) = Ng/r(v)}.

The associated long exact sequence gives
(3.13) HY(F,Tg g) = (E*xK*)°/ImL*.

This isomorphism is quite evident in the context of Proposition 3.12. Indeed,
Proposition 3.12 tells us that any twisted composition algebra C with invariants
(E, K) is given by an element (e, v) € (E* x K*)°. Any L-linear map from C
to another twisted composition algebra C’ with associated pair (e’, v’) is given by
multiplication by an element a € L™, and this map is an isomorphism of twisted
composition algebras if and only if

(e,v)=(e-Np g (a),v'- Ny g (a)).

This is precisely what (3.13) expresses.

4. Springer’s construction

We can now relate twisted composition algebras to Freudenthal-Jordan algebras.
This construction is due to Springer. Our exposition follows [Knus et al. 1998,
§38A, p. 522].

4-1. Freudenthal-Jordan algebra of dimension 9. A Freudenthal-Jordan algebra
J of dimension 9 over F is a Jordan algebra which is isomorphic over F to the
Jordan algebra Jo associated to the associative algebra M3(F) of 3 x 3-matrices,
with Jordan product

aob= %~(ab+ba).
An element a € J satisfies a characteristic polynomial
X3 —T;@)X?+Sy(@)X —Ny(a) € F[X].

The maps Ty and Ny are called the trace and norm maps of J respectively. The
element

a®* =a®>—Ty(a)a+ Sy(a)
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is called the adjoint of a. It satisfies a - a* = Ny (a). The cross product of two
elements a, b € J is defined by

axb=(a+b)—a"—b".

4-2. Cohomological description. The automorphism group of Jg is PGL3 xZ /27,
with g € PGLj3 acting by conjugation and the nontrivial element of Z/27 acting
by the transpose a +— a’. Thus, the isomorphism classes of Freudenthal-Jordan
algebras of dimension 9 are parametrized by the pointed set H ' (F,PGL3 xZ/27),
and there is an exact sequence of pointed sets

H'(F,PGL3) AN H'(F,PGL3 xZ/27) —— H\(F,7/22)

{étale quadratic F'-algebras}.

The map 7 is surjective and the fiber of 7 over the split quadratic algebra F? is the
image of f. By [Serre 2002, Proposition 39(ii) and Corollary 1, p. 52], the image of
f is H'(F,PGL3) modulo a natural action of Z/2Z. Now the set H!(F,PGL3)
parametrizes the set of central simple F-algebras B of degree 3, and the 7Z/27
action in question is B — B°P. Then the map f sends B to the associated Jordan
algebra.

In general, for any étale quadratic F'-algebra K, an element in the fiber of 7 over
[K] € H'(F,Z/27) is the Jordan algebra J3(K) of 3 x 3-Hermitian matrices with
entries in K. The automorphism group of J3(K) is an adjoint group P G U3K xZ/27.
Using J3(K) as the base point, the fiber of 7 over [K] can then be identified with
HY(F, PGU3K) modulo the action of Z/27Z (by [Serre 2002, pp. 50 and 52]). By
[Knus et al. 1998, p. 400], H!(F, PGU3K ) has an interpretation as the set of
isomorphism classes of pairs (Bg, t) where

e Bk is a central simple K-algebra of degree 3,

e 7 is an involution of the second kind on Bg.

Moreover, the action of the nontrivial element tx € Aut(K/F) = Z/27Z is via the
Galois twisting action B — B ® ¢, K, so that

HY(F, PGU3K)/Z/ZZ <«— {F-isomorphism classes of (Bg, 7)}.

Then the map f sends (Bg, 7) to the Jordan algebra Bz of r-symmetric elements
in Bg.

If J is a Freudenthal-Jordan algebra of dimension 9, we will write K for the
étale quadratic algebra corresponding to 7 (J).
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4-3. Relation with twisted composition algebras. Fix an étale cubic F-algebra E
and a Freudenthal-Jordan algebra J. Suppose we have an algebra embedding

i E—J.
Then, with respect to the trace form 7y, we have an orthogonal decomposition
J=i(E)®C,

where C = i (E)L. We shall identify E with its image under i. Then for e € E and
v € C, one can check that e x v € C. Thus, setting

eov:=—exv
equips C with the structure of an E-vector space. Moreover, writing
v = (0. pw) e ESC =J

for Q(v) € E and B(v) € V, we obtain a quadratic form Q on C and a quadratic
map B on C. Then, by Theorem 38.6 in [Knus et al. 1998], the triple (C, Q, B) is
an E-twisted composition algebra over F.

Conversely, given an E-twisted composition algebra C over F', the same theorem
says that the space E @ C can be given the structure of a Freuthendal-Jordan algebra
over F. In particular, we have described the bijective correspondence between the
objects in (b) and (c) of the main theorem:

{ E-twisted composition algebras over F'}

¢

{i - E — J with J Freudenthal-Jordan of dimension 9}.
It is also clear that under this identification, one has
Autp(i : E — J) = Autp (i (E)7D).

4-4. Example. Let K be an étale quadratic F-algebra and consider the Jordan
algebra J3(K) of 3 x 3 Hermitian matrices with entries in K. Let E = F X F X F
be the subalgebra of J3(K) consisting of diagonal matrices. Then C consists of
matrices
0 23 zZp
V=] 2z3 0z 1
22 Z1 0

Thus C = K x K x K, and one checks that

0(z1.22,23) = (2121, 2222, 2323) and  PB(z1,22,23) = (2223, 2321, 2122).
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The algebra C is the distinguished point in the fiber of ([F3], [K]), in the sense of
Proposition 3.12. The automorphism group of C is given by

Autg(C, 0,8) = (K'x K' x K1) % (2/27 x S3),

where K denotes the torus of norm-1 elements in K and (K! x K x K1)? denotes
the subgroup of triples (¢1, f2, 3) such that #1#5t3 = 1.

4-5. The quadratic algebra associatedtoi : E — J. If an E-twisted composition
algebra C corresponds to a conjugacy class of embeddings i : E —> J, then we
may ask how the quadratic algebra K¢ associated to C can be described in terms
of i : E —> J. In this case, C = E- is an E-twisted composition algebra, and so
C = E ® K¢ for a quadratic algebra K¢ as in Proposition 3.12. On the other hand,
we know that J is associated to a pair (Bg,, 7), where Bk, is a central simple
algebra over an étale quadratic F-algebra K; and t is an involution of the second
kind. Now, Examples (5) and (6) on page 527 in [Knus et al. 1998] show that

[Kc]-[Kg)-[Ks1=1€ H'(F,Z/27) = F*/F**.

5. Quasisplit groups of type D4

In this section, we shall introduce the E-twisted Bhargava’s cube by way of the
quasisplit groups of type Dy.

5-1. Root system. Let W be a root system of type D4 and IT = {ag, 1, 22,3} a
set of simple roots such that the corresponding Dynkin diagram is

2 1

\/

0

3

The group of diagram automorphisms Aut(I1) is identified with S3, the group of
permutations of {1, 2, 3}. We denote the highest root by B¢ = a1 + oz + a3 + 2.

5-2. Quasisplit groups of type D4. Let G be a split, simply connected Chevalley
group of type D4. We fix a maximal torus T contained in a Borel subgroup B
defined over F. The group G is then generated by root groups Uy = G,, where
o € U, Steinberg showed that one can pick the isomorphisms x, : G, — Uy such that

[Xa (1), Xar ()] = Xotor (Furt)
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whenever « + o is a root. Fixing such a system of isomorphisms fixes an épinglage
(or pinning) for G. As Kac noted, a choice of signs corresponds to an orientation
of the Dynkin diagram. Since one can pick an orientation of the Dynkin diagram
which is invariant under Aut(IT), the group of automorphisms of IT can be lifted
to a group of automorphisms of G. Thus, we have a semidirect product

G =G xAut(Il) = G x S3,

where the action of S3 permutes the root subgroups Uy and the isomorphisms x,,.

Since the outer automorphism group S3 of G is also the automorphism group of
the split étale cubic F-algebra F3, we see that every cubic étale algebra E defines
a simply connected quasisplit form Gg of G, whose outer automorphism group is
the finite group scheme Sg. Thus,

Gg=Gg xSg

is a form of G, and it comes equipped with a pair Bg D Tk, consisting of a Borel
subgroup Bfg containing a maximal torus Tg, both defined over F', as well as a
Chevalley—Steinberg system of épinglage relative to this pair.

5-3. G3 root system. The subgroup of G fixed pointwise by Sg is isomorphic
to the split exceptional group of type G,.

Observe that B = G, N Bg is a Borel subgroup of Gp and T =Tg NGy is a
maximal split torus of G,. Via the adjoint action of T on G g, we obtain the root
system W¢, of G, so that

Vg, = V|r.

We denote the short simple root of this G, root system by « and the long simple
root by 8. Then

B=aolr and o =oai|r =o2|r =oa3]|r.

Thus, the short root spaces have dimension 3, whereas the long root spaces have
dimension 1. For each root y € Wg,, the associated root subgroup U), is defined
over F' and the Chevalley—Steinberg system of épinglage gives isomorphisms
U, ~ Resg/r Gq if y is short,

Y7 |G, if y is long.
5-4. The parabolic subgroup Pg. The G, root system gives rise to two parabolic
subgroups of G g. One of these is a maximal parabolic P = Mg Ng known as the
Heisenberg parabolic. Its unipotent radical Ng is a Heisenberg group with center
Zg = Ug,; see Section 2 in [Gan et al. 2002]. Moreover,

Ng/Zg =Ug xUByoaXUpgyraXUpgyzg =Gy xResg/p Gy xResg/p Gy x Gy
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and
Mg = Mg xSg =~ GLy(E)° x Sk,
where
GL>(E)? = {g € GLo(E) : det(g) € F*}.

We shall fix the isomorphism Mg x Sg = GL,(E)°? x Sk as follows. We first
consider the case when E = F3 is split. The pinning gives us an identification

Mder(F) = SLZ(F)3

oY () = ((’ Z_l) 1, 1) € SLy(F)?,

while vy (¢) and ay (¢) are defined analogously by cyclically permuting the entries
of &)’ (¢). We extend this identification to M(F) by

io=(( )0 ) ()

Note that, under the identification,

(1))

Finally, since the pinning is invariant under the action of Aut(IT) 2 S3, it follows that

such that

M (F) = (GL2(F)*)° % S3,

where S3 acts on (GL3(F)3)? by permuting the components. For general E, one
obtains the desired isomorphism by a Galois descent argument.

6. Bhargava’s cube

In this section, we shall examine the split case, where the pinning for G gives a
Z-structure on N/ Z; for more details see Section 4 in [Gan et al. 2002].

6-1. Bhargava’s cube. Let V; be the standard representation of SL». Recall that
we have identified M., with SL% and M with (GL%)O. Under this identification,
the representation of Mg on N/ Z is isomorphic to the representation of SL% on
V =1, V,® V. Since B (t) acts on N/Z as multiplication by ¢, it follows that
(GL%)0 acts on V' by the standard action twisted by det™!. The group S3 = Aut(IT)
acts on V> ® V> ® V, by permuting the three factors.

Since V is an absolutely irreducible SLg-module, the isomorphism of N/Z and
V' is unique up to a nonzero scalar. Since B (¢) acts on N/Z as multiplication
by ¢, the bijection between M -orbits on N/Z and M -orbits on V' does not depend
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on the choice of the isomorphism. If we demand that the isomorphism preserves
Z-structures, i.e., that it gives an isomorphism of (N/Z)(Z) and 7? ® 7*> ® 72,
then it is unique up to a sign.

An element v € V(F) is represented by a cube

el f3

a e
/f24’>/b
es— N
where a, ..., b € F and the vertices correspond to the standard basis in F2® F2® F2.
More precisely, we fix this correspondence so that

be(=) = ()=0)=()

correspond to the vertices marked with letters a and b, respectively. We note that
elementary matrices in SL,(F)3 act on the space of cubes by the following three
types of “row-column” operations on cubes:

¢ add or subtract the front face from the rear face of the cube, and vice-versa;
e add or subtract the top face from the bottom face of the cube, and vice-versa;

e add or subtract the right face from the left face of the cube, and vice-versa.

The group S3 = Aut(I1) acts as the group of symmetries of the cube fixing the two
vertices marked a and b. We shall often write the cube as a quadruple

(a,e, 1, D),
where e = (e1,e2,e3) and f = (f1, f>. f3) € F3.

6-2. Reduced and distinguished cube. 1t is not hard to see that, using the action
of M(F), every cube can be transformed into a cube of the form (1,0, f, b):

0 f

A

1 0

a
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We shall call such a cube a reduced cube. In particular, we call the cube vy =
(1,0,0, —1) the distinguished cube.

6-3. Stabilizer of distinguished cube. Let Stabys (vo) and Stab ;7 (vo) be the re-
spective stabilizers in M and M of the distinguished cube vg € V. Since Aut(I1)
stabilizes vg, the group Stab; (vo) is a semidirect product of Stabps(vo) and
Aut(IT). We shall now compute Stabps(vg). Let g = (g1, g2, g3) € M(F), where

0= (2 5)
and o (‘1)) ¢ ((1)) “ ((1)) - ((1)) ® (‘1)) ® ((1))
¢ = det(g)~" - (Zi) ® (ﬁj) ® (ji)  det(gL. (Zi) ) (}Z) ) (Zz) |

g -vo = vy if and only if eight equations hold. Six of these equations are homoge-
neous. They are

Since

aicyaz =bydabs, ajcacs = bidards,

with the additional four obtained by cyclically permuting the indices. If we multiply
the first equation by d3, the second by b3, and subtract them, then

0 =ajcaazds —ajcaczbs = ayca(azds —c3b3).

Since azds — c3b3 # 0, we have ajcy; = 0. A similar manipulation of these two
equations gives byd, = 0. By permuting the indices, we have a;c; = b;d; = 0 for
all i = j. This implies that all the g; are simultaneously diagonal or off-diagonal.
Now it is easy to see that the remaining two equations imply that Stabps (vo) has
two connected components, and the identity component consists of g = (g1, g2, g3)
such that g; are diagonal matrices, a;d; = 1, and ajazas = 1. The other component
of Stabys (vg) contains an element w = (wy, wa, w3) of order 2, where

W — 01
T \o)
We now have a complete description of Stabas (vo) (and of Stab j; (vo)):

Stabpys (vo) 2= {(a1,a2,a3) € G, :arazas = 1} x7/27 = G2, x7/2Z.

In particular, we have shown:
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Proposition 6.1. The stabilizer Stab j; (vo) in M of the distinguished cube vy =
(1,0,0,—1) is isomorphic to the group of F-automorphisms of the split twisted
composition algebra Cy. Indeed, they give identical subgroups of (GL2(F)3)? xS,
where we fix the isomorphism M(F) = (GLy(F)3)° as above.

6-4. Three quadratic forms. One key observation in [Bhargava 2004a] is that one
can slice the cube (given in the picture in Section 6-1) in three different ways, giving
three pairs of matrices:

_[a e _ (e f3
Al_(% fl)’ b= (fz b)’
_[a e3 _f(ex f1
AZ_(el fz)’ b= (f3 b)’

s=(08) m=(57)

Note that the pairs (A2, B») and (A3, B3) are obtained by rotating the pair (A1, B1)
about the axis passing through a and b. For each pair (A;, B;), Bhargava defines a
quadratic binary form by

Q; = —det(A;x + Biy).
Proposition 6.2. Given a cube v, the three forms Q1, Q2 and Q3 have the same
discriminant A = A(v).

Proof. We may assume the cube is reduced. Now an easy computation show that
the three forms are

01(x,y) = —fix2—bxy + f2 f3y?,
02(x,y) = —foax? —bxy + f3 f1y?,
03(x,y) = — fax2 —bxy + f1 f2y>.

These forms have the same discriminant A = b2 + 4] f> f3. O

6-5. Quartic invariant. To every cube v € V, the discriminant A(v) described
in the previous proposition is a homogeneous quartic polynomial in v, which is
invariant under the action of SL,(F)3. This describes the quartic invariant of the
prehomogeneous vector space V. An explicit computation gives the formula

A= a2b2 —2ab(€1f1 + €2f2 + €3f3) + e%flz + e%fzz + e%ff
+4af1f2f3+4bereres —2(eren f1 f2 + exes f2 f3 + ezeq f3 f1).

If v is reduced, then this simplifies to A(v) = b? + 4f; f> f3. It is easy to check
that for g € M, one has

A(g-v) = det(g)* - A(v).
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Thus, we see that A gives a well-defined map

A :{generic M (F)-orbits on V(F)}—> F*/F*? = {étale quadratic F-algebras}.

7. E -twisted Bhargava cube

Now we can extend the discussion of the previous section to the case of general E,
where VE = FOE@® E @ F and Mg = GL,(E)? x Sk, via a Galois descent
using a cocycle in the class of

[E] e HY(F, Aut(I1)) = H!(F, S3).

A cube is a quadruple v = (a, e, f,b), where e, f € E. Asin the split case, we shall
call cubes of the form v = (1,0, f, b) reduced, and the vector vo.g = (1,0,0, —1)
the E-distinguished cube.

7-1. Quartic invariant. By Galois descent, we see that the basic polynomial in-
variant Ag is given by

Ag(a,e, f,b) =a*b* —2ab Trg p(ef ) + Trg r(e* f2)
+4aNg/p(f)+4bNE p(e) —2Trg p(e” f7).
If v is reduced, then this simplifies to

Ag(1,0, £,b) =b*+4-Ng,r(f).

7-2. Group action. 1t is useful to note the action of certain elements of GL, (E)°
on VEg. Specifically, 0 € Sg acts by a(a, e, f,b) = (a,o(e),o(f),b). Moreover,
the diagonal torus elements

la.p = (z 2) with a8 € F*
act by
(a,e, f.b)— ("B la, a*a~te, pF7L £, BPa D).

It is easy to check that
AE(tg,g-v) = (af)* - AE(v).

Since the actions of SL,(E£) and Sg preserve Ag, we see that
AE(g-v) = (detg)®- Ag(v),

so that Ag induces a map

{M g -orbits on Vg} —> F*/F*? = {étale quadratic algebras}.
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In addition, the standard Weyl group element

01
w= (1 o) € GLo(E)°
acts by
w:(a,e, f,b)— (=b,—f,—e,—a).

7-3. Stabilizer of distinguished E-cube. We can readily determine the stabilizer
of the E-distinguished cube . Namely, under the action described in Section 7-2, it
is easy to see that the subgroup

E!= % (O‘ a—l) ‘o€ El} C SLa(E)

fixes the E-distinguished cube vg g. So does the Weyl group element w. Thus,
we see that

Stabps . (vo,E) = E'%7/27 and StabME(vo,E) = E'%(7/27 x SE).
In particular, we have shown:

Proposition 7.1. The stabilizer Stab iy (vo,E) in Mg of the E-distinguished cube
(1,0,0, —1) is isomorphic to the group of F-automorphisms of the twisted composi-
tion algebra Cg introduced in Section 3-4. Indeed, they are identical as subgroups
of GL,(E)° x Sg (F) under the fixed isomorphism Mg (F) =~ GL,(E)°.

8. Generic orbits

We come now to the main result of this paper: the determination of the generic
MEg (F)-orbits in Vg (F).

8-1. A commutative diagram. We have the following commutative diagram
H'(F,Stabgz(vo))  —— HY(F, M)
8.1) l l
H'(F,Autr (Co, Qo, fo)) —— H'(F,S3)
We make several observations about this commutative diagram.

Lemma 8.2. (i) The first vertical arrow is bijective.
(i1) The second vertical arrow is bijective.
(ii1) The horizontal arrows are surjective.
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Proof. (1) This follows by Proposition 6.1.

(ii) Let the second vertical arrow be denoted by . Since M is a semidirect product
of M and S3, the map ¥ is surjective. For injectivity, we shall use the exact
sequence of pointed sets

1— HY(F,M)— HY(F,M) — H'(F, S3) — 1.

Let c € H'(F, S3) and let E be the étale cubic algebra corresponding to ¢. Then
Mg is the twist of M by c. In order to prove that 1 ~!(c) consists of one element,
it suffices to show that H!(F, M) is trivial, by the twisting argument on page 50
of [Serre 2002]. We have an exact sequence of algebraic groups

1 — MEg gee — Mg — GL1 —> 1,

where Mg 4er = Resg/r SLy. By Hilbert’s theorem 90, HY(F,GL,) is trivial.
Since
H'(F,Resg/p SLy) = H'(E,SLy) =0
(see [Serre 2002, p. 130]), it follows that H'(F, ME) is trivial.
(iii) This follows because Stab ;7 (vo) = Stabps (vo) x Aut(IT), hence

H'(F,Stab 7 (v9)) — H'(F, Aut(IT))
has a natural splitting. O
8-2. Determination of orbits. We can now determine the generic Mg (F)-orbits
on Vg (F).
Theorem 8.3. Fix an étale cubic F-algebra E.

(i) The generic Mg (F)-orbits on Vg (F) are in bijective correspondence with the
set of F-isomorphism classes of E-twisted composition algebras over F , with the
orbit of vo,g = (1, 0,0, 1) corresponding to the twisted composition algebra Cg
introduced in Section 3-4.

(i) The generic Mg (F)-orbits on Vg (F) are in bijective correspondence with the
set of E-isomorphism classes of E-twisted composition algebras over F.

(iii) There is a commutative diagram
{ E-twisted composition algebras} ——> {étale quadratic F -algebras}
{generic Mg-orbits on Vg}  ——> F*/F*2?

where the bottom arrow is the map induced by Ag (see Section 7-2).
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Proof. (i) Given a cohomology class [E] € H!(F, S3) corresponding to an étale
cubic F-algebra, we consider the fibers of the two horizontal arrows in the commu-
tative diagram (8.1) over [E]. Since the map Stab ;7 (vo) —> S3 splits, the fiber of
the second horizontal arrow has a distinguished element which corresponds to the
twisted composition algebra Cg. Similarly, the fiber over [ E] of the first horizontal
arrow has a distinguished point which corresponds to the orbit of vg g = (1,0, 0, —1).
Moreover, these two distinguished point correspond under the first vertical arrow.

By the twisting argument [Serre 2002, p. 50] we see that both fibers in question
are naturally identified with

Ker(H ' (F,Staby (vo,£)) —> H'(F, M)).

Thus, the fiber of the first horizontal map over [E] are the generic Mg -orbits in
VE, while the fibers of the second map are F-isomorphism classes of E-twisted
composition algebras.

(i1) The bijection follows because both sets are in natural bijection with the set
H'(F,Stabpy, (vo,g) = H'(F, Autg (CE)).

(iii) Suppose an E-twisted composition algebra is represented by a cocycle
(a0) € H'(F, Stabyy,, (vo,E)).

Then the associated étale quadratic F-algebra K corresponds to the group homo-
morphism

nk : Gal(F/F) —— Staby,.(vo.g)(F) —— 7/27

given by 0 — a, — m(ag), where 7 : Stabps,. (vo,g) — Z/2Z is the natural

projection. In fact, regarding Stabps,. (vo,r) € Mg as described in Section 7-3, we

see that the map 7 is simply given by the determinant map on Mg = GL,(E)°.
On the other hand, the cocycle splits in H!(F, Mg) = 0, so that we may write

ac =g '-0(g) forsome g e Mg(F).
Then the M E -orbit associated to (a4 ) is that of g - vo, g. Now, we have
Ag(g-vo,e) =det(g)* - Ag (vo,£) = det(g)?

and
Nk (0) = det(ag) = det(g) ™" - o (det(g))

for any o € Gal(F /F). This shows that det(g) is a trace-zero element in K, so that
K is represented by the square class of det(g)? € F*, as desired. O

In particular, we have established Theorem 1.1. However, the bijection between
the generic Mg (F)-orbits on Vg (F) and the F-isomorphism classes of twisted
composition algebras is obtained by a Galois cohomological argument, which is
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quite formal and not at all explicit. For applications, it is necessary to have an
explicit description of the bijection. We shall arrive at such an explicit description
in the following sections.

9. Reinterpreting Bhargava

In this section, revisiting the case when E = F3 is split, we shall reinterpret
[Bhargava 2004a] in the framework of twisted composition algebras, leading to an
explicit recipe for the bijection in Theorem 8.3.

9-1. Bhargava’s result. We first review briefly Bhargava’s results and, following
him, we shall work over Z. Note that we have an action of the group SL,(Z)3
on the set of integer-valued cubes, by the “row-column” operations described in
Section 6-1.

In order to state the main result of Bhargava, we need a couple of definitions.
Fix a discriminant A. Let K = @(+/A) and R the unique order of discriminant A.
A module M is a full lattice in K. In particular, it is a Z-module of rank 2. We
shall write M = {u, v} if u and v span M. For example,

R = { 1 M} |
2

By fixing this basis of R, we have also fixed a preferred orientation of bases of

modules. An oriented module is a pair (M, €), where € is a sign. If M = {u, v}, then

M becomes an oriented module (M, €), where € = 1 if and only if the orientation of

{u, v} is preferred. The norm of an oriented module (M, €) is N(M) =¢€-[R: M].

Then:

e A triple of oriented modules (M7, M,, M3), with R as the multiplier ring, is
said to be colinear if there exists § € K™ such that the product of the three
oriented modules is a principal oriented ideal ((§), €), where € = sign(N(§)),
i.e., My My M3 = (§), as ordinary modules, and N(M1)N(M2)N(M3) = N(6).

¢ A cube is projective of discriminant A if the three associated forms are primitive
and have discriminant A.

* Two triples of oriented modules (M1, M2, M3) and (M7, M, M) are equiva-
lent if there exist i1, jt2, u3 in K> with M/ = j1; M; and €, = sign(N(1;))€;
fori =1,2,3.

Then, Bhargava [2004a] showed:

Theorem 9.1. There is a bijection, to be described in the proof, between the
equivalence classes of oriented colinear triples of discriminant A and the SL,(Z)3-
equivalence classes of projective cubes of discriminant A.
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Sketch of proof. Let v be a projective cube. Again, without any loss of generality
we can assume that the cube is reduced and that the numbers f1, f> and f3 are
nonzero. Define three modules by

b— A b— VA b—+VA
\/_}, M2={1, f} and M3={1,—f}.

2f1 2f2 2f3

The norms of the three modules are —1/ f1, —1/f> and —1/ f3, respectively, if we

take the given bases to be proper. For §, we shall take

2
b+ VA
which has the correct norm —1/( f1 f2 f3).

The modules M;, with given oriented bases, correspond to the quadratic forms Q.
More precisely, if

M1={1,

bh— A
zZj :Xi+yi2—ﬁ€Mi
then
—fiN(zi) = Qi(xi.yi) = — fix} —bxiyi + f7y2,
where f* = (f2 f3, f3./1, [1./2)- =

9-2. Integral twisted composition algebras. We can now give a reinterpretation
of Bhargava’s results, in particular of Bhargava’s triples (M1, M», M3), in the
framework of twisted composition algebras. Assume the notation from the previous
subsection, so that M1 My M3 = (). Set

C=M&M,d Ms;.

We shall define a pair of tensors (Q, f) on C as follows:
e Define a quadratic form Q : C — Z xZ x Z by

0(z1,22,23) = (= fiN(z1). = 2N(22), = f3N(z3)) = — /- (N(z21), N(22), N(z3)).
* Define a quadratic map 8 : C — C by

B(z1,22,23) = 8(fo f3Z273, f3 f12321, f1faZ172) =8 f* (31,72, 73)".

The relations M1 M>M3 = (§) and MM = N(M) imply that f is well defined.
Moreover, using N(8) = —1/(f1 /> f3), one checks that

0(B(z1,22.23)) = Q(z1, 22, z3)"

Nc(z1,22,23) = Tr(le;Z3).

Thus the triple (C, Q, B) is a twisted composition algebra over Z.

and
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In terms of the coordinates (x;, y;) given by
b— A
2f;
we have seen in the sketch proof of Theorem 9.1 that
Qi(zi) = —fiN(zi) = — fix} —bxiyi + f*¥7.

We shall now do the same for 8. Write B(z1,22,23) = (2], 25, z5), and let (x/, y/)
be the coordinates of zlf . A short calculation shows that

xi=—(x3 y3) (j(”)z fb3) (;z) and y| = (x3 y3) ((1) j(‘)l) (;z) ,

while the expressions for (x5, y5) and (x3, y3) are obtained by cyclically permuting
the indices.
There are two important observations to be made here:

Zi = Xi i

e Firstly, these formulas make sense for any triple ( f1, f2, f3) and any b, i.e.,
the f; can be zero. The axioms of twisted composition algebra are satisfied
for formal reasons. For example, if ( f1, f2, f3) =(0,0,0) and b = —1, we
get the split algebra Cy.

» Secondly, the two matrices are two opposite faces of the cube. This gives a
hint how to directly associate a composition algebra to any cube in general
(i.e., not just a reduced cube).

9-3. From cubes to twisted composition algebras. The above discussion suggests
an explicit recipe for associating a twisted composition algebra over F' x F X F to
any cube v € V(F).

LetC = F2xF?xF?. AnelementzeC isa triple (z1, z2, z3) of column vectors
z; = ()y‘i ). Slice a cube into three pairs of 2 x 2-matrices (4;, B;), as before, and let

Qi(zj) = —det(A; x; + B;y;).

Then, we set:

e 0:C — F x F x F, defined by

0(z1,22,23) = (Q1(21), 02(22), 03(23)).
e 3:C — C, defined by

B(z1,22,23) = (21, 25, 23),
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where z| = (xli),
Vi
Xy = —Z;I—Blzz, xh =—z{ Byz3, x5 = —z, B3z,
and
Yi=1z3Aiza. Yy =1z Apzs. yh =1z, Aszy.
Thus, starting from a cube v, we have defined a pair of tensors (Q, f) on
C=F2xF?>xF? Let
é : V(F) —> {tensors (Q, ) on C}

be the resulting map. We may express this map using the coordinates (a, e, f, b) of
a cube. A short calculation gives

Q(x,y) = (" —af)x* + (=ab —2ef +Tr(ef )xy + (f* —be)y?,
Blx,y) = (—ex® —by* — (fx) x y.ax” + fy* + (ey) x x).

In the next section, we shall study the properties of the map ¢; for example,
we shall show that a (Q, f) in the image of ¢ does define a twisted composition
algebra on C.

10. Explicit parametrization

Using the results of the previous section, we can now give an explicit description of
the bijection between M g (F')-orbits of nondegenerate cubes and F-isomorphism
classes of E-twisted composition algebras.

10-1. Definition of q; Let us write C = E -e1 & E - e2. Motivated by the case
where E = F3, studied in the previous section, we define the map

$ : Ve (F) —> {tensors (Q, B) on C}
using the coordinates v = (a, e, f, b) of a cube, witha,b € F and e, f € E, by
Q(x,y) = (¥ —af)x* + (—ab—2ef + Tr(ef))xy + (f* —be)y?,
Bx,y) = (=ex* —by* — (fx) x y,ax" + fy* + (ey) x x).
In particular, for a reduced cube (1,0, f, b), one has
Q(x.y) =—fx*—bxy + f*y2,
Blx.y) = (=by* = (fx) x y.x* + f¥).

Thus, the image of the distinguished cube vg o = (1,0,0, —1) is the algebra Cg.
Observe also that one has

(10.3) B(1,0)=(0,1) and B(0,1) = (=b, f).

(10.1)

(10.2)
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Thus, the standard basis {e1, ez} is a reduced basis with respect to (Q, f), in the
sense of Section 3-6.

Proposition 10.4. (i) The map ¢ is injective.
(il) For g € GLo(E)? and o € Sg(F), one has
$(g-v)="¢""-¢(v) and $(o-v)=0-$(v)

forany v € VE(F).

Thus, the map ¢ is GLy (E)° xS g -equivariant, with respect to the outer automor-
phism (g,0)— (g™, 0) of GLL(E)° xSE, and where the action of GL2(E)° xSk
on the set of (Q, B) is given as in Section 3-3.

(iii) For any nondegenerate cube v, ¢p(v) = (Q, B) defines a twisted composition
algebra on C.

Proof. () If p(a, e, f.b) = (Q, B), then
B(1,0) = (—e,a) and B(0,1)=(=b, f).

Hence the cube (a, e, f, b) is uniquely determined by .

(ii) We can verify this equivariance property over F; thus we only need to check it
for E = F3. For the central element (¢,¢,1) € GLy(E)° or the element ¢ € Sg, the
desired equivariance property is clear. Thus, it remains to verify it for elementary
matrices such as

1
e=(Eatn=(( 1) 11) € GLaF) < GLa(F) X GLa(F)".
Now, if the cube v has a pair of faces (41, By), then the corresponding pair for g-v is
(A}. B}) = (A1 +uB1, By).
Slicing the cube in the other two ways, we obtain
(A5, B5) = (EyAz, EyBy) and (A5, By) = (A3EL, B3EL).

Hence, if ¢(g-v) = (Q’, B’), then B’ is given on (21, z2, z3) € F2 x F%x F2 by

(x’l x5 xé) :( —z4 Bz —z{EyBoz3 —Z;B::,E;Zl)
Vi ovh Vs Z5(A1 +uB1)za  ziEyApzs  zhA3ElLz)’
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On the other hand, ‘g™! acts on B by precomposing by (‘g~1)~! = g’, and post-

composing by ‘g~ 1:

‘el B(g' (z1.22.23)) = "¢ 7" B(E}z1. 22, 23)
_ tg_l . —nglzz —Zi Eu3223 —Z£B3E;21
Z§A122 ZiEuA223 ZéA:;E,ZZl
. —223122 —Z{EuBzz:; —Z£B3E521
Z5(A1 +uBi)zy  zZiEyAzzs  zLA3ElLzy

= p'(z1,22,23).

(iii) Again, we may work over F, and hence we may assume that E = F3. If
v is a reduced cube, we have seen in Section 9-2 that (Q, ) defines a twisted
composition algebra on E2. Since every M (F)-orbit contains a reduced cube, the
result follows by (ii). O

The occurrence of the outer automorphism g — ‘g~ ! is natural here. Indeed,

assume that £ = F3 and regard GL,(F) as GL(V') for a 2-dimensional F-vector
space V. Then the quadratic map S is an element of (V*)®3 @ (V*)®3 @ VO3,
whereas its associated cube is anelementin V fr VRr V QF det(V)_l. Thus
scaling a cube by ¢ € F* corresponds to scaling 8 by 1.

10-2. Reduced cubes and bases. To describe the image of ¢, we examine the case
of reduced cubes more carefully.

Proposition 10.5. Suppose that the pair (Q, B) defines a twisted composition alge-
bra structure on E? such that the standard basis {e1, e, } is reduced (i.e., B(e1) = e3).
Then (Q, B) is the image under ¢ of the reduced cube

v=(1,0,-Q(e1). —Ng,g(e1)).

Moreover, Ag (v) = Ag g(er) (Where the A on the left side is the quasi-invariant
form on the space Vg of cubes while the one on the right is defined in Proposition 3.5).

Proof. We need to show that Q and B are uniquely determined by f = —Q(ey)
and b = —Ng g(e1). Since

O(e2) = Q(B(e1)) = f* and bg(er,e2) = bgler, Ble1)) = N(e1) = —b,

we see that Q is uniquely determined. Then S(xe; + ye») is uniquely determined
by (3.4) in Lemma 3.2. Finally, observe that

Ag() = Ag gler) =b> +4NE(f). O
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10-3. Good bases. We call a basis of C a good basis if it is in the Autg (C)° =
GL,(E)°-orbit of a reduced basis. By Proposition 3.5(iv), this notion is independent
of the choice of the reduced basis. Similarly, since the action of Sg preserves the
set of reduced cubes, the notion of good bases does not depend on whether one
uses Autg (C)° or Autg (E,C)° = GLy(E)° x Sg.
As a consequence of the proposition, we have:

Corollary 10.6. (i) The map ¢ gives a bijection between the set of reduced (nonde-
generate) cubes and the set of (Q, B) on E? such that the standard basis {e1, e2}

is reduced.

(ii) The image of ¢ consists precisely of those (Q, B) such that the standard basis
{e1,e2} of C = E? is a good basis for (Q, B).

The definition we have given for a good basis {e1, e} may not seem very
satisfactory. It would have been more satisfactory if one defines a good basis for
(C, Q. B) using purely the forms (Q, B) rather than using the action of Autg (C)°.
Indeed, it will not be easy to check that a given basis is good by our definition.
However, by Corollary 10.6, one knows a posteriori that a basis {e1, e} is good for
(C, 0, p) if and only if B(xe; + yez) has the form given in (10.1) with a,b € F.
We would have taken this as a definition, but it would have seemed completely
unmotivated without the results of this section!

10-4. A commutative diagram. As a summary of the above discussion, we have
the following refinement and explication of Theorem 8.3:

Theorem 10.7. (i) The bijective map ¢ descends to give a commutative diagram

VE(F)° ={ceVg(F): Ag(c) #0} —> Mg (F)-orbits on Vi (F)°

Jbl l¢

{pairs (Q, B) on E?: standard basis is goody — {GL,(E)° x Sg (F)-orbits of (O, B)}

l l

{ F-isomorphism classes of pairs (C,b)} — { F-isomorphism classes of C}

where all vertical arrows are GLy(E)° x Sg (F)-equivariant bijections and, in the
last row, C denotes an E-twisted composition algebra and b denotes a good basis
of C. Moreover the action of GL,(E)°® x Sg (F) on a pair (C, {ey,e2}) is given as
follows: g € GL,(E)? sends the pair to (C, {e].e5}), where

ery e1
elz - g ez )

whereas o € Sg sends the pair to (E ®E o C, {e1, e2}).
(i1) The bijection ¢ agrees with the one given in Theorem 8.3.
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Proof. (1) Our discussion above already shows that $ is bijective and descends
to give the map ¢. It remains to show that the induced map ¢ is bijective. The
surjectivity of ¢ follows from Proposition 3.5(iii) and (iv) and Corollary 10.6(1).
The injectivity of ¢ follows from Proposition 10.4(i) and (ii). We leave the bijection
and the equivariance of the lower half of the diagram to the reader.

(i) The map ¢ sends the distinguished cube vE,0 = (1,0,0,—1) to the pair
(0o, Bo) on E2, which defines the algebra Cg. Moreover, ¢ is equivariant with
respect to the automorphism g > ‘g~ of GL,(E), which preserves the subgroup
Stabg, (g0 (VE,0) = Autg (Qo, Bo) C GL,(E)°. Finally, since ¢ is algebraic, it
is Galois-equivariant with respect to base field extension. All these imply that we
have a commutative diagram

{GLa(E)®-orbits on Vg (F)°}  —— H'(F,Stabgy, gy (VE,0))

lqb lg,_ﬂg—l

{ E-isomorphism classes 1
of twisted composition algebras} H(F, Autg (CE))
Since the map g — ‘g~ ! of Stabgy, (g0 (VE,0) = Autg (Qo, Bo) is given by con-
jugation by the element w € Autg (Qo, Bo)(F), we see that the induced map on
H is trivial. Hence ¢ agrees with the bijection given in Theorem 8.3 by a Galois
cohomological argument. O

10-5. An example. As an example, assume that K = F(+/A) and consider the
composition algebra given by the example in Section 4-4. (This is the distinguished
point in the fiber of ([F3], [K]).) Then v = (VA, VA, vVA) and B(v) = (A, A, A)
is a reduced basis. The corresponding reduced cube is

/O/A

1 0

/ A / 0

0—A
10-6. Relation with Tits’ construction. If f € E*, we can relate the construction
of ¢ attached to the reduced cube (1,0, — f, b) to Proposition 3.12. Identify E & E
with £ ® K using the E-linear isomorphism given by

bh— /A b— /A
(x,y)Hx®1+%® 2f=x+y 2}/_,
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where, in the last expression, we omitted tensor product signs for readability.
Then Q can be written as

b—+A b—~A
=—f.N
Q(x+y 2 ) f E®K/E(X+y 27 )
and B as
b— A 2 b+ VAN
,B(x—i-y ):— -f#-(x+y—).
2f b+ VA 2f
Indeed, if E = F3, these formulae are exactly the same as those in Section 9-2 .
Let
b A
e=—f and v=-— +f.
2
Using e 1.9 = v~1. ¢ (since Ng/F(e) = Nk, (v)) this composition algebra

is the algebra attached to the pair (e, v), as in Proposition 3.12. Conversely, a
composition algebra given by a pair (e, v), as in Proposition 3.12, arises from the
cube (1,0, —e, b) where b = —Trg,r (v).

11. Exceptional Hilbert 90

Assume that E is an étale cubic F-algebra with corresponding étale quadratic
discriminant algebra K g, and let K be an étale quadratic F'-algebra. Recall that

Tk ={x€EQF K:Ng/r(x)=1= Ng,r(x)}.

Suppose, for example, that [Kg] = [K] = 1, so E is a Galois extension, and Tg g
is the group of norm-one elements in E*. Let o be a generator of the Galois group
G/ r. Then Hilbert’s theorem 90 states that the map

x>0 (x)/o%(x)

induces an isomorphism of E*/F* and Tg g (F). Our goal in this section is to
generalize this statement to all tori Tg g, thus obtaining an exceptional Hilbert’s
theorem 90. As an application, we give an alternative description of H!(F, Tg k).

11-1. Thetorus Tg k. We firstdescribe the torus Tz, g by Galois descent. Over F,
we have the identification

Te.x(F)={(a,b) € F3® F?:a;b; = 1forall i and ayazaz = 1}.

The F-structure is given by the twist of the Galois action on coordinates by the
cocycle

pE X pK : Gal(F /F) — Aut(F?) x Aut(F?) =~ 3 x 7 /27,
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where S3 and Z/27 act on Z3 and Z?, respectively, by permuting the coordinates.
We may describe Tg g using its cocharacter lattice X. We have
X ={(a,—a)eZ>®7%: a1 +ar+asz =0},
equipped with the Galois action given by
PE ® px 1 Gal(F /F) — Sz x7/27.

11-2. The torus T ! E.K Now we introduce another torus T;z g over F. Let K
be the étale quadratlc F -algebra such that [K;]-[K]-[Kg]=1in HY(F,7/27).
We define the tori

Tpx={x€E®FKy:Nggk,/g(x) € F*}
and
T x = Trx/KJ,
where the last quotient is taken in the sense of algebraic groups. If J = BT, where
B is a degree-3 central simple K j-algebra with an involution t of the second kind,
and £ — J is an F-embedding or, equivalently, £ ® r Ky — B is a K y-embedding
such that t pulls back to the nontrivial element of Aut(E ® p Ky/E), then Té, K
acts naturally as a group of automorphisms of the embedding £ — J.
We may again describe these tori by Galois descent. Over F, we may identify

Tp x(F)={(a.b) € (F*)*® (F*)* :a1by = azby = azbs},

and TE K(F ) is the quotient of this by the subgroup consisting of the elements
(a-1,b-1). The action of Gal(F /F) which gives the F-structure of TE [ is then
described as follows. Let pg : Gal(F/F) —> S5 be the cocycle associated to E,
so that sign opg : Gal(F /F) — Z /27 is the homomorphism associated to K.
On the other hand, we let pg be the homomorphism associated to K, so that

(signopg)-px : Gal(F/F) — Z/27

is the homomorphism associated to K ;. Now the action of Gal(F/F) on F3 ® F?
is the twist of the action on coordinates by the cocycle

pE X (signopg) - px : Gal(F/F) — S3 x 7Z/27.

As before, we may describe the tori T"é x and T - by their cocharacter lattice.
The cocharacter lattice Y of T,  is given by

Y ={@.b) e’ ®7% :a1 + b1 = az + by = a3 + b3},
equipped with the Galois action given by

pE X (signopg) - px : Gal(F/F) — S3 x7Z/27.
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This contains the Galois-stable sublattice
Z=(1,1,1)Q 72,
sothatY =Y /Z is the cocharacter lattice of T, 4.

11-3. A homomorphism. We are going to construct a morphism of tori from Tg K
to T'g, k. We shall first define this morphism over F and then shows that it descends
to F.

Now we may define a morphism over F,

f TE,K(F) — Tg .k (F),

e (a1 ar a3) . (az/a3 as/ay al/“Z)
"\b1 by b3 ba/bs b3/b1 b1/b3)"
It is easy to see that this defines an F-isomorphism of tori

f . TE,K(F) = TE’K(F).

by

Moreover, if 0 € S, (F) = S3 is the cyclic permutation
(a1,a2,a3) = (az2,a3,a1),
then the map f is given by
() =0(x)/0%(x).
Now the morphism f induces a map

f*:f—>X,

al dp as s dp —dajz a3z —d1 dp —dajp
by by b3 by —b3z b3—by b1 —by)"

This induces an isomorphism of Z-modules ¥ = X.

given by

11-4. Exceptional Hilbert 90. The main result of this section is:
Theorem 11.1. The isomorphism f : T}/E K XF F— TE KXF Fis defined over F,
and thus gives an isomorphism of tori

Tév’ K —> TE, K

given by
x> o0(x)/o2(x).
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Proof. Tt remains to prove that f is defined over F. For this, we may work at the
level of cocharacter lattices, and we need to show that f is Galois-equivariant. For
this, regard 73 ® 72 as a S3 x Z/2Z-module with the permutation of the coordinates
in Z3 and Z2. Then observe that f; is not equivariant with respect to S3 x Z/2Z7.
On the other hand, we have the automorphism of S3 x Z/2Z given by

(g, h) = (g,sign(g)-h)

If we twist the S3 x Z/27Z-module structure on the domain of fi by this automor-
phism, then f is easily seen to be equivariant. Together with our description of
the Gal(F / F)-actions on the domain and codomain of f, the desired Gal(F /F)-
equivariance follows. O

11-5. Cohomology of Tg k. As an application of the exceptional Hilbert 90, we
may give an alternative description of the cohomology group H !(F, TE,k), which
classifies twisted composition algebras with fixed invariants (E, K) upto £ ® r K-
linear isomorphisms.

In order to state our results, we need additional notation. For every quadratic
extension Ky of F, let Res}(J /F Gy, be the 1-dimensional torus defined by the
short exact sequence of algebraic tori

] —— Res}{J/FGm ——> Resg,/r Gnm Gm 1.

By the classical Hilbert theorem 90, the associated long exact sequence gives the
exact sequence

1 — H?(F, Res}(J/F Gm) — H*(Kj,Gp) — H?*(F,G),

where the last map is the corestriction. By a theorem of Albert, Riehm, and
Scharlau [Knus et al. 1998, Theorem 3.1], the kernel of the corestriction map is the
set of Brauer equivalence classes of central simple algebras over Ky that admit an
involution of the second kind, and so we can view H?2(F, Res}Q /F Gy, as the set
of Brauer equivalence classes of such algebras.

Proposition 11.2. Let K be an étale quadratic algebra with [K j]-[K]-[Kg] =1,
and set M = EQF K.

() If Ky is a field, then we have an exact sequence
| — E*/F*Npyyg(M*) — H'(F,Tg k)

—> H?(F,Resg  p Gm) —> H?(E,Resyy p G).
The image of H(F, Tg k) consists of those central simple algebras over K y which

contain M as a K j-subalgebra and which admit an involution of the second kind
fixing E (or equivalently, restricting to the nontrivial automorphism of M over E).



1952 Wee Teck Gan and Gordan Savin

(i) If Ky = F?2, then we have a simplified version of the above sequence:
H'(F.Tg k) = Ker(H*(F,Gp) —> H*(E.Gp)).

Proof. (i) By the exceptional Hilbert theorem 90, we have a short exact sequence
of algebraic tori

1] —— Res}Q/F Gm — Resg/r Res}WE Gm —— Tex — 1.
Now, (i) follows from the associated long exact sequence, using
H'(F,Resg . p Gm) = F*/Nk, /r K7,
H'(E,Resy g Gm) = EX/Nyyyp M*.

(ii) One argues as above, except that since K; = F?2, we have

1 Gm Resg/p Gy —— Tp.x — 1.
Thus the long exact sequence gives
| —— HYF,Tgx) —— H?*(F,Gp) —— H?*(E,Gn). O

11-6. Interpretation. The above description of H!(F, Tk k) fits beautifully with
the correspondence between E-twisted composition algebras and conjugacy classes
of embeddings £ — J, where J is a Freudenthal-Jordan algebra of dimension 9.

More precisely, Proposition 11.2 exhibits H ! (F, TE k) as the set of isomorphism
classes of triples (B, t,i), where:

e B is a central simple K y-algebra of degree 3.
¢ 7 is an involution of the second kind on B.

e | : E—> BT is an F-algebra embedding, or equivalently a K y-algebra em-
bedding i : M = E ® r Kj —> B such that 7 pulls back to the nontrivial
element of Aut(M/E).

Themap = : H'(F, Tg ) — H?(F, Res}(J/F Gy ) sends (B, t,i) to B. For a fixed
[B] € Ker(H?(F,Res  /p Gm) —> H?(E,Resyy g Gm)),

so that B contains M = EQF Ky as an K y-subalgebra, the fiber of 7 over [ B] is the
set of Autg , (B)-conjugacy classes of pairs (t,i). The Skolem—Noether theorem
says that any two embeddings M < B are conjugate, and on fixing an embedding
i : M — B, the fiber of 7 over [B] is then the set of Autk, (B,i)-conjugacy
classes of involutions of the second kind on B which restricts to the nontrivial
automorphism of M over E. Therefore, the exact sequence in Proposition 11.2(i)
says that the set of such Autg, (B, i)-conjugacy classes of involutions is identified
with E*/F*Npg g (M™). One has a natural map on the fiber 7~ 1([B]) sending a
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Autg , (B, 1)-conjugacy class of involutions to its Autg , (B)-conjugacy class. This
is the surjective map described in Corollary 19.31 in [Knus et al. 1998].
On the other hand, the map sending the triple (B, 7, i) to the pair (B, 7) is the
natural map
H'(F.Tg g) — H'(F, PGUX7)

induced by the map Tg g — PU?,K 7 where PGU3K 7 is the identity component
of the automorphism group of the Freuthendal-Jordan algebra associated to the
distinguished twisted composition algebra with invariants (E, K).

12. Local fields
In this section, we specialize and explicate the main result in the case of local fields.

12-1. Local fields. Let F be alocal field, E an étale cubic F-algebra, and Kg the
corresponding discriminant algebra. Let K be an étale quadratic F-algebra. We
consider

Q E,K = {generic Mg -orbits on Vg with associated quadratic algebra K},

Qg k = {generic Mg-orbits on Vg with associated quadratic algebra K}.

We have seen that E K has a distinguished element: this is the distinguished point
of H!(Tg, k) whichis fixed by Sg (F)xZ/2Z. Moreover, by Galois cohomological
arguments,

Qpx=HYF.Tpx)/Se(F)xZ/2Z and Qg x=H'(F,Tg k)/Z/2Z.
We would like to explicate the sets Q E,k and QF k.
12-2. Cohomology of tori. Recall that in (3.13), we have shown
H'(F.Tg,x) = (E* x K*)°/Im(L*),
where L = E ®F K,
(E*x K*)° ={(e,v) € EXx K*: Ng,p(e) = Ng/r(v)}
and the map from L* to (E* x K*)? is given by
ar (Np/g(a), Npjk(a)).

This description of H!(F, Tk k) is natural but may not be so explicit. When F is
a local field, we can further explicate this description.

Since the case when E or K is not a field is quite simple, we consider the case
when E and K are both fields. In that case, the norm map induces an isomorphism

E*/Npjg(L*) — F*/Ng,p(K*) = 7Z/27,



1954 Wee Teck Gan and Gordan Savin

so that any (e, v) € (EXx K*)? has e = N,k (a) for some a € L. Hence any ele-
mentin H(F, Tg, k) isrepresented by (1, v) forve K! ={v € K* :Ng/p(v)=1}.
We thus deduce that, with L! = {a € L*: Np/g(a) =1},

HY(F,Tg,xk)=K"/Np/x(L') = K*/F*Np g (L"),

where the last isomorphism is induced by the usual Hilbert theorem 90. Using this
last expression, we easily see that

1 if K # Kpg,
H\(F.Tp.x) = R R
’ 7/37 if K=KEg.
Exchanging the roles of E and K in the above argument, one also has
H'(F,Tg,x) = E'/Np/e (L),

where now L1 ={a € L™ : N /g (a) = 1}. If E/F is Galois (and K is a field), it
follows by the usual Hilbert theorem 90 that

HYF,Tg,xk)=E'/Np/g(L1) = E*/F*Ny/g(E*) =1,

thus partially recovering the result of the last section.

Alternatively, we could use Proposition 11.2 to compute H(F, Tg ). If K isa
field, then the only central simple K y-algebra which admits an involution of the sec-
ond kind is the split algebra M3 (K y). Thus we deduce from Proposition 11.2(i) that

HY(F,Tg,x) = E*/F*Ny g (M),
where M = E ® r K ;. On the other hand, if K is split, Proposition 11.2(ii) gives
HY(F,Tg k) = Ket(H?*(F, Gy) — H*(E,Gyp)),
which is Z/37 when E is a field.

12-3. Fibers. With the various computations of H!(F, Tk k) given above, it is not
difficult to show the following proposition which determines |2 g x| and |Q g g|.

Proposition 12.1. We have

E K Tex |HYF. Tex) | 1Qek| |19k k]

FxKEg K =Kpg K* 1 1 1
FxKg Kg afield | field # Kg | (K® Kg)~/K% 7/27 2 2
FxKpg,KEg afield FxF Kz 1 1 1
F3 field | KX/ F*xK*/F* | 7/27x7/27 2 4

field| K=Kg EX/F* 7/37 2 2

field| K+ Kg i i |
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Here, the difference in the last two columns reflects the fact that Sg (F) acts
trivially on H'(F, TE k) except when E = F3 and K is a field.

12-4. Embeddings into J. The main theorem says that the elements of Qg g are
in bijection with the conjugacy classes of embeddings

E—J,

where J is a 9-dimensional Freudenthal-Jordan algebra associated to a pair (B, 7),
where B is a central simple algebra over the quadratic algebra K; and 7 is an
involution of the second kind on B. We now describe the elements of Qg g in
terms of such embeddings.

e When F is p-adic and K = Kg, so that Kj = F x F is split, then
(B,7) = (D x D?,sw)

where D is a central simple F-algebra of degree 3 and sw denotes the involution
which switches the two factors. Thus, there are two possible J in this case: the
Jordan algebra J * attached to M3(F) or the Jordan algebra J ~ attached to a cubic
division F-algebra (and its opposite). In either case, the set of embeddings £ — J
is either empty or a single conjugacy class, and it is empty if and only if J = J~
and E is not a field. Thus when K = K g, we have

{E—JVY E—J~} if Eis afield;

Qrx=Qpk=
E.K E.K (E—>Jt} if E is not a field.

On the other hand, when K is a field, then B = M3(K ), and there is a unique
isomorphism class of involution of the second kind on B, given by conjugation by
a nondegenerate hermitian matrix, so that J is isomorphic to the Jordan algebra
of 3 x 3-Hermitian matrices with entries in K y. According to the proposition, there
is a unique conjugacy class of embedding £ < J unless £ = F x Kg and K is
a field with K # K. In the exceptional case, there are two subalgebras £ C J
up to conjugacy. We may write down the 2 non- F-isomorphic twisted composition
algebras corresponding to these. The twisted composition algebra can be realized on

E®p K=Kx(Kg ®K).

Let {1, @} denote representatives of F*/N K. Then the two twisted composition
algebras correspond to

(e,v) =((1,1),1) or ((l,a),a)e(FxKg)*xK*.

We see that these two twisted composition algebras are not isomorphic because
they are not isomorphic as quadratic spaces over E (even allowing for twisting

by Sg (F)).
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Further, when E = F3, there are in fact four conjugacy classes of embed-
dings E — J. This corresponds to the fact that the F-isomorphism class of
the twisted composition algebras associated to ((1, &), &) above breaks into three
E-isomorphism classes. These are associated to

(er.v1) = ((La,@),a), (e2.v2) =((a. L), ), (e3,v3) = (., 1), ).

e When F =R, then E = R3 or R x C. When K; = R? is split, then there is a
unique J, namely the one associated to M3(R), and there is a unique conjugacy
class of embeddings E — J.

When Kj = C, then there are two possible J, associated to B = M3(C) and
the involution 7 given by the conjugation action of two Hermitian matrices with
signature (1, 2) and (3, 0). We denote these two Jordan algebras by J; » and J3 .

When E = R3 and K = C, we have |Qg k| = 2. However, the two elements in
question correspond to embeddings

R?’ — J3’0 and R?’ — J1’2.

Thus, we see that these subalgebras are unique up to conjugacy. When £E =R x C
and K = R?, we have |Q E,k| = 1. This reflects the fact that there is no embedding
R x C < J3,0, and there is a unique conjugacy class of embeddings C — Ji ».
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Proper triangular G,-actions on A*
are translations

Adrien Dubouloz, David R. Finston and Imad Jaradat

We describe the structure of geometric quotients for proper locally triangulable
Gy-actions on locally trivial A3-bundles over a ncetherian normal base scheme X
defined over a field of characteristic 0. In the case where dim X = 1, we show
in particular that every such action is a translation with geometric quotient iso-
morphic to the total space of a vector bundle of rank 2 over X. As a consequence,
every proper triangulable G,-action on the affine four space A} over a field of
characteristic O is a translation with geometric quotient isomorphic to A,f .

Introduction

The study of algebraic actions of the additive group G, = G, ¢ on complex affine
spaces A" = A{. has a long history which began in 1968 with a pioneering result
of Rentschler [1968] who established that every such action on the plane A? is
triangular in a suitable polynomial coordinate system. Consequently, every fixed
point free G,-action on A? is a translation, in the sense that the geometric quotient
A?/G, is isomorphic to A! and that A? is equivariantly isomorphic to A?/G, x G,
where G, acts by translations on the second factor.

Arbitrary G,-actions turn out to be no longer triangulable in higher dimensions
[Bass 1984]. But the question whether a fixed point free (;,-action on A3 is a
translation or not was settled affirmatively, first for triangulable actions in [Snow
1988], then in [Deveney and Finston 1994] under the additional assumption that
the action is proper and then in general in [Kaliman 2004]. The argument for
triangulable actions depends on their explicit form in an appropriate coordinate
system which is used to check that the algebraic quotient 7 : A3 — A3//G, =
Spec(I' (A3, 043)®«) is a geometric quotient and that A3 //G, is isomorphic to A2,
For proper actions, the properness implies that the geometric quotient A3/G,,
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which a priori only exists as an algebraic space, is separated whence a scheme
by virtue of Chow’s Lemma. This means equivalently that the G,-action is not
only locally equivariantly trivial in the étale topology but in fact locally trivial in
the Zariski topology, that is, that A3 is covered by invariant Zariski affine open
subsets of the form V; = U; x GG, on which G, acts by translations on the second
factor. Since A? is factorial, the open subsets V; can even be chosen to be principal,
which implies in turn that A3/G, is a quasiaffine scheme, in fact an open subset
of A3//G, ~ A? with at most finite complement. The equality A?/G, = A3//G,
ultimately follows by comparing Euler characteristics. Kaliman’s general proof
proceeds along a completely different approach, drawing on topological arguments
to show directly that the algebraic quotient morphism 7 : A®> — A3//G, is a locally
trivial A!-bundle. Similar topological methods have been also applied by Kaliman
and Saveliev [2004] to conclude more generally that every fixed point free G,-action
on a smooth complex contractible affine threefold X is a translation in the broader
sense that X has the structure of a trivial G,-bundle over its geometric quotient
X /G,, which is a smooth contractible affine surface.

Kaliman’s result can be reinterpreted as the striking fact that the topological
contractiblity of A3 is a strong enough constraint to guarantee that a fixed point free
(4-action on it is automatically proper. This implication fails completely in higher
dimensions where nonproper fixed point free G,-actions abound, even in the case
of triangular actions on A* as illustrated by Deveney, Finston and Gehrke [Deveney
et al. 1994]. And starting from dimension 5, properness is known to be no longer
enough to imply global equivariant triviality as illustrated by examples of proper
triangular actions on A3 with strictly quasiaffine geometric quotients constructed
by Winkelmann [1990].

On the other hand, a general characterization claimed by Fauntleroy and Magid
[1976] asserted that proper G,-actions on factorial affine varieties were always
locally equivariantly trivial in the Zariski topology, with quasiaffine geometric
quotients. But counterexamples were constructed latter on by Deveney and Finston
[1995] in the form of proper triangular actions on A whose geometric quotients
exists only as separated algebraic spaces. So the question whether a proper G,-
action on A% is a translation or is at least locally equivariantly trivial in the Zariski
topology is essentially the last unsettled problem concerning proper G,-actions on
affine spaces, and very little progress had been made on the subject during the last
decades.

The only existing partial results so far concern triangular actions: Deveney,
van Rossum and Finston [2004] established that a Zariski locally equivariantly
trivial triangular G,-action on A* is a translation. The proof depends on the
finite generation of the ring of invariants for such actions established by Daigle
and Freudenburg [2001] and exploits the very particular structure of these rings.
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Incidentally, it is known in general that local triviality for a proper action on A"
follows from the finite generation and regularity of the ring of invariants. But
even knowing the former for triangular actions on A*, a direct proof of the latter
condition remains elusive. The second positive result concerns a special type of
triangular G,-actions generated by derivations of C[x, y, z, u] of the form r(x)d, +
q(x, y)o,+ p(x, y)d, where r(x) € C[x] and p(x, y), g(x, y) € Clx, y, ]. To insist
on the fact that p(x, y) belongs to C[x, y] and not only to C[x, y, z] as it would
be the case for a general triangular situation, these derivations (and the G,-actions
they generate) were named twin-triangular in [Deveney and Finston 2000]. The
case where r(x) has simple roots was first settled there by explicitly computing
the invariant ring C[x, y, z, u]® and investigating the structure of the algebraic
quotient morphism A* — A*//G, = Spec(C[x, y, z1, z2]®). The simplicity of the
roots of r(x) was crucial to achieve the computation, and the generalization of the
result to arbitrary twin-triangular actions obtained in 2012 by the first two authors
[Dubouloz and Finston 2014] required completely different methods which focused
more on the nature of the corresponding geometric quotients Af‘c/ G,4. The latter a
priori exist only as separated algebraic spaces and the crucial step in loc. cit. was to
show that for twin-triangular actions they are in fact schemes, or, equivalently that
proper twin-triangular G,-actions on A* are not only locally equivariantly trivial in
the étale topology but also in the Zariski topology. This enabled in turn the use of
the aforementioned result of Deveney, Finston, and van Rossum to conclude that
such actions are indeed translations.

In this article, we reconsider proper triangular actions on A% in broader framework
and we develop new techniques which enable to completely solve the question of
global equivariant triviality for such actions. The triangularity assumption is of
course a restriction, and it might look quite artificial from a geometric point of view.
But its main consequence is to reduce an a priori four-dimensional problem to a
relative three-dimensional one over a parameter space, a reduction which is crucial
for our argument and turns out to be the natural context in which to interpret the
aforementioned counterexamples to global or Zariski local equivariant triviality. A
second more technical benefit is that it enables an effective characterization of the
properness of a G,-action in terms of its associated locally nilpotent derivation, a
problem which is in general much more delicate to handle than deciding the weaker
property of being fixed point free.

The existence of smooth factorial affine hypersurfaces of A> on which the
proper triangular G,-actions constructed by Deveney and Finston [1995] restrict to
proper actions whose geometric quotients exist only as separated algebraic spaces
shows that even under appropriate triangularity assumptions, the question whether
a proper G,-action on A* is Zariski locally equivariantly trivial remains a subtle
problem. It also indicates that in order to weaken these appropriate hypotheses,
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additional algebrogeometric properties of A* beyond factoriality, such as for instance
topological contractibility, should play a role in the problem. But on the other hand,
the existence of smooth contractible complex affine threefolds nonisomorphic to
A3 shows that topological methods are not sufficient to infer that a given proper
Gg-action on A* is a translation from its local or even global equivariant triviality.
In particular, knowing that every such action is a translation would solve the Zariski
Cancellation Problem in dimension three, for if X is a variety such that X x Al ~ A4,
the G,-action by translations on the second factor of X x A! is obviously proper.
In this article we embed the study of proper triangular G,-actions on A* into
the following more general setup: given a ncetherian normal scheme X defined
over a field of characteristic zero, we consider Zariski locally trivial A3-bundles
m : E — X equipped with proper locally triangulable actions of the additive group
scheme G, x. The local triangularity assumption means roughly that X can be
covered by affine open subsets U = Spec(A) over which the restriction of E is
equivariantly isomorphic to Ai, = Spec(Aly, z, u]) equipped with the G, y-action
induced by a triangular A-derivation of A[y, z, #]. Our main result then is this:

Theorem. Let X be a naetherian normal scheme defined over a field of characteris-
tic zero, let w : E — X be a Zariski locally trivial A3-bundle equipped with a proper
locally triangulable G, x-action and letp : X = E/G, x — X be the geometric
quotient taken in the category of algebraic X-spaces. Then there exists an open
subscheme U of X with codimy (X \ U) > 2 such that Xy =p~'(U) — U has the
structure of a Zariski locally trivial A*-bundle.

The conclusion of this theorem is essentially optimal. Indeed, in the exam-
ple due to Winkelmann [1990], one has X = Spec(Clx, y]), # = pryy A; =
Spec(C[x, y][u, v, w]) = X equipped with the proper triangular G, x-action gen-
erated by the C[x, y]-derivation 0 =x9,+yd,+(14+xv—yu)d, of Clx, yllu, v, w],
and the geometric quotient p: X = Ai /G4, x — X is the strictly quasiaffine comple-
ment of the closed subset {x = y =z =0} in the 4-dimensional smooth affine quadric
0cC A; with equation x#, + yt; = z(z + 1). The structure morphism p: X — X
is easily seen to be an A?-fibration, which restricts to a locally trivial A%-bundle
over the open subset U = X \ {(0, 0)}. However, there is no Zariski or étale open
neighborhood of the origin (0, 0) € X over which p: X — X restricts to a trivial A2-
bundle for otherwise p : X — X would be an affine morphism and so X would be an
affine scheme. The situation for the C[x, y]-derivation 0 = x9d, + yd, + (1 +xv2)dy,
of C[x, y][u, v, w] constructed by Deveney and Finston [1995] is very similar: here
the geometric quotient X = Ai /Ga x 18 a separated algebraic space which is not a
scheme and the structure morphism p : X — X is again an A-fibration restricting
to a Zariski locally trivial AZ2-bundle over U = X \ {(0, 0)} but whose restriction to
any Zariski or étale open neighborhood of the origin (0, 0) € X is nontrivial.
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In contrast, in the case of a 1-dimensional affine base, we can immediately derive
the following corollaries:

Corollary. Let w: E — S be a rank 3 vector bundle over an affine Dedekind scheme
S = Spec(A) defined over a field k of characteristic 0. Then every proper locally
triangulable G, s-action on E is equivariantly trivial with geometric quotient
E /G, s isomorphic to a vector bundle of rank 2 over S, stably isomorphic to E.

Proof. By the previous theorem, the geometric quotient p : £/G, s — S has the
structure of a Zariski locally trivial A2-bundle, hence is a vector bundle of rank 2
by [Bass et al. 1977]. In particular, E/G, s is affine, which implies in turn that
p:E— E/G, s is a trivial G, s-bundle. So E is isomorphic to E/G, s X A\é as
vector bundles over S. ([

Corollary. Let S = Spec(A) be an affine Dedekind scheme defined over a field of
characteristic 0. Then every proper triangular G, s-action on Ag is a translation.

Proof. By the previous corollary, Ag /Gy, s is a stably trivial vector bundle of rank 2
over S, whence is isomorphic to the trivial bundle A% over S by virtue of [Bass
1968, Chapter 1V, Corollary 3.5]. ([

Coming back to the question of proper triangular G,-actions on A%, the observa-
tion that such actions preserve a variable in a appropriate coordinate system and
hence can be considered as proper triangular actions of the additive group scheme
G, s on the affine 3-space Ag over the affine Dedekind base S = A! suffices to
settle the problem:

Corollary. If k is a field of characteristic 0, then every proper triangular G, j-
action on Ag is a translation.

It is worth mentioning that our Main Theorem and an appeal to the aforementioned
result [Deveney et al. 2004] would already be enough to conclude that every proper
triangular G, x-action on A,‘C‘ is a translation, but our results do actually eliminate the
need for loc. cit. hence the a priori dependency on the fact that the corresponding
rings of invariants are finitely generated.

Let us now briefly explain the general philosophy behind the proof. After localiz-
ing at codimension 1 points of X, the Main Theorem reduces to the statement that a
proper G, s-action o : G, 5 X5 Ag — Ag on the affine space A3 = Spec(Aly, z, ul)
over the spectrum of a discrete valuation ring, generated by a triangular A-derivation
0 =ady +q(y)d; + p(y,2)9, of Aly, z,u], where a € A\ {0}, g(y) € A[y] and
p(y,z) € Aly, z], is a translation. Triangularity immediately implies that the
restriction of o to the generic fiber of pry : Ag — §is a translation witha 'y as a
global slice. This reduces the problem to the study of neighborhoods of points of
the geometric quotient X = Ag /Gg, s supported on the closed fiber of the structure
morphism p : X — S. A second feature of triangularity is that o commutes with
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the action 7 : Gg 5 X5 Ag — Ag generated by the A-derivation d,, which therefore
descends to a G, g-action T on the geometric quotient X = Ag /Gg.s. On the other
hand, o descends via the projection pr,, . : Ag — A% = Spec(Aly, z]) to the action
o on Ag generated by the A-derivation 9 = ady +q(y)o, of Aly, z]. Even though
o and T are no longer fixed point free in general, if we take the quotient of A% by
the action & as an algebraic stack [A% /G, s] we obtain a cartesian square

A} —= X =A}/G, s

o ]

A2 [A2/G,s]

which simultaneously identifies the quotient stacks [A% /G, 5] for the action & and
[X/G,, 5] for the action T with the quotient stack of Ag for the Giy g-action defined
by the commuting actions o and 7. In this setting, the global equivariant triviality of
the action o becomes equivalent to the statement that a separated algebraic S-space
X admitting a G, s-action whose algebraic stack quotient [X/G, 5] is isomorphic
to that of a triangular G, s-action on Aé is an affine scheme.

While a direct proof of this reformulation seems totally out of reach with ex-
isting methods, it turns out that its conclusion holds over a certain G, s-invariant
principal open subset V of A% which dominates S and for which the algebraic stack
quotient [V /G, 5] is in fact represented by a locally separated algebraic subspace
of [A?g /Ga.s]. This provides at least an affine open subscheme V xg A_lg /Gg.s of
X dominating S, and leaves us with a closed subset of codimension at most 2
of X, supported on the closed fiber of p : X — §, in a neighborhood of which
no further information is a priori available to decide even the schemeness of X.
But similar to the argument in [Dubouloz and Finston 2014], this situation can be
rescued for twin-triangular actions: the fact that for such actions du = p(y, z) is
actually a polynomial in y only enables the same reasoning with respect to the
other projection pr,, , : Ag — A% = Spec(Aly, u]), yielding a second affine open
subscheme V' x g Aé /Gg, s of X dominating S. This implies at least the schemeness
of X, provided that the open subsets V and V' can be chosen so that the union of
the corresponding open subschemes of X covers the closed fiber of p: X — S.

The scheme of the article is the following. The first two sections recall basic
notions and discuss a couple of preliminary technical reductions. The third section
is devoted to establishing an effective criterion for nonproperness of fixed point free
triangular actions from which we deduce the intermediate fact that every proper
triangular action is twin-triangulable. Then in the next section, we establish that
proper twin-triangular actions are indeed translations. Here, in contrast with the
proof for the complex case given in [Dubouloz and Finston 2014], our argument
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is independent of finite generation of rings of invariants and reduces the system-
atic study of algebraic spaces quotients to a minimum thanks to an appropriate
“Sheshadri cover trick” [Seshadri 1972].

1. Recollection on proper, fixed point free and locally triangulable G,-actions

1A. Proper versus fixed point free actions. Recall that an action o : G, s x5 E —
E of the additive group scheme G, s = Specg(Os[t]) = S x7z Spec(Z[t]) on an
S-scheme E is called proper if the morphism ® = (pr,,0) : G, s xs E — E X5 E
is proper.

1A1. If S is moreover defined over a field k of characteristic zero, then the fact
that G, ¢ is affine and has no nontrivial algebraic subgroups implies that properness
is equivalent to ¢ being a closed immersion. In particular, a proper G, s-action
is in this case fixed point free and as such, is equivariantly locally trivial in the
étale topology on E. That is, there exists an affine S-scheme U and a surjective
étale morphism f : V = U x5 G, s — E which is equivariant for the action of
Gg.s on U x5 G, s by translations on the second factor. This implies in turn the
existence of a geometric quotient p : E — X = E/G, s in the form of an étale
locally trivial principal G, s-bundle over an algebraic S-space p : X — § (see, for
example, [Laumon and Moret-Bailly 2000, Corollary 10.4]). Informally, X is the
quotient of U by the étale equivalence relation which identifies two points u, u’ € U
whenever there exists 7, 1’ € G, s such that f(u, 1) = f@',t').

1A2. Conversely, a fixed point free G, s-action is proper if and only if the geometric
quotient X = E /G, s is a separated S-space. Indeed, by definition p: X — S is
separated if and only if the diagonal morphism A : X — X x g X is a closed immersion,
a property which is local on the target with respect to the fpqc topology [Knutson
1971, 1I, Extension 3.8; SGA1 1971, VIII, Corollaire 5.5]. Since p: E — X is a
G4, s-bundle, taking the fpqc base change by p x p : E xs E — X x5 X yields a
cartesian square

Ga,5XSEL>EX5E

pOPrzl prp
A

X :{XS%

from which we see that A is a closed immersion if and only if & is.

1B. Locally triangulable actions. Given an affine scheme S = Spec(A) defined
over a field of characteristic zero, an action o : G, 5 X s Ay — A generated by a
locally nilpotent A-derivation d of I"(A%, @/-\g) is called triangulable if there exists
an isomorphism of A-algebras 7 : I'(AY}, GNA ) = A[xy, ..., x,] such that the
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conjugate § =7 0d o T~! of 9 is triangular with respect to the ordered coordinate
system (xp, ..., X,), that is, has the form

n
0 d
§= POa—xl‘i‘sz—l(xh ce ,Xz—l)ﬁ

i=1 !

where pg € A and foreveryi =1,...,n, pi—1(x1,...,xi—1) € Alx1,...,xi—1] C
Alxy, ..., x,]. By localizing this notion over the base S, we arrive at the following
definition:

Definition 1.1. Let X be a scheme defined over a field of characteristic zero and let
7 : E — X be a Zariski locally trivial A”-bundle over X. An actiono : G, x X x E —
E of G, x on E is called locally triangulable if there exists a covering of Spec(A)
by affine open subschemes S; = Spec(A;), i € I, such that E|s, is isomorphic to
Agi and such that the G, s, -action o; : G, 5, X5, Agi — Agi on Agi induced by o is
triangulable.

A Zariski locally trivial Al-bundle = : E — X equipped with a fixed point
free G, x-action is nothing but a principal G, x-bundle. As mentioned in the
introduction, the nature of fixed point free locally triangulable G, x-actions on
Zariski locally trivial A2-bundles 7 : E — X is classically known. Namely, we
have the following generalization of the main theorem of [Snow 1988]:

Proposition 1.2. Let X be a nawtherian normal scheme defined over a field of
characteristic 0 and let w : E — X be a Zariski locally trivial A*-bundle equipped
with a fixed point free locally triangulable G, x-action. Then the geometric quotient
p: E/Gy x — X has the structure of a Zariski locally trivial A'-bundle over X.

Proof. The assertion being local on the base X, we may assume that X = Spec(A)
is the spectrum of a normal local domain containing a field of characteristic 0
and that £ = Ai = Spec(Aly, z]) is equipped with the G, x-action generated
by a triangular derivation 9 = ad, + g(y)d; of Aly, z], where a € A and q(y) €
Aly]. The fixed point freeness hypothesis is equivalent to the property that a and
q(y) generate the unit ideal in A[y, z]. So ¢g(y) has the form g(y) = b + cq(y)
where b € A is relatively prime with a, ¢ € v/aA and §(y) € A[y]. Letting
Q(y) = [y g(x)dt =by+c [; §(v)dt, the polynomial v=az — Q(y) € Aly, z]
belongs to the kernel Kerd of d hence defines a G, x-invariant morphism v :
E — A}( = Spec(A[¢]). Since a and b generate the unit ideal in A, it follows
from the Jacobian criterion that v : £ — A}( is a smooth morphism. Furthermore,
the fibers of v coincide precisely with the G, x-orbits on E. Indeed, over the
principal open subset X, = Spec(A,) of X, 3 admits a~'y as a slice and we
have an equivariant isomorphism E |y, > Spec(A[a_lv, a_ly]) ~ A&a xx Gax
where G, x acts by translations on the second factor. On the other hand, the
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restriction E'|z of E over the closed subset Z C X with defining ideal VaAc A
is equivariantly isomorphic to A% equipped with the G, z-action generated by the
derivation 8 = Eaz of (A/«/ﬂ)[y, z], where b € (A/M)* denotes the residue
class of b. The restriction of v to E |z coincides via this isomorphism to the
morphism A% — AIZ defined by the polynomial v = by € (A/v/aA)[y, z] which
is obviously a geometric quotient. The above properties imply that the morphism
vV: E/Gyx — A}( induced by v is smooth and bijective. Since it admits étale
quasisections, ¥ is then an isomorphism locally in the étale topology on A}( whence
an isomorphism. O

2. Preliminary reductions

2A. Reduction to a local base. The statement of the Main Theorem can be re-
phrased equivalently as the fact that a proper locally triangulable G, s-action on a
Zariski locally trivial A3-bundle 7 : E — S is a translation in codimension 1. This
means that for every point s € S of codimension 1 with local ring O, the fiber
product E x g 8" >~ Ag, of E — S with the canonical immersion S’ = Spec(Og 5) <
S equipped with the induced proper triangular action of G, g = G, 5 x5 S’ is
equivariantly isomorphic to the trivial bundle Aé, x g Gg. s over S’ equipped with
the action of G, s by translations on the second factor.

2A1. So we are reduced to the case where S is the spectrum of a discrete valuation
ring A containing a field of characteristic 0, say with maximal ideal m and residue
field « = A/m, and where 7 =prg: E = Ag = Spec(Aly, z, u]) - S = Spec(A)
is equipped with a proper triangulable G, s-action o : G, s X Ag — Ai. Letting
x € m be uniformizing parameter, every such action is equivalent to one generated
by an A-derivation 0 of Aly, z, ] of the form

0 =x"3, +q()d. + p(y, 2)d,

where n > 0, g(y) € A[y] and p(y,z) = Zf:() pr()z" € Aly, z], the fixed point
freeness of o being equivalent to the property that x”, g(y) and p(y, z) generate
the unit ideal in A[y, z, u].

2B. Reduction to proving the affineness of the geometric quotient. With the nota-
tion of Section 2A1, we can already observe that if n =0 then y is an obvious global
slice for d and hence that the action is globally equivariantly trivial with geometric
quotient X = Ag/@ms o~ Aé. Similarly, if the residue class of g(y) in x[y] is a
nonzero constant then the action o is a translation. Indeed, in this case, the G, s-
action & : G, 5 x s A7 — A% on A = Spec(A[y, z]) generated by the A-derivation
3 = x"0y + q(y)d; of Aly, z] is fixed point free hence globally equivariantly
trivial with geometric quotient A% /Gg.s >~ A; by virtue of Proposition 1.2. On the
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other hand, the G, s-equivariant projection pry, _ : Ag — Aé descends to a locally
trivial A!-bundle between the geometric quotients Ag /G, s and A% /G, s, and since
A%/G, s~ Al is affine and factorial, it follows that A3 /G, s ~ A% /Gy, s x sAL ~ A3,
The affineness of Ag implies in turn that the quotient morphism A‘;i — Ag /Gg, s is the
trivial G, s-bundle whence that o : G, 5 X5 Af; — Ag is a translation. Alternatively,
one can observe that a global slice s € A[y, z] for the action & is also a global slice
for o via the inclusion A[y, z] C A[y, z, u]

More generally, the following lemma reduces the question of global equivariant
triviality with geometric quotient X = Ag /Gg, s isomorphic to A% to showing that
X, which a priori only exists as an algebraic S-space, is an affine S-scheme:

Lemma 2.1. A fixed point free triangular action o : G, 5 X g Ag — Ag is a transla-
tion if and only if its geometric quotient X = Ag /Gy, s is an affine S-scheme.

Proof. One direction is clear, so assume that X is an affine S-scheme. It suffices to
show that the structure morphism p : ¥ — § is an A2-fibration, that is, a faithfully
flat morphism with all its fibers isomorphic to affine planes over the corresponding
residue fields. Indeed, if so, the affineness of X implies on the one hand that X is
isomorphic to the trivial A%-bundle A% by virtue of [Sathaye 1983] and on the other
hand that p : Ag — X is isomorphic to the trivial G, s-bundle X x5 G, 5 over S,
which yields G, s-equivariant isomorphisms A3~ X xg Ga,s A% xsGg.s.

To see that p: X — S is an A2-fibration, recall that pry : Ag — § and the quotient
morphism p : Ag - X = Ag /G, s are both faithfully flat, so thatp : X — S is
faithfully flat too [Knutson 1971, I1.3.2; EGA 1965, 1V,, Corollaire 2.2.13(iii)].
Letting m and & be the closed and generic points of S respectively, the fibers
prg1 (m) >~ Ai and prg1 (&) ~ Ai ® coincide with the total spaces of the restriction
of the G, s-bundle p : A} — X over the fibers Xy, = p~!(m) and Xz = p~'(§)
respectively. Since the G, «(¢)-action induced by o on prgl(é) admits x "y as a
global slice, it is a translation with geometric quotient A} . /Gq x(z) = A7 ) and 50
Xe ~ Az &) On the other hand, we may assume in view of the above discussion
that n > 1 so that the G, -action on prg1 (m) ~ Ai induced by o coincides with the
fixed point free action generated by the «[y]-derivation d = g(y)d. + p(y, 2)d, of
k[y1lz, ul, where g(y) and p(y, z) denote the respective residue classes of g(y) and
p(y, z) modulo x. By virtue of Proposition 1.2, the geometric quotient Ai /Ga
has the structure of a Zariski locally trivial A!-bundle over A,i = Spec(x[y]) hence
is isomorphic to A2. This implies that Xy, >~ A2 /G, , =~ A2, as desired. O

Note that the above characterization holds independently of the a priori knowledge
that the corresponding rings of invariants are finitely generated. But on the other
hand, by exploiting the more general fact that arbitrary G, s-actions on the affine
3-space Ag over the spectrum S of a discrete valuation ring A containing a field of
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characteristic 0 have finitely generated rings of invariants [Bhatwadekar and Daigle
2009], one can derive the following stronger alternative:

Proposition 2.2. A fixed point free action o : G, g% SAg — Ag is either a translation
or its geometric quotient X = Ag /Gg, s is an algebraic space which is not a scheme.

Proof. Indeed, the quotient morphism p : Ag — X is again an A’-fibration thanks
to [Daigle and Kaliman 2009, Theorem 3.2] which asserts that for every field «
of characteristic O a fixed point free action of G, ,-action on A,% is a translation,
and so the assertion is equivalent to the fact that a Zariski locally equivariantly
trivial action o has affine geometric quotient X. This can be seen in a similar way
as in the proof of [Deveney et al. 2004, Theorem 2.1]. Namely, by hypothesis we
can find an open covering of Ag by finitely many invariant affine open subsets U;
on which the induced G, s-action is a translation with affine geometric quotient
Ui/G,s,i=1,...,n. Since U; and Ag are affine, Ag \ U; is a G, s-invariant Weil
divisor on Ag which is in fact principal as A, whence Aly, z, u], is factorial. It
follows that there exists invariant regular functions f; € Aly, z, u]® ~ (X, 0y)
such that U; = Spec(Alx, y, z] ) coincides with the inverse image by the quo-
tient morphism p : Ag — X of the principal open subset X, of X,i=1,...,n.
Since p : Ag — X is a G, s-bundle and U; is isomorphic to U; /G, s x5 G, s by
assumption, we conclude that X is covered by the principal affine open subsets
Xp 2 U;/Gys, i =1,...,n, whence is quasiaffine. Now since by the afore-
mentioned result [Bhatwadekar and Daigle 2009], A[y, z, u]®¢ is an integrally
closed finitely generated A-algebra, it is enough to check that the canonical open
immersion j : X — X = Spec(['(X, Ox)) =~ Spec(Aly, z, u]®a) is surjective. The
surjectivity over the generic point of S follows immediately from the fact the kernel
of a locally nilpotent derivation of a polynomial ring in three variables over a field
K of characteristic 0 is isomorphic to a polynomial ring in two variables over
K (see, for example, [Miyanishi 1986]). So it remains to show that the induced
open immersion jy, : X, =~ A,% — Xm = Spec(Aly, z, u]® @4 A/m) between
the corresponding fibers over the closed point m of § is surjective, in fact, an
isomorphism. Since x € Aly, z, u]®e is prime, X, =~ Spec(Aly, z, u]G“/(x)) is an
integral k-scheme of finite type and [Bhatwadekar and Daigle 2009, Corollary 4.10]
can be interpreted more precisely as the fact that Xy, is isomorphic to C x, A}
for a certain 1-dimensional affine «-scheme C. This implies in turn that jy, is
an isomorphism. Indeed, since C is dominated via jy, by a general affine line
A,l C A,%, its normalization C is isomorphic to Ai and so jy, factors through an
open immersion jy, : A2 < C x, Al ~ A2, The latter is surjective for otherwise the
complement of its image would be of pure codimension 1 hence a principal divisor
div(f) for a nonconstant regular function f on C X, A,l. But then f would restrict
to a nonconstant invertible function on the image of A2 which is absurd. Thus
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Jm: A2 C x, Al ~ A2 is an isomorphism and since the normalization morphism
C X, A}( — C X, A}( is finite whence closed it follows that j, : Aﬁ — C X, A}( is
an open and closed immersion hence an isomorphism. U

2C. Reduction to extensions of irreducible derivations. In view of the discussion
at the beginning of Section 2B, we may assume for the A-derivation

d=x"0y+q (). + p(y, 2)0,

that n > 0 and that the residue class of g(y) in k[y] is either zero or not constant.
In the first case, g(y) € mA[y] has the form g(y) = x*go(y) where u > 0 and
where go(y) € A[y] has nonzero residue class modulo m, so that the derivation
9= x"0y +¢q(y)9, induced by 9 on the subring A[y, z] is reducible. On the other
hand, the fixed point freeness of the G, s-action o generated by d implies that up
to multiplying u by an invertible element in A, one has p(y, z) =14+ x"po(y, 2)
for some v > 0 and po(y, 2) € Aly, z].

If u > n, then letting Qo(y) = foy qo(t) dt € Aly], the G, s-invariant polynomial
71 =z —x"7"Qp(y) is a variable of Aly, z, u] over A[y, u], and so 9 is conjugate
to the derivation x"dy + p(y, z1 +x*7" Q¢(y))d, of the polynomial ring in two
variables A[z;][y, u] over A[z1]. Since o is fixed point free, Proposition 1.2 implies
that it is equivariantly trivial with geometric quotient isomorphic to the total space
of the trivial Al-bundle over Aé = Spec(A[z1]) whence to Aé.

Otherwise, if u < n, then the G, g-action ¢ : G, 5 Xs Ag — Ag on Ag =
Spec(Aly, z, i]) generated by the A-derivation

9 =x"""35 +qo(d: + (1 +x"po(F, 7))z

is again fixed point free, hence admits a geometric quotient p : Ag —>X= Ag /Ga.s
in the form of an étale locally trivial G, s-bundle over a certain algebraic S-space

X.

Lemma 2.3. The quotient spaces X = Ag /Gg s and X = Ag /Ga.s for the G, s-
actions o and & on Ag generated by 3 and 9 respectively are isomorphic. In
particular o is proper (resp. equivariantly trivial) if and only if & is proper (resp.
equivariantly trivial).

Proof. Letting p; : V; = Ag — Z%i =V;/G,s,i=0,...,u, denote the geometric
quotient of V; = Spec(Al¥;, Zi, #;]) for the fixed point free G, s-action 6; generated
by the A-derivation

0i = (14 x" po(3i, 2))0i; + X" qo(31) 0z, +x" 05,

the first assertion will follow from the more general fact that X~ .’:EH] for every
i=0,...,u—1. Indeed, we first observe that since i; is a slice for 9; modulo x,
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JiC,-,m = .’%,- X s Spec(k) is isomorphic to Az Spec((A/ m) Vi, zi]) and the restriction
of p; over f% .m 1s isomorphic to the trivial bundle pr, : .’f m X Spec(k[u;]) — %, m-
Now let 8; : Vi1 — V; be the affine modification of the total space of p; : A — i{

with center at the zero section of the induced bundle pr; : Z{, m X Spec(k[i;]) — f{, m
and with principal divisor x. In view of the previous description, §; : Viy1 — V;
coincides with the affine modification of Spec(A[¥;, Z;, &;]) with center at the ideal
(x, i1;) and principal divisor x, that is, with the birational S-morphism induced by
the homomorphism of A-algebra

Bt AlYit1, Zit1, Uiv1] = AlVi, Zis i),
Dit1s Zit1, i) = i,y Ziy X))

By construction, §; is equivariant for the G, s-actions ¢;4+; and &; generated re-
spectlvely by the locally nilpotent A-derivations 8,+1 of AlYi+1, Zi+1, Ui+1] and
9, = x8 of A[¥;, Z;, u;]. Furthermore, since p; : V; — 3€ is also G, s-invariant
for the action &;, the morphlsm piofBi:Viy1 — % is G, s-invariant, whence
descends to a morphism ,Bl X1 — % Since the latter restricts to an isomorphism
over the generic point of §, it remains to check that it is also an isomorphism in
a neighborhood of every point p € X lying over the closed point m of S. Let
f:U =Spec(B) — X; be an affine étale neighborhood of such a point p € X; over
which p; : V; — i,- becomes trivial, say V; x &, U is isomorphic to Ab = Spec(B[7;]).
The G, s-action on V; generated by 9; lifts to the G, y-action on Al generated
by the locally nilpotent B-derivation x9d; and since B; : V11 — V; is the affine
modification of V; with center at the zero sectlon of the restriction of p; : V; — X
over the closed point of S, we have a commutative diagram

Vit ; A}
A

Al pry

i i Xiy1 =— U
~ / f /

X U

in which the top and front squares are cartesian, and where the morphism §; :
Ab = Spec(B[v;11]) — AIU = Spec(B[v;]) is defined by the B-algebras homomor-
phism B[v;] = B[v;11], ;i — x0;11. The latter is equivariant for the action on
Spec(B[v;+1]) generated by the locally nilpotent B-derivation dg,,
that pr, : A[l] o~ All] xvy; Vig1 — Viyqr is an étale trivialization of the G, s-action
induced by 6,41 on the open subscheme (p; o /3,-)_1 (f(U)) of Viy. This implies

and we conclude
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in turn that U X%, f%iﬂ ~ U, whence that Bi : .’%,-H — Z%i is an isomorphism in a
neighborhood of p € il- as desired.

The second assertion is a direct consequence of the fact that properness and global
equivariant triviality of o and ¢ are respectively equivalent to the separatedness
and the affineness of the geometric quotients X =~ x. (]

2C1. Summing up, we are now reduced to proving that a proper G, s-action on
A?g generated by an A-derivation

d=x"dy+q ()3, + p(y, 2)d,

of Aly, z, u], such that n > 0 and ¢(y) € A[y] has nonconstant residue class in
k[y], has affine geometric quotient X = Ag /Gga.s. This will be done in two steps
in the next sections: we will first establish that a proper G, s-action as above is
conjugate to one generated by a special type of A-derivation called twin-triangular.
Then we will prove in Section 4 that proper twin-triangular G, s-actions on Ag do
indeed have affine geometric quotients.

3. Reduction to twin-triangular actions

We keep the same notation as in Section 2A1 above, namely A is a discrete valuation
ring containing a field of characteristic 0, with maximal ideal m, residue field
k = A/m, and uniformizing parameter x € m. We let again S = Spec(A).

We call an A-derivation 9 of Aly, z, u] twin-triangulable if there exists a co-
ordinate system (y, z4, z—) of A[y, z, u] over A[y] in which the conjugate of 0
is twin-triangular, that is, has the form x"d, + p(y)9,, + p—(y)d,_ for certain
polynomials py(y) € A[y]. This section is devoted to the proof of the following
intermediate characterization of proper triangular G, s-actions:

Proposition 3.1. With the notation above, let 0 be an A-derivation of Aly, z, u] of
the form

d=x"0, +q ()3 + p(y,2)du

where n > 0 and where q(y) € Aly] has nonconstant residue class in k[y]. If the
Ga,s-action on Ag = Spec(Aly, z, u]) generated by 0 is proper, then 9 is twin-
triangulable.

The proof given below proceeds in two steps: we first construct a coordinate & of
Aly, z, u] over Aly, z] with the property that 0iz = p(y, z) is either a polynomial
in y only or its leading term p;(y) as a polynomial in z has a very particular form.
In the second case, we exploit the properties of p,(y) to show that the G, s-action
generated by d is not proper.
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3A. The f-reduction of a triangular A-derivation. The conjugate of an A-deriv-
ation 9 = x"9, + q(y)9; + p(y, 2)9, of Aly, z, u], as in Proposition 3.1, by an
isomorphism of A[y, z]-algebras v : A[y, z][#] = Aly, z][u] is again triangular
of the form

Yoy =x"9, +q (1), + Py, D)

for some polynomial p(y, z) € Aly, z]. In particular, we may choose from the
very beginning a coordinate system of A[y, z, u] over A[y, z] with the property
that the degree of du € A[y, z] with respect to z is minimal among all possible
conjugates ¥ ~' 3y of 3 as above. In what follows, we will say for short that such
a derivation 0 is fi-reduced with respect to the coordinate system (y, z, u). Letting
oy)= foy q(t) dt € Aly], this property can be characterized effectively as follows:

Lemma 3.2. Let 0 = x"9, + q(y)d; + p(y, 2)d, be a g-reduced derivation of
Aly, z, u] as in Proposition 3.1. If 3 is not twin-triangular (i.e. p(y, z) = po(y) €
A[y)]) then the leading term py(y), £ > 1, of p(y, 2) as a polynomial in 7 is not
congruent modulo x" to a polynomial of the form q(y) f (Q(y)) for some f (1) €
Alt].

Proof. Suppose that p(y, z) = Zfzo pr(¥)z" with £ > 1 and that
pe() =g Q) +x"g(y)
for some polynomials f(7), g(t) € A[t]. Then letting G(y) = foy g(t)dt and

deg f

_ (—DF
u=u—G(y)Z€— E
T+ 1+ )

one checks by direct computation that

f(k)(Q(y))xan€+l+k,

=2

dii =" p, (M + (Pt (») — GG,
r=0

Thus (y, z, i) is a coordinate system of Aly, z, u] over A[y, z] in which the image

of & by the conjugate of d has degree < £ — 1, a contradiction to the ff-reducedness
of 9. ]

To prove Proposition 3.1, it remains to show that a proper G, s-action on Ag
generated by a fi-reduced A-derivation of Aly, z, u] is twin-triangular. This is done
in the next subsection.

3B. A nonvaluative criterion for nonproperness. To disprove the properness of an
algebraic action 0 : G, s xs E — E of G, s onan S-scheme E, it suffices in principle
to check that the image of ® = (pr,, 0) : G, xs E — E x5 E is not closed. However,
this image turns out to be complicated to determine in general, and it is more
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convenient for our purpose to consider the following auxiliary construction: letting
J 1 Gy s >~ Spec(Og[t]) — [P’; = Proj(Os[wog, wi]), t — [t : 1] be the natural open
immersion, the properness of the projection prg, g : [P’}g XsExsE — ExgE implies
that (p, o) is proper if and only if ¢ = (jopry, pry, 0) : Gy s xs E = PLxsE x5 E
is proper, hence a closed immersion. Therefore the nonproperness of o is equivalent
to the fact that the closure of Im(¢) in Pg xs E xs E intersects the “boundary”
{w; = 0} in a nontrivial way.

3B1. Now leto : G, s X Ag — Ag be the G, s-action generated by a non-twin-
triangular fi-reduced A-derivation 0 = x"d, +¢(y)d; + p(y, z)9d, of Aly, z, u] and
let

@ = (jopry, pry, 1) : Gy s x5 Ag = Spec(A[t][y, z, u]) — Py x5 A3 x5 A3

be the corresponding immersion. To disprove the properness of o, it is enough to
check that the image by ¢ of the closed subscheme H = {z =0} >~ Spec(A[¢][y, u])
of G, 5 Xs A% is not closed in [P’]S X Ag X Ag. After identifying Aly, z, u] ®4
Aly, z, u] with the polynomial ring A[y1, y2, 21, 22, U1, U2] in the obvious way, the
image of H by (pr, pry, 0) : Gu.s xSA§ — NS xSAg XSA_% is equal to the closed
subscheme of Spec(A[¢][y1, ¥2, 21, 22, U1, u2]) defined by the following system of
equations:

y2 = y1 +x"t,

71 =0,

2=x" (0 +x"1) — Q) = (1 —¥2) " (Q(»2) — Oy,
uy =uy+x7" f3 p(yi +x"0)(Q(y1 +x"1) — Q(y1)) dT.

¢
Letting p(y,2z) = Y pr(y)z" with £ > 1 and
r=0

y2
Fr(Yl»)’Z):/ pr)(QE)— Q1)) dé € Alyr, y21, r=0,...,¢,
y

1

the last equality can be rewritten modulo the first ones in the form
¢ t
=+ Y [ D@0 4370 = Q) de
0
r=0

¢ y2
—utt02 =307 Yox " [ p @0 - 000 ds
r=0 N
4

=u;+ Z((yz —y0) 7 TGy, y))
r=0
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It follows that the closure V of ¢(H) is contained in the closed subscheme W of
[P’; X Ag X g Ag defined by the equations z; = 0 and

(ya —yDw; —x"wy =0,
wiz2 — (2 — y1) " (Q(n) — Q(y1))wo =0,
W o —un) = Y o (G2 = y) 710 (o, y2))wh Pl =0,

We further observe that W is irreducible, whence equal to V, given that I';(y1, y2) €
Aly1, y2] does not belong to the ideal generated by x” and Q(y2) — Q(y1). If so,
then W = V intersects {w; = 0} along a closed subscheme Z isomorphic to the
spectrum of the algebra

(Alyr, 21/, 2=y Q)= Q). (2—y1) ™ 'Te(y1, y2)))[z2, w1, ual.

By virtue of the g-reducedness assumption p,(y) is not of the form g (y) f(Q(y)) +
x"g(y), so the nonproperness of ¢ : G, 5 X g Ag — Ag is then a consequence of
the following lemma which guarantees precisely that ['y(y1, y2) € (x", Q(n) —
O(y1))Aly1, y2] and that Z is not empty.

Lemma 3.3. Let q(y) € Aly] be a polynomial with nonconstant residue class in
k[y] and let Q(y) = foy q(t)dt. For a polynomial p(y) € Aly] and an integer
£ > 1, the following holds:

() The polynomial Ty(y1,y2) = [} p()(Q() — Q(y1))* dy belongs to the
ideal (x", Q(y2) — Q1)) if and only if p(y) can be written in the form

q () f(Q() +x"g(y) for certain polynomials f(7), g(r) € Alr].

(b) The polynomial (y, — yl)_e_ng (y1, y2) is not invertible modulo the ideal
", (2 =y~ (Q () — Q(y))).

Proof. For the first assertion, a sequence of £ successive integrations by parts shows
that

! »2
Leis y2) = [E0)(Q0) — Q)] — ¢ f E\()g((Qy) =0 ' dy

V1
2
= S(y1, y2) + (= D! f E/(y)q(y)dy
Y1

= S(1, y2) + (=D LUEe11(v2) — Ee1(01)),

where Ej is defined recursively by E(y) = [; p(t)dt, Exs1(y) = [3 Ex(t)q(v)dx,

and where S(y1, y2) € (Q(2) = Q(y1) A1, y21. So 2 p()(Q(y) — Q1)) dy
belongs to (x", Q(y2)—Q(y1))Aly1, y2]if and only if E¢y1(y2) — E41(y1) belongs
to this ideal.

Since the residue class of Q(y) € A[y] in x[y] is not constant, it follows from
the local criterion for flatness that A[y] is a faithfully flat algebra over A[Q(¥)].
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By faithfully flat descent, this implies in turn that the sequence

ALO(M] = Aly] ©2% Ay ®ape ADY]

is exact whence, with the natural identification

Aly] a1 Alyl = Aly1, ¥21/(Q(y2) — Q(0n)),

that a polynomial F € A[y] with F(y2) — F(y;) belonging to the ideal
(Q(y2) = Q(y1)) A1, y2]

has the form F(y) = G(Q(y)) for a certain polynomial G(t) € A[tr]. Thus
E¢r1(y2) — Eg1(y1) belongs to (x", Q(y2) — Q(y1))A[y1, y2], if and only if
E¢11(y) is of the form G(Q(y)) + x"Ry+1(y) for some G(t), Ry11(t) € AlT].
This implies in turn that E¢(y)q(y) = G'(Q(y))q(y) +x" R, ;(y) whence, since
q(y) € A[y]\ mA[y] is not a zero divisor modulo x", that E;(y) = G'(Q(y)) +
x"R;(y) for a certain R,(t) € A[tr]. We conclude by induction that E(y) =
G D(Q(y)) + xR (y) and finally that p(y) = G2 (Q(»))q(y) +x"R(y) for
a certain R(t) € A[t]. This proves (a).

The second assertion is clear in the case where p(y) € mA[y]. Otherwise,
if p(y) € A[y] \ mA[y] then reducing modulo x and passing to the algebraic
closure i of k, it is enough to show that if g(y) € k[y] is not constant and p(y) €
k[y] is a nonzero polynomial then for every £ > 1, the affine curves C and D
in A,% = Spec(ik[y1, y2]) defined by the vanishing of the polynomials ® (y, y») =
2=y~ 2 P = Q)  dy and R(yi, y2) = (y2—yD ™" [* q(y) dy
respectively always intersect each other. Suppose on the contrary that CN D =&
and let m = degg > 1 and d = deg p > 0. Then the closures C and D of C and
D respectively in I]J’,% = Proj(ik[y1, y2, y3]) intersect each others along a closed
subscheme Y of length deg C - deg D = m(d + ¢m) supported on the line {y; =
0} =~ Proj(k[y1, y2]). By definition, up to multiplication by a nonzero scalar, the top
homogeneous components of R and © have the form [/, (y2 — ¢iyy), where ¢ €k
is a primitive (m + 1)-th root of unity, and (y, — y;)*~! y)f ya (Tt —ymtheay
respectively. But on the other hand, we have forevery i =1,...,m

, 2
E[yz]/(yz—C’,(yz—l)”/] yd(y’"“—l)’dy>

. 3
= I?[yzl/<y2 =L@ = / (@ =1y dr>,

1
and hence the length of the above algebra is either 1 or O depending on whether
ffl t¢(r"*! — 1) dt € i is zero or not. This implies that the length of ¥ is at most
equal to m and so the only possibility would be that d =0 and £ =m = 1, in other
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words C and D are parallel lines in A,%. But since f 171(r2 — 1)dt # 0, this last
possibility is also excluded. U

4. Global equivariant triviality of twin-triangular actions

By virtue of Proposition 3.1, every proper triangular G, s-action on 0:G, g x SA% —
Ag on A:; is conjugate to one generated by a twin-triangular A-derivation 9 of
Aly, z, z_] of the form

d=x"0y+ pr(»)3,, +p—(»)0,_

for certain polynomials pi(y) € A[y]. So to complete the proof of the Main
Theorem, it remains to show the following generalization of the main result in
[Dubouloz and Finston 20141]:

Proposition 4.1. Let S be the spectrum of discrete valuation ring A containing a
field of characteristic 0. Then a proper twin-triangular G, s-action on A% has affine
geometric quotient X = Ag /Ga.s.

4A1. The principle of the proof given below is the following: we exploit the twin
triangularity to construct two G, s-invariant principal open subsets Wr, and Wr_
in Ag with the property that the union of corresponding principal open subspaces
Xr, = Wr, /G, s of X covers the closed fiber of the structure morphismp : X — §.
We then show that X, and Xr_ are in fact affine subschemes of X. On the
other hand, since d admits x ™"y as a global slice over A,, the generic fiber of p
is isomorphic to the affine plane over the function field A, of S. So it follows
that X is covered by three principal affine open subschemes Xr,, Xr_ and X,
corresponding to regular functions x, 'y, I'_ which generate the unit ideal in
I'(X,0%) ~ Aly, z4, z_1% C Aly, z+, z_], whence is an affine scheme.

4A2. The fact that the affineness of p: X = Ag /Ga.s = S = Spec(A) is a local
property with respect to the fpqc topology on S [SGA1 1971, VIII, Corollaire 5.6]
enables a reduction to the case where the discrete valuation ring A is Henselian or
complete. Since it contains a field of characteristic zero, an elementary application
of Hensel’s Lemma implies that a maximal subfield of such a local ring A is a
field of representatives, that is, a subfield which is mapped isomorphically by the
quotient projection A — A/m onto the residue field « = A/m. This is in fact the
only property of A that we will use in the sequel. So from now on, (A, m, k) is a
discrete valuation ring containing a field « of characteristic 0 and with residue field
A/m>~k.

4B. Twin-triangular actions in general position and associated invariant cover-
ing. Here we construct a pair of principal G, s-invariant open subsets Wy = Wr_ of
Ag associated with a twin-triangular A-derivation of A[y, z4, z_] whose geometric
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quotients will be studied in the next subsection. We begin with a technical condition
which will be used to guarantee that the union of W, and W_ covers the closed
fiber of the projection pry : Ag — S.

Definition 4.2. Let (A, m, k) be a discrete valuation ring containing a field of
characteristic O and let x € m be a uniformizing parameter. A twin-triangular A-
derivation d =x"0y + p4 (y)d;, + p—(y)9d,_ of A[y, z4, z_] is said to be in general
position if it satisfies the following properties:

(a) The residue classes p+ € k[y] of the polynomials p1 € A[y] modulo m are
both nonzero and relatively prime.

(b) There exist integrals P, € Aly] of p4 with respect to y for which the inverse
images of the branch loci of the morphisms P : Al — Al and P_:A! — Al
are disjoint.

Lemma 4.3. With the notation above, every twin-triangular A-derivation 0 of
Aly, z4, z—] generating a fixed point free G, s-action on A?s is conjugate to one in
general position.

Proof. A twin-triangular derivation d = x"9y + p4(y)9,, + p_(y)0,_ generates a
fixed point free G, s-action if and only if x", p(y) and p_(y) generate the unit
ideal in A[y, z+, z—]. So the residue classes py and p_ of py and p_ are relatively
prime and at least one of them, say p_, is nonzero. If p, =0 then p_ is necessarily
of the form p_(y) =c+xp_(y) for some ¢ € A* and so changing z for z4 4+ z_
yields a twin-triangular derivation conjugate to d for which the corresponding
polynomials p4 (y) both have nonzero residue classes modulo x. More generally,
changing z_ for az_ + bz, for general a € A* and b € A yields a twin-triangular
derivation conjugate to d and still satisfying condition (a) in Definition 4.2. So it
remains to show that up to such a coordinate change, condition (b) in the definition
can be achieved.

This can be seen as follows : we consider A,% embedded in [P’% = Proj(k[u, v, w])
as the complement of the line Lo, = {w = 0} so that the coordinate system (u, v)
on A? is induced by the projections from the x-rational points [0 : 1 : 0] and
[1:0:0] respectively. We let C be the closure in P? of the image of the morphism
j=(P4, P): A,l = Spec(x[y]) — A? defined by the residue classes P and
P_ in k[y] of integrals Py (y) € Aly] of p+(y), and we denote by Z C C the
image by j of the inverse image of the branch locus of P, : Al — Al. Note
that Z is a finite subset of C defined over &, and therefore the set of lines in IP’,%
passing through a point of Z and tangent to a local analytic branch of C at some
point is finite. This follows from the fact that the set of lines in I]j’i intersecting
transversely a fixed curve is Zariski open. Therefore, the complement of the finitely
many intersection points of these lines with L is a Zariski open subset U of L,
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with the property that for every g € U, the line through ¢ and every arbitrary point
of Z intersects every local analytic branch of C transversally at every point. By
construction, the rational projections from [0: 1 : 0] and an arbitrary x-rational point
in U \ {[0:1:0]} induce a new coordinate system on A,% of the form (u, av + bu),
a # 0, with the property that Z is not contained in the inverse image of the branch
locus of the morphism aP_ +bP, : Al — Al. Changing z_ for az_ + bz, for
a pair (a,b) € k* x k C A* x A corresponding to a general point in U yields a
twin-triangular derivation conjugate to d and satisfying simultaneously conditions
(a) and (b) in Definition 4.2. O

4B1. Now let d = x"d, + p4(y)d;, + p—_(y)d,_ be a twin-triangular A-derivation
of Aly, z4+, z—] generating a proper whence fixed point free G, s-action o : G, 5 X s
A; — Ag. By virtue of Lemma 4.3 above, we may assume up to a coordinate
change preserving twin-triangularity that 9 is in general position. Property (a) in
Definition 4.2 then guarantees in particular that the triangular derivations 94 =
x"0y + p+(y)0,, of Aly, z+] are both irreducible. Furthermore, given any integral
P+(y) € A[y] of p+(y), the morphism Py : Al — Al obtained by restricting
Py A}g = Spec(A[y]) — AL = Spec(A[t]) to the closed fiber of prg : Ag — Sis
not constant. The branch locus of P is then a principal divisor div(a(¢)) for a
certain polynomial a4 (¢) € k[¢] C A[¢] generating the kernel of the homomorphism
k[t] = «[yl/(p£(y)), t — Pi(y) + (p+(»)). Property (b) in Definition 4.2
guarantees that we can choose P, and P_ in such a way that the polynomial
o (P4 (y)) and a_(P_(y)) generate the unit ideal in «[y]. Up to a diagonal
change of coordinates on Aly, z4+, z—], we may further assume without loss of
generality that P, and P_ are monic.

4B2. We let Ry = A[t],, and we let Us = Spec(R) be the principal open subset
of A}g = Spec(A[¢]) where oy does not vanish. The polynomial &, = —x"z4 +
Py (y) € Aly, z+, z—] belongs to the kernel of 9 hence defines a G, s-invariant
morphism @ : A} = Spec(Aly, 24, z_1) — AL = Spec(A[r]). We let

Wi =®3 (Us) = Spec(Rely, 24, 2-1/(=x"z4 + Px(y) — 1))

Note that Wy is a G, s-invariant open subset of Ag which can be identified with
the principal open subset where the G, s-invariant regular function I'y = o o ®4
does not vanish. Since a+(}_’+(y)) and a_(ls_(y)) generate the unit ideal in «[y],
it follows that the union of W, and W_ covers the closed fiber of the projection
prg: Ag — S.

4C. Affineness of geometric quotients. With the notation of Section 4B2 above,
the geometric quotient X = W /G, s for the action induced by 0 : G, s x sA — A3
can be identified with the principal open subspace Xr, of X = Ag /G, s where
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the invariant function ' € Aly, z4, 7_]Cas ~ (X, Ox) does not vanish. The
properness of o implies that X, whence X and X_, are separated algebraic spaces,
and the construction of W, and W_ guarantees that the closed fiber of the structure
morphism p : X — S is contained in the union of X and X_. So to complete the
proof of Proposition 4.1, it remains to show that X is an affine scheme. In fact, since
X4 is by construction an algebraic space over the affine scheme Uy = Spec(R+),
its affineness is equivalent to that of the structure morphism g4 : X+ — Uy, a
property which can be checked locally with respect to the étale topology on U..

4C1. In our situation, there is a natural finite étale base change ¢ : l}i — Uy
which is obtained as follows: By construction, see Section 4B 1 above, the morphism
P :Al =Spec(k[y]) — Spec([t]), restricts to a finite étale covering o 4 : Cy + =
Spec(x [y]ai(pi(y))) — C4+ = Spec(k[t]a, ) of degree r4 = degy(ﬁi(y)). Letting
C + = Spec(B4) be the normalization of C in the Galois closure L of the field
extension i : k (t) < k(y), the induced morphism /A4 : C’i — (4 is an étale Galois
cover with Galois group G+ = Gal(L 4/« (t)), which factors as

~ hi, ho,
hy : Cx = Spec(Bx) —> Cy .+ = Spec(k[y],, (5. () — Cx = Spec(k|tla.()

where hj 4 : :Cy — C1 + 1s an étale Galois cover for a certain subgroup Hy of Gi
of index r.. Letting Ri =AQ B+ > A[l]ai(,) Ocllas ) B+ and U:t = Spec(Ri),
the morphism ¢4 = pry : Ui ~ Uy Xc, Ci — Uy 1s an €étale Galois cover with
Galois group G4, in particular a finite morphism. Since X1 is separated, the
algebraic space Xi=2%X1xy " Uy is separated and, by construction, isomorphic to
the geometric quotient of the scheme

Wi =Wy XUiUﬂ: >~ SPeC(Iz’i[y, 24, 2-1/(=x" 24 + P+ (y) — 1))

by the proper G, ;, -action generated by the locally nilpotent R.-derivation x” 0y +
P+ ()0, + p- (30 of Raly, 24, 2-1//(=x"z+ + Px(y) — 1), which commutes
with the action of G 4. The following lemma completes the proof of Proposition 4.1
whence of the Main Theorem.

Lemma 4.4. The geometric quotient Xi=Ws /G, g, is an affine U.-scheme.

Proof.  Since lNJi is affine, the assertion is equivalent to the affineness of %i.
From now on, we only consider the case of §+ = W+ /G a0, the case of X_ being
similar. To simplify the notation, we drop the corresponding subscript “+”, writing
simply W = Spec(R[y, z, z_1/(—x"z+ P(y) —1)). We denote x ® 1 € R= A®, B
by x and we further identify B with a sub-«-algebra of R via the homomorphism
1®idp : B— R and with the quotient R /xR via the composition 1 ® idg : B —
ARB—> AR B/(x®1)A® B) =Kk ® B~ B.

By construction of B, the monic polynomial P (y) —t € B[y] splits as P (y)—t=
I1 2€G/H (y —1g) for certain elements 7z € B, g € G/ H, on which the Galois group G
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acts by permutation g’ - 13 = 1y Tg Furthermore, since hg : Cy — C is étale, it
follows that for distinct g, g’ € G / H, t; —tz € B is an invertible regular function
on C whence on U = S X Spec(i) C via the identifications made above. This implies
in turn that there exists a collection of elements oz € R with respective residue
classes 1 € B = R/xR modulo x, g € G/H, on which G acts by permutation, a
G-invariant polynomial S; € R[y] with invertible residue class modulo x and a
G-invariant polynomial S, € R[y] such that in R[y] one can write

Py —t=50) [[ 0 —o0p+x"S20.
geG/H

Concretely, the elements 0z =03 ,—1 € Ié, g € G/H, can be constructed by induction
via a sequence of elements o3 ,, € R, g€G/H,m=0,...,n— 1, starting with
oz0=1lz€BC R and culminating in 0g.n—1=0g, and characterized by the property
that for every m =0, ..., n — 1, there exists uz , € R such that P(ogm) —t =
meMng, § € G/H. Indeed, writing P(y) —t =[[zcq/n (v —13) +xP(y) fora
certain P(y) € R[y] and assuming that the o3 ,,, & € G/H, have been constructed
up to a certain index m < n — 1, we look for elements oz 11 € R written in the
form oz, +x" 1Az for some Az € R. For a fixed gy € G/H, the conditions impose
that

P(ogym+1) =t = l_[ (9go.m +xm+1)‘§0 —1g) +XIS(G§0J" +xm+1)‘§o)
g€G/H

=x""g |1 e —12)+ Plogom) =1 +x" g,
ge(G/H)\(Zo)

1 1 2
=x""g 1 Ca—t) +x" tgom+x"vgem
7e(G/H)\ (o)

for some vz, n € R, and since ng(G/H)\{go}(tgo —13) € R*, we conclude that

Hgo,m
)‘go =

and  pgom+1 = Vgom-
[ze6/mnigo (a0 — 12)

A direct computation shows further that g’ - 03 11 = Oy Tg.my1 and that g -
Kgm+1 = Mg mit- Iterating this procedure n — 1 times yields the desired
collection of elements o = 07, € R. By construction, [ [ gec/u(y —0og) € R[y]
is then an invariant polynomial which divides P(y)— modulo x" R, which implies
in turn the existence of the G-invariant polynomials S;(y), S2(y) € R[y].

The closed fiber of the induced morphism W — S consists of a disjoint union
of closed subschemes Dz =~ Spec(R [z,z-]) =~ Az with deﬁnmg ideals (x, y — 03),
g€ G/H. The open subscheme Wg = W\Ug e/ g P of W is G g-invariant



1982 Adrien Dubouloz, David R. Finston and Imad Jaradat

and one checks using the above expression for P(y) — ¢ that the rational map
W --> Spec(Rlug, z-1),
y—o0z 72— 5() )
Xt Si(y) Hg/e(G/H)\ aly —og)
induces a G, ;7-equivariant isomorphism T, : W — A% = Spec(R[u g, 2—]) for the
G, U-actlon on A2 generated by the locally nilpotent R- derlvatlon Ou; +p-(x"ug+

0z)d;_ of R[ug, _] The latter is a translation with ug as a global shce and with
geometric quotient W; z/G, i isomorphic to Spec(R [vg]) where

(y7 Z, Z—) = (ug, Z—) = (

vg=2-—x "(P_(x"uz+o03) — P_(03)) € R[ug, 7 ]Ca0,

By construction, for distinct g, g’ € G/H, the rational functions ‘L’g vz and rf, vg on
W differ by the addition of the element

fa.g =X "(P_(07) — P_(03)) € Ry e T(Wz N Wz, Op).

This implies that X=w / G, i 1s isomorphic to the U-scheme obtained by glu-
ing r coples %g = SpeC(R vg]) of Al along the pr1n01pal open subsets .'{g y
Spec(R [vg]) via the isomorphisms 1nduced by the R, -algebra isomorphisms

£ 5 Revgl > Rulvglvg > vp + frp. 8.8 €G/H, §#73.

Since by assumption X is separated, it follows from [EGA 1960, I, Proposition
5.5. 6) ] that for every pair of distinct elements g, g’ € G/ H, the subring R[vg , fa.2]
of R [vg] generated by the union of R[vg/] and S (R[vg]) is equal to R [vg].
This holds if and only if R[ fagl= R, whence if and only if fz 7 € R, has the
form f; 77 = x "&# Fz p for a certain mz z > 1 and an element F; z € R with
invertible residue class modulo x.

This additional information enables a proof of the affineness of X by induction on
r as follows: given a pair of distinct elements g, g’ € G/H such that mgz z =m >0
is maximal, we let 6; = 0 and 05 = x" ""'22" F; 7 € R for every g" € (G/H)\ {g}.
The choice of the elements 67/ € R guarantees that the local sections

]l/g,// = xm[)g// —|— eg// = F(%g//, G.%)’ g// (= G/H,

glue to a global regular function ¢y € I' (%,0 ). Since 0 = Fg g is invertible modulo
x, the regular functions x, ¥ and ¢ — 6z generate the unit ideal in I'(X, O3). The
principal open subset X, of X is isomorphic to Xg x Spec(R [vg]) for every
g € G/H, hence is affine. On the other hand, %,/, and %¢ o, are contained
respectively in the open subschemes .’{(g) and %(g ) obtalned by gluing only the
r — 1 open subsets .’i‘ ¢ corresponding to the elements g” in (G/H) \ {g} and
(G/H) \ {g'} respectively. By the induction hypothesis, the latter are both affine
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and hence .’%w and .’%w_gg, are affine as well. This shows that X is an affine scheme
and completes the proof. (|
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Multivariate Apéry numbers and
supercongruences of rational functions

Armin Straub

One of the many remarkable properties of the Apéry numbers A(n), introduced
in Apéry’s proof of the irrationality of ¢(3), is that they satisfy the two-term
supercongruences

A(p"m) = A(p"~'m) (mod p")

for primes p > 5. Similar congruences are conjectured to hold for all Apéry-like
sequences. We provide a fresh perspective on the supercongruences satisfied
by the Apéry numbers by showing that they extend to all Taylor coefficients
A(ny, ny, n3, ny) of the rational function

1

(1 —x1 —x2)(1 —x3 — x4) — X1X2X3%4

The Apéry numbers are the diagonal coefficients of this function, which is simpler
than previously known rational functions with this property.

Our main result offers analogous results for an infinite family of sequences,
indexed by partitions A, which also includes the Franel and Yang—Zudilin numbers
as well as the Apéry numbers corresponding to ¢(2). Using the example of
the Almkvist—Zudilin numbers, we further indicate evidence of multivariate
supercongruences for other Apéry-like sequences.

1. Introduction

The Apéry numbers

=3 ("1

played a crucial role in R. Apéry’s proof [Apéry 1979; van der Poorten 1979]
of the irrationality of ¢(3), and have inspired much further work. Among many
other interesting properties, they satisfy congruences with surprisingly large moduli,

MSC2010: primary 11A07; secondary 11B83, 11B37, 05A10.
Keywords: Apéry numbers, supercongruences, diagonals of rational functions, Almkvist—Zudilin
numbers.
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referred to as supercongruences, a term coined by F. Beukers [1985]. For instance,
for all primes p > 5 and all positive integers r,

A(p"m) = A(p"~'m) (mod p"). 2)

The special case m = 1, r = 1 was conjectured by S. Chowla, J. Cowles and
M. Cowles [Chowla et al. 1980], who established the corresponding congruence
modulo p?. The case r = 1 was subsequently shown by I. Gessel [1982] and
Y. Mimura [1983], while the general case was proved by M. Coster [1988]. The
proof is an adaption of Beukers’ [1985] proof of the related congruence

AP'm—1)=Ap " "'m—1) (mod p*), 3)

again valid for all primes p > 5 and all positive integers r. That congruence (3) can
be interpreted as an extension of (2) to negative integers is explained in Remark 1.3.
For further congruence properties of the Apéry numbers, we refer to [Cowles 1980;
Beukers 1987; Ahlgren and Ono 2000; Kilbourn 2006].

Given a series

F(x1,...,xq) = Z any,...,ng)xi - x}, 4)
Nyy.eny ng=0
its diagonal coefficients are the coefficients a(n, ..., n) and the diagonal is the

ordinary generating function of the diagonal coefficients. For our purposes, F
will always be a rational function. It is well-known (see, for instance, [Lipshitz
and van der Poorten 1990, Theorem 5.2]) that the diagonal of a rational function
satisfies a Picard—Fuchs linear differential equation, and as such “comes from
geometry”. In particular, the diagonal coefficients satisfy a linear recurrence with
polynomial coefficients.

Many sequences of number-theoretic interest can be represented as the diagonal
coefficients of rational functions. In particular, it is known [Christol 1984; Lipshitz
and van der Poorten 1990] that the Apéry numbers are the diagonal coefficients of
the rational function

1
(1 —x)[(1 = x2) (1 —x3)(1 —x4) (1 — x5) — x1x2x3]

Several other rational functions of which the Apéry numbers are the diagonal
coefficients are given in [Bostan et al. 2013], where it is also discussed how these
can be obtained from the representation of the Apéry numbers as the binomial
sum (1). However, all of these rational function involve at least five variables and,
in each case, the polynomial in the denominator factors. Our first result shows
that in fact the Apéry numbers are the diagonal coefficients of a simpler rational
function in only four variables.

&)
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Theorem 1.1. The Apéry numbers A(n), defined in (1), are the diagonal coefficients
of
1
(1 —x1 —x2)(1 — x3 — x4) — X1X2X3%4

(6)

Representing a sequence as the diagonal of a rational function has certain benefits.
For instance, asymptotic results can be obtained directly and explicitly from this
rational function. This is the subject of multivariate asymptotics, as developed
in [Pemantle and Wilson 2002]. For details and a host of worked examples we
refer to [Pemantle and Wilson 2008]. As a second example, the rational generating
function provides a means to compute the sequence modulo a fixed prime power.
Indeed, the diagonal of a rational function with integral Taylor coefficients, such
as (0), is algebraic modulo p® for any « [Lipshitz and van der Poorten 1990]. A
recent demonstration that this can be done very constructively is given in [Rowland
and Yassawi 2013], where the values modulo p* of sequences such as the Apéry
numbers are, equivalently, encoded as finite automata.

We note that a statement such as Theorem 1.1 is more or less automatic to prove
once discovered. For instance, given a rational function, we can always repeatedly
employ a binomial series expansion to represent the Taylor coefficients as a nested
sum of hypergeometric terms. In principle, creative telescoping [Petkovsek et al.
1996] will then obtain a linear recurrence satisfied by the diagonal coefficients, in
which case it suffices to check that the alternative expression satisfies the same
recurrence and agrees for sufficiently many initial values.

For the rational function F'(x) given in (6), we can gain considerably more
insight. Indeed, for all the Taylor coefficients A(n), defined by

Fxi,xp.x3.%) = Y A(ny,ny, ny,ng)x) xy2xy x), (7

ny,nz,n3,n420

we find, for instance by applying MacMahon’s master theorem [1915, pp. 93-98]
as detailed in Section 4, the explicit formula

_ ni\ /n3\ /ni+ny—k\ /n3+ns—k
Ao =3 ()T, ®
keZ
of which Theorem 1.1 is an immediate consequence.
An instance of our main result is the observation that the supercongruence (2)

for the Apéry numbers generalizes to all coefficients (8) of the rational function (6)
in the following sense:

Theorem 1.2. Let n = (ny, no, n3, ny) € Z*. The coefficients A(n), defined in (7)
and extended to negative integers by (8), satisfy, for primes p > 5 and positive
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integers r, the supercongruences
A(p'n) = A(p"'n) (mod p*"). )

Note that the Apéry numbers are A(n) = A(n, n, n, n), so that (9) indeed gen-
eralizes (2). Our reason for allowing negative entries in n is that by doing so, we
also generalize Beukers’ supercongruence (3). Indeed, as explained in Remark 1.3
below, A(n — 1) = A(—n, —n, —n, —n). Theorem 1.2 is a special case of our main
result, Theorem 3.2, in which we prove such supercongruences for an infinite family
of sequences. This family includes other Apéry-like sequences such as the Franel
and Yang—Zudilin numbers, as well as the Apéry numbers corresponding to ¢ (2).

We therefore review Apéry-like sequences in Section 2. Though no uniform
reason is known, each Apéry-like sequence appears to satisfy a supercongruence
of the form (2), some of which have been proved [Beukers 1985; Coster 1988;
Chan et al. 2010; Osburn and Sahu 2011; 2013; Osburn et al. 2014] while others
remain open [Osburn et al. 2014]. A major motivation for this note is to work
towards an understanding of this observation. Our contribution to this question is
the insight that, at least for several Apéry-like sequences, these supercongruences
generalize to all coefficients of a rational function. Our main result, which includes
the case of the Apéry numbers outlined in this introduction, is given in Section 3.
In that section, we also record two further conjectural instances of this phenomenon.
Finally, we provide proofs for our results in Sections 4 and 5.

Remark 1.3. Let us indicate that congruence (3) can be interpreted as the natural
extension of (2) to the case of negative integers m. To see this, generalize the
definition (1) of the Apéry numbers A(n) to all integers n by setting

=X

Here, we assume the values of the binomial coefficients to be defined as the (limiting)
values of the corresponding quotient of gamma functions, that is,

<n>_ . I'z+n+1)
k

= lim .
=0 z+k+ D' (z4+n—k+1)

Since I'(z + 1) has no zeros, and poles only at negative integers z, one observes
that the binomial coefficient (Z) is finite for all integers n and k. Moreover, the
binomial coefficient with integer entries is nonzero only if k > 0 and n —k > 0, or
ifn<0and k >0, orif n <0 and n —k > 0. Note that in each of these cases k > 0
orn—k >0, so that the symmetry () = (,”,) allows us to compute these binomial
coefficients in the obvious way. For instance, (:g) = (_23) =(—=3)(—4)/2!=6. As
carefully shown in [Sprugnoli 2008], for all integers n and k, we have the negation
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rule k1
n _ _1hk —n —

(3) =seto (T, an
where sgn(k) = 1 for k > 0 and sgn(k) = —1 for k < 0. Applying (11) to the sum
(10), we find that

A(—n)=An—-1).

In particular, the congruence (3) is equivalent to (2) with —m in place of m.

Remark 1.4. The proof of formula (8) in Section 4 shows that the coefficients can
be expressed as
(1 +x2 +x3)" (g + x2)"2 (x3 + x4)™ (X2 + X3 + x4)™

ny_ny_ nNni3_ng ’
Xl xz x3 x4

A(ny, ny, n3, ng) =ct

representing them as the constant terms of Laurent polynomials. In particular,
the Apéry numbers (1) are the constant term of powers of a Laurent polynomial.
Namely,

[(Xl +x2) (3 + 1) (x1 + x2 +x3) (X2 + X3 + 1)]"
A(n)=ct .
X1X2X3

Since the Newton polyhedron of this Laurent polynomial has the origin as its
only interior integral point, the results of [Samol and van Straten 2009; Mellit and
Vlasenko 2013] apply to show that A(n) satisfies the Dwork congruences

A(p'm+n)A(ln/p)) = A(p"'m+n/p])A(n) (mod p")
for all primes p and all integers m,n > 0, r > 1. In particular,
A(p"m) = A(p"~'m) (mod p"), (12)

which is a weaker version of (2) that holds for the large class of sequences repre-
sented as the constant term of powers of a Laurent polynomial, subject only to the
condition on the Newton polyhedron. This gives another indication why congruence
(2) is referred to as a supercongruence. It would be of considerable interest to find
similarly well-defined classes of sequences for which supercongruences of the form
(12) but modulo p*” for k > 1 hold. Let us note that the case r = 1 of the Dwork
congruences implies the Lucas congruences

A(n) = A(no)A(ny) - - - A(ng) (mod p),

where ng, ...,n,€{0, 1, ..., p—1} are the p-adic digits of n =no+n p+- - -+n p*.
It is shown in [Rowland and Yassawi 2013] that Lucas congruences hold for all
Taylor coefficients of certain rational functions. Additional divisibility properties in
this direction are obtained in [Delaygue 2013] for Apéry-like numbers as well as
for constant terms of powers of certain Laurent polynomials. Finally, we note that
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an extension of Dwork congruences to the multivariate setting has been considered
in [Krattenthaler and Rivoal 2011]. In contrast to our approach, where, for instance,
the Apéry numbers appear as the diagonal (multivariate) Taylor coefficients of
a multivariate function F(x), the theory developed in [Krattenthaler and Rivoal
2011] is concerned with functions G(x) = G(xy, ..., xg) for which, say, the Apéry
numbers are the (univariate) Taylor coefficients of the specialization G (x, ..., x).

2. Review of Apéry-like numbers
The Apéry numbers A(n) are characterized by the 3-term recurrence
(n+ Du,y1 = @n+ D)(an* +an + byu, —n(cn* +dyu, 1, (13)
where (a, b, c,d) = (17, 5, 1, 0), together with the initial conditions
u_1=0, wupg=1. (14)

As explained in [Beukers 2002], the fact that in the recursion (13) we divide
by (n+ 1)? at each step means that we should expect the denominator of u,, to
grow like (n!)3. While this is what happens for generic choice of the parameters
(a, b, c, d), the Apéry numbers have the, from this perspective, exceptional property
of being integral. Initiated by Beukers [2002], systematic searches have therefore
been conducted for recurrences of this kind, which share the property of having an
integer solution with initial conditions (14). This was done by D. Zagier [2009] for
recurrences of the form

(n+ 1)2Mn+1 = (an2 +an—+b)u, — cnzun_l, (15)

by G. Almkvist and W. Zudilin [2006] for recurrences of the form (13) withd =0
and, more recently, by S. Cooper [2012] for recurrences of the form (13). In
each case, apart from degenerate cases, only finitely many sequences have been
discovered. For details and a possibly complete list of the sequences, we refer to
[Zagier 2009; Almkvist and Zudilin 2006; Almkvist et al. 2011; Cooper 2012].

Remarkably, and still rather mysteriously, all of these sequences, often referred
to as Apéry-like, share some of the interesting properties of the Apéry numbers.
For instance, they all are the coefficients of modular forms expanded in terms of
a corresponding modular function. In the case of the Apéry numbers A(n), for
instance, it was shown by Beukers [1987] that

T A )( n()n(61) )”” _n'@oin’Gy)

) 16
n(2t)n(3t) > (1)’ (67) (10

n=0

where 71 (7) is the Dedekind eta function () = ¢™¥/12 [T — 2™y The modular
n=1
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function and the modular form appearing in (16) are modular with respect to the
congruence subgroup I'y(6) of level 6 (in fact, they are modular with respect to
a slightly larger group). While this relation with modular forms can be proven in
each individual case, no conceptual explanation is available, in the sense that if
an additional Apéry-like sequence was found we would not know a priori that its
generating function has a modular parametrization such as (16).

As a second example, it is conjectured and in some cases proven [Osburn et al.
2014] that each Apéry-like sequence satisfies a supercongruence of the form (2).
Again, no uniform explanation is available and, the known proofs [Gessel 1982;
Mimura 1983; Beukers 1985; Coster 1988] of the supercongruences (2) and (3) all
rely on the explicit binomial representation (1) of the Apéry numbers. However,
not all Apéry-like sequences have a comparably effective binomial representation
so that, for instance, for the Almkvist—Zudilin numbers [Almkvist et al. 2011,
Sequence (4.12)(6); Chan and Zudilin 2010; Chan et al. 2010]

=S ()5
k=0

which solve (13) with (a, b, ¢, d) = (=7, —3, 81, 0), the supercongruence

Z(p'm) = Z(p"~'m) (mod p*") (18)

for primes p > 3 is conjectural only.

It would therefore be of particular interest to find alternative approaches to proving
supercongruences. In this paper, we provide a new perspective on supercongruences
of the form (18) by showing that they hold, at least for several Apéry-like sequences,
for all coefficients C (n) of a corresponding rational function, which has the sequence
of interest as its diagonal coefficients. In such a case, one may then hope to use
properties of the rational function to prove, for some k > 1, the supercongruence

C(p'n) = C(p’_ln) (mod pkr).

For instance, for fixed p”, these congruences can be proved, at least in principle,
by computing the multivariate generating functions of both C(p"n) and C(p"~'n),
which are rational functions because they are multisections of a rational function,
and comparing them modulo p*”.

Let us note that, in Example 3.9 below, we give a characterization of the Almkvist—
Zudilin numbers (17) as the diagonal of a surprisingly simple rational function,
and conjecture that the supercongruences (18), which themselves have not been
proved yet, again extend to all coefficients of this rational function. We hope
that the simplicity of the rational function might help inspire a proof of these
supercongruences.
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3. Main result and examples

We now generalize what we have illustrated in the introduction for the Apéry
numbers A(n) to an infinite family of sequences A .(n), indexed by partitions
A and ¢ € {—1, 1}, which includes other Apéry-like numbers such as the Franel
and Yang—Zudilin numbers as well as the sequence used by Apéry in relation
with ¢(2). Our main theorem is Theorem 3.2, in which we prove (multivariate)
supercongruences for this family of sequences, thus unifying and extending a number
of known supercongruences. To begin with, the sequences we are concerned with
are introduced by the following extension of formula (8). Here, x" is short for

ny_nn ng
Xy xyt
Theorem 3.1. Leta € Cand A= (A, ..., ¢) € Zio withd =X+ ---+ Ay, and

set s(j) = A1 +---+Aj_1. Then the Taylor coefficients of the rational function

¢ Wi -1
(1‘[ [1—szu>+r]—ax1xz---xd> = D Avamx"  (19)

_ d
Jj=1 r=1 neZ>o

are given by

Am(n)—z 1—[< s(H+1+ +ns(1)+k (j;lk)k) (20)

n — N )
ke =l s()+1 > Ths () +A;

The proof of this elementary but crucial result will be given in Section 4. Observe
that the multivariate Apéry numbers A(n), defined in (8), are the special case
An2)1(n).

Our main result, of which Theorem 1.2 is the special case A = (2,2) and ¢ =1,
follows next. Note that, if n € Zio, then the sum (20) defining A; ,(n) is finite and

runsover k=0, 1, ..., min(ny, ..., ng). On the other hand, if max(Xq, ..., Ay) =2,
then A, (n) is finite for any n € 7.
Theorem 3.2. Lete e {—1,1}, A=(A1,..., ¢) € Z>0’ and assume that n € 7°,

d=A~+---+ X is such that A, ((n), as deﬁned in (20), is finite.
(a) If £ = 2, then, for all primes p > 3 and integers r > 1,
Are(p'm) = A5 (p"'n) (mod p*). @D
If € =1, then these congruences also hold for p = 2.
() If € > 2 and max(\y, ..., A¢) < 2, then, for primes p > 5 and integersr > 1,
Are(p'm) = A5 (p"'n) (mod p). (22)

A proof of Theorem 3.2 is given in Section 5. One of the novel features of the
proof, which is based on the approach of [Gessel 1982] and [Beukers 1985], is that it
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proceeds in a uniform fashion for all 7 € Z¢. As outlined in Remark 1.3, this allows
us to also conclude, and to a certain extent explain, the shifted supercongruences (3),
which, among Apéry-like numbers, are special to the Apéry numbers as well as their
version (23) related to £(2). In cases where n has negative entries, the summation
(20), while still finite, may include negative values for k (see Remark 1.3). We
therefore extend classical results, such as Jacobsthal’s binomial congruences, to the
case of binomial coefficients with negative entries.

Example 3.3. For A = (2), the numbers (20) specialize to the Delannoy numbers

Ap).1(n) = %(11)(111—#:12—/()’

€

which, for ny, ny > 0, count the number of lattice paths from (0, 0) to (n1, np) with
steps (1, 0), (0, 1) and (1, 1). The Delannoy numbers do not satisfy (21) or (22),
thus demonstrating the necessity of the condition ¢ > 2 in Theorem 3.2. They do
satisfy (21) modulo p”, by virtue of Remark 1.4.

Example 3.4. The Apéry-like sequence

n\2/n+k
s =3 (F (7).
keZ
which satisfies recurrence (15) with (a, b, c) = (11, 3, —1), was introduced by
Apéry [Apéry 1979; van der Poorten 1979] along with (1) and used to (re)prove the
irrationality of ¢(2). By Theorem 3.1 with A = (2, 1) and ¢ = 1, the numbers B(n)
are the diagonal coefficients of the rational function

1

(I —x1 —x2)(1 — x3) — x1x2x3 - XZ; Blm)x".

(24)

In addition to the binomial sum for B(n) given by Theorem 3.1, MacMahon’s master
theorem (Theorem 4.1) shows that B(ni, na, n3) is the coefficient of x| x3?x3* in
the product (x; + x2 + x3)™ (x1 4+ x2)"2(x2 + x3)"3. An application of Theorem 3.2

shows that, for n € Z3 and integers r > 1, the supercongruences
B(p'n) = B(p""'n) (mod p™) (25)

hold for all primes p > 5. In the diagonal case n; = ny = n3, this result was first
proved by Coster [1988].
Proceeding as in Remark 1.3, and using the curious identity

(Y1) - e ().
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we find that B(—n) = (=1)*"'B(n — 1) for n > 0. Consequently, (25) implies the
shifted supercongruences B(p"m — 1) = B( p"~'m — 1), which hold modulo p*
for all primes p > 5 and were first proved in [Beukers 1985], along with (3). We
observe that, among the known Apéry-like numbers, the sequence B(n) and the
Apéry numbers (1) are the only ones to satisfy shifted supercongruences of the
form (3) in addition to the supercongruences of the form (2).

Example 3.5. As a result of Theorem 3.1 with A = (3, 1) and &€ = 1, the numbers

con=3 (i (T ()

are the diagonal coefficients of the rational function

1

(1 —x1 —x2 —x3)(1 — x4) — x1x2X3%4

By Theorem 3.2, it follows that C(p"n) = C(p"~'n) modulo p?, for all primes p.
We note that this congruence does not, in general, hold modulo a larger power of
p, as is illustrated by C(5) = 4,009,657 £ 7 = C(1) modulo 53. This demonstrates
that in Theorem 3.2(a) the modulus p*" of the congruences cannot, in general, be
replaced with p*, even for p > 5.

Example 3.6. Next, we consider the sequences

n

Y (n) = Z(Z)d 27)

k=0

The numbers Y3(n) satisfy the recurrence (15) with (a, b, ¢) = (7, 2, —8) and are

known as Franel numbers [1894], while the numbers Y4(n), corresponding to

(a,b,c,d) = (6,2, —64,4) in (13), are sometimes referred to as Yang—Zudilin

numbers [Chan et al. 2010]. It follows from Theorem 3.1 with A = (1,1, ..., 1)
and € = 1 that

1

(I—x)(1—x2) - (1 —xg) — X102 X

= Z Y, (n)x", (28)
d

d
nEZ>O

=5 ()2 ()

=

where

It is proved in [Chan et al. 2010] that Y;(pn) = Y4 (n) modulo p3 for primes p > 5 if
d > 2. These congruences are generalized to the multivariate setting by Theorem 3.2,
which shows that, if d > 2, then, for n € Zéo and integers r > 1,

Ya(p'n) = Ya(p"~'n) (mod p*) (30)
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for primes p > 5. Note that
_ ni\(n2\ _ (ni+na
o =3 () (%) =("")
kezZ
Hence, congruence (30) includes, in particular, the appealing binomial congruence

(52)= (3) wmos

which is attributed to W. Ljunggren [Granville 1997] and which generalizes the
classical congruences by C. Babbage, J. Wolstenholme and J. W. L. Glaisher. It
is further refined by E. Jacobsthal’s binomial congruence, which we review in
Lemma 5.1 and which the proof of Theorem 3.2 crucially depends on.

Let us conclude this section with two conjectural examples, which suggest that
our results are not an isolated phenomenon.

Example 3.7. As noted in the introduction for the Apéry numbers, there is no
unique rational function of which a given sequence is the diagonal. For instance,
the Franel numbers Y3(n) are also the diagonal coefficients of the rational function
1
1 — (x1 4+ x2 + x3) +4x1x2x3

(31

A rational function F(x) is said to be positive if its Taylor coefficients (4) are all
positive. The Askey—Gasper rational function (31), whose positivity is proved in
[Askey and Gasper 1977] and [Gillis et al. 1983], is an interesting instance of a
rational function on the boundary of positivity (if the 4 is replaced by 4 + ¢, for any
& > 0, then the resulting rational function is not positive). The present work was, in
part, motivated by the observation [Straub and Zudilin 2014] that for several of the
rational functions, which have been shown or conjectured to be on the boundary
of positivity, the diagonal coefficients are arithmetically interesting sequences
with links to modular forms. Note that the Askey—Gasper rational function (31)
corresponds to the choice A = (3) and « = —4 in Theorem 3.1, which makes its Taylor
coefficients G(n) = A3y, —4(n) explicit. We also note that an application of MacMa-
hon’s master theorem (Theorem 4.1) shows that G(n1, n,, n3) is the coefficient of
xy'x5? x5 in the product (x) — x —x3)™ (X2 —xj —x3)"2(x3 — x| —x2)"3. Although
it is unclear how one might adjust the proof of Theorem 3.2, numerical evidence
suggests that the coefficients G (n) satisfy supercongruences modulo p*" as well.

Conjecture 3.8. The coefficients G(n) of the rational function (31) satisfy, for
primes p > 5 and integers r > 1,

G(p'n)=G(p " 'n) (mod p*).
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Example 3.9. Remarkably, the previous example has a four-variable analog, which
involves the Almkvist—Zudilin numbers Z(n), introduced in (17). Namely, the
numbers Z(n) are the diagonal coefficients of the unexpectedly simple rational
function

1
; (32)
1 — (1 +x2+x3+x4) +27x1x2X3x4
as can be deduced from Theorem 3.1 with A = (4) and o« = —27. Again, numerical

evidence suggests that the coefficients Z(r) of (32) satisfy supercongruences modulo
p>". This is particularly interesting, since even the univariate congruences (18) are
conjectural at this time.

Conjecture 3.10. The coefficients Z(n) of the rational function (32) satisfy, for
primes p > 5 and integers r > 1,

Z(p'n) = Z(p’_ln) (mod p3’).

Remark 3.11. The rational functions (31) and (32) involved in the previous exam-
ples make it natural to wonder whether supercongruences might similarly exist for
the family of rational functions given by

1
I—(xi4+x4+-+x)+d—D4xxy - xq

This does not, however, appear to be the case for d > 5. In fact, no value b # 0 in

1
1—(1+x24--+x9)+bxixo- - x4

appears to give rise to supercongruences (by computing coefficients, we have ruled
out supercongruences modulo p* for integers |b| < 100,000 and d < 25).

4. The Taylor coefficients

This section is devoted to proving Theorem 3.1. Before we give a general proof,
we offer an alternative approach based on MacMahon’s master theorem, to which
we refer at several occasions in this note and which offers additional insight into
the Taylor coefficients by expressing them as coefficients of certain polynomials
(see also Remark 1.4). This approach, which we apply here to prove formula (8), is
based on the following result of P. MacMahon [1915], coined by himself “a master
theorem in the Theory of Permutations”. Here, [x™] denotes the coefficient of
xy"" - x," in the expansion of what follows.
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Theorem 4.1. For x = (xy,...,x,), matrices AcC"" andm = (my,...,m,) € Z;o’
n n m; 1
x™ A; ix; =x"]—
[ ]H(; " ’) e, —ax)
where X is the diagonal n X n matrix with entries xy, . .., X,.

Proof of formula (8). We note that

1 1
(1 —x1 —x2)(1 —x3 — x4) — X1X2X3X4 - det(ly — MX)

’

where M and X are the matrices

An application of MacMahon’s master theorem therefore shows that the coefficients
A(n), with n = (ny, ny, n3, ng), are given by

A(n) = [x"](x1p +x2 4+ x3)"" (x1 4 x2)"2 (3 + x4)"3 (x2 + x3 + x4)™.
In order to extract the requisite coefficient, we expand the right-hand side as

(1 +x2 +x3)" (01 + x2)"2 (13 + x4)™" (X2 + X3 + x4)™
NN (N4 na—ks ni—k k k
=;<k1><k4>x§4 T (e )T (s )T
1,K4

= 1 na\ (kit+nz\ m3+ke ki+na—ko _na—kstky ni—ki+ks n3+ks—k3
= Z <k1>(k4>< k2 )( k3 )xl Xy X3 Xy X

ki.ka k3. kq

The summand contributes to x|'xy>x3’x,* if and only if n; —k; =n; — k; for all

i,j=1,...,4. Writing k = n; — k; for the common value, we obtain
A . ni\ /na\ /n1—k+ny\ /n3+ng—k
keZ
which is equivalent to the claimed (8). ]

Proof of Theorem 3.1. Recall the elementary formula

1 n+k\ ,
(1_x)k+1:Z( k )x’

n=0
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for integers k > 0. Combined with an application of the multinomial theorem, it
implies that

1 n1+"'+np+k ni np
(l—xl—---—xp)kH_Z“'Z( ni,....npk )xl Tt

Vl|>0 n,,20

and hence
(xq -~ ni+-- +np (0p—Dk ni np
(l—x;—--—x )k+1 Z Z( ni—k,....n,—k, k )xl X (33)
n1 =0 n,2>0
Here, we used that the multinomial coefficient vanishes if kK > min(ny, ..., np).

Geometrically expanding the left-hand side of (19), we find that

Aj

¢
(H[I—sz(j)w}—axlxg-. ) Z 1—[ (s j)+1 - xs(1)+3k)+1’

j=1 r=1 k=0 j= 1 Zr 1 Xs(D+r

which we further expand using (33) to get

Za Z l_I(ns(J)+l+ RNy — _1)k) Z Ajpa(m)x",

Ng(j)+1 s Ms(j)+r; —
k=0 neZd>0 / neZ20

with A; ,(n) as in (20). O

5. The supercongruences

Our proof of Theorem 3.2, which generalizes the supercongruence in Theorem 1.2,
builds upon the respective proofs in [Gessel 1982] and [Beukers 1985].

We need a number of lemmas in preparation. To begin with, we prove the follow-
ing extension of Jacobsthal’s binomial congruence [Gessel 1983; Granville 1997] to
binomial coefficients which are allowed to have negative entries (see Remark 1.3).

Lemma 5.1. For all primes p and all integers a, b,

(ZZ)/(Z) =¢ (mod p9), (34)

where q is the power of p dividing p>ab(a — b)/12 and where € = 1, unless p =2
and (a, b) = (0, 1) modulo 2, in which case ¢ = —1.

Proof. Congruence (34), for nonnegative a, b, is proved in [Gessel 1983] (alterna-
tively, a proof for p > 5 is given in [Granville 1997]). We therefore only indicate
how to extend (34) to negative values of a or b. Note that, for all a, b € Z with

o 04
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ap ay _(ap—1 a—1
(bp)/(b) o (bp—1>/(b—1>'
We claim that the extension of (34) to the case a < 0 and b < 0 therefore follows from

(5)= (207} senta—b). (35)

and hence

—a—1

where sgn is defined as in Remark 1.3. This is clear for p > 3. Write e(a, b) = —1 if
(a, b)=(0, 1) modulo 2 and ¢(a, b) =1 otherwise. Itis straightforward to check that

(—1)*Pe(=b, —a) = e(a, b),

which shows the case p = 2.
Similarly, if a < 0 and b > 0, then we may apply

(Z) = (b—_aa__ 11 >(—1>b“ sgn(a —b) sgn(—a — 1)

as well as
(—DPe(b—a, —a) = ¢(a, b).

A derivation of the above binomial identities, which are valid for all a, b € Z, may
be found in [Sprugnoli 2008]. (]

Much simpler and better known is the following congruence:

Lemma 5.2. Let p > 5 be a prime, and ¢ € {—1, 1}. Then, for all integers r > 0,
pr—1 ok
Z o= 0 (mod p"). (36)
k=1, ptk

Proof. Let « be an odd integer, not divisible by p, such that > # 1 modulo p (take,
for instance, @ = 3). Then,

T S e S P ek
— J— r
a? Z 2 Z (ak)? = Z K2 (mod p"),
k=1, ptk k=1, ptk k=1, ptk

since the second and third sum run over the same residues modulo p” (note that

ek = ¢k since « is odd). As o2 is not divisible by p, the congruence (36) follows. [J

=¢

The next lemmas establish properties of the summands of the numbers A, .(r) as
introduced in (20), which will be needed in our proof of Theorem 3.2. Throughout
this section, we fix the notation of Theorem 3.2, letting A = (A1, ..., Ap) € Z€>0
withd = A1 +---+ Ay, and setting s(j) = A1 +---+Aj_1.
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Lemma 5.3. Letn € 7%, k € Z, and define

=] (ns(j)“ o ey = (4 Dk)- 37)
il Ms(j)+1 —k,...,ns(j)ﬂj —k, k
(a) If £ = 2, then, for all primes p and integersr > 1,
Ax(p"m; pk) = A;(p"'mi k) (mod p*). (38)
d) If£ =22 and max(Ay, ..., Ay) < 2, then, for primes p > 5 and integersr > 1,
Ai(p"n; pk) = Ay (p""'mi k) (mod p*"). (39)

Proof. We show (38) and (39) by proving that for integers r, s > 1 and k such
that p 1k,

Ai(p'n; p*k) = A(p' s p* k) (mod pT), (40)
where o = 2 or @ = 3 depending on whether max(Xy, ..., Ay) < 2.
Let us first consider the case £ > 2 and max(Xq, ..., A¢) < 2. Then each factor

of (37) is a single binomial, if A; =1, or of the form

mi\ /mi+my—k
()
if A ; =2. Let p be a prime such that p > 5. It follows from Jacobsthal’s congruence
(34) that

"m r—1m .
(ppskl)/(pps—lk]> =1 (mod pr+s+m1n(r,s))
as well as

(Pr(mlmez)—P‘k) (P’_l(m1+m2)—ps_1k

— r+2 min(r,s)
prmy pr—lml ) =1 (mOdp )

Consequently,
A (p'm; p°k) = c A (p" 'y p k) (41)

with ¢ = 1 modulo p" 2™ If g > r, this proves congruence (40) with a = 3.
On the other hand, suppose s < r. Since p t k, we have

prn _ r—sﬁ prn_1>= r—s
(psk)_p k<p5k—1 =0 (mod p" ).
Since £ > 2, it follows that p>"=*) divides A, (p"n; p°k). Since (r +25)+2(r —s) =

3r, the congruence (40), with & = 3, now follows from (41). This shows (b).
Let us now turn to the proof of (a). Assume that ¢ > 2. For any positive integer p,

(m1+---+mp—(p—1)k>

mi—k,...,m,—k, k (ml)(m1+(m2_k)+'""Hmp—k))’

k my,my—k,...,m,—k
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so that, as in the previous case, p*“ =) divides A, (p"n; p°k) if r >

Initially, assume that p > 3. By further unraveling the multmomlal coefficient
as a product of binomial coefficients and applying Jacobsthal’s congruence (34) as
above, we find that

A(p'n; p°k) = cAu(p"'n; p* k)

with ¢ = 1 modulo p3™"":9)=3 ‘and § =0 if p > 5 and § = 1 if p = 3. In light of
p*r=) dividing A, (p”n; p*k) 1f r > s, we conclude congruence (40) with o = 2.
Now, consider p = 2. If r > 2 and s > 2, then the sign ¢ in Jacobsthal’s
congruence (34) is always +1 when applying the above approach, and we again
find that (40) holds with & = 2. On the other hand, if » = 1, then it suffices to use
the (combinatorial) congruence

(52)= (5) wmosr

which holds for all primes p. It remains to consider the case r > 2 and s = 1.
Applying the approach employed for p > 3, we find that

A (p'm; pUk) = c A (p"n; p* k), (42)

where ¢ = =1 modulo p3 min($)=2 — 2 If max(Ag, ..., Ag) < 2, then we, in fact,
have ¢ = (—=1)* modulo p+2™mint:9)=2 = 27 Since A, (p’n; p*k) is divisible by
ptU =D congruence (40) trivially holds with o« =2 if £ > 3. Hence, we may assume
that £ = 2. If max(1, Ap) < 2, then ¢ = 1 modulo 2" in (42) and, since both sides
of (42) are divisible by 2% =2, congruence (40) with & = 2 again follows. Finally,
suppose that there is j such that A; > 3. Then the factor corresponding to j in (37)
is of the form

<m1><m1+m2—k)(m1+m2+m3—2k>( mi+---+m,—(p—1Dk )
k mi m3—k mi+mo+ms3—2k, mg—k,...)"

Note that for even m, m,, m3 and odd k, the third binomial in this product is even.
Hence, A, (p"n; p*k) is divisible by 22¢~D+1 =22 =1 Ty light of (42), this proves
congruence (40) with o = 2. O

The next congruence, with k > 0, has been used in [Beukers 1985]. For our
present purpose, we extend it to the case of negative k.

Lemma 5.4. For primes p, integers m, k and integersr > 1,
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Proof. First, assume that k > 0. Following [Beukers 1985, Lemma 2], we split
the defining product of the binomial coefficient, according to whether the index is
divisible by p or not, to obtain

k , L k/pl
("= np’"" [mem=2s—r=
. o A
i=1ptj A=l
r—1 r
_ (P m—1> pm—j
([k/p] 11_[ j
J=1

Congruence (43), with k > 0, follows upon reducing modulo p".
On the other hand, assume k& < 0. Since (43) is trivial if m > 0, we let m < 0.
We use the basic symmetry relation

pm—1\ ( p'm—1
("% )= (mr—1)
and note that, since k < 0, the binomials are zero unless p"m —k — 1 > 0. Observe
that for all integers k, m,

[(P'm—k—=1)/pl=p 'm+[=k+1/pl=p""'m—[k/pl=1. (@44
Thus, assuming p"m — 1 —k > 0, we may apply (43) to find
p'm—1 k_( P'm— k
(" e = (el )

E(p P “lm—1 )( 1)[k/P( I)Pm+P"

r—Im—[k/pl—
r—1
=(p [k/n;] >< DRI 1)+ (mod p).

-1

It only remains to note that p"m + p"~'m = p"~!(p + 1)m is even unless p =2
r—1

and r = 1. Hence, in all cases, (—1)?""*tP" " =1 modulo p. [l

Lemma 5.5. For primes p, integers m, my, k and integersr > 1,

(p "my+p my—k— 1) (p’ "mi+p ~'my—[k/pl—
prmy prim

Proof. By an application of (11),

<m1+m2—k—1) — sen(mas — k — 1)(_1)m2—k—1< —my—1 )

1) (mod p").

m my—k—1
Since for all a € Z, sgn(a) = sgn([a/p]), the claimed congruence therefore follows
from (44) and Lemma 5.4. O

The following generalizes [Beukers 1985, Lemma 3] to our needs:
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Lemma 5.6. Let p be a prime and n € 7¢.

o Letay € Zp, withk € Z, be such that, forall l, s € Z with s > 0,
Z a; =0 (mod p°).
[k/p1=l
o Let C(n; k) be such that, for all k,r € Z withr > 0,
C(p'n; k)= C(p"'n: [k/p]) (mod p"). (45)
Then, forallr,l € Z withr > 0,
> &C(p'n;k)=0 (mod p"). (46)
[k/pr]=l

Proof. The claim is trivial for »r = 0. Fix r > 0 and assume, for the purpose of
induction on r, that the congruence (46) holds for the exponent » — 1 in place of r.
By the assumption (45) on C(n; k), we have that, modulo p",

Y. aC@pnky= Y aC(p'n;[k/pl)

(k) p 1=t (k) o |=l
> ak>C(p’1n; m)

=z<

[m/pr—11=l “[k/pl=m

=p Y baCp 'mim),
[m/pr=11=l

where by, is the sequence

bm=% Z Ay .

[k/pl=m
We note that, for all 5,/ € Z with s > 0,
1 1
S o=l Y Y asl Y azomap
[m/ps1=l [m/p1=l [k/ pl=m k/ps+11=m

so that we may apply our induction hypothesis (46) with » — 1 to conclude

Y aCpniky=p Y buC(p"'mim)=0 (mod p").
[k/p1=l [m/pr—11=l

The claim therefore follows by induction. ([

We are now in a comfortable position to prove Theorem 3.2.
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Proof of Theorem 3.2. In terms of the numbers A, .(n; k), defined in (37), we have
Arem)y=) e A, k)= G,n),
k>0 5s=0

where

Gs(n) =Y e’ s (n; p'h).
ptk

Suppose that £ > 2. Further, suppose that p > 3, or that p =2 and ¢ = 1. Then
eP'k = ¢P"'k and it follows from Lemma 5.3 that, for s > 1,

Gy(p'n) = Gs_1(p"~'n) (mod p™).

In order to prove that A, (p"'n) = A; ¢( p’_ln) modulo pzr, it therefore remains
only to show that Go(p"n) =0 modulo pzr. This, however, is immediate because,
as observed in the proof of Lemma 5.3, A, (p"n; k), with p 1k, is divisible by p” .
This proves congruence (21).

Now, suppose that £ > 2 and max(A, ..., A¢) < 2. Let p be a prime such that
p = 5. It again follows from eP’*F = ¢’ 'k and Lemma 5.3 that, for s > 1,

Gs(p'n) = G,_1(p"~'n) (mod p*).

To prove A, .(p'n) = Ak,g(prfln) modulo p3’, we have to show that Go(p"'n) =0
modulo p¥ . As in the previous case, this is trivial if £ > 3. We thus assume £ = 2.
Note that, since max(Aj, ..., A¢) < 2, each factor of A; (n; k) is of the form

() ()

Using the basic identity
mpy\ __my/mp—1
( k )— 7( k—1 )

2

it is clear that the numbers

By (n; k) = Ay (n; k)

nini4x,

are integers. Moreover, it follows from Lemmas 5.4 and 5.5, and the fact that £ =2,
that the integers Cy (n; k) = B, (n; k + 1) satisty, for all k, r € Z with r > 0,

C(p'm; k) =C(p''n; [k/p)) (mod p").
If ptk then [(k — 1)/ p] = [k/p] so that, in particular,

C(p'n,k—1)=C(p"n,[k/pl)=C(p"n; k) (mod p").



Multivariate Apéry numbers and supercongruences of rational functions 2005

By construction,
2 gt
Go(p'm) = p* minigs, Y | 5 C(p"ms k=1,
ptk
so that in order to show that Go(p"n) = 0 modulo p*", it suffices to prove
ok
Zk—zC(prn; k) =0 (mod p"). (47)
ptk

Define a; = &* / K2, if p tk, and g = 0 otherwise. Since p > 5, it follows from
Lemma 5.2 that, for all [, s € Z with s > 0,

Pl itk 1 Pl ok
J— p— — N
E ay = E W:E E ﬁ:O(mOdp)
[k/ps1=l k=1, ptk k=1, ptk

Hence, the conditions of Lemma 5.6 are met, allowing us to conclude that

k
Z%C(p’n;k):Z 3 @ C(p k) =0 (mod p").

plk L lk/prl=l
This shows (47) and completes our proof. U
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The image of Carmichael’s A-function

Kevin Ford, Florian Luca and Carl Pomerance

We show that the counting function of the set of values of Carmichael’s A-function
is x/(log x)"°W where n = 1 — (1 +loglog2)/(log2) = 0.08607 . ...

1. Introduction

Euler’s function ¢ assigns to a natural number »n the order of the group of units of
the ring of integers modulo 7. It is of course ubiquitous in number theory, as is its
close cousin A, which gives the exponent of the same group. Already appearing in
Gauss’s Disquisitiones Arithmeticae, A is commonly referred to as Carmichael’s
function, after R. D. Carmichael, who studied it about a century ago. (A Carmichael
number n is composite but nevertheless satisfies a” = a (mod n) for all integers a,
just as primes do. Carmichael discovered these numbers, which are characterized
by the property that A(n) | n —1.)

It is interesting to study ¢ and A as functions. For example, how easy is it to
compute ¢(n) or A(n) given n? It is indeed easy if we know the prime factorization
of n. Interestingly, we know the converse. By [Miller 1976], given either ¢ (n) or
A(n), it is easy to find the prime factorization of n.

Within the realm of “arithmetic statistics” one can also ask for the behavior of ¢
and A on typical inputs 7, and ask how far this varies from their values on average.
For ¢, this type of question goes back to the dawn of the field of probabilistic
number theory with the seminal paper of Schoenberg [1928], while some results in
this vein for A are found in [Erdds et al. 1991].

One can also ask about the value sets of ¢ and A. That is, what can one say about
the integers which appear as the order or exponent of the groups (Z/nZ)*?

These are not new questions. Let V,(x) denote the number of positive integers
n < x for which n = ¢(m) for some m. Pillai [1929] showed V,,(x) < x/(log x)cto)
as x — 00, where ¢ = (log2) /e. On the other hand, since ¢(p) = p—1, V,(x) is at
least 7w (x+1) (the number of primes in [1, x+1]), and so V,,(x) > (I1+0(1))x/log x.

Ford was supported in part by National Science Foundation grant DMS-1201442. Pomerance was
supported in part by NSF grant DMS-1001180.

MSC2010: primary 11N64; secondary 11A25, 11N25.

Keywords: Carmichael’s function, Carmichael’s lambda function.
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In one of his earliest papers, Erdds [1935] showed that the lower bound is closer to
the truth: we have V,(x) = x/(log x)1°M ag x — 0. This result has since been
refined by a number of authors, including Erd6s and Hall, Maier and Pomerance,
and Ford; see [Ford 1998] for the current state of the art.

Essentially the same results hold for the sum-of-divisors function o, but only
recently were we able to show that there are infinitely many numbers that are simulta-
neously values of ¢ and of ¢ [Ford et al. 2010], thus settling an old problem of Erdés.

In this paper, we address the range problem for Carmichael’s function A. From
the definition of A(n) as the exponent of the group (Z/nZ)*, it is immediate that
A(n) | ¢(n) and that A(n) is divisible by the same primes as ¢(n). We also have

A(n) =lem[A(p?) : p* || n],

where A(p®) = p®~!(p — 1) for odd primes p witha > 1 or p=2and a € {1, 2}.
Further, A(2¢) = 292 for a > 3. Put V, (x) for the number of integers n < x with
n = A(m) for some m. Note that since p — 1 = A(p) for all primes p, it follows that

V. (x) Qn(x—i-l):(l—i-o(l))@ (x — 00), (1-1)

as with ¢. In fact, one might suspect that the story for A is completely analogous
to that of ¢. As it turns out, this is not the case.

It is fairly easy to see that V,(x) = o(x) as x — 00, since most numbers n are
divisible by many different primes, so most values of ¢ (n) are divisible by a high
power of 2. This argument fails for A, and in fact it is not immediately obvious
that V, (x) = o(x) as x — 00. Such a result was first shown in [Erdds et al. 1991],
where it was established that there is a positive constant ¢ with V; (x) < x/(log x)¢.
In [Friedlander and Luca 2007], a value of ¢ in this result was computed. It was
shown there that, as x — oo,

X

Ve ogryerem

holds with o =1—-e(log2)/2=0.057913.... (1-2)
The exponents on the logarithms in the lower and upper bounds (1-1) and (1-2)
were brought closer in the recent paper [Luca and Pomerance 2014], where it was
shown that, as x — o0,

1 +loglog?2

with n=1————"—=0.08607....

X
Vi) € —
< Vi S (og e log 2

(logx)0~359°52

In Section 2.1 of that paper, a heuristic was presented suggesting that the correct
exponent of the logarithm should be the number 7. In the present paper, we confirm
the heuristic from [Luca and Pomerance 2014] by proving the following theorem:

Theorem 1. We have V; (x) = x(log x) "W a5 x — oo.
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Just as results on V,(x) can be generalized to similar multiplicative functions,
such as o, we would expect our result to be generalizable to functions similar to A
enjoying the property f(mn) = lcm[f(m), f(n)] when m, n are coprime.

Since the upper bound in Theorem 1 was proved in [Luca and Pomerance 2014],
we need only show that V, (x) > x/(log X)W a5 x — co. We remark that in our
lower bound argument we will count only squarefree values of A.

The same number 1 in Theorem 1 appears in an unrelated problem. As shown
by Erdés [1960], the number of distinct entries in the multiplication table for the
numbers up to n is n%/(logn)"°) as n — oo. Similarly, the asymptotic density
of the integers with a divisor in [n, 2n] is 1/(log n)"t°M as n — co. See [Ford
2008a; 2008b] for more on these kinds of results. As explained in the heuristic
argument presented in [Luca and Pomerance 2014], the source of 1 in the A-range
problem comes from the distribution of integers n with about (1/log?2) loglogn
prime divisors: the number of these numbers 7 € [2, x]is x/(log x)" () as x — oo.
Curiously, the number 7 arises in the same way in the multiplication table problem:
most entries in an n-by-n multiplication table have about (1/1log?2) loglogn prime
divisors (a heuristic for this is given in the introduction of [Ford 2008a]).

We mention two related unsolved problems. Several papers [Banks et al. 2004;
Banks and Luca 2011; Freiberg 2012; Pollack and Pomerance 2014] have discussed
the distribution of numbers n such that n? is a value of ¢; in [Pollack and Pomerance
2014] it was shown that the number of such n < x is between x/(logx)¢' and
x/(log x)°2, where c; > ¢ > 0 are explicit constants. Is the count of the form
x/(log x)*°M for some number ¢? The numbers ¢y, ¢ in [Pollack and Pomerance
2014] are not especially close. The analogous problem for A is wide open. In fact,
it seems that a reasonable conjecture (from [Pollack and Pomerance 2014]) is that
asymptotically all even numbers n have n? in the range of A. On the other hand, it
has not been proved that there is a lower bound of the shape x/(log x)¢ with some
positive constant ¢ for the number of such numbers n < x.

2. Lemmas

Here we present some estimates that will be useful in our argument. To fix notation,
for a positive integer ¢ and an integer a, we let 7 (x; g, a) be the number of primes
p < x in the progression p = a (mod ¢), and put

li(y)
elg)|

E*(x;q) =max |7 (y;q, 1) —
ysx

where li(y) = 5 dt/log1.

We also let P*(n) and P~ (n) denote the largest and smallest prime factors of 7,
respectively, with the convention that P~ (1) = oo and P*(1) = 0. Let w(m) be
the number of distinct prime factors of m, and let 7;(n) be the k-th divisor function;



2012 Kevin Ford, Florian Luca and Carl Pomerance

that is, the number of ways to write n =d - - - dx with dy, ..., di positive integers.
Let 1 denote the Mobius function.

First, we present an estimate for the sum of reciprocals of integers with a given
number of prime factors.

Lemma 2.1. Suppose x is large. Uniformly for 1 < h < 2loglogx,

3 w(b) _ (loglogx)"

= .
PH(h)<x !
w(b)=h

Proof. The upper bound follows very easily from

b h P h! o
Pt (b)<x psx
w(b)=h

5 W) _ i(z l)h _ (oglogx +0(1))" _ (loglog x)"

upon using Mertens’ theorem and the given upper bound on /. For the lower bound,

we have
2 h -2
Z w=(b)y _ 1 ( 1) [ h ( 1 1
>_ D 1_( ) " 2
“ Z 2 Z Z 2
rime 0 MNP px P/ TP
w(b)=h

Again, the sums of 1/ p are each loglog x + O(1). The sum of 1/p? is smaller than
0.46, hence for large enough x the bracketed expression is at least 0.08, and the
desired lower bound follows. U

Next, we recall (see e.g., [Davenport 2000, Chapter 28]) the well-known theorem
of Bombieri and Vinogradov, and then we prove a useful corollary.

Lemma 2.2. For any number A > O there is a number B > 0 so that for x > 2

Y E*(xiq)<a

X
—.
g<+/x(logx)=8 (log)

Corollary 1. For any integer k > 1 and number A > 0 we have for all x > 2 that

> w(@E*(x: q) Kk

g<x1/3

X
(logx)#”

Proof. Apply Lemma 2.2 with A replaced by 2A + k?, Cauchy’s inequality, the
trivial bound |E*(x; ¢q)| < x/q and the easy bound

2
D (tog ) 1)
q<y
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to get

2
( > rk<q>E*<x;q>> < ( > rk(q>2|E*<x;q>|>( > |E*<x;q>|)

g<x1/3 g<x'3 g<x1/3

T (q)? x
Lk, A x( Z ) (log x)2A+

q<x1/3 q
< x

which leads to the desired conclusion. O

Finally, we need a lower bound from sieve theory.

Lemma 2.3. There are absolute constants ¢ > 0 and c; > 2 so that for y > ¢,
y3 < x, and any even positive integer b, we have

b
YU 2 7 300 Qb ).
neG2x] @(b) log(bx)log y <y
bn+1 prime
P~ (n)>y

Proof. We apply a standard lower bound sieve to the set
ol = {Ebl ¢ prime, €€ (bx +1,2bx], £=1 (modb)}

Letting s, be the set of elements of & divisible by a squarefree integer d, we have
|Aql = Xg(d)/d +ra, where
_ 1i2bx) —li(bx +1)
@(b) ’

g(d) = ]—[—, Ira| < 2E*(2bx; db).

pld
pib

It follows that for 2 < v < w,

3 8P) 106 p = log  + 0(1).
v

v<p<w

the implied constant being absolute. Apply [Halberstam and Richert 1974, Theo-
rem 8.3] withg =1,& = y3/2 and z =y, observing that the condition 2,(1, L) on
page 142 of that work holds with an absolute constant L. With the function f (u)
as defined on pages 225-227 there, we have f(3) = eV log2 > %. Then with Bjo
the absolute constant in Theorem 8.3 of that work, we have

L 1

f(3)_BIQW P 3



2014 Kevin Ford, Florian Luca and Carl Pomerance

for large enough c;. We obtain the bound

#{x <n <2x:bn+1 prime, P~ (n) > y}

> I TI(1-52) - X 3l

Py p m<§?
c1bx

> -2 320 E*2bx; bm). O

¢(b) log(bx)log y 23

m<y

3. The set-up

If n = A(p1p2--- px), where py, pa, ..., pr are distinct primes, then we have
n=Ilem[p; — 1, pr —1,..., pr — 1]. If we further assume that n is squarefree
and consider the Venn diagram of the sets Si, ..., S; of the prime factors of
p1—1, ..., pr— 1, respectively, then this equation gives an ordered factorization of

n into 2K — 1 factors (some of which may be the trivial factor 1). Here we “see” the
shifted primes p; — 1 as products of certain subsequences of 2! of these factors.
Conversely, given n and an ordered factorization of n into 2¥ — 1 factors, we can
ask how likely it is for those k products of 2%~ factors to all be shifted primes.
Of course, this is not likely at all, but if » has many prime factors, and so many
factorizations, the odds that there is at least one such “good” factorization improve.
For example, when k = 2, we factor a squarefree number n as ajaaz, and we
ask for aja; + 1 = p; and araz + 1 = p; to both be prime. If so, we would have
n = A(p1p2). The heuristic argument from [Luca and Pomerance 2014] was based
on this idea. In particular, if a squarefree n is even and has at least 6; loglogn
odd prime factors (where 6 > k/ log(Zk — 1) is fixed and 6y — 1/log?2 as k — 00),
then there are so many factorizations of n into 2F — 1 factors that it becomes likely
that n is a A-value. The lower bound proof from [Luca and Pomerance 2014]
concentrated just on the case k = 2, but here we attack the general case. As in that
work, we let (n) be the number of representations of n as the A of a number with
k primes. To see that r(n) is often positive, we show that its average value is large,
and that the average value of r(n)? is not much larger. Our conclusion will follow
from Cauchy’s inequality.
Let k > 2 be a fixed integer, let x be sufficiently large (in terms of k), and put

log x
200k loglogx |’

k
[ = L(Zk—l)IOg(zk—]) IOgIOgyJ_ (3_1)

—
For n < x, let r(n) be the number of representations of n of the form

k=1 2k—1

n:l_[a,- Hbj, (3'2)

i=0 =1
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where P+(bj) <y <P (a;)foralli and j, where 2| by« _, where w(b;) =1 for each
j, where a; > 1 for all i, and where furthermore a; B; + 1 is prime for all i, where

B; = l_[ bj. (3-3)

Lj/2'] odd

Observe that each B; is even since it is a multiple of b« (because |2k—1)/2] =
2%=1 _ 1 is odd), each B; is the product of 2~ of the numbers b j» and that every b;
divides By - - - Br—1. Also, if n is squarefree and r(n) > 0, then the primes a; B; + 1
are all distinct, and it follows that

k—1

nzx(]_[<aiB,~+1));

i=0
therefore such n < x are counted by V, (x). We count how often r(n) > O using
Cauchy’s inequality in the following standard way:

S2
#2Fx <n<x: @) =1, r(n) >0} > S—l (3-4)
2

where

Si= Y. @rm),  S= Y @mrim).

2-Zkx <n<x 2-2%kx <n<x

Our application of Cauchy’s inequality is rather sharp, as we will show below that
r(n) is approximately 1 on average over the kind of integers we are interested in,
both in mean and in mean-square. More precisely, in the next section, we prove

X

S , 3-5
1> (log x)Ax (log log x) 9«1 (3-5)
and in the final section we prove
x(loglog x) %M
$H K (log )P (3-6)
where
B =1 —log(le)(l—l—loglog(Zk— 1) —logk). (3-7)

Together, the inequalities (3-4), (3-5) and (3-6) imply that

Vi(x) >

x
(log x)Pr(log log x) O« ()~

We deduce the lower bound of Theorem 1 by noting that limy_, 0 Br = 1.
Throughout, constants implied by the symbols O, «, >, and < may depend
on k, but not on any other variable.
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4. The lower bound for $;

For convenience, when using the sieve bound in Lemma 2.3, we consider a slightly
larger sum S than S, namely

S) = Zr(n),

neN

where N is the set of n € (272 x, x] of the form n =non; with P+ (ng) <y < P~ (n;)
and ng squarefree. That is, in S| we no longer require the numbers ay, . .., a1
in (3-2) to be squarefree. The difference between S| and S| is very small; indeed,
putting h = 2% 4k — 1, note that r(n) < 7;,(n), so that we have by (3-2) the estimate

Si=S1< > mm<Y Y mm<Y wmp) D wmim)

n<x P>y n<x p>y m<x/p?
Ip>y:p?in p2in
X T (m) x(log x)"
<5 ) T =< : “-1)
p>y P m<x m Y

Here we have used the inequality 7, (uv) < 7, (1) 7, (v), as well as the easy bound

> B & (loga, (4-2)
m

m<x

which is similar to (2-1). By (3-2), the sum S counts the number of 2 14k) -tuples
(ag, ..., ar—1, b1, ..., by_y) satisfying

27 %y < ag---ag—1by---by_1 <x 4-3)

and with P*(b;) <y < P*(a;) forevery i and j, by - - - by squarefree, 2 | by _1,
w(bj) =1 for every j, a; > 1 for every i, and a; B; + 1 prime for every i, where B;
is defined in (3-3). Fix numbers by, ..., by_;. Then

k_
bl .. 'bzk—l < y(2 i g y210g10gx — xl/lOOk‘ (4_4)

In the above, we used the fact that k < 210g(2k —1). Fix also Ag, ..., Ay_1, each
a power of 2 exceeding x /%%, such that

X X
<Ap--Ap-1 <

— — (4-5)
2b1 "‘bzk_] b] "‘bzk_l

Then (4-3) holds whenever A;/2 < a; < A; for each i. By Lemma 2.3, using the
facts that B; /¢(B;) > 2 (because B; is even) and A; B; < x (a consequence of (4-5)),
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we deduce that the number of choices for each q; is at least

c14;

—— 2 ) 3°ME*(A;B;;mB;).
log x log y Z ( mB;)

m<y3

Using the elementary inequality

k k k
Hmax(O, Xj—yj) = ij —Z l_[x],
j=1 i=1

j=l1

valid for any nonnegative real numbers x;, y;, we find that the number of admissible
k-tuples (ao, ..., ar—1) is at least

k k—
CIAO"'Ak—l_ZC Aklz Z3w(m)E (A; Bi; mB;)
(log x Tog y)F (logxlog W Ay |

sy = M(A,b) — R(A, D),
say. By symmetry and (4-5),
Z R(A, b)

X
32U E*(AgBo; mBp), (4-6)
(logxlog k-1 Z by-- bzk ! Z Ao mgy:

where the sum on b is over all (2F — 1)—tuples satisfying by - - - by_; < x!/10%,
Write by - - - by« = By B, where B, =bby - - - by _,. Given By and By, the number
of corresponding tuples (b, ..., byx_;) is at most Ty-1(Bo) Tor-1_1 (Bj). Suppose
D/2 < By < D, where D is a power of 2. Since E*(x; ¢) is an increasing function
of x, E*(AgBo; mBy) < E*(AgD; mBy). Also, 3°™ < t3(m) and

Z Tzk IBI( 0) < (log ) -1_1

By<x 0

(this is (4-2) with & replaced by 2k=1'_1). We therefore deduce that

ZR(A b)

Ab

x(log x)?
< —Z Z > )Ty (Bo) E*(AgD; mBy),
k—1
(log x log y) Ao D/2<BO<D
m<y
with the sum taken over (Ay, ..., Ax_1, D), each a power of 2, D < x 1/100k

A; > x1?k foreach i and Ag - -- Ax_; D < x. With Ap and D fixed, the number of
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choices for (Ay, ..., Ax—1) is <K (log X)L Writing ¢ = m By, we obtain

E R(A, D)
Ab .
(log x)? '~ 1
xS 1 Z Z Y E To-143(q) E* (Ao D; q)
(log y) AoD
D<x1/100E 172 2 Ao <x /D g<y3x1/100k
X

where we used Corollary 1 in the last step, with A =2~ —k +4 4 g;.

For the main term, by (4-5), given any by, ..., by-1, the product Ag - -- Ax—1 is
determined (and larger than 1x!=1/190¢ by (4.4)), 50 there are > (log x)*~! choices
for the k-tuple Ay, ..., Ax—1. Hence,

X 1
(log y)* log x Xb: by---by_y

> M(A.b)>

Ab

Let b=b; - - - byx_;. Given an even, squarefree integer b, the number of ordered fac-
torizations of b as b=>b - - - by _1, where each w (b;) =[ and by« _ is even, is equal to

(2K = 1))!
@k —DHEH¥-t

Letb' =b/2,s0 h:=w(') = (2" — 1)l — 1 =k(loglog y)/log(2k — 1)+ O(1). Ap-
plying Lemma 2.1, Stirling’s formula and the fact that (2¥ — 1)/ = h+4 O (1) produces

1 (2" =D TR
Xb: by - - g 202k — 1) ()21 2 b

bk PHIH<y
w(b)=h
(2" = DD! doglogy)"  (loglog y)"
I X = (2 (loglog x)™
2k — Iyelog(2t — 1) 7%~
_ |:( Je :g( )] (log log x)°0

@~ 1Delog2k —1)
g[ e log

k
= (log y) =20 = oglog ;o
= (log y)k*ﬂ”l(log log x)O(l).

Invoking (3-1), we obtain that

D M(A.b)>
Ab

x
(log x)Pr(log log x) 0D~

(4-7)

Inequality (3-5) now follows from estimate (4-7) and our earlier estimates (4-1) of
S} — S and (4-6) of ZA’b R(A, D).
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5. A multivariable sieve upper bound

Here we prove an estimate from sieve theory that will be useful in our treatment of
the upper bound for S,.

Lemma 5.1. Suppose that:

® Y, X1,..., Xy are reals with 3 < y < 2min{xy, ..., x,}.
o Iy, ..., I are nonempty subsets of {1, ..., h}.
e by, ..., by are positive integers such that if I; = I;, then b; # b;.
For n = (ny, ..., ny) a vector of positive integers and for 1 < j < k, let Nj =

Nj(n) = ]—[iE,j n;. Then

#{n:xi<ni<2xi(1<i<h), P_(nl---nh)>y, b‘N‘+1prime(1<j<k)}

Lnk (loglog(3by - - - by))*.

( )h+k
Proof. Throughout this proof, all Vinogradov symbols <« and > as well as the
Landau symbol O depend on both . and k. Without loss of generality, suppose
that y < (min(x;))"/#T%+19 Since n; > x; > y"**+10 for every i, we see that the
number of A-tuples in question does not exceed

Si=#n:x; <n; <2x; 1<i<h), P (ny---np(byNi+1) - - (by Ny +1)) > y}.

We estimate S in the usual way with sieve methods, although this is a bit more
general than the standard applications and we give the proof in some detail (the
case h = 1 being completely standard). Let s{ denote the multiset

k
gﬁ:{nl...nhl_[(ijj—i-l) D Xj <nj<2xj(1<j<h)}.
j=1

For squarefree d < y? composed of primes < y, we have by a simple counting
argument

Ayl :=#aeA:d]| }_%X—i- rd,

where X = x; ---xp, v(d) is the number of solution vectors n modulo d of the
congruence

k
ni-ony [ [N+ 1) =0 (modd),
j=1
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and the remainder term satisfies, for d < min(xy, ..., x),
X; (x1+d)---(xp+d)
Iral < v(d) Z I (L J+ 1) < v(d)Z G dd
i=1 1<I<h
[#i
v(d)X

d"!min(x;)’

The function v(d) is clearly multiplicative and satisfies the global upper bound
v(p) < (h 4 k)p"~! for every p. If v(p) = p" for some p < y, then clearly
S = 0. Otherwise, the hypotheses of [Halberstam and Richert 1974, Theorem 6.2]
(Selberg’s sieve) are clearly satisfied, with k = h + k, and we deduce that

s<x[] (1 - ”;ij)) + Y B@3 @ryl.

Py d<y?
PH(d)<y

By our initial assumption about the size of y,

Xy3 X
Z (3k +3h)*@ s <~

D D3 gl < —
in(x;) y

d<y?

For the main term, consideration only of the congruence n; ---n, = 0 (mod p)
shows that

v(p) = h(p— D" =mp" "+ 0"

for all p. On the other hand, suppose that p { by - - - by and furthermore that p { (b; —
bj) whenever I; = I;. Each congruence b; N;+1=0 (mod p) has ph_1 + O(ph_z)
solutions with ny...n; # 0 (mod p), and any two of these congruences have
O (p"~?%) common solutions. Hence, v(p) = (h+k)p" '+ 0(p"~?). In particular,

h I h+k I
—+0(—2)< v o L+0< 2) (5-1)
p p p p p

Further, writing E = by - - - b ]_[l.#j |b; — b |, the upper bound (5-1) above is in fact
an equality except when p | E. We obtain

v(p) ki IN™* (E/@(E)*  (loglog3E)*
[1(-57) <T1(1-) ﬂ(l"> < logy)F < logy)i+F

Py Py p

and the desired bound follows. O
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6. The upper bound for S,

Here, S, is the number of solutions of

k—1  2k—1 k=1 2k—1
n=l_[a,- HbJ-:l—[a;l_[b’., 6-1)
i=0  j=I i=0 j=I

with2 = %*x <n<x,n squarefree,
Pt (b} by by ) <y < P (apay - - ak—1a;_y),

w(bj)= a)(b;.) =1 forevery j,a; > 1 foreveryi, 2|by_y, 2|b), |, and a;B; +1
and a; B/ + 1 prime for 0 <i < k — 1, where B/ is defined analogously to B; (see
(3-3)). Trivially, we have

k—1 2k—1 2k—1

k—1
a=[la=[]a. b=]]bi=]]" (6-2)
i=0 i=0 j=1 j=1

We partition the solutions of (6-1) according to the number of the primes a; B; 4 1
that are equal to one of the primes a} B} + 1, a number which we denote by m.
By symmetry (that is, by appropriate permutation of the vectors (ag, . .., ax—1),
(ay, ., ax-1), (b1, ..., by_y) and (b, ..., /zk_l)l), without loss of generality
we may suppose that ¢; B; = a; B} for 0 <i <m — I and that

al‘B,‘ ;éaij (i >m,] >m) (6-3)

Consequently,

ai=a. and B;=B (0<i<m-—1). (6-4)

Now fix m and all the b; and b;.. For 0 <i < m — 1, place g; into a dyadic
interval (A;/2, A;], where A; is a power of 2. The primality conditions on the
remaining variables are now coupled with the condition

/ /
am...ak_lzam...ak_l_

IThe permutations may be described explicitly. Suppose that m < k — 1 and that we wish to

permute (by, ..., by_;) such that B;, ..., B;, become By, ..., Bj,_1, respectively. Let §; =
{1<j< 2k_1: Lj/2"] odd}. The Venn diagram for the sets Siy»---»S;, has 2™ — 1 components of
size 26=m=1 and one component of size 2k=m=1_1 and we map the variables b; with j in a given

component to the variables whose indices are in the corresponding component of the Venn diagram
for Sg, ..., Sp—1-
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To aid the bookkeeping, let «; ; = gcd(a;, a; ) form <i, j <k—1. Then

k—1 k—1
/
alzl_[a,-,j, ajzl_[oz,-,j. (6-5)
j=m i=m

As each ag; > 1, a} > 1, each product above contains at least one factor that is
greater than 1. Let I denote the set of pairs of indices (i, j) such that o;; ; > 1, and
fix 1. For (i, j) € I, place «; ; into a dyadic interval (A; ;/2, A; ], where A; ; is a
power of 2 and A; ; > y. By the assumption on the range of n, we have

X
Ai Pi= —. 6-6
<,-l,-_>[€, J= (6-6)

For 0 <i <m —1, we use Lemma 5.1 (with 2 = 1) to deduce that the number of
a; with A; /2 <a; < A;, P (a;) > y and a; B; + 1 prime is

< A;loglog B; A;(log logx)3

(6-7)
log? y log? x
Counting the vectors (@;, ), j)er subject to the conditions

. Aij/2<aij<AijandP_(ozij)>yfor(i,j)eI;
e a;B;i+ 1 prime (m <i <k—1);

ajB’ + 1 prime (m < j <k—1);

condition (6-5)

is also accomplished with Lemma 5.1, this time with 2 = |I| and with 2(k — m)
primality conditions. The hypothesis in the lemma concerning identical sets I;,
which may occur if o; j = a; = a} for some i and j, is satisfied by our assumption
(6-3), which implies in this case that B; # B ; The number of such vectors is at most

[T jyer Aijoglogx)® 2" T o ; Ay, j(loglog )l IH4E=4m
(1Og )’)|1|+2k_2m (log x)”H-Zk—Zm .

(6-8)

Combining the bounds (6-7) and (6-8), and recalling (6-6), we see that the number
of possibilities for the 2k-tuple (ao, . .., ax—1,a;. .., a;_,) is at most

x(loglog x)°W
b(logx)'”“k '

With [ fixed, there are O ((log x)1Hm=1y choices for Ay, ..., A,—; and A, j subject
to (6-6), and there are O (1) possibilities for /. We infer that with m and all of the
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bj, b} fixed, the number of possible (ao, ..., a1, 4. .., a;_,) is at most

x(loglog x)0M
b(log x)2k+1—m :

We next prove that the identities in (6-4) imply that
B, =B, (ve{0,1}"), (6-9)

where B, is the product of all b; where the m least significant base-2 digits of j
are given by the vector v, and B, is defined analogously. Fix v = (vo, ..., Up—1).
ForO0<i<m—1,let C; = B; if v =1 and C; = b/B; if v; =0, and define C;
analogously. By (3-3), each number b; where the last m base-2 digits of j are
equal to v divides every C;, and no other b; has this property. By (6-4), C; = C;
for each i and thus

Co-Cpy1=Ch---C,_,.

As the numbers b; are pairwise coprime, in the above equality the primes having
exponent m on the left are exactly those dividing B,, and similarly the primes on
the right side having exponent m are exactly those dividing B, . This proves (6-9).

Say b is squarefree. We count the number of dual factorizations of b compatible
with both (6-2) and (6-9). Each prime dividing b first “chooses” which B, = B, to
divide. Once this choice is made, there is the choice of which b; to divide and also
which b}. For the 2" — 1 vectors v # 0, B, = B, is the product of 2K=m numbers b j
and also the product of 2K~ numbers b;.. Similarly, By is the product of 2= — 1
numbers b; and 2k=m _1 numbers b;.. Thus, ignoring that w (b;) =w (b;) =/ for each

Jj and that box_; and b/2k—1 are even, the number of dual factorizations of b is at most

((2m _ 1)(2/{-/’!’!)2 + (zk—m _ 1)2)6!)(17) — (22k—m _ 2k+1—m + 1)a)(b) (6-10)

Again, let

h=wb)=02"-1l= loglog y + O(1),

log(2k — 1)

as in Section 4. Lemma 2.1 and Stirling’s formula give

2 h
Z w=(b) < (loglog y)

o & (elog(2¥ —1)/k)".

PT(B)y
w(b)=h



2024 Kevin Ford, Florian Luca and Carl Pomerance

Combined with our earlier bound (6-10) for the number of admissible ways to dual
factor each b, we obtain

x(loglog x)°M

$H K
log x

(elog(2* — 1)/k>h

2k—m _~k+1-m
XZ(log " i R

For real ¢ € [0, k], let f(t) = klog(2?k=" —2K+1=" 1 1) — 2k — 1) log(2* — 1). We

have f(0) = f(k) =0 and

k(log?2 2 22k _2k+1 -t

£(0y = Klog2)( )
(22k—z — Dk+1-t + 1)2

Hence, f(t) <0 for 0 <t < k. Thus, the sum on m in (6-11) is O(1), and (3-6)

follows.
Theorem 1 is therefore proved.

> 0.
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