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ANALYSIS AND PDE
Vol. 2, No. 3, 2009

GLOBAL EXISTENCE OF SMOOTH SOLUTIONS OF A 3D LOG-LOG
ENERGY-SUPERCRITICAL WAVE EQUATION

TRISTAN ROY

We prove global existence of smooth solutions of the 3D log-log energy-supercritical wave equation
Ot — Au = —u> log¢ (log(10 + u?))

with 0 < ¢ < 8/225 and smooth initial data (#(0) = ug, 6;u(0) =u,). First we control the L;‘L}f norm of
the solution on an arbitrary size time interval by an expression depending on the energy and an a priori
upper bound of its L H?(R?) norm, with H*(R?) := H*(R*) N H'(R?). The proof of this long time
estimate relies upon the use of some potential decay estimates and a modification of an argument by Tao.
Then we find an a posteriori upper bound of the L;’OI:I 2(R3) norm of the solution by combining the long
time estimate with an induction on time of the Strichartz estimates.

1. Introduction
We shall consider the defocusing log-log energy-supercritical wave equation
Ot — Au = — f(u) (1-1)

where u : R x R® — R is a real-valued scalar field and f (u) := u’g(u) with g(u) := log® (log(10 + u?)),
0 < ¢ < 8/225. Classical solutions of (1-1) are solutions that are infinitely differentiable and compactly
supported in space for each fixed time ¢. It is not difficult to see that classical solutions of (1-1) satisfy
the energy conservation law

E::l/ (6tu(t,x))2 dx—{—l/ |Vu(t,x)|2dx+/ F(u(t,x))dx (1-2)
2 R3 2 R3 R3

where F(u) := fou f()dv. Classical solutions of (1-1) enjoy three symmetry properties that we use
throughout this paper:

e time translation invariance: if u is a solution of (1-1) and ¢ is a fixed time then u (¢, x) :=u(t —ty, x)
is also a solution of (1-1);

e space translation invariance: if u is a solution of (1-1) and xo is a fixed point lying in R? then
u(t, x):=u(t, x —xp) is also a solution of (1-1);

e time reversal invariance: if u is a solution to (1-1) then & (#, x) := u(—t, x) is also a solution.

MSC2000: 35Q55.
Keywords: global regularity, log-log energy supercritical wave equation.
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262 TRISTAN ROY

The defocusing log-log energy-supercritical wave equation (1-1) is closely related to the power-type
defocusing wave equations, namely,

Ouu — Au=—|ul”u. (1-3)

Solutions of (1-3) have an invariant scaling

) 1 t x
A o —_ — —_ -
u(t,x) — u*(t,x):= —/12/(p_1)u(/1, /1) (1-4)
and (1-3) is s.-critical, where s, := % — —pil . Thus the H* (R3) x H%*~1(R?) norm of (u(0), 3,u(0)) is

invariant under scaling, i.e.,

e O e sy = 11O g oy
181" O rse-1 gy = 10,1 O) | s -

If p =5, then s, = 1 and this is why the quintic defocusing cubic wave equation
Ot — Au = —u’ (1-5)

is called the energy-critical equation. If 1 < p < 5 then s, < 1 and (1-3) is energy-subcritical while if
p > 5 then s, > 1 and (1-3) is energy-supercritical. Notice that for every p > 5 there exists two positive
constant 4(p), 42(p) such that

APl < |f @) < Az(p) max (1, ul?). (1-6)

This is why (1-1) is said to belong to the group of barely supercritical equations. There is another way
to see that. Notice that a simple integration by part shows that

6
Flu) ~ =g(w), (1-7)

and consequently the nonlinear potential term of the energy fR3 F(u)dx~ fR3 u®g(u) dx just barely fails
to be controlled by the linear component, in contrast to (1-5).

The energy-critical wave equation (1-5) has received a great deal of attention. Grillakis [1990; 1992]
established global existence of smooth solutions (global regularity) of this equation with smooth initial
data u(0) = ug, 6;u(0) = u;. His work followed that of Rauch [1981, part I] for small data and that
of Struwe [1988] on the spherically symmetric case. Later Shatah and Struwe [1993] gave a simplified
proof of this result. Kapitanski [1994] and, independently, Shatah and Struwe [1994] proved global
existence of solutions with data (ug, u;) in the energy class.

We are interested in proving global regularity of (1-1) with smooth initial data (ug, u). By standard
persistence of regularity results it suffices to prove global existence of solutions

u€6(l0, T1, H*®)) ne' ([0, T1, H'(R%)),
with data (ug, u1) € H2(R?) x H'(R?). Here the following space

H*(R®) := H*[®R*) n H'(RY). (1-8)
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In view of the local well-posedness theory [Lindblad and Sogge 1995], standard limit arguments and the
finite speed of propagation it suffices to find an a priori upper bound of the form

| @(T), 8u(TN | oy @y < C1 (loll goays il @y, T) (1-9)

for all times T > 0 and for classical solutions u of (1-1) with smooth and compactly supported data
(ug, uy). Here Cy is a constant depending only on luoll gy 11 ll a1 (re) and the time 7.

The global behavior of the solutions of the supercritical wave equations is poorly understood, mostly
because of the lack of conservation laws in H2(R?). Nevertheless Tao [2007] was able to prove global
regularity for another barely supercritical equation, namely

Ot — Au = —u’ log (2 + u?), (1-10)
with radial data. The main result of this paper is:

Theorem 1. The solution of (1-1) with smooth data (ug, u\) exists for all time. Moreover there exists a
nonnegative constant My = M0(||uo||g2(R3), lu1ll g1 (m3y) depending only on ””0”192(R3) and |luy|l (w3
such that
||M||L;>oﬁz(RxR3) + ||5tu||L$°H1(RxR3) < M. (1-11)
We recall some basic properties and estimates. Let O be a function, let J be an interval and let o € J
be a fixed time. If u is a classical solution of the more general problem o;;,u — Au = Q then u satisfies
the Duhamel formula

M(t) = ul,to(t) + unl,t()(t)a te Ja (1_12)

with u; 4, u,; 4, denoting the linear part and the nonlinear part respectively of the solution starting from #y.

Recall that
sin (t —ty) D

u g, () = cos (t — to) Du(to) + D ou(to) (1-13)
and . /
i (1) = — / P owyar, (1-14)

with D the multiplier defined by 5?(5) =< |f(§). An explicit formula for ((sin (+ —¢")D)/D)Q(t")
andt #£1¢' is

sin(t —t")D

=5

For a proof see [Sogge 1995]. We recall that u; 4, satisfies

1
0| @) = —— (', ') dS(x). (1-15)
Ar |t — 1] Jx—xr)=jt—r]
Ol g — Dtg g =0, ups(to) =ulto), Orurq,(to) = Srulty),
while u,; 4, is the solution of
Ortlhnt g — Dtnty = @, Uniiy(t0) =0,  Othns 1y (t0) = 0.

We recall the Strichartz estimate [Ginibre and Velo 1995; Keel and Tao 1998; Lindblad and Sogge 1995;
Sogge 1995]

lull o1 ey S N0 22y + 1 Vi) 122 @)y + 1911112 ey (1-16)
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if (¢, r) is wave admissible, that is, (¢, r) € (2, oo] x [2, ool and 1/q +3/r =1/2.

We set some notation that appears throughout the paper. We write C = C(ay, ..., a,) if C only
depends on the parameters ay, ..., a,. We write A < B if there exists a universal nonnegative constant
C’ > Osuch that A < C'B. A= O(B) means A < B. More generally we write A S, 4, B if there
exists a nonnegative constant C' = C(ay, ..., a,) such that A < C’B. We say that C” is the constant
determined by <in A S, 4, B if C” is the smallest constant among the C’s such that A < C'B. We
write A <,,..q4, B if there exists a universal nonnegative small constant ¢ = c(ay, . .., a,) such that
A <c¢B. Similar notions are defined for A 2 B, A 24,.. 4, B and A > B. In particular we say that C” is
the constant determined by = in A 2 B if C” is the largest constant among the C’s such that A > C'B.
If x is number then x+ and x— are slight variations of x: x4+ := x + a€ and x— := x — fe for some
0>0,>0and0 <e<K1.

Let I' denote the forward light cone

F+:{([,X)Z[> |X|}, (1'17)
and if J = [a, b] is an interval, let ' (J) denote the light cone truncated to J, that is,
I (J):=T, N xR, (1-18)

Let e(r) denote the local energy, that is,
1 1
e(t) = 5/ (@u(t, x))?* dx + 5/ |Vu(t, x)|* dx +/ F(u(t, x))dx. (1-19)
x|<t lx|<t lx|<t

If u is a solution of (1-1) then by using the finite speed of propagation and the Strichartz estimates we

have
||u||L;1L;(F+(])) S ||V”(b)||L§(R3) + ||at”(b)||L§(R3) + |l Q||L}L§(r+(1)) (1-20)

if (¢, r) is wave admissible. If J; := [ay, az] and J, := [a3, a3] then we also have
lall o1 oy S IV @ 2y + 100 @3) 2@ + 1 Q1L 2 oy (1-21)
We recall also the well-known Sobolev embeddings. If & is a smooth function then
1l ooy S Il 2y (1-22)

and
121 s@wey S NV 2@3)- (1-23)

If u is the solution of (1-1) with data (ug, u;) € ﬁz(R3) x H'(R?), then we get from (1-22)

E S 0l gy max (1, l10]% e, € Qlt0l] 2 ss)- (1-24)

We shall use the Paley-Littlewood technology. Let ¢ (¢) be a bump function adapted to {& € R : |¢] <2}
and equal to one on {£ € R3: €| <1}). If (M, N) € 2? x 27 are dyadic numbers then the Paley—Littlewood
projection operators Py, Py and Psy are defined in the Fourier domain by

Pii = (0(5) - #(557))F O PT@ = 3 Pud@ PerT@i= X Puf @)

M M<N M>N
The inverse Sobolev inequality can be stated as follows:
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Proposition 2 (Inverse Sobolev inequality [Tao 2006]). Let g be a smooth function such that
gl gy SEVL IPangllisws) 21,

for some real number > 0 and for some dyadic number N > 0. Then there exists a ball B(x,r) C R>
with r = O(1/N) such that we have the mass concentration estimate

/ g Pdy > P E-V22. (1-25)
B(x,r)

We also recall a result that shows that the mass of solutions of (1-1) can be locally in time controlled.

Proposition 3 (Local mass is locally stable [Tao 2006]). Ler J be a time interval, let t, t' € J and let
B(x,r) be a ball. Let u be a solution of (1-1). Then

1/2 1/2
(/ |u(t’,y)|2dy) = (/ |u(t,y)|2dy) + O(E'?)t —1')). (1-26)
B(x,r) B(x,r)

This result, proved for (1-5) in [Tao 2006], is also true for (1-1). Indeed the proof relied upon the fact
that the L?(R?) norm of the velocity of the solution of (1-5) at time ¢ is bounded by the square root of
its energy, which is also true for the solution of (1-1) (by (1-2) and (1-7)).

Now we make some comments with respect to Theorem 1. If the function g were a positive constant,
it would be easy to prove that the solution of (1-1) with data (uo, u;) lies in H2(R?) x H'(R3), since we
have a good global theory for (1-5). Therefore we can hope to prove global well-posedness for g slowly
increasing to infinity, by extending the technology to prove global well-posedness for (1-5). Notice also
that Tao [2006] found that the solution u of (1-5) satisfies

el oo sy S EE (1-27)
with E the energy of u. The structure of g is a double log: it is, roughly speaking, the inverse function
of the towel exponential bound in (1-27).

Now we explain the main ideas of this paper.

Tao [2006] was able to bound on arbitrary long time intervals the L;}L!? norm of solutions of the
energy-critical equation (1-5) by a quantity that depends exponentially on their energy. This estimate
can be viewed as a long time estimate. Unfortunately we cannot expect to prove a similar result for (1-1)
since we are not in the energy-critical regime. However we shall prove the following proposition:

Proposition 4 (Long time estimate). Let J = [t1, 2] be a time interval. Let u be a classical solution of
(1-1). Assume that

el oo oy sy = M (1-28)
for some M > 0. Then there exist three constants Cp o > 0, Cr.1 > 0and Cp 5 > 0 such that
e IfEK gl/zl—(M) (small energy regime) then
Il 12 gy < CL0: (1-29)
o if E 2 % (large energy regime) then

CL,Z(E193/4+8225/8+(M))

Il 512 ) ey < (CLa(Eg(M))) (1-30)
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This proposition shows that we can control the LfL}CZ(J x R?) norm of solutions of (1-1) by their
energy and an a priori bound of their L H?(J x R?) norm. We would like to control the pointwise-
in-time H2(R3) x H'(R3) norm of u on an interval [0, T], with 7' arbitrarily large. This is done by an
induction on time. We assume that this norm is controlled on [0, 7] by a number M. Then by continuity
we can find a slightly larger interval [0, 7’] such that this norm is bounded by (say) 2Mj on [0, T']. This
is our a priori bound. We subdivide [0, 7] into subintervals where the L;‘L )1(2 norm of u is small and we
control the pointwise-in-time H2(R>) x H'(R?) norm of u on each of these subintervals (see Lemma 6).
Since g varies slowly we can estimate the number of intervals of this partition by using Proposition 4
and we can prove a posteriori that ||u(¢) ||F12(R3) + ||0;u(t) ||F1.(R3) is bounded on [0, T'] by My, provided
that My is large enough; see Section 2.

The proof of Proposition 4 is a modification of the argument used in [Tao 2006] to establish a tower-
exponential bound of the L# L!?(J x R*) norm of v, the solution of (1-5). We divide J into subintervals J;
where the L}L )162 norm of u, the solution of (1-1), is “substantial””. Then by using the Strichartz estimates
and the Sobolev embedding (1-22) we notice that the LfoLg (J; x R?) norm of u is also substantial, more
precisely, we find a lower bound that depends on the energy E and g(M). Then by Proposition 2 we
can localize a bubble where the mass concentrates and we prove that the size of these subintervals is
also substantially large. Tao [2006] used the mass concentration to construct a solution o of (1-5) that
has a smaller energy than » and that coincides with v outside a cone. The idea behind that is to use an
induction on the levels of energy, due to Bourgain [1999], and the small energy theory following from
the Strichartz estimates in order to control the L} L!? norm of v outside a cone. Unfortunately it seems
almost impossible to apply this procedure to our problem. Indeed the energy of the constructed solution
u is smaller than the energy E of u by an amount that depends on E but also on g(M) and therefore an
induction on the levels of the energy is possible if the L° H?%(J x R?) norm of ii can be controlled by M,
which is far from being trivial. It turns out that we do not need to use the Bourgain induction method.
Indeed since we know that the size of the subintervals J; s is substantially large and since we have a good
control of the L#L!? norm on these subintervals it suffices to find an upper bound of the size of their
union in order to conclude. To this end we divide a cone containing the ball where the mass concentrates
and the J;s into truncated-in-time cones where the LfL )162 norm of u is substantial. Let J 1,j2, ... be the
sequence of time intervals resulting from this partition. The mass concentration helps us to control the
size of the first time interval J;. By using an asymptotic stability result we can prove, roughly speaking,
that if we consider two successive subintervals J s J j+1 resulting from this partition of the cone then the
size of J j+1 can be controlled by the size of J;; see (3-34). But a potential energy decay estimate shows
that if the size of the union of the J; s is too large then we can find a large subinterval [z{, ;] such that
the LfL}f norm of u on the cone truncated to [#{, #;] is small. Therefore [#{, ;] cannot be covered by
many J ;s and one of them is very large in comparison with its predecessor, which contradicts (3-34). At
the end of the process we can find an upper bound of the size of the union of the subintervals J; s and
consequently we can control the L#L!? norm of u on the interval J.

Remark 5. We will frequently use the x+ and x— notations. Indeed the point (2, c0) is not wave
admissible. Therefore we will work with the point (2+, co—): see (5-6) and (7-9). This generates
slight variations of many quantities throughout this paper. Sometimes we might deal with quantities like
7 :=x+/y—. We cannot conclude directly that z = (x/y)+. In this case we create a variation of y so
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small (compared to that of x) that we have z = (x/y)+. These details have been omitted for the sake of
readability. We strongly recommend that the reader ignores these slight variations at the first reading.

2. Proof of Theorem 1

The proof relies upon Proposition 4 and the following lemma, which we prove on page 268.

Lemma 6 (Local boundedness). Let J = [t1, t2] be an interval. Assume that u is a classical solution of
(1-1). Let Z(t) := ||(u(2), 6;u(t)) ||F12(R3)xH1(R3)' There exists 0 < € < constant such that if

||M||L;‘L;2(JXR3) = ma (2-1)
then there exists C; > 0 such that
Z(t) <2C1Z(t)) fortel. (2-2)
We claim that the set
F:={T €0, 00): ,:[ISPT]H(”(I)’ du())|| ) H @) S Mo} (2-3)

is equal to [0, oo) for some constant My := M0(||u0||ﬁ2(R3), lu1ll 1 (r3)) large enough. Indeed, 0 € F
(this is clear); & is closed, by continuity; and & is open. To see this last fact, let 7 € ¥. Then by
continuity there exists ¢ > 0 such that

sup || (?), Oru (D) | 2wy x 11 v2y < 2Mo (2-4)
1€10,7"]

for every T’ € [0, T + 0). By (1-29) and (1-30) we have

) < max (Cp.0, (Cp1 E g(2Mp))Cr2EX 70 M)y (2-5)

LIL12([0,T"1xR3) —

Let N > 1 and let Z(0) := max (Z(0), 1). Without loss of generality we can assume that C; > 1 so
that 2C;Z(0) > 1 and log® (2C1 Z (0)) > 1. We have, by the elementary rules of the logarithm and the
inequality log®(2nx) <log®((2n)*) for n > 1 and x > 1:

N 4 N 4

N
€ €
;g(@Cz)”Zo)Z log® (log((2C1)>* 2% (0) + 10)) ~ Z“log 2n10g(2CzZ(0)))

n=1 n=1

N

1 1 1 N+l
> )P Ja=—t
log (2C,Z(0)) &= log“(2n) ™~ log® (2€,2(0)) Ji  log*(21)

1 N+1 1/2
2 —dt 2 —— . 2.6
™ log® (2€12(0)) /1 V27 ™ log” (2€1Z(0)) (2-6)



268 TRISTAN ROY

By Lemma 6, (2-5) and (2-6) we can construct a partition (J,)1<,<y of [0, T'] such that
lul ‘
u =
HLEOE) = g1 (2C1y Zo)
€
u < s
Il ”Lf‘L}CZ(JNXIW) —= g1/4 ((ZC[)NZ())

l1<n<N,

Z(t) = (2C)"Z(0),
fort e J1U---UJ, and
Nk (CLo. (CutE g2y CuE ) (2-7)
log®(2C, Z(0)) ’ ’
Since ¢ < 8/225 we have by (1-24)
log N < log®(2C;Z(0)) +1og (Cr.0)
+Cp L E13/DF 10g@35¢/8F 100 (1044 M2) log (Cp1E log* log(10+4M§))

- 10g<10g (Mo/Z(0)) )

log (2C)) &9

if My = M0(||M0||g2(R3), lu1ll g1 wy) is large enough. To prove the last inequality in (2-8) it is enough,
by using (1-24), to notice that limy, . f(Mo) =0 with

log®(2C, Z(0))+ log (Cp 0)+Cp 2 EM/D+ 10g?5¢/8 00 (10 + 4M2) log (Cy. 1 E log® log(10+4M2))

f(My) :=
log (Mo/Z(0))
log ( glog ?2c,) )
(2-9)
Therefore we conclude that
sup [ (1), G ()| 2oy ey < RCHN Z(0) < M. (2-10)

t€[0,T7]

Proof of Lemma 6. By the Strichartz estimates (1-16), the Sobolev embeddings (1-22) and (1-23) and
the elementary estimate |1V (g(u)) | < |u*Vug(u)|, we have

Z(0) S Z0) + 1w’ g @)l 11 12 1 1y + 11 Vug @ g1 22 oy ey + 1867V 1112 1y 1y

SZ@t)+ ||u58(14)||L)L§([,1,[]ang3) + ||u4Vug(u)||L;L§([ZI,I]XR3)

4 _
S Z@) + Nl ps gy, s 1l e rsnnxm) 8 Ul Lo oo i nxm) 2-11)

+ ||M ||4L?L/1(2([l‘| LIIXR3) || Vu ||L?OLE([11,I]><R3)g(”u ” L?OLio([ll,l]XR3))
S Z() + 1l sy o) 2O (Z(0)).
Let C; be the constant determined by the last inequality in (2-11). From (2-1), (2-11) and a continuity
argument, we have (2-2). Il
3. Proof of Proposition 4

The proof relies upon five lemmas, which we state here and then prove in subsequent sections, after
seeing how they imply the proposition.
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Lemma 7 (Long time estimate if energy small). Let J = [t1, 2] be a time interval. Let u be a classical
solution of (1-1). Assume that (1-28) holds. If

EK (3-1)

g'A(M)’
then

||u||LfL}2(JXR3) < 1. (3-2)
Lemma 8 (If ||u|| LALI2(IxRY) is nonnegligible a mass concentration bubble exists and the size of J is
bounded from below). Let u be a classical solution of (1-1). Let J be a time interval. Assume that (1-28)
holds. Let n be a positive number such that

El/12
n= 24 (M)’ (3-3)
If||u||L?LJ]C2(J><R3) >n, then
t x( )

Moreover, there exist a point x € R3, atime ty € J and a positive number r such that we have the mass
concentration estimate in the ball B(xg, r)

/ luto, ) dy 2 n*FE~Dr2, (3-5)
B(x0,7)
and the following lower bound on the size of J:

|1 2 n*E7r (3-6)

Lemma 9 (Potential energy decay estimate). Let u be a classical solution of (1-1). Let [a, b] be an
interval. Then we have the potential energy decay estimate

/ F(u(b,x))dx < % (e(a) +e'*(a)) +e(b) —e(a) + (e(b) — e(a)) ' . (3-7)
|x|<b

Lemma 10 (L?L )162 norm of u is small on a large truncation of the forward light cone). Let J =[#1, t2] be
an interval. Let u be a classical solution of (1-1). Assume that (1-28) holds. Let n be a positive number
such that

1/4 1=5/18 EY2
n< min(E s BT, —) (3-8)
g5/24 (M)
Assume also that there exists Co > 1 such that
[tl, (CZE10+’1_(36+))4C2E10+,’—(36+) tl] - ] (3_9)
Then there exists a subinterval J' = [t], t}] such that |t,/t]| ~ E'%*n=C%") and
||u||L;‘L)162(I“+(‘]’)) =7. (3-10)

Lemma 11 (Asymptotic stability). Let J = [t1, 1] be a time interval. Let J' = [t{, t;}] C J and let
te J/J'. Let u be a classical solution of (1-1). Assume that (1-28) holds. Then

ES/6gV/5(M)

- 7 3-11
dist'/?(z, J) -0

et (1) — g 0 (D) Lo @y S
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We are ready to prove Proposition 4. We assume that we have an a priori bound M of the L{® H?(JxR?)
norm of the solution u. There are two steps:

« If E <« 1/g"2(M), then we know from Lemma 7 that (1-29) holds.
» Therefore we assume that the energy is large, that is,
1

E > W (3-12)
We can assume without loss of generality that
EV/12
”u”[‘;‘L;z(‘]xR-?) = W (3-13)
From (3-13) we can partition J into subintervals Jyi, ..., J; such thatfori =1,...,1—1,
El/12 El/12
Nl psp i <oy = W and Nl pap 2 xmey < W. (3-14)
Before moving forward we say that an interval J; is exceptional if
1
(3-15)

llur,1, ||L§‘L}.2(J,-><R3) + ””l,tz ||L?L)][2(J,’><R3) = (C3Eg(M))C4(E(193/4)+g(225/3)+(M)) >

for some C3 > 1, C4 > 1 to be chosen later. (The numbers 193/4 and 225/8 will play an important role
in (3-44).) Otherwise J; is unexceptional. Let € denote the set of J/ s that are exceptional and let &
denote the set of nonempty sequences of consecutive unexceptional intervals J;. By (1-16), (3-12) and
(3-15),

card (€) S E2[0(Eg(M))]0E™ TP 00) < [0 (Eg(M))]0E M 0m — (3.16)

Since card (¢¢) < card (€) we have

ol S [0 (Eg(by)) o™ s mman) (

L;*L)IKZ(]XR?O + sup ||u||i;¥L"1(2(KXR3))' (3_17)

3
g5/6 (M) K€

Let K = J;,U---U J;, be a sequence of consecutive unexceptional intervals. If N(K) is the number of
J; s making K then by (3-12), (3-14) and (3-17) we have

sy S (50 N(K)) 10 (Eg(M))1”
Keéc

E(]93/4)+g(225/8)+ (M)) )

(3-18)

Therefore it suffices to estimate N (K) for every K = J;,U---U J;,. We will do that by first determining
a lower bound for the size of the elements J;s and then by estimating the size of K. By (3-12), (3-14)
and Lemma 8, there exists for i € [ig, ...i1]a (¢, r;, Xx;) € (Ji x (0, 00) X [R3) such that

i , E-G/2)
? B lu(ti, Y)I°dy 2 () (3-19)
and Ry
il 2 l
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. . . 1
Let k € [ig, ..., i1] be such that ry = min, g i let f(t,r,x):= ) fB(x’r) lu(t, v)|>dy; let Cs be

the constant determined by (3-19); and let ro = ro(M) be defined by

Cs E-(G/24)

I‘()M2 =

4gC/O+(M)

Since f(t,r, x) <rM? we have
CsE~(G/29)
ft,ro,x) < W-

Theset A:={(t,r,x):t€K, ro<r<ry, X € R3} is connected. Therefore its image is connected by f
and there exists (7, 7, ¥) € K X [ro, ri] x R such that f(7, 7, ¥) = (CsE~(G/21)) /(2gC/HH(M)) . In
other words we have the following mass concentration

- CsE—G/2H)
2

— u“(t,x)dx = ————. (3-21)

72 )i 2g0/9+ (M)

Moreover we have the useful lower bound for the size of J;,! i <i <iy:
—-1/3
o> _

lJ’|Nrg5/6(M)' (3-22)

At this point we need to use the following lemma, which gives information about the size of K.

Lemma 12. Let K be a sequence of unexceptional intervals. Assume there exist t € K, ¥ € R® and

r € (0, 00) such that

= W (@, y)dy 2 EZ DD (), (3-23)
= JB(@,7)

Then there exist two constants C¢ > 1, C7 > 1 such that

K| = (CoEg(M))TF™ a0 (3-24)

If we combine the lemma with (3-22) we can estimate N (K). More precisely, by Lemma 12, (3-22)
and (3-12) we have

(C6Eg(M))C7E“93/4)+g<225/8)+(M)f
~ E-(/3)
"8y

) O(E193/9+g(25/8)+(ppy)

N(K) < < (0(Eg(M)) (3-25)

Plugging this upper bound for N (K) into (3-18) we get (1-30), completing the proof of the proposition
(modulo the lemmas).

Proof of Lemma 12. By using the space translation invariance of (1-1) we can reduce to the case where

% vanishes.” By using the time reversal invariance and the time translation invariance? it suffices to

4

estimate |K N [z, 00)|. By using the time translation invariance again® we can assume that f = 7 and

INotice that we have the lower bound 7 > C sE —-(G/2+) /(4M 2g(s/ Yt m )). One might think that the presence of 7 in
(3-22) is annoying since this lower bound is crude. However we will see that 7 disappears at the end of the process: see (3-25).
Therefore a sharp lower bound is not required.

2We consider the function u 1(t, x) = u(t, x — x) and we abuse notation in the sequel by writing u for u.

3We consider the function uy(t, x) ;= u(2f — t, x) and we abuse notation in the sequel by writing u5 for u.

4We consider the function usz(t, x) :=u(t + (f —7), x) and we abuse notation in the sequel by writing u3 for u.
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therefore r € K. Let Ky := K N[r, 00). We are interested in estimating |K|. We would like to use
Lemma 10. Therefore, we consider the set I' (K,). We have
1 ) E-(G/2)4)
= u(r, dy 2 ———. 3-26
Therefore by Proposition 3 and (3-26) we have
E-(G/2H)52
(e, NP dy 2 —smmro (3-27)
/B(O,F) gB/H* (M)

if (t —F)EY? < (coE~ G/ D5 g5/ (M) for some ¢y < 1. Therefore by Holder there exists 0 < ¢; < 1
small enough such that

Jul oo B (3-28)
u o ) >Cl————- -
L2 (F+ ([f,f+7‘°g%/§(fﬁ);;r ])) g»/3%(M)
E-(17/16)
Suppose first that [[ul sz 12, x,y) < clm. In this case we get from (3-28)
.  E-GH); 12
el ) 329
and, using also (3-12), we get (3-24).
. E-((17/16)+)
Now suppose instead that [lull 4,2, (k) = €1 PETEEE Define
¢ E-W710)+
71 — Zm’ (3_30)
and divide I' (K ) into consecutive cone truncations I'y (J}), . .., I'+ (Ji) such that, for j=1, ..., k—1,
el irp e,y =1 (3-31)
and
[|u ”LfL)l}(l"_,_(JNk)) <1. (3-32)
We get from (3-28)
- coE~(G/HDf
he|rr+ e | (3-33)
gG/ (M)
Result 13. If j € [1, ...,k — 1] we either have
i1l S 1l ES gt (m) (3-34)
or
|j]| > (C6Eg(]V[))C7E(l93/4)+g(225/8)+(M)’7 (3_35)

for some constants Cq > 1, C7 > 1.
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Proof. We get from (1-21), (3-12) and (3-30)

llu — Uit ||L?L)1C2(F+(jj)) S ||”58(u)||L;L§(p+(jjwj~+l))
Sl gusrap g @lle s, gume” )
< GEY0g0(M)
<. (3-36)

with Jj = [t 1, 7;]. Therefore by (3-31) we have [lur,;;,, Il 41121, (j,y) ~ 71- This implies that

Mty = Nl a2 7 (3-37)
or
”ul,tz ”LfL‘LZ(er(JNj)) Z 77 (3-38)

Case 1. |luy;,, — ”l,tz”L;‘L;Z(n(ii)) 2 7. By Lemma 11 and Holder we have

7. l/4
”ul,t_H_] - ul,tz||L;‘Li2(F+(jj)) S |J]| / I|ul,l_/+1 - ul,tz”LtOOL)l(Z(FJr(jj))

< | J: |4 _ 1/2 i _ 1/2 ~
~ |‘]]| ”ul,l_,'_H ul’tz||L?CL$°(F+(JJ'))”MI’[-/+I Ml’tzllLtooLg(r+(Jj))

- |jj|1/4E2/3g1/12(M)

N = (3-39)
|Jjnl4

We get (3-34) from (3-37) and (3-39).

Case 2. ||uipll s, () 2 7 In this case Jurgll 4,0, 2 7. Recall that K is a subinterval of
K = J;,U---UJ;, sequence of unexceptional intervals J;, iop <i <i;. Consequently there are at least
~n(C3Eg(M ))C4E(193/4)+g(225/8)+(M ) intervals J ; that cover J;. Therefore we get (3-35) from (3-22) and
(3-12). O

Using Result 13 and Lemma 10 we can get an upper bound on the size |K 4 |:
Result 14. We have
K4 < (CoEg(M)) <m0y, (3-40)
Proof. Let B := (CoEg(M))C7E" V7)) - Agsume that (3-40) fails. Let J;, be the first interval
for which |J;U---U fj1| exceeds Br. Then j; # 1, |fj1| < |fj1_1|ﬁ_4E8/3g1/3(M) and we have

C‘1E75/417 n
g(5/8)(M)

if [T1, Ta] := JoU---U J; _1. Therefore by (3-12) and (3-41) we have

=T+ (T, — )i *E*3g" 3 (M) 2 | 1|+ -~ +1J,| = BF, (3-41)

7t E-®/3) Br
g3 (M)

Moreover T} <7 + (c1 E~(/HN5) /(gO/8+(M)). Therefore by (3-12) we have

h—T 2 (3-42)

Ti = O(F). (3-43)
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By (3-42) and (3-43) we have

T 71\ —(36-H)\ 4CL E'0F (77/4)~ G
rz(eE (@) ) , (-4
1

with C; defined in Lemma 10, provided that C¢, C7 > max (ci, C3). Therefore we can apply Lemma

: I 7 7. : 174l 0 10+ 36+ >
10 and find a subinterval [7{, 1,] C Jo,U---U J;, | with ‘tz/ﬁ’ E*¥Tq (36+) and ||”||L;‘L}2([t{,z§]) <n/4.
This means that [ti, té] C [Ty, T»] is covered by at most two consecutive intervals. It is convenient to
introduce [7{, #;1,, the geometric mean of ¢| and #,. We have [z, #}], ~ 7 BE> t{. There are two cases.

Case 1. [1{, 1] is covered by one interval jjv =[a;, b;], 2 < j < ji—1. Then |J}-| > ﬁ_(36+)E10+t{ and
|J5_1| < 1. Therefore |J5| 2 7P E'0F|J;_,|. Contradiction with (3-12) and (3-34).

Case 2. [}, t;] is covered by two intervals fj =laj, bj]l and J~J--Jrl =lajy, by ] for some 2 < j<j—2.
Then there are two subcases.

Case 2a. b; < [1],1}],. In this case |J7, | = 7~ @D E'T1{ and | J;| < 7~ 8D ES*1{. Therefore by
(3-12) we have |J5, | 2 78D ES*| J7|. Contradiction with (3-12) and (3-34).

Case 2b. bj > [t{,1}],. In this case by (3-12) |J~Jf| > 7~ BHDEt and |j]_1| < t{. Therefore
| 751 2 7~ 8P EF|J;_, |. Contradiction with (3-12) and (3-34).

This exhausts all cases. Thus we have proved Result 14 and so also Lemma 12. (|

Remark 15. It seems likely that we can find a better upper bound for | K| than (3-40) by exploiting
Lemma 11 in a better way. For instance we can consider k successive time intervals Jj 1, ..., Jj1k,
k > 1 and prove an estimate like

|Tjstl + - [kl ST E3 B¢ 3 (M. (3-45)

This estimate is stronger than (3-34). We can probably find a smaller B such that (3-44) holds with
7 substituted for something like k# and, by modifying the argument above, find a contradiction with
(3-45). At the end of the process we can probably prove global existence of smooth solutions to (1-1)
for 0 < ¢ < ¢p, with ¢g > 8/225 to be determined. We will not pursue these matters.

4. Proof of Lemma 7
Applying the Strichartz estimates and the Holder inequality,
Null 212 ey S E'?+ ||M4||L}L§(JX[R3)||ugl/6(u)||L?°Lg(JxR3)||85/6(u)||L,°°L;C(Jx[R<3)
SEV+EVg O (M)|ull; (@-1)

LILR2(JxR3)

Hence (3-2) by (3-1) and a continuity argument.
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5. Proof of Lemma 8

Let J' = [t{, ;] C J be such that lull 4112(y g3y = #- Then by (1-22) and (3-3)

1F GO 12wy S Mg @l oo rrms) 1 s o oo 187 @ e Lo rrxme) .
< E1/6174g5/6(M) < EV2.

It is slightly unfortunate that (2, co) is not wave admissible. Therefore we consider the admissible pair
(2+¢, 6(24+¢)/€) with € <« 1. By the Strichartz estimates and (5-1), we have

el 2ve 6@rnve gy S IVUADI 2y + D 2y + 1L @ 122 sy S EV2. (5-2)
Let N be a frequency to be chosen later. By the Bernstein inequality and (1-7) we have
1P nullpspcregsy S NVHIN Hlull oo poremsy S NVHINVHEYS, (5-3)

Therefore
IP<nullpspigregsy S 11VANVAEVC. (5-4)

Let ¢, < 1. Then if N = ¢3(*/(1J'| E*/?)) we have

[ P=null p2p12(rxmey Zn and Nl p2prer sy ~ IP=nullp2p12rxmey- (5-5)
By (5-2) and (5-5) we have

N~ I1P=nullpspi<rs)

(2+€)/4 1-(2+€)/4
S ”PZNM||L12+5L§6(2+e))/e(J/XR3)||PZNM”L$°L§(J/><R3)

1-((2 4
S BB Poyull (5-6)

Therefore we conclude that || P>yl zoz6 (s xr3) > >+ E=-((1/24)  Applying Proposition 2 we get (3-5).

6. Proof of Lemma 9

Bahouri and Gerard [1999, page 171] used arguments from Grillakis [1990; 1992] and Shatah—Struwe
[1993] to derive an a priori estimate of the solution u to the 3D quintic defocusing wave equation, that
is, 6;,u — Au+u> = 0. More precisely they were able to prove

/ b, )1° dx S % @@+ @) +2(6) — o(@) + @) — o))", 6-1)
|x|<b
with . . |
~ e _ 2 - 2 - 6 _
e(t) = 3 AIS (G;u)” dx + 3 /x|§t |Vul|“dx + G /|x|§z u dx. (6-2)

Since we apply their ideas to the potential f we just sketch the proof. Given the cone I'y ([a, b]) we
denote by oT'; ([a, b]) the mantle of the cone I', ([a, b]), that is,

0T+ (la, b)) :={(t',x) € [a,b] x B3, 1 = |x|}. (6-3)
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The local energy identity

1 S |
e(b) —e(a) = ——= + —/ F(u) (6-4)
272 aT 4 ([a,b]) V2 ol ([a,b])
results from the integration of the identity 6,u (6;;u — Au+ f (1)) = 0 on the cone I';([a, b]). We have
[Shatah and Struwe 1998]

X0
t

+Vu

t t
Oy (5(6,u)2 + §|Vu|2 + (x.Vu)ou +tF(u) + u@,u)
|Vu|*x n (6,u)x

— diV(tVuatu + (x.Vu)Vu — —xF(u)+ uVu) 4+uf(u)—4F@u)=0. (6-5)

2 2
Integrating this identity on I'; ([a, b]), we have
X®b)—X(@a)+Y(a,b) :/ 4F (u) —uf (u), (6-6)
Iy ([a,b])
with
t t
X(1):= / —(Gu)* + =|Vul® + (x.Vu)ou + 1 F () + udu (6-7)
i<t 2 2
and
Y(a,b):=
1 t t Vu. Vul?
T (—(atu)2 + = |Vul? + (x.Vu)osu + 1t F(u) + udu +t - xatu + . Vul
V2 Jor, (a,pn \2 2 x| x|
Vul|? du)?|x Vu.x
—u|x|+w—|x|F(u)+u . (6-8)
2 2 x|
In fact we have [Shatah and Struwe 1993]
1 1 2 2
X (1) = / z[—(a,u)2 + —(w ¥ “—xz‘ ] O Vi + 1) + 1 F () —/ o (69
x| <t 2 2 |X| |x|=t 2
Since ¢t = |x| on 0"y ([a, b]) we have
1 Vu)? V.
Y(a,b)=——— Ix1(B;u)? + 2(x.Vu)dpu + udu + (x-Vu) +u ux’ (6-10)
V2 Jor, qap | x| x|
and after some computations [Shatah and Struwe 1993], we get
1 1 u? u?
Y(a,b)=——— —(t6u+(Vu.x)+u)2+/ ——/ —. (6-11)
V2 Jorsqasn t wi=b 2 Jixj=a 2
Therefore, if
1 5 1 ux |2
H(t):= t[—(atu) +—|Vu+—2‘ ]—i—@tu(x.Vu—l-u)—HF(u), (6-12)
<t L2 2 x|

then

H(b)— H(a) = L/ l(tateru.eru)er/ AF () — uf (). (6-13)
V2 Jor (abn Iy (ja.b])
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We estimate H (), following [Bahouri and Gérard 1999]. We have

t 2 2
[O;u(x.Vu+u)| < —((&u)2 + ‘Vu + ﬂ‘ ) < t((&tu)2 + |Vul® + u_) (6-14)
2 |x? |x|?
Therefore by (6-14), the Holder inequality and (1-7), we have
u? 6\'/3 1/3
H(t) < t(e(t) + —2) <tle)+ (/ " ) S t(e) +e3(0). (6-15)
x| <t |X] Jx| <t

Moreover by (6-4), the Holder inequality and (1-7), we have

1 1 2 b (Vu-x

2] u’
— —(tou+Vux+u) S ——= +8u> —I——/ —
V2 Jor. qapy t (ro ) 2V2 Jor (app N 1 ' 22 Jor. qapy 1

X 2 1 1/3
<b —ou+V — 6
- /am([a,b])‘f “ u‘ +2«/§</ar+<[a,m>u )
S b((e(b) —e(@) + (e(b) —e(a)'?). (6-16)
We get from (1-7)
4F (u) —uf(u) <0. (6-17)
By (6-13), and (6-15)-(6-17), we have
1 1 2
H(a)+— — (tou+Vu.x +
[ rwsTPs O A Y
x| <b b b
< 5 @+ @) +e(b) — @) + (e(b) — e(@))"”. (6-18)

7. Proof of Lemma 10

The proof relies upon two results that we prove in the subsections.
Result 16. Let u be a classical solution of (1-1). Assume that (1-28) holds. Let n be a positive number
such that (3-3) holds. If \ull 4 12(r, (sy) = 71 then

lull oo e, oy 2 n*FE~ D), (7-1)

Result 17. Let u be a smooth solution to (1-1). Assume that (1-28) holds. Let n be a positive number
such that
n <min(1, E'/18). (7-2)

Let J = [t1,12] be an interval such that [t1, t1(En~'8)*F" "] C J. Then there exists a subinterval
J' =1}, 1] such that |t} /t|| = En~'® and

Nl oo s r oy S 1 (7-3)
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Let Cy be the constant determined by 2 in (7-1). Let Cig be the constant determined by < in (7-3).
We get from (3-9):

Con*tE-(1/2+ —18
o (p(CE

if C, > max (Co, Cy0). Therefore, since (Con>t E~(1/24)) /(2C ) satisfies (7-2) by (3-8), we can use
Result 17 and show that there exists a subinterval J' = [t{, ;] such that |t} /t]| ~ E 10+,=36+) and

ConPt E-/D+
T Cas i

—18
) _ 104 ,,—(36+)

cJ, (7-4)

Con**E-1/2D Y, Pt E-1/24)
o0 "y < < . 7-5
lullzoors(r, (ry) < 2Cio <Gy 5 (7-5)

Now we claim that ||”||L;‘L12(r+(1/)) < 5. If not by (3-8) and Result 16 we have
el oo, gy = Con® E-2D). (7-6)

Contradiction with (7-5).

Proof of Result 16. We substitute J' for I';.(J') in (5-1) to get
LF@ L2,y S E2. (7-7)
By the Strichartz estimates (1-20) on the truncated cone I'; (J’) we have
il e o, gy S EV2 (7-8)

after following similar steps to prove (5-2). Therefore

_ (2+e)/4 1=(2+€)/4) (2+¢€)/8 1-(2+€)/4) _
’7 - ||u||L7‘L1¥2(F+(‘/)) 5 ||u”L’2+€Lf{6(2+€))/e(r+(1/))||u||L[OOL§(r+(‘I/)) 5 E ||u||L,°OL‘;(1"+(J’)) (7 9)

Therefore (7-1) holds. O

Proof of Result 17. By (7-2) we have En~'® > 1. Let n be the largest integer such that 2n < 4E»~'8.
This implies that n > E#~!8. Let A := Ey~'%. Now we consider the interval [¢;, A%'t;] C J. We write
[t1, A1 =[t1, A’H]U---U[A2=Dy, A%11]. We have
n
> e(A¥n) —e(A* V) <2E, (7-10)

i=1
and by the pigeonhole principle there exists ig € [1, n] such that
e(A%01)) — e(A200= D) < '8, (7-11)

Now we choose a := A200=Dy and b € [AZo— 11, A%07]. Let 1= A2o=Dyg, th = A%~z and
J' = [t{, t;]. We apply (3-7) and (7-2) to get

lull oo, @, apy S NF@ieriw, qop g S E 0" E+EV) + 4" + 40 < n. =
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Proof of Lemma 11

We have after computation of the derivative of e(r)

ore(t) > / F(u)dSs, (7-12)
|x|=t
and integrating with respect of time
// g)u(’',x"ydsdr <E. (7-13)
I J|x|<t

By using the space and time translation invariance

/ / g)u(’',x"dsdr <E. (7-14)
J J|x —x|=[t'—t1]

Therefore (1-15), (1-22), (7-14) and the Holder inequality give us

in(t—t)D 1
/ D A |t —t'| i —x|=|t'—1]

1 6 5/6 1/6
u®g(u)dsS / u)ds dt’
[I’|[—I/|(/|x/—x|:|t’—t #u) ) ( Ix/—x|:|t’—f|g( ) )

1 5/6
< 1/6M/—(/ uS g (u ds) dt’
Ng ( ) ]/|t_t/|2/3 \x’fx|=|z’7;| g( )

g’ g0 (u) dSdt’

A

1 \ls E>/®
< 60 E5/6(/ ) < Oy ——— (7-15)
SRS yle—=t)* ~e )distl/z(t,J’)
Notice that
Psin(t—1t)D
wty =, - [ DR wgwuy ar, (7-16)
I
fori =1,2. We get (3-11) from (7-15) and (7-16).
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PERIODIC STOCHASTIC KORTEWEG-DE VRIES EQUATION
WITH ADDITIVE SPACE-TIME WHITE NOISE

TADAHIRO OH

We prove the local well-posedness of the periodic stochastic Korteweg—de Vries equation with the addi-
tive space-time white noise. To treat low regularity of the white noise in space, we consider the Cauchy
problem in the Besov-type space l;; o) fors = —%—i—, p =2+ such Ehat sp < —1. In establishing local
well-posedness, we use a variant of the Bourgain space adapted to b}, ., (T) and establish a nonlinear
estimate on the second iteration on the integral formulation. The deterministic part of the nonlinear
estimate also yields the local well-posedness of the deterministic KdV in M (T), the space of finite Borel
measures on T.

1. Introduction

In this paper, we prove the local well-posedness of the periodic stochastic Korteweg—de Vries (SKdV)
equation with additive space-time white noise:

[du+(83u+u8xu)dt:dW, 0

u(x, 0) = uo(x),

where u is a real-valued function, (x,7) € T x R with T = [0, 27 ), and W (¢) = 6 B/dx is a cylindrical
Wiener process on L>(T). With e, (x) = ﬁe"”x, we have W (t) = fo(t)eo+ Zn#o \/Liﬁn (t)e,(x), where
{Bn}n>0 is a family of mutually independent complex-valued Brownian motions (here we take Sy to be
real-valued) in a fixed probability space (€2, &, P) associated with a filtration {%, },>¢ and f_, () = B ()
for n > 1. Note that Var(5,(1)) =2 forn > 1.

De Bouard et al. [2004] considered

<du + (B3u + ud,u)dt = pdWw,
u(x, 0) = up(x),

where ¢ is a bounded linear operator in L?(T). They showed that (2) is locally well posed when ¢ is a
Hilbert—Schmidt operator from L2(T) to H*(T) for s > —%. See the references in their paper for earlier
work in the periodic and nonperiodic settings.

In this work, we consider the case when ¢ is the identity operator on L?(T), that is, we take the
additive noise to be the space-time white noise 9B /0t dx, where B(x, t) is a two parameter Brownian
motion on T x R*. Note that ¢ is a Hilbert—Schmidt operator from L?(T) to H*(T) for s < —% but not

1

for s > —5.

2)

MSC2000: 35Q53, 60H15.
Keywords: stochastic KdV, white noise, local well-posedness.
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Suppose that u is the solution to (1), or equivalently to (2) with ¢ = Id, the identity operator on L>(T).
Let vy (x, t) = u(x 4+ apt, t) — ag, where ag is the mean of ug. Then, v; satisfies (1) with the mean-zero
initial condition ug — ag. Now, let Py be the projection onto the spatial frequency 0, and P, .o = Id — Po.
Note that IP’.OW(I) = Lo(t)eg(x) = \/szﬂﬁo(t). By letting vy = v — \/%7'80([)’ we see that u satisfies (1)
if and only if v, satisfies

[dvz + (8v2 + (02 + J%—nﬁo(f))axvz)dt =PuzodW,

v2(x, 0) = ug(x) — ao,

almost surely since f(0) =0 a.s. By setting v3(x, 1) = v2(x + ¢, (2), 1) with ¢, (1) = fot ﬁﬁo(ﬂ)dr’, it
follows that v3 satisfies _
{dv3 + (8303 + v30,03)dt = dW,
03(x, 0) = up(x) — ao,
where

. 1 1 .
W, t) =D —=Bu)en(x +co®) = D —=Bu(t)e Ve, (x);

that is, 03 solves (2), where

¢ =diag(pn;n #0)  with ¢, (1) =D and ¢, (1) = [ ﬁﬁo(ﬂ)dﬂ (3)

(with respect to the basis {e,},c7). Moreover, v3 has spatial mean 0 (as long as it exists) since ey does
not lie in the range of ¢. Therefore, in the remainder of the paper, we concentrate on studying the local
well-posedness of (2) with ¢ given by (3) and the mean-zero initial condition ug (which implies that u
has spatial mean 0 as long as it exists).

Recall that u is called a (Iocal-in-time) mild solution to (2) if u satisfies

u(t) = S(t)ug — % /0 l S(t — t")oxu’()dt' + /0 [ St —t")ddW (1)) 4)

at least for ¢ € [0, T'] for some T > 0, where S(¢) = e~1or,
Note that the first two terms in (4) also appear in the deterministic KdV theory. Thus, we briefly
review recent well-posedness results of the periodic (deterministic) KdV.

{””r”””””x =0, (x,1) €T x R. (5)

ul,_o = uos
Bourgain [1993] introduced a new weighted space-time Sobolev space X*** whose norm is given by
el oy = 14m)* (7 = n*) i, )12 2xmys (6)

where (-) =1+ |-|. He proved the local well-posedness of (5) in Lz(T) via the fixed point argument,
immediately yielding the global well-posedness in L?(T) thanks to the conservation of the L> norm.
Kenig et al. [1996] improved Bourgain’s result and established the local well-posedness in H _%(T) by
establishing the bilinear estimate

10 o)l oy S llull oy 0l @



PERIODIC STOCHASTIC KORTEWEG-DE VRIES EQUATION WITH SPACE-TIME WHITE NOISE 283

for s > —% under the mean-zero assumption on u# and v. Colliander et al. [2003] proved the corresponding
global well-posedness result via the /-method.

There are also results on (5) which exploit its complete integrability. Bourgain [1997] proved the
global well-posedness of (5) in the class M (T) of measures u, assuming that its total variation || || is
sufficiently small. His proof is based on the trilinear estimate on the second iteration of the integral
formulation of (5), assuming an a priori uniform bound on the Fourier coefficients of the solution u of
the form

sup |u(n, 1) < C forall t € R. (8)

neZ
He then established (8) using complete integrability. More recently, Kappeler and Topalov [2006] proved
the global well-posedness of the KdV in H~!(T) via the inverse spectral method.

There are also results on the necessary conditions on the regularity with respect to smoothness or
uniform continuity of the solution map : ug € H*(T) — u(t) € H*(T). Bourgain [1997] showed that if
the solution map is C3, then s > —%. Christ et al. [2003] proved that if the solution map is uniformly
continuous, then s > —%. (See also [Kenig et al. 2001].) These results, in particular, imply that we cannot
hope to have a local-in-time solution of KdV via the fixed point argument in H®, s < —%. Recall that,
for each fixed ¢, the space-time white noise 3> B /0t x lies in () s<—12 H S\H =2 almost surely. Hence,
these results for KdV cannot be applied to study the local well-posedness of (1).

Now, let us discuss the spaces which capture the regularities of the spatial and space-time white noise.
Recently, we proved the invariance of the (spatial) white noise for the (deterministic) KdV in [Oh 2009a]
(also see [Oh 2009b]) by first establishing the local well-posedness in an appropriate Banach space
containing the support of the (spatial) white noise. Define the Besov-type space via the norm

. . . 1/p
1£ 15, = ||f||b;;,oo=SI}P||(”>Sf(")||L|P| _=sup( Z<n>”’|f(n)l") : )
: j n|~2/ J |n|~2/

In [Oh 2009a], using the theory of abstract Wiener spaces, we showed that l;;, ~ contains the full support
of the (spatial) white noise for sp < —1. (The statement also holds true for sp = —1.)
Let’s consider the stochastic convolution ®(¢) given by

O(t) = /0 St —1)p(dW (), (10)

where ¢ is given by (3). Define a variant of the X*? space adjusted to l;;’oo(TT). Let X;’Z be the
completion of the Schwartz class (T x R) under the norm

||M|IX;}; = || (n)s(‘[ —n3>bﬁ(n’ T)”b?}‘ocL;{' (11)

Note that X;:bq defined in (11) is the space of functions u such that S(—f)u(-,t) € (l;j]’oo)x (FLP9),,
where FL”4 is defined via the norm

I fllgra == 11(2)? f (@)l 1a. (12)

In the same paper we also showed that the local-in-time white noise is supported on #L9 for cqg < —1.
This implies that the Brownian motion belongs locally in time to FL”¢ for (b — 1)q < —1. Hence, with
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b < % and g =2, we see that the local-in-time stochastic convolution #(z)®(¢) lies in X Sp’,bq almost surely,
withsp <—1, b< % and g =2, where 7(¢) is a smooth cutoff supported on [—1, 2] with #(¢) =1 on [0, 1].

The argument in [De Bouard et al. 2004] is based on the result by Roynette [1993] on the endpoint
regularity of the Brownian motion, which states that the Brownian motion £(¢) belongs to the Besov
space B 117/ 3 if and only if ¢ = oo (with 1 < p < 00). The authors then proved a variant of the bilinear
estimate (7) by Kenig, Ponce and Vega, adjusted to their Besov space setting, establishing the local well-
posedness via the fixed point theorem. The use of a variant of the bilinear estimate (7) required a slight
regularization of the noise in space via ¢ so that the smoothed noise has the spatial regularity s > —%.
Thus, they could not treat the space-time white noise, that is, ¢ = Id.

Our result is based on two observations. First, our [} -based function spaces l;;’oo in (9) and X;;’bq in
(11) capture the regularity of the spatial and space-time white noise for sp < —1, b < % and g = 2. The
second is that we can indeed carry out the argument in [Bourgain 1997], a nonlinear estimate on the
second iteration, without assuming the a priori bound (8), if we take the initial data ug € l;;, oo fOrs > —%
with p > 2. Then, we construct a solution u as a strong limit of the smooth solutions u” (with smooth
u(’)v and ng ) of (2). Note that our nonlinear estimate on the second iteration in Section 5 depends on the
stochastic term, whereas the bilinear estimate in [De Bouard et al. 2004] is entirely deterministic.

Finally, we present our main results.

Theorem 1. Let ¢ be as in (3) and p =2+. Let s = —% +owith (p —2)/(4p) < 0<(p—2)/2p), so
sp < —1. Also, let ug be Fo-measurable such that it has mean 0 and belongs o b, o (I almost surely.
Then, there exists a stopping time T, > 0 and a unique process u € C ([O, Ty]; bfmoo(T)) satisfying (2) on
[0, T,,] almost surely.

As a corollary, we obtain:

Theorem 2. The stochastic KdV (1) with the additive space-time white noise is locally well posed almost
surely (with the prescribed mean on uy).

Remark 1.1. Our argument provides an answer to the question posed in [Bourgain 1997, remark on
p- 120], at least in the local-in-time setting. The deterministic part of the nonlinear estimate in Section 5
can be used to establish the local well-posedness of (5) for a finite Borel measure ug = u € M(T) with
||l < oo without the complete integrability or the smallness assumption on . Note that u € 13;’00 for
sp < —1 since sup, |@(n)| < ||u]l < co. Hence, it can be used to study the Cauchy problem on M (T)
for nonintegrable KdV-variants. Also, see [Oh 2009b].

Remark 1.2. Let %L*?(T) be the space of functions on T defined via the norm || f ||grs.r = || (n)* f Mm)llpp-
Recall from [Oh 2009a] that & L*-?(T) contains the support of the (spatial) white noise when sp < —1.
Then, Theorems 1 and 2 can also be established in FL*?(T) for s = —%—i—, p =2+ with sp < —1. The
modification is straightforward once we note that || f||grs—=r < || £l B o for any ¢ > 0, and thus we omit
the details.

This paper is organized as follows: In Section 2, we introduce some notations. In Section 3, we intro-
duce function spaces along with their embeddings and state deterministic linear estimates from [Bourgain
1993] and [Oh 2009a]. In Section 4, we study some basic properties of the stochastic convolution. In
Section 5, we prove Theorem 1 by establishing the nonlinear estimate on the second iteration of the
integral formulation (4).
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2. Notation

In the periodic setting on T, the spatial Fourier domain is Z. Let dn be the normalized counting measure
on Z. We say that f € LP(Z), where 1 < p < o0, if

1/p 1 1/p
1 llLr@) = (/Z If(n)l”dn) = (EZIf(n)I”) < 0.

neZ

If p = oo, we have the obvious definition involving the supremum. We often drop 2z for simplicity.
If a function depends on both x and 7, we use "+ (and ") to denote the spatial (and temporal) Fourier
transform, respectively. However, when there is no confusion, we simply use " to denote the spatial
Fourier transform, the temporal Fourier transform, and the space-time Fourier transform, depending on
the context.

For a Banach space X C ¥'(T x R), we use X to denote the space of the Fourier transforms of the
functions in X, which is a Banach space with the norm | f|l3 = [|F, ! fllx, where @A_l denotes the
inverse Fourier transform (in n and t). Also, for a space Y of functions on Z, we use Y to denote the
space of the inverse Fourier transforms of the functions in ¥ with the norm || f'{|; = [|F f||y. Now, define
b3, ,(T) by the norm

00
=0

R R R q/p\1/4
1 £ 1,0y = 1 Wy = [ F@)llge o = (Z( > <n>“"’|f(n)|”) ) (13)

J |n|~2/

for g < 0o and by (9) when g = oo.

Throughout the paper, #(¢) denotes a smooth cutoff supported on [—1, 2] with #(¢) =1 on [0, 1], and
let 57, (t) = n(T~'t). We use ¢, C to denote various constants, usually depending only on s, p, and 6. If
a constant depends on other quantities, we make it explicit. We use A < B to denote an estimate of the
form A < CB. Similarly, we use A ~ B to denote A < B and B < A and use A < B when there is no
general constant C such that B < CA. We also use a+ and a— to denote a + ¢ and a — &, respectively,
for arbitrarily small ¢ < 1.

3. Function spaces and basic embeddings

Let X** denote the usual periodic Bourgain space defined in (6). We often use the shorthand notation

|l - lls.» to denote the X*? norm. Now, define X;’Z, the Bourgain space adapted to l;j, o> 10 be the

completion of the Schwartz functions on T x R with respect to the norm given by

”u”Xf:’Z = H (n)*(z —n>bi(n, ‘L')Hbo L= sup” (n)* (z —n)i(n, r)”Lp L (14)
, .00 j |nj~2J

In the following, we take p = 2+ and s = —%—i— = —% + 0 with 0 < (p—2)/2p (and 6 > (p—2)/4p)
such that sp < —1. Lastly, given T > 0, we define Xj,”bq’T as a restriction of X;;Z on [0, T'] by

ull ysor = |lue] ys, =inf{||u|| ysb : U =uf.
[ ”X;ZT I ”Xi’»l:l[O»T] {” ”Xi’l:l |[0,T] }

We define the local-in-time versions of the other function spaces analogously.
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Now, we discuss the basic embeddings. For p > 2, we have |a,|| 2 =< llaall L2 Thus, we have
1/ 15, < 11f |z, and thus

leell s = Noellxe- (15)
By the Holder inequality, we have
A 1/2
£l s = (Z(zf)o—n "a*f(n)u%llwz,-)
(16)
< sup I1(m) > o2 m) 2 F @)l < 111
J
for s = —5 —|—5 with 6 > (p—2)/4p. Hence, for s = % + 0 with 6 > (p—2)/4p, we have

el y o S Nl (17

Now, we briefly go over the linear estimates. Let S(r) = ™' % and T <1 in the following. We first
present the homogeneous and nonhomogeneous linear estimates. See [Bourgain 1993; Kenig et al. 1993;
Oh 2009a] for details of the proofs.

Lemma 3.1. Foranys € Rand b < %, we have ||S(I)M0||X;,172,T < T(l/z)_b||u0||5;oo

Lemma 3.2. Foranys € Rand b < 1, we have

H/t St —1t)F(x,t)dt
0

S IFgsr + 1 F L.

Also, we have || fol S(t —t)F(x,t")dt'|

cot S|F || gt for b > L,
XP’Z‘T ~ ” ”XPZ lf 2
The next lemma is the periodic L* Strichartz estimate due to Bourgain [1993].

Lemma 3.3. Let u be a function on T x R. Then, we have ||u|| ;4 ) < ||u||x0q%.

Lastly, recall that by restricting the Bourgain spaces onto a small time interval [0, T'], we can gain a
small power of 7. See [Colliander and Oh 2009] for the proof.

Lemma34. ForO0<b <b < %, we have

b—b'—
lull s = Nnppuall swrr ST llael 5.0

4. Stochastic convolution

In this section, we study basic properties of the stochastic convolution q)(t) defined in (10). In particular,
we prove that #® belongs to X, s b T and is continuous from [0, T'] into bs oo for T <1 almost surely for
sp<—land (b—1)-2 < —1, where n(t) is a smooth cutoff supported on [ 1 2] with #(¢)=1o0n [0, 1].

Before stating the main results, we point out the following. Let ¢ be the identity operator on L*(T)
or be as in (3). Then, we know that such ¢ is Hilbert—Schmidt from L?(T) into H*(T) if and only if
s < —%. In other words, with a slight abuse of notation, define

¢:=D den=D_ pue, (18)

nez nezZ
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in view of ¢ = diag(¢,; n # 0). Then, we have ¢ € H*(T) if and only if s < —5. Moreover, we have
|1l 552 msy = lI@llms, where || | s(z2; ms) denotes the Hilbert-Schmidt norm from LZ(T) to H5(T).
For such ¢, we also have ¢ € b (T if and only if sp < —1, and we can use ||@]|; B to discuss the
regularity of ¢ in place of the Hllbert Schmidt norm. This is one of the reasons for’ usmg this space
(We need only sp < —1 for our purpose since the nonlinear estimate in Section 5 holds for s = —§ and
p =2+ withsp < —1.)

Proposition4.1. LetO<T <1and p=2+. Lets= —%—l—é and b= % —0, with (p=2)/4p <d<(p—2)/2p
such that sp < —1 and (b — 1) -2 < —1. Then, for the stochastic convolution ® (t) defined in (10) with ¢
as in (3), we have

E[||’7<D||Xs.bgr] =C(n,s, p) <oo. (19)

140,50,
X 2 almost surely.

In particular, © €

Before going into the proof of Proposition 4.1, recall the following. Let £ and /> be independent real-
valued Brownian motions on (Q, %, P), and f(¢, w) and f>(¢, ) be real-valued stochastic processes
independent of f; and f3>. Then, we canregard f8; and f; as (¢, w)=p;(t, 1) and f;(t, w) = f;(t, w2),
where v = (w1, ) € Q1 x Qp = Q. Thus, in taking an expectation, we can first integrate over w; € Q.
Then, for m € N, we have

Zm]
2m

|
b k b 2m—k
:E[Z(z;?) (/ fl(f)dﬂl(f)) (/ fz(t)dﬁg(t)) }
m 2 2 ~
:[EQZ[Z(z ) (2,1" ), 1AL @), b)#))),nfz( »ni&”ga,z;]. (20)
n=0

In the computation above, we used the fact that, for each fixed w», fa b fi(t, @)dp;(t, wr) is a Gaussian
random variable on ; with variance | f; (- , )|

b b
/ FOdB) + / F2(O)dpa(r)

L%(a,b)’
Proof. By the Holder inequality, we have

[tz =n) V20, )| o = e =) 20 22 [ (2 = nY PP, )],

that is, we have |7 120 < 7l as long as & > (p=2)/4p. Thus, we will work in x5

in the following.

Define g(t) = n(t)fO' S(—=r)¢(r)dW (r) such that n(t)®(-,1) = S(t)g(-, t). Assume that each S, is
extended to a Brownian motion on R in such a way that the family {f,},>0 is still independent. Note
that for ¢ € [0, T'], we have

{00 =) [ 1) )00 J580) @

We have inserted #(r) and y[o,7)(r) in the integrand since #(r) xjo,71(r) = 1 for r € [0, t] C [0, T]. For
notational simplicity, we use ¢, (r) to denote ¢, (r) xjo0,71(r) in the following, that is, we assume that ¢,
is supported on [0, T']. By (3), we have |, (r)| <1 for r € R.
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Now, we write the left-hand side of (19) as
1/p
U@M+A<qu(Z§Pmm/ @mMMQ}
X} 2 k] 7| ~2k
1/p
+[E|:sup2]‘( > / 18(n, f)|pdf) ] (22)
|7]<2

In|~2/

Part 1. First, we estimate the second term in (22). Let

(o¢]
G,(r,7) = n(r)e_”"3q5n(r)/ n(t)e ' dt. (23)
r
Also write f, = (r) + lﬂn’ where ﬁ = Re S, and ﬁ’,,i) = Im S,. Then, by the stochastic Fubini
Theorem, we have, for meN,
. t .3 2m
EMWMW=%V%W%/ wwwamﬁm®M}
R —00

2 2m
- 2—'"[5[ ‘/ G, D) () }

2
< [EH / Re G, (r, )dB" (r) — / Im G, (r, 7)dp (r)
-1

]

? 2
—HE[ ‘/ Im G, (r, T)dB (1) +/ Re G, (r, 7)dp{ (r)

2m
] . (24)

Note that [Re G, (r, 7)|, [Im G, (r, 7)| < [G(r, D) < 7]l L1 IPn ()| S N7l 1 x10,71(r)- Thus, we have

|Re Gu(r, o) 121 G, ) [ 15" S Il

for k=0, ..., m. Then, by (20) along with the independence of ¢,,, ,(,r), and ﬁ’,(,i), we have
”é(ﬂ, T)HLZ”‘(Q) <C= C(”a m)
independent of n and . Hence, for p € (2, 4), we have

(E[18G. DIP]) " < 1801, 01920 120n. DI, S 1 (25)

by interpolation, where 8 € (0, 1) such that 11) = §+ % Then, the second term in (22) is estimated by

o(5 3

In|~2i

1/
(T ) () e e
j=0

=0 |~

1/p
E[I18(n, T)I7]d )

lz]<2

since sp < —1.
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Part 2. Next, we estimate the first term in (22). Let
G (r, 1) = (e ™ g (r) [0/ (1) (e iT)d,
G (r,7) = 2 (r)e ™" b, (r) (7" / i),

Then, by the stochastic Fubini theorem and integration by parts, we have

27)

2 2 2
V2g(n,7) = /_ Gl T)f () = /_ G+ /_ G0 0dp,0)

= IV +1®(20).

(28)

N 1 2
Thus 1301, )I7 S |13V (@) + 12 ()]
First, we estimate the contribution from Gf,]). For |7| ~ 2%, we have

00 . e—it‘r 00 Y e—itr
/ 7'(1) = dt / n'(t) - dt

by partial integration. Thus, we have |Gf,1)(r, 7)| < 27%. Then, repeating a similar computation as in
Part 1, we obtain

<720 (r)| + <Cc 27 * (29)

1 _ _
E[LO @D < 1O @12 1D @) it 272, (30)

by (20) and interpolation. Hence, the contribution to (22) is estimated by

o] o0 1/
(22) < (szsp Z szp(§+§)/ [E[|In(1)(1')|p]df) !
2k

=0 i~ k=1 e~
00 oo 1/p
< (sz(sp-i—l) sz(_(3p/z)+5p+1)) <C < o0, (3D
Jj=0 k=1

since sp < —1 and—%p+5p+1<0. .

Now, we consider the contribution from ],52)(1). With g, = ﬁ,(,’) + i/)’,(,‘), we have |I,E2)(r)|2 <
| ffl G2, r)dp" (r)|2 + | f31 G2, r)dﬁ,(,')(r)|2. We only estimate the first term since the second
term is estimated in the same way. By the Ito formula (see [De Bouard et al. 2004]), we have

2 2 2 2 t R
- / PO 4 are / / G, A (NG (¢, 1B (1)
1 —1J—-00

2

2
‘ / G (r, 0)dB" (r)
—1

=:1,(t)+ 1 (7).

The contribution from /) (7) is at most

00 ‘ 00 . 2 p/2\1/p
(22) < (sz’ > Zz’q’(z”)/ll ) |r|_1’dr(/1 114(t)dt) )
i~ _

j=0 In|~2J k=1
© 0 ) I/p

< |In||i4(22’(sp+‘) sz<—z+5p+l>) <C < oo, (32)
j=0 k=1

since sp < —l and 0 < (p—2)/2p.
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We finally estimate the contribution from 7,/ (). Write
2
@ = [ 0o,
-1

where H,(1) = [*__ H,(r, )dB" (r) with
Hy(r, 1) = 202 Re (7 ()2 (1) 7 ¢, () (1) 7). (33)

Then, by the Ito isometry and |¢, (w, t)| < 1 for all (w, 1) € Q x R, we have

2 2 2
E[12//(0) ] = [E[( / | Hn(odﬁ,S’)(r)) ]v / [0

2 t 2 2 pt
_ 7 (r) _ 7 2
_/_1[E[(/_OO H,(r, t)dp} (r)) i|dt_/_1/_lE[|Hn(r, 0)[*|drdt

2 t
< 1_4/ / ;74(r)114(t)drdt < 4 (34)
—-1J-1

Hence, the contribution from /() is at most

oo o] 1/p
22) < 0Jsp 2kp(;+6)/ el P/214 )
(22) < ( E E E et [12,) () |P/*]dz

Jj=0 |n|~2J k=1
o 0 . 4 1/p

(X oy [ einor) )
J=0  |nj~2i k=1 l|~2¢
0 0 1/p

< (sz(sp-i—]) 2k(—§+5p+1)) < C < 00, (35)
Jj=0 k=1

for p <4, sp <—1,and 6 < (p—2)/2p. O

We state a corollary to the proof of Proposition 4.1 for a general diagonal covariance operator ¢ (¢, w) =
diag(¢, (¢, w); n € Z), which is independent of {f,},>.

Corollary 4.2. Let O < T <1, p =2+, and s,s' € R with s < s'. Moreover, let b = % — 0 with
(p—2)/4p <6 < (p—2)/2p, so (b—1)-2 < —1. Then, for the stochastic convolution ®(t) defined in
(10) with ¢ € LP([0, T] x Q; b ), independent of {f,}n>1, we have

p,o0

/
[E[””lq)uxgzd <C(n,s,s', p)”qs”Lp([()’T]XQ;[;;‘?"DO)' (36)

. s, =6,T
In particular, ® € X pfz almost surely.

Proof. In the proof of Proposition 4.1, we used |¢, ()| < 1 whenever ¢, () appeared. Now, we briefly
go through that proof, keeping track of ¢, (¢). Since ¢ is independent of {f,},>1, we regard S, and ¢,
as B, (t, w) = f,(t, w1) and ¢, (t, w) = ¢, (¢t, w2), where w = (w1, wy) € Q1 X Qy = Q.



PERIODIC STOCHASTIC KORTEWEG-DE VRIES EQUATION WITH SPACE-TIME WHITE NOISE 291

In (25), we have E[|g(n, 7)I7] < Eq, I¢n (-, a)2)||§2[0ﬂ. Then, in (26), we have

1/p
(22) < (Zzw 2 /| [EQZ||¢"("wz)lliz[o,ﬂdr)

|n|~2J
1/
221(5 s)pois'p Z C, p< .
| &n 602)||Lp([0 T1x Q) ~ ”¢”LP([0,T]XQ;b;‘,’,DO)’
In|~2]

since s —s’ < 0. A similar modification in (30) and (31) (alternatively, (32)) takes care of the contribution
from I,El)(r) (alternatively, ) (7)). Now, as for I)(7), we first integrate only over Q; in (34) and obtain

Eo, [I1/(0)P] < / / 1 ()t Ol (NP1 (@) Pdrdt S v hall}oy0.7y-
Then, in (35), we have
E[11; (01P°] = Ea,[I11; (@)1} ] = B[ (150, ] S 777 By lihn (- 021y 1,

for p € [2, 4]. The rest follows as before. O

Now, we discuss the continuity of the stochastic convolution. In the remaining of this section, we
show that the stochastic convolution ®(¢) defined in (10) belongs to C ([O T, b (T)) almost surely.
With 8, = B + i\, we have

1 ' 1 ' .
O(t) = — S(t — 1) (r)endf (r) +i— S(t — 1) (e, dpd (r), 37
() ﬁnéo /0 (t = r)$n(r)endp,” (r) +i ﬁnéo /O (t = r)gu(r)endp,” (r) 37)

since ¢peyp =0 and ¢e, = P, e, n % 0. In the following, we only show the continuity of the first stochastic
convolution in (37), which we denote by ®)(¢). Also, let W) (¢) = \/LZ > ﬁ;gr)(f )e,,. As in [Da Prato
2004], we use the factorization method based on the elementary identity

/ (t =)'t —r)~%di’ = (38)
sin o
with o € (0, 1) for 0 <r <’ <t. Using (38), we can write the first term in (37) as
O (1) = sinz a / St —1)t -1y (dr, (39)
where
[/
Y(') = / S =) =) (AW (). (40)
0

First, we present a lemma that provides a criterion for the continuity of (39) in terms of the L>"-
integrability of Y (¢').

Lemma 4.3 [Da Prato 2004, Lemma 2.7]. Let T > 0, a € (0, 1), and m > %. For fe L2 ([O, Y];IQZ’OO(T)),
let

F(1) :/Ot St—1)Ye -t f@dt, 0<t<T.
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Then, F € C([O, TI; l;;,OO(T)). Moreover, there exists C = C(m, T) such that
“F(t)”l;;,ooiC||f||L2m([0,T],l;;,oo)’ OSIST

Remark 4.4. Although Da Prato states his Lemma 2.7 for a Hilbert space H, his proof makes no use of
the Hilbert space structure of H. Thus the same result holds for b}, . (T) as well.

In view of Lemma 4.3, it suffices to show that Y (¢') € L*" ([O, T, l;s (T)) a.s.

Proposition 4.5. Let T > 0,m >2,s = 2—|— and p = 2+ such that sp < —1. Let ¢ be as in (3). Then,
the stochastic convolution ®)(t) is continuous from [0, T into bS oo almost surely. Moreover, there
exists
E((sup 10002 ) < Cm, T, s, p) < o0,
1€[0,T] P,

Proof. Let a € (5, 3) and Y as in (40). First, note that Y is real-valued since ¢_,(s)e_, = ¢u(s)e,
and p2, - ,B(r) Note that {£, r)},,#o and ¢ are independent since ¢ depends only on fy. Thus, we can
regard ﬁ and ¢ as ﬁ,(f) (w) = /)’n (w1) and ¢ (@) = ¢ (w2), where w = (w1, wr) € Q) x Qy = Q. Then,
for each fixed w, and ¢’ € [0, 1], Y (t/ )(n) is a Gaussian random variable on ; with Varg, (Y/(t\/)(n))
Eo, [1Y (1) () 2],

Let G, (r, ) = (t' —r) %! =’ ¢u(r, ). Note that |G, (r, @) = (¢’ —r)™* for 0 < r <t and

n # 0. By the Ito isometry, we have
2 1 t t
} = —/ |G (r, @) |dr ~/ (t' —r)~>%dr.
2 Jo 0

By the Minkowski integral inequality (with p =2+ < 2m) after replacing sup; by Zj, we have

o 2m/p
Fo, (IY (', @) 2" ) = Eq, [(su_p > <n>”’|Y(r’)(n)|”) }

Fo,[IY () (0)*] = L Eq, [ ‘ /0 Gou(r, an)dB(r, )

J |n|~2i
o0 . o p/2mN\2m/p
S (Z > 2”1’(IE91[|Y(ﬂ)<n>|2’"]) )
J=0 |n|~2i
o0 ’ - o (l‘ )1 20
(%2](174‘1)2/[7(/ (t r) 2d) S(l_za) ,

since sp < —1. Therefore

T T
/ E(IY ()12 )dr ’=/ EosEa, (1Y ()12 )dr
0 0 p

poo 00

(t/)l 200\ m
,5/ ( — di’ <7020+l - C(m, T, s, p) < 0.
0 — 20

In particular, it follows that Y (-, ) € L ([0, TI; 13;,00) almost surely. Then, the desired result follows
from Lemma 4.3. O
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5. Nonlinear estimate on the second iteration

Now, we present the crucial nonlinear analysis. First, we briefly go over Bourgain’s argument [1997].
By writing the integral equation, the deterministic KdV (5) is equivalent to

u(t) = S(t)uo — N (u, u) (1), 41)

where N(-, -) is given by

N(ur, uz)(@) 22/0 St — 1), (uiur)(t)Hdt'. (42)

In the following, we assume that the initial condition u#¢ has mean 0, which implies that u(¢) has
spatial mean O for each t € R. We use (n, ), (n, 71), and (n2, 72) to denote the Fourier variables for
uu, the first factor, and the second factor u of uu in N'(u, u), respectively, thus we have n = n; +n; and
7 = 11 4+ 72. By the mean-zero assumption on u and since we have 0, (uu) in the definition of N'(u, u),
we assume n, n, no 7= 0. We also use the following notation:

00:=(r—n’)and 0} := (1; —n)).

One of the main ingredients is the observation due to Bourgain [1993]:

n3—nf—n§:3nn1n2 forn =ny +ny, 43)
which in turn implies that
MAX := max(ao, o1, 0'2) Z <I’ll’lln2). (44)
Now, define
Aj:{(n,nl,nz,r,rl,rz)GZ3X[R§3:0J~:MAX}, (45)

and let N'j(u, u) denote the contribution of N(u,u) on A;. By the standard bilinear estimate as in
[Bourgain 1993; Kenig et al. 1996], we have

2
160 Ge, 01|y 4545 < oDl ;1 (46)

where o(1) = T? with some @ > 0 by considering the estimate on a short time interval [—7T, T] (for
example, Lemma 3.4). See (2.17), (2.26), and (2.68) in [Bourgain 1997]. Here, we abuse the notation
and use || - |ls,» = || - [ xs» to denote the local-in-time version as well. Note that the temporal regularity
b equals % —0 < % This allows us to improve the spatial regularity by 24. Clearly, we cannot expect
to do the same for N'| (u, u). (By symmetry, we do not consider N, (u, u) in the following.) The bilinear
estimate (7) is known to fail for any s e Rif b < % due to the contribution from N (u, ) [Kenig et al.
1996]. Following the notation in [Bourgain 1997], let

L= N1, u)lxs and a:=3-0<j. 47)
Then, by Lemma 3.2 and duality with ||d(n, 7)||;2 <1, we have
(m!'~“d(n, 1) . (n2)'"%c(n2, 12
I—a,l—a = ||N1(L£, u)”—a,l—a S Z de‘L']O_—a)u(nl, ‘[1) oy ), (48)
n,ny 0 2

n=n,+n, T=T1T72
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where

(=908 iny, 12) 5o that flellz = lull - -wa = lul s 51 5 (49)

c(ny, 1) = (n2)~

The main idea here is to consider the second iteration, that is, substitute (41) for i (n, 71) in (48), thus
leading to a trilinear expression. Since o1 = MAX 2 (nnjn;) >> 1 on Ay, we can assume that

a(n, 1) = (N (u, u))” (”ll,Tl)’\’o__| > i(n3, ©3)it(n4, 14)d74. (50)

ny=n3+ns T1=13+14

Note that it(n1, 1) cannot come from S(#)ug of (41) since we have o1 ~ 1 for the linear part. Moreover,
by the standard computation [Bourgain 1993], we have

o] 'kl‘k . -
N, u)(x, 1) = —i Z L Z ei (e tn’n) / n(A —n)oxu2(n, 2)d
k=1 !

T —nd

””‘/ (L=m( - )6 u(n, v)e’"'de
n#0

1— /1
+l el rtn t)/( ’7)( ) oxu2(n, M)dA
n#0

=My, u)(x, t) + Moy, u)(x, t) + Ma(u, u)(x, t). (&28)

Note that (M7 (u, u))"(n1, 1) and (M3(u, u))"(n1, 71) are distributions supported on {zr; — n% =0}, so
o1 ~ 1. Hence, the only contribution for the second iteration on A; comes from J;(u, u) whose Fourier
transform is given in (50). This shows the validity of the assumption (50).

The o appearing in the denominator allows us to cancel (n)'=* and (n,)'~* in the numerator in (48).
Then, I_, 1—, can be estimated by

y!=¢d(n, 1) LTI (n2)1=%c(na, 12)
< NSO TN S ?
S z o o u(ns, ©3)i(ng, t4) o7 . (52)

n=ni+np
T=T71+T
ni=ny+ng  — N2

Bourgain then divided the argument into several cases, depending on the sizes of oy, ..., 4. Here, the
key algebraic relation is

n’ — ng — n% — ni =3y +n3)(n3+n4)(ng+ny) with n =ny+nz +ny. (53)

Then, Bourgain proved [1997, (2.69)]
g1 <o) ull—(1—a),al—a,1-a +o(D)[Jul® (—aya TOMull-(1-a),a, (54)

assuming the a priori estimate (8): |i(n, )| < C for all n € Z, t € R. Indeed, the estimates involving the
first two terms on the right-hand side of (54) were obtained without (8), and only the last term in (54)
required (8) [Bourgain 1997, “Estimation of (2.62)”’], which was then used to deduce

liGn, iz <C. (55)
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The a priori estimate (8) is derived via the isospectral property of the KdV flow and is false for a general
function in X ~U=%-%_ (It is here that the smallness of the total variation ||| is used.)

Our goal is to carry out a similar analysis for SKdV (2) on the second iteration without the a priori es-
timates (8) and (55) coming from the complete integrability of KdV. We achieve this goal by considering

the estimate in 1
s
2

b

1
_ —140
a,o __ 2 >
P2 Xp,2
2

where p =2+ and p4—2 <d< ])2; By (15) and (17) (recall —a = —% +dand —(1—a) = —% — ),
we have P P

lullx;ge < lNullx—ee  and  flullx-0-wa S lullxse (56)

p,2
Then, it follows from (46) and (56) that

X0, w)llx 5 < o(1) el (57)

Now, we consider the estimate on ||N|(u, u)|| X, 5% From (56) and o < 1 — a, it suffices to control
I_4.1—¢. As in the deterministic case, we consider the second iteration, and substitute (4) for i(n, 71)
in (48). As before, there is no contribution from S(¢)ug, or Jy (u, u), M3(u, u) defined in (51). There
are two contributions:

(1) Ny(My(u, u), u) from the deterministic nonlinear part: In this case, we can use the estimates from
[Bourgain 1997] except when the a priori bound (8) was assumed; that is, we need to estimate the
contribution from [Bourgain 1997, (2.62)]:

din,t) R «
Re=Y / )(BM;TJ)S,M(—H,Q)M(",T3)M(n,f4)dT2dT3dT4, (58)

" or=ntr3ty

where ||d(n, T)||L5, <1 and B = {og, 02, 03, 04 < |n|”} with some small parameter y > 0. Note
that this corresporfds to the case np, = —n and n3 = n4 = n in (52) after some reduction. In our
analysis, we directly estimate R, in terms of |[u]| X, 50 The key observation is that we can take the
spatial regularity s = —a to be greater than —% by choosing p > 2.

(i) N1(®, u) from the stochastic convolution ® in (10): In view of (56), we estimate
E[IIN1 (7@, )| -1 (59)
via the stochastic analysis from Section 4.

Remark 5.1. In fact, we do not need to take an expectation in (59) since we establish local well-
posedness pathwise in w, that is, for almost every fixed w. Nonetheless, we estimate (59) with the
expectation since it shows how F IN and FzN defined in (70) arise along with their estimates.

Estimate on (i). In [Bourgain 1997], the parameter y = y (a), subject to the conditions (2.43) and (2.60)
therein, played a certain role in estimating R, along with the a priori bound (8). However, it plays no
role in our analysis. By the Cauchy—Schwarz and Young’s inequalities, we have

(58) = D lld(n, Yz m) ™~ iaC=n, w2l s i, 7)o N, )
n
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By the Holder inequality (with appropriate & signs) and the fact that —1 —a < —3a,

4

= A 3 3
(58) < z lld(n, )l 2 | | ““llo; alng_i ||051M(inafj)||ng < ”d(’a')”L%J”u”ng,a < IIMIIX;’g,a,
j=2 ’

where the last two inequalities follow by choosing a > % and p =24 <6.

Estimate on (ii). We use the notation from the proof of Proposition 4.1. It follows from (28) and
”(t)q)( s t) = S(t)g( 5 t) that

(@) (n1, 11) = g(n1, 11 —n3) = Wi If,ll)(fl —nj)+ ﬁl(z)(fl —n3).
Recall that o) = (1} —n?) 2 (nniny). Also, recall from the proof of Proposition 4.1 that |¢,, ()| = x[0.71(r)
is independent of w.

o Contribution from I( )(11 — nz) From (48) with (27), (28), and (29), we estimate (59) by

1—a T 1—a
(59)5[{ > [ aran ™S00 g i, 0™ ";(”2”2)] (60)
n,ni n 0y o1 Jo )
n= n1—|—n27 T

By the Cauchy—Schwarz inequality in @ and the Ito isometry,

dn, ) ldnlli2p, le(na, )l 2@
NS > / drdn = 5 malats 61)
m, % o (ny)(1/D+0 oy

ni _
n=ni+ny T=T14172

By the Lx i L)ZC " i,t—Hélder inequality along with Lemma 3.3, (16), (18), (49), and (56), this leads to
(59) 5 T"ndan AU 0y -t i@ ) = TONDN oo rydyg 1 L2 x-0-0

||¢”Lp([() TJb )HMHLZ(Q X, 5"

Remark 5.2. Strictly speaking, we need to take the supremum over {||d|| 2, = = 1} inside the expectation
in (60). However, we do not worry about this issue to simplify the presentatlon since we have

Jo)

(59) < [N1(n®, u) || 120 x-1-0)

(Z / P H / ol S (na)’ ) b ()

n= n1+n21, =714+

= sup (61)
Il 3 =1

by the Ito isometry. Also, recall that we have I(l)(n 3) fo G,(zll) r,n— 3)dﬁn1 ) Where G( )(r 7)
is defined in (27). Hence, strictly speaking, we should replace G,,1 (r,71 — n3) by o, |q§,,1 (r)| in (60)
only after the application of the Ito isometry. Once again, we do not worry about thlS issue to simplify
the presentation. The same remark applies to the following as well.
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o Contribution from I (rl 3): Suppose max(og, 02) 2 (nnny) /100, say oo > (nnny)V/1% Then

1 @ l—a
(59) < [E|: Z / dtdﬁﬂ; / |¢"1 (r)ldﬂnl(l") (n2) Uca(nz, T2):|
0

%0 1 2
n r;]n_;_nzr T1+172

5 Z drdr d(n, t) ||¢n1 ||L2[0,TJ llc(na, TZ)”Lz(Q)‘

62
o TB03 G (172040 af (62)

n,ny _
n=n|+n, T=111702

Then we can conclude this case as before by the L? M L? > Ly ,~Holder inequality as long as a —2006 > 3
which can be guaranteed by taking J > 0 sufficiently small or equivalently, taking p > 2 sufﬁ(nently
close to 2.

Now assume instead max(og, 02) < (nnny)V/1% We invoke a result contained in [Colliander et al.
2003, (7.50) and Lemma 7.4]. The conclusion there is stated with —1 as the exponent of (7 — n3),
instead of —%; but by examining the proof, one sees that it will work with any exponent more negative
than — (% + ﬁ).

Lemma 5.3. For Q(n) ={neR:n=—3nnn; —i—o((nnlnz)l/loo)for some ny € Z withn = n| + ny},

/<T _”3>73/4X9(n)(7 —1’13) dr < 1. (63)
We have
1 a 3 1—a
D B 2 [ i i, 02 |
n,ni 0 3

n= n|+n27 T1+172

By the Cauchy—Schwarz inequality and the Ito isometry, this yields

(59) < Z ded, d(n, ©) xam)(® —n)én 2.7 e, Tz)||L2(g)

4
af o270 () /240 o 64)

n= ﬂ1+nzt =T1+172

By the L* MR Li " x,t-Hélder inequality along with Lemma 3.3, Lemma 5.3, and Equations (16), (18),
(49), and (56), we get

_l_s —i+0
6%ST%M@,MN2ﬂ%mmmﬂmmﬂn—ﬁwﬁ ezl 2 lellzinz )

<79 ¢|

L2([0 T, H 2 Hu”LZ(Q x- a)a) ~ T ||¢”LP([O T); b_oo)||u||L2(Q X ga)

Proof of Theorem 1. Fix a mean-zero ug € b (TT) and ¢ asin (3), where &' = 5 L _o— Wlth 2 5<k pz
such that (—a’)p < —1. Consider sequences of initial data ”0 € L>(T) and dlagonal Covarlance operator

¢V € HS(L?; L?), given by

uy =Poyug= D dg(n)e™  and ¢V (t, w) :=diag(¢u(t, ): 0 < [n| < N),  (65)

In|<N
where ¢, is given in (3). Now, fix a = 5 — 0> o' as in (47). Note that such ”o converges to ug in
FL=*P(T), and thus in b * (T). Also, " converges to ¢ in FL™ 2P (T) for each ¢ and w, and thus
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inb,2 (TF) Then, by the monotone convergence theorem, ¢" converges to ¢ in L7 ([0, 1] x €; b,2 )
(Indeed, the convergence is in L°°([O 1] x Q; b, p,60 ) since we have |¢, (¢, w)| =1 for all n, independent
of t € R and w € .) Note that a slight loss of the regularity —a < —a’ was necessary since uév defined
in (65) does not necessarily converge to ug in b (T) due to the L™ nature of the norm over the dyadic
blocks. We can avoid such a loss of the regularlty if we start with ug € FL*7(T).

Now, let 'V = FN be the map defined by

Vo=1TN0:= S(t)u0 ——N(v 1))+11<DN (66)
U

where @V is the stochastic convolution defined in (10) with the covariance operator ¢". By the well-
posedness result in [De Bouard et al. 2004], there exists a unique global solution u™ € L®(R*; L2(T))N
C(R*; Bg_l (T)) a.s. to (66) for each N since ¢V € HS(L?; L?).

Now, we put all the estimates together. Note that all the implicit constants are independent of N. Also,
when there is no superscript N, it means that N = co. From Lemma 3.1, we have

IS@ug lgsr < Crllug l, (67)

for any s, b € R with C; = Cy(b). In particular, by taking b > %, we see that S(f)ug is continuous on
[0, T'] with values in ), .. Also, by taking b < %, we gain a power of 7. From the definition of N'; (-, -)
and (57), we have

IN@Y, M)l xger < CT |u® ||XM+2||N1(uN M)l xaar. (68)

Also, from (47) and (56), we have

N1 ) giar < 12 ©9)
Recall that #® ¢ * a.s. from Proposition 4.1. Moreover, by defining F| N and F, NonTxRxQ
via their Fourier transforms
— NI PR N R W
F] (n,t)=(n)"2 (UQ +0, ) | (r)d B (r),
° (70)

N 1 3 lis r
FF (1, 7) = ()4 a0 (r —n¥)ag * /O 0 (I ()

for |n| < N, we have FV, FZN L*(Q; L? v./) by the Ito isometry and Lemma 5.3, which is basically
shown in the estimate on (ii). See (61) and (64). Then, from (54) and the estimates on (i) and (i1), we
have

Y, < Cs(T%|u® ||X_,,”1Na1 i T"3||uN||§(;§,u +T94L§Z||MN||X;;,“,T), (71)
where LN LN(FN, FN)(a)) = ||FN(a))||Lz + ||FN(C())||L2 < o0 a.s. Moreover, LN is nondecreasing

in N.
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For fixed R > 0, choose 7 > 0 small such that C3T%R < % Then, from (71), we have
1% o 2G5 (TP [y gr + THLG ™| x;507) (72)

a,

for ||lu®| X, 50T < R. From (66)—(72), we have

lu™ gt = 1T uM i gor < Cllug 1o, + 3 CoT? u™ 5 g
+2C3 (T ™ [y -gur + TR L™ [ 507) + Calln @™ @)1 x;5, (73)
and
™ — M| oaar = TV u = TMuM | o gar
< Cillug =g g0, + 3CoT" (1™l ygr + M ger) e — )]y —or
+ CsT (1w g + 1 ||2 vt ) " — M e

+2CT% LN |u —u ||X«ar+2c3T94LNM||u -z

ps

+ Calln(@N — @¥)||x-ae, (74)

where
LM = | FY = FMlpe +1FY = B (75)
rvyN —rMyM

Note that in estimating the difference on A, one needs to consider

Laioo = IIN1 @™, u™)y = N1 @™, ™)) g0 (76)

as in [Bourgain 1997]. We can follow the argument on pages 135-136 in that reference, except for R,
defined in (58), which yields the third term on the right-hand side of (74). As for R,, we can write

NN, u),u) —=NN@,0),0)) =NWN@+o,u—0),u) + NN (v, 0), u —0) (77)

as in [Bourgain 1997, (3.4)], and then we can repeat the computation done for R, in the estimate on (i),
also yielding the third term on the right-hand side of (74).

By the definition of ”0 , we have 2C1||uf)v||h « < 2C1||u0||b « + 2 for N sufficiently large. And
since ¢V converges to ¢ in L” ([0, 1] x Q; b, “*), it follows from Corollary 4.2 and the estimate on
(i), see (61), (62), and (64), that E[||n(DY — CI))||X aa] and [E[LN ] defined in (75) converge to 0.
Hence, ||7(®Y — @) || X, 5 + LN ®© — 0 a.s. after selectlng a subsequence (which we still denote with the
index N.) Then, by Egoroff s theorem, given ¢ > 0, there exists a set Q, with P(Q°) < 2~ !¢ such that
| 7(®N — d))||X o+ LN ®® — (O uniformly in Q.. In particular, 2C4||11(I)N||Xfaa < 2C4||11<I)||X ao 4 1 5
for large N unlformly on Q.. In the following, we will work on €,.

Now, let R, =2(C; ||u0||b « + C4||;7d)(a))llx «a) 4+ 1, and define the stopping time 7T, by

T, = inf{T > 0: max(C3T% Ry, P\(T, Rey, ), Ps(T, Ry, ®) > 1}, (78)

where
P\(T, Ry, ®) = 1CoT" R, +2C3T%(R,)* +2C3T% L,  from (73),

Py (T, Rey, w) = CrTY R, +2CsT?*(R,)* +2C3T%L,,  from (74).
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The first condition in the definition of 7, guarantees (72), and hence (73) and (74), for lu™] X407 < R,.
The second condition along with (73) indeed guarantees that

™ [ x 07 < Ry, (79)

for T < Ta,, for the following reason. Because of the temporal regularity b=a < 5 2, we have ||u® || X;5oT =
| x10,7714 N X5 where yjo, 77 denotes the characteristic function of the time interval [0, T'] [Bourgam
1999]. Hence ||uN [I X, 5T is continuous in 7" since

—a.0 5 — a0 < a,o <
[ ||Xp’2, 1o — u ”X,, o) < fu Ix g7, 7401 S o lu™ | R (80)

for sufficiently small 6 > 0. Note that the last term in (80) is finite for small ¢ since the local-in-time
solutions constructed in [De Bouard et al. 2004] are controlled in this norm (indeed in a stronger norm
adapted to the Besov space Bg_l.) Then, (79) follows from (73), the second condition in (78), and the
continuity of the norm in 7’ since (79) clearly holds at T = 0.

From (74) along with the third condition in (78), we have

M
I

™ —u Sty < 2C |ud) — u{)”u,;;’aoo +ACT%R,INM 420, n(0" — @M)||X;;‘a. (81)

Xp
The right-hand side of (81) goes to 0 as N, M — oo since u(j)v is Cauchy in I;;,Oéo and

ln(@Y — @¥) |y a0 + LM — 0

aaTw

on Q. uniformly in N, M. Let u denote the limit in X,
In the following, we give a brief discussion to show that the limit « is a solution to (4). Clearly, S (t)uo
and 7®" converge to S(t)ug and #® in X, P To | Tt follows from (57) that N o(u®, u™) converges to
No(u, u) in X a “To 1n view of (72), (74) and (76), we see that N; @™, u") is Cauchy in a slightly
stronger space X > I To, Jj =1,2. Let v; denote the corresponding limit. Thus, from (66), we have

u :S(t)uo—%No(u,u)—%(vl—l-vz)—i-r]d). (82)

Now, we need to show that N'; (u™, u™) indeed converges to N j(u,u), j =1,2. By symmetry, we only
consider N (u, u) — N1 ("™, u"™). As before, we substitute (82) (and (66)) in the first factor u (and u")
of N'i(-, -), respectively. There are three contributions to consider.

(A) Contribution from the stochastic terms: We have
Ni(g®, 1) = N1 (@™, u®)y = N1 (n(® — DY), u) + N1 (@Y, 1 — ™). (83)
From the estimate on (ii), we have
183yt S Loy lull o + Loy llu™ = ully-goro — 0
as N — oo, since ||u||X];g,a,T <R, and ZZ"O — 0 uniformly on €,.
(B) Contribution from No( -, -): In this case, we consider

N1WNo(u, u), u) — Ni(No@®™, u™), u™). (84)
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Note that we have 0| > oy, 02, 03, 04 from the definition of N{(-,-) and No(-, -), see (50) and
(52). Indeed, we have o1 > 0y, 0> since we are on A; defined in (45), and also o] > o3, 04 since we
are on the support of No(-, -) in the first factor of Ni(-, -). Once again, one can easily follow the
argument in [Bourgain 1997, page 136] and show

18D gero S (1™ oo+ Nl ) 6™ =l gt = .
In treating R, — RY defined in (58), one needs to proceed as before, using (77) and the estimate on
®.

(C) Contribution fromv; and N ; (™, u"), j =1 or 2: By symmetry, assume j = 1. In this case, we have
01 > 0p, 03 but g3 > o1, g4, thus we control (54) by the first term on the right-hand side [Bourgain
1997, (I.1) on page 126]. Now, we need to estimate

N1, w) = N1 N1 @™, ), u™) =N o1 =N @, u™), )+ N1 W @V a), u—u) = T+ (85)
Then, by proceeding as in [Bourgain 1997] with (56) and (72), we have

—a,l—a

—a —a < - N —(1—-a),a < - N —a,0

(it IIX o S TN = uN | -awan, S llu—u IIXM, 7o —> 0.

By proceeding as in [Bourgain 1997, (II.1)] with |n{|* replaced by |n 1117¢, followed by (56), we
have

N N
(! ||X—ozI ato S o1 = N1@™, u™) | —a—a)1-allttll —(1-a),a
S lor =N @, ™) y-at-en ull y-ear, =0,
P2 p;2

al a,T,

since v = limy_ 00 N1 (u, u ) in X ® by definition.

Hence, we have u = I',ju for each w € Qg, so u is a mild solution to (2) on [0, T,,]. Let Qb =Q,.
Now, we can recursively construct

QUHD ~ Q\ LJJ Q®
k=1

for j =1,2,... with P(Q\ Uj Q")) < 27J¢ such that ||7(®N — CD)||X—M and LN °° converge to 0
uniformly in each Q). Then, by repeatlng the argument, we can construct a solution u# on U Q(/ )
Note that P(Q\ U2, Q¥)) =

We have constructed a solutron u to (2) in X with ug € b . Since u is a solution, the a priori
estimate (73) holds with the regularity (s, b) = ( a’,a’) in place of (—a, a). Then, we easily see that
ueX ;Z/’a/’T’“ by redefining R, and 7, with this regularity. In the remaining of the paper, we work only
with the spatial regularity s = —a’, that is, there is no approximating sequences any more. Hence, for
notational simplicity, we will use —a in place of —a’ to denote the spatial regularity of the solution in
the following.

We still need to take care of several issues. Note that the temporal regularity b = o = 5 — 6 of the
solution u is less than . 5. In particular, we need to show that the solution u is continuous from [0, T,]

aaw

into b %- We also need to show its uniqueness and continuous dependence on the initial data.
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From Proposition 4.5, n® € C([0, T]; l;;fgo) a.s. Also, it follows from (67) with b = % + 9, (69),
(72), and symmetry on o] and o5, that

2+6T

S(Ouo + N1 (u, 1) + No(u, u) € X, c ([0, T,1; b,%,

almost surely. Now, we consider No(u, u), that is, when 69 = MAX. Note that the contribution comes
only from M3 (u, u) defined in (51). Define

N3(u, u) = the contribution of No(u, u) on {max(cy, o2) > (nnny)'/100},

N4(Ma I/t) = NO(”: l/l) _N3(u> I/t).

(a) First, we consider N3(u, ), so max(ay, 02) > (nniny)'/1%; say o1 > (nniny)!/1%. Then, by (15)
and Lemma 3.2, we have

2 2
N3 () | o 146,10 N S o (@) —a- o1 NS S o ()] x-o-3+oTe

p2 P2

By duality and (44), the right-hand side equals

(n)'~“d(n, ) ty (n;)" C(nj,fj)
sup / — dtdr
Idl,; =1 ;‘ oy 27 H

T p=ni4n, TR

c(ny, 11) C(”z, 72)
S sup Z / d(n, ) — 505
||d”L2 =1 5 N 01
n,t n=ny+n, = T1+12

drdry,

L4

X,t°

where c(n, 7) is defined in (49). Thus, by the L?
3.3, (49), and (56), we conclude that

e Lit—Hélder inequality along with Lemma

2 2 2
IN3 @ o tiom, S el = Mully . S lully-ge <o
p.2 ’ ’

(b) Now, consider N4(u, u), so max(al, 02) K (nniny) /1% Tt suffices to show that N (u, u) € X a 01w ,
since X p OTa C([0, T,1; b,%,). Then, by Cauchy—Schwarz inequality, Lemma 5.3 and duahty,
we have

[Na (s )y -woro < 106 @)oo < [10) (2 =)~ 20 (7 =)0 @) (0, Dy | 12

_1
< [tz =) xam @ = nd)| 210w,y

(n)'=*d(n, 7) 13[ )\ 7))

<
~ Sup (1/2)+0 T
ldll,2 =1 qn, ) j=1 J
n,t n=nit+ny T= T1+172

c(ny, r1) c(na, v2)
S s Y[ dm ot
Idl,2 =1 7m g )
n,t n=ni+ny T= T1+72

dtdr;.

The rest follows as before. Hence, the solution u is continuous from [0, T,,] to l;;‘éo



PERIODIC STOCHASTIC KORTEWEG-DE VRIES EQUATION WITH SPACE-TIME WHITE NOISE 303

Lastly, we show the uniqueness and the continuous dependence of the solutions on the initial data.
Let # and v be the mild solutions of (2) on [0, T,,] with initial data 1y and vg; then

u—ov="ru—-Tyo= S(t)(uo —vo) — %(N(M, u) — N, 1))), (86)
where I is defined in (66). Moreover, assume that

luollze. <R, Noollye <R, lully-saro <R [olly-suro <R. (87)
P, P, p.2 P2

Let N (u, ) := —2(Nj(u, u)—N;(v,0)) for j=1,...,4. First, note that N4 (u, v)llx-fq,g,rw <R? <00
from (a slight variation of) Case (b), and we have "

1, 5 CI(R) <0
7a,7+z),Tw
Xp,z

= 0) = N, 0) |- <
P,

3
S(6)(wo — o) + D N;(u, v)
j=1

by Cauchy-Schwarz inequality with ¢ < J, followed by (67), (69), (72), Case (a), and (87). Then, by
interpolation and Cauchy—Schwarz inequality, we have

_ < u— <fu—ol? oA < —ol?
I =0leqo iz S e =vlsom S a0l ool =ol L, S C2(RIu v||X;zq%% (88)
with f = g+85+ € (0, 1). From (67) and the nonlinear estimates (see (68), (72), (74), (76)), we have

0
=0y s, S 0= v0ll0, +Co(RTIN =01 ot s,
p.2 p.2

Hence, for sufficiently small T > 0, we have

=01l oy s, S o = ool (89)

Ps2

Therefore, it follows from (88) and (89) that the solution map is Holder continuous with the bound

B
I =vlleqor, ;50 = C4R)liko = volly_,,

In particular, the solution is unique. This completes the proof of Theorem 1. O
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STABILITY FOR STRONGLY COUPLED CRITICAL ELLIPTIC SYSTEMS
IN A FULLY INHOMOGENEOUS MEDIUM

OLIVIER DRUET AND EMMANUEL HEBEY

We investigate and prove analytic stability for strongly coupled critical elliptic systems in the inhomo-
geneous context of a compact Riemannian manifold.

Coupled systems of nonlinear Schrodinger equations are now a part of several important branches of
mathematical physics. They appear in the Hartree—Fock theory for Bose—Einstein double condensates,
in fiber-optic theory, in the theory of Langmuir waves in plasma physics, and in the behavior of deep
water waves and freak waves in the ocean. A general reference book on such systems and their role in
physics has been written by Ablowitz et al. [2004]. We focus here on coupled Gross—Pitaevskii type
equations. These systems of equations are strongly related to two branches of mathematical physics.
They arise [Burke et al. 1997] in the Hartree—Fock theory for double condensates, which are binary
mixtures of Bose—Einstein condensates in two different hyperfine states. They also arise in the study of
incoherent solitons in nonlinear optics, as describe in [Akhmediev and Ankiewicz 1998; Christodoulides
et al. 1997; Hioe 1999; Hioe and Salter 2002; Kanna and Lakshmanan 2001]. Looking for standing
wave solutions for these time evolution systems gives rise to their elliptic analogues that we investigate
here. We consider these elliptic systems of equations in arbitrary dimensions n > 3, in the critical energy
regime, and in a fully inhomogeneous medium that we model by an arbitrary compact Riemannian
manifold, thus breaking the various symmetries that these systems enjoy in the Euclidean setting.

In what follows we let (M, g) be a smooth compact Riemannian manifold of dimension n > 3. For
p = 1 an integer, we let M (R) denote the vector space of symmetrical p x p real matrices, and A be
a C! map from M to M7 (R). We can write A = (A;;); ;j, where the A;;’s are C! real valued functions
in M. Let Ag = —div, V be the Laplace—Beltrami operator on M. Let also H (M) be the Sobolev space
of functions in L?(M) with one derivative in L?>(M). A p-map U = (uy, ..., u p) from M to R? is said
to be nonnegative if u; > 0 for all i. The coupled system of nonlinear Schrodinger equations we consider
here is written as

P
Aguti + D Aij(X)uj = U u; (0-1)

=1
in M for all i, where |U|* = X7, u?, and 2* = 2n/(n — 2) is the critical Sobolev exponent for the

embeddings of the Sobolev space H'!(M) into Lebesgue’s spaces. The systems (0-1) are weakly coupled
by the linear matrix A, and strongly coupled by the Gross—Pitaevskii type nonlinearity in the right hand
side of (0-1). Besides, (0-1) is critical for Sobolev embeddings. From the viewpoint of conformal

MSC2000: primary 35C20, 58J37; secondary 35Q51, 35Q55, 35Q60.
Keywords: Critical equations, elliptic systems, Riemannian manifolds, stability, strong coupling.
The authors were partially supported by the ANR grant ANR-08-BLAN-0335-01.
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geometry, our systems are pure extensions of Yamabe type equations in the strongly coupled regime. As
a by-product (0-1) inherits a conformal structure.

Our aim in this paper is to discuss stability for systems like (0-1). Contrary to time evolution equations,
where perturbations of the initial data together with perturbations of the equations are used to measure
stability, stability for elliptic equations has to do solely with perturbations of the equations. In the
framework of systems such as (0-1), stability is naturally measured with respect to perturbations of the
map A. In what follows, a system like (0-1) is said to be analytically stable if for any sequence (A,), of
maps from M to M (R), a €N, and for any bounded sequence in H ! of nonnegative nontrivial solutions
U, of the associated systems (0-1), if A, — Ain C I'as a — 400, then, up to a subsequence, U, — U
in C? as a — 400 for some nonnegative nontrivial solution A of (0-1). When the strong convergence
in C? is replaced by a weak convergence AU, — Al in H', the system (0-1) is said to be weakly stable.
We refer to Section 1 for more precise definitions.

Before stating our theorem we need to introduce two assumptions. Let A, be the Laplace-Beltrami
operator acting on p-maps by acting on each of the components of the map, and let Vect, (R”) be the
set of vectors in R? with nonnegative components. The first assumption we may impose is

Ker(A, + A) N L*(M, Vect, (R”)) = {0}, (H)

where Ker(A, + A) is the kernel of A, + A, and L?(M, Vect(R”)) stands for the set of L? maps from
M to Vect (R?). In order to introduce our second assumption we let A, = A,(A) be given by

-2
A,=A—1"% 5, 1d 0-2
" dn—1)°¢ 1dp: (0-2)
where S, is the scalar curvature of g, and Id, is the identity p x p matrix. For x € M, let also Is4,(x) be
the set consisting of the isotropic vectors for A, (x), namely of the vectors X € R” which are such that
(A, (x).X, X)rr = 0, where (-, -)rr is the Euclidean scalar product in R?. The second assumption we
introduce is that for any x € M, A, (x) should not possess stable subspaces with an orthonormal basis

consisting of isotropic nonnegative vectors. More precisely, it is this:

For any x € M and any k € {1, ..., p}, there does not exist an orthonormal family
(e1, ..., ex) of vectors in Is4, () N Vecty (R?) such that A,(x)V C V, where V is (H)
the k-dimensional subspace of R” with basis (e, ..., ).

The case k = 1 in (H') reduces to the nonexistence of a nontrivial vector in Vect, (R”) N Ker A, (x),
where Ker A, (x) is the kernel of A, (x). An assumption like (H') is automatically satisfied in several
simple situations. This is the case if we prevent the existence of isotropic vectors for A,. In particular,
(H') holds true if A, (x) > 0 or A,(x) < 0 for all x in the sense of bilinear forms. Clearly there are
other cases where (H') holds true. Assumption (H) is analytic in nature. Assumption (H’) is algebraic
in nature and related to the underlying geometric conformal structure of the equations. Our main result,
establishing analytic stability for (0-1), is stated as follows.

Theorem 0.1. Let (M, g) be a smooth compact Riemannian manifold of dimensionn >4 and p > 1 be an
integer. For any C'-map A : M — M » (R) satisfying (H) and (H'), the system (0-1) is analytically stable
when n # 6, and weakly stable when n = 6. Besides, there are examples of six-dimensional manifolds
and C'-maps A satisfying (H) and (H') for which (0-1) is analytically unstable.
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A closely related notion to stability is that of compactness. A system like (0-1) is said to be compact
if bounded sequences in H'! of nonnegative solutions of (0-1) converge, up to a subsequence, in the C-
topology. As is easily seen, analytic stability implies compactness. In particular, as a direct consequence
of the analytic stability part in our theorem, we get that systems like (0-1) are compact when n #~ 6 as
soon as (H) and (H’) are satisfied. Assumptions (H) and (H') in Theorem 0.1 are sharp, as discussed in
Section 1 below.

Most of the asymptotic analysis developed in this paper carries over to the n = 3 case. However,
the concluding argument needs to be changed when n = 3. In this dimension the mass of the Green’s
expansion of the Schrodinger operator A, + A leads over A,. We can conclude when the mass is positive.
The analysis is developed in [Druet et al. 2009].

The paper is organized as follows. We discuss general properties of stability and compactness in
Section 1. We prove the n = 6 part of Theorem 0.1 in Section 2. We provide a complete classification
of H'-nonnegative solutions of the strongly coupled critical limit Euclidean system Awu; = |WU* ~2u;,
i=1,..., p,in Section 3. We prove Theorem 0.1 in its n # 6 part in Sections 4 to 10. In the process we
establish in Sections 5, 6, and 8 the full C°-theory for the blow-up of arbitrary sequences of solutions of
strongly coupled systems like (0-1).

1. General considerations on stability and compactness

We start with the precise definition of elliptic stability we use for our systems (0-1). As already mentioned
stability is here measured with respect to perturbations of the parameter A in (0-1). In doing so we
preserve the conformal structure of the equation. Historically speaking such type of perturbations were
first considered in the early work of Aubin [1976] on the Yamabe equation. Given (A,), a sequence of
C'" maps from M to M (R), with A, = (A;"j)i, ; for all a integer, we consider the systems

Agu; +ZA (O = U (1-1)

A sequence (U, ), of C? maps from M to R is said to be a sequence of nonnegative solutions of (1-1) if
forany a € N, Uy = (uf, ..., ug) solves (0-1) and u > 0 for all i. The sequence is said to be bounded
in H'(M), or to have finite energy, if its components u! are all bounded in H (M) with respect to a.
Given A > 0, we define the slice EPQ to be the set of p-maps U € H ! such that AU solves (0-1), U is
nonnegative and the H'-norm of 9L is less than or equal to A. By standard regularity, adapting classical
arguments from Trudinger [1968], weak solutions in H'! of systems like (0-1) are always of class C2. In
particular, EI’A C C?forall A> 0. For X, Y C C? we let d 7 (X; Y) be the C%-pointed distance from X
to Y defined by

o2 (X:Y) = sup mf |V — WU 2, (1-2)
aex ¥V

where ||V —AUl|c2 = D, llv; — u;llc2 and the u;’s and v;’s are the components of U and V. Stability in
the elliptic regime is defined in Definition 1.1 below. The C! convergence A, — A in Definition 1.1
refers to the C! convergence of the components A"‘ of A, to the components A;; of A. Similarly, the C 2
convergences, and the weak convergences in H'!, of the AU, ’s in Definition 1.1 refer to the convergences
of the components of the maps.
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Definition 1.1. Let (M, g) be a smooth compact Riemannian manifold, let p > 1 be an integer, and let
A:M— M (R)bea C! map. The system (0-1) is said to be

(i) analytically stable if for any sequence (A,), of C' maps from M to M »(R) such that A, — A
in C'(M) as a — 400, and for any bounded sequence (U, ), in H'(M) of nonnegative nontriv-
ial solutions of (1-1), there exists a nonnegative nontrivial solution U of (0-1) such that, up to a
subsequence, the A,’s converge strongly to AL in C2(M) as & — 400, and

(ii) weakly stable if for any sequence (A, ), of C' maps from M to M » (R) such that A, — A in C'(M)
as a — o0 and for any bounded sequence (U, ), in H'(M) of nonnegative nontrivial solutions of
(1-1), there exists a nonnegative nontrivial solution U of (0-1) such that, up to a subsequence, the
U,’s converge weakly to AU in H'(M) as a — +oo.

The system is said to be geometrically stable, if the slices EPQ are stable for all A > 0, where 832‘ is said
to be stable, if for any & > 0, there exists 6 > 0 such that for any C! map A’ from M to M »(R), we have
di; ($4: %) < e when A" — Ao < 6.

As already mentioned, a classical notion in the study of critical elliptic equations is that of compact-
ness. A system like (0-1) is said to be compact if any bounded sequence (U ), in H'(M) of nonnegative
nontrivial solutions of (0-1) converges in C>(M) as a — +00 to a nonnegative nontrivial solution U of
(0-1). This corresponds to the particular situation where A, = A for all « in (i). Analytic stability as
defined in (i) implies weak stability, geometric stability, and compactness. More precisely:

Proposition 1.2. Assume (H). If the system (0-1) is analytically stable, it is weakly stable, geometrically
stable, and compact. A compact system is analytically stable if and only if it is geometrically stable.

Proof. 1t is obvious that analytic stability implies weak stability, geometric stability, and compactness.
The only assertion, which deserves to be proved, is that a compact geometrically stable system like (0-1)
is analytically stable. Let (A,), be a sequence of C! maps from M to M3, (R) such that A, — A in
C'(M) as a — +o0, and let (U, ), be a bounded sequence in H' of nonnegative nontrivial solutions of
(1-1). Since (0-1) is geometrically stable there exists ()4, a bounded sequence in H'! of nonnegative
solutions of (0-1), such that, up to a subsequence, U, — V', converges to zero in C2 as & — +00. Since
(0-1) is compact, up to a subsequence, V', — ¥ in C? as & — +oo, where ' is a nonnegative solution
of (0-1). In particular, up to a subsequence, U, — ¥ in C? as a — +o0. It remains to prove that ¥ is
nontrivial, and this is given by Lemma 1.3 below. Proposition 1.2 is proved. O

The following lemma, which we derive as a direct consequence of (H), was used in the proof of
Proposition 1.2. By standard elliptic theory, moreover, when A satisfies (H), we have AU, 4 0in H' as
o — +00.

Lemma 1.3. Let (M, g) be a smooth compact Riemannian manifold, let p > 1 be an integer, and let
A:M— M (R) be a C! map satisfying (H). Let (A,), be a sequence of C' maps from M to M, (R)
such that A, — A in C'(M) as a — +00, and let (Uy), be a bounded sequence in H' of nonnegative
nontrivial solutions of (1-1). Then W, /4 0in L*°(M) as o — +o0.

Proof. By contradiction we assume that there exists (U, )4, a bounded sequence in H' of nonnegative
nontrivial solutions of (1-1), such that maxys [Us|x — 0 as a — +o00, where U, |x =D, u; o is the sum
of the components of the U,’s. Let ¢, = |U,|x and define v; 4 by v; 4 = ea_lui,a for all i and «. Then
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p

Agia+ D AL @0 = ey "DV 0, (1-3)

j=1

forall i and a, where V', is the p-map whose components are the v; ,’s fori =1, ..., p. By construction
the v; ,’s are bounded in L°°(M). By standard elliptic theory it follows that, up to a subsequence, they
converge in C?(M) to v;’s as @ — +00. Let ¥ be the p-map with components v; fori =1, ..., p. By
construction V" is nonnegative and nontrivial, since there is one point, where |V'|x equals one. Letting
a — +oo in (1-3) it follows that V" € Ker(A, + A), and we get a contradiction with (H). O

Proposition 1.2 leaves open the question of whether or not there exist geometrically stable noncompact
systems like (0-1). However, we can have noncompact systems with geometrically stable specific slices
as discussed below. The most well-known example of a noncompact critical system like (0-1) is given by
the Yamabe equation on the sphere. The Yamabe equation on the n-sphere possesses a (n + 1)-parameter
noncompact family of solutions and it turns out that it is also geometrically unstable. This is a direct
consequence of the constructions in [Druet and Hebey 2005a], where arbitrarily high energy solutions
of approximated equations are constructed, together with the property that all nonnegative nontrivial
solutions of the Yamabe equation on the sphere have the same energy. On the other hand, the first blow-
up slice for this equation is geometrically H!-stable in the sense of Definition 1.1 when we replace the
C?-pointed distance and the C2-norm in (1-2) by a H'-pointed distance and a H'-norm, where the first
blow-up slice is given by A = K2, and K, is as in (3-8). This geometric H'-stability of the first blow-
up slice follows from H'-decompositions as in Proposition 4.2. As a direct consequence, noncompact
equations may have stable slices.

In the subcritical regime, compactness goes back to [Gidas and Spruck 1981]. In the more involved
critical regime, it goes back to Schoen’s conjecture [Schoen 1989; 1991] that compactness holds true
for the geometric Yamabe equation as soon as the background manifold is distinct from the sphere. His
conjecture has been a source of motivations for several years. The conjecture was proved to be true for
conformally flat manifolds by Schoen [1989; 1991]. The nonconformally flat case turned out to be more
intricate. The case of low-dimensional manifolds was recently addressed in [Druet 2004; Marques 2005;
Li and Zhu 1999; Li and Zhang 2004; 2005], and compactness up to dimension 24 was finally proved
recently [Khuri et al. 2009]. On the other hand, Brendle [2008a] and Brendle and Marques [2009]
exhibited counterexamples to the conjecture in dimensions n > 25. For any n > 25 they constructed
examples of nonconformally flat n-manifolds with the striking property that their associated Yamabe
equations possess sequences of solutions with minimal type energy and unbounded L*°-norms. In par-
ticular, they proved the very surprising result that the compactness conjecture is false for nonconformally
flat manifolds in any dimension n > 25. A very interesting survey on the subject is [Brendle 2008b]. We
refer also to [Druet and Hebey 2005b].

An easy remark is that if u is a solution of a scalar Yamabe type equation with linear term £, that is,
an equation of the form

Agu+h(x)u=u"", (1-4)
then U = (Lpu, e Lpu) is a solution of (0-1) when A;; = ha;; for all i, j, and Zle a;jj = 1 for
all i. In what follows we let (a;;); ; be a symmetrical matrix of C ! functions «; i M — R such that
Zle a;j(x)=1foralli=1,..., pandall x € M. A possible choice is a;; = d;; for all i, j. Then we
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define A(g) and A’(g) to be the C' maps from M to M3, (R) given by

A(Q)ij = —=Sea;; and A'(g)ij = (maxS )aij

() ()

foralli,j=1,..., p, where S, is the scalar curvature of g. By combining results in [Brendle 2008a;
Brendle and Marques 2009], where noncompactness of the Yamabe equation in the nonconformally flat
case is investigated, and those in [Druet and Hebey 2005a; Hebey and Vaugon 2001], where unstability
of Yamabe type equations in the conformally flat case is investigated, we obtain the following theorem,
in view of the remark above.

Theorem 1.4. The system (0-1) associated with A(g) is analytically unstable when posed on spherical
spaces forms in any dimension n > 6, and even noncompact when posed on the sphere in any dimension
n > 3. For any conformally flat manifold (M, g) of dimension n > 4 there exists a conformal metric
g to g of nonconstant scalar curvature having one and only one maximum point such that the system
(0-1) associated with A’'(g) is analytically unstable. In any dimension n > 25 there are examples of
nonconformally flat manifolds such that the system (0-1) associated with A(g) is noncompact, and thus
also analytically unstable.

The examples in Theorem 1.4 do not satisfy (H). This can be checked by noting that (1,...,1) €
Ker A, (x) for all x, where A, is as in (0-2). Theorem 0.1 and Theorem 1.4 complement each other. As a
remark, the Yamabe equation on quotients of the sphere is obviously compact since it possesses a unique
solution. In particular, there are compact equations which are neither analytically nor geometrically
stable. Compactness does not imply stability. We concentrate in the rest of this section on the subcritical
regime for systems like (0-1) and prove that analytic stability holds true in the subcritical regime without
assuming (H'). Let g € (2, 2*) and let us consider the subcritical system

Aqu; + ZAL,(x)uj w9 2u (1-5)
j=1
in M for all i, where A = (A;;);jisa C ! map from M to M,(R). We define the notions of analytic
stability, weak stability, and geometric stability for (1-5) as in Definition 1.1.

Proposition 1.5. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3, p > 1 be
an integer,and A : M — M (R) be a C U map satisfying (H). For any q € (2, 2*) the subcritical system
(1-5) is analytically stable.

Proof. Let (Ay), be a sequence of C! maps from M to M, (R) such that A, — A in C'(M) as a — +o0,
and let (U, ), be an arbitrary bounded sequence in H'! of nonnegative nontrivial solutions of

A u,a+2A (o = U |70 (1-6)

for all i and all «. We aim in proving that a subsequence of (U, ), converges in C? to a nonnegative
nontrivial solution of (1-6). The nontriviality of any strong limit follows from (H) mimicking the proof
of Lemma 1.3. Then, as is easily checked, it suffices to prove that the U,’s are L°°-bounded in M.
By contradiction we assume that there exists a sequence (x, ), of points, where the |U,|’s are maximum
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such that, up to a subsequence, |U, (x,)| = 400 as a — 400. Let y, = Uy, (xa)l_(q_Z)/2

as a — +oo. Let AL, be given for x € R" by

WU (x) = uz/ @2, (exp,, (uax))

. Then u, — 0

and let g, be the metric given by g, (x) = (expy, &)(#qx). We have g, — ¢ in C2 (R") as & — +o00,

where ¢ is the Euclidean metric. Noting that

loc

Aggu,a-l—,uaZAl] expxa(,uax))uja = |01L | _2ula
j=1

for all i and a, since |9Uy,| < 1 for all a by construction, it follows from standard elhptlc theory that there
exists U € C?(R™) such that, up to a subsequence, WU, — U in Cl (R™). We have Uy, (0)] =1 for all .
Hence, |°U(O)| = 1. Moreover, for any R > 0, and for a sufficiently large,

/ U9 dx §C/ Uy |0 g,
Bo(R) By(R)

< C/ |0&a|‘]d0ga = Cyi‘]/(q—Z)—n/ Uy 9dv, < Cﬂiq/(q_2)_n,
Bo(1/ 1) By, (1)

since the AU, ’s have bounded energy. Notmg that 2¢ /(¢ —2) > n as soon as g < 2* and letting & — +00 in
the inequality above, we get || Bo(R) |U|9dx = 0. This is in contradiction with |6u(0)| = 1. The proposition
is proved. (]

Analytic stability for critical equations like (1-4) has been investigated in [Druet 2003]. The case
p = 1 in Theorem 0.1, in its n # 6 part and when considering C??-perturbations of &, was proved in
the same paper. The proof we propose here extends to the case of systems, allows us to consider C%7-
perturbations of £, see the remark at the end of Section 10, and is more direct. At the time of [Druet
2003], analytic stability was still referred to as compactness. The confusion in the terminology has been
the source of several misunderstandings.

2. The six-dimensional case

We discuss and prove the six-dimensional last assertion in Theorem 0.1 concerning the existence of
systems like (0-1) in dimension n = 6, which satisfy (H) and (H’), but which, contrary to what happens
when n # 6, are not analytically stable. We restrict ourselves to a very explicit construction in the case
of the unit sphere (S°, g0). A more general discussion could have been developed. We let (a;;); ; be a
symmetrical matrix of C' functions a;j - S® — R such that Z;’:] a;jj(x) =1foralli =1,..., p and
all x € $° If h : S° — R is of class C', we define A(h) to be the C' map from S° to M3(R) with
components A(h);; given by A(h);; = ha;; foralli, j=1,..., p. When n =6, we have 2* = 3. For the

unit sphere (S, go), we also have
n—2

4(n—1) 1)

Proposition 2.1. Let (S°, go) be the unit six-dimensional sphere in R’. There exists h : S* — R, h > 6
everywhere and of class C', such that the system (0-1) associated with A = A(h) is analytically unstable.

=6.
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Proof. We fix xg € S° and let r be the distance to xo. We let also 6 be given by 6 = cos r. First we claim
that there exist smooth positive functions 4 and u in S®, which we write into the form A (x) = /(@) and
u(x) = u(0), such that

Agu+hu=u*> and h>6 (2-1)
in S, and such that A R
h(1)=3u(1), a(l)=6 and A'(1)=24a'(1). (2-2)
To prove the claim we let & be given by
a(0) =6(1-2(0-1)+30-1)%). (2-3)

Clearly, 7i(1) = 6 and &i'(1) = —12. Since Ay, 0 = 60 and |VO|*> = 1 — 6%, we get
LA gu=6(70>—80 —1).

In particular, the first equation in (2-1) is satisfied if we let h be given by
760*—86—1
302—-80+6
As is easily checked from (2-4), (1) = 34i(1) and A’(1) = 24'(1). In particular, (2-2) holds true. Noting
that & > 6 for all @ € [—1, +1], we get two explicit smooth positive functions 4 and u in S°, given by
(2-3) and (2-4), such that (2-1) and (2-2) hold true. This proves the above claim. Now, for f > 1, we
define Bg by Bg(x) = By (), where

By0) =6(5” (B -0)2.
We have Ay Bg +6Bg = Bé in S°. Let

Lh(0) =30>—80+6— (2-4)

up=u+ By (2-5)
and # = i+ éﬁ, where u and & are as in (2-1) and (2-2). As is easily checked from (2-1) and the
equation satisfied by By, we have

Agyig +hpup = uj (2-6)
in S° for all # > 1, where hp = ﬁﬂ(ﬁ) is given by

iy (12ﬁA+6jiz)éﬁ‘
u+Bpg
Noting, thanks to (2-2), that kg — h in C{) (S®) as 8 — 1, while h; — A’ in L®([—1,+1]) as § — 1,
we conclude that iy — h in C 1(5%). Now we let (8,), be a sequence of positive real numbers such
that B, > 1 for all a and B, — 1 as @ — +o00. We let U, = p~1/?(ug,, ..., ug,), Ay = A(hg,), and
A = A(h) where ug is given by (2-5), hp = hg(0) is given by (2-7), and h = h(0) is given by (2-4).
The U,’s solve (1-1), they have bounded energy, and A, — A in cl. Noting that ||U,||cc — +00 as
o — 400, this proves the proposition. O

It is easily checked that A = A(h) satisfies (H). If U € L?(M, Vect, (RP)) is in the kernel of the
vector Schrodinger operator associated with A(h), we conclude by summing over the components that
Uy = Zle u; belongs to Ker(Ag, + h). This is impossible unless U = 0 since & > 0. It is also easily
seen that, at least for small perturbations a;; of d;;, the map A = A(h) satisfies (H').

(2-7)
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3. The limit system

Of importance in blow-up theory, when discussing critical equations, is the classification of the solutions
of the critical limit Euclidean system we get by blowing up the original equations. In our case, we need
to classify the H'-nonnegative solutions of the limit system

Au; = > 2u;, (3-1)

where |U|> = le uiz, and A=—-2"_, o2/ 6xl.2 is the Euclidean Laplace—Beltrami operator . Depend-
ing on the context, we let H'(R") be the homogeneous Sobolev space defined as the completion of
functions with compact supports, or of p-maps with compact supports, with respect to the L2-norm of
their gradient. The classification result we prove here is stated as follows.

Proposition 3.1. Let p > 1 and AU € H'(R") be a nonnegative solution of (3-1). Then there exist a € R",
A>0,and A € Sf_l, such that

p (1-2)/2
Ou(x)=(iz+ |x_a|2) A (3-2)
n(n—2)
forall x € R*, where S_ffl consists of those elements (A1, ..., Ap) in the unit sphere §P=1 (in RP) that

satisfy A; > 0 forall i.

We prove Proposition 3.1 in several steps. Let U € H'(R") be a nonnegative solution of (3-1).
Regularity theory and the maximum principle apply to (3-1). In particular, AU is necessarily smooth with
the property that for any i, either u; = 0 or u; > 0 in R”. We may therefore assume that there exists
p' < psuchthatu; > 0in R"” foralli =1,..., p’. A first step in the proof of Proposition 3.1 is as
follows.

Step 1. Let U € H'(R") be a nonnegative solution of (3-1) such that u; > 0 in R" foralli =1, ..., p/,
p’' < p. Then, for any R > 0,
. Ui u; U;

min — < — < max — (3-3)

8Bo(R) uj — uj ~ 0Bo(R) U
in Bo(R) foralli, je{l,...,p'}.
Proof of Step 1. By (3-1),

A(4) =2(v(40), vu )i

uj uj; J

Applying the maximum principle we get (3-3). g

The main objective now is to prove that

min %L Ai,j and  max i Aij (3-4)
0By(R) U j dBo(R) U
as R — +oo for some 4;; > 0 so that, together with Step 1, we obtain u; = 4; ju; in R" for all

i,j=1,...p". To prove (3-4) we first observe that

x| D2y, (x) = 0 (3-5)
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as |x| — 4ooforalli €{l, ..., p'}. Indeed, letr > 0, and V, =r"=2/2U (rx). We have AV, =|V,|¥ =2V,
and

/ |Vr|2*dx—>0 as r — +00,
Bo(2)\Bo(1/2)

since u; € L2 (R) for all i. Then vl — 0in C{ .(Bo(3)\ Bo(2)) as r — 4o for all i, where the v!’s are

the components of V,.. This proves (3-5). Now, in order to prove (3-4), we prove that the following step
holds true.

Step 2. Let U € H'(R") be a nonnegative solution of (3-1) such that u; > 0 in R" foralli =1, ..., p/,
p <p. Forany0<¢ < %, there exists C, > 0 such that

i (x) < Cplx| @12

forallx e R" and alli €{l1,...,p'}.
Proof of Step 2. Let 0 < & < 5 and R, > 0 be such that

X —2)2
swp  PIU@ 2= 80—y,
xeR"\By(R,) 2

It is always possible to find such a R, thanks to (3-5). For R > R, we let

n(R) = max max u;
i=1,..,p’ Bo(R)

and 2-n)(1-e) (2—n)
X —n —& X —n)e
G:() = (ko) () +ner) (BT
It is clear that u; < G, on 0Bo(R;) |J 0Bo(R). Let us assume that g—: possesses a local maximum at

x € Bp(R) \ Bo(R;). Then
Aui(x) _ AG(x)

ui(x) ~ Go(x))

Since AG
o _ o1 — o) — 2711,
G.(x)
we get
XPIU@) P2 = (1 — ) (n —2)%.
But this is absurd by the choice of R, we made. Thus we can write, forany R > R, andanyi {1, ..., p'},
(27}’!)(17&‘) (Z—n)g
ui(x) = n(R) () +n(r)(B) (3-6)
&

in Bo(R) \ Bo(R;). Fix x € R" \ Bo(R;). Passing to the limit as R — +o0 in (3-6), since, by (3-9),
R™=2/2»(R) — 0 as R — +o0, we get

x| (2-n)(1—-¢)
ui () < n(R) (=) .
&

This ends the proof of Step 2. O
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Step 3. Ler U € H'(R") be a nonnegative solution of (3-1) such that u; > 0 in R" foralli =1, ..., p/,
p' < p. Then u; € L* ' (R") and

lim  |x|"2u(x) = ——— \U)* ~2u; dx
x| —>+o0 (n —2)0n_1 Jgo
forallie{l,...,p'}.

Proof of Step 3. We apply Green’s representation formula in B, (R) and get

1

. 1
u~(x)=—/ =y = RE U () —2u~(y)dy+—/ u;do.
’ (n —2)wn— Bx(R)( ) l on-1 R Jop. )

Thanks to the estimate of Step 2 with 0 < & < 2/(n 4 2), we have u; € L> ~!(R") for all i. Passing to
the limit as R — 400 we obtain

1 _ *_
ui(x) = ———— [ x =y " UOIF Pui(y)dy.
(n—2)wy—1 Jgn

Thus

x| 2, (x)

1 "2 -
— o | e VO ) dy

w [x—y[r?
1 o |x |2 ot
= — U™ “ui(y)dy +or(1) + ——=IUWI" ui(y)dy),
(n —2)wn—1 \J By(R) R\ Bo(R) 1X— Y
where og (1) — 0 as |x| — +00. Now, using Step 2, we write
|x|n—2 .
/ PGP ) dy
R™\Bo(R) 1X — Yl
. . |x |2 x|\~ 1—) B .
sveaneret [ ay() 2 U2y (y) dy
B.(lxl/2) X =Vl R\ Bo(R)
S N(Z*—Z)/ch*—l2(n+2)(1—£)—2wn_1|x|n—(}’l+2)(l—£) +2n—2/ |U(y)|2*—2ui(y) dy
R"\Bo(R)
Choosing 0 < & < L we thus obtain that
n+2
: . x| 272
lim limsup = UOWI" ~"ui(y)dy =0.
R—>+00 |x| =400 JR"\By(R) |X — Y
This ends the proof of Step 3. 0

Using Steps 1 and 3 we are now in a position to prove (3-4), and then Proposition 3.1.

Proof of Proposition 3.1. Let U € H'(R") be a nonnegative solution of (3-1) such that u; > 0 in R” for
alli=1,..., p’, p’ < p. Since the u;’s are all positive fori =1, ..., p’, we get from Step 3 that

.U Ui
min —, max — — 4;;
0By(R) l/t] dBy(R) Mj
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as R — 400, where 4; ; > 0 is given by

S UV ~2u; dx
li,]‘ = S .
fR,, [UI¥"~=u; dx

In particular, (3-4) holds true. Thanks to Step 1, we thus get
u; = Aiug
foralli € {1,..., p'} where 4; = 4; 1. By (3-1) we then get
Auy = |N|F 72!

in R" where A" = (4;)i=1,..., . By [Caffarelli et al. 1989] we can write

u (n—2)/2
i (x) = |A/|‘1( - |x—x0|2) (3-7)
A n(n—2)

for some xp € R" and some ¢ > 0. In particular, since u; = A;u, we get with (3-7) that (3-2) holds true
with A = (A;);, where A; = |A/|7'A; foralli=1,..., p/,and A; =0 forall i > p’. Clearly, |A| = 1.
This ends the proof of Proposition 3.1. g

.....

Let K, be the sharp constant for the Sobolev inequality ||u||>» < K| Vu||, corresponding to the em-
bedding H'(R") C L¥ (R"). Then, as is well known,

/ 4
K, = m, (3-8)

where w,, is the volume of the unit sphere. The multipliers in (3-2), which we get by taking the Euclidean
norm |U| of U in (3-2), turn out to be extremal functions for the sharp Euclidean Sobolev inequality
llulloar < K, ||Vull2. As a direct consequence of Proposition 3.1 we then get

: U dx =K, " (3-9)

for all nonnegative solutions U € H L(R™) of (3-1), where K, is as in (3-8). Proposition 3.1, combined
with the moving sphere approach, gives the full classification of nonnegative solutions of (3-1), namely
without the requirement that U € H'. This is carried out in [Druet et al. 2009].

4. Weak pointwise estimates

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3, p > 1 be an integer, and
(x4)o be a converging sequence of points in M. Let also (4,), be a sequence of positive real numbers.
ForU: M — R? and 7 : R" — R”, we define the direct ng: -rescalings and the inverse R}’}Z -rescalings
by

(Ri=ar) (x) = 20D 2U(exp, (2x)) and  (R[=V)(x) = 28722V (%, exp, ! (x)), (4-1)

where x in the first equation is a variable in R", x in the second equation is a variable in M, localized
around the limit of the x,’s, and exp, is the exponential map at x,.
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Definition 4.1. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3 and p > 1
be an integer. A p-vector bubble is a sequence (%), of p-maps from M to R? given by

Py (n-2)/2
B (x) = ( dy (x4, %) ) A (4-2)
Hat Z(n—Z)

for all x € M and all a, where (x,), is a converging sequence of points in M, (u,), is a sequence of
positive real numbers converging to 0, and A € sz_l. The x,’s are the centers of the bubble, the u,’s
are the weights of the bubble, and A is the S”~!-projection of the bubble.

The right-hand side in (4-2) can be seen as the Riemannian extension of the right-hand side in (3-2).
At last we let g : R" — R be the function given by

|)C|2 —(n=2)/2
e = (140 4-3)

for all x € R”. Another possible definition of u is that it is the unique nonnegative solution of Au =u> ~!

which achieves its maximum at 0 and which is such that u(0) = 1. The result we prove in this section
provides a complete description of the blow-up in Sobolev spaces and very useful pointwise estimates.

Proposition 4.2. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3, p > 1 be
an integer, and (Ay), be a sequence of C' maps from M to M »(R) such that A, — A'in C (M) as
o — 400 for some C' map A from M to M, (R). Let also (Uy), be an arbitrary bounded sequence
in H' (M) of nonnegative solutions of (1-1) such that |Uy|lsc — +00 as a — +00. Then there exist
N e N*, a nonnegative solution Uy, of (0-1), and vector bubbles (%fx)a asin(4-2)fori=1,..., N, such
that, up to a subsequence,

N
Uy =Uoo + D Bl + Py forall a,
i=1
/ U, ¥ dvg = / Ueo|? dvog + NK; " +0(1)  forall a, and (4-4)
M M
N
@21—2)/2 WUy — WUoo — Z%; -0 inL®M) asa— +o0,

i=1
where R, — 0 in HI(M) as o — +00, 0(1) = 0 as a — +0o0, K,, is as in (3-8), B, : M — R is given
by

@(l (x) = i:rfl_iPN(dg(xi’a s x) + ,ui,(l)a

and the x; s and p; ,’s are the centers and weights of the vector bubbles (%fx)a' Moreover, as a — +00,
dy(Xj g, Xi 2 . .
s(iar Xja) + Hia + Hja — 400  foralli #j and
MHialj,a Hij,a Hio 4-5)
REMAU, — ugA; in CEL(R™N\S) for all i,
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where the Iéfj’ -rescaling procedure is defined in (4-1), ug is as in (4-3), the A;’s are the S? _l—projections
of the (BL),’s,

i -1 -1 :
yi - {akToo'uisa expxi,a ('xj,a)’ J € Ii}a

the limits in the definition of ¥; are as oo — 400, and I; consists of the j’s such that dg(x; ¢, X} q) =
O (ti.e) and 1o = o(ti o) for all a.

Proof. Let I, be the free functionals associated with (0-1). They are defined for U € H (M) by
I,(0) = ; / (IVUP + A, (U, W) dvg — / U dog.

The U,’s in Proposition 4.2 solve (0-1) and are bounded in H I In particular, (U, ), is a Palais—Smale
sequence for the /,’s in the sense that the sequence (1, (U,)), is bounded and D1, (U,) — 0 in H "M )
as a — +oo. Let  be a smooth cutoff function in R" with small support around 0. Mimicking the proof
in [Struwe 1984] (see also [Druet et al. 2004] for its Riemannian analogue), we get that there exist N € N*,
a nonnegative solution Uy, of (0-1), converging sequences (x;, a)a in M, sequences (i 4)q of positive
real numbers converging to 0, and nonnegative solutions U; € H'(R") of 3-1)inR*,i =1, ..., N, such
that, up to a subsequence, the first equation in (4-5) holds true, such that

Uy =g +Z’7a Ry, + (4-6)
i=1

for all a, and such that

N
/|6ua|2*dog=/ |6uoo|2*dug+2/ ;¥ dx + o(1) (4-7)
M M i /R

for all o, where 7', (x) = n(expx '(x)), the Rx,/f’ “_rescalings are defined in (4-1), R, — 0in H'(M) as
o — +oo,and o(1) > O as a — +00. By Proposition 3.1,

2 (n—2)/2
Uj (x) = (MTM) A (4-8)
" n(n—2)

for some a; € R*, 1; > 0, A; € S_’fl, and all x € R". Up to changing the x; ,’s and u;,’s, letting
Xio = €Xpy, (tiqai) and fi; 4 = A pti,q, We can write, as in [Druet and Hebey 2005b], that

7l Ry, = B+ Ry (4-9)
for all a, where U; is as in (4-8), R, — 0 in H'(M) as & — +o0, and (%fx)a is the vector bubble with
center X; o, weight i; ,, and Sl’_l—projection A;. Noting that the changes x; , — X;, and ;o = i«
do not affect the first equation in (4-5), it follows from the above discussion, from (3-9), and from (4-6),
(4-7), and (4-9), that the two first equations in (4-4) and the first equation in (4-5) hold true. Now we
forget about the tilde notation for the centers and weights of the bubbles and, fori = 1,..., N, we let
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i be as in Proposition 4.2. As one can check from the first equations in (4-4) and (4-5), for any i,
N N
REN DB — uoh in L (R\S;) and  RE U, — RE D" B) — 0in Ly (R (4-10)

j=1 j=1

as a — 400, where the Iéfé’a“ -rescalings are defined in (4-1), A; is the S”~!-projection of (B,),, and u
is as in (4-3). Moreover, in any compact subset of R", and for a sufficiently large,

P
Agyiiia+1ig D AW = [Ual* s @-11)
j=1
for all a and all i, where the i; ,’s are the components of Uy = Iéffif;f U,
A% (x) = A, (expy, , (1i.aX)),

and g, is the Riemannian metric in R" given by g, (x) = (exp}, = §)(uiqX). Since u; o — 0as o — +o0,

we get that g, — ¢ in CfOC([R{”) as a — +o0o, where ¢ is the Euclidean metric. By (4-10), for any
x e RM\Y;,
lim lim sup / |RE a1, | dx = 0. (4-12)
0—0 g—4o00 B, () ’

In particular, the L -norm of R, can be made uniformly arbitrarily small in small regions of

R"\¥;, and by adapting and transposing the classical regularity argument [Trudinger 1968] to the present
situation (see also [Struwe 1990]) we get from (4-11) and (4-12) that the Oﬂa’s are uniformly bounded
in Clzo’f (R"\¥;). It easily follows that, up to a subsequence, the second equation in (4-5) also holds true.
Now it remains to prove that the third equation in (4-4) holds true. We proceed by contradiction and
assume that there exists g9 > 0 and a sequence (x,), in M such that, up to a subsequence,

N 2*-2 N 2*-2
Do (50)* Ua (¥0) = Voo (a) = DBy ()| = max Dy Ug —Uoo — > By |  >deo  (4-13)
i=1 i=1
for all a. First we claim that
Dy, (%) |98, ()| 7% = 0 (4-14)
asa — +oo, foralli =1,..., N. In order to prove (4-14) we proceed by contradiction and assume that
there exists i =1, ..., N and ¢; > O such that, up to a subsequence,
Dy () 1B, () |77 = 8 (4-15)

for all .. Up to passing to another subsequence we may then assume that there is 4 € [0, +00) such that

dg(Xi g, X j de(Xja,x
g( ia ) > dasa — +0o, and Hja + g( j.a )
Hia Hia Hi,a

> /e for all o and j. (4-16)

Then, letting y, = ,ul_; exp;l_]a (x4), we get from the second equation in (4-16) that there exists ¢ > 0 such
that d(y,, ¥;) > ¢ for all a, and it follows from the second equation in (4-5) that

By ()| Uy () = Voo (50) — B (o) [T = 0 as @ — +o0. 4-17)



320 OLIVIER DRUET AND EMMANUEL HEBEY

By the first equation in (4-5), and by (4-16), we can also write
. 2*_2
Do (x0)?|BL (x0)|” " =0 (4-18)

as a — +o0o, for all j # i. Combining (4-17) and (4-18) we get a contradiction with (4-13). It follows
that (4-14) holds true. Next we claim that

Uy (X)) = +00  as a — +o0. (4-19)

By (4-13) and (4-14), we see that (4-19) holds if %, (x,) — 0 as a — 400. Suppose on the contrary
that, up to a subsequence, 9, (x,) — d as a — +oo for some & > 0. Then, by (4-13) and (4-14),

U () = Uoo ()| > 7+ 0(1) < 8|y () — U ()| +0(1) (4-20)

for all x € B,,(6/2) and all a sufficiently large. Now, if we assume that (4-19) is false, then we get from
(4-20) that the U, ’s are bounded in a neighbourhood of the x,’s, and it follows from standard elliptic
theory that AU, (x4) — Uso(x,) — 0 as @ — +00. Noting that this convergence of the (U, — Uoo)(X4)’s
is in contradiction with (4-13) and (4-14), we obtain (4-19).

Now let the u,’s be given by ,ué_("ﬂ) = |U, (x4)]| for all o, and define the V,’s by V', = Iéffaa%a,
where the R.“-rescalings are defined in (4-1). Then,
p A
Agvia+pie D AL @0 = Val* 014 (4-21)
j=1

in By(6/u,) for all a, where the v; ,’s are the components of 7, the Af‘j’s are given by Af‘/ x) =
A?‘j (exp,, (#qx)), and g, is given by g, (x) = (exp}, g)(1qx). From (4-19) we have y, — 0 as & — +o0.
In particular, g, — ¢ in Clzoc([R{”) as a — 400. We also have |V, (0)| = 1 for all a. Noting that the V,’s
are bounded in H'(R"), we may assume that, up to a subsequence, ¥, — Vo weakly in ngc (R™) as
o — 400 for some Vo, € H'(R") that solves (3-1). Let ¥ be given by

~ 1

S = [ lim —exp;l(x,-,a) NS J},

a——+00 Ha a

where J consists of the i =1, ..., N which are such that d, (x; +, X4) = O (1) and p; 4 = 0(u,) for all
o.. In what follows we let K € [Ri”\? be a compact subset of [RR”\E}’, and let x € K. By (4-13) and (4-14)
we have

¥-2 5 (@aua)

2
@, (ya)) (I4+o0(1))+o(1), (4-22)

N
Vo (6) = 142 PUg (v0) = 22 D" AiBia(va)
i=1

where y, = exp, (uqx) forall a, A; is the SP~!_projection of (B! ), for all i, and B; , = |B| for all &
and i. Now we claim that

182 |B g (ya)l = 0 (4-23)
as a — 400, foralli =1, ..., N. Equation (4-23) is obvious if x4, = 0(ui ). On the other hand, if we
assume that u; , = o(u,), then, since dg(x, g’) > 0, we get u, = O(dy(xi 4, ys)). Here again, (4-23)
holds true. At last we may assume that there exists C > 0 such that C‘l,ua < Uiqg < Cuq for all a.



STABILITY FOR STRONGLY COUPLED CRITICAL ELLIPTIC SYSTEMS IN INHOMOGENEOUS MEDIA 321

Then (4-23) holds true unless d, (x; o, yo) = O(p;,q). In this case we have dg(x; 4, x4) = O (1 o), and it
follows that |B; ¢ (x4)|/|WUqg (x4)| 7 0 as a — +o00. Combining (4-13) and (4-14) we get a contradiction,
and it follows that (4-23) holds true. In particular, by (4-19), (4-22), and (4-23), we can write

[V (0)]* 7% < (M)z(l +o(1)) +o(1). (4-24)
Do (Ya)
At this point we claim that
Do (xe) = O (D (ya))- (4-25)
We prove (4-25) by contradiction and assume that
dg(Xi,as Ya) + fi,a = 0(Da (x4))- (4-26)

If dg (Xi 00, Xo)/ g = +00 as & — +00, then

dg(xi,a: Ya) + Hio = (I+ 0(1))dg(xi,a, Xq) + Hio = 1+ 0(1))@05()%),
and this contradicts (4-26). Hence, dg(X; «, X4) = O(u). Then, by (4-26),

dg(xi,aa )Gx)"'ﬂi,a :O(Na)"'o(ﬂi,a)- (4-27)

In particular, dy(x; o, yo) = 0(44). Since x € K, this implies in turn that u, = O (u;,,), and we get with
(4-27) that u; 4 +o0(uiq) = 0, another contradiction. This proves (4-25). By (4-24) and (4-25), for any
compact subset K & R™\¥, there exists Cx > 0 such that [V,| < Cx in K. In particular, by standard
elliptic theory and (4-21), we get

V4= Voo in C2.(RN\P) as a — +oo. (4-28)

Clearly 0 ¢ & since, if not the case, 9, (x,) = 0(u,) and we get a contradiction with (4-13). Thus, since
|V (0)] = 1 for all a, we see that | V5 (0)| = 1 and Vo, % 0 is not identically zero. By Proposition 3.1 it
follows that there exists a € R", A > 0, and A € Sf;_l, such that

P (n-2)/2
Voo(x) = (m) A (4-29)

forall x e R". Let K € R"\g’ be a nonempty compact subset of [R{”\g’. By the first equation in (4-4) and
by (4-23), we can write V', — 0 in L (K) as a — +o0. Then, by (4-28), we get [, [Vo|* dx =0, a
contradiction with (4-29). Proposition 4.2 is proved. (|

5. A first strong pointwise estimate

We prove pointwise estimates on the %U,’s which we use as the initial step in the induction argument we
develop in the next section. First we fix some notations. We let (U, ), be an arbitrary bounded sequence
in H'(M) of nonnegative solutions of (1-1) such that ||U,||.c — +00 as a — +o00. Proposition 4.2
applies to the U,’s. We let & be the set of the geometrical points of the U,’s. Then,

9:{ lim x,-,a:izl,...,N}, (5-1)

a—>+00
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where all the limits do exist, up to a subsequence. For J > 0 small enough, we let

Na () = max [Ueg |. (5-2)
M\ULL, By; , )

Thanks to the last equation in (4-4) of Proposition 4.2

lim sup 774 (9) < [|Uoo lloo- (5-3)

a—+00

Moreover, by standard elliptic theory, for any &' > 4,

max |V0ua|g = 0(17,(9)). (5-4)
M\ULL, By , (8
In what follows we let Ry > O be such that foranyi=1,..., N,
x] < R0 (5-5)
=5

for all x € &;, where ¥; is as in Proposition 4.2. We also set

Uo= MaxX Wiq, and re(x)= min dg(x;q,x). (5-6)
j } ie(l,...,.N}

The pointwise estimate we prove in this section is stated as follows.

Proposition 5.1. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3, p > 1 be
an integer, and (Ay), be a sequence of C' maps from M to M »(R) such that A, — A'in C (M) as
o — 400 for some C' map A from M to M » (R) satisfying (H). Let also (W), be an arbitrary bounded
sequence in H' (M) of nonnegative solutions of (1-1) such that | Uy, |lec — +00 as a — +oo. There
exists C1 > 0 such that, up to passing to a subsequence on the U, ’s, there holds that for any sequence
(x¢)q Of points in M,

U (xa) = Voo ()| < Craed ™ 2Dy (x0)* ™" + 0 [Uso oo, (5-7)
where 9, and U, are as in Proposition 4.2, u, is as in (5-6), and ¢, — 0 as o — +o0.
We divide the proof of Proposition 5.1 into two steps.

Step 1. Forany (0 <¢ < %, there exist R, > 0, 0, > 0 and C, > 0 such that
U ()] < Ce (e 2221, () G0 4 (8, (6) )
forall o and all x € M \ UINZ1 By, (Rettiq)

Proofof Step 1. Let 0 < ¢ < % Consider ¢ the Green’s function of the operator u — A u +u. We know
(see [Druet et al. 2004], for example) that there exist y; > 1, yo > 0 and y3 > 0 such that for any distinct
X, yeM,

1
;5%@&¥”%&ﬁ§m (5-8)
and
IVG(x, )

) > y2dy(x, ) 7> = 73, (5-9)
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where V in (5-9) is with respect to one of the two variables, for instance y. We let
N N
W o () = u 202" G 0, ) T4 70(0) D G, X",
i=1 i=1

and let y, € M\ UlN:1 B,.,(Rui,) be such that

p N
'y N ou;
max zt—l L,a 21_1 1,0 (ya) (5_10)
M\UL, By, , (Ruia) Ia,s LPa,g

for all a. We claim that, if 6 > 0 is chosen sufficiently small and R > O sufficiently large, then

N
va€o(M\ U By, (Ruia)) or ralva) > 6 (5-11)
i=1
for a large. We prove the claim by contradiction. Indeed, assume that (5-11) fails for all «. We can write
AP u, AgWo
! > — )y 2 Be¥ee (5-12)
i—=1 Uia Vo e
Thanks to (1-1),
A le_ ’/l', *_
g(,,——;,’“)(ya) < U )7 72+ pllAglloos
i=1“4i,a

AW, x
where || A [loc =max; ; | Af; [l for all a. By (5-12) we then get %(ya) < U V) IZ 2+ pll Ag ll o
&

Since 74 (y,) <, this yields *

AgWo e f
ra(ye)? =5 0a) < 7a(ya)* Ul () 72 + 0 pll Al +0(1). (5-13)

Now we write

2
N |v(g(xl s Ya)‘
ALY —e(1— (1-2¢)(n—2)/2 ’ g(_g s 1—¢
g a,e(ya) 8( S)ﬂa igl Cg(xi,a; ya)2 (xt,a yoc)
2
N |vcg(-xl',aa ya)|
+8(1 - 8)’70! (5) Z —zg(g(xi,a, ya)e
i=1 (g(xi,(xa ya)

N N
—&12(0) D Ui s ya)' — (1 — )72 D/2 S G(x; o, o) 75
i=1 i=1

Using (5-8) and (5-9), and since 0 < ¢ < 1 it follows that

qu}a,a (Ya)

N
> — (1= &)W (va) — 736 (1 — &) Poe (V) +e(1 —&)p2ul 2225 A0 (xi 0y Yo ) 24105 Ya) '
N i=1
+ 8(1 - 8)V2’7a (5) Z dg(xi,a, ya)izcg(xi,aa ya)s
i=1
> —(1— &)1+ p38)Pae (o) + (1 — &) yay{~  ull 727212y ()~ (=D U=2)

Fe(1 = )2y, 0 (O)ra (yg) 2~ 072,
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From (5-8) we obtain Wy, (y4) < Ny, ~* u& 7222k, (3) =209 4 Ny 3, (8)ry (o)~ 2%, and
we can write

1 -
ra(3a) B Was () = (1 = &) (1 738)ra () Ware () + (1 = 3727 ™ Wao ().

Coming back to (5-13), we thus get
1 - _
=727 < ra ) Ua () P72 4 pll Alloo +0(1) + (1 = ) (1 +738)%,

since we assumed that r, (y,) < J. By the last equation in (4-4) of Proposition 4.2 we can choose ¢ > 0
and R > 0 so as to get a contradiction. Thus (5-11) is proved. Up to choosing R a little bit larger, we
deduce from the second equation in (4-5) of Proposition 4.2, and the definitions of u, and #,(J), that
there exists C > 0 such that
p :
Zizitia o

sup v <
a,&

M\UL, By, , (Rui.q)
Using (5-8), we obtain the existence of d, > 0, R, > 0 and C, > 0 such that

P
> tia@) = Co (1720220, (1) 00 g (6,7 (1) O

i=1
for all o and all x € M \ |J; By, (Re1t:4). This proves Step 1. O

Step 2. There exists Co > 0 such that [Ug(x)] < Co(uS'™"*Dy ()" + |Unolloo) for all o and all
xeM.

Proof of Step 2. First we prove that there is ¢ > 0 small such that for any sequence (y,) of points in M,

cl’l/a a
Jim sup Ua ()| < too. (5-14)

a0 u DG (y) 2 + 14 (5)

By the definition of #,(9), it is clear that (5-14) holds if r, (y,) > J. Now assume that r,(y,) = O ().
Then 9, (y,) = O(u,). We can use the last equation in (4-4) of Proposition 4.2 to obtain

N —1
_ _ _ _ — d (-x', s Y )2
Do (ya) 11 U ) "% = O @ (ya) 1) + O(Z@a CANT (1 +
i=1 n(n = 2)pi
= 0(1),

since Dy, (Vg) < dg(Xi,a, Vo) + tiq foralli e {1, ..., N}. In particular, (5-14) holds true also in this case.
Thus we may assume from now on that

Yo (Vo)
Ha

We let 4 > 1 be such that Ap[|Aflec & Sp(Ag) and we let G be the Green’s function of Ay — Ap||A|loc.
Here again, there exist C; > 1, C, > 0 and C3 > 0 such that

ra(yo) <0 and — 400 asa — +oo. (5-15)

1
oo Y)2" = Ca < G(x,y) < Crdg(x, y)*™" (5-16)
1
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and
IVG(x, y)lg < C3dg(x, y)' ™" (5-17)

forall x,y € M, x #y. We let xg € & be such that dg(y,, xo) < J+ o(1); such an xo does exist thanks
to (5-15). We choose ¢ > 0 such that
dg(x, y) = 40 (5-18)

forall x,y € ¥, x # y, and such that
6 < 3(C1Cy) V02, (5-19)

where C| and C, are as in (5-16). We write with Green’s representation formula that

p p p
> tia(va) = / 5)G(ya,x)(Ag(Zui,a)—zpuAnooZu;‘)(x)dvg(x)

i=1 By, i=1 i=1
p

+/6‘on(2(5) G()’a, x)av(zui,a)(X) dag(x) _

i=1

p
G (Ya, )C)(Z ”i,a)(x) do'g(x)- (5-20)
i=1

0By, (20)

Since 4 > 1, we get with (1-1) that

p P P
Ag(Zui,a) — i1 Alloo D ttia < U 72D i
i=1 i=1 i=1

We have G(y,, x) > 0in B,,(20) for a large, thanks to (5-16) and (5-19). Thus we can write

p
/B . G (Y, x) (Ag ( Z Mi,oc) — ApllAllco Z ”i,a) (x) dog(x)

i=1 i=1

p
<G / dg (Yo, X)* 7" |Ue () F 72 D" i 0 (x) dog (x). - (5-21)
M

i=1

From (5-18), we also know that d, (x; 4, 0By, (26)) > d foralli = 1,..., N and for a large so that we
can control the boundary terms in (5-20) thanks to (5-4), (5-16) and (5-17). We thus obtain that

U (v | = O (176, ()) + 0( /M dg (Yo, X)* "y, (x)|2*—1dvg(x)). (5-22)

Wefix0<e <

- ! > and we let R, > 0, J; > 0 and C, > 0 be given by Step 1. We write

/M dy (s )" U (0O~ g ()

p
< [P WP o0+ 3 [ d AL @R dug (o),
Mg . i=1 Bxi,a(Rzlua)

where M, . = M \ U,N: | By, (R; t14). From (5-15) and Holder’s inequalities we obtain

/ ( dyg (Vo )7 U ()1 dog (x) = O (08722 dy (X1 s ya)*™")
Bx,-),l Relta)
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foralli e {1,..., N}. Thus we get

/M g (Vi 1)2 " ()2~ g (x)
S/ dg (Ve )7 U () " vy (1) + O (18D Pra (3a)* "), (5-23)

Using Step 1, we know that for any x € M, .,

1-2 2)/2 *_
( £)(n+2)/ 77(1(55)2 1)

*_1 222 21 Ha
e @) <2775C (r () +2D0=8) © pp (x) (1 42)e

so that
/M dg (Yar )" U () g (x)

< 22*_2C82*_1Iu(g1—28)(n+2)/2/ dg()’a, X)Z—nra (x)—(n+2)(1—8)dvg (x)
Ma,e

+27 207, (0% ! / dg (Vo X) 21 (1) T (x)

a,e

N
< 22*_2C3*_1lu((11—28)(n+2)/2 Z/AI\B " dg (ya, ]C)2_ndg (xi,a> x)—(n+2)(l—£)dvg(x)
Xia e la)

+2772C 7, 0 )“Z /M T dy (v, )" dy (X0, )" dvg ().
Xia ‘p‘u”

From (5-15), straightforward computations yield
/ dy (v, ¥)* 71U ()P~ dvg (0) = O (1221 (50)* ") + 0 (na(6)* 7).
Ma,c
Coming back to (5-23), using (5-3), we finally obtain that

/M dyg(Vas X)7 U (0)1F " dg (x) = O (18221, (v0) ™) + 0 (1(3,)).

Coming back to (5-22), taking 0 < d < J,, such that (5-18) and (5-19) hold, we get (5-14) under assumption
(5-15). In particular, if J is chosen sufficiently small, (5-14) holds. Now we claim that if Uy, = 0, then

1a(8) = O (ug™>"). (5-24)
As a consequence of (5-14), there exists Cop > 0 such that in any compact subset K of M \ &,
L ()] = Co 22 Ck +140))

for some Ck > 0. If (5-24) were false, we would get by standard elliptic theory that

— HinC2 . (M\¥) asa— +oo,
77(1(5) loc
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where H satisfies A¢H+AH =0in M\ ¥ and |H| < Cp in M \ &. This implies that H is in the kernel
of Ag+ A. Since all the components of H are nonnegative and H is not identically zero by the definition
of #,(9), this would contradict assumption (H). In particular, (5-24) is proved. Noting that if U, # O,
then, by (5-3), #7,(0) = O (| U || ), We get with (5-14) that Step 2 holds true. O

Conclusion of the proof of Proposition 5.1. If U, = 0, the proposition is a direct consequence of Step 2.
Assume now that U, = 0. We let # be the Green’s function of the Laplacian on M normalized such
that #(x, y) > 1 for all x, y € M, x # y. There exists ®; > 1 such that

1
5 s, )7 S F(x, y) < Ordy (x, y)* " (5-25)
1
forall x,y € M, x #y. We let (x,) be a sequence of points in M and prove that
(U (x) = Uoo(xa)| = O (124 (x)27") +o0(1). (5-26)

If 9, (x,) = O(uy), then (5-26) is a direct consequence of the last equation in (4-4) of Proposition 4.2.
We may therefore assume that

9)
Do (xa) — +00 as o — +oo. (5-27)
Ha
By standard elliptic theory,
Wy — U in CE(M\F)  as a — 400, (5-28)

where & is as in (5-1). We write using Green’s representation formula that

p p 1 p
i,a\ra) — i,co\Xa) = T~ iva(Xa) — Ui oo(xq)) d
> thas0) = Dt vg,.;/M(”’(“ i o (1)) g

i=

p
+ ;A/I %(Xa, X)Ag(ui,a — ui,oo)(x) dl)g(x),

where V, is the volume of (M, g), and the u; ~,’s are the components of U.,. Then we get

P P P
D i () = D ticolXa) = D /M W, X) Mg (1 0 — 11.00) (x) dvg (x) + 0(1). (5-29)
i=1 i=1 i=1

Thanks to (5-28) there exists J, > 0, d, — 0 as @ — 400, such that, up to a subsequence,

[Ue — WUooll 2, >4, = 0(1), (5-30)
where | U2 = le lluillc2, and {D, > J,} is the subset of M consisting of the x € M such that
Dy (x) > Jy. In particular, it follows from (5-25), (5-29) and (5-30) that

p

p p
> i) = D i) = 3 /{ o DA (5) g (5) 00

i=1 i=
The proof of (5-26) then follows the lines of the proof of Step 2, using the estimate of that step. This
ends the proof of Proposition 5.1. O



328 OLIVIER DRUET AND EMMANUEL HEBEY

6. Strong pointwise estimates and sharp asymptotics
We now turn to pointwise estimates and sharp asymptotics. Our main result in this section is this:

Proposition 6.1. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3, p > 1 be
an integer, and (A,)y be a sequence of C' maps from M to M},(R) such that A, — A in C (M) as
o — 400 for some C' map A from M to M »(R) satisfying (H). Let also (Uq)q be an arbitrary bounded
sequence in H'(M) of nonnegative solutions of (1-1) such that |Ug||cc — +00 as & — +o0. Up to
passing to a subsequence on the U, s, there holds that for any sequence (x,), of points in M,

N N
WU (X0) — Woo (Xg) — Z Bi,a(xa)Ai' =4[ Uooll oo + O(ﬂgl_z)/z) + O(Z Bi.q (xa))a (6-1)

i=1 i=1
where 973’0( = Bi 4\ for all a and all i, where U, N, and the 973; ’s are as in Proposition 4.2, where

gq = 0as a — 400, and p, = max; u; q is the maximum weight of the weights of the B; ;s as in (5-6).

We prove Proposition 6.1 in several steps, based on induction on the following statement, defined for
I<k<N+1:

There exists Cr > 0 such that, up to a subsequence on the U, ’s, for any sequence (x,)
of points in M,

AUy (xa) - ouoo(xot) - kil Bi,a (xa)Ai
i=1

—2)/2 -2)/2 —
< Celuld ™+ gt R ()™ ™) + £ lloo + o

where ¢, > 0asa — 400, yy =1if k <N, and yy4+; =0.

k=1
> Biula)). G0

i=1

Here we have reordered the blow-up points in such a way that u, = p1,4 > 2,4 > -+ > Un,4, and we
have defined

ri,a (x) = . mlnN dg (xj7(l9 X), (6-2)
1=)=

Ria(0) = min (de (e 2) + tjia)- (6-3)

We have R 4(x) = 9D, (x) and ry 4 (x) = r,(x), where 9, is as in Proposition 4.2 and r, is as in (5-6).

We will refer to the whole indented statement above as ($;), as well as the inequality so labeled.
Clearly, Proposition 6.1 is equivalent to ($x.1), while Proposition 5.1 implies ($}).

We apply induction on k to pass from ($;) to ($y), and then we use a slightly distinct argument to
pass from ($x) to ($y41). In the following, we fix 1 <k < N — 1 and assume that ($,) holds true.
We proceed in several steps, but first we fix some notation. As in the preceding section we let ¢ be the
Green’s function of the operator u — A u+u. Then (5-8) and (5-9) hold. We fix 0 <& < 1/(n+2) and
fix Rp as in (5-5). For any 1 <i <k, we define

(Dia ()C) — min{lugl—Zg)(n—Z)/Z

i,o

G(xiar )" 5 Dopp PG (x 0, 2)7), (6-4)

where x € M \ {x; 4},
Dy = y]2£—1 (4RO)(2—")(1—23)’
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and y; is as in (5-8). This choice of Dy, together with (5-8), implies that
(x) _ Do#, (1-2¢)(n— 2)/2%()6, XY

if dg(xj.q,x) <2Roui . We also let

N
95 () = max{[|Usolloo; 1§ 22D G(x; 4, x)° (6-5)
and N .
Vi) = D Glxiax)' (6-6)
For 1 <i <k, we set i=rc+1
Q, ={xeMst & (x)= % ,(x) forall 1 <j < K}, (6-7)
We also set a )
y2e(l —¢
D() = —F—7—, 6-8
(¢) N (6-8)
where y; is as in (5-8), and we define v, , by
o7, (x)
(1 —2¢)(n—2)/2 (1-28)(n—2)/2,
£)(n—2)/ max{lum_l " ; ]rillaé( S~up 5(x) } (6-9)
where
Qf, = {x € Qf, st dg(xi 0, X)* 2o ()" 72 = D(e)}, (6-10)

and 2 4 (x) = |Uy (x) — oo (x) — Z;‘:] B; 4(x)A;|. By convention, the suprema in (6-9) are —oo if the
sets f!f ., are empty. We can now start the proof of Proposition 6.1.
Step 1. Vi,a = O(ﬂk,a)-
Proof of Step 1. We let y, € f)ia and assume that
V;;ZS\P; (ya)Z/(n—Z) — (Df,a (ya)Z/(n—Z)‘
This and (5-8) imply that
Vit = O (Ret1,a (7a)* @7, (7)Y 7). (6-11)

IC a
Since ($¢) holds and y, € f!f «» We also have

xk—1

D(e) <o(1)+ 0( Z dg(xi,as ya)sz,a ()’a)z*_z) +0 (/u;%,adg(xi,m Ya)2Rx,a()7(x)_4)~
j=1
Since y, € Qf,, and Q| C QF

i 4> We can write

x—1
> dg(Xias ¥a) Bja(va)” 7> = O(1),
j=1
and we thus get
RK,a (yot)z = O(NK,adg (xi,aa ya))- (6’12)

If Reyi,a (ye) = O(Rk’a (¥4)), we get from (6-11) and (6-12) that
v}l;Zs _ 0(#,1(;;dg(xi,a» ya)l_gq)ia (ya)Z/(n—Z)) 0(#}{ p a) _ O(Iul 25)
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and Step 1 is proved. Assume now that Ry ,(Vs) = 0(Ri+1,4(Ya)). Then (6-12) becomes

2
(dg (x)c,aa Ya) + ,u)c,a) = O(ﬂk,adg (xi,oc: Ya))- (6-13)

If i =Kk we obtain dg (x; ¢, Yu) = O (Ui« ); using the last equation in (4-4), and since ;o =0(Ry+1,4(Ya)),
we obtain that
-2

—0 asa— +oo.

dg(xi,aa ya)z Mg (Vo) = Uoo (Ya) — Z Bj,a (yoc)Aj
j=1

This contradicts the fact that y, € Qf «- Thus we must have 1 <i <x — 1. Since @] , (yo) = Dy , (Va)s
because of (5-8), we can write

—2(1-2¢) —2(1—28))

/f‘;lg,_azsdg (x;c,aa ya)_zs (/ulc,a +dg (xlc,ou ya)) o (/ll'l,gzsdg (xi,ou ya)_zg (,ui,oc +dg (xi,aa yoc))

In particular we obtain with (6-13) that
1— o
(ﬂi,a +dg(-xi,0!a ya)) ‘= O(ﬂi,aﬂ},a&)'

Since uk o < fi o, this implies that dg(x; 4, yo) = O (ui o). We also get p1; o = O (fix,). Then we obtain
with (6-13) that d, (X, 4, Yo) = O (ui,), and this contradicts the first equation in (4-5) of Proposition 4.2.
Step 1 is proved. g

Step 2. There exists C, > 0 such that
K
U ()] < Co (Z OF ()20 2 () F) fmax{ A loo; #8202, (x)@—")*’)
i=1
forall x e M\ U?]:KH By, (Roftiq)-
Proof of Step 2. We let y, € M\ va B, (Rogti,a) be such that

=r+1
2 e Ga=  sup 2 e
_ _ al) — _ _ s
Z;'Czl q)ia +V1£,la 2e)(n 2)/2\},&,8 + i M\U,(V:H] By, (Resii) 2?21 (Df,a + V;E,la 2¢)(n 2)/2q,a’g iy
(6-14)
and we assume by contradiction that
p lu‘.l
1= 1
pe (o) = +00  as a — +o0. (6-15)
Z;{:I (Dia + V’ga 2 2)/2\Pa,8 +o;
From ($,) and (6-15) we get
ro(¥o) > 0 asa — +oo. (6-16)
We also have, using the second equation in (4-5),
dg(Xjas
g(xj,a Ya) — 400 (6-17)

Hij,a
asa — 4ooforallx +1 < j < N. Here we used the fact that, by (6-9), v ¢ > tix+1,4. Thanks to (6-15)
and the second equation in (4-5), we also know that, for any 1 < j < «, either

de(Xi g,
de(Xj o, Ya) < Roptjo o M — 400 asa — +oo. (6-18)

Hja
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In particular, thanks to (6-14) we can write

1-26)(n—2) 2
LD RUTVINN B Ty @, + vl ‘P“’ﬁq);)( ) (6-19)
—_— y Z — — y . -
ip:1 iy o 2?21 (Dia +U;£’la 2¢)(n 2)/2Ta’8 +¢2 o

From (1-1), (5-8), and (5-9), we then get

- o U2
0> > (dy(iv, vo) 2= —2220 A, )@t (v,
_,Z:;'( ¢ 30 = S Fa ()

rerta (V) 2 U (o) * 2 (1-28)(1—2)/2
< —_ — A Vv n )/ \P
* ( Ny ? y26(1 —¢) ) e e (¥a)
I ()’a)_z U, (ya)|2*_2
- —A; . , 6-20
+ ( Nylzg V28(1 ., g |Pa,e (ya) ( )

where

_ PllAglloc + (1 +y38)(1 —¢)

a y2e(l —e) '

We let in the following 1 <i < x be such that y, € Qi «- Then we deduce from (6-20) that

Ag

0> (dg(xi,a, y) 2 — U ) 22— KA) P, (v0)

) a 2*-2
+(rk+"“(y“) _ el —As)v,EfJZE)("_Z)/Z‘Pa,g(ya)

K
y2e(1 —¢)

Ny 1o r2e(1 —¢)
+ (r“;,y; 13 - MVL::(yf )_|28)2 - Ag)(Pa,g(ya). (6-21)
From (6-15), we know that
Usolloe = 0(Ua(ye)) and ™2 = 0(Ua (va))), (6-22)
and that
Bjoa(ya) = 0(|Ua (ya)) (6-23)
for all 1 < j <k since
Bj (o) = O(D5 ,(¥a)) (6-24)
for all 1 < j <. From (6-17), we have
Ret1,0(3a)’Bja () 2 = 0(1) (6-25)

for all « +1 < j < N. Thus we can deduce from the last equation in (4-4) of Proposition 4.2 together
with (6-22), (6-23), and (6-25), that

B (3o ) U (o) P2 = 0(1). (6-26)
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Using (6-16) and (6-26), we can transform (6-21) into

_ K *_
0> (dg(xi,a, Ya) 2 mm% ()’a)|2 2 KAs) (Dia(ya)
PRI % e C T G | (1-26)(n—2),2
( Nyt  oe(l—g) Ae )V Fae(va)
1 _
+ ( 2% +0(1))ra (ya) 2(0(1,8()’0!)- (6-27)
Ny1
Since ($,) holds true, we can prove with (6-22) and (6-23) that
U (o) I* 72 = O (17 g Rt 1.0 () ™). (6-28)
This implies that
Riet1.a(3a) U (y0))* 7> = 0 as & — +o0. (6-29)

Indeed, if it is not the case, we would have from (6-28) that

Rict1,0(a) = O (Uk,a)
and thanks to (6-26) that there exists j € {1, ..., x} such that
do(Xj,0s Ya) + 1 j,a = 0(Ret1,0(Ya))-
In particular, we get a contradiction since o > i q. As a remark, (6-28) also implies that
Rit1,6(yq) > 0 asa— oo, (6-30)
due to (6-23). Now, thanks to (6-29) and (6-30), we deduce from (6-27) that

0> (dg(xi,a, ya)_z - RV ()’a)lz*_z - KAS) (Dia(ya)

K
y2e(l —¢)

1 -_ — —
" ( 2(1—¢) + 0(1)) V,S,la 2) 2)/2rx+l,a(ya) Z‘Pa,s(ya)
Nyl

1 -
+ (1\,3}126 + 0(1))/’0, (Vo) Z(Da,s(ya)- (6-31)

Ify, & in we transform (6-31) into
kD(e)
y2e(l — &)

| i B 1 B
+(m +0(1))V£fa 2D 6 (V) W (Va) + (Nyﬁg +0(1))ra(ya) *P0.e(Va)
1

0> (1 +0(1) - - KAedg(xi,a, ya)z)dg(xi,a, ya)izq)ia (ya)

by using (6-22) and (6-23). This leads to

1 2 (1-28)(n—2)/2
(g o000 om0 = 0l ),

thanks to our choice of D(g). From (5-8), (6-16), and the definition of ¢, ., we clearly get a contradiction.
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Thus y, € Qf ,. Coming back to (6-31), we obtain in this situation that

1 K
(1-28)(n—2))2
(;EEEAWUOWﬂ T“U“S(ERTTE

Using (6-29), (6-30), and the definition of v, ,, this leads to

[U, (Ya)lz*iz + KAS)FK-‘FI,O! (ya)zq)f,a (ya)-

1 (o ) 28V (n—
(m +0(1)) vga 2¢)(n 2)/2\Pa,g(ya) — O(q)ia()hx)) — O(U;E}a 2¢)(n 2)/2\};(1’8()]&))
71

and this is again a contradiction. Thus (6-15) cannot hold true and we get the equation in Step 2 from
(5-8). This ends the proof of Step 2. O

Step 3. There exists Coy > 0 such that

K
U, ()] < Co( D Bi(®) + [Ueolloo + % P Re 1.4 (x)z_”) forall x € M and all a. > 0.
i=1

Proof of Step 3. We let (y,) be a sequence of points in M and we aim to prove that

. [Ue, (o)
lim sup - Y ;
a—+0o Zi:l Bi,a (Ya) + [ Uoo oo + Vie,a R;c+1,a (Ya) -
Since (¥,) holds true, it is clear that (6-32) also holds true as soon as
p PP Rie1.a(5a) ™" = O(Bi(va))

for some 1 <i < x. By contradiction we assume in what follows that (6-32) does not hold true. Thus

< +o00. (6-32)

we assume from now on that

Rk+l,(x (y(x)z = O(ﬂi,aﬂx,(x) + O(Iu}f’a dg (xi,(x 5 ya)z) (6-33)
1,0
for all 1 <i < k. This implies in particular that

Rii1,6(yo) —> 0 asa— +oo. (6-34)

Thanks to the last equation in (4-4) and to (6-33), we can assume that

R
Ry (ya) = Ret1,4(ye) and %(ya) — 400 asa — +00. (6-35)
K,0

Indeed, otherwise, (6-32) holds true. We let 4 > 1 be such that Ap||A[« & Sp(Ag), where Sp(A,) is the
spectrum of Ag, and let G be the Green’s function of £, = A; — Ap||Al|. There exist C; > 1, C2 > 0
and C3 > 0 such that

1
a%@y%ﬂ—@sGumnqmmnw%" (6-36)
and
IVG(x, y)|g < C3dg(x, y)'™" (6-37)

forall x,y e M, x #y. We let xg € & be such that dg(y,, Xo) < J =+ o(1); such an xo does exist thanks
to (6-34). We choose ¢ > 0 such that
dg(x, y) = 40 (6-38)



334 OLIVIER DRUET AND EMMANUEL HEBEY

for all distinct x, y € &, and such that
6 < 3(C1C)~ V0, (6-39)

where C; and C; are as in (6-36). We write with Green’s representation formula that

p P

D tia(ya) = / . G(ya,x)sg(Zui,a)(x)dvgm

i=1 *0 i=1
14

G o> v i,a d -
+ /aBmm) (vus )8 (Zu,)(x) oy ()

i=1

avG(ya,x)(Zui,a)(x)dag(x). (6-40)

aBX() (25) i=l1

Since 4 > 1, we get with (1-1) that

p p
>0
£-\fg( E ui,a) < Uy | E Uiq-
i=1 i=1

We have G(y4, x) > 0in By, (20) for a large by (6-36) and (6-39). Thus we can write

4 p
/B-oaé)G(ya’ X)Sg(z Mi’“)(x) og() = € /Mdg s 0 U ()72 D 10 (x) dg (x). (6-41)

i=1 i=1
From (6-38), we also know that

dg (Xi0, 0By (26)) = 6

for o large. In particular, we can control the boundary terms in (6-40) thanks to Proposition 5.1 and
standard elliptic theory. We thus obtain that

U (Yo )| = O(max{ﬂé"‘2>/2; ||0uoo||oo}) + 0( /M dg (Yoir )7 U () > ! dvg(x)). (6-42)

We can now write thanks to Step 2 that
K
/ dg (Yar )*" U (X)|* g (x) = O(Z / dg (Yar x)z—"®?,a(x)2*‘ldvg(x>)
M oM

0 Q21 (1-26)(nt2)/2 dg(ya,x)z_"d
+ max{ll oo”oo s Mg } MW vg(x)

dg(Ya, x)*™"
+ O(D(I—ZS)(H-‘FZ)/Z/ 8 do (x)
e {rK+l,(4(-x)ZR0vK,a} rK+1’a(x)(n+2)(l_S) ¢

+ o( / dg(Ya, x)z—"mz*—ldvg(x)). (6-43)
{r)c+l,a (X)SROUK,U(}

Since 0 < ¢ < . ! > it follows from Giraud’s lemma that

/ dg (Vs X)* "1 (x) T2 dy o (x) = O(1). (6-44)
M
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We can also write, for 1 <i <k,

/ dy (o X) " 0F , (1)7 g (x)
M
—(1-2¢ 2)/2 _ _
=0(u,,§, e / dy (vas X)* " (xi 0, ) <"+2>8dvg(x))
{dg(xi,a»x)f,u[‘a}

+0 (/u t{la—ZS)(n-l-Z)/z / dg (ya , x)Z—ndg (xi,a , x)—(n+2)(l—8)dvg (X))
{dg (xi,a >x)2/1i,a}

thanks to (5-8) and (6-4). Direct computations, using Giraud’s lemma and the inequalities 0 < ¢ < %,
lead then to "

/M (v 2" ()7 dog (1) = O(Bra(ya)). (6-45)

By direct computations, using Giraud’s lemma, the inequalities 0 < ¢ <

1
- 1
2 and (6-35), we also get
vl 20D / g (Yar )2 " Pt 1.0 ()" OOy (x)
{r)c l,a(x)zROVK,a}
+ =0 P Res1a(a)™),  (6-46)

while, using (6-35), the fact that v , > u,x+1,4, and Holder’s inequalities, we also have

/ dy(ya, X)* 7" [Ual* " dvg (6) = O (v R, (0a)* ™). (6-47)
{rk+1,a(x)§R0UK,a}

Coming back to (6-42) with (6-43)-(6-47), we obtain a contradiction with the assumption that (6-32)
does not hold true. This proves Step 3. O

The fourth step in the proof of Proposition 6.1 is as follows. The constants C > 0 in the statement of
this step and its proof are independent of a and built on C,. They may change from line to line.

Step 4. There exists C > 0 such that for any sequence (y,) of points in M,

U () = Voo (V) = D Bira (Ve) A

K

< &u|Uoolloo + 0( Z Bi,a (ya)) + C(#fxnfz)/z + UIE?JZ)/ZRK—H,a(ya)Zin),

i=1
where ¢, — 0 as a — +00.

Proof of Step 4. Let (y,) be a sequence of points in M. Assume first that
Rk+1,a (ya) = O(VK,(X)- (6-48)
If Ret1,6(Ya) = Do (yo), We can apply the last equation in (4-4) of Proposition 4.2 to obtain

Uy (ya) = Voo (Ve) = D, Bia () Ai
i=1

< CV,Erfa_z)/szrl,a (ya)Z—n.

In particular, the estimate of Step 4 holds true. If @, (yy) < Ri+1.a(Yo). then from Step 1 and (6-48) we
obtain the existence of some 1 <i < k such that

dg(xi,aa Ya) + Hia < R;c+l,a (ya) = O(ﬂx,a)'
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This implies the following facts:
tia = O(Uxa),
dg(Xia> Ya) = O(ftia)s
Rit1,a(Va) = Hisa-

Using (4-5) in Proposition 4.2 we get

WU (Ya) - Ouoo(ya) - z Bi,a (ya)Ai‘ = O(Bi,a (yoc)):
i=1

and the estimate of Step 4 holds also in this case. As a consequence, we may assume below that

R;c-i-l,a (ya)

Vie,a

— +00 asa — +oo. (6-49)

The rest of the proof is based on controlling the different terms we get from Green’s representation
formula. We let % be the Green’s function of the Laplacian on M normalized such that #(x, y) > 1 for
all x, y € M, x # y. Then (5-25) holds and moreover

@ _
(x, y) > dg(x, )" 2%(x, )
extends to a continuous function in M x M whose value on the diagonal is

1

Olr, 1) = (n —2)w,

for all x. Now we write, for any i € {1, ..., p},

1
Ui o (Vo) — ui,oo(ya) = 7 /M(”i,a - ui,oo) dvg +/M H(x, )’a)Ag(ui,a - ”i,oo)(x) dvg(x)- (6-50)
8

Since ($,) holds true, we can write

/ (ui,a - Ui,oo) dvg
M

where &, — 0 as @ — +00. Thus we can transform (6-50) into

< Cu" 2 4 &4 Uno o

< Cul" D2 4 e, Unolloo.  (6-51)

a

i (V) — 100 (32) — /M Tt v A 1.0 — t45.00) (¥) dg ()

In view of the equations satisfied by the U,’s and U, We can now write

p p
2x-2 2x=2
Ag(l/‘i,oz - ui,oo) = |Ug| Ujaq — |Uoo | Ujoco — Z A?juj,a + Z Aijuj,oo
Jj=1 Jj=1

= WUy — Woo|* “2 (Ui 0 — i,00) + (1Ua > 7% = [Ue — Woo|* ) (Ui.0 — i 00)

P P
+ (U > 77 = Uo7t — DAY (Uja — j00) F D (Aij — ALt 0.
j=1 j=1
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Thus we obtain

o (3) — .00 (32) — / 9, U — Voo (1.0 — ti.00) dg
M

< / 9, (10?72 = U = Uo7 (W0 = t7.00) dvg
M
‘ / e (1l 72 = U 7 72) i o | + 3y, (A = A5 ) @ odvy
Va (uja uj, oo) dvg +C,u(n 2)/2+8a|ouoo|oo; (6-52)

where 7, (x) = %(ya, x) for all x. The convergence of the A,’s to A, together with (5-25), implies that
P
> [ Ay = AL e = s (6-53)
— /M

where ¢, — 0 as a — +00. Now we get with (5-25) that

Z/M %YaA?j (”j,a - ”j,OO) dvg

Thanks to ($,), we can write

L () — %o(x>|<D1(ZB,a(x)+u(" 2Ry 10 (P 2>/2)+ea||%ouoo
j=1

< pCllAullso /M dy (s 1) Ul () — U ()] dvg ().

for some D; > 0, where ¢, — 0 as o — +o00, while, thanks to Step 3, we have

Uy () = U () <Dz(ZB,a(x)+v<” 2’/21e,c+1,a(x)2—"+||6uoo||oo)
j=1

for some D, > 0. Thus we can write

a
yaAi uja uj, oo) dog

<C(Z / dg (yar X)°~ "BJa(x>dvg(x>)+aa||%o||oo+Cu(" 272

+Cul D / e (s )" Rer1,a (6 "dog ()
{Riet1,0 (X) 274}

+ ol dy (Vs X)° " R 1.0 (x)> "dvg (x),
{Rx+l,a (x)fﬂa}

where 7, = 2diamg M if U, =0, 17, = ,u,lc/ 02( otherwise, and diamg M is the diameter of M with respect
to g. Simple computations, using Giraud’s lemma, then lead to the estimate

/ %yaAu(”Ja Uj,00) dvg

<0(Z|B (ya)|)+cﬂ<" D2 4 e [Uoolloo + OV P Ry, (ya)* ™" (6-54)
j=1
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If U = 0, we have
/ %y, (|Ou0< |2*72 - |0u00|2*72>”i,ood0g =0,
M

while, if U, #£ 0, we write, thanks to Proposition 5.1,

/ Ky (U | 2= Uoo|* )t 00dvg = 0(1) + /
M @Dazpd)

%y, (11> 72 = Uoo*' 72 ui,codvg
Do <Hq
=o(1)+ 0( / dg (x, y2)* 7" U, (x)|2*—2dug(x)). (6-55)

(Do <nd)
Now we use Step 3 and we briefly distinguish the n = 3,4,5, and n > 6 cases in the forthcoming

computations. We let (R,), be suitably chosen such that R, — +00 as a — +00. Assuming that
n=23,4,5, we write with (6-55) that

/ 9, (Ul = [Uoo 2 2,000,
M
=o(1)+ 0 / dg(x,ya)“m(x)ﬂ*2dug(x))
{Rk+l,a§ch+l,a(Ya)/Ra}

/ » dg<x,ya)2—"|%<x)|2*—2dug(x))
{Ret1,0=Ret1,0 (V) /RN D <pedl )

K
=o(1) + o( > Bja (ya)) +o( PP Rt () ™),

j=1

and, assuming that n > 6, since 2* — 2 € (0, 1] in this case, we get from (6-55) that

/ %ya(m|2*—2—|%o|2*—2)u,-,oodvg=o(1)+0( / » dg(x,ya)z—”|%(x)|dvg(x))
M {@ }

a=Hd

=o(l)+ 0 ( J; /M dg(x: ya)z_nBj,a (x) dvg(x))
+0 (v,i’,’;”” / dg (x, ya)* " RM,a(x)Z—"dvg(x))
M

=o(l) + 0( Z Bj,a(ya)) + O(V;E?Jz)/ZRK—H,a(ya)z*n)-

j=1
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Thus, in all cases,
/M Ky, (U ) 72 = U0 |* 72ty 00dg
= o(Z Bju(ya) ) + o0 PP Ret1,0(Va)’ ™) + £alUsolloo.  (6-56)

j=1
Similarly, if U, = 0, then

/ %y, (U2 = U — Uoo|* ) (s, — hi,00) dvg =0,
M
while, if U = 0, we can write
/ %y, (1 77— U — Ouoo|2*_2) (Ui,q — Ui0o) dVg
M

=o()+ 0( / ety o s X)* 7" AU ()72 dvg(x))
X)<Mg

=o(l)+ 0( Z B;, a(ya)) + 0( (- 2)/2RK+1,(1 (}’a)z_n)-

j=1

Thus we have obtained
/ 3, (U P2 — Uy — U P ~) (1,0 — t1,00) g
M

—o(ZBm(ya )+o( DR, + uUnolloo: (6-57)

j=1

Coming back to (6-52): thanks to (6-53)—(6-57), we now obtain

‘Oua (Vo) — Moo (Vo) — / Ky, Uy — Uoo]* 2 Uy — Uoo) dvg

<o(ZBja(ya))+o( DR, (5) ™) + el Uoolloo + Cul P2 (6-58)
j=1

Using (4-5), (5-25), and the extension property of d, (x, y)”_z%(x, y) mentioned above, we can find a
sequence (R, ), such that R, — +o00 as a — +o00, that

‘ / Ky, Uy — Ueoo|* 72Uy —Woo) dvg — Bioa (y)Ai| < Cu" D% 4 0(Bi 4 (va))

foralli € {1, ..., x}, and that the sets

Mi,a = Dx;, (Ra,ui,a) \ U ij-,a (Ra_llui,a)
i+1<j<N

are disjoint.
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Then we can write thanks to Proposition 5.1, Step 3, and (6-49), that

/ dg (Vs )77 Uy (x) — U () > g (x)
M\U]gigk Mi,oz

< eulUsolloe + Cul 22 +C>° / dg (Yo, X)* " Bj o (x)” ~dvg (x)
J_l o

+C (n+2)/2/ dg (a. X)z_n dvg(x)+C ("_2)/2R ( )Z—n
v — 5 a0, (X V 41, y
e {Ri+1,a=Ve,a} Rk+l,a()€)(n+2) 8 K,0 K a\lda

K
< é&q ||Ouoo ||oo + C#g’_z)/z + 0( Z Bj,a (ya)) + CUIE?(X_Z)/ZRK-H,O: (ya)Z—n.
j=1
Coming back to (6-58), this ends the proof of Step 4. O
Step 5. Ve o = Ui+1,a-

Proof of Step 5. We proceed by contradiction and thus assume that there exists i € {I,...,x} and a
sequence (y,) of points in Qf ~such that

vl IR (3,) = ©F , (3).- (6-59)
Since y, € Qf «» We know that
@, (va) = ©5 (Ve (6-60)
for all 1 < j <k and that
K 2%-2
dg(Xi o, Ya) [ Ua (Va) = UooYa) = D Bja(a)Aj| = D(@). (6-61)
j=1
Clearly,
dy(xi 0, ¥)*Bia(x)” 2 =0 (1). (6-62)
We now claim that
dy(Xio> Ya)* Bju(a)> 2= 0 asa — 400 (6-63)

forall 1 < j <, j #i. In order to prove (6-63), we proceed by contradiction once again and assume
that there exists 1 < j <k, j # i, such that

(dg(xj,a, Ya) + :uj,oz)2 = O(ﬂj,adg(xi,a, )’a)) (6-64)

Since @7 , (y) = %, (¥a), we then get

1-¢ > —2¢
(dg(xi,a,ya)-i-#i,a) = O(Iu;',a:uil,azg)’

SO Uiq = O(1j,q) and dg(X; 4, ya)l_“’7 = O(,uj.’a,ul.l’;zg). Coming back to (6-64), we also obtain u; , =

O(ui) and dg(Xj o, Yo) = O(1i,4). This contradicts the first equation in (4-5). Thus (6-63) is proved.
Applying Step 4, we get from (6-61), (6-62), and (6-63) that

Res1,0(50)* = O (Vie,adg (Xi s Yao)).- (6-65)
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Using (5-8) and (6-59), we also have

2(1—¢ —2¢ _ —_
(dg(xi,a, Ya) +,ui,a) (=) = O(ﬂg,akvgz 1RK+1,a(ya)2(l 8))a

so that, with (6-65) and Step 1, we get that u; , = O (t,q), that dy(x; 4, yo) = O(ti4) and that u; , =
(0] (R,{H,a (ya)). Using the second equation in (4-5) of Proposition 4.2 we then obtain

dg (X Ya)*|Ua (Va) = Bia Ai () * > > 0 as a — 4o0.
This contradicts (6-61) thanks to (6-63). Step 5 is proved. Il

Conclusion of the proof of Proposition 6.1. By Proposition 5.1 we know that ($) holds true. By Steps 4
and 5, and by induction, it follows that ($x) holds true. It remains to prove that ($y41) also holds true.
For this we proceed with similar arguments to those developed in the proof of Step 4. We let (y,) be a

sequence of points in M and write, forany i =1, ..., p,
1
Ui a (ya) - ui,oo(ya) = _/ (ui,a - ui,oo) dvg +/ %ya Ag(”i,oz - ui,oo) dvga (6-66)
Vg M M

where ¥, (-) = (-, y,) and ¥ is the Green’s function of A, normalized so that % > 1. Since ($y)
holds true,

/ s — i soldDg < CpD7 4+ 6 g o
M

where C > 0 is independent of «, and ¢, — 0 as & — +o00. Using the equations satisfied by the U,’s
and U, but also ($y), mimicking what was done in the proof of Step 4, we get with (6-66) that

‘Oua (V) — Uoo (Ye) — / Ky | U — Voo * 72 (Ui — Ui 00) dvg
M

N
<CulPP 4 o(z B,-,a(ya)) + 2ol Usclloo.  (6-67)

i=1

We also have

N
‘/ %ya Uy — Ou<>o|2*_2(l4i,oc - ui,oo) dUg - Z Bi (ya)Ai
M i=1

N
<Cuy P2 +o(Z Bia (ya)) + 24 Unclloos  (6-68)

i=1
where C > 0 in (6-67), (6-68) is independent of a, and &, — 0 as a — 400. Combining (6-67) and
(6-68), we get ($n+1). This ends the proof of Proposition 6.1. (|

7. A Pohozaev identity for systems

Let (M, g) be a smooth compact Riemannian manifold. Let also X be a smooth 1-form over M and
WU : M — RP be a C>-map. We define X (VAU) by X (VAU) = (VAU, X). This is a p-map with components
X(VU); = (Vu;, X) where the u;’s are the components of U. We define also |VAU| and (Tv X)q by
VU =>" | |Vu;|* and (Ty X)a = > 1, Sg((Vui, Vu;), where Si is the (0, 2)-tensor field we obtain
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from the (2, 0)-tensor field Sx by the musical isomorphism, and
1
Sx = VX — —(divgX)g. (7-1)
n

For Q a smooth bounded domain in M we let v be the unit outer normal to 6Q2. The Pohozaev-type
identity for systems we prove is stated as follows.

Proposition 7.1. Let (M, g) be a smooth compact Riemannian n-manifold, Q be a smooth bounded
domainin M,and A:M — M, (R) be a C'-map. Let X be a smooth 1-form over M and U be a solution
of (0-1). Then

/ <A0u,X(v0u)>deug+”4;2 / (Ag(ding))|m|2dvg+”_2 / (div X) (AL, W)grdv,
Q n Jjo n Jjo

2
:—/(TVX)oudvg—i-nz;z/ X(u)|0u|2*dag—”4;2/ 8y (diveX)|U*d o,
Q nJaa n Jaa
+”2_ 2 / (diveX) (8, U, Wyrrdog — / Bso(W) dag, (7-2)
nJsa aQ

where X (VU) and (TvX)wo are as above, Byo(W) = %X(v)lvolu2 — (X (VU), 3, W)pr on 0L, and
(-, )me is the scalar product in RP.

Proof. Integrating by parts we easily see that for u : M — R of class C2,

/(Vu,X) Agudvg:/ Siﬁz(Vu,Vu)dl)g—i—/ (%/ X(v)|Vu|2—(Vu,X)6vu) dog, (1-3)
Q Q 0Q Q

where Sy, =VX — %(ding )g. If we assume now that U is a p-map, applying (7-3) to the components
u; of AU, and summing over i, we obtain

/ (X (VA), A Ugrdvg = / St 5 (VAL V) dvg + / Bsa (W) do,.
Q Q o0Q

We assume now that U solves (0-1) and we use the equations satisfied by AU to explicit the left-hand side
in the preceding equation. We can write

/(X(VOIL), Ag%)mdvg:/ IOILIZ*2(X(V01L)>@1L)devg—/(A%,X(Vou))wdvg
Q o A
:l*/ (Vlou|2*,X)dvg—/(Aou,X(vou))R,,dvg
2* Ja o

1 * 1 *
= _5/ (dive X)|U* do, —/ (A, X(V%))devg—i—?/ X()|U|* dog.
Q Q 0Q

Then we get
1 «
/Q(AOIL, X(VU))rrdvg + e /Q(dngX)IOUJ2 dog —I—/Q S;z(vm, V) dog

1 .
=— [ XWu*do, —/ Boo(W) da,.
2* Jon oQ
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Using once again (0-1), we obtain
/Q S5, (VAL VAU) do, = /Q Sk (Vau, vy do, — Zl /Q (divy X)|VUdv,

1 :
= / SY (VAL VU) dvg — 5 / (divy X) (0,2, Wygrdo,
Q 0Q

n—2

+7 / 6U(dngX)|0u|2dUg+n4;2 / (A (div, X)) *dv,g
n Joo n Jjo

1 . « 1 .
— 5 /g (dive X)|U* dog + > /Q (dive X) (AW, Wyrrdog,
and (7-2) easily follows. This ends the proof of the proposition. U

The Pohozaev-type identity (7-2) is used repeatedly, with different choices of X, in the next section.

8. The range of influence of blow-up points

We start with notations and the definition of the range of influence of blow-up points. The blow-up points
xi.4 of Proposition 4.2 come with vector bubbles (%! ), as in the same proposition. We let A; be the
SP=! projection of (%! ), and B; , = | %’ | for all i and all @. As above, (A,), is a sequence of C! maps
from M to M;([R) such that A, — A in C'(M) as a — 400 for some C' map A from M to M, (R)
satisfying (H), and we order the blow-up points in such a way that

Ha =Ml = "= INa> (8-1)
where the u; ,’s are the weights of the vector bubble (%;)a. Giveni,je{l,..., N}, i #j,welets; j,
be given by
2 _ Hia dg(Xi 0 Xj.0)*
PP e n(n=2)

and we define the range of influence of the blow-up point x; , by

gl ja = HiaBjo(xig) Y2 (8-2)

minjegy; i, j,a if Uso =0,

Tijo = . . : (8-3)
mln{mlnj@gi Si,j,os 4/,ui,a} if Uoo # 0.
where
di={je{l,....N}, j#ist pia=0(u;q.} (8-4)

If #d; = @ (so that, in particular, i = 1) and U, = 0, we let by definition r; , = %i ¢» Where i, is the
injectivity radius of (M, g). Using the first equation in (4-5) it is easily checked that

i
Lr? 5 fooasa — 4ooforalli, je{l,...,Nyandall j € ;. (8-5)
Hia
This implies in particular that
5 b0 asa— +oo. (8-6)
Hia

If jes;andi € o}, welet 4; ; > 0 be given by

1 g\ 22
A, J:( lim ﬂ) . (8-7)

a—>—+00 Hia
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Giveni € {l,..., N}, we also let
3 [{j el N}, j#i st de(ig, Xja) = O(rig)} i rig — 0, 58)
{jell,....,N}, j#ist x;€By(3ip)} if ;.4 /> 0.
and, for j € B;,
gij = Jim rp, expy) (¥j.a). (8-9)
Up to a subsequence, all these limits exist. We let ; > 0 be such that for any i and any j € %;,
lzi, il #0 = |z; ;| = 105;. (8-10)
We also define 6; to be the subset of %; given by
G ={j €Bist z;; =0} N (8-11)

It can be proved that there exists a subset %; of ¢; and a family (R; ;) e, of positive real numbers such
that the two following assertions hold true: for any j, k € 9;, j # k,

dg (xj,a 5 xk,a)

Sji,o

— 400 (8-12)

as o — +00, and for any j € €; there exists a unique k € &; such that

de(Xi g, R; R
limsupM <=k and  limsup 2222 Ipia < DBk (8-13)
a——+00 Sk,i,o a—+o00 Sk,i,a 20
We also introduce the subsets
Qio=By,06ria)\ U Qija (8-14)
J€D;
of M, where
Qi ja= By, (Ri jSjia) (8-15)

for all j € 9;. The €; ; ,’s are disjoint for a sufficiently large.
We now prove two lemmas to be used in the proof of Theorem 0.1.

Lemma 8.1. Leti € {1,..., N}. Up to passing to a subsequence,
2)/2 n
U — A Biol = 0(Bia) + O (ul P2, +0( > BM) = 0(Bi,)
JED;
in By, , (45 ri a) \ U]egb X (%R,-,jsj,,-,a), and so, in particular, in €; 4.

Proof. Let xo € By, , (46i7i.a) \ U jeq, Bx,.(75Ri.j).i.a)- Thanks to Proposition 6.1 we can write

N
Uy (x0) = Voo (%) + £al|Uoolloo + O (I 7272) + D (A +0(1)) Bja (x0). (8-16)
j=1
By the definition of r; ,, we know that ri% 0 = Mia if Us 7 0 so that

(n—2)/2 2— n[o if Upo =0,

WUoo (X)) + &4 ]1U = r; (8-17)
oo( a) a“ oo”oo luza i,a (hma—>+oorna2ﬂlla(n/2)) oo(xi)+0(1) ifouoo;éo.
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We now estimate B; ,(x;). Assume first that j ¢ €; and j #i. As one can check with a little bit of work
from the above definitions, if r; , — 0 as a — 400, then

—2)/2 2—
Bja(xa) =l P PrE A, (8-18)

where
(M /“‘JJ)(HV2 to(l) ifjesd;NB;andi €sd;,
l2=zij* Hia /
Nija = 112 /5052 4 o(1) if j st \B; or jesd; NB; and i & ;,
o(1) if j € s\ 6,
where, up to a subsequence,

T |
7= ocEl:iI-loo Tia XDy, (x4).

Note that z; ; #0if j € od; NR; and i € ;. This is a direct consequence of the definition of the s; j ,’s
and (8-6). Moreover, |z — z; j| > 66; in this case. As a consequence we have proved that

WUy (x4) = O (yg’_z)/z) +0(yl.(fla72)/2rl%;") + (Ai +0(1)) Bi o (x4)

+ul 2N ) DT A ah+ D (A +0(D)Bja(xs), (8-19)

jed; JjE€;
where
0 if U =0,
A()jq = { . 01— .
Y i oo 75 0P Ao (i) if Uoo £0,
and

(n(n—2)"" 0 1 le—zi 1'% if j € By and i € o,
limg s o0 172 /5152 if j g Bori g

Let j € 6;. We claim that, up to a subsequence,

AQ)ija= [

B 2/(n—-2) sz. ,
lim Bjalxa) =n(n—2) lim —L22% . (8-20)
a—+00 Bi,a (xa) a—+00 dg (xj’a, xa)z

To prove (8-20), we first remark that i € & ; since j € 6; (and in particular j ¢ ;). Thus, using (8-5),
we obtain that
Bj.a(xa) 22 1 2 2 2
( ’ ) =1+ o) pjapiyde(xja, xa) > (n(n —=2)uf o + dg (Xi g, Xo))
Bi,zx (xa) ’
Hija |dg (Xi,a , xa)2 — dg (x,-,a, x]"a)z | )

Hi,a dg(xj,aa xa)z

2

§5.
— —2)— St D+0
nln )dg(xj,a,Xa)2 +ol)+ (

From the triangle inequality, we easily get

|dg(xi,a, xa)z _dg(xiz,aa xj,a)2| <1 +2dg(xi,aa xj,a) -0 (1) 10 ( Sji,a Hi,a ) ’
dg(xj,as xa) dg(xj,aa xa) dg(xj,aa xa) Hja
hence the estimate (8-20). Now, for j € €;, we let k € 9%; be given by (8-13). By (8-20) it is easily
checked that

Bj o (xa) = O(By,a(xq)). (8-21)
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Since
pAP2 = (B 4 (x4)), (8-22)

i,a ia

the first estimate in the lemma clearly holds true thanks to (8-19) and (8-21). Here it can be noted that
ﬂfln—z)/z _ 0(ﬂgn—2)/2r2—n)

i,a i,a
for all i. Applying (8-20) again we easily obtain the second estimate in the lemma. This ends the proof
of Lemma 8.1. O

Now we prove that the following elliptic type lemma holds true. Lemma 8.2 provides estimates on
the U,’s and VAU,’s in small regions around the blow-up points x; 4.

Lemma 8.2. There exists C > 0 such that, up to a subsequence,
—2)/2 2_ —2)/2 |-
WU, | < CﬂffL )/ ri%an and |VU,| < Cﬂg,na )/ ril’an
in By,, (20iri o) \ By, , (%d ri,a). There also exists C > O such that, up to a subsequence, for any j € 9;,
-2)/2 2— ~2)/2 |1—
Ul = Cuf 257 and VUG = Cufl s )7
in Bx,,(5Ri,jSji.a) \ Bx,, (RijS}i.a)-

Proof. The lemma follows from standard elliptic theory and the estimates we proved in Lemma 8.1.
Assuming first that x, € By, ,(40i7i4) \ By, (4—1‘5,- r,-,a), we easily get from Lemma 8.1 that

U (o)l = O ()220, (8-23)
On the other hand, if we let AU, be given by au, x)= rl.(";_z)/ Zoua (expxi ., (r,-,ax)), then
Ag g + 17 Agily = g |* ULy, (8-24)

where g, = (exp;ia g) (ri,«x) and Aa x)=A, (expxt_a(ri,ax)). The first two estimates in Lemma 8.2
follow from (8-23) and (8-24) by standard elliptic theory. Similarly, if we assume that

Xq € By; ,(10R; ;5 4)\ By, (%Ri,jsj,i,a),

noting that s;; , = o(r; ) in this case, we get from Lemma 8.1 and (8-20) that

-2)/2 2—
AUy (xa)| = O (w2 2s77m). (8-25)
Letting U, be given by Uy x)= s](.f’ijj)/zoua (expxj . (Sj,i,ax)), we also have
Ag Uy +57 1 Aglly = U] U, (8-26)

where g, = (expy, , £)(s;,iqx) and Ay (x) = A, (expy,, (5,i,a)). The last two estimates in Lemma 8.2
follow from (8-25) and (8-26) here again by standard elliptic theory. This proves Lemma 8.2. O

9. Sharp asymptotics for the range of influence

Our goal now is to prove the sharp asymptotics connecting the range of influence r; , of the blow-up
points with the weights u; , of the bubbles in the decomposition of Proposition 4.2. This is the subject of
Proposition 9.2. We adopt here the notations of the preceding section. In particular, (A, ), is a sequence
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of C! maps from M to M3, (R) such that A, — A in C'(M) as & — +oo for some C! map A from M
to M7, (R) satistying (H), and we order the blow-up points in such a way that

Mo =MUl,g =" "= UN,a>»
where the 4, ,’s are the weights of the vector bubble (%), in Proposition 4.2, and let the r; ,’s be given
by (8-3). First we prove:
Lemma9.1. Ifr;, = 0(, [Uia/la ), then, up to a subsequence,

U (exp,, (02) = (1= 2) " (A2 4 9(2)

i,0 i,o

.2
in Cj.

(B0(2§i) \ {0})p as o — 400, where

is a smooth function in By (26;) satisfying that #;(0) # 0, the 4; ;’s are as in (8-7), d; is as in (8-10), and
the X;’s are nonnegative vectors in RP.

Proof. Let z € By(36;) \ {0} and set x, = expy, , (ri,«z). Let also W, be given by

Uy (x) = fo;zﬂ ~n=2)/2q (expxl.’a (ri,ax)).

i,a

Then

— U F o2 — ok e
A o+ 12 Aty = (554) A, 220, ©-1)

Yia

where g, = (exp;ia g)(riqx) and Aa x)=A, (expxia (r,-,ax)). In particular, we get by (8-6), (8-19) and
(8-20) that, if 7, = 0(i.a/tta), then

. _ -z —-2)/2 —
im0 () = (06— 2) " (A2 4 56(2)), 9-2)

where 9 (z) is the sum of two terms:

0 if U =0
(iMoo 7/ 21 " 2) Ao (x0)if U # 0

and
S A [(n(n—2))(”‘2)/21,-,,~/|z—z,~,,~|"2 if je®; andi € s,
J

= limg s oo 1l 2 /5050 if j g B;ori g
As aremark, if j € od; and i € s, then u;, ~ pj,. In particular, z; ; # O since, if not the case, we
would get from the inequality r; , < s; j o that r; , = 0(;,) and then that dg(x; 4, Xj ) = 0(Uia), @
contradiction with the first equation in (4-5) of Proposition 4.2. By (9-1) and (9-2), standard elliptic
theory gives the lemma, up to the proof that #;(0) # 0. Assume first that there exists j € sd; such that
Si,j,a = I'i,q- Then in the term involving this j in the above sum over s; there is at least one line which

is positive. Since all the other terms are nonnegative, this proves that 7;(0) % 0. The other possibility
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is that U, # 0 and that rl.2 « = Mi,q SO the first term in the definition of J(; is nonzero. Indeed, by the
maximum principle, since

Ag|ouvoo|2 +A|Ouoo|2 ZO

for some A > 0, where |Ung |z = D ; Ui o0 is the sum of the components of U, we get that [Us|s > O
in M if Uy £ 0. Then, here again, #;(0) # 0. Noting that the above two possibilities are the only two
possibilities since our assumption on r; , clearly implies that r; , — 0 as a — 400, this ends the proof
of Lemma 9.1. |

As it can be checked from the above proof, we have an explicit formula for the X;’s in Lemma 9.1.
We get that

. n—2
R PR S W A VS
JE(t:\B)UO; -
where we adopt the convention that the first term in the right-hand side of (9-3) is zero if U, = O, that
the second term is zero if (s4;\B;) U ®; = &, and where O; = {j € o; s.t. i & s;}. Now, at this point,
we can state Proposition 9.2 which establishes sharp asymptotics connecting the range of influence r; ,
of the blow-up points x; , to the weights u; , of the bubbles in the decomposition of Proposition 4.2.

Proposition 9.2. Let (M, g) be a smooth compact Riemannian manifold of dimensionn >4, p > 1 be an
integer, and (A,)q be a sequence of C' maps from M to M, (R) such that A, — A in C'(M) as a — +00
for some C! map A from M to M » (R) satisfying (H). Let also (WU,), be an arbitrary bounded sequence
in H' (M) of nonnegative solutions of (1-1) such that |Ug, || o — +00 as & — +o0o. Leti € {1,..., N}
and assume that, up to a subsequence, r; ;, = 0(‘ [ Wi o/l a). Then

((AGx) = £Sg(x) 1d,) A +0(1))r7, In ﬂl =2%;(0) +o(1) (9-4)
ifn =4, and
((A( ) = G Sex) 14y )Ai+o<1))uj‘a" e
n—2 __m\n—1
- (} 2 (5,00 + 5 ) +o(l) (9-5)
Rr 0

if n > 5, where ¥; is as in Lemma 9.1, the r; ,’s are as in (8-3), and ug is given by (4-3). Moreover,
(Ai, VIH;(0))rr = 0.

We prove Proposition 9.2 by reverse induction on i. We leti € {1,..., N} be such that \/u,ri, =
o(/Hiz) and, in case i < N, we assume that
foranyj =i+1,...,N,(9-4) and (9-5) hold for j if \/zarj e =0(\/lja)- (H;)

If i = N we do not assume anything. Then we aim to prove that (9-4) and (9-5) hold true for i. As a
remark it should be noted that we always have

n—4

(A, % (0))rr Ai # 0. (9-6)
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Leti €{l,...,N},i <N, be arbitrary. Assuming (H;), we get that for any j € %;,

. {0(—1nuj,a) ifn =4,

S = O(u") ifn>S5.

9-7)

Indeed, if j € %;, then j > i. Moreover, for any j € %;, we have i € &, s0 5;; 4 > 1}, and clearly
sz',i,a = o(ﬂj,a,ul._,o][) = o(yj,a,u;l). In particular, \/uyrjq = 0( /,uj,a), and (9-7) is a direct consequence
of (H;), thanks to (9-6). Now we prove Proposition 9.2 in several steps. In the sequel we let R,(a)

represent any quantity such that

0(_1“1'2,0; In ,u,-,a) ifn=4,

9-8
o(,uiz’a) if n>>5. ©-5

Rt(a):[

The first step in the proof of Proposition 9.2 is as follows.

Step 1. Leti € {1, . N} be arbitrary. In case i < N, assume that (H;) holds true. Let

= (6403 (A Ais Aidre — £ () +0(D) 17 o In =%+ 0(=pi] , In i o)

i,a
ifn =4, and
Fo = (((A(x,-)Ai, Addwr = 70— )S o) / ugdx +o(1))u,%a
if n > 5. Then we have, up to passing to a subsequence,

Fo = (307200 = 2" @01 (A, 5 0)) o + 0(1) ) el 22"

if Vialia =0 (\/:ui,a), and F, = O(ﬂl(na 2)/2,11(" 2)/2) otherwise, where ¥; is as in Lemma 9.1, the
Fiq's are as in (8-3), and ug is as in (4-3).

Proof of Step 1. We apply the Pohozaev identity (7-2) of Proposition 7.1 in Section 7 to U, in €; , with
X = X* given by

X%(x) = (1 — RE(x)(V (%), V fa (x)))V fu (X)), (9-9)

1
6(n—1)

where f,(x) = %dg (Xi 05 x)?, and ch is the (0, 2)-tensor field we get from the (2, 0)-Ricci tensor Rc,
due to the musical isomorphism. We obtain

/ (AaWUyg, Xa(voua))RI’dvg
Qia

n—2

)
+ /(Ag(ding“))Pualzdvg-l—nz—/ (divg X*) (AUy, U o dvg
Qi n ;

= Q0 — ZQJ+RM+R2“ > Ry, (9-10)

jE€D; JED;
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where, if v = v, stands for the unit outer normal to 0By, ,(di7i,«), the Q,’s are given by

0 _n—2
“T 2n

/ (divg X (8,9, Ug) o dorg
(’33)51.,“ ©iriya)
_/ (3X“W)IVU > = (X*(VUg), 8,Ue)rr) dog,  (9-11)
0By, , Gitia)

the Qo;’s are given by

. on=2 )
Qé = o / (legXa)<auouaa oua)R”dO-g
0% j.a

- / (LX) VU 2 — (X (V). 0, U )r) dog,  (9-12)
Qi ja

where €; ; , is as in (8-15), the Ry ,’s are given by

Ria== [ (Tvx“do, 9-13)
Qia
where (Ty X)q, = Zf:] Sg( (Vu;, Vu;) and Sx is as in (7-1), the R, ,’s are given by
n— 2 * n— 2 .
Ry = / X*(0) Uy | dog — —— S (legX“))|0ua|2d0'g, (9-14)
2n JaB,, , Giria) n Jo,, (i)
and the Ria’s are given by
i - 2 * - 2
R, = n / X ()W |* dog — ”—/ (8, (divg X)) | Uy |*dag. (9-15)
“ 2n Jaa n Joa

i,J,0 i),

Note that 9; = @ if i = N. Thanks to the expression of the X*’s in (9-9) we have the estimates
|X(x)| = O(dg(xi,q, X)),
diveX*(x) —n = O0(dg(xi,0, X)),
IV (divgX“)(x)] = O(dy (xi.a, X)),
Ag(divgX“)(x) = T8 (xi.a) + O (dy (¥, ).

(9-16)

In what follows we estimate the different terms involved in (9-10). We start with estimates on the Qo; ’s
and Ria’s in (9-12) and (9-15). Since

Hi,
dg (i, X) < dg(Xisas Xj,a) + Ri,jSjia = 0( = Sj,i,a)

on 0€; ; ,, we obtain from Lemma 8.2, (9-7) and (9-16) that

Q/+R;, = 0( /%ﬂ;jsf;’;) = R,(a), (9-17)

where R;(a) is as in (9-8). Now we estimate the R, ,’s in (9-14). Still from Lemma 8.2, we obtain by
direct computations, using (8-6) and (9-16), that

R = O(ui,) +o(ui*ril"). (9-18)
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Concerning the right-hand side of (9-10) it remains to estimate the Q,’s in (9-11) and the R ,’s in
(9-13). We start with estimates for the R; ,’s. We remark that § s « = 0(dy(xi 4, x)?) and that

(T XD)g; = O(dg(xia, )’ |V Bial?).

In particular, we can write

Ria=0 ( / dy (xias x)3|VBi,a|2dvg) + 0( / dy (X X2V B ||V (U — By oy ) |dvg)
Qi,a

Qi,a
+ 0(/ dg (X0, X)2 IV (U* = B; 4 A) |2dvg).
Q[,a

Direct computations lead to

OK(—ﬂga Inu;,) ifn=4,

do(Xiq, X)* T |V B o|*dvy =
/. g(xt,a x) | l,a| Vg OK(,uiZ’a) ifnZS,

io

where O, = O if k =0, and O, = o if ¥k = 1. Integrating by parts and using Lemma 8.1, Lemma 8.2,
and (9-7), we can write

/ Ay (5 s X1V O Br o A7) v,
Qi,a

= 0(/ |Oua_Bi,aAi |dg(xi,aa x)2|v(oua_Bi,aAi)|d0-g) + 0(/ dg(xi,aa x)lma_Bi,aAi|2do-g)
0Qi, 0

+ 0(/ Icua_Bi,aAilzdvg) +/ dg(xi,a, x)z(cua_Bi,aAia Ag(cua_Bi,aAi))deUg,
Qi,a i,00

and then

/ dg(Xi.o, X)?|V(Uy — Bi o A;)|*dog

i0

:/ dg(xi,a: X)Z(Ou(x - Bi,(ZAia Ag(oua - Bi,aAi)>deUg + 0(/‘;17;2’”[2’;”) + R ((X),

i0

where R;(a) is as in (9-8). It remains to remark that thanks to the equations satisfied by the a,’s, and
the expression of A, in geodesic polar coordinates, we have

/ dg(-xi,aa x)2<ouva_Bi,aAi, Ag(Oua_Bi,aAi»devg
Qi,a

= 0( / dg (i, X)Wy —Bj o Ai| (|Ual* " + B ") dvg)

+ 0( / dg (Xi g x)2|%—Bl~,aAi||ma|dvg) + 0( / dg(Xi.q» x)3|%—B,-,aA,-||VB,~,a|dvg),
Qi,a Q[,a

so that, by Lemma 8.1, using Holder’s inequalities,

Ri,= o(ﬂ;f;%f;") + R/(a), (9-19)
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where R;(a) is as in (9-8). Still concerning the right-hand side of (9-10) it remains to estimate the Q,’s
in (9-11). Thanks to Lemma 8.2 and Lemma 9.1, we get by simple computations that

Qu = (—3n"72(n = 2)" @p—1 (Ai, %; (0))e +0(1) ! 2r 2" + O (uh,?), (9-20)

if riq = 0( i1t a), and Q, = O(ﬂg’"a_z)/ 2 #((Xn—z)/ 2) otherwise. Now we concentrate on the left-hand
side of (9-10). Writing A, (x) = Ay (xi,q) + O(dg(xi 4, x)), we get

p
[ 1A X T g = D A5 ) [ u,-,axa(vmawugw( / dg(x,-,a,x)%w|v0ua|dog).
Q; ; Q; Q

i,0 ‘/,kzl i,0

Using the Cauchy—Schwarz inequality, we can write

1/2
/ dg(x,-,a,x)2|%||wa|dvgsn}zo( / dg<x,-,a,x)“f|v1%deg) :

i, i,o

Using Lemma 8.1 it is easily checked that

/ dg (xXi.a» %) U | *dvg = Ri(ax), (9-21)

i,0

where R;(a) is as in (9-8). We integrate by parts and use the equations satisfied by the AU, ’s, together
with Lemma 8.1, Lemma 8.2, and (9-7), to obtain

/ dg(xi,a,x)ﬂvouaﬁdvg:O( / dg(x,-,a,x)3|vma||%|dag)
Qi,a agi,a

+ 0( / dg(xi,a,x)zmaﬁdag) +0( / dg(xi7a,x)3|%a|2*dvg)
agi,(x Qi,a

+ 0( / dg(x,-,a,x)maﬂdog),
Qi,(x

and then that
[ i 20?198 P = o(u 2775) + Ro (),
Qi‘(z

where R;(a) is as in (9-8). Thus we get that
p
/ (A, X“(VU))rrdvg = D A% (xi) / Uja X (VU dvg +o(ul?r7 ") + Ri(a).
Q; ; Q;
i,0 j,k:] i,0

Integrating by parts again, and estimating the different terms as above, it is easily checked that we actually
have

p

n _ _

/Q (Aala, X (VU))mrdvg = =5 > Af(xia) /Q Ujaltiadvg +o(ul rin") + Ri(a),
i,00 j,k=l i,0
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where R;(a) is as in (9-8). Proceeding as above, thanks to (9-16), one finally gets that

n—2 .
/ (AaUa, X* (VU )g dvg + == / (A (divg X)) Uy *dv,
Qi Qia

-2
n2n / (dngXa)<Aaouaa oU«a)[R{l’dvg

- Z Ajk(xl a)/ Ujolk advg 4( I)S (xl a)/ [Ueg | d0g+0<ﬂlna2 ,zan)+Rt(a),
J.k=1
(9-22)

where R;(a) is as in (9-8). We have
/ B},dvg = R,(a) forall j €%;. (9-23)
i,j,0

Indeed, if dg (x4, X},6)/Sj i« — +00 as a — +00, then
/ B} dvg = O(S?,i,aB,-,a(xj,a)z) = (ﬂj(f f,fi) R (a),
x a(leSji(A)
thanks to (9-7), and if dg(x; 4, X} o) = O(Sj,i ), thens;; o = 0(u; ) and
/ Biz,advg = O(ﬂzzan 71 a) = 0(lui2,oc)'
(Ri.jsjia)

Clearly, (9-23) follows from these two equations. Plugging (9-23) into (9-22), we get from Lemma 8.1
that

/Q (Aama,xa(vma))wduﬁ% / (Ag(ding“))|°ua|2dvg+% /Q (divg X) (AgUy, Ug) ol

i,0

_((A(x,.)A,., Ai)gp — ( )S (x,)—i—o(l))/ B} dvg +o(u} ’ri,") + Ri(a). (9-24)
BX[,a (5iri,a)
We have
643l IN(ria/pia) +o(—pignpia) ifn=4,
2 _ i,a > > i,o >

/ B} ,dvg, = ) 5 ) . (9-25)

x, a(é rta) (fR" uod'x)'ui,a +0(lul',a) lfn = 5’
where ug is given by (4-3). Combining (9-10), (9-17)—(9-20), (9-24), and (9-25) yields the proof of
Step 1. U

Step 2. Leti € {1,..., N} be arbitrary. In casei < N, assume that (Hi) holds. Let X, be given by

%, = (64w3(A(xl~)Ai LS (x)A) +o(1))ﬂl .

(_:uiz,a In :ui,(x)

i,a

in case n =4, and

*, = ((A(Xi)Ai — %Sg(xi)l\i) / uodx “‘0(1))/‘1‘241
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in case n > 5. Then, up to passing to a subsequence, we have

_4 -2.2—

P50, AA) + (D)

' (n-2)/2 (n-2)/2 ~ ' j

if VHaria = 0(JHia), and %y = O (', """ uy ) otherwise, where 3; is as in Lemma 9.1, the

i 'S are as in (8-3), and ug is as in (4-3).

Ho = (07201 = 2" o (#:0) +

Proof of Step 2. We multiply the line k of the system (1-1) by u; , and integrate over €; ,,. This leads to

p
/ U Aguig odvg + Z/ ¢ U gl qdvg =/ U | 21y, 147 0. (9-26)
Qi,a m=1 Qia Qi,a
Let the A;x’s, k =1,..., p, be the components of A;, and the %; ;’s be the components of J;. We

define S}, by

St = (ﬂn*z(n —2)" ey (A ki1 (0) — Ay % 1 (0)) + 0(1)),117,;27,%;",
: o (n=2)/2 (n—2)/2 : o
ifriq= o(ﬂ/ﬂ,‘,a/,ua ) and S, = O(ui,a Uq ) otherwise. We also define 7}, by

o [(64w3 Wi+ o) uf  n(ria/ i) +o(—uf npia) ifn=4,
kil =

(Wk,l f[R" u%dx +0(1))#,-2,a ifn>35,
where ,
Wi = D (AC)m Ak Aim — A im AiaAim)
m=1

and ug is given by (4-3). Integrating by parts, thanks to Lemma 8.2 and Lemma 9.1, we have

/ ul,aAguk,adUg :/ uk,aAgul,advg+/ (”k,aavul,a _ul,aavuk,a)do-g
Qg E

i,00 Qi,(x

p
2x_D o n—2 2—n a
=/ U g, g advg — D ,/ Al Ui,altm,advg + 0( > K Sj,i,a) + Sic-
Qi,a m=1 Qi,a

JED;
Now we write A, (x) = Ay(xiq) + O(dg(x;q,x)). With similar estimates as in the proof of Step 1,
thanks to (9-21), we get that

p p

a a _ n—2 2—n o
2 ,/ Almukaaum,adl)g_ 2 ,/ Akmulaaum,advg_o(lui,a ri,a )+Tk,l'
m=1" i m=1" i

Coming back to (9-26) with all these estimates, thanks to (9-7), we obtain that Si'; = T}’;. In particular,
2 SNk = 224 T Aix and Step 2 follows from Step 1. This ends the proof of Step 2. O

Conclusion of the proof of Proposition 9.2. Equations (9-4) and (9-5) follow from Step 2. It remains to
prove that (A;, V#;(0))rr = 0. We assume here that \/zisri, = 0(/Hiq). In particular, r; , — 0 as
o — +o00. Let Y be an arbitrary 1-form in R". We apply once more the Pohozaev identity (7-2) to AU,
in Q; ,. However, here we choose X = X“ to be given in the exponential chart at x; , by

2 i kvl
X = Y;c - §chjkl(xi,a)x]x Y ’

K
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where Y! = Y; for all [ and the R, jki are the components of the Riemann tensor Rm, at x;, in the
exponential chart. As is easily checked, still in geodesic normal coordinates at x; 4,

(VX" = —Rjir (x:. )XY+ O(1x %),

so that divy (X*) = O ( |x|2). Then, thanks to the symmetries of the Riemann tensor, we obtain with the
Pohozaev identity that

/ (%Xﬂ(u)wouaﬁ—(Xa(vma),av%mp)daﬁ/ (AgWy, X* (VU ))Rrdog

aQi,a ia

= 0( / |0ua|2dog) +0 ( / do(Xi a0 x)2|v0ua|2dvg) + 0( / |0ua|2*dag) (9-27)
Qi,a Qi,a agi,a
+ 0 (/ |0ua|2dgg) + 0(/ |6V0ua||0ua|d0g),
GQ,",I agi,a

Estimating the right-hand side of (9-27) via (9-7) and using Lemma 8.1 and Lemma 8.2, we get
/ (5X*W)IVUI = (X*(VU), 8,4 r) dog + / (AgUg, X“(VU))rrdvg = Ri(a), (9-28)
aQi,a Qi,a
where R, (a) is such that
O(—,ul.z’a Inuiq)+ O(,u;";zriz,;") ifn=4,

] (9-29)
O(ﬂia)+0(ﬂ;’7;2r§;") if n > 5.

Iét (@) = {
Now we can write
p
[ At XAV = D A [ un X VU + O(T,)
[ Qi,a

Qia k=1

where

T, = / dy (5100 )| VU | [y g,
Qi,a

obtaining

/ <Aaoua, Xa(voua)>RPdl)g
Q

i,0

14 P

1 1 .

= 2 E Agl(xi,a) uk,ocl'tl,ozXoC (v) dUg ) E Agl(xi,a)/ Uk,alUl0 leg (Xa) dvg + O(Ty,).
k=1 a k=1 Qi

As above, estimating the various terms in this equation, it follows that

/ (AU, X* (VUY))p,dvg = Ri(a), (9-30)

i,00

where Ié, (a) is as in (9-29). As a consequence, coming back to (9-28), thanks to (9-30), we get

/Q (%Xa(l))|voua|2 _ (Xa(VGLLa), avOlLa>Rp) do'g = é,(a), 9-31)
0 Q0
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where R, (@) is as in (9-29). By Lemmas 8.2 and 9.1, together with (9-7), we have

/aQ (3X“W)IVU L = (X (VU,), 0, Ue)g,) dog
= ("2 =2y wuma{ A, (VY (VDo) + 0Dl 2"+ Wa (9-32)

where (Y (V#;))o € R? is such that (Y(V%i))é =>"_ Y (V¥ )(©O) foralll =1,..., p, and

k=1

i o Lolia (= Inwia)?) it n=4,
O(ﬂiz,a) ifn>5.

As a consequence of Step 2 we have

O((—Inpin)""?) ifn=4,
r; =
oYY it s,

Coming back to (9-31)—(9-32), it follows that (A,-, Y (V%i))())Rp = 0, and since Y is arbitrary, we get
(Ai, VH; (0))R1’ =0. O

10. Proof of Theorem 0.1

We prove Theorem 0.1 using Proposition 9.2. We let (A, ), be a sequence of C! maps from M to M » (R)
such that A, — A in C'(M) as a — +oo for some C' map A from M to MIS,(IR) satisfying (H) and
(H'). We also let (U, ), be an arbitrary bounded sequence in H (M) of nonnegative solutions of (1-1)
and we assume by contradiction that | U, ||cc = +00 as a — +00. We order the blow-up points of the
WU,’s in such a way that

Ha=Hla="""Z UN,a>

where the u; ,’s are the weights of the vector bubble (%fx)a in Proposition 4.2, and we let o; be as in
(8-4). We consider #;. By (H'), Ker A,,(x) N Vecty (R?) = {0} for all x € M, where A, is as in (0-2). In
particular, if the r; ;s are as in (8-3), it follows from Step 2 in Section 9 that r; , — 0 as a — 4-00. As
a direct consequence, d; # &. Let i € o{;. Still by Step 2 in Section 9, we have r; , — 0 as o — +00.
By Proposition 9.2, since Ker A, (x) N Vect (R?) = {0} for all x € M, for any i € s, U {1}, there exists
C; > 0 such that

rlgn— — Ciiftn=4 and s/ 2ui" > Ciifn>5 (10-1)

i,o
as a — 4o00. By (10-1), uiq = o(riq) for all i € sd; U {1}. We also get from (10-1) that for any
i ey U{l},

2 =o(uiy)ifn=>17. (10-2)

i,a

fig=0(},)ifn=4,5 and r

As a remark, it follows from (10-2) that U, = 0 when n = 4, 5 since, if not the case, rl% o = Migq- Italso
follows from (10-2) that for any i € o1 U{1}, 4; NB; # &, where the B;’s are as in (8-8). By (9-3), we
get with (10-2) that

Ai il
W@= Y, (10-3)
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where %, is as in Lemma 9.1. In particular, the A;’s are the SP~! projections of the bubbles (B! )y Let
€1 =(A1NB)U{1}. Forany i € s§; "B, we have oA; NB; =€\ {i}. We pick up some i € €; such that
dg(X1,0, Xia) = dg(x1,4, X)) for all j € €. By Proposition 9.2 we have (A;, V¥;(0)), = 0. Together
with (10-3), this implies that (A;, A;)rr =0 for all j € €; \ {i}. Repeating the operation with €, \ {i},
and so on up to exhaust all the indices in €;, we obtain that (A;, A j)rr = 0;; for all i, j € €;. Moreover,
it follows from (9-4) and (9-5) in Proposition 9.2 that V = Vect{A;, i € €} is a stable vector space of
A, (x1). Noting that (A,-, a€; (O))Rp =0 for all i € €, we also get with (9-4) and (9-5) in Proposition 9.2
that the A;’s are isotropic vectors for A, (x;) for all i € €. In particular, we get a contradiction with
(H'). This proves Theorem 0.1 when n # 6. When n = 6, thanks to Proposition 2.1, it remains to prove
that our systems are weakly stable, and thus that we necessarily have AU, # 0 if we assume (H'). When
n = 6, it follows from (10-1) that rl%a ~ Uiq. Then, by (9-3),

Hi(z) = z %4—6‘%@@1), (10-4)
jestoa, 127 @il

where rij;yl.z’a — C as a — +o00. As above, (A;, Aj)rr =0;; forall i, j € €, but we may have €, = {1}.

By Proposition 9.2, V = Vect{A;, i € €} is a stable vector space of Ag(x1) and the A;’s are isotropic

vectors for Ag(x;) for all i € €; if Ueo(x1) = 0. In particular, we do get a contradiction with (H') if

WUoo(x1) = 0. This proves Theorem 0.1 when n = 6.

As a remark, if n = 6 and Ag < 0 in M in the sense of bilinear forms, where Ag is as in (0-2), then
we also get a contradiction by (9-5) in Proposition 9.2 since rl.z, 0~ Miq and 3¢ (0), (A,', ; (0))Rp A; e
Vecty (R?). In particular, we recover analytic stability for our systems if we assume that Ag < 0 in
M in the sense of bilinear forms. More precisely, letting (M, g) be a smooth compact six-dimensional
Riemannian manifold, p > 1 be an integer, and A: M — M (R) be a C "_map such that A satisfies (H),
the system (0-1) associated with A is analytically stable if Ag(x) < O in the sense of bilinear forms for
all x.

As another remark, it is easily seen from (9-4) and (9-5) in Proposition 9.2 that for any n > 4, and any
i€dyU{l}, A,(x1)A; € Vect; (RP). In particular, we can replace (H') in Theorem 0.1 by the slightly
more general condition that for any x € M, and any k € {1, ..., p}, there does not exist an orthonormal
family (e, ..., ex) of vectors in Is4, (r) N Vecty (R?) such that A,(x)V C V and A, (x)e; € Vect, (RP)
for all i, where V is the k-dimensional subspace of R? with basis (e, ..., e;).

As a final remark we mention that Theorem 0.1 still holds true, and can be proved with only slight
modifications in the arguments of Section 9, if the C! convergence of the A,’s is replaced by a C%?-
convergence of the A,’s withd =1 whenn =4, and § > 2/(n —2) when n > 5.
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GLOBAL REGULARITY FOR A LOGARITHMICALLY SUPERCRITICAL
HYPERDISSIPATIVE NAVIER-STOKES EQUATION

TERENCE TAO

Let d > 3. We consider the global Cauchy problem for the generalized Navier—Stokes system
ou+w-Vyu=—-D>u—Vp, V-u=0, u(0,x)=uo(x)

foru : Rt x R — R? and p : RT x R — R, where ug : R? — R? is smooth and divergence free, and
D is a Fourier multiplier whose symbol m : R — R™ is nonnegative; the case m(&) = |£| is essentially
Navier—Stokes. It is folklore that one has global regularity in the critical and subcritical hyperdissipation
regimes m (&) = |£|* for a > (d + 2)/4. We improve this slightly by establishing global regularity
under the slightly weaker condition that m (&) > |&|@+2/4 /g (|&|) for all sufficiently large ¢ and some
nondecreasing function g : Rt — R* such that | loo ds/(sg(s)*) = 4o0. In particular, the results apply
for the logarithmically supercritical dissipation m (&) := |&|@+2/4/1og(2 + |£]?) /4.

1. Introduction

Let d > 3. This note is concerned with solutions to the generalised Navier—Stokes system

Qu+(u-Vyu=—-D*u—Vp,
V.-u=0, (1)
u(0, x) = uo(x),

where u : R xR? — RY, p :R* x R? — R are smooth, and uq : R¢ — R? is smooth, compactly supported,
and divergence-free, and D is a Fourier multiplier' whose symbol m : RY — R* is nonnegative; the case
m(&) = |£] is essentially the Navier—Stokes system, while the case m = 0 is the Euler system.

For d > 3, the global regularity of the Navier—Stokes system is of course a notoriously difficult unsolved
problem, due in large part to the supercritical nature of the equation with respect to the energy E (u(2)) :=
fRd lu(t, x)|? dx. This supercriticality can be avoided by strengthening the dissipative symbol m (&), for
instance setting m (&) := |£|* for some o > 1. This hyper-dissipative variant of the Navier—Stokes
equation becomes subcritical for oo > (d + 2)/4 (and critical for a = (d + 2)/4), and it is known that
global regularity can be recovered in these cases; see [Katz and Pavlovi¢ 2002] for further discussion.
For 1 <a < (d +2)/4, only partial regularity results are known; see [Caffarelli et al. 1982] for the case
o. = 1 and [Katz and Pavlovié¢ 2002] for the case a > 1.

MSC2000: 35Q30.
Keywords: Navier—Stokes, energy method.
The author is supported by NSF Research Award DMS-0649473, the NSF Waterman award and a grant from the MacArthur
Foundation.
I The exact definition of the Fourier transform is inessential here, but for concreteness, take f ©) = f[Rid f (x)ef"x'édx.
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The purpose of this note is to extend the global regularity result very slightly into the supercritical
regime.

Theorem 1.1. Suppose that m obeys the lower bound

m(&) > &g (1)) (2)

for all sufficiently large ||, where g : Rt — R™ is a nondecreasing function such that

* ds _ 3
) o= <

Then for any smooth, compactly supported initial data u, one has a global smooth solution to (1).

Note that the hypotheses are for instance satisfied when
m(&) = |E] T log 2 +1¢ 1) )

thus

(—A)(d+2)/4
Clog'22-A)
Analogous “barely supercritical” global regularity results were established for the nonlinear wave equa-
tion recently [Tao 2007; Roy 2008; 2009].

The argument is quite simple, being based on the classical energy method and Sobolev embedding.

The basic point is that whereas in the critical and subcritical cases one can get an energy inequality of
the form

2
|D

Oullu @)k gty < CalO)lu) e gy

for some locally integrable function a(¢) of time, a constant C, and some large k, which by Gronwall’s
inequality is sufficient to establish a suitable a priori bound, in the logarithmically supercritical case (4)
one instead obtains the slightly weaker inequality

A0 e gty < CalO) ()] e gy 1082 + 1) | 1 )

(thanks to an endpoint version of Sobolev embedding, closely related to an inequality of Brézis and
Wainger [1980]), which is still sufficient to obtain an a priori bound (though one which is now double-
exponential rather than single-exponential; compare [Beale et al. 1984]).

Remark 1.2. It may well be that the condition (3) can be relaxed further by a more sophisticated argu-
ment. Indeed, the following heuristic suggests that one should be able to weaken (3) to

/oo ds —
posgs)r

thus allowing one to increase the }L exponent in (4) to % Consider a blowup scenario in which the solution
blows up at some finite time T}, and is concentrated on a ball of radius 1/N(¢) for times 0 < ¢ < T,
where N (1) — oo as t — T,. As the energy of the fluid must stay bounded, we obtain the heuristic
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bound u(t) = O(N(¢)%/?) for times 0 < ¢ < T,. In particular, we expect the fluid to propagate at speeds
O(N(1)4/%), leading to the heuristic ODE

d 1

———=0(N®"?

dt N(t)
for the radius 1/N(¢) of the fluid. Solving this ODE, we are led to a heuristic upper bound N (¢) =
0 ((T* — 1)/ +2)) on the blowup rate. On the other hand, from the energy inequality

T
2/ / |Du(t,x)|2dxdt§/ luo(x)]? dx
0 Rd Rd

one is led to the heuristic bound
T, 1
o N()U+D/2g(N(1))?

dt < oo.

This is incompatible with the upper bound N (1) = O((Ty — t)*/@+2) if S IT* ds/(sg(s)?) = oco. Un-
fortunately the author was not able to make this argument precise, as there appear to be multiple and
inequivalent ways to rigorously define an analogue of the “frequency scale” N (¢), and all attempts of the
author to equate different versions of these analogues lost one or more powers of g(s).

To go beyond the barrier floo ds/(sg(s)?) = oo (with the aim of getting closer to the Navier—Stokes
regime, in which g(s) = s'/# in three dimensions), the heuristic analysis above suggests that one would
need to force the energy to not concentrate into small balls, but instead to exhibit turbulent behaviour.

2. Proof of theorem

We now prove Theorem 1.1. Let k be a large integer (for example, k := 100d will suffice).

Standard energy method arguments (see, for example, [Kato 1985]) show that if the initial data is
smooth and compactly supported, then either a smooth H° solution exists for all time, or there exists
a smooth solution up to some blowup time 0 < 7Ty < 0o, and [|u(t)|| g ey —> 00 as t — T. Thus, to
establish global regularity, it suffices to prove an a priori bound of the form

lu()l ge@ey < C(k, d, luoll g gy, T» g)

forall 0 <t < T < oo and all smooth H™ solutions u : [0, T] x RY — R? to (1), where the quantity
C(k,d, luoll g+ way, T g) only depends on k, d, [luo|l g re), T» and g.

We now fix ug, u, T, and let C denote any constant depending on k, d, |[uo |l g+ ey, T, and g (whose
value can vary from line to line). Multiplying the Navier—Stokes equation by u# and integrating by parts,
we obtain the well-known energy identity

6,/ lu(t, x)|> dx = =2a(t),
Rd
where

a(t) = | Dull 72 g, 5)
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(note that the pressure term V p disappears thanks to the divergence free condition); integrating this in
time, we obtain the energy dissipation bound

T
/ a(t)dt <C. (6)
0

Now, we consider the higher energy

k
Ei(r) := Z/Rd IV7u(t, x)|* dx. (7)
j=0

Differentiating (7) in time and integrating by parts, we obtain
k k
O Ex(t) = =2 IV Du()l1? 2 gy — 2Z/W Viu(t, x)- V7 ((u- Vyu)(t, x) dx;
j=0 j=0

again, the pressure term disappears thanks to the divergence-free condition. For brevity we shall now
drop explicit mention of the # and x variables.

We apply the Leibniz rule to V/((u - V)u). There is one term involving (j+1)-st derivatives of u,
but the contribution of that term vanishes by integration by parts and the divergence free property. The
remaining terms give contributions of the form

k
E E /@(Vjuvj‘uvjzu)dx,
d
j=0 1<jip=j '®
Jitph=j+1

where O(V/uV/'uV72u) denotes some constant-coefficient trilinear combination of the components of

Viu, Vitu, and V72u whose explicit form is easily computed, but is not of importance to our argument.
We can integrate by parts using D and D~! and then use Cauchy—Schwarz to obtain the bound

/ OV uV'uv»2u) dx < (14 D)V ull 2gay | (1 + D)1 OV u V7)) HLZ(Rf’)'
R4
By the arithmetic mean-geometric mean inequality we then have
; : . : 1 ; .
/ OV uVi'uv?2y) dx <c|(1+ D)Vfuniz(w) + -]+ D)_l(@(VJ'uV”u))”iz(Rd)
R4 c

for any ¢ > 0. Finally, from the triangle inequality, (7), and the fact that D commutes with V/, we have
I(1+ D)V ull 72 gay < C(IIV! Dull3s o + Ex)-
Putting this all together and choosing ¢ small enough, we conclude that

aE <CE+C > |0+ D)*l(@(vfluvfzu))||iz(R,,). (8)

1<j1<j2<k
Jit+j2<k+1

To estimate this expression, we introduce a parameter N > 1 (depending on #) to be optimised later, and
write

(1+D) '=0+D)"'Pey+(1+D)"'P.y,
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where P<y and P- y are the Fourier projections to the regions {¢ : || < N} and { : [£]| > N}.
We first deal with the low-frequency contribution to (8). From Plancherel’s theorem and (2) we obtain

| (14 D)™ Pay OV uV2u)) | 12 sy < CaN) (V)" A0V UV 20) | 1

where (V)~@+2/4 is the Fourier multiplier with symbol (¢ y~@+D/4 where (&) 1= (14|¢ |51/, Applying
Sobolev embedding, we can bound the right-hand side by

<Cg(N) || |vj1 ul |vj2”| || L44/Gd+2) (Rd)*
By Holder’s inequality and the Gagliardo—Nirenberg inequality, we can bound this by
< Cg(N) | Vuull paasiaa ey IV T2 | 2 gy,

which by (7) is bounded by
< Cg(N)IVull sy gay E; .

Next, we partition
IVull paasasa ey < IV P<yutll paasasa ey + |V Pyt paasaso) ay -
From Sobolev embedding and Plancherel, together with (2) and (5), we have
IV P<yull paasasngay < CIVY DA Poyul| 2 gey < Cg(N)(1 +a(0)'2.
Meanwhile, from Sobolev embedding we have

I 1
IV P nu| paasas2) gy < ﬁEk ,

(say) if k is large enough. Putting this all together, we see that the low-frequency contribution to (8) is

1
= Ce(NYEx[ gV (1 +a(0) + 35 Ee .

Next, we turn to the high-frequency contribution to (8). From Plancherel, Holder’s inequality, and (7)
we have

|1+ D) Pon OV uV2u)) | ogay < CENIN TV V20| )
< CgWNIN~ DV ey
while from Sobolev embedding and (7) we see (for k large enough) that
IV ull ey < CE,*.

Thus the high-frequency contribution to (8) is at most Cg(N)>N~@+2)/ ZEIE.
Putting this all together, we conclude that

1
0:Ex = Cg(NY Ex ()2 (1 +a(1) +  Ex |
We now optimize in N, setting N := 1+ Ey, to obtain

& Ex < Cg(1+ ER)*Er(1+a(t)).
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From (6), (3) and separation of variables we see that the ODE
O E=Cg(l1+E)*E(14a())

with initial data E(0) > 0 does not blow up in time. Also, from (7) we have E;(0) < C. A standard
ODE comparison (or continuity) argument then shows that E; () < C(T) forall 0 <7 < T, and the claim
follows.

Remark 2.1. It should be clear to the experts that the domain R? here could be replaced by any other
sufficiently smooth domain, for example, the torus R? /Z¢, using standard substitutes for the Littlewood—
Paley type operators P<y, P- n (one could use spectral projections of the Laplacian). We omit the details.
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