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Degree growth for tame automorphisms of an affine
quadric threefold

Dang Nguyen-Bac

We consider the degree sequences of the tame automorphisms preserving an affine quadric threefold.
Using some valuative estimates derived from the work of Shestakov and Umirbaev and the action of this
group on a CAT(0), Gromov-hyperbolic square complex constructed by Bisi, Furter and Lamy, we prove
that the dynamical degrees of tame elements avoid any value strictly between 1 and ‘3—‘. As an application,
these methods allow us to characterize when the growth exponent of the degree of a random product of
finitely many tame automorphisms is positive.

Introduction

Fix a projective variety X of dimension n defined over an algebraically closed field k of characteristic
zero and a rational map f on X. We are interested in the complexity associated to the dynamical system
induced by f, more precisely on the growth of the degrees of the p-fold composition [ = fo---o f.
This general problem was addressed in the work of Russakovski and Shiffman [1997] when X = P" in
which they related the asymptotic behavior of the images by f of the linear subvarieties of P"* with the
degree sequences. The asymptotic ratios of these sequences, denoted XA;(f) for i < n, and referred as
dynamical degrees, control the topological entropy of those maps [Dinh and Sibony 2005] and are crucial
for the construction of an invariant measure of maximal entropy [Bedford and Smillie 1992; Bedford and
Diller 2005; Guedj 2005].

When f is a birational surface map, the situation is completely classified [Blanc and Cantat 2016; Cantat
2011; Diller and Favre 2001; Gizatullin 1980]. For general rational maps on surfaces, the behavior of the
degree is known for morphisms of the affine plane [Favre and Jonsson 2011] and when A ( f )2 > A (f)
[Boucksom et al. 2008].

From the dimension three on, only the degree growth of monomial maps [Favre and Wulcan 2012;
Lin 2012], regular morphisms, pseudoautomorphisms [Bedford 2015; Oguiso and Truong 2014; 2015;
Truong 2016; 2017], birational maps on hyperkéhler varieties [Lo Bianco 2019], dominant rational maps
satisfying A1(f)? > A2(f) [Dang and Favre 2021] and sporadic examples [Abarenkova et al. 1999a;
1999b; Angles d’ Auriac et al. 2006; Bedford and Truong 2010; Bedford and Kim 2014] were studied.
Recently, new constraints on slow degree growth appeared for polynomial maps of the affine space [Urech
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2018], birational mappings [Cantat and Xie 2020] and nonregularizable birational transformations [Lonjou
and Urech 2021], however the general problem of understanding the degree of the iterates of birational
transformations of 3 remains open. The main reason is that we usually rely on the construction of a
good birational model (e.g., an algebraically stable model in the sense of Fornaess and Sibony [1995])
to find the degree sequences, but the structure of the set of birational models of threefolds is far more
complicated than its analog for surfaces. It is thus natural to ask whether we can find a large class of
birational transformations of P? for which this sequence is fully understood.

A first natural choice would be the group of polynomial automorphisms of the three dimensional
affine space. Even though there has been some recent work on particular subgroups of this group [Lamy
2019; Lamy and Przytycki 2021; Wright 2015], their dynamical degrees were computed explicitly for
degree 2 maps [Maegawa 2001], for degree 3 maps [Blanc and van Santen 2019]. Recently, the author
proved with C. Favre that the dynamical degrees of polynomial automorphisms of A? are all algebraic
numbers [Dang and Favre 2021]. However, the problem of classifying all the dynamical degrees and
all the possible degree growths remain open. We have thus turned our attention to a simpler situation,
namely the subgroup of tame automorphisms of the affine quadric threefold.

We denote by (x, v, z, t) the affine coordinates in A* and consider the affine quadric Q given by

Q=Vxt—yz—1).

Observe that the Picard group of the closure Q of Q in P* is generated by H = ¢ (O( 1),5) so that one
can define the algebraic degree of an automorphism by

deg(f) :=deg,(f) = (x{ H* - n5 H),

where 7 and 7, are the projections of the graph of the birational map induced by f in Q x Q onto the
first and the second factor respectively. Observe that by definition deg,(f) = (7w H -} H 2y = deg(f -1
since f is an automorphism.

The group of automorphism naturally contains the subgroup O4 C GL4(k) of linear maps of A*
preserving the quadric Q. The subgroup of tame automorphisms, denoted Tame(Q), is defined as the
subgroup generated by O4 and transformations induced by

(X, v, 2, ) = (x,y, 2+ xP(x,y), t +yP(x, ),
with P € k[x, y].
Theorem 1. Let [ be a tame automorphism, then one of the following possibilities occur:

(1) The sequence (deg(f"), deg(f™")) is bounded. Moreover, f is conjugated to an element of O4 or
f? is conjugated to an automorphism of the form

(x,y,z,t) = (ax, by + xR(x), b_lz—i-xP(x, y), a_l(t+yP(x, V)+zR(x)+xR(x)P(x,y)))

witha,b € k*, P € k[x, y] and R € k[x].
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(i1) There exists a constant C > 0 such that

In <deg(f") < Cn,

forall e e {+1, —1} and f is conjugated to an automorphism of the form
(. ¥, 2.0 > (@x, b7 @ +xR@)), b(y +xP(x)2), a” ' (1 + 22 P(x) + yR(x) + xzP(x)R(x))),

witha,b € k*, R € k[x] and P € k[x]\ k.

(iii) The sequences deg(f™) and deg(f~") grow at least exponentially and there exists a constant C(f) >
0 such that

min(deg(f ™), deg(f")) = C(f)(%)".

Theorem 1 is a first step towards an understanding of the dynamical degrees of these particular

automorphisms.

Corollary 2. The following inclusion is satisfied:

{M(f) | f € Tame(Q)} C {1} U3, +oo].

This result is reminiscent of a theorem of Blanc and Cantat [2016, Corollary 2.7] stating that the set of
first dynamical degrees of any birational surface maps is included in {1} U[Ay, c0) where A; ~ 1.176280
denotes the Lehmer number. We conjecture however that the gap should be bigger and that there should
be no dynamical degree of Tame(Q) in the interval ]1, 2[. The verification of such a conjecture would
suggest that the dynamical degrees of tame automorphisms of the quadric are always integers.

Another immediate consequence of Theorem 1 is the following corollary.

Corollary 3. Any tame automorphism f € Tame(Q) satisfying 11(f) = 1 preserves a fibration or belongs
to Oy4 and both sequences deg(f"), deg(f~") are either bounded or linear.

The above result gives a positive answer to a question by Urech [2018, Question 4] in this special
situation.

The proof of Theorem 1 exploits extensively the structure of the group of tame automorphisms. We use
the natural action of Tame(Q) on a square complex C which was introduced and studied by Bisi, Furter
and Lamy [Bisi et al. 2014]. This action is faithful, transitive on squares, and isometric. The complex C
plays the same role for Tame(Q) as the Bass—Serre tree for Aut[k?].

One of the main result of [Bisi et al. 2014] is that C is a geodesic space which is both CAT(0) and
Gromov-hyperbolic. As a result, a tame automorphism induces an action on the complex which is rather
constrained: either it is elliptic and fixes a vertex in the complex C; or it is hyperbolic and acts by
translation on an invariant geodesic line.

Using an explicit description of the stabilizer subgroups of each vertices, we compute the degree
sequences of all elliptic tame automorphisms.
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The crucial point of the proof is the study in Section 5 of the degree growth of hyperbolic automorphisms.
In this case, we show that the sequence of degrees is bounded from below by C (%)n for some positive
constant C > 0 and where n depends on the distance of translation on an invariant geodesic line. Let us
state a weaker statement which summarizes the overall idea of our proof and which relates the degree
with the displacement by f of a vertex vg fixed by the linear group.

Theorem 4. For any tame automorphisms f € Tame(Q) for which f is not in Oy, the following inequality

holds:
log(4/3)
242

where d¢ denotes the distance in the complex.

log(deg(f)) = de(f - vo, vo) — 21log(%),

This phenomenon already appears in the case of plane automorphisms since one can bound from below
the logarithm of the degree of a plane automorphism by log(2) multiplied by the distance between two
vertices in the Bass—Serre tree associated to the group Aut(A2). Also in the case of Bir(P?), there is a
relationship between the degree and the distance on a suitable hyperbolic space. The above result does
not imply Theorem 1 and one needs to prove a more refined statement to obtain that the degree of f” is
indeed larger than (3)". Let us explain how this is done.

Let f € Tame(Q) be any hyperbolic automorphism. First we show that by conjugating with an
appropriate automorphism, we can suppose that vy lies at distance < 2 of an f-invariant geodesic line.
Suppose that vg is contained in an invariant geodesic of f. Our goal is to prove that

deg(f™) = (1)@ foralln e N. (1)

The sequence of large squares (i.e., isometric to [0, 2]%) cut by the geodesic segment [vg, f” - vo] allows
us to write

f”:gpogp—l‘“ogl 2)

as a composition of elementary automorphisms and linear transformations (in O4) preserving the quadric.
This decomposition is not unique in general and ideally, one would hope to prove that the degree is
multiplicative so that deg(f") > Hle deg(g;). The obstruction to this property is the presence of
resonances, which are explained as follows. Two regular functions P, R € k[ Q] are resonant if there
exists A € k™ and two integers p, ¢ such that deg(P? — AR?) < p deg(P) = q deg(R) and they are called
criticalif p=1org=1.

When these resonances are not critical, we show that one can apply the so-called parachute inequalities
(recalled in Section 4E) to deduce (1). These inequalities are elementary valuative estimates on the values
of partial derivatives of suitable polynomials, and are derived from the proof of Nagata’s conjecture by
Shestakov and Umirbaev; see [Kuroda 2016; Lamy and Vénéreau 2013; Shestakov and Umirbaev 2003].

To get around the appearance of critical resonances, we exploit the structure of the tame group to prove
that f" always admits an appropriate factorization for which the parachute inequalities can be applied
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inductively. In other words, we write f" = g}, 0---o0g| where g/ are tame automorphisms such that for
eachi < p, g, and (g; o---o g}) do not have critical resonances.

Using the correspondence between the factorizations of f and the sequences of large squares cut out by
the invariant geodesic, we are reduced to proving that one can modify inductively our initial sequence of
large squares to avoid critical resonances. The essential point is to choose a valuation v of monomial type
(i.e., with different weights on the coordinate axis x, y, z, t) such that one of the vertex of our initial large
square has v-value strictly less than the three others. The dissymmetry induced by v will be propagated
along any sequence of squares following our geodesic. We then argue that this minimality property on
each large square allows us to choose another square with no critical resonances. As a result, the core
of our approach relies deeply on the structure of the tame group which is reflected by the geometric
properties of the square complex. Our proof is presented using purely combinatorial arguments.

In the last part of this paper, we shall give a random version of Theorem 1. Consider a finitely generated
subgroup G of the tame group and an atomic probability measure p on G such that

/G log(deg(g)) du(g) < +oo.

The random walk on G with transition law p is the Markov chain starting at Id with transition law . The
state of the Markov chain g, at the time n is equal to the product of n independent, identically distributed
random variable on G with distribution law . Its distribution law v, is the n-fold convolution of w. Since
the degree is submultiplicative, Kingman’s subadditivity asserts that the degree exponents given by

A (i) 1= lim sup 1 / log(deg(2)) dvn(g) and Aa() :=limsup 1 / log(deg(g™")) dva(g)
nJg nJjg

n——+00 n——+00

are finite. These numbers measure the complexity of our random walk and one recovers the first and
second dynamical degrees of f when u is equal to the Dirac measure at f.

Since the degree is equal to the norm of the pullback operator induced by f on the Neron—Severi group
of the quadric, these quantities play the same role as the Lyapounov exponents of a random products
of matrices [Furstenberg 1963; Furstenberg and Kesten 1960] for this group and the existence of these
exponents can thus be interpreted as a law of large number [Benoist and Quint 2016, Theorem 0.6].

We now state the following result on the behavior of any symmetric random walks on this particular

group.

Theorem 5. Let G be a finitely generated subgroup of the tame group and let u be a symmetric atomic

measure on G satisfying the condition

fG log(deg(s)) dju(g) < +0o.

Then the degree exponents A1(u) = Ay(u) are positive if and only if G contains two automorphisms with

dynamical degree strictly larger than 1 generating a free group of rank 2.

Moreover, we also obtain the following classification.
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Corollary 6. When A (i) = (1) = 0 then G satisfies one of the following properties:

(1) The group G is conjugated to a subgroup of the linear group Oj.
(ii) There exists a G-equivariant morphism ¢ : Q — A%\ {(0, 0)} where G acts on A%\ {(0, 0)} linearly.

(iii) The group G contains an automorphism h with A\ (h) > 1 and there exists an integer M such that
any automorphism f € G can be decomposed into g o h? where p is an integer and g has a degree
bounded by M.

(iv) There exists a G-equivariant morphism ¢ : Q — Al where G acts on A' by multiplication and any

automorphism of G has dynamical degree 1.

In other words, the degree exponents detect whenever the random walk has a chaotic behavior.

These last two results essentially follow from a classification of the finitely generated subgroups of the
tame group and a theorem due to Maher and Tiozzo [2018, Theorem 1.2] which asserts that a random
walk on a subgroup G of isometries of a CAT(0) space will drift to the boundary whenever G contains
two noncommuting hyperbolic elements. When this happens, we obtain using Theorem 4 that the degree
exponent is bounded below by a multiplicative factor of the drift and is thus positive. Otherwise, we prove
that G preserves a vertex in the complex or a geodesic line. We then determine the degree sequences
explicitly and conclude.

If we pursue the analogy with the random walk on groups, it is natural to ask whether one can obtain
a central limit theorem analog to the one for random products of matrices [Benoist and Quint 2016,
Theorem 0.7] or for random products of mapping classes [Dahmani and Horbez 2018]. We state it as
follows.

Conjecture 7. Take 11 a symmetric atomic measure on the tame group. Then the limit

o%:= lim %/(logdeg(g)—)u(,u)n)zdvn(g)
G

n—+00
exists where v, = u*" denotes the n-fold convolution of u and the sequence of random variables

log deg(g,) — »(Wn
Jn

converges to the normal distribution law N (0, o%).

Structure of the paper. In Section 1, we recall some general facts on the tame group and then review
in Section 2 the construction of the associated square complex. In Section 3, we focus on the global
properties of the complex and exploit them to describe the degree sequences of particular automorphisms
whose action fix a vertex on the complex. We then state in Section 4 the main valuative estimates needed
for our proofs of Theorems 1 and 4 which are presented in Section 5. Finally, we apply the previous
result to deduce Theorem 5 and Corollary 6 in the last section.



Degree growth for tame automorphisms of an affine quadric threefold 7

(10,11, 11,0 =10,0, 1,0, 0] ([1,0],11,0D) =11,0,0,0, 0]

horizontal line P! x {1}

([0, 11,10, 1) =[0,0,0,1,0] € Q vertical line {1} x P! ([1,0],[0, 1]) =[0, 1,0, 0, 0]

Figure 1. Vertical and horizontal lines in Ho.

1. General facts on the tame group of the quadric

We work over an algebraically closed field k of characteristic zero. Take some affine coordinates
(x,y,z,t) € A* and consider the smooth affine quadric threefold Q given by

Q:=V(xt—yz—1) C A%,

Let us also fix an open embedding A* C P* so that A* = P*\ V(w) in the homogeneous coordinates
[x,y,z,t,w] € P4,

In this section, we briefly describe the geometry of the affine quadric and give some preliminary
properties of its elementary and orthogonal group of automorphism.

1A. The geometry of a quadric threefold and its compactification in P*. The affine variety O C A% is a
smooth quadric threefold. The Zariski closure Q of the affine quadric is also smooth in P* and has Picard
rank one by Lefschetz hyperplane theorem. A birational map from Q to 3 is given by choosing a point
po € Q and sending a point p € Q to the intersection of the line (ppo) with a hyperplane in P* which
does not contain py.

We denote by Hy, := Q\ Q the hyperplane section at infinity. It is a smooth quadric surface given in
homogeneous coordinates by

Hy =Vt —yz,w) C P4,

We identify H,, with P! x P! by the isomorphism induced by the composition of the Segre embedding
P! x P! < P3 with the inclusion P = V (w) — P*. In homogeneous coordinates, it is given by

([&0, &11, [m0, m D) = [§0m0, Eomi» E1m0, 111, O]. (3)

Any line in Hy, of the form {1} x P! (resp. P! x {A}) where A € P! is said to be vertical (resp.
horizontal); see Figure 1.
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The two projection maps 7, : @ — Al and 7, : © — A! given by
T i(x,y,z,t) € Q> x,
Ty (X,y,2,1) €Q>y,
induce algebraic fibrations which are trivial over Al \ {0} such that 7~ LAl \ {0}) and Ty LAl \ {0}) are
isomorphic to A\ {0} x A2, Observe that the fibers over 0 are both isomorphic to Al x A1\ {0} so that the
fibrations are not locally trivial over a neighborhood of the origin. Observe that the intersection with Hoo

of the closure of the fiber over 0 in Q is the union of a vertical line and a horizontal line. The projection
on the two components

7Tx,y : (x7 y’Z’[)_> ('x7 y)

induces a surjective morphism 7, , : Q — A?\ (0, 0) which is also trivial over A\ {x = 0}.
The affine quadric Q carries naturally a volume form €2 which is the Poincaré residue of the rational
4-form dx Ady Andz Adt/f along Q. More explicitly, 2 is defined by

Q

. dx/\dy/\dz| _dyndzndt) dxAdz/\dt|
- X Q™ t Q7 z Q°

One checks that  extends as a rational 3-form € on Q such that its divisors of poles and zeros satisfies

div(Q) = —3[Hx].

1B. The orthogonal group. A regular automorphism f of Q is determined by a morphism f* of
the k-algebra k[Q] and hence by its image on the four regular functions x, y, z, . If we denote by
foo [y, foo fi €K[Q] the image of x, y, z,t by f %, it is convenient to adopt a matrix-like notation for f

(A fy)
f‘(fz )

Observe that f f; — f; fy =1 since f % is a morphism of the k-algebra k[ Q] and that any such automorphism

as follows:

preserves the volume form €2 (up to a constant).
Denote by ¢ (x, y, z, t) = xt — yz the quadratic form defined on the vector space V = k*. The group
0Oy is the subgroup of linear automorphisms of k* which leave the quadratic form ¢ invariant

O4={f € GL4(k) | go f =gq}.

An element of O4 naturally defines an automorphism of the quadric hypersurface Q. As a consequence,
we have that for any f € Oy,

[rfe=e(HQ,

where € : O4 — k* is a morphism of groups. Since 2 is the Poincaré residue of the form dx A dy A
dz ndt/(xt —yz—1) to Q, this implies that for any f € O4, €(f) is equal to the determinant of the
endomorphism of k* associated to f, hence €(f) € {41, —1}. The subgroup SOy is the kernel of € and
has index 2 in Og4.
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Observe that every element of Oy extends as regular automorphism of Q which leaves the hyperplane
at infinity invariant. In particular, the restriction map onto H, induces a morphism of groups from Oy
onto Aut(P! x P1).

The main properties of O4 and SO4 are summarized in the following proposition.

Proposition 1.1. The following properties are satisfied:

(1) The group SOy acts transitively on the set of horizontal and vertical lines at infinity respectively, and
on the set of points at infinity.

(ii) Any element of f € O4 which does not belong to SO4 exchanges the horizontal lines at infinity with

the vertical lines at infinity.

(iii) The following sequence is exact:
1= {+1, =1} > 04 — Aut(P' x P') - 1.
(iv) For any element f € Oy4, we have
[fe=e(NHQ,

where €(f) € {+1, —1} and Ker(e) = SO4.

Proof. Observe that (iii) follows directly from the following exact sequence:
1— {+1, -1} > O4 — PSO4 — 1,

and the fact that PSO4 >~ PGL; x PGL; which is given in [Fulton and Harris 1991, Section 23.1].

In particular, (iii) directly implies (i). 0

1C. Elementary transformations. The group Ey (resp. Ep) of vertical (resp. horizontal) elementary
transformations is defined by

. ax by "
by = {(bl(z +xP(x,y) a lt+yP(x, y))) ‘ P eklx,yl.a,bek }’

Ey = {( ax b(y+xP(x,2))

b~z a‘l(t+zP(x,z))> | P eklx, yl.a,bek }

The terminology comes from the fact that these transformations are restrictions to the quadric of transfor-
mations of A* of the form

(x,y,2,1) > (x,y+ P(x), 2+ R(x, y), 1 + S(x, y, 2))

where P € k[x], R € k[x, y], S € k[x, y, z], which are elementary in the sense of [Shestakov and Umirbaev
2003].

Any automorphism in Ey fix the two fibrations 7, : (x, y,z,t) — x and 7, : (x,y,z,t) — y and
this geometric property characterizes the group Ey; see [Dang 2018, Proposition 3.2.3.1]. An explicit
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computation proves that any elementary automorphism f preserves the volume form 2:
fQ=Q.

We will not focus on the action of these elementary transformations on the compactification Q. For
more details on the study of the birational transformations induced by these transformations, we refer to
[Dang 2018, Chapter 3, Section 3.2.3].

2. The square complex associated to the tame group

The tame group, denoted Tame(Q), is the subgroup of Aut(Q) generated by Ey and Oy4. It is naturally
included in Bir(??) since the variety Q is rational.

Observe that any tame automorphism f fixes the volume form €2 up to a sign, i.e., there exists a group
morphism € : Tame(Q) — {41, —1} such that

fra=e(f)e.

This allows us to identify the kernel STame(Q) of € as the group generated by SO4 and E'y. It has index
2 in Tame(Q).

The tame group Tame(Q) is a strict subgroup of Aut(Q) [Lamy and Vénéreau 2013] and satisfies the
Tits alternative; see [Bisi et al. 2014, Theorem C]. The proof of this last fact is due to Bisi, Furter and
Lamy and relies on the construction of a square complex on which the group acts by isometry.

The plan of this section is as follows. In Section 2A we detail the construction of the square complex
due to Bisi, Furter and Lamy. Then, following the presentation in [Bisi et al. 2014] we shall review in
Sections 2B, 2C and 2D the properties of the stabilizer of each vertex of this complex. We will focus
particularly on the stabilizer of the vertices which we call of type I in Sections 2C and 2D, for which the
analysis is more involving. Finally, we state in Section 2E five technical lemmas on how four squares
glue together near each vertices. As before, the situation is also more delicate near the vertices of type I
and we need to introduce more terminology to describe the local geometry at those vertices. For a more
detailed explanation of the results in this section, we refer to [Bisi et al. 2014, Sections 2, and 3.1] and to
[Dang 2018, Chapter 3, Section 3.3].

2A. Construction of the square complex. The square complex, denoted C, is a 2-dimensional polyhedral
complex where the cells of dimension 2 are squares and where the cells of dimension 0 and 1 have some
special markings.

We say that a regular function f| € k[Q] is a component of an automorphism if there exists f», f3, f4 €
k[Q] such that f = (f1, f2, f3, f1) defines an automorphism of the quadric. One similarly defines the
notion of components for a pair (f;, f») or for a triple (f1, f2, f3) of regular functions on Q when they
can be completed to a 4-tuple defining an automorphism of the affine quadric.

We distinguish three types of vertices for the complex C:
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[f1. f2] [f1]

[(fl fz)] .[fl, /31
3 fa

Figure 2. A cell of dimension 2.

» Type I vertices are equivalence classes of components f] € k[Q] of a tame automorphism, where
two components f; and f> are identified if there exists an element a € k* such that fj = af,. A
vertex induced by a component f; € k[Q] is denoted by [ fi].

» Type II vertices are equivalence class of components (fi, f>) of an automorphism where f; =
xo f, hp=yo f €ek[Q] for f € Tame(Q) and where one identifies two components (f1, f>) with
(81, 82) if (g1, 82) = (af1 +bf2, cfi +d f2) for some matrix

b
(i d) S GL2 .

A vertex induced by a component (f1, f>) is denoted by [f1, f>]. Denote by f3 = zo f and
fa=to f,the vertices [ f1, f2], [f1, f3), [f2, fal, L f3, fa] are well-defined since the automorphisms
(f1, f3, f2, fa), (—f2, — fa, f1, f3) and (— f3, fa, — f1, f2) are also tame. Moreover, given a com-
ponent (f1, f>) and an invertible matrix (‘C‘ Z) € GL,, there exists an automorphism g such that
xog=af1+bf, and y o g = cf] +df,. Let us insist on the fact that on the contrary, there are no
vertices of the form [ f1, f4] or [ f>, f3].

 Type III vertices are equivalence classes of automorphisms f € Tame(Q) where two tame automor-
phisms f and g are equivalent if there exists 2 € Oy4 such that f = h o g. An equivalence class of
f € Tame(Q) is denoted by [ f].

The edges of the complex C are of two types:

o Type I edges join a vertex of type I of the form [ f;] with a vertex of type II of the form [ fi, f>]
where (f1, f») are the components of a tame automorphism.

 Type III edges join a vertex of type II of the form [ f;, f»] with a vertex of type III [ f] where (f1, f>)
are the components of the automorphism given by f.

The cells of dimension 2 are squares containing two type II vertices of the form [ f1, f21, [ f1, f3],
one vertex of type I given by [ fi] and one vertex of type III given by [ f] where (f1, f>, f3) are the
components of the automorphism f € Tame(Q). We have the figure of a square given in Figure 2. As in
[Bisi et al. 2014], we adopt the following convention for the pictures: the vertices of type I, II and III are
represented by the symbol o, e and B respectively.
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The square complex C is obtained by the quotient of the disjoint union of all cells by the equivalence
relation ~ where any two cells Cy, C; are identified along C; N C».

Each square of the complex is endowed with the euclidean metric d so that each square is isometric to
[0, 1] x [0, 1]. For any points p and ¢ in C, define by

N
de(p, q) = inf{ > d(pi, p,-+1)},
i=0

where the infimum is taken over all sequence of points pop = p, ..., py =g where p; and p;; lie on
the same square in C. As any cell of the complex C has only finitely many isometries, we may apply a
general result from [Bridson and Haefliger 1999, Section 1.7] and conclude that the function d¢ induces a
metric on the complex and turns (C, d¢) into a complete metric space. We will explain in Section 3 the
global properties on the complex induced by this metric.

Let us define the action of the tame group Tame(Q) on the complex C. Pick any two automorphisms
f> & € Tame(Q). We define the action of g on the each vertices of the complex by setting

g LAili=1fiog™'].
g Lfi. pli=1fiog™" frogl,
g [fl:=[fog "1
The action on vertices induces a morphism of the square complex which preserves the type of vertices
and edges and preserves the distance.

Remark 2.1. Although, this is not clear at this stage, the action of the tame group on this complex will
act transitively on the set of squares and the precise study of the stabilizer of type III vertices will result
from the geometry of the complex near a vertex of type III done in Proposition 2.3. As a result of the
study, a square is determined uniquely once it contains a vertex of type III and a vertex of type I, or by
three vertices.

Recall that the subgroup STame((Q) generated by SO4 and elementary transformations has index 2 in
Tame(Q).

Definition 2.2. An edge E of the complex is called horizontal (resp. vertical) if there exists an element
f € STame(Q) such that f - E is equal to the edge joining [x, y] with [x] (resp. [x, z] with [x]) or to the
edge between [Id] and [x, z] (resp. [Id] and [x, y]).

We will see that the set of vertical and horizontal edges form a partition of the set of edges (see (iii)
and (iv) of Proposition 2.7).

2B. Stabilizer of vertices of type 111, II and the properties of the action. In this section, we shall first
review the properties of the stabilizer of type II and III vertices then deduce from these the global properties
of the action of the group on this complex. To do so, we shall exploit the relationship between the local
geometry near each vertices and their respective stabilizer subgroups. The geometry near a given vertex v
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is encoded in its link £(v) which is constructed as follows. The vertices of L(v) are in bijection with the
vertices v’ such that [v, v'] is an edge of the complex C. And we draw an edge joining v" and v” in L(v)
if the vertices v, v’, v” belong to the same square.

Observe that the action of the tame group on the vertices of type III is transitive. As a result, we shall
focus on the stabilizer subgroup of the vertex [Id], which is by construction Oy. Its action on the complex
induces an action on the link £([Id]).

Proposition 2.3. The link L£([Id]) is a complete bipartite graph and there exists an Og4-equivariant
bijection between the set of vertices of the link L([Id]) to the set of lines at infinity such that the vertices
which belong to a vertical (resp. horizontal) edge of type 11l are mapped to vertical (resp. horizontal)
lines at infinity in Hoo. Moreover, this bijection induces an O4-equivariant bijection from the edges of
L([Id]) to the set of points at infinity Hx.

Remark 2.4. Observe that Proposition 1.1 and Proposition 2.3 imply that the group O4 acts faithfully
and transitively on the link £([Id]).

Proof. We identify two types of vertices in the link of [Id], the vertices which belong to a horizontal edge
containing [Id] or those which are contained in a vertical edge containing [Id].

We define a map ¢ from the vertices of the link £([Id]) to the set of lines in Hy,. Take a vertex v in the
link £([Id]) and a component ( f1, f2) such that [ f1, f>] =v. By definition, there exists an element f € O4
such that fj =xo f and f> = yo f since the stabilizer of [Id] is O4. The zero locus V(f1) NV (f2) N Hyo
in Q is the line at infinity corresponding to the preimage of {x = y =0} N Q by f. Observe that the line
V(f1) NV (f2) N Hyx does not depend on the choice of representative of the equivalence class v since any
two other component in the same class defines the same homogeneous ideal (f|, f>, xt — yz — w?). We
thus define ¢ (v) to be the line V (f1) NV (f2) N Hy. Observe that if v is a vertex of type II such that the
edge containing v and [Id] is vertical, then f € SO4. Hence the line at infinity V(xo f)NV(yo f) N Hy
is vertical. Observe also that ¢ is naturally O4-equivariant. The same argument holds for the vertices of
type II which belong to horizontal edges containing [Id].

Let us prove that the map ¢ is surjective. Consider a vertical line L C H at infinity, then there exists
by Proposition 1.1(i) an automorphism f in SO4 such that the image of the vertical line at infinity given
by [0, 1] x P! is L. Since ¢([x, y]) corresponds to the line [0, 1] x P!, the vertex of type I [xo f, yo f]
defines a component of an automorphism which belongs to the link £([Id]) such that p([xo f, yo f]) = L.
Hence, ¢ is surjective.

Let us prove that ¢ is injective. Consider two vertices vy, vy such that their image by ¢ is equal, we prove
that v; = v,. Consider two components ( f1, f2), (g1, g2) such that [ f1, f»] = v; and [g1, g2] = v2. We
must prove that (f1, f») and (g1, g2) belong to the same equivalence class. By symmetry, we can suppose
that the line ¢(v;) is vertical. Hence, there exists f, g € SO4 such that fi =xo f, g1 =x0g, fo=yo f
and g, = yog. In particular, this implies that f og~! fixes the vertical line at infinity given by {[0, 1]} x P!,
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1

Using Proposition 1.1(iii), we conclude that f o g is of the form

1 _ [ax+Dby cx+dy
fog _(a’z—i-b/t C/Z-i-d/l‘)’

where the matrices (a b), ( @ 7b/) € M, (k) satisfy

cd —c' a
ab ‘ d —b _ 10
cd - ad ) \01)"

In particular, this implies that the components ( f1, f>) and (g1, g») are equivalent since f| = ag; + bg»,
fr=cg1+dgo.

One similarly defines a bijection from the edges of the link £([Id]) to H. The link is complete since
a horizontal and a vertical line in H,, always intersect at a point in H,, hence for any vertices vy, vy
in £([Id]) which are mapped by ¢ to a vertical and a horizontal line respectively, there exists an edge

joining v; and v,. O
Proposition 2.5. The following properties are satisfied:

(1) The stabilizer of a vertex of type Il in STame(Q) is conjugated in STame(Q) to SOy.

(2) The stabilizer of an edge of type 111 is conjugated in Tame(Q) to the subgroup

A (x Y ) B,
zt
where A € SL; (k) is a lower triangular matrix and B € SL, (k).

(3) The stabilizer of a 1 x 1 square is conjugated in Tame(Q) to

ax b(y+cx) " " X z
{(b—l(z+dx) a—l(t+cz+dy+dcx)> ( (@b, c.d) ek xk xkxk} x {(y t),Id}

(4) The pointwise stabilizer of the union of the four squares containing [Id] and [x], [y], [z] and [t]

ax by "
{(b_lz a_lt) (a,bek }

Proof. Observe that (i) follows directly from the definition of the definition. Moreover, the next assertions
(ii), (ii1) and (iv) are exactly the content of [Bisi et al. 2014, Lemmas 2.5(2), 2.7 and 2.11]. O

respectively is equal to

We focus on the stabilizer subgroups of vertices of type II. For that, we also define some special
subgroups of Ey, Ey where the constant are all 1. Set Ey the subgroup of E g of elements of the form

(x y—i—xP(x,Z))
7 t+zP(x,2) )’

with P € k[x, y] and respectively elements in E v are of the form

(cxepten 14 vpm)
Z+xP(x,y) t+yP(x,y)) "



Degree growth for tame automorphisms of an affine quadric threefold 15

Proposition 2.6. The following properties are satisfied:

(1) The stabilizer of a vertex of type 1l in Tame(Q) is conjugated in Tame(Q) to the semidirect product
Evy x GLy where the group GL, is identified with the elements of the form

ax +by cx+dy
a'z+b't z4+d't

where a,b,c,d,a’, b, c',d €k such that det(f,,/ Z/,) # 0 and

a b\ 1 abt
c d _a/d/_b/c/ c d)’
(ii) The stabilizer of a vertical edge of type 1 is conjugated in STame(Q) to the subgroup

~ ax d—ly . )
EHN{(dZ+cx Cl_ll‘-i—ca_]d_]y)‘(a’c’d)Ek xkxk™}.

(iii) The pointwise stabilizer of the geodesic segment of length 2 joining the vertices [ f1], [ f3] and [ f1, f3]
where f = (f1, f2, f3, fa) € STame(Q) is conjugated in STame(Q) to

~ ax by
e[ ) aver)

Proof. Assertion (i), (ii) and (iii) are given in [Bisi et al. 2014, Lemmas 2.3, 2.5(1) and 2.6(1)] respectively.
O

From the description of the previous stabilizer subgroups, we state the following consequences on the
action of the group on this complex.

Proposition 2.7. The tame group Tame(Q) acts by isometry on the complex C and this action satisfies the
following properties:

(1) The action preserves the types of vertices and the types of edges.
(i1) The action is faithful and transitive on the set of vertices of type 1 , Il and 111 respectively.

(iii) The subgroup STame(Q) acts transitively on the set of vertical (resp. horizontal) edges of type 1
and 1L

(iv) Any automorphism f € Tame(Q) which does not belong to the subgroup STame(Q) sends a vertical
edge to a horizontal edge of the same type.

(v) The subgroup STame(Q) acts transitively on the set of 1 x 1 squares.

(vi) The group Tame(Q) acts transitively on the union of 4 squares which is isometric to [0, 2] x [0, 2]

and which contains a common vertex of type I11.

Proof. The transitive of the action on the set of vertices of type I, II and III and assertions (i) and (iv)
follow from [Bisi et al. 2014, Lemmas 2.1 and 2.4].
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To prove (ii), we need to explain why the action is also faithful. Observe that if a tame automorphism
fixes every vertices of type III, or type II or type I, then it fixes the whole complex since every vertex of
type LI (resp. type Il or I) is the middle point of a geodesic segment joining type I or type II points. Then
the faithfulness follows from the faithfulness of the action on the link £([Id]).

The assertions (iii), (v) and (vi) are exactly the content of [Bisi et al. 2014, Lemmas 2.4 and 2.7,
Corollary 2.10] respectively. U

2C. Bass—Serre tree associated to plane automorphisms. We consider the field K = k(x). We define
the graph 7y (y) which is a bipartite metric graph:

(1) Vertices of type I are equivalence classes of components f| € k(x)[y, z] of plane automorphisms
where one identifies two components f; and g if there exists a € k(x)* and b € k(x) such that
f1 =ag + b. An equivalence class induced by a component f] is denoted [ f1].

(2) Vertices of type Il are equivalence classes of automorphisms f of A,%(x) where one identifies two
automorphisms f = (f1, f>) and g = (g1, g2) if there exists an affine automorphism 2 € Ai(x) whose

coefficients are given by the matrix
a b c
a/ / c/

001

S

such that (f1, f2) = (ag1 +bgy +c¢,a’g1 +b'g, + ¢). An equivalence class induced by a plane
automorphism f = (f1, f») is denoted [ f1, f>].

(3) Edges link a vertex v; of type I with a vertex v of type Il if there exists a polynomial automorphism

f = (f1, f) such that [ fi] = v and [ f1, f2] = va.

We endow this graph 7y () with the distance such that each edge is of length 1. This graph 7y is thus
a complete geodesic metric space.
The action of an automorphism g € Ai(x) on Ti(x) is defined as follows

g-[fil=[fiog™"1 and g-[fi, Ll=1[fiog™", frog™ "]

for any automorphism f = (f, f2) € Aut(Ai(x)).
A classical theorem from Jung [1942] proves that the graph 7, is a tree and that the group of plane
automorphism acts faithfully, by isometry and transitively on the set of type I and II vertices respectively.

2D. Link over a vertex of type I. In this subsection, we study the link over the vertex of type I given
by [x]. Observe that the stabilizer subgroup of the vertex [x] acts naturally in the link of the vertex [x].

Lemma 2.8. The group Stab([x]) acts transitively, faithfully on the set of vertices in the link of [x]
induced by the edges joining [x] and the vertices of type 1l of C.

Proof. By Proposition 2.7(v), the group STame(Q) acts transitively on the set of 1 x 1 squares and since a
1 x 1 square containing [x] defines an edge in the link £([x]), the induced action of Stab([x]) is transitive
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on the edges of the link £([x]). Observe also that the involution o : (x, y, z, t) — (x, 2, y, t) induces an
action on the link which exchanges the vertices [x, y], [x, z] in the link and fixes the edge between these
two vertices. This proves that the action of the stabilizer Stab([x]) is transitive on the link of [x].

Let us prove that the action is faithful. Suppose f € Stab([x]) acts by the identity map in the link over
[x], then in particular, f must fix pointwise the square containing [Id] and [x]. By Proposition 2.5(iii), f

fe ax d='(y + bx)
" \d@+cx) alt4+cy+bz+bex))’

is of the form

where a, d € k* and b, c € k. Since f must also fix the vertices of type Il [x, y4+x P(x)] and [x, z+x P (x)]
where P € k[x], we have that a =d = 1 and ¢ = b = 0 as required. O

In the following arguments, we will use the fact that the link £([x]) is connected [Bisi et al. 2014,
Lemma 3.2], which is a highly nontrivial argument which relies deeply on the reduction theory inspired
by the work of Shestakov and Umirbaev; see [Bisi et al. 2014, Corollary 1.5].

Recall that the general fiber of the projection 7, : @ — A! defined in Section 1C is isomorphic to AZ.
We fix an identification of 7 '(A!\ {0}) with A!\ {0} x A? given by

(x,y,2) > (x,y,z, (yz+ 1) /x). “4)

The relationship between the stabilizer of the vertex [x] and Aut(Ai(x)) is realized explicitly as follows.

Denote by £([x])’ the first barycentric division of £([x]). We shall define a simplicial map 7 :
L([x]) — T as follows.

Let v be a vertex of type Il in C which defines a vertex in the link of [x], then since the action of
Stab([x]) on the link £([x]) is transitive by Lemma 2.8, there exists an element f € Stab([x]) such that
f+[x,z]=w. Since f naturally fixes the fibration ., under the identification 7z~ LAT\ {0}) ~ AT\ {0} x A2
given by (4), the regular map f is given by

(x,y,2) > (xo f,yo fizo f).

Under this identification, (y o f, z o f) induces an element of A,%(X). We thus define
7)) =[z0 f7'] € Tacw-

Observe that 77 (v) does not depend on the choice of f. Indeed, if g € Stab([x]) is another automorphism
such that g -[x, z] = f - [x, 2], there are a, b € k* such that xo f ' =ax, xog ! =bx and [x,z0 f 1] =
[x, zog_]]. Then zog_1 =czof‘1 ~+dx for some ¢ € k*, d € k. We obtain that [zog_l] = [zof_l] € Tk(x)-

Let m € L£([x])’ be the middle point of an edge E of £([x]) and let m( be the middle point of the
geodesic joining [x, y] and [x, z] in £([x]). Since the action of Stab([x]) in the link £([x]) is transitive
by Lemma 2.8, there exists an element f € Stab([x]) such that f omg = m. Since f naturally fixes the
fibration 7, it induces an automorphism of 7~ T(A!\ {0}) and under the identification given by (4), it is
of the form

(x,y,2) = (xo f,yo fizo f).
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We thus define
m(m)=[yof ' zof "

Observe also that 7 (m) does not depend on the choice of f. If g € Stab([x]) such that g - mg = m, then
g~ 'o f belongs to the subgroup

ax b(y +cx) " X Z
{(bl(z—i—dx) al(HdHchdx)) )a,bek ,c,dek} X {Id, (y t)}

VzogN=I[yo f~ ! zo f~'1€ Tiw) and 7 (m) is well-defined.

hence [yo g™

If E is an edge of £([x])" of length 1, then we define the image of E by 7 as the geodesic joining
the image of the endpoints of E by . As a result,the map 7 is a simplicial map between £([x])" and
Tk(x) such that the action of Stab([x]) descends into an action on the image 7 (L([x])") C Tx(x) (one can
prove that 7w : £L([x]) — 7 (L([x])’) is the unique Stab([x])-equivariant map for which 7 ([x, y]) = [y]
and 7 ([x, z]) = [z]). To simplify the next statement, we denote by 7 i(r) the image in T of L([x])

by .

Definition 2.9. The subgroup A[i] of Stab([x]) is the intersection of STame(Q) with the stabilizer of the

vertices [y], [z], [y, z] in T k) Where S is the standard 2 x 2 square containing [x], [y], [z], [¢]. More

generally, if v is any vertex of type I contained in a 2 x 2 square S’, the subgroup Af, is equal to gAfx] g !

where g € STame(Q) such that g- S =S5 and g - [x] = v.

Proposition 2.10. Denote by m € L([x]) the middle point between the point [x, y] and [x, z]. The
simplicial map 1 : L([x]) — Tz k) satisfies the following properties:
(i) The image of the edge between the point [x, y] and m by m is a fundamental domain of T i(x).
(i) The image w(L([x])") = Trk(x) is a subtree of Ti(x).
(iii) The preimage by 1 of the segment of length 2 joining [z] and [y] is a bipartite graph.
(iv) The subgroup A[Sx] C Stab([x]) N STame(Q) is the set of elements of the form
( ax b(y +xP(x)) )
b '@ +xT(x) a 't +zPx)+yT(x)+xP(x)T(x))/)’
where P, T € k|[x] and a, b € k*.

(v) The group Stab([x]) is the amalgamated product E x A along their intersection where E is the group
generated by elements of the form

ax b(y+xP(x,2) )
b z+xT(x) a 't +2P(x,2) +yT(x)))’
where a,b € k*, P € k[x, z], T € k[x], and A is the group generated by A[S;C] and the involution

x,y,z, )= (x,2,¥,1).
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Remark 2.11. In fact, the action of Stab([x]) on 7 k() can be extended to an action on the whole tree
Tk(x)- One can view this since the fundamental domain of the tree 7 (y) is the image of an edge of L([x])’
by 7. Another way is to identify the general fiber Q, using (4) with A,%m = Spec(k(x)[y, z]). So for
every g, h € k(x)[y, z] such that (g, k) defines an automorphism, we can define f -[g] =[go f~!] and
f-lg.hl=1I[go f~ ', ho f~']forany f e Stab([x]).

Proof. Assertion (i), (ii), (iii) and (v) are the content of [Bisi et al. 2014, Lemmas 3.4(1), 3.5(1) and (2),
Proposition 4.11] respectively.

Let us prove statement (iv). Let us denote by ¢ : Stab([x]) — Aut(7z k(x)) the morphism of groups
induced by the simplicial map 7 : L([x])" — T k() Where Aut(7, k(x)) denotes the induced simplicial
map on the tree. It is clear that any element of the form

( ax b(y +xP(x)) )
b~ '@+ xT(x)) a 't +zPx)+yT(x) +xP(x)T(x))’

where P, T € k[x] and a, b € k™ induces an action which preserves the vertices [y], [z] and [y, z] on
Tz k(x)- Conversely, we prove that any element of Afx] has this form. Pick g € A[Sx], since ¢(g) fixes
the vertices [y], [z] and [y, z] of Tz x(x), As ¢(g) fixes every vertex of type I and since it belongs to the
image of ¢, the components in x, y, z of the automorphism g must be of the form

g=(x,y,2) = (ax,b(y +xP(x)),c(z+xT (x))),

where P, T € k[x] and where a, b, ¢ € k*. In particular, as g € Tame(Q), b = ¢~ !and g is of the form

( ax b(y +xP(x)) )
b (z+xT(x)) a 't +zP(x)+yT(x) +xP(x)T (x)) )’

proving (iv). O

Proposition 2.12. Any element of Stab([x]) whose action on T i(x) is hyperbolic is conjugated to a
composition of automorphisms of the form

( ax b(z+xP(x,y)) )
b_l(y +xRx)) a 't +zR(x) +yP(x,y)+xP(x,y)R(x)))’

where R € k[x] and P € k[x, y] such that degy(P) > 2.

Proof. Let us fix an element f* € Stab([x]) whose action on 7 x(x) is loxodromic. Using assertion (v) of
Proposition 2.10, up to conjugation, we can assume f is decomposed into

f=ajoejo---0a,0ey,,

where a; € A \ E and e € E \ A. Let o be the involution (x,y,2,t) = (x, z,y,t). Every element of A
preserve the set of vertices [y], [z] in T x(x). Observe that the elements in Afx] fix each vertex [y], [z] in
Tz k(x) and belong to E. Moreover, an element belongs to ANEifit preserves the vertex [z], hence it
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must be in Afx]. We deduce that the elements a; are of the form

( ax b(z +xT(x)) )

b_l(y +xP(x)) a 't +zP(x)+ yT(x)+xPx)T(x)) ©)

where a, b e k*, P, T € k[x]. This shows that we can decompose g; into a; = o oa; where alf € Afx] C ANE.
We can thus absorb the element alf in the term in E:

f=o0o(ajoe)ooo(ayoer)o---000(a,oe,).
We then conclude since the product o o (g o ¢;) is of the required form. O

2E. Five technical consequences on the local geometry at each vertex. We say that a subset S C C is a
2 x 2 square of C if § is the union of four distinct 1 x 1 squares such that S isometric to [0, 2] x [0, 2].
Moreover, we say that a 2 x 2 square is centered on a vertex v if the vertex v corresponds to the image of
the point (1, 1) by an isometry from [0, 2] x [0, 2] to S.

Two 1 x 1 (resp. 2 x 2) squares S, S’ are said to be adjacent if their union S U S’ is isometric to
[0, 2] x [0, 1] (resp. [0, 4] x [0,2]). Two 1 x 1 squares S and S’ are adjacent along a vertical (resp.
horizontal) edge if they are adjacent and their intersection S N S’ is a vertical edge (resp. horizontal).
Similarly, two 2 x 2 squares are said to be adjacent along a horizontal (resp. vertical) if they intersect
along a boundary segment (i.e., {0} x [0, 2], {2} x [0, 2], [0, 2] x {0} or [0, 2] x {2}) isometric to [0, 2]
which is the union of two horizontal edges (resp. vertical edges).

Two 1 x 1 (resp. 2 x 2) squares S7 and S, are said to be adherent if they are not adjacent but their
intersection is reduced to a vertex which is in a corner of each respective square (i.e., one of the extremal
point of each square). If a vertex v € C belongs to the intersection of two adherent squares S; N S, then
S1 and S, are said to be adherent along the vertex v.

We say that two 1 x 1 (resp. 2 x 2) squares S, S’ are flat if there exists two 1 x 1 (resp. 2 x 2) squares
S1, 8> such that the union S; U S, USU S’ is isometric to [0, 2] x [0, 2] (resp. [0, 4] x [0, 4]). Similarly,
three 1 x 1 (resp. 2 x 2) squares are flat if we can find another 1 x 1 (resp. 2 x 2) square such that
their union is isometric to [0, 2] x [0, 2] (resp. [0, 4] x [0, 4]). Once Lemma 2.16 and Lemma 2.15 are
obtained, they will allow us to work only with 2 x 2 squares centered around vertices of type III, instead
of 1 x 1 squares.

We will prove that three 1 x 1 squares S, Sz, S3 such that S7 and S,, > and S3 are adjacent and contain
a common vertex of type II or III are necessarily flat; see Lemmas 2.15 and 2.16 below. However, this
property does not necessarily hold when the squares contain a common vertex of type I (see Lemma 2.17
below), we prove that they are either flat or contained in a spiral staircase. We explain this terminology
below.

A collection (S, S") of 1 x 1 or 2 x 2 squares is contained in a spiral staircase around v (see 2.14
for an example) if they contain a common vertex v of type I and such that any minimal sequence
S1=8,...,8 =S of squares containing v and connecting S to S’ satisfies the following conditions:
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[f]
+xPyx, y+xPi(x, ),
41, ¥) 4 x Py, y 3 Pyx ), 31k 5 g 2 YR )
[y, x]e [y +xPi(x,y),x]
g |
(Id] [z, x]

Figure 3. Example of horizontal spiral staircase.

(1) For all integer i < k — 1, the squares S; and S;4; are alternatively adjacent along a vertical or
horizontal edge containing v.

(2) Any three consecutive squares (S;, S;+1, Si+2) for i <k —2 is not flat.

When the first two squares S; and S, are adjacent along a horizontal edge (containing v), we say that the
spiral staircase around v is vertical. Otherwise the squares S; and S, are adjacent along a vertical edge
and we have a horizontal spiral staircase around v.

Remark 2.13. We conjecture that there cannot be any spiral staircase that is both vertical and horizontal
but do not need such a statement in our proofs.

When two squares S, S’ are flat, then the collection (S, S’) is not contained in a spiral staircase.
Example 2.14. Consider P|, P>, P; € k[x, y]\ k[x], denote by S the square containing [x] and [Id] and
S’ the square containing [x] and [ ] where f € Tame(Q) is given by

f_( x y+xP1(x,y>+xP3(x,z+xPz(x,y+xP1(x,y>))>
z+xPy(x, y+xPi(x,y)) Ja '

where f4 =1+ y(Pi(x, y)+ P3(x, 2+ xPa(x, y+xPi(x, y)) +yPa(x, y +x P (x, y)) +x(Pi(x, y) +
Pi(x, z4+xPy(x, y+xPi(x, y))))P2(x, y+xPi(x, y))). Then the pair (S, §’) is contained in a horizontal
spiral staircase and one has the Figure 3.

The next lemmas describe when three squares containing a common vertex are flat.

Lemma 2.15. Let v be a vertex of type Il and let Sy, S», S3 be three distinct 1 x 1 squares such that Sy is
adjacent to Sy along an edge containing v, and S, is adjacent to S3 along an edge containing v. Then the
three squares can be completed into a 2 X 2 square centered along v:

S| 83

St | S
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Proof. Since the group acts transitively on the vertices of type III by Proposition 2.7, we can reduce by
conjugating by a tame element to the case where the vertex [Id] is a common point of the three squares.
By Proposition 2.3(i) and (ii), the three squares determine 3 distinct points p;, p», p3 at infinity such that
p1 and p, are on a same line at infinity L, and p;, p3 lie on another line L3 which is transverse to L.
Denote by p4 the intersection of the line passing through p; transverse to L, with the line passing through
p3 transverse to Ly3. This point determines a unique square S4 containing [Id] by Proposition 2.3(ii) and
the union S; U S, U S5 U 8y is isometric to [0, 2] x [0, 2] since py, p2, p3 and py4 lie on a cycle of four
lines at infinity. O

Lemma 2.16. Let v be a vertex of type Il and let Sy, S», S3 be three distinct 1 x 1 squares such that Sy is
adjacent to Sy along an edge containing v, and S, is adjacent to Sz along an edge containing v. Then the

three squares can be completed into a 2 X 2 square centered along v:

® p
S | 83

N

Proof. Since the tame group and PGL; act transitively on the vertices of type III and on the pairs of points
on P! respectively, we are reduced by conjugating with an appropriate tame automorphism to the situation
where the squares S; and S, contain [Id] and the points [y] and [x] respectively. Take f € STame(Q) a
tame automorphism such that the vertex f -S> = S3. Note that since S, and S3 are adjacent, f preserve
the edge S» N S3. By Proposition 2.6(ii), f belongs to

ax dy+cx ) . )
Ey {(dlZ all‘—l—caldlz) (a,c,d)ek™ xkxk }

In particular, f can be decomposed as f = g oe where e € Ey and g belongs to the subgroup

{(‘” dy +cx )((a,c,d)ek*xkxk*}.

d7 'z a Yt +ca'd 'z

The vertex of type IIl in S3 is determined by [ f] = Os4f = Osg 0ce = Oge = [e]. Set S4 = e 11811, by
construction, S4 is adjacent to S; and since it also contains the vertices ¢! - [Id] = [e] and [x, y], it is
adjacent to S3. We have thus proved that S, S, S3 are flat. O

The important consequence of the above two lemmas is the following: Assume S is a 2 x 2 square
centered around a vertex of type IIT and that S’ is a 1 x 1 square adjacent to S along an edge of type I.
Then using Lemma 2.16 and Lemma 2.15, there exists another 2 x 2 square S’ containing S, centered on
a vertex of type III, adjacent to S. This is synthesized in Figure 4.
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4 @ 8}
[ [ ]
G L @ (6]

Figure 4. A 2 x 2 square S centered around a type III vertex with a 1 x 1 square S’
adjacent to S along a type I edge where S’ is contained in another 2 x 2 square S’.

Lemma 2.17. Let v be a vertex of type 1 and let S, S1, Sy be three distinct 1 x 1 squares such that S is
adjacent to S| along an edge containing v, and S is adjacent to S, along an edge containing v. Let g;
and gy € STame(Q) such that g1S = S| and g»S = S,. Then the three squares can be completed into a
2 x 2 square centered along v if and only if g or g belongs to Af:

B q
\Y)

N S

Proof. Since the group STame(Q) is transitive on the set of 1 x 1 squares, we can suppose that the

common vertex v is [x] and that S contains the vertex [Id]. We are thus in the following situation:

[x,z+xP(x, y)]
<

]| 52
[x, y+xR(x, 2)] [x, y]
S1 S
[x, z]

where P, R € k[x, y].
Let us prove the reverse implication (<=). Assume g; or g, € Afx]. Let us assume that g; € Afx], then
this implies that R(x, z) € k[x, z] and P(x) € k[x] and g;, g» can be taken to be

_ (¥ y—xRWX) _ X y
g‘_(z t—zR(x)) and gz_(z—xP(x,y) t—yp(x,y))'

Set ' = g1 2> S, since g1 0 g2 = gr 0 g1, we obtain that S’ is adjacent to S, and S, and contains [x] because
g1 € Afx] C Stab([x]). In particular, S, S;, S, are flat.

Let us prove the first implication (=). Suppose that the squares S, S, S3 are flat. Then there exists a
component f; € k[Q] such that the element f given by

. ( x y+xR(x, z))
B Z+XP(X,)’) f4
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belongs to Tame(Q). In particular, it must fix the volume form €2, this implies that
0y P(x,y)o;R(x,z) =0€k[Q].

This implies that 9, P(x, y) =0 or d;R(x, z) = 0 hence g or g belongs to A[Sx] as required. O

Lemma 2.18. Take S and S’ two 2 x 2 squares centered at a vertex of type 11l which are adherent along a
vertex of type 1. Then S and S’ satisfy one of the following properties:

(i) Either the pair (S, S") is flat.
(ii) Either the pair of squares (S, S') is contained in a horizontal or vertical spiral staircase.

Proof. Consider two squares S, S’ such that the pair of square (S, S’) is not flat. Up to a conjugation by
an element of STame(Q), we can suppose that S and S’ are adherent along the vertex [x]. Since the group
Tame(Q) acts transitively on the set of 2 x 2 squares centered on type III vertices by Proposition 2.7(vi),
there exists an element g € STame(Q) such that g - § = §’. Using the fact that the link of type I vertices
is connected, we can choose any minimal sequence S; of adjacent 2 x 2 squares centered along a vertex
of type IIT all containing [x] such that S; = S, ..., Sy = §’. Observe that we can always construct such a
sequence by taking a sequence of Si,.. 8cof1x1 squares containing the same vertex of type I and
such that 5'1 cS, S‘k C §’. We apply Lemmas 2.16 and 2.15 inductively to S;, S‘,-H fori=1,...,k—1
and we obtain that there exists a square S;4; containing S,-+ 1 centered around a vertex of type III, which
is adjacent to S; foreachi =1, ..., k—1.

Since the sequence of square Sy, ..., S; is minimal, we claim that the squares S; and S;;, are
adherent along the vertex [x] but the sequence S;, S;+1, Si+2 is not flat. Indeed, if it were the case, there
exists a 2 x 2 square S',- containing [x] such that 5‘,- is adjacent to S; and S;;, and such that the union
Siy Sit1, Sit2, S’i is isometric to [0, 4] x [0, 4]. Observe that the edge S; N S;_; and §; N S,- are equal so
the sequence Sy, ..., Si_i, S’i, Sit2, ..., Sk is a sequence of squares connecting S and S’ of length k — 1.
This contradicts the fact that the sequence Sy, ..., S is minimal.

Moreover, the squares S; and S;; are alternatively adjacent along vertical and horizontal edges. Hence
the pair (S, §’) is contained in a horizontal or vertical spiral staircase, as required. Il

In practice, we will use the following explicit characterization to determine whether two squares
adherent along a vertex of type I are flat.

Lemma 2.19. Consider two 2 x 2 adjacent squares Sy, Sy along a horizontal edge containing [x1], [y1]
and a polynomial P € k[x, y]\ k. Denote by [z1], [t1] the other vertices of Sy such that [x1], [z1] belong
to a vertical edge of S| and by [z1 + x1 P(x1, y1)], [t1 + y1 P(x1, y1)] the two other vertices of S,. Let g
be the tame automorphism defined by

_< x y )
8 \e+xP(.y) t+yP(x.y)

so that g - S| = $5.
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[t1+y1P(X1,y1)]o O[Zl-l-xll”(xl,)’l)]

[x1]

(114

® St ° S/ ®

[¢] & @
[#1] [z1]

Figure 5. The initial situation of Lemma 2.19.

The following assertions hold:

(1) We have g € A[Sx]l] ifand only if P € k[x]\ k.

(ii) For any square S’ adjacent to Sy along the vertical edge containing [x1], [z1], the squares Sy, S’, S>
are flat if and only if P € k[x]\ k.

Figure 5 summarizes the initial situation in the previous lemma.

Proof. By conjugation, we can suppose that x; = x, y; = y,z; = z and #; = ¢. Assertion (i) follows
directly from the definition of Ag;].

Let us prove assertion (ii). Choose a square S’ such that g’S; = S” where g’ ¢ A[S;]. Using successively
Lemma 2.17, Lemma 2.16 and Lemma 2.15, we obtain that the squares Si, S, S” are flat if and only if g
or g’ are in A[S;]. Since g’ ¢ A[S;], then we deduce that Sy, S, S’ are flat if and only if g € Aéj]. Finally
the condition g € A[S;] is equivalent to the fact that P € k[x] \ k by assertion (i). U

3. Global geometry of the complex

In this section, we first review the results due to Bisi, Furter and Lamy regarding the global geometric
properties of the metric square complex (C, d¢) introduced in Section 2. We then describe the degree of
iterates of a tame automorphism fixing a vertex of the complex.

3A. Gromov curvature and Gromov-hyperbolicity. Recall that a map y : [0,]] — (C, d¢) defines a
geodesic segment of length / if y induces an isometry from [0, /] to y ([0, []). A map y : R — C which is
an isometry onto its image is called a geodesic line and a map y : R — C which is an isometry onto
its image is called a geodesic half-line. Recall also that y : I — C where I =[0,/]or I =R, R" is a
quasigeodesic if there exists A > 0, M > 0 such that for any s, s’ € I, the following inequality is satisfied:

Ls—s'| = M < dc(y(s), y(s) < Als —s'| + M.
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As aresult, a geodesic line is also a quasigeodesic. When any two points on a metric space can be joined
by a geodesic segment, we say that the space is a geodesic metric space.

A geodesic space (X, d) is CAT(0) (see [Bridson and Haefliger 1999, Section II.1]) if its triangles are
thinner than euclidean triangles. In other words, (X, d) satisfies the following condition. For any three
points p, g, r in X, take a triangle in the euclidean plane (R?, |-||) with vertices p, g, 7 € R? such that
d(p,q)=1p—ql,d(g,r)=|g—rl| and d(r, p) = ||F — p||. Then for any point m; € X and m, € X in
the geodesic segment [p, ¢] and [q, r] respectively, one has

d(my,my) < ||lmy —ma2|,

where m and m, are the unique points on the segments [p, ¢g] and [g, 7] respectively such that d(m, p) =
|p—mll and d(r, m2) = ||r —m2l].

Let us recall the notion of Gromov-hyperbolic metric space. Let § > 0 be a positive real number. A
metric space (X, d) is §-hyperbolic if for any geodesic triangle 7 = [p, g] U [q, r]U[r, p] in X and for
any point m € [p, ¢g], we have

d(m,[q,r]U[r, p) <8

Theorem 3.1 [Bisi et al. 2014, Theorem A]. The square complex C, endowed with the distance d¢, is a
geodesic metric space which is simply connected, CAT (0) and Gromov-hyperbolic.

The previous result has important consequences on the behavior of the isometries of the complex, i.e.,
distance preserving maps. Recall that the translation length, denoted /( f), of an isometry f :C — C is
defined by

I(f) = infdc(v, f(v)).

Observe that for any isometry f, the points in the complex where the infimum is reached is invariant
by f. We denote by Min( f) the subset of C on which the infimum is reached.

Theorem 3.2. Let f : C — C be an isometry of C which is also a morphism of complex. Then either
I(f)=0and f fixes a vertex in the complex, either [( f) > 0 and one can find f-invariant geodesic line

on which f acts by translation by [( ).
In other words, a tame automorphism f is either elliptic (when [( f) = 0) or hyperbolic.

Proof. Take f an isometry of the complex C. Then Min( f) is nonempty by [Bridson and Haefliger 1999,
I1.6.6(2)]. Suppose that [(f) > 0, then f satisfies the hypothesis of [loc. cit., Il.Theorem 6.8]. More
precisely, [loc. cit., II. Theorem 6.8(1)] asserts that an isometry f of a CAT(0) space satisfies [(f) > O if
and only if f translates by /(f) on an invariant geodesic line, as required.

Otherwise /(f) = 0, we prove that there exists a vertex which is fixed by f. Define a cell of C to be a
vertex, an edge or a square. We note that the intersection of two cells of C is a cell. Since Min(f) # @
pick v € Min(f), then d¢(v, f(v)) =0: So f(v) =v. Let S be the minimal cell of C which contains v.
Then v is the intersection of all cells of C which contains v and we get f(S) = S. If S is a vertex, v is a
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vertex. If S is an edge, since the two vertices of S are of different types, f fixes every vertex of S. Now
assume that S is a square. Then f fix the unique type III point of S. g

3B. Degree growths of elliptic automorphisms. In this section, we apply the results of the previous
section to study the degree growth of particular tame automorphisms. Recall from the previous section
that a tame automorphism is elliptic or hyperbolic if its action on the complex fixes a vertex or preserves
a geodesic line of the complex on which it acts by translation respectively.

The following result classifies the degree growth of any elliptic tame automorphisms.

Theorem 3.3. Let f € Tame(Q) be any tame automorphism of Q fixing a vertex in the square complex.
Then we are in one of the following situations:

(1) The sequence (deg(f"), deg(f™")) is bounded and f is linear or f 2 s conjugate via a birational
map Q --+ A3 to an automorphism of the form (x, y, z) — (ax, by +xR(x), b~ z+xP(x, y)) with
a,bek*, Peklx,y]land R € k[x].

(i1) There exists a constant C > 0 such that

&n < deg(f") < Cn,

where € € {+1, —1} and f is conjugated via a birational map Q --» A3 to an automorphism of the

form

(x,y,2) > (ax, b (z + xR(x)), b(y + x P(x)2)),

witha,b € k*, R € k[x] and P € k[x]\ k.

(iii) There exists a constant C > 0 and an integer d such that
£d" <deg(f) < Cd",

where € € {+1, —1} and f is conjugated via a birational map Q --+ A> to a composition of elements
of the form

(x,y,2) P> (ax, b(z+xP(x, ), b~ (y + xR(x))),
where a,b € k*, R € k[x] and P € k[x, y] such that degy(P) > 2.

Remark 3.4. In case (iii) of the previous theorem, suppose f is a normal form, then deg(f?) = Cd? +Cy
where C > 0 and C € Z.

Remark 3.5. The growth of the degree of elliptic automorphisms is summarized in Table 1.

The proof of the theorem relies on the comparison to some reference tame automorphism, for which
one computes the degree growth explicitly.
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fixed vertex action on the link fibration = behavior on the fiber deg(f™)
Type III bounded
Type 11 over P2 flow of a vector field bounded
Type 1 trivial on 7~ over P! flow of a vector field bounded
Type 1 involutionon 7 over P! affine linear
Type 1 hyperbolic on 7 over P! composition of Henon % <deg(f*) < Cnd"

Table 1. Summary of the degree growth for an elliptic automorphism.

Lemma 3.6. The following properties hold:
(1) If f is belongs to the semidirect product Stab([x, z]) = EH X N where
| fax+bz a'y+b't ‘ ab\(d -b\ _
N= {(cx +dz c’y+d’t> (c d) (—c’ a’ ) =he Mz(k)}’
then the sequence (deg(f"), deg(f™")) is bounded.
(i) If f is of the form

fe ( ax b(y+xP(x)) >
T\ HxS@) a 't +zP(x) + yS(x) +xP(x)S(x))

where P, S € k[x]\ k, a, b € k*, then the sequence (deg(f"), deg(f™")) is bounded.
(iii) If f is of the form

1= (et e )
T\ z+xR(x) a(t+2zP(x,2) + yR(x))

with P € k[x, z]\k and deg_(P) =1, R € k[x] and a, b € k*, then the sequence (deg( "), deg(f™"))
is bounded.

@v) If f is of the form

f_< ax b~ (z+xR(x)) )
T\ +xP(x)2) a 't +22P(x) + yR(x))

with P € k[x]\ k, R € k[x], a, b € k*, then both sequences (deg(f")), (deg(f ")) grow linearly.
(v) If f is of the form

f—( ax b(y +xP(x,z2)) )
bz +xRX)) a7t +72P(x) + yR(x))

with P € k[x, y], R € k[x]\ k, a, b € k*, then the sequence (deg(f"), deg(f™")) is bounded.
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(vi) If f is a composition of automorphism of the form
( ax b(z+xP(x,y)) )
b~ ' (y+xR(x)) a”'(t+zR(x)+yP(x,y) +xP(x,y)R(x)))’

where R € k[x] and P € k[x, y] such that degy(P) > 2, then we have
d" < deg(f*") < Cd", (7
where C > 0 and d > 2 is an integer.

Proof. During the whole proof, we will consider the valuation v : k[ Q] — R~ U {400} corresponding to
—deg. It is defined by the formula

v(P) =sup{—deg(R) | R €klx, y,z,t], R=P €k[Q]}.

The fact that such a function gives a valuation will be proved in Proposition 4.2. In each case except the
last one, we will also express " as f" = (x,, Yu, Zn, tn) Where x,,, Yu, zs, th € k[Q].
Let us prove assertion (i). Denote by N the subgroup

ax +bz ad'y+b't ‘ ab d -b
N {(cx—i—dz cy+d't cd)\-c da 2 € Mo (k)
Take f € E g X N, then it can be decomposed into

f=eog,

1

where e € Ey and g € N. Since E is a normal subgroup, we can consider the elements ¢; = geg ™! €

EH, ertr] = geekg_1 for all k > 1. We have

"= (eg)" = (eg)" *(egeg)

= (eg)" Yee1g?

= (eg)" e(gee)g’
)n—3

= (eg)" eerg’

" =ee,_1g".

Note that since N C Oy, the degree remain unchanged if we postcompose by elements in this subgroup.
In particular, we have deg ex+1 = deg(eey) for all k > 2. we get

deg(f") = deg(ee,—1).
Now we write e as

o ( ax b(y+xP(x,z)) ) ®

bz a7 't +2zP(x,2)
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where a, b € k* and P € k[x, z], and e is of the form

/A

X Y

— k Jk
ek_</ t/)v

g

where x;, y;, z;, t; € k[Q]. We claim that the degree of e is bounded. We have v(x}) = v(z}) = —1,
v(y}) = v(f]) = —deg(P) — 1 and an immediate induction gives

V(X 1) = viaxy) = v(xg),
V(¥ip1) = vy +x, P(xp, 7)) = v(y +x, Pxg, 23)) = —deg(P) — 1,
V(zpy 1) = v(bzy) = v(zp),

vt = v 't + 2, P(x;, 23))) > —deg(P) — 1.

This shows that deg( f") = deg(ee,,—1) is bounded. A similar argument will also show that deg(f ") is
bounded and assertion (i) holds.

Let us prove assertion (ii). Assume f is given by

f—( ax b(y +xP(x)) )
T\ 24+ xSk) a”(t+zP(x) + yS(x) + x P(x)S(x))

where P, S € k[x]\ k and a, b € k*. The sequence v(x,) is constant equal to —1 because v(x;,y1) =
v(ax,) =v(x,) =v(x) = —1. We have v(y;) = —deg(P) — 1, deg(z;) = — deg(S) — 1. Observe that
V(Ypa1) = v(b(yy + x, P(x,))) = —deg(P) — 1 for all n > 1, and v(z,41) = v(0 (zn + x,S(x0))) =
—deg(S)—1forall n > 1. Since v(x,t, — y,z,) = v(1) =0, and since v(x,), v(y,), v(z,) are all bounded
and always negative, we deduce that v(r,) = v(y,) + v(z,) — v(x,) is also bounded. This shows that
deg(f™) is bounded. Since the inverse f~! can be obtained by replacing P by —P, S by —S and a, b by
a~!, b~ respectively, we conclude that deg( f ") is also bounded.
Let us prove assertion (iii). Assume f is of the form

f—( ax b(y +xP(x,2)) )
“\b'z4+xR(x)) a 't 4+zP(x,2) + yR(x) +xP(x, 2)R(x))

with R € k[x],a, b € k*, P € k[x, z] and deg, P = 1. We first decompose P into
P(x,z) = Po(x) +zP1(x),

where Py, P; € k[x] and P; # 0.
Observe that v(x,) = —1 for all n. Observe that v(z;) = —deg(R) — 1, we obtain by induction

V(Zng1) = V(b7 (20 + X, R(xy))) > — deg(R) — 1.
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so that v(z,) > —deg(R) — 1 for all n > 1. Observe that v(y;) = — deg(P) — 2, we now estimate v(y,)

inductively:
V(Ynt1) = v(O(Yn + X0 Po(xXpn) + X420 P1(xn)))

= V(¥ + X, Po(xn) + Xp 20 P1(xn))

> min(v(yn), —deg(Po) — 1, v(z,) — 1 —deg(Pr))

> min(v(yn), —deg(Po) — 1, —deg(P1) —deg(R) —2).
We thus obtain that v(y,) > — deg(P) — deg(R) — 2 for all n > 1. Using the fact that x,t, = 1 + y,z,,
we deduce that v(t,) is also bounded since v(x,), v(y,), v(z,) are all bounded. Since f~! has a similar

form, we deduce that both deg( ") and deg(f ") are bounded.
Let us prove assertion (iv). Assume f is of the form

Fe ( ax b~'(z+xR(x)) )
“\b(y+xP(x)2) a” 't +22P(x) + yR(x))

with P € k[x]\ k, R € k[x], a, b € k*. In the case where R = 0 one sees easily that the sequence of
degrees grows linearly deg(f") ~ Cn. Let us now assume R 7# 0. We have

£ a*x b= (b(y + x P(x)z) +axR(ax)) ©
~\b(b N (z+xR(x)) +axP(ax)b(y + x P(x)z)) t '
Observe that v(x,) = —1 for all n > 1. We have (using Lemma 4.7 to evaluate the valuation) v(y;) =

min(—1, —1 —deg(R)), v(z1) = —deg(P) — 2, v(y2) = min(—1, —2 — deg(P), —1 — deg(R)), v(z2) =
min(—1, —1 —deg(R), —2 deg(P) — 3) and the inductive relation

{ V(Ynt1) = V(bil(zn +x,R(x,))) > min(v(z,), — deg(R) -1,
V(Zpt1) = v(b(yn + X, P(X0)20)) > miH(V()’n)» —deg(P) — 1 +v(zn)).

Let us show by induction on n > 2 that:
(@) v(zn) = v(yn).
(b) v(zp) < min(—1, —deg(R) — 1).
The case n = 2 was treated above. Let us assume that (a), (b) hold for n > 2. Since v(z,x, P (x,)) < v(¥n),

we have
V(Zpt1) = v(Yn + X, P(x4)20) = — deg(P) —1+v(zy). (10)

Since v(z,) < min(—1, —deg(R) — 1), we have, by the previous relation,
V(Yp+1) = min(v(z,), —deg(R) — 1) = v(z,) > v(Zp+1)- (11)

We have thus showed (a) and (b) for n + 1.

Relation (a) shows that v(z,,+1) =v(z,) —deg(P)—1for all n > 2, so v(z,) grows linearly. Starting from
n >3, we would have v(z,) < min(—1, —deg(R) —1). And this implies that v(y,) = v(z,—;) for all n > 4.
Overall, both v(y,), v(z,) grow linearly for n > 4. Since v(¢,) =v(1+y,2,)—V(xn) =v(¥n)+v(2n) —v(x,)
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for n > 1, we deduce that v(z,) also grows linearly for large enough n. Overall deg(f") grows linearly.
Similarly, £~ is also of the same form, so we also conclude that deg(f ") also grows linearly.
Let us prove assertion (v). Assume f is of the form

f= ax b(y +xP(x,z2))
"\ ' z+xRW) a 't +22P(x) + yR(x))
with P € k[x, y], R € k[x]\ k, a, b € k*. We observe that v(x,) = —1 and v(z,) = — deg(R) — 1 for all
n > 1. We also have

V(Vnt1) = vV + X, P(Xp, 24)) = min(v(y,), v(x,) + V(P (x4, 20))).

Write P =Y a;;x'y’. Since v(P(x,, z,)) > min{—i + j(—deg(R) — 1) | a;; # 0}, the above formula
also yields that v(y,) is bounded. We then conclude that v(¢,) = v(y,z,) — V(x,) is also bounded. Finally
deg(f") is bounded, and so is its inverse which is of a similar form.

Let us prove assertion (vi). Assume f = g - - - g1 is a composition of automorphisms of the form

g = ( ajx bi(z+xPi(x, y)) )
T\ xRi(x) a7 (4 2R () + yPilx, y) + X Pi(x, YRi(x)) )
where R; € k[x] and P; € k[x, y] such that degy(Pi) > 2. For simplicity, let us reset x,,, Y, Zn, th € k[ Q]
defined by

n Xnk+i  Ynk+i
g8 f = (12)
gi---8281f (an+i mk+i)

for all i < k. We also set g, := g; for all n, i so that we repeat the same sequence of automorphism
periodically.

We will first show that the sequences v(y,), v(z,) are unbounded.

Let us consider the following valuation vg : k[ Q] — R~ U{+4o0c0} which gives the weight (0, —1, —1, —2)
on (x, y, z,t) (see Proposition 4.2 for a precise definition). This valuation gives no weight to x whereas
it gives the weight —1 to y, z and the weight —2 to . By construction, we have 2v(P) < vo(P) for all
P ek[Q].

Recall from Section 2D that an automorphism of the form

_( anXx bn(Z—i-XPn(X,Y)) )
n = b 'y +x,R(x)) a;'(t+zRx)+yP(x,y)+xP(x,y)R(x)))’

induces an element i (g,) of Auty(y) A2, Namely, the associated element is
(. 2) > (bu(z+ X Pu(x, ), by ' (y + xRy (x))). (13)

One can see that given g,, g, of this form, one can find some automorphism g, ., & of the same form
determined by some polynomials f’n = A;l P,(x/Ay, y), Ién = A;l R(x/A,) where A, € k* (A,, depends
on g, for n > m) such that i (g,g,) = i(g,)i(gn). We thus find them inductively as follows, we first
find g, such that i(g281) = i(£2)i(g1). Now we find g3 such that i (3(g281)) = i(¢3)i(£2)i(g1) and so
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on, observe that g,; depends on all the preceding g,, g,—1 - . ., g1. However the degree in y of those
elements remains the same. We thus obtain
i(gn---8g1) =1(8n) - 1(82)i(g1).

The elements i(g,), i (g,) are Henon-like automorphism of A,%[x] and by [Friedland and Milnor 1989,
Theorem 2.1] the degree in (y, z) of a composition i(g; - - g,) =i(g1) - - - i(g,) of n such elements is a
product d, =[]\, deg, P; of n integers larger or equal to 2. This implies that vo(y,) ~ dn, vo(2) ~ dn—1
grow exponentially fast, and we obtain that 2v(y,) < vo(y,), 2v(z,) < vo(z,) are unbounded and that

deg(gn -+ 8g1) > dn/2 (14)

hence deg(f") > d/ /2.
We will now prove the second inequality deg(g, ---g1) < C'd, for a constant C' > 0. Let us first
reduce our problem, to any f € Stab([x]) of the form

_(ax f2
f_<f3 f4>’

_(x N
=5, d7):

By construction, r(f) is a tame automorphism which is also in Stab([x]) and one has deg(r (f)) =deg(f).

where a € k*, f, f3, fa € k[Q]. We set

Moreover, one can find some automorphism g; of the same form as g; such that

r(gn---&1) =r(g,) -r(gh.

We can thus replace g1, ..., g, by r(gi), ..., r(g)) and assume that the coefficient a; are all equal to 1.
Let us introduce some particular notations. For any polynomial P € k[x, y]\ k[x] and b € k*, we write
by A (P) the automorphism given by

h(P,b)::( X b(z—l—xP(x,y)))‘

b~ly t+yP(x,y)
We also set for all R, S € k[x] and b € k*,

x b(y +xR(x)) )

u(R, S, b):= <b_1(z +x8(x)) t+zR(x) 4+ yS(x) +xR(x)S(x)

15)

We will use some particular relations via the following lemma:

Lemma 3.7. For any P € k[x, y]\ k such that deg, P > 2 and any R, S € k[x], there exist T € k[x],
P € k[x, y]\ k such that the following are satisfied:

(1) deg, P =deg, P — 1.
(2) deg, P < deg, P + (deg, P — 1)(1 +deg R).
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(3) deg T < max(deg S, (deg) P)(deg R+ 1) +deg P).
4) h(P,B)ou(R,S,b)=u(T,R, b~ ") oh(yP, 1).

Proof. The proof follows easily from the Taylor expansion:

(bxR(x))%e P lees?
(deg, P)!

(be(X))

P(x, b(y+xR(x))) = P(x, by)+ P(x,by)+ Z P, by). O

y

Let us decompose g; into as g; = u(R;, Si, b;) o h(yp;, Bi), where p; € k[x, y] such that degy pi =
deg, P; — 1 and b;, B; € k*. Note that since the polynomials F;, R; are chosen periodically from
{Pi,..., P}, {Ry1, ..., R} respectively, the polynomials R;, S;, p; are also chosen among finitely many
polynomials. Let us consider

M = max(deg(R;), deg S;),
4
M, := max(M, max(l +deg p;)).
l
Observe also that d, = []/_, deg, P, = [T+ deg, p;) and that M < M, by construction.

We prove by induction on n > 1 that there exists 7,,, U, € k[x], B, € k* and ﬁl, e 15,, €klx, yl\k
such that

g+ 81 = (T, Uy, BOR(Y P, 1) . h(y Py),
and satisfying the conditions
degU, <M and Vn>2, deg, P, <deg, p, +deg, (pn)(1+degT,—1), (16)

and for all n > 2

n— 1

deg T, < d deng-l—Z +M,,Z (17)

The case where n = 1 is immediate. Let us assume that g, . .. g; can be decomposed into u(7,, Uy, ) o
h(y};,l, IDo---0 h(yﬁl, 1). Using the above lemma to R = T7,,S = U, and P = yp,+, we obtain
5,,+1 € k*, some polynomials T e k[x] and 13,,+1 € k[x, y] and get

8n+18n - 81 = u(Rn+l, Sn+1, bn)h(ypn+1’ ,8n+1)u(Tns U,, ﬁ;,)h(yﬁns 1) T h(yﬁl),
= u(Rpt1, St Bus (T, Rt By DR (y Par, DR(y Py, 1) - h(y Py, 1),

and we conclude by setting 7,41 =T + B,,_ianH, Un+1 = Rpy1 + Bn_J:lSn-H’ Bt = But1Pns1. We
check the bounds on the degree of 7,41, U,+1. The lemma directly implies

deg(Up+1) < max(deg R,11,deg S,+1) <M and deg, f’n+1 <deg, puyi +degy(pn+1)(1 +degT,).
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Using the induction hypothesis deg U, < M, the inequality (17) and the fact that deg R, 11 < M <
My, (1+degpni1) < M,, we get

< max(deg Ry11. deg(T)),

< max(deg Rn-H’ deg Un, (1+ degy pn+1)(deg Li+DH+1+ deg Pn-i—l),

< maX(M’ (1 + degy pn-H) deg T, + Mp + (1 + degy pn—H))a

deg(T41)

N

d la " d d
< M, (g, dea T M )M, + )
maX( 7 (n eg 1+;di+ p;di My +

1
dn—i—l < dn—i—l
+M .

n
SdyprdegTi+)
i=1

This finishes the proof by induction.
Using the fact that d,,11/d, is an integer larger or equal to 2, the inequality (17) implies that for all

n>2, we have d, /d; < (1) 'd,/d,, for all i <n,

dn
dengédndegT1+(2+Mp)d—<Cdn, (18)
1

where C = deg(Ty) + (2+ M,)/d;. Now (16) simplifies as

deg, P, < deg, p, +deg,(pn)(1+degT,—1),
< deg, pn +deg,(pn)(1+Cdy—1),
<dy(C+ 1) +deg, py,

and we choose an integer Ny such that for all n > Ny, max(deg, p;) < d,. We then get
deg, P, < C'd, (19)

where C' = C+% for all n > Nj.

Let us now prove that deg(2(y P,, 1).. .h(y131, 1)) < C’d, where C’ > 0. For this particular product,
we reproduce the standard arguments for product of Henon transformations.

Let us write

t/

n n

~ ~ x /
h(yP,, 1)...h(yP, 1) = (Z, yn),

where y/, z,, 1 € k[Q].

n’>'n

We have the following inductive relation for n > 1:

vz ) =) and vy, ) = vz, + Xy, Pay1(x, ).

We prove by induction on n > 1 that v(y,) < v(z),).
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Indeed, it is clear for n = 1 and assume by induction that v(y,) < v(z},) for n > 1, then since I5n+1 #£0,

we get

V(1) = V(@ + X Pas (8, ¥))) = v(xy), Past (6, ¥)) < v(3) = v(2) 1),
as required. Moreover, by applying (19), we have for all n > Nj,

V(Y1) = min(—deg, Pyi1, (deg, Py + D ()
> min(—C'dy1, (deg, Py + Dy (y)))

d
> min(—C’dnH, ;—HV(yﬁ,))-
n

An immediate induction using the previous inequality shows that
/ . / dﬂ /
v(y,) 2 min| —C'dy, —v(yy,) |, (20
dn,
for all n > Ny and this shows that deg(h(yP,) ... h(yP})) < Cd,.
Finally, we conclude
deg(gy . .- g1) = deg(u(T,,, UDh(yPy) -+ h(y 1)
< max(deg T,,, deg Uy, deg(h(yP,) - - - h(y P1))) < C"dy, (21

where C” > 0, as required. O

Proof of Theorem 3.3. Take f € Tame(Q) an elliptic automorphism. Since f fixes a vertex on the complex,
we will distinguish three cases depending on the type of vertices f fixes. Moreover, recall that the degree
growth is an invariant of conjugation and that by Proposition 2.7, the tame group acts transitively on the
set of vertices of type I, II and III respectively. We are thus reduced to compute the degree growth for f
in the subgroups Stab([Id]), Stab([x, z]) and Stab([x]) respectively.

First case: If f € Stab([Id]) = Og, the sequence (deg(f"), deg(f ")) is bounded.
Second case: Suppose that f € Stab([x, z]). By Proposition 2.6, one has

. ax +bz a'y+b't ab\(d —b\ _
Stab([x, z]) = Ex » {(cx +dz c’y+d’t) ’ (c d) (—c’ a’ ) =he MZ(k)}'

Denote by 7., : @ — A2\ {(0, 0)} the map induced by the projection
(x,y,z2,0) = (x,2),

then f naturally preserves the fibration r,,. Recall that JTX_ZI (AZ\ ({0} x A1)) is isomorphic to A2\ ({0} x
Ay x Al and f induces a birational self map. If the induced (linear) action on A%\ {0} is diagonalizable,

then f can be conjugate to an element of the form

f:(x,z,y)— (ax, bz, b(y +xP(x,2))).
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Otherwise, the action on A? has Jordan form and f is birationally conjugate to
fi(x,z,y) = (ax,b"'x +az, b(y + x P(x, 2))),

witha, b € k*, P € k[x, z]. Moreover, using assertion (i) of Lemma 3.6, the sequence (deg(f"), deg(f™"))
is bounded and f satisfies assertion (i).

Third case: Consider f € Stab([x]) such that f ¢ Stab([x, y]) U Stab([x, z]). By definition, there exists
a constant a € k* such that x o f = ax. Naturally, f preserves the fibration 7, : Q — A! and since
nx_l (A1 {0)) is isomorphic to A\ {0} x A?, the automorphism f is of the form

[y, 2) = (ax, f1, f2),

where (f1, f») defines an element of Aut(Ai[x x*l])‘
By Proposition 2.10, f induces an action on the tree 7 _k(x). If f induces an action on this tree which
fixes the three vertices [y], [z] and [y, z], then f belongs to A[Sx] where S is the 2 x 2 square containing

[x], [¥], [z], [z]. By Proposition 2.10(iv), f is then of the form

( ax b(y +xP(x)) )
b~ (2 +xS@)) a~ ' (t +2Px) + yS(x) + x P(x)S(x))

where P, S € k[x]\ k. By Lemma 3.6 (ii), the sequences (deg(f")) and deg(f~")) are bounded and f
satisfies assertion (i) since in the fixed trivialization, f is of the form

(x,y,2) > (ax,b(y +xP(x)), b~z +xS(x))).

Recall that the vertices of type II in the Bass—Serre tree 7 k() Were equivalence classes of components
(f1, f») of automorphisms in Aut(Az(x)) where two components ( f1, f2) =~ (g1, g2) if and only if there

exists
a b c

a b | eGLy(k(x))
001

such that (g1, g2) = (afi +bfa+c,a’ fi+b fr+ ).

Suppose that f, f2 are not conjugate in Stab([x]) to elements in Ag]’Z) and the action of f on the
subtree T x(x) of Ti(x) fixes a vertex. If the fixed vertex in the tree 7 x(y) is of type II, then using
Proposition 2.10(i) we can suppose that f fixes the vertex given by [y, z]. In particular, this implies that
f is conjugated to

( ax b(y+xP(x,z7)) ) or < ax b~ (z+xR(x)) >
b~ (z+xR(x)) a ' (t+zP(x,2)+yR(x)) b(y+xP(x,2)) a ' (t+zP(x,2)+yR(x))

with P € k[x, z] \ kK where deg,(P) =1 and R € k[x]. Using Lemma 3.6(iii) and (iv), the sequences
deg(f") and deg(f ") are bounded in the first case and grow linearly in the second. In the first case, f
satisfies assertion (i) and f satisfies assertion (ii) in the second.
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Iff, f 2 are not conjugate in Stab([x]) to elements in Afv] and the action f on T x(x) fixes a vertex of
type I but no vertices of type II, then using Proposition 2.10(i), f is conjugate (in Stab([x])) to an element
which fixes the vertex [z] in the Bass—Serre tree, hence it is an element of the subgroup E defined in
assertion (v) of Proposition 2.10. This shows that f is of the form

( ax b(y+xP(x,z)) )
b~ ' (z4+xR(x)) a '(t +z2P(x) + yR(x))

with P € k[x, y], R € k[x] \ k. By Lemma 3.6(v), the degrees of both f" and f~" are bounded and f
satisfies assertion (i).
The remaining case is when the action on the subtree 7 x(x) is hyperbolic. By Proposition 2.12, f is

conjugated to a composition of elements of the form
ax b(z+xP(x,y))
b~ (y+xR(x)) a'(t +zR(x) +yP(x,y) +xP(x, y)R(x)))’

where R € k[x] and P € k[x, y] such that degy(P) > 2. By Lemma 3.6 (vi), the degree sequences
(deg(f™)), (deg(f™") satisfy
d" < deg(f*") < Cd",

where d > 2 is an integer and f satisfies assertion (iii). U

4. Valuative estimates

This section is devoted to the generalization of the so-called parachute inequalities; see [Bisi et al. 2014,
Minoration A.2]. Our proof extends the method of [Lamy and Vénéreau 2013] to more general valuations.
The plan of the section is as follows. First we recall some general facts on valuations (Section 4A), then
we consider a particular class of valuations in Section 4B. For these particular valuations, we introduce
the parachute associated to a pair of regular functions on the quadric allowing us to estimate the degree of
a derivative on a given direction (Section 4C). Using this and some elementary facts on key polynomials
(Section 4D), we finally deduce our key estimates in Section 4E.

4A. Valuations on affine and projective varieties. Let X be an affine variety of dimension n over k.
By convention for us, a valuation on X is a map v : k[X] — R U {400} which satisfies the following

properties:
(1) We have v=! ({+o0}) = {0}.
(2) The function v is not constant on k[ X] \ {0}.
(3) For any a € k*, one has v(a) =0.
(4) For any f1, f> € k[X], one has v(f1f2) =v(f1) +v(f2).
(5) For any fi, f> € k[X], one has v(fi + f2) = min(v(f1), v(f2)).
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When the subset v—!({4+00}) is not reduced to {0}, we say that v is a semivaluation. We endow the space
of valuations with the coarsest topology for which all evaluation maps v +— v(f) are continuous where
f eklX].

The group R naturally acts on the set of valuations by multiplication.

The main examples of valuations are monomial valuations. We recall their definition below. Fix
a smooth point p on X, an algebraic system of (local) coordinates u = (uo, ..., u,—1) at this point
and some nonnegative weights @ = (a1, ..., a,) € (RT)". We shall denote by ul = n?:o ui.j when
I =C(o,...,in—1) e N"and by (I, &) = agip + - - - + o¢—1i,,—1 the usual scalar product. The monomial
valuation v with weight o with respect to the system of coordinates u is defined by

v( Z alul) =min{(/, @) | a; # 0},

IeN?

where a; € k.
When f € O, x is a regular function at the point p, then one defines v(f) as

v(f) = U(Zaz(f)u’),

where > a;(f)u’ is a formal expansion of f near p. The fact that v(f) does not depend on the choice
of the formal expansion of f near p is proved in [Jonsson and Mustatd 2012, Proposition 3.1].

Observe that when o« = (1, 0, . . ., 0), then the associated valuation coincides with the order of vanishing
along {uo9 = 0}. Furthermore, when X = Spec(k[x, y, z, t]), the valuation — deg coincides with the
monomial valuation on k[x, y, z, t] with weight (—1, —1, —1, —1) with respect to (x, y, z, ) using the
same formula.

Consider a regular morphism f : X — Y where Y is an affine variety and a valuation v on X. The
pushforward of the valuation v on X by f is denoted f,v is given by the formula

fiv=vo f%,

where f¥ denotes the morphism of k-algebra corresponding to f.

We also recall the notion of center of a valuation v.

For any projective variety X containing X as a Zariski open subset, when there exists a regular function
P € k[X] for which v(P) < 0, the center of v in X is a nonempty Zariski closed irreducible subset which
is contained in X \ X. Denote by R, the valuation ring and by M, its maximal ideal, then the center
Z(v) of v is a subvariety of X defined as follows

Zw)={peX|0,5x CR,M,x=M,N0O, 5},

where O, 5 denotes the local ring of regular functions at the point p and where M, ¢ is its maximal
ideal. The fact that Z(v) is nonempty follows from the valuative criterion of properness and we shall
refer to [Vaquié 2000] for the general properties of this set.
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4B. Valuations V), on the quadric. We denote by g € k[x, y, z, t] the polynomial ¢ = xt — yz and by
7w klx,y,z,t] — k[Q] the canonical projection. Our objective is to define a subset of the set of all
valuations on the quadric ©, with different weights on some coordinate axis.

Take a point p = (xo, Yo, 20, to) € k* and a weight o = (ap, o1, @2, ®3) € (R™)*, we write by v;‘ the
monomial valuation on k[x, y, z, ] with weight o with respect to the system of coordinates (x — xg, y —
Y0, Z — 20, L — 1p)-

We first show that v} does not depend on p.

Lemma 4.1. For any weight (o, o1, a2, a3) € (R4, we have v*

_ / 4
p_v;‘,foranyp,p e k™.

Proof. For any multiindices I = (ig, i1, i2, i3), J = (jo, j1, j2, J3) € Zio’ denote by ( ) =1IT3_ 0(2)

Set v* := vj. We only need to show that for every polynomial P(x) € k[xo, x1, x2, x3] and b =
(bo, by, by, b3) € k*, v¥(P(x)) = v*(P(x +b)). We may assume that P # 0: Write P(x) =), arx’,
Then v*(P) = min{{/, o)a; # 0}. Then

P(x+b)= Zal()H—b) _ZZ( )b’ Tax’ Z(Za1<j>b1]>x]. (22)

1 J<I J Nzl
Then

va(P(x—{—b)):min{(J,a) ‘ Z(j)a]blf#o} (23)

1>J
£y, ( Jarb'=7 #£0, there is I > J such that a; # 0. Since & <0, (I, &) < (J, ). This implies that
VY (P(x+b)) = v*(P(x)). (24)

for every P € k[xg, x1, x2, x3] \ {0} and b € k4. Apply this for P(x + b) € k[xg, x1, x2, x3] \ {0} and
—bek* we get V¥ (P(x)) =v*(P(x +b —b)) > v*(P(x + b)) which concludes the proof. Il

o . o
Set v* ;= Vg -

Proposition 4.2. For any weight o = (g, a1, a2, a3) € (R™\ {0)?* such that ag + a3 = as + oy, the map
v :k[Q] = R™ U {400} given by

v(f) :=sup{v*(R) | R € k[x, y, z, 1], 7 (R) = f},

for any f € K[Q] is a valuation on the quadric which is centered at infinity (i.e., whose center is in
o\ QcPh.

Moreover, suppose v' : K[Q] — R~ U {+00} is a valuation such that v(mw (x)) = v'(w(x)), v(7(y)) =
V(7 (y)), v(7(2)) = V(7 (2)) and v(r () = V' (7 (1)), then

V() Zv(f),

for any regular function f € k[Q].
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Definition 4.3. The set V) is set of all valuations v : k[Q] — R™ U {+o00} defined by

v(f) :=sup{v*(R) | 7(R) = [},
for any f € k[Q] and where o = (g, a1, a2, @3) € (R™\ {O})4 is a multiindex for which og+ o3 = a1 + ).

The group R™* acts naturally by multiplication on the set of valuations on the quadric and this action
descends on an action on V.

Remark 4.4. Observe that for o] = ap = @3 = a4 = —1, the corresponding valuation on the quadric is
the order of vanishing along the hyperplane at infinity.

Example 4.5. Consider o = (—%, —%, —19—0, —1), then the associated valuation v is the monomial

valuation at the point [0,0,0,1,0] € Q with weight (3, &,

(u, v, w) —~ [w?4+uv,u,v,1,w]e . In particular, its center is the point [0, 0,0, 1,0] € 0.

1) with respect to the coordinate chart

Example 4.6. Consider o = (— %, — %, — 19—0, — 1), then the associated valuation v is the monomial valuation

at the point [6, 2,3, 1,0] € Q with weight (£, 75, 1) with respect to the coordinate chart (u, v, w)
[w? + Q+u)B3+v),2+u,3+v,1,wle Q. In particular, its center is the point [6, 2, 3, 1,0] € 0.
To prove the proposition, we shall need the following technical lemma.

Lemma 4.7. Let V' : k[x, y, z, t] — R~ U{+00} be a monomial valuation with respect to (x, y, z, t) such
that Ul/k[x,y,z,t]\k < 0 and such that v'(xt) = v'(yz). For any polynomial R € k[x, y, z, t] given by

R=)  aijmnx'y/2"1",
ijmn
with a;jmn € k, the following assertions are equivalent:

(i) There exists a polynomial Ry € k[x, y, z, t] such that m(R1) = w(R) € k[Q] and such that v'(Ry) >
V'(R).

(ii) The polynomial q divides R™ where R™ is the weighted homogeneous polynomial given by
RY = Z aijmnxiyjzmt".
v (x)+jv (y)+mv' (2)+nv' (t)=v'(R)
Proof. The implication (ii) = (i) is straightforward. If ¢ | R* then we can decompose R as

R=¢qR 4+ S,

where Ry, S € k[x, y, z, t] such that Vv'(S) > Vv'(¢R;). Hence n(R; + S) = 7 (R) and V'(R; + S) >
min(v'(Ry), v'(S)) > v'(R) as required.
Let us prove the implication (i) = (ii). Take a polynomial R; which satisfies (i). Then we can write

Ri=R+(q—-DS,

where S € k[x, y, z, t]. Let us prove that R* 4+ ¢S* = 0. As v'(R;) > V/(R), the above equality implies
that /(g S) = V'(R). Since oy + a3 = a1 + ap, the polynomial ¢ is weighted homogeneous and we have
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(R4+(g—1)S)" = R" +¢qS™. Let us suppose by contradiction that R" 4 ¢ S™ # 0. This implies that
V' (RY) = V(R 4+ ¢S™) = V'(R") which also contradicts our assumption. Hence R" +¢S" = 0 and
g | R as required. U

The above lemma proves that the supremum v( f) in Proposition 4.2 is a maximum which is reached
on a value R € k[x, y, z, t] such that 7(R) = f and such that g does not divide R™.

Proof of Proposition 4.2. Fix a € (R~ \ {0})*. Observe that for any f; € k[Q]\{0}, the value v(f}) is
smaller or equal than 0. If a € k*, then by definition v(a) = v'(a) = 0.

Fix fi, f» € k[Q] and let us prove that v(f; + f2) = min(v(f1), v(f>2)). Take Ry, R, € k[x, y, z, ]
such that v'(R1) = v(rw(R})) and V' (Ry) = v((Ry)).

As v¥ is a valuation on k[x, y, z, t], we have by definition

V(R + R) = min('(Ry), v'(R2)) = min(v( (R1)), v(7 (R2))).
In particular, the maximal value in the right hand side yields

v(f1+ f2) = min(w(f1), v(f2)).

We prove that v(i (f1 f2)) = v(w (f1))+v((f2)). Take two polynomials R, and R, € k[x, y, z, t] such
that 7 (Ry) = f1, m(R2) = f> and v(f1) = v*(R}), v(f2) = v*(R2). Observe that (R R2)” = R"R}’. As
the polynomial g does not divide either R}” or R}, it does not divide (R R2)" since the ideal generated by
q is a prime ideal. Hence by Lemma 4.7, one has v(f1 f2) =v¥ (R R2) =v*(R")+v*(RY) =v(f1)+v(f2)
as required.

By construction, the valuation v is centered at infinity since v takes negative values on nonzero regular
functions on the quadric.

Let us prove that the valuation v is minimal, take another valuation v : k[Q] — R~ U {+00} such
that v/'(r (x)) = v(x), V(T (y)) = v(7(y)), V(1 (z)) = v(7(z)) and V' (7w (¢)) = v(;(¢t)). Then the map
V' : R ekl[x,y,z,t] = V(7 (R)) defines a semivaluation on k[x, y, z, ]. Remark that the monomial
valuation v* is minimal in k[x, y, z, t], in the sense that for any R € k[x, y, z, t]

5 (R) = v*(R).

Take f € k[Q] and choose a polynomial R € k[x, y, z, t] such that vg(R) = v(f), the above inequality
implies
V() = v(f),

hence, v is also minimal. O

4C. Parachute. In this subsection, we define the parachute associated to a component of a tame auto-
morphism. For any 4-tuple (R, R2, R3, R4) € k[x, y, z, t] of polynomials, we write

dR; /\dRz/\ng, AdRy =Jac(Ry, R, R3, R4)a’x /\dy/\dZ/\d[,

with Jac(R1, Ry, R3, R4) € k[x, y, z, t].
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Definition 4.8. The pseudojacobian of a triple (f1, f2, f3) of regular functions on Q is defined by

J(f1, f2, f3) :==Jac(q, Ry, Ra, R3))| 0,

where R; € k[x, y, z, t] are polynomials such that 7 (R;) = f; fori =1, 2, 3.

Observe that the pseudojacobian j( fi, f2, f3) is well-defined since any two representatives Ri, Ry €
klx, y, z, t] of the same equivalence class in k[ Q] are equal modulo (¢ — 1).

Lemma 4.9. Let v € Vy be a valuation. For any fi, f>, f3 € k[Q], we have

v(j (i, f2, [3) Z v(fi) +v(f2) +v(f3) —v(xD).

Proof. Fix f1, f», f3 € k[Q] and a valuation v € V). The valuation v : k[x, y, z, 1] — R~ U {+o0} is
monomial for the coordinates (x, y, z, t) with weight (g, o, a2, @3) € (R7)* such that g+ a3 = o + 2.
We have v(P) = sup{v'(R) | 7(R) = P} for any P € k[Q] where 7 : k[x, y, z, 1] — k[Q] is the canonical
projection. Take Ry, Ry, R3, R4 € klx, y, z, t]. We first claim that

v'(Jac(R1, Ry, R3, R4)) > V'(Ry) +V'(Ry) +V'(R3) +V'(Rg) — V' (xyz1).

Let agk) € k be the coefficients of R, for k =1, 2, 3, 4 so that

Ry = Z a}k)xi‘yizzi3ti4.
I=(iy,i2,i3,14)
One obtains by linearity that Jac(R;, Rz, R3, R4) is a sum of monomials where the valuation of each term
is greater or equal to

V' (R1) + V' (R2) +V'(R3) +V'(Ra) — V' (xyzt).

Hence
v'(Jac(Ry, Ry, R3, R4)) = V'(R)) +V'(R2) +V'(R3) +V'(R4) — V' (xyzr).

In particular, we apply to R4 = g and obtain
v'(Jac(R1, Ra, R3, 9)) = V'(R)) +V'(Ry) +V'(R3) — v/ (x1),

since v'(q) =v'(xt) =V/'(yz). Take f1, f», f3 €k[Q], by Lemma 4.7, there exists R, R, R3 €k[x, v, z, t]
such that 7 (R;) = f; e k[Q] and v(f;) = v/(R;) for all i =1, 2, 3, the above inequality implies

v(j (f1, fa, f3)) = v'Jac(g, Ri, Ra, R3)) = V'(R1) +V'(R2) +V'(R3) — V' (x1),

where the first inequality follows from the definition of v. Observe that v'(xt) = v(xt) by Lemma 4.7,
hence we have proven that

v(j(f1, f2, f3)) Z v(f1) +v(f2) +v(f3) —v(xt),

as required. O
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The regular function j(f1, f», f3) may vanish so that v(j(f1, f2, f3)) may be equal to o0, even if
Ve V().

Lemma 4.10. For any algebraically independent functions f1, f, € k[ Q], one of the four regular functions
J& S, 2 7 fis 12), 0z, S, f2), J (8 fi, f2) is not identically zero. In particular,

min(v(j(x, flﬁ fl))v U(J(y, fl’ f2))’ V(j(Z, f17 fZ))a U(j(t, f17 fZ))) < 400,

for any valuation v € V.

Proof. Consider two algebraically independent regular functions fi, f>» € k[Q] and suppose by contra-

diction that j (x, f1, f2) = j(y, f1. [2) = j (@, fi, f2) = j(& fi, f2) =0. If K C L are two fields of
characteristic zero, then [Lang 2002, Section VIIL.5, Proposition 5.5] states that

trdegy L = dimy Derg (L), (25)

where Derg (L) denotes the vector space of K derivations of L. When K = k(f1, f>) and L = k(Q), the
above equality implies that any two k( f1, f>)-derivations are proportional. The conditions j(x, fi, f2) =

T S, 2 =J fi, L) =j @, fi, f2) =0imply that j (x, f1,-), j(y, f1.-), j(z, f1,-) and j (&, f1,-)

are k( f1, f»)-derivations, this translates as

JO, L)), f, ) =G, i), fi.x) =0€k[Q].

Hence,

J @, f1, ) =0 €k(Q).
The same argument also yields
JULx, ) =jlfr.x, 2 =j(fr.x. 1) =j(f1,y.2) =j(f1, y. 1) = j(f1.2,1) =0.

Hence the maps j(x, y, ), j(x,z,-), j(y, z, -) are also k( fi)-derivations. By (25) applied to K = k(f1)
and to L = k(Q), the space of k( f1) derivations is 2-dimensional and there exists a, b, ¢ € k(Q) such that

aj(x,y,-)+bj(x,z,-)+cj(y,z,-) =0,
where a, b and ¢ are not all equal to zero. Suppose that a # 0, we then conclude that
aj(x,y,z) =0€k(Q),
which in turn implies that j(x, y, z) = x =0 € k[ Q] and this is impossible. (|

Definition 4.11. For any monomial valuation v € V) and for any algebraically independent regular
functions f1, f> € k[Q], the parachute V(f1, f>) with respect to the valuation v is defined by the following
formula

V(f1, f2) =min((j(x, fi, f2)), vy, fi, 2)),v( @ f1, 2), v @, fi, £2))) —v(f) —v(f2).
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Observe that Lemmas 4.10 and 4.9 imply that V(f1, f>) is finite and is strictly greater than zero.

For any polynomial R € k[x, y], we write by 2R € k[x, y] the partial derivative with respect to y. The
next identity is similar to [Lamy and Vénéreau 2013, Lemma 5] and is one of the main ingredient to find
an upper bound on the value of a valuation.

Lemma 4.12. Let v € V), let R € k[x, y]\ k and let fi, f>» € kK[Q] be two algebraically independent
elements. Suppose that there exists an integer 1 < n < deg, R — 1 such that v(3;) R(f1, f2)) is equal to
the value on 95 R of the monomial valuation in two variables having weight v( f1) and v(f2) on x and y

respectively. Then

V(R(f1, f2)) < deg,(R)v(f2) +nV(fi1, f2).

Proof. Lemma 4.9 proves that v(j(x, f1, f2)) = v(f1) +v(f2) —v(¢) for any fi, f» € k[Q]. Using this
and the fact that j(x, f1, -) is a derivation, we obtain

V(02 R(f1, f2)J(x, f1, [2)) =v(j(x, fi, R(f1, f2))) Z v(f1) +v(R(f1, f2)) +v(x) —v(xt).
In particular since v(x) — v(xt) = —v(¢) > 0, this yields
V(R R(f1, f2)) > —((j (x, f1, f2)) —v(f1) —v(f2)) + v(R(f1, f2)) — v(f2).

A similar argument with y, z and ¢ also gives

V(2 R(f1, f2)) > =V (f1, f2) +v(R(f1, f2)) —v(f2). (26)
We apply (26) inductively and obtain the following inequalities:

V(O3 R(f1, [2)) > =V (fi, f2) + V(2R (f1, [2)) = v(f2),

(@5 R(f1, f2)) > =V (f1, f2) + v R(f1, f2)) = v(f2).
This implies that
V(Y R(f1, f2)) > =nV(f1, f2) —nv(f2) + v(R(f1, f2).

As v(07 R(f1, f2)) is equal to the value of the monomial valuation with weight (v(f1), v(f2)) applied to
05 (R), the last inequality rewrites as

(deg, R —n)v(f2) = v(0y R(f1, f2)) > —nV(f1, f2) —nv(f2) + v(R(f1, f2)).

Hence,

V(R(f1, f2)) <deg, (R)v(f2) +nV(fi, f2),

as required. O
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4D. Key polynomials. Let us explain how one can find a polynomial which satisfies the hypothesis of
Lemma 4.12.

Consider u : k[x, y] — R™ U {400} any valuation and ug : k[x, y] - R~ U {400} the monomial
valuation having weight 1 (x) and p(y) on x and y respectively. For any polynomial R € k[x, y], we
write by R € k[x, y] the weighted homogeneous polynomial given by

R = Z Cl,‘jxiyj,
i) +jr(y)=po(R)
with a;; € k such that R =", a;jx'y/.

Proposition 4.13. Consider i : k[x, y] = R™ U {+00} any valuation and 1o the monomial valuation
having weights (x) and u(y) on x and y respectively. The following properties are satisfied:

(i) For any R € k[x, y], one has it (R) = no(R).

@i1) If mu # o, then there exists two coprime integers s1, sy satisfying s\ (x) = s,u(y) and a unique
constant A € k for which the polynomial H = x*' — Ay*? satisfies W (H) > wo(H). Moreover, for any
R € k[x, y], one has u(R) > uo(R) if and only if H | R.

The polynomial H associated to u is called a key polynomial associated to u.

Proof. Let us prove assertion (i). Write R € k[x, y]as R=)_q; jxi y/ where a; ; € k. Recall that the fact
that (1o is monomial implies that
po(R) = min{i o (x) + juo(y) | aij # 0}.

Also, u is a valuation, hence

u(R) = min{ipuo(x) + juo(y) | aij # 0} = po(R).
We have thus proved that w(R) > uo(R), as required.

Step 1: Fix s1, s two coprime integers and A € k. Suppose that sy (x) = sou(y) and that the polynomial
H = x*' — Ay*2 satisfies w(H) > no(H), we prove that A is unique. Take A" # A € k, then

(™ = 1'y2) = p(H + (= A)y"?) = sau(y),

since w(H) > n((r —A")y*2). Hence u(x*' — A'y*2) = po(x*' — A’ y*2) for any A" # A.

Step 2: Choose two integers s1, sp such that sju(x) = spu(y). We prove that there exists A € k*
such that w(x’t —Ay?) > s1u(x) = sou(y). Suppose by contradiction that for any A € k, one has
w(x® —Ay®?) =syu(x). We claim that w(R) = uo(R) for any polynomial R € k[x, y]. Fix R € k[x, y].
Observe that if R is a homogeneous polynomial with respect to the weight (u(x), w(y)), then R is of the
form

R = axko l—l(xs1 -2y
i
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where o, A; € k* and kg € N. Our assumption implies that w(R) = po(R) for any homogeneous
polynomial R.

If R is a general polynomial, then R can be decomposed into R =), R; where each polynomial R; is
homogeneous with respect to the weight ((x), w(y)). Since w(R;) = wo(R;) for each i, this proves that
Ww(R) = up(R) for any R € k[x, y], which contradicts our assumption. We have thus proven the first part
of assertion (ii).

Step 3: We prove the second part of assertion (ii). The argument in Step 2 showed that when © # pg and
R is homogeneous with respect to the weight (u(x), (y)), then w(R) > uo(R) if H | R. For a general
polynomial R € k[x, y], write R = R + S. We have

po(R) = po(R) < po(S) < u(S).

If H|R, then u(R) > po(R) = po(R). Then p(R) = (R + S) = min(u(R), 1(S)) > pno(R). If H{R,
we have ((R) = 1o(R) < o(S) < u(S). So n(R) = (R +S) = t(R) = 1o(R) = po(R). O

4E. Parachute inequalities. We introduce various notions of resonances of components of a tame
automorphism. These notions will play an important role in the theorem below. Consider a valuation
v € Vy and a component ( f1, f») of a tame automorphism. We are interested in the value of v on R(f1, f>)
where R € k[x, y]. The estimates of the value v(R(f1, f>)) will depend on the possible values of the pair
(v(f1), v(f2)). We shall distinguish the following three cases:

(1) The family (v(f1), v(f2)) is @-independent and we say that the component ( fi, f2) is nonresonant
with respect to v.

(2) There exists two coprime integers s, sp such that s; > s, > 2 or s, > 51 =2 such that s1v(f1) =s2v(f2)
and we say in this case that the component ( f1, f>) is properly resonant with respect to v.

(3) Either v(f1) is a multiple of v(f;) or v(f;) is a multiple of v(f;) and there exists a polynomial
H € k[x, y] of the form x — Ay* where k € N*, A € k* such that v(H (f1, f2)) > v(f1) =kv(f>). In
this case, the component ( fi, f>) is called critically resonant with respect to v.

Example 4.14. When v = —deg: k[Q] — R™ U {+00}, the family (x, y) is not critically resonant, but
it is neither properly resonant nor nonresonant (in particular there is no alternative). However, (x, y) is
nonresonant for the monomial valuation with weight (—\/_ , —+/3, —«/5, —«/§) on (x,y,2z,1).

Example 4.15. Take f1 =x, fp=y+ x%e k[Q], then (f1, f») is critically resonant with respect to the
valuation ordy, = — deg.

Example 4.16. Take f; =z +x2, f> =y +x> € k[Q], then (f1, f>) is properly resonant with respect the
valuation ordgy, = — deg.

For v € Vy and (fi, f>) a component of a tame automorphism, the following theorem allows us to
estimate the value of v on R(f1, f») only when (f1, f>) is not critically resonant.
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Theorem 4.17. Let v € Vyy be a valuation and let vg be the monomial valuation on k[x, y] with weight
(w(f1), v(f2)) with respect to (x, y). The following assertions hold:
(i) For any polynomial R € k[x, y], one has the lower bound v(R(f1, f2)) = vo(R(x, y)).

(i) If the component ( f1, f>) is nonresonant with respect to v, then for any polynomial R € k[x, y], one
has v(R(f1, f2)) = vo(R(x, y)).

(iii) Suppose that the component ( f1, f») is properly resonant with respect to v and let sy, s, be two
coprime positive integers such that s1v( f1) = s2v( f2), then for any polynomial R € k[x, y], either

V(R(f1, f2)) = vo(R(x, y)) or v(R(f1, f2)) > vo(R(x, y)) and we have
V(R(fi, f2) < <s1 —1- s—l)vm) _ (Sz —1- s—z)wm.
AY) S1

Remark that the inequalities in Theorem 4.17 are strict and this fact is crucial in our proof. Before
giving the proof of Theorem 4.17, we state two consequences of this theorem below.

Corollary 4.18. Let v € Vy be a monomial valuation and let f = (fi1, f», f3, f1) be an element of
Tame(Q). We suppose that v(f1) < v(f2) and that (f1, f») is not critically resonant with respect to v.
Then for any polynomial R € k[x, y]\ k[y], we have

v(f2R(f1, 2)) < v(f1).

Proof. Two cases appear. Either v(R(f1, f2)) = vo(R(x, y)) where vy is the monomial valuation
with weight (v(f1), v(f2)) with respect to (x, y), and we are finished since R € k[x, y] \ k[y]. Or
V(R(f1, f2)) > vo(R(x,y)) and there exists some integers si, so such that s;v(f;) = spv(f>) where
sp > s1 = 2. Using Theorem 4.17(iii) and the fact that s; > 2, we have thus

v(f2R(f1, f2)) < (s1 = Dv(f1) <v(f),
as required. O
We state the second corollary for which the constant % appears naturally.

Corollary 4.19. Let v € Vy be a valuation and let ( f1, f2) a properly resonant component with respect to
v such that v(f1) < v(f2). Then for any polynomial R € k[x, y]\ k[y], one has

v(fiR(f1, f2)) < 3v(fD).
Similarly,
V(R(f1, f2)) < 3v(f2) < Su(f).
Proof. Denote by vy : k[x,y] - R~ U {400} the monomial valuation with weight (v(f1), v(f2))

with respect to (x, y). Two cases appear, either v(R(f1, f2)) = vo(R(x, y)) and we are done since
V(fiR(f1, f2)) <2v(f1) as R € k[x, y]\ k[y] or v(R(f1, f2)) > vo(R(x, y)). In the latter case, consider
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two coprime integers s1, sp such that s;v( f1) = s2v(f2). Since v(f1) < v(f>) and the component (f1, f2)
is properly resonant, the inequality s, > s1 = 2 holds. Using Theorem 4.17(iii), we obtain

VARG ) < (313w,

Since s, > 3 and 51 > 2, we have 51 —s1/s2 = s51(1 — 1/52) = 2(1 — 1) = %. Since v(f1) <0, we get

VAR f2) < (31 2 ) < v ().

as required. The second inequality follows from a similar argument v( /o R(f1, f2)) < %v( fr) < ‘3—‘1)( 12).
O

Proof of Theorem 4.17. Let us denote by R =Y a;;x"y/. Consider the projection 7y, : © — A? induced
by the embedding of Q into A* composed with the projection onto A? of the form

Ty i (X, y,2,1) € Qk) = (x, ).

Choose an automorphism f such that f = (f1, f2, f3, fa) where f3, f1 € k[Q]. We denote by u the
valuation on k[x, y] given by u = myy_ fiv.

Observe that for any polynomial R € k[x, y], we have v(R(f1, f2)) = u(R(x, y)) and assertion (i)
follows directly from Proposition 4.13(i). Observe also that assertion (ii) follows immediately from the
fact that v( f;) and v( f>) are Q-independent.

Let us prove assertion (iii). We can suppose by symmetry that v(f1) < v(f2). Since the component
(f1, f») is properly resonant, there exists two coprime integers s1, s such that s;v(f1) = s2v(f2) and
such that s, > 571 > 2.

By Proposition 4.13 applied to u, there exists A € k™ such that the polynomial H = x*' — Ly*? satisfies

w(H (x, y)) =v(H(f1, f2)) > vo(H) = s1v(f1).

For any polynomial R € k[x, y], denote by R be the polynomial given by
R = Z a; jxi v/
ip(x)+jmn(y)=vo(R(x,y))

By construction, we have that there exists an integer n > 1 such that R e (H") \ (H ntly,
We shall use the following lemma (proved at the end of this section):

Lemma 4.20. Let R € k[x, y] such that H | R. Consider the integer n = max{k | H* divides R} > 1.
Then the following properties are satisfied:

(i) For any integer k < n, we have Bé‘(R) = 8515.

(ii) For any integer k < n, we have H" ¥ | a§§ but H”_kHJ(aé‘E.
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The above lemma implies that a§_1e = 8§R and that H" ¥ | 8§ R but H "—k+1+a§ R for any k < n. In
particular, H does not divide 85’13 and Proposition 4.13(ii) implies that

R85 R(x, ) = vo(35 R) = o (35 R).
The previous equation translates as
V(03 R)(f1, f2)) = vo(03 R)
and R satisfies the conditions of Lemma 4.12 (for the same integer ), which in turn asserts that
V(R(f1, f2)) < deg (R)v(f2) +nV(f1, f2).
Since H" | R, one has degy(R) > degy(E) = spn, we get
V(R(f1, f2)) <n(s2v(f2) + V(f1, f2)).

Asn > 1and V(fy, fo) < —v(f1) —v(f2) by Lemma 4.10, the above implies that

V(R(f1, f2)) < s2v(f2) —v(f1) —v(f2).

Since s1v(f1) = s2v(f2), we finally prove that
VR f2) < v()(s1 =1 i)

as required. O

Proof of Lemma 4.20. Consider a monomial valuation vy : k[x, y] — R™ U {400} with weight («, B) €
(R™*)? with respect to (x, y) and H = x*' — Ay*2 where s1, 55 are coprime integers such that sjo = s, 8.
Let us prove assertion (i) for k = 1. Fix R € k[x, y] and write R as

R = Z a,-jxiyj,
ij
where a;; € k. The partial derivative is given explicitly by

R = Z ja,-jxiyj_l.
i>0,j>1
Since H | R, one has R € k[x, y]\k[x] and vo(R) =vo(R). Take (i, j) such that ajj#Oandia+(j—1)B=
V(02 R). Thenioe + jB = v9(92R) + vo(y) < vo(R). Conversely, since H | R, there exists (i, j) such that
i+ jB =vo(R) where j > 1, hence we have that i + (j — 1) 8 > v9(d2 R). Hence, vp(dR) = vo(R) — 8
and R = % R.
Let us prove assertion (ii) for k = 1. We have that H" | R but H"t! 1 R, then we have

R=H"S,
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where S € k[x, y] is a homogeneous polynomial such that H{S. By definition,
R =ns;H" 'y27 1S+ H"9,S.

Hence H"~!|3,R. Suppose by contradiction that H" | 3, R, then this implies that H | y*>~1S which is
impossible since H does not divide S. We have thus proven that H"~! | 3, R but H"{3, R, as required.
An immediate induction on k < n proves assertion (i) and (ii). Il

5. Proof of Theorem 1 and Theorem 4

This section is devoted to the proof of Theorems 1 and 4. The proof of these two results are very similar
and rely on a lower bound of the degree of an automorphism f by (%)p where p is an integer that we
determine.

Let us explain our general strategy. Take an automorphism f ¢ Oj.

Step 1: We choose an appropriate valuation v.

We consider a geodesic line y in the complex joining [Id] and [ f]. Recall from Proposition 2.3
that the set of 1 x 1 squares containing [Id] is in bijection with the points on the hyperplane at infinity
H,, C Q C P*. Depending on which 1 x 1 square the geodesic y near the vertex [Id] is contained, we
choose accordingly a valuation v in V, centered on the corresponding point at infinity in Q.

Step 2 (see Section 5SA): We define an integer p according to the geometry of some geodesics in the
c:c)—rxlldex and according to the choice of the valuation v.

Recall that a path in the 1-skeleton of C induces a sequence of numbers obtained by evaluating the
valuation v on the consecutive vertices. The integer p is defined as the distance in a graph denoted C,
and encodes the shortest path in the 1-skeleton with minimal degree sequence.

Step 3: We prove that deg(f) > (%)p.

Consider the graph C, associated to v and denote by d, the distance in this graph. This step is the
content of the following theorem. Recall that the standard 2 x 2 square Sy is the square whose vertices
are [x], [y], [z] and [].

Theorem 5.1. Pick any valuation v € V) satisfying
max(2v(r), v(y) +v(1), v(z) +v(r)) < v(x) <min(v(y), v(z), v()). 27)

Consider any geodesic segment of C joining [1d] to a vertex v of type 1 which intersects an edge of the
square Sy, then the following assertions hold:

(1) We have
v(©) < (1" max ), v(), v(2), V().

(2) For any valuation v' € Vy satisfying (27), we have

dy([t], v) = dv([1], v).
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The proof of Theorem 5.1 basically proceeds by induction on the distance between [¢] and v in the
graph C,. The essential ingredient to bound below the degree inductively are the parachute inequalities
stated in Theorem 4.17. We explain in Section SB how to arrive to the situation where these inequalities
can be applied using the local geometry near the vertices of type I (i.e., the geometry of its link). We then
use these arguments to compute the degree or estimate the valuation v when one passes from one square
to another in each possible situation, this is done successively in Sections 5C, 5D, 5E and SF.

Once we conjugate appropriately to arrive to the situation of Theorem 5.1, we then deduce directly
both Theorem 1 and Theorem 4.

5A. The graph C, associated to a valuation and the orientation of certain edges of the complex. Fix a
valuation v € V. Given any automorphism f = (f1, f2, f3, f4) € Tame(Q), we remark that v(f;) does
not depend on the choice of representative of the class [ f;] so that v induces a function on the vertices of
type I of C.

We say that a vertex v € C of type 1 is v-minimal (resp. v-maximal) in a 2 x 2 square S if v(v) is
strictly smaller (resp. greater) than the value of the valuation v on every other vertices of type I of S.
Observe that for some valuations, two vertices of type I can have the same value on v, hence there can be
no v-minimal or v-maximal vertices.

We now define a graph C, associated to a valuation v € V as follows:

(1) The vertices are the vertices of C type L.

(2) One draws an edge between two vertices v; and v, of C’ if there exists a 2 x 2 square S centered at a
vertex of type III in C containing vy, v, such that the vertices v, v, belong to an edge of S or v; and
v are the v-minimal and v-maximal vertices of S respectively.

Observe that whenever there is no v-maximal or minimal vertex in a 2 x 2 square S centered at a point
of type III, then we only draw the four edges of the square S.
The graph C, is endowed with the distance d,, such that its the edges have length 1.

Lemma 5.2. The graph C, is a connected metric graph.

Proof. This follows from the fact that the 1-skeleton of C is connected and the fact that to any path
between type I vertices in the 1-skeleton of C, we can find an alternate path in the 1-skeleton of C with
the same endpoints and which takes only edges joining type I and II vertices. If one has a local path in
the skeleton passing successively to a type 11, then to a type III and then to a type II vertex in the same
1 x 1 square, then we replace by a path that goes through the vertex of type I within the same square. For
path that go through different squares, we use Lemma 2.16 and Lemma 2.15 to modify locally our path
so that it takes a corner of a 2 x 2 square centered at a type III vertex. U

Since we will exploit the properties of this function on the vertices of type I, we introduce the following
convention on the figures. Take an edge of length 2 between two type I vertices vy, vy, then we put an
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arrow pointing to vy if v(vy) < v(v1) as in the following following:
V1 O—}—O V2

Lemma 5.3. Let v : k[Q] — RU {400} be a valuation which is trivial over k* and such that v(x), v(y),
v(z), v(t) < 0. Let S be a 2 x 2 square of the complex C centered at a type 11l vertex. Suppose S has
a v-maximal vertex (resp. v-minimal), then there exists a v-minimal (resp. v-maximal) vertex and the

v-minimal and v-maximal vertices are at distance 2+/2 in C.

Let S be a 2 x 2 square centered at a vertex of type III which satisfies the conditions of Lemma 5.3.
and let ¢ be the associated isometry. Denote by [x], [y(], [z1] and [#{] the vertices of type I of the square
S where x1, y1, 21, 11 € k[Q] such that the vertex [x;] is v-minimal and [#;] is v-maximal in S. Then there
exists a unique isometry ¢ : S — [0, 2]% such that

¢([x1) =(2,2) and ¢([11]) =(0,0),

and such that the horizontal edges of S are given the geodesic segments between [x] and [y;], and
between [z;] and [#].
Using this convention, Lemma 5.3 implies that we are in the following situation:

(1] [x1]

[#1] [z1]

In particular, the subgraph of C’ containing the vertices of S looks as follows:

(1] [x1]

[#1] [z1]

Proof of Lemma 5.3. Let S be a 2 x 2 square satisfying the hypothesis of the Lemma. Denote [#;] the
v-maximal vertex of S. Denote also by [z1], [y1], [x1] the type I vertices of S such that the edges between
[#1] and [z;], between [#;] and [y;] are horizontal and vertical respectively.

Observe that v(x1), v(y1), v(z1), v(t;1) < 0 and that

v(xity —y1z1) =v(1) =0.
This implies that
v(xy) +v() = vy +v(z).
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In particular, v(¢;) > v(y;) implies that
v(xr) < v(zi).

By symmetry, we also prove that v(x1) < v(y;) and this implies that [x{] is the unique v-minimal vertex
of S, as required. O

Observe that for two distinct valuations vy, v2 € V), the graphs C,, and C,, are not in general equal.

Lemma 5.4. Fix any valuation v € Vy, and any two adjacent 2 x 2 squares S, S’ centered at a vertex of
type III. Suppose that v is a vertex in S NS’ which is v-minimal in S.

Then the unique vertex v' € S"\ S which belongs to an edge containing v is also v-minimal in S'.

One has the following:

v v
>

S S’

>

Proof of Lemma 5.4. Take x1, y1, z1, t1 € k[Q] such that v = [x1], [z1] € SN S" and [y1], [#1] € S are the
four distinct vertices of S. We claim that we are in the following situation:

(1] [x1] [v1 +x1P(x1,21)]
} o
S S’
} & o

[11] [z1] [t1 +z1P(x1, 21)]

where P € k[x, y]\ k. Indeed, recall that the tame group acts as g - [ f] = [f o g~']. In particular, if Sy is
the standard 2 x 2 square containing [x], [y], [z], [#] and [1d] and if f = (x{, y1, z1, t1), then S = f_1 - So.
Since S and S’ are adjacent along an two edges of type I, there exists an element e € Ey such that
S"=(f"'oeo f)-S. This proves that ' = (f~' oe) - S, and the vertex v’ is given by

vV =[yoe 'ofl,
as required.
Since v(x1) < v(y1) and since v(P(x, z1)) < 0, this implies that

v(y1 +x1 P(x1, 21)) = v(x1 P(x1, 21)) < v(x1).

Similarly, one has

v(t +z1P(x1, 21)) =v(z1 P(x1, 21)) < v(z1).
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Hence since the vertex [z;] is v-maximal, we have that v/ = [y; +x1 P (x1, z1)] is the v-minimal vertex in
S’ by Lemma 5.3, as required. g

The following proposition compares the distance d,, with the distance dc.

Proposition 5.5. The distance d, and the distance dc are equivalent, i.e., there exists a constant C > 0
such that for any vertices vy, vo € C of type 1, one has

1
Z—ﬁdc(vl, v2) < dy(v1, v2) < 2dc(v1, v2).

Proof. For each 2 x 2 square S centered at a vertex of type IIl in C, the restriction to SNC, of the distance
in C,, and the distance d¢ are bi-Lipschitz equivalent. More precisely, for any vy, v, € SNC,, the following
inequality holds:

de(vy, v2)

232

Hence, if we apply the previous inequality to a chain of points which belong successively to the same

< dy(vr, v2) < 2de(v1, v2).

square, we obtain the distance in C is equivalent to the distance d, and for any vertices vy, v, of type I in
C, we have
de(vy, v2)

24/2

as required. U

<d,(vi, v2) < 2de(vy, v2),

5B. Avoiding critical resonances. Fix a valuation v € V) and fix a 2 x 2 square S. Consider a vertex
[x1] of type I in S which is v-minimal in § where x| € k[Q] and denote by [z;] another vertex of type I
in S such that [x;] and [z1] belong to a vertical edge of the square S. For any square S’ which is adjacent
to S along the edge containing [x;] and [z], Lemma 5.4 implies that the function induced by v on the
vertices is as follows:

[(y1] [x1] [y1 +x1P(x1,z1)]

>

S S’

[11] [z1] 11 +z1P(x1, z1)]

where yi, t1, € k[Q] and P € k[x, y]\ k.
If P € k[y], then using the fact that v(x;) < v(y;) and v(x;) < v(z1) < v(t1), we have v(y; +
x1P(x1, z1)) = v(x1) +deg(P)v(z1) < (deg(P) + Dv(z1) and v(71 + 21 P(x1, z1)) = (deg(P) + Dv(z1).

This degenerate case can be formulated as follows. Take g € STame(Q) N Stab([z1]) such that g - § = 5,

S

Lemma 2.19 shows that g € A} ;.
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Otherwise, we can suppose that P € k[x, y]\ k[y]. The main observation is that when the component
(x1, z1) 1s not critically resonant with respect to v, then by Corollary 4.19, one has

v(x1 P(x1, z1)) = max(v(y; +x1 P(x1, 21), v(t1 + 21 P(x1, 21))) < Fv(20).

Following the discussion when P € k[y], we deduce that the previous inequality also holds regardless of
the condition P € k[y] or P € k[x, y]\ k[y].
Moreover, when P € k[x, y] \ k[y] the same argument combined with Corollary 4.18 yields

max(v(yr +x1 P(x1, z1), v(tn + 21 P(x1, 21))) < v(xp).
We have summarized the above argument in the following lemma.

Lemma 5.6. Fixv e Vyand S, S’ two adjacent 2 x 2 squares. Consider vy, v two vertices of the common
edge of these squares and suppose that vy is v-minimal in S. Suppose that the edge joining v| and v
corresponds to a component (f1, f>) which is not critically resonant. Then for any vertex v' € S’ distinct

from vy, vy, we have

v(v) < %v(vz).

Moreover, if g € Stab(vy) N STame(Q) such that g - S = S’ and g ¢ A3, then

v(v) < min(%v(vz), v(vy)).

When the component (x1, z1) in the previous figure is critically resonant, then the previous arguments
do not necessarily hold since we cannot apply Corollary 4.19.

Our key observation is that the previous inequality remains valid whenever there exists a square S;
adjacent to S along the edge containing [#;], [z1], such that its other edge containing [z;] is not critically
resonant and such that [#;] is v-maximal in S;. If we choose S; so that the squares Si, S, S are flat,
we arrive at the following situation where a blue edge means that the corresponding component is not
critically resonant and a red edge that the component is critically resonant:

P a— o[y +x1 P(x1, 21)]
S -~ S’

[t1] ) - o[ti +z1P(x1,z0)] =[1 +210(x], 21)]
S1 - S

[yi] oly] +x1Q(x], z1)]




Degree growth for tame automorphisms of an affine quadric threefold 57

where Q € k[x, y]\ k and where S” is a 2 x 2 square adjacent to S; and S’. We can thus apply the
previous argument to the square S; and S”’, we obtain

v(y] +x10(x1, 21)) < vt + 21 P(x1,21)) < v(z1)-
and furthermore
v(t1 + 21 P(x1, 21) = max(v(y} +x71 Q(x{, 21)), v(ty + 21 P(x1, 21))) < 3v(21).

In other words, we obtain that the vertex [z;] is v-maximal in §””, which implies that it is also v-maximal
in §’. Overall, the previous inequality with the v-maximality of [z;] in S’ finally yields

v(t1 421 P(x1, 21)) = max(v(t; + 21 P(x1, 21)), v(y1 +x1 P(x1, 21))) < 3v(21). (28)

In the rest of section, we keep the same convention on the colors of the edges.
The proposition below is the key ingredient in our proof and explains how one can find a square which
has an edge which is not critically resonant.

Proposition 5.7. Fix a valuation v € V. Let S be any 2 x 2 square having a unique v-minimal vertex,
and let | 1], [ f2] be any horizontal (resp. vertical) edge of S. Suppose that v(f1) < v(f3), that (f1, f2) is
critically resonant and that for any polynomial R € k[x]\ k, one has

v(fi = 2R(f2)) <v(f2).

Then there exists a square S| adjacent to S along the vertical (resp. horizontal) edge containing | f>]

which satisfies the following properties:

(1) For any square S, adjacent to S along the edge containing [ f11, [ f»], the squares Sy, S, S, are flat.
(ii) The horizontal (resp. vertical) edge in S| containing [ f,] is not critically resonant.

(iii) There exists an element g € Affz] such that g - S = S1.

Proof. Statement (i) and (iii) follow from Lemma 2.19(ii) and (i) respectively. Indeed pick any polynomial
R € k[x]\ k, and let Sg be the square containing [ f>], [ f1 — f2R(f2)] which is adjacent to S along the
vertical edge containing [ f>]. Since R depends on a single variable, it follows that for any square S,
adjacent to S along the edge containing [ fi], [ f2], the squares Sg, S,, S are flat.

We now prove (ii), and produce a polynomial R € k[x]\ k such that the component ( f5, f1 — f2R(f2))
is not critically resonant. Since the component ( f, f2) is critically resonant, there exists a constant A € k*
and an integer n > 1 such that

v(f1 = Af3)) > v(fi) =nv(f2).

Since v(f1) < v(f2), we getn > 2 so that Ry := ax™ e k[x] \ k.
If the component (f>, fi — f2R1(f>2)) is not critically resonant, then the square S| containing [ f3],
[f1 — f2R1(f>)] which is adjacent to S along the vertical edge containing [ f>] satisfies assertion (ii) and
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we are done. Otherwise, (f2, f1 — f2R1(f>)) is critically resonant. Observe that by assumption, we have

v(f1— f2R1(f2) <v(f2),

so that v(f1 — f2Ri(f2)) = nav(f2) for some ny > 2, and v(fi — f2R2(f2)) > nov(f2) for some
polynomial Ry € k[x] \ k of the form Ry(x) = Rj(x) + A xm—l Repeating this argument we get a
sequence of polynomials R; € k[x]\ k, and either (f>, f1 — f>2R;(f2)) is not critically resonant for some
index i; or (f>, f1 — foR;i(f2)) is critically resonant for all i. However in the latter case, the sequence
(v(f1 — f2R;i(f>)) is strictly increasing and (v(f; — f2R;(f>)) are all multiples of v( f;) which yields a
contradiction. The proof is complete. O

5C. Degree estimates between adjacent squares.

Theorem 5.8. Tuke a valuation v € V. Let v be any v-maximal vertex of a 2 x 2 square S and let S’ be
an adjacent square which does not contain v and let vy be the vertex in S N S" which is not v-minimal in S.
Suppose that the vertex v is also v-maximal in any square S adjacent to S along the edge joining v and v.

Then S’ admits a v-minimal vertex and for any vertex v' € S’ \ S, one has
1 4
(V') < 3v(v2).

Proof. Observe that Lemma 5.4 implies that S” has a unique v-minimal vertex. If the edge SN S’ is not
critically resonant, then Lemma 5.6 implies the conclusion of the theorem. Otherwise, the edge SN S’ is
critically resonant and we check that the squares S and S’ satisfy the hypothesis of Proposition 5.7.

Denote by [ fi] the v-minimal vertex in S and by [ fo] = v,. For any polynomial R € k[x] \ k, take
Sk to be the square containing [ fi — f>R(f>2)], [ f2] and v. By construction, the square Sy is adjacent
to S along an edge containing v, hence the vertex v is v-maximal in Sk and this implies that the vertex
[f1 — f2R(f2)] is v-minimal in Sg. In particular, we have proved that v(f; — f2R(f2)) < v(f2). By
Proposition 5.7, there exists two squares S, S5 such that the union SN S} U S U S/, forms a 4 x 4 square
centered along the vertex [v,] and such that the edge S| N S is not critically resonant. We thus arrive at
the following situation (with the same convention on colors as in the previous section):

v
[
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[y1] [x1]

S v

[#1] [z1]

Figure 6. The initial situation of Theorem 5.9.

In particular, by applying Lemma 5.4 to the square S| and S, we find that
V(') < 3v(v2),
for any vertex v’ € S\ S as required. O

5D. Degree estimates at a v-maximal vertex. In this section, we analyze the situation of two 2 x 2
squares adherent at a vertex of type /.

Recall from Section 2E that a pair of adherent squares (S, S) is contained in a spiral staircase around
v =8NS if there exists a sequence of squares So =S, ..., S, =S’ connecting S and §’, all containing v,
which are adjacent alternatively along vertical and horizontal edges and such that any three consecutive
squares S, Si+1, Si+2 are not flat for i < p — 2. When the intersection between Sy and S is a horizontal
(resp. vertical) edge, we say that the staircase is vertical (resp. horizontal).

Theorem 5.9. Fix a valuation v € V.
Consider three 2 x 2 squares S, Sy and S’ having a vertex [x1] of type 1 in common. We assume that
S and S| have a common horizontal edge [x1], [y1], and that the pair (S, S’) is contained in a vertical
spiral staircase containing S1. Denote by [z1] the vertex in S| which forms a vertical edge with [x1].
Assume that [x1] is v-maximal in S, that the component (x1, z1) is not critically resonant, that
v(z1) <v(yp) and v(zy) < (%)v()q). Then for any vertex v € S’ distinct from [x1], one has

v(v) < %v(xl).

Figure 6 summarizes the situation of Theorem 5.9 (with the convention of Section 5B on the color of
the edges).

We shall use repeatedly the following lemma, whose proof is given at the end of this section.

Recall from Section 2D the definition of the subgroup A? of the stabilizer of a vertex v of type I, where
S is a 2 x 2 square containing v.
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Lemma 5.10. Take three 2 x 2 squares Sy, Sz, S3 containing [x1] and which are adjacent alternatively
along vertical and horizontal edges. Suppose that S1, Sy and S3 are not flat. Then the following assertions
hold:

(i) Suppose that S| is a 2 x 2 square which is adjacent to Sy along Sy N Sy such that there exists an
element g € Agg]]for which g - S1 = S|. Then the squares S}, S», S3 are not flat.

(ii) For any 2 x 2 squares S|, S} such that Si, S, S|, S} are flat, the squares S|, S}, S3 are not flat.
Moreover, given any g1, g» € Stab([x1]) N STame(Q) such that g S1 = S{, and o8, = Sé, we have

N S
g1 €A and g2 € A[L

This lemma will allow us to consider alternative spiral staircase around the vertex [x]. We thus have
the following figures in each situation:

o o ° o] ° o)
. S5 FE
® ° & > o S| ® o — °
. o .
(] S ® S1 ® .0 ® S> s S °
[x1] - [x1]

¢ = - ° ) o ® o

° S3 ® ° S3 ®

® ° o 6 ® )

Proof of Theorem 5.9. Take a valuation v € )V and three squares S, S, S’ satisfying the conditions of the
theorem. By assumption, there exists an integer p > 2 and a sequence of adjacent squares S, ..., S,_1
such that So = S, 51, $2, ..., S, = S’ forms a vertical staircase.

We denote by [y1], [z1], [#1], [x1] and [Z'], [y'], [t] the vertices of S| and S’ respectively so that the
edges [x1], [y1] and [x1], [y'] are horizontal and the edges [x;], [z1] and [x1], ['] are vertical. We are
thus in the following situation:

[z']

(7]

[y1] [x1]

ST v

[11] [z1]
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Recall that S and S’ are connected by a vertical staircase S = S, S1, ..., Sp,—1, S, =5".
Lemma 5.11. The theorem holds whenever the edges S; N S; 1 are not critically resonant for all i > 1.

Lemma 5.12. For any vertex v such that [x1], v is an edge of S’', there exists a vertical staircase
S =39, 5’1, 5'2, R S‘q_l, S'q such that

T
. S'q and S’ are adjacent along the edge [x1], v;
o the edges S; N Si+ | are not critically resonant for all i > 1.

Take any vertex v of S’ such that [x;], v is an edge of §’. By Lemma 5.12 we get a sequence of squares
S; connecting S to S’q and satisfying the assumptions of Lemma 5.11. This proves v(v) < %v(xl) as
required. 0

Proof of Lemma 5.11. We prove by induction on i the following two properties:

(P1) For any vertex v # [x1] in S; \ Sp, one has v(v) < %v(xl).

(P2) Let vy # [x;] be the unique vertex which is contained in the edge S; N S;_; and let v, be the other
vertex in S; which belongs to an edge containing [x;]. Then one has v(v;) < v(vy).

Observe that (P;) and (P,) are satisfied when i = 1 by our standing assumption on Sj.

Let us prove the induction step. For all i, denote by #; the unique vertex of S; which does not lie in
Si—1U S;i41; by y; the vertex in S; N S;_ distinct from x;. We also write z; for the vertex in S; NS4
distinct from x; (so that y; | = z;). We thus have the following picture:

[1] [2/]

o[ti+l]

il Di+x PG, z)]

[#i-1] [zi—1]

By our induction hypothesis, we have
v(zi) <v(yi) <vxp).
Observe that y; 1| is given by
Yi+1 =Yi +x1P(x1, z).

for some polynomial P € k[x, y]. Since the squares (S;_1, S;, S;+1) is not flat, Lemma 2.19(i) and
Lemma 2.17 imply that P ¢ k[x].
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Since the component (x1, z;) is not critically resonant, Corollary 4.18 applied to f; = z; and f>, = x;
implies
V(1 P(x1, 2i)) < v(zi) <min(3v(x1), (),
where the second inequality follows from the induction hypothesis v(z;) < %v(xl), hence
V(yit1) = v(yi +x1 P(x1,2)) = v(x P(xy, 2;)) < min(3v(x1), v(z)).

This proves that [x;] is v-maximal in S;1, hence [#;41] is v-minimal in S;; by Lemma 5.3 and assertion

(P1) and (P,) hold for i 4 1, as required. O
Proof of Lemma 5.12. We show that for any vertex v such that [x;], v is an edge of §’, there exists a
vertical staircase S = Sy, 5‘1, 5'2, .S p—1s S » around [x](of exactly same length) such that:

¢ 51 =S

. S’p and S’ are adjacent along the edge [x;], v, and there exists an element g € Af);l] for which
g S'q =5

« The edges S; N ;. are not critically resonant for all i > 1.

We construct a sequence of spiral staircase S(gk) =S, ka), ey Sl(,k) of length p indexed by k as follows.
We pick an initial spiral staircase S(()]) =S, Sl(l) =35,..., S},l) = §" around [x;] of length p joining §
and S’. Observe that the edge S{l) N Sél) is not critically resonant by our assumption and the sequence
(S(l))igz defines a spiral staircase that satisfies the conclusion of the lemma.

Our aim is to construct (Sl-(k))ig p inductively so that the conclusion of the lemma holds for (Sl.(k)),-ng
for all k < p.

For k = 1, there is nothing to prove since [x1], [z1] is not critically resonant by our standing assumption.

For k > 1, assume that (Sl-(k))ig p is constructed. If the edge S ,Ek) N S,Eljr) | is not critically resonant, then
we set Sl.(kH) = S,.(k) for all i. Otherwise, it is critically resonant and we will replace the two squares
s®. S,E]fgl and keep all the other squares.

Denote by [zx] and v’ the vertices in S,Ek) distinct from x; and lying in §” and Sp_l respectively. Using
the property P2 from the proof of Lemma 5.11, we have v(zx) < v(v") < v(x}), and we have the following
picture:

®
&
<
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We claim that
v(zkr —x1R(x1)) < v(xy),

for any polynomial R € k[x]\ k. Taking this claim for granted we conclude the proof of the lemma. By

(k+1)
Sk

Proposition 5.7, we may find a square adjacent to S,ik) along the edge containing [x;], v’ whose

edges containing [x;] are not critically resonant and such that the triple S 28 S,EHI), ,EI_?I is flat. Let

S,ikﬁl) be the 2 x 2 square completing the 4 x 4 square containing S,ik), S,EkH), S,ilfgl.

Since the squares S,Ek_)l, S,Ek) and S ,El;)l are not flat, Lemma 5.10(ii) implies that the triple S,Ek_)l, S,EkH)
and S,EI:II) is also not flat, so that the sequence (ka), Sék), R S,Eli)l, S,Ekﬂ), S,Ek;{l)) is a spiral staircase
such that any edge lying in two consecutive squares is not critically resonant.

Let us set Sl.(kH) = Sl.(k) for all i #k, k+ 1. We now show that (S{H]), R S,(,k+1)) defines a spiral
staircase. Observe that S,Ek), S,E]jr)l, S,Ekﬂ) , S,EI:EU are flat, since S,Ek), S,E]jr)l, S,Eljr)z are not flat, assertion (i)
of Lemma 5.10 implies that S,EkH), S,EI:I), nggz = S,Elf:;l) are not flat. This shows that (Sl(kH), R Sl(,kH))

defines a spiral staircase, as required.

We now prove our claim. Fix a polynomial R € k[x] \ k, and consider the square Sg containing
[x1], [zk —x1R(x1)] and v'. Since x R(x) € k[x], the squares Sg, S,Ek) and S,EI_?] are flat by Lemma 2.19(ii).
We thus have the following picture:

[zk —x1 R(x1)]
0 ° 0 ° )
° ©
‘ [z«] ‘ ;
(k) Fooll) g
S T S ¢
. e :
v E ‘ @ 1)
(k)
Sk—1

(k)
By Lemma 2.19, there exists an element g € Aéﬁl] such that g - S,ik) = Sg. By Lemma 5.10(i) the triple

S,Ek_)z, S,Ek_)l, Sk are not flat since S,Ek_)z, Slgk_)l, S,Ek) are not flat. We have thus proven that the sequence
(S, Sy, Sék), R S,Eli)l, Sk) is contained in a spiral staircase for which any edge lying in two consecutive

squares is not critically resonant. By Lemma 5.11 the vertex [x;] is v-maximal in Sg, hence
v(zk — X1 R(x1)) < v(x1),
as required. U

Proof of Lemma 5.10. By transitivity of the action of STame(Q) on the 2 x 2 squares, we can suppose
that S, is the standard 2 x 2 square containing [x], [¢], [y], [z] and that S; and S5 are adjacent along the
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vertical and horizontal edge containing [x] respectively. Take g;, g3 € Stab([x]) N STame(Q) such that
g1-52 =S5 and g35, = Ss.

Let us prove assertion (i). Since Si, S2, S3 are not flat, Lemma 2.17 implies that g;, g3 ¢ A[Sj]. Observe
that gg; - S, = S and g3-S, =53 where gog; ¢ Aifj, hence the squares Si, S>, S3 are also not flat by
Lemma 2.17.

Let us prove assertion (ii). We assume S is the standard square and that [x] = [x{].

Consider g € Stab([x]) N STame(Q) such that g - S; = S,. Note that g; - §; = 57, g2- 52 = S;. Assume
by contradiction that g| ¢ A[S;]. Since the squares S, S, S, are flat, Lemma 2.17 implies that g € AS !
However, Lemma 2.17 applied to Sy, Sz, S3 together with the fact that g~ le A x] shows that S, 7, S3
are flat, we have thus obtained a contradiction. We have thus shown that g; € A [x] and a similar argument
also gives g, € A[x]

Let us prove that S7, Sé, S5 are not flat, consider the element g3 € Stab([x]) N STame(Q) such that

835> =53. Assume by contradiction that S, S}, S3 are ﬂat We have 18~ g2 -1 Sé =S and g3¢, -1 Sé =53
SO Lemma 2 17 shows that one of the element 818~ g2 , 83 g2 belongs to A 2 . Since g3 ¢ A[x], SO
838, ¢ A[ |- We deduce that glg_1 e A[x], thus g1~ ' € A |- However ggi1g™ le A[x] since g1 € A
and we get that g € A[x] which contradlcts the fact that Sy, S2, S3 are not flat. D

SE. Degree at a nonextremal vertex.

Theorem 5.13. Take a valuation v € Vy. Consider two 2 x 2 adherent squares S and S’ at a vertex of type
I given by [x1] with x1 € kK[ Q] such that the pair (S, S’) is contained in a vertical spiral staircase. Assume
[y1] is the v-minimal vertex in S distinct from [x1] which belongs to the horizontal edge containing [x1]
and that the edge containing [x1], [y1] is not critically resonant. Then for any vertex v distinct from [x]
in S’ one has

v(v) < %v(xl).

One has the following picture:

[)’1] [Xl]

[l "]

Remark 5.14. By symmetry, observe that the same assertion holds if [z;] is v-minimal in S and the pair
(S, §') is contained in a horizontal spiral staircase.
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Proof. Consider two squares S, S” and the vertices [x;], [y1] € S satisfying the conditions of the Theorem.
By definition, there exists an integer p and p adjacent squares Sp = S, ..., S, = S’ containing [x;]
connecting S and S’.

Since Sp = § and S are adjacent, the vertex [x;] is v-maximal in S; by Lemma 5.4.

Denote by [z;] the vertex in S; such that the vertices [x;] and [z;] are contained in the vertical edge of
S1 so that we are in the following situation:

[z1]
S1 S’
[y1] 4 = o
4 g

Fix any polynomial R € k[x]\ k. Consider Sk the square containing [x1], [y;] and [z; — x; R(x1)]. By
Lemma 2.19, the squares S;, Sg, S, are flat. Take S g the 2 x2 square completing the 4 x4 square containing
S1, Sr, S>. Lemma 5.10(ii) implies that S, Sg, S r are not flat since S, S, S, are not flat. Moreover, the
fact that S, S| belong to a spiral staircase shows that any element g € Stab([x;]) N STame(Q) such that
g - S = S cannot belong to A[il] by Lemma 2.17. Because S N Sk is the noncritically resonant edge
containing [x1], [y1], Lemma 5.4 applied to S and S gives

v(z1 —x1R(x1)) < v(x1).

By Proposition 5.7, there exists a square S| adjacent to S along [x;], [y] such that the squares S}, Si, S>
are flat and such that the vertical edge in S| containing [x1] is not critically resonant. Consider the square
S’ completing the 4 x 4 square containing S}, S, S>. By construction, the edge S| N S} is not critically
resonant. Observe also that Lemma 5.6 implies that for any vertex v € S| distinct from [x{] and [y;], one
has

v(v) < max(v(y1), %v(xl)).

Suppose that p > 3, then the triple (S, S}, ') satisfies the assumptions of Theorem 5.9 by considering
the spiral staircase (S, S}, S5, S3, ..., S") and we conclude that for any vertex v distinct from [x;] in S':

v(v) < %v(xl).

We have thus proven the theorem.
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Suppose that p =2 and the squares S" and S are adjacent. We are thus in the following situation:

o ° ) o)
R / s} :
- e - Q
. [z1] .
S _ S/ ®

oV

_,
=
e
V N
°

where v is the unique vertex in S’ distinct from [x;] which belongs to the horizontal edge containing [x;].
By Theorem 5.9, [x;] is v-maximal in Sé, hence it is also v-maximal in S” and v(v) < %v(xl). Observe
also that Lemma 5.6 implies that

v(z1) < dv(ap).
This proves that for any v € S’ distinct from [x;], one has

(V) < Fv(xD),
by Lemma 5.4 and the theorem holds. 0
5F. Degree estimates at a v-minimal vertex.

Theorem 5.15. Consider any valuation v € Vy. Let S and S’ be two adherent 2 x 2 squares intersecting

at a vertex v which is v-minimal in S. Then the following holds:

(1) The vertex v is the v-maximal vertex of S'.

(ii) If v’ is a vertex in S’ which does not belong to any square adjacent to S, then we have
v(v') < %v(v)

Remark 5.16. Suppose that the vertex v € S’ belongs to a square adjacent to S, then we will apply the
estimates in Theorem 5.8 instead.

Proof. Let us prove assertions (i) and (ii).
Suppose first that § and S’ belong to a 4 x 4 squares containing S, S’, S; and S, as in the figure below.
Since S, S; and S, S, are adjacent along an edge containing v, Lemma 5.4 implies that we are in the
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following situation:

[z1 +x1R(x1, y1)] /

[LT.1

1

[y1] - b o[y +xP(x1.21)]

w2 wn

where v = [x1], [y1], [z1], [f1] € S and P, R € k[x, y] \ k. Observe that v is v-maximal in S’ and we
have proved assertion (i). Since the squares S, Sy, S are flat, Lemma 2.19 and Lemma 2.17 imply that
P € k[x]\ k or R € k[x]\ k. Suppose that P € k[x] \ k, then we have (3)v(x1) > v(yi +x1 P(x1)) =
(deg(P) + 1)v(x;) > v(v') proving (ii) as required.

Suppose next that (S, S) is contained in a spiral staircase. Choose a sequence of squares Sy =
S,..., S, =8 of squares containing v and connecting S and S’ such that each triple of consecutive
squares is not flat. By symmetry, we can suppose that Sy and S are adjacent along a horizontal edge
containing v. Observe that Lemma 5.4 applied to S, S; implies that the edge S; NS, contains the v-minimal
vertex in Sj.

If the edge S N S, is not critically resonant, then the pair (S, ') is contained in a horizontal staircase
so that one has the following picture:

U3

L]

1

By Theorem 5.13, the vertex v is v-maximal in S’ and one has v(v') < (%)v(v) for all v/ # v in §'.
We have thus proved assertion (i) and (ii).

We now suppose that the edge S; N S, is critically resonant. Denote by [ f1] the v-minimal vertex in S
and by v = [ f»]. Fix any polynomial R € k[x]\ k and take Sk the square containing [ f; — L R(f2)], [ f2]
and the edge SN Sp. Lemma 2.19(ii) implies that the squares Sy, Sg, S, are flat. Take S the 2 x 2 square
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completing the 4 x 4 square containing Sy, Sg, S2. Since the squares S, Si, S, are not flat, Lemma 5.10
implies that S, Sg, % are also not flat. In particular, the squares S and Sy intersect along an edge
containing v, Lemma 5.4 implies that

v(f1 — [2R(f2)) < v(f2).

By Proposition 5.7 applied to the edge [ f1], [ f2], we can find a square S| adjacent to S along SN S; and
g € A, such that g - §; = S| and such that the vertical edge containing v in S} is not critically resonant.
By Lemma 2.17, the squares Sy, S, S are flat. Take S/ the 2 x 2 square completing the 4 x 4 square
containing S, S», Si. As the three squares S, Sy, S, are not flat, Lemma 5.10 implies that the squares
S, S|, S} are also not flat.

If p > 3, then the pair (S], S,) is contained in a horizontal spiral staircase (S}, S5, S3, ..., S,) and the
edge S| NS, is not critically resonant. Hence, by Theorem 5.13, the vertex v is v-maximal in S” and for
any vertex v’ distinct from v in §’, one has

v(v) < %v(v),

proving (i) and (ii) as required.

Suppose that p = 2 so that S, = §’. Observe that S} and S’ are adjacent along a horizontal edge
containing v. By Lemma 5.6 applied to S}, S, v is v-maximal in S}, it is also v-maximal on the edge
S5 N S’. Since v is v-maximal on the vertical edge S; N S’, we have thus proven that v is v-maximal in S’
and assertion (i) holds. Take v, the vertex contained in S’ N S} distinct from v. Since the edge S} N S} is
not critically resonant, Lemma 5.6 implies that v(v,) < %v(v). Hence, for any vertex v’ € S’ not contained
in the same band as S, one has v(v') < (%)v(v) proving (ii) as required. Il

5G. Proof of Theorem 5.1. Take S the standard square containing [x], [y], [z], [¢]. Fix a valuation
v € Vy such that

max(2v(t), v(y) +v(t), v(z) + v(t)) < v(x) < min(v(y), v(z), v(1)).

Pick any vertex v of type I such that the geodesic segment in C joining [Id] to v intersects an edge of the
standard square. Choose any geodesic segment y : [0, n] — C, joining [¢] to v such that the sequence
(v(y(i)))o<i<n is maximal for the lexicographic order in R"*! among all geodesic segments joining [¢]
to v. Pick any sequence S’o, el 3,,_1 of 2 x 2 squares such that y (i), y(i+1) € S‘i foralli <n—1. We
claim that the following properties hold:

(A) The vertex y (i) is the unique v-maximal vertex in S',- forall0<i<n-—1.
(B) We have v(y (i +1)) < 3v(y (i) forall 1 <i <n—1.

(C) For any other valuation v’ € V) satisfying (27), the vertex y (i) is also v’-maximal in S',- for all

O0<i<n-—1.

Observe first that these properties (A), (B) and (C) imply Theorem 5.1(1) and (2).
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Observe the slight discrepancy in the indices between (A), (C) and (B). We do not claim that v(y (1)) <
%v([t]) in general. This claim is however sufficient to imply Theorem 5.1(1) and (2).

Observe that assertion (C) implies that d,([¢], v) > d,/([t], v) and we conclude by symmetry that
d,([t], v) =d, ([t], v) for any other valuation v’ € V, satisfying (27). This proves assertion 2 of the theorem.

We shall prove the claim by induction on n > 1. Fix another valuation v' € V) satisfying (27).

Suppose n = 1. There is only one square Sy containing [¢] and v (it may not be the standard square).

Since n = 1, we only need to prove assertions (A) and (C).

Lemma 5.17. Take any 2 x 2 square S adjacent to the standard square Sy along an edge containing [t].
Then the vertex [t] is v-maximal in S.

Moreover, denote by v the vertex in S N Sy distinct from [t] in S and by v, the vertex distinct from v,
for which the vertices [t], vy form an edge of S. Then one has v(v;) < v(vy).

Grant this lemma. If So = So, then (A) and (C) automatically hold. If 50 and Sy are adjacent along an
edge containing [¢] Lemma 5.17 implies assertions (A) and (C) immediately. Suppose now that Sy and S,
are adherent at [¢]. If the squares Sy and Sy are flat, then Lemma 5.17 applied to the two squares adjacent
to both Sy and S‘o again implies that [z] is also v-maximal and v’-maximal in So

Otherwise (S, So) are contained in a spiral staircase. Take an integer p > 2 and a sequence of squares

So, Si, R = S() connecting Sy to So such that each three consecutive squares are not flat. We claim that
we can choose some squares Sy, S5 such that Sp, S{, S, S5, ..., So is a spiral staircase and such that SN

S7 is not critically resonant. If the edge S} NS} is not critically resonant, then we set S7 = S/, and S = S].

Otherwise, S{NS} is critically resonant. Take [ f;] the vertex distinct from [] of the edge S;NS}. Denote
by [ f2] the vertex in S N S’ distinct from [¢]. By Lemma 5.17, one has v(f1) < v(¢) and v(f}) < v(fz).
Take any polynomial R € k[x] \ k, denote by Sg the square containing [ f; — tR(¢)], [¢], [ f2]-
construction, Sk is adjacent to Sp and Lemma 5.17 implies that v(f; —tR(¢)) < v(¢). By Proposition 5. 7
we can find a square S| = g - S| with g € A[I] such that S, S{, S} are flat and the edge containing [¢] in
S| distinct from Sp N S is not critically resonant. Take S} the 2 x 2 square completing the 4 x 4 square
containing 7, 57, S

If p >3, the triple Sy, S, S5 is not flat by Lemma 5.10(ii), hence Sp, S}, S5 are also not flat. The squares
(So, S, So) thus satisfy the conditions of Theorem 5.9, and [¢] is v-maximal in So. If p =2, then S, = So
and by Theorem 5.9 applied to (So, S7, S7), the vertex [¢] is v-maximal in §}. Since S} and So are adjacent
along an edge containing [¢] and [¢] is also v-maximal in S}, it is also v-maximal in So. proving assertion
(A) as required. Observe that the same argument also applies for v’ € V), hence assertion (C) also holds.

We have thus proven the claim for n = 1.

Let us suppose that the claim is true for n > 1. We shall prove it for n 4+ 1. Choose any geodesic
y 1[0, n 4+ 1] — C, joining [¢] to a vertex v for which the sequence (v(y (i)))o<i<n is maximal. Denote
by v; = y (i). Take any sequence of squares S’o, e S‘n for which v;, vy € S‘,-.

By our induction hypothesis applied to the vertex v,, the sequence So, ..., S, satisfy assertions (A),
(B) and (C).
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Suppose first that S,_1 and S, are adjacent or equal. Observe that assertion (A) implies that v = yj, 4+
cannot belong to the square S,_;, otherwise it would contradict the fact that y is a geodesic in C, (recall
that in this graph we draw an edge joining the v-maximal to the v-minimal vertex). This implies that
S,—1 and S, are adjacent along an edge containing the v-minimal vertex in S,—1. Lemma 5.4 shows that
the vertex in S,,_l N S,, which is not v-minimal in Sn_l is v-maximal in Sn. By the maximality of the
sequence (v(y(i)))o<i<n the vertex v, cannot be v-minimal in S'n, 1, hence is v-maximal in S‘n, proving

assertion (A). The following figure summarizes the situation:

>

Since v,_; is also v'-maximal in S‘n_ 1, the vertex v, is also v'-maximal in S‘n by Lemma 5.4. We have
thus proven assertion (C).

Let us check that S‘n,l satisfies the condition of Theorem 5.8. Take another square S adjacent to S‘n,l
containing v,_1, v,. Observe that the sequence S‘o, R S’n_g, S satisfies the conditions of the theorem and
contains v, which is at distance n. We apply our induction hypothesis to the vertex v, and to the sequence
of squares S’o, e S‘,,_z, S. Assertion (A) implies that the vertex v,_; is v-maximal in S , as required.

We may thus apply Theorem 5.8 to the band S,_1US, which yields v(v,41) < %v(vn), proving (B),
as required.

Suppose that the squares 5',1_1, S"n are adherent and flat. If v,, v,—; form an edge of 5‘,,_1, then we
can find a band of two squares containing v,_1, v,, v,+1, Which corresponds to the previous situation.
Otherwise (v, v,—1) is not an edge of S’n_l, and since v,_; is v-maximal and v’-maximal in S‘,,_l by
assertions (A) and (C), the vertex v, is v-minimal and v’-minimal in S,_1. Observe that the vertex Unt1
cannot belong to a band containing v,,, v, since we have chosen a geodesic y for which the sequence
(v(y(i)))o<i<n i1s maximal. We thus arrive at the following situation:

Un+1
® ° G ° ©
® ° S‘n °
T
A < A
S —1 [
& 3 d ° )

Up—1
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By Theorem 5.15(i) and (ii) applied to S’n, 1 and S’n, the vertex v, is v-maximal and v’-maximal in S‘n
(hence (A), (C) hold), and one has v(v,+1) < %v(vn), and assertion (B) holds.

Suppose that the squares S,_1, S, are contained in a spiral staircase.

Let us suppose first that the vertices v,_1, v, do not belong to the same edge of S‘n_l. By assertions
(A) and (C) applied to v,_1, the vertex v,_1 is v-maximal and v’-maximal in S,_1, hence v, is v-minimal
and v'-minimal in 5',1,1. We thus have the following:

In particular, by Theorem 5.15(i) applied to the squares S,_, S, implies that v, is v-maximal and v’'-
maximal in § , proving (A) and (C). Observe that v,;| cannot belong to a band containing v,_1, v, since
we have chosen the geodesic such that v(y (7)) is maximal. In particular, Theorem 5.15(ii) implies that

4
V(Un+1) < 30(Vn),

proving (B) as required.

Let us suppose that the vertices v,_1, v, belong to an edge of S‘n_l. Since the argument are similar for
horizontal edges, we can suppose that the edge joining v,_1, v, is vertical, and the pair (Su_1. Sp) belongs
to a vertical spiral staircase. Indeed, if (S’n_l, S’n) belongs to a horizontal spiral staircase, then we can
choose a square S',’T_l adjacent to S,_; along the edge containing v,_1, v, which belongs to the horizontal

staircase (S,_1, S .., Sy). We can thus replace S,_; by S‘;hl and the squares (5‘;71, S,) belong to a

n—1°"
vertical spiral staircase or S‘;_] and S, are adjacent. The later case have been treated previously.

Write by v, = [f>] and let [ f] be the vertex distinct from v, in S‘n_l which belongs to the horizontal
edge containing v,. If (f1, f2) is not critically resonant, then we can directly apply Theorem 5.13, the

vertex v, is v-maximal and v’-maximal in S, and
4
V(War1) < 2o(),

proving (A), (B) and (C) as required.
Assume now that (f1, f») is critically resonant. We shall replace the square St by an adjacent square
S’ along the edge joining v, and v,_; such that the horizontal edge in S’ containing v, is not critically

resonant.
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For any polynomial R € k[x]\ k, denote by Sk the 2 x 2 containing [ 2], [ f1 — f2R(f2)], vh,—1. We

thus have the following:

@ L Q
® S, ®
[f1] [f2]
L O
Spo1 ™ [f1 — f2R(f2)]
Sr
Un—1
Using our induction hypothesis for the vertex v, and to the sequence of squares So, . . ., S,_», Sk, assertions

(A) and (C) imply that the vertex v,_1 is v-maximal and v’-maximal in Sg, hence v(fi — 2 R(f2)) < v(f2)
and Vv'(f1 — f2R(f2)) <V/'(f2). By Proposition 5.7, we can find a square S’ containing v,_1, v, for which
the horizontal edge containing v, is not critically resonant and such that there exists g € A,, such that
g-5= S'n_l. By Lemma 5.10, since (S‘n_l, S',,) is contained in a vertical spiral staircase, this implies
that the pair (5, S‘,,) is also contained in a vertical spiral staircase. Since v, is neither v-maximal nor
v-minimal in §’, the pair (', S’n) satisfies the conditions of Theorem 5.13.

One has the following:

@ \ 4 ©
° S‘n ®
[fé] Un
L 4 29
Sh—] -~
Y%
Up—1

Observe that the same argument applies for v" and we can find another square S” adjacent to St along
U,, Un—1 such that S”, S‘,,_l is contained in a vertical spiral staircase and such that the horizontal edge
in §” containing v, is not critically resonant for v’. By Theorem 5.13, the vertex v, is v-maximal and
v'-maximal in S’n and v(v,41) < (%)v(vn), proving (A), (B) and (C) as required.

We have thus proven that our induction step is valid, and the theorem is proved.
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Proof of Lemma 5.17 . Fix a valuation v € V) satisfying (27) and take a square S adjacent to Sy along an
edge containing [¢].

Observe that the edge S N Sy is either vertical or horizontal. Since the proof is similar for both cases,
we can suppose that SN Sy is vertical so that S and Sy intersect along the edge containing [y], [¢]. Remark
that in this case, we have vy = [y] and v; is the vertex distinct from [¢] which belongs to the horizontal
edge in S containing [¢].

We are thus in the following situation:

[x+yP(y,1)] v = [y] [x]

vy =[z+1tP(y,1)] [7] [z]

where P € k[x, y]\ k.
Since v(P(y,t)) < min(v(y), v(t)) because P is nonconstant and v is a quasimonomial valuation, and
since (27) implies that 2v(¢) < v(z) and v(y) +v(t) < v(z), we get

v(rP(y, 1) <v(2),

hence v(z +¢P(y,t)) < v(z) and the vertex [¢] is v-maximal in S. Because v is monomial satisfying
(27), we also have

v(z+1P(y, 1) <v(y),

hence v(v2) < v(vy), as required. Il

SH. Proof of Theorem 1. Consider a tame automorphism f € Tame(Q). Since the complex C is CAT(0)
and since the action of f is an isometry and a morphism of complex, the action of f on the complex
either fixes a vertex or a geodesic line. In the first case, f is elliptic and by Theorem 3.3, the sequences
(deg(f™)), (deg(f~")) are either both bounded, both linear or satisfy

Cld" < deg(f*) < cd",

where C > 0 and d € N.

We are thus reduced to prove the theorem in the case where f induces an action which fixes a geodesic
line y : R — C. Take an hyperbolic automorphism f and a geodesic line y : R — C fixed by f. Denote
by So the standard 2 x 2 square containing [x], [y], [z] and [¢]. Since for any tame automorphism
h € Tame(Q), there exists a constant C > 0 such that

1 deg(/")
C " deg(h~'fnh) ~
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by taking an appropriate conjugate of f, we can suppose that y starts in Sp and intersects an edge of Sp.
Consider the geodesic segment y, joining [Id] and [x o f~"]. By construction, y, intersects an edge of
the standard square Sy as y starts in Sp.

Fix any valuation v such that (27) is satisfied. There are infinitely many valuations in Vj satisfying (27)
arbitrarily close to — deg. Indeed, consider the sequence of weight o; = (—1, —14+2/i, —145/i, —1+7/i),
then by Proposition 4.2, there exists a sequence of valuations v; with weight o; on (x, y, z, t) which
converges to — deg.

All assumptions of Theorem 5.1 are then satisfied and we get

(7D = viGro £ < () I max (), vi (), vi (), vi ().

Observe that v; tends to — deg, moreover, assertion (2) of Theorem 5.1 implies that the distance

dy, ([t], [x o f7"]) are all equal for all i which implies
_ dy([t],[xo f "] —1

for a given valuation v satisfying (27).

We now prove that the sequence (d,, ([¢], [x o f~"])), grows at least linearly. Indeed since the invariant
geodesic y passes through Sy, then it passes through all the squares f* - Sy for all i < n. We claim that all
the squares f'Sy are distinct, so there are at least n squares. Indeed each iterate f'Sy is a 2 x 2 square
containing a piece of the invariant geodesic and the type III vertex in fS, are all distinct otherwise f
would be in Oy.

Consider a geodesic segment y1, in C, joining [¢] and [x o f~"] and a shortest path y», in C, contained
in a sequence of squares containing the geodesic y between these two vertices. The path yy,, y», are
all in C, which contains the 1-skeleton of C. The image of those path in C are both at bounded distance
(for the distance d¢) from the geodesic y,, joining [¢] and [x o f"] in C. For y», this is because y», goes
through the squares that contain y,,. For yy,, this is because yy, is a geodesic path in (C,, d,), which is
quasiisometric to (C, d¢). In particular, the farthest point in between y, and y,, are apart by a finite
number M of squares, which only depends on the distance d¢ (y1,, y2,). We get

[(y2n) 2 L(y1n) — M.

Since the path y», goes through at least the n distinct squares f'Sy for i < n, the length of y», in C, is
larger or equal than n, hence
dy([t], [xo f" ) Z2n—M.
Hence
deg(f ™ =C(3)",

where C > 0. Since the argument is similar for deg( f"), we have thus proven that

min(deg(f"), deg(f ™)) > C(%)"
where C > 0.
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51. Proof of Theorem 4. Take f € Tame(Q). Consider y the geodesic in C joining vy = [Id] to [x o f].
Since the stabilizer of [Id] is the group O4 by Proposition 2.7 and since the group O4 acts transitively on
the 1 x 1 squares containing vg = [Id] by Proposition 2.3, we can suppose that the geodesic y intersects
an edge of type I containing [x] of the 1 x 1 square containing [x], [Id], [z, x] and [x, y]. In particular,
the geodesic y intersects an edge of the standard square Sp.

We have proved that the vertex v = [x o f] satisfies the conditions of Theorem 5.1, and by considering
a sequence of valuations v, € V) converging to — deg satisfying (27), we have

vp(xo f) < (‘3—‘)d"”([t]’[xof])_1 max(vy(y), vp(2), vp(x), v,y (1)).

By Proposition 5.5, we have, for all integer p,
%@dc(vl, v2) < dy, (v1, v2).

for any vertices vy, vy of type L. Since d¢([t], [x o £1) = de([1d], [ f]) — 2+/2, we thus obtain, after taking
the limit as p — +o00,

logdeg(f) = Cdc([£1], [1d) — C’,

where C' =2 log(%) and C = log(;—‘)/(Zﬁ) as required.

6. Application to random walks on the tame group

In this section, we consider a random walk on the tame group and its associated degree sequence. After
recalling some general facts on random walks on groups (Section 6A), we then discuss when the degree
exponents of a random walk are well-defined and their properties (Section 6B). We then classify in
Section 6C the finitely generated subgroup of Tame(Q). Finally we prove Theorem 5, which asserts that
the degree exponent of a symmetric random walk on a finitely generated group G is strictly positive if
and only if it contains two noncommuting automorphisms with dynamical degree strictly larger than 1
generating a free group of rank 2.

6A. General facts on random walks on groups. Let G be a finitely generated subgroup of the tame
group and let u be an atomic probability measure on G. The (left) random walk on G with respect
to the measure u is the Markov chain whose initial distribution is the Dirac mass at Id with transition
matrix p(g, g') = u({g’g~"'}) forall g, g’ € G. We denote by Q@ = (GN", u®V") the product probability
space which encodes the successive increments of the random walk on G with respect to the measure p.
Consider an element s = (s1, ..., S, ...) € Q, set go(s) = Id and

gn(s) = SuSp—1--- 51,

for all n > 1. The image P of the map s € Q — (Id, g1(s), ..., gu(s),...) € GV is called the path
space and an element of P is a path in the group G. We naturally endow P with the probability measure
P defined on the o-algebra of cylinders as the pushforward of the product measure on 2 by the map
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s € Q> (gi(s));. More explicitly, consider the probability measure v, of the projection of P onto the
(n+1)-th component g, then v, is equal to the n-fold convolution ©*" * 84 so that for all g € G, one has

umg) =P =g = > []ne».

S1yes8n =1
SpS1=&

Fix a reference vertex vg = [Id] in the complex C. Since the tame group acts on the complex, a path
in the group (Id, g1, ..., g, - ..) induces an element in CcNx given by (vo, g1 -V, - -+, &n - Vo, . ..). The
sequence (vg, g1 - Vo, - - -, &n * Vo, - . . ) is called a path in the complex.

6B. Degree exponents of a random walk. Let G be a finitely generated subgroup of the tame group and
let « be an atomic probability measure on G. We shall define in this section the degree exponents of a
random walk with respect to the measure . To do so, the measure p must satisfy a finiteness condition
on its first moment

f log(deg(g)) du(g) < +o0. (29)
geG
Let us define the two degree exponents A (i), Aa(i) by

i 1 ) 1 _
A1(p) :=limsup — / log(deg(g)) dva(g), and Ax(u):=limsup — f log(deg(g™")) dva(g).
8eG geG

n—+00 n——+00

where v, is the probability measure of g,,.
The following proposition proves that these quantities are finite and give a few basic properties of
these numbers.

Proposition 6.1. Take G a countably generated subgroup of the tame group and p an atomic probability
measure on G satisfying condition (29). Then the following properties are satisfied:

(1) The degree exponents Li(), () are finite and are equal to

1 1
mo = tin_ > [ lopee(@ndu o). and rago = tim [ logptdeete™ ) dv (o)
geG n n JgeG

n—>+oon —+00

(ii) The following inequality holds

(iii) Consider o : G — G the inverse map, then lo (1) = A1 (04 [L).

(iv) The degree exponents are invariant by conjugation, i.e., for any h € Tame(Q), we have
Ai(Conj(h), ) = Ai(w),

where Conj(h) : Tame(Q) — Tame(Q) denotes the conjugation by h in G.
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Proof. Let us first prove (i). Since g is an automorphism on a threefold, we have deg,(g) = degl(g_l)
and the Khovanski-Teissier inequalities imply deg,(g)* > deg,(g) = deg,(g!); see e.g., [Dang 2020]
for a precise definition of the k-degree. We obtain a finiteness condition on the inverse

/ . log(deg(g~")du(g) < 2f log(deg(g)) du(g) < +o0.
ge

geG

Since the function deg is submultiplicative, the random variables
s € 2+ log(deg(gn(5)))

form a subadditive sequence. The previous equation shows that the average of log(deg(g;(-))) is finite
and we can apply Kingman’s subadditivity theorem [Kingman 1973, Theorem 1] which implies that the
limits
lim ! / logdeg(g) dv,(g) and dv,(g),
G

n—-+oon

exist and are finite. This proves assertion (i).
Assertion (ii) follows from the fact that deg(g)2 = deg(g_l) for all g € Tame(Q). To prove assertion
(ii1), observe that for all (s, ..., s,,...) € 2, we have

sTlsT!

—1 -1
" n—l.'.sl :(SISZ"'S}’Z) .

In particular, we obtain

1 1
lim —/10g(deg((S1Sz---sn)_l)))d;L@”= lim —f10g(deg(snsn_1---S1))d0*u®"-
Q n— Q

n—4+oon oo n
Since the right hand side of the equality is equal to A; (o) and the left hand side to A, (), we have thus
proven (iii).
Finally, let us prove assertion (iv). Fix & € Tame(Q), recall that there exists a constant C (k) > 0 such
that for all g € Tame(Q), we have

deg(g)
C(h)

The last inequality directly implies that A; (Conj(h).u) = A;(u) for alli =1, 2 and all 4 € Tame(Q). I

< deg(hgh™") < C(h) deg().

6C. Classification of finitely generated subgroups. In this section, we give a classification of the finitely
generated subgroups of the tame group. To that end, we recall the terminology due to Gromov [1987] on
subgroups of isometries of a hyperbolic space.

Fix a Gromov hyperbolic space X and a group G acting on it by isometry. The action of G on X
is called elementary if it does not contain two hyperbolic isometries whose action do not fix the same
geodesic line. We call the action of G on X elliptic if it globally fixes a point in X and we shall say that
the action of G is lineal if there exists an elliptic subgroup H of G, a geodesic line y on X invariant by
G, pointwise fixed by H on which the quotient G/H acts faithfully by translation.
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In our case, any element of the tame group induces an isometry of the complex. We will also need to
distinguish among the subgroups which fix a vertex in the complex, more particularly when the fixed
vertex is of type I. Remark that a subgroup G of the tame group which fixes a vertex of type I is conjugated
to a subgroup of Stab([x]) and recall that we have constructed in Section 2D a natural action from the
stabilizer subgroup Stab([x]) on a subtree of the Bass—Serre tree. We have the following classification.

Theorem 6.2. Let G be a finitely generated subgroup of the tame group. Then one of the following

situation occurs:.

(1) The action of G on the complex is nonelementary.

(ii) There exists an automorphism h in G whose action in the complex is hyperbolic and such that any
automorphism f € G can be decomposed into f = goh? where p is an integer and where g belongs to

a subgroup H. Moreover, the subgroup H is conjugated in Tame(Q) fo a subgroup of O4 or to one of

ax by "
Ep {(b_lz a—lz) }a,bek }

(iii) The group G is conjugated to a subgroup of the linear group Og.
(iv) There exists a G-equivariant morphism ¢ : Q — A2 \ {(0, 0)} where G acts on A2 \ {(0, 0)} linearly.

(v) The group G contains two noncommuting automorphisms with dynamical degree larger or equal
than 2 and there exists a G-equivariant morphism ¢ : Q — Al where G acts on A! by multiplication.
(vi) The group G contains an automorphism h with L1(h) > 2 and there exists a G-equivariant morphism
¢:Q — Al onwhich G acts on A! by multiplication and an isomorphism ¢~ (A" {0}) ~ A\ {0} x A?
such that any automorphisms f € G can be decomposed into g o h? where p is an integer and g is
of the form
g:(x,y,2) e AT\ {0} x A? > (ax, by, cz) € A\ {0} x AZ,

where a, b, ¢ € k*.

(vii) There exists a G-equivariant morphism ¢ : Q — A where G acts on A! by multiplication and any
automorphism of G has dynamical degree 1.

Proof. Figure 7 gives a tree summarizing how our proof proceeds where each end of the tree corresponds
to a conclusion of the previous theorem. Denote by 7 the associated Bass—Serre tree constructed in
Section 2C.

Theorem 6.3. Let G be a finitely generated subgroup of the tame group whose action on the complex

C is elementary. The following possibilities occur:

(1) The action of G on the complex is elliptic, i.e., G fixes globally a vertex in the complex.

(ii) The action of G is lineal on the complex, i.e., there exists an elliptic subgroup H of G, a geodesic line
y on C invariant by G pointwise fixed by H on which the quotient G/ H acts faithfully by translation.
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nonelementary in C elliptic in T nonelementary in 7 lineal in T

T ]

conjugated to a subgroup of Stab([x])

G —— elliptic in C —— conjugated to a subgroup of Stab([x, y])

\

lineal in C conjugated to a subgroup of Oy

Figure 7. Outline scheme of the proof of Theorem 6.2.

Moreover, the subgroup H is conjugated in Tame(Q) fo a subgroup of Oy or to one of

ax by
Epy % {(b_lz a_]t) }a,bek*}.

Assume that the above theorem holds, we prove that our classification holds. If G is lineal on the
complex, then assertion (ii) in Theorem 6.3 implies that there exists an hyperbolic automorphism 4 € G
such that any f € G can be decomposed into f = g o h” where p is an integer and g € H. This falls
into situation (ii) of the theorem.

Let us extend the case (i) of Theorem 6.3. Take a group G whose action fixes a vertex of type III, then
it is naturally conjugated to a subgroup of O by Proposition 2.5 and assertion (iii) holds. If G fixes a
vertex of type II in the complex, then by Proposition 2.6, G satisfies assertion (iv) of the Theorem.

Suppose now that G fixes a vertex of type I then G is conjugated to a subgroup of Stab([x]) by
transitivity of the action on the vertices of type I (Proposition 2.7(ii)). In this situation, recall that we
have constructed in Section 2D a natural action from the stabilizer subgroup Stab([x]) on a subtree of
the Bass—Serre tree, in particular, there exists a G-equivariant morphism ¢ : Q — A! where the action
of G on A! is multiplicative. In the case where the group G fixes a vertex of type I, its action on the
corresponding subtree of the Bass—Serre tree is either nonelementary or elementary. If the action of
G is nonelementary on the subtree, then equivalently G contains two noncommuting morphisms with
dynamical degree larger or equal to two and G satisfies assertion (v) in our classification.

Suppose that the action of G on the corresponding subtree of the Bass—Serre tree is elementary. Let us
fix an isomorphism ¢ ' (A1\ {0}) ~ A\ {0} x A%. Since G induces an action on A which is multiplicative,
the open subset ¢! (A \ {0}) is preserved by each element of G. Assume that G contains only elliptic
elements on the subtree. We reproduce some standard arguments for groups acting on trees. Since G is
finitely generated, write G = (g1, . . ., g») Where g; are the generators of G. Since G is elliptic, any product
gig; 1s elliptic, hence admits a fixed point on 7 k(). By [Serre 1977, Proposition 26 page 89], the group G
has a global fixed point in 7 x(x). Conjugating by an element in Stab([x]), we can suppose the fixed point
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in T k(x) 1s either [z] or [y, z]. In the first case, this implies that G C E and G C A in the second, where
A, E are the groups defined in assertion (v) of Proposition 2.10. This shows that assertion (vii) holds.
Otherwise, the action of G on the subtree is lineal. In particular, there exists an automorphism z € G
whose action on the subtree is hyperbolic such that any f € G can be decomposed into f = g o h” where
p is an integer and where g is an automorphism whose action on the subtree is elliptic and fixes pointwise
the geodesic line on the subtree fixed by 4.
We have thus proved that assertion (vi) holds. O

Proof of Theorem 6.3. Take G a finitely generated subgroup of the tame group. By [Ballmann and
Swiatkowski 1999, Theorem 2], the subgroup G’ must satisfy one of the following three cases:

(a) The group G’ is elliptic.

(b) There exists an integer 2 > k > 1, an elliptic subgroup H C G and a subspace E C C which is
isometric to a k-dimensional euclidean space, is pointwise fixed by H and on which the group G/H
acts as a cocompact lattice of translation.

(c) Every automorphism of G is elliptic and there exists a geodesic half-line and a sequence of vertices
vy, on this half-line for which the subgroups G, = G N Stab(v,,) form an increasing filtration which
satisfy G = UG,,.

Since the complex C is Gromov hyperbolic, it cannot contain any euclidean plane. As a result, the
case k = 2 in (b) is excluded. The remaining possibility is when k = 1 and there exists a geodesic
line E globally invariant by G in the complex, a subgroup H of G fixing E pointwise such that G/H
acts faithfully transitive by translation on E. Remark also that (c) cannot hold. Indeed, if there was an
increasing sequence of subgroups G, whose union is G, then the each generator would belong to a certain
subgroup. Since G is finitely generated, this would mean that G = G,, for a certain n, which contradicts
our assumption.

To prove that (ii) holds amounts in proving that in case (b) the elliptic subgroup H is conjugated to a
subgroup of O4 or to a subgroup of

ax by "
Eyg % {(b_lz a_1t> ‘a,bek }

Since H fixes, pointwise, a geodesic line E, we can choose a sequence v, of distinct vertices near E all
fixed by H lying on a quasigeodesic line. Consider y, a geodesic path in the 1-skeleton of C joining v,
and v,4;. Since the group G fixes the type of vertices and the endpoint of y,, the geodesic y, must be
fixed pointwise. If one of the geodesic y,, contains a vertex of type III, then G is conjugated to a subgroup
of O, and statement (ii) is proved.

Assume now that the geodesics y,, contain only type I and II vertices. We prove that (ii) also holds. For
simplicity, we can assume that vy, v, vz pointwise fixed by G are consecutive vertices on a geodesic line
of the 1-skeleton of C. Assume also that vy, v, are of type I and that v; is of type II. Conjugating with
an element of Tame(Q), we can assume that vy = [z], v| = [x, z] and v, = [x]. Since G fixes [x], [x, z]
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and [z], it implies by Proposition 2.6(iii) that G is conjugated to a subgroup of

ax by "
Epy % {(b—lz a‘lt) ‘a,bek }

proving (ii) as required. 0

6D. Proof of Theorem 5 and Corollary 6. Take G a finitely generated subgroup of the tame group and
take 1 a symmetric atomic measure on G whose support generates G and such that

/Glog(deg(g)) dp(g) < +oo.

We denote by g, the state of our random walk at the time n. Observe that since u is symmetric,
Proposition 6.1(iii) implies that Ay (u) = A1 ().

Let us explain how we proceed to prove our result. By Theorem 6.2, the group G satisfies one of the
following conditions:

(1) The action of G on the complex is nonelementary in C.

(ii) There exists an automorphism % in G whose action in the complex is hyperbolic and such that any
automorphism f € G can be decomposed into f = g o h” where p is an integer and where g belongs
to a subgroup H.
Moreover, the subgroup H is conjugated in Tame(Q) to a subgroup of O4 or to one of

ax by
Ey » {(b_lz a_lt) |a.b ek*}.

(iii) The group G is conjugated to a subgroup of the linear group Oj.
(iv) There exists a G-equivariant morphism ¢ : Q — A2\ {(0, 0)} where G acts on A%\ {(0, 0)} linearly.

(v) The group G contains two noncommuting automorphisms with dynamical degree larger or equal to
2 and there exists a G-equivariant morphism ¢ : Q — A! where G acts on A!' by multiplication.

(vi) The group G contains an automorphism % with A1 (k) > 2 and there exists a G-equivariant morphism
¢: Q — Al on which G acts on A! by multiplication and an isomorphism ¢! (A1\ {0}) ~ A\ {0} x A?
such that any automorphisms f € G can be decomposed into g o #” where p is an integer and g is
of the form

g:(x,y,2) € AN\ {0} x A% > (ax, by, cz) € A\ {0} x A2,

where a, b, ¢ € k*.

(vii) There exists a G-equivariant morphism ¢ : Q — A! where G acts on A! by multiplication and any
automorphism of G has dynamical degree 1.

Denote by A = A1 (i) = Ao (). We shall prove successively the following implications: (i) = (A > 0),
V)= (A > 0), ((41), (iv) or (vi)) = (A = 0), ((iii) or (vii)) = (A = 0). If all the above implications hold,
then both Theorem 5 and Corollary 6 hold.
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The essential ingredient to compute the degree exponents in situation (i) and (v) is the following result.
Suppose that G acts on a Gromov-hyperbolic space (X, d) and fix a reference vertex xg in X, then a random
path (Id, g1, ..., &n, .. .) in the group G induces a random path in X given by (xg, g1-X0, - - ., &n X0, - - - ).
The following theorem is due to Maher and Tiozzo [2018, Theorem 1.2].

Theorem 6.4. Let G be a nonelementary countable subgroup of the tame group and let ;@ be an atomic
measure on G whose support generates G and such that the integral

fG d(g - vo, vo) d(g)

is finite. Then there exists a constant L > 0 such that for almost every sample path in the group, one has

. d(gn - vo, Vo)
im —2

n—+00 n

L.

We will apply this result for X = C and X =7 in situation (i) and (v) respectively.
Let us prove the implication (i) = (A > 0). Suppose that G is nonelementary in C. By Theorem 4,
there exists C, C’ > 0 such that for any g € G

log(deg(g)) > Cdc([1d], g - [1d]) log(5) + C". (30)
In particular, the previous inequality and (29) imply that
ClOg(é)/dc([Id], g-d)du(g)+C’ <f log(deg(g)) du(g) < +oo.
G

As G is nonelementary, Theorem 6.4 states that there exists a constant L > 0 such that for almost

every sample path
de([1d], g - (1d]) _

lim inf L. 3D
n——+00o n
Moreover, by Theorem 4, the following inequality holds:
log deg(ga) > Cdc([1d], g, - [1d]) log(3) + C., (32)

where C, C’ > 0. As a result, (31) and (32) imply that

logdeg(g,) . C (o
ETEEY > 2 de(11d), gu - (1) log (2) + —
n n n
hence taking the limit as n — 400 yields
A > CLlog(%) >0,

and we have proved that A > 0, as required. The implication (i) = (A > 0) holds.

Let us prove the implication (v) = (A > 0). Suppose that G satisfies condition (v). By conjugation,
we can suppose that G is a subgroup of Stab([x]). We first relate the distance in the tree 7 x(r) With the
degree. Recall from Proposition 2.10(v) that the group Stab([x]) is the amalgamated product E % A. Any
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element g which is neither conjugated to an element of E or A can be decomposed by an alternating
product:

g=ejoajoeyoay---o0ap_10¢€p

where ¢; € E\ A, a; ¢ A\ E. This decomposition reflects the length of the geodesic joining [Id] = [y, z]
and g[Id] in the sense that

Note that when g is elementary or affine, then the above inequality is also true, so we obtain that it holds
for any g € G. Using the proof of assertion (vi) of Lemma 3.6 (more precisely (14)), we have

k
deg(l_[i = 1¥¢; oa,-) >[4 =2
i=1

where d; are the degree in y of the polynomials defining e;.
In particular, using the fact that G contains two noncommuting hyperbolic isometries on 7y x(r) and
Theorem 6.4, we obtain similarly that

1 1 L
—f logdeg(g) dva(g) = —/ dr(g-[1d], [Id]) dva(g) =
nJg 2n G 2

as n — +oo where L > 0 is the drift of the associated to the random walk on the tree 7. We have thus
proven that A > 0 and the implication (v) = (A > 0) holds.

Let us prove that the implication ((ii) or (vi)) = (A = 0) holds. Since the proof of the two implications
(i) = (A = 0) and (vi) = (A = 0) are very similar, we will only give the proof of (ii) = (A = 0).
Suppose that there exists an hyperbolic automorphism 4 € G such that any automorphism f € G can be
decomposed into f = u(f) o h?/) where p(f) is an integer and u(f) belongs to H. We thus have

1 1
- / log deg(g) dv,(g) = — / log deg(u(g) o hP®) dv,(g).
nJg nJg
By the submultiplicativity of the degree, we have
deg(u(g) o h?'¥) < C deg(u(g)) deg(h”®)

where C > 0. In particular, we obtain

1 C 1 1
— / logdeg(g) dv,(g) < — + — / log(deg(u(g))) dva(g) + — / logdeg(h”®) dv,(g).  (34)
nJg n n Jg nJg

Since the map p : G — Z is a morphism of groups, the random walk on G induces a random walk on Z
with transition given by the distribution p,u. As the measure p,u is also symmetric, the law of large
numbers implies that

1
- f log deg(h?®) dv,(g) — 0,
nJjg
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as n — +o00. Observe also that there exists a constant M > 0 such that deg(u(g)) < M forall g € G. In
particular, the integral

1
- / logdeg(u(g)) dv,(g) — 0,
nJjc

as n — +o00. Since each term on the right hand side of (34) tends to zero, we have thus proven that

1
A= lim —/logdeg(g)dvn(g)zO
G

n——4oo n

and the implication (ii) = (A = 0) holds.

Let us prove that the implication ((iii), (iv) or (vii)) = (A = 0) holds. Observe that if G satisfies
assertion (iii) or (iv) or (vi) then the degree of any element of G is uniformly bounded, hence the degree
exponent is zero. We have thus proved the implication ((iii), (iv) or (vii)) = (A = 0).
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