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What is the true order of growth of torsion in the cohomology of an arithmetic
group? Let D be a quaternion algebra over an imaginary quadratic field F . Let
E/F be a cyclic Galois extension with 0E/F = 〈σ 〉. We prove lower bounds for
“the Lefschetz number of σ acting on torsion cohomology” of certain Galois-
stable arithmetic subgroups of D×E . For these same subgroups, we unconditionally
prove a would-be-numerical consequence of the existence of a hypothetical base
change map for torsion cohomology.

0. Introduction 2197
1. A priori predictions via torsion base change functoriality 2203
2. Local systems over locally symmetric manifolds 2206
3. Zeta functions and analytic torsion of equivariant, metrized local

systems 2208
4. Base change for quaternion algebras and analytic torsion 2211
5. Matching at places where E/F is unramified 2219
6. Matching at places where E/F is tamely ramified 2221
7. A numerical form of base change functoriality for torsion 2228
8. Asymptotic growth of analytic torsion and torsion cohomology2230
List of symbols 2237
Acknowledgements 2239
References 2239

A list of symbols can be found on page 2237.

0. Introduction

Let H/Q be a semisimple group. Let K ⊂ H = H(R) be a maximal compact
subgroup and X = XH = H/K the symmetric space of maximal compact sub-
groups of H . Fix an arithmetic subgroup 0 ⊂ H(Q). Let ρ : H → GL(V ) be a
homomorphism of algebraic groups over Q and let M ⊂ V be a 0-stable lattice.
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Suppose that H/Q is anisotropic and that MR is strongly acyclic [Bergeron
and Venkatesh 2013, §4]. Let 0n ⊂ 0 be a sequence of subgroups for which the
injectivity radius of 0n\X approaches infinity. Bergeron and Venkatesh [2013]
prove that if the fundamental rank1 of X equals 1, then

lim inf
n

∑
i log|H i (0n,M)tors|

[0 : 0n]
> 0.

Little is known about the true order of growth of log|H∗(0n,M)tors| for X of
fundamental rank 6= 1.

Let F be an imaginary quadratic field and let E/F be a cyclic Galois extension of
degree p. Let D be a quaternion algebra over F . One goal of this paper is to prove
lower bounds for the amount of torsion in the cohomology of locally symmetric
spaces for XPGL1(DE ), which has fundamental rank p > 1.

Calegari and Venkatesh [2012, §2] have proposed an analogue of Langlands func-
toriality for torsion cohomology. The hypothetical existence of torsion base change
functoriality leads one to predict that torsion cohomology on locally symmetric
spaces for XPGL1(D) — proven to be abundant in [Bergeron and Venkatesh 2013] —
can be lifted to torsion cohomology on locally symmetric spaces for XPGL1(DE ).
A second goal of this paper is to unconditionally prove a numerical relationship
between the cohomology of certain locally symmetric spaces for XPGL1(DE ) and
“matching” locally symmetric spaces for XPGL1(D) which is consistent with base
change for torsion.

0A. Notational setup for statement of main results.

0A1. Analytic torsion and Reidemeister torsion. Let L→M be a local system of
C-vector spaces, equipped with a Hermitian metric, over a compact Riemannian
manifold M. Let σ , of prime order p, act equivariantly by isometries on L→M.
Let 1L denote the Laplace operator for L. Let τσ (M,L) denote the σ-equivariant
analytic torsion of L→M; it is a spectral quantity defined purely in terms of the
action of σ on the eigenspaces of 1L (see Section 3A).

We define the untwisted analytic torsion of a metrized local system L→ M to
be τ(M, L) := τ1(M, L).

We let RTσ (M,L) denote the equivariant Reidemeister torsion of L→M; it is
an equivariant topological invariant, described in a manner tailored to our needs in
[Lipnowski 2014, §1.3].

We let RT(M, L) := RT1(M, L) denote untwisted Reidemeister torsion.

1The fundamental rank of H/K is rank(H)− rank(K ), where rank denotes the dimension of any
maximal torus, not necessarily split.
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0A2. The locally symmetric spaces. Let D be a quaternion algebra over an imagi-
nary quadratic field F . Let E/F be a cyclic Galois extension of prime degree p,
with Galois group 0E/F ; we fix a generator σ for 0E/F . Let G denote the adjoint
group of D×, the unit group of D considered as an F-algebraic group. We form the
associated locally symmetric space

MU = G(E)\G(AE)/KU, MU = G(F)\G(AF )/KU,

where U is a compact open Galois-stable subgroup of G(Afin
E ); U is a compact open

subgroup of G(Afin
F ); K is a Galois-stable maximal compact subgroup of G(ER);

and K =K0E/F is a maximal compact subgroup of G(FR). There is a G(ER)o0E/F -
invariant metric on G(ER)/K and a G(FR)-invariant metric on G(FR)/K which
descend to metrics on MU and MU respectively; these invariant metrics are unique
up to scaling. For a discussion of normalization of these metrics, see Section 2.

0A3. The local systems. Let N/F be a finite extension and V an N-vector space.
Let ρ̃ : ResE/F G o 0E/F → ResN/F GL(V ) and ρ : G → ResN/F GL(W ) be
algebraic representations (over F). We fix “integral structures” within V and W ,
i.e., ON -lattices inside V and W ; let U0 and U0 be their respective stabilizers inside
G(Afin

E ) and G(Afin
F ).

The representation ρ̃ gives rise to a local system of N-vector spaces Lρ̃→MU
with an action of 0E/F . Similarly, the representation ρ gives rise to a local system
of N-vector spaces Lρ→MU . Let Lρ̃ι , Lρι denote the scalar extensions of Lρ̃ , Lρ by
the complex embedding ι : N ↪→ C. If U ⊂ U0 and U ⊂U0, the integral structures
on V , W yield integral structures on these local systems, i.e., local systems of
ON -modules, which we denote by

L0
ρ̃→MU , L0

ρ → MU .

We discuss the integral structures and scalar extensions in greater detail in Section 2B.

0B. Statements of main results. Let

MU = G(F)\G(AF )/KU, where K = K∩ G(FR), U = U ∩ G(Afin
F ).

Sample Theorem (comparison of analytic torsion). Let E/F be an everywhere
unramified Galois extension of odd prime degree. Suppose that U is a parahoric
level structure (see Definition 5.1) and that ρ and ρ̃ match (see Section 4C). Then,
for any complex embedding ι : N ↪→ C,

τσ (MU ,Lρ̃ι)= τ(MU , Lρι)
p.

A more general statement, which allows any E/F that is everywhere tamely
ramified, is proven in Sections 4D and 6. The relationship in the more general case
between τσ (MU ,Lρ̃ι) and τ(MU , Lρι) has the same flavor but is not as simply stated.
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Spectral comparisons such as the sample theorem, in conjunction with Cheeger–
Müller theorems (see Section 0C), have consequences for torsion in the cohomology
of L0

ρ̃
. In order to describe these implications, we use the following notational

shorthand:

•
∑
∗ denotes an alternating sum.

• P denotes the p-cyclotomic polynomial P(x)= x p−1
+ x p−2

+ · · ·+ 1.

• For any Z[σ ]-module A and any polynomial h ∈ Z[x], we let Ah(σ ) be the set
{a ∈ A : h(σ )a = 0}.

Sample Theorem (relationship between sizes of torsion subgroups). Let E/F
be an everywhere tamely ramified Galois extension of odd prime degree with
0E/F = 〈σ 〉. Let the places where E/F is ramified and the places where D is
ramified be disjoint. Suppose that:

• ρ, ρ̃ are matching representations of the sort described in Section 7A.

• The level structure U is tamely parahoric at each unramified place of E/F
(see Definition 6.16).

Then there is an explicit finite collection of compact open subgroups U ⊂ G(Afin
F )

and explicit constants cU such that∑∗

log|H i (MU ,L0
ρ̃)
σ−1
tors | −

1
p− 1

log|H i (MU ,L0
ρ̃)

P(σ )
tors |

=

∑
U

cU

∑∗

log|H i (MU , L0
ρ )tors| + n log p

for some integer n. Furthermore, n can be bounded linearly by dimFp H i (Mσ
U ,L

0
ρ,Fp
).

For a more precise statement, see Theorem 7.4. An appropriate generalization of
the sample theorem also has consequences for growth of torsion in the cohomology
of the spaces MU .

Corollary (growth of torsion for fundamental rank > 1). Let E/F be every-
where tamely ramified with [E : F] odd. Let the places where E/F is ramified
and the places where D is ramified be disjoint. Let Un ⊂ U0 denote a sequence of
compact open subgroups of G(Afin

E ) such that:

• The injectivity radius of MUn approaches∞.

• The level structures Un are tamely parahoric at each unramified place of E/F
(see Definition 6.16).

• Let Un ⊂ G(Afin
F ) denote the matching level structure implicit in the definition

of tamely parahoric (see Definition 6.16). For every complex embedding
ι : N ↪→ C, the local systems Lρι → MUn form a strongly acyclic family (see
Section 8A), where ρ and ρ̃ are matching representations (see Section 4C).
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Then

lim sup
n

log
∣∣H∗(MUn ,L0

ρ̃
)
∣∣

vol(MUn )
1/p > 0.

In fact, we prove an asymptotic formula for the “Lefschetz numbers of σ acting
on H∗(MUn ,L0

ρ̃
)tors” (see Section 8C).

0C. Main tools. Three main inputs are used to prove these theorems:

(a) Cheeger–Müller theorems. Let L→M be a local system of metrized C-vector
spaces acted on equivariantly by an isometry σ of finite order p. A Cheeger–Müller
theorem is an identity

τσ (M,L)= RTσ (M,L)

valid for some class of metrized local systems L and some class of equivariant
isometries σ . This remarkable formula was originally fathomed, for σ = 1 and
L unitarily flat, by Ray and Singer [1971]. When σ equals 1 and L is unitarily flat,
it was proven independently by Cheeger [1979] and Müller [1978]. An extension
to σ = 1 and general unimodular L was proven by Müller [1993].

A general version of this theorem for σ 6= 1 is proven by Bismut and Zhang
[1994]. This general version expresses the difference between log RTσ (M,L) and
log τσ (M,L) in terms of auxiliary differential geometric data on a germ of the
fixed point set of σ . The author proves in [Lipnowski 2014] that this difference
equals zero in the cases to be studied in this paper.

Cheeger–Müller theorems provide a bridge between the analytic expression
τσ (M,L) and the quantity RTσ (M,L). In the case where L is the complexification
of a local system of Z-modules L0, the latter can concretely be related to the
σ-module H∗(M,L0)tors [Lipnowski 2014, Corollary 3.8].

(b) Trace formula comparison. Using Cheeger–Müller theorems, torsion in coho-
mology of arithmetic groups related by base change can be compared by instead
comparing analytic torsions. In the case of compact quotient, the equivariant analytic
torsion of (M,L) is determined by the spectral side of the twisted Arthur–Selberg
trace formula for an appropriate family of test functions (see Section 3). The
analytic torsion of (M, L) is determined by the spectral side of the untwisted trace
formula for a matching family of test functions.

Comparing these spectral quantities uses the methods of [Langlands 1980]
together with some local representation theory for PGL2. In particular, we need
to prove a “fundamental lemma for the spherical unit” for tamely ramified base
change of PGL2.

(c) The results of Bergeron and Venkatesh [2013] on growth of untwisted analytic tor-
sion for sequences of locally symmetric spaces with universal cover of fundamental
rank 1.
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Combining (a) with (b) proves an identity relating sizes of torsion cohomology
for arithmetic groups related by base change (see Theorem 7.4). The resulting
identity is consistent with implications of torsion base change functoriality (see
Section 1).

Combining (a) with (c) proves the growth of “Lefschetz numbers for torsion”.
See Theorem 8.5 for a more precise statement.

0D. Outline. In Section 1, we discuss base change functoriality over Z. Base
change functoriality over Z predicts one of the main results of this paper, a relation-
ship between the sizes of torsion subgroups on locally symmetric spaces related by
base change.

In Section 2, we discuss (equivariant) local systems over locally symmetric spaces.
We explain in Section 2B how, for finite extensions N/F , algebraic homomorphisms
G→ RN/F GL(V ) over F give rise to local systems of ON -modules over MU for
appropriate compact open subgroups U ⊂ G(Afin

F ).
In Section 3, we express the σ-twisted analytic torsion of Lρ̃ι →MU and the

untwisted analytic torsion of Lρι→ MU in purely representation theoretic terms.
In Section 4, we use Langlands’ representation theoretic statement of base change

to prove an abstract matching Section 4D, which will ultimately imply identities of
the flavor

τσ (MU ,Lρ̃ι)= τ(MU , Lρι)
p

of the aforementioned sample theorem. In order to apply this matching theorem,
we need to find instances of matching test functions, which will be the objective of
Sections 5 and 6.

In Section 5, we describe some circumstances under which the desired matching
test functions can be found. This matching only applies at places v where Ev/Fv is
unramified. Here is where we finally define and discuss parahoric level structure.

In Section 6, we prove a matching theorem at places v where Ev/Fv is tamely
ramified. In Section 6D, we define tamely parahoric level structures, those level
structures which occur in the matching theorem (Theorem 6.17) and the numerical
cohomology comparison theorem (Theorem 7.4).

In Section 7, we prove the numerical cohomology comparison theorem (Theorem
7.4) for the local systems introduced in Section 7A.

In Section 8, we use the main comparison corollary for analytic torsion (Corollary
4.19) together with [Bergeron and Venkatesh 2013, Theorem 4.5] to prove that, for
appropriate equivariant local systems L and level structures U (see Definition 5.1),
the twisted analytic torsion log τσ (MU ,L) is asymptotic to vol(MU )

1/p. Combined
with the results of [Lipnowski 2014, §§1–5] — which relate equivariant Reidemeis-
ter torsion to cohomology — asymptotic growth of cohomology is proven. The
results of [Bergeron and Venkatesh 2013] prove asymptotic growth of Reidemeister
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torsion, which one might loosely think of as an “Euler characteristic for torsion in
cohomology”. In the same vein, the results of Section 8 prove “asymptotic growth
of Lefschetz numbers for torsion in cohomology”.

1. A priori predictions via torsion base change functoriality

Calegari and Venkatesh [2012, §2] have conjectured an analogue of Langlands
functoriality for mod p and torsion cohomology of arithmetic locally symmetric
spaces. In this section, we explain how one of our main results, Theorem 7.4, is
roughly predicted by their conjecture applied to base change.

1A. Base change functoriality over Z . For a more general discussion of functori-
ality over Z, we refer the reader to [Calegari and Venkatesh 2012, §2].

Let F be any number field and E/F a cyclic Galois extension of odd prime
degree p. Let G1/F be any group and let G2 = RE/F G1. In accordance with
functoriality over Z, the diagonal map of L-groups [Buzzard and Gee 2015]

LG1
φ
−→

LG2, (g, σ ) 7→ (g, . . . , g)× σ

is expected to give rise to a Hecke-equivariant map φ∗ on cohomology, torsion or
otherwise. For certain groups such as G1, the unit group of a semisimple algebra
over F , this correspondence is known for characteristic zero cohomology.

One main purpose of this paper is to unconditionally prove certain would-be-
numerical consequences of the existence of the hypothetical map φ∗. The analogue
of this program was carried out for Jacquet–Langlands functoriality for PGL2 in
[Calegari and Venkatesh 2012].

1B. Conjectures on torsion base change. This highly speculative section dis-
cusses implications of the existence of a base change map φ∗, as above. The
discussion uses the language of Langlands’ theory of base change, to be reviewed
in Section 4A.

Let D be a quaternion algebra over a number field F . Let G denote the adjoint
group of its group of units. Let E/F be a cyclic Galois extension with 0E/F = 〈σ 〉.
Let U ⊂ G(Afin

E ) and U ⊂ G(Afin
F ) be compact open subgroups with U Galois-

invariant. Let U and U have respective volume-1 Haar measures dũ and du. Let
K ⊂ G(FR) be a maximal compact subgroup and K ⊂ G(ER) a Galois-invariant
maximal compact subgroup. Let

MU = G(E)\G(AE)/KU and MU = G(F)\G(AF )/KU.

For compact open subgroups J ⊂ G(Afin
F ) and J ⊂ G(Afin

E ), let

W J
= L2(G(F)\G(AF )/J ) and WJ

= L2(G(E)\G(AE)/J ).
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Definition 1.1. We say that 1U dũ and
∑

U cU 1U du (finite sum) are matching level
structures if

tr{σ |π̃U
fin} =

∑
U

cU dimπU
fin

for every pair of representations π̃ of G(AE)o0E/F and π of G(AF ) which match
by base change (see Section 4A). If E ′/F is a second cyclic Galois extension and
U ′ ⊂ G(AE ′) and U ⊂ G(AE) both match a common level structure, we say that
U and U ′ are related.

Lemma 1.2. Matching level structures satisfy the identity of traces in cohomology

tr{σ |H∗(MU ,LC)} =
∑

U

cU dim H∗(MU , LC) (1)

for local systems L, L associated to compatible representations ρ̃ of RE/F Go0E/F

and ρ of G (see Section 4C for a discussion of matching representations and
matching local systems).

Proof. We can decompose

H∗(MU , LC)=
⊕

dim HomG(AF )(π,W ) dimπU
fin · H

∗(π∞⊗ ρ)

in accordance with Matsushima’s formula [Borel and Wallach 2000, Chapter VII,
Theorem 5.2], where H∗(π∞⊗ ρ) denotes (g, K )-cohomology; this is a represen-
tation theoretic incarnation of Hodge theory. Because the level structures match,
we are reduced to proving that

tr{σ |H∗(π̃∞⊗ ρ̃)} = dim H∗(π∞⊗ ρ)

for pairs of representations π̃ of G(AE)o0E/F and π of G(AF ) which match by
local base change. In this particular situation, G(ER) is isomorphic to G(FR)

p,
and π̃∞ ∼= π

�p
∞ , where σ acts by cyclic permutation. By the Künneth formula for

(g, K )-cohomology, H∗(π̃∞⊗ ρ̃)∼= H∗(π∞⊗ρ)⊗p (graded tensor product), where
σ again acts by cyclic permutation. The result then follows by the elementary fact
that, for any finite dimensional V ,

tr{cyclic permutation|V⊗p
} = dim V . �

Corollary 1.3. If U ⊂ G(AE) and U ′ ⊂ G(AE ′) are related level structures, then

tr{σ |H∗(MU ,LC)} = tr{σ |H∗(M′

U ′,L
′

C)}.

We optimistically conjecture that an analogous conjecture is true of torsion
cohomology.
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Conjecture 1.4 (Galois structure). For related rationally acyclic local systems
L0
→MU , L′0→MU ′ , the graded Z[σ ]-modules H∗(M′

U ′,L
′0) and H∗(MU ,L0)

are isomorphic.

Let E ′ = F × · · · × F/F be a split extension of degree p and E/F a cyclic
Galois extension of degree p. For simplicity, suppose that there are compact open
subgroups U ⊂ G(Afin

E ), J ⊂ G(Afin
F ) for which 1U du matches 1J d j ; examples

of this sort are constructed in Section 5. If we simply take U ′ = J × · · ·× J , then
U and U ′ are related and we have M′

U ′ = MJ × · · ·×MJ . Suppose that L0
→MU

and L0
→ MJ are matching (rationally acyclic) local systems (see Section 4C).

Then Conjecture 1.4 predicts that

H∗(MU ,L0)∼=Z[σ ] H∗(M′

U ′, (L
0)�p)

= H∗(MJ × · · ·×MJ , (L0)�p)∼= (H∗(MJ , L0))⊗̂p,

where ⊗̂p denotes the p-fold left-derived tensor product. For example, suppose
the `-primary part of H∗(MJ , L0) is isomorphic to Z/`Z in degree d , generated by
c ∈ H d(MJ , L0). Conjecture 1.4 predicts the existence of a graded Z[σ ]-submodule
C̃ ⊂ H∗(MU ,L0) isomorphic to H∗((Z `

−→Z)[d]⊗p); the action of σ on the latter
group is induced by cyclic permutation of the tensor factors.

Remark 1.5. One computes that H∗((Z `
−→Z)[d]⊗p) is isomorphic, as a graded

Z[σ ]-module, to the exterior algebra on the Z/`Z-vector space

(Z/`Z)[σ ]/〈σ p−1
+ · · ·+ σ + 1〉

starting in degree p(d − 1)+ 1.

We mention, in passing, an even more speculative conjecture, pertaining to
Hecke-equivariance of this correspondence on cohomology.

Conjecture 1.6 (Hecke-equivariance of base change). Suppose c, C̃ are as above.
Suppose that c is a G-Hecke eigenclass, i.e., for every v where G/Fv is split and
Jv is hyperspecial and for every ρ ∈ Rep(LG),

Tρ(c)= aρc;

here, Tρ ∈Hv denotes the image of ρ under the Satake isomorphism Hv
∼=Rep(LG).

Then, for every c̃ ∈ C̃ and every τ ∈ Rep(LRE/F G),

Tτ c̃ = aτ◦φ c̃.

1C. A numerical consequence to be expected of torsion base change. Let U , U ′,
L, L , E , E ′, F be as in the previous section.
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For Galois-equivariant, rationally acyclic local systems L0
→MU as above,

where 0E/F = 〈σ 〉, we consider the alternating product

Rσ (L) :=
∏∗ |H i (MU ,L0)σ−1

|

|H i (MU ,L0)P(σ )|
1

p−1

.

In support of Conjecture 1.4 and Remark 1.5, we compute in [Lipnowski 2014,
Lemma 5.3] that

Rσ (L)= Rσ (L�p)= R(L)p, R(L) :=
∏∗

|H i (MJ , L0)|, (2)

at least up to powers of p.
The invariant Rσ (L) is very closely related to the twisted Reidemeister torsion

of L (see [Lipnowski 2014, §1.3]). It is a miraculous fact (see [Bismut and Zhang
1994, Theorem 0.2; Lipnowski 2014, Theorem 1.23]) that the twisted Reidemeister
torsion is closely related to the twisted analytic torsion τσ (L), an equivariant spectral
invariant of the metrized, equivariant local system L (described in [Lipnowski 2014,
§1.1]). The main content of this paper is comparing τσ (L) to the untwisted analytic
torsion τ(L) of a matching (see Section 4C) local system. A prototypical example:

Sample Theorem (comparison of analytic torsion). Let E/F be everywhere un-
ramified. Let U ⊂ G(Afin

E ) be a parahoric level structure (see Definition 5.1) and
U ⊂ G(Afin

F ) an associated level structure (see Definition 5.3). Then

τσ (MU ,L)= τ(MU , L)p

(see Corollary 4.19 combined with Theorem 6.17 for a more general statement). By
applying appropriate versions, both twisted and untwisted, of the Cheeger–Müller
theorem (see [Lipnowski 2014, §§1–2]), we arrive at the equalities

Rσ (MU ,L)∼ τσ (MU ,L)= τ(MU , L)p
= R(MU , L)p,

where ∼ denotes equality up to powers of p. This reasoning is applicable to those
matching pairs L, L of local systems described in Section 7A.

2. Local systems over locally symmetric manifolds

2A. Complex local systems over locally symmetric spaces. Let H be a semisimple
group over a number field F . Let K ⊂ H = H(FR) be a maximal compact subgroup
and U ⊂ H(Afin

F ) a compact open subgroup. Assume U is small enough that
H(F) acts freely on H(AF )/KU . Then the quotient MU = H(F)\H(AF )/KU is
a manifold.
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Let W be a complex vector space and ρ : H → GL(W ) an irreducible represen-
tation. We form the local system

Lρ = H(F)\(H(AF )/KU ×W )→ MU , (3)

where H(F) acts by h · (h′KU, w) = (hh′KU, ρ(h∞)w) and the bundle map is
given by the first coordinate projection.

2A1. Equivariant local systems. Let 0 be a finite group of automorphisms of H .
Suppose the action of 0 preserves both U and K . Then 0 acts on the manifold MU .
Suppose further that the representation ρ : H→GL(W ) extends to a representation
ρ̃ : H o0→ GL(W ). The action

0× Lρ→ Lρ, (hKU, w) 7→ (σ (h)KU, ρ̃(σ )(w)) (4)

covers the action of 0 on MU . The action (4) gives Lρ the structure of an equivariant
local system.

2A2. Riemannian structure. We refer to [Bergeron and Venkatesh 2013, §3.4] for
a discussion of the normalizations used here.

Let θ be the Cartan involution corresponding to K with associated decomposition
h := Lie(H(FR)) = k⊕ p into the +1-eigenspace k = Lie(K ) and the −1-eigen-
space p.

By Weyl’s unitary trick, the irreducible representation ρ : H(FR)→ GL(W )

corresponds to a unique representation, which we also call ρ, of the compact dual
group S of H ; more precisely S is the normalizer in H(FC) of the real Lie algebra
k⊕ ip. There is a unique Hermitian metric on Wι which is S-invariant, up to scaling.
Fix such a choice of metric 〈 · , · 〉0. We use this choice to define a metric ‖ · ‖ on
the bundles Lρ :

‖(hKU, v)‖2 = ‖ρ(h−1
∞
)v‖20 for (h, v) ∈ Lρ .

Suppose a finite group 0 acts on H by automorphisms and normalizes K and U .
Then 0 also normalizes S and so automatically preserves the metric ‖ · ‖0. If the
representation ρ extends to a representation ρ̃ : H o 0 → GL(W ), then 0 acts
on Lρ , as in Section 2A1, by isometries.

2B. Rational and integral structures on local systems. Let W be an N-vector
space with N/F a finite extension of number fields and let O⊂W be an ON -lattice.
Let ρ : H → RN/F GL(W ) be an algebraic representation defined over F . Let
U ⊂ H(Afin

F ) be a compact open subgroup and K ⊂ H(FR) a maximal compact
subgroup with X = H(FR)/K . Assume U is small enough that H(F) acts freely
on H(AF )/KU . We form an associated local system of N-vector spaces

Lρ = H(F)\((H(AF )/KU )×W )→ MU = H(F)\H(AF )/KU
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where h · (x, w)= (hx, ρ(h)w) for h ∈ H(F).
Now suppose that O ⊂W is an ON -lattice. The group H(Afin

F ) acts through ρ
on the space of ON lattices of W , and we suppose that U stabilizes O. Consider
the local system of ON -lattices over X × H(Afin

F )/U given by

30
ρ := {(x, hU, v) : v ∈ ρ(h)O} → X × H(Afin

F )/U

with the bundle projection given by projection onto the first two factors. The group
H(F) acts on 30

ρ diagonally: h · (x, gU, v)= (h∞x, hfingU, ρ(h)v). We let

L0
ρ := H(F)\30

ρ → MU (5)

denote the quotient, which satisfies the following properties:

(1) L0
ρ is a local system of ON -modules.

(2) L0
ρ ⊗ON N = Lρ .

(3) Let ι : N ↪→ C be a complex embedding. Let ρι : H(FR)→ GL(Wι) be the
composition

ρι = H(FR)→ H(FC)→ GL(Wι).

Then
(L0
ρ )⊗ι C= Lρι .

Here, Lρι denotes the local system of C-vector spaces associated to the complex
representation ρι in Section 2A.

Remark 2.1. Given an algebraic representation ρ̃ : RE/F Ho0E/F→ RN/F GL(W )

defined over F , the constructions of this section apply equally well and give rise
to Lρ̃ and L0

ρ̃
, respectively equivariant local systems of ON -modules and N-vector

spaces satisfying

L0
ρ̃ ⊗ON N = Lρ̃ and Lρ̃ ⊗ι C= Lρ̃ι,

where the latter is the equivariant local system of complex vector spaces constructed
in Section 2A1.

3. Zeta functions and analytic torsion of equivariant, metrized local systems

3A. Equivariant analytic torsion over general manifolds. Let M be a compact
Riemannian manifold and L→M a local system of C-vector spaces equipped with
a Hermitian metric. Let σ act compatibly on M and L by a finite order isometry.

Remark 3.1. We do not require the parallel transport associated to the flat structure
L→M to be unitary.
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Let dL :�
•(M,L)→�•(M,L) denote the exterior derivative, defined on local

sections by dL(ω⊗ s) = dw⊗ s. Let d∗L denote the formal adjoint of dL. Then
1 = dLd∗L + d∗LdL is the Laplace operator associated to L. We let 1j denote its
restriction to � j (M,L).

Definition 3.2 (cf. [Lück 1993, (1.12)]). The j-th equivariant zeta function of
(L→M, σ ) is defined by

ζj,L,σ (s)=
∑
λ>0

tr(σ |Eλ)λ−s,

where the sum runs over the positive eigenvalues λ of 1j , with corresponding
eigenspace Eλ.

The j-th zeta function of the metrized local system of complex vector spaces
L→ M over a compact Riemannian manifold is defined by

ζj,L := ζj,L ,id.

Each ζj,L,σ admits a meromorphic continuation to the entire complex plane
which is regular at s = 0 [Lück 1993, Lemma 1.13].

Definition 3.3 [Lück 1993, Definition 1.14]. The equivariant analytic torsion of
the triple (L→M, σ ) is the quantity

τσ (L) := exp
(
−

1
2

dim M∑
j=0

(−1) j j · ζ ′j,L,σ (0)
)
.

The untwisted analytic torsion (or simply analytic torsion) of a metrized local system
L→ M over a compact Riemannian manifold M is defined to be τ(L) := τid(L).

3B. Equivariant analytic torsion over locally symmetric manifolds. Let H be a
semisimple algebraic group over a number field F . Let E/F be a cyclic Galois
extension of degree p with Galois group 0E/F = 〈σ 〉.

Let K ⊂ H̃ := H(ER) be maximal compact with corresponding Cartan decom-
position h̃= k̃⊕ p̃.

If the Casimir operator of a group • acts on a representation r of • by a scalar,
let λr denote this scalar.

Let U ⊂ H(Afin
E ) be compact open. Assume that both K and U are Galois-stable.

Assume that U is small enough that the quotient MU := H(E)\H(AE)/KU is a
manifold. Assume that H is anisotropic over E ; this is equivalent to MU being
compact.

Let ρ̃ : H̃ o0E/F→GL(W ) be a complex representation. Let Lρ̃→MU be the
0E/F -equivariant local system associated to ρ̃ (see Section 2A1) endowed with the
Hermitian structure described in Section 2A2.
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Denote the H(AE)o0E/F -isotypic decomposition of L2(H(E)\H(AE)) by

L2(H(E)\H(AE))=
⊕
π̃

W[π̃ ].

The equivariant zeta functions ζj,L ,σ can be expressed purely in terms of the π̃ .
Before stating a precise result, we set some representation theory notation.

Notation for trace. For a σ-module A, we let 〈A〉 denote tr{σ |A}.

Definition 3.4. An admissible, irreducible representation π̃ of H(AE)o0E/F is
called essential if π̃ |H(AE ) is irreducible. It is called inessential otherwise.

Suppose that π̃ = π̃∞⊗ π̃fin is a representation of H(AE). Suppose further that
the action of σ on π̃ factorizes as π̃(σ )= π̃∞(σ∞)⊗ π̃fin(σfin).

Remark 3.5. Let H be the adjoint group of D× for a quaternion algebra over F .
For every essential representation π̃ of H(AE)o 〈σ 〉, we have that π̃(σ ) admits
a preferred factorization π̃(σ ) = ⊗′vπ̃v(σv). See our discussion of base change,
especially Theorem 4.11.

Lemma 3.6. The j-th equivariant zeta function of (Lρ̃→MU , σ ) equals

ζj,MU ,Lρ̃ ,σ (s)=
∑
λ

λ−s
∑

π̃ essential
λρ̃−λπ̃∞=λ

m(π̃) · 〈π̃U
fin〉 · 〈HomK(∧

j p̃, π̃∞⊗ ρ̃)〉, (6)

where m(π̃) := dim HomH(AE )o0E/F (π̃,W).

Proof. See [Fung 2002, §2.3; Speh 1994]. The key inputs are as follows:

• The Lρ̃-valued differential forms on MU decompose as a (Hilbert) direct sum:

� j (MU )=
⊕
π̃

HomK(∧
j p̃,W[π̃ ]U ⊗ ρ̃).

Kuga’s lemma [Borel and Wallach 2000, Chapter II, §2] states that 1Lρ̃ acts
on HomK(∧

j p̃,W[π̃ ]U ⊗ ρ̃) by the scalar λρ̃ − λπ̃ .

• If π̃ is inessential, then π̃ |H(AE ) decomposes as a direct sum of p (irreducible)
representations V1 ⊕ · · · ⊕ Vp where π̃(σ ) cyclically permutes the Vi . In
particular, because no summand Vi is preserved,

〈HomK(∧
j p̃,W[π̃ ]U ⊗ ρ̃)〉 = 0 for inessential π̃ . �

Corollary 3.7. The j-th zeta function of the metrized local system Lρ→MU equals

ζj,MU ,Lρ (s)=
∑
λ

λ−s
∑
π

λρι−λπ∞=λ

m(π) · dimπU
fin · dim(HomK (∧

jp, π∞⊗ ρ)). (7)
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Proof. Lemma 3.6 specializes to the corollary statement when E = F , σ = id,
U =U , K = K , ρ̃ = ρ. �

4. Base change for quaternion algebras and analytic torsion

Let G be the adjoint group of a quaternion algebra D over a number field F .
Let E/F be a cyclic Galois extension of odd prime degree p with Galois group
0E/F = 〈σ 〉. Assume that DE is not split. Then G(E)\G(AE) and G(F)\G(AF )

are compact.
Let MU = G(E)\G(AE)/KU for some Galois-stable maximal compact sub-

group K ⊂ G(ER) and some Galois-stable compact open subgroup U ⊂ G(Afin
E ).

Let MU = G(F)\G(AF )/KU for some maximal compact K ⊂ G(FR) and some
compact open U ⊂ G(Afin

F ).
One main goal of this paper is to prove a spectral comparison of the flavor

log τσ (MU ,L)= p log τ(MU , L) (8)

for appropriate pairs of matching local systems of complex vector spaces L→MU
and L→ MU .

We will prove such spectral identities using trace formula techniques, by com-
paring the trace of a twisted convolution operator on L2(G(E)\G(AE)) to that of
an untwisted convolution operator on L2(G(F)\G(AF )), exactly in the spirit of
Langlands’ book [1980] on base change for GL2.

In Section 4A, we will discuss those elements of the theory of base change needed
to prove the comparison (8). In Section 4B, we discuss local-global compatibility
of base change and a consequence for “multiplicities”. In Section 4C, we discuss
matching representations and matching local systems. Such matching pairs occur
in the abstract matching theorem proved in Section 4D. Later, in Sections 5 and 6,
instances of test functions satisfying the hypotheses of the abstract matching theorem
will be described.

4A. Preliminaries on base change. For general references on base change, see
[Langlands 1980] for GL2 and [Arthur and Clozel 1989] for GLn . For a comprehen-
sive treatment of the twisted trace formula formalism, see [Labesse and Waldspurger
2013].

4A1. Twisted convolution and convolution.

Definition 4.1. Let SMc(G(AE)) denote the space of smooth compactly supported
measures on G(AE). More precisely, these are all finite linear combinations of
measures of the form f̃ d g̃ for a Haar measure dg̃ on G(AE) and a function
f =

∏
v fv. We require that f∞ be smooth and compactly supported, that fv be

compactly supported and locally constant, and that fv = 1G(OEv )
for almost all

places v of F . We define SMc(G(AF )) similarly.
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For any smooth, compactly supported measure f̃ d g̃ on G(AE), let

R( f̃ d g̃)=
∫

G(AE )

f̃ (g)R(g) dg̃ 	 L2(G(E)\G(AE)),

where R denotes the right regular representation of G(AE) acting on G(E)\G(AE).
Note that the larger group G(AE)o0E/F acts on G(E)\G(AE).

Similarly, for a smooth, compactly supported measure f dg on G(AF ), we let

r( f dg)=
∫

G(AF )

f (g)r(g) dg 	 L2(G(F)\G(AF )),

where r denotes the right regular representation of G(AF ).

4A2. Twisted conjugacy and the norm map. Suppose that Ev= E⊗Fv is unramified
over Fv , i.e., is either a split extension or an unramified field extension. We define
the norm map [Langlands 1980, §4]

N : G(Ev)→ G(Ev), x 7→ xσ(x) · · · σ p−1(x). (9)

Lemma 4.2 (cf. [Arthur and Clozel 1989, Lemma 1.1(i)]). If x ∈ G(Ev), then Nx is
G(Ev)-conjugate to an element of y of G(Fv), where y is uniquely defined modulo
G(Fv)-conjugation.

Proof. Lift x to x̃ in D×Ev . We can define a norm map on D×Ev using formula (9); we
also denote it by N . If ũ = N (x̃), then

σ(ũ)= x̃−1ũ x̃ .

The characteristic polynomial pũ(t)= t2
−trd(ũ)t+nrd(ũ)∈ Ev[t] is thus preserved

by 0E/F . Therefore, pũ(t) ∈ Fv[t].
If ũ ∈ F×v ⊂ D×Fv , we are done. Otherwise, the polynomial pũ is irreducible.

Since the quaternion algebra DFv contains all quadratic extensions of Fv, there is
some element ũ′ ∈ DFv with the same characteristic polynomial as Nx̃ ∈ DEv . By the
Noether–Skolem theorem for DEv , we know that Nx̃ and ũ′ are conjugate in D×Ev ,
implying that the image of ũ′ in G(Fv) and Nx are conjugate by G(Ev). By a
second application of the Noether–Skolem theorem, any two elements of G(Fv)
which are G(Ev)-conjugate are G(Fv)-conjugate. �

Lemma 4.3 (cf. [Arthur and Clozel 1989, Lemma 1.1(ii)]). If Nx and Ny are
G(Ev)-conjugate, then x and y are σ-conjugate.

Proof. Applying σ-conjugation to x and y as necessary, we may suppose that
Nx = Ny ∈ G(Fv). Lift x , y to x̃, ỹ ∈ D×Ev . Then

Nx̃ = cNỹ
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for some c ∈ E×v . This implies that

c2
= NormEv/Fv (nrd(x̃ ỹ−1)) ∈ NormEv/Fv (E

×

v )⊂ F×v .

Since [Ev : Fv] = p is odd, we have c ∈ F×v . Furthermore, F×v /NormEv/Fv (E
×
v ) is

isomorphic to Gal(Ev/Fv) by class field theory. Since Gal(Ev/Fv) has odd order p,
it follows that c = NormEv/Fv (c

′) for some c′ ∈ E×v . Replace ỹ by ỹ′ = c′ ỹ. By
Noether–Skolem, Nỹ′ and Nx̃ are D×Fv -conjugate. The argument from [Langlands
1980, Lemma 4.2] then shows that x̃ and ỹ′ are σ-conjugate. �

Corollary 4.4. The norm map induces a well-defined injection

N : {σ-twisted conjugacy classes in G(Ev)} → {conjugacy classes in G(Fv)},

[x] 7→ [N (x)] ∩G(Fv).

Proof. The norm map converts σ-twisted conjugacy to conjugacy because of the fact
that N (g−1xσ(g))= g−1 N (x)g. The rest follows from Lemmas 4.2 and 4.3. �

Corollary 4.5. If x, y∈G(Fv) are G(Fv)-conjugate, then they are G(Fv)-conjugate.
If x ′, y′ ∈ G(Ev) are G(Ev)σ-conjugate, then they are G(Ev)σ-conjugate.

Proof. The first part follows by the same result for D×Fv ; this in turn follows by the
Noether–Skolem theorem.

For the second part, the assumptions imply that Nx ′, Ny′ ∈ G(Fv) are G(Fv)-
conjugate. By the first part, it follows that Nx ′ and Ny′ are G(Fv)-conjugate. By
Lemma 4.3, it follows that x ′, y′ are G(Ev)σ-conjugate. �

4A3. Matching orbital integrals. See [Langlands 1980, §6] for a discussion of
orbital integrals in the context of base change for GL2.

For a σ-twisted conjugacy class c = [x] of G(Ev), a conjugacy class c′ = [x ′]
of G(Fv), and test measures f dg on G(Fv) and f̃ d g̃ on G(Ev), we let

Oσ,c( f̃ d g̃)=
∫

Gσnx (Fv)\G(Ev)
f̃ (g−1xσ(g))

dg̃
dzσ

,

Oc′( f dg)=
∫

Gx ′ (Fv)\G(Fv)
f (g−1x ′g)

dg
dz
,

where Gσnx denotes the twisted centralizer of x and Gx ′ denotes the centralizer
of x ′. See Remark 4.7 for a discussion of the Haar measures dz and dzσ .

Definition 4.6. We say that f̃ d g̃ and f dg match if

Oc′( f dg)=
{
Oσ,c( f̃ d g̃) if c is a regular twisted conjugacy class and c′ = Nc,
0 if c′ 6= Nc for any twisted conjugacy class c.

Similarly, we say that the pure tensors f̃ d g̃ =
∏
v f̃v dg̃v ∈ SMc(G(AE)) and

f dg =
∏
v fv dgv ∈ SMc(G(AF )) match if they match everywhere locally.
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Remark 4.7. The definitions of Oσ,δ and Oγ depend on choices of Haar measures
dzσ on Gσnδ(Fv) and dz on Gγ (Fv). However, if γ = Nδ, then the F-algebraic
groups Gγ and Gσnδ are inner forms. Therefore, a choice of Haar measure dzσ
on Gσnδ(Fv) determines a compatible Haar measure dz on Gγ (Fv) (see [Kottwitz
1982, Lemma 5.8]). The equality from Definition 4.6 is to be taken with respect to
this compatible choice. Though the individual orbital integrals depend on choices of
Haar measure, this convention ensures that the notion of f̃ d g̃ and f dg matching
is independent of all choices.

Example 4.8 [Langlands 1980, §8]. Say that Ev/Fv is split, i.e., Ev = F p
v . Then

for any test function f1 dg1× · · · × fp dgp on G(Ev) = G(Fv)p, the convolution
product ( f1 dg1) ∗ · · · ∗ ( fp dgp) on G(Fv) matches.

4A4. Statement of base change. For this section, let W = L2(G(F)\G(AF )) and
W = L2(G(E)\G(AE)).

Theorem 4.9 (Saito, Shintani, Langlands). Let f̃ d g̃ =
∏
v f̃v dg̃v ∈ SMc(G(AE))

and f dg =
∏
v fv dgv ∈ SMc(G(AF )) be matching test functions. Then

tr{R(σ )R( f̃ d g̃)|W} = tr{r( f dg)|W }. (10)

Of course, the onus is on us to produce interesting examples of matching test
functions. The identity (10) can be leveraged to give a more refined identity.

Corollary 4.10 [Gelbart and Jacquet 1979]. Let E/F be a cyclic Galois extension
of number fields of odd prime degree. There is a bijection between irreducible
automorphic representations π of G and essential (see Definition 3.4) automorphic
representations π̃ of RE/F Go0E/F . This bijection is uniquely defined by an equality
of traces: π and π̃ match if and only if

tr{R(σ )R( f̃ d g̃)|W[π̃ ]} = tr{r( f dg)|W [π ]} (11)

for all pairs of matching test functions f̃ d g̃ and f dg as above. Here, W[π̃ ]
denotes the π̃ isotypic subspace of W and W [π ] the π-isotypic subspace of W .

4B. Local-global compatibility for base change and a consequence for multiplic-
ities. The groups RE/F GE and G satisfy multiplicity one, by the Jacquet–Langlands
correspondence and multiplicity one for GL2. Therefore, the equality of (11) is
equivalent to

tr{π̃(σ )π̃( f̃ d g̃)} = tr{π( f dg)} (12)

for all pairs of matching test functions f̃ d g̃ and f dg. Using (12), Langlands
proves a local version of base change and local-global compatibility.

Theorem 4.11 [Langlands 1980, §7]. Let E/F be a cyclic Galois extension of
odd prime degree p. There is a bijection between irreducible representations πv
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of G(Fv) and representations π̃v of G(Ev) o 0E/F which are irreducible after
restricting to G(Ev). This bijection is determined by the equality of traces

tr{π̃v(σv)π̃v( f̃v g̃v)} = tr{πv( fv dgv)}

for all pairs of matching test functions f̃v dg̃v and fv dgv. The image of π̃v under
this bijection is often denoted BC(πv) and referred to as the base change of πv.
This base change bijection is compatible with the global bijection of Corollary 4.10
in the sense that π = ⊗′πv globally matches the unique essential representation
π̃ =⊗′π̃v.

Remark 4.12. As promised in Remark 3.5, the above local-global compatibility
theorem has the following consequence: for any essential representation π̃ =⊗′π̃v
of G(AE) o 0E/F matching the representation π = ⊗′πv of G(AF ), there is a
canonical factorization

π̃(σ )=⊗′π̃(σv).

4B1. Local base change and “trace matching”.

Definition 4.13. Let f̃ d g̃ be a smooth measure on G(Ev) and let f dg be a smooth
measure on G(Fv). We say that f̃ d g̃ and f dg are trace-matching if, for every
irreducible admissible representation π of G(Fv) with base change representation
BC(π) of G(Ev), there is an equality

tr{BC(π)(σ )BC(π)( f̃ d g̃)} = tr{π( f dg)}.

Example 4.14. If f̃ d g̃ and f dg have matching orbital integrals in the sense of
Definition 4.6, then they are trace-matching.

We record one straightforward consequence that Theorem 4.11 on local-global
compatibility of base change has for comparing “multiplicities”:

Lemma 4.15. Let S be any set of places. Let U =
∏
v∈S Uv be a compact open

subgroup of the restricted tensor product
∏
′

v∈S G(Ev). Suppose that 1Uv duv trace-
matches mv for each v ∈ S and that

∏
v∈S mv =

∑
cU 1U du. Then for matching

representations π̃ = ⊗′vπ̃v of G(AE)o0E/F and π = ⊗πv of G(AF ), there is an
equality

〈π̃U
S 〉 =

∑
U

cU dimπU
S ,

where •S denotes the (restricted) tensor or cartesian product over all places v ∈ S.
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Proof. This follows directly by Theorem 4.11 and Section 4B1 of trace-matching:

〈π̃U
S 〉 := tr{π̃S(σ )π̃S(1U du)} =

∏
v∈S

tr{π̃v(σ )π̃v(1Uv dũv)}

=

∏
v∈S

tr{π(mv)} = tr
{
πS

(∑
cU 1U du

)}
=

∑
U

cU dimπU
S . �

4C. Local systems and matching representations. Let H be a semisimple group
over the number field F . Let iE : F ↪→ E be a cyclic Galois extension of prime
degree p. Note that (RE/F H)E =

∏
0E/F

HE , where 0E/F acts by permuting the
factors according to its left translation action on itself. Let iN : F ↪→ N be a second
finite extension. Let RE/F H→ RN/F GL(V ), for V a finite dimensional N-vector
space, be an algebraic homomorphism defined over F .

4C1. Definition and examples of matching representations and local systems.
Suppose ι : N ↪→ C is a complex embedding and suppose Cι = N ⊗ι C. Then
RE/F H(Cι) =

∏
ι′H(Cι′) where the product runs over all ι′ : E ↪→ C extending

ι ◦ iN . The Galois group 0E/F acts on this product by permuting the factors accord-
ing to its action on the set {ι′|ι ◦ iN }. Furthermore, the induced homomorphism
RE/F H(F⊗R)→ GL(V )(Cι) factors as

RE/F H(F⊗R)→ RE/F H(F⊗C)→ RE/F H(Cι)→ GL(V )(Cι),

the second map being induced by the projection F⊗C→ Cι.

Definition 4.16 (matching representations for different coefficient fields). Suppose
ρ̃ : RE/F Ho0E/F→ RN/F GL(Vρ̃) and ρ : H→ RN/F GL(Vρ) are representations
of algebraic groups over F . Let ι : N ↪→ C be a complex embedding. We say that
ρ̃ ι-matches ρ if

ρ̃ι =⊗ι′|ιρι,

with 0E/F acting by permutations on the set {ι′|ι ◦ iN }. When no confusion will
result, we abbreviate “ι-match” to “match”. For local systems Vρ̃ and Vρ of N-vector
spaces arising in the manner of Section 2B, we say that Vρ̃ and Vρ match exactly
when ρ̃ and ρ match.

Definition 4.17 (matching representations for the same coefficient field). Suppose
ρ̃ : RE/F H o 0E/F → RE/F GL(Vρ̃) and ρ : H → GL(Vρ) are representations of
algebraic groups over F . Let ι : E ↪→ C be a complex embedding. We say that
ρ̃ ι-matches ρ if

ρ̃ι =⊗ι′|ιρι,

with 0E/F acting by permutations on the set {ι′|ι ◦ iE }. When no confusion will
result, we abbreviate “ι-match” to “match”. For local systems Vρ̃ of E-vector spaces
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and Vρ of F-vector spaces arising in the manner of Section 2B, we say that Vρ̃ and Vρ
match exactly when ρ̃ and ρ match.

Main examples of matching representations. (a) Let ρ : H→ RN/F GL(V ) be any
representation over F . Suppose that N is a Galois closure of F containing E . For
any F-algebra A, the representation ρ induces a homomorphism

H(A⊗F E)→ GL((V ⊗F A)⊗F E ⊗F N )

→

∏
i

GL((V ⊗F A)⊗F N )→ GL
(⊗

i

(V ⊗F A)⊗F N
)

where the product runs over all i for which F iE−→ E i
−→ N and i ◦ iE = iN where

iE and iN are the embeddings defining E/F and N/F . The second map above is
induced by the ring map

A⊗F E ⊗F N → A⊗F N , a⊗F e⊗F n 7→ (a⊗F i(e) · n)i .

The above homomorphisms are functorial in A and so define a map

RE/F H→ RF/N GL
(⊗

i

V
)
.

This map extends naturally to

ρ̃ : RE/F H o0E/F → RF/N GL
(⊗

i

V
)
,

where 0E/F acts by permuting the embeddings i . For every complex embedding
ι : N ↪→ C, the representations ρ and ρ̃ ι-match.

(b) Let ρ : H→ GL(V ) be any representation over F . There is a natural map

H(A⊗F E)o0E/F → GL(V ⊗F A⊗F E)

given by composing ρ on (A⊗F E)-valued points with the F-algebra homomorphism

A⊗F E→ A⊗F E, a⊗F e 7→ a⊗F σ(e)

for each σ ∈ 0E/F . This collection of maps is functorial in F-algebras A and so
defines an algebraic group homomorphism over F ,

ρ̃ : RE/F H o0E/F → RE/F GL(V ).

For every complex embedding ι : E ↪→ C, the representations ρ and ρ̃ ι-match.
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4D. An abstract matching theorem.

4D1. Notational setup for the matching theorem. Let MU = G(E)\G(AE)/KU ,
where K, U are chosen to be 0E/F -stable. This locally symmetric space is acted on by
0E/F =〈σ 〉, which is cyclic of prime degree p, by isometries. Similarly, for compact
open U ⊂ G(Afin

F ) and maximal compact K , we let MU = G(E)\G(AF )/KU . Let
ρ :G→ RN/F GL(Vρ) and ρ̃ : RE/F G→ RN/F GL(Vρ̃) be matching representations
and let ι : N ↪→ C be a complex embedding.

For any compact group J , we let d j denote its volume-1 Haar measure.

4D2. Statement and proof of the matching theorem.

Theorem 4.18. Assume that∏
1Uv duv = 1U dũ and

∏
mv =

∑
5(U)

cU 1U du

are trace-matching test functions (see Definition 4.13), where 5(U) is a finite set of
compact open subgroups of G(Afin

F ). Let ρ̃ and ρ be matching representations of
RE/F GE o0E/F and G (defined in Section 4C). Then

ζj,MU ,Lρ̃ι ,σ
(s)=

{
p(−1)a

2(p−1)∑
5(U )

cUζa,MU ,Lρι(s) · p
−s if j = pa,

0 if j 6= 0 (mod p).
(13)

Proof. Because the groups G and RE/F G satisfy multiplicity one, we can rewrite
the above zeta functions from equations (6) and (7) as

ζj,MU ,Lρ̃ι ,σ
(s)=

∑
λ

λ−s
∑

π̃ essential
λρ̃ι−λπ̃∞=λ

〈π̃U
fin〉 · 〈HomK(∧

j p̃, π̃∞⊗ ρ̃ι)〉, (14)

ζj,MU ,Lρι
(s)=

∑
λ

λ−s
∑
π

λρι−λπ∞=λ

dimπU
fin · dim(HomK (∧

jp, π∞⊗ ρι)). (15)

We now discuss matching for the multiplicities, the Casimir eigenvalues, and the
(g, K )-cochain groups in turn.

By Lemma 4.15, for any matching pair of an essential representation π̃ of
G(AE)o0E/F and an irreducible representation π of G(AF ), there is an equality

〈π̃U
fin〉 =

∑
U

cU dimπU
fin. (16)

We can relate the Casimir eigenvalues of π̃∞ and π∞ by being more explicit about
the relationship between π̃∞ and π∞. Because [E : F] is odd, we have ER

∼= (FR)
p.

A choice of isomorphism determines an isomorphism G(ER)=G(FR)
p. Langlands

[1980, §8] calculates that the representation π∞ corresponds to the representation
π̃∞ = π

�p
∞ of G(ER)o 0E/F equipped with intertwining isomorphism given by
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a cyclic shift. Similarly, ρ̃ι is isomorphic to ρ�p
ι with intertwining isomorphism

given by the same cyclic shift. Therefore,

λρ̃ι − λπ̃∞ = p(λρι − λπ∞). (17)

Finally, note that because π̃∞⊗ ρ̃ι ∼= π
�p
∞ ⊗ ρ

�p
ι the (g, K )-chain complexes

obey a “Künneth relationship”,

HomK(∧
• p̃, π̃∞⊗ ρ̃ι)= HomK (∧

•p, π∞⊗ ρι)
⊗p (graded tensor product)

(see [Borel and Wallach 2000, Chapter I, §1.3]) which is equivariant for the cyclic
shift on the right and the σ action on the left. Exactly as in our calculations from
[Lipnowski 2014, Proposition 5.1], it follows that

〈HomK(∧
j p̃, π̃∞⊗ ρ̃ι)〉

=

{
(−1)a

2(p−1)
· dim(HomK (∧

ap, π∞⊗ ρι)) if j = pa,
0 if j is not a multiple of p.

(18)

By Langlands’ formulation of base change (see Corollary 4.10), there is a
bijection between irreducible subrepresentations π ⊂ W of G(AF ) and essential
representations π̃ ⊂W of G(AE)o0E/F . Multiplying (16), (17)−s and (18) together
and summing over all subrepresentations π of W therefore gives the result. �

An immediate corollary concerning analytic torsion is as follows:

Corollary 4.19.

log τσ (MU ,Lρ̃ι)= p
(∑

cU log τ(MU , Vρι)
)
− p log(p)

(∑
j

(−1) j j ·ζj,MU ,Lρι
(0)
)
.

Remark 4.20. The second summand on the right-hand side is a red herring. It
would disappear by scaling the metric on MU by p. In particular, if Lρ,Q is acyclic,
the analytic torsion is metric independent and so the second summand automatically
vanishes.

5. Matching at places where E/F is unramified

We recall our notational setup: let G be the adjoint group of the group of units of a
quaternion algebra D over a number field F . Say E/F is a cyclic Galois extension
of prime degree p. The Galois group 0E/F = 〈σ 〉 acts on G(AE).

The goal of this section is to describe instances of local trace-matching (see
Section 4B1) at places v for which Ev/Fv is unramified (see, in particular, Theorem
5.4); this will enable us to prove relationships between twisted analytic torsion on
locally symmetric spaces related by base change — see Theorem 4.18.
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5A. Parahoric level structure. Throughout this section, assume that E/F is ev-
erywhere unramified.

The argument for proving Theorem 4.18 and Corollary 4.19 which relates τσ (Lρ̃ι)
to τ(Lρι) hinges on the fact that 1U dũ and m = 1U6 du6 ×

∏
v∈6 mv are matching

test functions, for an appropriate finite set of nonarchimedean places 6 of F and
corresponding measures mv on G(Fv). We introduce a type of level structure for
which we will be able to prove such a matching theorem.

Definition 5.1 (parahoric level structure). A compact open subgroup Uv ⊂ G(Ev)
is called locally parahoric if it satisfies the following conditions:

• If D is ramified at v, then Uv should equal the image of the units of the maximal
order of Dv in G(Ev).

• Suppose Ev is split and D is unramified at v. Identify G(Ev)= G(Fv)p. Then
Uv =U p

v for an arbitrary compact open Uv ⊂ G(Fv).
• Say Ev/Fv is unramified and cyclic of degree p, and say D is unramified at v.

The tree of G/Fv injects into the tree of G/Ev with image identified as the
Galois-invariants. We insist that Uv = J , where J is the pointwise stabilizer
in G(Ev) of either a vertex or an edge of the tree of G/Fv.

If U =
∏

Uv is locally parahoric at all places v of F , then we call U (globally)
parahoric. If U is locally parahoric for all v /∈6, then we call U parahoric outside6.

Remark 5.2. The above definition does not apply at places v where Ev/Fv is
ramified. We extend the definition of parahoric level structure, for places v where
Ev/Fv is tamely ramified, in Definition 6.16.

To every parahoric level structure U ⊂ G(Afin
E ), we associate a matching level

structure U ⊂ G(Afin
F ).

Definition 5.3. Let Uv ⊂ G(Ev) be parahoric at v. We say that Uv is associated
to Uv if Uv = Uv ∩ G(Fv). Specifically:

• Suppose Dv is ramified. We require that Uv equals the image of the units of
the maximal order of Dv in G(Fv).

• Suppose that Ev is split. Then Uv = (U ′v )p for some U ′v ⊂ G(Fv), and we
require that Uv =U ′v .

• Suppose that Ev/Fv is an unramified field extension and that Dv is unramified.
Then Uv equals the pointwise stabilizer in G(Ev) of some simplex of the tree
of G/Fv, viewed as a subset of the tree of G/Ev. We require that Uv be the
stabilizer of that same simplex in G(Fv).

We say that U =
∏

Uv is associated to U =
∏

Uv if Uv is associated to Uv for
all places v.
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With these notions in hand, we now throw the kitchen sink at the issue of matching
1U dũ↔ 1U du.

Theorem 5.4 (Kottwitz). Let Uv be associated to a parahoric level structure Uv at v.
Then the test functions 1Uv dũv and 1Uv duv geometrically match, where dũv and duv
are volume-1 Haar measures. In particular, 1Uv dũv and 1Uv duv are trace-matching
(see Definition 4.13).

Proof. Kottwitz [1986a] proves that

SOδ,σ (1Uv dũv)= SONδ(1Uv duv)

for any regular semisimple δ ∈ G(Ev). Here SO denotes the stable orbital integral,
whose definition is given in [Kottwitz 1986a]. Let c be a G(Fv)-conjugacy class
in G(Fv). Suffice it to say that if

{G(Fv) conjugacy class of c} ∩G(Fv)= c,

{G(Ev)σ -twisted conjugacy class of c′} ∩G(Ev)= c′

for every regular semisimple conjugacy class c and regular semisimple σ-twisted
conjugacy class c′, then SOδ,σ = Oδ,σ and SOγ = Oγ .

Corollary 4.5 shows that, if G is the adjoint group of the units of a quater-
nion algebra over Fv, then G(Fv)-conjugacy collapses to G(Fv)-conjugacy and
G(Ev)σ-conjugacy collapses to G(Ev)σ-conjugacy. Thus, 1Uv dũv and 1Uv duv
match, as claimed. �

6. Matching at places where E/F is tamely ramified

To broaden the applicability of Section 4D, we need to prove matching theorems at
places v where Ev/Fv is ramified. We assume throughout this chapter that Ev/Fv is
tamely ramified. Our immediate goals:

(1) Characterize all (possibly ramified) representations π of PGL2(Fv) for which
BC(π) is unramified.

(2) Find a test function on f dg on PGL2(Fv) which trace-matches 1PGL2(Ev) dg̃.

Characterizing those representations as in (1) will be relatively straightfor-
ward; this is done in Section 6A. We will say that representations as in (1) are
Ev-potentially unramified. For (2), the main content is an analysis of J-fixed
vectors in principal series representations for various compact open subgroups
J ⊂ PGL2(OF ); this is accomplished in Section 6C3. A test function which serves
as an indicator function for Ev-potentially unramified representations is constructed
in Theorem 6.15.



2222 Michael Lipnowski

Notation for local fields. To ease notation in what follows, we will denote Ev/Fv
by E/F . So for the remainder of this chapter, E/F will denote a tamely ramified,
cyclic Galois extension of local fields, not an extension of global fields.

6A. Tamely ramified and E-potentially unramified Langlands parameters. Fix a
rational prime ` not equal to the residue characteristic of F . We want to characterize
continuous representations

σ :WF → SL2(Q`)

such that σ |WE is unramified. Since E/F is tamely ramified, such representations σ
are tamely ramified. But the tame Weil group has the very simple description

W tame
F = I tame

F o 〈 f 〉,

where I tame
F is procyclic and generated by a single element u, and f is any lift of

the arithmetic Frobenius. The generators f and u satisfy the single relation

f u f −1
= uq , where q = #kF .

Remark 6.1. Because 0E/F is an abelian quotient of W tame
F of prime order p, it

follows that p|(q − 1).

Lemma 6.2. All E-potentially unramified Langlands parameters are either unram-
ified or conjugate to

σ = σa,ζ := f 7→
(

a 0
0 a−1

)
, u 7→

(
ζ 0
0 ζ−1

)
for a, ζ ∈Q`

× and ζ p
= 1.

Proof. Note that I tame
F /I tame

E equals 0E/F , which is a cyclic group of order p.
Thus, I tame

E must be the unique closed subgroup of index p in I tame
F . In particular,

u p
∈ I tame

E . It follows that if σ( f )= A, σ(u)= B, then

AB A−1
= Bq and Bp

= 1.

After conjugation if necessary, we may suppose that B =
(
ζ
0

0
ζ−1

)
, where ζ p

= 1.
Assume that ζ 6= 1, and let A=

(a
c

b
d

)
. Using the fact that AB A−1

= Bq and that
ζ q−1
= 1, we see that b = c = 0. These give rise to the Langlands parameters

σ = σa,ζ := f 7→
(

a 0
0 a−1

)
, u 7→

(
ζ 0
0 ζ−1

)
.

These parameters correspond, by the local Langlands correspondence, to the repre-
sentations Is,χ := IndG

B (| · |
s
·χ) where χ is a nontrivial character of F×/N (E×).

If ζ = 1, the resulting parameter corresponds to an unramified representation. �
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6B. A closer look at local base change. Let E/F be a tamely ramified extension
of local fields. The goal of this section is to construct a smooth, compactly supported
test measure mE,ur on PGL2(F) such that 1PGL2(OE ) dk̃ trace-matches mE,ur (see
Definition 4.13).

In Section 6B1, we explain how to recover the matching of orbital integrals in a
more representation theoretic manner. In Section 6B2, we discuss the action of 0E/F

on the PGL2(OE)-fixed vectors of a representation of PGL2(E) of the form BC(π).

6B1. Strategy for proving the local base change trace identity. Recall the following
definition from Section 4 on base change:

Definition 6.3. A representation π̃ of PGL2(E)o〈σ 〉 matches the representation π
of PGL2(F) if the following equality of traces holds:

tr{π̃(σ )π̃( f̃ d g̃)} = tr{π( f dg)} (19)

for every pair of matching test functions f̃ d g̃ ∈ SMc(G(E)), f dg ∈ SMc(G(F)).
We write π̃ = BC(π).

Remark 6.4. The intertwining isomorphism π̃(σ ) : π→ πσ is a priori only well-
defined up to a p-th root of unity. However, the equality of traces in the above
definition uniquely determines π̃(σ ).

For the particular choices of test functions f̃0 dg̃0 and f0 dg0 that we will make
in the sequel, rather than proving that (19) holds by demonstrating an equality of
orbital integrals, we prove it directly by using explicitly understood features of local
base change for PGL2(F).

6B2. Action of σ on PGL2(OE)-fixed vectors. Let µ be the inflation to the upper
triangular Borel subgroup B ⊂ PGL2(F) of a character T → C×, where T is the
diagonal torus of PGL2(F), and let δ denote the modulus character of B. We
let (ρµ, Iµ) denote the normalized principal series representation, i.e., the space
of locally constant functions f : PGL2(F) → C which transform by the rule
f (bg)= µ(b)δ(b)1/2 f (g) where ρµ acts by right translation.

We define Iµ̃ similarly for characters of the upper triangular Borel subgroup
B̃⊂PGL2(E). If µ̃σ = µ̃, then we extend Iµ̃ to a representation of PGL2(E)o0E/F

by the formula
ρµ̃(σ ) f (g)= f (gσ

−1
).

Proposition 6.5 [Langlands 1980, Corollary 7.3]. Let N : E×→ F× denote the
norm map. The representations Iµ◦N and Iµ match. That is, for any pair f̃ d g̃ and
f dg of matching test functions on PGL2(E) and PGL2(F) respectively, there is an
equality

tr{ρµ◦N (σ )ρ( f̃ d g̃)} = tr{ρµ( f dg)}.
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Corollary 6.6. For every irreducible admissible representation π of PGL2(F),
there is an equality

tr{BC(π)(σ )BC(π)(1PGL2(OE ) dk̃)}

= tr{BC(π)(1PGL2(OE ) dk̃)} =
{

1 if BC(π) is unramified,
0 otherwise.

Proof. The claim is vacuously true if BC(π) is ramified. If it is unramified, then it
can be embedded in an unramified principal series representation V ; indeed, any
representation with an Iwahori fixed vector can be embedded into an unramified
principal series representation.

If V is irreducible, then BC(π) = V . But Proposition 6.5 shows that for such
principal series representations, in the image of base change, the action of 0E/F on
the PGL2(OE)-fixed vector is trivial.

If V is reducible, then BC(π) is either Steinberg, which is ramified, or the trivial
representation. One readily checks that the trivial representations of PGL2(F) and
PGL2(E)o0E/F match because each has character given by the constant function 1.
Therefore, 0E/F again acts trivially on the PGL2(OE)-fixed vector of BC(π). �

6C. Constructing an indicator test function for E-potentially unramified repre-
sentations. According to Corollary 6.6, finding a function on PGL2(F) which
trace-matches the volume-1 Haar measure on PGL2(OE) is equivalent to finding a
test measure mE,ur on PGL2(F) satisfying

trπ(mE,ur)=

{
1 if π is E-potentially unramified,
0 otherwise.

The Langlands parameters for all E-potentially unramified representations are, in
particular, tamely ramified. By the local Langlands correspondence, they therefore
have Iwahori fixed vectors. Therefore, a natural place to start constructing such
a test measure mE,ur is to modify the measure 1J d j for congruence subgroups of
Iwahori subgroups.

6C1. Fixed vectors for congruence subgroups of Iwahori subgroups of PGL2(F).
Let B ⊂ PGL2 /OF be a Borel subgroup and N its unipotent radical, and let
T = B/N . Let kF denote the residue field of OF , and let C be any subgroup
of T (kF ). Let IC ⊂ PGL2(OF ) denote the preimage of C under the reduction map.
The subgroup I1 is one such example.

6C2. Supercuspidal representations have no IC -fixed vectors. We quote the fol-
lowing theorem:

Proposition 6.7 [Bushnell and Henniart 2006, §14.3]. If V is a supercuspidal rep-
resentation of PGL2(F), then V I1 = 0. In particular, V IC = 0 for any C as above.
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6C3. IC -fixed vectors for principal series representations of PGL2(F). Suppose
B = B(F), N = N(F), T = T (F), G = PGL2(F). We prove a simple lemma
concerning the space of J-fixed vectors, for an arbitrary compact open J , in principal
series representations Iχ = IndG

B χ , where χ : B→C× is the inflation of a character
of T .

Lemma 6.8. The dimension of the space of J-fixed vectors (Iχ )J equals the number
of double cosets g ∈ B\G/J for which χ |B∩g Jg−1 = 1.

Proof. Let V = Iχ . If f ∈ V J , then f (bg j)= χ(b) f (g) for b ∈ B, j ∈ J . In order
for this equality to hold for all b ∈ B, j ∈ J , it is necessary and sufficient that either
χ |B∩g Jg−1 = 1 or f (g)= 0. Therefore, f ∈ V J is uniquely specified by its values
on those double cosets g for which χB∩g Jg−1 = 1. �

By choosing J = IC well, we can essentially isolate all those E-potentially
unramified representations, i.e., those whose Langlands parameters were classified
in Section 6A.

Corollary 6.9. Let TC = {t ∈ T (OF ) : t (mod π) ∈ C ⊂ T (kF )} and let J = IC .
Then

dim(Iχ )J
=

{
2 if χ |TC = 1,
0 otherwise.

Proof. Observe that the elements

1 and w =

(
0 1
1 0

)
form a full set of coset representatives for B\G/J . But we readily compute that
the image of both B ∩ wJw−1 and B ∩ J in T is TC . The result then follows
immediately by Lemma 6.8. �

Corollary 6.10. Let

C0 =

{(
a p 0
0 1

)
: a ∈ k×F

}
.

Then

dim(Iχ )IC0 =

{
2 if χ |N (O×E ) = 1,
0 otherwise.

Remark 6.11. As pointed out in Section 6A, the E-potentially unramified principal
series representations are exactly those with Langlands parameters corresponding
to χ for which χ |N (O×E ) = 1, as in the first case of the above corollary.
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6C4. IC0-fixed vectors in arbitrary representations.

Proposition 6.12. Let π be an irreducible admissible representation of PGL2(F).
Then

trπ(1C0 d j)=



0 if π is supercuspidal,
0 if π = Iχ , χ |N (O×E ) 6= 1,
2 if π = Iχ , χ |N (O×E ) = 1,
1 if π = 1,
1 if π = St,

where d j denotes the volume-1 Haar measure on IC0 .

Proof. Irreducible admissible representations π of PGL2(F) are of three possible
types:

• π is supercuspidal. As discussed in Section 6C2, no supercuspidal representa-
tion has an IC0-fixed vector.

• By definition, if π is not supercuspidal then it is a subquotient of a principal
series representation. All of the principal series representations Iχ , where
χ 6= | · | and 1, are irreducible. As explained in Section 6C3, such represen-
tations have a 2-dimensional space of IC0-fixed vectors if χ |N (O×E ) = 1 and a
0-dimensional space of IC0-fixed vectors otherwise.

• The representations I| · | and I1 are reducible. In both cases, there is one trivial
subquotient and another Steinberg subquotient. Both subquotients, the trivial
representation and the Steinberg, have a 1-dimensional space of IC0-invariants.

The result is simply the aggregate of all of these possibilities. �

6C5. Isolating 1 and St using the Euler–Poincaré test function. In his work on
Tamagawa numbers, Kottwitz made use of a test function which almost isolates the
Steinberg representation.

Let C be a closed chamber of the building of H = H(F) for a semisimple H
over F . For a compact open subgroup J ⊂ H , let dgJ denote the Haar measure
of H assigning J measure 1. Let

EP :=
rank H∑

d=0

∑
stabilizers of dim d

facets of C

(−1)d1J dgJ .

Theorem 6.13 [Kottwitz 1986b]. For an irreducible unitary representation π of H ,

trπ(EP)= χ(H •(π))=


1 if π = 1,
(− 1)rank H if π = St,
0 otherwise.
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Corollary 6.14. In the case of H = PGL2, the formula from Theorem 6.13 holds
for any irreducible admissible representation.

Proof. Once again, we invoke the classification of irreducible admissible represen-
tations of PGL2(F). Any nonunitary irreducible admissible representation must be
an irreducible principal series representation of the form πs = I| · |sχ0 . But

s 7→ trπs(EP)

is a continuous, integer-valued function of s and so must be constant and equal to
trπ0(EP)= 0. �

We are finally able to write down an indicator test function for E-potentially
unramified representations.

Theorem 6.15. The test function mE,ur =
1
2 [EP+1C0 d j] satisfies

trπ(mE,ur)=

{
1 if π is E-potentially unramified,
0 otherwise.

Proof. This follows immediately from Proposition 6.12 and Corollary 6.14. �

6D. Definition of tame parahoric level structure and globally matching test func-
tions. We now extend the definition of parahoric level structure to include places v
of F for which Ev/Fv is tamely ramified.

Definition 6.16. Let E/F be everywhere tamely ramified. Also, assume that the
set of places v where Ev/Fv is ramified is disjoint from the set of places where
DFv is ramified. Let Uv ⊂ G(Ev) be a compact open subgroup. We call Uv tamely
parahoric at v if

• Uv is parahoric at v if Ev/Fv is split or unramified, and

• Uv = PGL2(OEv ) if Ev/Fv is tamely ramified.

We call a level structure U =
∏

Uv ⊂ G(Afin
E ) (globally) tamely parahoric if

Uv is tamely parahoric at v for all v.

We now consolidate all of the preceding results of Section 6 to provide a class
of examples of globally matching test functions.

Theorem 6.17. Let E/F be everywhere tamely ramified, with 6 = {v1, . . . , vn}

the places of F which ramify in E. Let U ⊂ G(Afin
E ) be a globally tamely parahoric

level structure. Define U6 =
∏
v /∈6 Uv, and let U6 denote a matching parahoric

level structure outside 6. For v ∈6, let

mEv,ur =
1
2

1Kvdkv +
1
2

1K ′vdk ′v −
1
2

1Ivdiv +
1
2

1IC0,v
dc0 :=

4∑
i=1

cv,i duv,i ,
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where Kv and K ′v are the stabilizers of two vertices in the tree for G(Fv)∼=PGL2(Fv);
Iv is the pointwise stabilizer of the edge between them; IC0,v is the “preimage in Iv of
the p-th powers of the diagonal torus mod v” (cf. Corollary 6.10); and dk denotes
the volume-1 Haar measure for any compact group K . Then the test functions

1U du↔
∑

cv1,i1 · · · cvn,in 1∏n
j=1Uvj ,ij×U6

n∏
j=1

duvj ,ij × du6

trace-match (see Definition 4.13).

Proof. Theorem 6.15 shows that mEv,ur trace-matches 1Uv dũv for each place v ∈6.
For v /∈ 6, let Uv be associated to the parahoric level structure Uv. Theorem 5.4
shows that 1Uv duv trace-matches 1Uv dũv. Therefore,

1U dũ↔
∏
v∈6

mEv,ur× 1U6 du6 (20)

are matching test functions. The result follows after expanding the right-hand side
of (20). �

7. A numerical form of base change functoriality for torsion

In this section, we’ll exhibit examples of F-acyclic local systems of OF -modules on
locally symmetric spaces associated to G for which the Cheeger–Müller theorems
of [Lipnowski 2014, §1.7, §4] can be applied. In conjunction with the trace formula
comparison proven in Section 4D, this will yield a numerical form of torsion base
change functoriality.

In Section 7A, we will describe a certain class of F-acyclic local systems of
OF -modules over locally symmetric spaces associated to G. In Section 7B, we
will prove the main comparison theorem of this paper, concerning a version of
“numerical functoriality”.

7A. A class of local systems. We recall the construction of some local systems
described in [Calegari and Venkatesh 2012, §10.1].

For any quaternion algebra Q over F , we let [Q]m denote the F-vector space
[Q]m = Symm Q0/1Symm−2 Q0, where Q0 denotes the trace zero elements of Q
and 1 denotes any invariant element of Sym2 Q0. The F-vector space [Q]m affords
an F-linear representation of Q×/F×, which acts by conjugation on Q and thus on
the symmetric powers of Q0.

Let Va,b = [D]a ⊗[D]b, where D denotes the quaternion algebra D⊗σ F , with
σ denoting the nontrivial automorphism of F . We note that [D]b = [D]b.

Consider the representation ρa,b :G→GL(Va,b) given by conjugation action. By
the second construction outlined in Section 4C, there is a matching representation
ρ̃a,b : RE/F Go0E/F → RE/F GL(Va,b).
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Suppose that U ⊂G(Afin
F ) is compact open and K ⊂G(FR) is a maximal compact

subgroup. Suppose that U ⊂ G(Afin
E ) is compact open and K ⊂ G(ER) is maximal

compact, with both U and K Galois-stable. Fix an OF -lattice O ⊂ ρa,b and an
OE -lattice Õ ⊂ ρ̃a,b. Suppose that U stabilizes O and U stabilizes Õ. By the
construction of Section 2B, the matching representations ρa,b and ρ̃a,b together
with these data give rise to matching local systems

La,b→ MU = G(F)\G(AF )/KU, La,b→MU = G(E)\G(AE)/KU .

For each complex embedding ι : E ↪→ C, we let

La,b,ι = La,b⊗ι◦iF C, La,b,ι = La,b⊗ι C,

be local systems of C-vector spaces.

7A1. Acyclicity. We recall a theorem of Borel–Wallach, specialized to our setup:

Theorem 7.1 [Borel and Wallach 2000, §II, Proposition 6.12]. Let L→MU be
the local system of C-vector spaces corresponding to a complex representation
ρ : G(ER)= RE/F G(FR)→ GL(V ). Suppose that dρ : Lie(G(ER))→ End(V ) is
not isomorphic to its twist by the Cartan involution of G(ER) corresponding to K.
Then L→MU is acyclic. A similar statement holds for a local system of C-vector
spaces L→ MU corresponding to representations of G(FR).

Proof. See [Bergeron and Venkatesh 2013, §4.1], wherein the stronger statement
that representations ρ as above give rise to “strongly acyclic families” is proven. �

Corollary 7.2. The local systems La,b,ι→ MU , La,b,ι→MU are acyclic provided
that a 6= b.

Corollary 7.3. The OE -module H •(MU ,La,b) and the OF -module H •(MU , La,b)

are torsion for a 6= b.

7B. Numerical comparison theorem. We can finally combine our trace formula
comparisons with the Cheeger–Müller theorems of [Lipnowski 2014, §1.7] to obtain
a numerical comparison of Reidemeister torsion.

Theorem 7.4. Let F be an imaginary quadratic field. Let E/F be Galois and
cyclic of odd prime degree p. Let a 6= b. Then there is an equality

log RTσ (MU ,La,b,ι)= p
(∑

cv1,i1 · · · cvn,in log RT(M∏n
j=1Uvj ,ij×U6 , La,b,ι)

)
, (21)

where the constants cv,k and level structures are as in Theorem 6.17.

Proof. By Theorem 6.17, the test functions

1U du↔
∑

cv1,i1 · · · cvn,in 1∏n
j=1Uvj ,ij×U6

n∏
j=1

duvj ,ij × du6
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are matching. By Corollary 4.19, there is thus an equality

log τσ (MU ,La,b,ι)= p
(∑

cv1,i1 · · · cvn,in log τ(M∏n
j=1Uvj ,ij×U6 , La,b,ι)

)
.

By the assumption a 6=b, Corollary 7.2 applies and so all regulators vanish. Because
La,b,ι, La,b,ι are unimodular, the twisted Bismut–Zhang theorem (see [Lipnowski
2014, Theorem 4.1]) and the untwisted Cheeger–Müller theorem of [Müller 1993]
(see [Lipnowski 2014, §1.7]) apply and give

log RTσ (MU ,La,b,ι)= p
(∑

cv1,i1 · · · cvn,in log RT(M∏n
j=1Uvj ,ij×U6 , La,b,ι)

)
. �

The equality (21) from Theorem 7.4 is unwound into a numerical comparison
between torsion cohomology groups in [Lipnowski 2014, Lemma 1.21]. A palatable
corollary is as follows:

Corollary 7.5. Let F be an imaginary quadratic field. Let E/F be an everywhere
unramified cyclic Galois extension of odd prime degree p. Let U ⊂ G(Afin

E ) be a
parahoric level structure and let U = U ∩ G(Afin

F ). Suppose a 6= b. Then

∏∗
(
|H i (MU ,L0

a,b)
σ−1
|

|H i (MU ,L0
a,b)

P(σ )|

)
∼p

(∏∗

|H i (MU , L0
a,b)|

)p
,

where ∼p denotes equality up to powers of p. In particular, if ` 6= p is a prime
dividing |H i (MU , L0

a,b)| for exactly one i , then ` divides |H∗(MU ,L0
a,b)|.

Proof. Because E/F is everywhere unramified, the right-hand side of (21) has
RT(MU , La,b,ι) as its only summand. Summing (21) over all complex embeddings ι
of E and applying [Lipnowski 2014, Lemma 1.21] yields the desired result. �

Remark 7.6. Empirically, the integer |H 2(MU , L0
a,b)| tends to be supported at large

sporadic primes [Şengün 2011]. On the other hand, the integers |H i (MU , L0
a,b)| for

i 6= 2 provably grow at most polynomially in vol(MU ) [Bergeron and Venkatesh
2013, §8.6]. Corollary 7.5 thus strongly suggests an underlying torsion base change
phenomenon. See Section 1A for a more detailed discussion of torsion base change.

8. Asymptotic growth of analytic torsion and torsion cohomology

Let G be the adjoint group of the unit group of a quaternion algebra D over an
imaginary quadratic field F . Let E/F be a cyclic Galois extension of odd prime
degree p.

In this section, we’ll prove a torsion cohomology growth theorem for the local
systems La,b defined in Section 7A over a sequence of locally symmetric spaces
for RE/F G. The trace formula comparison that we have proven in Section 4D can
be combined with the results of [Bergeron and Venkatesh 2013] to estimate the
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asymptotic growth of torsion in homology through a sequence MUN of such spaces
where UN is a parahoric level structure (see Definition 6.16).

We will recall the definition of a strongly acyclic family used in [Bergeron and
Venkatesh 2013] in Section 8A. In Section 8B, we will prove a growth theorem
for twisted analytic torsion. In Section 8C, we will combine our growth theorem
for twisted analytic torsion with the Bismut–Zhang theorem to prove a torsion
cohomology growth theorem.

8A. Redux of strong acyclicity. Let L → M be a metrized local system over a
compact Riemannian manifold M . Let Mn

πn−→M be a sequence of covers.

Definition 8.1 (strong acyclicity). The family Ln = π
∗
n L→ Mn is strongly acyclic

if the spectra of the Laplace operators 1i,Ln , 0 ≤ i ≤ dim M , admit a uniform
spectral gap. That is, there is some ε > 0 such that λ > ε for any eigenvalue λ of
any Laplace operator 1i,Ln .

Bergeron and Venkatesh [2013] crucially use this hypothesis in proving a “limit
multiplicity formula for analytic torsion”; it enables them to uniformly control the
long time asymptotics of an infinite family of heat kernels. The surprising fact is
that strongly acyclic local systems over locally symmetric spaces are abundant.

Let H be a semisimple algebraic group over F . Let M be an associated locally
symmetric space 0\H(FR)/K .

Let ρ : H→GL(Vρ) be a representation over F . Any OF -lattice inside Vρ which
is stable by 0 gives rise to a local system L0

ρ → M . We will require the following
strengthened version of Theorem 7.1.

Theorem 8.2 [Bergeron and Venkatesh 2013, Theorem 4.1]. Suppose we have
dρ : Lie(H(FR))→ End(V )� dρ ◦ θ . Then for any family of covers Mn→ M , the
family Ln = π

∗
n L→ Mn is strongly acyclic.

8A1. Representations of PGL2(C) and strong acyclicity. Fix a complex embedding
ι : E ↪→ C. There is an isomorphism G(ER)∼= PGL2(C)

p. Via this identification,
σ acts by a cyclic shift.

The irreducible representations of SL2(C) are enumerated as

ρa,b = Va ⊗ Vb,

where Vm = Symm(C2) and where the • denotes conjugation of a complex structure.
In order to factor through SL2(C)/{±1} = PGL2(C), we must have a+ b even.

Thus, the representations of PGL2(C)
p isomorphic to their σ-twists are of the

form ρ̃a,b := (Va ⊗ Vb)
�p. The representation ρ̃a,b matches the representation

ρa,b := Va ⊗ Vb of G(FR)∼= PGL2(C) (see Section 4C).
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Remark 8.3. The ρa,b from above is a slight abuse of notation. After having fixed
a complex embedding ι of E , these are the homomorphisms on F ⊗Q R-valued
points induced by ρa,b of Section 7A.

As explained in [Bergeron and Venkatesh 2013], the representations ρa,b are
strongly acyclic if and only if a 6= b. They verify that twisting by the (standard)
Cartan involution θ yields ρθa,b = ρb,a � ρa,b. By [Bergeron and Venkatesh 2013,
Lemma 4.1], this implies that ρa,b is strongly acyclic.

By the same token, for the Cartan involution θ of K, we see that

ρ̃θa,b = ρ̃b,a � ρ̃a,b for a 6= b,

implying that the sequence of local systems Lρ̃a,b,ι→MUN defined in Section 7A
is strongly acyclic. In particular, the rational cohomology of this entire family of
local systems vanishes.

8B. Growth of twisted analytic torsion.

Theorem 8.4. Assume that E/F is everywhere tamely ramified. Assume further
that the set 6 of places where E/F is ramified is disjoint from the set of places
where the quaternion algebra D is ramified. Fix a complex embedding ι : E ↪→ C.

Let UN ⊂ U0 denote a sequence of compact open subgroups of G(Afin
E ) such that:

• The injectivity radius of MUN approaches∞.

• The level structures UN =
∏
v UN,v are globally tamely parahoric.

Let UN,v be a level structure associated with UN,v (see Definition 5.3) for all
places v /∈6 and let UN,v be an Iwahori subgroup of PGL2(Fv) if v ∈6. For the
matching local systems La,b, La,b defined in Section 7A,

lim
N→∞

log τσ (MUN ,La,b,ι)

vol(MUN )
→ p · (1/2)n · ca,b ·

n∏
i=1

(
2|B(kFv )| − 1+ 1

qv

)
6= 0 (22)

where B denotes the corresponding Borel subgroup of PGL2 /OFv and ca,b is a
nonzero constant, the L2-torsion of (PGL2(C), ρa,b,ι) (see [Bergeron and Venkatesh
2013, Theorem 4.5]).

Proof. Because the level structure UN is globally tamely parahoric, Theorem 6.17
implies that 1U du and 1U6 du6 ×

∏
v∈6 mEv,ur are matching test functions (see

Proposition 6.12 and Theorem 6.15 for a definition of the test function mEv,ur).
Expand the latter measure as

1U6 du6 ×
∏
v∈6

mEv,ur =
∑

cv1,i1 · · · cvn,in 1∏n
j=1Uvj ,ij×U6

n∏
j=1

duvj ,ij × du6
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as in Theorem 6.17. Our abstract matching corollary for analytic torsion (Corollary
4.19) proves that

log τσ (MUN ,La,b,ι)= p
∑

cv1,i1 · · · cvn,in log τ(Mi1,...,in , La,b,ι),

where

Ui1,...,in :=

n∏
j=1

Uvj ,ij ×U6, Mi1,...,in = G(F)\G(AF )/KUi1,...,in

(see Theorem 6.17 for further discussion of this notation). For each tuple (i1, . . . , in),
the family of local systems La,b,ι→ Mi1,...,in is strongly acyclic, by the discussion
of Section 8A1. Therefore, we may apply the “limit multiplicity theorem for torsion”
from [Bergeron and Venkatesh 2013, Theorem 4.5]. Dividing by vol(MUN ) and
taking the limit as N →∞, the result follows. �

8C. Cohomology growth theorem.

Theorem 8.5. Enforce all the notation and assumptions of Section 8B. Let UN ⊂U0

denote a sequence of compact open subgroups of G(Afin
E ) such that:

• The injectivity radius of MUN approaches∞.

• The level structures UN =
∏
v UN,v are globally tamely parahoric.

• The p-adic part of the cohomology of L0
a,b is controlled as follows, for all i :

log|H i (MUN ,L0
a,b)[p

∞
]|

vol(MUN )
→ 0.

• There is not too much mod p cohomology in L0
a,b|Mσ

UN
, i.e.,

log|H i (Mσ
UN
,L0

a,b,Fp
)|

vol(MUN )
→ 0.

Then it follows that, for a 6= b,∑
∗ log|H i (MUN ,L0

a,b)
σ−1
tors | −

1
p−1 log|H i (MUN ,L0

a,b)
P(σ )
tors |

vol(MUN )
→ da,b 6= 0.

Proof. Fix a complex embedding ι : E ↪→ C. By Theorem 8.4, there is a limiting
identity

lim
N→∞

log τσ (MUN ,La,b,ι)

vol(MUN )
→ p ·(1/2)n·ca,b ·

n∏
i=1

(
2|B(kFvi )|−1+ 1

qvi

)
6= 0. (23)
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Combining [Lipnowski 2014, Proposition 4.5] with the results of [Lipnowski 2014,
§5], specifically [Lipnowski 2014, Example 5.6], we know that

τσ (M,Lι)= RTσ (M,Lι);

we have abbreviated M :=MUN , L= La,b. Let A• denote the Morse–Smale com-
plex for Lι and a fixed invariant weakly gradient-like vector field X on M satisfying
Morse–Smale transversality. As proven in [Lipnowski 2014, Lemma 1.21], there
exist f, f ′ ∈ E such that

log RTσ (A•)= log|ι( f )| − 1
p−1

log|ι( f ′)| (24)

where

NormE/Q( f )=
∏∗

|H i (A•[σ − 1])|, NormE/Q( f ′)=
∏∗

|H i (A•[P(σ )])|.

This identity is true for all embeddings ι. Summing (24) over all the embeddings ι,
we find that∑
ι

log τσ (M,Lι)=
∑∗

log|H i (A•[σ−1])|− 1
p−1

∑∗

log|H i (A•[P(σ )])|. (25)

By the estimate [Lipnowski 2014, (26)p] combined with [Lipnowski 2014, Proposi-
tion 3.7] which relates naive twisted Reidemeister torsion and Reidemeister torsion,
we obtain that the right-hand side of (25) is equal to

−

(∑∗

log|H i (M,L0)[p−1
]
σ−1
| −

1
p−1

∑∗

log|H i (M,L0)[p−1
]

P(σ )
|

)
+ O

(
log|H∗(M,L0)[p∞]| + log|H∗(M,L0

Fp
)| + log|H∗(Mσ ,L0

Fp
)|
)
.

The remainder big O term in the above equation is o(vol(MUN )) by our assumption
on the size of p-power torsion in the cohomology H∗(MUN ,La,b) and the mod p
cohomology H∗(Mσ

UN
,La,b,Fp). Dividing both sides of the above equation by

vol(MUN ), applying the limiting identity of (23) separately for each embedding ι,
and letting N →∞ yields the desired result. �

Remark 8.6. One expects the hypothesis

log|H∗(Mσ
UN
,L0

a,b,Fp
)|

vol(MUN )
→ 0 (26)

to hold. For example, Calegari and Emerton [2011, Conjecture 1.2] have conjec-
tured (26) whenever the MUN vary through a p-adic analytic tower of hyperbolic
3-manifolds.

Corollary 8.7. Assume that E/F is everywhere tamely ramified of odd prime
degree p. Assume further that the places where E/F is ramified are disjoint from
the places where the quaternion algebra D is ramified.
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Let UN ⊂ U0 denote a sequence of compact open subgroups of G(Afin
E ) such that:

• The injectivity radius of MUN approaches∞.

• The level structures UN =
∏
v UN,v are globally tamely parahoric.

Then it follows that

lim sup
N

log|H∗(MUN ,L0
a,b)tors|

vol(MUN )
1
p

> 0 for a 6= b.

Proof. If the p-adic part of the cohomology of the sequence (MUN ,L0
a,b) is large,

i.e., if

log|H∗(MUN ,L0
a,b)[p

∞
]|

vol(MUN )
1
p

9 0 or
log|H∗(MUN ,L0

a,b,Fp
)|

vol(MUN )
1
p

9 0,

then the conclusion follows vacuously.
If the mod p cohomology of (Mσ

UN
,L0

a,b,Fp
) is large, i.e., if

log|H∗(Mσ
UN
,L0

a,b,Fp
)|

vol(MUN )
9 0,

then the conclusion follows by Smith theory [Bredon 1972, § III]. Indeed [Bredon
1972, § III.4.1],

dimFp H∗(Mσ
UN
,L0

a,b,Fp
)≤ dimFp H∗(MUN ,L

0
a,b,Fp

). (27)

Since (MUN ,L0
a,b) has no rational cohomology by Theorem 7.1, the result follows

by the universal coefficient theorem.
Otherwise, all hypotheses of Theorem 8.5 are met and so its more refined

conclusion holds.2 �

8D. Comparison to p-adic methods. Let H be a smooth semisimple algebraic
group over Z(p). Let Un,p = ker(H(Zp)→ H(Zp/pnZp)), let U p

⊂ H(A∞,p) be
a fixed compact open subgroup, and let KH ⊂ H(R) denote a maximal compact
subgroup. As a byproduct of their study of completed cohomology, Calegari and
Emerton [2009] are able to prove nontrivial upper and lower bounds on cohomology
growth for the p-adic analytic tower of manifolds MUn = H(Q)\H(A)/KHU p

n Un,p.
Using Poincaré duality for completed cohomology, they show

dimFp H∗(MUn , Fp)� vol(MUn )
1−α

2Theorem 8.5 proves that the size of a cohomology group is exponential in vol(MUN ). But note
that vol(MUN )

1/p and vol(MUN ) have the same order of magnitude.
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where α = dim(H(R)/K H )/dim H(R); Calegari and Emerton [2011] prove this
for MUn a tower of hyperbolic 3-manifolds and Calegari [2013] extends this to
general H . For any local system L arising from a representation of H defined
over Q with LQ acyclic, they deduce that

log|H∗(MUn ,L)tors| ≥ log|H∗(MUn ,L)[p
∞
]| � vol(MUn )

1−α (28)

as an immediate consequence. It is noteworthy that α = 1/2 if H(R) is a complex
Lie group and 1−α ≥ 1/3 for arbitrary H .

Now let H be equal to G, the adjoint group of the unit group of a quaternion
algebra D over an imaginary quadratic field F (viewed as a Q-group). Suppose D is
split at the odd prime p. Let E/F be an everywhere tamely ramified cyclic Galois
extension of degree p. Let Un = Un,pU p

⊂ G(Afin
E ) be any parahoric level structure

with Un,p the full level pn congruence subgroup as above. Let L = L0
a,b with

a 6= b. Corollary 8.7 yields |H∗(MUn ,L)tors| � vol(MUn )
1/p whereas (28) yields

the strictly better lower bound |H∗(MUn ,L)tors| � vol(MUn )
1/2. Nonetheless, the

lower bounds obtained by p-adic methods do not subsume our main theorems on
torsion cohomology.

The origin of the torsion cohomology H∗(MUn ,L)tors detected by p-adic meth-
ods should be regarded as very distinct from the torsion cohomology detected by
the methods of this paper.

Cohomology classes accounted for by (28) are an aggregate of mod p congruences
between (mod p) automorphic representations of GE of arbitrary level.

On the other hand, the cohomology classes accounted for by Theorem 8.5 and
Corollary 8.7 conjecturally arise by base change transfer over Z (see Section 1 and
[Calegari and Venkatesh 2012]). Theorem 7.4 proves a numerical incarnation of
base change transfer over Z.

Base change for torsion cohomology leads us to expect that torsion detected
in Theorem 8.5 is supported at the same primes as torsion in the cohomology of
locally symmetric spaces for G/F ; computations suggest that the latter primes are
large and irregular [Şengün 2011]. On the other hand, torsion detected through (28)
is supported at a single prime p and gives no information about the prime-to-p part
of torsion cohomology.

Theorem 8.5 and Corollary 8.7 detect torsion cohomology growth for any grow-
ing family of manifolds MUn defined by parahoric level structures Un , including
“horizontally growing families”. Suppose D is split outside of a finite set of places S.
Let US be an arbitrary parahoric level structure inside S. For any place v outside S,
let U S

v ⊂
∏
v′ /∈S PGL2(OE,v′) be the product group equal to PGL2(OE,v′) if v′ 6= v

and the Iwahori subgroup at v. Let Uv = USU S
v . Note that (28) does not give

any information concerning torsion cohomology growth for horizontally growing
families of manifolds like {MUv }v /∈S .
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List of symbols

We compile a list of frequently used notation. The descriptions given are consistent
with the most common usage of the symbols. The reader should be warned, however,
that within a given chapter or section, the symbols might carry a slightly different
meaning; such local changes of notation will be made clear as necessary.

Algebraic groups and representation theory notation.

• E/F denotes a cyclic Galois extension of number fields of odd prime degree p
with Galois group 0E/F = 〈σ 〉. The rings OE , OF denote the ring of integers
of E and F respectively.

• For a field extension N/F , we let ι : N ↪→ C denote a complex embedding
of N and the induced complex embedding of F .

• D denotes a quaternion algebra over F .

• H denotes a semisimple algebraic group over a number field F .

• G denotes the adjoint group of D×.

• U denotes a compact open Galois-stable subgroup of G(Afin
E ) or H(Afin

E ) and
K denotes a Galois-stable maximal compact subgroup of G(ER) or H(ER).

• U denotes a compact open subgroup of G(Afin
F ) or H(Afin

F ) and K denotes a
maximal compact subgroup of G(FR) or H(FR).

• MU := G(F)\G(AF )/KU or MU := H(F)\H(AF )/KU .

• MU := G(E)\G(AE)/KU or MU := H(E)\H(AE)/KU .

• ρ̃ is a finite dimensional representation of RE/F G or RE/F H and ρ is a finite
dimensional representation of G or H .

• L0
ρ and Lρ = L0

ρ ⊗ON N respectively denote the local system of ON -modules
and N-vector spaces associated to a rational representation ρ in the manner of
Section 2B. L0

ρ̃
and Lρ̃ denote their equivariant counterparts.

• π̃ denotes a representation of G(AE)o0E/F or H(AE)o0E/F and π denotes
a representation of G(AF ) or H(AF ).

• r denotes the regular representation of G(AF ) on L2(G(F)\G(AF )) and
R denotes the regular representation of G(AE)o0E/F on L2(G(E)\G(AE)).

• For any representation (π,Wπ ) of G(AF ) and any compactly supported smooth
measure f dg on G(AF ), we let π( f dg) denote the convolution operator∫

G(AF )

f (g)π(g) dg 	 Wπ ,

and similarly for representations π̃ of G(AE).



2238 Michael Lipnowski

• For finite dimensional complex representations ρ̃ and ρ of G(FR) and G(ER)

respectively, we define

W := L2(G(E)\G(AE)), Wρ̃ := L2(G(E)\G(AE))⊗ ρ̃,

W := L2(G(F)\G(AF )), Wρ := L2(G(F)\G(AF ))⊗ ρ.

• For a representation π of a group H and a representation V of H , we let V [π ]
denote the π-isotypic subspace of H , i.e., the image of the canonical evaluation
map HomH (π, V )⊗π→ V .

• For a semisimple group H/R and a maximal compact subgroup K ⊂ H(R),
we let θ denote the Cartan involution of G associated to K ; the fixed point set
of θ acting on G(R) equals K .

• If F is a local field with ring of integers OF and maximal ideal mF , we let kF

denote the residue field OF/mF .

• For any finite dimensional representation A of 〈σ 〉, we let 〈A〉 denote tr{σ |A}.

• Let V and W be finite dimensional representations of groups A, B. By V �W
we mean the external tensor product representation on V ⊗W :

(a, b) · (v⊗w)= av⊗ bw.

If A = B, we use V ⊗W to denote the internal tensor product representation
on the vector space V ⊗W :

a · (v⊗w)= av⊗ aw.

Reidemeister torsion notation.
•
∑
∗ and

∏
∗ respectively denote alternating sum and alternating product.

• L→ M denotes a local system of projective OF , F , Q, Z, R, or C-modules,
depending on the context. L→M denotes a local system equivariant for the
action of a finite group 0, usually 0 = 〈σ 〉 with σ p

= 1.

• RT(X, L) denotes the Reidemeister torsion of the Morse–Smale complex
MS(X, L) for a vector field X , satisfying Morse–Smale transversality, and a
local system L→ M , provided the Morse function f and the implicit volume
forms are understood [Bismut and Zhang 1992]. RTσ (X ,L) denotes the twisted
Reidemeister torsion of the Morse–Smale complex whenever L→M is a
〈σ 〉-equivariant local system. We often suppress the X , X and denote these by
RT(M, L) and RTσ (M,L).

• For an R-module A which is acted on R-linearly by 〈σ 〉, we let Aσ−1 be the
set {a ∈ A : (σ−1) ·a= 0} and let AP(σ ) be the set {a ∈ A : P(σ ) ·a= 0} where
P(σ ) denotes the p-cyclotomic polynomial P(x) = x p−1

+ x p−2
+ · · · + 1.

Sometimes we denote these by A[σ − 1] and A[P(σ )] as well.
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• For an R-module A which is acted on R-linearly by 〈σ 〉, we define A′ to be
the set A/(A[σ − 1]⊕ A[P(σ )]). Similarly, if A• is a complex of R-modules
acted on R-linearly by 〈σ 〉, we define A′• := A•/(A•[σ − 1]⊕ A•[P(σ )]).
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