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Modular elliptic curves over
real abelian fields and the generalized
Fermat equation x2¢ 4 y2m = zP

Samuele Anni and Samir Siksek

Let K be a real abelian field of odd class number in which 5 is unramified. Let
S5 be the set of places of K above 5. Suppose for every nonempty proper subset
S C Ss there is a totally positive unit u € Ok such that

l_INorqu/[F5 (u mod q) # 1.
qes

We prove that every semistable elliptic curve over K is modular, using a combi-
nation of several powerful modularity theorems and class field theory. We deduce
that if K is a real abelian field of conductor n < 100, with 5¢n and n # 29, 87, 89,
then every semistable elliptic curve E over K is modular.

Let £, m, p be prime, with £,m > 5 and p > 3. To a putative nontrivial
primitive solution of the generalized Fermat equation x2¢ +y?" = z” we associate
a Frey elliptic curve defined over Q(¢,)", and study its mod £ representation with
the help of level lowering and our modularity result. We deduce the nonexistence
of nontrivial primitive solutions if p < 11, orif p =13 and £, m # 7.

1. Introduction
Let p, g, r € Z>;. The equation
xP+yl=2" (D

is known as the generalized Fermat equation (or the Fermat—Catalan equation)
with signature (p, ¢, r). As in Fermat’s last theorem, one is interested in integer
solutions x, y, z. Such a solution is called nontrivial if xyz # 0, and primitive if
X, y, z are coprime. Let x = p~! +¢~! +r~!. The generalized Fermat conjecture
[Darmon and Granville 1995; Darmon 1997], also known as the Tijdeman—Zagier
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conjecture and as the Beal conjecture [Beukers 2012], is concerned with the case
x < L. It states that the only nontrivial primitive solutions to (1) with y < 1 are

1423 =32, 2 +77 =34
B +132 =2, 274177 =712,
35+ 114 = 1222, 14143 42213459% = 657,
177 +76271° = 21063928%, 9262 +15312283% = 1137,
438 4962223 = 30042907, 338 4 15490342 = 15613°.

The conjecture has been established for many signatures (p, g, r), including several
infinite families of signatures, starting with Fermat’s last theorem (p, p, p) by
Wiles [1995]; (p, p, 2) and (p, p, 3) by Darmon and Merel [1997]; (2, 4, p) by
Ellenberg [2004] and Bennett, Ellenberg and Ng [Bennett et al. 2010]; 2p, 2p, 5)
by Bennett [2006]; (2, 6, p) by Bennett and Chen [2012]; and other signatures
by other researchers. An excellent, exhaustive and up-to-date survey was recently
compiled by Bennett, Chen, Dahmen and Yazdani [Bennett et al. 2015a], which
also proves the generalized Fermat conjecture for several families of signatures,
including (2p, 4, 3).
The main Diophantine result of this paper is the following theorem.

Theorem 1.1. Let p =3,5,7, 11 or 13. Let £,m > 5 be primes, and if p = 13
suppose moreover that £, m % 1. Then the only primitive solutions to

x4 y? =P ©)
are the trivial ones (x,y, z) = (£1,0, 1) and (0, £1, 1).

If £ =2,3 or m =2, 3 then (2) has no nontrivial primitive solutions for prime
p > 3; this follows from the aforementioned work on Fermat equations of signatures
(2,4, p), (2,6, p) and (2p, 4, 3).

Our approach is unusual in that it treats several bi-infinite families of signatures.
We start with a descent argument (Section 4), inspired by the approach of Bennett
[2006] for x> + y?" = z> and that of Freitas [2015] for x” 4+ y" = z” with certain
small values of r. For p = 3 the descent argument allows us to quickly obtain a
contradiction (Section 5) through results of Bennett and Skinner [2004]. The bulk of
the paper is devoted to 5 < p < 13. Our descent allows us to construct Frey curves
(Sections 6 and 7) attached to (2) that are defined over the real cyclotomic field
K =Q(¢+¢~") where ¢ is a p-th root of unity, or, for p =1 (mod 4), defined over
the unique subfield K’ of K of degree %( p — 1). These Frey curves are semistable
over K, though not necessarily over K'.

In the remainder of the paper we study the mod ¢ representations of these Frey
curves using modularity and level lowering. Several recent papers [Dieulefait and
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Freitas 2013; Freitas and Siksek 2015a; 2015c; Freitas 2015; Bennett et al. 2015b]
apply modularity and level lowering over totally real fields to study Diophantine
problems. We need to refine many of the ideas in those papers, both because we
are dealing with representations over number fields of relatively high degree, and
because we are aiming for a “clean” result without any exceptions (the methods
are much easier to apply for sufficiently large £). We first establish modularity
of the Frey curves by combining a modularity theorem for residually reducible
representations due to Skinner and Wiles [1999] with a theorem of Thorne [2016]
for residually dihedral representations, and implicitly applying modularity lifting
theorems of Kisin [2009] and others for representations with “big image”. We use
class field theory to glue together these great modularity theorems and produce our
own theorem (proved in Section 2) that applies to our Frey curves, but which we
expect to be of independent interest.

Theorem 1.2. Let K be a real abelian number field. Write Ss for the prime ideals
q of K above 5. Suppose

(a) 5 is unramified in K ;
(b) the class number of K is odd,

(c) for each nonempty proper subset S of Ss, there is some totally positive unit u
of Ok such that
[ [ Norme, ¢, (u mod q) 5 1. 3)
qes

Then every semistable elliptic curve E over K is modular.
Theorem 1.2 allows us to deduce the following corollary (also proved in Section 2).

Corollary 1.3. Let K be a real abelian field of conductor n < 100 with 5t n and
n # 29,87, 89. Let E be a semistable elliptic curve over K. Then E is modular.

To apply level lowering theorems to a modular mod ¢ representation, one must
first show that this representation is irreducible. Let Gx = Gal(K /K ). The mod ¢
representation that concerns us, denoted pg , : Gk — GL(F,), is the one attached
to the ¢-torsion of our semistable Frey elliptic curve E defined over the field
K =Q(¢z 4+ ¢ of degree %( p — 1). We exploit semistability of our Frey curve to
show, with the help of class field theory, that if pg ¢ is reducible then E or some
£-isogenous curve possesses nontrivial K-rational £-torsion. Using famous results
on torsion of elliptic curves over number fields of small degree due to Kamienny
[1992], Parent [2000; 2003], and Derickx et al. [> 2016] and some computations
of K-points on certain modular curves, we prove the required irreducibility result
(Section 10).

The final step (Section 11) in the proof of Theorem 1.1 requires computations
of certain Hilbert eigenforms over the fields K together with their eigenvalues at
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primes of small norm. For these computations we have made use of the “Hilbert
modular forms package” developed by Dembélé, Donnelly, Greenberg and Voight
and available within the Magma computer algebra system [Bosma et al. 1997].
For the theory behind this package see [Dembélé and Voight 2013]. For p > 17,
the required computations are beyond the capabilities of current software, though
the strategy for proving Theorem 1.1 should be applicable to larger p once these
computational limitations are overcome. In fact, at the end of Section 11, we
heuristically argue that the larger the value of p is, the more likely that the argument
used to complete the proof of Theorem 1.1 will succeed for that particular p. We
content ourselves with proving the following theorem (Section 8).

Theorem 1.4. Let p be an odd prime, and let K = Q(¢ +¢ 1) for ¢ =exp(2mi/p).
Write Ok for the ring of integers in K and p for the unique prime ideal above p.
Suppose that there are no elliptic curves E /K with full 2-torsion and conductors
20k, 2p. Then there is an ineffective constant C, (depending only on p) such that
for all primes £, m > C, the only primitive solutions to (2) are the trivial ones
(x,y,2)=(%1,0,1) and (0, £1, 1).

If p =1 (mod4) then let K' be the unique subfield of K of degree %(p —1).
Let B be the unique prime ideal of K' above p. Suppose that there are no elliptic
curves E /K’ with nontrivial 2-torsion and conductors 28, 2982, Then there is an
ineffective constant C, (depending only on p) such that for all primes £,m > C,,
the only primitive solutions to (2) are the trivial ones (x, y,z) = (£1,0, 1) and
0, £1, 1).

The computations described in this paper were carried out using the computer
algebra system Magma [Bosma et al. 1997]. The code and output is available from

http://homepages.warwick.ac.uk/~maseap/progs/diophantine/

2. Proof of Theorem 1.2 and Corollary 1.3
We need a result from class field theory. The following version is proved by Kraus
[2007, Appendice Al].

Proposition 2.1. Let K be a number field, and q a rational prime that does not
ramify in K. Denote the mod q cyclotomic character by x, : Gk — IFqX. Write S,
for the set of primes q of K above q, and let S be a subset of S4. Let ¢ : Gx — Fj
be a character satisfying:

(a) ¢ is unramified outside S and the infinite places of K ;
(®) ¢l1, = xql1, for all q € S; here Iq denotes the inertia subgroup of Gk at q.

Let u € Ok be a unit that is positive in each real embedding of K. Then

HNorm[Fq/[Fq(u mod q) = 1.
qes


http://homepages.warwick.ac.uk/~maseap/progs/diophantine/
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Proof. For the reader’s convenience we give a sketch of Kraus’s elegant argument.
Let L be the cyclic field extension of K cut out by the kernel of ¢. Then we may
view ¢ as a character Gal(L/K) — [F;. Write Mg for the places of K. For v € M,
let ®, : K}, — Gal(L/K) be the local Artin map. Let u € Ok be a unit that is
positive in each real embedding. We consider the values ¢ (®,(u)) € [F; as v ranges
over Mg.

Suppose first that v € Mk is infinite. If v is complex then ®, is trivial and so
certainly ¢ (0, (1)) = 1in [qu. So suppose v is real. As u is positi\_/e in K,,itis a
local norm and hence in the kernel of ®,,. Therefore ¢(®, (1)) = 1.

Suppose next that v € M is finite. As u € O, it follows from local reciprocity
that ®,, («) belongs to the inertia subgroup I, € Gal(L/K). If v ¢ S then ¢ (I,) =1
by (a) and so (O, (v)) = 1. Thus suppose that v = q € S. It follows from (b) that
9(Oq(u)) = x4(Oq(u)). Through an explicit calculation, Kraus [2007, Appendice A,
Proposition 1] shows that x,(®4(u)) = Normg_/r, (4 mod q)*l.

Finally, by global reciprocity, [],,. m, Ouv(u) = 1. Applying ¢ to this equality
completes the proof. ([

We also make use of the following theorem of Thorne [2016, Theorem 1.1].

Theorem 2.2 (Thorne). Let E be an elliptic curve over a totally real field K.
Suppose 5 is not a square in K and that E has no 5-isogenies defined over K. Then
E is modular.

Thorne deduces this result by combining his beautiful modularity theorem for
residually dihedral representations [Thorne 2016, Theorem 1.2], with [Freitas et al.
2015, Theorem 3]. The latter result is essentially a straightforward consequence
of the powerful modularity lifting theorems for residual representations with “big
image” due to Kisin [2009], Barnet-Lamb et al. [2012; 2013] and Breuil and
Diamond [2014].

Finally we need the following modularity theorem for residually reducible repre-
sentations due to Skinner and Wiles [1999, Theorem A].

Theorem 2.3 (Skinner and Wiles). Let K be a real abelian number field. Let q be
an odd prime, and
p: Gg — GL2(Qy)

be a continuous, irreducible representation, unramified away from a finite number
of places of K. Suppose p is reducible and write p* = | @ V». Suppose further
that

(i) the splitting field K (V1 /Y2) of W1 /vy is abelian over Q;
(i) (Yr1/¥2) () = —1 for each complex conjugation t;

(i) (1/¥2)|p, # 1 foreach q|q;
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@ 7
~ 1 Y1 *
/O|Dq ( 0 ¢§CI) X wz)

with ¢§q) factoring through a pro-q extension of K, and ¢£q) 1, having finite
order, and where \; is a Teichmiiller lift of V;;

(v) det(p) = WXZI‘_I, where r is a character of finite order and k > 2 is an integer.

(iv) forall q| q,

Then the representation p is associated to a Hilbert modular newform.

Proof of Theorem 1.2. As 5 is unramified in K, it certainly is not a square in K. If
E has no 5-isogenies defined over K then the result follows from Thorne’s theorem.
We may thus suppose that the mod 5 representation p of E is reducible, and write
0% = Yr @& . We verity hypotheses (i)—(v) in the theorem of Skinner and Wiles
(with ¢ = 5) to deduce the modularity of p : Gx — Aut(T5(E)) = GL,(Zs), where
Ts5(E) is the 5-adic Tate module of E. If E has good supersingular reduction at some
q | 5 then (as g is unramified) p| I is irreducible [Serre 1972, Proposition 12], con-
tradicting the reducibility of p. It follows that E has good ordinary or multiplicative
reduction at all q | 5. In particular, hypothesis (iv) holds with qbi(q) =1.

Now 1y, =det(p) = x5 so hypothesis (v) holds with ¥ =1 and k =2. Moreover,
for each complex conjugation 7, we have

W1/¥2)(0) = Y1 (DY) = Y1 (DY) = xs(1) = —1,

so (ii) is satisfied. It follows from the fact that E has good ordinary or multiplicative
reduction at all q | 5, that (p[7,)™ = xsl1, @ 1 and so ¥; /¢ is nontrivial when
restricted to /, (again as q is unramified in K); this proves (iii).

It remains to verify (i). Note that ¥r; /v, = x5/ wzz. Hence K (11 /v2) is contained
in the compositum of the fields K (¢5) and K (W%), and by symmetry also contained
in the compositum of the fields K (¢5) and K (1,012). It is sufficient to show that either
K (sz) =KorK (1/f12) = K. Note that Wiz : Gg — I]:g< are quadratic characters
that are unramified at all archimedean places. We will show that one of them is
everywhere unramified, and then the desired result follows from the assumption
that the class number of K is odd. First note, by the semistability of E, that v; and
Y, are unramified at all finite primes p 1 5. Let S be the subset of q € Ss such that
Y is unramified at q. By the above, we know that these are precisely the q € S;s
such that ;| I, = X5 | Iy By assumption (c) and Proposition 2.1, we have that either
S=gorS=Ss. If $ = then ¥, is unramified at all q | 5, and if S = S5 then ¥
is unramified at all q | 5. This completes the proof. U

Proof of Corollary 1.3. Suppose first that K = Q(g,)". If n =2 (mod 4) then
Q(&n) =Q(&n/2), so we adopt the usual convention of supposing that n #2 (mod 4).
We consider values n < 100 and impose the restriction 5 { n, which ensures that
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condition (a) of Theorem 1.2 is satisfied. It is known [Miller 2014] that the class
number /7 of K is 1 for all n < 100. Thus condition (b) is also satisfied. Write E;"
for the group of units of K and C;! for the subgroup of cyclotomic units. A result
of Sinnott [1978] asserts that [E;" : C;F'1=b - h;", where b is an explicit constant
that happens to be 1 for n with at most 3 distinct prime divisors, and so certainly
for all n in our range. It follows that E;" = C;\ for n < 100. Now let Ss be as in the
statement of Theorem 1.2. We wrote a simple Magma script which for each n < 100
satisfying 5{n and n # 2 (mod 4) writes down a basis for the cyclotomic units C,
and deduces a basis for the totally positive units. It then checks, for every nonempty
proper subset of Ss, if there is an element u of this basis of totally positive units
that satisfies (3). We found this to be the case for all n under consideration except
n =29, 87 and 89. The corollary follows from Theorem 1.2 for K = Q(¢,)" with
n as in the statement of the corollary.

Now let K be a real abelian field with conductor # as in the statement of the
corollary. Then K € Q(¢,)". As Q(¢,)"/K is cyclic, modularity of an elliptic
curve E/K follows, by Langlands’ cyclic base change theorem [Langlands 1980],
from modularity of E over Q(¢,)™, completing the proof of the corollary. O

3. Cyclotomic preliminaries

Throughout p will be an odd prime. Let ¢ be a primitive p-th root of unity, and
K = Q(¢ + ¢~ ") the maximal real subfield of Q(¢). We write

0;=t'+¢ ek, j=1,....,5(p—D.

Let Ok be the ring of integers of K. Let p be the unique prime ideal of K above p.
Then pOg = pP~D/2,

Lemma 3.1. For j =1, ..., %(p — 1), we have
QJ'GOI);, 9j+2€(9x, (Qj—Z)O[( =p.
Moreover, (0; —0)Ok =p for1 < j <k =< %(p —1).

Proof. Observe that 6; = (¢%/ —¢72/)/(¢/ — ¢7/) and thus belongs to the group
of cyclotomic units. Given j, let j =2r (mod p). Then 6; +2 = 9,2 € Og.

For now, let L = Q(¢). Let I3 be the prime of O; above p. Then pO; =P>. Asis
well-known, B = (1-¢")Or foru=1,2,..., p—1. Note that 0, —2 = (" -2,
with j =2r (mod p), from which we deduce that (0; —2)O;, = B2 =pO;, hence
(9j —2)Og =p.

For the final part, j # 4k (mod p). Thus there exist #, v 0 (mod p) such that

u+v=j, u—v=k (mod p).
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Then
"= =7 =0; — 6,
and so (0; —6,)Op = ‘,Bz = pOy. This completes the proof. |

4. The descent

Now let £, m > 5 be prime, and let (x, y, z) be a nontrivial, primitive solution
to (2). If £ = p, then (2) can be rewritten as z” + (—x2)? = (y™)2. Darmon and
Merel [1997] have shown that the only primitive solutions to the generalized Fermat
equation (1) with signature (p, p, 2) are the trivial ones, giving us a contradiction.
We shall henceforth suppose that ¢ # p and m # p.

Clearly z is odd. By swapping in (2) the terms x* and y™ if necessary, we may
suppose that 2 | x. We factor the left-hand side over Z[i]. It follows from our
assumptions that the two factors x¢ + y™i and x — y™i are coprime. There exist
coprime rational integers a, b such that

xb 43" = (a +bi)?, z=a’>+0b%.
Then
x"=1((a+bi)’ + (a—bi)?)

p—1
=a-[J(a+Dbi)+ (a—bi);/)
j=1
(p=1/2 . .
=a- [[ (@+bi)+(@—bi)¢?)- ((a+bi)+ (a—bi) ™).
j=1

In the last step we have paired up the complex conjugate factors. Multiplying out
these pairs we obtain a factorization of x* over Ok:

(p—1)/2
x=a- ] (0;+2)a*+©®; —2)b). (4)
j=1
To ease notation, write
,Bj=(9j+2)a2+(9j—2)b2, j=1,...,%(p—1). 5

Lemma 4.1. Writen = vy(x) > 1.

(i) If p1x then
a:ZZ”aZ, ﬂj@[{zbﬁ-,

where o is a rational integer and aOk, by, ..., b,_1)/2 are pairwise coprime
ideals of Ok, all of which are coprime to 2p.
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(i) If p | x then
azzfnpK[—laf, ﬂJOK:pbljf’

where k = v ,(x) > 1, a is a rational integer and a - Ok, by, ..., bp_1))2 are
pairwise coprime ideals of Ok, all of which are coprime to 2p.

Proof. As z = a*+ b? is odd, exactly one of a, b is even. Thus the 8 j are coprime
to 20k. We see from (4) that 2" || a, and hence that b is odd.

As a, b are coprime, it is clear that the greatest common divisor of aOg and
B;jOk divides (8; —2)Ok = p. Moreover, for k # j, the greatest common divisor
of B;Ok and B; Ok divides

((0;+2) O —2) — (6 +2)(0; —2))Ok =4Ok —0;)Ok =4p.

However, B; is odd, and so the greatest common divisor of B;O0k and B,Ok
divides p. Now (i) follows immediately from (4). So suppose p | x. For (ii) we have
to check that p || B;. However, since (0; —2)Og =pand 0; +2 € O%, reducing (4)
modulo p shows that a? =0 (mod p), and hence that p | a. Since a, b are coprime,
it follows that vy (8;) = 1. Now, from (4),

(p=1)/2
Jp=Dvy@) =vpla)=Lvp(x) = Y vp(B))=3(p— Dkt —1),
j=1
giving the desired exponent of p in the factorization of a. (]

5. Proof of Theorem 1.1 for p =3

Suppose p = 3. Then K = @ and 6 := 6 = —1. We treat first the case 3t x. By
Lemma 4.1,

a=2"qt a? —3b? =yt
for some coprime odd rational integers o and y. We obtain the equation
222t ot — 352,

Bennett and Skinner [2004, Theorem 1] show that the equation x" 4 y" = 3z2 has
no solutions in coprime integers x, y, z for n > 4, giving us a contradiction.
We now treat 3 | x. By Lemma 4.1,

a =203yt a® — 3% =3yt
for coprime rational integers «, y that are also coprime to 6. Thus

22Zn32/c£—3a2€ _ VE — b2‘
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Using the recipes of Bennett and Skinner [2004, Sections 2, 3], we can attach a Frey
curve to such a triple («, y, b) whose mod ¢ representation arises from a classical
newform of weight 2 and level 6. As there are no such newforms our contradiction
is complete.

6. The Frey curve

We shall henceforth suppose p > 5. From now on, fix 1 < j, k < %( p — 1) with
J # k. The expressions B;, B are given by (5). For each such choice of (j, k) we
shall construct a Frey curve. The idea is that the three expressions a?, i, Bi are
roughly ¢-th powers (Lemma 4.1). Moreover they are linear combinations of a?
and b2, and hence must be linearly dependent. Writing down this linear relation
gives a Fermat equation (with coefficients) of signature (¢, £, £). As in the work
of Hellegouarch, Frey, Serre, Ribet, Kraus and many others, one can associate
to such an equation a Frey elliptic curve whose mod ¢ representation has very
little ramification. In what follows we take care to scale the expressions a2, 8 iy Bk
appropriately so that the Frey curve is semistable.

Casel: p{x. Let

Then u + v + w = 0. Moreover, by Lemmas 3.1 and 4.1,
uOg =b%,  vOg=by,  wOg =220k,
We let the Frey curve be
E=Ej;: Y =X(X—u)(X +v). (7

For a nonzero ideal a, we define its radical, denoted by Rad(a), to be the product
of the distinct prime ideal factors of a.

Lemma 6.1. Suppose p { x. Let E be the Frey curve (7) where u, v, w are given
by (6). The curve E is semistable, with multiplicative reduction at all primes above
2 and good reduction at p. It has minimal discriminant and conductor
Dex =2"""**03'0;" . Ngjx =2-Rad(ab;by).
Proof. The invariants c4, cg, A, j(E) have their usual meanings and are given by
ca = 16(u? —vw) = 16(v> — wu) = 16(w? — uv),
2,22 . 3 (8)
ce=—-32w—-v)(v-—w)(w—u), A=Il6u"vw:, jE)=c/A.

By Lemma 4.1, we have that «O, b; and b are pairwise coprime, and all coprime
to 2p. In particular p{ A and so E has good reduction at p. Moreover, c4 and A are
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coprime away from 2. Hence the model in (7) is already semistable away from 2.
Recall that 2¢ | @ and 21 b. Thus

u=(6; —2)b* (mod2%), v=—(0; —2)b* (mod2*), w=0 (mod2**?).

It is clear that vq(j) < O for all q | 2. Thus E has potentially multiplicative reduction
at all q | 2. Write y = —c4/ce. To show that E has multiplicative reduction at q it
is enough to show that K(,/y)/Kq is an unramified extension [Silverman 1994,
Exercise V.5.11]. However,

Tes= W —vw) = (0; —2)* - b* (mod 2°),
which shows that ¢4 is a square in K;. Moreover,
— ke =2 —v)(v—w)(w—u) =4-(0; —2)*-b° (mod 2**1).

Thus Kq(/¥) = Kq(/0; —2). As before, letting r satisfy 2r = j (mod p), we have
0;j—2=0"-¢ )2 and so K4(/7) is contained in the unramified extension Kq(¢).
Hence E has multiplicative reduction at q | 2.

Finally 2 is unramified in K, and so vq(c4) = v2(16) = 4. It follows that

Dg/x = (A/212). Ok, as required. O
Casell: p | x. Let
- 46; -0
U= Bi , v=— Ar , sz-az. )
0;—2) (O —2) 0 —2)(O —2)
Then, from Lemmas 3.1 and 4.1,
uOg =b%,  vOg=b;,  wOgx=22"".p" . a>0k,
where
S=kl—1)(p—1)—1. (10)

Again u + v+ w = 0 and the Frey curve is given by (7).

Lemma 6.2. Suppose p | x. Let E be the Frey curve (7) where u, v, w are given
by (9). The curve E is semistable, with multiplicative reduction at p and at all
primes above 2. It has minimal discriminant and conductor

Dejx =2"""*pPa™b3'0;',  Ng/k =2p-Rad(ab;by).

Proof. The proof is an easy modification of the proof of Lemma 6.1. O

7. A closer look at the Frey curve for p =1 (mod 4)

In this section we suppose that p =1 (mod 4). The Galois group of K =Q(¢+¢ ")
is cyclic of order %( p —1). Thus the field K = Q(¢ +¢ ~!) has a unique involution
7 € Gal(K /Q), and we let K’ be the subfield of degree %( p — 1) that is fixed by
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this involution. In the previous section we let 1 < j, k < %( p—1) with j £ k. In
this section we shall impose the further condition that 7(6;) = 6;. Now a glance at
the definition (7) of the Frey curve E and the formulae (9) for # and v in the case
p | x shows that the curve E is in fact defined over K’. This is not true in the case
p 1 x, but we can take a twist of the Frey curve so that it is defined over K'.

Casel: p{x. Let
u' = Ok —2)B;, v =—(0; —2)Br, w' =4(0; — ) - a’, (1D

and let
E Y =X(X—u)X+V).

Clearly the coefficients of E’ are invariant under 7, and so E’ is defined over K'.
Moreover, E'/K is the quadratic twist of E/K by (6; —2). Let ‘B be the unique
prime of K" above p. Let

bj’k = NOl‘mK/K/(bj) = NormK/Kr(bk).

It follows from Lemma 4.1 that the O--ideal b ; is coprime to @ and to 2p. An
easy calculation leads us to the following lemma.

Lemma 7.1. Suppose p{x. Let E' /K’ be the above Frey elliptic curve. Then E’ is
semistable away from ‘B, with minimal discriminant and conductor

DE’/K’ = 246"74%30/‘6 b?,ek’ NE’/K’ =2. %2 . Rad(olbjyk)
Case II: p | x. Another straightforward computation yields the following lemma.

Lemma 7.2. Suppose p | x. Let E' = E be the Frey curve in Lemma 6.2. Then E’
is defined over K'. The curve E'/K' is semistable with minimal discriminant and
conductor

Dpyg =280y, Ny =2-B-Rad(abj),
where § is given by (10).
Remark. Clearly E has full 2-torsion over K. The curve E’ has a point of order 2
over K’, but not necessarily full 2-torsion.
8. Proof of Theorem 1.4

Lemma 8.1. Let p be an odd prime. There is an ineffective constant C},l) depending
on p such that for odd primes £, m > Cl(,l) and any nontrivial primitive solution
(x,y,2) of (2), the Frey curve E/K as in Section 6 is modular. If p =1 (mod 4)
then under the same assumptions, the Frey curve E'/K' as in Section 7 is modular.
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Proof. Freitas et al. [2015] show that for any totally real field K there are at
most finitely many nonmodular j-invariants. Let jy, ..., j. be the values of these
j-invariants. Let q be a prime of K above 2. By Lemmas 6.1 and 6.2, we have
vq(j(E)) = —(4¢n — 4) with n > 1. Thus for £, m sufficiently large we have
vqe(j(E)) <wvq(ji) fori =1, ..., r, completing the proof. O

Remarks. e« The argument in [Freitas et al. 2015] relies on Faltings’ theorem
(finiteness of the number of rational points on a curve of genus > 2) to deduce
finiteness of the list of possibly nonmodular j-invariants. It is for this reason
that the constant C;,l) (and hence the constant C), in Theorem 1.4) is ineffective.

« In the above argument, it seems that it is enough to suppose that £ is sufficiently
large without an assumption on m. However, in Section 4 we swapped the terms
x2% and y*" in (2) if needed to ensure that x is even. Thus in the above argument
we need to suppose that both ¢ and m are sufficiently large.

We shall make use of the following result due to Freitas and Siksek [2015b,
Theorem 2]. It is a variant of results proved by Kraus [2007] and by David [2012].
All these build on the celebrated uniform boundedness theorem of Merel [1996].

Theorem 8.2. Let K be a totally real field. There is an effectively computable
constant Cx such that for a prime £ > Cxg, and for an elliptic curve E /K semistable
at all & | £, the mod € representation pg ¢ : Gx — GLo(Fy) is irreducible.

In [Freitas and Siksek 2015b, Theorem 2] it is assumed that K is Galois as well
as totally real. Theorem 8.2 follows immediately on replacing K with its Galois
closure.

Lemma 8.3. Let E/K be the Frey curve given in Section 6. Suppose ppg g is
irreducible and E is modular. Then pg ¢ ~ p5,;. for some Hilbert cuspidal eigenform
f over K of parallel weight 2 that is new at level Ny, where

N — {ZOK zf ptx,
2p ifplx
Here ) | £ is a prime of Q, the field generated over Q by the eigenvalues of f.
If p=1 (mod 4), let E'/K' be the Frey curve given in Section 7. Suppose pg: ¢ is
irreducible and E is modular. Then pg' ¢ ~ py, 5 for some Hilbert cuspidal eigenform
f over K of parallel weight 2 that is new at level N, where

N = {2%2 fp1x,
28 ifp|x.
Proof. This is immediate from Lemmas 6.1, 6.2, 7.1 and 7.2, and a standard level

lowering recipe derived in [Freitas and Siksek 2015a, Section 2.3] from the work of
Jarvis, Fujiwara and Rajaei. Alternatively, one could use modern modularity lifting
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theorems which integrate level lowering with modularity lifting, as for example in
[Breuil and Diamond 2014]. |

Proof of Theorem 1.4. Let K = Q(¢ +¢~ ') and E be the Frey curve constructed in
Section 6. Let C;,l) be the constant in Lemma 8.1, and C;,Z) = Ck be the constant
in Theorem 8.2. Let C), = max(Cf,l), C;z)). Suppose that £,m > C,,. Then pg ¢
is irreducible and modular, and it follows from Lemma 8.3 that pg ¢ ~ o5, for
some Hilbert eigenform over K of parallel weight 2 that is new at level Ny, where
N¢ = 20k or 2p. Now a standard argument (see [Bennett and Skinner 2004,
Section 4], [Kraus 1997, Section 3] or [Siksek 2012, Section 9]) shows that, after
enlarging C), by an effective amount, we may suppose that the field of eigenvalues
of § is Q. Observe that the level N, is nonsquarefull (meaning there is a prime q
at which the level has valuation 1). As the level is nonsquarefull and the field of
eigenvalues is @, the eigenform f is known to correspond to some elliptic curve
E|/K of conductor Ny [Blasius 2004], and pg ¢ ~ pg, ¢. Finally, and again by
standard arguments (see one of the references a few lines above), we may enlarge
C, by an effective constant so that the isomorphism pg ¢ ~ pg, ¢ forces E; to
either have full 2-torsion, or to be isogenous to an elliptic curve E,/K that has full
2-torsion. This contradicts the hypothesis of Theorem 1.4 that there are no such
elliptic curves with conductor 20k, 2p, and completes the proof of the first part
of the theorem. The proof of the second part is similar, and makes use of the Frey
curve E'/K’. O

9. Modularity of the Frey curve for 5 < p <13

Lemma 9.1. If p=5,7, 11 or 13 then the Frey curve E /K in Section 6 is modular.
If p =5, 13 then the Frey curve E'/K' in Section 7 is modular.

Proof. Recall that E is defined over K = Q(¢ +¢~'), where ¢ is a primitive p-th
root of unity. If p =5 then K = Q(+/5), and modularity of elliptic curves over real
quadratic fields was recently established by Freitas et al. [2015].

For p =7, 11, 13, the prime 5 is unramified in K, the class number of K is 1
and condition (c) of Theorem 1.2 is easily verified. Thus E is modular.

For p = 13, the curves E and E’ are at worst quadratic twists over K, and K /K’
is quadratic. The modularity of E’/K’ follows from the modularity of E£/K and
the cyclic base change theorem of [Langlands 1980]. For p =5 we could use the
same argument, or more simply note that K = @, and conclude by the modularity
theorem over the rationals [Breuil et al. 2001]. O

10. Irreducibility of pg , for 5 < p <13

We let E be the Frey curve as in Section 6, and p =35, 7, 11, 13. To apply Lemma 8.3
we need to prove the irreducibility of pg , for £ > 5; equivalently, we need to show
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that E does not have an £-isogeny for £ > 5. Alas, there is not yet a uniform bound-
edness theorem for isogenies. The papers [Kraus 2007; David 2012; Freitas and
Siksek 2015b] do give effective bounds Cxk such that for £ > Cxk the representation
Pk ¢ 1s irreducible, however these bounds are too large for our present purpose. We
refine the arguments in those papers, making use of the fact that the curve E is
semistable, and the number fields K = Q(¢ + ¢ 1) all have narrow class number 1.
Before doing this, we relate, for p =5 and 13, the representations pg ¢ and O/ ¢,
where E’ is the Frey curve in Section 7.

Lemma 10.1. Suppose p =5 or 13. Let t be the unique involution of K, and K’
the subfield fixed by it. Let j and k satisfy t(0;) = 6. Let E/K be the Frey elliptic
curve in Section 6 and E'/K' the Frey curve in Section 7, associated to this pair
(j, k). Then pg ¢ is irreducible as a representation of Gk if and only if pg ¢ is
irreducible as a representation of Gg'.

Proof. Note that K /K’ is a quadratic extension and E/K is a quadratic twist
of E'/K. Thus pg ¢ is a twist of pg (|G, by a quadratic character. If pg ¢ is re-
ducible as a representation of Gk then certainly pg ¢ is reducible as a representation
of G[(.

Conversely, suppose pg' ¢(Gg’) is irreducible. We would like to show that
pE.¢(Gk) is irreducible. It is enough to show that pgs (G ) is irreducible. Let q | 2
be a prime of K'. Then vq(j(E’)) =4—4£n, which is negative but not divisible by £.
Thus pg ¢(Gg’) contains an element of order £ [Silverman 1994, Proposition V.6.1].
By Dickson’s classification [Swinnerton-Dyer 1973] of subgroups of GL;(F,) we
see that pg/ ((Gg) must contain SLo(F). The latter is a simple group, and must
therefore be contained in pg' ¢(Gk). This completes the proof. [l

Lemma 10.2. Suppose pg ¢ is reducible. Then E /K either has nontrivial £-torsion,
or is £-isogenous to an elliptic curve defined over K that has nontrivial £-torsion.

Proof. Suppose pg ¢ is reducible, and write

- ~ lﬁl k
PE.¢ (O ‘/fz)'

We show that either | or v, is trivial. It follows in the former case that E has
nontrivial ¢-torsion, and in the latter case that the K-isogenous curve E/ Ker(y/)
has nontrivial £-torsion.

As K has narrow class number 1 for p =5, 7, 11, 13, it is sufficient to show that
one of Y1, ¥, is unramified at all finite places. As E is semistable, the characters
Y1 and vy, are unramified away from £ and the infinite places. Let S; be the set
of primes A | £ of K. Let S C S, for the set of A € Sy such that v, is ramified
at A. Then v, is ramified exactly at the primes S \ S, (see proof of Theorem 1.2).
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Moreover, 1|1, = xelr, forall A € S, and ¥r2|;, = xels, forall A € Sg\ S. Itis
enough to show that either S is empty or S \ S is empty.
Suppose S is a nonempty proper subset of Sy. Fix A € S and let

D=D; C G=Gal(K/Q)

be the decomposition group of X; by definition A° = A forall o € D,. As K/Q is
abelian and Galois, D,» = D for all A’ € Sy, and G/D acts transitively and freely
on S;. Fix a set T of coset representatives for G/D. Then there is a subset 7' C T
such that » »

S={A" :teT, Se\S={A" :teT\T'}.

As S is a nonempty proper subset of Sy, we have that 7’ is a nonempty proper
subset of 7. Now, by Proposition 2.1, for any totally positive unit u of Ok,

H Normyg, /¢, (u +27 ) =1.
Tel”’

But
Normg, /r, (u + )»fl) = l_[ (u + )»ril)o

oeD

= 1_[ u® —i—)»f_])

oeD

= ( ]_[ u°® Jr,\))r

oeD

1

= l_[ @+ 1) (as this expression belongs to [Fy).

oeD

By p(u) = Normg g <( 1_[ u‘”) — 1).

teT’,oceD

Let

It follows that € | By p(u). Now let uq, ..., ug be a system of totally positive units.
Then £ divides

Br p(ui, ..., uq) =ged(Br, p(u1), ..., B, p(uq)).

To sum up, if the lemma is false for ¢, then there is some subgroup D of G and
some nonempty proper subset 7’ of G/D such that ¢ divides By p(uy, ..., ug).
The proof of the lemma is completed by a computation that we now describe.
For each of p = 5,7, 11, 13 we fix a basis uy, ..., ugy for the system of totally
positive units of Ok . We run through the subgroups D of G = Gal(K /Q). For each
subgroup D we fix a set of coset representatives 7', and run through the nonempty
proper subsets 7’ of T, computing By’ p(uy, ..., ug). We found that for p =5,7
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the possible values for By p(u1, ..., uy) are all 1; for p =11 they are 1 and 23;
and for p = 13 they are 1, 5% and 3°. Thus the proof is complete for p = 5, 7 and
it remains to deal with (p, £) = (11, 23), (13, 5). For each of these possibilities
we run through the nonempty proper S C Sy and check that there is some totally
positive unit u such that [ [, ¢ Norm(u + 1) # 1. This completes the proof. (]

Suppose pg ¢ is reducible. It follows from Lemma 10.2 that there is an elliptic
curve E| /K (which is either E or £-isogenous to E) such that £ (K) has a subgroup
isomorphic to Z/27 x Z/2¢Z. Such an elliptic curve is isogenous' to an elliptic
curve E,/K with a K-rational cyclic subgroup isomorphic to Z/4¢Z. Thus we
obtain a noncuspidal K-point on the curves

Xo(6), X1(6), Xo(26), X1(20), Xo(40), X1(2,20).

To achieve a contradiction it is enough to show that there are no noncuspidal K-
points on one of these curves. For small values of £, we find Magma’s “small
modular curves package”, as well as Magma’s functionality for computing Mordell—-
Weil groups of elliptic curves over number fields, invaluable. Four of the modular
curves of interest to us happen to be elliptic curves. The aforementioned Magma

package gives the following models:

X0(20): y* =x>+ x> +4x+4 (Cremona label 20a1), (12)
Xo(14) : y2 +xy+y= x> +4x—6 (Cremona label 14a1), (13)
Xo(11): y*+y=x>—x>—10x—20  (Cremona label 11a1), (14)
Xo(19): y* +y=x3+x*—9x —15 (Cremona label 19a1). (15)

Lemma 10.3. Let p =5. Then pg ¢ is irreducible. Moreover, pg ¢ is irreducible.

Proof. Suppose pg ¢ is reducible. By the above there is an elliptic curve E,
over the quadratic field K = Q(+/5), with a K-rational subgroup isomorphic to
Z/27 x 7Z]2¢Z. From classification of torsion subgroups of elliptic curves over
quadratic fields [Kamienny 1992] we deduce that £ < 5. However we are assuming
throughout that £ > 5 and ¢ # p. This gives a contradiction as p = 5. Thus pg ¢ is
irreducible. The irreducibility of pg ¢ follows from Lemma 10.1. O

Lemma 10.4. Let p =7. Then pg ¢ is irreducible.

At the suggestion of one of the referees we prove this statement. Let Py, P, € E{(K) be
independent points of order 2. Let O be a solution to the equation 2X = P;. Then Q has order 4 and
the complete set of solutions is {Q, QO+ P>, 30, 30 + P»}, which is Galois-stable. Let E; = E1/(P>)
andlet ¢ : E| — E5 be the induced isogeny. As Ker(¢) N (Q) = 0, we see that Q' = Q + (P) has
order 4. Moreover, the set {Q’, 30’} is Galois-stable, so (Q’) is a K-rational cyclic subgroup of order
4 on E,. The point of order £ on E| survives the isogeny, and so E, has a K-rational cyclic subgroup
of order 4¢.
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Proof. In this case K is a cubic field. By the classification of cyclic ¢-torsion on
elliptic curves over cubic fields [Parent 2000; 2003], we know £ < 13. Since ¢ # p,
we need only deal with the case £ =5, 11, 13. To eliminate £ =5 and £ = 11 we
computed the K-points on the modular curves X¢(20) and Xo(11). These both have
rank O and their K-points are in fact defined over Q. The Q-points of X((20) are
cuspidal thus £ #£ 5. The three noncuspidal Q-points on Xy(11) all have integral j-
invariants. As our curve E has multiplicative reduction at 2Ok, it follows that £ £ 11.

We suppose £ = 13. We now apply [Bruin and Najman 2016, Theorem 1].
That theorem gives a useful and practical criterion for ruling out the existence
of torsion subgroups Z/mZ x Z/nZ on elliptic curves over a given number field
K (the remarks at the end of Section 2 of [Bruin and Najman 2016] are useful
when applying that theorem). The theorem involves making certain choices and we
indicate them briefly; in the notation of the theorem, we take A = 7/267, L = Q,
m=1,n=26, X =X = X;(26), p =po = 7. To apply the theorem we need
the fact that the gonality of X;(26) is 6 [Derickx and van Hoeij 2014], and that
its Jacobian has Mordell-Weil rank 0 over (2 [Bruin and Najman 2016, page 11].
We merely check that conditions (i)—(vi) of [Bruin and Najman 2016, Theorem 1]
are satisfied, and conclude that there are no elliptic curves over K with a subgroup
isomorphic to Z/26Z. This completes the proof. U

Lemma 10.5. Let p = 11. Then pg 4 is irreducible.

Proof. Now K has degree 5. By the classification of cyclic £-torsion on elliptic
curves over quintic fields [Derickx et al. > 2016] we know that £ < 19. As £ # p
we need to deal with £ =5,7, 13, 17, 19.

The elliptic curves X¢(20), Xo(14) and X¢(19) have rank O over K and this
allows us to quickly eliminate £ =5, 7, 19.

Suppose £ = 13. We again apply [Bruin and Najman 2016, Theorem 1], with
choices A=7/26Z, L=Q,m=1,n=26, X = X' = X,(26), p =po = 11 (with
Mordell-Weil and gonality information as in the proof of Lemma 10.4). This shows
that there are no elliptic curves over K with a subgroup isomorphic to Z/267,
allowing us to eliminate £ = 13.

Suppose £ = 17. We apply the same theorem with choices A =7/347, L = Q,
m=1,n=34, X =X'"=X(34), p=po=11. For this we need the fact that X has go-
nality 10 [Derickx and van Hoeij 2014] and that the rank of J; (34) over Q is O [Bruin
and Najman 2016, page 11]. Applying the theorem shows that there are no elliptic
curves over K with a subgroup isomorphic to Z/34Z. This completes the proof. [J

It remains to deal with p = 13. Unfortunately the field K in this case is sextic,
and the known bound [Derickx et al. > 2016] for cyclic £-torsion over sextic fields
is £ < 37, and we have been unable to deal with the cases ¢ = 37 directly over the
sextic field. We therefore proceed a little differently. We are in fact most interested
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in showing the irreducibility of pg’ ¢, where E’ is the Frey curve defined over the
degree 3 subfield K'.

Lemma 10.6. Let p = 13. Then pg ¢ is irreducible.

Proof. Suppose pg ¢ is reducible. We treat the cases 13 | x and 13 t x sepa-
rately. Suppose first that 13 | x. Then the curve E’ over the field K’ is semistable
(Lemma 7.2). It is now straightforward to adapt the proof of Lemma 10.2 to show
that E’ has nontrivial £-torsion, or is £-isogenous to an elliptic curve with nontrivial
£-torsion. Thus there is an elliptic curve over K’ with a point of exact order 2¢.
Now K’ is cubic, so by [Parent 2000; 2003] we have £ < 13. As £ # p, it remains
to deal with the cases £ = 5,7, 11. The elliptic curves X¢(14) and X(o(11) have
rank zero over K’, and in fact their K’-points are the same as their Q-points. This
easily allows us to eliminate £ = 7 and £ = 11 as before. The curve X((10) has
genus 0 so we need a different approach, and we leave this case to the end of the
proof (recall that E” does not necessarily have full 2-torsion over K').

Now suppose that 13 tx. Here E’/K’ is not semistable. As we have assumed
that pg ¢ is reducible, we have that pg , is reducible (Lemma 10.1). Now we may
apply Lemma 10.2 to deduce the existence of E;/K (which is E or £-isogenous to
it) that has a subgroup isomorphic to Z/27 x Z/2¢Z. As before, let p be the unique
prime of K above 13. By Lemma 6.1 the Frey curve E has good reduction at p. As
p 1 2¢, we know from injectivity of torsion that 4¢ | #E(F,). But F, = F;3. By the
Hasse—Weil bounds,

< V13+1)?/4~523.

Thus £ =5.

It remains to deal with the case £ =5 for both 13 | x and 13 1 x. In both cases
we obtain a K-point on X = X((20) whose image in X((10) is a K’-point. We
would like to compute X (K). This computation proved beyond Magma’s capability.
However, K = K’(+/13). Thus the rank of X (K) is the sum of the ranks of X (K’)
and of X'(K’), where X’ is the quadratic twist of X by 13. Computing the ranks of
X (K') and X'(K') turns out to be a task within the capabilities of Magma, and we
find that they are respectively O and 1. Thus X (K) has rank 1. With a little more
work we find that

X(K) = é L(4.10)+Z- (3. 2v/13).

Thus X (K) = X (Q(+/13)). It follows that the j-invariant of E’ must belong to
Q(+/13). But the j-invariant belongs to K’ too, and so belongs to Q(+/13)NK’' = Q.

Let the rational integers a, b be as in Sections 4 and 6. Recall that b is odd,
and that v,(a) = 5n, where n > 0. Write a = 2°"a’, where a’ is odd. We know
that vo(j(E)) = —(20n — 4). The prime 2 is inert in K’. An explicit calculation,



1166 Samuele Anni and Samir Siksek

making use of the fact that ' = b =1 (mod 2), shows that
2
070;

220n—4 (E) =
/ ©; — ;)2

(mod 2).
Computing this residue for the possible values of j and k, we check that it does not
belong to [, giving us a contradiction. ([

11. Proof of Theorem 1.1

In Section 5 we proved Theorem 1.1 for p = 3. In this section we deal with the
values p =5,7,11,13. Let £, m > 5 be primes. Suppose (x, y, z) iS a primitive
nontrivial solution to (2). Without loss of generality, 2 | x. We let K = Q(¢ +¢~ 1)
where ¢ = exp(2mi/p). For p = 13 we also let K’ be the unique subfield of K
of degree 3. Let E be the Frey curve attached to this solution (x, y, z) defined in
Section 6, where we take j = 1 and k = 2. For p = 13 we also work with the Frey
curve E’ defined in Section 7, where we take j = 1 and k = 5 (these choices satisfy
the condition 7(6;) = 6k, where T is unique involution on K'). By Lemma 9.1 these
elliptic curves are modular. Moreover, by the results of Section 10 the representation
Pk ¢ 1s irreducible for p =5, 7, 11, 13, and the representation pg ¢ is irreducible
for p = 13. Let K be the number field K unless p = 13 and 13 | x, in which case
we take K = K'. Also let £ be the Frey curve E unless p = 13 and 13 | x, in which
we take £ to be E’. By Lemma 8.3 there is a Hilbert cuspidal eigenform § over
of parallel weight 2 and level A as given in Table 1, such that pg ¢ ~ pj,, Where
A | £ is a prime of Qj, the field generated by the Hecke eigenvalues of .

Using the Magma “Hilbert modular forms” package we compute the possible
Hilbert newforms at these levels. The information is summarized in Table 1.

As shown in the table, there are no newforms at the relevant levels for p =5,
completing the contradiction for this case.”

We now explain how we complete the contradiction for the remaining cases.
Suppose q a prime of K such that q42p¢. In particular, q does not divide the level
of f, and £ has good or multiplicative reduction at q. Write o for a Frobenius
element of G at q. Comparing the traces of pg ¢(0q) and pj,5 (o) we obtain

(1) if £ has good reduction at q then a4(&) = aq(f) (mod 1);
(i1) if & has split multiplicative reduction at q then Norm(q) + 1 = a4(f) (mod A);
(iii) if £ has nonsplit multiplicative reduction at q then —(Norm(q) + 1) = a,(f)
(mod A).

ZWe point out in passing that for p = 5 we could have also worked with the Frey curve E’/Q.
In that case the Hilbert newforms § are actually classical newforms of weight 2 and levels 2 and 50.
There are no such newforms of level 2, but there are two newforms of level 50 corresponding to the
elliptic curve isogeny classes 50a and 50b. These would require further work to eliminate.
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p | case field C Freycurve & level N eigenforms f [Q;: Q]
S St K E 20k - -
5/x K E 2p - -
. 71x K E 20k - -
7| x K E 2p f1 1
. I1fx K E 20k f2 2
11| x K E 2p §3, fa 5
fs, fo 1
13tx K E 20k f7 2
13 fg 3
13]x K’ E' 2% fo- 10 !
fi1, fi2 3

Table 1. Frey curve and Hilbert eigenform information. Here p is
the unique prime of K above p, and 9B is the unique prime of K’
above p.
Let g 1 2p¥ be a rational prime and let
Ay ={m.w):0=<n,u=<qg—1, (n,n) # 0,0}

For (n, n) € A, let

O +2m* + (0 — 2’ if p1x,
o= ﬁ((é,- +2n*+©O; —2)u?)  ifplx,
J
6;—2
—EQJ _2;((9k+2)772+(9k—2)u2) if ptx,
U(’% M) - k]
_m((9k+2)772+ 6 —2)u?) if p|x.

Write
Egu Y2 =X(X —u(n, m)(X +v(n, 1))

Let A(n, w), ca4(n, n) and ce(n, ) be the usual invariants of this model. Let
y(n, u) = —ca(n, w)/ce(n, n). Let (a, b) be as in Section 4. As gcd(a, b) =1,
we have (a, b) = (n, u) (mod g) for some (n, u) € A,. In particular, (a, b) =
(n, n) (mod q) for all primes q | g of K. From the definitions of the Frey curves
E and E’ in Sections 6 and 7 we see that £ has good reduction at q if and only if
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q{ A(n, u), and in this case aq(€) = aq(Eqy, ). Let

ag(Egw) —aq(f) — ifqt A, p),
By(f, n, w) = { Norm(q) + 1 —aq(f) if q| A(n, p) and y (1, p) € (F})?,
Norm(q) + 1 +aq(f) if q| A(y, w) and y (1, p) & (F})*.

From (i)—(iii) above we see that A | By(f, n, u). Now let

Bq (f7 n, u) = Z Bq(f’ UNDE Ofs
alq

where O is the ring of integers of Q;. Since (a, b) = (n, u) (mod q) for all q | g,
we have that A | B, (f, n, u). Now (n, u) is some unknown element of A,. Let

Byh= [ BsG.n .
(n,m)eA,

Then A | B; (). Previously, we have supposed that g { 2p¢. This is inconvenient as
¢ is unknown. Now we simply suppose ¢ {2p, and let B, (f) = qB; (). Then, since
A | £, we certainly have that A | B, (f) regardless of whether g = ¢ or not.

Finally, if S = {q1, g2, ..., g} is a set of rational primes with g; { 2p, then A
divides the Oj-ideal ) \_; By, (f), and thus € divides Bs(f) = Norm(}_/_, By, (f))-
Table 2 gives our choices for the set S and the corresponding value of Bg(}) for

each of the eigenforms fi, ..., fi» appearing in Table 1. Recalling that £ > 5 and
£ # p gives a contradiction unless p = 13 and £ = 7. This completes the proof of
Theorem 1.1. |

The reader may be wondering whether we can eliminate the case p = 13 and
£ =7 by enlarging our set S; here we need only concern ourselves with forms fg
and fy1. Consider (n, u) = (0, 1), which belongs to A, for any g. The corresponding
Weierstrass model E g,y is singular with a split note. It follows that

By (5, 0, 1) = Norm(q) + 1 — aq(§).

Note that if A is a prime of Qj that divides Norm(q) + 1 — a4(f) for all q 126, then
£ will divide Bg(f) for any set S where X | £. This appears to be the case with £ =7
for f11, and we now show that it is indeed the case for fo. Let F be the elliptic curve
with Cremona label 26b1:

F:y2+xy+y=x3—x2—3x+3,

which has conductor 298 as an elliptic curve over K. As K/Q is cyclic, we know
that F is modular over K and hence corresponds to a Hilbert modular form of
parallel weight 2 and level 2B, and by comparing eigenvalues we can show that
it in fact corresponds to fo. Now the point (1, 0) on F has order 7. It follows that
7| #E(Fq) = Norm(q) 4 1 — aq(f) for all q {26, showing that for fo we can never
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p | case S eigenform f Bs ()
71 7|x {3} f1 28 %33 %x 70
I1{x {23, 43} f2 1
11
11]x  {23,43} f3 !
fa 1
fs 26240 o 3312
o 212792 5, 3234
13¢x {79,103} i 210608, 3624
218720 % 3936
;3 s
fo 72
;
13|x {3,5,31,47) To 36
f11 7
f12 1

Table 2. Our choice of set of primes S and the value of Bg(f) for
each of the eigenforms in Table 1.

eliminate £ = 7 by enlarging the set S. We can still complete the contradiction in
this case as follows. Note that pj, 7 ~ o 7 which is reducible. As pg 7 is irreducible
we have pg 7 7 pj,,7, completing the contradiction for f = fg. We strongly suspect
that reducibility of py,, ; (where A is the unique prime above 7 of Qy,, ), but we are
unable to prove it.

Remark. We now explain why we believe that the above strategy will succeed in
proving that (2) has no nontrivial primitive solutions, or at least in bounding the
exponent ¢, for larger values of p provided the eigenforms § at the relevant levels
can be computed. The usual obstruction to bounding the exponent (see [Siksek
2012, Section 9]) comes from eigenforms f that correspond to elliptic curves with
a torsion structure that matches the Frey curve £. Let f be such an eigenform.
Let g 1 2p be a rational prime and ¢y, ..., g, be the primes of K above ¢g. Note
that Norm(q;) = - -- = Norm(q,) = q%/", where d = [K : Q]. We would like to
estimate the “probability” that B, (f) is nonzero. Observe that if B, (f) is nonzero,
then we obtain a bound for £. Examining the definitions above shows that the ideal
B, (f) is 0 if and only if there is some (1, ) € A, such that aq(Ey, ) = aq(f) for
q9=4q1, 92, ..., q,. Treating ay(E(,,.)) as arandom variable belonging to the Hasse
interval [—qu/zr, qu/zr], we see that the “probability” that aq(E(,,4)) = aq(f) is
roughly ¢/q%/?", with ¢ = %.

We can be a little more sophisticated and take account of the fact that the
torsion structures coincide, and that these impose congruence restrictions on both
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traces. In that case we should take ¢ = 1 if £ has full 2-torsion (i.e., £ is the
Frey curve E) and take ¢ = % if £ has just one nontrivial point of order 2 (i.e.,
E=FE'and p=1 (mod 4)). Thus the “probability” that aq(Ey,.)) = aq(f) for all
q | ¢ simultaneously is roughly ¢" /g¢/?. Since B,(f) =q H(n,u)eAq B, (f,n, ), it
follows that the “probability” P, (say) that By (f) is nonzero satisfies

2
c’ q -1
P, ~ (1 — > .
q qd/z

For g large, we have (1 — c’/qd/z)qd/2 ~ e . For d > 5, from the above estimates,
we expect that P, — 1 as ¢ — 00. Thus we certainly expect our strategy to succeed
in bounding the exponent .
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Geometry and stability
of tautological bundles
on Hilbert schemes of points

David Stapleton

We explore the geometry and establish the slope-stability of tautological vector
bundles on Hilbert schemes of points on smooth surfaces. By establishing stability
in general, we complete a series of results of Schlickewei and Wandel, who proved
the slope-stability of these vector bundles for Hilbert schemes of 2 points or 3
points on K3 or abelian surfaces with Picard group restrictions. In exploring
the geometry, we show that every sufficiently positive semistable vector bundle
on a smooth curve arises as the restriction of a tautological vector bundle on
the Hilbert scheme of points on the projective plane. Moreover, we show that
the tautological bundle of the tangent bundle is naturally isomorphic to the log
tangent sheaf of the exceptional divisor of the Hilbert—-Chow morphism.

Introduction

The purpose of this paper is to explore the geometry of tautological bundles on
Hilbert schemes of smooth surfaces and to establish the slope-stability of these
bundles.

Let S be a smooth complex projective surface, and denote by S the Hilbert
scheme parametrizing length-n subschemes of S. This parameter space carries
some natural tautological vector bundles: if £ is a line bundle on S then £ is the
rank-n vector bundle whose fiber at the point corresponding to a length-n subscheme
£ C S is the vector space H°(S, L ® O¢). These tautological vector bundles have
attracted a great deal of interest. Lehn [1999] first computed the cohomology of the
tautological bundles. Later Danila [2001] and Scala [2009] identified the induced
symmetric group representations on the cohomology of the tautological bundles.
Ellingsrud and Strgmme [1993] showed that the Chern classes of the bundles
o Op2 (DM and Op2 (2)M generate the cohomology of (P2, Nakajima gave

P2
a nicely exposited interpretation [1999, §4.3] of the McKay correspondence by

MSC2010: 14J60.
Keywords: Hilbert schemes of surfaces, vector bundles on surfaces, Fourier—Mukai transforms,
slope-stability, spectral curves, log tangent bundle, tautological bundles, Hilbert schemes of points.
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restricting the tautological bundles to the G-Hilbert scheme. Recently Okounkov
[2014] formulated a conjecture about special generating functions associated to the
tautological bundles.

Given the importance of the tautological bundles, it is natural to explore how
different geometric aspects of vector bundles transform to their tautological bundles.
For instance, we ask when the tautological bundle of a stable bundle is also stable. In
[Schlickewei 2010; Wandel 2013; 2014] this question has been answered positively
for Hilbert schemes of 2 points or 3 points on a K3 or abelian surface with Picard
group restrictions. Our first result establishes the stability of these bundles for
arbitrary n and any surface.

Theorem A. If L is a nontrivial line bundle on S, then L") is slope-stable with
respect to natural Chow divisors on S,

More precisely, an ample divisor on S determines a natural ample divisor on
Sym” (S), and the pullback via the Hilbert—-Chow morphism gives one such natural
Chow divisor on S, which is not ample but is big and semiample. More generally,
we prove that if £ Z Oy is any slope-stable vector bundle on S with respect to
some ample divisor then £ is slope-stable with respect to the corresponding Chow
divisor. Although Theorem A only gives stability with respect to a strictly big and
nef divisor, we are able to deduce stability with respect to nearby ample divisors
via a perturbation argument on the nef cone.

If S is any smooth surface, there is a divisor B, in Sl which consists of
nonreduced subschemes. The pair (S, B,) gives a natural closure of the space
of n distinct points in S. The vector fields on S/ tangent to B, form the sheaf
of logarithmic vector fields Derc(—log B,). Our second result says the sheaf
Derc(—log B,) is naturally isomorphic to the tautological bundle associated to the
tangent bundle on S.

Theorem B. For any smooth surface S there exists a natural injection
Oy . (TS)[n] — Tsln],
and a,, induces an isomorphism between (Ts)"™ and Derc(—log B,).

The analogous statement also holds for smooth curves. In general, the sheaves
Derc(—log B,) are only guaranteed to be reflexive, as B, is not a simple normal
crossing divisor. However, Theorem B shows Derc(—log B,,) is locally free; that is,
B, is a free divisor. Buchweitz, Ebeling, and Graf von Bothmer [Buchweitz et al.
2009] have already shown that B, is a free divisor using different methods.

Using Aubin and Yau’s theorem [Aubin 1976] we obtain:

Corollary C. Ifa surface S has ample canonical bundle, then the log tangent bundle
Derc(—log By,) is polystable with respect to the big and nef canonical divisor K gin.
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Finally, we explore the geometry of the tautological bundles when the surface
is the projective plane. We prove that the tautological bundles on (P?)"! are rich
enough to capture all semistable rank-n bundles on curves.

Theorem D. If C is a smooth projective curve and £ is a semistable rank-n vector
bundle on C with sufficiently positive degree, then there exists an embedding
C — (PH" such that

Op2 (DM = €.

The proof of Theorem A follows the approach taken by Mistretta [2006], who
studies the stability of tautological bundles on the symmetric powers of a curve.
The idea is to examine the tautological vector bundles on the cartesian power S” and
show there are no G, -equivariant destabilizing subsheaves. This strategy is more
effective for surfaces because the diagonals in §” have codimension 2. The map in
Theorem B arises from pushing forward the normal sequence of the universal family.
The proof of Theorem D is constructive, using the spectral curves of Beauville,
Narasimhan, and Ramanan [Beauville et al. 1989].

In Section 1 we give the proof of Theorem A. In Section 2 we prove Theorem B
and deduce Corollary C. In Section 3 we prove Theorem D. In Section 4 we give
the perturbation argument, deducing that the tautological bundles are stable with
respect to ample divisors.

Throughout, we work over the complex numbers. If X is a variety of dimension d
and £ is a vector bundle on X, then for any divisor class H € N!(X) we define the
slope of € with respect to H to be the rational number

c1(€)- H!

i (€)== ®)

We say €& is slope-stable (resp. slope-semistable) with respect to H if, for all
subsheaves F C & of intermediate rank, we have

pr (F) < pu (E) - (resp. py (F) < g ().

1. Stability of tautological bundles

In this section we prove that the tautological bundle of a stable vector bundle £ is
stable with respect to natural Chow divisors on S, Thus we deduce Theorem A
when £ is a nontrivial line bundle. We start by defining the essential objects in the
study of Hilbert schemes of points on surfaces.

Let S be a smooth complex projective surface. We write S/ for the Hilbert
scheme of length-n subschemes of S. We denote by Z, the universal family of S/
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with the following projections:

SxS[”]Dan—l>

"]

Sl

For a fixed vector bundle £ on S of rank r, we define

EM = (p2)«(p}E),

which is the tautological vector bundle associated to € and has rank rn. The fiber of
EM at a point [£] € S can be naturally identified with the vector space H(S, &£[¢).

The symmetric group on n elements, &,,, naturally acts on the cartesian product
S", and we write o, for the quotient map

op: 8" — §"/6, =: Sym"(S).
There is also a Hilbert—Chow morphism,
hy, - SU — Sym"(S),

which is a semismall map [de Cataldo and Migliorini 2002, Definition 2.1.1].

We wish to view £l as an &,-equivariant sheaf on S”. Recall that if G is a
finite group that acts on a scheme X, and if F is a coherent sheaf on X, then a
G-equivariant structure on F is given by a choice of isomorphisms

¢y F—> g"F

for all g € G satisfying the compatibility condition h*(¢¢) o ¢y = ¢g),. Following
[Danila 2001] and [Scala 2009], we study the tautological bundles on NE by
working with &,-equivariant sheaves on S". For our purposes it is enough to study
£l equivariantly on the open subset of distinct points in S,

We write Sym” (S), for the open subset of Sym” (S) of distinct points. Likewise,
given amap f : X — Sym”(S), we write X, for f~!(Sym"(S),). By abuse of nota-
tion, given another map g : X — Y with domain X we define g, := g|x., and given
a coherent sheaf F on X we define F, := F|x,. The map A, , : S!"l — Sym"(S),
is an isomorphism. We define

— . -1 . Qn n
Gno=hy L 000 SE— SU.

Given a torsion-free coherent sheaf F on S, we define a torsion-free coherent
sheaf on S” by

(Fsn = ji(0, o (Fo)),

where j is the inclusion j : ¥ — S". The sheaf (F)gs» can be thought of as a
modification of F along the exceptional divisor of #,.
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The pullback 6:’0(—) is left exact, as the map 6, , is étale; thus the functor
(—)s» is left exact. If F is reflexive, the normality of S” implies that the natural
S, -equivariant structure on the reflexive sheaf 6,7 ,(F,) pushes forward uniquely
to an &,,-equivariant structure on (F)gn.

Let g; denote the projection from S” onto the i-th factor. Given a vector bundle £
on §, there is an G, -equivariant vector bundle on S” defined by

n
£ = P g ().
i=1
We have given two natural G, -equivariant sheaves on S§” associated to £. In fact,
they are equivalent.
Lemma 1.1. Given a vector bundle £ on S there is an isomorphism
(Mg = g5
of &, -equivariant vector bundles on S".

Proof. Consider the following fiber square:

/

p2,o
Fi= 2,0 Xgm S ————— "
o,i,ol lo
P2

Zn,o : s

Every map in the fiber square is an étale map between &,,-schemes (the G, -action
on Z,, and S is trivial). We write T for the subscheme of S x S that is the
graph of the map g; . : S” — S. The scheme F is equal to the disjoint union [ [ I;
and is a subscheme of S x S. The restriction p,; 00, ,Ir; is the projection I'; — S.
So there is an equivariant isomorphism

(P50 (@) ) (PT L (E)) = 8.

As the fiber square is made of flat proper &,-maps, there is a natural G,,-
equivariant isomorphism

(95, (@ ) (P10 (E)) Z 5y o ((P2,0)+(PT ()

The latter sheaf is (£"!)gn,. Finally, any isomorphism between vector bundles
on S” uniquely extends to an isomorphism between their pushforwards along j.
Therefore, there is a natural &,,-equivariant isomorphism (€ [y g, = g8, O
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Given an ample divisor H on S, there is a natural &,,-invariant ample divisor
on S" defined by

n
Hs: =) g (H).
i=1

This is the Chow divisor that appears in Theorem A. Fogarty [1973, Lemma 6.1]
shows every divisor Hs» descends to an ample Cartier divisor on Sym” (S). Pulling
back this Cartier divisor along the Hilbert—Chow morphism gives a big and nef
divisor on S"! which we denote by H,. If H is effective then H, can be realized
set-theoretically as

H, = {& € " | £ N Supp(H) # 2}.
Lemma 1.2. If F is a torsion-free sheaf on S then
o) [ e = [ e .
sin1 $n
Proof. This is a straightforward calculation using S'"!, Sym"(S),, and S”. O

In the following lemma we assume Proposition 4.7, which says the pullback of a
stable bundle to a product is stable with respect to a product polarization. For the
sake of the exposition we give the proof of Proposition 4.7 in Section 4.

Lemma 1.3. If £ & Og is slope-stable on S with respect to an ample divisor H
then there are no &,-equivariant subsheaves of EE" that are slope-destabilizing
with respect to Hgn.

Proof. Let 0 # F C £%" be an &,-equivariant subsheaf. We can find a (not
necessarily equivariant) slope-stable subsheaf 0 # F’ C F which has maximal slope
with respect to Hs». Fix i so that the composition

F — & gre

is nonzero. By Proposition 4.7 we know that each g€ is slope-stable with respect
to Hg». A nonzero map between slope-stable sheaves can only exist if

(1) the slope of 7' is less than the slope of ¢;*&, or
(2) F' — ¢;& is an isomorphism.
In case (1), hg (F) < whp (F) < e (g7 E). By symmetry, pyg, (¢ €) =

MHgn (qj’.kg) for all i and j. Thus we have ppyg, (¢ ) = 1u, (€¥™), and F does not
destabilize £#7.
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In case (2), we know F' = ¢E. Because £ Z O, the pullbacks ¢;*€ and qJ’.“E are
not isomorphic unless i = j. As all the g Jfkg have the same slope and are stable with re-
spect to Hg», we have Hom(F, q;.ké' ) =0for j #i. In particular, all the compositions

F' = & — gf€

are zero for j # i. Thus F’ is a summand of £#". So F is an &,-equivariant
subsheaf of £5", which contains one of the summands. But &, acts transitively on
the summands so F contains all the summands, hence F does not destabilize £#7. [J

Now we prove Theorem A in full generality.

Theorem 1.4. If £ % Og is a vector bundle on S which is slope-stable with respect
to an ample divisor H, then EM is slope-stable with respect to H,.

Proof. Let F C £ be a reflexive subsheaf of intermediate rank. It is enough to
consider reflexive sheaves because the saturation of a torsion-free subsheaf of £l
is reflexive of the same rank and its slope cannot decrease. By Lemma 1.2, the
slope of a torsion-free sheaf F with respect to H, is, up to a fixed positive multiple,
the same as the slope of (F)s» with respect to Hg». In particular,

wm, (F) < ug, (EM) = up (F)sn) < g (EFM).

Now (F)g» is naturally an &,,-equivariant subsheaf of £¥". Thus, by Lemma 1.3,

[rg (F)s0) < g (EF).

Therefore, pug, (F) < un, (€ [71y for all torsion-free subsheaves of intermediate rank,
and £ is stable with respect to H,,. O

2. The tautological tangent map

For any smooth (not necessarily projective) surface S, the Hilbert scheme S"! is a
smooth closure of the space of n distinct points in S. The boundary B, is the locus
of nonreduced length-n subschemes of S. We are interested in vector fields which
are tangent to the boundary B,,.

Definition 2.1. If D is a codimension-1 subvariety of a smooth variety X, then the
sheaf of logarithmic vector fields, denoted Derc(—log D), is the subsheaf of Ty
consisting of vector fields which along the regular locus of D are tangent to D.

When D is smooth, Derc(—log D) is just the elementary transformation of the
tangent bundle along the normal bundle of D in X; in particular, it is a vector bundle.
Even when D is singular, Derc(—log D) is reflexive by definition, so it is enough
to define Derc(—log D) away from the singular locus (or any codimension-2 set
in X) of D and then pushforward.
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For Hilbert schemes of points on a surface, Derc(—log B,) can be naturally
understood as the tautological bundle of the tangent bundle on the surface.

Theorem B. For any smooth connected surface S there exists a natural injection
oy (TS)[n] — T,
and o, induces an isomorphism between (Ts)" and Derc(—log By,).

At a point [£] € Sl the map «,|fg] can be interpreted as deformations of &
coming from tangent vectors of S. We expect that the degeneracy loci of «,, give
an interesting stratification of SI.

Before proving Theorem B we prove a general lemma.

Lemma 2.2. Let X and Y be smooth varieties and f : X — Y a branched covering
with reduced branch locus B C Y. If § € HO(Y, TY) is a vector field on Y whose
pullback f*8 € H(X, f*TY) is in the image of

df : H*(X, TX) —» H’(X, f*TY),
then § € H°(Y, Derc(—log B)).

Proof. Tt is enough to check that § is tangent to B for points p € B outside of a
codimension-2 subset in Y. Let p € B be a general point and ¢ a ramified point in
the fiber of f over p. We can choose local analytic coordinates yy, ..., y, centered
at p and coordinates xp, ..., x, centered at g such that

o =x", f*oi)=x; fori>l.

That is, y; is a local equation for B and x; is a local equation for the reduced
component of ramification containing g. Then the derivative df maps

D (), e (D) ford
o = mx]f o) an — f 3y, for i > 1.

Now f*§ is in the image of df. Expanding locally,

o= 1@ (o) 4 e (5

)

Thus x’lﬂ_1 divides f*(g1). So y; divides g; and § is in H°(Y, Derc(—log B)). O

Proof of Theorem B. As in Section 1 we use Z, C S x S!"! to denote the universal
family of the Hilbert scheme of points. Applying relative Serre duality to the
main result of [Lehn 1998] shows that the tangent bundle of S is given by
T = (p2)« Hom(Zz,, Oz,). The normal sequence for Z, gives a map

PiTs ® piTsimn = Tyyegmlz, £ (Zz,/ 7% )Y = Hom(Zz,, Oz,).
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Thus after pushing forward the first summand we get a map
o+ ()" 1= (p2) (P Ts) — (p2)« Hom(Zz,, Oz,) = Ty

To prove that o, maps (7)!"! isomorphically onto Derc (—log B,,) we first restrict
to the open set U C S parametrizing subschemes & C S, where & contains at least
n — 1 distinct points. The complement of U has codimension 2 so by reflexivity it
is enough to prove the theorem on U. Moreover, the open set

V::pz_lUCZn

is smooth so we are in a situation where we can apply Lemma 2.2. There is a map

pi (T,
J/P;Otnlv@Wv
B
0——Tz,lyv — p3Tsmlv ® piTslv —— Hom(Zz,, Oz,)|v

in which ¢ is the natural map coming from pulling back a pushforward. The
composition

B o (pranly ®—lv)

is identically zero. Therefore, the pullback of each local section of (Ts)!™| lies in
Tz, |v. It follows from Lemma 2.2 that (Ts)™" is contained in Derc(—log By,). Now
we can think of o, as having codomain Derc (—log B,;). The map is an isomorphism
of (Ts)!"! and Derc (—log B,,) away from B, and they both have the same first Chern
class. Therefore, o, could only fail to be an isomorphism in codimension greater
than 2. But both sheaves are reflexive, and any isomorphism between reflexive
sheaves away from codimension 2 on a normal variety extends uniquely to an
isomorphism on the whole variety. O

Proof of Corollary C. As a reminder, a vector bundle is polystable if it is a direct
sum of stable bundles of the same slope. The theorem of Aubin and Yau [Aubin
1976] proves the existence of Kidhler—Einstein metrics for canonically polarized
manifolds. This implies that the tangent bundle is polystable with respect to the
canonical bundle (see [Kobayashi 1987, Theorem 8.3]; this is the easy direction
of the Donaldson—Uhlenbeck—Yau theorem [Donaldson 1985]). Thus Ty is either
stable or a direct sum of line bundles of the same canonical degree. In the first case,
Corollary C follows directly from Theorems A and B.

For the second case, let Ts = £ @ L,. First we point out that taking tautological
bundles respects direct sums; that is,

E@ R =g,
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We then note that neither £ nor £, is trivial so their tautological bundles are stable
by Theorem A. And if two line bundles on S have equal degrees with respect to
the canonical bundle then their tautological bundles also have equal degrees with
respect to Kgm. Thus, by Theorem B, Derc(—log B,) is a direct sum of stable
bundles of the same slope with respect to K1, proving Corollary C. ([

Remark 2.3 (on the rank of «,). The restriction of «, to any point [£] € Sl is
precisely the map from H 0¢s, Ts|e) to Hom(Ig, O¢) in the normal sequence of
& C S. In [Bejleri and Stapleton 2016] we relate the rank of «,, to the dimension
of the tangent space of the fibers of the Hilbert—Chow morphism. In particular,
we show that if £ C C? is cut out by monomials and P: denotes the fiber of the
Hilbert—-Chow morphism at &, then

dim T[g]Pg =2n— rank(oen |[§]).

Moreover, we give an explicit combinatorial formula for computing rank(a, |¢]) at
these monomial subschemes.

3. Spectral curves and tautological bundles

In this section we prove that every sufficiently positive, rank-n, semistable vector
bundle on a smooth projective curve arises as the pullback of Op2(1)!"! along an
embedding of the curve in (P?)/"]. To prove the theorem we need the spectral
curves of [Beauville et al. 1989]. For completeness, we recall the construction.

Let 7 : D — C be an n:1 map between smooth irreducible projective curves and
let £ be an O¢-module. If D can be embedded into the total space

L:= Specoc (Sym‘(ﬁv)) I, C
of a line bundle £ on C, with 7 = 7y | p, then this gives a presentation
T:O0p ZSym*(LY)/(x" +s1x" - +5,)

for x" 4+ s1x" '+ 45, € HOL, (] £)®"). Here we write x € H(L, 7} (L))
for the coordinate section of " (L). To give £ the structure of a 7,Op-module we
need to specify a multiplication map m : £ ® L~ — &£ (equivalently £ — £ ® L)
which satisfies the relation m” +s;m" ' +---+s, = 0.

Every L-twisted endomorphism m : £ — £ ® £ has an associated L-twisted
characteristic polynomial which is a global section p,,(x) € H oL, (nfﬁ)@’"). A
global version of the Cayley—Hamilton theorem says that m automatically satisfies
its L-twisted characteristic polynomial. In particular, if the zero set of p,,(x) is D
then £ can naturally be thought of as a m,,Op-module. Fixing s € H 0L, (71[’Lk £)®m),
which cuts out the integral curve D, [Beauville et al. 1989, Proposition 3.6] gives
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the beautiful correspondence

{5 EQ® L] E avector bundle and p,, (x) = s}

<i>{invertible sheaves M on D}. (o)

The correspondence going from right to left is given by taking the coordinate section
of (L), restricting to D, twisting by M, and pushing forward along 7.

To prove Theorem D we need the following key lemma, which provides sufficient
conditions for when a section of énd(€) ® L produces a smooth spectral curve.

Key Lemma. If C is a smooth connected genus-g curve, £ is a rank-n semistable
vector bundle on C, and L is an ample line bundle on C with deg(L) > 2g, then
the spectral curve associated to a generic section of End(E) ® L is smooth and
irreducible.

The method of proof of the Key Lemma involves a standard analysis of the
discriminant locus, where a section of £nd(£) ® L has eigenvalues with multiplicity
> 2. Before proving the Key Lemma, we show that Theorem D follows immediately.

Proof of Theorem D. Let C be a smooth projective genus-g curve and £ a rank-n
semistable vector bundle on C. Let £ be a line bundle on C of degree > 2g. By
the Key Lemma, if

m:E=>EQL

is a general L-twisted endomorphism then the resulting £-twisted characteristic
polynomial is smooth and irreducible.

Thus, by the correspondence (¢) there is a line bundle M on D such that
.M = E. The genus of D is gp = (;) deg(£) +n(g — 1)+ 1 and is independent
of £. However, the degree of M is deg(&) + (2) deg(£) and does depend on the
degree of £. In particular, if

deg(€) > (;) deg(L) +r(2g —2) +3

then M is very ample and three general sections of M give a map ¢ : D — P? such
that the induced maps 77 x ¢ : D — C x P? and ¥,  : C — (P?)["! are embeddings.
Under the embedding v, ¢, the restriction of Op2(1)!™ to C is precisely &, proving
Theorem D. ([

We now proceed with the proof of the Key Lemma.

Lemma 3.1. If a subvariety X C E of a globally generated vector bundle E over
a smooth curve C has codimension > 2 then a generic section of E avoids X. If
X C Eis a reduced divisor then a generic section of E meets X transversely.
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Proof. This is an elementary dimension count using generic smoothness in charac-
teristic O and the incidence correspondence

I ={(w,ex,x) e WxE,xClwkx)=e}CWXE,

where W is a subspace of sections of E — C that globally generate E. The key
point is that the projection from / to E is an affine bundle, so the total space of [ is
smooth. O

If H is the total space of End(§) ® L, and C =1L & --- B L®”, then there is a
map € : H — € which sends an L-twisted endomorphism to the coefficients of
its characteristic polynomial. There is a reduced and irreducible divisor in U C €
which consists of characteristic polynomials with multiple roots. Let V C H be the
scheme-theoretic inverse of U.

Lemma 3.2. V is reduced and irreducible. If a section s : C — H meets V trans-
versely and avoids the locus in \V with more than one repeated eigenvalue or an
eigenvalue of multiplicity > 3, then the corresponding spectral curve is smooth.

Proof. First, local trivialization of H, U, V and L implies it is enough to check on
a fiber. Over a point x € C we have H|, = Mat, (k) and €|, = A". Let V|, be
the locus of matrices whose eigenvalues have multiplicity > 2, and let U], be the
discriminant locus. Irreducibility of V|, follows from [Arnold 1971, §5.6], and the
fact that it is reduced follows from the observation that de|, » has maximal rank
for a general matrix M € Ul,. For the last statement in the lemma, it suffices to
verify smoothness for an eigenvalues cover associated to a 1-dimensional family of
matrices which meets the discriminant locus transversely at matrices with exactly
one repeated eigenvalue; this is a straightforward local calculation. ([

Proof of Key Lemma. Semistability of £ and the inequality deg £ > 2g imply that
énd(€) ® L is globally generated. By Lemma 3.1 and the first part of Lemma 3.2,
a generic section s of £nd(€) ® £ meets V transversely and avoids the locus with
more than one repeated eigenvalue or an eigenvalue of multiplicity of > 3. By the
second part of Lemma 3.2, the associated spectral curve is smooth. By construction
of the spectral curve Cy; we have

1.0c, Z0c@®--- L "D,
Since we assumed L is ample, HO(Cy, Oc,) = HO(C, 7.O0c,) = HO(C, O¢) is
1-dimensional. Thus Cj; is connected and smooth, so it is irreducible. O
4. Perturbation of polarization and stability

The goal of this section is to prove (in Proposition 4.7) that the pullback of a stable
bundle to a product is stable with respect to a product polarization. Proposition 4.7
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was important in the proof of Theorem A. We also prove that stability of the
tautological bundles with respect to the natural Chow divisors implies stability
with respect to nearby ample divisors. Our approach to proving both of these
facts involves considering stability with respect to numerical classes of curves so
that we can apply ideas of convexity. In particular, our approach follows ideas
appearing recently in [Greb and Toma 2013; Greb et al. 2016] and we recommend
looking at these articles to see how these ideas can be developed further and
systematically.

Throughout this section, denote by X a normal complex projective variety of
dimension d. Let y € N;(X)g be a real curve class and let £ be a torsion-free sheaf
on X. For any sheaf Q on X, we denote by Sing(Q) the closed locus where Q is
not locally free.

Definition 4.1. The slope of £ with respect to y is the real number

_al®-y
WE) = rank(€)

Remark 4.2. Fixing an ample class H € N (X)g, it is true that pp (€) = pH*' (£).
Nonetheless, to distinguish the concepts we use subscripts to denote slope with
respect to an ample divisor and superscripts to denote slope with respect to a
curve class.

Definition 4.3. We say £ is slope-stable (resp. slope-semistable) with respect to y
if, for all torsion-free quotients £ — Q — 0 of intermediate rank, we have

n’ () <u’(Q)  (resp. u”(€) < u"(Q)).

A benefit of working with slope-(semi)stability with respect to curves rather than
divisors is that we can apply ideas of convexity.

Lemma 4.4. If y, § are classes in N1 (X)r such that £ is semistable with respect
to vy and £ is stable with respect to §, then & is stable with respect to ay + bs for
a,b>0. O

If C C X is an irreducible curve, we would like to relate the stability of £|¢ and
the stability of £ with respect to the class of C. However, if Q is a coherent sheaf
and C meets Sing(Q), it is possible that ¢;(Q|¢) # c1(Q)|c. Thankfully we can
say something if C is not entirely contained in Sing(Q).

Proposition 4.5. Let £ — Q — 0 be a torsion-free quotient which destabilizes £
with respect to the curve class y. Suppose C C X is a smooth irreducible closed
curve which represents y, avoids Sing(&), and avoids the singularities of X. If C is
not contained in Sing(Q) then &|c is not stable on C.
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Proof. First, we can reduce to the surface case by choosing a normal surface S C X
containing C such that S is smooth along C, and S meets Sing(Q) and Sing(&) prop-
erly. This is possible because when the dimension of X is greater than 3 a generic,
high-degree hyperplane section containing C is normal and smooth along C and
meets both Sing(Q) and Sing(&) properly. Once such a surface is chosen, we have

c1(Qls=c1(Qls)=c1(Qls/ Tors(Qls)), c1(E)|s=ci(Els)=c1(E]s/ Tors(E]s))
because both Sing(Q) N S and Sing(£) N S are zero-dimensional. Thus
E|s/ Tors(Els) — Qls/ Tors(Q[s) — 0

is a torsion-free quotient on S which destabilizes £|g5/ Tors(€|s) with respect to the
class of C. So we have reduced the proposition to the case when X is a surface.

Let X be a surface. It is enough to show ¢1(Q|¢) = ¢1(Q)|c. The restriction
c1(Q)|c is computed via the derived pullback

o]

c1(Qle =Y _(=Dier(Tory*(Q, Oc)),

i=0

where the Tor?x (9, Oc¢) are thought of as modules on C (see [Fulton 1998, §15.1]
for the smooth case). Further, C is a Cartier divisor on X, so O¢ has a two-term
locally free resolution. So the Tor?x (9, O¢) vanish fori > 2 and Tor?x (Q,0c)=0
because Q is torsion-free. Therefore,

c1(Q)lc = c1(Tor§ ¥ (Q, O¢)) = c1(Qlc).

So &|¢ is not slope-stable. U

An immediate corollary is the following coarse criterion for checking slope-
stability with respect to y.

Corollary 4.6. Let 7 : Cr — T be a family of smooth irreducible closed curves
in X with class y. Fort € T we write C; to denote w~(t). Suppose £ is a vector
bundle on X such that €|c, is stable for all t € T. If the curves in Ct are dense in X
then & is stable with respect to the curve class y.

Proof. Suppose for contradiction that £ is unstable with respect to y. Then there
exists a torsion-free quotient £ — Q — 0 with u? (Q) < u¥ (£). As Q is torsion-free,
Sing(Q) has codimension > 2. The curves in C7 are dense in X so thereisat e T
such that C; is not contained in Sing(Q). Then Proposition 4.5 guarantees that £|c,
is not stable, which contradicts our hypothesis. ([

Proposition 4.5 can be adjusted so that Corollary 4.6 also holds if stability is
replaced by semistability. As a consequence we prove the following basic result
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about slope-stable vector bundles, which we have already used in the proof of
Theorem A.

Proposition 4.7. Let X and Y be smooth projective varieties of dimension d and e,
respectively. Let Hx be an ample divisor on X and let Hy be an ample divisor on Y.
Let p; denote the projection from X x Y to X and p, the projection from X x Y
to Y. If £ is a vector bundle on X which is slope-stable with respect to Hx, then
pi(€) is slope-stable on X x Y with respect to the ample divisor p}(Hx) + p5(Hy).

Proof. By [Mehta and Ramanathan 1984, Theorem 4.3] if k£ >> 0 and C is a general
curve which is a complete intersection of divisors linearly equivalent to k Hx then
E|c is stable. Let F C |[kHx|?"! be the open subset of the cartesian power of the
complete linear series of k Hy defined as

F:={(H\,...,Hs_1) € |kHx|" " |C=HN---NHy_

is a smooth complete intersection curve and &|¢ is stable}.

We write Cg for the natural family of smooth curves in X parametrized by F.
Likewise, the fiber product Cr x g (F x Y) is naturally a family of smooth curves
in X x Y parametrized by F x Y. The image of Cr xp (F x Y) in X x Y is dense,
and for any (f, y) € F x Y the restriction of p}(€) to Cy,y) is stable. Therefore, by
Corollary 4.6, pj(£) is stable with respect to the numerical class of Cy,y), which
we denote by y.

For [ > 0 the divisor [ Hy is very ample on Y and a general complete intersection
of divisors linearly equivalent to [ Hy is smooth. Let G C |[Hy|°~! be the open
subset of the cartesian power of the complete linear series of / Hy defined as

G:={(Hy,...,H,_1) €|[lHy|* " | HiN---NH,y

is a smooth complete intersection curve}.

As before, there is a natural family D¢ of smooth curves in Y parametrized by G.
The fiber product Dg X ¢ (X x G) is a family of smooth curves in X x Y parametrized
by X x G. For (x,g) € X x G the restriction of pj(£) to Dy 4 is a direct
sum of trivial bundles, thus the restriction is semistable. Therefore, by applying
Corollary 4.6 in the semistable case, pj () is semistable with respect to the curve
class of D, ¢y, which we denote by 4.

Finally,

d-l—s—l)(gli)]e Ly (d+cel—1>(ﬁ_fl)d.5

Thus, by Lemma 4.4, pT(£) is slope-stable with respect to pj(Hy) + p5(Hy). U

(PiHx + p3Hy)" ™! = (

This completes the proof of Theorem A. We now give a proof of the perturbation
argument. The idea is to use [Greb et al. 2016, Theorem 3.4] on openness of
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stability along with the fact that the natural Chow divisors are lef in the sense of
[de Cataldo and Migliorini 2002, Definition 2.1.3].

Proposition 4.8. Let H be a nef divisor and A an ample Q-divisor on a normal
complex projective variety X. Suppose £ is a rank-r torsion-free sheaf on X which
is slope-stable with respect to the class of H¢~'. Assume

—NHZ N (X > NMi(X)g, £+ &-HI?

is an isomorphism. Then £ is stable with respect to H + € A for € sufficiently small.

This implies that we can perturb our Chow polarization to obtain stability of
tautological bundles with respect to nearby ample divisors.

Corollary 4.9. If £ is a vector bundle on a smooth projective surface S which is
stable with respect to an ample divisor H, then " is stable with respect to an
ample divisor near the Chow divisor H,.

Proof of Corollary 4.9. By [de Cataldo and Migliorini 2002, Theorem 2.3.1] we
know H, is lef, so £ and H, satisfy the conditions of Proposition 4.8. Therefore,
£l is stable with respect to ample divisors close to H,,. O

Proof of Proposition 4.8. Identifying the tangent space of a vector space with the
vector space, the derivative of the (d — 1)-st power map N'(X)gr — Ni(X)gr at H
is given by

—N(d—DH?: N (X)r = Ni(X)g.

The assumption that the intersection with the H?~2? map is an isomorphism implies
that the (d — 1)-st power map is locally an isomorphism.

It follows from [Greb et al. 2016, Theorem 3.4] that there is a nonempty convex
open set U C N1(X)r whose closure contains [ H 4=17 quch that, for all yeU, £is
stable with respect to y. More precisely, if § € N1 (X)g represents the (d — 1)-st
power of an ample divisor then £ is stable with respect to the perturbed curve class
[H?~']+ €. § for e sufficiently small. By estimating the (d — 1)-st power map by
its derivative (which is an isomorphism at H) and by our ability to perturb linearly
towards ample curve classes, we see that, for small enough €, (H +€A)“~! maps
into U. Therefore, for € sufficiently small, £ is stable with respect to H +€A. [J
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Anabelian geometry
and descent obstructions on moduli spaces

Stefan Patrikis, José Felipe Voloch and Yuri G. Zarhin

We study the section conjecture of anabelian geometry and the sufficiency of
the finite descent obstruction to the Hasse principle for the moduli spaces of
principally polarized abelian varieties and of curves over number fields. For the
former we show that the section conjecture fails and the finite descent obstruction
holds for a general class of adelic points, assuming several well-known conjec-
tures. This is done by relating the problem to a local-global principle for Galois
representations. For the latter, we show how the sufficiency of the finite descent
obstruction implies the same for all hyperbolic curves.

1. Introduction

Anabelian geometry is a program proposed by Grothendieck [1997a; 1997b] which
suggests that for a certain class of varieties (called anabelian but, as yet, undefined)
over a number field, one can recover the varieties from their étale fundamental
group together with the Galois action of the absolute Galois group of the number
field. Precise conjectures exist only for curves and some of them have been proved,
notably by Mochizuki [1996]. Grothendieck suggested that moduli spaces of curves
and abelian varieties (the latter perhaps less emphatically) should be anabelian.
Already Thara and Nakamura [1997] have shown that moduli spaces of abelian
varieties should not be anabelian as one cannot recover their automorphism group
from the fundamental group and we will further show that other anabelian properties
fail in this case.

The finite descent obstruction is a construction that describes a subset of the
adelic points of a variety over a number field containing the closure of the rational
(or integral) points and is conjectured, for hyperbolic curves (Stoll [2007] in the
projective case and Harari and Voloch [2010] in the affine case), to equal that
closure. It’s not unreasonable to conjecture the same for all anabelian varieties.
The relationship between the finite descent obstruction and the section conjecture
in anabelian geometry has been discussed by Harari and Stix [2012], Stix [2013,
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Section 11], and others. We will review the relevant definitions below, although our
point of view will be slightly different.

The purpose of this paper is to study the section conjecture of anabelian geometry
and the finite descent obstruction for the moduli spaces of principally polarized
abelian varieties and of curves over number fields. For the moduli of abelian
varieties we show that the section conjecture fails in general and that both the
section conjecture and finite descent obstruction hold for a general class of adelic
points, assuming many established conjectures in arithmetic geometry (specifically,
we assume the Hodge, Tate, Fontaine—Mazur and Grothendieck—Serre conjectures,
in the precise forms stated in Section 3). This is done by converting the question
into one about Galois representations.

The section conjecture predicts that sections of the fundamental exact sequence
(Section 3, Equation (1)) of an anabelian variety over a number field correspond
to rational points. In this paper, we look at the sections of the fundamental exact
sequence of the moduli spaces of principally polarized abelian varieties that, locally
at every place of the ground field, come from a point rational over the completion,
which moreover is integral for all but finitely many places. This set is denoted
So(K, A,) and defined precisely at the end of Section 2. We explain, in Section 3,
how sections of the fundamental exact sequence of the moduli spaces of princi-
pally polarized abelian varieties correspond to Galois representations and prove,
Theorem 3.7, the following result.

Theorem 1.1. Assume the Hodge, Tate, Fontaine—Mazur, and Grothendieck—Serre
conjectures. Let K be a number field. Suppose s € So(K, Ag) gives rise to a system
of L-adic Galois representations one of which is absolutely irreducible. Then there
exists, up to isomorphism, a unique principally polarized abelian variety which,
viewed as point of Ag(K), induces (up to conjugation) the section s.

We also give examples (see Theorems 4.4 and 4.5) showing that weaker versions
of the above result do not hold. Specifically, the local conditions cannot be weakened
to hold almost everywhere, for instance.

For the moduli of curves, we show how combining some of our results and
assuming sufficiency of finite descent obstruction for the moduli of curves, we
deduce the sufficiency of finite descent obstruction for all hyperbolic curves.

In the next section we give more precise definitions of the objects we use and in
the following two sections we give the applications mentioned above.

2. Preliminaries

Let X/K be a smooth geometrically connected variety over a field K. Let Gg
be the absolute Galois group of K and X the base-change of X to an algebraic
closure of K. We denote by m;(-) the algebraic fundamental group functor on
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(geometrically pointed) schemes and we omit base-points from the notation. We
have the fundamental exact sequence

1 - m(X) = m1(X) > Gg — 1. (1)

The map py : 71(X) — Gk from the above sequence is obtained by functoriality
from the structural morphism X — Spec K. Grothendieck’s anabelian program
is to specify a class of varieties, termed anabelian, for which the varieties and
morphisms between them can be recovered from the corresponding fundamental
groups together with the corresponding maps py when the ground field is finitely
generated over Q. As this is very vague, we single out here two special cases with
precise statements. The first is a (special case of a) theorem of Mochizuki [1996]
which implies part of Grothendieck’s conjectures for curves but also extends it by
considering p-adic fields.

Theorem 2.1 [Mochizuki 1996]. Let X, Y be smooth projective curves of genus
bigger than one over a field K which is a subfield of a finitely generated extension
of Q. If there is an isomorphism from 71 (X) to 71(Y) inducing the identity on Gk
via py, py, then X is isomorphic to Y.

A point P € X (K) gives, by functoriality, a section Gx — m1(X) of the funda-
mental exact sequence (1) well-defined up to conjugation by an element of 71 (X)
(the indeterminacy is because of base points).

We denote by H (K, X) the set of sections Gx — m1(X) modulo conjugation
by m; (X) and we denote by ox/kx : X(K) — H(K,X) the map that associates to
a point the class of its corresponding section, as above, and we call it the section
map. As part of the anabelian program, it is expected that ox,/x is a bijection if
X is projective, anabelian and K is finitely generated over its prime field. This is
widely believed in the case of hyperbolic curves over number fields and is usually
referred as the section conjecture. For a similar statement in the nonprojective case,
one needs to consider the so-called cuspidal sections, see [Stix 2013, Section 18].
Although we will discuss nonprojective varieties in what follows, we will not need
to specify the notion of cuspidal sections. The reason for this is that we will be
considering sections that locally come from points (the Selmer set defined below)
and these will not be cuspidal.

We remark that the choice of a particular section sg : Gxg — m1(X) induces an ac-
tion of Ggx on 71 (X), X > s0(¥)xso(y)~!. For an arbitrary section s : Gx — 1 (X)
the map y — s(y)so(y)~! is a 1-cocycle for the above action of Gx on m;(X)
and this induces a bijection H!(Gg, m; (X)) — H(K,X). We stress that this only
holds when H (K, X) is nonempty and a choice of sy can be made. It is possible
for H(K, X) to be empty, in which case there is no natural choice of action of Gk
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on 1y ()? ) by which to define H "Gk, m ()? )), which would be nonempty in any
case, if defined.

Let X/K be as above, where K is now a number field. If v is a place of K, we
have the completion K, and a fixed inclusion K c K, induces a map o, : Gg, = Gk
and a map B, : m1(X,) — w1 (X), where X, is the base-change of X to K,. We
define the Selmer set of X/K as the set S(K,X) C H(K,X) consisting of the
equivalence classes of sections s such that for all places v there exists P, € X (K,)
with s o, = B, 0 0x,/k,(Py). Note that if v is complex, then the condition at v is
vacuous and that if v is real, oy, /k, factors through X (K,),, the set of connected
components of X (K,), equipped with the quotient topology (see [Mochizuki 2003;
Pél 2011]). In the nonarchimedian case, X (K, ) is totally disconnected so X (K,) =
X (Ky), and we have the following diagram:

X(K) —— ] X(Ky). D X/

"X/Kl ll_[ OXy /Ky

S(K,X)C H(K,X) —5 [ H(Ky, Xy)

We define the set X/ (the finite descent obstruction) as the set of points (Py), €
[1, X (K,). for which there exists s € H (K, X) (which is then necessarily an element
of S(K, X)) satisfying s oo, = B, 00, /k, (Py) for all places v. Also, it is clear that
the image of X (K) is contained in X/. At least when X is proper, X/ is closed
(this follows from the compactness of H (K, X) [Stix 2013, Corollary 45]). In that
case, one may consider whether the closure of the image of X (K) in [ X(K,).
equals X /. A related statement is the equality ox/x (X(K)) = S(K, X), which is
implied by the “section conjecture”, i.e., the bijectivity of ox/x : X (K) — H(K, X).
As a specific instance of this relation, we record the following easy fact.

Proposition 2.2. We have that X/ = & if and only if S(K, X) = @.

Proof. If X/ # @ and (P,) € X/, then there exists s € S(K,X) with s o oty =
Bvoox, /k,(Py) for all places v, so S(K, X) # @.

If s € S(K, X), there exists (P,) with s oy, = B, oo, /k,(Py) for all places v.
So (P, € X/. O

If X is not projective, then one has to take into account questions of integrality.
We choose an integral model X'/Og g, where S is a finite set of places of K and
Ogs. is the ring of S-integers of K. The image of X (K) in X/ actually lands in
the adelic points which are the points that satisfy P, € X'(O,) for all but finitely
many v, where O, is the local ring at v. Similarly, the image of ox,x belongs to the
subset of S(K, X) where the corresponding local points P, also belong to X (O,)
for all but finitely many v. We denote this subset of S(K, X) by So(K, X) and call
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it the integral Selmer set. We note that Syp(K, X) is independent of the choice of
the model X.

In order to set notation, we recall here some basic notions about the Tate module
of abelian varieties which will be used in the next two sections. If A is an abelian
variety over the field K then we write End(A) for its ring of all K-endomorphisms
and End’(A) for the corresponding (finite-dimensional semisimple) Q-algebra
End(A) ® Q. If n > 3 is an integer that is not divisible by char(K) and all points
of order n on A are defined over K then, by a theorem of Silverberg [1992], all
K -endomorphisms of A are defined over K, i.e., lie in End(A).

If ¢ is a prime different from char(K) then we write Ty(A) for the Z,-Tate
module of A which is a free Z,-module of rank 2 dim(A) provided with the natural
continuous homomorphism

pe,a t Gk — Autz, (T¢(A))
and the Z,-ring embedding
e; : End(A) ® Zy — Endz,(T¢(A)).

The image of End(A) ® Z, commutes with py 4(Gg). Tensoring by Q; (over Zy),
we obtain the Q,-Tate module of A

Vi(A) =Ty (A) ®z, Q,
which is a 2 dim(A)-dimensional (Qy-vector space containing
Ty (A) =T, (A1
as a Z,-lattice. We may view pg 4 as an £-adic representation
pe.a Gk — Autz, (Ty(A)) C Autg, (Vi(A))
and extend e, by Q,-linearity to the embedding of (D,-algebras
End’(A) ®g Q¢ = End(A) ® Q; < Endg, (Ve(A)),

which we still denote by e,. Further we will identify End’(A) ®g Q with its image
in Endg, (V¢ (A)).

This provides Vy(A) with the natural structure of Gg-module; in addition,
EndO(A) QR Qy is a Qy-(sub)algebra of endomorphisms of the Galois module V;(A).
In other words,

End’(A) ®g Q; C Endg, (V,(A)).

Let x¢ be the cyclotomic character x, : Gk — Z; that defines the Galois action
on all £-power roots of unity, and Z;(1) the £-adic Tate module of the multiplicative
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group G,,. The group Z,(1) is a free Zy-module of rank 1 provided with the Galois
action that is defined by

xe: Gk — Z; = Autg, (Z(1)).

Let A be the dual (Picard) variety of A [Lang 1959; Mumford 1970], which is an
abelian variety over K that is isogenous to A. There is the Weil pairing [Lang 1959,
Chapter VII, Section 2]

er s To(A) x Ty(A) = Z(1),

which is a Galois-equivariant, Z,-bilinear perfect/unimodular pairing of free Z;-
modules Ty(A) and Ty(A). This implies that the Galois modules 7;(A) and
Homgz, (T;(A), Z,(1)) are isomorphic.

3. Moduli of abelian varieties

The moduli space of principally polarized abelian varieties of dimension g is denoted
by A,. Itis actually a Deligne-Mumford stack or orbifold and we will consider
its fundamental group as such. For a general definition of fundamental groups of
stacks including a proof of the fundamental exact sequence in this generality, see
[Zoonekynd 2001]. For a discussion of the case of A, see [Hain 2011]. We can
also get what we need from [Ihara and Nakamura 1997] (see below) or by working
with a level structure which brings us back to the case of smooth varieties.

As A, is defined over Q, we can consider it over an arbitrary number field K.
As per our earlier conventions, flg is the base change of A, to an algebraic closure
of (2 and not a compactification. In fact, we will not consider a compactification at
all here. The topological fundamental group of A, is the symplectic group Spae(2)
and the algebraic fundamental group is its profinite completion. When g > 1 (which
we henceforth assume) Sp,,(Z) has the congruence subgroup property [Bass et al.
1964; Mennicke 1965] and therefore its profinite completion is Sp,,(Z).

The group 1 (Ayg) is essentially described by the exact sequences (3.2) and (3.3)
of [Ihara and Nakamura 1997] and it follows that the set H (K, Ag) consists of 7
representations of Gk of rank 2g preserving the symplectic form up to a multiplier
given by the cyclotomic character. Indeed, it is clear that every section gives such a
representation and the converse follows formally from the diagram below, which is
a consequence of (3.2) and (3.3) of [Ihara and Nakamura 1997].

In the following we denote the cyclotomic character by x : Gy — 7*.

1 —— (A —— w1 (Ay) Gk 1

o

1 —— Sp, (2) —— GSp, () —— 7* —— 1
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The coverings of flg corresponding to the congruence subgroups of Sp,, (2) are
those obtained by adding level structures. In particular, for an abelian variety A,
o4,k (A) = [17:(A), the product of its Tate modules considered, as usual, as a
Gg-module. If K is a number field, whenever two abelian varieties are mapped to
the same point by 0 4,k , then they are isogenous, by [Faltings 1983]. The finiteness
of isogeny classes of polarized abelian varieties over K [Faltings 1983] (see also
[Zarhin 1985]) implies that for any given K and g every fiber of 0.4,/ is finite. On
the other hand, 0.4,/ is not necessarily injective to So(K, A,). For example, for
each g there exists K with noninjective 04,/x . Regarding surjectivity, we will prove
that those elements of So(K, A,) for which the corresponding Galois representation
is absolutely irreducible (see below for the precise hypothesis and Theorem 3.7 for
a precise statement) are in the image of 0.4, /x, assuming the Fontaine-Mazur con-
jecture, the Grothendieck—Serre conjecture on semisimplicity of £-adic cohomology
of smooth projective varieties, and the Tate and Hodge conjectures. The integral
Selmer set So(K, A,), defined in the previous section, corresponds to the set of
Galois representations that are almost everywhere unramified and, locally, come
from abelian varieties (which thus are of good reduction for almost all places of K)
and we will also consider a few variants of the question of surjectivity of o.4,/x to
So(K, Ag) by different local hypotheses and discuss what we can and cannot prove.
A version of this kind of question has also been considered by B. Mazur [1999].

Here is the setting. Let K be a number field, with Gx = Gal(K/K). Fix
a finite set of rational primes S, and consider a collection of continuous £-adic
representations

{pe: Gk — GLN (Q¢)}egs-

We will say that the collection {p;}¢¢s is weakly compatible if there exists a finite
set of places ¥ of K such that

(1) forall £ € S, pg is unramified outside the union of ¥ and the places £, of K
dividing ¢; and
(2) for all v € ¥ U X, denoting by fr, a (geometric) frobenius element at v, the

characteristic polynomial of p,(fr,) has rational coefficients and is independent
of £ ¢S.!

Our aim is to prove the following:

Theorem 3.1. We will assume {p¢}¢g¢s is weakly compatible and moreover satisfies
the following three conditions:

(1) For some prime £y & S, pq, is de Rham at all places of K above {y.
(2) For some prime £1 &€ S, py, is absolutely irreducible.

IThese systems were introduced by Serre [1989], who called them strictly compatible.
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(3) For some prime £, ¢ S, and at least one place v|€; of K, py, |Gy, is de Rham
with Hodge—Tate weights —1, 0, each with multiplicity N /2. (This condition
holds if there exists an abelian variety A, /K, such that pg,|cy, = Vi, (Ay).)

Assume the Hodge, Tate, Fontaine—Mazur, and Grothendieck—Serre conjectures,
and suppose that the set S is empty. Then there exists an abelian variety A over K
such that p; = Vy(A) for all L.

We note that the arguments allow £y = £5, and the reader may prefer to think of
these together as a single condition; we have phrased it this way to have hypotheses
that most clearly match the form of the argument.

We begin by making precise the combined implications of the Grothendieck—
Serre, Tate, and Fontaine—Mazur conjectures (the Hodge conjecture will only be
used later, in the proof of Lemma 3.5). For any field £ and characteristic zero
field E, let My g denote the category of pure homological motives over k with
coefficients in E (omitting E from the notation will mean £ = Q).

Lemma 3.2. Assume the Tate conjecture for all finitely generated extensions k of Q.
Then:

(1) The Lefschetz standard conjecture holds for all fields of characteristic zero.

(2) All of the standard conjectures (namely, the Kiinneth and Hodge standard
conjectures, and the agreement of numerical and homological equivalence)
hold for all fields of characteristic zero.

(3) For any field k that can be embedded in C, the category My is a semisimple
neutral Tannakian category over Q.

(4) For any finitely generated k/Q, the étale £-adic realization functor
Mi.,a, = Repg, (Gi).

valued in the category of continuous {-adic representations of Gy, is fully

faithful.

Proof. For the first assertion, see, e.g., [André 2004, 7.3.1.3]; for the second, see
[André 2004, 5.4.2.2]. The third part is the basic motivating consequence of the
standard conjectures (a fiber functor over Q is given by Betti cohomology, after
fixing an embedding k < C): see [Jannsen 1992, Corollary 2], especially for the
semisimplicity claim. Finally, for the last part, fullness is the Tate conjecture; and
faithfulness follows from the agreement of numerical and homological equivalence
and [Tate 1994, Lemma 2.5] (note that faithfulness on M, is simply by definition
of homological equivalence: it is only with Q,-coefficients that some argument is
needed). O
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For the rest of this section, we assume the Tate conjecture for all finitely generated
k of characteristic zero. Thus, we have a motivic Galois formalism: My g is
equivalent to Rep(Gy, ) for some proreductive group Gi g over E, the equivalence
depending on the choice of an E-linear fiber functor. We will implicitly fix an
embedding k < C and use the associated Betti realization as our fiber functor.
Before proceeding, we introduce two pieces of notation. For an extension of fields
k' / k, we denote the base-change of motives by

Ol : Mg — My E.

This is not to be confused with the change of coefficients. Fix an embedding
t: Q< Qy, so that when E is a subfield of @ we can speak of the ¢-adic realization

H, : My, e — Repg, (Gr)

associated to ¢.

Now we turn to the case of number fields, i.e., k = K. The Tate conjecture
alone does not suffice to link Galois representations with motives: it yields full
faithfulness of the £-adic realization (as in Lemma 3.2), but does not characterize
the essential image. This is done via the combination of the Fontaine—Mazur and
Grothendieck—Serre semisimplicity conjectures, which we now recall. A semisimple
representation ry : Gg — GLy (Qy) is said to be geometric (in the sense of Fontaine
and Mazur [1995]) if it is unramified outside a finite set of places of K, and if for
all v[€ of K, the restriction r¢|g,, is de Rham (equivalently, potentially semistable,
as in the original formulation). See [Fontaine and Ouyang 2007; Brinon and Conrad
2009] for the definition and basic properties of de Rham representations. Fontaine
and Mazur have conjectured that any irreducible geometric r, is isomorphic to
a subquotient of H'(X > Q¢)(j) for some smooth projective variety X/K and
some integers i and j; that the converse assertion holds is a consequence of the
base-change theorems of étale cohomology [SGA 4% 1977] and the p-adic de Rham
comparison isomorphism of Faltings [1989]. Grothendieck and Serre have moreover
conjectured that for any smooth projective X /K, and any integer i, H' (X, Q) is
a semisimple representation of Gg. Putting all of these conjectures together, we
can characterize the essential image of H,:

Lemma 3.3. Assume the Tate, Fontaine—Mazur, and Grothendieck—Serre conjec-
tures. Let ry : Gg — GLx (Qy) be an irreducible geometric Galois representation.
Then there exists an object M of My g such that

re ®@a, Q¢ = H,(M).

More generally, the essential image of H, consists of all semisimple geometric
representations (with coefficients in Q) of Gg.
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Proof. The Fontaine—Mazur conjecture asserts that for some smooth projective
variety X/k, r; is a subquotient of H'(X > Qe)(j) for some integers i and j,
and the Grothendieck—Serre conjecture implies this subquotient is in fact a direct
summand. Under the Kiinneth standard conjecture (a consequence of our hypotheses
by Lemma 3.2), M has a canonical (weight) grading, and we denote by H'(X)
the weight i component of the motive of X. The Tate conjecture then implies
(Lemma 3.2) that

H, : Endp, (H (X)())) ®0 Q¢ = Endg g (H' (Xg. QD)) ()

is an isomorphism.

Now, there is a projector (of @g[GK]—modules) H' X%, @()(j) —» r¢, which
combined with Equation (2) yields a projector in End .y, (H (X)) ®a Q, whose
image has £-adic realization r,. But Enda, (H {(X)(j)) is a semisimple algebra
over @ (Lemma 3.2), which certainly splits over @, so the decomposition of
H'(X)(j) into simple objects of M k.Q, 18 already realized in M Kﬁ@‘z

For the final claim about the essential image (which we do not use in what
follows), it suffices to show an irreducible r, : Gy — GLN(@Z) lies in the essential
image. Such an r, is defined over a finite extension of (0, and can thus be regarded as
a higher-dimensional geometric representation r, with Q,-coefficients, necessarily
semisimple. By the first part of the lemma, r; ®q, @g is isomorphic to H,(M) for
some M € My g, and by the Tate conjecture there is a projector in End(M) ®g Q
inducing the canonical (adjunction) projector r; ®q, Q; — r,. Arguing as before (a
simple object of M g arises by scalar-extension from one of M 5), we see that
r, is in the essential image of H,. O

Returning to our particular setting, fix any £o ¢ S as in our first condition
on the compatible system {p;}¢¢s, and also fix an embedding ¢ : Q — @zo,
so that Lemma 3.3 provides us with a number field (the linear combinations of
correspondences needed to cut out a given object of M 5 have coefficients in a
finite extension of @) E C Q (which we may assume Galois over (0) and a motivic
Galois representation p : Gg g — GLy g such that H(p) = pg, ® @go. Let us
denote by A the place of E induced by E C Q@ ‘2> Q. Then for all finite places A of
E (say A|£), and for almost all places v of K, compatibility gives us the following
equality of rational numbers (note that p, denotes the A-adic realization of the
motivic Galois representation p, while p; denotes the original £-adic representation
in our compatible system):

tr(px (fry)) = tr(ps, (fry)) = tr(pe, (fry)) = tr(pe (fry).

2In fact, it is realized over the maximal CM subfield of Q: see, e. g., [Patrikis 2012, Lemma 4.1.22].
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Here we use the fact that the collection of £-adic realizations of a motive form a
(weakly) compatible system; this follows from the Lefschetz trace formula, in its
“formal” version for correspondences (see for instance [André 2004, 3.3.3, 7.1.4]).
We deduce as usual (Brauer—Nesbitt and Chebotarev, see [Serre 1989, theorem on
p. I-10; Ribet 1976, Theorem 1.3.1, p. 756]) that p;* ®q, E), = p;; this holds for
all A for which p; makes sense, i.e., for all A above € & S.

Recall that for some ¢; & S, we have assumed py, is absolutely irreducible; hence
for any place A of E above £, the previous paragraph shows that p,, = ps, ® E},
is absolutely irreducible. A fortiori, p is absolutely irreducible, and then by the Tate
conjecture all p, are absolutely irreducible, so we can upgrade the conclusion of
the previous paragraph to an isomorphism of absolutely irreducible representations
pe®q, Ex = py, forall £ € S.

The next question is whether having each (or almost all) p, in fact definable
over Q; forces p to be definable over Q. Since the p; descend to Qy, the Tate
conjecture implies that for all o € Gal(E/Q), % = p; and since End(p) is E, the
obstruction to descending p to a Q-rational representation of Gk is an element obs,,
of HY(Gal(E/Q), PGLy(E)).

Lemma 3.4. With the notation above, obs,, in fact belongs to

ker(Hl(Gal(E /Q), PGLy(E)) — ]_[ H'(Gal(E; /Qy), PGLN(EA))).
£¢S

In particular, if S is empty, then p can be defined over Q.

Proof. We know that each of the A-adic realizations p; (for A|£ ¢ S) can be defined
over Qy; to prove the lemma, we need to verify that the canonical localizations of
obs, (which arise by extending scalars on the motivic Galois representation) are
in fact given by the corresponding obstruction classes for the A-adic realizations.
Thus, we have to recall how these realizations are constructed from p itself. The
surjection Gy — Gk admits a continuous section on (Q¢-points, s, : Gg — G (Qy);
composition with p @ E; yields p,:

P

Gk = Gk (Qp)—— Gk E(E)) m GLy (E)).

By construction of the respective obstruction classes, the canonical map from
endomorphisms of p @ E), to those of p, realizes the obstruction class for p;, as
the localization of obs, at Gal(Ej /Q,). But we have seen that p, can be defined
over (¢, so we conclude that obs, has trivial restriction to each Gal(E,/Q;), as
desired.
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For the final claim, note that by Hilbert 90 we can regard obs, as an element of

ker(Hz(Gal(E/@), EX) — [ [ H*(Gal(E;/Qo), Ef)).
¢S

If S is empty, then the structure of the Brauer group of @ (which has only one
infinite place!) then forces obs,, to be trivial. U

Proof of Theorem 3.1. From now on we assume S = &, so that our compatible
system {p¢}, arises from a rational representation

p:Gx — GLy.a.

Let M be the rank N object of M corresponding to p via the Tannakian equiv-
alence. Recall that we are given a prime £, and a place v|¢, of K for which we
are given that pg, |Gy, is de Rham with Hodge numbers equal to those of an abelian
variety of dimension N /2. All objects of Mg enjoy the de Rham comparison
theorem of “¢,-adic Hodge theory”: denoting Fontaine’s period ring over K, by
Byr.x,, and the de Rham realization functor by Hgr : Mg — Filg (the category
of filtered K-vector spaces), we have the comparison (respecting filtration and
G, -action)
Hir(M) ® Bar,kx, = He, (M) ®aq,, Bar &,
hence
Har(M) @k Ky = Dgr k, (He,(M)).

The Hodge filtration on Hyr (M) therefore satisfies
) ' - N
dimy gr’(Hor (M) = dimy gr~" (Har (M) = 7 3)

and gr' (Hgr(M)) =0 fori #0, —1.

Now we turn to the Betti picture. Recall that to define the fiber functor on Mg we
had to fix an embedding K < C; we regard K as a subfield of C via this embedding.
Then we also have the analytic Betti-de Rham comparison isomorphism

Hegr(M) @k C = Hp(M|c) ®a C. “)

We collect our findings in the following lemma, which relies on an application of
the Hodge conjecture.

Lemma 3.5. There is an abelian variety A over K, and an isomorphism of motives

Hi(A) =M.

Proof. We see from Equations (3) and (4) that Hg(M|c) is a polarizable rational
Hodge structure of type {(0, —1), (—1, 0)}. It follows from Riemann’s theorem
that there is an abelian variety A/C and an isomorphism of Q-Hodge structures
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H{(A(C), Q) = Hg(M|c). The Hodge conjecture implies that this isomorphism
comes from an isomorphism H;(A) = M|c in Mc.
For any o € Aut(C/Q), we deduce an isomorphism

°Hi(A) = ‘M|c = M|c <= Hi(A),

and again from Riemann’s theorem we see that °A and A are isogenous.
The following statement will be proven later in this paper.

Lemma 3.6. Let K be a countable subfield of the field C and K the algebraic
closure of K in C. Let Y be a complex abelian variety of dimension g such that
for each field automorphism o € Aut(C/K) the complex abelian variety Y and its
“conjugate” °Y =Y X, C are isogenous. Then there exists an abelian variety Y
over IKC such that Yo x i C is isomorphic to ).

It follows from Lemma 3.6 that A has a model Ag over Q. The morphism
Homy, (H1(Ag), Mlg) — Homu (Hi(A), M|c)

is an isomorphism, and then by general principles we deduce the existence of some
finite extension L/K inside @ over which A descends to an abelian variety A;,
and where we have an isomorphism H;(Ar) => M| in M.

Finally, we treat the descent to K itself. We form the restriction of scalars abelian
variety Resy /x (Ar); under the fully faithful embedding

AVY c Mg, B H((B),

we can think of Hi(Res; x(Ar)) as Indi< (H1(ApL)), where the induction is taken
in the sense of motivic Galois representations (note that the quotient Gk /Gy, is
canonically Gal(L/K), so this is just the usual induction from a finite-index
subgroup). Frobenius reciprocity then implies the existence of a nonzero map
M — Indf(Hl (Ar)) in Mg. Since M is a simple motive, this map realizes it as a
direct summand in Mg, and consequently (full-faithfulness) in AV(I)( as well. That
is, there is an endomorphism of Res; /x (A;) whose image is an abelian variety A
over K with Hi(A) = M. O

Proof of Lemma 3.6. We may assume that g > 1. Since K is also countable, we may
replace K by K, i.e., assume that K is algebraically closed. Since the isogeny class of
Y consists of a countable set of (complex) abelian varieties (up to an isomorphism),
we conclude that the set Aut(C/X)()) of isomorphism classes of complex abelian
varieties of the form {°) | o € Aut(C/K)} is either finite or countable.

Our plan is as follows. Let us consider a fine moduli space A, 7 over @ of
g-dimensional abelian varieties (schemes) with certain additional structures (there
should be only finitely many choices of these structures for any given abelian
variety) such that it is a quasiprojective subvariety in some projective space PV.
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Choose these additional structures for ) (there should be only finitely many choices)
and let P € Ag 2(C) be the corresponding point of our moduli space. We need to
prove that

P e Ag 2(K).

Suppose that it is not true. Then the orbit Aut(C/K)(P) of P is uncountable.
Indeed, P lies in one of the (N + 1) affine charts/spaces A" that do cover PV.
This implies that P does not belong to AY(K) and therefore (at least) one of its
coordinates is transcendental over /C. But the Aut(C/K)-orbit of this coordinate
coincides with uncountable C \ K and therefore the Aut(C/K)-orbit Aut(C//KC)(P)
of P is uncountable in A, »(C). However, for each o € Aut(C/K) the point o (P)
corresponds to Y with some additional structures and there are only finitely many
choices for these structures. Since we know that the orbit Aut(C/K)()) of Y, is,
at most, countable, we conclude that the orbit Aut(C//KC)(P) of P is also, at most,
countable, which is not the case. This gives us a desired contradiction.

We choose as A, » the moduli space of (polarized) abelian schemes of relative
dimension g with theta structures of type & that was introduced and studied by
D. Mumford [1966]. In order to choose (define) a suitable &, let us pick a totally
symmetric ample invertible sheaf £y on )V [Mumford 1966, Section 2] and consider
its 8th power £ := ﬁg in Pic(Y). Then L is a very ample invertible sheaf that defines
a polarization A(£) on Y [Mumford 1966, Part I, Section 1] that is an isogeny
from Y to its dual; the kernel H(L) of A(L) is a finite commutative subgroup of
Y(C) (that contains all points of order 8). The order of H(L) is the degree of the
polarization. The type § is essentially the isomorphism class of the group H(L)
[Mumford 1966, Part I, Section 1, p. 294]. The resulting moduli space A, » := M;
[Mumford 1966, Part II, Section 6] enjoys all the properties that we used in the
course of the proof. (]

Here is the anabelian application already mentioned in the introduction:

Theorem 3.7. Assume the Hodge, Tate, Fontaine—Mazur, and Grothendieck—Serre
conjectures. Suppose s € So(K, A,) gives rise to a system of £-adic Galois represen-
tations one of which is absolutely irreducible. Then there exists up to isomorphism
a unique principally polarized abelian variety B/K with o,/ (B) = s.

Proof. Let us write sy for the ¢-adic representation associated to s; thus s, is a
representation of Gg on a free Z,-module 7; of rank 2g, automatically satisfying
Hypothesis 2 of Theorem 3.1 since s belongs to So(K, Ag). Hypothesis 1 of
Theorem 3.1 is satisfied by assumption, so we obtain an abelian variety A/K (well-
defined up to isogeny) whose rational Tate modules V;(A) are isomorphic (as £-adic
representations) to the given s, ®z, Q, (for all £). Moreover Hypothesis 1 implies
that the endomorphism ring of A is Z. It remains to see that within the isogeny class
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of A there is a principally polarized abelian variety B over K whose integral Tate
module Ty (B) is isomorphic as a Z;[Gg]-module to 7, (for all £), i.e., such that
o4,/k (B) = s. For this, we first observe that by [Deligne 1971, Proposition 3.3]
(which readily generalizes to abelian varieties of any dimension), it suffices to
show that for almost all ¢, there is an isomorphism 7y (A) = 7. Since End(A) =7,
[Zarhin 1985, Corollary 5.4.5] implies that A[¢] is an absolutely simple Galois
module for almost all £, and hence that for almost all £, all Galois-stable lattices
in V;(A) are of the form ¢"T;(A) for some integer m; we conclude that 7T;(A) is
isomorphic to 7, for almost all £. Thus there exists an abelian variety B in the
isogeny class of A such that the Z,[Gg ]-modules T;(B) and 7, are isomorphic for
all £.

In order to prove the uniqueness of such a B up to an isomorphism, first, notice
that End(B) = Z. Second, let C be an abelian variety over K such that the Z,[Gg]-
modules 7y (B) and T;(C) are isomorphic for all primes £. This implies that the
Z-ranks of Ty(B) and T;(C) coincide and therefore

dim(B) = dim(C).
By a theorem of Faltings [1983],
Hom(B, C) = Homg, (T¢(B), T;(C)).

Since Hom(B, C) is dense in Hom(B, C) ® Z; in the £-adic topology, and the set of
isomorphisms 7, (B) = T¢(C) is open in Hom(B, C) ®Z,, there is a homomorphism
¢¢ € Hom(B, C) that induces an isomorphism of Tate modules Ty (B) = T,(C).
Clearly, ker(¢,) does not contain points of order £ and therefore is finite. Since
dim(B) = dim(C), we obtain that ¢, is an isogeny, whose degree is prime to £.
In particular, B and C are isogenous. On the other hand, since End(B) = Z, the
group Hom(B, C) is a free Z-module of rank 1. Let us choose ¢ : B — C that is a
generator of Hom(B, C). Clearly, ¥ is an isogeny. Since for all primes £

¢y € Hom(B,C) =Z -,

deg(1) is not divisible by ¢ and therefore deg(y¥/) = 1, i.e., ¥ is an isomorphism
of abelian varieties B and C.

We still need to check that B is principally polarized. Since s, comes from s,
there is an alternating Galois-equivariant Z,-bilinear perfect/unimodular form

Te x Te — Ze(1).

Since 7Ty is isomorphic as a Z;[Gg ]-module to Ty (B), there is a Galois-equivariant,
Z-bilinear perfect/unimodular form

Tg(B) X Tg(B) — Z@(l).
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This implies that the Galois modules 7;(B) and Homz, (T;(B), Z¢(1)) are isomor-
phic. It follows from the last sentence of Section 2 that the Galois modules 7 (B)
and Ty(B) are isomorphic for all primes £. This implies that the abelian varieties B
and B are isomorphic. Since End(B) = Z, there is an isomorphism (i : B — B such
that Hom(B, B) = Z - u. Leth: B — B bea polarization on B. Then there is a
nonzero integer n such that A =n - u. Replacing if necessary u by —u, we may and
will assume that n is a positive integer. It follows from [Mumford 1970, Section 23,
Theorem 3] that w is a polarization, which is obviously principal. (Clearly, there is
exactly one principal polarization on B, namely i.) So, 0.4,/ (B) is defined and
obviously coincides with s. U

Remark 3.8. Note that for each prime ¢ we get the Riemann form [Lang 1959,
Chapter VII, Section 2; Mumford 1970, Section 20]

E¢,:Te(B) xTy(B) = Ze(1), x,yr>ee(x,ny) forall x,yeTy(B),

which is an alternating Galois-equivariant Z,-bilinear perfect/unimodular form on
the free Z,-module 7;(B). Since End(B) = Z, the already cited result of Faltings
implies that Endg,(T;(A)) = Z,. It follows that any alternating Galois-equivariant
Z-bilinear perfect/unimodular form

Ty(B) x Ty(B) — Z,(1)

coincides with ¢¢- Ey , for some ¢; € Zj. This implies that any isomorphism between
the Z;[ Gk ]-modules T; and Ty (B) induces isomorphisms between the corresponding
symplectic groups and between the corresponding groups of symplectic similitudes.

Results in the same vein as this corollary have been obtained for elliptic curves
over Q in [Helm and Voloch 2011] and for elliptic curves over function fields in
[Voloch 2012].

4. Counterexamples

Now we will construct an example of Galois representation that will provide us
with examples that show that some of the hypotheses of the above results are
indispensable.

Let k be a real quadratic field. Let us choose a prime p that splits in k. Now let
D be the indefinite quaternion k-algebra that splits everywhere outside (two) prime
divisors of p and is ramified at these divisors. If £ is a prime then we have

D®gQy=[D Qi k] ®q Qr = D ®y [k g Q.

This implies that if £ # p then D ®q Q; is either (isomorphic to) the simple matrix
algebra (of size 2) over a quadratic extension of (0, or a direct sum of two copies of
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the simple matrix algebra (of size 2) over Q. (In both cases, D ®g Q) is isomorphic
to the matrix algebra M, (k ®q Q) of size 2 over k Qg Qy.)

In particular, the image of D ®g Q¢ under each nonzero (2,-algebra homomor-
phism contains zero divisors.

Let Y be an abelian variety over a field L. Suppose that all L-endomorphisms of
Y are defined over L and there is a Q-algebra embedding

D <> End’(Y)
that sends 1 to 1. This gives us the embedding
D ®q @, C End’(Y) ®g Q; C Endg, (Ve(Y)).

Recall that if £ # p then D ®qg Q is isomorphic to the matrix algebra of size 2 over
k ®g Q. This implies that there are two isomorphic Q;[Gy ]-submodules W, ¢(Y)
and W, ¢(Y) in V,(Y) such that

ViY) =W (Y)D W ((Y)=Wi oY) B W o(Y)= W (Y) D Wo(Y).

If we denote by W, (Y) the Q;[G]-module W; , then we get an isomorphism of
Q¢[G1]-modules
Vi(Y)EWe(Y)D Wy(Y).

This implies that the centralizer Endg, (V¢(Y)) coincides with the matrix algebra
M, (EndGL ( Wg(Y))) of size 2 over the centralizer Endg, (W,(Y)).

If¢=pthenk®oQ, =0Q,®Q, and D ®q Q,, splits into a direct sum of two
(mutually isomorphic) quaternion algebras over Q,. This also gives us a splitting
of the Galois module V,(Y) into a direct sum

Vo (Y) =Wy ,(Y)D W ,(Y).
of its certain nonzero Q,[Gy |-submodules Wy ,(Y) and W5 ,(Y). (Actually,
dim@p Wl,p = dim@p Wz,p = dim(Y),

because V,(Y) is a free k ®g Q ,-module of rank 2 dim(Y) /[k : Q] =dim(Y) [Ribet
1976, Theorem 2.1.1 on p. 768].)

Remark. Let L be a finitely generated field of characteristic 0. Suppose that
D =End’(Y). By Faltings’ results [1983; 1984] about the Galois action on Tate
modules of abelian varieties, the Gy-module V,(Y) is semisimple and

Endg, (Vi(Y)) = D ®q Qq.
This implies that if £ % p then (the submodule) W, (Y) is also semisimple and
Ma (Endg, (W, (Y))) =Mz (k ®g Q).
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It follows that
EndGL(Wz(Y)) =k Qg Qy.

On the other hand, the G;-modules W; ,(Y) and W, ,(Y) are nonisomorphic.

According to Shimura [1963] (see also the case of Type Il(eg = 2) with m =1 in
[Oort 1988, Table 8.1 on p. 498] and [Oort and Zarhin 1995, table on p. 23]), there
exists a complex abelian fourfold X, whose endomorphism algebra End®(X) is
isomorphic to D. Clearly, X is defined over a finitely generated field of characteristic
zero. It follows from Serre’s variant of Hilbert’s irreducibility theorem for infinite
Galois extensions combined with results of Faltings that there exists a number field
K and an abelian fourfold A over K such that the endomorphism algebra of all
K -endomorphisms of A is also isomorphic to D (see [Noot 1995, Corollary 1.5 on
p. 165]). Enlarging K, we may assume that all points of order 12 on A are defined
over K and therefore, by the theorem of Silverberg, all K -endomorphisms of A are
defined over K. Now Raynaud’s criterion [SGA 71 1972] (see also [Silverberg and
Zarhin 1995]), implies that A has everywhere semistable reduction. On the other
hand,

dimg End®(A) = dimg D = 8 > 4 = dim(A).

By [Oort 1988, Lemma 3.9 on p. 484], A has everywhere potential good reduction.
This implies that A has good reduction everywhere. If v is a nonarchimedean
place of K with finite residue field « (v) then we write A(v) for the reduction of
A at v; clearly, A(v) is an abelian fourfold over «(v). If char(x (v)) # 2 then all
points of order 4 on A(v) are defined over « (v); if char(x (v)) # 3 then all points
of order 3 on A(v) are defined over « (v). It follows from the theorem of Silverberg
that all /Tv)—endomorphisms of A(v) are defined over « (v). For each v we get an
embedding of (-algebras

D = End’(A) — End’(A(v)).

In particular, End’(A(v)) is a noncommutative Q-algebra, whose Q-dimension is
divisible by 8.

Theorem 4.1. If £ := char(k (v)) # p then A(v) is not simple over k (v).

Proof. We write g, for the cardinality of x (v). Clearly, g, is a power of £.

Suppose that A(v) is simple over « (v). Since all endomorphisms of A(v) are
defined over « (v), the abelian variety A(v) is absolutely simple.

Let w be a Weil q,-number that corresponds to the k (v)-isogeny class of A(v)
[Tate 1966; 1971]. In particular, 7 is an algebraic integer (complex number), all
whose Galois conjugates have (complex) absolute value ,/q,. In particular, the
product

T =gy,
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where 7 is the complex conjugate of .

Let £ = Q(r) be the number field generated by 7 and let Og be the ring of
integers in E. Then E contains 7 and is isomorphic to the center of End’ (A(v))
[Tate 1966; 1971]; one may view EndO(A(v)) as a central division algebra over E.
It is known that E is either @, Q(+/€) or a (purely imaginary) CM field [Tate 1971,
p- 97]. It is known [ibid] that in the first two (totally real) cases simple A(v) has
dimension 1 or 2, which is not the case. So, E is a CM field; Since dim(A(v)) =4
and [E : Q] divides 2dim(A(v)), we have [E : @] =2, 4 or 8. By [Tate 1971, p. 96,
Theorem 1(ii), formula (2)]°,

§=2.4=2dim(A(v))) = \/dimE(Endo(A(v)) [E: Q.

Since EndO(A(v)) is noncommutative, it follows that E is either an imaginary
quadratic field and EndO(A(v)) is a 16-dimensional division algebra over E or E is
a CM field of degree 4 and End’ (A(v)) is a 4-dimensional (i.e., quaternion) division
algebra over E. In both cases End®(A(v)) is unramified at all places of E except
some places of residual characteristic £ [Tate 1971, p. 96, Theorem 1(ii)]. It follows
from the Hasse-Brauer—Noether theorem that End”(A (v)) is ramified at, at least,
two places of E with residual characteristic £. This implies that Og contains, at
least, two maximal ideals that lie above £.
Clearly,

T, EOE.

Recall that 7 = ¢, is a power of £. This implies that for every prime r 7~ £ both
m and 7 are r-adic units in E.

First assume that E has degree 4 and EndO(A(v)) is a quaternion algebra. Then
(thanks to the theorem of Hasse—Brauer—Noether) there exists a place w of E
with residual characteristic £ and such that the localization EndO(A(v)) Qp Ey isa
quaternion division algebra over the w-adic field E,,. On the other hand, there is a
nonzero (because it sends 1 to 1) (Dy-algebra homomorphism

D ®q Q¢ — End’(A(v)) ®g Q¢ — End’(A(v)) ®f E.,.

This implies that End" (A(v)) ®g E,, contains zero divisors, which is not the case
and we get a contradiction.
So, now we assume that E is an imaginary quadratic field and

dimg (End®(A(v))) = 16 = 4°.

In particular, the order of the class of End’ (A(v)) in the Brauer group of E divides
4 and therefore is either 2 or 4.

3In [Tate 1971] our E is denoted by F while our End® (A(v)) is denoted by E.



1210 Stefan Patrikis, José Felipe Voloch and Yuri G. Zarhin

We have already seen that there exist, at least, two maximal ideals in O that lie
above £. Since E is an imaginary quadratic field, the ideal £O; of Oy, splits into a
product of two distinct complex-conjugate maximal ideals w; and w; and therefore

Ew1 = @E’ sz = @6; [Ew1 : @é] = [Ew2 : @K] =1.
Let
ordy, : E* - Z

be the discrete valuation map that corresponds to w;. Recall that g, is a power of ¢,
i.e., g, = £V for a certain positive integer N. Clearly

ord,, ({) =1, ordy, ()4 ordy, () = ordy, (g,) = N.

By [Tate 1971, p. 96, Theorem 1(ii), formula (1)], the local invariant of End’ (A(v))
at w; is
ord,, (1)

ord,, ()
OrdIUi (qv)

[Ey, : Q] (mod 1) = (mod 1).

In addition, the sum in @/Z of local invariants of End®(A(v)) at w; and w; is zero
[Tate 1971, Section 1, Theorem 1 and Example b)]; we have already seen that
its local invariants at all other places of E do vanish. Using the Hasse—Brauer—
Noether theorem and taking into account that the order of the class of EndO(A(v))
in the Brauer group of E is either 2 or 4, we conclude that the local invariants
ofEndO(A(v)) at {wy, wy} are either {}L mod 1, % mod 1} or {% mod 1, % mod l}
(and in both cases the order of End%(A(v)) in the Brauer group of E is 4) or
{l mod 1, % mod l}. In the latter case it follows from the formula for the w;-adic

2
invariant of End° (A(v)) that

ord,, (7) = % = ord,, ()

and therefore 77 /7 is a w;-adic unit for both w; and w,. Therefore 77 /7 is an £-adic
unit. This implies that 7 /7 is a unit in imaginary quadratic E and therefore is a

root of unity. It follows that
R 14

gy TmTT 7
is a root of unity. This implies that there is a positive (even) integer m such that

m/2€@

" =q,
and therefore Q(7r™) = Q. Let k (v),, be the finite degree m field extension of « (v),
which consists of ¢!' elements. Then 7™ is the Weil ¢, -number that corresponds
to the simple 4-dimensional abelian variety A(v) X k(v), over «(v),,. Since
Q(z™) = Q, we conclude (as above) that A(v) x «(v),, has dimension 1 or 2,

which is not the case.
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In both remaining cases the order of the algebra End’ (A(v))®E Ey, in the Brauer
group of the E,,, = Q is 4. This implies that EndO(A(v)) ®k Ey, 1s neither the
matrix algebra of size 4 over E,,, nor the matrix algebra of size two over a quaternion
algebra over E,,,. The only remaining possibility is that End’(A(v)) @ E w; 1S a
division algebra over E,,,. However, there is again a nonzero (because it sends 1
to 1) Q,-algebra homomorphism

D ®g Q; — End’(A(v)) ®g Q; — End°(A(v)) ®f Ey,.

This implies that End®(A(v)) Q¢ E w, contains zero divisors, which is not the case
and we get a contradiction. ([

Theorem 4.2. [f ¢ := char(x(v)) # p then there exists an abelian surface B(v)
over k (v) such that A(v) is k (v)-isogenous to the square B(v)? of B(v).

Proof. We know that A(v) is not simple and that all /Tv)—endomorphisms of A(v)
are defined over k(v). Now let us split A(v) up to a x (v)-isogeny into a product
of its x (v)-isotypic components, using the Poincaré complete reducibility theorem
[Lang 1959, Theorem 6 on p. 28 and Theorem 7 on p. 30]. In other words, there is
a k (v)-isogeny
S:[[Ai— Aw),
iel

where each A; is a nonzero abelian « (v)-subvariety in A such that End’(4,) is a
simple (D-algebra and S induces an isomorphism of (2-algebras

End’(A(v)) = End’ (]_[ Ai) = ED End’(A)).

iel iel
This gives us nonzero Q-algebra homomorphisms
D — End’(4;)

that must be injective, since D is a simple Q-algebra. This implies that each
End’(A4;) is a noncommutative simple Q-algebra, whose Q-dimension is divisible
by 8. In particular, all dim(A;) > 2 and therefore I consists of, at most, 2 elements,
since

> " dim(4;) = dim(A(v)) = 4.

iel

Since all /Tv)—endomorphisms of A(v) are defined over k(v), all «(v)-endo-
morphisms of A; are also defined over «(v); in addition, if i and j are distinct
elements of I, then every « (v)-homomorphism between A; and A j1s 0.

If we have dim(A;) = 2 for some i then either A; is isogenous to a square of a
supersingular elliptic curve or A; is an absolutely simple abelian surface. However,
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each absolutely simple abelian surface over a finite field is either ordinary (i.e., the
slopes of its Newton polygon are 0 and 1, both of length 2) or almost ordinary (i.e.,
the slopes of its Newton polygon are 0 and 1, both of length 1, and % with length 2):
this assertion is well known and follows easily from [Zarhin 2015, Remark 4.1 on
p- 2088]. However, in both (ordinary and almost ordinary) cases the endomorphism
algebra of a simple abelian variety is commutative [Oort 1992, Lemma 2.3 on
p. 136]. This implies that if dim(A;) = 2 then A; is « (v)-isogenous to a square
of a supersingular elliptic curve. However, if I consists of two elements, say i
and j, then it follows that both A; and A; are 2-dimensional and therefore both
isogenous to a square of a supersingular elliptic curve. This implies that A; and A
are isotypic and therefore A itself is isotypic and we get a contradiction, i.e., none
of the A; has dimension 2. It is also clear that if dim(A;) = 3 then dim(A;) =1,
which could not be the case. This implies that A(v) itself is isotypic. It follows
that if £ = char(x (v)) # p then A(v) is k (v)-isogenous either to a 4th power of an
elliptic curve or to a square of an abelian surface over « (v). (Recall that A(v) is
not simple!) In both cases there exists an abelian surface B(v) over « (v), whose
square B(v)?is Kk (v)-isogenous to A(v). O

Let B(v) be as in Theorem 4.2. One may lift the abelian surface B(v) over
k (v) to an abelian surface BY over K,, whose reduction is B(v) (see [Oort 1987,
Proposition 11.1 on p. 177]). Now if one restricts the action of Gg on the (D,.-Tate
module (here r is any prime different from char(k (v)))

V,(A) =T,(A) &z, Q,

to the decomposition group D(v) = G, then the corresponding Gg,-module V,(A)
is unramified (i.e., the inertia group acts trivially) and isomorphic to

V.(B") @V, (B").

Theorem 4.3. If r # p and char(x (v)) # r then the Gk, -modules V.(B") and
W, (A) are isomorphic. In particular, the Gg,-modules

V,(A) = W,(A) @ W,(A)
and
V,.(B’) ® V,(B") = V,((B")?)

are isomorphic.

Proof. We know that the Gg,-modules W, (A) ® W, (A) and
V,(B")® V,(B")

are both isomorphic to V,(A). Since the frobenius endomorphism of A(v) acts on
V,(A) as a semisimple linear operator (by a theorem of A. Weil), the Gk, -module
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V,(A) is semisimple. This implies that the Gk, -modules V,(B") and W, (A) are
isomorphic. U

For primes £ # p, the algebra D ®g Q, splits, and correspondingly, the repre-
sentation V,(A) splits as W, @ W,. Locally, at a place v { £, we have W, = V,;(B").
However, globally, the representation W, does not come from an abelian variety
over K. Indeed, if the Ggx-module W, is isomorphic to V;(B) for an abelian variety
B over K then dim(B) = 2 and the theorem of Faltings implies that there is a
nonzero homomorphism of abelian varieties B — A over K, which is not the case,
since the fourfold A is simple. On the other hand, if v|¢ then V;(A) is a de Rham
representation of Gk, with weights 0 and —1, both of multiplicity dim(A) = 4.
Since a subrepresentation of a de Rham representation is also de Rham, we conclude
that W, is de Rham. It is also clear that W, has the same Hodge—Tate weights as

Ve(A)y =W, D W,

but the multiplicities should be divided by 2, i.e., the Hodge—Tate weights of W,
are 0 and —1, both of multiplicity 2.
We thus obtain:

Theorem 4.4. The system of representations {Wy}e+, constructed above does not
come globally from an abelian variety defined over the field K but for all v1¢ the
representation Wy locally comes from an abelian variety B'/K,. In particular,
{Wekesp is a weakly compatible system of 4-dimensional £-adic representations
Of GK .

If v|€ then Wy is locally a de Rham representation with Hodge—Tate weights O
and —1, both of multiplicity 2.

Remark. By a theorem of Faltings [1983], the Gg-module V;(A) is semisimple
and therefore its submodule W, is also semisimple. On the other hand, we know
that the centralizer

Endg, (W) =k ®q Q¢ # Q¢;

in particular, none of W, is absolutely irreducible. In what follows we construct an
example of a weakly compatible system (for all £ # p) of absolutely irreducible
de Rham representations that does not come globally from an abelian variety over
a number field. However, we do not know whether it comes locally from abelian
varieties.

Let p be a prime and H be a definite quaternion algebra over @ that is ramified
exactly at p and oco. In particular, for each prime £ # p we have a (Dy-algebra
isomorphism

H Qg Qp =My (Qy).
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Let g > 4 be an even integer. According to Shimura [1963] (see also the case of
Type III (e9 = 1) with m = g/2 in [Oort 1988, Table 8.1 on p. 498] and [Oort
and Zarhin 1995, table on p. 23]), there exists a complex g-dimensional abelian
variety X, whose endomorphism algebra End®(X) is isomorphic to H. The same
arguments as above (related to D) prove that there exists a g-dimensional abelian
variety B over a certain number field K such that all endomorphisms of B are
defined over K and End’(B) = H. In particular, B is absolutely simple. By the
theorem of Faltings, if £ is a prime then the Gg-module V,(B) is semisimple and

Endg, (Ve(B)) = H ®q Q.

In particular, if £ # p then Endg, (Vi(B)) = M, (Q;) and therefore there are two
isomorphic (¢[Gk J-submodules U; ((B) and U, ¢(B) in V;(B) such that

Vi(B) =U;¢(B)® Uz ¢(B) = Uy ¢(B) @ Uy (B) = Uz (B) ® Uz (B).

If we denote by U, the Q;[Gg]-module U ¢(B) then dimg, (Uy) = g and we get
an isomorphism of Q;[Gg ]-modules

Vi(B)Z2U, & U
Clearly, the submodule Uy, is semisimple and
M2 (Q¢) = H ®g Q¢ = Endg (Ve(B)) = M2(Endg, (Up)).
This implies that Endg, (Ur) = Qy, i.e., the £-adic (sub)representation
Gk — Autg, (Up) = GL,(Qy)

is absolutely irreducible. Clearly, for each o € Gk its characteristic polynomial
with respect to the action on V;(B) is the square of its characteristic polynomial
with respect to the action on U,. This implies that if v is an nonarchimedean place
v of K where B has good reduction then for all primes £ # p such that vt ¢ the
characteristic polynomial of the frobenius element at v with respect to its action
on U, has rational coefficients and does not depend on €. In other words, U is a
weakly compatible system of (absolutely irreducible) £-adic representations. As
above, locally for each v|€ the Gg,-module V;(B) is de Rham with Hodge weights
0 and —1 with weights g, which implies that U, is also de Rham with the same
Hodge-Tate weights, whose multiplicities are g/2.

Theorem 4.5. The weakly compatible system of g-dimensional absolutely irre-
ducible representations {Ug}e+, constructed above does not come globally from an
abelian variety defined over the field K.

If v|€ then Uy is locally a de Rham representation with Hodge—Tate weights O
and —1, both of multiplicity g /2.
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Proof. We claim that none of U, comes out from an abelian variety over K. Indeed,
if there is an abelian variety C over K such that the Gx-modules V,;(C) and
U, are isomorphic then dim(C) = g/2 and the theorem of Faltings implies the
existence of a nonzero homomorphism C — B, which contradicts the simplicity of
g-dimensional B. (]

5. Moduli of curves

The moduli space of smooth projective curves of genus g is denoted by M. It is
also an orbifold and we will consider its fundamental group as such. For definitions
see [Hain 2011]. It is defined over Q and thus we can consider it over an arbitrary
number field K. As per our earlier conventions, M ¢ 1s the base change of M, to
an algebraic closure of (Q and not a compactification.

Let X be a curve of genus g defined over K. There is a map (an arithmetic
analogue of the Dehn—Nielsen—Baer theorem, see [Matsumoto and Tamagawa 2000],
in particular, Lemma 2.1) p : 71 (M) — Out(m (X)). This follows by considering
the universal curve C, of genus g together with the map C, — M,, so X can be
viewed as a fiber of this map. This gives rise to the fibration exact sequence

1 — 71 (X) > m1(Cg) = m (M) — 1

and the action of 71 (Cg) on (X) gives p. Now, X, viewed as a point on M (K),
gives a map o,k (X) 1 Gk — m1(Mg). As pointed out in [Matsumoto and
Tamagawa 2000], p o or,/k (X) induces a map Gx — Out(rr; (X)) which is none
other than the map obtained from the exact sequence (1) by letting 7r;(X) act on
71(X) by conjugation. Combining this with Theorem 2.1 (Mochizuki) gives:

Theorem 5.1. For any field K contained in a finite extension of a p-adic field, the
section map o,k is injective.

The following result confirms a conjecture of Stoll [2007] if we assume that
oM, /K surjects onto So(K, My).

Theorem 5.2. Assume that oa, k (Mg(K)) = So(K, M) for all g > 1 and all
number fields K. Then ox,x (X (K)) = S(K, X) for all smooth projective curves of
genus at least two and all number fields K.

Proof. For any algebraic curve X/K there is a nonconstant map X — M, with
image Y, say, for some g, defined over an extension L of K, given by the Kodaira—
Parshin construction. This gives amap y : m(X ® L) — m1(Mg® L), over L. Let
s € S(K,X), then y o(s|g,) € So(L, My) and the assumption of the theorem yields
that y o (s|G,) = onm,/L(P), P € Mg(L). We can combine this with the injectivity
of opm, sk, (Mochizuki’s theorem) to deduce that in fact P € Y (L) NM (L) =Y (L).
We can consider the pullback to X of the Galois orbit of P, which gives us a zero
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dimensional scheme in X having points locally everywhere and, moreover, being
unobstructed by every abelian cover coming from an abelian cover of X. By the
work of Stoll [2007, Proposition 5.2], we conclude that X has a rational point
corresponding to s. U
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On the local Tamagawa number conjecture
for Tate motives over tamely ramified fields

Jay Daigle and Matthias Flach

The local Tamagawa number conjecture, which was first formulated by Fontaine
and Perrin-Riou, expresses the compatibility of the (global) Tamagawa number
conjecture on motivic L-functions with the functional equation. The local con-
jecture was proven for Tate motives over finite unramified extensions K /Q, by
Bloch and Kato. We use the theory of (¢, ')-modules and a reciprocity law due
to Cherbonnier and Colmez to provide a new proof in the case of unramified
extensions, and to prove the conjecture for Q,(2) over certain tamely ramified
extensions.

1. Introduction

Let K/Q),, be a finite extension and V a de Rham representation of Gk := Gal(K /K).
The local Tamagawa number conjecture is a statement describing a certain Q ,-basis
of the determinant line detg, RI'(K, V) of (continuous) local Galois cohomology
up to units in Z 7. It was first formulated by Fontaine and Perrin-Riou [1994, 4.5.4]
as conjecture Cgp and independently by Kato [1993, Conjecture 1.8] as the “local
e-conjecture”. Both conjectures express compatibility of the (global) Tamagawa
number conjecture on motivic L-functions with the functional equation. The fact
that the local Tamagawa number conjecture is equivalent to this compatibility still
constitutes its main interest. For example, the proof of the Tamagawa number
conjecture for Dirichlet L-functions at integers r > 2 [Burns and Flach 2006]
uses the conjecture at 1 — r and compatibility with the functional equation (no
other more direct proof is known). Fukaya and Kato [2006] generalized [Kato
1993, Conjecture 1.8] to de Rham representations with coefficients in a possibly
noncommutative Q,-algebra, and in fact to arbitrary p-adic families of local Galois
representations.

In this paper we shall only consider Tate motives V = @, (r) with r > 2 (for the
case r = 1 see [Bley and Cobbe 2016; Breuning 2004]). If K/Q),, is unramified
the local Tamagawa number conjecture for Q, (r) was first proven by Bloch and

MSC2010: primary 14F20; secondary 11G40, 18F10, 22A99.
Keywords: Tamagawa number conjecture.
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Kato [1990] in their seminal paper on the global Tamagawa number conjecture,
and has since been reproven by a number of authors (e.g., [Perrin-Riou 1994;
Benois and Berger 2008]). These later proofs also cover the case where K/Q,
is a cyclotomic extension, or more generally where V is an abelian de Rham
representations of Gal(Q »/Qp) [Kato 1993, Theorem 4.1; Venjakob 2013]. All
proofs have two main ingredients: Iwasawa theory and a “reciprocity law”. The
latter is an explicit description of the exponential or dual exponential map for
the de Rham representation V', which however very often only holds in restricted
situations (e.g., V ordinary or absolutely crystalline). The aim of this paper is
to explore the application of the very general reciprocity law of Cherbonnier and
Colmez [1999], which holds for arbitrary de Rham representations, to the local
Tamagawa number conjecture for Tate motives.

In Section 2 we give a first somewhat explicit statement (Proposition 2) which
is equivalent to the local Tamagawa conjecture for Q,(r) over an arbitrary Galois
extension K /Q,. We in fact work with the refined equivariant conjecture over the
group ring Z,[Gal(K /Q,)], following Fukaya and Kato [2006]. In Section 3 we
focus on the case where p { [K : @,]. In Section 4 we state the reciprocity law
of Cherbonnier and Colmez in the case of Tate motives. In Section 5 we show
that it also can be used to give a proof of the unramified case (which however
has many common ingredients with the existing proofs). Finally, in Section 6
we formulate our main result, Proposition 44, which is a fairly explicit statement
equivalent to the equivariant local Tamagawa number conjecture for Q,(r) over
K/Q, with p {[K : @,]. We show that it can be used to prove some new cases;
more specifically we have:

Proposition 1. Assume K /Q, is Galois of degree prime to p and with ramification
degree e < p/4. Then the equivariant local Tamagawa number conjecture holds for

V=0,Q2).

The only cases where the conjecture for tamely ramified fields was known
previously are cyclotomic fields, i.e., where e | p—1, and in this case one can allow ar-
bitrary r [Perrin-Riou 1994; Benois and Berger 2008]. We believe many more cases
can be proven with Proposition 44 and hope to return to this in a subsequent article.

2. The conjecture

Throughout this paper p denotes an odd prime. Let K/Q, be an arbitrary finite
Galois extension with group G and r > 2. In this section we shall explicate the
consequences of the local Tamagawa number conjecture of Fukaya and Kato [2006,
Conjecture 3.4.3] for the triple

(A, T, ) = (Z,[G), Indg® Z,(1—7), 7).
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Here ¢ = (§pn)n € F(@p, Z,(1)) is a compatible system of p"-th roots of unity
which we fix throughout this paper. The conjectures for a triple (A, T, ¢) and
its dual (A°P, T*(1), ¢) are equivalent. We find it advantageous to work with
Q, (1 —r) rather than Q,,(r) as in [Bloch and Kato 1990] since we are employing
the Cherbonnier—Colmez reciprocity law [Cherbonnier and Colmez 1999] which
describes the dual exponential map.

In order to give an idea what the conjecture is about, consider the Bloch—Kato
exponential map [Bloch and Kato 1990]

exp: K = H'(K,Q,(r)).

In a first approximation one may say that the local Tamagawa number conjecture
describes the relation between the two Z ,-lattices exp(Ok ) and im(H WK,z (1))
inside H'(K, Q p(r)). Rather than giving a complete description of the relative po-
sition of these two lattices, the conjecture only specifies their relative volume, that is
the class in @; / Z; which multiplies Detz, exp(Ok) to Detz, (im(H YK,z »(1))))
inside the @Q,-line Detg, H (K,Q p(r)). The equivariant form of the conjecture is
a finer statement which arises by replacing determinants over Z,, by determinants
over Z,[G]. If G is abelian and im(H'(K, Z,(r))) is projective over Z,[G], the
conjecture thereby does specify the relative position of the two lattices in view
of the fact that H'(K, Q p(r)) is free of rank one over Q,[G] and so coincides
with its determinant. If G is nonabelian, even though H I(K,Q p(r)) remains free
of rank one over Q,[G], the conjecture is an identity in the algebraic K-group
K, (G;D‘;f[G])) /K (Z‘;}[G])) and is again quite a bit weaker than a full determination
of the relative position of the two lattices.

Determinants in the sense of [Deligne 1987] (see also [Fukaya and Kato 2006,
1.2]) are only defined for modules of finite projective dimension, or more generally
perfect complexes, and so the first step is to replace the Z ,-lattice im(H YK,z (1))
by the entire perfect complex RI'(K, Z,(r)). There still is an isomorphism

RU(K, Zy(r)) ®z,Qp = RT'(K, Q,(r)) = H(K, Q,(r)[—1] 1)

since the groups H' (K, Z ,(r))or and H*(K, Z,(r)) are finite. If K/Q, is Galois
with group G then RI'(K, Z,(r)) is always a perfect complex of Z,[G]-modules
whereas im(H' (K, Z »(r))) or Ok need no longer have finite projective dimen-
sion over Z,[G]. A further simplification occurs if one does not try to compare
RT(K, Z,(r)) to exp(Ok) directly. Instead one uses the “period isomorphism”

per: @, ®o, K =Q, ®q, (Idg Q,) = Q,[G]

and tries to compare Detz, RT'(K, Z,(r)) to a suitable lattice in this last space. The
left-Z ,[ G]-module Indggl’ Z, is always free of rank one whereas Ok need not be.
After choosing an embedding K — @, one gets an isomorphism ¢ : Gq,/ Gk =G
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and an isomorphism
Indger 7, =7,[G] )

so that the Z,[G]-linear left action of y € Gq, is given by
Z,[Gl> x> xyr(y™ . 3)
The period isomorphism is then given for x € K by

per(x) :=per(l ® x) = Z gx) - gi1 € @,,[G].
geG

The dual of exp identifies with the dual exponential map
expyy, - H' (K, Q,(1=r) = K

by local Tate duality and the trace pairing on K. Let 8 € H'(K, Z p(1—r)) be an
element spanning a free Z,[G]-submodule and let Cg be the mapping cone of the
ensuing map of perfect complexes of Z,[G]-modules

(Z,lG]-B)—1] — H(K, Z,(1 —r))[—1]1— RI'(K, Z,(1 —r)).

Then Cg is a perfect complex of Z,[G]-modules with finite cohomology groups,
i.e., such that Cg ®z, Q) is acyclic. It therefore represents a class [Cg] in the
relative K-group Ko(Z,[G], Q) for which one has an exact sequence

Ki(Zp[G)) — K1(Q,[G]) = Ko(Zp[G], Qp) — 0.

Hence we may also view [Cg] as an element in K{(Q,[G])/im(K{(Z,[G])). Ex-
tending scalars to 0, we get an isomorphism of free rank-one Q,[G]-modules

I —  exp*®Q, —  per —
H (K,Q,(1-r))®q, Q) —— K ®q, Q) — Q,[G]

sending the @,,[G]—basis B to a unit per(exp*(B)) € @,,[G]X. As such it has a class
[per(exp*(B))] € K1(@,[G])

via the natural projection map Q o[G]* — K (@ p[G]) (recall that for any ring R
we have maps R* — GL(R) — GL(R)® =: K (R)). In Section 2.2 below we shall
define an e-factor € (K /Q,, 1 —r) € K1(Q,[G]) such that

€(K/Qp, 1 —r)-[per(exp™(B)] € K1(Q,[GD).

Let F' C K denote the maximal unramified subfield, ¥ = Gal(F'/Q,) and o € T the
(arithmetic) Frobenius automorphism. Then Q,[X] is canonically a direct factor of
Q,[Gland Q,[Z]* = K1(Qp,[X]) a direct factor of K1(Q,[G]). Fora € Q,[X]*
we denote by [o]F its class in K1(Q,[G]). Finally, note that if R is a Q-algebra then
any nonzero rational number 7 has a class [n] € K{(R) via @* — R* — K[(R).
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Proposition 2. Let K /Q,, be Galois with group G and r > 2. The local Tamagawa
number conjecture for the triple

(A, T, §) = (Z[G], Indge Z,(1—7), 7).
is equivalent to the identity

1-p~lo

[(r—l)!]'E(K/@p,l—r)-[Per(CXp*(ﬁ))]'[C,s]1-[ ] =1 @)

in the group K (@‘;[G])/ im(K (Z‘;,r[G])).

Before we begin the proof of the proposition we explain what we mean by the
local Tamagawa number conjecture for (Z,[G], Indgfp Z,(1 —r),¢). The local
Tamagawa number conjecture [Fukaya and Kato 2006, Conjecture 3.4.3] claims
the existence of e-isomorphisms € .(T') for all triples (A, T, ¢), where A is a
semilocal pro-p ring satisfying a certain finiteness condition [Fukaya and Kato 2006,
1.4.1], T a finitely generated projective A-module with continuous G g, -action and
¢ abasis of I'(Q,, Z, (1)), such that certain functorial properties hold. One of these
properties [Fukaya and Kato 2006, Conjecture 3.4.3(v)] says thatif L := A®z, Q,
is a finite extension of @, and V :=T ®z, Q, is a de Rham representation, then

L®jen(T)=e€pc(V),

where €/ (V) is the isomorphism in C; defined in [Fukaya and Kato 2006, 3.3].
Here, for any ring R, Cy is the Picard category constructed in [Fukaya and Kato
2006, 1.2], equivalent to the category of virtual objects of [Deligne 1987], S®g — :
Cr — Cgs is the Picard functor induced by a ring homomorphism R — S and
R = W([Fp) ®z, R for any Z,-algebra R. The construction of €, (V) involves
certain isomorphisms and exact sequences which we recall in the proof below.
If A is a finite dimensional semisimple @ ,-algebra and V an A-linear de Rham
representation, those isomorphisms and exact sequences are in fact A-linear and
therefore lead to an isomorphism €4 (V) in the category C;. If A:= A ®z, Q) is
a semisimple Q -algebra and V :=T ®z, Q, is a de Rham representation, we say
that the local Tamagawa number conjecture holds for the particular triple (A, T, ¢)
if

AQjenc(T) =€y (V)
for some isomorphism €, ((T') in C5.
Proof of Proposition 2. For a perfect complex of Q,[G]-modules P, we set

P* = Homg,[61(P, Qp[G)),
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which is a perfect complex of Q,[G]°P-modules. Fix r > 2 and set
V=Indg® Q,(1—r) and V*(1)=Indg Q,(r),

which are free of rank one over Q,[G] and Q,[G]P, respectively. We recall the
ingredients of the isomorphism 6g,[G)(V) of [Fukaya and Kato 2006, 3.3.2] (or
rather of its generalization from field coefficients to semisimple coefficients). The
element ¢ determines an element ¢t = log(¢) of Bqr. We have

Deis(V)=F 1", Dagr(V)/Diz(V) =0,
Deis(V¥(1)=F-t",  Dagr(V*(1))/D(V*(1)) = K,

1— r—1
C/(Q,,V): F—L3F,
1-p~o,C
Cr@, V(1)) : F S pok,
and commutative diagrams

ﬂ(@pvv)
Detg,¢)(0) ——— Detg, () C(Q,, V) -Detg, () Dar (V)/ D3 (V)

llp’—’oI;'T CT

1'(@Qp.V)
Det@p[(;] o) —— Det@p[(;] (O)~Det@p[G] (O)_l ~Det@],[G] )

n@p.V*W)* 1 Det Cr(Q,,V*(1)*
Deta, 61(0) 0,161 Cr(Q, *()) Lo )
x (Detq, 161 Dar (V*(1))/Dgr (V*(1)))

[-p~"o Ny }

' (@p.V*()* ! 1 «
Det@p[g](O) _— Det@p[g](O)-Det@p[G](K ) ~Det@p[G](K )

Detg (6] ¥ s (@p,V*(1)* 7!

Detq, 6] Cr(Q,, V*(1)* Detg,(6)(C(Q,.V)/C(Q,. V)
Detq, ) (K*)~! hd Deta,(6) H*(@,, V)

where the vertical maps ¢ are induced by passage to cohomology. The morphism
W' is (Detqill’ (6] of) the inverse of the isomorphism

.
XPyx (1)

H'(®@,.V) 5 H'(@,. v*1))* TP gex

where T is the local Tate duality isomorphism. For the isomorphism

0a,161(V) =1(@,,V) - (Deta, 61 Vs (@, V(1) on(@,, V(1)* ")
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we obtain a commutative diagram

ba,161(V)
Det@p[c](O) _ Det@p[c] C(@p, V). DCtQP[G] D4r(V)

—r,—1
|:llpral ] )‘\ )‘\C
P
£ ’

0
Det@p[g](O) _ Det@p[G] H'(@p, V). Det@p[G](K)

where 6’ is induced by the dual exponential map

eXpyx
H'(Q,,V) —5 K.

The isomorphism F@p[G](V) . e@p[G]’g,dR(V) of [Fukaya and Kato 2006, 3.3.3] is
the isomorphism

(=Dt —D1]- €(K/Qp, 1—r)- Det@p[G](per)
and the isomorphism
€,i61.¢ (V) =Taq,i61(V) - €q,i61.¢,ar (V) - 0a,161(V)
fits into a commutative diagram

€yl (V)

Detauy(0) ————— QU[G] .8 (Detg,6) RT (K, @, (1 —r)) - Detg,61(V))

P
lfpfra*l
1-pr—lo F ¢
"

Detgy(c)(0) ——— QY[G] 8 (Detg) ) H' (K, @, (1 = 1)) - Detg, 1(Q,[G1)
P

where
0" =[(=1)"'r—D1-e(K/Qp, 1 —7) - Detg ;6 (per) - 6

and ¢ involves passage to cohomology as well as our identification V = Q,[G]
chosen above. Now passage to cohomology is also the scalar extension of the
isomorphism

Det; (1 (Z,[G1- B) - Detz,161(Cp) = Detz, 61 RT (K, Z,,(1 = r))
induced by the short exact sequence of perfect complexes of Z,[G]-modules
0— RI'(K,Z,(1=r)) = Cg— Z,[G]-B—0
combined with the acyclicity isomorphism

can : Detg,[61(0) = Detqg,(61(Cp.q,)-
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Since the class of Cg in Ko(Z,[G]) vanishes, we can choose an isomorphism
a: Detzp[G](O) = Detzp[G](Cﬂ),
which leads to another isomorphism
¢ : Dety \16)(Z,[G1- B) = Detz, G RT (K, Z,,(1 = 1))
defined over Z,[G]. Setting
hi=(cg,) e € Auy(Dety) o) H' (K, @,y (1 = 1)) = K1(Q,[G)),
we obtain a commutative diagram

€Qp(61.¢c (V)
Det@;r[G](O) AR @‘;,"[G] @Q?G] (Det@plcl RT(K,Q,(1-r)) ~Det@p[GJ(V))
P

l*])frafl ¢
1-pr—lo F Qp

0/// _
Detgu)(0) —— QY[G] @@?G] (Det@;[G] H'(K,Q,(1 —r))-Detg,6)(Q,[G]))
)4

where
0" =)100" = 1. [(—l)r_l(r - D!-e(K/Qp,1—7) -Det@p[G](per) ..

The local Tamagawa number conjecture claims that €g (). (V) is induced by an
isomorphism

€2p161.¢(T)
DetZL;)r[G](O) -/ Z];Jr[G] Z?G] (Deth[G] RI'(K, Zp(l —-r))- Detzp[G](T))
P

and this will be the case if and only if
in =" l_pr_la
: 1— pfro-fl P
is induced by an isomorphism
eiZVPlGJ ur -1
Detzu()(0) — Z,/[G] Z% (Det; (1(Z,[G1- B) - Detz, (61(Z,[GD)).
P
The isomorphism of Q p[G1-modules

_ *®@) _ _ . * -1 _
v H'(K, Q,(1-1)®q, Q) 5 K®q, By > 0,[61 22D 1G]

is clearly induced by an isomorphism of Z,[G]-modules

17,161 ZLplG]- B = Z,IG]
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and we have

o

_ =1
o = [lpf_l] A [=D e =Y
1—p~To F
-€(K/Qp. 1 —7) - [per(exp*(B))] - Detg (4,().

Hence 6™ is induced by an isomorphism QiZVp[G] if and only if the class in K (@‘;[G])
of

1- pl‘—lo- r—1 *
——— | Aol(=D"" (=D -e(K/Qp, 1 —r)-[per(exp”(B))]
l—p~o F
lies in K, (Z‘;,r[G]). Now note that [(—1)] € K;(Z) C Kl(Z;r[G]) and that A =
[C ﬁ]_l, so we do indeed obtain identity (4). In order to see this last identity, note
that we have
2 '=a"'.can

and that a=" - can € K (@ur[G 1) is a lift of [Cg] € KO(Z‘“[G Q,) according to
the conventions of [Fukaya and Kato 2006, 1.3.8, Theorem 1.3.15(1)]. U

2.1. Description of K;. For any finite group G we have the Wedderburn decom-
position

=] M4, @p).

xeG

where G is the set of irreducible Q@ p-valued characters of G and d, = x (1) is the
degree of x. Hence there is a corresponding decomposition

Ki@yIG) = [[ KMy, @) = [] @, 5)

xeG x€G

which allows one to think of K; (@ p[G1)) as a collection of nonzero p-adic numbers
indexed by G. Note here that for any ring R one has K;(M;(R)) = K{(R) and for
a commutative semilocal ring R one has K;(R) = R*.

If p {|G]| then all characters x € G take values in Z‘;,r, the Wedderburn de-
composition is already defined over Z};" and so is the decomposition of K. One
has

Ki@yiGn = [ Kimg, @) =[] 25
x€G xeG
and
K1 (@YIG)/im(Kyzy1Gn) = [ @< yze- =TT - (6)
x€eG x€G
which allows one to think of elements in K (@“r[G )/ im(K; (Z“r[G])) as a collec-
tion of integers (p-adic valuations) indexed by G
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2.2. Definition of the e-factor. 1f L is a local field, E an algebraically closed field
of characteristic 0 with the discrete topology, 1t; a Haar measure on the additive
group of L with values in E, ¢; : L — E™ a continuous character, the theory of
Langlands—Deligne [Deligne 1973] associates to each continuous representation r
of the Weil group Wy over E an e-factor €(r, ¥, ur) € E*.

We shall take E = @p and always fix puy and ¢ so that ur(Op) = 1 and
VL =vq,oTrL/q, where Yig,(p™") = {pn for our fixed ¢ = ({pn)n € T(Q), Z,(1)).
Setting

e(r)=e€(r, YL, uL) €E™

and leaving the dependence on ¢ implicit, we have the following properties (see
also [Benois and Berger 2008] for a review, [Fukaya and Kato 2006] only reviews
the case L = Q,). Let  be a uniformizer of Oy, §;, the exponent of the different
of L/Q, and g = |0 /7|.
(a) If r : Wp — E* is a homomorphism, set

1L =S WS EX
where rec is normalized as in [Deligne 1973, (2.3)] and sends a uniformizer to a
geometric Frobenius automorphism in WLab. Then we have

q° if c =0,
€(r)= SL c+8 .
gy T (g, Yr) if e >0,
where ¢ € Z is the conductor of r and

T Ym) = Y WY w) (7

ue(Or /me)*

is the Gauss sum associated to the restriction of r; to (O /(7 ¢))* and the additive
character
= Y () =Yg (T L)
of Op /(7).
(b) If L/K is unramified then €(r) = e(Ind r) for any representation r of Wy.

(c) If r(e) is the twist of r with the unramlﬁed character with Froby -eigenvalue
o € EX, and ¢(r) € Z is the conductor of r, then

G(r(a)) — O[—c(r)—dimE(r)SLE(r).

Here Frob; denotes the usual (arithmetic) Frobenius automorphism.

For a potentially semistable representation V of Gg, one first forms Dy (V), a
finite dimensional @“r vector space of dimension dimg, V with an action of Gg,,,
semilinear with respect to the natural action of Gg, on @“r and discrete on the
inertia subgroup. Moreover, Dy, (V) has a Frob-semilinear automorphlsm . The
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associated linear representation ry, of Wg, over E = @‘1’; is the space Dy (V) with
action

ry(W)(d) = tw)p "™ (d),

where ¢ : Wg, — Gq, is the inclusion and v(w) € Z is such that Frob”™ is the
image of w in Gg,,.
From now on we are interested in V = (IndG@f’ Q,)(1 —r). Here one has

Dy (V) = (IndG2r @) - =, 7y = (Indjp2 @) (p' ™),

and we notice that ry, is the scalar extension from Q' to @“r of the representation
(IndW@P @ur) (p'™"). So completion of @“r is not needed in th1s example. Associated
to ry ®ay @ is an e-factor in €(ry,) € @X =K;(Q »). However, as explained above
before (3), ry, carries a left action of @“r[G] commuting with the left Wq -action,
so we will actually be able to associate to ry, Qau Q, arefined e-factor

€(K/Q,, 1 —r) € K{(Q,[G)).

For each yx € G define a representation r, of Wg, over E = Q) by
Wa, - Ga, % G 2% GL, (E), (8)

where py : G — GL4,(E) is a homomorphism realizing x. Let E x be the space of
row vectors on which G acts on the right via p, and define another representation
of Wg, over E=Q,

rv.y = E% ®auia) ry = E ®auia) (Indy Q%) (p' ™) = E%

By (3), the left Wg -action on this last space is given by the contragredient
by (g)~! of 1y, twisted by the unramified character with eigenvalue p'=". So
we have

rV,X g r)z (pl_r)9
where y is the contragredient character of x. We view the collection
e(K/Q,1=r):=(e(rv. ;) eg = () p" ") 5 9

as an element of K (Q p[G]) in the description (5).

3. The conjecture in the case p 1 |G|

In this section and for most of the rest of the paper we assume that p does not divide
|G| =[K : Q,]. In particular K/Q, is tamely ramified with maximal unramified
subfield F. Although our methods probably extend to an arbitrary tamely ramified
extension K /Q, (i.e., where p is allowed to divide [F : Q,]) this would add an
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extra layer of notational complexity which we have preferred to avoid. The group
G = Gal(K /Q,) is an extension of two cyclic groups

Y :=Ga(F/Q,)=7Z/fZ,
A:=Gal(K/F)=Z/eZ,

where the action of o € ¥ on A is given by § — 8” and we have ¢ | p/ — 1. By
Kummer theory K = F({/p,), where pg € (F*/(F*)°)* has order e. We can
and will assume that py has p-adic valuation one, and in fact that pg = A - p with
A € pp. Writing pg = A’ - p(, with p; € Q,, we see that K is contained in F’({/pT’)),
where F/ := F (W ) is unramified over Q, and p(’) is any choice of element in
K@, - P = ip—1- p. Since for the purpose of proving the local Tamagawa number
conjecture we can always enlarge K, we may and will assume that

K =F(Jpo)s po€ip-1-p<Qp.
We then have
G=Ga(K/Q,) =YX x A

since Gal(K /Q,(¢/p,)) is a complement of A. If (e, p — 1) = 1, then the fields
K=F (ﬁo) for po € wp—1 - p are all isomorphic; in fact any Galois extension
K /Q, with invariants e and f is then isomorphic to the field F(/p).

The choice of pg (in fact just the valuation of pg) determines a character

no: A= p, CF*CQy” cQy (10)
by the usual formula §(/p,) = no(8) - &/ p,- Let
n:A— F*

be any character of A and
¥, ={ge2|n(gsg H=n() forallse A}
the stabilizer of 7. Then for any character ' : ¥, — Q) we obtain a character
n'n:Gy =%, x A— Q"
and an induced character
x :=Indg (n'm)

of G. By [Lang 2002, Exercise X VIII.7], all irreducible characters of G are obtained
by this construction, and in fact each x € G is parametrized by a unique pair ([1], n’)
where [n] denotes the X-orbit of 7. The degree of x is given by

dy=x(1) = f, =2 : 5] =[F,: Q. (11)
where F,, C F is the fixed field of %,,.
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We have
— Wa,
ry = IndWF,, (rym),

where ry and ryy,, are the representations of Wg, and W, , respectively, defined as
in (8). By [Serre 1979, Chapter VI, Corollary to Propoposition 4] we have

0, n=1,

C(rx)_f”c(’"”)_{fn, Tt

Using (b), (c) and (a) of Section 2.2 we have
E(I’X) = E(rn’n)

1, n=1,
= { —c(ry) 1¢ e foy—1 (12)
€(ry)ry (Frobg, )~ = n(rec(p))t (ry.g, Yp)n' (/)™ n# 1.

3.1. Gauss sums. If k, denotes the residue field of F),, we have a canonical char-
acter
L LX ~ X X X
a)'k}'](_lu/pfﬂ_]an EK g@py

where the first arrow is reduction mod p. On the other hand we have our character
. px e ab ! ab ¥ ~ab N = x
ryg i B — Wi = GF = G = Q)
of order dividing e. So there exists a unique m, € Z/eZ such that

fn—1
raclu g = @™ (13)

and formula (7) gives
Ty ¥p) = Tl PV,

where
Trxy /e p (@)

(@)=Y w@,

X
acky,

is a Gauss sum associated to the finite field k,. The p-adic valuation of these sums
is known:

Lemma 3 [Washington 1997, Proposition 6.13 and Lemma 6.14]. For0<i< pf n—1,
let i =ig+ piy + p?ia + -+ ifn_lpf'?_1 be the p-adic expansion with digits
0<ij<p-—1 Then

-1

. . . Ja .
i lo+i+--+if-1 ip’/
vp(t(@™)) = == < ;
— fo —
p—1 pr Vit

where v, : @; — Q is the p-adic valuation on @p normalized by v,(p) =1 and
0 < (x) < 1 is the fractional part of the real number x.
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Corollary 4. Foralln € A we have

fr]_l j
vp(l'(rn,:iv l//p)) = Z<mlp >

j=0

After this interlude on Gauss sums we now prove a statement about periods
of certain specific elements in K which will eliminate any further reference to
e-factors in the proof of Equation (4).

Proposition 5. Let K /Q,, be Galois with group G of order prime to p. Then any
fractional Ok -ideal is a free Z ,| Gl-module of rank one and

(€(r7)) g - [per(b)] € im(K1(Z,[G]))
for any 7,[G]-basis b of the inverse different ({/ﬁo)_‘sK Ok = (f/ﬁo)_(e_l)(’)K.

Proof. This is a classical result in Galois module theory which can be found in
[Frohlich 1976] but rather than trying to match our notation to that paper we go
through the main computations again. In this proof ¢ will temporarily denote a
generic element of X rather than the Frobenius.

The image of [per(d)] in the x-component of the decomposition (5) is the
(dy x d)-determinant

[per(b)], = det p, (Z g(b) -g—l) =det ) | g(b)py(8)”' €@}
geG geG

This character function is traditionally called a resolvent. With notation as above,
(/Py)~“ POk isafree Z,[G,]-module with basis o (b), where 6 € G,\G= £, \ &
runs through a set of right coset representatives. The image of this basis under the
period map is

per@(®) =Y gob)-g'= Y (Z v 'go (b) -gl)r
geG €T, \T “g€Gy
and if y = Indgn( x') is an induced character we have by [Frohlich 1976, (5.15)]
Px (Z g(b) -g1> = (Z flga(b)-px/(g)l)
geCG g€Gy 0,7

In our case of interest x’ = 'y is a one-dimensional character. Write

b=E& . x,
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where x is an Op[A]-basis of ({/ﬁo)_(e_l)(’)K fixed by ¥ and § a Z,[X]-basis
of Op. Then writing g = §o’ with § € A and ¢’ € X, this matrix becomes

( Y tlele@m' @) Y ) - n<8>1)
o'ex, seA o.T
and its determinant is
da(}:t”da@m%ﬂ_v T Do st ne
o'exy 0T 1eX,\T SeA

The first determinant is a group determinant [Washington 1997, Lemma 5.26] for
the group %, \ X and equals

=[] X ( > G/G(S)n/(o/)_l>/c(a)_l =[1>_o@x@ ™"

KE(EN\D)N 0eT)\E No'e, K GET

where this last product is over all characters « of X restricting to n” on X,. The
sum ) s o(& Yk (o)1 clearly lies in Z‘I‘f’x since its reduction modulo p is the
projection of the [F,,[E]—basis £ of Or/(p) ®F, F p into the k-eigenspace (up to the
unit |X| = f), hence nonzero. So we find

&y € 7. (14)

We now analyze the second factor

x= [ Yo 'sr)-n@

TeX,\X JeA

which is the product over the projections of x into the npi—eigenspaces fori =
0,..., fy — 1 (up to the unit [A| =e). For 0 < j < e the no_j—eigenspace of the
inverse different is generated over O by ({/ﬁo)_f and since x was a Op[Al]-basis
of the inverse different its projection lies in Oy - ({/ﬁo)_j . So by Lemma 6 below
we have

fo—1 _
xy € OF - [ Wy~ ™/ c k
i=0
and hence
=1 —m pi
vp(xy) = — Z< -+ >= —0,(z (5. ¥p)), (15)
i=0

using Corollary 4 and the fact that i) = n,". One checks that 7(r; s, ¥,) € Q5 (&p)
is an eigenvector for the character

- n—1)/(p—1
anom,,(p )/ (p—1)
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of the group Gal(Q}(¢p) N K™ /QY). Also, since x, is an eigenvector for o !,

Equation (15) implies
T(I’ﬁﬁﬁ, l/lp) "Xy € Zl;’x.

Combining this with (14) and (12) we find
€(ry) - [per(b)], = fi(rec(p)T (riz, ¥p)iT (077) - X - &y € 735

and hence
(€(rg))yeq - [per(®)] € im(K(Z,[G])). O

Lemma 6. We have n = ngn, where nq is the character (10) associated to the
element pg of valuation 1 and m, was defined in (13).

Proof. It suffices to show that the composite map
mn
oy CF* 55 G - Gal(K/F) ™ .

agrees with the (m, (p/" — 1)/e)-th power map. By definition [Neukirch 1999,
Theorem V.3.1] of the tame local Hilbert symbol and the fact that our map rec is
the inverse of that used in [Neukirch 1999], we have

¢ pgy
/ —_—
which by [Neukirch 1999, Theorem V.3.4] equals
_ m B Jn—1
¢ l’ 2% _ (_l)aﬁp_o (p/n—1)/e _ ;mn(pfn_l)/e
F ;e ’
whereo{:vl,,(p(’)”n)zm,7 and,B:vp(;_l):O. U
Denote by y a topological generator of
I = Gal(Q,(px)/Qp)

and by
XV Gal(Q, (4p%)/Qy) = Z)

the cyclotomic character. As in the proof of Proposition 5 choose b such that

Z,[G)-b=(Jpy) “ VOk.

Denote by e; = > gen & € Z,[¥] the idempotent for the trivial character of X.

1
|Z]
Proposition 7. If p 1 |G| then one can choose € H YK,Z7 p(1 —7)) such that

H' (K, Z,(1—r)=H"K,Z,(1 — 1) ®Z,[G]- B
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and the local Tamagawa number conjecture (4) is equivalent to the identity
[ = D100 - [per)] Dper(exp BN1HCs1 | - 2] <
r N-(p veGLper -[per(exp 1Cpl - —pro ],

in the group K1(Q[G])/im K{(ZJ[G]). The projection of this identity into the
group K1(Q}[X])/im K1 (Z}][X]) is

. chCIO(y)r -1 1— prflo_ B
[(r — D! [per(exp™(B)]F - [chclo(y)r_l —at 1 —el] : [W]F =1

and in the components of K (@;r[G])/ im K4 (Z;r[G]) indexed by x = ([n], n') with

NlGal(k/kNF,)) 7 1

this identity is equivalent to

(r =D pU=DIn - [per(b)], " - [per(exp™(B))], € 75 (16)

Proof. If p t|G| then the module H' (K, Z,(1 —r))/tor is free over Z,[G] since
this is true for any lattice in a free rank-one Q,[G]-module. The first statement is
then clear from (9) and Proposition 5.

Since

RU(K,Z,(1 1) ®F 6, Zp|S1 = RU(F, Z,(1-r)),

the projection [CglF of [Cg] into K1 (Q[Z])/im K (Z}/[X]) is the class of the
complex

H'(F, Z,(1 =)ol —11@ H*(F, Z,(1 = r))[-2]
and both modules have trivial X-action. Any finite cyclic Z,[X]-module M with
trivial X-action has a projective resolution

[Mlei+1—ey
—_—

0— Z,[%] Z,[S]— M —0

and the class of M in Ko(Z,[X], Q) is represented by [[M|e; + 1 — el]”! e
K1(Qp[Z]). Using Tate local duality we have
[Clr =[H' (F, Z,(1 — r)orl ™" - [H*(F, Z,(1 = 1))]
=[HF,Q,/Z,0 —r)""-[H'(F,Q,/Z,())]
=[x = Der+1—e]- [(x¥°) — Dey+1—er]7!

chCIO(y)r—l -1
= |: chclo(y)r -1

el+1—e1:|.
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By Proposition 5 [per(b)], is a p-adic unit if » = 1, which gives the second
statement. The third statement follows from the fact that Gal(K /K N F(¢,)) acts
trivially on RI"(K, Z,(1 —r)) which implies that [Cg], = 1 if the restriction of n
to Gal(K /K N F(¢)) is nontrivial. O

4. The Cherbonnier-Colmez reciprocity law

Now that we have reformulated Equation (4) according to Proposition 7 we see
that we must compute the image of exp*(8). In order to do this we will use an
explicit reciprocity law of [Cherbonnier and Colmez 1999], which uses the theory
of (¢,I'x)-modules and the rings of periods of Fontaine. Rather than developing
this machinery in full, we will give only the definitions and results needed to state
the reciprocity in our case; the reader is invited to read [Cherbonnier and Colmez
1999] to see the theory and the reciprocity law developed in full generality.

4.1. Iwasawa theory. In this subsection and the next we recall results of [Cher-
bonnier and Colmez 1999] specialized to the representation V = Q,(1). For this
discussion we temporarily suspend our assumption that p 1 |G|. So let K again be
an arbitrary finite Galois extension of Q,, define

Ky =K, Keo=|]JKn,

neN

Tk :=Gal(Koo/K), Agx =7,[Gal(Kso/Q))]]

and

1
-
n

H}' (K, Z,(1)) =lim H" (K,,, Z,(1)) = lim H" (K, Ind$* Z,(1)) = H" (K, T),
n

where the inverse limit is taken with respect to corestriction maps, the second
isomorphism is Shapiro’s lemma and

T :=1imIndgt 7,(1) = 1im Z,[Gal(K,/K))(1) = Z,, [Tk (1)

is a free rank-one Z,[[I'x l-module with Gg-action given by Y10 where
Y :Gx = g S Z,[Tk ™

is the tautological character (see the analogous discussion of (2)). From this it is
easy to see that for any r € Z one has an exact sequence of Gg-modules

. ycyclo r—1_
0T 220 L 7,07 =0 (17)
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where yx € I’k is a topological generator (our assumption that p is odd assures
that ' is procyclic for any K). It is clear from the definition that

H/ (K,Z,(1))= H}, (K,, Z,(1)) (18)

forany n > 0. So H}, (K, Z,(1)) only depends on the field K, and it is naturally a
Ag-module. Since our base field K was arbitrary an analogous sequence holds with
K replaced by K, and T by the corresponding G g, -module 7}, so that 7 = Indg’; ) T,.
In view of (18) we obtain induced maps

pr, . : H} (K, Z,(1)) = H' (K, Z,(r)) (19)
forany n >0 and r € Z.
Lemma 8. Set v, = yk,. If r # 1 then the map pr, , induces an isomorphism
Hw (K. Zy(1D) /(= x () TV H (K 2y (D) Z H (K, Zy(1)).

Proof. The short exact sequence (17) over K,, induces a long exact sequence of
cohomology groups

— cyc10( n)l—r
0—— HY (K, Z,(1) 22—

w

HY (K,Z,(1)) —— H*(K,,Z,(r))

Ply,r
H}, (K, Z,(1)) m H}\ (K, Z,(1)) —— H"(K,, Z,(r))
Yn—X Yn

H}, (K, Z,(1) m H} (K, Z,(1)) —— H*(K,, Z,(r)) — 0.
Yn—X Yn

By Tate local duality there is a canonical isomorphism of Gal(K, /K )-modules
H*(K,,Z,(1) =7,
for each n, and the corestriction map is the identity map on Z,. Hence,
H,(K,Z,(1)=2Z,
with trivial action of I'g,. This implies that for 7 1 multiplication by
Yo = X ) T = 1= xR )

is injective on lew (K, Z,(1)). Hence pr,, , is surjective and we obtain the desired
isomorphism. (]
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4.2. The ring Ak and the reciprocity law. The theory of (¢, 'x)-modules [Cher-
bonnier and Colmez 1999] involves a ring

A .
A = (Op gl /nk])" = {Zann,? cay € Op, ngrglooan = 0},
nez
where g is (for now) a formal variable and F’ D F is the maximal unramified
subfield of K. (The notation (—)” means —.) The ring Ag carries an operator ¢
extending the Frobenius on O and an action of I'x commuting with ¢, which are
somewhat hard to describe in terms of 7wx. However, on the subring

Ap = (Oplrll/7])" S Ak
one has »
p(l+m) =1+, y(I+m)=A+m)*" (20)

for y e I'k.

The ring Ak is a complete, discrete valuation ring with uniformizer p. We denote
by Ex = k((g)) its residue field and by By = Ag[1/p] its field of fractions. We
see that ¢ (Bg) is a subfield of Bx (of degree p), and thus we can define

v =p o7 Tra jpn
and
N = (PilNBk/ka

as further operators on Bx. We observe that if f € Bk, then

Yp(f) =T

Thus v is an additive left inverse of ¢. We write Azzl C Ak for the set of elements
fixed by the operator v. The (¢, 'y )-module associated to the representation Z, (1)
is Ak (1) where the Tate twist refers to the 'y -action being twisted by the cyclotomic
character.

By [Cherbonnier and Colmez 1999, 1I1.2] the field By is contained in a field B
on which ¢ is bijective and B contains a G -stable subring Btn consisting of
elements x for which ¢ ™" (x) converges to an element in B4r. So one has a Gg-
equivariant ring homomorphism

9" : B"™ > Bg.
which again is rather inexplicit in general but is given by
o7 () = et 1
on the element 7.

The main result [Cherbonnier and Colmez 1999, théoreme IV.2.1] specialized to
the representation V = Q, (1) can now be summarized as follows.
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Theorem 9. Let K /Q),, be any finite Galois extension and
Ak :=7,[Gal(Koo/ Q)]
its Iwasawa algebra.

(a) There is an isomorphism of Ax-modules
~ =1
Exp} @ H}\ (K. Z,(1) =AY (D).

(b) There is ny € Z such that for n > ng the following hold:
(bl) AV=' C Bin,
(b2) The Gg-equivariant map ¢ ™" : Agzl — Bgr factors through

9" AV 5 K] € Bag.
(b3) One has

o0
P~ (Exps () =Y exply () (P i, (1) 1!

r=1

foranyu e H} (K, Z,(1)).

Theorem 9 contains all the information we shall need when analyzing the case
of tamely ramified K in Section 6 below. However, the paper [Cherbonnier and
Colmez 1999] contains further information on the map Exp}p, which we summarize
in the next proposition. We shall only need this proposition when reproving the
unramified case of the local Tamagawa number in Section 5 below. First recall
from [Cherbonnier and Colmez 1999, p. 257] that the ring By carries a derivation

VIBK—>BK,

uniquely specified by its value on :

Vir)=1+m.
We set
V log(x) = @

and denote by
M= lim M/p"M

n

the p-adic completion of an abelian group M.
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Proposition 10. There is a commutative diagram of Ak -modules, where the maps
labeled by = are isomorphism.

H},(K,Z,(1))
~ Exp}p
§ =

(EQ) A" = AW

mod p

A(Koo) :=1lim, K /(K;)P"

J

U :=lim, , O /(05 )" Y 4 F kK]

<«~—m,n >~

1

Proof. The isomorphism § arises from Kummer theory. The theory of the field of
norms gives an isomorphism of multiplicative monoids [Cherbonnier and Colmez
1999, proposition 1.1.1]
lim Ok, = k[7 k]
n

which induces our isomorphism ¢ | after restricting to units and passing to p-adic
completions and our isomorphism ¢ by taking the field of fractions and passing to
p-adic completions of its units.

By [Cherbonnier and Colmez 1999, corollaire V.1.2] (see also [Daigle 2014,
3.2.1] for more details), the reduction-mod- p-map (Aﬁf=1)A — (Eg)" is an iso-
morphism.

By [Cherbonnier and Colmez 1999, proposition V.3.2(iii)] the map V log makes
the upper triangle in our diagram commute. Since all other maps in this triangle
are isomorphisms, the map V log is an isomorphism as well. U

4.3. Specialization to the tamely ramified case. We now resume our assumption
that p does not divide the degree of [K : Q,] together with (most of) the notation
from Section 3. In addition we assume that

{pEKv

which implies that K,/K is totally ramified and hence that F = F” is the maximal
unramified subfield of K,. The theory of fields of norms [Cherbonnier and Colmez
1999, remarque 1.1.2] shows that Ex is a Galois extension of Er of degree

3:=[K00:Foo]=[K:F(§p)]
with group
Gal(Eg /Er) = Gal(K/ Fo) = Gal(K /F(Lp)).

Note that with this notation the ramification degree of K/Q,, is e(p — 1) whereas
it was denoted by e in Section 3. The element pg of Section 3 we choose to be —p,
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1.e., we assume that

K = F( e(p—l)/_p)‘

1243

An easy computation shows that (£, — P l'=—p.uwithuel+ &p—DZplE)]

and hence we can choose the root »~{/—p such that
tp—1="Y=p-u
with u’ € 14+ (¢, — 1)Zp[¢,]. By Kummer theory we then also have

K=FQ/,— 1)

and Bx = Bp (/7). Any choice of mx = /7 fixes a choice of

Ve — 1= (m)li=o
and of
N/ = \/Q,j w')~Ve.
We have
G=EXYXA

with ¥ cyclic of order f and A cyclic of order e(p — 1) and
Ak Z=Z,[G xTx 1 = Z,[Z x Allly: — 11,
where y; = y”~! is a topological generator of I'k.

Proposition 11. There is an isomorphism of Ag-modules

H}\W (K, Z,(1D) = Ag - Bro ®Z,(1).

Proof. In view of the Kummer theory isomorphism

8: A(Koo) = HJ (K, Z,(1))

21)

it suffices to quote the structure theorem for the Ax-module A(Ky) given in
[Neukirch et al. 2000, Theorem 11.2.3] (where k = @, and our group ¥ X A is the

group A of [loc. cit.]).

Corollary 12. There is an isomorphism of Z,|G]-modules
H' (K, Z,(1=1)ZZ,[G]-B& H' (K, Zp(1 = M),

where B = prO,l—r(ﬂlw) = pr],]—r(ﬁlw)'

O
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Proof. This is clear from Proposition 11 and Lemma 8 (with r replaced by 1 —r)
in view of the isomorphisms

Z,IG] => Ak /(yi — X)) Ak
and

Z,()/ (1 — x¥°)NZ, (1) =Z, ) (x V(1) — XY (y))Z,
= H"K,Q,/Z,(1—r)))
= HY(K,Z,(1 =7))or. O

If we choose the element 8 of Corollary 12 to verify the identity in Proposition 7
it remains to get an explicit hold on some Ag-basis By, or rather of its image

o =Exp, (Bru) € Ay (D). (22)

Since « is a (infinite) Laurent series in mg it will be amenable to somewhat explicit
analysis. In the unramified components of Proposition 7 (n = 1) we can compute «
in terms of the well-known Perrin-Riou basis (see Proposition 24 below) which is a
main ingredient in all known proofs of the unramified case of the local Tamagawa
number conjecture. In the other components (1 7~ 1) we shall simply use Nakayama’s
lemma to analyze o as much as we can in Section 6.

In order to compute equ*lp(r) (B) we also need to be able to apply Theorem 9 for
n=1.

Proposition 13. Part (b) of Theorem 9 holds with ng = 1.

Proof. 1t will follow from an explicit analysis of elements in Agzl in Corollary 37
below that ¢~ (a) converges for a € Az=1, which shows (bl). Since 7g = 7 and
@ () = {me'/P" — 1 itis also clear that the values of ™" on A, if convergent,
lie in F(/¢p — DItT = K, [¢]. This shows (b2). By [Cherbonnier and Colmez
1999, théoreme 1V.2.1] the right-hand side of (b3) is given by T, (Exp}p (n))
for m > n large enough (see the next section for the definition of 7},). The statement
in (b3) then follows from Corollary 17 below. O

4.4. Some power series computations. The purpose of this section is simply to
record some computations justifying Theorem 9(b3) for n > 1. Another aim is
to write the coefficients of the right-hand side of Theorem 9(b3) in terms of the
derivation V applied to the left-hand side. First we have

Lemma 14 [Cherbonnier and Colmez 1999, lemme II1.2.3]. Suppose ¢~ "f and
@ "(Vf) both converge in Bgr. Then

—n _ ni —n
¢ (V) =p (@ ().
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Proof. 1t’s enough to check that ¢ 7" o V and p”% o @~ " both agree on 1+, since
they are both derivations. We see that

¢V m) =T (L) = e

d d n n
Pl () = e = el O

The next Lemma shows that V is compatible with other operators that we have
introduced. The ring B is defined as in [Cherbonnier and Colmez 1999].

Lemma 15. Let f € Bgx. Then we have
(@) Vyf =x¥(y)-yVf,

(b) Vof =p-¢Vf,

(¢) VTrpypp f =Trpsop Vf,

) Vyf=p~-yVf.

Proof. This is a straightforward computation. For example, to see (c) note that
(1+71)i, i=0,...,p—11isa¢@B-basis of B and

p—1
Trppp(x) =Trp/pp (Z px; - (1 +7T)l) = p - @xo.
i=0

Hence

p—1
Trp/pp(Vx) = TerB(Z Voxi - (1+7) +x;-i- (1 +n>")
i=0

p—1
=Trp/uB (Z o(pVx;+x;-i)-(1+ 7T)l>
i=0
= p*9Vxo=V(p-gxo) = V Trppp(x).
See [Daigle 2014, Lemma 3.1.3] for more details. O

Recall the normalized trace maps
T,: Koo — K,
from [Cherbonnier and Colmez 1999, p. 259] which are given by
T(x) = p~" Trk, /K, X
for any m > n such that x € K,,;, and extend to a map
T, : Kollt]l — K,

by linearity. By [Cherbonnier and Colmez 1999, théoréeme IV.2.1] the right-hand
side of Theorem 9(b3) is given by 7,0 (f) for f = Exp}p (u) € AZZI andm >n
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large enough. In order to get access to individual Taylor coefficients of the right-
hand side we wish to compute 7= 11 T,¢o7™(f), but from Lemmas 14 and 15 we see
that

r—1

Fan—m — p—m(r—l)Tn(p—mVr—l

and thus we can study the map 71",,<p on V'~ IAW ! But since YVx = th/fx
we see that V'L AV~ € AV and so we wish to study T, ™ on A=

Lemma 16. Let P € Az:p " be such that
(7" P)(0):=¢ " Pli=o
converges and assume m > n. Then if n > 1 we have
(Tap™" P)(0) = p"~ V""" (¢ P)(0). (23)
and if n = 0 we have
(Top ™" P)(0) = p"~ D" (1= p~'a™ (g " P)(0). (24)
Proof. Since P € Az:pr_l, we know that 1/ (P) = p"~' P and thus that

P~ Trg/pp(P) = @(P).

Recall that we can choose 7, such that mg = 7. Then {((1 +m)¢ — Dl/e:¢ce Mp)
is the set of conjugates of ;. over ¢(B) in an algebraic closure of B, so this gives

p" Y P((A+m)¢—DY)=Po((1+m) = HY).

cenp

Whenever ¢ D P converges for some I € N, the operator ¢~“*D P|,_¢ corre-
sponds to setting 7 = ¢,i+1 — 1 and applying o ~¢*Y to each coefficient. We get

P Y P g = DY) = P (g — DY), (25)
Ceup
If [ > 1, this simplifies to

peo —(I+1)

P Trkryi PO (Gt — DY) = PO (¢ — D),

and by induction, we see that for any 1 <n < m,

7

P P (g — 1)) = PO (G — 1)), (26)
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Since P° " ((¢pm — 1)1/¢) = (9™ P)(0), this proves Equation (23). If / = 0 then
Equation (25) becomes

P Y P 8= DY) = (970P)0).

CEUp
The left-hand side is now equal to
pTPT O+ p Tk, P (2 — D)
and we have
P Tk kg (P (6= DY) = (1= p o g " P)(0).
By induction we get
P TP (G = DY) = (1= pT oD@ P)(0),
which proves Equation (24). U
Corollary 17. If P € Ag=1 is such that ¢ =" P converges and m > n, then we have

Tn(p_mP — p—l’lgo—l’lP

ifn>1,and
Top™"P=(1—pla"He P
ifn=0.
Proof. This follows by combining Lemma 16 for all r. (]

5. The unramified case

In this section we reprove the local Tamagawa number conjecture (4) in the case
where K = F is unramified over Q. This was first proven in [Bloch and Kato
1990] and other proofs can be found in [Perrin-Riou 1994; Benois and Berger 2008].
The proofs differ in the kind of “reciprocity law” which they employ but all proofs,
including ours, use the “Perrin-Riou basis,” i.e., the A p-basis in Proposition 24
below.

5.1. An extension of Proposition 10 in the unramified case. In this section we
use results of Perrin-Riou [1990] to extend the diagram in Proposition 10 to the
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diagram in Corollary 21 below. Define

Pp = {Zann” € Fl[z] : na, € (’)F},

n>0
Pr:=Pr/pOrlrl,
Priog :={f €Pr:(p—@)(f)=0},
Priog :={f €Pr: [ €Priogl ={f € Pr:(p—9)(f) € pOrlxll,
OrllmThog :={f € Opllx1* : f mod pOrln] € 1 +mk[x]}
=1+ (m, p).

Note that Pr is the space of power series in F whose derivative with respect to
7 lies in Op[[]. Observe that the map d log is given by an integral power series,
and therefore log Of[[7 [liog € Pr where the logarithm map

n
1 — 11X
og(l+x) =) (="'~
n>1
is given by the usual power series. Since ¢ reduces modulo p to the Frobenius, i.e.,
to the p-th power map, the logarithm series in fact induces a map
log: OF [[ﬂ]]log - PF,log-

We wish to show that this map is an isomorphism, and to do this we first recall a
couple of lemmas from [Perrin-Riou 1990].

Lemma 18 [Perrin-Riou 1990, lemme 2.1]. Let
fel+nkln] =G kix)
and let f be any lift of f to Of[[7 lliog. Then

log(f) mod pOr[r]l € Pr jog
does not depend on the choice of f , and the map f +— log( f ) mod pOg([r] is an
isomorphism log; : 1 +wk[[w] = 7_3F,10g.

Lemma 19 [Perrin-Riou 1990, lemme 2.2]. Let f € Pr log. Then the sequence
Py (f) converges to a limit f° € Pr 109, and we have

(1) f*=f mod pOrlrl,

Q) () =p ' f>,

(3) (1—p~lo)f> e Oplnl,

4 f*=0 if feOrlrl,

(5) f@=¢> if f=g modpOrlnl.
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Corollary 20. (1) The map log : Or[[7 g — PF,l0g is an isomorphism.
(2) One has a commutative diagram of isomorphisms
log -1
OF [[n]]log ~ PF log

~

= | mod p

1R

mod p

1 —
14 k[ ] — s Prjog

Proof. To see the first part, note that we have a commutative diagram

1 0

log
1+ pOrllxr]l —— pOFrlr]

~

Orllmliog ——— Pr1og

1 —
1+ 7kl ]| — s P g

1 0

and that the logarithm map on 1 + pOF[[x] is an isomorphism since its inverse
is given by the exponential series. By the five lemma, the middle arrow is an
isomorphism. For the second part, it sufﬁces go note that Lemma 19 shows that any
element in PF log has a unique lift in PF log and that log V' (x) = py log(x). O

Corollary 21. For K = F the commutative diagram from Proposition 10 extends
to a commutative diagram of A p-modules:

A(Fo) = lim,, | F*/(F)P" ——— (Ef)" (_;d (AF=H" —*j A7)
; mod p og

[ e

U=lim, , 05 /(OF )" ¢—— 1 +xkln] +— Orllwliyy — Piig
n n mox p

<—m,n log log F.log

Proof. This is immediate from Corollary 20(2). O
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— 1
This diagram allows us to determine the exact relationship between Pgi)g and

A%Zl(l) since the relationship between A(F,) and U is quite transparent. There
is an exact sequence of A p-modules

0= U — A(Fx) > Z, — 0,

where v is the valuation map and Z,, carries the trivial X x I"-action. By [Neukirch
et al. 2000, Theorem 11.2.3], already used in the proof of Proposition 11, there is
an isomorphism

A(Foo) = Ar @ Zp(1) (27)

and the torsion submodule Z,(1) is clearly contained in U. Hence we obtain an
exact sequence

0— Uy — A(Foo)t — Z, — 0,

where My := M /Mos. The module A(Fyo )t is free of rank one and since the
(¥ x I')-action on Z,, is trivial we find

Utf = I‘A(Foo)tf,

where
['=(—-1,y—1)CAf

is the augmentation ideal.

Lemma 22. The augmentation ideal I is principal, generated by the element
(I—e)+(y = De,
where e| € Z,[X] is the idempotent for the trivial character of X.

Proof. This hinges on our assumption that p does not divide the order of X, which
implies that e; has coefficients in Z,. Using e% = e; we then find immediately

o—l=(-D-e)=(—-D—-e)- -[(1-e)+(y—Deil,
y—1l=y =D —-e)+e)-[(0d—-e)+(y = Deiyl. O

Lemma 23. There are elements o € A}ﬁ:‘ (), xe Pﬁjf;_l such that

(1) AT (D) =Ap-a®Z,(1)- 1,

-1 B
) Pﬁ]—ofg =Ar-a®Z, log(l+m),

(3) Va=(1-e)+(y—Dey)-c.
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Proof. Part (1) follows from (27) and Corollary 21 For part (2) one checks easily
that Z,, -log(1 + ) is the torsion submodule of 73 and that (73 F. 10 )tf is free
of rank one over A, since it is isomorphic under V to the free module

Iao=Ar-((1—=e)+(y—De) -«

by Lemma 22. Note that we view « here as an element of Az (1), i.e., the action
of y is x%°°(y) times the standard action (20) of ¥ on Ar. Setting

@:=V ' ((l=-e)+y—De) a
we obtain (3). O

52. T he Coleman exact sequence and the Perrin-Riou basis. Lemma 23 tells us
that (PF log )tf is generated over A r by a single element &, but not what this ¢ is.
By studying one more space, Or[[7]¥=", we are able to describe & and hence «.

Proposition 24. (1) There is an exact sequence of A p-modules

0 Z,-log(l+m) = Phil 2 0p[r V=0 - Z,(1) > 0. (28)

(2) Oplx1¥=C is a free A p-module of rank one generated by &(1 + 1), where
& € Or is a basis of Of over Z,[X].

Proof. Part (1) is Theorem 2.3 in [Perrin-Riou 1990] and goes back to Coleman
[1979]. See also [Daigle 2014, Proposition 4.1.10]. Part (2) is Lemma 1.5 in
[Perrin-Riou 1990]. |

Corollary 25. The bases o and & in Lemma 23 can be chosen such that
(—g¢/p)-a=(1—e)+ —x¥)er) £(1+7). (29)
Proof. The cokernel of (1 — ¢/ p) in (28) is isomorphic to
Zy()ZAp/(o =1y = x¥° W)

so the image of (1—¢/p) mustbe (o —1, y —XCYCIO(y))-S(l +7). Asin Lemma 22
we can show that this ideal is principal, and is generated by

(I—ep) + (¥ — x¥°(p))er. 0

5.3. Proof of the conjecture for unramified fields. We now have the tools we
need to explicitly compute expap nH WF, 7 »(1 —r))) and prove the equality of
Proposition 7 for K = F (i.e., e = 1). By Lemma 8 we can take

B =1y 1 (Brw),
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where B;,, satisfies

a =Exp) (Bru),
Va=((1—-e)+(y—Dey)-a, (30)
(I—g/p)-a=((1—e)+(y—x"(W)er) - £(1+ 1),

using (22), Lemma 23(3) and (29). We cannot immediately apply Theorem 9 to
n = 0, but going back to [Cherbonnier and Colmez 1999, théoreme IV.2.1] we have

o
> exply, (10,1, (0) -1 = Top™" Expl ().

r=1
Applying this to
u=((1—-e)+ —De)-Brw €1y
assures that
EXpZ} () =Va € Or[[=]
and therefore

9 0P = 0v! Exp}p ) =9 'V'a

converges in Bgr for any r > 1. Lemma 16 then implies

* — 1 d =1 —m *
eXPa, () (Pro,1— (1)) = —1)! (E) Top " Expz, (”)|t:o
_ 1 —(r—1) —mr—1 *
= Gonilr eV By, (0],
1

_ —r _—1\ _—0gr~
_—(r_l)!(l—pro o V&l _,

_ S O v
_(r—l)!(l p o)V a|ﬂ=0.

Applying V” to (29) and using Lemma 15 we have

(1=p o) Va=((1—e)+ XYWy — xY())er) - VE( + 1)
= ((1—e) + XYWy — x¥°()er) -£(1 + 1)
and so we find

expap (r) (pr(), 1—r (u))

1 1—p7o!
= Y . : _ppr_O;U . ((1 —e)+ (chclo(y)r o XCyClO()/))€1) .
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By Lemma 8 the action of y € Ar on HY\(F, Z,(1 —r)) is via the character
x<°(y)". Hence, for our choice (31) of u, we have

pro.1_ () = (1 —e1) + (XY () = Der) - pro 1, (Brw)
= ((1—e)+ xXY°W) —ey) -

and we can finally compute

1 1—p7To™! (1—e)+ ((Y>y) — x¥(y))e
- 1-p-lo (1—e1)+ (x¥(y) — Dey

eXPa,,(r)(ﬁ) = r -£.

This verifies the identity of Proposition 7.

6. Results in the tamely ramified case

We resume our notation and assumptions from Section 4.3. Our first aim in this
section is to prove Proposition 44 below which is a yet more explicit reformulation
of the identity (16) in Proposition 7. We then prove this identity fore < p and r =1
as well as for e < p/4 and r = 2. In the isotypic components where n|Gai(x F(g,) = 1
this can easily be done (for any r) using computations similar to those in Section 5.3
with

Bi:=pry 1—(Brw)

and By, defined in (30). The notation here is relative to the base field K = F. In
any case, the equivariant local Tamagawa number conjecture is known for any r in
those isotypic components by [Benois and Berger 2008]. We shall therefore entirely
focus on isotypic components with

nlGak /Fe,) # 1.

In this case we need to verify Equation (16). The main problem is that we do not
have any closed formula for a Ag-basis of (the torsion free part of) A%Zl. We shall
analyze a general basis using Nakayama’s lemma, and to do this we first need to
analyze which restrictions are put on a power series

a=ZannI’§ € Ak
n

by the condition ¥ (a) = a.

6.1. Analyzing the condition ¥ = 1. Proposition 34 below, which is the main

result of this subsection, gives the rate of convergence of a, — 0 as n — —oo for
Y=l

acAg .
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Definition 26. For n € Ny and m € Z ;) define
b i=p~' Y A=Y
Ceup
=p ' Tragyo -, ifn>1
Clearly by, , only depends on m (mod p).
Lemma 27. One has by, ,, € Z and
bmn={<—1>m(;;), ) 0<n<p,
(—=D™(2) = (=D"(;1 ). p=n<2p,
where O < m < p is the representative for m (mod p). Moreover,

+p—2
angl J_l ‘bm,n

(32)

p
forn > 1 and hence
PJ |bm,n
for jip—1) <n=({+D(p—1D.

Proof. Formula (32) follows from the binomial expansion of (1 —~')" and the

fact that
S AN
Ceup p. plk.

In particular b, o = 0, 1 according to whether p t m or p | m. The different of the
extension Q(¢,)/Q is (1 — g“p)”_z, so we have

Trae,e(yd-¢,") € p'z
= (=" S (P71 =" ) = (A =gV r=DT7r)
-2
<:>nZN(p—1)—|—2—p<:>N§n+L1_ 0
p_
Definition 28. Define integers 8, ; € Z by B, := %(i’) forl<j<p—1and

n(p—1)

p—1 n
(X)) = X s
j=1 j=n

Proposition 29. An elementa =), ain}( € Ak lies in A%zl if and only if for all
N € Z one has
N+je

00 N

— tn
ZaN-i-en(en )b(N/e>+n,n= > a(UN-'rje)/P( " >5n,j'P" (33)
n=0

O=n=<j=n(p—1)
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with the convention that a, = 0 for r ¢ Z. Equation (33) holds for all N € Z if and
only if it holds for all N € pZ.

Proof. This is just comparing coefficients in the identity p~! Trp JoB)(@) = @(a).
Onehas p(m) =(1+nm)P —1=nP(1+p-y) withy = Zf;]l Bi,j7~/ and hence
o) =g - A-(1+p-y'e
with A € . and (1 4+ Z)!/¢ the binomial series. In fact, A = 1 since ¢(g) = JTI?

mod p. Therefore

X /m
m)y=n{"(1+p- m/e=npmg ¢ ly"-p"
o) =m (I1+p-y) Kn_onyp

00 m n(p—1) '
> () 'S
n=0 j=n
and the coefficient of rr,](v ing(a) =), ale(ry) is

m
3 a;;(;)ﬁn,,- 3

m,n, j,N=pm—ej

which is the right-hand side of (33). The conjugates of & over ¢(B) are
A+m)t—l=m-¢-(1+1-¢Hrh,

hence the conjugates of 7' are

n[i{n . {m/e . (1 +( - ;fl)n—l)m/e _ 71}? . é,m/e . Z (5)0 o Efl)nnfn
n=0

and

00 m 00 m
P~ Tep e () = ng - 2(:) (;)bm/e,n”_n = (;)bm/e’””}?en’
n=

n=0

and the coefficient of JTII(V in p_1 Trp,u(py(a) is the left-hand side of (33). Note
here that B(¢)/¢(B) is totally ramified, so all the conjugates must be congruent
modulo 1 —¢.

Denote by (33),, the equation (33) modulo p”. By Lemma 30 below, (33); for
all N € Z is equivalent to (33); for all N € pZ. We shall show by induction on
m that this equivalence holds for all m. Suppose a € Ak satisfies (33),,41 for all
NepZ. Lethe A}gz1 be aliftof a € E}fZI, which exists by Lemma 32 below, and
write @ —b = ¢ - p. Then a — b satisfies (33),,4+ for all N € pZ, hence c satisfies
(33),, for all N € pZ. By the induction assumption c satisfies (33),, forall N € Z.
But then p - ¢ satisfies (33),,41 for all N € Z, hence so doesa =b+c- p. O



1256 Jay Daigle and Matthias Flach

Lemma 30. An elementa =7y, ainli( € Ex lies in Eﬁzl if and only if forall k € 7
one has

p—1
Y aipine(=1)" =qf. (34)

n=0

Proof. The only nonzero term on the right-hand side of (33); is a§, /p» corresponding
to n = j = 0, and the nonzero terms on the left-hand side are for n < p — 1 by
Lemma 27. For m € Zp) one has

(m)(n)_m(m—l)---(m—n-i—l) n! [0, m <n,
n)\im) n! 'm!(n—m)!:{l, im=n,

since for in < n one of the factors in m(m — 1) --- (m —n + 1) is divisible by p,
whereas for m = n this product is congruent to m! modulo p. For m > n one has
(%) =0, so (’;’) (%) = 0 whenever m # n. Using (32) the left-hand side of (33); is

p-l m n =
Zawn(n) (n_)(—l)’"
n=0

for m = (N /e) + n. So the left-hand side vanishes for N ¢ pZ and is equal to the
left-hand side of (34) for N = pk. O

For later reference we also record here a more explicit version of (33),.

Lemma 31. Let Hy =0 and H, = Z?:l 1/i be the harmonic number. Then (33),
holds if and only if for all k € Z one has

p—1 2(p-1)
Zakp+ne( " (1+ka )+ Z akp+ne( ntr. anp(l"i_é)Ealf- (35)
n=p+1

Proof. The only nonzero term on the right-hand side of (33), for N = kp is af,
corresponding to n = j = 0, since for n = 1 there isno 1 < j < (p — 1) with
p| (N+je) =kp+ je. The nonzero terms on the left-hand side are forn <2(p—1)
by Lemma 27. Note that for 1 < j <n < 2p only j = p is divisible by p. So
computing modulo p? we have

kp | kp '
() D) P B Do

n

n! N n!
kp kp\? 1

=1+2H,+ () —

PR\ Z 1J2

I<ji<jp<n

_ {1 +%H,, X n<p,
= k

1+§+7pHn_p+(%) p-Hy—p, p=n<2p.
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Here we have used H,_1 =0 mod p and Z?:pﬂ 1/j =H,-, mod p. By (32)
we have

(" (=D" = (=D", n<p,
b(kp/e)—i—n,n: 0, n=p,
() - () pen<2p
and
n ny_ (ptn=—pp+tn—p—D--(p+D) = A1
(n—p>_<n>_ (n—p)! _IZP'ZI;
j:

So the summand for n = p vanishes and for p < n < 2p we have

kp

- tn k  k k2 e

( i )b(kp/e)+n,n5<l+z+?pHnp+<g) -p-H,,,p>(—1) P.p-H,_,
k

- (_1)"—P(1+;).p.Hn_,,. 0

Lemma 32. The map Agzl — E}g =lis surjective.

Proof. This follows from the snake lemma applied to

0 Ax — 2 Ag Ex 0
wll wll wll
)4
0 Ak Ak Exk 0

and the fact that Ax /(Y — 1)Ax = H,Zw(K, Z,(1)) = Z, (see [Cherbonnier and
Colmez 1999, remarque 11.3.2.]) is p-torsion free. O

Definition 33. Fora =), a;m} € Ax and v > 1 we set
(@) := min{i | p* fa;).
In particular
l(a) :=11(a) = vy (@)
is the valuation of a € Eg.

Note that /(a) is independent of a choice of uniformizer for Ak, but for v > 2,
l,(a) is not.

Proposition 34. Leta € A%Zl.
(a) Forallv > 1 we have

N P it R



1258 Jay Daigle and Matthias Flach
In particular l(a) > —e.
®) Ifl(a) < —e+e(p—1) then
h(a) >1l(a) —e(p—1),

while if [(a) > —e+e(p — 1) then l,(a) > —e.
(©) If l(a) < —e+2e(p—1)and lr(a) > (a) —e(p — 1) then

l3(a) > l(a) —2e(p — 1),

while if [(a) > —e+2e(p— 1) and l(a) = l(a) —e(p — 1) then l3(a) > —e.
Remark 35. Part (b) is a small improvement of part (a) for v = 2 and a with
l(a) > —<2 — l)e+e(p —1,
p
while part (c) improves (a) for v = 3 and a with
la) > —<3 . %)e F2e(p—1)

and lh(a) = 1l(a) —e(p —1).
Proof. Suppose a =) _; ain}( € Azzl. Part (a) is equivalent to the statement

vip—1)+1
<_—
p

e = p'la, (36)

which we denote by (36), if we want to emphasize dependence on v. We shall
prove (36), by induction on v, the statement (36)g being trivial. Now assume (36),/
for v’ < v and assume p'*! tg; for some

_w+Dp-D+1 »
p )

1 <

We shall show that there is another i’ < i with p"*!{a;,. Hence there are infinitely
many i < 0 with p"*! { a; which contradicts the fact that @ € Ag. This proves

(36)U+1'
In order to find i’ we look at (33) for N = pi

o0 pi i
=4+n 4+ A
Zapi-i-en( ¢ n )b(pi/e)-i-n,n =Cl:~7+ Z a?—l—)»e(e n )ﬂml’)ﬁpn (37)
n=0 1<n<pi<n(p—1)
and first notice that

v+1—n
p dit)e
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forn/p <A <n(p—1)/p. This is because of
v+Dp-D+1 n(p—1) v+1-mp-DH+I1
- e+ ——e=— e

p p p

I+ Ae <

and the induction assumption. Since ((i/ en)“) Bn,pa is a p-adic integer we conclude
that p‘”rl divides the sum over A, n in the right-hand side of (37) and hence does
not divide the right-hand side of (37).

Considering the left-hand side of (37) we first recall that Lemma 27 implies that

pj |b(pi/e)+n,n (38)
for j(p—1) <n < (j+1)(p —1). For n in this range we have
pi+ne < pi+(j+1)(p—De < —((w+D(p—D+1)e+(i+D(p—1De
:—((v—|-1—j)(p—l)+1)e+(p—l)e
w+1=-/H(p—-D+1
== ‘e
P

provided this last inequality holds which is equivalent to

(39)

p(+1=Dp-D+1)=pp-D=@+1-)(p-1+1
= p-D(+1-Hp-D+1)=p(p—-1
— (v+1-Hp-D+1)=p
S v+l-H=zl—=v=

So for 1 < j < v inequality (39) holds, and the induction assumption implies

v+1—j
V4 / |api+ne-

Using (38) we conclude that p¥*! divides all summands in the left-hand side of
(37) except perhaps those with n < p (corresponding to j = 0). Since p**! does
not divide the right-hand side, it does not divide the left-hand side of (37). So
there must be one summand with n < p not divisible by p"*! and hence some
i’ := pi +en withn < p — 1 such that p”*! { a;.. It remains to remark that

i'=pi+en<pi+e(p—1)<pi—i(p—1)=i (40)

since i < —e.
To prove (b) we use the same argument. Assuming the existence of

i <min{l(a) —e(p—1), —e—1}

with p?{a; we find another i’ < i with p?{a;. On the right-hand side of (37), apart
from af, all summands are divisible by p? (note there are none with n = 1 since A
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has to be an integer). On the left-hand side, summands for n > 2(p — 1) are divisible
by p? by Lemma 27. For p <n <2(p—1) we have, assuming /(a) < —e+e(p—1),

pi+en < (l(@—e(p—1)+2(p—De=1I@)+(p— i@ —(p—=2)(p—1e
<la)+(p—D(=et+e(p—1) = (p=2)(p—De=I(a)

and therefore p | apjqen. If [(a) > —e +e(p — 1) we have
pit+ten<p(—e)+2(p—le=—e+e(p—1)<l(a)

and again conclude p | ap;4eq. So all summands on the left-hand side with n > p
are divisible by p?. Hence some i’ := pi +en with n < p — 1 satisfies p* { a;.
Moreover, (40) holds since i < —e.

For (c) we use this argument yet another time. Assume

i <min{l(a) —2e(p—1), —e — 1}
and p>{a;. On the right-hand side of (37) we need p | a; 4. for2/p <A <2(p—1)/p,
ie., A =1. But
i+e<min{l(a) —2e(p—1)+e, -1} <l(a),
SO p | dite. Assume first [(a) < —e 4 2e(p — 1). On the left-hand side we have for
p=n=2p-1
pi+en < p(l(a) —2e(p— 1)) +2(p—1e
=la)—e(p—D+(p—-Dlla)+e(p—1)—2p—-2)(p—1e
<l@—e(p—D+(p—-—D(—e+2(p—1)—-2p—3)(p—De
=l(a) —e(p—1) = ha)

and therefore p? | Apiten- For 2p —1<n <3(p —1) we just add (p — 1)e to this
last estimate to conclude
pi+en < p(l(a)—2e(p—1))+3(p—De
<l(@)—e(p—1D+e(p—1) =l(a)

and hence p | apjqen. Now assume I(a) > —e+2e(p—1). For p <n <2(p—1)
we have

pi+en<p(—e)+2(p—De=<l(a)—e(p—1) <l(a)

and therefore p? | Apiten- For 2p —1 <n < 3(p — 1) we again add (p — 1)e to this
last estimate to conclude pi +en < I(a) and p | apiyen. As before we conclude
that, for some i’ := pi +en with n < p — 1, we have p> { a;;. Moreover (40) holds
since i < —e. O
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Before drawing consequences of Proposition 34 we make the following definition.

Definition 36. Let o be the uniformizer of K given by

w=\{p—1= o~ (mK) l1=0

and denote by v, the unnormalized valuation of the field K, i.e.,

Vo (p)=e(p—1).

Fora e BIT(’1 define

Vi (@) = Ve (971 (@) |120).

Corollary 37. Forall a € Azzl the series ¢~ '(a) converges, i.e., Agzl - B,z’l.
Proof. By (a) we have p” | a; for
wv+D(p-1)+1 . vip—D+1
- e<i<———-——— ¢

p p
and hence )
Ip+e
vp(a) >=v>———-—1
! e(p—1)
and
Vo (@iw') > —(ip+e)—e(p—1)+i=—(p—1)i — pe. (41)

This implies
lim vy (gjm’) =00
1—>—00

and hence the series ), ; a;o' converges in K C Q p- By [Colmez 1999, proposi-
tion I1.25] this implies that ¢! (a) converges in Bgg. ]

Proposition 38. Foreacha e E}gzl we have l(a) > —e. If [(a) > —e thenl(a) # —e
mod p. Conversely, for each ¢ € k* and n € Z with

—e<n#*—e mod p

there is an element a € E,‘é’zl with [(a) = n and leading coefficient c.

Proof. That [(a) > —e is Proposition 34(a). Assume that [(a) > —e and [(a) = —e

mod p. Then [(a) = kp + (p — 1)e for some k € Z and

_ @)= (p—1De
p

so we have a; = 0. Further, ay,1;. =0 fori =0, .., p—2 since kp +ie < [l(a).
Hence there is only one nonzero term in (34) which gives a contradiction.

k :l(a)—(l—%)(l(a)—l—e) <l).
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To show the second part one can solve (34) by an easy recursion. Alternatively,
Proposition 10 implies that V log(a) € E}g =! for any a € E;. Now compute
V(1 +emg) cnfe-(mg “+mg) con .,

Viog(l +cmg) = gt
&( K) 1 +cmg 1 +cmy e K

and note that for p { n one can produce any leading coefficient. ([
Remark 39. Elements a € E}g:l with [(a) = —e exist, e.g.,

Vieg(n/y=j-n '+ =j -+,
but their leading coefficient is restricted to elements in [,.
Corollary 40. Ifa € A%ﬂ and

l(a) <—e+e(p—1),
we have vy (a) = 1(a).
Proof. Since vy (1)@ @) = 1(a) we need to show
vy (@i’) > 1(a)
for i #[(a). This is clear for i > [(a), and also for
llay—e(p—1)<i<l(a)

since in that range p | ¢; and 0 vy, (a;@’) > e(p — 1) +i > I(a). For

lay—2e(p—1)<i<l(a)—e(p—1)
we have p? | a; by part (b) and hence v, (a;') > 2e(p — 1) +i > I(a). Finally for

i<l(a)—2e(p—1)<—e—e(p—1)=—ep <—2¢
we have by (41)
Vo (@jw') = —(p = Di = pe > (p = 1)2e — pe = (p = e > l(a),

using the assumption on [/ (a). ([

In order to study v (a) fora e Agzl with [(a) > —e+e(p — 1) we need to use
Lemma 31. The next proposition will show that v, (a) cannot only depend on /(a)
in this case. In the situation of Proposition 41(b) one can have v, (a) = I(a) but
for any b € Azzl with [(b) < (a) —e(p — 1) and p*{ aip) + pbip) one has

l(a+pb)=1(a), ve(a+pb)<lb)+e(p—1) <l(a)=vz(a).
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Proposition 41. Lera’ € Agzl with

l(@)=up—e+e(p—1)

for some p e Zwithl < pu < e("T*l).

(a) There existsa=a’ mod p with

ha) = pup—e=I1(a)—e(p—1).

(b) For a as in (a) we have v (a) > [(a) with equality if p 1 u — e. This last
condition is automatic for e < p.

Proof. First note that [,(a’) > —e by Proposition 34(b). If l;(a’) = —e then
Equation (35) for k := —e reads

alie = al/<p+e(p—l) = aLe
sincei =kp+en<la)forn<p—landi=kp+en<—e+e(p—1) <lIi(a)
forp4+1<n<2(p—1). Hencea’ ,/p mod p € [,. Adding an element pb to a’,
where b with [(b) = —e is as in Remark 39, we can assume that /;(a’) > —e. More
generally, as long as I (a’) < I(a’), we can add elements pb to a’ whose existence
is guaranteed by Proposition 38 and increase I;(a’) until /;(a’) is not one of the
possible [(b), i.e.,

h@=pwp—e=W —e)p+(p—1De
for some ' > 1. Equation (35) for k := u’ — e then reads

2(p—1
_ k
0=alprepnt 2 e D' Hap(147) (@)
n=p+1
since i =kp+en <(a') forn < p—1andalsoi =k < ly(a'), so a; =0 for
those i. If W' < uw wehavefor p+1<n<2(p—1)

kp+ne < (u—e)p+2(p—De=1(a)

and hence p | a,/(erne. Soif u' < w then a,/{ere(pfl) is the only nonzero term in (42)

and we arrive at a contradiction. Therefore ©’ > u and we have found our a, or

otherwise we arrive at an a with />(a) = [(a). In either case this proves part (a).
Equation (42) for k := u — e gives

OEakp+e(p—l) +al(a) . (—1) -p- Hp_2<1 + Me—e)

= Qipte(p—1) — ia) " P - % (mod p?) (43)
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since p | agpine for kp +ne < kp +2(p — 1)e =1(a). Note also

1
H, »=H, | — =1 =0—(—1)=1 (mod p).

For part (b) we need to show that v,, (a;w"’) > I(a) for all i € Z (and compute the
sum over those i for which there is equality). As in the proof of Corollary 40 for
i >Il(a)and l(a) —e(p — 1) <i < l(a) we obviously have Ve (aim?) > 1(a). By
(43) we have

pr

l(a)
we(p_ne“)“l(a)w

@) —e(p—1y @' PPV 4 '@ = <

<—%+1)a1(0)w1(“)+O(ZUI(”)H) (44)
since
oV = (5, =P = —p (mod (£, — D).
Soif p{—(n/e) + 1 this is the leading term of valuation /(a). For
l(a)—2e(p—1)<i<l(@)—e(p—1),

since lr(a) > I(a) —e(p — 1) by part (a), we have p2 | a; and hence vy (q;?) >
2¢e(p—1)+i > Il(a). For

l(a)—3e(p—1) <i<l(a)—2e(p—1)

we have p? | g; by (c) of Proposition 34 and hence v,, (a;") > 3e(p—1)+i > [(a).
Finally for

i<l@)—3e(p—1)<—e—e(p—1)=—ep
we have by (41)
Vg (@i') = —(p = )i — pe > (p = 1)pe — pe = (p = 2)pe > 2p —3)e > I(a)
using the assumption on [/ (a). U

6.2. Isotypic components. We introduce some notation for isotypic components.
Recall that

G=EYXY XA

with ¥ cyclic of order f and A cyclic of order e(p — 1). For any X-orbit [n] we
define the idempotent

e = Y ey €Z,[G],

n’ef)n
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where the irreducible characters x = ([n], ") of G are parametrized as in Section 3.
For any Z,[G]-module M its [n]-isotypic component

M[’?] = 6’[,7]M

is a again a Z,[G]-module. The X-orbit

fn—1

2
=, 0P 0", .o Y=, ™) (45)

corresponds to an orbit {ny,...,n Y EZ)e(p—1)Z of residue classes modulo

e(p—1) under the multiplication-by- p map, i.e., we have n; 1 =n; p mod e(p—1)
where we view the index i as a class in Z/f,Z. We shall use the notation

= {1, ... np) = [ni]

to denote both the orbit of residue classes in Z/e(p —1)Z and the orbit of characters.
By (21) the group
A= Gal(K/F(Z)))

actson /¢, — 1= ¢~V (k) |;=0 via the character o defined in Section 3 and acts on
Tk via n{)’. The [n] = {ni, ..., ny,}-isotypic component of the Z,[Z x A,]-module
AK is

{a = Zanng |an =0 forn mode ¢ {nl,...,nfn}},
but A}?] is much harder to describe since mx is not an eigenvector for the full
group A. However, there is the following fact about leading terms.

Lemmad42. Fixv>1,a= Zj ajrr,}; € Ak and denote by e, € Op[ A] the idempotent

Jorn=mny. If
p-ly(a)=n mode(p—1), (46)

then
Ly (ena) =1,(a)

and the leading coefficients modulo p’ of eya and a agree. If a = eya is an
eigenvector for A then (46) holds.

Proof. Denote by
w: A — Gal(F(¢,)/F) — Z;

the Teichmiiller character. For § € A we have

00 1
stme) = (1m0 =) = (L (7))

i=1

00 1
=187k (1 + Z ﬁ(“’ﬁ‘”)n“)
i=2
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where A(8) € pe(p—1) satisfies L(8)° = w(§) and (1 + Z)!/¢ denotes the usual
binomial series. Applying ¢~!|;—o we find

8¢y =) =a""-Jc,—1 mod o
and since /¢, — 1 = “»-)/—p mod @? we obtain A(8) = 10(8)”. In particular,
for any a € Ak

. I, Iy 1
8(a) = no(®)" @ . ay gy - 7™ mod (p°, wp YT

and

_ 1 -1 _ 1 ply(@—n o h@
en“—e(p_nz” (8)8<a)_e(p_1)2no(a> al, (@) - TR
SeA SeA

ay@ - e @ if pel,(a) =n mode(p—1),
0 if p-l,(a) #n mode(p — 1),

where the congruences are modulo (p”, rr,l(” (a)H). This implies both statements in

the lemma. O

Remark 43. With the notation introduced in this section we have
I
e[’]] = Z enpi *

i=1

6.3. The main result. We view ¥ as a subgroup of G such that “v-)/—p € K%,
where <»~)/—p is the choice of root corresponding to our choice of root g of 7.
Then the Z,[X]-algebra Z,[G] is finite free of rank e(p — 1). For each choice of
the [n]-isotypic component of Z,[G] is free of rank f; over Z,[X] and for each
n # w the [n]-isotypic component

(A~ apt
of AY='(1) is free of rank f; over Z,[S1[y; — 1]. Write
M ={n1,....n5) =1 S Z/e(p — Z
and pick representatives n; € Z with
O<ni<e(p—1), i=1,...,f,.
Note that our running assumption n|a, # 1 implies e { ;.

Proposition 44. Fix n|a, # 1 and let {o;| i =1, ..., f;} be a Z,[Z][y1 — 1]-basis
of (Az:1 () Ler n; » be representatives for the residue classes

[n —rel] S Z/e(p—1Z
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with
O<nj,<e(p—1)

indexed such that n; —re =n; , mod e(p — 1). Consider the two Z ,[X]-lattices

I
L =@ 7,51 (Ve /5~ 1)
i=1

I

O][?l—re] _ @ OF - ( e(pflx)/__p)n['r

i=1

and

in the [n| — rel-isotypic component
I

Klm—rel — @F (- 1) )n” _ EDF (<= |> )nﬁre

of K. Then the conjunction of (16) (in Proposmon 7) for x = ([n1 —rel, ') over
all n' holds if and only if L, and (’)I[("'_re] have the same Z ,[ £]-volume, i.e.,

Detz,x] L, = Detz, [z O~ (47)
inside Detg,z1 K117,
Proof. Let a be a Agep,,j-basis of (Azﬂ(l))[’”]. Then
Brw = (Expz )~ (@)
is a Agepy,-basis of H}, (K, Z,(1))!"] and the element
B =pri - (Brw)

of Corollary 12 is a Z,[Glejy,—re-basis of (H'(K,Z,(1 —r))/tor)"1="¢l. This
follows from the fact that the isomorphism pr; ;_, of Lemma 8 is not Ag-linear but
Ag-k_,-semilinear, where « ; is the automorphism of Ag given by g+ g xYo(g)/
for g € G x I'k. Theorem 9 and Proposition 13 imply

* 1 A -1, -1
exp@,,(r)(ﬁ)=m(a) p o ()|=0

—r

p r— (T_1 e,
= W(V "% (e, —1).
Hence the Z,[Glej,, —r¢)-lattice
Zp[Gl-(r =Dl p"~ " expgy () () € KMl (48)

is free over Z,[X] with basis

1),( Vil e, —1=p7 (Ve (g, = ),

—-ph.
(r—Dt-p -
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where i =1, ..., f,. Now the conjunction of (16) for x = ([n; —rel], n') over
all n’ is equivalent to the statement that the lattice (48) and the [n — re]-isotypic
component of the inverse different

—(e(p—1)—1
(eg-p_l) (2(17 ) )OK
have the same Z,[X]-volume. Since e {n; we have

((\e/ﬁ)—(e(p—l)—l)OK)[n1—rel — (p—IOK)[nl—re]

and the statement follows. O

6.4. Proof for r =1, 2 and small e. We retain the notation of the previous section.
As in Proposition 24 denote by & a Z,[X]-basis of Of.

Proposition 45. There exists a Z,[ X[y, — 11-basis

=&-a 4 cAlT ) i=1,.

of (AY=himi=el ypigp
R Lt if ptni,
—e+e(p—1) ifplni.

Proof. By Nakayama’s lemma it suffices to find a [,[X]-basis for

AT oy = D= (AFT /(poy = D)L (49)

By Lemma 32 we have Az : / pAw L= = Eg =1 . By Pr0p051t10n 38 (reductions
mod p of) elements «; as described in Proposition 45 exist in E . By projection
and Lemma 42 we can also assume that they are in the [n; — e]-isotypic component.
Let a’ be a nonzero Z p[Z]-linear combination of the «; and assume

=(y;—1)a mod p

for some a € Aﬁzl. By Lemma 46 below we have [(a’) > —e +e(p — 1). Since
l(a") = () for some i, this implies

l(@)=—e+e(p—1)=—2¢ mod p.

Using Lemma 46 again we have I(a) < [(a’) —e(p — 1) = —e mod p. Since
[(a) # —e mod p by Proposition 38 we have strict inequality. Lemma 46 then
shows p | [(a) and hence p | [(a’), contradicting [(a") = —2¢ mod p. We conclude
that the «; are linearly independent in (49). Since the [F,[X]-rank of (49) is f;, this
finishes the proof. (]
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Lemma 46. Fora € E}(//:l with [(a) = jp* with p{ j we have

I((y1 —Da) = (j +e(p—1)p".
In particular
l((yi—Da) =1l(a) +e(p—1)
with equality if and only if p {l(a), and
H(n—Da)=—e+e(p—1)
foralla e E}gzl.
Proof. Since x<°(y;) = 1 + p we find from (20) that (in Eg)
vi(m) =m +aP +xPt!
and hence for n = jp*
(i — D = (w + 7P 4Pyl —gn/e = g ((1 + Pl gpynle — 1)
=l ((1 + P =D _|_7Tp”+1)j/e _ 1)
= i.n;+€pk(p—1)+._.
e
and this is indeed the leading term since p 1 j. The last assertion follows from
Proposition 34(a). O
Proposition 47. If e < p, the identity (47) holds for r = 1.
Proof. We first remark that for each i we have

ni—e if ptn;,

Ve () = I(e) = {”li —ete(p—1) ifp|n

by Corollary 40 and Proposition 41. Note that there is at most one n;, n| say, with
O<ni<e—1
since all the n; lie in the same residue class modulo p — 1 and e < p — 1. Then
np=pn <ep—p<ep—e=e(p—1)

and conversely, p | ny if and only if 0 < ny :=ny/p < e — 1. For all other i we
have n; —e =n; 1. So if no n; — e is negative then

—1
gi=0af (Jtp—1)ek
is already a basis of (QI[é1 1=l Otherwise

p"]17p_1'q2»q3»---,an
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is a basis of OI[("‘_e]. Since L is the span of the g; the statement follows. ([

Remark 48. Although not covered by Proposition 2, it is in fact true that the
equivariant local Tamagawa number conjecture for » = 1 is equivalent to (47) for
r = 1 and so Proposition 47 proves this conjecture for e < p. However, for r = 1
one can give a direct proof without any assumption on e other than p { e by studying
the exponential map instead of the dual exponential map. Since the exponential
power series gives a G-equivariant isomorphism

exp:p-Og =1+ p- O,

the (equivariant) relative volume of exp(Ok) and ((’);)A CHY(K,Z p(1)) can be
easily computed. For more work on the case r = 1, see [Bley and Cobbe 2016] and
references therein.

To prepare for the proof of Proposition 51 below we need to compute v (Ve;),
i.e., prove the analogues of Corollary 40 and Proposition 41 for Va e Az:p .

Lemma 49. Assume e < p/2. Fora € Agzl with
ptl(a) <—ete(p—1)

or with
l(a)=pp—e+e(p—1)

and chosen as in Proposition 41(a) we have

Ve (Va) =1(Va) =1(a) —e.

Proof. Since
J

Vil =Ll 4 Lal, (50)
e e

it is clear that /(Va) =(a) — e if p{l(a). To compute v, (Va), note that from the
proof of Corollary 40 we already know
vw(ajwj) > [(a)
for j # [(a). But this implies
Vo (ajiwje> >[(a)—e, Vy (ajiw/) >[(a) >1(a) —e &2}
e

e
for j # [(a). This finishes the proof for the case p{l(a) < —e+e(p—1). If
l(a)=pup—e+e(p—1)

then recall from the proof of Proposition 41(b) that we had to compute modulo p?
and there were two terms in (44) with valuation /(a) arising from j = /(a) and
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j =1(a) —e(p —1). Normalizing the leading coefficient to be & (as in the «;) we

have

l(a)

= +o+E T+ mod p?

g 1P gi@—er=D
e
and

—e —e—e(p— I(a _
VGES P;p /'Lpe n]l{(a)ee(p 1)+"'+%—'%'7T[l((a) e_{_“.

mod p2

and hence

Bp P =€ i@—e—etp-1) 4 HD i@
e e e

= <_ﬁ mp—e + l(_a)) ! @=¢ mod p2.
e

e e

Computing the leading coefficient modulo p we find

(ﬁ+—_28):&_2,
e e e

which is divisible by p if and only if p | © — 2e. Since e < p/2 we have

e(p—l)_Ze:( 1

—p<-—-2e<pu—2e< —1——)e<0
p p

and hence p { i —2e. In the proof of Proposition 41(b) we showed v, (a; w!)>1(a)
for j #1(a),l(a) —e(p — 1) and as above this implies that the corresponding terms
in Va all have valuation larger than /(a) — e. O

We handle the case p | [(a) in a separate lemma. Similar to Proposition 41 we
need to compute modulo p?.

Lemma 50. Assume e < p/4 and 0 < up < —e + e(p — 1). Then there exists
ac (Aﬁzl)[“p] with [(a) = up and

Ve (Va) =1(Va) =up —e+e(p—1).
Moreover we can choose a with any leading coefficient.

Proof. The statement about the leading coefficient will be clear from the proof,
so to alleviate notation we take the leading coefficient to be 1. First we can find
a' € AL=" with

up _ _upte(p—1) +.

a =m" —my .+ (mod p?),

ie., witha;=0foralli < up+e(p—1)andi # pup. To see this, first note that (35)
is satisfied for k = u since H,_; =0 (mod p) (and we take a,’w L ne arbitrary but
divisible by p forn =p+1,...,2(p —1)). In any Equation (35) with index k < p
the coefficient al’J » does not occur on the left-hand side since kp + ne is a multiple

of ponly forn=0amongne{0,..., p—1, p+1,...,2(p—1)}. On the right-hand
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side we always have a; = 0 since k < i < pup. Similarly, the coefficient a/ wpte(p—1)
does not occur on the left-hand side for k < u since kp+ne = up+e(p—1) implies
= —1 (mod p), i.e., n= p—1. So the fact that a] # 0 for i = up, up+e(p—1)
forces no further nonzero terms in equations with index k < u. Equations (35) with
index k > u can always be satisfied inductively by adjusting the variable a,/{p Hp—1)e
since a; P (p—1)e does not occur in any equation with index k" < k.
With the notation introduced in Section 6.2 set

a=eppa € (AZZI)[W]
so that [(a) = [>(a) = up by Lemma 42. We have
up+e(p—1)

va' =H T+ Ep - -nllép_e%(p Dy (mod p?)
e e e
and hence

Va=Veypa = ep-aVd

E@.nw—q..._(w_%) pp—ete(p=1)

d
e K e e (mop)

up—ete(p— u«p)

where x is the coefficient of 7, in the expansion of ej,—)(Ty" ‘+7

Moreover
[(Va) =1(Veypa') =1l(ejup-eVa') =1(Va') = up —e+e(p —1).

In order to show that v, (Va) = [(Va) write
Va = Z b; n,’(
i

The terms for i = up —e and i = up — e + e(p — 1) contribute the leading term in
the variable @

+e(p—1
HD  up—e _ <W—<P> _ @x) g hp—eter=D | .
e e e

_ ( " ,bLP+€(P—l) ) _wupf€+€([7*1)+...
e e €

since, similarly to (44), we have p { —% + 1 as e < p. For the terms with i #£
up —e+e(p—1), up — e we must again verify that

Vo (biw') > pup —e+e(p — 1.
This is clear fori > up —e+e(p — 1) and for

up—e<i<up—e+e(p—1)
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since then p | b;. For i < up — e it suffices to show by (51) that we have instead
Vo (@iem’) > pp +e(p—1)
for i < up. Since ly(a) = up we have v (a;) > 2e(p — 1) for
up—e(p—1) <i<up
and hence vy (q; @) > up +e(p—1). For
up —2e(p—1)<i <pup—e(p—1)

we have by v, (a;) > 3e(p — 1) by Proposition 34(a) since
i<up—e(p—1)< —(3—%)-e.

Indeed this last inequality is equivalent to

MP<((P—l)—(3—%))-€<:>M<€—<%—§>'e,

which holds by our assumption 4e < p, noting that e — 1 is the maximal value for .
Finally for

i <pup—2e(p—1)<—e—e(p—1)=—ep
we have by (41)
Vo (@im’) > —(p — 1)i — pe > (p — 1) pe — pe = (p — 2) pe
>R2p—-3)e=—e+2e(p—1)>up+e(p—1). U
Proposition 51. Ife < p/4 the identity (47) holds for r = 2.
Proof. By Lemmas 49 and 50 we can choose «; such that

Vo (Vay) = 1(Vey) = {0~ <€ i piniand pin; —e
ni—2e+e(p—1) if p|n;orpln;—e.

As in the proof of Proposition 47, for each 0 < n; < e there is a unique n, = pn;
divisible by p. Similarly for each n;, with e < nj, < 2e (which is unique if it exists)
there is a unique

npy1 —e=p(n, —e)
divisible by p. Note here that n;, <2e — 1 and hence
npy1 <ple—D+e<e(p—1)

using 2e < p. Let

-1
gi :=Va) (J¢p—1)eK
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be the basis of L,. We again find that

P-q1,p 1'q2,...,p'Qh,p_1'Qh+1,...,an if ny <eand e <ny < 2e,

p-q1,p_1-412,...,qh,qh+1,...,qf,7 ifny <eand Ae <ny < 2e,

ql,qz,...,p.qh,p_l-qhﬂ,...,qfn if Any <eande < ny <2e,

QI,QZ,---,CM,CHH-I,---,qlf,, lf/anl <enore<np <2€s
is a basis of OI[("“%] and the statement follows. O
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Heegner divisors in generalized Jacobians
and traces of singular moduli

Jan Hendrik Bruinier and Yingkun Li

We prove an abstract modularity result for classes of Heegner divisors in the
generalized Jacobian of a modular curve associated to a cuspidal modulus. Ex-
tending the Gross—Kohnen—Zagier theorem, we prove that the generating series
of these classes is a weakly holomorphic modular form of weight % Moreover,
we show that any harmonic Maass form of weight O defines a functional on the
generalized Jacobian. Combining these results, we obtain a unifying framework
and new proofs for the Gross—Kohnen—Zagier theorem and Zagier’s modularity
of traces of singular moduli, together with new geometric interpretations of the
traces with nonpositive index.

1. Introduction

The celebrated Gross—Kohnen—Zagier theorem [Gross et al. 1987] states that the
generating series of Heegner divisors on the modular curve X(N) is a cusp form
of weight % with values in the Jacobian of Xo(/NV). This result was later generalized
by various authors to orthogonal and unitary Shimura varieties of higher dimension;
see, e.g., [Borcherds 1999; Kudla 2004; Liu 2011].

In a different direction, Zagier [2002] proved that the traces of the normalized
Jj-invariant over Heegner divisors of discriminant —d on the modular curve X (1)
are the coefficients of a weakly holomorphic modular form of weight % This result
was also generalized in subsequent work to modular curves of arbitrary level, traces
of harmonic Maass forms over twisted Heegner divisors, and to cover more general
nonpositive weight modular functions; see, e.g., [Alfes and Ehlen 2013; Bringmann
et al. 2005; Bruinier and Funke 2006; Duke and Jenkins 2008; Funke 2002; Kim
2004]. Recently, Gross [2012] has explained how Zagier’s original result can be
related to their earlier joint result with Kohnen. He showed that the traces of singular
moduli on X (1) can be interpreted in terms of Heegner divisors in the generalized
Jacobian associated with the modulus 2 - (c0).

The authors are partially supported by DFG grant BR-2163/4-1.

MSC2010: primary 14G35; secondary 14H40, 11F27, 11F30.

Keywords: Singular moduli, generalized Jacobian, Heegner point, Borcherds product, harmonic
Maass form.
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We pick up this idea of Gross and define classes of Heegner divisors of arbitrary
discriminant in the generalized Jacobian Ji; (X) of a modular curve X of arbitrary
level with cuspidal modulus m. Then we prove that the generating series of these
classes is a weakly holomorphic modular form of weight % with values in Jy, (X).
Our argument is a generalization of Borhcerds’ proof [1999] of the Gross—Kohnen—
Zagier theorem [Borcherds 1999] and relies on the construction of explicit relations
among Heegner divisors given by automorphic products. Note that, in contrast
to [Borcherds 1999], we need to use the explicit infinite product expansions of
automorphic products at all cusps of X. By applying the natural map between Ji,, (X)
and the usual Jacobian J(X) to this generating series we recover the “classical”
Gross—Kohnen—Zagier theorem.

Then we show that every harmonic Maass form F of weight 0 on X with
vanishing constant term at every cusp (such as the normalized j-function when
X = X (1)) defines a functional trg on Ji,,(X). The value of trr on Heegner divisors
of negative discriminant —d is just the sum of the values of F over the Heegner
points of discriminant —d. The value of try on “Heegner divisors” of nonnegative
discriminant can be explicitly computed in terms of the principal parts of F at the
cusps. In that way we are able to recover Zagier’s result and its generalizations in
[Alfes and Ehlen 2013; Bruinier and Funke 2006].

We now describe the content of the present paper in more detail. To simplify the
exposition, throughout this introduction we let p be prime or 1 and consider the
modular curve X(p) associated to the extension I'j(p) of ['g(p) in PSLy(Z) by the
Fricke involution. In the body of this paper, we consider modular curves of arbitrary
level (as modular curves associated to orthogonal groups of signature (1, 2)).

Let oo be the cusp of X (p) and let m be a nonnegative integer. Then m =m-(c0)
is an effective divisor. Recall that the generalized Jacobian Jn,(X{(p)) of X;(p)
associated with the modulus m is a commutative algebraic group whose rational
points correspond to classes of divisors of degree zero modulo m-equivalence; see
Section 2 and [Serre 1988]. If m = 0, then Jin (X{5(p)) is simply the usual Jacobian.
For any integer d, let Q,, 4 be the set of (positive definite if d > 0) integral binary
quadratic forms [, b, ¢] of discriminant —d = b? —4ac with p dividing a. If d #0
then I';(p) acts on Q,, 4 with finitely many orbits.

If d is positive, then any Q € Q,, 4 defines a point « in the upper complex
half-plane H, the solution of the equation az> + bz + ¢ = 0 with positive imaginary
part. There is a corresponding Heegner divisor of discriminant —d on X{(p) given

by

1
Y(d) = Z WTIM (ag),
0€0,4/Ti(p) " 0 F7€

where I'(p) o is the (finite) stabilizer of Q (see Equation (1.5) in [Bruinier and
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Funke 2006]). The divisor
Z(d) =Y (d) —deg(Y(d)) - (00)

has degree zero and is defined over Q. We denote by [Z(d)]y, its class in the
generalized Jacobian Ju (X5 (p)).

If d is negative, any Q € Q,, 4 defines an oriented geodesic cycle on HU PY(R),
given by the equation a|z|> + bR(z) + ¢ = 0. It has nontrivial intersection with
P!(Q) if and only if d is the negative of a square of an integer. In this case the
two solutions in P!(Q) define cusps of the modular curve. There is a unique cusp
co € P1(Q) from which the geodesic originates. (In the present ' (p) example all
cusps collapse to oo under the map to the quotient, but this is of course not true for
more general congruence subgroups.) If d = —b? for a nonzero integer b, then Q
is I'§(p)-equivalent to [0, b, c] with ¢ € Z/bZ and c¢ is equivalent to co. We let
ho € Q(X;(p))™ be a function satisfying

ho=1-¢q%+ 0(q)

at the cusp 0o, where g is the uniformizing parameter of the completed local ring
at oo given by the Tate curve over Z[[g]l. Then we define

. |
[Z(d)]m = [div(h{o,p,0)]m = Z b [div(h0)Im.
0€Q,.a/T5(p)

Note that this class vanishes if d < —m?. If d < 0 is not the negative of the square
of an integer, we put [Z(d)]w, = 0. Finally, for d =0, we define [Z(0)],, as the class
of the line bundle of modular forms M_; of weight —1 on X{j(p) (see Section 2
for details).
To describe the relations among the classes [Z(d) ], we consider the generating
series
An(D) = Y [Z(d)]n 97 € C(q) ® Jn(X§(P)).

deZ

d>—m?

It is a formal Laurent series in the variable ¢ = ¢?*'* for t € H. Our first main
result is the following (see also Theorem 4.2).

Theorem 1.1. The generating series An(T) is a weakly holomorphic modular form
of weight %for the group I'g(4p), that is, An(T) € Mé/Q(F0(4p)) ® Jun (X5 (P)).

Under the natural map
Jn(Xg(p)) = J(X5(p))

the classes [Z(d)]w with d < 0 are mapped to zero. Applying it to An(7), we
recover the Gross—Kohnen—Zagier theorem (see also Corollary 4.5).
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Corollary 1.2 (Gross—Kohnen—Zagier). The generating series Ay(t) of classes of
Heegner divisors [Z(d)]o in the Jacobian is a cusp form of weight % for the group
LCo(4p), that is, Ap(t) € S32(T0(4p)) ® J(X5(p)).

To recover the results of [Zagier 2002] and [Bruinier and Funke 2006] on traces
of modular functions from Theorem 1.1, we show that harmonic Maass forms define
functionals on J(X5(p)). Let F € HOJr (I'(p)) be a harmonic Maass form for
I'5(p) of weight 0 as in [Bruinier and Funke 2004]. Denote the Fourier expansion
of the holomorphic part of F by

Froy= Y cfm) g%,
n>>—oo
Proposition 1.3. Assume that c; (n) =0forn < —m and c}' (0) = 0. Then there is
a linear map trg : Jun(X5(p)) — C defined by

[Dlw> ttp(D) = Y ng-Fla),
aesupp(D)\{oo}

for divisors D =", na - (a) in Div’(X§(p)).

The images under trrp of the classes [Z(d)]n with d < 0 can be explicitly
computed in terms of the principal part of F'. As a consequence we derive the
following theorem (see also Theorem 5.2).

Theorem 1.4. The series trp(Ay) is a weakly holomorphic modular form in the
space Mé/z(F0(4p)). It is explicitly given by

trr(Am) =Y F(Y(d)-q*+ ) _ cf(=n)(01(n) + por(n/p))

d>0 n>1
33 ch=bn) b7

b>0 n>0

The modularity of the right-hand side was also proved in [Bruinier and Funke
2006] by interpreting it as the Kudla—Millson theta lift of F'. Applying this theorem
to the special case where p =1, m > 2, and F = j — 744, Zagier’s original result
on traces of singular moduli can be obtained.

In the body of the paper we work with modular curves of arbitrary level associated
with orthogonal groups of even lattices of signature (1, 2). This setup is natural,
since the proof of Theorem 1.1 implicitly relies on the singular theta correspondence
for the dual reductive pair given by SL, and O(1, 2). For the modulus we allow
arbitrary effective divisors that are supported on the cusps. The generating series of
Heegner divisors is then a vector-valued modular form for the metaplectic extension
of SL,(Z) transforming with the Weil representation of a finite quadratic module.
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In Section 2 we recall some basic facts on generalized Jacobians of curves.
Section 3 contains our setup for modular curves associated to orthogonal groups,
Heegner divisors, and vector-valued modular forms. Then we define classes of
Heegner divisors in generalized Jacobians in Section 4, and prove the abstract
modularity theorem for these classes. In Section 5 we prove that harmonic Maass
forms define functionals on the generalized Jacobian and derive modularity results
for the traces of harmonic Maass forms over Heegner divisors from the abstract
modularity theorem. We also give some explicit examples and indicate possible
generalizations in Section 6.

2. Generalized Jacobians

Let X be a complete nonsingular algebraic curve over a field & of characteristic 0.
Let Div’(X) be the group of divisors of X of degree 0 defined over k, and denote
by P(X) the subgroup of divisors of rational functions f € k(X)*. The Jacobian
J(X) of X is a commutative algebraic group over k whose k-rational points are
isomorphic to the quotient group Div®(X)/P(X).

Recall that there is the notion of the generalized Jacobian; see, e.g., [Serre 1988,
Chapter 5] for details. Let S C X (k) be a finite set of points, and for s € S let

mg € Z>¢. Then
m= Z mg - (s)
ses
is an effective divisor defined over k. Let O; be the ring of integers in the completion
k(X)s of k(X) at s, and let 7y € O, be a uniformizer. If f, g € k(X); and n € Z,
we write

f=g+0()
if f—g e n!O;. We consider the subgroup
Pu(X) = {div(f) : f € k(X)* with 77 ") f =14+ O(x™) for all 5 € S}

of P(X). The generalized Jacobian J,,(X) associated with the modulus m is a
commutative algebraic group over k, whose k-rational points satisfy

Ju(X) (k) = Div?(X)/ Pn(X). (2-1)

The quotient on the right hand side is also canonically isomorphic to the subgroup of
divisors in Div%(X) coprime to S modulo m-equivalence. For a divisor D € Div®(X)
we denote by [ D]y, the corresponding class in Jy, (X) (k).

There is a canonical rational map ¢y, : X — Jn(X) defined over k which is
regular outside S, see [Serre 1988, Chapter 5, Theorem 1]. If m’ is another effective
divisor on X satisfying m > m’ > 0, there exists a unique homomorphism Ji, — Juy
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which is compatible with ¢, and ¢qy. It is surjective and separable [Serre 1988,
Chapter 5, Proposition 6]. In particular, there exists a surjective homomorphism

Jn(X) = J(X). (2-2)

Its kernel is isomorphic to

Hy = < [] Gnx GZ“1>/G,,,, (2-3)

ses
my>0

where the quotient is with respect to the diagonally embedded multiplicative group.
Typical elements of the kernel are obtained, by choosing a pair (s, n) with s € §
and n > 0 and a function Ay, € k(X)* such that

_{l—ns"—l—O(nSm“) at s,
s,.n —

1+0(@m") atallz € S\ {s}.

An argument as in [Serre 1988, Chapter 5, Proposition 8] shows that the “additive
part” of Hy, is generated by the classes

[div(7s,n) I, (2-5)

for s € S and 0 < n < my. Note that for n > my the class [div(hy ,)]m vanishes.

Let so € S be a fixed base point. If £ is a line bundle on X which is defined
over k, and (¢s);ses is a family of local trivializations of £ at the points of §, we
can associate to the pair (£, (¢5)) a class in Ji, (X) as follows. It is easily seen that
there exists a rational section f of £ such that

¢ f=ml (14 0@™)), (2-6)
for some ag € Z at every s € S. Then we define

[(£, (@s)]m = [div(f) —deg(L) - (50)Im € Jm(X) (k). 27

3. Modular curves

Here we recall the description of modular curves as Shimura varieties associated
to orthogonal groups. We also define classes of Heegner divisors in generalized
Jacobians.

Let (L, Q) be an isotropic even lattice of signature (1, 2). We denote by (x, y)
the bilinear form corresponding to the quadratic form @, normalized such that
Ox) = %(x, x). For any commutative ring R we write Lg = L ®z R. Throughout
we fix an orientation on L, and write L’ for the dual lattice of L. Let

N=min{n €Z.g:nQ(A) € Zforall , € L'}
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be the level of L, and denote by disc(L) = |L’/L| the discriminant of L. We let
SO(L) be the special orthogonal group of L and write SO™ (L) for the intersection
of SO(L) with the connected component of the identity of SO(L)(R). The even
Clifford algebra of Lg is isomorphic to the matrix algebra Mat, (Q), which induces
an isomorphism PGL,(Q) = SO(L)(Q). We realize the hermitian symmetric space
corresponding to SO(L) as the domain

D={zeLc:(z,2)=0,(z,2) <0}/C*.

It decomposes into 2 connected components. We fix one of these components and
denote it by DT.

Let I' =I'"; be the discriminant kernel subgroup of SO™ (L), that is, the kernel
of the natural homomorphism

SO"(L) — Aut(L'/L).

Recall that rescaling the quadratic form by a factor of n does not change SO™ (L)
while it replaces the discriminant kernel by the full congruence subgroup of level 7.
We denote by

Yr =T\D" (3-1

the noncompact modular curve associated with I.

Let Iso(L) be the set of isotropic lines in L (i.e., primitive isotropic rank-1
sublattices I C L). The group I'" acts with finitely many orbits on Iso(L). We
denote by X the compact modular curve obtained by adding to Yr the cusps
corresponding to the I'-classes of isotropic lines I € Iso(L); see, e.g., [Bruinier and
Funke 2006]. It is well known that X is a projective algebraic curve which has a
canonical model over a cyclotomic field.

As in [Bruinier and Funke 2006], we choose an orientation on the isotropic lines
as follows. We fix one line Iy € Iso(L) together with an orientation on Iy given by
a basis vector x¢ € Ip g. For any other I € Iso(L) we choose a g € SO (L)(R) such
that glo.g = Igr. Then gxo € Ir defines an orientation on / which is independent of
the choices of g and xy.

Let I C L be a primitive isotropic line and write ¢; € X for the cusp correspond-
ing to I. Local coordinates near c; can be described as follows. We write N; for
the positive generator of the ideal (/, L) C Z. It is a divisor of N. Throughout, we
let £ = £; be the positive generator of I and fix a vector £’ = £} € L’ such that

£, e)=1. (3-2)
We let K be the even negative definite lattice

K=Lnetne't. (3-3)
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If £x € K denotes a generator, then K is isomorphic to Z equipped with the quadratic
form x — Q(£g)x?%. The quantity 40 (Yk) divides N. The holomorphic map

H->D, wrC(w®lk+—Q0w®Lk)l—Q)N) (3-4)

is injective and has one of the two connected components of D as its image. Possibly
replacing £ ¢ by its negative, we may assume that this map is an isomorphism from H
onto DT It is compatible with the natural actions of PGL;r (Q) on H by fractional
linear transformations and on D7 via the isomorphism with SO*(L)(Q). For
w € Lg N I+ we consider the Eichler transformation

Epp(x)=x+(x, Op— (x, Wl —(x, ) Q) (3-5)
in SO*(L)(Q). It belongs to I" if u € K.

Lemma 3.1. The stabilizer in I of the primitive isotropic line I is given by
Ity ={E¢,.:pneK}.
Proof. Let y € I';. Then y£ = ££. We first assume that y¢ = £. Then
u:=yt -
belongs to L N ¢+, and v := u — (u, £')€ belongs to K. It is easily checked that
En(0)=¢, E,(t)=ypl.

Hence y ~'E,, leaves the vectors £ and ¢’ fixed. Consequently, it maps the or-
thogonal complement K to itself, and therefore £ to £{k. Since y_lEg,v has
determinant 1, the sign must be positive and thus y = Ey ,,.

We now consider the case y£ = —£. The orthogonal transformation o tak-
ing £ to —¢, and £’ to —¢', and £k to itself belongs to SO(L)(Q). The element
oy € SO(L)(Q) fixes £. Arguing as above, we see that it is equal to an Eichler
transformation E;, € SO (L)(Q). This implies that o belongs to the connected
component of the identity of SO(L)(R). But this leads to a contradiction, since the
spinor norm of o is negative, showing that the case y{ = —{ cannot occur. U

The action of Z on H by translations corresponds to the action of I'; on Dt. The

induced map
Z\H — I';\D*t (3-6)

is an isomorphism. Hence, g; = ¢?™'* defines a local parameter at the cusp c;
of X r-

Example 3.2. In the special case when N; = 1, then 4N = —Q({k) and the dis-
criminant kernel subgroup I" is isomorphic to I'g(N /4). The curve Xt is isomorphic
to Xo(N/4), with ¢; corresponding to the cusp at oo; see, e.g., [Bruinier and Ono
2010, Section 2.4].
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The Weil representation. Let Mp,(Z) be the metaplectic extension of SL,(Z) by
{£1}, realized by the two possible choices of a holomorphic square root of the
automorphy factor ct +d for (‘Z Z) € SL,(2); see, e.g., [Borcherds 1998; Kudla
2003].

Recall that there is a Weil representation w;, of Mp,(Z) on the complex vector
space Sy, of functions L’/L — C on the discriminant group. Identifying S; with
the space of Schwartz—Bruhat functions on L ® Q which are supported on L’ ® VA
and translation invariant under L ® Z the representation w; can be viewed as the
restriction of the usual Weil representation of Mpz(@) on L ® Q with respect to
the standard additive character of @; see [Kudla 2003]. The representation wy, is
the complex conjugate of the representation py, in [Borcherds 1998; Bruinier 2002;
Bruinier and Funke 2006]. The action of Mp,(Z) on S; commutes with the natural
action of Aut(L’/L) by translation of the argument.

Ifk e %Z, we denote by M}((a)L) the space of Sy -valued weakly holomorphic
modular forms for Mp, (Z) of weight k with representation w; . The subspace of
holomorphic modular forms is denoted by My (wr ).

Heegner divisors. For any d € Q*, the group I" acts on the set
L,={reL: Q1) =d}

with finitely many orbits. For every A € L’ with Q(A) > 0, the stabilizer ', C T
of A is finite, and there is a unique point z; € D+ which is orthogonal to A. For
d € Q- and ¢ € S; we consider the Heegner divisor

1
Yd,p)= ) —¢0) () (3-7)
e p 2Tl
eL,/T
on Xr. It is defined over the field of definition of X and has coefficients in the
field of definition of ¢. Let Iy € Iso(L) be a fixed isotropic line. We define a divisor

of degree 0 on Xr by putting
Zd,p)=Y(d,p) —deg(Y(d, 9)) - (cpp)- (3-8)

4. A generalized Gross—-Kohnen-Zagier theorem

We now consider classes of Heegner divisors in the generalized Jacobian of the
modular curve X := Xr as defined in the previous section. We let k C C be
the number field obtained by adjoining the primitive root of unity e?*//V to the
common field of definition of the canonical model and all of the cusps of X. Let
S ={cy:1€lIso(L)/ T} be the set of cusps of X and let

m= Z my-(cy)

Ielso(L)/ T
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be a fixed effective divisor supported on S. We consider the generalized Jacobian
of X associated with the modulus m. For I € Iso(L), we take as the uniformizing
parameter in the completed local ring at c; the parameter ¢; = >™'* defined by (3-6)
(given by the Tate curve over Z[[g;]] when N; = 1 such that Xp = X¢(N/4)).

Since, throughout this section, we are only interested in the k-valued points of
the generalized Jacobian, we briefly write Ji,,(X) instead of J,(X) (k). For every
degree-zero divisor D = Y a; - (¢;) € Div’(X) supported on S and every tuple
r=(y) € Gl,,fl(k), we choose a function up , € k(X)™ such that

up,r =riqy’ - (1+0(q;") (4-1)

at ¢y for I € Iso(L). We write Hg,, m for the subgroup of Ji;(X) generated by the
classes [div(up ,)]m of all these functions and let

JA(X) = Ju(X)/Hg,y - (4-2)

By definition we have J244(X) = J;,(X) when |S| = 1. By the Manin-Drinfeld
theorem we have Jl{ﬁdd(X )o = Jm(X)g when m = 0. For general m the kernel of
the induced homomorphism

JA(X)g — J(X)q (4-3)

is isomorphic to the product of the groups G ~!for I € Iso(L)/T with m; > 0.
For d € Q. ¢ and ¢ € S; we consider the class

[Z(d, )]m € Jm(X)c (4-4)

of the Heegner divisor Z(d, ¢) in the generalized Jacobian.

Let 7 be the tautological bundle on X, and define the line bundle of modular
forms of weight 2k on X by My, = Tk (Sections of Moy correspond to classical
elliptic modular forms of weight 2k under the isomorphism SO(L)(Q) =PGL,(Q).)
Recall that 7 is canonically trivial in small neighborhoods of the cusps. Hence,
taking the induced trivializations and putting so = cy, in (2-7), we obtain a class
[Mi]m € Jm(X)g. For d =0 we define

[Z(0, )] =¢(0) - [M_1]m. (4-5)

We also define classes for d € Q¢ as follows. For a vector A € L/, the orthogonal
complement M CLgis isotropic if and only if d € —2 disc(L)(@*)2. In this case
there is a unique pair of isotropic lines 7, I € Iso(L) such that A+ = Ig@ I and such
that the triple (A, x, X) is a positively oriented basis of Lg for positive basis vectors
x €I and X € I. Following [Bruinier and Funke 2006], we call I the isotropic line
associated to A and write I ~ A. Note that I is the isotropic line associated to —A.
We define the I-content nj(u) of any u € L' N I+ as follows: If Q(n) =0 we put
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ny(p) =0. If Q(u) # 0 we let ny(u) be the unique nonzero integer such that
(w, LNID) =ny(w)-Z (4-6)

and sgn(ny(p)) - pu~ 1.

Now, if d € =2 disc(L)(@*)? and A € L/, we let I € Iso(L) be the isotropic line
associated to A and let £/ € L’ be as in (3-2) such that (¢/, I) = Z. We choose a
function £, € k(X)* such that

. {1 _ eZni(k,(/)q;ll(k) + 0(qlml) at the cusp ¢y, @7

1+ 0}, at all other cusps c;.
The existence of A, follows for instance from the approximation theorem for

valuations, see page 29 in [Serre 1988]. If (A, ¢’) € Z, then h, agrees with the
function A, », 1) € k(X)) defined in (2-4). For ¢ € S; we define

(Z@d. @ln= Y. (@1 + (=) - [div(i; Dlm.  (4-8)

AeLl/T 2n1 (1)

It is easily checked that this class is independent of the choices of the functions /4, .
Ifd <0and d ¢ —2disc(L)(Q*)?, we put [Z(d, ¢)]m = 0.
Finally, for all d € Q) we write [Z(d)], for the element of

Hom(Sz, Ju(X)c) = Jun(X)c ® S/
given by ¢ = [Z(d, ¢)]m.
The classes [Z(d, ¢)]m With d < 0 can also be expressed in a slightly different
way. To this end, for an isotropic line / we define
Ly;={reLy:xL1Tandxr~1)}.

Lemma 4.1. Ford < 0 we have

[ZW, @lm=Y, D 3@0)+e=n) [div(h; " )n.

Ielso(L)/ T heLly /1
Proof. If Ly 1 is nonempty and if we fix Ag € L; 7> We have

Ly, ={ +al/N;:aelZ},
L&J/F[ ={ko+al/N;:ae€Z/Nin;(ro)Z},
L&’I/I ={k+al/N;:aeZ/N;Z}.

This implies the assertion. (]
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An abstract modularity theorem. To describe the relations in the generalized Ja-
cobian among the classes [Z(d)]n we form the generating series

An(D) = Y [ZWd]In-q € S} (@) ® JAM(X)e. (4-9)

1
deyZ

It is a formal Laurent series in the variable! ¢ = ¢**'7, where t € H, with exponents
in 3Z and coefficients in S} ® J2%(X)c.

Theorem 4.2. The generating series An(7) is the g-expansion of a weakly holo-
morphic modular form in Méﬂ(a)Z) ® Jnﬁdd(X)@.

To prove this result, we use the following variant of Borcherds’ modularity
criterion [Borcherds 1999, Theorem 3.1]. Let p be a finite dimensional representa-
tion of Mp,(Z) on a complex vector space V which is trivial on some congruence
subgroup. The stabilizer in Mp,(Z) of the cusp oo is generated by the elements

T= (((1) }), 1) and Z = (( _01 _01 ), i). The hypothesis on p implies that some power

of p(T) is the identity, and therefore all eigenvalues of p(T) are roots of unity.
IfgeM ,'{ (p) is a weakly holomorphic modular form for Mp,(Z) of weight k € %Z
with representation p, then it has a Fourier expansion

g(r)=> am)-q",
ne@

where the coefficients a(n) € V satisfy the conditions

p(Da(n) = "a(n), (4-10)

o(Z)a(n) = e " *a(n). (4-11)
We write p" for the representation dual to p, and denote by ( -, - ) the natural pairing
VxVY—C.
Proposition 4.3. A formal Laurent series

g(t)=Y am)-q" € Vq),
ne@

with coefficients a(n) satisfying the conditions (4-10) and (4-11) is the q-expansion
of a weakly holomorphic modular form in M. ,'( (p) if and only if

Y (a(m), c(=n) =0
neQ
for all
f@) =) cn)-q" € My 1 (p").
ne@

IConfusion with the local parameter g; at the cusp c; of X should not be possible.
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Proof. This result is proved in Section 3 of [Borcherds 1999] in the special case
when g is actually a formal power series. The same proof applies to our slightly
more general case, if we replace the vector bundle of modular forms of type p by a
twist with a power of the line bundle £(c0) corresponding to the cusp at oo.
Alternatively, we may replace the g-series g by the g-series g’ = A/g for a
positive integer j such that A/g is a power series. Here A is the normalized cusp
form of weight 12. Then one can literally apply [Borcherds 1999, Theorem 3.1]
to g’ to deduce modularity in My 12j(p) of this power series. Dividing out the
power of A again, we obtain the result. (|

Proof of Theorem 4.2. According to Proposition 4.3 with p = w/, it suffices to
show that

D (e(=d). [Z(d)]m) =0 € JA(X)e, (4-12)
deQ
for every
f@ =) cd)-q* € Mj (o). (4-13)

deQ

Since the space M i P (wr) has a basis of modular forms with integral coefficients
[McGraw 2003], it suffices to check that for every f with integral coefficients the
relation (4-12) holds. For u € L’ we put ¢(d, u) = c(d)(10).

Let W(z, f) be the Borcherds lift of f as in [Borcherds 1998, Theorem 13.3].
This is a meromorphic modular form on D™ for the group I' of weight ¢(0, 0) with
some multiplier system of finite order. Its divisor on X is given by

div(¥(z, £)) =Y _(c(—d). Z(d)) + B(f).

d>0

where B(f) is a divisor of degree %C(O, 0) supported at the cusps of X. Let
I € Iso(L). To determine the behavior of W(z, f) near the cusp c;, we identify D
with the upper complex half-plane H using (3-4). Then W (w, f) has the infinite
product expansion

W(w, f)=R;-q" 1—[ (1— ezma,z’)q?,(x))C(—Q(A),m’ (4-14)
re(L'NIty/I
ny(r)>0
which converges near the cusp c;, that is, for w € H with sufficiently large imaginary
part. Here the product runs over vectors A of negative norm which are associated
to I, and p; € Q is the Weyl vector at the cusp ¢; corresponding to f. Moreover,
the quantity R; is some constant in k* of modulus 1 times

1_[ (1 _eZﬂia/N[)c(Ova[/Nl)/z.

aeZ/N(Z
a#0
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Hence, the (finite) product

v, fyx R [T we e

re(L’NIHy/I1
my>ny(L)>0

is a meromorphic modular form of weight ¢(0, 0) satisfying the condition (2-6)
at ¢;. There exists a degree-zero divisor D supported on S such that the finite

product
-1 —c(—=Q),2)
Y, ) xup gy |1 [T

Ielso(L)/ T je(L'NI*+)/I
my>ny(A)>0

is a meromorphic modular form of weight c(0, 0) satisfying the condition (2-6) at
all cusps and having order O at all cusps different from c;,. Here up , € Hg, m
denotes the function defined in (4-1).

By the choice of the base point so = ¢y, in (2-7), the class of the line bundle
Me0,0) In Jn(X) is given by

[Me©0,0)]m = [div(W(f)) — deg(Mc0,0) (1) Im — [div(up, (r)) Im
- > > (=00, ) [divii)]m.  (4-15)

Ielso(L)/ T ae(L'nIt)/I
my>n;(A)>0

Using Lemma 4.1, we see that

> Y =M. W) [div(h)Im = — Y _(c(=d), [Z(d)]m)-

Ielso(L)/ T e(L/nity/1 d<0
my>ny(1)>0

Inserting this into (4-15), we obtain the relation

—(0, 0)[M_1ln=Y _(c(=d). [Z()]n)+ ) _(c(=d), [Z(d)]m)—[diV(up, &) ]m

d>0 d<0
in Ju(X)c. This implies (4-12) in J34(X)¢, concluding the proof. O

Remark 4.4. To be able to describe the generating series in Ji,,(X)¢ instead of in
the quotient Jnﬁdd(X )c, we would have to know the normalizing factors R; in (4-14)
more precisely. It would be very interesting to understand these better. Are they
roots of unity?

By the Manin—Drinfed theorem, the natural homomorphism Jy,(X) — J(X)
induces a linear map
JA (XY — J(X)c.

The classes [Z(d)]m with d <0 are in the kernel. Applying this map coefficientwise
to the generating series Ay, in Theorem 4.2, we obtain the Gross—Kohnen—Zagier
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theorem.

Corollary 4.5 (Gross—Kohnen—Zagier). The generating series
Ao(t) = [Z(d)o-q*
d>0

of the classes of the Heegner divisors in the Jacobian J(X)c is the g-expansion of
a cusp formin S32(w)) ® J(X)c.

5. Traces of singular moduli

Here we show that every harmonic Maass form of weight zero with vanishing
constant terms defines a linear functional of the generalized Jacobian Jnidd(X )C.
Applying it to the generating series Ap,, one obtains modularity results for traces of
CM values of harmonic Maass forms and weakly holomorphic modular forms as in
[Zagier 2002; Bruinier and Funke 2006].

Let Hk+(F) be the space of harmonic Maass forms of weight k for I as in
[Bruinier and Funke 2004, Section 3]. Recall that there is a surjective differential
operator & : H,:F(F) — S (") to cusp forms of “dual” weight 2 — k.

For the rest of this section we fix a nonzero F € H0+ (I"). We denote the holomor-
phic part of the Fourier expansion of F at the cusp c; corresponding to / € Iso(L) by

Ff=Y"ct,()-ql. (5-1)
jez

We define the order of F at the cusp c; by
ord,, (F) =min{j € Z : ¢} ;(j) # 0}.
Proposition 5.1. Assume that for all I € Iso(L) we have ord.,(F) > —m; and
+ —
cp1(0)=0.
(1) There is a linear map,
trr : Jn(X) — C,
defined by
[Dlw > trp(D):= Y nq-Fla),
aesupp(D)\S
for divisors D =Y n, - (a) in Div?(X).
(i1) The map trr vanishes on Hg,, w and factors through Jgdd(X ).

Proof. (i) We have to show that trg (D) = 0, for every divisor D = div(g) € Pn(X)
given by a rational function g € k(X)* satisfying

—ord,, (g)
g, e=14+0(@"
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at every cusp c;. The expansion of the logarithmic derivative of g with respect to
the local parameter g; at c; is of the form

dg _ _
e ord,, (8)g; '+ 0" ).

If F is weakly holomorphic, then n := F(dg/g) is a meromorphic 1-form on X.
Hence, by the residue theorem, the sum of the residues of 1 vanishes, and we have

Z res, () = — Z res, (1).
aeX\S aesS

The left-hand side of this equality is given by trr (D), while the right-hand side
satisfies

Zresa(n)= Z res¢, (1)

acs Ielso(L)/T
= Z resy,—o ((ordcl (9q; +0@"™h) Z .1 () q{) =0.
Ielso(L)/ T Jzmm

Here we have also used the fact that c; ;(0) =0 forall 1.

To prove the assertion for general F € H&L (I'"), we let X, be the manifold with
boundary obtained from X by cutting out small oriented discs of radius ¢ around
the points in supp(div(g)) U S. Then for the 1-form 1 := F(dg/g) it is still true that

lim n=0.
e—0 X,

Indeed, we have

/ 77=/ F-810g|g|2=/d(F-810g|g|2).
X, X, X

Since log |g|? and F are harmonic functions on X,, we find that

[ n=] @ n@oeiet =~ [ a(@roels?) =~ [ GFytogleP
X X Xe X
In the latter integral, the differential 8 F = &y(F)dZ is antiholomorphic (hence
smooth) on all of X. Since log |g|? has only logarithmic singularities, the integral
vanishes in the limit ¢ — 0.

On the other hand, a local computation shows that

d
lim [ p=tpD) + Y rescl(F;“-—g). (5-2)
=0 Jax, 8

Ielso(L)/ T

The vanishing of the second summand on the right-hand side follows as before,
proving that trp (D) = 0 again.
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(ii) Let up , be as in (4-1). The same argument shows that trr (div(up ,)) vanishes
and trr factors through J;‘ldd(X ). [l

Theorem 5.2. Assume that ord.,(F) > —m | and c;I(O) =0 for all I € Iso(L).
Then trp(Am) is a weakly holomorphic modular form in Mé 2 (a)Z), and

rr(An)(@) = > trr((Z(d, @)In) - ¢ + trr (M _1Tw)@(0) + Y F(Y(d. 9)) - q°.
d<0 d>0

Moreover, for d < 0 the quantity trg ([Z(d, ¢)]w) is given by the finite sum

trr([Z(d, )]n)
:_% YD W +e(=w) Y TR (—np (1))

Ielso(L)/T reL /Ty izl

Proof. The modularity of trg(Ay,) is a direct consequence of Theorem 4.2 and
Proposition 5.1.

We now compute the g-expansion. For d > 0 and ¢ € S; we have by definition
of the map try that

trr([Z(d, 9)Im) = F(Y(d, ¢)).

If d <0and d € —2disc(L)(Q*)2, we obtain by the definition of the class [Z(d)]m
that

trr([Z(d, )lm) = )

reLl/T

1 .
- Z Z 2,,”(M(w(/\)+<p(—x))-F‘(cllv(m)),
Ielso(L)/ T )»GL:“/F[

P (@A) +@(=1) - trp(div(h; )

Arguing as in the proof of Proposition 5.1, in particular (5-2), we find for A € Lé,’ I
that
dl’l)L )

Fdivih)=— rescj(Ff-K

Jelso(L)/T

Lo ()\‘) . le[i(k,E’,)q’;I(k)—l + O(q;ﬂlfl)
=res., | F, - —— Ay
1— eZm()»,@,)q?l( )

=n; () )Pk (—ni () )). (5-3)
Jjz1
Inserting this into the previous equation, we obtain the assertion. (|

Remark 5.3. The constant term trp([Z (0, ¢)]m) can also be computed explicitly,
see Proposition 5.4 for an example.
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An example. Consider the modular curve Xo(M) for a squarefree M € Z.¢. Let L

be the lattice
L={<b a/M>:a,b,ceZ}, (5-4)
c —=b

with the quadratic form Q(X) = M det(X). Then L'/L = 7Z/2MZ and SO (L) is
isomorphic to the extension I'j (M) of I'g(M) by the Atkin—Lehner involutions. The
discriminant kernel subgroup I' is isomorphic to I'g(M), and the modular curve X
is isomorphic to Xo(M) with the cusp associated to the isotropic line Iy = Z((l) 8)
corresponding to oo; see, e.g., [Bruinier and Ono 2010, Section 2.4].

The group I'j(M) acts transitively on Iso(L), and the orbits are represented
by the lines Ip = Wp.I for the positive divisors D | M. Here Wp € PGL;r (@)
denotes the Atkin—Lehner involution with index D. In particular, the set S of cusps
of Xo(M) is in bijection with the set of positive divisors of M. If I € Iso(L), we
write Dy for the unique positive divisor of M such that / is equivalent to Wp, .l
under I'. Let F € H0+ (I") be a harmonic Maass form. The expansion of F at the
cusp Ip as in (5-1) is given by the Fourier expansion of F' | Wp.

Proposition 5.4. Assume that for all I € Iso(L) we have ord., (F) > —m; and
c; 1(0) = 0. The constant term of the generating series trp(Ay,) is given by

rr(Molw) =2 Y Y cf, (=j)-D-01(j/D).

DM j>1

Remark 5.5. As shown in [Bruinier and Funke 2006, Remark 4.9], the right-hand
side above is also equal to —ﬁ IIE%M)\H F d . The proposition gives a geometric
interpretation of this regularized integral.

Proof of Proposition 5.4. We use the notation of the proof of Theorem 5.2. By
linearity it suffices to compute the class of the line bundle M ;. Since X1 = Xo(M),

a section of this line bundle is the usual discriminant function given by
A=q[Ja-qm*
n>1

To compute the class of M, in the generalized Jacobian, we have to modify this
section by multiplying with rational functions such that the local conditions (2-6)
at the cusps are satisfied. It is easily checked that

A|Wp=DA(Dt)=D %" [](1-¢""**.
n>1
This implies that the section

s=a- [T 1w

Ielso(L)/T xe(L'nIt)/I
my>ny(A)>0
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has the expansion
s =D (1+0(a;,"))

at the cusp Ip. For the | S|-tuple r = (D% p | > and the function ug , € Q(Xo(M))™,
the section s - ug  of M3 satisfies the local conditions (2-6) at all cusps. Therefore,
in view of (2-7) and Proposition 5.1 (ii), we have

trr ([Mizlw) = tre([div(s - uo,,) — deg(Mi2) - (¢p) Im)

=-24 > > F(div(hp,).

Ielso(L)/ T re(L'nIt)/I
my>ny(1)>0

Using formula (5-3), we get

mr—1

rr((Miln)==24 Y > D) cf (=Dnj)

Ielso(L)/T n=1 j=1
=-243"> "¢j, (—=j)-D-01(j/ D).
DM j>1
This concludes the proof of the proposition. ([

We now explain how to obtain a scalar-valued generating series from trp(Ay,).
By means of the canonical pairing (S, S)) — C, we define a map

Sp—>C, ur> (x1,u),

given by the pairing with the constant function x; with value 1. It induces a map
from SLv -valued to scalar-valued modular forms,

M; ) (w)) — My, (To(AM)),  f (1) > <) = f(x1) (M),

see [Eichler and Zagier 1985, §5]. The image lies in the Kohnen plus-space.
Applying this map to the generating series Ay, of Theorem 4.2, we obtain a scalar
valued generating series which has level 4M. In particular, this implies Theorem 1.1
of the introduction. If we apply this map to Theorem 5.2 and use Proposition 5.4,
we obtain:

Theorem 5.6. Let L be as in (5-4). Assume that for all 1 € Iso(L) we have
orde, (F) > —m; and ¢ ;(0) = 0. Then trp (A™) € Mj ,(Do(4M)), and

2
wr(ARD == > Y cry,(<bm)bog”!
D|M b>1 n>1

+2 33 ek, (—n) - Deoi(/D)+ Y F(Y(d/AM, x1)-q".

D|M n>1 deZ-y
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When M = p is a prime and F is invariant under the Fricke involution, we obtain
Theorem 1.4 of the introduction.

Nowlet M =1andlet j = Ei’ /A be the classical j-function. Write J = j —744 =
g~ '+ 196884g + - - - for the normalized Hauptmodul for PSL,(Z) with vanishing
constant term. Applying Theorem 5.6 with F = J, we recover Zagier’s original
result [2002]:

Corollary 5.7. The generating series

—q ' 24+ ) T @d/4 x))-q°
deZg-o

of the traces of singular moduli is a weakly holomorphic modular form for I'g(4) of
weight % in the plus-space.

6. Generalizations

In the section we describe some variants of our main results and indicate possible
generalizations.

Modularity in the generalized class group. In the definition of the Heegner divi-
sors Z(d) we have projected to degree-0 divisors by subtracting a suitable multiple
of (cr,). We now briefly describe what happens if we do not apply this projection
and consider the divisors Y (d, ¢) defined in (3-7) for d > 0. Then the corresponding
generating series is a nonholomorphic modular form, where the nonholomorphic
part is coming from a generalization of Zagier’s weight—% Eisenstein series.

We let Cl,,, (X) be the generalized class group of X with respect to the modulus m,
which we define as the quotient of the group of divisors on X defined over kK modulo
the subgroup Py, (X). Moreover, in analogy with (4-2) we put

CL(X) = Cln(X)/Hg,, m- (6-1)

If d > 0, we write [Y(d, ¢)]m for the class of the divisor Y (d, ¢) in Cl,(X).
For d =0 we put [Y (0, ¢)]m = ¢(0)[M_|]m, where the class in Cly,(X) of a line
bundle £ is defined as in (2-7) but without the summand deg(L) - (sp). Finally,
ford <Owelet[Y(d, ¢)ln =120, ¢)ln.

Recall from [Funke 2002, Theorem 3.5] that there is a (nonholomorphic) weight-
% Eisenstein series E3/5 1 (7) whose coefficients with nonnegative index are given
by the degrees of the Y (d, ¢) (see also [Kudla 2003]). It is a harmonic Maass form
of weight % for the group Mp,(Z) with representation w; and generalizes Zagier’s
nonholomorphic Eisenstein series [1975]. Its Fourier expansion decomposes as

_ gt -
E%,L(T) = E%‘L(T)‘FE%L(T),
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where the holomorphic part is the generating series of the degrees of Heegner
divisors,
+ _ d
E, (=) deg(Y(@)q",
d>0
and the nonholomorphic part EspL is a period integral of a linear combination of
unary theta series. We obtain the following variant of Theorem 4.2.

Theorem 6.1. The generating series

An(@)= 3 Y Dln-q" +E] | - (en)

1
deyZ

is a nonholomorphic modular form of weight % for Mp,(Z) with representation w;
with values in Clﬁ?d(X ). Moreover, we have

An=An—E; ;- (c)-

Twists by genus characters. Let L be the lattice of page 1294 for a squarefree
M € 7, and recall that I' = I'o(M). For a discriminant A # 1 and r € Z such
that A = r?> mod 4M, we can define a generalized genus character x5 on L’ as in
[Gross et al. 1987, Section 1.2] and [Bruinier and Ono 2010, Section 4] let

(&) if A|b*>—4Mac and (b* —4Mac)/A is a square modulo 4M

xa(A) = and ged(a, b, c, A) =1,
0 otherwise,

with A = (b/ 3M _‘;/2%]) € L’ and n € Z any integer prime to A represented by one
of the quadratic forms [Ma, b, M,c] with My M, = M. Note that x, is invariant
under SOV (L).

If » € L’ with Q(A) € —4M (Q*)?, let I be the isotropic line associated with A,

and let hp ) € Q(+v/A)(X)* be a rational function with the following expansions:

: A
= HbeZ/AZ(l - eznlb/ACI?I(k))(”) + O(q;") atthe cusp ¢y,

ha
1+ 0(q}") at all other cusps c;.

Suppose that (A,2M) = 1, or equivalently (r,2M) = 1. For each d € ﬁl and
¢ € S, we can define the divisor Zx ,(d, ¢) € DiVO(X)@ by

xaGr='a).

(23) if d >0,
AeL%l/F 2|5
— A A)p(—ri
Zard, @)=y QUDTSENDQETH) o1y g 1AL G 0
AeLly /T 2n;(A) ’ aM

0 otherwise.
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All these divisors are defined over @(+/A) and have coefficients in the field of
definition of ¢. We write [Za ,(d)]m € SZ X Jédd(X ) for the element that sends
@ to[Za,d, @)lnm € Jgdd(X). Define the representation @y, to be wy, if A >0
and oy if A < 0. Then we have the following abstract modularity result.

Theorem 6.2. The generating series

Aprm(@®) = Y [Zar@In-q? € S} ((9) ® I3 (X)c

de; 7
is the g-expansion of a weakly holomorphic modular form in Mé 2 (D) ® J;dd(X )c.

This result comes out of calculating the effect of the intertwining operator in
[Alfes and Ehlen 2013, Section 3] applied to the generating series A (7) associated
to the scaled lattice (AL, Q(-)/|Al]). The conditions that M is squarefree and
(A,2M) =1 are imposed to simplify the definition of Zx ,(d, ¢) and can be
removed with a more complicated definition of the classes. Note that it is necessary
for sgn(A), which determines the parity of @, to appear in the definition of
Za r(d, @). Alternatively, one could use the twisted Borcherds products in [Bruinier
and Ono 2010, Theorem 6.1] to give a proof of Theorem 6.2 along the same line
as that of Theorem 4.2 above. By applying the functionals of Proposition 5.1 to
the twisted generating series of Theorem 6.2, the main result of [Alfes and Ehlen
2013] on twisted traces of harmonic Maass forms can be recovered.

Other orthogonal Shimura varieties. The Gross—Kohnen—Zagier theorem has been
generalized to higher dimensional orthogonal Shimura varieties in [Borcherds 1999].
Hence it is natural to ask whether our main results can also be generalized in the same
direction. Let L be an even lattice of signature (n, 2), and let I be the discriminant
kernel subgroup of SO (L). Denote by Xr a (suitable) toroidal compactification of
the connected Shimura variety Yr associated to I'. It would be interesting to define
a generalized divisor class group as the group of divisors on X modulo divisors
of rational functions that satisfy certain growth conditions along the boundary of
Xr. Is it possible to prove a modularity result analogous to Theorem 4.2 for the
classes of special divisors? In this context, the product expansions obtained in
[Kudla 2014] with respect to one-dimensional Baily—Borel boundary components
may be helpful.

To illustrate this question, let us consider the easiest case for n = 2 where the
lattice L is the even unimodular lattice of signature (2, 2). Then the variety X can
be identified with the product X (1) x X (1) of two copies of the compact modular
curve of level 1. Special divisors on X of positive index d in the sense of [Kudla
1997] are given by the Hecke correspondences Z(d). Let ¢ = (g1, g2) be the usual
local coordinates near the boundary point s = (0o, 00) € Xr. Let m be a positive
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integer, and put m = m - (s). If k = (k1, k») € Z*> we briefly write g* = q/flqé‘z, and
for a meromorphic function f in a neighborhood of (oo, co) we write f = O (¢g™) if
in the Taylor expansion of f at (0o, 0o) only terms of total degree at least m occur.

Let Divy, (X1) be the free abelian group generated by pairs (D, gp), where D is a
prime Weil divisor on Xr and gp is a local equation for D in a small neighborhood
of s. The local equations give rise to local equations gp near s for arbitrary Weil
divisors D. Let P, (Xr) be the subgroup of pairs (D, gp) € Divy,(Xr) for which
D =div(f) is the divisor of a meromorphic function f satisfying

f-gp =1+0@™
near s. We define a generalized class group as the quotient
Cln(X1) = Divey (X1)/ P (XT).

It would be interesting to define suitable classes of special divisors in Cly, (X) of
arbitrary integral index d and to prove a modularity result for the generating series
of these classes.
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We describe the generic blocks in the category of smooth locally admissible

mod-2 representations of GL,((Q2,). As an application we obtain new cases of the
Breuil-Mézard and Fontaine-Mazur conjectures for 2-dimensional 2-adic Galois
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1. Introduction

Let p be a prime and let L be a finite extension of Q, with the ring of integers O
and uniformizer . We prove the following modularity lifting theorem.
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Theorem 1.1. Assume that p = 2. Let F be a totally real field where 2 is totally
split, let S be a finite set of places of F containing all the places above 2 and all the
infinite places and let

p:Grs— GL(0)

be a continuous representation of the Galois group of the maximal extension of F
unramified outside S. Suppose:

1) p:Grs 2 GL,(0) — GL, (k) is modular with nonsolvable image.
(i) If v |2 then p|Gy, is potentially semistable with distinct Hodge—Tate weights.
(iii) det p is totally odd.
(v) If v |2 then plg,, # ()é :)for any character x : G, — k™.
Then p is modular.

Kisin [2009a] and Emerton [2011] have proved an analogous theorem for p > 2.
Our proof follows the strategy of Kisin. We patch automorphic forms on definite
quaternion algebras and deduce the theorem from a weak form of the Breuil-Mézard
conjecture, which we prove for all p under some technical assumptions on the
residual representation of Gg, (see Theorems 2.34 and 2.37) which force us to
assume (iv) in the theorem.

The Breuil-Mézard conjecture is proved by employing a formalism developed in
[Paskunas 2015b], where an analogous result is proved under the assumption that
p =5 and the residual representation has scalar endomorphisms. We can prove the
result for primes 2 and 3 by better understanding the smooth representation theory
of G := GL,(Q)) in characteristic p: in the local part of the paper we extend the
results of [Paskiinas 2013] to the generic blocks, when p is 2 and 3, which we will
now describe.

Let Mody;" (O) be the category of smooth G-representation on O-torsion modules.
We fix a continuous character ¥ : @ — O and let Modlc‘f‘fpm((?) be the full
subcategory of Mod;'(O), consisting of representations on which the center of G
acts by the character ¢ and which are equal to the union of their admissible
subrepresentations. The categories Mod;' (O) and Modlc';a’?pm(O) are abelian; see
[Emerton 2010a, Proposition 2.2.18]. A finitely generated smooth admissible
representation of G with a central character is of finite length by Theorem 2.3.8 of
[Emerton 2010a]. This makes Modl(';(f//m((?) into a locally finite category. Gabriel
[1962] has proved that a locally finite category decomposes into a direct product of
indecomposable subcategories as follows.

Let Irrg;dIn be the set of irreducible representations in Modlc‘f‘fpm (0). We define

an equivalence relation ~ on Irrgdm by writing w ~ t if there exists a sequence

T =7, 72, ...,T, =T INn Irr'z‘;d“rl such that for each i one of the following holds:



On 2-dimensional 2-adic Galois representations of local and global fields 1303

M) Emigg; (2) Ext]G (i, mir1) #0; (3) Ext}; (mix1, ™) #0. We have a canonical
decomposition

Modg@" @)= ] Modg"(0)[B]. (1)

%Elrradm/'v

where Modl('f‘jbm((’))[ is the full subcategory of Mod a‘jlm((’)) consisting of repre-
sentations with all irreducible subquotients in 8. A block is an equivalence class
of ~.

For ablock B let ms = @D, .5 7, let ws < Jos be an injective envelope of o5 and
let Egs :=Endg (Js). Then Jys is an injective generator for Mod!: adm((?)[%] Es is
a pseudocompact ring and the functor ¥ — Homg (k, Jos) induces an antiequivalence
of categories between Mod! adm((’))[ 8] and the category of right pseudocompact
Eg-modules. The inverse functor is given by m — (m QEy J%)v, where Vv denotes
the Pontryagin dual; see [Gabriel 1962, Chapitre IV, §4]. The main result of
[Paskiinas 2013] computes the rings Ex for each block B and describes the Galois
representation of Gg, obtained by applying the Colmez’s functor to Jo under the
assumption p > 5 or p > 3, depending on the block 8.

Ifre Irr‘c‘;dm then one may show that, after extending scalars, & is isomorphic
to a finite direct sum of absolutely irreducible representations of G. It has been
proved in [PaSkiinas 2014] that the blocks containing an absolutely irreducible
representation are given by

(1) B = {mr} with 7 supersingular;
(1) B = {(Indg X1 ® Xza)*l)sm, (Indg X2 ®X1w*1)sm} with szfl # ot 1,
(iii) p>2and B = {(Ind§ x ® xo™')__}:
(iv) p=2and ‘B = {1, Sp} ® x odet;
(v) p>5and B = {1, Sp, (Ind§ 0 ®w™") _}® x odet;
(vi) p=3and B = {1, Sp, wodet, Sp ® w o det} ® x odet;

where x, x1, X2 : @[f — k> are smooth characters, w : @[f — k* is the character
w(x) = x|x| (mod @) and we view x| ® x» as a character of the subgroup of
upper-triangular matrices B in G which sends (‘5 Z) to x1(a)x2(d). An absolutely
irreducible representation m is supersingular if it is not a subquotient of a principal
series representation (they have been classified by Breuil [2003a]) and Sp denotes
the Steinberg representation.

To each block above one may attach a semisimple 2-dimensional k-representation
P> of Gg,: in case (i) p* is absolutely irreducible, and such that Colmez’s functor V
(see Section 2B1) maps 7 to p%; in case (ii) p* = x @ x»; in cases (iii) and (iv)
P> = x @ x; in cases (v) and (vi) p* = x @ x w, where we consider characters of Gg,
as characters of @ via local class field theory, normalized so that uniformizers
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correspond to geometric Frobenii. We note that the determinant of p% is equal to
Ye modulo @, where ¢ is the p-adic cyclotomic character and w is its reduction
modulo @ .

Theorem 1.2. If B = {7} with & supersingular (so that p> is irreducible) then
Es is naturally isomorphic to the quotient of the universal deformation ring of p*°
parametrizing deformations with determinant e, and V (Jg)” (Y ¢) is a tautologi-
cal deformation of p** to Esy.

We also obtain an analogous result for blocks in (ii); see Theorem 2.23. Let
RPS be the deformation ring parametrizing all the 2-dimensional determinants, in
the sense of [Chenevier 20141, lifting (tr 5%, det p*°), and let RP>¥ be the quotient
of RPS parametrizing those which have determinant v ¢.

Theorem 1.3. Assume that the block B is given by (i) or (ii) above. Then the center
of the category Modlé‘"‘f/,m((’)) [B] is naturally isomorphic to RP>V.

We view this theorem as an analogue of the Bernstein center for this category.
Theorems 1.2 and 1.3 are new if p =2 and if p =3 and 8 = {7} with 7 supersingular.
Together with the results of [Pasktnas 2013] this covers all the blocks except for
those in (iv) and (vi) above.

One also has a decomposition similar to (1) for the category Banacd’rz (L) of
admissible unitary L-Banach space representations of G on which the center of G
acts by ¥; see Section 2B4. An admissible unitary L-Banach space representation IT
lies in Ban‘gﬂ‘; (L)[B] if and only if all the irreducible subquotients of the reduction
modulo @ of a unit ball in IT modulo @ lie in B. An irreducible I1 is ordinary if
it is a subquotient of a unitary parabolic induction of a unitary character. Otherwise

it is called nonordinary.

Corollary 1.4. Assume that the block B is given by (i) or (ii) above. Colmez’s
Montreal functor T1+—> V (I1) induces a bijection between the isomorphism classes of

o absolutely irreducible nonordinary I1 € BanaG‘{“l; (L)[*B];

o absolutely irreducible p : Gg, — GLa(L) such that detp = e and the
semisimplification of the reduction modulo @ of a Gg,-invariant O-lattice in p
is isomorphic to p*S.

A stronger result, avoiding the assumption on ‘B, is proved in [Colmez et al.
2014]. However, our proof of Corollary 1.4 avoids the hard p-adic functional
analysis, which is used to construct representations of GL(Q),) out of 2-dimensional
representations of Gq, via the theory of (¢, I')-modules by Colmez [2010], which
plays the key role in [Colmez et al. 2014].

It might be possible, given the global part of this paper, and the results of
[Paskiinas 2015a], where various deformation rings are computed, when p = 2,
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to prove Theorem 1.1 by repeating the arguments of Kisin [2009a]. We have not
checked this. However, our original goal was to prove Theorems 1.2 and 1.3;
Theorem 1.1 came out as a bonus at the end.

1A. Outline of the paper. The paper has two largely independent parts: a local one
and a global one. We will review each of them individually by carefully explaining
which arguments are new.

1A1. Local part. For concreteness, assume that 5 = {w} with 7 supersingular.
Let p = V (), let R; be the universal deformation ring of p and let R'g be the
quotient of R; parametrizing deformations with determinant ¥r¢. We follow the
strategy outlined in [Paskiinas 2013, §5.8]. We show that J% is the universal
deformation of 7 and Eg is the universal deformation ring by verifying that
hypotheses (HO)—(H5), made in Section 3 of [Pasktinas 2013], hold. In Section 3.3
of the same work we developed a criterion to check that the ring Es is commutative.
To apply this criterion, one needs the ring Rw to be formally smooth and to control
the image of some Ext!-group in some Ext2 -group. The first condition does not
holdif p=2andif p=3and p = pQw. Evenif p=3and p Z p ® w, so
that the ring is formally smooth, to check the second condition is a computational
nightmare. In [Colmez et al. 2014] we found a different characteristic-0 argument
to get around this. The key input is the result of [Berger and Breuil 2010] which
says that if a locally algebraic principal series representation admits a G-invariant
norm, then its completion is irreducible, and 7= occurs in the reduction modulo @&
with multiplicity one. We deduce from [Colmez et al. 2014, Corollary 2.22] that the
ring Eog is commutative. The argument of Kisin [2010] shows that V(Jsz;)v (Wre) is
a deformation of p to Ep and we have surjections R; — Eg — R-

To prove Theorem 1.2 we have to show that the surjection ¢ : E% —» R- is an
isomorphism. The proof of this claim is new and is carried out in Sectlon 2B3.
Corollary 1.4 is then a formal consequence of this isomorphism. If p > 5 then Rg’
is formally smooth and the claim is proved by a calculation on tangent spaces in
[Paskiinas 2013]. This does not hold if p =2 or p =3 and p = p ® w. We also
note that even if we admit the main result of [Colmez et al. 2014] (which we don’t),
we would only get that ¢ induces a bijection on maximal spectra of the generic
fibers of the rings. From this one could deduce that the map induces an isomorphism
between the maximal reduced quotient of Eg and R;’)-b, and it is not at all clear
that Eq is reduced. However, by using techniques of [PaSkiinas 2015b] we can
show that certain quotients Eg/a are reduced and identify them with crystabeline
deformation rings of p via ¢. Again the argument uses the results of [Berger and
Breuil 2010] in a crucial way. Further, we show that the intersection of all such
ideals in Esg is zero, which allows us to conclude the proof. A similar argument
using density appears in [Colmez et al. 2014, §2.4], however we have to work a bit
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more here, because we fix a central character; see Section 2A. Theorem 1.2 implies
immediately that det V() = Yeforall ITe Ban‘}ﬂ”‘; (L)[*B]. This is proved directly
in [Colmez et al. 2014] without any restriction on ‘B, and is the most technical part
of that paper.

Once we have Theorem 1.2, the Breuil-Mézard conjecture is proved the same
way as in [PaSktinas 2015b]; see Section 2C. If 8 is the block containing two
generic principal series representations, so that p** = x| @® x2, with x1 x, ! #1, w*!,
then we prove the Breuil-Mézard conjecture for both nonsplit extensions ()8 ;‘2) and
()il )?2) and deduce the conjecture in the split case in a companion paper [PaSkiinas
2015a], following an idea of Hu and Tan [2015]. We formulate and prove the
Breuil-Mézard conjecture in the language of cycles, as introduced by Emerton and
Gee [2014]. All our arguments are local, except that if the inertial type extends
to an irreducible representation of the Weil group Wq, of (,,, the description of
locally algebraic vectors in the Banach space representations relies on a global input
of Emerton [2011, §7.4]. Dospinescu’s results [2015] on locally algebraic vectors
in extensions of Banach space representations of G are also crucial in this case.

1A2. Global part. As already explained, an analogue of Theorem 1.1 has been
proved by Kisin if p > 2. Moreover, if p =2 and p|g,, is semistable with Hodge—
Tate weights (0, 1) for all v | 2, then the theorem has been proved by Khare and
Wintenberger [2009b] and Kisin [2009b] in their work on Serre’s conjecture. We
use their results as an input in our proof.

The strategy of the proof is the same as in [Kisin 2009a]. By base change
arguments, which are the same as in [Khare and Wintenberger 2009b; Kisin 2009b;
2009c¢] (see Section 3F) we reduce ourselves to a situation where the ramification of
p and p outside 2 is minimal and p comes from an automorphic form on a definite
quaternion algebra. We patch automorphic forms on definite quaternion algebras
and deduce the theorem from a weak form of the Breuil-Mézard conjecture, which
is proved in the local part of the paper. Assumption (iv) in Theorem 1.1 comes
from the local part of the paper.

Let us explain some differences with [Kisin 2009a]. If p > 2 then the patched
ring is formally smooth over a completed tensor product of local deformation rings.
This implies that the patched ring is reduced, equidimensional and O-flat and that its
Hilbert—Samuel multiplicity is equal to the product of Hilbert-Samuel multiplicities
of the local deformation rings. For p =2 we modify the patching argument used
in [Kisin 2009a] following [Khare and Wintenberger 2009b]. This gives us two
patched rings, and the passage between them and the completed tensor product of
local rings is not as straightforward as before. To overcome this we use an idea
which appears in errata to [Kisin 2009a] published in [Gee and Kisin 2014]. If
py 1s a Galois representation associated to a Hilbert modular form lifting p and
v is a place of F above p, then one knows from [Blasius 2006; Katz and Messing
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1974; Saito 2009] that the Weil-Deligne representation associated to p|g,, is pure.
Kisin shows that this implies that the point on the generic fiber of the potentially
semistable deformation ring, defined by pr|g,, , cannot lie on the intersection of
two irreducible components, and hence is regular. Using this we show that the
localization of patched rings at the prime ideal defined by py is regular, and we
are in a position to use the Auslander—Buchsbaum theorem; see Lemma 3.14 and
Proposition 3.17. As explained in [Gee and Kisin 2014], this observation enables
us to deal with cases when the patched module is not generically free of rank 1
over the patched ring, which was the case in the original paper [Kisin 2009a]. In
particular, we don’t add any Hecke operators at places above 2 and we don’t use
[Darmon et al. 1997, Lemma 4.11].

As a part of his proof, Kisin uses the description by Gee [2011] of Serre weights
for p, which is available only for p > 2. We determine Serre weights for p when
p = 2 in Section 3D under assumption (iv) of Theorem 1.1. As in [Gee 2011]
the main input is a modularity lifting theorem, which in our case is the theorem
proved by Khare and Wintenberger [2009b] and Kisin [2009b]. We do this by a
characteristic-0 argument, where Gee argues in characteristic p; see Section 3D.

The modularity lifting theorems for p =2 proved by Kisin [2009b], and more
recently by Thorne [2016], do not require 2 to split completely in the totally real
field F, but they put a more restrictive hypothesis on p|g, for v|2. Kisin assumes
that p|g,, for all v |2 is potentially crystalline with Hodge—Tate weights equal to
(0, 1) for every embedding F, < @, and F, = Q, if plcy, 1s ordinary. Thorne
removes this last assumption, but requires instead that p|c,, be nontrivial for at least
one v | 0o. We need 2 to split completely in F in order to apply the results on the
p-adic Langlands correspondence, which is currently available only for GL,(Q),).

2. Local part

2A. Capture. Let K be a profinite group with an open pro-p group. Let O[[ K] be
the completed group algebra, and let Mod%ro((’)) be the category of compact linear-
topological O[K Jl-modules. Let ¢ : Z(K) — O be a continuous character. We
let Modﬁ,)(rO (O) be the full subcategory of Modpm(O) such that M Modpm(O)
lies in Mod%ow (0) if and only if Z(K) acts on M via ¥, Let {V;};c; be a family
of continuous representations of K on finite-dimensional L-vector spaces, and let

M € Mod%°(0).
Definition 2.1. We say that {V;};c; captures M if the smallest quotient M — Q
such that Homg)ﬁ‘}{]](Q, V¥ = Homg)[‘[‘}q](M , V) forall i € I is equal to M.

We let ¢ := (_(1) _(1)) and note that the center of SL>(Z),) is equal to {1, c}.

Lemma 2.2. If K =SL,(Z,) then O[K1/(c—1) and O[K1/(c+1) are O-torsion-
free.
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Proof. If K,, is an open normal subgroup of K such that the image of ¢ in K/K,, is
nontrivial, then O[K /K},] is a free O[Z]-module, where Z is the center of K. This
implies that O[K /K, ]/(c £1) is a free O-module and by passing to the limit we
obtain the assertion. (]

Lemma 2.3. Let K = S1,(Z,), let Z be the center of K and let {V;};c1 be a family
which captures O[[K || such that each V; has a central character. Let ™ and 1~
be subsets of I consisting of i such that c acts on V; by 1 and by —1, respectively.
Let  : Z — L* be a character. If ¥(c) = 1 then I captures every projective
object in Mod%r?w (0). If ¥ (c) = —1 then I~ captures every projective object in
Mod§”°, (O).

Proof. If M € ModII)(m(O) is O-torsion-free then I captures M if and only if
the image of the evaluation map EBI. c1 Vi ® Homg (V;, IT) — I is dense, where
I1 = Hom{"(M, L) is the Banach space representation of K with the topol-
ogy induced by the supremum norm [Colmez et al. 2014, Lemma 2.10]. Let
1 = Hom{$™(O[K1, L) and IT* := Hom&™(O[K]/(c £ 1), L). Since I =
[Tt @I, and {V;} captures O[ K ]|, we deduce that the image of the evaluation map
@iel V;®Homg (V;, IT%) — I1* is dense. If i € T then ¢ acts trivially on V; and so
Homg (V;, I17) = 0. This implies the image of @ie” V; @ Homg (V;, ITT) — ITT
is dense. Using Lemma 2.2 we deduce that It captures O[K]/(c — 1). A sim-
ilar argument shows that I~ captures O[K]/(c 4+ 1). Every projective object in
Modl;(rf)l/f(O) can be realized as a direct summand of a product of some copies of
O[K]/(c — ¥ (c)), which implies the assertion; see the proof of [Colmez et al.
2014, Lemma 2.11]. (]

Lemma 2.4. Let K =S1,(Z,), and let Z be the center of K, v : Z — L™ a charac-
ter and V a continuous representation of K on a finite-dimensional L-vector space
with a central character {r,. If ¥ (c) = Y, (c) then {V ® SymZ“Lz}aeN captures
every projective object in Modr;{rf)w (O);if ¥ (c)=—1,(c) then {V(X)SymzaJrl L?}aen
captures every projective object in ModII)(ri// (0).

Proof. Proposition 2.12 in [Colmez et al. 2014] implies that {Sym“Lz}aeN captures
O[K]. We leave it as an exercise for the reader to check that this implies that
{(V® Sym”Lz}aeN also captures O[[ K ]|. The assertion follows from Lemma 2.3. [

Lemma 2.5. Let M € Modlér](j2 ) W(O) and let V be a continuous representation
of K on a finite-dimensional L-vector space with a central character . Then

mKerqS = ﬂKerS,
¢ €.

where the first intersection is taken over all ¢ € Homg’[‘[léLz(Zp)]] (M, V*) and the

second intersection is taken over all characters 1 : Z[f — L* withn?> =1 and all
t

Ee Homg’[‘[‘GLz(Zp)]] (M, (V®nodet)*).
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Proof. Let Z be the center of GL,(Z,). The determinant induces the isomorphism
GL2(Z,)/ZSLa(Z,) = ZX/(ZX)2 which is a cyclic group of order 2 if p # 2, and
a product of cyclic groups of order 2 if p = 2. Hence Ind, SL(Z(”Z 1= P n o det,

where the sum is taken over all characters n with n> = 1. The 1som0rphlsm

t t
~ t GLa(Zp)
>~ Homg’[‘[lGLz(Zp)]] (M, V*®Ind, SLz(]Z,,) 1)

= @ Homg’&‘éh(zp)ﬂ (M, V* ®nodet)

implies the assertion. O

Lemma 2.6. Let Me Modlgﬁ2 @) v (O) and let {V;}ic1 be a family of continuous rep-
resentations of K on finite-dimensional L-vector spaces with a central character r.
If {VilsLy@z,) bier captures M|si,(z,) then {V; ® nodet}ics n captures M, where n
runs over all characters 1 : Z; — L* withn>=1.

Proof. The assertion follows from Lemma 2.5 and [Colmez et al. 2014, Lemma 2.7].
O

Proposition 2.7. Let K = GLy(Z),), and let Z be the center of K and  : Z — L*
a continuous character. There is a smooth irreducible representation t of K which
is a type for a Bernstein component containing a principal series representation,
but not containing a special series representation, such that

{t®Sym?L> ® ' o det}yen.

captures every projective object in Mod (O) Here, for each a € N, n’ runs over
all continuous characters ' ZX — L* such that T ® Sym® L ® ' odet has central
character .

Proof. If p # 2 (resp. p =2) then 1+ pZ, (resp. 1 +42>) is a free pro-p group
of rank 1. Using this one may show that there is a smooth, nontrivial character
X :Z,; — L* and a continuous character 7o : Z, — L* such that ¢ = xng. Lete
be the smallest integer such that x is trivial on 1+ p¢Z,,. Let

7 ( Z; Zp>
p¢Z, Z; ’
and let x ® 1: J — L* be the character which sends (¢ Z) > x(a). The rep-
resentation t := Indf (x ®1) is irreducible and is a type. More precisely, for an
irreducible smooth Z—representation 7 of G =GL,(Q)), we have Homg (7, 7) #0
if and only if 7 = (IndG Y1 ® ¥2)sm, Where B is a Borel subgroup and |Z>< =yx
and Y| 7y = =1; see [Henniart 2002, §A.2.2]. The central character of 7 is equal to x.

We clalm that the family {r ® Symz"L2 ® (det) " ® nng o det} Ny where 1 runs
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over all the characters with n*> = 1, captures every projective object in Mod v (O).
IfMe Modr;(r ll,(O) is projective then M [si,(z,) is projective in ModSL ). W(O)
[Emerton 2010b, Proposition 2.1.11]. Lemma 2.4 implies that the family captures
M|sL,z,)- Since each representation in the family has central character equal to
xn% = 1, the claim follows from Lemma 2.6. Since the family of representations
appearing in the claim is a subfamily of the representations appearing in the propo-
sition, the claim implies the proposition. ([

2B. The image of Colmez’s Montreal functor. Let G =GL2(Q,), K =GL,(Z,).
Let B be the subgroup of upper-triangular matrices in G, let 7 be the subgroup of
diagonal matrices and let Z be the center of G. We make no assumption on the
prime p. We fix a continuous character ¢ : Z — O*.

Let Mod%m((’)) be the category of profinite augmented representations of G
[Emerton 2010a, Definition 2.1.6]. The Pontryagin duality

7+ 1’ := Hom{3™ (7, L/O)

induces an antiequivalence of categories between Mod;' (O) and Mong(O) [Emer-
ton 2010a, (2.2.8)]. Let Mod:*™(©) be the full subcategory of Mod{™(©) con-
sisting of locally admissible [Emerton 2010a, Definition 2.2.17] representations
of G and let Modlc';zf‘lipm((?) be the full subcategory of ModIGadm(O) consisting of
those representations on which Z acts by the character . Let €(O) be the full
subcategory of Modp (0) antlequlvalent to Mod®: adm(O) via the Pontryagin duality.
For my, mp € Mod1 adm (O) we let Ext Gy (1, ) be the Yoneda Ext group computed
in Mod] -adm g (O).

Let 7 € Modl adm((’)) be absolutely irreducible and either supersingular [Barthel
and Livné 1994; Breull 2003a] or a principal series representation isomorphic to
(Ind B X1 ® sz_l)sm for some smooth characters yi, x2 : @X — k> such that
x1x; ' # ¥, 1. This hypothesis ensures that 7’ := (Ind§ x> ® xiw™'), s also
absolutely irreducible and w 2 7. Let P — ¥ be a projective envelope of 7
in €(O) and let £ = Endg(o)(P). Then E is naturally a topological ring with a
unique maximal ideal and residue field k = End¢(o) ("); see [Paskunas 2013, §2].

Proposition 2.8. If  is supersingular then k @ P = 7". If 7w is a principal series
then k ® g P = k", where « is the unique nonsplit extension 0 — w — k — 1’ — 0.

Proof. In both cases, (k QF P)Y is the unique representation in Modk ddm((/)) which
is maximal with respect to the following conditions: (1) socg(k Qf P) = 7

(2) 7 occurs in (k®g P)¥ with multiplicity one; see [Pagkinas 2013, Remark 1.13].
For, if 7 € Mod: adm((’)) satisfies both conditions, then (1) and [Paskunas 2013,

Lemma 2.10] 1mply that the natural map Home o) (P, T) QRp P — tVis surjec-
tive, and (2) and the exactness of Homg(o) (P, *) imply that Homg ) (P, V) =
Homg ) (P, 7¥) = k. Hence, dually we obtain an injection 7 — (k RF P).
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Let 7r; be an irreducible representation in Modléfcllﬂm(O) such that Ext};’w (my,m)is
nonzero. It follows from Corollary 1.2 in [Paskiinas 2014] that if 7 is supersingular
then ;1 = 7 and hence (k ®¢ P)" = m, and if 7 is a principal series as above
then m; = 7 or 7y = n’. We will now explain how to modify the arguments
of [PaSkiinas 2013, §8] so that they also work for p = 2, the main point being
that Emerton’s functor of ordinary parts works for all p. Proposition 4.3.15(2)
of [Emerton 2010b] implies that Exté 10(71'/ ) is one-dimensional. Let x be the
unique nonsplit extension 0 — 7 — xk — 7’ — 0. We claim that ExtG 1/,(71 K)=
for all n > 0. The claim for n = 1 implies that (k Qg P) Z k. Itis proved in
[Emerton and PaSkiinas 2010, Corollary 3.12] that the §-functor H* Ordp, defined in
[Emerton 2010b, Definition 3.3.1], is effaceable in Mod: adn“((9) Hence it coincides
with the derived functor R* Ordg. An open compact subgroup Ny of the unipotent
radical of B is isomorphic to Z,, and hence H'(Ny, %) vanishes for i > 2. This
implies that R Ordg = H' Ordg = 0 for i > 2. The proof of [Paskiinas 2013,
Lemma 8.1] does not use the assumption p > 2 and gives that

Ordgk ZOrdg 7 ZR!' Ordg 7’ ZR!' Ordg k = o0~ ' @ x1. )

Our assumption on x; and y, implies that x1w_1 ® x2 and )(260_1 ® x1 are
distinct characters of T. It follows from [Emerton 2010b, Lemma 4.3.10] that
all the Ext-groups between them vanish. Since 7’ = (IndG o' ® Xz) where
B is the subgroup of lower-triangular matrices in G, all the terms in Emerton S
spectral sequence [2010b, (3.7.4)] converging to EXtG,w(” , k) are zero. Hence,
EXtG 1//(”2’ k) =0 for all n > 0. Let us also note that the 5-term exact sequence
associated to the spectral sequence implies that ExtG (7, k) is finite-dimensional.

O

Proposition 2.9. If 7w is supersingular then let S = Q = n”. If 7w is a principal
series then let S = ¥ and Q = «". Then S and Q satisfy the hypotheses (HO)—(HS5)
of [Paskiinas 2013, §3].

Proof. If mr is supersingular then there are no other irreducible representations in
the block of 7 and hence the only hypothesis to check is (H4), which is equivalent
to the finite-dimensionality of Extlc’w(n, 7). This follows from Proposition 9.1 in
[Paskiinas 2010b]. If 7 is a principal series then the assertion follows from the
Ext-group calculations made in the proof of Proposition 2.8. ([l

The proposition enables us to apply the formalism developed in [Paskiinas 2013,
Section 3]. Corollary 3.12 of [Paskiinas 2013] implies:

Proposition 2.10. The functor Qg P is an exact functor from the category of pseudo-
compact right E-modules to €(O).
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If m is a pseudocompact right E-module then Homg oy (P, m ®r P) = m by
[Pasktnas 2013, Lemma 2.9]. This implies that the functor is fully faithful, so that

Homcom(ml, m;) = Homg (o) (m; Qp P, my ®g P). 3)
Proposition 2.11. E is commutative.

Proof. Let @((9) be the full subcategory of Modpm(O) which is antiequivalent
to Mod1 “dm(O) via the Pontryagln duality. Let Pbea projective envelope of 7V
in Qﬁ((’)) let E : Endc(o) (P) and let a be the closed two-sided ideal of £ generated
by the elements z — ¥~ 1(2), for all z in the center of G. We may consider €(QO) as
a full subcategory of E((’)). Since the center of G acts on ﬁ/ aP by ¥ ~!, we have
ﬁ/ aP e ¢(0O). The functor Homg(o)(ﬁ/ aP , %) 1S exact, since

Homg (o) (P/aP, M) = Homg o, (P, M) (4)

for all M € €(0), and P is projective. Hence, ﬁ/aﬁ is projective in €(0). Its
G-cosocle is isomorphic to 77, since the same is true of P. Hence, 13/ aPisa pro-
jective envelope of 7V in €(O). Since projective envelopes are unique up to isomor-
phism, P / aPis isomorphic to P. Since a is generated by central elements, any ¢ e E
maps aP to itself. This yields a ring homomorphlsm E— Endg(o)(P/ aP) =

Projectivity of P and (4) applied with M = P / aP implies that the homomorphlsm
is surjective and induces an isomorphism E Ja= Endg(@)(P / aP) Since E is com-
mutative [Colmez et al. 2014, Corollary 2.22] we deduce that E is commutative. []

Proposition 2.12. E is a complete local noetherian commutative O-algebra with
residue field k.

Proof. Proposition 2.11 asserts that E is commutative. Corollary 3.11 of [Paskiinas
2013] implies that the natural topology on E (see [Paskiinas 2013, §2]) coincides
with the topology defined by the maximal ideal m, which implies that E is com-
plete for the m-adic topology. It follows from Lemma 3.7, Proposition 3.8(iii) of
[Paskiinas 2013] that m/(m? + () is a finite-dimensional k-vector space. Since
E is commutative, we deduce that E is noetherian. O

Proposition 2.13. Let Q = ¥ if 7w is supersingular and let Q = k" if w is a
principal series. The ring E represents the universal deformation problem of Q
in €(0), and P is the universal deformation of Q.

Proof. Since E is commutative by Proposition 2.11 and since hypotheses (HO)—(HS)
of [Paskiinas 2013, §3] are satisfied by Proposition 2.9, the assertion follows from
[Paskiinas 2013, Corollary 3.27]. O
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2B1. Colmez’s Montreal functor. This subsection is essentially the same as Section
5.7 of [Paskunas 2013]. Let Ggq, be the absolute Galois group of Q,. We will
consider ¥ as a character of Gq, via local class field theory, normalized so that the
uniformizers correspond to geometric Frobenii. Let ¢ : Gg, — O™ be the p-adic
cyclotomic character. Similarly, we will identify & with the character of @, which
maps x to x |x|.

Colmez [2010] has defined an exact and covariant functor V from the category
of smooth, finite-length representations of G on O-torsion modules with a central
character to the category of continuous finite-length representations of Gg, on
O-torsion modules. This functor enables us to make the connection between the
GL2(Qp) and Gg, worlds. We modify Colmez’s functor to obtain an exact covariant
functor

V. ewn—»wm&“(O)

as follows. Let M be in €(O). If it is of finite length then V(M) = V(MY (eyr),
where V denotes the Pontryagin dual and ¢ is the cyclotomic character. In general,
we may write M = lim M; . where the limit is taken over all quotients of finite length
in €(0), and we deﬁne V(M) = lim V(M) Ifr e Mod1 fin (k) is absolutely
irreducible, then ¥ is an object of (’:(O) and if 7 is supersmgular in the sense
of [Barthel and Livné 1994], then V(]TV) = V() is an absolutely irreducible
continuous representation of Gq, associated to 7 by Breuil [2003a]. If &7 =
m%m®mw0mmmvwh—X1Hn—xummmvmh—Ommf
T = Sp ®yx odet, where Sp is the Steinberg representation, then V(rY) = X Since
V is exact we obtain an exact sequence of Gg,-representations

0— x2— V(KY) = x1 — 0. 5

The sequence is nonsplit by [Colmez 2010, Proposition VIL.4.13(iii)]. If m is a
pseudocompact right E-module then there exists a natural isomorphism of Gg,-
representations

Vm®g P) Zm®g V(P), (6)

by [Pasktinas 2013, Lemma 5.53]. It follows from (6) and Proposition 2.10 that
‘V/(P) is a deformation of p := ‘V/(k QpP)to E. If w is supersingular then p is an
absolutely irreducible 2-dimensional representation of Gg,, and if 7 is a principal
series then p is a nonsplit extension of distinct characters; see (5). In both cases,
EndG@ (p) =k and so the universal deformation problem of p is represented by a
complete local noetherian O-algebra R. Let RY be the quotient of R parametrizing
deformations of p with determinant equal to V¢.

Proposition 2.14. The functor V induces surjective homomorphisms R — E and
¢: E - RV.
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Proof. This is proved in the same way as [PaSkiinas 2013, Proposition 5.56, §5.8],
following [Kisin 2010]. For the first surjection it is enough to prove that V induces
an injection

Exte(0)(Q. Q) = Extg, (p. p).

This follows from [Colmez 2010, Théoréeme VII.5.2]. To prove the second surjection,
we observe that RY is reduced and O-torsion-free: if p > 5 then RY is formally
smooth over O, if p = 3 then the assertion follows from results of [Bockle 2010],
and if p =2 then the assertion follows from [Chenevier 2009, Proposition 4.1]. Thus
it is enough to show that every closed point of Spec R¥[1/p] is contained in Spec E.
This is equivalent to showing that for every deformation p of p with determinant &
there is a Banach space representation IT lifting Q" with central character ¥ such
that IV/(H) = 5. This follows from [Colmez et al. 2015, Theorem 10.1]. U

2B2. Banach space representations. Let Ban‘ldm (L) be the category of admissible
unitary L-Banach space representations [Schnelder and Teitelbaum 2002, §3] on
which Z acts by the character . If T € Banadm (L) then we let

VI :=V©OY) oL, @)

where ® is any open bounded G-invariant lattice in I1. Therefore, V is exact and
contravariant on Banadm (L).

Remark 2.15. One of the reasons we use V instead of V is that this allows us to
define V (IT) without making the assumption that the reduction of Il modulo @
has finite length as a G-representation.

If mis an E[1/p]-module of finite length then we let

I(m) := Hom$™(m’ ® P, L), (8)

where m°

is any E-stable O-lattice in m. Then IT(m) is an admissible unitary
L-Banach space representation of G, by [Pasktinas 2015b, Lemma 2.21], with
the topology given by the supremum norm. Since the functor ® P is exact by
Proposition 2.10, the functor m — IT(m) is exact and contravariant. Moreover, it is

fully faithful, as
Homg (TT(my), [1(my)) = Home(o) (M) &£ P, m{ &g P),
= Homgy/p)(my, my), 9

where the first isomorphism follows from Theorem 2.3 of [Schneider and Teitelbaum
2002] and the second from (3).

Lemma 2.16. Let m be an E[1/ p]-module of finite length and let T1 € Banaclm (L)
be such that w does not occur as a subquotient in the reduction of an open bounded
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G-invariant lattice in Tl modulo w. Then Ext};(l'l, I1(m)) computed in Banadm (L)
is zero.

Proof. If ® is an open bounded G-invariant lattice in B € Ban"‘dm (L) then we define
m(B) :=Homgo) (P, o ;. Proposition 4.17 in [Paskiinas 2013] implies that m(B)
is a finitely generated E[1/p]-module. The functor B — m(B) is exact by [Paskiinas
2013, Lemma 4.9]. The evaluation map Homg () (P, %) ®¢ P — ©¢ induces a
continuous G-equivariant map B — IT(m(B)). If m is an E[1/p]-module of finite
length and B = I1(m) then m(B) = m and the map B — I[1(m(B)) is an isomorphism
by [Pasktinas 2013, Lemma 4.28]. Moreover, m(B) = 0 if and only if 7= does not oc-
cur as a subquotient of ® /(z), by [Colmez et al. 2014, Proposition 2.1(ii)]. Hence,
if we have an exact sequence 0 — I1(m) — B — IT — 0 then by applying the functor
m to it, we obtain an isomorphism m = m(I1(m)) = m(B) and hence an isomorphism
[T(m) = [T(m(B)). The map B — IT(m(B)) splits the exact sequence. U

The proof of [Paskiinas 2015b, Lemma 4.3] shows that we have a natural iso-
morphism of Gg,-representations

V(II(m)) = m®g V(P). (10)

Let us point out a special case of this isomorphism. If n is a maximal ideal of E[1/p]
then its residue field « (n) is a finite extension of L. Let O, ) be the ring of integers
in k(n) and let @, () be the uniformizer. Then ® := Hom“’m(OK(n) Qg P, 0) is
an open bounded G-invariant lattice in IT(x (n)). The evaluation map induces an
isomorphism ®¢ = O, () ® P. Since E is noetherian, O,y is a finitely presented
E-module and thus the usual and completed tensor products coincide. We obtain

V(O ZOm ®V(P), V(M) Zkm) @ V(P). (11)
Since the residue field of O, is k, we have
O /(W) = Hom{"(k ® P, k) = (k ®f P)". (12)

Recall from [Paskiinas 2013, §4] that IT € Bana“lm (L) is irreducible if it does
not have a nontrivial closed G-invariant subspace It is absolutely irreducible if
[T ®; L' is irreducible in BanaClm (L") for every finite field extension L’/L. An
irreducible I1 is ordinary if it is a subquotlent of a unitary parabolic induction of a
unitary character. Otherwise it is called nonordinary.

Proposition 2.17. If n is a maximal ideal of E[1/ p] then either the k (n)-Banach
space representation I1(x (n)) is absolutely irreducible nonordinary or

T = (Indg X1 ® Xza)_l)

sm
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and (after possibly replacing k() by a finite extension) there exists a nonsplit
extension

0— (Indg 51 ®528_1) — (kM) —> (Indg 8 ®318_]) — 0, (13)

cont cont

where 81, 67 : @; — k(n)* are unitary characters congruent to x1 and x», respec-
tively, such that 5,8, = re.

Proof. 1t follows from (11) that dim, ) V (IT(x(n))) = 2. Since V applied to a
parabolic induction of a unitary character is a one-dimensional representation of
Gq,, we deduce that if TT(x(n)) is absolutely irreducible then it cannot be ordinary.

If v is supersingular then (12) implies that ® /(@) = m, which is absolutely
irreducible. This implies that IT(x (n)) is absolutely irreducible. If & is a principal
series then © /(@ (w)) is of length 2 and both irreducible subquotients are absolutely
irreducible. Hence, IT(k(n)) is either irreducible or of length 2. Let us assume that
[T(x (n)) is not absolutely irreducible. Then after possibly replacing « (n) by a finite
extension we have an exact sequence of admissible x (n)-Banach space representa-
tions 0 — I[1; — [1(x(n)) — I1, — 0. This sequence is nonsplit, since otherwise
IV/(I'I(K (n))) would be a direct sum of two one-dimensional representations, which
would contradict [Paskiinas 2015b, Lemma 4.5(iii)]. Let ®1 := ® N I1; and let ©,
be the image of ® in I1,. Since we are dealing with admissible representations, ®;
is a bounded O-lattice in I1,. Lemma 5.5 of [Paskiinas 2010a] says that we have
the exact sequences of Oy y)-modules

0> 0 >0 0,0, (14)
0— O1/(cw) = O/(@m) = O2/(@cwm)) = 0. (15)

It follows from (12) that the exact sequence of G-representations in (15) is the
unique nonsplit extension 0 — 7 — x — 7’ — 0. Proposition 4.2.14 of [Emerton
2010b] applied with A = Oy /(" y) for all n > 1 implies that

n

I = (Ind§ 6; ® $¢ ') I, = (Ind§ 8, ® 87 ™")

cont’ cont’

where 81, 82, 81, 85 : @) — k(n)* are unitary characters with §;, &, congruent
to x; and &y, 85 congruent to x> modulo @y ). We reduce (14) modulo w,("(n)
to obtain an exact sequence to which we apply Ordg. This gives us an injection
Ordg(©2/(@],,))) = R! Ordg(©2/(w],)). Since both are free Oc(w)/(@]))-
modules of rank 1, the injection is an isomorphism. This implies that §; is congruent
to 8] and &, is congruent 8, modulo wk”(n) foralln > 1. Hence, §; =46] and 6, =4),. [J

2B3. Main local result. We will prove that the surjection ¢ : E — RY in Proposition
2.14 is an isomorphism. The argument combines the first part of the paper with
methods of [PaSkiinas 2015b]. The argument in [PaSkiinas 2013] used to prove this
statement when p > 5 uses the fact that the rings RY are formally smooth in that
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case. This does not hold in general; when p =2 or 3 and even when the ring is
formally smooth and p = 3, the computations just get too complicated.

Let V be a continuous representation of K with a central character ¥ of the form
T ® Sym“L? ® 1 o det, where 7 : Z; — L* is a continuous character, and 7 is a
type for a Bernstein component containing a principal series representation, but not
containing a special series representation.

Proposition 2.18. If n is a maximal ideal of E[1/p] then the following hold:

(1) dim, ) Homg (V, IT(k(n))) < 1.
(i) dim, ) Homg (V, TI(E,/n?)) <2.

Moreover, if Homg (V, I1(x(n))) # O then det ‘V/(H(K(n))) = Ye.

Proof. If mis an E[1/ p]-module of finite length and L’ is a finite extension of L, then
M(m®, L) =TI(m)®, L and Homg (V, TT(m)) ®;, L' = Homg (V, [T(m) @, L').
This implies that it is enough to prove the assertions after replacing «(n) by a
finite extension. In particular, we may assume that [1(x (n)) is either absolutely
irreducible or a nonsplit extension as in Proposition 2.17. Since Vis compatible
with twisting by characters, to prove the proposition it is enough to assume that n
is trivial, so that V is a locally algebraic representation of K.

Since t is a type and I1(x(n)) is admissible, Homg (V, IT(k (n))) # O if and
only if (after possibly replacing x(n) by a finite extension) I1(x(n)) contains a
subrepresentation of the form W @ Sym“ L2, where W is an absolutely irreducible
smooth principal series representation in the Bernstein component described by ;
see the proof of [Paskiinas 2010a, Theorem 7.2]. Let IT be the universal unitary
completion of ¥ ® Sym®L2 Then IT is absolutely irreducible, by [Berger and
Breuil 2010, Corollaire 5.3.4] and [Breuil and Emerton 2010, Proposition 2.2.1].

If I1(«x (n)) is absolutely irreducible, we deduce that I1(«x (n)) = IT. Since IT in
[Berger and Breuil 2010] is constructed out of a (¢, I")-module of a 2-dimensional
crystabeline representation of Gg, with determinant ¢, applying V undoes this
construction to obtain the Galois representation we started with. In particular,
detV (IT(k (n))) = e. Moreover, it follows from [Colmez 2010, Théoréme VI1.6.50]
that the locally algebraic vectors in IT(x (1)) are isomorphic to ¥ ® Sym“Lz, which
implies that

dim, ) Homg (V, IT(k (n))) = dim, (ny Homg (V, ¥ ® Sym“Lz) =1, (16)
giving part (i).

If IT(x (n)) is reducible, then using the fact that (13) is nonsplit we deduce that IT
is the unique irreducible subrepresentation of IT(x (n)). It follows from [PaSkiinas
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2013, Lemma 12.5]" that the locally algebraic vectors in IT are isomorphic to
v ® Sym“L2 and the locally algebraic vectors in IT(kx(n))/Il are zero. Thus
locally algebraic vectors in IT(k(n)) are isomorphic to ¥ & Syrn“L2 and so part (i)
holds. Moreover, applying V to (13) we obtain an exact sequence 0 — §, —
V(I1(k(n))) — 8; — 0. Hence, det V(IT(k (n))) = 818, = Yre.

The exact sequence 0 — n/n> — E,/n?> — k(n) — 0 of E[1/p]-modules gives
rise to an exact sequence of admissible Banach space representations of G

0 — (k) = (Es/n?) — Mk 1n)®4 -0,

where d = dimy ) n/ n2. We claim that Homg (IT, TT(E,/n?)) is one-dimensional as
a k (n)-vector space. Given the claim we can deduce part (ii) by the same argument
as in [Pasktinas 2015b, Corollary 4.21]. To show the claim let IT" := IT(x (n))/I1.
If TT' is zero then the assertion follows from (9). If TT’ is nonzero then the reduction
of the unit ball modulo @ () is isomorphic to 7”. Since (13) is nonsplit we obtain
Homg (IT, TT(k (n))) = 0, and Lemma 2.16 implies that ExtIG(l'I/, [T(k(n))) =0.
Hence, Homg (IT(k (n)), TT(E,/n?)) =Homg (I1, TT1(E,/n?)) and the claim follows
from (9). O

Let © be a K-invariant O-lattice in V and let M (®) := Hom' (P, ©%)¢, where
(%)% :=Homp (%, O). It follows from Proposition 2.8 that (k@ g P)" is an admissible
representation of G; dually, this implies that k ® ¢ P is a finitely generated O[[K -
module. Hence, [Paskiinas 2015b, Proposition 2.15] implies that M (®) is a finitely
generated E-module. We will denote by m-Spec the set of maximal ideals of a
commutative ring.

Proposition 2.19. Let a be the E-annihilator of M(®). Then E/a is reduced
and O-torsion-free. Moreover, m-Spec(E /a)[1/p] is contained in the image of
m-Spec RV [1/p] under ¢* : Spec R¥Y — Spec E.

Proof. Theorem 5.2 in [Paskiinas 2015b] implies that there is a P-regular x € E such
that P/xP is a finitely generated O[[ K J]-module which is projective in ModI;(ri/, (0).
It follows from [Paskiinas 2015b, Lemma 2.33] that M (®) is Cohen—Macaulay as
a module over E and its Krull dimension is equal to 2. If m is an E[1/p]-module
of finite length then

dim; Homg (V, II(m)) = dim; m Qg M (O), (17)

by [Paskiinas 2015b, Proposition 2.22]. Proposition 2.18 together with [Paskiinas
2015b, Proposition 2.32] imply that E /a is reduced. Itis O-torsion-free, since M (®)
is O-torsion-free. Let n be a maximal ideal of E[1/p]. Since E is a quotient of R,
n lies in the image of m-Spec R¥[1/p] if and only if detk (n) ®f V(P) = Ye.

IThe assumption p > 5 in [Paskiinas 2013, §12] is only invoked in the proof of Theorem 12.7 by
appealing to Theorem 11.4. All the other arguments in that section work for all primes p.
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Proposition 2.18, (11) and (17) imply that this holds for all the maximal ideals of
(E/a)[1/p]. N

Corollary 2.20. The surjection ¢ : E — RV, given by Proposition 2.14, induces an
isomorphism E Ja = RY/¢(a).

Proof. Since (E/a)[1/p] and (Rll'/(p(a))[l/p] are Jacobson, Proposition 2.19
implies that ¢ induces an isomorphism between E /a and the image of RY in the
maximal reduced quotient of (RY/¢(a))[1/p]. This implies that the surjection
E/a — RY/¢p(a) is injective, and hence an isomorphism. [l

Lemma 2.21. The E-annihilators of Hom$™ (P, V*) and M (®) are equal.

Proof. One inclusion is trivial; the other follows from [Paskiinas 2015b, (11)],
which says that Hom$™ (P, V*) is naturally isomorphic to Hom$" (M (®), L). O

Theorem 2.22. The functor V induces an isomorphism ¢ : E => RY. Moreover,
V (P) is the universal deformation of p with determinant Ve.

Proof. Tt follows from Corollary 2.20 and Lemma 2.21 that the kernel of ¢ is
contained in the E-annihilator of Hom@™ (P, V*). It follows from Proposition 2.7
that the intersection of the annihilators as V varies is zero. Hence, ¢ is injective, and
hence an isomorphism by Proposition 2.14. The second part is a formal consequence
of the first part. O

2B4. Blocks. As explained in the introduction the category Mod}: ‘ldm((’)) decom-
poses into a product of subcategories

Modg 4" (0) = ]_[ Modg 4" (O)[B], (18)

Belrridm)~

where Mod}; “dm(O)[‘B 1 is the full subcategory of Mod!: a‘11”“((9) consisting of repre-
sentations w1th all irreducible subquotients in 5. Dually we obtain a decomposition

co= [[ eors, (19)
Belrrddm/~

where M € €(0O) lies in €(0)[B] if and only if M lies in Mod" (O)[B].

For a block B let w3 = P, o 77, and let w3 < Jos be an injective envelope
of . Then Py := (Jy)" is a projective envelope of (7g)” in €(O). Moreover,
Jos 1s an injective generator of Mod! aldIn((9)[%] and Pgy is a projective generator of
€(O)[*B]. The ring Ex := Endg(@)(P%) carries a natural topology with respect to
which it is a pseudocompact ring; see [Gabriel 1962, Chapitre IV, Proposition 13].
In addition, the functor

M — HOIHQ(O)(P%, M)
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induces an equivalence of categories between €(O)[B] and the category of right
pseudocompact Eg-modules; see Corollaire 1 after [Gabriel 1962, Chapitre 1V,
Théoréme 4]. The inverse functor is given by m — m ® Eg P, as follows from
Lemmas 2.9 and 2.10 in [PaSkiinas 2013]. Moreover, the center of the category
of €(O)[*B], which by definition is the ring of the natural transformations of the
identity functor, is naturally isomorphic to the center of the ring Es; see Corollaire 5
after [Gabriel 1962, Chapitre IV, Théoreme 4].

Let us prove Theorem 1.2, stated in the introduction. If B is a block containing
a supersingular representation 7 then 8 = {7} and so mg = m, Py is a projective
envelope of ¥ and Eg coincides with the ring denoted by E in the previous
section. Theorem 2.22 implies that Eg is naturally isomorphic to Rw, the quotient
of the universal deformation ring of p := ‘7(7rv) parametrizing deformations with
determinant {re. Since this ring is commutative, we deduce that the center of
€(O)[*B] is naturally isomorphic to RZ’. Moreover, ‘V/(PsB) is the tautological
deformation of p to R¢; see Theorem 2.22.

If ¥B contains a generic principal series representation then B = {7}, 75}, where

m = (Ind§ x1 ® xoo™') my = (Indg x2 ® x10™") (20)

sm’ sm’

and x1, x2 : @) — k* are continuous characters such that x; x, '£1, w*!. Then
s = @ and so Py = Py @ P, where P is a projective envelope of n'lv and
P; is a projective envelope of 7, in €(O). Thus

Ex = Ende(o)(P1 ® P,) = Endg) (V(P) @V (P)), 21

where the last isomorphism follows from [PaSkiinas 2013, Lemma 8.10]. The
assumption on the characters x;, x» implies that if we consider them as repre-
sentations of G, via the local class field theory, Ext'-groups between them are
1-dimensional. This means there are unique up to isomorphism nonsplit extensions

X1 * x1 O
1= , D = .
P (0 Xz) P (* X2>
Let R; be the universal deformation ring of p;, let RY’ be the quotient of R,
parametrizing deformations of p; with determinant ¥, and let p{™" be the tauto-
univ

logical deformation of p; to RY/. We define R,, Rg’ and p,™" in the same way with
0> instead of p;. It follows from Theorem 2.22 and (21) that

Eqs = Endgy! (0™ @ p3™). (22)

We have studied the right-hand side of (22) in [Paskiinas 2013, §B.1] for p > 2 and
in [Paskinas 2015a] in general. To describe the result we need to recall the theory
of determinants due to Chenevier [2014].
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Let p : Gg, — GLa(k) be a continuous representation. Let 2l be the category of
local artinian augmented O-algebras with residue field k. Let DPS : 2 — Sets be the
functor which maps (A, my4) € 2 to the set of pairs of functions (¢, d) : Gg, > A
such that:

e d: Gg, > A* is a continuous group homomorphism, congruent to det p
modulo my.

» 1:Gq, — A is a continuous function with 7 (1) = 2.
» Forall g, h € Gq,, the following are satisfied:
(@) 1(g) =trp(g) (modmy).
(ii) 1(gh) =t (hg).
(iii) d(g)t(g~"'h) —t()t(h) +1(gh) =0.
The functor DP® is prorepresented by a complete local noetherian O-algebra RPS.
Let RP>V be the quotient of RP® parametrizing those pairs (¢, d) where d = Yre.

Combining (22) with [PaSkiinas 2015a, Propositions 3.12 and 4.3, Corollary 4.4]
we obtain the following:

Theorem 2.23. Let B = {m, w2} as above and let p = x1 @ xo. The center of Es,
and hence the center of the category €(O)[*Bl, is naturally isomorphic to RP>V.
Moreover, Eg is a free RPV-module of rank 4:

Eo o Rpsn/fle Rps,wcﬁu
PRV Dy RPSVe,

The generators satisfy the following relations:

G = G =en een = eney =0, (23)

e, @12 = Dpoey, = Dpa, ey, P21 = Dajey, = Dy, (24)
eXZCBlz = &)126)(1 = exld~>21 = Ci>21exz = CTD%Z = CB%] =0, (25)
CT>124~>21 =cey,, 5321&312 = cey,. (26)

The element c is regular in RP*V and generates the reducibility ideal.

In order to state the result about the center of €(O)[®8] in a uniform way, as
in Theorem 1.3, we note that if p is an irreducible representation then mapping a
deformation py4 to (tr p4, det p4) induces a homomorphism of O-algebras R”* — R,,,
which is an isomorphism by [Chenevier 2014, Theorem 2.22, Example 3.4].

For a block ‘B, let Banzclgﬂ’,nj (L)[*B] be the full subcategory of Ban%‘?ﬂ?, (L) consist-
ing of those IT for which, for some (equivalently any) open bounded G-invariant
lattice ®, all the irreducible subquotients of ® Qo k lie in ‘B. It is shown in
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[Paskiinas 2013, Proposition 5.36] that Bamadm (L) decomposes into a direct sum
of subcategories
Ban (L)= @ Band (L)[B].

Belrrddm/~

Corollary 2.24. If B = {n} with w supersingular then let p = V(rY). If B =
{m1, 2} with y, 7 given by (20) then let p =V ()) ® V(ry)) = x1 ® x2. The
map I1 +— V (I1) induces a bijection between the isomorphism classes of

e absolutely irreducible nonordinary 11 € Ban“dm (L)[B];

e absolutely irreducible p : Gg, — GLa(L) such that detp = Y& and the
semisimplification of the reduction modulo @ of a Gq,-invariant O-lattice in p
is isomorphic to p.

Proof. Given Theorems 1.2 and 2.23, this is proved in the same way as [PaSkiinas
2013, Theorem 11.4]. O

IfIle Banadm (L)[*B] and ® is an open bounded G-invariant lattice in I, then
®/w" is an ob]ect of Mod “dm(O)[iB] for all n > 1. Theorem 1.3 gives a natural
action of RP*Y on © /o for all n > 1. Passing to the limit and inverting p, we
obtain a natural homomorphism RP*V[1/p] — End®"(I1).

Corollary 2.25. Let 8 be as in Corollary 2.24 and let T1 € Banadm (L)[*B] b
absolutely irreducible. Then tr V(H) is equal to the specialization of the umversal
pseudocharacter t*™ : Gg, — R» Voatx: RSV — End®"(IT) =

Proof. This is proved in the same way as [Paskiinas 2013, Proposition 11.3]. To carry
out that proof we need to verify that V (Pg) is annihilated by g2 —1"V(g)g+ve(g)
for all g € Gg,. If B contains a supersingular representation this follows from
Cayley—Hamllton since V(P%) is the universal deformation of p with determinant
Ye, and tr V(P%) = """ by [Chenevier 2014, Theorem 2.22, Example 3.4]. If B
contains a generic principal series then V (Pg) = PV @ iV and the assertion
follows from [Paskiinas 2015a, Proposition 3.9]. O

Corollary 2.26. For any I1 as in Corollary 2.24, we have dim, Extlc o (I IT) = 3.
Proof. Let Banadm A(1)[B] be the full subcategory of Banadm (L)[*B] consisting of

objects of ﬁmte length It follows from [PaSkiinas 2013, Theorem 4.36] that this
category decomposes into a direct sum of subcategories

Banf{}"(L)[B1= P Bang}"(D)[B.
nem-Spec RPSV[1/p]

where, for a maximal ideal n of RP>¥[1/p], the direct summand Banadm A [B].
consists of those finite-length representations which are killed by a power of n.
Moreover, the last part of [PaSkiinas 2013, Theorem 4.36] implies that the functor
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[T — Homg ) (Pss., N1 /p], where ® is any open bounded G-invariant lattice
in IT, induces an antiequivalence of categories between BanaG‘{rf/‘/'ﬂ (L)[*B], and the
category of modules of finite length over the n-adic completion of E[1/p], which
we denote by EB,".

Let 5 = V(ID). Corollary 2.24 tells us that p is an absolutely irreducible represen-
tation with determinant v/¢. Let n be the maximal ideal of RP>Y[1/p] corresponding
to the pair (tr p, det p). It follows from Corollary 2.25 that IT is annihilated by n
and hence lies in Bangjfgﬂ (L)[B]a. Let A be the completion of RP*Y[1/p] at n.
In the supersingular case, Egs = RP>Y = RY, and so E‘B,n = A. In the generic
principal series case, since p is absolutely irreducible, the image of the generator
of the reducible locus in RP>¥ in «(n) is nonzero. It follows from the description
of Eg in Theorem 2.23 that E%,n is isomorphic to the algebra of 2 x 2 matrices
with entries in A. Thus in both cases we get that Ban‘(‘;jf:;'ﬂ(L)[%]n is antiequivalent
to the category of A-modules of finite length, and IT is identified with the residue
field « (n) of A. Hence,

Extg ,, (TT, TT) = Ext)y (k (n), k ().

Arguing as in [Kisin 2009c, Lemma 2.3.3] we may identify A with the universal
deformation ring parametrizing pseudocharacters with determinant ¥ & and values
in local artinian L-algebras which lift tr p. Since p is absolutely irreducible we
may further identify this ring with the quotient of the universal deformation ring
of p to local artinian L-algebras parametrizing deformations with determinant yr¢.
This ring is formally smooth over L of dimension 3, as Hz(G@p, ad’(p)) =
H O(G@p, ado(ﬁ)(l)) = 0 and so the deformation problem of p is unobstructed.
In particular, dim, Extlx (k(n), k(m)) =dimz nA /nzA =3. O

2C. The Breuil-Mézard conjecture. In this section we apply the formalism de-
veloped in [Paskiinas 2015b] to prove new cases of the Breuil-Mézard conjecture,
when p = 2. We place no restriction on p in this section.

Let p : Gg, — GLa(k) be a continuous representation which is either abso-
lutely irreducible, in which case we let 7 be a supersingular representation of G
such that V () = p, or which is isomorphic to (% ;2) a nonsplit extension with
Xle_l # 1, wt!, in which case we let 7 = (Indg X1 ® Xza)_])sm. As before we let
RV be the quotient of the universal deformation ring of p parametrizing deformations

with determinant ¥& and let p"™" be the tautological deformation of p to RY.
Proposition 2.27. P satisfies the hypotheses (NO)—(N2) of [Paskiinas 2015b, §4].

Proof. (NO) says that k ® gu P is of finite length and finitely generated over O[K].
This follows from Proposition 2.8. To verify (N1) we need to show that

HOIIISLZ(QP)(I, Pv) =0.
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The SL,(Q),)-invariants in P" are stable under the action of G. Since P" is an in-
jective envelope of m, if the subspace is nonzero then it must intersect 77 nontrivially.
However, 7512(®) = 0, which concludes the proof. (N2) requires ‘V/(P) and p""Y
to be isomorphic as RY [[G@p]]—modules and this is proved in Theorem 2.22. [J

Recall from [Serre 2000, §V.A] that the group of d-dimensional cycles Z;(A) of a
noetherian ring A is a free abelian group generated by p € Spec A withdim A/p=d.
For d-dimensional cycles ), npp and >, mpp, we write ), npp < >, mpp, if
ny < my for all p € Spec A with dim A/p =d.

If M is a finitely generated A-module of dimension at most d then My, is an Ay-
module of finite length, which we denote by £4,(My), for all p withdim A/p=d. We
note that £4,(M)) is nonzero only for finitely many p. Thus z,(M) := Zp La,(Mp)p,
where the sum is taken over all p € Spec A such that dim A/p =d, is a well defined
element of Z;(A).

If (A, m) is a local ring then we define a Hilbert—Samuel multiplicity e(z) of
acycle z = Zp npp € Z4(A) to equal Zp nye(A/p), where e(A/p) is the Hilbert—
Samuel multiplicity of the ring A/p. If M is a finitely generated A-module of
dimension d then the Hilbert—Samuel multiplicity of M is equal to the Hilbert—
Samuel multiplicity of its cycle z;(M); see [Serre 2000, §V.2].

If ® is a continuous representation of K on a free @-module of finite rank, we let

M(©) := (Hom&SM (P, ©h)“,

where (x)¢ := Homp (%, ©). If A is a smooth representation of K on an O-torsion
module of finite length then we let

M () := (Hom&p (P, 3Y))",
where the superscript Vv denotes the Pontryagin dual.
Proposition 2.28. Let © be a continuous representation of K on a free O-module of
finite rank with central character Y. Then M(®) is a finitely generated RY-module.

If M(®) is nonzero then it is Cohen—Macaulay and has Krull dimension equal to 2.
We have an equality of 1-dimensional cycles

21 (M(0) /o) = Zmam(M(G)), (27)

where the sum is taken over all the irreducible smooth k-representations of K, and
mey denotes the multiplicity with which o appears as a subquotient of ® Q¢ k.

Moreover, M (o) # 0 if and only if Homg (o, ) # 0, in which case the Hilbert—
Samuel multiplicity of z)(M (o)) is equal to 1.

Proof. We showed in Proposition 2.27 that k ® gv P is a finitely generated O[K |-
module. It follows from Corollary 2.5 in [PaSkiinas 2015b] that M (®) is a finitely
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generated R¥-module. The restriction of P to K is projective in ModII){rf’w (0) by
[Paskiinas 2015b, Corollary 5.3]. Proposition 2.24 in [Pasktinas 2015b] implies
that (27) holds as an equality of (d — 1)-dimensional cycles, where d is the Krull
dimension of M (®). Theorem 5.2 in [Paskiinas 2015b] shows that there is an x
in the maximal ideal of RY such that we have an exact sequence 0 — P %> P —
P /x P — 0, where the restriction of P /x P to K is a projective envelope of (socg )"
in Modl;(rf)w (O). Lemma 2.33 in [Pasktinas 2015b] implies that M (®) is a Cohen—
Macaulay module of dimension 2 and that @, x is a regular sequence of parameters.
If o is an irreducible smooth k-representation of K with central character ¥ then
the proof of [Paskiinas 2015b, Lemma 2.33] yields an exact sequence

0 — M(0) => M(o) — (Hom@k(P/xP, o))" —> 0.

Since P/xP is a projective envelope of (sock )" in Mod%rf)w (0), we deduce that
dimy M (0)/xM (o) is equal to dimy Homg (o, ). If Homg (o, ) is zero then
Nakayama’s lemma implies that M (o) = 0. If Homg (o, 7) is nonzero then it is a
one-dimensional k-vector space, since the K-socle of m is multiplicity free. The
exact sequence 0 — M (o) > M (o) — k — 0 implies that M (o) is a cyclic module,
and if a denotes its annihilator then RY/a = k[[x]. Ol

Remark 2.29. If p is absolutely irreducible and p|,, = (5 ® o (rH)) ® o™

then
socg T = (Sym’ k> @ Sym” "k’ ® det’) ® det™,

where 0 <r < p—1, 0 <m < p —2 and w, is the fundamental character of Serre
of niveau 2; see [Breuil 2003a; 2003b]. If p = (’8 X2;,+, ) ® w™, where x1, x» are
unramified and yx; # y2 ! then

T= (Indg X1 szr)sm Q" odet.

Hence, socg m = Sym’ k2 ® det” if 0 < r < p — 1 and det” @ Sym” ™! k? ® det™
otherwise. In particular, sockg 7 is multiplicity free.

If n € m-Spec RY[1/ p] then the residue field « (n) is a finite extension of L. Let
Ok (n) be the ring of integers in « (n). By specializing the universal deformation at n,
we obtain a continuous representation p,‘:“iv : Gg, = GL2(Ok(m)), which reduces to
p modulo the maximal ideal of O, ). A p-adic Hodge type (w, 7, ¥) consists of
the following data: w = (a, b) is a pair of integers with b > a, 7 : Ig, = GLa(L) is
a representation of the inertia subgroup with an open kernel and ¥ : Gg, — O™ is a
continuous character such that e = det p (mod w), V| Io, = g4tb=1 det T, where
¢ is the p-adic cyclotomic character. If pp™"

that it is of type (w, 7, ¥) if its Hodge—Tate weights are equal to w, the determinant

is potentially semistable then we say
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is equal to ¢ and the restriction of the Weil-Deligne representation, associated to
py" by Fontaine [1994], to Ig, is isomorphic to 7.

Henniart [2002] has shown the existence of a smooth irreducible representation
o (7) (resp. 0 (t)) of K on an L-vector space such that if 7 is a smooth absolutely
irreducible infinite-dimensional representation of G and LL(7r) is the Weil-Deligne
representation attached to 7 by the classical local Langlands correspondence then
Homg (o (1), w) # 0 (resp. Homg (6% (7), w) # 0) if and only if LL(rr)ll@p =1
(resp. LL(7)| Ia, = 7 and the monodromy operator N is 0). The representations
o (7) and 0" (7) are uniquely determined if p > 2. If p =2 there might be different
choices; we choose one.

We let o (w, 7) := 0 (1) ® Sym’ “~' L2 ® det”. Then o (w, 7) is a finite-dimen-
sional L-vector space. Since K is compact and the action of K on o (w, 7) is
continuous, there is a K-invariant O-lattice ® in o (w, t). Then ® /(') is a smooth
finite-length k-representation of K, and we let o (w, 7) be its semisimplification.
One may show that o (w, t) does not depend on the choice of a lattice. For each
smooth irreducible k-representation o of K we let m, (w, t) be the multiplicity
with which o occurs in o (w, 7). We let 0" (w, 1) ;=0 (7)) ® Symb_“_1 L? ®det*
and let m{ (w, t) be the multiplicity of o in o (w, 7). If p =2 then one may show
that o (w, 7) and 0"(w, t) do not depend on the choice of o (7) and (7).

Proposition 2.30. Let V =0 (w, 7) (resp. V=0 (w, 7)) and let ® be a K-invariant
lattice in V. Then n € m-Spec RY[1/p] lies in the support of M(®) if and only
if p;‘“iv is potentially semistable (resp. potentially crystalline) of type (w, T, ¥).
Moreover, for such n, we have dimy ) M(®) Qgv k(1) = 1.

Proof. Proposition 2.22 of [Paskiinas 2015b] implies that
dimy m M(©) ®gv k (1) = dimy ) Homg (V, T (i (n))).
Since V is a locally algebraic representation,
Homg (V, TT(k(n))) = Homg (V, TT(k (n))*€),

where the superscript alg denotes the subspace of locally algebraic vectors. This last
subspace is nonzero if and only if p""" is potentially semistable (resp. potentially
crystalline) of type (w, t, 1), in which case it is one-dimensional. The argument is
identical to the proof of [Paskiinas 2015b, Proposition 4.14], except that, because

we assume that p is generic, we don’t have to consider the nasty cases here.  [J

Corollary 2.31. There exists a reduced, O-torsion-free quotient RY (w, t) of RY

such that a map of O-algebras x : RY — L’ into a finite field extension of L factors

through RY (w, ) if and only if p}cmiv is potentially semistable of type (w, T, V).
Moreover, if © is a K-invariant O-lattice in o (w, T) and a is the RY-annihilator

of M(®) then RY (w, ) = RV//u.
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The same result holds if we consider potentially crystalline instead of potentially
semistable representations with ¢ (w, 7) instead of o (w, 7).

Proof. Since the support of M (®) is closed in Spec RY, the assertion follows from
Proposition 2.30. U

Corollary 2.32. Let © be a K-invariant lattice in either o (w, T) or 0 (w, ) and
let a be the RY -annihilator of M(®). Then we have equalities of cycles

2(RV/a) = 2(M(®)), z1(RY/(a, @) =21(M () /).

Proof. The last part of Proposition 2.30 implies that M (®) is generically free of
rank 1. This implies the first assertion; see [Paskiinas 2015b, Lemma 2.27]. The
second follows from the first combined with the fact that @ is both RY/a- and
M (®)-regular; see Proposition 2.2.13 in [Emerton and Gee 2014]. O

Proposition 2.33. Let a be the RV -annihilator of M(®), where © is a K-invariant
O-lattice in o (w, 7) (resp. o (w, ). Then RY/a is reduced. In particular, it is
equal to RY (w, 7) (resp. RV"(w, 7)).

Proof. Proposition 2.30 of [Paskiinas 2015b] together with the last part of Proposition
2.30 of the current paper says that it is enough to show that, for almost all n in
m-Spec R¥[1/p] lying in the support of M(®),

dim, ) Homg (V, TI(RY/n*RY)) < 2.

This amounts to checking that the subspace & of Ext}; (IT(k (n)), II(k (n))) generated
by the extensions of admissible unitary « (n)-Banach spaces 0 — I1(x(n)) - B —
[T(x (n)) — O such that the induced map between the subspaces of locally algebraic
vectors B42 — IT(k(n))¥¢ is surjective, is at most one-dimensional; see the proof
of [Paskiinas 2015b, Corollary 4.21].

If T does not extend to an irreducible representation of Wg, then the proof
of [Paskiinas 2015b, Theorem 4.19] carries over: the key input into that proof
is that the closure of IT(k(n))®¢ in TI(x(n)) is equal to the universal unitary
completion of IT(k (n))%2 and the only case of this fact not covered by the ref-
erences given in the proof of [Paskiinas 2015b, Theorem 4.19] is when p =2 and
I (k (n))dle = (Indg X R x| |_1)Sm ® W, where W is an algebraic representation
of G and x : QF — «(n)* is a smooth character. However, in that case it is
explained in the second paragraph of the proof of [Paskiinas 2014, Proposition 6.13]
how to deduce from [Pasktinas 2009, Proposition 4.2] that any G-invariant O-lattice
in T1(x (n))¢ is a finitely generated O[G]-module, which provides the key input
also in this case. We note that the assumption p > 2 in [Paskiinas 2009, §4] is only
used to apply the results of Berger, Li and Zhu; in particular, the proof of [PaSkiinas
2009, Proposition 4.2] works for all p.
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If 7 extends to an irreducible representation of Wg, then the assertion is proved
by Dospinescu [2015]. Although? the main theorem of [Dospinescu 2015] is stated
under the assumption p > 5, the argument only uses that assumption if we let
[T = T1(x(n)), in which case det ‘V/(H) = e and dimy, Extlc’w(l'[, IT) = 3. This is
given by Corollaries 2.24 and 2.26. (]
Theorem 2.34. There is a finite set {Cy}o C 21 (R‘/’/ @), indexed by the irreducible

smooth k-representations o of K, such that for all p-adic Hodge types (w, T) we
have equalities

AR (w, 0)/m) =Y my(w, 7)Co,
2RV (w, 1) /m) =Y m(w, 1)C.

The cycle C, is nonzero if and only if Homg (o, w) # 0, in which case its Hilbert—
Samuel multiplicity is equal to 1.

Proof. Let a be the RY-annihilator of M(®), where ® is a K-invariant O-lattice in
o (w, 7). Corollary 2.31 and Proposition 2.33 imply that

21(RY (w, 7)/w) = 21(RY/(Va, @) = 21(RY/ (0, ).

Corollary 2.32 and Proposition 2.28 imply that
ARV, @)= me(w, 1)z1(M(0)).
o

We let C, = z1(M(0)). The proof in the potentially crystalline case is the same. [J

Remark 2.35. One may use a global argument to prove Proposition 2.33, without
using the results of [Dospinescu 2015]. However, one needs to assume that the local
residual representation can be realized as a restriction to Gg, of a global modular
representation.

Let b be the kernel R¥/a —» RY/\/a. Since M (®) is Cohen-Macaulay, R¥/a is
equidimensional. Thus if b is nonzero then it is a 2-dimensional RY-module, and
the cycle z1(b/w@) is nonzero. Since

2 (RY/(a, @) = 21(RY/(Va, @) +21(b/w),

if Rw/a is not reduced then we would conclude that e(R‘”/(a, w))>e(RY(w, T) /).
Since e(R‘/’/(a, w))=e(M(©)/w) =7, ms(w, 1)e(Cy), in this case we would
obtain a contradiction to the Breuil-Mézard conjecture.

If the residual representation can be suitably globalized (when p = 2 this means
that it is of the form ,5|G@p, where p satisfies the assumptions made in Section 3B)
then a global argument gives an inequality in the opposite direction, thus allowing

2] thank G. Dospinescu for pointing this out to me.
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us to conclude that RY/a is reduced. If p > 2 then such an argument is made in
[Kisin 2009a, §2.3]. If p =2 then the same argument can be made using inequality
(41) in the proof of Proposition 3.17 and the proof of Corollary 3.27.

Remark 2.36. If R" is the framed deformation ring of p and R is the universal
deformation ring of p then R = R[[x1, x», x3]]. Thus we have a map of cycle groups

f:Zi(R) = Ziy3(RY),  pr> plxi, x2, x31,

which preserves Hilbert—Samuel multiplicities. The extra variables only keep
track of a choice of basis. This implies that if RY"J(w, 1) is the quotient of R"
parametrizing potentially semistable framed deformations of type (w, 7, ¥) then
RVP(w, 1) = RY (w, T)[[x1, x2, x3]], so that the cycle of RV"P(w, 7)/w is the
image of the cycle of RY (w, 7)/w under f. Using this, one may deduce a version
of Theorem 2.34 for framed deformation rings.

Let p = (f)‘ )?2 ), and let R" be the universal framed deformation ring of p. Let
RVB(w, 1) (resp. RY"P"(w, 7)) be the reduced, O-torsion-free quotient of R"
parametrizing potentially semistable (resp. potentially crystalline) lifts of p-adic
Hodge type (w, 7, ¥).

Theorem 2.37. There is a subset {Ci s, C25}s Of Z4(Rw’D/w) indexed by the ir-
reducible smooth k-representations o of K such that for all p-adic Hodge types
(w, T) we have equalities

(R, 1) /@) =" mo(w, T)(Cr o +Ca0),
Z4(RW’D’Cr(w, T)/ZD') = ngr(w’ f)(cl,a +C2,0)-

The cycle C, o is nonzero if and only if Homg (cr, (Indg X1 Xza)*l) ) #0, and

sm
Cy.o is nonzero if and only if Homg (a, (Indg X2 ® Xlw_l)sm) # 0, in which case
the Hilbert—Samuel multiplicity is equal to 1.

Proof. Given Theorem 2.34, the assertion follows from Theorem 7.3 and Remark 7.4
of [Paskuinas 2015a]. O

The following corollary will be used in the global part of the paper.

Corollary 2.38. Assume that p = 2,  is unramified and either p is absolutely
irreducible or p** = x1 @ x2, with x1 % x2. If w = (0, 1) and T =1& 1 then

RVP(w, 1) = RVP(w, 7).

In other words, every semistable lift of p with Hodge—Tate weights (0, 1) is
crystalline.
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Proof. 1t is enough to prove the statement when p is nonsplit. Since if the assertion
was false in the split case then by choosing a different lattice in the semistable,
noncrystalline lift we would also obtain a contradiction in the nonsplit case. Since
framed deformation rings are formally smooth over the nonframed ones, it is enough
to prove that RY (w, t) = RY"“"(w, 7). By the same argument as in Remark 2.35
we see that it is enough to show that RY (w, 1)/ and RY"*(w, )/ have the
same cycles (and even the equality of Hilbert—Samuel multiplicities will suffice).
Since p = 2 there are only 2 irreducible smooth k-representations of K: 1 and st.
The K-socle of 7 in all the cases is isomorphic to 1 @ st, o(w, )/ = st and
0% (w, 7)/w = 1. The assertion follows from Theorem 2.34. U

Remark 2.39. Assume that p =2, let § : Gg, — O™ be unramified and congru-
ent to ¢ modulo @, and let (w, 7) be arbitrary. It follows from Theorem 2.34,
Remark 2.36, Theorem 2.37 and the proof of Corollary 2.38 that

z4(RV P (w, 1) /w) = (mi(w, 1) + mg(w, ) z4(R*7(0, ), 1@ 1) /),

where the cycles live in Z4(R"). This equality implies the equality of the respective
Hilbert—Samuel multiplicities.

3. Global part

In the global part of the paper we let p = 2, so that L is a finite extension of (),
with the ring integers O and residue field k.

3A. Quaternionic modular forms. We follow very closely [Kisin 2009b, §3.1].
Let F be a totally real field in which 2 splits completely. Let D be a quaternion
algebra with center F, ramified at all the infinite places of F' and a set of finite
places X which does not contain any primes dividing 2. We fix a maximal order Op
of D, and for each finite place v ¢ ¥ we have an isomorphism (Op), = M2(OfF,).
For each finite place v of F we will denote by N (v) the order of the residue field
at v, and by @, € F, a uniformizer.

Denote by A; C Ap the finite adeles, and let U = [, U, be a compact open
subgroup contained in [[,(Op)). We assume that if v € £ then U, = (Op);
and if v |2 then U, = GL2(OF,) = GL2(Z,). Let A be a topological Z,-algebra.
For each v | 2, we fix a continuous representation oy, : U, — Aut(Wj,, ) on a finite
free A-module. Write W, = ®v|2’ 4 W5, and denote by o : HvIZ U, — Aut(W,)
the corresponding representation. We regard ¢ as being a representation of U by
lettlng U, act trivially if v12. Finally, assume there exists a continuous character
{1/ (AF)X/FX — A such that, for any place v of F, the action of U, N Oy on o
is given by multlphcatlon by ¥. We extend the action of U on W, to U (A )
by letting (A F)X act via .
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Let S5 4 (U, A) denote the set of continuous functions
f:D\(D®r AN — W,

such that for g € (D ®FA£)X we have f(gu)=0o )~ f(g), ueU,and f(gz) =
¥ (2) f(9), z € (AL)*. If we write (D @ AL)Y* = [,., D*5;U(AL)* for some
ti € (DQ®p A{;)X and some finite index set I, then we have an isomorphism of
A-modules

(UALH* N D*1) /F*

Sy (U. A) => P Wy / . e (f)ier. (28)
iel
Lemma 3.1. Let Uy = ]_[ Ox > where the product is taken over all finite places
of F. Lett € (D ®F AF)X Then the group ( max(AF)X NtD*t _1)/FX is finite
and there is an integer N, independent of t, such that its order divides N.

Proof. This is explained in Section 7.2 of [Khare and Wintenberger 2009b]; see
also [Taylor 2006, Lemma 1.1]. O

I thank Mark Kisin for explaining the proof of the following lemma to me.

Lemma 3.2. Let v| be a finite place of F such that D splits at v; and v, does
not divide 2N, where N is the integer defined in Lemma 3.1. Let U =[], U, be a
subgroup of (D QF AF)X such that U, = (’)X if v # vy and Uy, is the subgroup of
upper triangular, unipotent matrices modulo @y,. Then

UALD*NtD*™")/F* =1 forall t € (D®p AL, (29)
(

Proof. Letu e (U(A )*NtD*t~") such that u ¢ F*. Then the F-subalgebra F'[u]
of tDt~! is a quadratic field extension of F. Let u’ be the conjugate of u over F.
Then 4’ = Nm(u)/u, where Nm is the reduced norm. Consider w = u/u’ =
u?/Nm(u). Write u = hg with i € U and g € (A])*. Then Nm(g) = g> and so
w = u/u’ = h*/Nm(h). Thus w is in U and also in t D>t~

Since (U(Alfp)X N tDXt_l)/FX is a subgroup of (Umax(Alfp)X N tDXt_l)/FX,
u® isin F* and hence w" = u™ /(u’)N = 1. Let [ be the prime dividing N (v;).
Since U, is a pro-/ group and / does not divide N, the image of w under the
projection U — U,, is equal to 1. Since for every v the map D — D, is injective,
we conclude that w = 1, which implies that u € F. ([

If (29) holds then it follows from (28) that o — S, (U, A) defines an exact
functor from the category of continuous representations of U on finitely generated
A-modules, on which U, for v{2 acts trivially and U N (Af;)X acts by ¥, to the
category of finitely generated A-modules.

Let S be a finite set of places of F containing X, all the places above 2,
all the infinite places and all the places v for which U, is not maximal. Let
Tg?fixv = A[T,, Sylvgs be a commutative polynomial ring in the indicated formal
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variables. We let (D®rA F) * act on the space of continuous W,-valued functions
on (D®FA )* by right translations, (hf)(g) := f(gh). Then S, y (U, A) becomes

Tg“j\V—module with S, actmg via the double coset U, ( 0 )U and 7, acting via
the double coset U, (7’ )U We write Ty (U, A) or TU w(U ) for the image of
Tgf‘j\v in the endomorphisms of S, y (U, A).

3B. Residual Galois representation. Keeping the notation of the previous section
we fix an algebraic closure F of F and let G s be the Galois group of the maximal
extension of F in F which is unramified outside S. We view ¥ as a character of
Gr.s via global class field theory, normalized so that uniformizers are mapped to
geometric Frobenii. Let xcyc : Gr,s — O™ be the global 2-adic cyclotomic character.
We note that ycyc is trivial modulo @ . For each place v of F, including the infinite
places, we fix an embedding F — F,. This induces a continuous homomorphism
of Galois groups Gf, := Gal(F, /F,) — Gr 5. We fix a continuous representation

0 :Grs— GLy(k)
and assume that the following conditions hold:

o The image of p is nonsolvable.
e p is unramified at all finite places v {2.

o If v € S is a finite place, v ¢ ¥, and v 12, then the eigenvalues of p(Frob,) are
distinct.

o If v € X then the eigenvalues of p(Frob,) are equal.

o det p = Y Xeye (mod ).
o If v € S is a finite place, v € ¥, and v {2, then

Uy ={g €GLy(O) : g = (1) (mod w,)}

and at least one such v does not divide 2N, so that the condition of Lemma 3.2
1s satisfied.

3B1. Local deformation rings. We fix a basis of the underlying vector space Vi
of p. For each v € S let R} be the framed deformation ring of plGy;, and let Rl/f’D
be the quotient of R}’ parametrizing lifts with determinant v Xeye- We will now
introduce some quotients of Rw -

For v |2 let T, be a 2-dimensional representation of the inertia group 7, with an
open kernel, and let w, = (a,, b,) be a pair of integers with b, > a,. Let o (1)
be any absolutely irreducible representation of U, = GL,(Z;) with the property
that, for all irreducible infinite-dimensional smooth representations = of GL,(Q,),
Homy, (0 (), w) # 0 if and only if the restriction to [, of the Weil-Deligne
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representation LL(;r) associated to 7 via the local Langlands correspondence is
isomorphic to 7. The existence of such o (t,) is shown in [Henniart 2002], where it
is also shown that if Homy, (o (7y,), ) # O then it is one-dimensional. We choose
a U,-invariant O-lattice o (7,)? in o (7,) and let

0y =0 (1,)" ®0 Sym? "1 0% @ det® . (30)

We let R:,p ’D(ov) be the reduced, O-flat quotient of R;D - parametrizing potentially
semistable lifts with Hodge—Tate weights w, and inertial type t,. This ring is
denoted by RY""(w, ) in the local part of the paper.

We similarly define o (t,) by additionally requiring that Homy, (o (t,), w) #0
if and only if the monodromy operator N in LL(r) is zero and LL(7)|;, = 7,. In
this case we let

oy = 0"(1,)° Qo Sym? "1 O? @ det®. (31)

We let Rf,y ’D(ov) be the quotient of R:,ﬁ - parametrizing potentially crystalline
lifts with Hodge—Tate weights w, and inertial type t,. This ring is denoted by
RV (w, T) in the local part of the paper.

It follows either from the local part of the paper or from [Kisin 2008], where a
more general result is proved, that if R;f' ’D(av) is nonzero then it is equidimensional
of Krull dimension 5. Since the residue field of Z, has 2 elements, o (t,) need not
be unique (see [Henniart 2002, §§A.2.6, A.2.7]); however, the semisimplification
of o (1,)° ®p k is the same in all cases.

If v is infinite then R:,p "~ is a domain of Krull dimension 3 and Rw D[z] is regular
[Kisin 2009b, Proposition 2.5.6; Khare and Wintenberger 2009b, Proposition 3.1].

If v is finite, p is unramified at v and p (Frob,) has distinct Frobenius eigenvalues,
then Rg’ '™ has Krull dimension 4 and R,',p ’D[%] is regular. This follows from
[Kisin 2009b, Proposition 2.5.4], where it is shown that the dimension is 4 and
the irreducible components are regular. Since we assume that the eigenvalues of
p(Frob,) are distinct, o cannot have a lift of the form y @ y xcyc. It follows from
the proof of [Kisin 2009b, Proposition 2.5.4] that different irreducible components
of R:;D ’D[%] do not intersect.

If v is finite, ¢ and p are unramified at v and ﬁ(Frob ) has equal eigenvalues,
then for an unramified character y : G, — O such that yi=1vy |Gy, We let Rw D(y)
be a reduced O-torsion-free quotlent of RY"™ with the property that if L'/L is a
finite extension then a map x : R,‘f/ — L’ factors through RL/’ (y) if and only if V,
is isomorphic to (7% ;’/‘) It follows from [Kisin 2009b, Proposition 2.5.2] via
[Kisin 2009c, Proposition 2.6.6] and [Khare and Wintenberger 2009b, Theorem 3.1]
that R:)p’D(y) is a domain of Krull dimension 4 and R;p’m(y)[%] is regular. If L is
large enough then there are precisely two such characters, which we denote by y;
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and y,. We let R:J/f "~ be the image of
RIY — R[] x R () [5]-

Then R,‘ff Hisa reduced, O-flat quotient of R,'}p D such that if L'/ L is afinite extension
then a map x : RYV'P = L factors through RV if and only if V, is isomorphic to
(7 Hee *) for an unramified character y. Moreover,

RVO[E]1= RIDG[] x RV [4]:

Thus Ié,‘f/ ’D[%] is regular and equidimensional and the Krull dimension of Ié,lfj s 4.

We let . . .
0
Ri=Q)R). Ry =QRR/'". o:=Q)o..
vesS ves v|2
and - - - -
0 D
R{%(0):=Q R0 Q RV R RIFR RV,
v|2 vVED veS\Z v|oo
v{200

It follows from above that RS'/”D(U) is equidimensional of Krull dimension equal to

1+4Zl+3|2|+3<l5|—|2|—21—Z l)+221=1+3|S|. (32)

v|2 v|2 v|oo v|oo

3B2. Global deformation rings. Since p is assumed to have nonsolvable image,
p is absolutely irreducible. We define R}f’ ¢ to be the quotient of the universal
deformation ring of p parametrizing deformations with determinant ¥ xcyc. If O
is a finite set of places of F' disjoint from S then we let Sop = S U Q and define
R'/' F.So in the same way by viewing p as a representation of Gr,s,, .

Denote by R;f So the complete local O-algebra representing the functor which as-
signs to an artmlan augmented (O-algebra A the set of isomorphism classes of tuples
{Va, Bwlwes, where Vj is a deformation of p to A with determinant v xcyc and By,
is a lift of a chosen basis of Vj to a basis of V4. The map {V4, By}wes — {Va, Buv}
induces a homomorphism of O-algebras Rw — R}”S for every v € S and hence
a homomorphism of O-algebras Rw - — Ry 1’0 D

3C. Patching. Foreachn > 1let Q, be the set of places of F' disjoint from S, as in
[Kisin 2009b, Lemma 3.2.2] via [Khare and Wintenberger 2009b, Proposition 5.10].
We let Qg = @, so that SQ = S forn = 0. Let Up, = [[,(Up,)v be a compact
open subgroup of (D ®p AL ) such that (Up,), = U, for v &€ Q, and (Up,), is
defined as in [Kisin 2009b, §3.1.6] for v € Q,,.

Let m be a maximal ideal of Tg“g such that the residue field is k, 7, is mapped to
tr p(Frob,) and S, is mapped to the image of v (Frob,) in & for all v ¢ S. We define
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mgp, in ngiv’ o in the same manner. Let o = ®v|2 oy, where each o, is given by
either (30) or (31). We assume that S, y (U, O)y # 0. Then for all n > O there is
a surjective homomorphism of O-algebras Rz So, To,y (Ug,)m,, such that for

all v € Sp, the trace of Frob, of the tautological R;{{ So -representation of Gr,s,,
is mapped to 7,. Set

M) = RS, Oy 5o Uy O,
F’SQn
with the convention that if n =0 then 0, =&, Sg, =S, mp, =m, so that
M()(O‘) = RK’E ®R¢s S(m//(U, O)m.
It follows from the local-global compatibility of Jacquet-Langlands and Langlands
correspondences that the action of Rw < on M, (o) factors through the quotient

O g O
Rg, (0): _R‘” (0) ® g R, -

Let & = dimy HI(GF,S, adp) —2=|0Q;,|. Let ay denote the ideal of Oy, ..., vl
generated by (yq, ..., yn). Since R}/f’; is formally smooth over R}//’ So of relative
dimension j = 4|S| — 1 we may choose an identification

o

R;"//SQ = RF Son [yn+1s---s yh+j]]
and regard M, (o) asan O[[y, ..., yn+j]-module. This allows us to consider RF So,
as an Rw -algebra via the map Rd’ 0o R;,/’S Ohtts - Yne ) = ;{{SQ We let

FSQ (o) —RwD(0)®RwDRFsQ

Letg=2|0,|+1andt=2—|S|+|Q,| and let Gm be the completion of the O-group
G, along the identity section. The patching argument as in [Khare and Wintenberger
2009b, Proposition 9.3] shows that there exist O[yi, ..., yn+,l-algebras R (o)
and Ry, (o) and an Ry, (0)-module M, (o) with the following properties:

(P1) There are surjections of O-algebras
RYT()x1, ..., xg]l = R (0) = Reo(0).
(P2) There is an isomorphism of st’D(a)—algebras
Roo(0) /056 Roo(0) =5 RYS (0)
and an isomorphism of R}/fy’SD (0)-modules

Moo(0)/8ooMoo(0) = Mo (0).

(P3) My (o) is finite flat over Of[y1, ..., yas ;1.
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(P4) Spf R, (o) is equipped with a free action of (Gm)t, and a (Gm)t -equivariant
morphism § : Spf R (0) — (G,), where (G,,)" acts on itself by the square
of the identity map.

(P5) We have 87 !(1) = SpfRo(0) C SpfR/ (o), and the induced action of
(G [2])" on Spf Roo(0) lifts to Moo (o).

If A is a local noetherian ring of dimension d and M is a finitely generated
A-module, we denote by e(M, A) the coefficient of x¢ in the Hilbert—Samuel
polynomial of M with respect to the maximal ideal of A, multiplied by d!. In
particular, e(M, A) =0if dim M <dim A. If M = A we abbreviate e(M, A) to e(A).

It follows from [Khare and Wintenberger 2009b, Proposition 2.5] that there is a
complete local noetherian O-algebra (R (o), mi™) with residue field k such that
Spf R (o) = Spf R, (0)/(Gy,)". Moreover,

R (o) = R™(0) ®p OIZ51 = R™ (o) z1, - - . 2] (33)

This implies that

dim R, (0) =dim R™(0) +1, e(R, (0)/w)=e(R™(0)/w). (34)
Lemma 3.3. There are ay, ..., a; € mg“’ such that
R (0)[[z1]] R (0)[[z]]
R o ; e ® inv o) ® inv o oo . 35
() Rz @) ORE@ (T2 (14a)) O

(I +z)? =1 +a)
In particular, Ry (0) is a free Rgév (0)-module of rank 2'.

Proof. 1t follows from [Khare and Wintenberger 2009b, Lemma 9.4] that Spf Ry (o)
is a (G,,[2])!-torsor over Spf Rgg (0). The assertion follows from [SGA 3, 1970,
Exposé VIII, Proposition 4.1]. ([

Lemma 3.4. Let p € Spec Rg;v (o). The group (@m [21)'(O) acts transitively on the
set of prime ideals of R (0) lying above p.

Proof. Let us write X for Spf R (o) and G for (@m [2])'. The action of G on X
induces an action of (+1)" = G(O) < G(Rx(0)) on X (R (0)). If g € G(O)
we let ¢, € X (Roo(0)) be the image of (g,idgr, (s)). The map g — ¢, induces a
homomorphism of groups G(O) — Aut(R(0)). Explicitly, if g = (1, ..., €),
where ¢; is either 1 or —1, then ¢, is Riorgv(a)-linear and maps 1 +z; to €;(1 4+ z;)
for 1 <i <t. It follows from (35) that G(O) acts transitively on the set of maximal
ideals of « (p) QRin (o) Ry (o). U

Lemma 3.5. The support of Mo (o) in Spec Ry (o) is a union of irreducible com-
ponents. The Krull dimension of Spec Roo(0) is equal to h + j + 1.
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Proof. 1t follows from part (P3) above that the support of M, (o) is equidimensional
of dimension 4+ j+ 1. To prove the assertion it is enough to show that the dimension
of Ry (o) is less than or equal to 2+ j+1. Using Lemma 3.3, (34), (P1) and (32) we
deduce that dim R, (o) fding’D(a)—l—g—t =3|S|+1+g—t=h+j+1. O

Lemma 3.6. ¢(R.(0)/@) <e(RY(0)/m).
Proof. It follows from (33) and Lemmas 3.3 and 3.5 that

dimR, (o) =dimRx(o)+t=t+h+j+1=3|S|+1+g,

which is also the dimension of R?’D(a)[[xl, ..., xg]l by (32). The surjection in
(P1) above implies that

e(Rly(0)/m) < e(RY()lx1, ..., x /@) = e(RY (o) /). O

Lemma 3.7. If S, 4 (U, O)y, is supported on a closed point n € Spec R?’D(a)[%]
then the localization Rg’D(a)n is a regular ring.

Proof. Since the rings RY[1] are regular for all v{2 it is enough to show that n
defines a regular point in Spec R:)p H(o) for all v | 2. This follows from the proof of
Lemma B.5.1 in [Gee and Kisin 2014]. The argument is as follows: if the point
is not regular, then it must lie on the intersection of two irreducible components
of Spec R,By ’D(o), but this would violate the weight-monodromy conjecture for
WD(pnlcy,); see [Gee and Kisin 2014] for details. |

Lemma 3.8. If S,y (U, O)y is supported on a closed point n € Spec Roo(0)| 5]
then the localization Ry (0 )y is a regular ring.

Proof. Let ng be the image of n in Spec R?’D[[xl, ..., Xg]l, let n’ be the image of n
in Spec R (o) via the maps in (P1), and let n'™ be the image of n in Spec Rgg’ (o)
via (35). It follows from Lemma 3.7 that st’D(a)[[xl, ..+, Xgllng is a regular ring.
If the map

RV ()Xt - s Xgllng — R (0)w (36)
is an isomorphism, then R’ (o), is a regular ring. We may assume that L is
sufficiently large, so that using (33) we may write 0’ = ('™, z; —ay, ...,z —a;)
with a; € w© for 1 <i <t. The images of z; —ay, ...,z —a; in v/ /(w)? are
linearly independent. Since

R (0)yw =R (0)w/(z1 — a1, ..., 2 —a) R, (0w,

we deduce that Rg;" (0) v is regular. It follows from (35) that the map
R (@)[3] = Reo(0)[3]

is étale. Hence R (o), is a regular ring.
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If (36) is not an isomorphism then the dimension of the quotient must decrease.
This leads to the inequality dim Ry (0), < dim Ry (0)—1. Since My (o) is a Cohen—
Macaulay module, as follows from (P3), its support cannot contain embedded
components, hence dim My, (o), = dim My (o) — 1. This leads to a contradiction,

as My (o), is a finitely generated R (0 ),-module. O
Lemma 3.9. Let A be a local noetherian ring and let (xy, ..., xq) be a system of
parameters of A. If A is equidimensional then every irreducible component of A
contains a closed point of (A/(xa, ..., xq))[1/x1].

Proof. Let p be an irreducible component of A. If A/(p, x2, ..., xg)[1/x1] is
zero then x; is nilpotent in A/(p, x2, ..., xg). Since (x1, ..., x4) is a system of
parameters of A, we conclude that A/(p, x3, ..., x4) is zero dimensional, which
implies that dim A/p < d — 1, contradicting equidimensionality of A. U

Lemma 3.10. There is an integer r, independent of o and the choices made in
the patching process, such that for all p € Spec Ry (o) in the support of M (o)
we have

dimy () Moo (0) @R (o) K(P) = 1,
with equality if p is a minimal prime of Roo(0) in the support of Moo (o).

Proof. Let q be a minimal prime of R (o) in the support of M, (o). It is enough
to show that dim, (q) Moo (0) ®r.. (o) k(q) is independent of q and o. Since

Mo (0)/ (15 - - -, yh+j)Moo(0) = SO',W(Uv Om

and S5, (U, O), is a finitely generated O-module, yq, ..., yn4j, @ is a system of
parameters for R (0)/q and it follows from Lemma 3.9 that there is a maximal
ideal n of Rog(0')[ 5], contained in V (q), such that Sy, (U, O), #0. It follows from
(P3) that M (o) is a Cohen—Macaulay module. The same holds for the localization
at n. Since R (0)y is a regular ring by Lemma 3.8, a standard argument with the
Auslander—Buchsbaum theorem shows that M, (o), is a free Roo(0)y-module. By
localizing further at q we deduce that

dimy () Moo (0) ® R, (0) € (4) = dimy (n) Moo (0) @Ry (o) K (1)
= dimy ) o,y (U, O ®Rr (o) k(). 37)
Soitis enough show that dim, ) S5y (U, O)n® g, (o)k (1) is independent of nand o
The action of R (0) on Sy (U, O)y, factors through the action of the Hecke algebra

T4,y (U), which is reduced. Thus T, y (U )[%] is a product of finite field extensions
of L and we have

So,y (U, O)m @Ro0) k(1) = So,y (U, O)n = (So,y (U, O)n ®0 L)[n].
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Let m = ®/,m, be the automorphic representation of (D @ ¢ A'If,) * corresponding to
fPe (So,y (U, O)m ®p L)[n]. We assume that L is sufficiently large. It follows
from the discussion in [Kisin 2009¢, §3.1.14], relating S, (U, L) to the space of
classical automorphic forms on (D ® ¢ A{,)X, that

dim (5.4 (U, O)w ®0 L)[n] = [ ] dimy 7" [ ] dim; Homy, (o (). ).

vesS v|2
v{200

We claim that the right-hand side of the above equation is equal to 2!S\(¥U{vI2oeh],

The claim will follow from the local-global compatibility of Langlands and Jacquet—
Langlands correspondences. Let p, be the representation of Gr, s corresponding
to n, considered as a maximal ideal of R}f’ S(o)[%]. If v |2 then the results of
[Henniart 2002] imply that dim; Homg, (o (7,), ) = 1. If v € X then 7, is an
unramified character of D, and hence dim, T[UU” =1.IfveS, vi200and v ¢ X
then D is split at v, p|g,, is unramified and p(Frob,) has distinct eigenvalues. This
implies that p,|G,, is an extension of distinct tamely ramified characters V1, ¥
such that ¥, V£ v£l We deduce that 7, is a tamely ramified principal series.

cyc®
Since U, is equal to the subgroup of unipotent upper-triangular matrices modulo @,
in this case, we deduce that dim; 7% = 2. O

v
Lemma 3.11. There is an integer r, independent of o and the choices made in the
patching process, such that for all minimal primes p of Ré‘g’ (0) in the support of
Moo (o) we have
dimy (y) Moo (0) QRin (o) k(p) =2'r.

Proof. To ease the notation, let us drop o from it in this proof. Since p is minimal,
it is an associated prime and so My, will contain Rggv /p as a submodule. Since My
is O-torsion-free, this implies that the quotient field « (p) has characteristic 0. It
follows from (35) that R ® Rinv Kk () is étale over k (), and so

Reo @pany ke (p) = [ [ c (@),
q

where the product is taken over all prime ideals q of R, such that qN Riorév =p.
From this we get

dimy () Moo @ giny 16 (p) = »_[(q) : e (p)] dimyeq) Moo @, 1 (q).
q

It follows from Lemma 3.4 and (P5) that all q appearing in the sum lie in the support
of M. Lemma 3.10 implies that dim,q) Moo ® g, € (q) =r. Thus

dimy () Moo ® ginv i (p) = 1 dimy () Roo ® giny ke (p) = 12",

where the last equality follows from Lemma 3.3. (]
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Lemma 3.12. Let A be a local noetherian ring, let M, N be finitely generated
A-modules of dimension d, and let x € A be M -regular and N-regular. If €4 (My) <
€a,(Ng) for all q € Spec A with dim A/q = d then

eM/xM,A/xA) <e(N/xN,A/xA).

If €a,(My) = £a,(Ng) for all q € Spec A with dim A/q = d then
eM/xM,A/xA)=e(N/xN,A/xA).

Proof. 1t follows from Proposition 2.2.13 in [Emerton and Gee 2014] that

e(M/xM, A/xA) ="ty (My)e(A/(q. X)), (38)
q

where the sum is taken over all primes q in the support of M such that dim A/q=d.
The above formula implies both assertions. U

Lemma 3.13. ¢(Mx(0)/@, R (0) /@) <2're(R% (o) /).
Proof. Let T (o) be the image of R (c) in Endp (Mo (0)). Then
e(T(0) /@, RN (o) /) < e(RY (0)/w).

If g is a minimal prime of Rg;v (o) in the support of My, (o) then it follows from
Lemma 3.11 that there are surjections T (o)?zt’ — Moo (0)g. Thus £(Moo(0)q) <
2'r¢(TW(0)q). The assertion follows from Lemma 3.12 applied with x = o,
M = My (c) and N = T2 (0) @27, O

Lemma 3.14. If the support of So (U, O)m meets every irreducible component of
RSw’D(cr) then the following hold.:

@) RS'I"D(G)[[xl, .., Xgll = R (0) is an isomorphism.

(i1) Rf;v (0) is reduced, equidimensional and O-flat.
(i) Reo(0) is reduced, equidimensional and O-flat.

(iv) The support of M~ (o) meets every irreducible component of R (0).

v) 2're(RY7(0) /@) = (Mo (0) [, R (0) /).
Proof. Since st’m(o)[[xl, ..., Xg]l 1s reduced and equidimensional and has the

same dimension as R/ (o), to prove (i) it is enough to show that R (c)q # 0 for
every irreducible component V () of Spec RSW’D (0)lx1, ..., xgll. Since the diagram

RY7(0)x1, . ., xg]l— Roo(0)

Ry (0)————R} (o)
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commutes and the support of S, y (U, O), meets every 1rredu01ble component
of Spec Rw - V (gq) will contain a maximal ideal ng of R (0)[[x1, e xg]][ ],
which hes in the support of S, (U, O). It follows from the proof of Lemma 3.8
that (36) is an isomorphism in this case. Thus R, (0)q # 0.

From part (i) we deduce that R/ (o) is reduced, equidimensional and O-flat. It
follows from (33) that the same holds for Ré‘g’(a). Since R (o) is a free Rgg (0)-
module by Lemma 3.3, it is O-flat. Hence, it is enough to show that R, (a)[%] is
reduced and equidimensional. It follows from Lemma 3.3 that R, (0)[%] is étale
over Rgg’ (0)[%], which implies the assertion. We also note that it follows from (i)
that the inequality in Lemma 3.6 is an equality, and (33) implies that

e(R™(0)/w) = e(RY" o). (39)

It follows from our assumption that the support of M, (o) meets every irreducible
component of RSW’D(U)[[xl, ..., Xg]l. Part (i) and (33) imply that the support of
M (o) meets every irreducible component of RL‘;V (o). It follows from Lemma 3.4
that the group (@m [2])'(O) acts transitively on the set of irreducible components
of Ry (o) lying above a given irreducible component of Rgg’ (o). Thus for part (iii)
it is enough to show that the support of My, (o) in Spec R (o) is stable under the
action of (@m [2])'(O). This is given by (P5) and can be proved in the same way as
[Khare and Wintenberger 2009b, Lemma 9.6].

Let V(q) be an irreducible component of Spec Ry (o). It follows from (iii) that
the localization R (o), 18 a reduced artinian ring, and hence is equal to the quotient
field k (q). Thus M (0)q = Mo (0) @R (o) £ (q). It follows from Lemma 3.10 that
My (0)q has length r as an Ry (0)¢-module. By part (iv) M (o) is supported on
every irreducible component of R, (o), and thus the cycle of M (o) is equal to
r times the cycle of Ry (o). Since both are O-torsion-free, we deduce that the cycle
of M (0)/w is equal to r times the cycle of Ry (0)/z@, which implies that

e(Mso(0) /@, R (0) /) =re(Roo(0) /w0, R (0) /) =2're(R™ (o) /). (40)
Part (v) follows from (39) and (40). [l

Proposition 3.15. For some s > O there is an isomorphism of RS'/I’D-algebras

RYS ZRYIxts oo Xorisima 1/ fio oo ).

Proof. The assertion follows from the proof of [Khare and Wintenberger 2009b,
Proposition 4.5], where s = dim; H {ILL} (S, (AdO)*(l)) in the notation of that paper;
see their Lemma 4.6 and the displayed equation above it. U

Corollary 3.16. For some s > 0 there is an isomorphism of Rg’D(a)-algebras

RIS (@) Z RYDOxt, o Xonisim1 1/ o e £,
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In particular, dim R;f”SD(cr) > 41S]| and dim R}f’s(a) > 1.
Proof. Since
RYS'(@) = RES ® 00 RY T (0)

the assertion follows from Proposition 3.15. Since dim st’D(a) =3|S|+1 by (32),
the isomorphism implies that

dim RY'¢(0) = 3|S|+ 1+s5+]S| — 1 —s =4]S].

Since RlFlf ’SD (0) is formally smooth over R}lf g(0) of relative dimension 4[S| — 1, we
conclude that dim R} ¢(0') > 1. 0

Proposition 3.17. If S, (U, O)m # O then the following are equivalent:

(@) 2're(RY7(0) /@) = e(Muo(0) /o, R (0) /).
(b) 2’re(RSW’D(G)/w) <e(Mx(0)/w, RN (0)/m).
(¢c) the support of Mo (o) meets every irreducible component of R (o).

(d) R;:lf, 5(0) is a finitely generated O-module of rank at least 1 and
Soy (U, O)y #0  for all n € m-Spec Ry ¢(o)[1].

In this case any representation p : Gp,s — GL(O) corresponding to a maximal
ideal of R}/’,S(a) [%] is modular.

Proof. Lemmas 3.6 and 3.13 and (33) imply that
e(Mus(0) /@, R™ (0) /) < 2're(RY " (0) /o). 41)

Thus (a) is equivalent to (b). Moreover, if (a) holds then the inequalities in the
lemmas cited above have to be equalities. Since Rg’D(a) is reduced and O-torsion-
free, we deduce that R (o) = RED’D(G)[[xl, ..., Xgll. Hence, R’_(0) is reduced,
equidimensional and O-torsion-free. The isomorphism (33) implies that the same
holds for R&V(o), which implies that R, (o) is reduced, equidimensional, and
O-torsion-free; see the proof of Lemma 3.14. Since we have assumed (a), we have

2're(R(0) /@) = e(Moo(0) [, R (0) /). (42)

Let V(q1),..., V(qn) be the irreducible components of the support of My, (o)
in Spec Ry (o). Since R (o) is reduced, if V (q) is an irreducible component of
Spec Ry (o) then £(Rx(0)q) = 1. It follows from Lemma 3.10 that if V (q) is an ir-
reducible component of Spec Ro (o) in the support of M, (o) then (Moo (0)q) =7
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It follows from (38) that

e(Mo(0)/m, R (0)/m) =1 Y _ e(Rao(0)/ (@, 4), R (0) /),  (43)
i=1

e(Roo(0)/m, R (0)/w) = Y e(Roc(0) /(. 0), R (0) /), (44)
q
where the last sum is taken over all the irreducible components V(q). Since
e'(Ro<> (0)/(w, q), Rgév (0)/ w) # 0 we deduce from (42)—(44) that (b) implies (c).
We have ’
Roo(U)/()’I, ceey )’h+j) ; RF’S(O-)7
Moo (0)/ (15 - s Vit j)Moo(0) = S5,y (U, O

Thus, if My (o) is supported on the whole of Spec R (0) then S, y (U, O)y is
supported on the whole of Spec RF g(0). Since S5y (U, O)y, 18 a free O-module of

finite rank, we deduce that (c) implies (d).
If (d) holds then it follows from Corollary 3.16 that fi, ..., fs, @ is a part of a

system of parameters of Rw (o)llx1, ..., x54s/—1]l, and Lemma 3.9 implies that
every irreducible component of that ring contains a closed point of R;;//S(O')[ ]
Since every such component is of the form q[[x1, ..., x,4s/—1]l, we deduce that

every irreducible component of RI//’D(O') contains a closed point of RY S(a)[ 1]

follows from the second part of (d) that the support of S, (U, O), meets every
irreducible component of Rw (0). It follows from Lemma 3.14 that (d) implies (a).
Since S, y (U, O)[ ] isa ﬁn1te dimensional L-vector space, the last assertion is a
direct consequence of (d). (|

3D. Small weights. Let 1 be the trivial representation of GL,(Z,) on a free O-
module of rank 1. We let st be the space of functions f : P!(F,) — O such that
> xeP! (F) f (x) =0 equipped with the natural action of GL,(Z,). The reduction of 1
modulo @ is the trivial representation, the reduction of st modulo @ is isomorphic
to k% which we will also denote by st. These are the only smooth irreducible
k-representations of GL;(Z5).

The purpose of this subsection is to verify that the equivalent conditions of
Proposition 3.17 hold when, for all v |2, o, is either 1 or §t, under the assumption
that p|g, does not have scalar semisimplification at any place v | 2. If o is the trivial
representation then the result will follow from the modularity lifting theorem of
[Khare and Wintenberger 2009b; Kisin 2009b]. In the general case, our assumption
implies that any semistable lift of p|g,, with Hodge-Tate weights (0, 1) is crystalline
(see Corollary 2.38). This implies that S1 1//(U O)m and S, y (U, O)yy and R}ﬂs(l)
and RF ¢(0) coincide.

If p > 2, the results of this section are proved in [Gee 2011] by a characteristic-p
argument.
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Proposition 3.18. Assume that  is trivial on U N (A{;)X, oy = ifor all v|2
and p|g, does not have scalar semisimplification for any v |2. Then Rg s(0)isa
finite O-module of rank at least 1.

Proof. It follows from Lemma 2.2 in [Taylor 2003] that there is a finite solvable,
totally real extension F’ of F such that, for all places w of F’ above a place
v € S, we have F, = F,, except if v|2 and p|g, is unramified, in which case F),
is an unramified extension of @, and p|g, . is trivial. Let S be the places of F %
above the places S of F. By changing F by F’ we are in position to apply Propo-
sition 9.3 of [Khare and Wintenberger 2009b], part (II) of which says that the
ring R;/*/c ¢(0) is a finite O-module. We now argue as in the last paragraph of the
proof of Theorem 10.1 of [Khare and Wintenberger 2009b]. The restriction to
G F’ s induces a map between the deformation functors and hence a homomorphism
F, g(@)—>R S(or). Let pz s:Grs— GLQ( F S(o)) be the universal deformatlon
Since R;’f,’ ¢(0) /@ is finite, the image of G g in GL( }// §(0) /@) under ,oF gisa
finite group. Since F'/F is finite the image of Gf s in GLZ( RY Fs(0)/ w) is a finite
group. Lemma 3.6 in [Khare and Wintenberger 2009a] 1mphes that RF S(o) /o is
finite. Since dim R;f g(0) > 1 by Corollary 3.16, we conclude that dim RF so)=1
and @ is a system of parameters for Rﬁ (), which implies that Rﬁ ¢(0) is a finite
O-module of rank at least 1. ([l

Corollary 3.19. Assume that  is trivial on U N (A )%, oy = lfor allv|2 and
plg, does not have scalar semisimplification for any v | 2. If S (U, O)m # 0 then
the equivalent conditions of Proposition 3.17 hold.

Proof. Since S5 (U, O)y, 1s nonzero and O-torsion-free, there is a maximal ideal n
of R}/f S[%] such that S, y (U, O), # 0. This implies that p satisfies hypotheses (o)
and (B) made in Section 8.2 of [Khare and Wintenberger 2009b].

Let n be any maximal ideal of R}f, E((f)[%], and let p, be the corresponding
representation of G s. It follows from Theorem 9.7 in [Khare and Wintenberger
2009b] or Theorem 3.3.5 of [Kisin 2009b] that there is a Hilbert eigenform f over F
such that p, = py. Let m = ®; m, be the corresponding automorphic representation
of GL, (A;). If v is a finite place, where D ramifies, then, because of the way we
have set up our deformation problem, py|g;, is isomorphic to (y”)(g“y‘ ; ) where y,
is an unramified character. The restriction of the 2-adic cyclotomic character to Gp,
is an unramified character which sends the arithmetic Frobenius to ¢, € Z5'. Since
pn arises from a Hilbert modular form, the representation py|g,, cannot be split,
as in this case we would obtain a contradiction to the purity of p,; see [Blasius
2006, §2.2]. Hence, pu|Gy, is nonsplit, and this implies that , is a twist of the
Steinberg representation by an unramified character, at all v, where D is ramified.
By Jacquet-Langlands correspondence there is an eigenform f? ¢ So,y (U, O)m



On 2-dimensional 2-adic Galois representations of local and global fields 1345

with the same Hecke eigenvalues as f. This implies that S, y (U, O)n is supported
on n. Proposition 3.18 implies that part (d) of Proposition 3.17 holds. U

Lemma 3.20. Fix a place w of F above 2. Let o and o’ be such that for all
v | 2, v # w, we have o, = o,, which is equal to either 1 or st, and oy, = 1 and

o, = st. Assume that  is trzwal on UNA F)X and PlGy, does not have scalar
semisimplification. Then the rings RY F.s(0) and R S(U’ ) are equal. Moreover, if n
is a maximal ideal ofR F.S (O’)[z] then So,y (U, O)m is supported on n if and only if
Sy (U, O)w is supported on n.

Proof. The ring R (1) parametrlzes crystalline lifts of p|g, with Hodge-Tate
weights (0, 1). The ring Rw (st) parametrizes semistable lifts of p|g,, with Hodge-
Tate welghts (0 1). Since both rings are reduced and O-torsion-free, we have a
surjection R (st) Rw D(1) The assumption that p|g,, does not have scalar
semisimplification implies that every such semistable lift is automatically crystalline,
hence the map is an isomorphism. This implies that the global deformation rings
are equal; see Corollary 2.38.

We will deduce the second assertion from the Jacquet—Langlands correspondence
and the compatibility of local and global Langlands correspondence. Let t be either
o or o’. We fix an 1s0m0rphlsm i: @p =C, let 7o =1 ®o C and let 7§ be the C-
linear dual of 7. Since UN (A )X acts trivially on T by assumption, we may consider
¢ as a representation of U (A F)X on which (A F)X acts by ¥. Let U’ =[], U, be
an open subgroup of U such that U] = U,, if vt2 and U)={g € U, : g =1 (mod 2)}
for all v|2. Then U’ acts trivially on 7. Let C®°(D*\(DQ®rAr)*/U") be the space
of smooth C-valued functions on D* \ (D ® r Ar)* which are invariant under U’.
Since U’ is a normal subgroup of U, U acts on this space by right translations.
It follows from [Kisin 2009¢, §3.1.14; Taylor 2006, Lemma 1.3] that we have an
isomorphism

Sy (U, 0) ®o C = Hom (z, C®(D*\ (D ®F Ap)*/U'DL)).

U AL

This isomorphism is equivariant for the Hecke operators at v ¢ S. The action of

RF'/' 5 (t) on S y (U, O)y factors through the action of the Hecke algebra T, y (U).

Let n be a maximal ideal of T(U);, ./,[ ] The isomorphism above implies that
Sty (U, O)y, is nonzero if and only if there is an automorphic form

fPec®D*\(D®rAr)*/U'DL),

on which the Hecke operators for v € S act by the eigenvalues given by the map
Ty (U) — k(n) 4 C. Additionally, HomU(A )= (‘L’C, ) # 0, where 7 = @/ 7, is
the automorphic representation corresponding to fP.
If o,y (U, O), is nonzero then the above implies that Homy, (1, m,,) # 0, which
implies that ,, is an unramified principal series representation, which implies that
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Homy, (st, ) # 0. Since o, = o, for all v # w, we conclude that S, (U, O),
is nonzero.

If Sy (U, O), is nonzero then the same argument shows that Homy, (st, 7)) #0,
which implies that 7, is either an unramified principal series representation, in
which case Homy, (1, ) # 0 and thus S, y (U, O), # 0, or 7y, is a special series.
We would like to rule the last case out. By Jacquet—Langlands correspondence
to 77 we may associate an automorphic representation 7’ = @/, of GL2(Ar) such
that 7, = 7, for all v, where D is split. In particular, 7, = m,. Let p, be the
representation of G, g corresponding to the maximal ideal n of R}f’ S[%] By the
compatibility of local and global Langlands correspondence, if 7, is special then
plGy, 1s semistable noncrystalline. However, this cannot happen, as explained
above. O

Corollary 3.21. Assume that  is trivial on U N (A‘};)X, oy is either 1 or st
for all v|2, and p|g, does not have scalar semisimplification for any v|2. If
So,y (U, O)m # 0 then the equivalent conditions of Proposition 3.17 hold.

Proof. If o, = 1 for all v | 2 then the assertion is proved in Corollary 3.19. Using
this case and Lemma 3.20 we may show that part (d) of Proposition 3.17 is verified
for all o as above. O

3E. Computing Hilbert—Samuel multiplicity. Let o = ®v|2 o, be a continuous
representation of U on a finitely generated O-module W,;, where the o, are of the
form (30) or (31). Let ¢ : (A{;)X/ F>* — O be a continuous character such that
un (A‘};) * acts on W, by the character 1. Let & and v be representations obtained
by reducing o and ¥ modulo . We assume that U satisfies (29), which implies
that the subgroups Up, also satisfy (29). Hence, the functor o — S, y (Up,, O)
is exact. We note that since R}g’sm is formally smooth over RIF/" g» it is a flat R}éf 5
module; therefore, the functor ® R, R}//”SD is exact, and so is the localization at mg, .
Hence the functor ‘

o M,(c) = R;/{’Egn ®R1F//S So,v (Ug,» O)an (45)
20n

is exact. Following [Kisin 2009a, §2.2.5] we fix a U-invariant filtration on o by
k-subspaces

O0=LoCLiC---CL;=W,;Q®0k

such that, fori =0,1,...,s — 1, 0; := L;4+1/L; is absolutely irreducible. Since
the functor in (45) is exact, this induces a filtration on M,(c) Qo k, which we
denote by

0=M%c)C M (c)C---C M(o)=M,(0) R0k, (46)
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such that, fori =0, 1,...,s — 1, we have
M (o) /M)y (0) = My (o). (47)

Each representation o; is of the form ®v|2 oi.v, Where o; , is either the trivial rep-
resentation, in which case we let 6; , = 1, or st, in which case we let &; , := st. We
let 0; := ®U|2 0ip and consider it as a representaticzn of U by letting U, for v
not above 2 act triVially. We note that, since both 1 and st have trivial central
character, U N (A )* acts trivially on ;. We choose a continuous character
E:F* \(AF) X — O suchthat =& (mod @) and the restriction of & to Uﬂ(& )*
is trivial. For example, we could choose & to be a Teichmiiller lift of 1. Let

M,(c;) =R FS ®R§s S&,v,E(UQnsO)an-
2 0n

The exactness of the functor in (45), used with 6; and £ instead of ¢ and ¥, and
(47) give us an isomorphism

ain: MY () /M (0) = My (07) = M, (67) ®0 k. (48)

The isomorphism «; , is equivariant for the action of the Hecke operators out-
side Sp,, since they act by the same formulas on all the modules Hence (48) is an
isomorphism of R [x1, ..., xgll-modules. We let a; , be the RF So (o,) annihilator
of M,(6;) ®o k Slnce the actlon of RD[[xl, ..., Xgll on M, (o) and M, (5;) fac-
tors through R S (cr) and RF So (al) respectlvely, we obtain a surjection
Gin: RYs, (0) = Ri's (61)/0in. (49)

Proposition 3.22. We may patch in such a way that:

o There is an Ry (0)-module My (o) as in Section 3C.

o There is a filtration

0=M2(c)C ML (0)C - C M (0)=Mx(0) R0k

by R (0)-submodules.

For each 1 <i <s there is an Ry (0;)-module My (6;) as in Section 3C and
a surjection ¢; : Roo(0) — Roo(07)/0;, where q; is the Ry (0;)-annihilator of
Mo (67) Qo k, which allows us to consider My, (6;) o k as an Rso(0)-module.

For each 1 <i < s there is an isomorphism of R (0)-modules
;i ML (0) /ML (0) = Mus(67) ®0 k.

Proof. We modify the proof of [Khare and Wintenberger 2009b, Proposition 9.3],
which in turn is a modification of the proof of [Kisin 2009¢, Proposition 3.3.1]. Let
A(0)y :=(D(0)m, L(0)m, D' (0),) be the patching data of level m as in the proof
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of [Khare and Wintenberger 2009b, Proposition 9.3], where o indicates the fixed
weight and inertial type we are working with. In particular, D(o),, and D'(c),
are finite Rg’D(a)[[xl, ..., Xg|l-algebras, where g =h+ j+t—d, and L(0),, is a
module over D(0),, satisfying a number of conditions, listed in the proof of [Khare
and Wintenberger 2009b, Proposition 9.3]. Our patching data of level m consists
of tuples

Ay = (A(U)m: {L(U)in f:(): {A(Gi)m f:]s {wi,m};zla {ai,m}f=1),

where {L(o)fn}f:0 is a filtration of L(0),, ®o k by D(c)y,-submodules, ¢; , :
Do) — D(Gi)m/0im is a surjection of R?[[xl, ..., Xg|l-algebras, where a; ,,
is the D(6;),-annihilator of L(6;) ®e k, and «; ,, is an isomorphism of D(c),,-
modules between L(o)ﬁn / L(o*)ﬁn_1 and L(6;) ®o k, where the action of D(o),, on
this last module is given by ¢; ,,.

An isomorphism of patching data between A,, and A}, is a tuple (B8, {8;}_,).
where 8: A, (0) = A, (o) and B; : A, (67) = A, (6;) are isomorphisms of patching
data, in the sense of [Khare and Wintenberger 2009b, Proposition 9.3], which
respect the filtration and the maps {¢; »};_,, {®im};_;. There are only finitely
many isomorphism classes of patching data of level m, since there are only finitely
many isomorphism classes of patching data of level m in the sense of [Khare and
Wintenberger 2009b, Proposition 9.3], and a finite O-module can admit only finitely
many filtrations and there are only finitely many maps between two finite modules.

We then proceed as in the proof of [Khare and Wintenberger 2009b, Proposition
9.3]. In particular, the integers a, r,,, ng and ideals ¢, and b, are those defined in
[loc. cit.]. For an integer n > ng + 1 and for m with n > m > 3, let A, ,,(0) =
(D(@)n.ms L(0)n.m, D'(0)n.m) be the patching data of level m as in the proof of
[Khare and Wintenberger 2009b, Proposition 9.3]. Then

D(0)nm = Ruta (O')/(cm Ryta(o) +mg;"+)a(g)),
L(a)n m — Mn+a(6)/cm n+a(0)

where R, (o) := R}p So (a) We define A, m(o,) analogously with 6; instead of o
and with & instead of w We let (L(0)! n.m)i— be the filtration obtained by reducing
(46) modulo c,,. Similarly, we let {¢; u.m};_;, {cin,m};_, be the maps obtained by
reducing (48) and (49) modulo ¢,,. Then

Ay = (A(O')n,m’ {L(U)lnm i=0° {A(Gi)n m}, 1 {(/)i,n,m}les {ai,n,m};zl})

is a patching datum of level m in our sense. Since there are only finitely many
isomorphism classes of patching data of level m, after replacing the sequence

((Rn-i-a (0), My+a(0)), {(Ry14(0:), My+q (&i))}le)nzno-i-l
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by a subsequence, we may assume that, for each m > ng +4 and all n > m, we
have A, , = A,;.m. The patching data A, ,, form a projective system; see [Kisin
2009c¢, Proposition 3.3.1]. We obtain the desired objects by passing to the limit. [J

We need to control the image of R (o) under ¢;. Following [Khare and
Wintenberger 2009b] we let CNL be the category of complete local noetherian
(O-algebras with a fixed isomorphism of the residue field with k, and whose maps
are local O-algebra homomorphisms. If A € CNLy then we let Sp, : CNLp — Sets
be the functor Sp, (B) = Homeni,, (A, B). Let G be a finite abelian group. We
let G* be the group scheme defined over O such that, for every O-algebra A,
G*(A) = Homgyoups (G, A™). Assume that we are given a free G* action on Sp,.
This means that, for all B € CNLp, G*(B) acts on Sp,(B) without fixed points.
By Proposition 2.6(1) in [Khare and Wintenberger 2009b] the quotient G* \ Sp,
exists in CNLo and is represented by (A™, mi}‘w) € CNLp. Moreover, Sp, is a
G*-torsor over Sp 4in.

Lemma 3.23. Let (A, my) and (B, mp) be in CNLp. Assume that G* acts freely
on Sp, and Spy and we are given a G*-equivariant closed immersion Spy < Sp,.
Then the map induces a closed immersion Sp gine <> SP ginv.

Proof. Since G* acts trivially on Sp v, by the universal property of the quotient,
the map Spp — Sp4 — Spuinv factors through Spginv — Sp4inv. Hence, we obtain
the following commutative diagram in CNLg:

Ainv B inv

L

A——»B

Since Sp, is a G*-torsor over Sp 4w, it follows from [SGA 3y 1970, Exposé VIII,
Proposition 4.1] that A is a free A™-module of rank |G|. Similarly, B is a free B™-
module of rank |G|. It follows from the commutative diagram that the surjection
A — B induces a surjection A /mif“VA —» B /mig"B. Since both k-vector spaces have
dimension |G|, the map is an isomorphism and this implies that the image of mij‘“’
is equal to mif,?v. Hence, the top horizontal arrow in the diagram is surjective. [

Let CNL%"] be the full subcategory of CNL¢ consisting of objects (A, my) such
that m” = 0. We have a truncation functor CNLo — CNLYY, A Al := A /w2,
If A represents the functor X, we denote by X" the functor represented by A", For

group chunk actions, we refer the reader to [Khare and Wintenberger 2009b, §2.6].

Lemma 3.24. Let (A, my) and (B, mp) be in CNL@. Assume that G* acts freely on
X :=Sp, and Y := Spy and we are given an isomorphism X"™ = Y™ compatible
with the group chunk (G*)"-action. If m is large enough then the image of mi;\“’A
in A/w’} = B/wm% is equal to the image of mié“’B.
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Proof. Let X™ and Y™ denote the quotients of X and ¥ by G* Then we have
isomorphisms

G*XX;XXXinVX, G*XngXyian,

where the map is given by (g, x) — (x, gx). We define Z := Xl = ylml and
C := A/m’} = B/m’;. The restriction of the above isomorphism to CNLE’Q"] gives
us isomorphisms

(G* x 2)!M = (Z x gy )/, (G* x Z)I™ = (Z xyim Z)™.
Thus we have an isomorphism
(Z X xinv Z)[m] = (Z X yinv Z)[m],

where the map is given by (z1, z2) — (21, z2). On rings this isomorphism reads
(C ® 4 CO)M = (C@piv O, 1 ®cr = 01 ® 0.

Both A /m‘“VA and B /m‘“VB are k-vector spaces of dimension |G|. In particular,
if m > |G| then m'y C m‘"VA and m’y C m"‘VB So we obtain a map C — A/mif'\‘VA.
If m > 2|G]| then by base changing along this map, we obtain an isomorphism

A/MMNA® A/mNA = A/mNA@piw A/miVA.

If the image of B™ in A /m‘“VA is not equal to k then, for some b € BI™, 1®b
and b ® 1 will be linearly independent over k in the left-hand side of the above
isomorphism and linearly dependent in the right-hand side. This implies that the
image of B™ in A /mmVA is equal to k. Thus mmvC Ccm n"C and by symmetry we
obtain the other inclusion. O

Let G, be the Galois group of the maximal abelian extension of F, of degree a
power of 2, which is unramified outside O, and split at primes in S. Let G, » =
G, /2G,. It follows from [Khare and Wintenberger 2009b, Lemma 5.1(f)] that
G2 =(Z/)22)". Let G, , be the group scheme defined over O such that, for every
O-algebra A, G:’Z(A) = Homgoups(Gp,2, A*). For a local artinian augmented
O-algebra A and x € G, ,(A), if pa is a GF,s,, -representation lifting p to A then
s0is pa ® x. Moreover, since x 2 is trivial, p4 and p4 ® x have the same determinant.
This induces an action of G:,z on

Spf R, - spr;ﬁ’SDQn(o), and spr,i;?Q’l(c}i).

It follows from [Khare and Wintenberger 2009b, Lemma 5.1] that this action is free.
Proposition 2.6 of [Khare and Wintenberger 2009b] implies that the quotient by
G, , is represented by a complete local noetherian O-algebra, which we will denote
by ( E ;;V miv), (R}p SDva( o), m"™ ) and (RE o mv(m) mmv ) respectively.
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Lemma 3.25. The map
SprFS (al)/a, n—> SprF So, (o)

induced by (49) is G, ,-equivariant. Moreover,

(s RYE 5, (00) = W% RS, (G0 /0

Proof. The first part follows from [Khare and Wintenberger 2009b, Lemma 9.1];
see the paragraph after the proof of Proposition 7.6 and the third paragraph of the
proof of Lemma 9.6 of the same paper.

Let

9o Rils, = Ris, (@) and g5 : Rig, — Ry'S (1)

denote the natural surjections. Since ¢; , o g» = g5, (mod a,;), it is enough to
show that g, (mi™ R} S, ) =mim R'/’ F.5,(0) for all o and  as above. This follows
from Lemma 3.23 ]

Let mg‘v and mg:" be the maximal ideals of Rf)‘gv (o) and RL’(‘)V (6;), respectively.

Proposition 3.26. The surjection ¢; : Roo(0) = Roo(6;)/a; maps mi(}“’RC>O (o) onto
the image of m3" R (7). In particular,

e(M (o) /M (0), R (0) /) = e(Mx(6;) @0 k, R (6;) /). (50)

Proof. If (A, m) is a complete local noetherian algebra then by A"l we denote the
ring A/m’. We will use the same notation as in the proof of the previous proposition.
It is shown in the course of the proof of part (I) of [Khare and Wintenberger 2009b,
Proposition 9.3] that

Reo(0) Z1im D, (0),
m

where D, () = Ryyq (0)l'n]. Moreover, it is shown that the map is (@m 2D -

equivariant by fixing an identification of G, ., » with (Z/27)".
For each fixed r > 0 we have

Reo(@)" =1im D}, ,, (o).
m

Hence, by choosing m large enough we may assume that Ry, (o)) = D,/,é’m(a)[’ 1
with r < r,,. Since (G, [2])"-action on Spg_,y and on Sp Ry.a(o) 18 free by [Khare
and Wintenberger 2009b, Lemmas 5.1 and 9.4], we are in the situation of Lemma
3.24. Hence the image of m™ Ry (o) in D}, , (o)) is equal to the image of

mi,‘:j,a’ o Rnta(0). It follows from Lemma 3.25 that the composition

Roo(0) —> Rypia (@) 2y (R4 0 (5) /i)
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maps m”“’Roo(o) onto the image of mmVRoo(a,) The action of R,,4+,(6;) on L, 1, (57)
factors through R+, (a,)[’ 1. Since by construction

@i =M@, Roo() = 1M Ruta (G, Moo(6;) =1im Ly (57),

m m m
we deduce that ¢; maps mg“’ R~ (o) onto the image of mg:V Roo (67). O

Corollary 3.27. Assume that Sg.y (U, O)w # 0 and that p\c,, % (§ ) for v|2 and
any character x : G, — k*. Then the equivalent conditions of Proposition 3.17
hold, and any p : Gp,s — GL2(O) corresponding to a maximal ideal of R}/f S(O’)[%]
is modular.

Proof. We will verify that part (b) of Proposition 3.17 holds. We first note that, since
So,y (U, O)m # 0 and U satisfies (29), there is an i such that S5, ¢ (U, k) #0. This
implies that S5, ¢ (U, O)y #0, and it follows from Lemma 3.20 that Ss,.e(U, O)n #0
forall 1 <i < s and S g(U O)m # 0. In particular, the rings Ry Ij(o*,) are nonzero
and equal to R (1) Corollary 3.21 implies that for all 1 <i < s the equality

2! re(Ri' (61)/@) = e(Mo(6)) [, R (67) /) (51)

holds. Since the Hilbert—Samuel multiplicity is additive in short exact sequences,
we have

N

e(Ms(0)/m, R (0) /) = Z e(ML (0)/ M (0), R (0)/w).  (52)

i=1
Proposition 3.26 implies that for all 1 <i <s we have
e(Mi (o) /M (0), RN (0) /) = e(Mx(67) [, R (G1) /). (53)
Thus
e(M(0) [, R (0) /o) =2'r Z (RS7 (@) /). (54)

Thus to verify part (b) of Proposition 3.17 it is enough to show that
N
e(RY“(0)/m) <) e(RS" (1) /). (55)
i=1

If A and B are complete local «-algebras with residue field « then it is shown in
[Kisin 2009a, Proposition 1.3.8] that e(A ®. B) =e(A)e(B). Since Y is congruent
to £ modulo @z, inequality (55) reduces to the following inequality on Hilbert—
Samuel multiplicities of potentially semistable rings at all v | 2:

Sy

e(RY (@) /@) <) e(RE7G0.1) /@) (56)

i=1
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Here the o, ; are irreducible k-representation of GL,([F2) which appear as graded
pieces of a GL;,(Z;)-invariant filtration on o, ®» k. Inequality (56) is proved in the
local part of the paper; see Remark 2.39. (]

3F. Modularity lifting. Let F be a totally real field in which 2 splits completely.

Definition 3.28. An allowable base change is a totally real solvable extension F’
of F such that 2 splits completely in F’.

Lemma 3.29. Assume that [F : Q] is even. Let p : Gp — GL; (k) be a continuous
absolutely irreducible representation. If there is a Hilbert eigenform f such that
P = pr then there is a Hilbert eigenform g of parallel weight 2 such that p = p,
and at v | 2 the corresponding representation m, of GL,(F,) is either an unramified
principal series or a twist of Steinberg representation by an unramified character.
Moreover, if plc;, # ()(g ;)for all v |2 and any character x : G, — k™ then we
may assume that m, is an unramified principal series representation for all v | 2.

Proof. Let D be the totally definite quaternion algebra with center F split at all
the finite places. Let f” e Sty (U, O) be the eigenform on D associated to f
by the Jacquet-Langlands correspondence, where U = [ [, U, is a compact open
subgroup of (D® ¢ AI{:) * such that U, = GL,(OF,) forall v | 2, and U is sufficiently
small, so that (29) holds, and T = ®U|2 Ty is a locally glgebraic representation of U.
Let m be the maximal ideal of the Hecke algebra T"; corresponding to p. Then
fPe Sty (U, O), and hence S; (U, O)y, is nonzero.

Let 7 denote the reduction of a U-invariant lattice in 7, and let ¥ denote ¥
modulo @. Since U satisfies (29) the functor o — S, y (U, O) is exact. The
localization functor is also exact. Hence there is an irreducible subquotient o
of T such that SU’I;(U, k)m 1s nonzero. Such a o is of the form ®U|2 o,, Where
o, 1s a representation of GL,([F»). Thus o, is either trivial, in which case we let
oy = 1, or k2 in which case we let 0, = st. Then the reduction of &, modulo @, is
isomorphic to o, and F, N U, acts trivially on 6,. Let 0 := ®v‘2 o,. Choose a lift
& (AI{)X/FX — O of ¥, which is trivial on U N (A{;)X. The exactness of the
functor o = S, ¢ (U, O) implies that S5 £ (U, O)y is nonzero, since its reduction
modulo @ is equal to S, (U, k). We may take any eigenform g € S5 (WU, O)m
and then using Jacquet—Langlands transfer it to a Hilbert modular form, which will
have the prescribed properties. The last part follows from Lemma 3.20. ([

Theorem 3.30. Let F be a totally real field where 2 is totally split, and let
p:Grs — GL2(0)

be a continuous representation. Suppose:
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1) p:Grs 2 GL,(O) — GL, (k) is modular with nonsolvable image.
(i) If v |2 then p|gy, is potentially semistable with distinct Hodge—Tate weights.
(iii) det p is totally odd.
(iv) If v |2 then plg,, Z (% ;),for any character y : Gp, — k*.
Then p is modular.

Proof. Let ¢ = Xc_yé det p, where xcyc is the 2-adic cyclotomic character. By
solvable base change it is enough to prove the assertion for the restriction of p
to Gp, where F’ is a totally real solvable extension of F. Using Lemma 2.2 of
[Taylor 2003] we may find an allowable base change F’ of F such that [F’ : Q] is
even and p|g,, is unramified outside places above 2. We may further assume that
if p is ramified at v12 then the image of inertia is unipotent. Let ¥ be the set of
places outside 2 where p is ramified. If v € X then

~ [ YvXcyc *
/0|GF1;—< 0 )/u)’

where y, is an unramified character such that yvz = WGFU,.

Since p is assumed to be modular, Lemma 3.29 implies that p = pr, where
f is a Hilbert eigenform of parallel weight 2, and an unramified principal series at
v |2. Using Lemma 3.5.3 of [Kisin 2009c¢] (see also Theorem 8.4 of [Khare and
Wintenberger 2009b]) there is an admissible base change F"/F’ such that p|g,, is
ramified at an even number of places outside 2. We still denote this set by X, and
there is a Hilbert eigenform g over F” such that PlG.» = Pg, and such that g has
parallel weight 2, is special of conductor 1 at v € X, and is unramified otherwise.

Let D be the quaternion algebra with center F” ramified exactly at all infinite
places and all v € ¥. Choose a place v; of F” as in Lemma 3.2 and such that
is unramified at v; and p(Frob,,) has distinct eigenvalues. Let S be the union of
infinite places, X, places above 2 and v;. Let U =[], U, be an open subgroup of
(D Qp» A{w/)x such that U, = Ogu if v # vy and U,, is unipotent upper triangular
modulo @,,. We note that Lemma 3.2 implies that U satisfies (29). Let m be the
maximal ideal in the Hecke algebra Tg“(‘gv corresponding to p.

Let gP be the eigenform on D corresponding to g via the Jacquet-Langlands
correspondence. Then g? € S, 4/ (U, O)n, where o is the trivial representation
of U and ¢ : (Af ,)¢ — O is a suitable character congruent to ¥ modulo . In
particular, S, 4/ (U, O)y # 0. It follows from Lemma 3.20 that S, 4/ (U, O)y #0
for all o = ®U|2 o,, where o, is either 1 or §t. Since U satisfies (29), we
deduce that S, y (U, k) # O for any irreducible smooth k-representation o of
l_[v|2 GL,(Z5). Since U satisfies (29), we deduce via Lemma 3.1.4 of [Kisin 2009¢]
that Sy (U, O)n # 0 for any continuous finite-dimensional representation o of
[T,/ GL2(Z>) on which U N (AL,)* acts by .
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For v | 2 suppose that '0|GF{/ has Hodge-Tate weights w, = (ay, b,) with b, > a,
and inertial type t,. Let o, be defined by (30) and let o0 = ®U‘2 oy. The above
implies that S,y (U, O)n # 0 and, since p|g,, defines a maximal ideal of R;g,,’ S[%]
the assertion follows from Corollary 3.27. ([
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A probabilistic Tits alternative and
probabilistic identities

Michael Larsen and Aner Shalev

We introduce the notion of a probabilistic identity of a residually finite group I'.
By this we mean a nontrivial word w such that the probabilities that w = 1 in the
finite quotients of I" are bounded away from zero.

We prove that a finitely generated linear group satisfies a probabilistic identity
if and only if it is virtually solvable.

A main application of this result is a probabilistic variant of the Tits alternative:
Let I' be a finitely generated linear group over any field and let G be its profinite
completion. Then either I' is virtually solvable, or, for any n > 1, n random
elements gy, ..., g, of G freely generate a free (abstract) subgroup of G with
probability 1.

We also prove other related results and discuss open problems and applications.

1. Introduction

The celebrated Tits alternative [1972] asserts that a finitely generated linear group is
either virtually solvable or has a (nonabelian) free subgroup. A number of variations
and extensions of this result have been obtained over the years. In particular, it
is shown in [Breuillard and Gelander 2007] that if " is a finitely generated linear
group which is not virtually solvable then its profinite completion I has a dense
free subgroup of finite rank (this answers a question from [Dixon et al. 2003],
where a somewhat weaker result was obtained). The purpose of this paper is to
establish a probabilistic version of the Tits alternative, and to relate it to the notion
of probabilistic identities, which is interesting in its own right.

In order to formulate our first result, let us say that a profinite group G is randomly
free if for any positive integer n the set of n-tuples in G which freely generate a free
subgroup of G (isomorphic to F},) has measure 1 (with respect to the normalized
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Haar measure on G"). We also say that a (discrete) residually finite group I is
randomly free if its profinite completion is randomly free.

Recall that related notions have already been studied in various contexts. For
example, Epstein [1971] showed that connected finite-dimensional nonsolvable
real Lie groups are randomly free (in the sense that the set of n-tuples which do
not freely generate a free subgroup has measure zero). Later it was shown by
Szegedy [2005] that the Nottingham pro-p group is randomly free (answering a
question of the second author). Furthermore, Abért proved [2005] that some other
groups are randomly free; these include the Grigorchuk group and profinite weakly
branch groups.

We can now state our probabilistic Tits alternative.

Theorem 1.1. Let I" be a finitely generated linear group over any field. Then either
" is virtually solvable or " is randomly free.

The proof of this result relies on the notion and properties of probabilistic
identities which we introduce below.

Let w = w(xy, ..., x,) be a nontrivial element of the free group F),, and let
I be a residually finite group. Consider the induced word map I'* — I', which,
by a slight abuse of notation, we also denote w. If the image w(I'") of this map
is {1} then w is an identity of I'. We say that w is a probabilistic identity of I" if
there exists € > 0 such that, for each finite quotient H = I"'/A of ', the probability
Py (w) that w(hy, ..., h,) =1 (where the h; € H are chosen independently with
respect to the uniform distribution on H) is at least €. This amounts to saying that,
in the profinite completion G = T of T, the probability (with respect to the Haar
measure) that w(gy, ..., g,) = 1 is positive.

For example, w = xl2 is a probabilistic identity of the infinite dihedral group
I' = Do, since in any finite quotient I'/A = D,, of I' we have Pr/a(w) > % Note
that, in this example, w is not an identity on a finite index subgroup of I', but it is
an identity on a coset of the cyclic subgroup of index two.

More generally, probabilistic identities may be regarded as an extension of the
notion of coset identities. Recall that a word 1 # w € F,, is said to be a coset
identity of the infinite group I' if there exists a finite index subgroup A < T and
cosets Y1A, ..., ¥, A (where y; € I') such that w(y A, ..., y,A) ={1}.

Our main result on probabilistic identities is the following.

Theorem 1.2. A finitely generated linear group satisfies a probabilistic identity if
and only if it is virtually solvable.

Theorem 1.2 has several consequences. First, it easily implies Theorem 1.1. To
show this, suppose I' is not virtually solvable, and let G be the profinite completion
of I'. Note that g1, ..., g, € G freely generate a free subgroup of G if and only if
w(g1, ..., 8n) # 1 forevery 1 # w € F,. By Theorem 1.2 above, the probability
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that w(gy, ..., g:) = 1is O for any such w. As Haar measure is o-additive, the

probability that there exists w # 1 such that w(gy, ..., g,) = 1 is also 0. Thus,

g1, ..., &n freely generate a free subgroup with probability 1, proving Theorem 1.1.
Secondly, Theorem 1.2 immediately implies the following.

Corollary 1.3. A finitely generated linear group which satisfies a probabilistic
identity satisfies an identity.

It would be interesting to find out whether the same holds without the linearity
assumption. We discuss this and related problems and applications in Section 3.

In the course of the proof of Theorem 1.2 we establish a result of independent
interest, showing that probabilistic identities on finitely generated linear groups are
in fact coset identities.

The arguments proving this result also prove a more general result on probabilistic

identities with parameters. Let w(xy, ..., X,, y1, ..., ym) be a word in the variables
X1y eeeyrXn, Y1, .-, Ym, and let yq, ..., ¥, be elements of a residually finite group
I". Consider the word with parameters v(xy, ..., X,) ;= wW(X1, ..., Xp, V15 -« -» Ym)-

The notions of a probabilistic identity with parameters and of a coset identity with
parameters are then defined in the obvious way.

Note that Theorem 1.2 cannot be generalized to probabilistic identities with
parameters. For example, let y; € I be a central element. Then the word with
parameters [x, y1] is an identity on I', though I' need not be virtually solvable.
However, we can show the following.

Theorem 1.4. Let " be a finitely generated linear group over any field. Then every
probabilistic identity (possibly with parameters) on I is a coset identity.

It easily follows that, if w is a word in n variables (possibly with parameters
from I'), and y € I is such that in all finite quotients H =I"/A of I" the probability
that w(hy, ..., h,) =y + A is at least some fixed € > 0, then the fiber w='(y)
contains the Cartesian product y; A x --- X ¥, A of cosets of some finite index
subgroup A < T'. Indeed, apply Theorem 1.4 to the word with parameters wy ~!.

In fact, the proof of Theorem 1.4 gives rise to an even more general result of
independent interest. In order to formulate it, let I" be a linear group and let n be
a positive integer. Let us say that a subset E of I'" is Zariski-closed if there is
an embedding of I" in GL, (F) (for some field F and a positive integer r) and a
Zariski-closed subset X of GL such that 2 = X (F)NI™"

Then we have the following.

Theorem 1.5. Let I' be a finitely generated linear group over any field, and let
n>1. Let E C I'" be a Zariski-closed subset. Suppose there exists € > 0 such
that |EA" /A" > €|’/ A|" for all normal subgroups of finite index A of T'. Then
there exists a finite index subgroup A <1 and elements yy, ..., v, € I such that
ED YA X X YA
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This result is proved using an easy adaptation of the proof of Theorem 1.4, which
we leave for the interested reader. Theorem 1.5 amounts to saying that if the closure
of B in the profinite group (f)” has positive Haar measure, then it has a nonempty
interior.

It is shown in [Breuillard and Gelander 2007, Theorem 8.4] that a finitely
generated linear group which satisfies a coset identity (without parameters) is
virtually solvable. Using this result we can immediately deduce Theorem 1.2 from
Theorem 1.4. In fact, we provide here a self-contained proof of Theorem 1.2 using
Theorem 1.4 and Proposition 2.5 below.

Our original approach to proving Theorem 1.2 relied on strong approximation for
linear groups and on establishing upper bounds on the probabilities Pg(w), where
G is a group satisfying 7% < G < Aut(T*) for a finite simple group 7. However,
this approach is rather involved. A shorter and simpler proof of Theorems 1.4
and 1.2 is given in Section 2.

The idea is to use linearity to map I" into a “linear algebraic group” G over an
infinite product [ [, A/m of finite fields. The closure of the image is then a profinite
group. Suppose that for some Zariski-closed subset X C G", the measure of the
closure of X (]_[m A /m) NI is positive. Every translate of X by an element of I'"
has the same property. Unless X is a union of connected components of G" we
can find an infinite set of pairwise distinct translates of X, each of which has the
same positive-measure property. Thus, some pairs of translates of X must intersect
' with positive measure; intersecting X with a suitable translate by an element
of I'", we obtain a proper closed subset of X with the same property as X itself.
This process cannot continue indefinitely. The theorem is obtained by applying it
to the fiber over 1 of a nontrivial word map w. The actual implementation uses the
language of (affine) schemes and a notion somewhat weaker than that of measure.

In fact, this method of proof, and Proposition 2.5 in particular, yields the following
extension of Theorem 1.2: Suppose I is a finitely generated linear group which
is not virtually solvable. Then all fibers in ()" of all nontrivial words w € F, have
measure Q.

In other words, for a finite group H, let Py, denote the probability distri-
bution induced on H by w (so that, for h € H, P, p(h) is the probability that
w(hy, ..., hy) =h). Its £s-norm is defined by || Py ||co = maxpen Pr.w(h). Then
we have:

Theorem 1.6. Let I be a finitely generated linear group. Suppose for some n > 1
and 1 # w € F, there exists € > 0 such that for all finite quotients H of I" we have
| Pr wlloo = €. Then I is virtually solvable.

See also [Aoun 2011] for a different probabilistic Tits alternative, related to
certain random walks on the discrete linear group I'.
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2. Proof of Theorems 1.4 and 1.2

If a group I" acts on a topological space X and Y C X, we say Y is ['-finite if its
orbit under I' is finite. We say a closed subset Z C X is ['-covered by Y if Z is a
closed subset of some finite union of I'-translates of Y.

Lemma 2.1. Let I be a group acting on a set X. If Yy, ..., Y, are subsets of X
which are not U'-finite, then there exists g € I' such that gY; #Y; for 1 <i,j <n.

Proof. For given i, j, the set of g such that gY¥; =Y; is either empty or is a left
coset of the stabilizer of Y; in I'. By a theorem of B. H. Neumann [1954], a group
cannot be covered by a finite collection of left cosets of subgroups of infinite index.
The result follows. U

Proposition 2.2. Let X be a Noetherian topological space and I" a group of home-
omorphisms X — X. Let f denote a function from the set of closed subsets of X to
[0, 1] satisfying the following conditions:

(D) If Z C Y are closed subsets of X, then f(Z) < f(Y).
(IT) For all closed subsets Y C X and all g € T such that f(Y NgY) =0, we have

JFYUgY)=2f(Y).

If Y C X is closed and I'-covers some closed subset W C X with f(W) > 0, then Y
[-covers some closed I'-stable subset Z C X with f(Z) > 0.

Proof. By the Noetherian hypothesis, we may assume without loss of generality
that Y is minimal for the property of I'-covering a set of positive f-value. If two
distinct irreducible components ¥; and Y; of ¥ were I'-translates of one another, we
could replace Y with the union of all of its components except Y;, and the resulting
closed set would still I'-cover a set of positive f-value. This is impossible by the
minimality of Y.

If Y is I'-finite, then

z:=|Jgr

gel

is a ['-stable finite union of I'-translates of Y containing W. By condition (), it
satisfies f(Z) > 0, so we are done. As Y is a finite union of irreducible components,
we may therefore assume at least one such component Yy is not I'-finite. We write
Y = Yy UY’, where no I'-translate of Y’ contains Yj.

By condition (I), there exists a finite sequence gy, ..., g- € ' such that f(Z) >0
for

Z:=gYU.-.-Ug,Y.
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We choose the g; so that

SUPACT finite f(UgEA gY)
> .
As no I'-translate of Y is [-finite, Lemma 2.1 implies that there exists g such
that g; Yo # gg; Yo for all i, j. Thus,

f(Z) > 2-1)

Yul Jong 'egiYo Y
i,j
['-covers Z N gZ. By the minimality of Y, this means f(Z N gZ) = 0. By condi-
tion (I), f(ZU gZ) > 2 f(Z), which contradicts (2-1). We conclude that Z must
be I'-finite. O

Now, let A be an integral domain finitely generated over Z with fraction field K.
Let G = Spec B be an affine group scheme of finite type over A (see [Waterhouse
1979]). As usual, for every commutative A-algebra T, let G(T') denote the set of
Spec T-points of G — Spec A, i.e., the set of A-algebra homomorphisms B — 7.
The group structure on G makes each G(T') a group, functorially in 7. We regard G
as a topological space with respect to its Zariski topology. If ¥ C G is a closed
subset, we define Y (T') to be the subset of G(T') consisting of A-homomorphisms
B — T such that the corresponding map of topological spaces Spec T — G sends
Spec T into a subset of Y. If Z C G is another closed subset, then

¥YNnzZ)(Tr)=YT)NZ(T),
but, in general, the inclusion
Y(T)UZ(T) < (YUZ)T)
need not be an equality.
We define
PG. A= J] 9g@m),
meMaxspec(A)

where Maxspec denotes the set of maximal ideals, and P (G, A) is endowed with
the product topology. Note that as G is of finite type (i.e., B is a finitely generated
A-algebra) and every A/m is a field finitely generated over Z (and hence finite), it
follows that each G(A/m) is finite and P (G, A) is a profinite group. For any closed
subset X C G, we define the closed subset

P(X.A):= [] X@/m)cP@ A.
meMaxspec(A)

Lemma 2.3. If X C G does not meet the generic fiber Spec B Q@4 K C G, then
P(X, A) is empty.
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Proof. If I C B is the ideal defining X, then (B/I)Q4 K =0,50 I 4 K =B®4 K.
It follows that there exist elements b; € I and a;/ alf € K such that

a
Y bhio— =1,
i 4

and clearing denominators we see that some nonzero element a’ := [[; a/ € A
belongs to /. If m is a maximal ideal of A[1/a’], then A[1/a’]/m is a field finitely
generated over Z, hence a finite field, and therefore m N A is a maximal ideal of A.
Thus, the image of a’ in A/(mN A) is nonzero, from which it follows that there are
no A-homomorphisms B/l — A/(mN A),ie., X(A/(mNA)) =0. U

For any subgroup I' € G(A) C P(G, A), we define T to be the closure of I in
P(G, A). This is a closed subgroup of a profinite group and therefore a profinite
group itself. We endow it with Haar measure ., normalized so that (T, ME) 18
a probability space. In particular, left translation by I' is a continuous measure-
preserving action on (T, 1i). As Haar measure is outer regular, for every Borel
set B,

1 Iprs Bl
SCMaxspec(A) |pI‘S F| ’

np(B) =

where § ranges over all finite sets of maximal ideals of A and pr¢ denotes projection
onto [[,,..s G(A/m).
For any positive integer n, we let G" denote the n-th fiber power of G relative
to A, i.e., defining
B, =B®sB®s---®4B,

n

we define G" := Spec B, regarded as a topological space with respect to the Zariski
topology. Note that in general the Zariski topology on G”" is not the product topol-
ogy. However, by the universal property of tensor products, G (T') is canonically
isomorphic to G(T')" for all commutative A-algebras 7. Moreover, B, is a finitely
generated Z-algebra, and by the Hilbert basis theorem this implies that G" is a
Noetherian topological space.

We consider the closure I'” of ' in P(G", A). For any closed subset ¥ C G",
we define

Pr(Y):=T"NP(Y, A).
Thus, if Y and Z are closed subsets of G",

Pr(YNZ)=T"NP(YNZ, A =T"NPY,ANPZ,A)=Pr(Y)NPr(Z).
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As
Pyuz. Ay =[] @A/mUZA/m)2 Py, AUPZ A,
meMaxspec(A)
we have
Pr(YUZ)2 Pr(Y)U Pr(2).
Defining

J ) = pup (Pr(Y)),
condition (I) of Proposition 2.2 is obvious. As u. is a measure, if (Y NZ) =0,
then
fXYUZ)=pup.(Pr(¥YUZ))
> ppn (Pr(Y) U Pr(2))
= (Pr(Y)) + ppn (Pr(Z2)) — ppa (Pr(Y) N Pr(Z))
=M+ —-fANZ)y=fX)+ f(2).
As (g, is I'-invariant, this implies condition (II).

Proposition 2.4. Let G denote a linear algebraic group over a field K. If T is
Zariski-dense in G(K), then a nonempty closed subset Y of G" is I'"-finite if and
only if it is a union of connected components of G".

Proof. If Y is I""-finite, its stabilizer A is of finite index in I'”, which implies that
the Zariski closure D of A in G" has finite index in G". Thus D N (G")° is of
finite index in (G™)°. As (G")° is connected, it follows that D contains (G")°. The
Zariski closure of any left coset of I'" is a left coset of D and therefore a union of
cosets of (G")°. Conversely, any left translate of a coset of (G")° is again such a
coset, so the orbit of any union of connected components of G”" is finite. (]

We can now prove Theorem 1.4.

Proof. We fix a faithful representation p : I' — GL, (F), where F is an algebraically
closed field. Let G C GL, denote the Zariski closure of I" in GL,..

We recall how to extend G to a subgroup scheme of GL, defined over a finitely
generated Z-algebra. Let

Rz, :=2Ixij, yli j=1,...r/(ydet(x;;) — 1)
denote the coordinate ring of GL, over Z, and let
Azr: Rz, —> Rz QzRzr, Szr:Rzr— Rz,, and €7,: Rz, —> 7

denote the ring homomorphisms associated to the multiplication, inverse, and unit
maps. Closed subschemes of GL, over any commutative ring A are in one-to-one
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correspondence with ideals I of R4, := A ®z Rz, and such an ideal defines a
group subscheme if and only if / is a Hopf ideal [Waterhouse 1979, §2.1], i.e., if
and only if it satisfies the following three conditions:

Aa, (1) ST@aRA,+RA,®al,
SA,}’(I) g I?
€ar(I)={0}.

We fix a finite set of generators %y of the ideal Ir in Rf , associated to G as a
closed subvariety of GL, over F. We lift each Ay to an element hy e F [xij, y]. For
any subring A C F such that iz € A[x; i» y1, we denote again by A, the image of hy
in R4 ,; this should not cause confusion. Let Ao denote the subring of F' generated
by all matrix entries in GL, (F') of the p(g;), as g; runs over some finite generating
set of I', together with all coefficients of the hy. Let I denote the ideal generated
by the elements Ay in R4, ,, and let K denote the fraction field of Ag. As

Agyr(Io) € Ip®a, Re,r + Rg.r Qa, lo
and
Sag,r({o) € 1o ®a, Rk, r»

there exists a € Ag such that

Apgr(hi) € Io ®@ay Raol1/a),r + Ragl1/a1,r ®a, 1o
and
Sao,r(hi) € Iy ®a, Aol1/al

for all i, and therefore, setting A := Ag[1/a] and I := Iy ® 4, A, we have that [ is
a Hopf ideal of R4 .. We set G := Spec R4 /1, the closed group subscheme of
GL, over A defined by iy € R4 . By construction, p(I") is a Zariski-dense finitely
generated subgroup of G(A).

Now, let w be a probabilistic identity on I" (possibly with parameters). Consider
w as a morphism of schemes over A from G" to G. Let Y := w (1) € g" We
define f as above. If f(Y) > 0, then Y I'-covers a set of positive f-value, so
by Proposition 2.2 Y I'-covers a closed I'-stable subset Z with f(Z) > 0. By
Lemma 2.3, Z must meet the generic fiber G" of G", which implies that ¥ must
meet the generic fiber. Proposition 2.4 now implies that ZNG" contains a connected
component of G", and it follows that ¥ N G" contains a connected component, i.e.,
w is a coset identity. Thus, we may assume f(Y) =0.

Therefore, for every € > 0, there exists a finite set S of maximal ideals of A
such that

Iprs w™' (1)
Iprg I'?|
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Defining A to be the kernel of prg, we see that, in the finite quotient I'/ A, the
probability that the word map w attains the value 1+ A is less than €. It follows
that w is not a probabilistic identity on I". This contradiction completes the proof
of Theorem 1.4. U

Proposition 2.5. Let K be a field and G a linear algebraic group over K with
nontrivial adjoint semisimple identity component. Let w € F,, be a nontrivial word
and let gy € G(K). Then w™'(go) does not contain any connected component of G”.

Proof. Equivalently, we claim that dim w™!(go) < dim G". Since dimensions do not
depend on the base field, we may and shall assume, without loss of generality, that
K is algebraically closed. Let G° be the identity component, 7" a maximal torus
of G° and B a Borel subgroup of G° containing 7. Let ® be the root system of G
with respect to T, and let @ denote the set of roots of B with respect to 7. Every
maximal torus of G° is conjugate under G°(K) to T. The Weyl group Ng(T')/ T acts
transitively on the set of Weyl chambers, so every pair 7’ C B’ is conjugate to T C B
by some element of G°(K). In particular, for any g € G(K), the pair g~'Tg C
g 'Bg is conjugate in G°(K) to T C B, or, equivalently, there is some element
h € gG°(K) such that conjugation by £ stabilizes T and B. The highest root « of ®*
is determined by B, so & likewise preserves «. It therefore normalizes ker «°, and
therefore the derived group G, of the centralizer of ker «®. This group is semisimple
and of type A1, so every element that normalizes it acts by an inner automorphism.
It follows that the centralizer of G, in G meets every connected component of G.

Suppose now that w is constanton g; G° X - - - x g, G° for some g1, . .., g, € G(K).
Without loss of generality we may assume that all g; centralize G,. As w is constant
on g1Gy X - -+ X g,G,, and as

w(gihi, ..., guhn) =w(g1, ..., 8w, ..., hy)

forall hy, ..., h, € Go(K), it follows that w is constant on GJ,. This is impossible
because nontrivial words give nontrivial word maps on all semisimple algebraic
groups [Borel 1983]. U

Proof of Theorem 1.2. Every virtually solvable linear group satisfies a nontrivial
identity. In the other direction, if I' C GL,(K) satisfies a probabilistic identity,
then it satisfies a coset identity by Theorem 1.4, and the same is true for its Zariski
closure G. If R denotes the maximal solvable normal subgroup of G°, then G/R
also satisfies a coset identity, and by Proposition 2.5 this implies that G/R is finite,
i.e., that G is virtually solvable, and so is I". |

3. Open problems

In this section we discuss related open problems concerning finite and residually
finite groups.
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Problem 3.1. Do all finitely generated residually finite groups which satisfy a
probabilistic identity satisfy an identity?

We also pose a related, finitary version of Problem 3.1.

Problem 3.2. Is it true that, for any word 1 # w € F,,, any positive integer d and
any real number € > 0, there exists a word 1 # v € F},, (for some m) such that, if G
is a finite d-generated group satisfying Pg(w) > €, then v is an identity of G?

Clearly, a positive answer to Problem 3.2 implies a positive answer to Problem 3.1.
Both seem to be very challenging questions, which might have negative answers in
general. However, in some special cases they are solved affirmatively. For example,
if w=/[xq,xy]orw= xlz, then it is known (see [Neumann 1989] and [Mann 19941])
that, for a finite group G, if Pg(w) > € > 0, then G is bounded-by-abelian-by-
bounded (in terms of €). This implies affirmative answers to Problems 3.1 and 3.2
for these particular words w.

In general we cannot answer these problems for words of the form x’f (k > 2).
However, for a prime p, a result of Khukhro [1986] shows that, if G is a finitely
generated pro-p group satisfying a coset identity x{’ (namely, there is a coset of an
open subgroup consisting of elements of order p or 1) then G is virtually nilpotent
(and hence satisfies an identity).

Another positive indication is the result showing that for a (nonabelian) finite
simple group T and a nontrivial word w we have Pr(w) — 0 as |T| — oo (see
[Dixon et al. 2003] for this result, and also [Larsen and Shalev 2012] for upper
bounds on Py (w) of the form |T|~*»). This implies that a finite simple group T
satisfying Pr(w) > € > 0 is of bounded size, hence it satisfies an identity (depending
on w and € only).

Affirmative answers to Problems 3.1 and 3.2 would have far reaching applications.
The argument proving Theorem 1.1 above also proves the following.

Proposition 3.3. Assume Problem 3.1 has a positive answer, and let T be a finitely
generated residually finite group. Then either I satisfies an identity or I is randomly
free.

In particular:

(1) If T does not satisfy an identity then T has a nonabelian free subgroup.

@) If T has a nonabelian free subgroup then almost all n-tuples in r freely
generate a free subgroup.

The next application concerns residual properties of free groups. It is well known
that the free group F,, is residually-p. But when is it residually X for a collection X
of finite p-groups? If this is the case, then F), is also residually Y, where Y is the
subset of X consisting of n-generated p-groups. Thus we may replace X by Y
and assume all p-groups in X are n-generated. It is also clear that if F,, (n > 1) is
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residually X then the groups in X do not satisfy a common identity (namely, they
generate the variety of all groups).

It turns out that, assuming an affirmative answer to Problem 3.2, these conditions
are also sufficient.

Proposition 3.4. Assume Problem 3.2 has a positive answer. Let n > 2 be an integer,
p a prime, and X a set of n-generated finite p-groups. Then the free group F, is
residually X if and only if the groups in X do not satisfy a common identity.

To prove this, suppose the groups in X do not satisfy a common identity. To
show that F, is residually X, we have to find, foreach 1 #w =w(xy, ..., x,) € F,,
a group G € X and an epimorphism ¢ : F,, — G, such that ¢ (w) # 1. This
amounts to finding a group G € X and an n-tuple g1, ..., g, € G generating G
such that w(gy, ..., g») # 1 (and then ¢ is defined by sending x; to g;). Suppose,
given w, that there is no G € X with such an n-tuple. Then, for every G € X, and
every generating n-tuple (g1, ..., g,) € G", we have w(gy, ..., g,) = 1. Now, the
probability that a random n-tuple in G" generates G is the probability that its image
in V" spans V, where V = G/®(G) is the Frattini quotient of G, regarded as a
vector space of dimension < n over the field with p elements. This probability is at
least € :=[['_, (1 — p~") > 0. Thus Pg(w) > € for all G € X. By the affirmative
answer to Problem 3.2, all the groups G € X satisfy a common identity v # 1
(which depends on w, n and p). This contradiction proves Proposition 3.4.

This argument can be generalized to cases when X consists of finite groups G
with the property that n random elements of G generate G with probability bounded
away from zero. See [Jaikin-Zapirain and Pyber 2011] and the references therein for
the description of such groups and the related notion of positively finitely generated
profinite groups.
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