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We prove various explicit formulas concerning p-rank of p-coverings of pointed semistable curves over
discrete valuation rings. In particular, we obtain a full generalization of Raynaud’s formula for p-rank
of fibers over nonmarked smooth closed points in the case of arbitrary closed points. As an application,
for abelian p-coverings, we give an affirmative answer to an open problem concerning boundedness of
p-rank asked by Saidi more than twenty years ago.
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Introduction

Let R be a complete discrete valuation ring with algebraically closed residue field k of characteristic
p>0and S def Spec R. Write K for the quotient field of R,  : Spec K — S for the generic point of S,
and s : Speck — S for the closed point of S. Let 2" = (X, Dx) be a pointed semistable curve of genus
gx over S. Here, X denotes the underlying semistable curve of 2", and Dy denotes the finite (ordered)
set of marked points of 2°. Write 2; = (X, Dx,) and Z; = (X;, Dx,) for the generic fiber and the
special fiber of 27, respectively. Moreover, we suppose that 2, is a smooth pointed stable curve over 7,
i.e., Dy satisfies [Knudsen 1983, Definition 1.1(iv)].
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0A. Raynaud’s formula for p-rank of nonfinite fibers.

0A1l. Let G be a finite group, and let %; = (Y;, Dy,) be a smooth pointed stable curve over 1 and
f o+ %, — %, amorphism of pointed stable curves over . Suppose that f, is a Galois covering whose
Galois group is isomorphic to G, that fn_l (Dx,) = Dy,, and that the branch locus of f, is contained
in Dy, . By replacing S by a finite extension of S (i.e., the spectrum of the normalization of R in a finite
extension of K), f, extends to a G-pointed semistable covering

f:%={,Dy) > %

over S (see Definition 1.5 and Proposition 1.6). We write #; = (Y, Dy,) for the special fiber of # and
fs : % — Z; for the morphism of pointed semistable curves over s induced by f.

Suppose that the order of G is prime to p. Then f; is a finite, generically étale morphism [SGA 1
1971; Vidal 2001]. On the other hand, suppose that p | #G. Then the situation is quite different from that
in the case of prime-to-p coverings. The geometry of % is very complicated and the morphism f; is not
generically étale and, moreover, is not finite in general. This kind of phenomenon is called “resolution of
nonsingularities” [Tamagawa 2004b] which has many important applications in the theory of arithmetic
fundamental groups and anabelian geometry, e.g., [Mochizuki 1996; Lepage 2013; Pop and Stix 2017;
Stix 2002].

0A2. M. Raynaud [1990] investigated the geometry of reduction of étale p-group schemes over 2, (i.e.,
G is a p-group), and proved an explicit formula for the p-rank (see Section 1B3 for the definition of
p-rank) of nonfinite fibers of f;. More precisely, we have the following famous result which is the main
theorem of Raynaud.

Theorem 0.1 [Raynaud 1990, Théorémes 1 et 2]. Let G be a finite p-group, and let f : % — X be
a G-pointed semistable covering over S and x a closed point of Z5. Suppose that x is a nonmarked
smooth point (i.e., x & X‘;ing U Dy, , where X;ing denote the singular locus of X;) of Zs. Then we have the
following formula for the p-rank of f~(x):

o(f~'(x) =0.

In particular, suppose that % is a smooth pointed stable curve (i.e., X is stable and Dx = &) over S. As

a direct consequence of the above formula, the following statements hold:
(1) The Jacobian of %, has potentially good reduction.
(i1) The dual semigraph (Section 1B2) of %; is a tree (Section 1A3).
(iii) The slopes of the crystalline cohomology of connected components of vertical fibers of f are in (0, 1).
Remark 0.1.1. If x is not a nonmarked smooth point of 25, o (f ~1(x)) is not equal to 0 in general. For

instance, if x is a singular point of 2, the dual semigraph of f~!(x) is no longer to be a tree even the
simplest case where G = Z/pZ.
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On the other hand, if G is not a p-group, the p-rank of irreducible components of %; cannot be
calculated explicitly in general (see Remark 1.4.1).

0B. Main result. We maintain the notation introduced in Section OA. In the present paper, we give a full
generalization of Raynaud’s formula. Namely, we will prove various formulas for o (f~!(x)) where x is
an arbitrary closed point of Z;. Note that if f ~1(x) is finite, then o (f "' (x)) =0 by the definition of
p-rank. Moreover, since f is a Galois covering, to calculate o (f~'(x)) = 0, we only need to calculate
the p-rank of a connected component of f ~I(x). Thus, to calculate o (£~ (x)), we may assume that
f~Y(x) is nonfinite and connected.

0B1. Our main result is the following formulas for o ( f ~1(x)) in terms of the orders of inertia subgroups
of irreducible components of f ~I(x) which depend only on the action of G on f ~I(x) (in the introduction,
we do not give the list of definitions of the notation appeared in the main theorem, see Theorems 3.4
and 3.9 for more precise forms):

Theorem 0.2. Let G be a finite p-group, and let f : % — Z be a G-pointed semistable covering over S
and x an arbitrary closed point of Z;. Suppose that f~'(x) is nonfinite and connected. Then we have
(see Section 3B3 for I' g, , Section 3A5 for #1,,, #1,, and Section 1A1 for v(I's,), e(v), eCI(FgX))

o(f"on=Y (1—#G/#1v+ Z(#G/#Ie)(#le/#lv—l)>+ Y #G/#L - ).

vev(l'ey) ece(v) ece?(Tgy)

Moreover, suppose that x is a singular point of Zs. Then we have a simpler form as follows:

o(fl@)= ) #GHI— > H#GHT+1,
#IeZ(x) #JeJ(x)
where Z(x) and J (x) are the sets of minimal and maximal orders of inertia subgroups associated to x
and f (see Definition 3.5(b)), respectively.

0B2. If x is a nonmarked smooth closed point of 25, Raynaud’s formula (i.e., Theorem 0.1) can be
deduced by the first formula of Theorem 0.2 (see Section 3B7). If x is a singular closed point of Zj,
the p-rank o (f ~I(x)) had been studied by M. Saidi [1998a; 1998b] under the assumption where G is a
cyclic p-group, and his result can be deduced by the second formula of Theorem 0.2 (see Corollary 3.11).
Moreover, as an application, in Section 4 of the present paper, by applying the “moreover” part of
Theorem 0.2, we give an affirmative answer to an open problem posed by Saidi (Section 4A) when G is
an abelian p-group (see Theorem 4.3).

On the other hand, our approach to proving the formulas for o (£ ~!(x)) is completely different from that
of Raynaud and Saidi (Saidi’s method is close to the method of Raynaud), and we calculate o ( f “1(x))
by introducing a kind of new object which we call semigraphs with p-rank (Section 2). Moreover, our
method can be used not only for calculating the p-rank of a fiber f~!(x) of a closed point x, but also for
calculating the p-rank o (%) of the special fiber %; of % (see Theorem 3.2 for a formula for o (%;)).
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0C. Strategy of proof. We briefly explain the method of proving Theorem 0.2.

0C1. We maintain the notation introduced in Section OB. To calculate the p-rank o (f~!(x)) of f~!(x),
we need to calculate (i) the p-rank of the normalizations of irreducible components of f~!(x), and
(i) the Betti number y, 1A3 of the dual semigraph I', 1B2 of f~!(x). By using the general theory of
semistable curves, (i) can be obtained by using the Deuring—Shafarevich formula (Proposition 1.4).

The major difficulty is (ii). In the cases treated by Raynaud and Saidi, the geometry of the fiber f~!(x)
is well-managed (in fact, I', is a tree when x is a nonmarked smooth point). On the other hand, in the
general case (i.e., x is an arbitrary closed point and G is an arbitrary p-group), the geometry of f~!(x)
is very complicated, and its dual semigraph is far from being tree-like.

0C2. The author observed that we can “avoid” to compute directly the Betti number y, of ', if f~!(x)
admits a good “deformation” such that the decomposition groups of irreducible components of the
deformation are G, and that o (£~ (x)) is equal to the p-rank of the deformation. However, in general,
such deformations do not exist in the theory of algebraic geometry (i.e., we cannot find such deformations
in moduli spaces of curves, see Remark 2.4.1).

To overcome this difficulty, we introduce the so-called semigraphs with p-rank (Section 2), and define
p-rank, coverings, and G-coverings for semigraphs with p-rank. Moreover, we can deform semigraphs
with p-rank in a natural way, and prove that the deformations do not change the p-rank of semigraphs
with p-rank (Proposition 2.6). Then we may obtain an explicit formula for the p-rank of G-coverings
of semigraphs with p-rank (Theorem 2.7). Furthermore, by using the theory of semistable curves, we
construct semigraphs with p-rank (Section 3) from G-pointed semistable coverings (in particular, we
construct a semigraph with p-rank from f~!(x)). Together with some precise analysis of inertia groups
(Section 1) of singular points and irreducible components of G-pointed semistable coverings, we obtain
Theorem 0.2.

OD. Structure of the present paper. The present paper is organized as follows. In Section 1, we
introduce some notation concerning semigraphs, pointed semistable curves, and pointed semistable
coverings. Moreover, we prove some results concerning inertia subgroups of singular points and irreducible
components of pointed semistable coverings. In Section 2, we introduce semigraphs with p-rank, and study
the p-rank of G-coverings of semigraphs with p-rank. In Section 3, we construct various G-coverings
of semigraphs with p-rank from G-pointed semistable coverings. Moreover, by applying the results
obtained in Section 2, we obtain various formulas for p-rank concerning G-pointed semistable coverings.
In Section 4, we study bounds of p-rank of vertical fibers of G-pointed semistable coverings by using
formulas obtained in Section 3.

1. Pointed semistable coverings

In this section, we introduce pointed semistable coverings of pointed semistable curves over discrete
valuation rings.
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1A. Semigraphs. We begin with some general remarks concerning semigraphs; see also [Mochizuki
2006, Section 1].

1A1. A semigraph G consists of the following data:

(i) A set v(G) whose elements we refer to as vertices.

(i1) A set e(G) whose elements we refer to as edges. Moreover, any element e € e(G) is a set of cardinality
2 satisfying the following property: for each e # ¢’ € e(G), we have eNe’ = @.

(iii) A set of maps {{f}eee(@) such that QB :e — v(G) U {v(G)} is a map from the set ¢ to the set
v(G) U {v(G)}, and that #((¢®) ' ({v(G)})) € {0, 1}, where #(—) denotes the cardinality of ().

Let e € e(G) be an edge of G. We shall refer to an element b € e as a branch of the edge e. We
shall call that e € e(G) is closed (resp. open) if #((;‘f)*l({v(G)})) =0 (resp. #(({f)*l({v(G)})) =1).
Moreover, write e!(G) for the set of closed edges of G and ¢°P(G) for the set of open edges of G. Note
that we have ¢(G) = ¢°'(G) U e (G).

Let v € v(G) be a vertex of G. Write b(v) for the set of branches Ueee(@)(gef@)_l(v), e(v) for the set
of edges which abut to v, and v(e) for the set of vertices which are abutted by e. Note that we have
#(v(e)) < 2. We shall call a closed edge e € ¢°(G) loop if #v(e) =1 (i.e., #(¢Z(e)) = 1). Moreover, we
use the notation e'P(v) to denote the set of loops which abut to v.

Example 1.1. Let us give an example of semigraph to explain the above definitions. We use the notation

*” and “o with a line segment” to denote a vertex and an open edge, respectively.
Let G be a semigraph as follows:

Then we have v(G) = {v1. 12}, e(G) = {e1, €2, €3, €4}, €(G) = {e1, €2, €3}, eP(G) = {es}, {5 (e1) =
£ (e2) = {1, v}, £ 2 (e3) = {1}, and {Z (e4) = {v2, {v(G)}}. Moreover, we have e'P(G) = e'P(v)) = {e3},

v(ey) = v(ez) = {vy, v2}, v(ez) = {v1}, v(es) = {v2}, e(v)) = {e1, e2, €3}, and e(vy) = {ey, €2, e4}.

1A2. Let G be a semigraph. We shall call G’ a subsemigraph of G if G’ is a semigraph satisfying the
following conditions:

(1) v(G') (resp. e(G")) is a subset of v(G) (resp. e(G)).

(i) If e € ?(G'), then ¢& (e) o tE(e).

(ifi) If e = {by, by} € e°P(G') such that z&(by) € v(G') and £&(by) & v(G'), then £& (by) E £E(b) and

28 (b)) & (v(G)).
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Moreover, we define a semigraph G \ G’ as follows:

(i) v(G\G) Ev(G)\v(G).

(i) e(G\G)E (e € e(G) | v(e) Cv(G\G) in G).

(i) eP(G\G)E (e € e(G)|v(e) Nv(G) # 2 in G and v(e) Nv(G\G') £ & in G}
Ule € eP(G) | v(e) Nv(G\G') # @ in G}.
(iv) For each e = {b;}ic(1.2) € (G \ G') Ue®P(G \ G'), we put
G\ () & {;;Gaa» if ¢ (bi) ¢ v(6) and £ (b) # (v(B)),
{v(G\G')} otherwise.

e

Example 1.2. We give some examples to explain the above definition. Let G be the semigraph of
Example 1.1 and G’ be a subsemigraph as follows:

1.
G" e v

Moreover, the semigraph G \ G is the following:

G\G":

Remark 1.2.1. We explain the motivation of the constructions of G’ and G\ G'. Let 2" = (X, Dx) be a
pointed semistable curve (Section 1B1) over an algebraically closed field such that the dual semigraph I" -
(Section 1B1) is equal to G defined in Example 1.1. Write X,, and X,, for the irreducible components
corresponding to vy and vy, respectively. Then we have the following natural pointed semistable curves:
def def
(Xu, Dx,, = Xuy N Xy),  (Xup, Dy, = (X, N Xy,) U Dy)
whose dual semigraphs are equal to G’ and G \ G’ defined in Example 1.2, respectively.

1A3. A semigraph G will be called finite if v(G) and e(G) are finite. In the present paper, we only
consider finite semigraphs. Since a semigraph can be regarded as a topological space (i.e., a subspace
of R?), we shall call G connected if G is connected as a topological space. Moreover, we write

ve & dime(H' (G, ©))

for the Betti number of G, where C denotes the field of complex numbers. In particular, we shall call G a
tree (or G tree-like) if yg = 0.

Let G and H be two semigraphs. A morphism between semigraphs G — H is a collection of maps
v(G) = v(H), e(G) — ¢ (H), and e°P(G) — ¢°P(H) satisfying the following: for each eg € ¢(G),
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write ey € e(H) for the image of eg; then the map eg — ey is a bijection, and is compatible with the
{22} ece) and £ ecen)-

1B. Pointed semistable curves.

1B1. Let ¥ % (C, D¢) be a pointed semistable curve over a scheme A, namely, a marked curve over A

such that every geometric fiber Cz, a € A, is a semistable curve, and that D¢, C Cgm, where Cgm denotes
the smooth locus of C;. We shall call C the underlying curve of ¢ and the finite (ordered) set D¢ the
set of marked points of ¢. In particular, we shall call that ¢ is a pointed stable curve if D¢ satisfies
[Knudsen 1983, Definition 1.1 (iv)].

1B2. Suppose that A is the spectrum of an algebraically closed field. We write Irr(C) for the set of the
irreducible components of C and C*1"¢ for the set of singular points (or nodes) of C. We define the dual
semigraph T'¢ of the pointed semistable curve ¢ to be the following semigraph:

() v(Te) S (e} Femo)-

.. def def
(i) e'(I'g) = {es}yecsine and €P(Teg) = {em }mene-

(iii) For each e; = {b!, b2} € e?/(T'y), s € C1"¢, we put

s 7S

Cef(%s)déf{vg cv(ly)|s € E}.

(iv) For each e,, = {b! , b2} € e®?(I'y), m € D¢, we put

m>-m

def

ey Yog,  clew2) Y ),

e}?l
where E is the irreducible component of C satisfying m € E.

Moreover, we put (see Section 1A3)
def :
Ve S yro =dime(H' (T, ©)).
Let v € v(I'y) (resp. e € el(Ty), e € eP(I'y)). We write C, (resp. ce, ce) for the irreducible
component of C corresponding to v (resp. the singular point of C corresponding to e, the marked point

of ¢ corresponding to e) and C, for the normalization of C,.

Example 1.3. We give an example to explain dual semigraphs of pointed semistable curves. Let € det

(C, Dc) be a pointed semistable curve over k whose irreducible components are C,, and C,,, whose

node is ¢,,, and whose marked point is ¢., € C,,. We use the notation “»” and “o” to denote a node and a

marked point, respectively. Then ¥ is as follows:
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We write v; and v, for the vertices of I'y corresponding to C,, and C,,, respectively, e; for the closed
edge corresponding to c,,, and e, for the open edge corresponding to c.,. Moreover, we use the notation
“e” and “o with a line segment” to denote a vertex and an open edge, respectively. Then the dual semigraph
'y of € is as follows:

‘1 @)
L,: ve———e=——o¢,

1B3. Let C be a disjoint union of projective curves over an algebraically closed field of characteristic
p > 0. We define the p-rank (or Hasse—Witt invariant) o (C) of C to be

o (C) € dimg, (HL(C, F ).

Moreover, let € déf(C , D¢) be a pointed semistable curve over an algebraically closed field of characteristic
p > 0. Write 'y for the dual semigraph of ¥. Then we put

def ~
(=) =ys+ Y o(Cy).
vev([¢)
1B4. Let G be a finite p-group. The p-rank of a Galois covering whose Galois group is isomorphic to G
can be calculated by the Deuring—Shafarevich formula (or Crew’s formula) as follows:

Proposition 1.4 [Crew 1984, Corollary 1.8]. Let h : C' — C be a (possibly ramified) Galois covering of
smooth projective curves over an algebraically closed field of characteristic p > 0 whose Galois group is

a finite p-group G. Then we have

o(C)—1=#G((C) =D+ D (e —1),
c'e(Cd

where (C)! denotes the set of closed points of C' and e. denotes the ramification index at c'.

Remark 1.4.1. We maintain the notation introduced in Proposition 1.4. Suppose that G is not a p-group.
Then o (C’) cannot be calculated explicitly in general. In fact, the p-rank (or more precisely, generalized
Hasse—Witt invariants) of prime-to-p étale coverings can almost determine the isomorphism class of C,
e.g., [Tamagawa 2004a; Yang 2018].

1C. Pointed semistable coverings.

1C1. Settings. We fix some notation of the present subsection. Let R be a complete discrete valuation

ring with algebraically closed residue field k of characteristic p > 0 and K the quotient field. We put

5% Spec R. Write n and s for the generic point and the closed point corresponding to the natural

morphisms Spec K — § and Spec k — S, respectively. Let 2" o (X, Dy) be a pointed semistable curve

over S. Write 2, def (Xy, Dy,) for the generic fiber of 27, Z def (X5, Dx,) for the special fiber of 2,
and I'»; for the dual semigraph of 2. Moreover, we suppose that .2, is a smooth pointed stable curve

over n (note that 2 is not a pointed stable curve in general).
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1C2. Letl: 7 ¥ (W, Dy) — &£ be a morphism of pointed semistable curves over S and G a finite

group. We define pointed semistable coverings as follows:

Definition 1.5. The morphism [ is called a pointed semistable covering (resp. G-pointed semistable
covering) over S if the morphism

def
Ly : Wy = (Wy, Dw,) = 2, = (X,, Dx,)
over 1 induced by [ on generic fibers is a finite generically étale morphism (resp. a Galois covering whose
Galois group is isomorphic to G) such that the following conditions hold:

(1) The branch locus of /,; is contained in Dy, .
(i) 1,'(Dx,) = Dy, .
(iii) The following universal property holds: if g : #’ — 2" is a morphism of pointed semistable curves
over § such that the generic fiber 7/,7/ of #" and the morphism g, : 7/,7/ — %, induced by g on generic

fibers are equal to %}, and [, respectively, then there exists a unique morphism % : #’ — #  such
that g =/oh.

We shall call [ a pointed stable covering (resp. G-pointed stable covering) over S if [ is a pointed
semistable covering (resp. G-pointed semistable covering) over S, and 2" is a pointed stable curve over
S. We shall call [ a semistable covering (resp. stable covering, G-semistable covering, G-stable covering)
over S if [ is a pointed semistable covering (resp. pointed stable covering, G-pointed semistable covering,
G-pointed stable covering) over S, and Dy is empty.

1C3. We have the following proposition.

Proposition 1.6. Let f, : %, &ef (Yy, Dy,) — 23 be a finite morphism of pointed smooth curves over 1.

Suppose that the branch locus of f, is contained in Dx, and that fn_l (Dx,) = Dy,. Then, by replacing S
by a finite extension of S, f, extends to a pointed semistable covering f : % = (Y, Dy) — Z over S such
that the restriction of f to the generic fibers is f;.

Proof. The proposition follows from [Liu 2006, Theorem 0.2 and Remark 4.13]. O

Remark 1.6.1. We maintain the notation introduced in Proposition 1.6. In fact, we have that f; extends
uniquely to a pointed semistable covering f. Let us explain roughly in this remark.

By adding some marked points, we may obtain a pointed stable curve .2 24 & (X% Dyua) whose
underlying curve X2 is X, and whose set of marked points contains Dy. Write ngdd for Dyaaal,, and
Dsta for fn_l (D ded). Then Dy;;ad contains Dy, . Moreover, we have a finite morphism of pointed smooth
curves

add . add add
f n : @77 - 5{7]

over 7 induced by f;,.
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By applying Proposition 1.6 and by replacing S by a finite extension of S, f,;’dd extends to a pointed
semistable covering
fadd . gyadd def (yadd, Dyua) — gadd

over S. Since 224 is a pointed stable curve over S, we see that %24 is a pointed stable model of %add.
Then the uniqueness of £24¢ follows from the uniqueness of the pointed stable model %244,
We put DY o D4\ Dy and Dy o D$¥ls. Let Con(Y34d) be the subset of the set of irreducible

components of Y24 consisting of all irreducible components E of ¥4 satisfying the following conditions:
(i) E is isomorphic to I]j’,i.

(i) ENDy # @ and ENDy =@.

(ili) f*9(E) is a closed point of 27244,

Note that Con(¥24d) may be an empty set. Then by forgetting the marked points Dy and by contracting
the irreducible components of Con(YSadd) [Bosch et al. 1990, 6.7 Proposition 4], we obtain a pointed
semistable curve % and a morphism of pointed semistable curves f : % — 2 over S induced by £,
We see that f is a pointed semistable covering over S, and that f does not depend on the choices of
D yuaa. Moreover, the uniqueness follows from the uniqueness of £249,

1C4. If a G-pointed semistable covering over S is finite, then it induces a morphism of dual semigraphs
of special fibers. More precisely, we have the following result:

Proposition 1.7. Let G be a finite group, [ : % = (Y, Dy) — 2 a finite G-pointed semistable covering
over S, and 'y, the dual semigraph of %;. Then the images of nodes (resp. smooth points) of the
special fiber % of % are nodes (resp. smooth points) of Zs. In particular, the map of dual semigraphs
Iy, — I' 9, induced by the morphism of the special fibers f; : % — Z; over s induced by f is a morphism
of semigraphs 1A3.

Proof. Let y be a closed point of . Write I, C G for the inertia subgroup of y. Thus, the natural
morphism % /1, — 2" induced by f is étale at the image of y of the quotient morphism % — %'/1,.
Then to verify the proposition, we may assume that G = I,,.

If y is a smooth point, then x is a smooth point [Raynaud 1990, Proposition 5]. If y is a node, let
Y| and Y, be the irreducible components (which may be equal) of the underlying curve of the special
fiber %; of % containing y. Write D; € G and D, C G for the decomposition subgroups of Y| and Y»,
respectively. The proof of [Raynaud 1990, Proposition 5] implies the following:

(1) If Dy and D> are not equal to I, = G, then x is a smooth point.
(i) If Dy = D, = G, then x is a node.

Next, we prove that the case (i) will not occur. If D and D; are not equal to G, then, for each 7 € G\ D,
(or T € G\ D), we have t(Y;) =Y, and t(Y>) = Y;. Thus, we obtain DdéfDl = D,. Moreover, D is
a normal subgroup of G. By replacing I, by I,/D and % by %' /D, and by applying the case (ii), we
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may assume that D is trivial. Then f; is étale at the generic points of Y; and Y. Consider the local
morphism f), : Spec Ox y, — Spec Oy, ¢(y) induced by f. Since fy is étale at all the points of Spec O
corresponding to the prime ideals of Oy , of height 1, the Zariski-Nagata purity theorem implies that
fy is étale. This means that if f(y) is a smooth point, y is a smooth point too. This contradicts our
assumption. We complete the proof of the proposition. (Il

1CS. On the other hand, pointed semistable coverings are not finite morphisms in general.

Definition 1.8. Let f : % — 2" be a pointed semistable covering over S. A closed point x € 2" is called
a vertical point associated to f, or for simplicity, a vertical point when there is no fear of confusion, if
f~(x) is not a finite set. The inverse image f~!(x) is called the vertical fiber associated to f and x.

Remark 1.8.1. We maintain the notation introduced above. Then the specialization homomorphism of
admissible fundamental groups of generic fiber and special fiber of 2" is not an isomorphism in general.
When char(K) = 0, this result follows from o (%) < gx, where gx denotes the genus of 2. On the
other hand, when char(K) = p > 0, this result is highly nontrivial [Tamagawa 2004a, Theorem 0.3; Yang
2020, Theorem 5.2 and Remark 5.2.1]. Then we may ask the following problem:

By replacing S by a finite extension of S, does there exist a pointed semistable covering
f % — 2 over S such that the set of vertical points associated to f is not empty?

Suppose char(K) = 0. The problem was solved by A. Tamagawa [2004b, Theorem 0.2]. In fact,
Tamagawa proved a very strong result as following:

Suppose that char(K') =0, that k is an algebraic closure of a finite field, and that 2" is a pointed
stable curve over S. Let x € 2" be a closed point of :2". Then there exists a pointed stable
covering f : % — 2 over S such that x is a vertical point associated to f.

Moreover, the author generalized this result to the case where k is an arbitrary algebraically closed
field [Yang 2019, Theorem 3.2]. On the other hand, suppose that char(K) = p > 0. The problem was
solved by the author when %5 is irreducible [Yang 2019, Theorem 0.2].

1Cé6. For the p-rank of vertical fibers of pointed semistable coverings, we have the following famous
result proved by Raynaud, which is the main theorem of [Raynaud 1990].

Theorem 1.9 [Raynaud 1990, Théoreme 2]. Let G be a finite p-group, f : % — Z a G-pointed semistable
covering over S, and x a vertical point associated to f. If x is a nonmarked smooth point of Z; (i.e.,
x & Xsingy Dyx,), then we have o(f~'(x)) =0.

1C7. In the remainder of the present paper, we will generalize Theorem 1.9 to the case where x is an
arbitrary (possibly singular) closed point of 2. Namely, we will give an explicit formula for p-rank
of vertical fibers associated to arbitrary vertical points of G-pointed semistable coverings, where G is a
finite p-group.
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1D. Inertia subgroups and a criterion for vertical fibers. In this subsection, we study the relationship
between the inertia subgroups of nodes and the inertia subgroups of irreducible components of special
fibers of G-pointed semistable coverings. The main result of the present subsection is Proposition 1.12.

1D1. Settings. We maintain the settings introduced in Section 1Cl1.
1D2. Firstly, we have the following lemmas.

Lemma 1.10. Let G be a finite group, f : % = (Y, Dy) — % a finite G-pointed semistable covering
over S, % = (Y5, Dy,) the special fiber of %', and y € %; a node. Let Y1 and Y, (which may be equal)
be the irreducible components of %; containing y. Write I, C G (resp. Iy, € G, Iy, € G) for the inertia
subgroup of y (resp. Y1, Y2). Suppose that G is a p-group. Then the inertia subgroup I, is generated by
Iy, and Iy,.

Proof. Write I for the group generated by Iy, and Iy,. Then we have I C I,. Consider the quotient %/ /1.
We obtain morphisms of pointed semistable curves p; : % — # /I and p, : %' /1 — %2 over S such that
w20 = f. Note that %' /I is a pointed semistable curve over S [Raynaud 1990, Appendice, Corollaire],
and that 1 (y) is a node of the special fiber (#/I); of % /I (Proposition 1.7). Moreover, u, is generically
étale at the generic points of w (Y1) and @1 (Y>). Then by applying the well-known result concerning
the structures of étale fundamental groups of nodes of pointed stable curves, e.g., [Tamagawa 2004b,
Lemma 2.1(iii)], to the local morphism Spec O 1 4, (y) — Spec O 4 f(y) induced by 12, we obtain that
w2 is tamely ramified at p1(y). Moreover, since G is a p-group, 1> is étale at p1(y). This means I, C I.
Namely, we have I, = I. We complete the proof of the lemma. U

Lemma 1.11 [Tamagawa 2004b, Propoisiton 4.3(ii)]. Let G be a finite group, f : % — 2 a G-pointed
semistable covering over S, and x a node of Z;. Suppose that, for each irreducible component Z d=ef{z_} of
Spec @YY x and each point w of the fiber % X o z, the natural morphism from the integral closure W* of
Z in k(w)® to Z is wildly ramified, where k(w)* denotes the maximal separable subextension of k(z) in

k(w). Then x is a vertical point associated to f (i.e., f ' (x) is not finite).

Remark 1.11.1. Tamagawa [2004b] only treated the case where f is a stable covering. It is easy to see
that Tamagawa’s proof also holds for pointed semistable coverings.

1D3. Next, we prove a criterion for existence of vertical fibers over nodes as follows:

Proposition 1.12. Let G be a finite group, [ : % = (Y, Dy) — Z a G-pointed semistable covering
over S, %, = (Yy, Dy,) the generic fiber of % over n, %; = (Y, Dy,) the special fiber of % over s, and
x a node of Zs. Write Yy : %" — X for the normalization morphism of %" in the function field K (Y)
induced by the natural injection K (X) — K (Y) induced by f. We obtain a natural morphism of fiber
surfaces Y1 : % — %' induced by f such that > o yry = f. Write X1 and X, (Which may be equal) for
the irreducible components of 2 containing x. Let y' € 23 1(x)red, and let Y| and Y, be the irreducible
components of % such that y' € Y1 (Y1) Ny (Y2). Write Iy, € G and Iy, C G for the inertia subgroups
of Y1 and Y», respectively. Suppose that neither Iy, C Iy, nor Iy, 2 Iy, holds. Then x is a vertical point
associated to f (i.e., f~'(x) is not finite).
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Proof. To verify the proposition, we may assume that x is not a vertical point associated to f. Then f~!(x)
is a finite set. Leta € t/fz_l (x)andb e 1//1_1 (a). Thus, ¥ induces an isomorphism Spec Oz j, — Spec Oy ,.
Write y for YO )red. By replacing 2" by the quotient %/ D,, and G by D, C G, respectively, where
D, C G denotes the decomposition group of y, we may assume f () red = {y}Cyinr.

Consider the quotient curve % /Iy, (resp. % /Iy,) over S. Note that % /Iy, (resp. % /Iy,) is a pointed
semistable curve over S. We obtain the following morphisms of pointed semistable curves

MY = [ly, (tesp. Ay ¥ — ¥ /ly,),
w1:% /Iy, — 2 (resp. up: % /Iy, > Z)

over S such that ;o Ay = f (resp. up oAy = f). Note that pu (resp. u7) is étale at the generic point of
A1(Y7) (resp. Aa(Y2)) of degree #G /#l1y, (resp. #G /#1y,).

If 1 (resp. up) is also generically étale at the generic point of A;(Y>) (resp. A2(Y7)), then, by applying
[Tamagawa 2004b, Lemma 2.1(iii)] to

Spec @@//Iyl,/\l(y) — Spec 695’)( (resp. Spec @“J’/Iyz,kz(y) — Spec @gf,x),

we obtain that Spec 6A1(Y1),A1(y) — Spec @Xl,x (resp. Spec @M(yz),kz(y) — Spec 6Xz,x) induced by u;
(resp. pp) is tamely ramified with ramification index #; (resp. t»). Thus, we have (¢, p) = 1 (resp.
(t2, p) = 1). On the other hand, since Iy, (resp. Iy,) does not contain Iy, (resp. Iy,), and Iy, (resp. Iy,)
is a p-group, we have p |t (resp. p | t2). This is a contradiction. Thus, | (resp. @2) is not generically
étale at the generic point of A;(Y2) (resp. A2(Y1)). Thus, the morphism Spec @M(y,),;\, (y) —> Spec 5X1,x
(resp. Spec 6A2(y2)’ a(y) —> Spec ’@Xz,x) induced by 11 (resp. p2) is wildly ramified. Lemma 1.11 implies
that x is a vertical point associated to f. This contradicts our assumptions. We complete the proof of the
proposition. (I

The following corollary follows immediately from Lemma 1.10 and Proposition 1.12.

Corollary 1.13. Let G be a finite group, f : % = (Y, Dy) — 2 a G-pointed semistable covering over
S, % = (Y, Dy,) the special fiber of %, and y € %; a node. Let Y\ and Y, (which may be equal) be
the irreducible components of %; containing y. Write I, C G (resp. Iy, € G, Iy, € G) for the inertia
subgroup of y (resp. Y1, Y2). Suppose that f is a finite morphism. Then either Iy, < Iy, or Iy, 2 Iy, holds.
Moreover, if G is a p-group, then the inertia subgroup I is equal to either Iy, or ly,.

2. Semigraphs with p-rank

In this section, we develop the theory of semigraphs with p-rank. The main result of the present section
is Theorem 2.7.

2A. Semigraphs with p-rank and their coverings.

2A1. We define semigraphs with p-rank as follows:
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Definition 2.1. Let G be a semigraph (Section 1A1) and o : v(G) — Z a map. We shall call the
pair & & (G, o) a semigraph with p-rank. Moreover, we call that the semigraph G is the underlying
semigraph of &, and that the map o is the p-rank map of &. We define the p-rank o (&) of & to be

> oe) +ve.

vev(G)

o (&)

A morphism of semigraphs with p-rank b : &' — &2 is defined by a morphism of the underlying
semigraphs 8 : G! — G2. We shall refer to the morphism g as the underlying morphism of b.
A semigraph with p-rank is called connected if the underlying semigraph G is a connected semigraph.

Remark 2.1.1. We explain the geometric motivation of the above definitions. Let .2 def (X, Dx) be a

pointed semistable curve over an algebraically closed field of characteristic p > 0. Write I" 5 for the dual
semigraph (Section 1B2) of 2" and we define or - (v), v € v(I"2), to be the p-rank (Section 1B3) of the
normalization of the irreducible component X, corresponding to v. Then (I"y-, oT,-) is a semigraph with
p-rank. On the other hand, a semigraph with p-rank & et (G, o) is not arose from a pointed semistable
curve in positive characteristic in general since o can attain negative integers.

2A2. Settings. Let G be a finite p-group of order p’.

2A3. Letb:&! déf(Gl, Opl) —> 62d§f(<82, 0g2) be amorphism of semigraphs with p-rank and 8:G! — G>
the underlying morphism of b.

Definition 2.2. (a) We shall call that b is p-étale (resp. purely inseparable) at an edge e € e(G') if
#B-1(B(e)) = p (resp. #87'(B(e)) = 1). We shall call that b is p-generically étale at v € v(G') if one
of the following conditions holds (see Section 1A1 for e(v)):

(Type-) #87(B(v)) = p and 61 (v) = T2 (B(V)).

(Type-II) #8~'(B(v)) =1 and

o1 (V) — 1 = plog(B(v) — 1)+ Z (m B 1>'

ece(v)

(b) We shall call that b is purely inseparable at v € v(G') if #8~1(B(v)) = 1, b is purely inseparable at
each element of e(v), and o1 (V) = o2 (B(V)).

(c) We shall call that b is a p-covering if the following conditions hold (see Section 1A1 for v(e)):

(i) There exists a Z/ pZ-action (which may be trivial) on G! and a trivial Z/ pZ-action on G such that
the underlying morphism 8 of b is compatible with the Z/pZ-actions.

(ii) The natural morphism G'/(Z/pZ) — G? induced by B is an isomorphism, where G'/(Z/pZ)
denotes the quotient semigraph.

(iii) For each v € v(G'), b is either p-generically étale or purely inseparable at v.
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(iv) Let e € ¢?/(G') and v(e) = {v, v’} (note that v = v’ if and only if e is a loop (Section 1A1)). Suppose
that b is p-generically étale at v and v’. Then b is p-étale at e.

(v) For each v € v(G'), then o1 (V) =01 (t(v)) foreach t € Z/pZ.

Note that the definition of p-coverings implies that the identity morphism of a semigraph with p-rank is
a p-covering.

(d) We shall call that b is a covering if b is a composite of p-coverings.

(e) We maintain the notation introduced in Section 2A2. We shall call
P:{l}=G,CG,_1C---CG;CGy=GCG

a maximal normal filtration of G if G; is a normal subgroup of G and G;/G ;| = Z/pZ for j €
{0, ...,r —1}. Note that since G is a p-group, a maximal normal filtration of G exists.

Suppose that G! admits a G-action (which may be trivial), that G> admits a trivial G-action, and that
the underlying morphism 8 of b is compatible with the G-actions. A maximal normal filtration ® of G
induces a sequence of semigraphs:

G'=6G, 2> G, L= .. 2L Gy,

where G;, j € {0, ..., r}, denotes the quotient semigraph G! /G j. We shall call that b is a G-covering if
there exist a maximal normal filtration ® of G and a set of p-coverings {b; : &; — &,;_y, j=1,...,r}
such that the following conditions are satisfied:

(i) The underlying semigraph of &; is equal to G; for j € {0, ..., r} such that Gy = G2
(i1) The underlying morphism of b; is equal to B; for j € {1,...,r}.
(i) The composite morphism bj o--- o b, is equal to b.

(f) Let b: &' — &% be a G-covering. By the above definition of G-coverings, we obtain a maximal
normal filtration @ of G and a sequence of p-coverings:

CDQsl/ng 6 —Q5 —)6r1—) 6—1)6():@2.
We shall call @162 a sequence of p-coverings induced by P.

Remark 2.2.1. We explain the geometric motivation of the above definitions. Let R be a discrete

valuation ring with algebraically closed residue field of characteristic p > 0, and let f : & dﬁf(Y Dy) —

P (X, Dx) be a finite G-pointed semistable covering over R (Definition 1.5). Write (', or,, ) and
(Tg;, or,,) for the semigraphs with p-rank associated to the special fibers %5 and & of %" and 2~ (see
Remark 2.1.1), respectively. Then the morphism of special fibers induced by f induces a G-covering
(T, 0ry,) = (I'a;, o1, ) (see Section 3A).

On the other hand, the definitions of p-étale, purely inseparable, p-generically étale, purely inseparable,
and p-coverings of semigraphs with p-rank are motivated by p-étale, purely inseparable, p-generically

étale, purely inseparable, and p-coverings of special fibers of finite Z/pZ-pointed semistable coverings



296 Yu Yang

over R. In particular, Definition 2.2(a-Type-II) is motivated by the Deuring-Shafarevich formula (see
Proposition 1.4), and Definition 2.2(c-iv) is motivated by the Zariski—Nagata purity theorem of finite
Z/pZ-pointed semistable coverings over R.

2A4. Let b: &' — &2 be a G-covering, B : G' — G? the underlying morphism of b, v! € v(G!), and
e! € e(G'). By the definition of G-coverings, we have a maximal normal filtration ® of G and a sequence
of p-coverings induced by &:

@@]/62261:ﬁrb—r)ﬁrflbr—_l>-”b—l>®():®2.

Write 8 : G; — G;_1, j € {1, ..., r}, for the underlying morphism of b;. Write v; (resp. ¢;) for the
image Bj110--- oﬁr(vl) (resp. Bjt10--- oIBr(el)), j€{0,...,r—1}, and v, for vl We put

#Ivl — p#{Je{l ..... r}lb; is purely inseparable at v, } and #Iel — p#{]e{l ..... r}|b; is purely inseparable at ej}‘

Note that #1,,1 and #1,1 do not depend on the choice of ®. Moreover, we put D, déf{t eG |t =0},
and

#D,1
the cardinality of D,.

2A5. We maintain the notation introduced in Section 2A4. If ¢! € e(v!), then we have #1,1 |#1,. In
particular, if e! is a loop, then Definition 2.2(c-iv) implies that #I,1 = #I,1. Moreover, Definition 2.2
(c-iv) also implies that #1,1 | #D,1. Write v? (resp. e?) for B(v") (resp. B(eh)). Let (v!Y (resp. (e
be an arbitrary element of ,3_1(v2) (resp. /3_1(62)). By the action of G on G', we have #1, = #1,1y,
#1, =#[,1y, and #D,;) = #D ;1. Thus, we may use the notation #1,> (resp. #1,2, #D,2) to denote #1,,1
(resp. #1,1, #D,1). Namely, #1,1 (resp. #1,1, #D,1) does not depend on the choice of v! € B~ (B(v!)).
Then we have #1,2 | #1,2 | #D,..

2A6. We maintain the notation introduced in Sections 2A4 and 2AS5. One may compute the p-rank
o1 (v!) by using Definition 2.2(a). Then we have the following Deuring—Shafarevich type formula for
the p-rank of G-coverings (see Proposition 1.4 for the Deuring—Shafarevich formula for curves)

01 (V) — 1 = (#Dy2 /#1,2) (02 (D) — )+ Y (#Dye/#12) (#l, [#],2 — 1)
eZee(v?)
— WD /H) (0D — D+ Y (#Dp/#l)#p /e — 1),

e2ee(v?)\elP (v?)

Here, the second equality follows from Definition 2.2(c-iv).

2B. An operator concerning coverings. In this subsection, we introduce an operator (or a deformation)
concerning coverings of semigraphs with p-rank which is a key in our computations of p-rank.
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2B1. Settings. We fix some notation. Let G be a finite p-group of order p”, and let b : &' = & (G', og1) —

e & (G?, 02) be a covering of semigraphs with p-rank (Definition 2.2(d)) and g : G' — G? the
underlying morphism of b (Definition 2.1). We put

vl def 2 def

={vevGH #7' (B =1} Cv@G") and VZEBV' Cu(GH).

Moreover, we suppose that G!, G? are connected, that G' (resp. G?) admits an action (resp. a trivial
action) of G such that 8 is a G-equivariant, and that G! /G = G?.

2B2. Let v?> € v(G?) and v' € B~'(v?). Firstly, we define a new semigraph Gll)z associated to v? as
follows (see Example 2.3 below):

(a) Suppose v> € V2. We put Gll)z gt
(b) Suppose v’ ¢ V2. We have the following:

1) U(G12)def(v(Gl) \ B ) u{v?y, eCI(Glz)défeCI(Gl), and e"p(Glz)défeOp(Gl), where v? is a new

vertex and LI means disjoint union.
GI
(ii) The collection of maps {z, "}, is as follows:

(1) Foreache € eOP(Giz) défeOP(Gl) and b € e (i.e., a branch of e, see Section 1A1), we put

o WG} if & (B) = ((Gh),
Z " (b) = {12 if &' (b) € B~ (1?),
QG’I (b) otherwise.

(2) Foreach e € eCI(Gll)z) dged(Gl) and b € e, we put

52 by = {2 if &' (b) € B~ (v?),

;Gl (b) otherwise.
Next, we define a morphism of semigraphs 8,2 : G iz — G? as follows (see Example 2.3 below):

(i) Foreachv e v(Giz), we put

2 2

Ba(v) = { if v="1?,

B(v) otherwise.

(i) For each e € e(G),) = ¢(G!,) Ue(G!,), we put B2 @) Be).

“ 99

Example 2.3. We give an example to explain the above constructions. We use the notation and “o
with a line segment” to denote a vertex and an open edge, respectively.
Let p =2, and let G', G? be the semigraphs below. Moreover, let 8 : G! — G? be a morphism of

semigraphs such that

Bwh=v2, Bp=vy, B=PW)=v* Ple))=P(e)=e7, Ple})=Pley)=e3, Ples)=e3.
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Note that G' admits an action of Z/2Z such that G' /(Z/pZ) = G?. Then we have the following:

2 2 2 2
% % Vi e
GI: ﬁ GZ a b 3
e2 e2

By the definitions of G})z and 8,2, we have the following:

1 1
SREE | ] 2 2 2 L2
1 vy e; [}vz 2 Vs % Vi ez
Gy n — G~
—eo———0
v a : e2 e2
I I 1 2
e e
2 4

2B3. We maintain the notation introduced in Section 2B2. Next, we define a p-rank map 0’61 (G 11) ) —>7Z
for Gul as follows:

(a) Suppose v> € V2. We put 0!, défO'@l.
(b) Suppose V2 V2 Letve U(Glz). We have the following:
(1) Ifv# vf, we put Jeﬁl (v) défa@(v).

(i) Ifv= v , we put (see Section 1A1 for e(v?) and Section 2A6 for #1 2, #1,)

EHG/#,2) 02 (D) — D+ Y HG/HL) G 1,2 — 1) +1.

ece(v?)

2
0612(1) )
v

2B4. We maintain the notation introduced in Sections 2B2 and 2B3. Let v? € v(G?). We define a
semigraph with p-rank and a morphism of semigraphs with p-rank associated to b : &' — &2 and v?,
respectively, to be

1 def ozl 2
Uz = (sz, 0®l2)’ b2 61,2 - &7,

where the underlying morphism of b2 is §,2.

2B5. We maintain the settings introduced in Section 2B1. Let &'\ {V'}, i € {1, 2}, be the (possibly noncon-
nected) semigraph with p-rank whose underlying semigraph is G' \ {V'} (in the sense of Section 1A2(b)),
and whose p-rank map is o |,(Gi\(vi})- We shall call b: &' — &2 a quasi-G-covering if the covering
&'\ {V!} - &2\ {V?} induced by b is a G-covering.
Definition 2.4. Let b : ! — &2 be a quasi-G-covering of connected semigraphs with p-rank and
v? € v(G?). We define an operator = _H [V ]on b: &! — &2 to be

=l 06 - ), 6], > 6%

Here :{I means that “from (Type-I) to (Type-II)” in the sense of Definition 2.2(a).
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Remark 2.4.1. Suppose that b: &' — & is a G-covering of semigraphs with p-rank. Then !, (v2) is not
contained in Z> in general. Thus, b2 : 051 — &2 cannot be arose from a G-pointed semlstable covering
in general (see also Remark 2.2.1). On the other hand, in the next subsection, we will see (Proposition 2.6
below) that the operator defined above does not change global p-rank (i.e., 0((’511)2) =0 ().

2B6. Let b : &! — &2 be a quasi-G-covering and v> € v(G?). Then the semigraph with p-rank G})z
admits a natural G-action as follows:

(1) The action of G on v((GaIIJ2 \ {vf}) =v(G"H \ﬁ_l(vz) (resp. e(Gb) = ¢(G)) is the action of G on
v(GY\ B (v?) (resp. e(G')) induced by the action of G on G'.

(2) The action of G on vf is a trivial action.

We see immediately that b, : (’511}2 — ®2 is a quasi-G-covering.

Let b: &' — &2 be a G-covering. Suppose that G is an abelian p-group. Then together with the
G-action defined above, it is easy to check that b, : @1 — &2 is a G-covering.

On the other hand, if G is not abelian, then b, : (‘51 — &2 is not a G-covering in general for the
following reason. Let w ifvz = /3 ) (vz) With the action of G on 61 defined above, if I, ,vle ,8 (v2)
is not a normal subgroup of G, then the order #1,, of the inertia subgroup I, of w is not equal to #Ivz = #I i

(Section 2A5) in general. If b2 is a G-covering, we have (Section 2A0)

O’@lz(w) = (#G /#1,) (02 (V?) — 1) + Z HG/#I)#I/#IT, — 1)+ 1
! ece(v?)
which is not equal to (Section 2B3(b-ii))
HG [#1,2(0g2 (V) = 1)+ Y #HG/HL(HL [#],2 — 1) + 1

ece(v?)

in general if #1I,, # #I,2. This contradicts the definition of (’511}2. Thus, b, : (’511)2 — &2 is not a G-covering
in general.

2C. Formula for p-rank of coverings. In this subsection, we give an explicit formula (i.e., Theorem 2.7)
for the p-rank of G-coverings of semigraphs with p-rank.

2C1. Settings. We maintain the settings introduced in Section 2B1. Moreover, we assume that b : &' def
G, Opl) — ®?2 def (G?, 0g2) 1s a quasi-G-covering (Section 2BS).

2C2. Firstly, we have the following lemma.

Lemma 2.5. Leti € {1, ..., n}, and let G be a connected semigraph, G; a connected subsemigraph of G

1A2, and v; € v(G;) a vertex of G;. Suppose Gy, NG, = & foreach s, t € {1,...,n}ifs #t. Let G° be a
semigraph defined as follows:
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(i) v(G°) = v(G) U {v°}, eP(G°) = e®(G), e(G°) = e (G) U {ef}icql....n)-
(ii) Lete € e(G®) \ {e[}ic1,...ny = €(G) and b € e a branch of e (Section 1AI). We put

tE(b) gl (b) # (G},
(G} if¢E ) ={v(G)).

(iii) Let ¢f = {b)e, b%:). We put & (b)) = vi, {2 (b) = v°.

.....

5 b) = {

Then we have (see Section 1A3 for yg, Yie)

Y6 =Yee —n+1.
Proof. The lemma follows from the construction of G°. O

2C3. We have the following key proposition which says that the operator introduced in Definition 2.4
does not change the p-rank of semigraphs with p-rank.

Proposition 2.6. We maintain the settings introduced in Section 2C1. Let v? € v(G?) be an arbitrary
vertex 0]’032 and :h [vV2](b: &' —» &?) = b, : Qﬁiz — B2 (Definition 2.4). Then we have

o(6')=0(8))),
where o (&) and 0(611)2) are the p-rank of &' and 611;2’ respectively, defined in Definition 2.1.
Proof. Suppose #5871 (v?) =1 (i.e., v> € V?). Then the proposition is trivial since &' = @11)2. Thus, we
may assume #87 ' (v?) £ 1 (ie., v2 & V?).

Write 8,2 for the underlying morphism of b,.. Moreover, we put

WEBT W), WHE B ) = ).

For simplicity, we shall write y (resp. y\(2}, ¥™, V\*{UZ}) for the Betti number (Section 1A3) of G' (resp.
G'\ W, G})z, GiZ \ W*), where G! \ W and 611}2 \ W* are semigraphs defined in Section 1A2.
Then we have

o(BYH =y +Y — Ny + Z op1(v) + Z o1 (v),

vev(G'\W) veWw
1\ _ 2 * * *
G(6U2) - qulz (U*) + y\{UZ} + Yy - V\{UZ} + Z 00512 (l))
veu(Gl,\W")

Note that the construction of & 11)2 (Sections 2B2, 2B3) implies
def def
AZ Y se= ) oe, ) BE e =ney
vev(GN\W) vev(Gl,\W*)

We calculate y — (2, and y* — y\*{vz}. By applying Lemma 2.5, it is sufficient to treat the case
where G' \ W = 611;2 \ W* is connected. Then we obtain (see Section 1Al for e(v?), eP(v?) and
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Sections 2A4 and 2AS for #D 2, #1 2, #1,)

YN = (#G/#sz)(( ) #D,> /#Ie) - 1) T #eP (VD) (#G/#1,2),
ec(e(v?)Nel(G2))\e'P (v2)
v =V = ( > #G/#Ie) — 1+ #eP (V) (HG [#1,0).

ec(e(v)Ne (G2))\elP (v2)
On the other hand, for eachv e W déf,b’ —1(v?), we have (Section 2A6)

o1 (V) = (#sz/#lvz)(O'@z(vz) -1+ Z #D o /#1,)(#1, /#], — 1)+ 1
ece(v?)
= (#sz/#lvz)(oqu(vz) -1+ Z #D o [#1,)(#], /#]p — 1)+ 1.

ece(v?)\elP(v?)
Moreover, the construction of (’.’)11)2 (Section 2B3) implies that
o, (v]) = (G /#1,2) (052 (V7)) — 1)+ Y (HG/#L)HL[#],2 — 1) + 1
' ece(v?)

= (#G/#Ivz)(dqu(vz) -1+ Z HG/#I1)#I #,. — 1)+ 1
ece(v?)\elP(v?)
We obtain

(@) =A+B+) o) +y—nuy

veW
=A+B+)_ ((#sz [#12) (0 () =)+ D (#Dp/HL)HI L — 1) + 1)
veWw ece(v2)\e'P(v?2)
+ (#G/#sz)<< Z #D,2 /#Ie> — 1) + #eP (V) (#HG /#1,2)

ec(e(v?)Ne(G2))\elP (v2)

— A+ B+ #G /#sz)((#sz [HL2) (00 = D)+ Y DRI L H. — 1) + 1)
ece(v?)\e'P(v2)
+ (#G/#DUQ)(< Z #D,» /#1e> — 1) + #eP (V1) (#G [#1,2)
ee(e(W)Net(G2))\eP(v?)

= A+ B+ #G/#,2)06 (V7)) —#G [Hl o+ > #G/HLa— > #G/HI,

ece(v?)\elP(v?) ece(v?)\elP(v?)
+ > #G [#I, + #e'P (v2)(#G [#12)
ec(e(v?)Ne(G2))\e'? (v?)

= A+ B+ (H#G/#,0)oe (V) —#G/#lo+ > #G/#],
ece(v?)\elP(v?)
- > #G J#1, + #eP (V) HG #1 ).

ee(e(v?)Ne® (G2)\eP(v?)
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Note that the last equality holds since we have
e@?) \ eP (%) = (@) Ne®(G?) \ eP(¥?) U ((e(@?) NeP(GH)) \ P (v?)).
On the other hand, we obtain
0(B)2) = A+ B+as () +v" =iy
= A+ B+ (#G/#1,2) (052 (V) — 1) + Z HG/#HI)#I, /#p— 1)+ 1
ece()\eP(v2)

+ ( Z #G/#Ie> — 1 +#P (V) (HG [#1,2)

ec(e(v)Ne(G2))\eP (v?)

= A+ B+ (#G/#2)0s: (V) —#G/#la+ Y H#G/#l,
ece(v?)\eP (v2)
- > #G [#1, + #eP (V) #HG #12).

e€(e(vH)Ne(G2))\elP (v2)
Namely, we have
o(6')=0(8))).
We complete the proof of the proposition. (I

2C4. The main result of the present section is as follows:

Theorem 2.7. Let b: &' — &2 be a G-covering of connected semigraphs with p-rank (Definition 2.2(e)).
Then we have (see Section 1A1 for e(v), €' (v))

s@hH= > <(#G/#Iv)(a@z(v)—1)+ > (#G/#Ie)(#le/#lv—l)—i-l)

vev(G?) ece(v)\elP(v)

+ ) HGHL—D+ > #P@)HG/HL — 1) + v
e€e?(GH\eP(G?) ven(G?)

Proof. By applying Proposition 2.6 and the operator :}I (Definition 2.4), we may construct a quasi-G-
covering b* : &1* — &2 from b such that the following conditions are satisfied:

(i) We have #(8*)~!(v) = 1 for each v € v(G?), where B* denotes the underlying morphism of b*.
(ii) For each v € v(G?) and v* € (8*)~'(v), we have

Op1- (V) = (HG/#1,) (0s2(v) — 1)+ Y (HG/HI)(HI/#I, — 1) + ]

ece(v)

= (#G/#) (02 (V) — )+ Y HG/HL)HI/H#I,— 1)+ 1.

ece(v)\eP(v)

(iii) o(&1*) =o(B).
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Write G'-* for the underlying semigraph of &!-*. We observe that

Yee=ye+ Y. (GG/HL—D— > #P)+ Y #P)#G/HL,)

ece(G2)\e'? (G?) vev(G?) vev(G?)
=Yt Y. HG/HL—D)+ D #P)HG/HI, —1).
ece(G2)\e'? (G?) vev(G?)

Thus, we obtain

oG =0 (@) = Z ((#G/#IU)(GQSz(v)—l)—i- Z (#G/#Ie)(#le/#lv—1)+1>

vev(G?) ece(v)\eP(v)

+ ) GGHL-D+ Y #PQHG/HL 1)+ e
ecel(G2)\elP (G?) vev(G?)

This completes the proof of the theorem. ]

2CS. We introduce a kind of special semigraph. Let n be a positive natural number and P, a semigraph
(see Example 2.8 below) such that the following conditions are satisfied:

(1) U(Pn) = {Pla ceey Pn}a eCI(Pn) = {el,Za ceey en—l,n}9 and EOP([FDn) = {eO,la en,n-‘rl}'

(i) Zo (eo) = (P, (0@ Lot (enntt) = {Po, (0P}, and 257, (eiit1) = {Pi, Pip1}, i €
{,....,n—1}.

Example 2.8. We give an example to explain the notion defined above. If n = 3, then P3 is as follows:

P3: o °® ® ® o)

Definition 2.9. Let P, be a semigraph defined above and oy, : v(P,) — Z a map such that o, (P;) =0
foreach i = {1, ..., n}. We define a semigraph with p-rank 3, to be

B & (P, o),

and shall call 3,, an n-chain.

Remark 2.9.1. In Section 3C, we will see that n-chains can be naturally arose from quotients of the
vertical fibers associated to singular vertical points (Definition 1.8) of G-pointed semistable coverings.

2C6. When &2 =3, is a n-chain, Theorem 2.7 has the following important consequence.

Corollary 2.10. Let b : & — B, be a G-covering of connected semigraphs with p-rank. Then we have

n+1

i=1 i=1
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Proof. The construction of PP, implies

> #PW)HG/HL, — 1) =yp, =0.
vev(Py)

Then the corollary follows immediately from Theorem 2.7. ]

3. Formulas for p-rank of coverings of curves

In this section, we construct various semigraphs with p-rank from G-pointed semistable coverings.
Moreover, we prove various formulas for p-rank concerning G-pointed semistable coverings when G
is a finite p-group. More precisely, we prove a formula for p-rank of special fibers (see Theorem 3.2),
a formula for p-rank of vertical fibers over vertical points (see Theorem 3.4), and a simpler form of
Theorem 3.4 when the vertical points are singular (see Theorem 3.9 which plays a key in Section 4).
In particular, Theorems 3.4 and 3.9 generalize Raynaud’s result (Theorem 1.9) to the case of arbitrary

closed points.

3A. p-rank of special fibers.

3A1. Settings. We maintain the settings introduced in Section 1C1. Let G be a finite p-group of order p”,
andlet f: % = (Y, Dy) > 2 = (X, Dx) be a G-pointed semistable covering (Definition 1.5) over S.
Moreover, let

®:{1}=G,CG,1C---CG1CGy=G
be a maximal normal filtration (Definition 2.2) of G. By applying [Raynaud 1990, Appendice, Corollaire],
we have that 275 = (X%, Dys+) Loy /G is a pointed semistable curve over S. Write & : % — 2" and
g X% — 2 for the natural morphisms of pointed semistable curves over S induced by f such that
f=goh:w s gt &, o,
3A2. Let j €{0,...,r}, [Raynaud 1990, Appendice, Corollaire] implies that %/ Loy /G j is a pointed
semistable curve over S. Then the maximal normal filtration ® of G induces a sequence of morphism of
pointed semistable curves

Doy : G Ly gy Doty I g g
over § such that ¢ o - --o¢, = h. Note that ¢; is a finite 7/ pZ-pointed semistable covering over S.
Write T'y; for the dual semigraph (Section 1B2) of the special fiber (%) of #;. Then, for each
J €{1,...,r}, the morphism of the special fibers (¢;); : (#})s — (#j_1)s induces a map of semigraphs
Bj : Ty, — I'y,_,. Moreover, Proposition 1.7 implies that 8;, j € {1, ..., r}, is a morphism of semigraphs.
3A3. Semigraph with p-rank associated to (%;)s. Letv € v(I'y;) and j € {0, ..., r}. We write ?j,v for
the normalization of the irreducible component Y; , C (%), corresponding to v. We define a semigraph

with p-rank associated to (%), to be

def .
Gy, = (Ggfyj,O'Qj@j), jel{o,...,r},

where Gy, déff‘g/j and 06, (v) défa(?j,v) for v € v(Gy;).
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3Ad4. G-covering of semigraphs with p-rank associated to f. The sequence of pointed semistable
coverings ® 4 induces a sequence of morphisms of semigraphs with p-rank

X def b b,—1 by def
(I)ng,,/@%m . 6@ = ng/r — 6?%71 /. — (’53,3;551 = Qs%,

where b;: &y, —> &y, _, j€{l, ..., r},isinduced by B;:I'y, — I'y,_,. By using the Deuring—Shafarevich
formula (Proposition 1.4) and the Zariski-Nagata purity theorem [SGA 1 1971, Exposé X, Théoréme de
pureté 3.1], we see that b;, j € {1, ..., r}, is a p-covering (Definition 2.2(c)). Moreover, bdgbl o---0b,
is a G-covering (Definition 2.2(e)). Then we have

0 (&y) =0(%).
Summarizing the discussions above, we obtain the following proposition.

Proposition 3.1. We maintain the notation introduced above. Let f : % — %2 be a G-pointed semistable
covering over S and %; the special fiber of % over s. Then there exists a G-covering of semigraphs with
p-rank b : &4 — & 5 associated to f (which is constructed above) such that o (%) = 0, (B ).

3AS. We maintain the notation introduced in Section 3A1 and write I" ys for the dual semigraph of the
special fiber 2% = (X{*, Dxy) of 2. Let v € v(I'y) and e € e(I" 5:) (Section 1A1). We write
Y, and y, for an irreducible component of h™1(X})rea and a closed point of hY (%) red, respectively,
where X, and x, denote the irreducible component and the closed point of 2;**! corresponding to v and e
(Section 1B2), respectively. Write Iy, € G and I, C G for the inertia subgroup of Y, and y,, respectively.
Note that since #ly, and #/,, do not depend on the choices of Y, and y,, respectively, we may denote
#Iy, and #1,, by #1,, and #1,, respectively. We put (see Section 1A1 for v(e))

#I" Y max,ey (#1,), e € (T ym).

Note that Corollary 1.13 implies that #1, = #I".
We have the following formula for p-rank of special fibers of G-pointed stable coverings when G is a
finite p-group.

Theorem 3.2. We maintain the settings introduced above. Let G be a finite p-group, and let f : % — 2
be a G-pointed semistable covering over S. Then we have (see Section 1B2 for iv, Section 1Al for

eCI(F%me), elp(F%sst), e(v), eP(v), and Section 1A3 for VP esst)

o@)= Y (1+EHG/HL) (X)) —D+ > <#G/#Ie>(#le/#1v—1>>

vev(F%Ssst) ece(v)\eP(v)

+ > HG/H =D+ Y #PQHG/H, =1+ 71, .

EEEC](F %Ssst)\elp(r'%;st) UEU(FE%Ssst)
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In particular, if f : % — 2 is a G-semistable covering (i.e., Dx = &), then we have

o) = > (1+d#cH)eEX)-D+ Y (#G/#If‘)(#lf‘/#lv—l)>

UEU(F%YSSL) ece(v)\eP(v)
+ > HGHIM — 1)+ Y #PQ)HG/HL — D) +yr .
ece(T %Ssst)\elp(f‘ %;m) vev( %f“)
Proof. The theorem follows from Theorem 2.7 and Proposition 3.1. (]

Remark 3.2.1. Note that it is easy to check that the formula of Theorem 3.2 depends only on the G-pointed

stable coverings.

3B. p-rank of vertical fibers.

3B1. Settings. We maintain the settings introduced in Section 3A1. Let x be a vertical point (see
Definition 1.8) associated to f. Write v : ¥’ — X for the normalization of X in the function field K (Y)
induced by the natural injection K (X) <> K(Y) induced by f. Then Y’ admits a natural action of G
induced by the action of G on the generic fiber of Y.

Let y’ € ! (x). Write I, C G for the inertia subgroup of y’. Proposition 1.6 implies that the morphism
of pointed smooth curves (Y;/1y, Dy, /Iy) — Z; over n induced by f extends to a pointed semistable
covering %, — 2" over S. In order to calculate the p-rank of f ~!(x), since the morphism 9, —> X is
finite étale over x, by replacing 2" by %7 ,, we may assume that G is equal to /. In the remainder of
this subsection, we shall assume G = I,/ (note that G = I,/ if and only if f ~1(x) is connected).

3B2. Write 2. =(X™, D xst) and %5 = (Y5, Dy,) for the special fibers of 2 sStand % over s, respectively.
By the general theory of semistable curves, g_1 (¥)rea € X3t and f () ea =h~! (g_1 (X))red C Yy are
semistable curves over s, where (—)q denotes the reduced induced closed subscheme of (—). In particular,
the irreducible components of g_1 (X)req are isomorphic to IP’}(.

Write Vy for the set of closed points

g7 (O)red N{XBN\ g7 () rea)

where {X3\ g=1(x);eq} denotes the topological closure of X5\ g7 (x)req in X5, Write Vy C % for
the set of closed points {4~ (@red}gevy- We have #Vx = 1 if x is a smooth point of 2, and #Vy =2 if
x 18 a node of Z;.

3B3. We define two pointed semistable curves over s to be

def , _ _ def , _

Ex Z (87 (reds (Dxss N (X)) UVx)  and & = (f 7 (Oreds (Dy N 7 (X)rea) U V).
Then we obtain a finite morphism of pointed semistable curves pg, /s, : &y — Ex induced by h. Since
f~(x) is connected, &y admits a natural action of G induced by the action of G on the special fiber %;
of #'. Write I, and I's, for the dual semigraphs of &y and &, respectively. Note that I's, is a tree, and
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is not a n-chain (Definition 2.9) in general if x is not a node. We obtain a map of semigraphs
85’)’/5’)( : ch’y - 1—‘65"x

induced by pg, /&, . Moreover, Proposition 1.7 implies that the map 84, /4, : ', — ', is @ morphism of
semigraphs.

3B4. Semigraphs with p-rank associated to 8y and &x. Let v € v(I'g,). Write Y, for the normalization
of the irreducible component Y, C &y corresponding to v. We define semigraphs with p-rank associated
to & and &, respectively, as follows:

def def
¢y = (Fy,0¢,), C€x= (Ex, 0ey),

where Ey & Ty, Ex €Ty, o¢, (v) & o (¥,) for v € v(Ey), and o¢, (w) 2 0 for w € v(Ex).

3BS5. G-coverings of semigraphs with p-rank associated to vertical fibers. The morphism of dual semi-
graphs 8¢, /6, : I'g, — D', induces a morphism of semigraphs with p-rank

Ogy /ey - ¢y — CEy.
Moreover, we see that 0¢, /¢, is a G-covering. Then we have

0 (€y) =0 (f7 (Drea) =0 (f 7 ().
Summarizing the discussions above, we obtain the following proposition.

Proposition 3.3. We maintain the notation introduced above. Let f : % — 2 be a G-pointed semistable
covering over S and x a vertical point associated to f. Suppose that f~'(x) is connected. Then there
exists a G-covering of semigraphs with p-rank d¢, /¢, : €y — Ex associated to f and x (which is
constructed above) such that o (Ey) = o (f “1(x)).

3B6. Then we have the following formula for p-rank of vertical fibers.

Theorem 3.4. We maintain the settings introduced in Section 1CI1. Let G be a finite p-group, and
let f:% — Z be a G-pointed semistable covering (Definition 1.5) over S and x a vertical point
(Definition 1.8) associated to f. We maintain the notation introduced in Sections 3B2 and 3B3. Suppose
that f~'(x) is connected. Then we have (see Section 3A5 for #1,,, #1,, and Section 1A1 for v(Tsy), e(v),

! (Tay))

c(fran = Y (1-#G/#L+ Y HGHL)HL L — 1) )+ > #G/# — ).

vev(Tey) ece(v) ece?(Tgy)

Proof. The theorem follows from Theorem 2.7 and Proposition 3.3. ]



308 Yu Yang

3B7. We maintain the notation introduced in Theorem 3.4. We explain that Raynaud’s result (i.e.,
Theorem 1.9) can be directly calculated by using Theorem 3.4 if x € X\ (X;ing U Dy,). Note that, since
x & Dx,, we have g ' (X)rea N Dxs = .

Let X6 be the irreducible component of X; which contains x. Moreover, we write Xg for the strict
transform of X, under the birational morphism g : 2% — 2. Then there exists a unique irreducible
component X; C g (X)rea C X5 such that XoN X # @. Note that #(Xo N X;) = 1. Write v; for the
vertex of v(I'g, ) corresponding to X . Since I's, is a connected tree, for each v € v(I'g, ), there exists a
path [(vy, v) connecting v; and v. We define

leng(l(v1. v) £ #{I(v1, v) NV ()}
to be the length of the path /(vy, v). Moreover, for each v € v(I'g, ), we write

lvl,v

for the path such that leng(/,, ,) = min{leng(/ (v, V) }iv;,v)-
By applying the general theory of semistable curves, Lemma 1.10, and Corollary 1.13, one may prove
the following:
Let v, v' € v(T's,) and X,, X, the irreducible components of g‘l(x)red corresponding to v, v/,
respectively. Suppose that {x.} déva N Xy # o, and that leng(/,, ,) < leng(/,, ). Write
ec eCl(FgX) for the closed edge corresponding to x.. Then we have #I, = #1, and #1,, | #1,,.

Note that the inertia subgroup of the unique open edge of I', (which abuts to v;) is equal to G. Then
Theorem 3.4 implies that o(f~1(x)) =0.

3C. p-rank of vertical fibers associated to singular vertical points. In this subsection, we will see that
Theorem 3.4 has a very simple form if x is a singular vertical point which plays a central role in Section 4.

3C1. Settings. We maintain the settings introduced in Section 3B1. Moreover, we suppose that the
vertical point x is a node of 2. Write X| and X, (which may be equal) for the irreducible components of
Z containing x. Write X; and X for the strict transforms of X ’1 and X/2 under the birational morphism
g XS — 2, respectively.

By the general theory of semistable curves, g‘1 (X)red X ;St is a semistable curve over s and g_1 (X)reaN
Dxs« = &. Moreover, the irreducible components of g‘l(x)red are isomorphic to I]J’}C. Let C be the
semistable subcurve of g‘l (x)rea Which is a chain of projective lines U?:l P; such that the following
conditions are satisfied:

(i) Forany w,t€{l,...,n}, P,NP, =g if |[w—t|>2,and P, N P; is reduced to a point if j[w —¢| =1.

(i) Py N X (resp. P, N X») is reduced to a point.

(i) CN{XSN\ g7 1 (X)red} = (P1 N X 1) U (P, N X7), where {X5\ g71(x)eq} denotes the topological
closure of X%\ g7 (x)req in X
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Then we have
gil(x)red =CUB,

where B denotes the topological closure of g_1 (X)reqa \ C in g_1 (X)red- Note that BN C are smooth points
of C. Then Theorem 1.9 (or Section 3B7) implies that the p-rank of the connected components of h=1(B)
are equal to 0. Thus, we have cr(ffl(x)) =o(h~1(C)).

3C2. We introduce the following notation concerning inertia subgroups of irreducible components of
vertical fibers.

Definition 3.5. We maintain the notation introduced above:

(a) Let V, déf{Vo, Vi, ..., Vu, Va1 } be a set of irreducible components of the special fiber % of %'. We
shall call V, a collection of vertical fibers associated to x if the following conditions are satisfied:

(i) h(V;) = P; fori €{l,...,n}.
(i) h(Vo) = X and h(Vaq1) = Xo.

(iii) The union | J'T, ! V; € %; is a connected semistable subcurve of %; over s. Note that we have
i=0

Moreover, we write Iy, € G, i € {0, ..., n+ 1}, for the inertia subgroup of V;, and put
def
Ty, = {lvps - Iy, )
Note that Corollary 1.13 implies that either Iy, C Iy,,, or Iy, 2 Iy, , holds for i € {0, ..., n}.

(b) Let (u,w) €{0,...,n+1} x{0,...,n—+ 1} be a pair such that u < w. We shall call that a group
I,;“;B is a minimal element of T\, if one of the following conditions are satisfied, where “C” means that

“is a subset which is not equal”:

() u=0,w#0,w#n+1,and I[N =1y, =1y, =---=1Iy, Cly,,,.
(i) u#0,w=n+1l,and Iy, DIy, =1y, - =1y, = IF;::L]
(i) u#0, w#n+1,and Iy, DIM =1y, =1y, ---=1Iy, Cly,,,.

Note that we do not define I, We shall call that a group sy is a maximal element of Ty, if one of
the following conditions are satisfied:

(i) (u,w)=(0,n+1)and J)'** =1y, foralli e{0,...,n+1}.

0,n+
(i) u=0,w#n+1 and Jy)* = Iy, =1y, =---=1y, D Iy,,,.
(i) u#0,w=n+1,and Iy, , Cly, =1y, - =1lv,,, =\
(iv) u #0,w#n+1, and Iy, , C J;l?i}x =1y, = IVu+| cee=1Iy, D va+1.
Moreover, we put
T(x) % | | #IMM and g0 Y | | Iy,
Imin: a minimal element of Ty, Ji"x: a maximal element of Ty,

where LI means disjoint union.
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Note that the set Z(x) may be empty (e.g., if Iy, C Iy, C --- C ly,,,, then Z(x) is empty). On the
other hand, since #1y,, i € {0, ..., n 4+ 1}, does not depend on the choice of V; (i.e., if 1(V;) = h(V/)
for irreducible components V;, V/ of %, then #1y, = #I V,")’ Z(x) and J(x) do not depend on the choice
of V.

We shall call Z(x) the set of minimal orders of inertia subgroups associated to x and f, and J(x) the

set of maximal orders of inertia subgroups associated to x and f, respectively.

3C3. We have the following lemmas.

Lemma 3.6. We maintain the notation introduced above. Let y; € V; be a closed point and I,, C G,
i € {l,...,n} the inertia subgroup of y;. Write Rayy., i = 1,...,n, for the set of the closed points
h=(C N B)rea N V;. Then we have Iy, = Iy, for any y; € Rayy,.

Proof. Since I, 2 Iy,, we only need to prove that /,, C Iy,. Note that Iy, is a normal subgroup of /y,.
To verify the lemma, by replacing G and 2" by I,, and #/I,,, respectively, we may assume G = I,,.
Then we have #17' (7(y;))rea = 1.

We consider the quotient %/ Iy,. By [Raynaud 1990, Appendice, Corollaire], we have that %' /Iy, is
a pointed semistable curve over S. Write &, for the quotient morphism & — #/Iy, and gy, for the
morphism % /Iy, — 27" induced by / such that h = 81y, © hr,.. Write Ey, for the connected component
of h~!(B);eq Which contains y;. By contracting hlv’, (Ey) C /1y, xss (resp. h(Ey,) C Z;%") [Bosch
et al. 1990, 6.7 Proposition 4], we obtain a fiber surface (%//Iy,) and a semistable curve (275)¢ over S.
Moreover, we have contracting morphisms as follows:

ch’v,- (E)’i) . g]//IV,- —> (Q//IVI.)C, Ch(Ey,») . %SSt — (%sst)c.
Furthermore, we obtain a morphism of fiber surfaces
g, /IS — (2

induced by g Iy, such that ¢y E,) O8Iy, = gfvi O Chyy, (Ey)- Note that (cp( E,)© h)(y;) is a smooth point of
the special fiber of (27%)¢, and g?vi is étale at the generic point of (¢, 1y, (Eyp) © h 1) (Vo).

We put y¢ < (Chy, (B iy ) i) € ([ 1y)° and x¢ € (e, o h) (1) € (2°. Consider the local
morphism

8y 2 Spec O /1y, )¢,y = Spec O(grsse x¢

induced by g?vi - Note that [Raynaud 1990, Proposition 1] implies that Spec O /1y, )e,y¢ X 55 is irreducible.
Then gy is generically étale at the generic point of Spec O 1y, )¢ X5 5. Thus, the Zariski—Nagata
purity theorem implies that gy is étale.

If Iy, # Iy, then g\c is not an identity. Namely, we have #1771 (h(y1))req # 1. This contradicts our

assumption. Then we obtain Iy, = I,,. We complete the proof of the lemma. U

Lemma 3.7. We maintain the notation introduced in above. Then we have

G = (ly,, Iv,,,),
where (ly,, ly,. ) denotes the subgroup of G generated by Iy, and ly,_,.
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Proof. Suppose that G # (Iy,, ly,,,). Since G is a p-group, there exists a normal subgroup H C G of
index p such that (Iy,, Iy,,,) € H. Write % for the normalization of 2" in the function field K (Y)
induced by the natural injection K (X) <> K (Y) induced by f. The normalization #" admits an action of
G induced by the action of G on #. Consider the quotient '/ H. Then we obtain a morphism of fiber
surfaces fy : %'/H — % over S induced by f. Moreover, #’/H admits an action of G/H =7/ pZ
induced by the action of G on %. Then fy is generically étale over X| and X). Thus, [Tamagawa 2004b,
Lemma 2.1(iii)] implies that fy is étale above x. Then f~!(x) is not connected. This contradicts our
assumptions. We complete the proof of the lemma. U

3C4. We define pointed semistable curves over s as follows:

G E (W (C)rea, ™ ((CNXDUCNX,))) and €x = (C, (CNX)U(CNXy)).

Moreover, we have a natural morphism of pointed semistable curves
Py 6y - €y = Cx

over s induced by h : & — 27, Since f “1(X)req is connected, €y admits a natural action of G induced
by the action of G on f (%) red. Write I'¢, and 'y, for the dual semigraphs of 6y and %, respectively.
Proposition 1.7 implies that the map of semigraphs

Bcgy/ch . Fc,,)ﬂy — F‘fx
induced by p«, /¢, is a morphism of semigraphs.

3CS. Semigraphs with p-rank associated to vertical fibers over singular vertical points. Let v € v(I'y,)
and Y, the normalization of the irreducible component Y, C €y corresponding to v. We define semigraphs
with p-rank associated to ¢y and @, respectively, as follows:

¢y ¥ (Cy.oe,), €xE (Cx, o0,

where Cy défﬂgy, Cyx déflﬁgx, og, (V) dga(ﬁ,) for v € v(Cy), and o¢, (W) 10 for w e v(Cy).

3C6. G-coverings of semigraphs with p-rank associated to vertical fibers over singular vertical points.

The morphism of dual semigraphs d«, /4, : I's;, — I'¢, induces a morphism of semigraphs with p-rank
O¢y /ey - Cy — Cyx.

Moreover, by Lemma 3.6, we see that o¢, (v) satisfies the Deuring—Shafarevich type formula for v € v(Cy).
This implies that 0¢, /¢, is a G-covering of semigraphs with p-rank. Note that by the above construction,
Cx is an n-chain (Definition 2.9). Furthermore, we have

o@y)=a ™ (C) =a(f(x)).

Summarizing the discussion above, we obtain the following proposition.
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Proposition 3.8. We maintain the notation introduced above. Let f : % — 2 be a G-pointed semistable
covering over S and x € Z; a vertical point associated to f. Suppose that f~'(x) is connected, and
that x is a node of Z;. Then there exists a G-covering of semigraphs with p-rank 0¢, /¢, : €y — Cx
associated to f and x (which is constructed above) such that Cx is an n-chain and o (Cy) = a(f_1 (x)).

3C7. Then we have the following theorem.

Theorem 3.9. We maintain the settings introduced in Section 1C1. Let G be a finite p-group, and let
f % — Z be a G-pointed semistable covering (Definition 1.5) over S and x € Z5 a vertical point
(Definition 1.8) associated to f. Suppose that f~'(x) is connected, and that x is a node of Z;. Let
Z(x) and J(x) be the sets of minimal and maximal orders of inertia subgroups associated to x and f

(Definition 3.5(b)), respectively. Then we have
o(f )= ) H#GMHI— Y H#G/HI+1.

#I1eZ(x) #JeJ(x)
Proof. Let V, be a collection of vertical fibers associated to x (Definition 3.5(a)). By Proposition 3.8,
Corollary 2.10, and Lemma 1.10, we have
n+1

o(f1 ) =) #G/#ly, =Y #G/#(Iv,, Iv) + 1,
i=1 i=1

where (Iy,_,, Iv,) denotes the subgroup of G generated by Iy, , and Iy,. The theorem follows from
Corollary 1.13 and Lemma 3.7. 0

3C8. In the remainder of the present subsection, we suppose that G is a cyclic p-group. We show that
the formula of Theorem 3.9 coincides with the formula of Saidi [1998a, Proposition 1]. Since G is an
abelian group, Iy;, i = {0, ..., n+ 1}, does not depend on the choice of V;. Then we may use the notation
Ip,ie€{0,...,n+1}, todenote Iy,.

Lemma 3.10. We maintain the notation introduced above. If G is a cyclic p-group, then there exists
0<u<n+1 such that

Ip,21p 21p,2---21Ip, C---Clp_ Clp, Clp,,,.

Proof. If the lemma is not true, then there exist w, t and v such that Ip, # Ip,, Ip, # Ip, and Ip, C
Ip

w1
quotient of % by Ip,, we obtain a natural morphism of pointed semistable curves hy, : % /Ip, — 2"

=...=1Ip,=---=1p_, DIp,. Since G is a cyclic group, we may assume /p, 2 Ip,. Consider the

over S.
We define Bj, j ={0,...,n+ 1}, to be the union of the connected components of B (Section 3C1)
which intersect with P; nontrivially. By contracting [Bosch et al. 1990, 6.7 Proposition 4]
Pw-i—l, ceey Pt—17 Bw+15 ceey Bt—lv
(hu) ™ (P Dreds -5 (Bu) ™ (Pe=Direds (Bu) ™ (Burg Dreds « -+ (1) ™ (Bi—Dreas
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respectively, we obtain a pointed semistable curve (2%")¢ and a fiber surface (%' /Ip,)¢ over S. Write
cosit XN (XY, cayrn, Y [Ip, > (Y [1p,)°

for the resulting contracting morphisms, respectively. The morphism #%,, induces a morphism of fiber
surfaces h, : (% /1p,)¢ — (25)°. Then we have the following commutative diagram:

Y ip,
Y /lp, —— (¥ /Ip,))°

hwl h;l

gsst ﬂ) (%'sst)c
Write P and P/ for the images cys(Py,) and cgs(P;), respectively, and x;,, for the closed point
P; N Pf. Since h{, is generically étale above Pj and Pf, [Tamagawa 2004b, Lemma 2.1(iii)] implies
that (hfﬂ)_1 (xy,)red are nodes. Thus, (#/Ip,)° is a semistable curve over S, and moreover, A, is étale
over xy,,. Then the inertia subgroups of the closed points (hfu)_1 (x;)rea Of the special fiber (#/1p,)$ of
(#/Ip,) are trivial.

On the other hand, since Ip, is a proper subgroup of /p,, we have that the inertia subgroups of the

irreducible components of h;l(U;;lw 41 Pj)re 4 18 Ip,/Ip,. Thus, the inertia subgroups of the closed

points ¢y /1, (h;1 (U;_:le Pf)red) = (hfu)_1 (xy,)red S (#/1p,); are not trivial. This is a contradiction.
Then we complete the proof of the lemma. ([l
The above lemma implies the following corollary.

Corollary 3.11. We maintain the settings introduced in Theorem 3.9. Suppose that G is a cyclic p-group,
and that Ip, is equal to G. Then we have

o (f1(x)) = #G [#Inin — #G /#1p, ,,
where Iyin denotes the group ﬂf:ol Ip.
Proof. The corollary follows immediately from Theorem 3.9 and Lemma 3.10. (I

Remark 3.11.1. The formula in Corollary 3.11 had been obtained by Saidi [1998a, Proposition 1]. On
the other hand, Corollary 3.11 implies immediately that

o(f7H(x) <#G -1

when G is a cyclic p-group, which is the main theorem of [Saidi 1998a, Theorem 1].

4. Bounds of p-rank of vertical fibers

In this section, we gives an affirmative answer to an open problem posed by Saidi concerning bounds of
p-rank of vertical fibers posed by Saidi if G is an arbitrary finite abelian p-group. The main result of the
present section is Theorem 4.3.
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4A. The following was asked by Saidi [1998a, Question]:

Let G be a finite p-group, and let f : % — 2 be a G-semistable covering (i.e., Dx = &, see
Definition 1.5) over S and x € Z; a vertical point (Definition 1.8) associated to f. Suppose that
£~ 1(x) is connected. Whether or not o (f~!(x)) can be bounded by a constant which depends
only on #G?

The above problem was solved by Saidi when G is a cyclic p-group (Remark 3.11.1).

4B. Settings. We maintain the settings introduced in Section 1C1 and assume that 2" is a stable curve
over S (i.e., Dx = &). Moreover, when x is a node of 2!, let V, be a collection of vertical fibers

.....

Furthermore, in the remainder of the present section, we assume that G is an finite abelian p-group.

4C. Since G is abelian, Iy, {i € {0, ..., n+ 1}, does not depend on the choice of V;. We use the notation
Ip, to denote Iy, fori € {0, ..., n+ 1}. Then we have the following proposition.

Proposition 4.1. Let I’ and 1" be minimal elements of Ty, (Definition 3.5(b)) distinct from each other.
Then neither I' C 1" nor I' 2 1" holds.

Proof. Without loss of generality, we may assume that I’ = Ip, and I” = Ip, suchthat0 <a <b <n+1,
Ip, #1p,,,, and Ip,_, # Ip,. Note that by the definition of minimal elements (Definition 3.5 (b)), Ip,,,
(resp. Ip, ,) contains Ip, (resp. Ip,).

If I’ € I”, we consider the quotient curve #'/1”. Then we obtain morphisms of semistable curves
E1:% — /1" and & : % /1" — 2" such that & o & = h. Note that h(V,) = P, and h(V),) = Py,
respectively. By contracting Uib:_al 41 Piand &5 ! (Uf:al 11 P,-)re 4 [Bosch et al. 1990, 6.7 Proposition 4],
respectively, we obtain contracting morphisms ¢y 1 275 — (279 and ¢y jpr 2 /1" — (X [17)°,
respectively. Moreover, & induces a morphism &5 : (% /1")¢ — (2"%)¢ such that the following diagram

commutes: i
@/1// L@/I// (g/[//)c

ézl & l
grsst S (2 5He
Note that (275Y)° is a semistable curve over S.

Since I' =Ip, € 1" = Ip,, &5 is étale at the generic points of ¢ ;7 0 £(V,) and ca 7 0 £1(V3). Thus,
by applying the Zariski—Nagata purity theorem and [Tamagawa 2004b, Lemma 2.1(iii)], we obtain that
&5 is étale at ¢y /17 0 &1(V,) Newyrr 0 €1(Vp) (i.e., the inertia group of each point of ¢z /7 0 &1(V,) N
ca 17 0&1(Vp) is trivial). On the other hand, since Ip, | contains Ip,, the inertia group of each point of
co 1m0 E1 (V) New 0 &1(Vy) is Ip, /1”. Then we obtain Ip, | = I”. This is a contradiction. Then I”
does not contain I'.

Similar arguments to the arguments given in the proof above imply that I’ does not contain I”. We
complete the proof of the proposition. U
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4D. Let N be a finite p-group and H a subgroup of N. Write Sub(—) for the set of the subgroups of (—).
We put

#1(H) Y max[#S5 | S C Sub(N), H € S, forany H', H" € S such that H' # H”,

neither H € H” nor H D H” holds}.

Moreover, we put

def
M(N)= max{#I (N')} n'esub(n)-

For any 1 <d <#N, write S;(N) for the set of the subgroups of N with order d. Let A be an elementary
abelian p-group (i.e., pA = 0) such that #A = #N. We put

B#N) & #sub(A).

Note that B(#N) depends only on #N.
4E. We need a lemma of finite groups.

Lemma 4.2. Let N be a finite p-group, A an elementary abelian p-group with order #N,and 1 <d <#N
an integer number. Then we have #S;(N) < #S,4(A). In particular, we have M(N) < B(#N).

Proof. Since N is a p-group, N has a nontrivial central subgroup. Fix a central subgroup Z of order p
in N. Write SdZ (N) (resp. SG\,Z (N)) for the set of subgroups of N of order d which contain Z (resp. do
not contain Z). If H is a subgroup of N/Z, let S[(IZ’H)(N ) be the set of L € SC\ZZ (N) whose projection on
N/Zis H. Let S4IN/Z] be the set of H € S4(N/Z) for which S'%™(N) # @.

Let H € S4[N/Z]. Then we obtain #S""(N) < #H'(H, Z) = #Hom(H®?, Z), where (—)?
denotes (—)/((—)?[(—), (—)]). Moreover, let H be a subgroup of A of order d and Z' = 7/pZ a
subgroup of A of order p. Then we have

#Hom(H™?, Z) < #Hom((H)™?, Z).
If d =1, the lemma is trivial. Then we may assume that p divides d. We have

#S4(N) = #SZ(N) +#S)2 (N) = #S4/,(N/Z) + #S)2(N)
=#Sp,(N/)+ > #SF (V)
HeS4[N/Z)
<#S4/p(N/Z)+ Y #(Hom(H™?, 7))
HeS4[N/Z]
< #S4/p(N/Z) +#S4(N/ Z)#(Hom((H')*>", Z"))
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By induction, we have #S;/,(N/Z) <#S4/,(A/Z") and #S4(N /Z) < #S4(A/Z"). Moreover, we have

#S4(A) = #50,p(A/Z)+ Y #SE ()
H'eS4[A]Z']

=#Syp(A/Z)+ ) #(Hom((H)™7, Z'))
H'eS4[A)Z"]
= #S4/,(A/Z") + #S4(A/ Z'#(Hom((H')™> P, Z')).

Thus, we obtain
#Sa(N) < #S4(A).

This completes the proof of the lemma. ]

4F. We have the following result.

Theorem 4.3. We maintain the settings introduced in Section 1C1. Let G be a finite p-group, and let
1% — 2 be a G-semistable covering (i.e., Dx = @, see Definition 1.5) over S and x € Z; a vertical
point (Definition 1.8) associated to f. Suppose that f ~1(x) is connected, and that G is an abelian
p-group. Then we have (see Section 4D for M (G), B(#G))

o(f'(x)) < M(G)#G — 1 < BHG)H#G — 1.

In particular, if G is an abelian p-group, then the p-rank o (f~'(x)) can be bounded by a constant
B#G) which depends only on #G.

Proof. If x is a smooth point of the special fiber 25 of 2, then o (f ~1(x)) =0 (Theorem 1.9). Thus, we
may assume that x is a singular point of Z;.

If Z(x) = @ (Definition 3.5(b)), then Theorem 3.9 implies that o(f~'(x) =0. If Z(x) # @, by
applying Theorem 3.9 and Proposition 4.1, we obtain

o(f~'(x) = Z #G /#] — Z #G /#J +1 <#TH#G — 1 < M(G)#G — 1 < BHGWG — 1. O
Ie#leI(x) #JeJ(x)

Remark 4.3.1. If G is a cyclic p-group, then by the definition of M (G), we have M (G) = 1. Thus, if G

is a cyclic p-group, we have o (f~'(x)) <#G — 1. This is the main theorem of [Saidi 1998a, Theorem 1].
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