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Equivariant torsion and base change

Michael Lipnowski

What is the true order of growth of torsion in the cohomology of an arithmetic
group? Let D be a quaternion algebra over an imaginary quadratic field F. Let
E/F be a cyclic Galois extension with Iz, = (o). We prove lower bounds for
“the Lefschetz number of ¢ acting on torsion cohomology” of certain Galois-
stable arithmetic subgroups of D . For these same subgroups, we unconditionally
prove a would-be-numerical consequence of the existence of a hypothetical base
change map for torsion cohomology.
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0. Introduction

Let H/Q be a semisimple group. Let K C H = H(R) be a maximal compact
subgroup and X = Xy = H/K the symmetric space of maximal compact sub-
groups of H. Fix an arithmetic subgroup I' ¢ H(Q). Let p : H — GL(V) be a
homomorphism of algebraic groups over Q and let M C V be a I-stable lattice.

MSC2010: primary 11F75; secondary 11F72, 11F70.
Keywords: torsion, cohomology, Reidemeister torsion, analytic torsion, Ray—Singer torsion, locally
symmetric space, trace formula, base change, equivariant, twisted.
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2198 Michael Lipnowski

Suppose that H /Q is anisotropic and that Mp is strongly acyclic [Bergeron
and Venkatesh 2013, §4]. Let I}, C I" be a sequence of subgroups for which the
injectivity radius of I;,\ X approaches infinity. Bergeron and Venkatesh [2013]
prove that if the fundamental rank' of X equals 1, then

> loglH' (T, M)tors|
[[:T,]

> 0.

lim inf
n

Little is known about the true order of growth of log| H*(I};, M )| for X of
fundamental rank # 1.

Let F be an imaginary quadratic field and let £/ F be a cyclic Galois extension of
degree p. Let D be a quaternion algebra over F'. One goal of this paper is to prove
lower bounds for the amount of torsion in the cohomology of locally symmetric
spaces for Xpgr, (). Which has fundamental rank p > 1.

Calegari and Venkatesh [2012, §2] have proposed an analogue of Langlands func-
toriality for torsion cohomology. The hypothetical existence of torsion base change
functoriality leads one to predict that torsion cohomology on locally symmetric
spaces for Xpgr, (p) — proven to be abundant in [Bergeron and Venkatesh 2013] —
can be lifted to torsion cohomology on locally symmetric spaces for XpgL,(py)-
A second goal of this paper is to unconditionally prove a numerical relationship
between the cohomology of certain locally symmetric spaces for Xpgr,(p,) and
“matching” locally symmetric spaces for Xpgr,(p)y wWhich is consistent with base
change for torsion.

0A. Notational setup for statement of main results.

0A1. Analytic torsion and Reidemeister torsion. Let L — M be a local system of
C-vector spaces, equipped with a Hermitian metric, over a compact Riemannian
manifold M. Let o, of prime order p, act equivariantly by isometries on £ — M.
Let A, denote the Laplace operator for £. Let t, (M, L) denote the o-equivariant
analytic torsion of £ — M; it is a spectral quantity defined purely in terms of the
action of o on the eigenspaces of A, (see Section 3A).

We define the untwisted analytic torsion of a metrized local system L — M to
bet(M,L):=7t(M, L).

We let RT, (M, L) denote the equivariant Reidemeister torsion of £ — M; it is
an equivariant topological invariant, described in a manner tailored to our needs in
[Lipnowski 2014, §1.3].

We let RT(M, L) :=RT (M, L) denote untwisted Reidemeister torsion.

IThe fundamental rank of H /K is rank(H) — rank(K), where rank denotes the dimension of any
maximal torus, not necessarily split.
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0A2. The locally symmetric spaces. Let D be a quaternion algebra over an imagi-
nary quadratic field F. Let E/F be a cyclic Galois extension of prime degree p,
with Galois group Iz, r; we fix a generator o for I'z/r. Let G denote the adjoint
group of D>, the unit group of D considered as an F-algebraic group. We form the
associated locally symmetric space

My =G(ENGAp)/KU, My =G(F)\G(Ar)/KU,

where U is a compact open Galois-stable subgroup of G(A%“); U is a compact open
subgroup of G(N}“); K is a Galois-stable maximal compact subgroup of G (ER);
and K = K"6/F is a maximal compact subgroup of G(Fr). Thereisa G(Er) X Ig/F-
invariant metric on G(Eg)/K and a G(Fg)-invariant metric on G(Fgr)/K which
descend to metrics on My, and My respectively; these invariant metrics are unique
up to scaling. For a discussion of normalization of these metrics, see Section 2.

0A3. The local systems. Let N/F be a finite extension and V an N-vector space.
Let p : Resg/r G % I'g/r — Resy,r GL(V) and p : G — Resy,r GL(W) be
algebraic representations (over F). We fix “integral structures” within V and W,
i.e., Oy-lattices inside V and W; let Uy and Uy be their respective stabilizers inside
G (A" and G(A).

The representation o gives rise to a local system of N-vector spaces L£; — My
with an action of Iz, . Similarly, the representation p gives rise to a local system
of N-vector spaces L, — My. Let L;, L, denote the scalar extensions of L, L, by
the complex embedding ¢ : N «— C. If i C Uy and U C U, the integral structures
on V, W yield integral structures on these local systems, i.e., local systems of
Opy-modules, which we denote by

ﬁg — My, L/? — My.
We discuss the integral structures and scalar extensions in greater detail in Section 2B.

0B. Statements of main results. Let
My = G(F)\G(Ar)/KU, where K =KNG(Fr), U=UNGAM),

Sample Theorem (comparison of analytic torsion). Let E/F be an everywhere
unramified Galois extension of odd prime degree. Suppose that U is a parahoric
level structure (see Definition 5.1) and that p and p match (see Section 4C). Then,
for any complex embedding 1 : N — C,

To (Muy, L£5) =T(My, L,)".

A more general statement, which allows any E/F that is everywhere tamely
ramified, is proven in Sections 4D and 6. The relationship in the more general case
between 7, (My, £;) and T (My, L, ) has the same flavor but is not as simply stated.
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Spectral comparisons such as the sample theorem, in conjunction with Cheeger—
Miiller theorems (see Section 0C), have consequences for torsion in the cohomology
of Eg. In order to describe these implications, we use the following notational
shorthand:

o > " denotes an alternating sum.

e P denotes the p-cyclotomic polynomial P(x) =x?~! 4+ xP~2 +... 1.

« For any Z[o]-module A and any polynomial & € Z[x], we let A"() be the set

fae A:h(o)a=0}.
Sample Theorem (relationship between sizes of torsion subgroups). Let E/F
be an everywhere tamely ramified Galois extension of odd prime degree with
Ie/r = (0). Let the places where E/F is ramified and the places where D is
ramified be disjoint. Suppose that:

e 0, p are matching representations of the sort described in Section 7A.

o The level structure U is tamely parahoric at each unramified place of E/F

(see Definition 6.16).

Then there is an explicit finite collection of compact open subgroups U C G(A%“)
and explicit constants cy such that
1

p—1

% . .
> loglH (My, L)1 - log|H' (My, L) 1|

* .
= ZCU Z 10g|Hl (MUv L/()))tors| +I’l10gp
U

Jor some integer n. Furthermore, n can be bounded linearly by dimg, H (M, Eg’ [Fp)‘

For a more precise statement, see Theorem 7.4. An appropriate generalization of
the sample theorem also has consequences for growth of torsion in the cohomology
of the spaces Mj,.

Corollary (growth of torsion for fundamental rank > 1). Let E/F be every-
where tamely ramified with [E : F] odd. Let the places where E/F is ramified
and the places where D is ramified be disjoint. Let U, C Uy denote a sequence of
compact open subgroups of G(A%“) such that:

o The injectivity radius of My, approaches oo.

o The level structures U,, are tamely parahoric at each unramified place of E/F
(see Definition 6.16).

e Let U, C G(N}n) denote the matching level structure implicit in the definition
of tamely parahoric (see Definition 6.16). For every complex embedding
t: N < C, the local systems L, — My, form a strongly acyclic family (see
Section 8A), where p and p are matching representations (see Section 4C).
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Then
log |H*(My,. L))
lim sup
w vol(My)1/P
In fact, we prove an asymptotic formula for the “Lefschetz numbers of o acting
on H*(My,,, L’g)tors” (see Section 8C).

0C. Main tools. Three main inputs are used to prove these theorems:

(a) Cheeger—Miiller theorems. Let L — M be a local system of metrized C-vector
spaces acted on equivariantly by an isometry o of finite order p. A Cheeger—Miiller
theorem is an identity

7,(M, L) =RT; (M, L)

valid for some class of metrized local systems £ and some class of equivariant
isometries o. This remarkable formula was originally fathomed, for 0 = 1 and
L unitarily flat, by Ray and Singer [1971]. When o equals 1 and £ is unitarily flat,
it was proven independently by Cheeger [1979] and Miiller [1978]. An extension
to o = 1 and general unimodular £ was proven by Miiller [1993].

A general version of this theorem for o # 1 is proven by Bismut and Zhang
[1994]. This general version expresses the difference between log RT, (M, £) and
log 75 (M, £) in terms of auxiliary differential geometric data on a germ of the
fixed point set of o. The author proves in [Lipnowski 2014] that this difference
equals zero in the cases to be studied in this paper.

Cheeger—Miiller theorems provide a bridge between the analytic expression
75 (M, L) and the quantity RT; (M, £). In the case where L is the complexification
of a local system of Z-modules £°, the latter can concretely be related to the
o-module H*(M, £%)rs [Lipnowski 2014, Corollary 3.8].

(b) Trace formula comparison. Using Cheeger—Miiller theorems, torsion in coho-
mology of arithmetic groups related by base change can be compared by instead
comparing analytic torsions. In the case of compact quotient, the equivariant analytic
torsion of (M, L) is determined by the spectral side of the twisted Arthur—Selberg
trace formula for an appropriate family of test functions (see Section 3). The
analytic torsion of (M, L) is determined by the spectral side of the untwisted trace
formula for a matching family of test functions.

Comparing these spectral quantities uses the methods of [Langlands 1980]
together with some local representation theory for PGL,. In particular, we need
to prove a “fundamental lemma for the spherical unit” for tamely ramified base
change of PGL,.

(¢c) The results of Bergeron and Venkatesh [2013] on growth of untwisted analytic tor-
sion for sequences of locally symmetric spaces with universal cover of fundamental
rank 1.
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Combining (a) with (b) proves an identity relating sizes of torsion cohomology
for arithmetic groups related by base change (see Theorem 7.4). The resulting
identity is consistent with implications of torsion base change functoriality (see
Section 1).

Combining (a) with (c) proves the growth of “Lefschetz numbers for torsion”.
See Theorem 8.5 for a more precise statement.

OD. Outline. In Section 1, we discuss base change functoriality over Z. Base
change functoriality over Z predicts one of the main results of this paper, a relation-
ship between the sizes of torsion subgroups on locally symmetric spaces related by
base change.

In Section 2, we discuss (equivariant) local systems over locally symmetric spaces.
We explain in Section 2B how, for finite extensions N/ F', algebraic homomorphisms
G — Ry,r GL(V) over F give rise to local systems of Oy-modules over My for
appropriate compact open subgroups U C G(A%“).

In Section 3, we express the o-twisted analytic torsion of £; — My, and the
untwisted analytic torsion of L, — My in purely representation theoretic terms.

In Section 4, we use Langlands’ representation theoretic statement of base change
to prove an abstract matching Section 4D, which will ultimately imply identities of
the flavor

To (My, 5@) =1(My, LpL)p

of the aforementioned sample theorem. In order to apply this matching theorem,
we need to find instances of matching test functions, which will be the objective of
Sections 5 and 6.

In Section 5, we describe some circumstances under which the desired matching
test functions can be found. This matching only applies at places v where E,/F, is
unramified. Here is where we finally define and discuss parahoric level structure.

In Section 6, we prove a matching theorem at places v where E,/F, is tamely
ramified. In Section 6D, we define tamely parahoric level structures, those level
structures which occur in the matching theorem (Theorem 6.17) and the numerical
cohomology comparison theorem (Theorem 7.4).

In Section 7, we prove the numerical cohomology comparison theorem (Theorem
7.4) for the local systems introduced in Section 7A.

In Section 8, we use the main comparison corollary for analytic torsion (Corollary
4.19) together with [Bergeron and Venkatesh 2013, Theorem 4.5] to prove that, for
appropriate equivariant local systems £ and level structures U (see Definition 5.1),
the twisted analytic torsion log 7, (My,, £) is asymptotic to vol(M;,) /P Combined
with the results of [Lipnowski 2014, §§1-5] — which relate equivariant Reidemeis-
ter torsion to cohomology — asymptotic growth of cohomology is proven. The
results of [Bergeron and Venkatesh 2013] prove asymptotic growth of Reidemeister
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torsion, which one might loosely think of as an “Euler characteristic for torsion in
cohomology”. In the same vein, the results of Section 8 prove “asymptotic growth
of Lefschetz numbers for torsion in cohomology”.

1. A priori predictions via torsion base change functoriality

Calegari and Venkatesh [2012, §2] have conjectured an analogue of Langlands
functoriality for mod p and torsion cohomology of arithmetic locally symmetric
spaces. In this section, we explain how one of our main results, Theorem 7.4, is
roughly predicted by their conjecture applied to base change.

1A. Base change functoriality over Z. For a more general discussion of functori-
ality over Z, we refer the reader to [Calegari and Venkatesh 2012, §2].

Let F be any number field and E/F a cyclic Galois extension of odd prime
degree p. Let G/F be any group and let G, = Rg,rG;. In accordance with
functoriality over Z, the diagonal map of L-groups [Buzzard and Gee 2015]

lg) &Gy, (g,0)~>(g,....8) xo

is expected to give rise to a Hecke-equivariant map ¢, on cohomology, torsion or
otherwise. For certain groups such as G, the unit group of a semisimple algebra
over F, this correspondence is known for characteristic zero cohomology.

One main purpose of this paper is to unconditionally prove certain would-be-
numerical consequences of the existence of the hypothetical map ¢,. The analogue
of this program was carried out for Jacquet—Langlands functoriality for PGL, in
[Calegari and Venkatesh 2012].

1B. Conjectures on torsion base change. This highly speculative section dis-
cusses implications of the existence of a base change map ¢., as above. The
discussion uses the language of Langlands’ theory of base change, to be reviewed
in Section 4A.

Let D be a quaternion algebra over a number field F. Let G denote the adjoint
group of its group of units. Let E/F be a cyclic Galois extension with I'z/r = (o).
LetUd C G(A%n) and U C G(A%") be compact open subgroups with &/ Galois-
invariant. Let &/ and U have respective volume-1 Haar measures diz and du. Let
K C G(Fgr) be a maximal compact subgroup and X C G(ER) a Galois-invariant
maximal compact subgroup. Let

My =G(E)\GAE)/KU and My = G(F)\G(Ar)/KU.
For compact open subgroups J C G(N}“) and J C G(Ag“), let

W/ = L*(G(F)\G(AF)/J) and WY = L*(G(E)\G(AE)/J).
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Definition 1.1. We say that 1, dit and ), cy 1y du (finite sum) are matching level
structures if

trlo |7} = Y cy dimm,
U

for every pair of representations 7 of G(Ag) x I'r/r and 7 of G(Af) which match
by base change (see Section 4A). If E’/F is a second cyclic Galois extension and
U C G(Ag) and U C G(Ag) both match a common level structure, we say that
U and U’ are related.

Lemma 1.2. Matching level structures satisfy the identity of traces in cohomology

tr{o | H*(My, Lc)} =Y _ ey dim H*(My, Le) (1)
U

for local systems L, L associated to compatible representations p of Re/rG X Tg/p
and p of G (see Section 4C for a discussion of matching representations and
matching local systems).

Proof. We can decompose
H*(My, L¢) = @ dim Homga,) (7, W) dim 7Y - H* (7700 ® p)

in accordance with Matsushima’s formula [Borel and Wallach 2000, Chapter VII,
Theorem 5.2], where H* (7 ® p) denotes (g, K)-cohomology; this is a represen-
tation theoretic incarnation of Hodge theory. Because the level structures match,
we are reduced to proving that

tr{o|H* (Too ® p)} = dim H* (7700 ® p)

for pairs of representations 7 of G(Ag) x I'r,r and 7 of G(Ar) which match by
local base change. In this particular situation, G(ER) is isomorphic to G(Fr)?,
and 7T = JTE,p , where o acts by cyclic permutation. By the Kiinneth formula for
(g, K)-cohomology, H* (700 ® p) = H* (5 ® p)®? (graded tensor product), where
o again acts by cyclic permutation. The result then follows by the elementary fact
that, for any finite dimensional V,

tr{cyclic permutation|V®”} = dim V. O
Corollary 1.3. If U C G(Ag) and U’ C G(Ag) are related level structures, then
tr{o | H* (My, Le)} =tr{o |H* (M, Le)}-

We optimistically conjecture that an analogous conjecture is true of torsion
cohomology.
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Conjecture 1.4 (Galois structure). For related rationally acyclic local systems
L0 — My, £'°— My, the graded 7[o 1-modules H*(M,, £'% and H*(Myy, £°)
are isomorphic.

Let E' = F x --- x F/F be a split extension of degree p and E/F a cyclic
Galois extension of degree p. For simplicity, suppose that there are compact open
subgroups U C G(Afé“), J C G(A,ﬁ;“) for which 1;; du matches 1; dj; examples
of this sort are constructed in Section 5. If we simply take ' = J x - - - x J, then
U and U’ are related and we have /\/l’u = Mj x --- x M;. Suppose that L0 — My
and L° — M; are matching (rationally acyclic) local systems (see Section 4C).
Then Conjecture 1.4 predicts that

H*(My, £°) =101 H* (M, (LY%P)
= H*(My x --- x My, (L®P) = (H*(M;, L°)®?,

where ® p denotes the p-fold left-derived tensor product. For example, suppose
the £-primary part of H*(M;, L°) is isomorphic to Z/¢Z in degree d, generated by
ce H My, LY). Conjecture 1.4 predicts the existence of a graded Z[o ]-submodule
Cc H*(My, £°) isomorphic to H*((Z —£5 7)[d]®P); the action of o on the latter
group is induced by cyclic permutation of the tensor factors.

Remark 1.5. One computes that H*((Z BN 7)[d]®P) is isomorphic, as a graded
Z[o]-module, to the exterior algebra on the Z/¢Z-vector space

@/1D)o)/ ("™ +- - +o +1)
starting in degree p(d — 1) + 1.

We mention, in passing, an even more speculative conjecture, pertaining to
Hecke-equivariance of this correspondence on cohomology.

Conjecture 1.6 (Hecke-equivariance of base change). Suppose c, C are as above.
Suppose that c is a G-Hecke eigenclass, i.e., for every v where G/ F, is split and
J, is hyperspecial and for every p € Rep(*G),

I,(c) = ayc;

here, T, € H, denotes the image of p under the Satake isomorphism H, = Rep(LG).
Then, for every ¢ € C and every T € Rep(LRE/FG),

ng = afo¢5.

1C. A numerical consequence to be expected of torsion base change. Let U, U,
L, L, E, E’, F be as in the previous section.



2206 Michael Lipnowski

For Galois-equivariant, rationally acyclic local systems £° — My, as above,
where Iz, = (o), we consider the alternating product

R, (L) :l_[* |Hi(MZ/{aEO)071|
T My, 0P

In support of Conjecture 1.4 and Remark 1.5, we compute in [Lipnowski 2014,
Lemma 5.3] that

Ro(L) = Ro(L®) = R(L)", R(L):=[] |H'(M;. L), )

at least up to powers of p.

The invariant R, (L) is very closely related to the twisted Reidemeister torsion
of L (see [Lipnowski 2014, §1.3]). It is a miraculous fact (see [Bismut and Zhang
1994, Theorem 0.2; Lipnowski 2014, Theorem 1.23]) that the twisted Reidemeister
torsion is closely related to the twisted analytic torsion 7, (£), an equivariant spectral
invariant of the metrized, equivariant local system £ (described in [Lipnowski 2014,
§1.1]). The main content of this paper is comparing 7, (£) to the untwisted analytic
torsion 7 (L) of a matching (see Section 4C) local system. A prototypical example:

Sample Theorem (comparison of analytic torsion). Let E/F be everywhere un-
ramified. Let U C G(A%“) be a parahoric level structure (see Definition 5.1) and
U C G(N}n) an associated level structure (see Definition 5.3). Then

To My, £) = t(My, L)?

(see Corollary 4.19 combined with Theorem 6.17 for a more general statement). By
applying appropriate versions, both twisted and untwisted, of the Cheeger—Miiller
theorem (see [Lipnowski 2014, §§1-2]), we arrive at the equalities

R My, £) ~ 7o (My, £) =1(My, L)” = R(My, L),

where ~ denotes equality up to powers of p. This reasoning is applicable to those
matching pairs L, L of local systems described in Section 7A.

2. Local systems over locally symmetric manifolds

2A. Complex local systems over locally symmetric spaces. Let H be a semisimple
group over a number field . Let K C H = H (F) be a maximal compact subgroup
and U C H (A‘}“) a compact open subgroup. Assume U is small enough that
H (F) acts freely on H(Ar)/KU. Then the quotient My = H(F)\H (Af)/KU is
a manifold.
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Let W be a complex vector space and p : H — GL(W) an irreducible represen-
tation. We form the local system

L,=H(F)\(H(Ar)/KU x W) — My, 3)

where H(F) acts by h - (W KU, w) = (hh'KU, p(hx)w) and the bundle map is
given by the first coordinate projection.

2A1. Egquivariant local systems. Let I' be a finite group of automorphisms of H.
Suppose the action of I" preserves both U and K. Then I' acts on the manifold M.
Suppose further that the representation p : H — GL(W) extends to a representation
0: H xT — GL(W). The action

I'xL,—> L, (hKU,w)r (c(h)KU, p(o)(w)) “)

covers the action of I" on M. The action (4) gives L, the structure of an equivariant
local system.

2A2. Riemannian structure. We refer to [Bergeron and Venkatesh 2013, §3.4] for
a discussion of the normalizations used here.

Let 6 be the Cartan involution corresponding to K with associated decomposition
h := Lie(H (Fr)) = t @ p into the +1-eigenspace £ = Lie(K) and the —1-eigen-
space p.

By Weyl’s unitary trick, the irreducible representation p : H(Fr) — GL(W)
corresponds to a unique representation, which we also call p, of the compact dual
group S of H; more precisely S is the normalizer in H (F¢) of the real Lie algebra
€@ ip. There is a unique Hermitian metric on W, which is S-invariant, up to scaling.
Fix such a choice of metric (-, - )g. We use this choice to define a metric || - || on
the bundles L,:

I(hKU, )|I* = |p(hHvll§  for (h,v) € L,.

Suppose a finite group I" acts on H by automorphisms and normalizes K and U.
Then I' also normalizes S and so automatically preserves the metric || - ||o. If the
representation p extends to a representation p : H x I' — GL(W), then I' acts
on L,, as in Section 2A1, by isometries.

2B. Rational and integral structures on local systems. Let W be an N-vector
space with N/ F a finite extension of number fields and let O C W be an Oy-lattice.
Let p : H — Ry,r GL(W) be an algebraic representation defined over F. Let
UCH (Af‘;‘) be a compact open subgroup and K C H (Fr) a maximal compact
subgroup with X = H(Fgr)/K. Assume U is small enough that H (F) acts freely
on H(Af)/KU. We form an associated local system of N-vector spaces

L, =H(F)\((H(AF)/KU) x W) - My = H(F)\H(Ar)/KU
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where h - (x, w) = (hx, p(h)w) for h € H(F).

Now suppose that O C W is an Oy-lattice. The group H (A%“) acts through p
on the space of Oy lattices of W, and we suppose that U stabilizes O. Consider
the local system of Oy-lattices over X x H (A‘}“) /U given by

A :={(x,hU,v) :v € p(H)O} > X x HAM /U

with the bundle projection given by projection onto the first two factors. The group
H (F) acts on Ag diagonally: i - (x, gU, v) = (hoox, hangU, p(h)v). We let

L) :=H(F)\A) - My (5)
denote the quotient, which satisfies the following properties:

(D) Lg is a local system of Oy-modules.
) L) ®oy N = L,.
(3) Lett: N — C be a complex embedding. Let p, : H(Fr) — GL(W,) be the
composition
p = H(Fg) — H(Fc) — GL(W,).
Then
(L) ® C=L,.

Here, L,, denotes the local system of C-vector spaces associated to the complex
representation p, in Section 2A.

Remark 2.1. Given an algebraic representation o : Rg,r H X Tg;r — Ry,r GL(W)
defined over F, the constructions of this section apply equally well and give rise
to £; and £g, respectively equivariant local systems of Oy-modules and N-vector
spaces satisfying

LI®oyN=1L; and L;® C=Lp,
where the latter is the equivariant local system of complex vector spaces constructed
in Section 2A1.
3. Zeta functions and analytic torsion of equivariant, metrized local systems

3A. Equivariant analytic torsion over general manifolds. Let M be a compact
Riemannian manifold and £ — M a local system of C-vector spaces equipped with
a Hermitian metric. Let o act compatibly on M and £ by a finite order isometry.

Remark 3.1. We do not require the parallel transport associated to the flat structure
L — M to be unitary.
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Let d. : Q*(M, L) — Q*(M, L) denote the exterior derivative, defined on local
sections by d.(w ® s) = dw ® s. Let d; denote the formal adjoint of d.. Then
A =d.d; +d}d, is the Laplace operator associated to £. We let A; denote its
restriction to 7/ (M, L).

Definition 3.2 (cf. [Liick 1993, (1.12)]). The j-th equivariant zeta function of
(L — M, o) is defined by

§iro(®) =D (o ED)A,
A>0
where the sum runs over the positive eigenvalues A of A;, with corresponding
eigenspace Ej.
The j-th zeta function of the metrized local system of complex vector spaces
L — M over a compact Riemannian manifold is defined by

S =28 i

Each ¢; , . admits a meromorphic continuation to the entire complex plane
which is regular at s = 0 [Liick 1993, Lemma 1.13].

Definition 3.3 [Liick 1993, Definition 1.14]. The equivariant analytic torsion of
the triple (£ — M, o) is the quantity

dim M

1 .
75 (L) == eXp(—E Z(—l)jj : é‘]/',L,a(O)>-
j=0

The untwisted analytic torsion (or simply analytic torsion) of a metrized local system
L — M over a compact Riemannian manifold M is defined to be 7(L) := tiq(L).

3B. Equivariant analytic torsion over locally symmetric manifolds. Let H be a
semisimple algebraic group over a number field F. Let E/F be a cyclic Galois
extension of degree p with Galois group I'z/r = (o).

Let KC H:=H (Er) be maximal compact with corresponding Cartan decom-
position h = €@ p.

If the Casimir operator of a group e acts on a representation r of e by a scalar,
let A, denote this scalar.

Letd C H (Ag“) be compact open. Assume that both K and U/ are Galois-stable.
Assume that I/ is small enough that the quotient My, := H(E)\H (Ag)/KU is a
manifold. Assume that H is anisotropic over E; this is equivalent to My, being
compact.

Letp: H I'e/r — GL(W) be a complex representation. Let £; — M, be the
I’z /r-equivariant local system associated to p (see Section 2A1) endowed with the
Hermitian structure described in Section 2A2.
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Denote the H(Ag) x I'g,p-isotypic decomposition of L?>(H(E)\H (Ag)) by

L*(H(E)\H (Ap)) = P WI7].

The equivariant zeta functions §i 1o can be expressed purely in terms of the 7.
Before stating a precise result, we set some representation theory notation.

Notation for trace. For a o-module A, we let (A) denote tr{o |A}.

Definition 3.4. An admissible, irreducible representation 7 of H(Ag) x I'g/F is
called essential if 7| g(a,) is irreducible. It is called inessential otherwise.

Suppose that 7 = 7o, ® 7Tgy is a representation of H (Ag). Suppose further that
the action of o on 7 factorizes as 77 (0) = Moo (0o0) & Mfin (Tfin)-

Remark 3.5. Let H be the adjoint group of D* for a quaternion algebra over F.
For every essential representation 7 of H(Ag) x (o), we have that 77 (o) admits
a preferred factorization 7 (o) = ®)7,(0y). See our discussion of base change,
especially Theorem 4.11.

Lemma 3.6. The j-th equivariant zeta function of (L; — My, o) equals

G0 ) =Y 275 Y m(FE) - (Ffh) - (Home (A, Foo ® ), (6)
A 7T essential

ﬁi)bﬁoc=
where m(7) := dim HOHlH(AE)er/F(ﬁ', W).
Proof. See [Fung 2002, §2.3; Speh 1994]. The key inputs are as follows:

» The L;-valued differential forms on M, decompose as a (Hilbert) direct sum:

@ (My) = ) Home (Wb, WA ® ).
7
Kuga’s lemma [Borel and Wallach 2000, Chapter II, §2] states that A ; acts
on Homy (A/p, W[7 ¥ ® p) by the scalar s — Az

o If 77 is inessential, then 77| g(a,) decomposes as a direct sum of p (irreducible)
representations Vi @ --- @ V), where 7 (o) cyclically permutes the V;. In
particular, because no summand V; is preserved,

(Homg (A p, WY ® p)) =0 for inessential 7. O

Corollary 3.7. The j-th zeta function of the metrized local system L, — My equals

&imy,(8) = Z A Z m(r) -dim 7Y - dim(Homg (A/p, 70 ® ). (7)

A T
Aoy =Aoo =h
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Proof. Lemma 3.6 specializes to the corollary statement when £ = F, o = id,
U=U,K=K, p=p. =

4. Base change for quaternion algebras and analytic torsion

Let G be the adjoint group of a quaternion algebra D over a number field F.
Let E/F be a cyclic Galois extension of odd prime degree p with Galois group
Ie/r = (0). Assume that D is not split. Then G(E)\G(Ag) and G(F)\G(Af)
are compact.

Let My = G(E)\G(Ag)/KU for some Galois-stable maximal compact sub-
group K C G(ER) and some Galois-stable compact open subgroup U C G(A%“).
Let My = G(F)\G(AF)/KU for some maximal compact K C G(Fr) and some
compact open U C G(N}“).

One main goal of this paper is to prove a spectral comparison of the flavor

log 7 (My, £) = plog t(My, L) ®)

for appropriate pairs of matching local systems of complex vector spaces £ — My,
and L — My.

We will prove such spectral identities using trace formula techniques, by com-
paring the trace of a twisted convolution operator on L*(G(E J\G(AEg)) to that of
an untwisted convolution operator on L*(G(F N\G(AF)), exactly in the spirit of
Langlands’ book [1980] on base change for GL;.

In Section 4A, we will discuss those elements of the theory of base change needed
to prove the comparison (8). In Section 4B, we discuss local-global compatibility
of base change and a consequence for “multiplicities”. In Section 4C, we discuss
matching representations and matching local systems. Such matching pairs occur
in the abstract matching theorem proved in Section 4D. Later, in Sections 5 and 6,
instances of test functions satisfying the hypotheses of the abstract matching theorem
will be described.

4A. Preliminaries on base change. For general references on base change, see
[Langlands 1980] for GL, and [Arthur and Clozel 1989] for GL,,. For a comprehen-
sive treatment of the twisted trace formula formalism, see [Labesse and Waldspurger
2013].

4A1. Twisted convolution and convolution.

Definition 4.1. Let SM. (G (Ag)) denote the space of smooth compactly supported
measures on G(Ag). More precisely, these are all finite linear combinations of
measures of the form f dg for a Haar measure dg on G(Ag) and a function
f =11, fv- We require that f,, be smooth and compactly supported, that f, be
compactly supported and locally constant, and that f, = 1g(o,) for almost all
places v of F. We define SM.(G(AF)) similarly.
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For any smooth, compactly supported measure fdgon G(Ap), let

R(fd)= | [@R(@)dg O L (GE)\G(AR)),
G(Ag)
where R denotes the right regular representation of G(Ag) acting on G(E)\G(Ag).
Note that the larger group G(Ag) x I'g,r acts on G(E)\G(AE).
Similarly, for a smooth, compactly supported measure f dg on G(Af), we let

r(fdg) = G(Af)(g)r(g)dg O LAG(F)\G(Ar)),

where r denotes the right regular representation of G(Ar).

4A2. Twisted conjugacy and the norm map. Suppose that E, = E® F, is unramified
over F,, i.e., is either a split extension or an unramified field extension. We define
the norm map [Langlands 1980, §4]

N :G(E,) — G(E,), xt>xo(x)---oP71(x). 9)

Lemma 4.2 (cf. [Arthur and Clozel 1989, Lemma 1.1(i)]). If x € G(E,), then Nx is
G (E,)-conjugate to an element of y of G(F,), where y is uniquely defined modulo
G (F,))-conjugation.

Proof. Lift x to X in Dgfv. We can define a norm map on Dgfv using formula (9); we
also denote it by N. If it = N(X), then

o) =%""ax.
The characteristic polynomial p;(t) = 12 —trd(@1)t +nrd(it) € E,[t] is thus preserved
by I'z/r. Therefore, p;(t) € F)[1].

If u e FX C DXU, we are done. Otherwise, the polynomial p; is irreducible.
Since the quaternion algebra Dp, contains all quadratic extensions of F,, there is
some element i’ € Dg, with the same characteristic polynomial as Nx € Dg,. By the
Noether—Skolem theorem for Dg,, we know that Nx and u’ are conjugate in DXD,
implying that the image of &’ in G(F,) and Nx are conjugate by G(E,). By a
second application of the Noether—Skolem theorem, any two elements of G(F,)
which are G (E,)-conjugate are G (F,)-conjugate. ([

Lemma 4.3 (cf. [Arthur and Clozel 1989, Lemma 1.1(ii)]). If Nx and Ny are
G (E,)-conjugate, then x and y are o-conjugate.

Proof. Applying o-conjugation to x and y as necessary, we may suppose that
Nx = Ny € G(F). Lift x, y to X, y € Dy . Then

NX =cNy
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for some ¢ € E*. This implies that
¢* = Normg, g, (nrd(¥5 1)) € Normg, /5, (E)) C E)*.

Since [E, : F,] = p is odd, we have ¢ € F*. Furthermore, F,*/Normg, /r, (E)) is
isomorphic to Gal(E,/F,) by class field theory. Since Gal(E,/F,) has odd order p,
it follows that ¢ = Normg, /5, (¢') for some ¢’ € E. Replace y by ' = c’y. By
Noether-Skolem, Ny’ and NX are D,?v -conjugate. The argument from [Langlands
1980, Lemma 4.2] then shows that X and y’ are o-conjugate. O

Corollary 4.4. The norm map induces a well-defined injection
N : {o-twisted conjugacy classes in G(E,)} — {conjugacy classes in G(F,)},
[x] = [N)ING(ER).

Proof. The norm map converts o-twisted conjugacy to conjugacy because of the fact
that N(g~'xo(g)) = g7'N(x)g. The rest follows from Lemmas 4.2 and 4.3. O

Corollary 4.5. Ifx, y € G(F,) are G(Fv)-conjugate, then they are G (F,)-conjugate.
Ifx',y € G(E,) are G(Ev)a-conjugate, then they are G (E,)o-conjugate.

Proof. The first part follows by the same result for QXU; this in turn follows by the
Noether—Skolem theorem.

For the second part, the assumptions imply that Nx’, Ny’ € G(F,) are G(F)-
conjugate. By the first part, it follows that Nx’ and Ny are G (F,)-conjugate. By
Lemma 4.3, it follows that x’, y" are G(E,)o-conjugate. O

4A3. Matching orbital integrals. See [Langlands 1980, §6] for a discussion of
orbital integrals in the context of base change for GL,.

For a o-twisted conjugacy class ¢ = [x] of G(E,), a conjugacy class ¢’ = [x']
of G(F,), and test measures f dg on G(F,) and fdg on G(E,), we let

Ove(fd) = / Flgxo(g) 25

d
Gowx(F)\G(E) dzs
-1/ dg
Oc(fdg) = fg ' x'g)—,
G, (F)\G(F,) dz

where G, denotes the twisted centralizer of x and G,/ denotes the centralizer
of x’. See Remark 4.7 for a discussion of the Haar measures dz and dz.

Definition 4.6. We say that f dg and f dg match if

Ou(f dg)= Og,c(f dg) if c is a regular twisted conjugacy class and ¢’ = Nc,

¢ &= 0 if ¢/ # Nc for any twisted conjugacy class c.
Similarly, we say that the pure tensors f dg =11, ﬁ, dg, € SM.(G(Ag)) and
fdg =TI,y dgv € SM:(G(AF)) match if they match everywhere locally.
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Remark 4.7. The definitions of O, s and O,, depend on choices of Haar measures
dzs on G, xs(Fy) and dz on G, (F,). However, if y = N§, then the F-algebraic
groups G, and G, s are inner forms. Therefore, a choice of Haar measure dz,
on G, 5(F,) determines a compatible Haar measure dz on G, (F,) (see [Kottwitz
1982, Lemma 5.8]). The equality from Definition 4.6 is to be taken with respect to
this compatible choice. Though the individual orbital integrals depend on choices of
Haar measure, this convention ensures that the notion of f dg and f dg matching
is independent of all choices.

Example 4.8 [Langlands 1980, §8]. Say that E,/F, is split, i.e., E, = El. Then
for any test function fidg; x --- x f,dg, on G(E,) = G(F,)?, the convolution
product (fidg1) *---* (f,dg,) on G(F,) matches.

4A4. Statement of base change. For this section, let W = L?>(G(F)\G(Ar)) and
W = L*(G(E)\G(AE)).

Theorem 4.9 (Saito, Shintani, Langlands). Let f dg =[], f, dg, € SM.(G(Ag))
and fdg =11, fvdgy € SM:(G(AFr)) be matching test functions. Then

w{RO)R(f d)IW} = te(r (f dg)|W). (10)

Of course, the onus is on us to produce interesting examples of matching test
functions. The identity (10) can be leveraged to give a more refined identity.

Corollary 4.10 [Gelbart and Jacquet 1979]. Let E/F be a cyclic Galois extension
of number fields of odd prime degree. There is a bijection between irreducible
automorphic representations w of G and essential (see Definition 3.4) automorphic
representations T of R r G X Tg . This bijection is uniquely defined by an equality
of traces: w and 7w match if and only if

r{RO)R(f d)IWIF]} = trfr(f dg)| W]} (11)

for all pairs of matching test functions f dg and f dg as above. Here, W[7]
denotes the T isotypic subspace of W and W[r] the w-isotypic subspace of W.

4B. Local-global compatibility for base change and a consequence for multiplic-
ities. The groups Rg,rGg and G satisfy multiplicity one, by the Jacquet—Langlands
correspondence and multiplicity one for GL,. Therefore, the equality of (11) is
equivalent to

w{7 (0)7 (f d@)} = iz (f dg)) (12)
for all pairs of matching test functions fdg and fdg. Using (12), Langlands

proves a local version of base change and local-global compatibility.

Theorem 4.11 [Langlands 1980, §7]. Let E/F be a cyclic Galois extension of
odd prime degree p. There is a bijection between irreducible representations ,
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of G(F,)) and representations w, of G(E,) x I'r;r which are irreducible after
restricting to G(E,). This bijection is determined by the equality of traces

{7y (0) 70 (fo80)} = tr{my (f, dgo)}

for all pairs of matching test functions f,dg, and f, dg,. The image of 7, under
this bijection is often denoted BC(m,) and referred to as the base change of m,.
This base change bijection is compatible with the global bijection of Corollary 4.10
in the sense that 1 = @' m, globally matches the unique essential representation
T =Q7m,.

Remark 4.12. As promised in Remark 3.5, the above local-global compatibility
theorem has the following consequence: for any essential representation 7 = ®'7,
of G(Ag) x I'g/r matching the representation 7 = ®'m, of G(Af), there is a
canonical factorization

7(0) = Q7 (0y).
4B1. Local base change and “trace matching”.

Definition 4.13. Let f dg be a smooth measure on G (E,) and let f dg be a smooth
measure on G(F,). We say that fdg and f dg are trace-matching if, for every
irreducible admissible representation 7w of G (F,) with base change representation
BC(m) of G(E,), there is an equality

tr{BC(7) (o) BC(m)(f dg)} = tr{w (f dg)}.

Example 4.14. If f dg and f dg have matching orbital integrals in the sense of
Definition 4.6, then they are trace-matching.

We record one straightforward consequence that Theorem 4.11 on local-global
compatibility of base change has for comparing “multiplicities”:

Lemma 4.15. Let S be any set of places. Let U = [],.qUy be a compact open
subgroup of the restricted tensor product ]_[:)E s G(Ey). Suppose that 1y, du, trace-
matches my, for each v € S and that [[,.gmy, = Y cyly du. Then for matching
representations T = ®, T, of G(Ag) X I'g/r and m = Q@m, of G(AF), there is an
equality
(#)=> ey dimny,
U

where o5 denotes the (restricted) tensor or cartesian product over all places v € S.
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Proof. This follows directly by Theorem 4.11 and Section 4B1 of trace-matching:

(7)== tr{s (o) s Ay du)} = [ | ety ()70 (L, diy))
ves

— [Ttz m)) :tr{ﬂs(z culy du)} =Y ey dimnd. 0
U

vesS

4C. Local systems and matching representations. Let H be a semisimple group
over the number field F. Let ig : F < E be a cyclic Galois extension of prime
degree p. Note that (Rg,;rH)g = HFE/F Hg, where I'g/r acts by permuting the
factors according to its left translation action on itself. Let iy : F < N be a second
finite extension. Let Rg,;r H — Ry,;r GL(V), for V a finite dimensional N-vector
space, be an algebraic homomorphism defined over F.

4C1. Definition and examples of matching representations and local systems.
Suppose ¢ : N — C is a complex embedding and suppose C, = N ®, C. Then
Re/pH(C,) =[], H(Cy) where the product runs over all ¢ : E < C extending
toiy. The Galois group I'z,r acts on this product by permuting the factors accord-
ing to its action on the set {t'|t o iy}. Furthermore, the induced homomorphism
Re/pH(F®R) — GL(V)(C,) factors as

RpyrH(F®R) — Reg/rH(F®C) — Rg/rpH(C,)) — GL(V)(C),
the second map being induced by the projection F® C — C,.

Definition 4.16 (matching representations for different coefficient fields). Suppose
p:Reg/pH xTg/r — Ry,r GL(V;) and p : H — Ry, GL(V}) are representations
of algebraic groups over F. Lett: N < C be a complex embedding. We say that
0 t-matches p if

/51 = ®U|z/0u

with I'g/r acting by permutations on the set {¢'|¢ o iy}. When no confusion will
result, we abbreviate “.-match” to “match”. For local systems V; and V), of N-vector
spaces arising in the manner of Section 2B, we say that V; and V,, match exactly
when o and p match.

Definition 4.17 (matching representations for the same coefficient field). Suppose
p:RppH xTgp — Rg/p GL(V;) and p : H — GL(V,) are representations of
algebraic groups over F. Let ¢t : E — C be a complex embedding. We say that
0 t-matches p if

151 = ®L/|t)0u

with Ig/r acting by permutations on the set {/’|[t 0 ig}. When no confusion will
result, we abbreviate “/-match” to “match”. For local systems V; of E-vector spaces
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and V,, of F-vector spaces arising in the manner of Section 2B, we say that V; and V,
match exactly when p and p match.

Main examples of matching representations. (a) Let p : H — Ry,r GL(V) be any
representation over F'. Suppose that N is a Galois closure of F' containing E. For
any F-algebra A, the representation p induces a homomorphism

H(A®r E) — GL((V ®r A) ®r E QF N)
— []oL«v & 4)@r N) GL(@(V R A) OF N)
where the product runs over all i for which F —£> E —> N and i o ig = iy where

ir and iy are the embeddings defining E/F and N/F. The second map above is
induced by the ring map

AQrEQr N - AQr N, aQreQ@rni> (aQri(e)-n);.

The above homomorphisms are functorial in A and so define a map

RE/FH — RF/N GL<®V>

i

This map extends naturally to
,5 : RE/FH X FE/F —> RF/N GL<®V),
i

where I'z/r acts by permuting the embeddings i. For every complex embedding
t: N — C, the representations p and p t-match.

(b) Let p : H — GL(V) be any representation over F. There is a natural map
H(A®r E) xTg/r — GL(V ® AQrF E)

given by composing p on (A®g E)-valued points with the F-algebra homomorphism
AQrE - AQrE, aQ®rer—>aQ@role)

for each o € I'g/r. This collection of maps is functorial in F-algebras A and so
defines an algebraic group homomorphism over F,

,5 : RE/FH X FE/F —> RE/F GL(V)

For every complex embedding ¢ : E < C, the representations p and p t-match.
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4D. An abstract matching theorem.

4D1. Notational setup for the matching theorem. Let My = G(E)\G(Ag)/KU,
where IC, U are chosen to be I'z p-stable. This locally symmetric space is acted on by
It/ = (o), which is cyclic of prime degree p, by isometries. Similarly, for compact
open U C G(A‘}n) and maximal compact K, we let My = G(E)\G(Af)/KU. Let
p:G— Ry,r GL(V,) and p : Rg/r G — Ry, GL(V;) be matching representations
and let ¢ : N — C be a complex embedding.

For any compact group J, we let dj denote its volume-1 Haar measure.

4D2. Statement and proof of the matching theorem.

Theorem 4.18. Assume that

[t duw=1di and [[my=)_ culydu

131(Z))]

are trace-matching test functions (see Definition 4.13), where [1(U) is a finite set of
compact open subgroups of G(Ag“). Let p and p be matching representations of
Re/rGg X g r and G (defined in Section 4C). Then

p(=DCPD S culumy,r, () p™if j = pa,
Cj My Ls.0(8) = ) (13)
0 if j #0 (mod p).
Proof. Because the groups G and Rg,r G satisfy multiplicity one, we can rewrite
the above zeta functions from equations (6) and (7) as

8o 9) =Y AT D (7Y (Home (A, e ® ), (14)
A 7 essential

P Moo =
&ty 1, (5) = ZA‘S Z dim Y - dim(Homg (A/p, e ® p.)). (15)
A T

Aoy —Aroo =M

L

We now discuss matching for the multiplicities, the Casimir eigenvalues, and the
(g, K)-cochain groups in turn.

By Lemma 4.15, for any matching pair of an essential representation 7 of
G(Ag) x I'g/r and an irreducible representation 7 of G(Ar), there is an equality

(7)) =Y ey dimmf). (16)

U
We can relate the Casimir eigenvalues of 77, and 7, by being more explicit about
the relationship between 7, and 7. Because [E : F] is odd, we have Er = (Fg)?”.
A choice of isomorphism determines an isomorphism G (ER) = G(Fg)?. Langlands
[1980, §8] calculates that the representation m, corresponds to the representation
Moo = nEp of G(ERr) % I'g,r equipped with intertwining isomorphism given by
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a cyclic shift. Similarly, p, is isomorphic to ,olg P with intertwining isomorphism
given by the same cyclic shift. Therefore,

Ap, = Ao = Pp, — Aroy). (17)

Finally, note that because 7., ® p, = JTEP ® plg P the (g, K)-chain complexes
obey a “Kiinneth relationship”,

Homy (AP, oo @ p,) = Homg (AP, oo @ )7 (graded tensor product)

(see [Borel and Wallach 2000, Chapter I, §1.3]) which is equivariant for the cyclic
shift on the right and the o action on the left. Exactly as in our calculations from
[Lipnowski 2014, Proposition 5.1], it follows that

(Homyc (A7, oo ® 1))
_ {(_1)“2(”‘” -dim(Homg (A“p, oo ® p1))  if j = pa,

o . (18)
0 if j is not a multiple of p.

By Langlands’ formulation of base change (see Corollary 4.10), there is a
bijection between irreducible subrepresentations 1 C W of G(Af) and essential
representations 7 C W of G(Ag) X I'g,r. Multiplying (16), (17)™* and (18) together
and summing over all subrepresentations 7 of W therefore gives the result. ([

An immediate corollary concerning analytic torsion is as follows:

Corollary 4.19.
log 7o (Mu, £3)=p(}_ cu log T(My, V,,)) ~ plog(p) (Z(—l)fj -cj,MU,Lp,<0>).
J

Remark 4.20. The second summand on the right-hand side is a red herring. It
would disappear by scaling the metric on My by p. In particular, if L, g is acyclic,
the analytic torsion is metric independent and so the second summand automatically
vanishes.

5. Matching at places where E/F is unramified

We recall our notational setup: let G be the adjoint group of the group of units of a
quaternion algebra D over a number field F. Say E/F is a cyclic Galois extension
of prime degree p. The Galois group I'z,r = (o) acts on G(Af).

The goal of this section is to describe instances of local trace-matching (see
Section 4B1) at places v for which E,/F, is unramified (see, in particular, Theorem
5.4); this will enable us to prove relationships between twisted analytic torsion on
locally symmetric spaces related by base change — see Theorem 4.18.
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5A. Parahoric level structure. Throughout this section, assume that E/F is ev-
erywhere unramified.

The argument for proving Theorem 4.18 and Corollary 4.19 which relates 7, (£;5,)
to T(L,,) hinges on the fact that 1y dit and m = 1= du* x [1,e5 mv are matching
test functions, for an appropriate finite set of nonarchimedean places X of F and
corresponding measures m, on G(F,). We introduce a type of level structure for
which we will be able to prove such a matching theorem.

Definition 5.1 (parahoric level structure). A compact open subgroup U, C G(E,)
is called locally parahoric if it satisfies the following conditions:

o If D is ramified at v, then U, should equal the image of the units of the maximal
order of D, in G(E,).

o Suppose E, is split and D is unramified at v. Identify G(E,) = G(F,)?. Then
U, = Ul for an arbitrary compact open U, C G(F,).

o Say E,/F, is unramified and cyclic of degree p, and say D is unramified at v.
The tree of G/F, injects into the tree of G/E, with image identified as the
Galois-invariants. We insist that ¢, = J, where J is the pointwise stabilizer
in G(E,) of either a vertex or an edge of the tree of G/ F,.

If U = [[U, is locally parahoric at all places v of F, then we call U (globally)
parahoric. If U is locally parahoric for all v ¢ X, then we call i parahoric outside X.

Remark 5.2. The above definition does not apply at places v where E,/F, is
ramified. We extend the definition of parahoric level structure, for places v where
E,/F, is tamely ramified, in Definition 6.16.

To every parahoric level structure U C G(A%“), we associate a matching level
structure U C G(A‘};“).

Definition 5.3. Let U, C G(E,) be parahoric at v. We say that U, is associated
to Uy if U, =U, N G(F,). Specifically:
» Suppose D, is ramified. We require that U, equals the image of the units of
the maximal order of D, in G(F,).
« Suppose that E, is split. Then U, = (U))? for some U C G(F,), and we
require that U, = U,
» Suppose that E,/F, is an unramified field extension and that D, is unramified.
Then U, equals the pointwise stabilizer in G (E,) of some simplex of the tree

of G/F,, viewed as a subset of the tree of G/E,. We require that U, be the
stabilizer of that same simplex in G(F,).

We say that U = [ U, is associated to U = [ | U, if U, is associated to U, for
all places v.
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With these notions in hand, we now throw the kitchen sink at the issue of matching
lu dit < lU du.

Theorem 5.4 (Kottwitz). Let U, be associated to a parahoric level structure U, at v.
Then the test functions 1, dut, and 1y, du, geometrically match, where diut,, and du,,
are volume-1 Haar measures. In particular, 14, du, and 1y, du, are trace-matching
(see Definition 4.13).

Proof. Kottwitz [1986a] proves that
SOs,6 (1, duy) = SOns(1y, duy)

for any regular semisimple § € G(E,). Here SO denotes the stable orbital integral,
whose definition is given in [Kottwitz 1986a]. Let ¢ be a G (F,)-conjugacy class
in G(F,). Suffice it to say that if

{G(F) conjugacy class of ¢} N G(F) =c,
{G(E,)o-twisted conjugacy class of ¢’} N G(E,) = ¢

for every regular semisimple conjugacy class ¢ and regular semisimple o-twisted
conjugacy class ¢’, then SO; ; = O; ; and SO, = O,,.

Corollary 4.5 shows that, if G is the adjoint group of the units of a quater-
nion algebra over F,, then G(F,)-conjugacy collapses to G(F,)-conjugacy and
G(Ev)a—conjugacy collapses to G(E,)o-conjugacy. Thus, 1, du, and 1y, du,
match, as claimed. O

6. Matching at places where E/F is tamely ramified

To broaden the applicability of Section 4D, we need to prove matching theorems at
places v where E,/F, is ramified. We assume throughout this chapter that E,/ F, is
tamely ramified. Our immediate goals:

(1) Characterize all (possibly ramified) representations 7w of PGL,(F,) for which
BC(r) is unramified.

(2) Find a test function on f dg on PGL,(F,) which trace-matches 1pgr,(£,) dg.

Characterizing those representations as in (1) will be relatively straightfor-
ward; this is done in Section 6A. We will say that representations as in (1) are
E,-potentially unramified. For (2), the main content is an analysis of J-fixed
vectors in principal series representations for various compact open subgroups
J C PGL,(Op); this is accomplished in Section 6C3. A test function which serves
as an indicator function for E,-potentially unramified representations is constructed
in Theorem 6.15.
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Notation for local fields. To ease notation in what follows, we will denote E,/F,
by E/F. So for the remainder of this chapter, £/ F will denote a tamely ramified,
cyclic Galois extension of local fields, not an extension of global fields.

6A. Tamely ramified and E-potentially unramified Langlands parameters. Fix a
rational prime ¢ not equal to the residue characteristic of F'. We want to characterize
continuous representations

o Wr = SLo(Qyp)

such that o |y, is unramified. Since £/ F is tamely ramified, such representations o
are tamely ramified. But the tame Weil group has the very simple description

W[Eame — I}game X <f>’

where I;*™ is procyclic and generated by a single element u, and f is any lift of
the arithmetic Frobenius. The generators f and u satisfy the single relation

fuf~'=ul, where g = #kp.

Remark 6.1. Because I'z/r is an abelian quotient of W™ of prime order p, it
follows that p|(g — 1).

Lemma 6.2. All E-potentially unramified Langlands parameters are either unram-
ified or conjugate to

0 0
o=04;:=fr (?) a‘l)’ U (g §_1>

fora,t € Qg and P = 1.

Proof. Note that [™/I*™ equals I/, which is a cyclic group of order p.
Thus, I*™ must be the unique closed subgroup of index p in ™. In particular,
uP € 1™ It follows that if o (f) = A, o (u) = B, then

ABA™'=B? and BP =1.

After conjugation if necessary, we may suppose that B = (f) C(‘)l)’ where ¢7 = 1.
Assume that £ # 1, and let A = (‘; 3) Using the fact that ABA~! = B¢ and that
¢971 =1, we see that b = ¢ = 0. These give rise to the Langlands parameters

0 0
0=04;:=fr> (?) a‘l)’ U (f) g‘l)'

These parameters correspond, by the local Langlands correspondence, to the repre-
sentations I , = Indg(| -1* - x) where x is a nontrivial character of F*/N(E™).
If ¢ = 1, the resulting parameter corresponds to an unramified representation. [
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6B. A closer look at local base change. Let E/F be a tamely ramified extension
of local fields. The goal of this section is to construct a smooth, compactly supported
test measure mg ,, on PGLy(F) such that 1pgr,(op) dk trace-matches mg ur (see
Definition 4.13).

In Section 6B1, we explain how to recover the matching of orbital integrals in a
more representation theoretic manner. In Section 6B2, we discuss the action of I'z /¢
on the PGL;(Og)-fixed vectors of a representation of PGL;(E) of the form BC(r).

6B1. Strategy for proving the local base change trace identity. Recall the following
definition from Section 4 on base change:

Definition 6.3. A representation = of PGL;(E) x (o) matches the representation
of PGL, (F) if the following equality of traces holds:

{7 (o) (f dg)} = tr{m (f dg)) (19)

for every pair of matching test functions fdg € SM.(G(E)), fdg € SM.(G(F)).
We write 7 = BC(7r).

Remark 6.4. The intertwining isomorphism 7 (¢) : 7 — 7 is a priori only well-
defined up to a p-th root of unity. However, the equality of traces in the above
definition uniquely determines 7 (o).

For the particular choices of test functions fydgo and fy dgo that we will make
in the sequel, rather than proving that (19) holds by demonstrating an equality of
orbital integrals, we prove it directly by using explicitly understood features of local
base change for PGL, (F).

6B2. Action of o on PGL;(Og)-fixed vectors. Let u be the inflation to the upper
triangular Borel subgroup B C PGL,(F) of a character T — C*, where T is the
diagonal torus of PGL,(F), and let 6 denote the modulus character of B. We
let (p,, 1) denote the normalized principal series representation, i.e., the space
of locally constant functions f : PGL,(F) — C which transform by the rule
f(bg) = u(b)8(b)'/? f(g) where p, acts by right translation.

We define [; similarly for characters of the upper triangular Borel subgroup
BcC PGL,(E). If 1° = j1, then we extend I; to a representation of PGLy(E) X Ik, r
by the formula

pu() f(8) = f(g” ).

Proposition 6.5 [Langlands 1980, Corollary 7.3]. Let N : E* — F* denote the
norm map. The representations 1,y and I, match. That is, for any pair f dg and
f dg of matching test functions on PGL,(E) and PGL, (F) respectively, there is an
equality

tr{ppon (@) p(f dg)} = tr{pu(f dg)}.
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Corollary 6.6. For every irreducible admissible representation @ of PGLy(F),
there is an equality

tr{BC () (o) BC(7w) (1pGL,(0p) dk)}
1 if BC(x) is unramified,

= tr{BC(7r) (1pGL,(05) dK)} = .
0 otherwise.

Proof. The claim is vacuously true if BC(7r) is ramified. If it is unramified, then it
can be embedded in an unramified principal series representation V'; indeed, any
representation with an Iwahori fixed vector can be embedded into an unramified
principal series representation.

If V is irreducible, then BC(r) = V. But Proposition 6.5 shows that for such
principal series representations, in the image of base change, the action of I'z,/r on
the PGL,(Og)-fixed vector is trivial.

If V is reducible, then BC(7r) is either Steinberg, which is ramified, or the trivial
representation. One readily checks that the trivial representations of PGL; (F) and
PGL,(E) x I'g,r match because each has character given by the constant function 1.
Therefore, I'z,F again acts trivially on the PGL,(Og)-fixed vector of BC(rr). [

6C. Constructing an indicator test function for E-potentially unramified repre-
sentations. According to Corollary 6.6, finding a function on PGL,(F) which
trace-matches the volume-1 Haar measure on PGL,(Og) is equivalent to finding a
test measure mg , on PGLy (F) satisfying

1 if w is E-potentially unramified,

tr T (me,ur) = .
ur 0 otherwise.

The Langlands parameters for all E-potentially unramified representations are, in
particular, tamely ramified. By the local Langlands correspondence, they therefore
have Iwahori fixed vectors. Therefore, a natural place to start constructing such
a test measure mg y, is to modify the measure 1; dj for congruence subgroups of
Iwahori subgroups.

6C1. Fixed vectors for congruence subgroups of Iwahori subgroups of PGL,(F).
Let B C PGL, /OF be a Borel subgroup and N its unipotent radical, and let
T = B/N. Let kr denote the residue field of Of, and let C be any subgroup
of T (kp). Let Ic C PGL,(Or) denote the preimage of C under the reduction map.
The subgroup /; is one such example.

6C2. Supercuspidal representations have no Ic-fixed vectors. We quote the fol-
lowing theorem:

Proposition 6.7 [Bushnell and Henniart 2006, §14.3]. If V is a supercuspidal rep-
resentation of PGLy(F), then V' = 0. In particular, V'¢ =0 for any C as above.
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6C3. Ic-fixed vectors for principal series representations of PGLy(F). Suppose
B=B(F), N=N(F), T=T(F), G =PGLy(F). We prove a simple lemma
concerning the space of J-fixed vectors, for an arbitrary compact open J, in principal
series representations 7, =Ind$ x, where x : B — C* is the inflation of a character
of T.

Lemma 6.8. The dimension of the space of J-fixed vectors (IX)J equals the number
of double cosets g € B\G/J for which x|pngje—1 = 1.

Proof. Let V=1.1f f € V7, then f(bgj)= x(b)f(g) forbe B, j e J. In order
for this equality to hold for all b € B, j € J, it is necessary and sufficient that either
X1Bngsg-1 = 1 or f(g) =0. Therefore, f € V7 is uniquely specified by its values
on those double cosets g for which xpng7,-1 = 1. ([

By choosing J = Ic well, we can essentially isolate all those E-potentially
unramified representations, i.e., those whose Langlands parameters were classified
in Section 6A.

Corollary 6.9. Let Tc ={t e T(Of) :t (modrw) € C C T (kp)} and let J = Ic.
Then

2 ifxlee =1,

dim(Z,)’ =
() {O otherwise.

Proof. Observe that the elements

01
1 and w_<1 0)

form a full set of coset representatives for B\G/J. But we readily compute that
the image of both BN wJw~™! and BN J in T is Tc. The result then follows
immediately by Lemma 6.8. (|

al? 0 %
= (7 )acss]

dim(Z,)"0 = {2 iJIX|N<QE) =1
0 otherwise.

Corollary 6.10. Let

Then

Remark 6.11. As pointed out in Section 6A, the E-potentially unramified principal
series representations are exactly those with Langlands parameters corresponding
to x for which x| NOX) = 1, as in the first case of the above corollary.
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6C4. Ic,-fixed vectors in arbitrary representations.

Proposition 6.12. Let w be an irreducible admissible representation of PGL,(F).
Then

0 ifm is supercuspidal,

0 =15 xlnoy # 1
trn(le,dj)=12 ifn=1L, X|N(0§)=1v

1 ifr=1,

1 ifmr =St

where dj denotes the volume-1 Haar measure on Ic,.

Proof. Irreducible admissible representations 7w of PGL,(F') are of three possible
types:

7 is supercuspidal. As discussed in Section 6C2, no supercuspidal representa-
tion has an I¢,-fixed vector.

o By definition, if 7 is not supercuspidal then it is a subquotient of a principal
series representation. All of the principal series representations /,, where
x # | -| and 1, are irreducible. As explained in Section 6C3, such represen-
tations have a 2-dimensional space of I¢,-fixed vectors if x|y px)=1and a
0-dimensional space of I¢,-fixed vectors otherwise.

o The representations /|.| and /; are reducible. In both cases, there is one trivial

subquotient and another Steinberg subquotient. Both subquotients, the trivial
representation and the Steinberg, have a 1-dimensional space of I¢,-invariants.

The result is simply the aggregate of all of these possibilities. ([

6CS. Isolating 1 and St using the Euler—Poincaré test function. In his work on
Tamagawa numbers, Kottwitz made use of a test function which almost isolates the
Steinberg representation.

Let C be a closed chamber of the building of H = H (F) for a semisimple H
over F. For a compact open subgroup J C H, let dg; denote the Haar measure
of H assigning J measure 1. Let

rank H

EP:= ) > (=), dg;.

d=0 stabilizers of dim d
acets of C

Theorem 6.13 [Kottwitz 1986b]. For an irreducible unitary representation w of H,
1 ifr=1,
trr(EP) = x (H* (7)) = { (— D™ jf 7 =S¢,
0 otherwise.
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Corollary 6.14. In the case of H = PGL;, the formula from Theorem 6.13 holds
for any irreducible admissible representation.

Proof. Once again, we invoke the classification of irreducible admissible represen-
tations of PGL,(F). Any nonunitary irreducible admissible representation must be
an irreducible principal series representation of the form 7y = I}.5,,. But

s +— trm;(EP)

is a continuous, integer-valued function of s and so must be constant and equal to
tr ro(EP) = 0. O

We are finally able to write down an indicator test function for E-potentially
unramified representations.

Theorem 6.15. The test function mg = %[EP +1¢, dj] satisfies

1 if w is E-potentially unramified,

trme ) = {0 otherwise

Proof. This follows immediately from Proposition 6.12 and Corollary 6.14. (]

6D. Definition of tame parahoric level structure and globally matching test func-
tions. We now extend the definition of parahoric level structure to include places v
of F for which E,/F, is tamely ramified.

Definition 6.16. Let £/ F be everywhere tamely ramified. Also, assume that the
set of places v where E,/F, is ramified is disjoint from the set of places where
Dr, is ramified. Let ¢, C G(E,) be a compact open subgroup. We call U, tamely
parahoric at v if

e U, is parahoric at v if E,/F, is split or unramified, and
o U, =PGL,(O,) if E,/F, is tamely ramified.

We call a level structure U = [[U, C G(A%n) (globally) tamely parahoric if
U, is tamely parahoric at v for all v.

We now consolidate all of the preceding results of Section 6 to provide a class
of examples of globally matching test functions.

Theorem 6.17. Let E/F be everywhere tamely ramified, with & = {vy, ..., v,}
the places of F which ramify in E. Let U C G(Ag“) be a globally tamely parahoric
level structure. Define U* = I ¢x Uy, and let U ¥ denote a matching parahoric
level structure outside . Forv € X, let
1 S | -
me, e = Sk dky + S 1dk, = 1y diy+ S, deg = 2% duy ;,
i=
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where K, and K, are the stabilizers of two vertices in the tree for G(F,) =PGL,(F,);
1, is the pointwise stabilizer of the edge between them; I, , is the “preimage in I, of
the p-th powers of the diagonal torus mod v” (cf. Corollary 6.10); and dk denotes
the volume-1 Haar measure for any compact group K. Then the test functions

n
§ : z
lu du < Copiy " cvnainll_['}=1Uu,-,ij><U2 l_[duvj’,'j x du
y i

trace-match (see Definition 4.13).

Proof. Theorem 6.15 shows that mg, ,, trace-matches 1;;, dit, for each place v € Z.
For v ¢ ¥, let U, be associated to the parahoric level structure i/,. Theorem 5.4
shows that 1y, du, trace-matches 1, dii,. Therefore,

Ly dii < [ | me,u > 1y= du” (20)
veX

are matching test functions. The result follows after expanding the right-hand side
of (20). ]

7. A numerical form of base change functoriality for torsion

In this section, we’ll exhibit examples of F-acyclic local systems of Or-modules on
locally symmetric spaces associated to G for which the Cheeger—Miiller theorems
of [Lipnowski 2014, §1.7, §4] can be applied. In conjunction with the trace formula
comparison proven in Section 4D, this will yield a numerical form of torsion base
change functoriality.

In Section 7A, we will describe a certain class of F-acyclic local systems of
Or-modules over locally symmetric spaces associated to G. In Section 7B, we
will prove the main comparison theorem of this paper, concerning a version of
“numerical functoriality”.

7A. A class of local systems. We recall the construction of some local systems
described in [Calegari and Venkatesh 2012, §10.1].

For any quaternion algebra Q over F, we let [Q],, denote the F-vector space
[Q]n = Sym™ 0°/A Symm_2 00, where Q° denotes the trace zero elements of Q
and A denotes any invariant element of Sym2 0°. The F-vector space [Q],, affords
an F-linear representation of Q> /F*, which acts by conjugation on Q and thus on
the symmetric powers of Q°.

Let V., = [D], ® [D],, where D denotes the quaternion algebra D ®, F, with
o denoting the nontrivial automorphism of F. We note that [D], = [D]p.

Consider the representation p, , : G — GL(V, ;) given by conjugation action. By
the second construction outlined in Section 4C, there is a matching representation
Pap: RejpG X Tg/p — Rpyjr GL(Vyp).
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Suppose that U C G(N}“) is compact open and K C G(FR) is a maximal compact
subgroup. Suppose that &/ C G(Ag“) is compact open and X C G(ER) is maximal
compact, with both ¢/ and K Galois-stable. Fix an Op-lattice O C p, , and an
Og-lattice O C Pa.b- Suppose that U stabilizes O and U stabilizes 0. By the
construction of Section 2B, the matching representations p, , and p, , together
with these data give rise to matching local systems

Laop— My =G(F\GAF)/KU,  Lap — My =G(E)\GAE)/KU.
For each complex embedding ¢ : E — C, we let
Lapi=Lap®uwir C,  Lapi=Lab® C,
be local systems of C-vector spaces.

7A1. Acyclicity. We recall a theorem of Borel-Wallach, specialized to our setup:

Theorem 7.1 [Borel and Wallach 2000, §II, Proposition 6.12]. Let L — My, be
the local system of C-vector spaces corresponding to a complex representation
p: G(Er) = Rg/rG(Fr) — GL(V). Suppose that dp : Lie(G(Egr)) — End(V) is
not isomorphic to its twist by the Cartan involution of G(ER) corresponding to K.
Then L — My, is acyclic. A similar statement holds for a local system of C-vector
spaces L — My corresponding to representations of G (Fg).

Proof. See [Bergeron and Venkatesh 2013, §4.1], wherein the stronger statement
that representations p as above give rise to “strongly acyclic families” is proven. [J

Corollary 7.2. The local systems L, p, — My, L4, — My are acyclic provided
that a # b.

Corollary 7.3. The Og-module H*(My, L4 ) and the Op-module H*(My, L, p)

are torsion for a # b.

7B. Numerical comparison theorem. We can finally combine our trace formula
comparisons with the Cheeger—Miiller theorems of [Lipnowski 2014, §1.7] to obtain
a numerical comparison of Reidemeister torsion.

Theorem 7.4. Let F be an imaginary quadratic field. Let E/F be Galois and
cyclic of odd prime degree p. Let a # b. Then there is an equality

log RT, (M, L4600 =P (Y Cupis €0, 0 RTMp_ 1y cvms Lap) (1)
where the constants c, j and level structures are as in Theorem 6.17.

Proof. By Theorem 6.17, the test functions

n
11/{ du < E Cuiip " 'Cvnsinll_[_’;=|Uu/-,z:i><Uz l_[duv].,,-j X duz
j=1
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are matching. By Corollary 4.19, there is thus an equality

log 76 (My, Lap,) = P(Z Copiy " Cuy.i, 108 T(M]_[’JLIUUJ,,,-,, xU% > La,b,z))-

By the assumption a # b, Corollary 7.2 applies and so all regulators vanish. Because
La.b.i> Lap, are unimodular, the twisted Bismut—Zhang theorem (see [Lipnowski
2014, Theorem 4.1]) and the untwisted Cheeger—Miiller theorem of [Miiller 1993]
(see [Lipnowski 2014, §1.7]) apply and give

log RT, (Mo, L4000 = p(D Cuvis oy 0g REM:_ 0, x5 Lap)- D

The equality (21) from Theorem 7.4 is unwound into a numerical comparison
between torsion cohomology groups in [Lipnowski 2014, Lemma 1.21]. A palatable
corollary is as follows:

Corollary 7.5. Let F be an imaginary quadratic field. Let E/F be an everywhere
unramified cyclic Galois extension of odd prime degree p. Let U C G(N};‘) be a
parahoric level structure and let U =U N G(N}n). Suppose a # b. Then

* |Hi(/\/lu,£2,b)g_l| x 0 1\
l_[ <|Hi(/\/(u, 52 b)P(0)|> o (1_[ My La’b)|> ’

where ~,, denotes equality up to powers of p. In particular, if £ # p is a prime
dividing |H' (My, ngh)|for exactly one i, then £ divides | H*(My, Eg7h)|.

Proof. Because E/F is everywhere unramified, the right-hand side of (21) has
RT(My, L, p,) as its only summand. Summing (21) over all complex embeddings ¢
of E and applying [Lipnowski 2014, Lemma 1.21] yields the desired result. [

Remark 7.6. Empirically, the integer | H 2(My, Lg, »)| tends to be supported at large
sporadic primes [Sengiin 2011]. On the other hand, the integers |H' (M, Lg’ ») | for
i # 2 provably grow at most polynomially in vol(My) [Bergeron and Venkatesh
2013, §8.6]. Corollary 7.5 thus strongly suggests an underlying torsion base change
phenomenon. See Section 1A for a more detailed discussion of torsion base change.

8. Asymptotic growth of analytic torsion and torsion cohomology

Let G be the adjoint group of the unit group of a quaternion algebra D over an
imaginary quadratic field F. Let E/F be a cyclic Galois extension of odd prime
degree p.

In this section, we’ll prove a torsion cohomology growth theorem for the local
systems £, ; defined in Section 7A over a sequence of locally symmetric spaces
for Rg/rG. The trace formula comparison that we have proven in Section 4D can
be combined with the results of [Bergeron and Venkatesh 2013] to estimate the
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asymptotic growth of torsion in homology through a sequence My, of such spaces
where Uy is a parahoric level structure (see Definition 6.16).

We will recall the definition of a strongly acyclic family used in [Bergeron and
Venkatesh 2013] in Section 8A. In Section 8B, we will prove a growth theorem
for twisted analytic torsion. In Section 8C, we will combine our growth theorem
for twisted analytic torsion with the Bismut-Zhang theorem to prove a torsion
cohomology growth theorem.

8A. Redux of strong acyclicity. Let L — M be a metrized local system over a
compact Riemannian manifold M. Let M,, > M be a sequence of covers.

Definition 8.1 (strong acyclicity). The family L, = ;L — M, is strongly acyclic
if the spectra of the Laplace operators A; 7,, 0 <i < dim M, admit a uniform
spectral gap. That is, there is some € > 0 such that A > € for any eigenvalue A of
any Laplace operator A; z, .

Bergeron and Venkatesh [2013] crucially use this hypothesis in proving a “limit
multiplicity formula for analytic torsion”; it enables them to uniformly control the
long time asymptotics of an infinite family of heat kernels. The surprising fact is
that strongly acyclic local systems over locally symmetric spaces are abundant.

Let H be a semisimple algebraic group over F. Let M be an associated locally
symmetric space '\ H (Fr)/K.

Let p : H — GL(V,) be a representation over F'. Any Op-lattice inside V, which
is stable by I gives rise to a local system Lg — M. We will require the following
strengthened version of Theorem 7.1.

Theorem 8.2 [Bergeron and Venkatesh 2013, Theorem 4.1]. Suppose we have
dp : Lie(H (Fr)) — End(V) 2 dp o0 0. Then for any family of covers M, — M, the
family L, = nL — M, is strongly acyclic.

8A1l. Representations of PGLy(C) and strong acyclicity. Fix a complex embedding
t: E — C. There is an isomorphism G (ER) = PGL,(C)?. Via this identification,
o acts by a cyclic shift.

The irreducible representations of SL,(C) are enumerated as

Pa,b = Va ® ‘7175

where V,, = Sym™ (C?) and where the s denotes conjugation of a complex structure.
In order to factor through SL,(C)/{x1} = PGL,(C), we must have a + b even.

Thus, the representations of PGL,(C)? isomorphic to their o-twists are of the
form pgp = (Vo ® V,)BP. The representation p, , matches the representation
pab =V ® Vj, of G(Fr) = PGL,(C) (see Section 4C).
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Remark 8.3. The p, ; from above is a slight abuse of notation. After having fixed
a complex embedding ¢ of E, these are the homomorphisms on F ®g R-valued
points induced by p, ; of Section 7A.

As explained in [Bergeron and Venkatesh 2013], the representations p, ; are
strongly acyclic if and only if a # b. They verify that twisting by the (standard)
Cartan involution 8 yields pg’ » = Pb.a Z Pa,p- By [Bergeron and Venkatesh 2013,
Lemma 4.1], this implies that p, p is strongly acyclic.

By the same token, for the Cartan involution 6 of C, we see that

ﬁg,b = Iab,a 2 fsa,b for a # b,

implying that the sequence of local systems Lz, , — My, defined in Section 7A
is strongly acyclic. In particular, the rational cohomology of this entire family of
local systems vanishes.

8B. Growth of twisted analytic torsion.

Theorem 8.4. Assume that E/F is everywhere tamely ramified. Assume further
that the set X of places where E/F is ramified is disjoint from the set of places
where the quaternion algebra D is ramified. Fix a complex embedding 1 : E — C.

Let Uy C Uy denote a sequence of compact open subgroups of G(A%“) such that:

o The injectivity radius of My, approaches oo.
o The level structures Uy = [ [, Un,, are globally tamely parahoric.

Let Uy, be a level structure associated with Uy, (see Definition 5.3) for all
places v ¢ ¥ and let Uy ,, be an Iwahori subgroup of PGL,(F,) if v e X. For the
matching local systems L, p, L, p defined in Section 7A,

! log to (Muy s Lap,.)
im
N—oo VOI(MUN)

= p(1/2)" - H(ZIB(kFM ~1+ ql) £0 (22)

i=1

where B denotes the corresponding Borel subgroup of PGLy /OF, and c,p is a
nonzero constant, the L*-torsion of (PGL,(C), pa.p.,) (see [Bergeron and Venkatesh
2013, Theorem 4.5]).

Proof. Because the level structure Uy is globally tamely parahoric, Theorem 6.17
implies that 1y du and 1= du* x [ ex mE, ur are matching test functions (see
Proposition 6.12 and Theorem 6.15 for a definition of the test function mg, ).
Expand the latter measure as

n
X — 2 :
IUZ du” x l_[ ME, ur = Cuip " Cvrl,irzll_[?=1Ugi,(i xU=E 1_[ duvj,i]. X duz
veED j=1
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as in Theorem 6.17. Our abstract matching corollary for analytic torsion (Corollary
4.19) proves that

log Ty (MZ/{N’ »Ca,b,t) =p Z Cvl,il T Cvn,in log T(Mil,“.,i,,’ La,b,t),

where

. )
Ui] in *— l_[ Ul{/,ij x U=, Mil ,,,,, in

,,,,,

(see Theorem 6.17 for further discussion of this notation). For each tuple (iy, ..., i,),
the family of local systems £, 5, — M;, .., is strongly acyclic, by the discussion
of Section 8 A1. Therefore, we may apply the “limit multiplicity theorem for torsion’
from [Bergeron and Venkatesh 2013, Theorem 4.5]. Dividing by vol(My, ) and
taking the limit as N — oo, the result follows. ]

2

8C. Cohomology growth theorem.

Theorem 8.5. Enforce all the notation and assumptions of Section 8B. Let Uy C Uy
denote a sequence of compact open subgroups of G(Ag“) such that:

o The injectivity radius of My, approaches .
o The level structures Uy = [ [, Uy, are globally tamely parahoric.

o The p-adic part of the cohomology of Eg, p is controlled as follows, for all i

10g|Hi (MZ/{Na 52’1,)[1700”
vol(My, )

e There is not too much mod p cohomology in Eg plmg, s ie.,
, N

log|H' (M7, , £2’b’[57)|

vol(My,)
Then it follows that, for a # b,
> logl HY (Mugy, £5 o' | = 57 logl H (Mg, £5 ) ors | s £0
—> .
vol(My,) “b

Proof. Fix a complex embedding ¢ : E < C. By Theorem 8.4, there is a limiting
identity

li 10g To (MI/{N’ Ea,b,z)
1m
N—oo VOI(MUN)

- p-(1/2)"-ca,b-1‘[<2|B<ka,,>|—1+qi) £0. (23)

i=1 i



2234 Michael Lipnowski

Combining [Lipnowski 2014, Proposition 4.5] with the results of [Lipnowski 2014,
§5], specifically [Lipnowski 2014, Example 5.6], we know that

7o (M, L) =RT5 (M, L));

we have abbreviated M := My, L= L, ;. Let A* denote the Morse—Smale com-
plex for £, and a fixed invariant weakly gradient-like vector field X on M satisfying
Morse—Smale transversality. As proven in [Lipnowski 2014, Lemma 1.21], there
exist f, f" € E such that

log RT; (A%) = log|t(f)| — log|e(f)] (24)

p—1
where

Nomgja(f) =[] 1H (A'lo — 1Dl Nomga(f) =[] I1H (ATP@)DI.

This identity is true for all embeddings ¢. Summing (24) over all the embeddings ¢,
we find that

Y log tw (M. £,) =Z*log|Hi<A'[o—1]>|—ﬁ > logl H(ATP@)D]. (25)

By the estimate [Lipnowski 2014, (26),,] combined with [Lipnowski 2014, Proposi-
tion 3.7] which relates naive twisted Reidemeister torsion and Reidemeister torsion,
we obtain that the right-hand side of (25) is equal to

* ' Oyp —170—1 1 * ' O\p —171P (o)
(X ol (M. £ =g 3 o HY (M. £ 1)
+ O (log| H* (M, L) [p®]| +log| H*(M, L) +log| H* (M, L} )]).
The remainder big O term in the above equation is o(vol(My, )) by our assumption
on the size of p-power torsion in the cohomology H*(My, , L£4.») and the mod p
cohomology H*(My, , Lap.5,). Dividing both sides of the above equation by

vol(My, ), applying the limiting identity of (23) separately for each embedding ¢,
and letting N — oo yields the desired result. ]

Remark 8.6. One expects the hypothesis
log| H* (Mg, £3, )]

vol(My,) (26)

to hold. For example, Calegari and Emerton [2011, Conjecture 1.2] have conjec-
tured (26) whenever the My, vary through a p-adic analytic tower of hyperbolic
3-manifolds.

Corollary 8.7. Assume that E/F is everywhere tamely ramified of odd prime
degree p. Assume further that the places where E | F is ramified are disjoint from
the places where the quaternion algebra D is ramified.
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Let Uy C Ug denote a sequence of compact open subgroups of G(A%“) such that:

o The injectivity radius of My, approaches oo.

o The level structures Uy = ]_[v Uy, are globally tamely parahoric.

Then it follows that

. 10g|H*(MuN, [’S,b)tors|
lim sup

: >0 for a#b.
N vol(My, ) ?

Proof. If the p-adic part of the cohomology of the sequence (M, , CS’ p) 1s large,
1.e., if

log| H* (M, £ ,)[p™]| log| H* (Muy. £5 ¢ )
: -0 or -0

vol(My, )7 vol(Myy )7

El

then the conclusion follows vacuously.
If the mod p cohomology of (M7, , ﬁg’ b,[F,,) is large, i.e., if
log| H* (Mg, , £2,b,[5,)|
vol(My,)

-0,

then the conclusion follows by Smith theory [Bredon 1972, § III]. Indeed [Bredon
1972, § 111.4.1],

dimg, H*(My, , L. bi,) < dimg, H* (M, L) b, (27)

Since (Mg, , [,2’ ») has no rational cohomology by Theorem 7.1, the result follows
by the universal coefficient theorem.

Otherwise, all hypotheses of Theorem 8.5 are met and so its more refined
conclusion holds.? O

8D. Comparison to p-adic methods. Let H be a smooth semisimple algebraic
group over Z ). Let U, , =ker(H(Z,) — H(Z,/p"Z,)), letU? C H(A>") be
a fixed compact open subgroup, and let £y C H(R) denote a maximal compact
subgroup. As a byproduct of their study of completed cohomology, Calegari and
Emerton [2009] are able to prove nontrivial upper and lower bounds on cohomology
growth for the p-adic analytic tower of manifolds My, = H(Q)\H (A)/ Kud? Un p.
Using Poincaré duality for completed cohomology, they show

dimg, H*(My,, F,) 3> vol(My,)' ™

2Theorem 8.5 proves that the size of a cohomology group is exponential in vol(My, ). But note
that VOl(MuN)l/ ? and vol(My,, ) have the same order of magnitude.
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where ¢ = dim(H (R)/Kg)/dim H (R); Calegari and Emerton [2011] prove this
for My, a tower of hyperbolic 3-manifolds and Calegari [2013] extends this to
general H. For any local system £ arising from a representation of H defined
over @ with Lg acyclic, they deduce that

log| H*(Muy,, L)tors| = log| H* (My,, L)[p®1 3> vol(My,)' ™ (28)

as an immediate consequence. It is noteworthy that « = 1/2 if H(R) is a complex
Lie group and 1 —« > 1/3 for arbitrary H.

Now let H be equal to G, the adjoint group of the unit group of a quaternion
algebra D over an imaginary quadratic field F' (viewed as a Q-group). Suppose D is
split at the odd prime p. Let E/F be an everywhere tamely ramified cyclic Galois
extension of degree p. Let U, =U, ,UP C G(N]}n) be any parahoric level structure
with U, , the full level p" congruence subgroup as above. Let £ = Eg’ , With
a # b. Corollary 8.7 yields |H*(My,, L)rors| 3> vol(Myy,)!/? whereas (28) yields
the strictly better lower bound |H* (Mg, , L)tors| > VOl(Mz,{”)l/ 2. Nonetheless, the
lower bounds obtained by p-adic methods do not subsume our main theorems on
torsion cohomology.

The origin of the torsion cohomology H*(My,, £)wrs detected by p-adic meth-
ods should be regarded as very distinct from the torsion cohomology detected by
the methods of this paper.

Cohomology classes accounted for by (28) are an aggregate of mod p congruences
between (mod p) automorphic representations of Gg of arbitrary level.

On the other hand, the cohomology classes accounted for by Theorem 8.5 and
Corollary 8.7 conjecturally arise by base change transfer over Z (see Section 1 and
[Calegari and Venkatesh 2012]). Theorem 7.4 proves a numerical incarnation of
base change transfer over Z.

Base change for torsion cohomology leads us to expect that torsion detected
in Theorem 8.5 is supported at the same primes as torsion in the cohomology of
locally symmetric spaces for G/ F; computations suggest that the latter primes are
large and irregular [Sengiin 2011]. On the other hand, torsion detected through (28)
is supported at a single prime p and gives no information about the prime-to-p part
of torsion cohomology.

Theorem 8.5 and Corollary 8.7 detect torsion cohomology growth for any grow-
ing family of manifolds M;,, defined by parahoric level structures U, including
“horizontally growing families”. Suppose D is split outside of a finite set of places S.
Let Ug be an arbitrary parahoric level structure inside S. For any place v outside S,
let LIUS C ]_[U,¢ sPGL2(Og ) be the product group equal to PGLy(Og ) if v/ # v
and the Iwahori subgroup at v. Let U, = Z/ISZ/I,f . Note that (28) does not give
any information concerning torsion cohomology growth for horizontally growing
families of manifolds like { My, }v¢s.
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List of symbols

We compile a list of frequently used notation. The descriptions given are consistent
with the most common usage of the symbols. The reader should be warned, however,
that within a given chapter or section, the symbols might carry a slightly different
meaning; such local changes of notation will be made clear as necessary.

Algebraic groups and representation theory notation.

E/F denotes a cyclic Galois extension of number fields of odd prime degree p
with Galois group I'z,r = (o). The rings Og, O denote the ring of integers
of E and F respectively.

For a field extension N/F, we let t : N — C denote a complex embedding
of N and the induced complex embedding of F.

D denotes a quaternion algebra over F.
H denotes a semisimple algebraic group over a number field F.
G denotes the adjoint group of D*.

U denotes a compact open Galois-stable subgroup of G(Ag") or H (Ag“) and
K denotes a Galois-stable maximal compact subgroup of G(ER) or H (ER).

U denotes a compact open subgroup of G(A%“) or H (A‘}n) and K denotes a
maximal compact subgroup of G(Fr) or H (FR).

My .= G(F)\G(Ar)/KU or My .= H(F)\H(Ap)/KU.

My = G(E)\G(Ag)/KU or My := H(E)\H(Ag)/KU.

p is a finite dimensional representation of Rg,rG or Rg,rH and p is a finite
dimensional representation of G or H.

Lg and L, = L[? ®oy N respectively denote the local system of Oy-modules
and N-vector spaces associated to a rational representation p in the manner of
Section 2B. Eg and £; denote their equivariant counterparts.

7 denotes a representation of G(Ag) X I'g/r or H(Ag) x I'g/r and  denotes
a representation of G(Ar) or H(Ap).

r denotes the regular representation of G(Ar) on L*(G(F)\G(AF)) and
R denotes the regular representation of G(Ag) x Ig,/r on L*(G(E)\G(Ag)).

For any representation (77, W) of G(Ar) and any compactly supported smooth
measure f dg on G(AF), we let m(f dg) denote the convolution operator

f(@m(g)dg O Wy,
G(Ar)

and similarly for representations 7 of G(Ag).



2238 Michael Lipnowski

« For finite dimensional complex representations p and p of G(Fg) and G(ER)
respectively, we define

W:=L*(G(E)\GAp)), W;:=L*(G(E)\G(Ag))® p,
W= L*(G(F)\G(AF), W,:=L*(G(F)\GAF))®p.

o For a representation 7t of a group H and a representation V of H, we let V [x]
denote the m-isotypic subspace of H, i.e., the image of the canonical evaluation
map Homgy (7, V)Q@m — V.

» For a semisimple group H /R and a maximal compact subgroup K C H (R),
we let 0 denote the Cartan involution of G associated to K; the fixed point set
of 6 acting on G(R) equals K.

o If F is alocal field with ring of integers Or and maximal ideal mg, we let kg
denote the residue field O /mg.

« For any finite dimensional representation A of (o), we let (A) denote tr{c|A}.

o Let V and W be finite dimensional representations of groups A, B. By VX W
we mean the external tensor product representation on V Q@ W:

(a,b)- (W@ w) =avbw.

If A= B, weuse V ® W to denote the internal tensor product representation
on the vector space V Q@ W:

a-(Ww)=av@aw.

Reidemeister torsion notation.
o > " and [ respectively denote alternating sum and alternating product.

e L — M denotes a local system of projective Of, F, Q, Z, R, or C-modules,
depending on the context. £ — M denotes a local system equivariant for the
action of a finite group I, usually I' = (o) with o” = 1.

e RT(X, L) denotes the Reidemeister torsion of the Morse—Smale complex
MS(X, L) for a vector field X, satisfying Morse—Smale transversality, and a
local system L — M, provided the Morse function f and the implicit volume
forms are understood [Bismut and Zhang 1992]. RT, (X, £) denotes the twisted
Reidemeister torsion of the Morse—Smale complex whenever £L — M is a
(o )-equivariant local system. We often suppress the X, &' and denote these by
RT(M, L) and RT, (M, L).

« For an R-module A which is acted on R-linearly by (o), we let A°~! be the
set{a€A:(c—1)-a=0}andlet A¥©) betheset {a € A: P(0)-a =0} where
P (o) denotes the p-cyclotomic polynomial P(x) = x?~! 4 xP72 ... +1.
Sometimes we denote these by A[o — 1] and A[P(o)] as well.
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 For an R-module A which is acted on R-linearly by (o), we define A’ to be
the set A/(Alo — 1] A[P(0)]). Similarly, if A® is a complex of R-modules
acted on R-linearly by (o), we define A’ := A*/(A*[0 — 1] D A°[P(0)]).
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Induction parabolique et (¢, N)-modules

Christophe Breuil

Soit L une extension finie de Q, et B un sous-groupe de Borel d’un groupe
réductif déployé connexe G sur L de centre connexe. On définit un foncteur
contravariant et exact a droite de la catégorie des représentations lisses de B(L)
sur Z/p™Z vers la catégorie des limites projectives de (¢, I')-modules étales
(pour Gal(Q »/Qp)) sur Z/p™Z. On montre que ce foncteur est insensible a
I’induction parabolique et que, restreint aux représentations de longueur finie
dont les constituants sont des sous-quotients de séries principales, il est exact
et donne de “vrais” (¢, I')-modules. Par passage a la limite projective, on en
déduit que, convenablement normalisé, il envoie la G (Q,,)-représentation IT (p)°d
de Breuil et Herzig (Duke Math. J. 164:7 (2015), 1271-1352) vers le (¢, I')-
module de la représentation (L®|§c,, Y 6 p de Gal(@ »/Q,), reliant ainsi les
deux constructions de loc. cit.

Let L be a finite extension of Q, and B a Borel subgroup of a split reductive
connected algebraic group G over L with a connected center. We define a right
exact contravariant functor from the category of smooth representations of B(L)
over Z/p™Z to the category of projective limits of étale (¢, I')-modules (for
Gal(Q »/Qp)) over Z/p™Z. We show that this functor is insensitive to parabolic
induction and that, when restricted to finite length representations with all con-
stituents being subquotients of principal series, it is exact and yields “genuine”
(¢, I')-modules. By a projective limit process, we deduce that, conveniently nor-
malized, it sends the G(Q,)-representation I1(p)°" of Breuil and Herzig (Duke
Math. J. 164:7 (2015), 1271-1352) to the (¢, I')-module of the representation
(L®|3 cs Yord o p of Gal(Q »/Qp), thus connecting the two constructions of loc. cit.
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BS01-005. Je remercie Benjamin Schraen et Stefano Morra pour m’avoir informé de leurs travaux en
cours [Schraen 2012—-14; Morra et Schraen > 2015] qui, avec [Schraen 2015], ont joué un rdle tres
important dans la gestation de cet article. Le travail en collaboration avec Florian Herzig [Breuil et
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1. Introduction

Soit p un nombre premier, L une extension finie de @, et B un sous-groupe de
Borel d’un groupe algébrique réductif déployé connexe G sur L de centre connexe.
L’ objectif de cet article est d’une part de construire un foncteur de la catégorie des
représentations lisses de B(L) sur des O /(wg')-modules (ol E est une extension
finie quelconque de Q, d’anneau d’entiers O, wg € Of une uniformisante et
m > 1 un entier fixé) vers les pro-(¢, I')-modules étales sur O /(w7 ) (= les limites
projectives de (¢, I')-modules étales usuels pour Gal(Q »/Q)p) a coefficients dans
Og/(w})), d’autre part de montrer que ce foncteur, convenablement tordu et apres
un passage 2 la limite projective, envoie la G(Q,)-représentation I1(p)° de [Breuil
et Herzig 2015, §3.4] (pour p une représentation de Gal(Q »/Qp) sur E “générique
ordinaire” comme dans [loc. cit.]) vers le (¢, I")-module du dual de la représentation
(L®|§Cp)°rd opde Gal(@p/@p) ([Breuil et Herzig 2015, §2.5]), réalisant ainsi I’un
des espoirs de [Breuil et Herzig 2015].

Rappelons brievement I’histoire, encore courte, du sujet. Il a été tres tot re-
marqué (voir, e.g., [Breuil 2003]) que la correspondance de Langlands modulo
p pour GL,(Q,) devait attacher aux représentations réductibles de dimension 2
de Gal(Q »/Qp) des représentations lisses de GLo(Q,) également réductibles et
génériquement de longueur 2 (en fait des extensions - éventuellement scindées -
entre deux séries principales), montrant ainsi une différence fondamentale d’avec
la correspondance locale classique. Ce phénomene a été expliqué par Colmez qui a
construit dans [Colmez 2010] un foncteur exact de la catégorie des représentations
lisses de longueur finie de GL»(Q,) sur des O /() )-modules (la définition ne
nécessite en fait que I’action du Borel B(Q,)) vers la catégorie des (¢, I')-modules
étales sur Og /(w7 ), qui elle-méme par un résultat de Fontaine [1990] est équiva-
lente 2 la catégorie des représentations de longueur finie de Gal(Q »/Qp) sur des
Og /(@ )-modules. Ce foncteur exact envoie une série principale de GL,(Q),) vers
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un caractére de Gal(@ »/Qp), et donc une extension entre deux séries principales
vers une représentation réductible de dimension 2 de Gal(Q@ »/@Qp). Un peu plus tard,
Schneider et Vignéras [2011] ont proposé un é-foncteur étendant les constructions
de [Colmez 2010] a un groupe algébrique réductif déployé connexe G comme au
début, mais a valeurs dans des catégories de (¢, I')-modules a plusieurs variables.
Malgré quelques résultats (voir, e.g., [Zabradi 2011; Ollivier 2014]), le §-foncteur
de Schneider et Vignéras reste a ce jour plutét mystérieux.

Dans [Breuil et Herzig 2015], les auteurs ont associé a une représentation modulo
p (resp. p-adique) suffisamment générique p de dimension n de Gal(Q »/Qp) a
valeurs dans le Borel une représentation modulo p (resp. continue unitaire p-
adique) de longueur finie I1(p)°™ de GL,(Q ») dont les constituants sont tous des
séries principales (en fait la construction de IT(p)°™ est valable avec un groupe
réductif déployé connexe de centre connexe et de dual de centre connexe). La bonne
représentation I1(p) de GL,(Q),) associée a p par une hypothétique correspondance
locale modulo p (resp. p-adique) n’est pas connue si n > 2, mais IT(p)° devrait
étre sa plus grande sous-représentation formée de séries principales. On sait par
exemple dans de nombreux cas que IT(p)° apparait dans des espaces de formes
automorphes modulo p (resp. p-adiques), cf. [Breuil et Herzig 2015, §4] ou [Berg-
dall et Chojecki 2014]. Un point fondamental est que la construction de IT(p)°™
semble fonctoriellement reliée plutdt a une sous-représentation explicite de la
représentation galoisienne ®f’;11 /\i p qu’a la représentation p elle-méme (si n > 2).
Une question ouverte posée dans [Breuil et Herzig 2015, §3.5] est de savoir s’il
existe un foncteur exact généralisant le foncteur défini par Colmez pour GL,(Q),)
et qui envoie l'I(,o)"rd sur le (¢, I')-module de cette sous-représentation (2 torsion
pres par un caractere). Il n’est pas clair que le -foncteur de Schneider—Vignéras,
au moins tel que, satisfasse cette condition.

Dans le présent article, on propose une nouvelle généralisation du foncteur de
Colmez, dont la définition est relativement simple et naturelle, et qui envoie bien
I1(p)° sur le (¢, I')-module de la sous-représentation voulue de ®;‘;11 /\ip (a
twist pres). En général ce foncteur est a valeurs dans les pro-(¢, I')-modules étales
de Fontaine. Ses relations avec le §-foncteur de Schneider—Vignéras ont commencé
a étre étudiées par Erdélyi et Z4bradi [2014].

Expliquons brievement la définition du foncteur de cet article, qui combine des
idées de Colmez [2010], Emerton [2008; 2010], Schneider—Vignéras [2011] et
Schraen [2012-14; 2015]. Soit N le radical unipotent de B, on choisit d’abord
un sous-groupe ouvert compact Ny de N (L) totalement décomposé (cf. § 3), un
morphisme de groupes algébriques £ : N — G, qui se factorise par [ [, ¢ No
et qui est non nul sur chaque facteur N, (ou S désigne les racines simples de
(G, B, T) et N, € N le sous-groupe radiciel de la racine «) et des cocaracteres
fondamentaux (Ayv)ges € XV(T)S (qui existent car G est de centre connexe).
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Soit N; = Ker(Ny L p Doy, Qp)eté =3 cgrev € X'(T). Si m est une
représentation lisse de B(L) sur un Of /(z')-module, alors M est naturellement
muni d’une structure de Og /(@ g ) [No/N111= O /() [ X -module, d’une action
lisse de Z; via I’action de & (Z;) sur v (qui préserve w™) et d’'un endomorphisme
O /(wg ) [ X]-semi-linéaire F' donné par I’action de Hecke de &(p) sur M ala
maniére de [Emerton 2010] (mais avec N; au lieu de Ny). Si M C 7™¥1 est un sous-
O /() X[ F]-module de type fini qui est admissible comme O /(w )[ X -
module (i.e., tel que {m € M, Xm = 0} est un O /(ww} )-module de type fini)
et stable par Z;, alors la méme preuve que dans [Colmez 2010] montre que
MY[1/X]= HomoE/(E,g) (M, Og/(wg))[1/ X] est naturellement muni d’une struc-
ture de (¢, I')-module étale sur Og /(w'). On définit alors (voir §3) :

Dy (m) € lim(Homo, /wm (M, O /(@ ))[1/ X))
M

la limite projective étant prise sur les sous-Of /(g ) [ X ][ F]-modules de type fini
M de 7' admissibles comme Of / () [ X -modules et stables par Z;j.

On peut aussi définir Dé_.v (7r) comme la limite projective des Og /(zw ) [ XT[1/ X ]-
modules quotients de HomoE/(wgl)(T[Nl, Of/(wg))[1/X] qui sont des (¢, I')-
modules étales, voir le (iii) de la remarque 5.6.

Cette définition, assez simple et directe, a quelques inconvénients, par exemple
j’ignore en général quand Dg (r) est non nul ou quand c’est un “vrai” (¢, I')-
module (étale). Par ailleurs, contrairement au cas de GL(Q),), il est impossible en
général de retrouver m a partir de DEv (r), comme le montre déja le cas des séries
principales (cf. Exemple 7.6). Mais elle a aussi des avantages car elle permet de
montrer les résultats suivants :

@) DEv transforme une suite exacte 0 — 7’ — 7w — 7’ de représentations lisses
de B(L) en une suite exacte Dg/(ﬂ’//) — Dg(n) — D;(JT/) — 0 (i.e., DEv
est contravariant exact a droite), cf. proposition 3.2 ;

(i1) DSv est insensible aux inductions paraboliques, i.e., Dsv (IndgfL()L) Tp)

ng (rp) ou P est un parabolique de G contenant B, P~ le parabolique

~

opposé et wp une représentation lisse du Levi L p(L), cf. Théoréme 6.1 ;

(ii1) ng est exact et donne de “vrais” (¢, [')-modules étales lorsque restreint a la
catégorie abélienne des représentations de longueur finie de G (L) dont les
constituants sont des sous-quotients de séries principales, cf. corollaire 9.3.

(Et bien sir Dév ne dépend a isomorphisme pres que de &, cf. § 4, et coincide
a normalisation pres avec le foncteur défini par Colmez [2010] lorsque G (L) =
GL,(Q)), cf. proposition 3.2). Par un passage a la limite projective, la propriété
(ii1) permet d’étendre facilement DSv a la catégorie abélienne des représentations
continues unitaires topologiquement de longueur finie de G(L) sur E dont les
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constituants sont des sous-quotients de séries principales continues unitaires, cf. §9.
Une motivation a I’origine de la définition de DSV ci-dessus est de se débarrasser
des constructions par “intersection” dont le comportement par suite exacte courte
semble en général problématique, cf. par exemple [Schneider et Vignéras 2011,
§2]. Une deuxieéme motivation provient des calculs de Schraen et Morra ([Morra et
Schraen > 2015; Schraen 2012-14], cf. la remarque 3.3). Une troisieme motivation
est la propriété (ii) ci-dessus, suggérée par les constructions de [Breuil et Herzig
2015]. En fait, les propriétés (ii) et (iii), combinées avec une compatibilité de Dg
au produit tensoriel (dont la preuve occupe le § 5, cf. proposition 5.5) et un passage
a la limite projective, permettent de répondre a une question importante de [Breuil
et Herzig 2015, §3.5] qui avait motivé les constructions de [loc. cit.] (on renvoie au
§9 pour plus de détails et pour un énoncé totalement précis) :

Théoreme 1.1 (cf. corollaire 9.8). Supposons que L = Q, et que le dual GdeGa
un centre connexe. Soit

p:Gal(Q,/Q,) — B(E)

une représentation continue générique au sens de [Breuil et Herzig 2015, §3.3]
oil B est le Borel dual de B et soit I1(p)° la représentation de G(Q p) associée a
p construite dans [loc. cit] (extension successive convenable de séries principales
continues unitaires). Alors a torsion prés on a un isomorphisme de (¢, I')-modules
étales sur E :

Dé__v(l'l(p)ord) = (¢, I')-module du dual de ((L®|§Cp yord o ,o)

out L? est le produit tensoriel des représentations algébriques fondamentales de
G sur E, Bc, le plus petit sous-groupe fermé de B contenant I'image de p et
(L‘X’h,?cp)ord la “partie ordinaire” de L®|§cp (cf. [Breuil et Herzig 2015, §2.3]).

La méme preuve (en plus simple) donne également une version en caractéristique
p de ce théoreme.

Bien entendu, on ne peut gueére espérer faire de progres substantiels sur ng
sans avancer dans la compréhension des supersingulieres de G(L) sur O /(@wE)
lorsque G(L) # GL»(Q),), comme le montre par exemple la propriété (ii) précé-
dente combinée avec le résultat principal de [Abe 2013; Herzig 2011] (cf. aussi la
remarque 8.7 et [Morra et Schraen > 2015]). On peut par contre poser plusieurs
questions naturelles sur le foncteur D), voir la remarque 3.3 pour deux d’entre elles.
Je mentionnerai ici juste le sentiment suivant : 1’exactitude de Dg en restriction a
la sous-catégorie des représentations de G (L) dont les constituants sont des sous-
quotients de séries principales (propriété (iii) ci-dessus, cf. aussi corollaire 9.2)
suggere que cela pourrait étre vrai plus généralement.
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Voici les principales notations de I’article. Dans tout le texte, L (le corps de base)
et E (le corps des coefficients) sont deux extensions finies quelconques de Q. On
note O, Of leurs anneaux d’entiers respectifs, @r € O une uniformisante de O
et kg = Og/(wE) son corps résiduel. On normalise I’application de réciprocité de la
théorie du corps de classes local de sorte que les Frobenius géométriques s’envoient
sur les uniformisantes. On désigne par ¢ le caractere cyclotomique p-adique.

Si A=Og/(wy) (pour un entier m > 1) et H est un groupe analytique p-adique
compact, on note A[[H] I’algebre d’Iwasawa de H a coefficients dans A. Si M
est un A-module, on note MY & Homyu (M, A) le dual algébrique. Si m est une
représentation lisse d’un groupe analytique p-adique sur un A-module, on commet
souvent (toujours) I’abus de notation d’identifier = et son A-module sous-jacent.

On munit A[LX][1/X]d’une action A-linéaire de Z par a(S(X))& S((1+X)*—
1) et d’un endomorphisme de Frobenius A-linéaire ¢ par ¢ (S(X ))@fS (1+X)P-1)
qui commute a Z; (aeZ%, S(X) e A[X][1/X]). Ces actions respectent le sous-
anneau A[X]. On appelle (¢, [')-module de longueur finie un A[X]|[1/ X ]-module
de longueur finie D muni d’un endomorphisme ¢ : D — D tel que ¢(S(X)v) =
@(S(X))p(v) et d’une action continue de I' => Z; (pour la topologie X-adique
sur D) commutant a ¢ telle que a(S(X)v) = a(S(X))a(v) (S(X) € A[X]I[1/X],
vED,aeZ;). Onditqu'un (¢, I')-module de longueur finie D est étale si I'image
de ¢ engendre D comme A[[X][1/X]-module, ou de maniere équivalente si 1’on
a un isomorphisme Id ®¢ : A[X][1/X] ®g, arxqii/x1 P = D. La catégorie des
(¢, I')-modules de longueur finie étales est abélienne et équivalente a la catégorie
des représentations continues de Gal(Q@ »/Q)p) sur un A-module de longueur finie
[Fontaine 1990]. On la note ®T.

2. Les A[ X[ F]-modules de torsion sur A[XT]

On donne quelques définitions et résultats préliminaires sur les A[[ X [|][ F']-modules
qui sont de torsion sur A[X].

On fixe un entier m > 1 et on pose AL Og/(@). On note A[X][F] I’algebre
non commutative des polyndmes en F a coefficients dans les séries formelles A[[ X ]|
avec FX = ((1+4 X)? —1)F. Rappelons qu'un A[[ X]]-module M est de torsion si
tout sous-A[[ X ]l-module de type fini est de type fini sur A et qu'un A[ X ]]-module
de torsion est admissible si M[X] gef {m e M, Xm = 0} est de type fini sur A (de
maniere équivalente M[X"] det {m e M, X"m =0} est de type fini sur A pour tout
entier n > 0). De méme un A[F]-module est de torsion si tout sous-A[ F']-module
de type fini est de type fini sur A. Nous ne considérons dans cet article que des
A[X][F]-modules M qui sont de torsion comme A[[ X []-modules (que 1’on appelle
A[[X][F]-modules de torsion sur A[ X]]), et parmi eux ceux vérifiant en particulier
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les conditions :
iM est de type fini comme A[ X[ F]-module o
M est admissible comme A[[ X ]]-module.
Rappelons que, A[X][F] n’étant pas noethérien, un sous-A[ X [|[ F]-module
d’un A[X][F]-module de type fini n’est pas de type fini en général.

Lemme 2.1. (i) Si M est un A[X ][ F]-module de torsion sur A X] vérifiant les
conditions (1), alors tout A[ X ][ F]-module sous-quotient de M vérifie (1).

(i1) Si N est un A[ X[ F]-module de torsion sur A[X] et M, M' C N sont deux
sous-A[[ X[ F1-modules vérifiant (1), alors M + M’ vérifie aussi (1).

Démonstration. Le (ii) découle du (i) et du fait que M & M’ vérifie (1). Le (i)
découle de [Emerton 2008, Proposition 3.3] aprés un dévissage pour se ramener a
A=kg. O

Définition 2.2. On dit qu'un A[X][F]-module de torsion sur A[X] satisfait la
propriété Ad (pour Admissible) si tout sous-A[[ X ][ F]-module de type fini est
admissible comme A[[ X ]]-module.

Lemme 2.3. Soit N un A[X][F]-module de torsion sur A[X] qui satisfait la
propriété Ad.

(1) Tout A X[ F]-module sous-quotient de N satisfait la propriété Ad.
(i1) Le A[F])-module N/ XN est de torsion.

Démonstration. (i) C’est clair pour un sous-A[[ X [|[ F]-module. Pour un A[X][F]-
module quotient N de N, il suffit de relever dans N des générateurs d’un sous-
A[X][F]-module de type fini de N et d’appliquer le (i) du lemme 2.1. Un sous-
quotient étant un quotient d’un sous-objet, cela montre (i).

(i) Soit v € N/ XN, il faut montrer que le sous-A[F]-module A[F]v de N/XN
engendré par v est de type fini sur A. Par un dévissage facile (notons que tout
sous-A[F]-module de A[F]v est de type fini sur A[F]), on peut supposer A =
kg. Soit 0 € N qui releve v, alors le kg [ X][F]-sous-module kg[[X[F]0 de N
engendré par ¥ est admissible comme kg[[ X ]-module par hypothése. Par [Emerton
2008, Proposition 3.5], le kg[F]-module kg [ X[ F10/ Xke [ X[ F]10 est de torsion.
Comme on a une surjection kg[F]-linéaire kg [ XN[F10/ Xkg[X[F]0 — kg[F]v,
il en est de méme du kg [ F]-module kg[F]v. |

Notons qu'un A[[ X ][ F]-module de torsion sur A[[ X ] qui est aussi de torsion sur
A[F] satisfait en particulier la propriété Ad (puisque tout sous-A[ X ][ F]-module
de type fini est dans ce cas de type fini sur A).

Lemme 2.4. Soit 0 — M’ — M — M" une suite exacte de A[ X]|[F]-modules de
torsion sur A[[X]) tels que M est de type fini sur A[X||[F] et M" est admissible
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comme A[[X]-module. Supposons que M’ satisfait la propriété Ad, alors M’ est
un A[[X1-module admissible et un A X[ F]-module de type fini, et M est un
A[[XT-module admissible.

Démonstration. Par le (i) du lemme 2.1 il suffit de montrer que M est un A[X -
module admissible. Quitte a remplacer M” par I’'image de M (encore le (i) du
lemme 2.1), on peut supposer que la suite est exacte a droite. Par un dévissage
facile (utilisant le (i) du lemme 2.3) on se ramene au cas A = kg. On a une suite
exacte courte de kg [ F]-modules :

0—> M/ MNXM)— M/XM— M"/JXM" — 0.

Comme M’/ XM’ est un kg[F]-module de torsion par le (ii) du lemme 2.3, il en est
de méme du quotient M’/ (M'NX M). Comme M” est un kg [[ X ]-module admissible,
le kg[F]-module M”/XM" est de torsion par [Emerton 2008, Proposition 3.5]. On
déduit alors de la suite exacte courte ci-dessus que M/ XM est aussi un kg[F]-
module de torsion, et donc par [Emerton 2008, Proposition 3.5] que M est un
ke[ X]-module admissible. U

Lemme 2.5. Soit N' — N — N” une suite exacte de A[[ X[ F1-modules de torsion
sur A[X].
(i) Si N’ et N” sont de torsion sur A[F], alors il en est de méme de N.

(i) Si N’ et N” satisfont la propriété Ad, alors il en est de méme de N.

Démonstration. (i) est clair.

(ii) Par le (i) du lemme 2.3, on peut remplacer N’ par son image dans N et donc
supposer la suite exacte a gauche. Soit M € N un sous A[[X]|[F]-module de type
fini, M” son image dans N”, qui est un A[[X]-module admissible car N” satisfait
Ad,et MmN, qui satisfait Ad par le (i) du lemme 2.3. Alors la suite exacte
0—> M'— M — M" vérifie les hypothéses du lemme 2.4 et donc M estun A[X -
module admissible. O

Soit N un A[[X][ F]-module de torsion sur A[[X] muni d’une action A-linéaire
lisse de Z[X, vérifiant (a € 27, S(X) € A[X],n>0,ve N):
a(S(X)F"(v)) =S((1+X)* =D F"(a(v)). (2
On note M(N) I’ensemble des sous-A[ X ][ F]-modules de N stables par Z; et
vérifiant (1).

Lemme 2.6. Si M € M(N) alors MY[1/X] = Homu (M, A)[1/X] est naturelle-
ment muni d’une structure d’objet de CDFAét.

Démonstration. Cette preuve est déja dans [Colmez 2010] ou [Emerton 2008]:
On munit M" d’une structure de A[[X]-module (a gauche) par (S(X) f)(m) def
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f(S(X)m), d’une action de Z par (x(f))(m) & f(x~'(m)) et d’un endomor-
phisme F par F(f)(m)d;df(F(m)) ol S(X)e A[X,xe€Z*, feMYetme M.
Noter que M"Y est un A[[X]-module de type fini puisque M est admissible comme
A[X]-module. Il faut munir M"[1/X] d’un Frobenius semi-linéaire ¢. Soit C le
conoyau de A[X] ®y, agxy) M MM, c’est un A[X]-module de type fini (car
M est un A[X][F]-module de type fini) et de torsion, donc de longueur finie. On
a donc CV[1/X] =0 d’ou on déduit une injection A[X][1/X]-linéaire, donc un
isomorphisme, entre A[X][1/X]-modules de (méme) longueur finie :

MY[1/X] = (AlXT Qg arxy M) [1/X1Z AIXT @ arxy M[1/X]1  (3)

dont I’inverse est par définition 1’application Id ®¢ (le deuxieme isomorphisme
provient de I’ 1somorphlsme A[[XT-linéaire (A[X] ®qp, apxy M)Y = ALXT @, arx]
M"Y donné par f +— Zp (14 X)?"'"'® f; ob f; € MY est défini par f;(v) &
fu1+ X)) ®v) pour v € M). On laisse le lecteur vérifier que le A[X][1/X]-

module MY [1/X] muni de I’action induite de Z; et de ¢ est bien un (¢, [')-module,
nécessairement étale par (3). U

Rappelons que A[X][1/X] est un anneau artinien, donc pseudo-compact lors-
qu’on le munit de la topologie discréte, et qu’un A[X][1/X]-module pseudo-
compact est un A[X][1/X]-module topologique isomorphe a une limite projective
lim,_, D; de A[X]I[1/X]-modules D; de longueur finie (ou de maniere équivalente
de type fini) avec la topologie de la limite projective (et la topologie discrete sur
chaque D;) pour un ensemble d’indices I préordonné filtrant quelconque. En prenant
comme morphismes les applications A[X]][1/X]-linéaires continues, on obtient
une catégorie abélienne (voir, e.g., [Gabriel 1962, §1V.3]).

Appelons (¢, I')-module pseudo-compact étale tout A[X][1/X]-module topolo-
gique D muni d’actions de Z et ¢ tel que D est topologiquement isomorphe a une
limite projective lim; _, D; comme ci-dessus ou les D; — D; sont des morphismes
dans la catégorie CIDFAét et ot I'isomorphisme est compatible aux actions de Z; et
¢ (les actions sur lim D; €tant induites par celles sur chaque D;). Le A[X][1/X]-
module sous-jacent a un (¢, I')-module pseudo-compact étale est donc en particulier
pseudo-compact. En prenant comme morphismes les applications A[X]|[1/X]-
hnealres continues qui commutent a Z; et ¢, on obtient une catégorie abélienne
CIDFA avec limites projectives exactes (la preuve est comme celle de [Gabriel 1962,
§1V.3, théoreme 3)).

Notons Mod,4 la catégorie des A[[ X[ F']-modules de torsion sur A[[X] qui sont
munis d’une action A-linéaire lisse de Z; comme en (2) (les fleches étant les
applications A[[ X ][ F]-linéaires commutant a Z[X, ). C’est une catégorie abélienne
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de manicere évidente. Si N est un objet de Mod 4, on pose :

DY(N)¥  lim (MY[1/X]). “)
MeM(N)
En particulier DV(M) = MY[1/X] € ®I'{' si M est un objet de Mod, dont le
A[X][F]-module sous-jacent vérifie (1). La proposition suivante rassemble les
propriétés de D".
Proposition 2.7. (i) Pour tout N dans Mody, DV (N) est un objet de ﬁ:t et
N — DV(N ) mdult un foncteur contravariant de la catégorie Mody vers la
catégorie CDFA

(i) Si0 — N’ — N — N’ est une suite exacte dans ModA alors DV (N") —
DY(N) — DY (N') — 0 est une suite exacte dans CIDFA

(iii) Si N est un objet de Mod de torsion comme A[F1-module, alors DY (N) =0.

(iv) Si0— N'— N — N — N est une suite exacte dans Mod, si le A[X][F]-
module N' satisfait la propriété Ad et si N est de torsion sur A[F] alors
0— DY(N") = DY(N) — DY (N’) — 0 est une suite exacte dans CI>FA

Démonstration. (i) La premiére assertion du (i) découle du (ii) du lemme 2.1,
qui montre que I’ensemble M (N) préordonné par I’inclusion est filtrant, et du
lemme 2.6. Un morphisme f : N'— N dans Mod4 induit une application M(N') —
M(N), M' +— f(M’) par le (i) du lemme 2.1. En particulier on a une inclusion
{f(M"), M'" € M(N")} € M(N). De plus le morphisme M’ — f(M’) dans Mod s
induit par fonctorialité de (-)V[1/X] un morphisme DY(f(M')) — DY(M') dans
CIDFet On en déduit des morphismes dans CIDFAt dont le premier est surjectif :

lim DY(M) — lim DY(f(M) — lim DY(M) (5
MeM(N) M'e M(N") M'e M(N")

d’ou la fonctorialité de DV.

(i1) En remplagant N” par 'image de N, il suffit de traiter le cas ou I’application
N — N" est surjective. Si M € M(N),ona MNN’ € M(N’) par le (i) du lemme 2.1
et tous les éléments de M (N') sont de cette forme (car M(N’) € M(N)). On en
déduit :

DY(N)Z lim DY(MNN). (6)

MeM(N)

Soit f la surjection N — N”, pour tout M € M(N) on a en particulier une suite
exacte dans Mody, :

0> MNN —- M- f(M)—0
d’ou on déduit une suite exacte dans CIDI“Ift :

0— DY(f(M))— DY(M)— DY(MNN')— 0.



Induction parabolique et (¢, ')-modules 2251

puisque dans ce cas DY (-) = Homy (-, A)[1/X] est un foncteur exact (rappelons
que A = Og/(wg')). Par exactltude des limites projectives dans @FA , on obtient
encore une suite exacte dans CIDFA :

0— lim DY(f(M))— lim DY(M)— lim D'(MNN')—0
MeM(N) MeM(N) MeM(N)

d’ou on déduit une suite exacte DY (N”) — DY(N) — DY (N') — 0 dans ﬁ:t par
(6) et la surjectivité de la premiere fleche en (5) appliquée a f : N — N”.

(iii) Tout M dans M (N) est alors un A-module de type fini, d’ot MY[1/X]=0 et
donc DY(N) =lim DY(M) =

(iv) Soit f le morphisme N — N”, on a deux suites exactes 0 - N’ — N —
f(N)—>0et0— f(N)—> N”— N" dans Mod,. Par (ii) appliqué a0 — f(N) —
N” —> N"" et (iii), on en déduit un isomorphisme DY (N”) => DY (f(N)) dans
CIDFA 11 suffit donc de montrer 1’énoncé (iv) en supposant N/ =0, i.e., en supposant
f surjectif. En procédant comme dans la preuve du (ii), on a une injection :

lim DY(f(M)) — lim DY(M)=D"(N). (7
MeM(N) MeM(N)

Soit M € M(N") et M C N un sous-A[[XJ[F]-module de type fini stable par Z;
relevant M (il en existe car f est surjectif, M est ¢ de type ﬁni sur A[X][F] et
I’action de ZX est lisse). On a une suite exacte 0 — MON' — M — M — 0ou M
est adrn1551ble comme A[ X ]-module (par définition) et ou M N N’ satisfait Ad (car
N’ satisfait Ad). Par le lemme 2.4, M est admissible comme A[X]-module, donc
est dans M(N). Ainsi ’application M(N) — M(N") induite par f est surjective
(E}\%ltli implique {f (M), M € M(N)} = M(N") et donc un isomorphisme dans
oIy -

DY(N")= lim DY(M)-= lim D"(f(M)). ®)
MeM(N") MeM(N)

En combinant (7) et (8), on voit que la fleche DY (N") — DY (N) est injective, ce
qui par (ii) acheve la preuve. (I

Si N'—- N — N” — N’ est une suite exacte dans Mod4 et si N’ et N/ sont
de torsion sur A[F], on déduit aussi du (111) et du (iv) de la proposition 2.7 un
isomorphisme DY (N") = D" (N) dans CDFA

3. Un foncteur vers les (pro-)(¢, I')-modules

On définit un foncteur contravarlant de la catégorie des représentations lisses du
Borel vers la catégorie CDFA
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On conserve les notations du § 2. On fixe pour toute la suite (G, B, T) ou G
est un groupe algébrique réductif connexe déployé sur L, B C G est un sous-
groupe de Borel (défini sur L) et 7 C B un tore maximal (déployé sur L). On
note N le radical unipotent de B. On note X (T) gef Homg (T, G,) le groupe
des caracteres algébriques de T, XV (T) def Homg, (G, T) = Homz(X(T), Z) le
groupe des cocaracteres, (X(T), R, XV(T), RY) la donnée radicielle de (G, T),
R™ C X (T) les racines positives relativement 2 B, S C R™ les racines simples et
RV+, SV les coracines correspondantes. Pour « € R, on note N, € N le sous-
groupe radiciel (commutatif) associé et, pour o € S, on fixe un isomorphisme

lo : Ny = G, de groupes algébriques sur L tel que (cf. [Jantzen 2003, §11.1.2]) :
la(tngt ™) = a(t)ig(ny) Y1 €T, ¥ng € N,. ©)

L application produit donne un isomorphisme de variétés algébriques sur L (pour
un ordre quelconque des ) [[,cz+ No = N.L’isomorphisme inverse composé
avec la projection sur [ [, ¢ Ny, vu comme groupe produit commutatif, induit une
surjection N — [[,.¢ Ne de groupes algébriques sur L. Comme dans [Schneider
et Vignéras 2011, §5] on note ¢ la composée :

ﬁV—eéI_If%x2;££3305m

qui est un morphisme de groupes algébriques sur L.

On suppose désormais que le centre Zg de G est connexe. Par [Breuil et Herzig
2015, Proposition 2.1.1] (par exemple), il existe un cocaractére & € XV (T) tel que
a o0& =1dg,, pour toute racine simple « (prendre £ =) v g Aov Ol les A,v sont
des cocaracteres fondamentaux). Un tel cocaractére n’est pas unique mais tout autre
est de la forme & + ¢ (en notation additive) ot ¢ € XY (Zg) € XY (T). On fixe un
tel cocaractere & dans la suite. Sin = ]_[aem ng € Netx e Gy,ona:

£(ng(x) =6( ] s<x>nas<x—1>)

aeRt

= ta(E@naEGTH) = D @ E(@)a(ng) = xbm).  (10)

aEeS aeS

On fixe un sous-groupe ouvert compact No C N(L) que 1’on suppose totale-
ment décomposé comme dans [Schneider et Vignéras 2011], c’est-a-dire tel que
[l4cr+ No = N induit une bijection [ [, g+ No(L) N Ny => Ny pour tout ordre
sur les o € R™. Le morphisme ¢ induit un morphisme de groupes encore noté
£ : No — L et on définit :

N1 ¥ Ker(Ny 5 L 249 @) (11)
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qui est un sous-groupe compact distingué de Ng. Lorsque N # O, i.e., lorsque
G # T, le groupe Ny/N; s’identifie a un sous-Z ,-module (libre de rang 1) de Q,,
et donc est isomorphe a Z,.

Lemme 3.1. On a:

E(Z,\{0) C{r € T(L), tNot~' < No}
et:
E(Z\O) C{r e T(L), tNit™' C N}

Démonstration. La premiere inclusion découle de (9), de I’égalité a(§(x)) = x et
du fait que Ny est totalement décomposé. La deuxieme découle de la premiere, de
(10) et du fait que la trace est Z-linéaire. U

Soit 7 une représentation lisse de B(L) sur un A-module. De maniere analogue a
[Emerton 2010, Definition 3.1.3], on munit le A[[Ng/N]-module 7N d’une action
(de Hecke) A-linéaire du monoide Z,\{0} comme suit :

xev Y mEw e 7', (12)
ni€N/EX)N1EG)

I’indice & rappelant que cela dépend du choix du cocaractere & (notons que cela a
bien un sens par le lemme 3.1). Cette action est A[[ No/N|]l-semi-linéaire car on
vérifie que ’'on a :

X ¢ (Z ai[ni])v = (Z aj [S(x)nisoc—l)])(x £ V)

pour x € Z,\{0}, > ; ai[ni] € A[No/Nill et v € aM.Six e Z3, (12) donne
simplement x ¢ v = &(x)v.

On fixe un isomorphisme No/N| = Z, lorsque G # T. En envoyant F sur
I’endomorphisme (12) pour x = p € Z,\{0}, en faisant agir A[X] via A[X]/(X)
si G =T, vial’isomorphisme A[X] = A[[Z,]1 = A[No/N1] envoyant X sur [1]—1
si G # T, et en faisant agir Z; via (12), on vérifie avec (10) que I’on munit 7!
d’une structure de A[[ X ][ F']-module avec action lisse de Z; qui en fait un objet de
la catégorie Mod 4 (cf. §2, cette structure dépend donc du choix de &). On dispose
donc de ’ensemble M (V1) des sous-A[X][F]-modules M de 7' stables par
Z; et vérifiant (1). Lorsque G = T (ou de maniere équivalente B = T'), X agit
par 0, et M (M) = M(m) est I’ensemble des sous-A-modules de type fini de 7
stables par I’action de §(Q);), ou de manicre équivalente de §(Z,\{0}). Lorsque
G # T, I’ensemble M (M) est mystérieux en général (par exemple on ignore s’il
est non vide), voir la remarque 3.3.

Supposons d’abord G # T. Si M € M (™), rappelons que DV (M) =M"[1/X]
muni de sa structure d’objet de d>fft (lemme 2.6).
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Supposons ensuite G =T. Si M € M (V') = M (), I'action de Q, via§ sur M
se factorise par un quotient fini (car M est de cardinal fini) et en particulier s’étend
par continuité via la réciprocité locale en une action continue de Gal(Q 2/ Qp).
On note DY (M) le (¢, I')-module de la représentation duale de Gal(Q »/Qp) (via
le foncteur covariant de [Fontaine 1990, théoreme A.3.4.3]), c’est-a-dire par le
lemme 7.5 ci-dessous DY (M) = A[X][1/X] ®4 MY ou I'action de I' = VA
est I’'unique action A[XT[1/X]-semi-linéaire telle que x(f)(m) = f(E(x"1)(m))
et ¢ est 'unique endomorphisme A[X][1/ X]-semi-linéaire tel que ¢ (f)(m) =
fE(P~Hm)) avec fe MY, x € Z, et m € M. Notons que dans ce cas DY(M)
n’est pas MY[1/X] (qui est nul).

Pour toute représentation lisse 7 de B(L) sur un A-module, on pose :

D{)¥ lim DY(M) = lim (M'[1/X)), (13)
MeM(x M) MeM(x)

autrement dit D‘i_.v (m) =DV (™) si G # T avec les notations de (4).

o e . . A’t
Proposition 3.2. (i) Pour tout 7, DSv (1) est un objet de d)FAe et > ng ()
induit un foncteur contravariant de la catégorie des représentations lisses de
L it
B(L) sur A vers la catégorie <I>F:.

(ii) Si 0 — 7' — 7 — 7" est une suite exacte de représentations lisses de B(L)
sur A, alors DSv ") — st (m) = DSV (") — 0 est une suite exacte dans
BT

(iii) Lorsque G(L) = GLy(Q),) et 7 est la restriction a B(Q),) d’une représenta-
tion de longueur finie de GL,(Q),) sur A, le foncteur st coincide (a torsion
pres) avec le foncteur défini dans [Colmez 2010)].

Démonstration. (1) Clair par le (i) de la proposition 2.7.

(i1) Cela découle du (ii) de la proposition 2.7 appliqué a la suite exacte dans Mod 4 :
0— 7Nt — 7N - 7N,

(ii1) Nous utilisons certains résultats de [Emerton 2008] qui ne sont écrits 1a que
pour A = Of/(wg) mais dont les preuves s’étendent directement a A = Og /(@)
(voir aussi [Colmez 2010; Berger et Vienney 2014]). Lorsque 7 est la restriction
a B(Q,) d’une représentation admissible de GL,(Q,) sur A, alors 7 satisfait la
propriété Ad (définition 2.2). En effet, un sous-A[[ X [|[ ' ]-module de type fini de
7 est toujours contenu dans un des modules de type fini M (V, Vy) de [Emerton
2008, Definition 4.1] qui est admissible par [loc. cit., Theorem 4.7]. Par ailleurs
si M € M(rr) contient un sous-A-module de type fini stable par GL,(Z,)Q; qui
engendre 7 sous GL,(Q),), alors le (¢, I')-module DY (M) ne dépend plus de M
(voir [loc. cit., preuve de la Prop. 4.4 et Rem. 4.8]). Lorsque 7 est de longueur finie
comme représentation de GL,(Q),), donc en particulier de type fini et admissible,
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ceci est toujours vérifié pour un sous-A[[ X ][ F]-module de type fini de & stable par
Z assez grand. On en déduit DSV (1) = DY (M) € ®I'Y, d’o le résultat. O

Remarque 3.3. Comme rien, ou presque, n’est connu sur M (7 V1) en dehors du
cas GL,(Q)), j’ignore en général si Di_.v (r) est non nul ou s’il est de longueur
finie (i.e., dans CbFAét). Notons que Schraen montre dans [Schraen 2012—14], par un
calcul explicite faisant intervenir certains des diagrammes de [Breuil et Paskiinas
2012, §13], que, au moins lorsque L est I’extension quadratique non ramifiée de
Q,, alors DEv (7r) est non nul pour les représentations supersingulieres de GL,(L)
sur kg qui apparaissent dans [Breuil et PaSkiinas 2012, Theorem 19.10]. Ces calculs
sont étendus par Morra et Schraen dans [Morra et Schraen > 2015] & des cas ou L
est non ramifiée de degré 3. Rappelons les deux questions naturelles qui se posent
sur M (V1) lorsque, disons, 7 est une représentation lisse admissible de G (L) sur
A de longueur finie (comme représentation de G (L)) :

(1) Est-ce que M (™) coincide avec I’ensemble des sous-A[[ X ][ F]-modules
de type fini de 71 stables par Z,; (de maniere équivalente puisque I’action de
Z} estlisse : est-ce que le A[X]I[F]-module 1 satisfait la propriété Ad)?

(2) Est-ce que Dg (m) e CIDF[;ét (de maniere équivalente puisque les objets de CDF;"
sont de longueur finie : est-ce que DV (M) se “stabilise” pour M € M(nx™)
assez grand) ?

Pour r représentation lisse de B(L) sur A, on peut par ailleurs aussi considérer
les groupes de cohomologie continue H' (N, 7r) pouri > 1. Ils sont nuls si G = T
(puisque N, est nul), mais si G # T ils sont naturellement munis d’une structure
d’objet de Mod,4 via I’'isomorphisme A[X] = A[[No/N1] ot I’action de Ny (qui se
factorise par No/N) est induite par ’application ¢ — ng(¢) envoyant une cochaine
continue ¢ : N{ — 7 sur la cochaine ng(¢)(-) def no(¢o (”61 -ngp)) et ou I’action de
&(x) pour x € Z,\{0} (donnant I’action de F' =& (p) et de Z;) est la composée :

H (N, ) 25 H E@NiEG™"), ) — H (N1, 7) (14)
la premiere fleche étant induite par I’action de £(x) sur 7 et la deuxiéme étant la
corestriction de £(x)Ni£(x~!) & Ny (voir, e.g., [Hauseux 2014, §3.1], noter que
cette deuxieme fleche est I'identité si x € Z). On dispose donc pour tout i > 1 de
foncteurs contravariants 7 — DY (H' (N 1, 7)) de la catégorie des représentations
lisses de B(L) sur A vers la catégorie ﬁjt.

Remarque 3.4. La catégorie des représentations lisses de B(L) sur A ayant as-
sez d’injectifs, on peut aussi considérer les foncteurs dérivés R’ DSv du foncteur
contrayariant exact é'droite Dg . La question du lien éventuel entre les foncteurs
DY(H'(N;,)) et R DEv n’est pas abordée dans cet article.
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Lorsque 7 est une représentation lisse de G(L) sur A, on commet dans la suite
I’abus de notation st (m) = DSv (7|B(L))-

4. Indépendance des choix

On montre que le foncteur ng dépend seulement du choix de &.

On conserve les notations des sections précédentes.

Si G =T,iln’y a que le choix de & qui intervient, on suppose donc G # T.

Soit 7t une representatlon lisse de B(L) sur A. Nous allons montrer que Dé‘ () en
tant qu’objet de <I>F ne dépend pas des choix des (t4)qcs satisfaisant (9), du sous-
groupe ouvert compact Ng € N (L) totalement décomposé et de 1’isomorphisme
No/N\ = Z,, et ce de maniere fonctorielle en 7. Rappelons que (t¢)aes €t No
déterminent Ny par (11).

Notons d€ja que, a (t¢)aes €t No fixés, comme tout automorphisme de Z,-module
de Z, est de la forme x > ax pour a € Z, c’est un exercice trivial (laissé au
lecteur) que I’objet 7V de Mody, et donc a fortiori Dg’ (;r), ne dépendent pas de
I’isomorphisme choisi No/N| = Z,,. On ne se préoccupe donc plus du choix d’un
tel isomorphisme dans la suite.

Fixons (ty)qcs €t soit Ny, N(’) deux sous-groupes ouverts compacts de N (L)
totalement décomposés. Notons s : No — Z, la surjection induite par I’isomorphisme
fixé No/ N1 =Z,. Quitte a remplacer N, ) par NoNN, ) (encore totalement décomposé),
on peut supposer N, € No. On note m I’entier > O tel que s(Nj) = p"Z,. On a
N € Nj € Ny ou N”def ~1(p™Z,) et il suffit de passer de Ny a N/, puis de N/
a N(/). Autrernent d1t, en remarquant que Ny = Ker(s : Nj — p™Z,) et en posant
N ¥ Ker(s : Nj — p"Z,), il suffit de traiter les deux cas suivants : le cas N| = N
(mais m > 0), le cas m =0 (mais N| S Ny).

Commencons par le cas m = 0.

Lemme 4.1. L’application :

INpN T MMy Z nv (15)
n1€N1/N

est un morphisme dans Mody.

Démonstration. Comme I'inclusion Nj € Ny induit N/ N{ => No/N; (car m =0), il
suffit de vérifier la commutation de j NN al’action de N/ pour avoir sa commutation
a I’action de A[[X]. Cette commutation est claire car, si (711,;);e; €St un systéme
de représentants de N;/N| dans Nj, alors (n()_lnl,iné))ie ; €n est un autre pour
tout ny € N puisque Nj est distingué dans Nj. La commutativité a I’action de
& (Z;) est aussi claire puisque (£ (x)_lnl, i€(x))ies estun systeme de représentants
de Ni/Nj dans N; pour tout x € Z;. Rappelons que, si G” € G’ € G sont trois
groupes et si (glf,) irers (8i)ier sont des systemes de représentants respectivement
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dans G’ et dans G de G'/G" etde G/G’, alors (g;g!,)(i,iyerx 1’ €st un systéme de
représentants dans G de G/G". En appliquant cela 2 £&(p)N{&(p~') C N| C N et

E(pIN{E(p~™") CE(P)N1E(p™") € Ny, on obtient :
(ng.v, 0 FY() = (F o jy v () = > mEpw,
meN1/E(pNiE(p™h)
qui donne la commutativité a I’action de F. U
Lemme 4.2. (i) Soit M' € M(x™) et ML jiy, y, (M') € M(x™1) son image
par jni ., Alors Ker(M' — M) est un A[F]-module de torsion.

(i) Soit M € M(x™), alors il existe M' € M(an) tel que I’on a une suite
exacte dans Mody :

INI N
0— M — M L5 M— M/M —0

avec M" et M/ M’ de torsion comme A[F]-modules.

Démonstration. (i) Notons d’abord que M est dans M (V1) par le lemme 4.1 et le
(i) du lemme 2.1. Soit d > 0 tel que E(pYHNos(p~?) C N(’) (un tel entier d existe
car £(p?)No (L) N No&(p~) = a(§(p*)) Na(L) N No € p“ Ny (L) N Ny pour tout
a € R, en voyant N, (L) N Ny comme Z ,-module). On a donc é(pd)N{S(p*d) -
&( pd YNE( p*d )TN { d’ ot on déduit de maniere similaire a la fin de la preuve du
lemme 4.1 que I’endomorphisme de 71

d d
F{=Fo---oF = > n&(p?)
neN{/E(p?)N{E(p~d)
se factorise comme suit :

INT Ny ¢Ni,N1

i aM i
ol quf N, €nvoie v € a1 sur Zn N/ /g(pd)ng(p_d)nlg(p wem Ni. En particulier
KCI‘(JN/ N M — M) C Ker(Fd M > M ) est un A[F]-module de torsion.

(i) Comme dans la preuve du (i) mais en considérant cette fois &( pd YN1E( p ) C
N{ € N; on en déduit que I’endomorphisme F 4 de 7™M se factorise par :

¢N{,Nl INT Ny

M aMi . (16)
Noter que ¢y, y, commute a F (comme a la fin de la preuve du lemme 4.1,
considérer £(pi1)N & (p=d- 1) CEPHNE(p™) SN et&(pTHNE(p~T C
E(p)N{E(p~ hc Nj) etest ¢?-semi-linéaire (pour le Frobenlus @ sur A[XT). On
en déduit que le sous-A[X]-module M’ de 7™ engendré par én; N, (M) est un
A[X][F]-module de type fini et que 1’on a une surjection A[[ X ]-linéaire :

1d®¢y: N, : AIXT @yt agxy M — M.
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Comme A[X] ®g¢ agxy M est un A[X]-module admissible (car (A[X] ®g¢ apxy
M)" = AIXT ®ya apxy M), on en déduit que M’ est admissible comme A[X]-
module, donc est dans M (rr f) On déduit aussi de la factorisation (16) et du fait
que jy: N, est A[X]-linéaire que I’on a F4(M) C JN|.N (M) € M, et donc que
M /jn; v, (M) est annulé par F¥. Le fait que M” = Ker(]Nr N, M — M) estde
A[ F]-torsion résulte du (1). O

On déduit facilement du lemme 4.2 et du commentalre qui suit la proposition 2.7
que jy; n, induit un isomorphisme dans CIDFA :
lim DY(M) = lim DY(M)
MEM(UNI) M/EM(T[NI)
qui est clairement fonctoriel en 7.
Considérons maintenant le cas N| = Ny, qui implique Ny = s~\(p"Z p)-Ona
une suite exacte par (10) :

0 Ny N} Pz, — 0

T T |

0 —— EPMNE(QP™) —— E(P"INoE(p™) —— p"Z, — 0

ol les fleches verticales sont des inclusions. Par le cas m = 0, on sait que N et
E(p™)No&(p~™) donnent le méme foncteur Dv On est donc ramené a comparer les
foncteurs pour Ng et E(p")No&E(p~™). 1l sufﬁt de vérifier que 7! et aE@HNEP™)
(ce dernier avec 1’action induite de £(p™)No&(p~"™)) sont isomorphes de maniere
fonctorielle dans Mody4. Le lecteur pourra vérifier que 1’application :

M _)né(Pm)Nlé(P_'")’ vi—> E(pMv

induit bien un tel isomorphisme.

Fixons maintenant Ny et soit (to)ges, (1, )aes satisfaisant (9). Soit £, £ comme
au § 3 (avec des notations évidentes) et N; C Ny le sous-groupe défini par (11)
avec £" au lieu de £. Par le méme argument que [Schneider et Vignéras 2011, §7, p.
27], il existe t € T (L) tel que ¢’ = (™" -1). Par ce que I’on a démontré ci-dessus,
on obtient le méme foncteur si ’on travaille avec Ny et (¢, )qes OU avec tNot~! et
(t;)aes- 11 suffit donc de montrer que les Dv obtenus avec Ny et (ty)yes d’une part,
tNot™! et (t;)aes d’autre part sont les memes Pour cela il suffit de montrer que 7!
et w!Nit” (ce dernier avec ’action induite de 7 Noz~") sont isomorphes (de maniere
fonctorielle) dans Mod,. Comme précédemment, 1’application (71 — 7'V I
v > tv) induit un tel isomorphisme.

Remarque 4.3. Soit £’ un autre choix de cocaractere, il existe ¢ : G, — Zg tel
que &'(x) = ¢(x)&(x) pour x € L* (voir § 3). Lorsque Zs (L) agit sur 7t par un
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caractere x, : Zg(L) — A* (ce qui est le cas dans la plupart des applications),

on laisse le lecteur vérifier en utilisant le lemme 7.5 ci-dessous que ng, () est

isomorphe 2 Dgv (;r) tordu par le (¢, I')-module de I’inverse du caractere lisse :
Xno0¢:Qp — A”

(via la réciprocité locale).

5. Compatibilité au produit tensoriel

On montre une compatibilité au produit tensoriel du foncteur DEv .
On conserve les notations des §§2 et 3.

Lemme 5.1. Soit M un kg X[ F]-module de torsion sur kg[[ X]]. On suppose :
() MY Z ke[ X]¢ pour d > 0 comme kg X]-module ;

(1) il existe une suite d’entiers positifs (N, ),>0 croissante et non bornée telle que,
pour tout n > 0, il existe v, € M[XN”]\M[XN"_I] avec F(v,) € M[X"].
Alors il existe un sous-kg [ X ||-module admissible M' C M tel que MY = kg[X] et
F(m") =0 pour tout m' € M.

Démonstration. Par la dualité modules compacts - modules discrets [Gabriel 1962,
§IV.4] ’hypothese (i) est équivalente a :

M = (lim kg [X1/(X™)" = (keI X1/ X1/ keI XY

Pour tout i > n, ona XV Ny, € M{XV\M[XN1 et :
F(XNi_Nn v;) = Xp(Ni_Nll)F(Ui) c XP(Ni—Nn)M[XNi] c M[XM.

Comme M[X™] est un ensemble fini (car kf est fini et M est admissible), quitte 2
remplacer v, par I’'un des XVi~N+y; pour i > n on peut supposer par un procédé
diagonal que I’on a v, = XNi=Nny, pour tout n > 0 et tout i > n. Le sous-kg[[ X]-
module M’ de M engendré par les v, pour n > 0 est alors clairement isomorphe a
lim, ke[ X1/(XN) = kel X1[1/ X1/ ke[ X]. Par ailleurs, comme pour touti > n :

F(vy) = F(XNI_Nn v) € X(P_l)(Ni_Nn)M[XNn]’
on en déduit F(v,) = 0 pour tout n > 0 puisque (p — 1)(N; — N,) = 400 quand
i — +00. Ceci acheve la preuve. ([
Lemme 5.2. Soit M un A[X][F]-module de torsion sur A[X]. On suppose :
(1) M est admissible comme A[ X]-module ;

(i1) Uapplication Id QF : A[ X1 ®g, agx) M — M induit un isomorphisme comme
en (3) en dualisant puis en inversant X.

Alors M est un A[ X[ F]-module de type fini.
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Démonstration. Soit 0 - M’ — M — M” — 0 une suite exacte de A[X][F]-
modules de torsion sur A[X] avec M comme dans I’énoncé. En particulier M’ et
M" sont aussi admissibles comme A[[X]-modules. Comme ¢ : A[X] — A[X]
est plat et comme la localisation est exacte, les applications Id ® F' induisent un
diagramme commutatif de suites exactes courtes de A[X][1/X]-modules :

0O— MV [1/)X] ————————— s M1/ X ————————— s M"Y [1/X] ————— 0

l l l

0— (AIX1®p arx 1M [ %] — (ALX1®y arx M) [ %] — (ALX1®y apxyM) Y [+] — 0

ou I’application verticale du milieu est un isomorphisme par hypotheése. On en

déduit que I’application verticale de droite est surjective, donc est un isomorphisme

puisque les deux A[[X][1/X]-modules sont de méme longueur (finie). La fieche

verticale de gauche est donc aussi un isomorphisme. Comme M est un A[X][F]-

module de type fini si et seulement si M’ et M” le sont, on voit que par dévissage

on est ramené a montrer le lemme pour A = kg, ce que I’on suppose désormais.
Comme M est admissible, on a :

MY Z ke[ X% ® (MY )ors

oud >0et (M )s € MY est le sous-kg[[X]-module de torsion de MY (de
dimension finie sur kg). Comme (M" )y est stable par F dans M" (utiliser
X"F(f)=F(XP"f)si feM)etvérifie (M")rs[1/X]=0, quitte a remplacer M
par Ker(M — ((M")iors)") on peut supposer MY = kr[[X]? et d > 0. En particulier
on a alors M[X”]\M[X”_l] # & pour tout n > 0.

Pour n > 0 soit M,, € M le sous-kg[[ X ][ F]-module engendré par M[X"]. Suppo-
sons d’abord que, pour tout n > 0, M,’[1/X]=0. Alors M, est un kg [ X]-module
de type fini qui est de torsion, donc est de dimension finie sur kg. Il en est de méme
pour M, et il existe donc R, > n tel que M, C M[X Ru]. On en déduit I’existence
d’une suite d’entiers positifs (R,),~o telle que M, € M[X®] pour tout n > 0.
Montrons I’existence de (N, vy) telque 1 < Ny et € M[XN']\M[XN‘_I] avec
F(vy) € M[X"M]. Soit v e MI[X\{0} € My, si F(v) € M[X] (dans M), on prend
Ni def 1 et V] &y, Sinon, on regarde F'(v) € M;.Ona F(v) € M[XSI]\M[XS‘_I]
pour un entier S; tel que 2 < §1 < R;. Si F(F(v)) € M[X5], on prend Ny = S| et
v, = F(v), sinon on recommence avec F2(v) € M;. Comme M; C M[X®], on est
certain que I’un des F’(v) va marcher. En recommengant ce procédé avec My, 1| au
lieu de My, i.e., en partant de v € M[ XM \M[XM]C My, 11, on trouve (N, v2)
tel que Ny < N, et vo € M[ XV \M[XM>~1] avec F(v;) € M[X™2]. En continuant
on obtient ainsi une suite (N,, v,),>0 comme dans le lemme 5.1. Par le lemme 5.1,
il existe un sous-kg [ X]-module M’ de M tel que M’V[I/X] #0et Fly =0 (en
particulier M’ est stable par F dans M). Considérons maintenant le diagramme
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commutatif de kg[[ X][1/ X]-espaces vectoriels de dimension finie :

(Id®F)"
MY[1/X] kel XT g kprxy M)V[1/X]

J |

v (Id®F)” v
M1/ X] ——— kel X1 ®g ienxy MHV[1/X]

Comme I’application horizontale du haut est un isomorphisme (par hypothese) et
comme les deux applications verticales sont surjectives (car duales d’injections
tensorisées par kg[[X][1/X]), I’application horizontale du bas est aussi surjective.
Mais comme elle est en fait nulle (puisque F|y = 0), on en déduit :

0= kel X1 ®prprxy M) 1/ X1 = kel X1 ®ysppxy (M 11/ X])

(cf. le deuxieme isomorphisme en (3)), ce qui est une contradiction car M ™1 / X]
ne s’annule pas.

Donc il existe n > 0 tel que M,'[1/X] # 0. En dévissant comme au début de la
preuve selon la suite exacte 0 — M,, - M — M /M, — 0 et en remarquant que M,
est un kg[[ X[ F]-module de type fini (puisque M[X"] est de dimension finie sur
kg), on voit qu’il suffit de montrer le lemme pour M /M, (pour un n > 0) au lieu de
M. Comme dil’nkE[[X]][l/X]((M/Mn)v[l/X]) < dimkE[[X]][l/X](Mv[l/X]) = d, en
faisant une récurrence descendante sur d, on est ainsi ramené a d = 0, i.e., au cas
MY = (MY )ors que 1’on a traité au début. O

Soit N et N” deux objets de Mod 4. On munit N d’une structure de A[X][F]-
module avec action de ZX comme dans la démonstration du lemme 2.6. On note
Hom$™(NY, N') le A- module des homomorphismes continus A-linéaires de NV
dans N’ ot NV est muni de la topologie profinie et N' de la topologie discréte.
Tout 7 € Hom{™(NY, N') se factorise donc par un quotient fini de N'. On munit
Hom$™ (N, N') d’un endomorphisme F défini par F(F)(f) e F(]-'(F(f)))
et d’une action de Z; par x(F)(f) = det (]—"(x_1 (f))) (ot F € Hom™(NY, N'),
feNYetxe ZX) C est aussi naturellement un A[X] ® 4 A[[X] module via
(S'"(X) ® S(X) - ]’)(f)defS/(X)J:(S(X)f)

Soit Y 1+ X)®1-10(1+X)=X®1—-1®X € A[X] ®4 A[X], on a
F(Y)= Y(Zf’;ol(l + X)P717 ® (14 X)") dans A[X] ®4 A[X] et on voit que :

HomS™(NY, N)[Y1¥ {F e Hom®™ (NY, N'), YF = 0}
={F e Hom$™(NY, N'), XF(f)=F(Xf)V f e N}
= Hom{jy (N, N')
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est un A[[X]-module de torsion (X/ agissant par X/ ® 1 ou 1 ® X/) stable par
'action de Z; et par :

p—1
(Z(HX)P“ ®(1+X)")F (17)
i=0

dans Hom$"™ (N, N’) (il s’agit du sous-A-module de Hom$"™ (N, N”) des homo-

morphismes A[[ X]-linéaires). En définissant I’action de F sur Homgo[f‘)t(]] (NY, N
par (17), on obtient un objet de Mod 4.

Lemme 5.3. Soit M et M' deux objets de Mod, dont les A[[X]-modules sous-
Jacents sont admissibles. Le dual de I’application :

d®F : A[X] ®, apxy HomSy (MY, M') — HomSs, (MY, M)
s identifie a I’application Id @ Fy;)¥ @ (Id ® Fy1)Y (avec des notations évidentes) :
MY @apxy M — (ALXT ®p. agxy M)Y ®@apxy (ALXT ®p, apxy M)
= (AIX] ®p.apxy M) @apxy (ALXT ®p apxy M)
= AIXT ®p apxy (MY @apxy M.

Démonstration. Notons d’abord que Homi‘(’ﬂr‘}(]] (MY, M') = Homupx3(M", M)
(car M est de type fini sur A[X]) et que le A[X]-module Homapxy(M", M')
est admissible (car Homapxy (M"Y, M")[X]=Homu(M" /(X), M'[X]) est de type
fini sur A puisque M /(X) et M'[X] le sont). Considérons 1’application entre
A[[X]-modules de type fini :

MY R Arx] MY —s HOII]A(HOI’IlA[[X]](MV, M/), A)
[ f— (Fr fI(F(f)) (18)

(feMY, f'eM", FeHomupxy(MY, M")). Elle est bien définie et A[[ X J-linéaire
car (S(X) f)F(F) = fSCOF() = fFESE) ) (SX) € ALXT). I est
facile de vérifier qu’elle est de plus Z 7 -invariante. Montrons qu’il s’agit d’un
isomorphisme. Par dualité, il suffit de montrer que 1’application A[[ X ]-linéaire
induite sur les A[[ X]]-modules admissibles de torsion :

HOIIIA[[X]](MV, M/) — Hom‘i{’m(MV R A[X] M/v, A)
F (f&f = f(FU) (19)
est un isomorphisme. Comme on a des isomorphismes de A[[ X []-modules :

Hompx (MY, M') = lim Homaxy (MY /(X™), M'[X"])
n

Hom ™ (MY ®@apxy M'”, A) = limHomy (MY /(X™) @apxy M /(X™), A),
n
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il suffit de montrer 1’analogue de (19) en remplacant M (resp. M') par M[X"] (resp.
M'[X")), i.e., il suffit de le démontrer avec M et M’ des A[[X]]-modules de torsion
de type fini (donc finis). Changeant de notations, il suffit donc de montrer que :

Hompx3(M, M"") — Homa(M ®px3 M, A)
Fi> (m@m' — F(m)(m')) (20)
est un isomorphisme, ce qui est clair car 1’application réciproque est donnée par :
G € Homa(M Qupxy M, A) —> (m+— (m' +— Gm @m'))).

Reste enfin a montrer que le diagramme :

(18)
MY @apxgM’ Hom, (HomJy, (MY, M"), A)

| e
Id®(18)

ALX1®y, apx) (MY @apxyM’Y) ——— ALX1®y, apxyHom 4 (HOmZOH")[(]] (MY, M'),A)

est commutatif ol les deux applications verticales sont les duales de Id @ F. Si N
est un objet quelconque de Mody, I’application :

(d®F)Y: NY — (A[X1®p arx1 N) = ALX] ®g agxy N

est donnée par :

p—1
fe> A+x)P7 e f (22)

i=0

ol f € NYetfeNYestdéfini par f;(n) & £((1+ X)'F(n)) pourn € N. La
commutation de (21) est alors un calcul un petit peu laborieux mais sans difficulté
et laissé au lecteur. U

Proposition 5.4. Soit M et M’ deux objets de Mod 4 dont les A[ X[ F1-modules
sous-jacents vérifient (1). Alors Homgo[f‘)t(]] (MY, M) vérifie aussi (1).

Démonstration. On a vu dans la preuve du lemme 5.3 que le A[[X]-module
Homjo[f‘)t(]] (MY, M') = Homapxy(M", M’) est admissible. Il faut montrer qu’il
est de type fini sur A[[X][F]. L’application :
Id®Fu)' @ IdQFy)"
MY ®axy M — (AIXT ®y, apxy M)Y ®apxy (AIXT ®@p, agxy M)
= AILXT ®p.apxg (MY @apxy M)

est un isomorphisme A[[X]|[1/ X]-linéaire lorsque I’on inverse X car tel est le cas
de Id®Fy)Y et Ad®Fy)Y (puisque M, M’ vérifient (1), cf. (3)). Le lemme 5.2
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(que I’on peut appliquer a Homapxy(MY, M’) par le lemme 5.3) implique alors
que Homyupx (MY, M) est de type fini sur A[X[F]. O

La catégorie QDFA est munie d’un produ1t tensorlel naturel comme suit :

=1lim,_, D; et D" =lim,,_,, D;, sont dans <I>FA , On Pose :

DD ¥ lim  (D; ®agxyi/x) D) € ‘brzt (23)
(i,iel xI’
ou D; ®arxyi1/x] D;, est le produit tensoriel dans CIJFf{ét (on vérifie que cela est
indépendant des D;, D, tels que D =1im D; et D" =lim D). Notons que DRD' =
D QRALXI1/X] D'siD,D € CDFAét.

Nous montrons maintenant le résultat principal de cette section. Notons d’abord
que, comme le foncteur DEv du § 3 ne dépend que du choix de &, quitte a modifier
Lo et Ny il n’est pas difficile de voir que 1’on peut de plus supposer que ¢, induit
des isomorphismes pour o € S :

Ny (L)YNNg = Op C L =G,(L). (24)

On supposera toujours dans la suite que Ny vérifie (24). De plus, on fixe une fois
pour toute un isomorphisme de Z,-modules v : Trzq,(OL) = Z,, ce qui fixe
donc un isomorphisme (si G #T) :

No/Ni mm /0,(OL)———7Z,.

Soit G’ un autre groupe algébrique réductif connexe déployé sur L de centre
connexe, B’ C G’ un sous-groupe de Borel et 7/ C B’ un tore maximal déployé
dans B’. Comme pour (G, B, T) on fixe (to')g'es (0 S’ désigne les racines simples
associées a (G', B', T")), &' € XV (T') et N totalement décomposé vérifiant (24). On
définit Ny par (11) et, comme ci-dessus, I’isomorphisme v induit un isomorphisme
de Z,-modules Nj/N{=7Z, si G'#T'. On consideére (GxG', Bx B', T xT') avec
les choix ((ta)aes, (ta)ares), § ®E € XV(T x T') et Ng x N/, (qui est totalement
décomposé et vérifie (24)) et on note :

N/ S tY ty Tr /0,

Ny Ker(No x o Trr/a,(OL) % Zp). (25)

Pour toute représentation lisse de B(L) x B’(L) sur A on dispose donc de Dé EBE’( )€
—=ét

oL .

Proposition 5.5. Soit 7w et ' des représentations lisses respectivement de B(L)

et B (L) sur des A-modules libres. On suppose que les A X[ F1-modules aM et

7'M satisfont la propriété Ad de la définition 2.2. Alors on a un isomorphisme dans

—=ét

oI,
D} (m @4 7') = DY (T)®D (). (26)
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Démonstration. Notons Homcom(n 7’ ) le A-module des homomorphismes A-
linéaires continus de ¥ dans 7" ot 7 est muni de la topologie profinie et 7’

N . L P PR )
de la topologie discrete. En écrivant 7 = lim, V, et 7’ =1lim,, V ,, ou V, et V,
sont des sous-A-modules libres de type fini quelconques de (I’espace sous-jacent a)
respectivement 7 et 7/, on a :

Hom™ (¥, ') = hmHomA(VV, "= hmHomA(

/

V). (27)

n>’

L application 7 @ 4 7" — Hom°°“‘(7r , 7)), v r—> (f > f(v)v’) est un isomor-
phisme, car par (27) et 7 @ v’ = =lim, ., Vy ®a Vy il suffit de le vérifier avec les
A-modules libres de type fini V,, et V,; au lieu de 7 et " ol1 ¢’est évident.

Supposons d’abord G # T et G’ # T'. On déduit de ce qui précéde un isomor-
phisme :

(7_[ AT )N1><N HomCOHt(n T )N1><N ~ Homcont(n, T[/N])Nl

@Y, 2™, (28)

o~ Homcont(
(Le dernier isomorphisme se montre en écrivant 7 = lim,, W, ot la limite inductive
est prise sur des sous-A-modules de type finis W), de 7 stables par N et en utilisant
que les coinvariants (W,Y)y, de W,’ pour I’action de N sont isomorphes a (W,V1),
ce qui découle en dualisant puis en remplacant W, par son dual du fait que, si V
est une représentation lisse de N; sur un A-module de type fini, on a (VV)M =
(Vay)¥.) Il n’est pas difficile de vérifier que I’action de No x N}, sur (7 ® 4 7/)M Vi
induit la structure de A[[No/N1] ®a4 AI[NO/N 1= AI[NO/N 1®a AIINO/Nl]] =
AXT®a A[[X [I-module définie ci-dessus sur Hom§™ (7 V)Y, N 1) (rappelons
que 7N et 7'M sont dans Mod 4) et que, par (25), cela induit un isomorphisme de
A[[ XT-modules :

(r @4 7N 2> HomS™((x M), 2 [¥] 2= HomSyh, (™M), 2™)  (29)

qui commute aux actions de ZX et de F (avec ’action (17) de F a droite). Soit
HC Homj"[{‘)t(]]((an)V, aN ') un sous-A[[ X[ F]-module de type fini et 7y, ..., Fy
des générateurs de H sur A[X][F]. Par continuité chaque F; : (7)Y — 7'M se
factorise par un quotient M’ de (xr N1yV oot M; € ™1 est un sous-A-module de type
fini que I’on peut prendre stable par Z, et est a valeurs dans un sous-A-module de
type fini M/ (stable par ZX) de 7'M Soit M (resp. M") le sous-A[[ X[ F]-module
de 7™ (resp. 7'V ) engendré par Zl | M; (resp. Zl \ M), alors M et M’ sont
des A[[X][F]-modules de type fini (stables par ZX) et donc des A[[X]-modules
admissibles puisque 7' et 7'M satisfont la propriété Ad. De plus, par construction
ona:

Fi € Hom{p (MY, M") = Hompxy (M, M)
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pour tout i et donc H = Z?Zl AIXT[F1F: € Homyupxy(MY, M’). Comme par la
proposition 5.4 et (29),on a :

Hompx(M", M') € M(HomSy ((r¥)Y, /™)) = M((w @4 7)™,

on en déduit que H est un A[[ X ]-module admissible et que les A[[ X ][ F']-modules
Hompxy (MY, M') pour (M, M') parcourant M (™) x M) forment un
systeéme cofinal dans M ((mr ® 4 7")N 1”). Cela implique :

DY((r @4 7)) = lim DY (Homapxy(M", M)
(M, M")

= lim (MY[1/X]®agxy1/x] M"[1/X])
(M, M)

= pY(@"M®DY ('™,

ot la limite projective est prise sur (M, M") € M(xN) x M (' Nf) et oll le deuxieme
isomorphisme résulte du lemme 5.3. Cela donne 1’isomorphisme de I’énoncé lorsque
G#T,G #T'.

Traitons le cas G =T et G’ # T’ et notons que 7' = 7 est un A[F]-module de
torsion puisqu’il satisfait la propriété Ad. Pour (M, M') € M(w) x M) on a
Homffm(M v, M"y=Homu (M"Y, M’) et un isomorphisme A[[X]-linéaire analogue
a(18):

(AIXT @A M) @apxy M = MY @4 M = Homu (Homa (M, M'), A).

Par une preuve analogue (en plus simple) a celle du cas G # T, G’ # T, on obtient
que les Hom (MY, M") pour (M, M") € M(r) x MM forment un systéme co-
final dans M(Hom$™ (7Y, JT/N{)) =MEe,7') et que DY (Homus (MY, M")) =
DY (M) ®apxjii/x) DY (M’). On conclut comme dans le cas G # T', G’ # T'. Enfin,
le cas G =T, G' =T’ est encore plus simple et laissé au lecteur. O

Remarque 5.6. (i) La preuve de la proposition 5.5 donne aussi que le A[ X[ F]-
module (7 @4 /)N = Homg"ﬁl}tﬂ]((nN DY, ' N 1) satisfait la propriété Ad. Par une
récurrence immédiate, on en déduit pour tout entier n > 0 un isomorphisme (avec
des notations évidentes) ng]@...@g,, (T Q4 - Qamy) = Dg TR -+ @Dgﬂ ()

lorsque tous les m; vérifient les hypotheses de la proposition 5.5.

(ii) L’énoncé de la proposition 5.5 est peut-étre valable sans supposer que V! et
7'M satisfont la propriété Ad ou que les espaces sous-jacents a 7 et 7’ sont libres
sur A. Par exemple, on peut montrer que, lorsque A = kg, I’isomorphisme (26) est
vrai pour toutes représentations lisses 7w, 7' de B(L) et B'(L) sur kg sans hypothése
supplémentaire. Mais n’ayant qu’une preuve assez laborieuse de ce dernier résultat
(pour A = kpg), et n’ayant de toute facon pas a appliquer (26) ici en dehors des
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conditions de la proposition 5.5 (cf. §9), j’ai finalement opté pour I’énoncé a minima
ci-dessus.

(iii) Soit N dans Mod, et munissons NY = Homy (N, A) de sa structure de
A[X][F]-module avec action de Z; comme ci-dessus. Alors tout quotient D
de NY[1/X] de type fini comme A[X][1/X]-module, stable par Z} et tel que
(Id®F)Y : NY[1/X] — AlX] ®gy, arxy NV[1/X] induit un isomorphisme D ~>
Al X1®g, apxy D est de la forme MY[1/X] pour un M € M(N). En effet, il suffit de
considérer I'image du A[[X]-module compact N dans le A[X][1/X]-module de
type fini D, d’utiliser la dualité modules compacts - modules discrets [Gabriel 1962,
§IV.4] et d’appliquer le lemme 5.2 au dual M de cette image. Comme réciproque-
ment tout M € M(N) donne un tel quotient D = MV [1/X] (lemme 2.6), on obtient
que DY (N) s’identifie a la limite projective des quotients de NV[1/X] qui sont
dans CIDFAé‘. En appliquant cela 3 N = 7V pour 7 représentation lisse de B(L) sur
A (et G # T), on voit que DSV (r) s’identifie a la limite projective des A[X[1/X]-
modules quotients de (7VN)V[1 /X1 qui sont dans ¢F§t. On a une identification
analogue lorsque G = T en remplacant (mM)V[1/X] par 77 @4 A[XT[1/X] que
I’on laisse au lecteur.

(iv) On peut donner une variante comme suit de la preuve du lemme 5.2 (je remercie
un rapporteur anonyme pour cette remarque). Via le méme argument qu’au début du
(iii) ci-dessus et une récurrence comme au début de la preuve du lemme 5.2, on peut
supposer que MY[1/X] est un g-module (étale) irréductible sur kg[X][1/X] (on
utilise que la catégorie des ¢-modules étales de dimension finie est abélienne, noter
qu’iln’y a pas de I" ici). Des lors (avec les notations de la preuve du lemme 5.2) : soit
M = M, pour un n > 0, et c’est fini puisque M,, est de type fini sur kg[[ X[ F], soit
M,/[1/X]=0 pour tout n > 0 par irréductibilité de M, ce qui conduit a I’existence
de M’ et une contradiction.

(v) La construction de DSv (;r) donnée en (iii) ci-dessus peut aussi s’interpréter
comme une propriété universelle de ng (,r). Nous renvoyons pour cela le lecteur a
I’article récent d’Erdélyi et Zabradi [2014] ou les auteurs utilisent [Zdbradi 2011]
pour généraliser cette interprétation de DSv (r) et faire le lien avec le foncteur
construit dans [Schneider et Vignéras 2011].

6. Le cas des induites paraboliques I

Dans cette section et la suivante on calcule le D%.v d’une induite parabolique en
fonction du ng de la représentation induisante du Levi.

On conserve les notations du § 3, en particulier on fixe des isomorphismes
lg : Ny = G, pour o € S vérifiant (9), un sous-groupe ouvert compact Ng C
N (L) totalement décomposé et vérifiant (24), un isomorphisme de Z,-modules
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v Trg /Q, (Or) = Z, (ce qui détermine un isomorphisme No/N; = Z,, lorsque
G # T) et un cocaractere £ € XV(T) tel que o 0§ =1dg,, pour o € S.

Soit P € G un sous-groupe parabolique contenant B, L p son sous-groupe de
Levi, Np son radical unipotent, P~ le parabolique opposé a P et Np- le radical
unipotent de P~. Le groupe L p est réductif connexe déployé et on fixe BN Lp
comme sous-groupe de Borel de L p, dont le radical unipotent est Ny, = N N Lp.
On note Rp les racines de (Lp, T), R; C Rp les racines positives relativement a
BNLpetSpC R;F les racines simples. Comme Zg est connexe par hypothese,
ou de maniere équivalente le Z-module X (7T")/(PyecsZa) est sans torsion, on a
que le centre Z;, de Lp est aussi connexe (car X (T)/(Dyes,Za) est aussi sans
torsion puisque X (T')/(BqesZcr) est sans torsion et Byes,Zo est facteur direct de
@aeSza)~

Pour pouvoir appliquer a (Lp, BN Lp, T) les constructions et résultats du §3 on
doit fixer des choix pour le groupe réductif L p. On le fait de maniére compatible
a ceux pour G comme suit. On garde le méme & € XV (T) et les mémes ¢, (pour
o € Sp) et on note £p la composée :

N, = [ Ne sl Ga.
aeSp
On a donc un diagramme commutatif :
Np,—— N
| lz (30)
Gy =——=0;,

On pose Nr.,.0 e Np,(L)YNNy= ]_[aeR; Ny (L) N Ny de sorte que :

& Lp Tr
Ny ¥ Ker(Np, 0 = L =222 Q)

vérifie Ny, 1 = Nr,(L)NN; = N, 0NN par (30). Lorsque P # B, I’hypothese
(24) implique que I’on a des suites exactes courtes :

0— Npp1— Nppo— Trye,(0OL) -0, 0— Ny — No— Trpq,(O0L) = 0
d’ou il suit que I’injection Ny, o € Np induit un isomorphisme (pour P # B) :
Nip,0/Npp,1 = No/Ni. €1y

Toujours lorsque P # B, I’isomorphisme v induit Ny, o/Ny, 1= Z, qui coincide
avec (31) composé avec No/N1 = Z,,.
L’ objectif de cette section et la suivante est de démontrer le théoreme suivant.
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Théoreme 6.1. Soit wp une représentation lisse de L p(L) sur A, que I’on voit par
inflation comme représentation lisse de P~ (L). On a un isomorphisme fonctoriel
en wp dans la catégorie QDF/? :
G(L ~
DY (Ind3) 7p) = D (p).

On suppose G # T dans la suite sinon il n’y a rien a montrer. On note W =
Ng(T)/T et Wp = N, (T)/T les groupes de Weyl respectifs de G et Lp, et
wo € W I’élément de longueur maximale. On a Wp C W et ’ensemble :

KpE{wew, w ! (R}) SR}

est un systeme de représentants (dits de Kostant) des classes a gauche Wp\W. En
utilisant que {wwy, w € K p} est encore un systeme de représentants de Wp\W, on
déduit de la décomposition de Bruhat généralisée [Digne et Michel 1991, Lemma
5.5] que I’on a une décomposition :

G=[] pPwB= ][] P wn. (32)
weKp weKp
En procédant comme dans [Emerton 2010, §4.3] ou [Vignéras 2008] ou encore
[Hauseux 2014, §2.1], rappelons que la représentation IndgEL()L)JT p admet une filtra-
tion croissante par des sous-B(L)-représentations dont les gradués sont contenus
dans :

Cyp(mp) der c—IndiiEBWN(L) Tp

pour w € Kp ou c-Ind signifie les fonctions (localement constantes) a support
compact modulo P~ (L) et ou I’action de B(L) sur Cy,(;p) est la translation a
droite sur les fonctions. De plus C;(;rp) est le premier cran (ou premier gradué)
de la filtration. En fait, au moins lorsque P = B, les gradués sont tous exactement
les Cy, (mp), cf. par exemple [Hauseux 2014, §2.1] (nous n’aurons pas besoin de ce
résultat pour P # B). Par exactitude a droite du foncteur contravariant Dg (cf. (id)
de la proposition 3.2) et un dévissage évident, on voit qu’il suffit de démontrer les
deux propositions suivantes.

Proposition 6.2. On a DEv (Cw(mp)) = 0 pour tout w € K p\{1}.

Proposition 6.3. On a un isomorphisme fonctoriel en wp dans la catégorie ﬁ:t :
D/ (Ci(rp)) = D{ (rwp).

Pour w € K p soit 7t la représentation de w='P~(L)w dont I’espace sous-jacent
est le méme que 7p et telle que w ! p~w € w™' P~ (L)w agit par 7p(p~). On a
un isomorphisme B(L)-équivariant :

Cu(rp) => cInd) T, | o wE, e (e f(wn) (33)
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ou I’action de N (L) est la translation a droite sur les fonctions et ou 1’action de
T (L) est donnée par :

(th)(n) = mp (1) (h(t~"'nt)) (34)
siteT(L),ne N(L)eth ec- IndNEf;, (L)wﬂN(L)JT}f (noter que T (L) est contenu

dans w™' P~ (L)w).
Le reste de cette section est consacré a la démonstration de la proposition 6.2.

Lemme 6.4. Notons R~ (resp. Rp) les racines négatives de (G, T) (resp. (Lp, T))
relativement a B (resp. BN\L p). Soit w € Kp\{1}, alors ona w™! (RT\Rp)NS # 2.

Démonstration. Comme w # 1, ona R~ Nw(R™) # @ et donc R~ Nw(S) # @
(puisqu’une racine de w(R™) est somme 2 coefficients positifs de racines de w(S)).
Comme w € Kp, on a w*I(R;) C R, donc w*I(R;) NS = g c’est-a-dire
R, Nw(S) = . On en déduit (R™\R,) Nw(S) # I, d’ou le résultat. [l

Le lemme suivant s’inspire de [Schneider et Vignéras 2011, Proposition 12.2].
Lemme 6.5. Soit w € Kp\{1}, alors (w™'Np-(L)ywnN No)\No/N1 = {1}.
Démonstration. Par le lemme 6.4, il existe o € S tel que Ny, € w™ ! Np-w, donc

N (L)ﬂNo Cw 'Np-(L)wnNNy et il suffit de montrer (N, (LYNNo)\No/N1 ={1}.
Soit N2 Ker(No £> Or), on a Ny C N et il suffit de montrer que :

(Na (L) N No)\No/ N> = {1}.

Comme ¢ : Ng/ N, = Op par (24), il suffit de montrer £(Ny (L) N Ng)\Or = {0}.
Mais c’est clair puisque €(Ny (L) N Ng) = 14 (Ny(L) N Ng) = Op (encore) par
(24). O

Pour tout w € Kp on munit C,(rp)N = (c IndNEfI)D (LywnN(L) JT}‘)’)NI de sa
structure d’objet de Mod, définie au § 3.
Lemme 6.6. (i) Soit M C (C Inng})D (LywnN(L) n}f)N' un sous-A[[ X[ F-module

de type fini. Alors il existe un entier n >0 tel que F" (M) C (Ind P (LywnNg TP )Nl .

N(L N
(ii) Le sous-A[[ X]-module (Ind (lIP LywnNg ™ ) de (c Ind 511)0 (LwnN(L) w) :
est un sous-objet dans Mod 4.
Démonstration. () Par [Hauseux 2014, lemme 3.1.3] on a :

N(L) =& ™ Nog(p")
n>0
etpar (34)ona:
E(p™"INoE(P") w E(pT"FHNoE(p"h) w
E(P)And, % = 1 ywme (g pm TP S 10,5 o e (s Nog (1) T
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. déf E(p™")NoE(p") w\N P
Soitn >0 et M, = (Indw’lP’(L)wﬂé(p*")Noé(p”) mp)™, on en déduit aveF (12)
(et No CE(p~)No&(p™)) que les M, sont des sous-A[[ X ][ F]-modules croissants
(quand n grandit) du A[ X ]|[ F]-module (c—IndN(L) n'g)Nl, que F(M,) C

. w1 P=(L)wNN(L)
M,_;sin>0,etque:

N(L) Ny _
(c-Ind = 1wy TR = U M.
n>0
SiM C (C'Iﬂdﬁﬂ—(mwmm n,’f’)N' est de type fini sur A[X]I[F], il existe donc

un entier n > 0 tel que M € M, d’ol on déduit F"(M) C F*"(M,) C M.

(ii) Par le preuve du (i), My = (Ind™°, aW)N est stable par F dans
w P~ (L)YwNNy ** P

(c—IndzEf;,_ (LYwAN(L) n,’é’)N t, Comme M, est clairement stable par Z; (cf. (34)),

c’est donc un sous-objet dans Mody4. O

oy . . —=ét
Proposition 6.7. Pour tout w € K p, on a un isomorphisme dans <I>F: :

\V N(L) wy ~ vV No wy\N
D (e-Ind =, /) oy FR) = D ((Indw—lP—(L)meo mp)™M).

Démonstration. Le (i) du lemme 6.6 montre que :

Cw (nP)Nl/(IndIlZ(l]P—(L)meo ng)Nl

est un A[F]-module de torsion. Le résultat découle donc de la proposition 2.7. [J

On démontre maintenant la proposition 6.2. Par la proposition 6.7, il suffit de
montrer que tout sous-A[[ X ][ F]-module M de (Ind]u\)/(ll P (L)ywnNo n,‘i’)N ! vérifiant
les conditions (1) est tel que MY[1/X] = 0 si w # 1. Comme wINp-(L)w
agit trivialement sur 777, on a une injection Ny-équivariante (qui n’est pas un
isomorphisme si P # B) :

nd, - o, TH < C((w ™ Np-(Lyw N No)\No, ) (35)

ol le terme de droite désigne le A-module des fonctions localement constantes avec
action de Ny par translation a droite (et triviale sur 7). Cette injection en induit
une de A[[X]-modules :

— N
Md -, TP > C((w ™ Np-(Lyw N No)\No, 7)™
= C((w ™ 'Np-(L)w N No)\No/ N1, ).

Or, si w # 1, le lemme 6.5 implique que X agit par O sur ce dernier terme, donc aussi
sur (Indg‘llp,(L)meO m )M, donc a fortiori sur tout M (Indgﬂlp,(L)meo )M
vérifiant (1), donc enfin sur M"Y (cf. la preuve du lemme 2.6). On en déduit
MVY[1/X] =0 ce qui achéve la preuve.

Lorsque P = B, on peut préciser la proposition 6.2.
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Proposition 6.8. Supposons P = B et wp localement admissible (comme repré-
sentation de T (L)), alors Cy, ()" est un A[Fl-module de torsion pour tout w €
WA\{1} (en particulier on retrouve DSv (Cyw(rp)) =0 par le (iii) de la proposition 2.7).

La preuve est le cas particulier i = 0 du (ii) du théoreme 8.1 ci-apres, auquel on
renvoie le lecteur.

Remarque 6.9. Il est possible que, pour P # B et wp localement admissible
(comme représentation de L p(L)), le A[F]-module C,,(7rp)™! soit en fait encore
de torsion pour w € Kp\{1} (voir aussi a ce propos la remarque 8.7).

7. Le cas des induites paraboliques 11

On démontre la proposition 6.3, ce qui achéve la preuve du théoreme 6.1.

On conserve les notations des sections précédentes et on suppose P # G sinon
il 0’y a rien 2 montrer. On pose Np,o & Np(L) N No = [Tyege\ g+ (Na(L) N No) et
Np def Np(L)N Ny = Np N N;. Comme Ny est totalement dé(P:omposé, on a un
produit semi-direct No = N1, oNp o (avec Np o distingué). Comme (R*\R}f) NS #
& (car P # G), on a par (24) une suite exacte courte :

0— Np1— Npo— TrL/@p((’)L) —0

d’ou on déduit que I’inclusion Np o € Ny induit un isomorphisme Npo/Np 1 =
No/N1.Notonsque Ny, 1Np1 CNisiP#B etqueth,lt_l CNp, tNLP’lt_1 C
Ni,.1 (puisque tNp (L)t~ ' =Np(L),tNy, (L)t~ =N, (L) ettN1t~! € Ny) pour
tout 1 € £(Z,\{0}).

Lemme 7.1. Les inclusions N1, 0 € N1, oNp.o et Np,o € N1, 0Np,o induisent un
isomorphisme de groupes abéliens :

Nippo/Npp1xNpo/Np1—> No/(Np,1Np1).

Démonstration. Par définition de Nz, ; etde Npj,ona:

[] Nu)NN))C Ny et [ (Na(L)NNo) C Np.y
@€R;\Sp a€(RT\RH\(S\Sp)

qui entraine ]_[aeR+\S No(LYNNo C N, 1Np,1. On a par ailleurs un isomorphisme
de groupes abéliens (rappelons que Ny est totalement décomposé) :

N0/< I1 (Na<LmNo>)’él'[<Na<LmNo)=

a€RM\S aes

[T WNa@ N No) [T NalL) N No).  (36)

C{ESP OIES\SP
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De plus I'image de Ny, 1 (resp. de Np 1) dans le quotient (36) est clairement :

B} Y wesp la YoTr
Kers,,défKer(]_[(Na(L)mNo) o, 0 z,,)

aGSp

(resp. avec partout S\ Sp au lieu de Sp) de sorte que 1’on a un isomorphisme de
groupes abéliens :

(NL,,JNP,I)/( [] We@ ﬂNo)) =5 Kerg, x Kerg\s, - (37)
a€RT\S
En utilisant les isomorphismes :

Nipo/NLp1 = ( []We@n No)) / Kers,

aESP

Np,o/Np,1:»< I (Na(L)mN()))/ Kerg,s,,

aes\Sp
on en déduit le résultat en faisant le quotient de (36) par (37). (|

Via les isomorphismes No/N1 = Z,, Np,.0/Nrp,,1 = No/N1=Z, (si P # B)
et Npo/Np,1 = No/Ni1 = Z,, on voit que la suite exacte courte de groupes
abéliens 0 — N1/(Nr, 1Np.1) = No/(NL,1Np,1) — No/N1 — 0 s’identifie a
0—-0—2,—Z,—>0siP=Betvialelemme7.14a:

0O—rn2,——2,x72, Z, 0
X — (x, —X) (38)
(zy)H——z+y

si P # B.
Rappelons que, par (33) et la proposition 6.7, on a :
DY (Ci(wp)) = DY (c-Indp ) o 7p) = DY((Ind}’ ;v )Y, (39)

La restriction 2 Np o induit un isomorphisme :
Ind]}\,]‘l(mm\,o wp => C(Npo,mp) =C(Npo, A) ®a7Tp (40)

ot le terme de droite désigne les fonctions localement constantes a valeurs dans wp
ou A, ou I’action de Np ( est par translation a droite sur les fonctions (et triviale
sur 7rp), et ot 'action de Ny, o est donnée par :

(nLp.0h)(npo) =mp(np,0) (g} gnponi,.0) (41)

si nr,o0€ NLP’(), npo € Nppet he C(NP’(), Tp).
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Lemme 7.2. On a un isomorphisme de A[[No/(Np,,1Np,1)l-modules :

~ Nipiiy ~ NL,.
(Ind},2 v )V NP Z C(Np o/ NPy, p ) ZC(Npo/Np 1y A) @4y

ou la structure de A[No/(Np, 1Np 1)]-modules a droite est la structure évidente
de A[[Npo/Np ]]@AA[[NLP’Q/NLP’1]]-m0dul€s via l'isomorphisme du lemme 7.1.

Démonstration. Comme Np ( (et donc Np 1) agit trivialement sur wp, on a :

(c—IndZI\,’O_(Lm\,0 mp)NPU = C(Npo/Np.1, p)

par (40). Par le lemme 7.1, I’action par conjugaison (41) de Nz, ¢ (et donc de
Np,.1) sur Np o devient triviale dans le quotient abélien Np o/Np ;. On en déduit
facilement le lemme. (]

Supposons dans un premier temps P # B. Le groupe Nz, 0/Np, 1 = Z, agit
naturellement sur ngL” !
une injection :

et via I’'isomorphisme Np o/Np ;1 = Z, précédent, on a

N n s C(Npo/Np1. T, v (x > x(1)) = n(v)

Pl

N Nipa NL
ol x € Npo/Npietvem, " . Rappelons que 7 et:

NLP,I Ny lemn,E: 72 Np .1Np1 Ny ~ Ny
C(Npo/Np1,7p ") =  (C(Np,mp) tr! 7P N =C(Np,o, p)

sont munis d’une structure d’objets de Mod4 (pour les groupes réductifs respectifs
Lp et G, cf. §3 et (ii) du lemme 6.6).

Lemme 7.3. L’injection n induit un isomorphisme dans Mod 4 :

ﬂgLP'l = C(Npo/Np,1, ﬂgLP’l)N‘-
Démonstration. 1l faut montrer que 7 induit un isomorphisme de A[[ X ]|[ #']-modules
qui commute aux actions de Z;. Posons N { e N L,.1Np 1, un sous-groupe distingué
de N (cf. lemme 7.1). Par le lemme 7.1 et le lemme 7.2, on voit que I’action
de No/N| = Ny ,.0/Npp1 X Np.o/Npy = Z, x Z, sur C(Np.o/Np.j,p ") =
C(Z,,7p""") est donnée par :

(@, UNE) =z(f(x +y)). (42)

Par la suite exacte (38) et par (42), un élément f € C(Npo/Np.1, ng“”]) est inva-
riant sous N1, ou de maniére équivalente sous Ny /Ny % Z,, sl vérifie y(f(x—y)) =
f(x) pour tout x € Z,, et tout y € Z,,. En posant v¥ £ 0) € rrPLP"
y = x, on obtient f(x) = x(v), ce qui montre la surjectivité de .

Si xg € No/N1 =Z, et f =n(v) €C(Np,o/Np.1, n,fLP")Nl, on a (via (38)) :

(x0(f))(x) = ((0, x0)(f)) (x) = f (x+x0) = (x +0) (v) = x (x50 (v)) = 1 (x0(v)) (x)

et en faisant
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ce qui montre la compatibilité a I’action de A[X].

On montre la compatibilité a I’action de F, laissant celle a I’action de Z;,
analogue en plus facile, au lecteur. Comme &(p) N{&( p)~! € N/, on peut définir
pour tout f € C(Np.g, p)M :

déf ’
Ep) v fE DY nEMS € C(Npo, )M
n €Ny /E(p)NIE(p)~!
. / N .
Via C(Np.o, ap)M = C(Zp, rrPLP'l) (lemme 7.2), un petit calcul montre que cette
action est explicitement donnée par :

&P N HX) = > nip1§(p)(f(x/p)) (43)

nip 1 €NLp 1 /E(P)NLp 1E(p)7!

ou f(x/p) =0six e Z,\pZ,. Par ailleurs, pour tout f € C(Np, wp)M on a
I’égalité suivante dans C(Np o, ap)N

Y. mEpS = > mEP) -y ). @4
meN1/E(p)N1£(p)~! 1E€(N1/N/E(P)(N1/NDE(p) !

(On laisse cette vérification facile au lecteur ; considérer la chaine d’inclusions
S(p)leg‘(p)_1 C N[(E(p)Nléf(p)_l) C N; comme dans la preuve du lemme 4.1
ol N{ (é(p)Nlé(p)_l) est le sous-groupe de N| engendré par N{ et S(p)Nlé(p)_l,
et remarquer que Ny N E(p)N1E(p)~ ! = g-‘(p)Ni%‘(p)_l.) En combinant (43), (44)
et (42) (appliqué avec (z, y) = (i, —i) € N1/N; S No/Ny), on voit que I’action de
F sur f =n() eC(Np, ap)N = C(Zp, nfyLPv')Nl/Nl/ est explicitement donnée
par :

p—1 .
F(n(v))(x)=2i( 3 nLP,IS(p)(x l(v))) (45)

i=0 “np, 1€NLp 1/E(PI)NLp1E(p)~] p

N

ol ((x —i)/p)(v) = 0 si x n’est pas congru a { modulo p. En notant i, €
{0, ..., p—1} 'unique entier congru a x € Z, modulo p etn, GS(p)NLP,()é}(p)_1 -

Ny, ounrelevé de x —iy € pZ, via£(p)Np, 06 (p) "' /E(P)NL, 1E(p) ™1 => pZ,,
(45) se récrit :

F(n(v))(x) = ix< > nLP,lnxap)(v))
NLp.1/E(P)NLp.1£E(p)~!
Oou encore :

F((0)(x) = x 3 n;lnLP,lnxs(p)(v)). (46)
Nip 1 [EDINLp1E(p)~!

Comme N, | est distingué dans Ny, o et £(p)Nr, 1£(p)~" est distingué dans
.SE(p)NLP,OS(p)_I, I’ensemble {n;lnLP’lnx} dans la somme ci-dessus est encore
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un systéme de représentants de NLPJ/s(p)NLP,lg(p)_1 dans Ny, 1 pour chaque
x € Z,. On en déduit que (46) se récrit :

F(n(v))(x) =x< > nLP,ls<p>(v)) =x(F(v))

Nip1/E(PINLp 1E(p)~1

pour I’action de F sur ngLP’l a droite. Cela montre F(n(v)) = n(F (v)). U

Par le lemme 7.3, on a donc DV(C(NP’O, np)Nl) = Dsv (7p) ce qui, avec (40)
et (39), montre la proposition 6.3 lorsque P # B (tous les isomorphismes étant par
ailleurs clairement fonctoriels en 7 p).

On suppose maintenant P = B. Par le lemme 7.2 on a un isomorphisme de
A[[X]-modules C(Ny, 7))V = C(Z,, A) ® s wp. En munissant le terme de droite
d’une action de Z,\{0} donnée par I’action de §(Z,\{0}) € T (L) sur mp et par
fr= (G f(x/a))surC(Z,, A)ouacZ,\{0}et f(x/a) =0six/aecQ,\Zp,,
on vérifie facilement qu’il s’agit d’un isomorphisme dans Mody (cf. (43) avec
Nll =NjetNL, 1= {1}.

Lemme 74. (i) Si Mp C 7p est un sous-A-module de type fini stable par
E(Zp\{0}) alors C(Z,, A) @4 M p est un sous-A[[ X[ F]-module de C(Ny, )V =
C(Z,, A) @4 mp stable par Z; qui vérifie les conditions (1).

(i) Tout sous-A[[X||[F1-module de C(Ny, mg)N' stable par Z; qui vérifie (1) est
contenu dans C(Z,, A) ® s Mp pour Mg C g un sous-A-module de type fini stable
par §(Z,\{0}).

Démonstration. (i) On a :
HOII]A(C(ZP, A)R@aMp, A)EA[X]®a Ml\;

qui montre que C(Z,, A) ®4 Mp est un A[X]-module admissible puisque M est
de type fini sur A. Montrons qu’il est de type fini sur A[X][F]. Par dévissage
(C(Z,, A) est plat sur A), on se ramene au cas A = kg. Comme k%[[X]][F] =
k' @k, (ke[ XT[F1) est de type fini sur kg[[ X[ F] pour toute extension finie k; de
kg, on peut quitte a étendre les scalaires supposer que Mp| £(@;) estune extension
successive de caracteres lisses de & (@;) (a valeurs dans k). Par dévissage encore,
on est donc ramené au cas dimy, Mp = 1 et, quitte a twister I’action de &§(Z,\{0})
sur C(Zp, kg) Qk, Mp, on peut méme supposer que Mp| £@)) est le caractere trivial.
On est finalement ramené a C(Z,, kg) qui est bien de type fini sur kg[X][F],
engendré par exemple par la fonction 1z, .

(i) Soit M CC(Z,, A)® a7 p stable par Z; et qui vérifie (1). En prenant Hom4 (-, A),
on a une surjection de A[X ][ F]-modules A[[X]]@Ang — MY compatible a Z;
o MY est un A[X]-module de type fini, d’olt une surjection de A-modules
my — MY/XM" qui commute a F et Z);. Comme F = £(p) est ici bijectif sur 75,
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donc sur 7, il est surjectif (et A-linéaire) sur le A-module de type fini MY /XM,
donc aussi bijectif. Par un argument classique (parfois appelé “Dwork’s trick™), on
en déduit une section A[F]-linéaire canonique s : M~/ X MY < M" de la surjection
MY — MY /XM" qui commute avec la section évidente 7)) < A[X]®a7m) et
avec ’action de Z;. Autrement dit la surjection A[X 1® Arrg — M se factorise
comme suit :

~ Id ®s
AlXTI®amy—AIXI @4 MY/ XMY —»M".
Et on voit que Mp € Homy (MY/XMY, A) convient. O

Le lemme suivant est un exercice simple sur les (¢, I")-modules que I’on laisse
au lecteur.

Lemme 7.5. Soit M un A-module de type fini muni d’une action A-linéaire lisse
de Q. V(M) la représentation de Gal(Q »/Qp) sur A associée par la réciprocité
locale et D(M) le (¢, I')-module associé a V(M) par le foncteur covariant de
[Fontaine 1990, théoréme A.3.4.3]. Ona D(M) = A[X][1/X]®4 M ou I’action
de I' = 7 est 'unique action A[X1[1/ X]-semi-linéaire donnée par I’action de
Z,, sur M et out 'action de ¢ est l'unique action semi-linéaire donnée par I’action
de p sur M.

Par le lemme 7.4, on obtient un isomorphisme dans @:t :

DY(C(No, mp)™) Zlim(A[XT[1/X]1®4 My) (47)
Mp

ou la limite projective est prise sur les éléments Mp de M (rp) et ou I’action de ¢
et de Z; (ou de maniere équivalente de @;) sur M, est donnée par (¢(f))(m) =
FEP)Tm) et (x(f)(m) = FEX)m)), x € Z;. Par le lemme 7.5 appli-
qué a M) et le fait que le foncteur (¢, I')-module commute a la dualité, on
a A[XN[1/X] ®a My = DY(Mp) pour Mg € M(mp) (cf. § 3), d’ol on dé-
duit DY (C(Ny, mp)V) = Dg(ng) par (47). Par (40) et (39), on en déduit la
proposition 6.3 lorsque P = B (la fonctorialité étant la aussi claire).

Exemple 7.6. Soit x : T(L) — A* un caractere lisse, alors st (IndgfL(z) x) estle

(¢, T')-module du dual du caractére de Gal(Q »/Qp) sur A donné (via la réciprocité
locale) par @ — A*, x = x (£(x)).

Proposition 7.7. Supposons mg localement admissible (comme représentation de
T (L)), alors le A[ X[ F1-module C; ()N satisfait la propriété Ad (définition 2.2).

Démonstration. En procédant comme dans la preuve de la proposition 6.7, par le
(i) du lemme 2.5 il suffit de montrer le résultat pour le sous-A[ X ][ F]-module
C(Ny, mp)M = C(Z,, A)® mp. Comme g estun A[F]-module de torsion (car 5
est localement admissible), tout sous-A[[ X [I[ F']-module de type finide C(Z,, A)®a
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mp est contenu dans C(Z,, A) ®4 Mp ou Mp C mp est un sous-A-module de type
fini stable par F. On en déduit le résultat par le (i) du lemme 7.4 et le (i) du
lemme 2.1. U

8. Le cas des H!(Ny, Cy(7p)) pouri >1

On montre que les A[F]-modules H'(Ni, C, (7)) (cf. fin du § 3) sont tres
souvent de torsion.
On garde les notations des sections précédentes.

Théoreme 8.1. Soit g une représentation lisse de T (L) sur A.
(i) Le A[F1-module H (N1, Ci(1tg)) est de torsion pour tout i > 1.

(1) Si mp est de plus localement admissible (comme représentation de T (L)),
le A[F1]-module H' (N1, Cy (1)) est de torsion pour tout i > 0 et tout w €
WA\{1}.

Le théoreme 8.1 va résulter de la combinaison de quatre propositions énoncées

(et démontrées) ci-dessous.

Pour tout w € W, posons Cy, o(7p) (ng((w_] N~ (L)w N No)\No, wg) (notons
que (35) est un isomorphisme lorsque P = B). C’est un sous-A-module de Cy, (7p)
stable par I’action de Ny et de £(Z,\{0}) (pour cette derniere cela découle de (34),
voir la preuve du (i) du lemme 6.6). En particulier on peut définir pour tout i > 0 et
tout w € W des objets de Moda, H (N1, Cy.0(wp)) et H (N1, Cyy () /Cuw.0(TB)),
comme a la fin du §3.

Proposition 8.2. Si les assertions (i) et (ii) du théoréeme 8.1 sont vraies avec
Ci0(mp) et Cy.o(rp) au lieu de Ci(7wp) et Cy (1), alors le théoreme 8.1 est vrai.

Démonstration. La suite exacte courte :
0 — Cy,0(p) = Cy(mp) = Cuw(X)/Cuwo(mp) = 0
donne des suites exactes dans Mod,4 pour touti > 1 :
H'™! (N1, Cu(p) /Cu0(p)) — H' (N1, Cu0(p)) — H' (N1, Cy(p)) —
H' (N1, Cuy(7p) /Cu0(p)).  (48)

La méme preuve que celle de [Hauseux 2014, lemme 3.3.1] (voir aussi celle du (i)
du lemme 6.6) montre que &(p) est localement nilpotent sur Cy, (7w5)/Cyy.0(7t5) pour
tout w € W, et donc F est localement nilpotent sur H' (N1, Cy,(x)/Cu.0(7p)) pour
tout i > 0 et tout w € W (cf. (14)). En particulier H (N, Cw(mp)/Cy o(mp)) est
toujours de A[F]-torsion. Par le (i) du lemme 2.5 et (48), cela montre la proposition.

O

Proposition 8.3. Le A[F]-module HI(N,, Ci1.0(mp)) est nul pour tout i > 1.
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Démonstration. Comme No/Ni = Z,, est de dimension 1, on a pour tout i > 1 une
suite exacte courte déduite de la suite spectrale de Hochschild—Serre (cf. [Hauseux
2014, §3.2(12)]) :

0— H'(Z,, H™" (N1, C10(p))) — H'(No, C1,0(mp)) —
H(Z,, H' (N1, C1,0(p))) = 0. (49)

Comme C; o(p) = C(No, wp) est une représentation injective de Ny (agissant par
translation a droite sur les fonctions), on a H' (No, Ci.0(mp)) =0 pouri > 1. Par
(49) on en déduit HO(ZP, H (N, Cl’o(ﬂB))) = 0. Comme Z, est un pro-p-groupe,
un A-module non nul avec une action lisse de Z, a toujours des vecteurs non nuls
invariants sous Z,, d’ou H(N,, Ci.o(mp)) =0pouri > 1. O

Par la proposition 8.2, cela montre le (i) du théoreme 8.1.

On fixe dans la suite w # 1. On va montrer le (ii) du théoréme 8.1 pour Cy, o(7p).
Par un dévissage sur A évident et le (i) du lemme 2.5, on peut supposer A = kg.
Comme mp est une représentation lisse localement admissible du groupe com-
mutatif 7'(L) sur kg, on peut I’écrire comme limite inductive 7p = lim, 7p, de
représentations 7z, de T (L) de dimension finie sur kg. Comme Ny est compact,
toute fonction de C,, o(7rp) est a valeurs dans une sous-représentation n}éj’  demp
de dimension finie sur kg, de sorte que 1’on a Cy o(p) = lim, Cy o(7p,,) (avec
des notations évidentes). Comme la cohomologie (continue) commute aux limites
inductives, on voit qu’il suffit de traiter le cas ol wp est de dimension finie sur kg,
ce que 1’on suppose dans la suite. On va en fait montrer que H {(Ny, Cw.o(mp)) est
alors aussi de dimension finie sur kg pour tout i > 0, ce qui implique qu’il est a
fortiori de torsion comme kg [ F']-module.

On note N5 [1,e r+\s No : ¢’est un sous-groupe algébrique fermé normal de
N de quotient abélien isomorphe a ]_[aes N, . De plus, on a NS(L)NNy € N; C Ny.
Soit R, & R+ N w=1(RT), comme N, est totalement décomposé, on a :

l_[ (Ny(LYNNg) Zw 'N(L)ywN Ny = (w 'N"(L)wNNo)\No.  (50)
aeRi
Proposition 8.4. Il existe une suite 0 = N§ € NS € N5 C--- C N3 = N5 de
sous-groupes algébriques fermés de N vérifiant les conditions suivantes
@) N.S est un sous-groupe normal de N pour tout j € {0, ..., m};
(i1) pour tout j € {1 , m}, ou bien ’action de (NS(L) ﬂ No)/(NS (L) N Nop)

sur Cw,o(nB) = I(LmNo est triviale, ou bien Cy,, 0(713) = I(L)QNO est une repré-
sentation injective lisse de (N].S(L) N No)/(N]‘.g_1 (L) N Ng) sur kg.

Démonstration. Si N® est trivial (i.e., si R* = §), il n’y a rien & montrer. On suppose
donc NS non trivial dans la suite.
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Construisons d’abord N IS . Soit @; € RT\S une racine de hauteur maximale
dans R™ (cf. par exemple [Breuil et Herzig 2015, Remark 2.5.3]), alors N, est un
sous-groupe algébrique de N normal dans N par [Digne et Michel 1991, Theorem
0.31(iv)] (en fait No, commute méme a tout élément de N par [loc. cit.]).

Supposons w(a1) € R™, i.e., a; ¢ R} ou de maniere équivalente :

Ny, Cw 'N"wNN,
alors pour tout ng € Ng et ny, € Ny, (L) N Np on a dans (w N~ (Lywn No)\No :

(w™'N"(L)yw N No)nong, = (w™'N~"(L)w N No)nong,ny 'no
= (w™'N"(L)w N No)ng

puisque nonmna1 € Ny, (L) N Ny et Ny, (L) N Nog € w~ !N~ (L)w N Ny. Donc
I’action de Ny, (L) N Ny sur Cy, o(rp) est triviale.

Supposons w(a) € RT,i.e., ) € R} ou de maniére équivalente N, Cw ™' NwN
N. En utilisant (50), on voit que 1’on a un isomorphisme compatible a 1’action de
N, (L)N Ny :

Cu0(TB) Ny, ynm = Q) C(WNa (L) N No, 3)

a€R$

(Ie produit tensoriel étant sur kg) ou I’action de Ny, (L) N Ny est triviale sur
C(No(L)N Ny, ) si a0 # ay et est la translation a droite sur C(Ny, (L) N Ny, mg)
(g ne jouant aucun rodle). Comme C(Ny, (L) N Ny, mg) est une représentation
injective de Ny, (L) N Ny sur kg, on voit que C,,,,O(JTB)I;\/“l (L)NN, €St une somme
directe de représentations injectives de Ny, (L) N Ny sur kg, donc est injective.

On peut poser NIS et Ng,. Si le = N5, c’est fini. Sinon, en remplagant N par
N/N?3, NS par NS/NS, R par R*\{a;}, R} par R} \{a1} (qui peut étre égal a
R;z selon les cas) et Cy, o(7rp) par :

Cuo(rp)™ BN = ¢ ((w™ N7 (L)w N No)\No/(Ney (L) N No), )
= C(((w "N~ (L)YwNg, (L)) N No)\No, 73)
Q) C(Nu(L)NNo, 7p),

aeRH\{o}

12

le méme argument donne a; € (R™\{a1})\S (de hauteur maximale dans R\ {o})
tel que Ny, est un sous-groupe algébrique de N5/N 15 normal dans N/N?, et tel
que action de Ny, (L) N Ny sur Cy o ()1 (©Wo par translation a droite est soit
triviale soit “injective” selon que w(az) € R~ ou w(az) € RT. On pose alors
NZS & f Ny, = Ny, N IS C N9, qui est bien normal dans N. On poursuit par une
récurrence évidente, qui s’ arréte lorsque Nl.S = NS5, (]
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Par le (i) de la proposition 8.4, N ]S 0 © N /S (L) N Ny est en particulier un sous-
groupe normal de N; pour tout j € {0, ..., m}.

Proposition 8.5. Pour tout i >0ettout j€f{0,...,m}, le kp-espace vectoriel
H' (Nl/N 0> Cu, 0(713) J. 0) est de dimension finie (rappelons que dimy, wp < 400).

Démonstration. On fait une récurrence descendante sur j.
Supposons d’abord j = m. Alors NO/N;Z,O = Ny/(N5(L) N Np) est le groupe
abélien [ [,¢(No (L) N Np) et

Cur ()" N0 = C( [ ] Na(L) N Ny, niﬁ)

€Sy,

0 S, & sn R} Comme w # 1, il existe B € S\Sy. On fixe un tel B et on définit
une injection (d’ensembles) :

jup: [ Na(L)NNo) > N1, n> 15! (—Em)n

€Sy

ol t ( £(n)) est 'unique element de Ng(L)N Ny dont I'image par (g est —€(n) €
Or (cf (24), on a bien alors Lﬂ ( £(n))n € N1). Composée avec la projection
Ni — N1 /(NS(L) N Ny), Jw,p induit une injection de groupes abéliens (en fait de
Z ,-modules libres de type fini) :

Jup: [ (Na(L) N No) <> Ni/(NS(L) N No)

aEeSy,

dont le conoyau est sans torsion (regarder le conoyau dans No/(N3(L) N Ny) =
[ [ es(Na (L) N Np)). Notons Ny, g un facteur direct de HaeSw (N4 (L) N Ny) dans
Ny /(NS(L) M Np) via I’injection jw_ﬁ (N1,w,p est donc isomorphe a une somme de
copies de Z ). Par la suite spectrale de Hochschild—Serre, il suffit de montrer que
le kg-espace vectoriel :

H (Nl,w,ﬂ, H"Z( [T Wa(L) N No). C( [T WNa(L) NNy, n;’)))

aEeSy aESy

est de dimension finie sur kg pour tout couple d’entiers (i1, i2). Comme il est nul
si iy > 0 (par injectivité de C([T,es, (Na(L) N No), }})), on peut supposer ir = 0
auquel cas il reste H'' (N1 4,8, g) qui est de dimension finie car Ny, g est un
pro- p-groupe analytique compact et sans torsion et 775 est de dimension finie, cf.
par exemple [Serre 1994, §1.4.5].

Supposons maintenant H'’ (N1 / NS 1,00 Cu, 0(713) . 0) de dimension finie p%ur
un j €{0,...,m—1}ettoutentieri > O et montrons que H' (NI/N] 0+ Cw,0(TB) 70)
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est de dimension finie pour tout entier i > (. Par la suite spectrale de Hochschild—
Serre appliquée a :

1— N7 o/Nig— Ni/Njy— Ni/N? g~ 1,
il suffit de montrer que le kg-espace vectoriel :
. N
H' (Nl/N i+1,00 le(NjSH,o/NjS,o, Cw,o(ﬂB)Nf~°))

est de dimensiogl finie sur kg pour tout couple d’entiers (il, i2). Supposons d’abord
que Cy 0(7p) Njo est une représentation injective de N3 T, 0/ 70 (cf. le (i1) de
la proposition 8. 4) alors comme dans le cas precedent seul reste a considérer
Hi (Nl/N PL1.00 Cw.0(7B) Nia, 0) (les autres cas étant nuls), qui est de d1mens10n
finie par hypothese de recsurrence Supposons maintenant que N PH1,0 / o agit
trivialement sur C,, 0(7‘[3) 70, Alors on a un isomorphisme compatible a I’ actlon de
Ni/ N? J+1,0

N N
H(N?,, 0/ N7 gs Cuo(mp)™i0) Z Cuo(rp)"Vi0 @iy H2(NF,, /N7 o k) (51)
pour I’action usuelle de N1/N]f5+1’O sur :

N N
Cu0(p) V10 = €,y (7w p) Vit10

(provenant de ’action par translation a droite) et I’action naturelle de N; /N3 41,0
sur H™ (N 1.0 / NS ior kE) obtenue en voyant kg comme représentation tr1V1ale
de N /N . Comme N3 T, 0/N 7o est un pro-p-groupe analytique compact et
sans t0r510n H2(N$ T, O/N] - kE) est de dimension finie sur kg ([Serre 1994,
§1.4.5]), et comme Nl/N]+1 o €st pro-p-groupe, on voit que H2(N? T+ O/N] 0 kE)
est une extension successive finie de representatlons triviales de N; / N3 41,0 SUT kg.
Ainsi la representatlon (51) de Ny/ N 1,0 €St une extension successive finie de

Cw.o(mp) Ni+10, Par les suites exactes longues de cohomologle des groupes usuelles
et un dévissage évident, il suffit donc de savoir que H'! (Nl/ 1.0 Cuw.0(Tp) N, o)
est de dimension finie sur kg pour tout i; > 0, ce qui est de nouveau I’hypothese de

récurrence. O

Par la proposition 8.2, le (ii) du théoréme 8.1 découle du cas j = 0 de la
proposition 8.5, ce qui acheve la preuve du théoréme 8.1.

On a le corollaire suivant immédiat par le (iii) de la proposition 2.7.
Corollaire 8.6. Soit wg une représentation lisse de T (L) sur A.

(i) Ona DY (H'(Ny,Ci(p))) =0 pour tout i > 1.

(1) Si mp est de plus localement admissible (comme représentation de T (L)), on
a DV(Hi(Nl, Cw(JTB))) =0 pour tout i > 0 et tout w € W\{1}.
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Remarque 8.7. Des calculs ainsi que la remarque 6.9 suggerent que le théoreme 8.1
et le corollaire 8.6 devraient se généraliser comme suit a tout sous-groupe para-
bolique P C G contenant B comme au § 3 : soit 7p une représentation lisse de
Lp(L) sur A, alors on devrait avoir un isomorphisme dans la catégorie ﬁjt pour
touti >1:

Dv(Hi(Nl, Cl(ﬂp))) ; DV(Hi(NLP,l, ”P)),

et si wp est de plus localement admissible (comme représentation de L p (L)), alors

on devrait avoir que le A[F]-module H {(Ny, Cy(mp)) est de torsion pour tout i >0
; ?

et tout w € Kp\{1}, et donc dans ce cas DV(H’ (N, Cw(np))) =0.

9. Quelques conséquences

On explicite quelques conséquences des résultats précédents, en particulier on
en déduit la réponse a une question posée dans [Breuil et Herzig 2015].

On garde les notations des sections précédentes. On note SP; la catégorie
abélienne des représentations lisses de G(L) sur A de longueur finie dont les
constituants irréductibles sont des sous-quotients de séries principales.

Corollaire 9.1. Soit & un objet de SBy.
(i) Le A[XT[F1-module ™' satisfait la propriété Ad de la définition 2.2.
(i) Le A[F1-module H' (N1, ) est de torsion pouri > 1.
(ili) Ona D (7) € OIS (et pas seulement ﬁft).

Démonstration. (1) Noter que 7|p(1) est encore de longueur finie comme repré-
sentation de B(L) par [Vignéras 2008, théoreme 5]. Par le (ii) du lemme 2.5 et un
dévissage, on se ramene 2 A = kg. Si wp est un caractere lisse de T (L) sur kg,
rappelons que la B(L)-représentation (IndggL()L)nBN B(L) est de longueur finie et
que ses constituants sont exactement les B(L)-représentations C,, () du § 6 pour
w e W, cf. [Vignéras 2008, théoreme 5]. Par le (ii) du lemme 2.5 et un dévissage sur
les constituants de 7|p(z), on se ramene ainsi a une B(L)-représentation Cy, (7).

Cela découle alors de la proposition 6.8 et de la proposition 7.7.

(i) Par le (i) du lemme 2.5 et un dévissage comme au (i), il suffit de démontrer
I’énoncé pour A = kg et C,(;rp) comme au (i), ce qui suit du théoreme 8.1.

(iii) La encore, par le (ii) de la proposition 2.7 et un dévissage, on se ramene a
Cy(mp) comme au (i). Si w # 1, c’est clair par la proposition 6.8. Si w =1, cela
résulte de (39) et (47) (cf. Exemple 7.6). U

Corollaire 9.2. Soir0 — 7’ — 7w — 7" — 0 une suite exacte courte de représen-
tations lisses de G (L) sur A telle que ' est dans SP. Alors on a une suite exacte
courte 0 — Dg(n”) — ng(n) — Dév(n/) — 0 dans CDF:t.
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Démonstration. On a une suite exacte dans Mod, :

0—s 7'M 7V s N HY(Ny, ).
Le A[XT[F]-module 7’ Nt gatisfait la propriété Ad par le (i) du corollaire 9.1 et
HY(N;, 7’) est un A[F]-module de torsion par le (ii) du corollaire 9.1. Par le (iv)
de la proposition 2.7, on en déduit le résultat. ([

Corollaire 9.3. En restriction a la catégorie SPy, le foncteur DV est exact et d
valeurs dans ®T{.

Démonstration. La premiére partie résulte du corollaire 9.2 et la deuxieme est le
(iii) du corollaire 9.1. O

Remarque 9.4. La preuve du corollaire 9.3 reste la méme en remplacant SP; par
la catégorie abélienne C, formée des représentations de G (L) de longueur finie
sur A dont les constituants irréductibles 7 vérifient les 3 conditions : (1) 7™
satisfait Ad, (2) H'(Ny, 7) est un A[F]-module de torsion, (3) ng (m) e CDFIft. Il
est vraisemblable que C4 contienne strictement SPy au moins pour L = Q. Par
exemple on peut s’attendre a ce que les induites paraboliques irréductibles (sur
kg donc) ne faisant intervenir que des représentations (irréductibles) de GL,(Q),)
ou des caracteres de Q ; dans la représentation du Levi [Abe 2013; Herzig 2011]
vérifient (1) et (2) (elles vérifient (3) par le théoréme 6.1, la proposition 5.5 et les
résultats pour GL,(Q,) [Colmez 2010; Emerton 2008; Berger et Vienney 2014;
Colmez et al. 2014]).

Considérons maintenant la catégorie abélienne SPr des représentations continues
unitaires de G (L) sur E topologiquement de longueur finie dont les constituants
(topologiquement) irréductibles sont des sous-quotients de séries principales conti-
nues unitaires sur E. Alors le foncteur Di_.v s’étend en un foncteur contravariant
et exact de SPr dans la catégorie CI>1"E§ét des (¢, I')-module étales usuels sur E en
posant si IT est dans SPg :

DY (MY E ®0, lim hm DM/ ()

ot IT° est une boule unité (quelconque) de IT stable par G(L) et ou les fleches de
transition (surjectives) Dév (119 (wf)) — st (119 (wa—l)) proviennent de :

/(g™ 1 (g

En utilisant les propriétés d’exactitude de DSv , on vérifie facilement que ng ()
ne dépend pas du choix de T1°. Ces mémes propriétés d’exactitude montrent que
DEV(HO/(wl’E")) est libre de rang fini (indépendant de m) sur Og/(ewwp)" [ X1[1/X]
pour tout m.
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Soit G’ un autre groupe algébrique réductif connexe déployé sur L de centre
connexe et soit DSV,, DSVGBS’ comme au § 5. On définit les catégories SPy (resp. SPg)
comme SPg mais avec le groupe G’ (resp. G x G’) au lieu de G, auxquelles on étend
DEV, (resp. Dév@g,) comme ci-dessus. Si (IT, IT") € SPg x SPg, notons que NI
est aussi un objet de SP;, (cela se déduit aisément du fait que le produit tensoriel
complété de deux séries principales continues unitaires de G(L) et G’(L) est une
série principale continue unitaire de G(L) x G’(L)), de sorte que Dg/ S’(H® eIl)
est bien défini dans CDI“hiét. On note de maniere analogue a [Fontaine 1990, §A.2.2.1] :

¥ E®o, (Iim O /(@p)" X111/ X]) = E ®o, (O£IX1I1/X1)"
m
muni des actions de Z; et ¢ induites par celles sur O /(wg)" [ X][1/X] pour
tout m.
Corollaire 9.5. Avec les notations précédentes, on a un isomorphisme dans GDFEét :
D} (M) = DY (1) ®¢ DY(T).

Démonstration. Soit TI° (resp. TI’°) une boule unité de IT (resp. IT') stable par
G (L) (resp. G'(L)), alors H0®0E 1Y est une boule unité de TIRIT’ stable par
G(L) ® G'(L) et par définition :

~ . 0
Do M®EM) = E ®o, lim D}g. (M°/(w]) ®0, 1" /(@ ])).
m
Commeona:

~ ) 0

D/ () ®s D/ (') = E ®o, lgl(DgV(HO/(wg")) ®orxir/x1 DL /(@ F))),
m

il suffit de montrer que pour tout m :

DYee (M°/ (@) @0, /(@)= DY (") (@) ®o,pxiyx) DL /(@)

ce qui découle de la proposition 5.5, que 1’on peut appliquer grace au (i) du
corollaire 9.1 (notons que les Og/(wg)™-modules sous-jacents a o/ (wf) et
"’ /(@) sont bien libres, une base s’obtenant en relevant une base quelconque
de T1°/(wwg) et I1"°/(wp)). O

Remarque 9.6. Par le (i) de la remarque 5.6, la méme preuve donne une version
du corollaire 9.5 avec un nombre fini quelconque de représentations.

On a aussi une version p-adique du théoreme 6.1 dont la preuve, sans difficulté,
est laissée au lecteur.

Corollaire 9.7. Soit wp une représentation continue unitaire de Lp(L) sur E
topologiquement de longueur finie dont les constituants irréductibles sont des sous-

quotients de séries principales continues unitaires de L p (L), et soit (IndgEL()L) 7p)°
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I’induite parabolique continue unitaire de 7p. On a un isomorphisme dans ®IS"
fonctoriel en wp :

G 0 ~
DY ((nd§5'") 7p)") = DY (p).

(Notons que, par induction “par étages”, la représentation (Ind P(L()L) g p)co est

bien dans la catégorie SPg.)

Nous pouvons maintenant répondre de maniere significative (et positive) a une
question formulée dans [Breuil et Herzig 2015, §3.5]. Nous devons rappeler pour
cela plusieurs notations, définitions et constructions de [loc. cit.]. On suppose
désormais L = Q,, (comme dans [loc. cit.]).

On note (G, B, T), (X(T), R, XV(T), RY), etc. comme au début du § 3. On
suppose G de centre connexe, on fixe des cocaracteres fondamentaux Ayv : Gy, — T
pour « € S et on pose édef D csrav €X v(T) comme au §3 La donnée radicielle
duale (XV(T), RV, X(T), R) est associée a (G, B, T) ou G est le groupe réductif
deploye sur Q, dual de G, B le Borel associé a (RY)™ et TcC B le tore maximal (tel
que X (T) = XV(T)). On note N le radical umpotent de B et N C N le sous- groupe
radiciel associé a @ € (RY)™. On suppose que G est aussi de centre connexe, en
particulier il existe un caractere 0 € X (7T') tel que 6 oa¥ = Idg,, pour tout @ € S
[Breuil et Herzig 2015, Proposition 2.1.1]. On rappelle qu’a tout sous-ensemble
C C(RY)* clos (i.e., tel que a, BeCetat+pe (RV)Jr = a+peC)estassocié
un sous-groupe algebnque fermé Bc de B (resp. Ge de G) sur 0, engendré par T
etles N, (resp. T etles Ny, N_a) pour « € C. De plus tout sous-groupe algébrique
fermé de B contenant T est de la forme §c-

Soit p : Gal(@p/@p) — §(E) - é(E) un homomorphisme continu et :

%, 1 Gal(@,/Q,) > B(E) - T(E).

On suppose a” o X, ¢ {1, e*!} pour tout @ € RY, i.e., p est générique au sens de
[loc. cit., Definition 3.3.1]. On note C, C (RY)™ le plus petit sous-ensemble clos
tel que p est a valeurs dans BC (E) C B(E ). Quitte a remplacer p par un conjugué
dans B(E ), on suppose de plus C, minimal parmi tous les conjugués de p dans
B(E) (cf. [Breuil et Herzig 2015, §3.2]). On pose :

We, & {wew, w(Cy) S (R}

Siwe W, etl C w(SY) N C, est un sous-ensemble de racines deux a deux
orthogonales, alors I et C,\I sont des sous- ensembles clos de (RY)™ [loc. cit.,
Lemma 2.3.7] et Bc est un produit semi-direct Nc A\ X B, ol :

Nejo = [ e
aeC,\I
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est le radical unipotent de Bc \1- De plus B1 est 1s0morphe a TI X (]_[0(E I /B\a) ou
TI C T est un sous-tore central dans BI tel que T TI X ([yes T, w)s T (resp. Ea)
étant un tore déployé (resp. un sous-groupe de Borel contenant 7";) de la copie
de GL, dans G correspondant a la racine «, cf. [loc. cit., §2.3]. Soit w € We, et
o € w(SY)NCy, en utilisant la minimalité de C,, on voit que la représentation :

pe - Gal(@,/Q,) LN Ecp(E) — By(E)

est non scindée (i.e., n’est pas a valeurs dans ﬁ[(E ) a conjugaison pres dans Ea(E )
et est générique.

On note L® & QuesL(Aqv) (une représentation algébrique de G sur E) ou
L(Ayv) est la représentation algébrique de G sur E de plus haut poids (dominant)
Ao relativement a B (cf. [loc. cit., §2.1], on utilise ici XV(T) = X (?)) On note
(L®|A )0rd la plus grande sous-représentation algébrique de L®| Be, dont les poids
(dans X (T)) sont dans {w(§), w € W} en voyant £ dans X (T) Pour suivre les
notations de [loc. cit., §2], on écrit plutdt o au lieu de ", par exemple L® =
®qesvL(Ag). Siw € We, et I C w(SY) N C, est un sous-ensemble de racines
deux a deux orthogonales, on considere la représentation algébrique de B, =

T, x (]_[ael §a) sur E :

Li¥w®)lz ®F (@ La>
ael

ol L est larestriction a By, de la représentation algébrique de GL; sur E de plus haut
poids w(& )|fa relativement a §a. En fait L, a dimension 2 et est I’'unique extension
non scindée du poids s, (w (&) |7,) parle poids w(§)|z, ousy € Westla permutation
associée a o (V01r [loc. cit., §2.3]). On voit L; comme représentation algébrique de
Bc via Bc — B, ;. Si I C I, on aune unique injection L; <> L 1/ ce qui permet de
définir (a isomorphisme pres) la représentation algébrique L, w = hm Ly de Bc
sur E ou la limite inductive est prise sur les sous-ensembles / de w(S ) NC, de
racines deux a deux orthogonales. Alors on a un isomorphisme de représentations
algébriques de Ecp sur E ([Breuil et Herzig 2015, Theorem 2.4.1]) :

~ d
@wech LCp,w = (L®|§C )or .

SiI’on note x,, I'image de ¥, via la surjection T(E) —» ’Y:I(E), on dispose aussi
de la représentation de Gal(Q,/Q,) sur E :

Liop= w7 0Xp) Pk (@Laopa)- (52)

ael

A o comme ci-dessus est par ailleurs associée dans [loc. cit., §3.3] une re-
présentation dans SPg notée IT(p)° dont on rappelle la définition. C’est une
somme directe 1(p)°™d = Buewe, [1(p)c,.w ou II(p)c, w est défini comme suit.
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Soit w € W¢, et J C S un sous-ensemble de racines simples deux a deux ortho-
gonales tel que w(J) € C; ou C/ e = Cp} € R™. Dans ce cas G est
le sous-groupe de Levi du parabolique B~ G ; de G et est isomorphe a T X GL{
ou Ty € T est un sous-tore central dans G, tel que T = T; x ([[,c; T), T
étant un tore déployé de la copie de GL, dans G correspondant a la racine o,
cf. [loc. cit., Lemma 3.1.4]. On choisit cette décomposition de telle sorte que
fw(J)v (cf. ci-dessus) (resp. Tw(a)v, o € J)soitle dual de wTyjw ! CwTw ' =T
(resp. de wT,w™!) ot w(J)V Ew@)Y, @ € J} € w(SY) N C,. Notons que
BNG;=T; x ([[yes
To.Sia e J et xq : T,(Q)) — (92 C E* est un caractere continu unitaire, on pose
avec les notations de [loc. cit., §3.1] (série principale continue unitaire) :

By) ou B, C GL, est un sous-groupe de Borel contenant

GL2(Qp)

< _ CO
Ma (o) € (Ind "0 7 (- (67" 0)I,@,)) -

Soit x, : T(Qp) — OE C E* le caractere continu (unitaire) correspondant a x,
par la correspondance de Langlands pour les tores (cf. par exemple [loc. cit., (10)]).
Pour & € § on note & I'unique extension non scindée de Iy (s« (w™(x,) |7, @,)))
par Ha(wfl(xp)m(@p)) (cf. [loc. cit., Appendix B] pour des références) et on
consideére 1’induite parabolique continue :

£ 0
M(p); ¥ (nd3 ) ) @) (07 () - € 007y, ®F (Bucs&n))) -
Pour J € J’ comme ci-dessus, on a une unique injection G(Q),)-équivariante
[1(p); < [1(p) a scalaire pres [loc. cit., §3.3] et on pose H(p)cp,w‘gfli_ng IT(p),
ou la limite inductive est prise sur les sous-ensembles J de S N w‘l(CZ) de
racines deux a deux orthogonales. Il est clair que I1(p)c, w est dans SPg (en fait
[T1(p)c,.w admet une suite de composition formée de séries principales “completes”,

cf. [loc. cit., §3.3]).

Dans [Breuil et Herzig 2015, §3.5], on demande s’il existe un foncteur cova-
riant noté F de la catégorie des représentations continues unitaires admissibles
(topologiquement) de longueur finie de G(Q),) sur E dans la catégorie Repy des
représentations continues de dimension finie de Gal(Q »/Qp) sur E vérifiant les
trois propriétés suivantes :

(i) pour tout caractére continu unitaire x : 7(Q,) — Og CE*ona:

G(Q _ 0 ~
F((IndBE(qg)p) x- (o)) =07,

ou x : Gal(@p/ Qp) — T(E) correspond a x par la correspondance de
Langlands pour les tores et ol on voit £ dans X (7T') ;
(i1) F est exact lorsque restreint a la catégorie SPg ;

(iii) F(M(p)™) = (L5, )" o p.
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Alternativement (i) est équivalent via la réciprocité locale a :

F((Indgf%l) X 00)) = (x> x(E()))
ou x € Q. Notons que la définition de I1(p)° ne dépend pas de £, mais comme
celle de L® en dépend (via les A,v), on s attend par (i) et (iii) & ce que £ intervienne
aussi dans le définition d’un tel foncteur F.

Notons V" le foncteur contravariant de CDth dans la catégorie Rep, défini
comme le dual du foncteur covariant Ve de [Fontaine 1990, §A.3.4.4(c)]. Soit
§:Q5 > Op CEX, x> e~ 1(0(&(x))) = 8(x) que I’on voit comme caractere de
Gal(Q,/Q)) (une puissance de & donc). Le corollaire suivant montre que, au moins
lorsque 1’on se restreint a la catégorie SPg (qui suffit pour exprimer les propriétés
(1) a (iii1) ci-dessus), un tel foncteur F' existe bien.

Corollaire 9.8. Le foncteur F gef (VVo ng) ® 87! de la catégorie SPg dans la
catégorie Repy, satisfait les propriétés (i), (ii) et (iii) ci-dessus.

Démonstration. La propriété (i) découle du corollaire 9.7 et des définitions (cf.
Exemple 7.6). La propriété (ii) suit du corollaire 9.3 (cf. la discussion qui suit la
remarque 9.4). Montrons la propriété (iii). Soit w € W¢, et J € SN w! (C;) un
sous-ensemble de racines deux a deux orthogonales. Par le corollaire 9.7 appliqué
avec L=Q,, P=BGjet:

p W (xp) (67 001, @,) OF (Racsa),

et par le corollaire 9.5 (avec la remarque 9.6), on a dans CDth :
DY (TI(p)s) = D (w ' (x) - (" 001, (@,) ®c (®aecs DY, (Ea))  (53)

ou &; (resp. &) est la composée Gy, —S> T — Ty (resp. Gy, —E> T — T,). Par définition
de DEVJ (cf. §3 et le lemme 7.5), on a (en voyant 7;(Q,) comme facteur direct de
T (Q)) et via la réciprocité locale) :

V(D (w™ (xp) - (67 00)ry@y)) = (x> (W™ (xp) - (67 0 0)) (s (x)))
= (x> w (X E X)) ®8;

oux € Q ety est le caractere de Gal(@p/@p) induit par x > &~ (Q(Ej(x))).
Mais le caractere de Gal(Q »/Q)p) induit par x — w —I( Xp)(€7(x)) est exactement
le caractere w(é)lT vy Xpu Y (en suivant les définitions et en voyant maintenant
& dans X(T)) De méme, si o € J et si §, est le caractere de Gal(@,,/@,,) induit
par x — ¢~ (6(&(x))) (en voyant T, (Q,) comme facteur direct de 7(Q,)), ona:

Vv(Dg; (got)) = (Lw(oz)v o /Ow(oc)v) ® by

car, par généricité de pyq)v, par [Colmez 2010] (voir aussi [Colmez et al. 2014])
avec le (iii) de la proposition 3.2 (et un passage a la limite projective évident) et
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par la propriété (i), VV(DSVDI (&) ®6, I est I'unique extension non scindée de :
(x> 50w () € (1)) = WSaENIF, . © Ky

= Sw((x)v (w (€)|?w ) o ipw(‘,)v

(VY

par (x — w‘l(xp)(éa(x))) = w(.‘;‘)lAw(a)v o j(\pw(a)v. Comme V"V commute aux
produits tensoriels, on en déduit avec (52), (53) et I’égalité §; [ [,., 8« = 8 que
F(IT(p)s) = Lyyv o p. Par passage a la limite inductive sur J et exactitude de F,
on obtient facilement F (IT(p)c,.w) = Lc,.w o p d’ol la propri€té (iii) en sommant

sur w € We,. U

Remarque 9.9. Par une preuve totalement analogue (dont on laisse les détails au
lecteur intéressé), lorsque p est un bon premier pour G au sens de [Breuil et Herzig
2015, Definition 2.5.1], on montre une version sur kg du corollaire 9.8 (comme
espéré a la fin de [Breuil et Herzig 2015, §3.5]).
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On the normalized arithmetic
Hilbert function

Mounir Hajli

Let X CPY bea subvariety of dimension 7, and let Hporm (X; - ) be the normal-
ized arithmetic Hilbert function of X introduced by Philippon and Sombra. We
show that this function admits the asymptotic expansion

h(X)

(n+])'Dn+1+0(Dn+l)y VD >> 1’

Hoorm (X; D) =
where A(X) is the normalized height of X. This gives a positive answer to a
question raised by Philippon and Sombra.

1. Introduction

In [Philippon and Sombra 2008], the authors introduce an arithmetic Hilbert function
defined for any subvariety in PV, the projective space of dimension N over Q.
This function measures the binary complexity of the subvariety. In the case of
toric subvarieties, a result of Philippon and Sombra shows that the asymptotic
behavior of the associated normalized arithmetic Hilbert function is related to the
normalized height of the subvariety considered; see [Philippon and Sombra 2008,
Proposition 0.4]. This result is an important step toward the proof of the main
theorem of the same paper, which is an explicit formula for the normalized height of
projective translated toric varieties; see [Philippon and Sombra 2008, Théoreme 0.1].

In [Philippon and Sombra 2008, Question 2.2], the authors ask if the normalized
arithmetic Hilbert function admits an asymptotic expansion similar to the toric case.
More precisely, given X a subvariety of dimension 7 in PV, the projective space of
dimension N over @, can we find a real c(X) > 0 such that

c(X)
(n+1)!

If so, do we have ¢(X) = fz(X), where ﬁ(X) is the normalized height of X?
In this article, we give an affirmative answer to this question.

Huorm (X; D) = D"t 4 o(D™)?

MSC2010: primary 14G40; secondary 11G50, 11G35.
Keywords: arithmetic Hilbert function, height.
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Theorem 1.1. Let X C PN be a subvariety of dimension n in PN. Then the normal-
ized arithmetic Hilbert function associated to X admits the asymptotic expansion

h(X) Dn+1

=D +o(D"Y, VD> 1.

Hiorm (X; D)

The notion of normalized height plays an important role in the diophantine
approximation on tori, particularly in Bogomolov’s and generalized Lehmer’s
problems; see [David and Philippon 1999; Amoroso and David 2003]. A result
of Zhang [1992] shows that a subvariety X with a vanishing normalized height is
necessarily a union of toric subvarieties.

Gillet and Soulé [1992] proved an arithmetic Hilbert-Samuel formula as a
consequence of the arithmetic Riemann—Roch theorem. Roughly speaking, this
formula describes the asymptotic behavior of the arithmetic degree of a hermitian
module defined by the global sections of the tensorial power of a positive hermitian
line bundle on an arithmetic variety. Moreover, the leading term is given by the
arithmetic degree of the hermitian line bundle. Later Abbes and Bouche [1995] gave
a new proof for this result without using the arithmetic Riemann—Roch theorem.
Randriambololona [2006] extended the result Gillet and Soulé to the case of coherent
sheaf provided as a subquotient of a metrized vector bundle on an arithmetic variety.

Notation. Let Q be the field of rational numbers, Z the ring of integers, K a
number field and Ok its ring of integers. For N and D two integers in N we

define Ng“ :={a e NN : g9+ .- +ay = D}, and we let Clx, ..., xn1p
(resp. K[xo, ..., xn]p) denote the complex vector space (resp. K-vector space) of
homogeneous polynomials of degree D in Clxy, ..., xy] (resp. in K[xg, ..., xn]).

For any prime number p we denote by |- |, the p-adic absolute value on Q such
that |p|, = p~land by |- |, or simply | - |, the standard absolute value. Let Mg be
the set of these absolute values. We denote by My the set of absolute values of K
extending the absolute values of Mg, and by Mg° the subset in Mk of archimedean
absolute values.

We denote by PV the projective space over @ of dimension N. A variety is
assumed reduced and irreducible.

2. The proof of Theorem 1.1

We keep the same notation as in [Philippon and Sombra 2008]. Let w be the Fubini—
Study form on PY(C). For any k € N> U {oo}, we denote by A the hermitian
metric on O(1) given by

|2 |2

hi(-,-) = d h .-
) G M )

max(|xgl, ..., [xn[)2’
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and we let O(1); := (O(1), hy) and wy := ¢1(O(1), hy) for any k € NU {oo}. Note
that wy = (1/k)[k]*w, where [k]: PY(C) — PY(C), [xo:---:xn]> [xh - i xk].
Observe that the sequence (wi)ken., converges weakly to the current wo,. We
consider the normalized volume form

Q =N, VkeNs;U{oo).

For any k € N> U {oo}, the metrics of O(1); and € define a scalar product
Clxo, - .., xn]p denoted by (-, - }; and given by

(f. g = /P hEP(f, ). 1)

N©)
forany f =) fux? g=>_,8.x" inClxo, ..., xy]p with f,, g, € C. We denote
by || - [lx the associated norm for any k € N U {oo}. Note that (f, 8)oc = D, fu8a
and ||x|loo = 1 for any a € NII\)’“ and D € N.
Let X C PV be a subvariety defined over a number field K. Define an embedding
oy : K — C, where v e MZ°. For any pi, ..., p € K[xo, ..., xy]p, we set

i A=A pillew = llow(p) A== Aoy(pD)llk, Yk € NU{oo}.

Define O(D) := O(1)®P. We let M :=T'(Z, O(D)|5) be the Og-module of
global sections of O(D);, where X is the Zariski closure of X in I]j’gK. For
any v € MZ°, we set I'(2, O(D)|5)q, :=I'(2, O(D)|5) ®;, C. We consider the
following restriction map:

7 :T(PY. ., O(D))o, = T (X, O(D);)s, — 0.

The space F([P’NK, O(D))s, is identified canonically to Ks[xo, ..., xny]p. For any
k € N> U {oo}, this space can be endowed by the scalar product induced by i
and hy and denoted by (-, - )¢, where

(fs kv = (ou(f), 0u(g))k

for any f, g € F(I]j’gK, O(D)),,. Since O(1) is ample, there exists a Dy € N such
that, for any D > Dy, the restriction map is surjective. Let D > Dy. For any
k € NU {oo}, we denote by || - [|x,v,quot the quotient norm induced by 7 and || - [I, .
Following [Philippon and Sombra 2008, p. 348], we endow I'(X2, O(D));),, with
Il - I, v,quot> for any k € N1 U {oo}. By this construction, M can be equipped with
a structure of a hermitian Og-module, denoted by M. If fi,..., fs €M, is a
K-basis for M ®¢, K, then

deg(M}) = deg(T(Z, O(D),)x)

(log Card(NM/(fi A=A fD)) = D logllfi A fsnk,v).

v:K—C

T IK 0
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The normalized arithmetic Hilbert function. Let X C PV be a subvariety defined
over a number field K and let I := I (X) C K[xo, ..., xy] be its ideal of definition.
We set

(D+N

Haeom (X; D) = dim (K Lxo, .., xn 1/ 1)y = (75, ) = dimic (Ip).

The function Heeom(X; ) is known as the classical geometric Hilbert function.
Philippon and Sombra [2008] introduced an arithmetic analogue of this function.
Define m := Hgeom(X; D), [ :=dimg (Ip) and let

NKIxo, ... xylp

be the /-th exterior power product of K|[xg,...,xy]p. For f € /\lK[xo, ..., xNID
and v € Mg we denote by | f|, the sup-norm of the coefficients of f at the place v,
with respect to the standard basis of /\ZK [x0, ..., xn1D.

Definition 2.1 [Philippon and Sombra 2008, Définition 2.1]. Let p;, ..., p;bea
K-basis of Ip. We set

[Ky: Q]
Huom (X; D) = Z loglpl/\ “A Pmlv-
veMg [K @]

By the product formula, this definition does not depend on the choice of the
basis; also it is invariant under finite extensions of K. We call Hyorm(X; -) the
normalized arithmetic Hilbert function of X.

Following Philippon and Sombra, this arithmetic Hilbert function measures, for
any D € N, the binary complexity of the K-vector space of forms of degree D
in K[xg,...,xy] modulo /. As pointed out by Philippon and Sombra [2008,
Proposition 0.4], when X is a toric variety, the asymptotic behavior of its associated
normalized arithmetic Hilbert function is related to fz(X ), the normalized height
of X. The authors ask the following question:

Given X a subvariety in PN of dimension 7, can we find a real ¢(X) > 0 such that

Hiorm (X; D) = %DWH +0(Dn+l)?
If so, do we have ¢(X) = fz(X)?
We recall the following proposition, which gives a dual formulation for Hporm-

Proposition 2.2. Letq;,...,qn € K[xo, ..., xN]é be a K-basis of Ann(Ip). Then
) [Ky: Q]
Hnorm(xa D) = U;; [K @] 10g |q1 A /\CIm|v-

Proof. See [Philippon and Sombra 2008, Proposition 2.3]. (]
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For any k € N> U {00}, we consider the arithmetic function
Haritn (X5 D, k)

[Ky: Q]
= E — A A v
K 0 ogllp1 Dillk,
UEM

+ D log|pm A pily+ 3 log(y (N, D, k), (2)
m[K @]
ve Mg \Mg

where py, ..., p; is a K-basis of Ip and

y(N: D, k)= [] ta )" A3)

N+1
aeNp

For k =1, notice that H, (X; -, 1) corresponds, up to a constant, to the arithmetic
function Hapie (X; -) considered in [Philippon and Sombra 2008, p. 346].

Similarly to Hporm, the function He, admits a dual formulation. The scalar
product (-, - ) induces the following linear isomorphism:

nk : Clxo, ..., xny]1— Clxo, ..., xn1",  fr= (-, fh.

Thus C[xo, ..., xy]" can be endowed with the dual scalar product, given by

(nk(f),ﬂk(g»k = <fa g)k’ vagEC[-XO""’xN]D-
We can check easily that, for any k£ € NU {oo}, we have

16(2)]
o1 = sup = 1/ NIk,

¢€Clxo,....xx\{0} 181k

where f € Clxg, ..., xy] is such that & = ni(f). Then ||6?||;€2 = (0, 0); for any
0 € Clxo, ..., xn]Y. It follows that

(0,0 =Y _(x", x"); 0,7 “)

b
This product extends to A" (C[xo, ..., xN]B) as follows:
(LA ANOu, Sy N ANk = det((0;, &) i) 1<i, j<m-
Proposition 2.3. Letq;,...,qn € K[xo, ..., xN]é be a K-basis of Ann(Ip). Then
Harith (X D, k)

v: @ 10 A AN lo AN AGmly-
Zm Koy el gl 3 } e @] glg1 Gy
veEMy ve Mg \Mg
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Proof. The proof is similar to [Philippon and Sombra 2008, Proposition 2.5]. [J

Lemma 2.4. There exists a Dy such that, for any D > Dy and any k € N, we have

D+N)

Hasitn X; D, k) = deg(T(E, OD))) — FHgeom(X; D) log ("

Proof. The proof is similar to [Philippon and Sombra 2008, Lemme 2.6]. Let Z be
the ideal sheaf of X and let F(IPNK , ZO(D)) be the Og-module of global sections
of ZO(D), endowed with the scalar products induced by the scalar product (-, - ).
We claim that there exists an integer D1, which does not depend on %, such that,
for any D > D, we have

deg(T(, O(D), i) = deg(I'(PY., O(D))i) — deg(T(PY,, TO(D))p).

Indeed, we can find a D; € N such that, for all D > Dy, the following sequence
is exact:

0— I'(PS, . ZO(D),) — T'(B5 , O(D)) — I'(Z, O(D);5) — 0.

Then by [Randriambololona 2001, Lemme 2.3.6], the sequence of hermitian O -
modules

0— (RS, ZO(D),)k — T (B, O(D)k — ['(Z, O(D);)k — 0

is exact, where the metrics of F([P’NK ,ZO(D)5)r and I'(Z, O(D))y )i are induced
by the metric of I'(P5_, O(D));.

We have
— . D+N N+D
dea(T B, 0D = Slogy: Dk +5(V 1 Jog(" 47). ©)

As in the proof of [Philippon and Sombra 2008, Lemme 2.6], and keeping the same
notation, we have

deg(T' (T, O(D) k)

N+D
= L1og(y (N; D, 1) + S Hyeom(X; DY og(* ")

[K,: Q] v
—1 Ao A
+ Em (K0l og || p1 Pilly
veMg

1 l
(K : Q] log Card(/\ o)/ (p1 A+ A Pl))- (6)
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The last term in (6) does not depend on the metric. It is computed in [Philippon
and Sombra 2008, p. 349]; we have

1
T Card(N (Io)/(p1 A+ A pr)) .
=- Z ﬁloglpﬂ\m/\pzlu- U
veMg \M® ’

By [Randriambololona 2006, Théoreme A], we have

e h+ (X
deg(T(Z, O(D),, ) = Pom X s +o(D", VD1, (7
(n+1)!

where 5, (X) denotes the height of the Zariski closure of X in P(IOVK with respect
to O(1)y. Since %ngom(X; D) log (D;N) = o(D"t") for D > 1, by Lemma 2.4,
we get

h(Tl)k X)

n+1 n+1
(n+1)!D +o(D"), VD> 1. ()

Harith (X5 D, k) =

Letqy,...,qm € K[x0,...,xy]" be a K-basis of Ann(Ip). For any finite sub-
set M in Ng“ of cardinal m, we set gy := (¢jp)1<j<m,bem € K" where the g,
are such that ¢; = ZbGNZH gj»(x?)V. For any v € MZ°, we have

|91 A+ Aquly = max{|det(gu)|, : M C NpT!, Card(M) = m}

1/2
5( > (1‘[<b,b>v,,i>|det<qM)|%). )

M ;Card(M)=m beM

(We use the inequality (x“, x%); = fPN(C)h(TD)k (x4, x")Q <1 foranya e Ng“,
which follows from h@k (x4, x*) < hCTD)oo (x%, x*) < 1 on P¥(C) and the facts
that Q; > 0 on PY(C) and pr(C) Q=1

Then

gt A= Agmly <llgi A Agmlly,, Yk eN. (10)
By Propositions 2.2 and 2.3, we get
Hoom (X5 D) < Harien(X; D, k),  Vk eN. (1T)

By (8), the previous inequality gives

. (n+1)! '
lim sup WHnorm(X, D) <hpm,(X), VkeN. (12)

D—o0
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We know that (hy)ren converges uniformly to s, on PN(C). Fix0 < e < 1.
Then there exists a kg € N such that, for any k£ > ko, we have
2p _ max(rol, o bk
= (x4 - a2 P/ T

(1—¢) 2P vx e PM(C), VD e N.

Thus, for any k > kg, D e N>j and a € Ng“, we get

(@ x e =1 - S)ZD/ hSP (x, xMy . (13)
PN(C)
We have
/ hEP (x*, x)wp
PN(C) N N Z
_/ 22| KTz, |z;| =D [Ti= dzi AdZ;
cvmax(l, |zil, ..., |lzn])?P (1 + ZlNzl |Zz‘2k|)N+]
B ZNf kNra-i-k—l l_[fv:] dr,‘
(RN maX(l, L8 P rN)ZD (1 + ZlNzl rik)N—i_l
- ZNf ra/k ]—LNZI dr,'
@y max; (Lry, i) P76 (g 5o

_ZNi/ " [T, dri
j=0"Ei max; (1, ry, ..., ry)P/k (1+Y7, ri)N-H’

where Ej :={x € RN :x; > 1, xy <xjfor/=1,...,N}for j=1,..., N and
E:={xe®R"HY:x;, <1, forl=1,..., N}. Using the function

X xi—p |1 X
®RHY - ®RHY, x= (1. a8 - —1’—1——)
Xj Xjo X Xj
for j =1,..., N, we can show that there exists a b)) = (bij), .. .,b%)) e NV
such that

/ palk HzN:l dr; _/ rb(j)/k HzN:l dr;

gy max (0P (e )™ S e )™
(14)

We set b© := 4. Then

D N T b /k Hgv—ldri
f hE (x4, x)w} =2NZ/ r = (15)
P j=0"E (

NC) 1+ 38 )M
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LetO<déd<1,andset Eg:={xc€ E:x;>6forl=1,..., N}. From (13) and (15),
we obtain

N
N dr
(e 2z (1= 8>2D2NZ/ bm/k izt di s (102NN 4152y,
j=0"Es (14+>2, )

N+1
where 115 := [ [T dri/(1+ 30 ) i
Thus,

(x x < (1—e) P8 PlR s Yk > ko, VD € Nsy, Ya e NN (16)

Then, for any k > kg and D > Dy,

1/2
||qm-~Aqm||,zvs( > (]‘[(b,m;i)) g1 A+ A Gl

M;Card(M)=m beM
< Card{M c N¥*': Card(M) = m}l/2

x (1—&) "Ps™mPIk Mgy A Al
< Card(NI (1 — &)™ P8Pk ™1y Ao Ay
N+ D\l/2 ,
= (" N) A= PET R S gy A A gy, (1)

where the second line follows by (16).
Therefore,

Harien (X5 D, k) NiD
+
=< Hnorm(X; D)+%log< N ) _Dngom(X; D)log(1—¢)

Dngom(X; D)

. log § — Hgeom(X; D) log us. (18)

By (8), we obtain that
( + ) 0gé
hom, (X) < 11mmf Hiorm(X; D)+ O(e) + TO(]) Vk > ky. (19)

Gathering (12) and (19), we conclude that, for any 0 < ¢ < 1, there exists a
ko € N such that

(n+ )
lim sup ——— Dot ——7 Hnom (X D) < hgy, (X)

D— o0
1
< liminf (D+ )! Hporm(X; D)+ O(e) + 70(1) Vk > k. (20)

D— o0
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Since limy_, 5o hmk (X)= hmw (X) (see for instance [Zhang 1995]) and since
h O (X)= fz(X ) (see [Philippon and Sombra 2008, p. 342]), we get

! !
lim inf( nt ) Huorm (X; D) = lim sup (+ ) ———Hporm(X; D) = h(X) 21
D—oo Dnt D—o0 D+
Thus, we have proved Theorem 1.1. O
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The abelian monoid of fusion-stable
finite sets is free

Sune Precht Reeh

We show that the abelian monoid of isomorphism classes of G-stable finite S-sets
is free for a finite group G with Sylow p-subgroup S; here a finite S-set is called
G-stable if it has isomorphic restrictions to G-conjugate subgroups of S. These
G-stable S-sets are of interest, e.g., in homotopy theory. We prove freeness by
constructing an explicit (but somewhat nonobvious) basis, whose elements are
in one-to-one correspondence with the G-conjugacy classes of subgroups in S.
As a central tool of independent interest, we give a detailed description of the
embedding of the Burnside ring for a saturated fusion system into its associated
ghost ring.

1. Introduction

Finite G-sets, where G is a finite group, appear again and again throughout mathe-
matics, e.g., in homotopy theory. In certain instances we are however interested,
not in the G-sets themselves, but instead in the shadows cast by G-sets when we
restrict the actions to a Sylow p-subgroup S of G. When a finite set X has an
action of § that “looks like” it comes from a G-action, we say that the S-set X is
G-stable (see below). G-stable S-sets occur for instance in homotopy theory when
describing maps between classifying spaces. The isomorphism classes of these
G-stable S-sets together form an abelian monoid with disjoint union as the addition.
In this paper we construct a basis for the abelian monoid of G-stable sets when
G is a finite group with Sylow p-subgroup S. Theorem A’ states that this abelian
monoid is free, and that the basis elements are in one-to-one correspondence with
the G-conjugacy classes of subgroups in S. Theorem A’ is a special case of the
more general Theorem A formulated for a saturated fusion systems F over S. As
a main tool for proving Theorem A we describe the Burnside ring of a saturated
fusion system F, and its embedding into the associated ghost ring (Theorem B).

Supported by the Danish National Research Foundation through the Centre for Symmetry and
Deformation (DNRF92), and by The Danish Council for Independent Research’s Sapere Aude
programme (DFF —4002-00224).
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In more detail, let us consider a finite group G acting on a finite set X. We
can restrict the action to a Sylow p-subgroup S of G. The resulting S-set has the
property that it stays the same (up to S-isomorphism) whenever we change the
action via a conjugation map from G. More precisely, if P < S is a subgroup and
¢: P — S is a homomorphism given by conjugation with some element of G, we
can turn X into a P-set by using ¢ to define the action p.x := ¢(p)x. We denote
the resulting P-set by p ,X. In particular when incl: P — § is the inclusion map,
p.inc1X has the usual restricted action from S to P. When a finite S-set X is the
restriction of a G-set, then X has the property

p,pX is isomorphic to p jna1 X as P-sets, for all P < § and homomorphisms

¢: P — S induced by G-conjugation. a-h
Any S-set with property (1-1) is called G-stable. Whenever we restrict a G-set to S,
the resulting S-set is G-stable; however there are G-stable S-sets whose S-actions
do not extend to actions of G.

The isomorphism classes of finite S-sets form a semiring A (S) with disjoint
union as addition and cartesian product as multiplication. The collection of G-stable
S-sets is closed under addition and multiplication, hence G-stable sets form a
subsemiring.

Theorem A’. Let G be a finite group with Sylow p-group S. Every G-stable S-set
splits uniquely, up to S-isomorphism, as a disjoint union of irreducible G-stable
sets, and there is a one-to-one correspondence between the irreducible G-stable
sets and G-conjugacy classes of subgroups in S.

Hence the semiring of G-stable S-sets is additively a free commutative monoid
with rank equal to the number of G-conjugacy classes of subgroups in S.

As part of the proof we give an explicit construction of the irreducible G-stable sets
(see Proposition 4.8).

It is a well-known fact that any finite S-set splits uniquely into orbits (i.e.,
transitive S-sets), and the isomorphism type of a transitive set S/ P depends only
on the subgroup P up to S-conjugation. Theorem A’ states that this fact generalizes
nicely to G-stable S-sets, which turns out to be less obvious than it might first
appear.

If we consider G-sets and restrict their actions to S, then two nonisomorphic
G-sets might very well become isomorphic as S-sets. Therefore even though finite
G-sets decompose uniquely into orbits, we have no guarantee that this decomposition
remains unique when we restrict the actions to the Sylow subgroup S. In fact,
uniqueness of decompositions fails in general when we consider restrictions of
G-sets to S, as demonstrated in Example 4.3 for the symmetric group ¥5 and a
Sylow 2-subgroup. It is therefore perhaps a surprise that if we consider all G-stable
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S-sets, and not just the restrictions of actual G-sets, we are again able to write
stable sets as a disjoint union of irreducibles in a unique way.

It is also worth noting that the analogue of Theorem A’ is false if we con-
sider representations instead of sets: the submonoid of G-stable S-representations
is not a free submonoid of the free monoid of complex S-representations when
G =PGL3(F3) and p = 2. We explain this counterexample in the Appendix, in
particular in Example A.2.

The proof of Theorem A’ relies only on the way G acts on the subgroups of S
by conjugation. We therefore state and prove the theorem in general for abstract
saturated fusion systems, which abstractly model the conjugacy relations within a
p-group induced by an ambient group (see Definitions 2.1 and 2.2).

If F is a fusion system over a p-group S, we say that an S-set X is F-stable if it
satisfies

p.oX is isomorphic to p jna X as P-sets, for all P < S and homomorphisms

o: P— SinF. (1-2)

The F-stable S-sets form a semiring A (F) since the disjoint union and carte-
sian product of F-stable sets is again F-stable. Theorem A’ then generalizes to
Theorem A below, which we prove instead.

Theorem A. Let F be a saturated fusion system over a p-group S. Every F-
stable S-set splits uniquely, up to S-isomorphism, as a disjoint union of irreducible
F-stable sets, and there is a one-to-one correspondence between the irreducible F-
stable sets and conjugacy/isomorphism classes of subgroups in the fusion system F.
Hence the semiring A (F) of F-stable S-sets is additively a free commutative
monoid with rank equal to the number of conjugacy classes of subgroups in F.

One application of Theorem A is in homotopy theory, where classifying spaces
for groups and maps between them play an important role. For finite groups G, H,
or in general discrete groups, the homotopy classes of unbased maps [BG, BH] is
in bijection with Rep(G, H) = H\Hom(G, H), where H acts on Hom(G, H) by
postconjugation. Hence [BG, BZ,] corresponds to the different ways G can act
on a set with n elements up to G-isomorphism. This implies that for a finite group
G we have [BG, ||, BZ,]1 = A4 (G) as monoids.

However in homotopy theory one is often only interested in studying classify-
ing spaces, and maps between them, one prime at a time via the Bousfield-Kan
p-completion functor (—)IA, [1972, Sections 1.1, VI.6 and VIL.5]. In this context,
when S is a p-group, a formula of Mislin [1990, Formula 4] says that S satisfies

[BS. ] [(BE))1=AL(S)
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as monoids. (See also [Dwyer and Zabrodsky 1987; Lannes 1995; Miller 1987;
Carlsson 1991] which Mislin’s work builds upon.) For a general finite group G,
the monoid [BG, [ [, (B Zn)g] is highly interesting but still mysterious. Restriction
along the inclusion ¢: § — G of a Sylow p-subgroup induces a map

*: [BG. | [BE)) — [BS. | [BE))]~ AL(S),

and the image must necessarily be contained in the collection of G-stable sets
A4 (Fs(G)), where Fs(G) is the fusion system over S generated by G.

The map ¢*: [BG, ]_[n(BZn)Q] — A4 (Fs(G)) is an isomorphism in the cases
where both the left-hand side and the right-hand side have been calculated, though
both injectivity and surjectivity is currently unknown in general. In any case,
Theorem A shows that the algebraic approximation A (Fs(G)) has a very regular
structure for any finite group G, and hence provides information in understanding
the monoid on the left-hand side.

An important tool in proving Theorem A is the Burnside ring of F, denoted
by A(F). We can either define A(F) as the Grothendieck group of the semiring
A4 (F) of F-stable sets, or we can define A(F) as the subring of A(S) consisting
of all F-stable elements, where the F-stable elements satisfy a property similar
to (1-2). Thanks to Proposition 4.4 we know that these two definitions coincide for
saturated fusion systems.

We note that there is an earlier definition by Diaz and Libman [2009a] of a
Burnside ring for F, only involving the so-called F-centric subgroups of S, while
the Burnside ring defined here concerns all subgroups of S in relation to the fusion
system F. More precisely, after p-localization the Diaz-Libman centric Burnside
ring for F is the quotient of the Burnside ring A(F) defined here by the noncentric
part of A(F), as described in [Diaz and Libman 2009b, Theorem A] and even
further in [Reeh 2016, Proposition 4.8].

The Burnside ring of F inherits the homomorphism of marks ® from A(S) by
restriction, embedding A (F) into a product of a suitable number of copies of Z. As
a main step in proving Theorem A, we show that this mark homomorphism has
properties analogous the mark homomorphism for groups:

Theorem B. Let F be a saturated fusion system over a p-group S, and let A(F)
be the Burnside ring of F, i.e., the subring consisting of the F-stable elements
in the Burnside ring of S. Then there is a ring homomorphism ® and a group
homomorphism \V that fit together in the following short exact-sequence of groups:

0— A(F) 2 ]—[ 7 % ]_[ Z/|WsP|Z —> 0,

conj. classes of [P]F conj. class of
subgroups in F subgroups in F

where P < S is a fully F-normalized representative of [ Plx, and WgP := NgP/P.
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The map ® comes from restricting the mark homomorphism of A(S), and ¥ is
given by the [ P]r-coordinate functions

Wp(f):= Y fisp (mod |WsP])
EEWSP
when P is a fully normalized representative of the conjugacy class [ Plr of sub-
groups in F. Here Wp = Wp: if P ~x P’ are both fully normalized.

Theorem B generalizes previous results by Burnside, Dress and others (see
[Dress 1986], [tom Dieck 1979, Section 1] or [Yoshida 1990]) concerning the mark
homomorphism and congruence relations for Burnside rings of finite groups, and
such congruence relations can for instance be used, in [Reeh 2016, Corollary 6.6], for
determining idempotents in A(F)(p). As with Theorem A, Theorem B is interesting
from the viewpoint of homotopy theory: Grodal has recently announced [2011;
> 2015] that the map on Grothendieck groups

Gr(IBG, | [(BE)]) — A(Fs(G))

is an isomorphism, so Theorem B also provides information about a homotopical
object via this map.

2. Fusion systems

The next few pages contain a very short introduction to fusion systems. The aim is
to introduce the terminology from the theory of fusion systems that will be used
in the paper, and to establish the relevant notation. For a proper introduction to
fusion systems see for instance Part I of “Fusion systems in algebra and topology”
by Aschbacher, Kessar and Oliver [2011].

Definition 2.1. A fusion system F over a p-group S, is a category where the objects
are the subgroups of S, and for all P, Q < § the morphisms must satisfy:

(i) Every morphism ¢ € Morz(P, Q) is an injective group homomorphism, and the
composition of morphisms in F is just composition of group homomorphisms.

(i1)) Homg(P, Q) € Morx(P, Q), where
Homg(P, Q) = {cs | s € Ns(P, Q)}

is the set of group homomorphisms P — Q induced by S-conjugation.

(iii) For every morphism ¢ € Morz(P, Q), the group isomorphisms ¢: P — ¢ P
and ¢~ ': ¢ P — P are elements of Morz(P, ¢ P) and Morz(¢ P, P), respec-
tively.

We also write Homz(P, Q) or just F(P, Q) for the morphism set Morz(P, Q);

the group F (P, P) of automorphisms is denoted by Autz(P).
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The canonical example of a fusion system comes from a finite group G with a
given p-subgroup S. The fusion system of G over S, denoted Fg(G), is the fusion
system over S where the morphisms from P < S to Q < S are the homomorphisms
induced by G-conjugation:

HomzyG)(P, Q) :==Homg (P, Q) ={cg | g € Ng(P, O)}.

A particular case is the fusion system Fg(S) consisting only of the homomorphisms
induced by S-conjugation.

Let F be an abstract fusion system over S. We say that two subgroup P, O < S
are F-conjugate, written P ~ r Q, if they are isomorphic in F, i.e., there exists a
group isomorphism ¢ € F(P, Q). The relation of F-conjugation is an equivalence
relation, and the set of F-conjugates to P is denoted by [P]r. The set of all
F-conjugacy classes of subgroups in § is denoted by CI(F). Similarly, we write
P ~s Q if P and Q are S-conjugate, the S-conjugacy class of P is written [P]g
or just [P], and we write CI(S) for the set of S-conjugacy classes of subgroups
in S. Since all S-conjugation maps are in F, any F-conjugacy class [ P]r can be
partitioned into disjoint S-conjugacy classes of subgroups Q € [P]r.

We say that Q is F- or S-subconjugate to P if Q is respectively F- or S-conjugate
to a subgroup of P, and we denote this by Q <z P or Q <s P, respectively. In
the case where F = F5(G), we have Q <z P if and only if Q is G-conjugate to a
subgroup of P; the F-conjugates of P are just those G-conjugates of P which are
contained in S.

A subgroup P < § is said to be fully F-normalized if [NsP| > |NsQ| for all
Q € [P]r; similarly P is fully F-centralized if |CsP| > |CsQ| for all Q € [P]r.

Definition 2.2. A fusion system F over S is said to be saturated if the following
properties are satisfied for all P < S:

(i) If P is fully F-normalized, then P is fully F-centralized, and Autg(P) is a
Sylow p-subgroup of Autx(P)).

(i) Every homomorphism ¢ € F(P, S) where ¢(P) is fully F-centralized, extends
to a homomorphism ¢ € F (N, §) where

Ny :={x € Ng(P)|3Iy € S: pocy =cyop}.

The saturated fusion systems form a class of particularly nice fusion systems, and
the saturation axiom are a way to emulate the Sylow theorems for finite groups. In
particular, whenever S is a Sylow p-subgroup of G, then the Sylow theorems imply
that the induced fusion system Fs(G) is saturated (see for instance [Aschbacher
et al. 2011, Theorem 2.3]).
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In this paper, we shall rarely use the defining properties of saturated fusion
systems directly. We shall instead mainly use the following lifting property that
saturated fusion systems satisfy:

Lemma 2.3 [Roberts and Shpectorov 2009]. Let F be saturated. Suppose that
P < S is fully normalized. Then for each Q € [P]r there exists a homomorphism
¢ € F(NsQ, NsP) with o(Q) = P.

For the proof, see Lemma 4.5 of [Roberts and Shpectorov 2009] or Lemma 2.6(c)
of [Aschbacher et al. 2011].

3. Burnside rings for groups

In this section we consider the Burnside ring of a finite group S, and the semiring of
finite S-sets. We recall the structure of the Burnside ring A(S) and how to describe
the elements and operations of A(S) in terms of fixed points and the homomorphism
of marks. In this section S can be any finite group, but later we shall only need the
case where S is a p-group.

We consider finite S-sets up to S-isomorphism, and let A, (S) denote the set
of isomorphism classes. Given a finite S-set X, we denote the isomorphism class
of X by [X] € AL(S). Taking disjoint union as addition and cartesian product
as multiplication gives a commutative semiring structure on A4 (S). Additively,
A4 (S) is a free commutative monoid, where the basis consists of the (isomorphism
classes of) transitive S sets, i.e., [S/P] where P is a subgroup of S. Two transitive
S-sets S/ P and S/Q are isomorphic if and only if P is conjugate to Q in S.

To describe the multiplication of the semiring A (S), it is enough to know the
products of basis elements [S/P] and [S/Q]. By taking the product (S/P) x (S/Q)
and considering how it breaks into orbits, one reaches the following double coset
formula for the multiplication in A (S):

[S/P]-[S/Q]= Z [S/(PN°Q)], (3-1)
s€[P\S/Q]
where [P\ S/ Q] is a set of representative of the double cosets PsQ with s € S.
The Burnside ring of S, denoted A(S), is constructed as the Grothendieck group
of A4 (S), consisting of formal differences of finite S-sets. Additively, A(S) is
a free abelian group with the same basis as A, (S). For each element X € A(S)
we define cp(X), with P < §, to be the coefficients when we write X as a linear
combination of the basis elements [S/P] in A(S), i.e.,

X= ) cr(X)-[S/P],

[P]eCI(S)

where CI(S) denotes the set of S-conjugacy classes of subgroup in S.
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The resulting maps cp: A(S) — Z are group homomorphisms, but they are not
ring homomorphisms. Note also that an element X is in A4 (S), i.e., X is an S-set,
if and only if cp(X) >0 forall P < S.

Instead of counting orbits, an alternative way of characterising an S-set is counting
the fixed points for each subgroup P < §. For every P < S and S-set X, we denote
the number of fixed points by ® p(X) := | X*|, and this number only depends on P
up to S-conjugation. Since we have

(XuY)PI=IXPI+|Y?| and |(X xY)"|=|X"|-1Y"]

for all S-sets X and Y, the fixed point map ®p: A (S) — Z extends to a ring
homomorphism ®p: A(S) — Z. On the basis elements [ S/ P], the number of fixed
points is given by

INs(Q., P)|

®H([S/P) =|(S/P)°| =
o([S/P]D) =1(S/P)%| P

where Ns(Q, P)={s € §|°Q < P} is the transporter in S from Q to P. In particular,
Do ([S/P]) #0if and only if Q Sg P (Q is conjugate to a subgroup of P).

We have one fixed point homomorphism ® p per conjugacy class of subgroups
in S, and we combine them into the homomorphism of marks

® = o5: A(S) Llie®e, [1 z
[P]eCI(S)

This ring homomorphism maps A(S) into the product ring Q(S) == ]_[[P]ECI(S) z
which is the so-called ghost ring for the Burnside ring A(S).

Results by Burnside, Dress and others show that the mark homomorphism is
injective, and that the obstruction group Obs(S) := ]_[[ P1eCI(S) (Z/|WsP|Z), where
WsP := NgP/P, is the cokernel of ®. These statements are combined in the
following proposition, the proof of which can be found in [Dress 1986], [tom Dieck
1979, Chapter 1] and [Yoshida 1990, Lemma 2.1].

Proposition 3.1. Let ¥ = W5: SNZ(S) — Obs(S) be given by the [ P]-coordinate
functions

Wp(§):= Y &qp (mod|WsPl).

seWsP

Here &5y p denotes the [(s) P]-coordinate of an element § §(S) = H[P]eCl(S) Z.
The following sequence of abelian groups is then exact:

0—> A(S) -2 Q(S) % Obs(S) —> 0.

Moreover, ® is a ring homomorphism, while WV is just a group homomorphism.



The abelian monoid of fusion-stable finite sets is free 2311

The strength of this result is that it enables one to perform calculations for the
Burnside ring A(S) inside the much nicer product ring €2(S), where we identify
each element X € A(S) with its fixed point vector (® o (X))gjeci(s)-

Corollary 3.2. For a normal subgroup P < S, and an S-set X, we have

>~ @)p(X) =0 (mod |S/P)).
seS/P

Proof. Applying Proposition 3.1 with WgP = S/ P, gives Wp(P(X)) = 0 in
Z/|P/S|Z. O

4. Stable sets for a fusion system

Let F be a fusion system over a p-group S. In this section we rephrase the property
of F-stability in terms of the fixed point homomorphisms, and show in Example 4.3
how Theorem A can fail for a group G if we only consider S-sets that are restrictions
of G-sets, instead of considering all G-stable sets. We also consider two possible
definitions for the Burnside ring of a fusion system — these agree if F is saturated.
The proof of Theorem A begins in Section 4.1 in earnest.

A finite S-set X is said to be F-stable if it satisfies (1-2):

p,pX is isomorphic to p jna X as P-sets, for all P < S and homomorphisms
¢: P—> SinF.

In order to define F-stability not just for S-sets, but for all elements of the Burnside
ring, we extend p , X to all X € A(S). Given a homomorphism ¢ € F(P, S) and
an S-set X, the P-set p , X was defined as X with the action restricted along ¢,
that is p.x := ¢(p)x for x € X and p € P. This construction then extends linearly
to a ring homomorphism r,: A(S) — A(P), and we denote p , X :=r,(X) for all
X € A(S). In this way (1-2) makes sense for all X € A(S).

It is possible to state F-stability purely in terms of fixed points and the homomor-
phism of marks for A(S). The following lemma seems to be generally known, but
not published anywhere, so we include it for the sake of completeness. A version
of this lemma was included in the Ph.D. thesis of Gelvin [2010, Proposition 3.2.3],
and previously the lemma has at least been implicitly used by Broto, Levi and
Oliver [2003, Proof of Proposition 5.5]. A special case of the lemma, for bisets,
was also proved by Ragnarsson and Stancu [2013, Lemma 4.8, parts (b) and (c)].

Lemma 4.1 [Gelvin 2010]. The following are equivalent for all elements X € A(S):
(1) poX =pinaX in A(P) forall p € F(P,S) and P < §.

(ii) ®p(X) = Pyp(X) forall p € F(P,S)and P < S.

(iii)) ®p(X) = Po(X) for all pairs P, Q < S with P ~x Q.
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We shall primarily use (ii) and (iii) to characterize F-stability.

Proof. Let P A(P) > §(P) be the homomorphism of marks for A(P), and note
that @£ (p inaX) = ®r(X) forall R< P < S.

By the definition of the P-action on p , X, we have (p, X)® = X#® for any S-set
X and all subgroups R < P. This generalizes to

PR(ppX) = Pyr(X)

for X € A(S).
Assume (i). Then we immediately get

®p(X) = Pp(pinaX) = Pp(pX) = Pyp(X)

forall P < S and ¢ € F(P, S), which proves (i)=-(ii).
Assume (ii). Let P < § and ¢ € F(P, S). By assumption, we have ®,z(X) =
®r(X) for all R < P, hence

DR(ppX) = Pyr(X) = DR(X) = Pk (pinaX).

Since ®7 is injective, we get p o X = p jnc1 X; s0 (i)=().
Finally, we have (ii)<-(iii) because Q is F-conjugate to P exactly when Q is
the image of a map ¢ € F(P, S) in the fusion system. (]

Definition 4.2. We let A, (F) C A, (S) be the set of all the F-stable sets, and by
property (iii) the sums and products of stable elements are still stable, so A (F) is
a subsemiring of A, (S).

Suppose that 7 = F(G) is the fusion system for a group with S € Syl ,(G). Let
X € A4 (G) be a G-set, and let g jhc1 X be the same set with the action restricted
to the Sylow p-subgroup S. If we let P < § and ¢, € Homg ) (P, S) be given,
then x = gx is an isomorphism p jpo X = P, X of P-sets. The restriction g jnc1 X
is therefore G-stable.

Restricting the group action from G to S therefore defines a homomorphism of
semirings A4 (G) — A4 (Fs(G)), but as the following example shows, this map
need not be injective or surjective.

Example 4.3. The symmetric group X5 on 5 letters has Sylow 2-subgroups iso-
morphic to the dihedral group Dg of order 8. We then consider Dg as embedding
in X5 as one of the Sylow 2-subgroups. Let H, K be respectively Sylow 3- and
5-subgroups of Xs.

The transitive Xs-set [ X5/ H] contains 40 elements and all the stabilizers have
odd order (they are conjugate to H). When we restrict the action to Dg, the
stabilizers therefore become trivial so the Dg-action is free, hence [ X5/ H ] restricts
to the Dg-set 5 - [Dg/1], that is 5 disjoint copies of the free orbit [Dg/1]. Similarly,
the transitive Xs-set [ X5/ K] restricts to 3 - [Dg/1].
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These two restrictions of Xs-sets are not linearly independent as Dg-sets — the
Ys-sets 3-[Xs/H] and 5-[Xs/K ] both restrict to 15 - [Dg/1]. If the restrictions of
Y.s-sets were to form a free abelian monoid, then the set [ Dg/1] would have to be
the restriction of an Xs-set as well; since [Dg/1] is irreducible as a Dg-set, it would
have to be the restriction of an irreducible (hence transitive) X5-set. However X5
has no subgroup of index 8, hence there is no transitive X5 with 8 elements.

This shows that the restrictions of Xs-sets to Dg do not form a free abelian
monoid, and we also see that [Dg/1] is an example of an Fp,(Xs)-stable set
(®1([Dg/1]) =8 and ®o([Dg/1]) =0 for 1 # Q < Dg) which cannot be given the
structure of a X5-set.

To define the Burnside ring of a fusion system F, we have two possibilities.
We can consider the semiring of all the F-stable S-sets and take the Grothendieck
group of this. Alternatively, we can first take the Grothendieck group for all S-sets
to get the Burnside ring of S, and then afterwards we consider the subring herein
consisting of all the F-stable elements. The following proposition implies that the
two definitions coincide for saturated fusion systems.

Proposition 4.4. Let F be a fusion system over a p-group S, and consider the
subsemiring A4 (F) of F-stable S-sets in the semiring A (S) of finite S-sets.

This inclusion induces a ring homomorphism from the Grothendieck group of
A4 (F) to the Burnside ring A(S), which is injective.

If F is saturated, then the image of the homomorphism is the subring of A(S)
consisting of the F-stable elements.

Proof. Let Gr be the Grothendieck group of A, (F), and let I: Gr — A(S) be the
induced group homomorphism coming from the inclusion i : A4 (F) — A4+ (S).

An element of Gr is a formal difference X — Y where X and Y are F-stable sets.
Assume now that X — Y lies in ker /. This means that i (X) —i(¥Y) =0 in A(S);
since AL (S) is a free commutative monoid, we conclude that i (X) =i(Y) as S-sets.
But i is just the inclusion map, so we must have X =Y in A4 (F) as well, and
X —Y =0in Gr. Hence I: Gr — A(S) is injective.

It is clear that the difference of two F-stable sets is still F-stable, so im / lies in
the subring of F-stable elements. If F is saturated, then the converse holds, and all
JF-stable elements of A(S) can be written as a difference of F-stable sets; however
the proof of this must be postponed to Corollary 4.11 below. ([

Definition 4.5. Let 7 be saturated. We define the Burnside ring of F, denoted A(F),
to be the subring consisting of the F-stable elements in A(S).

Once we have proven Corollary 4.11, we will know that A(F) is also the
Grothendieck group of the semiring A (F) of F-stable sets.
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4.1. Proving Theorems A and B. The proof of Theorem A falls into several parts.
We begin by constructing some F-stable sets o p satisfying certain properties — this
is the content of 4.6—4.8. We construct one o p per F-conjugacy class of subgroups,
and these are the F-stable sets which we will later show are the irreducible stable
sets. A special case of the construction was originally used by Broto, Levi and
Oliver [2003, Proposition 5.5] to show that every saturated fusion system has a
characteristic biset.

In 4.9-4.11 we then proceed to show that the constructed «p’s are linearly
independent, and that they generate the Burnside ring A(F). When proving that
the ap’s generate A(F), the same proof also establishes Theorem B.

Finally, we use the fact that the «p’s form a basis for the Burnside ring, to argue
that they form an additive basis already for the semiring A (F), completing the
proof of Theorem A itself.

As mentioned, we first construct an F-stable set op for each F-conjugacy class
of subgroups. The idea when constructing «p is that we start with the single
orbit [S/P] which we then stabilize: we run through the subgroups Q < S in
decreasing order and add orbits to the constructed S-set until it becomes F-stable
at the conjugacy class of Q in F. The stabilization procedure is handled in the
following technical Lemma 4.6, which is then applied in Proposition 4.8 to construct
the ap’s.

Recall that cp (X) denotes the number of (S/P)-orbits in X, and ® p(X) denotes
the number of P-fixed points.

Lemma 4.6. Let F be a saturated fusion system over a p-group S, and let H be a
collection of subgroups of S such that H is closed under taking F-subconjugates,
i.e.,if P€H, then Q € Hforall Q Sz P.

Assume that X € A, (S) is an S-set satisfying ®p(X) = ®p/(X) for all pairs
P ~x P/, with P, P’ & H. Assume furthermore that cp(X) =0 for all P € H.

Then there exists an F-stable set X' € A, (F) C A, (S) satisfying ®p(X') =
Pp(X)andcp(X)=cp(X) forall P ¢H,and cp(X')=cp(X) forall P < S which
are fully normalized in F. In particular, for a P € H which is fully normalized, we
have cp(X') = 0.

Proof. We proceed by induction on the size of the collection H. If H = &, then X
is F-stable by assumption, so X' := X works.

Assume that H # &, and let P € H be maximal under F-subconjugation as well
as fully normalized.

Let P’ ~x P. Then there is a homomorphism ¢ € F(NgP’, NgP) with o(P') = P
by Lemma 2.3 since F is saturated. The restriction of S-actions to ¢(NgP’)
gives a ring homomorphism A(S) — A(¢(NsP’)) that preserves the fixed-point
homomorphisms @ for Q < ¢(NsP’) < NsP.
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If we consider the S-set X with the action restricted to ¢(NsP’), we can apply
Corollary 3.2 for the normal subgroup P = ¢(P’) I¢(NsP’) to get

Y. @ue(X)=0 (mod |p(NsP')/P)).
sep(NsP')/P

Similarly, we have P’ < NgP’, with which Corollary 3.2 gives us

Y. Pup(X)=0 (mod |NsP'/P'l).
5eNgP'/P’

Since P is maximal in {, we have by assumption ® o (X) =® o/ (X) forall Q ~» O’
where P is F-conjugate to a proper subgroup of Q. Specifically, we have

D (o5 P (X) = Py(5)p)(X) = D5y pr(X)

for all s € Ng P’ with s ¢ P’. It then follows that

Pp(X)—Pp(X)= Y. Dup(X)— Y Dp(X)

5ep(NsP')/P SENsP'/P’
=0—0 (mod |WsP']).

We can therefore define Ap/ := (®p(X) — Pp(X))/|WsP'| € Z.
Using the A p/ as coefficients, we construct a new S-set

X = <X+ Y [S/P’]) e A(S).

[P'IsSIPlF

Here [P]r is the collection of subgroups that are F-conjugate to P. The sum is
then taken over one representative from each S-conjugacy class contained in [ P]r.

A priori, the A pr might be negative, and as a result X might not be an S-set. In
the original construction of [Broto et al. 2003], this problem is circumvented by
adding copies of

NgP
Z | S |~[S/P/]

|NsP'|
[P1sSIP1F

until all the coefficients are nonnegative.

It will however be shown in Lemma 4.7 below, under the assumption that
cp(X) =0 for P’ ~f P, that Ap/ is always nonnegative, and A p = 0 if P’ is fully
normalized. Hence X is already an S-set without further adjustments.

We clearly have CQ(i) = co(X) for all Q »# 7 P, in particular for all Q ¢ H.
Furthermore, if P’ ~ £ P is fully normalized, then CP/()N() =cp(X)+Ap =cp(X).
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Because ®([S/P’]) = 0 unless Q Ss P’, we see that q)Q()’Z) = ®y(X) for
every Q ¢ H. Secondly, we calculate ® p/(X) for each P’ ~z P:

Op(X)=0p(X)+ Y rp-Op(S/PD
[P1sSIP]F
= ®p(X) +Apr - p(IS/P')) = pr(X) +pr | Ws P'|
= ®p(X),

which is independent of the choice of P’ ~x P.

We define H' := H \ [P]r as H with the F-conjugates of P removed. Because
P is maximal in #, the subcollection H’ again contains all F-subconjugates of any
HeH.

By induction we can apply Lemma 4.6 to X and to the smaller collection 7. We
getan X' € A (F) with ®o(X") = ®o(X) and co(X') = co(X) forall Q & H/,
such that ¢ (X’) =0 if Q € H' is fully normalized.

It follows that ® o (X') = @ (X) = ®o(X) and co(X') = co(X) = co(X) for
all Q ¢, and we also have co(X’) =0if Q € H is fully normalized. O

Lemma 4.7. Let F be a saturated fusion system over a p-group S, and let P < S
be a fully normalized subgroup.

Suppose that X is an S-set with cp/(X) =0 for all P’ ~x P, and suppose that X
is already F-stable for subgroups larger than P, i.e., XR| = |XR/ | forall R ~x R,
where P is F-conjugate to a proper subgroup of R.

Then \XP| > \XP/|f0rall P ~x P.

Proof. Let Q ~r P be given. Because P is fully normalized, there exists by
Lemma 2.3 a homomorphism ¢: NsQ < NgP in F, with ¢(Q) = P.

Let Ay, ..., A; be the subgroups of NgQ that strictly contain Q, meaning that
0 < A; < NsQ. We put B; := ¢(A;), and thus also have P < B; < NsP. We
let Cy, ..., C; be the subgroups of NgP strictly containing P which are not the
image (under ¢) of some A;. Hence By, ..., By, Cy, ..., Cy are all the different
subgroups of Ng P strictly containing P. We denote the set {1, ..., k} of indices
by I, and also J :={1, ..., £}.

Because ¢ (X) = cp(X) =0 by assumption, no orbit of X is isomorphic to S/Q,
hence no element in X< has Q as a stabilizer. Let x € X be any element, and let
K > O be the stabilizer of x; sox e XK € X Q. Since K isa p-group, there is some
intermediate group L with Q <t L < K; hence x € X’ for some Q < L < NsQ.
We conclude that

x2=|Jx*.

iel
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With similar reasoning we also get
xP=JxBul )x©.
iel jeJ
The proof is then completed by showing

X7 =|JxmuJxo|=[Ux®
jelJ iel

iel

&)

Jx|=x9|
iel

We only need to prove equality ().

Showing (x) has only to do with fixed points for the subgroups A; and B;.
Because B, = ¢(A;) ~r A; are subgroups that strictly contain P and Q, respectively,
we have | X 5| = | X4i| by assumption.

To get (x) for the unions | J A; and [ J B; we then have to apply the inclusion-
exclusion principle:

‘U XBI-‘ -y (_1)|A|+1‘m XB,-‘ = Y (= x B,
iel @£NCT ieA @£NCT
Here (B;)ica < NgP is the subgroup generated by the elements of the B;’s with
i € A C 1. Recalling that B; = ¢(A;) by definition, we have (B;)ica = (@(Ai))ica =
©({(A;)ien), and consequently,
Z (_1)|A|+1|X(Bi)ieA — Z (_1)|A|+1|X‘P(<Ai>ieA)“

G#ANCT GAANCT

Because Q < A; < NsQ, we also have Q < (A;)ica < NsQ; by assumption we
therefore get | X¢((Ailier)| = | X (Aidiea| for all @ # A C I. It then follows that

Z (_1)|A|+1|X(P((Ai)ieA)| — Z (_1)|A|+1|X(Ai)ieA| =...= )U x4

D#ENC] B#ENC] iel

’

where we use the inclusion-exclusion principle in reverse. We have thus shown the
equality ‘Uie[ XB"‘ = |Ui€1 XA"‘ as required. O

Applying the technical Lemma 4.6, we can now construct the irreducible F-stable
sets ap for P < § as described in the following proposition. That the ap’s are in
fact irreducible, or even that they are unique, will not be shown until the proof of
Theorem A itself.

Proposition 4.8. Let F be a saturated fusion system over a p-group S.
For each F-conjugacy class [ P r € CI(F) of subgroups, there is an F-stable set
op € AL (F) such that

(1) ®o(ap) =0 unless Q is F-subconjugate to P.
(ii) cp/(ap)=1and ®p(ap)=|WsP'| when P’ is fully normalized and P' ~x P.
(iii) co(ap) =0 when Q is fully normalized and Q #*r P.
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Proof. Let P < § be fully F-normalized. We let X € A, (S) be the S-set

|NsP| ,

X = [S/P' e AL(S).

> g S/P1EAL)
[P']sC[P]F

X then satisfies that ®(X) = 0 unless Q Sg P’ for some P’ ~x P, in which
case we have Q <z P. For all P’, P” € [P]F we have ®p~([S/P’]) = 0 unless
P” ~g P’; consequently,

|NsP| , INsP|
- Dp([S/P]) =
[NsP'| |NsP’|

Qp(X) = - |WsP'| = |WsP|
which doesn’t depend on P’ ~x P.

Let #H be the collection of all Q which are F-conjugate to a proper subgroup
of P; then @y (X) = ®o(X) for all pairs Q ~r Q' not in . Using Lemma 4.6
we get some ap € AL (F) with the required properties. O

Properties (ii) and (iii) make it really simple to decompose a linear combination
X of the ap’s. The coefficient of ap in X is just the number of [S/P]-orbits in X
as an S-set— when P is fully normalized. This is immediate since «p contains
exactly one copy of [§/P], and no other a contains [S/P].

In particular we have:

Corollary 4.9. The ap’s in Proposition 4.8 are linearly independent.

In order to prove that the op’s generate all F-stable sets, we will first show that
the ap’s generate all the F-stable elements in the Burnside ring. As a tool for
proving this, we define a ghost ring for the Burnside ring A(F); as a consequence
of how the proof proceeds, we end up showing an analogue of Proposition 3.1 for
saturated fusion systems, describing how the Burnside ring A(F) lies embedded in
the ghost ring — this is the content of Theorem B.

Definition 4.10. We defined the ghost ring (S) for the Burnside ring of a group as
the product ring ]_[[ plsecicsy £ where the coordinates correspond to the S-conjugacy
classes of subgroups. For the ring A(F), we now similarly define the ghost ring
Q(F) as a product ring ]_[[ pleciF) £ with coordinates corresponding to the F-
conjugacy classes of subgroups.

The surjection of indexing sets C1(S) — CI(F) which sends an S-conjugacy class
[P]s to its F-conjugacy class [ P]r, induces a homomorphism SNZ(]-" ) — Q(S) that
embeds Q(F) as the subring of vectors which are constant on each F-conjugacy
class.

Since A(F) is the subring of F-stable elements in A(S), we can restrict the
mark homomorphism ®5: A(S) — ?Z(S) to the subring A(F) and get an injective
ring homomorphism T AF) — S~2(]-"). This is the homomorphism of marks
for A(F).
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To model the cokernel of &7 we define Obs(F) as

Obs(F):= [] @/IWsP|2),
[P]eCI(F)
P fon.
where “f.n.” is short for “fully normalized”, so we take fully normalized representa-
tives of the conjugacy classes in F.

Theorem B. Let F be a saturated fusion system over a p-group S, and let A(F)
be the Burnside ring of F, i.e., the subring consisting of the F-stable elements in
the Burnside ring of S. We then have a short-exact sequence

0— A(F) -2 Q(F) % Obs(F) — 0.

where ® = &7 is the homomorphism of marks, and ¥ = W’ : 5(]—' ) — Obs(F) is
a group homomorphism given by the [ P]-coordinate functions

WpE) = Y &yp (mod|WsP|)

S€ Ws P

when P < S is a fully normalized representative of the conjugacy class [ P] in F.
Here Wp = Wp: if P ~x P’ are both fully normalized.

Proof. We choose some total order of the conjugacy classes [P], [Q] € CI(F) such
that |P| > | Q] implies [P] < [Q], i.e., we take the subgroups in decreasing order.
It holds in particular that Q <z P implies [P] <[Q].

With respect to the ordering above, the group homomorphism W is given by a
lower triangular matrix with 1’s in the diagonal, hence W is surjective. The mark
homomorphism ® = &7 is the restriction of the injective ring homomorphism
dS: A(S) — Q(S), so @ is injective.

We know from the group case, Proposition 3.1, that S o ®5 = 0. By construction
we have (W) p = (U5)p for the coordinate functions when P is fully normalized;
and @ is the restriction of ®5. We conclude that ¥ o ® = 0 as well. It remains to
be shown that im ® is actually all of ker W.

Consider the subgroup H :=Span{ap | [ P] € CI(F)} spanned by the ap’s in A(F),
and consider also the restriction ® |y of the mark homomorphism & : A(F) — SNZ(]-' ).

The map ®|g is described by a square matrix M in terms of the ordered bases of
H = Span{ap’s} and ?2(]—'). Because Mg} [p) := Po(ap) is zero unless P ~r Q
or |P| > |Q|, we conclude that M is a lower triangular matrix. The diagonal entries
of M are

Mipypy = Pplap) = [WsP|,

when P is fully normalized.
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All the diagonal entries are nonzero, so the cokernel of ®|g is finite of order

coker @yl =[] Mipi;m= [] IWsPI.

[P]eCI(F) [P]eCI(F)
P fn.

Since ®|y is a restriction of @, it follows that |coker ®| < |coker ®|y|. At the
same time, ¥ o ® = 0 implies that |coker ®| > |Obs(F)]|.
We do however have

Obs(F)|= [] |WsP|=Icoker ®|yl.

[P]eCI(F)
P fn.

The only possibility is that ker ¥V = im @ = im ®|y, completing the proof of
Theorem B. U

From the last equality im ® = im ®| g, and the fact that ® is injective, it also fol-
lows that A(F) = H sothe ap’s span all of A(F). Combining this with Corollary 4.9
we get:

Corollary 4.11. The ap’s form an additive basis for the Burnside ring A(F).

The corollary tells us that any element X € A(F) can be written uniquely as
an integral linear combination of the «p’s. In particular, any F-stable set can be
written as a linear combination of «p’s, and if the coefficients are all nonnegative,
then we have a linear combination in A (F).

Theorem A. Let F be a saturated fusion system over a p-group S. The sets ap
Jrom Proposition 4.8 are all the irreducible F-stable sets, and every F-stable set
splits uniquely, up to S-isomorphism, as a disjoint union of the ap’s.

Hence the semiring A (F) of F-stable sets is additively a free commutative
monoid with rank equal to the number of conjugacy classes of subgroups in F.

Proof. Let ap € A, (F) for each conjugacy class [P] € CI(F) be given as in
Proposition 4.8. Let X € A (F) be any F-stable S-set.
Since the «p’s form a basis for A(F) by Corollary 4.11, we can write X uniquely

as
X = Z )»p Up
[P]eCl(F)

with Ap € Z.
Suppose that P is fully normalized; then cp(ag) =1if P~z Q,and cp(ag) =0
otherwise. As a consequence of this, we have

cp(X) = Z Ag-cplag) =Ap
[Q]eCI(F)

whenever P is fully normalized.
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Because X is an S-set, we see that A p =cp(X) > 0. Hence the linear combination
X = Z[ PleCI(F) Ap -op has nonnegative coefficients, i.e., it is a linear combination
in the semiring A4 (F).

As a special case, if we have another element o/, in A(F) satisfying the properties
of Proposition 4.8, then the fact that Ay = ¢ (ap) for all fully normalized Q < S,
shows that Ap =1 and Ly = 0 for Q % x P. Thus the linear combination above
simplifies to o), = ap. Hence the ap’s are uniquely determined by the properties
of Proposition 4.8. ([l

Appendix: The monoid of complex representations

For a saturated fusion system JF over S, it makes sense to talk about F-stability of
S-representations instead of S-sets. In this appendix we show that the analogues of
Theorems A and A’ fail for representations in general by giving an example where
the abelian monoid of F-stable complex representations is not free.

For a finite dimensional complex representation p: S — GL,(C) of S, we can
restrict p along any fusion map ¢ € F(P, S) to form a representation p ,0 := po¢
of the subgroup P < S. Just as for finite S-sets, we compare each p ,p to the usual
restriction p jnc10 and say that p is F-stable if

PP is isomorphic to pina X as representations of P, for all P < S and
homomorphisms ¢: P — S in F.

The isomorphism classes of F-stable complex S-representations form an abelian
monoid R, (F) with direct sum of representations as the addition. As we know, the
isomorphism class of any complex representation is determined completely by the
associated character. Our first order of business is therefore to determine which
characters belong to F-stable representations. We say that a character x : § — C is
F-stable if it satisfies x (s) = x (¢(s)) for all elements s € § and maps ¢ € F((s), S),
that is x should be constant on each conjugacy class in F of elements in S.

Lemma A.l. Let p: S — GL,(C) be a representation, and let x : S — C be the
associated character. Then p is F-stable if and only if x is F-stable.

Proof. Consider a subgroup P < S and a map ¢ € F(P, S). Then the character
associated to the restriction p ,0 = p o @ is equal to x o ¢. The representation p 0
is isomorphic to p inc10 precisely when they have the same character on P, that is,
whenever x o ¢ = x|p, which on elements becomes x (¢(s)) = x(s) for all s € P.

We now immediately conclude that p is F-stable if and only if x (¢(s)) = x(s)
foralls € P, P < S and ¢ € F(P, S). By restricting each ¢ to the cyclic subgroup
(s) < P, itis enough to check that x (¢(s)) = x(s) for all s € S and ¢ € F((s), S),
i.e., that x is F-stable. ([l
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Using Lemma A.1 to characterize the F-stable representations, we will now
study the example below and see that R (F) is not a free abelian monoid for this
particular choice of F.

Example A.2. We consider the saturated fusion system F := Fgsp,,(PGL3([F3))
induced by the projective general linear group PGL3([F3) on the semidihedral group
of order 16, i.e., the group SDig = (D, S | D = §?> =1,SDS™! = D?). One
possible inclusion of SD¢ inside PGL3([F3) has as matrix representatives:

100 100
0 1 1] represents D,and | O 1 2| represents S.
210 002

The group SDj¢ has 7 conjugacy classes of elements, and 7 irreducible characters.
These are all listed in the character table below:

1 D,D> DD’ D> D° D* S,D?S,D*S,D°S DS,D3S,D>S,D’S
11 1 1 1 1 1 1
xa| 1 —1 -1 1 1 —1 1
x| 1 —1 -1 1 1 1 —1
Xab 1 1 1 1 1 —1 —1
x|l 2 0 0 -2 2 0 0
xi| 2 iv2 —iv2 0 -2 0 0
x—il 2 —iN2 V2 0 -2 0 0

Inside F, the class of D* becomes conjugate to the class of S, and the class of D>
becomes conjugate to the class of DS. None of the other conjugacy classes in SDyg
are fused in F. The F-stable characters are therefore precisely the characters where
the 4-th value is equal to the 7-th value, and the 5-th is equal to the 6-th.

Note that 1 is the only irreducible character for SDy¢ that is F-stable. Adding
rows we see that the following four characters are also F-stable: « := x, + xi,
B :=xa+ Xx=i,Y :=xp+ x2+ xi and § := xp + x2 + x—i. Each of these four
characters cannot be written as a sum of smaller F-stable characters, so «, 8, y and
8 correspond to representations that are irreducible in R (F). At the same time,
however, we have

Xa+Xp+ X2+ Xi+x-i=a+s=B+y.

Hence x, + x» + x2 + xi + x—i corresponds to an element of R (F) that can be
written as a sum of two irreducible elements in two different ways. The abelian
monoid R (F) is therefore not free, so the analogue of Theorem A for complex
representations is false.
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Polynomial values modulo primes on
average and sharpness of the larger sieve

Xuancheng Shao

This paper is motivated by the following question in sieve theory. Given a subset
X C[N]and x € (0, %) Suppose that |X (mod p)| < (@ + o(1)) p for every
prime p. How large can X be? On the one hand, we have the bound | X| <, N
from Gallagher’s larger sieve. On the other hand, we prove, assuming the truth of
an inverse sieve conjecture, that the bound above can be improved (for example,
to | X| Ko N 0@ for small a). The result follows from studying the average
size of |X (mod p)| as p varies, when X = f(Z) N[N] is the value set of a
polynomial f(x) € Z[x].

1. Introduction

For a positive integer N, denote by [N] the set {1, 2, ..., N}. The letter p is always
used to denote a prime. The primary goal of this paper is to study upper bounds for
the sizes of subsets X C [/N] occupying a small fraction of residue classes modulo
many primes p. Gallagher’s larger sieve [1971] provides such an upper bound.

Theorem 1.1 (larger sieve). Let X C [N] be a subset and P be a set of primes.
We have

1A| < Zpe@’logp
- Zpe@ |X (mod p)|~!log p —log N

whenever the denominator is positive.

See [Croot and Elsholtz 2004] for some variants of it and references therein for
applications. We are particularly interested in the situation when | X (mod p)| <ap
for some fixed a € (0, 1), and whether the bound provided by the larger sieve is
best possible.

Corollary 1.2 (larger sieve, special case). Let X C [N] be a subset and o € (0, %]

If |X (mod p)| < (o +o(1)) p for every prime p, then | X| < Neto,
MSC2010: primary 11N35; secondary 11R45, 11R09.
Keywords: Gallagher’s larger sieve, inverse sieve conjecture, value sets of polynomials over finite

fields.
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This is easily deduced from Theorem 1.1 by taking % to be the set of primes
up to N When o > %, the statement still holds, but is beaten by the bound
|X| <& N'/? following from the large sieve [Montgomery 1978]. When « < %, is
the bound | X| < N*T°M sharp? If X is the set of perfect squares up to N, then
|X|~ N'Zand X occupies (p+1)/2 residue classes (the quadratic residues) modulo
any odd prime p. The question of whether this is the only type of sharp example

is usually referred to as the inverse sieve conjecture, informally stated as follows.

Conjecture 1.3 (inverse sieve conjecture, rough form). Let X C [N] be a subset.
If |1X (mod p)| < 0.9p for every prime p, then either one of the following two
statements holds:

(1) The cardinality of X is extremely small.
(2) The set X possesses algebraic structure.

See Conjecture 4.1 below for one precise formulation of it. See also [Croot and
Lev 2007; Helfgott and Venkatesh 2009; Walsh 2012; Green and Harper 2014] for
more discussions and evidences towards it.

Now assume that o < % is fixed. Motivated by the inverse sieve conjecture, we
consider the sizes of X (mod p) when X is the value set of a polynomial. For
a polynomial f(x) € Z[x] of degree d > 1, denote by f, € [F,[x] the reduction
of f modulo p. Let a,(f) = p_1|fp(|]:p)|, the relative size of the value set of
f (mod p). Define a(f) to be the average of «,(f) as p varies:

. 1
a(f) = ngnw@]gap(f»

Note the trivial lower bounds «,(f) > d~! and a(f)>d '

Theorem 1.4 (polynomial values modulo primes on average). Let f € Z[x] be a
polynomial of degree d > 1. Then

lim —— 1 <), 1-1

Jim 55 2 DT =T@) (1-1)
p=0

where T(d) is the number of positive divisors of d. Consequently, a(f) > t(d)~".

Note that for d > 3 we always have t(d) < d. Hence, it is reasonable to

conjecture that Corollary 1.2 is not sharp whenever « is smaller than (and bounded
away from) % See the last section in [Shao 2014] for a preliminary discussion on
the simplest case d = 3.
Theorem 1.5 (inverse sieve conjecture implies improved larger sieve). Assume the
truth of Conjecture 4.1. Let X C [N] be a subset and a € (0, 1). Let € € (0, 1) be a
parameter. If |X (mod p)| < (a +o(1)) p for every prime p, then | X| <q.c N4,
where d is the smallest positive integer with T(d) > (1 — €)™ .
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For example, when a = 0.49, we obtain the upper bound | X | < N'/4. On the other
hand, since 7(d) < d®/1°¢1°¢¢ for some constant C > 0, we get | X| <o N oelogloger
for some constant ¢ > 0, a huge improvement upon Corollary 1.2 for small «
(assuming the truth of the inverse sieve conjecture).

Remark 1.6. Instead of assuming that | X (mod p)| < (a+o0(1)) p for every prime p,
knowing this on average over p in an appropriate sense is sufficient for our proof
to follow. In this paper, we will focus on the model case in which we assume the
pointwise estimate.

In the remainder of this introduction we discuss further the quantities o, (f)
and o (f). Note that (1-1) becomes an equality when f(x) = x?. Indeed, in this
case we have o, (f) ~ (p—1, d)~', and thus the average of ozp(f)_1 is equal to

1

@ Z (a—1,d) =t(d).

ae(Z/dz)*

Note, however, that in this case the average of o, (f) is equal to

- la)!
)= Y a-1.a7",

ae(Z/dz)*

which can be evaluated to ¢(d)/d when d is squarefree (and is at least (¢ (d) /d)2
for any d). Since ¢(d)/d > (loglog d)~!, the following construction provides
polynomials f with smaller a(f).

Theorem 1.7 (polynomials with small value sets modulo primes). Define a se-
quence of polynomials { f,,} by

) =X fup(x) = (fu(x) + D2

Then o, ( fn) = ay, provided that p > 2 f,_1(0) +2 when n > 1, where the sequence
{a,} is defined by

1 1.2
ay =3, dp+l =0ap — 34y,.

Moreover, we have a, < 2n~! for each n.

See Remark 2.5 below for the reasoning behind this construction of f,. It is easy
to see heuristically why one expects the relation a,; = a, — %aﬁ. Indeed, if we
model the value set of f, (mod p) as arandom subset S C [, with each element s €
[, chosen in § with probability a, independently at random, then for every quadratic
residue 7, the probability that » can be written as (s + 1)2 for some s € S is 2a, — a,%.
Hence the expected size of the set (S + 1) is (2a, — a%) p/24 O(1), as desired.

Since deg f, = 2", we have a(f,,) < (log(deg fn))_l. We do not know whether
this is the best example or whether the bound for «(f) in Theorem 1.4 is sharp.
See Section 6B for more discussion of this.
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The investigation of «, ( f) for a fixed prime p has a long history (see [Birch and
Swinnerton-Dyer 1959; Cohen 1970]), and explicit formulae for a,( f) are known
in terms of the proportion of fixed-point-free elements in a certain Galois group
(see Lemma 5.1 and the remark following). Not surprisingly, the quantity o ( f)
can also be evaluated in terms of a certain Galois group, and this is recorded in
Proposition 6.1. Due to a lack of understanding of the relevant Galois groups, our
lower bound for «(f) is instead obtained by studying the number of solutions to
f(x) = f(y) (mod p) on average as p varies (see Section 2), and it is for this
reason that the average of o, (f )~! naturally shows up.

A related line of work is on classifying those polynomials f € [,[x] for which
ap,(f) is close to the lower bound d~! (for a fixed p). In particular, results in
[Gomez-Calderon and Madden 1988] imply that o, (f) > 2d ~1 +0(1) whenever
p # 1 (mod d).

The rest of this paper is organized as follows. In Section 2 we state a general and
quantitative version of Theorem 1.4 for polynomials over arbitrary number fields,
and outline the proof strategy, with the details given in Section 3. In Section 4 we
state a precise form of the inverse sieve conjecture and deduce Theorem 1.5. In
Section 5, Theorem 1.7 is proved by computing relevant Galois groups. Finally, in
Section 6, we make some further remarks concerning the larger sieve as well as the

quantity o (f).

2. Statement of results and proof strategy

Notation. For a number field K, we denote by O its ring of integers and by Ag
its (absolute) discriminant. For a prime ideal p in Ok, we use «, to denote the
residue field Ok /p and N (p) = || to denote the norm of p. For a polynomial f
with coefficients in O, we use f, to denote its reduction modulo p.

As indicated in the introduction, we are mainly interested in studying the sizes
of value sets of f, for one-variable polynomials f.

Definition 2.1. Let K be a number field, and let f(x) € Og[x] be a polynomial.
For any prime ideal p in Ok, define

ap(f) =N folkp)l.

This will be studied via the related quantity that measures the number of solutions
of g, = 0 for (multivariable) polynomials g.

Definition 2.2. Let K be a number field and let g(X) € Ox[X] be a polynomial in
n variables X = (X1, ..., X,). For any prime ideal p in Ok, define

mp(g) = NP~ " V{X e : gp(X) =0}].
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To make our result quantitative, we also need a notion that measures the sizes of
the coefficients of a polynomial.

Definition 2.3 (heights). Let K be a number field, and let g(x) € Og[X] be a
polynomial. We define its (absolute logarithmic) height 4(g) to be the sum

h(g) =) maxloglal,, -1

where the sum is over all places v of K and the maximum is taken over all coefficients
a of g.

Here |a|, is the normalized absolute value, so that it does not depend on the
choice of the field K. For example, when f € Z[x] is primitive, the height A(f) is
the logarithm of the (usual archimedean) absolute value of the largest coefficient
of f. See [Hindry and Silverman 2000] for basic properties of the height function.

Theorem 2.4. Let K be a number field and f € Ok|[x] be a polynomial of degree
d>1. Let g € Og[x, y] be the polynomial defined by g(x,y) = f(x) — f(y). Let
s(g) be the number of irreducible factors of g in K|[x, y]. Then for any Q > 2
we have

Y my(e)=s(g) Y 14 0(Qexp(—cy/log Q) +h(g))

N(p=Q N(p)=Q
for sufficiently small c = c(K, d) > 0.

Proof of Theorem 1.4 assuming Theorem 2.4. First, by an application of the Cauchy—
Schwarz inequality, we have oy (f) > m,, (g)~". It thus suffices to show that

s(g) =t(d) (2-2)

when K = Q. This follows by considering the homogeneous part of degree d of
g(x,y) = f(x) — f(v). Indeed, since this homogeneous part is a(x? — y?) for
some a # 0, it factors into t(d) irreducible factors over Q (which are cyclotomic
polynomials), and thus g(x, y) can be factored into at most t(d) irreducible factors
over Q. O

Remark 2.5. The argument above motivates the choice of f;, in Theorem 1.7.
Indeed, if a polynomial f is highly decomposable, in the sense that f is the
composition of many polynomials (each of which has degree at least 2), then
g(x,y)= f(x)— f(y) will necessarily have many irreducible factors, which should
lead to small values of «,(f). In Proposition 5.3 we deduce another consequence
of Theorem 2.4, that indecomposable polynomials have large values of «,.

We will in fact prove the following more general result, of which Theorem 2.4
is a special case. Two polynomials g1, g» are said to be equivalent if they are
scalar multiples of each other. Recall also that g € K[X] is said to be absolutely
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(or geometrically) irreducible if it is irreducible and remains irreducible over the
algebraic closure of K.

Theorem 2.6 (average number of solutions modulo primes). Let K be a number
field and g(X) € Ok [X] be a polynomial in n variables of total degree d > 1. Let
s(g) be the number of nonequivalent irreducible factors of g in K[X]. Let L be
a Galois extension of K such that g factors into absolutely irreducible factors in
L[X]. Let C = C(K, n,d) > 0 be sufficiently large. If Q > exp(C (log AL)?), then

> my(g)log N(p)
Np)=<0 Bo

B B 0
=s5(8)0 —1(g) 5o

for sufficiently small c = c(K,n,d) > 0, where t(g) € [0, s(g)], and the second
term appears only if the Dedekind zeta function 1 has a Siegel zero By € (% 1).
Consequently, for Q > exp(C (log A 1)?) we have

Y mp(e) <s(@) Y 1+ 0(Qexp(—cy/log Q) +h(g) +logAL). (2-4)
N@m=0 N@m=0

+ O(Q exp(—cy/log Q) +h(g) +log Ar) (2-3)

The bounds for the error terms stem from a quantitative version of the Cheb-
otarev density theorem in [Lagarias and Odlyzko 1977]. Assuming the truth of the
generalized Riemann hypothesis (GRH) for ¢, we can get a much better error term
(0] (Ql/z(log Ap+[L: Q]log Q)), and of course without the Siegel zero term. The
unconditional error term, however, is already enough for our application.

Proof of Theorem 2.4 assuming Theorem 2.6. We show that g(x, y) = f(x) — f ()
factors into absolutely irreducible factors over L = K (u4), where p4 is the group of
d-th roots of unity. Indeed, since the homogeneous part of degree d of f(x)— f(y)
is a(x¢ — y) for some nonzero a € K, it factors over L into linear factors. Thus,
there is a factorization

f@=fom=]]six.»
i=1

of f(x) — f(y) into absolutely irreducible factors gy, g2, ..., g, such that the
top-degree part of each g; is defined over L. We claim that each g; is defined over L
as well. Suppose not. Without loss of generality, assume that some coefficient
of g1 does not lie in L. Let 7 € Gal(@Q/L) be an automorphism that moves this
coefficient. Let t(g1) be the polynomial obtained by applying t to every coefficient
of g;. Then t(g1) is also a factor of f(x)— f(y), and thus 7(g) is equivalent to g;
for some 1 <i <r. By our choice of 7, 7(g;) must be equivalent to g; for some
i > 1, and thus g; and g; have equivalent top-degree parts. This contradicts the fact
that x? — y¢ has no repeated factors.
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Now that the potential Siegel zero By of {1 depends only on K and d, the Siegel
zero term in (2-3) can be absorbed into the error term, and the conclusion follows
easily from partial summation. U

Remark 2.7. In the argument above we used the fact that polynomials of the form
f(x) — f(y) € K[x, y] factor into absolutely irreducible factors in L[x, y], with
L = K (uq). For a general polynomial g(X) € K[X] of height /(g), it can be shown
that one can take L with [L : Q] < C and A < C exp(Ch(g)) for some constant
C=C(K,n,d) > 0. Thus the log A, factor in the error term can be removed, and
the assumption on Q can be replaced by Q > exp(Ch (g)%). We will, however, not
need this relation between the size of L and the height /(g).

Remark 2.8. The arguments used in proving Theorem 2.6 can be generalized to
study the average behavior of [V (F,)| as p varies, for any algebraic variety V
defined over Z. More precisely, let m = dim V. Then the average of p~" |V ([F,)|
as p varies is equal to the number of irreducible components of V.

To finish this section, we sketch the proof of Theorem 2.6. By Lang—Weil,
my(g) is essentially the number of absolutely irreducible factors of g,. Factor g
into absolutely irreducible factors in L[X], and consider the natural action of the
Galois group G = Gal(L/K) on these factors. For almost all primes 33 C Oy, these
absolutely irreducible factors remain absolutely irreducible modulo ‘3, and thus
my(g) is essentially the number of these factors which are defined over k. This is
equal to the number of fixed points of the Frobenius element associated with ‘3.
By the Chebotarev density theorem, these Frobenius elements are equidistributed
in G as °P varies. Hence the average of m,(g) is equal to the average number of
fixed points of the G-action. By Burnside’s lemma, this is equal to the number of
G-orbits, which is exactly the number of irreducible factors s(g) of g. In carrying
out this procedure some additional effort is needed to keep track of the explicit
dependence on the height of g.

3. Proof of Theorem 2.6

In this section we prove Theorem 2.6. The implied constants appearing in this
section are always allowed to depend on K, n, d.
Factor (g) into principal prime ideals in L[X]:

(8) = (8" (82)* -~ (g™,

where g; € L[ X] is absolutely irreducible, and g;, g; are not equivalent when i # j.
Let G be the Galois group Gal(L/K). Forany 1 <i <r and any £ € G, let £(g;)
be the polynomial obtained by applying & to all coefficients of g;. Since £(g;) is
also a factor of g, §(g;) is equivalent to g; for some 1 < j <r. Hence & acts on
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{(g1), ..., (gr)} by sending (g;) to (§(g;i)). In this way we obtain a G-action on
{1, ..., (g}

Lemma 3.1 (Galois descent). Let E be any field and F be a Galois extension of E.
Let h € F[X] be a polynomial. The following two statements are equivalent:

(1) The ideal (h) C F[X] is fixed by every element of G = Gal(F/E).

(2) The ideal (h) is defined over E. In other words, there exists a scalar a € F*
such that ah € E[X].

Proof. This is a standard result in the theory of Galois descent. For completeness,
we give a proof here. Clearly (2) implies (1). Now assume that (1) holds, so that for
each £ € G, we have &£(h) = c¢h for some cg € F*. The scalars {c¢ : § € G} form
a l-cocycle G — F, and thus by Hilbert’s Theorem 90 we have ¢z = a/& () for
some o« € F*. Now that £ (h) = ah/&(a), we conclude that £ (ah) = ah for each
& € G. Thus ah € E[X], as desired. O

Lemma 3.2. Let the notation be as above. The number of orbits of the G-action on
{(g1), (82), ..., ()} is equal to 5(g).

Proof. Let # = {h, hy, ..., hy} be the set of nonequivalent irreducible factors of g
(well defined up to scalars in K'), where s = s(g). We construct a bijection between
the set of orbits and €.

Let 0 C {(g1), (g2), ..., (gr)} be a G-orbit, and let /& be the product of those g;
with (g;) € 0. We claim that (&) is defined over K, and moreover (/) is a prime
ideal in K[X] (hence (h) = (h;) for some 1 < j < ). In fact, since any § € G
permutes the factors in O, the ideal (k) is fixed by £. By Lemma 3.1, the ideal (h)
is defined over K. Now let 4’ € K[X] be a factor of i (with positive degree), and
let 0’ C O be the set of those (g;) € O dividing 4’. For any (g;) € 0’ and any & € G,
&(g;) is also a factor of 4’ and thus (§(g;)) € 0'. This shows that G preserves 0’,
and thus 0’ = 0 and (k") = (h). Hence (h) is a prime ideal.

Conversely, let i; € 3 be an irreducible factor of g, and let O be the set of those
(gi) dividing & ;. We claim that O is a G-orbit, and moreover the product of those
ideals in O is equal to (/). In fact, for any & € G and (g;) € O, the polynomial & (g;)
is also a factor of /;. Hence G preserves 0. If 0’ C O is a G-orbit, the argument
above shows that the product of the ideals in 0’ is defined over K. Hence 0’ =0
by the irreducibility of /. Finally, the argument above also shows that the product
of the ideals in O is defined over K, and is thus equal to (4). O

The following lemma shows that the heights of the factors g; are controlled by
the height of g. Note that the height /(g;) depends only on the ideal (g;) since two
equivalent polynomials have the same height.

Lemma 3.3 (Gelfond’s inequality). Let the notation be as above. Then h(g;) <
h(g) + C for some constant C = C(K,n,d) > 0.
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Proof. See Proposition B.7.3 in [Hindry and Silverman 2000]. (|

Let p be a prime in Ok and ‘B be a prime in O lying above p. Foreach 1 <i <r,
let (g;) (mod‘P) be the ideal in kp[X] obtained by reduction modulo 3. The
following lemma will be used to ensure that (g;) (mod‘J3) remains absolutely
irreducible for all but finitely many ‘3.

Lemma 3.4 (Noether). Let n,d be positive integers. There exist polynomials
Ly, ..., Ly with integral coefficients depending only on n and d in variables A;, _;,
i1+ +i, <d), such that the following statement holds. For any algebraically
closed field F, a polynomial f € F[X] in n variables of total degree at most d with

FGem = Y gt o

ir+tin=<d

is reducible over F or has total degree less than d if and only if £;((a;,..i,)) = 0 for
each1 < j <m.

Proof. See Theorem 2A in [Schmidt 1976]. O

Lemma 3.5. Let the notation be as above. There exists a positive integer E <
C exp(Ch(g)), for some C = C(K,n,d) > 0, such that (g;) (mod*B) is absolutely
irreducible for each 1 <i <r whenever B3 { E.

Proof. 1t suffices to prove the statement for each individual i. Let ¢4, ..., £,, be the
polynomials in Lemma 3.4 corresponding to the degree of g;. After normalizing
we may assume that some coefficient of g; is equal to 1. Thus i(a) < h(g;) for
every coefficient a of g;, where h(a) for a € L* is defined by

h(a) =) _max(log|aly, 0).

Since g; is absolutely irreducible, £; does not vanish at the coefficient vector of g;
for some 1 < j < m; call this nonvanishing value A € L\ {0}. Since all coefficients
of g; have heights bounded by A (g;), we have h(A) = O(h(g;)+1) = O (h(g)+1).
Therefore, there exists a positive integer £ < C exp(Ch(g)) such that A (mod )
is nonzero whenever B3 { E. For these B, the absolute irreducibility of g; (mod )
follows from another application of Lemma 3.4. O

Remark 3.6. The qualitative version of this statement is a special case of a general
result in algebraic geometry: if R is a domain with fraction field F" and S is a
domain finitely generated over R such that the F-algebra Sy = F ®g S is absolutely
irreducible over F, then there is a nonempty open subset U C Spec(R) such that
the fiber algebra S, = k(1) ®g S over k(u), the residue field at u, is absolutely
irreducible.
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Let E be the positive integer from Lemma 3.5. After enlarging E if necessary (but
still with £ < C exp(Ch(g))), we may assume that g; (mod ), ..., g, (mod )
are pairwise inequivalent whenever P 1 E.

Let p1 E be a prime in Ok and ‘B be a prime in Oy, lying above p. The decompo-
sition group Gz = Gal(kyp3/kp) acts on the factors {g; (modP), ..., g, (mod‘P)}
so that £(g; (mod‘R)) is equivalent to g; (mod*P) for any & € Gy. Comparing
this with the G-action on {gy, ..., g-} described at the beginning of this section,
we see that they are compatible via the natural inclusion Gz < G. In particular,
both Gy and G can be viewed as subgroups of the symmetric group on r elements.

For any conjugacy class [§] C G, let s([§]) be the number of fixed points of any
element in [£].

Lemma 3.7. Let the notation be as above. If p t E and p is unramified in L,
then my(g) = s([op]) + O(N(p)~1/?), where (o] is the Frobenius conjugacy class
associated to p.

Proof. Let h € {g1, ..., g-}. Note that ogs fixes () if and only if oy fixes (hg), and
this happens if and only if (hgq) is defined over «p, by Lemma 3.1. Hence s([o}]) is
exactly the number of nonequivalent absolutely irreducible factors of gy, in «p[ X].

Now let hy, ..., hg, hgyq, ..., hy be the nonequivalent irreducible factors of g,
in kp[ X1, where hy, ..., hy are absolutely irreducible, with s = s([op]). Let V (h;)
be the solution set {X € K{j :h;(X) =0}. Then

my(g) = N(p)~ " (Z V() +0 (Z V(hi)N V<h,~>|)). (3-1)

i=1 i<j

Fori < j, since h; and h; are nonequivalent, V (h;) NV (h;) has dimension at most
n — 2. Thus by the Lang—Weil bound [1954] we have

[V(hi)N V(R < N@)" 2.

(In fact the weaker Schwarz—Zippel estimate is enough here). On the other hand,
for 1 <i <, the Lang—Weil bound gives

V() =N@)" "1+ O0N®@p)~"?)
since h; is absolutely irreducible, and for s < i <t we have
|V (hi)| = [V (h) NV (hj)| < N(p)"~2

for some s < j <, with h; a Galois conjugate of ;. Combining these estimates
together in (3-1) we obtain

my(g) =5+ O(N(p) "2,
as desired. ]
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We are now ready to evaluate the quantity
Mp(Q)= )" my(g)log N(p).
Np=Q
By Lemma 3.7, we have

Mi(@) = > s(lop)logN(p)+0(Q"*log Q +log E +log Ap).

Np=0
p unramified in L

Since E < Cexp(Ch(g)), we have log E = O(h(g) + 1). Hence

Mp(Q) =) s(C)¥c(Q)+0(Q"*log Q+h(g)+log Ay),

C
where the sum is over all conjugacy classes C in G, and

Ye(@= Y logN().

N@p)=<0

p unramified in L
[op]"=C

By (a quantitative version of) the Chebotarev density theorem [Lagarias and Odlyzko
1977], for Q > exp(C(log A1)?) we have

IC| IC| QF

=1 2 12
Ve(Q) = |G|Q |G|XO(C)/3 + 0(Q exp(—c(log 0)'%)),

where the second term occurs only if the Dedekind zeta function ¢;, has a Siegel
zero fo, and g is the real character of a one-dimensional representation of G for
which the associated L-function has By as a zero. It follows that

My (Q) = |G|Z @)——0 — S(E)XO(S)
+ O(Q exp(—c(log 0)'/?) + h(g) +log Ap).

By Burnside’s lemma and Lemma 3.2, we have

G Z &) =s(g). (3-2)
EeG
The equality (2-3) follows by setting

18 = o Z &) x0(&). (3-3)
EeG
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By a change of summation, we can write

1(g) = é >0 xo®),

i=1 EEG,’

where G; C G is the subgroup of elements fixing (g;). Since g is a one-dimensional
real character, the inner sum is either O or |G;|, and in the latter case yo(£) = 1
for all £ € G;. Thus in the sum in (3-3) we may restrict to those £ with xo(£) = 1.
Comparing this with (3-2), we obtain #(g) € [0, s(g)] as claimed.

Finally, the inequality (2-4) follows easily from (2-3) by dropping the Siegel
zero term and partial summation.

4. Inverse sieve conjecture implies improved larger sieve

In this section we state a precise version of the inverse sieve conjecture and then
prove Theorem 1.5. The implied constants here are always allowed to depend on
a, €.

Conjecture 4.1 (inverse sieve conjecture). Let X C [N] be a subset and let €, €' >0
be real. Assume that for each parameter Q > N€ we have
|X (mod p)|
Y = <1 =Hm().

p=Q
Then at least one of the following two situations happens:
(1) (very small size) | X| <c,er N€.

(2) (algebraic structure) There exists a polynomial f(x) € Q[x] of degree d €
[2, C] and height at most N€ such that |X N f([N])| = C~'|X|, where C =
C(e, €') is a constant.

Here, we say that a polynomial f(x) € Q[x] has height at most H if f(x) =
A~! f*(x) for some positive integer A < H and f* € Z[x] with all coefficients
bounded by H in absolute value. This is slightly different from the notion of
height used in the statement of Theorem 2.4, in that 4 ( f) is invariant under scalar
multiplication but the notion here is not. Note that if a polynomial f(x) € Q[x]
has height at most H, then h(f) < log H.

Remark 4.2. We make a few remarks explaining why some quantitative aspects of
this conjecture are reasonable.

o The condition on X essentially says that X misses a positive proportion of
residue classes modulo primes p on average, as soon as p exceeds a small positive
power of N. With this assumption, we know from the large sieve that |X| <« N'/?
and from the larger sieve that | X| < N a+0(€) if the upper bound (1 — €))7 (Q) is
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replaced by e (Q). Without the knowledge about X (mod p) for p < N€, one can
essentially add to X any N€ extra elements without violating the assumption, but
one should still expect to see algebraic structure apart from these extra elements.

o The conclusion | X N f([N])| > C~!|X| is equivalent to the seemingly weaker
one |X N f(Q)| > C~'|X], after a suitable modification of the polynomial f which
does not increase its height too much. To see that the interval [N] can be replaced
by Z, note that the set / ={n € Z: 1 < f(n) < N} is the union of at most d
intervals and has size at most d N. Since X N f(Z) = X N f(J), there is an interval
I CJwith | XN f(I)|>d~"|XN f(Z)|, and we may assume that I C [N] after
a translation. To see that f(Z) can be replaced by f(Q), note that if f(x) € Z
for some x € (Q then the denominator of x must divide some positive integer B
depending on the coefficient of f. Then f(Q)NZ C f*(Z)NZ, where f* is defined

by f*(x) = f(x/B).
» The conclusion that f(Z) captures a positive proportion of X cannot be replaced

by the stronger one that f(Z) captures almost all of X. Indeed, it is possible for X
to be the union of f(Z) for several distinct polynomials f.

If | X (mod p)| < ap for small «, repeated applications of Conjecture 4.1 allow
us to strengthen it by requiring the degree d to be fairly large.

Proposition 4.3 (inverse sieve conjecture in the larger sieve regime). Assume the
truth of Conjecture 4.1. Let X C [N] be a subset. Let o € (0, 1) and € € (0, o) be
real. Assume that | X (mod p)| < (a + o(1)) p for each prime p. Then at least one
of the following two situations happens:

(1) (very small size) | X| < N€.

(2) (algebraic structure) There exists a polynomial f(x) € Q[x] of degree d €
[2, C] and height at most N€ such that |X N f(Z)| > C~ "X |, where C = C (¢€)
is a constant. Moreover, we may ensure that T(d) > (1 — ea L.

Proof. Suppose that | X| > N€. We will apply Conjecture 4.1 iteratively to con-
struct a sequence of polynomials fi, f2,..., fx and a sequence of sets Xy =
X, X1, X2, ..., Xk, with k = O(1), such that the following conditions hold:

(1) deg fi =d; €[2,C], and t(didp - - - dy) > (1 — el
(2) the height of f; is at most N9 for each 1 <i <k;
(3) X; C[N]and | X;|> |X;_i| foreach 1 <i <k;

@) fi(X;) C Xj—yforeach 1 <i <k.

Suppose first that these objects are constructed. Let f = fio foo- -0 fi.
By property (1), the degree d of f is O(1) and satisfies t(d) > (1 —e)a~!. By
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property (2), the height of f is N9, By property (3), we have |X;| > |X|. By
property (4), we have f(Xy) C XN f([N]). Hence

XN FANDI = 1f (X1 > [ Xl > | X,

as desired.

It thus remains to construct fi, ..., fx and Xy, ..., X;. Suppose that f;, X;
with j < i are already chosen for some i > 1 satisfying the required properties
(2)—(4) and deg f; = d; € [2, C]. We will construct f; and X; from these. Let
F=fio---ofi_1ifi > 1 and let F be the identity map if i = 1. Let D be the
degree of F. We may assume that t(D) < (I — €)a™!, since we may stop the
iteration otherwise. By property (4), we have F(X;_1) C X.

Let F = A~'F* with A < N© a positive integer and F* € Z[x] a polynomial
whose coefficients are all bounded by NC. Let G € Z[x, y] be the polynomial
defined by G(x, y) = F*(x) — F*(y). Let p 1 A be a prime. For each r € Z/pZ,
let v, (r) be the number of x € Z/pZ with F(x) =r (mod p). Then

[Xici modp)| < Y wp(r)

reF(X;—1) (mod p)

1/2
<X (mod p)l‘”(Z vp<r>2)

r

< (a@+o0(1)?m,(G)"*p,

by Cauchy-Schwarz, the assumption that |X (mod p)| < (« 4+ o(1))p, and the
definition of m ,(G) in Definition 2.2. For any Q > N€¢, we then have

> Et OGP (44012 Y my(6)'2 + O(log 4)
=0 p p=0
1/2
<( +0(1))”2n(Q)1/2(Z mp<G>) +0(og N).

p=Q
Now apply Theorem 2.4 (and recall (2-2)) to obtain

3 |Xi—1 (mod p)|
p

< [(e+o(1))T(D)]'*7(Q) + O(Q exp(—c(log 0)'/?) + 0'*log N).

Since T(D) < (1 — €)a™!, the first term above is at most (1 — €/2)7(Q), and
thus X;_; satisfies the hypotheses in Conjecture 4.1, with € replaced by €/3 and
N sufficiently large. Since |X;_1| > N€, we must be in the algebraic case. Let
fi € Q[x] be a polynomial of degree d; € [2, C] and height at most N € such that
| Xi—1 N fi(IND| > |Xi-1l, and let X; C [N] be chosen so that f;(X;) C X;_1

p=Q
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and | X;| > | X;_1|. This completes the inductive construction. Finally, since the
quantity t(did - - - d;) strictly increases with i, the process terminates after O (1)
iterations. ([l

Proof of Theorem 1.5. Apply Proposition 4.3 to conclude that either | X]| is very
small and we are done, or else there exists a polynomial f(x) € Q[x] of degree
d € [2, C] and height at most N€ such that | X N FAND| > C*1|X|. Moreover, we
have 7(d) > (1 —e)a~!. Hence

X< IXNFANDI < [ININ FANDI < N,

where the last inequality follows from a result of Walsh [2015], which removes
the € term from the exponent appearing in [Bombieri and Pila 1989; Heath-Brown
2002]. O

5. Polynomials with small value sets modulo primes

In this section we prove Theorem 1.7. First we state a result connecting the quantity
a,(f) to a Galois group. For a polynomial f(x) € F,[x] of degree d, denote by R
the set of roots in [, (¢) of the polynomial f(x) —¢. Define

Gy =Gal(F,(Ry)/Fp(1)), G% =Gal(F,(Ry)/F, ).

In other words, G  and G* are the Galois groups of the splitting field of f(x) —¢
over [, (¢) and F p(0), respectlvely It is easy to see that G* is a normal subgroup
of Gy with Gf/G* cyclic. In fact, Gf/G is isomorphic to Gal(F,(Rs)N [F,,/[Fp).
For any subset E C G 7, we use a(E) to denote the proportion of elements in &
with at least one fixed point under the natural action on R.

Lemma 5.1 [Cohen 1970]. Let f(x) € F,[x] be a polynomial of degree d > 1. Let
UG* be the coset which is the Frobenius generator of the cyclic quotient G r/ G,
conszdered under its isomorphism with Gal(F,(Rs) N F »/Fp). Then

ap(f) =a(@Gh)+ 0q(p~'"?).

In particular, if G y = G*} then

a,(f) =a(Gs)+ 0a(p~'?).

Remark 5.2. In [Cohen 1970] this is deduced from a function field version of the
Chebotarev density theorem. The Galois groups G r and G* above can be interpreted
in terms of finite étale Galois coverings of P! (F p). In thls way Lemma 5.1 becomes
a 0-dimensional special case of Deligne’s equidistribution theorem. See [Kowalski
2010] for an excellent survey on this topic. This function field version of the
Chebotarev density theorem and related equidistribution results play an important
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role in proving function field analogues of certain classical analytic number theory
conjectures [Bank et al. 2015; Andrade et al. 2015; Entin 2014].

Proof of Theorem 1.7. Recall that the sequence of polynomials { f,,} is defined by

[ =x2 frp(x) = (fulx) + D2

Write G, =Gy,, G, = G7% , and R, = Ry,. Since any root o € R, satisfies either
fo1(a) = =14/t or f,_i(a) = —1 — /t, we may decompose R, as the union
R, = RS UR;, with

Ry =f{a € Ry: fu1(@) =—1%1}.

Note that both Gal([Fp(R,T)/[Fp(\/?) and Gal(Fp(R;)/Fp(ﬁ)) are isomorphic to
Gy—1, and similarly both Gal(F,(R;)/F,(/t) and Gal(F,(R;)/F , (/1)) are iso-
morphic to G _,.

Let H, and H’ be the normal subgroup of G, and G that fixes J/t, so that
(G, : H,] = [G* : H] = 2. Since H, preserves both R and R, , we get an
embedding ¢, : H, — G,—1 X G,_ by setting the first and second components of
L, (&) to be the images of & under the two quotient maps H, — Gal(F ,,(R;lr )/Fp (V1))
and H, — Gal(F,(R,)/F, (+/1)), respectively. Similarly, we also get an embedding
i HYy —> Gy xG)_,.

We show, by induction on n, that when p > 2 f,,_1(0) 4+ 2, the embeddings ¢,
and ¢} are in fact isomorphisms, and moreover G, = G, for each n. The base case
is clear. Now assume that G,_; = G _,. To see that ¢} is surjective, by Lemma 15
in [Fried 1970] it suffices to verify that for each A € Fp, at most one of the two
values —1 + ﬁ and —1 — «/X is a branch point of f,,_;. By definition, the set of

branch points of f,,_ is
(a1 1x €Fp. fr1 (1) =0},
This is easily computed to be the set
{/100), /200), ..., fa-1(0)} ={0,1,4,25,...}.

When p > 2f,_1(0) + 2, it is indeed the case that at most one of —1 + +/A and
—1 — /A can lie in this set for any A. This shows that

* A~ vk * o~
Hn = Gn—l X Gn—l = Gn—l X Gn—l-

Moreover, since H, C H, C G,—1 x G,—1, we conclude that H = H,, and thus
G = G, as well. This completes the induction step.

With the structure of G,, in hand, it is now a simple matter to write down the
recursive relation

ap(fi) = 3[1— A —ap(fum)) ] = ap(fumt) — S (fam)?,
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provided that p > 2 f,,_1(0) 4 2. In fact, if £ € G, has a fixed point, then & must
fix /7 and thus lie in H,, and moreover at least one of the two components of ¢, (&)
has a fixed point. Finally, the bound a, < 2n~! follows from a standard induction
argument. O

We mentioned in Remark 2.5 the reasoning behind making f, highly decom-
posable. To end this section, we show that decomposability is quite essential in
order for c, to be small. The proof uses Theorem 2.4 together with results in [Fried
1970] (similar arguments are also used in [Guralnick and Wan 1997]). We say that
a polynomial f is indecomposable if it cannot be written as a composition of two
polynomials of degree at least 2.

Proposition 5.3. Let f(x) € Z[x] be an indecomposable polynomial of degree
d > 1. Then the average value of a,( f Y~V as p varies is at most 2. Consequently,
a(f) =1

Proof. Let G be the Galois group of the splitting field of f(x)—¢ over Q(¢), viewed
as a subgroup of the symmetric group S; on d letters via its action on the d roots
of f(x)—t. Since f is indecomposable, G is primitive [Fried 1970, Lemma 2].
Moreover, G contains a d-cycle [ibid., Lemma 3]. Hence either d is prime or G
is doubly transitive [ibid., Lemma 7]. In either case, the conclusion follows from
Theorem 2.4, since 7(d) =2 when d is prime and (f(x) — f(y))/(x —y) € Q[x, y]
is irreducible when G is doubly transitive [ibid., Lemma 14]. O

6. Further remarks

6A. More on the sharpness of Gallagher’s larger sieve. Gallagher’s larger sieve
in its general form as stated in Theorem 1.1 has the optimal bound. Indeed, if
we take A C [N] to be any subset with cardinality Q and take % be the set of all
primes between Q and N, the general form of the larger sieve gives the sharp bound
|A| < Q, because the numerator is about N and the denominator is about N/ Q.
This shows that any potential improvement to Corollary 1.2 must incorporate the
ill-distribution modulo many small primes.

Under the assumption of Corollary 1.2, one may go over the argument in the
proof of the larger sieve to find out what happens if |A| is close to N*. Indeed, in
the typical proof of Gallagher’s larger sieve, one uses the upper and lower bounds

1X|? 2
— 1o -
gl = E E log p < [X["log N +|X|Q, (6-1)
x,.x'eX plx—x'
p=Q

where Q is about N¢.
If the upper bound is (almost) sharp, then almost all of the nonzero differences
x — x’ should be Q-smooth, meaning that they do not have prime divisors larger
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than Q. For a random integer n, it is reasonable to expect that

log p
Y togpr 3 2L Liog 0. (6-2)
pln p=0 P
=<0

If this indeed holds for almost all differences x — x’, then one can take Q to be any
small power of N and deduce from (6-1) that | X| < N€.
Now consider the situation when X is the set of d-th powers up to N. Because
of the factorization
a’ —b! =] [ ®e(a. b).
old

where @, is the cyclotomic polynomial of degree ¢ (£), we cannot expect (6-2)
to be true for n = a? — b?. However, it is still reasonable to expect that each
factor ®,(a, b) satisfies (6-2). If so, then we obtain an upper bound in (6-1) with
log N there replaced by 7(d) log Q, which in turn implies that 7(d) > a~!. This is
consistent with the conclusion of Theorem 1.5.

On the other hand, making this heuristic rigorous could be extremely hard. For
example, it is an open problem to obtain a bound better than |X| < N'/? for
X C [N] with all nonzero differences x — x’ (x, x’ € X) N¥-smooth, where x > 0
is sufficiently small (see [Elsholtz and Harper 2015]).

There are versions of Gallagher’s larger sieve over arbitrary number fields [Ellen-
berg et al. 2009; Zywina 2010]. One can ask similar questions about their sharpness
in this general setting, and use Theorem 2.4 to formulate an improved larger sieve
conjecture. We will not do so here since the case over Z is already quite interesting.

6B. Computing a(f) via Galois groups. The main result of this paper computes
the average of m,(f) as p varies, as a consequence of the Chebotarev density
theorem. It is natural to ask if one can compute «( f), the average of a,(f) as p
varies, directly, especially since we do have such a formula for each individual
ap(f) asin Lemma 5.1.

Proposition 6.1. Let K be a number field and f(x) € Ok [x] be a monic polynomial
of degree d. Let G = Gal(K(R)/K(t)), where R is the set of roots of f(x) —t.
Let a(G) be the proportion of elements in G with at least one fixed point under the
natural action on R. Then

lim —— = a(G).
anoon(Q)N(mSQap(f) @

In other words, a(f) = a(G).

Remark 6.2. Unfortunately, we are unable to use this interpretation to obtain good
lower bounds on «( f), but see [Guralnick and Wan 1997] for an example where
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large values of «,(f) are studied via Galois groups. On the other hand, we feel
that any possible improvement to the bound «( f) > 7(d) ™! is likely to come from
studying the Galois group G.

Proof. Write E = K(R). Let G* = Gal(K(R)/K(t)). Let L = EN K be the
algebraic closure of K in E, so that £ = L(R) and G* = Gal(E/L(t)). By the
primitive element theorem, there exists 8 € E such that £ = L(¢, ). Suppose that 6
satisfies the relation

B @O0 +-- -+ h ()0 + ho(t) =0,

where m = [E : L(¢)] and h,,(¢), ..., h1(t), ho(t) are relatively prime polynomials
over L. Let h € L[t, y] be the two-variable polynomial defined by

h(t,y) =hu@®)y" +---+hi1(@)y+ho(t).

Clearly / is a minimal polynomial of 8, and thus # is irreducible. By the definition
of L, the polynomial # is also absolutely irreducible.

Let p C Ok be a prime in K and 3 C Oy, be a prime in L lying above p. By
Lemma 3.5, hsgs € k[, y] remains absolutely irreducible for all but finitely many ‘B.
Let Oy € m be an element satisfying hgq (7, 6p) = 0, so that Exy = ki (2, Op) is a
degree-m field extension of kg (¢) with Exy Nk, = k. Since E/L(¢) is Galois, all
roots of (¢, y) in L(1) lie in E. This implies that all roots of Ay (2, y) in W lie
in Eq for all but finitely many 33, and thus Egs/ks:(¢) is also Galois. Note that there
is a natural isomorphism G* = Gal(E/L(t)) = Gal(Esxz/ksp(1)), since an element
in either Galois group is determined by its image of 6 or .

Now we look at the polynomial f(x) —¢. Since it factors into linear factors
over E, its reduction f,(x) — ¢ factors into linear factors over Eg for all but finitely
many 3. By an abuse of notation, we will continue to write R for the set of roots
of fy(x) —1in m. Therefore the splitting fields x3(R) and «, (R) are contained
in Eq. On the other hand, since 6 € K(R) and L C K(R), we have 6y € «p(R)
and kg C kp(R) for all but finitely many 3. This shows that k,(R) = Egp.

Let osG* be the coset which is the inverse image of the Frobenius automor-
phism ogz under the quotient map

Gal(Eqp/kp(1)) — Gal(kp(2)/kp (1)) = Gal(kg /kp),
which has kernel Gal(Esy:/k3(t)) = G*. By Lemma 5.1, we have
ap(f) = a(opG*) + 04(N(p)~'/?).

Note that the quantity o(opG*) does not depend on the choice of 3. Via the
inclusion Gal(ky/ky) — Gal(L/K), we may view og as an element in Gal(L/K)
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and opG™ as a coset in G. By the Chebotarev density theorem, the cosets o G*
become equidistributed in G as p varies. Therefore a(f) = «(G) as desired. [

For a generic polynomial of degree d, the Galois group G in Proposition 6.1 is
the full symmetric group S;. Indeed, using the large sieve inequality, Gallagher
[1973] obtained a precise bound on the number of exceptional polynomials (with
coefficients bounded by a parameter) whose Galois group is not S;. This bound
has since been improved by Dietmann [2013]. By Proposition 6.1, this implies that

1

Oé(f):a(Sd):l_§+ L_F..._{_(—])d*l

24 d!

AN —

for a typical f of degree d. Moreover, this quantity tends to 1 —e~! as d — oo.
For d < 4, we have the following sharp lower bounds.

Proposition 6.3 (polynomials of small degree). For a positive integer d, let oy be
the smallest possible value of «(f), where f € Q[x] is a polynomial of degree d.

Then oy = %, o3 = %, and ag = %.

Proof. For d =2 this is obvious. Suppose that d € {3, 4}. Let G be the Galois group
as in Proposition 6.1. We claim that G # Z/dZ, the cyclic group of order d. In fact,
for ¢ € Z sufficiently large, the polynomial f(x) =1 has at least one real root and
at least one nonreal root. Let « € R be a real root of f(x) =¢. Then the splitting
field of f(x) — ¢t contains properly the subfield Q(«), and thus has degree larger
than d over Q. This shows that the Galois group of f(x) —¢ is not Z/dZ for all ¢
sufficiently large. The fact that G # Z/dZ then follows from Hilbert’s irreducibility
theorem. Now that G C S is transitive and G # Z/dZ, the only possibilities are
G = S3 whend =3 and G € {S4, A4, D4} when d = 4. The conclusion follows by
computing «(G) for these choices of G. ]

Not surprisingly, the nature of «; depends not only on the size of d, but also
the arithmetic of d (see Proposition 5.3). In general, given a transitive subgroup
G C S, we do not know how to tell whether G can be realized as a Galois group as
in Proposition 6.1. This is reminiscent of the inverse Galois problem over K (¢), but
here we require the polynomial to take the shape f(x) — ¢ for some f(x) € K[x].
We refer the interested reader to the book [Serre 2008] and references therein for
background and known results on the classical inverse Galois problem.
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Bounds for Serre’s open image theorem for
elliptic curves over number fields

Davide Lombardo

For an elliptic curve E /K without potential complex multiplication we bound the
index of the image of Gal(K /K) in GL, (Z), the representation being given by
the action on the Tate modules of E at the various primes. The bound is explicit
and only depends on [K : Q] and on the stable Faltings height of E. We also
prove a result relating the structure of closed subgroups of GL,(Z;) to certain Lie
algebras naturally attached to them.

1. Introduction

We are interested in studying Galois representations attached (via ¢-adic Tate
modules) to elliptic curves E defined over an arbitrary number field K and without
complex multiplication, i.e., such that Endg (E) = Z. Let us recall briefly the setting
and fix some notation: the action of Gal(K /K) on the torsion points of E g gives
rise to a family of representations (indexed by the rational primes £)

p¢ : Gal(K /K) — GL(T,(E)),

where T;(E) denotes the £-adic Tate module of E. As T;(E) is a free module of
rank 2 over Zy, it is convenient to fix bases and regard these representations as
morphisms

pe : Gal(K /K) — GLa(Zy),

and it is the image G, of these maps that we aim to study. It is also natural to
encode all these representations in a single “adelic”” map

oo : Gal(K /K) — GLy(2),

whose components are the p, and whose image we denote G,. By a theorem
of Serre [1972, §4, Théoreme 3], G is open in GLz(z), and the purpose of the
present study is to show that the adelic index [GL; (2) : G o] is in fact bounded by
an explicit function depending only on the stable Faltings height #(E) of E and
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Keywords: Galois representations, elliptic curves, Lie algebras, open image theorem.
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on the degree of K over (), generalizing and making completely explicit a result
proved by Zywina [2011] in the special case K = Q. More precisely we show:

Corollary 9.3. Let E/K be an elliptic curve that does not admit complex multipli-
cation. The inequality

[GL2(2) : poo(Gal(K /K))] < y1 - [K : Q1" - max{1, h(E), log[K : Q]}*
holds, where y; = exp(1021483) and y» = 2.4 10'°,

Remark 1.1. We actually prove a more precise result (Theorem 9.1), from which
the present bound follows through elementary estimates. The large constants
appearing in this theorem have a very strong dependence on those of Theorem 2.1;
unpublished results that Eric Gaudron and Gagl Rémond have been kind enough to
share with the author show that the statement can be improved to

[GL2(Z) : poo(Gal(K /K))] < y3- (K : @]-max{1, h(E), log[K : Q1})"
with the much better constants y3 = exp(1.9-10'°) and y4 = 12395; see Remark 9.4.

As an easy corollary we also get:

Corollary 9.5. Let E/K be an elliptic curve that does not admit complex multipli-
cation. There exists a constant y (E /K) such that the inequality

[K(x):K1>y(E/K)N(x)*

holds for every x € Eiors(K ). Here, N(x) denotes the order of x. We can take
Y(E/K)=(¢(2)-[GL, (Z) : poo Gal(K /K1) ™!, which can be explicitly bounded
thanks to the main theorem.

Remark 1.2. This corollary (with the same proof, but with a noneffective y (E/K))
follows directly from the aforementioned theorem of Serre [1972, §4, Théoreme 3].
The exponent 2 for N (x) is best possible, as is easily seen from the proof by taking
N = ¢, a prime large enough that G, = GL2(Z,).

It should also be pointed out that for a general (possibly CM) elliptic curve,
Masser [1989, p. 262]) proves an inequality of the form

N (x)

. 1 —-3/2
[K(x): K]=y (K)h(E) Tog N ()’

where y/(K) is an effectively computable (but nonexplicit) constant that only
depends on [K : Q].

We briefly sketch the proof strategy, highlighting differences and similarities
between our approach and that of [Zywina 2011]. By a technique due to Masser
and Wiistholz (cf. [Masser and Wiistholz 1993c; 1993a] and [Masser 1998]), and
which is by now standard, it is possible to give a bound on the largest prime ¢
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for which the representation modulo £ is not surjective; an argument of Serre then
shows that (for £ > 5) this implies full £-adic surjectivity. This eliminates all the
primes larger than a computable bound (actually, of all those that do not divide a
quantity that can be bounded explicitly in terms of E). We then have to deal with
the case of nonsurjective reduction, that is, with a finite number of “small” primes.

In [Zywina 2011] these small primes are treated using two different techniques.
All but a finite number of them are dealt with by studying a family of Lie algebras
attached to Gy; this analysis is greatly simplified by the fact that the reduction
modulo £ of G, is not contained in a Borel subgroup of GL,([F), a result depending
on the hard theorem of Mazur on cyclic £-isogenies. The remaining primes belong
to an explicit list (again given by Mazur’s results), and are treated by an application
of Faltings’ theorem to certain modular curves. This approach, however, has two
important drawbacks. On the one hand, effective results on cyclic isogenies do
not seem — at present— to be available for arbitrary number fields, so the use of
Mazur’s theorem is a severe obstacle in generalizing this technique to number fields
larger than Q. On the other hand, and perhaps more importantly, the use of Faltings’
theorem is a major hindrance to effectivity, since making the result explicit for a
given number field K would require understanding the K -points of a very large
number of modular curves, a task that currently seems to be far beyond our reach.

While we do not introduce any new ideas in the treatment of the large primes,
relying by and large on the methods of Masser—Wiistholz, we do put forward a
different approach for the small primes that allows us to bypass both the difficulties
mentioned above. With respect to [Zywina 2011], the price to pay to avoid the use
of Mazur’s theorem is a more involved analysis of the Lie algebras associated with
subgroups of GL,(Z;), which is done here without using a congruence filtration,
but dealing instead with all the orders at the same time; this approach seems to
be more natural, and proves more suitable for generalization to arbitrary number
fields. We also avoid the use of Faltings’ theorem entirely. This too comes at a
cost, namely replacing uniform bounds with functions of the Faltings height of the
elliptic curve, but it has the advantage of giving a completely explicit result, which
does not depend on the (potentially very complicated) arithmetic of the K -rational
points on the modular curves.

The organization of the paper reflects the steps alluded to above: in Section 2 we
recall an explicit form of the isogeny theorem (as proved by Gaudron and Rémond
[2014] building on the work of Masser and Wiistholz) and an idea of Masser that
will help improve many of the subsequent estimates by replacing an inequality with
a divisibility condition. In Sections 3 through 6 we prove the necessary results
on the relation between Lie algebras and closed subgroups of GL;(Z;); the main
technical tool we use to show that the Galois image is large is the following theorem,
which is proved in Sections 4 (for odd £) and 5 (for £ = 2):
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Theorem 1.3. Let £ be an odd prime (resp. £ = 2). For every closed subgroup G of
GL,(Z,) (resp. every closed subgroup whose reduction modulo 2 is trivial if £ = ?2)
define L(G) to be the Zy-span of {g — @ -1d | g € G}.

Let H be a closed subgroup of GLy(Zy). There is a closed subgroup H, of H, of
index at most 24 (resp. with trivial reduction modulo 2 and of index at most 192
for £ = 2), such that the following implication holds for all positive integers s: if
L(Hy) contains £°sly(Zy), then H, itself contains

By(4s) = {g € SLo(Zy) | g =1d (mod £*)}  (resp. B2 (65) for £ =2).

The methods of these sections are then applied in Section 7 to get bounds valid
for every prime £ (cf. Theorem 7.5, which might have some independent interest),
while Section 8 deals with the large primes through the aforementioned ideas of
Masser and Wiistholz. Finally, in Section 9 we put it all together to get the adelic
estimate.

2. Preliminaries on isogeny bounds

The main tool that makes all the effective estimates possible is a very explicit
isogeny-type theorem taken from [Gaudron and Rémond 2014], which builds on
the seminal work of Masser and Wiistholz [1993b; 1993a]. To state it we will need
some notation: we let a(g) = 2'%¢> and define, for any abelian variety A/K of
dimension g,

b(K : Q), g, h(A)) = ((14g)64g2[K : Q@] max(h(A), log[K : Q], l)z)a(g).

Theorem 2.1 [Gaudron and Rémond 2014, Théoreme 1.4; cf. also the section “Cas
elliptique”]. Let K be a number field and let A, A* be two abelian K -varieties of
dimension g. If A, A* are isogenous over K, then there exists a K -isogeny A* — A
whose degree is bounded by b([K : Q], dim(A), h(A)).

If E is an elliptic curve without complex multiplication over K , then the same
holds with b([K : Q], dim(A), h(A)) replaced by

10[K : QF? max(h(E), log[K : @], 1)°.

Remark 2.2. As the notation suggests, the three arguments of b will always be the
degree of a number field K, the dimension g of an abelian variety A/K and its
stable Faltings height #(A).

Remark 2.3. Unpublished results of Gaudron and Rémond show that if A is the N-
th power of an elliptic curve E/K and if A* is K-isogenous to A, then a K -isogeny
A* — A exists of degree at most 10N [K : @]V max(h(E), log[K : Q], 1)2N.
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The following theorem follows easily from the arguments in Masser’s paper
[1998]; however, since it is never stated explicitly in the form we need, in the
interest of completeness we include a short proof.

Theorem 2.4. (Masser) Suppose that A/ K is an abelian variety that is isomorphic
over K to a product Afl X...X Ay, where Ay, ..., A, are simple over K, mutually
nonisogenous over K, and have trivial endomorphism ring over K. Let b € R be
a constant with the following property: for every K -abelian variety A* isogenous
to A over K, there exists an isogeny ¥ : A* — A with degy < b. Then there
exists an integer by < b with the following property: for every K -abelian variety A*
isogenous to A over K, there exists an isogeny Yy : A* — A with deg Vg | bo.

Proof. All the references in this proof are to [Masser 1998]. We briefly recall the
notation of this paper first. Let m be a positive integer and G be a Gal(K /K)-
submodule of A[m]. For every K-endomorphism 7 of A we denote by ker,, T the
intersection ker T N A[m]; we also define

fm(G) := min[ker,, T : G],

where the minimum is taken over all 7 in Endg (A) with G C ker,, 7. By Lemma 3.3,
we have f,,(G) < b for every positive integer m and every Galois submodule G
of A[m]. We set by :=max,, ¢ fn(G), where the maximum is taken over all positive
integers m and all Galois submodules G of A[m]: clearly we have by < b. Now
if A* is a K-abelian variety that is K-isogenous to A over K, then by Lemma 4.1
there exists a K-isogeny ¥ : A* — A such that deg v | by, and this establishes the
theorem. Notice that in order to apply Lemma 4.1, we need i (Endg (A)) =1 (in
the notation of [Masser 1998]), which can be deduced as on page 185, proof of
Theorem 2. ([l

We will denote by by(K, A) the minimal by with the property of the theorem; in
particular bo(K, A) < b([K : Q], h(A), dim(A)). Consider now by(K’, A) as K’
ranges over the finite extensions of K of degree at most d. On one hand, bo(K, A)
divides bo(K’, A); on the other hand bo(K', A) < b(d[K : Q], h(A), dim(A)) stays
bounded, and therefore the number

bo(K,A:d)= lem bo(K', A)
[K":K]<d

is finite. The function bo(K, A; d) is studied in [Masser 1998, Theorem D], mostly
through the following elementary lemma:

Lemma 2.5 [Masser 1998, Lemma 7.1]. Let X, Y > 1 be real numbers and B be a
family of natural numbers. Suppose that for every positive integer t and every subset
A of B with |A| =t we have lcm(A) < XY'. The least common multiple of the
elements of B is then finite, and does not exceed 4°¥ X +1°¢(©) ywhere e = exp(1).
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By adapting Masser’s argument to the function b(d[K : Q], h(A), dim(A)) at
our disposal, it is immediate to prove:

Proposition 2.6. If A of dimension g > 1 satisfies the hypotheses of Theorem 2.4,
then

bo(K,A;d) 546XP(1)‘(d(1+10gd)2)“(g)b([K -Q], dim(A),h(A))1+°‘(g)(IOg(d)+21°g(l+logd)).
If E is an elliptic curve without complex multiplication over K , then the number
bo(K, E; d) is bounded by

4exp(1)-d2(1+1ogd)2(1013[K : @]2 max(h(E), log[K : Q] 1)2)1+210gd+210g(1+logd).

Proof. We can clearly assume d > 2. We apply the lemma to B={bo(K', A)}/x"-k}<d-
Choose ¢ elements of B, corresponding to extensions Ky, ..., K; of K, and set
L =K,;---K,;. We claim that

max{log(d'[K : Q]), 1} < (1 +log(d))’ max{1, log[K : Q]}.
Indeed the right hand side is clearly at least 1, so it suffices to show the inequality
tlog(d) +1log[K : Q] < (1 +1log(d))" max{1, log[K : Q]}.
As log(d) > 0, we have (1 +1log(d))" > 1 +tlog(d) by Bernoulli’s inequality, and
the claim follows. We thus see that Icm(bog(Kq, A), ..., bo(K,, A)) divides
bo(L, A) <b([L:Q],dim(A), h(A))
<b(d'[K : Q], dim(A), h(A))
< ((d(1+1ogd)>)*®) b([K : Q], dim(A), h(A)),
so we can apply Lemma 2.5 with
X =b(K:Q], dim(A),h(A), Y =(d(+logd)**®
to get the desired conclusion. The second statement is proved in the same way
using the corresponding improved bound for elliptic curves. O

Remark 2.7. We are only going to use the function by(K, A; d) for bounded
values of d (in fact, d < 24), so the essential feature of the previous proposition
is to show that, under this constraint, by(K, A; d) is bounded by a polynomial in
b([K : Q], dim(A), h(A)).

Also notice that, if A = E? is the square of an elliptic curve E/K, then using
the improved version of Theorem 2.1 mentioned in Remark 2.3 we get

bo(K, E2: d) < 49p()-d*(+logd)*,

{(10%[K : Q]* max(h(E), log[K : @], 1)*)! FHlogdt4lostitlogd)
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We record all these facts together as a theorem for later use:

Theorem 2.8. Suppose A/K is an abelian variety, isomorphic over K to a product
of simple abelian varieties, each having trivial endomorphism ring over K. There
exists a positive integer bo(K, A), not exceeding b([K : Q], dim(A), h(A)), with
the following property: if A* is isogenous to A over K, then there exists an isogeny
A* — A, defined over K, whose degree divides by(K, A). Furthermore, for every
fixed d the function

bo(K, A; d) =lemg.x1<a bo(K', A)

exists and is bounded by a polynomial in b([K : Q], dim(A), h(A)).

3. Group theory for GL;(Z,)

Let £ be any rational prime. The subject of the following four sections is the study of
certain Lie algebras associated with closed subgroups of GL,(Z,); the construction
we present is inspired by Pink’s paper [1993], but we will have to extend his results
in various directions: in particular, our statements apply to GL,(Z,) (and not just to
SL(Zy)), to any £, including 2, and to arbitrary (not necessarily pro-£) subgroups.
The present section contains a few necessary, although elementary, preliminaries
on congruence subgroups, and introduces the relevant objects and notations.

Congruence subgroups of SL2(Z;). We aim to study the structure of the congru-
ence subgroups of SL,(Z,), which we denote

By(n) = {x € SLa(Zy) | x =1d (mod £")}.

Notation. We let vy be the standard discrete valuation of Z, and set v = v¢(2)
(namely v=01if £ # 2 and v = 1 otherwise). We also let (1 ,ﬁz) denote the generalized

binomial coefficient (]112) = % Hf.:é (% — i) and define +/1 4 to be the formal

power series ) ;- (liz)tk.

The first piece of information we need is the following description of a generating
set for By(n):

Lemma 3.1. Forn > 1 the group B, (n) is generated by the elements

10 15 1+4¢ O
L”_(a 1), Rb_(o 1) and Dc_< 0 ﬁ)

fora, b, c ranging over £"7,.
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Proof. Let x = (;‘; i;) be an element of By(n). Since x1; = 1 (mod £), it is in

particular a unit, so a = —% has valuation ve(a) = ve(x21) > n, i.e., a € £"Z,.

Next we compute
X X
Lyx= (! 12 :
0 axiz+xp

we are thus reduced to the case x»; = 0. Under this hypothesis, and by choosing
b= —i—:f, it is easily seen that x R, € B,(n) is diagonal, and since every diagonal
matrix in By (n) is by definition of the form D, for some c € £"Z,, we are done. []

We will also need a description of the derived subgroup of By(n); in order to

prove the relevant result, we first need a simpleminded lemma on valuations that
will actually come in handy in many instances:

Lemma 3.2. Let x € Z,. We have:

(1) For £ =2 and vy(x) > 3, the series /1 +x = Zkzo (1£2)xk converges to the
only solution A of the equation \* = 1 + x that satisfies . = 1 (mod 4). The
inequality vo(/1+x — 1) > vo(x) — 1 holds.

(2) For € #2 and vy(x) > 0, the series /1 +x = Zkzo (léz)xk converges to the
only solution A of the equation \* = 1 + x that satisfies > = 1 (mod £). The
equality ve(+/1+x — 1) = ve(x) holds.

Proof. For £ =2, we have

v2(<lé2)) _ vz((1/2)(—1/2) - (—(2k—3)/2)> C k— k) > 2k,

while for any other prime,

w(<1£2)) - vg<l:lj(2i — 1)) — (k) > —vp(k!) > —ik.

Convergence of the series is then immediate in both cases, and the identity of
. 2 L .
power series (Z k>0 (122)t") =14t implies that, for every x such that the series
converges, » k>0 (122))(" is indeed a solution to the equation A> = 1+ x.

Let now £ = 2. Note that in the series expansion v/1+x—1=3} ., (liz)xk all
the terms, except perhaps the first one, have valuation at least

(v2(x) —=2)-2>vy(x) — 1.

As for the first term, it is simply %“, so it has exact valuation vp(x) — 1 and we
are done; a similar argument works for £ # 2, except now v (x/2) = ve(x). The
congruence /1 +x =1 (mod 4) (resp. modulo ¢) now follows. ]

Lemma 3.3. For n > 1 the derived subgroup of By(n) contains By (2n + 2v).
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Proof. Take R, = ((1)117) with b = 0 (mod ¢2"72Y) and set 8 = ¢". By the above
lemma, 1 + % has a square root y congruent to 1 modulo ¢ that automatically
satisfies y =1 (mod £"), so

. y 0 (1B
M_<O§) and N_(O 1)

both belong to By(n). It is immediate to compute

g (1 BGP=DY _(1b
(4 )-(12)

so R, belongs to By(n)’. Similar identities also show that, for every a = 0
(mod 22"*2V) the derived subgroup By(n)" contains (Lll (1)) = L,. To finish the
proof (using Lemma 3.1) we now just need to show that By(n)’ contains D, for
every ¢ = 0 (mod £2"*2Y). This is done through an identity similar to the above;
namely, we set

i 0 1
M:( e 0 ) and N:<c ’B1>,
B/ 14+c  A/1+4c EC+

and compute that MNM~'N~! = (lgc 1 (? +C)) = D... The only thing left to check

is that M and N actually belong to B, (n), which is easily done by observing that

v/ 1+c=1 (mod £") by the series expansion and that v‘(ﬁjf?) >2n+2v—n> E

To conclude this paragraph we describe a finite set of generators for the congru-
ence subgroups of SL;(Z>):

Lemma 3.4. Leta,ue€Zyand L, = (; (1)) Let G be a closed subgroup of SL,(Z5).
If L, € G, then G also contains L, = (alu (1)) Similarly, if G contains R, = ((1) }1’),
then it also contains Ry, for every u € Z,. Finally, if c =0 (mod 4) and G contains
D, = (]gc 1/(?_“‘)), then G contains Dy, for every u € 7.

Let s > 2 be an integer. If a, b, c € 47, are such that max{v,(a), v2(b), v2(c)} <s,

and if G contains L,, Ry and D., then G contains B, (s).

Proof. We show that the set W consisting of the w in Z, such that L, belongs to G
is a closed subgroup of Z; containing 1. Indeed, L;y, Law, = Laqw,+w,) by a direct
calculation, so in particular L} = L_,,; furthermore 1 € W by hypothesis, and if
w, is a sequence of elements of W converging to w, then {L,,, } € G converges
to Ly, and since G is closed, L, itself belongs to G, so w € W. It follows that
W is closed and contains the integers, and since Z is dense in Z, we get W = 75
as claimed. Given that u +— Rp,, is a group morphism the same proof also works
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for the family Rj,. The situation with the family D, is slightly different in that
u — D, is not a group morphism; however, if w € Z,, then we see that

1 v 0
(Dc)“’z(( P )

is well-defined and belongs to G (indeed this is trivially true for w € Z, and then
we just need argue by continuity). As ¢ = 0 (mod 4), we also have the identity
(14+¢)" = exp(w log(1 + ¢)), since all the involved power series converge: more
precisely, for any y in 47, the series Z;’;l(—l)j“”T.j converges and defines
log(1 + y), and since the inequality v(y/) — v2(j) > v2(y) holds for every j > 2
we have va(log(1 + y)) = v2(y) > 2. Suppose now that v(y) > va(c): then
llf)gg((lli’c’)) exists in Z,, so we can consider (1 + ¢)¥ = exp(wlog(l +¢)) =
exp(log(1+y)) =1+ y and therefore for any such y the matrix D,, belongs to G.
The last statement is now an immediate consequence of Lemma 3.1. O

w =

Lie algebras attached to subgroups of GL3(Z;). Our study of the groups G, will
go through suitable integral Lie algebras, for which we introduce the following
definition:

Definition 3.5. Let A be a commutative ring. A Lie algebra over A is a finitely
presented A-module M together with a bracket [-,-]: M x M — M that is A-
bilinear, antisymmetric and satisfies the Jacobi identity. For any A, the module
slh(A) ={M € My(A) | tr(M) = 0} endowed with the usual commutator is a Lie
algebra over A. The same is true for gl,(A), the set of all 2 x 2 matrices with
coefficients in A.

We restrict our attention to the case A = Z,, and try to understand closed sub-
groups G of GL;,(Z;) by means of a surrogate of the usual Lie algebra construction.
In order to do so, we introduce the following definitions, inspired by those of [Pink
1993]:

Definition 3.6. Let G be a closed subgroup of GL;(Zy); if £ = 2, suppose that the
image of G in GL,([F,) is trivial. We set

O: G — sh(Zy)
g g—%tr(g) -1d.
Note that this definition makes sense even for £ = 2, since by hypothesis the

2-adic valuation of the trace of g is at least 1.

Definition 3.7. The special Lie algebra of G, denoted L(G) (or simply L if no
confusion can arise), is the closed subgroup of sl,(Z;) topologically generated
by ©®(G). We further define C(G), or simply C, as the closed subgroup of Z,
topologically generated by all the traces tr(xy) for x, y in L(G).
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Remark 3.8. (1) L(G) is indeed a Lie algebra because of the identity
[O(x), ©(y)]=0O(xy) — O(yx).
(2) If G is a subgroup of H, then L(G) is contained in L(H).

(3) C is a Zg-module. Indeed it is a Z-module, and the action of Z is continuous
for the £-adic topology, so it extends to an action of Z, since C is closed.
Therefore C is an ideal of Z,.

The key importance of L(G), at least for odd ¢, lies in the following result:

Theorem 3.9 [Pink 1993, Theorem 3.3]. Let £ be an odd prime and G be a pro-£
subgroup of SLa(Zy). Set Ly = [L(G), L(G)] and

Hy ={x € SLy(Zy) | ©(x) € Ly, tr(x) —2 € C(G)}.
Then H, is the derived subgroup of G.

On the other hand, for £ = 2 the property of ® that will be crucial for our study
of L is the following approximate addition formula:

Lemma 3.10 [Pink 1993, Formula 1.3]. The identity

2(0(g182)— 01 —0(g2) =[0(g1), O(g2)]+(tr(g1) —2)O(g2) +(tr(g2) —2) O (g1)-

holds for every g1, g» € GLo(Z,) if € # 2, and for every g1, g2 € {x € GL2(Z») |
tr(x) =0 (mod 2)} if £ = 2.

In what follows, we will often want to recover partial information on G from
information about the reduction of G modulo various powers of £. It is thus
convenient to use the following notation:

Notation. We denote by G (£") the image of the reduction map G — GL,(Z/¢" 7).
We also let = be the projection map G — G (£).

We now record a simple fact about modules over DVRs we will need later:

Lemma 3.11. Let A be a DVR, n a positive integer, M a subset of A" and N = (M)
the submodule of A" generated by M. Denote by my, the projection A" — A on the
k-th component. There exist a basis x1, ..., Xy of N consisting of elements of M
and scalars (0j)1<j<i<m S A with the following property: if we define inductively
fi=xyandt; =x; — qu ojjtj fori > 2, then nk(x,' — Zj<l cr,'jtj) =0 for every
1l <k <l <i=<m. Thet;are again a basis of N.

Proof. We proceed by induction on n. The case n = 1 is easy: M is just a subset
of A, and the claim is that the ideal generated by M can also be generated by a
single element of M, which is clear. Consider now a subset M of A"*!. Let v
be the discrete valuation of A; the set {v(;r1(x)) | x € M} consists of nonnegative
integers, therefore it admits a minimum k. Take x; to be any element of M such
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that v(r1(x1)) = k;. For every element m € M we can form f(m) =m — % 1,
which is again an element of A"*! since by definition of x; we have 7 (x;) | 71 (m).
It is clear enough that 71 (f (m)) = 0 for all m € M. Therefore, f(M) is a subset
of {0} & A", and it is also clear that the module generated by x; and f(M) is
again N. Apply the induction hypothesis to f (M) (thought of as a subset of A").
It yields a basis f(x2), ..., f(xy) of f(M), scalars (7;j)2<j<i<m, and a sequence
uy = f(x2),u;i = f(x;) — 22§j<i Tijlj, such that ﬂk(f(x,') — 22§j<l ‘L','jbtj) =0
for2 <k <[ <i <m. We also have 7 (f (x;) — D o< t;uj) =0 if we view the
u; as elements of A”+!. It is now enough to show that, with this choice of the x;, it
is possible to find scalars o;; for 1 < j <i <m, in such a way that t; = u; fori > 2,
and this we prove again by induction. By definition, u; = f(x;) = x, — = x2) v\ 50

w(x) "
we can take 0, = Ti(x2) Assuming we have proved the result up to level i, we have

y(xr)”
71 (Xig1)
uit1 = f(Xig1) — Z Tijlj = Xiy1 — #xl - Z Tijtjs
2<j<i+l It 2<j<i+1
and we simply need to take 0,111 = %;;) and o0;; = 1;;.

As for the last statement, observe that the matrix giving the transformation from
the x; to the ¢; is unitriangular, hence invertible. ([

Subgroups of GLy(Z,), SL3(Zy), and their reduction modulo £. In view of the
next sections, it is convenient to recall some well-known facts about the subgroups
of GLy([F), starting with the following definition:

Definition 3.12. A subgroup J of GL;(F,) is said to be:

e split Cartan, if J is conjugated to the subgroup of diagonal matrices. In this
case the order of J is prime to £.

o nonsplit Cartan, if there exists a subalgebra A of M, ([F,) that is a field and
such that J = A*. The order of J is prime to ¢, and J is conjugated to

{(Z }:f) € GLz(H:()}, where ¢ is a fixed quadratic nonresidue.

o the normalizer of a split (resp. nonsplit) Cartan, if there exists a split (resp.
nonsplit) Cartan subgroup C such that J is the normalizer of C. The index
[J :C]is 2, and £ does not divide the order of J (unless £ = 2).

* Borel, if J is conjugated to the subgroup of upper-triangular matrices. In this
case J has a unique £-Sylow, consisting of the matrices of the form ((1) *)

e exceptional, if the projective image PJ of J in PGL;(F,) is isomorphic to
either A4, S4 or As, in which case the order of PJ is either 12, 24 or 60.

The above classes essentially exhaust all the subgroups of GL,(F,). More
precisely, we have:
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Theorem 3.13 (Dickson’s classification, cf. [Serre 1972]). Let £ be a prime number
and J be a subgroup of GLy(F;). Then we have:

o if € divides the order of J, then either J contains SL;(Fy) or it is contained in
a Borel subgroup;

e if £ does not divide the order of J, then J is contained in a (split or nonsplit)
Cartan subgroup, in the normalizer of one, or in an exceptional group.

As subgroups of SL;(Fy) are in particular subgroups of GL;,(Fy), the above clas-
sification also covers all subgroups of SL,(Fy). Cartan subgroups of SL,(F,) are
cyclic (both in the split and nonsplit case).

The next lemma can be proved by direct inspection of the group structure of
Ay, S4 and As, and will help us quantify how far exceptional subgroups are from
being abelian:

Lemma 3.14. The groups A4 and Sy have abelian subgroups of order N if and
only if 1 < N < 4. The group As has abelian subgroups of order N if and only if
I1<N<5s.

The following lemma, due to Serre, will prove extremely useful in showing that
G¢ = GLy(Z,) using only information about the reduction of G, modulo ¢:

Lemma 3.15. Let £ > 5 be a prime and G be a closed subgroup of SLy(Z,). If
the image of G in SLy(Fy) is equal to SLy(Fy), then G = SLy(Zy). Similarly, if
H is a closed subgroup of GLo(Z) whose image in GLy(F) contains SL,([F),
then H = SLy(Zy).
Proof. The first statement is [Serre 1998, IV-23, Lemma 3]. For the second, consider
the closed subgroup H’ of SL,(Z;). Since by assumption we have £ > 3, the finite
group SL;([Fy) is perfect, so the image of H in SL;([Fy) contains SL, (F,)" = SLo (Fy).
It then follows from the first part of the lemma that H' = SL;(Z;), as claimed. [J
The following definition will prove useful to translate statements about subgroups
of SL,(Z,) into analogous results for subgroups of GL,(Z,) and vice versa:

Definition 3.16. Let G be a closed subgroup of GL;(Z,) (resp. GL,(F¢)). The
saturation of G, denoted Sat(G), is the group generated in GL,(Z,) (resp. GL2(F¢))
by G and Z; -1d (resp. [ -1d). The group G is said to be saturated if G = Sat(G).
We also denote by G9=1 the group G NSLy(Zy) (resp. G N SLy(Fp)).

Lemma 3.17. (1) For every closed subgroup G of GL,(Z;), the groups G and
Sat(G) have the same derived subgroup and the same special Lie algebra.

(2) The two associations G — GY=! and H +— Sat(H) are mutually inverse
bijections between the sets

g g {Subgroups G Of GLZ(Z() G s Saturated, }

det(g) is a square for every g in G
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and
H= {subgmups H of SLy(Zy) | —1d € H}.

For every G in G, the groups G and G%=" have the same derived subgroup
and the same special Lie algebra.

(3) The map G — Sat(G) commutes with reducing modulo ¢, i.e.,
(Sat(G))(£) = Sat(G(£)).
If € is odd and G is saturated, we also have G (£)%*=! = GI=1(y).

Proof. (1) The statement is obvious for the derived subgroup. As for the special
Lie algebra, let Ag be any element of Sat(G), where A € ZZX and g € G. As L(G)
is a Zy,-module, ®(Ag) = LO(g) belongs to L(G), hence L(Sat(G)) € L(G). The
other inclusion is trivial.

(2) The first statement is immediate to check since the determinant of any homo-
thety is a square; the other follows by writing G = Sat(H) and applying (1) to
(Sat(H))%=! = H and Sat(H).

(3) This is clear for the saturation. For G — G%=! note that G (¢£)%=! contains
G%=1(¢), so we need to show the opposite inclusion. Take any matrix [g] in
G (¢)%*=!, By definition, [g] is the reduction of a certain g € G whose determinant
is 1 modulo £. As ¢ is odd and det(g) is congruent to 1 modulo ¢, we can apply
Lemma 3.2 and write det(g) = A%, where A = /T + (det(g) — 1) is congruent
to 1 modulo ¢. As G is saturated, it contains A~ Id, hence also A_lg, whose
determinant is 1 by construction. Furthermore, as A = 1 (mod £), the two matrices
1~!g and g are congruent modulo £. We have thus found an element of G of
determinant 1 that maps to [g], so G¥=! — G(£)%**=! is surjective. O

Finally, since we will be mainly concerned with the pro-£ part of our groups, we
will find it useful to give this object a name:

Notation. If G is a closed subgroup of SL,(Z,), we write N(G) for its maximal
normal subgroup that is a pro-£ group.

The following lemma shows that N(G) is well-defined and describes it:

Lemma 3.18. Let G be a closed subgroup of SLy(Zy) and m : G — G(£) the
projection modulo €. Then G admits a unique maximal normal pro-£ subgroup
N (G), which can be described as follows.

(1) If G(X) is of order prime to £, then N(G) =kerm and G(£) = %

(2) If the order of G(£) is divisible by £, and if G(£) is contained in a Borel
subgroup, then N (G) is the inverse image in G of the unique £-Sylow S of G (£).

(3) If G() is all of SLa(Fy), then N(G) = ker w and G (£) = ﬁc)
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Proof. Let N be a pro-¢ normal subgroup of G. The image 7 (/N) is a normal
pro-£ subgroup of G (€), hence it is trivial in cases (1) and (3) and it is either trivial
or the unique £-Sylow of G(£) in case (2). In cases (1) and (3) it follows that
N Ckerm, and since ker 7 is pro-£ we see that ker 7 is the unique maximal normal
pro-£ subgroup of G. In case (2), let S be the unique £-Sylow of G (£). It is clear
that N is contained in 7 ~!(S), which on the other hand is pro-¢ and normal in G.
Indeed, by choosing an appropriate (triangular) basis for G (£) we can define a map
G—>GU)—~ [Fg< with kernel 77 ~1(8) via

a b
gr—>(01/a>r—>a. O

4. Recovering G from L(G), when { is odd

Our purpose in this section (for £ # 2) and the next (for £ = 2) is to prove results
that yield information on G from analogous information on L(G).

Theorem 4.1. Let £ be an odd prime and G a closed subgroup of SL;(Z,).
(1) Suppose that G(£) is contained in a Cartan or Borel subgroup, and that
|G/N(G)| # 4. Then the following implication holds for all positive integers s:
(*) if L(G) contains £°sl5(Zy), then L(N(G)) contains €*°sly(Zy).
(i1) Without any assumption on G, there is a closed subgroup H of G that satisfies
[G : H] < 12 and the conditions in (i) (so H has property (x)).
Theorem 4.2. Let £ be an odd prime, and G a closed subgroup of GLa(Z,).

(1) Suppose that G satisfies the two conditions:
(a) det(g) is a square in Z for every g € G;
(b) Sat(G)¥*=! satisfies the hypotheses of Theorem 4.1(i).
Then the following implication holds for all positive integers s:
(*%) if L(G) contains £*s1y(Z,), then G’ contains By (4s).

(i1) Without any assumption on G, either G' = SL,(Z,) or there is a closed sub-
group H of G that satisfies both [G : H] < 24 and the conditions in (i) (so H
has property (>x)).

Remark 4.3. Condition (b) can be made more explicit using the description of
the maximal normal pro-¢ subgroup given in Lemma 3.18. The conditions on G
can be translated into conditions on (Sat(G))%=!(¢): this group should be cyclic
or have order divisible by £ and be contained in a Borel subgroup of GL;(F,).
In the first case we require |(Sat(G))¥=1(¢)] # 4; in the second case we need
|Sat(G)9=1(£)/S| # 4, where S is the unique £-Sylow of Sat(G)%*=1(¢). With
this description, it is clear that condition (b) is true if Sat(G)%=1(¢) is contained
in a Borel or Cartan subgroup and has order not divisible by 4.
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Let us remark that the statements numbered (ii) in the above theorems require a
case by case analysis, which will be carried out on pages 2370-2372 for Theorem 4.2
(the proof of Theorem 4.1(ii) is perfectly analogous). In this proof we will also
show that part (i) of Theorem 4.2 can be reduced to the corresponding statement
in Theorem 4.1, so the core of the problem lies in proving the result for SL;(Z,).
Before delving into the details of the proof (that involves a certain amount of
calculations) we describe the general idea, which is on the contrary quite simple.
The following paragraph should only be considered as outlining the main ideas,
without any pretense of formality.

If G is as in Theorem 4.1(i), then G/N (G) is cyclic, and we can fix a generator
[g] € G/N(G) that lifts to a certain g € G. The operator ¢ : x — g~ 'xg acts on G,
and, since it fixes Id, also on L(G). Furthermore, it preserves L(N (G)) € L(G) by
normality of N(G) in G, and obviously it fixes ®(g). If we were working over (,
instead of Z,, we would have a decomposition L(G) = (©(g)) ® M, where M is a
@-stable subspace of dimension 2, and the projection operator p : L(G) — M could
be expressed as a polynomial in ¢. We would also expect M to consist of elements
coming from N (G), because (®(g)) is simply the special Lie algebra of (g); this
would provide us with many nontrivial elements in L(N(G)). We would finally
deduce the equality L(N (G)) = sl(Q¢) by exploiting the fact that L(N(G)) is a
Lie algebra of dimension at least 2 that is also stable under ¢. This point of view
also suggests that we cannot expect the theorem to hold when G (£) is exceptional:
if G/N(G) is a simple group, then we expect the special Lie algebra of G not to
be solvable, and since the only nonsolvable subalgebra of sl (Qy) is sl (Qy) itself,
L(G) should be very large even if N(G) is very small.

In what follows we prove (i) of Theorem 4.1 first when |G/N(G)| = 2 and
then in case G(¢) is respectively contained in a split Cartan, Borel, or nonsplit
Cartan subgroup; we then discuss the optimality of the statement, showing through
examples that it cannot be extended to the exceptional case and that £>* cannot be
replaced by anything smaller. Finally, on pages 2370-2372 we finish the proof of
Theorem 4.2.

Notation. For x € L(G), we set 7r;; (x) = x;;, the coefficient in the i-th row and j-th
column of the matrix representation of x in §[(Z;). The maps 7;; are obviously
linear and continuous.

The case |G /N (G)| =2. Suppose first that G(£) is contained in a Cartan subgroup,
sothat G/N (G) = G (¢). The only nontrivial element x in G (£) satisfies the relations
x? =1d and det(x) = 1, so it must be — Id. It follows that G contains an element g
of the form —Id 4-£ A for a certain A € M(Z,). Considering the sequence

¢ =(=1d+£A)" = —1d+0o@E™),
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and given that G is closed, we see that —Id is in G. Next observe that for every
h € G, either h or —h belongs to N(G). If g1, g2, g3 are elements of G such
that ®(g1), ®(g2), ®(g3) is a basis for L(G), then on the one hand for each i
either g; or —g; belongs to N(G), and on the other hand ®(—g;) = —®(g;), so
L(G) = L(N(G)) and the claim follows.

Next suppose G (£) is contained in a Borel subgroup. We can assume that the
order of G () is divisible by £, for otherwise G (£) is cyclic and we are back in the
previous case. The canonical projection G — G /N (G) factors as

G- G — [

}_)ab — a
& 0 1/a ’

soif G/N(G) has order 2, G (¢) contains an element of the form (_01 f ] ) Taking the
£-th power of this element shows that G (¢) contains — Id and we conclude as above.

The split Cartan case. Suppose that G(£) is contained in a split Cartan, so that,
by choosing a suitable basis, we can assume that G (£) is contained in the subgroup
of diagonal matrices of SL,([F;). Fix an element g € G such that [g] € G(£) is a
generator. By assumption, the order of [g] is not 4, and by the previous paragraph we
can assume it is not 2; furthermore it is not divisible by £. The minimal polynomial of
[g] is then separable, and [g] has two distinct eigenvalues in [FZ. It follows that g can
be diagonalized over Z, (its characteristic polynomial splits by Hensel’s lemma), and
there is a basis in which g = (8 l?a ), where a is an £-adic unit. Note that our assump-

tion |G (£)|{4 implies in particular that a* # 1 (mod £). A fortiori £ does not divide

2 : ; _ (4*~1/Qa) 0 ;
a~ — 1, so the diagonal coefficients of ®(g) = (“ P “ —(a2—1/)(2a)) are £-adic

units. The following lemma allows us to choose a basis of L(G) containing ©(g):

Lemma 4.4. Suppose g € G is such that ©(g) is not zero modulo €. The algebra
L(G) admits a basis of the form ©(g), ®(g2), ©(g3), where g,, g3 are in G.

Proof. Recall that L(G) is of rank 3 since it contains £*s[(Z;). Start by choosing
g1, 2, &3 € G such that ®(g;), ©(g2), ®(g3) is a basis for L(G). As ©(g) is not
zero modulo ¢, from an equality of the form

3
Og) =Y 1O(g)

i=1
we deduce that at least one of the A; is an £-adic unit, and we can assume without
loss of generality that it is A;. But then

O(g1) = 1] 1(O(g) — 120(g2) — 230(g3)),

and we can replace g; with g. ([l
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Recall that we denote by ¢ the endomorphism of sl,(Z,) given by x > g~ !xg.

We now prove that L(N(G)) is ¢-stable and, more generally, describe the ¢-stable
subalgebras of sl (Zy).

Lemma 4.5. Let £ be an odd prime, G a closed subgroup of GL(Z¢), N a normal
closed subgroup of G and g an element of G. The special Lie algebra L(N) is
stable under .

Proof. As ©(N) generates L(N), it is enough to prove that ¢ stabilizes @ (N). Let
x = ®(n) for a certain n € N: then

— — — 71 —
g lxg=g"'(n— " 1d)g =g 'ng - L1 =0O(g 'ng),
and this last element is in ®(N) since N is normal in G. [l

Lemma 4.6. Let s be a nonnegative integer. Let L be a @-stable Lie subalgebra
of sla(Zy) and x11, x12, X21, Y11, Y12, Y21 be elements of Z, with ve(x21) < s and
ve(y12) < s. If L contains both |} = (i; _x)ﬁl) and l, = (i; _yﬁl), then it contains
all of €%sly(Zy).

Proof. Consider first the case xj» = y»; = 0. We compute

X11 0
)= ,
) <a2x21 _x11>

so L contains (a);)‘(lz 1 _211) - = ((a2—01)x21 8), where by our hypothesis on a the

valuation of the bottom left coefficient is at most s. Analogously, L contains

2_ . . . . .
(8 @ Ol)y 12), and since it is a Lie algebra, it also contains the commutator

0 (a*—Dyn 0 0\ _ (@ —D%x2yi2 0
0 0 "\@—1Dxa 0] 0 —(@* = D*xuyin)’

whose diagonal coefficients have valuation at most 2s. This establishes the lemma
in case x2 and y,; are both zero, since the three elements we have found generate
€>515(Z,). The general case is then reduced to the previous one by replacing /1, I, by

(@®— Dxyy 0 )

(a*—Dxy —(@*— Dy

a’pl) —1 = (

and a‘zw(lz) —1,, and noticing that since £+a4— 1 we have vy ((a*—1)x21) = v (x21)
and ve((a™* — Dy12) = ve(y12)). U

We know from Lemma 4.5 that L(N(G)) is ¢-stable, so in order to apply
Lemma 4.6 to L(N(G)) we just need to find two elements /1, [; in L(N(G)) with
the property that vy o m1 (/1) < s and v, o w12(l2) < 5. Since the values of the
diagonal coefficients do not matter for the application of this lemma we will simply
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write * for any diagonal coefficient appearing from now on. In particular we write
g2, 83, ©(g2), ®(g3) in coordinates as follows:

@) @)
* *
gi=( 0 812)’ ®(8i)=( 0 g12>'

8 * 81 *

As [g] generates G(£), for i = 2, 3 there exist k; € N such that [g;] = [g]kf,
or equivalently such that g %igi € N(G). Since ©(g), O(g2), ©(g3) generate
¥slr(Z,), but the off-diagonal coefficients of ®(g) vanish, we can choose two
indices i1, iz € {2, 3} such that vy o 721 (O (g;,)) <s and vy o712(O(g;,)) <s. On
the other hand, L(N (G)) contains

—k; @) —ki o)
—k; . a0 * 8y _ * a gy,
O Vg = ®(< 0 ak') <g§i1) . >) = <akig£i) . ,
1

where a**i

is an £-adic unit. The £-adic valuation of the off-diagonal coefficients of
© (g% g;) is then the same as that of the corresponding coefficients of ®(g;), and we
find two elements [; = @(g_k"l giy)and [ = @(g_k"z 8i,) that satisfy vooma (/1) <s
and vpomo(lr) <s, as required. We can now apply Lemma 4.6 with (L, g, 1, b)) =
(L(N(G)), g, 9(gi,), ©(gi,)) and deduce that L(N(G)) contains 551,(Zy), as

claimed.

The Borel case. Suppose G(£) is included in a Borel subgroup. If the order of
G (¢) is prime to ¢, then G (£) is in fact contained in a split Cartan subgroup, and
we are reduced to the previous case. We can therefore assume without loss of
generality that the order of G (€) is divisible by £. In this case, we know that N(G)
is the inverse image in G of the unique £-Sylow of G(£), and that the canonical
projection G — G /N (G) factors as

G- G — [

}_)ab — a
& 0 1/a ‘

Let H be the image of this map. The group H is cyclic and we can assume that
its order does not divide 4: it is not 4 by hypothesis and if it is 1 or 2, we are done.
Let g be any inverse image in G of a generator of H. The matrix representing g
can be diagonalized over Z, since the characteristic polynomial of [g] € G(¢) is
separable, and the same exact argument as in the previous paragraph shows that we
can choose a basis of L(G) of the form ®(g), ®(g>), ®(g3). By definition of H,
we see that for i = 2, 3, there is an integer k; such that [g;] = [g]"l’ in G/N(G),
and the rest of the proof is identical to that of the previous paragraph.

The nonsplit Cartan case. Suppose now that G (€) is contained in a nonsplit Cartan
subgroup. Fix a g € G such that [g] generates G(£). We know that [g] is of the
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form (Eﬂ [[ba 8]]), where [¢] is a fixed quadratic nonresidue modulo £. In order to put
g into a standard form we need the following elementary lemma, which is an £-adic
analogue of the Jordan canonical form over the reals.

Lemma 4.7. Up to a choice of basis of 7, the matrix representing g can be chosen
to be of the form (Z lf)for certain a, b, ¢ lifting [a], [b], €], and where moreover
a, b are L-adic units.

Proof. The characteristic polynomial of [g] splits over F;[+/[£]], so by Hensel’s
lemma the characteristic polynomial of g splits over Z,[+/¢]. The two eigenvalues
of g in Z,[+/¢] are of the form a+b./e for certain a, b € Z; (the notation is coherent:
since the eigenvalues of [g] are simply the projections of the eigenvalues of g, the
elements a, b map to [a], [b] modulo ¢, respectively).

By the definition of eigenvalue, we can find a vector v € Z;[/€]? such that
gvy4 = (a+b/e)vy. Normalize v, in such a way that at least one of its coordinates
is an £-adic unit, write v, = w+ z,/¢ for certain w, z € 72, and set v_ = w — z./z.
As g has its coefficients in Z;, the vector v_ is an eigenvector for g, associated
with the eigenvalue a — b\/¢. The projections of vy in (H:g[\/E])Z are therefore
nonzero eigenvectors of [g] corresponding to different eigenvalues, hence they are

linearly independent. It follows that w = V*;V’ e V*r/;’ are independent modulo

2
07Z,[/¢], and since w, z lie in Z% they are a fortiori independent modulo £. The
matrix (z | w) is then invertible modulo £, so it lies in GL,(Z;) and can be used as
base-change matrix. It is now straightforward to check that in this basis the element
g is represented by the matrix (Z l:f ) Finally notice that @ and b are units: if [b] =0
or [a] =0, it is easy to check that the order of G(£) divides 4, contradicting the

assumptions. U

We can also assume that G contains — Id, since replacing G with G - {£1d} alters
neither the derived subgroup nor the special Lie algebra of G. By Lemma 4.4, the
algebra L(G) admits a basis of the form ®(g), ©(g2), ®(g3), where g is as above
and g», g3 are in G. We write in coordinates

Yil—Yy22
yi1 Y12 T Y12
= . @ = 2 —_ )
82 (y21 )’22> (82) ( y21 ——y“zm)

211—222
211 212 R4
83=( ) @(g3)=( Z )
21 222)’ 71—
1

Projection operators, ¢-stable subalgebras. Recall that ¢ denotes x — g~ ' xg.
Following our general strategy, we now describe projection operators associated
with the action of ¢ and @-stable subalgebras of sl,(Z,).
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Lemma 4.8. Let E, F € Z;. If the matrix (_EF _;E) belongs to L(N(G)), then
L(N(G)) also contains

—F 0 —E 0 0 —¢FE and 0 —¢F
0 F) 0 E) E 0 ) F 0 )

Proof. We know from Lemma 4.5 that L(N (G)) is g-stable, so the identity

1 —F —¢E 2, 2. —F —¢E\\ _( —¢E —¢F
ﬁ(‘p< E F )_(“ +b‘€)( E F ))‘( F 8E> @D

shows that (_;E _8‘21:) isin L(N(G)). At least one of F/E and E/F is an £-adic
integer, and we can assume it is F//E (the other case being perfectly analogous). In

particular we have v, (F) > vy (E). It follows that L(N(G)) contains

F(—F —eE\ (—¢E —eF\ (22 0
E\E F F ¢E ) 0 _# :
If v (F) > v (E), we have v, (¢ E? — F?) = 2v,(E), while if v, (F) = v, (E) we

can write
F = gU@(E)é-, E= EUK(E)%

where ¢, y are not zero modulo £. In this second case we have sE> — F? =
02U E) (g2 — ¢2), and (ey? — ¢?) does not vanish modulo £ since [¢] is not a
square in ”:Z(- Hence v (¢ E?> — F?) = 2v,(E) holds in any case, and (due to the
denominator E) we have found in L (N (G)) a matrix whose off-diagonal coefficients
vanish and whose diagonal coefficients have the same valuation as E. By the
stability of L(N(G)) under multiplication by £-adic units we have thus proved
that L(N(G)) contains (70E g) Identity (4-1) applied to this element shows that

L(N(G)) also contains (g *SE). Since (:g *;E) is in L(N(G)) by assumption,

taking the difference of these two matrices shows that (_OF 2) is in L(N(G)) as
well. Applying Equation (4-1) to this last matrix we finally deduce that L(N(G))

also contains (g _SF). O

Lemma 4.9. Let E, F be elements of Z, satisfying min{v,(F), ve(E)} < s. If
(F 5F) belongs to L(N(G)), then L(N(G)) contains £*sl(Zy).

Proof. Suppose v¢(F) < s, the other case being similar. The special Lie alge-
bra L(N(G)) contains (_OF 2), (g _SF ) by the previous lemma, so (given that
ve(F) < s) it also contains £* ((1) f)l ), o ((1) _08). Taking the commutator of these two

elements yields another element of L(N(G)), namely

)6
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0 2e 0 —e¢ 00

2s 2s _ p2s

2£ (2 0)+Z (1 0 ) =t (2 0)’

it is immediately checked that L (N (G)) contains a basis of 0%515(Zy), as desired. [

The case g», g3 ¢ N(G). Let us assume for now that g; € N(G) and —g; € N(G)
for i =2, 3. We will deal later with the case when some of these elements already
belong to N(G). Given that by hypothesis L(G) contains ¢*sl,(Z;), we must have
a representation

Finally, since

(O _1) Zx O (8i)

for certain scalars Ay, Ao, A3 € Z,. However, since the diagonal coefficients of
®(g) vanish, there exists an index i € {2, 3} such that v, o711 (®(g;)) <s. Renum-
bering g, g3 if necessary, we can assume i = 2. In coordinates, the condition
veom1(®(g2)) < s becomes ve(y11 — y22) <.

Now, since [g] generates G (£), there is an integer k such that [g]_k = [g2]
in G(£); in other words, both gg* and gfg, are trivial modulo £ and therefore
belong to N(G). It is immediate to check that the matrix gk is of the form (2 da) for
certain ¢, d € Z,. Now if d is 0 modulo £, then (since ¢ —ed? =1 (mod £)) we have
c==1 (mod £), so either g, or —g» reduces to the identity modulo £ and is therefore

in N(G), contradicting our assumption. Hence d is an £-adic unit. We then introduce

g4:<Cd8><y11 )’12> g5=(y“ ylz)(cd8>
d c 1 yn )’ v yn J\d ¢ )

By construction, g4 and gs are elements of N(G), whence ®(g4), ©(gs) are
elements of L(N(G)). In particular, L(N(G)) contains their difference

—d(yi2 —€y21) de(—=y11 +y22) )

@(g4)_®(g5):g4—gs=( d(yin —y»n) d(yi2—eyn)

where vy o721 (®(g4) — ©(gs)) < s and vy o 2(O(g4) — O(g5)) < s, because d, ¢
are £-adic units. Applying Lemma 4.9 to the element ®(g4) — ®(gs) we have just
constructed we therefore deduce L(N(G)) D £*°sl,(Z,), as desired.

X111 X12

denote an
X21 7X11) y

The case when one generator belongs to N(G). Let x = (
element of sl,(Z,). It is easy to check that

1

2ab((3+48b2)(‘px_x)—<ﬂ(§0x—x)) = (x‘2_8x21 2exi )

—2x11  —X12+é&x21

and, fllllrthermore, if x belongs to L(N(G)), then (XIS;IXIZI 7x2128frl;x21) isin L(N(G))
as well.
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Suppose now that either g, or —g» (resp. g3 or —g3) belongs to N(G). Since
O(—g;) = —0O(g;), we can assume that g, (resp. g3) itself belongs to N(G). Take
(;;: _x)'cfl) to be @(g2) (resp. ®(g3)). Subtracting 2 O(g1) from O(g2) we get

(o m__xff“) € L(G), and since we know that

O(g) — 20D @(g)) and O(g3) — 298N @(g)

together span ¢° ((1) 91) o (8 (1)), we see that at least one of the coefficients of
the matrix ®(g;) — w@)(é’l) = O(gy) — 2 2 ©(g1) must have valuation at
most s, that is min{vg(x11), ve(x12 — ex21)} < s. We now apply Lemma 4.9 to
(xlj;jflﬂ —x?fj—l;le ), which is in L(N(G)), to deduce L(N(G)) 2 £*sl;(Z;), and
we are done.

Optimality. The following examples show that it is neither possible to extend
Theorem 4.2 to the exceptional case, nor to improve the exponent 2s.

Proposition 4.10. Let ¢ be a prime = 1 (mod 4). For every t > 1, there exists a
closed subgroup G of SL,(Z¢) whose special Lie algebra is sly(Z;) and whose
maximal pro-£ subgroup is contained in B;(t).

Proof. Notice that the following six elements form a finite subgroup H of PSL;(Z[i])

) () Go) o) () G2

and that H is isomorphic to S3: indeed, it is the group of permutations of {0, 1, co} C
P! (Z[i]). The inverse image H of H in SL,(Z[i]) is therefore a finite group of
cardinality 12. Now since £ = 1 (mod 4) there is a square root of —1 in Z;, so

Z[i] < Z; and H — SLZ(Z@) Consider G = H - By(t) C SL»(Z,). It is clear that
Be(t) is normal in G. Since 7+~ A0) (t) is isomorphic to a quotient of H (and therefore
has order prime to £), the subgroup B,(¢) is clearly the maximal pro-£ subgroup
of G. Furthermore, the special Lie algebra of G contains the three elements

01 —-1/2 1 0i 0i i 0 i 0
o((%a)=C7 ) oG 0)=( o) o6 %)= %)
that are readily checked to be a basis of sl,(Zy). [l

On the other hand, the following example shows that there exist subgroups of
SL;(Z,) such that L(G) contains £°s(,(Z;), but L(N(G)) only contains 0551,(Zy).
Fix s > 1, an integer N > 4 and a prime ¢ congruent to 1 modulo N; then Z
contains a primitive N-th root of unity a, and we let g = (0 1 ) The module

= ES(O l) eBES( ) @ 625(1 01) is a Lie subalgebra Ofﬁ[z(Zg) so by Theorem
3 4 of [Pink 1993]

H = {x € SLy(Z,) | tr(x) =2 (mod ¢*), O(x) € M}
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is a pro-£ group with special Lie algebra M. Let G be the group generated by g
and H. Up to units, ®(g) equals ((1) _Ol), so L(G) contains all of £°s[;(Z;). On the
other hand, H is normal in G: one simply needs to check that g~!Mg = M, and
this is obvious from the equality

X
g X1 X12 g = X 2
=( 3 .
X21 —X11 a‘xa; —xi1

Finally, H is maximal among the pro-£ subgroups of G, since G/H is a quotient
of (g) =7/NZ, hence of order prime to £. Therefore N(G) = H and L(N(G)) =
L(H) = M contains ¢'sl,(Z;) only for t > 2s.

Proof of Theorem 4.2. We now prove (i) of Theorem 4.2 by reducing it to the
corresponding statement in Theorem 4.1.

As G and Sat(G) have the same special Lie algebra and derived subgroup, we
can assume G = Sat(G). As G is saturated and satisfies the condition on the
determinant, we know from Lemma 3.17 that G = Sat(H) for H = G%=!, By the
same lemma, we also have L(H) = L(G) and G' = H'.

By assumption, H satisfies the hypotheses of Theorem 4.1(i), so H has prop-
erty (x). As L(G) = L(H) contains ¢*sl,(Z,), we deduce that Ly = L(N(H))
contains £>°sl;(Z;), and since N (H) is a pro-£ group we can apply Theorem 3.9
to it. In order to do so, we need to estimate C(N(H)) =tr(Lg - Lg) and [Lg, Lo].

Note that
1 0 1 0
2s 2s 4s
C(N(H))Btr(é (O _1> L <0 _1>)—2£ ,

so given that £ is odd we have C(Lg) 2 (20%) = (£*). Likewise,
[Lo. Lol 2 [£7sL(Zy). £75a(Ze)] = £¥sh(Zy),
so the derived subgroup of N(H) (which is clearly included in H' = G’) is
N(H) ={x € SLy(Zy) | trx —2 € C(N(H)), ©(x) € [Lo, Lol},
and by the above it contains
[x €SLa(Zy) | trx =2 (mod £%), ©(x) =0 (mod £*)} 2 By (4s),

which concludes the proof of (i).
We are now left with the task of proving (ii). Consider first the map
7y z
G877y L=2
z; 27
and let G be its kernel. Then [G : G1] <2, so we can replace G by G| and assume
that the condition on the determinant is satisfied. We are reduced to showing that,
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under this hypothesis, either G’ = SL,(Z,) or there exists a subgroup H of index at
most 12 that satisfies the right conditions on Sat(H)%*=!. For notational simplicity,
we let 7w denote the projection map G — G (£). We now distinguish cases according
to £ and G (£) (cf. Theorem 3.13):

(-) if £ > 5 and G(£) contains SL,([Fy), then it follows from Lemma 3.15 that
G’ =SL,(Zy).

(-) if £ = 3, we let S denote either a 3-Sylow of G (3) if the order of G(3) is
a multiple of 3, or the trivial group {Id} if it is not. Notice that G(3) is a
subgroup of {g € GL,(F3) | det(g) is a square}, which has order 24, so the
index [G(3) : S]is at most 8. We set H =~ (S). It is clear that [G : H] <8,
and H satisfies the conditions in (i) by Remark 4.3, because (Sat H ydet=1(3)
is either {#1d} or a group of order 6.

(-) if G(¥) is exceptional, then by Lemma 3.14 there exists a cyclic subgroup B of
PG (£) with [PG(€) : B] < 12: such a B can be taken to have order 3 (resp. 5)
if PG (€) is isomorphic to A4 or S4 (resp. to As). Fix a generator [b] of B and
let & be the composition G — G(£) - PG (£). We set H := £~1(B); itis clear
that [G : H] <12. Let now b € G (£) be an element that maps to [»] in B, and let
m be the (odd) order of [b]. We know that det b is a square in [, hence there
existsa A € [FgX such that det(Ab) = 1. Notice now that (Ab)™ is a homothety (it
projects to the trivial element in PG (£)) and has determinant 1, so it is either
Id or — Id; replacing A by —A if necessary, we can assume that (Ab)™ = —Id.
By construction, every element in (Sat(H ydet=1y ¢y = Sat(H (£))%=! can be
written as £(Ab)" for some n € N and for some choice of sign. Now using
the fact that (Ab)" = —Id, we see that (Sat(H)%=1)(¢) is cyclic, generated
by Ab: since the order of Ab is either 6 or 10, H satisfies the conditions in (i)
by Remark 4.3.

(-) if G(£) is contained in a (split or nonsplit) Cartan subgroup, then the same is
true for the group (Sat(G)%=1)(¢). If (Sat(G)¥=1)(¢) does not have order 4,
we are done, so suppose it does. Then PG (£) has at most 4 elements, and we
can take

H =ker(G - G{) - PG¥)).

This H has index at most 4 in G, and H (£) has trivial image in PGL;([F;),
so H({) is contained in the homotheties subgroup of GL,(F,;). Therefore
(Sat(H))%*=1(¢) = Sat(H (¢))%*=! = {£1d} and H satisfies the conditions
in (i).

(-) if G(£) is contained in the normalizer of a (split or nonsplit) Cartan subgroup C,
but not in C itself, then G has a subgroup G of index 2 whose image modulo
£ is contained in C, and we are reduced to the Cartan case.
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if G(£) is contained in a Borel subgroup, then the same is true for Sat(G)%e=1(p).
To ease the notation, we set G, = Sat(G)%=!. We can also assume that ¢
divides the order of G (£) (hence that of G,(£) as well), for otherwise we are
back to the (split) Cartan case. Now if |G,/ N (G»)| # 4 we can set H = G; if,
on the contrary, |G,/N (G7)| = 4 we consider the group morphism

7: G —> G) — [/
ab
g [g]:<0 c) — al/c.

Every g € G is of the form Ag, for suitable A € ZZ and g, € G, and since
T(Ag2) = t(g2), we deduce 7(G) = 7(G7). On the other hand, when restricted
to G, the function T becomes

g [g]= <g 11/751) >,

and as we have already remarked g — [g] = (g 11/7“) > a is the quotient map
G, - G2/N(G3). Hence t factors through the quotient G,/N(G;) and we
have |[7(G)|=(|t(G2)|) |4. We take H to be the kernel of 7. Then it is clear that
[G : H] divides 4, and we claim that H satisfies the conditions in (i). To check
this last claim, notice first that H (¢) is a subgroup of G (£), so it is contained
in a Borel subgroup. We also have kerm C H, so G/H = % = %; in
particular [G (£) : H(£)] divides 4, and therefore the order of H (€) is divisible
by £. Finally, any matrix (’6 ZC’) in H (£) satisfies a/c = 1 by construction, so
the intersection Sat(H (£)) NSL,(F,) consists of matrices (g I;) with a = ¢ and
ac = 1; hence a = ¢ = +1. This implies that the quotient of Sat(H)%=1(¢)
by its £-Sylow has at most 2 elements, and since this quotient is exactly
Sat(H)%=1/N (Sat(H)%="), the result follows. O

Remark 4.11. For future applications, we remark that the same proof shows that the
inequality [G : H] <24 appearing in Theorem 4.2(ii) can be replaced by the condition
[G: H] |48, and even by [G : H] | 24 if in addition G satisfies det(G) C ZL,XZ.

5. Recovering G from L(G), when { =2

We now consider closed subgroups of GL,(Z;), and endeavor to show results akin
to those of the previous section. For GL,(Z,), the statement is as follows:

Theorem 5.1. Let G be a closed subgroup of GL,(Z5).

ey

Suppose that G (4) is trivial and det(G) =1 (mod 8). The following implication
holds for all positive integers n: if L(G) contains 2"sly(Z>), then the derived
subgroup G' of G contains the principal congruence subgroup B, (12n + 2).
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(2) Without any assumption on G, the subgroup

H =ker(G — G(#) nker(G — G(8) S (2/82)%)

satisfies |G : H] <2-96 = 192 and the conditions in (i).

Note that (ii) is immediate: the order of GL,(Z/47) is 96, and once we demand
that G (4) is trivial, the determinant modulo 8 can only take two different values. As
in the previous section, the core of the problem lies in understanding the subgroups
of SL,(Z3), so until the very last paragraph of this section the letter G will denote
a closed subgroup of SL;(Z>). In view of the result we want to prove, we will also
enforce the assumption that G has trivial reduction modulo 4; indeed in this context
the relevant statement is:

Theorem 5.2. Let G be a closed subgroup of SL,(Z,) whose reduction modulo 4
is trivial, and let s be an integer no less than 2. If L(G) contains 2°s(y(Z3), then G
contains B, (6s).

The idea of the proof is quite simple: despite the fact there is in general no reason
why ®(G) should be a group under addition, we will show that for every pair x, y
of elements of ®(G) it is possible to find an element that is reasonably close to
x + y and that lies again in ®(G). The error term will turn out to be quadratic in x
and y, which is not quite good enough by itself, since a correction of this order of
magnitude could still be large enough to destroy any useful information about x + y;
the technical step needed to make the argument work is that of multiplying all the
elements we have to deal with by a power of 2 large enough so that the quadratic
error term becomes negligible with respect to the linear part. The rest of the proof
is really just careful bookkeeping of the correction terms appearing in the various
addition formulas. We shall continue using the notation from the previous section:

Notation. For x € L := L(G), we set 7;;(x) = x;;, the coefficient in the i-th row
and j-th column of the matrix representation of x in sl;(Z3). The maps m;; are
linear and continuous.

We start with a compactness lemma. Our arguments only yield (arbitrarily good)
approximations of elements of ®(G), and we need to know that this is enough to
show that the matrices we are approximating actually belong to ®(G).

Lemma 5.3. Let G be a closed subgroup of SLy(Zy), g an element of G, and e > 2.
Suppose that ©(g) = 0 (mod 2¢). Then tr(g) — 2 is divisible by 2°¢. Moreover,
O~ ':0(G)N2%sh(Zy) — G is well-defined and continuous, and the intersection
O(G) N2%sl5(Z,) is compact.
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Proof. Write ©(g) = (¢ _ba) and g = @ Id +©(g). As G is a subgroup of SL,(Z»),
we have the identity

1 = det g = det("E 1d+0(g)) = (*&)* —a® — be.

Furthermore, G (hence g) is trivial modulo 4 by assumption, so an immediate
calculation shows that 1 = det(g) = 1+ (tr(g) —2) (mod 8). It follows that @ is
the unique solution to the equation A> = 1 +a? 4+ bc that is congruent to 1 modulo 4,
hence tr(g) Vi4a?+be=37, (1§2) (a*> + bc)/ by Lemma 3.2. Given that

a® 4+ bc =0 (mod 2%¢) and 2e > 3, using again Lemma 3.2 we find

ua(tr(g) ~2) = 12 2(" — 1)) = 1+ 02T+ @ b — 1) = 2!

The case e = 2 of the above computation shows that every x € 2%50,(Z,) admits
exactly one inverse image in SL,(Z,) that reduces to the identity modulo 4, so
© : B2(2) — 22s1,(Z>) is a continuous bijection: we have just described the (two-
sided) inverse, so we only need to check that the image of 5,(2) under ® does
indeed land in 2%sl,(Z,). We have to show that if g = (d b) is any element of 3,(2),
then ®(g) = (" (e_i’l) /2) has all its coefficients divisible by 4. This is obvious
for b and c. For the diagonal ones, note that de — bc = 1, so de = 1 (mod 8)
and hence d = e¢ (mod 8) and d%e = 0 (mod 4) as required. Observe now that

a’+bc = % tr(©(g)?), so we can write

O ') =x+,/1+5tr(x?)1d,

which is manifestly continuous. Therefore, ® establishes a homeomorphism be-
tween B, (2) and 2%s0,(Z,).

In particular, the map ©~! : ©(G) N2%sl,(Z,) — G is well-defined and continu-
ous, and we finally deduce that the intersection ®(G) N2%sl,(Z») = O (G N Br(2))
is compact, since this is true for G N 3,(2) and @ is continuous. O

The core of the proof of Theorem 5.2 is contained in the following lemma:

Lemma 5.4. Let e, e; be integers not less than 2 and x1, x, be elements of ®(G).
Suppose that x; = 0 (mod 2¢') and x; = 0 (mod 2¢2). Then ©(G) contains an
element y congruent to x| + x» modulo 2¢+¢~ 1 If | furthermore, both x| and x»
are in upper-triangular form, then we can find such a y having the same property.

Proof. Write x; = ©(g1), xo = ©(g2) and set y = ©(g1g2). Applying Lemma 3.10,
we find

2(y —x1 —x2) = [x1, x2] + (tr(g1) — 2)x2 + (tr(g2) — 2)x;.

Consider the 2-adic valuation of the terms on the right. The commutator [x;, x»]
is clearly 0 modulo 2¢!7¢2, We also have tr(g;) —2 =0 (mod 22¢1) and tr(gy) —2=
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0 (mod 2?©?) by Lemma 5.3, so the last two terms are divisible by 221> and
291+2¢2 respectively. It follows that the right hand side of this equality is zero
modulo 2¢'7¢2, and upon dividing by 2 we get the first statement in the lemma.
For the last claim, simply note that if x;, x, are upper-triangular then the same
is true for all of the error terms, so y = x| + x» + (triangular error terms) is indeed
triangular. ([

As a first application, we show that the image of ® is stable under multiplication
by 2 (up to units):

Lemma 5.5. Let x € ©(G) and m € N. There exists a unit A € ZZX such that A -2"x
again belongs to ©(G).

Proof. Clearly there is nothing to prove for m = 0, so let us start with the case
m = 1. Write x = ®(g) for a certain g € G. By our assumptions on G, the trace of
g is congruent to 2 modulo 4, so A = @ 1S a unit in Z,. We can therefore form
g = % g, which certainly exists as a matrix in GL(Z,), even though it does not
necessarily belong to G. Our choice of g is made so as to ensure tr(g) = 2, so the

formula given in Lemma 3.10 (applied with g; = g, = g) yields
2(0(2) —0(3) —0(2) =[0(3), O(R)] + (r(3) —2)O(F) + (tr(3) —2)O(3),

where the right hand side vanishes. We deduce ©(g?) = 20(g), and it is now
immediate to check that ®(g?) = A - 20(g), whence the claim for m = 1. An
immediate induction then proves the general case. (]

We now take the first step towards understanding the structure of ®(G), namely
showing that a suitable basis of L can be found inside ®(G). Note that L, being
open, is automatically of rank 3.

Lemma 5.6. There exist a basis {x1, x2, x3} C ©(G) of L and scalars 631, 631,
03y € Z7 with the following properties: w1 (xy — 621x1) = 0, w21 (x3 — 631x1) =0
and

21 (X3 — 031X1 — 032(X2 — 021x1)) = 711 (X3 — 031x1 — G32(x2 — G21x1)) = 0.

Remark 5.7. The slightly awkward equations appearing in the statement of this
lemma actually have a simple interpretation: they represent that it is possible to
subtract a suitable multiple of x; from x; and x3 so as to make them upper-triangular,
and that it is then further possible to subtract one of the matrices thus obtained from
the other so as to leave it with only one nonzero coefficient (in the top right corner).

Proof. This is immediate from Lemma 3.11, which can be applied after identifying
slh(Z,) = Z% via (‘; _ba) > (c, a, b). Note that with this identification, the three
canonical projections Zg — /5 become w1, w1 and o, respectively, and the

vanishing conditions in the statement become exactly those of Lemma 3.11. [J
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As previously mentioned, in order to make the quadratic error terms appearing in

Lemma 5.4 negligible, we need to work with matrices that are highly divisible by 2:
Lemma 5.8. Let x1, x2, x3 be a basis of L. There exist elements y, y2, y3 € O(G)
and units Ay, Ay, A3 € ZZX such that y; = A; - 2% x; fori =1,2,3; in particular,
Y1, Y2, y3 are zero modulo 2%, and the module generated by yi, y2, y3 over Z,
contains 2>s0,(Z>).
Proof. Everything is obvious (by Lemma 5.5) except perhaps the last statement.
Note that y;, y, y3 differ from 24 x1, 2% x5, 2% x5 only by multiplication by units,
so these two sets generate over Z, the same module M. But the x; generate
L D 2s15(Z,), hence M = 2% L contains 2%s1,(Z>). O
Notation. Let x|, x», x3 be a basis of L as in Lemma 5.6, and let y, y;, y3 be the
elements given by Lemma 5.8 when applied to x;, x», x3. The properties of the x;
become corresponding properties of the y;:

o there is a scalar 0y € Z, such that

(b1 b2 )
Y2—021'y1—(0 _b”)eﬁfz(zz),

e there are scalars 03, 03, such that

_(dn dn
Y3 —031y1 = < 0 —d11> € sh(Zy),

0c
3 —031y1 —032(y2 — 021 - y1) = (O (1)2> € sl (Zy).

To ease the notation a little we set

fo— oy (A a2 " b1 b1y and 1« — 0 ci2
1=)1 Wy —an ) 2 0 —by 3 00/

It is clear that {7, 1p, t3} and {y;, y2, y3} generate the same module M over Z5,
so in particular M contains 2515 (Z5).

Lemma 5.9. The 2-adic valuations of a1, b1 and c1 do not exceed 5s.

Proof. We can express (2(5)S 8) as a Z,-linear combination

(2(5)5 8) =Mt 4+ A2ty + Ast3
of 1, 1, t3, for a suitable choice of A, Ay, A3 in Z,. Comparing the bottom-left
coefficients, we find Ajaz; = 2%, s0 v2(a2) < 5s, as claimed.

The same argument, applied to the representation of (2(5; %) (xesp. () zgs ) asa
combination of ¢, fp, #3, gives by | 238 (resp. c12 | 2°%) and finishes the proof of the
lemma. O
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For future reference, and since it is easy to lose track of all the notation, we
record here two facts we will need later:

Remark 5.10. We have 03) = Z—;i and vz(dlz — O’32b12) = vz(Clz) < Ss.

We now further our investigation of the approximate additive structure of ®(G).
Since essentially all of the arguments are based on sequences of approximations
the following notation will turn out to be very useful.

Notation. We write a = b+ O(2") if a = b (mod 2").

Lemma 5.11. Let a1, a» € ©(G) N2%s1y(Z,) and & € Z>. Then O(G) contains
an element z congruent to a; — Eay modulo 2%~ If moreover ay, ay are upper-
triangular, then z can be chosen to have the same property.

Proof. We construct a sequence (z,),>0 of elements of ®(G) and a sequence
(&1)n>0 of elements of Z, satisfying &, =& + O(2") and
Zn=ay —Eay + 0257,

We can take zg = a; and §y = 0. Given z,, &,, we proceed as follows. If we let
wy, = v2(§, — &), then w, > n by the induction hypothesis, and by Lemma 5.5 we
can find a unit A, such that 2"}, a, also belongs to ®(G). Note that both z, and
2¥np,ap are zero modulo 2%, Apply Lemma 5.4 to (x1, x2) = (2, 2" yap): it
yields the existence of an element z,,| of ©(G) of the form z,,+2%" a4+ 0 (2% ~1).
We take &,4+1 = (&, —2""X,); let us check that &1, z,+1 have the right properties.
Clearly,

it =20+ 2" haar + 0¥ = ay — (€ = 2" h)ar + 02 7).
On the other hand, the definition of w, implies that &, — & = 2% - u,, where u,
18 a unit, so
v2(§nt1 — &) =028, — 2w")¥n) -&)
= UZ(zwn *Mn — 2% An)
=w, +v(Up —Ap) Zw, +1>n+1,

since W,, A, are both units and therefore odd. To conclude the proof it is simply
enough to take z = zg,—;: indeed

ay — 5612 —Z8s—1 = a1 —%‘az — (01 — %'85—102 + 0(283‘—1))
= (gs_1 —E)ar+ 0 (2%
— 0(285‘—1)

as required. The proof in the upper-triangular case goes through completely un-
changed, simply using the corresponding second part of Lemma 5.4. (]
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The above lemma is still not sufficient, since it cannot guarantee that we will ever
find a matrix with a coefficient that vanishes exactly. This last remaining obstacle
is overcome through the following result:

Lemma 5.12. Let a;, as € ©(G)N2%¥sl,(Z,) and & € Z,. Suppose that for a certain
pair (i, j), the (i, j)-th coefficient of a; —&as vanishes while vyom;j(az) < 5s. Then
O(G) contains an element z whose (i, j)-th coefficient is zero and that is congruent
to ay — Eap modulo 2751, If, furthermore, a1, ay are upper-triangular, then this z
can be chosen to be upper-triangular as well (while still satisfying m;;(z) = 0).

Proof. Let 7o be the element whose existence is guaranteed by Lemma 5.11 when
applied to ay, ay, £. We propose to build a sequence (z,),>0 of elements of ®(G)
satisfying the following conditions:

(1) Zpg1 =z, (mod 27°~1), and therefore z, = zo = 0 (mod 2*);

(2) the sequence w, = vy0m;;(z,) is monotonically strictly increasing; in particular
we have w,, > wy > 8s — 1.

Suppose we have constructed z,,, w, and let k =vyom;;(a2) < 5s. By Lemma 5.5,
we can find a unit A such that 2¥» %) a, also belongs to ®(G) (note that w,, >
8s—1>5s > k). We know that z, =0 (mod 2%) and 2*" *1ar =0 (mod 2% —*+4s)
(note that a; = 0 (mod 2*)). Apply Lemma 5.4 to (x1, x2) = (2, 2*" KAap): it
yields the existence of an element z,,,; of ®(G) that is congruent to z,, + 2wn=k)a,
modulo 2(4s+w,, —k)+4s—1 .

We can write 7;;(z,) = 2¥" i, and 71;;(az) = 2K€ with p,, & € Z, so

2 0711 (zn + 2" Fhan) = 022V iy + 2" K2R EX) = wy + Vo (un +ER),

and since u,, £ and A are all odd the last term is at least w, + 1. As k is at most 5s
by hypothesis we deduce

Wpt1 = V207 (Zn+1)
= vy 07 (zn + 2" Fhay + O QW TP
> min{v; o 71 (20 +2"" " Aa2), 8s — 1 + w, —k}
> wy,.

As 2% *ra, =0 (mod 2¥» %45 the difference z, 41 — z, is zero modulo 2%¥»
hence a fortiori modulo 27*~! since w, > wo > 8s — 1.

Lemma 5.3 says that ©(G) N2%sl5(Z,) is compact, so z, admits a subsequence
converging to a certain z € ®(G). By continuity of 7;;, it is immediate to check that
m;j(z) =0, and since every z,, is congruent modulo 275=1 to 7, the same is true for z.
Given that zq is congruent to a; — £a; modulo 285—1 the last assertion follows.

Finally, the upper-triangular case is immediate, since it is clear from the con-
struction that if ay, ay are upper-triangular then the same is true for all the approx-
imations z,,. O
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The result we were really aiming for follows at once:

Proposition 5.13. Let G be a closed subgroup of SL,(Z3) whose reduction modulo
2 is trivial, and let s be an integer no less than ~2. If L(G) contains 2°sly(Z,), then
O (G) contains both an element of the form (0 C”), where v2(C12) < 5s, and one of

00
the form (f(‘)1 _%I ), where va(fi1) < 6s.

Proof. We apply Lemma 5.12 to a; = y2, a = y1, &€ = 021, (i, j) = (2, 1); the
hypotheses are satisfied since y; = y, = 0 (mod 2*) and v, o m1(y1) < 5s by
Lemma 5.9. It follows that ® (G) contains a matrix b of the form (b(l)l _bff ) where
we have bJ = b;; (mod 27s=1) for every 1 <i, j <2; in particular, vy(b1;) < 5s.
The same lemma, applied to a; = y3, a» = y; and § = o3, implies that @(G)
contains a matrix d of the form (d(l)‘ _d['lfl

d;j (mod 275=1): in particular,

), where for every i, j we have d;j ;=

va(diy) > min{7s — 1, va(di1)} > va(b11) = va(byy).

Now since vz(c?“) > vz(l;“), we can find a scalar ¢ such that

== dy dia by bia 0 e
d—tb= ~ — ~ =
¢ <0 —d11> é‘<0 —b11> (0 0)’

so applying once again Lemma 5.12 (more precisely, the version for triangular

matrices) we find that ®(G) contains a certain matrix ¢ = (8 5(1)2), where ¢, =

e12 (mod 275~1). Observe now that
di _dn+0@"hH dn

= T 0@ ) by

0(27S 1— UZ(bll)) +0(22S 1)
b

SO upon multlplylng by b1, which is divisible by 2% we obtain the congruence
;blz = b12 (mod 2%~1). Since furthermore b12 = b1 (mod 2%~ 1) we deduce
{blz b12 (mod 2%~1). But then the inequality vy (c12) < Ss (cf. Remark 5.10)
implies
1 (@) = v(en+002"h)

=v(di2 — ¢hin+ 027 7))

= vy(dip — b1+ 02%)

vz(Clz + O(ZGS ! )

< 5s.

The existence of the diagonal element is now almost immediate: indeed, we can
apply once more Lemma 5.12 to the difference

o b 512 _251;12 0 e\ b 0
0 —bp e, \0 0) \0 —bpy)
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the hypotheses being satisfied since clearly 2° h=0 (mod 2°%) and va(en) < 5s for
what we have just seen. It follows that ® (G) contains a matrix (f(')‘ 0

_ f“) congruent
to 2° (1’(')1 _g“) modulo 277!, and this is enough to deduce

va(f11) = v2(2°b11 + 02" ™) =5+ va(b11) < 6s. O

Proof of Theorem 5.2. With all the preliminaries in place this is now quite easy: by

Proposition 5.13 we know that ®(G) contains an element of the form (8 5(‘)2), where

v2(C12) < 5s, and by the explicit description of O~ ! (Lemma 5.3) this element must

come from R;, = ( (1) 5}2) € G. Similarly, if we let f denote the diagonal element
(f(l)1 _Of” ) then

o= 5, )+ i

1+c 0
0 1/(c+1)

va(c) = Uz(fll +\/1+%Tf2)— 1)

= v fi+ 0@ 07h)
= v2(f11) < 6s.

is an operator of the form D, = ( ), where

Observe now that replacing G with G, the group {g’ | ¢ € G} endowed with the
obvious product g/ - g5 = (g281)", simply exchanges L(G) for L(G)’, so if L(G)
contains the (symmetric) set 2°sl,(Z5), then the same is true for L(G’). Thus G’
contains R,ss and G contains L,ss. We have just shown that G contains L,, R and
D, for certain a, b, ¢ of valuation at most 6s, so it follows from Lemma 3.4 that G
contains B, (6s). ([l

Remark 5.14. The above result should be thought of as an analogue of Theorem 3.9
for £ =2, even though the present result is actually much weaker. It would of course
be interesting to have a complete classification result for pro-2 groups purely in
terms of Lie algebras, but as pointed out in [Pink 1993] the problem seems to be
substantially harder than for £ # 2.

It is now easy to deduce Theorem 5.1(i):

Proof. The proof follows closely that of Theorem 4.2(i): we can replace G first by
H = G - (1+875) and then by Hy = H N SL,(Z,) without altering L(G) or G’, so
we are reduced to working with subgroups of SL;(Z;). Note now that n > 2, since
by hypothesis every element in G (and hence in Hp) has its off-diagonal coefficients
divisible by 4. Theorem 5.2 then guarantees that Hy contains B,(6n), so G' = H(;
contains B, (12n + 2) because of Lemma 3.3. O
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6. Lie algebras modulo ¢"

Fix any prime number £ and let L be a topologically open and closed, Z,-Lie
subalgebra of s(,(Z;). The same arguments of the previous section, namely an
application of Lemma 3.11, yield the existence of a basis of L of the form

oo (@ an = b1 b1 o 0 ci2
: ay —ap ) 0 —by) 7 \0 0)
Definition 6.1. A basis of this form will be called a reduced basis.

There is clearly no uniqueness of such an object, but in what follows we will
just assume that the choice of a reduced basis has been made.

Notation. We let k(L), or simply k, denote the number min,,c; v;(m2;), where
my; is the bottom-left coefficient of m in the standard matrix representation of
elements of sl,(Z,). Furthermore, for every positive n we denote by L(£") be the
image of the mod-£" reduction map 7, : L — s((Z/¢"Z); clearly L(€") is a Lie
algebra over Z/¢"7.

Remark 6.2. It is apparent from the definition of a reduced basis that k(L) =v¢(azy).
Also notice that, by definition, the images of x|, xo, x3 in L(£") generate it as a
(Z/2"Z)-module.

The following statement allows us to deduce properties of G(£"*) from corre-
sponding properties of L(£"):

Proposition 6.3. Let L be as above, and assume that L is obtained as ©(G) for
a certain closed subgroup G of GLy(Z,) (Whose reduction modulo 2 is trivial if
£ =2). For every integer m > 1, let G(£™) be the image of G in GLy(Z/¢"Z), and
let j, =|{i €{1,2,3}]|x; %0 (mod £™)}| (that is, exactly j,, among x1, x, and x3
are nonzero modulo £™). For every n > 1 the following are the only possibilities
(recall that v = v¢(2)):

o juisat most 1 and G(£") is abelian.

e j, =2 and either jy, =3 or G *KLI+1=2vy js contained in the subgroup of
upper-triangular matrices (up to a change of coordinates in GLy(Zy)).

e jn=3and L contains ¢"T*L)~151,(Z,).

Remark 6.4. The exponent n+2k(L) — 1 is best possible: fix integers k >0, n > 1
and let L be the Lie algebra generated (as a Z,-module) by x; = ( elk _01), Xy =
(EH(;H _ekg,,,l ), and x3= (8 g’gl )- Then clearly k(L) =k, j,(L)=3, and itis easy to

check that n 42k —1 is the smallest exponent s such that £°sl,(Z;) is contained in L.

Proof. Assume first j, < 1. It is clear that every element of G (£") can we written as

Ald +m, for some A € Z/¢"Z and m,, € L(£"). Now L is generated by xy, x2, x3,
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so in turn every m,, is of the form 7, (11x; + pox2 + £3x3), and since at most one of
7, (x1), 7, (Xx2), 7, (x3) is nonzero we can find an /,, € L(£") such that, for every m,,,
there exists a scalar u € Z/¢"Z with m,, = n1l,. It follows that every element of
G (£") can be written as A Id +pu [, for suitable A, «, and since Id and /,, commute,
our claim follows.

Next consider the case j, = 2. We can safely assume that j, = 2, for otherwise
we are done (notice that j,, > j, = 2). Under this assumption, it is clear that for
i =1,2,3, we have m, (x;) = 0 if and only if 7, (x;) = 0. Suppose first 77,,(x;) =0,
so that k(L) > 1. Then G(£") is a subset of

Z/0'7 1d+7 /07 - 0, (x2) + Z/0"7 - 7, (x3),

and Id, 7, (x2), 7, (x3) are upper-triangular matrices. So G (£"), and hence also
G (£"~*D+1=2vy gince k(L) > 1, is in triangular form.

Suppose next 7, (x1) #0. Assume that 7, (x3) =0 (the other case being analogous,
as we are only going to use that x; is upper-triangular). L is a Lie algebra, hence so
is L(£?"); furthermore, every element in L (£2") is a combination of 72, (x1), 72, (x2)
with coefficients in Z/£>"Z. In particular, there exist £, & € Z/¢*"Z such that

—a by 4(ajibip — Cllzbn))

—2b11)€1 +2(111X2 = ( 0 a21b12

= &1x1 + &y (mod £27).

Matching the bottom-left coefficients, we find £;a;; = 0 (mod 221, so, using
ve(az1) =k(L), we immediately deduce & =0 (mod ¢2"~*(1)), Reducing the above
congruence modulo ¢2*~*(L) we then have the relations

—a1bin = £b11 (mod (2 7KD)) 1)
4(a1b1z — anbiy) = &by (mod €27+,

We now introduce the vector y = (_l;bz“ ) € Z%. An immediate calculation shows

that this is an exact eigenvector for x, (associated with the eigenvalue —b;;), and
on the other hand it is also an approximate eigenvector for 2x;, in the sense that
2x1 -y = (& —2ay1)y (mod £2"*1)) Indeed,

Dy = (12 2b1z | _ (2anbi2 —4annbn
az1 —ar )\ —4b1 2a31b12 +4anbn )’

and using (6-1) we find

2x1 -y = 2anbiz —4apbi — 2a11b12 +&b12 —4ay bz
1 2anbiy +4anbi) —2&b11 +4ay1byy

= (& —2ay;)y (mod ¢2"*(1)),

as claimed.
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Now if £ # 2 we immediately deduce x; - y = (£2/2 —aj1)y (mod ¢2"~*L)) 1,
on the other hand ¢ = 2, then we would like to prove that v,(§;) > 1 in order to be
able to divide by 2. Observe that y is not zero modulo 2"*!, since its coordinates
are (up to a factor of 2) the entries of x,, which we have assumed not to reduce to
zero in L(2").

Let o = min{v2(2b11), v2(b21)} < n and reduce the last congruence modulo 2%+
Then 2x; -y = x1 - (2y) =0 (mod 2°*!), so (&, —2a;1)y =0 (mod 2°*!), which
implies that &, is even (that is to say, v2(£;) > 1), for otherwise multiplying by
A — 2a;; would be invertible modulo 2**! and we would find y =0 (mod 2¢*1),
contradicting the definition of «. It follows that we can indeed divide the above
congruence by 2 to get

x1-y = (§2/2—ai)y (mod 2277,
Equivalently, the following congruence holds for every prime £:
x1-y = (§/2—an)y (mod '~ HB™Y),

Note now that it is in fact true for every £ that y is not zero modulo £ (its
coordinates are, up to a factor of 2, the entries of x,, which we have assumed not
to reduce to zero modulo £").

Let again o = min{v,(2b11), ve(b21)} <n—1+v and set y = £~ %y. Dividing
the congruence x; - y = (/2 — ay1)y (mod 2n—k(L)—vy by £%, we get x; -y =
(52/2 — an)i (mod ¢~ KL+1=2v) “where § = (;:;) is a vector with at least one
coordinate an £-adic unit. Assume by symmetry that v,(y;) = 0 and introduce
the base-change matrix P = (g; (1)): this is then an element of GL,(Z,), since its
determinant y; is not divisible by £.

An element of G (£"*L)+1-2vy wil] be of the form g=AIld+pux; 4+ pnaxo, so
by construction conjugating G via P puts G (£"~*E)+1=2vy in upper-triangular form.
Indeed, the first column of x; (for i =1, 2) in the coordinates defined by P is given by

N
P x;P

o) = P55 = P (22— a5+ e O )

1
= (&2/2— au)(o) 4 kD20 pot

= @/2—a)( ) (mod e k1)

where w is a suitable vector in Z% (that vanishes for i = 2).
Finally, suppose j, = 3. Then we have in particular 7, (x3) # 0, so v¢(c12) <n—1.
As L is a Lie algebra, we see that it contains

_ ) _(—aziciz O
x4 = [x1, x3] — 2a11x3 = 0 wicn)
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whose diagonal entries have valuation at most vy (az;) + ve(ci2) < k(L) + (n — 1).
Furthermore, L also contains the linear combination

En-i—k(L)—l

n+k(L)—1
k(L)1 ap 14 an 0 0
X5—Zn+ X1+ X4 — X3 = _ .
azic2 c12 e =lg,, 0

. . n+k(L)—1 n+k(L)—1 .. . .
Notice that the coefficients ¢ azlm“” and o 412 have positive £-adic valuation
by what we have already shown, and that the valuation of the only nonzero coefficient

of xs is n +2k(L) — 1. Setting

(01 (10 (00
Sl_ 007 SZ_ 0_15 S3— 109

we see that L contains the three elements x3 = c281, X4 = —a2iC1282, X5 =
rtk(L)—1

az153. By what we have already proved, we have

max{ve(ci2), ve(—aziciz), ve (@D ay)} = n +2k(L) — 1,
so the Z,-module generated by x3, x4, x5 contains g2k =lg(,(Z,), and a fortiori
so does L. U

Corollary 6.5. Let G be a closed subgroup of GLy(Z,) satisfying property (>x) of
Theorem 4.2 (resp. G(4) = {Id} and det(G) =1 (mod 8) if £ = 2). Then for every
positive integer n > k(L(G)), at least one of the following holds:
(1) G") is abelian.
(2) G kLGN HI=2v) i contained in the subgroup of upper-triangular matrices
(up to a change of coordinates in GLy(Zy)).

(3) G’ contains the principal congruence subgroup
Be(16n —4) = (Id +£'"*g1,(Z,)) N SLy(Zy)

if € is odd, and it contains B,(48n — 10) if £ = 2.

Proof. To ease the notation, set L = L(G). Consider L(£") and distinguish cases
depending on j, as in the statement of the previous proposition. If j, <1 we are in
case (1) and we are done. If j, > 2 we begin by proving that either (2) holds or L
contains £4" " 1sl,(Z,).

If j, =2 and j,, = 2, then we are in situation (2) by the previous proposition.
If, on the other hand, j, =2 and j,, = 3, then (again by Proposition 6.3) we have

L 2 £2n+2k(L)715[2(Z€) 2 £4n715[2(z‘z)
since n > k(L). Finally, for j, = 3 the proposition yields directly
L2 ¢ D=151Z0) 2 67 sl (Z).

In all cases, property (xx) (resp. Theorem 5.1(i) for £ = 2) now implies that G’
contains By (16n —4) (resp. B2(48n — 10)) as claimed. O
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7. Application to Galois groups

We now plan to apply the above machinery to the Galois representations attached
to an elliptic curve. Let therefore K be a number field and E an elliptic curve over
K without (potential) complex multiplication.

Notation. ¢ is any rational prime, n a positive integer and G, the image of
Gal(I?/K) inside AutT;(E) = GL,(Z;). As before, v is 0 or 1 according to
whether ¢ is odd or even, respectively.

If ¢ is odd (resp. £ = 2), then by Theorem 4.2 (resp. Theorem 5.1) we know
that either G, contains a subgroup H, satisfying [G, : Hy] < 24 (respectively
[G¢ : Hy] <192 for £ = 2) and the hypotheses of Corollary 6.5, or otherwise
G% = SL;(Z;). In this second case, we put H; = Gy.

We also denote by K, the extension of K fixed by H,. The degree [K; : K] is
then bounded by 24 for odd ¢, and by 2 - |GL,(Z/4Z)| =2 -96 for £ = 2. For a
fixed ¢, upon replacing K with K, we are reduced to the case where G, satisfies the
hypotheses of Corollary 6.5. In order to apply this result we want to have numerical
criteria to exclude the “bad” cases (1) and (2). These numerical bounds form the
subject of Lemma 7.1 and Proposition 7.4 below, whose proofs are inspired by the
arguments of [Masser and Wiistholz 1993c; 1989].

Lemma 7.1. If ¢" 1 bo(K, E), the group G;(£") cannot be put in triangular form.

Proof. Suppose that G,(£") is contained (up to a change of basis) in the group of
upper-triangular matrices. The subgroup I' of E[£"] given (in the coordinates in
which G,(£") is triangular) by

r={(,)eez/ez]

is Gal(K /K )-stable, hence defined over K. Consider then E* = E/T and the
natural projection w : E — E* of degree |I'| = ¢". By Theorem 2.8, we also
have an isogeny E* — E of degree b, with b | bo(K, E). Composing the two, we
get an endomorphism of E that kills I', and therefore corresponds (since ((1)) is
annihilated by £") to multiplication by a certain £"d, d € Z. Taking degrees, we get
0 -b=1T|-b=d**",so¢" | band " | by(K, E). O

Corollary 7.2. Let L be the special Lie algebra of G, (supposing that G¢(2) is
trivial if £ = 2). The inequality k(L) < ve(bo(K, E)) holds, so that in particular
KD | bo(K, E).

Proof. Let t = vy (bo(K, E)). If by contradiction we had k(L) > ¢+ 1, then L(¢'*1)
would be triangular, and therefore so would be G,(¢'*!) € Z/¢'*'Z - 1d +L(¢'+)),
which is absurd, since £'T! { by(K, E). O
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Corollary 7.3. If ¢"1bo(K, E), the group G¢(£") does not consist entirely of scalar
matrices. In particular, this is true for G (£vPoK.EN+1y

Proposition 7.4. If £>" does not divide by(K, E)*bo(K, E x E), the group G ;(£")
is not abelian. In particular, the group G(£) is not abelian if £ does not divide
bo(K, E)by(K, E X E).

Proof. For simplicity, set d = by(K, E). By Corollary 7.3, there is an « € G, whose
image modulo £! %@ s not a scalar matrix. Suppose now that G(¢") is abelian.
The subgroup I' = { (x, a(x)) | x € E[£"]} C E x E is defined over K, since for any
y € Ge(") wehave y - (x, a(x)) = (y -x, y -a(x)) = (¥ - x, a(y - x)) as G¢(£") is
commutative. We can therefore form the quotient K -variety E* = (E x E)/ I, which
comes equipped with a natural isogeny E x E — E* of degree |I"| = E[£"] = £*";
on the other hand, Theorem 2.8 yields the existence of a K-isogeny E* — E X E
of degree b | bo(K, E x E). Composing the two, we obtain an endomorphism
Y of E x E, which (given that E does not admit complex multiplication) can be
represented as a 2 x 2 matrix (2]1 2;) with coefficients in Z and nonzero determinant.

Now since ¥ kills I, we must have ej;x +epa(x) =0 and ep;x 4+ e (x) =0
for every x € E[¢"]. Let n = min{v¢(e;;)} and suppose by contradiction that
n < n —ve(d). For the sake of simplicity, let us assume this minimum is attained
for e1y (the other cases being completely analogous: the situation is manifestly
symmetric in the index i, and to show that it is symmetric in j, it is enough to
compose with «~!, which is again a nonscalar matrix). Dividing the equation
e11x +epa(x) =0by £", we get

2 = n—n n
gnx_'_ T a(x)=0 (mod £"™ ™), VxeE[L"],
whence 0 .
e - n—
Enx+ 7 a(x)=0, VxeE[£""],

where now 7 is invertible modulo £"~", being relatively prime to £. Multiplying

by the inverse of %7, we then find that
_epp el n—n
oe(x)——w (zn) x, VxeE[",
i.e., o is a scalar modulo £"7"7. By definition of «, this implies £"~"7 | d, so
n—n <ve(d), a contradiction. It follows that £2"£~2v¢(d) | g21 | det(e” m). Squaring

. . . . oy 621 622
this last divisibility, we find

2
£4n£74vl(d) | (dCt(ell 612)) =deg(w) =b£2n’

€1 €22

s0 £21g=4ed | pand €2 | (e Dpo(K, E x E) | d*bo(K, E x E). The second
assertion follows immediately from the fact that £ is prime. (]
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With these results at hand it is now immediate to deduce the following theorem,
where we use the notation introduced at the beginning of this section and the symbol
B¢ (n) of Section 3.

Theorem 7.5. Let £ be a prime and set D(€) = bo(K¢, E)’bo(K¢, E x E). Let n
be a positive integer. Suppose that "~V does not divide D(£): then H; contains
By (16n — 4) for odd £, and it contains B, (48n — 10) for £ = 2.

Proof. By the discussion at the beginning of this section, there are two possibilities:
if the derived subgroup G% is all of SL,(Zy), then the conclusion is obvious since
H, = Gy; if this is not the case, then H, satisfies the hypotheses of Corollary 6.5.
Note that the image of Gal(K, /Ky) in Aut Ty (E) is exactly H, by construction. We
wish to apply Corollary 6.5 to G = Hy, assuming that £"~" does not divide D(¥).

Since £5(1) | by (K, E) by Corollary 7.2, we deduce that KL=V does not divide
bo(K¢, E)*bo(Ky, E x E), and a fortiori £"~*D+1=2v4 by (K, E)*bo(Ky, E x E).
Lemma 7.1 then implies that G (¢"~*(E)+1-2v) cannot be put in triangular form, and
on the other hand ¢" 7" t by (K, E)Yby(Kg, E X E) implies that 22" does not divide
bo(K¢, E)*bo(Ky, E x E), so G(£") is not abelian (thanks to Proposition 7.4). It
then follows from Corollary 6.5 that G' = H, contains the principal congruence
subgroup B, (16n —4) (resp. B¢(48n — 10) for £ = 2). U

Corollary 7.6. Let the notation be as above. The index [SLy(Zy) : (H Zl NBe(1))] is
of the form |SLy ()| B(£), where for £ # 2 the number B(£) is a power of £ dividing
233 . D) (resp. B(2) is a power of 2 dividing 2*5° D(2)'*%).

Proof. We can write the index [SL(Z,) : (H; N Be(1))] as
[SLa(Ze) : Be(D)]- [Be(1) : (Hy N Be(1))] = [SLa(Fo)| - [Be(1) : (Hy N B(1))],

so we just need to prove that B(£) = [B,(1) : (H; N B,(1))] divides ¢33 D(£)* (and
the analogous statement for £ = 2). Notice that since By (1) is a pro-£ group, the
number B(£) is a power of £.

Choose n such that £~V | D(¢). Then ¢*+1-V 1 D(¢), and therefore the above
theorem implies that H; contains By (16(n+1)—4) C B, (1) (resp. B2(48(n+1)—10)
for £ = 2): the index of B;(16(n + 1) —4) in By(1) is £316+D=3) 50 we get

[Be(1) : (H; N Be(1))] | €873 | 33 D(o)*®
for ¢ #£ 2, and likewise we have
[Bz(l) . (HZ/ m 62(1))] | 23(48(”—1)+85) | 2255D(2)144

for £ = 2. O



2388 Davide Lombardo

8. The determinant and the large primes

We now turn to studying the determinant of the adelic representation and the
behavior at the very large primes.

Proposition 8.1. The index

[ZX T det pg(Gal(I?/K))]
L

is bounded by K : Q].

Proof. The Weil pairing induces an identification of the determinant Gal(K /K) 2

Gy g Z; with Gal(K /K) X 7%, where x¢ denotes the £-adic cyclotomic character.
By Galois theory, we have

[ [ detpe(Gal(K/K)) =] [ x¢(Gal(K/K)) = Gal(K (1100)/K).
b4 L

Let F = KNQ(u), which is a finite Galois extension of Q. As Q (1) is Galois
over @, the restriction map Gal(K (tx0)/K) — Gal(Q(uo)/F) is well-defined
and induces an isomorphism. Therefore

[ZX -T1 Xg(Gal(I?/K))] = [Gal(Q(1t0)/Q) : Gal (Qp100)/ F)]
4

=[F:Q]<[K:Q],
as claimed. O

We will also need a surjectivity result (on SL;) modulo £ for every £ sufficiently
large: as previously mentioned, these are essentially the ideas of [Masser and
Wiistholz 1993c] and [Masser 1998], in turn inspired by those of Serre.

Lemma 8.2. If £ {1 bo(K, E x E;2)by(K, E; 60), then the group G (L) contains
SLo (Fp).

Proof. Let £ be a prime for which G,(£) does not contain SL,(F,) and let, for the
sake of clarity, G = G,(¢). By Theorem 3.13, if G does not contain SL;(F,), then
the following are the only possibilities:

(I G is contained in a Borel subgroup of GL,([F;): by definition, such a subgroup
fixes a line, therefore £ | bo(K, E) by Lemma 7.1.

(II) G is contained in the normalizer of a Cartan subgroup of GL;(F,): let C be
this Cartan subgroup and N its normalizer. By Dickson’s classification, C has index
2 in N, so the morphism

_ G N
Gal(K /K —_— —
a(/)—>G—>GmC;>C
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induces a quadratic character of Gal(K /K ), whose kernel corresponds to a certain
field K’ satisfying [K’ : K] < |N/C| = 2. By construction, the image of Gal(K’/K")
in Aut(E[£]) is contained in C, so applying Proposition 7.4 to Eg’ we get

€1 bo(K', EYbo(K', E x E) | bo(K, E; 2)bo(K, E x E; 2).

Notice that this also covers the case of G being contained in a Cartan subgroup.

(III) The projectivization PG of G is a finite group of order at most 60: we
essentially copy the previous argument. Let H = [PG; then we have a morphism

X

_ F, G
Gal(K/K) - G — = =H

X
14

whose kernel defines an extension K” of K with [K” : K] = |H| < 60 and such
that the image of the representation of Gal(K”/K") on E[£] is contained in F,:
Lemma 7.1 then yields ¢ | bo(K”, E) | bo(K, E; 60).

It is then apparent that the lemma is true with the condition
L1bo(K, E)bo(K, E x E)by(K, E; 2)b(K, E X E; 2)by(K, E; 60);
however, since
bo(K, E) | bo(K, E;2) | bo(K, E; 60), bo(K,E X E)|by(K, E xE;?2),
and since £ is prime, we see that £ divides
bo(K, EYbo(K, E x E)by(K, E; 2)by(K, E x E; 2)by(K, E; 60)
if and only if it divides b(K, E x E; 2)bo(K, E; 60), which finishes the proof. [J

Corollary 8.3. Let W =30-bo(K, E x E; 2)bo(K, E; 60). If £t W, then G, is all
of SLa(Zy).

Proof. The previous lemma implies that G, (€) contains SL;([F,), and by hypothesis
£ is strictly larger than 3, so the corollary follows from Lemma 3.15. ([

9. The adelic index and some consequences

We have thus acquired a good understanding of the ¢-adic representation for every
prime £, and we are now left with the task of bounding the overall index of the full
adelic representation. The statement we are aiming for is:

Theorem 9.1. Let E/K be an elliptic curve without complex multiplication with
stable Faltings height h(E). Let p : Gal(I?/K) — GL, (Z) be the adelic Galois
representation associated with E, and set

W=2.3.5-by(K, ExE; 2)by(K, E; 60), D(00)=bo(K, E: 24)°by(K, Ex E; 24).
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Let moreover K, be as in Section 7 and put
D(2) =bo(K2, E)’bo(K2, E x E).
With this notation, we have
[GL: (Z) : poo Gal(K /K)] < [K : @]-2722- D(2)'** . rad (W) - D(00)*,
where rad(W) =[] ¢yw € 18 the product of the primes dividing W.

The strategy of proof, which essentially goes back to Serre, is to pass to a suitable
extension of K over which the adelic representation decomposes as a direct product
and then use the previous bounds. For this, we will need some preliminaries. If
L is any number field, we let Leye = L(iuoo) be its maximal cyclotomic extension.
From the exact sequence

SL,(2) N GL, () N 7 o
Gal(K/Keye)  poo(Gal(K/K))  detopes(Gal(K/K))

we see that [GLZ(Z) ! Poo (Gal([? /K ))] equals
[Z* : det opoo(Gal(K /K))1- [SLa(Z) : poo(Gal(K / Keye))],

where the first term is bounded by [K : Q] thanks to Proposition 8.1. It thus
remains to understand the term [SL2(Z) : poo (Gal(K/Keye))]. Let P be the (finite)
set consisting of 2, 3, 5, and the prime numbers ¢ for which G, does not contain
SL,(Zy), and let F be the field generated over K by | J vep E[€]. Itis clear that

[SLo() : poo(Gal(K / Keye) )] < [SLa(Z) : poo (Gal(K / Feye))].

Notation. We set S = poo (Gal(K / Feye)) © SLy(Z) =[], SL2(Z¢) and let S be
the projection of S on SL;(Z,).

The core of the argument is contained in the following proposition.

Proposition 9.2. Let B(£) be as in Corollary 7.6 and D(2) be as in the statement
of Theorem 9.1. The following hold:

(1 S=T1, Se
(2) For L e P, L #2, we have

[SL2(Z0) : Se] | (ISLa(Fo)| - B(£));
for £ =2, we have
[SL2(2) : $5] <228 D(2)*.
) For £ ¢ P, the equality Sy = SLo(Z¢) holds.
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Proof. (1) This would follow from [Serre 2013, Théoréme 1], but since we do not
need the added generality and the proof is quite short we include it here for the
reader’s convenience.

Regard S as a closed subgroup of [[, S¢ € [[, SLa(Z) = SL,(Z). For each
finite set of primes B, let pg: § — Sp = l—[k 5 S¢ be the canonical projection. We
plan to show that for every such B containing P we have pp(S) = Sp. Indeed let
us consider the case B = P first. Our choice of F implies that Sy = py (Gal(F /F))
is a pro-¢ group for every £ € P: the group S, has trivial reduction modulo ¢
by construction, and therefore S, admits the usual congruence filtration by the
kernels of the reductions modulo £X for varying k. Now a pro-£ group is obviously
pronilpotent, so pp(S) is pronilpotent as well and therefore it is the product of its
pro-Sylow subgroups (which are just the S¢). To treat the general case, we recall
some terminology from [Serre 1998]. Following Serre, we say that a finite simple
group X occurs in the profinite group Y if there exist a closed subgroup Y; of Y
and an open normal subgroup Y, of Y| such that ¥ = Y;/Y,. We also write Occ(Y)
for the set of isomorphism classes of finite simple nonabelian groups occurring
in Y. From [Serre 1998, IV-25] we obtain the following description of the sets
Occ(GLy(Z))):

e Occ(GLo(Z))) = @ for p =2, 3;

* Occ(GLy(Z5)) ={As};

e Occ(GL2(Z))) = {PSLy(F ), As} for p==+1 (mod ), p > 5;

e Occ(GLa(Z))) = {PSLy(F )} for p =+£2 (mod5), p > 5.

Let B be a finite set of primes containing P and satisfying pp(S) = Sp, and fix
a prime £y ¢ B. We claim that ppue,)(S) = Spuje,)- Notice first that PSL, (Fy,)

occurs in Sy, and therefore in ppuie(S). Set Ny, = ker(ppuie,)(S) — pr(S)).
From the exact sequence

I — N¢y — pBuie)(S) — pB(S) — 1, 9-1)

we see that Occ(ppuiry)(S)) = Occ(pp(S)) U Occ(Ny,). On the other hand, the
only finite nonabelian simple groups that can occur in pp(S) are As and groups
of the form PSL,(F,) for £ # £y, so PSL,(F,) does not occur in pg(S) (notice
that PSL,(F,,) # As since £y # 5), and therefore it must occur in Ny,. Denote
by ]V_go the image of Ny, in SL,(F,,). The kernel of N,, — SL2(Fg,) is a pro-£g
group, so Occ (Ng,) equals Occ (N,) and therefore Ny, projects surjectively onto
PSL,(F¢,). Hence we have Ny, = SLa(F,,) by [Serre 1998, IV-23, Lemma 2], and
by Lemma 3.15 this implies Ny, = SL»(Zy,): by (9-1) we then have ppue,(S) =
pB(S) x SLy(Z4,), as claimed. By induction, the equality pg(S) = Sp holds
for any finite set of primes B containing P, and since § is profinite we deduce
that S =[], Se.
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(2) The group S; is the kernel of the projection map (G¢ N SL2(Z;)) — SLy(Fe);
as such, it contains the intersection H; N By(1) (notation as in Section 7), so we
just need to invoke Corollary 7.6 to have

[SLa(Ze) : Se] | [ SLa(Ze) : (Hy N Be(1))] | ISLa(F)|B(),

as claimed. On the other hand, the group H> is a subgroup of p; (Gal([? /K(E [4])))
for € =2, while S, is p2(Gal(K /Kcye (E[2]))), so S, is larger than Hj N B;(1) and
we can again use the bound of Corollary 7.6, which now reads

[SLy(Z) : $:] <22°D(2)"™SLy(F2)| < 278D (2)'*.

(3) As £ & P, we know that py(Gal(K /K)) contains SL,(Z;), so PSL(F;) occurs
in p¢(Gal(K /K)). Consider the Galois group Gal(F/K): it is by construction a
subquotient of [] pep GL2(Z)), so the only groups that can occur in it are those
in peP Occ(_GLz(Z »)), and in particular PSL>([F¢) does not occur in Gal(_F /K).
Now p,(Gal(K /K)) is an extension of a quotient of Gal(F/K) by p¢(Gal(K /F)),
so PSL; (F¢) occurs in p¢(Gal(K /F)), and furthermore p¢(Gal(K /F)) is an exten-
sion of an abelian group by p¢(Gal(K / F¢yc)), so the group PSL, () also occurs in
yo) (Gal(K /Feyc)) = S¢: reasoning as in (1), we then see that Sy projects surjectively
onto PSL,([F,), and therefore S, = SL,(Z;). O

The proof of Theorem 9.1 is now immediate:

Proof of Theorem 9.1. We have already seen that [GL2 (2) : poo(Gal(K /K ))] equals
[Z% : detope Gal(K /K)] - [SLo(Z) : poo(Gal(K /Keye))]. Now the first factor in
this product is at most [K : @], while the second is bounded by [SLZ(Z) 0 8]t
follows that the adelic index is bounded by

[K :Q]-[SLy(2) : S1 < [K : Q] l—[[SLz(Ze) : 8¢l

LeP

<[K:Q]-[[ISL2@0) : Si] ©9-2)
v

<[K:Q]-2%%. D" ] ISL@ol- [] B@.

00,042 0,042

where we have used the fact that £1W = ¢ ¢ P. We now observe that, by construction,
for all odd primes £ we have vy (D (00)) > v (D (£)), so by Corollary 7.6 the quantity

Huw,z#z B(¢) divides

1—[ 5333481)@(0(())\ 1—[ £33 p48ve(D(00))
00,042 0,042
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which in turn divides (%)33 - D(00)*8. Combining this fact with Equation (9-2)
and the trivial bound |SL,(F;)| < £3 we find that the adelic index is at most

[K :Q]-2%2 . D)% ( ] 53) rad(W)3 . D(00)*8,
NNES)

which in turn is less than [K : Q]-2%22. D(2)** . rad(W)3¢ - D(00)*®, whence the
theorem. U

Using the estimates of Proposition 2.6 to bound W, D(2) and D(c0), we get:

Corollary 9.3. Let E/K be an elliptic curve that does not admit complex multipli-
cation. The inequality

[GLy() : poo(Gal(K /K))] < y1 - [K : Q2 -max]1, h(E), log[K : @]}ZV2
holds, where y; = exp(1021483) and y» = 2.4 - 10'°.

Remark 9.4. With some work, the techniques used in [Le Fourn 2015] (cf. espe-
cially Theorem 4.2 of op. cit.) could be used to improve the above bound on V;
unfortunately, the same methods do not seem to be easily applicable to bound D (c0).
Notice that our estimates for W and D(oco) are essentially of the same order of
magnitude, so using a finer bound for ¥ without changing the one for D(co) would
only yield a minor improvement of the final result.

On the other hand, it is easy to see that using the improved version of the isogeny
theorem mentioned in Remarks 2.3 and 2.7, one can prove

[GL2(Z) : poo(Gal(K /K))] < 3 - (IK : @] - max{1, h(E), log[K : Q]})"
with y3 = exp(1.9-10'%) and y, = 12395.
The field generated by a torsion point. As an easy consequence of our main result,
we can also prove:

Corollary 9.5. Let E/K be an elliptic curve that does not admit complex multipli-
cation. There exists a constant y (E /K such that the inequality

[K(x):K]>y(E/K)N(x)?

holds for every x € Eis(K). Here, N(x) denotes the order of x. We can take
y(E/K)=(¢(2)-[GL, (Z) : Poo Gal(K /K)]) ™, which can be explicitly bounded
thanks to the main theorem.

Proof. For any such x, set N = N (x) and choose a point y € E[N] such that (x, y)
is a basis of E[N] as (Z/NZ)-module. Let G(N) be the image of Gal(E/K) inside
Aut E[N], which we identify with GL,(Z/NZ) via the basis (x, y). We have a
tower of extensions K(E[N])/K(x)/K, where K(E[N]) is Galois over K and
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therefore over K (x). The Galois groups of these extensions are given — essentially
by definition — by

Gal(K(E[N])/K)=G(N) and Gal(K(E[N])/K (x)) = Stab(x),
where Stab(x) = {o € G(N) | o(x) = x}. It follows that

[K(EIND: K] _ IG(N)]
[K(EIND: K]~ [Stab(x)|”

[K(x):K]=
and furthermore it is easy to check that

GLaNp, N T (1-%)

IG(N)| = : = : :
[GL2(Z/NZ): G(N)]  [GLa(Z/NZ) : G(N)]

On the other hand, the stabilizer of x in G(N) is contained in the stabilizer of x
in GL,(Z/NZ), which is simply

{(é Z) ( acZ/NZ, be (Z/NZ)X},

so |Stab(x)| < |Z/NZ|-|(Z/NZ)*| = No(N). Finally, the index of G(N) inside
GL,(Z/NZ) is certainly not larger than the index of G, inside GL,(Z). Putting
everything together we obtain

N3 (N) Hp|N<1 —#) > N3 (N) l—[pprime<1 —lz)

P
[K(x): K]= > = ;
[GL2(Z/NZ) : G(N)] - |Stab(x)| No(N) - [GLy(Z) : Gl
and the corollary follows by remarking that [, prime( 1— #) = ﬁ U
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On 0O-cycles with modulus

Amalendu Krishna

Given a nonsingular surface X over a field and an effective Cartier divisor D,
we provide an exact sequence connecting CHy (X, D) and the relative K -group
Ko(X, D). We use this exact sequence to answer a question of Kerz and Saito
whenever X is a resolution of singularities of a normal surface. This exact
sequence and two vanishing theorems are used to show that the localization
sequence for ordinary Chow groups does not extend to Chow groups with modulus.
This in turn shows that the additive Chow groups of 0-cycles on smooth projective
schemes cannot always be represented as reciprocity functors.

1. Introduction

The idea of algebraic cycles with modulus was first conceived by Bloch and Esnault
[2003b; 2003a]. One main motivation behind such a theory is to develop a theory of
motivic cohomology which can describe the relative K -theory of smooth schemes
relative to closed subschemes. A potential candidate for such a theory was later
constructed and studied by Park [2009], Krishna and Levine [2008] and more
recently by Kerz and Saito [2015] and Binda and Saito [2014]. It was conjectured
in [Krishna and Levine 2008] that there should exist a spectral sequence consisting
of these motivic cohomology groups whose abutment is the relative K -theory.

The results of this text were partly motivated by the following question of
Kerz and Saito [2015, Question V]. Let X be a smooth quasiprojective scheme
of dimension d over a field k and let D < X be an effective Cartier divisor. Let
CHy(X, D) denote the Chow group O-cycles on X with modulus D. Let ICQ”’(X, D)
denote the relative Milnor K -theory sheaf on X. Let U be an open subscheme of
X whose complement is a divisor.

Question 1.1. Assume that X is projective and k is a perfect field of positive
characteristic. Is there an isomorphism

lim CHo(X, D) = lim HA (X, K}y p)).
D

lim
m
D
where the limits are taken over all effective divisors on X with support outside U ?

MSC2010: primary 14C25; secondary 14F30, 14G40.
Keywords: algebraic cycles, modulus condition, K -theory.
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It follows from the main results of [Kato and Saito 1986; 2015] and [Riilling and
Saito 2015] that this question has a positive solution if k is finite and the support
of X \ U is a normal crossing divisor. As explained in [Kerz and Saito 2015], the
above question is part of the bigger question of whether the Chow groups with
modulus satisfy Nisnevich or Zariski descent. As we shall see shortly, the above
question is also directly related to the conjectured connection between the cycles
with modulus and the relative K -theory.

Main results. Let Pic(X, D) denote the isomorphism classes of pairs (£, ¢), where
L is a line bundle on X and ¢ is an isomorphism ¢ : £|p => Op. We prove the
following result as a partial answer to the above question.

Theorem 1.2. Let k be any field and let X be a nonsingular quasiprojective surface
over k with an effective Cartier divisor D. Then there is an exact sequence

CHo(X, D) &) K((X, D) —> Pic(X, D) —> 0. a-1)
In particular, cycx p) induces a surjective map CHo(X, D) — anis(X, ICQ?(X’D)).

Remark 1.3. The map cycy p) turns out to be injective as well if X is affine. A
proof of this using completely different type of argument will appear in [Binda and
Krishna > 2015].

Let us now assume that X is a resolution of singularities of a normal surface Y
and let U denote the regular locus of Y. Then we can use Theorem 1.2 to obtain
the following finer result which fully answers Question 1.1 for a special class of
surfaces.

Theorem 1.4. Let k be any field and let X be a resolution of singularities of a
normal surface Y. Let U denote the regular locus of Y. Then the cycle class map

CHy(X, D) — HI%S(X, ICS’[(X D)) induces an isomorphism

lim CHy(X, D) => lim H3 (X, ’Cév,l<x,D))’
D D

where the limits are taken over all effective divisors on X with support outside U.

Localization sequence for Chow groups with modulus. Since the introduction of
the Chow groups with modulus, various authors have been trying to prove several
properties of these Chow groups which are analogous to the well-known properties
of Bloch’s higher Chow groups. It was shown in [Krishna and Park 2014] recently
that the Chow groups with modulus satisfy projective bundle and blowup formulas.
It was however not known if the localization sequence for Bloch’s higher Chow
groups is true for Chow groups with modulus. We use Theorem 1.2 to show that
the Chow groups with modulus do not admit such a localization sequence. In fact,
we show that even the localization sequence for the ordinary Chow groups (in the
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sense of [Fulton 1998]) does not admit extension to Chow groups with modulus.
Answering this question was another motivation of this note.

Let m > 2 be any integer and let D denote the Cartier divisor Spec(k[?]/(t™))
inside Spec(k[t]). For any Y € Sch/k, the Cartier divisor ¥ x D < Y x A,l is
denoted by D itself.

Theorem 1.5. Let k be an algebraically closed field of characteristic zero with
infinite transcendence degree over Q. Let Y be a connected projective curve over k
of positive genus. Then for any inclusioni : {P} < Y of a closed point, the sequence

CHo({P} x A}, D) <> CHo(Y x A}, D) > CHy(Y \ {P} x A}, D) — 0

is not exact.
In particular, the localization sequence for Bloch’s higher Chow groups does not
extend to the Chow groups with modulus, even for a closed pair of smooth schemes.

The proof of this negative result is based on Theorem 1.2 and the following two
vanishing theorems of independent interest.

Theorem 1.6. Let k be any field and let Y be any nonsingular affine scheme over k
of dimension d > 1. Then CHy(Y x Al, D) =0.

Theorem 1.7. Let k be an algebraic closure of a finite field and let X be a smooth
affine scheme over k of dimension d > 3. Then for any effective Cartier divisor
D — X, we have CHo(X, D) = 0. Assuming Dreq is a normal crossing divisor, we
also have HIﬁS(X, IC%(X’D)) =0.

Remark 1.8. Theorem 1.7 implies that the analogue of Question 1.1 has a positive
solution for affine schemes over k of dimension at least three if D,cq is a normal

crossing divisor.

Remark 1.9. The assertion of Theorem 1.7 is true also for d = 2 and will appear
in [Binda and Krishna > 2015]. The proof in this note does show at least that
CHy(X, D)g =0 even if X is a surface.

On the other hand, it is easily seen using the surjection CHy(X, D) — CHp(X)
that d > 2 is a necessary condition for the vanishing of CHy(X, D).

Additive Chow groups and reciprocity functors. Ivorra and Riilling [> 2015] in-
troduced the reciprocity functors 7' (M, - - - , M, ). These reciprocity functors are
expected to describe the ordinary as well as the additive higher Chow groups of
O-cycles for smooth projective schemes over a field. In this direction, it was shown
by Ivorra and Riilling [> 2015, Corollary 5.2.5] that for a smooth projective scheme
X of dimension d over a field k, there is an isomorphism 7' (G,;", CHo(X)) (k) =~
CHY (X, r). They also show that T (G,, CHy(Spec(k))) (k) =~ CHy(Al, D,) if
char(k) = 0, where D, = Spec(k[t]/ (t%)). This was a verification of a special
case of the general expectation that 7' (&,, CHo(X))(k) should be isomorphic to
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the additive Chow group CHo(X x A}, D,) if X is a smooth projective scheme
over k. However, combining Theorems 1.5 and 1.6 with [Riilling and Yamazaki
2014, Theorem 1.1], we prove:

Corollary 1.10. Let k be an algebraically closed field of characteristic zero with
infinite transcendence degree over Q. Let Y be a connected projective curve over
k of positive genus. Then CHy(Y x A,l, D») cannot be described in terms of the
reciprocity functors.

Outline of proofs. We recall the definitions of Chow groups with modulus in
Section 2. We then use the Thomason—Trobaugh spectral sequence to relate the
cohomology of the sheaf IC%(X’ py With the relative K-groups. We first prove an
analogue of Theorem 1.2 for curves in Section 3 and deduce it for surfaces using
Lemma 3.2. The proof of Theorem 1.2 is completed using some results of [Kato
and Saito 1986] and Theorem 1.4 proven by using a combination of Theorem 1.2
and an explicit formula for the Chow group of 0-cycles on normal surfaces from
[Krishna and Srinivas 2002].

We prove Theorem 1.6 by first reducing to the case of curves. This case is
achieved with the help of an algebraic version of a sort of containment lemma. We
prove Theorem 1.5 as a combination of Theorems 1.2 and 1.6. This reduces the
problem to understanding a map of cohomology groups of the relative K -theory
sheaves of nilpotent ideals. This in turn can be written as an explicit map of k-vector
spaces, where k is the ground field. Theorem 1.7 is proven by reducing to the case
of affine surfaces and empty Cartier divisor using some Bertini theorems.

2. Recollection of Chow group with modulus and relative K -theory

We fix a field k and let Sch/k denote the category of quasiprojective schemes over k.
Let Sm/ k denote the full subcategory of Sch/k consisting of nonsingular (regular)
schemes. Given X € Sch/k, we shall write Xgine and Xie for the closed and open
subschemes of X, where X4 is singular and regular, respectively. In this text, a
curve will mean an equidimensional quasiprojective scheme over k£ of dimension
one. For a curve C, the scheme C" will often denote the normalization of Cyeq.
Given a closed immersion ¥ < X in Sch/k, we let |Y| denote the support of ¥
with the reduced induced closed subscheme structure.

For X € Sch/k, let K(X) and G(X) denote the K-theory spectra of perfect
complexes and coherent sheaves on X, respectively. For a closed subscheme Y «— X,
let K (X, Y) denote the homotopy fiber of the restriction map K (X) — K (Y). For
a sheaf F on the small Zariski (resp. Nisnevich) site of X, let H (X, F) (resp.
H (X, F)) denote the cohomology groups of 7. A cohomology group in this text
without mention of the underlying site will indicate the Zariski cohomology.
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Thomason-Trobaugh spectral sequence for K-theory with support and relative
K-theory. Given a scheme X and a closed subscheme ¥ < X, let K¥ (X) denote
the homotopy fiber of the restriction map of spectra K (X) — K(X\Y). Let K; x.v)
denote the Zariski sheaf on X whose stalk at a point x € X is the relative group
Ki(Ox,, Oyy) for i € Z. Given a closed point x € Xyg \ ¥, the spectrum K¥(Y)
is contractible and hence there are natural maps of spectra

K (k(x)) > K™(X) - K(X, D) > K(X). (2-1)

In particular, there is a commutative diagram of Thomason—Trobaugh spectral
sequences [1990, Corollary 10.5]

EDY = Hf, (X Kqx) —— K (X)

|

E}d yy = HP (X, Kg.xv) == K4 p(X, Y) (2-2)

|

E}y=HP(X,Kyx) =—— K, ,(X)

which is valid even when the Zariski cohomology is replaced by the Nisnevich
cohomology.

Lemma 2.1. Given a modulus pair (X, D) of dimension two over k, there is a short
exact sequence

0— Hg(X, K2,x,p)) — Ko(X, D) — Pic(X, D) — 0 (2-3)

where C is either Zariski or Nisnevich cohomology. In particular, the map

H2 (X, K2.(x.p) = nls(X K2, (x,p)) is an isomorphism.

Proof. Let C denote either the Zariski or the Nisnevich cohomology. Since the
C-cohomological dimension of X is two, the strongly convergent spectral sequence
Ep = Hp(X Kq.x,p)) = K4— (X, D) with differential d, : gD s pPrratr !
gives us an exact sequence

,1

HY(X, K1,x,p)) LN HZ(X, Ka,x,p)) — Ko(X, D) — H} (X, K1, (x,p)) — 0.
(2-4)
By Hilbert’s theorem 90, the map Hzlar(X, Ki,x.p)) = nls(X K1,(x,p)) 1s an
isomorphism and it follows from [Suslin and Voevodsky 1996, Lemma 2.1] that
H) (X, Ki.(x.py) = Pic(X, D). We are thus left with showing that do '=0. We
prove this for the Zariski cohomology as the same argument applies in the Nisnevich

case.
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Applying the above spectral sequence for Ki(X, D), the equality a’g 1T=0is
equivalent to the assertion that the map K (X, D) - H 0(X, K1,(x,p)) 1s surjective.
To prove this, we let f € H 0(x, K1,x,py). This is equivalent to a regular map
f : X — Gy, such that f|p = 1 and hence to a commutative diagram with exact
rows

0 —— Ki(Gp, {1}) —— Ki(Gp) —— Ki({1) ——0

| | |

Ki(X, D) — Ki(X) — K1(D) (2-5)

| | |

0 — HO%X, K1, (x,p)) — HY(X, K1,x) — H(D, K1,p)

If we let G, = Spec(k[til]), then one can check (as is well known) that
o f*([t]) = f. Since t € K{(Gy, {1}), we see that f*([t]) € K{(X, D) and
8o f*(t) dies in H(D, K1 p). Hence, it must lie in H(X, K1, (x.p)). It follows
that the map K (X, D) — H°(X, K1,(x.p)) is surjective. O

Remark 2.2. The isomorphism szar(X , K2,x,p)) = anis(X , K2,(x.p)) was shown
earlier by Kato and Saito [1986, Proposition 9.9] by a different method.

Chow groups of 0-cycles with modulus. We recall the definition of the Chow group
of O-cycles with modulus (see [Binda and Saito 2014, §2] or [Krishna and Park
2014, §2]).

Let X be a nonsingular scheme of pure dimension d and let D C X be an effective
Cartier divisor on X. We shall call such a pair (X, D) of a nonsingular scheme and
an effective Cartier divisor, a d-dimensional modulus pair. Let Zy(X, D) denote
the free abelian group on the closed points in X \ D. Let C — X x [FD}( be a closed
irreducible curve satisfying:

(1) C is not contained in X x {0, 1, oo}.
Q) Ifv:CV - X x [P’,i denotes the composite map from the normalization of C,
then one has an inequality of Weil divisors on C:

V(D x P)) < v*(X x {1}).

We call such curves admissible. Let Z;(X, D) denote the free abelian group
on admissible curves and let Ry(X, D) denote the image of the boundary map
(00 — 000) : Z1(X, D) — Z¢p(X, D). The Chow group of O-cycles on X with
modulus D is defined as the quotient

2Z0(X, D)
CH()(X, D) = m
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To relate this definition of CHo (X, D) with the one given by Kerz and Saito [2015],
let 7¢c : CV — C denote the normalization of an integral curve C < X which is
not a component of D. Let Ac|p and Acw|p denote the semilocal rings of C and
C"V at the supports of C N D and T cnb), respectively. Let R (X, D) denote
the subgroup of Zy(X, D) given by the image

[ Ki1(Acwp. In) £ Zo(X, D). (2-6)
c¢D

Note that the surjectivity of the map K»(Acwv|p) — K2(&(D)) implies that

Ki(Acvp, Ip) =Ker(K{(Acv p) = K1 (5 (D))
= lim Ker(O(U)* — O(x&(D)™), @7
U
where U ranges over all open subschemes of C" containing w5 (D).
One can then check as in the classical case (see for instance [Binda and Saito
2014, Theorem 3.3]) that there is a canonical isomorphism

206 D), cuy(x, D) (2-8)
Ry (X, D) T

3. The cycle class map

Let (X, D) be a 2-dimensional modulus pair. In this section, we construct the cycle
class map CHo(X, D) — H*(X, K>, (x,p)) and prove Theorems 1.2 and 1.4. More
generally, we assume X is either a curve or a surface and let P € X \ D be a closed
point. Let Xp denote the spectrum of the local ring Ox p. Assume d =1, 2. It
follows from (2-1) and (2-2) that there is a commutative diagram

H({P}, Ko (py) — Ko({P})

el :

He (X, Kax) — K§T(X) (3-1)

|

HY (X, Ky4,x.p)) — Ko(X, D)

where the top vertical arrow on the left is an isomorphism by excision and the
Gersten resolution for K, x, and the one on the right is an isomorphism by the
localization sequence for K -theory. We define the cycle class map

CyC(X,D) . Z()(X, D) —> Hd(X, ’Cd,(X,D)) (3_2)
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by letting cycx p)([P]) be the image of 1 € H({P}, Ko,(p}) = Z under the com-
posite vertical arrow on the left in (3-1) and extending it linearly on all of Z¢(X, D).
To show that this map kills rational equivalences, we first consider the case of
curves.

Lemma 3.1. Let (C, D) be an 1-dimensional modulus pair. Then the map cyc ¢ p
induces isomorphisms

cyc(c.py : CHo(C, D) = H,,.(C. K1,(c.p))
=~ HL.(C, K1 (c.py) = Pic(C, D) = Ko(C, D).

Proof. For any reduced closed subset S C C such that SN D = @ and any open
subset U C X, we have the localization fiber sequence of spectra

K(SNU) — KWU)— KU\YS).

Taking the filtered colimit over closed subsets S as above under the inclusion, we
get a short exact sequence of Zariski sheaves

0 — Kic.0) — jx(Kricp.0) — | [ ip)(Kok(P)) — 0 (3-3)
P¢D
on C, where Cp is the spectrum of the semilocal ring Ac|p of C at [D| and
j : Cp — C is the inclusion map. This yields the cycle class map

YCc.p)* ]_[ 7 — H'(C,K1,c,p))- (3-4)
P¢D

To show that this induces an isomorphism CH(C, D) — H'(C, Ki1,(c,p)), we
first claim that j.(Ki (c,, p)) is an acyclic Zariski sheaf. To prove this claim, it
suffices to show that if U < C is open and Up is the spectrum of the semilocal
ring of U at |U N D|, then H (Up, K1,wp,p)) =0 fori > 1. But this is immediate
from the exact sequence

0 — K1, wp,p) — Ki,up — Ki,unp — 0

and the fact that Up is a semilocal scheme.
It follows from the above claim that (3-3) is an acyclic resolution of Xy, (c,p)
and in particular, there is an exact sequence

Ki(Acip. Ip) &> [ | Z— H(C. K1 c.p)) — 0.
P¢D
By (2-8), this implies that the map (3-4) induces an isomorphism CHy(C, D) =>
H,..(C,K1c.p))-
The isomorphism of the natural map H)

(C,Ki,c.p) = HL(C,Ki (D)
follows easily from Hilbert’s theorem 90.
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We now consider the commutative diagram of homotopy fiber sequences

[[ K(k(P)) — K(C) ——— K(Acp)

|

K(Acip/I) == K(Acip/1)
This yields a homotopy fiber sequence
[ [ K k(P)) — K(C.D) — K(Acpp. 1)
P¢D
and in particular, an exact sequence
Ki(Acip, 1) = Z0(C, D) —> Ko(C, D) —> 0
and we conclude from this that
Coker(d) = CHo(C, D) = K((C, D).
Finally, the isomorphism H (C, K1 (c.p)) => Pic(C, D) follows from [Suslin and
Voevodsky 1996, Lemma 2.1]. O

Lemma 3.2. Let (X, D) be a 2-dimensional modulus pair and let f : C — X be
a finite map, where C is a nonsingular curve such that f*(D) is a proper closed
subscheme of C. Then there is a commutative diagram

CYC(c.r*Dy)

Zy(C, f*(D)) ————— H'(C, K1,(c, /D))

f*l lf* (3-5)

C€YC(x,p)

Zy(X, D) —————— H*(X, K2,(x.p))
where f, on the left is the pushforward map.

Proof. We set E = f*(D). Since tx : D < X and (¢ : E < C are Cartier divisors,
Torbx (Op, f+(O¢)) =0 fori > 0. In particular, there is a commutative diagram

K(C) - k(x)

l l (3-6)

K(E) —— K(D)

As (3-6) makes sense for any open U < X and is functorial for restriction to
open subsets, we see that it is in fact a diagram of presheaves of spectra on X,;.

If we consider the homotopy cofibers of the horizontal arrows in (3-6), we obtain
a commutative diagram of homotopy cofiber sequences of presheaves of spectra
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on Xz, Taking the long homotopy groups exact sequences, we obtain the associated
diagram of the long exact sequences of the presheaves of homotopy groups. The
exactness of the sheafification functor yields a commutative diagram of the long
exact sequences of the sheaves of homotopy groups corresponding to (3-6).

Let K (X\C) and K (D\ E) denote the homotopy cofibers of the top and bottom
horizontal arrows in (3-6), respectively. Let /El, x\c denote the Zariski sheaf on
X associated to the presheaf of homotopy groups U +— 7; (KU \ C)). Defining
IE,-, p\E in a similar way, we get a commutative diagram of the long exact sequences

cee— IE&X\C — (K2 0) — Ko x — IE2,X\C — fi(Kic) — -+

T T R T S

o — Ko\ — fx(Kag) — Ka.p — Ko.pvg — fuK1E) — -+

If C is the image of f : C — X, then we have a factorization K (C) — G(C) —
K (X) (see [Srinivas 1991, Proposition 5.12(i)]) and this shows that there is a factor-
ization K; x — Ki x\c = j«(K; x\8) = j(Ki (k(X))), where j : X\C < X is the in-
clusion. The Gersten resolution says that the composite map is injective. Hence, the
map KC; x — IACJ,-,X\C is injective. Since the map f,.(K; ¢) — f«(K; ) is surjective for
i <2, the above diagram refines to a commutative diagram of short exact sequences

0 Ka.x Ka.x\c — fulKi.c) ——0
l l(b l (3-8)
0 Ka.p Ka.p\g — fi(K1.g) —— 0

Set /’62,( x,p) = Ker(K2, x — K5, p). Since the vertical arrows on the left and the
right ends in (3-8) are surjective, the middle arrow is also surjective and there is
a short exact sequence of the kernel sheaves

0 —> Ka.(x.p) — Ker(¢) — fu(K1.(c.5)) — 0. (3-9)

Considering the long exact cohomology sequences with and without support and
observing that H' (C, f«(Ki1c.E))) = Hi(C, K1,(c,E)) (the higher direct images of
K1,(c,r) vanish as one can easily check), we get a commutative diagram

[ 2= HéP(C, Ki,c) == HEP(C, Ki.c.p)) — HY(C,K1,c.p))

QZT l J l (3-10)

Z —=— HEp (X, Ka,x) = Hpy (X, Ka,(x.p)) — H*(X., K2,(x.0))
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for any closed point P € X \ D and Xp = f~'(P). It is well known that the
leftmost vertical map is the pushforward map. Since the map > (x,py = 762,( X,D)
is a surjective map whose kernel is supported on D, the map H>(X, K2.(x.p)) —
H%(X, K»,(x.py) is an isomorphism. This immediately yields (3-5). O

Proof of Theorem 1.2. In view of Lemma 2.1, the proof of Theorem 1.2 is reduced
to showing that the cycle class map cyc(x.p) : 20(X, D) — H*(X, K2, (x,p)) con-
structed in (3-2) kills the group of rational equivalences R,(X, D) (see (2-8)) and
is surjective. So, let us take an integral curve C — X which is not contained in D
and let f: CY — X denote the induced map from the normalization of C. Letting
E = f*(D) and g eKer(O/y — OF), we need to show that cyc y po fi(div(g)) =0.
For this, we consider the diagram

CYC(cN k)

R(CN,E) —— Zo(CN, E) — H'(CN, Ky (o~ k)

f{ lf* lf* (3-11)

, CYC(x, D) 2
Ry(X, D) —— Zp(X, D) H=(X, K2,x,p))

in which the left square commutes by [Krishna and Park 2014, Proposition 2.10]
and the right square commutes by Lemma 3.2. Since the composite horizontal map
on the top is zero by Lemma 3.1, it follows that

CYC(x.p) © f+(div(g)) = fiocycen f)(div(g)) =0.

The surjectivity of cycx p) now follows from Lemma 3.2, the isomorphism
ICQ”I(X’D) = /Ez,(w), the diagram (3-1) and [Kato and Saito 1986, Theorem 2.5].
O

Proof of Theorem 1.4. Let 7 : X — Y be a resolution of singularities of a normal
surface over any field k. We set U = Y;¢g and C(U) = lim, CHo(X, D), where the
limit is taken over all effective Cartier divisors on X with support outside U. Let
E — X denote the reduced exceptional divisor. If D C X is an effective Cartier
divisor with support |D| C E, then m E — D must be an effective Cartier divisor
some m >> 1. This implies that the canonical maps

C(U) — lim CHo(X,mE) and lim H*(X, Ko, x,p)) — im H*(X, K2, (x.mE))
m D m

are isomorphisms.
Let CHp(Y) denote the Chow group of O-cycles on Y in the sense of [Levine
and Weibel 1985] and let S < Y denote the singular locus of ¥ with reduced
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subscheme structure. We then have a commutative diagram

CYC(y,ms)

CHo(Y) ———— H2(Y, K2, (v.ms))

n*J{ J/n* \
CYC(X,mE)

CHy(X, mE) —= H*(X, Ka.(x.nE)) H?(Y, Kay) (3-12)

l | =

CHo(X) ——=* 5 H*(X, Ka.x)

The map cycy 5 is defined exactly like cyc x ,, ) and is an isomorphism by
[Krishna 2015, Proposition 3.1]. The natural map H?(Y, Ka,(v.ms)) = H(Y, Kay)
is an isomorphism also by [Krishna 2015, Proposition 3.1]. The map 7 *: CHo(Y) —
CHy(X, mE) is induced by the identity map 7 * : Zo(U) — Zo(X, mE).

To show that it preserves rational equivalences, let C < Y be an integral curve
not meeting S and let 4 € k(C)*. Let I';, = C x P! < Y x P! be the graph of
the function 4 : C — P'. It is then clear that ', N (S x P!) = @. In particular,
7~ (y) N (E x P') = @. This shows that [[] € Z,(X, mE) is an admissible
1-cycle such that

7 (div(h)) =7 ([h*(0)]—[1"(00)]) =7 * (o (IT'h]) — oo ([T 1) = (30— o) ([T 1)

This shows the inclusion 7*(div(h)) C Ro(X,mE) and it yields the pullback
7* : CHy(Y) - CHy(X, mE). All other maps in (3-12) are naturally defined and
all are surjective.

If we let F2Ko(X, mE) denote the image of the map cycy , ) : CHo(X, mE) —
Ko(X, mE), then it follows from Theorem 1.2 and Lemma 2.1 that F2Ko(X, mE) —
H*(X, K2, (x,mE)) is an isomorphism. We now apply [Krishna and Srinivas 2002,
Theorem 1.1] to conclude that the map H>(Y, K, (v.ms)) — H*(X, Ka.(x.mE)) is
an isomorphism for all sufficiently large m. It follows that all arrows in the upper
square of (3-12) are isomorphisms for all sufficiently large m. In particular, the map
cycx.me) : CHo(X, mE) — H*(X, ICa,(x,mE)) 1s an isomorphism for all sufficiently

large m and hence the map C(U) — lim H 2(X, K>, (x,mE)) 1s an isomorphism. []
m

4. Vanishing theorems and failure of localization

Let k be a field and consider the effective Cartier divisor D = Spec(k[t]/t"™) on
A,l = Spec(k[t]). Given X € Sch/k, let us denote the effective Cartier divisor
XxD— XX Ali by D itself. We shall prove Theorem 1.6 using the following
algebraic result.
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Lemma 4.1. Let A be the coordinate ring of a smooth affine curve over k and let
m be a maximal ideal of A[t] which contains the ideal (t — a), where a € k*. Then
we can find a prime ideal p of height one in Alt] such that the following hold.

1 pSm.

(2) Alt]/p is smooth.

(3) m/p is a principal ideal.

@) p+ (1) = Alrl.

Proof. Consider the maximal ideal m" = m N A of A. Since A is a Dedekind
domain, we can write m’ = (f], f2). But this implies using our hypothesis that
m=(t—a, fi, H)=(@ 't—1, fi, f»). Incase f| = f», we take p = (t —a) which
clearly does the job. So we assume that f; # f>.

Since A,y is a discrete valuation ring, m’ A,y is a principal ideal. In particular,
there is an element f € A such that f ¢ m’ and m’A is principal. As f ¢ m’, we
have (f) +m’ = A, and this gives us an identity of — o« fi —ax fo — 1 =0 in A.
Setting g = af, we see that m’A, is also a principal ideal. Furthermore, we have

galt—1=g@t—D+g—1=g@ t—D+aifi+tarfrem (41

If we set p = (ga~'t — 1) C A[t], we have just shown that p C m. Since
Alt]/p >~ Ag and hence

m mA | (—gm it fs), fi, LA (o AT oy
P opAgll] pAlt] TpAdl T

we see that (2) and (3) are satisfied. The item (4) is clear. This proves the lemma. [

Proof of Theorem 1.6. We can assume that Y is connected. We set X = Y x A,l
andU =Y xG,. Letp: X — A,l and g : X — Y denote the projection maps. Let
P € U be a closed point and set Py = p(P) and P, = g(P). Then P; € G, and
P, € Y are closed points as well.

We can find a nonsingular curve ¢ : C < Y containing P, (see [Kleiman and
Altman 1979, Theorem 1] when £ is infinite and [Poonen 2008, Theorem 1.1] when
k is finite). It follows from [Krishna and Park 2014, Proposition 2.10] that there is
a pushforward map ¢, : CHo(C x Al, D) — CHy(Y x Al, D) such that the class
[P] e CHy(Y x A,l, D) lies in the image of this map. We can therefore assume that
Y is a curve.

Now P defines a unique closed point P’ € Xy (p) such that P = 7 (P’), where
7 : Spec(k(P)) — Spec(k) is the finite map. This gives [ P] = . ([ P]) under the
pushforward map 7, : CHo(Xy(p), D) — CHo(X, D) (see [Krishna and Park 2014,
Proposition 2.10]). It suffices therefore to show that the class [P'] € CHo(X(p), D)
dies. We can thus assume that P; € G,, (k).
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We can now apply Lemma 4.1 to get a smooth affine curve i : C < X which
is a closed subset of X containing P such that CN(Y x D)= and P € C is a
principal Cartier divisor. In particular, the class [ P] € CHy(C) is zero. On the other
hand, the condition C N (Y x D) = & implies that the inclusion Zy(C) — Z¢(X, D)
defines a pushforward map i, : CHo(C) — CHy(X, D) (see [Krishna and Park 2014,
Corollary 2.11]) such that i, ([P]) = [P] € CHp(X, D). It follows that [P] = 0.
This proves that CHy(X, D) = 0. The second part of the theorem now follows from
Theorem 1.2. ([l

As an immediate consequence of Theorems 1.2 and 1.6, we get:

Corollary 4.2. Given a nonsingular affine curve Y over a field k, we have
Ko(Y x A}, D) = Pic(Y x A, D).

Remark 4.3. Theorem 1.6 is known to fail when d = 0 (see [Bloch and Esnault
2003a)).

Proof of Theorem 1.7. Let the pair (X, D) be as in Theorem 1.7 and let x € X \ D
be a closed point. We can assume that X is connected. We claim that there is a
smooth affine closed subscheme ¢ : ¥ < X of dimension d —1 suchthat YND =&
and x €Y.

To prove the claim, let A denote the coordinate ring of X and let / — A denote
the defining ideal of D. Let m — A denote the maximal ideal corresponding
to x € X. Our assumption implies that there exist elements @ € m? and b € I such
that a — b = 1. We can now apply [Swan 1974, Theorems 1.3, 1.4] to conclude that
for general a’ € m?, the ring A /(a — a’b) is integral and smooth. Setting f =a—a'b,
weseethat femand f —1=a—a'b—1=b—a'b=>b(1 —a’) € I. This shows
that Y := Spec(A/(f)) satisfies our requirement.

Using the above claim and [Krishna and Park 2014, Corollary 2.11], we get
a pushforward map ¢, : CHo(Y) — CHo(X, D) whose image contains the cycle
class [x]. The desired vanishing now follows because one knows that CHp(Y) =0
(see for instance [Krishna and Srinivas 2007, Theorem 6.4.1]).

To prove the second assertion of the theorem, we first notice that for a closed
point x € X \ D, we have natural maps

Ko(k(x)) = H{\ (X, KY x p) — He(X, K x b)) — HE(X. K % p))-

Setting cyc x py([x]) to be the image of 1 € Ko(k(x)) under the composite map,
we get a cycle class map cycy py : Zo(X, D) —> HIﬂS(X, IC?Z(X’D)).

If Dieq has normal crossings, then it follows from [Riilling and Saito 2015,
Definition 3.4.1, Proposition 3.5] that Cyc(x,p) has a factorization CHy(X, D) —
Had (X, Z(d)x|p) = Hg (X, K} x p)), where Z(d)xp is the sheaf of cycle com-

plexes U — Z4(U|D, 2d — e) on Xpis. Moreover, it follows from [Kato and Saito
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1986, Theorem 2.5] that the map cycy py : CHo(X, D) — H¢

nis (X5 ’C%(X,D)) is
surjective. The vanishing of H% (X, kY (x.p)) how follows from the first part of

nis d,

the theorem. ([l
Proof of Theorem 1.5. In view of Theorem 1.6, the theorem is equivalent to the
assertion that the pushforward map CHo({P} x A}, D) -2 CHy(Y x A, D) is not
surjective. If we let 7 : ¥ — Spec(k) denote the structure map, then the composite
map CHy({P} x A}, D) - CHy(Y x A}, D) == CHO(A,i, D) is an isomorphism.
In particular, i, is split injective. Our aim is to show that it is not surjective.

WesetX:YxA,l,V:Y\{P}, U=VxA,i andZ={P}xA/i. For any
W € Sch/k, we shall write W x D as Wp in this proof. In view of Theorem 1.2,
it suffices to show that the composite map CHy(Z, D) SN CHy(X, D) en)y
H*(X, K, (x.p)) is not surjective.

Let ’HfD denote the exact category of coherent sheaves on Y which have coho-
mological dimension at most one and which are supported on { P} x D so that there
is a commutative diagram of the fiber sequences of spectra (see [Srinivas 1991,
Theorem 9.1])

K(Z) —— K(X) —— K(U)

T e

KM ) —— K(Yp) — K (Vp)

As in the proof of Lemma 3.2, this diagram canonically extends to a commutative
diagram of presheaves of spectra. Let ICf y,, denote the Zariski sheaf on Z associated
to the presheaf of homotopy groups W — m; (K <H§D0W))' Sheafifying the associ-
ated presheaves of homotopy groups and arguing as in the proof of Lemma 3.2, we
obtain the commutative diagrams of short exact sequence of Zariski sheaves

0 0 0

0 —— Kao,x.0) — js(Ka.w.p)) —— i(K{ ) ——0

o

(4-3)

0 —— Ko x — ju(Kap) Ki.z

00— Koy, — j«(K1,vp) —>]C{D,YD 0
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and

0—>K1,(Z,D) ’CI,Z /Cl,{P}D —0
T
0 Kl K1z Kiy, 0

These diagrams together give rise to a commutative diagram of exact sequences

f(kZ,D) a
0— H%Z,K1.7) — H°({P}p, K1(p),) — HY(Z,K1.(z.p)) — 0

L e

Lx.p)
0— HY(X, K2 x) —— H'(Yp, Ka.v,) T H*(X, Ka2.x.p)) — 0

The maps 9, and dx are surjective because H'(Z, Ki.z) CHo(Z) =0 =
CH»(X) ~ H%*(X, K3, x). By the homotopy invariance of K-theory, the composite
map H(Z, K1.z) =225 HO({P}, K1.(py,) —> HO({*P}, K1.(py) is an isomor-
phism. We claim that the composite map H (X, K2.x) &)yl Yp. Kay,) —
H'(Y, KC2,y) is also an isomorphism.

We have a commutative diagram

Ki(Y) —— H(Y, Ky y)

l l (4-6)

Ki(X) — HY(X, K1 x)

where the vertical arrows are isomorphisms and the horizontal arrows are split
surjections. This implies that the induced pullback map SK;(Y) — SK;(X) is an
isomorphism. We now have a commutative diagram

SK\(Y) —— H'(Y, Kay)

l l 4-7)

SKi(X) — HY (X, K2,x)

where the top horizontal arrow is an isomorphism and the bottom horizontal arrow is
surjective (see [Krishna and Srinivas 2002, Lemma 2.3]). We have shown above that
the left vertical arrow is an isomorphism. This implies that the right vertical arrow
is surjective. On the other hand, it is split injective via the 0-section embedding.
Hence, it is an isomorphism. This proves the claim.
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The claim shows that the first horizontal arrows from left in both rows of (4-5)
are split injective. Combining this with Lemmas 3.1 and 3.2, we can identify
i : CHy(Z, D) — H*(X, K2.(x.p)) as the map

i Ki({P} x D, {P} x {0}) — H'(Yp, Ka,(vp.v))- (4-8)

Using [Krishna and Srinivas 2002, Corollary 4.2], this map is same as the map of
Q-vector spaces

1
iyl — H1<YD, —Q(YD*Y”@), (4-9)
d(Iy)
where [ is the ideal sheaf of Spec(k) inside D, Iy = I ®; Oy and Q(Y /e =
Ker(QY Q™ Qy /@) We are thus reduced to showing that this map of Q-vector
spaces is not surjective. Notice that the assumption m > 2 implies that I # 0.
By [Krishna and Srinivas 2002, Lemma 4.3], there is a short exact sequence

Q(IY Y)/Q Q%Y Y)/k
1 D D,
0= Qo @y = = di(Iy)

It is easy to check by local calculations that (;?IY;/ L~ Ql y/0 Ok di(I), where

di: 1— Q) /k 1s the k-derivation. In particular, the above sequence can be written as
0— (I ®k /) ®k Oy = Ko vp.v) = di(1) & Ry — 0. (4-10)

Taking the associated long exact cohomology sequence, we get a commutative
diagram

di(1) @ HO(Y, @ y/K) L el k@) ®r H(Y, Oy)
— H'(Yp, Ka,(vp.v)) — dp(I) — 0
Ti* 4-11)

I
with the top sequence exact.
It is straightforward to check that dj is an isomorphism. On the other hand, as
k has infinite transcendence degree over Q and Y has positive genus, we see that
d is a map of k-vector spaces whose source is finite dimensional but the target is
infinite dimensional. This shows that there is a split exact sequence

(I @k Q) k@) Ok H'(Y, Oy)

di (1) @ HO(Y. Q) ,)
such that the first term is an infinite dimensional k-vector space and the compos-
ite map I —> H'(Yp, K2, (vp,v)) = di(I) is an isomorphism. In particular, the

cokernel of i, is an infinite dimensional k-vector space. This finishes the proof of
Theorem 1.5. U

— H'(Yp, Ko.vp.v) = di(I) = 0 (4-12)
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