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Arithmetic invariant theory and 2-descent
for plane quartic curves

Jack A. Thorne
Appendix by Tasho Kaletha

Given a smooth plane quartic curve C over a field k of characteristic 0, with
Jacobian variety J, and a marked rational point P € C(k), we construct a reductive
group G and a G-variety X, together with an injection J (k) /2J (k) — G (k)\ X (k).
We do this using the Mumford theta group of the divisor 2® of J, and a construc-
tion of Lurie which passes from Heisenberg groups to Lie algebras.
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Introduction

Motivation. Let C be a smooth, projective, geometrically connected algebraic curve
over a field k of characteristic 0, and let J denote its Jacobian variety. It is of interest
to calculate the group J (k)/2J (k). For example, when k = (), this is often the first
step in understanding the structure of the finitely generated abelian group J(Q).
Calculating the group J (k)/2J (k) is known as performing a 2-descent.

In order to calculate J(k)/2J (k), it is often very useful to be able to understand
this group in terms of explicit objects in representation theory. This is particularly
the case if one wishes to understand the behavior of the groups J (k)/2J (k) as
the curve C is allowed to vary. A famous example is the description of this
group in terms of binary quartic forms, in the case where C = J is an elliptic
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curve [Birch and Swinnerton-Dyer 1963]. More recently, Bhargava and Gross
[2013] and Wang [2013] have given a similar description in the case where C
is an odd hyperelliptic curve, i.e., a hyperelliptic curve with a marked rational
Weierstrass point P € C (k). In this case, the group J(k)/2J (k) is understood in
terms of equivalence classes of self-adjoint linear operators with fixed characteristic
polynomial.

The aim of this paper is to give an invariant-theoretic description of the group
J(k)/2J (k) when C is a nonhyperelliptic genus-3 curve with a marked rational
point P € C(k). Such a curve is canonically embedded as a quartic curve in P2,
which explains the title of this paper. The set of such pairs (C, P) breaks up into
4 natural families, according to the behavior of the projective tangent line to C at P
(these are described below).

Our results can be summarized in broad terms as follows: for each family of
curves, we obtain a reductive group G over k, an algebraic variety X on which G
acts, and, for each pair x = (C, P) defined over k, a closed G-orbit X, C X and a
canonical injection

Jk)/2J (k) = G(k)\ Xx (k).

If k is separably closed, then the set G (k) \ X, (k) has a single element. In general,
the set X, (k) of k-rational points breaks up into many G (k)-orbits, which become
conjugate over the separable closure. The set of G (k)-orbits can be described in
terms of Galois cohomology, and this allows us to make a link with the theory of
2-descent.

Two of the spaces X that we construct are in fact linear representations, and
our results in these cases (although not our proofs) parallel those in [Bhargava and
Gross 2013, §4]. Bhargava and Gross apply the results of [loc. cit.] to understand
the average size of the 2-Selmer group of the Jacobian of an odd hyperelliptic curve
over (2. We hope that our results will have similar applications in the future, but
we do not pursue the study of Selmer groups in this paper.

The other two spaces we construct are global analogues of Vinberg’s 6-groups,
which have been previously studied from the point of view of geometric invariant
theory by Richardson [1982b]. We wonder if they can have similar applications in
arithmetic invariant theory, and if there are similar and simpler spaces which are
related, for example, to elliptic curves.

Description of main results. We now describe more precisely what we prove in
this paper. Let k be a field of characteristic 0. We are interested in the arithmetic
of all pairs (C, P) over k, where C is a smooth nonhyperelliptic curve of genus 3,
and P € C(k) is a marked rational point. We break up such pairs into 4 families,
corresponding to the behavior of the projective tangent line £ = 7p C in the canonical
embedding:
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Case E7: £ meets C at exactly 3 points (the generic case).
Case ¢7: £ meets C at exactly 2 points, with contact of order 3 at P (£ is a flex).

Case Es: £ meets C at exactly 2 points, with contact of order 2 at P (€ is a bitangent
line).

Case ¢6: £ meets C at exactly 1 point (£ is a hyperflex).

The name for each case indicates the semisimple algebraic group or Lie algebra
inside which we will construct the variety X described above. The definitions are
as follows:

Case E7: Let H be a split adjoint simple group of type E7,and let6 : H — H be a
split stable involution (see Proposition 1.9 below). We define G to be the
identity component of the -fixed group H?, and Y to be the connected
component of the identity in the 6-inverted set H*®W=""" (Equivalently,
Y can be realized as the quotient H/G.)

Case ¢7: Let H, 6, and G be as in case E7. We define V to be the tangent space to Y
at the identity, where Y is as in case E7. Then V is a linear representation
of G, and can be identified with the —1-eigenspace of 6 in hh = Lie H.

Case E¢: Let H be instead a split adjoint simple group of type E¢, and let6: H— H
be a split stable involution. We define G to be the identity component
of the A-fixed group HY and Y to be the connected component of the
identity in the f-inverted set HO®=h",

Case ¢g: Let H, 0, and G be as in case Eg. We define V to be the tangent space to Y
at the identity, where Y is as in case Eg. Equivalently, V = h?=—1 c §.

In case E7 or Eg, we let X =Y. In case ey or ¢, we let X = V. In each case the
open subscheme X* C X of geometric stable orbits (i.e., closed orbits with finite
stabilizers) is nonempty, and can be realized as the complement of a discriminant
hypersurface. A Chevalley restriction theorem holds, and if k is separably closed
then two elements x, y € X°(k) are G(k)-conjugate if and only if they have the
same image in the categorical quotient X /G. (We remark that the quotients V /G
are abstractly isomorphic to affine space. This is not so for the quotients Y /G,
although it would be so if in their definition we replaced the adjoint group H by
its simply connected cover.) The spaces V are linear representations of G of the
type arising from Vinberg theory, and have been studied in the context of arithmetic
invariant theory in, e.g., [Thorne 2013]. The spaces Y are a “global” analogue of
the representations V.

Our first main result is the construction of a point of G (k) \ X* (k) which corre-
sponds to the trivial element of the group J(k)/2J (k):
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Theorem 1 (see Theorem 3.5). (1) In case E7 or Eg, let S denote the functor
k-alg — Sets which classifies pairs (C, P), where C is a smooth, nonhyperelliptic
curve of genus 3, and P is a point of C as above. Then there is a canonical map

Sk) — Gk)\ Y* (k).

If k is separably closed, then this map is bijective.

(2) In case e7 or ¢g, let S denote the functor k-alg — Sets which classifies tuples
(C, P, t), where C is a smooth nonhyperelliptic curve of genus 3, P is a point of C
as above, and t is a nonzero element of the Zariski tangent space of C at P. Then
there is a canonical map

Sk) — Gk)\ V3(k).

If k is separably closed, this map is bijective.

In any of the above cases, given x € S(k) corresponding to a tuple (C, P, ...), we
write J, for the Jacobian of C and X, C X for the geometric stable orbit containing
the image of x, where again X =Y in case E7 or Eg, and X =V in case ¢7 or ¢g. As
noted above, G (k) acts transitively on X, (k) if k is separably closed, but in general
this is not the case; instead, the orbits comprising G (k) \ X, (k) can be described in
terms of Galois cohomology. Our main theorem shows how to construct orbits in
G (k) \ X, (k) using rational points of J, (k):

Theorem 2 (see Theorem 3.6). Let notation be as above. Then there is a canonical
injection J,. (k) /2J, (k) — G (k) \ Xx (k). The image of the identity element of J (k)
is the image of x under the map of Theorem 1.

We observe that the Jacobian J, depends only on the curve C, but the set
G (k) \ X, (k) depends on the choice of auxiliary data; an analogous situation arises
when doing 2-descent on the Jacobian of a hyperelliptic curve which has more than
one k-rational Weierstrass point.

Methods. The methods we adopt to prove Theorems 1 and 2 seem to be different
to preceding work of a similar type. This reflects the fact that we are now in the
territory of exceptional groups, whereas, e.g., 2-descent on hyperelliptic curves can
be understood using the invariant theory of Vinberg 6-groups which are constructed
inside classical groups (in fact, groups of type A,).

Our starting point is a classical geometric construction. For concreteness, we
describe what happens just in the case of type Eg. Let us therefore take a smooth,
nonhyperelliptic curve C over C of genus 3, and let P € C(C) be a marked point
where the projective tangent line in the canonical embedding is a bitangent line.
The double cover 77 : S — P? branched over C is a del Pezzo surface of degree 2,
and the strict transform of £ is the union of two —1-curves; blowing down one of
these, we obtain a smooth cubic surface S.
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There is a well-known connection between cubic surfaces and the root system
of type E¢: let A = K Sl C H?(S, Z) denote the orthogonal complement of the
canonical class of S. Then A is in fact a root lattice of type E¢. This does not
immediately provide a relation with geometric invariant theory because there is no
functorial construction of a reductive group from a root lattice.

However, Lurie [2001] has observed that one can construct in a functorial way
the group H corresponding to A given the additional data of a double cover of
V = A/2A, i.e., a group extension

5> V>V 1 (0-1)

satisfying some additional conditions —in particular, that the quadratic form
q : 'V — [, corresponding to this extension agrees with the one derived from
the natural quadratic form on A.

It turns out that the realization of the cubic surface X using the plane quartic
curve C is exactly the data required for input into Lurie’s construction. Indeed, let
J denote the Jacobian of the curve C. Then J has a natural principal polarization ©,
and associated to £ =20 is the Mumford theta group

1= {*1}— H — J[2] = 1. (0-2)

(More precisely, the Mumford theta group is a central extension of J[2] by G,,.
The presence of the odd theta characteristic corresponding to the bitangent £ allows
us to refine it to an extension by {#1}.) We show that there is a canonical iso-
morphism J[2] = A/2A; pushing out the sequence (0-2) by this isomorphism,
we obtain a sequence of type (0-1), to which Lurie’s construction applies. We
thus obtain from the data (C, £) an algebraic group of type Es. (We remark here
that the isomorphism J[2] = A/2A is well-known and classical; see, for example,
[Dolgachev and Ortland 1988, Chapter IX, §1]. We thank the anonymous referee
for this reference.)

The principle underlying this paper is that the construction outlined above is
sufficiently functorial that we can recover the arithmetic situation over any field k of
characteristic 0 simply by Galois descent. To construct the orbits whose existence
is asserted by Theorem 2, we simply twist the extension (0-2). More precisely, we
recall in Section 1C below how a point of J, (k) gives rise to a twisted form of the
Heisenberg group H_. We then construct additional orbits by applying our version
of Lurie’s construction to this twisted Heisenberg group.

Other remarks. There are some minor subtleties in our construction that we remark
on now. One point is that, in cases ¢g, ¢7, we associate orbits not to pairs (C, P) but
to triples (C, P, t), where t is a nonzero Zariski tangent vector at the point P. This
reflects the fact that the space X constructed in this case has an extra symmetry: it is
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a linear representation of the reductive group G, so we are free to multiply elements
by scalars. This scaling corresponds to scaling the tangent vector ¢. A similar feature
appears in [Bhargava and Gross 2013], where it allows one to “clear denominators”
when working over Q, and restrict to integral orbits.

Another point is that, in the geometric construction sketched above, we associate
a point to a pair (C, £), and do not need the point P which gives rise to the
bitangent £. Of course, £ being fixed, there are exactly two possible choices of
point P. It turns out that, in each case, the data of the point P is exactly the
data required to rigidify the picture so that we obtain the expected bijection (as in
Theorem 1) when k is separably closed. This is an essential feature, since we rely
heavily on Galois descent.

Our modified version of Lurie’s construction associates to an appropriate exten-
sion V with action by the absolute Galois group of k a triple (h, t, 8) consisting
of a Lie algebra over k of the correct Dynkin type, a Cartan subalgebra t C b, and
a stable involution 6 of f which acts as multiplication by —1 on t. For arithmetic
applications, we extend this construction in a surprising way: we show that a
representation of the group % appearing in the extension (0-1), and on which
—1 acts as multiplication by —1, gives rise to a representation of the 8-fixed Lie
algebra h?.

The features of these constructions suggest that they should have an inverse, i.e.,
that, given a tuple (b, t, 6) consisting of a simple Lie algebra § over k, a Cartan
subalgebra t C h and an involution 8 of h which acts as —1 on t, one should be able
to pass in the opposite direction to obtain a root lattice A with I';-action and an
extension V of V = A /2A of type (0-1). The existence of such an inverse has been
shown by Tasho Kaletha, and appears in the Appendix to this paper. He finds the
group V inside the simply connected cover of the group G = (H?)°, where H is
the adjoint simple group over k with Lie algebra h. In Section 3B, we apply these
results to calculate the number of orbits with given invariants in the case k = R.

Organization of this paper. In Section 1 below, we recall some basic facts about
quadratic forms, 2-descent for abelian varieties, and the invariant theory of the
G-varieties under consideration here. In Section 2 we describe our modifications to
Lurie’s constructions. In Section 3 we apply these constructions to the geometry of
plane quartics, in order to arrive at the results described in this introduction. We
conclude in Section 3B with an explicit example in the case k = R.

Notation. Throughout this paper, k will denote a field of characteristic 0, and k°
a fixed separable closure of k. We write I, = Gal(k®/ k). If X is a k-vector space
or a scheme of finite type over k, then we write X;s for the object obtained by
extending scalars to k°. If X is a smooth projective variety over k, then we write Kx
for its canonical class. If G, H, ... are connected algebraic groups over k, then we
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use gothic letters g, b, ... to denote their Lie algebras. If H is an algebraic group
over k, then we write H'(k, H) for the continuous cohomology set H YTy, H(k%)),
where H (k%) is endowed with the discrete topology. If 8 is an involution of H, then
we write H? for the closed subgroup of H consisting of f-fixed elements, and h?
for the Lie algebra of H (equivalently, the +1-eigenspace of the differential of 6
in h). We will make use of the equivalence between commutative finite k-groups
and Z[I';]-modules of finite cardinality (given by H — H (k*)).

By definition, a lattice (A, (-, -)) is a finite free Z-module A together with
a symmetric and positive-definite bilinear form (-, -) : A x A — Z. We define
AN ={Ae A®zQ]| (A, A) C Z}, which is naturally identified with Hom(A, Z). We
call A a (simply laced) root lattice if it satisfies the following additional conditions:

e For each A € A, (A, A) is an even integer.
e Theset I' ={L € A | (A, X) =2} generates A as an abelian group.

In this case, I' is a simply laced root system, each y € I' being associated with the
simple reflection s, (x) = x — (x, y)y. If I" is irreducible, then it is a root system of
type A, D, or E. In any case, we write W(A) C Aut(A) for the Weyl group of T,
a finite group generated by the simple reflections s,,, y € I

In several places, we will consider central group extensions of the form

1—>{:|:1}—>E—>E—>1.

If ¢ € E, then we will write —é for the element (—1) - e. We note that this is not
necessarily equal to ¢~!. We write e for the image of é in E.

1. Background

We first recall some background material. For proofs of the results in Sections 1A
and 1B, we refer the reader to [Gross and Harris 2004].

1A. Quadratic forms over F,. Let V be a finite-dimensional F,-vector space, and
let (-,-):V xV — [, be a strictly alternating pairing.

Definition 1.1. A quadratic refinement of V is a function ¢ : V — [, such that, for

all v, w € V, we have (v, w) =g+ w) +q ) + g(w).

In general, there is no distinguished quadratic refinement of V. However, we
have the following result.
Proposition 1.2. Suppose that the pairing (-, - ) is nondegenerate.

(1) Fix a decomposition V.= U @ U’, where U, U’ are isotropic subspaces of
dimension g > 0. Then the function qu y(v) = (vy, vy') is a quadratic
refinement. (Here we write vy, vy for the projections of v € V onto the two
isotropic subspaces.)
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(2) The set of quadratic refinements of V is a principal homogeneous space for V,
addition being defined by the formula (v + q)(w) = g(w) + (v, w).

Definition 1.3. Suppose that the pairing (-, - ) is nondegenerate, and let ¢ be a
quadratic refinement of V. The Arf invariant a(q) € F; of g is defined as follows.
Fix a decomposition V = U @ U’ into isotropic subspaces of dimension g > 0. Let
{e1,..., ey} be abasis of U, and let {€y, ..., €} denote the dual basis of U’. Then

alg) =Y5_ q(eq(e).
Lemma 1.4. Suppose that the pairing (-, - ) is nondegenerate, and let dimV = 2g.

(1) The Arfinvariant a(q) is well-defined.

(2) Let Sp(V) denote the group of automorphisms of the pair (V, (-, -)). Then
Sp(V) has precisely 2 orbits on the set of quadratic refinements of V, which
are distinguished by their Arf invariants. The set of refinements with a(q) =0
has cardinality 287128 4+ 1) and the set of refinements with a(q) = 1 has
cardinality 2571 (2% — 1).

(3) If q is a quadratic refinement and v € V, then a(q +v) = a(q) + g(v).

1B. Theta characteristics. Let k be a field of characteristic 0, and let C be a
smooth, projective, geometrically irreducible curve over k, of genus g > 2. We
write K¢ for the canonical bundle of C, and J = Pic®(C) for the Jacobian of
C. We write V = J[2], a finite k-group. We view V as an F;-vector space of
dimension 2g with continuous [';-action. The Weil pairing defines a nondegenerate,
strictly alternating bilinear form (-, -) : V x V — [F;, which is I';-invariant.

Definition 1.5. (1) A theta characteristic is a line bundle £ on C such that £L2?= K.

(2) Let L be a theta characteristic. We say that £ is odd (resp. even) if ho(L) is
odd (resp. even).

Here and below we write h°(£) = dimy H°(C, L) for any line bundle £ on the
curve C.

Lemma 1.6. (1) As a principal homogeneous space for V, the k-variety of iso-
morphism classes of theta characteristics is canonically identified with the
k-scheme of quadratic refinements of the Weil pairing: if L is a theta charac-
teristic, we associate to it the quadratic refinement q : V — [, defined by the
formula q(v) = h°(L ®0, v) +h°(v) mod 2.

(2) With notation as above, the Arf invariant of q is a(q) = h°(£) mod 2.

Henceforth, we identify the set of theta characteristics of the curve C with the
set of quadratic refinements « : V — [F,.



Arithmetic invariant theory and 2-descent for plane quartic curves 1381

1C. Heisenberg groups and descent. We continue with the notation of Section 1B.
Let J¢~! denote the J-torsor of degree-(g — 1) line bundles on Cj it contains the
theta divisor W,_;. Given a theta characteristic « defined over k, we have the
translation map ¢, : J — J& L L+ L ®k, and we define ©, = tiWe_1. Itis a
symmetric divisor, and all symmetric theta divisors arise in this fashion. (This is
classical; see [Birkenhake and Lange 2004, Chapter 11].) Similarly, if A € J (k)
then there is a translation map t4 : J — J, L+~ LR A.

The isomorphism class of the line bundle £, = O;(20,) is independent of
the choice of «, but there is no canonical choice of isomorphism as « varies. In
particular, even if « is defined only over &’ the field of definition of this bundle is
equal to k. We choose a bundle £ in this isomorphism class defined over k. We
introduce the Heisenberg group Hy of pairs (w, ¢), wherew € J[2]and @ : L — 1)L
is an isomorphism. It is an extension

0—>Gm—>ﬁ£—>J[2]—>O.

Lemma 1.7. (1) Let w, n € J[2], and let , 1 denote lifts of these elements to ﬁg.
Then @i~ '7~ ! = (=1)(@m,

(2) Let Aut(H,; J[2]) denote the group of automorphisms of H; fixing Gy, point-
wise and acting as the identity on J[2]. Then the map

= (@, 9) = (@, (1))
defines an isomorphism J[2] = Aut(ﬁ[;; JI2)).

Proof. The first part can be taken as the definition of the Weil pairing. The second
part follows from [Birkenhake and Lange 2004, Lemma 6.6.6]. ([

If « is a theta characteristic defined over k, then we can define a character
X« : Hr — G, by the formula x, (®) = @*(—1)% . (This makes sense since the
square of any element of H; lies in G,,.) We then have an exact sequence

1 - {1} > ker x, — J[2] — 1. (1-1)

This construction will play an important role later on; compare the required data at
the beginning of Section 2 below.
Associated to J is the Kummer exact sequence

0= JR2]=>J—>J—=0,
and the associated short exact sequence in Galois cohomology

0— J(k)/2J (k) > H (k, J[2]) — H'(k, J)[2] — 0.
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The map & can be written down explicitly as follows: given A € J(k), choose
B € J(k®) such that [2](B) = A. Then the cohomology class §(A) is represented
by the cocycle o — °B — B.

We now give another interpretation of this homomorphism in terms of the
group Hp. The field of definition of the line bundle t5L is equal to k; we let Lp
denote a choice of descent to k, unique up to k-isomorphism. This allows us to
define the Heisenberg group I-NILB of pairs (w, ¢), where w € J[2] and ¢ is an
isomorphism Lp — t;Lp. We also fix a choice of isomorphism f : Lp — 5L
over k°.

The choice of f defines an isomorphism F : (ﬁﬁ)kx
formula

~

(ﬁﬁB)kx, given by the

F:(w,0) (o, t5f othpo f). (1-2)
We define a cocycle valued in Aut(ﬁg; J[2]) by the formula o — F —lof,

Lemma 1.8. This cocycle is equal to the cocycle o — °B — B under the identifica-
tion of Lemma 1.7.

In particular, this cocycle depends only on B, and not on any other choice.
Proof. The proof is by an explicit calculation, F~!°F being given by
(@,9) > (o, 15_p fot*g[t57f " otigpofotiy f7).
We must show that this expression is equal to (w, (—1)“-"B=8)¢). However, writing
n=C°B—Bandy =t*,(f o), we have (n, ¥) € H. and, by Lemma 1.7,
(@, DB Pg) = 1, ) (@, ) (1, ¥) " (@, ) (@, )

= (. ¥)(@. o). )

= (a), toipWotigo t;‘w_l).
Expanding this expression now shows it to be equal to F~!°F. O
1D. Invariant theory of reductive groups with involution. Let k be a field of char-
acteristic 0, and let H be a split adjoint simple group over k of type A, D, or E.

Proposition 1.9. There exists a unique H (k)-conjugacy class of involutions 6 of H
satisfying the following two conditions:

(1) tr(d6 : h — h) = —rank H.

(2) The group (H%)° is split.
Proof. The result [Thorne 2013, Corollary 2.15] states that there is a unique H (k)-
orbit of involutions 6 : H — H such that trd@ = — rank H and h®="" contains a

regular nilpotent element. The discussion there also shows by construction that, for
each 6 in this class, the group (H?)° is split. We must show that if 6 : H — H is
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an involution such that trd@ = — rank H and (H?)° is split, then h49==1 contains
a regular nilpotent. Let to C h?°=! be a split Cartan subalgebra, and let t C b be a
split Cartan subalgebra containing t.

By [Thorne 2013, Lemmas 2.6 and 2.14], we can find a normal sl,-triple
(E, X, F) in h ®; k*, i.e., a tuple of elements E, X, F € h ®; k* satisfying the
relations

[E, F]=X, 0(X)=X,

[X, E]=2E, 0(E)=—E,
[X,F]=—-2F, 6(F)=-—F,

with E regular nilpotent and X € ty) ®; k°. Since X is part of an sl,-triple, it follows
that o (X) € Z for every root of tin h, hence X € ¢, hence X € t3. By [de Graaf
2011, Proposition 7], we can find elements E’ € h="1 and F’ € h®®="1 @ k*
such that (E’, X, F’) is a normal sl,-triple. In particular, E’ is a regular nilpotent.
This completes the proof. ]

Henceforth, we fix a choice of 8 satisfying the conclusion of Proposition 1.9
and write G = (H%)°. Then G is a split semisimple group. (For a proof that G
is semisimple, see Section A2 of the Appendix to this paper.) We will study the
invariant theory of two different actions of G. We first consider V = h?*==1, Then
V is a linear representation of the group G.

Theorem 1.10. (1) V satisfies the Chevalley restriction theorem: if t C V is a
Cartan subalgebra, then the map Ng(t) — W= Ng(t)/Zg (t) is surjective,
and the inclusion t C V induces an isomorphism

t W = V/G.

In particular, the quotient V || G is isomorphic to affine space.

(2) Suppose that k = k*, and let x,y € V be regular semisimple elements. Then x
is G (k)-conjugate to y if and only if x, y have the same image in'V /| G.

(3) There exists a discriminant polynomial A € k[ V'] such that, for all x € V, x is
regular semisimple if and only if A(x) # 0, if and only if the G-orbit of x is
closed in V and Stabg (x) is finite.

Proof. This follows from results of Vinberg, which are summarized in [Panyushev
2005] or (in our case of interest) [Thorne 2013, §2]. |

We now consider the variety ¥ C H, the locally closed image of the mor-
phism H — H, h +— h~'6(h). It is a connected component of the subvariety
{he H|6(h)=h""'}, and is in particular closed in H. Note that ¥ has a marked
point (namely the identity element of H), and the tangent space to Y at this marked
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point is canonically isomorphic, as a G-representation, to the representation V
defined above.

Theorem 1.11. (1) Y satisfies the Chevalley restriction theorem: if T C Y is a
maximal torus, then Ng(T) — Wr = Ny (T)/Zy(T) is surjective, and the
inclusion T C Y induces an isomorphism

T)WrZY)G.
(2) Suppose that k = k*, and let x, y € Y be regular semisimple elements. Then x
is G (k)-conjugate to y if and only if x, y have the same image in Y /| G.

(3) There exists a discriminant polynomial A € k[Y] such that, forall x € Y, x is
regular semisimple if and only if A(x) # 0, if and only if the G-orbit of x is
closed in Y and Stabg (x) is finite.

Proof. See [Richardson 1982b, §0]. O

2. A group with involution

Let k be a field of characteristic 0. Suppose that we are given the following data:

e An irreducible simply laced root lattice (A, (-, - }) together with a continuous
homomorphism I'y — W(A) C Aut(A).

« A central extension V of V = A /2A
0— {+1} —> V>V->0

together with a homomorphism I, — Aut(\7). We suppose that [, leaves
invariant the subgroup {1}, and that the induced homomorphism I'y — Aut(V)
agrees with the homomorphism Iy — Aut(A) — Aut(A/2A) = Aut(V). We
also suppose that, for v € V, we have the relation 2= (—1)%“"”).

In terms of this data we will define, following [Lurie 2001]:

(1) A simple Lie algebra h over k of type equal to the Dynkin type of A.

(2) A maximal torus T of H, the adjoint group over k with Lie algebra fj, together
with an isomorphism T'[2](k*) = VY of Z[I;]-modules.

(3) An involution 6 : H — H leaving T stable, and satisfying 6(¢) = ¢~ for all
t e T (k).

Suppose, given further the data of a finite-dimensional k-vector space W and a
homomorphism p : V — GL(W;s) such that p(—1) = —idw and for all o € I'; and
v € V, we have p(°v) = % (v). Then we will further define:

(4) A Lie algebra homomorphism R : h? — gl(W).
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(Using the equivalence between Z[I'; ]-modules of finite cardinality and commutative
finite k- -groups, p corresponds to a homomorphism V> GL(W) of k-groups.)

Let A equal A Xy V, a central extension of A by {£1}. Let I' C A be the set
of roots, and ' C A its inverse image. Following [Lurie 2001], we define L’ to be
the free abelian group on symbols X for y € T, modulo the relation X ;=—X_;.
(Thus {y, —yp} is the inverse image in T of y €l.) Weset L= A" @ L', and define
abracket[-,-]: L x L — L by the formulae:

[A,A]1=0 forall A, A €A
[h, X;]=—[X7, Al = (A, ¥) X5 for A€ A",
o [X;, Xpl=Xp5 if y+y el
[
[

Xj, Xyl =¢€ppy if y +y' =0. (By definition, €5 = yy’ € {£1} C Z.)
e [X;, X;/] =0 otherwise.

Theorem 2.1. (1) L is a Lie algebra over Z. There is a natural action of 'y on L,
respecting the Lie bracket | -, - ].

(2) Let h = (L Qi k*)'* Then b is a simple Lie algebra over k of Dynkin type equal
to the type of the root lattice A.

Proof. (1) That L is a Lie algebra over Z of the required type follows from [Lurie
2001, §3.1]. The Galois group I'; acts on A and on r by the given data. We make
itacton L = A @ L’ by its standard action on A and on L’ by permuting basis
vectors X;, Y € T. It is immediate from the definition that this respects the bracket.

(2) By Galois descent, the natural map his — L ®; k¥ is an isomorphism. The
result follows immediately from this. ([

Let H denote the simple adjoint group over k with Lie algebra . Let t =
(AY ®; k*)Tk C b it is the Lie algebra of a maximal torus T of H, whose module
of characters X*(7js) is identified with the Z[I';]-module A. In particular, there is
an isomorphism of Z[I;]-modules T[2](k*) = AY/2AY = VY.

We now define the involution 8. Given y € T, we define Y; = Xy-1. By
definition, then, [X;, Y;] =y € A. It easy to check that Y_j; = —Y;;. We define an
involution o : L — L by taking o to be multiplication by —1 on A and by taking
o (X )7) =—-Y. 7
Proposition 2.2. (1) o is a well-defined Lie algebra involution, and respects the

action of the group Ty,
(2) Let 0 denote the involution of b induced by o by functoriality. Then tr6 =
—rank b.

Proof. (1) We must check that o preserves the relations defining [ -, - ]. Let us show
that o[ X, Xj/] = 0 Xy = —Yjp is equal to [0 Xy, 0 Xy ] = [Xj5-1, Xp1] =
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Xj-15-1, when y + y’ € . Equivalently, we must show that 7’ = —p’7. By the
definition of A, it is equivalent to show that (y, y’) is odd. Since we work in a

simply laced root system, this is implied by the condition that y + ¥’ is a root.

(2) This follows because 6 acts as —1 on t. [l

We define G = (H?)°. We define Ny to be the image of the natural homomor-
phism V — VV; it is a Z[I;]-module, and the induced symplectic form on Ny
is nondegenerate and [;-equivariant. The isomorphism 7'[2] = VY restricts to an
isomorphism (7'[2] N G) = Ny (cf. [Thorne 2013, Corollary 2.8]).

It remains to define, given a finite-dimensional k-vector space W and a Galois-
equivariant homomorphism p : V> GL(W;s) such that p(—1) = —idy, a Lie
algebra homomorphism R : g — gl(W). Let us first assume that k = k°. Then the
Lie algebra g is spanned by the elements X; + X_;-1 = Zy, say. Let 7 : r-v
denote the natural map. We define a morphism R : g — gl(W) of k-vector spaces
by the formula

R(Zy) = $p((P)).

This is well-defined since Z; = —Z_; = —Z;-1, and 7w (y) = (—1)%0”)’)71()7)_1 =
—m(7)~L In the case k # k*, this defines a homomorphism ggs — gl(Wjs) which
commutes with the action of I'y, and we write R : g — gl(W) for the homomorphism
obtained by Galois descent.

Proposition 2.3. R : g — gl(W) is a Lie algebra homomorphism.
Proof. We can again assume that k = k*. We must show that, given y, 7’ € I, we have
R([Zy, Zy]) =[R(Zy), R(Zy)].
We now break up into cases according to the value of (y, y').
(1) If (y, y') = £2, then ¥’ = £y, hence 7’ = +7*!, and both sides of the above
equation are zero.

(2) If (y,y’) = %1, then y F y’ is a root. Let us assume for simplicity that
(v,y")=—1,sothat y+y’isaroot, and [Z;, Z;]= Z;;. We must show that

~~/

@@V =tp@@) - p@ @) — o)) - p(r (7).

~ )~

This follows from the fact that 7'y = (—1)""*1y7/'= -7 7" and p(—1) = — idy.

(3) If {y, y’) = 0 then neither of y &y’ is a root, and the left-hand side of the
above equation is zero. On the other hand, 7 (y) and 7 (y’) commute, so the
right-hand side is also zero.

This concludes the proof. (]
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The above constructions are evidently functorial in V, in the following sense:
given V, Vs satisfying the conditions at the beginning of this section, and a I';-
equivariant isomorphism f : V — Vs, we obtain an isomorphism of associated
simple adjoint groups F : H = Hp, intertwining 6, 6p, and restricting to an isomor-
phism T — Tp which induces the identity on A. In this connection, we have the
following lemma.

Lemma 2.4. (1) Let us write Aut(V; V) for the group of automorphisms of 1%
leaving the central subgroup {1} invariant and inducing the identity on

V. Then there is a canonical isomorphism V' = Aut(\7; V), given by f +—
@ (=)W . ).

(2) Let f € VY, and let F denote the induced automorphism of the triple (H, 0, T).
Let s denote the image of f under the canonical isomorphism VY = T[2](k*).
Then F = Ad(s).

Proof. (1) Immediate.

(2) The automorphism f induces the automorphism y — (=) Wy of T'. We must
therefore show that (—1)/ ™) = (y, s). However, this follows from the definition of
the element s. U

3. Plane quartic curves

Let k be a field of characteristic 0 and C a smooth (geometrically connected,
projective) nonhyperelliptic curve of genus 3 over k. The canonical embedding then
gives C as a plane quartic curve in P,f; let us write 7 : § — [P’,f for the double cover
of [P’,f branched over S. Then S is a del Pezzo surface of degree 2, i.e., a smooth
surface with —Kg ample and K2 = 2. (We note that if k # k*, then S depends, up
to isomorphism, on a choice of defining equation of C; a particular choice will be
specified below. The set of isomorphism classes is a torsor for k™ / (k*)2)

Proposition 3.1. (1) The group Pic(Sys) is free of rank 8 over Z. Its natural
intersection pairing is unimodular.
(2) The sublattice A = K5L C Pic(Sys) is a root lattice of type E7.

(3) Suppose that £ is a bitangent line of C in its canonical embedding. Then
7 Uys) = e U f is a union of two smooth curves of genus 0. Define Ay =
(e, ) C A. Then Ay is a root lattice of type Es.

(4) There are natural isomorphisms A’ = Pic(Sys) /ZKs and A =Pic(Ss)/ (e, f).

(5) Each of Pic(Sks), A, and Ay (When it is defined) has a natural structure of
Z[Tx]-module, which respects the intersection pairings.
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Proof. This is all classical; see [Griffiths and Harris 1994, pp. 545-549] and
[Dolgachev 2012, Chapter 8]. It is useful to note that Sis can be realized as the
blowup of [P’,fs at 7 points in general position. U

We define N¢ to be the image of the natural map A/2A — AY/2AY. Viewing
C C § as the ramification locus of 7, we see that there is a natural I';-equivariant
map Pic(Ss) — Pic(Cys) given by restriction of line bundles.

Proposition 3.2. There is a commutative diagram of finite k-groups

AY2N —= (Pic(C)/ZK()[2]

J J

Ne ——= 5 Pic%(0)[2]

Proof. We first define the maps. The top map is induced by the composite
Y = Pic(S)/ZKs — Pic(C)/ZKc,

which takes image in (Pic(C)/ZK¢)[2] C Pic(C)/ZKc. It is well-defined since
Ks|c = —K¢, and if D is any divisor class on S then 2D|c ~ (D + (*D)|¢ is
a multiple of K¢ (where ¢ : S — § is the involution which swaps sheets). The
left and right maps are the natural inclusions. To see that the bottom map is
derived from the top one, it is enough to note that if D is a divisor class in A, then
deg D|¢c = (Ks, D) =0, so D|¢ € Pic’(O)[2].

We now show that the top and bottom maps are isomorphisms. We can assume
that k = k°. The groups in the top row have the same cardinality, 27. If £ is a bitangent
line of C corresponding to an odd theta characteristic k¥ € (Pic(C)/ZK¢)[2], and
77 1(0) = eU f, then the image of e € A” in (Pic(C)/ZK¢)[2] equals k. The group
(Pic(C)/ZK)[2] is generated by the odd theta characteristics. This shows that the
top arrow is surjective, hence an isomorphism. The groups in the bottom row have
the same cardinality, 2°, and the bottom arrow is injective. It is therefore also an
isomorphism, and this completes the proof. U

As pointed out in the introduction, Proposition 3.2 is essentially classical.

Proposition 3.3. (1) Under the isomorphism N¢ = PicO(C)[2] of Proposition 3.2,
the natural symplectic form on N¢ is identified with the Weil pairing on
Pic’(C)[2].

(2) Let £ be a k-rational bitangent line of C, and let k denote the corresponding
k-rational theta characteristic. Let q; : Nc — [, denote the quadratic form
corresponding to the isomorphism Ay /2Ny = N¢, and let g, PicO(C 2] — o
be the quadratic form induced by k. Then, under the isomorphism N¢c =
Pic’(C)[2] of Proposition 3.2, q; and q, are identified.
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Proof. Since g, and g, are quadratic refinements of the symplectic forms, it suffices
to prove the second part. These quadratic forms have Arf invariant 1, and therefore
have each exactly 28 zeroes. It therefore suffices to show that g, and g, have at
least 28 zeroes in common. To do this, we can assume that k = k°. If «’ is any odd
theta characteristic of C, then k¥ — k' € Pic’(C)[2] is a zero of g« and there are
exactly 28 such elements. (Use the formula a(q +v) = a(g) +¢(v) of Lemma 1.4.)
We must therefore show that if v € A, has image « — «’, then (v, v) is divisible
by 4. This is an easy calculation in Pic(Sgs). O

We now fix a rational point P € C (k). We define elements of certain tori and their
Lie algebras, following [Looijenga 1993, §1]. We break into 4 cases, according to
the geometry of the point P. Let £ denote the tangent line to C at P in P?, and
K = m~1(¢) its inverse image, an anticanonical curve in S.

Case E7: £ not a flex. In the most general case, the tangent line at P to C in its
plane embedding meets C at 3 distinct points and therefore has contact of order 2
at P. We define a point of the torus 7 = Hom(A, G,,), up to inversion. Indeed, in
this case K is an irreducible rational curve with a unique nodal singularity at P.
There is a unique choice of S for which the tangent directions of K at P are defined
over k; we make this choice. Restriction of line bundles induces a homomorphism
Pic(S) — Pic(K). An element of Pic(S) is orthogonal to Kg (under the intersection
pairing) if and only if its restriction to K has degree 0, so we obtain an induced
homomorphism A — Pic’(K). Choosing a group isomorphism Pic’(K) = G,,, we
now obtain a point k¢ € T (k), well-defined up to inversion.

Case ¢7: £ a flex, not a hyperflex. We now suppose that the tangent line to C at P
has contact of order exactly 3, and fix in addition a nonzero tangent vector ¢ in the
Zariski tangent space of C at P. We define a point x¢ of the Lie algebra t of the
torus 7 = Hom(A, G,,), well-defined up to multiplication by —1. The curve K
is irreducible and rational with a unique cuspidal singularity, at P. Restriction
induces a morphism A — Pic’(K). To write down k¢, it therefore suffices to give
a normalization of the isomorphism Pic’(K) = Gy, at least up to sign.

To do this we find it convenient to introduce explicit coordinates. Using Riemann—
Roch, it is easy to show that there are unique functions x, y € k(C)™ satisfying:

e xe H(C,OcP + Q) and y € HY(C, Oc(3P — Q)).

e Let z € Oc,p be a coordinate such that dz(r) = 1. Then x = z72+4--- and
y=z+--- locally at P.

o x and y satisfy the equation

¥ =Xy + prox? +x(p2y? + psy + p1a) + pey* + p1oy + pis

for some p, ..., pig €k.
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Then we can choose homogeneous coordinates X, Y, Z on [P’,f such that C is given
by the equation

Y3Z=X3Y4p10X2Z2 4+ X (p2Y 2 Z+pg¥ 224 p14Z3)+pe Y2 Z2 4+ p1oY Z3 4+ p1g Z*,

and this equation is uniquely determined by the triple (C, P, t). We use it to define
the surface S. Then a chart in § is the affine surface

2 3 2.2 4
w” =z0 — (x5 + proxgzy + - - + P18zg)s

where xo = X/Y, zo=Z/Y, and the curve K is given locally by the equation zo =0.
Let f: K — K be the normalization. A coordinate in K at the point above P is
given by w/xg. We use the isomorphism G, = PicO(K), t— §(1+tw/xp), where
§ is the connecting homomorphism of the exact sequence of sheaves on K

0— Og — [0F — fLOF/Og — 0.

Case Eg: £ a bitangent, not a hyperflex. We now suppose that £ meets C at two
distinct points, say P, Q, and that it has contact of order 2 at each point. Then
the root subsystem A, C A is defined, and we will define a point of the torus
T = Hom(A,, G,;). The curve Kis = exs U fis is a union of two smooth conics,
which meet transversely at two distinct points. We choose § so that these conics
are defined over k. We thus obtain a homomorphism A, — PiCO(K ), where (7)™
denotes the —1-eigenspace of the involution induced by switching sheets. The
group Pic’(K)~ is canonically isomorphic to G,,, the isomorphism being specified
as in [Looijenga 1993, §1.12]: if s € G, tends to O, then e is contracted to P
and f is contracted to Q. We define k¢ € T (k) to be the point obtained via this
isomorphism. If the roles of e and f are reversed, then k¢ is replaced by « L

Case ¢g: £ a hyperflex. We now suppose that £ has contact of order 4 with C at P,
and fix in addition a nonzero tangent vector ¢ in the Zariski tangent space of C
at P. Then the root system Ay C A is defined, and we will define a point k¢ of
the Lie algebra t of the torus T = Hom(Ay, G,,). Restriction once more induces a
map A, — Pic’(K)~, and we obtain a point k¢ € t by specifying an isomorphism
Pic’(K)~ = G,. To do this, we again introduce explicit coordinates. There are
unique functions x, y € k(C)* satisfying:

e x € H(C,0c(3P)) and y € H*(C, Oc(4P)).

e Let z € Oc,p be a coordinate such that dz(t) = 1. Then x = z3 4. and
y=z"%+-.. locally at P.

o x and y satisfy the equation
¥ =x* 4 y(pax® + psx + ps) + pex” + pox + pi2

for some p, ..., pi2 €k.
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Then we can choose homogeneous coordinates X, Y, Z on [P’,f such that C is given
by the equation

Y3Z = X'+ Y (p2X?Z + psXZ* + ps Z°) + pe X Z* + poX Z° + p1a Z*,

and this equation is uniquely determined by the triple (C, P, ). We use it to define
the surface S. A chart in S is the affine surface

w? =z — (xg+- -+ p12zg),

where xo = X/Y and zo=Z/Y. The curve K =eU f is a union of 2 smooth conics
which are tangent at the point P, and is given in the above chart by the equation
zo = 0. A coordinate at P in both e and f is given by xg. We use the isomorphism
G, = Pic®(K)~, 1+ 8(1+1x, 1), where § is the connecting homomorphism in the
exact sequence of sheaves on K

0—0g = O ®O; — (O ®O;)/Og — 0.

If the roles of e and f are reversed, then «¢ is replaced by —«¢.
In each case, we write S : k-alg — Sets for the functor of data (C, P, ...)
considered above. This means:

e In case E7, S is the functor of pairs (C, P), where C is a nonhyperelliptic
curve of genus 3 and P is a point of C which is not a flex or a bitangent in
the canonical embedding. More precisely, for each A € k-alg, S(A) is the set
of isomorphism classes of pairs (;r, P) consisting of a proper flat morphism
m : C — Spec A and a section P : Spec A — C of & such that for each
geometric point s of Spec A, the pair (Cs, Ps) is of this type.

e In case ¢7, S is the functor of triples (C, P, t), where C is a nonhyperelliptic
curve of genus 3, P is a point of C which is a flex (but not a hyperflex) in the
canonical embedding, and ¢ is a nonzero element of the Zariski tangent space
of C at P.

 In case Eg, S is the functor of pairs (C, P), where C is a nonhyperelliptic
curve of genus 3 and P is a point such that 7p C is a bitangent in the canonical
embedding of C.

« In case ¢g, S is the functor of triples (C, P, t), where C is a nonhyperelliptic
curve of genus 3, P is a point which is a hyperflex in the canonical embedding,
and ¢ is a nonzero element of the Zariski tangent space of C at P.

We can now state the following reformulation of some results of Looijenga:

Theorem 3.4. Suppose that k = k°.
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o In case Eq, let Ay be a root lattice of the corresponding type, and let Ty =
Hom(Ay, Gy,). Then the Weyl group W = W (Ay) acts on Ty, and the assign-
ment (C, P) — k¢ induces a bijection S(k) — (TOrSS// W) (k).

o In case Eg, let Ao be a root lattice of the corresponding type, and let Ty =
Hom(Ao, Gp). Fix a nontrivial class ey € A|/Ao. Then the Weyl group
W = W(Ag) acts on Ty, and the assignment (C, P) — k¢ induces a bijection
S(k) — (T* W) (k).

e In case ¢q, let Ag be a root lattice of the corresponding type, and let ty =
Hom(Ayg, G,). Then the Weyl group W = W (Ag) acts on ty, and the assign-
ment (C, P,t) — k¢ induces a bijection S(k) — (i /W) (k).

e In case ¢, let Ag be a root lattice of the corresponding type, and let ty =
Hom(Ag, G,). Fix a nontrivial class ey € A\(/)/A(). Then the Weyl group
W =W (Ay) acts on ty, and the assignment (C, P, t) — k¢ induces a bijection
S(k)y — (5* W) (k).
The subscript “rss” indicates the open subset of regular semisimple elements,
i.e., the complement of all root hyperplanes.

Proof. We first explain what happens in the case of type E7. For any field k£ (not
necessarily separably closed), and any pair (C, P) € S(k), we have constructed a
point k¢ of the torus T =Hom(A, G,,), where A is the root lattice with Z[I'y ]-action
constructed above using the curve C.

When k = k°, this action is trivial, and we can choose an isomorphism A = A
of root lattices, which is well-defined up to the action of the group Aut(Ag). The
Dynkin diagram of type E7 has no extra symmetries, so in fact Aut(Ag) = W
(see [Bourbaki 2002, Chapter VI, §1, No. 5, Proposition 16]). We thus obtain
an isomorphism 7' = Ty, well-defined up to the action of W, and a point «¢ €
(To)/W) (k) = To(k)/ W. Note that k¢ is well-defined only up to inversion, but W
contains the element —1. The result [Looijenga 1993, Proposition 1.8] now states
that the point k¢ is regular semisimple, and that the map S(k) — (75> /W) (k) is a
bijection. (In fact, the result is stated when k& = C, but the proof is algebrogeometric
in nature and goes through without change when k is any separably closed field of
characteristic 0.) Indeed, the construction given there is exactly the one we have
explicated above.

We now explain what happens in the case of type E¢. Our construction gives
a point k¢ = k(C, P, e) of the torus T = Hom(A,, G,,), where e is a choice of
irreducible component of the strict transform of the bitangent line £ at P inside S;
we have «(C, P, f) = «(C, P,e)"!. The automorphism group Aut(Ag) is now
strictly larger than W, because the Dynkin diagram of type E¢ has extra symmetries,
the quotient Aut(Ag)/ W being generated by the automorphism —1. In fact, these
ambiguities cancel out.
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Indeed, the quotient Ay /A, is cyclic of order 3, and the quotient Aut(Ag)/ W
acts faithfully on it. We can mark the nontrivial elements of Aj/A¢ by e and f as
follows: the class corresponding to e is the one containing the classes of the 27 lines
on S which intersect e (but not f), and the class corresponding to f is the one
containing the classes of the 27 lines which intersect f (butnote). Let A, : Ay — Ao
be an isomorphism which sends the class in A} /A, corresponding to e to ep. Then
Ae is determined up to the action of W(Ag). The point L.k (C, P, e) € (To /)W) (k)
is therefore well-defined, and we have Asx(C, P, f) = (A« (C, P, e) " H~l =
Aek (C, P, e) mod Wy. This gives a map S(k) — (Tp// W) (k) which is independent
of any choices, and which is shown to be a bijection into (7;;* / W) (k) by [Looijenga
1993, Proposition 1.13].

The Lie algebra cases are very similar, making reference to [Looijenga 1993,
Propositions 1.11 and 1.15]. O

3A. Construction of orbits. We now come to the most important part of this paper.
In each of the cases E7, ¢7, E¢ and ¢g described above, we give a semisimple
group G over k, together with a G-variety X, and write down orbits in G (k) \ X (k)
corresponding to elements of the groups J(k)/2J (k). We must first fix “reference
data”. This means:

 In cases E7 and ¢7, we fix a choice of pair (H, 6), where H is a split adjoint
simple group over k of type E7, and 0 is an involution satisfying the conditions
of Proposition 1.9. We define G = (H?)°, and fix an inner class of isomorphisms
g = slg; equivalently, we distinguish one of the two 8-dimensional representations
of g as the “standard representation”. The group H has no outer automorphisms, but
the group H? has two connected components, and the nonidentity component acts
on the identity component G by outer automorphisms, exchanging the two choices
of standard representation. Indeed, the component group can be calculated using
[Reeder 2010, Proposition 2.1] and the Kac coordinates of the inner automorphism 6,
which appear in the tables in [Reeder et al. 2012]. The proof of [Reeder 2010,
Proposition 2.1] shows that we can find a representative of the nontrivial component
which normalizes a maximal torus of G but which does not act on this torus in
the same way as any Weyl element of G; the induced automorphism of G must
therefore be outer.

 In cases Eg and ¢¢, we fix a choice of pair (H, 6), where H is a split adjoint
simple group over k of type Eg, and 6 is an involution satisfying the conditions
of Proposition 1.9. We define G = (H?)° = H?, and distinguish one of the two
27-dimensional representations of b as the “standard representation”. The connect-
edness of H? can be shown as above using [Reeder 2010; Reeder et al. 2012].

We recall that in Section 1D we have defined two G-varieties Y and V in terms
of the pair (H, ). We use these to define the G-variety X as follows:
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e In cases E7 and Eg, we define X =Y C H.
o In cases ¢y and ¢g, we define X =V C§.

In each case there is a G-invariant open subscheme X® C X of regular semisimple
(equivalently, stable) orbits. We can now state our first main theorem:

Theorem 3.5. In each case, the assignment (C, P, ...) — k¢ determines a map
Sk) — Gk)\ X3(k). (3-1)
If k = k*, then this map is bijective.

We observe that the theorem has already been proved in the case k = k°. Indeed,
in this case, the set G (k) \ X* (k) can be understood, via the Chevalley isomorphisms
of Section 1D, in terms of Weyl group orbits in a maximal torus or Cartan subalgebra.
Via this isomorphism, the theorem becomes Theorem 3.4. Our problem, then, is to
lift this construction so that it works over any field. This also explains the need for
the “reference data” described at the beginning of Section 3A: it will provide the
correct rigidification, in analogy with what happens in the proof of Theorem 3.4.

We remark that in cases ¢7 and ¢g, the functor S is representable (as the triples

(C, P, t) have no automorphisms). This implies that, for any field k, the map S(k) —
G (k) \ V*(k) is injective, and the composite S(k) — G (k) \ VS(k) — (V5 G) (k)
is bijective.
Proof. Let us first treat the E7 case. Let (C, P) € S(k), and let V = A/2A. The
point x¢ defined above lies in 7' (k), where T = Hom(A, G,,), and is well-defined
up to inversion. We are going to define an extension V of V, with T-action, and
then apply the constructions of Section 2 to build a group around the torus 7. Let
Hp. be the Heisenberg group defined in Section 1C; it fits into an exact sequence

1 — G,, - H — Pic’(O)[2] — 1.

According to Proposition 3.2, there is a canonical injection Pic’(C)[2] < V" of
finite k-groups. Dualizing, we obtain a surjection V — Pic’(C)[2], and we push
out the above extension by this surjection to obtain a central extension

15 G, —E—>V—l.

The commutator pairing of E descends to the natural symplectic form on V (since
this is true for I-NIL, by Lemma 1.7, and the kernel of V — PicO(C)[Z] is exactly
the radical of this symplectic form). Since V is endowed with a [';-invariant
quadratic form g : V — [, we can define a character x, : E — Gy, by the formula
¢ — (—1)7®@¢&2, This makes sense since, for any e € E, we have &2 € G,,. Taking
V =ker Xq then gives the desired extension

1—-{£1}—> Vo>Vl
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(This is a slight variant on the procedure leading to the extension (1-1).) Note
thatif W = H O(Plco(C ), £), then there is a natural homomorphism of k-groups
V- GL(W). Indeed, the group Hp actson W by definition by pullback of sections;
we can then pull back this action along the homomorphism V> HL If k =k°,
then this is an 8-dimensional irreducible representation of the abstract group V(k*),
which sends —1 to —idy,,.

In Section 2 we have associated to the triple (A, V,W)a simple adjoint group H
of type E7, together with a stable involution 8 and maximal torus 7' C Hp, and a
representation of gg = f)g on W. By definition, the torus 7" is canonically isomorphic
to Hom(A, G,,), and 6 acts on it by ¢t — ¢~!. The group Hj is split; in fact, since
go is a form of slg with an 8-dimensional representation which is defined over &,
go is split. The Lie algebras go and by are semisimple Lie algebras of rank 7, so
this implies that hy must also be split.

By Proposition 1.9, there is an isomorphism ¢ : H — Hj satisfying 6pp = ¢6.
This isomorphism is defined uniquely up to H? (k)-conjugacy. The group H? is
disconnected, with two connected components; the nontrivial component acts on
the connected component G = (H?)® by outer automorphisms. In order to pin down
the isomorphism ¢ up to G (k)-conjugacy, we observe that ¢*(W) is an irreducible
8-dimensional representation of g, which is therefore isomorphic either to the fixed
“standard representation” or its dual. After possibly modifying ¢, we can therefore
assume that ¢ carries W to the standard representation of g. The isomorphism ¢ is
then indeed determined uniquely up to G (k)-conjugacy.

It follows that the orbit G (k) - <p*1(/cc) € G (k) \ Y (k) is well-defined. (Note, in
particular, that «¢ is defined only up to inversion, but that 6 acts on x¢ by inversion
and lies in G (k) —in fact in the center of G (k) — so the orbit is independent of
any choices.) To complete the proof in this case, we must show that (p‘l (kc) 1s
stable (equivalently, regular semisimple in 7'), and that the map we have defined is
a bijection if kK = k. This follows from the discussion preceding the proof of this
theorem, and Theorem 3.4.

Let us now treat the Eg case. The inverse image 7~ (£) = eU f of the bitangent £
at P in the surface S determines the root lattice Ay, and we set V = A;/2A,. The
natural symplectic pairing on V is nondegenerate, and the quadratic form g : V — F»
arising from the form on A, agrees with the quadratic form on V arising from the
isomorphism V = PicO(C )[2] and the odd theta characteristic x corresponding to £,
by Proposition 3.3. We then have the Heisenberg group He:

1 — G, — Hr — Pic’(O)[2] — 1.

Pushing out by the isomorphism V = Pic’(C)[2], we obtain an extension (isomor-
phic to H;)
1—>Gm—>g—>V—>1.
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We define a character x, : E — G, by the formula ¢ > (—1)4©¢2 and set
V =Kker x,. Then V is an extension

1—>{:|:1}—>V—> V- 1.

We define W = H O(PICO(C ), £); then V acts on W through the homomorphlsm
V > H,. Applying the constructions of Section 2 to the triple (Ag, V., W), we
obtain an adjoint group Hy of type Es equipped with a stable involution 6y, together
with an action of the Lie algebra go = hg‘) on W. Since g is an inner form of spg and
has an 8-dimensional representation defined over k, it must be split. This implies
that Hy has split rank at least 4; by the classification of forms of Eg [Tits 1966,
pp- 58-59], we see that Hy must be quasisplit, and split by a quadratic extension.
This quadratic extension is the smallest extension splitting the Galois action on
A Ay. Since the geometric irreducible components e and f of 771 (¢) are defined
over k, this action is trivial, and we see that Hy is also split.

Applying Proposition 1.9 once more, we see that there is an isomorphism
e : H — Hy such that 9,0 = 6y@,. This isomorphism is determined up to H (k)=
G (k)-conjugacy (as H % is connected in this case). Moreover, we can assume that,
under the isomorphism ¢,, the minuscule representation of Hy with weights in
A} /A corresponding to e is identified with the “standard representation” of H.

The orbit G (k) - <p;1 (k¢) is then well-defined: reversing the roles of e and f in
our construction replaces k¢ =« (C, P, e) by k(C, P, f) =«(C, P,e)”!, and 0y is
an outer automorphism, acting on A}y A¢ = 7Z/37 as multiplication by —1, so we
can take ¢y = ¢, o y. Then we have

Gk)- 97 ((C, P, /) =G (k) - ¢; ' (Bo(k(C, P, €))) =G (k) -9, (k(C, P, e)).

This shows that we have constructed a well-defined map S(k) — G (k) \ X (k). The
rest of the theorem in this case follows from the discussion preceding the proof of
this theorem, and Theorem 3.4.

The arguments in the Lie algebra cases are very similar, with maximal tori
replaced by Cartan subalgebras. We omit the details. O

Fix x=(C, P,...) € S(k). Let 7 : X — X //G denote the natural quotient map,
and let X, = 7! (x). Then we know that X, C X* consists of a single G-orbit
(see Section 1D), but X, (k) may break up into several G (k)-orbits which all become
conjugate over k*. Let J, denote the Jacobian of C. We now state our second main
theorem, which shows how to construct elements of G (k) \ X, (k) from J, (k):

Theorem 3.6. With notation as above, there is a canonical map
Jx (k) /20 (k) = G (k) \ Xy (k). (3-2)

It is functorial in k in the obvious sense.
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The map (3-2) will extend the map of Theorem 3.5, in the sense that the image
of the identity element of J, (k)/2J, (k) under (3-2) equals the image of x € S(k)
under (3-1).

Proof. The proof is a twist of the proof of Theorem 3.5, using the ideas of Section 1C.
We treat first the E7 case. Let A € J, (k) be a rational point. Choose B € J, (k%)
such that [2](B) = A. Then the field of definition of the line bundle #; L is equal to k,
and we choose a bundle £z over k which becomes isomorphic to 5L over k°. We
continue to denote A = Pic(Ss), V = A/2A, and associate to Lp the Heisenberg
group A, »» which fits into an exact sequence

1 — G, — Hp, — J,[2] > 1.
Arguing exactly as in the proof of Theorem 3.5, we obtain an extension
1> {1} > Vg >V > 1,

together with a homomorphism Vg > ﬁ[;B through which the group Vp acts on the
space Wz = H°(J,, Lp), an 8-dimensional k-vector space. Over k*, this defines an
irreducible representation of the abstract group Vi (k*).

Using the constructions of Section 2, we associate to the triple (A, ‘73, Wg) a
group Hp with involution 8z, maximal torus 73 = Hom(A, G,,), and an action of
the Lie algebra gp = hgg on Wp. Just as in the proof of Theorem 3.5, the existence
of Wp implies that the groups Hp and Gp are split, and Tp(k) has a point «c,
well-defined up to inversion. By Proposition 1.9, we can find an isomorphism
¢p : H — Hp which intertwines 6 and 6p, and under which Wp corresponds to
the “standard representation” of g = slg. The choice of ¢p is then unique up to the
action of G (k), and we associate to the point B the orbit G (k) - (pgl (kc) C Yy (k).

We observe that if A = B = 0, the identity of J, (k), then the above construc-
tion reduces to that of Theorem 3.5. In general, we must show that the orbit
G(k) - (pgl (kc) C Py (k) depends only on the image of A in Jy(k)/2J, (k) (and not
on the choice of B), and that distinct elements of J, (k)/2J, (k) give rise to distinct
orbits. Let ¢, ! (kc) € Y, (k) be the point constructed in the proof of Theorem 3.5.
Since G (k*) acts transitively on P, (k%), a well-known principle asserts that there is
a canonical bijection

G(k)\ Yy (k) Zker(H' (k, Zg (9, ' (kc))) — H'(k, G)), (3-3)

under which the base orbit G (k) - ¢, 1(Kc) corresponds to the marked element;
see, for example, [Bhargava and Gross 2014, Proposition 1]. By [Thorne 2013,
Corollary 2.10] and Proposition 3.2, there is a canonical isomorphism

Z6(py (k) = Zg, (kc) = image (V — VY) = J[2].
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We will show that under the composite
G\ Ye(k) = H' (k. Zg (¢ (kc))) = H' (k, J:[2]),

the orbit G (k) - (pgl (kc) 1s mapped to the image of A under the 2-descent homo-
morphism of Section 1C.

The pullback 7 defines a canonical isomorphism V = Vg over k* by the formula
(1-2). This gives rise to an isomorphism of triples F' : (Hy, 6y, To) = (Hp, 0, Tp)
which induces the identity on Hom(A, G,,) under the identification of this torus
with Ty and 7. According to Lemma 2.4, we can identify F —19F with an element
of VY. Lemma 1.8 now implies that this element in fact lies in the image of the
homomorphism V — V'V and, under the identification of this image with J,[2],
is identified with the cocycle o +— °B — B. This identity of cocycles implies the
desired identity of cohomology classes, and completes the proof in this case.

The proof of the theorem in the remaining cases, Eg, ¢7, and ¢g, simply requires
analogous modifications to the proof of Theorem 3.5. We work out the E¢ case
here. Let us take x = (C, P) € S(k), so that P is a point such that TpC = ¢ is a
bitangent in the canonical embedding of the curve C. The root lattice A, is defined,
and we define V = A,/2A,. The natural symplectic pairing on V is nondegenerate,
and the quadratic form g : V — [, arising from the form on A, agrees with the
quadratic form on V arising from the isomorphism V = J,[2] and the odd theta
characteristic « corresponding to £, by Proposition 3.3. Let A € J,(k), and choose
a point B € J,(k*) with [2](B) = A. Let Lp be a descent of the line bundle 5L
to k. We then have the Heisenberg group ﬁLB:

1 — G, — Hp, — Ji[2] — 1.
Arguing exactly as in the proof of Theorem 3.5, we obtain an extension
1> (£} > Vg >V > 1,

and VB acts on the 8-dimensional k-vector space Wp = H 0., Lp) through a
homomorphism Vg —> ﬁ[;B. We can apply the constructions of Section 2 to
the triple (Ag, VB, Wp) to obtain a group Hp with involution 6g, maximal torus
Tp = Hom(A, G,,), and an action of the Lie algebra gg = hgg on Wg. The exis-
tence of Wp implies that the groups Hp and Gp are split, and Tg(k) has a point
kc =k (C, P, e) which depends on a choice of component e of 7)) =eU f. By
Proposition 1.9, we can find an isomorphism ¢p . : H — Hp which intertwines
6 and 6p, and under which the “standard representation” of h corresponds to the
minuscule representation of b corresponding to the class of e in A} v /Ay. The
choice of ¢p , is then unique up to the action of G(k), and we associate to the
point B the orbit G (k) - QDE’IE(K(C, P,e)) C Yy(k). Just as in the E7 case, we
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can check that the map B +— G (k) - gogvle (x(C, P, e)) descends to an injection
Je(k)/2J (k) = G (k) \ Yy (k). This completes the proof. O

3B. An example. To illustrate our theorem, we describe explicitly what happens
in the ¢ case, when kK = R. Then the reference group H is a split adjoint group
of type Eg over R, H? = G is isomorphic to PSpy, a projective symplectic group
in 8 variables, and V = h?*="! is a 42-dimensional irreducible subrepresentation
of A*(8). The corresponding family of curves is the family (C, P, t) of smooth
nonhyperelliptic genus-3 curves, equipped with a point P which is a hyperflex in
the canonical embedding, and a nonzero Zariski tangent vector ¢ € TpC. It consists
of the smooth members in the family

y* =x*+ y(pox® + psx + pg) + pex” + pox + p1a

(here we are using the affine chart which makes P the unique point at infinity). For
each tuple

(2. P5: Ps: Pe: Po. P12) € R
for which this curve is smooth, we can write down the following data:

« Topological invariants of the curve C(R) C P?(R): following [Gross and Harris
1981], we write n(C) for the number of connected components of C(R), and
a(C) =0 or 1 depending on whether or not C(C) — C(R) is disconnected.

e A stable G-orbit V, C V¥ and an H(R)-conjugacy class of maximal tori
T C H (T is the stabilizer in H of the base orbit in V, (R), which is regular
semisimple).

e An injection J(R)/2J(R) — G(R) \ Vi (R), where J is the Jacobian of the
curve C.

The isomorphism classes of tori in H are in bijection with the conjugacy class of
elements in the Weyl group W of order 2 [Reeder 2011, §6]. It turns out that these
correspond to the possible topological types of the curve C(R) in P?(R), as shown
in Table 1. The table should be interpreted as follows: suppose that a curve C has
the given invariants. (It follows from the table on [Gross and Harris 1981, p. 174]
that the only possible values for the pair (n(C), a(C)) are the ones listed in Table 1.)
Then the real structure on the torus 7 is the one determined by the Weyl element in
the left-hand column, and the data in the remaining three columns is as given. Here
s1, 2, 83 € W are commuting simple reflections, and T € W may be constructed
as follows: choose a D4 root system inside A. Then —1 € W(Dy), and 7 is the
element that acts as —1 on the span of the D4 roots, and as +1 on their orthogonal
complement. The elements 1, s;, 5157, 515253, and T are pairwise nonconjugate
in W and every involution in W is conjugate to one of these. (For the classification
of conjugacy classes of involutions in Weyl groups, see [Richardson 1982a].)
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conjugacy number of
class n(C) a(C) real bitangents #J(R)/2J(R) #GR)\ V. (R)
1 4 0 28 23 36
S1 3 1 16 22 10
5182 2 1 8 2 3
8515283 1 1 4 1 1
T 2 0 4 2 3

Table 1. Correspondence between conjugacy class of elements in
the Weyl group of order 2 and possible topological types of the
curve C(R) in P2(R).

One can check explicitly that each of the above combinations of (n(C), a(C))
does indeed occur. Table 1 can be verified as follows. It follows from our theory that
there is an isomorphism J[2](C) = A¢/2A, under which the action o of complex
conjugation corresponds to the action of an involution w € W(A;) = W and which
identifies the Weil pairing on the left-hand side with the natural symplectic pairing
on the right. On the other hand, [Gross and Harris 1981, Proposition 4.4] shows that
the data of the pair (J[2](C), o) (as a symplectic [F,-vector space with involution) is
sufficient to recover n(C) and a(C). A calculation shows that the Weyl involutions
biject with the possible choices for the pair (n(C), a(C)). This determines the
number of real bitangents and the quantity #J(R)/2J (R).

We justify the final column using the results in the Appendix. The set G (R)\V (R)
is in canonical bijection with the set ker(H (R, J[2]) = H'(R, G)), the marked
element corresponding to the trivial element of J(R)/2J(R). We analyze this
kernel using the following diagram of R-groups with exact rows, whose existence
is asserted by the main result in the Appendix:

1 — pp — Spg — PSpg — 1

[T ]

1 — o Vv J[2] 1

Here V is the extension used in the proof of Theorem 3.5; it is a subgroup of
the Heisenberg group H.. Using the triviality of the set H'(R, Spg), we get an
identification

G(R)\V,(R)Zker(H' (R, J[2]) > H' (R, G)) Zker(H' (R, J[2]) - H*(R, 12)),

where the arrow
q:H' (R, J[2]) > H*(R, ) =7/27

is the connecting map arising from the bottom row of the above commutative
diagram. (Note that we are working here with nonabelian Galois cohomology; the
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connecting map is defined, because 1, is central, but it need not be a homomorphism
of groups.)

Tate duality gives a perfect pairing on H'(R, J[2]), with respect to which
J(R)/2J (R) is a maximal isotropic subspace. The map ¢ is a quadratic refinement
of this pairing, in the sense of Section 1A, which is identically zero on the subspace
J(R)/2J (R) (see [Poonen and Rains 2012, Corollary 4.7]). It follows that a(g) =0,
and the set ¢ ~1(0) has 2¢6~1(2¢ + 1) elements, where g = dimg, J (R)/2J (R). This
leads to the final column in Table 1.

Appendix: A converse to Lurie’s functorial construction
of simply laced Lie algebras
by Tasho Kaletha

In Section 2 a construction due to Lurie was recalled, which associates in a functorial
way a semisimple Lie algebra § to a simply laced root lattice A equipped with
an extension V of V = A /2A by {£1}. In fact, the construction produces not
just b, but also some additional structure, including a Cartan subalgebra t. This
construction was, moreover, refined in several ways. It was shown that an action of
the Galois group of a field k on V is translated to a k-structure on b; it was shown
that h comes equipped with a stable involution 6 (i.e., an involution satisfying the
first condition of Proposition 1.9); and finally a construction was described that
produces from a rational representation p of the finite algebraic k-group V with
p(—1) = —1 arational representation dr of the Lie algebra g = h.

The purpose of this appendix is to provide a converse to this refinement of Lurie’s
construction. The basic question is: given b, t, and 6, is it possible to recover the
extension V in a concrete way? That this should be the case, and in fact where the
extension is to be found, was suggested to us by Jack Thorne. His idea was that
the extension V should be the preimage in Gy of the 2-torsion subgroup of 7T,
where T is the maximal torus of the simply connected group Hg. with Lie algebra
b given by the Cartan subalgebra t, and G is the simply connected group with
Lie algebra g. In this appendix, we will show that this preimage is indeed an
extension of V by {1} and we will, moreover, construct an isomorphism from this
extension to V that preserves the action of the Galois group of £ and intertwines
the representations p and .

We thank Jack Thorne for sharing with us this interesting question and for
including our results in his paper.

Al. Statement of two propositions. Let k be a field of characteristic 0 and k° a
fixed separable closure, and let [y = Gal(k®/ k). Let A be a finite free Z-module
equipped with a symmetric bilinear form (-, ) : A ® A — Z and satisfying the
following conditions:
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etk A > 1.
 For any nonzero A € A, the value (A, A) is a positive even integer.
e Theset I' = {A € A | (A, A) =2} generates A.

As discussed in [Lurie 2001], these are precisely the root lattices of simply laced
root systems. Here we are excluding the system A;. The subset I' C A is the
set of roots. We shall place the additional assumption that I" is irreducible. This
assumption is made just for convenience and can easily be removed.

Write g(A) = %(A, A), this is a quadratic form. Let V = A/2A and let

1—>{:|:1}—>‘7—>V—>0

be an extension of groups (we write the group law of % multiplicatively) with the
property that, for each v € V and its image v € V, the equality 9> = (—1)4*) holds.
This equation characterizes the isomorphism class of this extension.

Assume we are given an action of [, on A that preserves (-, - ), as well as an
action of I'; on V that preserves the subgroup {£1}, such that the two actions on V
induced from these coincide. Let A = A xy V and let I' C A be the preimage of I
The extension A of A by {1} inherits an action of I'; and this action preserves r.

Let h be the Lie algebra associated to this data as described in Section 2. It
comes equipped with a Cartan subalgebra t and a map I — h sending each y to a
nonzero root vector X; € b, and having the properties:

o X_;=—X;.

e [X;, X5 1= Xy if y+y' €T (by assumption yy’ € D).
o [X;, X1 = (~ y")H, if y’ = —y, where H, € tis the coroot for y (by
assumption 77’ € {1}).

Let H = Aut(h)° be the corresponding adjoint group, Hy. its simply connected
cover, and 6 the involution of f which acts by —1 on t and by 0(X;) = —X;;
on the root subspaces. It induces an involution on H and H. as well and this
involution acts by inversion of the maximal tori 7 and Ty, whose Lie algebra is t.
Let g = b” be the fixed Lie subalgebra and G = H?° the connected component of
the fixed subgroup. Let G’ = HY. According to [Steinberg 1968, Theorem 8.1]
G’ is connected. Its image in H is equal to G. Since & commutes with the action

of T, the groups G and G’ are defined over k.

-1

Proposition A.1. The group G’ is semisimple and its fundamental group has order 2.

Let Gy be the simply connected cover of G. We will from now on denote
the fundamental group of G’ by {£1} C Gs. For a root y € T, let ¥V be the
corresponding coroot. The map

V — T, [yl— VV(_l)
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identifies V with the 2-torsion subgroup of Ty and this subgroup belongs to G’. We
form the pullback extension

1 —{*+1} — Ge — G — 1

7

1 — {&1) X 1% 1

This extension inherits an action of 7.

Finally, given a rational representation p : V — GL(W) of the algebraic k-group 1%
on a finite-dimensional k-vector space W such that p(—1) = —1, we define a repre-
sentation dr : g — gl(W) by dn(X; — Xp-1) = %p()?), and let 7 : Gic — GL(W)
be the corresponding rational representation of Gy. Recall that Proposition 2.3
asserts that drr is indeed a Lie algebra representation.

Proposition A.2. There exists an isomorphism of extensions ® : V. — X which is
[y -equivariant and intertwines p with 1 |x for all representations p as above.

A2. Proof of Proposition A.1. According to [Reeder et al. 2012, §5.3], the involu-
tion 6 is stable and hence its conjugacy class is uniquely determined. A description
of this conjugacy class for each Dynkin type is given in [Reeder et al. 2012, §8]
in terms of Kac diagrams. The normalized Kac diagram of the stable involution
contains a unique node with label 1, and all other nodes have label 0. According to
[Reeder 2010, §3.7], this implies that the center of G is finite. Thus G, and hence
also G’, is semisimple. Its Dynkin diagram is obtained by removing the unique
node with label 1 from the Kac diagram of the stable involution. In order to prove
that the fundamental group of G’ has order 2, we argue as follows. According to
[Reeder 2010, §3.7], the order of the center of G is given by b,, where ¢ is the index
of the unique node with label 1 in the Kac diagram, and b, is an integer defined in
[Reeder 2010, §3.3], which according to Theorem 3.7 in [loc. cit.] is equal to 2 if 6
is inner and to 1 if € is outer. Since 0 acts by —1 on the Cartan subalgebra t, it is
inner if and only if —1 belongs to the Weyl group of (1, h).

The kernel of the map G’ — G is equal to Z (Hy.)?. Thus the center of G’ has
size |Z(Hg)?| - b,. The proof will be complete once we show that this number is
equal to one half of the connection index of the Dynkin diagram of G. This can be
done by inspection of the individual cases A, (n > 1), D,, E¢, E7, Es. We give
the examples of the exceptional types, E¢, E7, and Es, and leave the discussion of
the classical types, A, and D,, to the reader.

For type Eg, the Kac diagram of 6 is given by the last row of Table 3 of [Reeder
et al. 2012, §8.1] and has the form 0 0 0 <=0 1, so G has type C4. Since 6 is outer,
G is adjoint. There are no 0-fixed points in the center of Hc, thus G’ = PSp,.

For type E7, the Kac diagram of 6 is given by the last row of Table 4 and has
the form ©%° (1) 000 's0 G is of type A7. The center of G now has order 2, because
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6 is inner, and, moreover, the fixed points of 6 in Z(H,.) also have order 2, so the
center of G’ has order 4.

For type Eg, the Kac diagram of 6 is given by the last row in Table 5 and has
the form '° 8 00000 "5 G is of type Dg. The center of G has order 2, because 6 is
inner. Since Z(Hy.) = 1, the center of G’ also has order 2.

For the classical types, the relevant diagrams are those in row 2 of Table 10 (H is
of type Ay, and G is of type B,), row 3 of Table 11 with k =n — 1 (H is of type
Aj,—1 and G is of type D,), row 3 of Table 14 for k = n even (H is of type D,
and G is of type Dz x Du1), and row 3 of Table 15 with [ = n odd (H is of type
D, and G is of type B% X B% ). Note that 6 is inner for Deyen, and outer for A,

and Dodd .

A3. Proof of Proposition A.2.

A3.1. The group SO,. We define the group SO, to be the subgroup of SL,, fixed
by the transpose-inverse automorphism. This group is semisimple when n > 2.
For n = 2, it is noncanonically isomorphic to G,, over k*. One can specify an
isomorphism by fixing a 4-th root of unity i € k°. Then we have

1 [ x+x! i(x—x_l)}

G = 502, D) —i(x—x"YH x4x7!

For future reference, we record the formula
a b’ [a®—b* 2ab
—bal| | —2ab a*>—D?
for the squaring map SO, O SO;.

A3.2. Construction of the isomorphism V — X. Choose a set of simple roots
A C T'. The image Ay of A in V is a set of generators for this group, and the
relations on this set are 2v =0 for all v € Ay. Let A be the preimage of A in A,
and let Ay be the image of A in V. Then Ay is a set of generators for V, and the
relations on this set are 92 = (—1) and 0w = (—1)"¥) 7.

We now define a map ¢ : A — X. Given § € A we obtain a monomorphism
ny : SL, — H, with 6-stable image that translates the action of 6 on its image
to the action of transpose-inverse on SL;. The fixed subgroup SO, of this action
therefore lands in G'.

Lemma A.3. The preimage of n;(SO,) in Gy is connected.

The proof of this lemma will be given in Section A3.6. Granting this lemma, it fol-
lows from Proposition A.1 that there exists a unique homomorphism ¢; : SOz — Gy
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making the following diagram commute:

¢R
SO, —— Gy

|

SO, — 5 G

This homomorphism is injective. We let

o=, "))

By the above diagram, the image of ¢(y) in G’ is equal to y¥(—1), which shows
that ¢ (y) € X. Moreover, ¢()7)2 = ¢;(—1) is a nontrivial element of Gy whose
image in G’ is trivial, hence ¢()7)2 =—1.

We thus obtain a map ¢ : A — X which descends to a map ® : Ay — X and
whose image contains a set of generators for X. We claim that ® is I';-equivariant.
Given o € I'y, we have 1,5 = 0 on;, and hence ¢,; = o o ¢;, where on the right
sides of these equations o denotes the action of o on G’ and G, respectively. Thus
¢poy)=o0¢(y)forall y I and this establishes the I'y-equivariance of ®.

Our task is to show that ® respects the relation 9w = (—1)**' . Once this
is done, it will extend to a surjective homomorphism & : V — X, which will then
have to be bijective because its source and target have the same cardinality. It will
furthermore be [';-equivariant.

A3.3. The isomorphism PGL, — SOj. Consider the adjoint action of PGL; on
its Lie algebra sl,. Fix a 4-th root of unity i € k* as well as an element v/2 € k°.
The basis

F) e

is an orthonormal basis for the symmetric bilinear form tr(AB) and provides an
isomorphism PGL, — SOj3 defined over k°, which is explicitly given by

ad + bc i(ac+bd) bd —ac
[Z Z] > (ad—be)~'| —i(ab+cd) J(@*+b*+?+d?) L@*— >+ —d?)|.
—(ab—cd) 5(c*+d*—a?—b?) 3(a® —b* = +d?)
Its derivative, sl, — so03, is given by
0 i(b+c) b—c

[“Z}H —ilb+¢) O  2ia
¢ c—b —2ia 0
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A3.4. The relation v = (—1)**) 1. In Section A3.2 we constructed a map
®: Ay — X. In order to show that it extends to an isomorphism V — X, it remains
to check that, for v, w € Ay with images v, w € Ay, we have

O(D)PW) = (— D)V (W)D (D). (A-1)

Let 7,5 €T be preimages of v, w, and let y, § € A be their images. We have either
(y,8)=0or (y, 8) =—1. In the first case, the cocharacters n; and n; commute and
hence their images are contained in a common maximal torus of G’. The preimage
in Gy of this maximal torus is a maximal torus of G, and contains the images of
¢y and @3, and we conclude that these two cocharacters also commute. This proves
(A-1) in the case (y, §) = 0 and we are left with the case (y, §) = —1. Then the
elements {X;+1, X5i1, X & 5)+1} generate a subalgebra of b isomorphic to sl3. Even
more, there is a preferred embedding Hy5: sl3 — b given by

01 0 0 1
0 I—)X);, 01 I—>Xg, 0 I—)X?g.
0 0 0

It integrates to an embedding Hys SL3 — Hg.. The embeddings n;, n5:SLy — Hyc
factor through % and give embeddings

" 4 b ab
SO, — SO;3, | —b a ,
—b a
L - L 1_
and ~ _
_ b 1
SO, — SO;, @00 abl.
—-b a
- - —b a |

We compose these with the isomorphism SO3 — PGL; of Section A3.3, for which
we fix the elements i, ~/2 € k* as discussed there. This gives two embeddings
SO, — PGL,.

The first one is characterized by

B

where o 4+ 2 = a and 2iaB = b. The composition of this with the squaring map
on SO, lifts to the map

SOz —> SLz, |:—(b1 zj| (e |:b6/li bc/llj|

The image of [7(1) (1)] under this map is equal to [7? _6].
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The second embedding SO, — PGL; is given by

a b Ja—ib

> 1.

—b a Ja—ib !

Note that this is well-defined with an arbitrary choice of v/a — ib. Its composition
with the squaring map on SO, lifts to the map

SOQ — SLQ, |:_Z Z] and [(a _lb) (a —ib)l].

_9 4] under this map is equal to [ " .]. The claim now follows from

=

A3.5. Intertwining property of ® : V > X. Let o V — GL(W) be a rational
representation of the finite algebraic k-group V on a finite-dimensional k-vector
space W, having the property that p(—1) = —1. Let & : Gsc — GL(W) be the
rational representation obtained from it. We want to show that & intertwines p
with 7|x. It is enough to show that, for § € A with image 7 € V, we have the
following equality in GL(W)(k*):

(P (D)) = p (D).

Let y € A be the image of y. Choose 6 € A with (y, §) = —1 and let SeAbea
preimage. Let w € V be the image of 8. Let Q C V be the subgroup generated
by v, w. It is isomorphic to the quaternion group.

Let 11 5 : sl3 — b be the embedding determined by 7 and § as in Section A3.4.
It determines an embedding My5t SL; — Hg.

Decompose W =@D;_, W; under p| into irreducible representations over k°. The
condition p(—1) = —1 forces all W; to be isomorphic to the unique 2-dimensional
representation of Q. Moreover, by construction of d, each subspace W; of W is
preserved by the action of dr (M);’S(SO‘?,)), hence also by the action of n(p,);’g(SO3)).
We can thus focus on a single W;. Choosing a suitable basis for W; over k°, we
obtain from p|o the embedding Q — SL;(k*) given by

~ —i ~ —i o~ 1
V= . > w = ., VW > .
—1 i -1
Reviewing the construction of dmr, we see that the restriction to W; of dm o ju;

provides the isomorphism so3 — sl, given by

01 0

~10 I—>%|:_._l:|, 01 I—>%|:_l ] 0 I—)%[_l 1},
0 : ~10 : -1 0

The image of |
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which one easily checks to be the inverse of the isomorphism of Section A3.3.
Thus, the composition of the isomorphism SL, — Spin; of Section A3.3 with the
embedding My5: Spiny — G, provides a representation of SL; on W; which in
the chosen basis of W; is given by the identity map SL, — SL,. However, the
discussion of Section A3.4 shows that ®(v) € Gy is the image of the element
[, '] under the composition of the isomorphism SL, — Spin; of Section A3.3
with the embedding My5: Spiny — Gg.. We conclude that p(v) and 7 (P (v)) are
represented by the same matrix in SL,(k*) € GL(W;)(k*).

A3.6. Proof of Lemma A.3. We note first that the statement of the lemma is equiv-
alent to the claim that the preimage of yV(—1) in Gy has order 4. Indeed, if
the preimage of n;(SO,) in Gy is connected, then identifying SO, with G, we
obtain via pullback along 7; the nonsplit extension 1 — {*1} — G, — G, — 1,
and the element y(—1) corresponds to the element —1 of the right copy of G,,,
which evidently has two preimages of order 4. On the other hand, if the preimage
of 7;(S0O,) in G is disconnected, then the corresponding extension is the split
extension 1 — {+1} — {£1} x G,, — G,;, — 1 and the element —1 € G,, has two
lifts of order 2.

We have the element y € I and the corresponding element y € I'. The chosen
base A of I' in the discussion of Section A3.2 will be unimportant. We first claim
that there exists a maximal torus Sgc C Hy., a Borel subgroup C containing Sg,
and a root o of Hy. with respect to Ss. such that 6 preserves the pair (Ss., C) as
well as the root @ and ¥ (—1) = «"(—1). Indeed, choose a base A for I" such that
the corresponding Kostant cascade M (see [Kostant 2012]) contains y. For each
B € M, choose a preimage f8 € T Let

1
g= H’?g[ : 1} € Hy.
BeM 2 !

Then one checks that S := Ad(g) 7. is normalized by 6. If we transport the action
of 8 on Sy back to Ty via the isomorphism Ad(g), we obtain the automorphism
Ad(g~'6(g)) 00 and one computes that Ad(g~'0(g)) acts as the product of reflec-
tions [ pem Sp» Which according to [Kostant 2012, Proposition 1.10] represents
the longest element of the Weyl group with respect to the basis A. This shows
that Ad(g~'6(g)) 00 preserves the basis A. It also evidently fixes the root y. Let
o = Ad(g)y, and let C be the Borel subgroup corresponding to the basis Ad(g)A.
Finally, " (—1) = 3V (—1) follows from the fact that the element g € H. centralizes
yY(—1) € Hy. Indeed, the image of n i for B € M\ {y} centralizes the image of y",
while the image of 7; centralizes the element ¥ (—1). The claim is proved.

We are now interested in showing that the preimage of «”(—1) in Gy has
order 4. For this it is convenient to use again the equivalent formulation that the
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preimage of «”(Gy,) in G is connected. By passing from y to o we are now in
the more advantageous situation that this preimage belongs to the preimage in G
of G'N Sy = SSHC, which is a maximal torus. Call this maximal torus S C Gg.. We

form the pullback diagram

1 (£1} S N 1
1 {£1} ? G 1

and would like to show that the bottom extension is not split. Passing to character
modules we obtain the pushout diagram

0 —— X*(Ssc)o — X*(S) —— Z/2Z —— 0

Lol

0 Z X*(?) 7/27 —— 0

and would still like to show that the bottom extension is not split. This is equivalent
to showing that for one, hence any, lift 1 € X*(?) of 1 € Z/2Z, we have 21 € Z\ 2Z.
This in turn is equivalent to showing that for one, hence any, lift 1 € X *(S) of
1 € Z/27Z, we have ¥ (21) ¢ oV (2X*(Ss)s). Now X*(Ss) is the weight lattice
of the group Hy. with respect to the torus Ss.. Since «" is a coroot, we have
a” (X*(Ssc)g) =Z. Our task is then to show that the image in Q of X*(S) under o
is not contained in Z. But X *(§) is equal to the weight lattice of the group G
relative to the maximal torus S. We thus have to show that &" € X +(Ss0)? does not
belong to the coroot lattice of G'.

To that end, we need to describe the root and coroot systems of G’. Let
R C X*(Ss) and RY C X, (Ssc) be the root and coroot systems of Hy., and let
A C R be the base given by the Borel subgroup C. We choose a nonzero root vector
Xp € hg for each B € A, subject to the condition Xy = 6 Xg provided 68 # B.
For B € A satisfying 08 = B, we have 0 Xg = €Xg with € € {1, —1}. Letting
{&p | B € A} be the system of fundamental coweights, we set s € S to be the product
of wg(—1) forall B € A with6B = and 0 Xg = —Xg. Thens € 5 is of order 2 and
0 = Ad(s)0p, with 6y an automorphism of Hy. preserving the splitting (Ss., C, {Xg}).
The root system of G’ is a subset R’ C X*(8%) = X*(Ss)s. The duality between
X*(Ss) and X, (Ss) induces a duality between X*(Ss.)s and X, (Ss)?. The coroot
system of G’ is a subset R"Y C X, (Ss.)?. The system R’ C X*(Ss )y and its dual
system R C X.(Ss.)? can be described using the results of [Steinberg 1968], which
are summarized in [Kottwitz and Shelstad 1999, §§1.1, 1.3]. As evident from the
discussion there, the root system A, behaves differently from all other root systems,
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a phenomenon that manifests itself in the occurrence of restricted roots of type
R, and Rj. It is therefore convenient to treat the special case of Ay, separately.
Fortunately, this special case is rather easy.

Assuming that R is of type Aj,, we enumerate A = {ay, ..., ay,} with 0(o;) =
on+1—i- Since O has no fixed points in A, we have 8y = 6. Thus the projection of A
to X*(Ssc)¢ forms a set of simple roots for R’. Let ozlf € R’ denote the projection
of a;. Then o, ..., cr, , are of type Ry, and the corresponding coroots are given
by o) = + a5, +1—;- On the other hand, a,, is of type R, and its coroot is given
by 2(ey + o, 1)- It follows that the coroot lattice of G” is the sublattice of X (Sse)?
spanned by the points {or) +ay,, ..., &+ ,, 2(a) + ) )}. On the other
hand, we may assume without loss of generality that « is the highest root of R (by
making the same assumption on the root y, bearing in mind that the highest root is
always part of the Kostant cascade). Then " = &) + - - - + a5, evidently does not
belong to the coroot lattice of G’. This completes the discussion of the case Ay,.

The remaining root systems can now be treated uniformly, because all occurring
restricted roots are of type R;. According to the discussion in [Kottwitz and Shelstad
1999, §1.3], the root system R’ is given by the image of the set

R'={BeR|0p=B=P(s)=1)

under the natural projection X*(Ss.) — X*(Ss)g. For the description of R"Y, we
have the following lemma.

Lemma A.4. For any element of B’ € R’ represented by B € R, the coroot B €
X (Ss)? is given by

s ol (A2)

BY +0BY if 6B #B.

Proof. Since B’ is of type R, we know that if 68 # B then 68 1 B. According
to [Bourbaki 2002, Chapter VI, §1, No. 1], 8’V is the unique element of the dual
space of X*(Ss)o ® Q with the properties (8", ') =2 and sg' g~ (R’) C R’, where
sgpv (x) =x — (B, x) B’ is the reflection determined by B’, B’¥. We need to check
that the elements given in the statement of the lemma satisfy these properties. The
first property is immediate. For the second property we take f1, 82 € R’ and let
B, B, € R’ be their images. Let B]” € X,(Ss)? be given by (A-2). We need to
show that sgr gv (B5) € R If B, is perpendicular to both 8 and 68, or if B| = £p,
then the claim is clear. We thus assume that this is not the case.

If B is ﬁ.xed by 0, then sg: gnv (B5) is the image of sg,.py (B2). This element of R
belongs to R, because it is fixed by 0 precisely when B, is, and in this case it kills s,
since both 8 and 8, do.

If B is not fixed by 0, but 8, is, then we have (8, +68)’, B2) =2(B)’, B2) =2€ #0
and conclude that sgr g (B5) is the image of B, — 2¢p, which coincides with the
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image of By — e€B1 —€6;. The latter element belongs to R, because f; L 68;. Itis
furthermore fixed by 6 and kills s, so belongs to R'.

Now assume that both 1, > are not fixed by 6. If (8, B2) and (9, B2) are both
nonzero and have opposite signs, then sg v (B5) = B5. If (B), B2) and (6B), B2)
are both nonzero and have the same sign € € {1, —1}, then Sg!. B (,85) is equal to the
image of B, — 2¢€pB, which coincides with the image of §, — €8, — €68;. As above,
this element belongs to R. It is, moreover, not f-fixed, thus belongs to R'. It remains
to consider the cases where exactly one of (8,", 82) and (98, B2) is nonzero. We
will give the computation only in the case (8, B2) =0, (6B)’, B2) = —1, the other
cases being analogous. The element sg g1v (B5) € X*(Ssc)e is equal to the image of
B2 + B1 € R and we claim that this element is not 6-fixed. If it were, we’d have
B2 = 0B+ 6B — B1 and applying (6B,", —) we would obtain —1 =04+2—-0. O

Armed with this lemma we complete the proof of Lemma A.3 as follows. We
have the element «¥ € X,.(Ss)?, which is a coroot for the group Hy.. We wish to
show that it does not belong to the coroot lattice for the group G’. Assume the
contrary. Then inside of the lattice X, (Ss.)? we have the equation ¥ =" n; B} for
some integers n; and some roots B/ € R". We choose for each g/ a lift g; € R’
and apply Lemma A.4, thereby obtaining

aV:ZniﬁiV+Zni(ﬁiV+9,3iV),

where we have subdivided the set of {8;} into the cases corresponding to (A-2).
This equation holds inside the coroot lattice of Hy.. Since R is a simply laced root
system, the bijection R — RY, 8+ BY extends to a Z-linear bijection from the
root lattice to the coroot lattice. This tells us that we have the equation

o= Zl’liﬂi +Zni(,3i +68;)

in the root lattice of Hg, i.e., in X*(S). However, the right-hand side is a character
of S which kills the element s € S. This would imply that & € R’, which would then
imply that 6 acts trivially on the root space b,. This is, however, false, because for
X =Ad(g)X; € by we have

_ —i
0(X) = Ad(g) Ad(g~'0(2))0(X5) = Ad(g) Ad g [_i } (—X;-1)=—X.
The proof of Lemma A.3 is now complete.
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Furstenberg sets and Furstenberg schemes
over finite fields

Jordan S. Ellenberg and Daniel Erman

We give a lower bound for the size of a subset of F containing a rich k-plane
in every direction, a k-plane Furstenberg set. The chief novelty of our method
is that we use arguments on nonreduced subschemes and flat families to derive
combinatorial facts about incidences between points and k-planes in space.

1. Introduction

A central question in harmonic analysis is the Kakeya conjecture, which holds that
a subset S of R” containing a unit line segment in every direction has Hausdorff
dimension n. Many refinements and generalizations of the Kakeya conjecture have
appeared over the years. For instance, one may loosen the condition on S, asking
only that there be a line segment in every direction whose intersection with S is
large in the sense of Hausdorff dimension.

Question 1.1 (Furstenberg set problem). Let S be a compact subset of R” such
that, for every line £ C R", there is a line parallel to £ whose intersection with S has
Hausdorff dimension at least c. What can be said about the Hausdorff dimension
of §?

This problem was introduced by Wolff [1999, Remark 1.5], based on ideas of
Furstenberg. Wolff showed that dim S > max (c + % cn), and gave examples of S
with dim § = 3¢ + 3.

More generally, we can ask the same question about k-planes:

Question 1.2 (k-plane Furstenberg set problem). Let S be a compact subset of R”
such that, for every k-plane W C R", there is a k-plane parallel to W whose
intersection with S has Hausdorff dimension at least c. What can be said about the
Hausdorff dimension of S?
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In this paper, we consider discrete and finite-field analogues of the k-plane
Furstenberg set problem.

Question 1.3 (k-plane Furstenberg set problem over finite fields). Let [, be a finite
field, and let S be a subset of [FZ such that, for every k-plane W C [FZ, there is a
k-plane parallel to W whose intersection with S has cardinality at least g¢. What
can be said about |S|?

We begin by recalling some known results about Question 1.3 from the case k =1.
We write |S| 2 f(q,n,k, ¢) to mean that |S| > Cf(q, n, k, ¢) for a constant C
which may depend on n, k but which is independent of ¢.

The method of Dvir’s proof of the finite field Kakeya conjecture [2009, Theo-
rem 1.5] shows immediately that

1S1Z g, D

and a lower bound
NP )

follows immediately by elementary combinatorial considerations, as we now explain.
The number of triples (L, Py, P,) where L is one of the hypothesized lines and P;
and P; are points of S contained in L is at least ¢ ~D+%¢ since at least ¢" ! lines
are needed to cover all directions and each line contains at least ¢¢ points. But
the map sending (L, Py, P») to (Py, P») is an injection into S?: we conclude that
|S| > ¢+ =D/2 a5 claimed.

In the other direction, Ruixiang Zhang [2015, Theorem 2.8] has produced exam-
ples showing that it is possible to have

|S| < q(n+1)(c/2)+(n—1)/2.

He conjectures that this upper bound is in fact sharp when g is prime. It is not sharp
in general: an example of Wolff [1999, Remark 2.1] shows that when ¢ = p? and
c= % it is possible to have

SIS 9"

In particular, when g = p2 both lower bounds (1) and (2) are sharp at the critical
exponent ¢ = %

Much less is known about higher k. In [Ellenberg et al. 2010, Conjecture 4.13],
the first author, with Oberlin and Tao, proposed a k-plane maximal operator esti-
mate in finite fields. When k& = 1, we prove the estimate [Ellenberg et al. 2010,
Theorem 2.1], which bounds the Kakeya maximal operator and generalizes Dvir’s
theorem. For general £ it remains a conjecture. Its truth would imply that, for §

satisfying the hypothesis in Question 1.3,

S| = gk,
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The main goal of the present paper is to show that this proposed lower bound for
the k-plane Furstenberg problem is in fact correct.

Proposition 1.4. Let S be a subset of F. Let ¢ € [0, k]. Suppose that, for each
k-plane W C T, there is a k-plane V parallel to W with [SO V| = q€. Then

|S| -~ chn/k

for some constant C depending only on n and k.

The condition ¢ € [0, k] in the statement is superfluous, since a k-plane has
at most ¢* points in all. We include it in order to emphasize the analogy with
Theorem 1.5. See Remark 1.6 for more discussion of this point.

The constant C is independent of c; this fact is a consequence of the geometric
nature of our proof, which in the end is not about subsets of [} but about subschemes
of affine space over an arbitrary base field, as in Theorem 1.7.

In order to prove Proposition 1.4, we introduce an algebraic technique which is
familiar in algebraic geometry but novel in the present context; that of degeneration.

A subset of 7 can be thought of as a reduced 0-dimensional subscheme of the
affine space A" /[F,. Once this outlook has been adopted, it is natural to pose the
Furstenberg set problem in a more general context, addressing all O-dimensional
subschemes, not only the reduced ones.

Denote by R the polynomial ring F,[xy, ..., x,]. A O-dimensional subscheme §
of A" is defined by an ideal I C R such that R /[ is a finite-dimensional vector space
over [F,. The scheme S is the affine scheme Spec R/I. When R/I is isomorphic to
a direct sum of fields, S is reduced and can be thought of as a set of points, and /
is the ideal of polynomials which vanish on the set of points.

By contrast, a typical nonreduced example is the “fat point” S defined by I =
(x1, ..., x,)%. We think of S as a copy of the origin which has been “thickened”
infinitesimally; to evaluate a function at S is to specify its values and all its partial
derivatives of degree at most d — 1. In particular, to say a polynomial f vanishes
at S is to say its partials of degree at most d — 1 all vanish at the origin 0, which is
exactly to say it belongs to the ideal 1.

We denote dimg, R/I by |S|; when § is reduced (i.e., a set of points) then |S]
is the cardinality of the set of geometric points of S, just as the notation suggests.

When S is the fat point defined by I = (x1, ..., x,)?*! then S/I has an [, basis
consisting of all monomials in xi, ..., x, of degree at most d. It follows that
151=("3").

Our main theorem is that the lower bound on the size of a Furstenberg set asserted
in Proposition 1.4 applies word for word to Furstenberg schemes.

Theorem 1.5. Let S be a O-dimensional subscheme of A"/F,. Let ¢ € [0, k].
Suppose that, for each k-plane W C A" defined over F,, there is a k-plane V
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parallel to W with |SNV| > g°. Then
S| > Cqg/*
for some constant C depending only on n and k.

Remark 1.6. The condition ¢ € [0, k] is superfluous in Proposition 1.4, but not
in Theorem 1.5. The subscheme of A? cut out by the ideal (x, yN ), for instance,
intersects the line x = 0 in degree N and every other line in degree 1. Note that
N can be much larger than ¢; once we leave the world of reduced schemes, there
is no a priori upper bound for the intersection of S with a line! In particular, the
union of g + 1 rotations of this scheme has |S| on order N¢q and has |[SNV|> N
for every [F,-rational line V € A% If N = ¢ and we allowed ¢ > 1, we would have
|S| ~ gt < ¢%, violating the theorem statement.

Why is Theorem 1.5 easier to prove than its special case Proposition 1.4? The
answer involves certain parameter spaces for Furstenberg set problems (constructed
in Section 4) that allow us to vary the collection of points S. The degenerate O-
dimensional schemes form the boundary of this parameter space, and we can bound
various functions for all S by bounding them for these degenerate schemes. Then,
as happens very often in algebraic geometry, after overcoming an initial resistance
to degenerating to a nonsmooth situation, we discover that the degenerate situation
is actually easier than the original one.

Because our arguments are geometric in nature, they apply over a general field k,
not only finite fields. The k-planes through the origin in A" — which we may think
of as the set of possible directions —is parametrized by the Grassmannian Gr(k, n).
Given m, k, and S, we let 2,;91’ « C Gr(k, n)(k) denote the set of directions w such
that there is some k-plane V in direction w with [S N V| > m. We call such a
direction m-rich. Our key technical idea is to observe that the set of m-rich k-plane
directions is more naturally thought of as the set of k-points on a scheme X rfl "
cut out by polynomial equations on the Grassmannian, and to closely study the
properties of those defining equations. We define X ;fl « precisely in Section 4. This
point of view leads to the following more flexible theorem, from which Theorem 1.5
will follow without much trouble.

Theorem 1.7. Let k be an arbitrary field and let S be a O-dimensional subscheme
of A" /k. Let Xi’k C Gr(k, n) be the moduli space of directions of m-rich k-planes
for S. Then either

(D) XnSz,k = Gr(k, n) (that is, every k-plane direction is m-rich) and |S| is at least

Cim"'*, for a constant Cy depending only on n and k; or
2) Egm’k is contained in a hypersurface Z C Gr(k, n) of degree at most C|S|/m,
for a constant C, depending only on n and k.
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The connection between Theorem 1.7 and Theorem 1.5 involves a descending
induction argument to reduce to the case k = n — 1, combined with a simple
observation about [ -points. Working over [, let k =n — 1 and m = ¢ and
assume that |S| = o(¢“"/*~D). Then Theorem 1.7(2) implies that X, ,_, lies in
a hypersurface of degree o(g). However, this would contradict the hypotheses of
Theorem 1.5, as no hypersurface of degree less than ¢ can contain every [, -point
of Gr(n — 1, n).

Remark 1.8. Our results do not rely on Dvir’s theorem [2009, Theorem 1.5], and
hence the special case of Theorem 1.5 when k = ¢ = 1 yields what seems to us an
independent proof of Dvir’s theorem on Kakeya sets in finite fields.

Remark 1.9. The bounds in Theorem 1.5 are sharp for every c; take S to be the
fat point of degree ¢¢ supported at the origin, so that the intersection of S with
any k-plane is on order g¢* and |S| is on order ¢“". The bounds in Proposition 1.4,
however, are not sharp, or at least are not sharp over the whole range ¢ € [0, k].
Already when k£ = 1 we see that the bound |S| 2 ¢" fails to be sharp only when
c< % (and when g is prime, it fails to be sharp for ¢ < 1, by a result of Zhang [2015,
Theorem 1.4].) The results of the present paper suggest that purely algebraic
arguments apply to O-dimensional schemes over arbitrary fields and are effective at
controlling k-planes which are very rich in incidences, while more combinatorial
arguments, which apply only to point sets, may be stronger tools for bounding
incidences arising from k-planes which are not so rich in points.

Remark 1.10. The scheme-theoretic methods of this paper may seem very distant
from anything that could be of use in Euclidean problems. But there is an interesting
similarity between the degeneration method used here and the method used by Ben-
nett, Carbery, and Tao in their work on the multilinear Kakeya conjecture [Bennett
et al. 2006]. Their work required bounding an £ norm on a sum of characteristic
functions of thin tubes in different directions; one idea in their paper involves
sliding all these tubes towards O until they all intersect at the origin, and showing
that the quantities they are trying to bound only go up under that process. (See
especially [Bennett et al. 2006, Question 1.14].) An argument of this kind can also
be found in [Bennett et al. 2009]. Our method is in some sense very similar; the
main degeneration we consider is a dilation, where all points in S move to 0 and all
lines in direction w slide to the line through O in direction w. Our hope is that the
large existing body of work in this area of algebraic geometry may provide more
ideas for carrying out “degeneration” arguments in the Euclidean setting.

This paper is organized as follows. In Section 2 we outline some notation that
we will use throughout the paper. In Section 3 we give a detailed sketch of the
proof of Theorem 1.5. Section 4 contains much of the technical work of the paper,
as we construct the schemes X ,fl « and study some of their essential properties. In
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Section 5, we focus on the special case of when X rfl « €quals the entire Grassmannian,
as this plays a central role in our main results. Sections 6 and 7 then contain the
proofs of Theorems 1.5 and 1.7. In Section 8 we discuss an approach to the k-plane
restriction conjecture of [Ellenberg et al. 2010], and Section 9 concludes with a few
examples.

2. Notation and background

In this section we gather some of the notation that we will use throughout. For
reference, we also gather some of the notation from the introduction. Throughout,
k will denote an arbitrary field and [F, will denote a finite field of cardinality ¢. If
Z is a scheme over k and k' is a field over k, then we write Z (k') for the k’-valued
points of Z.

We use S to denote a 0-dimensional subscheme of A" /k, and I to denote its defin-
ing ideal, so that S = Spec k[x, ..., x,1/Is. We set |S| :=dimg k[x1, ..., x,]/1s.
If S is a O-dimensional subscheme of A" /k as above, and V is a linear space cut
out by linear forms ¢y, ..., 5, we mean by S NV the scheme-theoretic intersection
Specklxi,...,x,1/(Us+ ({1, ..., Ls)). Wesay that V is m-rich for S if |[SNV|>m.

We also review a few concepts about ideals. Let R be a graded k-algebra of
finite type and let J C R be an ideal. The radical of J, denoted +/J, is the ideal

VI ={feR| f"eJ for somen > 0}.

The ideal ~/J contains all functions that vanish on the subset V(J) C Z. The m-th
power of J, denoted J™, is the ideal generated by m-fold products of functions
from J:

J"=(f=hHlfrImlfie]) SR

If J is prime, then we can define the m-th symbolic power of J, denoted J ™, to
be the J-primary component of J”. A similar definition is used for ideals J which
are not prime.

However, there is a simpler definition of symbolic powers in the cases arising in
this paper. Namely, if R is the homogeneous coordinate ring of a smooth, projective
subvariety Z C [P’, then we have the following geometric characterization of
symbolic powers due to Zariski and Nagata [Eisenbud 1995, §3.9]. Assume that
I C R is radical. Then the symbolic power 1" equals the ideal of functions that
vanish with multiplicity m along the locus V (/) € Z. In particular, if we write m,
for the homogeneous prime ideal in R corresponding to a point x € V (1), then

1™ = ﬂ my.

xeV{)

In general, we have I C I but not equality.
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3. Sketch of the proof

We begin with an overall sketch of the proof of Theorem 1.5. The idea is as follows.
Let S be a 0-dimensional subscheme of A”. Then we can degenerate S by dilation to
a subscheme Sy of A” which is supported at the origin, and which has | Sy| =|S]|. We
may think of Sy as the limit of ¢S as # goes to 0. If V is a k-plane with |[SNV| > ¢¢,
then |So N Vy| > g€, where V) is the k-plane through the origin parallel to V. In
particular, the Furstenberg condition on S implies that [So N V| > ¢g° for every
[F,-rational k-plane through the origin in A". The supremum over a parallel family
of k-planes has disappeared from the condition, which allows for an easy induction
argument reducing us to the case k = n — 1. Namely: given that Theorem 1.5
holds for k = n — 1, let Wy be a (k+1)-plane through the origin in A". Every
k-plane V, through the origin in A" satisfies | Sy N Vy| > ¢€, so Theorem 1.5 tells
us that | Sy N Wo| = g“*+D/* for every choice of Wy. Iterating this argument n — k
times gives us the desired bound |Sy| > ¢/*.

This leaves the proof of Theorem 1.5 in the hyperplane case. We prove this
proposition by considering a geometric version of the Radon transform. The Radon
transform may be thought of as a function fs on the Grassmannian Gr(n — 1, n) =
P"=!, defined by

fs(Vo) =1So N V.

(Usually the Radon transform is thought of as a function on all hyperplanes, not
only those through the origin; in this case, since Sy is supported at the origin, the
Radon transform vanishes on those hyperplanes not passing through the origin.)

Unfortunately, the notion of real-valued function doesn’t transfer to the scheme-
theoretic setting very neatly; what works better is the notion of level set. Naively,
we might define

X% ={VoeGr(n—1,n)| |VoNSo| =m}

m,n—1 —

as the set of m-rich hyperplanes through the origin.

It turns out, however, that to make the notion of Radon transform behave well
under degeneration, we need to think of the level set X io,n_l not as a subset of the
k-points of Gr(n — 1, n), but as a subscheme of Gr(n — 1, n). In fact, for easy formal
reasons, it is a closed subscheme. This viewpoint has the further advantage that
we can argue geometrically, without any reference to the field over which we are
working. We explain the definition of X i(in_l and its behavior under degeneration
of § in Section 4, which is where most of the technical algebraic geometry is to
be found.

We show in Proposition 5.1 that, for m sufficiently large relative to N”~D/"  the
level scheme X,i"’nil is not the whole of Gr(n — 1, n). This argument involves a
further degeneration, a Grobner degeneration from Sy to a member of a yet more
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,ff’nil, being
Zariski closed, is contained in a proper hypersurface. We bound the degree of this
hypersurface in part (2) of Theorem 1.7 (by means of explicit defining equations),
and this provides the final piece of the proof of Theorem 1.5.

restricted class of schemes called Borel-invariant subschemes. Thus, X

s
4. The schemes X mak

Beginning in this section, we work over an arbitrary field k and omit the field k&
from most of the notation, for example writing A" in place of A" /k. It may be
useful for the reader to imagine that k = [,,.

Initially, we let S be a collection of points (a reduced 0-dimensional scheme)
in A". Let Sp be the degeneration of S by the dilation action. This can be defined
concretely as follows. Let I C k[xy, ..., x,] be the ideal of polynomials vanishing
at S. If 7 is an element of k*, then the ideal of functions vanishing at the dilation
S; :=18§ is precisely

L={fGt " x,....t7'xp) | f eI}

We then ask what happens as “¢ goes to 0”. Of course, this doesn’t literally make
sense since k is not necessarily R or C, but may be a finite field or something
even more exotic. Nonetheless, if one thinks of ¢ as getting “smaller”, than
f@ 'xy, ..., t7x,) will be “dominated” by its highest-degree term f;, a homo-
geneous polynomial. So the dilation /j is defined to be the homogeneous ideal gener-
ated by the highest-degree terms of polynomials in /, and So =Spec k[x, ..., x,1/1o
is the subscheme of A" cut out by the vanishing of the polynomials of Iy. It’s clear
that |S;| = |S| for all ¢ € k*; in fact, S; is isomorphic to S. It turns out that Sy,
while not typically isomorphic to S, does satisty |So| = | S|, as a consequence of
the Hilbert polynomial being constant in flat families.

Now let E,;Z, « € Gr(k, n)(k) denote the set of directions of all k-planes that
are m-rich for S. As observed in the first paragraph of Section 3, if Sy is the
degeneration of S by the dilation action, then E,io  Will contain Zrﬁ, «- This follows
from the following standard lemma.

Lemma 4.1. Let V be a k-plane in A" such that |SNV| > m. Let Vy be the k-plane
through the origin parallel to V. Then |Sy N Vy| > m.

Geometrically, we think of the rationale for Lemma 4.1 as follows: if V is a
k-plane with |S N V| > m, then for every ¢, the dilation ¢S is contained in the
plane tV. As ¢ goes to 0, ¢tV converges to the k-plane V; parallel to V and through
the origin, and we find that |So N Vp| > m.

Proof. We consider S; N V; as a family of 0-dimensional schemes over Al =
Spec(k[t]). When t # 0, the degree of the fiber is constant and equals |S N V|. By
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semicontinuity (see [Hartshorne 1977, Theorem II1.12.8] or Proposition 4.8 below)
we have |[SoN V| = |SNV]|. [l

We henceforth focus on the case on the case where S is a nonreduced O-
dimensional scheme supported at the origin and defined by a homogeneous ideal
Is Cklxy,...,x,]. Welet N :=|S| =dimg k[xy, ..., x,]/Is.

Constructing the schemes X 51 x In this section, and henceforth, we adopt a more
geometric point of view, replacing the set Eni ¢ With a moduli scheme X 51 i of
m-rich k-plane directions, satisfying

X5 (k) =25

m,k*
The key result can be summarized as follows.

Proposition 4.2. Fix integers m and k and fix a O-dimensional scheme S supported
at the origin and defined by a homogeneous ideal 1. There exists a closed subscheme
X;fz’k C Gr(k, n) such that the set Xi,k(k) of k-rational points on X;;,k is naturally
in bijection with set 251, x of m-rich k-plane directions for S.

If we instead fix integers m, k and N, and let S vary among all such O-dimensional
schemes of degree N, then the various X 51 i can be realized as the fibers of a map
of schemes Y, . — H", where H" stands for the G,-equivariant Hilbert scheme
HilbY (A").

The proof, which is a standard construction in algebraic geometry, will use some
notions that may be unfamiliar to readers in other areas. For background, see [Bruns
and Herzog 1993, §4] about Hilbert functions and Hilbert polynomials and [Griffiths
and Harris 1978, Chapter 1.5] or [Kleiman and Laksov 1972] about Grassmannians.

Proof of Proposition 4.2. Let HV stand for the G,,-equivariant Hilbert scheme
Hilb"Y (A™). This scheme parametrizes homogeneous ideals J C k[x, ..., x,] such
that dimg k[x, ..., x,]/J = N; equivalently, it parametrizes zero-dimensional
subschemes of A" that are equivariant with respect to the G,, dilation action. (Note
that " decomposes as a union of multigraded Hilbert schemes depending on the
Hilbert function of J. See [Haiman and Sturmfels 2004, Theorem 1.1] for details.)

We want to define an incidence scheme that parametrizes pairs (V, S) where V
is an m-rich k-plane for S. We will write [S] € H" for the point corresponding
to S and we will similarly write [V] € Gr(k, n) for the class corresponding to a
k-plane V. We define our incidence scheme as follows. Let Zy C Ogn[x1, ..., X,]
be the ideal sheaf for the universal family over the Hilbert scheme. We write
Oy = Ogwlx1, ..., x,]/Z for the structure sheaf of the universal family over the
Hilbert scheme. The ideal sheaf Z defines a closed subscheme U € HY x A" whose
structure sheaf is Oy .
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Consider the following diagram of various projections from H" x A" x Gr(k, n):

HY x A" HY x Gr(k, n)
pIL \\Ull \
o) 02
HN A" Gr(k, n)

There is a tautological sequence
0—-8— O6um@®W —-9—0

of vector bundles on Gr(k, n) of rank n — k, n, and k, respectively, where the fiber
of S over the point [V] € Gr(k, n) is the (n—k)-dimensional space of linear forms
vanishing at V. (Readers unfamiliar with the Grassmannian might see [Griffiths
and Harris 1978, Chapter 1.5]. Note that this reference uses Gr(k, n) to parame-
trize subbundles of dimension k, whereas we follow the convention that Gr(k, n)
parametrizes quotient bundles of dimension k, but there is a natural way to relate
these two descriptions.)
We now seek to define a map

D 02*8 ® 0'1*/)2*OU - O'l*IOZ*OU 3)

of vector bundles of ranks (n — k)N and N, respectively. The scheme Y, x will be
defined as a particular degeneracy locus of ®. The map ® will be built from two
maps @ and v.

Write the vector space W as W = (xy, ..., x,). Identifying W with the space
of linear forms in k[xy, ..., x,], we get a multiplication map W ® Oy — Oy
such that x; ® Oy — Oy is given by multiplication by x;. This passes to a map
W ® 02:0y — 24Oy and in turn to a map

w:W Qo 2.0y — o7 p2:.Oy.

To define v we take the inclusion & — Ogi,n) ® W from the tautological
sequence and pull back by o5 to obtain v : 65'S — Ogr(k,n) @ W.
Combining x and v, we have

®id ~ H
038 ® 07 2.0y — OGriy ® W ® 07 02.0y = W @ 07 p2. Oy —> 07 p2. Oy,

and we define @ in (3) as this composition.
We then define
Yok € Gr(k,n) x HY

by the vanishing of the (N—m+1) x (N—m+1) minors of ®. We claim that
the points of Y, x in Gr(k,n) x H N are precisely those pairs ([V], [S]) such that
ISNV|>m.
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To see this, we consider a fixed 0-dimensional scheme S such that |S| = N. We
then define X ;Z ¢ as follows:

Definition 4.3. Fix m, k and S as above, with |S| = N. We define X 51 « to be the
fiber of Y, ; over [S] € HV:

N
Xm,k — Iy

|

[S] —— HV

The defining equations of X ,fl ;. are given by the (N—m+1) x (N —m+1) minors
of the map
®:S®0s — Oy ® Os, 4

which is a map of vector bundles on Gr(k, n). Ata point [V] € Gr(k, n) the cokernel
of @ defines the structure sheaf of SNV. Thus, [V] € X ;fl . if and only if the cokernel
has degree at least m, which is exactly what we wanted. In particular, as a set,

X3 (k) ={[V1| V is m-rich for S} C Gr(k, n)(k) = 3

m,k>

which is what we claimed above. O

Local structure. Fix k and S as above. We embed Gr(k, n) into P@-! via the
Pliicker embedding, so that Xf;l, € P! for all m. See [Miller and Sturmfels
2005, Chapter 14.1] or [Griffiths and Harris 1978, Chapter 1.5] for background on
the Pliicker embedding.

Definition 4.4. Throughout the remainder of this section, we will simplify notation
by assuming that we have fixed S and k. We can then let J,, be the ideal of
(N—m+1) x (N—m++1) minors of ® defining X;;,k’ and we consider this ideal as
an ideal of the homogeneous coordinate ring of Gr(k, n). We also let I, := +/J,,
denote the radical of J,,,.

Note that J,, < I,, and that both ideals define the same closed subscheme, but
they may not be equal. In particular, it is possible that there could be low-degree
polynomials vanishing on X nsl « (and hence lying in I,,,) which do not come from J,,,.

Lemma 4.5. There is a constant C depending only on n and k such that the ideal J,,
is generated in degree at most C(|S| —m+1). It follows that I, contains an element
of degree at most C(|S| —m + 1), i.e., that X,, lies on a hypersurface of degree at
most C(|S| —m +1).

Proof. Let N :=|S]|, so that we can identify Og with k", and have

T . eON ®N
oSV > OGr(k,n).
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Let Ogek,n) (1) be the Pliicker line bundle on Gr(k, n). There is a constant d, de-
pending only on k and n, such that S ® Ogy ) (d) is globally generated [Hartshorne
1977, Theorem 5.17]. If M := dim H°(Gr(k, n), S ® OGr(k,n)(d)), then we have
a surjection

O (—d) N — SN

We now take k x k minors of ®, with k = |S| —m + 1, which yields the ideal
sheaf J,, corresponding to the ideal J,, as the image of the map

/\ = /\ s @ /\ OGr(k n > OGrk,n)-

There is a natural surjection

/\ OGitny (—d) MV ® /\(OGr(k ) = /\ sV ® /\(OGr(k n)

which in turn surjects onto 7,,. This proves that J,, is generated in degree at
most d - k. Since I,,, O J,,, the second statement follows immediately. O

Lemma 4.6. Assume that the k-plane V satisfies |SN V| > m. Let my be the
maximal ideal of the point [V] € Gr(k, n). If £ € N with £ <m, then

m—L+1
Je C my .

Proof. We localize the map ® from (4) at the point [V] to get an N (n —k) x N map
of free Og;,v]-modules. After choosing bases, we can write this as a matrix, and we
denote this by ®y}. Since V intersects S in degree m, it follows that @[y has rank
N —m. We are over a local ring, so every entry of this matrix is either a unit or lies
in the maximal ideal my. The matrix thus has a minor of size (N —m) x (N —m)
that is a unit, and so after inverting this element and performing row and column

operations, we can rewrite
CT)V _ IdN—m 0 ,
0 A

where A is an (N (n—k)—(N—m)) X m matrix consisting entirely of entries lying
in the maximal ideal (otherwise @, would have rank N —m + 1).

It follows that the ideal of (N—£+1) x (N—£41)-minors of ®y is the same
as the ideal of (m—£41) x (m—£+1) minors of A, and every such minor is a
determinant of entries lying in my, and this yields the desired inclusion. (]

Corollary 4.7. Ifm > € then J; belongs to the symbolic power 13"~ V.

Proof. Since the Grassmannian is smooth, this follows from Lemma 4.6 and the
Zariski—Nagata theorem. See also the discussion in Section 2. (]
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Semicontinuity. The total parameter space Y, ; enables us to study properties
of X ;fl i as S varies in H N We can assign X 51 . @ Hilbert polynomial in Q7] via
the Pliicker embedding of the Grassmannian. We compare polynomials in (2[¢] by
saying that f(¢) > g(¢) if this is true for all sufficiently large z.

Proposition 4.8. Let Z C P x V be a closed subscheme and let w : Z — V be the
projection map. For v € V we defined Z, as the scheme-theoretic fiber of T over v.
The Hilbert polynomial of the fibers of w are upper semicontinuous in the following
sense: for any fixed f(t) € Q[t], the set

{v € V | the Hilbert polynomial of Z, is at least f(t)}

is a closed subset of V.

Proof. This is a standard fact but we include a short proof here for completeness.

Fix a Hilbert polynomial p(#) on P". The Gotzmann number provides a bound #,,
such that, for any projective subscheme Z’ C [P" with Hilbert polynomial p(t), the
Hilbert function and Hilbert polynomial of Z are equal in all degrees > 1, (see, e.g.,
[Bruns and Herzog 1993, Chapter 4.3]).

We may choose a flattening stratification for 7, i.e., we may write V as a finite
disjoint union V = |_|f: 1 Vi such that the induced maps Z xpryy V; — V; are all
flat. Since the Hilbert polynomial is constant in a flat family [Hartshorne 1977,
Theorem 111.9.9], we see that only s distinct Hilbert polynomials appear among
the fibers of 7. We set £y to be the maximum of all of the Gotzmann numbers of
these Hilbert polynomials. Then for all ¢ > ¢y and for all [S] € H", the Hilbert
polynomial of X 51 « €quals the Hilbert function in degrees t > .

We next observe that insisting that the Hilbert function be at least a certain
value is a closed condition by [Hartshorne 1977, Theorem III.12.8]. Hence, for
any f(t) € Q[t], the set of fibers whose Hilbert polynomial is at least f(¢) is an
intersection of closed subschemes, and is thus a closed subscheme. |

In the present paper, we use Proposition 4.8 only through its easy corollary below.
We include Proposition 4.8 because we believe the more general formulation may
be useful in later applications of the techniques introduced in this paper.

Corollary 4.9. Let S € A" x Al be a flat family of 0-dimensional schemes over A,
Write S, for the fiber of S overt € Al. I]‘X,i”k = Gr(k,n) for all t # 0, then
X2, = Gr(k, n).

Proof. This amounts to the fact that Gr(k, n) has maximal Hilbert polynomial among
all closed subschemes of Gr(k, n). If R is the homogeneous coordinate ring of
Gr(k, n), then any closed subscheme of Gr(k, n) will be defined by a homogeneous
ideal J € R. For every degree d, the Hilbert function of R is an upper bound
for the Hilbert function of R/J, and it follows that the Hilbert polynomial of R —
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or equivalently the Hilbert polynomial of Gr(k, n) —is maximal as well. By
Proposition 4.8, it then follows that the subscheme W of A! parametrizing those ¢
such that er{,k = Gr(k, n) is closed. But W is dense by hypothesis, so W is all
of Al O

5. Criteria for X, , = Gr(k, n)

One boundary case that will feature prominently in the proofs of both Theorem 1.5
and Theorem 1.7 is the case where X,}i, « = Gr(k, n) as schemes, or equivalently
when all k-planes (even those defined over field extensions of k) are m-rich for S.
This is impossible for a reduced O-dimensional scheme, but it can happen when §
is nonreduced.

For instance, if S is the fat point defined by (x1, ..., x,)**! then every k-plane
will be m = (d;gk)—rich. Observe that, in this case, |S| = (d:") ~ m"/*. This

suggests the following result, which gives a similar lower bound on |S| whenever
X5 = Gr(k,n).
Proposition 5.1. Suppose that X i « = Gr(k,n). Then there is a constant C de-
' n/k b

k

pending only on n and k such that |S| = Cm"'*. More precisely, if m > ( ) then

1S| > (b—i—(z—k))‘

Our proof of Proposition 5.1 relies on a further degeneration to a Borel-fixed
scheme, which we recall in Lemma 5.2 below. This degeneration is most easily
defined over an infinite field. Since the hypotheses and conclusions of the above
proposition are unchanged under field extension, we may prove this proposition
after extending the field k. Over a field k, we let B C GL, (k) be the Borel subgroup
consisting of invertible upper triangular matrices, and we let B act on k[x1, ..., x,]
in the natural way. When £ is infinite, then we say that a subscheme Z C A" is Borel-
fixed if Z is invariant under the action of B. We refer the reader to Sections 15
and 15.9 of [Eisenbud 1995], respectively, for an overview of term orders and
Grobner basis techniques and for an introduction to Borel-fixed ideals.

Lemma 5.2. Let k be an infinite field and fix any 0-dimensional S supported at
the origin in A} and defined by a homogeneous ideal 1. Then there is a flat family
over Al where the fiber over 0 € A}‘ is a Borel-fixed Si, and where every other fiber
is isomorphic to S via an isomorphism that extends to a linear automorphism of Aj.
Moreover, |Sin| = |S].

Proof. Under the assumption that k is infinite, we can degenerate S to a Borel-fixed
subscheme via the following recipe. Fix a term order < satisfying x| <xp <--- <x,.
Choose a general element of B (this is where we use the assumption that k is infinite),
apply that element to /, and then take the initial ideal with respect to < to obtain a
new ideal [j,. The subscheme S;;, € A" defined by /i, will be Borel-fixed [Eisenbud
1995, Theorem 15.20].
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The existence of the flat family is [Eisenbud 1995, Theorem 15.17]. The fact that
|Sin| = | S| is a consequence of flatness or of [Eisenbud 1995, Theorem 15.26]. [J

Any Borel-fixed scheme Z C A} will be fixed under the action of the diagonal
matrices, and hence it will be defined by some monomial ideal J. Moreover, the
monomials not in J’ will be closed under the operation (called a Borel move) of
replacing x; with x; for i < j. We thus define a Borel-fixed set of monomials as a
collection of monomials satisfying this property, and where the complementary set
of monomials is closed under multiplication by each x;.

Lemma 5.3. (1) Let a,n € N and let A be a Borel-fixed set of monomials in

X1, ..., Xy sSuch that |A| > (Z) Let Ao be the subset of A in which the power
of x1 is 0. Then
a—1
Al= 180z ()
(2) Let A be a Borel-fixed set of monomials in x1, ..., x,, and let Ao be the subset

of A in which the power of x1 is 0, and suppose | Ag| > (nfl) Then

b
Al=180l= () )-

Proof. For part (1) of the lemma, we argue by induction on n. For n = 1 the
assertion is clear: |A|— |Ag| =|A|—1>a—1.

Now we suppose the lemma holds in n — 1 variables. We denote by Ay the set
of monomials m in x», ..., x, such that x{‘m lies in A. (In particular, the definition
of Ag conforms with our existing notation.) We note that Ay is a Borel-fixed set of
monomials, so we can apply our inductive hypothesis. Plainly, Ay C Ag.

Let m be a monomial in Ay and suppose mux; lies in Ay for some i € {2, ..., n}.
Then x’f“m must also lie in A, since it differs from xlfmx,- € A by a Borel move. In
particular, m lies in Ag4;. Thus, any element in A\ Ag4+; must lie on the frontier
of Ag; that is, mx; is not in Ay forany i € {2, ..., n}.

Suppose |Ag| > (nfl) Let Ay be the set of monomials in A in which the
power of x, is 0. No two elements on the frontier of A can differ by a power of x;
it follows that the cardinality of the frontier is at most |Agg|. Combining this with
the argument in the previous paragraph, we have

b—1
A1 = Aol = 1A0\A1| = 180l = Aol = (,,_; )-

where the latter inequality follows by applying the inductive hypothesis to Ag.
Proceeding by induction, we have that |Ag| > (b_k). Finally,

n—1

o0

NIV SUVES 3 (e I (9] )
k=1
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We can now prove part (1) of the lemma. We have that |A| > (Z) If |[Ag] < (Z:}),

then
a a—1 a—1
al=1a0z (5) - (52 =(“,)
and we are done. On the other hand, if |Ag| > (Zj), then (5) yields

a—1
Al= 180l (“),):

So the desired conclusion holds in either case.
Part (2) of the lemma is immediate from (5) and the paragraph preceding it. [J

Proof of Proposition 5.1. Without loss of generality, we may assume that k is an
algebraically closed field.

We first prove the statement in the special case when k = n — 1. Suppose that
X ,fm_l = Gr(n — 1, n). Let Sj, be the O-dimensional subscheme defined by a
Borel-fixed degeneration of the defining ideal of §, as in Lemma 5.2. Also by
Lemma 5.2, there is a flat family over A! where the fiber over 0 € A! is Sj, and
every other fiber is isomorphic to S via an isomorphism that extends to a linear
automorphism of A”. Writing S, for the fiber over a point z € A!, the locus of z
such that X 51 21 = Gr(n —1, n) contains all 7 # 0, by the isomorphism between
S, and S. B)’/ Corollary 4.9, that locus must contain 0 as well. In other words,
Xrii?n_l = Gr(n — 1, n). Since |Sip| = | S|, it suffices to prove Proposition 5.1 in the
case of a Borel-fixed subscheme.

Let S, be defined by the Borel-fixed monomial ideal J and let A be the set of
standard monomials for J, i.e., the monomials that do not lie in J. Let Ag C A
be the set of standard monomials in the variables x», ..., x,. Since A is a basis
for k'[x1, ..., x,]/(J, x1), we have that | Ag| is the degree of the intersection of Si,
with the hyperplane x; = 0, whence |Ag| > m by hypothesis. In fact, though we
won’t need this, it is not hard to see that for a Borel-fixed Sj,, the hyperplane x;
has the minimal intersection with Sj, among all hyperplanes, so that the equality
X,fw_l = Gr(n — 1, n) is equivalent to the inequality |Ag| > m.

Now suppose |Ao| > (,”,). Then

al=180l+aal= 18 = (7)) + (D) = (7).

n—1 n n

where the inequality is Lemma 5.3(2). This proves Proposition 5.1 in the case
k=n-—1.

We now consider the general case. Assume that X 51 ¢ = Gr(k, n). We fix some
(k+1)-plane V through the origin. By hypothesis, |SNV’| > m for every k-plane V'
through the origin; in particular, |S N V’| > m for all V’ contained in V. It follows
that X if‘kv is the full Grassmannian Gr(k, V). It follows from the k =n — 1 case of
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Proposition 5.1 that [SN V| > (zﬁ) This holds for every (k + 1)-plane V through
the origin. In particular, taking m’ = (Zii), we have that X;fl,,kJrl =Gr(k+ 1, n).

Iterating this argument yields the desired result. (|

6. Proof of Theorem 1.7

Proof of Theorem 1.7. For part (1) of the theorem, we assume that X Ii = Gr(k, n).
We then apply Proposition 5.1 to obtain the theorem.

We now assume that Xi,k # Gr(k, n). Then one of the (|S|—m+1) x (|S|—m+1)-
minors defining J,, is nonzero, and Corollary 4.7 implies that

J, C 12(,111;4-1)‘

We next use a result of Hochster and Huneke, which generalizes a result of Ein,
Lazarsfeld, and Smith [Ein et al. 2001], to compare symbolic powers and ordinary
powers of the ideal /. If m is the irrelevant ideal for the homogeneous coordinate
ring R of the Grassmannian (i.e., the unique homogeneous maximal ideal in R,
which is generated by all of the linear forms in R), then [Hochster and Huneke
2002, Theorem 1.1(c)] implies that

mn+112(:’n’l+1) g 12m L(m‘f‘l)/nj'

Since J,, is generated in degree C(|S| — m + 1) by Lemma 4.5, it follows that
m"+1J, is generated in degree C(|S| —m + 1) +n + 1. Thus I»,, must have some
generators of degree at most (C(|S|—m+1)+n+1)/[(m+1)/n].

Now, if m + 1 < n then we can simply choose C» = n and part (2) is trivial.
Otherwise, we can complete the proof of part (2) of the theorem by providing a
constant C; depending only on n and k such that

C(S|-m+D+n+1 S|

S C2_5
Lm+1)/n] m
noting that the expression on the left is well defined because the denominator is > 0.
This yields part (2) of the theorem. U

7. Proof of k-plane Furstenberg bound

Proof of Theorem 1.5. We first prove the theorem in the case k = n — 1. We
apply Theorem 1.7, setting m := %qc. If X,fw_l = Gr(n — 1, n) then we are done
by Theorem 1.7(1). Otherwise, Theorem 1.7(2) implies that Xgm’n_l lies in a
hypersurface of degree at most C|S|/m. However, since XZSmJl_1 contains all
[F,-rational points of Gr(n — 1, n), any such hypersurface must have degree at least

q + 1. It follows that S
g+1< Czu-
m
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Since m = %q" we obtain
ISI= Ca(q +1)(3¢°) = Cag'**.

Since ¢ € [0,n — 1], we have 1 +¢ > cn/(n — 1) and hence |S| > C3q”’/(”_1) for
all sufficiently large g.

We can obtain the case of general k by an iterative argument exactly parallel
to the one in the proof of Proposition 5.1. Suppose that S is a O-dimensional
subscheme of A" /[F,. Without loss of generality we replace S by its dilation, so we
may suppose it is supported at 0 and invariant under G,,.

Assume that S has an m-rich k-plane in every direction. Since S is supported at
the origin, this is to say that |S N V| > m for every [,-rational k-plane through the
origin. Fix some (k + 1)-plane V through the origin. Then |SNV’| > m for all V'
contained in V. Now the proof given above of Theorem 1.5 in the case k =n — 1
implies that | SN V| > m®*+D/k "and this holds for every (k + 1)-plane V. Iterating
the argument for k +2,k+3,...,n— 1, we get Theorem 1.5. ([

Remark 7.1. Tracing the constants with a bit more care, one obtains the following
more precise lower bound, at least asymptotically in g. Fix any € > 0. Assume that
|SN V| > g°/k! for every k-plane V € Gr(k, n)(F,). Then |S| > (1 —€)g“"/*/n!
for g sufficiently large relative to €.
The key point is that
c /k

q < Lg**] )

Kkt =\ k)
and hence by iteratively applying Proposition 5.1, we get that the intersection of S
with every hyperplane is at least

mim (197,

n—1

IftXx i,n—l = Gr(n — 1, n) then we apply Proposition 5.1 again to obtain
c/k
s1= (1),
n

which grows like ¢/ /n! as ¢ — oo, and hence is greater than (1 — €)g<"/* /n!
for g sufficiently large relative to €. On the other hand, for X HSM_I # Gr(n —1,n),
since X ;fm_l contains all of the [,-points, the minimal degree of a hypersurface

containing X i,nf | is at least g, and part (2) of Theorem 1.7 yields

|S|—m+n+2
q—/—"7"
L(m+1)/n]
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Using the fact that

-k
o (Lgiﬂ) and g'tee=D/k 5 gen/k

we get the desired bound in this case as well.

8. Relation with the k-plane restriction conjecture

One may ask how far the methods of the present paper go towards proving the
k-plane restriction conjecture formulated in [Ellenberg et al. 2010], or even an
extension of that conjecture to a possibly nonreduced setting as in Theorem 1.5. One
immediate obstacle is that the most natural extension of the restriction conjecture is
false, even when k = 1, as we explain below.

The restriction conjecture concerns a certain maximal operator on real-valued
functions f on [j. Namely: we define a function 7, x on Gr(k, n) by assigning to a
k-plane direction e the supremum, over all k-planes V parallel to w, of ) _,, | f(v)].
Then the restriction conjecture proposes a bound for this operator:

1Tk f Nl S 1GrCe, ) ED™ 1 f k- (6)

One way to express this conjecture more geometrically is as follows. The bound
is invariant under scaling f, so we can scale f up until replacing f with a nearby
integer-valued function modifies the norm negligibly. Then we define the scheme S ¢
to be the union, over all x € [}, of a fat point of degree | f (x)V/k | supported at x.

Thus,

IS~ > @ = fI; and [SpNVI=)" f(),
X veV
so we can express T, x f (w) as the supremum of |S N V| over all planes V parallel
to w. In other words, both sides of the conjectural inequality (6) are naturally
expressed in terms of the geometry of the scheme S and its restriction to k-planes.
For a general 0-dimensional subscheme S C A", we write 7}, 1 (S) for the function
on Gr(k, n)(k) defined by

Ty 1 (S)(@) =sup [SNV].
Vo

Then we can ask whether we have an inequality
1Tk ()l S |Gr(k, n)(F)| " S[F/™ o

for all 0-dimensional S; the case S = S is more or less equivalent to the k-plane
restriction conjecture in [Ellenberg et al. 2010].

However, (7) does not hold for all S. For example, take k = 1, n = 2, and
let S be the scheme Spec Iy [x, y]/(x, yN). That is, S is a scheme of degree N,
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supported at the origin, which is contained in the line x = 0. Then 75 ;(S) is N
in the vertical direction and 1 in all other directions; so ||7;, x(S)|2 = (N> +¢q)'/?,
while |S|¥/* = N'/2. Then the desired inequality (7) becomes

(N> +)'"? S (g+DVAN'2,

which holds only when N is small relative to g.

This is in some sense the same issue that arises in Remark 1.6, where our theorem
on Furstenberg schemes requires a condition ¢ € [0, k] which is automatically satis-
fied for Furstenberg sets. Something similar appears to be necessary to formulate
the correct restriction conjecture for schemes. For example: if S is actually of the
form S and is contained in the line x = 0, it must be reduced, from which it follows
that | S| < ¢. It is an interesting question whether one can prove (7) under some
geometric conditions on S. Ideally, these conditions would be lenient enough to
include the schemes S for all real-valued functions f. One natural such question
is as follows.

Question 8.1. Suppose S is a 0-dimensional subscheme of A" /[, which is con-
tained in a complete intersection of n hypersurfaces of degree Q. What upper
bounds on the schemes X ;fl « — say, on their Hilbert functions — can we obtain in
terms of |S| and Q?

Information about Question 8.1 would give insight into the case where f was an
indicator function of a set S, since in that case § is contained in A" (F,), which is a

complete intersection of the hypersurfaces xl.q — x; as i ranges from 1 to n.

9. Examples

Example 9.1. If |S| < ¢°™® and ¢ + « < cn/k, then Theorem 1.7 implies that
all of the g“-rich k-planes of S must lie on a hypersurface of degree < ¢“. For
instance, if |S| =~ g€ then all of the g°-rich k-planes of S must lie on a hypersurface
of bounded degree.

Example 9.2. Let k =2 and n =4, and let / be the monomial ideal whose quotient
ring has basis {1, x1, x2, x3, x4, xf}. Note that | S| = 6.

The source of ® is a nontrivial vector bundle, and hence we cannot simply write
the map as a simple matrix. We thus consider the open subset of Gr(2, 4) where
the Pliicker coordinate pp, is nonzero, and here we can write any 2-plane uniquely
as the vanishing set

X1+ @)Q + &)M =0,
P12 P12

X2 + &)Q + ﬂ)m =0.
P12 P12
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Over this open subset, the map ® can be written as a matrix

1 x1 xp x3 x4 xZ 1 x1 xp x3 X4 xf

1 0O 0 0 0O 0 0 0O 00 0 0 O

x| 1 o0 0o 0o O O O O O O 0 O

o »| 0O 0 0 0O O O I O 0 0 0 O

x|l 0 0 0 0 0 &2 0 0 0 0 0
P12 P12

|2 0 0 0 0 0 &2 0 0 0 0 O
P12 P12

x3\0 0 0 0O 2 0 0 0 0 0 ¢ 9

P12 P12

Recall that we compute X;i,z by the (|S| —m + 1)-minors of ®. If m = 3 then we
get 4 x 4-minors of ® which are all 0, and hence X 35 , contains every point in the open
subset py 7 0 and thus X5, =Gr(2,4). If m > 5, then X} ,N{p12 # 0} = & since
the rank of ® is 2. The case m =4 is the most interesting, as then Xiz N{p2 # 0}
is defined by the ideal of 3 x 3 minors of ®. This yields the ideal

J= <& &>
P12’ P12

Thus, E;ﬁ » N {p12 # 0} is the set of all 2-planes of the form

x] + ~=x3 =0,
P12
o4+ LBy =0
P12
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Local deformation rings for GL, and a
Breuil-Mézard conjecture when ¢ # p

Jack Shotton

We compute the deformation rings of two dimensional mod / representations of
Gal(F /F) with fixed inertial type for [ an odd prime, p a prime distinct from /,
and F/Q, a finite extension. We show that in this setting an analogue of the
Breuil-Mézard conjecture holds, relating the special fibres of these deformation
rings to the mod / reduction of certain irreducible representations of GL,(Op).

1. Introduction

Let p be a prime and let F' be a finite extension of Q,, with absolute Galois group Gr.
We study the (framed) deformation rings for two-dimensional mod / representations
of G, where [ is an odd prime distinct from p. More specifically, let E be a finite
extension of Q; with ring of integers O, uniformiser A, and residue field F. Let

,5 . GF —> GLz([F)

be a continuous representation. Then there is a universal lifting (or framed defor-
mation) ring R"(p) parametrising lifts of p. Our main result relates congruences
between irreducible components of Spec R"(5) to congruences between certain
representations of GL,(OF), where Op is the ring of integers of F. Our method
is to give explicit equations for the components of Spec R"(p), which may be of
independent use.

If r: Ir — GL,(FE) is a continuous representation that extends to a representation
of G (an inertial type), then we say that a representation p : G — GL,(E) has
type 7 if its restriction to I is isomorphic to t. Say that an irreducible component
of Spec R™(5) has type 7 if a Zariski dense subset of its E-points correspond
to representations of type t. We define (Definition 4.1) a formal sum C(p, t) of
irreducible components of the special fibre Spec R"(5) ®o F. For semisimple T,
this is obtained as the intersection with the special fibre of those components of
Spec R"(p) having type t; for nonsemisimple 7 this must be slightly modified.

MSC2010: 11S37.
Keywords: Galois representations, deformation rings, local Langlands, Breuil-Mézard.
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To an inertial type T we also associate an irreducible E-representation o (t) of
GL,(OF), by a slight variant on the definition of [Henniart 2002] (see Section 3C).
For an irreducible F-representation 6 of GL,(OF), define m(6, o (1)) to be the
multiplicity of 6 as a Jordan—Holder factor of the mod A reduction of o (7). Then
we can state our main theorem:

Theorem 4.2. Let p : G — GL,(F) be a continuous representation. For each
irreducible F-representation 0 of GL,(OF), there is a formal sum C(p, 0) of irre-
ducible components of Spec R (p) ® F such that, for each inertial type T, we have
the equality

C(p, 1) =) m(.0()C(p,0).
0

In fact the C(p, 0) are uniquely determined (at least for those 6 which actually
occur in some (T‘L’)).

This theorem is an analogue for mod / representations of Gg of the Breuil—
Meézard conjecture [2002], which pertains to mod p representations of Gg,. Our
statement is not in the language of Hilbert—Samuel multiplicities used in [Breuil
and Mézard 2002], but rather in the geometric language of [Emerton and Gee 2014].
The original conjecture of Breuil and Mézard was proved in most cases by Kisin
[2009a]; further cases were proved by PaSkiinas [2015] by local methods, and the
full conjecture was proved when p > 3 in [Hu and Tan 2013]. The conjecture was
generalised to n-dimensional representations of Gy in [Emerton and Gee 2014];
the only case known, outside of those just mentioned, is that of two-dimensional
potentially Barsotti—Tate representations (see [Gee and Kisin 2014]).

In the [ # p setting, a comparison of special fibres of (very particular) local defor-
mation rings was used by Taylor [2008] to prove the change of level results needed
to obtain nonminimal automorphy lifting theorems. This is another motivation for
our result.

Our method of proof is to explicitly determine equations for deformation rings
of fixed type and, indeed, obtaining these explicit descriptions is another goal of
this paper. We reduce to the tamely ramified case, in which we use the relation

pogp ' =01,

for ¢ € G a lift of Frobenius and o € Ir a generator of tame inertia. Since we
are considering lifts p of fixed type, and so with fixed characteristic polynomial
of p(0), we may use the Cayley—Hamilton theorem to reduce this equation to one
of degree at most two in the entries of p(¢) and p (o). These explicit descriptions
show that the irreducible components of Spec R™(p) ® E are always smooth (which
is also proved in [Pilloni 2008]) and that the reduced deformation rings in which the
semisimplification of the restriction to inertia is fixed are always Cohen—Macaulay
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(see Section SE). It is natural to ask whether these properties persist beyond the
case of two-dimensional representations. We note that the generic fibres of our
local deformation rings have been studied in [Pilloni 2008; Reduzzi 2013], but their
methods say little about the integral structure.

In a forthcoming paper, we will extend Theorem 4.2 to the case of n-dimensional
representations using global methods.

The structure of this paper is as follows. In Section 2 we define the universal
deformation rings and show how to reduce their study to the case when p is tamely
ramified. We also prove some lemmas that will be useful in the calculations that
follow. In Section 3 we define the deformation rings with fixed inertial type that we
will need and discuss the construction of the representations o (7). In Section 4 we
state and prove the main theorem, modulo the calculations of Section 5 and results
of Section 6. Section 5 contains the calculations of explicit equations for local
deformation rings, divided into cases according to the value of ¢ mod /. Finally, in
Section 6 we prove the results on the mod [ reduction of the o () that are stated in
Section 3D (and used in the proof of Theorem 4.2).

2. Preliminaries

2A. Fields and Galois groups. Suppose that [ #~ p are primes with [ > 2.

Let F/Q, be a finite extension with ring of integers O, maximal ideal pr,
uniformiser @wp, and residue field kr of order g. Let F have absolute Galois
group Gp, inertia group Ir, and wild inertia group Pr. Let Ip — Ip/ Pr = Zl be
the maximal pro-/ quotient of I, so that PF /Pp = Hz’ Lp Zy. Note that PF is
normal in Gg and write Tr = G/ PF. The short exact sequence 1 — Ir/ PF —
Tr — Gg/Ir — 1 splits, so that Tp = 7; x 7. We fix topological generators o of
this Z; and ¢ of this Z such that ¢ is a lift of arithmetic Frobenius. Then the action
of Z on Z; is given by

pop~ =01, (1)

Let L/F be an unramified quadratic extension, with residue field k..

Now let E/Q; be a finite extension with ring of integers O, residue field F
and uniformiser A. Let € : G — ZZX be the [-adic cyclotomic character, and let
1: Gr — Z] be the trivial character. If A is any O-algebra then we will regard
these as maps to A™ via the structure maps Z; — O — A.

Define two integers a and b by a = v;(¢ — 1) and b = v;(g + 1), where v; is the
[-adic valuation; at most one of a and b is nonzero since [ is odd.

2B. Deformation rings. Suppose that M is an n-dimensional F-vector space and
that p : Gr — GL(M) is a continuous representation. Let (¢;);_, be a basis for M,
so that p gives amap p : G — GL, (F).
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Let Co denote the category of artinian local O-algebras with residue field F,
and C(; the category of complete noetherian local O-algebras with residue field .
If A is an object of C» or C@, let m4 be its maximal ideal. Define two functors

D(p), D" (p) : Co — Set
as follows:

» D(p)(A) is the set of equivalence classes of (M, 1) where M is a free rank-n
A-module, p : G — Aut4 (M) a continuous homomorphism, and ¢t: M ® 4F ~> M
an isomorphism commuting with the actions of Gr.

o DU(p)(A) is the set of equivalence classes of (M, p, (e;)!_,) where M is a free A-
module of rank 7, p : G — Auta (M) is a continuous homomorphism, and (e;)7_,
is a basis of M as an A-module, such that the isomorphism (: M ® 4 F => M

defined by ¢ : ¢; ® 1 — e; commutes with the actions of Gp.

In the first case, (M, p, t) and (M’, p’, ') are equivalent if there is an isomorphism
a: M — M’', commuting with the actions of G, such that t = (' o &; in the second
case, (M, p, (¢;);) and (M’, p’, (e});) are isomorphic if the map M — M’ defined
by e; el/. commutes with the actions of Gr. There is a natural transformation of
functors D"(p) — D(p) given by forgetting the basis.

Alternatively, when p is regarded as a homomorphism to GL,, (F), we have the
equivalent definitions

DY(p)(A) ={p : GF — GL,(A) | p is continuous and lifts p}

and
D(p)(A) = D°(5)(A)/conjugacy by 1+ M, (m).

The functor D(p) is not usually prorepresentable, but the functor D”(p) always
is (see, for example, [Kisin 2009b, 2.3.4]).

Definition 2.1. The universal lifting ring (or universal framed deformation ring)
of p is the object RZ(p) of C/5 that prorepresents the functor DP(p). The universal
lift is denoted p" : Gr — GL,(R"(p)).

We recall a useful calculation (see, e.g., [Barnet-Lamb et al. 2014, Section 1.2]):

Lemma 2.2. The ring R%(p)[1/1] is generically formally smooth of dimension n>.

The next lemma enables us to reduce to the case where the residual representation
is trivial on Pp. Suppose that @ is an irreducible F-representation of Pr. Then by
[Clozel et al. 2008, Lemma 2.4.11] there is a lift of 6 to an O-representation of Pr,
which may be extended to an O-representation 6 of Gy, where Gy is the group

—1 ~

{g € Gr | gfg— = 0}. For each irreducible representation 6 of Pr we pick such
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a 6 and a finite free O-module N (6) on which ﬁp acts as 6. If M is a set-finite
O-module with a continuous action p of G, then define

My =Homj (6, M).

The module My has a natural continuous action py of Gy given by (gf)(v) =
gf (g_1 v); the subgroup Pr of Gy acts trivially.

Lemma 2.3 (tame reduction). (1) Let M be a set-finite O-module with a continu-
ous action of Gg. Then there is a natural isomorphism

— Gr
M = (D Indg (N(©) ®0 Mp),
[0]
where 6 runs through a set of representatives for the Gg-conjugacy classes of
irreducible representations of Pr.

(2) The isomorphism of part (1) induces a natural isomorphism of functors:
D(p) = [ | D(Bo),
(0]
where 6 runs through a set of representatives for the Gp-conjugacy classes of
irreducible representations of Pr.

(3) If R®(py) is the universal framed deformation ring for the representation py
of Gg/ PF, then

RO = (@), R0 IX, - Xyl

where ng = dim py. This isomorphism lies above D(p) => ]_[[9] D(pg), the
isomorphism of part (2).

Proof. The first two parts are in [Clozel et al. 2008]: part (1) is Lemma 2.4.12
and part (2) is Corollary 2.4.13. Part (3) is the refinement to framed deformations
obtained by keeping track of a basis in the construction of part (1) of the proposition,
as in [Choi 2009, Proposition 2.0.5].

As [Choi 2009] is not easily available, we sketch the argument for part (3). Let
[61], [62], . .. be the GF-conjugacy classes of irreducible f’p—representations. Pick
left coset representatives (g;;); for Gy, in Gr. Write N; for N (6;), and choose an
O-basis (fir)r of N;.

Let A be an object of Co, M be a free rank n A-module with a continuous action
of Gr, and My, be as above. Given (for each i) a basis (eil);z’l of Mg,, we can
produce a basis (e;jk) j.x,; of

My, = AIGF] @i, (Ni ®o My,)

defined by
eijk = &ij ® fik ® ey
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Then (e;jx1)i,jk,1 1s a basis of M.
Let 7(A) be the set of ¥ = (Y;jxs,i7joxr) which are n x n matrices of elements
of my4 such that

Yijkl,i’j’k’l’:() if i :i/andjzj/:kzk/:l

(so that n? — > né_ “free” entries of Y remain). Then F defines a functor on Cp
prorepresented by O[[ X, ..., X nZ—anll (the variables X being simply an enumer-
ation of those Yk i jx/7 which can be nonzero).

We then have a natural transformation of functors

Fx[[D%pe) — D°(5)
[0]
taking the tuple (Y, (My,, pg,, €i1);) to the tuple

(EB Indg" (N; ®0 My), D 1dE: @ ®0 py). Uy + ¥ (e j,k,l).
i i

Then one can check (and this is what is done in [Choi 2009, Proposition 2.0.5])
that this is in fact an isomorphism, and so we get the claimed isomorphism of
prorepresenting objects. O

2C. Twisting.

Lemma 2.4. Suppose that x : Gp — O™ is any character. Then there is a natural
isomorphism

R%(p) = R™(p® ).
Moreover, if x1 and o satisfy X1 = X2 then they induce the same maps
RY(p)®F = R™(p® %) ®F.
Proof. This follows easily from the isomorphism of functors
D%(p) — D (6 ®X)

given by tensoring with x (remembering that we are considering O-algebras). For
the last statement, observe that if the functors are restricted to F-algebras then the
isomorphism only depends on ¥. ([

Since every [F-valued character lifts to O (using the Teichmiiller lift) this shows
that R"(p) = R (p ® ) for every ¥ : Gp — F*.

We also need the calculation of the universal deformation ring of a character, to
which some of our calculations reduce. This is completely standard, but we include
it as a simple illustration of the method.
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Lemma 2.5. Let ¥ : Gg — F* be a continuous character. Then

olx,r]

RO = ———m
0= 0 =1

has 1 irreducible components, indexed by the 1%-th roots of unity. They are formally
smooth of relative dimension one over O.

Proof. By Lemma 2.4, we may take x to be trivial. If x is any lift of ¥ to an object
A of Cp, then for g € Pr we must have x(g)" =1 for some n coprime to /, and
therefore x (g) = 1, so that we are reduced to considering characters of Tr. We
must have that x (6)? = x (o) and x (6) =1 mod my,, and therefore that x (@) =1.
We are then free to choose x (¢). Writing x(0) =1+ X and x(¢) =147, we
have shown that

((A+X)" =1

functorially, and so the universal framed deformation ring is as claimed. ([

2D. Multiplicities and cycles. Suppose that X is a noetherian scheme and that
F is a coherent sheaf on X. Let Y be the scheme-theoretic support of F, and
let d > dimY. Let 2¢(X) be the free abelian group on the d-dimensional points
of X; elements of Z¢(X) are called d-dimensional cycles. If a € X is a point
of dimension d write [a] for the corresponding element of Z¢(X) and define the
multiplicity e(F, a) to be the length of F; as an Oy ,-module (this is zero if a € Y).

Definition 2.6. The cycle Z4(F) associated to F is the element

Ze(}', a)[a] € Z"(X).

a

If X = Spec A is affine and F = M for a finitely generated A-module M, then
we will write Z¢ (M) for Z¢(F).

Ifi : X — X' is aclosed immersion of X in a noetherian scheme X', then there is
a natural inclusion i, : Z4(X) — Z4(X’) for each d. For a coherent sheaf F on X
whose support has dimension at most d, we then have

i.(ZU(F)) = Z (i (F)).

We will often use this compatibility without comment.
A cycle is effective if it is of the form Y n4[a] for nq > 0. We say that an effective
cycle Cy is a subcycle of an effective cycle C; if C; — C| is also effective.
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2E. A determinantal ring. For a, b, and ¢ natural numbers, if / is the ideal gen-
erated by the a x a minors of a b x ¢ matrix with independent indeterminate
entries over a Cohen—Macaulay ring A, then A/I is always Cohen—Macaulay (see
[Eisenbud 1995, Theorem 18.18]). We include a simple proof in the very special
case that we need below.

Proposition 2.7. Let k > 2 be an integer and let A be either a field or a discrete
valuation ring. Let R = A[Xy, ..., Xy, Y1,..., Y] and let I << R be the ideal
generated by the 2 x 2 minors of

X, X2 -+ Xy

Y. Yo ... Vi)’
Let S = R/I1. Then S is a Cohen—Macaulay domain and is flat over A. It is
Gorenstein if and only if k = 2.

The same is true if we replace S by its completion S™ at the “irrelevant” ideal
(X15~~-,Xk’Y19"'?Yk)'

Proof. Note that R and § are naturally graded A-algebras.

Suppose that A is a field. It is easy to see that Proj(§) is a smooth irreducible
projective variety over A of dimension k£ + 1—it is covered by the open sets
{X; # 0} and {Y; # 0}, each of which is isomorphic to (A}4 \ {0} x Nj\. Thus S
is a domain. We may extend A so that its cardinality is at least k + 1, and choose
pairwise distinct oq, ..., 0 € A*.

I claim that (X| — oYy, ..., Xx — oYy, Y1 + - - - + Yi) is a regular sequence
in S. To see this, observe that Proj(S/(X| — 1Yy, ..., X; —;Y;)) is reduced (we
may check this on the affine pieces) and that its irreducible components are all of
the form

R
Proj< )
(Xj —aig¥Yi<jzk +(Xj, Yi)i<j=i,j#io
for 1 <ip <i or of the form
PI‘Oj(S/(Xl, ey X,‘, Y], ey Y,’)).

Now it is easy to check that X; | — ;1 Y41 (ifi <k)or Y| +---4+ Y, (ifi =k)
is a nonzerodivisor on each of these components, and so is a nonzerodivisor on
S/(X1—a1Yy, ..., Xi —«;Y;) as required.

Now

S/(Xi —aiY)i, Yi+- -+ V) ZA[Ya, ..., Y]/ (Ya, ..., Vi)?

is Gorenstein if and only if k = 2, as required.
If A is a DVR then the following easy lemma (a specialisation of [Snowden
2011, Proposition 2.2.1]) gives the result.
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Lemma 2.8. If A is a DVR and S is a finitely generated A-algebra such that
S® A/my and S ® Frac A are domains of the same dimension, then S is flat over
A (that is, a uniformiser of A is a regular parameter in S).

The final statement of the proposition follows from the facts that both localisation
and completion preserve the properties of being Gorenstein, Cohen—Macaulay, or
A-flat; " is a domain because its associated graded ring is S, which is a domain. [J

3. Types
3A. Inertial types.

Definition 3.1. An inertial type T (of dimension n) is an equivalence class of pairs
(r¢, N;) such that:

e r;:Ip— GL,(E)isa representation with open kernel.
e N, is a nilpotent n x n matrix over E.
e (r;, N;) extends to a Weil-Deligne representation of Gp.

In particular, N; commutes with the image of r;. Two such pairs are equivalent if
they are conjugate by an element of GL,,(E).

We say that a continuous representation p : Gy — GL,(E) has inertial type T if
the restriction to inertia of the associated Weil-Deligne representation is equivalent
tor.

We define some particular two-dimensional types which will often arise. They
will all be of the form (r, N) with r| P trivial, and are therefore determined by r (o)
and N. Define:

e Trsbyr(o)= (6 ?) and N =0, where ¢ is an [“-th root of unity (s is for “split”).

* Ty byr(o) = (6 ?) and N = (8(1)) where ¢ is an [%th root of unity (ns is for

“nonsplit”).
* 75 by r(o) = (% {02 ) and N = 0 where, ¢; and ¢ are distinct [“-th roots
of unity.

e Tz byr(o) = (% 591) and N = 0 where, £ is a nontrivial I-th root of unity.
To see that 1¢ is a type, note that if L/ F is the unramified quadratic extension, then
there is a character of G /Pr mapping o to &, which when induced to G gives a
representation of type t:.

3B. Deformation rings with fixed type.

Definition 3.2. Let 7 be an inertial type. Then RY(p, ) is the maximal reduced,
[-torsion free quotient of RY(p) with the following property: if x : RP(p) —
GL,(E) is a continuous homomorphism such that the associated representation
ox : G —> GL,,(E) has type 1, then x factors through R"(p, 7).
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The rings RY(p) ® F and R"(p, t) ® F will occur very often, and so we denote
them respectively by RP(p) and R™(p, 7).

From now on suppose that n = 2. Write t = (r;, N;) and assume that E is large
enough that all of the roots of the characteristic polynomial of r; lie in E. Let
R"(p, 7)° be the maximal quotient of R”(0) on which:

o If r, is not scalar then, for all g € I, the characteristic polynomial of p"(g)
agrees with that of ;.

o If r; is scalar and N, = O then, for all g € Ir, p"(g) is scalar and agrees
with r;.

o If r; is scalar and N; # 0 then, for all g € I, the characteristic polynomial of
0" (g) agrees with that of r.. Moreover, we have

q(tr p”(¢))* = (g +1)* det(o"(9)). 2

It is clear that these quotients exist and that the conditions imposed are deforma-
tion problems for p.

Lemma 3.3. The ring R®(p, ©) is a reduced [-torsion free quotient of R®(p, 7)°.
If N; =0, then we have that R®(p, T) is equal to the maximal reduced [-torsion
free quotient of R™(p, 7)°.

Proof. The first part is clear unless r; is scalar and N, # 0. In this case, we must
show that any representation p : Gy — GL,(E) of type T satisfies equation (2). The
Weil-Deligne representation (r, N) corresponding to such a p satisfies r|;, =r;
and N # 0. Then r(¢)N = g Nr(¢) implies that r(¢) preserves the line ker N and
the quotient E2/ker N. If it acts as & on the former and f on the latter then we must
have o« = ¢f3; as @ and B are the eigenvalues of p(¢) equation (2) is easily verified.

The final claim follows from the simple observation that any E-point of R™(5, 7)°
has associated Galois representation of type 7, except perhaps if r; is scalar
and N, #0. O

Remark 3.4. If R is a reduced, [-torsion free quotient of RY(p) such that R"(p, )
is a quotient of R, then R = RY(p, 1) if and only if the closed points of type T are
Zariski dense in Spec R[1//]. In our calculations, when this is true it will always
be clear by inspection.

3C. K-types. Let G = GLy(F), K = GLy(OF), and for N > 1 let K(N) =
1+ My(p}) and Ko(N) = {(“) : c € p¥}. Let Uy = OF and for N > 1 let
Uy=1+ pI}' . The exponent of a character x of Oy. is the smallest N > 0 such that
x is trivial on Uy. If 7 is an irreducible admissible representation of GL,, (F) (we
only need m = 1 and m = 2) over E, let rec(7r) be the continuous representation of
W over E associated to 7 under the local Langlands correspondence (normalised

s0 as to be preserved by automorphisms of E).
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For each two-dimensional inertial type T = (r;, N;), we define an irreducible
representation o (t) by the following recipe:

o If T =114, then o (7) is the trivial representation of K.

o If T = 11 44, then o (7) is the inflation to K of the Steinberg representation St
of GL2 (k F)-

o If r = (1®rec(e)]y,, 0) for a nontrivial character € of F'* of exponent N, then
o(7) = Indgo(N) €,

where €((“ ")) = e(a).

o If T = (rec(m)|;., 0) for a cuspidal representation w of GL,(F), then by
[Bushnell and Henniart 2006, Theorem 15.5] there is a certain subgroup J C G,
containing the centre of G and compact modulo centre, and a representation
A of J such that

= c—Ind? A.

By conjugating, we may suppose that the maximal compact subgroup J° of J
is contained in K. We then have

o (t) =1Indf (Al o).
o If t =t/ ®rec(x)|s,, then o (1) =0 (') ® (x |y, o det).

This is a slightly modified version of the construction in [Henniart 2002] — the
construction there only depends on r;, and agrees with ours whenever r; is not
scalar. The following is an easy consequence of [Henniart 2002]:

Proposition 3.5. If o (7) is contained in an irreducible admissible representation 1
of GLo(F) and rec(w) = (r, N), then r|;, = r; and either N = N or N; # 0
and N = 0.

If 7 is infinite-dimensional, then the converse is true.

3D. Reduction of types. Suppose that 7 : I — GL, (F) is such that 7 extends to G.

Definition 3.6. The set L(r) is the set of types t such that there exists a represen-
tation p : Gr — GL,(Op) of type 7 satisfying

pli, =r.
If r| By is nonscalar then we abuse notation and also write L(7) for the set of r
such that (r, 0) € L(r), as in this case every element of L(7) is of this form.

Lemma 3.7. Suppose that r is trivial on Pg. Then each element of L(r) is one of
the types T; s, T ns» Tty 00» T defined in Section 3A.
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Proof. Suppose that p : Gr — GL(Op) is of type 7 and is such that p|;, = 7.
As F|p, is trivial, p must also be trivial on Pr and its type is determined by the
eigenvalues of p(o) and by a nilpotent matrix N commuting with p (o). Now, the
fundamental relation ¢po ¢~ = o9 shows that the eigenvalues of p (o) are the same
(but perhaps in a different order) as those of p(0)?, and this implies that they are
(g% — 1)-th roots of unity. Moreover, they are congruent to 1 modulo the maximal
ideal of O, and so must in fact be either /%th or /°-th roots of unity (recall that
at most one of a and b is nonzero, since [ # 2). If they are distinct /-th roots of
unity, then N must be zero and T = 1¢, ,; if they are equal /“-th roots of unity then
T = T 5 OF T¢ 55 if they are 1b-th roots of unity then they must be £ and £7 = &~!
for an [°-th root of unity £. Moreover the case & = 1 has already been dealt with
and so we may assume that & # 1, in which case N =0 and 7 = ;. (]

Lemma 3.8. (1) Suppose that r|p,_ is irreducible. There is a lift r of T to GL,(E),
which we fix. Then L(r) = {r ® x}, as x runs over the set of characters
X :1Ip —> E* which extend to G and reduce to the trivial character.

(2) Suppose that 7| B = 71D Py where 71 and 7, are distinct characters
of Gg. There are lifts ry and ry of r1 and vy to E*, which we fix. Then

L(r) = {(ril1; ® x1) @ (n2l1; ® X2)}y1.xo Where X1, xa run over all pairs of
characters I — E* which extend to Gr and reduce to the trivial character.

(3) Suppose that f|13F =@ fi)lI;F where 11 and 1| are distinct characters
of G which are conjugate by an element of Gr (recall that L/F is the
unramified quadratic extension). There is a lift ry of 71 to EX. Then L(F) =
{(r1l1 ® X)) ® (r{l1, ® X))}y as x runs over all characters Ir — E* which
extend to G, and reduce to the trivial character.

Proof. This follows from Proposition 5.1 below; the ingredients in the proof of that
proposition are Lemma 2.3 (reduction to the tame case) and Lemma 2.4 (lifting
ring of a character). O

Lemma 3.9. If t = (r,0) is an inertial type with r| By nonscalir, then o (1) is
irreducible. If T’ is any othﬁ inertial type, then o (t') contains o (t) if and only if
1’/ € L(¥) (in which case o (1) = o (1/)).

Proof. These are the results of Propositions 6.4 and 6.5. U

If t = (r, N) with r| By scalar, then o (1) need not be irreducible. We give the
(well-known) analysis of these o () in Section 6A. For now, we just give names to
the following representations of GL,(kr) (and hence, by inflation, of K) over [

o the trivial representation, 1,
« the Steinberg representation, St (irreducible if g &= —1 mod /),

e if g=—1mod [, the cuspidal (but not supercuspidal) subrepresentation 7| of St.



Local deformation rings for GLo 1449

4. The “Breuil-Mézard conjecture”

Let p : GrF — GL,(F) be a continuous representation, and suppose that E is
sufficiently large that

« every subrepresentation of p ® [ is already defined over F,

« E contains all of the (g? — 1)-th roots of unity,

o for every T € L(p|;,), o () is defined over E.
We state our analogue of the Breuil-Mézard conjecture when [ # p. By Lemma 2.2
and the fact that RZ(p, 1) is defined to be O-flat, we have

dim R°(p, 1) < 4.

Definition 4.1. We associate to each type T = (r, N) a cycle C(p, 1) € Z*(R"(p))
as follows:

o If N =0, set

C(p, 1) =Z*(R(p, 0).
e If N # 0 (in which case r must be scalar) let 7’ = (r, 0) and set
C(p, )= Z*R(B, 1) + Z*(R%(p, ).

Theorem 4.2. For each irreducible F-representation 6 of GL2(OF), there is an
effective cycle C(p, 0) € Z4(RP(p)) such that, for any inertial type T, we have an
equality of cycles
C(p, T)=Zm(9,0(f))c(ﬁ, 0), (3)
6

where m(0, o (v)) is the multiplicity of 0 as a Jordan—Holder factor of o (t) and the
sum runs over all 6.

Proof. We proceed case by case, using the results of Section 3D and of Sections 5
and 6A below.

Suppose that p| 5 is nonscalar. Then by Lemma 3.9, the representations o (1)
for T € L(p|;,) are all irreducible and isomorphic to a common irreducible repre-
sentation, which we call 6y. By Corollary 5.2, R"(5) has a unique minimal prime,
denoted a, which has dimension 4. So we have

Z*(Spec(R"(p))) =Z - [al.
Define C(p, 6p) = [a] and C(p, €) = 0 for 0 # 6y. By Corollary 5.2,
C(p, ) =[a] =C(p, bb)

ift e L(/5|13F), otherwise
C(p,t)=0.
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In other words, for all T we have
C(p, 1) =) _ m@®, 0(@®)C(P,0),
0

as required.

If pl 5, is scalar, then we may twist p by a character of G and apply Lemma 2.4
and so suppose for the rest of the proof that p|p_is trivial.

If g #+£1 mod/, then L(p|;.) C {T1, T1.ns}. By the discussion of Section 6A,
we have that

o(t15)=1 and o(7),5) =St

are irreducible and nonisomorphic, and that neither is a Jordan—Holder factor of
any other o (7). So the fact that we can define the C(p, 6) so as to satisfy (3) is a
triviality, as there are no relations amongst the o (¢) for different . We work out
what the C(p, 6) are explicitly: for 6 # 1 or St we define C(p, 8) = 0. Otherwise,
there are four cases to consider:

o If p(¢) has eigenvalues with ratio not in {1, +¢} then by Proposition 5.3 there
is a unique minimal prime a,, of R7(p). In this case, define

C(p, ) =lanl, C(p,SY=lay]

« If p is an extension of the trivial character by itself then by Proposition 5.5
part 1 there is a unique minimal prime a,, of R"(5). In this case, define

C(ﬁ’ 1) = [au/], C(ﬁ, St) = [a,,].

o If p is a nonsplit extension of the trivial character by the cyclotomic character
then by Proposition 5.5 part 2 there is a unique minimal prime ay of R"(p).
In this case, define

C(p,1)=0, C(p,SHY=[an].

o If p is the direct sum of the trivial character and the cyclotomic character then
by Proposition 5.5 part 2 there are two minimal primes of R”(5), denoted
there by a,, and ay. In this case, define

C(ﬁ, 1) = [anr]y C(ﬁ, St) = [anr] + [aN]-

It is then easy to verify that equation (3) holds; we just do the last case. We see
from Proposition 5.5 part 2 that

C(ﬁ, Tl,s) = [anr] = C(ﬁa 1)’ C(/;, Tl,ns) = [anr] + [aN] = C(ﬁv St)a

and C(p, t) = 0 for all other 7, exactly as required by (3).
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If g =—1 mod/, then L(p|;.) C Ug{rl,s, T1,ns, Te} for & a nontrivial 1°-th root
of unity. By the discussion of Section 6A, we have that

U(Tl,s)=1, O'(‘L'g)=7'[1, O'(Tl,ns)ss:l@ﬂls

where 1 and m; are irreducible and nonisomorphic, and are not Jordan—Holder
factors of any other o (1). For 6 # 1 or m; we define C(p, ) = 0. Otherwise, there
are four cases to consider:

If p(¢) has eigenvalues with ratio not in {31} then by Proposition 5.3 there is
a unique minimal prime a,, of R7(p). In this case, define

C(p, ) =lanl, C(p,m)=0.

If p is an extension of the trivial character by itself then by Proposition 5.6
part 1 there is a unique minimal prime a,, of R”(p). In this case, define

C(p, 1) =lanl, C(p,m)=0.

If p is a nonsplit extension of the trivial character by the cyclotomic character
then by Proposition 5.6 part 2a there is a unique minimal prime, denoted ay
in that proposition, of R 9(p, T1.ns), which we regard as a prime of R B(p). In
this case, define

C(ﬁ’ 1)=O’ C(ﬁ,ﬂ])z[ﬂN].

If p is the direct sum of the trivial character by the cyclotomic character then
in Proposition 5.6 part 2b three four-dimensional primes of R™(5) are defined,
denoted there a,,-, ay and ay’. In this case, define

Cp, ) =lan], C(p,m) =[an]+[an].

It is then easy to verify that (3) holds using Proposition 5.3 in the first case and
Proposition 5.6 parts 1, 2a, and 2b in the second, third, and fourth cases; again we
just do the fourth case, which is the most complicated. Equation (3) is equivalent
to the equations

and

C(ﬁv fl,s) = 6(15’ 1) = [anr]a
C(p, T1ns) =C(p, 1) +C(p, m1) = [an,]1+ [an]+ [an'],
C(p, ) =C(p, 1) = [ay ]+ [an],
C(Ia’ T)ZO ift ¢U§{T1,Svrl,nSaT§}-

But by Proposition 5.6 part 2b we have
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C(p, t1,5) = Z*(R(p, T1,4)) = [t ],
C(p. Tins) = ZHR(P, 11,)) + ZHR(P. T1.0s)) = [ ]+ [an] + [an/],
C(p.1e) = Z*(R(P, T¢)) = [ay]+ [an],
and
C(p,1)=0 if T & Ue(T1s. Tinss Te)

as required.

If g =1 mod/, then L(p|;.) C U;,;I,Q{t{m Tenss Tey,oo ) fOr &, &1 and & (possi-
bly trivial) /-th roots of unity with ¢; # ¢,. By the discussion of Section 6A, we
have that

o(trs) =1, 0(tens)=St, o(t70) =18t

where 1 and St are irreducible and nonisomorphic, and are not Jordan—-Hélder
factors of any other o (7). For 8 # 1 or St we define C(p, 6) = 0. Otherwise, there
are four cases to consider:

« If p(¢) has eigenvalues with ratio not in {#1} then by Proposition 5.3 there is
a unique minimal prime a,, of R B(p). In this case, define

C(ﬁ, 1) = [anr]y C(ﬁ, St) = [anr]-

o If p is a ramified extension of the trivial character by itself then by Proposition
5.8 part 1 there is a unique minimal prime ay of R7(p, 71 ,5) Which we regard
as a four-dimensional prime of RY(p). In this case, define

C(p, 1) =0, C(p,SH=[an].

o If p is aunramified extension of the trivial character by itself then by Proposition
5.8 parts 2 and 3 there are four-dimensional primes of R”(p) which are denoted
there by [a,,] and [ay]. In this case, define

C(ﬁv 1) = [anr]a C(,5, St) = [anr] + [aN]-

It is then easy to verify that (3) holds using Proposition 5.3 in the first case,
Proposition 5.8 part 1 in the second case, and Proposition 5.8 parts 2 and 3 in the
third case (according as p is split or not); again we just do the third case, which is
the most complicated. Equation (3) is equivalent to the equations

Cp,15) =C(p, 1) = [an],
C(p, Tg.ns) = C(p, SY) = [a ]+ [an],

C(ﬁ» T{],g’z) = C(ﬁ’ 1) +C(,5, St) = [anr] + [anr] + [aN]a
and
C(Ias T) = 0 lf T ¢ U{»gl,CZ{TZ’S’ T{,HSa T{'],{'z}-
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But by Proposition 5.8 parts 2 and 3 we have:

C(p, Tr.s) = Z*(R(P, 1.6)) = [au],
C(P, Tens) = ZHR(P. T¢.5)) + ZHR(B. T1.n5)) = [ ]+ [an],
C(p, T.0) = Z*(R (P, 7¢,.1,)) = 2[a ]+ [an],
and
C(p,7)=0 if T & U ¢, 0T Tons: Tooe)s
as required. U

Remark 4.3. Although the definition of C(p, ) may seem ad-hoc, it in fact
has the following natural interpretation: it is the reduction modulo A of the cy-
cle in Z*(R"(p)) obtained by taking the Zariski closure of the closed points
x € Spec RY(p)[1/1] such that rec”!(py)|x contains o (7).

Remark 4.4. We conjecture that Theorem 4.2 remains true when [ = 2.

5. Calculations

Let p : GF — GLy(F) be a continuous representation. The aims of this section
are to give explicit presentations for the rings RY(p, 7) and to compute the cycles
Z(RP(p, 1)) € Z*(Spec R(p)). We continue to assume that E is sufficiently large,
as defined at the start of the previous section.

5A. Simple cases. When p| B is not scalar, then Lemma 2.3 allows us to determine
the universal framed deformation rings. Recall that if 7 : [r — GL,([F) is a repre-
sentation that extends to G then we have defined the set L(7) of types that lift 7.

Proposition 5.1. If p| 5 is irreducible, then
RY(p) = OlIX, Y, Z1, Za, Zs1/(1+ X)" = 1).

The 1° irreducible components of Spec R™(p) are precisely the Spec R"(p, t) for

€ L(plp,).
If plp, is a sum of distinct characters which extend to G, then

RP(p) = O[X1, X2, Y1, Ya, Z1, Zoll/ (A 4+ X)) — 1, (1 + X2)" = 1).

The 1% irreducible components of Spec R%(p) are precisely the Spec R™(p, 1)
for T € L(pl1,).

If plp, is a sum of distinct characters which are conjugate by the nontrivial
element of G \ GF, then

RY(p) = O[X.Y, Z1, Z5, Zs]/ (1 + X)"" = 1).
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The 1° irreducible components of Spec R%(p) are precisely the Spec R°(p, 1)
fort € L(pl1,).

Proof. This follows straightforwardly from Lemma 2.3. Suppose first tllat Plp,
is irreducible. Then there is a unique irreducible representation 6 of Pr such
that pg (in the notation of Lemma 2.3) is nonzero. For that 8, py is an unramified
one-dimensional representation of Gr. So by Lemmas 2.3 and 2.5

RY(p) = R°(po)[Z1, Zo, Z3N = OIX, Y, Z1, Z5, Z31 /(1 + X)" = D).

We have p” = 6 ® x" where x" is the universal character Gy — R7(gg)*.

Suppose now that p| By = 61 @ 0, for distinct characters 6; and 6,. Supgose ﬁr§t
that the 6; are not Gr-conjugate. As in Lemma 2.3, we pick O-characters 0, and 6,
of Gr lifting and extending 6 and 6. Then (in the notation of Lemma 2.3) py, and
Do, are both unramified characters. By Lemmas 2.3 and 2.5

R°(p) = (R"(p6)OR" (56, Z1, Z1]
= O[X1, Xo, Y1, Y1, Z1, Zol/((A+ XD =1, A+ X)) = 1).

We have
PP Z0Rx DO ® Xy,

where each x” is the universal character over R™(5g,).

Suppose finally that ; and 6, are Gg-conjugate. We take 6 = 6;; then Gy = G
where L is a quadratic extension of F'. In fact, since f’F C G and !/ is odd, we must
have that G is the unramified quadratic extension of F'. As in Lemma 2.3, pick an
O-character 6 of G lifting and extending 6. Then (in the notation of Lemma 2.3)
0o 1s an unramified character of G;. By Lemmas 2.3 and 2.5

RY(p) = R™(po)[Z1, Z2, Z5]]
= OlX, Y, Z1, Z», Z31/ (1 + X)" = 1),
since v;(g> — 1) =1°. We have
p"=Tndgt @@ "),

where x " is the universal character over R (py).

We show that f : Spec(R™(p, T)) > T is a bijection from the set of irreducible
components of Spec(R"(p)) to L(p|;,.). It is easy to see that f is an injection
(from our explicit expressions for p7). The type of the E-points of Spec(R"(p, 7))
is constant on irreducible components, so to show that a particular t is in the image
of f it suffices to produce a lift of 5 to E of type t. Each t € L(p|;,) is, by
definition, the type of a lift of some p" with p’|;, = p|;,. But it is clear from the
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calculations above that the image of f only depends on p|;,, and so f is surjective
as required. U

Corollary 5.2. If p|, is not scalar, then RP(p) has a unique minimal prime a,
which has dimension 4. For t an inertial type we have that

ZHR"(p, 7)) =1a]
ift € L(plp,) and Z*(R"(p, 1)) = 0 otherwise.

We may now assume that p| Py is scalar; after a twist (invoking [Clozel et al.
2008, Lemma 2.4.11] to extend the character occurring in p| B, tO the whole Galois
group), we may assume that p| B is trivial, so that any lift of p| B is also trivial.
In this case, then, p|;, is inflated from a representation of the (procyclic) pro-/
group Ip /Pr over a field of characteristic /. Any irreducible representation in
characteristic / of an /-group is trivial, and so p|;, must be an extension of the
trivial representation by the trivial representation. Now, because ¢po¢p ' = o9,
0(¢) maps the subspace of fixed vectors of p(o) to itself; therefore, o must be an
extension of unramified characters. That is, there is a short exact sequence

O—=x1—>p—>x2—>0

for unramified characters x; and x». Such an extension corresponds to an element
of H'(Gr, x1 X2 1); by a simple calculation with the local Euler characteristic
formula and local Tate duality, this cohomology group is nonzero if and only if
X1 = X2 or x1 = x2€. So we can easily deal with the case where neither of these
two possibilities can occur.

Proposition 5.3. Suppose that p|p, is trivial and that p(¢p) has eigenvalues @, BeF
witha/B & {1,q,q"}. Then

O/ =\ ~ OI]:A939P9Q7X9Y]]
R (10) = ]a la
(I+P)" -1, Ad+0)" -1
and p" (o) is diagonalizable with eigenvalues 1+ P and 1 + Q.
For ¢ an [°th root of unity (possibly equal to 1), we have that
R°(p,7;5) =O[A, B, P, Q. X, Y]/(1+P—¢, 1+ Q0 —¢)
=0[A, B, X, Y]

’

is formally smooth of relative dimension 4 over O and that R™(p, t; ns) = 0. If
qg =1 mod ! and ¢y, {, are distinct [%-th roots of unity, then

Rg(ﬁ . )= O[A,B,P,Q0,X,Y]
e T Y PO -0 -0, PO— (1 — D& — 1))

=0[A,B,P, X, Y]l/A+P—-C1)(1+ P —¢2).
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For all other t, R®(p, t) =0.
The ideal a,,, defining R°(p, T1.5) is the unique minimal prime of RP(p). We have

B [anr] fr= Tes
Z*R(p, 1) = {2000 ] ifT =100
0 ift= T¢,ns-

Proof. First note that, by the above cohomology calculation, p (o) must be trivial.

Let o and B be lifts of @ and B to ©. Suppose that A is an object of C» and
that M is a free A-module of rank 2 with a continuous action of Gy given by
p : Gp — Auty(M), reducing to p modulo m_4. Suppose that the characteristic
polynomial of p(¢) is (X —a — A)(X — 8 — B), where A, B € m 4 — note that by
Hensel’s lemma the characteristic polynomial does have roots in A reducing to &
and B. Then there is a decomposition

M= (p(p) —a—AM & (p(p) — B — B)M.

Here it is crucial that « + A, 8+ B and, « — 8 + A — B are all invertible in .A.
If vy, Vg is a basis of eigenvectors of p(¢p) in M ® [ and v, vg is a basis of M
lifting vy, vg then there are unique X, Y € m 4 such that v, + Xvg, vg + Yv, are
eigenvectors of p(¢). Moreover, replacing (vy, vg) by (vy, pvg) for p € 1+my
does not change X and Y.

Therefore we may assume that 5(¢) = (| 3) and that

@0
0p

-1
1 X\ 'fa+A 0 \(1 X
p(¢):(y 1) ( 0 /3+B><Y 1)’
(U X\ (1+P R \(1 X
P =\y 1) s 1+0)\y 1>’

where p determines X, Y, P, R, S, Q € m4 uniquely. The equation ¢0¢_1 =01
implies that

atA 0 \(1+P R \fa+A 0 \ ' _(1+P R\
0 B+B S 1+0 0 B+B) ~\ S 1+0/)°
Looking at the top right and bottom left entries gives that R = § = 0. Then
looking at the diagonal entries gives that (1 + P)?~! = (1 + Q)9~! =1, which is
equivalent to (1 + P)! = (1+ Q)" = 1. Thus
OlA,B, P, Q0,X,Y]
(I+P) =1L, A+ Q)" ~1)
The possible inertial types are 7, and ¢, ¢, (¢, cannot occur since all lifts
are diagonalisable). Clearly R“(p, 7, ) is defined by the equations 1 + P =

RY(p) =
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1+ Q =¢. Thering R7(p, T7,,2,)° 18 cut out by the equations 2+ P + Q = {1 + (o,
(1+ P)(1+ Q) = ¢1& and the redundant equations (1 + P) =1+ Q)" =1. But

RY(p, 7,.5,)° = OlA, B, P, X, Y1/(1+ P —¢)(1+ P = &)

is reduced and A-torsion free and so is equal to R™(p, 17,,¢,)-
For the reduction modulo X, simply note that

RY(p) =F[A, B, P, Q, X, Y]/(P", 0"),
R"(p, t.5) =FIA, B, P, Q, X, Y1/(P, Q),

and

R(p, tr,.c,) =FIA, B, P, Q, X, YT/(P?, Q*, P+ Q).

So a,, = (P, Q) is the unique minimal prime of R Y(p) and the multiplicities are
as claimed. Ul

We extract the first half of the proof of this proposition for future use:

Lemma 5.4. If p(¢) has distinct eigenvalues, we may assume that it is diagonal. In
that case, there exists a unique matrix ()], )1() € GL,(R"(p)), reducing to the identity
modulo the maximal ideal, such that p°(¢) = ()1/ }f)flcb(; )1() for a diagonal
matrix . ([

5B. g # £1 mod l. Suppose that ¢ %= £1 mod /. By Proposition 5.3, we have
already dealt with the cases in which the eigenvalues of p(¢) are not in the ratio 1
or gT!. All other cases are dealt with by the following (after twisting and conjugat-
ing p). Note that, by Lemma 3.7, the only possible types when p| 3, is trivial are
71, and Tq .

Proposition 5.5. Suppose that g # =1 mod [, and that p|, is trivial.

(1) Suppose p(c) is trivial, and p(¢) = () for y € F. Then R%(5, t1.5) = R7(p)
is formally smooth of relative dimension 4 over O, while R%(p, 11 n5) = 0.
(2) Suppose that p(o) = () and p(¢) = (4 9).
If X #0, then R(p, t1.5) = R°(p) is formally smooth of relative dimension
4 over O, while R°(p, t1.5) = 0.
If x =0 then

R(p) = O[Xy, ..., Xs1/(X1X2).

The quotients by the two minimal primes are R(p, 115) and R7(p, t1 us),
so that both are formally smooth of relative dimension 4 over O. The mini-
mal primes a,, and ay of Em(ﬁ) which respectively define ED(,E, T1.5) and
R°(p, T1.n5) are distinct.
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Proof. For the first part, write

o, _(1+A B o, (1+P y+R
p(a)—<c 1+D>, p(¢)—( S 1+Q>,

where y is a lift of y (taken to be zero if y=0)and A, B,C, D, P, O, R, S e m.

Let I = (A, B, C, D). Considering the equation p"(¢)p"(c) = p"(c) p"(¢)
modulo the ideal /m gives equations Cy = (¢ — 1)A, B+ Dy = qAy + ¢B,
C=qC,and (g —1)D 4+ qCy =0, all modulo Im. As g # 1 mod!/ we find
that / = Im. Therefore, by Nakayama’s lemma, I = 0 and p" is unramified. So
RZ(p) = R"(p, 115) = O[P, O, R, S] as claimed. Note that this proof is still
valid if ¢ = —1 mod /.

The proof of the second part is similar. By Lemma 5.4, we may write

50 = 1 X\ '(1+A4 x+B\[1 X
pPROI=1y c 1+p)\y 1)

—1
(1 x\ '(qa+P) 0 \(1 X
p%’)_(y 1) ( 0 1+Q><Y 1)’

with x a lift of X (taken to be zeroif x =0)and A, B,C, D, X, Y, P, Q em.

Let I = (A, C, D). Considering the relation ¢po¢~! = ¢¢ modulo /m and
applying Nakayama’s lemma as before now yields A = C = D = 0 (using that
g” # 1 mod [). The relation (not modulo any ideal) gives that (x + B)(P — Q) =0,
and it is easy to see if this equality holds then the given formulae for p° do indeed
define a representation so that
_ O[B.P,0.X.Y]

(x+B)(P—-0Q))’

If X # 0 then this implies that P = Q. Then R"(p) = O[ B, P, X, Y]. It is clear
that R"(p) = R"(p, 1.45), and the proposition follows.

If X = 0 then, writing U = P — Q, we have R°(p) = O[B, P, U, X, Y]/(BU).
In these coordinates, it is clear from the description of p" that

RY(p,715) = R7(p)/(B) and R"(p, t1u5) = R7(p)/(U).

The proposition follows. ([

R%(p)

5C. ¢ = —1 mod l. Suppose that ¢ = —1 mod /. By Proposition 5.3 we have
already dealt with the cases in which the eigenvalues of p(¢) are not in the ratio
1 or —1. All other cases are dealt with by the following result (after twisting and
conjugating p). By Lemma 3.7, the only possible types when p| s, is trivial are
Ti.s, T1.ns» and Tz for & a nontrivial /°-th root of unity.

Proposition 5.6. Suppose that ¢ = —1 mod [ and that p|, is trivial.
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(1) Suppose that p(c) = ((1)(1)) and p(¢) = (é{)for y € F. Then
RY(p, t15) = RY(p)
is formally smooth of relative dimension 4 over O, while
RE(p, T1.ns) = R7(p, 7) = 0.
If a,, is the unique minimal prime of R%(p), then we have

_ [anr] iff = Ti,s,
Z* R, ) =10 if T =Ti s,
0 ift =r1e.

(2) Suppose that p(o) = () and p(¢) = (1) for X € F.
(@) If X #0, then R"(p, t1.55) and R°(p, t¢) are formally smooth of relative
dimension 4 over O, while R™(p, t15) = 0. If ay is the prime ideal of
RY(p) cutting out RO(p, T1.n5) then we have

~ 0 ift =114,
Z*R(p, V) = lay] if T =Tins, )
[ClN] if‘L’ = Tg.

(b) If x = 0, then R"(p, 11.5) is formally smooth of relative dimension 4
over O and
OlXy, ..., Xell
(X1, X3) N (X2, X3 — (g +1)))

is a non-Cohen—Macaulay ring of relative dimension 4 over O. Its spec-
trum is the scheme theoretic union of two formally smooth components
that do not intersect in the generic fibre. Lastly,

olXy,..., Xs]
(X1X2—(E—£71)2)
is a complete intersection domain of relative dimension 4 over O with
formally smooth generic fibre. If a,, is the prime of R%(p) corresponding
to R(p, T1,5) and ay, a}, are the prime ideals of R"(p) corresponding
to the two minimal primes of R°(p, T1.ns), then we have

RD(/S, Tl,ns) =

RE(p, ) =

3 [anr] iff =Tl,s-
Z*R(p, V) = { [an]+[an'] if T = Ty uy, 5)
lan]+[an] ifT=r1¢.

Proof. The proof of the first part is identical to that of Proposition 5.5, part 1.
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For the second part, by Lemma 5.4 we may write

sy = (1 X)(1+A T B (1 X
PRO=\y 1)\ ¢ 140)\y 1)

(1 X\[(=(+P) 0 \(1 X
pD(¢)_(Y 1)( 0 1+Q)(Y 1)’

with x a lift of X (taken to be zeroif x =0)and A, B,C, D, X, Y, P, Q em.
Firstly, it is clear that R"(p, 715) = 01f x # 0 and, if x =0, that

R"(p, 115) = O[P, Q, X, Y].
Next we deal with 77 ,5. On R"(p, 71 ,5) We have the equations
tr(p"(0)) =2,
det(p”(0)) =1,
qtr(p($))” = (g + 1)* det(p($)),

and

PP @)p () (@) = p (o).
The first two of these may be rewritten as
A=-D and A*+(x+B)(C)=0
and the third can be written as
(q+1+P+4q0)(q+1+Q0+qP)=0.

By the Cayley—Hamilton theorem, (p”(c) —1)> =0 on R(p, 71 ns)°; it follows
that p=(0)4 —1=¢q(p"(o) — 1) on RZ(5, 71.,5)° and so the relation po¢p~! =o'
together with D = —A yields the equation

A —(X—I-B)%) B (qA q(x—i—B))
1 .

+0 _

Equating coefficients and using that 2 and ¢ — 1 are invertible we obtain that
A =D =0 and that

x+B)g+1+90+P)=0, (6)
Clg+1+0+qP)=0, @)

(x+B)C =0, )
(g+1+0+qP)g+1+9q0+P)=0 )

is a complete set of equations cutting out R7(5, 71 ,5)° (the last two equations
being, respectively, the conditions on det(p"(0)) and on p"(¢)).
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If x # O then these equations are equivalenttog +1+¢gQ+ P =0and C =0
and so we see that

RD(lév Tl,ns) g O[[Bv Ps X, Y]]'

If x = 0 then the left hand sides of the four equations given generate the ideal
I=B,q+14+0+gP)N(C,g+1+qQ0+ P)

in O[B, C, P, Q, X, Y]. Since O[B, C, P, Q, X, Y]/I is reduced and A-torsion
free and a Zariski dense set of its E -points have type 7 s, it is equal to RZ(p, 71 ns)-
After the change of variables
_q(q+1+0+¢qP)
(q—1(1+P)
we get the presentation given in the proposition.
Let

. (X1, X2, X4, X5, X6)=(B,C,P,X,Y)

S— Ol X1, X», X3
(X1, X3)N (X2, X3—(q+ 1))

Then S has dimension two. We show that S is not Cohen—Macaulay; the same is
then true for R™(p, 71 ,5). Now A is a nonzerodivisor in S, and

FIXi, X2, X
S/n= [Xi, X2, X3 -
(X1X2, X1X3, X2 X3, X3)
The maximal ideal of S/A is annihilated by X3, and X3 #0in S/A. So §/A, and
hence S, is not Cohen-Macaulay. The remaining statements about R(p, 71 ,5)

are clear.
Now suppose that 7 = tz. On R”(p, 1) we have

tr(p (o) =£+&7,
det(p”(0)) =1,

and
PP @)p (0)p (@) = p(0)?.
The first two of these may be rewritten as
A+D=t+¢6"1'-2 and AD—(x+B)C=2—-&—¢"".
By the Cayley—Hamilton theorem, (p”(c) — £)(p"(0) —£~') = 0. As
T9=§+§""—T mod (T —§)(T —§)
in Z[T, the relation o' = ¥ yields

(1+A —(x+3)%)_<5+5—1—1—A —(x+B) )

-cE2 14D B —C E+&71-1-D
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Equating coefficients and combining with the equation det(p" (o)) = 1 we get

-1

A:D=$+2E —1, (10)

(x+ B)(P— Q) =0, (11)
C(P—-0Q)=0, (12)

4(x + B)C = (E—£ 2% (13)

If ¥ # 0 then these equations are equivalent to P = Q and C = (¢ —&~1)?/(4(x+B)),
so that
R°(p, ) = OlX, Y, B, Pl.

If x =0, then the equations imply that
&1\

> ) (P—0)

and hence that P = Q, as R"(p, Tg) is A-torsion free by definition. Thus
OlX,Y,B,C, P]

(4BC —(§—&71)2)

The remaining statements about R"(p, tz) are clear.

Now we calculate the various Z*(R%(p, 7)). For part 1, this is trivial. For part 2,
we have computed each RD(/S, 7) as a quotient of the ring F[A, B,C,D, P, Q, X, Y]
by an ideal which we call I (7). We see that if x # 0 then I (7 ,4) = I (1¢), and
Em(ﬁ, 71,s) = 0, from which (4) follows. If x =0 then

O=BC(P—Q):<

RY(p. ) =

I(t15)=(A, B,C, D),
I(t105) = (A, D, BC, B(Q — P), C(Q — P), (Q — P)?),
and

I(ts) =(A,D,BC,Q—P).

The minimal primes above these /(7) in F[[A, ..., Y] are a,, = (A, B, C, D),
ay=(A,C,D, Q— P)and ay = (A, B, D, Q — P); the multiplicities in (5) are
then easily verified. (]
Remark 5.7. When p is unramified and p(¢) = (g (1)), the ring R7(p, T ,5) is
not Cohen-Macaulay. However the ring RY(p, unip), which is defined to be
the maximal reduced quotient of R”(5) on which p”(o) is unipotent (so that
Spec RY(p, unip) is the scheme-theoretic union in Spec R™(p) of Spec R7(p, T )
with Spec R™(p, 71.ns5)), is Cohen—Macaulay. Indeed it is easy to see from the proof

that
: OlX,, ..., X¢l
(X1X2, X1(X3— (g + 1), X2X3)’

~

R"(p, unip)
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which is Cohen—Macaulay ((A, X| 4+ X2 + X3, X4, X5, X¢) is a regular sequence).

5D. ¢ =1 mod [. Suppose that ¢ =1 mod /. By Proposition 5.3 we have already
dealt with the cases in which the eigenvalues of p(¢) are distinct. All other cases
are dealt with by the following (after twisting and conjugating o). Note that by
Lemma 3.7, the only possible types when p|, is trivial are t; s, T¢ ns and 7, g,
for ¢ any [“-th root of unity and ¢, ¢, any distinct [%th roots of unity.

Proposition 5.8. Suppose that g = 1 mod [ and that p|p, is trivial. Suppose that
p(0)=(y7) and p(¢) = () for X, 5 €.
(1) Ifx #0then R°(p, t;s) =0, while R™(p, t; ns) and R°(p, Tz, ¢,) are formally
smooth over O of relative dimension 4.
If ay is the four-dimensional prime of R®(p) corresponding to RV (p, T1.ns)
then we have
0 ift =15,
ZHRZ(p. ) = {lan] i T = Tes, (14)
lav] fT=1¢0,-
(2) Ifx =0and y # 0, then R°(p, 1;5) and R™(p, t¢ »s) are formally smooth
over O of relative dimension 4 while

RY(p, Ty.0,) S OlX1, ..., Xs1/(X3 X2 — (&1 — &2)?)

is a complete intersection domain of relative dimension 4 over O.
If a,, and ay are the prime ideals of R%(p) corresponding to R™(p, 71 5)
and RY(p, Ty 5) respectively, then

[anr] iff =Tz,s,
ZHR"(p, ) = { [an] if T = Tes, (15)
2[ap 1+ [an] T =10
(3) Ifx =y =0, then R"(p, ;) is formally smooth over O of relative dimension 4
while R"(p, t; ns) and R(p, t¢,.¢,) are non-Gorenstein Cohen—-Macaulay
domains of relative dimension 4 over O.
Both R°(p, t¢,s) and R°(p, t; ns) are domains; let the corresponding
primes of R%(p) be a,, and ay respectively. Then

[an] ft=r1s,
ZYRY(p, 1) = { [an] if T = Tens, (16)
2lap ]+ lan] ift =140
Proof. Write

_ (1+A x+B _ (1+P y+R
pD(")_< C 1+D)’ pm(¢)_( s 1+Q)
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with A, B, C, D, P, Q, R, and S € m and x, y lifts of x, y (taken to be zero
if x or y =0).
First, we have that R”(p, 7, ;) =0 if x # 0 and

RD(Iav T{',S) = O[[Pa Q» R’ S]]

otherwise.

Next, we look at R™(p, 7¢,.¢,) for ¢; and ¢, distinct /%th roots of unity. The
condition that p” (o) has characteristic polynomial (¢ — ¢1)(¢ — £») is equivalent to
the equations

A+D=0+6—-2 and AD—(x+B)C=(1—D(&—1).
Since (t — ¢1)(t — &) | 1971 — 1, by the Cayley—Hamilton theorem we have
p (@) = p (o)
on RP(p, ¢,.5,)°. So the relation ¢pod~! = o yields
(H—A x+B> <1+P y+R) _ (1+P y+R) (1+A x+B>
Cc 1+D S 140 S 140 C 1+D)’
Equating coefficients, eliminating D and writing U = P —-Q and F=A—-D =

2A — (&1 + & —2) we see that RE(p, T7,,¢,) 18 the reduced, [-torsion-free quotient
of O[B,C, F, P, R, S, U] by the relations

(x+B)S=(y+R)C, (17)
F(y+R)=U(x+ B), (18)

FS=UC, (19)
(C1 —0)? = F?+4(x + B)C. (20)

If X # 0 then these equations are equivalent to U = F(y + R)(x + B)™!,
C=1((&1—0)?—F)H(x+B)!and S=C(y+ R)(x + B)~! so that

RY(p, t,.0,) = OlB, F, P, R].

Ifx=0and y #0, then F=BU(y+R)"! and C = BS(y + R)~! will be a
solution to equations (17)—(20) provided that

G —0)’= (i)zwz +4(+R)S).
y+R
Writing (X1, ..., X5) = (B(y+R)~", U>+4(y+ R)S, P, R, U) we get
OlX1, ..., Xs]
XiXo— (51— 0)?

RD(/B’ rCh{z) =
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as claimed. The other statements about R (p, T¢,,¢,) follow easily.
Ifx=y=0,thenlet A=O[B,C, F, P,R,S,U] and I <1 A be the ideal

I=(—&)*—F?>—4BC,BS—CR,FR— BU, FS—CU).
Note that the ideal
J=(BS—CR,FR—BU,FS—CU)

is generated by the 2 x 2 minors of (5 /). So, by Proposition 2.7, A/J is a
Cohen—Macaulay, non-Gorenstein domain. Since F? — 4BC is not zero in the
domain A/J ® F, (A, F> —4BC) is a regular sequence in .A/J. Hence (F? —
4BC — (¢ — ;2)2, M) is a regular sequence in A/J, and therefore A/ is O-flat,
Cohen—Macaulay and non-Gorenstein. It is reduced because it is Cohen—Macaulay
and, as we shall show in the next paragraph, generically reduced.

To show that A/ is irreducible, it suffices to show that X = Spec(A/I ® E) is
irreducible. This follows if we can show that X" is formally smooth and connected.
As F2 —4BC #0 on X, it is covered by the affine open subsets U/ = {B # 0} and
UFr = {F # 0}. By the argument used in the x # 0 case, Up is formally smooth. A
similar argument works for U, the projection map

OlF,B,C,U, P] )

p:X— SPCC((F2+4BC— (C1—8)%)

is an isomorphism from U onto an open subscheme, but the right hand side is
easily seen to be formally smooth. Hence A" is formally smooth. Note that the
composition of the map p with the projection away from U is a continuous map
with connected fibres and connected image, which admits a continuous section
(obtained by taking R = § = U = 0); it follows that X’ is connected, as required.
Since X is formally smooth it is certainly reduced; therefore .4/ is generically
reduced (as it is O-flat), just as we claimed above.

Now we turn to R°(p, T ns). By Lemma 2.4 we may assume that { = 1. The
condition that the characteristic polynomial of p" (o) be (r — 1)? is equivalent to
the equations

A+D=0 and AD-—(x+B)C =0.
Writing T = P+ Q and U = P — Q the condition that
g tr(p(¢))* = (g + 1)* det(p"(¢))

becomes
(g—DXT+2)*=(@q+D*U*+4(y+R)S).
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Since 19 — 1 = ¢g(t — 1) mod (t — 1)?, the Cayley—Hamilton theorem shows that
p (@) =1=g(p (@) —1)
on R"(p, 11 5). From d)ad)_l = 09 we therefore get the equation
(@—De—-1D—(—-D@—-1=(@—-D(—-De

on R"(p, t1.,5). Equating coefficients and substituting D = — A we get the equations

A+ (x+B)C =0, 21

(@ —1D*(T +2)° = (qg+ D*(U*+4(y + R)S), (22)
COY+R) —Sx+B)=(g— DA+ P)+(x+B)S), (23)
Ux+B)—2A(+R)=@—-1D)AO+R +x+B)(1+0), (24
2A§ —-CU=(@—-1H(CA+P)—AS), (25)
Sx+B)—C(y+R)=(g—D(C(y+R)—A(1+ Q)). (26)

After replacing P with (T +U)/2 and Q with (T — U)/2, this is a complete set of
equations for R7(p, 71,,5) in O[A, B,C, R, S, T, U].
We replace equations (23) and (26) by their sum and difference
(g—1DAU+x+B)S+C(y+R)) =0, 27)
g+ D(C(y+R)—(x+B)S)=(¢q—DACL+T). (28)

As RY(p, T1.n5) is A-torsion free, (27) implies that
AU+ (x+B)S+C(H+R)=0. (29)

We could also write this equation as tr((o — 1)¢) = 0.
Putting «(T) = ((¢g — 1)(2+T))/(q + 1), we find that (21), (22), (24), (25) and
(28)+(29) may respectively be rewritten as
A4+ (x+B)C =0,
40+ RS+ U —a(T))(U +a(T)) =0,
2A(+R)—(x+B)(U —a(T)) =0,
2AS - C(U +a(T)) =0,
2Cy+R)+AWU —a(T)) =0,
2x+B)S+AWU +a(T)) =0.
Let I be the ideal of O[A, B, C, R, S, T, U] generated by these equations and

let R =O[A,B,C,R,S, T,U]/I, so that R®(p, T1.ns) 15 the maximal reduced
[-torsion free quotient of R’.
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If x #0 then C, U, and § are uniquely determined by A, B, R, and T so that
RY(p, T1ns) ZO[A, B, R, T].
If y #0, then S, C, and A are uniquely determined by B, R, T, and U so that
R°(p, T1.ns) ZOIB, R, T, U].

If x =y =0, so that x = y =0, observe that

B
Jo+ i’

] ~

where
B:O[[XI,...,X4,Y1,...,Y4, T]]7

the ideal Jy is generated by the 2 x 2 minors of
X Xy X3 X4
(Y 1 Y Y3 Y4)
and J; = (X1 + Y2, X3 — Y4 +2(q — 1)/(g + 1)). (The change of variables is
X1=A,X=B,Y1=C,Y,=—A,X35=—-2R/2+T),Y4=25Q2+T), V3=
(U—a(T))/(24+T),and X4=(U+a(T))/(2+T).) Then, by Proposition 2.7, B/ Jy
is a Cohen—Macaulay non-Gorenstein domain. Moreover, (A, X| + Y2, X3 — Y4)
may be checked to be a regular sequence on B/Jy. Therefore (X1 + Y2, X3+ Y4+
2(g—1)/(g+1), A) is also regular, and so B/(Jo + J1) is Cohen—Macaulay, O-flat,
and not Gorenstein. The same is then true for R’.

We show that R’ ® F is a domain, which implies that R’ is a domain. Let I be
the image of I in F[[A, B, C, R, S, T, UJ. Then I is homogeneous so gr(R’' ® F) =
F[A,B,C,R,S, T, U]/ [ and it suffices to check that this is a domain (by [Eisenbud
1995, Corollary 5.5]). It is therefore sufficient to check that Proj(gr(R’' ® F)) is
reduced and irreducible. But it is easy to check this on the usual seven affine pieces.

This argument is from [Taylor 2009].
Next we show that R7(4, 11 ,5) is reduced. In fact, we show that

Y = Spec(R™(p, T1.45) ® E)

is formally smooth, which implies that R(p, 71 ) is reduced because it is Cohen—
Macaulay and O-flat. Forx=B,C, R, S, U —a(T),or U+«a(T) letU,={x#0} CY
be the corresponding affine open subscheme. Then the U, are an affine open cover
of Y. For x= B, C, R or S we see that U, is formally smooth by the same argument
as for the cases x # 0 and y # 0 above. For Uy+q (), the projection morphism

OIC,R,S, T] )
QF
4RS — (U +a(T))(U —a(T))

P Uy—o) — Spec(



1468 Jack Shotton

is an isomorphism onto an open subscheme. But the right hand scheme is easily
seen to be formally smooth as required.

Finally we calculate the Z*(R(p, 7)). We do this when x = y = 0, as the other
cases are similar but easier. We have written each R™(p, 7) as the quotient of
F[A, B, C, R, S, T, U] by an ideal which we call I (7). Recall the presentations

I(t;5) = (A, B, 0),
I(t¢.ns) = (A>4+BC,4RS+U? 2CR+AU, 2BS+AU,2AR—BU, 2AS—CU),
1(t,.0,) = (A>+ BC, BS —CR,2AR — BU,2AS — CU)

(using that A+ D =0 in RP(p, 1) for each 7, we have eliminated D and written
F = A— D =2A). We have already shown that I (t; ;) and I (7 »s) are prime —
they are the ideals denoted a,,, and ay in the statement of the theorem. It is clear that

ZHRE(p, 1) =lan ), ZHRO(P, Tr.0s)) = [an].

Suppose that p is a prime ideal of F[[A, B, C, R, S, T, U] containing I (t¢, ;,). We
show that p contains a,, or ay. If B, C € p then A € p as A>+ BC ¢ I(t¢,.¢,) and
we have a,, C p. Otherwise, suppose that B & p. As A2+ BC & p, either both
A and C are in p or neither is. If A, C € p then from 2AR — BU € p we deduce
that U € p, while from BS — CR € p we deduce that S € p. It is then easy to see
that ay Cp. If A, B, C & p then because B2QCR+ AU) and C(2BS+ AU) are in
I (¢, c,) we see that 2CR+AU, 2BS+ AU € p. This implies that AMA4RS+U?) € P,
and so 4RS + U? € p and hence ay C p as required.
To finish, it is easy to check that

e(km(ﬁv T§'|,§2)7 anr):2 and e(ED(ﬁv T{'1,{2)7 aN): 17

and so we get Equation (16). U

S5E. Cohen—Macaulayness. If 1 is a semisimple representation of Iy over E, let
R(p, 19)’ be the maximal reduced and [-torsion-free quotient of R(p) all of whose
E-points give rise to representations p of Gy with ply,. = to. Then I claim that
R(p, 19) is always Cohen—Macaulay. Indeed, if 7 is nonscalar then this is proved
above. If 1q is scalar, then we may twist and assume that it is trivial. If g =41 mod /,
this follows from Proposition 5.5. If ¢ = 1 mod ! then we can deduce the claim
from Proposition 5.8 together with [Eisenbud 1995, Exercise 18.13], which says
that if R/I and R/J are d-dimensional Cohen—Macaulay quotients of a noetherian
local ring R, and dim R/({ + J) =d — 1, then R/({ N J) is Cohen—Macaulay
if and only if R/(I + J) is. We take R = RP(p), and I and J to be the ideals
cutting out RD(ﬁ, 7,) and RD(,5, Tys) respectively. Then R/I and R/J are Cohen—
Macaulay, and R/(I + J) is a quotient of the formally smooth ring R/I by the
single equation g tr(p(¢))? = (g +1)? det(p"(¢)), and so is Cohen—Macaulay.
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Therefore R/(I N J) is Cohen—Macaulay as required. When ¢ = —1 mod [ the
claim follows from Proposition 5.6 unless p is the direct sum of the trivial and
cyclotomic characters, in which case we use Remark 5.7.

For n-dimensional representations the unrestricted framed deformation ring
RY(p) is always Cohen—Macaulay (in fact, a complete intersection; this is due to
David Helm, building on work of Choi [2009]). It is natural to wonder whether
the rings obtained by fixing the semisimplified restriction to inertia are always
Cohen—Macaulay. Note that they are not always Gorenstein.

For a discussion of how the Cohen—Macaulay property of local deformation rings
can be used to show that certain global Galois deformation rings are flat over O,
see [Snowden 2011, Section 5].

6. Reduction of types — proofs.

The aim of this section is to analyse the reduction modulo / of the K -types o (1)
defined in Section 3, and in particular to prove Lemma 3.9.

6A. The essentially tame case. Suppose that T = (r;, N;) where r; is a tamely
ramified, semisimple representation of /r. Then o (7) is inflated from a represen-
tation of GL,(kr). We will always use the same notation for a representation of
GL,(kp) and its inflation to GL,(OF). For this subsection let G = GL;(kr), let B
be the subgroup of upper-triangular matrices, let U be the subgroup of unipotent
elements of B, let Z be the centre of G, and fix an embedding « : kLX — G. Fix
a nontrivial additive character ¥ of U. Then we have (see, e.g., [Bushnell and
Henniart 2006, Chapter 6]):

o If rp = (rec()) ®rec(x))|s, and N # 0, where x |o; is inflated from a character
x of ki, then o(t) = (x odet) ® St, where St is the Steinberg representation
of G.

o If r; = (rec()) @rec(x))|r, and N, =0, where x |o; is inflated from a character
x of k3, then o (1) = x odet.

o If rp = (rec(x1) ®rec(x2))|1,, where x; |O; and x»| oy are inflated from distinct
characters x; and x, of k;, then

o (t) = u(x1, x2) := Ind§ (x1 ® x2).

o If r; = (Indgi rec(é))| 1 Where él@f is inflated from a character 6 of kz‘ which
is not equal to its Gal(k; / kr) conjugate 6¢, then

(this virtual representation is a genuine irreducible representation that is indepen-
dent of the choice of V).
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The only isomorphisms between these representations are of the form p(x1, x2) =
wu(x2, x1) and 7y = mye.

We want to understand the reductions of these representations modulo /, for
this see [Helm 2010]. We will use analogous notation for representations of G in
characteristic zero and in characteristic /; hopefully this will not cause confusion.

If ¢ # £1 mod/, then reduction modulo / is a bijection between irreducible
F;-representations of G and irreducible E-representations of G, as G has order
q(g + 1)(g — 1)?> which is coprime to [.

If g =1 mod /, then the distinct irreducible representations of GL,(kr) over F
are x odet and St ®(x odet) for x :k; — F*, w(x1, x2) for x1, X2 kp— F* a pair
of distinct characters, and 7ty for 0 : kZ — F* a character which is not isomorphic
to its conjugate. The notation is all entirely analogous to the characteristic zero
case. Once again, the only isomorphisms are u(x1, x2) = u(x2, x1) and wy = mye.
The reductions of the characteristic zero representations are:

e x odet = x odet.

e St®yx odet = St®( odet).

o w(xis x2) = (X1, X2) if X1 # X2

o u(x1, x2) = (X odet) ® St®(X odet) if X1 = X2 = X.

e Ty=TT g+
For the last of these, we must observe that /6¢ is a character of k;*/kj:, a group
which has order ¢ + 1 and so coprime to I (as [ > 2). Therefore if  # 6 then 6 # 6°.

If ¢ = —1 mod/, then the distinct irreducible representations are y o det for
x i kp— B, u(x1, x2) for x1, x2 : k — F* unordered pair of distinct characters,
my for 6 : k; — F* a character which is not isomorphic to its conjugate, and
(x odet) ® y for x : k; —> [ a character. This last needs some explanation, 7y is
the reduction modulo / of 7g for any character 6 : k; /k — E* which is not equal
to ¢ but whose reduction modulo [ is trivial. Once again, the only isomorphisms

are w(xi, x2) = u(xz2, x1) and wy = mye. The reductions of the characteristic 0
representations are:

e x odet = ¥ odet.

o 1(x1. x2) = 1(X1. X2)-

. Tg =y if 0 £ 0°.

e Tp=m ® (9‘|k; odet) if 6 = 6¢.

e St®yx odet has ; ® (¥ odet) as a submodule with quotient x o det.

In particular, comparing this analysis with Lemma 3.8 shows:
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Lemma 6.1. If T = (r,0) and v’ = (', 0) are scalar on P but not on Pg, then
o (7) and o (t') are irreducible and are isomorphic if and only if r = r’ mod [.

6B.

The wild case. 1f T = (r, 0) and all twists of r are wildly ramified (we say that

is “essentially wildly ramified”), then the following lemma will allow us to show that
o () is irreducible. If p is a Zl—representation of a group H, we write p for p ® F,.

Lemma 6.2. Suppose that H <t J C K are profinite groups such that H is open
in K, H has pro-order coprime to l, and J/ H is an abelian [-group. Suppose that A
is a Z;-representation of J, and write n) for the restriction of A to H. Suppose that n
(and hence X) is irreducible. Suppose that if g € K intertwines n, then g € J. Then

)]

(@)

3)

The representations of J extending n are precisely . = A Qv; as v; run through
the characters of J/H. There is an isomorphism Ind{q N E = D; ri. The
unique Fj-representation extending 7 is A, and all of the Jordan—Hélder factors
of Ind{, ij are isomorphic to .

A Fi-representation p of J contains & as a subrepresentation if and only if it
contains A as a quotient.

The representations Indf A and Ind§ X are irreducible.

Proof.

ey

(@)

3)

In characteristic O we argue as follows. First note that the representations A; are
distinct, otherwise A|y would have a nonscalar endomorphism, contradicting
Schur’s lemma. By Frobenius reciprocity, the A; are distinct irreducible con-
stituents of Ind{i n. Since the sum of their dimensions is dim Indil n, they are
the only irreducible constituents. By Frobenius reciprocity, any representation
extending n must occur in Ind{, n and so must be one of the A;, as required.
In characteristic [, first note that A is irreducible since the pro-order of H is
coprime to /. It follows from this and the fact that v; is trivial for all i that the
Jordan—Holder factors of IndL ij are isomorphic to A. Frobenius reciprocity
then implies that A is the unique irreducible representation of J extending H.

It follows from part 1 that Hom (A, p) #£0if and only if Hom; (Ind{q n, p)#0.
By Frobenius reciprocity, this is equivalent to Homg (77, o) # 0. But by the
assumption on the pro-order of H, [;-representations of H are semisimple,
and so this is equivalent to Homg (p, 17) # 0, which by the same argument is
equivalent to Hom; (p, Indfq n) # 0.

First, note that dim Homg (Ind§ X, Ind§ 1) = 1, by Mackey’s decomposition
formula and the assumption that elements of K \ J do not intertwine 7. Now
suppose that p is an irreducible subrepresentation of Indf . By Frobenius
reciprocity and part 2 we may deduce that p is also an irreducible quotient of
Indf A. The composition Indf A —»p > Ind§< X is then a nonzero element
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of Homg (Ind5< X, Indf 1), and is therefore scalar. But this is only possible if
p= Ind§ X, as required. The statement about Indf A; follows. U

Proposition 6.3. Let T = (r, 0) be an essentially wildly ramified inertial type. Then
there exists a subgroup J C K, an irreducible representation X of J, and a subgroup
J < J, such that (f, J, K, }) satisfy the hypotheses on (H, J, K, A) in Lemma 6.2
and such that o (t) = Ind§< A

In particular, GTT) is irreducible.

Proof. Suppose first that r is the restriction to /r of a reducible representation of G.
Then o (t) = Ind,[go( N ED® (x odet) for a character € of Oj. of exponent N > 2 and
a character y of (’);. Let J = Ko(N), and let

J= { (Z Z) € J : a has order coprime to / modulo p F}.
Then J, J, and € satisfy all the required hypotheses — the only one to check is
that €| 7 is not intertwined by any element of K \ J. We deduce this (in somewhat
circular fashion) from the irreducibility of Indf (€), since this is shorter than a direct
proof. If g € K intertwines €| 7, then Homj 7, 1(€, €%) #0. By Mackey’s formula

dlm(HomJ(e Ind e) Z dlmHomngg 1 (€, €9).
geN\K/J

The left hand side is in turn equal to dim Hom K(IndK €, IndK €). But IndK € =
b, IndK €; where ¢; are the characters of J extendlng €lj, and by the appendlx to
[Breuil and Mézard 2002], these IndK ¢; are irreducible and distinct. Therefore the
left hand side is equal to (J : J). The right hand side has a contribution of 1 from
eachge J/ J, and therefore from no other g, as required.

Now suppose that r is the restriction to I of an irreducible representation of Gr.
Theno(t)= Indf A for an irreducible representation A of J extending an irreducible
representation 7 of a pro-p normal subgroup J! of J (see [Bushnell and Henniart
2006, Sections 15.5, 15.6 and 15.7] —note that our J is the maximal compact
subgroup of their J,, but our J! agrees with their J.!). We have J/J! =k, where
k is the residue field of a quadratic extension of F, and so J has a normal subgroup
J of pro-order coprime to / such that J/ J is an l-group. Then (J,J,K, %) satisfy
all the required hypotheses — the intertwining statement follows from [Bushnell
and Henniart 2006, 15.6 Proposition 2]. ]

Proposition 6.4. Let T = (r,0) and ©’ = (r/, 0) be inertial types that are not scalar
on Pp. If r =r' mod |, then o (1) and o (t') are isomorphic.

Proof. If either of r and r’ is (after a twist) tamely ramified, then so is the other and
this is contained in Lemma 6.1. Otherwise, by Lemma 3.8, we are in one of the
following cases:
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(1) r = (x1 ® x2)|1 for characters x; and yx» of G that are distinct on Pr, and
r" = (x; ® x3) |1, for characters x| and x; of Gr with x; = x/ fori =1, 2.

Q) r= (Indgi &), and r' = (Indgi &)1, for wildly ramified characters & and &’
of G such that £ = &', and such that & Br does not extend to Gr.

3) r| Py is irreducible and r’ = r ® x for a character x of I that extends to Gg
and such that x = 1 mod /.

In the first case, we may write x; = rec(¢;) and x; = rec(e/) with ¢; and €]
characters of F'* such that ¢; = elf mod / and such that € =€ /¢, has exponent N > 1.
Since €’ = €] /€ also has exponent N, we have

o(t) =€ ®Ind§0(N) €
= ¢, ®Ind, v, € mod

=o(7)).

In the second case, by twisting we may reduce to the case where (L/F, rec 1 (§))
is an unramified minimal admissible pair [Bushnell and Henniart 2006, § 19.6].
Then, following through the explicit construction of [Bushnell and Henniart 2006,
SS 19.3 and 19.4] we see that there are

(1) asimple stratum (2, n, o) with associated compact open subgroups J; CJ C K,
with Jy pro-p and J/J; = k[

(2) arepresentation 5 of J! and extensions A and A’ of 5 to J such that Indf )=
o(t) and IndK \)=0o(r).

Indeed, up to conjugacy, (A, n, @), Ji, and 1 are determined by rec™!(&)| vl =
clE )|U1 The representations A and A’ are defined in terms of rec”!(§) and
c (&) by the formulae of [Bushnell and Henniart 2006, 19.3.1 and Corol-
lary 19.4] (together with the correction factor of paragraph 34.4, an unramified
twist Ag, that makes no difference to the argument). It is clear from these that if
& =&’ then A = ) as required.
In the final case, r’ = r ® x for a character x of Iy that extends to Gp. By
compatibility of t — o (t) with twisting,

o(t") =0 (1) @rec ' (x) odet
=o(r) mod!
as required. ([

Proposition 6.5. Ler T = (r, 0) and ©’ = (r’, 0) be inertial types that are not scalar
on Pp. Ichr) and o (t') are isomorphic, then r = r’ mod [.

Proof. If one of r and r’ has a twist which is trivial on P, then so does the other
and in this case the proposition follows from Lemma 6.1.
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Otherwise we may, by twisting, assume that o () and o (") satisfy [ (o) <I(c Q)
for all characters x of (’); (the definition of /(o) is as in [Bushnell and Henniart
2006, § 12.6]). In this case o (t) and o (t’) contain the same, nonempty, sets of
fundamental strata (because this only depends on the restriction to pro-p subgroups).

If one of o (t) and o (z’) contains a split fundamental stratum [Bushnell and
Henniart 2006, 13.2] then so does the other. In this case, [Bushnell and Henniart
2006, Corollary 13.3] implies that they cannot be cuspidal types and so we have

o(t) = IndI,gO(N)(e) and o (7)) = IndfO(N,)(e/)

for some € and €’ of exponents N and N’. It is easy to see that in fact we must
have N = N’. From Lemma 6.2 we deduce that e = ¢’ mod !, and so T = v/ mod /
as required.

Otherwise, o (1) = Indf rando (7)) = Ind§< A’ for a simple stratum (2, n, o) with
associated groups J! C J and representations A and A’ extending the representation
n of J. From Lemma 6.2 we deduce that A’ = A ®  for a character n of J/J! with
n=1mod].

If A is unramified, then by the reverse of the argument in the second case of the
previous proposition we see that T = (Indgi &)1, and T = (Indgi &)1, for & and &’
characters of G with £|;, = &'|;,, whence the result.

If 2 is ramified, then 7 can be regarded as a character of J/J' =k W = kg with
n =1 mod ! for some ramified quadratic extension M /F. I claim that there is a
character y of (9;5 with n = y odet and x =1 mod /. Indeed, as [ > 2 we can take
the inflation to O of the character x of k satisfying x = 1 mod/ and x* = 1.
Then o (t) =0 (') ® ()} odet) and so

=1 ®rec(y)
=1’ mod!,

as required. U
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Generalized Kuga—Satake theory
and rigid local systems, Il:
rigid Hecke eigensheaves

Stefan Patrikis

We use rigid Hecke eigensheaves, building on Yun’s work on the construction
of motives with exceptional Galois groups, to produce the first robust examples
of “generalized Kuga—Satake theory” outside the Tannakian category of motives
generated by abelian varieties. To strengthen our description of the “motivic”
nature of Kuga—Satake lifts, we digress to establish a result that should be of
independent interest: for any quasiprojective variety over a (finitely generated)
characteristic-zero field, the associated graded of the weight filtration on its
intersection cohomology arises from a motivated motive in the sense of André,
and in particular from a classical homological motive if one assumes the standard
conjectures. This extends work of de Cataldo and Migliorini.

1. Background: generalized Kuga—Satake theory

The aim of this paper is to produce nontrivial examples of the generalized Kuga—
Satake theory proposed in [Patrikis 2014b]. The classical Kuga—Satake construction
is a miracle of Hodge theory that associates to any complex K3 surface X a complex
abelian variety KS(X) and an inclusion of Q-Hodge structures

H?*(X,Q) Cc H' (KS(X), Q)%2.

This construction takes its clearest conceptual form within the motivic Galois
formalism. Let Mg‘:‘)m denote the category of pure motives over C for homological
equivalence. Assuming the standard conjectures, this is a neutral Tannakian category
over Q with fiber functor given by Betti cohomology:

Hp: /\/l?:om — Vectg .
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Let Qg"m = Aut®(Hjp) denote the corresponding Tannakian group. Then we can
phrase the Kuga—Satake construction as follows: the motive H?(X) admits a
(symmetric) polarization, hence (normalizing by a Tate-twist to weight zero) cor-
responds to a motivic Galois representation p : ngm — SO(H;(X )(1)).! The
motive H'(KS(X)) then is the motivic Galois representation corresponding to the
composite r o p in the diagram

GSpin(H2(X)(1)) —— GL(C*(H2(X)(1)))
< >
B M
Gem —— SO(HF(X)(1)

in which p is a suitable lift of p, and r is the natural representation of GSpin
on the even Clifford algebra. The strongest possible version of the Kuga—Satake
construction is the statement that such a lift p exists; this is far from known at
present, as it implicitly includes deep cases of the Lefschetz standard conjecture.
A weaker, but still highly nontrivial, analogue is known when gg’m is replaced by
the motivic Galois group of André’s category of motives for motivated cycles; see
[André 1996a].

But the formulation itself is highly suggestive, pointing towards deep and largely
unexplored generalizations, some of whose essential difficulties are orthogonal to the
usual impenetrable conjectures of algebraic and arithmetic geometry — Lefschetz,
Hodge, Tate, etc. In what follows we will work with motives over number fields
and their £-adic realizations, rather than motives over C and their Hodge—Betti
realizations, but there are analogues of the results of this paper in the latter setting.
We now state a conjecture that captures the most refined form of a “generalized Kuga—
Satake theory” for motives over number fields. For two number fields F and E,
we let Mp g denote the category of motives for motivated cycles over F' with
coefficients in E; it is (unconditionally) neutral Tannakian over E, and by choosing
an embedding F < C, the (E-linear) Betti fiber functor gives us its motivic Galois
group Gr g (see [André 1996b] for background).

Conjecture 1.1 (see Section 4.3 of [Patrikis 2014b]). Let H— Hbea surjection
of linear algebraic E-groups whose kernel is equal to a central torus in H, and let

p:Grg—> H

be a motivic Galois representation. Then if either F is totally imaginary, or the
“Hodge numbers” of p satisfy the (necessary) parity condition of [Patrikis 2015,

IThat this motivic Galois representation should be special orthogonal, rather than merely orthogo-
nal, is nontrivial; it follows from work of André [1996a].
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Proposition 5.5], then there exists a finite extension E'/E and a lifting

Hg
/ l
Gr e —— Hp
PQEE

of motivic Galois representations.

For a leisurely overview of this conjecture, see the introduction to [Patrikis
2014a]; for a detailed discussion of the arithmetic evidence, see [Patrikis 2014b].
Even working with motivated rather than homological motives, this conjecture is
highly refined: in the classical setting of diagram (1), the existence of such a p
requires not only the existence of KS(X), but also the full force of the theorem
of Deligne—André that Hodge cycles on abelian varieties are motivated.” At first
approximation, though, we can replace Conjecture 1.1 with the following variant:

Definition 1.2. Setting I'» = Gal(F/F) for an algebraic closure F of F, we let
o :'r — H(Qy) be a geometric Galois representation valued in an arbitrary linear
algebraic group H over Q.

e We say that p is weakly motivic if there exists a faithful representation
r : H < GL(V,) such that r o p is isomorphic to the (¢ : E < (y)-realization
H,(M) of some object M of MF .

« Suppose that we are given such a weakly motivic p : I'r — H(Qy), and let p
be a geometric lift to H:

H(Qy)

/ l @)

I —— H(Q)

(That such geometric lifts typically exist is [Patrikis 2014b, Theorem 3.2.10]
and [Patrikis 2015, Proposition 5.5].)° We say that p satisfies the generalized
Kuga—Satake property if it is weakly motivic as an H-representation.

2RHF=CJMU&WMHFmammMHkMdmmﬁmmedﬁmmﬁameﬁmwMWmmbr
abelian varieties, and rather delicate descent arguments — see [Patrikis 2014b, §4.2].

3This should be contrasted with the situation in which the kernel of H — H is finite, where
geometric lifts, even after allowing a finite base change on F, need not exist: for a simple example,
consider the case SL, — PGL, in which p is the projective representation associated to the Tate
module of an elliptic curve (or even more simply, consider multiplication by N > 1 on G, and let p
be the cyclotomic character). For the full story, see [Wintenberger 1995].
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In sum, our aim in establishing certain cases of this “generalized Kuga—Satake
property” is to verify (motivated refinements of) certain cases of the Fontaine—-Mazur
conjecture.

With this framework in place, we can introduce the particular setting of this
paper. Our aim is to study certain families of weakly motivic p : [r — H (Q;) for
which it is possible to find lifts p : ['r — H(@p) satisfying the generalized Kuga—
Satake property. Outside of the context of the classical Kuga—Satake construction,
where p is the representation on H?(X 7 Q;), for X/F a K3 surface — or closely
related examples in which the motives in question are still generated by motives
of abelian varieties* — there were no nontrivial examples of such a lifting until
[Patrikis 2014a]. But that paper is restricted to low-dimensional examples in which
H= GSpinsg — H = SOs, and relies heavily on low-dimensional coincidences in
the Dynkin classification. Thus the primary desiderata for our examples are that:

(D.1) the motives in question not lie in the Tannakian subcategory of M generated
by abelian varieties and Artin motives;

(D.2) the examples exist in arbitrary rank, or at least for “interesting” groups H;

(D.3) the lift o should not be realizable within the Tannakian category of geometric
representations generated by p, characters, and Artin representations.

We make explicit this last desideratum just to point out that for some choices of H,
for instance H = H x G,y,, the existence of a weakly motivic lift p is completely triv-
ial. Condition (D.3) is a way to ensure the results we prove have nontrivial content.

The examples of this paper meet all three criteria of interest. For our p we
take the remarkable weakly motivic Galois representations constructed in [Yun
2014a, Theorem 4.2, Proposition 4.6]. Let us recall a somewhat simplified version
of the main result of [Yun 2014a]. Let G be a split, simple, simply connected
group of type Ay, D, with n even, G,, E7, or Eg, and let GV denote the split
Q-form of its dual group. We have to say a word about the coefficients of the Galois
representations and motives. For definiteness, fix an embedding @ < Q,, implicit
whenever we take “the” ¢-adic realization of a motive with coefficients in @, and
let i be a square-root of —1 in @. All the local systems considered can be arranged
to have coefficients in the (possibly trivial) extension @, = Q,(i). The motives will
have coefficients in the subfield @ C @ given by

;L {@ in types Dy, G2, Es,

3
Q@) intypes Ay, Dy, E7. ©

There is a certain two-fold cover ®Z; — Z¢ (see Definition 4.1 and Lemma 4.2)
of the center Zg of G —regard PZ as a group scheme over @ — and we call a

4For an “axiomatic” generalization of this context, see [André 1996a], which, for instance, further
allows X to be a hyperkéhler variety, or a cubic four-fold.
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character
x:PZc(@) - @~

odd if it is nontrivial on the kernel of PZ; — Z.

Theorem 1.3 [Yun 2014a]. For any odd character x : PZg(Q) — QX, there exists
a local system
py 11 (PG — {0, 1, 00}) = G¥(@)

whose geometric monodromy group is G, except in type Dy, in which case the
geometric monodromy group is SOguy,—1. For all number fields F such that

2 P
Q—=1) ifGisoftype A1, Dyaa, or E7,

and all specializations t : Spec F' — Pl {0, 1, o0}, the pullback py,; :T'r — GV (@2)
is weakly motivic. To be precise, the composition of p,,; with the quasiminuscule
representation of GV is isomorphic to the Qj-realization of an object of MF q.

We can now state the first main result of this paper. There is a minor technicality in
the phrasing of this theorem that results very naturally from the way the geometric
Satake isomorphism descends to number fields—see Section 4B for a careful
explanation. Namely, for any connected reductive group H, let p* denote the
usual half-sum of the positive coroots (for any choice of based root datum), and set
Hy=(H xG,;)/{(2p"Y(—=1) x —1)). In the case H = G", to avoid cluttered notation
we write Glv for (G")1; this should not cause any confusion. Yun’s construction is
most naturally viewed as the construction of a local system

Pyt 1 (PE — {0, 1, 00}) = GY (@) = (G x G,)(Q))
in which the G¥ component is as in Theorem 1.3, and the G,, component is the
cyclotomic character; the equality here uses the fact that G is simply connected.

Theorem 1.4. Let H — G be any surjection of split connected reductive groups
with kernel equal to a central torus in H. Then:

(1) There exists a local system p, : 7 (Pt}l(ﬂ) —{0,1, o0}) —> ﬁl (Q)) lifting py,
i.e., such that the diagram

Hy(@)

|

71 (Pl — (0, 1, 00) —— GY (@)

commutes. When G is of type Dy, we may replace Q(+/—1) by Q in this
assertion.
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(2) For all number field specializations t : Spec F — P! — {0, 1, 0o} (assuming
F D> Qv 1) intypes A1, Dayni2, and E7), py,, is weakly motivic, i.e., satisfies
the generalized Kuga—Satake property.

The real content of this result is for G of types D, and E7. When 71(G) = {1}
(types G», Eg), there can never be any generalized Kuga—Satake lift satisfying
criterion (D.3). In type A, the construction is not completely trivial, but the
motives in question are generated by abelian varieties and Artin motives, so fail
to satisfy our criterion (D.1).> But in the essential cases of types D, and E7,
all of our desiderata are met, the key point being that, for suitable choice of H,
the group H, has irreducible representations restricting to each of the minuscule
representations of the simply connected cover G of GV; these are representations
not possessed by the original (adjoint) group GV. See Section 6 for details.

We now briefly summarize the approach to constructing the lifted local systems p,
(see the beginning of Section 2 for more orientation). Yun’s p, is constructed as the
eigen-local system associated to a Hecke eigensheaf on a certain moduli space Bun
of G-bundles on P! with level structure at the points {0, 1, co}. Simply put, we
enlarge the center of the sem1s1mple group G to form a reductive group G (whose
dual group G’ plays the role of H above); then we study an analogous moduli
space Bun of G-bundles with level structure, and show that Yun’s eigensheaves can
be extended to eigensheaves on Bun. The weakly motivic nature of the lifts p, ; is
realized in the (restrlctmg to the mterestmg cases in type A, Dy, E7) minuscule
representations of G’ (or rather, of G ); as in [ Yun 2014a], the motives themselves
are closely related to the (1ntersect10n) cohomology of certain open subvarieties of
affine Schubert varieties.

To put this approach in perspective, let us note that it is a geometric analogue of
the classical automorphic construction parallel to the lifting problem (2). Namely,
extending an automorphic representation of G to G heuristically corresponds to
lifting a representation Lz — G (C) of the “automorphic Langlands group” Lp
oG’ (C). We are carrying out an analogue for certain Hecke eigensheaves, being
careful to retain hold of the explicit “motivic” nature of the corresponding eigen-
local systems.

In fact, we prove something considerably stronger than Theorem 1.4, strengthen-
ing the “motivic” result even in Yun’s original context. Rather than showing (as in
Theorem 1.4(2)) that the p,,, (or p, ) are weakly motivic, we show (Theorem 6.1)
that, for any finite-dimensional representation r of H 1, 7 0 Py, is motivated. The
content of this assertion is the following: the arguments showing that p, , and
Py, are weakly motivic rest on the fact that quasiminuscule and minuscule affine

5 Also, in this case, a more elementary construction of the lift can be achieved using Katz’s theory
[1996] of rigid local systems; this is a simple case of the strategy of [Patrikis 2014a].
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Schubert varieties have very mild singularities (punctual in the quasiminuscule case;
none at all in the minuscule case). For such varieties (and their close cousins that
appear in the proof), we can in quite elementary terms describe their intersection
cohomology groups as the ¢-adic realizations of motivated motives. The claim that
all r o py,; are motivated depends on a similar description, but for varieties with
singularities as bad as those of any affine Schubert variety. This essentially means
we need a “motivated” description of the intersection cohomology IH* (Y}, Q) of
an arbitrarily singular, and not necessarily projective, variety Y over a characteristic-
zero field k; to be precise, since motivated motives do not reflect “mixed” behavior,
we prove such an assertion for the associated weight graded Gr)Y TH*(Y: 7> Q¢). This
is deduced as a consequence of a stronger “motivated” variant of the decompo-
sition theorem, and especially from a “motivated support decomposition” — see
Theorem 8.13 and Corollary 8.14. Here is the specialized statement for intersection
cohomology:

Theorem 1.5 (compare Corollary 8.15). Let k be a finitely generated field of
characteristic zero, and let Y /k be any quasiprojective variety. Then there is
an object M € My whose €-adic realization is isomorphic as a I'y-representation to
Grl.W IH" (Y, Q¢). If T is a finite group scheme over k acting on Y, and e €
Q[T (k)1™ is an idempotent, then for any embedding @ — Q there is an object
of M, g whose (Q — Qy)-realization is isomorphic as a Ty-representation to
Grl¥e(TH" (Y, Q).
The same holds for intersection cohomology with compact supports.

When Y is projective, in which case IH" (Y, Q) is pure of weight m, and k
is algebraically closed, this® is a recent result of de Cataldo and Migliorini [2014,
Theorem 3.2.2], part of their beautiful series of papers (see for instance [de Cataldo
and Migliorini 2005; 2010; de Cataldo 2012]) reestablishing the decomposition
theorem and its associated mixed Hodge-theoretic package by “geometric”, rather
than “sheaf-theoretic”, methods. These papers chart a fundamental advance in
our understanding of the geometry of perverse sheaves, and I expect there will
be many more, and far deeper, motivic applications than the one here. Since
the arguments establishing Theorem 1.5 are independent of those of the rest of
this paper, I refer the reader to Section 7A for a fuller introduction, and for an
overview of the approach to Theorem 1.5. Also see Remark 8.16 for additional
applications, such as a p-adic de Rham comparison isomorphism for intersection
cohomology.

5Not exactly, of course, since as we have phrased the result the theorem is vacuous for k alge-
braically closed; in that case substitute for the £-adic cohomology the collection of Betti, de Rham,
and ¢-adic realizations.
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2. Bundles with level structure

Before plunging into the technical details, we give a little more orientation for the
reader not familiar with Yun’s argument. The principle underlying Yun’s strategy is
that, for a suitable reductive group G and a careful choice of level structure (i.e.,
ramification), there will be an essentially unique automorphic form on G over the
function field F = F,((¢)). The usual double coset space

G(F)\G(Ap)/[[G(©0).

the product taken over closed points of X, and O, the complete local ring at x,
on which automorphic forms are defined admits an interpretation as the [,-points
of the moduli stack Bung of G-bundles on P'. Appropriate moduli spaces of
bundles with level structure then have [, -points corresponding to taking other level
structures in the above double quotient. The general aspiration of (“classical™)
geometric Langlands is to upgrade these automorphic functions to perverse sheaves
(via Grothendieck’s function-sheaf correspondence) on the appropriate moduli stack
of bundles. The automorphic interpretation plays no direct role in Yun’s work,
but it serves as motivation. Setting the motivation aside, the problem becomes
one of finding level structures corresponding to some moduli space Bun whose
simple perverse sheaves can be explicitly described (in fact, what is described
in Yun’s case is a subset of “odd” perverse sheaves). To construct eigen-local
systems associated to any of these perverse sheaves, one needs to know that they
are Hecke eigensheaves. It is here that the uniqueness properties of the construction
are absolutely essential: the classical analogue to keep in mind is the statement
that in a one-dimensional space of classical modular forms, every element must
be a Hecke eigenform! The motivic nature of the resulting local systems is only
revealed by carefully tracing through the construction.

The present section reviews facts about spaces of bundles with level structure.
The next section then lays out carefully the construction of Yun’s moduli space
Bun, and of the enlarged moduli space Bun essential to our generalization; this
latter space will be chosen to make as easy as possible a comparison of perverse
sheaves on the two spaces.

We now proceed to the formal exposition. In this section only, we allow G to be
any connected reductive group over a field k, and X to be any smooth projective
geometrically connected curve over k. Our aim is to review a construction from
[Yun 2011, §4.2] of moduli spaces of G-bundles on X with level structure at a finite
set S ={x1,...,x,} C X (k) of k-points. Here and throughout, we denote by LG
and L*G the “abstract” loop group and positive loop group of G, i.e., the functors
of k-algebras given by R — G(R((¢))) and R — G(R[¢]]) (a group ind-scheme
and pro-algebraic group, respectively, over k), where ¢ is a formal parameter. Now
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let x be a closed point of X, and denote by O, the complete local ring of X at x,
with residue field « (x) and fraction field K,. Then we denote by L,G and LTG
the functors R +— G(R@,((X)ICX) and R — G(R@K(X)Ox).

Definition 2.1. Let Bung s .o — Ring, be the stack associated to the following
prestack Bunlg’esy « over k: for any k-algebra R, Bung’e& «(R) is the groupoid of
triples («, P, T) where:

e o = (ay,)i=1,...n 1s a collection of local coordinates ay, : R[[t]]| = O, (here
we regard x; as an R-point x; : Spec R — Xg and take the formal completion
of Xg along the graph I'(x;)).

e P is a G-torsor on Xg.

e T =(Ty)i=1,..,n 15 a collection of full level structures
Ty, : G x Dy, = Plp, ,

where D,; = Spec(Oy,).

Let Auty denote the pro-algebraic group of continuous automorphisms of k[[z]].
The semidirect product
(LG % Autp)"

acts on the right on Bung 5 « as follows.

Definition 2.2. For g =(gi)i=1,..» € G(R(?)))" and 0 = (0;);=1
and (a, P, 7) € Bunlg’eSVOO(R), let (g,0) acton (o, P, T) by

..... n € Aut(R[[1])",
Rg,U(a’ 7)7 T) = (Ol oo, Pg’ Tg)’
where:
e oo = (ay, 00;);.

e P$ is the G-bundle on Xy obtained by gluing P|x,( , r() to the trivial G-
bundles on the completions Dy, = O,, along the punctured discs D;; via the

isomorphisms
—1
ax; 08i 00t Ty
X 1 Xl X 'Xl
G x D G x D =5 Plpy.
o T8 =(t$)i=1....n consists of the tautological trivializations of ¢ over each D,

coming from the definition of P5.

At each of the points x;, we now fix a pro-algebraic subgroup P; of LG that is
stable under the action of Auty; we additionally require that, for some integer m,
P; should contain the subgroup

I(m)={geL"™G:g=1 (mod™)}

in finite codimension.
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Definition 2.3. Having fixed S = {x{, ..., x,} and Py, ..., P, as above, we define
Bung s(P1, ..., P,) to be the stack associated to the quotient prestack

n
R > Bung .00 (R)/ [ [(P: % Auto)(R).
i=1
When there is no risk of confusion, we omit the subscript S from the notation and
simply write Bung (Py, ..., P,).

Note that since the action of (LG x Auty)” does not necessarily preserve the
isomorphism class of the G-torsor P on Xg, the moduli space Bung s(P1, ..., Py)
need not have a projection to Bung. The action does not alter P| Xp—U; T(xi)» however,
so an object of Bung s(P, ..., P,)(R) does yield a well-defined G-torsor on this
complement. Also, the category Bung s(P, ..., P,) has a tautological object
given by taking the image of an object of Bun]z;r’es’oo(k) given by the trivial bundle
with its tautological level structures and any fixed choice of local coordinates ay, .
(For any two such choices, the resulting objects of Bung s o0 (k) become uniquely
isomorphic modulo the Auty,-action.)

Lemma 2.4. Bung s(Px, ..., P,) is an algebraic stack locally of finite type.

Proof. This follows exactly as in [ Yun 2014a, Corollary 4.2.6], by first deducing
the result for
Bung s(Ii(m), ..., I,(m))

from the (well-known) result for Bung, and from there deducing the case of
BunG’S(Pl,..., Pn) O
Just as in [Yun 2014a, Lemma 4.2.5], we also have:

Lemma 2.5. Foreachi =1, ..., n,let
Q,, = Nig(P)/P;.

Then there is a right-action of 2, on Bung s(Py, ..., Py).

Finally, we can replace any P; by some finite cover, still acting on Bung s oo on
the right through P;; Lemmas 2.4 and 2.5 continue to hold.

Remark 2.6. For the reader’s convenience, we put this statement in its classical
context: Let

©:=G(F)\ G(/—\F>/<1_[G(Ox> <[] Pl-).
XFEX; i

Then on automorphic forms f : ® — Q over a function field F, we have the
usual action by Hecke correspondences arising from decomposing the double coset
P;w P; into single cosets. But when w normalizes P;, the Hecke action comes from
an actual automorphism (right-translation) of the moduli space ®.
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3. Our setting

Now we describe in detail the moduli spaces of G-bundles studied in this paper,
taking [Yun 2014a] as our starting point. Let G be a split (almost-)simple simply
connected group over k, satisfying the following two hypotheses:

e G is oddly laced;
o —1 belongs to the Weyl group Wg of G.

Explicitly, we take G to be a split simple simply connected group of type Ay, Dy,
G», E7, or Eg in the Dynkin classification. In fact, as we will see, the results of
this paper are only nontrivial when the simply connected and adjoint forms of G
differ — so for all practical purposes, we are working with types Ay, D»,, and E7.

Let G be a split connected reductive group over k with derived group equal to G,
so that the quotlent G / G = § is a torus; call the quotient map v : G — S. Fix
a maximal torus T of G and a Borel subgroup B containing T, likewise giving
T=TNG, B=BNG,and determining based root data for G and G, and an
explicit Weyl group W defined in terms of 7. We denote by Z and Zg the centers
of G and G, and we let Z° be the identity component of Z. Note that in all cases
under consideration Zg = Z¢[2]. The cases of particular interest for us —in which
there is a nontrivial Kuga—Satake lifting problem — are those in which Zg # {1},
namely types A, Dy, and E7. From now on we

assume the characteristic of k is not 2. 4

In particular, Z is a discrete group scheme over &, and the order of the kernel
of the isogeny Z — S is invertible in k. Our first task is to define the moduli
spaces of G-bundles on X = P! with level structure that will supply us with Hecke
eigensheaves. We first recall the construction in [Yun 2014a]. Yun works with
the following conjugacy class of parahoric subgroups in LG (see [Yun 2014a,
§§2.2-2.3]). In the apartment A(7") associated to T of the building of LG, we can
choose as origin the point corresponding to the subgroup L*G, with the resulting
identification A(T) = X.(T) ® R. Then under this identification 1 50" lies in a
unique facet, and we let P; 1ov be the parahoric subgroup assomated to this facet.
More precisely, Bruhat— Tits theory provides, for any facet a in the building of LG,
a smooth group scheme P, over k[[¢]] with connected fibers whose generic fiber
is G Xspeck Speck((t)). We define P, to be the pro-algebraic subgroup of LG
representing the functor (of k-algebras)

R = Py (R[2D).

We then apply this construction to the case where a is the facet containing %pv. Let
K denote the maximal reductive quotient of P 1pv3 since G is simply connected, K is
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connected. Moreover, Yun shows [2014a, §2.5] that K has a canonical connected
double cover:

Definition 3.1. Let @K denote the connected double cover of K, so there is an
exact sequence
1—>;ﬂ§er—>(2)K—>K—> 1.

Note that our notation differs from that of [Yun 2014a, §2.5], where this group is
denoted K; we reserve (x) for groups associated with the enlargement G of G.

We now define the particular moduli stacks of interest, beginning with the ones
used in [ Yun 2014a]. Let Py C LoG be the parahoric subgroup in the conjugacy class
of P% oV that contains the Iwahori Iy C LBFG, defined in terms of B. Moreover, let

®Py = Py xx, PKo,

and let PJr denote the pro-unipotent radical of Py. Next let P, be the parahoric
in the conjugacy class of P L that contains the Iwahori IS, C L} G defined in
terms of B°P. Finally, let I C L*G denote the Iwahori subgroup defined agam in
terms of B. In the notation of Sectlon 2, we now let S = {0, 1, oo} C P!(k); for
later reference, we let X° be the variety P! — S over k. The primary object of study
in [Yun 2014a] is the moduli space (see Definition 2.3)

Bun = Bung(®Py, I, P).
This sits in the diagram

Bun® —— Bung (P, Pxo)

l | \ 5)

Bun —— Bung (®Py, P5,) —— Bung (Po, P)

in which Bun® = Bung (P;", I, Ps,). The vertical maps are (@)K -torsors, and the
square is 2-cartesian. Note too that the fibers of horizontal arrows in the square are
isomorphic to the flag variety flg of G.

Next we modify these constructions to define the corresponding moduli stacks
of G-bundles on X. There are various ways of doing this; we take care to choose
the new level structures so that the moduli spaces in the G and G cases are most
easily compared.

Definition 3.2. Let P, be the subgroup scheme of LOOG generated by P, and
LY, (ZO) Let Po(l) be the subgroup scheme of LoG generated by Py and the
pro-algebraic group Zo(l) defined as the kernel of reduction modulo ¢ (a local
coordinate at zero),

Z°(1) =ker(L(Z%) — Z°).
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Note that ﬁo( 1) is isomorphic to the direct product Py x 20(1): the restriction
of vtov:Z%— S can be identified with a product of maps G,, — G,,, each given
by multiplication by some n € {+1, £2}, so (working one coordinate at a time), for
any x € R[[¢]], the equation

I =v(1+1tx) =1+ ntx + (higher order terms)

forces x =0, since we have assumed (see (4)) that 2 is invertible in k. Moreover, the
pro-unipotent radical of 130(1) is POJr . Zo(l), so the maximal reductive quotient of
ﬁo(l) is also Ky. In particular, we can form the analogous group (z)ﬁo(l) by
pullback.

Finally, let I; denote the Iwahori subgroup associated to B in LTG With this
notation in place, we introduce our main object of study:

Definition 3.3. Let Bun denote the algebraic stack Bung((z)f’o(l), I, ﬁw).

Similarly setting Bunt= Bung (POJr . 20(1), I 1, ﬁw), we then have the é—analogue
of the basic diagram (5):

Bun® —— Bung (P Z°(1), Ps)

l | \ ) ©)

Bun —— Bung(PPy(1), Py) —— Bung(Py(1), Py)

Here the vertical maps are still PK-torsors, the diagram is 2-cartesian, and again
the fibers of the horizontal arrows in the square are copies of flg.

We now must recall the Birkhoff decomposition and uniformization results for G-
(or 5—) bundles on X = PL. Consider the “trivial G-bundle on A! with tautological
Py-level structure” Pi; to be precise, P is defined as in Section 2, and is not
literally a G-bundle on Al. Likewise, let P be the trivial G-bundle on A with
tautological i;o(l) level structure at zero. Let I'y and Fo denote the group ind-
schemes of automorphisms of P and PN, respectlvely Also let W denote
the affine Weyl group X.(T) x Wg, and let W= X, (T) x Wi denote the Iwahori—
Weyl group of G. The Weyl group of the reductive quotient K, of Py, can be
identified with a subgroup of W' take the subgroup generated by simple reflections
that fix the alcove of P,. The same holds for the reductive quotient Ky of Py and
its Weyl group, and in both cases we write the resulting subgroup of W2 as Wg.

Lemma 3.4. There are isomorphisms of stacks

[T\ LooG/ Pl <> Bung (Py, Pso), )
[To\ LooG/Poo] = Bung(Py(1), Poy), (8)
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and Birkhoff decompositions

LuGhy= [] TokwPs(). ©)
Wi \Waft/ W

LGk = [] TolowP(k). (10)
Wi \W /Wi

Proof. See [Yun 2014a, §3.2.2] and [Heinloth et al. 2013, Proposition 1.1]. O

It follows easﬂy from diagram (6) that 7o(Bun) is naturally in bijection with
no(BunG(Po(l) Poo)) this is in turn in bijection (since G is simply connected)
with

mo(Bung) 2> mo(Bung) <= mo(LeoS/LLS) <= X.(S).

We can describe the connected components of Bun in terms of this uniformiza-
tion. First note that replacing Py and 'y with @pP, and @Iy, and ﬁo(l) and FO
with (z)ﬁo(l) and (2)f0’ we get obvious analogues of Lemma 3.4. Then, for
each w € Wg \ W/WK we obtain an object P, of Bung(@Py(1), Ps)(k) by
gluing PN with Ad(w) Ps; and we can make the correspondlng construction of
P, € Bung (PP, Ps,) for w € W, The stabilizers of P,, and P, are, respectively,

Stab% = (Fy Nw Peow ™) xx, @Ko, (11)
Stab$ = (Ty Nw Poow™") xx, PKo. (12)

In other words, Bung (PPy, P,) has a stratification by substacks [{P,}/ Stab];
likewise, Bung(®Py(1), Px,) has a stratification by substacks [{P,}/ Stab$]. By
taking the preimages in Bun and Bun, we obtain stratifications by substacks that we
denote Bun,, (for w € = Wk \ walt / W) and Bun,, (for w € WK \ w / Wk), respectively.
For w =A X wg € W = X, (T) X Wg, the substack Bunw lies in the component
corresponding to v o A € X,(S). In particular, we can identify the connected
component of Bun containing the tautological object P; as

—~0 — —~
Bun" = ]_[ Bun,, = ]_[ Bun,,.
w=k>4w(;}6(‘/l(/1%}W/WK we W \Wall/ Wy
rEX.

Taking the associated G-bundle defines a map Bun — Bun, and for w in
Wi \ W/ Wy it respects the above stratifications, yielding a map Bun,, — Bun,,.
The crucial point is the following:

Proposition 3.5. The map Bun — Bun® is an equivalence, i.e., an isomorphism of
stacks.
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Proof. We check this stratum by stratum. It suffices to show that, for all w in
X.(T)xWg = wat = W, we have Stab$ = Stab$, i.e., that the natural map

N wPon_1 — FO N u)IA’;ouF1

is an isomorphism. For a k-algebra R, an element of (Ton wﬁww_l)(R) gives rise
fppf-locally on R to an equation of the form pyzo = Wz poow_1 with pg € Py(R),
20 € Z°(1)(R), poo € Poo(R), and zo € L (Z%). Applying v, we find v(zo) =
V(zoo); but since 1+ R[N Rz~ > = {1}, we see that v(z9) = v(zso) = 1. This
forces (as in the argument following Definition 3.2, by our assumption on char(k))
z0 = 1, and zoo € Poo(R). We may as well then assume zo, = 1 (incorporating z
into poo), and so we actually have an equality pp = wpsow ™! bearing witness to
an element of (I'y N w Psow ™ 1) (R). This implies that

N wPoouFl — FO N w’ﬁooufl

is an epimorphism, and, as it is obviously injective, we are done. ([l

4. The eigensheaves

4A. Construction of the eigensheaves. In this section, we combine the equiva-
lence Bun <> Bun® of Proposition 3.5 with the analysis of the sheaf theory of Bun
carried out in [Yun 2014a, Theorem 3.2] to produce our desired Hecke eigensheaves
on Bun. The key simplification arises from applying Lemma 2.5 at the point x =1,
where we have taken I level structure. In this case we identify the group € with
the stabilizer in W of the alcove corresponding to the standard Iwahori I;, and
v: Q= X,(S) also identifies €21 with Tl’()(]éafl). For y € 1, we denote by

T, : Bun — Bun

the action given by Lemma 2.5. Writing Bun? for the connected component
corresponding to ¥, we see that T,, induces isomorphisms

T, :Bun’ = Bun’.

In particular, all connected components of Bun are isomorphic (compare [Heinloth
et al. 2013, Corollary 1.2]).” The idea is to take Yun’s construction of a perverse
Hecke eigensheaf on Bun = Bun’, and then use the (“ramified Hecke operators”)
T, to propagate the eigensheaf to the other connected components of Bun. We
begin by reviewing Yun’s construction [2014a, §3]. The tautological object in
Bung (Py, Poo) (With automorphism group Ko) has preimage in Bun equivalent to

7Note that this is a special, and highly simplifying, feature of our particular context; for contrast,
observe that the degree-0 and degree-1 connected components of Bungp, (X = P! still) are not
isomorphic, since no degree-1 vector bundle has GL, as its automorphism group.
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a quotient (@K, \ flg], for a suitable action of Ky on flg (see [Yun 2014a, §3.2.4]).
The group Ky acts on flg with finitely many orbits, so there is a unique open orbit
U C flg, giving open embeddings

[PKo\ U] C [PKy\flg] C Bun.

As in [Yun 2014a, §3.2.5], we fix a point ug € U (Z[1/N]) (for some N sufficiently
large, and for an integral model of U arising from extending Ky and G to split
reductive group schemes over some Z[1/M]), and

denote by ug € U (k) the induced k-point
for all k of sufficiently large characteristic. (13)

This choice is in effect from now on. As an element of U (k) C flg(k), uo corre-
sponds to a Borel subgroup By C G over k which is in general position with respect
to Ky:

Definition 4.1. Let A denote the finite group scheme By N K over k. Let PA
denote the double cover of A given by pullback along ®Ky — K(.® Finally, let
Z(DA) denote the center of @A.

Recall the following results [ Yun 2014a, §2.6] on the structure and representation
theory of the finite 2-group PA (k). Recall that we have set

Q= {@ if G is of type Dy,, G, or Eg,

14
Q@) if Gisoftype Ay, Dyyyo, or E7, (14

and have also set @, = Q¢(i). All sheaves considered will be Q}-sheaves. In
parallel to this condition on the coefficients, we impose the following restriction on
the field of definition &, in effect for the rest of this paper:

V=1 €k for G of type A1, Dap2, or Eq. (15)
Lemma 4.2. Assume k satisfies condition (15), so that Ty acts trivially on Z (PA) (k).
(1) PZg =Z(PA).
(2) Restriction to PZ (k) gives a bijection between irreducible odd representa-
tions of DA (k) and odd characters of Z (PA(k)):
Irrg (YA (%)) oaa = Hom(Z(PA)(k), @%)_,, = Hom(Z(PA)(k), @) . (16)

3) If k is a finite field, local field, or number field, then for each odd yx :
Z(PDA) (k) = Q' the corresponding irreducible representation Vy of DA (k)
descends to an irreducible representation of ®PA(k) x Iy, whose coefficients
can be taken to be Q(i).

8Note that this is what Yun denotes A.
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Proof. The first claim is [Yun 2014a, Lemma 2.6(2)]. The second claim is elemen-
tary: the inverse of the isomorphism (16) is given by inducing the central character,
up to some multiplicity. The third claim is a variant of [Yun 2014a, Lemma 2.7],
whose proof is not complete.® The obstruction to descending Vy to a representation
of @PA(k) x Iy is a class in H2(I';, @%). This Galois cohomology group vanishes
for the claimed k; this is elementary for k finite, and for local and especially number
fields it is a beautiful theorem of Tate [Serre 1977, Theorem 4]. The argument
showing the descended Vy can be defined with (i) coefficients as in [Yun 2014a,
Lemma 2.7]. O

For clarity, we collect in one place the various conditions in effect on the field of
definition k:

Definition 4.3. Consider any odd central character x : Z(®A)(k) — Q'%, with
associated irreducible representation Vy of PA(k). Let k be any field satisfying
conditions (13) and (15), and moreover for which Vj satisfies the conclusion of
Lemma 4.2(3). Then, from now on, let Vy, denote a fixed choice of descent to an
irreducible representation of @A (k) x Ty, with Q(i) coefficients.

We now recall the crucial result analyzing the sheaf theory of Bun, or, in our case,
Bun’. Throughout, for an algebraic stack X over a field k, we will write D”(X)
for the derived category of bounded complexes of Q,-sheaves with constructible
cohomology, as in [Laszlo and Olsson 2008] (if we need to specify another field of
coefficients, @, for instance, we will write D?(X, Qy)). Recall [Yun 2014a, §3.3.1]
the subcategory

D”(Bun)eqq C D”(Bun)

ker __

of odd sheaves, on which ;" = ker(PKy — Kj) acts by the sign character. We
can similarly define DP? (ﬁl)odd, since ,ulger is also contained in the automorphism
group of every object of Bun. For future reference, let us also note a refinement of
this observation: the automorphism group of every object of Bung(ﬁo(l), I, ﬁoo)
contains the center Zg of G, and likewise the automorphism group of every object
of Bun contains the double cover (pullback under PKy — Ko) @Zg of Zg. We
can therefore decompose DP? (BTﬁl) into a direct sum of categories Db (B.fl;l)w,
indexed over characters i : @zs — @Z We, of course, will be interested in
the corresponding decomposition of D” (Bun)ogq into a direct sum over the odd
characters .

We recall the main result analyzing odd sheaves on Bun. Let j : (@K, o\U]<— Bun
denote the open inclusion.

9Namely, that argument uses the incorrect assertion that H 2(T, Q%) =0 for T a finite group
isomorphic to a direct sum of Z/27s.
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Theorem 4.4 [Yun 2014a, Theorem 3.2]. Assume G is the split simple simply
connected group of type Ay, Dy, E7, Eg, or Gy. Then the restriction

J*: D*Bun)ogg — D”([PKo \ Ulods
is an equivalence of categories with quasi-inverse given by jy = ji.
The analysis of connected components of Bun then implies:
Corollary 4.5. For all y € 21, consider the composite
jy=T,0j:[%Ko\ U]~ Bun”.
Then the restriction
Ji DP(Bun”)ogg = D"([(PKo\ Ul)oaa
is an equivalence with inverse j, = j, x.

Assume k is as in Definition 4.3. We can now define the hoped-for eigensheaves
on Bun over k, starting from Yun’s construction on Bun. Fix an odd character
(recall equation (16))

x: Z(PA) (k) - Q% (17)

to which we have associated (Lemma 4.2 and Definition 4.3) an irreducible represen-
tation Vy of DA (k) x T having x as central character. By [Yun 2014a, Lemma 3.3],
Vi ®ai) @) is isomorphic to the pullback under u of a geometrically irreducible
local system

Fy € Locag, (U, Q))odd,

which we view as an object of DP([?K, \ U])odd- Yun’s eigensheaf is then, by
[Yun 2014a, Theorem 4.2],

Ji(Fy) = jiu(Fy) € DP(Bun)ogq.

Definition 4.6. Assume k is as in Definition 4.3. Let x : Z(®PA(k)) — @Z be
any odd character. We let Ay € D?(Bun)yqq be the perverse sheaf on Bun whose
restriction AJ, for all y € Q, to Bun” is given by

A)}; = AX |]§ﬁfﬂ/ = jy,!]:x = jy,*FX-

That is, we make the only definition compatible with the requirement that Ag)(
be Yun’s eigensheaf, and that Ay be eigen for the ramified Hecke operators T, at
leX.
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4B. Geometric Satake equivalence. We recall a convenient form of the geometric
Satake equivalence. See [Mirkovi¢ and Vilonen 2007] and [Yun 2014a, §4.1] for
more background. Let G be any split connected reductive group over k (G will of
course eventually be either G or 5). Let Grg = LG/L*G as usual denote the affine
Grassmannian of G. The main result of [Mirkovi¢ and Vilonen 2007] describes
the category Satéeom of (L*G);-equivariant perverse sheaves on Gryg 1 as follows:
Sati,eom admits a convolution product making it a neutral Tannakian category over

Q, with fiber functor
H*:Satg " — Vectq,, K+ H*(Grgp, K). (18)
This fiber functor induces an equivalence
Sat? ™" = Rep(G"), (19)

where we write GV for the (split form over @, of the) dual group of G. We need
a version of Satéeom over k rather than k. It is natural for us to deviate from [Yun
2014a, §4.1] and instead follow the suggestion of [Heinloth et al. 2013, Remark 2.9]
and [Frenkel and Gross 2009, §2]. Recall that the simple objects of Satéeom are given
by the intersection cohomology sheaves of the affine Schubert varieties Grg, <. For
all dominant A € X,(T), we write

Jar 1 Grg) — Grg

for the inclusion of the L*G-orbit containing #*. Then by definition the intersection
cohomology sheaf of the closure Grg, <; of Grg , is

IC) = Jjiu 1+ Qe[(2p, )],

the shift reflecting that the dimension of Grg ; is (2p, A). We will define Satg
to be the full subcategory of perverse sheaves on Grg consisting of finite direct
sums of arbitrary Tate twists IC; (m), for all A € X,(T)* and m € Z. Note that,
in contrast to [Yun 2014a, §4.1], we do not normalize the weights of the IC, to
be zero; this bookkeeping device frees us from having to choose a square-root
of the cyclotomic character,'” and it ensures that the local systems we eventually
construct will specialize (at points of X 9(K), for K /Qy finite) to de Rham Galois
representations. Adapting the argument of [ Yun 2014a, §4.1] to our normalization,
a result of Arkhipov and Bezrukavnikov [2009, §3] implies that Satg is closed under
convolution: to be precise, we have

IC; +IC, = EHIC, (v — 2 — ., p)) &

10Which of course cannot be done over k = Q, although it is possible over many quadratic
extensions of Q.
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for some multiplicities mK " Note that (v —A — u, p) is an integer, since only v for
which there is an inclusion of highest-weight representations V,, < V,, ® V;, and in
particular for which A + u — v lies in the root lattice, will appear on the right-hand
side. We would like to combine the tensor functor

H? : Satg — Sat5*" 5 Rep(GY) (20)
with a mechanism for keeping track of the weight and Tate twist. Thus we define a
fully faithful tensor functor
H} : Satg — Rep(G” x Gy,)
by additively extending the assignment on simple objects
IC;.(n) > HF(IC; (n)) K (z > 27 H 721,

Composing with the canonical fiber functor w of Rep(GY x G,,), this yields a
surjective homomorphism G¥ x G,, — Aut®(w o H}) whose kernel

{(g, 72) € G¥ x G,, : for all dominant A € X,(T) and all n € Z,

g acts on V; by z2”_<2"’”}

is clearly equal to the subgroup ((2p(—1), —1)) C G¥ x G,,. That is, we have a
tensor equivalence Satg = Rep(glv), where (following [Frenkel and Gross 2009])

G/ = (G xGu)/({(2p(=1), =1)). 1)

Note that if G is simply connected, then G, is isomorphic to G X G,,, since
2p(—1) =1.

4C. Geometric Hecke operators. We briefly recall the definition of geometric
Hecke operators in our context, as well as the notion of a Hecke eigensheaf. Recall
that the Hecke stack Hk associated to Bun is the category of tuples (R, x, P, P, 1)
where:

e R is a k-algebra;

e x € X°(R);

« P and P’ are objects of Bun(R);

e ( is an isomorphism of P and P’ away from the graph of x.

Projecting such data to (R, x, P) (the map (ﬁ) or (R, x, P’) (the map 7) gives a
correspondence diagram
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As explained in [Yun 2014a, §4.1.3] (using the fact that 7 and (E are locally
trivial fibrations in the smooth topology, with fibers isomorphic to Grg — see
[Heinloth et al. 2013, Remark 4.1]), or slightly differently in [ Yun 2013, §4.3.1],
for each K € Satg there is an object Kg; € D (ﬁi{, (Qy) whose restriction to each
geometric fiber of A is isomorphic to K. As usual, the (universal) geometric Hecke
operator is the functor

T: Satg xDb(BTﬁB X XO) — Db(BTﬁl X XO),

— (22)
(K, F) > h\( h*(F) ®q, Kai)-
The induced functor
Satz — End(D”(Bun x X?)) (23)

is monoidal. When the input from Db(ﬁl x X9) is of the form F X @, for some
F € D*(Bun), we write

T (F) =T, FRQp).

Finally, recall the definition of a Hecke eigensheaf:

Definition 4.7. Let F be an object of D? (Bun). We say that F is a Hecke eigensheaf
if there exists

« a tensor functor & : Satg — Loc(X?);

« a system of isomorphisms, for all K € Satg,
ex : Te(F) = FREK),

satisfying compatibility conditions that will not concern us (see [Gaitsgory
2007, following Proposition 2.8]).

In this case we call £ the eigen-local system of F.
4D. Proof of the eigensheaf property. Recall that we have fixed a point
ug : Speck — U.

We also write uq for the induced maps Spec k — [PK \ U] C Bun® c Bun. For
all y € 4, we can compose with T, to obtain

u, : Speck — Bun”.
From Corollary 4.5, we obtain equivalences
(uy x id)* : D (Bun” x X)oaa => Do (X o, 24)

where PA acts trivially on X°. The strategy for proving that Ay is an eigensheaf
(x asin (17)) is to show that, for all y € ; and all K € Satg, (4, xid)*Tx(Ay)
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is concentrated in a single perverse degree. Such sheaves Ay can then be explicitly
described via Corollary 4.5 and an analogue of [Yun 2014a, Lemma 3.4]. In
preparation for this computation, note that the T, , and T commute with the Tg.
Informally, this is the statement that “Hecke operators at different places commute”;
more forgl)ally, the stack Hk carries an ;-action compatible with its two projections

h and h . Furthermore, the spread-out sheaves Kg; (for all K € Satg) are Q-
equivariant, so we find that

(uy x 1d)* T (Ay) = (uo x id)*(T,, x id)*Tic(Ay)
= (ug X id)*TK(T;AX) = (uo x 1d)*Tic (Ay). (25)

Now consider the followmg dlagram where declaring the squares cartesian defines
the new objects GR and GRV

GR) Hk
/ / l l ¥ =
ug xid
[(Z)KO\U —> Bun )& L Bun x X°

<~ ~ ~
Here w is the remaining projection corresponding to 4 on Hk. Note that GR is
the analogue of the Beilinson-Drinfeld Grassmannian in this context.!’ Let us also
denote by
~U
T[}Ej :GR, — X°

the composite 7 o j,. Repeated application of proper base change yields

(o x id) T Gy1 Fy) = (o x id)* Iy (1 (jy 1 F) © Kip)

~ n;{,(a);f’*(fx) ®Kgr), 27

where Kgg denotes the pullback of K to GR. The sheaf Karl1]is perverse (recall
that the fibers of K5 at x € X 0 are copies of K), and F, is a local system (in
cohomological degree zero), so a)g *(Fy) ® Kggrl1] is perverse. Our immediate
aim is to show that each (ug x id)*Tic(j,1F,)[1] is a perverse sheaf on X 0 Any
object K of Satg is a direct sum of simple objects, so we may assume K is simple
and therefore supported on some Grg _;, A € X, (T) The corresponding Kgg is
then supported on a correspondlng substack éfQ > which pulls back in diagram (26)
to a substack GR,, <) of GRy

Note that we continue to adhere to the notational pattern of using (::) to denote the G-version of
an object that could similarly be defined for G. Our notation is, as a result, not always consistent with
that of [ Yun 2014a]: for instance, (ﬁiU denotes there (the version for G of) what we will call &Y
below (see diagram (36)).
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We now come to the crucial geometric lemma. We note that Yun has found
[2014b, Lemma 4.4.7] an argument that applies much more generally; the following,
an elaboration of [Yun 2014a, Lemma 4.8] will suffice for us.

Lemma 4.8. Forall y € Qy, the map 7T GRy <. — XY is affine.

Proof. Since [PKy\ U] C [PK \ fig] is affine, we may replace (’}\R)(,],S,\ with the
preimage of

[PKo\ flg] 2> Bun” .

Let us call this preimage (ﬁ{‘;,g. By construction as the preimage of B(Kg) C
Bung(ﬁo(l), ﬁw) (under the morphism (28) below), and using Lemma 3.1 of [ Yun
2014a], (}T{E (resp. ('}Tzﬂ,g) is the nonvanishing locus of a nonzero section s of a line
bundle £ on (F}\f{ (resp. (:;f(y <»)- It suffices to show the line bundle in question
is ample. By [Lazarsfeld 2004, Prop0s1t10n 1.7.8], this can be checked on geometric
fibers, since the morphism GRV <5 — X" is proper. Thus, let x : Spec K — X° be
a geometric point of X°, and consider the section x*s of x*£. The fiber GR%E Ax
is isomorphic to the y component, truncated by A of the affine Grassmannian Grg;
we denote this by Gr~ ~,- We claim that x*L is ample on Gr~ so in particular
its restriction to the closed subscheme Gr~ -, 1s ample. This clalm results from the
following two assertions:

. Pic(Grg) >z

e x*s is a nonzero global section of x*£ (which by the previous item must then
be ample).

The first item follows from [Faltings 2003, Corollary 12]. That result shows that
Pic(Grg) = Z (for G our simply connected group), but the same then follows for
each connected component of Grg. To be absolutely precise: consider, along with
the affine Grassmannian, the affine flag variety Flg = LG /I, where I denotes
the Iwahori. The connected components Fl% and Gr% are, up to taking reduced
subschemes, isomorphic to their semisimple counterparts Flg and Grg (see, e.g.,
[Pappas and Rapoport 2008, Proposition 6.6]). As in Section 4A, the different
components of FlG are isomorphic via ramified Hecke operators Fl0 L, Fly In
addition, Plc(Gr ) is isomorphic to the subgroup of Plc(Fl0 ) correspondlng t0 the
unique minimal parahorlc P properly containing I but not contalned in LYG (see
the proof of [Faltings 2003, Corollary 12]); by the same argument, Plc(Gr ) can
be described inside of PlC(Fly) as the subspace spanned by the natural O(l) on
T,(P)/ I. For the second 1tem recall that the pair (£, s) is the pullback along the
composite

~ —~ T ~ ~
GR, — Bun” ~5 Bun® — Bung (Py(1), Poo)o <= Bung (Py, Py), (28)
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where the original section is nonvanishing on the locus BKy C Bung(Py, Pso)
corresponding to the tautological object. It suffices then to show that the geometric
fibers of (F}\Ry over BKo x X are nonempty. To see this, note that Hk — Bun x X°
has geometric fibers isomorphic to Grg. Choosing an element P of the fiber
over (P, x) that lies in the y component of Grg, we are done: the isomorphism
t:Plx—x) = Puylx—ix) automatically implies that P projects to an object isomor-
phic to the tautological object of Bung (Py, Poo). O

With Lemma 4.8 in hand, we can prove the main result of this section:
Theorem 4.9. For all odd characters x : Z(PA) — @Z Ay is a Hecke eigensheaf.

Proof. Since a)f,] *(Fy) ® Kggl1] is perverse, and JT}E] is affine,
(o x id)*Tic(ya Fy) =) (0 *(Fy) ® Kgr) € PD=1(XO).
But by Corollary 4.5, this is also
(o X id) Tic Gy Fy) = (0" jy 4 (Fy) ® KGR )- (29)

There is a natural isomorphism w*o j, , = jy’*oa)g **; as in the proof of [Yun 2014a,
Proposition 4.7], this follows from the fact that (ﬁ is a locally trivial fibration in the
smooth topology. Thus, identifying 1 = 77, on the support of K55 (77 : Gfls — X0
is proper), and using the projection formula and the Leray spectral sequence, we
can carry on the identification (29) as

(o X id) T (y 1 F) = (G n) * Fy) @ Kgr) E ) (0] * F ® Kgr). (30)

U is affine, we can

(This is just the obvious variant of [Yun 2014a, (4.19)].) Since T,

dually conclude that
(1o x id)*Tic(jy.1Fy) € PD='(X?), (31)

hence that (1 x id)*Tx.(j,1.F,)[1] is perverse. Consequently, (1o x id)*Tx(A;)[1]
is perverse.

Now, for each component Bun” of Bun, we apply [Yun 2014a, Lemma 3.4] to
(1, x id)*Tx(Ay) to conclude

Tl o= D GpaF B (Vg ® @y xid) Te(Ay)y)

¥ Z(PA)— Q)
¥ is odd

. . @
= (1) B (Vi ® (uy x id) Tie (Ay)) 2, (32)
where for the second equality we use the fact that the Hecke operators Ty carries

the subcategory Db (B‘;J-fl)w to D? (BTﬁl x X 0)¢ for any ¢ : D7z;— @Z (recall from
Lemma 4.2 that Z(‘PA) is equal to the double cover OZs— Zg of Zg = Zg[2)).
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We have already observed that (1, x id)*Tic(Ay) = (uo x id)*Txc(Ay) is inde-
pendent of y; we conclude that

Tic(Ax) = Ay BV ® (uo x id)*Tre(A) ™, (33)
and we claim that Ay is a Hecke eigensheaf with “eigenvalue”
fad 0 * - N
Ex 1Satg — Loc(X"), K (Vx ® (ug x id) TT;C(AX)) . (34)

That is, what remains to show is that gx (K) is in fact a local system, and that gx is
a tensor functor satisfying the conditions of Definition 4.7. This follows (by the
monoidal property of the Hecke operators) by the same argument as [Heinloth et al.
2013, §4.2], since we have seen that (VX* ® (uo x id)* T (AX))(Z)A lies in perverse
degree one. (]

To summarize:

Corollary 4.10. Assume k is as in Definition 4.3. For every odd character x :
Z(PDA) (k) — Q, the object Ay of D?(Bun)eaq given by Axlgmy = jy.1(Fy) is a
Hecke eigensheaf with eigen-local system

&y : Satg — Loc(X°, @),

giving rise by the Tannakian formalism to a monodromy representation (recall the
notation from equation (21))

Py ‘1 (X)) — élv(@'g).

The restriction of gx to the full subcategory Satg C Satg is naturally isomorphic to
the eigen-local system (there denoted £5) of [Yun 2014a, Theorem 4.2].
Moreover, if I = 1C, (m) is simple, then Ex (K) is pure of weight (2p, 1) — 2m.

Proof. We have established everything except the purity claim, which follows from
the argument of Theorem 4.9. Namely, equations (29) and (30) imply that £, (K) is
mixed of weights < and > (2p, A, ) —2m (by [Deligne 1980]). O

Consequently, we have a commutative diagram

G, (@)
oy l
(X% 2 GY @)

in Wthh py (of course, these monodromy representations are only well-defined up
to G’ or G¥ conjugation) is Yun’s local system.
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5. The motives

Having established the Hecke eigensheaf property, we can now describe the local
systems 5;( (K) for all K € Satg. We continue to assume £ is as in Definition 4.3;
in particular, the k-group scheme Z(‘¥A) is discrete. Let us fix a dominant weight
AE X'(TV) = X,(T), and restrict to the case of X = IC,. In this case the sheaf
K is supported on a substack ﬁf(ix, and the sheaf

<~
h*(AY) ® Kgi

is supported on the locus of (P, P’, x, t), where P € Bun’ and P and P’ are in relative
position < A, i.e., ev(P, P/, t, x) lies in the < A strata of [(L+G\LG/L+G)/ Autp].
This forces P’ to lie in the component Bun"**, where, recall, v : G — S is the multi-
plier character. It follows that to compute T,C(Ag) we can restrict 7 : ka = Bun
to the preimage of Bun’, and thus consider instead the correspondence diagram

kakl I(B )
TN
Bun’ Bun"** x X°
In terms of this diagram, we find that
Ti(A9) = AP RE (K). (35)

Recall that we are trying to describe EX (KC). The argument is that of [Yun 2014a,
Lemma 4.3], except we have to keep track of the different connected components.
Pulling back (35) by (u,,; X id), we obtain, just as in (26) and (27), a diagram with
cartesian squares

~ Vo ~ U ~ ~
6%)\ —_— GRuvoA <A GRul ons <A ka)\.'?—l(B’Tﬁ,}O)

o > [

Vo, d i
Spec k 25 (@K, \ U] —— Bun’ _tverX1dmvor s x0
and, letting 7/ denote the composite map GRY ~5 — X we obtain an identifi-
cation
Ve ® & (K) = (uyop, x 1d)* Te(AD =l (0 (F)®Kgr). BT

(We will write Kgg for the pullback of g to either of (F}\f{uwhs A Or (F}\Rgvol,gx.)
Also let

~ .U 0
7T6L_</k . ®S)L — X
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denote the corresponding projection. We now exploit the fact that égk carries a
(PA x PA)-action; for clarity, the first copy, acting via the pullback on the #
(or as here, w,,,) pg)jection, will be denoted PA(1), and the second copy, acting
via pullback on the 7 projection, will be denoted ¥’A(2). Decomposing the regular
representation of PA, we obtain a @A (1)-equivariant isomorphism

/ ~ Ua
(v0,+Qp)odd = @ Vi @ w5 Fr-
x:Z(PA)—Qf
X is odd

Here PA(1) acts on V. Since the isomorphism (37) is (Z)A(2)—equivariant (acting
on Vy on the left-hand side, and on the right-hand side since Kgg, is the pullback of
Kgi), we obtain a (PA x PA)-equivariant isomorphism

(ﬂ@ngvglcéﬁ)odd = (JT,ZOM!UO,!(U(};ICG\R))odd

~ * U U,x -
- @ VX ® nuvo)»,l (wuvoAFX ® ICGR)
X:Z(PA)—0f
X is odd

~ @ Vi@ Vy ®Ex(K). (38)

x:Z(PA) -0
X is odd

Writing @’g[(z)A] x for the (PA x PA)-equivariant local system on Spec k corre-
sponding to the representation V;* ® Vy of the group

((Z)A(]g) % (Z)A(]E)) “ Fk,u
we summarize what we have shown (compare [Yun 2014a, Lemma 4.3]):

Lemma 5.1. There is a canonical isomorphism of (PA x ®A)-equivariant local
systems on X°

(&0, 15 KGR) oga = P QI®AlL & K). (39)
x:Z(PA)— D)
X is odd

In particular, the left-hand side is a local system.

It is explained in [Yun 2014a, §3.3.4] how to take the invariants of an equivariant
perverse sheaf under a (not necessarily discrete) finite group scheme. Applying this
we have:

12Equivalently, regarding @2[(2)A(IE)] asa ((2)A(l€) X (Z)A(l;))—module via (a1, @p) -a = ajaa, 1,
and extracting the constituent where Z ((Z)A(Z)) acts by x.
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Corollary 5.2. For all K € Satg and all odd x : Z (PA) > @[X , there is an isomor-
phism of local systems on X°

Ex () = (QIPAT; ® (g, UK R )og ),

6. The case of minuscule weights

We now want to make this description of gx (K) explicit. Our ultimate goal is the
following:

Theorem 6.1. Let k be Q or Q(/—1) according to whether G is of type Dy, G2,
Egor Ay, Dayyo, Eq. Consider any odd x : Z(PA) — @Z and any K € Satg. Let F
be any number field containing k. Then, for any point t € X°(F), the specialization

B T1(Spec F) 5> m (X%) 2 G (@) — GL(HZ(K))

. ~V o, . . .
(where the representation of G| is that induced by K under the Satake isomorphism,
as in Section 4B) is, as an U'p-representation, isomorphic to the Q)-realization of
an object of Mr g .

The case of K corresponding to a quasiminuscule weight is considered in [Yun
2014a, §4.3]. Although our discussion is valid for any G as in Section 3, there are
certain cases in which it is uninteresting: for instance, if G = SL,, we gain nothing
by taking G =SL, xG,,; however, by taking G =GL,, we gain the representations
of SL, = G/ (the simply connected cover of GV), and it is these new representations
that will be of interest. Just as in the classical setting, the Kuga—Satake abelian
variety is found via the spin representation of Spin,;, while the motive of the K3
arises from the standard 21-dimensional representation.

To show that p, i ; arises from an object of MFr o demands a significant di-
gression into understanding intersection cohomology of varieties with arbitrarily
bad singularities A good first approximation to understanding the motivic nature
of o/ : Tr — G (@’ ) is to verify this after composition with a single faithful
finite-dimensional representation of G (i.e., to show p, ; is weakly motivic in the
sense of Definition 1.2). That is what we will do in this section.

First, we make a robust choice of G, such that G has representations restricting
to each of the minuscule representations of GSVC. For instance, we can take:

e (A}) G =GL,.
e (E7) Let ¢ denote the nontrivial element of Z; = u,. Then take
G = (G xGy)/((c. - 1)).
e (D,, n even) Let ¢ and z be generators of Zg = uy X . Then take

= (G xGp xGp)/{(c, =1, 1), (z, 1, =D).
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Each minuscule representation of G.!* extends to an irreducible representation
of G, and then to an irreducible representation of le. Taking a direct sum, we
obtain a faithful family of representations

Tmin - éi/ — GL(Vmin), (40)

and set ourselves the goal of showing that each ryi, o p, ; is motivated. The full
force of Theorem 6.1 is considerably deeper (it is new even in Yun’s original setting),
so in the present section we will only treat the case of these minuscule weights,
which has the added advantage that the relevant geometry — of the corresponding
affine Schubert varieties — is especially simple.

We begin, however, with some generalities: continue to let K € Satg be any
irreducible object of the form £ =IC,, A € X '(TV) (the discussion will apply
equally well to IC of the form IC; (m), but we take m = 0 to simplify the notation).
What we denoted above by Kgi[1] is the intersection complex of (’}T%ffvoh,g (or the
same before restricting to U). Since the map

.U ehs
UO . ®<)\ — GRMU A <)L

is étale, vjKgg[1] is again the intersection complex of (’5 Recall that the
stratification of the affine Grassmannian induces one for the Bellinson—Drinfeld
Grassmannian:
GRy, <2 = ]_[ GRyf\op -
H=A
 dominant

The terms on the right-hand side are defined by replacing ﬁf{< 2 by ﬁ(M in (36).
Note that vo u = Vo A since A — u € X,(T) lies in the coroot lattice of G. The
dense open locus GRM A 1S smooth over X¥: fiberwise it is the smooth stratum
Grg ;. of Grg ;. We write Q5U and BY, for the preimages in &Y 2 of GR,,W 2 and
]_[;L<A GRuqu,M

Taking the ¢-fiber (r € X°(F)) of the isomorphism in Lemma 5.1, we obtain a
(quasi-)isomorphism

H(GY; Dodss = €P QIPAL ® by rc.r- (41)

x odd
Let us explain the notation. For any irreducible variety Y over a field F, the
intersection complex ICy is a perverse sheaf in cohomological degrees [—dim Y, 0].
It is pure of weight dim Y. We denote by IH.(Y) the complex RI[.(ICy) on Spec F’;
it lies in cohomological degrees [—dim Y, dim Y], and is pure of weights < dim Y.
As usual, we then define the compactly supported intersection cohomology IHQ(YF)

3 These are, in the three cases: the standard representation of SLy, the 56-dimensional representa-
tion of E7, and the standard (2n-dimensional) and two half-spin representations of Spin,,.
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(a I'p-representation) as H i=dimY(TH (Y)) (note the degree shift). We also observe
that while (compactly supported) intersection cohomology is not in general functo-
rial for (proper) morphisms of varieties, it is for (proper) étale morphisms: ICgv, |
is still (PA x (Z)A)—equivariant, as is the isomorphism (41). Now as in [Yun 2014a,
§4.3.2], we let e, € Q[PA(k) x PA(k)]™ be the idempotent whose action on the
(PA(k) x PA(k))-module Q'[PA(k)] projects to the component @'[?)A], and then
onto the line spanned by id € End(Vy) (a direct factor of the representation Q' [®A] X
after restricting to the diagonal copy @A (k) = @DAk) x DA(k)). Explicitly,
1
T PAR) x CAR)|

> O (aay Y ar, a),

(ar,a2)
where 6, denotes the character of the (Z)A(IE)—representation Vy.

Proposition 6.2. Let K = IC; € Satg, let x : Z(PA) — Q) be odd, and let
t € XU(F) for any number field F containing k. Then

Py = Grgm (e, IHZ M (&Y, ).

Proof. Apply e, to equation (41), noting that the right-hand side is concentrated in
degree zero. Since we have seen that £, (IC,) is pure of weight (2p, A), the claim
is immediate. [l

Proposition 6.2 reduces Theorem 6.1 to a special case of the following general
theorem:

Theorem 6.3. Let k be a finitely generated field of characteristic zero, and let
Y/k be a quasiprojective variety. Then, for all i,r € Z, GriW(IHZ(Y)) isasa
[y -representation isomorphic to the £-adic realization of an object of M.

Next consider the case in which Y is acted on by a finite k-group scheme T'.
Let e € Q[T (k)] be an idempotent. Fix an embedding @ < Q. Then, for all
i,relz, Ger(e IH.(Y, Q) isasa [-representation isomorphic to the (Q — Qy)-
realization of an object of M, g.

Remark 6.4. See Section 7A for what is meant by the weight gradings Gr". Note
that in the application we only need the case i =r.

Theorem 6.3 will be proven in Corollary 8.15. For the remainder of this section,
we content ourselves with showing that p, , is weakly motivic. Thus, it suffices to
assume that A restricts to a minuscule weight of G.. In this case, Grg -, = Grg
has nonsingular reduced part, so that -

~ ~ W 20.0) (ZU
Px,1C;.,1 =Gr<2p,x> (eXHé P >(Q5A,z))-

That the right-hand side is isomorphic to the f-adic realization of an object of
M. g follows from the standard description (originating in [Deligne 1971a]) of
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the weight filtration on the cohomology of a smooth variety, via the Leray spectral
sequence for its inclusion into a smooth compactification with boundary given by a
smooth normal crossings divisor. See [Yun 2014a, §4.3.1] or [Patrikis and Taylor
2015, discussion between Remark 2.6 and Lemma 2.7] for this equivariant version.
We conclude:

Corollary 6.5. For all choices of G as in Section 3, there exists a faithful finite-
dimensional representation r : le — GL(V,) such that, for all number field
specializations Spec F > X© with F satisfying condition (15),

ropy::Tr— GL(V, ® Q)

is isomorphic to the Q)-realization of an object of Mg q. For all G, we may
choose G and r such that rlGy is isomorphic to the direct sum of all the minuscule
representations of Gg..

In particular, the lifts py ; of Yun’s p, ; satisfy the generalized Kuga—Satake
property of Definition 1.2.

7. Intersection cohomology is motivated

7A. Overview. In the remaining sections, which are logically independent of the
rest of the paper, we prove Theorem 6.3. Let k be a field of characteristic zero,
and fix an algebraic closure k of k. As usual, let I'; = Gal(k/k). Let Y/k be any
quasiprojective variety. If Y is irreducible of dimension dy, we can form the £-adic
intersection cohomology groups

IH ™ (Y) = H" (Y, ICy |y),

as well as their analogues with compact supports, IHQHY(Y). If Y is reducible,
the definitions need a little more care, working component by component; see
[de Cataldo 2012, §4.6] for an explanation. The intersection complex ICy, is
['c-equivariant, so I acts on IH*(Y) and IH(Y). Since we do not assume Y
is projective, these I';-representations are not pure; in particular, Theorem 6.3
cannot hold for the groups IH}(Y) themselves. Thus we first need to make sense
of the weight filtration on IH}(Y), in order even to speak of the I';-representations
Grl' TH: (V).

There are two basic templates, one ‘“sheaf-theoretic” and one “geometric”, for
endowing the cohomology of a variety with a weight filtration. The models for
the former approach are [Deligne 1980; Beilinson et al. 1982]; the models for the
latter are [Deligne 1971b; 1974]. The latter approach typically depends on having
resolution of singularities over the field k, and is consequently restricted to char-
acteristic zero; but when available, it yields more robust, because more “motivic”,
results. Thus we will explain, at least for k finitely generated over @, how to give
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an a priori “sheaf-theoretic” sense to Grf}V IH*(Y), but then our main aim will be to
give a “geometric” construction, as part of the proof of Theorem 6.3, that recovers
the sheaf-theoretic definition of the I';-representations Grfy IH(Y). Let us begin
then by recalling the sheaf-theoretic construction of a weight filtration on IH} (Y).

Since we work with k of characteristic zero, the basic case of positive charac-
teristic addressed in [Deligne 1980; Beilinson et al. 1982] is not sufficient. But
the results of those papers have been extended in a form suitable for our purposes,
and indeed much more generally than we require, in [Huber 1997; Morel 2012].'4
Namely, the intersection complex ICy is a horizontal, pure perverse sheaf in the
sense of [Morel 2012, §2], and [Morel 2012, Théoreme 3.2, Proposition 6.1] implies
that IH} (Y) (likewise IH*(Y)) carries a unique weight filtration W,. In particular,
this means that each Gr?/ IH(Y) is pure of weight r in the following sense: the
underlying lisse sheaf on Spec k arises by base change from a lisse sheaf G on
some smooth subalgebra A C k, of finite-type over Z, and with Frac(A) = k; and
for all specializations at closed points x of Spec A, x*G is pure of weight r in the
usual finite field sense. This characterizing property will hold for the output of our
geometric construction; this is verified step-by-step as the construction proceeds.

We now outline the approach to Theorem 6.3. By Poincaré duality for intersection
cohomology (which is I;-equivariant), we may restrict to the case of TH*(Y).
First, we remark that the basic difficulty, and interest, of this problem is that both
intersection cohomology and weight filtrations are a priori “sheaf-theoretically”
defined. The theorem shows that these sheafy constructions can in fact be realized
just by playing with the cohomology of smooth projective varieties. There are two,
essentially orthogonal, special cases of this problem:

e Y may be smooth but nonprojective. In this case, IH" (Y) = H" (Y, Q¢), and the
result follows from the geometric approach of [Deligne 1971b]; namely, if ¥ is a
smooth compactification of ¥ with ¥ \ ¥ equal to a union of smooth divisors D,
with normal crossings, then the (Es-degenerate) Leray spectral sequence for the
inclusion ¥ C Y yields a description of Gr" H" (Y 7> Q¢) in terms of the divisors Dy,
and their various (smooth, projective) intersections; see Theorem 7.2(3) below, for
a slight rephrasing.

e Y may be projective but singular. In this case, the result, when k is algebraically
closed,'” has been proven by de Cataldo and Migliorini. We briefly describe the two

14The basic notions of horizontal sheaf, perverse t-structure on the “derived” category of horizontal
sheaves, and weights for horizontal sheaves are developed in, respectively, Sections 1, 2, and 3 of
[Huber 1997]. Morel’s paper builds on these foundations, generalizing the results of [Huber 1997] to
any finitely generated k, and establishing a sort of six operations functoriality for complexes having
weight filtrations.

1511 this case one should work not just with £-adic cohomology but also with (compatible) Betti
and de Rham realizations, in order for the assertion to have any content.
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crucial geometric inputs (assume for this informal description that k is algebraically
closed). Let f : X — Y be a resolution of singularities. Roughly speaking, TH*(Y)
occurs as a “main term” in H*(X, Qp) = H*(Y, f,Q¢) corresponding (via the
decomposition theorem) to the summand of f,Q, in perverse degree dim X and
supported along the open dense stratum (the nonsingular locus) Y° of Y. The first
key result is that the perverse (Leray) filtration on H*(Y, f,Q,) admits [de Cataldo
2012, Theorem 3.3.5] a remarkable geometric description in terms of a suitably
generic “flag filtration”. The second is that the factor of f, @, supported along Y
can, at least in cohomology, also be extracted “geometrically” — this follows from
the novel approach to the decomposition theorem pioneered by de Cataldo and
Migliorini in a series of papers (see [de Cataldo and Migliorini 2014, §1.3.3] for a
precise statement).

Our task is to fuse these two approaches, and to get everything to work over
an arbitrary (not algebraically closed) field k of characteristic zero. The chief
obstruction to getting the relevant arguments of [de Cataldo and Migliorini 2014]
to work over any k is that the “generic flags” mentioned above would need to be
defined k-rationally. This it turns out is not so hard to achieve, using Bertini’s
theorem over k and, crucially, the fact that flag varieties are rational, so that any
Zariski open set over k necessarily has k-points.

Rather more complicated is integrating the approaches of [Deligne 1971b] and
[de Cataldo and Migliorini 2014] in order to prove Theorem 6.3 for any quasipro-
jective Y. The basic difficulty is that, since motivated motives are only defined
in the pure case, the argument (resting on [Deligne 1971b]) in the smooth case
is not obviously “functorial in Y. Fortunately, it can be upgraded to one that is,
using the results of [Guillén and Navarro Aznar 2002] on the existence of “weight
complexes” of motivated motives whose cohomology computes GrfV H*(Y) for any
k-variety Y. We will also use a version for cohomology with compact supports — due
independently to Gillet and Soulé [1996] and Guillén and Navarro, it is somewhat
simpler, but not suited for describing the perverse Leray filtration as in [de Cataldo
2012], even for cohomology with compact supports. It is crucial, however, that we
exploit both theories: the inductive construction of the support decomposition as
in [de Cataldo and Migliorini 2014, Proposition 2.2.1] requires having motivated
versions both of pullback in H* and pullback for proper morphisms in H} (note
that these two kinds of pullbacks are not related by Poincaré duality; one cannot be
formally reduced to the other). Once this setup is in place, however, the arguments
of [de Cataldo and Migliorini 2014] go through mutatis mutandis. We consequently
establish stronger results on finding “motivated” splittings of the perverse Leray
filtration, and a motivated support decomposition, closely in parallel to the main
results of [de Cataldo and Migliorini 2014] — see Theorem 8.13 and Corollary 8.14,
which should be regarded as the main results of this half of the paper.
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Notation 7.1. Except where we explicitly allow more general fields, from now
on k will be a finitely generated field extension of 0. Whenever we speak of
the weight grading GrFV on various cohomology groups of a variety over k, the
grading is unique, and can be shown to exist by [Morel 2012, Théoreme 3.2,
Proposition 6.1]. As before, M, denotes André’s category of motives for motivated
cycles over k (with (D-coefficients). For a smooth projective variety X over k,
we write H(X) for the canonical object of M associated to X. Finally, given a
map of varieties f : X — Y, we always mean the derived functors when we write

f«, 1, etc.

7B. Weight-graded motivated motives associated to smooth varieties. Here is the
theorem of Guillén and Navarro Aznar, specialized to the precise statement we

require:'6

Theorem 7.2 (see Théoreme 5.10 of [Guillén and Navarro Aznar 2002]). Let k
be a field of characteristic zero, and let Sch/k denote the category of finite-type
separated k-schemes. Then there exists a contravariant functor

h:Sch/k — K”(My), (42)
valued in the homotopy category of bounded complexes in My, such that:
(1) If X is a smooth projective k-scheme, then h(X) is naturally isomorphic to the
canonical motivated motive H (X) associated to X.

(2) If X is a smooth projective k-scheme, and D = fo:l Dy, is a normal crossings
divisor equal to the union of smooth divisors D,, we can form a cubical
diagram of smooth projective varieties

S.(D) — X,

where, for every nonempty subset ¥ C {1,...,t}, Sg(D) is the (smooth)

intersection Dy = [ Dy, with the obvious inclusion maps Sy (D) —

weX
Ss/(D) whenever &' C X. Using the covariant functoriality arising from
Gysin maps, we can then associate a cubical diagram h,(S.(D) — X) in My;

to be precise, h,(Sx (D)) is the object of M
h(Dyx)(dim Dy),

with the Gysin maps hy(Ss (D)) — h.(Ss/(D)) whenever ¥’ C X. Then
h(X\ D) is isomorphic to the simple complex associated to this cubical diagram
(see the proof for what this means):

h(X\ D) =s(h.(S.(D) = X))(—dim X). (43)

16They prove something stronger, with Chow motives in place of motivated motives.
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(3) In particular, h(X \ D) is a complex whose degree-r homology'” H,(h(X \ D))
is an object of My whose £-adic realization is given by (for k finitely generated
over Q)

H (Hy (h(X \ D)) = @) Grll,, HI(X\ D), Qo).
q

Proof. Except for the third assertion, this is all explicitly in [Guillén and Navarro Az-
nar 2002, Théoreme 5.10]. The remaining claim follows from the usual description
[Deligne 1971b] of the weight gradeds for H*((X \ D)g, Q¢): ignoring for no-
tational convenience the Tate twists, the degree-r term (X \ D), (to be precise,
after the identification of equation (43)) is ®|El=r h(Dyx), with the boundary map
h(X\ D), - h(X \ D),_; given by an alternating sum of Gysin maps. The £-adic
realization of this complex can be identified (up to a sign in the boundary maps, at
least— see [Guillén and Navarro Aznar 1990, (1.8) Proposition]) with the complex

_ @ d—r,q+ _ 1
"'_)Kr:@Elr’q—HL)Krfl:@ElH_’q_H_)"'
q q

built out of the E; terms of the (weight) spectral sequence of the filtered complex
(béte filtration)

E"T = H(Xt, Gr) j,Q) = HY (X}, j. Q) = H((X \ D), Q).

This spectral sequence degenerates at the E» page (by the yoga of weights), and its
E; terms then give the weight gradeds of HY((X \ D)z, Q); part (3) of the theorem
follows. U

This is not a full description of the result of Guillén and Navarro Aznar, but it
contains the two points of interest for us: the explicit description of the objects
H,(h(X \ D)), and in particular their connection with the weight filtration on
H*((X\ D)z, Qg); and, crucially, the fact that £ is functorial. In particular, for any
morphism ¢ : U — V in Sch/ k, we get, for all », morphisms H, (h(V)) — H,(h(U))
in M.

Here is the compact-supports version:

Theorem 7.3 [Gillet and Soulé 1996, Theorem 2; Guillén and Navarro Aznar 2002,
Théoréeme 5.2]. Let k be a field of characteristic zero, and let Sch./k denote the
category of separated finite-type k-schemes with morphisms given by proper maps.
Then there exists a contravariant functor

W :Sch/k — K (My) (44)
such that:

17We use homological conventions here.
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(1) If X is a smooth projective k-scheme, then W (X) is naturally isomorphic to
the canonical motivated motive H (X) associated to X.

(2) If X is a smooth projective k-scheme, and D = Ufy: | Dy is a normal crossings
divisor equal to the union of smooth divisors D, then W (X \ D) is isomorphic
to the simple complex (we now use cohomological conventions and normalize
W (X \ D) to live in cohomological degrees [0, t])

H(X) > @ HDy) — -~ @ HDs) — -+ (45)
o | Z|=s

with coboundaries given by an alternating sum of restriction maps H(Dy/) —
H(Dyx) whenever ¥ C X. (See [Gillet and Soulé 1996, Proposition 3].)

(3) Inparticular, W(X\D) is a complex whose degree-s cohomology H*(W(X\D))

is an object of My whose £-adic realization is given by (for k finitely generated
over Q)

He(H* (W(X \ D)) = @D Gr)f HI* (X \ D), Qo).
)4

In the setting of parts 2 and 3 of Theorems 7.2 and 7.3, let U = X \ D. Poincaré
duality for U descends to a duality relation in My between the cohomologies of the
complexes #(U) and W (U). Before stating it, we introduce a little more notation:

Definition 7.4. Let H (h(U)) be the canonical summand of H,(h(U)) in My, of
weight g +r. Let WP (U) be the canonical complex of weight-p summands of the
terms of W(U), and let H*(W? (U)) be the degree-s cohomology.

Remark 7.5. The object H,(h(U)) of My, has £-adic realization GrZV_H H4(Ug, Qg).

The object H*(W?(U)) of M has £-adic realization Grz‘iv HCPH(U,;, Qp).

Lemma 7.6. Let U = X \ D as above, and assume U is equidimensional of dimen-
sion d. Then there is a canonical isomorphism in My,

HI(h(U))" = H" (W=7 (U))(d). (46)

Proof. Poincaré duality for each Dy induces a perfect duality between h(U);
and W(U)* (the degree-s terms of each complex) for all s. The Gysin maps
H(Dx)(d —|X'|) - H(Dx)(d — |X]) are Poincaré dual to the pullback maps
H(Dsx) — H(Dsy) forall ¥ C X', and we can deduce perfect dualities (in M)

Hy(h(U))" = H'(W(U))(d).

The result follows from decomposing these dualities into each of their graded
components. (]
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8. The perverse Leray filtration

8A. Relation to flag filtrations. In this section we recall the beautiful and funda-
mental result of de Cataldo and Migliorini that describes the perverse Leray filtration
for a map of varieties in terms of a certain flag filtration — see [de Cataldo and
Migliorini 2010] and, for the specific result we use, Theorem 3.3.5 of [de Cataldo
2012]. These results are worked out over an algebraically closed field of char-
acteristic zero, and so our first aim in this section is to check the analogue for
any k£ D Q.
We first recall the Jouanolou trick.

Definition 8.1. Let Y be a variety over k. An affinement of Y is amap Y 5 Y in
Sch/k with ) an affine k-scheme, such that p is a torsor for some vector bundle
onY.

Proposition 8.2 [Jouanolou 1973, Lemme 1.5]. Suppose Y € Sch/k is quasipro-
Jjective. Then an affinement of Y exists.

Jouanolou’s result in fact holds for arbitrary quasiprojective schemes, but we are
only interested in the case of varieties over k.

Now let f : X — Y be a morphism of k-varieties. It induces the (increasing)
perverse Leray filtration on H*(X¢, Q) via

PLH (Xg, Q) = im(H* (Y, Pr<; £:Q0) — H* (Y, £.Q0))
C H* (Y. fuQ) = H*(Xp. Q). (@7)

Here 1< ; denotes perverse truncation.'® We make the analogous definition of the
perverse Leray filtration on H(Xj, Qy), replacing f.Q, by fiQ, (the only case of
interest to us will be when f is proper, so fi. = f1).

Theorem 8.3 [de Cataldo 2012, Theorem 3.3.5]. Assume k = k is an algebraically
closed field of characteristic zero. Let f : X — Y be a morphism in Sch/k with Y
quasiprojective. Let p : Y — Y be an affinement of Y of relative dimension d(p),"
and choose a closed embedding Y — AN of Y into some affine space. Let

A, ={g=A_N_| CA_NC“'CA0=AN}

181t is defined for the complex fxQ; on Y itself, and we omit the base change to k in the notation
of these cohomology groups.

I91f ¥ is not connected, d (p) is a function 7y(Y) — Z; we can always reduce to the case of
connected Y, so do not dwell on this.
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be a full flag of affine linear sections of AN, and form the cartesian diagram

X, x - ix
[

(48)
y.— sy .y

We define the associated (increasing) flag filtrations
F'*H*(Xp, Q) =ker(r* ;- H* (X, Q) > H*(X_);. Q) (49)
and (see Remark 8.4)
F' HY (X, Qo) =im(ryj « HY ((X)g. Qo) — H (X, Qp)). (50)
Then, for a general flag A,,
P/ HY(X;, Q) = F

Ao
1+d(p)—q+qu(X1;’ @E) (5D

and
Ao
PIHI(Xp, Qo) = F 0 HI (X Qo). (52)

Remark 8.4. (1) Let us spell out the construction of the maps r, ;. There is a
canonical identification

HE(Xg, Qo) = HE (X, p'@p) = HEPAP (X, Qo) (d(p)),
and then adjunction gives maps
HE((X_ g it Q) — HE(X, Qo).

As part of the definition of “general position”, we may assume the X_; are smooth,
so by cohomological purity these adjunction maps are identified with (Gysin) maps

HE (X ) Qo) (=) = HE(Xz, Qo).
The “corestriction” maps r _; are then given by the composites
HEPADZ2 (X)), Q)(d(p) = ) = HP PN (A, Qo) (d(p) — HE (X, Q).

Important for our purposes is that these are precisely the maps Poincaré dual to the
pullback maps arising from the maps X_; — X.
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(2) We need to specify what is meant by a general flag; this will be done in
Section 8B. What matters for our purposes is that there exists a Zariski open, dense
subspace Flagé®" inside the variety Flag of full (affine linear) flags in AV such that
all points A, € Flag®®" (k) are “general”.

(3) Note that the degree shift between the perverse and flag filtrations depends
on the degree (¢ above) of cohomology. We will ultimately work one degree
of cohomology at a time, and all that matters for us is that some shift of the
flag filtration agrees with the perverse filtration. To extract the exact degree shift
j—> 1+d(p) —q+ j, use [de Cataldo 2012, Theorem 3.3.5, (3.8), Example 3.1.6,
and (3.16)], and similarly for cohomology with compact supports.

We now explain why this result can be refined k-rationally, so that the diagram (48)
for which the conclusion of Theorem 8.3 holds can be taken to be a diagram in
Sch/ k. In the process, we will say more explicitly what is meant by a “general” flag
in the case of proper f : X — Y (this case is somewhat simpler — see [de Cataldo
2012, Remark 3.2.13] —and it is all we need).

8B. Stratifications. To define “general” flags, we need to say something about
stratifications. From now on we will consider a proper map f : X — Y of varieties
over k with Y quasiprojective. For the purposes of Theorem 8.3, we need only
find a stratification ¥ of Y such that f,(Q, is X-constructible. That is, we require
a decomposition Y =| | .5 Y, of Y into locally closed, irreducible, nonsingular
varieties such that f,Q|y, is lisse for all o. This is easily arranged; note that the
strata Y, may be irreducible but not geometrically connected. Then we can deduce:

Corollary 8.5. Let k be a field of characteristic zero, and let f : X — Y be a
proper morphism in Sch/k with Y quasiprojective. Then there exists a diagram (48)
defined over k for which the conclusions (51) and (52) of Theorem 8.3 hold.

Proof. Choose as before an affinement p:)) — ¥ and an embedding ) < A", and let
Flag denote the variety over k of full affine linear flags in AV, Fix a stratification X
of Y such that f,Q, is X-constructible, and pull it back to a stratification p~!%
of V. We then consider full flags

(A_yC---CA_; cAN}

such that A_ intersects every stratum ), transversally; and, refining each A_;NY,
to the disjoint union of its connected components, A_, intersects the induced
stratification of )Y N A_; transversally; and so on, inductively. By Bertini’s theorem
in exactly the form [Jouanolou 1979, Théoreme 6.3(2)], applied inductively to
each of the (smooth) strata in each )V N A_;, the collection of such flags defines
a Zariski open (over k) dense subset Flag®®" C Flag. Since Flag is a rational
variety (for instance, by Bruhat decomposition), and k has characteristic zero,
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Flag®®" (k) is nonempty. The corollary then follows by the proof of [de Cataldo
2012, Theorems 3.3.1 and 3.3.5]. U

So that we can directly invoke the results of [de Cataldo and Migliorini 2014],
in what follows we will make further demands on the stratification, as explained
in Section 1.3.2 of that paper. For a fixed proper map f : X — Y, we consider
stratifications of X and Y as the disjoint unions of smooth, locally closed, irreducible
(over k) subvarieties, such that every stratum of X maps smoothly and surjectively
onto a stratum of Y. Organizing the strata of Y by dimension, we write ¥ = |_|?1:“8 s,
where S; has pure dimension /. Each S is a disjoint union of smooth and irreducible
components of dimension /; these irreducible components need not be geometrically
irreducible, but that does not affect our arguments. We then have Zariski open
(dense) subsets U; = |,,~; Sm, and we get associated closed and open immersions
o S; — U (closed) and B : Uiy — U; (open), with U; = S; 1 Uj4. For more
background on these stratifications, see [de Cataldo and Migliorini 2005, §3.2].

8C. Motivated perverse Leray filtration. By Corollary 8.5, the perverse Leray
filtrations on H*(Xg, Q) and H(Xj, Q) have been I';-equivariantly identified
with certain flag filtrations, given in terms of maps of k-varieties X — &X_ ;. With
an eye toward our final application, in which case f : X — Y will be a resolution
of singularities of Y, we continue to assume f is proper, but also require that
X is nonsingular and irreducible,? and we use Theorem 7.2, Lemma 7.6 and
Corollary 8.5 to define the “perverse Leray filtration” on the motivated motives
H,(h(X))and H*(W(X)). Consider a diagram (48) over k for which the conclusion
of Theorem 8.3 holds. Since 4 : Sch/k — K b(My) is a functor, we obtain a
commutative diagram

B(X) ——s h(X)

\1 |
T h(Xoisn)

in K?(My). Recall that since M, is canonically weight-graded (it has Kiinneth
projectors), we can apply the composite functor H,! given by taking cohomology H,
of this diagram and projecting to the weight-(¢ 4+ r) component for any g € Z,
obtaining a commutative diagram in M

*

HI (X)) ——s HI (h(X_))

T~

THI (X))

20The irreducibility assumption is only for convenience in certain intermediate results, in which,
for instance, we wish to invoke Poincaré duality without complicating the notation. Eventually, we
extend component by component to the reducible case.
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Recall that the ¢-adic realization of H,! (h(X)) is (by Theorem 7.2) isomorphic to

Grg‘;r H (X}, Qg); this accounts for the notation.

Definition 8.6. The perverse Leray filtration of H (h(X)) is defined to be
PLHI (X)) =Ker{r 1 a(py—gu iy HEBCO) = HI B (X_(1d(p-q+1)) - (53)
The gradeds for the perverse filtration, still objects of My, are then denoted
G HI (h(X)) = P HI (h(X))/PL | HI (h(X)).
Remark 8.7. Our indexing convention is somewhat different from that of de Cataldo
and Migliorini (compare [de Cataldo and Migliorini 2005, Definition 2.2.2]).

Now, we already have a definition (equation (47)) of P on H1(X 7> Q¢) before
passing to the weight gradeds; the two versions of P/ are compatible in the following
sense:

Lemma 8.8. The {-adic realization Hy (PJf ' HI(h(X ))) is isomorphic to
GrlY,, P/ HY (X, Q).

and likewise with Grff in place of PJf

Proof. The £-adic realization functor is exact, and the maps on cohomology induced
by the morphisms &, — X are strict for the associated weight filtrations, so this
follows from the choice of X, as in Corollary 8.5. U

We also need a “motivated” description of the perverse Leray filtration in com-
pactly supported cohomology, i.e., a filtration by submotives on each H*(W?(X)).
Taking our cue from Remark 8.4, we formally define a filtration on H (h(X))" by

(H?(h(X))/P] H (h(X)))" € Hf (h(X)) (54)
and then invoke duality to define:
Definition 8.9. The perverse Leray filtration of H*(W? (X)) is defined to be
P]er(WZ dim X—g—r (X))
= (HI (X)) /P!, L g x—1 HE (0(X))) " (—dim X)
C HY (h(X))" (—dim X) => H"(W>4™X=17" (X)) (55)
We check that this definition is compatible with the usual one in cohomology:

Lemma 8.10. The ¢-adic realization Hy (Pl-f H" (W?dimX—g—r (X))) is canonically
isomorphic to
Gr%imqufr ijHchlm X—q (Xz, Q).

and likewise with Grff in place of 7>jf .
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Proof. By the description (Remark 8.4) of 1 _; as the map Poincaré dual to r* jowe
see that Poincaré duality for X induces a duality (here F, denotes the flag filtrations
for general flags)

(FHY (X, Q)" = (HXM™X~4(Xg, Qp)/F-; HX ™ X~ (X, Qp))(dim X),
1.e.,

(,PfflJerimelHq (Xz. Q)"
= (H29m X9 (Xr, Q) /P] H2H™ X9 (X1, @p))(dim X).

&
The lemma follows by passing to Gr!". O

By definition, we obtain the following duality in My, a motivated analogue of
[de Cataldo and Migliorini 2014, §1.3.3(12)]:

f imX—q— s .
Gt H" (W? ™ X077 (X)) x Gr7J ) gim x HY (h(X)) —> Q(—dim X).  (56)
We next check a functoriality property of these motivated perverse Leray filtrations.

Lemma 8.11. Suppose
T —

NI

is a commutative diagram in Sch/ k. Then the pullback maps HY(h(X))— HY(h(T))
induce morphisms (in M)

P/ HJ (h(X)) = PEHI (h(T)).

If g factors as T %> Z -5 Y with  a closed immersion, then the filtrations PY and P8
on H*(T, Qy), or on H (h(T)), coincide.

If T — X is proper, then the proper pullback H* (WP (X)) — H*(WP(T)) also
preserves the perverse Leray filtrations (55).

Proof. Since the £-adic realization functor on My, is exact, it suffices to check the
statement in cohomology. Here it is elementary — see for instance [de Cataldo and
Migliorini 2005, Remark 4.2.3]. For the second statement, use the fact that ¢, is
exact for the perverse t-structure (so commutes with perverse truncation). (]

8D. Motivated support decomposition. Now we proceed as in [de Cataldo and
Migliorini 2014, Proposition 2.2.1] to establish a “motivated support decomposition”
of the Gr}ijrq (h(X)), corresponding to the support decomposition of the perverse
sheaf PH/( f,Q;). We begin by checking that the desired support decomposition
exists k-rationally. Continue to let f : X — Y be our proper map of quasiprojective
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varieties over k with X nonsingular. Let Y = |_|?i:”8Y S; be a stratification for f as

in Section 8B, with the collection of closed and open immersions
S u L. (57)

Lemma 8.12. In the above setting, there is a canonical isomorphism in Perv(Y)

dimY
PHI( £, Q[dim X]) => @Icgl(a;‘ (PHI(f,Qi[dim X 1)),  (58)
=0

where the o H —L(PHI( f+«Q¢[dim X1])) are (geometrically semisimple) local systems
on S;. Replacing oy by the inclusion S 2> S; %> U, of an irreducible (= connected)
component S of S;, we obtain the refined k-rational support decomposition

PHI(f,Q¢[dim X])
dimY
SN ED @ IC;((e 0 ts)*H ™ (PHY(f,Q,[dim X1))).  (59)
1=0 Semy(S))

Proof. The second claim follows from the first, so we focus on establishing (58).
This statement in Perv(Y}) is a precise form —see [de Cataldo and Migliorini
2005, Theorem 2.1.1(c)] — of the semisimplicity assertion of the decomposition
theorem, so it suffices to check that the map in equation (58) can be defined in
Perv(Y). For notational simplicity, denote the perverse sheaf "H/( f,Q,[dim X])
on Y simply by K. We follow closely the argument of [de Cataldo and Migliorini
2005, Lemma 4.1.3], and, as there, the claim will follow from the following assertion:
forall/ =0, ...,dimY, there is a canonical isomorphism

Kly, = Bis(Klu,,) ® H ' (K|y)ll].

We now explain this isomorphism, which itself follows from the corresponding
geometric statement in [de Cataldo and Migliorini 2005, Lemma 4.1.3, §6]. The
second projection comes from the truncation triangle

_ 1
T 11 K|y, = <1 K|y, = H'K |y [11 >,

whose middle term is canonically K |y,, and whose right-hand term is perverse (by
the support conditions in the definition of perverse sheaves; see [de Cataldo and
Migliorini 2005, §4.1]).

To define the first projection, recall the successive truncation description of
intermediate extension as

T<—1—1B1B K v, = B« (Klu,,)-
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This suggests applying Hom(KX |y, - ) to the truncation triangle

_ 1
T 1BBi K |y, — T<—1BB; K lu, — H ™ (BB K 1yl >

There is a canonical map

K|y, —— 1< K|y, —— 1<1Bi+ B/ K |y,

w

and to construct the projection K|y, — B1«(K|y,,,), it suffices to check that the
image of a in

Hom(H (K |y,), H' (BB K |u,)) = Hom(K |y, H™ (BB K |u)[1])

(recall t<_; K |y, = K|y,) is zero. But we can check whether a map of constructible
sheaves on Y is zero by passing to Yz, so the geometric assertion [de Cataldo and
Migliorini 2005, §6] implies our corresponding arithmetic assertion. (]

We have maneuvered into a position to invoke the argument of [de Cataldo and
Migliorini 2014, Proposition 2.2.1] to prove:

Theorem 8.13. Let f : X — Y be a proper map of quasiprojective varieties over k
with X nonsingular. Then, for each triple of integers j, q, r, there exists a decompo-
sition in Mj,

dimY
G HI (X)) = P @D GrFs HI(h(X)) (60)
1=0 Semy(S))

whose -adic realization is the output of applying Gr(‘fﬁr, H(Yg, o) to the splitting
of equation (59).%!

The same holds for cohomology with compact supports, i.e., for the motives
Gr7 HY (WP (X).

Proof. When X is projective, this is established in [de Cataldo and Migliorini
2014, Theorem 3.2.2], via the argument of Proposition 2.1.1 of the same paper; the
impediment to that argument going through for nonprojective X is dealt with by
our systematic use of the motivated motives H/ (h(X)) and H*(W?(X)). We do
not repeat the proof, but we will remark on the key points. The argument proceeds
by induction on dim X; the inductive step is achieved by using [de Cataldo and
Migliorini 2014, equations (13) and (14)] to define the summands Grﬁjs H!(h(X))in
terms of already-defined terms for lower-dimensional X. Note that it is essential that
we have at our disposal motives corresponding both to cohomology without supports
(the H (h(X))) and to cohomology with compact supports (the H*(W?(X))), with

2l Rather, the slight relabeling of this splitting that results from replacing f..Q¢[dim X] in (59)
with f;Qy.



Generalized Kuga—Satake theory and rigid local systems, |l 1521

their respective pullback functorialities (Theorems 7.2 and 7.3) and the duality
(Lemma 7.6 and equation (56)) relating them. [l

The corresponding result in [de Cataldo and Migliorini 2014] uses the relative
hard Lefschetz theorem to obtain an absolute Hodge splitting (in the case k = k) of
H* (X, Q) corresponding to the full splitting of f,.Q, given by the decomposition
theorem, rather than as here merely the support decomposition in a particular
perverse degree; a similar strengthening can be established in our context, which
we now briefly sketch, although it is not needed for our primary goal, Theorem 6.3.
For X as in the theorem, consider as usual a smooth compactification X with
X\ X = U, D« equal to a union of smooth divisors with normal crossings. We
may assume X is projective, and then take 1 to be a hyperplane line bundle arising
from some projective embedding. The required motivated version of the relative
hard Lefschetz theorem is that there are isomorphisms

Un? : G gimx HI((X)) 2> by HE (X)) (). (61)

To construct this isomorphism, note first that we can pull n back to any of the
intersections Dy, =), 5 D« and obtain a morphism of complexes 2 (X) — h(X)(1).
This comes from the projection formula: writing ny for the pullback of n to Dy,
we have, for any inclusion ¢ : Dy < Dy,

tx(aUng) = (@) Uny,
i.e., cup-product with n commutes with the boundary (Gysin) maps of the complex
h(X). Passing to cohomology, 1 induces maps
0 HY (h(X)) = HIP (X)) (D).
The required compatibility

12 P HO0) = P B2 O)D)

with the perverse filtrations follows directly from Definition 8.6. We therefore
have constructed the maps appearing in (61); that they are isomorphisms, as are
the corresponding maps for each term of the support decomposition, then follows
as usual from the corresponding statement in cohomology. The formalism of
“hard Lefschetz triples” [de Cataldo and Migliorini 2014, §1.3.4] in the abelian
category My allows us to enhance Theorem 8.13 with the following:

Corollary 8.14. The choice of n gives rise to a distinguished splitting
HY (h(X)) = €D Gr7' H (h(X))
J

of the motivated perverse Leray filtration.



1522 Stefan Patrikis

Of course, M, is semisimple, so we already knew that some splitting exists. The
combination of Theorem 8.13 and Corollary 8.14 can be regarded as a “motivated
decomposition theorem”. Finally, we reach the motivating application:

Corollary 8.15 (includes Theorem 6.3 above). Let Y/k be any quasiprojective
variety. Then there is an object M € My whose £-adic realization is isomorphic
as a Ty-representation to GrWIHq(Yk, Q). If A is a finite group scheme over k
acting on Y, and e € Q[A(k)]"%, then for any embedding @ — Qy there is an
ob]ect of M, g whose (Q — Q)-realization is isomorphic as a Ty-representation
to Gr e(IHY (Yz, Q).

The same holds for intersection cohomology with compact supports.

Proof. We can assume Y is irreducible. Let f : X — Y be a resolution of singular-
ities; X is then irreducible of dimension dim X. For the motive M having £-adic
realization Grq . IHY (Y, Q¢), we can take

!
M = GrZ;imX,YSm HY (h(X)),

where Y™ denotes the smooth locus of Y. (Compare [de Cataldo and Miglior-
ini 2014, Remark 1.4.2], noting that we have normalized the perverse filtration
differently than they do.)

For the equivariant statement, take f : X — Y to be an A-equivariant resolution
of singularities; for the existence of these resolutions, including our case in which A
is not necessarily a discrete group scheme, see, e.g., [Kollar 2005, Proposition 9.1].
By Lemma 8.11, each y € I'(k) induces an automorphism of Gr(ﬁ; x HI(h(X i)
For e € Q[A (k)]™, we obtain (after extending scalars to Q) an endomorphism of
Grfi‘;1 x H!(h(X)). That this endomorphism preserves the canonical submotive
(Theorem 8.13)

Grlpm .y HI(R(X)) C Gl y HI (h(X))

is then verified by checking the corresponding statement for £-adic realizations.
The statement for compact supports follows similarly, or by now invoking
Poincaré duality. O

Remark 8.16. (1) The motive underlying GriW IHk(Y,;, Q) is canonical in the
following sense. The only ambiguity in its construction is that we may take a
second resolution f’ : X’ — Y before applying the argument of Corollary 8.15.
But any two resolutions of singularities can be dominated by a third, and so the
functoriality property of Lemma 8.11 implies that by passing through this third
resolution we can deduce an isomorphism in My

~ f/
Grlpn .y HI(h(X)) 2= Gl x0 yon HI (R(X')).
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To be precise, if we take a resolution f”: X” — Y dominating the resolutions f
and f’, we compare the intersection cohomology motives coming from f and f”,
f"and f”, and thus f and f’. As just noted, Lemma 8.11 provides a canonical
(pullback) map

G HY (h(X)) — G HI(h(X"),

for all j (likewise for f’). We take j = dim Y, and decompose the source and target
according to Theorem 8.13; our task is to show that the respective Y *™-summands
map isomorphically to one another. But this may be checked after taking (exact)
¢-adic realizations, where it follows from the fact that f and f” are isomorphisms
over Y™ (hence so is the map X” — X), and that ICy is the unique summand (in the
decomposition theorem) of PH( f,Q,[dim Y1) and PH(f@,[dim Y]) supported
on Y™,

(2) In particular, Corollary 8.15 completes the proof of Theorem 6.1.

(3) Let us now take k to be a finite extension of Q,, with £ = p. Let Y /k be a
projective variety — this way we avoid discussing weight filtrations, and in particular
do not have to be concerned that k is not finitely generated over @ —so that
IHY(Yg, Q,) has underlying motive Grzljilj;X’Ysm (HY(X)), where f : X — Y is any
resolution of singularities. By Remark 8.16(1), we can then canonically define the
intersection de Rham cohomology of Y /k to be the de Rham realization (a filtered
k-vector space) of the motive Grzljhj;1 x.ysm (H?(X)), and by general properties of M
we obtain a p-adic de Rham comparison isomorphism, compatible with morphisms
of motivated motives.

(4) Finally, taking & to be a totally real field, [Patrikis and Taylor 2015, Corollary B]
extends from smooth projective varieties over k with Hodge-regular cohomology
in some degree to arbitrary projective varieties over k with Hodge-regular in-
tersection cohomology in some degree. Here we use the theorems of Gabber
that {IH? (Y, Q¢)}, forms a weakly compatible system of pure I';-representations.
Consequently, these compatible systems (in the regular case) are strongly compatible,
and the corresponding L-functions admit meromorphic continuation to the whole
complex plane, with the expected functional equation. Is it possible to construct
examples of such singular varieties Y? Note that Yun’s construction in type G,
and Dj, (the latter regarded as SOy, _;-valued) do give families of examples of
potentially automorphic motives — this is a special case of the examples arising
from Katz’s theory, as discussed in [Patrikis and Taylor 2015, §2]. The lifts of Yun’s
examples constructed in Corollary 4.10 are no longer Hodge-Tate regular, so no
further examples of potentially automorphic motives result from the constructions
of the present paper.
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Lifting preprojective algebras to orders
and categorifying partial flag varieties

Laurent Demonet and Osamu lyama

We describe a categorification of the cluster algebra structure of multihomoge-
neous coordinate rings of partial flag varieties of arbitrary Dynkin type using
Cohen—-Macaulay modules over orders. This completes the categorification of
Geiss, Leclerc and Schroer by adding the missing coefficients. To achieve this,
for an order A and an idempotent ¢ € A, we introduce a subcategory CM,A of
CMA and study its properties. In particular, under some mild assumptions, we
construct an equivalence of exact categories (CM,A)/[Ae] = Sub( for an injective
B-module Q, where B := A/(e). These results generalize work by Jensen, King
and Su concerning the cluster algebra structure of the Grassmannian Gr,, (C").
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1. Introduction

Geiss, Leclerc and Schroer [Geiss et al. 2008] introduced a cluster algebra structure
on some subalgebra A of the multihomogeneous coordinate ring C[F] of the partial
flag variety F = F(A, J) corresponding to a Dynkin diagram A and a set J of
vertices of A. They proved that A = C[F] in type A, and conjectured that the
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equality holds after an appropriate localization for any Dynkin type (see Section 6 for
more details). This structure generalizes previously known cases of Grassmannians,
introduced for Grp(C") by Fomin and Zelevinsky [2003] (see also [Berenstein et al.
2005]) and generalized by Scott [2006] for Gr,(C").

In the same paper, Geiss, Leclerc and Schroer introduced a partial categorification
of this cluster algebra structure on A. A crucial role is played by the preprojective
algebra IT of type A and a certain full subcategory Sub Q; of mod I1 which is
Frobenius and stably 2-Calabi—Yau. More precisely, they introduced a cluster
character ¢ : Sub Q; — A which gives a bijection

{reachable indecomposable rigid objects in Sub Q;}/ =
1-1

<> {cluster variables and coefficients of A} \ {A iljeJy,
where A; is the prinicipal generalized minor corresponding to j € J.

One of the aim of this paper is to look for a stably 2-Calabi—Yau category
extending Sub Q; whose reachable indecomposable rigid objects correspond to
cluster variables and all coefficients of A. Jensen, King and Su [Jensen et al. 2016]
achieved this in the case of classical Grassmannians (i.e., A = A, for n > 0 and
#J = 1) by using orders (see also [Baur et al. 2016] for an interpretation in terms
of dimer models). In this article, we extend their method to any arbitrary Dynkin
diagram A and arbitrary set of vertices J.

Throughout the introduction, for simplicity, let R := k[[z]] be the formal power
series ring over an arbitrary field k. For an R-order A (i.e., an R-algebra that is free of
finite rank as an R-module), we denote by CM A the category of Cohen—Macaulay
modules over A (i.e., A-modules that are free of finite rank over R). For an
idempotent e € A, we define

CM, A:={X eCMA |eX € proj(eAe)}.
We prove the following result:

Theorem A (Theorems 6.10 and 6.12). Let A be a Dynkin diagram, and J be
a set of vertices of A. Then, there exist a C[[t]l-order A, an idempotent e € A
such that CM, A is Frobenius and stably 2-Calabi—Yau, and a cluster character
¥ : CM, A — A such that
(a) ¥ induces a bijection between
e isomorphism classes of reachable indecomposable rigid objects of CM, A,
o cluster variables and coefficients of A,
(b) ¥ induces a bijection between
o isomorphism classes of reachable basic cluster tilting objects of CM, A,
o clusters of A.

Moreover, it commutes with mutation of cluster tilting objects and mutation of
clusters.
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To prove Theorem A, we generalize techniques introduced by Jensen, King and
Su [Jensen et al. 2016] for Grassmannians in type A (see also [Demonet and Luo
2016b] for Grassmannians of 2-dimensional planes in type A). Meanwhile, we
need to prove general results on orders.

The study of Cohen—Macaulay modules (also known as lattices) over orders is
a classical subject in representation theory. We refer to [Auslander 1978; Curtis
and Reiner 1981; Leuschke and Wiegand 2012; Simson 1992; Yoshino 1990] for
a general background on this subject. We also refer to [Amiot et al. 2015; Araya
1999; Demonet and Luo 2016a; 2016b; Herschend et al. 2014; de Thanhoffer de
Volcsey and Van den Bergh 2010; Iyama and Takahashi 2013; Kajiura et al. 2007;
2009; Keller and Reiten 2008] for recent results about connections with tilting
theory and cluster categories.

We consider an R-order A and an idempotent e € A such that B := A/(e)
is finite-dimensional over k. Let K := k((¢)) be the fraction field of R, let U :=
Homyu (B, Ae®pg (K /R)) and let Sub U be the category of B-submodules of objects
U" for n > 0. We consider the exact full subcategory

mod, A :={X e mod A | eX € proj(eAe)}

of mod A. Under this setting, we prove the following generalization of a result of
[Jensen et al. 2016].

Theorem B (Theorem 2.2). Assume that Ae is injective in CM, A and has injective
dimension at most 1 in mod, A. Then U is injective in mod B and there is an
equivalence of exact categories

B®4s—:(CM,A)/[Ae] = SubU.

In particular, if e and g are idempotents of an R-order A such that B = A/(e) is
finite-dimensional and Ae = Homg(gA, R) as left A-modules, then the hypotheses
of Theorem B are satisfied and U is the injective B-module corresponding to the
idempotent g (see Theorem 2.1). Let us give a motivating example:

Example. For n > 1, we consider the pair (A, e) defined as

_[R R _[ro
A= |:(t”) R} and e:= |:O 0].

We have Ae = Hompg((1 —e)A, R) and B = A/(e) = k[t]/(t"). So according to
Theorem B,
(CM, A)/[Ae] = SubU = mod B.

Notice that here CM(eAe) = proj(eAe), so CM, A = CM A. We can illustrate this
fact by drawing the Auslander—Reiten quivers of CM A and mod B:



1530 Laurent Demonet and Osamu lyama

I e P e P e M =
O] Raram KRG | Rara [ Y e 6] ; R

B®A—J/

modB: k[t1/() —>t k[t]/(tz)ﬁ---ﬁ k[t1/@" Y f—_> k[t]/(™)

where projective-injective objects are leftmost and rightmost in the first row and
only rightmost in the second row. On the other objects, the Auslander—Reiten
translation acts as the identity.

As an application of Theorem B, we get the following, which is fundamental for
Theorem A:

Corollary C (Corollary of Theorem 2.1). Let B be a finite-dimensional self-
injective k-algebra. We define a Gorenstein order A over R = k[[t] and an
idempotent e of A by

R R 10
A':B®k[tR R:| and e.=|:0 0:|.

Then we have an equivalence of exact categories (CM, A)/[Ae] = mod B, which
induces a triangle equivalence CM,A = mod B between stable categories.

Additionally, we prove a categorical version of Theorem B in the context of
exact categories:

Theorem D (Theorem 4.7). Let € be an exact category which is Hom-finite over a
field k. We suppose that

e (A, B) and (B, C) are torsion pairs in &;
o & has enough projective objects, which belong to C;

o there exists a projective object P in £ which is injective in C and satisfies
A =add P;

e B is an abelian category whose exact structure is compatible with that of E.

Then, there is an equivalence of exact categories
C/[A] = Sub U,
where U is an (explicitly constructed) injective object of B.

Notice that we need and we prove more general versions of Theorems B and D,
with more technical hypotheses and more precise conclusions.

The structure of this paper is as follows. In Section 2, we explain main results
about orders over an arbitrary complete discrete valuation ring R, and provide more
general and more detailed versions of Theorem B. We also give a systematic way
to construct pairs (A, e) satisfying the hypotheses of Theorem B for a prescribed
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algebra B. The results of Section 2 are proven in Section 5. In Section 3, we recall
the basics of exact categories and we give sufficient conditions for an ideal quotient
category £/[F] of an exact category £ by a subcategory F of projective-injective
objects to inherit the exact structure of £. In Section 4, we give extended versions
of Theorem D. Finally, in Section 6, we prove Theorem A.

2. Main results

2A. Orders. Let R be a complete discrete valuation ring and K be its field of
fractions. Let A be an R-order, i.e., an R-algebra which is free of finite rank
as an R-module. We denote by f.l. A the full subcategory of mod A consisting
of finite-length A-modules, or equivalently A-modules which are of finite length
over R. Recall that, in this context, a finitely generated A-module X is (maximal)
Cohen—Macaulay if the following equivalent conditions are satisfied:

(i) X is free (of finite rank) as an R-module;
(i) Homu(f.l. A, X) =0, or equivalently soc X = 0;
(iii) Ext}c‘ (X, Homg(A, R)) = 0, or equivalently, Ex‘[f4 (X,Homg(A, R)) =0 for
any i > 0.

We denote by CM A the exact full subcategory of mod A consisting of Cohen—
Macaulay A-modules. Since A is an R-order, both A and Homg (A, R) are in CM A.
It is clear from (ii) that (f.I. A, CM A) is a torsion pair in mod A, which can be seen
as coming from the cotilting A-module Homg (A, R).

For an idempotent e of A, we consider a full subcategory of CM A:

CM, A:={X e CMA |eX €proj(eAe)}.

This is clearly closed under extensions, and hence forms an exact category naturally.
If eAe is a hereditary order (i.e., gl.dimeAe = 1), then CM, A = CM A holds
because CM(eAe) = proj(eAe).

Our first main theorem, generalizing [Jensen et al. 2016], is the following one:

Theorem 2.1. Let A be an R-order, and e be an idempotent of A. Assume that the
following conditions are satisfied:

e B:= A/(e) satisfies lengthp B < oc.

o There is an idempotent g € A such that add Ae = addHompg(gA, R) as
A-modules.

Then the following assertions hold:
(a) We have an equivalence of exact categories

F=B®s—:(CM, A)/[Ae] => Sub Q,,



1532 Laurent Demonet and Osamu lyama

where Q, is the injective B-module associated with the image of the idempotent
ginB.

(b) A quasi-inverse of F is Homgz (24 Homgz(—, K/R), R), where Q24 is the
syzygy over A.

We assume in addition that the following hypotheses hold:

o There exists an idempotent f € A such that add Af = addHomg(eA, R) as
A-modules.

e eAe is a Gorenstein order.
Then the following conclusions hold.:
(¢) The module Qg is a projective B-module satisfying add Q, = add Bf.
(d) If A€ CM, A, then Sub Q¢ = Sub B.
We suppose in addition that A and Homg (A, R) are in CM, A.

(e) The order A is Gorenstein if and only if B is Iwanaga—Gorenstein of dimension
at most 1, i.e., inj.dim g B < 1 and inj.dim Bp < 1.

(f) If the conditions in (e) are satisfied, then we have triangle equivalences
CM,A = SubQ, = SubB,
where CM,A := (CM, A)/[A] and SubB = (Sub B)/[B].

Corollary C presented in the introduction is an immediate consequence of
Theorem 2.1 as it is immediate that Ae = Hompg(gA, R) for g := 1 — e in that case.
In this paper, a more general version of Theorem 2.1 plays an important role. Again
let A be an R-order and e an idempotent of A. Let

mod, A :={X e mod A | eX € proj(eAe)}.
We consider the following conditions:
(E1) Ae is injective in CM, A, or equivalently, Exti‘(CMe A, Ae) =0;
(E2) Ext) 4 A(mod, A, Ae) =0;
(E2)* Ext](mod, A, Ae) =0.

We recall the definition of the Extfs in Section 3 for exact categories £. For a
subcategory £ of mod A, notice that Ext’é is not necessarily the restriction of Ext"A,
except for i = 1. In Lemma 5.7, we prove the following implications:

e We have (E2)" = (E2).

o If Ae = Homg(gA, R) for some idempotent g € A, then (E1) and (E2)* are

satisfied.

o If (E1) is satisfied and A € CM, A, then (E2)* is satisfied.
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Theorem 2.1 follows from the next result:

Theorem 2.2. Let A be an R-order and e an idempotent of A such that B := A/(e)
satisfies length, B < 0o. Then:

(a) (add Ae, mod B) and (mod B, CM, A) are torsion pairs in mod, A.
(b) Let £ :={X € mod, A | Exti‘ (X, Ae) = 0}. We have an equivalence

B®4s—:&/[Ae] = mod B. 2-1)
If (EN) is satisfied, then the following assertion holds:

(c) Let U :=Homu (B, Ae®g (K/R)) € mod B, where K is the fraction field of R.
The equivalence (2-1) restricts to an equivalence

B®s—:(CM, A)/[Ae] = SubU. (2-2)
If (E1) and (E2) are satisfied, then the following assertions hold:

(d) U is an injective B-module.

(e) (2-1) and (2-2) are equivalences of exact categories, where &\ /[Ae] and
(CM, A)/[Ae] inherit canonically the exact structure of £, and CM, A (see
Section 3).

(f) The exact categories £1, CM, A, mod, A and Sub U have enough projective
objects and enough injective objects.

(g) Let P be a projective cover of soc U as a B-module. Then, we have the equality
&1 ={X € mod, A | Homy (P, X) =0}.

2B. Change of orders. We give a systematic method to construct pairs of orders
and their idempotents which satisfy the conditions (E1) and (E2).

Let A be an R-order, e an idempotent of A and B a factor algebra of A/(e). We
suppose that the following two conditions are satisfied:
(C1) lengthyp B < oo;
(C2) B €Sub(Ae®g (K/R)).

Let mod? A be the category of all X € mod A such that there exists an exact

sequence
0O—-P—->X—->Y—>0

with P € add Ae and Y € mod B. Let CMZ A := CM ANmod? A and consider the
condition:

(C3) Ext},(CMZ A, Ae) = 0.
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We will construct a new order A" under this setting. Thanks to (C2), there is
a monomorphism ¢ : B < (Ae ®z (K/R))®". Applying Ae®* ®r — to the exact
sequence 0 - R — K — K /R — 0 and taking a pullback via ¢, we get a short
exact sequence
0>P—>B—>B—0

with P € add Ae and B € CM A. We clearly have Be CMB A. Using (C3), one can
check B is independent of the choice of ¢ up to a direct summand in add Ae (see
Theorem 4.1(a)). Let

W:=Ae®B and A :=Ends(W).
We can regard naturally e as an idempotent of A’. Notice that A’ is uniquely defined
up to Morita equivalence.

Theorem 2.3. We assume that (C1), (C2) and (C3) hold. Then the following
assertions hold:

(a) We have a canonical isomorphism B = A’ /(e) of R-algebras.

(b) We have (E1) holds, that is, Exti‘,(CMe A, A’e) =0, and (E2)* holds, that is,
Ext},(mod, A’, A’e) =0.

(¢) Let U:=Homgu/ (B, A’e®gr(K/R)) € mod B. Then U is an injective B-module
and we have an equivalence of exact categories

B®a —:(CM, A")/[A’e] = SubU.

(d) The class of short exact sequences of mod A with three terms in modf A gives
the structure of an exact category on mod f A. The same holds for CM f A. For
these structures, the functors

Homu (W, —) :mod A — mod A" and W ®4 —:mod A" — mod A

induce quasi-inverse equivalences of exact categories between modf A and
mod, A" on the one hand, and between CMf A and CM, A’ on the other hand.

(e) We have a commutative diagram

, B®A/—
CM, A" ————— > SubU

W®A/fl? {

CMB A ——g " modB
W

where all functors induce isomorphisms of Ext' and the left side is an equiva-
lence of exact categories for the exact structure on CM f A given in (d).

Let us finally introduce a simple criterion for (C1), (C2) and (C3) to be satisfied:
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Lemma 2.4. Let A be an R-order, e an idempotent of A and B a factor algebra
of A/(e). Let us assume that there exists an idempotent g € A such that Ae =
Homg(gA, R). Then (C3) holds. Moreover, if (C1) holds, then (C2) holds if and
only if (1—g)socB =0.

We will prove Lemma 2.4 at the end of Section 5C.
In the rest of this subsection we give an example illustrating Theorem 2.3. Let
B =TI be the preprojective algebra of type A3z over a field k. In other terms

o]
M= k(1$2$3)/(041131,&2/32—51061,/320!2)
B

This algebra can also be realized as the following subquotient of the matrix algebra
M3 (k[e]):

klel/(e) klel/(e) klel/(e)
M= (e)/(e%) klel/(e?) klel/(e)
)/ (e)/(e?) klel/(e)

Let us define R := k[[t]] and S := R[e]. The R-order considered in Corollary C is
S/(¢) S/(e)  S§/(¢) S/e)  S/e) S/(e)
(©)/(e?)  S/(eD  S/e) (/D) S/ S/(e)
/() @/ S/ (/) (e)/(?) S/(e)
(0)/(te)  ()/(te) (2)/(te)  S/(e) S/(e) S/(e)
(te)/(te*) (1)/(te?) (1)/(te) (e)/(e?) S/(€?) S/(e)

| te?)/(te?) (1e)/(te?) (1)/(te) (1)/(e) ()/(*) S/(e) |

In Figure 1, we draw the Auslander—Reiten quiver of CM, A, with notations

ij = (t'e))/ (et
= ('ed)/(tTe/T?),
ij—ij={(p.q)€ijxij|p—qet-ij}.
Thus, the identity of S induces a map ij — i’j’ if and only if (j, i) > (j’,i’) for the
lexicographic order and analogous rules can be computed for [ij]. All arrows are
induced by multiplications by an element of S, which is £1 when it is not specified.

Let e3, €2, €1, g1, g2 and g3 be the idempotents corresponding, in this order, to
the rows of the matrix. They satisfy

Ae,- = HomR(g,-A, R) and Ag,' = HOIIIR(EI'A, R)
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Figure 2. Auslander—Reiten quiver of CM, A. Objects are repre-

sented by their image by F' except objects of add Ae.
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as A-modules. We fix the idempotent e = e| + e> + e3. According to Corollary C,
we have an equivalence of exact categories

(CM, A)/[Ae] = mod IT.

In Figure 2, we draw the Auslander—Reiten quiver of CM, A, replacing objects
which are not in add Ae by their image by F in Sub U = mod I1 (here U = IT). We
obtain the Auslander—Reiten quiver of mod IT by removing framed objects. The
general relation between Auslander—Reiten quivers of CM, A and Sub U will be
discussed in [Demonet and Iyama > 2016].

We explain the way to compute the minimal preimage of an object of Sub U
by F in this example. First, we know that preimages of simple modules S; are
coradicals of indecomposable direct summands of Ae. Thus, we find

F(S)ZS1, F(S5)ES,, F(S55)=Ss,

where
S/(e) S/(e) S/(e)
S/(e) S/(e?) (e)/(e%)
e | S/ o | ©/E) o _ | ED/E)
! S/ee) |1 2 o/ae) |© 73 (t)/(te)
(1)/(te) (t,8)/(e%) (te)/(te?)
| (0)/(te) | | (te)/(re?) | | ())/() ]

Let us calculate the preimage X° of 12 3 by F. There exists a pullback diagram

0—— Aey®Aez —— STDS; — 5195 —— 0

| [ ]

0—— Ae; P Aes X° 123 —0
SZ _ SZ

which permits us to get

S/te)  S/(e) |
S/e)  (e)/(e?)
S/(e)  (2)/(e)
S/e)  (@®/(te) |
S/(e) — (e)/(e?)
| (1)/(te) (D] (%) ]

XO
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Figure 3. Auslander—Reiten quiver of CM, A’ In the left diagram,
objects are represented by their image by F except objects of add A’e’.

where

[S/(e) — ()/(eD)] == {(x,ey) € S/(e) x (&) /(?) | x —y €t~ S/ (&)}

Now, we apply Theorem 2.3. Let ¢’ := e; + e3 and B’ := IT1/(B11). As a
B-module,

B'= "2, @ 123 @ (2%

Thanks to Lemma 2.4, B’ and ¢’ satisfy the hypotheses of Theorem 2.3. Then,
keeping notations of this subsection, we have

W=Ae; @ Aez ® Ag1 ® X° D Ags.
Then, A’ := End4 (W) is easy to compute:

S/(e)  S/e)  S/e)  S/e)  S/e)  S/(e) ]
/@ S/ S/e) S/ (D)) (/)
te?)/(te®) (/te)  S/e)  @®)/te) D)/ (D) (€H/(e®)
)/} 0/te) S/ S/(e~(D/(EY) (2] ()
t)/(te)  S/(e)  S/e)  S/e) S/ S/(e)
) /@te) (1)/(te)  S/e)  S/(e) (O/tte)  S/(e) |

A=
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where

[S/(&) — S/(@)]:={(x,y) € S/(e) x S/(¢) | x =y €1-S/(e)}.

Thanks to Theorem 2.3, we have (CM,» A”)/[Ae’] is equivalent to the subcategory
of mod IT consisting of modules whose socle is supported at vertices 1 and 3. To
illustrate this fact, we give two representations of the Auslander—Reiten quiver of
CM, A’ in Figure 3.

2C. Notations. In this paper, if f: X — Y and g : Y — Z are two morphisms in
a category, we write fg : X — Z for the composed morphism.

Let Ab be the category of abelian groups. For an additive category .4, an
A-module is a contravariant additive functor F : A — Ab. We say that an
A-module F is finitely generated if there exists an epimorphism of .4-modules
Hom 4(A, X) — F for some X € A.

3. Results on exact categories

The aim of this section is to study ideal quotient categories £/[F] of an exact
category £ by a full subcategory F consisting of projective-injective objects. More
precisely, we study conditions for £/[F] to inherit the exact structure of £. In
particular, we prove that it is the case if and only if admissible monomorphisms
and epimorphisms are mapped to categorical monomorphisms and epimorphisms
by the canonical projection £ — £/[F]. This is a particular case of Theorem 3.6.

3A. Preliminaries about exact categories. We recall here main definitions and
elementary results about exact categories. We consider an additive category &
endowed with a family S of pairs of morphisms (f, g) of £, where f is a kernel
of g and g is a cokernel of f. We denote such a pair by

0>x-Ly-2&2z_0,

and for (f, g) €S, we call (f, g) an admissible short exact sequence, f an admissible
monomorphism and g an admissible epimorphism. We call (£, S) an exact category
if it satisfies the following axioms due to Quillen [1973] and modified by Keller
[1990, Appendix Al:

(Ex0) S is stable under isomorphisms and contains split short exact sequences of
the form

. 0
o x o o Ll

(Ex1) The composition of two admissible epimorphisms is an admissible epimor-
phism.
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(Ex1)°? The composition of two admissible monomorphisms is an admissible
monomorphism.

(Ex2) For any admissible short exact sequence

0>X-Ly-58 750

and morphism v : Z' — Z, we can form a pullback diagram, i.e., a commutative
diagram of the form

0 x Ty £ p 0
I T
0 X Y z 0
7 g

where the first row is an admissible short exact sequence.

(Ex2)°P For any admissible short exact sequence
f

0->X-Lvy-427-50

and morphism u : X — X', we can form a pushout diagram, i.e., a commutative
diagram of the form

f g

0 X Y A 0
ol
0 X’ Y’ Z 0
f g

where the second row is an admissible short exact sequence.

We often write £ instead of (£, §) when we consider only one exact structure
on £. When not specified, we use the terms short exact sequence, monomorphism
and epimorphism for admissible short exact sequence, admissible monomorphism,
admissible epimorphism, respectively. In contrast, we use categorical monomor-
phism or categorical epimorphism for a monomorphism or epimorphism which is
not necessarily admissible.

We will use freely the following easy facts about exact categories:

« In (Ex2), we have the admissible short exact sequence

;o 8
O—)Y’&Y@Z’M)Z—)O.

o In (Ex2), if v is an admissible epimorphism, then so is v’ and Ker v = (Ker v’)g".

 In (Ex2), if v is an admissible monomorphism, then so is v’ and Coker v’ =
g(Cokerv).
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« In (Ex2)°P, we have the admissible short exact sequence

f/
0— x 2SI, X/@Y—>["‘] Y = 0.

 In (Ex2)°P, if u is an admissible epimorphism, then so is u’ and Ker u’ = (Ker u) f .

e In (Ex2)°P, if u is an admissible monomorphism, then so is ' and Coker u =
f/(Cokeru').

e If a morphism is an admissible monomorphism and an admissible epimorphism,
then it is an isomorphism.

« If, in a morphism of short exact sequences, the left and right components are
both admissible monomorphisms or epimorphisms, then the middle one is as
well.

o In (Ex2) and (Ex2)°P, the diagrams are uniquely determined up to unique iso-
morphisms.

Let us recall the following definition:

Definition 3.1. A functor F' between exact categories (£, S) and (€', &) is exact
if F(S) C S’ Anobject X € &€ is projective if Homg (X, —) is exact, and injective if
Homg(—, X) is exact. We say that £ has enough injective objects if for any X € €
there exists a short exact sequence 0 - X — [ — Y — 0 in S such that [ is
injective. We say that £ has enough projective objects if for any X € £ there exists
a short exact sequence 0 - ¥ — P — X — 0 in S such that P is projective.

Recall that these notions permit the definition of extension functors ExtfE which
satisfy the expected properties, either from Yoneda’s structure of long exact se-
quences, or using projective resolutions if £ has enough projective objects, or using
injective resolutions if £ has enough injective objects, or more generally using the
derived category of £.

Throughout this paper, we will use the following definition:

Definition 3.2. Let £ and £’ be exact categories and F : £ — £’ an exact functor. We
say that F is exact bijective if the induced morphism Extg (—, —) — Ext}, (F—, F—)
is an isomorphism. We say that F' is an equivalence of exact categories if it is an
exact bijective equivalence of categories (or, equivalently, an exact equivalence of
categories with an exact quasi-inverse).

A typical example of exact bijective functor arises when £ is a full exact subcat-
egory of £’ (i.e., a full subcategory which is closed under extensions).

Remark 3.3. Assume F : £ — £’ is a dense and exact bijective functor. Then:

(a) For any X € £, we have X is projective if and only if FX is projective, and
the dual statement holds for injectivity.
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(b) £ has enough projective objects if and only if £’ has enough projective objects,
and the dual statement holds for injectivity.

(c) € is Frobenius if and only if £ is Frobenius.
We give an elementary result about second extension groups:

Proposition 3.4. Ler F : £ — £ be an exact bijective functor. Then, it induces a
canonical natural monomorphism Ext%(—, —) — Ext‘zg,(F —, F—).

Proof. The existence of a map ¢ : Ext%(—, —) — Ext3(F—, F—) is immediate.
We consider an admissible 4-term exact sequence £ :0 - X - Y, - Y, > Z — 0
which, by definition, comes from two short exact sequences

§:0-X—>Y —-Y—>0 and &:0—>Y — Y21>Z—>O.
Suppose that & € Kergz x. Applying Homg(—, X) and Homg (F—, FX) to &

gives a commutative diagram of exact sequences:

1 1 5 Ext2 (u,X) 5
Exte (Y2, X) —— Exto (Y, X) —— Extz(Z, X) ——— Extz (Y2, X)

H H oz |

Extl (FY2, FX) — ExtL (FY, FX) — Ext2(FZ, FX) — Bxt2, (FY», FX)

By the definition of Yoneda product, & € Ker Ext% (u, X), so an easy diagram chase
gives £ = 0. ([
Let us define important concepts:
Definition 3.5. Let £ be a Krull-Schmidt additive category and £ C & an additive
subcategory. Then:
(a) We say that f : X — Y in & is left minimal if for any g € Endg(Y) such
that fg = f, the map g is invertible, or equivalently, if for any idempotent
e € Endg(Y), we have fe = f implies e = idy.
(b) We say that g : Y — X in € is right minimal if for any f € Endg(Y) such
that fg = g, the map f is invertible, or equivalently, if for any idempotent
e € Endg(Y), we have eg = g implies e = idy.
(c) We say that f : X — X' in £ is a left £'-approximation (of X) if X' € & and
any morphism from X to any object of £’ factors through f.
(d) We say that g : X’ — X in € is a right £'-approximation (of X) if X' € & and
any morphism from any object of £’ to X factors through g.
Notice that, in the situation of the previous definition, if an object X € &£
admits a left £&’-approximation, then it admits a left minimal £’-approximation

which is unique up to isomorphism, and an analogous statement holds for right
&'-approximations.
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3B. Exact ideal quotients of an exact category. Let (£, S) be an exact category
and &’ a full subcategory of € which is closed under extensions. Then (£’, S) forms
an exact category for the family S’ of all admissible exact sequences in S whose
terms belong to &',

We denote by F a subcategory of & satisfying Ext}:(F, &) = ExtL(£/, F) =
Let S’ be the class of pairs of morphisms in £'/[F] which are isomorphic to a pair
in 7(8"), where 7 : &' — £’ /[F] is the canonical functor.

Theorem 3.6. The following are equivalent:

(i) (&'/IF], 8%) is exact.

(ii) For any admissible monomorphism f of (€', S'), the map 7 (f) is a categorical
monomorphism in ' /[ F), and the dual statement holds for epimorphisms.

In this case, w : &' — E'/[F] is automatically exact bijective.

Proof. (i) = (ii) is trivial. Let us prove the converse. Let us first check that any
(f, ) € S’ is a kernel-cokernel pair. By (ii), f is a monomorphism and 3 is an
epimorphism. By definition, we can lift (£, g) to (f, g) € S’ Suppose that fh =0
for some morphism / of £ /[F]. By definition, it means that there is a commutative
diagram in £ of the form

0 X ! Y Z 0
h’l lh
F T) A

with F € F. As Exté(Z, F) =0, there exists u : Y — F such that 4" = fu. Thus,
h = uf'+ gv for some v: Z — Z' and h = gv holds. This proves that 3 is a
cokernel of f. Dually, we prove that f is a kernel of 2.

Let us check axioms of exact categories one by one:

(Ex0): This is obvious.

(Ex1): Suppose that g: X — X" and g": X’ — X" are epimorphisms in S’. It is easy
to check that we can lift them to admissible epimorphisms g : X @ F; — X'@® F> and
g X' ®F;— X"@® F4 of £. Thus gg’ can be lifted to an admissible epimorphism
XOF®F;— X"®F,® Fyin & using (Ex1) in (£/, §’). By definition, gg’ is
then an epimorphism in S%.

(Ex1)°P: This is the dual of the previous item.

(Ex2): Let g : Y — Z be an epimorphism in 8% and v : Z' — Z be a morphism
in £'/[F]. Without loss of generality, we can suppose that they come from lifts
g:Y—> Zandv:Z — Zin &, where g is an admissible epimorphism. Thus, we
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can complete the pair to a pullback diagram

in &', where g’ is an admissible epimorphism. Then0 - Y — Z’®Y — Z — 0
is in &', and its projection to £'/[F] is in S%. Thus the diagram is also a pullback
diagram in £'/[F], and g’ is an epimorphism in S’.

(Ex2)°P: This is the dual of the previous item.

We have finished proving the equivalence. Let us check that the projection
& — &' J[F] is exact bijective. First of all, for X, Z € &, the induced map
Exté,(Z , X)— Exté, JIF] (rZ, m X) is clearly surjective. To prove that it is injective,
let us consider a short exact sequence

0> XLyt 70, (3-1)

which splits in £'/[F]. By definition, it means that there is g’ : Z — Y and two
morphisms u : Z — F and v: F — Z with F € F such that idz = g’'g + uv. As
Ext}g(F, X) = 0, there exists v’ : F — Y such that v = v'g. Thus idz = (g’ +
uv')g holds, and (3-1) splits in £ Therefore Exté,(Z, X)— Exté,/[f] (rZ,7X)is
injective. (]

In the rest of this section we give sufficient conditions for Theorem 3.6(ii) to
hold. For two subcategories B and C of £, we denote by C \( B the full subcategory
of £ consisting of X such that for any complex ¥ - B L5 X with B € B and
Y € &/, there exists a morphism of complexes

vy .-t .x

L

C— B — X

g f!
with B’ € B and C € C. Notice that, if X € £ has a right B-approximation whose
pseudo-kernel is in C, then X € [C N\ B]. Also notice that [£’ \( B] = £ holds since
we can choose f' = f and g’ = g. Dually, we denote by B 7 C the full subcategory
of & consisting of X such that for any complex X 1, B4, Y with B € B and
Y € &/, there exists a morphism of complexes

X——B ——C

[
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with B’ € B and C € C. As before, if X € £ has a left B-approximation whose
pseudo-cokernel is in C, then X € [B 7 C]. Also, we get [B 7 £'] = €. We get the
following corollary:

Corollary 3.7. Let P and I be the full subcategories of £ consisting of objects X
satisfying Ext}:(X, £') = 0 and ExtL(E', X) = 0 respectively. If

EC(F/IZNFDNAF /PINF)
then (£'/[F1, 8%) is an exact category.

Proof. We need to prove Theorem 3.6(ii). We do it for admissible monomorphisms.
Let0— X —L5 ¥ —£5 Z — 0 be a short exact sequence in &, and let u : X" — X be
a morphism such that iz f =0in £/[F]. Then uf = f'u’ holds for some f’: X' — F’
andu’' : F' — Y with F’ € F.
Suppose first that X’ € [F 7 P]. By definition, we can complete a commutative

diagram

x < r_ L .p

P O I

x Lt

oL

0 X Y V4 0
f 8

withaf =0and F € F and P € P. As Ext}:(P, X) =0, we know v” = g”g for some
g":P—Y and we easily get v'u’' = Bg"+ f" f forsome f”: F — X. We deduce that
af’ f=av'u'—aBg” =uf. As f is a monomorphism, of” = u and therefore i =0.

Let us now suppose that X' € £ As Z € ([F / P] \{ F), we can complete the
following commutative diagram

X ——F z
o e
0 X Y z 0
f B

withaf =0and F € F and A € [F /' P]. Then, as Exté(F, X)=0,weget B=p'g
with 8’: F — Y and, as f is the kernel of g, there exists ' : A — X such that a8’ =
o' f. As Ae[F /Pland & f =0, by the first part of the argument, &’ = 0. On the
other hand, by an easy diagram chase, there exists w : F' — X such that u’ = V'8’ +
wf. Sowe getuf = f'u' = f'V'B' + flwf =vap' + flwf =va' f+ f'wf. As [ is
a monomorphism, we deduce that u = va’+ f'w. Thus & = 0 holds since ' =0. [J
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In the rest of this section, we give three special cases as an application. Notice
that the first case recovers Chen’s result [2012, Theorem 3.1] for £ = €.

Corollary 3.8. (a) If, for any X € &', there exist left and right F-approximations f
and f’ and pseudo-cokernel g and pseudo-kernel g’

XL FX 5 PX and Iy 55 Fy LS x
such that PX € P and I'x € T then (€' /[ F], S’) is an exact category.

(b) If, for any X € &', there exists a left F-approximation X — FX which is a
categorical epimorphism, then (£'/[F], 8%) is an exact category.

(c) If, for any X € &', there exists a right F-approximation Fx — X which is a
categorical monomorphism, then (€' /[F], S%) is an exact category.

Proof. (a) Let X — F — Y be a complex where X,Y € & and F € F. It is easy to
complete the following commutative diagram

X —— FX —5 pX

|

X F Y
so & C [F /' P]. Thus we have £ =[£' \( F] C ([F /7 P] \{ F). Dually we have
E=(F /T \FD.

(b) By the same argument as the beginning of (a), we get &’ C [F 1 0]. So
E'CIF /0IC(F AIINFD and E=[E'\FICF /0INF) CUF /PINF).
(c) This is the dual of (b). O

3C. On some Frobenius subcategories of exact categories. When we have an
admissible monomorphism f : X — Y in an exact category, we say X is an
admissible subobject of Y. Dually we define an admissible factor object. For
a full subcategory &£’ of an exact category £, we denote by Sub &’ the smallest
full subcategory of £ which is closed under admissible subobjects and contains
add &',

We recall that an exact category is Frobenius if it has enough injective objects,
enough projective objects and they coincide. This subsection is devoted to proving
the following result.

Proposition 3.9. Let £ be an exact category which has enough projective objects
and enough injective objects. Let U be a subcategory of injective objects in &
satisfying U = add U, and let D := SubU. Assume that projective objects of £ and
those of D coincide. Then the following assertions hold:

(a) D is closed under extensions.
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(b) D is Frobenius if and only if the following conditions are satisfied.:
o U is projective-injective in & for any U € U.
o Each projective object of £ has injective dimension at most 1 and each
injective object of £ has projective dimension at most 1.

(c) If the conditions in (b) are satisfied, then U is the category of projective-
injective objects in &.

Part (a) is an easy consequence of the horseshoe lemma. Let us start with the
following lemma:

Lemma 3.10. Assume any object inU is projective inE. Let 0 — E — E-L1-0

be an exact sequence in € with I injective. Then
Homg (D, f) : Homg (D, E') — Homg (D, I)
is an epimorphism.

Proof. Take a morphism g : D — I with D € D. Then there exists an admissible
monomorphism i : D — U with U € Y. Since [ is injective in &, there exists
s : U — I such that g = is. Since U is projective in &, there exists ¢ : U — E’ such
that s = tf:

0 E E’ 1 0
>
1
Since g = itf, we have the assertion. ([

Let us now prove the proposition.

Proof of Proposition 3.9(b). “=" Suppose that D is Frobenius. Note that our
assumptions imply that projective objects in £, projective objects in D and injective
objects in D coincide.

Fix any U € Y. Then U is injective in £ by our assumption, and hence U is
injective also in D. Therefore U is projective in £ by the remark above.

Let P be a projective object in £. Then P is projective-injective in D. Since our
assumptions imply Q¢ (E) C D, we have

ExtZ(&, P) = Ext}(Q¢(£), P) =0.

Thus P has injective dimension at most 1 in £.
Let I be an injective object in £. We take an exact sequence

0—Qe(l)>P-L150 (3-2)



1548 Laurent Demonet and Osamu lyama

with a projective object P in £. Our assumptions imply P € D and Q¢(/) € D. We
apply Homg (D, —) to (3-2) to get the exact sequence

Homg (D, P) — Homg (D, I) — Ext:(D, Qe(I)) — Exti(D, P) =0.

By Lemma 3.10, we have Exté (D, Qe(1)) =0. Thus Q¢ (1) is projective-injective
in D so projective in &, and the assertion follows.

“&” Let P be a projective object in D. By our assumptions, P is projective in &,
and there exists an exact sequence 0 — P — % — I' — 0 with injective objects
1°, I in £. Applying Homg (D, —), we have an exact sequence

Homg (D, 1°) — Homg (D, I') — ExtL(D, P) — ExtL(D, I°) =0.

By Lemma 3.10, we have Exté (D, P)=0. Thus P is injective in D.

Let I be an injective object in D. Since Qg(E) C D, we have Exté &, 1) =
EXt};(Qg (&), I) =0. Thus I has injective dimension at most 1 in £. Now we take
an exact sequence

0->1I—->U—E—O0 (3-3)

with U e Y and E € €. Since U is injective in &, so is E. Thus E has projective
dimension at most 1 in £. Since U is projective in &£, so is 1. Thus [ is projective
in D.

Since £ has enough projective objects and 2¢(£) C D holds, D also has enough
projective objects. It remains to prove that D has enough injective objects. Fix
D € D and take an exact sequence 0 > D - U — E — O withU el{ and E € &.
Since £ has enough injective objects by our assumption, there exists an exact
sequence 0 - E — I — E’ — 0 with an injective object [ in £ and E’ € £. Let
0— P; — Py— I — 0be a projective resolution of / in £. We have a commutative
diagram of exact sequences:

N+—

F+— <o

v—

<

o+
O+— M —~—
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Since Py € D, the middle column shows X € D. On the other hand, we have the
following commutative diagram of exact sequences:

o

)
O+—T¢+—~<<+—T+——o
S+—Mm+—+— T+—o0O

[e]

As Pj is projective-injective in D, the middle column splits and ¥ = U & P is
injective in D. The middle row gives an injective hull of D in D. U
Proof of Proposition 3.9(c). Let P be a projective-injective object in £. Then it
belongs to D, and there is a short exact sequence 0 - P — U — E — 0 with

U el and E € £. Since P is injective in &, this sequence splits. Thus P belongs
to U. ]

4. Equivalences arising from torsion pairs on exact categories

Throughout this section, we assume the following:

» £ is an exact category which is Krull-Schmidt.
» (A, B) is a torsion pair of &; that is, the following conditions are satisfied:
— A and B are full subcategories of £ such that Homg (A, B) = 0.

— For any E € &, there exists an exact sequence 0 - A — E — B — 0 with
AeAand B e 5.

Then A is closed under taking extensions and admissible factor objects, and B is
closed under taking extensions and admissible subobjects. On the other hand, the
natural inclusion functor B — & has a left adjoint functor F : £ — B. This is dense
and induces a dense functor

F:&/[A] — B.

4A. Basic properties of F : £ /[ A] - B. We consider the full subcategories of £
defined by
& ={X € £ | Ext:(X, A) =0},

& ={X € £ | Exti(X, A) =0, Exti(X, A) =0}.

The subsection is devoted to proving the following result:
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Theorem 4.1. We have the following assertions:
(a) The functor F : &1 /[ A]l — B is fully faithful.

(b) The essential image of F : £1/[A] — B is the subcategory consisting of B € B
such that Exté(B, A) is a finitely generated A°P-module.

() If Exté (A, B) =0, then F : &, — B is exact bijective.

(d) If any object in A is projective in £, then &, /| A] inherits canonically the exact
structure of &, and F : & [[A] — B is exact bijective.

We denote by T : £ — A the right adjoint functor of the inclusion functor 4 — €£.
Then for any E € &, there exists a short exact sequence

0>TE-LSE-8 FE 0

in £ with TE € Aand FE € B. Clearly f is a right A-approximation and g is a
left B-approximation.
The proof of Theorem 4.1 is divided into Lemmas 4.2, 4.3, 4.5 and 4.6.

Lemma 4.2. The functor F : £; — B induces a fully faithful functor F : £ /[ A] — B.

Proof. Fix X,Y € &. By applying Homg (X, —) to the short exact sequence
0—TY - Y — FY — 0, we obtain the short exact sequence

0 — Homg(X,TY) - Homg(X,Y) > Home(X, FY) — Exté(X, TY)=0,

where the last equality follows from X € &;. So

__ Homg(X, V)
HOIIlg(X, FY) = = Homg/[A](X, Y),
Homg (X, TY)
where we use the fact that the first arrow of TY — Y is a right A-approximation.

On the other hand, using adjunction we have an isomorphism
Homg(FX, FY) = Homg(X, FY).
Thus the assertion follows. (]
Next we prove the following observation.
Proposition 4.3. The following conditions are equivalent for B € B:
(1) B belongs to the essential image of F : £, — B.
(ii) Ext}g(B, A) is a finitely generated A°P-module.

This follows immediately from the following result for Krull-Schmidt exact cat-
egories, which is a generalization of [Auslander and Reiten 1991, Proposition 1.4].

Lemma 4.4. Let X be a Krull-Schmidt exact category, and ) a subcategory of X
which is closed under extensions and direct summands. For X € X, the following
conditions are equivalent:
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(i) There exists an exact sequence 0 — Y — Z — X — O withY € Y and
Extl.(Z, ) =0.

(i1) Extﬁ((X , V) is finitely generated Y°P-module.
We include a proof for the convenience of the reader.

Proof. (i) = (ii): Applying Homy(—, )) to the short exact sequence 0 — ¥ —
Z — X — 0, we obtain the exact sequence

Homy (Y, V) — ExtL (X, ) — Ext\.(Z, ) =0.

Thus Extﬁf(X , )) is a finitely generated )°P-module.

(i) = (i): There exists a projective cover ¢ : Homy (Y, ) — Ext}v (X,Y) since Y
is Krull-Schmidt. Let

0->Y-L 728 x50

be a short exact sequence represented by ¢(idy) € Ext}‘f (X, Y). Since g is right
minimal, f belongs to radX’, and hence g is right minimal. To prove Extﬁc (Z,y)=0,
it suffices to show that any exact sequence

0>Y >W—=5Z->0 4-1)

with Y € Y splits. We have the following commutative diagram of exact sequences:

0 0

|

Y —— Y

I
0 Y” W X 0
0 1l/ / g ul )H( 0

[N

0 0

where Y” € ) because ) is extension-closed. As ¢ is an epimorphism, we have the
following commutative diagram of exact sequences:

0 vy 7% .x 0
[
0 Y W X 0

As g isright minimal, ¢s: Z — Z is invertible. Therefore the sequence (4-1) splits. [

Lemma 4.5. Suppose that Exté (A, B) =0. Then the functor F : & — B is exact
bijective.



1552 Laurent Demonet and Osamu lyama
Proof. Let X,Y € &. By applying Homg (X, —) to the short exact sequence
0—TY —Y — FY — 0, we have the isomorphism

Ext:(X, Y) = Ext:(X, FY),

as Extig(X ,TY) =0 holds fori =1, 2. Applying Homg(—, FY) to the short exact
sequence 0 - TX — X — FX — 0, we have an isomorphism

Ext:(FX, FY) = Ext:(X, FY)
as Exto(TX, FY) =0 holds for i =0, 1. Thus we have
Extg(FX, FY) = Ext.(FX, FY) ZExt:(X, Y). O

Lemma 4.6. Suppose that any object in A is projective in E. Then & /[ A] inherits
canonically the exact structure of &, and the functor F : £ /[ A] — B is exact
bijective.

Proof. Any object X € £ has aright A-approximation 7X — X which is a categorical
monomorphism, and we have

Exti (A, &) = Extp (&, A) =0

by our assumptions. Therefore Corollary 3.8(c) gives an exact structure on & /[ A].
Applying Lemma 4.5, we have

Extz(FX, FY) = Extg, (X, Y) = Extg, ;| (X, 1),
which shows the assertion. O

4B. When there is a torsion pair (B, C). In this subsection, we further assume
(B, C) is a torsion pair in £ for

C:={X e £ | Homg (B, X) =0}.
The following result gives a description of the image of the functor F : C — B.
Theorem 4.7. Assume that the following conditions are satisfied.:

o B is an abelian category whose exact structure is compatible with that of £.

. Extic(B, A) is a finitely generated B-module for any A € ANC.
Then we have the following assertions.
(a) For any A € ANC, there exists a short exact sequence
0>A—>CA—>U">0

with UA € B, C* € C and EXté(B, C4) = 0. Moreover, it is unique up to
isomorphism.
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(b) Let D := Sub{U% | A € ANC). Then F : £ — B induces a dense functor
F:C—D.
Assume Ext; (B, ANC) = 0.
(c) UA is an injective object in B for any A € ANC.
(d) D is closed under taking extensions in £, and therefore forms an exact category.

(e) Assume C C &, and that any object in A is projective in . Then C /[ A] inherits
canonically the exact structure of C and F : C/[A] — D is an equivalence of
exact categories.

Proof. (a) By the dual of Lemma 4.4, we get a short exact sequence
0>A-Lx-2U4t>0

for some U € B such that Ext}g (B, X) =0 and with f left minimal. We only have

to prove X € C. Since (B, C) is a torsion pair, there exists an exact sequence

0>B-5X—>C—0

with B € B and C € C. Now we consider the following commutative diagram, where
Kerig exists in 3 by our assumption:

0 A x £

[

0 —— Kerig—— B ——

UA
UA
Since A € C, we have Kerig = 0. Thus ig is a monomorphism, and we can form
the following commutative diagram with Cokerig € B by our assumption:

0 0
| |
B——8B
i lig
0 AL x5 ya 0
H |-
0 A C Cokerig —— 0
|
0 0

The upper horizontal sequence gives a projective cover ¢ : Homg (B, U4) —
Exti; (B, A) (see the proof of Lemma 4.4). The lower horizontal sequence gives a
morphism ¢ : Homg (B, Cokerig) — Exté (B, A), which is an epimorphism since
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¢ = Homg (B, p)¥. Since Cokerig € B and ¢ is a projective cover, p has to be an
isomorphism. Thus we have B=0and X = C € C.

As BNC =0, the morphism A — C4 is left minimal and it implies easily the
uniqueness.
(b) First we prove F(C) C D. For any C € C, there exists an exact sequence
0—-A—-C—->B—0withB=FCeBand A=TC € A. Clearly we have
Ae ANC.Let0 > A — CA — U4 — 0 be the exact sequence in (a). Then we
have a commutative diagram

0 A C B 0
I —
0 A cA U4 0

By our assumption, f has a kernel g : Ker f — B in £ with Ker f € B. Since the
above diagram is pullback, g factors through C € C. Thus g = 0 holds, and hence f
is a monomorphism. Therefore 0 — B L, UA - Coker f — 0 is a short exact
sequence in £ by our assumption, and B € D holds.

Next we prove that the functor F : B — D is dense. For any D € D, there exist
exact sequences

0>D—>U">X—>0 and 0> A—>CA>UA—>0

with Ae ANC, U4 e B, CAeCand Ext}g (B, C*)=0. Then we have a commutative
diagram

o
=
ct—x+—Q—~+—o
Ct+—x+— ST +—T+—o
o

of exact sequences. Since C# € C, we have Y € C by the middle vertical sequence.
Therefore D = FY belongs to F(C).

(c) Applying Homg (B, —) to the short exact sequence 0 — A — C4 — U4 — 0,
we have an exact sequence

0 = Ext;(B, C*) — Ext}(B, U%) — Exti(B, A) = 0.

Therefore Exté (B, U A) = 0; that is, U is injective in B.
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(d) This is an immediate consequence of (c) and the horseshoe lemma.

(e) By Theorem 4.1(a) and (d), the functor F : & /[ A] — B is fully faithful and exact
bijective. By C C &, using (b) and (d), we have an equivalence F : C/[A] — D of
exact categories. ([

4C. Frobenius properties. As in Section 4B, we suppose that (5, C) is a torsion
pair. We define U/ := add{U% | A € ANC} and as in Theorem 4.7, D := Subl{.
The following result gives a sufficient condition for the categories C and D to be
Frobenius.

Theorem 4.8. Assume that the following conditions are satisfied:
e B is an abelian category whose exact structure is compatible with that of £
and has enough projective objects and enough injective objects.
o A C C holds, and any object in A is projective in £ and injective in C.
. Ext}g(B, A) is a finitely generated B-module for any A € A.
. Exté(P , A) is a finitely generated A°°-module for any projective object P in B.
Then we have the following assertions:
(a) & has enough projective objects and enough injective objects. Moreover, the
following conditions are equivalent:
(1) Projective objects of B and D coincide.
(ii) Projective objects of C and £ coincide.

Suppose that the equivalent conditions in (a) are satisfied. Then the following
assertions hold:

(b) C and D have enough projective objects.

(c) Any object in A has injective dimension at most 1 in . Therefore all assertions
in Theorem 4.7 hold.

(d) The following conditions are equivalent:

(1) C is a Frobenius category whose exact structure is compatible with that
of £.
(ii) D is a Frobenius category whose exact structure is compatible with that
of €.
(iii)) Any object in U is projective-injective in B. Moreover, each projective
object of B has injective dimension at most 1 and each injective object of
B has projective dimension at most 1.

(e) If the conditions in (d) are satisfied, then the category of projective-injective
objects in B is U.

We start with preparing the following:
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Lemma 4.9. For any projective object P in B, there exists a projective object X
in € such that P = FX.

Proof. By Lemma 4.4, there exists a short exact sequence 0 > A — X — P — 0
with A € Aand Ext;« (X, A)=0. Applying Hom¢ (—, B), we have an exact sequence

0 = Extg (P, B) — Extg(X, B) — Ext:(A, B) =0.

Thus Ext:(X, B) = 0 holds. Since Ext}:(X,.A) = 0, we have Ext}:(X, £) = 0.
Thus X is a projective object in £ satisfying P = FX. (]

Now we are ready to prove Theorem 4.8.

Proof of Theorem 4.8. (a) For any X € &, there exists a short exact sequence
0>A—-X—->B—>0withA=TX e Aand B= FX € B. Then A is projective
in £ by our assumption. Thanks to the horseshoe lemma, to show that X has a
projective cover in &, it suffices to show that any B € B has a projective cover in £.

By our assumption, there exists a projective cover f : P — B in 5. By Lemma 4.9,
there exists a projective cover g : P’ — P in £. Then the composition gf : P’ — B
gives a projective cover of B in .

In the same way, to prove that £ has enough injective objects, it is enough to
prove that any A € A and any B € B admits an injective hull in £. For B € B, it
admits an injective hull 7 in B. As (A, B) is a torsion pair in £ and Extlg (A &) =0,
we know 1 is injective in £. For A € A, the object C* defined in Theorem 4.7(a)
is an injective hull of A by the same argument. So we proved that £ has enough
injective objects.

(i) = (i): Suppose that projective objects of C and £ coincide.

Let P be a projective object in B. By Lemma 4.9, there exists a projective
object X in £ such that P = FX. Since X belongs to C by our assumption, we have
P € F(C) CD. Thus P is a projective object in D.

Let P be a projective object in D. Since B has enough projective objects by our
assumption, there exists a projective cover f : X — P in B. Since X belongs to D
by the above argument, f splits. Thus P is projective in B.

(i) = (ii): Suppose that projective objects of B and D coincide.

Let P be a projective object in £. Let 0 > X — P’ L5 FP — 0 be an exact
sequence with a projective object P’ in B. Then P’ € D by our assumption. By
Theorem 4.7(b), there exists an exact sequence 0 — A — ¢ -2 P’ — 0 with
A e Aand C € C. Since Extl; (C, A) = 0 holds by our assumption, we have a
commutative diagram:

[617,] [£]

O——ADpTP ——CpTP P’ 0
[e]] 1161 |s
0 TP . P —— FP 0
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As[,* Jand f are (admissible) epimorphisms, [¢

in £, we know [5 ] splits. Thus P is a direct summand of C @ TP, which belongs
to C by our assumption TP € A C C.

Conversely, let Q be a projective object in C. Let us consider its projective
cover P in £. We get the short exact sequence

] is also one. Since P is projective

0—- Q00— P— Q0—0.
According to the previous discussion, P € C. Thus, we get that Q¢ Q € C. Hence,
as @ is projective in C, the short exact sequence splits and Q is projective in .

(b) We now suppose that the conditions in (a) are satisfied. Since £ has enough
projective objects which belong to C, we get that C has enough projective objects.
By a similar argument, D has enough projective objects.

(c) All projective objects of £ belong to C by our assumption. Therefore Qg (E) C C

holds. Since any object in .4 is injective in C by our assumption, we have
Ext:(€, A) = Ext:(Q¢(€), A) = 0.

Thus the first assertion follows. In particular we have Exté (B, ANC) =0, and the

second assertion follows.

(d)—(e) Thanks to Theorems 3.6 and 4.7(e), F' : C — C/[A] — D is exact bijective.
So C is Frobenius if and only if D is Frobenius by Remark 3.3. Hence (i)<>(ii) in
(d) is proven. The remaining assertions follow by applying Proposition 3.9 to B. [J

5. Equivalences arising from orders and their idempotents

As in Section 2A, let R be a complete discrete valuation ring and K be its field of
fractions. Fix an R-order A. Consider functors

D; :=Exty '(—, R) : mod A <> mod A°P
for i =0, 1. They restrict to dualities
Di=Homg(—,R):CM A<= CMA®® and DozExt}e(—, R):fl.A<fl. AP

and satisfy Dy(CM A) = D (f.I. A) = 0. In view of the characterizations of CM A
given at the beginning of Section 2, it is immediate that CM A admits the projective
generator A and the injective cogenerator D A. Since the injective resolution of
the R-module R is given by 0 - R — K — K /R — 0, we get an isomorphism
Do = Hompg(—, K/R) on f.I. A. Recall the following useful lemma:

Lemma 5.1. If X € CM A, then we have a monomorphism X — X Qg K and
Exth (f.l. A, X ®r K) =0.
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Proof. For Y e f.I. A, let E := Ext}&(Y, X ®g K). Since X Qg K is a K-vector
space, so is E. Since Y is annihilated by some nonzero element in R, so is E.
These imply E = 0. (]

For an object X € CM A, let corad X € CM A be maximal among A-submodules Y
of X ®g K such that X C Y and Y/X is semisimple. We define cotop X :=
(corad X)/X. Notice that X ® K is not finitely generated as an A-module (so
XQ®rK ¢ CMA)if X € CM A is nonzero. Notice also that D (X ®r K) =0.

We often use the following lemma:

Lemma 5.2. Let X € CM A. The following hold:
(a) We have cotop X = soc(X Qg (K/R)).
(b) The functor D induces an order-reversing bijection
{(XCYCXQ®RrK|Y/Xefl A} RN (Y C DX |(D1X)/Y ef.l. A°P}.

(¢) There are isomorphisms corad X = D) rad DX and cotop X = Dy top D1 X of
A-modules.

dIf0—- X > Y — S — 0isa short exact sequence with Y € CM A and a
semisimple A-module S, then there is a unique canonical commutative diagram

0 X Y S 0

[ [

0 —— X —— corad X —— cotop X —— 0.

(e) Fora simple A-module S, we have Exti‘ (S, X) #0ifand only if S is a direct
summand of cotop X.

Proof. Parts (a) and (b) are immediate and the first isomorphism of (c) is a conse-
quence of (b). The second isomorphism of (c) is obtained by applying Homg (—, R)
to the short exact sequence 0 — rad D1 X — DX — top D1 X — 0. For (d),
applying the functor —®pg K to the short exact sequence, we get X Qp K =Y Qg K.
Therefore X C Y C X ®r K. By the maximality of corad X, we have Y C corad X
and the result follows.

(e) The implication “<=" is immediate. Let us show “=". Consider a nonsplit exact
sequence 0 — X — Y — § — 0. For any simple module S, applying Homy (S/, —),
we get an exact sequence 0 — Homu (S’, Y) — Homu (S, S) — Extl‘(S/, X). Itis
easy to conclude in any case that Homx (S, Y) =0, so Y € CM A. Therefore, we
can apply (d) so S is a summand of cotop X. U

For logical reasons, we give the proof of Theorem 2.1 after that of Theorem 2.2.
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5A. Proof of Theorem 2.2. As in Theorem 2.2, we consider an idempotent e of
an R-order A such that B := A/(e) has finite length over R. As mod B C f.l. A,
Dy restricts to a duality mod B<=> mod B°P. We will separate the proof in five
statements.

Proposition 5.3. We have a torsion pair (add Ae, mod B) in mod, A.

Proof. Since B=A/(e), we have Hom4 (add Ae, mod B) =0. For any X € mod, A,
we have an exact sequence

Ae@op0eX L5 X > B X = 0 5-1)

in mod, A. Since eX € proj(eAe), we have Ae ®.4.eX € add Ae. Multiplying the
sequence (5-1) by e on the left, we see that e Ker f =0 so Ker f is in mod B. On
the other hand, Ker f is a submodule of Ae ®.4.¢X € add Ae, so Ker f € CM A.
Consequently we have Ker f = 0. Now the sequence (5-1) shows the desired
assertion. O

Thanks to Proposition 5.3, we have two functors T : mod, A — add Ae and
F :mod, A — mod B and a functorial exact sequence 0 - 7X — X — FX — 0
for X € mod, A. We prove the following easy statement:
Lemma5.4. If X € CM, A, then FX CHomy (B, TX®g(K/R)) CTX®r(K/R)
and soc FFX C cotop TX.
Proof. The inclusion Hom4 (B, TX ®r (K/R)) C TX ®g (K/R) is obvious. Ap-
plying — ®g K on the short exact sequence 0 - TX — X — FX — 0, we get that

TX®rRK=X®grK soX CTX ®g K canonically. Thus we get a commutative
diagram of short exact sequences

0 THX X FX 0
[ [

00— TX — TXQrK — TXQr(K/R) —— 0

where the second line is obtained by applying 7X ® g —to 0 - R - K —
K/R — 0. Thus FX CTX ®g (K/R). As FX € mod B, we deduce that FX C
Homy (B, TX @ (K /R)). The latter assertion follows from Lemma 5.2(a). [l

Proposition 5.5. We have a torsion pair (mod B, CM, A) in mod, A.

Proof. Since any X € mod B has finite length, we have Hom4 (mod B, CM, A) = 0.
For any X € mod, A, there exists an exact sequence

O-T—-X—>F—=0

in mod A such that length, 7 < oo and F € CM A. Multiplying e from the left, we
have an exact sequence

00— el >eX >eF—0
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with lengthg(eT) < oo and eX € proj(eAe). Thus eT = 0 holds, and we have
T € mod B. On the other hand, e F = eX € proj(eAe) shows F € CM, A. Thus the
assertion follows. ([l

Now we can apply Theorems 4.1, 4.7 and 4.8 to
E£:=mod, A, A:=addAe, B:=modB and C:=CM,A.

In this context, it is possible to compute explicitly the short exact sequence given
in Theorem 4.7(a). For P € add Ae, let

U" :=Homu(B, P ®g (K/R)) € mod B
and define U := U4°. For any X € CM A, we define
B-cotop X := Homy (B, cotop X).
In other terms, B-cotop X is the biggest B-module included in cotop X. We also
define B-corad X as the A-module satisfying
X C B-corad X Ccorad X and B-cotopX = (B-corad X)/X.
Lemma 5.6. Let P € add Ae. The following hold:

(@) There is a short exact sequence 0 — P — CP — U? — 0 in mod A with
C? € CM, A and Ext);(mod B, C?) =0.
Conversely, if 0 — P — C' — U’ — 0 is a short exact sequence with
C'eCM, A, U’ € mod B and Extg(mod B, C) =0, then it is isomorphic to
the above short exact sequence.

(b) We have an isomorphism soc U¥ = B-cotop P of B-modules.

Proof. (a) Applying P ® g — to the short exact sequence 0 > R - K — K/R — 0,
we obtain the short exact sequence 0 > P — P Qg K — P ® (K/R) — 0 with
Exti‘ (f.I. A, P®g K) =0 thanks to Lemma 5.1. Taking the pullback by the natural
inclusion UP ¢ P ®g (K/R), we get the following commutative diagram of short
exact sequences:

| |

0 1‘[‘) c? uf 0

| |

0——P——PRrK——PQr(K/R)——0

|

1=

O+—~N+—
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Since U is the maximal B-module included in P ®& (K/R), and mod B is
closed under extensions in mod A, we get Hom4 (mod B, Y) = 0. Then applying
Hom4 (mod B, —) to the second column, we find the exact sequence

0 = Homy (mod B, Y) — Ext} (mod B, C*) — Ext} (mod B, P ®& K) = 0.

Thus Extl (mod B, C*) = 0 holds.

Now we prove the converse part. Applying Homu (U’, —) to the former sequence,
we get a surjection Homy (U, U?) — Extk(U ' P) so there is a commutative
diagram:

0 P C’ U’ 0
H lf lg
0 P cP Ut 0

In the same way, there are f': CY — C’and g’ : U — U’ making a commutative
diagram in the converse direction. Then ff’ — id¢s factors through U’, hence
ff' =id¢r. Similarly, f'f =idcr. Hence, f and g are isomorphisms.

(b) By Lemma 5.2, cotop P = soc(P Qg (K /R)). Applying Hom,4 (B, —) to both
sides, we obtain Homy (B, cotop P) = Homa (B, soc(P ®g (K /R))) = soc uf. O

We are ready to prove Theorem 2.2.

Proof of Theorem 2.2. (a) This follows from Propositions 5.3 and 5.5.

(b) This follows from Theorem 4.1(a) and (b) as Ext}{(Y , Ae) is a finitely generated
right (e Ae)-module for any ¥ € mod B.

(c) Our assumption (E1) implies CM, A C £;. Thus the functor F : (CM, A)/[Ae] —
mod B is fully faithful by (a). It gives an equivalence F : (CM, A)/[Ae] — Sub U
by Theorem 4.7(b) and Lemma 5.6.

(d) This follows from (E2) and Theorem 4.7(c).

(e) Thanks to (E2), &1 = &; so, using Theorem 4.1(d), (2-1) and (2-2) are equiva-
lences of exact categories.

(f) It is classical that Sub U has enough projective objects and enough injective
objects (see [Demonet and Iyama > 2016] for a detailed argument). Using (e) and
Remark 3.3(b), it immediately implies that CM, A has enough projective objects
and enough injective objects. In the same way, as mod B has enough injective
objects and enough projective objects, £ has the same property. Then mod, A has
enough projective objects and enough injective objects by Theorem 4.8(a).

(g) For any X € mod, A, as (mod B, CM, A) is a torsion pair, there is a short exact
sequence
0-Z—->X—->Y—0,
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where Z € mod B and Y € CM, A. Applying Homy4 (—, Ae) to this sequence, we
find the exact sequence

0 = Ext! (¥, Ae) — Extl (X, Ae) — Extl(Z, Ae) — Ext] (Y, Ae) = 0.
So X € & if and only if Extl‘ (Z, Ae) =0. There is a short exact sequence
0—>socZ—~Z—>Z/socZ — 0,
and applying Hom4 (—, Ae) to it, we find the exact sequence
0— Extk(Z/ soc Z, Ae) — Extjq (Z, Ae) —> Extk (soc Z, Ae) — 0,

SO Ext}A(Z, Ae) =0 if and only if Exti‘(Z/ soc Z, Ae) = Ext}4 (soc Z, Ae) =0. By
Lemma 5.2(e), for a simple B-module S, we have Exti‘(S , Ae) = 0 if and only if
S is not a direct summand of B-cotop Ae if and only if S ¢ Sub U if and only if
Homyu (P, S) =0, where P is the projective cover of soc U in mod B. As Z is of
finite length over R, an easy induction gives that Extil(Z , Ae) =0 if and only if
Homyu (P, Z) =0 if and only if Hom4 (P, X) =0. O
In the following lemma, we give sufficient conditions for (E1) and (E2):
Lemma 5.7. (a) We have the implication (E2)* = (E2).

(b) If Ae = Homg(gA, R) for some idempotent g € A, then (E1) and (E2)* are
satisfied.

(c) If (E1) is satisfied and A € CM, A, then (E2)* is satisfied.
Proof. (a) This directly follows from Proposition 3.4.
(b) In this case, Extll4 (CM A, Ae) =0, so (E1) is clearly satisfied. If X € mod A, it
is immediate that its syzygy 22X is in CM A so Exti (X, Ae) = Extg(QX, Ae) =0.
Therefore, (E2)* holds.
(c) For X € mod, A, consider the projective cover 0 - QX — P - X — 0. As
eX € proj(eAe), the short exact sequence 0 — eQX — eP — eX — 0 splits.

Moreover, as A € CM, A, we have eP € proj(eAe) so 2X € CM, A. So, by (E1),
Ext? (X, Ae) = Ext}, (QX, Ae) = 0 and (E2)* holds. O

We complete this subsection by giving basic relations between indecomposable
injective objects of CM, A and their B-cotops. Let

O :={P €ind Ae | B-cotop P # 0}.
Notice that part (a) of Lemma 5.8 is a generalization of a well-known property of
cotops in CM A.

Lemma 5.8. Let I € CM, A satisfying Ext}4 (CM, A, I) = 0. Then the following
hold:

(a) If I is indecomposable, then B-cotop I is either O or simple.
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(b) B-cotop I =0 if and only if Extl(mod B, I) = 0.

(c) For any short exact sequence 0 — I - X Ly 0, where i is a radical
map, X € CM, A and Y € mod, A, the map i factors as I C B-corad I — X
and soc Y = B-cotop L.

(d) If (E1) is satisfied, there are commuting bijections

Homu (B,—®r(K/R
omy ( rR(K/R)) ind U

o
m} lSOC

ind(soc U)

Proof. (a) Thanks to Lemma 5.2(c), cotop I = Dgytop D11, so we only have to
show that the A°P-module Homger (B, top D11) is O or simple. Suppose that
Hom e (B, top D) is not O or simple. We have two distinct maximal sub-
modules X, X, C DI such that S| := (D;I)/X| and S, := (D1)/ X, are
simple B°P-modules. By applying Homgz(—, R) on the short exact sequence
0— X — DI — S| — 0, we get the short exact sequence

0—>IL>D1X1—>D051—>0,

and therefore et| : el — e(D;X) is an isomorphism and DX, € CM, A. In the
same way, elp : el — e(DX») is an isomorphism and DX, € CM, A. We also get
a nonsplit short exact sequence 0 — ¥ — X @ X, — DI — 0. Applying D; to it,
we get a short exact sequence 0 — [ — D{(X| ® X3) — DY — 0. Multiplying
by e, we get the short exact sequence

[et) etr]
—_—

0— el e(D1 X)) @®e(D1X)— e(D1Y)— 0,

which splits as et; and ety are isomorphisms. Thus 0 — I — Dj(X| ® X») —
DY — 0 is a nonsplit short exact sequence in CM, A. It is a contradiction as
Ext, (CM, A, I) =0.

(b) Thanks to Lemma 5.2(e), a simple B-module S is a direct summand of B-cotop [
if and only if Exti\ (S, 1) #0. Thus B-cotop I =0 if and only if Exti\ (S, 1)=0for
any simple B-module S if and only if Exti‘(mod B,1)=0.

(c) Thanks to Proposition 5.3, soc Y € mod B. Consider the sequence 0 — [ —
p~!(socY) — soc Y — 0. Thanks to Lemma 5.2(d), we have soc Y — B-cotop 1.

We will prove, for each direct summand I’ of I, that B-corad I’ (C X ®g K) is
included in X. Consider the short exact sequence 0 — I’ — X — Y’ — 0 induced
by the inclusion I’ C I. As i is radical, this short exact sequence does not split and
we get Y ¢ CM, A and soc Y’ # 0. Pulling back 0 - I’ — X — Y’ — 0 along
soc Y/ C Y/, we get a short exact sequence 0 > I’ — X’ — soc Y’ — 0 with X' C X
so X’ € CM, A. Using (a) and Lemma 5.2(d), we obtain soc Y’ = B-cotop I’ and
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therefore X’ = B-corad I’ C X. Finally B-corad I C X and therefore B-cotop I < Y.
As B-cotop [ is semisimple, B-cotop I < soc Y. So B-cotop [ =socY.

(d) First of all, thanks to (a) and Lemma 5.6(b), B-cotop induces a surjection
from O to ind(soc U). Let us prove that it is injective. Suppose that P, P’ € O
satisfy S := B-cotop P = B-cotop P’ and consider the short exact sequences

0= Pt Bcorad P—=%>S—0 and 0— P’ 1> B-corad P’ %> S — 0.

Multiplying them by e, we get B-corad P, B-corad P’ € CM, A. So, applying
Hom 4 (B-corad P, —) to the second short exact sequence, we get a morphism
u : B-corad P — B-corad P’ such that g = ug" Symmetrically, we get a morphism
u' : B-corad P’ — B-corad P such that ¢’ = u’g. So g = uu’g and, as g is right
minimal, uu’ is an isomorphism. Similarly, u'u is an isomorphism so B-corad P =
B-corad P’ and P = P’. We proved that B-cotop is injective on O.

That Homy (B, — ®z (K/R)) : O — add U is well-defined is a direct conse-
quence of the definition of U. The commutativity of the diagram is immediate by
Lemma 5.2(a). As U is injective, soc : ind U — ind(soc U) is bijective. U

The following proposition is used to categorify cluster algebras in Section 6.
Proposition 5.9. If (E1) is satisfied, then the following assertions hold:

(a) If X € CM,, A does not have nonzero direct summands in add Ae, then TX €
add O. Moreover, B-corad TX C X and B-cotop TX = soc FX.

(b) Let 0— X — Y — Z — 0 be a short exact sequence with X, Z € CM, A without
nonzero direct summands in add Ae. Then the maximal direct summand Y,
of Y in add Ae is the module satisfying Y, € add O and soc FX @& soc FZ =
soc 'Y & B-cotop Y.

Proof. (a) Since TX — X is radical, the result follows from Lemma 5.8(c).
(b) Decompose Y = Yy @ Y;. Recall that T = Ae ®.4. e— is exact on mod, A. As
TX is projective, we get
TY @Y =TY=ETX®TZ caddO
by (a). Again by (a), we get
soc FX @soc FZ = B-cotop TX @ B-cotopT Z = B-cotop T Yy & B-cotop Y
= soc FYy® B-cotop Y| =soc F'Y & B-cotop Y. U
5B. Proof of Theorem 2.1. (a) Since Ae € add Homg(gA, R), the conditions (E1)

and (E2) are satisfied by Lemma 5.7 and cotop Ae = top Ag by Lemma 5.2(c). By
Theorem 2.2, we have an equivalence of exact categories

B®s—:(CM, A)/[Ae] =SubU
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and U is an injective B-module. Thanks to Lemma 5.6(b), we have soc U =
B-cotop Ae = Homy (B, top Ag). Thus U = Q,.

(b) For M € Sub Qg, let us consider a projective cover of DyM in mod A°P:
0— QuDogM — P — DoM — 0.
We have P € add gA. Applying Homz(—, R), we get the short exact sequence
0— DP— Di1QuDoyM — M — 0.

We have D P € add Ae so D1QuDgM € CM, A and F (D Q24 DyM) = M thanks
to this sequence.

(c) Let us assume first that Ae, Af and Ag are basic. In particular Ae = D (gA),
Af = Dy(eA) as A-modules and eAe = Dj(eAe) as left (eAe)-modules. We
have eAf = eD(eA) = Di(eAe) = eAe as left (eAe)-modules. So Af € CM, A
and T(Af) = Ae Q.40 ¢eAf = Ae. Moreover, using the short exact sequence
0—T(Af) > Af - F(Af) — 0 and Lemma 5.4, we get

soc Bf =soc F(Af) C B-cotop T(Af) = B-cotop Ae = top Bg,

so Bf C Do(gB). Dually, we get an inclusion gB C Do(Bf) by exchanging the
role of f and g. By comparing lengths over R of gB and Bf, we deduce that
Bf = Dy(gB) = Q,.

If Ae, Af or Ag are not basic, we take basic parts ¢/, /' and g’ of e, f and g
and we get Bf' = Q.. Thus add Bf =add Bf’ = add Q, = add Q,.
(d) Since A € CM, A, we have B = FA € Sub Q,. Thus Sub Q, = Sub B holds
by ().
(e) All assumptions in Theorem 4.8 are satisfied. Moreover, since A € C, the
projective objects in £ = mod, A and C = CM, A are projective A-modules, and the
equivalent conditions of Theorem 4.8 (a) are satisfied. Thus applying Theorem 4.8(d)
(i) < (iii), B is Iwanaga—Gorenstein of dimension at most 1 if and only if CM, A
is Frobenius. As A and DA are in CM, A, we get that A is Gorenstein if and
only if add A = add D A if and only if CM, A is Frobenius, and the result fol-
lows.

(f) In this case, (CM, A)/[Ae] = Sub B is an equivalence of Frobenius categories.
Thus, since CM, A coincides with the stable category of (CM, A)/[Ae], we have a
triangle equivalence CM,A = SubB. O

5C. Proof of Theorem 2.3. By construction, we have an exact sequence
O—Py—>W—->B—>0 (5-2)

with W = Ae@®B € CM A and Py = Ae® P € add Ae. Clearly we have W € CM% A
and Py = Ae®.a.eW. We set A :=End 4 (W) and we identify e with the idempotent
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of A’ which is the projection on the summand Ae of W. Thus, we can identify
eAe and eA’e. We shall prove (a) in Proposition 5.11, (b) in Proposition 5.15 and
(d) in Proposition 5.12. Then all hypotheses of Theorem 2.2 are satisfied and the
assertion (c) follows. Finally, (e) is an easy consequence of Proposition 5.12.

Lemma 5.10. (a) We have We = Ae and W (1 —e) = B as A-modules.

(b) We have WeA' = Py. Thus Py and B have a structure of A’'°P-modules such
that (5-2) is an exact sequence of (A, A’)-bimodules.

(c) We have W/ WeA' = B as (A, A’)-bimodules.

(d) We have eA’ = eW, and this is a projective (e Ae)-module and a projective
A"°P-module.

(e) We have B®4 W = B as (B, A))-bimodules.
Proof. (a) This is clear from the definition.

(b) Since We = Ae, we have WeA' =3} ¢ poq, (w) [(Ae) = Ae ®cac eW = Py.
The map Py — W is clearly a morphism of (A, A’)-bimodules.

(c) This is a clear consequence of (b).

(d) We have ¢eA’ = Homy (Ae, W) = eW. Clearly eA’ is a projective A’°P-module.
Moreover eW = e Py is a projective (e Ae)-module since Py € add Ae.

(e) Applying B ® 4 — to the short exact sequence (5-2), we get the exact sequence
of (B, A’)-bimodules

B®s Py —> BRsgW —> By B— 0.
Since B ®4 Pw € add(B ®4 Ae) = add(Be) = {0} and B®4 B = B, we get the
result. (]

Proposition 5.11. We have an isomorphism A’'/(e) = B of R-algebras and an
isomorphism W @ 4+ B = B of (A, B)-bimodules.

Proof. Applying Hom4 (W, —) to (5-2), we have an exact sequence
0 — Homyu (W, Py) - A" — Homu (W, B) — Exti‘(W, Py),

where Exti\(W, Pw) = 0 by Py € add Ae, W € CMf A and our assumption
EXt}L‘(CMf, Ae) = 0. Since Homy (Ae, B) = 0, applying Homus(—, B) to (5-2),
we have Homy (W, B) = End4(B) = B and (¢) = Homs (W, Py). Thus A’/(e) =
A’/ Homu (W, Py) =Homyu (W, B) = B.

We have W @ 4» B=W/WeA’ = B by Lemma 5.10(c). O

In particular, we can regard mod B as full subcategory of both mod A" and mod A.
Now we consider the adjoint pair (G, H) given by

H :=Homuy(W,—):modA — modA’ and G:=W®yu—:modA’— modA.
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The main result about these functors is:

Proposition 5.12. The class of short exact sequences of mod A with three terms
in modi9 A gives the structure of an exact category on modi9 A. The same holds
for CMf A. For these structures, the adjoint pair (G, H) gives quasi-inverse
equivalences of exact categories between modf A and mod, A’, which restrict to
quasi-inverse equivalences of exact categories between CM f A and CM, A',

The first step of the proof consists of the following lemma.

Lemma 5.13. (a) H and G give quasi-inverse equivalences between add Ae and
add A'e.

(b) We have commutative diagrams

mod A ﬁod Al mod A\* mod A’
mod B mod B

Proof. (a) This is clear: H(Ae) = Homy (W, Ae) = A’e and G(A'e) = We = Ae
by Lemma 5.10(a).

(b) Fix X € mod B. Applying Homy4 (—, X) to (5-2), we have an exact sequence
0 — Homyu (B, X) > HX — Homy (Pw, X),
where Hom (P, X) =0 by Py € add Ae and X € mod B. Thus we have
HX = Homyu (B, X) = X.
On the other hand, we have
Proposition 5.11

GX)=WRs X=WRs(BesX) = By X =X. O

Lemma 5.14. (a) We have Torf‘/(Y, X) = Torf(Y ®a B, X) for any X € mod B
and Y € CM A’°P.
(b) We have Torf/(W, X) =0forany X € mod, A’
Proof. For Y € CM A’°P, take an exact sequence
0->QY-5P—>Y—0 (5-3)

of A’°P-modules with P € proj A’°P. We will show that

0> QYeosB 2% PoyB—Y®4B—0 (5-4)
is exact. Consider the exact sequence

Ale®uneeA —5 A' > B0

of (A’, A’)-bimodules. Applying ¥ ® 4 —, we have an exact sequence

.,
O—>K—)Ye®eA/eeA’L®]>Y—>Y®A/B—>O.
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Since (1y ® j)e : (Ye ®.a. eA’)e — Ye is an isomorphism, we have Ke = 0.
Thus K is a B°’-module. Since ¢A’ € proj(eA’e) by Lemma 5.10(d), we get
Ye®eaeeA € CM AP, Therefore K = 0.

Applying the same argument to P € CM A’°P and QY € CM A’°P, we have the
following commutative diagram of exact sequences:

0

00— QYe®epeeA —— QY —— QY Q4 B——0

| Jin

0—— Pe®.peceA P PRy B——0
0——Ye®oa.cA Y Y4y B——0
0 0 0

By the snake lemma, i ® 1p is injective. Thus (5-4) is exact.
(a) For X € mod B, applying — ®4’ X to (5-3) and — ®p X to (5-4) and comparing

them, we have a commutative diagram of exact sequences:

0——Tor' (Y, X) ————— QY @4 X —————— PQa X

0 —— Torf (Y ®a B, X) —— (QY Q4 B)®p X —— (P ®4 B) @5 X

Thus the assertion follows.

(b) First, we assume X € mod B. Since W € CM A’°P, by (a) and Proposition 5.11,
we have
Tor{" (W, X) = Tor® (W ® 4 B, X) = Tor? (B, X) =0.

Now we assume X € mod, A’ Then there exists an exact sequence 0 — P — X —
Y — 0 with P € add A’e and Y € mod B. Applying W ® 4 —, we have an exact
sequence

0 = Tor{ (W, P) — Tor{" (W, X) — Tor{' (W, Y) =0.
Thus the assertion follows. O

Proof of Proposition 5.12. (i) First we show H(mod, A) C mod, A’
For X € mod, A, we get, using Lemma 5.10(a),

eH(X) =Homy(We, X) =Homy(Ae, X) =eX € proj(eAe) = proj(eA’e).

(ii) Next we show G(mod, A’) € mod? A.
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For X € mod, A/, take an exact sequence
0>P—>X—->Y—>0 (5-5)
with P € add A’e and Y € mod B. Applying G, we have a short exact sequence
0—-GP—->GX—GY—0 (5-6)

by Lemma 5.14(b). Since GP € add Ae and GY =Y € mod B thanks to Lemma 5.13,
we have GX € mod? A’

(iii) We now show HG = idmod, o and GH =id,, g5 4-
Applying H to (5-6) and comparing with (5-5), we have a commutative diagram
of exact sequences

0 P X Y 0

| | |

0 — HGP — HGX —— HGY

where vertical arrows are of the form x — (w — w ® x). Since the left and the
right vertical maps are isomorphisms, so is the middle one.
By a similar argument, one can show GH =id, 45 4-

(iv) Next we show that H : modf A — mod, A’ and G : mod, A’ — modf A preserve
short exact sequences. In particular, mod? A has the desired exact structure.

The functor G is exact thanks to Lemma 5.14(b). Consider a short exact sequence
0— X — Y — Z— 0in mod A with three terms in mod?® A. We get an exact
sequence 0 > HX — HY - HZ — C — 0 with C € mod A”. As G is right exact
and by (iii), we deduce W4 C=GC =0,s0eC=eW® 4 C =0by Lemma 5.10(d),
so C € mod B. Hence by Lemma 5.13(b), C =0s00— HX - HY - HZ — 0
is exact in mod, A’.

(v) We now show that the equivalences restrict to CM f AZ=CM, A

Clearly H(CMZ A) c CM, A’ holds. It is enough to show that, if X € mod? A
satisfies HX € CM, A’, then X € CM A. Let Y be a finite-length submodule of X.
Then the inclusion ¥ C X gives an injection HY C H X. Since HY has finite length
and HX € CM, A’, we have HY =0.

Let 0 — P— X — Z — 0 be an exact sequence with P € add Ae and Z € mod B.
Since Y N P =0, we have that Y is a submodule of Z. In particular ¥ € mod B.
Since HY =0, we have Y = 0 by (iii). Thus X € CM A. U

Proposition 5.15. We have (El), that is, Extk,(CMe A', A'e) =0, and (E2)", that
is, Bxt%,(mod, A’, A’e) = 0.

Proof. (E1): Let 0 > A’e - X — Y — 0 be an exact sequence with Y € CM, A"
Applying G and using Lemma 5.14(b), we have an exact sequence 0 — G(A'e) —
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GX — GY — 0. It splits since Extk(GY , Ae) = 0 by our assumption. Since
G : CM, A’ — CM2 A is an equivalence, the original sequence splits. Thus the
assertion follows.

(E2)*: Since we have A’ € CM, A’ by Lemma 5.10(d), syzygies of modules in
mod, A" belong to CM, A’. Thus the assertion follows from (E1). O

We finish this subsection by proving Lemma 2.4.

Proof of Lemma 2.4. As Ae = D (gA) is injective in CM A and CMf ACCMA,
we get (C3).

To prove the second part of the statement, let us prove that if (C1) holds, then
for a finite-length A-module M, we have M € Sub(Ae @ (K /R)) if and only
if (1 —g)socM = 0. As Ae is injective in CM A and syzygies of all modules
are Cohen—Macaulay, we have Ext%(mod A, Ae) = 0. By Lemma 5.1, we have
Ext}4 (f.l. A, Ae®r K)=0. So applying Homy4 (f.I. A, —) to the short exact sequence

0—> Ae > Ae@r K —> Ae @ (K/R) — 0,

we get Extl‘(f.l. A, Ae @k (K/R)) = 0. Moreover, by Lemma 5.2(a), we get that
soc(Ae ®g (K /R)) is the semisimple module corresponding to g.

If M € Sub(Ae ®p (K /R)) then soc M € add soc(Ae ®g (K /R)) follows imme-
diately, and thus the first implication is satisfied. Conversely, if (1 — g) soc M =0,
then there exists an injection soc M — (Ae @ (K/R))®". Then, by applying
Homy (—, (Ae ®g (K /R))®) to the short exact sequence

0—>socM > M— M/socM — 0
and using Ext}, (M/soc M, Ae ®g (K/R)) =0, there is an injection M — (Ae Qg
(K /R))®¢, and so we have proved the converse implication. U

6. Cluster algebra structure on coordinate rings of partial flag varieties

The aim of this section is to apply results in previous sections to categorify the
cluster algebra structure of the multihomogeneous coordinate rings C[F] of the
partial flag variety 7 = F(A, J) corresponding to a Dynkin diagram A and a
set J of vertices of A by using the category of Cohen—Macaulay modules. To be
more precise, recall that Geiss, Leclerc and Schréer [2008] introduced a cluster
algebra A C C[F]. They proved that A = C[F] in type A,. In general, they
conjecture that ft[E]l] =C[F ][EJ_I], where X; is the set of principal generalized
minors corresponding to nonminuscule weights (see Definition 6.3 of principal
generalized minors), and they prove the conjecture in type Dj.

The main result of this section (Theorem 6.12) consists of completing Geiss,
Leclerc and Schrier’s partial categorification of A. Their categorification, given
in Theorem 6.6, uses the preprojective algebra IT = I1(A) over C and the full
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subcategory Sub Q; of mod Il, where Q; is the direct sum of indecomposable
injective [T-modules corresponding to vertices in J. Recall that a Frobenius cat-
egory & is said to be stably 2-Calabi-Yau if there is a bifunctorial isomorphism
Ext}g(X YY) = DExté(Y, X) and that Sub Q; is stably 2-Calabi—Yau. Moreover,
an object X in & is called rigid if Exté (X, X) =0 and it is called cluster tilting if
add X = {Y € £ | Ext}.(Y, X) =0}.

6A. The categorification of Geiss, Leclerc and Schrioer. We recall briefly the
results of [Geiss et al. 2008] concerning the categorification of cluster algebra
structures on multihomogeneous coordinate rings of partial flag varieties. We start by
fixing a simple simply connected complex algebraic group G with Dynkin diagram
A. We fix a maximal torus H C G and two opposite Borel subgroups B, B~ C G
satisfying B N B~ = H (for more details about Lie theoretical background, see
[Borel 1991; Lakshmibai and Gonciulea 2001]). For a vertex i of A, we fix

x;(t) :=exp(te;) and y;(t) :=exp(tfi),

the one-parameter subgroups of B and B~ corresponding to the Chevalley genera-
tors ¢; and f; of the Lie algebra of G. Following notations of [Geiss et al. 2008], we
define K to be the complement of J. The parabolic subgroup Bk of G is the sub-
group generated by B and y; for i € K, and the opposite parabolic subgroup By of G
is the subgroup generated by B~ and x; for i € K. The partial flag variety F can be re-
alized as 7 = B\ G. Let Nk be the unipotent radical of By, that is, the subgroup of
unipotent elements of the maximal solvable normal subgroup of Bg. Then, itis a clas-
sical result that Ny C G induces an embedding Ng C F as a dense affine open subset.

Example 6.1. If A = A4 and J = {1, 3}, we have K = {2, 4}, G = SL5(C) and

* 0000 1 % % % %
* % %« 00 010 % %
By=]x**%+00|CG and Ng=|001 % % |,
¥ ok ok ok ok 00010
¥ ok ok ok ok 00001

and it is immediate that B \G parametrizes naturally flags of C3 of type (1, 3).

Leti = (i1, i2, ..., i¢) be a sequence of vertices of A, let k = (k1, kp, ..., kg)
be a sequence of nonnegative integers and let = (¢1, 15, .. ., ty) be a sequence of
variables. We define

« i*, the sequence of indices obtained from i by repeating k; times i;;
ki ko ke,
o k!:= k]!kz! o -kg!;

* X (t) = Xi (tl)xiz(IZ) ) (IZ)

o th.=¢
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For a vertex i of A, we denote by S; the simple IT-module corresponding to i.
Then, for M € mod I1, we denote by &, ; the variety of composition series of M
of type i, that is,

Dy ={0=MoCM C---CM¢=M|Vj Mj/M;j_ =5},
realized within the appropriate product of Grassmannians. Finally yx is the Euler
characteristic.

Using Lusztig’s semicanonical basis [2000], Geiss, Leclerc and Schréer [Geiss

et al. 2005] define functions in the coordinate ring C[N] = C[Ny] by the following
result:

Theorem 6.2 ([Lusztig 2000; Geiss et al. 2005]). Let M € mod I1. There exists a
unique function gy in C[N] satisfying

¢k

om(xi () =Y x(Pyy )

k!
keN¢
for any reduced word i of an element of the Weyl group of type A.
In [Geiss et al. 2005], they also prove that
e oygz = @yez forany Y, Z € mod IT;
o if ¥ and Z are indecomposable such that dim Extll-[(Y, Z)=1and

0-Y—>U—>Z—>0 and 0>Z—>U —-Y—>0

are two nonsplit short exact sequences, then py¢z = oy + @y-.

In other terms, ¢ is a so-called cluster character.

In [Geiss et al. 2008], the authors prove that Sub Q; categorifies via ¢ and the
canonical projection C[N] — C[Ng] a cluster algebra A C C[Ng]. They prove in
type A, and D4 that A = C[Ng] and they conjecture it to be true in any case.

Let us introduced generalized principal minors (see [Fomin and Zelevinsky
1999)):

Definition 6.3. For a vertex i of A, the corresponding principal generalized minor
is defined on G as the unique function A; satisfying

Ai(x"xox ™) = Ai(x0)
forx“€B~, xo€ Hand x* € B, and A;|y : H — C* is the multiplicative character
corresponding to the fundamental weight indexed by i.

It is known that 7 = B \G is embedded in a product of projective spaces
indexed by J (in type A,, a product of usual Grassmannians). Thus, we can define
the multihomogeneous coordinate ring C[F], graded by N’. Each of the A jis
homogeneous of degree (0,...,0,1,0,...,0), where 1 is at position j and N is
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the open dense affine subset of 7 defined by Ny = {x € F|Vj € J, Aj(x) #0},
so there is a dehomogenization map C[F] — C[Nk] defined by mapping A; to 1.
For any f € C[Ng], there is a unique homogeneous f € C[F] such that Jr(f) =f
and the multidegree of f is minimal for the order induced by fundamental weights
[Geiss et al. 2008, Lemma 2.4].

Example 6.4. We continue Example 6.1. In this case, A; corresponds to the
upper-left coefficient and A3 corresponds to the determinant of the upper-left
(3 x 3)-submatrix. Then B, \G is a closed subset of Gry (C)xGr3(CY), by mapping
M € By to the subspaces generated by the first row on the one hand and the first
three rows on the second hand. So, as usual, thanks to Pliicker coordinates, we have

F CGri(C%) x Gr(C%) ¢ PCO) x POy,

Then, we have two affine subspaces Njjjc of Gri(CY) and Ng)e of Gr3 (C°) defined
by the nonvanishing of the leftmost determinants, which are Pliicker coordinates and
correspond to Ay and A3 as functions over G. Moreover, Ng = (N{1jc X Ngje) N F.

In order to extend the cluster algebra A C C[Ng] to a cluster algebra Ac ClF]
by adding coefficients A; corresponding to the multihomogenization, Geiss, Leclerc
and Schroer prove the following theorem.

Theorem 6.5 [Geiss et al. 2008, 10.1]. If Y, Z € Sub Qy, then ¢ygz = Gy ¢z. If
Y, Z € Sub Qy satisfy diim Ext, (Y, Z) = 1, and

0>Y—>U—>Z—>0 and 0->Z—->U —-Y—0

are nonsplit short exact sequences, then

orgz=gu [ [ A7 +duv [ ] Afi,
jeJ jeJ
where
o = max(O, dim Homp (S}, U’) — dim Homp (S, U)),

B; = max (0, dim Homp (S}, U) — dim Homp (S}, U")).

To construct A using Theorem 6.5, Geiss, Leclerc and Schréer constructed an
explicit cluster tilting object in Sub Q that they call initial. A cluster tilting object
in Sub Qj is called reachable if it is obtained from the initial one by successive
mutations. An indecomposable rigid object is called reachable if it is a direct
summand of a reachable cluster tilting object. Their result can be stated as follows.

Theorem 6.6 [Geiss et al. 2008, Theorem 10.2]. (a) There is a cluster algebra
A c C[F] such that

o coefficients of A are & for each coefficient ¢ of A and A; foreach j € J;



1574 Laurent Demonet and Osamu lyama

o clusters of A are
(X1, X2, ..., X Ju{A; | j e J}
for each cluster {xy, x5, ..., x¢} of A.

(b) There is a bijection X +— @x between
e isomorphism classes of reachable indecomposable rigid objects of Sub Qy;
e cluster variables and coefficients of A except A; for j € J.
(¢) There is a bijection @i:l Ty = (@1, @155 .., @1, }U{A} | j € J} between
e isomorphism classes of reachable basic cluster tilting objects of Sub Qy;
e clusters of A.
Moreover, it commutes with mutation of cluster tilting objects and mutation of
clusters.

6B. Categorification of the cluster algebra structure of C[F] using CM, A. We
keep the setting of the beginning of this section, and we fix R := C[[#]]. Our aim is
to categorify C[F(A, J)] by a category CM, A, where A is an R-order and e € A
is an idempotent. We denote by g = g; the idempotent of I corresponding to
the set J. We also define I; := Homp (IT/(g), IT), which is the biggest ideal of I1
satisfying gI; = 0. We observe that

« injective modules corresponding to j € J in mod IT and mod I1/; coincide;
o [1/I; e SubQ; C modIl/I; C modIl.
We define pairs (A, e) permitting the categorification.

Definition 6.7. A pair (A, e), where A is an R-order and e € A is an idempotent
models (A, J) if

e B:=A/(e) =TI(A)/I; as C-algebras;

« Ext} (CM, A, Ae) =0, that is, (E1) holds, and Ext}, , ,(mod, A, Ae) =0, that
is, (E2) holds;

e B-cotop induces a bijection from ind Ae to ind(soc Q).

Using the last condition of Definition 6.7, if (A, ¢) models (A, J), we can

decompose e as sum of primitive orthogonal idempotents e =) *._, ¢; in such a
way that for every j € J,

jelJ
B-cotop Ae; = S, (6-1)
where, as before, §; is soc Q; (not top Ae;).
In this context, we have the following equivalence of categories:

Lemma 6.8. If (A, e) models (A, J), then B ® 4 — restricts to an exact bijective
functor F : CM, A — Sub Qy, which induces an equivalence of exact categories

(CM, A)/[Ae] — Sub Q.
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Proof. Thanks to Theorem 2.2(d) and (e), F := B®4 — : CM, A — Sub U induces
an equivalence of exact categories (CM, A)/[Ae] — Sub U for some injective
B-module U, so F is exact bijective. By Lemma 5.8(d), we have U = Qj; hence
the statement holds. U

We start by proving the following proposition by applying the method of change
of orders given in Theorem 2.3.

Proposition 6.9. Assume that (A, e) models (A, J). Then, for any subset J' of J,
there exists an order A’, explicitly constructed from A, and an idempotent ¢’ of A’
such that (A’, €') models (A, J').

Proof. First of all, using indices of (6-1), let ¢’ = Zjej, ej. Define B :=11/1,
and B’ :=T1/1;.. Then B’ is a quotient of A/(e’). Let us check that (A, ¢’) and B’
satisfy the hypotheses of Theorem 2.3. First of all, (C1) is clear. By Lemma 6.8,
Q0 = FX for some X € CM, A without nonzero direct summands in add Ae.
Moreover, according to Proposition 5.9(a), B-cotop TX = soc O so TX = Ae'.
Therefore, thanks to Lemma 5.4, we get

B’ € Sub Q; C Sub(Ae' ®g (K/R));

hence (C2) is satisfied. It is immediate that CMg/ A C CM, A so, thanks to (E1),
we get (C3) Ext}, (CM5' A, Ae’) = 0.

We apply Theorem 2.3 to the pair (A, ¢’) and B’ to get an explicit order A’ Let
us show that (A’, ¢’) models (A, J'). We have B’ = A’/(¢’) by Theorem 2.3(a).
Moreover, (A’, ¢') satisfies (E1) and (E2)* by Theorem 2.3(b), so it also satisfies (E2).
It remains to check for j € J' that B-cotop(A’e;) = S;. Thanks to Proposition 5.12
and Lemma 5.13, applying H to 0 — Ae; — B-corad(Ae;) — S; — 0 gives a short
exact sequence 0 — A’e; — H(B-corad(Aej)) — S; — 0 which does not split.
Moreover, H (B-corad(Ae;j)) € CMy A’ so S; is a summand of B-cotop(A’e;). So,
thanks to Lemma 5.8, B-cotop(A’e;) = ;. O

As a consequence, we obtain the following important result of this paper:

Theorem 6.10. For any Dynkin diagram A and any set J of vertices of A, there
exists a pair (A, e) which models (A, J).

Proof. As Il is self-injective, thanks to Corollary C, there exist an order A and an
idempotent e of A such that A/(e) = IT as C-algebras and D;(Ae) = (1 —e)A as
right A-modules. So it is immediate that (A, e) models (A, Ap), where Ay is the
set of vertices of A. Then, Proposition 6.9 allows us to conclude immediately. [

Notice that the pair (A, e) in Theorem 6.10 is not unique. We will construct in
[Demonet and Iyama > 2016] other possibilities than the one considered in this

paper.
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We now fix a pair (A, J) and a pair (A, e) modeling it. We will prove that
CM, A categorifies the cluster algebra structure of A. From now on, we consider
F :CM,A — SubQj as in Lemma 6.8. Since the category Sub Q; is stably
2-Calabi-Yau, CM, A is also stably 2-Calabi—Yau. We now extend the character ¢
to CM, A:

Definition 6.11. For Y € CM, A, we define Yy € A as follows. If ¥ does not
have nonzero direct summands in add Ae, then ¥y := ¢ry. For j € J, we define
Vae; = A, and we extend the definition to CM, A by the property ¥ygz = Yy ¥ z.

The following main result of this subsection improves Theorem 6.6 of Geiss,
Leclerc and Schroer:

Theorem 6.12. (a) v induces a bijection between

e isomorphism classes of reachable indecomposable rigid objects of CM, A;
o cluster variables and coefficients of A.

(b) V¥ induces a bijection between
o isomorphism classes of reachable basic cluster tilting objects of CM, A;
e clusters of A.
Moreover, it commutes with mutation of cluster tilting objects and mutation of

clusters.
We start by proving that v is a cluster character, extending Theorem 6.5:

Proposition 6.13. (a) If Y, Z € CM, A, then Vygz = Yy V2.

) If Y, Z e CM, A are indecomposable and dim Exti‘(Y , Z) =1 (or equivalently
dimExt! (Z, Y) = 1), we have Yy 7z = Yy + Vi, where

£1:0Y—>U—-Z—->0 and &:0-Z—->U —-Y—0

are two nonsplit short exact sequences.

We need the following lemma, stated without proof in [Geiss et al. 2008], which
can also be seen as a corollary of the much more general [Geiss et al. 2011,
Proposition 12.4]. For the sake of convenience, we give a direct proof.

Lemma 6.14. For any j € J, at least one of the following complexes is exact:
Homp (S, F§1):0— Homp(S;, FY) — Homp(S;, FU) — Homp (S;, FZ) — 0,
Homp (S}, F§): 0— Homp(S;, FZ) — Homn(Sj,FU/) — Homp (S, FY)— 0.

Proof. Applying F to & and &, we get short exact sequences F§&; and F&,.
Applying Homp (S, —) to F&; and F&,, it is enough to show that at least one of
the induced morphisms

Homp (S}, FZ) — Ext};(S;, FY) and Homn(S;, FY) — Ext;(S;, FZ)
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vanishes. Without loss of generality, suppose that there exists f : S; < FZ such
that the induced extension in Ext}-I (S;, FY) is nonzero. We deduce that

Exth(f, FY) :Exth(FZ, FY) — Ext};(S;, FY)

is nonzero, so injective as dim Extll-l(F Z, FY)=1. As I is stably 2-Calabi—Yau,
we get that

Exty(FY, f) : Ext};(FY, S;) — Ext(FY, FZ)

is surjective, so there is a pushout diagram

0 S; M FY 0
ol
0 FZ FU' FY 0

the second row of which is the image by F of the short exact sequence given in
Proposition 6.13(b). So, as Ext}-[(Sj, S;) =0, any g : S; — FY factors through M,
and hence through FU' Therefore, the map Homp (S, FY) — Ext}-I (S, FZ)
vanishes. ([l

Proof of Proposition 6.13. (a) It is an obvious consequence of the property for ¢
and our definition of .

(b) Consider decompositions U = Uy @ U and U’ = Uy @ U;, where U and U,
are maximal direct summands contained in add Ae. Thanks to Proposition 5.9(b),
we have

Ui =P Aep)»™=9 and Uj = @) (Ae))¥ 4,
jeJ jel

where, for j € J,

e aj= dimHomn/lj(Sj, FY) =dimHomp(S;, FY);

* bj =dimHomp,;(S;, FZ) = dimHomp (S;, FZ);

* ¢; =dimHompj; (S, FU) = dimHomp (S;, FU);

e ¢; =dimHompy;,(S;, FU') = dimHomp (S;, FU').

By Lemma 6.14, using the «; and B; of Theorem 6.5, we have a; +b; —c¢; =
max (0, c]’. —cj) =«ajand a; +b; — c} = ;. Thus, Theorem 6.5 implies

VyVz = @ryPrz = QFu ]_[ AV +Grur 1_[ Afj
jed jed
=Yy, Yu, + Yy =vuv +Yu. a

Now, we can deduce the proof of Theorem 6.12:



1578 Laurent Demonet and Osamu lyama

Proof of Theorem 6.12. By Theorem 6.6, it is enough to note that F:CM, A— SubU
induces a bijection between isomorphism classes of basic cluster tilting objects. This
is immediate as F' induces a triangle equivalence CM, A = SubU. More precisely,
basic cluster tilting objects of CM, A are of the form Ae® T', where T has no direct
summand in add Ae, and the indecomposable direct summands of 7' correspond
bijectively to the indecomposable direct summands of FT. ([
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A fibered power theorem
for pairs of log general type

Kenneth Ascher and Amos Turchet

Let f: (X, D) — B be a stable family with log canonical general fiber. We prove
that, after a birational modification of the base B — B, there is a morphism from
a high fibered power of the family to a pair of log general type. If in addition the
general fiber is openly canonical, then there is a morphism from a high fibered
power of the original family to a pair openly of log general type.

1. Introduction

We work over an algebraically closed field of characteristic 0.

Analyzing the geometry of fibered powers of families of varieties has been pivotal
in showing that well known conjectures in Diophantine geometry imply uniform
boundedness of rational points on algebraic varieties of general type. Caporaso,
Harris, and Mazur showed in a celebrated paper [Caporaso et al. 1997] that various
versions of Lang’s conjecture imply uniform boundedness of rational points on
curves of general type. More precisely, they show that, assuming Lang’s conjecture,
for every number field K and integer g > 2, there exists an integer B(K, g) such
that no smooth curve of genus g > 2 defined over K has more than B(K, g) rational
points. Similar statements were proven for the case of surfaces of general type in
[Hassett 1996], and eventually all positive-dimensional varieties of general type
in [Abramovich 1997a] and [Abramovich and Voloch 1996]. The essence of these
papers is a purely algebro-geometric statement: the proof of a “fibered power
theorem”, which analyzes the behavior of families of varieties of general type.

The goal of our current research program is to apply birational geometry and
moduli theory to show that the Vojta—Lang conjecture (see Conjecture 1.3) implies
uniform boundedness of stably integral points (see [Abramovich 1997b]) on varieties
of log general type. In short, our objective is to generalize the uniformity results
mentioned above from varieties of general type to pairs of log general type. The
first step is a generalization of the fibered power theorem alluded to above to the
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context of pairs, and we take the goal of this paper to be the proof of the following
theorem:

Theorem 1.1. Let (X, D) — B be a stable family with integral and log canonical
general fiber over a smooth projective variety B. Then after a birational modifica-
tion of the base B — B, there exists an integer n > 0, a positive-dimensional pair
(W, Z) of log general type, and a morphism (i”, 5n) — (W, Z).

Moreover, with an additional assumption on the singularities of the general fiber,
we can avoid a modification of the base:

Theorem 1.2. Let (X, D) — B be a stable family with integral, openly canonical,
and log canonical general fiber (see Definition 1.6) over a smooth projective
variety B. Then there exists an integer n > 0, a positive-dimensional pair (W, A)
openly of log general type, and a morphism (X}, D,)) — (W, A).

We state two theorems to satisfy the two competing definitions of log general
type, one which often appears in birational geometry, and one which is useful for
arithmetic applications. To remove any ambiguity, we refer to the former as a
pair of log general type, and the latter as a pair openly of log general type. See
Definitions 1.4 and 1.5 for precise definitions.

Next, we wish to briefly outline how the previous theorem can be used for
arithmetic applications. The analogue of Lang’s conjecture in the setting of pairs is
the following conjecture, due to Vojta and reformulated using ideas of Lang.

Conjecture 1.3 (Vojta—Lang). Let K be a number field and let S be a finite set of
places of K. Let (X, D) be a pair openly of log general type defined over K. Then
the set of S-integral points of X \ D is not Zariski dense.

Given a stable family, Theorem 1.2 gives a morphism from a high fibered power of
this family to a pair (W, A) openly of log general type. Conjecture 1.3 then predicts
that the integral points of W \ A are not Zariski dense. This allows us to prove in
a forthcoming article uniformity results for integral points on higher-dimensional
pairs of log general type assuming that the Vojta—Lang conjecture holds.

Definition 1.4. A pair (X, D) of a proper variety X and an effective Q-divisor D
is of log general type if

e (X, D) has log canonical singularities, and
e wx(D) is big.

For applications to arithmetic (in forthcoming work) it will be useful to consider
the following.

Definition 1.5. Let X be a quasiprojective variety and let X > X bea desingular-
ization. Let X C Y by a projective embedding and suppose D =Y \ X is a divisor
of normal crossings. Then X is openly of log general type if wy (D) is big.
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This second definition is independent of both the choice of the desingularization
as well as the embedding; it is also a birational invariant. Definitions 1.4 and 1.5
are equivalent if the pair (X, D) has log canonical singularities and one considers
the variety X \ (D U Sing(X)).

Just to reiterate, we will refer to Definition 1.4 by saying (X, D) is a pair of log
general type. We will refer to Definition 1.5 by stating that the pair is openly of log
general type, as the definition is motivated by considering the complement X \ D.
Throughout the course of this paper, we will take care to specify which definition
we are using.

Definition 1.6. By openly canonical, we mean that the variety X \ D has canonical
singularities.

For definitions of canonical, log canonical singularities, and stable pairs, see
Definitions 2.2 and 2.6.

Ideas of proof. To prove Theorem 1.1, we show that it suffices to prove this:

Theorem 4.12. Let (X, D) — B be a stable family with integral and log canonical
general fiber over a smooth projective variety B. Suppose that the variation of
the family f is maximal (see Definition 2.9). Let G be a finite group such that
(X, D) — B is G-equivariant. Then there exists an integer n > 0 such that the
quotient (X3 /G, D,/ G) of the pair by a finite group of automorphisms is of log
general type.

Similarly, to prove Theorem 1.2, it suffices to prove the following:

Theorem 4.9. Let f : (X, D) — B be a stable family with integral, openly canoni-
cal, and log canonical general fiber over a smooth projective variety B. Suppose
that the variation of the family f is maximal. Let G be a finite group such that
(X, D) — B is G-equivariant. Then there exists an integer n > 0 such that the
quotient (X3 /G, D, /G) is openly of log general type.

For a definition of maximal variation, see Definition 2.9.

We then obtain Theorem 1.2 by means of Theorem 1.1 and Theorem 4.12. More
specifically, we show that there is a birational transformation (W, Z) — (W, A)
such that (W, A) manifests (W, A) as a pair openly of log general type.

The main tool of this paper is a recent result of Kovacs—Patakfalvi which says that
given a stable family with maximal variation f : (X, D) — B where the general
fiber is Kawamata log terminal (klt), then for large m the sheaf fi(w;(D¢))™ is big
[Kovacs and Patakfalvi 2015, Theorem 7.1]. Here, the divisor D, denotes the divisor
with lowered coefficients (1 — €) D for a small rational number €. Unfortunately
their result does not hold for log canonical pairs; see Example 7.5 of [Kovics and
Patakfalvi 2015]. As a result, since D is not assumed to be Q-Cartier, one obstacle
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of this paper is showing that bigness of wyz (De,,) for some n large enough allows
you to conclude bigness of wy:(D,). To do so, one must first take a Q-factorial
dlt modification, followed by a relative log canonical model. The ideas here are
present in Propositions 2.9 and 2.15 of [Patakfalvi and Xu 2015]. See Remark 3.5
for a more detailed discussion.

Finally, we must guarantee that the fibered powers are not too singular. A priori,
it is unclear if taking high fibered powers to ensure the positivity of wx= (D) leads
to a pair with good singularities. This is ensured by the following statement.

Proposition 4.4. Let f : (X, D) — B be a stable family with integral and log
canonical general fiber over a smooth projective variety B. Then for all n > 0, the
fibered powers (X}, Dy) have log canonical singularities.

This also works after taking quotients by finite groups of automorphisms:

Corollary 4.10. Let f: (X, D) — B be an slc family with integral and log canonical
general fiber over a smooth projective variety B. Then for n large enough, the
quotient pair (Xgz /G, D,/ G) also has log canonical singularities.

In fact, although we do not use it in this paper, we prove:

Proposition 4.6. The total space of the fiber product of stable families over a stable
base is stable.

The main result we seek then follows via the above methods after applying
standard tools from moduli theory.

Previous work. The general ideas present in this paper originated in the work
of Caporaso, Harris, and Mazur, who showed in [Caporaso et al. 1997] that the
fibered power theorem is true for families of curves of general type, i.e., families
with general fiber smooth curves of genus g > 2. More precisely, they proved the
following theorem.

Theorem 1.7 [Caporaso et al. 1997, Theorem 1.3]. Let f : X — B be a proper
morphism of integral varieties whose general fiber is a smooth curve of genus g > 2.
Then for n sufficiently large, Xy admits a dominant rational map h : Xz — W to a
positive-dimensional variety of general type W.

In this same paper, the authors conjectured that this result is actually true for
families of varieties of general type of arbitrary dimension. However, they focused
only on the case of curves, as their results relied upon the nice description of a
compact moduli space parametrizing mildly singular objects: the moduli space of
genus g stable curves, M ¢- After Alexeev, Kolldr, and Shepherd-Barron constructed
a moduli space parametrizing stable surfaces analogous to that of stable curves,
Hassett [1996] showed that the correlation theorem was also true for families
of surfaces of general type. Abramovich [1997a] later proved the fibered power



A fibered power theorem for pairs of log general type 1585

theorem for varieties of general type of arbitrary dimension, using an analogue of
semistable reduction.

Abramovich and Matsuki [2001] proved a fibered power theorem for principally
polarized abelian varieties, using Alexeev’s compact moduli space. This was
a generalization of some prior results which considered pairs of elliptic curves
and their origins; see [Pacelli 1997; 1999; Abramovich 1997b]. Furthermore,
Abramovich and Matsuki remark that the result should in fact be true for stable
pairs (X, D), and so we take this as the goal of this paper.

Finally, although we hope that this result will be of interest in its own right from
the viewpoint of geometry, there are numerous applications to arithmetic, namely to
the study of integral points on pairs of log general type, assuming the Lang—Vojta
conjecture. This approach was taken in all the papers mentioned above and we
obtain similar results in this direction (to appear).

Outline.

« Section 2: Preliminary definitions and notation.

e Section 3: We prove that wxz(Dp) is big for a stable family of maximal variation
with log canonical general fiber, and that the fibered power theorem holds for max
variation families when the general fiber is both openly canonical and log canonical.
» Section 4: Some results on singularities, namely we analyze the singularities of
fibered powers and study the affect of group quotients, and we prove the fibered
power theorem for log canonical general fiber in the case of max variation.

« Section 5: We prove the full fibered power theorems by reducing to families of
maximal variation.

2. Preliminaries and notation

Birational geometry.

Definition 2.1. A line bundle £ on a proper variety X is called big if the global
sections of £ define a birational map for m > 0. A Cartier divisor D is called big
if Ox (D) is big.

From the point of view of birational geometry and the minimal model program,
it has become convenient and standard to work with pairs. We define a pair (X, D)
to be a variety X along with an effective R-divisor D = ) _ d; D; which is a linear
combination of distinct prime divisors.

Definition 2.2. Let (X, D) be a pair where X is a normal variety and Ky + D is
(Q-Cartier. Suppose that there is a log resolution f : ¥ — X such that

Ky+ZaEE =f*(Kx+D),
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where the sum goes over all irreducible divisors on Y. We say that (X, D) is
e canonical if all ag <0,
e log canonical (Ic) if all ag < 1, and
o Kawamata log terminal (klt) if all ag < 1.

Remark 2.3. In particular, for a kit pair, the coefficients d; in the decomposition
D =) d;D; are all strictly < 1. Similarly, for a lc pair, the coefficients are < 1.

Definition 2.4. A pair (X ,D=>d; Di) is semilog canonical (slc) if X is reduced,
Kx + D is Q-Cartier, and
(1) the variety X satisfies Serre’s condition S2,
(2) X is Gorenstein in codimension one, and
(3) if v: XV — X is the normalization, then the pair (X”, Y divI(Dy) + DV) is
log canonical, where D" denotes the preimage of the double locus on X".

Remark 2.5. Semilog canonical singularities can be thought of as the extension of
log canonical singularities to nonnormal varieties. The only difference is that a log
resolution is replaced by a good semiresolution.

Definition 2.6. A pair (X, D) of a proper variety X and an effective Q-divisor D,
is a stable pair if

o the line bundle wx (D) is ample and
o the pair (X, D) has semilog canonical singularities.

We assume that all of our families of pairs satisfy Kolldr’s condition. To be
precise, we define a stable family as follows. Let X be a variety and F an Ox-
module. The dual of F is denoted F* := Homyx (F, Ox) and we define the m-th
reflexive power of F to be the double dual (or reflexive hull) of the m-th tensor

power of F: Fiml . (o

Definition 2.7. An sic family is a flat morphism f : (X, D) — B such that
e each fiber (X, Dp) is an slc pair,
» wsr(D)M s flat, and

« (Kollar’s condition) for every base change t : B — B, given the induced
morphism p : (Xp/, Dp’) — (X, D) we have that the natural homomorphism

p* (@ (DY) — wp (D)™
is an isomorphism.

We say that f : (X, D) — B is a stable family if in addition to the above, each
(Xp, Dp) is a stable pair. Equivalently, Kx, + D;, is ample for every b € B.
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Moduli space of stable pairs. Constructing the moduli space of stable pairs, de-
noted below by M, has been a difficult task. A discussion of the construction of
the moduli space M), is not necessary for this paper, but for sake of completeness
we note that there exists a finite set of constants, which we denote by #, that allows
for a compact moduli space. As long as the coefficients d; appearing in the divisor
decomposition are all > %, there are no issues and we do in fact have a well defined
moduli space. There is no harm in assuming this outright, which leads to the
following:

Assumption 2.8. The coefficients of the divisors considered are always > %

We refer the reader to [Kollar 2010] or to the introduction of [Kovacs and
Patakfalvi 2015] for more details.

Variation of moduli. Given a stable family f : (X, D) — B, we obtain a canonical
morphism _
¢:B— M,

sending a point b € B to the point of the moduli space M, of stable pairs, classifying
the fiber (Xp, Dp). This motivates the following definition.

Definition 2.9. A family has maximal variation of moduli if the corresponding
canonical morphism is generically finite.

Equivalently, the above definition means that the family is a truly varying family,
diametrically opposed to one which is isotrivial, where the fibers do not vary at all.

Notation. Given a morphism of pairs f : (X, D) — B, we denote by (X}, D,)
the unique irreducible component of the n-th fiber product of (X, D) over B
dominating B. We define D, to be the divisor D, := Z?: (D) where the maps
7 : (X%, D,) — B denote the projections onto the i-th factors. We denote by f,
the maps f, : (X%, D,) — B. Finally, we denote by D, the divisor (1 —€)D and
by D, the sum D , := Y _, 7w (D).

3. Positivity of the relative anticanonical sheaf

Recall that to prove that the pair (X3, D) is a pair of log general type, we must
show that

(a) wxn (D,) is big, and
(b) the pair (X%, D,) has log canonical singularities.
We also remind the reader that we will demonstrate in Section 4 that Theorem 4.12
implies Theorem 1.1. Therefore, in this section we assume that the variation of our

family is maximal. More precisely, the goal of this section is to prove the following
proposition, tackling property (a).
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Proposition 3.1. Let f : (X, D) — B be a stable family with maximal variation
over a smooth, projective variety B with integral and log canonical general fiber.
Then for n sufficiently large, the sheaf wxn (D) is big.

As mentioned in the introduction, we will prove this by means of a slightly
weaker statement:

Proposition 3.2. Let f : (X, D¢) — B be a stable family with maximal variation
over a smooth, projective variety B with kit general fiber. Then for n sufficiently
large, the sheaf wxn (De,,) is big.

Our proof of Proposition 3.2 requires a recent theorem of Kovécs and Patakfalvi:

Theorem 3.3 [Kovics and Patakfalvi 2015, Theorem 7.1 and Corollary 7.3]. If
f (X, Do) — B is a stable family with maximal variation over a normal, projective
variety B with kit general fiber, then fi(wr(Dc)™) is big for m large enough.
Moreover, w (D) is big.

Let S denote the reflexive hull of the n-th symmetric power of a sheaf. Then
the above theorem is equivalent to saying that, under the hypotheses, for any ample
line bundle H on B there exists an integer ng such that

Sl fu(@p(D)™) @ H™! (1)

is generically globally generated. We desire to show that this implies Proposition 3.2;
this essentially follows from Proposition 5.1 of [Hassett 1996], but we include the
proof for completeness to show how it extends to the case of pairs. We begin with
a lemma.

Lemma 3.4. Let f: (X, D) — B be a stable family over a smooth projective variety
B such that the general fiber has log canonical singularities. Then for all n > 0, the
following formula holds:

wxr (D)™ =i DM@ @m0 (DM ® frwf.
Proof. Recall that the relative dualizing sheaf satisfies the equation

ws,(Dy) =m{wr(D)®- - Qm,ws(D),

where 7; denotes the projection 77; : X" — X to the j-th factor. Since B is smooth

we obtain
wxy (D)™ =g (DM @ frof.

Since f : (X, D) — B is a stable family, there exists an integer m such that for all
b € B, the sheaf w¢(D)!"™|, is locally free. Moreover, since this sheaf is locally
free on each fiber, w f(D)[’”] is also locally free for this m. We claim that

wxr D)"M =70, (D)M Q- @7 w0 (D)™ frwh.
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Both sides of the equation are reflexive — the left-hand side by construction, and the
right-hand side because it is the tensor product of locally free sheaves. Therefore,
to prove the equivalence, we must show the two sides agree on an open set whose
complement has codimension at least two. Consider the locus consisting of both
the general fibers, which are log canonical and hence Q-Gorenstein, as well as the
nonsingular parts of the special fibers. Note that the complement of this locus is
of codimension at least two, because the singular parts of the special fiber are of
codimension one, thus of at least codimension two in the total space. ([l

Proof of Proposition 3.2. Let m € Z be such that both @ (D¢)™! is locally free and
fe(wr(De)™) is big. First note that for n large enough, the sheaf

(fel@p (D)™ @ H™!

is generically globally generated. This follows since by Proposition 5.2 of [Hassett
1996], for an r-dimensional vector space V, each irreducible component of the
reflexive hull of the m-th tensor power of V is a quotient of a representation
Sl(V)®- - @ Sl(V), where k = r!. Using this, we prove that wxz (D) is big
for large n. To do so, it suffices to show that there are on the order of m” 4im X»+0
sections of wxn (D)™, where b = dim B and X » denotes the general fiber.

By Lemma 3.4,

wxr (De,n)[m] = nika)f(Dé)[m] Q- -- ®7‘L’:a)f(D€)[m] ® fral.

The sheaf w (D) has good positivity properties —it is big by Corollary 7.3 of

[Kovécs and Patakfalvi 2015], but the sheaf wp is somewhat arbitrary and could

easily prevent wy: (De ») from being big. However, taking high enough powers of

X allows the positivity of @ (D) to overcome the possible negativity of wp.
Applying (f,,)« gives, via the projection formula,

(f)(@xz (De)™) = (filws (D))" @ wf,

which is also a reflexive sheaf by Corollary 1.7 of [Hartshorne 1980]. More
specifically, it is the pushforward of a reflexive sheaf under a proper dominant
morphism. Then the inclusion map @ (D)™ — w (D)™ induces a map of
reflexive sheaves:

(few (D" — (fuwp (D™ = (f)w(@xy (Den)™) @ 05",

which is an isomorphism at the generic point of B.

Let H be an invertible sheaf on B such that H ® wp is very ample. Then we can
choose n so that (frw¢(De)™)" @ H™™ is generically globally generated for all
admissible values of m. But then

(fewr (D)™™ @ H™ = (fi)(@xy (De,)™) ® (H ® wp) ™
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is also generically globally generated for the same m.

This sheaf has rank on the order of m" %™ X1 5o there are at least this many
global sections. By our assumption on H, we have that (H ® wp)™ has on the order
of m” sections varying horizontally along the base B. By tensoring, we obtain that
the sheaf

(f)s(@xz (D)™

ndimX,+b global sections, and therefore wxs (D ) is big. [J

has on the order of m

Remark 3.5. Proposition 3.2 assumed that the general fiber (X, Dp) had kit
singularities, but to prove Theorem 1.1 as stated, we must allow the general fiber to
have log canonical singularities. Unfortunately, we cannot just raise the coefficients
of D so that the pair has log canonical singularities, via twisting by € D to conclude
that wxn(Dp) is also big. This is because we do not know that the divisor D is
(D-Cartier. We remedy this situation with a Q-factorial divisorial log terminal (dlt)
modification (see Section 1.4 of [Kollar 2013] for an overview of dIt models), as
explained below.

First, the definition of a dlt pair:

Definition 3.6. Let (X, D) be a log canonical pair such that X is normal and
D =) _d;D; is the sum of distinct prime divisors. Then (X, D) is divisorial log
terminal (dlt) if there exists a closed subset Z C X such that

(1) X\ Z is smooth and D|x\ 7 is an snc divisor;

2) if f:Y — X is birational and E C Y is an irreducible divisor such that
centery E C Z, then the discrepancy a(E, X, D) < 1.

See Definition 2.25 in [Kolldr and Mori 1998] for a definition of the discrepancy
of a divisor E with respect to a pair (X, D).

Roughly speaking, a pair (X, D) is dlt if it is log canonical, and it is simple
normal crossings at the places where it is not klt. The following theorem of Hacon
guarantees the existence of dlt modifications.

Theorem 3.7 [Kollar and Kovacs 2010, Theorem 3.1]. Let (X, D) be a pair of
a projective variety X and a divisor D = Y _ d; D; with coefficients 0 < d; < 1,
such that Kx + D is Q-Cartier. Then (X, D) admits a Q-factorial mini dit model
fmin . (Xmin’ Dmin) — (X, D)

The upshot here is that, starting with a log canonical pair (X, D) we can obtain
a model which is dIt and Q-factorial.

The statement that we will actually apply follows from [Patakfalvi and Xu 2015,
Proposition 2.9]:

Proposition 3.8. Let f : (X, D) — B be a stable family over a smooth variety B.
Assume that the general fiber (X}, Dp) has log canonical singularities and that the
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variation of the family is maximal. Then for each 0 < € K 1 there exists a pair
(Z, A¢), an effective divisor A on Z, and a morphism p : Z — X such that

(a) Kz+A=p*(Kx + D),

(b) (Z, A¢) is kit,

(c) g:(Z, A¢) — B is a stable family,

(d) the variation of g is maximal, and

() A — A is an effective divisor such that Supp(e A) C Ex(p) N Supp(p;1 A).

Sketch of proof. The rough idea is to take a (D-factorial dIt modification of X, and
then shrink the resulting divisor so that the new pair (Z, Ae) is Kt Finally, taking
the relative log canonical model of (Z,Ad) > X yields a stable family with klt
general fiber and maximal variation. U

We are now in position to prove the main statement of this section, Proposition 3.1,
whose proof is inspired by Proposition 2.15 of [Patakfalvi and Xu 2015].

Proof of Proposition 3.1. We begin with a stable family with maximal variation
f 1 (X, D) — B such that the generic fiber is log canonical. The goal is to show
that wx= (D) is big for n sufficiently large.

First take p : Z — X to be a @-factorial dIt modification of X, and let A
be a divisor on Z such that P*(Kx + D) =K+ A. Since Z is Q-factorial by
construction, we can lower the coefficients of the divisor A by 0 < € « 1, a rational
number, to obtain a klt pair (2 , Ze).

Define p : Z — X to be the relative log canonical model of (Z , Ze) - X.
Denoting the induced morphism by ¢ : Z --> Z, we define A to be the pushforward
A= q*(Z). By Proposition 3.8, the new family g : (Z, A¢) — B is a stable family
with maximal variation such that the generic fiber is klt. Thus, by Proposition 3.2,
for n large enough, wzn (A ») is big. o

Moreover, since (Z, A.) — X is the relative log canonical model of (Z, A.) — X,
pluri-log canonical forms on Z are the pullbacks of pluri-log canonical forms on Z.
From this we conclude that wzn (Ze,,,) is also big. Now since Z is Q-factorial,
we know that €A is a Q-Cartier divisor. This property allows us to enlarge the
coefficients of A. Recall that €A is effective by Proposition 3.8(e), and thus
w7 (Zn) is big as well.

Since p : Z — X is a birational morphism and p*(Kx + D) = K7 + A, pulling
back pluri-log canonical forms through p preserves the number of sections. Thus,
we finally conclude that wxn (Dy) is big. O

Finally, we prove the following theorem for pairs openly of log general type.

Theorem 3.9. Let f : (X, D) — B be a stable family with integral, openly canoni-
cal, and log canonical general fiber over a smooth projective variety B. Suppose that
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the variation of the family f is maximal. Then wxn (D}’) is big, where (X, Dy})

SS?

denotes the n-th fibered power of the weak semistable model of the pair (X, D).

Proof. Consider the diagram

¢ ~ ~
(Xg5, D®) —— (X, D) = X x3, B—— (X, D)

Tss 8 f

A C B By B

where (X, D) — B; denotes the weak semistable model (see Definition 0.4 of
[Karu 1999]) of the family (X, D) — B, and A C B; denotes the discriminant
divisor over which the exceptional lies. Such a model exists by [Karu 1999]. Since
taking the weak semistable model gives a pair which is at worst openly canonical
and log canonical, we are not required to take a resolution of singularities. This
is because, by definition of both openly canonical and log canonical singularities,
sections of wx_(D*) give regular sections of logarithmic pluricanonical sheaves of
any desingularization.
More precisely, we have

¢* (g(D)) = wn, (D® + E) C 0, (D% + 75 (A)).

Let 75 A = A%. Then since w,(D) is big by Theorem 3.3, 50 is wy(D — LA®).
Taking fibered powers, as in Proposition 3.1, shows that wgn (Dp(—A3)) is also
big. Moreover, 1

01 (@, (Du(=A3) C wxy (DY) = AY) = wxy (D))
is big. ]
The definition of openly of log general type then implies that we have actually
shown the following.

Theorem 3.10. Let f : (X, D) — B be a stable family with integral, openly canon-
ical, and log canonical general fiber over a smooth projective variety B. Suppose
that the variation of the family f is maximal. Then there exists an integer n > (0
such that (X}, D) is openly of log general type.

4. Singularities

The purpose of this section is to prove that if we begin with a pair (X, D) with
log canonical singularities, then fibered powers (X}, D,,) also have log canonical
singularities for all n > 0. As the following example shows, it is necessary to
restrict the singularities, as there exist varieties Y such that wy is big, but Y is not
of general type!
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Example 4.1. Let Y be the projective cone over a quintic plane curve C. Then wy
is big (even ample), but Y is birational to P! x C, which has Kodaira dimension
k(P! x C) = —o0. So although wy is big, Y is not openly of log general type.

The following proposition is a version of log inversion of adjunction.

Proposition 4.2 [Patakfalvi 2016, Lemma 2.12]. The total space of an slc family
over an slc base has slc singularities.

This result immediately extends to products of slc families.

Corollary 4.3. The total space of the product of slc families over an slc base also
has slc singularities.

Proof. Let f : (X1, D;) — B and g : (X3, D2) — B be two slc families over an
slc base B. Then the product family g : (X, A) — B is the total space of an slc
family over either of the factors. Therefore both the product family as well as its
total space have slc singularities by Proposition 4.2. ([

Inductively, this shows that the fibered powers (X}, D,;) have semilog canonical
singularities. The statement that we will actually use to prove our result is the
following:

Proposition 4.4. Let f : (X, D) — B be a stable family with integral and log
canonical general fiber over a smooth projective variety B. Then for all n > 0, the
fibered powers (X}, D,) have log canonical singularities.

Proof. By Proposition 4.2, the total space of the family (X, D) is slc. In fact, we will
show that it is actually log canonical, which is equivalent to showing that (X, D) is
normal. Recall that to show that the pair (X, D) is normal, it suffices to show that
it is regular in codimension one (abbreviated R1) and satisfies Serre’s condition S2.
Since the general fiber has log canonical singularities, the fibers (X, Dp) are R1
over the general point of the base B. Over the special fibers, the singularities are of
at least codimension one in the fiber, and are thus at least codimension two in the
total space. Therefore, it follows that the total space (X, D) is R1. Finally, the pair
(X, D) is S2 by definition, since it has semilog canonical singularities.

Therefore, by Corollary 4.3, for all n > 0 the fibered powers (X%, D,) also have
log canonical singularities. U

In fact, the following stronger statements are also true. Although we do not use
them in this paper, we hope that they may be of interest to readers.

Proposition 4.5. The fiber product of two stable families is a stable family.

Proof. This result essentially follows from Proposition 2.12 in [Bhatt et al. 2013].
We reproduce the argument for the convenience of the reader.

Let f:(X,D)— Bandg: (Y, E) — B be two stable families, and denote the
fiber product family by % : (Z, F) — B. Since both families f and g are flat of finite
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type with S, fibers by assumption, and since we are assuming Kollar’s condition,
by Proposition 5.1.4 of [Abramovich and Hassett 2011] we have that a)%‘} g(D) is
flat over B. Moreover, by Lemma 2.11 of [Bhatt et al. 2013] we have that

Pyl (D) ® Pyl (E)

is a reflexive sheaf on the product. By Lemma 2.6 of [Hassett and Kovacs 2004],
the above sheaf is isomorphic to a)gc} 5(F) on an open subset whose complement

has codimension at least two, and therefore we conclude that
k k k
W) 5 (F) = pyol)5 (D) ® pjoly(E).

Moreover, Kolldr’s condition holds, as by assumption both components of this fiber
product commute with arbitrary base change. Choosing a sufficient index k, namely
the least common multiple of the index of the factors, we see that wz,p(F) is a
relatively ample Q-line bundle, and thus we conclude that # : (Z, F) — B is also a
stable family. U

Proposition 4.6. The total space of the fiber product of stable families over a stable
base is stable.

Proof. By Proposition 2.15 in [Patakfalvi and Xu 2015] (see also [Fujino 2012,
Theorem 1.13)), if f : (X, D) — (B, E) is a stable family whose variation is
maximal over a normal base, then w7 (D) is nef. First we note that it suffices to
prove the statement over a normal base, since nef is a property which is decided on
curves. Since normalization is a finite birational morphism, nonnegative intersection
with a curve is preserved. Thus, we wish to show that this statement is true without
the assumption that the variation of f is maximal. Let B’ — B be a finite cover of
the base so that the pullback family f': (X', D) - B’ mapsto g: U,D) —> T,
a family of maximal variation. In this case w(D’) is nef, as it is the pullback of
w, (D) which is nef. Since w s (D’) is the pullback of w (D) by the finite morphism
X" — X, the projection formula implies that w (D) is nef as well. This shows that
the sheaf w (D) is nef, regardless of whether the variation of f is maximal or not.
Then since w (D) is nef and f-ample, and since the base is stable, wp(E) is ample.
Therefore, we can conclude that wx (D + f*E) =w (D) ® f*wp(E) is ample. [

The next theorem, which we actually need, follows from Propositions 3.1 and 4.4.

Theorem 4.7. Let (X, D) — B be a stable family with integral and log canonical
general fiber and maximal variation over a smooth projective variety B. Then there
exists an integer n > 0 such that the pair (X}, D,) is of log general type.

Proof. By Proposition 3.1, we have that wy: (D) is big, and by Proposition 4.4,
the fibered powers (X%, D,) have log canonical singularities. (]
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To prove the stronger Theorem 4.12, we must show that what we have proven
also works after taking the quotient by a group of automorphisms. This is precisely
the content of Proposition 4.8 and Corollary 4.11 below.

This claim essentially follows from the work of various authors in previous
papers in the subject. The approach is present in, for example, Lemma 3.2.4 of
[Abramovich and Matsuki 2001] as well as Lemma 2.4 of [Pacelli 1999]. We
reproduce the statement in our case below.

Proposition 4.8. Let (X, D) be openly of log general type. There exists a positive
integer n such that the pair (X%, Dy,)/ G is also openly of log general type.

Proof. Let H C X be the locus of fixed points of the action of G C Aut(X, D). Let
Ty denote the corresponding sheaf of ideals. We have seen before that w (D) is
big. Then, for sufficiently large k, we have that the sheaf

0 (D)@ frof @I,

is big. If we pass to the k-th fibered power, we have that

(ka(Dk))®k® * ®k®]—[ —1115”

is also big.

Regarding the above product, we have ]_[i-‘:1 nflIlHGl C (Zi‘ | *lIlcl) and
the latter ideal vanishes to order at least k|G| on the fixed points of the action of G.
Moreover, we have that

(@7 (D) @7 0F = (0xt (D).

This allows us to conclude that for n > 0, there are enough invariant sections
of Wyt (Dy)®" vanishing on the fixed point locus to order at least n|G]|.

Now let
r:(X,D)— (X%, Dy)

be an equivariant good resolution of singularities such that »~!(Dy) = D. Note
that such a resolution is guaranteed by Hironaka [1977]. Since X \ D does not
necessarily have canonical singularities away from the general fiber, we have
introduced exceptional divisors in the resolution that will alter sections of wy (D).
To fix this, we simply apply the methods used in the proof of Theorem 3.9 — namely,
twist by some small negative multiple of the divisor A containing the exceptional.
To conclude the result, it suffices to show that invariant sections of (w Xk (Dy))®"
vanishing on the fixed point locus to order at least n|G| descend to sections of the
pluri-log canonical divisors of a good resolution of the quotient pair (X /G, D,/ G).
Denote by g : (X, D) — (X/G, D/G) the morphism to the quotient, and let

¢:(X/G,D/G)— (X/G,D/G)
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denote a good resolution. Then Lemma 4 from [Abramovich 1997b] tells us
that the invariant sections of wx (D)®" vanishing on the fixed point locus to order
> n|G| come from sections of the pluri-log canonical divisors of a desingularization,
i.e., sections of w;((ﬁ)@”. Therefore, for n sufficiently large, the quotient pair
(X%, Dy)/ G is openly of log general type. ([

This also proves the following theorem:

Theorem 4.9. Let f : (X, D) — B be a stable family with integral, openly canoni-
cal, and log canonical general fiber over a smooth projective variety B. Suppose
that the variation of the family f is maximal. Let G be a finite group such that
(X, D) — B is G-equivariant. Then there exists an integer n > 0 such that the
quotient (X3 /G, D,/ G) is openly of log general type.

Furthermore, combining Proposition 4.8 with Proposition 4.4 yields:

Corollary 4.10. Let f: (X, D) — B be an sic family with integral and log canonical
general fiber over a smooth projective variety B. Then for n large enough, the
quotient pair (X /G, D,/ G) also has log canonical singularities.

This then gives an analogue to Proposition 4.8 for pairs of log general type.

Corollary 4.11. Ler (X, D) be a pair of log general type. There exists a positive
integer n such that the pair (X}, D,)/ G is also a pair of log general type.

Thus we have completed the proof of the following theorem.

Theorem 4.12. Let (X, D) — B be a stable family with integral and log canonical
general fiber over a smooth projective variety B. Suppose that the variation of
the family f is maximal (see Definition 2.9). Let G be a finite group such that
(X, D) — B is G-equivariant. Then there exists an integer n > 0 such that the
quotient (X3 /G, D,/ G) of the pair by a finite group of automorphisms is of log
general type.

Proof. This follows from Theorem 4.7 and Corollary 4.11. ([

The next and final section shows how to reduce the proof of the Theorem 1.1 to
Theorem 4.12. Then, we show that Theorem 1.2 follows from Theorem 1.1.

5. Proof of Theorems 1.1 and 1.2 —reduction to the case of max variation

The final section of this paper is devoted to reducing the proofs of our two main
theorems to the case of maximal variation. We will use the existence of a tautological
family over a finite cover of our moduli space to show that, after a birational
modification of the base, the pullback of a stable family with integral and log
canonical general fiber has a morphism to the quotient of a family of maximal
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variation by a finite group. Then using the fact that our result holds for families of
maximal variation, we will conclude that, after a modification of the base, a high
fibered power of the pullback of a stable family with integral and log canonical
general fiber has a morphism to a pair of log general type.

Finally, we show that if we add the assumption that the general fiber of our
family is openly canonical and log canonical, we can avoid taking a modification
of the base to prove Theorem 1.2.

Remark 5.1. As we will be using the moduli space of stable pairs M, we remind
the reader that we are in the situation of Assumption 2.8.

Unfortunately the moduli space M}, that we are working with does not carry a
universal family. The following lemma gives a tautological family, which can be
thought of as an approximation of a universal family.

Lemma 5.2 [Kovics and Patakfalvi 2015, Corollary 5.19]. There exists a tautolog-
ical family (T, D) over a finite cover Q of the moduli space M}, of stable log pairs.
That is, there exists a variety 2, a finite surjective map ¢ : Q@ — M, and a stable
family T — Q such that ¢ (x) = [(Tx, Dy)].

Proposition 5.3. Let f : (X, D) — B be a stable family such that the general
fiber is integral and has log canonical singularities. Then there exists a birational
modification of the base B — B, and a morphism (?, 5) — Bto (Tz, Z~D)/G, the
quotient of a family of maximal variation by a finite group G

Proof. Let f : (X, D) — B be a stable family such that the general fiber is integral
and has log canonical singularities. In particular, we do not assume that the variation
of f is maximal. There is a well defined canonical morphism B — M), Call the
image of this morphism X. Over this ¥ lies the universal family (75, D). Since
M, is a stack, the maps (X, D) — (Tx, D) and B — X factor through the coarse
spaces X and (7 x, D). The general fiber of (75, D) — X is simply (S, Ds)/K,
where (S, Dy) is a pair of log general type and K is the finite automorphism group.

Unfortunately there is no control on the singularities of ¥ —if the singularities
are not too mild, the fibered powers (7¢, D, ) have no chance of having log canonical
singularities. To remedy this we take a resolution of singularities. Using Lemma 5.2,
we take a Galois cover followed by an equivariant resolution of singularities to
obtain £ — . Call the Galois group of this cover H. Then over ¥, we have a
tautological family (7, D). Here the general fiber is simply (S, Dg), a pair of log
general type.

Consider the quotlent map T3 /H . Taking the pullback of (7 5, D) through
s /H yields (T5 . D). Letting G be the group G = H x K, we can construct the
following diagram:
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(Ts. D) — (T5.D)/G —— (Tg;y. D) — (ITx.D) —— T

I e

S ——— S$/H —— $/H 3> > M),

We claim that the map v : (75, D) /G — (Ts JH> D ) is actually the normalization
of (Tx JH> D ). First note that (73, D) / G is normal, and that the morphism v is finite
as the morphlsm (T3, D) — (T 'z, D) is. Therefore, to prove v is the normalization
of (75,4 D', it suffices to prove that v is birational. To do so, consider the
following diagram:

(Ts, D) — (T3, D)/H — ((Tz, D)/H)/K = (Tz, D)/ G

| |

S —— $/H y S/H

From this diagram it is clear that the general fiber of (75, D) /G — s / H is precisely
(S, Dg)/ K —the quotient by H identifies fibers and the quotient by K removes
the automorphisms. Since the map v is an isomorphism over the generic fibers, v is
a birational map and thus is the normalization of (75, ., D).

The pair (X, D) does not map to (755, D'). Instead, take a modification of the
base B — B, where B= B x E/H Then the pullback (X D) maps to (751 D).
Since (X D) is normal and v is the normalization, we see that (X D) also maps
to (7%, D) /G. Finally, because the family (73, D) /G — ) /H is the quotient of a
family of maximal variation by a finite group, we have completed the proof of the
proposition. U

Proof of Theorem 1.1. Let (7%, D) denote the tautological family of maximal
variation obtained in the proof of Proposition 5.3. Passing to n-th fibered powers,
Theorem 4.12 guarantees that (7Z, D,) is of log general type. By Corollary 4.11,
(TE”, Dy) /G is also of log general type for n sufficiently large. Thus the proof of
Theorem 1.1 follows from Proposition 5.3, as we have shown that after modifying
the base, we obtain a morphism from a high fibered power of our family to a pair
of log general type. U

Finally, we prove Theorem 1.2, the fibered power theorem for pairs openly of
log general type.

Proof of Theorem 1.2. The proof essentially follows from the proof of Proposition 5.3.
Assuming that the general fiber is openly canonical and log canonical, Theorem 4.9
shows that, for n sufficiently large, the Rair (TS:’J, Dy) /G is openly of log general type.
As there is a birational morphism (7;1:“, D,)/G— (TS, D,),itfollows that (T%, D,,)
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is also openly of log general type. Therefore, we have constructed a morphism
from a high fibered power of our family to a pair openly of log general type, and
have thus completed the proof of the theorem. The upshot here is that we do not
have to modify the base of our starting family. U
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