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Kummer theory for Drinfeld modules
Richard Pink

Let ¢ be a Drinfeld A-module of characteristic py over a finitely generated
field K. Previous articles determined the image of the absolute Galois group of
K up to commensurability in its action on all prime-to-py torsion points of ¢,
or equivalently, on the prime-to-p, adelic Tate module of ¢. In this article we
consider in addition a finitely generated torsion free A-submodule M of K for
the action of A through ¢. We determine the image of the absolute Galois group
of K up to commensurability in its action on the prime-to-pg division hull of M,
or equivalently, on the extended prime-to-py adelic Tate module associated to ¢

and M.
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1. Introduction

Let F be a finitely generated field of transcendence degree 1 over the prime field [,
of characteristic p > 0. Let A be the ring of elements of F which are regular outside
a fixed place co of F. Let K be another field that is finitely generated over [, and
let K*°P be a separable closure of K. Write End(G, x) = K[t] with 7(x) =x?. Let
¢: A— K[t], a+— ¢, be a Drinfeld A-module of rank » > 1 and characteristic py.
Then either pg is the zero ideal of A and ¢ is said to have generic characteristic; or
po is a maximal ideal of A and ¢ is said to have special characteristic.

For brevity we call any maximal ideal of A a prime of A. For any prime p # pg of
A the p-adic Tate module 7, (¢) is a free module of rank r over the completion Ay,
endowed with a continuous action of the Galois group Gal(K*?/K). The prime-to-
po adelic Tate module T,q(p) = ]_[p £po T, () is then a free module of rank r over

MSC2010: primary 11G09; secondary 11R58.

215


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2016.10-2
http://dx.doi.org/10.2140/ant.2016.10.215

216 Richard Pink

Aad = ]_[p £po Ap carryin-g a natural action of Galois. This action corresponds to a
continuous homomorphism

Gal(K*?/K) — Autg,, (Taa(¢)) = GL, (Aqd)- (1.1)

Its image I'yq was determined up to commensurability in [Pink and Riitsche 2009]
and [Devic and Pink 2012]; for special cases see Theorems 1.6 and 4.4 below.

Let M C K be a finitely generated torsion free A-submodule of rank d for
the action of A through ¢. Then there is an associated prime-to-py adelic Tate
module T,q(¢, M), which is a free module of rank r +d over A,q carrying a natural
continuous action of Gal(K*?/K). This module lies in a natural Galois equivariant
short exact sequence

0 —— Taa(9) — Taa(p, M) —— M ®4 Aua — 0. (1.2)
Define I'yg p as the image of the associated continuous homomorphism
Gal(K**?/K) — Auty,,(Taa(@, M)) = GL,14(Aaa)- (1.3)

Then the restriction to T,q(¢) induces a surjective homomorphism ["yq pr — [aq,
whose kernel we denote by A,g ps. Since the action on M ® 4 A,gq is trivial, there is
a natural inclusion

Aad.m = Homa (M, Taa(@)). (1.4)

Any splitting of the sequence (1.2) induces an inclusion into the semidirect product
1—‘ad,M < I'ya X Homy (M, Tya(p)). (1.5)

The aim of this article is to describe these subgroups up to commensurability.

In general the shape of these Galois groups is affected by the endomorphisms of ¢
over K*P_ and in special characteristic also by the endomorphisms of the restrictions
of ¢ to all subrings of A. Any general results therefore involve further definitions
and notation. In this introduction we avoid these and mention only a special case;
the general case is addressed by Theorems 5.1, 6.6 and 6.7. Parts (a) and (b) of
the following result can be found as [Pink and Riitsche 2009, Theorem 0.1] and
[Devic and Pink 2012, Theorem 1.1], respectively, and part (c) is a special case of
Theorem 5.1 below:

Theorem 1.6. Assume that Endgse (@) = A, and in special characteristic also that
Endgseo (9| B) = A for every integrally closed infinite subring B C A.
(a) If ¢ has generic characteristic, then I'yq is open in GL, (Ayq).

(b) If ¢ has special characteristic, then I g is commensurable with {(ag) - SL, (Aaq)
for some central element ay € A that generates a positive power of pg.

(c) The inclusions (1.4) and (1.5) are both open.
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The method used to prove Theorem 1.6(c) and its generalizations is an adaptation
of the Kummer theory for semiabelian varieties from Ribet [1979] and predecessors.
The main ingredients are the above mentioned descriptions of I',g and Poonen’s
tameness result [1995] concerning the structure of K as an A-module via ¢. A
standard procedure would be to first prove corresponding results for p-division
points for almost all primes p # pg of A, and for p-power division points for all
p # po, and then to combine these individual results by taking products, as in [Ribet
1979; Chi and Li 2001; Li 2001; Pink and Riitsche 2009; Devic and Pink 2012;
Hiberli 2011]. Instead, we have found a shorter way by doing everything adelically
from the start. The core of the argument is the proof of Lemma 5.3. Therein we
avoid the explicit use of group cohomology by trivializing an implicit 1-cocycle
with the help of a suitable central element of I'yq. On first reading the readers
may want to restrict their attention to the case of Theorem 1.6, which requires
only Section 2, a little from Section 4, and Section 5 with simplifications, avoiding
Sections 3 and 6 entirely. Some of this was worked out in [Héiberli 2011]. Our
results generalize those of [Chi and Li 2001] and [Li 2001].

The notation and the assumptions of this introduction remain in force throughout
the article. For the general theory of Drinfeld modules see [Drinfeld 1974; Deligne
and Husemoller 1987; Hayes 1979; Goss 1996].

2. Extended Tate modules

Following the usual convention in commutative algebra we let A,,) C F denote the
localization of A at po; this is equal to F' if and only if ¢ has generic characteristic.
Observe that there is a natural isomorphism of A-modules

Apn/AZ D Fo/ Ay, @.1)
PF#Po

where the product is extended over all maximal ideals p # po of A and where F,
and A, denote the corresponding completions of F and A. This induces a natural
isomorphism for the prime-to-pg adelic completion of A:

Awa :=Ends(Agy/A) = [T A (2.2)
pP#Po

As a consequence, for any torsion A-module X that is isomorphic to (A, /A)®"
for some integer n, the construction

T(X) := Hom(Ap,)/A. X) 2.3)

yields a free A,g-module of rank n. Reciprocally T (X) determines X completely
up to a natural isomorphism X = T'(X) ®4,, (A(py)/A). Thus any A-linear group
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action on X determines and is determined by the corresponding A,g-linear group
action on 7T (X). Moreover, with

T,(X) :=Homy (F, /Ay, X) 2.4)
the decompositions (2.1) and (2.2) induce a decomposition

T(X)= ]_[ Ty (X). (2.5)
p#po
This will give a concise way of defining the p-adic and adelic Tate modules associ-
ated to the given Drinfeld module ¢.

We view K*P as an A-module with respect to the action A x K — K5P,
(a, x) = @, (x) and are interested in certain submodules. One particular submodule
is K. Let M be a finitely generated torsion free A-submodule of rank d > 0 contained
in K. Then the prime-to-pg division hull of M in K*° is the A-submodule

DivP% (M) := {x € K*P |3a € A~ po: @a(x) € M}. (2.6)

Let DiVS‘(JU)(M ) denote the intersection of Div(lgé’gp (M) with K. For later use we
recall the following result proved in [Poonen 1995, Lemma 5] when K is a global
field and ¢ has generic characteristic, and in [Wang 2001] in general:

Theorem 2.7. [Div\® (M) : M is finite.

As a special case of the above, the prime-to-pg division hull of the zero module
Div%?c)p({O}) is the module of all prime-to-pg torsion points of ¢ in K*P. By direct
calculation, which we leave to the reader, one proves:

Proposition 2.8. There is a natural short exact sequence of A-modules
0 —— Div%, ({0}) —— DivPL% (M) —— M ®4 Ay — 1,

where the map on the right hand side is described by x — ¢,(x) ® é for any
a € A\ pg satisfying ¢,(x) € M.

Dividing by M, the exact sequence from Proposition 2.8 yields a natural short
exact sequence of A-modules

0 — Div'P% ({0) — DivlP (M)/M —— M®4(Agy/A) — 0. (2.9)

By the general theory of Drinfeld modules (see [Drinfeld 1974, Proposition 2.2])
the module on the left is isomorphic to (Ay,)/A)®", where r is the rank of ¢. Using
the functor T from (2.3), the prime-to-pg adelic Tate module of ¢ can be described
canonically as

Tua(p) := T (DivF% ({0))) (2.10)
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and is a free A qg-module of rank r. Since M is a projective A-module of rank d, the
module on the right of (2.9) is isomorphic to (A )/ A% and together it follows
that the module in the middle is isomorphic to (Ap,)/A)®"+D. The extended
prime-to-pg adelic Tate module of ¢ and M

Taa(g, M) := T (Div% (M) /M) (2.11)

is therefore a free A,q-module of rank r + d. Moreover, the exact sequence (2.9)
yields a natural short exact sequence of A,g-modules

0 —— Taa(@) —— Taa(@. M) —— M @4 Agg — 0. (2.12)

All this decomposes uniquely as T,q(¢) = ]_[p £po T, () etc. asin (2.5).
By construction there is a natural continuous action of the Galois group

Gal(K*P/K)

on all modules and arrows in Proposition 2.8 and in (2.9). This induces a continuous
action on the short exact sequence (2.12), which in turn determines the former two
by the following fact:

Proposition 2.13. The action of Gal(K*?/K) on Div?{’SQp (M) is completely deter-
mined by the action on Tyy(¢, M).

Proof. For any o € Gal(K*?/K) the endomorphism x — o (x) — x of Div(lgfgp (M)
is trivial on M, because that module is contained in K. Also, the image of this

endomorphism is contained in Div(;g?e)p({O}), because for any a € A \ pp with

@q(x) € M we have
Pa(0(x) —x) = 0(ga(x)) — @a(x) =0.
Thus the endomorphism factors through a homomorphism
Div{¥%), (M)/M —> Div%, ({0}).

But by (2.9) the latter homomorphism is determined completely by the action of o
on Div?;?e)p (M)/M, and thus by the action of o on Tyq(¢, M), as desired. U

Let I'yq and I'ag s denote the images of Gal(K®P/K) acting on Thq(¢) and
Taa(p, M), as in (1.1) and (1.3). Restricting to T,4(¢) induces a surjective homo-
morphism I'yg ;7 — 'ad, and we define Ayq p by the short exact sequence

1l —— Awm LCad, [ad 1. (2.14)

For any m € M take an element ¢t € Tyq(¢, M) with image m @ 1 in M ®4 Auq.
Since any & € A,q, m acts trivially on To4(¢), the difference §(¢) — ¢ depends only
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on § and m. Since § also acts trivially on M ® 4 A,q, the difference lies in Tyq(@)
and therefore defines a map

ANgam X M — Tyy(p), (S,m)— (8§, m):=456()—t. (2.15)

By direct calculation this map is additive in § and A-linear in m. By the construction
of Auq i the adjoint of the pairing (2.15) is therefore a natural inclusion, already
mentioned in (1.4):

Aqd,m = Homa (M, Taa(9)). (2.16)

Let R :=Endg (¢) denote the endomorphism ring of ¢ over K. This is an A-order
in a finite dimensional division algebra over F' (see [Drinfeld 1974, Corollary to
Proposition 2.4]). It acts naturally on K and K*°P and therefore on Div?gfe)p ({0}) and
T,4(@), turning the latter two into modules over Ryg := R ®4 Aaq- As this action
commutes with the action of I'yq, it leads to an inclusion

lag C Autg,, (Taa(¢)). (2.17)

The decomposition (2.2) induces a decomposition

Rag = Ty Ro-

where R, := R ®4 A, acts naturally on T, (¢).

If M is an R-submodule of K, then R and hence R,q also act on Divg’;‘s}e)p (M)
and Toq(¢, M), and these actions commute with the action of I'yq 3. The inclusion
(2.16) then factors through an inclusion

Aqd,m > Hompg(M, Tou(@)). (2.18)

Moreover, any R-equivariant splitting of the sequence (2.12) then induces an
embedding into the semidirect product

1—‘ad,M — l—‘ad X HomR (Mv Tad(w))- (219)

3. Reduction steps

For use in Section 6 we now discuss the behavior of extended Tate modules and their
associated Galois groups under isogenies and under restriction of ¢ to subrings.
First consider another Drinfeld A-module ¢’ and an isogeny f: ¢ — ¢’ defined
over K. Recall that there exists an isogeny g: ¢’ — ¢ such that go f = ¢, for some
nonzero a € A (see [Drinfeld 1974, Corollary to Proposition 2.3]). From this it
follows that M’ := f (M) is a torsion free finitely generated A-submodule of K for
the action of A through ¢’. Thus f induces Aq-linear maps from the modules in
(2.12) to those associated to ¢’ and M’'. The existence of g implies that these maps
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are inclusions of finite index. Together these maps yield a commutative diagram of
A,q-modules with exact rows

0 —— Taa(p) —— Tag(p, M) —— M ®4 Aayg —— 0

T -

0—— Tad(w/) —— Tad((p/, M/) —— M' @4 Aua — 0.

By construction all these maps are equivariant under Gal(K*?/K); hence the
images of Galois in each column are canonically isomorphic. If we denote the
analogues of the groups Auq p C [ag,pr — [ag associated to ¢” and M’ by

¢ o o
Aad,M/ C l—‘ad,M’ - 1—1ad’
this means that we have a natural commutative diagram
lag «—— Tag,m O Aaam ——— Homy (M, Taa(p))

| | ; [ (3.2)

To «—— T8 > ALy & Homa(M', Toa(¢')),

where the vertical arrow on the right hand side is an inclusion of finite index.

Next let B be any integrally closed infinite subring of A. Then A is a finitely
generated projective B-module of some rank s > 1. The restriction ¥ := ¢|B is
therefore a Drinfeld B-module of rank rs over K, and the given A-module M of
rank d becomes a B-module of rank ds. Moreover, since the characteristic of ¢ is
by definition the kernel of the derivative map a — d¢,, the characteristic of y is
simply o := po N B. In analogy to (2.2) we have

Bag :=Endp(B(y)/B) = [ | By, (3.3)
a7d0

where the product is extended over all maximal ideals q # qo of B. Thus

A®p By = ]_[ Ay (3.4)
P10

is in a natural way a factor ring of A,4. More precisely, it is isomorphic to Aag
if the characteristic pg and hence qq is zero; otherwise it is obtained from A,q by
removing the finitely many factors A, for all maximal ideals p # po of A above qo.
In particular we have a natural isomorphism A ® p Byg = A,q if and only if pg is
the unique prime ideal of A above qo.

Proposition 3.5. The exact sequence (2.12) for ¢ and M is naturally isomorphic
to that obtained from the exact sequence (2.12) for ¢ and M by tensoring with
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A ®p Byg over Ayg. In particular we have a commutative diagram with surjective
vertical arrows

0 —— Tua(p) —— Taa(@p, M) —— M ®4 Agg —— 0

L l

0 — Taa(¥) — Taa(Y, M) —— M ®p Byg —— 0.

If po is the only prime ideal of A above qy, the vertical arrows are isomorphisms.

Proof. According to (2.6) the prime-to-pg division hull of M with respect to ¢ and
the prime-to-qo division hull of M with respect to i are

DivP% (M) := {x € K*P |3a € A~ po: ¢a(x) € M},

Divi9, (M) := {x € K*P |3b € B~ qo : ¥ (x) € M}.

Here the latter is automatically contained in the former, because any b € B \ qo
with ¥, (x) € M is by definition an element a := b € A \ py with ¢,(x) € M.
Thus DiVE??e)p (M)/M is the subgroup of all elements of Divg’;?e)p (M)/M that are
annihilated by some element of B \ qo. In other words, it is the subgroup of all
prime-to-qo torsion with respect to B, or again, it is obtained from DiV(I??e)p M)/M
by removing the p-torsion for all maximal ideals p # pg of A above qo. In the
same way A ®p (B(q,)/B) is isomorphic to the submodule of Ay, /A obtained by
removing the p-torsion for all p|qo. The same process applied to the exact sequence
(2.9) therefore yields the analogue for ¥ and M. By definition the exact sequence
(2.12) for ¢ and M is obtained from this by applying the functor

X +> Homp(B(q)/ B, X) = Homu(A ®5 (B(q)/B), X)

analogous to (2.3). The total effect of this is simply to remove the p-primary factors
for all p|qo from the exact sequence (2.12) for ¢ and M, from which everything
follows. (|

By construction the diagram in Proposition 3.5 is equivariant under Gal(K*?/K).
It therefore induces a natural commutative diagram of Galois groups

Autyp,, (Tha(9)) 2 Tag «— Tad.m 2 Aga,m —— Homy (M, Toa(e))

CTT T e

Autp (Tua(¥)) > T «—T% o AV, & Homp (M, Tu(¥)),

where the subgroups in the lower row are the analogues for i and M of those
in the upper row. By construction the left two vertical arrows are surjective, and
they are isomorphisms if pg is the only prime ideal of A above qp. In that case the
rightmost vertical arrow is injective and it follows that the map Ayg yy — A;pd’ My 1S
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an isomorphism as well. In general one can only conclude that A:fd’ ) contains the
image of Ayq ». In any case the diagram (3.6) gives a precise way of determining
F;bd’M from I'aq p-

4. Previous results on Galois groups

In this section we recall some previous results on the Galois group I'yg. Its pre-
cise description up to commensurability depends on certain endomorphism rings.
The endomorphism ring of a Drinfeld module of generic characteristic is always
commutative, but in special characteristic it can be noncommutative. In the latter
case it can grow on restricting ¢ to a subring B of A, and this effect can impose
additional conditions on I[',4. The question of whether the endomorphism ring
becomes stationary or grows indefinitely with B depends on the following property:

Definition 4.1. We call a Drinfeld A-module of special characteristic over K
isotrivial if over K*°P it is isomorphic to a Drinfeld A-module defined over a finite
field.

The next definition is slightly ad hoc, but it describes particular kinds of Drinfeld
modules to which we can reduce ourselves in all cases, allowing a unified treatment
of Kummer theory later on.

Definition 4.2. We call the triple (A, K, ¢) primitive if the following conditions
hold:

(a) R :=Endg(¢) is equal to Endgser ().
(b) The center of R is A.
(c) Ris amaximal A-orderin R®4 F.

(d) If ¢ is nonisotrivial of special characteristic, then for every integrally closed
infinite subring B C A we have Endgse (¢|B) = R.

(e) If ¢ is isotrivial of special characteristic, then A = [ ,[ag] with ¢, = t!*/Fr],
where k denotes the finite field of constants of K.

Proposition 4.3. Let A’ denote the normalization of the center of Endgse (¢).
(a) There exist a Drinfeld A’ -module ¢': A’ — K*P[1] and an isogeny
fro—>¢lA
over K such that A’ is the center of Endgse (¢').

(b) The characteristic p of any ¢’ as in (a) is a prime ideal of A" above the
characteristic pg of ¢.



224 Richard Pink

(c) There exist a finite extension K' C K*® of K, a Drinfeld A’-module
¢ A= K'[1],

an isogeny f: ¢ — ¢'|A over K', and an integrally closed infinite subring
B C A’ such that A’ is the center of Endgsew (¢') and (B, K’, ¢'| B) is primitive.

(d) The subring B in (c) is unique unless ¢ is isotrivial of special characteristic,
in which case it is never unique.

(e) For any data as in (c) the characteristic p;, of ¢’ is the unique prime ideal of
A’ above the characteristic qo of ¢'|B.

Proof. Applying [Devic and Pink 2012, Proposition 4.3] to ¢ and the center of
Endgse (¢) yields a Drinfeld A-module ¢: A — K*P[t] and an isogeny f: ¢ — ¢
over K*P such that A" is mapped into End s (¢) under the isomorphism

Enszep<(p) ®A F= Enszep (('5) ®A F

induced by f. Then A’ ®4 F is the center of Endgser (@) ®4 F, and since A’ is
integrally closed, it follows that A’ is the center of Endgser (¢). The tautological ho-
momorphism A’ < Endgse (@) <> K*°P[7] thus constitutes a Drinfeld A’-module ¢’
with ¢’|A = ¢ and Endgser (¢) = Endgser (¢). In particular the center of Endgser (¢”)
is equal to A’, proving (a).

For (b) recall that the characteristic of ¢’ is the kernel of the derivative map
a' — dg,,. Calling it p;,, the characteristic of ¢’|A is then p;, N A. As the charac-
teristic of a Drinfeld module is invariant under isogenies, it follows that pj, lies
above pg, proving (b).

For the remainder of the proof we take any pair ¢’ and f as in (a). We also
choose a finite extension K’ C K*P of K such that ¢’ and f are defined over K’
and that Endg(¢) = Endgser (¢).

Suppose first that ¢’ has generic characteristic. Then Endg-(¢”) is commutative
(see [Drinfeld 1974, Corollary to Proposition 2.4]) and hence equal to A’, and so
the triple (A", K’, ¢’) is already primitive. This proves (c) with B = A’. Also, for
any integrally closed infinite subring B C A’ the ring Endgser (¢| B) is commutative
and hence again equal to Endgse (') = A’. Thus (B, K’, ¢’'| B) being primitive
requires that B = A’, proving (d). Since B = A’, the assertion of (e) is then trivially
true.

Suppose next that ¢’ is nonisotrivial of special characteristic. Then by [Pink 2006,
Theorem 6.2] there exists a unique integrally closed infinite subring B C A’ such that
B is the center of Endgse (¢’ | B) and that Endgser (¢ | B') C Endgser (¢ | B) for every
integrally closed infinite subring B’ C A’. For use below we note that both properties
are invariant under isogenies of ¢’, because isogenies induce isomorphisms on the
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rings Endgser (¢’ | B) ® g Quot(B’). By uniqueness it follows that B, too, is invariant
under isogenies of ¢’.

After replacing K’ by a finite extension we may assume that Endg/ (¢’|B) =
Endgse (¢’ | B). Then the triple (B, K', ¢’| B) satisfies the conditions in Definition 4.2
except that Endg/(¢'| B) may not be a maximal order in Endg (1) ® g Quot(B).
But applying [Devic and Pink 2012, Proposition 4.3] to ¢’|B and Endg/ (¢'|B)
yields a Drinfeld B-module ¥': B — K’[7] and an isogeny g: ¢'|B — ' over K’
such that Endg-(v') is a maximal order in Endg' (¢¥") ® g Quot(B) which contains
Endg (¢'|B). By the preceding remarks we now find that (B, K’, ¥') is primitive.
Moreover, the composite homomorphism

A" — Endg/(¢') <> Endg/(¢'| B) < Endg (') — K'[1]

constitutes a Drinfeld A’-module ¢” with ¢”|B = . After replacing (¢', f)
by (¢”, g o f) the data then satisfies all the requirements of (c). Assertion (d)
follows from the above stated uniqueness of B, and (e) follows from [Pink 2006,
Proposition 3.5].

It remains to consider the case where ¢’ is isotrivial of special characteristic.
In this case we may assume that ¢’ is defined over the constant field &’ of K’.
Any endomorphism of ¢’ over K*%P is then defined over a finite extension of &/,
but by assumption also over K'; hence it is defined over k. In other words we
have Endgser(¢') C k’[t]. Since t¥/F! lies in the center of the k’[7], it thus
corresponds to an element of the center of Endgser(¢’). As this center is equal to
A’ by assumption, there is therefore an element ag € A" with ¢} = t/¥/F]. Set
B :=[Fp[ap] C A" which, being isomorphic to a polynomial ring, is an integrally
closed infinite subring of A’. Then Endgse(¢’| B) is the commutant of t/Fpl in
K*P[7] and hence just k’[7]. By a standard construction this is a maximal B-order
in a (cyclic) central division algebra over Quot(B); hence (B, K’, ¢’| B) is primitive,
proving (c). For (d) observe that replacing K’ and k’ by finite extensions amounts
to replacing ag by an arbitrary positive power aé. Thus the ring B is really not
unique in this case, proving (d). Finally, assertion (e) follows from [Devic and Pink
2012, Proposition 6.4(a)]. This finishes the proof of Proposition 4.3. (]

Assume now that (A, K, ¢) is primitive and that ¢ has rank . Then R ®4 F is
a central division algebra of dimension m? over F for some factorization r = mn.
Thus for all primes p # po of A, the ring R, := R ®4 Ay is an Ay-order in the
central simple algebra R ® 4 F}, of dimension m? over Fy, and is isomorphic to the
matrix ring Mat,, ., (Ap) for almost all p. Let D, denote the commutant of R, in
Enda, (T,(p)). This is an Ay-order in a central simple algebra of dimension n?
over Fy, and is isomorphic to the matrix ring Mat, ., (Ap) for almost all p. Let D;
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denote the multiplicative group of elements of D, of reduced norm 1. Set

Dya = [ | Dy CEnda,(Taa(9))
p#Po
and
Dl = l—[ D; C Dy C Auty,, (Taa ().
p#po

If ¢ has generic characteristic, we have m = 1 and therefore
D, = Endy, (Ty(9)) = Mat,, (Ay)

for all p.

If ¢ is nonisotrivial of special characteristic pg, let ap be any element of A
that generates a positive power of pg. If ¢ is isotrivial, the element ag from
Definition 4.2(d) already has the same property. In both cases we view ag as a
scalar element of D;j via the diagonal embedding A C Aag C Dyg, and let (ap)
denote the procyclic subgroup that is topologically generated by it.

In general the group ",y was described up to commensurability in our earlier work.
In the primitive case, Theorem 0.1 of [Pink and Riitsche 2009] and Theorem 1.1

and Proposition 6.3 of [Devic and Pink 2012] imply:
Theorem 4.4. Assume that (A, K, @) is primitive.

(a) If ¢ has generic characteristic, then T'yq is open in D

(b) If ¢ is nonisotrivial of special characteristic, then n > 2 and Tyq is commensu-
rable with {ag) - D;d.

(¢) If ¢ is isotrivial of special characteristic, then n = 1 and I'yq = {(ag) with ag
from 4.2(c).

Corollary 4.5. Assume that (A, K, @) is primitive.

(a) Let ®yq denote the closure of the [ ,-subalgebra of D,q generated by I'yq. Then
there exists a nonzero ideal a of A with a ¢ po such that aD,yq C ®,gq.

(b) There exist a scalar element y € I"yq and a nonzero ideal b of A with b ¢ pg
such that y = 1 modulo bAyg but not modulo pbA,g for any prime p # po of A.

Proof. Any open subgroup of D, and for n > 2 any open subgroup of D;d, generates
an open subring of D,q. Thus the assertion (a) follows from Theorem 4.4 unless ¢ is
isotrivial of special characteristic. But in that case we have ®,q =T ,[ag] = Aaa = Dag
and (a) follows as well.

In generic characteristic the assertion (b) follows directly from the openness
of I'yg. In special characteristic some positive power aé lies in I",4, and so (b) holds
with y = af, and the ideal b = (af — 1). O
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5. The primitive case
Now we prove the following result, of which Theorem 1.6(c) is a special case:

Theorem 5.1. Assume that (A, K, ¢) is primitive. Set R := Endg (p) and let
M be a finitely generated torsion free R-submodule of K. Then the inclusions
Aag,m CHomp (M, Tyg(@)) and T'ag, pp C T'ag X Homp (M, Toq(@)) are both open.

So assume that (A, K, ¢) is primitive. Let the subring ®,9 C D,q, the element
y € 'y, and the ideals a, b C A be as in Corollary 4.5. Since M C Divgf")(M) has
finite index by Theorem 2.7, we can also choose a nonzero ideal ¢ of A with ¢ ¢ pg
such that ¢ - DiV(,’;O)(M ) C M. With this data we prove the following more precise
version of Theorem 5.1:

Theorem 5.2. In the above situation we have abc - Homg (M, Tha(¢)) C Aad, m-

In the rest of this section we abbreviate Tyq := Taq(¢) and M, :=Homg(M, T,q).
Recall that the embedding A,q pr C M, is adjoint to the pairing (, ) from (2.15).
The arithmetic part of the proof is a calculation in Div(};?@)P (M) with the following
result:

Lemma 5.3. For any prime p # po of A and any element m € M satisfying
(Aag,p, m) C pbcTyg we have m € pM.

Proof. The assumption on y, viewed as an element of A,4, means that
y—1€bAy \pbAyy.

By the Chinese remainder theorem we can find an element b € A \ pg satisfying
b=y — 1 modulo pbcA,q. Then by construction we have b € b \ pb, and y acts
on all pbe-torsion points of ¢ through the action of 1 +5b € A. By the Chinese
remainder theorem we can also find elements a, ¢ € A \ po with a € p ~ p? and
¢ € ¢~ pc. Then the product abc lies in pbe . (p>bc U pg). In particular the order
of abc at p is equal to that of pbc, and so we can also choose an elementd € A \ p
such that dpbc C (abc).

For better readability we abbreviate the action of any element ¢ € A on an
element x € KP by ex := ¢.(x). Since abc € A \ pg, we can select an element
me Divggfe)p(M) with abcm = m. Then M := dm is an element of Div?gi’e)p(M)
which satisfies abcn = dm. By construction m lies in K*P, but we shall see that it
actually lies in a specific subfield.

Choosing a compatible system of division points of 7 we can find an A-linear

map 7: Ag,) — Div(lg(s’e)p (M) satisfying 7(-;-) = fii. Then 7(1) = abcri = dm lies

in M; hence 7 induces an A-linear map 7: A, /A — Divg?e)p (M)/M. By the

construction (2.11) this map is an element of T,q(¢, M) whose image in M ® 4 Aag
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isdm ® 1. For any 6 € A,q, y the definition (2.15) of the pairing now says that
(6, dm) = §(t) —t. But the assumption (Ayq s, m) C pbeT,q implies that

(Aad,m,dm) C dpbcTyg C abeTyg

and therefore 6(¢) — ¢t € abcT,y. Thus §(¢) — ¢t is the multiple by abc of an A-
linear map Ay, /A — Div%’?e)p({O}); hence it is zero on the residue class of ﬁ.
By the construction of 7 this means that §(m) — m = 0. Varying § we conclude
that m is fixed by A,gq ; in other words, it lies in the subfield K,y C K*P with
Gal(Kad/K) = Tag.

Now consider any element o € Gal(K*®?/K). The fact that m lies in K implies
that

abc(o — 1)(m) = (o — 1)(abent) = (o — 1)(m) = 0.

Thus (o — 1)(7m) is annihilated by abc and hence by the ideal dpbc C (abc). The
element (o — 1)() = d(o — 1)(m) is therefore annihilated by the ideal pbc. Since
y acts on all pbc-torsion points through the action of 1 45 € A, it follows that

(I+b—y)((c —D(m)) =0.

On the other hand we have m € K,q, and since y lies in the center of I,q, its action
on K,g commutes with the action of o on K,4. Thus the last equation is equivalent
to

(e =D +b—y)im)) =0.

As o € Gal(K*?/K) was arbitrary, it follows that (1 +5b —y)(m) € K.
Since m lies in Divg?e)p (M), we can now deduce that (1+b—7y)(m) € DiV(I?O) (M).
By the choice of ¢ and c it follows that c(14+b—y)(m) € M. The fact that dm =abcm

thus implies that
(I1+b—y)dm)=1+b—y)(abcm) =abc(1+b—y)(m) € abM.

But dm is an element of K and therefore satisfies (1 — y)(dm) = 0. Thus the last
relation shows that actually bdm € abM and so dm € aM. Since a € p and d ¢ p,
this implies that m € pM, as desired. ([

The rest of the proof of Theorem 5.2 is a technical argument involving rings and
modules. It is easier to understand if R = A, in which case D, = Mat,,,(A;) for
all p, so the readers may want to restrict themselves to that case on first reading.
For general facts on maximal orders in semisimple algebras, see [Reiner 2003].

Using Corollary 11.6 of that reference, the assumptions in Definition 4.2 imply
that for any prime p # po of A the ring Ry, := R ®4 A is a maximal order in a finite
dimensional central simple algebra over Fj,. By [Reiner 2003, Theorem 17.3] we
can therefore identify it with the matrix ring Mat,,, xn, (Sp), where S, is the maximal
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order in a finite dimensional central division algebra over Fy. Here n, > 1 may vary
with p. Let Ly, := Sp "* denote the tautological left Ry-module. Since T, := T, (¢)
is a nontrivial finitely generated torsion free left R,-module, it is isomorphic to
L;B ® for some my 2> 1 by [ibid., Theorem 18.10]. Thus

is isomorphic to the matrix ring Maty,, xm, (S{,’pp) over the opposite algebra SOpp.
Let Ny := (SOp Py&my denote the tautological left Dy-module; then as a Dy- module
T, is isomorphic to N "? Moreover, by biduality, using Morita equivalence [ibid.,
Theorem 16.14] or dlrect computation, we have

Ry = Endp, (Ty). (5.4)

Next, since R is a maximal order in a division algebra over the Dedekind ring A,
and M is a finitely generated torsion free R-module, M is a projective R-module
by [ibid., Corollary 21.5], say of rank £ > 0. For each p # po we therefore have
My =MQuA, = RSM as an Ry-module. Consequently M :=Homg(M, T,) = Tp@i
as a Dy-module via the action of Dy, on Tj,. Using the biduality (5.4) we obtain a
natural isomorphism

M, = Homp, (M}, T,). (5.5)

Taking the product over all p # py yields adelic versions of all this with T, =[] T},
and Ry =[] Ry and Dyg =[] Dy and M}, = ]—[M*

Recall that A,q s is a closed additive subgroup of M}, = =] M;‘. Let A, denote
its image under the projection to M;‘.

Lemma 5.6. For any p # po and any Dy-linear map f: M;‘ — N, satisfying
f(Ap) CpbeNy, we have f(My) C pNy.

Proof. Since Ny is a Dy-module isomorphic to a direct summand of 7}, it is
equivalent to show that for every Dy-linear map g: My — T, with g(Ay) C pbcT,
we have g(M;) C pTp. Let (,): M;‘ x My — T, denote the natural Ap-bilinear
map. Then the biduality (5.5) says that g = (_, m,,) for an element m, € M,,. Write
pbc = p'd for an integer i > 1 and an ideal ? of A that is prime to p. Choose
any element m € M which is congruent to m, modulo p’ M, and congruent to
0 modulo 0M. Then the assumption (Ap, my) = g(Ap) C pbeT, implies that
(Aag,pm, m) C pbcT,y. By Lemma 5.3 it follows that m € pM. Consequently
my € pM,, and therefore g(Mg) = (Ap, my) C pT,, as desired. U

Now observe that A,q y C M, is a closed additive subgroup that is invariant
under the action of I'yq. It is therefore a submodule with respect to the subring
Oaq := [Fp[Taq] of Dy from Corollary 4.5(a). By Corollary 4.5(a) we therefore
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have
A;d = aDaaAaam C Aad, M- 5.7

By construction A/ is a submodule over D,g =[] D, and therefore itself a product
ALy =[] A} for Dy-submodules A, C M,

Lemma 5.8. For any p # po and any Dy-linear map f: M;‘ — N, satisfying
f(AL) CpabeNy, we have f (M) C pNp.

Proof. The definition of A implies that aDy Ay C Ay Thus by assumption we
have a f(Ay) C f(aDyAp) C f(A;J) C pabcN,, and therefore f(Ap) C pbeN,. By
Lemma 5.6 this implies that f(M;) C pNy. O

Lemma 5.9. For any p # po we have abecMy; C Ay,

Proof. Let m, denote the maximal ideal of Sgpp. Then by [Reiner 2003, Theo-
rem 13.2] we have pS;)p P — my, for some integer e > 1. The general theory says the
following about the structure of the module M, /A, over the maximal order Dj.
On the one hand, by [Knebusch 1967, Satz 7] the torsion submodule of M;‘ / A; isa
finite direct sum of indecomposable modules isomorphic to Ny /m;" Ny, for certain
integers j, > 1. On the other hand, the factor module of M/ A; by its torsion
submodule is projective by [Reiner 2003, Corollary 21.5] and hence isomorphic
to a direct sum of copies of Ny. That the factor module is projective also implies
that Mg/ A; is isomorphic to the direct sum of its torsion submodule with the
factor module. Together it follows that M/ A; is a finite direct sum of modules
isomorphic to Ny, or to Np/my" N, for certain integers j, > 1.

To use this fact, let p* denote the highest power of p dividing abc. If no summand
isomorphic to Ny, occurs in M; / A;J and all exponents j, are < ei, then M;‘ / A)’g is
annihilated by pngpp = m;i. In this case it follows that abeMy = ]J’.M';k C A;g, as
desired.

Otherwise there exists a surjective Dy-linear map M/ A; — Ny /mff +1 Ny. Com-
posed with the isomorphism

this yields a Dj-linear map M,/ A;J — Np/pabcN, whose image is not contained
in pN,/pabeNy =myN, /pabeNy. As My is a projective Dy-module, the latter map
can be lifted to a Dy-linear map f: M; — Ny,. By construction this map then
satisfies f(A;J) C pabeN, and f(My) ¢ pNp. But that contradicts Lemma 5.8;
hence this case is not possible and the lemma is proved. ([

Taking the product over all p, Lemma 5.9 and the inclusion (5.7) imply that
abeM; C Aly C Agg . This finishes the proof of Theorem 5.2. In particular it
proves the first assertion of Theorem 5.1, from which the second assertion directly
follows.
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6. The general case

First we note the following general fact on homomorphisms of modules:

Proposition 6.1. Let S be a unitary ring, not necessarily commutative, and let
M and N be left S-modules. Let X be a subset of M and SX the S-submodule
generated by it. Let Hom(s)(X, N) denote the set of maps £: X — N such that
for any finite collection of s; € S and x; € X with ), s;x; = 0 in M we have
Y i sib(x;) =0in N.

(a) The restriction of maps induces a bijection Homg(SX, N) = Homs) (X, N).

(b) If R is a unitary subring of S such that X is an R-submodule and the natural
map SQr X — M, Y . si ® x; = Y, six; is injective, then Homs) (X, N) =
Homg (X, N).

(¢) If X is an S-submodule of M, then Homs)(X, N) = Homg(X, N).

Proof. Let F :=@p, cx S - [x] be the free left S-module over the set X and consider
the natural S-linear map F — M, ) ; si[x;] — )_; six;. Since S is unitary, the
image of this map is SX. Let T denote its kernel. Then giving an S-linear map
SX — N is equivalent to giving an S-linear map F — N which vanishes on T'.
Using the universal property of F' we find that the latter is equivalent to giving
an element of Hom(s)(X, N). The total correspondence is given by restriction of
maps, proving (a).

In (b) we have S ® X — SX; hence the adjunction between tensor product
and Hom yields bijections Homg(SX, N) = Homg(S ®r X, N) = Hompz (X, N).
Their composite is again just restriction of maps; so by (a) the restriction map
Hom(s) (X, N) — Homg (X, N) is also bijective, proving (b).

Finally, (c) is a special case of (a) or (b), according to taste. U

Now we return to the situation of Section 4. We choose data (A’, K', ¢/, f, B)
as in Proposition 4.3(c), that is: We let A’ denote the normalization of the center
of Endgsr (@), take a finite extension K’ C K5P of K, a Drinfeld A’-module
¢ A’ — K'[1], an isogeny f: ¢ — ¢'|A over K', and an integrally closed infinite
subring B C A’ such that A’ is the center of Endgsr(¢’) and (B, K, ¢'| B) is
primitive. By Proposition 4.3(e) the characteristic p;, of ¢’ is then the only prime
ideal of A’ above the characteristic qo of ¢'|B. We will apply the reduction steps
from Section 3 to the isogeny f and to each of the inclusions A C A’ O B.

Specifically, let us set ¥’ := ¢'| B and S’ := Endgsep (¥'). Then M’ := A’ f (M)
is a finitely generated A’-submodule of K’ for the action of A’ through ¢’, and so
N’ := S§'M' is a finitely generated B-submodule for the action of B through v'.
The modules M’ and N’ may have torsion, but since they are finitely generated,
their torsion is annihilated by some nonzero element a’ € A’. Replacing the isogeny
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f by ¢, o f replaces M’ by a’M’ and N’ by a’N’; hence we may without loss of
generality assume that M" and N’ are torsion free.

Let A%y 1y C Ty — Doy denote the Galois groups as in (2.14) associated to
(K’, ¢', M) in place of (K, ¢, M), and similarly for (K’, ¢’, N), respectively for
(K’,¥', N), and so on. Then Proposition 3.5 for the inclusion A’ O B yields a
natural commutative diagram with exact rows

0 —— Toa(¢)) — Toa(¢/, N') — > N' @4 ALy —— 0
HZ ‘ z Hz 6.2)

00— Tad(w/) — Tad(w/’ N/) — N’ XB Bad — 0.

The action of S’ on the lower row thus yields a natural action on the upper row.
Recall from (2.19) that any S’-equivariant splitting induces an embedding

Y v > TY s Homg (N, Tua(¥)). 6.3)

Since (B, K’,¢’) is primitive, this embedding is open by Theorem 5.1. The
isomorphisms from (3.6) thus yield an open embedding

I v < Tl x Homg (N', Tog(¢). (6.4)

Since N’ = §’M’, the Galois action on T,q(¢’, N’) is completely determined by the
action on Toq(¢’, M'); in other words the restriction induces a natural isomorphism
Ffd’ N = Ffd’ - This together with Proposition 6.1(a) yields an open embedding

Toy <> Ty x Homegy (M, Toa(¢')). (6.5)

The next natural step would be the passage from (K’, ¢’, M') to (K', ¢'|A, M).
However, this runs into the problem that S” does not necessarily act on T,q(¢'|A),
because T,q(¢’|A) is obtained from Tyq(¢") = ]_[p, 40l Ty (¢") by removing all factors
with p’[p(,, which are not necessarily preserved by the noncommutative ring §'.
Thus if p;, is not the only prime above o, it would be ugly to precisely describe
the image of Homg/)(M’, Taq(¢")) in Homs (M’, T,a(¢’|A)) in general, though of
course it can be done. We therefore restrict ourselves to two special cases, with the
following results:

Theorem 6.6. Assume that A is the center of Endgse(@). With A’ := A let
(K’, ¢, f, B) be as in Proposition 4.3(c), and set S := Endgso(¢|B). Let M
be a finitely generated torsion free A-submodule of K. Then Auq y is commen-
surable with the subgroup Homsy(M, Taq(¢)) of Homa (M, Tyq(@)), and I'yq ar is
commensurable with I'yq x Hom(sy (M, Taq(9)).

Proof. With the above notation f induces an isomorphism M = M’ and an
embedding of finite index Thq(¢) <> Tag(¢’). It also induces an isomorphism
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S ®p Quot(B) = 5’ ® g Quot(B) under which the intersection of S and §’ has finite
index in both. Since Ty,q(¢) and T,q(¢’) are torsion free A,q-modules, this implies
the equalities and an inclusion of finite index in the diagram

Homg) (M, Taa(¢)) =— Homsns) (M, Toa(@))

[J‘"O( Jof !

Homg (M', Taa(¢")) = Homsnsy(M', Taa(¢")).

With (3.2) and the open embedding (6.5) this shows that the image of Gal(K P /K”)
associated to (K’, ¢, M) is an open subgroup of I'yq x Hom(s)(M, Tyq(¢)). This
implies the assertion about I'yq s, from which the assertion about Ayq s directly
follows. O

In the other special case we drop all assumptions on endomorphisms, but instead
assume something about M:

Theorem 6.7. Let (A, K', ¢/, f, B) be as in Proposition 4.3(c), and set
S/ = Enszep (¢/|B)

Let M be a finitely generated torsion free A-submodule of K such that the natural
map

S/®AM—>KSEP, Zisi®mir—>2isif(mi)

is injective. Then Ayq p is an open subgroup of Homa (M, Ty(@)), and Uag, pr is an
open subgroup of T'aq X Homg (M, Toq(@)).

Proof. With the above notation the assumption implies that the natural map
S'®@af(M)— S f(M)=N', > ,si@mi> ) sm.

is injective and therefore an isomorphism. Thus by Proposition 6.1 the restriction
induces a natural isomorphism

Homg (N', Toa(¢")) — Homa(f (M), Tua(¢")).

The openness of the embedding (6.4), together with the surjectivity in (3.6) for the
inclusion A C A’, thus implies the openness of the embedding

Lo % an = To™ w Hom (F (M), T (¢ A)).
With (3.2) it follows that
ag,m = Tag X Homy (M, T ()

is an open embedding. This proves the assertion about I'yg s, from which the
assertion about A,q y directly follows. O
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Parity and symmetry in intersection
and ordinary cohomology

Shenghao Sun and Weizhe Zheng

To the memory of Torsten Ekedahl

We show that the Galois representations provided by £-adic cohomology of
proper smooth varieties, and more generally by £-adic intersection cohomology
of proper varieties, over any field, are orthogonal or symplectic according to the
degree. We deduce this from a preservation result of orthogonal and symplectic
pure perverse sheaves by proper direct image. We show, moreover, that the
subgroup of the Grothendieck group generated by orthogonal pure perverse
sheaves of even weights and symplectic pure perverse sheaves of odd weights
are preserved by Grothendieck’s six operations. Over a finite field, we deduce
parity and symmetry results for Jordan blocks appearing in the Frobenius action
on intersection cohomology of proper varieties, and virtual parity results for the
Frobenius action on ordinary cohomology of arbitrary varieties.

1. Introduction

The n-th cohomology of a compact Kéhler manifold X is equipped with a pure
Hodge structure of weight n,

H"(X, @) ®e C= @D H",
ptq=n

where HPY ~ HY(X, Q;}) satisfies HP4 = H?. In particular, H" (X, Q) is even-
dimensional for » odd. Hodge decomposition and Hodge symmetry extend to proper
smooth schemes over C [Deligne 1968, Proposition 5.3] by Chow’s lemma and
resolution of singularities. Thus, in this case, H" (X (C), Q) is also even-dimensional
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for n odd. Moreover, the pure Hodge structure of weight n on H* (X (C), Q) is
polarizable, in the sense that there exists a morphism of Hodge structures

H'(X(C), @) @ H'(X(C), @) — Q(—n),

symmetric for n even and alternating for n odd, satisfying certain positivity condi-
tions, which implies that the pairing is perfect.

Now let k be a separably closed field of characteristic p > 0 and let £ # p be a
prime number. For a projective smooth scheme X of finite type over k, the hard
Lefschetz theorem [Deligne 1980, Théoréme 4.1.1] and Poincaré duality equip
the n-th ¢-adic cohomology H" (X, Q) of X with a nondegenerate bilinear form
that is symmetric for n even and alternating for n odd. In particular, H" (X, Q)
is even-dimensional for n odd. Deligne predicts, in a remark following [1980,
Corollaire 4.1.5], that the evenness of the odd-degree Betti numbers should hold
more generally for proper smooth schemes over k. This was recently shown by Suh
[2012, Corollary 2.2.3] using crystalline cohomology.

The goal of this article is to study problems of parity and symmetry in more gen-
eral settings, including symmetry of Galois actions on cohomology. Our approach
is different from that of Suh as we do not use p-adic cohomology.

For a general scheme X of finite type over &, the n-th cohomology H" (X, Q)
is not “pure” and not necessarily even-dimensional for n odd. Before going into
results for such mixed situations, let us first state our results in the pure case for
intersection cohomology.

Theorem 1.1. Let k be an arbitrary field of characteristic p > 0 and let k be
its separable closure. Let X be a proper, equidimensional scheme over k. Then,
for n even (resp. odd), the n-th £-adic intersection cohomology group admits a
Gal(k/ k)-equivariant symmetric (resp. alternating) perfect pairing

IH"(X,;, Q) ® IH" (Xz, Q) = Qe(—n).

Here Gal(k/k) denotes the Galois group of k, and X=X Qi k.

By definition, we have IH" (X}, Q) = H" 4 (X, ICx), where ICx = 1. (Q¢[d])
and d = dim(X), and where j : U — X is an open dense immersion such that
Ured is regular. For X proper smooth, we have IH" (X;, Q¢) = H" (X}, Q;), and the
theorem takes the following form. The statement was suggested to us by Takeshi
Saito. One may compare such pairings with polarizations of pure Hodge structures,
mentioned at the beginning of the Introduction.

Corollary 1.2. Let X be a proper smooth scheme over k. Then, for n even (resp.
odd), the n-th £-adic cohomology group admits a Gal(k/ k)-equivariant symmetric
(resp. alternating) perfect pairing

H" (X, Q) @ H'(Xz, Q) — Q¢(—n).
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Ignoring Galois actions, we obtain the following corollary. For X proper smooth,
this gives another proof of Suh’s result mentioned earlier.

Corollary 1.3. Let X be a proper, equidimensional scheme over k. Then IH"(Xz,Q¢)
is even-dimensional for n odd.

To demonstrate the strength of Theorem 1.1, we give a reformulation in the
case where k = [, is a finite field. In this case, the Galois action is determined
by Frobenius action. We let Frob, € Gal(l]_:q /Fy) denote the geometric Frobenius
x > x'/4. The eigenvalues of Frob, acting on IH" (X F,» Qy) are g-Weil integers of
weight n, by which we mean algebraic integers A such that, for every embedding
o : Q1) — C, we have |a(A)|? = ¢". We let 1), € Z~( denote the multiplicity of
the eigenvalue A for the action of Frob, on IH" (X F, Qy). In other words, we set

det(1 — T Frob, | IH"(XE, Qy)) = 1_[(1 — AT, (1-3-1)

A
Fore>1, let u) ., € Z>( denote the number of e x e Jordan blocks with eigenvalue A
in the Jordan normal form of Frob, acting on IH" (XE , Q). Then u) = Zezl ey e

Corollary 1.4. Let X be a proper, equidimensional scheme over [F,. In the above
notation, Ly e = [Lqn/n,e- Moreover, | sz . and W g7 are even for n+e even. In
particular, (. = [Lqn . and, for n odd, p sgw and W jq are even.

The last statement of Corollary 1.4 implies that, for n odd,
det(Frob, | IHn(X[fq,@[)) = g"0n/?,
det(1 — T Frob, | TH"(Xg ,Q) = ¢"*/>T" det(1 — ¢ " T ' Frob, | IH" (X7 ,@0),
where b,, =dim IH"(XE, Qy). Ttalso implies that dim IH”(XE, Q) =), uxiseven.

Remark 1.5. Some special cases of the last statement of Corollary 1.4 were previ-
ously known.

(1) Gabber’s theorem on the independence of £ for intersection cohomology [Fuji-
wara 2002, Theorem 1] states that (1-3-1) belongs to Z[T'] and is independent
of £. The fact that (1-3-1) belongs to Q[7'] implies j; = w;/, for A and A’ in the
same Gal(Q/Q)-orbit. In particular, u; = tgn/n, and, if g is not a square and
nisodd, u sgm=p_ /g, so that dim IH" (XE , Q) =), m is even in this case.

(2) For X proper smooth, the fact that u 7= and p_ sz are even for n odd follows
from a theorem of Suh [2012, Theorem 3.3.1].

Remark 1.6. The first two statements of Corollary 1.4 are consistent with the con-
jectural semisimplicity of the Frobenius action on IH" (X E, Q) (namely, uy =0
for e > 2), which would follow from the standard conjectures. To see this implication,
let X’ — X be a surjective generically finite morphism such that X’ is projective
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smooth over [, which exists by de Jong’s alterations [1996, Theorem 4.1]. Then
IH" (XE,’ Q) as a Gal(ﬁq/[Fq)—module is a direct summand of Hn((X/)E’ Q).!
The semisimplicity of the Frobenius action on H" (X’ )E’ Q) would follow from
the Lefschetz type standard conjecture for X’ and the Hodge type standard conjecture
for X’ x X’ [Kleiman 1994, Theorem 5.6(2)].

To prove Theorem 1.1, we may assume that k is finitely generated over its prime
field. We will keep this assumption in the rest of the Introduction. This includes
notably the case of a number field. We deduce Theorem 1.1 from a relative result
with coefficients. In the case where k is a finite field, the coefficients are pure
perverse sheaves. In the general case, we apply the formalism of pure horizontal
perverse sheaves of Annette Huber [1997], as extended by Sophie Morel [2012].
Since the proofs are the same in the two cases, we recommend readers not familiar
with horizontal perverse sheaves to concentrate on the case of a finite field and to
ignore the word “horizontal”. Unless otherwise stated, we will only consider the
middle perversity. We let @, denote the algebraic closure of Q.

Definition 1.7. Let X be a scheme of finite type over k£ and let A € ch (X, Qy) be
a horizontal perverse sheaf on X, pure of weight w. We say that A is orthogonal
if there exists a symmetric perfect pairing A ® A — Kx(—w). We say that A is
symplectic if there exists an alternating perfect pairing A ® A — Ky (—w).

Here Ky = Ra;(@g is the dualizing complex on X, where ay : X — Spec(k) is
the structural morphism.

Theorem 1.8 (special case of Theorem 5.1.5). Let f: X — Y be a proper morphism
of schemes of finite type over k and let A € DCb(X, Q) be an orthogonal (resp.
symplectic) pure horizontal perverse sheaf on X. Then

RfA~EDUR LA -], (1-8-1)
n
and PR" f, A is orthogonal (resp. symplectic) for n even and symplectic (resp. or-
thogonal) for n odd.

Recall that the Beilinson—-Bernstein—Deligne—Gabber decomposition theorem
[Beilinson et al. 1982, Théoreme 5.4.5] implies that (1-8-1) holds after base change
to the algebraic closure k of k.

Theorem 1.1 follows from Theorem 1.8 applied to the morphism ay : X — Spec(k).
Even if one is only interested in Theorem 1.1, our proof leads one to consider the
relative situation of Theorem 1.8.

Next we state results for operations that do not necessarily preserve pure (hor-
izontal) complexes. For a scheme X of finite type over k, we let Ko (X, Q)

IThis argument is also used in Gabber’s proof of the integrality of (1-3-1).
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denote the subgroup of the Grothendieck group K(X, @) of DCb(X , @¢) generated
by orthogonal pure horizontal perverse sheaves of even weights and symplectic
pure horizontal perverse sheaves of odd weights.

Theorem 1.9 (special case of Theorem 5.2.2). Grothendieck’s six operations pre-
serve Koh.

Note that the preservation of Ko, by each of the six operations is nontrivial. The
crucial case turns out to be the preservation by the “extension by zero” functor j
for certain open immersions j (Proposition 4.3.1).

As Michel Gros points out, one may compare these theorems to Morihiko Saito’s
theory [1990] of mixed Hodge modules. By definition, a mixed Hodge module
admits a weight filtration for which the graded pieces are polarizable pure Hodge
modules. One may compare Definition 1.7 to polarizable pure Hodge modules.

Let us state a consequence of Theorem 1.9 on Galois action on cohomology in
the case where k = [, is a finite field. Let X be a scheme of finite type over [,. The
eigenvalues of Frob, acting on H* (X F,’ Q) are g-Weil integers” of integral weights.
We let m, € Z denote the multiplicity of the eigenvalue A. In other words, we set

[ [ det(1 — T Frob, | H" (X, @) " = [Ja-am)m. (1-9-1)
n A

Applying the theorem to (ax)., where ay : X — Spec([F,), we obtain the following.

Corollary 1.10. Let X be a scheme of finite type over [,. In the above notation,
my = mguwy; for every q-Weil integer 1 of weight w, and, for w odd, m jzw and
m_ jgw are even. In particular, for w odd, >, my (where A runs through q-Weil
integers of weight w), the dimension of the weight-w part of H* (XE,’ Qy), is even.

Theorem 1.9 also implies analogues of Corollary 1.10 for compactly supported
cohomology H (X, Qy), and, if X is equidimensional, intersection cohomology
IH*(X, Q) and compactly supported intersection cohomology IH? (X, Q;). In the
case of HX(X, Qy), the analogue of (1-9-1) is the inverse of the zeta function, and
the analogue of Corollary 1.10 was established by Suh [2012, Theorem 3.3.1] using
rigid cohomology.

Remark 1.11. Some special cases of Corollary 1.10 were previously known. By
Gabber’s theorem on the independence of ¢ [Fujiwara 2002, Theorem 2], (1-9-1)
belongs to (X(T) and is independent of £. The fact that (1-9-1) belongs to Q(T)
implies that mj; = m,/, for » and A’ in the same Gal(Q/Q)-orbit. In particular,
m), = mgyu ), for every g-Weil integer A of weight w, and, if g is not a square and
w is odd, m jzw =m_ jzw so that >, my (where X runs through ¢-Weil integers of
weight w) is even in this case.

2The integrality is a special case of [Zheng 2008, Variante 5.1].
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One ingredient in the proof of Theorem 1.9 is de Jong’s alterations. Note that,
even for a finite étale cover f : X — Y, one cannot recover the parity of an object
on Y from the parity of its pullback to X. More precisely, for an element A
in the Grothendieck group of mixed horizontal perverse sheaves on Y such that
f*A € Korn, We do not have A € Ky in general. We use equivariant alterations to
compensate for this loss of information. In order to better deal with the equivariant
situation, we will work systematically with Deligne-Mumford stacks in the main
text. We note however that the proofs of Theorems 1.1 and 1.8 (and the corollaries
to Theorem 1.1) do not depend on stacks, and readers only interested in these results
may, in the corresponding portions of the text (Sections 2, 3 and 5.1), assume every
stack to be a scheme.

The paper is organized as follows. In Section 2, we study symmetry of complexes
and perverse sheaves over a general field. In Section 3, we study symmetry and
decomposition of pure complexes over a finite field and prove Theorem 1.8 in this
case. In Section 4, we study symmetry in Grothendieck groups over a finite field and
prove Theorem 1.9 in this case. In Section 5, we study symmetry of horizontal com-
plexes over a general field finitely generated over its prime field and finish the proof
of the theorems. In the Appendix, we collect some general symmetry properties in
categories with additional structures, which are used in the main body of the paper.

Conventions. Unless otherwise indicated, X, Y, etc., will denote Deligne-Mumford
stacks of finite presentation (i.e., of finite type and quasiseparated) over a base
field k; this rules out stacks such as BZ. We recall that, for schemes, being of finite
presentation over k is the same as being of finite type over k.

We let £ denote a prime number invertible in k, and we let Df.’ (X, Qp) denote the
derived category of @;-complexes on X. We refer the reader to [Zheng 2015b] for
the construction of ch (X, Qp) and of Grothendieck’s six operations. We denote by
ay : X — Spec(k) the structural morphism, by Ky := Ra;( @ the dualizing complex
on X, and by Dy the dualizing functor Dk, := Riom(—, Kx).

As mentioned above, we will only consider the middle perversity unless otherwise
stated. We let Perv(X, @@) - ch (X, @() denote the full subcategory of perverse
Q¢-sheaves on X. For a separated quasifinite morphism f : X — Y, the middle
extension functor fi, : Perv(X, Q) — Perv(Y, Qp) is the image of the support-
forgetting morphism 2#°f, — PR f,.

Throughout the article, we let o and o’ represent elements of {4-1}.

2. Symmetry of complexes and perverse sheaves

In this section, we study symmetry properties of Q,-complexes, namely objects
of DC” (X, Qp), over an arbitrary field k. In Section 2.1, we define o-self-dual com-
plexes and we study their behavior under operations that commute with duality. In
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Section 2.2, we analyze o-self-dual semisimple perverse sheaves. In this generality
none of the results is difficult, but they will be used quite often in the sequel.

2.1. Symmetry of complexes. The tensor product endows DLI.’ (X, Q) with the
structure of a closed symmetric monoidal structure. The definition below only
makes use of the symmetry constraint c4p : A ® B => B ® A and the internal
mapping object R Zom.

Definition 2.1.1 (o-self-dual complexes). Let A, C € DZ,’ (X, Q). We say that A is
1-self-dual with respect to C (resp. —1-self-dual with respect to C) if there exists a
pairing A ® A — C that is

o symmetric (resp. alternating), in the sense that the diagram

CAA

ARA ARA

N

C

commutes (resp. anticommutes), and
« perfect, in the sense that the pairing induces an isomorphism A = Dc A :=
Ro#tom(A, C).
We say that A is self-dual with respect to C if there exists an isomorphism A => D¢ A.

The symmetry of the pairing A ® A — C can also be expressed in terms of the
induced morphism f : A — DcA. In fact, the diagram (2-1-1) o-commutes if and
only if the diagram

A DcA

X -

DcDcA

o-commutes (Lemma A.4.2).

Remark 2.1.2. Similarly one can define self-dual and o-self-dual E;-complexes,
where FE, is any algebraic extension of ;. Note that, for A, C € Df.’ (X, E),
A is self-dual (resp. o-self-dual) with respect to C if and only if A ®, Q; satisfies
the same property with respect to C ®g, Q. Indeed, the “only if” part is obvious.
To see the “if” part, consider U = Isom(Aj, Dc Af) as in Lemma 2.1.3 below. Here
Ay denotes the pullback of A to Xj. Recall that rational points form a Zariski dense
subset of any affine space over an infinite field. If A ®p, Qy is self-dual (resp.
o-self-dual) with respect to C Qp, Qy, then U NV is nonempty, and hence has an
Ej-point. Here V € Hom(Ag, Dc Ay) is represented by the Ej-vector subspace,
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image of morphisms (resp. o-symmetric morphisms) A — DcA. For the above
reason, we will work almost exclusively with (Qg;-complexes.

Lemma 2.1.3. Let A, B € D?(X, E;) satisfy dimg, Hom(A, B) < co. Then there
exists a Zariski open subscheme U = Isom(A, B) of the affine space Hom(A, B)
over E, represented by the E,-vector space Hom(A, B) such that, for any algebraic
extension E; of E,, the subset U(E,) is the set of isomorphisms A Qf, E; =>
B ®EA E;L

Proof. Assume A, B € DI*?!, Choose a stratification of X by connected, geomet-
rically unibranch substacks such that the restrictions of .#"A and #"B to each
stratum are lisse sheaves. Choose a geometric point x in each stratum. Then a mor-
phism f: AQg, E; — BQg, E; is an isomorphism if and only if /#” f, is for every
n € [a, b] and every x in the finite collection. Then Isom(A, B) is the intersection of
the pullbacks of the open subsets Isom(#"A,, 7#"B,) C Hom(#"A,, #"B,). [J

We will mostly be interested only in duality with respect to Tate twists Ky (—w),
w € Z, of the dualizing complex Ky = Raé( @[. In this case, the evaluation morphism
A — Dgy (—w)Dky(—w)A is an isomorphism. The functor Dk, () preserves perverse
sheaves. We will sometimes write K for Kx when no confusion arises.

In the rest of this subsection, we study the behavior of o-self-dual complexes
under operations that commute with the dualizing functors (up to shift and twist).
The results are mostly formal, but for completeness we provide a proof for each
result, based on general facts on symmetry in categories collected in the Appendix.
Readers willing to accept these results may skip the proofs.

Most of the proofs consist of showing that the natural isomorphism representing
the commutation of the functor in question with duality is symmetric in the sense
of Definition A.3.3. It then follows from Lemma A.3.9 that the functor in question
preserves o-self-dual objects.

Remark 2.1.4 (preservation of o-self-dual complexes). Let f : X — Y be a mor-
phism. Let w, w’ € Z.

(1) For n € Z, Tate twist A — A(n) carries Q,-complexes o-self-dual with respect
to C to @g-complexes o-self-dual with respect to C (2n); the shift functor A — A[n]
carries Q-complexes o-self-dual with respect to C to @g-complexes (—1)"o-self-
dual with respect to C[2n].

This follows from Lemma A.5.6.

(2) Dy carries @g—complexes o-self-dual with respect to Ky (—w) to @g—complexes
o-self-dual with respect to Ky (w).

Since Dx A > (Dky(—w)A)(w), the assertion follows from (1).
(3) Assume that f is proper. Then R f;, : ch (X, @g) — Dch (Y, @g) preserves o-self-
dual objects with respect to K (—w). In other words, R f, carries Q¢-complexes
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o-self-dual with respect to Ky (—w) to @g-complexes o-self-dual with respect to
Ky (— w) .

Since R f; is a right-lax symmetric functor (Definition A.1.5), the morphism
R f«Dx — Dgy, kR fi 1s symmetric by Construction A.4.6. Composing with the
adjunction map R f, Kx >~ RfiKx — Ky, we obtain a symmetric isomorphism
Rf.Dx = DyR /..

(4) Assume that f is a closed immersion, and let A € ch (X, Q). Then A is
o-self-dual with respect to Ky (—w) if and only if f,A is o-self-dual with respect
to Ky (—w).

Since the functor f; is fully faithful in this case, the assertion follows from the
proof of (3) above and Lemma A.3.9.

(5) Assume that f is an open immersion and let A € Perv(X, Q) bea perverse sheaf.
Then A is o-self-dual with respect to Ky (—w) if and only if fi,A is o-self-dual
with respect to Ky (—w).

Since fi is a symmetric functor, the morphism fiDx — Dy, fi is symmetric by
Construction A.4.6. It follows that the composite map in the commutative square

fiDx —— R f,.Dx

|

Dyigy fr —— Dy fi

is symmetric. Here the lower horizontal map is given by the adjunction map
fiKx — Ky. Moreover, we have a commutative square

f!*DX +> DYf!*

I,

RPRY f,Dy —— Dy”R f;

By Lemma A.3.10, y is symmetric. Since the functor fi, is fully faithful by
Lemma 2.1.5 below, it suffices to apply Lemma A.3.9. The “if” part also follows
from (8) below.

(6) Let A eDP (X, Q) be o-self-dual with respect to Kx (—w) and let B e D’ (X', Q)
be o’-self-dual with respect to Kx/(—w"). Then the exterior tensor product A X B
in DC”(X x X', Qp) is oo -self-dual with respect to Ky x/(—w — w’).

Since — X — is a symmetric monoidal functor, the Kiinneth isomorphism (see
[Grothendieck 1977, Equation (1.7.6), Proposition 2.3])

Dx(—)X Dy/(—) => Dgywk,, (—X —) = Dyyx/ (=K —)
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is symmetric by Construction A.4.6.

(7) If f is smooth, purely of dimension d, then f*[d] carries @g-complexes o-self-
dual with respect to Ky (—w) to @g—complexes (—1)?o-self-dual with respect to
Kx(—d —w).

Since f* is a symmetric monoidal functor, the isomorphism

F*T4Dy = Dpgyppar f*T¢ = Diy—ay [T
is (—1)?-symmetric by Construction A.4.6 and Remark A.5.10.

(8) If X and Y are regular, purely of dimension d and ¢, respectively, then f*[d —e]:
Df’isse(Y , @g)_—) D{’isse(X , Q) carries Q,-complexes o-self-dual with respect to
Ky (—w) to Qg-complexes (—1)?¢o-self-dual with respect to Kx(—(d —e) —w).
Here Dﬁsse denotes the full subcategory of Df.’ consisting of complexes with lisse
cohomology sheaves.

Let r =d — e. As in (7), the natural transformation
f*T"Dy = Dpekypor f*T" = Diy(—ry f*T"
is (—1)"-symmetric. For A € ch (Y, @g), this natural transformation can be com-
puted as
F*T"DyA =~ f*T"Dg,_nA@Rf'Qp %> Rf' Dy, T"A = Dy () [¥T"A.
For A e D}

lisse> @ 18 an isomorphism.

Similar results hold for self-dual Q,-complexes.

Lemma 2.1.5. Let j:U— X be an immersion. Then the functor ji, :Perv(U, @g) —
Perv(X, Q) is fully faithful.

Proof. Let A and B be perverse @g—sheaves on U, and let @ : Hom(A, B) —
Hom(ji+ A, ji«B) be the map induced by ji.. As the composite map

Hom(A,B)-%>Hom(ji A, ji B)->Hom(#° jiA,»#°R j. B) ~Hom(jiA,R j. B)

is an isomorphism and g is an injection, ¢« is an isomorphism. U

Example 2.1.6. Assume that X is equidimensional. We define the intersection
complex of X by ICx = ji,.(Q¢[d]), where j : U — X is a dominant open immer-
sion such that Uyeq is regular and d equals dim X. Then by parts (5) and (7) of
Remark 2.1.4, ICx is (—1)“-self-dual with respect to Kx (—d).

Although we do not need it, let us mention the following stability of o-self-dual
complexes under nearby cycles.

Remark 2.1.7. Let S be the spectrum of a Henselian discrete valuation ring, of
generic point 1 and closed point s, on which £ is invertible. Let X be a Deligne—
Mumford stack of finite presentation over S. Then the nearby cycle functor
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RV : D’ (X, @) — D?(X; x; n, Q;) preserves o-self-dual objects with respect
to K(—w).

Indeed, RW is a right-lax symmetric monoidal functor. Hence, by Construction
A.4.6, the composite RlInggn — DRq,Kan\II — Dx RV, which is a natural iso-
morphism (see [Illusie 1994, Théoreme 4.2]), is symmetric.

Remark 2.1.4(6) can be applied to the exterior tensor power functor (—)%m .
D?(X, Q;) — D(X™, Qy), m > 0. We now discuss a refinement
C C
D’(X, Q) —> D([X"/S,]. Qp), A A¥", (2-1-2)

given by permutation. Readers not interested in this refinement may skip this part
as it will not be used in the proofs of the results mentioned in the Introduction.

We briefly recall one way to define the symmetric product stack [X™/G,,].
For every k-scheme S, the groupoid [X™/G,,](S) is the groupoid of pairs (7, x),
where T is a finite étale cover of S of degree m and x is an object of X (T'), with
isomorphisms of pairs defined in the obvious way.

Remark 2.1.8. The functor (2-1-2) carries complexes o-self-dual with respect to
Kx (—w) to complexes o"-self-dual with respect to Kixm /g, 1(—mw).
Indeed, (—)®" is a symmetric monoidal functor. Hence, the isomorphism

(Dx (=)™ => Dy (—)™") == Dyxon e, ((—)™")
X
is symmetric by Construction A.4.6.

2.2. Symmetry of perverse sheaves. In this subsection, we study o-self-dual per-
verse sheaves. We first prove a two-out-of-three property, which will play an
important role in later sections. We then discuss a trichotomy for indecomposable
perverse Q;-sheaves. From this we deduce a criterion for semisimple perverse
Q¢-sheaves to be o-self-dual in terms of multiplicities of simple factors.

Proposition 2.2.1 (two-out-of-three). Let A be a perverse Q-sheaf satisfying
A~A @ A" If Aand A’ are o-self-dual with respect to Kx (—w), then so is A”.

Proof. We write D for Dg, () and let f : A = DA and g’ : A” = DA’ be
o-symmetric isomorphisms. We let f': A” — DA’ denote the restriction of f to A,
namely the composite

A5 A-Ls pA DL pA

where i : A” — A is the inclusion. Let g : A — DA be the direct sum of g’
with the zero map A” — DA”. These are o-symmetric morphisms. Consider
linear combinations A, = af + bg and ht’l’b =af’ +bg', where a, b € Q;. By
Lemma 2.1.3, there are only finitely many values of (a : ) for which A, ; is not an
isomorphism. The same holds for h[’l’ »- Therefore, there exist a, b € @g such that
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ha and h , are isomorphisms. Consider the orthogonal complement of A’ in A
with respect to i, :

B = Ker(A L2t DA Diy DAYy,

Then A, induces a o-symmetric isomorphism B => DB. Moreover, A~ A’ @ B,
so that B ~ A”. Here we used the Krull-Schmidt theorem [Atiyah 1956, Theorem 1]
and the fact that perverse sheaves have finite lengths. ([

Remark 2.2.2. The two-out-of-three property also holds more trivially for self-dual
complexes. In fact, if we have decompositions of perverse Q;-sheaves A~ A’ @ A”
and B >~ B’ @ B” such that A ~ Dy B(—w) and A’ >~ Dy B’(—w), then we have
A" >~ Dx B"(—w) by the Krull-Schmidt theorem.

Proposition 2.2.3 (trichotomy). Let A be an indecomposable perverse Qq-sheaf
on X. Then exactly one of the following occurs:

o A is 1-self-dual with respect to Kx (—w);

o Ais —1-self-dual with respect to Kx(—w);

o A is not self-dual with respect to Kx (—w).

This follows from general facts (Lemma A.2.7 and Remark A.2.8) applied to the
category of perverse (J;-sheaves.

Remark 2.2.4. In the case of a simple perverse Q;-sheaf, the proof can be somewhat
simplified with the help of Schur’s lemma. This case is analogous to a standard result
on complex representations of finite or compact groups [Serre 1998, Section 13.2,
Proposition 38; Brocker and tom Dieck 1995, Proposition I1.6.5].

Remark 2.2.5. An indecomposable perverse E,-sheaf on X, self-dual with re-
spect to Ky(—w), is either 1-self-dual or —1-self-dual, by Lemma A.2.7 and
Remark A.2.8. Note that a simple perverse E,-sheaf can be 1-self-dual and —1-self-
dual with respect to Kx (—w) at the same time.

Corollary 2.2.6. Let A >~ Dy B" be a semisimple perverse Q¢-sheaf on X, where
B runs through isomorphism classes of simple perverse Q-sheaves on X. Then A
is o-self-dual with respect to Kx(—w) if and only if the following conditions hold:

(1) np = n(py B)(—w) for B not self-dual with respect to Kx(—w);
(2) np is even for B that are —o-self-dual with respect to Kx(—w).
Moreover, A is self-dual with respect to Kx(—w) if and only if (1) holds.

In particular, if B and B’ are respectively 1-self-dual and — 1-self-dual simple per-
verse sheaves on X, then B@® B’ is self-dual but neither 1-self-dual nor — 1-self-dual.
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Proof. 1tis clear that (1) is equivalent to the condition that A is self-dual. If (1) and (2)
hold, then A is o-self-dual by Proposition 2.2.3 and the fact that B® (Dx B)(—w) is
o-self-dual with respect to Ky (—w) for all B (Remark A.2.6(2)). It remains to show
that if A is o-self-dual, then (2) holds. Let B be —o-self-dual. As B ~B® V
is o-self-dual, where V = @, the isomorphism

Hom(B® V, Dx(B® V)(—w))
~ Hom(B, (Dx B)(—w)) ® Hom(V, V*) ~ Hom(V, V*)

provides a skew-symmetric nz X ng matrix with entries in @, which implies that
ng is even. More formally, we can apply the second part of Lemma A.3.9 to the
fully faithful functor F : V +— B ® V from the category of finite-dimensional
@g-vector spaces to ch (X, @[). The natural isomorphism FD = Dg, () F is
—o-self-dual. (]

Remark 2.2.7. The semisimplification of a o-self-dual perverse sheaf is o-self-dual
by Lemma A.2.9. The converse does not hold. See Example 3.1.5 below.

We will need to consider more generally geometrically semisimple perverse
sheaves, namely perverse sheaves whose pullbacks to X; are semisimple. Part (1)
of the following lemma extends [Beilinson et al. 1982, Corollaire 5.3.11] for pure
perverse sheaves.

Lemma 2.2.8. Let A be a geometrically semisimple perverse Qg-sheaf on X.

(1) Leti : Y — X be a closed immersion with complementary open immersion
Jj:U — X. Then A admits a unique decomposition A = j, j*A @i, B, where
B is a perverse sheaf on Y. Moreover, we have B ~ P#%i* A ~ PROi* A.

(2) A admits a unique decomposition A >~ @, Ay, where V runs through irre-
ducible closed substacks of X, and the support of each indecomposable direct
summand of the perverse sheaf Ay is V.

Assume additionally that A is indecomposable. Then, by part (1) of the lemma,
we have ji, j*A >~ A if U intersects with the support of A (and j*A = 0 otherwise).
Moreover, the support of A is irreducible, and A is isomorphic to fi.(#[d]) for
some immersion f : W — X, with W regular irreducible of dimension d, and some
lisse @g—sheaf FonV.

Proof. (1) The proof is identical to that of [Beilinson et al. 1982, Corollaire 5.3.11].
The uniqueness of the decomposition is clear. For existence, it suffices to check that

« the adjunction map 2 jj*A — A factorizes through the quotient ji, j*A
of 270 ji j*A, and the adjunction map A — PR, j*A factorizes through the
subobject ji, j*A of PR j, j*A;
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o the composite of the adjunction maps i,’R%'A — A — i,2#"i*A is an
isomorphism;
and these maps provide a decomposition of A. These statements can be easily
checked over k.

(2) Again the uniqueness is clear. The existence follows from the fact that the
support of every indecomposable direct summand of A is irreducible. U

Remark 2.2.9. In Lemma 2.2.8, A is o-self-dual with respect to Kx(—w) if and
only if each direct summand Ay in the support decomposition is o-self-dual with
respect to Ky (—w).

As an application, we show that for geometrically semisimple perverse sheaves
the property of being o-self-dual is local for the Zariski topology. This Zariski local
nature will be useful in Section 4.

Proposition 2.2.10. Let (X, )qer be a Zariski open covering of X, and let A and B
be geometrically semisimple perverse Qg-sheaves on X. Then A ~ (Dx B)(—w) if
and only if A| Xy = (Dx,B | Xo)(—w) for every o € I. Moreover, A is o-self-dual
with respect to Kx(—w) if and only if A | X, is so with respect to Kx,(—w) for
everyo € 1.

Proof. We prove the second assertion, the proof of the first assertion being simpler. It
suffices to show the “if” part. Let j, : X, — X. By parts (5) and (8) of Remark 2.1.4,
JarsJja A is o-self-dual. Since jy1.jfA >~ @, Ay, where V satisfies V N X, # @,
we conclude that each Ay is o-self-dual.

Alternatively we may apply Lemma 2.2.11 below. Indeed, by quasicompactness,
we may assume that / is finite. For J C I nonempty, jjij; A is o-self-dual. Thus
the same holds for A >~ jz, j5 A by the two-out-of-three property. ]

Lemma 2.2.11. Let (Xy)qcs be a finite Zariski open covering of X, and let A be a
geometrically semisimple perverse Qg-sheaf on X. Then

@jJ!*j;A x~ @ Jrsij A,

J<I JCI
#J even #J odd

where jj :(\,esXa — X is the open immersion.

Proof. We may assume that A is indecomposable. Then both sides are direct sums
of copies of A and the multiplicities are equal:

> (1)=2(7)
i) i)
0<i<m 0<i<m
i even i odd

Here m > 1 is the number of indices o € I such that the support of A intersects
with X,. O
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3. Symmetry and decomposition of pure complexes

In this section, we study symmetry of pure perverse sheaves and, more generally, of
pure complexes that decompose into shifts of perverse sheaves. We first work over
a finite field. In Section 3.1, we analyze o-self-dual pure perverse sheaves and give
a criterion in terms of multiplicities of factors. In Section 3.2, we study the behavior
of such perverse sheaves under operations that preserve purity. The main result of
this section is the preservation of a certain class of complexes under derived proper
direct image (Theorem 3.2.3), which implies the finite field case of Theorem 1.8.
Such preservation results constitute the starting point of the analysis in Section 4 of
the effects of more general operations in the mixed case. In Section 3.3, we work
over a separably closed base field and we prove preservation results for certain
semisimple complexes, by reducing to the finite field case.

3.1. Symmetry of pure perverse sheaves over a finite field. In this subsection and
the next, we work over a finite field k = F,. Recall that X, Y, etc., denote Deligne—
Mumford stacks of finite presentation over [,. Let ¢ : @, — C be an embedding.

In this subsection, we study o-self-dual (-pure perverse sheaves. We give a crite-
rion for (-pure perverse sheaves to be o-self-dual in terms of multiplicities of factors.

For n > 1, let E, be the sheaf on Spec([F,) of stalk Q)" = @?:1(@[6,' on
which Frobenius F' = Frob, acts unipotently with one Jordan block: Fe; = e and
Fe; =e; +e¢;_; fori > 1. Recall that any indecomposable t-pure perverse sheaf A
on X is isomorphic to a perverse sheaf of the form B ® ay E,, where B is a simple
perverse sheaf on X, n > 1, and where ay : X — Spec([F,).

Proposition 3.1.1. Let w € Z, and let A be a perverse Qq-sheaf on X, isomorphic
to @y(B Qay E,)"s", where B runs over simple perverse Qg-sheaves on X. Then
A is o-self-dual with respect to Kx (—w) if and only if the following conditions hold:

(1) mpn = mpy B)(—w),n for B not self-dual with respect to Kx(—w);

(2) mp, is even for B o-self-dual with respect to Kx(—w) and n even,;

(3) mp,p is even for B —o-self-dual with respect to Kx(—w) and n odd.
Moreover, A is self-dual with respect to Kx(—w) if and only if (1) holds.

Proof. The equivalence between (1) and the condition that A is self-dual follows
from the isomorphism Dy (B®ay E,) >~ Dx B®ay E,. For the “if” part of the o-self-
dual case, note that C® Dx C (—w) is o-self dual with respect to Kx (—w), so that, by
the trichotomy in Proposition 2.2.3, it suffices to show that B ® a} E, is o -self-dual
(resp. —o-self-dual) for B o’-self-dual and n odd (resp. even). For the “only if” part,
we reduce to the case where mp , = 0 for all B except for one o’-self-dual B. For
both parts, consider the functor F' = B®aj — : Perv(Spec([,), @g) — Perv(X, @g),
which is fully faithful by Lemma 3.1.2 below. The natural isomorphism F' Dspec(r,) =~
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Dgy(—u) F is o-symmetric. By Lemma A.3.8, we are then reduced to the case
where X = Spec([;) and B = (Q¢) x, which follows from Lemma 3.1.3 below. [

Lemma 3.1.2. Let B be a simple perverse Qq-sheaf on X. Then the functor
B @ a%— is fully faithful. In other words, for Qg-sheaves E and E' on Spec([F,),
the map o : Hom(E, E') - Hom(B ® ay E, B ® ay E’) is an isomorphism.

Proof. We have B =~ j,(%#[d]), where j : U — X is an immersion, with Uyq

connected regular, purely of dimension d, and where . is a simple lisse (Q;-sheaf

on U. We have B®ay E >~ ji.((# ®aj; E)[d]). The map « is the composite
Hom(E, E') £> Hom(Z ® a} E, F ® aj; E') > Hom(B ® L, E, B @ a, E"),

where y is an isomorphism by Lemma 2.1.5. The map B is obviously injective. To
show that $ is an isomorphism, we may assume that £ = E,, E’ = E,,. Since the
socle of # ® aj, Ey, is Z,

Hom(Z, #) ~Hom(Z, .7 ® a;, Ey,)
is one-dimensional. Dually, since the cosocle of .7 ® aj, E, is .7,
Hom(Z ®ap, E,, #) ~Hom(Z, 7)
is one-dimensional. Thus
dimHom(Z ®aj; E,, # ® aj; E,) < min{n, m} = dimnHom(E,, E,).

It follows that 8 is an isomorphism. ([

Lemma 3.1.3. Let L be a field of characteristic # 2, and let N, € My, «x, (L) be
the matrix defined by (N,); j = 1 fori = j — 1 and (N,); j = 0 otherwise. Let
my, ..., m; >0 be integers, and let

N:=N(m1,...,m,):=diag(N1,...,N1,...,N[,...,Nl),

where each N, is repeated m,, times. Then there exists an invertible symmetric (resp.
invertible skew-symmetric) matrix A such that AN = —NTA if and only if m, is
even for n even (resp. my, is even for n odd).

For L of characteristic 0, the equality is equivalent to exp(N)7A exp(N) = A.

n’,c',i’

Proof. We denote the entries of A by a, ., , where
l<nn'<l, l<c=m, 1=cd=my, 1<i<n, 1=<i'<n.
Y Y] .
€n we nave = — manaonly iira, .. = —a - or <1r=n
Th have AN = —NTA if and only if a/"; et for 1 < i <,

Y . .
1<i’<n’ and aZ’Cf’i’ =0 fori+i’ <max{n, n'}. Let A, be the n x n matrix given by

(Ap)ij = (—1)' for i +j=n+1and (A,);; =0 otherwise. For N = N,, n odd
(resp. even), we can take A = A,. For N = diag(N,, N,), n even (resp. odd), we
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can take A = (_%n ’?)”). The “if” part follows. The “only if” part follows from
the case 0 = —1 of Proposition A.6.8, because P;_, is (—1)!"-self-dual (resp.
(—1)"-self-dual) and dim P;_, equals m,,. Let us give a more elementary proof of
the “only if”” part by induction on /. For [ = 1, the assertion is void (resp. A defines a
nondegenerate alternating bilinear form on an m-dimensional vector space, which
implies that 1 is even). For [ > 2, consider the m; x m; submatrices B = (allg/ll )e o
C= (all:g:’ll )C ~ Of A. Let A’ be the matrix obtained from A by removing the rows and
columns in A that contain entries of B or C. Note that for i’ < [ we have af’/;,‘;/l’i/ =0,

. /1 . . .
and for i <[ we have ai"c’ ; = 0. Thus, up to reordering the indices, we have

A" 0 B

A=]10 0 B

C' CD
It follows that BT = o’'C = (—1)!"'¢’'B, where o’ = 1 (resp. 0’ = —1), and
that B is invertible, so that m; is even for [ even (resp. [ odd). Moreover, A’ is
invertible symmetric (resp. invertible skew-symmetric) and A’N' = —N'TA’, where
N =N@my,...,mi_3,mj_»+m;, m_1) (N = N(my) for [ =2). The assertion
then follows from the induction hypothesis. U

Example 3.1.4. Let A and A’ be sheaves on X = Spec([,) and let w € Z. For
n>1land A € @?, we let u; , and u&n denote the number of n x n Jordan blocks
of eigenvalue A in the Jordan normal forms of the Frobenius Frob, acting on Ag
and (A’)E, respectively. Then:

e A~ (DxA")(—w) if and only if u; , = M;W/A,n forall n > 1 and all A. In
particular, A is self-dual with respect to Q¢(—w) if and only if ;. , = g/ n
for all n > 1 and all 1. Note that the last condition trivially holds for A = +¢"/2.

o Ais I-self-dual (resp. —1-self-dual) with respect to @;(—w) if and only if it
is self-dual with respect to @g(—w) and fLgus2 ,, _gur2 , are even for n even
(resp. n odd).

Example 3.1.5. Let B be a simple perverse sheaf (-pure of weight w, not self-dual
with respect to Kx(—w). Then A = B®2 @ ((DxB)(—w) ® ay E») is not self-dual,
but the semisimplification of A is both 1-self-dual and —1-self-dual.

Remark 3.1.6. (1) An :-pure complex self-dual with respect to Ky (—w) is nec-
essarily of weight w.

(2) Every simple perverse Q;-sheaf is (-pure by a theorem of Lafforgue [2002,
Corollaire VIIL.8] (with a gap filled by Deligne [2012, Théoréme 1.6]; see [Sun
2012b, Remark 2.8.1] for the case of stacks).

(3) The two-out-of-three property (Proposition 2.2.1) in the case of (-pure perverse
sheaves also follows from the criterion of Proposition 3.1.1.
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(4) Since t-pure perverse sheaves are geometrically semisimple, for such perverse
sheaves the property of being self-dual (resp. o-self-dual) is local for the Zariski
topology by Proposition 2.2.10.

3.2. Symmetry and decomposition of pure complexes over a finite field. In this
subsection, we study the behavior of o-self-dual (-pure perverse sheaves under
operations that preserve purity. The main goal is to prove the finite field case of
Theorem 1.8 on derived proper direct image of o-self-dual (-pure perverse sheaves.
The behavior of o-self-dual complexes has already been described in Section 2.1.
The focus of this subsection is on decomposition and on the self-duality of individual
perverse cohomology sheaves. To state our results, it is convenient to introduce the
following terminology.

Definition 3.2.1 (split complexes). We say that a complex of Q,-sheaves A is
split if it is a direct sum of shifts of perverse sheaves, or, in other words, if
A~ @, (PA#A)—i].

Definition 3.2.2 (D”,). Let w € Z. Denote by DX, (X, @) € Ob(D?(X, Qy)) (resp.
DZ‘fsd(X , Q) C Ob(DCb(X , Qp))) the subset consisting of split (-pure complexes A
of weight w such that 22A is (—1)"* o-self-dual (resp. self-dual) with respect to
Kx (—w — i) for all i. Denote by D";(X, @) € Ob(D? (X, Q;) x D?(X, Qy)) the
subset consisting of pairs (A, B) of split (-pure complexes of weight w such that
P#'A is isomorphic to (Dx 27 B)(—w — i) for all i.

By definition, we have D", (X, @) = A~ (D (X, Q)), where A: DY (X, Q) —
D/(X, Q) x DP(X, Q) is the diagonal embedding.

Since in this subsection we will only consider operations that preserve purity,
the factor (—1)" in the definition above is fixed, hence not essential. We include
this factor here to make the definition compatible with the mixed case studied in
Section 4, where the factor is essential (see Definition 4.2.1).

The main result of this section is the following preservation result under proper
direct image, which clearly implies the finite field case of Theorem 1.8.

Theorem 3.2.3. Let f : X — Y be a proper morphism of Deligne—Mumford stacks
of finite presentation over F,, where Y has finite inertia. Then R f preserves D",
and D}'y. In other words, for A € D", (X, Q¢) we have Rf,A € D, (Y, Q), and

for (A, B) e Dy(X, Q) we have R f,A, R f,B) € D?,.

The preservation of D}’ has the following two consequences, obtained respec-
tively by considering the diagonal embedding and the first factor.

Corollary 3.2.4. Let f : X — Y be a proper morphism, where Y has finite inertia.
Then R fy preserves D" ;.
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Corollary 3.2.5. Let f : X — Y be a proper morphism, where Y has finite inertia.
Then R f, preserves split .-pure complexes of weight w. In other words, if A is
a split 1-pure complex of weight w on X, then R f, A is a split .-pure complex of
weight won'Y.

Corollary 3.2.5 clearly extends to the case where w € R. Recall that the
Beilinson—Bernstein—Deligne—Gabber decomposition theorem [Beilinson et al. 1982,
Théoréeme 5.4.5] ([Sun 2012a, Theorem 1.2] for the case of stacks) implies that the
pullback of R f,A (or any ¢-pure complex on Y) to ¥ ®g, [F is split.

Remark 3.2.6. For w € Z, let DZ"SPI(X , Q) C Df,’ (X, Qy) be the full subcategory
consisting of spht t-pure complexes of weight w. Consider the twisted dualizing
functor 5“’ tgpl(X Q)P — DY qpl(X Q) that carries each complex A to
b, (Dxpj‘f‘A)( w—1i)[—i]. Then DZ"d is the collection of pairs (A, D vA). Thus
the preservation of D; by R is equivalent to the preservation of D sl and
the existence of an 1som0rphlsm R f*D LxA X D“f R f,A for every object A of
Dj’fspl(X , @;). Our proof of Theorem 3.2.3 relies on the two-out-of-three property,
and the resulting isomorphism is not necessarily functorial in A. Thus our proof does

not provide a natural isomorphism between the functors R f*Dw x and D" UxR f

Let us first recall that the following operations preserve (-pure complexes [Beilin-
son et al. 1982, Stabilités 5.1.14, Corollaire 5.4.3] ([Sun 2012a] for the case of
stacks). The proof makes use of the fact that these operations commute with duality
(up to shift and twist).

Remark 3.2.7 (preservation of ¢-pure complexes). Let f : X — Y be a morphism,
and let w, w’ € R.

(1) For A € Dch (X, @g) t-pure of weight w, A(n) is t-pure of weight w —2n and
Aln] is t-pure of weight w +n forn € Z.

(2) AeDl(X, Qy) is t-pure of weight w if and only if Dy A is t-pure of weight —

(3) If f is an open immersion, the functor fi, preserves t-pure perverse sheaves
of weight w.

(4) Assume that f is smooth. Then f* preserves (-pure complexes of weight w.
Moreover, if f is surjective, then A € D?(Y, Q) is t-pure of weight w if and
only if f*A is so.

(5) Assume that X and Y are regular. Then f* preserves t- pure complexes of
weight w in Dlme Moreover, if f is surjective, then A € D%__ (Y, Q) is t-pure
of weight w if and only if f*A is so.

(6) For AeD’(X, Q) t-pure of weight w and A’ € DL’,’ (X', Q) t-pure of weight w’,
AR A e Db (X x X', Qy) is t-pure of weight w + w’.

lisse
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(7) A eD’(X, Q) is t-pure of weight w if and only if A™" € D?([X" /&1, Qp)
is t-pure of weight mw, where m > 1.

(8) If f is a proper morphism, R f, preserves (-pure complexes of weight w.

(9) Assume that f is a closed immersion and let A € DCb(X , @¢). Then A is (-pure
of weight w if and only if f,A is so.

Recall that these operations also preserve o-self-dual complexes (Remark 2.1.4).
With the exception of derived proper direct image, the operations also preserve per-
versity (up to shift). Hence, they also preserve D/, up to modification of w and o

The details are given below. The case of (—)*" requires some additional arguments
and will be given in Proposition 3.2.14 later.

Remark 3.2.8 (preservation of D)’ , easy part). Let f : X — Y be a morphism,
and let w, w’' € Z.

(1) If A € D” (X, Q), then A[n] € D’} (X, Q,) and A(n) € DY, > (X, Qy)
forneZ.

(2) Dy carries DY, (X, @) to D * (X, Q).

(3) Assume that X is regular and let .Z be a lisse Q;-sheaf on X, punctually
t-pure of weight w. Then there exists a nondegenerate o-symmetric pairing
F ® .F — Q(—w) if and only if .# belongs to DZ’(_I)",U(X, Q).

(4) It f is smooth, then f* preserves D)/, .
(5) If X and Y are regular, then f* preserves D}, N D?

Nej lisse*

(6) The functor —X — carries D, (X, Qy) x Df”;,(X/, Q) to DY (X x X', Q).

t,o0'
(7) Assume that f is a closed immersion and let A € DZ? (X, Q). Then we have
A e DY, (X, Q) if and only if f.A € D/, (Y, Q).

(8) Assume that f is an open immersion and let A € Perv(X, @g). Then we have
A eD/; (X, Q) if and only if fi.A € D, (Y, Q).

Similar properties hold for D)’;.

Next we transcribe the two-out-of-three property (Proposition 2.2.1) established
earlier in terms of D", .

Remark 3.2.9. If A, A’, A" € DL’? (X, Qp) satisfy A >~ A’@® A” and two of the three
complexes are in DY _, then so is the third one. A similar property holds for D, 4.

1,0

Note that the proper direct image R f; does not preserve perversity and in general
there seems to be no canonical way to produce pairings on the perverse cohomology
sheaves "R f, A from pairings on A. In the case of projective direct image, the
relative hard Lefschetz theorem provides such pairings. Let us first fix some
terminology on projective morphisms of Deligne—-Mumford stacks.
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Definition 3.2.10. Let f : X — Y be a quasicompact schematic morphism of
Deligne-Mumford stacks. We say that an invertible sheaf .# on X is f-ample if, for
one (or, equivalently, for every) étale surjective morphism g : Y' — Y where Y’ is a
scheme, h*¥ is f’-ample [Grothendieck 1961, Définition 4.6.1]. Here h and f’
are as shown in the following Cartesian square:

X " x

A
Y —Sy
We say that a morphism f : X — Y of Deligne—-Mumford stacks is quasiprojective

if it is schematic, of finite presentation, and if there exists an f-ample invertible
sheaf on X. We say that f is projective if it is quasiprojective and proper.

The following is an immediate extension of the case of schemes [Beilinson et al.
1982, Théoreme 5.4.10].

Proposition 3.2.11 (relative hard Lefschetz). Let f : X — Y be a projective mor-
phism of Deligne-Mumford stacks of finite presentation over [,. Letn eH2(X,Qq (1))
be the first Chern class of an f-ample invertible sheaf on X. Let A be an t-pure
perverse sheaf on X. Then, fori > 0, the morphism

PR7f.(n ®ida) : PR fLA — PRI fLA(D)
is an isomorphism.

By Deligne’s decomposition theorem [1994], the proposition implies that R £, A
is split.

Proposition 3.2.12. Let f : X — Y be a projective morphism, and let w € Z. Then
R fi preserves D}, and D';.

Proof. We prove the case of D', the case of D' being simpler. It suffices to

show that, for every (—1)" o-self-dual ¢-pure perverse sheaf A of weight w, Rf,A
belongs to Dj‘fg. Given a (—1)¥o-symmetric isomorphism A => (DxA)(—w), the
isomorphism

PR7'fuA =5 PR™fo(Dx A) (—w) = PR fo (Dx A) (i —w) => (Dy 'R fu A) (i —w)
corresponding to the pairing obtained from

RfAI—iI] @R fLA[—i] > Rf(A® A)[—2i]
— RfKx (—w)[-2i] 2 R fuKx (i — w) — Ky(i — w)

is (—1)* g-symmetric by Lemma A.5.11. (]
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Proof of Theorem 3.2.3. We will prove the case of D)”;. The case of D}’ is similar.
Consider the diagram

XLYXY)_(—W

x—L oy
in which f is the morphism of coarse moduli spaces (they exist by the Keel-Mori
theorem [1997]) associated to f. Since f] is proper and quasifinite, R f1 is 7-exact
for the perverse ¢-structures, and by Remarks 3.2.7(8) and 2.1.4(3) we see that the
theorem holds for f;. Thus we may assume that f is representable. We proceed by
induction on the dimension of X. Let A € D", (X, Q(); we may assume that A is
perverse. Applying Chow’s lemma [Raynaud and Gruson 1971, Corollaire 1.5.7.13]
to the proper morphism f of algebraic spaces, we obtain a projective birational
morphism g : X’ — X such that fg: X’ — Y is projective. Let g : X’ — X be the
base change of g. Let U be a dense open substack of X such that g induces an
isomorphism g~'(U) => U. Let j and j’ be the open immersions, as shown in the
commutative diagram
X/
.
U—1-x
By [Beilinson et al. 1982, Corollaire 5.3.11] (see also Lemma 2.2.8), we have
A~ ]|*j*A ® B,

where B € Perv(X, Q) is supported on X\U. By parts (4) and (8) of Remark 3.2.8,
we have ji, j*A e D" (X, Q). By the two-out-of-three property, B € D/, (X, Q).

,0

Since g is projective, by Proposition 3.2.12 we have Rg, j;, j*A € D (X, @), so
Rg.ji,j*A = juj*A®C,

where C € D/, (X, Q;) is supported on X\U. Now by applying R f; to A @ C ~
Rg. ji,j*A @ B, we obtain

Rf,A®Rf.C ~Rf,Rg.j, j"A®RS.B.

By the induction hypothesis, R f, B and R f,.C belong to D", (Y, Q). As fgis
projective, by Proposition 3.2.12 we have R(fg).j/,j*A € D}, (Y, Q). It then
follows from the two-out-of-three property that R f, A belongs to D’ (Y, Q). U

Remark 3.2.13 (Gabber). In the case Y = Spec([F,), the proof of Theorem 3.2.3
still makes use of the relative hard Lefschetz theorem (applied to the morphism g).
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With the help of a refined Chow’s lemma, it is possible to prove this case of
Theorem 3.2.3 using only the absolute hard Lefschetz theorem, at least in the case
of schemes.

The following is a preservation result for the exterior tensor power functor (—)*".
Unlike the functors listed in Remark 3.2.8, (—)®" is not additive and the reduction
to the case of perverse sheaves is not trivial.

Proposition 3.2.14. Let A be an t-mixed Qq-complex of integral weights on X such
that, for all n,w € 7, gruu)/ P A is (—1)Yo-self-dual with respect to Kx(—w).
Then grl¥ " (AX™) is (—1)Vo™-self-dual with respect to K{xn e, (—w) for all
n,w € Z. Here W denotes the 1-weight filtrations. In particular, the functor (—)%"
carries D”_(X, Qp) to D™, ([X" /G, ], Qo).

Nz o™

Similar results hold for D, 4.

Proof. Let A"= 2"A. Then 1€ G, acts on X" by (x1, ..., Xp)=>(Xr(1), - -« s Xz (m))-
By the Kiinneth formula,

A (AM) > P AMR- A,
ni+--+ny=n

where 7 acts on the right-hand side by []
isomorphism

i<jr()=(j)(—D"" times the canonical

TH(ATOK. L RA) 2 AT KA
Note that W, 272" (A¥™) C 2" (A®™) is the perverse subsheaf given by

> Wy AN R R W, A

ni+-+ny=n
Wi+ Fw,=w

So
et P (AR ~ @ grxjv1 AN &grl‘f1 Al
ni+-+ny=n
Wit AWy =w
Thus the (—1)" o-symmetric isomorphisms
griy A" => (Dx gy A")(—wy)
induce a (—1)¥o™-symmetric isomorphism
gryy LA (AN =5 (Dyn gry) P (A (—w),
compatible with the actions of G,,. O

We conclude this subsection with a symmetry criterion in terms of traces of
squares of Frobenius, an analogue of the Frobenius—Schur indicator theorem in rep-
resentation theory (see [Serre 1998, Section 13.2, Proposition 39; Brocker and tom
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Dieck 1995, Proposition I1.6.8]). This criterion will be used to show a result on the
independence of £ of symmetry (Corollary 4.2.14). We refer the reader to [Katz 2005,
Theorem 1.9.6] for a related criterion on the symmetry of the geometric monodromy.
For a groupoid %, we let |¢’| denote the set of isomorphism classes of its objects.

Proposition 3.2.15. Let X be a Deligne—-Mumford stack of finite presentation over
[y, connected and geometrically unibranch of dimension d. Let % be a semisimple
lisse Qp-sheaf on X, punctually i-pure of weight w € Z. Consider the series

Frob? | #;) T
L(Z)(T)—exp<z Zttr(#fut(;/)m),

m>1 XElX(ﬂ: m)|

where X denotes a geometric point above x, and where Frob, = Frobym. Then the

—w—d

series L@ (T) converges absolutely for |T| < q and extends to a rational

function satisfying
- Ordeq—w—d L(Z)(T)
= dimH'(X, (Sym*(Z"))(—w)) — dimH*(X, (A*(F")) (—w)).
In particular, if % is simple and o-self-dual (resp. not self-dual) with respect to
Q¢(—w), then
—ordy_g-u-is LP(T) =0 (resp. =0).

Proof. For x € X (Fym),
tr(Frob? | .#;) = tr(Frob, | Sym>.%;) — tr(Frob, | A%.%;).

Thus L@ (T)=L,(X, Sym>.Z, T)/L,(X, N>.Z, T) (see [Sun 2012b, Definition 4.1]
for the definition of the L-series L, (X, —, T)). Note that # ® .# is lisse punc-
tually ¢-pure of weight 2w, and semisimple by a theorem of Chevalley [1955,
Chapitre IV, Proposition 5.2]. The same holds for Sym*.% and A2.Z. For ¢ lisse
punctually ¢-pure of weight 2w on X, the series L,(X, ¥, T') converges absolutely
for |T| < q_w_d and extends to a rational function

([T det(1 — T Frob, | Hi(xg , )™
i

by [Sun 2012b, Theorem 4.2]. Only the factor i = 2d may contribute to poles on the
circle |T| = ¢~*~¢, by [Sun 2012b, Theorem 1.4]. For every dense open substack
U of X such that U,y is regular, we have

HY (Xg ,4) =~ H(Ug ,9")" (=d) = H*(X , 9) " (=d).
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Here in the second assertion we used the hypothesis on X, which implies that the
homomorphism 77 (U) — 71 (X) is surjective. Therefore,

—ordy_,-v-a L(X, 9, T) = dimH*(X, 9" (—w))
for 4 semisimple. O

3.3. Variant: semisimple complexes over a separably closed field. In this subsec-
tion, let k be a separably closed field. We establish variants over k of results
of Section 3.2. The main result is a preservation result under proper direct im-
age (Theorem 3.3.7). We also include an example of Gabber (Remark 3.3.13)
showcasing the difference in parity of Betti numbers between zero and positive
characteristics.

One key point in Section 3.2 is the relative hard Lefschetz theorem for pure
perverse sheaves. If k has characteristic zero, a conjecture of Kashiwara states that all
semisimple perverse sheaves satisfy relative hard Lefschetz. Kashiwara’s conjecture
was proved by Drinfeld [2001] assuming de Jong’s conjecture for infinitely many
primes £, which was later proved by Gaitsgory [2007] for £ > 2.

Drinfeld’s proof uses the techniques of reduction from £ to finite fields in [Beilin-
son et al. 1982, Section 6]. The reduction holds, in fact, without restriction on the
characteristic of k and provides a class of semisimple perverse sheaves over k for
which the relative hard Lefschetz theorem holds. Let us briefly recall the reduction.
Let X be a Deligne-Mumford stack of finite presentation over k. There exist a
subring R C k of finite type over Z[1/¢] and a Deligne-Mumford stack X of finite
presentation over Spec(R) such that X >~ Xz ®p k. For extra data (7, %) on X,
we have an equivalence [Beilinson et al. 1982, 6.1.10]

D} (X, Qp) = DY ,(X,. Q) (3-3-1)

for every geometric point s above a closed point of Spec(R), provided that R is big
enough (relative to the data (7, .¥)). Here X denotes the base change of Xy by
s — Spec(R). Note that s is the spectrum of an algebraic closure of a finite field.
Each A € Df’(X, @g) is contained in szg(X, @g) for some (.7, .%).

Definition 3.3.1 (admissible semisimple complexes). Let A be a semisimple per-
verse Q;-sheaf on X. If k is an algebraic closure of a finite field, we say that A is
admissible if there exists a Deligne—-Mumford stack X of finite presentation over
a finite subfield ko of k, an isomorphism X >~ X( ®, k, and a perverse Qy-sheaf
Ap on X such that A is isomorphic to the pullback of Ag. More generally, if &
has characteristic > 0, we say that A is admissible if the images of A under the
equivalences (3-3-1), for all geometric points s over a closed point of Spec(R),
are admissible, for some R big enough. If k has characteristic zero, we adopt the
convention that every semisimple perverse @;-sheaf is admissible.
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We say that a complex B € ch (X, Qp) is admissible semisimple if we have
B~ P, (P#'B)[—i] and if, for each i, the i-th perverse cohomology sheaf 7.7’ B
is admissible semisimple.

Remark 3.3.2. In the case where £ is the algebraic closure of a finite field kg, for
Xy as above, the pullback of an (-pure complex on X to X is admissible semisimple
by the decomposition theorems [Beilinson et al. 1982, Théorémes 5.3.8, 5.4.5]
([Sun 2012a] for the case of stacks). Conversely, if a semisimple perverse @g—sheaf
A on X is the pullback of Ag on Xg as above, then we may take Ag to be pure (of
weight 0, for example) by Lafforgue’s theorem [2002, Corollaire VII.8], mentioned
in Remark 3.1.6(2).

Remark 3.3.3. Following [Beilinson et al. 1982, 6.2.4], we say that a simple
perverse Q;-sheaf on X is of geometric origin if it belongs to the class of simple
perverse Q;-sheaves generated from the constant sheaf @, on Spec(k) by taking
composition factors of perverse cohomology sheaves under the six operations.
By [Beilinson et al. 1982, Lemme 6.2.6] (suitably extended), simple perverse
Q¢-sheaves of geometric origin are admissible.

The operations that preserve purity also preserve admissible semisimple com-
plexes. The details are given below.

Remark 3.3.4 (preservation of admissible semisimple complexes). Let f : X — Y
be a morphism.

o The full subcategory of Df consisting of objects A such that the composition
factors of 27#"A are admissible for all i is stable under the operations R f;,
Rfi, f*, Rf', ®, Ritom,and (—)*".

e Dy: Df (X, Q)% — DLI? (X, Qp) preserves admissible semisimple complexes.

o If f is an open immersion, fi, preserves admissible semisimple perverse
sheaves.

e Assume that f is a closed immersion and let A € ch (X, Q). Then A is
admissible semisimple if and only if f,A is admissible semisimple.

o If f is smooth, f* preserves admissible semisimple complexes.
o If X and Y are regular, f* preserves admissible semisimple complexes in Dllsse
« The functors
— X —:D(X, Q) x DY (X', Qp) — DY (X x X', Qy),
()" :DY(X, Q) — D2([X" /6], Q). m =0,
preserve admissible semisimple complexes.

o If f is a proper morphism, R f, preserves admissible semisimple complexes.
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These properties reduce to the corresponding properties for pure complexes over
a finite field (Remark 3.2.7). Since the equivalences (3-3-1) are compatible with
these operations, this reduction is clear in positive characteristic. The reduction in
characteristic zero is more involved. The case of R f; is done in [Drinfeld 2001]
and the other cases can be done similarly.

Definition 3.3.5 (D). We let
D, (X, Q) € Ob(D (X, Q) (resp. Dsa(X, @¢) € Ob(DI(X, @y)))

be the subset consisting of admissible semisimple complexes A such that 2#'A
is (—1)?o-self-dual (resp. self-dual) with respect to Ky, for all i. We denote by
Da(X, @) € Ob(DCb(X, Q) x DC”(X, Q,)) the subset consisting of pairs (A, B)
such that both A and B are admissible semisimple, and such that 25#"A is isomorphic
to Dx?#'B.

By definition, we have Dyg(X, @) = A~ (Dy(X, Qy)), where A : D*(X, Q;) —
D’ (X, @) x D?(X, Qy) is the diagonal embedding.

Example 3.3.6. For X = Spec(k), every object A of D?(X, Q) is admissible
semisimple and belongs to Dgg(X, Q). Let d; = dim A (A). Then:

o A is 1-self-dual with respect to Qg if and only if it is self-dual with respect
to Q, namely if d; = d_; for all i. (Recall that in general self-dual objects are
not necessarily 1-self-dual.)

o A is —1-self-dual with respect to Qy if and only if d; equals d_; for all i and
dp is even.

e« AeD;(X, Q) if and only if d; is even for i odd.
e« AeD_ (X, Q) if and only if d; is even for i even.
o For A, B e D’(X, @), we have (A, B) € D4(X, Q) if and only if A >~ B.

The main result of this subsection is the following.

Theorem 3.3.7. Let f: X — Y be a proper morphism of Deligne—Mumford stacks of
finite presentation over k, where Y has finite inertia. Then R f, preserves D, and Dq.

Corollary 3.3.8. Let f : X — Y be a proper morphism, where Y has finite inertia.
Then R f, preserves Dg.

The strategy for proving Theorem 3.3.7 is the same as for Theorem 3.2.3. Let us
recall that the operations listed in Remark 3.3.4 that preserve admissible semisimple
complexes also preserve o-self-dual complexes (Remark 2.1.4). With the exception
of proper direct image R f;, they also preserve perversity, hence they preserve D, .
The details are given below.
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Remark 3.3.9 (preservation of D, easy part). Let f : X — Y be a morphism, and
letneZ.

(1) If A € Dy (X, Qy), then A[n] € D(_1yr, (X, Qp).

(2) Dy preserves D, (X, Qy).

(3) Assume that X is regular and let .# be a lisse Q,-sheaf on X, admissi-
ble semisimple. Then there exists a nondegenerate o-symmetric pairing
F Q@ F — (D if and only if .Z belongs to D, (X, Q).

(4) If f is smooth, then f* preserves D,.

(5) If X and Y are regular, then f* preserves D, N DY

lisse*
(6) Assume that f is a closed immersion and let A € DC” (X, Q). Then we have
A € D, (X, Q) if and only if f, A € D, (Y, Q).

(7) The exterior tensor product functors induce functors
— X —: Dy (X, Q) x Dor(X', Qp) = Do (X x X', Qy),
(—)™" : Do (X, Q¢) = Don ([X" /Sy, Q). m > 0.

For (—)®", the reduction to perverse sheaves is nontrivial and is similar to
Proposition 3.2.14.

Similar properties hold for Dg.

By Proposition 2.2.1, the two-out-of-three property holds for D, and Dgy.
We state a relative hard Lefschetz theorem over an arbitrary field F in which £
is invertible.

Proposition 3.3.10 (relative hard Lefschetz). Let f : X — Y be a projective mor-
phism of Deligne—Mumford stacks of finite presentation over F. Let n e H*(X, Q(1))
be the first Chern class of an f-ample invertible sheaf on X. Let A be a perverse
Qg-sheaf on X whose pullback to X Qr F is admissible semisimple. Then, fori >0,
the morphism

P~ (n' ®ida) : PR fA — PRUfAG)

is an isomorphism.

That the morphism is an isomorphism can be checked on X ®f F. Thus we are
reduced to the case where F' = k is separably closed. As mentioned earlier, the
relative hard Lefschetz theorem in this case is obtained by reduction to the finite
field case (Proposition 3.2.11).

Combining Proposition 3.3.10 with Lemma A.5.11, we obtain the following
preservation result under projective direct image.

Proposition 3.3.11. Let f : X — Y be a projective morphism (over k). Then R f,
preserves D, and Dg.
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The proof of Theorem 3.2.3 can now be repeated verbatim to prove Theorem 3.3.7.

Over an arbitrary field F in which ¢ is invertible, we may exploit the relative
hard Lefschetz theorem to get analogues for split complexes that are geometrically
semisimple.

Proposition 3.3.12. Let f : X — Y be a proper morphism of separated Deligne—
Mumford stacks of finite type over F. Assume that X is regular. Let .F be a lisse
Qg-sheaf on X, whose pullback to Xp is admissible semisimple. Then we have
Rfi T =@, (PR [, F)[—i].

Proof. By [Laumon and Moret-Bailly 2000, Théoréme 16.6], there exists a finite
surjective morphism g1 : X’ — X where X’ is a scheme. Up to replacing X' by its
normalization, we may assume that X’ is normal. By de Jong’s alterations [1996,
Theorem 4.1], there exists a proper surjective morphism g, : X” — X', generically
finite, such that X” is regular and quasiprojective over k. Let g = g1g2 : X" — X.
By the relative hard Lefschetz theorem (Proposition 3.3.10) and Deligne’s decom-
position theorem [1994], we have

R(f2)8*F ~ PR (f2)g* F)—il.

Note that g*.Z ~ g*.Z ® Rg' Q; ~ Rg'.Z. Consider the composite
o:.F —> Rg.g*F ~RgRg'F — .7

of the adjunction morphisms. Since « is generically multiplication by the degree
of g, it is an isomorphism. It follows that .% is a direct summand of Rg,g*.%, so
that R f,.% is a direct summand of R(fg).g*Z. O

Remark 3.3.13 (Gabber). Let X be a proper smooth algebraic space over k and
let .Z be a lisse @;-sheaf on X with finite monodromy, — 1-self-dual with respect
to Q. Then .# is admissible semisimple (since each simple factor is of geometric
origin), and .# belongs to D_;. By Theorem 3.3.7, b,(#) := dimH" (X, %) is
even for n even.

If k has characteristic 0, then b, (%) is even for all n. To see this, we may assume
k =C, X connected, and .% simple. Let G be the monodromy group of .% and let
f 1Y — X be the corresponding Galois étale cover. Then

H'(X, Z) ~H'(Y, f*7)% ~ H"(Y, Q) ®g,V)°.

where V is the representation of G corresponding to .%#. Thus b, (%) is the multiplic-
ity of V'V in the representation H" (Y, Q) of G. Since the complex representation
H"(Y (C), C) of G has a real structure H” (Y (C), R), it admits a G-invariant non-
degenerate symmetric bilinear form. In other words, it is 1-self-dual. The same
holds for H" (Y, @g). Therefore, the multiplicity of V", which is —1-self-dual, is
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necessarily even (see [Serre 1998, Section 13.2, Theorem 31; Brocker and tom
Dieck 1995, Proposition 11.6.6 (i)—(iii)]).

By contrast, if k& has characteristic 2 or 3, then b, (%) may be odd for n odd,
as shown by the following counterexample. Let E be a supersingular elliptic
curve over k and let G be its automorphism group. Let X" — X be a finite étale
cover of connected projective smooth curves over k£ of Galois group G, which
exists by [Pacheco and Stevenson 2000, Theorem 7.4], as explained in [Partsch
2013, Section 3]. Let f : Y = (X' x E)/G — X be the projection, where G acts
diagonally on X’ x E. Then .# = R!f,Q; is a —1-self-dual simple lisse sheaf of
rank 2 on X, of monodromy G. Note that f*% is a —1-self-dual simple lisse sheaf
on Y of monodromy G, since 1(Y) maps onto 7 (X). We claim that b;(f*%)
and by (%) are not of the same parity. Indeed, consider the Leray spectral sequence

for (f, f*%):
EJ" =HP(X, RIf,, f*F) = H'TI(Y, f*7).
By the projection formula,
L7 = Q@ F=F, RAFFRLQOF=FQF,
so we have an exact sequence
0—H'(X, %) —H\(Y, f*#) - H'(X, Z ® #) - E3* =0.

Since dimH(X, .ZQ@.%)=1, we getb (f*F)=b1(F)+1. (That the Leray spectral
sequence degenerates at E, also follows from a general theorem of Deligne [1968].)
By the Grothendieck—Ogg—Shafarevich formula, b (#) = 2g —2)rk(¥#) =4g —4
is even, where g is the genus of X. It follows that by (f*%#) = 4g — 3 is odd.

4. Symmetry in Grothendieck groups

In Section 3, we studied the behavior of o-self-dual pure perverse sheaves under
operations that preserve purity. Mixed Hodge theory suggests that one may expect
results for more general operations in the mixed case. This section confirms such
expectations in a weak sense, by working in Grothendieck groups. We work over a
finite field kK = [,. In Section 4.1, we review operations on Grothendieck groups.
In Section 4.2, we define certain subgroups of the Grothendieck groups and state
the main result of this section (Theorem 4.2.5), which says that these subgroups
are preserved by Grothendieck’s six operations, and which contains the finite field
case of Theorem 1.9. The proof is a bit involved and is given in Section 4.3.

4.1. Operations on Grothendieck groups. In this subsection, we review Grothen-
dieck groups and operations on them. The six operations are easily defined. The
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action of the middle extension functor fi, on Grothendieck groups is more subtle,
and we justify our definition with the help of purity.

Construction 4.1.1 (six operations on Grothendieck groups). Let X be a Deligne—
Mumford stack of finite presentation over a field. We let K(X, Q,) denote the
Grothendieck group of ch (X, @), which is a free abelian group generated by the
isomorphism classes of simple perverse Q;-sheaves. For an object A of DCb(X , Qp),
we let [A] denote its class in K(X, Q). The usual operations on derived cate-
gories induce maps between Grothendieck groups. More precisely, for a morphism
f : X = Y of Deligne-Mumford stacks of finite presentation over a field, we have
Z-(bi)linear maps

—X—:K(X, Q) x K, Q) — KX x Y, Qp),
—® —, Hom(—, —) : K(X, Q) x K(X, Q) — K(X, Qp),
Dy : K(X, Q) — K(X, @),
f5FKY, Q) — K(X, Qy),
for i i K(X, @p) — K(Y, Qo).

The tensor product (— ® —) endows K(X, Q) with a ring structure. The map f*
is a ring homomorphism.

The Grothendieck ring is equipped with the structure of a A-ring as follows.
Readers not interested in this structure may skip this part as it is not used in the
proof of the theorems in the Introduction. For m > 0, we have a map

(=5 K(X, Qp) — K(X™/S,], Qp),

which preserves multiplication and satisfies (n[AD®" = n™[A]®" (with the con-
vention 0° = 1) for n > 0 and (—[A])™" = (—1)"[.7] ® [A]®", where .7 is the
lisse sheaf of rank 1 on [X"*/G&,,] given by the sign character G,, — @Z . The
maps " : K(X, Qp) — K(X, Qp) given by A (x) = (—1)" p, A*(—x)™", where A :
XxBG,, > [X™/G,,] is the diagonal morphism and p: X x BS,,, — X is the projec-
tion, endow K(X, @) with the structure of a special A-ring. The map f* is a A-ring
homomorphism. We refer the reader to [Grothendieck 1958, Section 4] and [Atiyah
and Tall 1969] for the definitions of special A-ring and A-ring homomorphism.

Remark 4.1.2. For a separated quasifinite morphism f : X — Y, the functor
fie : Perv(X, Q) — Perv(Y, Q) is not exact in general. There exists a unique
homomorphism f, : K(X, @g) — K(Y, @g) such that fi,[A]=[fi+A] for A perverse
semisimple. As we shall see in Lemma 4.1.8, over a finite field this identity also
holds for A pure perverse.

We note the following consequence of Lemma 2.2.11 (applied to semisimple
perverse sheaves).
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Lemma 4.1.3. Let (Xy)qc; be a finite Zariski open covering of X. Let A € K(X, Qy).

Then
Yo dmdiA= ) A
JCI JCI
#J even #J odd

where jj :(\,esXa — X is the open immersion.

In the rest of this section we work over a finite field kK = [,. We first recall the
following injectivity, which will be used in the proof of Corollary 4.2.10.

Lemma 4.1.4. The homomorphism K(X, Q) — Map(]_[mZl | X (Fgm)l, @z) sending
A to x — tr(Frob, | Ax) is injective.

As in [Laumon 1987, Théoréme 1.1.2], this injectivity follows from Chebotarev’s
density theorem [Serre 1965, Theorem 7], which extends to the case of Deligne—
Mumford stacks as follows.

Lemma 4.1.5. Let Y — X be a Galois étale cover of irreducible Deligne—Mumford
stacks of dimension d of finite presentation over T, and let G be the Galois group.
Let R C G be a subset stable under conjugation. Then

- ZZ#Aut(x) m / 08 7= = #R/H#G,

where x runs through isomorphism classes of X (Fyn) such that the image F of
Frob, in G (well-defined up to conjugation) lies in R.

Proof. For a character x : G — @y of a Q-representation of G, consider the L-series

x(F) ﬂ)

L(X,LX,T)=LL(X,%<»T)=6XP(Z Z #Aut(x) m

m>1 XEIX(U:qm)|

associated to the corresponding lisse Qy-sheaf #, on X [Sun 2012b, Definition 4.1].
The series L(X, tx, T) converges absolutely for |T| < ¢~¢ and extends, by [Sun
2012b, Theorem 4.2], to a rational function

[ det(1 — T Frob, | Hi(Xg . F)) 0
i
As HM(X[F s Fy) HO(U[F ,ﬁv)v( —d) for a dense open substack U of X such

that Ureq is regular ordT_qﬂz L(X,1x,T)=dimH(U, % v) is the multiplicity
of the identity character in x, so that

. x(F) T
lim Y Y F A lgWZZLX(g)/#G.

—d
UndUhvl m>1xe|X (Fym)| ¢eG
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This equality extends to an arbitrary class function x : G — Q. It then suffices
to take x to be the characteristic function of R. [l

Next we discuss purity.

Notation 4.1.6. For w € R, we let K" (X, Q) € K(X, Q) denote the subgroup
generated by perverse sheaves (-pure of weight w on X. We set KLZ(X , Q) =

Dz K (X, Qo).

The group K}’ (X, Qp) is a free abelian group generated by the isomorphism
classes of simple perverse sheaves t-pure of weight w on X. We also have
D, K" (X, Q) CK(X, Qy), and the A-subring KZ(X, Q) CK(X, Qy) is stable
under Grothendieck’s six operations and duality. For w € Z, the group K¥ (X, Q;) :=
NK"(X, @) is a free abelian group generated by the isomorphism classes of
perverse sheaves pure of weight w on X.

Remark 4.1.7. In fact, we have P, K (X, Q) =K(X, Qp), as every Q,-sheaf
on X is -mixed by Lafforgue’s theorem [2002, Corollaire VII.8], mentioned in
Remark 3.1.6(2).

For a subset I C R, we let Pervf (X, Q) € Perv(X, Q) denote the full sub-
category of perverse sheaves (-mixed of weights contained in /. Lemmas 4.1.8
and 4.1.9 below, which justify the definition of the map fi. in Remark 4.1.2, are
taken from [Zheng 2005, Lemme 2.9, Corollaire 2.10].

Lemma 4.1.8. Let f : X — Y be a separated quasifinite morphism. For w € R, the
functor
fis s Perv® WU (X @) — Perv® (v, Q)

is exact. In particular, fi,[A] =[fi+A]l for A € Pervfw’w“}(X, Q).

Proof. As the assertion is local for the étale topology on Y and trivial for f proper
quasifinite, we may assume that f is an open immersion. Leti : Z — Y be the closed
immersion complementary to f. We proceed by induction on the dimension d of Z.
Let0 — A; — A — Az — 0 be a short exact sequence in Pervl{w’w“}(X, @g). As
in Gabber’s proof of his theorem on the independence on ¢ for middle extensions
[Fujiwara 2002, Theorem 3], up to shrinking Z, we may assume that Z is smooth
equidimensional and that 7#""i*R f, A; is lisse for every j and every n. It follows
that the distinguished triangle

ixRi' fiuA; — fiuA; = Rf A —

induces isomorphisms fixA; => Pr="4"1R £, A; and Pr="9R f, A; => i,Ri' fi, A

for every j. Here P denotes the 7-structure obtained by gluing (ch (X, Qp), 0) and
the canonical z-structure on DC”(Z, @(). Thus PR_d_lf*Aj ~ i*,%”_d_li*fg*A

has punctual (-weights < w —d, while PR—d fxAj >~ L 4IRG! fi+A; has punctual
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t-weights > w — d + 1. Therefore, the morphism PR—d-1 fiAz — PR~ f«Aq is
zero. Applying Lemma 4.1.9 below, we get a distinguished triangle

Pr=—d-1R f, A} — Pr="9 1R £, Ay — Pr="97"IR £, A3 — .
Taking perverse cohomology sheaves, we get the exactness of the sequence
0— fixA1 = fisAo = fi,A3 — 0. [l

Lemma 4.1.9. Let P be a t-structure on a triangulated category 2 and let A -~
B 2> C <> A[1] be a distinguished triangle such that "Hc : PH'C — PH'A is
zero. Then there exists a unique nine-diagram of the form

P_<0 P. SOb C
Pp<0q T 9@ ,Pp<Op T 9 Pp<O0c__ 0 , (Pr=0gq]

u *)
A a B b C € A[1]
(%) v (4'1'1)

P >1 .
Prziy e pzip T pzip G Frz14)[1]

F=0%)[1) Pr=0p)[1]

(Pr=ay1] 8 (Pr=0gy 11 2 (Pr =00y 2L (Pr=0g)[2]

in which the columns are the canonical distinguished triangles.

By a nine-diagram in a triangulated category (see Proposition 1.1.11 of [Beilinson
et al. 1982]), we mean a diagram

A B C All]
|
|
R

A B’ c’ A'[1]
|
|

A// B// C// A/;L[l]
|
- |
4

A[l]- -+ B[1]- -~ C[1] - - =+ A[2]

in which the square marked with “—" is anticommutative and all other squares are
commutative, the dashed arrows are induced from the solid ones by translation, and
the rows and columns in solid arrows are distinguished triangles.
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Proof. First note that vcu is the image of PH ¢ under the isomorphism
Hom(PHC, PH'A) => Hom("z=0C, (*z=' A)[1]).

Hence vcu = 0. Moreover, Hom(P7=0C, Pr=!A) = 0. Thus by [Beilinson et al.
1982, Proposition 1.1.9], there exist a unique ¢y making (x) commutative and a
unique ¢; making (x*) commutative. This proves the uniqueness of (4-1-1). It
remains to show that (4-1-1) thus constructed is a nine-diagram. To do this, we
extend the upper left square of (4-1-1) into a nine-diagram

P_<0
Pr=0q — %, Pr=0p Co (Fr=04)[1]
a b c
A B c All]
(skk3k) (4'1'2)
P_>1
Przip — 2 Pr=ip C (Pr=14)[1]
< Ce=a)l] p _ <
(Pr=0A)[1] —= ("r="B)[1] Col1] (Pr=04)[2]

By the first and third rows of (4-1-2), Cy € ’2=% and C; € ’%=°. Taking PH® of
(% *), we obtain a commutative diagram

PHOC 0, PHIA

|

PHOC, -, PH'A

in which e is an epimorphism and d is a monomorphism. Thus PHOC, =0, so that
C; € ’2=!. Further applying [Beilinson et al. 1982, Proposition 1.1.9], we may
identify (4-1-2) with (4-1-1). O

4.2. Statement and consequences of main result. In this subsection, we define a
subgroup K, , of the Grothendieck group and state its preservation by Grothen-
dieck’s six operations, given in Theorem 4.2.5 which contains the finite field case of
Theorem 1.9. We then give a number of consequences and discuss the relationship
with the independence of ¢ and Laumon’s theorem on Euler characteristics.

Definition 4.2.1 (K, ;). We define K, (X, Q¢) SK¥ (X, Q) (resp. K" (X, Q) €
K (X, Qy)), for w € Z, to be the subgroup generated by [B], for B perverse, t-pure
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of weight w, and (—1)" o-self-dual (resp. self-dual) with respect to Kx (—w). We set
Koo (X, Q) = K, (X, Qo) (resp. Koa(X, @) = P Kla(X, Q).
weZ weZ

We define the twisted dualizing map
D, x : K/ (X, Qo) — K/ (X, Qo)

to be the direct sum of the group automorphisms l_)f"’X KPP (X, Q) — K" (X, Q)
sending [A] to [(Dx A)(—w)]. We let K:f’d(X, Q) CKF(X, Q¢)? denote the graph
of fox. We set

K a(X, Q) = @K (X, Qo).

weZ
Note that l_)L,X l_)L,X =1id, and that K, 4(X, @1) - K[Z(X, @g)z is the graph of DL,X'

Example 4.2.2. For X = Spec([,), an element A € K(X, Qy) is determined by the
determinant
P(A, T):=det(l — T Frob, | Ag ) € Qu(T).

Assume A € K(X, Q), weZ. For € Q satisfying [¢(L)| = qw/z, we let m;,
and m/ denote the order at T = 1/A of P(A, T) and P(D, x A, T), respectively.
We then have m; = m;w X in other words,

LP(A,T)=1P(D,xA,T). (4-2-1)

We also have K _ |\, (X, @) S K" ). (X, Q) = K (X, Q). The following
conditions are equivalent:

(1) A €KY, (X, Q) =K (X, Qp);

(2) my =mgyuw, forall A;

(3) tP(A, T) e R(T).
Furthermore, the following conditions are equivalent:

(1) A€K (X, Qo)

2) Mgu/2, M_qu/2 Are even, and we have m; = mgu, for all &;

(3) the rank b = ), my € Z of A is even, and we have tP(A, T) € R(T) and

det(Frob, | A ) = g™

Remark 4.2.3. Let w € Z.

(1) By definition, K, » (X, Q¢) SK(X, Q¢) (resp. K, sa(X, Q) SK(X, Qy)) is gen-

erated by the image of D}"; (X, Q) (resp. D’ 4 (X, Qy)), from Definition 3.2.2.
Moreover, K, (X, Q¢) € K(X, Q)2 is generated by the image of Dy (X, Q).
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(2) By Remark 2.2.7, in the definition of K}’ , one may restrict to semisimple per-
verse sheaves. This also holds for KZ‘fS Thus K, (X, Q) (resp. Kffsd(X , Q)
is generated by [A]+[(Dx A)(—w)] for A simple perverse (-pure of weight w,
and [B] for B simple perverse (-pure of weight w and (—1)"* o-self-dual (resp.
self-dual) with respect to Kx(—w).

(3) By Proposition 2.2.3, we have K" (X, @¢) = K” (X, Q¢) +K”_, (X, Q).

“4) K, q(X, Q) is generated by ([B], (DXA)( w)]) for B simple perverse t-pure
of weight w. Thus K, (X, Q) =A"! (K.a(X, Qy)), where A : KZ(X Q) >
K[Z(X , G;Dg)2 is the diagonal embedding. In other words, for A € KlZ (X, @g),
A belongs to K, (X, Q) if and only if A = D, xA.

(5) For A € K/(X, Q) and n € Z, we have D, x(A(n)) = (D, xA)(n). For
A €K (X, Qp), we have A(n) € K7 2(X, Q).

(6) Let A be a perverse sheaf on X, t-pure of weight w. By Corollary 2.2.6,
[A] € K, (X, @g) if and only if the semisimplification of A is (—1)"o-self-
dual w1th respect to Kx (—w). Similar results hold for K, ¢q and K, 4.

Remark 4.2.4. Although we do not need it in the sequel, let us give two more
descriptions of K{;. In our definition of K";, we consider self-dual perverse
sheaves B only and do not take the bilinear form B ~ Dx B(—w) as part of the
data. Alternatively, we can also include the form and consider the Grothendieck
group GS of symmetric spaces in PervflU} (equipped with the duality Dy (—w) and
the evaluation map modified by a factor of (—1)" o). The Grothendieck—Witt group
GW is a quotient of GS, equipped with a homomorphism GW — K}”. We refer the
reader to [Quebbemann et al. 1979, page 280; Schlichting 2010, Section 2.2] for
the definition of the Grothendieck—Witt group of an abelian category with duality
(generalizing Quillen’s definition [1971, Section 5.1] for representations). In our

situation, the canonical maps
GS - GW — K,

are isomorphisms. In fact, by definition, K", is the image of GW. Moreover,
since we work over the algebraically closed field @y, symmetric spaces with isomor-
phic underlying objects are isometric [Quebbemann et al. 1979, Applications 3.4(3)].

We now consider preservation of K, , and K, 4 by cohomological operations.
The preservation of K, 4 is equivalent to the commutation with the twisted dual-
izing map D,. The main result of this section is the following generalization of
Theorem 1.9.

Theorem 4.2.5. Let f : X — Y be a morphism between Deligne—Mumford stacks
of finite inertia and finite presentation over [F,. Then Grothendieck’s six operations
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induce maps

—®—, Hom(—, =) : Ko (X, Q) x Ko (X, Q) = K, 50/ (X, Qy),
5 K (Y, Q) = Ko (X, @),
for fi: Ko (X, Qp) — K, (Y, Qp).

Moreover, Grothendieck’s six operations on K[Z commute with the twisted dualizing
map D,.

The proof will be given in the next section. We now make a list of pure cases in
which the preservation has already been established. Most items of the list below
follow from Remark 3.2.8.

Remark 4.2.6 (preservation of K, ,, pure cases). Let f : X — Y be a morphism,
and let w, w’ € Z.

(1) Dy carries K, (X, @) to K[ (X, Q).

(2) If f is smooth, then f* preserves K’ .

(3) If f is an open immersion, then fi, preserves Kl’; .

(4) The functor — X — carries K, (X, @¢) x K", (X', @) to K" (X x X', Qy),

o

and the functor (—)®”, m > 0, carries K5 (X, Q) to Ko ([X™ /Gl Q).
For the latter we use Proposition 3.2.14.

(5) Assume that f is a closed immersion and let A € K(X, Q,). Then we have
A e K (X, Q) if and only if f,A € K, (Y, Q).

(6) Assume that f is proper. If f is projective or Y has finite inertia, then f;
preserves K . by Proposition 3.2.12 and Theorem 3.2.3.

1,0°

Similar properties hold for K, 4.

The Zariski local nature of K}, will be used in the proof of Theorem 4.2.5. It fol-
lows from the Zariski local nature of o-self-dual perverse sheaves (Proposition 2.2.1).

It also follows from Remark 4.2.6(3) and Lemma 4.1.3.

Remark 4.2.7 (Zariski local nature). Let (X, )qcs be a Zariski open covering of X
and let A € K(X, Q). Then A € KI'; (X, Q) if and only if A | X, € K, (Xo, Q)
for every «. The same holds for K, 4.

We now turn to consequences of Theorem 4.2.5. The ring part of the next two
corollaries follows from the two assertions of Theorem 4.2.5 applied to aj (recall
ax : X — Spec(F,)) and — ® —. For the A-ring part, we apply Remark 4.2.6(4) to
the map (—)™" and Theorem 4.2.5 to the maps A* and p, in the definition of A in
Construction 4.1.1.
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Corollary 4.2.8. Assume that X has finite inertia. Then K, 1(X, @4) is a A-subring
of K(X, Qy). In particular, K, 1 (X, Q) contains the class [Q;] of the constant
sheaf Qg on X.

Corollary 4.2.9. Assume that X has finite inertia. Then D, x : KLZ(X , Q) —
KZ(X, Q) is a A-ring homomorphism. In particular, D, x[Q,] = [Q;].

Another consequence of Theorem 4.2.5 is the following pointwise character-
ization of K, 4 and K, ¢¢. We let K, ;(X, @g) C K(X, @g)z (resp. K, r(X, @g) -
K(X, Qp)) denote the subgroup consisting of elements (A, A”) (resp. A) such that,
for every morphism x : Spec([F,») — X and every geometric point x above x, we have

ttr(Frob,, Az) = t tr(Frob,, A;) (resp. ¢ tr(Froby, Az) € R).
The notation K, ; and K, g will only be used in Corollary 4.2.10 and Remark 4.2.11.

Corollary 4.2.10. Assume that X has finite inertia. Let A € KZ(X, Q). Then for
every m > 1, every morphism x : Spec(Fym) — X, and every geometric point x
above x, we have

ttr(Frob,, A;) =i tr(Frob,, (D, xA)z). (4-2-2)

Moreover, K, 4(X, @g) =K, (X, @g) N KLZ(X, @4)2. In particular, K, sq(X, @g) =
K, g NKZ(X, Qp).

Proof. By the second assertion of Theorem 4.2.5 applied to x*, we see that
D, $pec(F,m)x*A = x*D, x A. Therefore, (4-2-1) in Example 4.2.2 implies (4-2-2).
It follows that K, 4(X, @g) C K, (X, @4) N KLZ(X, @g)z. The inclusion in the
other direction follows from the injectivity of the homomorphism K(X, Q;) —
Map([ [, 1X (Fgn)], @¢) (Lemma 4.1.4). The last assertion of Corollary 4.2.10
follows from the second one. ([

Remark 4.2.11. Corollary 4.2.10 also follows from [Katz 2005, Parts (1) and (4) of
Lemma 1.8.1], which in turn follow from Gabber’s theorem on the independence of
¢ for middle extensions [Fujiwara 2002, Theorem 3]. By Gabber’s theorem on the
independence of ¢ for Grothendieck’s six operations [Fujiwara 2002, Theorem 2]
(see [Zheng 2009, 3.2] for a different proof and [Zheng 2009, Proposition 5.8]
for the case of stacks), K, ; and K, g in Corollary 4.2.10 are stable under the six
operations. Thus the second assertion of Theorem 4.2.5 follows from Gabber’s
theorems on the independence of £. We will not use Gabber’s theorems on the
independence of £ in our proof of Theorem 4.2.5.

Remark 4.2.12. The pointwise characterization of K, 44 in Corollary 4.2.10 does
not extend to K, . For instance, if X is regular and geometrically connected and
if f: E — X is a family of elliptic curves with nonconstant j-invariant, then
Z = R!'f,Qy is a geometrically simple lisse Q;-sheaf on X by [Deligne 1980,
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Lemme 3.5.5]. Thus we have [.Z] € K}’I(X, @z)\K}’_l(X, @), but, for every
closed point x of X, we have [.%] € K}’I(x, Q) < K}’_l(x, Qo).

Remark 4.2.13. Let f: X — Y be as in Theorem 4.2.5 and let I(Y, @g) CK(Y, @g)
be the ideal generated by [@4(1)] — [Q¢]. A theorem of Laumon [1981] ([Mlusie
and Zheng 2013, Theorem 3.2] for the case of Deligne-Mumford stacks) states that
f«» = fi modulo I(Y, @;). This is equivalent to the congruence Dy f, = f,Dx (and
to Dy fi = fiDx) modulo I(Y, @Qy). Thus the second assertion of Theorem 4.2.5
can be seen as a refinement of Laumon’s theorem.

In the case of K, ,, we have the following result on the independence of (¢, ¢).
Let ¢ # g be a prime number and let ¢’ : Qp — ¢ be an embedding.

Corollary 4.2.14. Assume that X has finite inertia. Let A € KLZ (X, Q) and let
A e KLZ,(X , Q). Assume that A and A’ are compatible in the sense that, for every
morphism x : Spec(Fyn) — X and every geometric point X above x, we have

ttr(Froby, Az) = (' tr(Frob,, A%).
Then A belongs to K, »(X, @g) if and only if A’ belongs to K, (X, @5/).

Proof. Let (Xq)aer be a stratification of X. Then we have A=), jutjs A and
A=) cijaiaA’, where j, : Xo — X is the immersion. Thus, by Theorem 4.2.5,
up to replacing X by a stratum, we may assume that X is regular and A belongs
to the subgroup generated by lisse Q,-sheaves, that is, A = > znz[.Z], where .7
runs over isomorphism classes of simple lisse Q;-sheaves. For each .# appearing in
the decomposition, let .#’ be the companion of .# [Drinfeld 2012] ([Zheng 2015a]
for the case of stacks), namely the simple lisse Weil @-sheaf such that

ttr(Froby, Z5) = ' tr(Frob,, Z7)

for all x and x as above. Since A’ = 27 nz[#'], each .’ is an honest @g/-sheaf.
By Corollary 4.2.10, we have (DZ) = D(Z'). Therefore, we may assume that
A =[Z]and A" = [#’]. In this case, the assertion follows from the symmetry
criterion in terms of squares of Frobenius (Proposition 3.2.15). (]

4.3. Proof of main result. The situation of Theorem 4.2.5 is quite different from
that of Gabber’s theorem on the independence of ¢ [Fujiwara 2002, Theorem 2]. In
Gabber’s theorem, the preservation by — ® — and f™ is trivial and the preservation
by fi follows from the Grothendieck trace formula. The key point of Gabber’s
theorem is thus the preservation by Dx. The preservation by middle extensions
[Fujiwara 2002, Theorem 3] follows from the preservation by the six operations. In
Theorem 4.2.5, the stability under each of the six operations is nontrivial, but the
preservation by Dy and middle extensions is easy. To prove Theorem 4.2.5, we
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will first deduce that fi preserves K, , and K, 4 in an important special case from
the preservation by middle extensions.

Proposition 4.3.1. Let X be a regular Deligne—Mumford stack of finite presentation
over by andlet D =7 ,_; Dy be a strict normal crossing divisor, with Dy regular.
Assume that there exists a finite étale morphism f : Y — X such that f~'(Dg)
is defined globally by t, € T'(Y, Oy) for all « € I. Let F be a lisse Qq-sheaf
on U=X-D, tamely ramified along D. Assume that [ ] € KLZ(U , @g). Then

D, x1jZ1= jiD,ylF]and, if (7] € K, (U, Qp), [ 1:F] belongs to K, o (X, Qp),
where j : U — X is the open immersion.

Proof. We will prove the case of K, ;. The case of K, g is similar.

We may assume that f is a Galois étale cover of group G. Note that, for g € G, we
have gt, = ut, for some root of unity u in k. We apply the construction of [Deligne
1980, 1.7.9] to our setting as follows. For J C I, let Uy = X — UﬁeI—JDﬂ and
let Dy = pesDp N Uj. For alocally constant constructible sheaf of sets ¢ on U,
tamely ramified along D, there exists an integer n invertible in k such that f~'%
extends to ¢’ on the cover (f~ U;)[tl/"]aej of f_lU]. We let (f_lfé)[f_lDJ*]
denote the restriction of ¢’ to Dj, which is locally constant constructible and
equipped with an action of a central extension G; of G by w), compatible with the
action of G on f~ lD* Extending this construction to @,-sheaves by taking limits,
we obtain a lisse Q- sheaf (f*AISf~ lD Jon f~ ID* endowed with an action of a
central extension of G by 2[(1), compatible with the action of G on f~! Dy. Here
L denotes the set of primes invertible in k.

Let us first show that, for all J/ C I, we have [ Rj..#] € K, 5 (Dj, Qy), where
J7 : D — X is the immersion. We proceed by induction on #J. The assertion
is trivial for J empty, as jz = j. For J nonempty, choose 8 € J. Consider the
diagram with Cartesian square

Dy
i
Jp
Digy —— Dp
,l Ji# l
lﬁ lﬁ
jﬂ
U Us X

in which Up = X — Uael—{ﬁ}Da’ Digy = DgNUg, and J' = J — {B}. By [Zheng
2008, Lemme 3.7] (or by direct computation using [Deligne 1980, 1.7.9]), the base
change morphism

i;Rj.F — Rjj,ifRjP 7
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is an isomorphism, so that

JIReZ ~ (i ;) ifRjuZ ~ (i ;) Rjpis RLF.

Since #J' < #J, by the induction hypothesis applied to jﬁ and J/, it suffices to
show that the class Ofl “Rj. F ~ j{ﬁ Rj,% isin K, G(D{ﬁ Q). For this, we may
assume .# t-pure of Welght weZ. Let Hg < 7 (O < G p) be an open subgroup
whose action on V = (f*Z)[f~ 1D* 5y is unipotent. Let N : V(1) — V be the
logarithm of this action and let M be the monodromy filtration on V. We have
J{*,s}RJ.* e DIO1,

JisJxF = (Ker(N) (= 1))/ s,
j{73}R1J'*? ~ (Coker(N))C#/Hs (1),

g%mﬂNNA»:r“wN)ifa
i>0,

grlM (Coker(N)) ~

P_i(V,N)(—=i) i>0,
0 i <0.

By [Deligne 1980, Corollaire 1.8.7, Remarque 1.8.8], P;(V, N) is pure of weight
w 4 i for i <0. Moreover, P;(V, N) is (—1)** o-self-dual by Proposition A.6.8.
It follows that [, jx-F1, [j{3RjsZ1 € K, .

Next we show that, if .# is ¢-pure of weight w € Z then, for aln>0and J C 1,
we have [j/R . ji,-Z] € K, (D7, @g) Here U - U, %> X are immersions,
where U, = X —Ugc; 4x>, Pg and ji, 7 := (ji, (F[d]))[—d], where d = dim(X)
(a function on (X )5. The proof is similar to Gabber’s proof of the independence
of ¢ for middle extensions [Fujiwara 2002, Theorem 3]. We proceed by induction
on n. For n = 0, we have Uy = U and the assertion is shown in the preceding
paragraph. For n > 1, consider the immersions

Up — Un- ]—> U, <— Un 1
and the distinguished triangle

ln*Rln]!* d J'* 7 — R(]n l)*-] T =

The second and third arrows induce isomorphisms j/,.7 = IR Jn_ 1)* Jie
and 7= ”R(]n 1)*]" 'z =~ zn*Rzn]!* Z[1]. By the induction hypothesis, the left—
hand side of

RGE Dj Z1 =ik it 71— [Riy jiL.F]

belongs to K, . The first term of the right-hand side belongs to EBw/Sw +n_1KLw/
and the second term belongs to B ,,~ ., HK}"/. It follows that both terms belong
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to K, . Thus, by the preceding paragraph, [j; R( jnin)*Ri,!l Ji71€K, s. Moreover,
by the induction hypothesis, [j;R(jn—1)x j!’i_lﬁ ] € K, ». Therefore, we have
LfR jue jie 1 = L RGnin)RE L1+ LRG0l F1 € Koo

Taking n = 1 + #I so that U, = X in the preceding paragraph, we get that
i jwZ] €K o (D], @g), for # -pure and J C I. Here ji,.% := (ji.(Z¥[d]))[—d].

Finally, we show the proposition by induction on #/. The assertion is trivial for
I empty. For I nonempty, we may assume .% t-pure. We have

LwZ1=[0Z1+ > Linif iwZ].
@#ICI

By the preceding paragraph and the induction hypothesis, for @ # J C I, we
have [ ;1 j} jiZ1€ Ko (X, Q). Moreover, [ji.Z] € K, 5(X, Q). It follows that
[j17] € K, o (X, Qo). U
Lemma 4.3.2. Let X be a Noetherian Deligne—Mumford stack with separated
diagonal. Then there exist a finite group G and a G-equivariant dominant open
immersion V. — W of schemes such that the induced morphism [V/G] — [W/G]
fits into a commutative diagram

[V/G] — [W/G]

A

X
in which j is an open immersion and f is quasifinite, proper, and surjective.

Proof. By [Laumon and Moret-Bailly 2000, 16.6.3], there exists a finite group G
acting on a scheme V that fits into a Cartesian square

V—Z

| L

[V/G]l —1— X

in which Z is a scheme, g is finite surjective, and j is a dense open immersion. It
then suffices to take W to be the schematic closure of V in (Z/X)¢ (fiber product
over X of copies of Z indexed by G) endowed with the action of G by permutation
of factors. ([l

Proof of Theorem 4.2.5. We will prove the preservation of K, ,. The commutation
with D, is similar.

(1) Let us first show the case of f; for an open immersion f. Since Y has finite
inertia, there exists a Zariski open covering (Y,) of Y with Y, separated. By the
Zariski local nature of K, , (Remark 4.2.7), we may assume Y separated. We may
assume f dominant.
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We proceed by induction on d = dim X. For d < 0 (i.e., X = &), the assertion is
trivial. Ford > 0, let A € K, (X, @g) Note that if A’ € K(X, @g) is such that the
support of A — A’ has dimension < d, then, by the induction hypothesis, to show
fA eK (Y, Qy), it suffices to show A’ € K, (X, Q) and fiA" € K, (Y, Q).
This applies in particular to A" = j;j*A, where j : U — X is a dominant open
immersion. In this case fiA" = (fj)j*A. This allows us to shrink X.

Applying Lemma 4.3.2 to Y, we obtain a finite group G, a G-equivariant domi-
nant open immersion of schemes V — W, and a commutative diagram

[V/G] — [W/G]

I

Y

in which p is proper quasifinite surjective, and the oblique arrow is an open im-
mersion. Let j : U — X, where U = X N[V/G] =[V’'/G]. By the remark above,
it suffices to show that j, and (fj) preserve K, .. In the case of jj, up to replacing
Y by X and p by its restriction to X, we are reduced to the case of (fj);. Since
(fjh = f/ p«, where f":U — [W/G], we are reduced to the case of f,'. Thus, chang-
ing notation, we are reduced to the case of fi, where f: X =[V/G] - [W/G]=

is given by a G-equivariant open immersion of schemes V — W.

The reduction of this case to the case where V is the complement of a G-strict
normal crossing divisor of W is similar to parts of [Zheng 2009, Section 3]. We may
assume V reduced. Shrinking V, we may assume V normal and A = [.#], where
F = Fy Q¢ Qq, where Fp is a lisse O-sheaf and ¢ is the ring of integers of a finite
extension of ;. Applying [Zheng 2009, Lemme 3.5], we obtain a G-stable dense
open subscheme U of V and an equivariant morphism (u, «) : (U’, G") — (U, G),
where « is surjective and u is a Galois étale cover of group Ker(«) trivializing
Fo /My, where m is the maximal ideal of ¢. By Nagata compactification, this
can be completed into a commutative diagram

w6y Y w6

(u,ool l(w,a)

W, G) —— (W, G)

in which w is proper and f’ is an open immersion. Since [u/«] is an isomorphism
and Remark 4.2.6(6) applies to [w/o]., shrinking X and changing notation, we are
reduced to the case where .%;/m.% is constant on every connected component. We
may assume W reduced. Let &’ be a finite extension of k such that the irreducible
components of W ®; k' are geometrically irreducible. Up to replacing W by
W ® k' and G by G x Gal(k’/ k), we may assume that the irreducible components



Parity and symmetry in intersection and ordinary cohomology 279

of W are geometrically irreducible and that there exists a G-equivariant morphism
W — Spec(k’). Shrinking V, we may assume V regular. Moreover, we may
assume that G acts transitively on mo(V). Let V; be an irreducible component
of V and let Go be the decomposition group. Then f can be decomposed as
X >~ [Vy/Gol — [W/Gol 4> [W/G] =Y, where g is finite. Changing notation,
we may assume V irreducible. Up to replacing W by the closure of V, we may
assume W irreducible, thus geometrically irreducible.

Applying Gabber’s refinement [Zheng 2009, Lemme 3.8] (see also [Vidal 2004,
4.4]) of de Jong’s alterations [1997], we obtain a diagram with Cartesian square

u',G)—— (V,G") — (W, G

(v,a)l l(w,a)

V,G) —— (W, G)

in which (w, «) is a Galois alteration, W’ is regular quasiprojective over k, and U’
is the complement of a G'-strict normal crossing divisor of W'. As .Z is lisse and
[V/G], [V'/G'] are regular, A’ = [v/a]*A belongs to K, - ([V'/G'], Qy), so that
[v/a]«A belongs to K, »([V/G], @g). Moreover, the support of A — [v/a]A’ has
dimension < d. Thus it suffices to show that fi[v/a],A" = [w/a], f/ A" belongs
to K, o (Y, Q;), where f': [W'/G'] — [V'/G']. Let j' : [U'/G'] — [V'/G']. Tt
suffices to show that j/j*A" and (f”j")1j*A’ belong to K, ;. Changing notation,
we are reduced to showing fi[#] € K, - ([W/G], Qy) for f:[V/G] - [W/G],
where V is the complement of a G-strict normal crossing divisor D of a regular
quasiprojective scheme W over k and .# is a lisse sheaf on [V /G] tame along D
such that [Z] € K, , ([V/G], Qp).

Note that W admits a Zariski open covering by G-stable affine schemes. Thus,
by the Zariski local nature of K, , (Remark 4.2.7), we may assume W affine. In
this case, the assertion is a special case of Proposition 4.3.1. This finishes the proof
of the case of fi for f an open immersion.

(2) Next we establish the general case of fi. Let (Xq)qes be a Zariski open covering
of X with X, separated. For J €1, let jy : N pes Xp — X be the open immersion. Let
A €K, ,(X, Q). Then, by Lemma 4.1.3, A = > oercr(— D! jj¥A. Thus we
may assume X separated Applying Nagata compactification [Conrad et al. 2012] to
the morphism X — Y of coarse spaces, we obtain a diagram with Cartesian squares

bl )

- - f3
X — Xx3Y — Zx3Y ——

X
=i

82 g3

~—— <

N1
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in which f is proper and quasifinite, g is an open immersion, and g3 is proper.
Thus fi = f3« fa1 f1« preserves K, .
The case of f, = Dy fiDx follows immediately.

(3) Next we establish the case of f*. The argument is similar to the deduction
of the congruence f* = f ' modulo I(X, @g) [Zheng 2015b, Corollary 9.5] from
Laumon’s theorem, mentioned in Remark 4.2.13. Let B € K, (Y, @g). If fisa
closed immersion, then B = j,j*B + f, f*B, where j is the complementary open
immersion. It follows that f, f*B € K, (Y, @Qy), so that f*B €K, . In the general
case, let (Y,)qes be a stratification of Y such that each Y, is the quotient stack of
an affine scheme by a finite group action. For each «, form the Cartesian square

X, - x

fa lf

Y, .y

Then f*B =), ;¥ jatjsB=2 wcijifajsB. Thus we may assume Y =[Y'/H],
where Y’ is an affine scheme endowed with an action of a finite group H. Similarly,
we may assume X =[X’/G], where X' is an affine scheme endowed with an action of
a finite group G. Up to changing X’ and G, we may further assume that f =[f"/y],
for (f,y): (X', G) — (Y, H), by [Zheng 2009, Proposition 5.1]. In this case f’
can be decomposed into G-equivariant morphisms X’ —— Z’ > ¥’ where i is a
closed immersion and p is an affine space. Thus f* ~[i/id]*[p/y]* preserves K, 5.

The assertions for the other operations follow immediately: f' = Dy f* Dy,
—®@—=AY(—X-), Hom(—,—)=D(—® D). (]

5. Variant: horizontal complexes

In this section, let k be a field finitely generated over its prime field. This includes,
notably, the case of a number field. Many results in previous sections over finite
fields can be generalized to Annette Huber’s horizontal complexes [1997], as
extended by Sophie Morel [2012], over k. In Section 5.1, after briefly reviewing
horizontal complexes, we discuss symmetry and decomposition of pure horizontal
complexes and prove analogues of results of Section 3.2. In Section 5.2, we discuss
symmetry in Grothendieck groups of horizontal complexes and give analogues of
results of Section 4. This section stems from a suggestion of Takeshi Saito.

5.1. Symmetry and decomposition of pure horizontal complexes. Let X be a
Deligne-Mumford stack of finite presentation over k. Huber [1997] (see also [Morel
2012]) defines a triangulated category Dz (X, @g) of horizontal complexes. For a
finite extension A of Z,, D,f (X, A) is the 2-colimit of the categories ch (Xg, A),
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indexed by triples (R, Xg, u), where R C k is a subring of finite type over Z[1/¢]
such that k = Frac(R), Xg is a Deligne-Mumford stack of finite presentation over
Spec(R), and u : X — Xg ®p k is an isomorphism. We may restrict to R regular
and X flat over Spec(R). We have Grothendieck’s six operations on DZ (X, AN).

The triangulated category Dﬁ (X, Qy) is equipped with a canonical 7-structure
and a perverse t-structure. We let Shy (X, Q) and Pervy, (X, Q,) denote the re-
spective hearts. The pullback functors via X — X induce a conservative functor
n*: Db (X, @() — D” (X, @g) t-exact for the canonical ¢-structures and the perverse
t-structures, and compatible with the six operatlons Moreover, n* induces fully
faithful exact functors Shy, (X, @¢) — Sh(X, @;) and Pervy (X, Q;) — Perv(X, Q)
[Morel 2012, Propositions 2.3 and 2.5]. Every object of Pervy, (X, @g) has fi-
nite length.

Remark 5.1.1. The functor n* : Perv, (X, @z) — Perv(X, @z) preserves indecom-
posable objects. By the description of simple objects, the functor also preserves
simple objects. Thus, via the functor, Perv; (X, Q) can be identified with a full
subcategory of Perv(X, Q) stable under subquotients. The subcategory is not
stable under extensions in general.

By restricting to closed points of Spec(R[1/£]), we get a theory of weights for
horizontal complexes. Weight filtration does not always exist, but this will not be a
problem for us. The analogue of Remark 3.2.7 for the preservation of pure complexes
holds. Moreover, the analogues of [Beilinson et al. 1982, Théorémes 5.3.8 and
5.4.5] hold for the decomposition of the pullbacks of pure horizontal complexes
to k. In other words, the functor

7 : DY(X, Q) L5 DY (X, Q) — D (Xz., Qp)

obtained by composing n* with the pullback functor carries pure complexes to admis-
sible semisimple complexes (Definition 3.3.1). Indeed, both theorems follow from
[Beilinson et al. 1982, Proposition 5.1.15(iii)], which has the following analogue,
despite the fact that the analogue of [Beilinson et al. 1982, Proposition 5.1.15(ii)]
does not hold in general.

Proposition 5.1.2. Let K, L € Db (X, Qp), with K mixed of weights < w and L
mixed of weights > w. Then EXt’(n*K n*L)Gal(k/k) =0 fori > 0. In particular,
the map Ext' (*K, n*L) — Ext'(7*K, 7*L) is zero.

Proof The second assertion follows from the first one, as the map factors through

E' := Ext' (7*K, 7*L)S1®/ For the first assertion, consider the horizontal
complex & = Rax.Rs#om(K, L) on Spec(k), which has weight > 0. Therefore,
E' ~T'(Spec(k), #'¢) =0 for i > 0. O

As pure horizontal perverse sheaves are geometrically semisimple, Lemma 2.2.8
on the support decomposition applies (see [Beilinson et al. 1982, Corollaire 5.3.11]).
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The general preservation properties of o-self-dual complexes listed in Remark
2.1.4 still hold for DZ. The two-out-of-three property (Proposition 2.2.1) holds
for o-self-dual horizontal perverse sheaves. The trichotomy for indecomposable
horizontal perverse sheaves (Proposition 2.2.3) also holds.

We say that a horizontal complex of Q,-sheaves A is split if it is a direct sum
of shifts of horizontal perverse sheaves, or, in other words, if A >~ P, P A)[—i].
Definition 3.2.2 can be repeated as follows.

Definition 5.1.3 (D}’ ). Let w € Z. We denote by D}’ (X, Q) C Ob(Dz(X, Q)
(resp. szysd(X, Q) < Ob(Df? (X, Qy))) the subset consisting of split pure hori-
zontal complexes A of weight w such that 2#'A is (—1)"* o-self-dual (resp.
self-dual) with respect to Kx(—w — i) for all i. We denote by D;ﬁ a(X, Q) C
Ob(D? (X, @¢) x DY (X, Qy)) the subset consisting of pairs (A, B) of split pure hor-
izontal complexes of weight w such that 2#A is isomorphic to (Dx?#'B)(—w —i)
for all i.

The analogue of Remark 3.2.8 holds for the preservation of D}’ and D} .
The two-out-of-three property, an analogue of Remark 3.2.9, also holds for D/
and D; ;. We have the following analogue of Proposition 3.2.14, which holds with
the same proof as before, and a similar result for D}ﬁ 4

Proposition 5.1.4. Let m > 0. Let A be a mixed horizontal complex on X such
that, for all n € Z, P"A admits a weight filtration W, and such that grl¥ ?#"A
is (—D)%o-self-dual with respect to Kx(—w) for all w € Z. Then, for alln € 7,
P (AR admits a weight filtration W, and grEJV P (ARMY is (=1D)*o"™-self-dual
with respect to K xn g, 1(—mw) for all w € Z. Moreover, the functor (—)%m
Dy (X, Q) 10 D, ([X™ /Sy ], Qo).

We have the following analogues of Theorem 3.2.3 and Corollary 3.2.5, which
hold with the same proofs as before.

carries

Theorem 5.1.5. Let f : X — Y be a proper morphism of Deligne—Mumford stacks
of finite presentation over k. Assume that Y has finite inertia. Then R f, preserves
D;’, and D}/ ;.

Corollary 5.1.6. Assume that Y has finite inertia. Then Rf, preserves split pure
complexes of weight w.

The analogue of Corollary 3.2.4 also holds for DZ, o

Theorem 1.8 is a special case of Theorem 5.1.5. Applying it to ay, we obtain
Theorem 1.1. Indeed, as we remarked in the Introduction, in Theorem 1.1 we may
assume that £ is finitely generated over its prime field. The horizontal perverse sheaf
ICy, pure of weight d, is (—1)“-self-dual with respect to Kx(—d) by Example 2.1.6,
so ICx[—d] € D)) |, hence Ray, ICx[—d] € D} | by Theorem 1.8, which proves
Theorem 1.1.
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5.2. Symmetry in Grothendieck groups of horizontal complexes. We let X be a
Deligne-Mumford stack of finite presentation over k, and we let K, (X, @;) denote
the Grothendieck group of D,lj (X, @), which is a free abelian group generated by
the isomorphism classes of simple horizontal perverse @,-sheaves. The functor n*
induces an injection K, (X, Q;) — K(X, Q;), which identifies K (X, Q,) with a
A-subring of K(X, Q). The operations on Grothendieck groups in Construction 4.1.1
and Remark 4.1.2 induce operations on Kj,.

For w € Z, we let Kj'(X, Q) € Ku(X, Q) denote the subgroup generated
by pure horizontal perverse sheaves of weight w on X, and we let Kf(X , Q) =
D, Ky (X, @g) CK, (X, @g). The analogue of Lemma 4.1.8 holds, which further
justifies the definition of the map fi, in Remark 4.1.2.

We repeat Definition 4.2.1 as follows.

Definition 5.2.1 (K, ,). We let K}’ (X, Q) S K}'(X, Q) (resp. K}/ (X, Q) €
K} (X, Qy)), for w € Z, be the subgroup generated by [B], for B perverse, t-pure of
weight w, and (—1)%o-self-dual (resp. self-dual) with respect to Kx (—w). We set

Kio (X, Qo) =K}, (X, Q) <r€SP- K.sa(X, @) = P K} (X, @z))-

weZ weZ

We define the twisted dualizing map
Dy x : Kj (X, Qo) — Ky (X, Q)

to be the direct sum of the group automorphisms D;l‘f x - K (X, Q) — K (X, Q)
sending [A] to [(DxA)(—w)]. We let K}’ﬁd(X, Q) CKJ (X, @Q¢)? denote the graph
of D;l‘fx and set

Kn.a(X, Q) = @Ky o(X. Qo).

nezZ

The subgroup Ko (X, Q) in the Introduction is Ky, (X, Q). If k is a finite
field, Kj, (X, Q) is the intersection N Ko (X, Q) of the subgroups K, , of
Definition 4.2.1, where ¢ runs over embeddings @; <> C.

The analogue of Remark 4.2.3 holds for the definition of Kj , K, 54, and Kj, 4.
The analogues of Remarks 4.2.6 and 4.2.7 hold for the preservation and Zariski
local nature of K, , and K 4 with the same proofs.

The following analogue of Theorem 4.2.5 holds with the same proof. In particular,
the analogue of Proposition 4.3.1 holds.

Theorem 5.2.2. Let X and Y be Deligne—-Mumford stacks of finite inertia and finite
presentation over k and let f : X — Y be a morphism. Then Grothendieck’s six
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operations induce maps
—® —, Hom(—, =) Kpo (X, Q) x Kp o' (X, Q) = Ky o0 (X, Qp),
5 FiKnoe (Y, Q) — Ko (X, @),
fir i 1 Kno (X, @p) = Ko (Y, Q).

Moreover, Grothendieck’s six operations on Kf commute with the twisted dualizing
map Dy,.

The analogues of Corollaries 4.2.8 and 4.2.9 hold. The relationship with Lau-
mon’s theorem (Remark 4.2.13) also holds.
Theorem 1.9 is a special case of Theorem 5.2.2.

Appendix: Symmetry and duality in categories

In the appendix, we collect some general symmetry properties in categories with
additional structures. The tensor product equips the derived category of £-adic
sheaves with a symmetric structure. We discuss symmetry of pairings in symmetric
categories in Section A.1. The category of perverse sheaves is not stable under
tensor product, but is equipped with a duality functor. We study symmetry in
categories with duality in Sections A.2 and A.3. We discuss the relation of the two
points of view in Section A.4. We then study the effects of translation on symmetry
in Section A.5; these results are applied in the main text to the Lefschetz pairing.
In Section A.6, we study symmetry of primitive parts under a nilpotent operator;
these results are applied in the main text to the monodromy operator. The results
of the appendix are formal but are used in the main text. The presentation here is
influenced by [Quebbemann et al. 1979], [Riou 2014, Section 12], and [Schlichting
2010]. Recall that o, o’ € {£1}.

A.1. Symmetric categories. In this subsection, we discuss symmetry of pairings
in symmetric categories.

Definition A.1.1 (symmetric category). A symmetric category is a category €
endowed with a bifunctor — ® — : € x ¥ — % and a natural isomorphism (called
the symmetry constraint) cap: AQ B— B® A, for objects A and B of ¢, satisfying
c;}; = cpa. We say that the symmetric category ¥ is closed if for every object
A of 2, the functor — ® A : ¥ — ¥ admits a right adjoint, which we denote by
Hom(A, —).

In our applications, we mostly encounter symmetric monoidal categories (see, for
example, [Mac Lane 1998, Section VIIL.7] for the definition), but the associativity
and unital constraints are mostly irrelevant to the results of this article.

To deal with signs, we need the following additive variant of Definition A.1.1.
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Definition A.1.2. A symmetric additive category is a symmetric category (2, ®)
such that 7 is an additive category and —® — : ¥ X ¥ — Z is an additive bifunctor
(namely, a bifunctor additive in each variable). A closed symmetric additive category
is a closed symmetric category (2, ®) such that & is an additive category.

A closed symmetric additive category is necessarily a symmetric additive category
and the internal Hom functor s#om(—, —) : 2°° x 9 — 2 is an additive bifunctor.

Definition A.1.3. Let (%, ®, ¢) be a symmetric category. Assume that € is an
additive category if o = —1. Let A, B, K be objects of ¢

(1) We define the transpose of a pairing g : B® A — K to be the composite
¢ A®RB->B®A-SSK.
We call g’ the o-transpose of g.
(2) We say that a pairing f : A® A — K is o-symmetric if f =of'.
We have (g7)7 = g. We will often say “symmetric” instead of *“I-symmetric”.
Note that, for a pair of pairings f: AQB — Kand g: B® A — K in a

symmetric additive category, (2 f, 2g) is a sum of a pair of 1-transposes and a pair
of —1-transposes:

Qf2e)=(f+g".g+fH+f—g".g— 1.

Remark A.14. Let (¢, ®, ¢) be a symmetric category such that ¢ is an additive
category. Then (¢, ®, —c) is another symmetric category. The —1-transpose in
(¢, ®, c) of apairing g: A® B — K is the transpose in (¢, ®, —c) of g.

Next we consider effects of functors on symmetry.

Definition A.1.5. Let ¥ and 2 be symmetric categories. A right-lax symmetric
Junctor (resp. symmetric functor) from ¢ to Z is a functor G : ¥ — % endowed
with a natural transformation (resp. natural isomorphism) of functors € x ¢ — 2
given by morphisms G(A) ® G(B) - G(A® B) in Z for objects A, B of €, such
that the following diagram commutes:

G(A)®G(B) — G(A®B)

CGA,GBl IG(CA’B)

GB)®G(A) —— G(B® A)

Between symmetric monoidal categories, one has the notions of symmetric
monoidal functors and lax symmetric monoidal functors, which are compatible
with the associativity constraints and unital constraints. In our applications we will
need to consider symmetric functors between symmetric monoidal categories that
are not symmetric monoidal functors. For example, if f is an open immersion,
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then f) is a symmetric functor compatible with the associativity constraint, but not
compatible with the unital constraints except in trivial cases. Again we emphasize
that the compatibility with the associativity and unital constraints is irrelevant to
the results in this article.

Example A.1.6. Let ¥ and 2 be symmetric categories. Let F': € — & be a functor
admitting a right adjoint G : 2 — % . Then every symmetric structure on F induces
a right-lax symmetric structure on G, given by the morphism G(A) ® G(B) —
G (A ® B) adjoint to

F(G(A)®G(B)) = F(G(A)® F(G(B)) > A®B.

This construction extends to left-lax symmetric structures on F and provides a
bijection between left-lax symmetric structures on F and right-lax symmetric
structures on G. Since we do not need this extension, we omit the details.

Example A.1.7. Let ¥ be a symmetric monoidal category. Then ¥ x % is a
symmetric monoidal category and the functor — ® — : ¢ x € — ¥ is a symmetric
monoidal functor and, in particular, a symmetric functor. The symmetric structure of
the functor is given by the isomorphisms (AQ A")®(BRB') => (AQB)R(A'Q B')
for objects A, A’, B, B’ of €.

Construction A.1.8. Let ¢ and 2 be symmetric categories and let G : 4 — Z be
a right-lax symmetric functor. Let A, B, K be objects of €. A pairing AQ B — K
induces a pairing G(A)  G(B) > G(A® B) — G(K).

The following lemma follows immediately from the definitions.

Lemma A.1.9. Let € and 2 be symmetric categories and let G : € — 2 be a
right-lax symmetric functor. Let A, B, K be objects of €. Let AQ B — K and
B®A — K be transposes of each other. Then the induced pairings GAQGB — GK
and GB @ GA — GK are transposes of each other.

A.2. Categories with duality. In this subsection, we study symmetry in categories
with duality.

Definition A.2.1 (duality). Let ¥ be a category. A duality on ¥ is a functor
D : 2°°P — 9 endowed with a natural transformation ev : id¢; — DD such that the
composite D 25> DDD 2% D is isomorphic to idp. The duality (D, ev) is said
to be strong if ev is a natural isomorphism.

We are mostly interested in strong dualities in the main text. However, for the
proofs of many results on strong dualities, it is necessary to consider general dualities
(for example, the duality D, k, in the proof of Remark 2.1.4(3) is not strong in
general). Our terminology here is consistent with [Schlichting 2010, Definition 3.1].
Some authors refer to a strong duality simply as “duality” [Quebbemann et al. 1979].
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The underlying functor of a strong duality is an equivalence of categories. If € is
an additive category, we say that a duality on ¥ is additive if the underlying functor
is additive. By an additive category with duality, we mean an additive category
equipped with an additive duality.

A basic example of duality is provided by the internal Hom functor in a closed
symmetric category. We will discuss this in detail in Section A.4. By analogy with
this case, we sometimes refer to morphisms B — DA in a category with duality as
forms. We have the following notion of symmetry for forms.

Definition A.2.2 (symmetry of forms). Let (¢, D, ev) be a category with duality for
o =1 (resp. additive category with duality for 0 = —1) and let A, B be objects of 2.

(1) We define the transpose of a morphism g : B — DA to be the composite
A< DDA LS, DB.

We call g’ the o-transpose of g.
(2) We say that a morphism f : A — DA is o-symmetric if f =ofT.
Again we will often say “symmetric” instead of “1-symmetric”’. The terminology
above is justified by the following lemma.
Lemma A.2.3. We have (g7)" = g. The map Hom (B, DA) — Homy (A, DB)
carrying g to g" is a bijection.

Proof. The first assertion follows from the commutativity of the diagram

DA

e
Dev

d/ DDDA +— DDB
DDg

evD

DA(TB

For the second assertion, note that the map carrying 4 : A — DB to h” is the inverse
of the map g — g, by the first assertion. (]

Remark A.2.4. If (¢, D, ev) is an additive category with duality, then (¢, D, —ev)
is another additive category with duality. The —1-transpose in (¢, D, ev) of a
morphism g : B — DA is the transpose in (¢, D, —ev) of g. This allows us in the
sequel to omit the —1-symmetric case in many results without loss of generality.

We will be especially interested in objects A that admit isomorphisms A = DA.
Definition A.2.5. Let (¢, D, ev) be a category with duality and A an object of €.
(1) We say that A is self-dual if there exists an isomorphism A = DA.
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(2) Assume that (¥, D, ev) is an additive category with duality if 0 = —1. We
say that A is o-self-dual if there exists a o-symmetric isomorphism A = DA.

We warn the reader that being 1-self-dual is more restrictive than being self-dual.
If A is 1-self-dual or —1-self-dual, then ev: A — DDA is an isomorphism.

Remark A.2.6. Let (¢, D, ev) be an additive category with duality.

(1) The classes of self-dual objects and o-self-dual objects of & are stable under
finite products.

(2) If Ais an object of Z such thatev: A — DDA is an isomorphism, then A® DA
is 1-self-dual and —1-self-dual. In fact, the isomorphism A @ DA 2@,
DDA & DA >~ D(A @ DA) is o-symmetric.

(3) Some self-dual objects are neither 1-self-dual nor —1-self-dual (Corollary 2.2.6).

We close this subsection with a couple of lemmas on o-self-dual objects. They
are used in Section 2.2 but not in the rest of this appendix.

A o-symmetric isomorphism f : A => DA induces an involution on End(A)
carrying g € End(A) to f~!(Dg) f. If € is a k-linear category and D is a k-linear
functor, then the involution is k-linear.

Lemma A.2.7. Let (¢, D, ev) be an additive category with duality. Let A be an
object of 2 such that R = End(A) is a local ring and 2 is invertible in R.

(1) If A is self-dual with respect to D, then A is 1-self-dual or —1-self-dual with
respect to D.

(2) If A is both 1-self-dual and —1-self-dual with respect to D, then every sym-
metric (resp. —1-symmetric) isomorphism f : A — DA induces a nontrivial
involution on the residue division ring of R.

This is essentially [Quebbemann et al. 1979, Proposition 2.5]. We recall the proof
in our notation. It will be apparent from the proof that the additional assumption in
[Quebbemann et al. 1979] that D is a strong duality is not used.

Proof. (1) Since A >~ DA, we have End(A) >~ Hom(A, DA). The image M C
Hom(A, DA) of the maximal ideal of R = End(A) is the complement of the set of
isomorphisms. For any f € Hom(A, DA), wehave 2f = (f+ f1)+(f — 1),
where f + f7 is symmetric and f — fT is —1-symmetric. If f is an isomorphism,
then 2 f is an isomorphism, so that either f + f7 or f — f7 is an isomorphism.

(2) Let g: A — DA be a —1-symmetric (resp. symmetric) isomorphism. Then
h = f~'g is a unit of R whose image under the involution induced by f is —A.
Thus the involution is nontrivial on the residue field of R. U

Remark A.2.8. (1) If % is an abelian category and A is an indecomposable object
of finite length, then End(A) is a local ring [Atiyah 1956, Lemma 7].
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(2) Let k be a separably closed field of characteristic # 2. Assume that ¢ is a
k-linear category, D is a k-linear functor, and R = End(A) is a finite k-algebra.
Then any k-linear involution on R is trivial on the residue field. It follows then
from Lemma A.2.7 that exactly one of the following holds: A is 1-self-dual; A is
—1-self-dual; A is not self-dual.

Lemma A.2.9. Let (D, ev) be a strong duality on an abelian category €. Let A
be a o-self-dual object of finite length. Then the semisimplification A% of A is
o-self-dual.

Note that by assumption D is an equivalence of categories, hence an exact functor.

Proof. We fix a o-symmetric isomorphism f : A — DA. For any subobject N of A,
we let N1 denote the kernel of the morphism A %) DA — DN. Then we have
A/N+ ~ DN, so that N @ (A/N+)* is o-self-dual by Remark A.2.6. If N is
totally isotropic, namely N € N+, then f induces a o-symmetric isomorphism
N+/N = D(N*/N) (see [Quebbemann et al. 1979, Lemma 5.2]). Now let
N be a maximal totally isotropic subobject of A. By [Quebbemann et al. 1979,
Theorem 6.12], N+ /N is semisimple. Therefore, A% ~ N @ (A/N1)¥ @ N+ /N
is o-self-dual. U

A.3. Duality and functors. In this subsection, we study symmetry of functors
between categories with duality.

Given categories with duality (¢, D¢, ev) and (2, Dy, ev), and functors F, G :
¢ — 2, we sometimes refer to natural transformations GDy — Dy F as form
transformations. If € is the category with one object * and one morphism id, and
if we identify functors {x} — 2 with objects of 2, then a form transformation is
simply a form in 2. Form transformations are composed as follows.

Construction A.3.1. Let (8, Dy, ev), (¢, Dy, ev), and (2, Dy, ev) be categories
with duality. Let F, G: 4 — 2 and F’, G’ : 8— ¢ be functors. Leta : FDy — DyG
and o' : F'Dy — D4G’ be natural transformations. We define the composite of
o and o' to be

ao’ : FF' Dy £% FD,G' 2% D,GG'.

As the name suggests, form transformations act on forms. This can be seen as
the case # = {x} of the preceding construction, as follows.

Construction A.3.2. Let (¢, Dy, ev) and (2, Dy, ev) be categories with duality.
Let F, G : ¥ — 2 be functors and let « : FDy — DyG be a natural transformation.
Let A, B be objects of ¥ and let f : A — Dy B be a morphism in ¢. The action
of @ on f is the composite

af : FALL FDyB %5 D,GB.
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We have the following notion of symmetry for form transformations.

Definition A.3.3 (symmetry of form transformations). Let (¢, D¢, ev), (2, Dg,ev)
be categories with duality. Let F, G : ¥ — 2 be functors. Assume that (Z, Dy, ev)
is an additive category with duality if o0 = —1.

(1) We define the transpose of a natural transformation § : GDy — DgF to be
the composite

BT : FDy &£2% p,p,FD, 2282¢, p,GD, D, 225 D,G.

We call 087 the o-transpose of 8.

(2) We say that a natural transformation « : FDy — Dy F is o-symmetricif a =oa .

Again we will often say “symmetric” instead of “1-symmetric”. The terminology
above is justified by the following easy lemma.

Lemma A.3.4. We have (87)T = B. The map Nat(GDy, D, F) — Nat(FDy, Dy G)
carrying B to BT is a bijection.

The transpose a = B7 is uniquely characterized by the commutativity of the
diagram

F—'  FD,D,
evFJ/ Jan% (A-3-1)
Dgyp

If € = {*}, Definition A.3.3 reduces to Definition A.2.2.

Remark A.3.5. A more direct analogue of Definition A.2.2(1) for functors is as
follows. Let ¢ be a category and let (Z, Dy, ev) be a category with duality. Let
G:%¢— % and H: ¢ — 2° be functors. Then the map Nat(G, Dy H) —
Nat(H, D,G) carrying y : G — Dy H to y* : H =4 D, D, H 22% D,G is a
bijection. Indeed, y is a collection (y4 : GA — Dy HA)4 of forms in 2 and y* is
characterized by (y*)4 = (y4)” for all objects A of %, so that (y*)* =y. As one
of the referee points out, this operation does not lead to a notion of symmetry, since
G and H do not have the same variance.

Remark A.3.6. In the situation of Definition A.3.3, we have a bijection
Nat(GDy, Dy F) = Nat(F, DyGDy) (A-3-2)

carrying B to B*. Note that g* is the composite F £ FDy Dy LN Dy GDy,
and BT is the composite FDy £2%5 D, GDy Dy 225% D,,G.

If we equip the functor category Fun(%, 2) with the duality carrying G to
D4 G Dy and the evaluation transformation given by G evGev, Dy Dy GDy Dy, then
natural transformations ¥ — D4 G Dy are forms in this category with duality, and
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Definition A.3.3 of transposes of forms applies. Definition A.3.3 is compatible with
Definition A.2.2 via the bijection (A-3-2) in the sense that we have (8*)7 = (87)*.

Composition of form transformations is compatible with transposition.

Lemma A.3.7. Let (B, Dy, ev), (¢, D¢, ev), (2, Dy, ev) be categories with du-
ality. Let F, G : 6 — 2P and F', G' :  — € be functors. Let a : FDyx — D4 G and
o' . F'Dg — Dy G’ be natural transformations and let aa’ : FF' Dy — Dy GG’

/)T T,,/T

be the composite. Then (axa’)' =o' a'".

Proof. In the diagram

FF —= s FF' DyDy

CVJ/ \ X‘
T
DyDyFF' FDyDyF' —— FDyG' Dy
K J/ l
o o
1T
Dy,GDyF' —*— D,GG' Dy
all inner cells commute. It follows that the outer hexagon commutes. U

Taking 2 = {*}, we obtain the following compatibility of transposition with the
action of form transformations.

Lemma A.3.8. Let (¢, Dy, ev) and (2, Dy, ev) be categories with duality. Let
F, G : € — 2 be functors equipped with a natural transformation o : FDy — DgG.
Let f: A— DgB be a morphism in €. Then (af)! =a’f7.

The following consequence of Lemma A.3.8 is used many times in Section 2.

Lemma A.3.9. Let (¢, D¢, ev) and (2, Dy, ev) be categories with duality, and

let F: ¢ — 9 be a functor endowed with a symmetric natural isomorphism
o:FDy = DgF.

(1) F carries 1-self-dual objects of € to 1-self-dual objects of 2.

(2) If F is fully faithful, then the converse holds: any object A of € such that FA
is 1-self-dual is 1-self-dual.

Proof. For (1), let f : A = D4 A be a symmetric isomorphism. By Lemma A.3.8,
of is symmetric. The assertion follows from the fact that «f is an isomorphism.
For (2), let g: FA => Dy FA be a symmetric isomorphism. Since F is fully faithful,
there exists a unique morphism f : A — D¢ A such that «f = g. Note that f is an
isomorphism. Since af” = g, we have f7 = f. O

The following lemma is used in Section 2.1 to show the symmetry of the middle
extension functor.
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Lemma A.3.10. Let (¢, D¢, ev) and (2, Dy, ev) be categories with duality. As-
sume that 9 is an abelian category and that Dy carries epimorphisms in 9
to monomorphisms. Let E, G : € — 9 be functors endowed with natural tmns-
formatlons o:E— Gand B :GDy — DgE such that the composite E Dy oD,
GDy Ny ) 2 E is symmetric and such that the image functor F : € — 2 of « fits
into a commutative diagram

FDy —— D, F
[
GDy —— D@E

Then the natural transformation y : FDy — Dy F is symmetric.

Proof. In fact, in the diagram

E —> EDy Dy GDCJD‘K

~

F T) Fchch

ev evl V B
DgyDg F —) D@FDK

Dy Dy E —> D@GD%’ Dy EDy

the outer square commutes by the symmetry of Ba and all inner cells except the
inner square commute. It follows that the inner square commutes. ]

We conclude this subsection with another example of form transformation, which
will be used to handle the sign of the Lefschetz pairing (see Lemma A.5.11). We
refer to [Kashiwara and Schapira 2006, Remark 10.1.10(ii)] for the convention on
distinguished triangles in the opposite category of a triangulated category.

Lemma A.3.11. Let 9 be a triangulated category equipped with a t-structure P.
Let (D,ev) : 2°° — 9 be a duality on the underlying category of 2. Assume

that D underlies a right t-exact triangulated functor. We consider © = Y12 and
v = Pr="% as functors 2 — 2. Then the form transformations tD — Dt’ and
' D — Dt induced by the diagrams
tD — Dt <= D7/, (A-3-3)
D < "Dt - Dt (A-3-4)

are transposes of each other.
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The second arrow in (A-3-3) is an isomorphism by the assumption that D carries
Pr==ato Pr==¢ To see that the first arrow in (A-3-4) is an isomorphism, consider,
for any object A of 2, the distinguished triangle

DPrza A L5 pA — pPr=a—lg 5

By assumption, D7=¢"1A is in ’2=!=4  Thus, by Lemma 4.1.9, ’1=7% f is an

isomorphism.

Proof. The commutativity of (A-3-1) follows from the commutativity of the diagram

T———1tDD—— 5 1DUD+—— DT'D
|
DDt DDtDt'D +—— DDDt'D
| AN
Dt'DtD — Dt'DtDD — Dt'DtDt'D Dt'D
. B ™~
Dt'D —— Dt'DDD Dt'DDT'D o~
\‘ \
\ Dt'D - DD O

Remark A.3.12. For any truncation functor t = Pz1%-! with dual truncation functor
v/ = Prl=b:=41 combining the two form transformations in the lemma, we obtain a
form transformation y, : t D — D1’ whose transpose is y,. The form transformation
y; is an isomorphism if D is ¢-exact.

A.4. Duality in closed symmetric categories. In this subsection, we study dualities
given by internal Hom functors in closed symmetric categories. Let (%, ®, ¢) be a
closed symmetric category (Definition A.1.1).

Construction A.4.1. Let K be an object of ¢, and let Dg denote the functor
Ftom(—, K) : 2°°P — 2. For an object A, the composite

AQDxA > DxA® A K,

where adj denotes the adjunction morphism, corresponds by adjunction to a mor-
phism A — Dk Dg A. This defines a natural transformation ev :idy — Dg Dy, which
makes Dk a duality on 2. The latter follows by adjunction from the commutativity
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of the diagram

DxA® DxDg A —— DxDg A ® Dy A

id ®ev]\ ev®id]\

DkARA—— L AQDrA

adj
K

We defined transposes of pairings in symmetric categories (Definition A.2.2) and
in categories with duality (Definition A.1.3). The two definitions are compatible
via the above construction, by the following lemma.

Lemma A.4.2. Let A, B, K be objects of ¢, and set D = Dg. Then the following
diagram commutes:

ocC

Hom(B® A, K) — Hom(A ® B, K)

:l lz

—oev(A
Hom(B, DA) —2— Hom(DDA, DB) =" Hom(A, DB)

Proof. Let f € Hom(B, DA). The two images of f in Hom(A ® B, K) are the two
composite morphisms in the commutative diagram

AQB—-3B®A

id®fl lf@id
adj

AQDA—+DA®RA——K 0

Following Definition A.2.5, we say A is self-dual with respect to K if A >~ Dg A.
We say A is o-self-dual with respect to K if there exists a o-symmetric isomorphism
A = DgA, or, in other words, if there exists a o-symmetric pairing A®@ A — K
that is perfect in the sense that it induces an isomorphism A => Dg A.

Definition A.4.3. A dualizing object of € is an object K of € such that the evalua-
tion transformation ev : idy — Dk Dk is a natural isomorphism, or, in other words,
such that (Dg, ev) is a strong duality.

Remark A.4.4. Let & be a closed symmetric monoidal category and let K be an
object of . The associativity constraint induces an isomorphism #om(A, Dk B) ~
Dk (A ® B) for objects A, B of . In particular, if K is a dualizing object, then
Jtom(A, B) =~ s#om(A, Dg Dx B) >~ Dg (A ® Dk B).
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We close this subsection by constructing two symmetric form transformations.

Construction A.4.5. For a morphism f : K — L of ¢, the natural transformation
Dy :id¢ Dg — Dy id¢ is symmetric. This follows from the commutativity of the
diagram

p
AR DA — Dk A®A —5 K

id @D,l Df®idl J/f

d
ARDA—DARA—L

The action of Dy on forms (Construction A.3.2) carries AQ B — K to the composite

A®B—>K-L>L.

Construction A.4.6. Let % and 2 be closed symmetric categories and let G : 4 — 2
be a right-lax symmetric functor (Definition A.1.5). For objects A, K of &, consider
the morphism

G A#om(A, K) Y5 #om(GA, GA#om(A, K)® GA)
— Hom(GA, G(Hom(A, K)® A) Y #om(GA, GK).

This induces a symmetric natural transformation G Dx — Dgg G (see [Riou 2014,
Théoreme 12.2.5]), whose action on forms carries A ® B — K to the pairing
GA ® GB — GK of Construction A.1.8.

A.S. Symmetry and translation. The derived category of £-adic sheaves is equipped
with a shift functor A — A[1] and the Tate twist functor A — A(1). In this subsec-
tion, we study the effects of such translation functors on symmetry. Lemma A.5.11
is used in the main text to handle the symmetry of the Lefschetz pairing.

Recall that a category with translation [Kashiwara and Schapira 2006, Definition
10.1.1(1)] is a category 2 equipped with an equivalence of categories T : ¥ — 9.
We let T~ : 2 — 2 denote a quasi-inverse of T. For an integer n, we will often
write [n] for T". Recall that a functor of categories of translation [Kashiwara and
Schapira 2006, Definition 10.1.1(ii)] (2, T) — (2', T') is a functor F : 9 — 9’
endowed with a natural isomorphism 7 : FT => T'F. Recall that a morphism of
functors of categories with translation (F, n) — (G, &) is a natural transformation
o : F — G of functors such that the following diagram commutes:

FT — > T'F

A ]

GT — TG

~
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Our first goal is to define duality on categories with translation, a variant of
Definition A.2.1. We endow 2°P with the translation functor (7°P)~! : °P — P
We endow F°P : o7 — 7P with the isomorphism FOP(T°P)~! = (T/oP)~1 Fop
induced by

noP : T/°P FOP =, FOPTOP,

Definition A.5.1 (duality on a category with translation). Let (2, T') be a category
with translation. A duality on (2, T) is a functor of categories with translation
(D, n) : (2°,(T?)"!) — (2, T) endowed with a structure of duality on the
underlying functor D : 2°°P — 2 such that ev : idy — DD°®P is a morphism of
functors of categories with translation. This means that the diagram

T —= DDOPT
evl lD(T"P)‘ln"PT
nDP

TDD «— D(T°P)~1 pop

commutes. In other words, the isomorphisms n~!: TD = D(T°")~!and T~'5nT°P:
T—'D = DT°P are transposes of each other in the sense of Definition A.3.3.

The above definitions have obvious additive variants. An additive category with
translation is defined to be a category with translation whose underlying category
is additive. For additive categories with translation 2 and 2, a functor of additive
categories with translation 9 — %' is defined to be a functor of categories with
translation whose underlying functor is additive. An additive duality on an additive
category with translation is a duality on the category with translation such that the
underlying functor is additive.

As in the case without translation, a basic example of dualities on categories
with translation is provided by closed symmetric categories with translation (see
Construction A.5.9 below). Our next goal is to define symmetric categories with
translation, a variant of Definition A.1.1. Note that in the example of £-adic sheaves,
the shift and twist functors differ in signs with regard to tensor products. To deal
with the two cases simultaneously, we let e = £1. The case € = —1 of the following
definition corresponds to [Kashiwara and Schapira 2006, Definition 10.1.1(v)]. For
a more general notion, see [Verdier 1996, Définition 1.1.4.4].

Definition A.5.2. Let 9, 2', 2” be additive categories with translation. An
e-bifunctor of additive categories with translation F : 2 x 9" — 2" is an additive
bifunctor endowed with functorial isomorphisms F(A[l], B) >~ F(A, B)[1] and
F(A, B[1]) >~ F(A, B)[1] for objects A of 2 and B of 2’, such that the following
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diagram e-commutes:

F(A[1], B[1]) —— F(A, B[1D[1]

zl l:

F(A[], B)[1] —— F(A, B)[2]
Therefore, the following diagram €”"-commutes:

F(X[m], Y[n]) —— F(X, Y[n])[m]

Nl f

F(X[m), Y)[n] —— F(X, Y)[m +n]

Definition A.5.3 (symmetric category with translation). An e-symmetric additive
category with translation is an additive category with translation 2 endowed with
a symmetric structure ® and a structure of an additive e-bifunctor of categories
with translation on — ® — : 2 x 2 — 2, such that the symmetry constraint, when
restricted to each variable, is a morphism of functors of categories with translation
2 — 2. We say that an e-symmetric additive category with translation is closed if
its underlying symmetric category is closed.

For € =1, Definitions A.5.2 and A.5.3 make sense without assuming that the
categories in question are additive.

Example A.5.4. Let ¢ be a symmetric monoidal category and let X be a dualizable
object of ¢, that is, there exists an object B of ¢ such that A® B~1. Then —® A
endows ¢ with the structure of a 1-symmetric category with translation. This
applies in particular to the Tate twist functor on the abelian category of perverse
@g—sheaves.

Example A.5.5. The derived category of any commutatively ringed topos is a closed
—1-symmetric additive category with translation. Similarly, the derived category of
Q¢-sheaves is a closed —1-symmetric additive category with translation.

Let 2 be an e-symmetric additive category with translation.

Lemma A.5.6. The diagram

Alm]® B[n] —— (A® B[n])[m] —— (A® B)[m +n]

cl: zlc[nﬂ»n]

B[n]® A[m] —— (B ® A[m])[n] —— (B ® A)[m + n]

€™ -commutes for all objects A, B of 2 and all integers m, n. Here ¢ denotes the
symmetry constraint.



298 Shenghao Sun and Weizhe Zheng

Proof. In the diagram

Alm]® B[n] —— (A® B[n])[m] —— (A® B)[m +n]

cl J/c[m] Jc[m+n]

Binl® Alm] —— (Bn] ®A>[W}w® A)[m +n]
(B® Alm])in]

the upper squares commute by functoriality, and the lower triangle €”"-commutes
by the definition of e-bifunctor of additive categories with translation. U

Construction A.5.7. Let A, B, K be objects of 2. A pairing A® B — K induces
a pairing
(A[m]) ® (B[n]) = (A® B[n]D[m] =~ (A® B)[m+n] — K[m+n].
Lemma A.5.6 implies the following.

Lemma A.5.8. Let A, B, K be objects of 9. Let AQB — K and BQA — K
be two pairings that are o-transposes of each other. Then the induced pairings
(Alm])®(B[n]) — K[m+n] and (B[n]))Q(A[m]) — K[m-+n] are €™ o-transposes
of each other.

Let 2 be a closed e-symmetric additive category with translation.
Construction A.5.9. Consider the isomorphisms
o, Hom(A[—n], B) = #om(A, B)[n],
B, : #om(A, B[n]) = H#om(A, B)[n],
given by the isomorphisms
Hom(C, ##om(A[—n], B)) ~ Hom(C ® A[—n], B) ~ Hom((C ® A)[—n], B),
Hom(C, s#om(A, B[n])) ~ Hom(C ® A, B[n]) ~ Hom((C ® A)[—n], B),
and
Hom((C ® A)[—n], B) ~ Hom(C[—n]® A, B)
~ Hom(C[—n], #om(A, B)) >~ Hom(C, s#om(A, B)[n])

for objects A, B, C of 2. We have o, =€ 0tpytn1s B Brn= Bmn> U Bn==¢€""Bnti.
We endow s#om(—, —) : 2°P x 9 — 2 with the structure of an e-bifunctor of addi-
tive categories with translation given by e« and B 3 Leta, = (ea))" ="t/ 2,

3The sign convention is adopted only for concreteness. Our results do not depend on the convention.
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In particular, Dy : 2°° — 2 is endowed with the structure of a functor of
additive categories with translation, which, together with ev:idy — Dy DXP, defines
an additive duality on the additive category with translation (see [Calmes and
Hornbostel 2009, Proposition 3.2.1]).

Remark A.5.10. Construction A.5.7 corresponds to the construction that sends
f:A— DgB to " D/2 times the morphism

Alm] 220 (Dg B){m) < D (BInl)m +n] 22525 Dy (Bln).
where & and S are as in Construction A.5.9. In fact, the following diagram "~ 1/2.
commutes:

Hom(A[m]® B[n],K [m+n]) = Hom((A® B[n])[m],K [m +n])

zl lz

Hom(A[m], D m4n(B[n]) Hom((A® B)[m+n].K [m+n])—Hom(A® B,K)

:l&n l:
5m+n

Hom(A[m],Dg(B[n])[m +n]) —— Hom(A[m],DgB[m]) ——— Hom(A,DgB)

Thus, Construction A.5.7 corresponds to the form transformation y;, , : 7" Dx =
DimanmT", defined to be €"~1/2 times the isomorphism

TmD Ol—n Tm-H’lD TI’L ﬂm+n DK m+n]T

given by Construction A.5.9. By the above, the € -transpose of Yy, » 1S Vi -

We combine the above discussion on translation with our previous discus-
sion on truncation into the following lemma, which is applied in the proof of
Proposition 3.2.12 to the Lefschetz pairing.

Lemma A.5.11. Let 9 be a closed —1-symmetric additive category with translation.
Assume that the underlying category with translation is further equipped with a
triangulated structure and a t-structure P. Let K and L be objects of 2 such that
Dy is a right t-exact triangulated functor. For any o-symmetric pairing AQ A — K
and any morphism & : K[2n] — L, the pairing TH'A ® PH"A — L induced by

Aln1® Aln] = (A® A)[2n] — K[2n] <> L
is (—1)"o-symmetric.
In fact, the form transformation "H" Dx — Dy PH" given by
00y Yy 1001 0 De, L1001 pn _vey py 10.01pn

is (—1)"-symmetric. Here y, , and y; are as in Remarks A.5.10 and A.3.12.
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Remark A.5.12. Let us mention in passing that Lurie’s theory [2014, Chapter 1] of
stable co-categories provides a nicer framework for symmetric monoidal structures
in derived categories. If (Z, ®) is a closed symmetric monoidal co-category such
that the underlying oo-category & is stable, then — ® — and sZom(—, —) are
automatically exact in each variable and the homotopy category of & is a closed
—1-symmetric additive category with translation.

A.6. Duality and nilpotence. In this subsection, we study symmetry of primitive
parts under a (twisted) nilpotent operator. We formulate the problem in the language
of duality on a category with translation introduced in Definition A.5.1. The main
result of this subsection is Proposition A.6.8. This is applied in the main text to the
logarithm of the monodromy operator associated to a normal crossing divisor to show
that Grothendieck’s six operations preserve Koy, (see the proof of Proposition 4.3.1).

Let (&7, T) be an additive category with translation. In this subsection, we denote
T" A by A(n) instead of A[n]. Our first goal is to define a category of objects with
nilpotent operators and record its relation with duality.

Construction A.6.1. Consider the additive category Nil(<7, T') of pairs (A, N) of
an object A of & and a morphism N : A(1) — A which is nilpotent in the sense
that there exists an integer d > 0 such that

NY:=NoN()o---oN(d—1): Ad) = A

is the zero morphism. A morphism (A, N) — (A’, N') is a morphism f : A — A’
of & satisfying N'f(1) = fN.

There are two ways to identify Nil (., T)°P and Nil(«7°P, (T°P)~!), which differ
by a sign. We fix 0 = %1 and consider the isomorphism of categories

E, = E(y.1).0 : Nil(«Z, T)® — Nil(«°, (T°P)"")
sending (A, N : A(1) > A)to (A,oN(—1): A — A(—1)). The composite
op
Nil(«7, T) 225 Nil(or°P, (T°P) 1P L= Nil(a7, T)

equals the identity. The duality we put on Nil(«7, T') will depend on the choice
of o. In the main text we take o = —1.

Let F: («/,T) — (&, T') be a functor of additive categories with translation.
Then F induces an additive functor Nilg : Nil(«/, T) — Nil(«’, T') carrying
(A,N:TA — A) to (FA,T'FA~ FTAY FA) and f : (A,N) — (A, N')
to Ff. Let y : F — F’ be a morphism of functors of categories with translation.
Then y induces a natural transformation Nil,, : Nilz — Nilz, which is a natural
isomorphism if y is an isomorphism.
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The following diagrams commute:

-10p

Nil
Nil(«/, T)® ——* 5 Nil(«7', T')*® EpNil% 2 E Nl

1 Nil 0P

Nil zo
Nil (7%, (T%) 1) % Nil(e7’°P, (T°")~1)  Nilgop Eoyr ——— Nilpop E..

Construction A.6.2. Let D : («/°P, (T°?)~!) — (&, T') be an additive duality on
the additive category with translation (see the comment following Definition A.5.1).
Consider the functor Dyii(,7), composite of

Nil (<, T)"p Nil (7P, (T°P)~ ) Nilp Nil(e, T),
and the natural transformation

ldNﬂ( o T) — 7> NllD NllDop = NllD NllDop Eﬂop E

= Nilp Ey Nil}} E;f = Drier.1) DXy 1)-

These define an additive duality on the additive category Nil(«7, T'), which is strong
if D is strong on <.

In the rest of this section, let (<7, T') be an abelian category with translation,
namely an additive category with translation whose underlying category <7 is
abelian. Our next goal is to review the decomposition into primitive parts. The
following is a variant of [Deligne 1980, Proposition 1.6.1, 1.6.14], with essentially
the same proof.

Lemma A.6.3. Let (A, N) be an object of Nil(«7, T). Then there exists a unique
finite increasing filtration M of A satisfying NM;(1) € M;_; and such that N k
induces an isomorphism gr; MA(k) = gr A, for k > 0.

Proof. Let d > 0 be an integer such that N%*! = 0. We proceed by induction on d.
We have M; = A and M_,_; = 0. For d > 0, we have My_; = Ker(N%)(—d)
and M_; = Im(N9). We have N¢ = 0 on Ker(N?)(—d)/Im(N¥). Let M’ be the
corresponding filtration given by the induction hypothesis. Then, for —d <i <d —1,
M; is the inverse image in Ker(N9)(—d) of Ml./ C Ker(Nd)(—d)/Im(Nd). O

The following is an immediate consequence of the construction of the filtration M.

Lemma A.6.4. Let f: (A, N) — (A’, N') be a morphism of Nil(</, T). Then f is
compatible with the corresponding filtrations. More precisely, if M and M' denote
the corresponding filtrations, then f(M;) C Mj/ .

Fori <0, let Pi(A, N) = Ker(N : grA(1) — gr¥, A)(—1). The inclusion
Ker(N)(—1) € A induces an isomorphism grlM(Ker(N)(—l)) = P;(A, N). We
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thus obtain functors
Pl' = P,‘“Q{ : NII(JZ{, T) — .

For all j, we have

erjfA= (P P N)(-55).
k>1j]|
k=j (mod 2)

We now proceed to define form transformations on the primitive part functors.
Let (A, N) be an object of Nil(«/, T). If M = M(A, N) and M* = M(E (A, N)),
then we have the following short exact sequence in <:

0—>M_j_1—>A—>Mj*—>O.

Thus gr . A can be identified with gr "A. Moreover, N~/ : grﬁ”i A(—i) = grlM A
induces an isomorphism in &/

ay (A, N) : Piyoo(Ees (A, N))(—i) = gr™, (Coker(N))(—i)
=5 oM (Ker(N)(—1)) =~ P; (A, N).

This defines a natural isomorphism of functors «,, : P p =5 (ToP)~! P; g0 Ey. By
definition, we have the following.

Lemma A.6.5. The isomorphism T~ Pof;op EOp awp —=—P; yEo Em =P yiso %{p

Let («7, T), (&', T') be abelian categories with translation and let F : («7, T) —
(7', T’) be a functor of categories with translation such that the underlying functor
o — o' is exact. Let (A, N) be an object of (&, T) and let M = M(A, N),
M’ = M(Nilg(A, N)). The exactness of F allows us to identify F(M;A) as a
subobject of FA, and under this identification we have F(M;A) = M '(FA). We
have an obvious natural isomorphism Br : P; o Nilp = FP; .. The following
functoriality of 8 is obvious.

Lemma A.6.6. Let F, F': (o7, T) — (o', T') be functors of categories with trans-
lation such that the underlying functors are exact, and let y : F — F’ be a morphism
of functors of categories with translation. Then the following diagram commutes:

Pl"_%/ NllF ﬁTF) FP,‘“Qy

Nﬂyl ly

. B
P,',(Qy/ NllF/ % F/Pl',py

By construction, the isomorphisms « and 8 have the following compatibility.
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Lemma A.6.7. The following diagram commutes:

(T"P) " FOP P, yon By 4——— FOP(T®) 7 Py yow By ——— FP P,

ﬁFopT: ZJV o

(T"°P) ™ P; oyop Nilpop Ey === (T"°P) ™ P; yrop Epr NilyY <a;i PP Nily

The following is the main result of this subsection.

Proposition A.6.8. Let (<7, T) be an abelian category with translation and let
D : (P, (T?)™YY — (&7, T) be a duality such that the underlying functor
P — o is exact. Then, fori <0, the composite isomorphism

1 .
P; s Dnii(r.1) = Pi.y Nilp Eoy 22 DP; o E,; 2> (D(T*")) P,

is o'-symmetric.

Note that T~/ D ~ D(T°P)! : &7°P — o endowed with the natural transformation
id,, =% DD ~ (D(T°P)")(T~' D) is a duality on /. By the proposition, P; .,
carries o-self-dual objects of Nil(«7, T) to o'c’-self-dual objects of 7.

Proof. In the diagram

Niley o P; 7 Nilp Nil pop P; s Nilp E
Pp—— P,"(Qy Nilp Nil pop x E,yop E;p - x Nll%) E;;P
~ | Bp ’—vlﬂD :lﬁD
. DP; o0 NilDop DP; s E,
ev . o op —/— > pr—— o
DP[,JZ{ P NllD P x EdOP E;)/p % Nll(g) EZ;P
DD P; =—— DD P, ,E;wE.¥
~ B ~
m J/Oldop Q{gg1
- DD®T~ P L EY
D(T°P)! D () D(TP) DP By D(T®)' P’
X T' P X P wEy - x Nilpy Ef

the triangle o/-commutes by Lemma A.6.5, the upper-left inner cell commutes by
Lemma A.6.6, the lower-right inner cell commutes by Lemma A.6.7, and the other
inner cells trivially commute. (]
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We consider normalized newforms f € Si(I'g(V), &) whose nonconstant term
Fourier coefficients are congruent to those of an Eisenstein series modulo some
prime ideal above a rational prime p. In this situation, we establish a congruence
between the anticyclotomic p-adic L-function of Bertolini, Darmon, and Prasanna
and the Katz two-variable p-adic L-function. From this we derive congruences
between images under the p-adic Abel-Jacobi map of certain generalized Heegner
cycles attached to f and special values of the Katz p-adic L-function.

Our results apply to newforms associated with elliptic curves E/Q whose
mod-p Galois representations E[p] are reducible at a good prime p. As a conse-
quence, we show the following: if K is an imaginary quadratic field satisfying
the Heegner hypothesis with respect to E and in which p splits, and if the bad
primes of E satisfy certain congruence conditions mod p and p does not divide
certain Bernoulli numbers, then the Heegner point Pr (K) is nontorsion, implying,
in particular, that rankzy E(K) = 1. From this we show that if E is semistable
with reducible mod-3 Galois representation, then a positive proportion of real
quadratic twists of E have rank 1 and a positive proportion of imaginary quadratic
twists of E have rank 0.
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1. Notation and conventions

Throughout the paper, let us fix the following notational conventions.

For m,n € Z, let (m, n) denote the greatest common divisor of m and n, and let
lem(m, n) denote the least common multiple. We let £ | N indicate that £ strictly
divides N. We let ® : Z — Z denote the Euler totient function. Given an extension
of number fields L /K and an integral ideal a of Or, let Nmy,/x a denote the relative
ideal norm of a and let |a| denote the smallest positive rational integer in a. For
ideals a, b, we let (a, b) denote the greatest common ideal divisor and Icm(a, b)
the least common ideal multiple. For a place v of a number field, let Frob, denote
the arithmetic Frobenius attached to v, i.e., the Frobenius element which is sent
to v under the (inverse of the) Artin reciprocity map.

Throughout, we will fix an algebraic closure @ of Q. All number fields in our
discussion will be viewed as being embedded in Q. For each rational prime p,
we will fix an algebraic closure @p of Q, and let C, denote the topological
closure of @p. We fix an embedding iy, : @ <> C as well as an embedding
ip: Q— C, for each p. We also fix field identifications i : C = C, for each p.
(We will use the same symbol i for all p, as the underlying p will be clear from
context.)

Let K denote a general number field. Let Ag and A; denote the adeéles and
ideles over K, respectively, and let Ag ¢ and AE  denote the finite adeles and
ideles, respectively. For a Hecke character x : Ag — C*, let f(x) C Ok denote the
conductor of x. As usual, if a C Ok is an integral ideal with (a, f(x)) # 1, then
we set x (a) =0.

Given a Dirichlet (i.e., finite order) character ¢ over a number field K of con-
ductor f C Ok, we will identify i with its associated finite order Hecke character
on ideles, taking the following convention: for x € (O/f)*,

Y modf)=[[vwt) =]]v "0,
vif vlf

where, in the first product, v runs over all places of E which do not divide f. When
K = Q, we define the Gauss sum of y by

gy = Y y@er™ @i

ae(Z/52)*

For a finite prime ¢, we define the Gauss sum of the local character v, : @, — C*
similarly: letting |f| = [, €%, we set

ge(¥) = l/le(ﬁez) Z we—l(a)eZni{a/eQ}[’

a€(Zy /L Ze)*
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where {x}, denotes the £-fractional part of x € Z,. Thus

[ [ocw) = o) [ [wein = o) [T (D = aw).
Llf Llf £4f

Let Ng : Ag — C denote the adelic norm, normalized so that Ng » equals
| - |oo (the usual archimedean absolute value). Then, for any number field K, let
Nmg g : Ax — Ag denote the norm homomorphism (which induces the ideal
norm recalled above), and set Ng := Ng o Nmg . Note that when K is imaginary
quadratic, Ng : Ag — C* is an algebraic Hecke character of infinity type (—1, —1).
For any Hecke character x : Ag — C*, let

xj=xNg.

Using the fixed isomorphism i : C = C, and the Artin isomorphism, we can
view Ngl as a character N;l :Gal(K/K) — Z, . Then any x € Z; can be uniquely
written as @ (x) - (x), where w(x) € pua,—1) and (x) € 1 +2pZ,. We then define
the Teichmiiller character w : Gal(IZ/K) — M2(p—1) by wg(a) := a)(NEI (a)). For
simplicity, we will let wg = w. Given an extension of number fields K /L and a
Hecke character ¢ over L, we will let ¢, := ¢ o Nmg/,;; note that, viewing ¢
as a character Gal(L/L) — C*, this corresponds to restriction to the subgroup
Gal(K /K).

For a quadratic field K /Q with K = Q(+/D), where D is a squarefree integer,
we recall that the fundamental discriminant of K is given by

o _ [P ifD=1(mod4),
K= 14D if D=2.3 (mod 4).

For quadratic K, let ex be the associated Dirichlet character of conductor Dk
conversely, for a quadratic Dirichlet character x, let K, be the associated imagi-
nary quadratic field. Given two quadratic fields L = Q(+/D) and K = Q/D),
we will let L- K denote the quadratic field Q(+/ D D’). Unless otherwise noted, all
Dirichlet characters over (D are taken to be primitive, and so are uniquely identified
with finite order Hecke characters over Q under the arithmetic normalization de-
scribed above. Given Dirichlet characters ¥, ¥, over Q, we define v, to be the
primitive Dirichlet character equal to | (a)y(a) for a € (Z /lem(F(y¥1), f(lﬁz))) *
(and indeed this equality holds for the associated Hecke characters). In particular,
for quadratic L and K as above, we have ¢;.x = g1 ¢k

Given a normalized newform f € S;(I'1(NV)), let a,(f) denote the n-th Fourier
coefficient of f (i.e., the n-th coefficient of the g-expansion at co); when f is
obvious from context, we will often abbreviate a, () to a,. Moreover, when f is
defined over Q and thus associated with an elliptic curve E/Q, we will sometimes
write a,(E) = a,(f). Let E; denote the finite extension of Q generated by the
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Fourier coefficients a,(f). Given a Hecke character x, let E, denote the finite
extension of () generated by its values. Set Ey, = EfE, .

For s € C, let N(s) and J(s) denote the real and imaginary parts of s, respectively.
We let HT :={s € C: J(s) > 0}.

2. Introduction

The study of Heegner points has provided some of the greatest insights into the
Birch and Swinnerton-Dyer conjecture. In particular, given an elliptic curve E/Q
and an imaginary quadratic field K satisfying a suitable Heegner hypothesis with
respect to E, the nontriviality of the Heegner point Pz(K) € E(K) ® Q intro-
duced in Section 3.4 implies, via the descent argument of [Kolyvagin 1990], that
ranky E(K) = 1. Our main result establishes, for elliptic curves E with E[p] a
reducible Galois representation at a good prime p, a congruence mod p between
the formal logarithm of the Heegner point and a special value of the Katz p-adic
L-function with certain Euler factors removed. Using Gross’s factorization [1980]
of the Katz p-adic L-function on the cyclotomic line, we can then find an explicit
congruence between the formal logarithm of the Heegner point and a quantity
involving certain Bernoulli numbers and (inverses of) Euler factors at primes of
bad reduction. Thus we derive an explicit criterion (involving Bernoulli numbers)
for the nontriviality of Pr(K) € E(K) ® Q in certain families of E.

Our results also have higher-dimensional applications, namely in computing
with algebraic cycle classes in Chow groups of motives attached to newforms.
Suppose N is a positive integer and K is an imaginary quadratic field satisfying the
Heegner hypothesis with respect to N, suppose f =" _,a,q" is a weight-k > 2
level-N normalized newform whose Fourier coefficients are congruent to those of an
Eisenstein series outside the constant term modulo some prime ideal above p, and
suppose x is an algebraic Hecke character over K central critical with respect to f.
We consider the Rankin—Selberg motive Mf, yo1 = Mf/ x @M, -1, defined over K,
associated with (f, x), where My is the motive associated with f (see [Scholl 1990]),
My, is its base change to K, and M, is the motive associated with x (see [Deninger
1990]). For convenience of notation, we will formulate our discussion with respect to

Mgy-1),p = Mpyp @ M1y s

where F/K is some large enough abelian extension in “situation (S)” as described
on page 314, and f,r and x,r are the corresponding base extensions to F. In fact,
one may recover M, -1 as a direct factor of the Grothendieck restriction of M, -
see [Deninger 1990] or [Geisser 1997]. Indeed, we have a factorization

M(f,x”)/F = @ My =150
x0:Gal(F/K)—C*

DY
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Under certain conditions guaranteeing that the value of L(y X my-1,5) =
L(M; -1, s) (and thus also that of L((7ry X 7y-1)/F, ) = L(M(f’X—l)/F, s)) will
vanish at the central point of the functional equation, we seek to construct algebraic
cycle classes in the Chow group associated with My , 1) .., thus providing evidence
for the Beilinson-Bloch conjecture for Chow motives associated with (f, x),r.
Natural candidates for representatives of such classes are generalized Heegner
cycles (in the sense of [Bertolini et al. 2013]), generated by algebraic cycles on
a suitable generalized Kuga—Sato variety which arise from graphs of isogenies
between products of CM curves. Under the above hypotheses, our main theorem
provides a criterion for a generalized Heegner cycle class associated with (f, x),
with x in a certain infinity type range, to be nontrivial, namely that an associated
special value of the Katz p-adic L-function (with certain Euler factors removed)
is not (too) divisible by p. One may thus use special value formulas of p-adic
L-functions in order to get explicit p-nondivisibility criteria for the nontriviality of
Heegner cycle classes. In our main corollary, we explicitly address the case when
Gross’s factorization theorem can be applied, which corresponds precisely with the
case when the relevant generalized Heegner cycle arises from a classical Heegner
cycle (see Remark 8).

2.1. Chow motives. To make our discussion more precise, let us briefly recall
some definitions pertaining to Chow motives. Let X be a nonsingular variety
over a number field F. An algebraic cycle of X is a formal sum of subvarieties
of X. We let CH’/(X) denote the group generated by algebraic cycles of X of
codimension j modulo rational equivalence. Call CH/(X) the j-th Chow group
of X, and call CH(X) := @OgjsdimX CHY (X) the Chow group of X. For varieties
X, Y over F, call Corr?(X, Y) := CHY™Y+4(X x 1 Y) the group of (degree-d) cor-
respondences from X to Y. The group Corr(X, X) := D¢ -dim x Corr?(X, X) has
a ring structure defined by composition of correspondences: éiven g €Corr (X, Y)
and h € Corrdz(Y, Z), we define

hog:=m3.(m(g).1}5(h) € Corr™2 (X, 7),

where w12, 13, T3 : X Xp Y Xp Z — X X Y, X Xp Z, Y XF Z are the canonical
projections, and “.” denotes the Chow intersection pairing. We call Corr(X, X)
the ring of correspondences on X. For any number field E, let Corr? (X, Y)g :=
Corr? (X, Y)®z E. A Chow motive over F with coefficients in E is atriple (X, e, m)
consisting of a nonsingular variety X over F, an idempotent e € Corr’(X, X)z, and
an integer m. Define the category of Chow motives Mp g whose objects consist of
Chow motives over F with coefficients in E, and with morphisms given by

Hom . , (X, e, m), (Y, f,n)) := f oCort" (X, Y)goe.
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m

Define the category of Grothendieck motives MI}O £ With objects being cycles of X
modulo (motivic) homological equivalence, and with morphisms defined in the same
way as above. Note that since rational equivalence is stronger than homological
equivalence, there is a natural functor

M F,E — ME—?ZJ
Let CH/ (X), denote the subgroup of CH’ (X) consisting of null-homologous cycles.

2.2. The Beilinson—Bloch conjecture for Rankin—Selberg motives. Now let K
be an imaginary quadratic field, and let H denote the Hilbert class field over K.
Fix f € Sy (I'h(N), &r), where k > 2, and let r := k — 2. Let x be a Hecke character
over K of infinity type (r — j, j) which is central critical with respect to f, and
where 0 < j <r. Suppose also that every prime £ | N splits in K, i.e., K satisfies
the Heegner hypothesis with respect to N. Then we can choose an ideal 1 of Ok
with Ok /9 = Z/N. Assume also that f(x) | DT

The ambient motive in our setup will be M := (X, €x, 0) € Mp g, , where F,
to be fixed later, is some large enough abelian extension of K containing H, and
€x 1s some projector in the ring of correspondences on X which has induced actions
on the various cohomological realizations of M via the corresponding cycle class
maps. (The projector ey essentially picks out the part of the cohomology of X,
which comes from the Galois representations attached to pairs (f, x),r.) Here the
underlying ((2r + 1)-dimensional) variety is the generalized Kuga—Sato variety
X, =W, x A", defined over H, where A is a fixed CM elliptic curve of Ok-type
(i.e., with Endg (A) = Ok) and W, := & (the classical Kuga—Sato variety) is the
(canonical desingularization of the) r-fold fiber product of copies of the universal
elliptic curve £ with I'1 (NV)-level structure over the (compactified) modular curve
X1 (N):=Y,(N) (and thus is defined over Q). This is well-defined in the case where
the cusps of Y (N) are regular in the sense of [Diamond and Shurman 2005, Section
3.2], which holds in particular when N > 4. The fibers of X, — X(N), outside of
the cusps of X (N), are of the form E” x A" where E varies over elliptic curves.

The motive My is given by the triple (W, €7, 0) for some projector in the
ring of correspondences on W, which picks out the f-isotypic component of the
cohomology of W, under the Hecke action; in particular, this Chow motive is
defined over Q, with coefficients in E;. For an extension F/Q, we let Mf/p
denote the base change to F. The definition of the motive M,-1, . is slightly
more subtle. Let F/K be an abelian extension such that x, ' X} = x/r, where
xa A — K* is the Hecke character associated with the CM elliptic curve A
having infinity type (1, ..., 1,0, ..., 0) (with the first [ F : K] places corresponding
to the embeddings F < @ preserving our fixed embedding K < @, and the next
[F : K] places to their complex conjugates). We then say F' is in “situation (S)”.
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(Such an F always exists; see [Deninger 1990, Proposition 1.3.1].) We have a motive
M-y, = (A", €y, 0) € Mp,g, for some suitable projector €, . picking out the
X/F=X4 ’ X-isotypic component of the cohomology of A" under the Galois action.

Let Hy be the field over which the individual points of A[91] are defined. We
will henceforth take and fix an abelian extension F'/K large enough so that it
contains Hy and is in situation (S). (Note that this is possible since Hs is an
abelian extension of K.) The Rankin—Selberg motive

Mgy, = Mpp @ M1y, = (Wr €5, 0) ® (A", €35, 0) = (Xr, €(f,30/55 0)

is a submotive of M (in fact, it is the (f, x),p-isotypic component €y, ) . M), and
the Beilinson—Bloch conjecture predicts that

dimg, , €f.),r CH T (X,)0,5,, (F) = ords—r 1 LCHG T (M7 y-1),). 5)
= ords—r 11 L(€(s0, Hy T (M), )
= ordy—4+1 L((V,e ® x r(r+1),5)
= ords—o L((Vy,x ® X ). 8)
= ord;—g L(Vf/K ® X_l ®IndIF( 1,s)

=ords—g [ [ L(Vj, ® (X ' x0).9)

X0
Gal(F/K)—C*

= ordS:% l_[ L7ty X y-14, 8).
Xo:
Gal(F/K)—C*

Here €(y,y) - is the projector corresponding to the (f, x),r-isotypic component of
the cohomology of X, under the Hecke and Galois actions, V; is the 2-dimensional
(unique semisimple) Gal(@/ Q)-representation associated with f, Vi 18 its re-
striction to Gal(K /K), and 7y, 7,1 are the automorphic representations (over K)
associated with f and 6, -1 under the unitary normalizations.

Under the Heegner hypothesis, we have L (77,'f X Ty -1, %) =0, and so the Beilinson—
Bloch conjecture predicts that

dimg, , €15, CH (X))o, (F) > 1.

Thus we should be able to find a null-homologous cycle class with nonvanishing
€(f.x),r-180typic component in the above Chow group. To this end, we can use
the p-adic Waldspurger formula of Bertolini, Darmon, and Prasanna [Bertolini
et al. 2013] to consider images under the p-adic Abel-Jacobi map of generalized
Heegner cycles. Generalized Heegner cycles are, essentially, generated by graphs I,
of isogenies ¢ : A — A’ between CM elliptic curves with I'; (N)-level structure
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(i.e., such that ker(¢) N A[D1] = 0). We can then view the graph I, inside X, :
I, CA"x(A)Y CA" xW,=X,.
We define the associated generalized Heegner cycle associated with (¢, A) as
Ay :=exT, € CH"' (X,)o,£, , (F).

(See Section 3.3 for a precise definition.) It is also a fact that ex H¥+2(X,, Q) =0,
and so A, is indeed null-homologous. Generalized Heegner cycles are those cycles
in CH" +1(X o, Er, (F) generated by formal Ey , -linear combinations of A, for
varying ¢. The space CH(X,)o, g, (F) has an isotypic decomposition with respect
to the action of the Hecke algebra (which is indexed by cuspidal eigenforms) and
that of Gal(F/F) (which is indexed by Hecke characters).

Let F), denote the p-adic completion of F determined by our fixed embedding
ip Q— Cp. We can now apply the p-adic Abel-Jacobi map over F}, to A, which
is a map

AJg, : CH (X))o, a(Fp) — (Fil't ex HpH (X, / F)Y
= (SK(T1(N), Fp) ® Sym” Hjr(A/Fp))",

where the superscript V denotes the F,-linear dual, and Fil/ denotes the j-th step
of the Hodge filtration. A basis of ex H [%H(X +/F) is given by elements of the
form wr Awin), ’ for 0 < j <r, where

wy € Fil' ex HIHV (W, /F) = Si(T1(N), F)
is associated with f € S (I'1(N), F), and the a)f{ nz_j form a basis of
Fil' ! ex H (A" /F) = Sym” H)(A/F).

(Here wy € QUA/F)=H dll’eo(A /F) is a nowhere vanishing differential on A, and
naeH 3 kl (A/F) is such that (w4, n4) = 1 under the cup product pairing on de Rham
cohomology.)

Bertolini, Darmon, and Prasanna’s p-adic Waldspurger formula relates a special
value of an anticyclotomic p-adic L-function £, (f, x) to the Abel-Jacobi image of
a certain generalized Heegner cycle A, evaluated at the basis element wy A a)fx n;‘_j .
The dual basis element of this latter element is in the ( f, x),-isotypic component of
(Fil't' exH 51’;’1 (X,/F))", and the idempotent €(y,y) , induces the projection onto
this (f, x),F-isotypic component. By functoriality of projectors, the nonvanishing of
AJE (A) at wp A wyn, ' shows the nontriviality of €(f,y),, A. Hence, showing
the nonvanishing of a special value of Bertolini, Darmon, and Prasanna’s p-adic
L-function verifies one consequence of the Beilinson—Bloch conjecture for the
motive My ,-1) . = (Xr, €., 0)-
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More precisely, nonvanishing of the anticyclotomic p-adic L function £,(f, x)
and functoriality of the action of correspondences on X, imply

0# Al (A) (g Aajny )
= Alg, (D) (€, (@p Awgmy 7))
= AJg, (e(f 0,0 D) @p Ay )

and thus 0 # E(f,x)/FA € € CHH_l(Xr)O,Ef,X (F).

The classical situation » = 0 (i.e., k = 2) is perhaps instructive. In this case,
the underlying generalized Kuga—Sato variety is simply Xo = X (). Moreover,
x : Gal(F/K) — C* is of finite order, so that x,r = 1. Therefore, we have
CHl(Xl(N))o,EM (F) = Ji(N)Eg,, (F). The p-adic Abel-Jacobi map

AJg, s i(N) g, (Fp) = S (Ti(N), )Y,

isgivenby P (f — logw P), where logw is the formal logarithm at p associated
with the nonvanishing dlfferentlal wf. Note that Gal(Q/Q) acts on modular forms
(as one may see by letting Gal(Q/Q) act on the coefficients of g-expansions), and
that this action also preserves eigenspaces of Hecke operators. For a modular
form f, let [ f] denote its Gal(Q/@)-orbit, and let Spe¥(I'1(N)) denote the space
of I'y (V)-cuspidal newforms of weight k. Given a normalized newform f, Eichler—
Shimura theory attaches to f an abelian variety Ay which arises as a quotient
of J1(N). Let Ay g := Ay ®E, E for any ring E containing Ey. We have an isotypic
decomposition of the component of J; () under the Hecke algebra action in the
isogeny category,
N~ Par
{Lf], feSE™ TN}

which implies

hNEY = PAre,
{[f], feSEH TN}

We thus have natural surjections ®; : J{(N) — Ay (called modular parametriza-
tions) and hence maps @y : J1(N)g,, (F) - Ar g, (F). Let xo: Gal(F/K) — C*.
Denote by @y, : Ar. g, (F) — Ay g, (F)* the projection onto the xo-isotypic com-
ponent under the action of Gal(F/K), and set @y, = @y, 0 Oy : JI(N)Eg, , (F) —
Af g, (F)*. Let wy, be the unique invariant differential on the abelian variety
Ay /F satisfying QD}a)Af = wy. Generalized Heegner cycles are simply classi-
cal Heegner points, i.e., degree-0 divisors P(xo) € Ji(N)g, ,(F) arising from
xo-twisted Gal(F'/K)-traces of CM points on X|(N)(F). Therefore, Pr(xo) :=
Dy 40 (P(X0)) € Ay, (F)*X. Note that, when xo = 1, we have Pr(1) € Ay g, (K).
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The nonvanishing of the p-adic Abel-Jacobi map implies
0 # log,, P(x0) =loge: ., P(x0) =log,, 1.y (P(x0)) =log,, Pr(Xo),

and so Pr(xo) € Ay.g,, (F)* is nontrivial. Suppose xo = 1. If Ef = Q, then Ay
is an elliptic curve, and Pr(1) € Ay g(K) is nontrivial. By Kolyvagin’s theorem
[1990], we have ranky Ay (K) = 1.

2.3. Main results. In the case where f € Sy (I'0(N), &) is a normalized newform
with partial Eisenstein descent (see Definition 31), i.e., a newform whose Fourier
coefficients are congruent to those of an Eisenstein series except possibly at the
constant term, we will establish a congruence between Bertolini, Darmon, and
Prasanna’s anticyclotomic p-adic L-function and the Katz two-variable p-adic
L-function which holds wherever the former 1-variable p-adic L-function is defined.
A more precise statement is given in our main theorem below. Fix the following
assumptions.

Assumptions 1. (1) Let f € Sy(I'y(N), &7) be a normalized newform of weight
k > 2 and level N > 4.

(2) Let p{ N be a rational prime.

(3) Let K/Q be an imaginary quadratic extension with odd fundamental discrimi-
nant Dx < —4 and p splitin K.

(4) (Heegner hypothesis) For any prime £ | N, £ is split in K /Q.

Note that assumption (4) guarantees the existence of an integral ideal 91| N
of Ok with
Ox/N=Z/N.

Fix such an 9t and write T =[], |y v as a product of primes v of Og with v | £ for
rational primes £ | N.

Remark 2. The assumption that Dg < —4 is odd is made for calculational conve-
nience in [Bertolini et al. 2013, Remark 4.7] and can most likely be removed. See
Liu, Zhang, and Zhang’s recent generalization of Bertolini, Darmon, and Prasanna’s
L-function and their p-adic Waldspurger formula [Liu et al. 2014].

Note that our fixed embedding i, : Q— C, determines a prime ideal p of O
above p. Let £,(f, x) denote Bertolini, Darmon, and Prasanna’s anticyclotomic
p-adic L-function described in Section 3.4, and let L,(x,0) denote the Katz
p-adic L-function described in Section 3.5. Let F’ and Hy be the fields defined in
Section 3.4, and let p’ be the prime ideal of Op/ above p determined by i,.

Theorem 3 (main theorem). Let (f, p, K) be as in Assumptions 1. Suppose f
has Eisenstein descent of type (Y1, ¥», Ny, N_, No) mod m (see Definition 31) for
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some integral ideal m of the ring of integers of a p-adic local field M containing Ey,
and suppose | and \r are Dirichlet characters over Q with Yy, = &y. Let t be
an integral ideal of Ox with Ok /[t = Z/§(y2) and t|N. Forall x € 2cc(m) (see
Section 3.4 for a precise definition), we have the congruence

- |f(W2)|kX71(E)
L , = ! D .
p(f Xx) wl ( K)(4g( 51)(2 l)k 2

where k+2j € Z/(p—1)xZ, is the signature of x € 2CC (N) (see Definition 23) and

2
& Ly(x 0)) (mod mOy, ),

E= [0 -@yxx H®EN TTO - @yxx™H@)
¢IN, A

< [T = @ x " H@EHU = @k x~H@)).

€| No

Invoking Bertolini, Darmon, and Prasanna’s p-adic Waldspurger formula, given
as Theorem 25, we can identify the left-hand side of Theorem 3 with a p-adic
Abel-Jacobi image of a generalized Heegner cycle, and thus derive the following
congruence.

Corollary 4. Suppose x € zéi) (DY) (see Section 3.4 for a precise definition) with
infinity type (k —1— j, 1+ j), where 0 < j <k — 2. In the setting of Theorem 3,
we have, for 0 < j <k —2,

Q22 ,>(1—xl(ﬁ)ap<f)+x2(ﬁ)ef<p>p“
P rGg+1n

ky—1/7
-l < [fw) ' (D
O VT e

Here Q2 is the p-adic period defined in Section 3.4, and

2 2
)(AJFP/,(A(x Ni) (@7 A0, nf{z"))

2
B Ly x 0)) (mod mOp, ).

AGNg) = D> (N~ (@) - Agygy € CH (Xi2)0,, (Han).
[a]eCl(Ok)

where Ay, is defined as in Section 3.4.

Remark 5. Corollary 4 can be viewed as providing a new method for verifying
a consequence of the Beilinson—Bloch conjecture. In light of the discussion in
Section 2.2, we note that for y € Eéé)(‘ﬁ) we have L(nf X Ty-1, %) = 0, which
implies L (JTf XTT(y=1) s %) =0 for any F'/ Hy; in situation (5). Hence, the Beilinson—
Bloch conjecture predicts that dimg, , €(f.x),» CH*'(Xy_2)(F) > 1. Corollary 4
shows that, in the setting where f has Eisenstein descent mod m, if

E-L,(Y1/xx"",0) #0 (mod mOr),
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then the generalized Heegner cycle A(xNg) induces the ostensibly nontrivial
algebraic cycle class. We are thus reduced to verifying the p-nondivisibility of the
above special values of the Katz p-adic L-function. In Theorem 7 we explicitly
evaluate Katz L-values corresponding to classical Heegner cycles (see Remark 8)
using a theorem of Gross in order to find explicit non-p-divisibility criteria. One
might expect to be able to carry out studies of p-nondivisibility for more general
Katz L-values in order to establish similar explicit nontriviality criteria for more
general Heegner cycles, but we do not do this here.

Suppose that & = 1 and that k is even. Note that the anticyclotomic line intersects
with the cyclotomic line when j = k/2 — 1, in the notation of Corollary 4. For
this j, we can take the particular character x = Ngk/ e Eép (M). Applying Gross’s
factorization (Theorem 28) of the Katz L-function on the cyclotomic line to the right-
hand side of Theorem 3, we get the following explicit congruences between special
values of p-adic L-functions. First, fix the following notation for convenience.

Definition 6. Suppose we are given an imaginary quadratic field K. For any
Dirichlet character ¥ over Q, let

o= {w if ¥ even,
" \wex if ¥ odd.

Theorem 7. In the setting of Theorem 3, specializing to ey = 1, k even, and

Y=y, =,

k/2 _ k/2—1\2
P ap(f)+p 1—k/2.\2 k/2—1 k/2—1
< plf/zr(%) )AJFp’,(A(NK /)) (wf/\a)A/ ’7A/ )

is congruent to

g2 (1 _ _ i KV
T(ﬂl—w {p)p'? ‘)Bg,%—lglgz-LpQ/fo(eKw)‘ 2, 5)) (mod mOp, )

if Yo(exkw)' %> £ 1 ork > 2, and

B2 /p—1 2
— ( log » 5{) (mod mOF' y)
4 P o

otherwise.
If m = A, where A is some prime ideal of Oy above p, then more explicitly

kj2 _ k/2—1\2
P2 —ap(f)+p o o
( p;‘U/zF(%) ) AJFp//(Af(Nll( k/z)) (a)f A\ wﬁ/z 177];;/2 1)
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is congruent to
r-2

4

if Yo(exw)' 2 #£ 1,

2
((1 v P DA™ ) (P)By 1 12B) s e k/z)<modwFfM>

=2 2
= ( L=y~ ()PP DBy rpn L ( ];)) (mod A0, u1)

if yo(exkw)' %2 =1, k > 2, and

-2 2
HT <p » logp 64) (mod )LOFP/,M)

otherwise.
Here

AN = SN @) Ay € CH (Xisa)o.a(Ha),
[a]eCl(Ok)

where Ay, y, is defined as in Section 3.4,

- Yl V() Yl v (0)
= H(l_ gl—k/z) H(l gk/2) H(l_ (1—k/2 )(1_ Zk/Z)’
A €| No

£\ Ny

log,, is the Iwasawa p-adic logarithm (i.e., with branch log,,p = 0), and & € Ok
such that (@) = p"«.

Remark 8. In the setting of Theorem 7, the generalized Heegner cycle A(N1 Kl 2)

can be mapped via a correspondence to a classical Heegner cycle arising on the
classical Kuga—Sato variety Wy_, defined in Section 2.2; see, for example, [Bertolini
et al. 2015, Proposition 4.1.1, Theorem 4.1.3]. Therefore, in view of Remark 5,
Theorem 7 gives an explicit congruence criterion for showing the nontriviality of a
classical Heegner cycle class and thus verifying the aforementioned consequence
of the Beilinson—-Bloch conjecture.

Remark 9. For any x € p, we have ord,(x) =0, so we can write x = a + 27 for
m €pOk, and a € O,?p. Then x"& = a"* + hga™ 127 +... s0

—1
ord, <p— log,, &) = ord,, (2hg).
p

Remark 10. In certain situations, one can use explicit special value formulas to
further evaluate the right-hand side of the congruences in Theorem 7. For example,
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when k =2 and vy # 1, by Leopoldt’s formula and the fact that ex (p) = 1 since p
is split in K, we have

[f(o)l .
w<p>> sy " ( ( dria ))
L ,D=1-— 1 1— .
r(o. D < p )il azzl Vo (@ log,\1 = exp 5]

Furthermore, Diamond computes explicit formulas for the values of L, (x, n) when
n is a positive integer; see [Diamond 1979].

Definition 11. Attached to any normalized newform f € S;(I'0(N), &7) and prime A
above p of a number field M containing Er is a unique semisimple A-adic Ga-
lois representation py : Gal(Q/Q) — GL,(M,) (see Section 3.6). Choosing a
Gal(@/ Q)-invariant lattice in M?, one obtains an associated semisimple mod-A
Galois representation py (which turns out to be independent of the choice of lattice).
If pt N and if py is reducible, we will see (in Theorem 34) that N = N N_ N, where
N4 N_ is squarefree and Ny is squarefull, such that there are Dirichlet characters
Y1 and v over Q with Y1y, = &7, and where £ | Ny implies a; = 1 (£) (mod A),
£| N_ implies a, = wz(ﬁ)ﬁk_l (mod A), and £ | Ng implies a; = 0 (mod 1). We
then say that py is reducible of type (Y1, Y2, N1, N_, No).

By Theorem 34, we immediately get the following corollary.

Corollary 12. Let (f, p, K) be as in Assumptions 1, and suppose py is reducible
of type (Y1, Y2, Ny, N_, No), where py is the semisimple mod-\ residual represen-
tation of py for some prime ideal A of the ring of integers of a p-adic local field M
containing Ey. Then the conclusions of Theorems 3 and 7 hold with m = A.

Applying Theorem 7 to the case when & is 2 and f is defined over (1, and is thus
associated with an elliptic curve E/Q of conductor N, we can show the Heegner
point Pg(K) is nontorsion when the primes dividing pN satisfy certain congruence
conditions and p does not divide certain Bernoulli numbers. First, decompose the
conductor N = Ngplit NnonsplitVadd 1nto factors such that £ | Ngpjic implies £ is of split
multiplicative reduction, £ | Nyonsplic implies £ is of nonsplit multiplicative reduction,
and ¢ | N,qq implies £ is of additive reduction.

Theorem 13. Suppose E/Q is any elliptic curve of conductor N with reducible
mod-p Galois representation E|p], or equivalently, E[p]* =F,(¥) ®F, ),
where p > 2 is a prime of good reduction for E and \ is some Dirichlet character

with f(lﬂ)2 | Nagd. Suppose further that
(1) v(p) #1,

(2) Nsplie = 1 (i.e., E has no primes of split multiplicative reduction),
(3) €| Naaq implies either ¥ (£) # 1 and £ %= —1 (mod p), or ¥ (£) = 0.
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Then, for any imaginary quadratic field K in which p splits, such that K satisfies
the Heegner hypothesis with respect to E, and p{ B, ek By 01> the associated
Heegner point Pg(K) € E(K) (see Section 3.4) is nontorsion. In particular,
ranky E(K) = 1.

Remark 14. When  is quadratic, the condition p{ By y,s of Theorem 13 is

equivalent to PJ(tho-K- (This follows because B, Vil = _Zhvao'K”OIép x| by
’ 0

the functional equation and analytic class number formula.)

Remark 15. In light of Theorems 34 and 35, which imply that a,(E) = ¢ (£) or
Y 1(0)¢ (mod p) for £ || N (i.e., £ | NptitNuonspiit) When E[p]* ZF, (¥)BF, (Y '),
condition (2) can be phrased as

(2) forevery £ || N, ¥ (£) = —1 or —¢ (mod p).

In terms of local root numbers w¢(E), since wy(E) = —ay(E) for £ || N, conditions
(2) and (2)’ can also be viewed as requiring the corresponding local root numbers
to all be +1.

Remark 16. Theorem 13 (at least partially) recovers a much earlier result of Mazur
[1979, Theorem, p. 231], which considers the case N = prime # p. In Mazur’s
setting, we suppose that E[p]* = F, ® [,(w), where N = £ # p, let ¢ be an
even quadratic character and choose an imaginary quadratic field K. (In Mazur’s
notation, we are taking x = ¥eg and K, = Ky, - K = Ky, .) The case of Mazur’s
theorem we recover is as follows.

Suppose (E, p, ¥, K) as above are such that

(1) K satisfies the Heegner hypothesis with respect to £ ® 1,
(2) psplitsin K and Dx < —4,

3) ¥v(p)=-1,

4 p1Biyo1,

(5) lem(e, [f(¥)|*) > 4, ¥(£) # 1 and pthg, k.

Then rankz (E ® yreg)(Q) = 0.

This follows from Theorem 13 since the latter implies rankz (E ® ¥)(K) =1,
and then rankz (E ® y¥eg)(Q) = 0 follows from root number considerations (see
Proposition 50).

Assumptions (1)—(4) above are extraneous in the full generality of Mazur’s theo-
rem, with (5) being the pertinent hypothesis. These assumptions have the following
effects: (1) is part (4) of Assumptions 1 and guarantees that L((E® ¥)/K, 1) =0;
(2) is part (3) of Assumptions 1; (3) excludes the possibility of a “trivial zero”
from the Kubota—Leopoldt factor L, (¥ &g w, 0), which shows up in the congruence

of Theorem 7; (4) essentially controls the Selmer group Sel,((E ® ¥)/Q) (see
Remark 45) so that rankz (E ® ¥)(Q) < 1. Mazur’s original statement also allows
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for p | (i), which is ruled out by part (2) of Assumptions 1. We should note,
however, that Mazur requires the additional assumptions

6) £>11,
Vi —1
(7) p divides the numerator of (T)’

®) (p. [f(¥ex))) # (3. 3).

Assumption (6) is a technical assumption and is stronger than our assumption
Iem(2, |f(1ﬁ)|2) > 4 on the level of £ ® v, which in turn originates from part (1) of
Assumptions 1; (7) means that the newform fr € S,(I'0(£)) of E has full Eisenstein
descent (see Definition 31), and is automatically satisfied when E[p] is reducible
and p > 3 (see Remark 33); (8) is taken care of by our assumption Dg < —4 from
part (3) of Assumptions 1.

Perhaps more interesting is the connection between Theorem 13 and the “sup-
plement” to Mazur’s theorem, which states that a Heegner point is nontorsion
when “¢(£) # 17 in Assumption (5) above is replaced with “¢/(¢) = 17 (see
[Mazur 1979, Theorem, p. 237]). In particular, E satisfies the Heegner hypoth-
esis with respect to both K and Ky - K, and E ® y¢¢ has root number —1 so
that Prgy (K) € (E ® Yex)(Q). As is pointed out in [Mazur 1979], under this
assumption, the Kubota—Leopoldt factor L, (¥ ~'egw, 0) from Theorem 7 can be
related mod p to (1/p) %L(E, Yek, §)s=1, itself being related to the p-adic height
mod p of

Pp(Ky-K)™ = Pp(Ky-K) — Pe(Ky-K) € (E® Vrex)(Q).

Note that ¥ (£) = 1 places E ® yr outside the scope of Theorem 13, but perhaps this
descent result in tandem with Mazur’s observation and the mod- p factorization of
Theorem 7 suggests an identity (in certain cases) relating the formal logarithm of
Pegy (K) € (E®Yek)(Q) with the p-adic height of P (Ky-K)™ € (EQyrex)(Q)
times another quantity, perhaps related to the order of HI(E ® v/Q)[ p°°]. A deeper
comparison between the results of this paper and Mazur’s would be an interesting
direction for further investigation.

Remark 17. One of the referees has also pointed out an analogy between Mazur’s
result and Theorem 13 and the two “reciprocity laws” which Bertolini and Darmon
[2005] established in their work on the anticyclotomic Iwasawa main conjecture for
elliptic curves. Let £/Q be an elliptic curve with newform fr. Mazur’s descent
result assumes E ® gx has root number —1 over Q2 and computes the image of
Pg(K)~ inside the p-primary part of the component group of the special fiber of a
Néron model of E over Zy. Using an Eisenstein congruence at p, Mazur shows
that nonvanishing of this image is equivalent to p{ ik, i.e., the p-nondivisibility
of a special value of a certain Kubota—Leopoldt p-adic L-function. Bertolini and
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Darmon’s first reciprocity law also assumes E has root number —1 over K and
computes the image inside the p-primary part of the component group of the special
fiber of a Néron model over Z,. of some abelian variety (arising as a quotient of
Ji(N£) for some prime £4 N which is inert in K). (Here Z,. is the unramified
quadratic extension of Z;.) Using a level-raising congruence modulo some power
of p of fr with an eigenform g of level N£ (so that g has root number +1 over K),
Bertolini and Darmon equate this image (using a Waldspurger-type formula) with a
special value of an anticyclotomic p-adic L-function attached to g.

In Theorem 7 applied to E, we assume that £ has root number —1 over K and
computes the p-adic formal logarithm of Pr(K) modulo some power of p. We
then use an Eisenstein congruence at p to equate this with a special value of a
Katz p-adic L-function. Bertolini and Darmon’s second reciprocity law similarly
assumes E has root number —1 over K and computes the image of Pg(K) inside
the finite part of some power-of- p-(Bloch—Kato) Selmer group of E. The formal
logarithm at p modulo this same power of p in particular maps into this Selmer
group. Using another level-raising congruence to an eigenform g of level N¢;¢»
for distinct “admissible” primes £, £,1 N, Bertolini and Darmon again equate this
image with a special value of an anticyclotomic p-adic L-function of g. It should
be noted that the p-adic Waldspurger formula of Bertolini, Darmon, and Prasanna
(Theorem 25) is itself established through exploiting yet another “sign change”
congruence, namely by considering congruences with a newform f and its various
anticyclotomic twists, considering these twists in a p-adic family, varying the twists
through the interpolation region where the global root number is +1, and taking a
p-adic limit into a region where the root number is —1.

Let us return to the setting of Theorem 13. Considering quadratic twists of E
when E[p]* =F,(y) @ [Fp(tﬂ_1 ) (which amounts to varying ¥ through quadratic
characters), we obtain congruence criteria for the f(1) which, when satisfied, imply
rankz(E ® 1)(K) = 1. In Section 5.5, we consider p = 3 and use quadratic class
number 3-divisibility results to show the following.

Corollary 18. Suppose E/Q has reducible mod-3 Galois representation E[3].
Then we have:

(1) IfE is reducible of type (W, ', Ny, N_, Ny) for some quadratic character yr,
then a positive proportion of quadratic twists of E, ordered by absolute value
of discriminant, have rank 0 or 1.

(2) If E is semistable, then a positive proportion of real quadratic twists of E, or-
dered by absolute value of discriminant, have rank 1 and a positive proportion
of imaginary quadratic twists of E, likewise ordered, have rank 0.

Remark 19. For E as in the statement of Corollary 18, explicit lower bounds for
these proportions are given in the statement of Theorems 53 and 54, respectively.
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One can also use congruence criteria provided by Theorem 13 to find explicit
examples of quadratic twists £ ® i with rankz(E ® ¥)(K) = 1.

Remark 20. Recent work of Harron and Snowden [2015] in particular shows that

Nz/3(X)

X—o0

~ 1.5221,

where Ng(X) denotes the number of (isomorphism classes of) elliptic curves E
over @ up to (naive) height X with E(Q)'*" = G. Corollary 18 applies to all curves
with nontrivial rational 3-torsion, and so applies to at least a number of curves on
the order of X'/3 up to height X.

The organization of this paper is as follows. In Section 3, we review some
preliminaries, including definitions pertinent to our discussion and a review of
algebraic and p-adic modular forms. In Section 3.4, we recall Bertolini, Darmon,
and Prasanna’s anticyclotomic p-adic L-function as well as their p-adic Waldspurger
formula, which gives the value of the image of a certain generalized Heegner cycle
under the p-adic Abel-Jacobi in terms of a special value of their p-adic L-function.
In Section 3.5, we recall Katz’s p-adic L-function attached to Hecke characters
over imaginary quadratic fields K as well as recall Gross’s factorization of the
L-function on the cyclotomic line. In Section 3.6, we define the notion of a
normalized newform f having Eisenstein descent, and relate it to the reducibility
of the residual p-adic Galois representation of f.

In Section 4, we prove our main congruence by showing that certain twisted traces
over CM points of Maass—Shimura derivatives 3/ of Eisenstein series represent
special values of complex L-functions of Hecke characters. The twisted traces
considered in [Bertolini et al. 2013] are exactly of the same kind, with the sole
difference being that the Eisenstein series is replaced by a cusp form. Interpolating
these twisted traces yields the Katz p-adic L-function and Bertolini, Darmon, and
Prasanna’s anticyclotomic p-adic L-functions, respectively. When f has partial
Eisenstein descent with associated Eisenstein series G, we use the corresponding
congruence between the twisted traces of 3/ f and 3/ G to derive the congruence
between p-adic L-functions.

In Section 5, we apply our congruence formula to the problem of finding nontrivial
algebraic cycles whose existence is predicted by the Beilinson—Bloch conjecture.
We also give examples of Eisenstein descent, including ways to construct such
newforms (see Constructions 38 and 40), and applications of our main theorem
to showing nontriviality of algebraic cycle classes. In Section 5.4, we address the
particular case of showing nontriviality of generalized Heegner cycles attached to
quadratic twists of the Ramanujan A function. In Section 5.5, we examine the
case of elliptic curves and derive an explicit criterion to show rankz (E(K)) = 1 for
elliptic curves E/Q with reducible mod-p Galois representation.
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In Section 5.6, we show that when E has reducible mod-3 Galois representation,
a positive proportion of quadratic twists of E have rank 0 or 1. These results in
certain cases extend those of [Vatsal 1999], who exhibited an infinite family of
elliptic curves (namely, those which are semistable with rational 3-torsion), for
each member of which a positive proportion of its imaginary quadratic twists have
rank 0. Our result gives a larger infinite family of elliptic curves (namely, those
which are semistable with reducible mod-3 Galois representation), for each member
of which a positive proportion of its imaginary quadratic twists have rank 0 and a
positive proportion of its real quadratic twists have rank 1.

3. Preliminaries

In this section, we review some preliminaries relating to Bertolini, Darmon, and
Prasanna’s and Katz’s p-adic L-functions. Our discussion follows [Bertolini et al.
2013].

3.1. Algebraic modular forms. Recall

*

y(N) = {y €SLy(Z) : y = ((1) 1) (mod N)},

To(N) = {y €SL(2Z):y = (Z‘) :) (mod N)},

and note that I'y (V) C I'g(N). From now on, let I" be I'; (N) or [h(N). Fori =0, 1,
let Y; (N) be the associated modular curve whose complex points are in bijection
with the Riemann surface I'; (N)\H ", and which classifies pairs (E, t) consisting of
an elliptic curve E and a I'; (V)-level structure  on E (so Z/N =t C E[N]fori =0,
and t € E[N] of exact order N for i = 1). Let X;(/N) denote the compactification
of Y;(N). Let w : £ — Y (N) denote the universal elliptic curve with I'; (V)-level
structure. Throughout the paper, we shall use the interpretation of algebraic modular
forms as global sections of powers @* of the Hodge bundle & := JT*Q}E 1YV of
relative differentials £/Y;(N) (which we may extend to X (N) when N > 4), so
that an algebraic modular form can be thought of as a function on isomorphism
classes of triples [(E, t, w)] satisfying base-change compatibility and homogeneity
conditions; here E is an elliptic curve, ¢ a I'-level structure, and @ an invariant
differential on E. For details, see [Bertolini et al. 2013, Section 1.1]. Denote by

Sk(I', R) C My(I', R) € M{(T", R)

the space of weight-k algebraic I'-cuspforms over a ring R, the space of weight-k al-
gebraic [-modular forms, and the space of weight-k weakly holomorphic I'-modular
forms, respectively. (See Section 1.1 of loc. cit. for precise definitions.) We have



328 Daniel Kriz

similar inclusions for the corresponding spaces considered with nebentypus . We
will suppress the base ring “R” when it is obvious from context.

Suppose F' C C is a field containing the values of a Dirichlet character ¢, and
suppose f € M (I'h(N), F, ¢). Then we have an associated holomorphic function
on HT given by

f(r):= f<<D/(Z+ZI), %, 2nidz>,

where dz is the standard differential on C/A with period lattice equal to A. Note
that f () satisfies the usual weight-k, e-twisted modularity condition for ['((N),

fy-t)=ed(ct+d)* f(r)

fory = (‘; Z) € I'o(N). The function f(7) in fact completely determines the weakly
holomorphic modular form f € M;(I'y(N), F, ¢).

Denote the space of weight-k nearly holomorphic I'-modular forms over F' and
nebentypus € by Ni (T, F, €). (See Section 1.2 of loc. cit. for precise definitions.)
We have the classical Maass—Shimura operator oy : Ny (I, F, &) = Niwo (I, F, €)
acting on nearly holomorphic I'-modular forms by the formula

1 (d k
I f () ::ﬁ<_+ )f(r).

dt t—71
Note that 9, does not preserve holomorphy, but preserves near-holomorphy. We
let 8,{ = 0O0kq2(j—1)0- 00k : Nk(I', F, &) = Niyo;(I', F, €), and omit k when it is
obvious from context.

3.2. p-adic modular forms. Fix a rational prime p. We will interpret p-adic
modular forms analogously to the previous definition of algebraic modular forms,
i.e., as global sections of a rigid analytic line bundle over the ordinary locus of
X;(N)/C,, or equivalently as functions on isomorphism classes of triples [(E, ¢, w)]
defined over p-adic rings satisfying certain homogeneity and base-change properties.
(For details, see [Bertolini et al. 2013, Section 1.3].)

We have the classical Atkin—Serre operator 0 : M,Ep T, F, &) — M,Ei)z(l“, F,¢)
acting on p-adic modular forms, whose effect on g-expansions is given by

00 d 00 0
(o) o S-St
n=0 n=0 n=1

Now recall our complex and p-adic embeddings i, : F < Cand i, : F — C,,
as well as our field isomorphism i : C = C, such that i, =i oiy. Let K be an
imaginary quadratic field and let H be the Hilbert class field over K. Suppose E/F
is a curve with complex multiplication (i.e., such that Endg (E) is isomorphic to
an order of O), and let (E, t, w) be a triple defined over F. Using i, and i), we
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can view (E, t, ) as a triple over C and C,, respectively. Using i, we can view
f e Mi(T', F, ¢) as an element of M,Ep)(F, F, &) (after possibly rescaling). The
following theorem, due to Shimura and Katz, states that the values of 3/ f and 6/ f
coincide on ordinary CM triples.

Theorem 21 (see [Bertolini et al. 2013, Proposition 1.12]). Suppose (E, t, w) is
a triple defined over F, where E has complex multiplication by an order of Ok,
and assume that E, viewed as an elliptic curve over Oc,, is ordinary. Suppose
feM;(, F,¢). Then, for j > 0, we have:

(1) 3/ f(E, 1, w) €ix(F).

(2) O/f(E. 1, 0) € ip(F).

. 0.71
(3) Viewing these quantities as elements of F (i.e., identifying i~ (F) BLALSIN ip(F)),
we have
O f(E,t,0) =0'f(E,t, ).

Denote by b the “p-depletion” operator on M,Ep ) (T, F, ¢) (see [Bertolini et al.
2013, Section 3.8]), whose action on g-expansions f(g)=Y -, an(f)g" is given by

@) = f@) —ap(H) F@") +(pp*~" Fg"),
so that a,, (f”) = 0 for all n > 0 with (n, p) # 1.

3.3. Isogenies and generalized Heegner cycles. Recall our assumption that the
imaginary quadratic field K satisfies the Heegner hypothesis with respect to N:

for all primes £ | N, £ is split in K /Q.

This condition implies that there exists an integral ideal 91 of Ok such that O /9=
Z/N. Fix such an 91 and fix a CM elliptic curve A with Endy(A) = Ok. Let
Hy/H denote the extension over which the individual 91-torsion points of A are
defined, which is an abelian extension of K. A choice of t4 € A[)] of order N
determines a I') (NV)-level structure on A defined over any F/ Hsy. Fix a choice of ¢4
once and for all.

Now consider the set

Isog(A) := {(¢, A")}/Isomorphism,

where A’ is an elliptic curve and ¢ : A — A’ is an isogeny defined over K, and two
pairs (¢1, A}) and (¢2, A}) are isomorphic if there is an isomorphism ¢ : A| — A},
over K such that t¢; = ¢,. Let Isog”(A) C Isog(A) be the subset consisting of
isomorphism classes of (¢, A") such that ker(¢)NA[91] ={0}. Note that the group [
of Ok -ideals relatively prime to 91 act on Isogm(A) via ax (@, A") = (a0, A’/ A'[a)),
where

Qo A — A'/A'[a]
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is the natural surjection. Given triples (Ay, t1, 1) and (A, f, w,), we define an
isogeny from (A, t;, 1) to (Az, 2, wo) to be an isogeny

@:A;— Ay suchthat ¢(f;) =1 and ¢ (w2) = w1.

We have an action of I on (isomorphism classes of) triples (A, ¢/, ') with
End(A") = Ok and ¢’ € A’'[0] given by

ax (A", 1/, &) = (A'/A'la], ga(t)), wp),  Where ¢f(wy) = o'.

Definition 22. Note that a pair (¢, A’) € Isog” (A) determines a point (A’, p(t4)) €
Y1(N)(Hy) C Y1 (N)(F) and, for any integer r > 0, an embedding (A")" < W,.
(For the definition of W,., see Section 2.2.) Using this we view the graph as being
embedded in X, := W, x A”:

T,CA x(A) CA" x W, ZX,.

We define the generalized Heegner cycle associated with (¢, A) as A, 1= exT,
where €y is the projector defined in [Bertolini et al. 2013, Section 2.2]. Note that I,
is defined over Hy, and thus determines a class in the Chow group CH{)Jrl (X,)(Hsy),
as defined in Section 2.2.

3.4. Bertolini, Darmon, and Prasanna’s p-adic L-function and p-adic Wald-
spurger formula. Fix a normalized newform f € Sy (I'\(N), &¢). Given a Hecke
character x of infinity type (ji, j2), recall that the central character ¢, of x is the
finite order character defined by

We define
L(f, x ' 0):=L(my x w1, s — 5k — 1 — ji — j»)),

where 7y and 7,1 are the (unitarily normalized) automorphic representations
associated with f and y, respectively. The Hecke character x is said to be central
critical with respect to f if j; + j» = k and either

() 1<jip<k—1o0r

(2) j1=kand j, <0,

and if the following condition on the central character of y is satisfied:
& = Ef.

(Note, since we assume the Heegner hypothesis, this implies that x is unramified
outside of f(er).) Central criticality of x is equivalent to requiring that 7y X 7, -1 is
self-dual and that the point of symmetry for the functional equation of L(f, x !, s)
iss =0.
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For central critical x with infinity type in range (1) (resp. range (2)) above, the
root number satisfies €5 (f, x ') = —1 (resp. €xo(f, x ') = +1). We henceforth
make the auxiliary assumption that

the local root numbers of L( f, X*I, s)
satisfy €,(f, x ) = +1 at all finite primes £.

This assumption is automatic for £ € Sy ={£:£ | (N, Dk), £1§(ef)} since we assume
the Heegner hypothesis, and thus is automatically satisfied when (N, Dg) = 1, as
we assume in Assumptions 1. These conditions on the local root numbers of
L(f, x~',s) imply that the global root number is €(f, x =) = —1 for x in infinity
type range (1) above, and €(f, x ~') = +1 for x in range (2) above. Thus we have
L(f, x~',0)=0in range (1) and expect L( f, x~ 1, 0)£0 (generically) in range (2).

For any Hecke character ¢ over Q of conductor N, | N, define 91, to be the unique
ideal in Ok that divides 1 and has norm equal to N.. For a Hecke character yx
over K, we say that x is of finite type (N, ¢) if

X|(§I§ = Ve,

where ¥, is the composite map

(5;(( — H(OK,U/mgOK’U)X >~ H(Zﬁ/NeZe)x MCX,
v ¢IN,

or equivalently,
OF — (Ok /MeOg)* = (O /Moy Ox)* = (Z/Ne2)* <= C*.

Let X..(91) denote the set of central critical characters of finite type (1, ¢)
satisfying the above auxiliary condition on local root numbers, with §(x) |91, and
let Eéé)(‘ﬁ) and zéﬁ) (M) denote the subsets of such characters with infinity type
(k+j,—Jj), where 1 —k < j < —1 and j > 0, respectively, so that we have
Tee ) = T UL (M.

We now define a field F’ as follows. Note that Gal(Hy/H) = (Z/N)*, and
let HSY C Hy be the subfield fixed by ker(er). The values x (a) generate a finite
extension as x ranges over zé? (D) and a ranges over A};’ g Let F " be the field
which is the compositum of this latter extension with E; and H, 1, and let p’ be the
prime ideal of O above p determined by our embedding i,. The set Eég) (M) has
a natural topology, namely, the topology of uniform convergence induced by the
p-adic metric on the completion of F” in @p, when 25%’ (M) is viewed as a space
of functions on finite ideles prime to p. (See [Bertolini et al. 2013, Section 5.2]
for details.) Let f)cc(‘ﬁ) denote the completion of zé? (M) in this topology. As
explained in Section 5.3 of loc. cit., we may view Eéé)(‘ﬁ) as subset of f]cc o).
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Definition 23. For a Hecke character over K of infinity type (a, b), we define the
signature of x as a —b € Z. For x € 2 (M) of infinity type (k + j, — j), this is
k+2j. Given x € icc(m), we choose a Cauchy sequence {y;}72, C zé? (Q19)
converging to x, where x; has infinity type (k + j;, —j;). Given M € Z, there exists
an i (M) such that, for all iy, i, > i(M), we have x; (x) = x;,(x) (mod »HM)
for all x € A;? Evaluating on x € A;‘; congruent to 1 (mod ), we see that
ji, = Jji, (mod (p—1)pM~1). Hence, the Cauchy sequence { Ji}i2y CZ converges to

an element j € Z/(p —1) x Z,. Then the signature of x isk+2j € Z/(p—1) xZ,.

The elliptic curve A9 = C/Ok over C has complex multiplication by Ok, and
hence is defined over H. A choice of invariant differential wg € QAO /H determines
a complex period Qo € C* via

wy = Qoo -ZJTidZ,
where z is the standard coordinate on C. We now make the assumption that
p is split in K/Q,

so that in particular i, (K) C Q. Let p be a prime of K above p. Let Ag be a good
integral model over Ag. The completion of A along its identity section Ay is (non-
canonically) isomorphic to Gm over O@p. Fix an isomorphism ¢ : flo = @:m (which is
equivalent to fixing an isomorphism Ag[p>] :=1im_n, Ag[p"] => lim_n, ppn =: ppee,
which is determined up to multiplication by a scalar in Z). Let wcan := L*%". Now
we define a p-adic period 2, € C; via

wo = 82 - Wean.-

Bertolini, Darmon, and Prasanna [Bertolini et al. 2013] define an anticyclotomic
p-adic L-function associated with f and x, interpolating a twisted trace over CM
triples attached to (f, x) for x € zé? (M. Recall our fixed triple (A, 4, ®Wcan)-
Then there is an isogeny ¢y : A — Ag, and we let (Ao, fy, wp) denote the unique
triple fitting into an induced isogeny of triples ¢g : (A, f4, Wean) — (Ao, fo, @)
in the sense of Section 3.3. Henceforth, fix a complex period 2, and a p-adic
period €2, associated with wg. For a € 17, let @q : Ag = ax Ag be the natural
isogeny, so that (¢,¢0, A) € Isogm(A).

Theorem 24 [Bertolini et al. 2013, Theorem 5.9]. Fix a normalized newform f in
Sk(To(N), ef). Suppose p is a prime splitin K /Q. Let {a} be a set of representatives
of Cl(Ok) which are prime to N. Then there exists a unique continuous function
icc(m) — C, : x = L,(f, x) satisfying

2
Lp(fix) = ( D)@ - (071) (ax (Ao 1o, wcan)))

[a]leCl(Ok)
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for all x € S (M) of infinity type (k + j, —j) with j > 0.

Bertolini, Darmon, and Prasanna’s p-adic Waldspurger formula, which relates
the special value of £,(f, x) at some x € Ec(é)(’ﬂ) C f]cc () to the p-adic Abel-
Jacobi image of a certain generalized Heegner cycle, is the main result of [Bertolini
et al. 2013].

Theorem 25 [Bertolini et al. 2013, Theorem 5.13]. Suppose x € L& (M) has
infinity type (k —1—j, 1+ j), where 0 < j <r =k —2. Then

Ly(f. %)

P (1= x~'®ap () + x> ®er(p)p ™)

1 . i Y
x (— > N @) - AT (Agygy) (@ Ay ’>)-
rg—+1 p
[a]eCl(Ok)

Here AJ F is the p-adic Abel-Jacobi map defined in [Bertolini et al. 2013, Section
3.4], and A(p oo IS the generalized Heegner cycle attached to (papo, A) € Isogm(A)
as defined in Definition 22.

Suppose x is a finite order Hecke character on K. We define the Heegner point
attached to yx as

POO:= D x ' (0)- A% € Li(N)(Hy) ®oy, Ef s
oe€Gal(Hy /K)

where A equals [(Ag, t, wg)] — (00) € J1(N)(Hy) and the isomorphism class
[(Ao, t, wp)] is viewed as a point in X;(N)(Hy). The embedding i), : @ — C,
allows us to define the formal group logarithm on the formal group by

log,,: i(N)('O) = Cp,
which we extend to a map
log,, : N (N)(Fy) ®oy, Efy = Cp
by linearity.
For k =2, we have AJF/, (P(x)(wy) = logwf P (x). Thus Theorem 25 becomes:

Theorem 26. Suppose x is a finite order Hecke character on K with yNg € E(l) o).
Then

Ly(f. xNg) = A= x ' ®p ™ ap (N +x 2 ®)er(p)p~ ) logl, P
3.5. Katz’s p-adic L-function and Gross’s factorization on the cyclotomic line.
We can view any p-adic Hecke character x : K *\Ag — (DX as a Galois character
x :Gal(K/K) — (’)C via the Artin isomorphism of class ﬁeld theory. Let € be an
integral ideal of Ok which is prime to p. Let K(€p") denote the ray class field
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of K of conductor €p” and let K(Cp>) ={J, K(€p"). Given a p-adic character x
arising from a type Ag algebraic Hecke character, denote its complex counterpart
by (x)eo- (Throughout this section only, we will make this distinction between
complex and p-adic avatars.)

We recall Katz’s p-adic L-function for CM fields (applied to our fixed imaginary
quadratic field K), as well as Hida and Tilouine’s extension [1993] to the case of
general auxiliary conductor. Here we use the normalization found in [Gross 1980]
(with § = +/Dg /2 and so ¢ = 1, in the notation of [Katz 1978, Theorem 5.3.0]). Fix
a decomposition € = §§.J, where §J. consists of split primes in K, T is a subset
of §¢, and J consists of inert or ramified primes in K. Recall our fixed identification
i : C = C,, the prime p | p determining K < @p, and the periods €2, and Q.
defined in Section 3.4.

Theorem 27 ([Katz 1978]; see also [Hida and Tilouine 1993]). There exists a
unique p-adic analytic function x +— Lp(x,0) for x : Gal(K(€p™)/K) — CJ
which satisfies (under our fixed identification i : C = C,)

k-t [ $2p R o TR
Ly(x,0)=4Local,(x)(—D" 2(—) ( )
P p Qoo /DK

x (ki = DA = x @A = XEHLx. 0 [ [ = x @)

v| €

for characters x with infinity type (—k1, —k2), where k; > 1 and k, < 0, and such
that () is divisible by all the prime factors of §. Here Localy(x) is a complex
scalar associated with our fixed embedding K — @p, as in [Katz 1978]. (We have
in fact that Local, (x) = 1 if x is unramified at p.)

Recall the dual character % defined by x(a) = x~'(@)Ng(a). The function
L,(x, 0) satisfies the functional equation

W((X)oo, v/DK)Lp(X, 0) = Ly(x, 0),

where W((X)oo, 8) is given by

W((0oo: ) =G0 & [[C0OZ5 8 [TC0OZ 0,
v|F V| v|J

G000 8) = (oo )Y (XDowrn () Wi o (—um, 871,
ue(Ok v/m¢ Ok v)*
e is the exponent of v in f(x ), my is a local uniformizer of K,,, and Vg : Ag — C is the
standard additive character normalized so that Wk o (Xo0) = exp(27i Tre/r(Xo0))-

Henceforth, set

G(()00:8) = [ [ G((X)o0.0: 8)-
v|§
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Now define the p-adic L-function
Ly(x,s) = Ly(x{Nk)*, 0).

Gross gives the following factorization of L, along the cyclotomic line.

Theorem 28 [Gross 1980]. In the situation of Theorem 27, suppose that §. = §,
J=land €= fOg =§5, where f €Z-o. Suppose x : Gal(K (jurp)/Q) — (D;; is
a continuous p-adic Galois character which is trivial on complex conjugation (and
so corresponds to an even p-adic Hecke character), and let x,x be the restriction

of x to Gal(K (upp=)/K). Then

(fr
[l | f Xg_l (—vDk)ge(x)

Ly(x/k»$) = Ly(xexkw, s)Ly(x ', 1—5)

forseZ,, where f € Z.gisviewedas f=w(f){f) € uzp-1)x (1+2pZ,) = Z;(,
and on the right are Kubota—Leopoldt p-adic L-functions for p-adic Hecke charac-
ters over Q.

Remark 29. Gross [1980] originally proves Theorem 28 for auxiliary conductor
f =1, even though his proof translates mutatis mutandis to the case of arbitrary f.
The general auxiliary conductor version of the theorem seems to be widely present
in the literature, although the author has not been able to locate a complete proof.
Thus, for the sake of completeness, we give a proof of Theorem 28, following
Gross’s method. We will first need a lemma.

Lemma 30. In the situation of Theorem 27, suppose that §. = §, J = 1 and
€= fOx =§F. Suppose x = x oNg for some Hecke character x over Q. Then

-1 g
W ()00, 8) = < Woe:0)
G((X)oo» —9)
Proof. Since x = x oNg, we have x,(x) = x3(x) for any place v of K. For each
v §3, since K, = Q; (where £ is the rational prime below v), we can choose rep-
resentatives {u} of (Og /7O )™ = (Z/£¢Z)* such that u = u and local uniformiz-
ers 1, such that m, = m,. (This is accomplished by replacing m, with m, 7, if needed.)
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Thus, we have, for any v | §,

G(D)nd0r 8)
=Moo Y O )W o (—um, 87"

ME(OK v/ﬂ OK v)x

= (NK) o, (7, ) (KX)o 5(1 ) Z(NK) o @) (000,35 () Wk v (ury “871)

u€(Ok /7 Ok v)*

= (NO R (1) oo (1) D () Wk (w571

ME(OK,U/T[UEOK,U)X

-1
=(x>oo,v<n,:€>< > G0 )Wk (w8~ 1))

u€(Og /75 Ok )™
- 1
= (G =)
where in the penultimate equality, we have used the fact that

2
D G0 @)Wk o (—um; 67| = (NK)oo,n(1,7).

146((91(,v/71'501(.11)><

Now simply note that, by definition of W ((x )0, 8) and the above computation,

G 5
W0 8 =[G 8 [] G0, 8 >_M -

Proof of Theorem 28. Interpreting the statement as an assertion about p-adic
measures, and proceeding as in [Gross 1980] using Lemma 1.1 of loc. cit., it
suffices to prove the theorem at s = 0 and when y is of finite order.

Let x be unramified at each place dividing Dg. Then x : Gal(K (uypr)/Q) — CJ
is an even Dirichlet character, where fp"Ox = f(x/x), (f, p) =1 and fp" > 1.
Let wy, denote the number of roots of unity in K* congruent to 1 (mod fp"),
and let CI( fp") denote the ray class group of Ok of modulus fp” Ok . Recall our
fixed embeddings iy, : @ < C and ip: Q— C, compatible with the identification
i:C= C,.Forae(Z/fp")™, let

—2ria . .
Crp(@o=1—e 7", Crp(@)=i(Crp (@), Crpl@)y=i""(Crpr(@)oo).
Further, let E¢pr(¢)oo € Q* c C* be the “elliptic units” of [Robert 1973], and let

Eppr(0) =i (Eppr(©)oo)y  Eppr(©)p = i (Efpr (€)oo)-
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Now, for a € (Z/fp")*, choose ¢ € CI(fp") so that Nmg ,g(c) = a (mod fp"),
and let

Fypr(a) = Nmg (fpry/K (ugr) (Efpr (€))-
Finally, fora € A = (Z/fp")* /{£1}, let

F¥(a) = Fyp (@) Fppr(=a),  CT(a) = Cypr (@)Crpr (—a).

Note that in our situation, for any s € Z,,,

G((xyx (N —vDr) = [ [ G (Gux (NgYDZ,. —v/Dx)
v|§

= () [[oeCOx: " /Dr),
elf

where f is viewed as in Z,. Hence, using the special value formulas from [Katz

1976, Formulas 10.4.9-10.4.12] (suitably modified with respect to the normalization
of the p-adic L-function in [Gross 1980]) we have

1
o) s % (—vDx)ge ()
. Hz|f xe(—=1)
G((x/x)> » —v/Dk)

—1
L - XK (P)> g(x7H ;
= (1- ] Bl log, F*(a),,
3fprwf,,r( X/K(p))< » 175 aEAX(a) og,F"(a),

Ly,(x/k,0)

Ly,(x/k,0)

and

Ly(xekw,0)=—(1— xex(p) B, yex»

_ TP\ a(x™
Ly(x 1,1>=—(1—X ) - x(a)log,C*(a),.
d p fr L,EZA P P

On the complex side, we have (by Kronecker’s second limit formula; see [Stark
1977])

1
L'((x/K)o0 0) = & > (0oo(@) log FF (@)oo,
P acA

L((X)ootk>0) = =B, (x) ek »

-1
L0, D = —% Y (Noo(@) log C* (@)oo,

acA
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and thus, by the functional equation, we have
L0 0) = =5 3" (0e(@) 10g C* (@),
acA
where log : R* — R is the map x > log|x|. Now we claim that
1
[Te) s % (=v/Dr)geC0

Note that

Ly(x/k,0) = Ly(xexw, 0)L,(x ', 1).

X7k )

—1

since g (p) = 1. If this quantity is O then the above identity of special values of
p-adic L-functions is trivial, so assume this is not the case. By the above formulas,
this identity is equivalent to

=3P wrpr Biyex Y x(@)log,CT (@), =Y x(a)log,F(a),.

acA acA

From the complex factorization

L((X/K)o0» ) = LX) ootk » ) L((X)oos 5),

we get, by taking the derivative at s =0,

L'((X/K) 005 0) = L((0)ock s )L ((X) o, 0),

which is equivalent, by the above formulas, to

=3P Wi Bl (omeex Y (X)oo(@10g CT (@)oo =Y (X)oo(@) log F ¥ (@)cc
acA acA
Now C*(a)oo and F*(a) oo are p-units in the field Moo = Q(cos 727). Let E (M)
denote the group of all p-units viewed as a finitely generated subgroup of R*. Then
we claim that the identity

=3P W Bi.(mex Y (X)o0(@) ® CH (@)oo = Y (X)oo(@) ® FT (@)oo

acA acA

holds in C ®7 E(M). The representation of A = Gal(M~,/Q) on this complex
vector space is isomorphic to the regular representation, and the elements

D 0 @CT @0, Y (Xoo(@ F (@)

acA acA
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are both in the (x)5/!-eigenspace. Because this eigenspace is one-dimensional, the
elements above differ by a complex scalar. Applying the C-linear map

and considering the identity above concerning special values of complex L-functions,
we identify this scalar as —3 fp" wypr By (5).ex - Thus our identity in C ®7 E (M)
holds. Now applying our identification i : C = C,, we obtain the identity

=3 fp Wi Blyex D x@®CH @)oo =Y x(@) ® FF (a)oo

acA acA
in C, ® E(M,), where M), = i(M,). Finally, applying the homomorphism

1®log 1slog,

C,®C, —=2 C, ® C, 2 ¢,

we obtain our identity of special values of p-adic L-functions. Now, to extend
to general x (including when y is ramified at places dividing Dk ), we use the
functional equation of Theorem 27 and Lemma 30:

()

L,(x/k,s)
[y xe (—VD)ge() I/
1
G((X/K (Ng)Y)ad, —/Dk) Lp(x/k. )
_ WY VDO
G ((xyk (Nk ), —/Dx) Ly(x/x @k
1 -
= G((%/x (Nk) ™) \/D—K)Lp((stK)/;’ 1—5)
(N

= Ly(xwex) g, 1 =9).
[Te| s Oxwek)e(—v/Di)ge(xwex) ™) " /K

Here X,k denotes the dual of x,x and we have used the fact that, for £| f, the

characters w and ek are unramified at £, as well as the equalities ex ¢(£) = 1, since

¢ is splitin K, and (ex)/x = 1. O

3.6. Eisenstein descent. We now define the notion of cuspforms which have Eisen-
stein descent. In this setting, we prove a congruence between the BDP p-adic
L-function and the Katz p-adic L-function on the anticyclotomic line.

Definition 31. Fix a global or local field M containing E and fix an integral ideal m
of Oy. Suppose (N4, N_, Ny) is a triple of pairwise coprime positive integers,
where N = Ny N_Ny, Ny N_ is squarefree, Ny is squarefull, and | and v, are
Dirichlet characters over Q. We say that a normalized newform f =) 2, a,q" €
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Sk(To(N), €r), where k is a positive integer, has partial Eisenstein descent of type
(Y1, Y2, Ny, N_, No) (over M) mod m if v, = &7 and if we have

(1) ag = ¥1(£) + Y2 (£)€F! (mod m) for £1 N,
(2) ag =1 (£) (mod m) for £| N,
(3) a¢ = Y (0)€*~! (mod m) for £ | N_,
(4) a; =0 (mod m) for £ | Np.
If, further, f satisfies

B y,B
ONE MR | CRRZICEY | (CEAC)
LNy 2| N_
x [T =v1@ (1 = y2(0) =0 (mod m),
£| No

where

1 ify =1,
Sy=1:= .
0 otherwise,

then we say f has (full) Eisenstein descent of type (¥1, ¥», Ny, N_, Nop) mod m.

Remark 32. Recall, for k > 2, that the Eisenstein series E ;(// 1¥2:N) i< an element of
Ni(To(N), ¥12). (When either k > 2 or y; # 1 or v # 1, then in fact £/"¥>®)
is an element of My (Iy(N), ¥1v2).) It has g-expansion

W, (N

o
= =8y, LY (g, ) LY (g 1= k) + ) o M m)g”

n=1
B
= sy~ [ =@ D TTa—va @ [Ja- v H -y
£| Ny LN £ No
+ Z G};ﬁ_l,]Wz,(N)(n)qn,
n=1

where L™ (yr, ) denotes the L-function of a Dirichlet character v with Euler
factors at primes ¢ | N removed, and where

R () R SR AY (2O L 2T €)Y
O0<d|n
(d,Ny)=1
(nJd,N_)=1
(n,No)=1
Here, in keeping with our conventions, ¥ (m) = 0 if (m, f(¥)) # 1. Then for

f € Si(I'h(N), &) to have partial Eisenstein descent of type (Y1, Y2, Ny, N_, No)
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at A | p is equivalent to having
0/f (@) =0'E]""*™ () (mod m)
for all j > 1. When f has full Eisenstein descent, this congruence holds for j > 0.

Remark 33. Suppose we are given f € S§;(I'h(N), &r) with partial Eisenstein
descent of type (1, V2, N4+, N—, Ng) over M mod m, in the sense of Definition 31.
In many situations, (5) is forced to hold a priori so that f automatically has full
Eisenstein descent. Suppose m # Oy, (for otherwise, the conditions of Definition 31
are vacuous).

If 1 is nontrivial, then 6, —; = 0 and (5) holds. Now suppose that ¢; = 1. If
k is odd, then By y, = By = 0, again forcing (5) to hold. Suppose k is even. Let
A | m be a prime ideal of residual characteristic not equal to 2. By parts (3) and (1)
of Theorem 34, we have {1y, = &; in particular, we have Y (—1) = ¢r(—1) =
(—1)¥ =1. Hence Y, is even, and so By y, =0 unless ¥, = 1. Now further suppose
that ¢y, = 1. Then (5) is still forced to hold unless N_Ny = 1. Now suppose
N_Ny=1. Let A | m be a prime ideal of residual characteristic p. Then conditions
(1)-(4) still imply

0f (@) =0E""* ™ (g) (mod ).

Suppose p > k + 1, so that, by [Serre 1973, Corollary 3, p. 326], 6 is injective on
mod-A modular forms. Then the above congruence implies

F@)=E" N (g) (mod i).

Hence, if m has order O or 1 at every prime of Oy, and if the residual characteristic p
of every prime X | m satisfies p > k + 1, then (5) is forced to hold. (See [Billerey
and Menares 2013, Theorem 4.1] where a similar argument is given.) In particular,

By k—1y
ﬁ]‘[(1—@ ) =0 (mod m).
2| Ny
When k£ = 2, we have
1
o n(l—z)EO(modm),
£ Ny

and therefore there exists at least one £ | Ny = N such that £ =1 (mod m), i.e.,
£=1 (modmnN2Z).

Suppose we have a normalized eigenform f(q) = Zf,o:o anq" € Mi(I'(N), &r).
Again let M be a number field containing Ey. Let k; denote the residue field
of Oy ata prime A | p. By a construction of Deligne [1971] we can attach a unique
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semisimple p-adic Galois representation py : Gal(Q/Q) — GL,(M,) unramified
outside pN and such that p¢(Frob,) has characteristic polynomial

T —a,T +ep(0)0*!

for all £1 pN. Taking a Gal(@/Q)-stable lattice and the reduction mod A, we get a
representation p : Gal(@/Q) — GL,(k;) (whose semisimplification is independent
of the choice of lattice). By Theorem 3 of [Atkin and Lehner 1970], we have
ap = 4K>= for £ || N, and a; = O for £2| N.

We have the following characterization of partial Eisenstein descent mod A. See
[Billerey and Menares 2013, Theorem 4.1] for a similar result to part (2) below.
The elliptic curves case of part (1) was essentially done in [Serre 1972].

Theorem 34. Suppose f € Si(I'o(N), &f) is a normalized newform, and define
py : Gal(Q/Q) — GLy(ky) to be (the semisimplification of ) the mod-A reduction of
the associated semisimple Galois representation py. Then the following hold:

(1) Suppose py is reducible. Then pr = k;\(lel) ® k;\(lﬁzwk”), where we have
Y = (mod A), i =1, 2, for some Dirichlet characters | and Y, over Q
with Y1, = Ef.

(2) Suppose py is reducible. Then, for all £ || N, either a; = Y1 (£) (mod 1) and
ag = Y7102 (mod 1) and €2 = y2(£) (mod 1), or a; = Ya(£)€F!
(mod ) and a; = w;l (©)¢~! (mod 1) and ¥ = wz_z(ﬂ) (mod 1).

(3) Let N4 denote any product of all primes £ | N satisfying ag = ¥1(£) (mod A)
and N_ any product of £ || N satisfying ag = ¥»(£)€*~! (mod 1), such that
N, N_ is the squarefree part of N (so that, in particular, (N;., N_) = 1). Let
Ny be the squarefull part of N. Then py is reducible if and only if f has partial
Eisenstein descent of type (Y1, Y2, N1, N_, No) over M, mod A.

Proof. (1) Since py is reducible and semisimple, we can write por =k (x1) @k;.(x2),
where x1, x2 : Gal(@/@) — k,°. Hence x; xo = det(py) = sfwk_l, and so for our
statement it suffices to show that one of x, x2 is unramified outside the squarefull
part of N (since f(er) divides the squarefull part of N). Since p; is unramified
outside pN, clearly both yi, x» are unramified outside p/N. For £ || N, the local rep-
resentation py ¢ (i.e., the restriction of pr,, to the decomposition group Gal(@g /Q¢))
has conductor £. Thus the corresponding automorphic representation 7z, of p, has
conductor £, and so, by the classification of admissible representations of GL, over
local fields (see [Gelbart 1975, p. 73]), at most one of x; and y; is ramified at £.
Thus xi, x» are unramified inside the squarefree part of N. Finally, since oy,
is reducible, by a theorem of Deligne (see [Gross 1990, Introduction]), a, is not
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congruent to 0 mod A and py, , is of the form

(a)k_llup(gf(p)/ap) * )
0 Mp(ap) ’

where w1, () is the unramified character of Gal(@p /Q,) taking Frob, to a. Hence
exactly one of x;, x2 is ramified at p.

Putting this all together, we see that {1, x2} = {¢1 mod A, wzwk_l mod A} for
some Dirichlet characters v and > with 1y, = &7, and so we are done.

(2) Itis a theorem of Langlands (see [Loeffler and Weinstein 2012, Proposition 2.8])
that, for £ || N, py,¢ is of the form

(w’g/zue@f(z)ekﬂ—l/ae) x )
k/2—1 _ s
0 ;> etag /02

where wy is the localization of w to £. Thus by (1), we have

(1.0 mod &, Y2 0" mod A} = {w} e (er (06> ap), wy *ue(ae /€2~ 1)}.

Note that ¢ (£5/>7/ay) is a quadrauc character.
Suppose first that ¥y o = a’z ,ug (er ()%= 1/ag) (mod 1), and that v, ga) =
k/ 2 ,u (*2=V/a,) (mod 1). Plugging in Frob, to both congruences, the first con-
gruence implies a; = ¥, (O = ) (£)¢*=1 (mod 1), and the second congruence

implies a; = ¥, (L' =5 (ﬁ)z—l (mod 1).

Suppose next that ¥ , = a)lz/2 welae/%>~1y (mod 1), and that Yo, ga) =
wz ug(sf(ﬁ)ﬁk/z Vay) (mod 1). Plugging in Frob, to both congruences the first
congruence implies both ay = ¥y ¢(€) = ¥ (£) (mod A) and a; = ¥ y; (E)Ek 2=
¥ 1(€)€F=2 (mod 1) (we get both since we have 11, (ag /€ ") = ;fl(ag SRy,
and the second congruence gives no new congruences.

(3) For £1pN we have a; = trace(py)(Froby) = ¥ (£) + Y2 (051 (mod A).
For ¢| Ny we have a; = ¢ (£) (mod )), for £| N_ we have a; = wz(f)ﬁk_l
(mod A), and for £| Ny we have a; = 0 (mod A). Finally, by the Cebotarev
density theorem and continuity of trace(or), we have a, = trace(py(Frob,)) =
V1 (p) + Y2 (p) p*~! = ¢ (p) (mod 1). Hence f has partial Eisenstein descent of
type (Y1, ¥2, Ny, N, Np) at A | p.

If f has partial Eisenstein descent of type (Y1, Y2, Ny, N_, Np) at A | p, then
for £4 N we have trace(py)(Frob,) = 1 (€) + V2 ()51 (mod A). Hence if j :=
ky (Y1) & ky (Yr0* 1), then trace(ps) (Froby) = trace(p) (Froby) for all £1 N. Thus
by the Cebotarev density theorem and continuity of trace, trace(pr)(g) =trace(p)(g)
for all g € Gal(Q/Q). Hence, by the Brauer—Nesbitt theorem, Pr = p. (]

For k =2 and M = E; = Q, we note the following corollary.
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Theorem 35. Suppose E/Q is an elliptic curve and p is a prime such that E[p] is
a reducible mod-p Galois representation. Then the associated normalized newform
fE € $2(T0(N)) has partial Eisenstein descent over Q, mod pZ,.

4. Proof of the main theorem

First, we examine complex L-values arising from twisted traces of Eisenstein series
evaluated at CM points, analogous to such traces for normalized newforms interpo-
lated by Bertolini, Darmon, and Prasanna’s p-adic L-function (see Theorem 24).
Parts of the calculation in Section 4.1 are implicit in [Hida and Tilouine 1993], but
for our purposes which require explicit identities, and for the sake of completeness,
we include the full calculation here.

4.1. Twisted traces of Eisenstein series over CM points. Let k > 2 be an integer,
and let i1, ¥, be two Dirichlet characters over Q with conductors u and ¢, respec-
tively. (Here and throughout this section, for simplicity, we identify these ideals
in Z with their unique positive rational integer generators.) We also assume that
ut = N’ (where u and ¢ are not necessarily coprime), and that (V1 ¢)(—1) = (— 1)k,
Recall our Eisenstein series (see Remark 32)

E}" (1) o= 8y,- 12L(w1,1—k>+Zok 2()g",

n=1

2mit

where g = e and

o2y = Y Y (n/d)(d)d
0<d|n
Note that the nebentypus of E;C/” 18 € v, = Y12
k
Recalling the Maass—Shimura derivative 0 defined in Section 3.1, one checks by

direct computation that

—1t—1u-1 — i
e ZZ 3 V1Y, (@) (|mr+n|2)f
k+2j _ =z ’
c=0 d=0 =0 (m,n)z(mt+n) -t
(ct,d+et)(N')

“T(k+ j)

ajEll’IvlffZ —
C = s

with the last sum over (m, n) € Z>\ {0} satisfying (m, n) = (ct,d + et) (mod N').

Recall that under our Assumptions 1, Dk is taken to be odd. (The calculations
for the even case are entirely analogous to those of the odd case, but we do not
explicitly write them out here.) Given an integral primitive (i.e., having no rational
integral divisors other than £1) ideal a of Ok, we can write

b+ /D
Z%‘an,
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where a = |[Nmg g(a)| and b* —4ac = Dg; the triple (a, —b, c¢) determines the
primitive positive definite binary quadratic form associated with the ideal class of a.

We set
b+ /Dg
2a

Ty i=

so that 7, € H is the root of the dehomogenized quadratic form at> — bt +¢ =0
with positive imaginary part. We call 7, a CM point. Note that (., 1) generates a~'.
(Here, for Tt € HT, we have (1, 1) =Zt +7Z.)

Suppose that K satisfies the Heegner hypothesis with respect to N’. Fix an

ideal 91 such that O /9 = Z/N’, and write

N = zw +ZN', oW = ZM +ZaN',
where ng, —4aN’c = Dk for some ¢ € Z. Write DV = ut, where O /u=Z/u and
Ox/t=12]t.

Suppose we have a Dirichlet character ¢ : (Z/N’ )>< — C*. By the identification
Ok /MW =7Z/N’', we can view qb as acharacter g : AZ" —T], jov (Ok /M Ok )" =
(Og /M) — C*, where Ag’ M denotes the ideles prime to ‘ﬁ/ when we view ¢
in this way, we will write ¢>(x mod M) for its value at x € AK . Given a Hecke
character x over K of finite type (97, ¢) and infinity type (ji, j»), recall that the
associated Grossencharacter on ideals a prime to DV is given by

x (@) = x ()¢ (x mod N)xJ 522

[c.ekdge of)

where x € A;’m/ is such that ord, (x) = ord, (a) for all finite places v. We consider
the twisted trace
)T @E] Y (ra),
[a]eCl(Ok)

where a ranges over a set of primitive integral ideal representatives of Cl(Og)
chosen to be prime to N’, and where x is of infinity type (k + j, —j) and of finite
type (DU, ¥1v2) (so that the above summands depend only on the ideal classes of
the adt).

Suppose o = m (byn' + VDg)/QRaut) +n e (auw)~! with (m, n) = (ct, d + et)
(mod N'). Then aua = m(byy' + ~/Dk)/(2t) + aun € au C O is mapped
to byn'c € Z/u under the identification Ok /u = Z/u. We see this by writing
m = ct +gN' for some g € Z and

mbyn ban' — ~/ Dk
auo = ; —m +aun

2
ban' — ~/ Dk

=b,n'C —m# + qu = bync (mod u).
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We thus have v/ ((aua) mod it) = Yy (banc). Since bun++/Dx € ), in particular
we have by’ = —+/Dg (mod u), meaning V| (b,y') = ¥1(—~/Dx mod u); hence-
forth we will write v (—+/Dx) = ¥ (—+/Dg mod u) for simplicity. On the other
hand, note that « is mapped to d € Z/t under the isomorphism (au)~!/(au) 't =
Ok /t=172/t. Thus, Y (au(e) mod t) = Yo (d) (since au is prime to t). In all,

¥1(c)a(d) (|mram/ —I—n|2>j

(mTa +n)*27 \ Tov — Taw
¥ (=D ¥ ((aua) mod i)y, ' (@) mod ) (Nmg g (@l (@)Y
- ak+2j \/D_K :

Suppose k > 2. Then we can rewrite each summand in the twisted trace as
)~ @V L (rar)
Tk + )y (—=v/Dy)
2mi) gy )

1 ((auar) mod i)Yy ! (ati(er) mod ¢) (|Nmg g (adV (@)Y
X Z ak+2i Dk

()~ (@)

_ae@)!
(@ (@), 1)=1

Tk A+ DY (VD) x T (O (ko) ! (@)
202mi+igay; HDx’  INmg/@m)|*/2
5 g)"/zﬂ' Y1 ((aua) mod i)y, ' (aui(er) mod ¢)
INmg /g (a)|¥/?

ae(am)!
(@m(a),19)=1

_ Tkt Dy (VDX (D
2@k +ig(; )v/Dx’!
X D (X=k/2)” ! (@0(en) Y1 (@(@) mod u) 2 (d(e) mod 1)

ae(@m)”! 1 —
(@), 097)=1 y Y1 ((aua) mod u)yr,  (au(e) mod t)

INm @ (au(e))[*/?

_ Tkt Dy (VDX (D
@ri)k+ig(yy )v/Dx’
X Y (xk2)” (@)

ae(au)”!
(au(a),19)=1

_ ORI ATk + Dy VDX (D -~ @ik i) (0)

2 Qri+igy; WDk g, INmk/a®)/2
[b]=[au]eCl(Ok)
(b, u)=1

Y1 ((au Nmg g(a)) mod u)
INmg g (an(a))[*/2
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The penultimate equality is justified since ¥; ((auo) mod ) = 1y (au(e) mod u) =
Y1 (au(er) mod u) (the first equality here follows since au is prime to u). The factor
of |OF | appears because any integral ideal b C Ok can be written as au(a) for
some ideal class representative a and some element « € (an) ~! determined uniquely
up to an element of (’)I? = {=£1}. Since (Y1yn)(—1) = (—D* = (=1)**+%/ | we see
that each summand of the second line has the same value for & or —«. Now since
|Og | =2, we finally have, after summing both sides of the above equality over all
our ideal class representatives a,

> )T @) L ()
[a]eCl(Ok) ] . |-
I'k+ v, (—«/D —(t k
_MI( J)l/f? ( _\/] K)Xj ( )L<1//1/K(X—k/2)_lv _>.
Qmi)k+igys v/ Dk 2

For k = 2 note that, by the same calculation as above, we have, for all s € C with
N(s) >0,

> ) @)

[a]eCl(Ok)
¥ (—/Dx) Y1 (d(aua) mod i)y ! (i) mod ) (|Nmg g @V (@)Y
(Z)l Q2 t2i /Dx

(au(a), ud)=1

TN —/Dr)x (%
= VPO O k™ 1),
q/DKJ 1S

Note that each summand of the inner sum can be written as the special value of a
real analytic Eisenstein series at a certain CM point:

i 3 Y1)y, () (|mtuw+n|2)f“‘
, 2+42j S — T ’

(m n)=
(ct,d+et)(N)

m
I
o
&.
o
)
Il

Using standard analytic arguments, one can show that the above expression tends
to Bng 1’wz(ram/) as s — 0. Hence, combining the above, we have

> ) @) EY 2 (ra)
[a]eCl(Ok)

i PTCA DY VDX (D
s—0 (27”)2+Jg(w2 \/_J s 8
_ T+ DY (—vDox (D

(@niy*+ig(y; VD’

LWk (x-1)"" 14s)

LWk (x-n~" D).
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Proposition 36. Let k > 2 be an integer. Suppose x is of infinity type (k + j, —j)
and x_y 2 has trivial central character and is of finite type (W, Y1Yr2). Suppose
also that | and ry are Dirichlet characters over Q with conductors u and t,
respectively, such that ut = N and (Y1y2)(—1) = (—D)X. Then

k -
Y )T @V E! (1) = Tk + v (= Dr)x (t)L
[aleCl(Ok) Qri)+igpy )/ Dx’

4.2. Stabilization operators. We have the following “stabilization operators” act-
ing on normalized I'y(N')-eigenforms F with character . Given a rational prime
€4 N’, let ay denote the eigenvalue of F under the Hecke operator Ty, let («, B¢) de-
note (some henceforth fixed ordering of) the algebraic numbers such that oy + 8, = ay,
o = 5 Lep(0), and ord, (ay) < ord;(B¢). Now define

F(g)— F“(q) := F(q) — BeF(q") € My(To(N'0), &r),
F(q) — F)(q) := F(q) —a/F (g% € My (To(N'€), eF),
F(g) > F(q) := F(q) — a,F(g") + er ()5 F(g") € M (Toy(N'€2), ep).

Wik x ' 0).

Note that, for £; # £,, the stabilization operators F +> F @ and F > FE)
commute for any €, €, € {4+, —, 0}. Then we define, for integers S = ]_[l. Ef",
€,€1,€ S {+9 ) O}’

FOO .= pILE 'S .o p6iH.s?)

These operators clearly extend to p-adic modular forms. On the p-adic modular
forms §/E""Y* from Section 4.1, we explicitly have

QJEWI RN (A )(q) _8‘//1 : ]—OL(WD 1— k)(l wz(g)ek 1)+2Zn 0_‘//1 Y2, (Z‘*’)(n)qn

n=1

=0/E)"" () — v (0 HOIE 2 (g,

OTE{ (@)= 8yi=1 =L (W1, 1 =K (1 = 92(0)) +2Z ol g
OB )~ OOIEP G, |
0TE) 12O ) =8y oL(z/u, 1= k) (1= Y1) — Yo (O " + (e
+22n ol 4 'mq"
=07E]""(q) — ¢/ (Y1 (0) + Y2 ()¢ HOTE! " (¢

+ (W) (O 29T E (¢,
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where 8y —1 j—o equals 1 if v is trivial and j = 0, and O otherwise, and

N
o) = Y Y (n/dyya(d)d !,
0<d|n
d,0)=1
oy = Y i m/d)yga(dya !,
0<d|n
(n/d,0)=1
0
o Oy = Y ynin/dyyad)d .
O0<d|n
(n,0)=1
Let N’ be as in Section 4.1, let N” = N N” N/ be prime to N’, and suppose
additionally that K satisfies the Heegner hypothesis with respect to N” so that
every prime dividing N := N”N’ is split in K. Let 91 = 997, where 9 is as
in Section 4.1 and 9" is some choice of integral ideal such that Ox /M =Z/N".
Write 91 as a product of (distinct) primes [ [, |y V> Where v [ £; in other words, for
each £ | N, we can write
by + VD
% +7¢

v=/~

for some b, € Z such that b% = Dg (mod 4%).
For any integral primitive ideal a of Ok coprime to 1, recall the associated point

ban + +/ Dx c

fH+
2aN

Tat =

such that (aD) ™! = Zzan + Z. Note that, for v | 91", where v | £, we have

—1
_ ban + /Dx
5@~ = (a 1_[ v/) — ZEM +7,

2aN
v #v

and hence
77 % (@M% C/O0g) =C/ (@)™ = C/(Zltan + 7).

In terms of the action of [ on CM triples (A’, ¢/, '), forany F € My (Io(N), &r),
we have

F(lten) = F(0 ' %(C/(Ztan + Z), t,27idz)) = F(0 ' aM x (C/ Ok, t,27idz)),
F(ten) = F(0 2% (C/(Zten + 2), t,27idz)) = F(5 2aMN * (C/ Ok, t,27id?z)).

Thus, for any normalized eigenform F, viewed as a p-adic modular form, recalling
our notation Ag = C/Ok, ty € Ag[I1] from Section 3.4, and with w¢,, as our
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“canonical” differential on flo under our fixed isomorphism i : flo s @m (see
Section 3.4), we have for £ N’

67 F ) (@M x (Ao, 10, Wean)
— GjF(CWt* (Ao, 1o, Wean)) —ﬂgEJQjF(l_flCWt*(AO, 10, Wean)),
0/F ) (@M * (Ao, 19, @can))
= 07F (ax (Ao, 10, Wean)) — et/ 07 F (5~ adlx (Ao, 10, Wean))
6/F (a3« (A, 9, wean))
= 07F (a0 % (Ao, 10, @can)) — €/ arf/F (57 a0 % (Ao, 1, @can)
+ ep (O THGIF (57200 % (Ao, to, Wean)).-

Choosing some set of representatives a prime to 1, we thus have

> 0T @O FED (ax (Ao, o, ean)
[a]eCl(Ok)

= > () (@O F(ax (Ao, o, wean))
[a]eCl(Ok)

— Bt D ()T (@OTF (@ ax (Ao, o, Wean))
[a]eCl(Ok)

= (1= Be(x) ™ @) D (x)) " (@O F (ax (A, 10, wean)),

[a]eCl(Ok)

DG @O F (ax (Ao, to, ean)
[a]eCl(Ok)

= Y ) @O/ F(ax (A, to, Ocan))
[a]eCl(Ok)

— et Y ()T @O F (5 ax (Ao, 1o, Wean))
[a]eCl(Ok)

= (1 —a(x)) "' @) D (x)) " (@O F (a (Ao, 10, Wean)),
[a]eCl(Ok)

> )T @OTFE) (@x (Ao, 1o, Ocan))
[a]eCl(Ok)

= Y ) @O/F (ax (Ag, 1o, Wcan))
[a]eCl(Ok)

—tlag Y () @07F @ ax (Ao, fo, @can))
[a]eCl(Ok)

+er (O " ()T @0 F (57 a* (Ao, 10, Oean))
[a]eCl(Ok)
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= (1 —a,(x)) '@/

+er(0) () 2@ Y ()T @O F (ax (Ao, 10, Ocan))-
[a]eCl(Ok)

. . A2, (NDT N~ .
Thus, rewriting the definitions of E Zf 1Y (NTNV2TNOD S terms of triples, and

using the above general identities for p-adic modular forms and induction, we have

- i WL (NDT (N (N
Do) @ E T " (a (Ao, 10, @ean)
[a]eCl(Ok)

=B, (Y1, Y2, Npu Ny No) Y ()™ (@07 E 2 (ax (Ao, 1o, wcan)),
[a]eCl(Ok)

where Ny = N/ -1/(u, 1), N_ = N"-u/(u, 1), No= N[ - (u,1)?, and

Ex (W1, Y2, Ny, N—, No)
= [T = @axx H@eh [T = @yxxH@)

¢| Ny a

< [T = @y x ™ H@EHA = @k x (@),

£| Ny

W2, (NN (N .
Henceforth, let E,Ewl’wz’N“N”NO) = EZ” Y2 (N7 (N2 (o)), Now, using the above
calculation, Proposition 36, the fact that

Q
Oean = — - 2midz
Qp

(where Q4 and €2, are the complex and p-adic periods defined in Section 3.4) and
part (3) of Theorem 21, we have:

Proposition 37. Let k > 2 be an integer. Suppose x is of infinity type (k + j, —j)
and x_i 2 has trivial central character and is of finite type (N, Y¥1Yr). Suppose
also that r; and y are Dirichlet characters over Q with conductors u and t,
respectively, such that ut = N and (Y1¥»)(—1) = (—=1D)X. Then

_ i W, Ny, N_,N,
> ) @ BN (a5 (A, 10, wcan)
[a]eCl(Ok)

B (& )"“f Tk + )y (—vDox ™' (D
Qoo Qmiy+igty; )vDx’
x B, (Y1, Y2, Ny, Ny No)L (Y1, x ", 0),
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where

EX(le w2» N—i-’ N—’ NO)
=[]0 = @yxx H@E T = @yxxH@)

¢IN, ¢IN-

[TA = @oex H@EHA = @ryxx @),

£ | No

Finally, since p 1 N, note that the “p-depletion” operator b of Section 3.2 coincides
with the ((p?)?)-stabilization operator on our family of Eisenstein series, i.e.,

(QjElgwl'wz’NJ“N*’NO))b - QJ'EIEWWZ,N%NaPZNo)‘

(Note that all the above stabilization operators on p-adic modular forms commute
with 6, so the above notation is unambiguous.)

4.3. Proof of main theorem.

Proof of Theorem 3. Suppose, as in our assumptions, that f € Sy(I'0(N), &7) has
partial Eisenstein descent of type (Y1, ¥, N+, N_, Ng) over M mod m, where M
is a p-adic field containing Ey. Recall the field F’ defined in Section 3.4, with p

being the prime ideal of Of above p determined by our embedding i, : Q— @ .
Thus,

0'f (@) = 07BN (g) (mod mOg ),
viewed as p-adic modular forms for all j > 1. Moreover,

07 1"(q) = 0TEL VNN (g) (mod mOg ).

Henceforth, let E,EA(//) = E(‘/Il V2N N No) g E(pN)vf _E(w’ V2.l N ZNO) and
recall our notation Ag = C/Ok, ty € Ap[I] (see Section 3. 4) Since p being spht
in K implies that the curves i, (ax Ap) are ordinary (viewed as curves over C,), by
the congruence above and the g-expansion principle [Gouvéa 1988, Sections 1.3.2

and 1.3.5] we have

D) @O ) (ax (Ao, to, wean))

aeCl(Ok)

D0 @O EL,) ) (@x (Ao, fo, 0cn) (mod mOp ).
aeCl(Ok)
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By assumption, &¢ equals 19> and y is of finite type (N, &) = (N, Y1¥2). Now
by Proposition 37, we have

Y )T @O ELY )@ (Ao, to, 0can))
aeCl(Ok)

B ( Q, )”Zf T+ Dy (—Drx ()
$200 @mi)*+ig(y; )/ Dk’
X EX(‘//lv 1!’27 N+, N—v pzNO)L(WI/KX_I’ O)a
where E, (Y1, Y2, Ny, N_, pzNo) is defined as in Proposition 37.

Since x is of finite type (91, &¢), it is unramified at p. Moreover, since ptuOk,
Y1,k 1s unramified at p. Hence, by [Katz 1978, 5.2.27 Lemma, 5.2.28], we have
Local, (Y1 /x x ~') = 1 and Local, (1 /x x ~'Ng %) = 1.

Now using Theorems 24 and 27 with € = f(lﬁl/KX_l) = lem(uOk, t), where
§=Icm(u, t), §. =uand J =1, we can write

Ly(f. )

2
= ( > 6 @) (@ x (Ao, to, wcan»)

aeCl(O)

2
( Y DT @@EL) )@ (Ao, 1o, wcan»)

aeCl(Ok)
(<&)’<+2f T (k+ vy (—vDr)x (D)
Qoo QriY+igiy; )vDx’

2
X EX(‘//lv WQA N—‘r’ N—v pzNO)L(WI/KX_Iv 0))

L] e

2
dap h@riyerr oKV Ve N No)Ly (s O))
2

(mod m(’)Fp// M)-

The above congruence now extends by p-adic continuity from 25? M) to ﬁcc (Q19)
(with respect to the topology described in Section 3.4). Thus the congruence holds
on X (M), and the theorem follows after setting & := &, (Y1, Y2, N4, N_, Np). U

Proof of Theorem 7. In this more specialized situation, we have ¥ = ¥, I = v
and u =t = |f(¢)|. Thus ¥y, equals 1 and y is of finite type (O, 1). Recall from
Bertolini, Darmon, and Prasanna’s p-adic Waldspurger formula (Theorem 25) that

k2 k/2—1\2
_ P ay(f)+p
Lo(f, N = < p/f/zl“(lﬁ) ) (

— —1\\2
Al (Ar(K) (@ ey 7).
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The proof proceeds essentially by plugging x = N[;k/ % into Theorem 3. We have, by
Gross’s factorization formula (Theorem 28) applied to (Y */?)y (see Definition 6),

[Fy) 2 o
oDty WrkNg - 0)
() ( o k)
- — L{(Wo™*ok, =
IT“ﬂ¢ﬂ¢ﬁlwW2N10—vlkﬁwzMzwmwww»)mKW) ! 0K
() 2 ( s k)
= I &
[Te 50 @ ™00, (—/Di)ge (F*/2)0) " ook
=t (wO(SKa))l_k/z’ g)Lp <1ﬁ0_1 (ex )21 — g)

Using the interpolation property of the Kubota—Leopoldt p-adic L-function, we have

_ k _ 2
Ly <Wo Nexo) /21— 5) =—(1—- (Y, 181];/2)(1?)171(/2 h % ngl 1%

ek

_ .2
=—1—=19Y, 1(P)Pk/2 h % B%vllf(;l"?;k(/z’

where the last equality follows since p is split in K and so ex (p) = 1.
Suppose Yo (eg w) ' /2 # 1. In this case, since p2ff(1/f0(81<w)l_k/2) | pf, we
have by Corollary 5.13 of [Washington 1997] that

k
Ly (wo(b"Kw)l_k/z, 5) = L,(Yo(exw)' 72, 0)

= —(1 = (Yoex (k@) ) (D) By ey

= _BIJ/IOEK(EKC‘))_I(/Z (mOd p),
where the last equality holds since p | f(Yoex (ex @)'~*/2). Note that this congruence
also holds mod A for any prime A | p.

Now suppose Volexkw)' %2 =1and k =2, ie., Yo = 1. From [Gross 1980,
p. 901, the Katz p-adic L-function at Yo,k = 1,k has the special value
p—1 p—1

—log, =2
ogl p "

L,(1/k,0)= log, @,

where @ € O such that (@) = p*. (Recall that |(9,§| = 2 since we assume that
Dk < —4.) The statement now follows directly from Theorem 3. U

5. Concrete applications of the main theorem

In this section, we apply Theorem 7 to computations with algebraic cycles, in certain
instances verifying a weak form of the Beilinson—Bloch conjecture (as described
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in Section 2.2). In Section 5.5, we apply our results to the case of elliptic curves
with reducible mod-p Galois representation, in particular deriving criteria to show
that Heegner points on certain quadratic twists are nontorsion. In Section 5.6, we
use this criterion to show that for semistable curves with reducible mod-3 Galois
representation, a positive proportion of real quadratic twists have rank 1 and a
positive proportion of imaginary quadratic twists have rank 0.

5.1. Construction of newforms with Eisenstein descent of type (1,1, 1, 1, 1).
We now give a procedure for constructing newforms f € S;(SL;(Z)) which have
Eisenstein descent of type (1,1, 1, 1, 1).

Construction 38 (Eisenstein descent of type (1, 1, 1, 1, 1)). Fix an even integer
k > 4 and a prime p | Bx. Recall the classical holomorphic Eisenstein series of
weight k:

—k By <
Ex(q) = ¢d )+ZUk 1(n)q" = 2—£+ng—1(”)4"-
n=1

(See Remark 32.) The Eisenstein series E4 and E¢ generate My (SLo(Z))/Sk(SLo(Z))
as an algebra, and therefore if we normalize E4 and E¢ to G4 = 240E,4 and
G = —504 E¢ to have constant term 1, then we have a cuspform

fi = Ex+ %’;ch;g € Si(SLy(2), @)
for some a, b € Z>o with k = 4a + 6b.

Under our assumption p | By, we see immediately that f; = Ex (mod p). How-
ever, there is no guarantee that fj is a newform, a problem we can remedy as follows.
Consider the Hecke algebra T C Endz, (Sx(SL2(Z), Z,))) generated by the classical
Hecke operators T at primes £. Since T is a finite torsion-free Z,-algebra, it is flat.
Minimal primes p of T correspond to Gal(@p/ @Q,)-conjugacy classes of weight-k
eigenforms in S;(SL,(Z)), which also correspond to Z,,-algebra homomorphisms
¢: T — @p (with ker(¢) = p), which in turn correspond to eigenforms f such
that 7y fp = ¢ (T¢) fp-

Now write fy(q) = Zflil a,q" so that a, = o;_1(n) (mod p), and define a
homomorphism ¢ : T — [, given by ¢(Ty) =a, =1 + 51 (mod p). Since [, is
a field, m := ker(¢) is maximal, and there exists a minimal prime p C m above p
since T is flat over Z,,. Then the minimal prime p corresponds to a map ¢ : T — @p
with ker(¢) = p that satisfies ¢ = ¢ (mod p). Let F = Frac(¢(T)) denote the field
of fractions of ¢ (T), and note that ¢ (T) C OF; since T is finite over Z,, F is finite
over Q,. Now let A denote the maximal ideal of Of. Since Ty = 1 + 51 (mod m)
(because ¢ : T/m = [,), we have ¢(T;) =1+ 251 (mod ¢ (m)). Hence since
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A | ¢ (m), the modular form f, corresponding to ¢ satisfies

fo@) =D or_1(m)q" (mod 1)

n=1
and is our desired newform.

Remark 39. The last paragraph of Construction 38 is commonly known as the
“Deligne—Serre lifting lemma” (see [Deligne and Serre 1974, Lemme 6.11]).

5.2. Construction of newforms with Eisenstein descent of type (1,1, Ny, N_, Ny).

Construction 40 (Eisenstein descent of type (1, 1, N+, N_, Ng)). We can easily use
the normalized newform with Eisenstein descent of type (1, 1, 1, 1, 1) obtained from
Construction 38 to produce a newform of descent of type (1, 1, Ny, N_, Np). We ap-
ply certain stabilization operators, as in Section 4.2. Suppose we are given a normal-
ized newform f € Sx(I'1 (N")) with Eisenstein descent of type (1, 1, N\, N', N{)
mod A. Applylng the (N N_N, 0) stabilization operator, the resulting newform
f (NENZNG) ¢ St (T (N)NTH(N)) is a normalized newform which has Eisenstein
descent of type (1, 1, N\ N;, N_N_, N)Ny) mod A.

Applying the above (Nj_rN: Ng)—stabilization operator to fy € Sx(SL2(Z)) from
Construction 38, we have

£ )zZo,fNi(n)q" (mod 1),

where ak(Nl is defined as in Remark 32. In other words, fQEN NEND)

descent of type (1, 1, N+, N_, Np) mod A.

has Eisenstein

Remark 41. We could similarly produce examples of newforms with Eisenstein
descent of type (Y1, Y2, Nr, N_, Ny) by starting out with the Eisenstein series
EZ/ V2 in Construction 38 and applying appropriate stabilization operators as in
Construction 40.

5.3. Application to algebraic cycles. We now calculate an explicit example to
demonstrate the main theorem. We first use Construction 38 to construct an ap-
propriate newform with Eisenstein descent of type (1, 1, 1, 1, 1). We thus look for
a positive integer k, a rational prime p, a real quadratic extension L/Q, and an
imaginary quadratic extension K /Q such that p splits in K and such that p | By,
pJka e @nd p{ By, 2. To this end, consider k = 18, p =43867, L = Q and

K = @(«/ 5). Then 43867 splits in K, and p|4;§g7 Big = By.. Furthermore,

By ¢, = —5444415378 = 5726 (mod 43867),
and so p1t Bk = B:

7:6L-K 72:€K "
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Remark 42. For certain values of k, we can simplify the above formula even
further. Let [m] denote the smallest nonnegative representative of the residue class
mod (p — 1) of an integer m. In the case that 2 < [—k/2] < p — 4, by standard
congruence theorems (see [Washington 1997, Chapter 5.3], for example), we have

Bi—k/21+1

k2] 1 (medp)

By ik =

(and hence this congruence also holds mod A|p).
Hence, by Remark 42, we have

B
B, .= D488
’ 43858

= 11867 (mod 43867),

and so p{ B 1.e,w*2 = Bj 9. Hence, applying Construction 38, we get a newform
fig € S18(SL,(Z)) such that

fis(@) =D o17(n)g" (mod 1)

n=1

for some prime ideal A | p of a finite extension over Q,,. Note that we can apply
the (NIN__ Ng)—stabilization operator of Construction 40 to obtain a newform
fl(év ) of weight 18 which has Eisenstein descent of type (1, 1, N+, N_, Ny) mod A.
Choose (N, N_, No) = (7, 1, 1). Then 7 splits in K = Q(+/—5). Furthermore,

2(1,1,7,1,1) =1 —7% =25644 (mod 43867),

and thus E(1, 1,7, 1, 1) € Q is not congruent to 0 (mod 1).
Let F/Hn/K be in situation (S) as defined in Section 2.2. Applying Theorem 7,
we determine the nontriviality of the associated generalized Heegner cycle

AN ee CH' (X16)0.,,, (F).

E(fls,NEs)/F (f1s.Ng®)/F

Thus we have constructed an algebraic cycle with nontrivial (fs, NES)—isotypic
component, whose existence is predicted by the Beilinson—Bloch conjecture since
by the Heegner hypothesis we have L( fig, NIS(, 0) = 0. (See Sections 2.2 and 3.4
for further details.)

5.4. Application to the Ramanujan A function. Recall the Ramanujan A function,
which is a weight-12 normalized newform of level 1 with g-expansion at oo given by

Alg) =) _t(n)q".

n>1
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It is well-known that 7 satisfies the congruence 7 (n) = o((n) (mod 691), and so,
for any j > 1 and any quadratic Dirichlet character i, we have

O'ARY)(q) = (07E12®¥)(g) (mod 691),

i.e., A ® ¥ has partial Eisenstein descent over Q, of type (¥, ¥, 1, 1, 1) at 691.
Choosing an auxiliary imaginary quadratic field K satisfying Assumptions 1 with
respect to (681, A ® ¥) and applying Theorem 7, we get:

Theorem 43.
6916 — ¥ (691)7(691) + 6915 B
( v 6916 . 5! ) (AJFF/,(AA®¢(NK5))(O)A /\wfmi))z

— (BG,WOBl,wawaﬁ)z
N 576

(mod 6910¢/),

where g is defined as in Definition 6.

Corollary 44. Let F/Hy/K be in situation (S) as defined in Section 2.2. Sup-
pose ¥ is a quadratic character and K is an imaginary quadratic field with odd
discriminant Dx < —4 such that

(1) 6911§(¥),
(2) each prime factor of 691 -f(y) splits in K,
(3) 6911 Bs,yy By ey cro-
Then
€apy ) Dasy (Ng) € €ugy 15, CH (X10)0.0(F)
is nontrivial.

To elucidate this result, we include the following table exhibiting a few values
of quadratic characters ¢ over QQ and imaginary quadratic fields K for which
Theorem 43 implies the conclusion of Corollary 44:

Ky f(¥) K Bb, o By g -o (mod 691)
Q(/3) 12 Q(/=23) 583
Q(W3) 12 Q(/=95) 126
Q/13) 13 Q(v/—=10) 583
QH/—17) -7 Q/—10) 176

5.5. Application to elliptic curves. We now focus on the case where fr € S>(I'g(N))
is the weight-2 normalized newform associated with an elliptic curve E/Q. If E[p]
is reducible, by Theorem 35, fr has Eisenstein descent over Q, mod p. We now
prove our main application to elliptic curves, which is Theorem 13.
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Proof of Theorem 13. Recall that fr determines an invariant differential wy, =
2rife(z)dz € Q}(I(N)/@. Let @ : X|(N) — E be a modular parametrization (i.e.,
the Eichler—Shimura abelian variety quotient ®y, : X|(N) — Ay, , postcomposed
with an appropriate isogeny) and let wg € Q}Y /Q be an invariant differential chosen
so that @zwlg = Wfy.

By Theorems 35 and 7 with k = 2,

1—a,+p 2 1—a,+p 2
<T”> log},, Pe(K) = (T” logfofEP(K)

is congruent to

=2
o)

4
if  # 1 and

1 ) 2
(5(1—1# 1(17))31,,/,018,(31,1//0601) (mod pOk,)

g2 /p—1 2
T( » logpo't) (mod pOk,)

if ¢ = 1, where v is defined as in Definition 6 and where

E= —y! _v® ! _v®
e=[[a-v (z))]_[(l . )l_[(l ” (@))(1 ; )

¢IN, CIN_ 2| No

(Note that our congruence holds mod POk, because both sides of the congruence
are defined over K, in this situation.)

Our hypotheses on (E, p, K) and part (2) of Theorem 34 (with k = 2) ensure that
none of the terms on the right-hand side of the above congruences vanish mod p,
and hence log,, . Pr(K) # 0, i.e., Pg(K) is nontorsion. O

Remark 45. Suppose (E, p) is as in the statement of Theorem 13, and for simplicity
suppose ¥ is even and nontrivial. Thus, in particular E[p](Q) = 0. We will show
(Theorem 54) that there always exists an imaginary quadratic K satisfying the
appropriate congruence conditions, so that the theorem gives rankz E(K) = 1. In
particular, this implies that we should be able to see that ranky E(Q) < 1 a priori
from the congruence conditions on (E, p).

Indeed, one can show that rankz,, Sel ,(E/Q) <1 (which implies rankz E(Q) <1)
through purely algebraic methods. Using standard techniques, one can show that the
congruence conditions on (N4, N_, No) imply Sel,(E/Q) C H'(Q, Elpl; {p)D.
(Here, for Gal(@/@)-module M and a finite set = of places of @, H'(Q, M; X)
denotes the subgroup of H'(Q, M) consisting of classes unramified outside X.) See,
for example, [Li 2014, Section 2.2] for the case p =3 and E semistable; the case for
general p > 2 and general E is completely analogous. The hypothesis p{ Bj -1
(which is equivalent to p{ L, (1, 1) since ¥ # 1 and p{§()) implies, via the main
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theorem of Iwasawa theory over Q and standard Selmer group control theorems, that
H'(@. F,(¥): {p}) = 0. Since H'(Q, F,(¥): @) € H'(Q. F,(¥): {p}), we have
H'(Q, F,(¥); @) = 0, which in turn implies that H'(Q, F,(y ~'w); {p}) = Z/p
(see, for example, loc. cit. Proposition 2.13). Now if F,(y) C E[p], from the
standard long exact sequence of cohomology (see Section 2.3 of loc. cit., for
example), one obtains a map ¢ : Sel,(E/Q) — HY(Q, Fp(z//*la))) such that
ker(¢) € H'(@Q, F,(¥); {p}) = 0 and im(¢) € H'(Q, F,(v'w); {p}) = Z/p.
Thus we get Sel,(E/@) C im(¢) € H' (@, F,(y~'w); {p)) = Z/p. If, on the
other hand, F, (¥ ~'w) C E[p], one obtains ¢ : Sel,,(E/Q) — H'(Q, F,(y)) with
ker(¢) C H'(Q, F, (¢ ' w); {p))=2Z/p andim(¢) C H' (Q, F,(¥); {p}) =0. Thus
we get Sel,(E/Q) C ker(¢) C H'(Q, [Fp(w_la)); {ph=2/p.

Remark 46. Since the congruence in the proof of Theorem 13 comes from p-adic
interpolation of p-adically integral period sums, we should be able to see a priori
that both sides of the congruence are p-adically integral. This is self-evident for the
right-hand side, and also a priori true for the left-hand side as follows. Note that
since p{ N, we have p+1—a, = |E (F,)| by the Eichler—Shimura relation. Let
E denote the formal group of E, so that E(pOKP) has index |E‘ (Fp)| in E(Kp).
(Recall that p is the previously fixed prime above p determined by our embedding
K < @,.) Then [1 —a, + p]Pr(K) = [ E(F,)|1Ps(K) € E(pOx, ).

Suppose for the moment that X{(N) — E is optimal (i.e., E is the strong
Weil curve in its isogeny class). Well-known results due to Mazur [1978] on
the Manin constant c(E) imply that if £|c(E), then £2|4N. Thus for p odd
of good reduction, we have p{c(E). Thus letting log; denote the canonical
formal logarithm on E (i.e., the formal logarithm arising from the unique nor-
malized invariant differential on E), we have log,, T = c(E )~ !'logy T, meaning
our normalization of the formal logarithm does not change the p-divisibility on
the formal group. That is, log,,, E (pOk,) C pUk,. Thus by the previous paragraph,
((1—ap, + p)/p)log,, Pe(K) is p-adically integral.

For E nonoptimal, the choice of modular parametrization might change the nor-
malization of the formal logarithm, since we are postcomposing the Eichler—Shimura
projection with a Q-isogeny which does not necessarily preserve normalizations
of the formal logarithm. This can still be shown to not affect p-adic integrality of
log,,. on E(pOKp).

Remark 47. Suppose that (E, p, K) is as in the hypotheses of Theorem 13. One
can show that log,, Pg(K) =0 (mod p) as follows. Let F = K (), and choose
a prime 7 | p of F; note that p is totally ramified in K (u,), so that Of, /7 = [,
and ord, (p) = p — 1. If Px(E) is torsion, then log,, Pgr(K) = 0 by properties of
the formal logarithm (see [Silverman 2009, Chapter 4]), so assume that Pg(K) is
nontorsion. Suppose 1 # 1. Then |E([Fp) |—(14+p)=—a,=—v¥(p) #—1 (mod p)



Generalized Heegner cycles at Eisenstein primes and Katz p-adic L-function 361

implies |E‘ (F,)| #0 (mod p). Therefore, E (7w OF, ) has index prime to p in E(Fy),
and so log,, E(Fy) C nOF,, and~logwE Pg(K) € pOk,.

Now suppose ¥ = 1, so that |[E([F,)| — (1 + p) = —a, = —¥(p) = —1 (mod p),
and so |E (F, )| = 0 (mod p). Moreover, p is ordinary good reduction and so
|E(B)[p]] = |E(Fp)| = p implies p | |E([F )|. Then, by Theorem 35, we have
E[p] = E(F)[p], and so the exact sequence

0— E(nOF,) — E(F,) — E(F,) = 0

splits, i.e., E(Fy) = E(mOF,) ® E(F,), and moreover E(F,) C E(Fy)"". (The
torsion of E (Fy) that is outside of p injects into E([Fp), and E([Fp)[p] CE(Fy)[p)D.)
Thus since logwEE(nOFn) CnOF, and logwEE([Fp) =0, we havelog,, Pg(K)€nOp,.
Now since Pg(K) € E(K) C E(Ky), we have log,, Pr(K) € K, N\t Of, = pOk, .

Remark 48. While the proof of Theorem 13 accounts for the case ¥ = 1, it gives
no new information since the left side of the relevant special value congruence
is always O (mod p): Remark 47 shows that log,,  Pg(K) =0 (mod p), and a, =
¥ (p) =1 (mod p) implies that (1 —a, + p)/p is a unit in O¢,. Note that this
forces E (1, Nsplit» Nl’lOIlSplitv Naga) =0 (mod p).

In fact, if ¥/ = 1, one can show that, for any elliptic curve, NypjitNadaqg # 1 in the
following way: assume Npgg = 1, so that N is squarefree. A theorem of Ribet then
shows that Ngpjic 7 1 (see the Ph.D. thesis of Hwajong Yoo [2015, Theorem 2.2] and
the ensuing remark therein). Thus if ¢ =1, we have E (1, Nyplit, Nnonsplits Nadd) = 0.

When ¢ # 1, we have a, =¥ (p) #1 (mod p), and so the factor of (1—a,+p)/p
is congruent to (unit)/p (mod p), thus canceling out a p-divisibility of log,, . Pr(K)
in the special value congruence.

Remark 49. Suppose we are in the situation of Theorem 13, so in particular pt N
is a good prime which is split in K. Let @ be a local uniformizer at p. (Recall
that p is the prime above p determining the embedding K — @p.) Then as
l—ay+p= |E([F,,)|, we have that P :=[1 —a, + p] Pg(K) belongs to the formal
group E (pOk,). One can show that log P € w(’)gp = p(’);p if and only if the image
of P in E(K,)/pE(K,) is not in the image of E(K)[p] as follows. If P is not in
the i image of E(Ky)[p]in E(K,)/pE(Ky), then suppose logy P & wOX Since
Peck (pOk,), we know that P is either torsion (i.e., logg P = 0) or P E szKp
(1 e., logp P € p2(’)1< ). However, in the first case this implies P € E(Ky)[p] (since
E (pOk,) has no p- -torsion) and in the second it implies P € E (p2(’)1<p) thus P
is p-divisible. Therefore, P € E (pOK ) + pE(K,), a contradiction. Conversely,
if logp P € wOX , then we have P ¢ E(Kp)[p]+ pE(K,); otherwise, we have
P € E(Ky)[pl+ pE(p(’)Kp) (since a priori P € E(pOKP)) thus logz P € p (’)Kp,
a contradiction.
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Thus the nonvanishing results of log; P mod p provided by Theorem 13 give
information on local p-divisibility of P (and thus also of Pg(K)). Note that if
p >3, then E(pOKp)[p] =0, an so E(Ky)[p]l— E([Fp)[p]. In particular, if p is of
supersingular reduction, then E(F,)[p] =0, so E(K;)[p] =0 and the nonvanishing
of logz P mod p is equivalent to P having nontrivial image in E(K,)/pE(Kp), i.e.,
the condition that P not be p-divisible in E(K}).

For any elliptic curve E over Q, let w(E) denote the global root number, which
factors as a product of local root numbers

w(E) = weo(E) [ [ we(E).
<00

Proposition 50. Suppose that (E, p) is as in Theorem 13 and that  is a quadratic
character. If either

(1) p=5,or

(2) E = E'® for some semistable elliptic curve E' of conductor coprime to f({r),
then w(E) = —y(—1). Thus, ranky E(Q) = %(1 + ¥ (—1)), and ranky Ex (Q) =
%(1 — ¥ (—1)) for any imaginary quadratic K as in Theorem 3.

Proof. By our assumptions in the statement of Theorem 13, |f(1ﬂ)|2 | Nagq and
Ngpiie = 1. By standard properties of the root number (see [Dokchitser 2013,
Section 3.4]), we have

(D if £ ” N (i-e-’ 14 | Nnonsplit), then we(E) =1,

(2) woo(E) =—1.

Hence,

w(E) = — [ Jwe(E).
€| Nada
Suppose first that (1) in the statement of the proposition holds, i.e., p > 5. By
Theorem 34, p, =F, ®F,(w). Hence pp, =F, () ®F, (w_la)) and thus E admits
a degree p isogeny ¢ : E — E’. Since p > 5, by [Dokchitser 2013, Theorem 3.25],
for £ | Nagq we have
we(E) = (=1, F/Qy),

where F := QQ; (coordinates of points in ker(¢)), and where (-, F' /() is the norm

residue symbol. By our assumptions, we see that F' = Q¢ (u2p, /¥ (=DIF())]),
which is ramified only if £ | pf(v/). Thus Qg (u2,)/Q; is an unramified extension.

Thus, by class field theory, (=1, F/Q¢) = (=1, Q¢ (VY (—=DIF () /Q¢) = e (—1),

and so w;(E) = Yy (—1). Hence, in all, we have

w(E) =~ Jwe(E) == Jve(=1) ==y (D),

€| Nagd €| Nagd
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where the last equality follows since () | Nadq-

Now suppose that (2) in the statement of the proposition holds. Let N’ denote the
conductor of E’. By the computations of [Balsam 2014, Proposition 1] describing
the changes of local root numbers under quadratic twists,

(1) if €4 N'§() then we(E) =1,
(2) if £] N’ (so that £1§(y)) then we(E) = we(E) e (€) = —ae(E") Y (0),
(3) if €| f(y) (so that £ N') then w¢(E) = we(E)Ye(—1) = Y (—1).

Hence by our assumptions in the statement of Theorem 13 and Remark 15, we
have w(E) = -y (=1) [], | n(—ae(ENYp(€)) = —y(—1). Putting this together,
we compute w(E) = —y(—1).

Now, by Theorem 13 and parity considerations, we immediately get rankz £ (Q) =
%(1 + ¢ (—1)) and rankzy Ex (Q) = %(1 — ¥ (—1)) for any K as in Theorem 13. [

5.6. Calculating ranks in positive density subfamilies of quadratic twists. In the
case p = 3, the Teichmiiller character w is quadratic and is in fact the character
associated with the imaginary quadratic field @(+/—3). Thus we have (using

By yo1 = —L(lpw_l, 0), the functional equation, and the class number formula),
hg,-a/=3)
G .
Ky-Q(+/-3)

Hence our nondivisibility criterion involving Bernoulli numbers in Theorem 13
reduces to the non-3-divisibility of the class numbers of a pair of imaginary quadratic
fields, and is thus amenable to class number 3-divisibility results in the tradition of
[Davenport and Heilbronn 1971].

For the remainder of this section, suppose p = 3 and suppose we are given
E/Q of conductor N = NgplitNnonsplitVada such that E[3] is reducible of type
(L, 1, Nsplit, Nnonsplits Nada). Let L = Ky, and furthermore suppose that L satisfies
the congruence conditions

(1) 3isinertin L,

(2) 3thL.@(JT3),

(3) if €| Ngplit, then £ is inert or ramified in L,

(4) if €| Nyonspiit> then £ is either split or ramified in L,

(5) if £| Nagq, then £ is either inert in L and € = 2 (mod 3), or ¢ is ramified in L.

Then we can apply Theorem 13 and Proposition 50 to the curve E ® ¥ (using the
fact that ag (E®1v) = v (£)ag(E), so that, by conditions (2) and (3), as(EQy) =—1
for £ | NgpiitNnonsplit), thus obtaining rankz (E ® ¥)(Q) = %(1 + ¥ (—1)). Using
results of [Nakagawa and Horie 1988] and [Taya 2000] regarding 3-divisibilities
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of class numbers of quadratic fields, we can produce a positive proportion of real
quadratic L as above, thus showing that a positive proportion of quadratic twists
of E have rank %(1 + ¥ (—1)) over Q.

Using these same class number divisibility results, we can also produce a positive
proportion of imaginary quadratic K such that

(1) 3issplitin K,
(2) 3thLk,
(3) K satisfies the Heegner hypothesis with respect to E,

and thus, using Theorem 13 and Proposition 50, we can show that a positive pro-
portion of imaginary quadratic twists Ex of E have ranky Ex (Q) = %(1 — ¥ (=1)).

To this end, let us recall the result of Horie and Nakagawa. For any x > 0, let
K T (x) denote the set of real quadratic fields k with fundamental discriminant Dy < x
and K ~(x) the set of imaginary quadratic fields k£ with fundamental discriminant
|Dy| < x. Set

K (x,m,M):={ke KT (x): Dy =m (mod M)},
K (x,m,M)={ke K (x): Dy=m (mod M)}.

Moreover, for a quadratic field k, we denote by h[3] the number of ideal classes
of k whose cubes are principal (i.e., the order of 3-torsion of the ideal class group).

Theorem 51 [Nakagawa and Horie 1988]. Suppose that m and M are positive
integers such that if € is an odd prime number dividing (m, M), then £* divides M
but not m. Further, if M is even, suppose that

(1) 4| M and m =1 (mod 4), or
(2) 16| M and m = 8 or 12 (mod 16).

Then
D 31~ 51K (x.m, M) (x — 00),
keK+t(x,m,M)
> 31~ 2|K ™ (x,m, M)|  (x — 00).
keK~ (x,m,M)
Furthermore,
+ - 3x q
K" (x,m, M)| ~ |K™ (x,m, M)| ~ (x = 00).
72®d (M) E|M£+1

Here f(x) ~ g(x) (x — o0) means that limy_, o, f(x)/g(x) = 1, £ ranges over
primes dividing M, q =4 if £ =2, and q = £ otherwise.
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Now set
Kf(x,m, M):={ke KT (x,m, M): h[3] =1},
K, (x,m,M):={ke K~ (x,m, M) :hi[3]=1)}.

Taya’s argument [2000] for estimating | KX (x, m, M)| goes as follows. Since
hi[3] > 3 if hy[3] # 1, we have the bound

K (e, m, M) +3(K*0e,m, M) — K (e,m, M) <Y I3l
keK*(x,m,M)
Hence,

3 1
KZCeom, M) = SIK=(eom M) =5 ) ul3).
keK*(x,m,M)

Now, by Theorem 51, we have

3kt _1 ~ KT
SIK @om, M) =5 Y 31~ 2K om M| (x> 00),

keK+(x,m,M)
3, - 1 1,,_
SIK™Gom M)l =5 3 i3]~ 5IK™ (@ m, M)| (x — 00),
keK—(x,m,M)
and hence,
p K m S q
—_— 2 b
x—00 X 21 QD(M)(‘MZ—FI
LIRS Gom M) 3 q
X—00 x T 2n2d(M) uM@—FI'

Thus, we have:
Proposition 52. Suppose m and M satisfy the conditions of Theorem 51. Then
+
i K m M) S g

oo [KH(e LD~ 60(M) | e+ 1

p S Gom Ml g

x—oo |[K—(x,1,1)] — 2®(M) £|M£+1’

where g = 4 if £ = 2 and q = £ otherwise. In particular, the set of real (resp.
imaginary) quadratic fields k such that Dy =m (mod M) and 31 hy has positive
density in the set of all real (resp. imaginary) quadratic fields.

Proof. This follows from the above asymptotic estimates and the fact that we have
|K*(x, 1, 1)| ~ 3x/m? by Theorem 51. O

We are now ready to prove our positive density results. For a quadratic field L,
let E; denote the quadratic twist of E by L.
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Theorem 53. Suppose (Nspiic, Nnonsplits Nadd) I a triple of pairwise coprime inte-
gers such that Ngplit Nnonsplit i squarefree, Nagq is squarefull and Ngplit NnonsplitNadd
equals N. If 24N let M' = N, if 2|| N let M’ = lem(N, 8), and if 4| N let
M’ =1cm(N, 16). Then a proportion of at least

1 q
beorm  1Lze=v [ze+ne-n [Te-n T2 [T
120 (M) £+1

L] Nsplithonsp]it €| Nydd €| Nadd 4| Nada €13M'
¢ odd £ odd £ odd
¢=1 (mod 3) {=2 (mod 3)

real quadratic extensions L/Q satisfy

(1) 3isinertin L,

@) 3thy. )

(3) €| Nspiie implies € is inert in L,

(4) €| Nyonspiit implies £ is split in L,

(5) £| Naqq implies £ is inert in L and £ #£ 2 (mod 3), or £ is ramified in L,
(6) 4| N implies Dy =8 or 12 (mod 16).

Moreover, a proportion of at least

1 1 1 q
00 [[3¢-0 [[3e+2e-n [Je-0 J]2 [1 i
£ | Nsplit Nnonsplit fel A:;gd fel Ndagd 4| Nyaa £|3M'
todd =1 (mod 3) =2 (mod 3)

imaginary quadratic extensions L/Q satisfy
(1) 3isinertin L,
(2) 3the,
(3) €| Nspiic implies € is inert in L,
(4) €| Nronspiit implies £ is splitin L,
(5) €| Naaq implies £ is inert in L and £ # 2 (mod 3), or £ is ramified in L,
(6) 4| N implies Dp =8 or 12 (mod 16).
(Here, again, g = 4 for £ =2, and q = £ for odd primes £.)
Proof. We seek to apply Proposition 52. Let M =9N if 2/ N, let M =91lcm(N, 8)

if 2|| N, and let M = 91lcm(N, 16) if 4| N. Using the Chinese remainder theorem,
choose a positive integer m such that

(1) m=3 (mod9),
(2) £ odd prime, £ | Ngpjix = m = —3[quadratic nonresidue unit] (mod £),
(3) 2| Nyplit = m =1 (mod 8),
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(4) £ odd prime, £ | Nponsplit => m = —3[quadratic residue unit] (mod £),
(5) 2| Nnonsplit = m =35 (mod ),

(6) £ odd prime, £ | Nyqq, £ =1 (mod 3) = m = —3[quadratic nonresidue unit]
(mod £) or m =0 (mod £) and m # 0 (mod £2),

(7) £ odd prime, £ | Nygq, £ =2 (mod 3) = m =0 (mod ¢) and m £ 0 (mod 0?),
(8) 4| Nagg = m =8 or 12 (mod 16).

Suppose L is any real quadratic field with fundamental discriminant Dy and
—3D; =m (mod M). Then the above congruence conditions on m along with our
assumptions imply

(1) 3isinertin L,

(2) € prime, £ | Ngpliy = £ is inert in L,

(3) £ prime, £ | Nyonsplic = £ is split in L,

(4) £ odd prime, £ | Nagq, £ =1 (mod 3) = ¢ is inert or ramified in L,

(5) £ odd prime, £ | Nagq, £ =2 (mod 3) = ¢ is ramified in L,

(6) 4| Nyga = 2 is ramified in L,

(7) if 2|| N, then4 | M and m =1 (mod 4),

(8) if 4| N, then 16| M and m = 8 or 12 (mod 16).
Thus for real quadratic L such that Dy o= = —3D; =m (mod M), L satisfies
all the desired congruence conditions except for possibly 314 L-Q(/=3)- Moreover,
the congruence conditions above imply that m and M are valid positive integers for
Theorem 51 (in particular implying that 4 | Dy if 4| N). (Note that in congruence
conditions (2) and (3) above, we do not allow m = 0 (mod £), i.e., £ ramified

in L, because the resulting pair m and M would violate the auxiliary hypothesis of
Theorem 51.) Thus, by Proposition 52,

. K, (x,m, M)| 1 q
1m > y
= [K-(@ 1L D] T 20(M) | L0+

s0 a positive proportion of real quadratic L satisty D; /=3, =—3D,=m (mod M)
and 31h L-Q(/=3) Moreover, noticing that the congruence conditions (1)—(6) on m
above are independent (again by the Chinese remainder theorem), we have

[Tice-b Jie-n [Tie+2e-1 [Te-n []2

A Nsplit a Nnonsplil €| Nagd €| Nadd 4| Naga
£ odd £ odd ¢ odd £ odd
£=1 (mod 3) (=2 (mod 3)
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valid choices of residue classes for m mod M. Combining all the above and
summing over each valid residue class m mod M, we immediately obtain our lower
bound for the proportion of valid L (with M = 9M’).
For the second case (concerning imaginary quadratic fields), the asserted state-

ment follows from taking M as above, then choosing a positive integer m such that

(1) m=—1 (mod 3),

(2) £ odd prime, £ | Ngpjix => m = [quadratic nonresidue unit] (mod £),

(3) 2| Ngpiig = m =5 (mod 8),

(4) £ odd prime, £ | Nponsplic = m = [quadratic residue unit] (mod £),

5 2| Nnonsplit = m =1 (mod 8),

(6) £ odd prime, £| Nygq, £ = 1 (mod 3) = m = [quadratic nonresidue unit]
(mod £) or m =0 (mod ¢£) and m # 0 (mod £2),

(7) £ odd prime, € | Nagg, £ =2 (mod 3) = m =0 (mod £) and m # 0 (mod 22,
(8) 4| Nygg = m =8 or 12 (mod 16),

and proceeding by the same argument as above. ([

Theorem 54. Suppose E /Q is any elliptic curve whose mod-3 Galois representa-
tion E[3] is reducible of type (1, 1, Nyplic, Nnonsplit, Naad), where 3 is a good prime
of E. Let L be any quadratic field such that

(1) 3isinertin L,

(2) 3thy qy=3) if L is real, and 3t hy, if L is imaginary,

(3) €| Nspiic implies € is inert in L,

(4) L] Nuonsplit implies £ is split in L,

(5) £| Naqq implies £ is inert in L and £ #£ 2 (mod 3), or £ is ramified in L,

(6) 4| N implies D =8 or 12 (mod 16).
Let M' =lem(N, D}) if lem(N, D7) is odd, M' =1cm(N, D?, 8) if 2 || lem(N, D}),

and M' = lem(N, Dz, 16) if 4| lem(N, D,%). Then if L is real for a positive
proportion of at least

i
war  Lse-v Iee-n []ze-n ] gqj

4 | Nsplithonsplit 4 | Nadd 4 | Dy, 14 I 3M’
24Dy, LDy L odd
£ odd L odd



Generalized Heegner cycles at Eisenstein primes and Katz p-adic L-function 369

imaginary quadratic fields K, and if L is imaginary for a positive proportion of
at least

1
120(M) Hz(ﬂ—l)]_[;m—n]‘[z(g_l)l—[ q

14 | Nspllthnnspllt 14 ‘ Nada 14 ‘ Dy, 4 | 3M/
25 29 € odd
¢ odd ¢ odd

imaginary quadratic fields K, then K satisfies the Heegner hypothesis with respect
to Ep, we have (Dg, Dp) =1, and the Heegner point Pg, (K) is nontorsion. (Here,
again, g =4 for £ =2, and q = £ for odd primes £.)

Proof. Again we seek to apply Proposition 52, as well as Theorem 13. First suppose
that L is a real quadratic field. Let M = 3lcm(N, Df) if lem(N, Df) is odd,
M =3lem(N, D, 8) if 2| lem(N, D), and M = 3lem(N, D, 16) otherwise.
Using the Chinese remainder theorem, choose a positive integer m such that

(1) m =2 (mod 3),

(2) £ odd prime, £ | Ngpjjx => m = [quadratic nonresidue unit] (mod £),

(3) 2| Ngpiit = m =5 (mod 8),

(4) € prime, £ | Nyonspiit => m = [quadratic residue unit] (mod £),

(5 2| Nnonsplit = m =1 (mod 3),

(6) ¢ odd prime, £ | Nagd, £1 D, = m = [quadratic nonresidue unit] (mod ¢),

(7) € odd prime, £ | Nygq, £| D = m =0 (mod £), where m/D; = [quadratic
residue unit] (mod £),
(8) 4| N = m = D; (mod 16).
Suppose K is any imaginary quadratic field with odd fundamental discriminant
Dk such that (Dy, Dg) =1 and Dy Dx = m (mod M). Since Dk is odd, we must
have Dg = 1 (mod 4), and this is compatible with condition (6) which forces

Dk =1 (mod 8), which in turn forces 2 to split in K. Then the above congruence
conditions on m, along with the congruence conditions of our assumptions, imply

(1) 3isinertin L, splitin K, and inert in L- K,

(2) £ prime, £ | Ngpii, £ 1Dy, = ¢ isinert in L, split in K, and inert in L-K,

(3) £ prime, £ | Nyonsplit» 4Dy = £ is splitin L, split in K, and splitin L-K,
(4) £ odd prime, £ | Nagd, £1 Dy, = € is inert in L, split in K, and inert in L- K,
(5) £ odd prime, ¢ | Dy, => £ is ramified in L, split in K, and ramified in L-K,
(6) 4| Npgqg = 2 is ramified in L, split in K, and ramified in L-K,

(7) if 2| N, then 4| M and m =1 (mod 4),

(8) if 4| N, then 16 | M and m = 8 or 12 (mod 16).
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Thus for imaginary quadratic K such that D;.x = Dy Dg =m (mod M), (E,3,L,K)
satisfies all the congruence conditions of Theorem 13 except for possibly 31/ .x.
Moreover, the congruence conditions above imply that m and M are valid positive
integers for Theorem 51. Thus, by Proposition 52,

Ko Gom M) 1 q

lim > ,
x—oo |[K=(x,1,1)| ZdD(M)“MZ-i—l

S0 a positive proportion of imaginary quadratic K satisfy Dy.x =m (mod M) and
31hy.x. Thus, for these K, (E, 3, L, K) satisfies all the congruence conditions of
Theorem 13, and so Pg, (K) is nontorsion. Moreover, noticing that the congruence
conditions (1)—(6) on m above are independent (again by the Chinese remainder

theorem), we have
[[3¢—-1 J]iee-n J]3e-n

4 | Nsplithonsplil 14 | Nadd ¢ | Dy,
Z*DL Z'fDL £ odd
£ odd £ odd

choices for residue classes of m mod M. Combining all the above and summing
over each valid residue class m mod M, we immediately obtain our lower bound
for the proportion of valid K (with M =3M").

For the case when L is an imaginary quadratic field, let M be as above. Then
choose a positive integer m such that
(1) m=3 (mod9),
(2) £ odd prime, £ | Ngpjix => m = —3[quadratic nonresidue unit] (mod £),
(3) 2| Ngpiit = m =1 (mod 8),
(4) £ odd prime, £ | Nponsplic = m = —3[quadratic residue unit] (mod £),
(5) 2| Nnonsplit => m =5 (mod 8),
(6) ¢ odd prime, £ | Nagg, £1 Dy = m = —3[quadratic nonresidue unit] (mod ¢),
(7) € odd prime, £ | D, = m =0 (mod ¢), where m/D; = —3[quadratic residue

unit] (mod £),

(8) 4| N = m = Dy (mod 16).

The argument then proceeds in the same way as above to establish 3/, . K-QW3)
and thus rankz E; (K) = 1 by applying Theorem 13. (]

Proof of Corollary 18. Since E[3] is a reducible mod-3 Galois representation,
E has Eisenstein descent of type (¥, v Nsplit, Nnonsplits Nada) mod 3, where
is some quadratic Dirichlet character. We may assume without loss of generality
that ¢ = 1 (after possibly replacing E by E ® ¥ ~!). From Theorem 53, a positive
proportion of quadratic twists Ej satisfy the conditions of Theorem 54, and so
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by that theorem a positive proportion of imaginary quadratic K have that Pg, (K)
is nontorsion. If E is semistable, then E necessarily has Eisenstein descent of
type (1, 1, Ngpiit, Nnonsplit» Nadd) by part (3) of Theorem 34 and by Theorem 35.
Since Nugg = 1, Theorems 53 and 54 produce twists E; with (N, Dr) = 1 and
ranky E(K)=1. Then by part (2) of Proposition 50, each E; has w(Er) =—¢er(—1)
and so rankz E; (@) = $(1 +¢&,(—1)) and rankz E;.x (@) = (1 — &,.(—1)). The
more precise lower bounds on these positive proportions follow immediately from
Theorems 53 and 54. ]

Remark 55. There is no “double counting” resulting from using the lower bounds
of Theorems 53 and 54 in tandem. The real quadratic twists E; produced in
Theorem 53, which have discriminant Dy, prime to D, are distinct from the real
twists Ep.x produced in Theorem 54 (with L” imaginary), which have discriminant
Dy Dk . Similarly, the imaginary quadratic twists produced in Theorem 53 are
distinct from those produced in Theorem 54.

Example 56. Let £ /Q be the elliptic curve 19al in Cremona’s labeling, which has
minimal Weierstrass model

v +y=x>4+x>—9x —15.

Then E(Q)"" = Z/3, and so taking p = 3, one sees that E[3] is a reducible mod-3
Galois representation. Furthermore, £ has conductor N = 19, where 19 is of split
multiplicative reduction. Taking the real quadratic field L = Q(+/41), one can check
that 3 and 19 are inert in L. Taking the imaginary quadratic field K = Q(v/—2),
one sees that 3 splits in K and that K satisfies the Heegner hypothesis with respect
to the quadratic twist E; (and 3 and 19 split in K'). Furthermore, 3 does not divide
the class numbers hL-@(\/j) = h@(m) =4and hy.x = h@(\/—TZ) = 2. Our result
now gives ranky E7 (K) = 1. By Proposition 50, one sees that ranky E; () = 1
and rankz E; g (@) = 0. Taking the imaginary quadratic field L’ = Q(+/—7), one
can check that 3 and 19 are inert in L’. Furthermore, 3 does not divide the class
numbers i =1 and hL’-K-@(ﬁ) = h@(\/—TZ) =4, so by Proposition 50 one sees that
rankz E;/(Q) =0 and rankz E;/.x (@) = 1. By Corollary 18 (and adding the explicit
lower bounds given in Theorems 53 and 54 applied to E, E; and EL/) at least
%—I—% = 1(3)520 real quadratic twists of E have rank 1 and at least ¢ 40+ 17920 3352834
imaginary quadratic twists of E have rank 0.
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1. Introduction

The goal of this paper is to investigate the fluctuation of sums of two important
arithmetic functions, the Mobius function @ and the indicator function of the
squarefrees 12, in the context of the ring [, (] of polynomials over a finite field [,
of g elements, in the limit ¢ — oo. The problems we address, which concern sums
over short intervals and arithmetic progressions, mirror long-standing questions
over the integers, where they are largely unknown. In our setting we succeed in
giving definitive answers.

Our approach differs from those traditionally employed in the number field setting:
we use recent equidistribution results due to N. Katz, valid in the large-g limit, to
express the mean and variance of the fluctuations in terms of matrix integrals over
the unitary group. Evaluating these integrals leads to explicit formulae and precise
ranges of validity. For many of the problems we study, the formulae we obtain match
the corresponding number-field results and conjectures exactly, providing further
support in the latter case. However, the ranges of validity that we can establish are
significantly greater than those known or previously conjectured for the integers,
and we see our results as supporting extensions to much wider ranges of validity in
the integer setting. Interestingly, in some other problems we uncover subtle and
surprising differences between the function-field and number-field asymptotics,
which we examine in detail.

We now set out our main results in a way that enables comparison with the
corresponding problems for the integers.

The Mobius function. 1t is a standard heuristic to assume that the M6bius func-
tion behaves like a random +1 supported on the squarefree integers, which have
density 1/¢(2) (see, e.g., [Chatterjee and Soundararajan 2012]). Proving any-
thing in this direction is not easy. Even demonstrating cancellation in the sum
M(x) = Zl<n<x w(n), that is that M (x) = o(x), is equivalent to the prime num-
ber theorem. The Riemann hypothesis is equivalent to square root cancellation:
M(X) — 0(x1/2+0(1)).
For sums of @ (n) in blocks of length H,

MG H)= ) ) (1-1)

In—x|<H/2

it has been shown that there is cancellation for H >> x7/12+°() [Motohashi 1976;
Ramachandra 1976], and assuming the Riemann hypothesis one can take H >
x!/2+0() 1f one wants cancellation only for “almost all” values of x, then more is
known. In particular, very recently Matoméki and Radziwitt [2015] have shown
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(unconditionally) that

1 2X
— M(x; H)zdx =0(H2)
X Jx
whenever H = H(X) — oo as X — 00, and in particular M (x; H) = o(H) for
almost all x € [X, 2X].
We expect the normalized sums M (x; H)/ V'H to have mean zero (this follows
from the Riemann hypothesis) and variance 6/ =1 /¢(2):

1 [ H
—/ M (s H)P ~ - (1-2)
X Jx £(2)
Moreover, M (x; H)/~/H/Z(2) is believed to have a normal distribution asymptoti-
cally. These conjectures were formulated and investigated numerically by Good
and Churchhouse [1968], and further studied by Ng [2008], who carried out an
analysis using the generalized Riemann hypothesis and a strong version of Chowla’s
conjecture on correlations of Mobius, showing that (1-2) is valid for H « X '/4=o(
and that a Gaussian distribution holds (assuming these conjectures) for H < X¢.
It is important that the length H of the interval be significantly smaller than its
location, that is H < X' 7€, since otherwise one expects non-Gaussian statistics,
see [Ng 2004].
Concerning arithmetic progressions, Hooley [1975] studied the following aver-
aged form of the total variance (averaged over moduli)

2
VX. 0= ) Z( > M(n)) (1-3)

0'<Q A mod Q' n<X
n=A mod Q’
and showed that for Q < X,
60X _
VX, 0)=—5+ 0(X*(log X)) (1-4)

for all C > 0, which yields an asymptotic result for X/(log X)¢ « Q < X.

For polynomials over a finite field T, the Mobius function is defined as for the
integers, namely by u(f) = (— )X if £ is a scalar multiple of a product of k distinct
monic irreducibles, and pu(f) =0 if f is not squarefree. The analogue of the full
sum M (x) is the sum over all monic polynomials M, of given degree n, for which
we have

1, n=0,
Yo wH)=1-q. n=1, (1-5)

feMa 0, n>2,
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so that in particular the issue of size is trivial'. However that is no longer the case
when considering sums over “short intervals”, that is over sets of the form

A =(f:IIf — Al < ¢") (1-6)
where A € M,, has degree n, 0 < h < n —2 and” the norm is

£ =#F,[11/(f) = g8/ (1-7)

To facilitate comparison between statements for number field results and for function
fields, we use a rough dictionary:
X < q", log X <> n,

(1-8)
H < g¢"t logH < h+1.

Set
Nu(Ashy:= Y u(f). (1-9)

JFel(Ash)

The number of summands here is ¢"*! =: H and we want to display cancellation
in this sum and study its statistics as we vary the “center” A of the interval.

We can demonstrate cancellation in the short interval sums V), (A; ) in the large
finite field limit ¢ — oo, n fixed (we assume ¢ is odd throughout the paper).

Theorem 1.1. If2 < h <n — 2 then for all A of degree n,

H
N, A h)| <y —
[N (A5 h)| Ja

the implied constant uniform in A, depending only on n = deg A.

For h =0, 1 this is no longer valid; that is, there are A’s for which there is no
cancellation. See Section 3.

We next investigate the statistics of \V,,(A; h) as A varies over all monic poly-
nomials of given degree n, and ¢ — oo. It is easy to see that for n > 2, the mean
value of NV, (A; h) is 0. Our main result concerns the variance.

Theorem 1.2. If0 <h <n—>5 thenas g — oo, q odd,
1
VarNj (e iy = -2 " INL(Ai )P~ H / tr Sym" U|*dU = H
AeM, U(n—h—2)
I This ceases to be the case when dealing with function fields of higher genus, see, e.g., [Cha 2011;

Humphries 2014].
ZForh =n—1, I(A; n — 1) = M, is the set of all monic polynomials of degree n.
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This is consistent with the Good—Churchhouse conjecture (1-2) if we write it as
H/t,(2), where

1
)= ) e Re® > 1

Jf monic

which tends to 1 as ¢ — oo, and H = ¢"*! is the number of monic polynomials in
the short interval.

A version of Theorem 1.2 valid for & < n/2 (“very short” intervals) has recently
been obtained by Bae, Cha and Jung [2015] using the method of our earlier paper
[Keating and Rudnick 2014].

Analogous results can be obtained for sums over arithmetic progressions, see
Section 8.

Squarefrees. It is well known that the density of squarefree integers is 1/¢(2) =
6/72, and an elementary sieve shows

O(x) :=#{n < x : n squarefree} = % + 0(x1/2). (1-10)

No better exponent is known for the remainder term. Using zero-free regions
for ¢ (s), Walfisz gave a remainder term of the form x1/? exp(—c(log x)3/3Foy,
Assuming the Riemann hypothesis, the exponent 1/2 has been improved [Axer 1911;
Montgomery and Vaughan 1981; Baker and Pintz 1985], currently to 17/54 = 0.31
[Jia 1993]. It is expected that

X
Q(x) = —-+ 0!/, (1-11)

£(2)
Since the density is known, we wish to understand to what extent we can guarantee

the existence of squarefrees in short intervals (x, x + H]; moreover, when do we
still expect to have an asymptotic formula for the number

Q(x. H):= Y 1*(n)=Qx+H)—Q(x) (1-12)

H
n—x|<%

of squarefrees in the interval (x, x + H]; that is, when do we still have

Q(x; H) o (1-13)
x; N ——— . -
£(2)

In view of the bound of O (x'/?) for the remainder term in (1-10), this holds for
H > x!'/7+°() However, one can do better without improving on the remainder term
in (1-10). This was first done by Roth [1951] who by an elementary method showed
that the asymptotic (1-13) persists for H > x!/3+°(D_ Following improvements
by Roth himself (exponent 3/13) and Richert [1954] (exponent 2/9), the current
best bound is by Tolev [2006] (building on earlier work by Filaseta and Trifonov)
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who gave H > x>+ Tt is believed that (1-13) should hold for H > x€ for any
€ > 0, though there are intervals of size H > logx/loglogx which contain no
squarefrees, see [Erdos 1951].

As for almost-everywhere results, one way to proceed goes through a study
of the variance of Q(x, H). In this direction, Hall [1982] showed that provided
H = 0(x*°7°) the variance of Q(x, H) admits an asymptotic formula:

2
1 H
’_‘n; Q(n,H)—@ ~ AVH, (1-14)
with
3/2 3_3p+42
a=OR2 — (1-15)
p

Based on our results below, we expect this asymptotic formula to hold for H as

large as x' €.

Concerning arithmetic progressions, denote by

S 0, A) = Y um)?

n=A mod Q

the number of squarefree integers in the arithmetic progression n = A mod Q.
Prachar [1958] showed that for Q < x?/37¢, and A coprime to Q,

S 0. A) ~ (1 ! >_1 x| <1+ 1>_1 *_ (1-16)
X ~ —_— _— R — J— _ -
9 9 2
(@550 ) e @1\ ) 9@
In order to understand the size of the remainder term, one studies the variance

S(x; 0 A)_L (1_i)_lﬁ
(@5.\ ) e

2
(1-17)

Var(S) = @ >

gcd(A,Q)=1

as well as a version where the sum is over all residue classes A mod Q, not nec-
essarily coprime to Q, and the further averaged form over all moduli Q' < Q ala
Barban, Davenport and Halberstam, see [Warlimont 1980].

Without averaging over moduli, Blomer [2008, Theorem 1.3] gave an upper
bound for the variance, which was very recently improved by Nunes [2015], who
gave an asymptotic expression for the variance in the range X e < Q< X'«

1\ 2\ x1/2
Var(S)~A]_£(1—;) (1+;> o (1-18)
P



Squarefree polynomials and Mobius values 381

where A is given by (1-15). It is apparently not known in what range of Q to expect
(1-18) to hold. Based on our results below, we conjecture that (1-18) holds down to
X¢ < Q0.

Our goal here is to study analogous problems for [, [¢]. The total number of
squarefree monic polynomials of degree n > 1 is (exactly)

2 9" ) .
f;nw) =L@ (1-19)

The number of squarefree polynomials in the short interval I(A; h) is

Np(Ashy= Y w(H? (1-20)

fel(A;h)

Asymptotics. We show that for any short interval or arithmetic progression, we still
have an asymptotic count of the number of squarefrees.

Theorem 1.3. (i) Ifdeg Q < n and ged(A, Q) = 1 then

n

q

#feM,: f=AmodQ f squarefree} = 0]

I+ 0.(1/9)).

(i) If0 < h <n—2 then forall A e M,,

#{f € I(A; h) : f squarefree} = +O(H/q)=H+ 0,(H/q).

¢4(2)

In both cases the implied constants depend only on n.

Note that for # = 0, Theorem 1.3(ii) need not hold: If ¢ = p* with p a fixed odd
prime, n = p then the short interval 1(¢"; 0) = {¢" + b : b € [} has no squarefrees,
since t” + b = (t + b9/P)P has multiple zeros for any b € Fy.

Variance. We are able to compute the variance, the size of which turns out to
depend on the parity of the interval-length parameter /4 in a surprising way.

Theorem 1.4. Let 0 <h <n — 6. Assume g — oo with all q’s coprime to 6.
(1) If h is even then

Var N (5 h) ~q* / Itr Sym?+ U2 dU =

U(n—h-2)

vH
q

(the matrix integral works out to be 1).
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(1) If h is odd then
- : ~vH
Var N2 (5 h) qulTl / trU|?dU / |trSym% U’|2dU/ = —
U(n—h—-2) U(n—h—-2) 1
(both matrix integrals equal 1).

To compare with Hall’s result (1-14), where the variance is of order VH, one
wants to set H = #I(A; h) = ¢"*! and then in the limit ¢ — oo we get smaller
variance — either ~/H /¢ '/? (h even) or ~/H /q (h odd). We found this sufficiently
puzzling to check the analogue of Hall’s result for the polynomial ring [, [] for the
large degree limit of fixed ¢ and n — oo. The result, presented in the Appendix, is
consistent with Theorem 1.4 in that for H < (q”)%_”(l), the variance is

1+1/42

Bq ’
\% S~ VH— A
ar(N2(« 5 ) 1-1/q° . ¥, h odd,

h even,

so that it is of order +/ H for fixed q.
We also obtain a similar result for arithmetic progressions. Let Q € [, [7] be a
squarefree polynomial of degree > 2, and let A be coprime to Q. We set

SA)= ) wh. (1-21)
f=A mod Q
feM,

The expected value over such A is

(1-22)

We will show that the variance satisfies:

Theorem 1.5. Fix n > N > 1. For any sequence of finite fields T, with q odd, and
squarefree polynomials Q € F,[t] withdeg Q =N +1,as g — 00,

Var,,(S) ~ q"? X{l/f, n #deg Q mod 2,
Q 10127 |1/q, n=deg Q mod?2.

General approach. It may be helpful to give an informal sketch of the general
approach we take in proving most of the theorems stated above. Short intervals
are transformed into sums over special arithmetic progressions, a feature special
to function fields that was used in our earlier work [Keating and Rudnick 2014].
Sums involving x and p? that run over all monic polynomials of a given degree
may be evaluated in terms of a zeta function that is the function-field analogue of
the Riemann zeta function. Restricting to short intervals or arithmetic progressions
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leads to sums over Dirichlet characters involving the associated L-functions. The
L-functions in question may be written in terms of unitary matrices. It has recently
been established by N. Katz that, in the limit when ¢ — oo, these matrices become
equidistributed in the unitary group, in the sense that the character sums we need
are, in the large-¢g limit, equal to integrals over the unitary group. Evaluating these
integrals leads to the formulae appearing in our theorems.

2. Asymptotics for squarefrees: Proof of Theorem 1.3

We want to show that almost all polynomials in an arithmetic progression, or in a
short interval are squarefree. We recall the statement:

(1) If deg QO < n and gcd(A, Q) =1 then

q" q"
# My f=AmodQ, fi ~ ~ .
{fe f mod Q, f squarefree} 01~ 30

2-1

(ii) If0 <h <n —2 then

#{f € I(A; h) : f squarefree} = + O(H/q)=H+ O(H/q). (2-2)

q(2)
These follow from a general result [Rudnick 2014]:

Theorem 2.1. Given a separable polynomial F(x,t) € Fy[x, t] with squarefree
content, the number of monic polynomials a € M,,, m > 0, for which F(a(t),t) is
squarefree (in F4[t]) is asymptotically

q" +0(q" " (mdeg F + Ht(F))deg F).
Here if F(x,1) = Z?igOF y;()x/ with y;(t) € F,[t] polynomials, the content of
F is gcd(yo, y1, - - -, ) and the height is Ht(f) = max; deg y;.
For an arithmetic progression f = A mod Q, f € M, monic of degree n, with
gcd(A, Q) =1, deg A < deg O, we take the corresponding polynomial to be

F(x,1)=A()+ ;Q(t)x,
sign Q

where sign Q € [qu is such that Q(t)/sign Q is monic. Then F(x, t) has degree
one (in x), hence is certainly separable, and has content equal to gcd(A, Q) =1,
so is in fact primitive. The height of F' is max(deg Q, deg A) = deg O < n which
is independent of ¢.

Since deg A < deg Q, it follows that f = A+a Q/sign(Q) is monic of degree n
if and only if @ is monic of degree n —deg Q > 0, and by Theorem 2.1 the number
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of such a for which F(a(t), t) is squarefree is

n
g0 00T = (1401 /).
This proves (2-1).

To deal with the short interval case, let 0 <h <n —2, and A € M, be monic of
degree n. We want to show that the number of polynomials f in the short interval
I(A; h) which are squarefree is H + O (H /q) (recall H =#I(A; h) = qh“).

We write

IAsh) = (A+ P U | [ (A+eMy).
celFy
The number of squarefrees in A + P<p_ is at most #P<j;_| = qh. The squarefrees
in A + c My, are the squarefree values at monic polynomials of degree & of the
polynomial F(x,t) = A(t) + cx, which has degree 1, content gcd(A(¢), c¢) =1 and
height Ht(F) = deg A = n. By Theorem 2.1 the number of substitutions a € M,
for which F'(a) is squarefree is

qh + 0(”6]’1_1).
Hence number of squarefrees in I(A; h) is
> (q"+0(mg" )+ 0" =H+0H/q),
CE[F,;<

proving (2-2).

3. Asymptotics for Mobius sums

In this section we deal with cancellation in the individual sums
Nu(Ashy= 3" u(f).
fel(Ash)
Note that the interval I(A; i) consists of all polynomials of the form A + g, where
g € Py, is the set of all polynomials of degree at most 4.

Small h. We first point out that for # =0, 1 there need not be any cancellation. We
recall Pellet’s formula for the discriminant (in odd characteristic)

1(f) = (=1)%*e7 xo(disc f) (3-1)

where x; : qu — {#£1} is the quadratic character of [, and disc f is the discriminant
of f. From Pellet’s formula we find (as in [Carmon and Rudnick 2014])

Nou(As 1) = (=D*E4 37 yo(dise(A + g)). (3-2)
g€P<,
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Let A(t) = t". The discriminant of the trinomial " 4 at + b is (see, e.g., [Swan
1962])

disc(t" +at +b) = (=1)""" V2 (n"p" ! + (1 —n)"'a"). (3-3)
Hence for the interval I(¢"; 1) = {t" +at +b :a, b € F,} we obtain

N 1) = (=1 o (=1)" D23 " o (b + (1 =n)""'a"). (34

a,bel,

Therefore if ¢ = p* with p an odd prime and 2p | n then

Nu(@"; 1) = xa(=1)"2q Y xol@)" = +q(q — 1), (3-5)

acl,
so that [NV, (t"; )| > q2 = H. A similar construction also works for 7 = 0.

Large h. We also note that for 7 =n —2, and p {n (p is the characteristic of [F,)
the Mobius sums all coincide. This is because w(f(t)) = u(f(t +c)) if deg f > 1.
Therefore

Nu(A@); h) =N (At + o) h).

Now if A(t) = " + a,_t"~' +--- is the center of the interval, then choosing
¢ = —a,_1/n gives
At 4¢) = 1"+ apot" >+

which contains no term of the form #"~!. Therefore if & = n — 2 then
N, (" +ap_ 1" in—2) =N, (t";n—2)

has just one possible value.
Thus we may assume that 7 <n — 3.
We note that the same is true for the squarefree case.

Proof of Theorem 1.1. We show that for 4 > 2, for any (monic) A(¢) of degree n,

H
uA+a) L —- (3-6)

Writing a(t) = apt" + -+ -+ at + b, it suffices to show that there is a constant
C = C(n, h) (independent of A and @ = (ay, ..., a;)) such that for “most” choices
of a, (i.e., for all but O(g"~")) we have

D wAWD Fapt" + -+ ait+b)| < Cyq. (3-7)
bel,
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Using Pellet’s formula, we need to show that for most a,

> xa(disc(A@) +apt" +- -+ art +b))| < Cy/q (3-8)
bel,

Now D, (b) :=disc(A(t) +apt" +---+ait +b)isa polynomial in b, of degree
<n — 1, and if we show that for most a it is nonconstant and squarefree then by
Weil’s theorem we will get that (3-8) holds for such a’s, with C = n — 2. The
argument in [Carmon and Rudnick 2014, Section 4] works verbatim here to prove
that. ([

An alternative argument is to use the work of Bank, Bary-Soroker and Rosenzweig
[2015] who prove equidistribution of cycle types of polynomials in any short
interval I(A; h) for 2 <h <n —2 and g odd (this also uses [Carmon and Rudnick
2014]). Now for f € M, squarefree, u(f) = (—1)" sign(oy) where oy C S,
is the conjugacy class of permutations induced by the Frobenius acting on the
roots of f, and sign is the sign character. For any f € M,, not necessarily
squarefree, we denote by A(f) = (A1, ..., A,) the cycle structure of f, which
for squarefree f coincides with the cycle structure of the permutation o y. Then

sign(of) = sign(A(f)) :=[1}—; (=DY =% Thus

Yo ou(fHy==n" Y signlop). (3-9)
fel(A;h) fel(A:h)
squarefree

By Theorem 1.3, all but O, (H /q) of the polynomials in the short interval I(A; h)
are squarefree, hence

Z sign(of) = Z sign(af)—FO(g)

fel(Ash) fel(A:h)

squarefree
1 . 1 H
— H(H > sign(o) + O(ED - O(E)’ (3-10)

€S,

by equidistribution of cycle types in short intervals [Bank et al. 2015], and recalling
that Zaes,, sign(o) =0 forn > 1.

4. Variance in arithmetic progressions: General theory
Let a : F4[t] — C be a function on polynomials, which is “even” in the sense that
alcf) =a(f)
for the units ¢ € F;. We assume that

max |a(f)] <A, (4-1
deg f<n
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with A, independent of g. We will require some further constraints on « later on.
We denote by (&), the mean value of @ over all monic polynomials of degree n:

1
() i=— Y a(f). (4-2)
T fem,

Let O € F,[t] be squarefree, of positive degree. For an arithmetic function
a : F,[t] — C, we define its mean value over coprime residue classes by

1
=) A). 4-3
ged(A, 0)=1

The sum of « over all monic polynomials of degree n lying in the arithmetic
progressions f = A mod Q is

Suno(A) =Y a(f). (4-4)
feM,
f:A mod Q
We wish to study the fluctuations in S(A) as we vary A over residue classes coprime
to Q. The mean value of S is

1

<Sa>Q = @ a(f), (4-5)

feM,
(f,.@)=1
where ®(Q) is the number of invertible residues modulo Q.
Our goal is to compute the variance
Vary (Sy) = D 184 (A) = (Su). (4-6)

A mod Q
(A4,0)=1

°(Q)

A formula for the variance. Expanding in Dirichlet characters modulo Q gives

Sy = — > X(AMn; ax) (4-7)
Te) = O
where
Mmsax) = Y x(Half). (4-8)
feEMn

The mean value is the contribution of the trivial character xo:

1
Slo = 55 > alp. 4-9)

feM,
ged(f, 0)=1
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so that
1

S(A) = (S)p = 30)

Y X(AMm; ax). (4-10)

X#xo mod O

Inserting (4-7) and using the orthogonality relations for Dirichlet characters as
in [Keating and Rudnick 2014], we see that the variance is

1
Vary (S) = (IS = (S)o*)g = 0P > M ax)l. (4-11)
X#X0

Small n. Ifn <deg Q, then there is at most one f withdeg f =n and f = A mod Q,

and in this case \

VarQ(S)Nq;éQ)(az)n, n < deg Q. (4-12)
Indeed, if n < deg Q, then
= —. (413
ol = LD(Q) e (f)‘ <I>(Q) g; =g 20 1)
ged(£.0)=1
Hence 1
Var,(S) = —— SAPA+0(@g™!
ary (S) ‘D<Q>A§Q| (DP1+0(q™")
ged(A, 0)=1
21 0 -1
cI>(Q) le(HIF(1+ 0@ )
gcd(fQ) 1
q" 2 -1
= 2(1+0
cI)(Q)<|0(| w1+ 0(q ™))
as claimed.

S. Variance in short intervals: General theory

Given an arithmetic function o : F,[¢] — C, define its sum on short intervals as

No(Aihy= )" a(f). (5-1)
SfeI(Ash)
The mean value of N, is (see Lemma 5.2)
Na(e, m)) = g"a)y = Hia), (5-2)
Our goal will be to compute the variance of A,

VarNe = 5 LS N ()~ W P (5-3)

AeMn
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and more generally, given two such functions «, §, to compute the covariance
COV(Ng, Nj) = ((Wa — (Ne)) g — (Np))). (5-4)
Background on short intervals (see [Keating and Rudnick 2014]). Let
Pu=(f €Fylr]: deg f =n) (5-5)

be the set of polynomials of degree n,

P ={0}U | Pu (5-6)

0<m<n

the space of polynomials of degree at most n (including 0), and M,, C P, the subset
of monic polynomials.
By definition of short intervals,

I(A; h) = A+ P<p, 5-7)

and hence
#I(A:h)=q¢" "' = H. (5-8)

Forh=n—1, I(A; n —1) = M, is the set of all monic polynomials of degree n.
Forh<n-=-2,if | f —A| < qh then deg f = deg A and A is monic if and only if f
is monic. Hence for A monic, /(A; k) consists of only monic polynomials and all
monic f’s of degree n are contained in one of the intervals I(A; ) with A monic
of degree n. Moreover,

I(A1; h) NI(Ag; h) # & <> deg(A1 — Az) <h < I(A1; h) = I(Axs h),  (5-9)
and we get a partition of P, into disjoint “intervals” parameterized by B € P,_(4+1):

Pa= |[ 1¢""'B:h), (5-10)

BePu—(h+1)

and likewise for monics (recall 7 <n —2):

My= ] 1" B:n). (5-11)

BeEMu_ 1)
An involution. Let n > 0. We define a map 6, : P<, — P<, by
(O =1"f 7,
which takes f(t) = fo+ fit+-- -+ fut", n =deg f to the “reversed” polynomial

0u(F)(1) = fot" + fit" "'+ + S (5-12)
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For 0 # f € [,[t] we define

fr@) ="l e (5-13)

so that 6, (f) = f* if f(0) # 0. Note that if f(0) =0 then this is false, for example
(t** =1but 6,(t") =" *if k <n.

We have deg6,(f) < n with equality if and only if f(0) # 0. Moreover for
f#0, f*(0) #£0 and f(0) # 0 if and only if deg f* = deg f. When restricted to
polynomials which do not vanish at O (equivalently, which are coprime to ¢), the
operator * is an involution:

f=f fO#0. (5-14)
We also have multiplicativity:
(fe)" = f"g". (5-15)
The map 6,, gives a bijection
Om : My = {C € P<p, : C(0) =1}
B+ 6,,(B)

(5-16)

with polynomials of degree < m with constant term 1. Thus as B ranges over M,,,
6, (B) ranges over all invertible residue classes C mod "™ +1 such that C(0) = 1.

Short intervals as arithmetic progressions modulo t"~". Suppose h < n —2. De-
fine the arithmetic progression

Pt C)={g €Pp:g=C modt" ") =C + 1" "Py,. (5-17)
Note that the progression contains ¢"*! elements.

Lemma 5.1. Leth <n —2 and B € M,,_j,_. Then the map 6, takes the “interval”
I(t"*1 B; h) bijectively onto the arithmetic progression P<,(t"~"; 6,_,_1(B)), with
fe I(t"Y' B h) such that f(0) # 0 mapping onto those g € P<, " " 0,_p_1(B))
of degree exactly n.

Proof. We first check that 8, maps the interval I(t"t'B; h) to the arithmetic
progression P, (t" " 6,_p_1(B)). Indeed if B=>by+ -+ by_p_1" "1, with
by_n—1=1,and f = fo+---+ fut" € [(t"T'B; h) then

f=fot -+ fut"+" N bo+ - A byt (5-18)

so that
0n(f) = fot" + -+ fut" " bot" " by

=6,_p_1(B) mod " " (5-19)
Hence 6, (f) € P<,(t""; 6,_,_1(B)).
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Now the map 6, : P<, — P<, is a bijection, and both P, " 0,_p_1(B))
and I(t"*' B; h) have size ¢"*!. Therefore 6, : I(t"*'B; h) — P, (t""; B*) is a
bijection. U

The mean value.

Lemma 5.2. The mean value of Ny (+ ; h) over M,, is

1
Na(esm) =¢""'— 3" a(f) = Hia). (5-20)
JFeM,
Proof. From the definition, we have
1
WNa(esh)=——— Y No(""'B;h)
AMun—n—1 BeMy_p_1

1

== 2 2. o)

q BeMo_j_1 fel(th+1B;h)
1
=¢""'— Y a(f)=¢" @) (5-21)
qn
feM,

0

A class of arithmetic functions. Let o : [,[t] — C be a function on polynomials,
which is:

¢ Even in the sense that

alcfH =a(f), ce [F;.

o Multiplicative, that is, «(fg) = ¢ (f)a(g) if f and g are coprime. In fact we
will only need a weaker condition , “weak multiplicativity”: If f(0) #0, i.e.,
ged(f, t) =1 then

a(t* f)=a@®)a(f). f(0)#0.
e Bounded, that is, it satisfies the growth condition

ma <A
feﬁ (/)] < A

independent of g.

o Symmetric under the map f*(t) := %€/ f(t= "),

a(fH=a(f), f(O)#0.
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Examples are the Mdbius function p, its square 1% which is the indicator function
of squarefree-integers, and the divisor functions (see [Keating et al. 2015]).

Note that multiplicativity (and the “weak multiplicativity” condition) excludes
the case of the von Mangoldt function, treated in [Keating and Rudnick 2014] where
we are counting prime polynomials in short intervals or arithmetic progressions. A
related case of almost primes was treated by Rodgers [2015].

A formula for N (A; h). We present a useful formula for the short interval sums
N (s, h) in terms of sums over even Dirichlet characters modulo *~". Recall
that a Dirichlet character y is “even” if x (cf) = x (f) for all scalars ¢ € F*, and
we say that x is “odd” otherwise. The number of even characters modulo " is
O, (1) = q’”_l. We denote by xo the trivial character.

Lemma 5.3. If o : F,[t] — C is even, symmetric and weakly multiplicative, and
0<h<n-—2,thenforall Be M,_j_1,

No(t" TV By h) = (NG (=5 )

n

+ﬁn§a(z”—’") an(en,h,l(g))/\/l(m;ax), (5-22)
. Ko ven
where
Mmex) = ) a(H)x(f). (5-23)
feMy

Proof. Writing each f € M,, uniquely as f =¢""" f; with f; € M,, and f;(0) #0,
for which 6, (f) = 6,,(f1) = f;°, we obtain, using (weak) multiplicativity,

No@™ By =" > a(" ™" f)
m=0  fieMpy

J1(0)#0
hm fl El(tll+l th)

=Y a@™™ Y alf), (5-24)
m=0

f] EMm
S1(0)#0
"™ frel(t" 1 B h)
Since f1(0) # 0, we have that f;" = 6,,(f1) runs over all polynomials g of degree
m (not necessarily monic) so that g =6,,_,_1(B) mod ik by Lemma 5.1, and
moreover a( f1) = a(f]) = a(0,(f1)). Hence

n

Na@"™ ' Bih)y =3 aG"™) Y a). (5-25)
m=0 deg g=m
g=0,_h-1(B) mod 1"~
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Using characters to pick out the conditions g =6,_,_1(B) mod """ (note that
since B is monic, 6,_;_1(B) is coprime to " gives

1 ~ -
> (&) = 3y > XOuon (B)M(miay), (5-26)
deg g=m x mod t"—h
gEeﬂ*h*l(B) mOdtnih

where

Mm;ax)= Y x(@a), (5-27)
deg g=m

the sum running over all g of degree m.
Since « is even, we find that

Mm;ax)= Y Y x(chHealcf)

feMu CEF;
= > a(HxH) Y x@)

fEMm CEF;
_ {(q =D rem, @(HX(f),  x even,
~ o, x odd,

where now the sum is over monic polynomials of degree m.
Thus we get, on noting that @(t”_h)/(q —1) = Oy (t" M), that

1
> (&) = g~y Y X BYM(msay).  (5-28)

deg g=m x mod "
g=0u_p_1(B) mod("~" X even

Therefore

n

No(" By =) " a("™") Y X i (BYMOm; ax).

—h
m=0 P (171 x mod "~

X even

(5-29)
The trivial character y contributes a term
1 n qh+1

n—m _

WD) DY et Mal) = g > alh) (5-30)
m=0 gEMW fE./\/tn
8(0)#0

on using weak multiplicativity. Inserting this into (5-29) and using Lemma 5.2 we
obtain the formula claimed. ]
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Formulae for variance and covariance. Given an arithmetic function «, the vari-
ance of A is

Var(N) = (INg — (Na) )
! > [N B ) - W) (5-31)

n—h—1
q BEMnfhfl

and likewise given two such functions «, B, the covariance of N, and N, g 18
cov(Na, Np) = {(Na — (Na)Np — (Np))). (5-32)

We use the following lemma, an extension of the argument of [Keating and
Rudnick 2014].

Lemma 5.4. If a, B are even, symmetric and weakly multiplicative, and 0 < h <
n— 2, then

cov(Ny, Ng) =

1

o 2 2 «UTTHBET MO ) Ml B (5-33)

x mod "~ my,my=0
XFXo even

Proof. By Lemma 5.3, cov(Ny, N3) equals

1

ST L D W TRETE MO ax) Mima: )

x1,x2 mod =" my,my=0
X1, X27 X0 even

1
X ——— > X1Oun1(B)x2(Onn-1(B)).

n—h—1
q BeM;_jp—i

As B runs over the monic polynomials M,,_;_1, the image 6,,_,_(B) runs over
all polynomials C mod "~ with C(0) = 1 (see (5-16)). Thus

> X1Gun 1 B2 Onn 1 (B = D X1(O)xa(C).  (5-34)

BeM,_p—1 Ccl:rzggl t"l_”

Since x1, x2 are both even, we may ignore the condition C(0) = 1 and use the
orthogonality relation (recall @, (" = g" " 1) to get

1
—— Y XOx(C)=8(x1. x2) (5-35)

C mod "
Cc(0)=1

(see [Keating and Rudnick 2014, Lemma 3.2]), so that

qn
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cov(Ny, Npg) =
1 n
NEIE ST D a@™BE T Mmy; ax)Mima: Bx)  (5-36)
& x mod "~ my1,my=0

X# X0 even

as claimed. |

6. Characters, L-functions and equidistribution

Before applying the variance formulae presented above, we survey some background
on Dirichlet characters, their L-functions and recent equidistribution theorems due
to N. Katz.

Background on Dirichlet characters and L-functions. Recall that a Dirichlet char-
acter x is “even” if y(cf) = x(f) for all scalars ¢ € [, and we say that y is
“odd” otherwise. The number of even characters modulo " is ®e, (1) = g™ ~'. We
denote by xo the trivial character.

A character y is primitive if there is no proper divisor Q' | Q such that x (F) =1
whenever F is coprime to Q and F = 1 mod Q'. We denote by ®pim(Q) the
number of primitive characters modulo Q. As g — oo, almost all characters are
primitive in the sense that

CDprim(Q)
@(Q)

the implied constant depending only on deg Q.
Moreover, as g — oo with deg Q fixed, almost all characters are primitive and
odd:

=1+0(1/q), (6-1)

o (0)
®(Q)

the implied constant depending only on deg Q.

One also has available similar information about the number <I>§‘r’im(Q) of even

primitive characters. What we will need to note is that for Q(¢) =", m > 2,

=1+0(1/q), (6-2)

O (") =q" (g - 1). (6-3)
The L-function L(u, x) attached to x is defined as

L@, x) =[] —xPyue")", (6-4)

PIQ
where the product is over all monic J[irreducible polynomials in [, [7]. The product
is absolutely convergent for |u| < 1/q. If x = xo, i.e., x is the trivial character
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modulo Q, then
L(u, x0) = Z@w) [ (1 —u®e?), (6-5)
PlO

where
1

Z(I/t) — 1_[ (1 _udegP)—l — m

P prime

is the zeta function of [, [7]. Also set ¢, (s) := Z(g™*).

If O € F,[t] is a polynomial of degree deg O > 2, and x # xo (x is a nontrivial
character mod Q), then the L-function L(u, x) is a polynomial in u of degree
deg O — 1. Moreover, if x is an “even” character, then there is a “trivial” zero at
u=1.

We may factor L(u, x) in terms of the inverse roots

deg O—1
Lw, )= [] d=a;G0u). (6-6)

j=l1

The Riemann hypothesis, proved by Andre Weil (1948), is that for each (nonzero)
inverse root, either a;(x) =1 or

lee; ()| =g/ (6-7)

If x is a primitive and odd character modulo Q, then all inverse roots «; have
absolute value ,/q, and for x primitive and even the same holds except for the
trivial zero at 1. We then write the nontrivial inverse roots as «; = g'/2¢/% and
define a unitary matrix

0, =diag(e, ..., "), (6-8)

which determines a unique conjugacy class in the unitary group U (N), where
N =deg Q — 1 for x odd, and N = deg Q — 2 for x even. The unitary matrix ©,
(or rather, the conjugacy class of unitary matrices) is called the unitarized Frobenius
matrix of x.

Katz’s equidistribution theorems. Crucial ingredients in our results on the variance
are equidistribution and independence results for the Frobenii ®, due to N. Katz.

Theorem 6.1. (i) [Katz 2013b] Fix®> m > 4. The unitarized Frobenii ® x for the
family of even primitive characters mod T™ ! become equidistributed in the
projective unitary group PU (m — 1) of sizem — 1, as g — 0.

31If the characteristic of [ is different than 2 or 5 then the result also holds for m = 3.
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(i1) [Katz 2015b] If m > 5 and in addition the q’s are coprime to 6, then the set of
pairs of conjugacy classes (®y, © ,2) become equidistributed in the space of
conjugacy classes of the product PU(m — 1) x PU(m —1).

For odd characters, the corresponding equidistribution and independence results
are

Theorem 6.2. (i) [Katz 2013a] Fix m > 2. Suppose we are given a sequence
of finite fields [, and squarefree polynomials Q(T) € F,[T] of degree m. As
q — 00, the conjugacy classes ®, with x running over all primitive odd
characters modulo Q, are uniformly distributed in the unitary group U (m — 1).

(i1) [Katz 2015a] If in addition we restrict to q odd, then the set of pairs of
conjugacy classes (©, ©,2) become equidistributed in the space of conjugacy
classes of the product U(m — 1) x U(m — 1).

7. Variance of the Mobius function in short intervals

For n > 2, the mean value of NV, (A; h) over all A € M, is

(Nu(e; b)) =0. (7-1)
Indeed, by Lemma 5.2
Ny =257 . (7-2)
q fEMn

Now as is well known and easy to see, for n > 2,

D u(f)=0, (7-3)

feM,

hence we obtain (7-1).
We will demonstrate the following asymptotic property of the variance.

Theorem 7.1. If0 <h <n —>5 then
Var N, (+;h)~H, ¢g— oo. (7-4)

We use the general formula of Lemma 5.4 which gives

1

Var(Nu(-;h))zm Z |IM(n; pyx) — Mn—1; )l (7-5)
o even
where
M )=y 1w(Hx(). (7-6)

feM,
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Lemma 7.2. Suppose that x is a primitive even character modulo t"~". Then
n
M(n;ux):qu/ztrSymk 0, (7-7)
k=0

where Sym" is the symmetric n-th power representation (n = 0 corresponds to the
trivial representation). In particular,

M@ ) — M —1; px) =q"* r Sym" ©,. (7-8)
If x # xo and x is not primitive, then
IM(n; 10| < g™ (7-9)
Proof. We compute the generating function

1
L(u, x)

S M " = Y x(Hu(utes =

n=0 f monic

) (7-10)

where L(u, x) =) £ monic X (f)ude/ is the associated Dirichlet L-function. Now
if x is primitive and even, then

L(u, x) = (1 —u)det(I —uq'?®,), (7-11)

where ©, € U(n — h —2) is the unitarized Frobenius class. Therefore we find

oo

Z 2tr Sym* ©, uk, (7-12)

(I=u) ) M pou" =

—~ det(I — uq1/2® )

where we have used the identity

o0

1
=Y uFrSym* A. (7-13)
k=0

det(I —uA)

Comparing coefficients gives (7-7).

For nonprimitive but nontrivial characters x # xo, the L-function still has the
form L(u, x) = ]_[;f;lf*l(l — a;u) with all inverse roots |a ;| < ,/q, and hence we
obtain (7-9). Ol

We can now compute the variance using (7-5). We start by bounding the contri-
bution of nonprimitive characters, whose number is O(éfbev(t”_h)) = O(q"_h_z),
and by (7-9) each contributes O (g™) to the sum in (7-5), hence the total contribution
of nonprimitive characters is bounded by 0,(¢"). Consequently we find
h+1

VarN (+ 3 h) = —2 Y juSym" 0,17+ 0(gh. (7-14)

= (I) tnfh
ev( ) x mod ik

x even and primitive
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Using Theorem 6.1(i) we get, once we replace the projective group by the unitary

group,
i Var(N, (3 h))
im ————— =

2
g—00 P |tr Sym" U|” dU. (7-15)

U(n—h—2)

Note that by Schur—Weyl duality (and Weyl’s unitary trick), Sym” is an irreducible
representation. Hence

ltr Sym” U|?dU =1, (7-16)
Un—h-2)

and we conclude that Var(N, (s ; h)) ~ g"t! = H, as claimed.

8. Variance of the Mobius function in arithmetic progressions

We define
Suno(A) =8, (A)= > p(f).

feMn
f:A mod Q

Theorem 8.1. Ifn > deg Q > 2 then the mean value of S,,(A) tends to 0 as g — o0,

and . .
q 2 q
Var, (S,) ~ —— / trSym" U|"dU = ——- 8-1)
e e(0) | | ®(Q)
vQ-1n
The mean value over all residues coprime to Q is
1
(Sp) = —— p(f) = ——=Min, uxo). (8-2)
e ®(Q)
ged(f,0)=1
To evaluate this quantity, we consider the generating function
o.¢]
Y M@ pxou" =Y p(fHutes
n=0 ged(£.0)=1
1 —qu
— (1 _ udeg P) —
ll'g [Tpio(1 —ute?)
1 —qu
=, 8-3
[T — (8-3)

where X, is the number of prime divisors of Q of degree k. Using the expansion

o0

R
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gives
[T R ZC(”)”

with

cm= Y ]‘[(”";f_’fl),

> kng=n k
and hence forn > 1,
M(n, pxo) =Cn) —qCn—1).
Thus we find that for n > 1,

Cn)—qgCmn—1)

Su) = 8-4
(Su) 5(0) (8-4)

and in particular for deg Q > 1,
I{Sp )|<<@—>0 q — 0. (8-5)

For the variance we use (4-11) which gives
Varg (S,) = ——= > IM@; ). (8-6)
q)(Q) XFX0

As in (7-10), the generating function of M(n; wy) is 1/L(u, x). Now for x odd
and primitive, L(u, x) =det(/ —uq1/2®x) with ®, € U(deg Q —1) unitary. Hence
for x odd and primitive,

M(n; px) =¢"? rSym" ©,,. (8-7)
For nontrivial x that is not odd and primitive, we can still write

deg O—1
Luw,x)= [] d=ajuw

j=1
with all inverse roots | ;| < ,/g, and hence for x # xo we have a bound
M )] <n g™ (8-8)

The number of even characters is @, (Q) = ®(Q)/(q — 1) and the number of
nonprimitive characters is O(®(Q)/q), hence the number of characters which are
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not odd and primitive is O (P (Q)/q). Inserting the bound (8-8) into (8-6) shows
that the contribution of such characters is O(¢"~!/®(Q)). Hence

qn 1 ; 5 qn—l
Var, S, = ———— [tr Sym” ®, | +0< ) (8-9)

27" v(Q) 2(Q) ddZ YT ®(Q)

X odd primitive
Using Theorem 6.2(i) gives that, as ¢ — 00,
qn ) qﬂ
Var, S f [tr Sym" U|* dU = . (8-10)
2°r " 9 (Q) g ®(0)
u-1

9. The variance of squarefrees in short intervals

In this section we study the variance of the number of squarefree polynomials in
short intervals. The total number of squarefree monic polynomials of degree n > 1

is (exactly)
S ur=-L =q"(1 - 1>. O-1)
2,Q)

feM, q

The number of squarefree polynomials in the short interval I(A; &) is

Naiy= ) () 9-2)

fel(Ash)
Theorem 9.1. Let 0 < h <n — 6. Assume g — oo with all q’s coprime to 6.

(1) If h is even then
b h 2 v H
Var N 2(s; h) ~ g2 / trSym> ' U |7 dU = ~—. (9-3)
123 | | \/ﬁ
U(n—h—2)

(1) If h is odd then

Var./\/'uz(-;h)quhz_]/ e U> dU / |trSym">” U'|* dU’
U(n—h-2) U(n—h-2)
vH

== (9-4)
q

Proof. To compute the variance, we use Lemma 5.4. Since 2 (™) =1 form =0, 1
and equals O for m > 1, we obtain

1 2
Var(NMz(.;h)):m > MO ) + M@n=15170)|, (9-5)
v X #xo mod "~h

X even
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where

M 1P = Y u(f’x(f). (9-6)

feMy

To obtain an expression for M (n; %y ), we consider the generating function

L(u, x)

L L2 D) ) 9-7)

D Mo pPou" = w(fPx(fHute =
n=0 f

Assume that x is primitive, and that x? is also* primitive (modulo *~"). Then

L(u, x) = (1 —u) det(I —uq'?®,),
L@ x*) = (1 —u?) det(] —u?q'©,>2).

Writing for U € U(N)

det(I —xU) = Z,\ (U)x/,

9-8)
o0
tr Sym* Ux*,
det(l—xU) 2_(:) roym&x
gives, on abbreviating
A0 =2;(0y), Symf(x?) = tr Sym* 0,2,
that
L(u,y) det(I —uq'?®,)
L@? x»)  (1+u)det(I —u?q'/?0,2)
[e.e] o
=3 S Y100 Symt (g Uik
m=0 0<j<N k=0
and hence
M () = (=" D" (=100 Sym* (x g U2 (9-9)
Jj+2k<n
0<j=<N
k>0

ar q is odd then primitivity of x and of %2 are equivalent.
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Therefore

M 120 + M — 1120 = (=1 Y (=173 00 Symt (xD)g T
Jj+2k<n
0<j=<N
k>0

"
+(=D" T (=100 SymF(xDg T
jH2k<n—1
0<j=<N
k>0
o
=(=1" Y (=1)Pa;00 Sym* (xDg T
Jj+2k=n
0<j=<N
k>0
=q"* Y 0Sym'T (xHg!,
0<j=<N
Jj=n mod 2

Therefore, recalling that N =n — h — 2,

M(n; 1)) + M@ —1; 1% x)

h

_____ N ) _ ,

= (= 1)"(1+0(q1/2))x{ N (O Sym T (x) n =N mod 2,
qF " 1(X)Sym S (Xz) n # N mod 2.

Noting that » = N mod 2 is equivalent to & even, we finally obtain

IM(n; 1 x) + M —1; 1) |

,,_m_

2\12
—(1+ 0" x { W
q

l|>»N(><)Sym%x I even.

9-10)
Yaw— 1(X)Sym T (XZ)IZ, h odd. (

n_i_

Inserting (9-10) into (9-5) gives an expression for the variance, up to terms which
are smaller by ¢ ~!/2. The contribution of nonprimitive characters is bounded as in
previous sections and we skip this verification. We separate cases according to &
even or odd.

h even. We have |Ay(x)| =|det®,| =1, so that

w1 12
VarNa(esh)~q? ———— > [Sym 2 (x7)I*. (9-11)
Doy (17 y
x mod t"
X primitive even

Here the change of variable x — x2 is an automorphism of the group of even
characters if ¢ is odd, since then the order of the group is O (1" = q"‘h_l,
which is odd. Using Theorem 6.1(i) for even primitive characters modulo "~
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allows us to replace the average over characters by a matrix integral, leading to

Var N (5 h) ~g* / ltr Sym> T U2 dU. (9-12)
Un—h—2)

Since the symmetric powers Sym* are irreducible representations, the matrix integral
works out to be 1. Hence (with H = ¢"*1)

vH
VarN (s h) ~q"? == (9-13)
123 \/ﬁ
h odd. In this case
. it 1 B3 2y 2
Var N (e i) ~ g % oo Zdj GO SymEGAR. 014
x mod "~

X primitive even

Note that |Ay_;(U)| = |tr U], because Ay_1(U) = (—=1)Y~"detU tr U~! and for
unitary matrices, |detU|=1andtr U~ ' =tr U.

We now use Theorem 6.1(ii), which asserts that, for 0 <h <n —6 and g — o0
with g coprime to 6, both ®, and ©,> are uniformly distributed in PU (n —h —2)
and that ©,, ©, are independent. We obtain

Var N (e h) ~q'7 / tr U2 dU f Itr Sym">” U')2 dU’

U(n—h—2) U(n—h—2)
H
= £ , (9-15)
q
by irreducibility of the symmetric power representations. U
10. Squarefrees in arithmetic progressions
As in previous sections, we set
SAy= > w . (10-1)
f:A mod Q
feM,
We have the expected value
q"/5,2)  ¢"
(S)o W(f) ~ =~ (10-2)

T 4 *©Q) Q]
(f,0)=1
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and the variance

Vary (8) = D M. (10-3)

XFXo

CD(Q)Z

Theorem 10.1. Fix n > N > 1. For any sequence of finite fields [F,, with q odd,
and squarefree polynomials Q € F,[t] withdeg Q =N + 1, as g — o0,

Var, (S) ~

q"? o 1//q, n#degQ mod2,
Q12 |1/q, n=degQ mod?2.

Proof. The generating function of M (n; u?y) is

L(u, x)

S Mo 1 —Zu(f)zx(f)udegf L

n=0

(10-4)

If both y, X2 are primitive, odd, characters (which happens for almost all yx ), then
L(u, x) =det( —uq'?®,), L@?* x*) =detd —u’*q'?® ),  (10-5)

and writing (with N =deg Q — 1)

N

det(1 —ug'?@,) => " 2;00q7u’, (10-6)
j=0
o

SymX (v 2)gk/2 2k’ 10-7

det(I —gq 1/2 W26 1) ;0 yme (x)g ™ u (10-7)

we get, since n > N,

M 20 =Y 100 SymF (g T

Jj+2k=n
0<j<N
k=0
N i .
=q% Y () SymT (xDq?, (10-8)
j=0
j=n mod 2
and hence
Mn; u*x) =
n—N
n A Sym 2 (x? = N mod 2,
(1+0(@ 2 )g"" x { VG0 Sym ® (), PRI (10.9)
q ~E AN 1) Sym— 2 ER (xz) n # N mod 2.
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Since Ay (x) = det ®,, which has absolute value one, we find

IM(n; w?x)1* =
n—N
np {I Sym 2 (x%)I, n=N mod2

|
14 0@ : o 10-10
( (@ 2)q q’%lkal(x) Sym ikl (X2)|2’ n# N mod 2. ( )

If x # xo and x is not odd, or not primitive, we may use the same computation
to show that

IMn; 12| <n g"M/4, x # xo and is even or imprimitive.  (10-11)

We thus have a formula for Var(S). We may neglect the contribution of characters
x for which x or x? are nonprimitive or even, as these form a proportion < 1/q of
all characters, and thus their contribution is
11 1 g"?
g~
(D) q q101""/q

which is negligible relative to the claimed main term in the Theorem.

To handle the contribution of primitive odd characters we invoke Theorem 6.2(ii)
which asserts that both ®, and ©, 2 are uniformly distributed in U (deg Q — 1) and
are independent (for ¢ odd). To specify the implications, we separate into cases:

If n =N mod?2 (i.e., n # deg Q mod 2) then

qn/2 1
101'72¢'/2 @(Q)

Var,) (S) ~ 3 Isym™ (xH)1 (10-12)

X»x 2 primitive
By equidistribution

1

— 3 |Sym"‘zN(X2)|2~/|trSym”‘zN UPdu. (10-13)
®(Q)

X, X 2primitive U(N)

n—

Note that |, UN) [tr Sym U |2dU = 1 by irreducibility of Sym*. Thus we obtain

qn/2

017212

If n # N mod?2 (i.e., n = deg Q mod 2), then we get

VarQ(S) ~ n # deg Q mod 2. (10-14)

n/2 1 e
qqull/2 ®(Q) Z Av-100 Sym™ 2 (). (10-15)

X, x2 primitive

VarQ (S) ~
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Note that as in Section 9, |[Ay_1(x)| = |tr ®,|. By Theorem 6.2(ii),

1

n=N+1 2
@ Z |AN_1(X)Sym 2 (X2)| ~
X, x2 primitive
e U)? | Sym" " U7 dUdU’ =1, (10-16)
UN)xU(N)
and hence
n/2
Thus we find
qn/2
017212 n % deg Q mod 2,
Vary (S) ~ i (10-18)
4 deg O mod 2
T A1/ n=de ’
0172 &
as claimed. [l

Appendix: Hall’s theorem for [, [#]: The large degree limit

Let O(n, H) be the number of squarefree integers in an interval of length H about
n:

H
Q(n, H):= ) 1> (n+ ). (A-D)
j=l1

Hall [1982] studied the variance of Q(n, H) as n varies up to X. He showed that
provided H = O(X?/°7°), the variance grows like ~/H and in fact admits an
asymptotic formula:

1 H |
2;( Q(n,H)—@ ~ AVH, (A-2)
with
3/2 32
A:g(n/ )H(l—?—i—?). (A-3)
p

We give a version of Hall’s theorem for the polynomial ring [, [#] with ¢ fixed.
Let

NAY= D uf)

|f—Al<g"
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be the number of squarefree polynomials in a short interval I(A; &) around A € M,,,
with 7 <n — 2. Note that

#I(A:h)=¢" "' = H.

We wish to compute the variance of A as we average over all short intervals with ¢
fixed and n — oo.
Let

3 2
fo=T1(1 - e 12) (a4

P

Theorem A.1. As h — oo,

1+q’2 h even
9y H2
Var N = «/H1 _'Bq — X . ﬁ—l + 0( n/3> + 0, (H1/4+0(1))
1 9 hodd
q

In partlcular we get an asymptotic result provided i < (— —o(l))n or equivalently
H < (q”)9 oD Tt is likely that one can improve the factor 2/9 a bit.

The probability that f and f + J are both squarefree. As in the number field
case, we start with an expression for the probability that both f and f + J are
squarefree. For a nonzero polynomial J € [, (7], define the “singular series”

s =[](1 2 I1 PP 1 (A-5)
- PR) L 1PP=2
P P2|J

the product over all prime polynomials. We will first show this:

Theorem A.2. For 0 # J € F,[t], degJ <n,

SUimyi= Y 2O+ =6()g"+0mg?).  (A6)
feMn

the implied constant absolute, with & (J) given by (A-5).

Note that Theorem A.2 is uniform in J as long as deg J < n.

Theorem A.2 is the exact counterpart for the analogous quantity over the integers,
which has been known in various forms since the 1930’s. The proof below is roughly
the same as the one given in [Hall 1982, Theorem 1]. The exponent 2/3 has been
improved, by Heath-Brown [1984] to 7/11 and by Reuss [2014] to about 0.578.
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A decomposition of p®. We start with the identity

W)=Y ud) (A7)
a2\ f
(the sum over monic d). Pick an integer parameter 0 < z < n/2, write Z = g%, and
decompose the sum into two parts, one over “small” divisors, that is with degd < z,
and one over “large” divisors:

p? = ,ug + e, (A-8)
W)=Y w@d, e(fH)= Y wu@. (A-9)
a2\ f a2\ f
degd<z degd>z
Let
S:(Jinyi= Y pR(NHu(f + ). (A-10)
feM,

We want to replace S by S,.

Bounding S(J; n) — S;(n; J).
Proposition A.3. Ifz <n/2 then

n

1S(Uin) = S.(Jin)| < %

where Z = g-~.
Proof. Note that

WO+ =
HEOUEFHD) + e (HRPf+T) — p2 (e (f+T) — e (fe(f+T) (A-11)
so that (recall u2(f) < 1)
|2 (OB +HD =12 (O REFHD] < le(HI+le(FHD)+le(fe(f+)]
<le:(Nl+le:(f+DI+ Sle:(HPF + 3le.(f+DIF (A-12)

and therefore, summing (A-12) over f € M, and noting that since deg J < n, sums
of f + J are the same as sums of f,

1SUsn) = S:(Jsm <2 Y le(Hl+ D le(NI” (A-13)
feM, feM,
We have
lex(Hl=| Y u@d|< Y 1,

a2\ f a*|f
degd>z degd>z
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so that

YNl Y Y1

feEMy feMy g2 f
degd>z

= Y #HfeM,:d|f)

z<degd<n/2

q" _2q"
= § < . A-14
ldi? ~— Z ( )

z<degd<n/2

Moreover,

doleDP= 3 o Y1
feM, feMu df  d3f
degd) >z degdr>z

< Y #feM,:di|fand d3| f).

z<degd;,degdr<n/2

Now the conditions d12 | f and c122 | f are equivalent to [d, dr]? | f, where [dy, d;]
is the least common multiple of d and d>, and this can only happen if deg[d;, d>] <
deg f/2 = n/2, in which case the number of such f is ¢"/|[d, d>]|*> and is zero
otherwise. Thus

n

q
o le(HPs Y s

feMy z<degd,,degdr<n/2
deg[dl ,dz]fﬂ/z
1
<q" — . (A-15)
Z [dy, da]?

degd,degdr>z

We claim the following analogue of [Hall 1982, Lemma 2]:

1 1

Lemma A 4. E _— K =
e Ildi, 211> — Z

gd),degdr>z

Inserting Lemma A.4 in (A-15) we will get

2 4"
D le(HP <= (A-16)

feM,

Inserting (A-14) and (A-16) in (A-13) we conclude Proposition A.3.
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To prove Lemma A.4, use [d1, d»] = dd>/ gcd(dy, d») to rewrite the sum as

3 o )3 | ged(dy, db)|?
2 20112
degd),degdr>z 1, da]] degd,degdr>z |d1|*|da|

1
_ 2 .
=2 MK 2 |d1|2|d>|?

k monic degd;,degdr>z
gcd(dy,dr)=k

In the sum above, we write d; = k§; with ged(8;, d2) = 1. The condition
degd; > z gives no restriction on §; if degk > z, and otherwise translates into
degd; > z —degk. Thus

1
2 i@ 1,d2]|2< Z 2 BEEE

degd,degdr>z k monic deg81 ,degdry>z—degk
ged(8y,82)=1
2
1 1
= E — E -5 |
[k[? 1812
k monic deg é>z—degk

after ignoring the coprimality condition. Therefore

S )= S e )

k monic degd>z—degk degk<z deg>z—degk

LR |2<Z|5|2>2

deg k>

kI, 1
< Z | |2(_) qz—H

degk<z

<<1
Z’

which proves Lemma A.4. (]
Evaluating S;(J; n).

Proposition A.5. Ifz <n/2 then

n

qz 2
~ )—I—O(Z ),

S.(J;n) =q”6(J)+O(

with Z = g~.
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Proof. Using the definition of ,u%, we obtain

S:(Jinyi= Y p2(NHu(f+T)

SeMy

Do D0 m@dp@)Rf eMy:di| £, di | f 4T

degd <z degdr<z

Decomposing into residue classes modulo [d, dr)? gives

HEeM:di 1 5| f+TY= ) #{feM,:f=cmodld,d]}.

¢ mod [dy,da]*
¢=0 mod d?}
c=—J mod d2

If deg[d;, d»]* < n then

qﬂ
#HfeM,: f=cmod[d,d]*} = ———-
! / WA

Otherwise there is at most one f € M,, with f = ¢ mod [d}, d>]>. So we write
qn

o 2 _ _
#feM,: f=cmodld,d]*} = (EORATE

+o().

Let «(dy, d»; J) be the number of solutions ¢ mod [d;, d»]* of the system of
congruences ¢ = 0 mod d?, ¢ = —J mod d22; it is either 1 or O depending on
whether ged(d, d»)? | J or not. Then we have found that
ql’l

S.(J;n) = dyp(dr)k(dr, doy | =3
J:m) Z Z ud)p(dr)k(dy, dy )(|[d1,d2]|2

degd <z degdr<z

di,dy; J
Y Y wana D o),

2
degd <z degdy<z |[d a ]I

+ O(D)

The double sum can be extended to include all d, d>:

k(dy,dr; J) k(dy,do; J)
d d d dr))————=
) nmdypldy)———=>" TRATE =Y u(d)p(dy) TPIRATE

degd1 <z degd2<2 dlst

degd >z da
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so that
Kk(dy,dy; J)
S.(J;n)=q" d)u(dy) ———=7
((Jin)=¢q gm D) S
1,42
1
+0(2:§:———7)+mﬁ)(kﬂ)
qorr = ldy, da]|
ega| >z daz

The sum in the remainder term of (A-17) is bounded in the following analogue
of [Hall 1982, Lemma 3].

Lemma A.6.

1 Z Z
2 Ximar<s=z

_Z =
degd1>z dy q

Proof. We argue as in the proof of Lemma A.4: We write the least common multiple
as [dy, d»] = did»/ ged(d,, dy) and sum over all pairs of d;, d» with given gcd:

1 5 1

Z Z 2 =Z|k| Z Z IFRVIFRE

dcedroz a1 &l k trdo: o il
ng(dl,dz)Zk

1 1

2

=Z|k| Z k2182 Z |k|2|82|2.
k deg 81 >z—degk )

gcd(81,82)=1

after writing d; = k§; with §;, §, coprime.
Ignoring the coprimality condition gives

1 1 1 1
2 LinaE SLRE, o BE A nE

degd >z da degd;>z—degk

1 1 1 1
CLpE, X Tl iy

degk<z deg §1>z—degk egk>z
1 k| 1
< —— 4+ —
< Z |k|2 q° Z |k|2
degk<z degk>z
<« ===
¢ Z
which proves Lemma A.6. U

Putting together (A-17) and Lemma A.6, we have shown that

k(dy, dy; J) 0<q"z

S.(J;n)=q" d)p(d
(Jim)=¢" Y uld)p(dy) WAL ~

d

)+0@%.(Am)
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It remains to show that the infinite sum in (A-18) coincides with the singular
series G(J).

Lemma A.7.

Kk(dy, dr; J)
ZZMdl)mdz) g =W

Proof. This is done exactly as in [Hall 1982, Appendix]. We write

Z Zu(dl)u(dz)M _ Z s(m: J)

2 2
s I[d1, d2]] Im|

where

sim; =Y pd)p(d).
[di,d2]=m
ged(dy,d2)?|J

One checks that s(m; J) is multiplicative in m, and that for P prime
s(PU Py = ) n(PY(PY),

max(u,v)=o
2 min(u,v)<j

so that s(P%; P/) =0 for « > 2, while for o = 1
s(P; PIy=" " w(P)u(P").
max(u,v)=1

min(u,v)<j/2

If j <2 (that is if P? 1 P/), then the sum is over max(«, v) = 1 and min(u, v) =0,
ie., (u,v) = (0, 1), (1, 0), which works out to s(P, P/) = —2 for j=0,1, while
for j > 2 the only restriction is max(u, v) = 1, i.e., (u, v) = (1, 0), (0, 1), (1, 1),
which gives s(P, P/) = —1 for j > 2. Thus

DT U(l )
~T10 ) 10 - )

P2t

which is exactly G(J). O

We now conclude the proof of Proposition A.5: By Propositions A.3, A.5 we have
shown that for z <n/2,

S ) =q"6(J>+o(q;Z

)+0@%
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Taking z &~ n/3 gives that for all J # 0 with deg J < n,
S(J:n) =¢"6(J) + 0 (ng™")
as claimed. ]

Computing the variance. As described on page 389 of Section 5, we have a parti-
tion of the set M, of monic polynomials of degree n as

My = 1] KA )
AeA
where

A={A=t"+a, 11"+ +apt" 1a; € Fyl.

The mean value of N is, for n > 2,

A= S = 4 2
= — = — > ).
(V) #Ag W)="g "=
The variance is
Var NV = (NV?) — (V)2 (A-19)
We have
1
WH==20 2 2 KOO ®
AeA | f—A|<q" |g—A|<q"
1 2 1 2 2
=— > WO+ Y. 1w Hre)
#A L #A
If—gl<q"
1
=\ +4¢"" YT = > WO+ D).
0£JeP<y feM,
We use Theorem A.2:
D OB+ ) =q"S() + 0(ng™)?), (A-20)
feMy
where )
B 2 PP—1
&(J) _]_[<1 — |P|2> I1 pp—2 =) (A-21)
P P2|J
with

2
o= ]_[<1 — W) (A-22)

P
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and

P> —1

J)= .

5( ) l_[ |P|2—2
P2|J

This gives that

Var = (N) — (N)? -l—c»zq{h+1 Z s(J)+ O(Hznq_”/3)
0#£J Py

gt gt . , s
= —— 1 J O(H -
[ («2)) teg e - )ZJ O,;M o)+ OH g,

(A-23)
the last step using homogeneity: S(cJ) = 6&(J), c € F;.

Computing ) 7 8(J). To evaluate the sum of 5(J) in (A-23), we form the gener-
ating series

Fu) = Z s(Nyudee’

J monic

Since s(J) is multiplicative, and s(P*) = 1if k =0, 1, and s(P*) =s(P?) = :Ilz}%
if k > 2, we find

Fu) = ]_[(1 +ute? 4 5(P?) Z ukdegp>

P k>2
(1
|P|2—21—udegP

= Z(u)l_[( |P|2 Zdegf’),

with
1

_ _ deg P\—1 __ .
Z(u)_1:[(1 udee Py -1

We further factor

2deg P __ M4degP)
b

1 2degP ) _ 2,2 2u
l_[<1+|P|2—2“ )_Z(“ a )U(H PR(PE—2)

P

with the product absolutely convergent for |u| < ¢>/*.
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We have
i 1 1 — =+
YD s(h= T?gF(u)—ldu
j=0 JeM; T u=

1 1 1 u~ D
=— fﬁ F(u) du+ — % F(u) du, (A-24)
2mi u—1 2mi 1—u

where the contour of integration is a small circle around the origin not including
any pole of F(u), say |u| = 1/¢?, traversed counterclockwise.
The first integral is zero, because the integrand is analytic near u = 0. As for the

second integral, we shift the contour of integration to |u| = ¢>/#%, and obtain

1 u—+D 1 ey

— P F(u) du=— Res —Res— Res +— % F(u) du.

2mi 1—u u=l1/q u=1 u==+.,/q 2mi 1—u
|u|:q3/4—8

As h — oo, we may bound the integral around |u| = ¢*/*~% by

- % F(u) du <<q q—(3/4—8)(h+1)’
2mi 1—u

Jul=q?/4=
the implied constant depending on q.
The residue at u = 1/g gives
1 h+1
u=l/q  ag(2)* (g —1)

and hence its contribution to Var N is

qh+1 2
(—) , (A-25)
¢(2)

which exactly cancels out the term — (N )2 in (A-23).
The residue at u = 1 gives

Res F U0 Fly= . 41
—Res ———— = =— —_
|P|? -2

u=1 l—u 1—gq »
= ! (A-26)
(g — Dagy(2)
and its contribution to Var N is
h+1
_7__, (A-27)
£ (2)

which exactly cancels out the term (A) in (A-23).
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The residue at u = +,/q gives

Res = 18 g A-28
T 2 (g (=g 1) (A2

and the residue at u = —,/q gives

_h_o
— Res =&—1h 36]22 T
u=—yq 20 (I+q=3 /A +q71/2)
. 3 2
with B, = 1:[(1 — W + W) Hence
=2\ Lk(=D" | —1/2 —1)1=(=D"
— Res — Res =+&q_%_l(l+q ) 7 t4 /(1+q ) 2.
u=t+yq u=—yq & 1-g=3(q-1
Therefore we find
1+q’2
5 7 h even H2n
VarN: 1_—;_3q(h+1)/2 X 1+ _1 + 0<n_/3> + Oq(H1/4+3).
T hodd
q
This concludes the proof of Theorem A.1.
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Equidistribution of values of linear forms
on a cubic hypersurface

Sam Chow

Let C be a cubic form with integer coefficients in n variables, and let /& be the
h-invariant of C. Let Ly, ..., L, be linear forms with real coefficients such that,
if « € R" \ {0}, then & - L is not a rational form. Assume that 2 > 16+ 8r. Let
T € R’, and let n be a positive real number. We prove an asymptotic formula for
the weighted number of integer solutions x € [—P, P]" to the system C(x) =0,
|L(x) — t| < n. If the coefficients of the linear forms are algebraically indepen-
dent over the rationals, then we may replace the h-invariant condition with the
hypothesis n > 16 + 9r and show that the system has an integer solution. Finally,
we show that the values of L at integer zeros of C are equidistributed modulo 1
in R", requiring only that 2 > 16.

1. Introduction

Recently Sargent [2014] used ergodic methods to establish the equidistribution of
values of real linear forms on a rational quadric, subject to modest conditions. His
ideas stemmed from quantitative refinements [Dani and Margulis 1993; Eskin et al.
1998] of Margulis’ proof [1989] of the Oppenheim conjecture. Such techniques
do not readily apply to higher-degree hypersurfaces. Our purpose here is to use
analytic methods to obtain similar results on a cubic hypersurface.

Our first theorem is stated in terms of the A-invariant of a nontrivial rational cubic
form C in n variables, which is defined to be the least positive integer 4 such that

Cx)=A1(x)B1(x)+---+Ap(x)Bp(x) (I-1)
identically, for some rational linear forms Ay, ..., A, and some rational quadratic
forms By, ..., By. The h-invariant describes the geometry of the hypersurface

{C =0}, and in fact n — h is the greatest affine dimension of any rational linear
space contained in this hypersurface (therefore 1 < h < n).

MSC2010: primary 11D25; secondary 11D75, 11J13, 11J71, 11P55.
Keywords: diophantine equations, diophantine inequalities, diophantine approximation,
equidistribution.
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Theorem 1.1. Let C be a cubic form with integer coefficients in n variables, and
let h = h(C) be the h-invariant of C. Let Ly, ..., L, be linear forms with real
coefficients in n variables such that, if o € R" \ {0}, then o - L is not a rational form.
Assume that

h > 164 8r. (1-2)

Lett €e R and n > 0. Let

2 .
w(x):{exp(—zj<n1/<1—xj>) el <1, 13
0 iflxl =1,
and define the weighted counting function
Ny(P) = Z w(x/P).
xeZ" :C(x)=0
and |[L(x)—t|<n
Then
Nu(P) = 2n) Sy P"™ > +o(P"™"7) (1-4)

as P — oo, where

&= ¢" Y D eaCw) (1-5)

geN a modg x modgq
(a,q)=1

and

Xw:/ /w(x)e(BoC(x)—l-Ot'L(x))dXdﬂod“- (1-6)
Rr+1 n

Further, we have Gy, > 0.

The condition that no form in the real pencil of the linear forms is rational cannot
be avoided, for if |[L(x) — 7| < 7, then |a - L(x) — & - T| < n]a|, and the values
taken by a rational form at integer points are discrete. As a simple example, the
inequality

b, = 4] <
admits no integer solutions x.

We interpret N, (P) as a weighted count for the number of integer solutions

x € (—P, P)" to the system

Cx)=0, |Lx)—r1t|<n. (1-7)

The smooth weight function w(x) defined in (1-3) is taken from [Heath-Brown
1996]. Importantly, it has bounded support and bounded partial derivatives of all
orders. One advantage of the weighted approach is that it enables the use of Poisson
summation.

The singular series & may be interpreted as a product of p-adic densities of
points on the hypersurface {C = 0} [Birch 1962, §7]. Note that this captures the
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arithmetic of C but that no such arithmetic is present for the linear forms Ly, ..., L,
since they are “irrational” in a precise sense.

The weighted singular integral x,, arises naturally in our proof as the right-hand
side of (1-6). Using [Schmidt 1982b; 1985], we can interpret yx,, as the weighted real
density of points on the variety {C =L;=---=L, =0}. For L >0and & € R, let

Y(§) = L-max(0, 1 — L|£]).
For £ e R"*!, put
v@ =[] veé.

v<r+1

With f = (C, L), set

I(f) = /Rnw(x)‘lfL(f(x))dx,
and define
Xw = ngr;o IL(f). (1-8)

We shall see that the limit (1-8) exists and that this definition is equivalent to the
analytic definition (1-6).

We may replace the condition on the A-invariant by a condition on the number
of variables, at the expense of assuming that the coefficients of the linear forms are
in “general position”.

Theorem 1.2. Let C be a cubic form with rational coefficients in n variables. Let
Ly, ..., L, belinear forms in n variables with real coefficients that are algebraically
independent over Q.. Assume that

n>16+9r.

Let T € R" and n > 0. Then there exists x € 7" satisfying (1-7).

This algebraic independence condition is stronger than the real pencil condition
imposed on the linear forms in Theorem 1.1 —we show in Section 8 that the
algebraic independence condition in fact implies the real pencil condition. The
real pencil condition is probably sufficient, in truth; however, our proof relies on
algebraic independence.

The point of this work is to show that the zeros of a rational cubic form are, in
a strong sense, well distributed. Similar methods may be applied if C is replaced
by a higher-degree form; the simplest results would concern nonsingular forms of
odd degree. The unweighted analogue of the case » = 0 of Theorem 1.1 has been
solved, assuming only that # > 16; see remark (B) in the introduction of [Schmidt
1985]. For the case r = 0 of Theorem 1.2, we can choose x = 0 or note from
[Heath-Brown 2007] that fourteen variables suffice to ensure a nontrivial solution.
We shall assume throughout that » > 1.
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The fact that we have linear inequalities rather than equations does genuinely
increase the difficulty of the problem. For example, suppose we wished to nontriv-
ially solve the system of equations C = L; = --- = L, =0, where here the L; are
linear forms with rational coefficients; assume for simplicity that the L; are linearly
independent. Using the linear equations, we could determine r of the variables in
terms of the remaining n — r variables, and substituting into C(x) = 0 would yield
a homogeneous cubic equation in n — r variables. Thus, by [Heath-Brown 2007],
we could solve the system given n > 14 4 r variables.

We use the work of Browning, Dietmann, and Heath-Brown [Browning et al.
2015] as a benchmark for comparison. Those authors investigate simultaneous
rational solutions to one cubic equation C = 0 and one quadratic equation Q = 0.
They establish the smooth Hasse principle under the assumption that

min(h(C), rank(Q)) > 37.

We expect to do somewhat better when considering one cubic equation and one
linear inequality simultaneously, and we do. Substituting » = 1 into (1-2), we see
that we only require 4 (C) > 24.

To prove Theorem 1.1, we use the Hardy—Littlewood method [Vaughan 1997] in
unison with Freeman’s variant [2002] of the Davenport—Heilbronn method [1946].
The central objects to study are the weighted exponential sums

S(ag, a) = Z w(x/Pe(agC(x) +a-L(x)).

xeZn

If | S(g, )| is substantially smaller than the trivial estimate O (P"), then we may
adapt [Davenport and Lewis 1964, Lemma 4] to rationally approximate «g (see
Section 2).

In Section 3, we use Poisson summation to approximately decompose our expo-
nential sum into archimedean and nonarchimedean components. In Section 4, we
use Heath-Brown’s first-derivative bound [1996, Lemma 10] and a classical pruning
argument [Davenport 2005, Lemma 15.1] to essentially obtain good simultaneous
rational approximations to g and a. In Section 5, we combine classical ideas with
Heath-Brown’s first-derivative bound to obtain a mean-value estimate of the correct
order of magnitude. In Section 6, we define our Davenport—Heilbronn arcs and in
particular use the methods of Bentkus, Go6tze, and Freeman [Bentkus and Goétze
1999; Freeman 2002; Wooley 2003] to obtain nontrivial cancellation on the minor
arcs, thereby establishing the asymptotic formula (1-4). We complete the proof of
Theorem 1.1 in Section 7 by explaining why & and y,, are positive. It is then that
we justify the interpretation of x,, as a weighted real density.

We prove Theorem 1.2 in Section 8. By Theorem 1.1, it suffices to consider the
case where the A-invariant is not too large. With Ay, ..., A, as in (1-1), we solve
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the system (1-7) by solving the linear system
A(x)=0, |Lx)—1t|<n.

Since the A-invariant is not too large, this system has more variables than constraints

and can be solved using methods from linear algebra and diophantine approximation,

provided that the coefficients of Ly, ..., L, are algebraically independent over (1.
In Section 9, we shall prove the following equidistribution result.

Theorem 1.3. Let C be a cubic form with rational coefficients in n variables,
let h = h(C) be the h-invariant of C, and assume that h > 16. Let r € N, and
let Ly, ..., L, be linear forms with real coefficients in n variables such that, if
o € R"\ {0}, then a - L is not a rational form. Let

Z={xeZ":C(x)=0},

and order this set by height |x|. Then the values of L(Z) are equidistributed
modulo 1 in R".

A little surprisingly, perhaps, we do not require A to grow with r. By a multi-
dimensional Weyl criterion [Cassels 1957, p. 66], it will suffice to investigate
S, (o, k) for a fixed nonzero integer vector k, where

Sulcg, ) = Y e(apC(x) +a - L(x))
lx|<P
is the unweighted analogue of S(«xg, ). A simplification of the method employed
to prove Theorem 1.1 will complete the argument.

Rather than using the h-invariant, one could instead consider the dimension
of the singular locus of the affine variety {C = 0}, as in [Birch 1962]. Such an
analysis would imply results for arbitrary nonsingular cubic forms in sufficiently
many variables. These types of theorems are discussed in Section 10.

We adopt the convention that ¢ denotes an arbitrarily small positive number, so
its value may differ between instances. For x € R and g € N, we put e(x) = ¢>**
and e, (x) = e27ix/4 - Boldface will be used for vectors; for instance we shall
abbreviate (xi,...,x,) to x and define |x| = max(|x{[, ..., |x,]). We will use
the unnormalized sinc function, given by sinc(x) = sin(x)/x for x € R\ {0} and
sinc(0) = 1. For x € R, we write ||x|| for the distance from x to the nearest integer.

We regard T and 5 as constants. The word large shall mean in terms of C, L,
&, and constants, together with any explicitly stated dependence. Similarly, the
implicit constants in Vinogradov’s and Landau’s notation may depend on C, L, ¢,
and constants, and any other dependence will be made explicit. The pronumeral P
denotes a large positive real number. The word small will mean in terms of C,
L, and constants. We sometimes use such language informally, for the sake of
motivation; we make this distinction using quotation marks.
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2. One rational approximation

First we use Freeman’s kernel functions [2002, §2.1] to relate Ny, (P) to our expo-
nential sums S(op, o). We shall define

T:[1,00)—[1,00)
in due course. For now, it suffices to note that
T(P)<Pp (2-1)

and that T(P) — oo as P — oo. Put

L(P) =max(1,log T(P)), 0= nL(P)_l, (2-2)
and
sin(wap) sin(ra (2n &+ p))
Ki(a) = 5> . (2-3)
T o p
From [Freeman 2002, Lemma 1] and its proof, we have
K4 () < min(1, L(P)|oz|*2) (2-4)
and
0< / e(at) K_(a) da < Uy(1) < / e(at) Ky (a)da < 1, (2-5)
R R
where
1 if 7] <7,
U, (1) = . lr] <n
0 if|t]=n.
For a € R", write
Kee) =] [ Kow). (2-6)
k<r

Let U be a unit interval, to be specified later. The inequalities (2-5) and the identity

1 ifm=0,
/Ue(“m) dor = {o if m e 7\ {0) @7

now give
R_(P) < Ny(P) < R(P),

where

Ri(P) = / / S(ag, a)e(—a - T)Ki (o) dog dex.
rJu
In order to prove (1-4), it therefore remains to show that

RL(P) = (20) Gy P " "3 +o(P" 7). (2-8)
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We shall in fact need to investigate the more general exponential sum
g(@0.2) = ) wx/P)e(eoC(x) +1-x).
xezn

We note at once that
S(ao, &) = g(ao, Aat),

where
Li(x)=Xxiix1+--+Xinxn, (A<i<r) (2-9)
and
ALl o A
A= : . (2-10)
A =t Arn

Fix a large positive constant C.

Lemma 2.1. [f0 <0 < 1 and
g (g, 1| = PO
then there exist relatively prime integers q and a satisfying
1<qg<C P, lgatg —a| < P?73. (2-11)
The same is true if we replace g(og, A) by

gu(co, }) := Y e(apC(x)+A-x) (2-12)
|x|<P
or by

Z e(aoC(x) + A - x).

Proof. Our existence statement is a weighted analogue of [Davenport and Lewis
1964, Lemma 4]. One can follow [loc. cit., §3], mutatis mutandis. The only change
required is in proving the analogue of [loc. cit., Lemma 1]. Weights are introduced
into the linear exponential sums that arise from Weyl differencing, but these weights
are easily handled using partial summation. Our final statement holds with the same
proof: one imitates [loc. cit., §3]. O

For 6 € (0,1), ¢ € N, and a € Z, let 9, ,(0) be the set of (ap, ) € U x R"

satisfying (2-11), and let 91(9) be the union of the sets I, ,(0) over relatively

prime g and a. This union is disjoint if 6 < %. Indeed, suppose we have (2-11)

for some relatively prime integers ¢ and a and that we also have relatively prime
integers ¢’ and a’ satisfying

1<q/ << P29’ |q/a0_a/| < P20—3.
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The triangle inequality then yields

la/q—d'/q'| < P (/g +1/q") <1/(qq)

as P is large. Hence, a/q =a'/q’,s0o a’ =a and ¢’ = q.

We prune our arcs using the well known procedure in [Davenport 2005, Lemma
15.1]. Fix a small positive real number 8. The following corollary shows that we
may restrict attention to ‘ﬁ(% —9).

Corollary 2.2. We have

f 1 (a0, @) (@)] darg det = 0(P" ).
U xRAR(1/2—8)

Proof. Choose real numbers yq, ..., ¥;_; such that
7 8=VYo<y1 < <Y1 <y; =08

Dirichlet’s approximation theorem [Vaughan 1997, Lemma 2.1] implies 91(y/,) =
U x R". Let 4l be an arbitrary unit hypercube in r dimensions, and put i/ = U x il.
Since

meas(MN() NU) « P¥73,

Lemma 2.1 gives

/ 1S (g, &) | dag dax < PHVe=3Hn=hve1/dte (] <o ).
MW I\N g1 ))NU

This is O (P"~"737¢) if VYo 1/¥g = 1since g1 > % — &6 and h > 174 8r. Thus,
we can choose ¥y, ..., ¥, with t < 1 satisfactorily to ensure that

/ 1S (g, )| dorg dex < P37,
U\N(1/2—6)

The desired inequality now follows from (2-1), (2-2), (2-4), and (2-6). [l

Thus, to prove (2-8) and hence (1-4), it remains to show that

/ S, @)e(—a-T)Ke(e) dag der = (21) Sy P" 0 (P"TT). (2-13)
N(L-8)

3. Poisson summation

Put
ap = g +B, A=q la+8, (3-1)

where ¢ > 1 and a are relatively prime integers and where a € Z". By periodicity,

gao, V)= > eg@C(y)+a-y)ly(q. po, ).

y mod g
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where
Iy(g,Bo. B)="D_ w(x/Pe(BoC(x)+B-x).
x=y mod g
Since

y+aqz

Iy(q, Bo, B) =) w

zeZmn

)e(BoC(y+q2)+B- (y+q2).

Poisson summation yields

b pop)=3 [ v’

cel"

e(ﬁoC(y +qz)+B-(y+qz)—c-z)dz.

Changing variables now gives

Iy(q. Bo. B) = (P/9)" Y _ eq(c- y)I(PBo. P(B—c/q)).

ce"
where
I(Vo,y)z/ w(x)e(yoC(x)+y-x)dx. (3-2)
Write
Spaa= Y egaC(y)+a-y), (3-3)
y mod g
and let

g0(t0, M) = (P/q)" Sg.a.al (P?Bo, PB)
be the ¢ = 0 contribution to g(«g, A). Then
g0, X) — go(ct0. 1) = (P/@)" D Sy.aasel (P*Bo. P(B—c/q)).  (3-4)
c#0

We shall bound the right-hand side from above, in the case where we have (2-11) and
|B] < 1/(2q). For future reference, we note that specializing (¢, a, @) = (1, 0, 0)
in (3-4) gives

g(ao, ) — P"I(P3ag, PA) = P" Y I(Pag, PA — Pc). (3-5)
c#0
We bound § 4., by imitating [Davenport 2005, Lemma 15.3].

Lemma 3.1. Let g > 1 and a be relatively prime integers, and let v > 0. Then
Sq,a,a <<1/f qn—h/S—Hp . (3'6)

Proof. Suppose for a contradiction that ¢ is large in terms of ¥ and

|Sg.aal > g" MY
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Recall that
Spaa= Y eqaCy)+a-y).

We may assume without loss that ¢y < 1. By Lemma 2.1, with P =g and 6 = %—w/n,
there exist s, b € Z such that

1<s<gq, lsa/q —b| < g~ .
Now b/s = a/q, which is impossible because (a,g) =1and 1 < s <gq. [l

Let ¢ € 7"\ {0}, and suppose we have (2-11) for some 6 € (0, % — 6] and some
relatively prime g, a € Z. Define a; by rounding g A ; to the nearest integer, rounding
down if g2 ; is half of an odd integer (1 < j < n). Since |c|/q = 1/q > 2|B],

|P(B—c/q)|> Plel/q > P/q > P**?|B].
Now [Heath-Brown 1996, Lemma 10] gives
1(P’Bo, P(B—¢/q)) < (Plel/g)™"". (3-7)
By (3-4), (3-6), and (3-7),
g (0o, &) — golag, &) & P~Eq " THTME  gn=h/Bte, (3-8)

Let ( be an arbitrary unit hypercube in r dimensions, and put / = U x . With
0= % — &, we now have

/ |S (e, @) — Sole, @) dagdar < Y "M PP,
NONU 4<Cy P

where for (ag, o) € Ny ,(0) with (a, g) = 1 we have written
So(ao, &) = go(xo, Aar).

Hence,
/ 1S (ctg, @) — So(ctg., 00)| dorg dow & PH=3(P2yr=h/dte « pror=3=¢
NO)NU
since h > 17+ 8r. The bounds (2-1), (2-2), (2-4), and (2-6) now yield
f |S (g, @) — So(cto, @)| - Ky (e0)| dotg dex = o(P" "),
NO)
Thus, to prove (2-13) and hence (1-4), it suffices to show that

f - Soleo, @)e(—a-7)Ke (@) dag da = (2n) S, P P Ho(P"TT). (39)
N(L-96)
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4. More rational approximations

For 6 € (0, %] and integers g, a, ay, ..., a,, let Ry 4 4(0) denote the set of (ap, &) €
U x R’ satisfying
lgao —al < P*7, |gAa—a| < PCTT (4-1)
and let 93(6) be the union of the sets R, 4.4(0) over integers g, a, ay, . .., a, satis-
fying
1<q<C P, (a,q) =1. (4-2)

Note that this union is disjoint if & < (2+8)~!. Let { be an arbitrary unit hypercube
in r dimensions, and put &/ = U x 4. Then

meas(%(@) mu) < P49—3—r+(2+8)0r

since our hypothesis on L implies that A has r linearly independent rows.
Fix a small positive real number 6. The following lemma shows that we may
restrict attention to J3(6y).

Lemma 4.1. We have

/ |So(eto, ) ()| datg dox = o(P" " 7).
N(1/2-8)\R(6o)

Proof. Note that M(1 — 8) € N(3) =NR(3). Let
(a0, @) € N5 —8) NR(B) \ R(Gg-1)
for some g € {1, 2, ..., t}, where
0<6y <6 <---<9,=%.
First suppose that | S(c, ot)| > P""%-1/4+¢ By Lemma 2.1, there exist relatively
prime integers g and a satisfying

1<g<CP% ", |gag—al < P73,

Let By, a, and B be as in Section 3, with A = Aa. Since (ap, a) ¢ R(0,—1), we
must have ¢|8| > P@+9%-1~1 Now

P|ﬂ| > q—lp(2+5)9g—| > PSQg_]P3|ﬂO|,
so [Heath-Brown 1996, Lemma 10] yields
I(P3IBO, Pﬂ) <<N (q71P(2+5)0g71)7N << P*Nts@gfl

for any N > 0. Choosing N large now gives Sy(xg, &) < 1.
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Now suppose instead that |.S(«g, &)| < Prh0-1/4%8  Ag (0, ) € ‘ﬂ(% —3§), there
exist relatively prime integers g and a such that (o, ) € ‘J‘(q,a(% —6). From (3-8),

S(Olo,ot) _ S()(a(),a) << qn—h/8+£ << Pn—h/S,
and now the triangle inequality yields
SO((XO’ a) < maX(Pn—heg_1/4+€’ Pl’l—/’l/8) — Pn—heg_1/4+€. (4_3)
The bound (4-3) is valid in both cases, so

flSO(aO, “)| da() da < P49g—3—r+(2+8)9grPn—h9g71/4+8,

where the integral is over ‘ﬂ(% —8) NUNRO) \ R(Og—1). The right-hand side
is O(P""378) if 0y/0s—1 = 1 since h > 17 + 8r. We can therefore choose
61, ...,6;—1 with t < 1 satisfactorily to ensure that

/ 1So (o, o) | dorg dox & P3¢,
UND(1/2—8)\R(Hp)

The desired inequality now follows from (2-1), (2-2), (2-4), and (2-6). [l

Thus, to prove (3-9) and hence (1-4), it suffices to show that
L So(a, e)e(—a - Ky () dagdae = 21) S xw PP+ 0(P"73), (4-4)
where now and henceforth we write
R=NRp =R(O0), R(g,a,a) =Rg,a,a(00).
We now choose our unit interval
U= (P73 14 P23, (4-5)

This choice ensures that, if the conditions (4-1) and (4-2) hold with 8 = 6 for some
(g, ) € R x R", then og € U if and only if 1 < a < ¢. In particular, the set R is
the disjoint union of the sets fi(q, a, a) over integers ¢, a, ay, . . ., a, satisfying

1<a<q<C P, (a,q)=1. (4-6)

5. A mean-value estimate

We begin by bounding 7 (yp, y). In light of (3-5), the first step is to bound g(«g, A).

Lemma 5.1. Let & be a small positive real number. Let ag € R and L € R" with
log| < P~3/2. Then
g0, &) < P"FE (P o) 7*
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and
gu(c, &) < P (P3ag) "8,

where g, (xg, A) is given by (2-12).

Proof. This follows from the argument of the corollary to [Birch 1962, Lemma 4.3],
using Lemma 2.1. (]

Lemma 5.2. We have

(0. 7) < (5-1)

L+ (lyol + [y DS
Proof. As I (yy, y) < 1, we may assume that |yp| + |y | is large. From (3-5),

I(v0,y) =P "g(w/ P>, y/P) =) 1(v0,y — Pe).
c#0

Since I(yy, y) is independent of P, we are free to choose P = (|yo| + |y )". By
Lemma 5.1 and [Heath-Brown 1996, Lemma 10], we now have

(Iyol + IJ/l)s.

(5-2)
lyo|"/8

Iy, ) < P/ |yl ™8 =

Let C, be a large positive constant. If |y| = C2|yol, then [Heath-Brown 1996,
Lemma 10] yields I (yo, y) < 717N <n (yol + |y )~ for any N > 0 while, if
7] < Calyol, then (5-2) gives

1(v0, ¥) < (lyol + 1y DE~"/8,

The latter bound is valid in either case. As |yp|+ |y | is large, our proof is complete.
O

We now have all of the necessary ingredients to obtain a mean-value estimate of
the correct order of magnitude. Let 4l be an arbitrary unit hypercube in r dimensions,
andputid =U x L. Let V C{1,2,...,n}index r linearly independent rows of A.
When (ag, o) € R(q, a, a) and (a, g) = 1, write

F(ap, o) = F(ag, o; P) = [ [(q+ Plghv —a,) ™",
v<n

where A = Aa. As h/8 > r + 2, Lemmas 3.1 and 5.2 imply that

So (oo, o) F (ap, o) ¢
Pl’l —r—2—=¢ 1 P3 _ —1—¢ 1 P )\‘ _ —1—¢
< Pq (I+ P’lap—a/ql) | |( + Py —ay/ql) .

veV
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For each g, we can choose from O(q’“) values of a and a, (v € V) for which
(g, a,a) NU is nonempty. Thus, an invertible change of variables gives

/ |So (e, )| F (atg, o)~ ° derg dex
R

<P g [Pl g [ 0+ Plagh T de
R Rr

geN J<r
< Pn—r—3. (5-3)

Positivity has permitted us to complete the summation and the integrals to infinity
for an upper bound.

6. The Davenport-Heilbronn method

In this section, we specify our Davenport—Heilbronn dissection and complete the
proof of (1-4). The bound (5-3) will suffice on the Davenport—Heilbronn major and
trivial arcs, but on the minor arcs, we shall need to bound F'(«g, &) nontrivially.
Using the methods of Bentkus, Go6tze, and Freeman, as exposited in [Wooley 2003,
Lemmas 2.2 and 2.3], we will show that F' (g, &) = o(1) in the case that || is
of “intermediate” size. The success of our endeavor depends crucially on our
irrationality hypothesis for L.

In order for the argument to work, we need to essentially replace F with a
function F defined on R". For « € R, let F(«; P) be the supremum of the quantity

[[@+Plgr,—a,™!

v<n

over g € N and a € 7", where A = Aa. Note that, if (g, &) € Rp, then
F(ag, a; P) < F(a; P). (6-1)
Moreover, since A has full rank, we have
o] < |Aa| < Jex. (6-2)
Lemma 6.1. Let 0 <V < W. Then

sup F(a; P)—>0 (P — ). (6-3)
V<[Aa|l<W

Proof. Suppose for a contradiction that (6-3) is false. Then there exist ¥ > 0 and
@™, Py, gm,a"™) e R x[1,00) x NxZ" (meN)

such that the sequence (P,,) increases monotonically to infinity and such that, if
m € N, then
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@) V<MW,

(ii) [ T@n + Pulgnr” —al™D <y~ (6-4)
v<n

where A = Aa™ (m € N). Now g, < ¢! « 1,50 |[a™] <« 1. In particular,

there are only finitely many possible choices for (g,,, @), so this pair must take a

particular value infinitely often, say (g, a).

From (6-4), we see that gL converges to a on a subsequence. The sequence
(Ja™]),, is bounded, so by compactness, we know that & converges to some
vector & on a subsubsequence. Therefore, g Ae = a and in particular A is a
rational vector, so « - L is a rational form. Note that & % 0 since || > 1. This
contradicts our hypothesis on L, thereby establishing (6-3). (]

Corollary 6.2. Let 6 be a small positive real number. Then there exists a function
T :[1, 00) — [1, 00), increasing monotonically to infinity, such that T (P) < P? and

sup Fle; P)<ST(P)~ L. (6-5)
PO=1<|Aa|<T (P)

Proof. Lemma 6.1 yields a sequence (P,,) of large positive real numbers such that

sup  F(a; Py) < 1/m.

1/m<|Aa|<m

We may assume that this sequence is increasing and that P,?l > m (m € N). Define
T(P)byT(P)=1(0<P<<P)and T(P)=m (P, < P < Py41). Note that
T (P) < P? and that T'(P) increases monotonically to infinity. Now

sup Fla; PYST(P) !,
T(P)~'<|Aa|<T(P)

for if P > P, then F(a; P) < F(a; Py).
The inequality (6-5) plainly holds if P < Pj. Thus, it remains to show that, if P
is large and
|Aa| < T(P)~ ! < F(ee; P), (6-6)

then |Aa| < P~!. Suppose we have (6-6), with P large. Writing A = Aa, we have

[ [@+Plgry—ay) < T(P)

v<n

for some g € N and some a € Z". Now ¢ < T(P)'/" and
lgr —a| <T(P)/P,

so the triangle inequality and (6-6) give

la| < T(P)/P+T(P)/" ! <1.
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Therefore, a = 0, and so
|Aa| < |gh| < T(P)/P < P!,
completing the proof. (]

Let C3 be a large positive constant. Let 7 (P) be as in Corollary 6.2 with 6 = 526,.
We define our Davenport—Heilbronn major arc by

M = {(ap, @) € Rx R : e < C3PY1Y,
our minor arcs by
m={(a0, @) € R x R : C3 PP~ < || < C5'T(P)},
and our trivial arcs by
t={(ap, @) eRx R : || > C; ' T(P)).
It follows from (6-1), (6-2), and (6-5) that

sup F(ag, &) <T(P)~". (6-7)
RNm

Let [ be an arbitrary unit hypercube in r dimensions, and put i/ = U x . By
(5-3) and (6-7),

/ |So(co, @)| dog doe < T(P)~¢ P73,
RNmNU
Now (2-2), (2-4), and (2-6) yield

/ |So(cto, @)K ()] dag dee = o(P""73). (6-8)
RNm

Note that
0 < F(ag, o) < 1. (6-9)

Together with (2-2), (2-4), (2-6), and (5-3), this gives

o
/ 1So (e, o) ()| dag doe < P "3 L(P)" Z(C;IT(P) +n)"2
RNt =0

L P"TBLPY T(P) ' =0o(P"73). (6-10)
Coupling (6-8) with (6-10) yields

/ |So(@o, @)K (@)] dag dae = o(P" " 7).
R\M
Recall that to show (1-4) it remains to establish (4-4). Defining

Sl :/ SQ(O((),Ot)e(—Ot-T)Ki(OC) dO(() dot,
RNM
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it now suffices to prove that

S1 =020 SxuwP" " +o(P"TT).
By (2-3),
Ki(a) =2n=p)-sinc(mrap) -sinc(ra(2n £+ p)).

Now (2-1), (2-2), and the Taylor expansion of sinc( - ) yield
Ki@=2n+0LP)™) (al <P
Substituting this into (2-6) shows that, if («g, &) € 91, then
Ki(a) = 2n) 4+ O(L(P)™"). (6-11)

Moreover, it follows from (5-3) and (6-9) that
/ 1So(cto, )| dorg dex < P73, (6-12)
RN
From (6-11) and (6-12), we infer that
S1=Q2n)" / So(ag, a)e(—a - T) dog dot 4+ o(P" " 73).
ROIM

Thus, to prove (1-4), it remains to show that

Sy =Gy P +o(PTTY, (6-13)
where
Sz = / S()(O((), ot)e(—ot . ‘L') doto dex.
RNM

ForgeNandae{l,2,...,q}, let X(g, a) be the set of (g, &) € R x R" satisfying
g <CiP*,  |qag—al < P*7.
Lemma 6.3. Assume (4-6). Then R(q, a, 0) NIM = X (g, a) NIMN.

Proof. As R(q, a,0) C X(q, a), we have R(g, a,0) NM C X(q, a) N M. Next,
suppose that (arg, &) € X (¢, @) N9N. Then |a| < C3 P %=1, 50

|Aa| < PP,

Now |gAa| K P(2+‘32)90_1, and in particular, we have (4-1) with 6 =6y and a = 0.
Thus, we have («g, @) € 93(q, a, 0), and plainly («g, ) € 1. [l

Note also that, if (g, o) € RN, then (xg, &) € R(q, a, 0) for some g, a € Z
satisfying (4-6). Indeed, if (o, &) € R(g, a, a) NN for some ¢, a, and a satisfying
(4-6), then the triangle inequality implies that @ = 0. By Lemma 6.3, we conclude
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that RN is the disjoint union of the sets X (¢, a)NIMM over g, a € Z satisfying (4-6).
Put

V(q) — [—q_1P290_3, q—1P290—3] (q c N)

and
W= [—C3 PP PPy
Now
q
S2= Z Z / fq.a(Bo, @)e(—a - T) dBp de,
= Vig)xW
g<CLPH0 (af{q)l:l
where

fa.a(Bos @) = (P/q)"Sy.a0l (P> By, PAw). (6-14)

To prove (6-13), we complete the integrals and the outer sum to infinity. In light
of (1-2), it follows from Lemmas 3.1 and 5.2 that, if (a, g) = 1, then

fa.a(Bo. @) < P73 (14 P3Bo) ™~ TTA + PIauh ™", (6-15)

veV

where V is as in Section 5 and A = A«. Let

Z Z / fqa(ﬂOa“)e( o-7)dBoda.

q<C1P290 25 1

By (6-15) and an invertible change of variables,

-5 < Py g 2/1 PR [ o+ P e

qeN a=1
(a.q)=1

=o(P""73), (6-16)
where A'V = ()\v)vev-
Let
Z Z / fq a(Bo, a)e(—o - ) dfp dex.
q<C1P290 a 1

By (6-15) and an invertible change of variables,

S-S P Y g Y /<1+P o' apo [ [T+ Play ™~ dar
geN j<r
(aq) 1

Here the inner integral is over &’ € R” such that A‘_,loe’ ¢ W, where Ay is the
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submatrix of A determined by taking rows indexed by V. With ¢ a small positive
constant, we now have

o.¢]

S5 — 8y & P""_Z/ (Pa) ' da = o(P""73). (6-17)

290
o p820p-1

Let
q
85 = Z Z /R"H Jq.a(Bo, @)e(—a - T) dBp dot.

qeN a=1
(a,q)=1

By (6-15) and an invertible change of variables,

q
Sa—Ss<P" Y g7 /<1+P3|ﬁo|>—‘—€dﬂo/ [Ja+Plaih™" do’
R Rr

P20 a=1 J<r
7>C1 (@p=1

< P}’l—r—3 Z q—2 — O(Pn_r_3). (6-18)
g>Ci P*0

In view of (1-5), (3-3), and (6-14),
S5 = P"G/ e(—a- 1) (P?By, PAa) dfy dex.
Rr+1
Changing variables yields

Ss=P" 36 | e(—=P'a-1)I(Bo, Aer) dfy dex. (6-19)

Rr+1
By (1-6) and (3-2),
Xw = / I(Bo, Aa) dfy dex.
Rr+1
As h > 17 + 8r, the bounds (5-1) and
e(—P'a-1)— 1< P M|
imply that
/ e(—P 7l T)I(Bo, Aar) dByda =y, + O(P7Y).
Rr+1
Substituting this into (6-19) yields
Ss=P" " S xu +o(P" 7).

Combining this with (6-16), (6-17), and (6-18) yields (6-13), completing the proof
of (1-4).
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7. Positivity of the singular series and singular integral

In this section, we confirm that & > 0 and y,, > 0, thereby completing the proof
of Theorem 1.1. Since & is the singular series associated to the cubic form C, its
positivity is already well understood. Davenport [1959, §7] showed the sufficiency
of a certain p-adic solubility property, invariant under equivalence (invertible change
of basis). He also showed that any cubic form that is nondegenerate in at least ten
variables has this property [Davenport 1959, Lemma 2.8]. If C is degenerate, then
it is equivalent to a cubic form C* in which n; < n — 1 variables appear explicitly
so that A(C*) < n; and we may repeat the argument. Since 4(C) > 25, and since
the h-invariant is invariant under equivalence, we conclude that & > 0.

For positivity of the singular integral, we begin by establishing the equivalence
of the definitions (1-6) and (1-8). Lemma 5.2 provides the appropriate analogy to
[Schmidt 1982b, Lemma 11]. Thus, following Chapter 11 therein shows that the
two definitions are equivalent.

We now work with the definition (1-8). We claim that Iy (f) > 1. Since w(x) > 1
forx € B := {x eR": x| < %}, it suffices to show that

/ Wy (f @) x> 1. (7-1)
B
Define a real manifold

M={C=L=---=L, =0} CR".

All of our forms have odd degree, so M N A # {0} for every (r + 2)-dimensional
subspace A of R". Thus, by [Schmidt 1982a, Lemma 1], dim(M) > n —r — 1. The
argument of [Schmidt 1982b, Lemma 2] now confirms (7-1), thereby establishing
the positivity of x,,. This completes the proof of Theorem 1.1.

8. A more general result

In this section, we prove Theorem 1.2. We begin by establishing that, if & € R\ {0},
then o - L is not a rational form. Suppose that o - L is a rational form, for some
o € R". Then Aa = q for some g € Q", where A is given by (2-10). Note that A
has full rank since its entries are algebraically independent over (QQ and its r x r
minors are nontrivial integer polynomials in these entries. It therefore follows from
Ao =gq that oy, . . ., a, are rational functions in the entries of Ay over Q, where V
is as in Section 5 and Ay is the submatrix of A determined by taking rows indexed
by V. Leti €{l,2,...,n}\ V, and consider the equation

arrr; ok =qi. (8-1)

Since «y, ..., «, are rational functions in the entries of Ay over Q, (8-1) and the
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algebraic independence of the entries of A necessitate that & = 0. We conclude
that, if @ € R" \ {0}, then « - L is not a rational form.

By rescaling if necessary, we may assume that C has integer coefficients. By
Theorem 1.1, we may now assume that 4 < 16+ 8r, and so n — h > r. Write

C=AB +: -+ A;By,

where Ay, ..., A, are rational linear forms and By, ..., B are rational quadratic
forms. The vector space defined by

Aj=--=A,=0

has a rational subspace of dimension n — h, by the rank-nullity theorem. Let
Z1, - - ., Zn—p be linearly independent integer points in this subspace. Define

Li(y)=Liynzi+- -+ Yn-nzo-n) (1<i<r).
We seek to show that L'(Z"") is dense in R’. Writing z; = (2j,1,...,2j.n)

(1 < j <n—h) and recalling (2-9),

Liy)= > ;i
jsn—h

where
M= hazix (I<i<r, 1<j<n—h).

k<n
Lemma 8.1. The X;’ ; are algebraically independent over Q.

Proof. Extend z1, ..., Z,—, to a basis z1, ..., z, for Q", and define

)»;,j=Z)»i,ij,k (1<i<r,n—h<j<n).
k<n

We now have an invertible rational matrix

211 0t 2
Z=\ : K

Zn,1 " Znn

where z; = (zj,1,...,2j,) (1 <j <n). Put

!/ !/

Moy A
A = . .

/ !/

Moy oo Mg

and note that A’ = ZA.
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We shall prove, a fortiori, that the entries of A’ are algebraically independent
over Q. Let P’ be a rational polynomial in rn variables such that P'(A") = 0.
Define a rational polynomial P in rn variables by

P(E)=P'(ZE), E € Mat,y,.
Now
P(A)=P'(ZA)=P'(A)=0,

so the algebraic independence of the entries of A forces P to be the zero polynomial.
Since

P(E)=P(Z 'E
identically, the polynomial P’ must also be trivial. O

Thus, the entries of the matrix

/ /
)‘1,1 )‘l,nfh
A=| :
/ /
)“r,l e )"r,n—h

are algebraically independent over (), and we seek to show that
(Ax :x e 7"y
is dense in R”. We put A in the form (7 | A”), where [ is the r x r identity matrix
and A” is an r x (n — h — r) matrix, by the following operations.
(i) Divide the top row by Aj; so that now A = 1.
(ii) Subtract multiples of the top row from other rows so that
Ay =---=A;1=0.
(iii) Proceed similarly for columns 2, 3, ..., r.

It suffices to show that the image of Z"~" under left multiplication by (I | A”)
is dense in R".

Lemma 8.2. The entries of A" are algebraically independent over Q.

Proof. After step (i), the entries of A other than the top-left entry are algebraically
independent. Indeed, suppose

App Al n—n )

Pl—,...,—/—, (A wi<r | =0
(Au A Y 1<j£nr—h

for some polynomial P with rational coefficients, where the A;; are the entries

of A prior to step (i). For some # € N, we can multiply the left-hand side by A}, to

obtain a polynomial P* in (A;;) 1<i<r With rational coefficients. The algebraic
I<j<n—h
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independence of the A;; implies that P* is the zero polynomial, and so P must also
be the zero polynomial.

After step (ii), the entries of A excluding the first column are algebraically
independent. Indeed, suppose

P<A12, ooy Aln—n, (Aij — AilA1j) 2<i<r ) =0

2<j<n—h

for some polynomial P with rational coefficients, where the A;; are the entries of A
prior to step (ii). The left-hand side may be regarded as a polynomial P* in the A;;
(@@, j) # (1, 1)). The algebraic independence of the A;; ((i, j) # (1, 1)) implies
that P* is the zero polynomial, and so P must also be the zero polynomial.

We may now ignore column 1 and deal with columns 2, 3, ..., r similarly. [J

Next, consider the forms L/, ..., L) given by
L;/(x) =Wii1X1+- -+ Win—h—rXn—h—r A<i<r),

where p; j = A;/] (1<i<r,1<j<n—h—r). It remains to show that L" (Z"~"=")
is dense modulo 1 in R”. We shall in fact establish equidistribution modulo 1 of the
values of L”(N"~h=),

For this, we use a multidimensional Weyl criterion [Cassels 1957, p. 66]. With
m =n —h —r, we need to show that, if h € 7" \ {0}, then

P 3" e(h-L'(x)) >0

as P — oo. The summation equals

[T 5 e( Tt )

j<mx;<P i<r

so it suffices to show that
D hipia ¢ Q.

i<r

This follows from the algebraic independence of the u; j, so we have completed
the proof of Theorem 1.2.

9. Equidistribution

In this section, we prove Theorem 1.3. Let k be a fixed nonzero integer vector in r
variables. By a multidimensional Weyl criterion [Cassels 1957, p. 66], we need to
show that

No(P)" Y ek L(x)) >0

|x|<P
C(x)=0
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as P — oo, where
N, (P)=#xeZ":|x| < P, C(x)=0]}.

It is known that P"3 <« N,(P) <« P"3; see remark (B) in the introduction of
[Schmidt 1985]. Thus, it remains to show that

Z e(k - L(x)) = o(P"3). (9-1)

|x|<P
C(x)=0

Let 6y be a small positive real number, and let U be as in (4-5). By rescaling if
necessary, we may assume that C has integer coefficients. By (2-7), the left-hand
side of (9-1) is equal to

| sutan. b
U
where S, (-, -) is as defined in the introduction. Recall (2-9) and (2-10). Note that

Su(ao, k) = gu(oo, A7),

where g, (-, -) is as defined in (2-12) and A* = Ak € R" is fixed.
Forg e Nand a € Z, let 2V (g, a) be the set of «p € U such that

lgag —al| < p2=3,

Recall that C; is a large positive real number. For positive integers ¢ < C; P2%, let
M (g) be the disjoint union of the sets (g, a) over integers a that are relatively
prime to g. Let 9 be the disjoint union of the sets 9V (¢). By Lemma 2.1 and the
classical pruning argument in [Davenport 2005, Lemma 15.1], it now suffices to
prove that

| sutan. b dag = o)
m/
Let ag € N(q, a), with ¢ < C; P and (a, ¢) = 1. Then
Su(eo, k)= ) €g(aC(y)Sy(q, Po, 1),
y mod g
where o = ag — a/q and where in general we define
Sy(q, oM =Y e(BoC(y+qz)+A-(y+qa)).
z|y+qz|<P

Note that |gBy| < P?%~3. Let Q denote the set of positive integers ¢ < C;P*%
such that

lgrfll < P10 (1 <v<n),
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and put
Q' ={geN:g <P\ Q.

Suppose ¢ € ', and let j be such that ||q)»jf|| > P7%~! To bound Sy(q, Bo, 1Y),
we reorder the summation, if necessary, so that the sum over z; is on the inside. We
bound this inner sum using the Kusmin-Landau inequality [Graham and Kolesnik
1991, Theorem 2.1] and then bound the remaining sums trivially. Note that, as a
function of z;, the phase

BoC(y +gz) +1"-(y+qz2)

has derivative 3

C(y+qz)+qArt,
0z

Bo

which is monotonic in at most two stretches. As ||qk}f | > P7%—1 and

9
Bo—C(y +qz) < P*~!
3Zj

over the range of summation, the Kusmin—-Landau inequality tells us that the sum
over z; is O(P'~7%). The remaining sums are over ranges of length O(P/q), so

Sy(q, Bo, A*) K (P/q)" ' P17,
Therefore,
S, (g, k) < g P %,

Since meas(9V(g)) <« P23, we now have
> / Sulao. kydag < Y PH03g i — o (P13,
gesY "(q) 4<Ci P2
It therefore remains to show that
/ Su(a, k) dag = 0(P").
gef W(q)

We shall need to study the more general exponential sums g, (cp, A). Letg € N
withg < P,and leta, ay,...,a, € Z. Set ag and A as in (3-1), and write

g0, M) = (P/q)"Sg.0.alu (P> Bo, PB),

where S, 4 4 1s given by (3-3) and where

Iu()/o,y)=/ e(pC(x)+y-x)dx.
Lemma 9.1. We have (=11

gu(, M) — g (a0, &) < g P"1(1+ P3| Bo| + P|B)). (9-2)
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Proof. First observe that

gu(ao, M) =Y e,(aC(y)+a-y)Sy(q, fo, B) (9-3)
y mod g
and that
Sy(q, Bo. BY="D_ e(BoClx)+pB x).
|x|<P
x=y mod ¢q

By [Browning 2009, Lemma 8.1], we now have

P"_1(1+P3|/30|+P|ﬂ|))

Sy(q. Po. ﬂ)=q_"/ e(ﬂoC(X)-i-ﬂ-X)dx-l-O(

[—P,P]" q"!
P"~ (14 P?|Bol+ P|BI)
= (P/q)"L.(P*Bo, PB)+ 0( e )
Substituting this into (9-3) yields (9-2). [l

Suppose ag € N (g, a) with g € Q. With A = A* and a, the nearest integer to
giy (1 <v < n), put (3-1) and S} (ao, k) = g (o, A*). In light of the inequalities

1<qg<CiP™,  gpol < P73, |gBl < P™ 7,
the error bound (9-2) implies that

Su (a0, k) — S* (o, k) < P"~ 1%,

Since

meas( U sﬁ/(q)) & P03,
qeN

it now suffices to prove that
> / S (o, k) dotg = o(P" ). (9-4)
s N @

The final ingredient that we need for a satisfactory mean-value estimate is an
unweighted analogue of (5-1).

Lemma 9.2. We have

IL[(VO’ }') < (9-5)

L+ [yl M8 + [y |13

Proof. Since I, (yy, y) < 1, we may assume that || + |p| is large. Specializing
(q,a,a)=(1,0,0) in (9-2), it follows that

L(vo,¥) = P"g,(yo/ P>, ¥/ P) + O(P~ (Iyol + ¥ 1))
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Since I, (yp, y) is independent of P, we are free to choose P = (|yo| + |y |)"*. By
Lemma 5.1, with £ = &/n”, we now have

S Ivol + 71 )
L(yo.y) < P¥" |y h/8+—P &L P/ |y | TR,
SO /
(yol + 1y he/m
Ly, ¥) € == —— (9-6)
1ol

Let C4 be a large positive constant. As |yg| + |y| is large and h > 17, the
desired inequality follows from (9-6) if |y| < C4|y0|. Thus, we may assume that
[¥| = Calyol. Choose j € {1, 2,...,n} such that [y| = |y;|. Observe that

Iu(VOa )’) < sup
— 1< <1 ()

1
/ e(YoC(x)+yjx;)dx;|.
-1

As |yl = C4|pol, the bound in [Vaughan 1997, Theorem 7.3] now implies that

—1/3 1/3

L(vo. ) Ly~ " =lyl”
Combining this with (9-6) gives

(Ivol + [y ¥/ < |y Io/"

+ 1y I3yl + 1y De/m 7 Iyolh/8 + [y /3+ein

Considering cases and recalling that 4 < n, we now have

Ly, 7) < .
0 ¥) € i

This delivers the sought estimate (9-5) since || + |y | > 1. [l
Let g € M (g, a), with ¢ € Q and (a, g) = 1. The inequalities (3-6), (9-5), and
h > 17 give
S (a0, k) < P> (1 + Plag —a/q)™' " F(k; ¢, P)°,

where
F(k;q, P)=][(a+Pllgr;D~".

v<n
Therefore,

S [ IStttk g, Pyt dan < P Y g [P
N (q) R

qeQ geN

L P73, (9-7)

As k is a fixed nonzero vector, we have 1 < |k| < 1. In particular, by (6-2), we
have 1 < |Ak| <« 1. Thus, Corollary 6.2 gives

F(k; q, P) < F(k; P)=o(1)
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as P — oo. Coupling this with (9-7) yields (9-4), completing the proof of
Theorem 1.3.

10. The singular locus

The singular locus of C is the complex variety cut out by vanishing of VC. Let
S be the singular locus of C, and let o be the affine dimension of S. Let /& be the
h-invariant of C, and let Ay, ..., A, By, ..., B, be as in (1-1). Then S contains
the variety {A; =---=A, =By =---= B, =0}, and so 0 > n —2h. In particular,
the conclusions of Theorem 1.1 are valid if the hypothesis (1-2) is replaced by the
condition

n—o > 32+ 16r.

Thus, these conclusions hold for any nonsingular cubic form in more than 32 + 16r
variables.

However, one could improve upon this using a direct approach. Note that &
could be replaced by n — ¢ in Lemma 2.1; the resulting lemma would be almost
identical to [Birch 1962, Lemma 4.3], and again the weights and lower-order terms
are of no significance. The remainder of the analysis would be identical and lead
us to conclude that Theorem 1.1 is valid with /4 replaced by n — 0. We could even
use the same argument for positivity of the singular series, for if r > 1, then

n—o 16 + 8r
h> > >12>0.
2 2

In particular, the conclusions of Theorem 1.1 would hold for any nonsingular cubic
form in more than 1648 variables. Similarly, Theorem 1.3 is valid with 4 replaced
by n — o, and so its conclusion would hold for any nonsingular cubic form in more
than sixteen variables.

Finally, we challenge the reader to improve upon these statements using more
sophisticated technology, for instance to reduce the number of variables needed
to solve the system (1-7). It is likely that van der Corput differencing could be
profitably incorporated, similarly to [Heath-Brown 2007]. One might also hope to
do better by assuming that C is nonsingular, as in [Heath-Brown 1983].
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