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One-level density estimates for Dirichlet L-functions
with extended support

Sary Drappeau, Kyle Pratt and Maksym Radziwitt

We estimate the 1-level density of low-lying zeros of L(s, x) with x ranging over primitive Dirichlet
characters of conductor in [%Q, Q] and for test functions whose Fourier transform is supported in
(— — %, 2+ %). Previously, any extension of the support past the range (—2, 2) was only known
conditionally on deep conjectures about the distribution of primes in arithmetic progressions, beyond
the reach of the generalized Riemann hypothesis (e.g., Montgomery’s conjecture). Our work provides
the first example of a family of L-functions in which the support is unconditionally extended past the
“diagonal range” that follows from a straightforward application of the underlying trace formula (in this

case orthogonality of characters). We also highlight consequences for nonvanishing of L(s, x).

1. Introduction

Motivated by the problem of establishing the nonexistence of Siegel zeros (see [Conrey and Iwaniec 2002]
for details), Montgomery [1973] investigated the vertical distribution of the zeros of the Riemann zeta
function. He showed that under the assumption of the Riemann hypothesis, for any smooth function f
with supp f C (=1, 1),

, 1 log T R sin 27 u '\’
Jim s 2 f( - -(V—V))—/Rf(u)-((S(u)Jrl—(W))du, (1)

T<y,y'<2T

where N (T') denotes the number of zeros of the Riemann zeta function up to height 7', and y, y’ are
ordinates of the zeros of the Riemann zeta function, and §(#) is a Dirac mass at 0. Dyson famously
observed that the right-hand side coincides with the pair correlation function of eigenvalues of a random
Hermitian matrix.

Dyson’s observation leads one to conjecture that the spacings between the zeros of the Riemann zeta
function are distributed in the same way as spacings between eigenvalues of a large random Hermitian
matrix. Subsequent work of Rudnick and Sarnak [1994] provided strong evidence towards this conjecture
by computing (under increasingly restrictive conditions) the n-correlations of the zeros of any given
automorphic L-function. Importantly, the work of Rudnick and Sarnak [1996] suggested that the distri-
bution of the zeros of an automorphic L-function is universal and independent of the distribution of its
coefficients.
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For number-theoretic applications, the distribution of the so-called “low-lying zeros”, that is, zeros
close to the central point, is particularly interesting (see, e.g., [Heath-Brown 2004; Young 2006] for
various applications; see also [Granville and Soundararajan 2018] and [Watkins 2021], for instance, for
results in a different direction). Following the work of Katz and Sarnak [1999] and Iwaniec, Luo and
Sarnak [Iwaniec et al. 2000], we believe that the distribution of these low-lying zeros is also universal and
predicted by only a few random matrix ensembles (which are either symplectic, orthogonal or unitary).

Specifically, the work of Katz and Sarnak suggests that for any smooth function ¢ and any natural
“family” of automorphic objects F,

Lyyg( g —>/¢<x>l< (x) dx 2)
¥F 2w 7)) s [ FR AL

neF Vn

where y,; are ordinates of the zeros of the L-function attached to , ¢, is the analytic conductor of 7,
and K r(x) is a function depending only on the “symmetry type” of F. One may wish to consult [[waniec
et al. 2000] and [Sarnak et al. 2016] for a more detailed discussion.

There is a vast literature providing evidence for (2) (see [Mackall et al. 2016]). Similarly to Mont-
gomery’s result (1), all of the results in the literature place a restriction on the support of the Fourier
transform of ¢. This restriction arises from the limitations of the relevant trace formula (in some families
it is not always readily apparent what this relevant trace formula is). In practice, an application of the trace
formula gives rise to so-called “diagonal” and “off-diagonal” terms. Trivially bounding the off-diagonal
terms corresponds to what we call a “straightforward” application of the trace formula.

A central yet extremely difficult problem is to extend the support of qAS beyond what a “straightforward”
application of the trace formula gives. In fact most works in which the support of ¢ has been extended
further rely on the assumption of various deep hypotheses about primes that sometimes lie beyond the
reach of the generalized Riemann hypothesis (GRH).

For example, Iwaniec, Luo and Sarnak show that in the case of holomorphic forms of even weight < K
one obtains unconditionally a result for (]3 supported in (—1, 1) and that under the assumption of the
generalized Riemann hypothesis this can be enlarged to (—2, 2) (it is observed in [Devin et al. 2022] that
assuming GRH only for Dirichlet L-functions is sufficient). Iwaniec, Luo and Sarnak also show that this

2 22

range can be pushed further to supp bC (—3, 3) under the additional assumption that, for any ¢ > 1,

(a,c)=1land e > 0,

Y e@yp/o) e xite.

p=x
p=a (modc)
A similar behaviour is observed on low-lying zeros of dihedral L-functions associated to an imaginary
quadratic field [Fouvry and Iwaniec 2003], where an extension of the support is shown to be equivalent
to an asymptotic formula on primes with a certain splitting behaviour.
Assuming GRH, Brumer [1992] studied the one-level density of the family of elliptic curves and
55

proved a result for test functions supported in (—5, 5); this corresponds to the “diagonal” range for
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this family Heath-Brown [2004] improved this range to ( 2 2) and Young [2006] pushed the support
to ( g 9) One-level density estimates for this family have deep implications for average ranks of elliptic
curves. In particular, the work of Young was the first to show that, under some reasonable conjectures,
a positive proportion of elliptic curves have rank O or 1 and thus satisfy the rank part of the Birch and
Swinnerton-Dyer conjecture.’

As another example, it follows for instance from minor modifications of [Hughes and Rudnick 2003;
Chandee et al. 2014] that in the family of primitive Dirichlet characters of modulus < Q one can estimate
1-level densities unconditionally for ¢ with qAﬁ supported in (—2, 2).> As a byproduct of work of Fiorilli and
Miller [2015, Theorem 2.8], it follows that for any 6 € (0, 2), this support can be enlarged to (—2—4, 246)
under the following “de-averaging hypothesis”:

2
D D ST R IP DD DIl I DR TR PG
$0=q<Q' p=x i $0<9<Q (a.q)=1' p=x ¢\q
p=1(modgq) p=a (mod q)

In this paper we give a first example of a family of L-functions in which we can unconditionally
enlarge the support past the “diagonal” range, which would follow from a straightforward application of
the trace formula (in this case orthogonality of characters).

Theorem 1. Let @ be a smooth function compactly supported in [%, 3], and ¢ be a smooth function such

that supp ¢ C (—2— 1093, 2+ 1093) Then, as Q — o0,
log O A
Yo ( ) 3 qu( g >=¢<0>Zd’(%) Y 14000, @
q x(motdq) Yx q X(m(?t(!q)
primitive primitive

Here % + iy, correspond to nontrivial zeros of L(s, x) and since we do not assume the generalized

Riemann hypothesis we allow the y, to be complex.

Remark. In stating the theorem we have, for technical simplicity, made a suitable approximation to the
conductor ¢, appearing in (2).

Note that ¢, initially defined on R, is analytically continued to C by compactness of supp $. Our
arguments can be adapted to show that if supp éC (—2 1093 +e,24 1093 ) for some ¢ > 0, then
the error term in (4) is O (Q?~%) with § = §(¢), up to altering slightly the main terms: after applying the
explicit formula as in Section 2.2, include the terms of order =< Q?/log Q into the main term instead of
treating them as error terms.

We remark that we make no progress on the “de-averaging hypothesis” (3) of Fiorilli and Miller, which
remains a difficult open problem. We estimate the original sum over primes in arithmetic progressions,
on average over moduli, by a variant of an argument of Fouvry [1985] and Bombieri, Friedlander and

1A stronger conclusion was later reached unconditionally by Bhargava and Shankar [2015] through other methods.
2This is in fact the GL(1) analogue of the result of Iwaniec, Luo and Sarnak for holomorphic forms.
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Iwaniec [Bombieri et al. 1986] which is based on Linnik’s dispersion method. The GRH will be dispensed
with by working throughout, as in [Drappeau 2015], with characters of large conductors.

The asymptotic formula (4) is expected to hold true without the extra averaging over g. This extra aver-
aging over g and the cancellation of arguments which comes along play an important role in our arguments.

If the GRH is true for Dirichlet L-functions, then let any 0 < k < 188% be fixed, and let A > 1 be small

enough that k" :=2(A — 1) + Ak € (O, 1093) as well. Defining
~ sint(2+k)x 2 ~
= )\, -_— y = y
¢(x) < 22t x > $=¢xu

where u is a smooth, positive approximation of unity such that ¢ (0) > A‘Q]S(O) = 1, and using the

I
I—qu( °2gnny) <1(L(}. x) #0).
Yx

inequality

we deduce from Theorem 1 that the proportion of nonvanishing L(1 ) with x ranging over primitive

characters of conductor in [$Q, Q] is atleast | —A(2+«")"! =1— (24x)~! forany k < 1883

Corollary 2. Let ¢ € (0, 1077). Assume the generalized Riemann hypothesis for Dirichlet L-functions.
Then for all Q large enough, the proportion of primitive characters x with modulus in [% 0, Q] for which

L(3 x) #0
is at least
25
j‘i‘m —e>0.51118.

Corollary 2 is related to a recent result of Pratt [2019], who showed unconditionally that the proportion
of nonvanishing in this family is at least 0.50073. We note that both the arguments of [Pratt 2019] and
those presented here eventually rely on bounds of Deshouillers and Iwaniec [1982] on cancellation in
sums of Kloosterman sums.

Notation. We call amap f : Ry — C a test function if f is smooth and supported inside [%, 3].
ForweN,neZand R > 1, we let

R (1, ) 2= Lymt ooy — o D0 ()

X (mod w)
cond(x)<R

Note the trivial bound
Rt (w)

p(w)
The symbol n ~ N in a summation means n € [N, 2N)NZ. We say that a sequence («,), iS supported

)

IUR(H, w)| < 1nzl (mod w) +

at scale N if o, =0 unless n ~ N.
The letter ¢ will denote an arbitrarily small number, whose value may differ at each occurrence. The
implied constants will be allowed to depend on ¢.
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2. Proof of Theorem 1

2.1. Lemmas on primes in arithmetic progressions. We will require two results about primes in arithmetic
progressions. The first is a standard estimate, obtained from an application of the large sieve.

Lemma3. Let A>0, X, Q, R>2satisfy | <R<Qand X > QZ/(log Q)A, and let f be a test function
with || f|leo < 1. Then

> Zf(£>A(n)uR(n,CI)' < Q(log Q)0<”ﬁ<1+£+ﬁ> (©6)
g<Q 'neN X kQ Q

The implied constant depends at most on A and the implied constants in the hypothesis.

Proof. By Heath-Brown’s combinatorial formula for primes [Iwaniec and Kowalski 2004, Proposition 13.3]
(with K =2), we restrict to proving the bound with A (n) replaced by convolutions of types I and II, of

the shape
Yo X aw M<Xxi, YN aup (XF<M LX),
n=md n=m{
m~M m~M

where |, | < (log X)t4(m) and the analogous bound holds for §;; here we noted that if m; < mjy < VX
and mymy > X%, then either X7 < mimy < X% or X1 =m KL X 2. We treat the type I case by the Pélya—
Vinogradov inequality [Iwaniec and Kowalski 2004, Theorem 12.5], getting a bound O (MR (log 0)°™M).
We treat the type II case by the large sieve [Iwaniec and Kowalski 2004, Theorem 17.4], getting a

contribution O(«/Y(log 0)°D (0 +VM + «/X/M-l-«/YR_l))- U

The second estimate is substantially deeper and we defer its proof to Section 4.

Proposition 4. Let k € (O, 1093) and ¢ > 0. Let V and f be test functions, A >0, X, O, W, R > 1,
and b € N. Assume that

QZ
(log O)A
and that | f |l so, IWY||ee < 1. Then, if € > 0 is small enough in terms of k, we have

YoV ( )ZMn)f( )uR(n,bw)<<Qlfﬁ.

weN neN

2

<X« 0¥, XxvQ'<R<Q3X

O\I\J

b<Qf Q'F«W<«kO,

The implied constant depends at most on k, A, and the implied constants in the hypotheses.

Proof. See Section 4. [l

2.2. Explicit formula. We let k € (0, 1093) be such that supp ¢ C(—2—K,2+4k).
We rewrite the left-hand side of (4) by applying the explicit formula, e.g., [Sica 1998, Theorem 2.2],
where the quantity @ (p) there (not to be confused with our test function) is replaced by ¢ ( T ( — %) log Q),
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so that F'(x) = (1/log Q)qg(x/log Q). For g > 1 and x (mod ¢g) primitive, we obtain

1
(p—3)log O 1 ~ logg 1 _ Am) ~(logn
—— =0 —— 0 - , (7
pEeC ¢( i log 0 +¢( )logQ log 0 nE>1(X(n)+X(n)) NG ¢ log O (N
Re(p)€(0,1) -

L(p,x)=0

since the terms [, J appearing in [Sica 1998, Theorem 2.2] satisfy ‘I 1 } + !J (%, b)‘ < (logQ)~!

for b € { } by reasoning similarly as in [Sica 1998, Lemma 3.1]. Let ¥ (x) = ®(x)x. Summing (7)

over x and g, we see that to conclude it remains to show that

A(n) logn B
S¢(Q)—Zq ( ) > Z(x(n)+x(n))f¢<logQ>—0(Q). ®)

geN x(q) n>1
primitive

We will in fact obtain the following slightly stronger result.

Proposition 5. Let k € (O, 1093) For all Q large enough and & > 0 small enough in terms of k, we have

_ 0
)

The implied constant depends on ¢ and & at most.

We break down the proof of Proposition 5 into the following three sections.

2.3. Orthogonality and partition of unity. Applying character orthogonality for primitive characters (see
the third display in the proof of Lemma 4.1 of [Bui and Milinovich 2011]), we get

1) p(w) A . [ logn
(2= 1oQZZ ( ) w2 ﬁ¢(logQ)‘ )

n=1 (mod w)

Let V be any test function generating the partition of unity
X
2J
jez
for all x > 0. Inserting this in (9), we obtain
2 w(v) ga(w) A(n) n\ ([ logn
so-i5 L Txv(F) 0 T Ev(5)es)
log 0 Jel e (mod w) Vn X log ©
2] <2Q2+K
Set fi(x) = x~2 V(x)<]3(10g(21 x)/log Q) for % <2/ <207, Differentiating the product, we have that
for all k > 0, there exists Cy x > 0 such that || f].(k) loc < Cgy i for all j. We deduce

Sp(Q) < sup X 7 sup|T(Q, X)|,
1L XK Q?t* f

where f varies among test functions subject to || f® || < Cg.k, and

T(Q. X)—ZZ ( )“(”)‘pi’)‘)) > A(n)f(%).

n=1 (mod w)
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We handle the very small values of X by the trivial bound

3 A(n)f(%)«logQ 3 1<<X1°ng,

n=1 (mod w) %X<n<3X
n#1,n=1 (mod w)

< D> 1« X(log ).

vw=Q

which implies

X log
e, X<

It will therefore suffice to show that for

0%/(log 0)° < X < Q***,

we have

vX0
T(0,X) € —=
(0, )<<1gQ

2.4. Subtracting the main term. We insert the coprimality condition (n, v) = 1. Since

811

ZZW(WU) w(v) (02)1)) Z A(n)f(%) & Z vt Z ((logp) Z 1) < Q1+8»

n=1 (mod w) VK Q plv w|pk—1

(n,v)>1 1<k«log X
we obtain

n=1 (mod w)
(n,v)=1

Letl1<R< %Q so that R < vw for any v, w appearing in the sum. We replace the condition n =1 (mod w)

by ug(n, w). The difference is

Zlg;(%) Z ZA(n)f(§>x(n)Zu(v)=

g 4 x(modq) (mg)=1 vlg/r
r=cond(x)<R

rlq

since r < g by our choice of R, so that

TQ.X)=)Y v ( )M(WS)U) 3 A(n)f(%)ukm,wHO(Ql“).

v,w (n,v)=1

We next remove the coprimality condition on n, using the trivial bound (5). For the first term 1,—1 (mod w)

in ug(n, w), this was already justified above. For the second term, we get

< RQ™*¢ ZZZlogp < RO".

v,w plv
vw=<Q

Since R <« @, both error terms are acceptable. We get

T(Q,X)=T(Q,X,R)+0(Q""),
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where

T X R =33 ( )’””@A()

A(w) := ZA(n)f(%)uR(n, w). (10)

We are required to show that

T(Q,X,R) <<Q (11)
log O

2.5. Reduction to the critical range. We now impose the additional conditions

Q¥ <R< Q' and K <2 (12)

Observe that this « is the same as that appearing in the statement of Proposition 4. The condition k¥ < %

is convenient for applying (6) below, but is rather loose since « is ultimately required to be much smaller
than %

Let B € [1, Q%] be a parameter. In 7(Q, X, R), we write p(w)/w = Zb‘w w(b)/b and exchange
summation, so that

Z\P(bléw)A(bw)‘ +E + Es,

T X, R<=Y - ‘Z lI/(bvjw)A(bw)‘ < (log B sup
b,v w U<

where E; (resp. E») corresponds to the sum over b, v restricted to b > B (resp. v > B). We recall
that supp W C [, 3] by hypothesis. On the one hand, we have

E, <<ZZ—|A<bw>|<< 0B Y 1Al < @' VX B,

q=30
bw<3Q
b>B

using (6) along with our hypotheses (12). On the other hand, we have

E < ZZ Laow| < 0 3 A < QVX(Q¥ B +07)

q=<3Q/B
bw<3Q/B

again by (12) and (6); we have used the bounds Q~'**/XR~! « 0~¢ and Q‘H’?X% <« 07, which
follow from Q%"” <Randk < % respectively upon reinterpreting ¢.
Grouping the above, it will suffice to show that

> w(Pg) At « VX

uniformly for b, v < Q¢ and test functions W and f. Assume now « € (O, 1893) Then the conditions
on R in (12) and in Proposition 4 overlap, so that we may apply Proposition 4 with W = Q/(bv). This
gives the above bound, and completes the proof of (11), hence of Proposition 5.
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3. Exponential sums estimates

In this section, we work out the modifications to be made to the arguments underlying [Deshouillers and
Iwaniec 1982] in order to exploit current knowledge on the spectral gap of the Laplacian on congruence
surfaces [Kim and Sarnak 2003]. We will follow the setting in Theorem 2.1 of [Drappeau 2017], since we
will need to keep track of the uniformity in gg. We also take the opportunity to implement the recently
described correction to [Bombieri et al. 1986].

Let 6 > 0 be a bound towards the Petersson—Ramanujan conjecture, in the sense of [Drappeau 2017,
(4.6)]. Selberg’s % theorem corresponds to 6 < %, and the Kim—Sarnak bound [2003] asserts that § < 614.

Proposition 6. Let the notation and hypotheses be as in [Drappeau 2017, Theorem 2.1]. Then

rd 3
zzzzzbn,,,sg<c,d,n,r,m(ng)<<m (qCDNRSY g3 K(C, D, N, R, $)lIb. 511,
c d n r s

c=co and d=dy (mod q)
(grd,sc)=1

where ||by .53 =", . bnrs| and here

K(C,D,N,R,S)?
4C 1—46
=gCS(RS+N)(C+RD)+C"™DS(RS+N)R)' ™% (1 + ﬁ) +D?’NR. (13)
Remark 7. The bound of Proposition 6 is monotonically stronger as 6 decreases, since the first term
is larger than CS(RS + N)(RD + qC). Under the Petersson—Ramanujan conjecture for Maass forms,

which predicts that & = 0 is admissible, the second term in (13) is smaller than the first.

Proof. The proof of the proposition, as with all results of this type, relies on the Kuznetsov formula and
large sieve inequalities for coefficients of automorphic forms. The application of the Kuznetsov formula
requires one to understand the contribution of holomorphic forms, Eisenstein series, and Maass forms
(whether the holomorphic forms appear depends on the sign of the variables inside the Kloosterman
sum). We divide these forms into the exceptional spectrum and the regular spectrum. The exceptional
spectrum consists of those (conjecturally nonexistent) Maass forms whose eigenvalues 7 = % +ity
have ¢y € iR. By the definition of & above we have that |z4| < 6 for all f in the exceptional spectrum. The
regular spectrum consists of everything that is not exceptional. The contribution of the regular spectrum is
handled as in [Drappeau 2017], and does not require any modification here. We improve upon the analysis
there in handling the exceptional spectrum by keeping track of the dependence on 6 (see the remark
made in [Drappeau 2017, p. 703]). The statements which are affected are [Drappeau 2017, Lemma 4.10,
Proposition 4.12, Proposition 4.13 and the proof of Theorem 2.1]. The treatment of the exceptional
spectrum rests upon a weighted large sieve inequality. These weighted large sieve inequalities are proved,
following [Deshouillers and Iwaniec 1982], by an iterative procedure.
With the notation of [Drappeau 2017], the changes to be made are as follows:
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e Lemma 4.10 bounds sums of the form

> ¥ v

q=Q feB(g.x)
qolg  treiR

2

9

3 nipse)

N<n<2N

and serves to control the first step of the recursion. The bound

Z Z y2lisl Z ”%,Ofoo(n)

q=<0 feB(g.x) N<n<2N
qolg  treiR

2
< (ON) (Qgy" + N+ (NY))N

may be replaced by the bound

<K (ON)(Qqy '+ N+ (NV¥ ("% + N'=¥))N.
This does not require any change in the recursion argument, but merely the use of the bound [77]| <6 in
the very last step [Deshouillers and Iwaniec 1982, page 278], whereby /Y /Y] is replaced by (Y/Y)%.
* In Proposition 4.12 one bounds sums of the form

1 (4r/mn
Z Ambn s Z —¢( " )Soo,l/s(m,:l:n;c)

m,n,r,s eC(00,1
o)1 ceC(co,1/s)

in terms of quantities Ly and Lexc. In place of

1
N 1+ X! MN \*+/RS
Lexe=11 — VM| b ,
exc < + RS) RS (RS+N> 1+ X || N,R,S”Z

we claim the improved

1

19 N\/1+X "N/ MmN M\:"% /RS
Lexc=qO2 (1+ _)( ) ( )(1+ ) —VM”bN,R,S”Z-

RS RS RS+ N RS 1+X

To obtain this bound one uses the new bound for Lemma 4.10 and follows the arguments of [Deshouillers
and Iwaniec 1982, Section 9.1].

« In Proposition 4.13, one bounds

D bursX(©gle.m n, 1, 5)e(mt)S(nF, £mg; sc)
c,m,n,r,s
(sc,rq)=1

in terms of quantities Ky and Kexc. The term

K2, =C>S*/R(N +RS)
can be replaced by

146
K2, = C*¥S2(R(N + RS))'% (1 + R%) .

This is seen by using the new definition on L¢x. in Proposition 4.12, and by keeping track of a factor ¢
coming from the term (1 + X H2° /0 +X).

—1+420
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« Finally, we modify the proof of Theorem 2.1 at two places. First, the bound for .4y on page 706, as
explained in the correction to [Bombieri et al. 1986], is wrong unless further hypotheses on (b, , ;) are
imposed. The correct bound in general is

1
Ao < g *(log S)>’D(NR)? [|by & sll2,

and this yields the term D?N R instead of D> N RS~!. Second, our new bound for K.y in Proposition 4.13
gives a contribution C**** S2(R(RS + N))' =2 (1 + M, /(RS))'~* instead of C>S>\/R(RS + N) in the
definition of Lgxc and L*(M;)*> on page 707 of [Drappeau 2017]. This yields a term C't* DS x

(N+RSR)'=(14+¢C/(RD))'~* instead of C2DS+/(N + RS)R in (4.39) of [Drappeau 2017], and
by following the rest of the arguments we deduce our claimed bound. (I

4. Primes in arithmetic progressions: proof of Proposition 4

The proof of Theorem 1 relies on Proposition 4, which for the convenience of the reader we recall below.

Proposition 4. Let k € (0, 1395) and & > 0. Let W and f be test functions, A > 0, X, O, W, R > 1,
and b € N. Assume that
2
QQW <KX QM XBQ'<R<QXI, b<0Q°, Q&KW
og

and that || f 9| so, |WY |0 < 1. Then, if & > 0 is small enough in terms of k, we have

> \y(%) > A(n)f<§)uR(n, bw) < Q' VX,

weN neN

The implied constant depends at most on k, A, and the implied constants in the hypotheses.

Remark 8. What is crucial in our statement is the size of the upper bound, which should be negligible
with respect to Q+/X. On the other hand, we are only interested in values of X larger than Q2. This is
in contrast with most works on primes in arithmetic progressions [Fouvry and Iwaniec 1983; Bombieri
et al. 1986; Zhang 2014], where the main challenge is to work with values of X much smaller than Q2,
while only aiming at an error term which is negligible with respect to X. The main point is that in both
cases, the large sieve yields an error term which is always too large (see [Iwaniec and Kowalski 2004,
Theorem 17.4]), an obstacle which the dispersion method is designed to handle.

In what follows, we will systematically write
X — Q2+ZD'
so that —o(1) <@ <k +o0(l) as Q — oo.

4.1. Combinatorial identity. We perform a combinatorial decomposition of the von Mangoldt function
into sums of different shapes: type d; sums have a long smooth variable, type d, sums have two long
smooth variables, and type II sums have two rough variables that are neither too small nor too large. We
accomplish this decomposition with the Heath-Brown identity and the following combinatorial lemma.
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Lemma 9. Let {t;}1<j<; € R be nonnegative real numbers such that Zj tj=1. LetA,0,8 >0 be real
numbers such that

1
.8<ﬁ’
R
-2k+o<%.

Then at least one of the following must occur:
o Type d: There exists t; witht; > % + A
e Type dy: There exist i, j, k such that % —d<titj, [ < % + A, and
*
> <o
17 ¢{ti 15,1k}
o Type IL: There exists S C {1, ..., J} such that
<) <338
jes

Proof. Assume that the type d; case and the type II case both fail. Then for every j we have t; < % + A,

and for every subset S of {1, ..., J} we have either
th <o or th > %—8.
jes jes
Let s1, ..., sk denote those ¢; with % —d<tj< %+k. We will show that K = 3. Let t;‘ be any other ¢,

so that t;‘ < % — 8, and therefore t}k < o. We claim that
*
Y tr<o
J

If not, then ) _ > % —§. By a greedy algorithm we can find some subcollection $* of the 77 such that

Since 20 < % — 4 this subcollection satisfies the type II condition, in contradiction to our assumption.

Now we show that K = 3. Observe that K > 3, since if K <2 we have

K
1=th=2si+2t;‘<2(%+)»)+a < 1.
j =t

Furthermore, we must have K < 3, since if K > 4 we have

K
1=>"1=2) si>4(3-8)> L.
j i=1

This completes the proof. U
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Using, e.g., the combinatorial identity of Heath-Brown [1982], we deduce the following.

Corollary 10. Let [ be a test function, u : N — C be any map, and X > 1. Then there exists a

sequence (C) j>o of positive numbers, depending only on f, such that we have

n
ZA(n)f(}>u(n) < (log X)¥(T\ + To + T), (14)
neN
where
Ti= sup sup ZZ ( )ﬂmu(mn) (15)
1/3+1» geG
Nili=x pes ESH
ny ny
T, = sup sup ZZZ&( )gz( >,3mu(mn1n2) (16)
X1B LNy <Ny X /3+* 81,8266 ni,naeN
MN|N2=<X Bes m~M
Ty = sup sup > " Bau(mn))|, (17)
X”<<]\]<<X|/3 S, /368 n~N
MN=X m~M

where the implied constants are absolute, G is the set of test functions g satisfying ||g/||eo < C j.and S is
the set of sequences (B,) satisfying |B,| < d(n)3.

Proof. By the Heath-Brown identity [Iwaniec and Kowalski 2004, Proposition 13.3], there exists bounded
coefficients (c;)1<y<4 such that

4

Am=>"c; > log) [ nomy
J=1 mp,...,my j
Nly.eney ny
n=mip---mjni---ny
m;<@3x)!*

for any n involved in the left-hand side of (14). Let ¥ be a test function inducing a partition of unity in
the sense that 3~ ;_, ¥ (x/2/) = 1 for all x > 0. Then we have

4
ZA(n)f(%)u(n):ch 3 S(My,.... My, Ny.....Ny),

neN J=1 (Ml,...,Mj,Nl ..... NJ)EUJ

SMi,....Ny= Y 10g<m)<1f[x/x<%))(Hu*(m,)nﬁ(%))f(%)u(ml---nn,
mi,..., nyeN j

where U is the set of 2J-tuples of powers of 2 such that %X <M;---M;N{---N;j <6X,and u*(m) =

wim) if m < (3X)£ and O otherwise. We abbreviated m---ny =my---myny---ny. The set U has

at most O((log X)?/~1) elements. By Lemma 9, for each choice of J and (My,...,N;) € Uy we

have either N > %X%“ for some N € {N,}, or %X%_‘S < N, N” < 6X35%* for some N, N € {N;},

or éX“ <N <6X 579 for some subproduct N of N; and M; (here we used that for X large enough,
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we have (3X )% < %X %*3). Sorting the sum over J and (My, ..., N;) according to this trichotomy, and
writing log(n1) = log Ny +log(n;/N)), the above is bounded in absolute values by

< (log X)X (T} + TS + T},

where
* n mn
Tf=  sup sup 1> g+ )Bnf ( 5y )],
éXSMN§6Xg€{1/é,1/:§IOg} neN
1 b € ~
6X1/3+ASN m~M
Iri<8
* nj n2 ninam
A i S\ W )P v )|
LX<NiNaM<6X  gugElyyloghl, oo 1 2 1iV2
L1 <Ny Ny<ox A PSS m~M
Ir|<8
* mn
Ti=  sup  sup |} omBuf| 5y Jutmn)).
iX<NM=6x @BESI, _y
%X“§N§6X'/3*5 n~N
[r|<8

Here the conditions m ~ M and n ~ N in the sums were added by an additional bounded dichotomy
(which is the reason for the presence of the sup over r). Finally, letting f be the Mellin transform of f,
we have by Mellin inversion f(x) = % ffooo f(it)x_” dz, and the map 7 +— f(it) is of Schwartz class
on R. In particular, for M, N, r, g, B asin T}" we have

3 g(%)ﬁmf(z,";]v)umn)

neN,m~M

< sup
teR

’

n
Z gr(ﬁ>ﬂm,tu(mn)

neN,m~M

where g,(x) = (1 + tz)f(it)x_”g(x) (the factor 1 + 72 being included so that we could write a
supremum) and B, ; = m~B,, € S. We note that g, is a test function satisfying || g,(j )||oo < Cy,
where C; := SUPO<k ¢, m<j+2 ||tkfv(it)||c,o||x_‘3g(’”)(x)||C>o can be bounded in terms of f only. This yields
the contribution of 77 in our claim. The contributions of 7, and Ty are obtained in the same way. |

In what follows, we successively consider 7}, 7> and T, which we specialize at

un) = Z \P(%)uR(n, bw),

weN
and we will write
R = X".

4.2. Type dy sums. We suppose M and N are given as in (15). The quantity we wish to bound is

n =Y w(w) Y ﬂm( > () sow X xm X x(n)g(%»-

w m~M neN x (mod bw) (n,bw)=1
(m,bw)=1 mn=1 (mod bw) cond(x)<R
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By Poisson summation and the classical bound on Gauss sums [Iwaniec and Kowalski 2004, Lemma 3.2],

Y al(f)=gtorgy X a(Gy)e(Gy)roe™.

n=in (mod bw) O<|h|<Wite/N
1
1 c N . Q°R2
N ~ bw 1 - ( ).
o(ow) E x(C)g(N) bwg(O) (X =x0)+0 W
(c,bw)=1
Therefore,
N 1 w ~(Nh mh
non =33 () Xm0 #(5,)(5,) omrien.
w (m,bwﬂ)lzl O<|h|<Wite/N
i~

Our goal is to get cancellation in the exponential phases by summing over the smooth variable w. We
apply the reciprocity formula

which implies
N 1 ~(Nh\ (bwh e a1
noem=5Yov(g) X om 3 d(gy)e(5r) romrie 01N,
w (m,bw)=1 O<|h|<Wite/N
m~M
We rearrange the sum as
N ~(NI\W _(w\ [(bwh
D DI D DENED DI { (v R (A L Cy |

(m,b)=1 0<|h|<Wite /N (w,m)=1

m~M

By partial summation and a variant of the Weil bound [Drappeau 2015, (2.4)], the sum on w is
L (b, m)WM ™" +/(h, m)¥'M) Q"
Summing over i and m, we obtain a bound
I+e 3 e 3 e
NM,N)<Q ™" +M20"+MR20".

This bound is acceptably small provided

1.3

2, 3
N (XY L xitimermsearoyerm aq N s R ylo/eroieszeeim)
Q Q1—2 :
These inequalities are satisfied, for all sufficiently small & > 0, under the assumptions
w 44w
A> d —_ 18
T 304w ¢ P T o0+w) (18)

We have proved the following.

Lemma 11. Under the notation and hypotheses of Corollary 10, and assuming (18), we have
T < Q' *VX.

The implied constant depends on A, p and @ .
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4.3. Type d, sums. The treatment of the type d, sums (16) is nearly identical to [Bombieri et al. 1986,
Section 14]. For convenience, we rename (N, N», M) into (M, N, L) so that we have MNL =< X. We
wish to bound

LM N D=3 Y (L )( 2.2 ai(G7)e (%)

~L (w,0)=1
tmn= 1 (mod bw)

_fp(;w) 2, x® Y ), 81(%)82<%)x(mn)).

x (mod bw) (mn,bw)=1
cond(x)<R

We perform Poisson summation on the m-sums to get

S n(f)= 5w oo

m=tn (mod bw) <
> g (B = E yg )10 = x0)+ O(Q°RD),
(m,bw)=1

where H = W!T¢ M~ The contribution of the error terms is
<« LN R> 0°.

The zero frequency of Poisson summation cancels out. For the nonzero frequencies we employ reciprocity

inh bwh H
(bw) e(‘ n >+O(LNW>’
and the error term contributes a quantity of size O(Q'*#). We therefore have
1 (w n ~ (Mh bwh
noN D=7 3 5 3 v(E) X oaly) Xoalg)d-5)

~L w,l)=1 n,bw)=1 O<|h|<H
oL (w,0) ( ) A

in the form

L O(Q" £ LNR?Q%). (19)
We next separate the variables 7 and w. We change variables to write

()5 L))o

Since g; and W are test functions, the integral is restricted to y < M/W. We move the integral to the
outside to write the first term of the right-hand side of (19) as

2o 3 () 2T (@) ()R e

We then use [Deshouillers and Iwaniec 1982, Theorem 12], amended as described in the correction

M
<< —  sup
yVM/W

to [Bombieri et al. 1986], more specifically, with the dictionary (the bold symbols denote the variables
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names from [Deshouillers and Iwaniec 1982])

c,C < n,N, d,D < w, W,
n,N < h,H, r,R < b, b,
5,8 <« ¢, L, bn,r,s < 1py—pe(—hy/b)B,.

Since A < %, we have H < L if ¢ is sufficiently small. Thus, with the same notation, we find the bounds
K(C,D,N,R.S) <b(NL (N + W) +N2WL2+ W2H)? and |lby.g.sl> < L°(HL)Z.
It will also be easier to sum up the bounds if we assume

N < wite, (21)
We find

To(M, N, L) < LNR? Q° + Q° (WXL +~VMNLi + L:W)< LNR? Q° + Q° (WXL ++MNL?),
the second inequality following since L*W < X2 L. This contribution is acceptable provided
M X%w/(Z—i—wH—%p-ﬁ-S, MN > X%—O—%w/(%—m)-‘:—s’ 22)
M%N% > X%+w/(2+w)+25‘ (23)

The bounds (21)—(23) are satisfied if

1l == ,_1_ _ = 1
12 20+w) 6 20+w) "6

We therefore conclude the following.

S < (24)

Lemma 12. Under the notation and hypotheses of Corollary 10, and assuming (24), we have
T K Ql_s ﬁ

The implied constant depends on A, §, p and w.

4.4. Type Il sums. In the type II case (17), we wish to prove the bound

o w l1—¢
Ta(M, N) = w(3) 2;amﬁnuR<mn, bw) < VXQ'™,
w m,
where « is supported at scale M, B is supported at scale N, MN < X, and X <K N K X373, We
have |a,,| < t(m)°M, and similarly for 8. We use the dispersion method of Linnik [1963], following
closely [Fouvry 1985]; see also [Bombieri et al. 1986, Section 10].
We interchange the order of summation and apply the triangle inequality, writing our sum as

L2

Ta(M, N)| <

m
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Applying the Cauchy—Schwarz inequality, we arrive at

Tu(M, N)* < M(log M)° VD, (25)
where
2
m w 1 w
p=Y ()] X v()h-gm X XX (i) s
m n,w X (modbw) MW
mn=1 (mod bw) cond(x)<R (mn,bw)=1
Here f is some fixed, nonnegative test function majorizing 1;; 7). It suffices to show that
DL NQ> ¢,
We open the square and arrive at
D =D; —2ReD, +Ds, (26)

say. We treat each sum D; in turn.

4.4.1. Evaluation of D3. By definition we have

— m wy w2 —— x1(mny) x2(mn3)
P '_;f(M) ZwaZZ Z”Z w(W>W<W)ﬁ”‘ﬁ”2 p(bw)pbwy)

(mny,bwy)=1  x; (modbw;)
(mna,bwz)=1" cond(x;)<R

The computations in [Drappeau 2017, pp. 711-712] can be directly quoted, putting formally

v(@) =101 )V (q/(bW)), (27)

with the modification that cond(x;x2) < R? (instead of R, as stated incorrectly in [Drappeau 2017]).
Writing H = Q°b[w;, wr M1, we get

& 1 M
p=msro(en X s X g X KX d)

wy,waxW X1, X2 O<|hl=H  d|(h,blw;,w2])
ny,ny=<N cond(x;)<R
2

= M3+ O(Q°N?R%),

where the main term is computed as in [Drappeau 2017, p. 712] to be

M wi w2 = _ @(bwiwn)
Mu=MfOD, ). 0.0 2 W(W)‘p(W)ﬁ”‘ﬂ”“(”m”bwlww(bwl)w(bwz)'

wy,w2,n1,12 X primitive
(nj.bwj)=1 cond(x)<R
cond(x)|b(w1,w2)

The error term is acceptable provided
NR> <« Q¥ °.
Since N < X7 this is acceptable provided

4—w
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4.4.2. Evaluation of D;. We have

PEEEE T ()i T (s

Wi,W2,n 112y (mod bwy) mni=1(bwy)
(nj.bwj)=1 cond(x)<R (m,wy)=1

The computations in [Drappeau 2017, pp. 712-713] can be also quoted directly with the identification (27).
We obtain
Dy = Ms+ O(RIN?Q'*).

This is acceptable if
2(1—w)

92+w)’ 29)

o< )»—i—

4.4.3. Evaluation of D;. We have

w1 w»r —_ m
D=2 2 2 % 5 )u sy )eBe 20 13 )
w w M
wi,w2,ny,n2 mn ;=1 (modbw;)
(nj,bwj)zl
ni=nj, (mod b)
We need to separate the variables w, w», ni, ny from each other, and this requires a subdivision of the
variables. We decompose these variables uniquely, following [Fouvry and Radziwilt 2018], as follows:
d = (ny, ny), ny =ddyv; with d; |doo and (d,v1) =1, n, =dvs,
qo = (w1, wa2), w; =qog; for i €{1,2}.

The summation conditions imply

(ddiv1, goq1) = (dv2, goq) = 1.

‘We therefore have

Y. Y. D Did.diq),

(d,b)=1d;|d* (qo0,d)=1

D= YYD W(q%]‘) (qo‘”)ﬂddmﬂm ) f(%)

q1,92,V1,2 mddjvi=1 (mod bqoq1)
(dvy,v2)=(q1,42)=1 mdvy=1 (mod bqpq2)
(q192,d)=(v;,d)=1
v1,91)=02,92)=(v1v2,bq0)=1
divi=v; (mod bqp)

Using smooth partitions of unity we break the variables into dyadic ranges: d < D, d; < D1, gy < Qo.
The contribution from d < D and d; < D is

o)
COMP D 3N il <MV Y 5 DI <1>

d=D dy|d® vi<N/dd, v»<N/d D di|d®
dy =D

& QSMNZDI—I-‘FSZD—],
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where the sum over go and ¢; was bounded by O(t3(|mdd v, — 1|)) = O(Q?), likewise for the sum
over g (note that mdv, # 1 and mdd;v, # 1). This bound is acceptable provided

DDy > (30)

Q2 g’
so we may henceforth assume DD « X Q~2+¢.
The contribution from g < Qg is

N2PIED VDI DENED D

q0=<Qo0 q1<Q/qo n1=ny (modqo)  _m=M

n,-xN m=n (mod goq1)
<ouy Y Loyy
q0=0Q0 q1<0/q0 ny=ny (mod qo)
l’lJ,\

<L Q°(MN?*Q;' + MN),

where in the first line the sum over g, was again bounded by 7 (|mdv, — 1|). This is acceptable provided

X X
N>>W and Qo>>w, 31D

so we may henceforth assume Qg <« X Q~2*¢.
We use Poisson summation, following [Drappeau 2017, pp. 714-716]. Let

ddiv; (mod bqoq1),

4 =bqoq1q> and ME{ —
dvy  (mod bqoq>).

Note thatq> iw > Q=% With H = g'""* M~ « Q**¢/(goM), we get, for any fixed A > 0,
my_M (M M_h) A
> i(Gp)=7 X A% )e(F) o, (32)
m=p (mod q) \h|<H

The zero frequency in (32) contributes the main term, which, after summing over d, d; and g¢ (and
reintegrating the values DD and Qg larger than X Q~%*¢ which were discarded earlier), is given by

_M ¢ d l
My .—7f(0) ZZZZ qj(w) ( )ﬂmﬁnz [wi, wa]’

wi,w2,n1,n3
(nj.bw;j)=1
ny=n, (mod b(wy,ws))

The error term in (32) induces in D;(d, di, qo) a contribution
< Q—lo N2,

and therefore in D; a contribution O (1), which is acceptable.
We solve the congruence conditions on @ by writing

divi —vy =bqot, wpddivy=1+bqoqif, pndvy=1+bqgogam,
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with t, £, m € Z. We deduce
udt =qi1€ —gom, t=q vl —qadivim.

Then we have the equalities, modulo Z,

K_ K _ 1 n £
g bgoqiqx  ddivibqoqiqa  ddiviga
1 tdd, i
= ddv1bgoq192 + V12 + dd,
_ 1 tqiv2ddy  bqoqiviga
~ ddvibgoq1> viga  dd
_ 1 L dvi v qivnddi  bgoqiviga
dd\vibqoq19> bqo Vig2 dd,

By estimating trivially the first term, we have

hu divi — vy qivadd;  hbgoqivig Hgqo
el — )] =¢ h - + o .
q bqo ) dd, NW?2

The error term here is <« Q°X !, which contributes to D, (d, d;, qo) a quantity

2+e
xazaar 1)
Xqdd d

825

(33)

and upon summing over (d, dy, qp), this contributes to D; a quantity O( 0*t¢*N?2X~!). This error is

acceptable if

N < 0> °.

(34)

Then we insert the first term of (33) in (32), and insert the Fourier integral. The nonzero frequencies

contribute a term

'R,](d,d],q()) = bWZ/ ZZZZ Z (CIOQI) <q(‘))32>,3dd1v1ﬂdv2

q1:92,V1,V2 O<l|h|<H
(dvi,v2)=(q1,92)=1
(q192,d)=(v1,d)=1
v1,91)=(2,92)=(v1v2,bq0)=1
djvi=v; (mod bqop)

bqo Viq2 dd,

qoqlqz divi—vy qivaddy  hbgoqiviqs -
x flt W2 elh — e

So far, we have obtained under the conditions (31) and (34) the bound

=M +Ri+ONQ*), where Ri:= ) Y R(d.diqo)

Q0,DD1«XQ~2te dxD
0,D, D, dyadic di=<Di
G0=Qo

)
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We now restrict the summation over ¢g; and ¢ in residue classes modulo dd;, to account for the
oscillatory factors. Let Ay, Ay € (Z/ddZ)*, and

hbgorvihy  htMgg
bn,r,s = Z Z Z 'deIVlﬂdvze<_ - > )
TRV O<|h|<H ad W
Vi =§ h(djvi—v2)=bgon

Vzdd] =r
(dvy,v2)=(v1v2,bgp)=1
(1,d)=1
dyvi=v; (mod bq)

d tqied
g(cad,n,r,S):lIJ(qLW]c>\Ij<q0W)f( qv(‘)/(; )

M ~
Ri(d, dy, qo0) = QO/ Z Ri(z, (A)) dt,

bw? J,_
r=sl A,A2 (modddy)*

Then

3 nrd
Ri(t, (Aj)) = E bnrsg(c,d,n,r, S)e<—>-
sc
n,r,s,c,d
c=\1,d=X\, (moddd)
(sc,rdbdd)=1
We apply Proposition 6, with sizes given by
w N HN
C=D=—, S=—, R=Nd N=—.
9’ dd,’ b dbqo

Let X = Q?Y. Then Y = Q7. Note that

RS=<N’D™', N« Q*N*Y"'D7'0;? <« Q°RS, C < Q°RD.
We get
~ 3
Ri(t, 1) < Q°(DD1)2 K ||bn.r.sll2,

where
0~ K2 < 0*N*D~' D, QO—2+Q2+46N4—66 D—2+29D1—20 Q62_49 (1+%)1_49+Q2N3Y_1D_1D1 Q64-
To bound the term ||by g s|l2, we assume

X Q7 =o(N), (35)

so that D = o(N) by virtue of the line below (30), and the case djv; = v, never occurs in b, , 5. Then

24-¢
5 2 0 N ( N )
Ibvrslz= D, VBaambBonl® < G55 (50 + 1

vi,v2,h
divi=v; (mod go)
O<|h|<H
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‘We deduce
6

7~€1 (t, (1)) < 0° Z Q1 N2y Ik3 an"‘D?k’S ngﬁ’
k=1

where, for each k, nx = (nx,¢)1<¢<6 is given by

1 1 260 +1 20+1 1 1
7 7 5
3 1 336 1-30 3 3
1 1 1 1
—1 -1 -1 —1 —1 ~1
{nk}: 1 2 ) 2 b 2 b 2 9 9 f
Lol e =B
3 3 3 3
b 2 1-6 1-06 b b
-3 -2 —20-3 —20 -2 -3 -3

Summing over A ;, integrating over ¢, and multiplying by Mg,/ (bW?) < Q*N~'Y Qo, we get
6
R1(d, dy, qo) < OF Z an.lN’7k,2—1Y77k,3+1D77k44+2D;7k-5+2 ng,ﬁ‘f'l.
k=1

We sum over d, d; and gg in dyadic intervals of lengths D, D; and Qy, obtaining

6
_ ¢ 5+2 2
Z Ri(d, dy, qo) < OF Z Q1 NIk 1Ynk,3+1an,4+3D;7A,5+ ng.6+ )
d=D k=1
di=<Dy, d;|d*®
q0=<Qo

(d.b)=(g0.d)=1

Finally, we sum this dyadically over Qg, D and D; subject to Qo+ DD; < Y Q. We get

6
Ry < Q° Z Q’?k,lN’?k,Z_lY’)k,3+1+maX(0,77k,6+2)+maX(Oa77k,4+3s77k,5+2)‘

k=1

Here, the terms for k =5, 6 are majorized by the term k = 1, so

R < OF 24: QGk,1N9k,2 Yek,S’
k=1
where
1 1 1426 1426
Oy=q121 131 [2-30|.[3-3¢
2 4 4-0 I-0

We conclude that
Dy =M;+ 0(Q*°N)

on the condition that N <« Q¢ min(QY 3, Q37 ~3, QU-20/(1=30) y=(4=6)/(1-30) | )3 y—5(7-20)/(1=20)y
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Upon using 6 < é, these conditions are implied by

N<X® min(X%Q_%)/(”w), X%(50—249w)/(2+w)’ X%(50—217w)/(2+w))’ (36)

and hypotheses (31), (34) and (35).

4.4.4. Main terms. The main terms M; and M3, which are real numbers by the symmetry n; < ny,
combine to form

My — M;j
1

~ w wy _ -
:Mf(O)ZZW(W)w(W) oG < 2 22 PuBux(mxG).

wi, w2 X prim ni,nz
cond(x)>R (nj.bwj)=1
cond(x)[b(wy,w2)

We may quote the computations in [Drappeau 2017, p. 717], again with the identification (27), to obtain
Mz — M| K Q°M(N+N’R7%) < Q°(X+ NXR™?).
This is acceptable provided
N> Q" and R>» Q17 (37)
4.4.5. Conclusion. Hypotheses (28), (29), (31), (34), (35), (36) and (37) are all satisfied if

1 242w w <1_ w
P=39 324w@)’

(38)

1 1
<=, w<o<=--—-8§<

8 3 37 750+w) 20+w)
We therefore conclude the following.

Lemma 13. Under the notation and hypotheses of Corollary 10, assuming (38), we have
Tn < VXQ'*.

4.5. Proof of Proposition 4. We combine Lemmas 11, 12, 13 and 9. Setting 0 = @ + ¢ and recalling

that o < %, we obtain the conditions

w )\<1 w 2482w 8<i— w w - <1_ w
12 20+w) 20+o) T 9730+w)

3C+w) "T6 20 T50tw)
The third is implied by our hypothesis on R. The first two can be satisfied whenever —o(1) < w <

% — o(1). This proves Proposition 4.
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Multiplicative preprojective algebras are 2-Calabi—Yau

Daniel Kaplan and Travis Schedler

We prove that multiplicative preprojective algebras, defined by Crawley-Boevey and Shaw, are 2-Calabi—
Yau algebras, in the case of quivers containing unoriented cycles. If the quiver is not itself a cycle, we
show that the center is trivial, and hence the Calabi—Yau structure is unique. If the quiver is a cycle, we
show that the algebra is a noncommutative crepant resolution of its center, the ring of functions on the
corresponding multiplicative quiver variety with a type A surface singularity. We also prove that the dg
versions of these algebras (arising as certain Fukaya categories) are formal. We conjecture that the same
properties hold for all non-Dynkin quivers, with respect to any extended Dynkin subquiver (note that the
cycle is the type A case). Finally, we prove that multiplicative quiver varieties — for all quivers — are
formally locally isomorphic to ordinary quiver varieties. In particular, they are all symplectic singularities
(which implies they are normal and have rational Gorenstein singularities). This includes character
varieties of Riemann surfaces with punctures and monodromy conditions. We deduce this from a more
general statement about 2-Calabi—Yau algebras (following Bocklandt, Galluzzi, and Vaccarino).
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1. Introduction

Multiplicative preprojective algebras have recently gained attention in geometry and topology. These alge-
bras appear in the study of certain wrapped Fukaya categories [29; 30], in the study of microlocal sheaves
on rational curves [12], and in the study of generalized affine Hecke algebras [33, Appendix 1]. Their
moduli spaces of representations are called multiplicative quiver varieties, and are analogs of Nakajima’s
quiver varieties. These include character varieties of rank n local systems on closed Riemann surfaces, or
on open Riemann surfaces with punctures and monodromy conditions [25; 55; 61]. Multiplicative quiver
MSC2020: primary 16G20, 16S38; secondary 16E05, 16E65, 53D30.

Keywords: multiplicative preprojective algebra, Calabi—Yau algebra, NCCR, Ginzburg dg algebra, wrapped Fukaya category,
quiver variety, symplectic singularity.
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varieties have also been studied from various viewpoints in [9; 13; 20; 22]. A quantization was defined in
[39] and further studied in [35].

Historically, Crawley-Boevey and Shaw [25] defined the multiplicative preprojective algebra to view
solutions of the Deligne—Simpson problem as irreducible representations of multiplicative preprojective
algebras of certain star-shaped quivers. Their paper establishes the foundations for much of this work.
For a fixed field k£ and a quiver Q with vertex set Q¢ and arrow set Q| and g € (k*)Qo, Crawley-Boevey
and Shaw define

aigye e KOt g
Jo  (r:=Tluep (1 +aa*)(1+a*a)~' —q)’

a quotient of the localized path algebra of the double quiver, L, by the two-sided ideal Jy generated by
the single relation, r.

Many of the desirable properties of the (additive) preprojective algebra seem to hold for the multiplicative
preprojective algebra. But establishing this rigorously is difficult, as most proof techniques in the additive
case (employing the grading on the algebra) are not available in the multiplicative case. In particular, the
multiplicative preprojective algebra is not in general a deformation of the ordinary one, nor does it have a
useful Hilbert series for a filtration (due to the localization).

In this paper we overcome these difficulties when the quiver contains a cycle, and formulate the general
expectations. This is sufficient for applications to multiplicative quiver varieties for every quiver.

The main statement is the following:

Conjecture 1.1. AY(Q) is 2-Calabi-Yau for all ¢ € (k*)20 and all Q connected and not Dynkin;
moreover, it is a prime ring, and the family A(Q) is flat in q." If Q is furthermore not extended Dynkin,
then Z(A1(Q)) = k, and the Calabi—Yau structure is unique.

Here (extended) Dynkin refers to the underlying unoriented graph being of types A, D, or E. We explain
how one can reduce the conjecture to the case where Q is extended Dynkin in Section 7D. We carry out
this procedure for Q = A, and thereby prove the conjecture for all connected quivers containing it.

Theorem 1.2. A9(Q) is 2-Calabi—Yau and prime for any q € (k*)2° and any k a field, and Q connected
and containing an unoriented cycle. The family of algebras is flat in q. If the quiver properly contains a
cycle, then Z(A9(Q)) = k, and the Calabi—Yau structure is unique.

This theorem is established in Corollaries 3.20 and 7.12, and the results of Section 8: Propositions 8.5
and 8.6, and Corollary 8.7. Each relies on technical results proven in Section 7. Before outlining the
proof techniques, we give four different perspectives on this work:

(I) Symplectic topology: wrapped Fukaya categories. Multiplicative preprojective algebras arise from

studying certain wrapped Fukaya categories. Let X be the Weinstein manifold formed by plumbing
cotangent bundles of 2-spheres according to the graph I'. Ekholm and Lekili [28] and Etgii and Lekili

1A prime ring is a noncommutative analog of an integral domain, being a ring R in which a Rb = 0 implies a =0 or b = 0.
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[29; 30] produced quasiisomorphisms,

—

W(Xr) —2 2

[29; 30]

AN

where W(XT) is the partially wrapped Fukaya category of X1, #r is the Chekanov—Eliashberg dg-algebra
and .#t is the dg multiplicative preprojective algebra following [36], with ¢ = 1; see Definition 4.3.

Since Xt is a Liouville manifold, [34, Theorem 1.3] shows that W(Xr) is a 2-Calabi—Yau category
and hence £t is 2-Calabi—Yau, as a dg-algebra. We establish this result purely algebraically, in the case
I" contains a cycle. In particular, we show in this case that

A] (1_,) _ Ho(fr) Proposiztion 44 H*(Dfr)

and hence % is formal. By Theorem 1.2, the dg multiplicative preprojective algebra % is formal.?

Consequently, deformations of the wrapped Fukaya category, W(Xr), as an As-category (respec-
tively Calabi—Yau A,.-category) over a degree zero base, are given by deformations of A'(I") as an
associative algebra (respectively Calabi—Yau algebra). The infinitesimal deformations can be identified
with HH?(A!(I")). Thanks to Theorem 1.2, A'(I') is 2-Calabi—Yau. Hence, Van den Bergh duality
identifies HH> (A (I")) with HHo(A'(I")). The techniques in [54] can likely be adapted to compute the
latter using the explicit basis for A?(Q) computed here. Furthermore, by the 2-Calabi—Yau property,
HH?(AY(Q)) = 0, so there are no obstructions to extending to infinite order deformations.

We conjecture that the same holds for every connected, non-Dynkin quiver. More precisely, in addition
to Conjecture 1.1, we expect the following:

Conjecture 1.3. If Q is connected and not Dynkin, then the dg multiplicative preprojective algebra
A91(Q) is quasiisomorphic to A9(Q), in degree zero.

We give the precise definitions and details, as well as proof in the case Q contains a cycle, in Section 4.

(IT) Quiver varieties: local structure of multiplicative quiver varieties and moduli spaces attached to

2-Calabi—Yau algebras. Given a dimension vector « € N0, the affine multiplicative quiver variety is

defined as the (coarse) moduli scheme of representations of A?(Q). Explicitly, it is the geometric invariant
theory quotient of the space of all representations

A?(Q) — EP Maty, (k)

by the action of [[; GL(c;) by change of basis. See Section 5 for more details (where we also recall a
version incorporating a stability condition).

Properties of multiplicative preprojective algebras determine properties of the corresponding multi-
plicative quiver varieties. For instance, in Section 7.5 of [55], Tirelli and the second author observe,
following [14], that the 2-Calabi—Yau property determines the (formal) local structure of the moduli space
of representations. Namely, any formal neighborhood can be identified with the formal neighborhood of

2Additi0nally, since submission of this article, the dg multiplicative preprojective algebra was shown to be 2-Calabi—Yau for
all ¢ and all " in [15].
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the zero representation of the moduli space of representations of some (additive) preprojective algebra.
This is proved in more detail here, in Theorem 5.3 (expanding on [14, Section 6], where a similar result
is given). Among other applications mentioned in [55], it follows that, when & has characteristic zero, the
corresponding multiplicative quiver varieties are normal and are symplectic singularities in the sense of
Beauville [3] (in particular, they are normal and have rational Gorenstein singularities); see Corollary 5.5.

This includes (as an open subset) character varieties of Riemann surfaces of positive genus with
punctures and prescribed monodromy conditions, as explained in [55, Section 3] (following [25; 61]).
(In the case of closed Riemann surfaces, as pointed out in [4], this statement does not require our result,
since the group algebra k[ (X)] is well-known to be 2-Calabi—Yau.)

One subtle point is that we can describe the local structure of multiplicative quiver varieties for all
quivers despite the fact that we only prove the 2-Calabi—Yau property for quivers containing a cycle
(Theorem 5.4). The key idea is that any quiver can be embedded into a quiver containing a loop and
hence any representation of a quiver can be viewed as a representation of a quiver with a cycle. Therefore,
its formal neighborhood can be identified with a formal neighborhood of the zero representation of an
(additive) preprojective algebra. For detailed definitions, statements, and proofs see Section 5.

(IIT) Noncommutative algebraic geometry: noncommutative resolutions. Although in the non-Dynkin,

nonextended Dynkin case, the center is expected to be trivial (Conjecture 1.1, proved when the quiver
contains a cycle), this is far from true in the extended Dynkin case. Indeed, ordinary preprojective
algebras of extended Dynkin quivers have a large center, the spectrum of which is a du Val singularity.
The algebra itself is a noncommutative crepant resolution of this center. Moreover, this center is the
algebra of functions on a natural quiver variety. So it is reasonable to ask if multiplicative preprojective
algebras also resolve the corresponding multiplicative quiver variety.

In Shaw’s thesis [57], he makes progress towards this question by showing that, for an extended Dynkin
quiver Q with extended vertex v, the subalgebra e, A'(Q)e, is commutative of dimension 2, with a
unique singularity at the origin; he expects that (for k of characteristic zero) the singularity there has the
corresponding du Val type (see Remark 6.5).

In further analogy to the additive case, it is reasonable to pose the following conjecture:

Conjecture 1.4. Let Q be extended Dynkin. The algebra A'(Q) is a 2-dimensional noncommutative
crepant resolution (NCCR) of its center, which is the ring of functions on the associated multiplica-
tive quiver variety M1 0(Q,8). The Satake map Z(AY(Q)) — e, A (Q)e, defined by 7 +— e,z is an

isomorphism.>

See Section 5 for the precise definition of the multiplicative quiver variety. Thanks to our aforementioned
results on its local structure, the conjecture implies Shaw’s expectation that the singularity of e, A!(Q)e,
is du Val of the corresponding type.

For Q = A,, we prove the conjecture in Section 6B. In the process, we obtain an explicit description

3We use the terminology “Satake” following the analogous one for symplectic reflection algebras at ¢ = 0 of Etingof-Ginzburg,
itself coming from the map for affine Hecke algebras proposed by Lusztig.
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of the center, Z(A! (;f,,)), which may be of independent interest.

(IV) Representation theory: Kontsevich—Rosenberg principle. A final perspective on this work involves

the Kontsevich—Rosenberg Principle which says: a noncommutative geometric structure on an associative
algebra A should induce a geometric structure on the representation spaces Rep, (A), for all n > 1. This
principle needs adjusting for structures living in the derived category of A-modules, as the representation
functor is not exact. For a d-Calabi—Yau structure on A, it is shown in [17] and [62] that the derived
moduli stack of perfect complexes of A-modules, R Perf(A), has a canonical (2—d)-shifted symplectic
structure. Since the dg multiplicative preprojective algebra is 2-Calabi—Yau, this implies that its moduli
stack of representations has a 0-shifted symplectic structure. By Conjecture 1.3, it is the same as the
moduli stack of representations of A?(Q) itself. Note that the multiplicative quiver variety can be viewed
as a coarse moduli space of semistable representations; so the aforementioned result that this variety
locally has the structure of an ordinary quiver variety is a singular analog of the statement on the moduli
stack.

We now give a brief overview of the proof of Conjectures 1.1 and 1.3 for quivers containing a cycle.
We prove Theorem 1.2 using a complex

P.:= AY(Q) ®ig, k Qo ®Brg, A1(Q) ~*> A(Q) Rig, kO1 ®rg, A1(Q) L5 A1(Q) ®rg, A(Q)

defined originally in [25] (following [56, Theorem 10.3] and [26, Corollary 2.11]) and shown to resolve
A9(Q), except for the injectivity of the map «. We show « is injective and then show the dual complex
P is a resolution of A9(Q)[—2], which implies A?(Q) is 2-Calabi—Yau.

First, we establish a chain of implications to reduce the proof to a presentation of the localization L ¢
that we call the strong free product property, established in Theorem 3.7, see Definition 3.5 or see below
for a rough definition. The strong free product property is a version of Anick’s weak summand property
in the ungraded case; see [1].

To prove the 2-Calabi—Yau property from the strong free product property we show these implications:

Strong free product property for Q :
o’ : AY(Q) *10, kQolt, (g + t)_l] — L a linear isomorphism

| Section 3A
Weak free product property for Q : gr(c’) : AY(Q) kg, kQolt] = gr(Lg) is an algebra isomorphism
{ Proposition 3.12
gr(c)1 : A1(Q) Qrg, kQolt] @k, A?(Q) — JQ/Jé is an isomorphism of A?(Q)-bimodules
| Propositions 3.11 and 3.12
P, is a length two projective A?(Q)-bimodule resolution of A?(Q)

| Theorem 3.17

A9(Q) is 2-Calabi—Yau.
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Here the isomorphism ¢ is determined by a choice of k Qy-bimodule section A?(Q) — L ¢ of the quotient
map Ly — A9(Q), but gr(o”) is independent of this choice. The element  maps to the relation, and the
filtrations used are the 7-adic one on the source and the Jp-adic filtration on L.

In Section 4, we show that the strong free product property implies that the dg multiplicative prepro-
jective algebra A?¢-9(Q) is formal. Therefore, by the results of this paper, both Conjectures 1.1 and 1.3
would follow from the following more general statement (see Section 7 for precise details).

Conjecture 1.5. If Q is a connected, non-Dynkin quiver, then o’ as above is a linear isomorphism:

(Lg,r,o,kQolt, (t+ q)~ ') satisfies the strong free product property.

Proposition 7.11 proves the conjecture for quivers containing a cycle. This is the technical heart of the
paper. Our main technique involves reduction systems over the localized ring k Qq[t, (t + ¢)~']. Using
the diamond lemma [11], we show these give unique reductions of elements of L to basis elements of
the given free product. As a consequence, A?(Q) itself obtains the module structure of a free product of
the cycle part and the rest of the quiver; see (7-12) for a precise statement.

Remark 1.6. After submission of this article Crawley-Boevey and Yuta Kimura [24, Theorem 1.1] proved
that a related, more well-studied algebra, the deformed preprojective algebra [23], is 2-Calabi—Yau, in the
case that the quiver is connected and non-Dynkin. This algebra is a deformation of the usual (additive)
preprojective algebra, given as the quotient of the path algebra of the double quiver by the single relation
D ae p,aa* —a*a— D ic 0, Mi€i, the case A; = 0 returning the original preprojective algebra. This can
also be proved via the techniques of this article, by deducing the strong free product property from the
known one for the additive preprojective algebra for non-Dynkin quivers.

Namely, the latter are noncommutative complete intersections [1; 32], shown in [54, Proposition 5.2.1]
to be equivalent, in the context of graded algebras, to the (strong or weak) free product property. More
generally, let A =TV /(r) be a graded algebra satisfying the free product property. Briefly, this means
that we have a section o : A — TV, which we can take to be graded, so that the induced linear map
o' A, k[t] — TV sending ¢ to r is a linear isomorphism. Then for every A € k, o’ also defines a linear
isomorphism by the same formula except sending ¢ to r + A. This is because, taking a homogeneous basis
of A with degree nondecreasing, we obtain a homogeneous basis of TV via the free product, and the
substitution r — r + A is a strictly triangular change of basis. Thus, the algebra TV /(r 4+ 1) also satisfies
the strong free product property. Note that the same argument given here applies if we replace r by any
filtered deformation r + r/, with r’ in degrees strictly lower than r. They also apply to the quiver context,
replacing k by kQo, hence imply that the deformed preprojective algebra satisfies the strong free product
property. It seems likely this argument can apply to many other interesting algebras.

An outline of the paper is as follows: In Section 2, we give elementary background information on
multiplicative preprojective algebras and produce an alternative generating set crucial for our approach to
the 2-Calabi—Yau property. In Section 3, we prove the 2-Calabi—Yau property for A?(Q) assuming the
strong free product property. In Section 4, using the strong free product property, we show that the dg
multiplicative preprojective algebra has homology A?(Q), concentrated in degree zero. In Section 5, we
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use the 2-Calabi—Yau property to describe the formal neighborhoods of multiplicative quiver varieties as
formal neighborhoods of the zero representation in certain quiver varieties. In Section 6 we use the 2-
Calabi—Yau and prime properties in the cycle case, together with work of Shaw, to show the multiplicative
preprojective algebra is a noncommutative resolution over its center. In Section 7, we prove the strong
free product property first for multiplicative preprojective algebras of cycles, then for partial multiplicative
preprojective algebras. Putting the two together, we deduce the strong free product property for connected
quivers containing cycles. The key point of the argument, of independent interest, is a construction of
bases of these algebras. Finally, in Section 8, we establish the prime property of A?(Q) using our explicit
bases. We furthermore show that Z(A4(Q)) = k for Q connected and properly containing a cycle. This
shows that the Calabi—Yau structure in these cases are unique, up to scaling.

2. The multiplicative preprojective algebra

2A. Definitions. Throughout the paper we fix an arbitrary field k. For each quiver (i.e., directed graph) Q,
let Qg be the vertex set, Q1 be the arrow set, and A, t : Q1 — Qo the head and tail maps, respectively.
We will assume that Q¢ and Q; are finite for convenience, but really only need finitely many arrows
incident to each vertex.

Let Q°P denote the quiver with the same underlying graph of vertices and edges, but with every arrow
in the opposite direction. Q denotes the quiver with the same vertex set as Q and Q°P and with arrow set
ou Q(l’p. For each arrow a € Q1, we write a* for the corresponding arrow in Q(l)p, and vice versa. In Q
we distinguish between arrows in Q and Q°P using a function

1 ifaeQ,

€:0) — {1}, e(a)::{_1 ifaecQ®
1

For a quiver Q, we denote the path algebra by k£ Q and follow the convention that paths are concatenated
from left to right. We have an inclusion e : Qo — kQ in order to view a vertex i € Q as a length zero
path e;.

For a € Qj, define g, := 1 +aa* € kQ. Consider the localization Lo := ké[ga_l]aeél. We write
L := Lo, when the quiver is clear from context. Notice, for all a € (_21,

gua =a+aa*a=ag,-. 2-1)
This implies
ga*a*:a*ga’ ga—la:ag;*l’ g}la*za*ga_l.
Fixing a total ordering < on the set of arrows Q, one can make sense of a product over (subsets of) the
arrow set. Using < and € we define

pi=118“ =[] & ra= [ &

acQ beQi,b<a beQi,b>a
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When we need to make the role of the total ordering < more explicit, we write p< (respectively [, <
and r, <) for p (respectively I, and r;). By definition, /, and r, are the subproduct of p to the left and

right of a, respectively. Therefore,

e(a)

p=1ag, '1a (2-2)

foralla € Q.

Definition 2.1. Fix a quiver Q and ¢ € (k*)2°. Consider Q and fix an ordering < on the arrows and a
map € as defined above. The multiplicative preprojective algebra, A9(Q), is defined to be

AY(Q):=L/J
where L = kQl[g; '] acp, 18 the localization and J is the two-sided ideal generated by the element p —g.

Note that ¢ is viewed as an element of kQ via Zier giei € kQo C kQ, and as p is invertible we need
qi #0s0e;A1(Q) #0, for all i.

Remark 2.2. The isomorphism class of A?(Q) is independent of both the orientation of the quiver and
the choice of an ordering on the arrows, by Section 2 in [25].

In the multiplicative preprojective algebra, (2-2) becomes the identity

e(a)
a

lag ra =(.
Hence

Fala = qg; <@, (2-3)

As mentioned in the introduction, we say that a quiver is (extended) Dynkin, we mean that the
underlying unoriented graph is an (extended) type ADE Dynkin diagram. We don’t consider nonsimply
laced types because, given a quiver, the associated Cartan matrix is 2/ — A where A is the adjacency

matrix of the underlying unoriented graph, which is symmetric.

Example 2.3 (Dynkin case). Let Q be a Dynkin quiver and let R be a commutative ring. Note that the
definitions of (multiplicative) preprojective algebra make sense over R. In [42, Section 5], the first named
author constructed explicit isomorphisms

A@=nQ):=Rr0 / ( Y . a*])

acQ

if 2, 3, and 5 are invertible in R; see also the earlier works [57, Lemma 5.2.1], [22, Corollary 1], [29,
Theorem 13], and [47, Section 5]. In particular, for a field k of characteristic zero, we can work over
k[[A]l and set g = e". Then AY is a formal deformation of A'. Hence, by [31, Proposition 5.0.2], there
exists some A € k[[#] such that there is a k[[#]]-linear algebra isomorphism

AY(Q)=TTH(Q) = ké/ ( Y laa'1= ) x,-ei).

aeQ i€Qo
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In A types, such an isomorphism holds over any field £ and for any actual parameter g. Namely,
identifying (A,)o = {1, 2,...,n} and (A,); = {a1, a2, ..., a,—1} with tail #(a;) = i, the isomorphism
A9(A,) =T1*(A,) is given by

ej>e, av>a, a — (qu)a;",
j>i
where A; ;= (¢; — 1) ]_[j>l. q;. Since [T1*(A,) is nonzero if and only if there exists i, j with i < j and

Zé:i Ae =0, it follows that A?(A,) is nonzero if and only if ]_[é:i qe=1.

2B. The map 0. In [25], the important map 6 : Ql — A9(Q) is defined by 6 (a) = qillaara* and extended
to kQ by the identity on Q and by requiring 6 to be an algebra map. Then Lemma 3.3 in [25] shows that

6(8a) = lagaly" (2-4)

= ra_lgara, (2-5)

so 6(g,) is invertible. Hence 0 factors through the localization L := kQ (g, 1](ZE 0, We will show 6
descends to the quotient A?(Q), with the ordering of the arrows reversed, using the following result.

Lemma 2.4. Let < denote a total order on Ql and let > denote its opposite ordering, i.e.,a > b if b < a.

Such an order fixes a bijection Ql ={a,as, ..., ag, ‘}. Then
O(ra; >) =la;< =1la; and O(la; >) =ra; < =74,
foranya; € 0.
Proof. We prove 9(raj,2) = laj by induction on j, where j = 1 is the identity (1) = 1. Then,

(aj) (IH) (aj) (2-4) (aj);— (a))
0(rajer,=) =60(8a; " )0(ra;=) = 0(8a; Moy = loy8a; 1 lay =lus8a; " =layur-

The second identity is similar and one can formally obtain a proof from the above by exchanging the
symbols r and [/, the identity (2-4) for (2-5), and the order of the multiplication. [l

Corollary 2.5. 0(p=) = p.

This corollary implies 6 descends to a map A?(Q, >) — A?(Q, <). Notice that we can similarly
define 0> : A1(Q, <) —> AY(Q, >).

Proposition 2.6. 0> 06 =Idpqs(g,<).
Proof. 1t suffices to check 6 o 6 is the identity on arrows in Q1. We have

6= (0(a)) = 0= (q " laara) = ¢ 6= (1)0= (@)0= (rav),
which by Lemma 2.4 equals

- - _ @3 —e@) @) —e(a) —e(a*
= ¢ b= @l = ¢ ra(q Nparg)ly == g @ag f = ag W @) =g, O
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3. Calabi-Yau and free product properties

The goal of this section is to prove that A?(Q) is 2-Calabi—Yau for Q containing an unoriented cycle. We
do so by exhibiting a length two, projective, A9 (Q)-bimodule resolution P, of A?(Q), whose bimodule
dual complex P.” is quasiisomorphic to A?(Q). This resolution is due to Crawley-Boevey and Shaw,
but they don’t state nor prove that it is exact. The main new ingredient we provide is the injectivity of
o which relies on the weak free product property. Hence we begin this section with a short digression
explaining the strong and weak free product properties.

3A. Free product (complete intersection) properties. Recall that, if R is a commutative ring and r € R
an element, then there is a dg analog of the quotient R/(r): the Koszul complex (R[s]/ (s2), d) with
d|g =0 and ds = r, here |s| = —1. Note here that, in spite of the notation, R[s]/ (s?) is the graded-
commutative algebra freely generated by R and a single generator s in degree —1. The quotient map
(R[s]/ (s®),d) —> R /(r) is a quasiisomorphism if and only if r is a nonzerodivisor.

Thus, in the commutative setting, the nonzerodivisor condition is the correct one for which the Koszul
complex (derived imposition of r = 0) is equivalent to the quotient algebra.

Now let us pass to the noncommutative setting. If A is an algebra over a ring S and J = (r) an ideal
generated by a single relation », we can form a canonical algebra map,

DA/ x5 S[t] = gr; A, ®lpyy=1d, D(1) =, (3-1)
where gr; means the associated graded algebra with respect to the J-adic filtration.

Definition 3.1. The pair (A, r) satisfies the weak free product property if ® is an isomorphism.

Remark 3.2. This condition is significantly more subtle than in the commutative case. In particular,
it is insufficient for r to be a nonzerodivisor. For example, if A = k[x] and r = x2, then we have
H'(A xk[s],d) > [xs — sx] # 0. (Here A is actually commutative, but we take the noncommutative
construction; for a noncommutative example, simply replace A with k(x, y).)

The weak free product property is an analog of a noncommutative complete intersection (NCCI) [32],
and closely matches the weak summand property from [1] (considered in the graded setting). We have
chosen this terminology to make the algebraic property we are using more evident.

When the context is clear, we will sometimes abuse notion and say the quotient A/J, for J = (r),
satisfies the weak free product property, even though the choice of A and r € A is important.

Given an S-bimodule section ¢ : A/J — A of the quotient map 7 : A — A/J, we can form an
associated linear map,

o:A/TxgS[t]— A, (apt™ art™ - -t"ay) — o (ag)r™ o (a))r™? - "o (ay), (3-2)

for m; > 0, for all i. The existence of such a o (and hence ) is automatic if S is separable, as is the case
when § = kQ below.
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By construction, this is S[¢]-bilinear, where ¢ acts on A by multiplication by r. It also reduces to the
identity modulo (¢) on the source and J on the target. If (A, r) satisfies the weak free product property,
then moreover the completion

G AJT %5 S[t] — A, (3-3)

with respect to the ¢-adic and J-adic filtrations, is a linear isomorphism.
The goal of the strong free product property is to find a description of A itself as a free product. The
first version is the following:

Definition 3.3. The triple (A, r, o) satisfies the strong free product property if & : A/ J s S[t] — A is an
S-bimodule isomorphism.

Remark 3.4. The choice of o is important. Let A =k{(x, y) and J = (y) so A/J = k[x]. Here k[¢] acts
on A via tf := yf. Consider two different choices

01,02 k[x] = k(x,y), o1(x+ () =x, oalx+(y)=x—xy.
Then 4, is a linear isomorphism, while > is not surjective as

x =0+ (M1 —y) =02+ (1)) Dy ¢ Galklx] i klt)).
i=0
This property is too much to expect in many situations, such as in the presence of rational functions
in ¢. To fix this, let B = S[¢, f ~11 be a localization of S[¢] obtained by inverting some f € S* + (¢),
such that the map S[¢r] — A extends to an algebra map 7 : B — A (such an extension is necessarily
unique). Let B :=¢B, so that we have an S-bimodule decomposition B = S @ B. Then & extends to a
map o’ : A/J xg B — A, which has the form

aobiay - - - bya, — o (ag)t(by) - --1(by)o(a,), a;i€A/J, b; €B. (3-4)

Definition 3.5. The quadruple (A, r, o, B) satisfies the strong free product property if ¢’ is a linear
isomorphism.

This definition reduces to the previous definition in the case B = S[¢], 7(¢) =r.

In this case, it follows by taking associated graded algebras that (A, r) satisfies the weak free product
property. Moreover, A is Hausdorff in the J-adic filtration (because the source of ¢’ is Hausdorff in the
t-adic filtration), and o’ is indeed a restriction of 5.

Remark 3.6. It is important in the definition of ¢’ to use the natural bimodule complement B = ¢ B.
Here is an example to show why (see also Remark 7.2 for another one, which we naively ran into before
realizing our mistake). Let A =k(x, y, z)/(xyz—xz),r =y,sothat A/J =k(x, z)/(xz). A basis for A/J
is given by {z'x/}; j>0. Let o : A/J — A be the section preserving this, i.e., o (z'x/ + (y, xyz — x2)) =
7'x/ + (xyz — xz). Set B:=k[t]. Then o' =G : A/J *; k[t] — A is a linear isomorphism, so (A, r, o)
is a strong free product. However, if we were to instead choose a complement B = (f — 1) B, then we
now have o’(x(t — 1)z) =0, so the map o’ : A/J %, B — A defined using B is not injective. (It is also
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not surjective, as xz is not in the image.) On the other hand, for general weak free products, using the
correct choice B =B, ¢’ is always injective.

Now we return to the setup of Q a connected, non-Dynkin quiver and g = (k*)?°. Let B :=
kQolt, (g +1)""1and B :=tB = Span(t", (/)" |m > 1}, for ' := (¢ +1)~' — g~'. We conjecture that,
for every such Q, there exists o such that the quadruple (Lo, r, 0, B) satisfies the strong free product
property. Moreover, in Section 7 we prove this conjecture in the case of quivers containing a cycle.

Theorem 3.7 (Proposition 7.11). Let Q be a connected quiver containing an unoriented cycle. Let
B =kQolt, (g +1t)" "] and let r denote the multiplicative preprojective relation. There exists a section o
such that (Lo, r, o, B) satisfies the strong free product property.

The proof of this theorem is technical and uses combinatorial algebraic techniques. Therefore we delay
its proof until Section 7, which does not result in circular logic as that section does not depend on results
after Section 2.

Remark 3.8. The connectedness assumption can be weakened as follows. If 0 = Q"L Q" then Ly =
Lo @ Lgrand A1(Q) = A?(Q") ® A?(Q") and so by adding sections, the strong free product property
for

(Lo®Lgr,r'+r",6'+0",B@®B")=(Lg,r,0,B)

follows from the strong free product properties for (Lo, ', o’, B) and (Lo, r”, ¢”, B”). So one only
needs the weaker assumption that Q is a quiver with each component containing an unoriented cycle.
But we state results in the connected setting to simplify the hypotheses.

Corollary 3.9. Let Q be a connected quiver containing an unoriented cycle. Then A1(Q) satisfies the

weak free product property. In particular, there exists an isomorphism of graded algebras

> i gr(A1(Q) *ig, kQolt]) — gr(Lo)

where the associated graded algebras are taken with respect to the t-adic and Jg-adic filtrations on
A9(Q) *k0, kQolt] and L ¢ respectively.

Remark 3.10. Note that for ordinary preprojective algebras, the free product property was observed in [54,
Propositions 5.1.9 and 5.2.1]. In fact, as these algebras are nonnegatively graded with finite-dimensional
subspaces in each degree, and one-dimensional in degree zero (connected), the strong and weak free
product properties are equivalent (and independent of the choice of graded section o), as was already
observed by Anick [1].* Moreover, if A has global dimension at most two, then these conditions are
also equivalent to the condition that A/(r) also has global dimension at most two. In the case A is a
tensor or path algebra, such algebras were called noncommutative complete intersections in [32] due
to their close relationship to the condition that representation varieties be complete intersections. For a

4Anick works in the graded context over a field rather than k Q, but his results generalize to this setting; see [32; 54].
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nuanced discussion of this relationship, including sufficient conditions for the representation variety to be
a complete intersection, see the introduction and Theorem 24 in [6].

However, in the ungraded case, we only have the implication that we need, that the free product
property implies the existence of a length-two projective bimodule resolution. Indeed, the latter property
only depends on a piece of the associated graded algebra with respect to the (r)-adic filtration, and in the
ungraded case this filtration need not even be Hausdorff. In contrast, the strong free product property
implies the Hausdorff condition and gives information about the algebra itself.

Motivated by this, we believe that the strong free product property can be viewed as an ungraded
analog of the noncommutative complete intersection property. It is an interesting question to investigate
when their representation varieties are complete intersections.

3B. A bimodule resolution of A. In this subsection, we show that for any quiver, the weak free product
property for A?(Q) implies A?(Q) has a length two projective bimodule resolution. Consequently, since
we establish the weak free product property for connected quivers containing a cycle, we prove A?(Q)
has Hochschild dimension two for connected quivers containing a cycle. For ease of notation, write
A= A(Q).

Crawley-Boevey and Shaw build a chain complex of A-bimodules P, = P, — P; N Py where,

Py = Py:= A ®rg, kQ0o ®kgy A = (Nu)vegys P1 = A iy kQ1 ®rg, A = (Na)yeg,

and

a(ny) == Z luAyry Where

a€Q:t(a)=v

B(Ma) = ani@y — Nn@a-.

A, — {naa*+ana* ifa e Q,
g aa* +ang gyt ifae O,

We claim that it is a resolution of A. To see this, following [25], we first write down an explicit chain
map of A-bimodule complexes v : P, = Q,, where Q, is quasiisomorphic to A; we then prove it is an
isomorphism. Q, is the cotangent exact sequence in Corollary 2.11 of [26], but in this context it was
defined earlier (and shown quasiisomorphic to A) by Schofield [56]. So we have the maps

v quasiiso
P, [25] Q. [56] A.

Proposition 3.11 [25, Lemma 3.1]. For any quiver Q, the following diagram commutes:

P o P / Py 4 A
ll/fz Ellﬁl EJ‘//O =lid
JJJP— s A®L Qo (L) QLA ———— A®rgy A ———— A

Where the vertical maps are A-bimodule maps defined on generators by,

Yo(ny) = pey —qey,  Y1(Ma) :=1QL[a®rgy 1 —1®rg,al®r 1, Yo(ny) =e, Rey.
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Here a and B are as defined above and y (n,) := e,. The horizontal maps are defined by

K(x+J2): =1®.6(x)®1 where §(x) :=xQ1—1Qx for x € J,
AM1QLlab®g,c—a®rg,bcl®r1): = abQio,c—a®rg,bc  fora,b,ce L,
u@®b): =ab fora,beA.

Since ¥ and | are A-bimodule isomorphisms, it remains to show v, is a A-bimodule isomorphism.
We show this using the weak free product property.

Proposition 3.12. Suppose A satisfies the weak free product property. Then P, is a bimodule resolution
of A.

Proof. Taking the i = 1 piece of the graded isomorphism

gr(e) =Y ¢i: gr(A g, kQolt, (t +9)~'1) —> gr(Lo)

1

gives an isomorphism of A-bimodules
o1 A ®kQOkQO 1 Qrgy A — JQ/Jé.

Since ¢; sends ¢ — r, it sends te, — re, = (p — q)e, and hence ¢; = ;. We conclude that i, is an
isomorphism of A-bimodules and hence i, : P, — Q, is an isomorphism of A-bimodule complexes. In
particular, P, is a resolution since Q, is a resolution. O

For a complex C, concentrated in nonnegative degrees, define the length by
len(C,) :=sup{i e N| C; # 0}.

For an algebra A, the Hochschild dimension of A is HH.dim(A) :=len(HH, (A)) and the global dimension
of A, is gl.dim(A) := Supscs-moa INfp, {len(P,)} where the infimum is taken over all projective A-module
resolutions of M.

Corollary 3.13. Let Q be a connected quiver containing a cycle. Then
gl.dim(A) < HH.dim(A) = 2.

Proof. Use P, to compute HH; (A); HH; (A) =0 for i > 2 while HH;(A) # 0. Therefore HH.dim(A) = 2.
Every left A-module, M, has a length two projective left A-module resolution P, ® y M, and hence A
has global dimension at most two. (Il

Example 3.14. Note that the inequality in Corollary 3.13 may be strict. If Q is the Jordan quiver (i.e.,
the quiver with one vertex and one loop) then

A(Q) = kla,a®)[(1 +a*a) ']/ (aa* — ga*a — (g — 1)).

The change of variables x :=a and y := a*/(g — 1) when g # 1, identifies A?(Q) with a localization of
the first quantum Weyl algebra, k(x, y)/(xy —gyx — 1), which has global dimension one.
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3C. The dual complex. In this subsection, we show for any quiver that if P, is a resolution of A7(Q),
then A?(Q) is 2-Calabi—Yau. Combining this with the previous subsection, we get that if A?(Q) satisfies
the weak free product property then A?(Q) is 2-Calabi—Yau. In particular, this shows that A9(Q) is
2-Calabi—Yau for connected quivers containing a cycle.

First we recall the notion of d-Calabi—Yau algebras [36].

Definition 3.15. A is d-Calabi—Yau if (a) A has finite projective dimension as an A-bimodule; (b)
Ext'(A, A® A) =0 for i # d; and (c) there exists an A-bimodule isomorphism

N Ext) pinea(4, AR A) — A.
The map 7 is called a d-Calabi—Yau structure.

Remark 3.16. For perfect A-modules, M and N, one has a quasiisomorphism,
RHOm 4 _bimod (M, N) => Homy _pimod(M. A® A) ®j 400 N.

Taking M = AY and N = A gives RHom 4 _pimoa(AY, A) = A ®i';‘® Ao A. The isomorphism on the level
of d-th homology realizes

n € Homy bimea (A", A[—d]) = Ext;, 1(AY, A) = HH,(A)

as a class in d-th Hochschild homology.

For dg-algebras, one further equips this structure with a class in negative cyclic homology that lifts
the Hochschild homology class of the isomorphism. But, as shown in Proposition 5.7 and explained in
Definition 5.9 of [60], for ordinary algebras this additional structure exists uniquely.

We have established P, as a A-bimodule resolution of A, if Q is connected and contains a cycle. To
show A is 2-Calabi—Yau, it suffices to show that its dual complex

RHOMA _pimod (A, A ® A) := Homyp _pimod(P., A@ A) =: P’

is quasiisomorphic to A[—2].
Define n,) € Homp _pimod(Po, A ® A) and 1,/ € Homa _pimoa(P1, A ® A) by,

ey Qe, ifv=w, er(a) ® en(a) ifb=a*,

0 otherwise .

ny (Nw) == { n, () := {

0 otherwise ,

These are generators of Py’ and P, respectively and give isomorphisms,
Py = A ®i0y k Qo ®rg, A= (), P’ =AQio kQ1 Qigy A= (n)).

Rather than directly study the dual complex P.”, we modify the formulas for «* and 8" using the
map 6, in a way that doesn’t affect the homology of the complex. Namely, after choosing generators {&,}
for Py’ and {&,} for P’, defined below, one can expand

«E) =Y agay, BYE)= ) biEb],

vEQo ae@l
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for some a,, a,, b,,, b, € A and then define

ay (Ga) = ) 0a)Eb@), By &) =D O(b,)EHD)).
veQo aeél
It suffices to show that
(P))g := Py —> P1—>Po
is quasiisomorphic to A[—2].

We prove this by establishing an isomorphism of A-bimodule complexes ¢, : P.[2] — (P.")s following
Crawley-Boevey and Shaw, so

(P¥) & 2] L2 g [2] Qusiio, App),

Theorem 3.17. The following diagram commutes:

Py Py Py A
(POTE an @1 T% I WOTE idTZ
Py « P, P Py Y A

Where the vertical maps are A-bimodule isomorphisms defined on generators by,

LnllZ ifae QP
= = v = * = @'la*’a 1>
o(ny) ==&y : qan,. ¢ (Ma) &4 {_ra*ln;/*ra ifac 0.

Note that ¢; is an invertible map since r, and [, are invertible elements of A for all a € Q 1. The
commuting of (I) becomes clear once we compute the maps « ", the content of the next lemma.

Lemma 3.18 [25, Lemma 3.2].
aV(n)) = {a*ra"Z(a)la — 8o Tl gl a” ifa € O,
- _ _ . O
¢ ra*n[v(a)la*a* _a*ga lran;,/(a)laga ! ifae Q]p-
o’ (&) = 0(a™)E @ — En@n0(a®).
oy (€4+) = a&i(a) — Enaya-
B :(po_1 oy 0.
So square (1) in Theorem 3.17 commutes.

Proof. The first two equalities are shown directly in [25] and the last two are clear from the definitions
together with Proposition 2.6. ]

Proof of Theorem 3.17. By Lemma 3.18, it suffices to show that (I) commutes. While one can similarly
compute B directly, such a calculation is unnecessary as the commuting of (II) follows from that of (I).
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Indeed, dualizing and applying (—)g to the maps in (I), produces a still commuting diagram:

(a)y
Pl +———— P Pl +———— P
((ﬁl)gl my l(sﬂo)gv = ﬂml (4 on
J N PE— N J P — LY
1 By 0 1 B 0
which shows ¢ oo = —B, 0 ¢y, i.e., (II) commutes.

The equality of maps («,),; = « follows from Proposition 2.6, and (¢o); = ¢ = ¢o follows from the
definitions. For (¢1); = —¢1, observe that it suffices to show (¢1)s = —(¢1)" and indeed,

_ _[0Uamiearh  ife@ =1,
(@1)o(Max) = (§a)o = {_00_;1)77;/0(%) ife(a) =1,
_ {ra*ngra—l if e(a) =1,

Vv
= — (p Na*)- D
—l(;lngla ife(a) =—1, (p1)" ()

So without conditions on the quiver, we have established:
Corollary 3.19. If P, — A is exact then (P, )g — A[—2] is exact and P” — A[—2] is exact.

Therefore, the 2-Calabi—Yau property for A follows from the a priori weaker Hochschild dimension two
property. In the previous subsection, we showed that A has Hochschild dimension two for O connected
and containing a cycle.

Corollary 3.20. If Q is connected and contains a cycle then A1(Q) is 2-Calabi-Yau.

4. Formality of dg multiplicative preprojective algebras

In this section we show that if Q satisfies the strong free product property, then the dg multiplicative
preprojective algebra is formal. In particular this proves Conjecture 1.3 in the case Q is connected
and contains a cycle. Moreover, it reduces Conjecture 1.3 to the remaining extended Dynkin cases and
Conjecture 1.5.

If one views the dg multiplicative preprojective algebra as the central object of study, as in [29; 30],
then we are showing one can formally replace it by the non-dg version.

We begin with an elementary lemma. It is not strictly required, but it demonstrates more transparently
the construction we will use.

Lemma 4.1. Let K be a commutative ring. Let A be the dg-algebra defined as a graded algebra to be
K[r]x K[s]with |r| =0 and |s| = —1, product given by concatenation of words, and differential extended
as a derivation from the generators d(s) =r and d(r) = 0. Then A is quasiisomorphic to its cohomology
H*(A) = K concentrated in degree zero. In fact, the identity map is chain homotopic to the augmentation
map A — K.
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Proof. Let h : A — A[—1] be the homotopy with the property h(rf) =sf and h(sf) =0 for all f € A,
and 7(K) =0. Then hod +d oh — 1,4 is the projection with kernel K to the augmentation ideal of A.
Therefore, it defines a contracting homotopy from A to K. U

In other words, the lemma is observing that A, as the tensor algebra on an acyclic complex Kr & K,
is itself quasiisomorphic to K.

Lemma 4.2. The dg-algebra A given by
AU(Q) *k0y kQolr. (r + @)™ ko  kQols],  with Ir| =0 and |s| = —1
and with differential determined by d(s) = r is quasiisomorphic to A1(Q) concentrated in degree zero.

Proof. Extending the preceding construction, define a homotopy 4 : A — A[—1] by

h(frg)=fsg, h(fsg)=0, h(fr+q)'e)=q 'h(fe)—q 'fstr+q)'g

for f € A?(Q) and g € A. The definition of 4(f(r +¢)~'g) is chosen to match the formula for 4(frg)
in the r-adic completion. There is an augmentation A — A9(Q) with kernel (r, s, 7 := (r +¢q)~ ' —¢~ ).
Notice that hod +d oh is a homotopy from the identity on A to the augmentation A9 (Q), as it annihilates
A?(Q) and is the identity on s, r, and r'. O

Definition 4.3. The dg multiplicative preprojective algebra is a dg-algebra over k Q¢ defined as a graded
algebra by

A%9(Q) = Lo %k, kQols]l, Is|=—1,la|=0fora e Ly.

The differential, d, is defined by d(s) = p —q, d(Lo) =0, and extended as a k Qp-linear derivation to
LQ *on on[S].

Proposition 4.4. If A9(Q) satisfies the strong free product property, then
Hy(A%1(Q)) = Ho(A“*(Q)) = A1(Q)
so in particular A%1(Q) is formal.
By Theorem 3.7, the proposition holds in particular if Q contains a cycle.

Remark 4.5. Note that for the ordinary preprojective algebra, I1(Q), the Ginzburg dg-algebra has
homology concentrated in degree zero for any non-Dynkin quiver: I1(Q) has a length two bimodule
resolution (see [50; 18] for the characteristic zero case, and [31] in general) which [1, Theorems 2.6 and
2.9] shows is equivalent for graded connected algebras, and [32] observes this extends to the quiver case.

Proof. The strong free product property yields an isomorphism of graded vector spaces,
Lo = A(Q) #0, kQolr, (r +¢)7'1.

5Meaning (Lo, r,0,kQolt, (t + q)71 ]) satisfies the strong free product property for some choice of .
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Hence, as complexes,

A%1(Q) = Lo %0, kQols] = AY(Q) *k0, kQolr, (r +q) ' Tig, kQols],
which by Lemma 4.2 is quasiisomorphic to A?(Q), concentrated in degree zero. It follows that

A1(Q) = H (A™1(Q)) = Ho(A™1(Q)) = A1(Q)
as dg-algebras. O
Remark 4.6. In the presence of Conjecture 1.1, formality of A%¢-9(Q) implies A8 (Q) is 2-Calabi—Yau.

Hence by Theorem 1.2, we have shown that A9¢-9(Q) is 2-Calabi—Yau, when Q is connected and contains
a cycle. One may be able to adapt the techniques in Section 3 to prove that A94:4(Q) is 2-Calabi—Yau, in
general. In more detail, writing A48 = A48 4(Q), the role of the A?(Q)-bimodule resolution, P,, should
now be played by the A%¢-dg-bimodule given by the total complex of

d,
ads ¢

B
A @rankQo-s Bra A T M @iy k01 Bro A AT @iy AT
B¢
where ﬂfg (a®sQb) =as@b—a@sb and w8 (respectively ,361 %) has the same formula as « (respectively B).

Remark 4.7. We are grateful to Georgios Dimitroglou Rizell, who pointed out that our definition differs
from that arising in symplectic geometry. Indeed in the derived multiplicative preprojective algebra, 41,
[30, page 779] define additional variables z,, ¢, with z, invertible and d(¢,) = z, — (1 +a*a), and hence
(14 a*a) is invertible only after taking homology. In contrast, we invert (1 + a*a) on the chain level in
A8 (Q). However, for our main result, Proposition 4.4, this distinction is irrelevant, as we now explain.

We claim that the dg algebra map o : 41 — A9%1(Q), given by «(z,) = (1 +a*a), a(¢,) =0, and
taking arrows to arrows, is a quasiisomorphism. To see this, note that 1 can be viewed as a bigraded
dg algebra with two differentials: set |{,| = (—1,0) and |s| = (0, —1), with horizontal differential
dy (L) = 2o — (1 +a*a), dy(s) = 0, and vertical differential dy (¢,) = 0,dy(s) = p — g. We will
show in the next paragraph that the map « induces an isomorphism on horizontal cohomology, that is,
o (A, dg)— (A%1(0),0)isa quasiisomorphism. Therefore, « is a morphism of bicomplexes (placing
the target in horizontal degree zero), that induces an isomorphism on the first page of the associated
spectral sequences. These sequences collapse on the second page. They collapse to the cohomology, since
both sequences were third-quadrant (cohomologically) and hence convergent. This proves the claim.

It remains to show that « is an isomorphism on horizontal cohomology. More generally, let A be a
graded path algebra on the quiver Q (arrows can be assigned any degrees), and let S € A be a subset of
homogeneous elements; in the case above we have A := ké*onon[s] and §:={1 +a*a}aeél. We wish
to compare two localizations. The first is the naive one, A[ f '] res- The second is given by replacing A by
the quasiisomorphic algebra A= Azy, ¢r) res, with differential d(r) =z7 — f, d(zr) =0, d(A) =0.
We then consider A [z}l] res. To compare these we use the technique of derived localization, following [16].
Since A is hereditary with zero differential, by [16, Corollary 4.20, Theorem 5.1], its derived localization by
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Sis A[S™!] (i.e., it is underived). On the other hand, A is cofibrant in the category of dg algebras equipped
with a morphism from kQo(z r) res, as it is given by cell attachment (although with nonzero differential).
So Z[z;l] = Z*k 0olzs) kQo(zf, z;l) is also its derived localization. Now the quasiisomorphism A Ais
compatible with the morphisms from the path algebra k Qo(z r) res, sending z 7 to z 7 and to f, respectively.
Thus the map A [zj?l] res = Alf -1 fes 1s a quasiisomorphism of derived localizations of A at S.

Note that by combining the two preceding paragraphs, in general, the quasiisomorphism

Alzg 27" ¢p) pes = ALf M es

induces a quasiisomorphism
Alzp, 25t ¢posi) = ALF i)

for any additional arrows s; and differential d(s;) compatible with the morphism (only assuming that
A is a graded path algebra with S a collection of homogeneous elements). The same is true replacing
Az, zj?l, ¢ r) by any other model of the derived localization of A at S.

Remark 4.8. The dg multiplicative preprojective algebra is called the Legendrian cohomology dg algebra
in [29, 3.2] where they establish that it is a multiplicative analog of Ginzburg’s dg algebra for a quiver
with zero potential defined in [36, 1.4]. It is called a capped Chekanov—Eliashberg algebra in [53,
Section 3.2] where they independently prove formality in the case Q is the Jordan quiver and ¢ =1 in
[53, Theorem 3.13].

5. Local structure of multiplicative quiver varieties and
moduli spaces attached to 2-Calabi—Yau algebras

In this section, we will assume that k is an algebraically closed field of characteristic zero.

We will use our main result to prove, as anticipated in [55, Section 7.5], that multiplicative quiver
varieties are étale-locally (or formally locally) isomorphic to ordinary quiver varieties. Our proof uses (a
generalization of) a result of Bocklandt, Galluzzi, and Vaccarino in [14] for 2-Calabi—Yau algebras. While
our main result is only proved for quivers with cycles, we are able to prove this result for all quivers.
The key idea is to embed any quiver into one containing a new vertex with a cycle, and put the zero
vector space at this new vertex. This identifies every multiplicative quiver variety with one for a quiver
containing a cycle.

We recall the definition of multiplicative quiver varieties [25; 61; 55], beginning with King’s notion of
(semi)stability. First, by an algebra over kQg, we mean a k-algebra which contains k Qg as a subalgebra.
Given a module M over such an algebra A, its dimension vector is & € N9 given by o; =dime; M, i € Q.
Given a k Qp-module V, let Rep(A, V) := Homy g -aig (A, Endi(V)) be the set of A-module structures
on V. Let Rep, (A) :=Rep(A, V) for V := P, €00 k%, called the representation space of dimension c.

Definition 5.1 [45]. Let Q be a finite quiver. Let A be an algebra over kQy, 8 € Z2° a parameter, o € N0
a dimension vector. Assume that 6 - « = 0. Then an A-module M of dimension vector « is said to be
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0-semistable if, for every submodule N := {N;};cg,, with dimension vector 8 € N9 we have B-0<0.
Furthermore M is -stable if B-6 < 0 for all nonzero, proper submodules. Let Rep?*(A, V) CRep(4, V)
be the subset of §-semistable module structures, and denote this by Rep?**(A) when V := P, co, k-

Definition 5.2 [45]. Let Q, o, and 0 be as in the definition above, and let A be an algebra over k Qy.
Then the corresponding (semistable) moduli space is

Mg(A, @) :=Rep’*(A)// GL(e). (5-1)

In the case A = A9, this is called a multiplicative quiver variety, denoted M, o(Q, o). In the case
A =T1" is a (deformed) preprojective algebra, it is called an ordinary quiver variety, denoted Mi‘?g(Q, o).
The main results of this section are the following:

Theorem 5.3. Let A be a 2-Calabi—Yau algebra over k Qy, and let p be a 0-semistable representation of
A of dimension a. Then there exists Q', o’ such that the formal neighborhood of p of the moduli space
Moy (A, a) is isomorphic to the formal neighborhood of MS?S(Q/, a') at the zero representation.

Theorem 5.4. At every point of a multiplicative quiver variety, a formal neighborhood is isomorphic to

the formal neighborhood of zero of an ordinary quiver variety.

In the case where the quiver contains an oriented cycle, Theorem 5.4 follows immediately from
Theorem 5.3 and our main result; in general, we need to enlarge the quiver; see Section 5C. Note that the
corresponding result for formal neighborhoods of ordinary quiver varieties is known; see [5, Corollary 3.4].

By Artin’s approximation theorem [2, Corollary 2.6], we can replace “formal neighborhoods” in the
preceding theorems by étale neighborhoods, since we are in the setting of varieties (by which we always
mean of finite type) over a field.

Corollary 5.5. Let A be a 2-Calabi—Yau algebra over kQqo. Then, all moduli spaces My(A, a) are
symplectic singularities. In particular, they are normal and have rational Gorenstein singularities. The

same holds for all multiplicative quiver varieties.

The proofs of these results are given in the final subsection.

5A. Generalities on completions of 2-Calabi-Yau algebras. To prove Theorem 5.3, we will need the
following results about the local structure of n-Calabi—Yau algebras at modules M, adapted from [10].

Definition 5.6. Let A and B be Ay -algebras. B is minimal if m’f = 0. B is further a minimal model for
A if there exists an Aoo-quasiisomorphism B — A lifting the identity. We make the same definitions for
Lo algebras.

In particular, if B is a minimal model for A then (B, mg ) = H*(A) as graded algebras. Kadeishvili
showed [40] that every Ao-algebra has a minimal model.
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Theorem 5.7 (minimal model theorem). Let A be an augmented Ao-algebra over a semisimple k-algebra
S. Then, A admits an augmented Ao-algebra isomorphism H*(A) @ C — A, where H*(A)' is an Axo-
algebra which, as a dg algebra, is the cohomology H*(A) with zero differential, and C is a contractible
complex such that all > 2-ary multiplications involving it are zero.

Similarly, if g is an Loo-algebra over k, then there is an Lyo-isomorphism H*(g) @ ¢ — g, where the
underlying ordinary dg Lie algebra of H*(g)' is the cohomology of g with zero differential, and ¢ is a
contractible complex such that all > 2-ary multiplications involving it are zero.

Here, an A..-algebra A is augmented over S if it is of the form S @ A where S is a subalgebra and
A is a strict ideal, i.e., all multiplications with A as an input land in A; moreover, we assume that the
only nonzero multiplication between S and A are the binary operations (i.e., the S-bimodule structure).
An augmented A o-morphism is an A..-morphism which is the identity on S, preserves strictly the
augmentation ideals, and all higher A.-structure maps vanish when one of the inputs is in .

Remark 5.8. The map A — A gives an equivalence between augmented A..-algebras and nonunital
Aso-algebras in the category of S-bimodules. This makes the statements for Ay, and L.~ algebras more
symmetric. There are also L, analogs of working over a semisimple algebra; for example, we may work
with representations of a reductive group. Given an augmented A,-algebra over a matrix algebra, the
augmentation ideal has an associated L,-algebra which is a representation of the general linear group.

Kadeishvili’s approach is direct and explicit: he constructs both the Ao-structure on H*(A)’ and the
Axo-algebra isomorphism A — H*(A) @ C. For more conceptual treatments, see e.g., Theorem 5.4 of
[41] and Remark 4.18 in [21]. For a sketch in the context of L.-algebras see Lemma 4.9 of [46].

Remark 5.9. Note that the minimal model theorem is usually stated in the literature for fields, but it is
known that the statement and proof generalizes to the case of semisimple algebras over a field.

Definition 5.10. Let A be an A-algebra. We say A is formal if there is an augmented A .-isomorphism
H*(A) — H*(A), where H*(A) has zero £-ary multiplication for £ > 3.

Definition 5.11. Given a dg associative algebra A with module M, define the derived Koszul dual algebra
with respect to M to be Ep(A) := REnd (M).

This is only defined up to quasiisomorphism, but it will not matter to us which model is chosen. Note
that if A is a Koszul algebra over S, with S the augmentation module, then up to degree conventions,
Es(A) is the completion of the Koszul dual algebra, A', with respect to the filtration by powers of the
augmentation ideal. In this case, A and A' have an additional weight grading, and (A')' = A.

Recall that, if A is an n-Calabi—Yau algebra and M a finite-dimensional module, then there is a trace
A Ext"(M, M) — k such that the composition

(—,—):Ext (M, M) x Ext"""(M, M) - Ext"(M, M) > k

is a graded symmetric perfect pairing [44, Lemma 3.4]. Since it is also graded commutative, this says that
Ext*(M, M) is a symmetric dg Frobenius algebra. In the case that R := End 4 (M) is semisimple, this says
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that Ext"(M, M) = R as R-modules. Moreover, if we realize R as endomorphisms of a k Q’-representation
(ie., R %/’ I <0, End, (k%) for some finite set Qy, and dimension vector o’ € N20) then we can write, for
Vi i=k%,
Ext"(M, M) = @ Homy (i, V)%,
i.jeQ,

for some cff‘j e N.

Moreover, in the case of interest, n = 2, we only need to consider m = 1. Then the pairing on
Ext' (M, M) is symplectic. By picking an appropriate symplectic basis on Ext! (M, M), we can write

Eth M, M) = T*( @ HOl’l’lk(V,(a), Vh(a)))’
aeQ)
with the standard symplectic structure on the cotangent bundle, for some set Q' of arrows with vertex
set Qy (i.e., extending Qf to a quiver Q" = (Q;, Q))). It turns out that the symplectic pairing on
Ext! (M, M), and hence the quiver data (Q’, «’), completely determines the dg algebra REnd(M) up to
A oo-isomorphism.

Continue to assume that R := End4 (M) is semisimple. In this case, the image, call it S, of the action
homomorphism py; : A — Endi(M) is also semisimple. We could complete A at M, meaning the
completion with respect to the filtration by powers of ker pys. This is not necessarily a quasiisomorphism
invariant, however. A better way to take the completion is by a double Koszul duality, as Ey (EyA),
where M is viewed as an Ej; A-module via the augmentation map REnd(M) — End4(M). The result is
certainly complete, and in certain cases it is indeed the completion of A (e.g., for A = k[x] with M =k,
one obtains k[[x]; see the proof of the next theorem for more cases).

Since § is semisimple, it is Morita equivalent to a direct sum of copies of k, namely k Q(, for Qj the set
of isomorphism classes of indecomposable summands of M. Then, we can replace the aforementioned
“completion” of A by a completed quiver algebra, by replacing M by M’, the direct sum of one copy of
each nonisomorphic indecomposable summand of M. Then E;Ey A is augmented over k Qp and is
Morita equivalent to the completion of A at M. More precisely, if V; = k% as before, so that End4 (M) =
D, Endi(V;), then M’ = P, V;, viewed as an E ) A module via the augmentation Ey A — Endu(M).

Theorem 5.12. Let A be a 2-Calabi-Yau algebra over k Qo and M a finite-dimensional module such that
End4 (M) is semisimple. Then Ey A is formal.

Proof. We deduce this result from [10, Theorem 11.2.1, Corollary 9.3] as follows. The latter gives a
formal local characterization of n-Calabi—Yau algebras (more generally for dg exact Calabi—Yau algebras
concentrated in nonpositive degrees) for n > 3. The proof there is valid also in the case n = 2, where it
yields that the following are equivalent for a complete augmented algebra A over kQo:

(a) A is a 2-Calabi—Yau algebra.
(b) Exp,A is formal and has a nondegenerate trace of degree —2.

In this case, A itself is isomorphic to Eyg, REnd4 (k Qo).
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Now, let A be an ordinary 2-Calabi—Yau algebra and M a finite-dimensional module with End 4 (M)
semisimple. Then Ej A = REnd4 (M) has a nondegenerate trace of degree —2. We can now apply the
aforementioned result to the dg algebra A" := Ejy Ej A, which is complete and augmented over k Q. By
construction, Eyg,A’ = Ey A (formally, this is because B := E A is its own double Koszul dual, as it is
augmented, finite-dimensional, and concentrated in positive degrees [10, Proposition A.5.4]). Thus Ey A
is formal. U

Remark 5.13. In fact, the proof shows that the following statements are equivalent for an ordinary algebra
A and module M with End4 (M) semisimple:

(a) EpA is formal and has a nondegenerate trace of degree —2.
(a’) Ep A has a nondegenerate trace of degree —2.

(b) The double dual Ey Ej A is 2-Calabi—Yau.

Since the double Koszul dual is Morita equivalent to the completed dg quiver algebra E,; Ep A, these
statements are also equivalent to this latter algebra being 2-Calabi—Yau.

Remark 5.14. As stated, [10] actually deals with the case of Calabi—Yau dimension n > 3. In this case,
one can also state a version of the theorem: instead of yielding that Es A is formal, one can only kill
the higher A-structures of Ext*(M, M) which land in top degree n. The main result of [10] can then
be stated as saying that the remaining structure of Ej A is governed by a single cyclically symmetric

element called the superpotential.

Remark 5.15. Since submission of this article, Ben Davison [27, Theorem 1.2] has proved a more general
formality result for 2-Calabi—Yau categories. As he explains, the reason for the formality is quite simple:
the Koszul dual E s A can be taken to be a cyclic Ax-algebra which is augmented over End 4 (M). This
means that, for s € Endqa(M), (m,(ai, ..., a,),s) = {a;,m,(ay, ..., a,,s)) = 0. This shows that all
Aoo-structures landing in top degree (here, degree two) vanish.

Theorem 5.12 implies that the formal moduli problem, based at M, of modules over a 2-Calabi—Yau
algebra A is equivalent to that of a dg preprojective algebra. Indeed, using the bar construction, one can
realize Ep Ext*(M, M) as the completed dg preprojective algebra of the quiver Q’, for M’ as above.
Note that the module M’ is a zero representation of this preprojective algebra: all arrows act by zero.

5B. The representation and moduli schemes. We are interested rather in the ordinary representation
moduli scheme of A, possibly using a nonzero stability condition. In this case, Theorem 5.12 will imply
that, when A is 2-Calabi—Yau the formal neighborhood of this scheme at M will be isomorphic to that of
the corresponding quiver variety.

To prove this, we use the following generalization of [14, Theorem 6.3], describing the general structure
of these schemes whenever A is an algebra with End4 (M) semisimple. Given (formal) schemes X, Y
with actions by a group G, write X x¢ Y := (X x Y)//G using the diagonal action.
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Theorem 5.16. Let A be an algebra over kQq, and a € N2° a dimension vector. Suppose that M &
Rep, (A) is a representation whose GLy-orbit is closed in some GL-stable affine open subset U of
Rep, (A). Let A’ := HPEy EyA (for M' as above). Then:

(1) Ends (M) is semisimple.
(2) There is a GLy-equivariant isomorphism WGLQ M= W) w xS GL,.

(3) The formal neighborhood of [M] in U // GL,, is isomorphic to the formal neighborhood of [M'] in
Rep, (A")// GLy.

Before we begin the proof of the theorem, as in [14, Section 6], we need to recall some of the formalism
of Maurer—Cartan loci. Let g be a dg associative or Lie algebra. Then the Maurer—Cartan locus is

MC(g) := {a € g' | da + 1[a, a] = 0}.
Let 1\716(9) be its formal completion at 0 € g'. More generally, given an A, or Lo-algebra, we can define
1\716(9) = Z(a r—>da+%[a,a]+%[a,a,a]+---) ga,

the formal subscheme of gAl cut out by the Maurer—Cartan equation (now a power series).

The algebra of functions on this formal scheme is the zeroth Lie algebra cohomology of g°,
H°CE(g~% = H°(CE(g)/((g%)*)). Here, the Chevalley-Eilenberg cochain complex is the completed dg
symmetric algebra, CE(g) = (S/y?n(g*[— 11), dcg), equipped with the Chevalley—FEilenberg differential.
For algebras g concentrated in positive degrees, this does not depend on A, or L,-quasiisomorphisms.

The Maurer—Cartan formal scheme has an infinitesimal action by the Lie algebra g°, via gauge
equivalence. The gauge action of an element £ € g° is recorded by applying the differential and
contracting with &. The categorical quotient of the Maurer—Cartan formal scheme by this action is
defined, on the level of functions, by passing to g%-invariant functions. The algebra of functions here is
HYCE(g=%)/((H g)*[—1]). For algebras g concentrated in nonnegative degrees, this quotient does not
depend on Ao, or Lso-quasiisomorphisms.

Now let A be a kQg-algebra and M a module. Consider the nonnegatively graded dg associative
algebra of k Qp-bilinear Hochschild cochains,

g :=HCrg, (A, Endi(M)) := @) Homy g, bimoa (A% 07, M),
i>0

equipped with the usual differential and cup product structure. (We remark that this is well known to be
quasiisomorphic to the usual algebra of k-linear Hochschild cochains, since k Qg is semisimple.)

Givena € gl =Homy g, —bimod (A, End; (M)), we can consider the deformation (py+a) : A — Endi (M),
with pys the original module structure. The condition for p,s + a to be a module structure is the Maurer—
Cartan equation, da + a*> = 0. Hence MC(g) = Rep(A, M), with zero corresponding to M. Thus
MC(g) = Rep(A, M)y
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Proof of Theorem 5.16. First, to show End4 (M) is semisimple, we will use Matsushima’s criterion [51]:

If G is a reductive group acting on an affine variety X, then the stabilizer of a point in a closed
orbit is reductive.

In the case at hand, G = GL,, is acting on X = U, so the stabilizer Gy = Aut(M) is reductive. So any
element x € N(End4(M)), the nilradical of End4 (M), gives rise to an element 1 + x in the unipotent
radical, which is {1} as Aut(M) is reductive. So N(Ends(M)) = 0, which implies, as End4 (M) is
finite-dimensional, that the Jacobson radical J(End4 (M)) = 0. We conclude that End4 (M) is semisimple,
being Artinian with vanishing Jacobson radical.

To obtain (2), let g be the dg algebra of k Qp-bilinear cochains, HCy o, (A, End,(M)) as before the
proof. As we explained, the completed Maurer—Cartan subscheme 1\//16(9) = 1\7[E(Q>O) is the same
as for the minimal model H*(g”°) of g>° (as these are concentrated in positive degrees). Next, let
h:=Z"(g) =End4 (M), the zero-cycles of g, which is a reductive Lie subalgebra of g°. Its action integrates
to the reductive group H = Auty (M) = GL,, so it acts semisimply. Now, we apply Lemma 5.19 below, to
obtain a quasiisomorphic L.-algebra (in fact A.o-algebra, see Remark 5.20) g’ := ez (g ® H(g).

Define H I(g) to be an H-invariant complement to the one-coboundaries B'(g) in Z!(g). The Lo-
structure maps H'(g)" — H?(g) in g are the same as the ones on any minimal model H*(g’) induced
by transfer (as in the proof of Lemma 5.19 below). This gives an embedding of the Maurer—Cartan locus
1\7IE(H *g) = 1\7IE(H >1g) of the cohomology into the Maurer—Cartan locus of g’. By Lemma 5.19, this
inclusion is compatible with the H-action, which is linear. It is also a formal slice to the infinitesimal
g action on 1\7[6(9’): the tangent space to this action is B!(g), whereas the tangent space to l\//IE(g/)
is Z!(g).

Next let us turn from the formal neighborhood of M in Rep, (A) to a formal neighborhood of its GL,
orbit. Luna’s slice theorem [48] implies that there is a (GL, )y = Auty (M) = H-stable affine subset
V C U, such that the action map ¢ : GL, x”V — Rep, (A) induces a GL,-equivariant isomorphism
onto an étale neighborhood of the orbit GL, - M. Using the fact that Aut(M) is connected, we have the
following identifications. For ease of reading let FN(X, Y) := Yx denote the formal neighborhood of X
inY:

FN(GL, -M, U) ZFN(GL, x{M}, GL, x" V) = GL, x? FN({M}, V).

Finally, we showed above that the slice V can be taken to be the Maurer—Cartan locus of H>%(g). This
identifies with R/e/m/W) M, since the latter is isomorphic to the Maurer—Cartan locus of the minimal
model H*(g). (Explicitly, since the augmentation ideal of A" acts by zero on M, Endyo,(M’) =End (M’)
is the degree zero part of the Hochschild cochain complex of M’ with zero differential, so Extg/O (M', M")
is quasiisomorphic to H>°(g).) This completes the proof of (2), as H is identified with GL, by definition
of o'.

It remains to deduce (3) from (2). First note that, since GL,, is reductive and the orbit GL, -M C U
is closed, by Hilbert’s theorem, the ideal of [M] in O(U// GL,) = O(U )GLe s the set of GL-invariant
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functions in the ideal of GL, -M in O(U). Therefore, functions on FN([M], U// GL,) are the GL-
invariant functions in the completion of O(U) at the fiber F C U of the projection U — U // GL,:

FN([M], U// GLy) = FN(F, U)// GLy .

Note that GL, -M C F, so we get a further map FN(F, U)// GL, — FN(GL,-M,U)// GL,. We
claim that this is an isomorphism. Indeed, let /g1, .» 2 Ir be the ideals. Then we are considering
two different completions of O(U// GL,) concentrated at [M], by the systems {ISLL(‘:. y) and {I?L“}.
Since U is irreducible, by Krull’s intersection theorem, (1), 16, . = 0. Hence the systems are
both exhaustive. Since Ij},/ I["]J]l is finite-dimensional for all n, both systems must yield the Ij-adic

completion (equivalently, the completion by all finite-dimensional quotients supported at [M]). We deduce
FN([M],U// GL,) =FN(GL, -M, U)// GL, . (5-2)
Applying (2), we have
FN(GL,, -M, U)// GL, ZFN(GL, -M’, Rep, (A"))// GLy .
By (5-2) applied to the first and last terms, we obtain finally the desired isomorphism. U

Remark 5.17. Part of the proof is actually showing is that the derived formal moduli stack at [M] of
representations of A is identified with the same for the dg algebra E»; E s A at the zero representation [M'].
This is true more generally, but under our hypotheses this implies the stated result by taking a truncation
and applying Luna’s slice theorem.

Remark 5.18. The second statement of the theorem is a strengthened version of the statement in [14] that
a formal neighborhood of [M] in Rep, (A) identifies with that of [M'] in Rep, (A’) times a formal disc
of dimension dim GL, — dim GL, . This is because GL,, is smooth, and taking the formal completion
at the identity, the product construction here is multiplying by such a formal disc.

The theorem above uses the following lemma:

Lemma 5.19. Suppose that b € Z(g°) acts on a dg Lie algebra g concentrated in nonnegative degrees.
Suppose that all h-subrepresentations have complements (e.g., this is true if the by action integrates to an

action of a connected reductive group H with Lie algebra V). Then there is an Lo-quasiisomorphism
¢:g=0"®Z @OOH () > 0.
where on the source, all higher brackets
hx (@)= — ¢ (5-3)

vanish. The bracket g° x g° — g is the original one. Moreover, the linear part ¢' : g’ — g is h-linear
and induces the identity on g° ® Z'(g), as well as on cohomology. Finally, =2 vanishes on b x (g')='.
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Proof. We apply the homotopy transfer formulae from [49] (stated for Ao-algebras but easily adapted to
the Lo, setting). To do this, for each i we pick a decomposition g' = B'(g) & H'(g) ® q', with B (g)
the i-coboundaries, H'(g) an h-linear complement to B'(g) in the i-cocycles Z'(g), and ¢’ a h-linear
complement to Z/(g) in g'. We then define a homotopy & : g>! — g~ via the projection g — B'(g)
followed by a b-linear isomorphism B(g) — q'~!, for i > 1, setting h|g=1 = 0.

The resulting homotopy is h-linear and has the property that t := Id —(dh + hd) is a projection onto
the subcomplex g° @ Z!(g) ® H>'(g), which is an h-subrepresentation. Call this subcomplex g'. We
have an h-linear decomposition g = g’ @ ¢ as complexes, with ¢ = im(dh + hd) a contractible subcomplex
(and h-subrepresentation).

Now use & on all of g, as in the proof of Theorem 5.7 (see the references above). We obtain a new
L o-structure on g, which is Ly-isomorphic to the original one (with linear part the identity), so that all
structures vanish on ¢ aside from the differential. The L.o-structures on g’ are linear combinations of
expressions such as

tlay, hlaz, [hlasz, a4, hlas, as]l]],

given by iteratively bracketing and applying &, except at the end where ¢ is applied.

By b-linearity of &, if x € h and a € ¢’ = im¢, then h[x, a] = [x, ha] = 0. Similarly, t[x, ha] =
thlx, a] = 0. Hence, all contributions to higher brackets h x g~! — g vanish. Similarly, ¢! vanishes
on b (since i[x, a] = 0). By construction ¢ is the identity on g° @ Z'(g) and on cohomology. U

Remark 5.20. The lemma has an associative analog with the same proof: let g be a dg associative
algebra and b is a subalgebra for which every h-subbimodule of g admits an h-complement (e.g., g is
augmented over a semisimple algebra h). Then we obtain the same result with an A..-quasiisomorphism
with higher order parts vanishing on b, and with higher multiplications on g’ vanishing on . This applies
to the situation at hand, so that we could use an A,-quasiisomorphism in the proof of Theorem 5.16.
However, it makes no difference for the Maurer—Cartan locus. (Actually, this says that the decomposition
in Theorem 5.16 enhances to a decomposition of noncommutative representation schemes, meaning it
describes representations with coefficients in noncommutative Artinian rings.)

5C. Proof of main results. In the case where A is 2-Calabi—Yau, we can use Theorem 5.12 (which
applies because of part one in Theorem 5.16) and the discussion following it, to refine part three of
Theorem 5.16. Namely, we can identify the formal neighborhood of [M’] in Rep,(A")// GLy with a
formal neighborhood of the zero representation in a quiver variety.

Corollary 5.21. Let A be a 2-Calabi—Yau algebra over kQy for a quiver Q. Let a € N2 and let
M € Rep, (A), such that GLy -M is closed in some GL-stable open affine subset, U. Then a formal
neighborhood of [M] in U // GLy, is isomorphic to the formal neighborhood Mgfig(Q’ , o) of the zero

representation in a quiver variety.
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Pick a stability parameter 6. If M € Rep,, (A) is -semistable, one has the open set Rep,, (A)?**, which
is a union of G L,-stable affine open subsets. As M lies in one such affine open subset, M satisfies the
hypotheses of Theorem 5.16 and Corollary 5.21. This implies the following corollary:

Corollary 5.22. Let Q, a, A be as in Theorem 5.16, let 6 € 79, Then for every M € Rep, (A)e'”, the
conditions of Theorem 5.16 are satisfied. So, the formal neighborhood of [M] in Mg (A, @) is isomorphic
to that of zero in Rep,, (A")// GLy, for A" as in the theorem.

Proof of Theorem 5.3. Let Q, a, A be as in Corollary 5.21, let § € Z20, and V := Rep, (A)?"*S. For every
M €V the conditions of Corollary 5.21 are satisfied. So, the formal neighborhood of [M] in V // GL,, is

isomorphic to the formal neighborhood /\/lgdg(Q/ , a')o of the zero representation in a quiver variety. [

Proof of Theorem 5.4. If the quiver Q contains a cycle, then Theorem 5.4 follows immediately from
Theorem 5.3 since A?(Q) is 2-Calabi—Yau, by Theorem 1.2.

If O does not contain a cycle, then build é from Q by adding a new vertex ip, an arrow from iy to
itself, and an arrow from io to any vertex of Q. If @ € N0 is a dimension vector then define & € NQo
such that a| g, = « and &;, = 0. Note that Rep, (A?(Q)) = Rep; (A? (é)) where ¢ is similarly such that
Glo,=q and i, = 1.

Under this identification, the GL; = GL, x GL; action factors through the projection to GL,, which
identifies the actions on the two varieties. For every 6 € Z29, extending by zero to 6, one also identifies
0-semistable representations of A?(Q) of dimension « with f-semistable representations of A9 (@) of
dimension &. Therefore, M, ¢(Q, o) =M qﬁé(é , @), 1.e., the semistable moduli spaces in question are
identical. So the result follows in general from the specific case where Q contains a cycle. O

Proof of Corollary 5.5. By [3], a (normal) symplectic singularity is rational Gorenstein. The latter is a
formal local property. By [5, Theorem 1.2], ordinary quiver varieties are symplectic singularities. Thus,
the moduli spaces in question have rational Gorenstein singularities, and in particular are normal.

Next, thanks to Namikawa [52, Theorem 4], the property of being a (normal) symplectic singularity is
a equivalent to having rational Gorenstein singularities and having a symplectic form on the smooth locus.
It remains to check the last property. (Note that this property is certainly known for many multiplicative
quiver varieties: For instance, Yamakawa [61, Theorem 3.4] showed that the stable locus is smooth
symplectic, and this is often the entire smooth locus. For another example, character varieties of Riemann
surfaces of genus > 1 (and many of genus zero) have symplectic smooth locus by [55, Section 1.2].)

To see that the smooth locus is symplectic in general, first we can assume that we are in the situation
of a 2-Calabi—Yau algebra A (in the case of multiplicative quiver varieties, the proof of Theorem 5.4 in
Section 5C identifies the moduli space with one for a 2-Calabi—Yau algebra obtained by enlarging the
quiver). At a smooth point of the moduli space, Theorem 5.3 endows the formal neighborhood of the
point with a symplectic form, given by the canonical symplectic pairing Ext! (M, M) x Ext'(M, M) —
Ext>(M, M) t%r’ k coming from the Calabi—Yau structure. This is functorial in the point of the moduli space:
the Calabi—Yau structure furnishes a fixed A-bimodule isomorphism A = Ext?(A, A°). This induces a
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functorial isomorphism
Endy (M)
[A, Endy (M)]

Composing this with the trace map we obtain the functorial trace pairing. U

Ext*(M, M) = H?(RHom(A, A°) ®Y. Endy(M)) — A ® e Endy (M) =

Remark 5.23. Alternatively, one should be able to construct the symplectic structure on the smooth locus
because the latter is an open substack of the symplectic derived moduli stack of representations of A?(Q),
shown to be symplectic in [17].

6. The multiplicative preprojective algebra of the cycle is an NCCR

The purpose of this section is to prove Conjecture 1.4 in the case where Q is a cycle. We begin with the
necessary definitions. Throughout this section, O denotes an extended Dynkin quiver (not necessarily a
cycle).

According to the conjecture, the center of the multiplicative preprojective algebra is the ring of functions
on the multiplicative quiver variety M o(Q, §). Here § is the primitive positive imaginary root. In terms
of the McKay correspondence, Q is the McKay graph of a finite subgroup I' < SL,(C), which means
that the vertices are labeled by the irreducible representations of I". In these terms, §, is the dimension of
the irreducible representation of I"p attached to the vertex v. In particular, for the cycle with n vertices,
I'=7/nZ,and 6§ = (1, ..., 1) is the all ones vector.

We next recall the notion of an NCCR. Van den Bergh [8, Appendix A] originally defined these in to
give an alternate proof of Bridgeland’s theorem that a flop of three-dimensional smooth varieties induces
an equivalence of their bounded derived categories. Van den Bergh later simplified and generalized the
definition to the following:

Definition 6.1 [7, Definition 4.1 and Lemma 4.2]. Let R be an Gorenstein commutative integral domain.
An algebra A is an NCCR over R if:

(1) A is (maximal) Cohen—Macaulay.
(2) A has finite global dimension.
(3) A = Endg(M) for some reflexive module M.°
Note that if A is derived equivalent to a commutative crepant resolution of Spec(R), then it will have
to satisfy these conditions by [38, Corollary 4.15]. (However, in general, R could admit a commutative
crepant resolution but not a noncommutative one, and vice-versa).

In our case, with dim R =2, it is convenient to observe that we don’t have to check the Cohen—Macaulay
condition:

Lemma 6.2. Let R be a normal Noetherian domain of dimension 2 over k. Let M be a finitely generated,
reflexive R-module. Then A := Endg (M) is Cohen—Macaulay.

SRecall an R-module M is reflexive if the natural map M — Hompg (Hompg (M, R), R) sending m € M to evaluation on m
(i.e.,m +— [¢p € Homgr (M, R) — ¢(m) € R]) is an isomorphism.
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Proof. Since R is Noetherian and M is finitely generated and reflexive, [58, Lemma 15.23.8] implies
that A is reflexive. Since R is 2-dimensional and normal [19, Corollary 3.9] implies that A is Cohen—
Macaulay. U

Remark 6.3. Note that, in higher dimensions, while the Cohen—Macaulay property for A is not automatic,
it nevertheless can be deduced from the Calabi—Yau property thanks to [37, Theorem 3.2(3)]. This gives
an alternative way to handle condition (2) in our situation.

6A. Shaw’s results on the center. While the center of the multiplicative preprojective algebra is in
general unknown, in Shaw’s thesis [57], he proves the following. Let v be an extending vertex.

Theorem 6.4 [57, Theorem 4.1.1]. e, A'(Q)e, Zk[X, Y, Z1/(f(X,Y, Z)) where f has isolated singu-
larity at the origin. Explicitly,

7zl L XY + XY Z ifO=A,n>1,
2% = pua(X)XZ + pu_s(X)X?Y —XY?—XYZ ifQ=Dy,n>4,
fX,Y,Z)=Z>+X?Z+Y>-XYZ if O = Eg,
Z24+V34+ X3y —XYZ if Q= Ej,
Z2—y3 XS54+ XYZ if O = Eg,

where p_1(X) := —1, po(X) :=0, and p;11(X) := X (pi—1(X) + pi(X)) fori > 1.

Remark 6.5. Shaw expected that the singularities at the origin have the du Val type corresponding to the
quiver. Over a field of characteristic zero, Michael Wemyss checked this in E types via Magma. It is also
clear that in A types, the singularity is du Val of the same type as the quiver, by the rational substitution
y = y/(1 4 z). Presumably it can be checked that in type D (over characteristic not equal to two) the
singularity also is the corresponding du Val one.

Note that having du Val singularities is equivalent to the statement that the minimal commutative
resolution is symplectic, i.e., 2-Calabi—Yau. Thanks to [59], it is also true that if a Gorenstein surface
admits an NCCR, then it has du Val singularities. This is another reason to believe Shaw’s expectation.

Remark 6.6. Suppose as expected that the singularities are du Val. Then, as in [43], one may construct an
NCCR from the minimal resolution. It seems an interesting question to show that this is Morita equivalent

to A'(Q).

This motivates the final statement in Conjecture 1.4, that the Satake map, Z(A'(Q)) — e, Al (Q)e,,
given by z — e,z, is an isomorphism. With this in place, the above translates into an explicit description
of the center.

6B. Proof of Conjecture 1.4 for a cycle. Fix n > 1. In the remainder of this section we prove
Conjecture 1.4 for Q = A,. As a consequence, using Shaw’s result, we conclude:

Corollary 6.7. The center of A! (Zn) is isomorphic to k[X, Y, Z1/(Z" + XY + XY Z).
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The steps of the proof of Conjecture 1.4 for A, are as follows:
(1) First we show that A! (Zn) is isomorphic to an NCCR over e\ ! (Kn)eo.

(2) Then we use the preceding result to establish that the Satake map Z(A! (Kn)) — egA! (Zn)eo, is an
isomorphism.

(3) To complete the proof we consider the canonical map Z (A! (Zn)) — k[Mo.1 (Xn, 8)], given by
associating to a central element and a simple representation the scalar by which the element acts in
the representation. We show that this is an isomorphism.

We carry out these steps in the next subsections.
In the first step, we will make use of the prime property for A' (A,). We state the prime property now,
but defer the proof until Section 7, as our proof uses an explicit basis produced in Proposition 7.1.

Remark 6.8. Note that there is no circular logic in the paper, as Section 7 does not rely on any results
after Section 2, and hence could instead fit logically between Sections 3A and 3B, whereby every result
would be proven in order. We decided that, due to the technical nature of Section 7, whose methods are
not used in the preceding material, it would be better to use its results as a black box in Sections 3B-6.

Definition 6.9. Let R be a ring. We say R is prime if r Rr' =0 implies r =0 or v’ =0, for all , ¥’ € R.

For a commutative ring, this recovers the usual notion of an integral domain, i.e., that the zero ideal is
a prime ideal.

Example 6.10. For a nonexample, take B = ®,en By, to be a finite-dimensional N-graded algebra not
concentrated in degree zero. Then there exists N € N such that B,, =0 for all m > N but By # 0. Pick
b € By nonzero and notice that bBb € &,,>on B;, = {0} since 2N > N. Hence B is not prime.

In particular for Q Dynkin and k = C, A'(Q) = I1°(Q) is a finite-dimensional N-graded algebra and
therefore not prime. However, for Q = A, and g = (1/2,2) # (1, 1), then A9(Ay) = M-bbA,y) =
Mat > (k) is prime.

Proposition 6.11 (Proposition 7.3). A‘I(Zn) is prime for alln > 0 and all g € (k*)"*1.
6B1. The NCCR property. We first show that the multiplicative preprojective algebra is an NCCR (Step 1).
Proposition 6.12. A' (A~,,) is isomorphic to an NCCR over eg A (Zn)eo.

Proof. Define A := A! (Zn) for ease of notation. Write the vertex set as {0, 1, ..., n} and the arrow set
{ao,aj, a1, ay, ..., a,, a;}, witht(a;) =i =h(a}) fori <n butt(a,) =0=h(a;). So the multiplicative
preprojective relation at each vertex is

* * i
apay + aya, + apagapa, ifi =0,
ei(p—1)=\ara,+a,_ja,—1 +a,ana;_ja,—1 ifi=n,
aa’ —aj_a;_ otherwise.

Shaw’s isomorphism in Theorem 6.4 takes the form

apag —> Z apay---ap—ya, —> X aga,_qa,_,---ay Y.
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Define M := epA and note that M = @7_ M; where M; := epAe;. Observe that M; = (Z',Y), the
two-sided ideal generated by Z’ and Y in A, as egAep-modules via a map,
agay - a1 > aody - --ai_1ar_ja;_,---al = (apal) = 7'

ana,_i---a’ v+ aga,_,---a5 =Y.

Define the map
A -5 Endgyae, (M),

on generators by sending the idempotent e; at vertex i to the projection map M — M;, and sending the
arrows as follows:

ay ao itz \
[ a*
n 0

N A \ /

| M,

[ R}

where ¢ denotes the inclusion map. This map is well-defined at vertex 0 and n since
-YZ -YZ? —-Z(1+2)
+ + =Z+—F-—

Y(1+2) Y(1+2) (1+2)

and at vertex i # 0, n since Z — Z =0.
The surjectivity of ¢ follows from the observation that every eg Aeg-module map of ideals is given by

=7Z-72=0

left multiplication by some element of the field of fractions of egAeg. The injectivity follows from the
fact that A is prime (Proposition 6.11) and injectivity on egAeg, as we now explain.

By definition of primality, for any a, ¢ € A both nonzero, there exists b € A such that abc # 0. Fix
y € A nonzero and take a = ¢y and ¢ = y to get a nonzero path y’ € egA containing y as a subpath.
Then take a = ¥’ and ¢ = ¢( to get a nonzero path y” € egAeg containing y as a subpath. Since ¢ is
injective on egAeg, ¢ (") # 0. Hence ¢(y) # 0 and ¢ is injective.

To complete the proof that A is an NCCR, we need to show that the module M = ey A is a reflexive
eoAeg-module. The computation above shows that

Homeero(Mi, Mj) = eiAej = Mj—i

as a module over egAey = e; Ae;, so in particular Homg ., (M, egAeg) = ®ie;Aeg = M. So M is
self-dual and hence reflexive as a egAeg-module. |
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6B2. The center. Observe, if A is an NCCR over some ring R, then the center Z(A) is an R-algebra.
Under suitable hypotheses, they are actually isomorphic. For example, this holds if R an integrally closed
Noetherian domain, by Zariski’s main theorem (as Spec Z(A) — Spec R is finite and birational).
Instead of using this to establish our isomorphism, we consider an explicit map in the other direction.
More generally, suppose A is a ring, e € A is an idempotent, and R := eAe. Then we have a canonical
map
Z(A) > R=cAe, z+> ez. (6-1)

We call this the “Satake map” following the terminology for Hecke algebras, symplectic reflection algebras,
etc.

Under natural conditions, the Satake map is well known to be an isomorphism. Namely, note that eA
is an (eAe) — A bimodule, and End o (¢eA) = eAe. Then we have a natural map A°® — End,4.(¢A).

Lemma 6.13. Suppose that (I) the natural map A°® — End.4.(eA) is an isomorphism, and (II) eAe is
commutative. Then the Satake map (6-1) is an isomorphism.

Proof. We have an identification
Z(eAe) = Endopegacr(eA) = Z(A) z+> ez.
Since e Ae is commutative, Z(A) = eAe, via the Satake map. O

Corollary 6.14. The Satake map (6-1) is an isomorphism for A = A! (Zn) and e = ey, the idempotent at

any vertex.

Proof. This is a direct consequence of Lemma 6.13, once we check hypotheses (I) and (II). Thanks to
Proposition 6.12, A = End,4.(eA) so (I) follows from A = A°P, a consequence of the independence
of orientation established in [25, Theorem 1.4]. By Shaw’s Theorem 6.4, (II) holds (alternatively, the
commutativity of the generators can be checked directly). (Il

Corollary 6.15. A' (X,,) is an NCCR over its center.

Proof. This follows immediately, provided we identify the Z(A' (gn))-module structure on A! (;fn) with
left multiplication. Indeed, given z € Z(A! (gn)) (by tracing through the above maps) its action on
End, 17 ). (M) via the Satake map is multiplication by ez. g

Note that Corollary 6.14 and Theorem 6.4 immediately imply Corollary 6.7.

6B3. The center as functions on a quiver variety. It remains to identify the center with the algebra of
functions on the multiplicative quiver variety.
In general, given a kQp-algebra A and a finite-dimensional k Qg-module V, we have a canonical
algebra homomorphism ev : A — k[Rep(A, V)] ® End(V), called “evaluation”: ev(a)(p) = p(a).
Suppose that p : A — End(V) is an irreducible representation. Consider z € Z(A). If k is algebraically
closed, then by Schur’s Lemma, p(z) = A, ; Idy for some scalar A, ;. However, we don’t assume here
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that k is algebraically closed. We could fix this by passing to the algebraic closure, but this turns out to
be unnecessary as follows.

Lemma 6.16. Suppose that v € Qg is a vertex with dim V,, = 1. Suppose p is an irreducible representation.
Then End(p) =k - 1dy.

Proof. If ¢ € End(p), then p(e,)d = ¢pp(e,). Therefore, ¢ preserves p(e,)V = V,,. As this has dimension
one, we have ¢|y, = Aldy,. Now, ¢ — A Idy is not invertible. By Schur’s lemma over a general field, this
implies that ¢ — A Idy is zero. So ¢ = A 1dy. O

Corollary 6.17. Let Qq, A, V, v and p be as in Lemma 6.16. If z € Z(A), then p(z) € End(V) is a scalar.
Proof. Note that p(z) € End(p). Then apply the lemma. U

Corollary 6.18. Suppose that for some vertex v, we have V, = 1, and moreover that there exists an
irreducible representation A — End(V). Then the restriction ev |z is an algebra map Z(A) —
k[Rep(A, V)] -1dy.

Proof. Let U € Rep(A, V) be the locus of representations p such that End(p) = k - Idy. This is a
Zariski open subset, since k - Idy is always contained in End(p). If p € Rep(A, V) is irreducible, then by
Lemma 6.16, p € U. Thus, by our assumptions, U is nonempty. Since Rep(A, V) is a vector space, it is
irreducible. We conclude that U is Zariski dense.

Now, for every z € Z(A), ev(z) : Rep(A, V) — End(V) is scalar-valued on U. As U is dense, it is a
scalar on all of Rep(A, V). Hence ev(z) € k[Rep(A, V)] ®Id. As z was arbitrary, we obtain the result. [

Back to the situation at hand, for convenience let us orient Avn clockwise (note that the statement does
not depend on orientation). We consider the vector space V = k¢, which has the property dim V, = 1
for all v € Qg. Consider the representation on V where each clockwise arrow is the identity (i.e., the
one-by-one matrix [1]) and each counterclockwise arrow is zero. This defines a representation of the
localization Lo that descends to an irreducible representation of A'(Q). Therefore, having satisfied the
hypotheses of Corollary 6.18, we obtain a canonical map

evz: Z(A'(Q)) = k[Mo1(Q, d)]. (6-2)
Proposition 6.19. The map evy is an isomorphism.

Proof. To check surjectivity, let f € k[My 1(Q, §)] = k[Rep, (A'(0))]%. We wish to show that
f eevz(Z(A'(Q))). Note that f is a polynomial in the matrix coefficient functions of the arrows (these
are one by one matrices). To be invariant under GL,, the polynomial must in fact be a polynomial in
the functions defined by closed paths in the quiver: each such closed path is canonically a scalar, as it is
an endomorphism of a one-dimensional vector space. Thus it suffices to assume that there is a single
closed path a € ex A (Q)e, such that p(a) = f(p) -Idy, for all p. As the Satake map is an isomorphism
(Corollary 6.14), we must have a = e,z for some z € Z(A'(Q)). Then, p(a) = evz(z) -Idy,. Hence
f(p) =evz(z) for all p € Rep, (A'(Q)). This shows that evy is surjective.
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By Corollary 6.7 the source is an integral domain. Since we already proved surjectivity, injectivity
will follow provided that the target also has dimension at least two. This can be seen by constructing a
two-parameter family of representations, e.g., we can take the representations with all clockwise arrows
a matrix (a) and all counterclockwise arrows a matrix (b), with ab # —1. Alternatively, this statement
follows from Theorem 5.4. O

7. The strong free product property

In this section, we prove the strong free product property for connected quivers containing a cycle. We
first establish the strong free product property for the quivers A, forn >0 using the diamond lemma to
build a section of the quotient map 7w : L — A? (A,). Then we establish the more general result using the
corresponding result for partial multiplicative preprojective algebras; see Section 3A for the prerequisite
definitions.

As results in Sections 3B, 3C, 4, 5, 6 rely on results established in this section, the reader should note
that we do not use any results beyond Section 3A; see Remark 6.8.

7A. The case of cycles. Consider the quiver Xn_l with vertex set (Xn—l)O :=1{0,1,...,n—1} and arrow
set (Kn_l)l ={ao, ay,a1,aj,...,a,-1,a,_,}witht(a;)=i and h(a;) =i+1 (mod n)i <a; 1 <a;'f <a;f+1
forall i, j € {0, 1, ..., n —2}. The multiplicative preprojective algebra for this quiver, with respect to the

ordering, is defined to be

- L
Aq(Anfl) = =1 . = . 1 " - =. 7
<Hi=0(1+aiai)ni=0(1+ai a) t =3 qtei>

Writinga := ), a;,a*:=) ;af,and g =), gje; since

n—1 n—1
l+aa™ =1 +Za,~a;" = l_[(l +aja’), l+a*a=1 -l-Za;ka,' = l_[(l +aia;)
i i i=0

i=0
we have -
A1,y s= St 00D L Q0 ]
We write r := (1 + aa*)(1 + a*a)~! — g for this relation, S for the degree zero piece k(gn,l)o of

Aq(}\v,,_1). As in Section 3A, let B := S[t, (g +1)"'] and B=1B, spanned over S by ™, (t')", m > 1,
fort :=(q+t)"'—g L Letr' :=(q+r) ' —q~ .

We construct o : L/(r) xs B — L so that (L, r, o/, B) satisfies the strong free product property using
an explicit basis.

Proposition 7.1. L is a free left S-module with basis consisting of 1 together with all alternating products
of elements of the following two sets, for x :== (1 +aa™):

B = {x"a’, x" @) \meZ eN). R:={", )" |meN).
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In particular, B forms a basis for A"(Zn,l) = L/(r),and (L, r, o, B) satisfies the strong free product
property, with o induced from the inclusion of B into L.

Proof. Note that, for every vertex i, we have e;a = ae; for a unique j, and similarly for the elements

a*, x,y:=1+a*a, x 1 y_l, and by definition, e;r = re;. Therefore L is spanned as a left S-module by

1

noncommutative monomials in a, a*, x, y, x~', y~!, r, and ’. Define M := (a,a*, x, y,x~ 1, y~ ', r, 1)

the set of monomials and P := S{a, a*, x, y, x 1 y_1

, 1, 1’} the set of noncommutative polynomials with
coefficients in S.

The set of relations, R, is the two-sided ideal generated by

'=1=y7ly, x=14aa*, y=1+a*a, (7-1)

r=xy '—q, r=yxl1—ql. (7-2)

xx '=1=x"1x, yy~

So we have the presentation L = P/R and hence A? (Zn,l) =P/(R,r).

The idea of the proof is to produce a basis of the quotient L = P /R by realizing it as an S-module
subspace Py C P spanned by irreducible monomials, defined below.

That is, we define an ordering, <, on the set M. Then we use this ordering to build a system of
reductions {r;} from R by reading each relation R; € R as an S-module map, r;, taking the leading term
It(R;) to the smaller term It(R;) — R;. We extend r; to M via alt(R;)b — a(It(R;) — R;)b for a, b € M.
We say m € M is irreducible (or in normal form) if every reduction is the identity on m or, equivalently,
if m doesn’t contain the leading term of any relation as a submonomial.

We will show that every m € M, reduces uniquely to normal form, m’ € Py, after applying finitely
many reductions. This implies the S-module map r: P — Py, given by S-linear extension of m +— m’ is
well-defined. Hence r splits the inclusion map Py — P. As ker(r) = R, we conclude that r induces an
S-module isomorphism L = P, and the set of irreducible monomials gives our desired basis.

First we equip M with an ordering. Fix w, z, 7/ € M and subsets Z, Z' C M. Define

n;(w) := the number of occurrences of z in w, (7-3)

n;(w) := the number of occurrences of z and 7’ in w with z appearing before 7/, (7-4)

nz(w):= > n(w) and nzz:= Y  ng... (7-5)
z€Z z€Z,7€Z’

Define a function N : M — N3 taking w to

N(U)) = (na(w), n{a’a*}’{x’x—l’y’y—l}(w), n{ax’ax—l}(l,l)), I’l{y'y—l}(U)), I’l{r’r/}(U))) € NS. (7-6)

Define the ordering w’ < w in M if N(w’) < N(w) in the lexicographical ordering on N°. This induces
an ordering on P, by extending N to P, via N(}_; m;) := max;{N (m;)}.
Next, using this ordering, we define a system of reductions from the relations in (7-1), (7-2):

1 1

oy lye 1

Inverse reductions: xx~ !, x~1x, yy~

Short cycle reductions: aa*+— x —1,a*a+> y — 1.
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Reordering reductions: a*x*! — y*la*, ay*! s x*la.

Substitution reductions: y~' > x~!1(r +¢q), y = (*' + ¢~ ")x (if not preceded by a); ax — a(r +q)y,

ax Vs ay ' +q7 ).

Reductions in B: rr/, r'r > —qr' — q_lr.

By design, if w’ is obtained from w by applying a reduction, then N (w’) < N (w). This implies that
any sequence of reductions terminates in finitely many steps, by the descending chain condition for the
lexicographical ordering on N°.

Next observe that under this reduction system m € M is in normal form (or irreducible) if and only
if it is alternating in ‘B and R. Therefore, the set of alternating words in ‘B and ‘R is a spanning set. It
remains to show that m € M reduces uniquely to normal form, which establishes linear independence.

To prove uniqueness, we need to show whenever w reduces to | (w) and r,(w) that each further reduces
to the same irreducible w’. Bergman’s diamond lemma says to show uniqueness for all monomials w it
suffices to show uniqueness for specific w = xyz where xy and yz are both leading terms for a relation in
(7-1), (7-2) [11, Theorem 1.2]. These w are called overlap ambiguities. If the two reduced expressions of
w = xyz (i.e., r1(xy)z and xr,(yz)) both further reduce to the same w’, we say the overlap ambiguity
resolves. To complete the proof it suffices to show all overlap ambiguities resolve.

Next, notice that any unresolvable ambiguity involving y*! gives rise to an unresolvable ambiguity not
involving y*! by applying the substitution or reordering reductions. So it suffices to check ambiguities in
the following smaller system of reductions:

Inverse reductions:

(Dxx ' 1. ) x x5 1.

Short cycle reductions:

(3)aa* s x — 1. @ a*as ' +q9 Hx —1.

Reordering reductions:

(5) a*x ¥ (' +q Hxa*. (6) ax V> gxa — qar'x.
(Dax ' xla@’ +497h. ®) a*x ' x 7L r + ¢)a*.

Substitution reductions:

@)y a7l +9). (10)y = (' +¢ Hx.

Reductions in B:

A rr' > —qr' —q~'r. A2)r'r > —qr' —q~'r.

The substitution reductions and reductions in B don’t overlap with any others, so the only overlap
ambiguities are amongst the (1)—(8), involving the generators a, a*, x, x~! only. The inverse, short cycle,
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and reordering reductions are quadratic in these generators giving rise to the following 12 cubic overlap

ambiguities:
@ xx'x (V) a*aa* (VID) a*x~'x (X) a*ax
an x 'xx! (V) a*xx~! (VIID) ax~'x (XI) aa*x~!
(1) aa*a (VD) axx™! (IX) aa*x (XID) a*ax™!

The resolutions of (I) and (II) are immediate (and are completely general, having to do with a basis for
k[x, x~']). Here is a summary of the remaining resolutions of ambiguities:

(I (r3 —rgors)(aa™a) =0 (VIII) (rgory — r2)(ax_1x) =0
(IV) (ra—rsorz)(@*aa™) =0 (IX) (r3—r3orgors)(aa*x) =0
(V) (rsors—r)(a*xx~") =0 (X) (rq—rgorgorsorg)(a*ax) =0
(VI) (r7org—ri)(axx~1) =0 (XI) (r3—ryorjorg)(aa*x~H =0

(VII) (rsorg—r)(a*x 'x)=0 (XII) (ra—raorgory)(a*ax =0

We explicitly demonstrate (X), one of the more involved resolutions:

a‘ax = (@*a)x = [ + ¢ Hx —1lx = '+ ¢ Hx® —x,

a*ax = a*(ax) —— a*(gxa — qar'x)

r40rs

N q(r/—i—q_l)xa*a —q((r' +q_1)x —Dr'x
s g + g D +q Hx = 1) —q(' +¢ Hx — Dr'x
=g’ +q Dx(g x=D+gr'x=0"+¢ Hx*—x. O

Remark 7.2. The choice of B was important here. If we instead had defined it so that (g +1)~! € B,
i.e., if we replace r’ = (¢ + rNl—g len by (g + r)~!, then our desired basis would no longer be
linearly independent. Indeed, reducing aa*a one way, we get (x — 1)a = xa — a, which is irreducible,
whereas the other way we geta(y — 1) =a(q + r)~'x — a, also irreducible. That is, xa = a(g + ) x,
an equality of two distinct irreducible elements.

Proposition 7.3. AY (Xn) is prime for alln > 0 and all ¢ € (k*)"+1.

Proof. We need to show, for every pair f, g € A9 (A,), both nonzero, there exists some h € A4 (Zn) such
that fhg # 0. It suffices to show that there exists vertices i, j and & such that e; fe;hg # 0, and hence we
can take f to be a linear combination of basis elements that all begin at i and end j. By right multiplication
by a"~/ or (a*)/, one can take f to be a linear combination of basis elements ending at vertex 0. By left
multiplication by a’ or (a*)"~" and then applying reordering reductions — the g-commutator, ax — gxa
is zero, for instance, in A4 (Zn) —one can take f to be a linear combination of basis elements starting
and ending at vertex 0. In fact, f is of the form eq fi (x, x ™) f2(a"*!), where f; # 0 and f> has nonzero
constant term. And similarly, we can take g = egg1(x, x 1) g2(a"*!). Then their product has nonzero

term e f1(x, x 1) f(a™t1)(0)g1(x, x 1) g2 (a™+1)(0) and hence is nonzero. O
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7B. Partial multiplicative preprojective algebras. First we define a partial multiplicative preprojective
algebra following the definition of a partial preprojective algebra by [31, Definition 3.1.1].

Definition 7.4. Fix a quiver Q and g € (k*)©0. Define a partition of the vertex set Qo = BLIW into a
set B of black vertices and a set W of white vertices. The partial multiplicative preprojective algebra of
(Q, W) is
AY(Q.W):=L/(rg), where rg:=1lprlg, for lg:=) ej.
jeB
In words, we don’t enforce the relations at the white vertices. Hence this algebra interpolates between
A9(Q, Qo) = L and A?(Q, @) = A1(Q).

Definition 7.5. Let Q be a quiver and let I" be its underlying graph. Fix R C Qg:

e A subgraph T C I' is a tree if it is connected and acyclic.
e Atree T C I is rooted in R if it has a single vertex, called the root, in R.
* A forest rooted in R is a disjoint union of trees rooted in R.

o A subgraph S C T is spanning if the vertex set of S is Q.

Notice that every doubled quiver Q with W C Q¢ nonempty has a spanning forest, F, rooted in W.
We view such an F as a subquiver of Q by orienting the arrows towards the roots, see Figure 1. Since
the isomorphism class of A9(Q) is independent of the orientation of Q, see Remark 2.2, we can assume
that F; C Q.

Let B := B[t, (t + ¢)~']. Each choice of spanning forest of Q rooted at WV gives rise to a linear
isomorphism ¢’ : AY(Q, W) s, B — L and hence a basis for A7(Q, W) = L/(rp).

Proposition 7.6. Let Q be a connected quiver and Q¢ = BUW a decomposition into black and white
vertices with W # &. Then (L, rg, o, B) satisfies the strong free product property for some choice of o.

In more detail, let F C Q be a spanning forest rooted in W with arrows F| C Q| directed towards the
roots.

A basis for L is given by concatenable words in the set,

{a, x¢. x;" la€ Q1}U{rg, rg:==(q+r)"' —q7'},
such that the following subwords do not occur:

1

- —1
XaX, 5 X,

+1

o x5 xpea®, xg* fora e Fy, rgrg, rgra.

* +1 a
Xq, aa”, ax . forae Qp, x g

The words in which rg and ry do not occur form a basis for A4(Q, W) = L/(rg), and the section o is

given by the inclusion of these elements.

/

Proof. The proof parallels that of Proposition 7.1. Write r :=rg and r’ :=ry.
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Figure 1. The quiver on the left is a doubled quiver, obtained by adding the gray arrows.

It has three white vertices and three black vertices. The middle and right diagrams show
two inequivalent spanning forests, in light green, with roots at the white vertices.

Note that L is spanned by the set, M, of concatenable words in {a, x,, x; ", r, 1’ | a € 0,). These
words are subject to the following relations, depending on a choice of ordering < on the arrows a € Q1:

xaxa_l =1= xa_lxa, x, =14+aa”, (7-7)

r= 1_[ x$@ g, = 1_[ x @ g7, (7-8)
aEQ HEQ
t(a)eB t(a)eB

' =r'r=—qr' —q7'r, (7-9)

where recall we write ¢ (a) for the tail or source of a, not the target. Define

l, = 1_[ x;(b) and r,:= l_[ xz(b).

beQ beQ
b<a, t(b)eB b>a, t(b)eB

So for a € Q; with t(a) € B we have the relation
la(1+aa) Ory = r +Qeray = x§@ =1 +@)ew)ry !

Hence in L, define redffa) = la_1 (r+ q)(e,(a))ra_1
We implement the above relations with the following reductions:

Inverse reductions: x,x, —1 , X, “lx,— 1forae Q.

Short cycle reductions: aa* + x, — 1 fora € Q.

Reordering reductions: a*xjE X, ta* fora e Q1

Substitution reductions: x; > redX, x_.' > 1 —a*red;'a, x2 > x,+ +a*red, a, xpa* > a*red,,

fora € F,

Reductions in B: rr', r'r > —qr’ — qilr.

For each word w € M, use the definition in (7-4) to define a weighted size,

0a(W) = Moy (W) + 305, 1,0) y(w) +3n, 1 -1y (w)
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for each a € Q. Define a total ordering on the arrows (01, <) such that,
a<difaeF,a € Q\\F, orifa,d € F, with a’ disconnected from W in F; \ {a}.

Intuitively, we are saying that arrows in the spanning forest come before the rest in the ordering, with
arrows closer to the white vertices coming first. Using <, ¢,, and (7-4), (7-5) define

N :M— N(@1=) 5 Nz, w = e (w), n{alaeél},{xalaeél}(w)’ n{r,r’}(w))’

from which we say w < w’ if N'(w) < N’(w’) in the lexicographical ordering on NIQ11+2,
Notice, as in Proposition 7.1, that N'(r; (w)) < N’(w) for any word w and reduction r; with r; (w) # w.
First notice that, by design, ¢, decreases under the following reductions:

Inverse reductions: @, (x.x, -1y = <pa (x, x)=3 + > 0=¢,(1).

Short cycle reductions: ¢,(aa™) =2 > 5 = @,(x,)-

Substitution reductions: ¢, (x,) = > 0=¢,(redy), @q(x, Hh=3>0= @q(red, 1) O (X ) =3>2=

wa(a* reda a) (p(x ) =3>2=¢,(a*red, a) and (p(x ) =3>35=@u(x4),
Qa(xga*) =35 > 1=g,(a*red,).

For the substitution reductions observe that red, for a € F; has subwords xb ,xb*1 for only b € F
which are necessarily farther from the root than a, and the remaining arrows are not in the spanning forest.
Consequently, ¢, decreasing — despite ¢, increasing for some b > a — implies that N” decreases. The
reordering reductions preserve all ¢, but decrease n,,c 5.} (x,jac g, bY definition, and hence decrease N ‘.

The reductions in B preserve all ¢, and n luc,) but decrease ny, ), hence N'.

{a|a€é1 1 {xa
We conclude that every w € M reduces to a k Qp-linear combination of words without subwords in the

leading terms of the reductions:

{xax, l,xa Yxa, aa*, axys, axa* |a e Ql}U{xa* , Xg+d, x . |a e Fi}
after applying finitely many reductions.

Note that some generators are nonreduced: x,, x, °, and x_. ~! for a € F,. Therefore, we can put in

a

reductions for each of these and throw out all other reductions involving these generators, provided we
check that all the defining relations still reduce to zero. We have the reductions:

(l)xaxa_llr—'>1f0raeél. ®)) axjilr—5>xaia foragéFl.

2) x;lxalr—2>1foraeél. (6) axqs —> red, a for a € F.

(3) aa* > red, —1 fora € Fj. @) xg* F> x4« +a*red, a fora € F.
(4) aa* V> x, — 1 fora ¢ F. (8) xgra* > a*red, fora € Fj.

Which don’t overlap with the remaining reductions:

Substitution reductions: xil — redil, ;1 =1 a*xa_la, ac€ Fi.

Reductions in B: 77/, r'r — —qr’' —q~'r.
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As before, reductions (3) and (4) imply the relations x, = 1 +aa™*, whereas the Substitution Reductions
imply the defining relations for r, ’. So this is a valid reduction system.
This reduction system has thirteen ambiguities:

(D) xqx; 'x, fora ¢ F. (VD) x2.a* for a € Fy. (XI) aa*a fora € Q|\F.
an xa_lxaxa_l fora ¢ F. (VID) x,+a*a for a € Fj. (XII) aa*a for a € Fj.
(I1) axa*xa_*] fora ¢ F. (VIII) ax,+a™ for a € F). (XII) aa*a for a* € Fj.
av) ax(;klxa* fora ¢ F. (IX) a*ax,~ for a € Fy.
(V) ax?. fora € Fy. (X) a*axg- fora € Q\Fj.

Which all resolve by the resolutions:

) xaxa_lxa fora ¢ F. (VII) (r30rg —r3org)(axgsa™) =0.
D) (ra —r)(x; xaxH =0, (IX) (r7 014 — re)(a*axg) = 0.
(III) (ry —ryorso r5)(axa*xa_*1) =0. (X) (rgorsors —rs)(a*axy ) =0.
(IV) (r; —rporso r5)(ax;1xa*) =0. XI) (r4 —rsory)(aa*a) =0.
(V) (r3orgor;—rgo r6)(ax§*) =0. (XID) (r¢ org —r3)(aa*a) = 0.
(VD) (r30rgor; —rgo rg)(xg*a*) =0. (XII) (rgors —r3)(aa*a) =0.

(VII) (r70r4 —rg)(x4+a*a) = 0.

The resolutions of the ambiguities (I)-(IV) and (X)—(XIII) are quick, leaving the computational heart of
the calculations with the five resolutions (V)—(IX). Note that the resolutions for (V) and (VI) are identical
after swapping the roles of reductions rg and rg, and similarly for (IX) and (VII), leaving three calculations:
(V), (VIID), and (IX). These ambiguities express the overlap of rg with r7, rg, and r4 respectively and
further reduce uniquely to redg a, red,(red, —1), and a*red, a. (|

7C. A convenient substitution. It will be convenient for us to make the substitutions
xiE=xE -1, (7-10)

motivated as follows.

Let A = A9(Q, W) for O connected, and WV possibly empty. Let I be the ideal generated by all paths
beginning and ending at vertices having either ¢ = 1 or in W (if nonempty). Then A/I is nonzero, and we
can make use of the /-adic filtration. The modified generators E, for a an arrow in /, have the advantage
of lying in the ideal /. As we will show, in the cases Q contains a cycle and W # &, the [-adic filtration
is Hausdorff.

Thus, we get an embedding of A into the completion Al realizing )Et as power series with zero
constant term. In the special case where ¢ = 1 at all black vertices, this embedding sends every modified
generator, E, to a noncommutative power series in arrows with zero constant term. This completion
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is closely related to the completion of (partial) additive preprojective algebras with A = 0 at all black
vertices.

Practically speaking, we only require the above substitution at white vertices to obtain a basis for
quivers containing cycles, see Section 7D. But theoretically, we advocate for this substitution at any vertex
where we think of ¢ as a deformation parameter based at g = 1.

Let us explain how this substitution works in the case of the cycle A, (although we do not strictly need
it in that case). We formally set x* := x*! — 1 and y* := y*! — 1; then the modified reductions from
Section 7A are the following ones:

Inverse reductions: xtx—x xt+— —xt —x— and y*ty—, s -yt —y—.
yry »yy y y

Short cycle reductions: aa* — x+, a*ar yT.

Reordering reductions: a*x* +— x*a*, ay*+— y*a.

Substitution reductions: y_* — )F(r +q)+r+ (g — 1), (if not preceded by a); y_Jr = (r' + c]_l)x_Jr +
r' 4+ (g~ — 1) (if not preceded by a); axt a(r + q)y_Jr +ar + (g — Da;
ax— > ay=(r'+q¢ Y +ar' + (g ' = Da.

This produces the same ambiguities as before, which resolve in the same way after eliminating the
nonreduced generators y* (another way to say this is that the reductions are the same up to the change of
variables, so ambiguities resolve if and only if they did before). The modified ordering function,

N*(w) := (ng(w), n{a,a*}’{ﬁ,)f—,yj,)?}(w)a n{aﬁ-,a;}(w)» n{yj’yi}(lU)),

is strictly decreasing under applications of reductions and hence every term reduces after applying finitely
many reductions. So we have proven the following variant of Proposition 7.1:

Proposition 7.7. Let Q = A~,, be a cycle. Then L g is a free left k Qo-module with basis given by alternating
words in R and B := {(xF)"at, (xF)"(a*)' | m € N, £ € N}. Hence B’ is a basis for A1(Q).

In the case of the partial multiplicative preprojective algebra, the modified reductions are as follows:

Inverse reductions: x; x; , x; x5 +— —x5 —x; fora € Q.

Short cycle reductions: aa* — x) fora e Q.

Reordering reductions: a*x> > xa* fora € Q.
a

Substitution reductions: xF redflE -1, x> —a* red;1 a, x;r*z — —x; +a*red, a, x;;a* —

a*(red, —1), fora e Fj.

Again, the same ordering function applies here and strictly decreases under these reductions. The
ambiguities must resolve since they did before.

Proposition 7.8. Let Q, B, W be as in Proposition 7.6. Then L is a free left k Qo-module with basis
given by concatenable words in the set,

fa, xd, xg la e Qi}U{rs, ry),
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such that the following subwords do not occur:

Xaxg, X x4 s X

* + A F % _+2 / /
a,aa”, ax . fora € Q1, Xg, Xpe, Xpe@ , X5~ fora € Fy, rprg, rgra.

A basis for AqQ as a free k Qo-module is given by those words above not containing rg, rg.

Remark 7.9. Note that, for the following subsection, we only require the substitutions X, in the case
where the arrow a begins at a white vertex (which in particular implies that a ¢ Fy, although it could be
that a* € Fy). If we only make these substitutions, it is similarly easy to write the above reductions in the
case where for certain arrows x_ai appears and for others xail appears; we leave this to the reader.

The only thing that we require from the above in the next subsection is the following observation:
Reductions on 1yy L g lyy preserve the augmentation ideal, ker(A(Q, W) — kW). (7-11)

In other words, any monomial of positive length beginning and ending at white vertices reduces to a
linear combination of other such monomials. This was not true with the original generators (e.g., looking
at the inverse reductions).

7D. Quivers containing cycles. In this section, we prove the strong free product property for a connected
quiver containing a cycle, along with providing a natural decomposition and basis for its multiplicative
preprojective algebra. In more detail, the multiplicative preprojective algebra decomposes (as a vector
space) into a free product of the multiplicative preprojective algebra for the cycle and a partial multiplica-
tive preprojective algebra for the complement of the cycle. This technique should extend to the case of
general extended Dynkin quivers, hence reducing Conjecture 1.1 to the extended Dynkin case.

Let Q be a connected quiver containing a cycle Q g, with complement Q" := Q\Qg. Let W := (QFg)o,
so the vertices of the cycle are white. Fix ¢ € (k*)20 and a decomposition g = (¢, g’). There is a linear
isomorphism

W AT (QF) #1gy AT (Q, W) —> A1(Q). (7-12)

We prove this by producing a basis of A?(Q) of alternating words in A2 (Qg) and A? /(Q/ , W).

Remark 7.10. For the (deformed) additive preprojective algebra, the analogous map,

Woaa : T (QE) %10, TV (Q', W) — TTH(Q),

is an isomorphism for all connected quivers Q containing an extended Dynkin quiver Q. This follows
from the proof of [31, Theorem 3.4.2]; see also [54, Section 5], particularly Corollary 5.2.9(ii).

As before, let B :=kQolt, (g +1)"'] and B = tB, which is spanned by elements {t", (t')" | m > 1}
where t' := (g +1)"' —g~ L.

Proposition 7.11. Let Q be a connected quiver containing a cycle Qg € Q (Qp = A,_1). Then there
exists a section o : A1(Q) — L such that (L, r, o, B) satisfies the strong free product property.
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In more detail, L is a free left k Qo-module with basis given by concatenable alternating products
in the bases of A2 (Qg) given by Proposition 7.1 or 7.7, of A7 (Q', W) given by Proposition 7.8, and

™, ()" (m = 1).

Corollary 7.12. Let Q be as in Proposition 7.11. A basis for A4(Q) is given by concatenable alternating
words in the mentioned bases of A1E(Qg) and Aq,(Q’, W). In particular, the family A1(Q) defines a
free klqi, qi_l]iEQo—module, and hence is flat over (k) 2o,

Remark 7.13. Note in Proposition 7.11 that we only need to replace x=! for E if a € Q') begins at a
vertex of Q. Moreover, making this change to the statement does not affect the proof. On the other
hand, we could freely replace xjﬂ by xZ for all arrow in O, again without changing the proof.

Proof of Proposition 7.11. First we will establish that our proposed basis for L implies the strong free
product property. To see this, observe that the set of subwords not containing r;, r; for i € Qg form
a basis for A?(Q). The inclusion of basis elements A?(Q) — L defines a section o. Using o define
o't A1(Q) ko, kQolt, (g +1)~'1— L to be the extension of the map taking t — r, (g +0) > +q,
and p — o(p) for p € AY(Q). Then ¢’ is clearly a kQp-linear isomorphism, and hence (L, r, o, B)
satisfies the strong free product property.

Next we will show that the proposed basis for L implies that there exists a k Q¢-linear isomorphism:
W A% (QE) #kg, A?(Q', W) — A(Q). For this, identify:

e A9(Q) as the span of words in L without the subwords r;, ri’ .
e AYE(QF) as the span of words in A9(Q) without the subwords a, E fora € Q.

o A?(Q’, W) as the span of words in A4(Q) without the subwords b;, x;fl for b; € E;l.

Hence there exists k Qq-linear maps ¢y, t2 : A (QE), A1(Q’, W) — A?(Q) defined by the inclusion of
basis elements. These maps determine a unique injective k Qo-linear map W := (1 *;g, 12 : A (QF) *i 0,
A1(Q', W) — A1(Q), which is clearly surjective, hence an isomorphism.

It remains to establish that the given set is indeed a basis for L. By Proposition 7.1 we have a basis
B, for Lo, and by Proposition 7.8 we have bases B ' for L o'. Therefore we have a basis of alternating
words in B, and By for L = Lo, *ro, Lo'-

However this basis gives rise to a basis for the quotient L/(pg, + po'158—¢q). So we need to show that
L/(pg, + po'1s—q) is isomorphic to L/(pg.po —q) =: A1(Q) as k Qo-modules. Hence we consider
the system of reductions combining the systems of reductions from Propositions 7.1 and 7.8. Crucially,
we perturb the system of reductions by perturbing the relation 7 := pg, +po/lg—q tor = pg,po —q.

First observe that this change does nothing to the reductions for L o/, since the transformation is the
identity on black vertices. That is, r?®1z = pg'lp —qlp =rlp.

For Lg,, notice rP®1yy = pg, —qe while rlyy = pg,po’ — qE. So we alter each reduction involving
pfch by the transformation

Pos > P0LPQ = Py (Po' = D+ pos Po, > Py Poy = (g — Dpg, + g,
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Note that we choose this form for the transformation to emphasize that the new relation splits as a sum
of (I) the old relation and (II) a piece in the ideal generated by )Et for a € Q’y. This transformation
only effects the substitution reductions in the original reduction system for the cycle; see the proof of
Proposition 7.1. The substitution reductions become (after applying a reordering reduction) the following:

1

v x‘l(pQ/ —D(r+q) +x‘1(r +g¢), (if not preceded by a),

V> (,/+q—1)(p§,1 —Dx+ ' +¢g Hx  (if not preceded by a),

ax — a(pg — 1)(r+q)y +ary+gqya,

ax™' > ay 0+ 4 g = DH+ay T g7y .

Order monomials in L lexicographically in the orderings N and N’ of Propositions 7.1 and 7.6. Then
the above reductions strictly decrease the ordering. Here we are using (7-11) from the previous subsection
to deduce that the ideal of positive-length monomials beginning and ending at vertices of Qg is preserved
under reductions.

All ambiguities lie either entirely in L, or entirely in L. Hence the ambiguities in L o' resolve as
before. The ambiguities in L, still resolve using the same reductions as before perturbing. To see this,
note that we have replaced the formal variables 'OZ}; (which do not interact with a, a*, x* yil) with the
new formal variables (oo, 00)E!.

Since the perturbed system of reductions has all the same leading coefficients as the original, we

conclude that L has the desired basis. O

8. The center and primality of multiplicative preprojective algebras

Let Q be a connected quiver strictly containing a cycle. The goal of this section is to complete the proof
of Theorem 1.2 by first establishing that A?(Q) is prime and then that Z(A?(Q)) = k and hence the
Calabi—Yau structure is unique up to rescaling.

8A. Primality of multiplicative preprojective algebras. We will show A?(Q) is prime by first showing
that left multiplication by certain elements is injective on the subspace of concatenable elements.

Lemma 8.1. Let a denote the sum of all the positively oriented arrows of the cycle in Q. Then left
multiplication by a, L, : 1ywA1(Q) — Ly A1(Q), is injective.

Proof. Decompose the vertices Qg = B LW where the white vertices are in the cycle. Decompose the
arrows in O = Qg U Q1. Define
Ay i=Kker(es : A5 (Qp) — kW), By :=ker(ep: A1(Q", W) — kW).

Then one can define a descending filtration by Fy = A?(Q) and F,, := Span(B (A B,)=")) form > 0.
Notice a € F,,, b € F; implies ab € F, 4, so this is an algebra filtration.

Consider the exact sequence By SLENyN (Q) = AYE(Qp). The basis of Proposition 7.11 realizes an
inclusion i : A2 (Qg) — A9(Q), a kQo-module splitting. So for «, B € AYE(QE), i(x) - i(f)=a- B
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modulo the two-sided ideal generated by B.. Therefore, in the associated graded algebra gr=(A9(Q)) :=
@m:() ]:m/]:m-i-l,
i) - iB)=a-B+a-Bb" +ab'B+ba-B

for b, b', b” € B.. Therefore, for by € B, there exists b, € B such that
i(a) - i(B)by =a-B(1+b2)b.

Recall Ay has kQp-module basis given by {x;, x"a*, x"(a*)* | m, ¢, p €Z, p #0, £> 0} by
Proposition 7.1. In the associated graded algebra grf(Aq (Q)), L, acts on A4 B as follows, for b € B:
a(x"a“b =q"x"a"'b.
a(xy (@) )b = q"x; (xa — D(@") 0.
a(x)b=q"x! (xa = 1)(pyb.
Since L, is injective on A, by Proposition 7.3, we conclude that L, is injective on the right ideal
generated by A.

Consider the basis of Proposition 7.11, and write b € 1)y B in this basis. Then ab is again a basis
element, and hence L, takes basis elements injectively to basis elements. We conclude that L, is injective
on the right ideal generated by 1,y B, and therefore on all of 1), A?(Q). U
Lemma 8.2. Right multiplication by a, R, : A1(Q)1,y — A1(Q)1yy is injective.

The proof is completely analogous, using the same filtration, together with the calculations:

b(x"a%a = bx"a" ",
b(x:l" (a*)f)a — bq—i-i-lx‘rln-i-l (a*)Z—I _ be’L (a*)i—l )
b(xP)a =bxla.
Lemma 8.3. Let v € Q. There is unique path y, ,, in the spanning forest from v to a white vertex w € W.

Right multiplication by y, v, Ry, , : A (Q)e, — A1(Q)ey, is injective.

Proof. We need to show oy (a),w 7 0 for o # 0. Consider the basis in Proposition 7.8, consisting of words
ina, )Et for a an arrow, without certain disallowed subwords, e.g., aa™ for a € Q 1. Note that y),w 1S a
basis element as aa™ cannot appear in a shortest path. Write « as a linear combination of basis elements.
Notice oY («).w 18 a linear combination of basis elements unless the disallowed subword a*a is created
for some arrow a € Fj. This disallowed subword reduces to x_+ (which is not itself disallowed since

a* € Fy, as a € Fy.) Furthermore, the appearance of x for a € F| cannot create the disallowed subwords

M xfx., )x.xh, (axk, AV) x>

a*>

(V) xFa*,

a* >

for a € Fy, as in each case « Or Y (), Would itself contain a disallowed subword

M x,., A)x,., () aa*, AV)ax} orxfa*, (V)aa*,

a*’
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each a contradiction. We conclude that right multiplication by ()., takes basis elements injectively to
basis elements and hence is injective. (Il

Lemma 8.4. Let v € Qo. There is unique path y,, , in the opposite of the spanning forest, F 10 P from
w € W to v. Left multiplication by yy v, Ly, , : ey A1(Q) — ey, AY(Q), is injective.

The proof is identical, and follows from the isomorphism A?(Q) = A7(Q)°P.
Proposition 8.5. AY(Q) is prime, for Q connected and containing a cycle.

Proof. Let a, p € A1(Q) be nonzero. We will show ¢ A2(Q)B # 0 by building an explicit element
y = y1y2 so that ay8 # 0. That is, define

V1= VawwXe @, vai=a" x) v

where M, M’, N, N’ € N are sufficiently large (depending on o and B) and where yj (), and yy, ;(g) are
as defined in Lemmas 8.3 and 8.4, respectively.

We will first show that right multiplication by y is injective on concatenable paths to conclude y; # 0.
Then we will argue that left multiplication by y; is injective on concatenable paths to conclude y»,8 # 0.
Finally, we will show that ay;y»8 # 0.

To show Ry, : A1(Q)enw) — AT(Q)en(y,) 18 injective, it suffices to show that right multiplication by
each piece, Vi(q).w> xM, and a®, is injective. Ry, ., 1s injective by Lemma 8.3, R, v is injective since x,
is invertible, and R,~ is injective by Lemma 8.2.

Similarly, L, : e;(5A1(Q) — e;;,)AY(Q) is injective since Ly, Ly, and L are injective by

Yw,t(B)
Lemma 8.1, invertibility of x,, and Lemma 8.4, respectively.

Finally notice that ay; # 0 and y»8 # 0 implies oy 8 # 0. To see this, consider the filtration F
defined in the proof of Lemma 8.1. It suffices to show ay1y28 # 0 in gr-(A9(Q)). Write ay1 and y» in
the basis of Proposition 7.11 (see the basis in Proposition 7.1). By design «y; ends with a basis element of
the form x'a” for m, n > 0 and y» 8 begins with a basis element of the form a”/x;l”/ for m’, n’ > 0. Their
product in gr=(A9(Q)) is the scaled basis element q"m,xé’l”m,a””’. So ay1y2B #0in gr-(A9(Q)) and

hence in A4(Q), completing the proof. O
8B. The center of multiplicative preprojective algebras. The center of A'(Q) depends dramatically on

the taxonomy of quiver Q into Dynkin, extended Dynkin, and others:

o For O Dynkin and k characteristic not 2, 3, or 5, one can compute the center using the isomorphism
A'(Q) =TI(Q); see Example 2.3.

« For Q extended Dynkin, Conjecture 1.4 predicts Z(A'(Q)) = ey A (Q)e,, which is proven in
Section 6B in the case Q = Zn

« In the remaining cases, Conjecture 1.1 predicts Z(A(Q)) =k, for any g € (k*)Qo,

The goal of this section is to establish the conjecture in the case Q contains a cycle.
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Proposition 8.6. Let Q be a connected quiver strictly containing a cycle and fix g € (k*)2°. Then
Z(A1(Q)) =k.

Proof. Let z € Z(A1(Q)). Decompose z = zg + z+ into a sum of length zero and positive length paths.
First suppose that z; =0. Thenz =), <o, Ciei- Note that every individual arrow forms a basis element
of Proposition 7.11. Then za = az for every arrow implies that all ¢; are equal, as Q is connected.

Now assume z # 0. Expanding z in the basis of Proposition 7.11, we write z, = ) . ¢;z;, where
each z; is a positive-length alternating word in the cycle and the complement. We claim that each z; has
an arrow not in the cycle. Suppose, by contradiction, there exists j such that z; consists of only arrows in
the cycle. Since Q strictly contains the cycle, there exists an arrow b € Q1 not in the cycle. And as z4
commutes with each arrow a; in the cycle, there exists [ such that z; consists of only arrows in the cycle
that ends at 7(b). Then z,b = bz,. But z,b contains a term beginning with xa’ for some m, j with
(m, j) # (0, 0). However, bz, has no term beginning x;"aj unless (m, j) = (0, 0). This contradicts the
existence of z; consisting of only arrows in the cycle.

Since z4 # 0, thanks to Lemma 8.3, there exists a vertex i and a path b = yj ., ),; such that z, be; # 0.
Therefore also bz e; # 0, so ze; # 0. By Lemma 8.2, we then have za" # 0 for all n. Hence also
a"z, # 0. Now, for sufficiently large N > 0, a”z, contains basis elements beginning with an arbitrarily
high power of the cycle. However, terms of z_.a” begin only with powers of the cycle appearing in z.,
since every z; has a term not in the cycle. These powers are bounded, so this contradicts the assumption
that z; # 0. We conclude that z is a scalar multiple of the identity. (Il

Corollary 8.7. If Q is connected and properly contains a nonoriented cycle, then A1(Q) has a unique,

up to scaling, Calabi-Yau structure.

Proof. Write A:=A9(Q). Any two Calabi—Yau structures differ by an invertible map in Hom _pijmod (A, A),
which is determined by the image of the unit, a central invertible element. So the set of Calabi—Yau
structures on A, when nonempty, is a Z(A)*-torsor. By Proposition 8.6, Z(A)* = k*, so any two
Calabi—Yau structures differ by an invertible scalar. (I

This completes the proof of Theorem 1.2.
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Tautological cycles on tropical Jacobians
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The classical Poincaré formula relates the rational homology classes of tautological cycles on a Jacobian
to powers of the class of Riemann theta divisor. We prove a tropical analogue of this formula. Along the
way, we prove several foundational results about real tori with integral structures (and, therefore, tropical
abelian varieties). For example, we prove a tropical version of the Appell-Humbert theorem. We also
study various notions of equivalences between tropical cycles and their relation to one another.
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1. Introduction

1A. Background. Let C be a compact Riemann surface of genus g. Its Jacobian variety J has a number
of natural subvarieties W for d > 0, defined up to translation. The origin is denoted by W, the image of
the Abel-Jacobi map is denoted by Wi, and W, = Wy_; + W, is the image of higher symmetric powers
of C. One can intersect these subvarieties, add again, pull back or push down under multiplication by
integers, and so on. This provides a large supply of algebraic tautological cycles, which live naturally
in J.

By the Riemann—Roch or Jacobi inversion theorem, one has Wg = J. Riemann’s theorem states that
Wg,l is a shift of the Riemann theta divisor ®; see, e.g., [Griffiths and Harris 1978, page 338], [Arbarello
et al. 1985, Chapter 1, Section 5], or [Birkenhake and Lange 2004, Theorem 11.2.4]. The classical
Poincaré formula gives a refinement of Riemann’s theorem; see, e.g., [Griffiths and Harris 1978, page 350],
[Arbarello et al. 1985, Chapter 1, Section 5], or [Birkenhake and Lange 2004, Section 11.2]. It states that,
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for 0 <d < g, the classes of W, and ©%~4 coincide in rational homology (up to the multiplicative constant
1/(g —d)!). In other words, the subalgebra of tautological cycles in H,(J; Q) is generated by the class of
Riemann theta divisor. There are also versions of the Poincaré formula over a general field. For example,
Lieberman proves a “Weil cohomological equivalence” statement (see [Kleiman 1968, Remark 2A13]),
and Mattuck, built on the work of Matsusaka, proves a “numerical equivalence” statement; see [Mattuck
1962, Section 2; Matsusaka 1959].

1B. Our contribution. Our main goal in this paper is to prove a tropical analogue of the Poincaré formula.
Let I' be a compact connected metric graph of genus g. Following [Kotani and Sunada 2000; Mikhalkin
and Zharkov 2008], one associates to I' a g-dimensional polarized real torus Jac(I"), called its tropical
Jacobian. There is also a well-behaved theory of divisors, ranks, Abel-Jacobi maps, and Picard groups for
metric graphs [Mikhalkin and Zharkov 2008; Gathmann and Kerber 2008; Baker and Norine 2007]. We
denote the tropical Abel-Jacobi morphism by ®: I'y — Jac(I"), which is well-defined up to a translation.
Here I'; denotes the set of all unordered d-tuples of points of I". The image W, =®([T,) is a polyhedral
subset of Jac(I") of pure dimension d. Exactly as in the classical situation VT/d may be identified with
the effective locus Wy C Pic? (I') via the Abel-Jacobi map. In [Mikhalkin and Zharkov 2008] one also
finds the notion of Riemann theta divisor ® on Jac(I"), which is closely related to the theory of Voronoi
polytopes of lattices. The polyhedral subsets W, and © of J ac(I") support tropical fundamental cycles
[Wd] and [®]; see Section 8. Recently, the notions of tropical homology, cohomology, and the cycle class
map have been developed in [Itenberg et al. 2019] and further studied in [Gross and Shokrieh 2019].

Theorem A (Theorem 9.8 and Corollary 9.10). For every 0 <d < g, we have the equality
e
(g —d)!

on Jac(I") modulo tropical homological equivalence. Moreover, the equality also holds modulo numerical

[Wy)

equivalence.

Our proof further provides explicit descriptions of the classes of W, and ©¢~ in tropical homology in
terms of the combinatorics of the metric graph I'; see Section 9B and Section 9C.
The Poincaré formula has several interesting, but immediate, consequences.

Corollary B (Corollaries 9.12, 9.13, and 9.15). (a) There exists a unique |1 € Picg_l(F) such that
[We—1]1= 0]+ 4.
(b) The effective tropical 0-cycle obtained from the stable intersection of [Wd] and [Wg_d] has degree (5)
(c) The tropical O-cycle [®]8 has degree g.
We note that part (a) is a tropical version of Riemann’s theorem and has already been proven by
Mikhalkin and Zharkov [2008] using other combinatorial techniques. The special case d = 1 of part (b)

can also be found in [loc. cit.] in the context of the Jacobi inversion theorem, where again the proof is
direct and combinatorial. This was essential in the development of break divisors in their paper. Part (c)
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classically follows from the geometric Riemann—Roch theorem for abelian varieties; see, e.g., [Birkenhake
and Lange 2004, Theorem 3.6.3]. In the case where I" is a chain of loops, (c) has previously been observed
in [Cartwright et al. 2015].

Building up to the proof of the Poincaré formula we also prove several foundational results about real
tori with integral structures (and, therefore, about tropical abelian varieties) some of which had been used
implicitly in previous work on the subject. Most notably, we prove the following tropical version of the
Appell-Humbert Theorem:

Theorem C (Theorem 7.2). Every tropical line bundle on a real torus Ng/ A corresponds to a pair (E, )
of a symmetric form E on Ng with E(N, A) C Z and a morphism | € Hom(Ng, R). Two such pairs (E, )
and (E', ') define the same line bundle if and only if E = E' and (I —1I")(N) C Z.

We also study the relationship between various notions of equivalence of tropical cycles. For example,
we prove the following statement.

Theorem D (Propositions 5.8 and 5.11). Algebraic equivalence implies homological equivalence, and

homological equivalence implies numerical equivalence on real tori admitting a “spanning curve”.

1C. Further directions. We believe our Poincaré formula is a first step in proving the following ambitious
conjecture in tropical Brill-Noether theory. Let W C Pic?(I") denote the locus of divisor classes of
degree d and rank at least r; see, e.g., [Cools et al. 2012; Lim et al. 2012].

Conjecture. Assume p =g — (r + 1)(g —d +r) > 0. Then there exists a canonical tropical subvariety
Z!, € W}, of pure dimension p such that

(T il _
[Zd]_(il:!)(g—d+r+i)!>[®]g B

modulo tropical homological equivalence.

Note that our Theorem A precisely establishes this conjecture in the case r =0, in which case W[? =Wy
is pure-dimensional by [Gross et al. 2022, Theorem 8.3] (see also Theorem 8.2) and 79 = W,. Numerical
evidence for the conjecture in the case where I" is a generic chain of loops is given in [Cartwright et al.
2015, Proposition 2.8]. We also remark that a less precise version of this conjecture is posed as a question
in [Pflueger 2017, Question 6.2].

As stated above, it follows from the Poincaré formula that the subring of tautological cycles in rational
homology is too simple to provide interesting invariants. A celebrated result of Ceresa [1983] implies that
for a generic curve C, the class of W is not proportional to the class of ® modulo algebraic equivalence.
Beauville [2004] (see also [Polishchuk 2005; Marini 2008; Moonen 2009]) has studied results about
algebraic equivalence. We believe that the tautological subring of the ring of tropical cycles modulo
algebraic equivalence is an interesting object to study. For example, one might hope that this ring is
generated by the classes of the W, for 1 <d < g — 1. We remark that a tropical version of Ceresa’s result
has already been established by Zharkov [2015].
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As stated in Theorem D, homological equivalence implies numerical equivalence on tropical abelian
varieties. We expect this to be true in general on any tropical manifold.

In analogy with Grothendieck’s “standard conjecture D” one might also hope that homological equiva-
lence coincides with numerical equivalence, at least in the case of tropical abelian varieties. The analogous
classical result has been established by Lieberman [1968]. For rationally triangulable smooth projective
tropical varieties, this was recently shown by Amini and Piquerez [2020, Theorem 1.3].

1D. The structure of this paper. In Sections 2-4 we review the main objects and tools needed to proof
the Poincaré formula, including rational polyhedral spaces, tropical cycles, tropical homology, and tropical
Jacobians.

In Sections 5—7 we study tropical cycles, tropical homology, and line bundles on real tori. Our results
here are of a more foundational nature, and include the Appell-Humbert Theorem. We also study various
notions of equivalences of tropical cycles and prove Theorem D.

Finally, in Sections 8-9 we prove the Poincaré formula. In Section 8 we show that the set W, has a
fundamental cycle. In Section 9 we give explicit expression for both the cycle classes of the [W;] and of
powers of the theta divisor. Comparing these expressions will finish the proof of Theorem A. The results
summarized in Corollary B will be direct consequences of the Poincaré formula.

Notation. We will denote by N the natural numbers including 0. For an Abelian group A and a topological
space X, we will denote by Ay the constant sheaf on X associated to A.

2. Rational polyhedral spaces

The tropical spaces studied in this paper are real tori with integral structures, compact tropical curves,
and their Jacobians. They all live inside the category of boundaryless rational polyhedral spaces. We
quickly review their definition and refer to [Mikhalkin and Zharkov 2014; Jell et al. 2018; Gross and
Shokrieh 2019] for more details.

2A. Boundaryless rational polyhedral spaces. A rational polyhedral set in R" is a finite union of finite
intersections of sets of the form
{x eR" | (m, x) <a},

where m € (Z")*, a € R, and (-, - ) denotes the evaluation pairing. Any such set P comes with a sheaf
Affp of integral affine functions, which are precisely the continuous real-valued functions that are locally
(on P) of the form x — (m, x) + a for some m € (Z")* and a € R.

Definition 2.1. A boundaryless rational polyhedral space is a pair (X, Affy) consisting of a topological
space X and a sheaf of continuous real-valued functions Affy such that every point x € X has an open
neighborhood U such that there exists a rational polyhedral set P in some R", an open subset V C P, and
a homeomorphism f: U — V that induces an isomorphism f~'(Affp |y) = Affx |y via pulling back
functions. Such an isomorphism f is called a chart for X. A boundaryless rational polyhedral space that
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is compact is called a closed rational polyhedral space. The sections of Affx are called integral affine
Sfunctions.

Remark 2.2. In the literature (for example in [Jell et al. 2018; Gross and Shokrieh 2019]), the notion
of rational polyhedral spaces is used for spaces that are locally isomorphic to open subsets of rational
polyhedral sets in R", where R = RU {oo}. This introduces a notion of boundary, which is essential for
many applications. For our purposes it is sufficient to consider spaces without boundary. A boundaryless
rational polyhedral space is precisely a rational polyhedral space without boundary.

Definition 2.3. (i) A morphism of boundaryless rational polyhedral spaces is a continuous map
f: X — Y such that pullbacks of functions in Affy are in Affy.

(i) A morphism f: X — Y is called proper if it is a proper map of topological spaces, that is preimages
of compact sets are compact.

2B. Real tori with integral structures. Let N be a lattice, and let A € Ng = N ®z R be a second lattice
of full rank, that is such that the induced morphism Ag — Np is an isomorphism. Clearly, Nr gets a
well-defined rational polyhedral structure from any isomorphism N = Z". The real torus (with integral
structure) associated to N and A is the quotient X = Ng/A, with the sheaf of affine functions being the
one induced by Nr. More precisely, if 7: Ng — X denotes the quotient map, and U C X is open, then
¢: U — Risin Affx(U) if and only if ¢ o € Affy, (m~'U). Note that the integral affine structure on
X is induced by N and not by A.

The group law on a real torus X makes it a group object in the category of boundaryless rational
polyhedral spaces. In particular, every x € X defines an automorphism via translation.

Definition 2.4. Let X be a real torus and let x € X. Then the translation by x is the morphism
L: X—>X, y—>x+y.

2C. Tropical curves. A tropical curve is a purely 1-dimensional boundaryless rational polyhedral space.
With this definition, the underlying space of a tropical curve I' is a topological graph. In particular, it
has a set of vertices (branch points) V(I") where I" does not locally look like an open interval in R,
and a set of open edges E(I"), which are the connected components of I' \ V(I'). The closed edges of
I are the closures of its open edges and an open edge segment is a connected open subset of an open
edge. A tropical curve is smooth (see Figure 1) if every point has a neighborhood that is isomorphic to a
neighborhood of the origin in a star-shaped set, that is a set of the form

U R-oe; € R™!/R1.
0<i<n
Here n > 0 will denote the valency of the point, we denote by 1 the vector whose coordinates are all 1,
and ¢; denotes the i-th standard basis vector.
Using the integral structure on a compact tropical curve, one can assign lengths to its edges, thus
defining a metric graph. Conversely, given a metric graph (a topological graph I" equipped with an inner
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Figure 1. Two tropical curves embedded in R?. The one to the left is smooth, the one to
the right is not.

metric), one can define Affr as the sheaf of harmonic functions on I", that is the sheaf of functions whose
sum of incoming slopes is O at every point. In this way, one obtains a smooth tropical curve (I", Affr);
see [Mikhalkin and Zharkov 2008, Proposition 3.6].

The genus g of a tropical curve I' is defined as its first Betti number, that is g = dimg H;(["; R).

Remark 2.5. With our notion of tropical curves, the underlying topological graph is not allowed to
have 1-valent vertices. This can be resolved by working in the larger category of polyhedral spaces with
boundary mentioned in Remark 2.2 and allowing neighborhoods of oo in R as local models for the curves.
In this way, tropical curves could have edges of infinite length that end in a 1-valent vertex. But as we will
note in Remark 9.11, the results of this paper are easily generalized to apply to compact and connected
smooth tropical curves with boundary as well.

Example 2.6. For any positive real number j € R the sublattice Zj of R = Zg has full rank. Therefore,
the quotient I' = R/Zj, endowed with the integral affine structure induced by Z, is a 1-dimensional real
torus. It is also a smooth tropical curve of genus 1. Its unique edge is both open and closed and it is
homeomorphic to the 1-sphere. The length of this edge is given by j, which can be considered as the
Jj-invariant of I [Katz et al. 2008].

Example 2.7. Consider the topological space I" obtained by gluing three intervals [0, a], [0, /], and [0, c]
along their lower and upper bounds, respectively. Clearly, I" is a topological graph with three edges and
two vertices. We can view the three intervals as rational polyhedral spaces, so on the interior of the edges
of I we have a notion of linearity. We can now define Affr as the sheaf of all continuous functions whose
restrictions to the interiors of the intervals are linear, and such that the sum of the outgoing slopes is 0 at
the two vertices. With these choices, I is the smooth tropical curve associated to the metric graph with
three parallel edges of lengths a, b and c. It is depicted in Figure 2.

2D. Tropical manifolds. We recall that every loop-free matroid M on a ground set E (M) has an associated
tropical linear space L), which is a rational polyhedral set in RE™) /R1. We will only consider very
special linear spaces and therefore refrain from recalling their precise definition. For our purposes, it
suffices to say that R” is a tropical linear space for any », and the 1-dimensional tropical linear spaces are
precisely the star-shaped sets appearing in the definition of smooth tropical curves in Section 2C.
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Figure 2. A tropical curve of genus 2 with its local charts and edge lengths.

Definition 2.8. A boundaryless rational polyhedral space X is called a boundaryless tropical manifold if
it can be covered by charts

XDU-=VCL,
where U is an open subset of X and V is an open subset of a tropical linear space L.

Since both R" and star-shaped sets are tropical linear spaces, it follows that real tori and smooth tropical
curves are boundaryless tropical manifolds.

2E. The cotangent sheaf.
Definition 2.9. Let X be a boundaryless rational polyhedral space:

(i) The quotient Affy /Ry is called the cotangent sheaf and is denoted by €2 k
(ii) The integral tangent space at a point x € X is defined as TXZX = Hom(R2x ,, Z).

111 € tangent space at a point x € X 1S defined as 1, X = r = Hom(82x x, [R).
(iii) Th poi X is defined as T, X = (TZ X)r = Hom(Qx.,, R)

Example 2.10. Let X = Nr/A be areal torus. Then Affy has no nonconstant global sections because
there is no globally defined nonconstant integral affine function on Ng that is A-periodic. On the other
hand, the quotient Affy /Rx = Q i( is isomorphic to the constant sheaf Ny.

By definition, a morphism of boundaryless rational polyhedral spaces f: X — Y induces a morphism
f _IQ}, — Q; Taking stalks and dualizing induces morphisms on tangent spaces dy f : T, X — Tr)Y
for all x € X that map the integral tangent spaces on X to the integral tangent spaces on Y.

3. Tropical cycles and their tropical cycle classes

We briefly recall the definitions of tropical cycles, tropical (co)homology, and the tropical cycle class
map connecting the two. We closely follow [Allermann and Rau 2010; Francois and Rau 2013; Shaw
2013] regarding tropical cycles and [Itenberg et al. 2019; Mikhalkin and Zharkov 2014; Jell et al. 2018;
Gross and Shokrieh 2019] regarding tropical (co)homology and the tropical cycle class map.
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3A. Tropical cycles. For a boundaryless rational polyhedral space X, let us denote by X™# its open
subset of points x € X that have a neighborhood isomorphic (as boundaryless rational polyhedral spaces)
to an open subset of R” for some n € N. A tropical k-cycle is a function A: X — Z such that its support

|A| = {x € X | A(x) # 0} is either empty or a purely k-dimensional polyhedral subset of X, A is nonzero
precisely on the set |A|™€, on which it is locally constant, and it satisfies the so-called balancing condition.
The latter is a local condition that is well-known for X = R", to which the general case can be reduced.
As we will only need it implicitly, we refer to [Allermann and Rau 2010] for details. The sum of two
tropical k-cycles on X, considered as a sum of Z-valued functions, is not a tropical k-cycle again in
general. However, there exists a unique tropical k-cycle on X that agrees with the sum on the complement
of an at most (k—1)-dimensional polyhedral subset of X. This makes the set Z;(X) into an Abelian
group. A tropical cycle A is said to be effective if it is everywhere nonnegative.

If f: X — Y is a proper morphism of boundaryless rational polyhedral spaces, it induces a push-
forward f.: Zy(X) — Zi(Y) of tropical cycles. If A € Z;(X) is a tropical cycle, then f,A will be zero
outside of the subset (f|A|)x € f|A| where the local dimension of f|A| is k. There exists a dense open
subset U C (f|A|)x such that for each y € U the fiber f~!{y} is finite and contained in |A|™¢, and for
each such y € U we have

fA) = ) leokerdy f|A).
xef~Hy)
Note that the finiteness of cokerd, f follows from the finiteness of the fiber over y. If X is compact then
one can take Y to be a point. Identifying the tropical O-cycles on a point with Z, the push-forward then
defines a morphism Zy(X) — Z. The image of a tropical 0-cycle A under this morphism is called the
degree of A, and it is denoted by [}, A.

If X and Y are boundaryless rational polyhedral spaces, and A € Z;(X) and B € Z;(X), then the cross

product
AXB: XxY—>Z, (x,y)— Ax)-B(x)

of A and B is a tropical cycle again.

A rational function on a boundaryless rational polyhedral space X is a continuous function ¢: X — R
such that ¢ is piecewise affine with integral slopes in every chart. As this is a local condition, rational
functions define a sheaf .#x of Abelian groups. The group of tropical Cartier divisors on X is given
by CDiv(X) =TI'(X, #x/ Affx). For every ¢ € I'(X, .#x) we denote its image in CDiv(X) by div(¢),
and refer to it as the associated principal divisor. There exists natural bilinear map CDiv(X) x Zy(X) —
Zr—1(X), the intersection pairing of divisors and tropical cycles.

Note that a boundaryless rational polyhedral space X does not automatically have a natural fundamental
cycle, that is there is no canonical element in Z,(X) in general.

Definition 3.1. We will say that a boundaryless rational polyhedral space X has a fundamental cycle
if X is pure-dimensional and the extension by O of the constant function with value 1 on X™® defines a
tropical cycle. In that case we will denote this tropical cycle by [X], and refer to it as the fundamental



Tautological cycles on tropical Jacobians 893

cycle of X. We will say that a Cartier divisor D € CDiv(X) on a tropical space X with fundamental cycle
is effective, if its associated Weil divisor [D] := D - [X] is effective.

If X is a tropical manifold then it has a fundamental cycle [X], which is the unity of the tropical
intersection product on Z,(X). The tropical intersection product is compatible with intersections with
Cartier divisors in the sense that

D-A=[D]-A
for every Cartier divisor D € CDiv(X) and tropical cycle A € Z,(X). Furthermore, the morphism
CDiv(X) = Zgimx)-1(X), D [D]

is an isomorphism; see [Francois 2013, Corollary 4.9]. If X is locally isomorphic to open subsets of R",
then a Cartier divisor D € CDiv(X) is effective if and only if it is locally given by concave rational
functions. This follows from the fact that every tropical hypersurface of R” is realizable. Here, a rational
function is concave if it is the restriction of a concave rational function on R" in sufficiently small local
charts. Also note that concave functions appear rather than convex ones, because we are using the
“min”’-convention; see Remark 3.4.

3B. Line bundles. A tropical line bundle on a boundaryless rational polyhedral space X is an Affx-torsor.
More geometrically, it is a morphism ¥ — X of boundaryless rational polyhedral spaces such that locally
on X there are trivializations ¥ = X x R, where two such trivializations are related via the translation
by an integral affine function. More precisely, if two trivializations are defined over U C X, then the
transition between them is of the form

UxR—->UxR, (u,x)— (u,x+¢@))

for some ¢ € I'(U, Affy). The standard argument using Cech cohomology shows that the set of iso-
morphism classes of tropical line bundles on X is in natural bijection to H L(X, Affy). In particular,
isomorphism classes of tropical line bundles form a group. A rational section of a tropical line bundle
Y — X is a continuous section that is given by a rational function in all trivializations. Exactly as in
algebraic geometry, every tropical Cartier divisor D on X defines a line bundle . (D) on X that comes
with a canonical rational section. This defines a bijection between CDiv(X) and isomorphism classes of
pairs (%, s) of a tropical line bundle . on X and a rational section s of .Z.

3C. Homology and cohomology. Let X be a boundaryless rational polyhedral space. To define the
tropical homology and cohomology groups, we need sheaves Q; of tropical p-forms for p > 0. On the
open subset X™2 it is clear that we would like Qf( to be isomorphic to A\’ Q; However, this is not a
suitable definition globally because in general A" Q}( can be nonzero even for p > dim(X); see [Gross
and Shokrieh 2019, Example 2.9]. One thus defines Qf( as the image of the natural map

N 2= (N 2l

where ¢: X™8 — X is the inclusion.
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The singular tropical homology groups are defined similar to the integral singular homology groups, but
with different coefficients. More precisely, there is a coarsest stratification of X such that the restrictions
of the constructible sheaf Qk is locally constant on all the strata, and only singular simplices are allowed
that respect this stratification in the sense that each of their open faces is mapped into a single stratum.
The (p, g)-th chain group is then defined as

CrgX)= P  Hom(Qf, Zsan),
o: A?— X allowable

where A? denotes the standard g-simplex, the sum runs over all g-simplices respecting the stratification,
and Z,aq) denotes the constant sheaf associated to Z on o (A?). With the usual boundary operators
this defines chain complexes C, , and the tropical homology groups which are defined as H, ,(X) =
Hy(Cpo(X)).

Dualizing (over Z) the chain complexes C, o(X) yields cochain complexes C?-*(X) whose cohomology
are the tropical cohomology groups H?4(X) = H4(C?*(X)). There is a natural isomorphism

HP(X) = H1(X, QF).

3D. The first Chern class map. The quotient map d: Affy — Q §( of sheaves on a boundaryless rational
polyhedral space induces a morphism

c1:=H'd): H'(X, Affy) - H' (X, QL) = H"1(X)

called the first Chern class map from the group of all tropical line bundles on X to the (1, 1)-tropical
cohomology group of X. Using the first Chern class map, any divisor D € CDiv(X) has an associated
(1, 1)-cohomology class c; (Z(D)).

3E. The tropical cycle class map. Exactly as in algebraic geometry, there is a tropical cycle class map
that assigns a class in tropical homology to every tropical cycle. More precisely, on any closed rational
polyhedral space X, there exist morphisms

cyc: Zi(X) = Hi 1 (X)

for every k € N. We will only need an explicit description of the tropical cycle class map for 1-dimensional
tropical cycles, that is when k = 1. If A € Z;(X), then its support | A| is a compact (not necessarily smooth)
tropical curve. For each open edge e of |A| choose a generator 7, € T;|A| for some x € e. By taking
parallel transports of 1, along e we actually obtain a generator for all 7,|A| with y € e. Therefore, 7,
defines a morphism Q‘l Al Z, (recall that Z, denotes the constant sheaf on e associated to Z), which can
be uniquely extended to a morphism Qll 4| = £e. Precomposing with the morphism £2 § — Q‘l 4| defined
by the inclusion |A| — X, one obtains a morphism 7; € Hom(£2 k, Z;). To complete the construction, one
has to choose a homeomorphism y;: A! — & that parametrizes ¢ in the direction specified by 1,. Let us
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denote the element in Cy ;(X) defined by y; and n; by y; ® nz. Then cyc(A) is represented by the cycle

> Ae) v ®ne € Cr1(X),

where the sum runs over all open edges of |A| and A(e) denotes the weight of the tropical 1-cycle A on e.

Example 3.2. Let I" be the graph from Example 2.7, and denote its edges by ey, e», and e3. Let v and w
be the vertices of I" and orient all edges from v to w. Let 5; be the primitive tangent direction on e; in
the chosen direction. Then cyc[I'] is represented by the (1, 1)-chain

VIQN +Y2®n+y3Qn3,

where y; is any path that parametrizes e; from v to w. This is indeed a cycle. Its boundary is given by

w(m +n+n3)—v®m +n2+n3),

which vanishes: locally at v (respectively at w), the graph I" looks like the star-shaped set depicted to
the right in Figure 1, and the vectors n; are the (negatives of the) primitive generators of the rays of the
star-shaped set. Since these sum to 0, the boundary is 0.

3F. Identities in tropical homology. In [Gross and Shokrieh 2019] we studied various operations on
tropical homology and cohomology and showed how to carry over identities known for singular homology
to the tropical setting. For example, there are pull-backs of cohomology classes and push-forwards of
homology classes along morphisms of boundaryless rational polyhedral spaces, there is a cup product
“—"" on tropical cohomology and a cap product “~” that makes the tropical homology groups a module
over the tropical cohomology ring. There also are cross products “x” of both homology and cohomology
classes. We will refer the reader to [loc. cit.] for the details regarding these operations. For the reader’s
convenience, we have summarized the most important identities for the tropical cycle class map in the

following theorem:
Theorem 3.3 [Gross and Shokrieh 2019]. Let X, Y, and Z be closed rational polyhedral spaces, let
f: X — Z be a proper morphism, let A € Z,(X), B € Z,(Y) and D € CDiv(X). Then we have
cyc(f+A) = ficyc(A),
cyc(A x B) =cyc(A) xcyc(B), and
cyc(D - A) =ci(Z (D)) ~cyc(A).

If X is a closed rational polyhedral space, then the morphism from X to a point defines a morphism
Hp 0(X) — Z by identifying the (0, 0)-tropical homology group of a point with Z. The image of a tropical
cycle a € Hy o(X) is called the degree of « and denoted by [ x o Itis a direct consequence of the first

/A:/ cyc(A)
X X

equation in Theorem 3.3 that

for every A € Zp(X).
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If X is a closed tropical manifold, then homology and cohomology are dual to each other, in the sense
that the morphism

H**(X) = H,4+(X), c+ c~cyc[X]

is an isomorphism [Jell et al. 2018; Gross and Shokrieh 2019]. In this context one says that c is Poincaré
dual to ¢ ~ cyc[X]. Poincaré duality allows to define an intersection product for tropical homology
classes on a closed tropical manifold X. More precisely, if «, 8 € H, .(X), and ¢ € H**(X) is Poincaré
dual to «, then one defines

a-B:=c~B.

Remark 3.4. Both the intersection pairing between tropical Cartier divisors and tropical cycles, and the
tropical cycle class map are not entirely free of choices. The intersection pairing depends on whether
one measures incoming or outgoing slopes. When measuring incoming slopes, concave functions define
effective principal divisors, whereas when measuring outgoing slopes, convex functions define effective
principal divisors. Since minima of linear functions are concave, and maxima of linear functions are
convex, one speaks of the “min”- and “max”-conventions, respectively. The cycle class map, on the other
hands, depends on a consistent choice of isomorphisms

AN Z> HNa, Na\ (0): 2)

for any lattice V of any rank k; see [Gross and Shokrieh 2019, Section 5].

If one wants Theorem 3.3 to hold, one has to make the choices involved in the definitions of the
intersection pairing and the cycle class map consistently. In other words, the choice of either “min”-
or “max”’-convention will determine the sign of the cycle class map. In this paper, we will choose the
“min”-convention, because it makes the formulas in Section 9 nicer, but the same formulas hold true in the
“max”-convention after appropriately adjusting the sign.

4. Tropical Jacobians

In this section we review the definition of tropical Jacobians, closely following [Mikhalkin and Zharkov
2008]. Let I" be a compact and connected smooth tropical curve. We write 7(I") := H(T, er) for the
group of global integral 1-forms, and Qr(I") := Qz(I") ®z R for the group of (real) 1-forms. A 1-form
on I' is completely determined by its restrictions to the edges of I', and these restrictions are constant and
completely determined by a real number and an orientation of the edge: it will be of the form rdx, where
r € R, and x is the chart on the edge determined by the orientation. Extracting the data of its restrictions
to the edges out of a 1-form gives rise to a natural morphism Qr(I") — C;(I"; R). Since the outgoing
primitive direction vectors at any point of I' (in any chart around that point) sum to 0O, the chains in the
image of Qr(I") will in fact be 1-cycles, that is they are mapped to 0 by the boundary morphism. It is not
hard to see that the induced map Qr(I') — H(I"; R) is an isomorphism.
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Remark 4.1. Another way to think of the elements of Q27(I") is as integral flows. Given w € Qz(I"),
we have already observed that the restriction w|, to an open edge e is determined by a direction and a
nonnegative integer. Conversely, a collection of directions and nonnegative integers for every edge in I'
will define a global 1-form if and only if this collection defines a flow.

Global 1-forms on I' can be integrated on singular 1-chains in I'. We obtain a pairing
QrM) xC(T'; R) - R, (w,¢)—~ /a) 4-1)
c

which can be shown to induce a morphism H;(I'; R) — Qgr(I')*. Together with the isomorphism
H,(I"; R) = Qr(I") from above, we obtain a natural bilinear form E on H;(I"; R), which can be described
explicitly. Namely, for two 1-cycles c¢; and c;, the pairing E(cy, c2) is the weighted length of the
intersection of c¢| and c;, where an oriented line segment occurring in ¢; and ¢, with weights A and p,
respectively, contributes with weigh A - . This bilinear form is clearly symmetric and positive definite.
In particular, it is a perfect pairing, and hence the morphism H;(I"; R) — Qr(I")* we used to define it
is an isomorphism. Via this isomorphism H;(I"; Z) becomes a sublattice of Qr(I")* of full rank, and
the positive definite symmetric bilinear form E induces a positive definite symmetric bilinear form Q
on Qr(I")*. The full-rank sublattice of Qr(I")* that has integer pairings with the elements of H;([", Z)
with respect to Q is precisely Qz(I")*.

Definition 4.2. The tropical Jacobian associated to the compact and connected smooth tropical curve I'
is the pair consisting of the real torus

Jac(T') := Qr(I)*/H\(T'; Z)
and the bilinear form Q that is defined on the universal cover Qr(I")* of Jac(I").

Remark 4.3. By the universal coefficient theorem, we also have an isomorphism H'(I"; R) = H,(I"; R)*.
Together with the isomorphism Qgr(I") = H;(I"; R) from above one obtains an isomorphism H MRy =
Qr(I")*. It is therefore also possible to write the Jacobian of I as the quotient H (I; R)/H(T; 7).

Now fix a base point g € I'. Given any other point p € I there is a path y, connecting g to p. As any other
path from g to p differs from y, by an integral 1-cycle, the class of y, in (C(I'; Z2)/B1(I'; £))/ H\(I"; Z)
is independent of the choice of y,,. Here, Bi(I'; Z) denotes the group of 1-boundaries. Using the pairing
(4-1), we obtain an element in Jac(I") that only depends on the choice of ¢q. This defines the Abel-Jacobi
map

®,: ' — Jac(I').

Let p € T', and let U be a sufficiently small connected open neighborhood of p. More precisely,
U should be connected and U \ {p} should be disjoint from V(I"). Then for every p’ € U \ {p} there
exists 7 > 0 and a geodesic path y: [0, r] — U from p to p’. Let e denote the unique open edge e of "
containing p’, and let  denote the primitive integral tangent vector on e pointing from p towards p’. If
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x is any lift of ®,(p) to the universal cover Qr(I")*, then by definition, p’ lifts to x 47 - §, where § is
given by

§: Qr(l) — R, wr—>%/w=<wle,n>-
Y

If we identify Qpr(I") with flows on I" (as in Remark 4.1) then § is the map assigning to a flow w on I its
flow on e in the direction specified by 7. In particular, § is integral, that is § € Q7 (I")*. This shows that
®, is, in fact, a morphism of boundaryless rational polyhedral spaces, and that its action on the tangent
space of e is given by

§ = (dPy)(m).

Example 4.4. Let I" be the smooth tropical curve associated to the metric graph that consists of two
vertices which are connected by three edges of length 1 (the graph of Example 2.7 witha =b=c=1).
It is depicted to the left in Figure 3. We choose one of the vertices as the base point g and orient the
edges of I' such that one edge, call it e3 is oriented towards g and the other two edges, call them e; and
e, are oriented away from ¢g. The orientations define two simple closed loops ¢; and ¢, in I', where
¢; first follows ¢; and then e3. These loops define a basis for H;(I'; R), and hence for Q7(I"). Let
81,82 € Qz(I')* be the dual basis. Since the signed length of ¢; N¢; is 2if i = j and 1 if i # j, the
injection H(I'; Z) — Qr(I")* maps c; to (2, 1) and ¢, to (1, 2) in the coordinates defined by the basis

81, 8>. If follows that
2
= [ 2(3)+2(3)

where the integral structure is given by Z> C R?.
The Abel-Jacobi map sends ¢ to 0 in this quotient. If y; is the geodesic path along e; that starts at g,
then

1
@)y =1-(y)+HiT: 2

for all ¢ € [0, 1] because the path from g to y;(¢) along e; intersects ¢; in an edge segment of length ¢,
and ¢, in a point (an edge segment of length 0). Similarly, if y» is a geodesic path along e;, and y3 is a
geodesic path along es, both starting at g, then

—1
@0 =1- ()4 HC:2) and @o) a0 =1- (7)) + Hi(T:2)

for all ¢ € [0, 1].

5. Algebraic, homological, and numerical equivalence

In this section we study different notions of equivalence for tropical cycles on boundaryless rational
polyhedral spaces, with a focus on real tori.
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© [ Jac(I")

Figure 3. A tropical curve of genus g, the universal cover of its Jacobian, and the sets Wi
(segments with arrows) and ® (no arrows) lifted to the universal cover. (See Section 8B
for the definition of ®).

5A. Algebraic equivalence. Following [Zharkov 2015], we make the following definition.

Definition 5.1. Let X be a boundaryless rational polyhedral space. Let R, be the subgroup of Z,(X)
generated by tropical cycles of the form

p«(q* (o —1) - W),

where W is a tropical cycle on X x I' for some compact and connected smooth tropical curve I containing
the two points 7y, 11 € ', and p: X xI' > X and ¢: X x I' — T are the natural projections. Note that
because I' is smooth, the difference 7y — #; defines a tropical Cartier divisors on I" (see Section 3A) and
tropical Cartier divisors can be pulled-back along any morphism of boundaryless rational polyhedral spaces.

We say that two tropical cycles A, B € Z,(X) are algebraically equivalent, denoted by A ~y; B, if
their classes in Z,(X)/ Ry coincide.

Proposition 5.2. Let X be a boundaryless tropical manifold, let A, B, C € Z.(X) be tropical cycles on
X, and assume that A ~yg B. Then

A-C~ugB-C.

Proof. By the definition of algebraic equivalence, we may assume that there exists a compact and
connected smooth tropical curve I', two points ty, t; € I', and a tropical cycle W on X x I such that

A—B=p.(q"(th—1)-W),

where p and ¢ denote the projection. Using the projection formula [Frangois and Rau 2013, Theo-
rem 8.3(1)], we see that

A-C—B-C=(A—=B)-C=pq*to—1)-(W-(CxI))).

Applying the definition of algebraic equivalence with W replaced by W - (C x I'), we obtain that A - C
and B - C are algebraically equivalent. U
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Definition 5.3. Let X = Ng/A be areal torus. A spanning curve for X is a 1-dimensional polyhedral
subset ' € X such that there exists an effective tropical 1-cycle on X with support I', and such that the
parallel transports to O of the direction vectors of the edges of I" span Tp X = Ng. If such a curve exists,
we say that X admits a spanning curve. See Example 7.4 for an example of a real torus which does not
admit a spanning curve.

Proposition 5.4. Let I" be a compact and connected smooth tropical curve. Then its Jacobian Jac(I")
admits a spanning curve.

Proof. For any choice of base point ¢ € I', the image ®,(I") of I" under the Abel-Jacobi map is the
support of the effective cycle ®,[I']. Using the explicit description given in Section 4 of the tangent
directions in Jac(I") of the images of the edges of I, it follows directly that ®,(I") is a spanning curve
for Jac(I"). ]

Proposition 5.5. Let X = Nr/A be a real torus that admits a spanning curve I'. Let x € X, and recall
that we denote by t,: X — X the translation by x. Then for every tropical cycle A € Z,.(X) we have

A ~alg (tx)+A.

Proof. By the assumptions on I', the point x is in the subgroup of X generated by the differences y — y’
for pairs y, y’ € I' contained in the same edge of I". Therefore, it suffices to show that (t;),A ~ag (£x/)+A
for any pair of points x, x” contained in the same edge of I". Let I', be the component of I containing x.
Even though T’y is not smooth, it still determines a metric graph G. After a choice of weights that makes
I" into a tropical 1-cycle, the metric graph G is equipped with weights m: E(G) — Z-¢ induced by the
weights on I'. Let G be the metric graph obtained from G replacing each edge e of G by an edge of
length £(e)/m(e), where £(e) denotes the length of e in the metric graph G. If T' denotes the smooth
tropical curve associated to the graph G (see Section 2C), then there is a natural morphism f': I — Iy
of rational polyhedral spaces, which is a bijection of the underlying spaces. Let 7, 1" € T be the unique
points with f(z) = x and f (') = x". Now let

g XxT>XxT, (x,5) - (x+ f(s),5),

and denote W = g, (A x [I']) € Z,(X x I''). By construction, if p: X x I' > X and q: X X ' — T denote
the projections, we have

px(q@" () - W) = (t)«(A) and  pi(g*(t) - W) = (t)«(A),
finishing the proof. U

5B. Homological equivalence.

Definition 5.6. Let X be a closed rational polyhedral space. We say that two tropical cycles A and B are
homologically equivalent, if cyc(A) = cyc(B).
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Example 5.7. Let I" be a compact and connected smooth tropical curve. By definition, we have Hy o(I") =
Hy(T'; Z) = Z. 1t follows that the degree morphism Hp o(I') — Z is an isomorphism. Therefore, the
homological equivalence class of a tropical O-cycle is uniquely determined by its degree. Let D € CDiv(I")
be a Cartier divisor on I'. By Theorem 3.3, we have cyc[D] = ¢ (£ (D)) —~ [I'], and by Poincaré duality
this implies that ¢, (£ (D) = 0 if and only if cyc[ D] = 0. By what we just saw, we have cyc[D] =0 if
and only if the degree of D is 0. We see that if D’ € CDiv(I") is another Cartier divisor, then [D] and
[D'] are homologically equivalent if and only if ¢; (£ (D)) = ¢1 (£ (D)), which holds if and only if D
and D’ have the same degree.

Proposition 5.8. Algebraic equivalence implies homological equivalence: if A and B are tropical cycles
on a closed rational polyhedral space X with A ~y¢ B, then A ~poy B.

Proof. By the definition of algebraic equivalence, we may assume that there exists a compact and
connected smooth tropical curve I', two points fy, #; € I, and a tropical cycle W on X x I' such that
A — B = p.(q*(to —t1) - W). Since to — t; has degree 0, we have c;(Z (o — 1)) = 0; see Example 5.7.
Therefore, by Theorem 3.3, we have

cyc(A) —cyc(B) = cyc(A — B) = pi(q*c1(ZL (1o — 1)) ~ cye(W)) =0,
finishing the poof. (Il

Theorem 5.9. Let X be a real torus admitting a spanning curve, and let A, B € Z.(X) be tropical cycles.
Then we have
cyc(A - B) =cyc(A) -cyc(B).

Proof. As both sides are bilinear in A and B, we may assume that A and B are pure-dimensional, say of
dimensions k and [, respectively. By Propositions 5.5 and 5.8, we may replace A by a general translate.
Therefore, we can assume that A and B meet transversally, that is that |A| N |B| is either empty or of
pure dimension k + [ — n, where n = dim(X), and (|A| N |B|)™& = |A|"8 N |B|"E.

As explained in [Gross and Shokrieh 2019, Remark 5.5], we can view cyc(A) as an element of the

Borel-Moore homology group H,f,f” (JA], X) with support on |A|, and similarly

cyc(B) € HSM(JAl, X) and cyc(A-B)e HY) ., _,(IANB], X).

Using Verdier duality [Gross and Shokrieh 2019, Theorem D], the cycle class cyc(A) is Poincaré dual to a
n—k,n—k

cohomology class with support on |A], that is to an element in H 4 (X). Therefore, the intersection
product cyc(A) - cyc(B) is also represented by an element in H,ﬂ‘l”in’ ks1—n(IAN B[, X) and it suffices to

prove the equality
cyc(A- B) =cyc(A) -cyc(B)

in H/fi-ﬂl/l—n, t41—n({A N B[, X). For dimension reasons, both sides are uniquely determined by their
restrictions to 2 . ., (JANB|NU, U), where U is an open subset of X with UN|ANB|=|ANB|"E
[Gross and Shokrieh 2019, Lemma 4.8(b)]. Combining the facts that V +— Hki]‘l/lin’kﬂin(m NBINV,V)
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satisfies the sheaf axioms [loc. cit., Lemma 4.8(b)], X is locally isomorphic to open subsets of R", and
(JAIN|B|)™& = |A|"eN|B|™¢ allows us to further reduce to the case where U = R" and A and B are linear
subspaces of R”. In this case, there exist hyperplanes Hy, ..., H,_; and H{, ..., H

;> and integers
a, b € 7Z such that

A=a-H ---Hy—y and B=b-H|-- H,.
Leta € H"A_lk’”_k (X) be the Poincaré dual to cyc(A). Applying [loc. cit., Proposition 5.12] (see also
[loc. cit., Remark 5.13]) yields
cyc(A-B) =cyc((a-Hi -+ Hy—)-(b-Hj - - Hy—)-[X])
= (a-c1(Z(H)) = -~ c1(ZL(Hy-1)) ~ ((b-c1 (L (H)) — - — c1(ZL(H,_)))) ~cye[X])
=o ~cyc(B)
=cyc(A)-cyc(B),
where the last equality holds by the definition of the intersection product of tropical homology classes.

This finishes the proof. O

5C. Numerical equivalence.

Definition 5.10. Let X be a closed tropical manifold. Then two tropical cycles A, B € Z,(X) on X are
numerically equivalent, for which we write A ~uy, B, if for every tropical cycle C € Z,(X) on X we

fA-C:/B-C.
X X

Proposition 5.11. Let X be a real torus admitting a spanning curve, and let A, B € Z,.(X) with A ~pom B.
Then A ~pum B.

have

Proof. Let C € Z,(X). By Theorem 5.9, we have

/A-C:/ cyc(A-C):/ cyc(A)-cyc(C):/ cyc(B)-cyc(C):/ cyc(B-C):/ B-C,
X X X X X X

from which the assertion follows. O

6. Tropical homology of real tori

Let X = Ngr/A be a real torus. Then the group law and the tropical cross product endow the tropical
homology groups with the additional structure of the Pontryagin product.

Definition 6.1. Let X be a real torus with group law w: X x X — X. The tropical Pontryagin product is
defined as the pairing

(@, B) = ax f:= pi(a x B),
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where o and B are either elements of Z,(X) or of H, .(X). We thus obtain morphisms
x: Zi(X) ®z Zi(X) = Zix(X)
x: H; j(X) ®z Hi i (X) = Hitg, j+1(X)

for all choices of natural numbers i, j, k, [. It is not hard to see that x makes Z,(X) into a graded abelian
group, and H, ,(X) into a bigraded abelian group.

Proposition 6.2. Let X be a real torus. Then the tropical cycle class map respects Pontryagin products,
that is the diagram

Z;(X)®z Z;(X) Ziyj(X)
lcyc@cyc lcyc

H;;(X)®z Hj j(X) ———— Hiyjitj(X)

is commutative for all i, j € 2.

Proof. Since the Pontryagin product is defined as the push-forward of a cross product, this follows
immediately from the compatibility of the tropical cycle class map with cross products and push-forwards
stated in Theorem 3.3. ]

For the real torus X = Nr/A, we will now describe the group H, .(X) and the Pontryagin product
on it explicitly. First we note that the sheaf Q; is the constant sheaf My associated to the lattice
M = Hom(N, Z), and since X™8 = X, we have ng( = ( /\k M ) ¥ for all integers k. By definition of
singular tropical homology, we thus have a canonical graded isomorphism

Ho (X)=H, (X; N N) = H.(X:2)®z [\ N.

The restriction of the Pontryagin product to the first factor H,.(X; Z) = Hy .(X) is precisely the classical
Pontryagin product one obtains when one views X as a topological group. But, as a topological group,
X is a product of 1-spheres. So using the Kiinneth theorem one sees that H.(X; Z) is isomorphic to
/\ Hi(X; Z). This is, in fact, an isomorphism of rings, the multiplication of H,(X; Z) being the Pontryagin
product. Finally, because X is the quotient of its universal covering space Nk by the action of A, we
obtain a natural isomorphism H;(X; Z) = A. If a tropical 1-cycle in H|(X; Z) is represented by a loop
y: [0, 1] — X then the corresponding element of A is given by (1) — 7 (0) for any lift y: [0, 1] — Ng
of y to the universal cover. We obtain an isomorphism

Ho.)= \ Aez \'N. (6-1)

It is straightforward to check that with this identification, the tropical Pontryagin product on H, .(X)
satisfies

(@Qw)*x(BRE) =(@Ap)®(@AE).
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By a similar argument, one obtains a description for the tropical cohomology of X that is dual to the
description of tropical homology in (6-1). More precisely, one sees that

H*X) = \ Aoz \ M, (6-2)
and that, with this identification, the tropical cup product on H**(X) satisfies
@®@w)— (BB =(@AP)®(wAE).

With the descriptions of the tropical homology and the tropical cohomology given in (6-1) and (6-2),
the tropical cap product can also be expressed explicitly. More precisely, we have

@®@w) ~(BRE) =(x1pf)(wf), (6-3)

T3k

where “_J” denotes the interior product on the exterior algebra.
In bidegree (1, 1) our description of the tropical cohomology of X produces an isomorphism

HY' (X)) = A* @ M.

We can further identify the right side with Hom(A ®z N, Z), that is with bilinear forms on Ng that have
integer values on A x N.

Convention 6.3. From now on we will always identify, according to the identifications in this section,
the cohomology group H''!(Ng/A) with the group of bilinear forms on N that have integer values on
A X N.

7. Line bundles on real tori

7A. Factors of automorphy. Let N be a lattice, let A C Ny be a lattice of full rank, and let X = Nr/A be
the real torus associated to N and A. To describe the tropical line bundles on X we recall from Section 3B
that they form a group, canonically identified with H'!(X, Affy). Invoking the results from [Mumford
2008, Appendix to Section 2], together with the fact that the pull-back 7 ~! Affy = Affy, along the
quotient morphism 7 : Ng — Nr/A = X has trivial cohomology on Ng, we obtain the identification

H'(X, Affy) = H' (A, T'(Ng, Affy,)),

where the right side is the first group cohomology group of I'(Ng, Affy,), equipped with its natural
A-action. This is very much akin to the case of complex tori: an element of H I(A, T'(Ng, Affy,)) can
be represented by a tropical factor of automorphy, that is a family of integral affine functions indexed
by A, that, if we represent it as a function a: A x Ng — R, satisfies

a(h+p,x)=a(k, p+x)+a(u,x) (7-1)
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forall u, A € A and x € Ng. Two factors of automorphy represent the same element of H (A, T'(Ng, Aff Ne))
if and only if they differ by a factor of automorphy of the form

A, x)—=1lx+X1) —1(x)

for some integral affine function / € I'(Ng, Affy;, ), which happens if and only if they differ by a factor of
automorphy of the form

(A, x) > mp(}),

where mp is the R-linear extension of a linear form m: N — Z.

Any factor of automorphy a( —, —) defines a group action A.(x, b) = (x +A,b+a(A, x)) of A on
the trivial line bundle Nk x R on Nk. The tropical line bundle on X corresponding to a(—, —) is the
quotient (Ng x R)/A.

7B. The Appell-Humbert Theorem. It is easy to check that for every morphism / € Hom(A, R) and
every symmetric bilinear form E on Ng with E(A x N) C Z, the family of integral affine functions on
Npg defined by

agi(e,x) =1() —E(\,x) — 3E(A, 1)

is a tropical factor of automorphy. We denote the associated tropical line bundle on X by Z(FE, ). The
following proposition shows that the first Chern class recovers E from .Z(E, ).

Proposition 7.1. Let E be a symmetric bilinear form on Ng with E(A x N) C Z, and let | € Hom(A, R).
Then ¢\ (ZL(E, 1)) = E, where we identify H"'(X) with the group of bilinear forms on Ny with integer

values on A x N according to Convention 6.3.

Proof. Let il = {U,}, be an open cover of X such that each preimage 7 ~!U, is a union of disjoint
open subsets of Nk that map homeomorphically onto U,. For each «, choose a continuous section
Sq: Uy = 1~ 'U, of . Furthermore, we choose a (necessarily noncontinuous) section s: X — Ng of 7.
By construction, the line bundle .Z(E, [) is represented by the Cech cocycle

(Uap 3 x > ag 1(sp(x) — 54(x), 5¢(x))) € C1 (4L, Affy).

Note that sg — s, has values in A and is therefore constant on the connected components of U, g = U, NUpg
by continuity. In particular, the functions x > ag ;(sg(x) — 5o (x), 5¢(x)) are indeed integral affine. By
definition, the first Chern class of .Z(E, I) is represented by the Cech cocycle obtained by differentiating
the transition functions for all « and 8. Using the definition of ag , it follows that ¢ (Z(E, 1)) is
represented by the cocycle

(Ua.p 3 x = —E(sp(x) —s4(x))) € CL(, QL), (7-2)

where we consider E as a function A — N*. To compute what this corresponds to under the identification
of H'(X, QL) with H!(X; N*) = A* ® N*, we consider the double complex

(CHL, €7 (X5 N*), dij, 8i)),
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where ¢’ (X; N*) denotes the sheafification of the presheaf
U C'(U; N
and we set C~'(U; N*) = N* and é‘l(il, F) =T(X, %) for any sheaf .#. We follow the cocycle of

formula (7-2) through the double complex in the zig-zag from the (1, —1) entry to the (—1, 1) entry
indicated by the solid arrows in the following diagram:

0 0 0

v

0------ >y N* --mmm - NTeLIP e Yoo J— OV XN -
0-- COU, (N*)x) ----» COYU, #0(X; N*) — COYU, € (X; N¥) - - --
0= C1EL (V) ) —— CHELEOX; N¥)) -+ CHEL #1 (X3 N¥) - -

v v v

First we apply the differential coming from singular cohomology and obtain
(Ua,p <— {0} > —E(sp(x) — 54(x))) € C' 4L, €°(X: N*)).
Clearly, this is the image under the differential coming from Cech cohomology of the cochain
(Uy <= {0}) > —E(sq(x) — s(x))) € CO(U, €(X: N*)).
Applying the differential of singular cohomology again we obtain
(Us <= 10,1]) > —E(sq( (1)) = (0 (1)) — 5 (0 (0)) +5(0(0)))) € CO(W, €' (X; N*¥)).
This can be lifted to a singular 1-cochain. Namely, for an arbitrary 1-simplex o : [0, 1] — X we choose a
lift o’: [0, 1] — Npg and then assign to o the value
—E(0'(1) = s(a (1)) —0'(0) +5(c(0))).

This is clearly independent of the choice of ¢’. In particular, if the image of o is contained in U,, we
may choose o’ = s, 0 o and obtain the same cocycle on U, as before. It is also clear that any loop in X
which is the image of a path in Ng from 0 to A € A is mapped to — E (L) by this 1-cochain. Therefore,
we have ¢ (Z(E, 1)) = E when identifying H LI(X) with A* @7 N* according to Convention 6.3. [

Theorem 7.2 (tropical Appell-Humbert theorem). Let £ be a tropical line bundle on the real torus
X = Nr/A. Then there exists | € Hom(A, R) and a symmetric form E on Ng with E(A x N) C Z such
that & = £ (E, ). Moreover, if we are given another choice of I’ € Hom(A, R) and symmetric form E' on
Nrwith E'(Ax N) CZ, then & = Z(E',l') ifand only if E = E’ and the linear form (I —1)g: Nr — R
has integer values on N.

Proof. We have already seen in Section 7A that there exists a tropical factor of automorphy a: A x Ng — R

such that .Z is the line bundle associated to a( —, — ). For every A € A, the function a(), —) is integral
affine, hence its differential £(X) := —da(A, —) defines an element in Hom(N, Z). Differentiating (7-1),
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we see that the map A — E(A) is linear. In other words, E defines a bilinear map on A x N — Z.
Therefore, for a suitable function b: A — R, we have a(A, x) = —E (A, x) + b(A) for all L € A and
X € Nr. Plugging this into (7-1), we see that E(A, u) = E(u, A) for all A, u € A, that is that E is, in
fact, symmetric. The tropical factor of automorphy a — ag o is then a family of constant functions, that is
we have

(@a—ago)(A,x)=1()

for some function /: A — R. Applying (7-1) once more we see that / is, in fact, linear. It follows that
a=(a—ag,o)+ago=ag,. In particular, we have ¥ = Z(E, ).

Now assume we are given a second choice of linear function I” € Hom(A, R) and symmetric form
E’ on NR with E'(A x N) C Z such that Z(E’,l") = .¥. We have already seen in Section 7A that
this happens if and only if ag; — ag/ ;v is of the form ag |, for some linear function m: N — Z. By
Proposition 7.1, we have

E' =ci((Z(E'I"))=c1(L(E,])=E.
Therefore, we have ag ; — agr; = ap—p and it follows that (I —")g has integer values on N. O

Remark 7.3. It follows directly from the tropical Appell-Humbert theorem that there is a bijection
between the group of all tropical line bundles with trivial first Chern class and A /N*, which is called
the dual real torus to X for that reason.

Example 7.4. Let N = 72 and let A = Zu; + Zuy C Ng = R2, where

J3
M1=(J6> and u2=<\/%>.

We claim that the real torus X = Ni/A has no spanning curve. Indeed, if there was one, then there existed
an effective tropical 1-cycle C in X supported on a spanning curve. Because the tangent directions of C
span N, there is a translate C’ of C that intersects C transversally in at least one point. Therefore, we
have

0 # cyc(C - C') = cye(C?) = cyc(C)?,

where the first equality follows from Propositions 5.2 and 5.5, and the second one from Theorem 5.9. In
particular, we have cyc(C) # 0.
As C is a hypersurface in X, it is a tropical Cartier divisor and we have

cyc(C) = c1(Z(C)) ~cyce[X].

By Proposition 7.1 and Theorem 7.2, the first Chern class ¢ (£ (C)) is given by a symmetric from E on
Nr with E(A x N) CZ. Let Z > a;; = E(u;, e;), where ¢; denotes the standard basis of 72. Then E is
symmetric if and only if

a1V3+ a2 = E(ui, uz) = E(uy, uy) = aag + anve6.
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The numbers 1, v/2, +/3, and +/6 being linearly independent over @ implies that all o; ; are zero. Thus, we
have E = 0, which is equivalent to c; (Z(C)) = 0, which in turn implies that cyc(C) = 0, a contradiction.

7C. Translations of line bundles.

Proposition 7.5. Let X = Ng/A be a real torus, let | € Hom(A, R), and let E be a symmetric bilinear
form on Ng with E(A x N) C Z. Furthermore, let w: Ngr — X be the projection and let y € Nr. Then

we have
o LE 1) = Z(E 1 - E(—, ).

In particular, if the bilinear form E is nondegenerate and ' is any line bundle on Ng/ A with ¢ (") =E,
then there exists x € X such that &' =t 2 (E, l). If, moreover, E restricts to a perfect pairing Ax N — Z,
then x is unique.

Proof. We recall from above that Z(E, [) can be defined as the quotient of the trivial bundle Ng x R by
the A-action given by A.(x, b) = (x +A, b+ae (A, x)). Since the morphism?; :Nr—> Np, x+—>x+y
that induces ;) on the quotient Ng/A is A-equivariant, the pull-back nZ(E, [) can be represented
as the quotient of

Iy (Ng x R) = Ng x R

by the pulled back A-action. The action of A € A on (x, b) under the pulled back action is obtained
by first applying ?; to the first coordinate, yielding (x + y, b), then applying the A-action defined by
ag ., yielding (x +y + A, b+ acg. 1) (A, x +y)), and finally applying 7! to the first coordinate, yielding
(x+A,b+aE,n(X, x+y)). So in total, the pulled back action is given by

A, b)y=&+Arb+aEn, x+y))

= (x+Ab+10) = EQ x +3) = 3E(, 1))

=(x+4b+I0)—EQ, y)—EM}, x)—3ERL, 1))

=& +Ab+aEi—E— )
which is precisely the action on the trivial bundle defined by the factor of automorphy a(g ;g (—,y)). This
shows that t;(y)f(E, H=Z(E,l—E(—,Y)).

Now assume that E is nondegenerate and that %’ is any line bundle on X with ¢;(¥’) = E. By

Theorem 7.2 and Proposition 7.1, there exists a linear form ’: A — R such that ¢’ = #(E,l’). Since E

is nondegenerate and Ag = N, there exists X € Ng such that [ — [’ = E(—, X). By what we have shown
above, we have

L= LE |~ E(— D)2tk L(E. ) =1, ZL(E.]),

where x = 7 (X). If x’ € X is another point such that ¢, .Z(E, ) = .¢’, and ¥’ € N is chosen such that
w(x") = x’, then we have
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by what we have shown above. This happens if and only if E(—, X — X’) has integer values on N by
Theorem 7.2. If E restricts to a perfect pairing on A x N, this happens if and only if ¥ — X" € A, that is if
and only if x = x'. O

Remark 7.6. If we call two line bundles on a real torus tropically equivalent if they have the same first
Chern class, then Proposition 7.5 shows that two tropical line bundles which are translates of each other
are tropically equivalent, with the converse being true if their first Chern class is nondegenerate. This is
completely analogous to the situation on complex tori, where two line bundles are analytically equivalent
if they have the same first Chern class [Birkenhake and Lange 2004, Proposition 2.5.3]. If two line
bundles on a complex torus are translates of each other, then they are analytically equivalent, with the

converse being true if their first Chern class is nondegenerate [loc. cit., Corollary 2.5.4].

7D. Rational sections of line bundles. Let E: A x N — Z be bilinear such that Eg is a symmetric
bilinear form on Ng, and let/: A — R be linear. As mentioned above, the tropical line bundle -Z(E, ) on
X is a quotient of the trivial bundle N x R by the A-action defined by E and [. In particular, the global
rational sections of .Z(E, [) are precisely those global rational sections of Ng x R that are invariant under
the A-action. More precisely, the global rational sections of Z(E, ) are in bijection with the piecewise
linear function ¢ € I'(NR, #ny) such that

p(x+21)=¢x)+1(A) — E(r,x) — 3E(L, A). (7-3)

The divisor associated to the section of .Z(E, [) corresponding to ¢ is precisely the quotient of div(¢) by
the A-action. In particular, this divisor is effective if and only if div(¢) is effective, that is if ¢ is concave.
Together, concavity and (7-3) put strong constraints on ¢, or rather its Legendre transform. In fact, it
has been shown in [Mikhalkin and Zharkov 2008, Theorem 5.4] that if E is a perfect pairing and Ep is
positive definite, these constraints completely determine ¢ up to an additive constant. More precisely, ¢
is given by

¢(x) =min{E(h, x) + $E(A, 1) —I(A) | A € A} + const

in this case (note that this only differs from the formula in [loc. cit.] because we are using the “min”-
convention, see Remark 3.4). By the tropical Appell-Humbert theorem it follows that for every line
bundle . on X with ¢ () = E there exists a unique effective divisor D € CDiv(X) with (D) = Z.

Proposition 7.7. Let X = Ng/A be the real torus associated to a pair of lattices N and A C N, and let
D, D’ € CDiv(X) be two effective divisors such that cyc[D] = cyc[D'] is Poincaré dual to E € H"1(X)
for some perfect pairing E: A X N — Z such that ER is a positive definite symmetric bilinear form on
Ng, where we identify H'1(X) with Hom(A, N*) according to Convention 6.3. Then there exits a unique
x € X such thatt'D = D'.

Proof. We have
cyc[D] = cye(D - [X]) = c1(Z(D)) ~ cye[X],
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so cyc[D] is Poincaré dual to c¢; (£ (D)), and similarly cyc[D’] is Poincaré dual to c¢;(£(D’)). By
assumption, it follow that
c1(Z (D)) =ci(Z(D"))=E.

By Proposition 7.5, there exists a unique point x € X such that 1] (£ (D)) = Z(t;(D)) is isomorphic
to Z(D’). It follows that the two divisors ¢)(D) and D’ correspond to two concave rational sections
of Z(D’). But, since ¢ (Z(D’)) = E, these two rational sections differ by a constant. Therefore,
D' =1t}(D). O

8. Tautological cycles on tropical Jacobians

Classically, the ring of tautological classes on the Jacobian of an algebraic curve is the smallest subring
of its Chow group that contains the image of the curve under the Abel-Jacobi map and is invariant under
intersection products, Pontryagin products, translations, and the involution map. We will now introduce
the most important tropical tautological cycles on a tropical Jacobian.

Throughout this section, I will denote a compact connected smooth tropical curve of genus g. We
will also fix a base point g € I' with respect to which we define the Abel-Jacobi map.

8A. Effective loci and semibreak divisors. Using the group structure on the Jacobian, the Abel-Jacobi
map induces morphisms QDZ : T'Y — Jac(I") for all nonnegative integers d.

Definition 8.1. For every integer 0 < d < g we define
W = @4 ().

Because CIJZ is a proper morphism of boundaryless rational polyhedral spaces, we know that W, is an at
most d-dimensional boundaryless rational polyhedral subspace of Jac(I"). By definition, (<I>Z )«[[¥] is a
tropical d-cycle on W,;. Note that this does not mean that W, has dimension d or that it is pure-dimensional
as (CDZ )«[T'?] could be 0. All we can say a priori is that the support of (CDf]’ )«[['] is precisely the subset
of points of W, where the local dimension of W, is equal to d.

To show that W, in fact is purely d-dimensional we will use the identification of Jac(I") with the
PicO(F) given by the tropical Abel-Jacobi theorem [Mikhalkin and Zharkov 2008]. Here, Pic(I") denotes
the quotient of CDiv(T") by the subgroup consisting of all principal divisors, and Pic?(I") denotes the
subgroup of Pic(I") consisting of the all classes of divisors of degree d. The statement of the tropical
Abel-Jacobi theorem is that the Abel-Jacobi map &, induces a bijections Pic?(I") — Jac(T") for d = 0,
and hence for any d. If W,; denotes the preimage of Wd in Pic?(I") under the bijection Pic?(I") — Jac(I),
then W, is precisely the set of the classes of effective divisors of degree d. In particular W is independent
of the base point ¢g. Together with L. Téthmérész, we have proved the following theorem.

Theorem 8.2 [Gross et al. 2022, Theorem 8.3]. The subset W, of Picd(l") is purely d-dimensional.

It follows immediately that W, is purely d-dimensional as well, and hence that the tropical cycle
(CDf]’ )«[T'?] has support Wd. We will now show that Wd has a fundamental cycle [Wd] which we will relate
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to (QDZ)*[F" ]. To do this, we will need the notion of a break and semibreak divisors. A break divisor on
I" is an effective divisor B such that there exist g open edge segments ey, ..., e, € I" and points g; € ¢;
such that I \ |, e; is contractible and B = ) .(g;). A semibreak divisor is an effective divisor that is
dominated by a break divisor, that is an effective divisor D such that there exists an effective divisor E
for which D + E is a break divisor; see [Gross et al. 2022].

Proposition 8.3. Let 0 <d < g. Then W, has a Sfundamental cycle [W,1, and the equality
(@), [T9] = d![W,]
hold in Z.(Jac(T)).

Proof. 1t suffices to show that (<I>Z )«[T'] has weight d! on all components of V’iv/;eg . Indeed, if that is the
case then %(Qq)*[Fd ] is a tropical cycle with support W, and weight 1 on all components of W;eg. But
this implies that Wd has a fundamental cycle and that (@‘;)*[Fd] = d![Wd].

By the definition of the push-forward, we now have to show that for any x € Wd such that (CIZ'j]’)_1 {x}
is finite and contained in (I'?)™¢, the value of (@g)*[l"d] at x is d!. Let o be a component of (I'?)g,
Then there exist open edges ej, ..., eq of I' such that 0 =e; x - - - X ¢4. We choose an orientation on
each of these d edges. This determines a unique primitive tangent vector n; on each edge e;. These d
tangent vectors form a basis of the integral tangent space of the product e x - - - X 4. As already noted
in Section 4, the image of n; in the tangent space Qz(I")* of Jac(I") is given by

dPg)(mi): Qz(T') = Z, o> (@le, Mk)-

If we identify 7 (I") with integral flows on I', as explained in Remark 4.1, then (d®,) (1) is the map
assigning to an integral flow w on I its flow on ¢, in the direction specified by the chosen orientation.
Because <I>Z is defined as the d-fold sum of ®,, we have (d d>f1)(nk) = (d®y)(nr). In particular, if e, =¢;
for k # 1, then (d®%) (i) = (dP2) () which means that ®¢ is not injective on o and x ¢ ®J(0). We
may thus assume that all e; are distinct. If I' \ ] e is disconnected, then there exists an 1 </ < d such
that I"\ U§c:1ek has precisely two components C; and C,. For 1 <k <[ let o} be equal 1 if ¢ is oriented
such that it leads from C; to C;, and let o be equal to —1 if it is oriented the other way. Since the total
flow from C; to C; in any integral flow on I' is 0, we have

1

> ad®d)(m) =0,

k=1
which means that d CDg is not injective on the tangent spaces of o. Therefore, @g is not injective on o
and again x ¢ CIDjI’(cr). If '\ | ex is connected, then for each 1 < k < d there is a simple closed loop
in I" that passes through e; but not through e; for [ # k. It follows that for every assignment of values
f:{1,...,d} = Z there is an integral flow w € Qz(I") whose flow on e is f (k). This implies that the
vectors (d <I>‘qi)(m), ..., (d dD‘qi)(ni) span a saturated rank-i sublattice of 7 (I")*. Therefore, every point
of (dDg)_l {x}No contributes to the weight of (@g)*[f‘d ] with multiplicity one, and by [Gross et al. 2022,
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Lemma 8.1] there is at most one of these points. In fact, if (CI>Z Y Hxinois nonempty, then [loc. cit.,
Lemma 8.1] tells us that all other components o’ of (I'?)ree with (CDZ Yy~'{x}N o’ # @ are obtained from
o via a permutation of coordinates. As there are exactly d! of these permutations, the weight at x is d!,
finishing the proof. ]

As an immediate consequence of Proposition 8.3 we obtain the following corollary.
Corollary 8.4. The equality of tropical cycles *Z:] [Wl] = d![Wd] holds in Z.(Jac(I")).
Proof. This follows directly from the formulas for [Wd] and [Wl] given in Proposition 8.3, and the fact
that CD; is the d-fold sum of ®,. ]

We have a morphism H;(I'; Z) — Hj(Jac(I'); Z) induced by the (continuous) Abel-Jacobi map. As
noticed in Section 6, there is a natural identification

Hi(Jac(I"); Z) = H((I"; Z)

coming from the fact that Jac(I") = Qr(I")*/H,(['; Z) is defined by taking a quotient of a real vector
space by H (I'; Z).

Lemma 8.5. The morphism
(Pg)«: HI(I'; Z) — Hi(Jac(T'); Z) = H(T"; Z)

is the identity.

Proof. Let a be a cycle on I' representing a class in H;(I"; Z). We need to show that (®,).[a] = [«]. By
the Hurewicz theorem, we may assume that it is represented by a loop y : [0, 1] — I starting and ending
at the base point g. By the definition of the Abel-Jacobi map, the path

y:10,11 = Qr(D)*, t+— (a) — / a))
vl0.n

lifts the composite ®, oy . Therefore, (®,).y € Hi(Jac(I'); Z) is identified with the element ¥ (1)—3(0) =
Y (1) € Hi(T'; Z). But this is equal to the image of y under the embedding H;(T'; Z) < Qgr(I')*. O

8B. The tropical Riemann theta divisor. Recall from Section 4 that the tropical Jacobian Jac(I") =
Qr(T)*/H(I'; Z) of a smooth tropical curve I' comes equipped with a positive definite symmetric
form Q on its universal cover Qr(I")* which restricts to a perfect pairing Qz(I")* x H|(I'; Z) — Z. By
Proposition 7.1, the first Chern class of the line bundle .2 (Q, 0) is given by Q. As explained in Section 7D,
this implies that .Z(Q, 0) has, up to an additive constant, a unique concave rational section, the Riemann
theta function, which defines a unique effective divisor ® € CDiv(Jac(I")) with Z(®) = £(Q, 0). For
further details about the Riemann theta function see [Mikhalkin and Zharkov 2008] and see [Foster et al.
2018] for the connection to the nonarchimedean Riemann theta function.

Definition 8.6. The unique effective divisor ® € CDiv(Jac(I')) with £ (®) = Z(Q, 0) is called the

tropical Riemann theta divisor on Jac(I").
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Note that by construction, we have ¢|(Z(®)) = Q.

Example 8.7. Figure 3 shows the ®-divisor for the curve I from Example 4.4. It is the image in Jac(I")
of the boundaries of the Voronoi cells of the lattice points H|(I"; Z) in Qr(I")* with respect to the metric
defined by Q.

9. The tropical Poincaré formula

We are finally in a position to prove the Poincaré formula. Our strategy is to give explicit formulas for both
sides of the equation. More precisely, we will introduce coordinates on the tropical homology groups of
the tropical Jacobian, and will compare the coefficients of both sides of the equation in these coordinates.
Throughout this section, I' will denote a compact and connected smooth tropical curve of genus g, and
ey, ..., eg will denote distinct open edges of I' such that I" \ (Uk ek) is contractible. Furthermore, we
will assume that we have chosen an orientation on each of the edges ey, ..., e,.

9A. Bases for the tropical (co)homology of Jac(I'). Recall from Section 6 that there is an isomorphism
of rings

Hy (Jac(D) = \ Hi(T: ) ® /\ 2z(1)",

where the ring structure on the left side is given by the Pontryagin product. Using this isomorphism, a
choice of bases for H|(I'; Z) and Qz(I")* will induce a basis for H, ,(Jac(I')). We will use our choice
of open edges e, ..., e, to define bases for these lattices. Let 1 < k < g. The orientation on e, defines a
start and an end point for e;. Since T is contractible and therefore a tree, there is a path in 7" from the
end to the start point of ¢, and this path is unique up to homotopy. Together with any path in e; from
its start to its end point, this defines a fundamental circuit ¢, € H;(I'; Z) that traverses e; but is disjoint
from e; for [ # k. It is well known, and straightforward to check, that the fundamental circuits cy, ..., ¢,
form a basis of H;(I"; Z).

To obtain a basis for Q7 (I")*, let n; denote the primitive tangent vector on ¢ in the direction specified
by the orientation, and let §; = (d®,) (). As we observed in Section 4, §; can be described as the
morphism Qz(I") — Z assigning to an integral flow on I' its flow through ¢ in the direction specified
by the orientation. By definition of the bilinear from Q on Qr(I"), we have Q(ct, ;) =1if k=1 and

O(ck, ) =0if k #1, thatis 81, ..., §, is dual to the basis cy, ..., ¢, with respect to Q. We noticed in
Section 4 that Q7 (I")* is precisely the set of vectors in Qr(I")* that have integral pairing with respect to
Q with all elements of H(I'; Z). It follows directly that §1, ..., 8, is a basis for Q7 (I").

Similarly, by the isomorphism

H**(Jac() = /\ H|(T: 2)* ® /\ Qz(I)

of rings discussed in Section 6, bases for H;(I"; Z)* and Qz(I") induce a basis for H**(Jac(I")). The
bases we will use for these lattices are the dual bases (c;); and (5;)x to the bases (cx)x and (8 ).
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Note that both H, ,(Jac(I")) and H**(Jac(I")) are tensor products of skew commutative graded rings.
We will use the following notation for elements of special form in groups of this type.

Notation 9.1. Let R; and R, be two skew-commutative graded rings, let J be a finite set, and leta: J — R
and b: J — R be maps such that for every j € J the elements a(j) and b(j) are homogeneous of the
same degree. Then for any injective map o : {1, ..., k} — J, the element

k k
[[acan ] ]o@w)

=1 =1

of R; ®z R, only depends on the image  := o ({1, ..., k}). We denote it by
[[e ][00
iel iel

9B. Cycle classes of tautological cycles.

Proposition 9.2. We have
g
cyc[Wi] = Z ck @ .
k=1
Proof. Choose an orientation for every edge e of I' that coincides with the orientation we have already
chosen if e = ¢ for some k. Let 5, the primitive tangent vector of e in the direction specified by the
orientation, and let §, = (d®,)(n.). By construction, we have §,, = §; for all 1 <k < g. It follows
immediately from the definition of the tropical cycle class map and Theorem 3.3 that cyc[ﬁ’l] is represented
by the (1, 1)-cycle
D (@g)«(@) ® 8. € C1 1 (Jac(I)),

ecE(T)

where we view the oriented closed edge e as a singular 1-simplex by choosing a parametrization compatible
with the given orientation. Using that the ¢; and the §; form dual bases with respect to the bilinear form Q,
we see that the above equals

8 8
D (@)@ ® (Z Q(cis 8. -al-) = Z( PONUCKAE <<I>q)*(é>) ® ;.
ecET) i=1 i=1 “NecE(I")

Since Q(c;, é.) is 1 whenever e is on the loop c;, and 0 otherwise, we have

D00 8)(@g)u(@) = (Py)aci,

ecE()

which is equal to ¢; by Lemma 8.5. This finishes the proof. (I

Remark 9.3. It follows immediately from Proposition 9.2 that the expression

Y a®s e Hi(;7) @ Qz()*
k
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is independent of the choice of spanning tree used to define the elements ¢, and &;. On a closer look, it
turns out that this independence is more of a feature of linear algebra than a feature of spanning trees.
To see this, we observe that the natural isomorphism H;(I"; Z) = Qz(I") identifies the basis (§;)x with
the dual basis of (cx)x. Therefore, ), cx ® 6 is identified with the identity endomorphism on H,(I"; Z)
under the composite

H\(I'; 7) ® Qz(D)* = H|(TI'; 2) @ H(T'; Z)* = End(H(T; 2)),
which is an invariant of H{(I"; Z) rather than of I".

Lemma 9.4. We have

cyclWal = Z Ne® /\ s

gtkel kel
|I| d

Proof. Using Propositions 8.3 and 6.2 we obtain
- d - d N
d'cyc[Wy] = d!cyc( * [W1]> =d! % cyc[W].
k=1 k=1

By Proposition 9.2, this equals

i’ <i61®51>-

k=1 =1

Using the description of the Pontryagin product from Section 6, we can rewrite this as

Z /\ Cot) ® /\ 8o (k)

o k=l

where the sum is over all maps o: {1, ...,d} — {1, ..., g}. Since /\ Qz(T) is skew-commutative, only
an injective o would contribute to the sum. If I is the image of an injective o then, using our Notation 9.1,
we have

/\Ccr(k) ®/\5a(k) = /\Ck®/\5k
kel kel

Since the map o — o (1), for injective o : {1,...,d} = {1, ..., g}, is d!-to-1, we obtain

d!cyc[ Wd Z/\Cg(k)®/\80'(k) d! Z /\Ck®/\8k

o k=1 IC{L,...,g) kel kel
[|= d

The result follows after dividing both sides by d!. This division is allowed because the tropical homology
groups of Jac(I') are torsion-free. U
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9C. Tropical cycle classes of powers of the theta divisor.

Lemma 9.5. We have
g

cl(Z(O) =) .

i=1
Proof. As already observed in Section 8B, we have ¢ (£ (®)) = Q, where we identify
H"!'(Jac(l)) = H'(T; 2) ® Qz(T)
with Hom(H(I"; Z) ® 2z(I"), Z). Because (cx ), and (8¢ )y are dual bases with respect to Q, the assertion
follows. (]
Lemma 9.6. Let I C{1,..., g} with|I|=d. Then
Ao\ e /\d H(T,7)"® /\d Qz(I) = H*(Jac(I"))

kel kel

is Poincaré dual to

g—d ~
N a® [\ SeHuqUac).2)® /\* Q) = Hy_g - aac(I).
kelloghT k(g

Proof. Since Jac(I") = VT/g, we have

cyc[Jac(F)]:( A\ ck>®( A\ sk) (9-1)

1<k=<g I<k=<g

by Lemma 9.4.
Note that for every o € H;(Jac(T'); Z)*, x € \' Hi(Jac(T'); Z), and y € A\’ H;(Jac(T"); Z) we have

oe_n(x/\y):(a_nx)Ax—i—(—l)ixA(oe_ny)

by the properties of the interior product; see [Eisenbud 1995, Proposition A 2.8]. Similarly for every
a€Qz(),be N\ Qz()* and ¢ € A\’ Qz(I')* we have

as(bre)=(asb)rc+(=D'bA(ac).

Using induction, we conclude that

/\c,f/\ /\ ==+ /\ Ck

kel ke{l,....g} kefl,..., g1
and similarly

Asi~ N\ &= A\ &

kel ke(l,....g) kell,....g\/

with the sign being the same on the right-hand sides of the two equations as long as we order the sets /
and {1, ..., g} consistently in both equations. Combining these identities with the expression (9-1) for
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the fundamental class of Jac(I") and the identity (6-3), it follows that
< AGLIA 6;5) ~lacMl= N\ a® /\ 3k,
kel kel kefl,...g\I ke{l,...,gN\I

which is precisely what we needed to show. (Il
The following result is the tropical analogue of [Birkenhake and Lange 2004, Theorem 4.10.4].

Lemma 9.7. We have

cye(@F D =@-a! Y Nao /s
I1C{l,....g} kel kel
|I|=d

Proof. Since intersections with divisors is compatible with the tropical cycle class map by Theorem 3.3,
we have

cyc([01F79) = ¢1(£(©))¢ ™4 ~ [Jac(I)],

that is cyc([@]g*d) is Poincaré dual to ¢; (£ (©))8 4. By Lemma 9.5 we know that

8
L@ =) .

i=1

With the description of the cap-product on H**(X) given in Section 6, we obtain

@) ' =@g-a Yy Ncge\d

I1C{1,...,g} kel kel
i d
similar as in the proof of Lemma 9.4. Applying Lemma 9.6 finishes the proof. ]

9D. The proof of the tropical Poincaré formula.

Theorem 9.8. The Poincaré formula holds tropically, that is we have
(& — d)[Wal ~hom [015 7.
Remark 9.9. The Poincaré formula is more commonly expressed as

[Wal ~hom (O],

(g —d)!
where we the right side is defined after an extension of scalars to (. Because the tropical homology

groups of Jacobians are torsion-free, this is indeed an equivalent expression of the formula.

Proof. By Lemma 9.4 we have

cyc[Wal = Z /\ Gk ® /\ S

gt kel kel
|1| d
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On the other hand, by Lemma 9.7 we have

cye(@F ) =@g-d)! Y Na®/\s
1C

H{l,...,g) kel kel
|I|=d

It follows immediately that
cyc((g —d)![Wa]) = cyc([©15~Y),

which is equivalent to saying that [Wd] and [@]8¢ are homologically equivalent. O

Corollary 9.10. We have
(g — d)![W4] ~pum [©1574.

Proof. This follows directly from Theorem 9.8 and Proposition 5.11. ]

Remark 9.11. We have proved Theorem 9.8 under the assumption that the smooth tropical curve is
boundaryless. If I" is a compact and connected smooth tropical curve with boundary as described in
Remark 2.5, then the Poincaré formula holds as well, and the proof in this seemingly more general case
can easily be reduced to the boundaryless case. Namely, if '’ denotes the boundaryless smooth tropical
curve obtained from I' by removing the leaves from I', then I" and I'” have identical Jacobians, and their
theta divisors coincide by definition. Furthermore, the Abel-Jacobi map associated to I'” contracts all the
leaves of I', so that the loci VT/d associated to I' and I'’ coincide as well.

9E. Consequences of the Poincaré formula. The tropical Poincaré formula has some interesting im-
mediate consequences. One of them is a tropical version of Riemann’s theorem. The statement has
appeared before [Mikhalkin and Zharkov 2008], with a different (combinatorial) proof. To state the
theorem, recall from Section 8 that the Abel-Jacobi map induces a bijection Pic’(I") — Jac(I"). Because
all contributions from the chosen base point ¢ cancel in degree 0, this bijection is independent of all
choices. In particular, we can view ® as a divisor on Pic’(I") in a natural way. Also recall from Section 8
that while ﬁ/d C Jac(I") depends on ¢, the image W, of I'? in Picd(l") does not.

Corollary 9.12 (tropical Riemann’s theorem; see [Mikhalkin and Zharkov 2008, Corollary 8.6]). There
exists a unique u € Pic® -1 (") such that

[We 1] = pu+10],
where we consider [®] as a tropical cycle in Pic®(I").

Proof. 1t suffices to show that there exists a unique u € Jac(I') such that [Wg,l] = (t,)«[®] when
considering ® as a divisor on Jac(I'). Since [Wg_l] is a codimension-1 tropical cycles on the tropical
manifold Jac(I"), we can view Wg_l as a tropical Cartier divisor as well; see Section 3A. Applying the

Poincaré formula (Theorem 9.8) with d = g — 1 yields

Cyc[ﬁ/g,l] = cyc[®].
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By definition of @, the cycle class cyc[®] is Poincaré dual to the element in H'! (Jac(I")) corresponding
to the linear form Q. As Q restricts to a perfect pairing H, (I'; Z) x Qz(I')* — Z, Proposition 7.7 applies
and there a unique p € Jac(I') such that 7 VT/g, 1 = ©. This is, of course, equivalent to the equality
(1)« W11 =1[0O]. m

Corollary 9.13. For every 0 <d < g, we have

[ t5a=2)

Remark 9.14. In the special case d = 1 we recover the formula

/ [Wi]-[©] =g
Jac(I")

stated in [Mikhalkin and Zharkov 2008, Theorem 6.5]. Also note that the intersection product [VT/d] . [Wg_d]
is effective since one can locally apply the fan displacement rule.

Proof. We apply Poincaré formula (Theorem 9.8) three times, and obtain a chain of equalities

~ o~ [0 g\ .~
(Wal - W) = e == )Ual

that hold modulo homological equivalence. Taking the degree yields the result. O

Corollary 9.15. We have

f (0] =g!.
Jac(I')

Proof. By the tropical Poincaré formula (Theorem 9.8), we have

/ [@]gzg!/ [Wol = g!.
Jac(I') Jac(I")

0

Remark 9.16. Classically, the statement of Corollary 9.15 also follows from the geometric Riemann—
Roch theorem for Abelian varieties [Birkenhake and Lange 2004, Theorem 3.6.3]. Tropically, it is also
possible to prove the statement using the duality of Voronoi and Delaunay decompositions.
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Tautological rings of Shimura varieties and
cycle classes of Ekedahl-Oort strata

Torsten Wedhorn and Paul Ziegler

We define the tautological ring as the subring of the Chow ring of a Shimura variety generated by all Chern
classes of all automorphic bundles. We explain its structure for the special fiber of a good reduction of a
Shimura variety of Hodge type and show that it is generated by the cycle classes of the Ekedahl-Oort strata
as a vector space. We compute these cycle classes. As applications we get the triviality of ¢-adic Chern
classes of flat automorphic bundles in characteristic 0, an isomorphism of the tautological ring of smooth
toroidal compactifications in positive characteristic with the rational cohomology ring of the compact
dual of the hermitian domain given by the Shimura datum, and a new proof of Hirzebruch-Mumford
proportionality for Shimura varieties of Hodge type.

Introduction 923
1. Chow groups of quotient stacks 929
2. The Bruhat stack and cycle classes of Schubert varieties 932
3. The stacks of G-zips and of flagged G-zips 937
4. Induced maps of Chow rings 943
5. The tautological ring of a Shimura variety 951
6. Cycle classes of Ekedahl-Oort strata 956
7. Applications 962
8. Examples 970
Acknowledgements 977
References 978
Introduction

Tautological rings. The Chow ring A*(Sk) (always with rational coefficients) of a Shimura variety Sk is
still a very mysterious object. Here we study the subring generated by all Chern classes of all automorphic
bundles on the Shimura variety or on a smooth toroidal compactification of the Shimura variety. In the
Siegel case this subring was already studied by van der Geer and Ekedahl [1999; 2009]. Following
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their terminology, we call this subring the tautological ring' of the Shimura variety or of some toroidal
compactification.

More precisely, let (G, X) be a Shimura datum and K C G(Ay) a sufficiently small open compact
subgroup. The Shimura datum defines a conjugacy class of cocharacters . of G whose field of definition
is the reflex field E of the attached Shimura variety. We denote the canonical model over E of this
Shimura variety by Sk = Shg (G, X). To simplify the notation here in the introduction let us assume
that G does not contain a (-anisotropic and R-split torus in its center. This condition is automatic
if (G, X) is of Hodge type. The Borel embedding of the hermitian space X into its compact dual X"
induces a morphism

o :Sx — Hdg:=[G\X"]

of algebraic stacks over E [Milne 1990, III]. By definition, a vector bundle on Sk is automorphic? if it is
isomorphic to the pullback of a vector bundle on Hdg. Moreover, it is flat if it is obtained by pullback from
a vector bundle on the classifying stack [G\x], i.e., if it is induced by a finite-dimensional representation
of G (see Section 5 for details). For a smooth toroidal compactification S¥" of Sx given by the choice
of a suitable polyhedral cone decomposition, the theory of canonical extensions of automorphic vector

bundles shows that there is a canonical extension of o to S}?r.

Definition 1 (Definition 5.7). The rautological ring of Sk (resp. of S¥") is the image of the Chow ring
of Hdg in the Chow ring of Sk (resp. of S") under pullback via o.

In the Siegel case, the tautological ring is the subring generated by all Chern classes of the Hodge
bundle in the de Rham cohomology of the universal abelian scheme (Example 5.9), which is the definition
of van der Geer in this case.

Ekedahl-Oort strata. From now on we assume that (G, X) is of Hodge type and that p > 2 is a prime of
good reduction for the Shimura datum. Then the reductive group Gq, has a reductive model ¢ over Z,
and hence the algebraic stack Hdg has a good integral model over the ring of integers of the completion
of E ata place above p. Denote by G the special fiber 4. Hence G is a reductive group over [,. Moreover,
since the Shimura variety is of Hodge type, there are canonical smooth integral models .#x and .7;"
with special fibers Sx and S}?r by the work of Vasiu [1999], Kisin [2010], and Kim and Madapusi Pera
[2016; 2019] such that the morphism o extends. Hence we also obtain in characteristic p tautological

rings of Sk and S¥" as images under pullback maps

o*: A*(Hdg) — A*(S), 0.1)

where we again denote by Hdg the special fiber of the above integral model of Hdg. In characteristic p
the work of Viehmann and Wedhorn [2013] (for Shimura varieties of PEL type), of Zhang [2018]

10ne could argue against this terminology: By analogy to the notion of tautological rings of moduli spaces of curves, the
tautological ring should be the subring “generated by all interesting classes”. But with our definition there are many interesting
classes, for instance those of special subvarieties, that are in general not contained in the tautological ring.

2More precisely, it is the underlying vector bundle of an automorphic bundle since we ignore the actions by Hecke operators
here.
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and Wortmann [2013] (for Shimura varieties of Hodge type), and of W. Goldring and Koskivirta [2019a]
(for toroidal compactifications of Shimura varieties of Hodge type) shows that the morphism ¢ factors into

oS L3R G-Zip" N Hdg, (0.2)

where G-Zip" is the stack of G-zips of type u which was defined and studied in [Pink et al. 2011; 2015].
Here 1 is as above, now considered as an element of the set of conjugacy classes of cocharacters of G@p.
The stack G-Zip* has a finite stratification by gerbes Z,,, where w runs through a certain subset /W of
the Weyl group W of G (see Section 3 for a reminder on G-zips). We refer to the Z,, as the Ekedahl-Oort
strata in G-Zip*. The locally closed subschemes

Swi=¢""(Zy) S Sk and SY:=¢""l(Z,) S SE

are by definition the Ekedahl-Oort strata of Sk and S¥". As ¢ and ¢'°" are smooth by the work of Zhang
[2018] and Andreatta [2023], many results proved for Z,, € G-Zip* in [Pink et al. 2011], such as smooth-
ness, a formula for its codimension, or closure relations of the strata, are known to hold also for the Ekedahl—
Oort strata Sy, and S0". Using a deep result on the existence of Hasse invariants ([Goldring and Koskivirta
2019a]; see also Boxer [2015] in the PEL case of type A and C) we can also prove the following connect-
edness result on Ekedahl-Oort strata. (From now on, we abbreviate Ekedahl-Oort strata to EO-strata.)

Theorem 2 (Theorem 6.15, Corollary 6.17). (1) Forall j > 1, the union of all EO-strata of dimension < j
is geometrically connected in each geometric connected component of the toroidal compactifica-
tion S¢".

(2) For Shimura varieties of PEL type, the union of all EO-strata of dimension < 1 is geometrically

connected in each geometric connected component of the Shimura variety Sk.

The first assertion seems to be new even in the Siegel case. Assertion (2) was proved in the Siegel case
by Oort [2001, Theorem 1.1].

The tautological ring and the Chow ring of the stack of G-zips. By (0.2), the pullback o* is a composition

o* : A*(Hdg) £ A*(G-zip") T A*(S). (0.3)
Brokemper [2018] has given two descriptions for A*(G-Zip*). From his multiplicative description
(recalled in Proposition 4.8) we deduce:

Theorem 3 (Theorem 4.16, Lemma 4.2, Corollary 4.12). (1) The map B* is surjective and its kernel
is generated by all Chern classes in degree > 0 of vector bundles attached to representations of
the group G. In particular, the tautological ring of Sk (resp. S¥) is equal to the image of ¢*
(resp. £'O%).

(2) The graded Q-algebra A*(G-Zip*) is isomorphic to the rational cohomology ring H* (X", Q) of
the complex manifold X" .

As a consequence we obtain:
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Corollary 4 (Theorem 7.1, Corollary 7.2, Theorem 7.19). In characteristic p > 0, Chern classes of
flat automorphic bundles are zero in degree > 0. In characteristic 0, the €-adic Chern classes of flat

automorphic bundles are “locally” zero in degree > (.

Esnault and Harris [2017] prove in characteristic 0 for compact Shimura varieties (not necessarily
of Hodge type) the stronger result that the £-adic Chern classes of flat automorphic bundles are even
globally zero, i.e., in the £-adic continuous cohomology with values in the number field over which the
automorphic bundle is defined.

One particular important line bundle is the Hodge line bundle ’ (1) € Pic(G-ZipH) associated to an
embedding ¢ of (G, X) in the Siegel Shimura datum. Its pullback to the Shimura variety is the determinant
line bundle of the Hodge filtration of the “universal” abelian scheme attached to (. Combining Corollary 4
with a result of Goldring and Koskivirta [2018] one gets:

Corollary 5 (Proposition 7.5). Suppose that the adjoint group of G is Q-simple. Then c (" (1)) €
AY(G-ZipH) does not depend on 1, up to multiplication with positive rational numbers.

The second description of A*(G-Zip") by Brokemper (recalled in Proposition 4.14) shows that the
classes [Z,,] of closures of EO-strata form a @Q-basis of A*(G-Zip"). Hence the tautological rings in
characteristic p are generated as a Q-vector space by the classes of the closures of EO-strata, which are
indexed by the subset / W of the geometric Weyl group W of G.

In fact, it is also possible to define classes in A*(G-Zip*) whose pullbacks to the Shimura variety Sk
are the classes of the closures of the Newton strata or of central leaves in Sx. In particular, these classes
are also contained in the tautological ring of Sk. This will be pursued in another paper.

The technical heart of the paper is to relate both descriptions of Brokemper:

Theorem 6 (Section 4D). Let G be a reductive group over [, where p is any prime (p =2 included), and
let  be a cocharacter of G. There is a concrete algorithm to express, for w € ' W, the cycle class [Z,] €

A*(G-Zip") of the closure of an EO-stratum as a polynomial in Chern classes of vector bundles on Hdg.

We refer to Section 4D for the meaning of the phrase “there is a concrete algorithm”. By pulling back
to the Shimura variety or to a toroidal compactification (for p > 2) we get the same descriptions of cycle
classes of EO-strata in the Chow rings of Sx and S¥".

To obtain a description as in Theorem 6, we follow a strategy already used by Ekedahl and van der
Geer [2009] in the Siegel case, albeit using a somewhat different language. Following [Goldring and
Koskivirta 2019a], we construct a commutative diagram

G-ZipFlagh ;) Brhg
.| ly 0.4)
. B
G-Zipt ———— Hdg

where G-ZipFlag" is the algebraic stack of flagged G-zips defined by Goldring and Koskivirta [2019a;
2019b] and where Brhg = [B\G/B] = [B\*] X[G\«] [B\*] is the Bruhat stack (which is called the
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Schubert stack in the articles of Goldring and Koskivirta). Here B C G is a Borel subgroup. Then we
proceed in three steps.

1. Calculation of cycles of Schubert varieties: In A*(Brhg) there are the classes [Brh,,] of Schubert

varieties for w € W. They can be computed as follows. The cycle class of the smallest Schubert
variety [Brh,] is the class of the diagonal and can be computed by a result of Graham. Then one
defines explicit operators §,, such that [Brh, ] = §,,([Brh.]). This is certainly well known but to our
surprise we found this only explained in the literature for classical groups (and sometimes only over
the complex numbers). Hence we explain this for arbitrary split reductive groups over an arbitrary
field in Section 2.

2. Pullback to G-ZipFlag": One describes the pullback via v explicitly and obtains a description for
the cycle classes in A*(G-ZipFlag!) of the closures of Z2 := v~ !(Brh,) (Sections 4A and 4B).

3. Push down to G-Zip*: By a result of Koskivirta [2018], 7 induces for w € /W a finite étale map

Z2 — Z,. If y(w) is its degree, we obtain
[Zu] =y W) ([Z5]).

Using a result of Brion [1996] one can describe 7, explicitly (Theorem 4.17). Moreover, we explain
how to compute y (w) as the number of [ ,-rational points of the flag variety of an explicitly given
form of a Levi subgroup of G (Section 3F).

We also introduce the flag space over the Shimura variety (Section 6C) that classifies — roughly
speaking — refinements of the Hodge filtration. This generalizes a construction of Ekedahl and van der
Geer [2009] and appeared already in Goldring and Koskivirta [2019a; 2019b]. It carries a stratification
obtained by pullback from the stratification of the Bruhat stack. From the analogous properties of Schubert
varieties, we deduce that the closure of these strata are normal, Cohen—Macaulay, and have only rational
singularities. This also generalizes results from these works.

Structure of the tautological ring. By definition the tautological ring is a quotient of A*(Hdg), and A*(Hdg)
can be described explicitly (Remark 5.8). There is the following conjecture about the tautological ring.

Conjecture 7. The tautological ring of a smooth toroidal compactification S¥" (considered as a scheme
over some splitting field of G) in characteristic zero or S" in characteristic p is isomorphic to the rational
cohomology ring of the compact dual XV.

By the work of van der Geer [1999] and Esnault and Viehweg [2002], Conjecture 7 is known in
characteristic zero in the Siegel case. In Proposition 7.16, we show that this conjecture is equivalent to
the property that all Chern classes of positive degree of flat automorphic bundles vanish in the Chow
ring of S¥* (resp. S¥"). This equivalence has also been shown in [Esnault and Harris 2017, 1.11] if the
Shimura variety is compact. We show that the conjecture always holds in characteristic p:

Theorem 8 (Theorem 7.12). The map of graded Q-algebras H*(X") = A*(G-Zip") — A*(SY") is

injective.
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Finally, as an immediate application we obtain a very strong form of Hirzebruch—-Mumford proportion-
ality in positive characteristic (Theorem 7.20). From this we deduce a new and purely algebraic proof of
Hirzebruch—-Mumford proportionality for Shimura varieties of Hodge type over C (Corollary 7.22).

Structure of the paper. The paper starts with a preliminary section in which we recall the notion of Chow
groups of quotient stacks and some basic properties of these groups. Then the main body of the paper
consists of two parts.

The first part (Sections 2—4) explains how to compute cycle classes of EO-strata in the Chow ring of
the stack of G-zips of type p. This is a purely group-theoretic part and everything is done for arbitrary
reductive groups, arbitrary cocharacters, and in arbitrary positive characteristic p > 2.

In Section 2 we explain how to calculate the cycle classes of Schubert varieties in the Bruhat stack of a
split reductive group. All of this is well documented in the literature for classical groups.

Section 3 recalls the stack of G-zips and of G-zips “endowed with a refinement of the Hodge filtration”
and defines the commutative diagram (0.4). In Section 4 we explain what maps are induced from this
diagram on Chow rings. This allows us to prove Theorem 3 and to give an algorithm for the determination
of cycle classes of EO-strata in A*(G-Zip*) (Section 4D). The section closes with stating some easy
functoriality properties for maps of reductive groups inducing an isomorphism on adjoint groups.

In the second part of the paper (Sections 5-7) we apply the results from the first part to Shimura
varieties of Hodge type. Here we have to make the assumption p > 2.

In Section 5 we define the tautological ring for arbitrary Shimura varieties in characteristic 0 and for
Shimura varieties of Hodge type in characteristic p, where p is a prime of good reduction.

In Section 6 we recall the definition of EO-strata and prove Theorem 2. Here we also give the definition
of the flag space over the Shimura variety and its stratification.

Then we prove in Section 7 the triviality of Chern classes of flat automorphic bundles, the uniqueness of
the class of a Hodge line bundle (up to positive scalar), and our results on the structure of the tautological
ring and on Hirzebruch—-Mumford proportionality.

In the final Section 8 we illustrate our results in the special cases of the Siegel Shimura variety, the
Hilbert-Blumenthal variety, and Shimura varieties of Spin type.

Notation. All algebraic spaces and algebraic stacks are assumed to be quasiseparated and of finite type

over their respective base.

Notation on reductive groups. Throughout all reductive groups are assumed to be connected (following
[SGA 3, 1970]). Let k be a field, and let k* be a separable closure. Suppose that G is a reductive group
over k and that T C G is a maximal torus, defined over k. Then we denote by W = (Ng(T)/T)(k*) the
Weyl group of (G, T). It carries an action of I' = Gal(k*/ k) by group automorphisms. We will denote
by X*(T) (resp. X+(T)) the group of characters (resp. cocharacters) of Tjs.

Now suppose that G is quasisplit over k. Then we can choose a Borel pair 7 € B C G defined
over k. The choice of B defines a subset ¥ C W of simple reflections and I" acts by automorphisms of
the Coxeter system (W, X). We denote by £( -) the length function and by < the Bruhat order on the
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Coxeter system (W, ¥). We choose representatives w € G(k*) of w € W such that (wjw;) = wyw; if
L(wiwy) =L(wi)+£(wy). We denote by wg € W the element of maximal length and by e € W the identity.
For any subset K C X, we denote by Wk the subgroup of W generated by K, and we set

Kw .= {we W | t(sw) > £(w) forall s € K},

which is a system of representatives of Wg\W. Let wg g be the element of maximal length in Wg.

We denote by ® C X*(T) (resp. ®¥ C X, (T)) the set of roots (resp. coroots) of (G, T)is and by
&+ C @ the set of positive roots given by B (that is, a root « is in ®* if and only if U, C B). The based
root datum (X*(T), ®, X.(T), ®", ®1) and the Coxeter system (W, X) do not depend on the choice
of (T, B), up to unique isomorphism, and are called “the” based root datum of G and “the” Weyl group
of G. For a set of simple reflections K C X, we denote by ®x C & the set of roots that are in the Z-span
of the simple roots corresponding to K, and let CD} =0T Ndg.

Let u : G, s — Gys be a cocharacter of Gys. It gives rise to a pair of opposite parabolic subgroups
(P_(u), P+(w)) and a Levi subgroup L := L(u) = P_(u) N Py () defined by the condition that
Lie(P_(w)) (resp, Lie(Py+ (,u))) is the sum of the nonpositive (resp. nonnegative) weight spaces of u in
Lie(G). On k*-valued points we have

Pi(n)={geG| ling) (g exists}), P_(n)={geG| tlim mw(t)gu(t) " exists},
t— —>00

and L = Centg(u).

We will also need to consider reductive groups over more general rings than a field. Hence let S be a
scheme. To simplify the notation we assume that S is connected. Let G be a reductive group scheme
over S, i.e., a smooth affine group scheme over S whose geometric fibers are reductive groups. The map
that attaches to s € S the isomorphism class of the based root datum of the geometric fiber G5 is locally
constant [SGA 3y; 1970, Exp. XXII, Proposition 2.8] and hence constant because we assumed S to be
connected. Hence we may again speak of “the” based root datum of G. Let (W, X) be the Weyl group
together with its set of simple reflections of this based root datum. Fix I € X, and let Par; be the scheme
of parabolic subgroups of G of type I. It is defined étale locally on § because G is split étale locally
on S [SGA 3y 1970, Exp. XXII, Corollaire 2.3].

If A: G, — Gg is a cocharacter of G defined over some covering S’ — S for the étale topology,
then the constructions of the parabolic subgroups Py (1) and P_()) over a field generalize to arbitrary
schemes [Conrad 2014, 4.1.7] and yield parabolic subgroups of G . If I is the type of P, (L), we also
write Par, instead of Par;.

In other words, we say that a parabolic subgroup P of G is of type A if it is locally for the étale
topology conjugate to P (X). In fact, P is then already locally for the Zariski topology conjugate to Py (1)
by [SGA 3 1970, Exp. XXVI, Corollaire 5.5].

1. Chow groups of quotient stacks

Let k be a field. All Chow groups in the following will have (-coefficients.
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1A. Chow rings of smooth quotient stacks. By a quotient stack we will mean a stack of the form [G\ X]
where X is a quasiseparated algebraic space of finite type over Spec(k) and G is an affine group scheme
of finite type over Spec(k) which acts on X from the left.

For such X and G, the equivariant Chow groups AiG(X ) are defined in [Edidin and Graham 1998] as
follows: Let n = dim X and g = dim G. There exists a representation of G on an ¢-dimensional k-vector
space V such that there exists an open subset U of V with complement of codimension strictly bigger
than n — i on which G acts freely. For such a U, the quotient G\ (X x U) by the diagonal action exists
as an algebraic space and Al.G(X) is defined to be A; ¢ ¢(G\(X x U)). By [Edidin and Graham 1998],
this group does not depend on the choice of U, and in fact, by Proposition 16 in that work, the group
A; ([G\X)) = AI.GJr g(X ) depends up to a canonical isomorphism only on the stack [G\ X] and not on the
chosen presentation of this stack.

A quotient stack is smooth if it admits a presentation as above with X smooth. Suppose that X is in
addition separated and equidimensional of dimension #. In this case for AN (G\X]) = Au_—i([G\X])
on the graded vector space A*([G\X]) := @izo Ai([G\X 1) there is a naturally defined cup product
turning this group into a graded Q-algebra [Edidin and Graham 1998, Section 2.5]. This construction has
been generalized to arbitrary smooth algebraic stacks of finite type over a field by Kresch [1999]. Here
we will need only the case of smooth quotient stacks.

By [Edidin and Graham 1998, Proposition 3], the equivariant Chow groups have the same functoriality
properties as the usual Chow groups for G-equivariant morphisms X — Y. Every representable morphism
X — Y of quotient stacks arises in this way: For a presentation Y = [G\Y], take X = X xy Y. This
is a G-torsor over X’ so that X =[G\ X] and by assumption it is representable by an algebraic space.
This shows that A*(_) is contravariantly functorial for representable morphisms of quotient stacks and
covariantly functorial for proper representable morphisms of quotient stacks. In fact, by [Kresch 1999] it is
also contravariantly functorial for flat (not necessarily representable) morphisms of smooth quotient stacks.

For an algebraic group H over k, we denote the quotient stack [H\ Spec(k)] by [H\x]. This is a
smooth algebraic stack over k of dimension —dim(H). In this paper we will mainly use the following
types of morphisms between quotient stacks. For all of them, A*(_) is contravariantly functorial.

Example 1.1. Let G and X be as above.

(1) For a quasiseparated algebraic space Y of finite type over k, every morphism ¥ — [G\X] is
representable.

(2) Let 2 be any equidimensional algebraic stack over k. Then every morphism 2" — [G\x*] is flat
of constant relative dimension. In particular, if ¢ : H — G is a homomorphism of affine algebraic
groups, the canonical morphism [H\*] — [G\*] is flat of relative dimension dim(G) — dim(H ).

Let ¢ : G — H be a map of algebraic groups over k. Let f : X — Y be a map of quasiseparated algebraic
spaces of finite type over k. Suppose that G acts on X and that H acts on Y such that f(gx) = ¢(g) f(x)
for g € G(R) and x € X(R) for any k-algebra R. Then f induces a morphism of algebraic stacks
[f1:[G\X]— [H\Y].
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Lemma 1.2. (1) If f is flat, then [ f] is flat.
(2) If ¢ is a monomorphism, then [ f] is representable.
Proof. The first assertion is clear, and the second is a very special case of [Stacks 2005—, Tag 04YY]. [J

Proposition 1.3. Let 2" = [G\X] be a smooth equidimensional quotient stack over k, and let k' be a
Galois extension of k with Galois group T'. Then the canonical homomorphism

AN — A(2i)"
is an isomorphism.

Proof. This is well known (e.g., [Brokemper 2018, 1.3.6]) if 2 is an algebraic space. In general let
n :=dim(X) and g := dim(G). For i > 0, choose an £-dimensional representation V of G and an open
subset U of V such that G acts freely on U and such that V \ U has codimension > i. Then

ALY = Apiri—g (G\N(X X U)) = Ap_ii—o (G \(Xp x Up))' = A/ (230" O

We will also use the following result by Brokemper [2018, 1.4.7], which shows that A*(-) “ignores
unipotent actions”.

Proposition 1.4. Let 0 > U — G — H — 0 be a split exact sequence of linear algebraic groups over k,
where U is a smooth connected unipotent group scheme over k. Choose a splitting H — G. Let X be a
smooth quasiprojective G-scheme over k and endow X with the H-action via the chosen splitting. Then
the pullback map

A*([G\X]) — A*([H\X))

is an isomorphism of Q-algebras.

1B. A variant of a result of Leray and Hirsch. We have the following Leray—Hirsch—type result from
[Edidin and Graham 1997]:

Proposition 1.5. Let X — Y be a representable morphism of smooth quotient stacks over k. Suppose
that Y is connected. Assume that there exists a proper and smooth algebraic space F over k which
admits a decomposition into locally closed algebraic subspaces isomorphic to A" such that X — ) is
a Zariski-locally trivial fibration with fiber F, i.e., such that X — ) is Zariski-locally on Y isomorphic
toY xp F— ).

Then the following hold:

(i) Foranyi >0, a family of elements of A’ (X) restricts to a basis of A'(F') for every geometric fiber F’
of X — Y if it does so for a single such fiber.
(ii) Foranyi > 0, there exists a family of elements of A’ (X) which restricts to a basis of A'(F") for every
geometric fiber F' of X — ).
(i) Let (B; C Ai(X))izo be a collection of families as in (ii). Then A*(X) is a free module over A*()))
and Uiz() B; is a basis of the A*())-module A*(X).
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Proof. By taking presentations X =[G\ X] and ) =[G\ Y] as well as suitable U C V for G as above the
claim reduces to an analogous claim for the morphism G\ (X x U) — G\ (Y x U) of algebraic spaces.
Then the claim is given by [Edidin and Graham 1997, Proposition 6, its proof, and Lemma 1]. ]

2. The Bruhat stack and cycle classes of Schubert varieties

From now on we fix a split reductive group scheme G over the field k, a Borel subgroup B C G over k
and a maximal torus T C B over k which is split over k.

2A. Chow rings of classifying stacks. By [Edidin and Graham 1998, Section 3.2], the Chow rings
A*([T\*]), A*([B\*]) and A*([G\*]) are given as follows: Every x € X*(T) induces a line bundle
on [T\#], and we get a morphism X*(T) — A'([T\x]) sending x to the Chern class of this line bundle;
see [Edidin and Graham 1998, Section 2.4]. This extends to an isomorphism

Sym(X*(T)q) = S := A*([T\x*]).

This in fact holds even with Z-coefficients. The canonical homomorphism A*([B\x]) — S = A*([T\*])
is an isomorphism (Proposition 1.4). The action of the Weyl group W on T induces an action of W on
the abelian group X*(T) by (w, x) — x o int(w™1). By functoriality we obtain an action of W on the
graded Q-algebra S. Then the natural homomorphism A*([G\*]) — S yields an identification

A*([G\x]) = SV (2.1)
(recall that we consider rational coefficients).

Example 2.2. Let G =GL,,. Let T C G be the diagonal torus identified with GJ,,. Then X*(T) = Z" and
A([T\*]) =S =Q[z,...,1,], where (1, ...,1,) is the standard basis of Q" = X*(T')q. Moreover,

A([G\*]) =Ql11, ..., 1, =Qlo1, ..., oul,

where o; is the elementary symmetric polynomial of degree i in ¢4, ..., t,.
If 2 is a smooth quotient stack and ¥ is a vector bundle of rank n on 2", then ¥ corresponds to a flat
morphism oy : £ — [GL, \*] of algebraic stacks and the i-th Chern class of ¥ is given by

ci(V) =ay(0;) € A(Z).

The determinant det : GL, — G, induces a flat morphism [GL,, \*] — [G,,\*] and hence a pullback
morphism of Q-algebras

det* : A*([G,,\*]) = Q[11] — A*([GL, \*]) = Q[oy, ..., 04]

which sends #; to ;. In particular,

c1(¥) =ci(dety).
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Proposition 2.3 [Demazure 1974, 4.6]. The homomorphism S — A*(G/B) sending x € X*(T) to the
Chern class of the induced line bundle on G/ B is surjective and its kernel is the ideal J of S generated by
the homogeneous elements of S of degree > 0.

2B. The Chow ring of the Bruhat stack. We consider the Bruhat stack
Brh :=Brhg := [B\*] X[\« [B\*] = [B\G/B],

together with its Bruhat decomposition into the locally closed substacks Brh,, = [B\BwB/B]. We are
interested in the classes [Brh,,] of the closures Brh,, in A*(Brh).

Proposition 2.4. (1) For both natural homomorphisms S = A*([B\*]) — A*(Brh), the module A®(Brh)
is free over S with a basis given by the classes [Brh,,| for w € W.

(2) The natural homomorphism S @ gw S — A*(Brh) is an isomorphism.

Proof. Consider Brh as a G/ B-fibration over [ B\*] via, say, the first projection. Let wg € W be the longest
element. The substack Brh,,, C Brh is open and given by the open Bruhat cell in G/B. Since the stabilizer
of wp in B x B is isomorphic to T, the substack Brh,,, can be identified with [T\ *]. Hence it has a natural
structure as a U~ -torsor over [B\x], where U~ is the unipotent radical of the unique Borel subgroup B~
of G such that B~ N B =T. The pushout along the open immersion U~ < G /B, u+> uB, is isomorphic
to Brh. Any U ~-torsor is Zariski-locally trivial and hence so is Brh — [ B\*]. Thus Brh — [ B\x] satisfies
the conditions of Proposition 1.5. Hence (1) follows from Proposition 1.5 using the fact that the closures
of the Bruhat strata on G /B give a basis of A*(G/B) (see [Demazure 1974, Corollaire to Proposition 1]).

For (2), we can argue as follows: Consider S ® gw S as an S module via the first factor. The ring S is
free over " of rank |W| and hence so is S @ gw S over S. The S-module A*(Brh) is free of rank |W|
by (1). Thus S ® ¢w S — A*(Brh) is a homomorphism of free S-modules of the same rank and it suffices
to prove that it is surjective. By Proposition 2.3, we can take homogenous elements x; in S which map to
a basis of A*(G/B). Then by Proposition 1.5 the images of 1 ® x; in A*(Brh) form a basis of A*(Brh)
over S. This proves surjectivity. O

To give a description of the class of Brh,, in § ®¢w S, we now proceed as follows. We first recall
a formula for the class of the diagonal Brh, in Brh by Graham. Then we define explicit operators §,,
on A*(Brh) such that [Brh,,] = §,,[Brh,].

2C. The class of the diagonal. In [Graham 1997, Theorem 1.1] the following formula for the class of
the diagonal Brh, in Brh is proved in the case k = C. The proof given there can be readily adapted to
arbitrary fields.

Forw e W, leti, : S®gw S — S, r®r' +— rw(’). The map [[,cpyiv:S®sw S = [[,ew S is
injective because Spec(S Q@gw §) = Spec(S) X spec(s),w Spec(S).

Theorem 2.5 (Graham). The image of [Brh,] under i, is [[,.q+ @ € S. The image of [Brh,] under i,
for w # 1 is zero.
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Example 2.6. We recall the results of Fulton on the class of the diagonal for classical groups. For the
classical groups GL,, SO2,+1, Sp,,, and SO,,, we choose the standard maximal torus 7 = G/, and
Borel subgroup giving rise to the Weyl group descriptions of page 279 of [Fulton 1996] to obtain § =
Sym(X*(T)g) and the roots in X*(T). We give elements [T3?/M inS®S=Qx1, ..., %0, Y1y -vvs Yul,
where x; and y; represent the same G,,-factor of 7. The images of these elements in SQ gw S are [Brh,]. As
a reference we use [Fulton 1996], where y; is denoted by y,,1—; and the Schubert variety corresponding
to w = e is denoted by €2,,,.
We fix n € N and introduce the following polynomials:

b=, = l_[ (xi —y;)) €S®aSs,
I<i<j<n
'y = det((ck+1+j_2,-)1§,-,j5k) € Qle—g+42, C—k43, -+ +» C2U+1]-

For instance,
D=1, Pr=x1—),

2.7
F1=C1, F2=C1C2—C()C3.
We also let o1, . . ., 0, be the elementary symmetric polynomials in n variables with deg(o;) =i. We also
set og := 1.
(A,_1) Let n > 2. Then
[Brh,] = @,. (2.8)
(B,) Letn > 2. Then
[Brh.] = ®,I',,
_ [z ) i) i O<i <, (2.9)
v 0 otherwise.
(C,) Letn > 2. Then
[Brh.] = ®,I',,
o [ i) i O<i <, (2.10)
T 0 otherwise.
(D,)) Let n > 3. Then
[Brh.] =®,I',_1,
G Foin ) i 0<isn—1, 2.11)
o 0 otherwise.

2D. The Chevalley formula. For (A, u) € X*(T) x X*(T), we have a natural line bundle .%, ,, on Brh
with Chern class A ® p. The following gives a version of a classical formula of Chevalley in this context:
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Theorem 2.12 [Goldring and Koskivirta 2019a, Theorem 5.2.2]. (1) The line bundle 2, ,, has a global
section on Brhy, if and only if © = w~ .
(2) The space H(Brh,,, 25 w-1,) has dimension 1.

Q) Forw € W, set E,, :={a € ®T | wsy, < w, £(wsy) = £(w) — 1}. The divisor of any nonzero section

> (h @) [Brhy,,].

aeEy,

of £, 15 on Brhy, is equal to

Note that the formula in loc. cit. contains an additional minus sign because there the positive roots are
defined by the opposite Borel subgroup.
For w € W and A € X*(T), this implies the following relation in A*(Brh):

G.®w™ (W) [Brhy] = ) (k. ") [Brhy,, . (2.13)
a€E,
2E. The operators §,,. We use certain operators on S and S®gw S: Let n be the semisimple rank of G and
ai, ..., o, be the simple roots with respect to T and B. For 1 <i <n, lets; := s, be the simple reflection
in W corresponding to ¢; and P; := B U Bs; B the “i-th minimal parabolic” with root system {+c;}.

Construction 2.14. Let X; := [B\*] x[p,\« [B\*], and let py, p> : X; — [B\*] be the two projections,
which are proper. Then we define §; : § — S to be the correspondence py .o p3: S — S.

Construction 2.15. Let 1 <i <n. Consider § as the ring of polynomial functions on X*(T)q, that is, the
ring of functions X*(T)g — Q which, with respect to some (or equivalently any) basis of X*(T"), can be
written as a polynomial. For f € §, the element f — s, (f) of S vanishes on the hyperplane in X*(7T')g
given by the vanishing of the coroot aiv . Hence we obtain an element Si( )= —54(f)) /oziv € S.
This defines a @-linear homomorphism §; : S — S.

Theorem 2.16. (1) For each 1 <i <n, we have §; = 5.

(2) For w € W, one gets a well-defined operator 8,, on S by letting §,, = 6;, - - - 6;, for any decomposition
w=sj, -8, withk =£(w).

Proof. When k = C and G is semisimple and simply connected, this is proven in [Bernstein et al. 1973].
See Theorem 5.7 in that work for (1) and Theorem 3.4 there for (2).

The general case can be deduced from this as follows: First, using the functoriality of the various
constructions with respect to homomorphisms of reductive groups inducing an isomorphism on adjoint
groups one can reduce to the case that G is semisimple and simply connected. Now let k be another
algebralcally closed base field, G the reductive group over k with the same root datum as G, with
T, B, Brh:= BrhG, etc. the corresponding data for G. We have a natural W- -equivariant isomorphism
A(x/T) = A*(x/ T) which induces an isomorphism A*(Brh) = A* (Brh). We claim that for w € W, the
classes of Brh,, and ﬁw correspond to each other under this isomorphism. For w = e, this follows from
Theorem 2.5. From this one deduces the claim by induction on £(w) using (2.13).

By taking k = C this implies the claim. U
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Remark 2.17. Construction 2.15 shows that one has the following Leibniz-type formula:

f8—50,;(f)sa;(g) _ (f —56; ()8 + 50, (f)(g — 50, ()

3i(fg) =

=81 ()8 +5a; ()3 (8). (2.18)

Now, for w € W, we define an operator §,, on A*(Brh) = S ®@gw S by letting the §,, just defined on §

v
i Q;

act on the first factor. For 1 <i < n, the operator §; = §;, on S @ gw S can also be described as follows:
Let Brh; be the following fiber product:

Brh — = 4 Brh

J/QI l (2.19)

Brh —— [Pi\*] X[\« [B\*]
Then 651. ={q1,x Oqi|< . S®SW S — S®SW S.
Theorem 2.20. Let w € W and 1 < i < n. Then §[Brhy] = [Brhy,] if £(siw) = £(w) + 1 and
8s;[Brhy, ] = 0 otherwise.

Proof. We let P; act on P;/B and G/B by multiplication from the left and on products of these varieties
by the diagonal action. Then the P;-equivariant diagram

Pi/Bx Pi/BxG/B—5 P,/BxG/B

lm lm

Pi/BxG/B—=——G/B

gives a presentation of (2.19). Here the quotient morphism P;/B x G/B — Brh = [B\G/B] sends
(pB,gB) to (Bp_lgB) and the preimage of Brh,, is the P;-orbit

O, :={(pB,gB) € Pi/B x G/B| Bp~'gB = BwB)}

in P;/B x G/B. We prove the claim by showing the corresponding claim for the classes of the closed
subvarieties [0,,] in A*(P;/B x G/B).

The image 7r23(n1_31(0w)) is contained in P;/B x P,wB/B = P;/B x (BsiBwB/BUBwB/B). When
s;w < w, the latter set is contained in P;/B x Im/B. Since dim(0Oy,) =dim(BwB/B)+dim(P;/B) >
dim(BwB/B), it is then of strictly smaller dimension than ngl(Ow) = P;/B x O,. This proves the
claim in this case.

Now assume s;w > w. We have Bs; BwB = Bs;wB and

7231731 (0)) = P./B x PiwB/B = Pi/B x (Bs;wB/BU BwB/B).

This is a locally closed subset of ) s;w Of the same dimension, hence it is open in 0 s;w- Thus it suffices to
prove that 73 : JTIEI (Oy) — 73 (rrlgl (Oy)) is an isomorphism. For this it suffices to prove that every fiber
of m»3 above a point in this image consists of a single point. For such a point (pB, g B), the fiber of w3
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is isomorphic to {gB € P;/B | Bqg~'gB = BwB}. When gB € BwB/B, the identity Bq~'¢B = BwB
implies ¢ € B and hence the fiber consists of a single point.

Now assume gB € Bs;wB/B and let ¢ B € P;/ B such that Bg~'gB = BwB. Then necessarily g € Bs; B.
Then (see [Springer 1998, Lemma 8.3.6]) we can write ¢ = us; and g = u’s;bw for elements u, u’ in
the root group U,, associated to o; and an element b € B. Then ¢~ 'g = s;u~'u's;bw with s;u='u’s; €
Bs;Bs;B = BU Bs;B. Since ¢~'g € BwB, we get s;u~'u's; € BNU_,, = {e}. Thus u = u’, which
proves that the fiber of 7,3 above (¢ B, g B) again consists of a single point. This finishes the proof. [J

By induction on £(w), we get:

Corollary 2.21. Let w € W. Then [Brh, ] = §,,[Brh,].

3. The stacks of G-zips and of flagged G-zips

3A. The stack of G-zips. We recall the construction of the moduli stack of G-zips as a quotient space;
see [Pink et al. 2015, Theorem 1.5]. From now on let k be an algebraic closure of [F, and G a reductive
group scheme over [,. If X is an object over some [ ,-algebra, then we denote by X (P) the pullback
of X under the absolute Frobenius. For a scheme X over [, we denote by ¢ : X — X (P) = X its relative
Frobenius.

The zip datum. Let u : G,, x — Gy be a cocharacter of Gy. It gives rise to a pair of opposite parabolic
subgroups (P_(u), P+(w)) and a Levi subgroup L := L(un) = P_() N P+ (1) defined by the condition
that Lie(P_(w)) (resp. Lie(P+(,u))) is the sum of the nonpositive (resp. nonnegative) weight spaces of u
in Lie(G). On k-valued points we have

Pi(w)={g € G | lim n()gu()~" exists),  P-(u)={g € G| lim u()gu()™" exists},
and L = Centg (). We set
P:=P_, Q:=(P)"P, M:=L"P =Centg(pon).
Hence M is a Levi subgroup of Q.

The stack of G-zips of type . Denote the projections to the Levi components P — L and Q — M both
by x — x. The zip group E is defined as

E:={(x,y)e PxQ|pX) =y} (3.1

We let G x G act on G by (x, y)-g :=xgy~!. By restriction we obtain actions of P x Q and of E on G.
We denote by
G-Zip" :=[E\G]

the quotient stack. It is a smooth algebraic stack of dimension O.
Every morphism f : G — G’ of reductive groups over [, yields a morphism of stacks G-Zip" —
G’ —Zipf °*. In particular, if u' = int(h) o u for some h € G(k), then conjugation with & yields an
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isomorphism G-Zip* = G-Zip" . Let « be the field of definition of the conjugation class of u. As G is
quasisplit, there exists an element in that conjugacy class that is defined over «. Therefore it is harmless
to assume that u is defined over «, the field of definition of its conjugacy class. We do assume this from
now on. Then the stack G-Zip* is defined over « as well.

3B. Choosing a frame.

Lemma 3.2. Let « be a finite extension of [,. Let G be a reductive group defined over [, let Q C G, be
a parabolic subgroup, and let M C Q be a Levi subgroup that is also defined over k. Then there exists
g € G(k) and a Borel pair T C B C G that is already defined over I, with T C &M and B C ¢ Q.

Proof. As every reductive group over a finite field is quasisplit, we can choose a maximal torus 7 and
a Borel subgroup B 2 T defined over [,. By [SGA 3 1970, Exp. XXVI, Lemme 3.8], there exists a
parabolic subgroup Q' defined over k with the same type as Q such that B € Q’. Let M’ be the unique
Levi subgroup of Q' that contains 7. By [SGA 3y, 1970, Exp. XXVI, Corollaire 5.5(iv)] there exists an
element g € G(k) with8Q = Q' and M = M'. O

After replacing u by some conjugate cocharacter /', we may (and do) assume by Lemma 3.2 that
there exists a Borel pair T € B C G defined over [, with B C Q and T € M. If p is defined over
some finite extension « of [F,, we may assume that its conjugate is also defined over . Then T is also a
maximal torus of M and hence contains its center. Hence ¢ o u factors through 7'. Because 7T is defined
over [, also p itself factors through 7. As B C Q, the cocharacter ¢ o i is B-dominant. Hence u is
also B-dominant because B is defined over [,.

Recall that we denote by (W, X) the Coxeter system associated to (G, B, T')). The Frobenius ¢ on G
induces an automorphism of the Coxeter system (W, X), which is again denoted by ¢ (see also Section 3D
below). Let I, J € X be the set of simple reflections corresponding to the conjugacy classes of P and Q,
respectively.

By [Pink et al. 2011, 3.7] (and its proof), we find z € G (k) with *T = T such that (B, T, z) is a frame
for (G, P, L, O, M, ¢) in the sense of [Pink et al. 2011, 3.6],i.e.,*BC P and p(*BNL)=BNM. In
fact we can and will choose z as follows.

Lemma 3.3. Let z € Normg (T) (k) be a lift of 7 := wo jwo € W. Then*B C P and p(*BNL)=BNM.
Proof. The first claim follows from the fact that **B = ¢(**B) C P. The second claim follows from
9(CBNL)=¢™Dy™BNLy=BNM. O
By [Pink et al. 2011, 3.11], the map
point(z) : (Wy, I) = (W;, J) (3.4)

is an isomorphism of Coxeter systems and /, J, and ¢ oint(z) are independent of the choice of the frame.
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3C. Classification of G-zips. For w € W, let G, C G be the E-orbit of wz. By [Pink et al. 2011, 7.5],
there is a bijection
'w < {E-orbits in G}, w > Gy, (3.5)

and dim(G,,) = £(w) +dim(P) for w € ' W. We call the corresponding locally closed algebraic substack
of G-ZipH,
Zw = [E\Gw] - G'Zipu, (36)

the zip stratum corresponding to w € ' W. One has codimg.zipr (Zy) = dim(G) — dim(P) — £(w).

Let G, be the closure of the E-orbit G,. We set Z,, = [E \Gw]. This is the unique reduced
closed algebraic substack of G-Zip" whose underlying topological space is the closure of the one-point
topological space underlying Z,,. By [Pink et al. 2011, 6.2], we have

Zw= U Zu (3.7)

w' <w

for a partial order < on ! W defined in [loc. cit., 6.2]. Here we will need only the following properties of
this partial order (see [He 2007, §3]).

Lemma 3.8. (1) There exists a unique minimal element in ' W, namely the neutral element e, and a
unique maximal element in ' W, namely wo_jwo, where wo and wo.; are unique elements of maximal
length in W and in Wy, respectively.

(2) The partial order < is at least as fine as the Bruhat order.
(3) Let w' < w. Then £(w') < £(w) and one has £(w') = £(w) if and only if w' = w.

4) If w' < w and there exists nou € 'W with w' < u < w, then £(w') = £(w) — 1.

3D. The action of Frobenius. Recall that we denote by ¢ : G — G the relative Frobenius. We also
denote by o : k — k, x > x” the arithmetic Frobenius. As T and B are defined over [, we can identify
canonically 7" with T and B” with B. Hence the relative Frobenius induces isogenies ¢ : T — T
andp: B — B.

Set W := Normg(T)/T = mo(Normg (7)), which is a finite étale group scheme over F,. Then
W = W(k) is the absolute Weyl group. As Normg (T') is also defined over [, the relative Frobenius ¢
induces an automorphism of W and hence an automorphism ¢ of the finite group W. As B is defined
over [, this automorphism preserves the set X of simple reflections in W defined by B. By functoriality,
o also defines an automorphism w — “w of W = W(k) and we have p(w) = oworallwe W.If T
is a split torus, then ¢ =id on W.

We denote by X*(7') the group of characters of T ®, k. For A € X*(T'), we set ¢(1) := A o ¢, which
defines an endomorphism ¢ on the abelian group X* (7). We denote by A — °X the canonical action of &
on X*(T), i.e.,

7%= (idg,, ;, ®3) 0 Ao (idr Q.
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Then one has, for A € X*(T),
o1
) =p” A (3.9

If T is a split torus, then °A = X and @(A) = pA for all A € X*(T).
By functoriality, the actions of ¢ and ¢ on X*(7T) also induce actions on the graded (@-algebra
S =Sym(X*(T))q, and for f € S of degree d, we have

o(f)=p' . (3.10)

3E. The stack of flagged G-zips of type . We fix a subset I C I and let Py be the unique parabolic
subgroup of G of type Iy with*B C Py C P. We let E acton G x P/P by

(x,¥)- (g, aPo) = (xgy~", xaPo)
and set
G-ZipFlagh0 := [E\(G x P/Py)].

If Iy = @, then Py =B and we abbreviate G-ZipFlag" := G-ZipFlag"?. Note that G-ZipFlagh/ =
G-Zip". For I C Iy, there are canonical projection maps

G—ZipFlag“”é — G—ZipFlag“’IO

that are Py/Pj-bundles, where P is the unique parabolic subgroup of type I with °B € Pj C P. In
particular, these maps are proper, smooth, and representable. By taking /) = @ and Iy = I, we obtain a
projection map

7 : G-ZipFlag! — G-Zip".

Let Ly C Py be the unique Levi subgroup containing 7. We set
My = L(()p) and Qg := MyB.
Then Qy is a parabolic subgroup containing B of type
Jo:=¢(lp)

and M is the unique Levi subgroup of Qg containing 7. Then (B, T, z) is again a frame for (G, Py, Ly,
Qo, My, ¢). By [Goldring and Koskivirta 2019b, (3.2.3)], the morphism G x P — G, (g, x) — )Eg(p()?)_l
induces a smooth representable morphism of algebraic stacks

Y. G-zipFlagh ™ — Brh :=[P)\G/ Qo]

with irreducible fibers. The maps /0 are compatible with passing to I € Io.
For Iy = @, we have Py=2B and Qo= B. Therefore g > z ' g yields an isomorphism Brh? =5 Brhg
and we denote by i the composition

z
¥ : G-ZipFlag" Y Brh? = Brhg,
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which is a smooth representable morphism with irreducible fibers. For w € W, we write
72 .=y~ '(Brh,) C G-ZipFlag". (3.11)

Since ¥ is smooth, the ZZ form a stratification of G-ZipFlag" whose closure relation is given by the
Bruhat order on W:
zy=J z.

w' <w
Proposition 3.12. The strata Z2 are smooth and irreducible. Their closures Zy, are normal and with

only rational singularities. In particular, they are Cohen—Macaulay.

Proof. As ¥ is smooth with irreducible fibers and Brh,, is smooth and irreducible, the first assertion
holds. The smoothness of ¢ also implies that Z — lﬁ_l (Brhy,). Hence all remaining assertions follow
from the analogous properties for Schubert varieties [Brion and Kumar 2005, 3.2.2, 3.4.3]. ]

By [Koskivirta 2018, 2.2.1], we have the following:

Proposition 3.13. The projection m : G-ZipFlagh — G-Zip" induces for w € ' W representable finite
étale maps

Ty Z2 — Zy.
Definition 3.14. We set y (w) := deg(my,).
In the next section we give a description of y (w).

Remark 3.15. Like their name suggests, the spaces G-ZipFlagt ! admit a moduli description as a “flag
space” over G-Zip#. Specifically, the stack G-ZipFlag! is canonically isomorphic to the moduli stack
of pairs consisting of a G-zip (I, I+, I_, ¢) of type w as in [Pink et al. 2015, Definition 3.1], together with
a Py-subtorsor of the P-torsor /.. See [Goldring and Koskivirta 2019b, Section 3.1] for details on this
construction.

3F. Calculation of y (w). Fix we!W.

The type of w € 'W. We recall the following construction from [Pink et al. 2011, §5]. Fix w € TW.
Let I, be the largest subset of I such that

gO(ZIw) = waw
and call it the type of w. In other words,
I, ={s € I | (int(w) o p oint(z))*(s) € I for all k > 1}. (3.16)

For instance, as ¢(*/) = J, one has I, = I if and only if / = J. Let P,, be the unique parabolic subgroup
of type I, with *B C P, and let L, be the unique Levi subgroup of P, with L,, O T. As for an arbitrary
subset of I, we obtain

My:="L,=LP and Q,:=M,B.
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Hence Q,, is the unique parabolic subgroup containing B of type J,,, where
Jy = willw = (P(le)»

and M, is the unique Levi subgroup of Q,, containing 7. Note that M,, (resp. J,,) is denoted by H,,
(resp. Ky,) in [Pink et al. 2011, §5].

Description of y (w) via flag varieties. Set
Ay :={xeLl,|"pk)=x}
Then we have, by [Koskivirta 2018, 2.2.1] and [Pink et al. 2011, 8.1],
y (W) =#(Aw/(Aw N*B)). (3.17)
Lemma 3.18. (1) (int (zw) o @)(Ly) = Ly.
(2) (int(zw)o@)(Ly N*B) =Ly N*B.

Proof. The first assertion follows from "¢ (*I,) = *1I,,. Let us show the second assertion. Both sides
are Borel subgroups of L,, which contain 7. Hence it suffices to show that they contain the same root
subgroups. Let ® be the set of roots for (G, T), and let ®* be the set of positive roots with respect to B.
For a set of simple reflections K, let ® g be the set of roots of the standard Levi subgroup Lk of type K.
Then QDZ = ®x N®T is the system of positive roots given by the Borel subgroup Lx N B of Lg.
Because z normalizes T, we can consider its image in W, which we denote again by z. Then the set of
roots corresponding to L., is *®;, and the set of roots corresponding to L,,N*B is ZCIJ;;. So we must show

Yool ) =] .

As both sides have the same cardinality, it suffices to show that the left side is contained in the right side.
By definition of a frame, we have ¢(*B N L,,) € BN M,, and this shows

Yoo ) SV =],
because Y J,, = I,. |

Hence int zw o ¢ defines a descent datum from & to [, for the reductive group L,, together with its
Borel subgroup *B N L,,. We obtain a reductive group L/, and a Borel subgroup B;, defined over [, and
its full flag variety by F¢,, := L/ /B, . Then we have by (3.17) the following description of y (w).

Proposition 3.19. For w € /W, one has
y(w)=L,,(F,)/B,,(F,) = Fy(F)). (3.20)
Here the second identity follows from H L(F »» B.,) =0.

Remark 3.21. By definition, L/, is a form defined over [, of the standard Levi subgroup of G corre-
sponding to the set of simple reflections I,,. It is split if and only if Y¢(*s) = s for all s € [,,. If the
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Dynkin diagram of L,, has no automorphisms (e.g., if it is connected of type B,, C,, E7, Eg, F4, or G3),
then this is automatic.

If L/, is split, one obtains, from the decomposition of the flag variety F¢,, into a disjoint union of
Schubert cells, the formula

ywy= ) p‘. (3.22)

we W’w

3G. The key diagram. The projection E — P, (x,y) — x is a surjective homomorphism of algebraic
groups. We obtain a composition

B : G-Zip" = [E\G] — [E\*] — [P\x]. (3.23)
Finally, we have a morphism y : Brhg — [P \*] defined as the composition
y 1Brhg = [B\*] X[g\s1 [B\*] > [B\x] => [*B\x] — [P\x], (3.24)

where the second map is induced by the isomorphism b — zbz~! and where the third map is induced by
the inclusion *B — P.

The following commutative diagram, where o := f o 7w, will be our key diagram:

G-ZipFlagh # Brhg
) l \ ly (3.25)
p

G-Ziph —— 5 [P\x]

All morphisms are flat of constant relative dimension. Moreover, 7 is a P/*B-bundle. Note that
P/*B=L/FBNL) is the full flag variety for L. In particular,  is proper, smooth, and representable.

4. Induced maps of Chow rings

In this section we describe the maps induced by the key diagram (3.25) on Chow rings. If 2" is any
smooth algebraic quotient stack defined over some subfield ko of k, we set A*(2) := A*(Z" Qx, k).

4A. The Chow ring of G-Zip" and G-ZipFlagl. We recall the description of Brokemper [2018] of
the Chow ring of A*(G-Zip"):

Recall that S := Sym(X™*(T)g) = A°([T\*]). This is a graded Q-algebra carrying an action by the
Weyl group W by graded automorphisms. We also denote by S, := S>; the augmentation ideal of S. Let

I:=(f-e()|fesy)cs” 4.1

be the ideal generated by f — ¢(f) for f € Sf_V in SV Because we work with rational coefficients, there
is also a simpler description of Z (see Remark 4.13 for why the definition in (4.1) is more natural in this
context).

Lemma 4.2. I=-sY.
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Proof. We have to show that SK/ CZ.LletfeS W be of degree d > 1, and let s > 1 be an integer such
that T ®f, [ s is split. Thus o* acts trivially on X*(T) and hence on S. Then ¢*(f) = p% f by (3.10)
and therefore

A=p™f=f—¢"(H=) @ (H—e'(f)eL O

i=1

For every set K C % of simple reflections, SW* is a finite free S"-algebra of rank #(W/Wx), and
hence the canonical map

SV T — sWk 75k

is finite and faithfully flat and, in particular, injective.
We keep the notation from Section 3A. For every type K C X of a parabolic subgroup, we denote
by K° the opposite type. Then

1°=1=¢'(J) 4.3)

is a set of simple reflections and L B = * P; is the standard parabolic subgroup of type *I.

For a subgroup H of G, we denote by [H,\G] the quotient stack for the action of H on G by ¢-
conjugation (h, g) — hge~'(h). The following description of the Chow ring of these stacks for H = T
and H = L is given by [Brokemper 2018, 2.3.2; 2016, 1.1] and their proofs.

Proposition 4.4. (1) Consider the homomorphism
S®sw S =A*([B\G/B]) = A*(IT\G/T1]) — A*([T,\G]) 4.5)
induced by pullback along the quotient morphism [T )\G| — [T\G/T] and the homomorphism
S—>S@wS, f—f&IL.

The composition S — A*([T \G)) of these homomorphisms factors through an isomorphism of

graded Q-algebras
S/IZS = A*(IT )\G)). (4.6)
(2) The homomorphism S Qgw S — S/ZS given by (4.5) and (4.6) sends f ® g to the class of fo(g).
(3) The homomorphism
sWie jzsWe 5 §/78
induced by the inclusion SV° < § is injective and free of rank |Wo|.

(4) The homomorphism A*([L,\G]) — A*([T ,\\G)) induced by the quotient morphism [T \G]— [L,\G]
is injective. Under (4.6) it gives an isomorphism of graded Q-algebras

A*([LN\G]) = sV jz8%re 4.7
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Proposition 4.8 (see [Brokemper 2018, 2.4.4]). (1) The homomorphism E — L, x + X induces a
morphism
G-Zip" =[E\G] — [L,\G].

Using (4.7), on Chow rings this morphism induces an isomorphism
sWie jzsWre = A*([L\G]) = A*(G-ZipH) (4.9)
of graded Q-algebras.

(2) For the group scheme E' = E N (*B x G), we have a natural identification
G-ZipFlagh = [E\(G x P/*B)] = [E'\G]. (4.10)
Under this identification, the homomorphism E' — T, (x, y) — X induces a morphism
G-ZipFlag! — [T ,\G].
Using (4.6), on Chow rings this morphism induces an isomorphism
S/IS = A*([T,\G]) = A*(G-ZipFlag") 4.11)
of graded Q-algebras.

(3) Under the isomorphisms (4.9) and (4.11), the homomorphism 7™ : SWie /ISW1° — S/ZS induced
on Chow rings by the projection w : G-ZipFlagh — G-Zip" is the one induced by the inclusion
SWre s 8.

Proof. The kernels of the surjective homomorphisms £ — L and E’ — T are unipotent. So (1) and (2)
follow from Proposition 1.4. Then (3) follows from the compatibility of the various constructions. [

The above results allow us to give a noncanonical identification of A°*(G-Zip*) with the rational
cohomology ring of a certain flag variety. Let G¢ be the reductive group over C with the same based root
datum as Gy, let P be a parabolic subgroup of type I of G¢, and set X" := G¢/P;. If (G, w) is induced
by a Shimura datum (G, X) (see Section 5 below), then X" is the compact dual of X. This explains the
notation. Write .,

H*(X"):= @ H* (X"(C), Q)
i=0
to denote the cohomology ring of the complex manifold X (C) with rational coefficients. The multiplica-
tion is given by cup product. As the cohomology is concentrated in even degree, this is a commutative
graded ()-algebra.

Corollary 4.12. There is an isomorphism of graded Q-algebras A*(G-Zip*) = H*(X").

Proof. We use the description of Z as in Lemma 4.2. Then we have isomorphisms of graded (Q-algebras
A (G-Ziph) = §Wie jzsWie = sV j7sWi = g2(XV),

where the first isomorphism is given by (4.9), the second isomorphism is given by conjugation with the



946 Torsten Wedhorn and Paul Ziegler

longest element wy in the Weyl group, and the third isomorphism holds by [Borel 1953, Theorem 26.1],
identifying X with a quotient of the real compact form of G¢. (Il

Remark 4.13. Recall that we work with Q-coefficients, hence we may use the description of Z in
Lemma 4.2. But from the results of Brokemper it follows that the results of Proposition 4.8 even hold
with Z-coefficients if one uses the description (4.1) of Z and if the group G is special, i.e., every étale
G-torsor is already Zariski-locally trivial. Examples for special groups are GL,, SL,, GSp,,,, or Sp,,,. A
nonexample would be PGL,, for n > 2.

By [Brokemper 2018, 2.4.10, 2.4.11], we also have the following result.

Proposition 4.14. The ring A*(G-ZipH) is a finite Q-algebra of dimension # W. A Q-basis is given by
the classes [Z ] of the closures of the E-orbits on G.

Even for special groups this result cannot be strengthened to integral coefficients, as the more precise
description of the integral Chow ring of G-Zip* given in [Brokemper 2018, 2.4.12] for G = GL,, shows.
The examples calculated in the Section 8 below suggest that the index of the abelian group generated by
the classes [Z,,] in the integral Chow ring of G-Zip* is of the form fr ,(p) for a polynomial fr , € Z[T]
that depends only on the based root datum R of G with its automorphism given by Frobenius and the
cocharacter (.

4B. Pullback maps for the key diagram. We now apply A*(—) as a contravariant functor to the key
diagram. Recall that 7 = Sf is the augmentation ideal of SY. We have A*([P\x]) = A*([L\*]) = sWie
by Proposition 1.4 and (2.1), and
A'(Brhg) =SQ@sw S=(S®a 9)/(A1Q f— 1| f€I)
by Proposition 2.4. Using this, (4.9) and (4.11), we obtain the following commutative diagram of graded
(D-algebras by applying A*(—) to (3.25):
S)TS —— " Sows

o

]n* i Ty* (4.15)

SW[o /ISw,o SW,o
ﬂ*

Theorem 4.16. The morphisms in (4.15) are as follows:
(1) The homomorphisms w* and o* are induced from the inclusion SV° < §.
(2) The homomorphism B* is the canonical projection.

(3) The homomorphism y* is the composition (using (4.3))
f el

sV = 7 (sWry L Wi S®@gw S.

(4) The homomorphism ¥* is induced by
f®g= z(feg).
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Proof. The description of 7* is given by Proposition 4.8. Since 7* is injective by Proposition 4.4, the

descriptions of o* and g* will follow from those of {* and y* since (4.15) commutes. The description

of y* follows from the definition of y and the construction of the isomorphism A®*(Brhg) = S Qgw S.
To verify the description of {*, we consider the following commutative diagram:

G-ZipFlagh = [E'\G] ——s Brhg = [(B x B)\G]

l J

[T,\G] (T x TI\G]

The morphisms in this diagram are given as follows: The morphism v is induced from G — G,
g7z 'gand E' - Bx B, (x,y) (Zilx, x). Similarly the bottom horizontal morphism is induced
fromG - G, g~z lgand T - T x T, t — (Z_It, @(t)). The left vertical morphism is the one
from Proposition 4.8 and the right vertical one is induced from the identity on G and the projection
B x B — (B x B)/rad“(B x B) =T x T, where rad“ denotes the unipotent radical.

The two vertical morphisms induce isomorphisms on Chow rings. Using Proposition 4.4 one checks
that the bottom horizontal morphism induces the morphism S ® gw S — S/I1.S which sends f ® g to the
class of z(f)¢@(g). This shows what we want. [

4C. Description of m,. The morphism 7 : G-ZipFlagh — G-Zip*, being a P /*B-bundle, is proper.
Hence under (4.9) and (4.11) it induces a pushforward morphism
7, : A*(G-ZipFlagh) = S/I8 — A*(G-Zip*) = sV jzsWr.

As an application of a general pushforward formula of Brion [1996], we get the following description
of 7,:
Theorem 4.17. The pushforward m, : S/TS — SWi° JZSWi° sends the class of f € S to the class of

Ywew,o DM w(f)
naedﬁn o

Proof. Consider the following cartesian diagram:

e sWr,

1%}
G-ZipFlagh —'—s Brh? = [2B\G/B] = [+/°B] x(s/G) [¥/ B] —- [%/°B]

| |

G-Zip* [x/P]

On Chow rings this induces the following maps:

S/IS+—§

NIRER

SW,o /ISW,O SW,o
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Hence it suffices to prove the corresponding formula for 7, : A*([*/°B]) = S — A*([x/P]) = SWr.
Similarly, using the cartesian diagram
[x/*BNL] —— [*/*B]
1
[*/L] —— [x/P]

whose horizontal morphisms induce isomorphisms on Chow groups, one reduces to proving the corre-
sponding formula for 7. This formula is given by [Brion 1996, Proposition 1.1]. O

The following gives an alternative way of computing the expression in Theorem 4.17:
Lemma 4.18 [Demazure 1973, Lemme 4]. For f € S, we have
ZwEW]o (_ 1)E(w)w(f)

Hoze(b?’o o

8w 0 () =

’

where 8y, o * S —> S is the operator associated to the longest element wo o of Wio by Theorem 2.16.

So the following diagram is commutative:

_—
S/TS —— Wi JTsWre

From Proposition 3.13, we now get the following:

Proposition 4.19. For w € 'W, we have [Z,,] = y (w)7,([Z2]) in A*(G-ZipH).

4D. Computing the cycle classes of the Ekedahl-Oort strata on G-Zip". By putting together the above
results we get the following procedure for computing the classes [Z,,] in A*(G-Zip*) for w € ! W:

For computations, it is convenient to replace the rings appearing in the diagram (4.15) with certain
simpler rings mapping surjectively onto them. For this we consider the following diagram of graded
algebras, in which all rings are either polynomial rings or subrings of polynomial rings:

*

Se—"  Seqs

Jﬁ* T;?* (4.20)

SW]O - SWIO
}3*

Here we define the homomorphisms as follows:

(i) The homomorphism 7* is the inclusion SW° < §.

(ii) The homomorphism B* is the identity.
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(iii) The homomorphism y* is the composition
oo gV = g(sWy s Wi L2S8L g g s,
(iv) The homomorphism ¥ * is given by
F®grz2(fe(g).

Using Theorem 4.16 one readily checks that under the canonical surjections from the objects in the
diagram (4.20) to the corresponding objects in the diagram (4.15) these two diagrams are compatible.
Similarly, using Theorem 4.17, one checks that the morphism 7, : §/ZS — S%° /ZSWr lifts to a morphism
7y 1 § — SYr° given by the formula from Theorem 4.17.

In the following, for a class ¢ in one of the algebras of (4.15), we will refer to a lift of ¢ to the
corresponding algebra in (4.20) as a formula for c. Then, for w € /W, we can compute a formula for [Z ]
as follows:

(i) Using the results from Section 2C one finds a formula for the class of the diagonal Brh, in S ® S.

(ii) The operator §,, on S @ ¢w S from Section 2E lifts to an operator on S ® S by letting the operator §,,
on S from Section 2E act on the first factor of S ® S. Then, by Corollary 2.21, by applying this
operator 8, to a formula for [Brh,] one gets a formula for the class [Brh,,].

(iii) By the definition of the subscheme ZZ of G-ZipFlag", the image of a formula for [Brh,,] under
the homomorphism * gives a formula for the class [Z 21.

(iv) By applying 7. to a formula for [ZZ] one gets a formula for . ([Z9]).
(v) Using the results from Section 3F one computes the number y (w).

(vi) Using Proposition 3.13 by multiplying the results of the previous two steps we get a formula for
[Zw] =y W)m(Z5)).

4E. Functoriality in the zip datum. To simplify notation it is often convenient for the computations
in Section 4D to replace G by some other group G. Here we explain that this is harmless as long as
G and G have the same adjoint group.
Let (G, ) and (G, fL) be two pairs consisting of a reductive group over [, and a cocharacter defined
over the algebraic closure k of [F,. Let
f:G— G

be a map of algebraic groups over [, with f ou = ji. Let k (resp. k) be the field of definition of the
conjugacy class of w (resp. of fi). Then k C «.

Let P and Q be the parabolics and E the zip group attached to (G, u) as in Section 3A. Let P, Q
and E be the parabolics and zip group attached similarly to (5, ). Then f induces maps P — P,
0 — é, and E — E and hence a morphism

[f]:G-Zip* — G—Zipﬁ Qi Kk
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of smooth algebraic quotient stacks over «. Every map f : G — G of algebraic groups can be factorized
into the composition of a faithfully flat map G — G’ = G/ Ker(f) and a closed embedding G’ — G.
If G is reductive, then G’ is reductive. Therefore the following lemma implies, in particular, that the
pullback [ f]* on Chow rings exists.

Lemma 4.21. (1) If f is flat, then [ f] is flat.
(2) If f is a monomorphism, then [ f] is representable.

Proof. This follows from Lemma 1.2 because if f is a monomorphism, then the induced map E — E is

also a monomorphism. (Il
Lemma 4.22. Suppose that f induces an isomorphism of adjoint groups G* = G,

(1) Let Z be the radical of G. Let (T, B, 7) be a frame as in Section 3B for (G, ). Set T:= 2f(T)
and B = 2f(B). Then (T, E f () is a frame for (5, 7).

(2) The map f induces an isomorphism W => w of the Weyl groups with their set of simple reflections
attached to (G, B, T) and (6, B , T), respectively.

(3) The morphism [ f] of algebraic stacks induces a homeomorphism of the underlying topological

spaces.

Proof. The hypothesis on f means that Ker(f) is central and that Cent(é) f(G) = G.AsZ f(G) is of
finite index in Cent(é) f(G) and G is connected, this implies 4 f(G) = G. As Z is a torus and clearly
commutes with f(T), T:=7 f(T) is a torus. Its dimension is the reductive rank of G. Hence it is a
maximal torus. By hypothesis, f induces a bijection between the roots of (G, T') and of (G, T). This
shows that Z f(B) is a Borel subgroup and that f induces an isomorphism W => W. This implies all
remaining assertions. O

We continue to assume that f induces an isomorphism of adjoint groups G = G and use the
notation of the lemma. We identify W with W via the isomorphism induced by f.
We define G—ZipFlagM and Brhg using (G, P, Q, B). Then using the description of G-ZipFlagh

given in (4.10) one sees that f also induces a map [ f] on stacks of flagged G-zips making the diagram

G-zZipFlagh —1s G-zipFlag" @; «

l |

G-Zip* [—f]> é—ZipM Qi k
commute. Moreover, the same arguments as above show that the pullback [ f ]* on Chow rings exists.
The key diagram (3.25) and the corresponding diagram of Chow rings (4.15) is functorial for f. The
induced map of Q-algebras S:= Sym(X *(T)@) — § is equivariant for the action of W. More precisely,
if we choose splittings of the exact sequences of tori

1—>Ker(f)0—>T—>T/Ker(f)0—>1 and 1—>f(T)—>T—>f/f(T)—>1,
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then S — S is of the form
S — Sym(X*(f(T))a) = Sym(X*(T/Ker(f)")q) = S,

where the second map is an isomorphism of (Q2-algebras with W-action. The map S— Sisalso equivariant
for the action of the Frobenius because f is defined over [ .

Proposition 4.23. Let f : G — G be a map of algebraic groups defined over [, that induces an

isomorphism on adjoint groups.

(1) One has a commutative diagram of Q-linear maps

A*(G-ZipFlag") —— A*(G-ZipFlagh)

n*l l”* 4.24)

A*(G-zip™) ~ A*(G-Ziph)

where the horizontal maps are the maps of Q-algebras induced by f. The lower horizontal map is

an isomorphism.

(2) For w € 'W, the numbers y (w) defined in Definition 3.14 for (G, jv) coincide with those defined
Jor (G, .

Proof. Under the identifications (4.9) and (4.11) the horizontal maps are both induced by the W-
equivariant map S — S. Hence the commutativity of (4.24) follows from the concrete description of
in Theorem 4.17. From Proposition 4.14 and Lemma 4.22(3), we also deduce that the lower horizontal
map sends a (D-basis to a Q-basis. In particular, it is an isomorphism.

Let us show (2). The upper horizontal map sends for all w € W the cycle [Zg] defined for (C~} , )
to the cycle [Zg] defined for (G, u) because y* is functorial for f. Hence (2) follows from (1) and
Proposition 4.19. (Il

Remark 4.25. One can also show that the classes [Z‘,f] for w € W form a basis of A*(G-ZipFlagh),
and that hence the upper horizontal map in (4.24) is an isomorphism as well.

5. The tautological ring of a Shimura variety

5A. Automorphic bundles and the tautological ring in characteristic zero. Let (G, X) be a Shimura
datum. Recall that this means that G is a connected reductive group over @, that X is a G(R)-conjugacy
class of homomorphisms & : S — G of real algebraic groups, where S := Resc /g G,,,c is C* viewed as
a real algebraic group, and that the pair (G, X) satisfies a list of axioms [Deligne 1979, 2.1.1].
For h € X, let u;, be the associated cocharacter of G, i.e., i, is the restriction of
h@ZSCZ 1_[ Gm,q:—> qu
Gal(C/R)
to the factor indexed by id € Gal(C/R). For each faithful finite-dimensional representation p : Gg — GL(V)
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of G over R, the Hodge filtration induced by po/ on V has as stabilizer the parabolic subgroup P_(poup)
of GL(V¢) (here we follow the normalizations of [Deligne 1979] using negative wj;-weights). The G (C)-
conjugacy class of w;, has as field of definition a finite extension £ of @, called the reflex field.

Let X" be the compact dual of X. Then X" = Parg, ;' is the scheme of parabolic subgroups of
type u;l. It is a projective homogeneous G-space and it is defined over E.

For each neat open compact subgroup K of G(Ay), we denote by Sk := Shg (G, X) the canonical
model of the attached Shimura variety at level K. This is a smooth quasiprojective scheme over E.

Denote by G° the quotient of G by the maximal Q-anisotropic R-split torus in the center of G. For
instance, if (G, X) is of Hodge type, then G = G° and this is the only case that we will use later. But for
future reference we explain the following notions and results in full generality. And in general G # G°,
for instance, if G = Resr;q GLo, r for a nontrivial totally real extension F of Q. The action of Gg on
the E-scheme X" factors through G¢,.

Milne [1990, III] constructs a diagram of schemes defined over £

Sk
/ \‘/‘ (5.1)
Sk XY
where 7 is a G4 -torsor and o is G g-equivariant. We set

Hdg, :=[G%\X "], 5.2)

which is an algebraic stack over E. The diagram (5.1) corresponds to a morphism of algebraic stacks

o : Sk — Hdgy (5.3)
making

Sk —2 5 XV

|

Sk — — Hdg
cartesian.

Let S}?r be a smooth toroidal compactification of Sx. Then by [Milne 1990, V, Theorem 6.1] the
morphism ¢ canonically extends to a morphism

o' : S — Hdg.

Note that a vector bundle on the quotient stack Hdg, =[G\ X V1 is the same as a G°-equivariant vector
bundle on X V.

Definition 5.4. Let E’ be an extension of E. A vector bundle £ on Sk g (resp. on S}?TE,) is called an
automorphic bundle if there exists a vector bundle & on [G%\X "¢ such that £ = o*(&) (resp. such that
E = (6'")*(&£)). Moreover, (0'°")*(&) is called the canonical extension of o*(&).
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Remark 5.5. Suppose that XV (E’) # @, i.e., there exists a parabolic subgroup P of G of type ™!

that is defined over E’. Then the choice of P yields isomorphisms X/, = Gg//P = G,/ P¢, where P¢
is the image of P in G¢,. We obtain an isomorphism

Hdg, = [P€\x].

Hence in this case a vector bundle & on [G%\X " ]g is the same as a finite-dimensional representation
(V,n) of P¢over E’, and 6*(&) is the automorphic bundle attached to the representation 7.

The structure morphism X — Spec E induces a morphism of algebraic stacks
7 :Hdgy — [GE\*].

Definition 5.6. Let E’ be an extension of E. An automorphic vector bundle on Sk g (resp. on S, is

©r 6 1) from a

called flar if it is isomorphic to a vector bundle obtained by pullback via o o T (resp. via o
vector bundle on [G%,\*].

In other words, flat automorphic bundles are those given by representations of G¢. They are endowed
with a canonical integrable connection which in the Hodge case is the Gauss—Manin connection.

Definition 5.7. Let E’ be a field extension of E. The images of A*(Hdg/) in A*(Sk g/) and in A’(S}?fE,)
are called the tautological rings of Sk g and of S}‘(’TE,, respectively. They are denoted by Tz and 75",
respectively.

Remark 5.8. Let E’ be a field extension of E, and let E” be a Galois extension of E’ with Galois group I".
Then I acts on 7z and one has (7z»)' = Tz by Proposition 1.3.
In particular, assume that the reductive group G splits over E”. Then we can choose P € XV (E”) and

A*(Hdgg:) = A*(LP\x]) = A*([L\]) = Sym(X*(T)a)"*,

where L is the Levi quotient of P, T C L a maximal torus and W the Weyl group of L. Hence Tg is a
quotient of Sym(X*(T)g)"*"r.

Example 5.9. In the Siegel case, we have G = G = GSp,, and P is a Siegel parabolic subgroup, i.e., the
stabilizer of some Lagrangian subspace. We identify Sk with the moduli space of principally polarized
abelian varieties of dimension g endowed with some sufficiently fine level structure. Let f : A — Sk be
the universal abelian scheme over Sk .

The Hodge stack Hdg = [ P\*] parametrizes in this case vector bundles together with a symplectic
pairing that has values in some line bundle and Lagrangian subbundles. The morphism o is the classifying
map of the de Rham cohomology of A and its Hodge filtration where the pairing is induced by the
principal polarizations.

The projection of P onto its Levi quotient L yields an isomorphism A*(Hdg) = A*([L\x]). There is an
isomorphism L =GL, xG,, for which the projection GL, xG,, — GL, yields a vector bundle Q° on [L\x]
whose pullback to Sk is the Hodge filtration bundle f*Q}4 ISk and for which the projection L — G,
is the restriction of the multiplier character of G and hence the pullback of the corresponding line bundle
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to Sk is trivial. Therefore in this case the tautological ring is the Q-subalgebra generated by the Chern
classes of f,Q2 }4 /Sk and our notion agrees with the one introduced in [Ekedahl and van der Geer 2009].

5B. Stacks of filtered fiber functors. In Remark 5.5 we explained that Hdg, is the classifying stack of
a certain parabolic subgroup P¢ of G° if such a subgroup can be defined over E’. In this case, Hdg,
simply classifies P¢-torsors. In this subsection we briefly digress to give a moduli-theoretic description
of Hdg in general. This will not be needed in the rest of the article.

Hence, for the moment, let k be any field, let G be a reductive group over k, and let A be a cocharacter
of G defined over some field extension k’ of k. Suppose that the conjugacy class of A is defined over k
or, equivalently, that the scheme Par, of parabolic subgroups of type X is defined over k. The reductive
group scheme G acts on Par;, and we consider the quotient stack

Hdgg ; =[G\ Par;].

Clearly, Hdg; , is a smooth algebraic stack over k.

Denote by Rep(G) the k-linear abelian rigid ®-category of finite-dimensional representations of G
over k. For any k-scheme T, we denote by Fi1LF(T) the exact rigid tensor category of filtered finite
locally free &7-modules [Pink et al. 2015, 4C].

Proposition 5.10. The stack Hdg; , is canonically equivalent to the stack F, sending a k-scheme T to the
groupoid F) (T) of exact k-linear ®-functors Rep(G) — FilLF(T) of type X (see [Pink et al. 2015, 5.3]).

Proof. First we construct a canonical morphism F, — Hdgg ; as follows: Let T be a k-scheme and
¢ : Rep(G) — FilLF(T) be an exact k-linear tensor functor of type A. Similarly, let ¢, : Rep(G) —
FilLF(Spec(k’)) be the exact k-linear tensor functor induced by the cocharacter A. Then, by definition,
the fact that ¢ is of type A means that there exists an fpqc covering T’ of Ty over which the functors
¢ and ¢, become isomorphic. The group of automorphisms of ¢, 7 is P+ (A)7.. Hence the sheaf
Isom® (g;. 77, 7/) of tensor isomorphisms ¢, 77 — @7 is a right Py (1)7-torsor over T’. Thus under the
canonical isomorphism [P (1)7/\*] = (Hdg ;)7 noted above we obtain an object P, of Hdg (1.
Since ¢ is defined over T, there is a canonical descent datum for 7’/ T on ¢7+. This descent datum induces
an analogous descent datum on P, so that P, descends canonically to an object of Hdg; ; (T'). Finally one
checks that the assignment ¢ — P, naturally extends to a morphism of groupoids F; (T') — Hdg ; (T)
and that for varying T these morphisms are compatible with base change.

To check that the morphism F; — Hdgg ; is an isomorphism of stacks we may work fpqc-locally
on Spec(k). Hence we may assume that A is defined over k. Then, under the above isomorphism
Hdgg ; = [P+(A)\«], the claim is given by [Pink et al. 2015, Theorem 5.6]. ]

5C. The tautological ring in positive characteristic. From now on we assume that the Shimura datum
(G, X) is of Hodge type. Then G = G°. Let p be a prime of good reduction, i.e., there exists a reductive
group scheme ¢ over Z, such that 9g, = Gq,. We fix a neat level structure K = K” K, € G(Ay) with
K? C G(A‘;) compact open and K, =%(Z,) € G(Q,) hyperspecial.
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Integral models. We fix a place v of the reflex field £ over p and denote by E, the v-adic completion
of E. As Gg , has a reductive model over Z,, E, is an unramified extension Q. Let .”k be the canonical
smooth integral model of Sx over the ring of integers O, defined by Kisin [2010] and Vasiu [1999]
for p > 2 and by Kim and Madapusi Pera [2016] for p = 2. Let Q p» be the completion of a maximal
unramified extension of E,, and let k be the residue field of the ring of integers of Q p- Let « be the
residue field of Of,. Then k is an algebraic closure of «. Let Sk be the special fiber of .#x over «, and
let G be the special fiber of 4. Hence G is a reductive group over [,.

By definition, E is the field of definition of the conjugacy class of u;. As conjugacy classes of
cocharacters depend only on the root datum of the reductive group, we can view the G (C)-conjugacy class
of uy also as a G(@ p)-conjugacy [Mh]@p of cocharacters of G@p because Gq, splits over an unramified
extension. We may also view it as a G (k)-conjugacy class [up]x of cocharacters of Gf. The field of
definition of [,uh]@p is E, and the field of definition of [u ] is «.

As ¢ and G are quasisplit, we may choose an element in [Mh]@p which extends to a cocharacter
of ¢ defined over Og,. We also denote by w its reduction modulo p, a cocharacter of G,. As p, is
minuscule, so is .

Arithmetic compactifications. We recall some results on integral compactifications by Madapusi Pera
[2019]. Let 7" be some smooth proper toroidal compactification of the integral model .k . It depends
on the choice of a smooth, finite, admissible rational polyhedral cone decomposition. Moreover, let f}(“i“
be the minimal compactification of .k, and let

. tor min
TSy > Sk

be the canonical morphism. It is constructed as the Stein factorization of a certain proper morphism
[Madapusi Pera 2019, 5.2.1]. In particular, 7 is proper and has geometrically connected fibers, and for
every line bundle .# on .72, one has a canonical isomorphism

L=t 5.11)

We denote the special fibers over k of .} and of Ylf(ni“ by S and S?i“, respectively. The restriction
of 7 to the special fibers is again denoted by 7.

Recall that a morphism f : X — Y of finite type between noetherian schemes is called normal if it
is flat and has geometrically normal fibers. This notion is stable under base change Y’ — Y and if Y is
normal and X — Y is normal, then X is normal.

Lemma 5.12. The minimal compactification Y}(ni“ is normal over Og,.

Proof. For Shimura varieties of PEL type this is shown in [Lan 2013, 7.2.4.3] using the description of
completed local rings of Ylf(ni“ in geometric points [Lan 2013, 7.2.3.17]. But the same description also holds
for the minimal compactification for Shimura varieties of Hodge type by [Madapusi Pera 2019, 5.2.8]. [J
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The tautological ring in characteristic p. The cocharacter u: Gy, 0,, — Yo, defines a parabolic subgroup
P = P_(n) of 9o, , and we set
HdgoEv = [P\*].

Then Hdgp, ®o;, Ev=Hdgg, by Remark 5.5. We denote by P := 22, the special fiber of &2 which is a
parabolic subgroup of G,. Then we have

Hdg, :=Hdg,, ®0,, k =[P\*].
By [Madapusi Pera 2019, 5.3], the morphisms o and ¢'°" extend to morphisms
oSk — Hdgy, and o — Hdg, (5.13)

of smooth algebraic stacks over Og,. Let O’ be a local finite flat extension of Of,. As HngEU = [P\x],
a vector bundle on Hdg,, is given by an algebraic representation p of the group scheme &y’ on some
finite free O’-module. The pullback of such a vector bundle to .k o’ via o (resp. to y,?ro, via o) is

denoted by
¥V (p) (resp. ¥ (p)').

Again we define vector bundles on .k of this form to be automorphic vector bundles and ¥ (p)'" is the
canonical extension of ¥(p) to the toroidal compactification f,‘é’r.

tor

The morphisms o and ' induce on special fibers morphisms

o:Sk —Hdg, and o' :SY — Hdg, (5.14)

of smooth algebraic stacks over x. Again we have the notion of an automorphic bundle on Sk and its
canonical extension to S¢".
We now define the tautological rings in positive characteristic as in characteristic 0.

tor

Definition 5.15. For a field extension «” of k, we call the images of A*(Hdg,.) in A*(Sk ) and in A'(SK’K,
the tautological rings of Sk . and of S}?fk/, respectively. We denote them by 7, and 7., respectively.

6. Cycle classes of Ekedahl-Oort strata

We continue to use the notation of Section 5C, i.e., Sx/E denotes the Shimura variety attached to a
Shimura datum of Hodge type (G, X) and a neat open compact subgroup K C G(A¢), .k /Og, denotes
its smooth integral model at a prime p of good reduction, Sk /k its special fiber. We denote by .75" a
fixed smooth proper toroidal compactification of .7 and by S¥" its special fiber. Moreover, ¢ denotes the
reductive model of Gg , Which is endowed with a cocharacter u defined over Og,. We denote by (G, )
the special fiber of (¢, ).

From now on we assume that p > 2. This hypothesis is only needed for the existence of the smooth
morphism ¢ and the morphism ¢'°" defined below in (6.1) and (6.2). It seems probable that these morphisms
also exist with the stated properties for p = 2, using ideas from [Kim and Madapusi Pera 2016].
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6A. Ekedahl-Oort strata. From the reductive group G over [, and the cocharacter i : G, — G,
we obtain the stack G-Zip* recalled in Section 3. We use all notation introduced in Section 3 for this
pair (G, n). In particular, we define P := P_(u), a parabolic subgroup of G of type I which is defined
over k. The choice of P yields an isomorphism Hdg, = [ P\x]. The morphism o (5.14) is a morphism
o : Sk — [P\x].

In a series of papers, Viehmann and Wedhorn [2013], Zhang [2018], and Wortmann [2013] defined
(for p > 2) a smooth morphism

¢:Sg — G-Zip#, 6.1)
which has also been extended to toroidal compactification
¢ S — G-zip* (6.2)

by Goldring and Koskivirta [2019a, Theorem 6.2.1]. By Andreatta [2023, Theorem 1.2], the morphism ¢'*
is smooth as well. Moreover, one has by construction

Bol=0 and PBol =", (6.3)

where S is the morphism defined in (3.23).
Recall the definition of the zip strata Z,, € G-Zip" (3.6). The Ekedahl-Oort strata of Sk (resp. of S")
are defined for w € W as

Skw =" (Zw)  (resp. SE, = (N7 (Zw)).
The smoothness of ¢ implies the following properties of the EO-strata.

(1) For all w € W, the Sk ,, (resp. the S}?fw) are locally closed smooth subschemes of Sk (resp. S¥").
They are equidimensional of dimension £(w) by [Pink et al. 2011, 5.11].

(2) By (3.7), one has

é‘_l(zw)ZEK,w: U SK,w’ (64)
w' <w
and
@ NZw =5%, = s&,. 6.5)

(3) The map ¢*: A*(G-Zip*) — A*(Sk) of (D-algebras sends [Z,] to [§K,w]. Analogously, the map
(£'°0)* : A*(G-Zip") — A*(S") of Q-algebras sends [Z,,] to [S", 1.

Proposition 6.6. The tautological rings T and T are finite-dimensional Q-algebras that are generated

as Q-vector spaces by (S K.wl and [E‘Igfw] forw € 'y, respectively.

Proof. By (6.3), the tautological rings are the images of A°*(G-Zip*). Hence the claim follows from
Proposition 4.14. U
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We also recall and complement some results from [Goldring and Koskivirta 2019a] about the EO-strata
in the minimal compactification. Let 7 : S — S?in be the projection, and set

SEn = (SE,), welW. (6.7)

Then the Smm are pairwise disjoint—in other words, 7 ! (Smm )= Stor —and locally closed in Sm‘n
by [Goldrmg and Koskivirta 2019a, 6.3.1]. We endow Smln with the reduced scheme structure.
We will also use the following result of Goldring and Kosk1v1rta.

Theorem 6.8 [Goldring and Koskivirta 2019a]. The EO-strata Smln in the minimal compactification are
affine for allw € 'W.

Theorem 6.8 implies, in particular, that the EO-strata Sk ,, are quasiaffine for all w € W, which was
known before.
Because 7 is proper, the closure relation (6.5) implies

Smln _ U Smln 6.9)

/<w

Below (Corollary 6.16) we will also show that Smln is equidimensional of dimension £(w).

6B. Connectedness of unions of Ekedahl-Qort strata. In this subsection we show that the smoothness
of ¢'°" allows us to deduce from [Goldring and Koskivirta 2019a] certain results on the connectedness of
EO-strata. These are new even in the Siegel case.

Two lemmas on connectedness. For lack of a reference we collect two probably well-known lemmas.
For a topological space X, we denote by m(X) the space of connected components of X. This defines

a functor mp from the category of topological spaces to the category of totally disconnected topological

spaces which is left adjoint to the inclusion functor. If X is a noetherian scheme, then (X)) is a finite

discrete space.

Lemma 6.10. Let f: X — Y be a continuous map between topological spaces with connected (and hence
nonempty) fibers. Suppose that the topology on Y is the quotient topology of the topology on X (as occurs,
e.g., if f is closed or open). Then mo(f) : mo(Y) = mo(X) is a homeomorphism.

Proof. For topological spaces Z and Z', let C(Z, Z') be the set of continuous maps Z — Z’. Let S be a
totally disconnected space. We have functorial bijections
C(mo(Y), S) =C(Y,S) ={g €C(X, S) | g -1(y 1s constant for all y € Y}
=C(X, §) =C(mo(X), S),
where the first and last equalities hold by adjointness of m( and the inclusion functor, the second equality

holds because Y carries the quotient topology of X, and the third equality holds because all fibers of f
are connected. Therefore mo(f) is a homeomorphism by Yoneda’s lemma. U
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Let / > 0 be an integer. Recall that a noetherian scheme X is called connected in dimension > 1 if X\ Z
is connected for every closed subset Z C X of dimension < /. Hence X is connected if and only if X is
connected in dimension > 0. A scheme X of finite type over a field k is called geometrically connected
in dimension > [ if X ®y k' is connected in dimension > [ for all field extensions k' of k.

We recall the following variant of a theorem of Grothendieck.

Proposition 6.11. Let k be a field, let X be a proper k-scheme, and let D C X be an effective ample
divisor. Let | > 1 be an integer. Suppose that the irreducible components of X have dimension > 1+ 1
and that X is geometrically connected in dimension > l. Then the irreducible components of D have
dimension > 1, and D is geometrically connected in dimension > [ — 1.

Proof. Let D be the vanishing locus of a section s of an ample line bundle .. Replacing .# and s by
some power, we may assume that . is very ample and hence that X is a closed subscheme of projective
space [P’,](V and that D = X N H for some hyperplane H. Then the result follows from [SGA 2 2005,
Exp. XIII, 2.3]. O

Inheritance of connectedness. For any subset A CTW, weset Z4 :=J Z ., considered as a subspace

weA
of the underlying topological space of G-Zip". We also set Sk 4 := |J,,c4 Sk,» and define similarly
subsets S, and SP of S and S, respectively. Then ¢ ~!(Z4) = Sk 4 and (') ' (Z4) = S,

Now let A C /W be a closed subset, i.e., if w € A and w’ € /W with w’ < w, then w’ € A. Let A be
the set of maximal elements in A with respect to < and set dA := A \ A°. Then Z, is closed in G-Zip"
and Z 40 is open and dense in Z4. We consider Z4, Z 40, and Z34 as reduced locally closed algebraic
substacks of G-Zip#*.

The subvariety Sk 4 is closed in Sk, and Sk 40 is open and dense in Sk 4 by (6.4). Analogous
assertions also hold for unions of EO-strata in S}?r and S?i“ by (6.5) and (6.9).

For brevity we say that a scheme X of finite type over a field is /-gc if all irreducible components of X

have dimension >/ + 1, and X is geometrically connected in dimension > /.

Lemma 6.12. Let Y C S,“(‘i“ be a closed subscheme, let A C'W be closed as above, and set Y4 :=Y N S?”}‘
Letl > 1 be an integer. If Y4 is l-gc, then Yyu is (I—1)-gc.

The proof relies heavily on results from [Goldring and Koskivirta 2019a], using Proposition 6.11 as an
additional ingredient.

Proof. Let Y\ := 7 =1(Y ), and let

Y I v, Ly,

be the Stein factorization of 7 : Ylflor — Y 4. As 7 has geometrically connected fibers, the same holds for
the finite morphism f. Hence f is a universal homeomorphism. Therefore Y/, is /-gc and it suffices to
show that ¥}, := f~1(Yya) is (I — 1)-gc.

Let o' be the Hodge line on S¥" obtained from some Siegel embedding of the Shimura datum. Let
™" := 77,0"°". By [Madapusi Pera 2019, 5.2.11], ©™" extends the Hodge line bundle on Sk, it is ample,
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and 7% (w™") = ', The restrictions of ®'°" and w™" to Y™ and Y, respectively, are denoted by a)t"r
and oy min - Get wy, = frwy min Then for all N > 1 one has
tor, N N N
oy = (ept) = 0P’ (%)

where the second equality follows from = *(ﬁylzor) = 0Oy;.
In the special case ¥ = S?i“ and A ='W one has 7’/ = 7 and we also see

@ EN = min &N, (6.13)

By [Goldring and Koskivirta 2019a, 6.2.2], there exists an N > 1 such that for all w € /W there exist
sections h,, € F(S}‘(’fw, '°®N) whose nonvanishing locus is S}?fw. For w, w’ € A? with w # w’,

hol s o =0 =h
v |S}?Twﬂs;?fw’

P
vlsgnse,

so after passing to some power of N and of h,,, we can glue the sections %,, with w € A° to a section
hy € F(S}‘gf 4> @®V) whose nonvanishing locus is S}?r o [Goldring and Koskivirta 2019a, 5.2.1]. We
denote the restriction of h4 to Y again by h4. Using (x) we obtain a section

ha € T(YE", oy @) =T (¥}, )

min, @ N

whose vanishing locus in Y7, is precisely Yy ,. As a)YA is the pullback of w under a finite morphism

Y, — Smi“, it is ample and we conclude by Proposition 6.11. U

Connectedness of the length strata. Let d := dim Sx = dim S" = (2p, ), where p denotes as usual half

of the sum of all positive roots on the root datum of G. For j =0, ..., d, we set
7 ? 7 ?
Sk<;=J Sk, and Si,:= ] St.
Lw)=j Lw)=j

for ? € {, tor, min}. Then S}’( <j . 1s closed in S7 and S7 is open and dense in S;( <j . by (6.4), (6.5),
and (6.9). We endow them with the reduced subscheme structure The closed subschemes S K.<j of S
are called closed length strata.

Lemma 6.14. The schemes Sk ; and S}?r ; are smooth.

Proof. By Lemma 3.8, no two elements of /W of the same length are comparable with respect to <.
Hence S;(, ; 1s the topological sum of the S;{’w for w € ' W with £(w) = j. This shows the lemma because
Sk.w and S are smooth for all w € 'W. O

Let X be a scheme of finite type over a field k. By a geometric connected component of X we mean a
connected component Y of X, where k is an algebraic closure of k. Then Y is already defined over some
finite extension of k.

Theorem 6.15. Let Y be a geometric connected component of S?i“, and let Y := 7= 1(Y) be the
corresponding (Lemma 6.10) geometric connected component of S¥'. Then, forall j =1, ...,d, the
length strata S _ jny ©r and S?mf ;NY are geometrically connected and equidimensional of dimension j.

In particular, they are nonempty.
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Proof. We already know that S¥"_ ; 1s equidimensional of dimension j. This shows that S Ny or is

either empty or equidimensional of dimension j.

Next we show that S?‘“S ;MY is geometrically connected in dimension > j — 1 and equidimensional

of dimension j by descending induction on j. We have S?“; q= S?in. Because S?i“ is (geometrically)
normal (Lemma 5.12), Y is irreducible of dimension d, and in particular, it is geometrically connected in
dimension >d —1. Now let A; :={w € W | ¢(w) < j}. Then A? ={we!W|l(w)=j}and dA = Aj

by Lemma 3.8. Hence by induction we deduce from Lemma 6.12 that S?“; ; NY is geometrically

min
) K.<j'
On the other hand we have dim(Y) < dim(SI“gf‘}) = dim(n(S}?r i)) = j. Hence S?“} is equidimensional of

connected in dimension > j — 1 and that every irreducible component of § N Y has dimension > j.

dimension ;.
This shows, in particular, that S?“‘S ;NY is nonempty, which implies that
SR Ny =S NY)

is nonempty. Moreover, S}?fi in Y'" is geometrically connected by Lemma 6.10. O
Corollary 6.16. Each EO-stratum S?Hﬁ) in the minimal compactification is equidimensional of dimension
L(w).

Proof. Let Y C SI“(‘“;) be an irreducible component, and let Y be its closure in S?i“. By (6.9), Y is an
irreducible component of S?‘“S ¢(w)- Hence dim(Y) = dim(Y) = £(w) by Theorem 6.15. O
Corollary 6.17. Let S', be the 0-dimensional EO-stratum in S¥". Suppose that S¢", is already contained
in Sk. Let Y be a geometric connected component of S". Then the length 1 stratum Sg <y NY in Sk NY

is geometrically connected.

The condition that S}?fe is contained in Sk is satisfied for all Shimura varieties of PEL type [Goldring
and Koskivirta 2019a, 6.4.1], and we expect it to hold in general.

Proof. Let Y and Y’ be irreducible components of S%"_.. As S}‘(’fs , NY is geometrically connected by

K,<I*
Theorem 6.15, it suffices to show that Y N Y’ C S}?fe = Sk... But this is clear because S}?rl is smooth
(Lemma 6.14) and hence cannot contain intersection points of irreducible components. O

The following result generalizes [Ekedahl and van der Geer 2009, Proposition 6.1]:

min

Proposition 6.18. Let w € 'W and Y an irreducible component of S Koo
(i) The variety Y has dimension £(w) and is geometrically connected in dimension > £(w) — 1.
(ii) The intersection Y N S?“e} is nonempty.

Proof. (i) As in the proof of Corollary 6.16, the variety Y is an irreducible component of S?ge(w)'
Hence (i) follows from Theorem 6.15.

(i) LetY°:=Y N S?“;j Since Y° is an irreducible component of S?f‘;}, it is affine by Theorem 6.8.
Thus if Y° is closed in S,“(lin it has dimension zero, which, using (i), implies £(w) = 0 and hence w = e.
Otherwise Y \ Y° is nonempty. Let Y’ be an irreducible component of Y \ Y° =Y N S?;”L‘U

w'<w
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Using (i), Lemma 6.12 yields dim Y’ > ¢(w) — 1. On the other hand, the inclusion Y" C |, _,, S?f‘;},
and Corollary 6.16 yield dim Y’ < £(w) — 1. Thus dim Y’ = £(w) — 1, which again by Corollary 6.16
implies that ¥’ must be an irreducible component of S?f‘;j, for some w’ < w with £(w’) = £(w) — 1. Now

we may conclude by induction on £(w). ]
6C. The flag space over S¥*. Let g : F' — S be defined by the following fiber product:

FF —— G-ZipFlagh

K l lﬂ’
tor

stor — £, G-ziph
Similarly, we let Fx be the restriction of 7" to Sg. As 7 is representable by schemes, smooth, and
proper, ]-"}?r and Fg are schemes, and g is smooth and proper.
By pulling back the stratification G-ZipFlagh = J,cw Z5 (3.11) to Fx and Fy', we obtain stratifi-
cations

Fk = U Frw and F' = U Fihw-
weW weW

Proposition 6.19. The strata Fk ,, and F;?fw are smooth and equidimensional of dimension £(w). Their

closures F o, and Fg", are normal, Cohen—-Macaulay, with only rational singularities.

Proof. Since ¢'" is smooth, this follows from Proposition 3.12. O

7. Applications

7A. Triviality of Chern classes of flat automorphic bundles. Let E’ be an extension of E. By definition,
an automorphic bundle over E’ is a vector bundle on Shg (G, X) g that arises by pullback of a vector
bundle on Hdg via the map o. Recall that such an automorphic bundle is called flat if it comes from a
vector bundle on [G g/\*] by pullback via the composition

Shx (G, X)g > Hdgy — [Gp\*],

i.e., it is an automorphic bundle associated with a finite-dimensional representation of G gr. Similarly, we
define what it means for an automorphic bundle (or their canonical extensions to the toroidal compactifi-
cation) on the integral model or its special fiber to be flat.

Now the theory of Chow rings of G-zips allows us easily to show the following result for flat automorphic
bundles on the special fiber.

Theorem 7.1. Let k' be an extension of «, let ¥ be a flat automorphic bundle on Sk ', and let ¥'°" be
its canonical extension to S}?TK,. Then for all i > 1 the i-th Chern class of ¥ in A*(Sk..) and of V'

in A*(S¢".) are zero.
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Proof. As all automorphic bundles are defined over some finite extension of x, we may assume that «” is
an algebraic extension of x. By Proposition 1.3, we may assume that ¥’ = k is an algebraic closure of «.
As o and o' both factor through G-Zip*, it suffices to show that under pullback via the composition

G-zip" £ Bdg, > [Gi\*],

all elements of degree > 0in A*([G\*]) are sent to 0. Here v is the canonical projection Hdgy =[ Px\*] —
[G\*] which induces via pullback on Chow rings the inclusion A*([G\*]) = SV — SWi* = A*(Hdg,).
Hence the description of Z in Lemma 4.2 and of §* in Theorem 4.16 implies the claim. (]

Using proper smooth base change we obtain a triviality result for étale Chern classes in characteristic 0
as follows. For a scheme of finite type over a field k, we denote by H' (X, Q,(d)) the i-th continuous
£-adic cohomology with Tate twist defined by Jannsen [1988] or, equivalently, the pro-étale cohomology
defined by Bhatt and Scholze [2015]. Here £ is a prime different from the characteristic of k. Recall
that Sk denotes a Shimura variety of Hodge type in characteristic 0 and that S denotes a smooth proper
toroidal compactification of Sg.

Corollary 7.2. Let E’' be a finite extension of the reflex field E contained in the algebraic closure E of E
in C. Let ¥ be a flat automorphic bundle over Sk g, and let V' be its canonical extension to S}?TE/.
Let p # € be a prime of good reduction for the Shimura datum (G, X) and v’ a place of E" above p. Then
foralli > 1 the i-th étale Chern classes c;(V) € H2"(SK,E;/, Q@) and c; (V") e HZ"(S}?TE,,, Q¢ (@)
are zero.

A stronger version of this statement for continuous cohomology over E’ instead of E/, has been proved
by Esnault and Harris [2017] for compact Shimura varieties.

First we note the following fact:

Lemma 7.3. Let 4 be a flat affine group scheme over a Dedekind ring R with quotient field Q. Every
representation of 9p on a finite-dimensional Q-vector space V extends to a representation of 4 on a
locally free R-module of finite type.

Proof. Let A :=T(¥, 0y) be the ring of functions of 4. If 0 : V — V ®9 A is the comodule
map corresponding to the representation in question, then we consider V as a comodule under A via
V% V®gpo=V ®g A. Then, using the local finiteness of A-comodules, we find an A-sub-comodule
L C V which is finitely generated over R and which generates V as a Q-vector space. Such an L is
torsion-free and hence projective because R is a Dedekind domain. It gives the desired extension. [

Now we prove Corollary 7.2:

Proof. Let v be the restriction of v’ to E, and let /4" be a smooth proper toroidal compactification of .7,
over Og, with generic fiber Sg*; . Let «” be the residue field of 0" := Op/ . We also use the notation of
Section 6. In particular, we denote by ¢ a reductive model of Gg, over LZ p- Let 7 be associated to a
representation p : Gg — GL((E’)"). By Lemma 7.3, we can extend the base change p E, toa dualizable

representation p of 4 over O'.
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The special fiber of 5 is then a representation of the split reductive group G... Let ¥ be the
corresponding flat automorphic bundle on S}‘(’fk,. By construction it lifts to a flat automorphic bundle
over y}("b, whose generic fiber is #'°". By Theorem 7.1, the i-th Chern class of ¥ in Al (S}?flc,) is zero
for i > 1. In particular, its étale cycle class vanishes in

H (S, Qu(i)) = H* (S . Qe(0)).

where the equality holds by smooth and proper base change. But this cycle class in the space on the

right-hand side is the étale cycle class of 7" because the étale cycle class map from Chow groups to étale
cohomology is compatible with specialization. By restriction this implies the result for Sx g/, as well. [

7B. The Hodge half-line. As the Shimura datum is of Hodge type there exists a Siegel embedding of G,
i.e., an embedding ¢ : G < GSp(V) of algebraic groups over [, such that (i := ¢ o x is minuscule and
the parabolic P (/1) is the stabilizer of a Lagrangian subspace U C V. Consider the character

x () :==det(V/U)" (7.4)

of P, which is defined over «. It corresponds to a line bundle on the Hodge stack Hdg over . We denote
its pullback to G-Zip* by w’(1). We call a class in A!(G-Zip") a Hodge line bundle class if it is the first
Chern class of the line bundle »”(¢) given by a symplectic embedding.

Such a Hodge line bundle class is essentially independent of the choice of the embedding by combining
Theorem 7.1 with a result of Goldring and Koskivirta.

Proposition 7.5. Suppose that G** is Q-simple. If 1 and ' are two Siegel embeddings, then there exists
0 € Q. such that
c1(@’©) = pei (@' (1)) € A'(G-Ziph).

Proof. By Theorem 7.1, it suffices to show that there exists a character A of G and m, n € Z- ¢ such that
my (t)=A+ny (!) as characters of P or, equivalently, of the Levi subgroup L. Let L be the connected com-
ponent of the preimage of L in the simply connected cover of the derived group of G, and let ¥ and x' be the
characters obtained from x (¢) and x (¢'), respectively, by composition with L — L. Then it suffices to show
there exist m, n € Z- such that m ¥ =nx’. But this is shown in [Goldring and Koskivirta 2018, 1.4.5]. (J

It is easy, as was explained to us by Goldring, to give examples where the assertions fail without
the assumption that G is Q-simple. Indeed if G := {(A, B) € GL, g | det(A) = det(B)} and X is the

G (R)-conjugacy class of
C*—>GR), x+iy+— ((x —y) , (x —y))’
y X y X

then Shg (G, X) is the Shimura variety that classifies pairs of elliptic curves (with some level structure).
Let GSpg be the group of symplectic similitudes over Q defined by the alternating form

(x,y) := x1y2 — X21 + X3V4 — XaY3 + X5y6 — Xeys for x, y € Q°.
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The embeddings of Shimura data G — GSpg given by

A A
(A, B) —~ A and (A, B)—~ B
B B
then yield the embeddings of Shg (G, X) into the moduli space of principally polarized abelian threefolds
given by
(E1,E)) > E? x E; and (Ey, E2) — Ej x E3.

These embeddings then yield Hodge line bundle classes in A'(G-Zip#*) that are not multiples of each
other.
Let 7 and 7" be the tautological rings of Sk and S, respectively.

Definition 7.6. Suppose that G* is @-simple. We call the Q. half-line in A'(G-Zip") generated
by c1(w (1)) the Hodge half-line of G-Zip*. Its image in the tautological rings 7, and 7.°" is also called
the Hodge half-line.

By [Madapusi Pera 2019, Theorem 5], we find that the pullback of a Hodge line bundle class to 7,
(resp. to 7.°") is generated by the determinant of the sheaf of invariant differentials of the abelian scheme
(resp. semiabelian scheme) that is obtained via pullback from the universal abelian (resp. semiabelian)
scheme over the Siegel Shimura variety (resp. over a suitable toroidal compactification of the Siegel
Shimura variety). In particular, the pullback of a Hodge line bundle class to 7, is ample.

7C. Powers of Hodge line bundle classes. By Propositions 4.8 and 4.14 the Chow ring A*(G-Zip") is a
graded finite-dimensional Q-algebra of dimension #/ W. For j =0, ...,d := (2p, ju), the cycle classes
[Z,] with w € W such that £(w) = d — j form a basis of the Q-vector space A’/ (G-Zip"). In particular,
its top-degree part A?(G-Zip*) is 1-dimensional and generated by the unique closed zip stratum [Z,],
which we call the superspecial stratum.

Proposition 7.7. Let 1" € A'(G-ZipH) be a Hodge line bundle class. Then forall j =0, ..., d one has
OO = Y aulZy],

we!w
Lw)=j

with ay, € Q9. In particular, there exists a, € Q- such that
W) =l Z]. (7.8)
Proof. This follows by an easy induction from [Goldring and Koskivirta 2019a, 5.2.2]. (I

Remark 7.9. Calculations of examples suggest that the coefficients e, should be equal for w € /W with
2(w) = j if G is Q-simple. We cannot prove this.

By pullback we obtain:
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Corollary 7.10. Let \° € A'(G-Zip") be a Hodge line bundle class. Let % € T be its pullback. Then for
all j =0,...,d one has
27 = 3"y [Skul,

we!w
Lw)=j

with o, € Q0. In particular, there exists o, € Qg such that A4 = o[ S,].

tor

7D. Description of the tautological ring. We now show the pullback map ¢'°"*: A* (G-Zipg )— A (S
is always injective. By Proposition 1.3, this also implies the injectivity of ¢""*: A'(G—Zipi‘ ) — A’(S}?fx,)
for every algebraic extension «” of «. In particular, we obtain an isomorphism of the tautological ring 7"
with A*(G-Zipl)).

The tool for showing injectivity is the following lemma.

Lemma 7.11. Let o : A'(G—Zip,’: ) — T be a map of graded Q-algebras. Then « is injective if and only
ifa([Z]) #0.

Proof. 1t suffices to show that any graded nonzero ideal of A*(G-Zip*) contains [Z,]. By Corollary 4.12,
A*(G-Zip") is isomorphic to the rational cohomology ring of the flag space X over C. In particular,
multiplication yields, for all j =0, ..., d = dim Sk, a perfect pairing

AV (G-Ziph) x A4V (G-ziph) — AY(G-Zip") = Q[Z.].
This implies our claim. U

Theorem 7.12. The map {'°"* is injective. One has
T = A*(G-Zipt) = H*(XY). (7.13)

Proof. Let \> € A'(G-Zip") be a Hodge line bundle class, say the first Chern class of a line bundle »” on
G-ZipH. Let ' := " (’). Let 7 : S — S?i“ be the canonical proper birational map to the minimal
compactification. By [Madapusi Pera 2019, 5.2.11], there exists an ample line bundle @™m on S?in such
that 77* (™M) = ',

By Lemma 7.11 and (7.8), we have to show that
£ (e1(@")! N[G-2ipy 1) = c1(@ ) N[SET #0, (%)

where the equality holds by [Fulton 1998, 6.6] because ¢'" is a smooth morphism.
The projection formula shows

7 (1 (@) NISED = er (@™ NISE™,

which is nonzero because ™" is ample and S?i“ is proper and of pure dimension d over k. Hence the
left-hand side of (x) is nonzero.
The isomorphisms in (7.13) are then a consequence by using Corollary 4.12. ]
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It is conjectured that analogously the tautological ring of a smooth toroidal compactification of the
Shimura variety in characteristic O should be isomorphic to the cohomology ring of the compact dual.
Let E’ be an algebraic extension of E,, and let k" be the residue field of the ring of integers of E’. There
is a commutative diagram

A*(Hdg ) T A*(SST,)

;l l (7.14)

A*(Hdg, ) — A*(SY".

where the vertical arrows are the specialization maps. For the Hodge stacks, one can show that the
specialization map is an isomorphism. In particular, the right-hand side specialization map induces a
surjective map of (@-algebras

sp Tt — T (7.15)

The analogous diagram to (7.14) with the specialization of A*(Sk g) — A*(Sk ) as the right vertical
arrow Yyields also a surjective map sp : Tgr — .

Proposition 7.16. Suppose that E is chosen such that k' = k is algebraically closed. Then the following
assertions are equivalent.

tor .

(i) The map sp* : T — T°" is injective (and hence yields an isomorphism o =H 2(XY) by (7.13)).

(i1) The composition A*(|Gg/\*]) — A*(Hdgp) — A'(S}?r) is zero in degree > Q.

Proof. The commutative diagram (7.14) can be extended to a commutative diagram

tor,*

A ([Gp\x]) —— A*(Hdg) Z or

% ;l | .17

~

A*([G\*]) & A*(Hdg,/) 7» A*(G-Zip") o 7;(01'

Hence the equivalence follows as the kernel of B* is generated by the image of A~°([G;\x]) by
Theorem 4.16. O

Although we cannot prove this description of the tautological ring in characteristic 0, we can reprove
the following analogous statement for cohomology. This was previously known by Chern—Weil theory.

Theorem 7.18. For the Q-algebra H*(SY" ) := @; H* (S

CE Q¢ (7)), the composition

A*(Hdgp) — A'(Sp) — H> (S

induces an injection H>*(X") — Hz'(S;?rg)-

Proof. The existence of the factorization A*(Hdgz) — H*(XY) — H*(S¥'p) is given by Corollary 7.2.
To prove injectivity, we may replace E by Q@ p for some p # £ at which the Shimura variety has
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good reduction. As in the proof of Corollary 7.2, one then reduces to proving that the morphism
H*(XY) = A (G-Zip") — A'(S}?r) — Hz'(S}?r) is injective in characteristic p. This is given by
Theorem 7.12. U
It is conjectured that Theorem 7.18 holds over E instead of E. This is shown in [Esnault and Harris
2017] for compact Shimura varieties. The strongest statement on the Chern classes of automorphic vector
bundles in continuous cohomology which we can obtain with our methods here is the following:

Theorem 7.19. Let E' be a finite extension of the reflex field E contained in the algebraic closure E of E
in C. Let ¥ be a flat automorphic bundle over Sk g/, and let V" be its canonical extension to S}g’fE/. Let
U C Spec(Okg) be the locus of good reduction of Sk and YI?rU the canonical integral model of S}?fE,
over U. Then, for eachi > 0, the i-th Chern class of V' in Hzi(S?fE,, Q¢ (7)) lies in the image of the
natural map from
ker(H* (7%, Qu(i)) — EB HY (%, QD))
vel

to H% (S}?f g Qe(i)). (Here H 2 (Y}{O’rU, Q¢ (7)) denotes the continuous or pro-étale cohomology of Y}("fU J)

Proof. This is proved in the same way as Corollary 7.2: First one uses Lemma 7.3 to extend ¥ to U, and
then proper base change to show that the Chern classes of such an extension lie in the given kernel. [

7E. Hirzebruch—-Mumford proportionality. The above results immediately imply a very strong form of
Hirzebruch—-Mumford proportionality in positive characteristic and the usual form of Hirzebruch-Mumford
proportionality in characteristic 0.

Recall that an automorphic bundle on S}?fk is by definition a vector bundle of the form o'°"*(&) for
some vector bundle & on Hdg, = [Gx\Gr/Pi]. Let X := G/ Py be the characteristic p version of the
compact dual XV, and let

p: X" — Hdg,

be the projection. If we consider & as a G-equivariant vector bundle on X', then p*(&) is the underlying
vector bundle.

Theorem 7.20. There is an isomorphism u : A*(X") => T of graded Q-algebras such that for every
G-equivariant vector bundle & on X/ the i-th Chern class of the underlying vector bundle on X,/ is sent
by u to the i-th Chern class of the automorphic bundle o'"*"*(&).

Proof. The kernel of the surjective map p* : A*(Hdg,) — A*(X))) is the same as the kernel of the
surjective map B* : A*(Hdg,) — A‘(G—Zipf ) by Lemma 4.2. Hence we obtain some isomorphism of
graded Q-algebras A*(X") => A*(G-Zip}). Composing it with £'"* : A*(G-Zip},) — T, which is
an isomorphism by Theorem 7.12, we obtain the desired isomorphism u. U

For a smooth proper equidimensional scheme X over k, we denote by | X AYMX(X) 5 Q the degree
map. Let Q[cy, ..., ¢q] be the graded polynomial ring with deg(c;) =1i.

The isomorphism u from Theorem 7.20 induces, in particular, an isomorphism of the 1-dimensional
top-degree parts AY(X ) and 77{““"1, where d := dim(X") = dim(S}?r). From this we obtain:
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Corollary 7.21. There exists a rational number R € Q* such that for all classes « € Ad(Hdgk) one has

/ ,0*(0[) — R/ O,tor,*(a)‘
Xy s

Kok
As specialization of cycles commutes with taking degrees we obtain a new and purely algebraic proof
of Hirzebruch—-Mumford proportionality in characteristic 0. The original proof of this result is given in
[Hirzebruch 1958] and [Mumford 1977].

Corollary 7.22. There exists a rational number R € Q such that for all homogenous f € Q[cy, ..., c4]

of degree d and all G¢-equivariant vector bundles & on X" one has
/ f(c1(p*(©)), ..., ca(p*(£))) = R / S (1@ (&), ..., ca(@ ¥ (£))).
v Sy
Proof. All G¢-equivariant vector bundles & on X" are already defined over some splitting field E’ of G
that we may assume to be a finite extension of the reflex field. We now choose p and v’ as in the proof of

Corollary 7.2: let p be a prime number of good reduction for the Shimura datum (G, X) such that there

exists an unramified place v’ of E’ over p. Let v be the restriction of v’ to E, and let .} be a smooth

proper toroidal compactification of . over Og, with generic fiber S}?r g,- Consider the commutative

diagram
A(XY) <L Ar(Hagp) T A*(SYT,)
lsp lsp lsp (7.23)
A(XY) L A*(Hdg,) T An(SER)

where the vertical maps are given by specialization. Then we have

/XV f(Cl(p*(éa))»---’P*(Cd(éa)))=/ sp(f (c1(p™(€)), ..., ca(p*(£))))

v
XK,

= o*(p(fc1(®), ..., ca@)))

XY,

=Rf5m o (sp(f (c1(&), ..., ca(£))))

=R /;mr Sp(gtor,*(f(cl(é"), cee Cd(é’))))

K.k’
=R / f(e1@ (&), ..., ca(a" " (£))).
Sk'c
Here the first and the last equality hold because taking the degree commutes with specialization [Fulton
1998, 20.3(a)], and the third equality is a special case of Corollary 7.21. U

The proof shows that the numbers R of Corollaries 7.21 and 7.22 coincide.
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8. Examples

For a permutation 7 € §,,, we also write 7 = [ (1), 7 (2), ..., w(n)]. We will always denote by 7; ; the
transposition of i and j. For any permutation o, one has o' 7;, jcfl = T5(i),0(j)-

8A. Siegel case. Fix g > 1. We consider the vector space [F?,g with the symplectic pairing

(@i, b)) > Y aibsgrii— Y aibagrii.
I<i<g g+l=i<2g
We take G to be the resulting group of symplectic similitudes and let u be the cocharacter of G with
weights (1, ..., 1,0, ..., 0) (with each weight having multiplicity g) on the above representation [Ff,g of G.
Let T be the group of diagonal matrices in G. We use the description of the Weyl group W of (G, T')
given in [Viehmann and Wedhorn 2013, Section A7], i.e.,

W ={w e S | w(i) +w(i™) =2g+1},

where i+ := 2g+1—i. Its simple reflections are s; =7; ;4 1T2g—i 2¢+1—i fori=1,..., g—land s, =7, ¢41.
Every element w € W is uniquely determined by w(1), ..., w(g). As G is split over [, the Frobenius ¢
acts trivially on W.

We get a frame for the resulting zip datum by taking T to be the above torus, B the group of upper
triangular matrices in G, and z the canonical representative of the element [14+g,...,2¢,1,..., g] of W.
The types I and J of P and Q are both equal to {sy, ..., sg_1}, and

'wW=fwew|w'O<-<wl@)=weW|wv g+ < - <w Q).

Elements of T have diagonal entries (11, ..., t,, tg_l, e tl_l). Hence if for 1 <i < g we let x; € X*(T)
be the character sending such an element to #;, we obtain a basis (x1, . .., x,) of X*(T) which induces an
isomorphism § = Q[x, ..., xg]. The element z € W is given by z(i) =g +i foralli =1, ..., g. It acts

on X*(T) via x; = —xg41—;. We have

ZSiZ_IZSg_i foralli=1,...,g—1. 8.1

Computation of y (w). For w € 'W, set o, := int(wz). Then we find

Ly= ()1, Ii":={sel|of(s)elforall k=1,....m)
m=>1
by (3.16). For instance, s; € 1., if and only if w(g — i) and w(g + 1 — i) are both < g or both > g + 1.
In this case w(g + 1 —1i) = w(g — i) + 1 and oy(s) i8S syg—i) If w(g — i) < g and it 1S s5y(41-i)*
ifw(g—i)>g+1.

We can consider [, as a subset of vertices of the Dynkin diagram of G and get a subgraph with those
edges in the Dynkin diagram of G that have vertices in [,,. As o, preserves angles between roots, it
is an automorphism of the Dynkin diagram I,,. In particular, it permutes all connected components
of I,,. Letc be a of—orbit of such connected components. Choose some connected component C in c.
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Let m(c) be the number of vertices in C, and let /(c) be the minimal integer n > 1 such that o), (C) = C.
We say that ¢ is of linear type if o/ (w) = w for all w € C. Otherwise it is called of unitary type. Then
m(c), [(c), and the type do not depend on the choice of C.

Now we can calculate y (w) by (3.20) as follows. If ¢ is of linear type, then we let y.(w) be the number
of [F,-valued points in the full flag variety of the scalar restriction of GL,,(¢)+1 over [ PO 1.€e.,

rawy= 3 pO= ]

TESm(c)+1 1<j<m(c)

qj+l 1

qg—1

’

where ¢ := p!©. If ¢ is of unitary type, then we let y.(w) be the number of [F ,-valued points in the
full flag variety of the scalar restriction of a unitary group in m + 1 variables over [ . To describe
this concretely, we let 7 be the conjugation with the longest element in the symmetric group Sy, (¢)+1, an
automorphism of Coxeter groups of order 2 (except if m(c) = 1). For 7 € Sy (o)1, set 8(rr) := pH O

if m # t(r) and 8 () := p' @) if ¢ () = 7. Then

yew)= Y 8(m).
”ESm(c)Jrl/r

Altogether we obtain
yw) =[] rew),
C

where ¢ runs through all orbits of connected components of /.
For instance, fix 0 < f < g, and let u ; be the permutation

up:=[g+1, g+2, ..., ¢g+f 1, g+f+1, ..., 2¢—1,2, ..., ¢g—f 2¢, ¢g—f+1, ..., gl
Then u, = z and Z,,, is the locus where the p-rank is 0. We have
qu == I\{SI,SZ, ce ey Sg—f}a

and in particular, 1,, = 1,,, = &. Moreover, /,, has only one connected component and it is of linear type.

Therefore
pj-H -1
)/(Mf) = T
1<j<r-1 P
Cycle classes. By Example 2.6, we find that
[Bro = [] @®1-1@x)Tlcr.....cp). (82)
I<i<j<g
where ¢; = 0;(x1, ..., X)) ®1+1®0;(x1,...,x,) fori =1,..., g, and we set ¢co =2 and ¢; = 0 for
alli ¢{0,..., g}
The operators &, act on S by
f(-xlv"'y-xg)_f(xl7"'vxi-‘,-l’xi’"'»xg)

85, (f) =

Xi — Xi4+1
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fori=1,...,g—1,and by

f(xlv ,Xg)_f(xl, ...,Xg_l, _xg)
2xg

85, (f) =

fori =g.
The element z acts on S by x; = —x,41—;. Since the torus T is split over [, the Frobenius ¢ acts
on S by x; — px;. Hence ¥/* sends x; ® 1 to —xg41—; and 1 ® x; to px;. Thus for w € W we find

[mw]=8w( l_[ (-xi®1_1®xj)rg(cl’---vcg))
I<i<j<g
and

[Z2] = ¥* ([Brhy]). (8.3)

Such a formula is already given in [Ekedahl and van der Geer 2009, Theorem 12.1]. The formula in
loc. cit. agrees with (8.3) if one takes the following into account: We believe that in loc. cit. there is a
typo and the polynomial should be evaluated at y; = pfg,i_; instead of y; = p{;. Then the formulas
agree under the substitution x; = €44 1_;.

The case g =?2. As an example, let us consider the case g = 2. We let

O =x1®1—-1&xy,

Mi=cioo=((x1+x2)®1+1® (x1 +x2))(x1x2 @ 1 + 1 ® x1x2),
so that

[Brh,] = ®T'.

The set ' W consists of the elements {e, 50, 5251, $25152}. By applying the operators §,,, we find
[Brh, | =P(x1 @1+ 1®@x)(x1 @14+ 1Qx2),
[Brho, =1 @14+1®@x)(x1 @1 +1®x2),
[Brhy,ss,] =x1®14+1®x;.

Applying ¢* yields
[Z71=—(p* = D)(x1 +x2)x1%3,
[Z2]1=—(p* = D(px1 — x2)x3, -
[Z2,,1=(p—D)(pxi — x2)x2,
[ngzslsz] = pXxp —Xx2.

We have I = I° = {s;}. Hence, by Theorem 4.17, 7, = §;,. Since [ has only a single element, we see
that for w € W either ow(s1) =1 and hence I, = I or I, = &. In the first case we find y (w) = p + 1,
in the second y (w) = 1. Using this we find

v(e)=y(ssis2) =p+1 and y(s) =y(s2s) =1 (8.5)
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Altogether we obtain the following formulas for the classes of the EO-strata:

[Z.]= (p+ D(p* = 1)(x1 +x2)x1x2,
[Z,,] = (p* — D((p — Dx1x2 — x7 — x3), 86)
[ZY2Y1] (p_l)(x1+x2)v

1=(p+D%

These formulas agree with the ones given in [Ekedahl and van der Geer 2009, 12.2] with x; corresponding

[ 525152

to £g41-;, except that it appears that in loc. cit. the rows for s;s, and s3s1 should be switched and the
entry for . ([U 5,]) 1s incorrect.

8B. Hilbert—-Blumenthal case. Fix d > 1, and let G:= RCS[de /r, GL,. Define G by the cartesian diagram

G——Gup,

L, |

~  det
G— ReS[de/[Fp Gm

where the right vertical map is the canonical embedding. Let X be the set of embeddings F,« < k.
We fix an embedding ¢y and identify the set Z/dZ with ¥ via i +— o1, where o : x — x” is the
0 ?) in each component.
Then [ factors through a cocharacter i of G. Let T be the standard torus of G, i.e., T is the product of

the diagonal tori. Fori € Z/dZ and j =1, 2, let xﬁ.i) be the character

(@)

tH 0

((6 z<">>) i
2 ieZ/dZ

of Ty.. Then § = Sym(X*(T)q) = @[x{’), xél), i € Z/dZ). The intersection T = T NG is a maximal torus
of G and S = Sym(X*(T)q) identifies with the quotient of S by the ideal generated by (xfl) —I—xél))
(xl(iH) + x§i+1)) fori € Z/dZ. We will compute all cycle classes of EO-strata for ((~}, ). This yields
then also the corresponding cycle classes for (G, ) by Section 4E.

arithmetic Frobenius. Let i be the cocharacter of Gy = [[5 GL, given by ¢ > (

Let B be the Borel subgroup of G such that By is the product of groups of upper triangular matrices
in GL,. The Weyl group is W = {#-1}?/9Z and we have I = J = @. Thus /W = W. As a frame for (5, i)
we choose (T, §, z) with z a representative of (—1,...,—1) e W.

By (2.8), we have

Brh]= [] " ®1-1®x}) € A*(Brhy).
iez/dZ

Let w = (¢j)iez/az € W. Then €(w) =#{i € Z/dZ | ¢, = —1}. We have

[Brh, 1_[ P e1-10x"),
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and hence

[Z2] = y*([Brhy]) = 1_[ (xg) — pxgﬂ)),
icz/dz7
€=1

With the notation of Section 3F, we find /,, = @ and L,, = T. Hence y (w) =1 for all w € W. Also, r is
an isomorphism. Therefore we have isomorphisms
A*(G-ZipFlag") = A*(G-zip") = A*(G-Zip") = A*(G-ZipFlagh)
in this case. From the description of A*(G-ZipFlag") in Proposition 4.8(2) one deduces easily that
xé‘) > z; yields an isomorphism of graded (-algebras
A*(G-2ip") Z Qlzo, - -, 2a-11/ @5, - -+ Zg_1)-

Via this isomorphism we get, for the cycle classes of the Z,,

[Zwl= [] Gi—pzin) € A(G-Ziph).
ieZ/dZ
E[:l

To describe the Hodge half-line in A*(G-Zip") we use the notation from Section 7B. The restriction of
the standard embedding ¢ of G into GSp,, to the maximal torus is given by

1@ 0 ' ) .
(4 8)). ot o0,
2 iez/d7

Therefore the character x (¢) (see (7.4)) is given by

(i) .
n” 0 )) R | | ()y—1
(( 0 15°))icasaz iez/dz

and the Hodge half-line consists of all (-.o-multiples of the class of

==Y x = (204 +24-1) € A(G-Ziph).
i€z/dz

Hence (as an illustration of Proposition 7.7) we see that

:—pd“_l)dxd.

[Z<a-il= ) Gi—pzs)=(p—Dr and [Z]=0+D'p) [] = _

iez/dz iez/dz

8C. The odd spin case. We assume that p > 2. Let (V, Q) be a quadratic space over [, of odd
dimension 2n + 1 > 3. We denote by C(V) = CT(V) @ C~ (V) its Clifford algebra. It is a Z/27-
graded (noncommutative) [,-algebra of dimension 221+1 generated as an algebra by the image of the
canonical injective F,-linear map V < C(V). It is endowed with an involution * uniquely determined
by (vi---v)*=wv,---vy forvg,...,v. €V.
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The spinor similitude group is the reductive group G = GSpin(V) over [, defined by
G(R)={g € C*(VR)" | gVrg™ = Vr.8"g € R*}.

Then g — (v +— g ev := gvg~') defines a surjective map of reductive groups G — G := SO(V) with
kernel G,,. The groups G and G are both of Dynkin type B,.

We now assume that we can find an [ ,-basis (vo, vy, ..., v2,) such that the matrix of the bilinear form
attached to Q with respect to this basis is given by

1

1

Although there are two isomorphism classes of quadratic spaces over [, of dimension 2n + 1, the
associated groups GSpin and SO are isomorphic. Hence our assumption is harmless.
We define the cocharacter i : G,, — G by

w(t) =1viva, + v2,01.
The composition of i with G — SO(V) yields the cocharacter
fi: Gy — SO(V), t+>diagl,s,1,...,1,t7Y).

We will compute the cycle classes of EO-strata for (G, (). Again by Section 4E this yields then also the
corresponding cycle classes for (G, w).
As a maximal torus T for G = SO(V) we choose

T ={diag(1, 11, ..., ta, 1", ... 17D | 11 € Gy ).

Fori=1,...,n, let x; be the character diag(1, #1, ..., t,, tn_l, R tl_l) > t;. Then S = Qlx1, ..., x,].
The Weyl group W is the group

W={weS, |wi+wn+1—i)=2n+1 forall i}

acting on 7T in the standard way via the last 2n coordinates. The roots of (G, T) are given by £x; £ x;

forl <i# j<nand%x; fori=1,...,n. Let B be the Borel subgroup such that the corresponding simple
roots are given by x; — xa, ..., X,—1 — X,, X,. Then the set ¥ of simple reflections in W corresponding
to B is given by sq, ..., 8,—1, Sy, where s; is the transposition 7; j+1Ton—iont1—; fori =1,...,n —1

and s, = Ty p+1-
Let 7 € G be a lift of the element in W with 1 — 2n, 2n+> landi+>iforalli=2,...,2n—1.
Then (E, T, 7) is a frame by Lemma 3.3.
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As [ is the set of simple reflections corresponding to simple roots o with (, @) = 0, we find
I ={s,...,s,}. Hence we find a bijection

'w=twew|w@) <w@B) < <wn—D}=>{1,...,2n}, wr>w (D). (8.7)

Moreover, £(w) = w~'(1) — 1 for w € 'W. By parts (2) and (4) of Lemma 3.8, this implies that the
order < coincides with the Bruhat order on / W and that (8.7) is an isomorphism of ordered sets. There is
a concrete reduced expression of w € /W as a product of simple reflections:

(8.8)

{Slsz e Se(w) if £(w) <n;
§182 - SpSp—1 - Sm—pw) 1f £(w) > n.

For all s € I, one has s = s. As G is split over [, the Frobenius ¢ acts trivially on W. Therefore,
for w € W, the subset I, C I defined in Section 3F is the largest subset such that I, = I,,. Hence

I.=1, I,=1\{s2}, ... Iy.5,, =9, Ij.5 =9,
(8.9)
Is1~~~s,,sn,| =49, Is1~~~s,1xn,1sn,2 ={s.}, ... Is|~~~sn~~~s1 =1\ {s2}.
Hence F'¢,, is the flag variety of a split group over [, of Dynkin type By, where
n—1—40(w) if £{(w)<n-1,
k= 0 if £(w) =n,
Lw)y—n+1 if L(w)>n-+1.
By Example 2.6, we find that
Brh )= [] ®1-1®x)lu(cr....ca). (8.10)
1<i<j<n
where ¢; :%(Gi(xl,...,xn)®1+1®0,-(x1,...,x,,)) fori =1,...,n,and we set co = 1 and ¢; = 0 for
all i ¢ {0, ..., n}. For instance, if n = 2, 3, we find
1-1 if n=2,
(Brh, ] = (*x1® ® x2)c1C2 1 n @.11)
1_[15,‘<j53(xi ®1—-1®xj)c3(cica —c3) if n=3.
The operators &, from Section 2E act on S by
S‘Yi(f) — f(xla "'7xn)_f(x1’ ""xi—lvxi+1vxi7xi+2’ ---7~xn)
Xi — Xi+1
for 1 <i <n—1and by
(Ssn(f) — f(-x]a "'7-x}’l)_f(-xlv "'7-xn—17 _-xl’l)
Xn
fori =n.
The homomorphism 1/7* : §® S Sis givenby x; @ 1 — —xp, x; ® 1 — x; fori =2,...,n and
1®x;+— px;fori=1,...,n.

Finally, by Lemma 4.18, the operator 7, is given by 8wy 0, Where wo o is the longest element of the

Weyl group Wio = Wy, ) of type B,_1.

.....
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The casen =2. Fori =1, ..., 4, we denote the element of length i — 1 by w; € Iy, By (8.9), we find
yw) =ywy) =#P'(F,)=p+1 and y(w)=yws) =1 (8.12)

Using the above we find the following formulas for the classes of the closures of the EO-strata:

[Zw,]= (p+ D1 = pH((p*+ p)x3 + (p — Dx)xy,
[Zw,] = 3(p* = D(p— D7,

[Zw,] = (p— Dxy,

[Zw]=(p+ 1>

(8.13)

Since the Dynkin diagrams of type B, and C, are isomorphic, by Proposition 4.23, the Chow rings of
the associated moduli spaces of G-zips are isomorphic. Indeed one can check that the formulas in (8.13)
match those in (8.6) (up to terms in SKV) under the isomorphism

Qx1, x2] = Qx1, x3], X1 X1+ X2, X2 X]—Xp.
The casen=3. Fori=1,...,6, we denote, as above, the element of length i — 1 by w; € Ty, By (8.9),
y(w) =y (we)=p +2p*+2p+1,  y(w2) =y ws)=#P'(F,)=p+1, yws)=yws=1. (8.14)
Using the above we find the following formulas for the classes of the closures of the EO-strata:

(Zu]=30" +2p* +2p+ D(P*+ p+ D(p+D*(p— 1)
. (1)4)6%3632 + p3x12x§ + p3x12x32 + pzxf' + p2x22x32 — 2pr — pxlzxg — ]7)6121632 +xf')x1,
[Zuw] = =30+ 1’ (p = D*(0*%3 + P73 + pxi — )i,
[Zw]= 12+ p+D(p+D(p— 143,
[Zw,] = (p+1(p— 127,
[Zus] = (p+1*(p—Dxi,

[Zw] = (P> +2p* +2p+ D(p* + D(p+ D%
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