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REGULARITY OF WEAK SOLUTIONS
OF A COMPLEX MONGE-AMPERE EQUATION

GABOR SZEKELYHIDI AND VALENTINO TOSATTI

We prove the smoothness of weak solutions to an elliptic complex Monge—Ampere equation, using the
smoothing property of the corresponding parabolic flow.

1. Introduction

Let (M, w) be a compact Kihler manifold. Our main result is the following.

Theorem 1. Suppose that ¢ € PSH(M, w) N L (M) is a solution of the equation
(0+V—103p)" = e F@D gy

in the sense of pluripotential theory [Bedford and Taylor 1976], where F : R x M — R is smooth. Then
@ is smooth.

In particular, if M is Fano, w € c{(M), and h,, satisfies /—130h,, = Ric(w) — w, then we can set
F(p,z) = ¢ — h,. The result then implies that Kihler—Einstein currents with bounded potentials are in
fact smooth. Such weak Kéhler—FEinstein metrics were studied by Berman, Boucksom, Guedj, and Zeriahi
in [Berman et al. 2009], as part of their variational approach to complex Monge—Ampere equations.

It follows from [Kotodziej 2008] (see also [Guedj et al. 2008]) that the solution ¢ in Theorem 1 is
automatically C* for some « > 0, but it does not seem possible to use this directly to get further regularity.
The difficulty is that in the equation

(w+v—100¢9)" = e/ ",

the C! estimate for ¢ (due to Btocki [2009] and Hanani [1996]) depends on a C ! bound for f, and in
turn the Laplacian estimate for ¢ (due to Yau [1978] and Aubin [1976]) depends on the Laplacian of f.
To get around this difficulty we look at the corresponding parabolic flow

k1) (w4 /—100¢)"

. g w"
Following the construction of [Song and Tian 2009] for the Kihler—Ricci flow, we show that to find a
solution for a short time, it is enough to have a C? initial condition ¢y for which (w 4+ ~/—133¢p)" is
bounded (see also [Chen and Ding 2007; Chen and Tian 2008; Chen et al. 2011] for earlier results, as
well as [Simon 2002] for a weaker statement in the Riemannian case). The solution of the flow will be
smooth at any positive time. Then we need to argue that if the initial condition ¢ is a weak solution of
the elliptic problem then the flow is stationary, so in fact ¢( is smooth.

lo

+ F(p, 2).

MSC2000: primary 32Q20, 32W20, 35J60; secondary 53C44.
Keywords: complex Monge—Ampere equations, regularity of weak solutions, parabolic flows.
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370 GABOR SZEKELYHIDI AND VALENTINO TOSATTI

In Section 2 we show that the flow (with smooth initial data) exists for a short time, which only
depends on a bound for sup |¢g| and sup |¢@g|. In Section 3 we use this to construct a solution to the flow
with rough initial data, and we prove Theorem 1.

2. Existence for the parabolic equation

In this section we consider the parabolic equation
A (w+~/—180¢)"
at & "

where F : R x M — R is smooth and we have the smooth initial condition ¢|,—9 = ¢g. We write ¢q for

dp/ot att =0.

The main result of this section is the following:

=1lo

+ F(e, 2), )

Proposition 2. There exist T > 0 depending only on sup ||, sup |¢o| (and w and F), such that there
is a smooth solution ¢(t,z) : [0, T] x M — R to (1). We also have smooth functions Cy : (0, T] - R
depending only on sup |@o|, sup |@o| such that

lollcrary < Cie(t) (2)
as long ast < T. (Note that Ci(t) > coast — 0.)

The proof of the C I estimate is based on the arguments in [Btocki 2009] (see also [Hanani 1996;
Phong and Sturm 2010]), whereas the C? estimate is based on the Aubin—Yau second order estimate
[Aubin 1976; Yau 1978] (see also [Song and Tian 2009] for the parabolic version we need here). The c?
and higher order estimates follow the standard arguments in [Yau 1978; Cao 1985; Phong et al. 2007],
although there are a few new terms to control.

The existence of a smooth solution for ¢ € [0, T") for some T’ > 0 that depends on the C 2% norm of
@ is standard. The aim is to obtain the estimates (2), which allow us to extend the solution up to a time
T, which only depends on the initial condition in a weaker way. We will write ¢(¢) for the short time
solution.

Lemma 3. There exists T, C > 0 depending only on sup |@g| and sup |¢o| such that

le@®], o) < C, 3)
as long as the solution exists and t < T. In particular,

(w+/—130¢)"
log — <C
w

“4)
fort <T.
Proof. For all s, define

F(s)=sup,cy F(s,2),

which is a continuous function. At any given time ¢ where ¢ exists, the maximum of ¢(z, - ) is achieved
at some point z € M, and at z we have

V—183¢)"
g(w+ ®) <o0.

wn

lo
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It follows that
d Pmax

dt
where the derivative is interpreted as the limsup of the forward difference quotients at the points where it
does not exist (compare [Hamilton 1986, Lemma 3.5]). Comparing with the solution of the corresponding
ODE, we find that there exist 7, C > 0 depending only on sup |¢@g| such that as long as our solution exists,
andt < T, we have sup ¢(¢) < C. In a similar way we get a lower bound on ¢(t, - ), so we have |¢(¢)| < C
as long as the solution exists and t < 7.

Differentiating the equation we obtain
99 . :

o = D9+ Fl(9. 29, (5)
where F’ is the derivative of F with respect to the ¢ variable. Since F'(¢, z) is bounded as long as ¢ is
bounded, from the maximum principle we get

< F(@max, 2) < F(Qomax)v

sup [¢(1)] < sup [¢(0)]e"", (6)
where « depends on F and sup |¢(0)|. Hence for our choice of 7', we get
sup [¢(1)| < C,
for t < T, where C depends on sup |¢g| and sup |¢p]. Il
In the lemmas below 7" will be the same as in the previous lemma.

Lemma 4. There exists C > 0 depending on sup |@pg| and sup |¢o| such that
IVo@)lg, < e, (7)
as long as the solution exists and t < T for the T in Lemma 3.

Proof. We modify Blocki’s estimate [2009] for the complex Monge—Ampere equation (compare [Hanani
1996]). Define

K =tlog|Vel;, -y (@),
where y will be chosen later. Suppose that sup g 1,y K = K (7, 2) is achieved. Pick normal coordinates
for w at z, such that ¢;; is diagonal at this point (here and henceforth, indices will denote covariant

derivatives with respect to the metric w). We write 8 = |V<p|620 and A, for the Laplacian of the metric
w ++/—130¢. There exists B > 0 such that

9 t e +loisl? ., ool
0<<——A)K<——§ Wipl TWirl 4 +y"
ar — Do 5 o ) +v)

i,p p
Ct
—(y' = B1) +logB+— —v'¢+ny +Ct.

1

The constant C depends on bounds for F and F’, and also we used that VK = 0 at (¢, z).
Now we apply Btocki’s trick to get rid of the term containing (y’)2. At (z, z) we have

t,Bp = J/ﬁ@p,
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where
:Bp =QpPpp t+ Z Yip¥P;>
J
remembering that ¢; 5 is diagonal. It follows that

D 0ipei=""Y'B—0pp)¢p.
j

and so
LZ |(;0jp|2 Z |Z ¢JP¢J _ Z t IVIB (ppp| |(pp _1( ) Z |(/)p _ /
p ip L+opp :32 L+opp E L+ ep5 L+¢pp

where we assume that Y’ > 0. Also from Lemma 3 we know that ¢ is bounded. Combining these
estimates we obtain

|(pp|2 Ct
0osy”"y ———— Bt) —|—10g,8+—+Cy + Ct.

Xp: 1+opp Z B

We now choose y(s) = As — KS We can assume that log 8 > 1 at (¢, z), so in particular * 7 is bounded
above as long as t < T. Then if A is chosen sufficiently large, we get a constant C’ > 0 such that
1 lopl? /
+ < C'log B, ®)
; L+¢pp ; L+¢pp

so in particular (1+ ¢, I;)*l < C'log B for each p. From (4) we know that

[Ja+emm <C.
p

SO
14 9,5 <C(C'log )",

and using (8) we get

B=Y_lp,l> <C(C'logp)".
p

This shows that 8 < C and in turn K < C for some constant C. So either K achieves a maximum for
some ¢ > 0 in which case we have just bounded it, or it achieves its maximum for # = 0, which is bounded
in terms of sup |¢p]. O

From now on, we write g for the metric w and g, for the metric @ + +/ —100¢.

Lemma 5. There exists C > 0 depending on sup |@o| and sup |¢o| such that

0 <trg(gy) =n—+ Agp(t) <eC€C/[, 9)

as long as the solution exists and t < T, where T is as in Lemma 3.

Proof. We let
H=e""logtry(g,) — A,
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where ¢ = C from Lemma 4 and A is chosen later. In particular we will use that e o/ |V(p|§, < 1.
Standard calculations (from [Aubin 1976; Yau 1978]) show that there exist B > 0 such that

tr, Ric(gy)
Ay logtry(g,) > —Btr, g— ———°%2,
2 g o9 8¢ tI'g (g(p)

Using this we can compute

0

A )H
(at v

ae /! Ce™/! e A F(p,2)

< 5 logirg(gy) + - +Be "try, g —Ag+ An— Atry, g. (10)

rg(ggo) trg(ggo)
Here

AgF(9,2) = AgF +2Re(g" Flg7) + F Mg+ F'|Vol2,

where F’ is the derivative in the ¢ variable, and A, F is the Laplacian of F (g, z) in the z variable. So
we have constants Cy, C», C3z such that

AgF(p,2) < Ci+ Co| Vol + Catr(gy).

From (4) we have bounds on above and below on dd tg‘” so for some constant C we have try(g,) > C~ !

and also trg(gy) < C(trg, £)"~ ! . Using these in (10) we get

(%—A) < —(A—Be /") tr, g+ Clogtry g+C
<—(A-C—Be “"try, g+,

as long as t < T'. Choosing A large enough, we can use the maximum principle to bound H in terms of
its value for t = 0, which is bounded by sup |¢g]|. 0

We note here that if one is interested in the special case of weak Kdhler—FEinstein currents (i.e., F' =
¢ — h,), then the gradient estimate in Lemma 4 is not needed. We now describe how to get the higher
order estimates, as long as the solution exists and ¢ < T, for the 7 from Lemma 3. As in [Yau 1978],
we let ¢;= Tk be the third covariant derivative of ¢ with respect to the Levi-Civita connection of w, and we
define

S=gf g¢, '8y 051 Ppar-

From now on, we will denote by C(¢) a smooth real function defined on (0, T'], which is allowed to blow
up when ¢ approaches zero, which depends only on sup ||, sup |¢o| and which may vary from line to
line. These functions C(¢) can be made completely explicit. Using (9) it is clear that an estimate of the
form § < C(7) implies an estimate of the form [|¢(7)||c2+e(q) < C(2), for any 0 < & < 1. To estimate
S we first compute its evolution. It is convenient to use the general computation by Phong, SeSum, and
Sturm [Phong et al. 2007], which uses the following notation. We denote by h’ = g’k (g; e, ) Wthh
is an endomorphism of the tangent bundle. Then § can be written in terms of the connection Vhh™

S=gh gwg(j(v hh=YE (Y hh=1)] = |VhR™! |
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where V is the Levi-Civita connection of w,. Then the computations in [Phong et al. 2007] yield

o . — _
(55 = A0)S = =IV(VRRHZ = [V(VRR D, +2Re((VT = VR, Vhh ™)

12

+ (Vphh ™D (Vghh=)y (T8, 585" — 85T T58, + 8578, 7T,

where Ti} =— (agw/at + Ric(g(p))l.j, (VT)g, = g(’qu T;s, (VR)f;, = ggVS qu; and qu; is the curvature

of the fixed metric g. Along the standard Kihler—Ricci flow the tensor T vanishes, while in our case
differentiating (1) we get

—T;= Ric(g)l; + F"(pi(p7+ F’(pi7 + F5+ 2 Re(Fl-’t/ﬁ). (11)
Using (7) and (9) we can then estimate

[(Vphh ™) (Vghh =) [(TPg,, =gkt — gPTT=gkt 4+ gPTg =T < C(0)S.

The term 2Re(VR, Vhh™! )g, 1s comparable to S, but bounding 2Re(VT, Vhh™! )g, requires a bit more
work. Differentiating (11) and using (3), (7) and (9) we see that all the terms in 2 Re(VT, Vhh™! )g, are
comparable to C(¢)S except for two terms of the form

(@ij gt g, (Vihh™")k)g,.

We bound these by |¢;; |§,¢ 4+ C(1)S, so overall we get

9
(E - A¢,>S <COS+Ipil2, +C.

The term C(7)S can be controlled by using try(g,) in the usual way [Phong et al. 2007]. For the term
|(pl~j|§¢ we note that using (3), (7) and (9) we have

9 > loipl® + 95 |* / 2
(— - A(p)IVng <-Y —E——F 4 2Re(Vy, F'Vp+VF), +Cirg, g|Vol:

dat i 1+g0p13
|9ij 12

<—24C@O).

co +C (@)

We can then apply the maximum principle to the quantity

G S L () |V<p|§’
Ci(t)  C®)  C3(1)

for suitable functions C;(¢) that depend only on the given data, and get G < C, which implies the desired
estimate for S. This means that as long as the solution exists and 0 < ¢ < 7 we have a bound on
lo ()|l c2+e(ar)- Since by standard parabolic theory one can start the flow with initial data in C?te  this
shows that the flow has a C2t® solution defined on [0, T].

The next step is to estimate sup |¢(¢)| and sup |9; Eﬁgb(t)|. It is easy to see that both of these quantities
are bounded if we bound |Ric(gy)|g, - Following the computation in [Phong et al. 2011, p. 107] one can
derive the following estimate (there are essentially no new bad terms in this case)

(& - &y ) Ric(gy)ly, < CORm(g,)+C(0),
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From one of the two good positive terms in the evolution of S we get
9 IRm(g,)/|?
9 _A )S < P8I o
<8t ¢ C(t) +CO
and so the maximum principle applied to the quantity
|Ric(g(p)|gw S
Ci(0) Ca(1)

gives the desired bound [Ric(gy)l, < C (7).

It now follows from the parabolic Schauder estimates applied to (5) that we have bounds for ¢ in the
parabolic Holder space C>t%!1T%/2(M x [e, T]) for any & > 0, with the bounds only depending on &,
sup |@o| and sup |@o|. By the parabolic Schauder estimates we then also get bounds on all higher order
derivatives for ¢, and letting ¢ — 0 we get the required bounds on ¢(¢) that blow up as ¢ goes to zero.
In particular, we get a smooth solution ¢(#) that exists on [0, T'], with bounds as in (2). This completes
the proof of Proposition 2.

3. Proof of Theorem 1
Suppose that ¢ is a bounded w-plurisubharmonic solution of the equation
(@++=183p)" = e T, (12)

where F' is a smooth function. First of all we want to prove existence of the flow (1) with rough initial
data ¢. For this, we follow the proof in [Song and Tian 2009] in the case of Kédhler—Ricci flow.

It follows from [Kotodziej 1998] that in this case ¢ is continuous (in fact it is even C*; see [Guedj
et al. 2008; Kotodziej 2008]). Let us approximate ¢ with a sequence of smooth functions uy, such that

sup [¢ —ur| — 0, (13)
M
as k — oo. By the theorem in [Yau 1978] there are smooth functions ¥ such that
(04~ —100y)" = cxe” FUI g, (14)

where the positive constants ¢, are chosen so that the integrals of both sides of (14) match. When & is
large we see that ¢, approaches 1. Moreover, we can normalize the solution v so that

sup(Yx — @) = sup(p — ¥i).
M M
Using (13) together with Kotodziej’s stability result [2003] we obtain

lim [y —¢llL~ =0. (15)
k— 00
Using Proposition 2 we can solve the equation
I (04 /—100¢)"
E — o8 w”
with initial condition @ |;—¢0 = ¥ for a short time ¢ € [0, T'] independent of k, since by (13), (14) and
(15) we have uniform bounds on the initial data sup || and sup |@x(0)|. As in [Song and Tian 2009]
we have:

lo

+ F (¢, 2) —logcy, (16)
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Lemma 6. The sequence ¢y is a Cauchy sequence in C 0([0, T x M), ie.
Aim [lo; — @l Lo, 1xm) = 0.
Jjsk—o00
Proof. Fix j, k and let i = ¢; — ¢. Then
9 w+—100¢; +/—1331)" c
O _1og ! VIO L Py 0) — Flge o) +log £,
at (w4 —100¢)" Cj

and p|;—o = ¥; — Yx. At any time given time ¢, the maximum of w is achieved at some point z € M,
and at z we have
Ao F(p;(t,2),2) = F(gr(t,2). 2) +log = < ielp(2)| +log =,
dt Cj Cj
where « is independent of j, k. Here and henceforth the derivative is interpreted as the limsup of the
forward difference quotients at the points where it does not exist [Hamilton 1986, Lemma 3.5]. Similarly,
at the point 7/ where the minimum of u is achieved, we have

dmi c
Hoin > k| (@)| +log £,
dt Cj
Putting these together we see that
d|/1v|max Ck
< Jog & ‘
0 K|/’L|max+‘ g

It follows that

1 C 1 C
sup g — @il <7 (II%’ — Ykl + —)log —kD - —‘IOg _k‘
[0,T1xM K Cj K Cj
Now (15) and the fact that ¢, converges to 1 imply the result. |
Using this lemma we can define
® = lim ¢;,
]—)OO

which is in C%([0, T] x M). Moreover from Proposition 2 for any ¢ > 0 we have uniform bounds on all
derivatives of the ¢; for r € [¢, T'], so in fact for all k we have

Im ||® — gl mxie.ry = 0.
j—o0

From (6) we get
sup |@r (1) < C sup |@(0)]
M M

for t € [0, T), but from (16) we have
(w+ /=133 y)"
wl’l

+F(Wk, Z)—long:F(wk,Z)—F((pk,Z)—long,

which converges to zero when k goes to infinity. It follows that for any ¢t > 0 we have

¢ (0) =log

d(t) = lim ¢;(t) =0.
j—o00

Hence & is constant on (0, 7'], but since it is continuous on [0, T'] it follows that ®(¢) = ®(0) for all
t < T. But ©(0) is our solution ¢ of (12), whereas ®(r) is smooth for # > 0. Hence ¢ is smooth.



REGULARITY OF WEAK SOLUTIONS OF A COMPLEX MONGE-AMPERE EQUATION 377

Acknowledgements

We thank D. H. Phong for support and encouragement as well as J. Song and J. Sturm for very valuable
help and B. Weinkove for useful comments. Tosatti is also grateful to S.-T. Yau for his support.

The question answered in Theorem 1 arose after R. Berman’s talk at the workshop “Complex Monge—
Ampere Equation” at Banff in October 2009, and we would like to thank him as well as the participants
and organizers of that workshop for providing a stimulating working environment.

Székelyhidi was supported in part by National Science Foundation grant DMS-0904223.

References

[Aubin 1976] T. Aubin, “Equations du type Monge—Ampere sur les variétés kihleriennes compactes”, C. R. Acad. Sci. Paris
Sér. A-B 283:3 (1976), A119-A121. MR 55 #6496

[Bedford and Taylor 1976] E. Bedford and B. A. Taylor, “The Dirichlet problem for a complex Monge—Ampere equation”,
Invent. Math. 37:1 (1976), 1-44. MR 56 #3351 Zbl 0315.31007

[Berman et al. 2009] R. Berman, S. Boucksom, V. Guedj, and A. Zeriahi, “A variational approach to complex Monge—Ampere
equations”, preprint, 2009. arXiv 0907.4490

[Btocki 2009] Z. Blocki, “A gradient estimate in the Calabi—Yau theorem”, Math. Ann. 344:2 (2009), 317-327. MR 2010d:
32046 Zbl 1167.32023

[Cao 1985] H. D. Cao, “Deformation of Kihler metrics to Kihler—Einstein metrics on compact Kéhler manifolds”, Invent.
Math. 81:2 (1985), 359-372. MR 87d:58051

[Chen and Ding 2007] X. X. Chen and W. Ding, “Ricci flow on surfaces with degenerate initial metrics”, J. Partial Differential
Equations 20:3 (2007), 193-202. MR 2008g:53081 Zbl 1174.53025

[Chen and Tian 2008] X. X. Chen and G. Tian, “Geometry of Kihler metrics and foliations by holomorphic discs”, Publ. Math.
Inst. Hautes Etudes Sci. 107 (2008), 1-107. MR 2009g:32048

[Chenetal. 2011] X. X. Chen, G. Tian, and Z. Zhang, “On the weak Kéhler—Ricci flow”, Trans. Amer. Math. Soc. 363:6 (2011),
2849-2863. MR 2775789

[Guedj et al. 2008] V. Guedj, S. Kolodziej, and A. Zeriahi, “Holder continuous solutions to Monge—Ampére equations”, Bull.
Lond. Math. Soc. 40:6 (2008), 1070-1080. MR 2010a:32066

[Hamilton 1986] R. S. Hamilton, “Four-manifolds with positive curvature operator”, J. Differential Geom. 24:2 (1986), 153—
179. MR 87m:53055 Zbl 0628.53042

[Hanani 1996] A. Hanani, “Equations du type de Monge—Ampere sur les variétés hermitiennes compactes”, J. Funct. Anal.
137:1 (1996), 49-75. MR 97¢:32018 Zbl 0847.53045

[Kotodziej 1998] S. Kotodziej, “The complex Monge—Ampere equation”, Acta Math. 180:1 (1998), 69-117. MR 99h:32017
Zbl 0913.35043

[Kotodziej 2003] S. Kotodziej, “The Monge—Ampere equation on compact Kihler manifolds”, Indiana Univ. Math. J. 52:3
(2003), 667-686. MR 2004i:32062

[Kotodziej 2008] S. Kotodziej, “Holder continuity of solutions to the complex Monge—Ampere equation with the right-hand
side in LP: the case of compact Kihler manifolds”, Math. Ann. 342:2 (2008), 379-386. MR 2009g:32079

[Phong and Sturm 2010] D. H. Phong and J. Sturm, “The Dirichlet problem for degenerate complex Monge—Ampere equa-
tions”, Comm. Anal. Geom. 18:1 (2010), 145-170. MR 2011i:32039 Zbl 1222.32044

[Phong et al. 2007] D. H. Phong, N. Sesum, and J. Sturm, “Multiplier ideal sheaves and the Kéhler—Ricci flow”, Comm. Anal.
Geom. 15:3 (2007), 613-632. MR 2009a:32037

[Phong et al. 2011] D. H. Phong, J. Song, J. Sturm, and B. Weinkove, “On the convergence of the modified Kahler—Ricci flow
and solitons”, Comment. Math. Helv. 86:1 (2011), 91-112. MR 2745277

[Simon 2002] M. Simon, “Deformation of €0 Riemannian metrics in the direction of their Ricci curvature”, Comm. Anal.
Geom. 10:5 (2002), 1033-1074. MR 2003j:53107 Zbl 1034.58008



378 GABOR SZEKELYHIDI AND VALENTINO TOSATTI

[Song and Tian 2009] J. Song and G. Tian, “The Kéhler—Ricci flow through singularities”, preprint, 2009. arXiv 0909.4898
[Yau 1978] S. T. Yau, “On the Ricci curvature of a compact Kéhler manifold and the complex Monge—Ampere equation, I”,
Comm. Pure Appl. Math. 31:3 (1978), 339-411. MR 81d:53045

Received 11 Dec 2009. Accepted 13 Jul 2010.

GABOR SZEKELYHIDI: gszekely@nd.edu
Department of Mathematics, University of Notre Dame, Notre Dame, IN 46556, United States
http://www.nd.edu/~gszekely

VALENTINO TOSATTI: tosatti@math.columbia.edu
Department of Mathematics, Columbia University, 2990 Broadway, New York, NY 10027, United States
http://www.math.columbia.edu/~tosatti

mathematical sciences publishers :'msp



ANALYSIS AND PDE
Vol. 4, No. 3, 2011

TRAVELING WAVES FOR THE CUBIC SZEGO EQUATION ON THE REAL LINE

OANA POCOVNICU

We consider the cubic Szegé equation i 971 = IT(|u|?u) in the Hardy space L%r (R) on the upper half-plane,
where I1 is the Szegd projector. It was first introduced by Gérard and Grellier as a toy model for totally
nondispersive evolution equations. We show that the only traveling waves are of the form C/(x — p),
where p € C with Im p < 0. Moreover, they are shown to be orbitally stable, in contrast to the situation
on the unit disk where some traveling waves were shown to be unstable.

1. Introduction

One of the most important properties in the study of nonlinear Schrédinger equations (NLS) is dispersion.
It is often exhibited in the form of the Strichartz estimates of the corresponding linear flow. In case of the
cubic NLS,

idsu+ Au=|ul®u, (t,x)eRxM, (1-1)

Burq, Gérard, and Tzvetkov [Burq et al. 2005] observed that the dispersive properties are strongly
influenced by the geometry of the underlying manifold M . Taking this idea further, Gérard and Grellier
[2010b] remarked a lack of dispersion when M is a sub-Riemannian manifold (for example, the Heisenberg
group). In this situation, many of the classical arguments used in the study of NLS no longer hold. As a
consequence, even the problem of global well-posedness of (1-1) on a sub-Riemannian manifold still
remains open.

Gérard and Grellier [2010a; 2010b] introduced a model of a nondispersive Hamiltonian equation
called the cubic Szegd equation. (See (1-2) below.) The study of this equation is the first step toward
understanding existence and other properties of smooth solutions of NLS in the absence of dispersion.
Remarkably, the Szegd equation turned out to be completely integrable in the following sense. It
possesses a Lax pair structure and an infinite sequence of conservation laws. Moreover, the dynamics
can be approximated by a sequence of finite-dimensional completely integrable Hamiltonian systems.
To illustrate the degeneracy of this completely integrable structure, several instability phenomena were
established in [Gérard and Grellier 2010a].

Gérard and Grellier studied the Szeg equation on the circle S!. More precisely, solutions were
considered to belong at all time to the Hardy space Li(Sl) on the unit disk D = {|z| < 1}. This is

the space of L2-functions on S! with f (k) = 0 for all k < 0. These functions can be extended as

MSC2000: 35B15, 37K10, 47B35.
Keywords: nonlinear Schrodinger equations, Szeg6 equation, integrable Hamiltonian systems, Lax pair, traveling wave, orbital
stability, Hankel operators.
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holomorphic functions on the unit disk. Several properties of the Hardy space on the unit disk naturally
transfer to the Hardy space Li([R?) on the upper half-plane C4 = {z;Im z > 0}, defined by

1/2
Li([R) = {f holomorphic on C; ”g”Li(R) = sup (/R lg(x +ip)|? dx) < oo}.
y>0

In view of the Paley—Wiener theorem, we identify this space of holomorphic functions on C4 with the
space of its boundary values:

LL(R) = {f € L*(R); supp / C[0,00)}.
The transfer from Lﬁ_(Sl) to Lﬂ_([R?) is made by the usual conformal transformation

1
w:D—Cy, w(z)=i1+z

—Zz

However, the image of a solution of the Szeg6 equation on S! under the conformal transformation is no
longer a solution of the Szegd equation on R. Therefore, we study the Szeg6 equation on R directly.

Endowing L2(R) with the usual scalar product (u,v) = [ uv, we define the Szeg6 projector IT :
L*(R) — Li (R) to be the projector onto the nonnegative frequencies:

1 [% . . 4
N =5 [ e f @ de
T Jo
For u € Lﬁ_(R), we consider the Szegd equation on the real line:
[0u = H(|u|2u), x eR. (1-2)

This is a Hamiltonian evolution associated to the Hamiltonian
E() = / lu|* dx
R

defined on Li([R). From this structure, we obtain the formal conservation law

E(u(1)) = Eu(0)).

The invariance under translations and under modulations provides two more conservation laws,

Qu()) = Q(0)) and M(u(r)) = Mu(0)),
where
Q(u)=f lu|*dx and M(u)=/L7Dudx, with D = —idy.
R R

Now, we define the Sobolev spaces HY (R) for s > 0:

| oo X 1/2
H®) = {h e L @iy = (50 [0+ PP dg) <oof
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Similarly, we define the homogeneous Sobolev norm for 4 € H 1 by

1 o0 . 1/2
g = (5= [ EPi@R) <o

Slight modifications of the proof of the corresponding result in [Gérard and Grellier 2010a] lead to
this well-posedness result:

Theorem 1.1. The cubic Szegd equation (1-2) is globally well-posed in HY (R) for s > % That is, given
Ug € HJIF/Z, there exists a unique global-in-time solution u € C(R; HJIr 2) of (1-2) with initial condition
ug. Moreover, ifug € HY for some s > %, thenu € C(R; HY).

In this paper, we concentrate on the study of traveling waves. The two main goals are the classification
of traveling waves and their stability. As a result, we show that the situation on the real line is essentially
different from that on the circle.

A solution for the cubic Szegb equation on the real line (1-2) is called a traveling wave if there exist
¢, ® € R such that

u(t,z) = e ug(z—ct), zeCLUR,1€R (1-3)

for some uy € Hj_/ 2([RR). Note that a solution to (1-2) in Hi/ 2([R) has a natural extension onto C4, and
we have used this viewpoint in (1-3). Substituting (1-3) into (1-2), we see that uq satisfies on R the
equation

cDug+ wug = H(|u0|2uo). (1-4)

In the following, we use the simpler notation u instead of u#y when we study time-independent problems.
From (1-4), we see that traveling waves with nonzero velocity, ¢ # 0, have good regularity. Indeed, we
prove that u € HY (R) for all s > 0 in Lemma 3.1. In particular, by Sobolev embedding theorem, we have
ue Li(R) for 2 < p < 00. On the other hand, (1-4) yields in Lemma 4.1 that there exist no nontrivial
stationary waves, i.e. traveling waves of velocity ¢ = 0, in Li.

Now, we present our main results:

Theorem 1.2. A function u € C(R, H_ilr/ 2([F\R)) is a traveling wave if and only if there exist C, p € C with
Im p < 0 such that

u(0,z) = . (1-5)
zZ—p
Theorem 1.3. Let a > 0, r > 0, and consider the cylinder
C(a,r)={ | =a, Imp=—r}.
z—p

Let {ug} C Hle/z with
inf |lu” — —0asn— +oo,
peCla.r) o ¢”Hi/2
and let u" denote the solution to (1-2) with initial data ug. Then

sup inf |ju"(, x) —p(X)]| ;12 — 0.
tek #€C(a.r) Hy
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Let us compare our results to those in [Gérard and Grellier 2010a]. In the case of the Szegd equation
on S!, the nontrivial stationary waves (¢ = 0) are finite Blaschke products of the form

N o p
o]

e l1—pjz
where |a|?> = w, N €N, and py, p,..., py €D, and the traveling waves with nonzero velocity are
rational functions of the form Cl
z
N ) (1-6)
zm=p

where N e N,/ € {0,1,...,N — 1}, C, p € C, and |p| > 1. Moreover, instability phenomena were
displayed for some of the above traveling waves. For the cubic Szeg6 equation on R, Theorems 1.2 and
1.3 state that there exist fewer traveling waves — corresponding to N = 1 and / = 0 in (1-6) — and that
there is no instability phenomenon.

The proof of Theorem 1.2 involves arguments from several areas of analysis: a Kronecker-type theorem,
scattering theory, existence of a Lax pair structure, a theorem by Lax on invariant subspaces of the Hardy
space, and canonical factorization of Beurling—Lax inner functions. We now introduce the main notions
and known results, and briefly describe the strategy of the proof.

As in [Gérard and Grellier 2010a], an important property of the Szegd equation on R is the existence
of a Lax pair structure. Using the Szegd projector, we first define two important classes of operators on
Li: the Hankel and Toeplitz operators. We use these operators to find a Lax pair. See Proposition 1.4.

A Hankel operator H,, : Lﬁ_ — Li of symbol u € H_ilr/ 2 is defined by
Hy(h) = TI(uh).

H,, is C-antilinear and satisfies

(Hy(hy), hz) = (Hy(h2). hy). (1-7)

In Lemma 3.5 below we prove that H,, is a Hilbert—Schmidt operator of Hilbert—Schmidt norm

1
—lull 71,2
m || ” H1/2
A Toeplitz operator T} : Lﬁ_ — L%r of symbol b € L°°(R) is defined by
Ty (h) = T1(bh).
Tp is C-linear. Moreover, T} is self-adjoint if and only if b is real-valued.

Proposition 1.4. Let u € C(R; H?) for some s > % The cubic Szegd equation (1-2) is equivalent to the
evolution equation

d
EHM = [By, Hy, (1-8)

where B, = %Huz — i T\y2. In other words, the pair (Hy, By) is a Lax pair for the cubic Szegd equation
on the real line.



TRAVELING WAVES FOR THE CUBIC SZEGO EQUATION ON THE REAL LINE 383

The proof of Proposition 1.4 follows the same lines as that of the corresponding result on S! in [Gérard
and Grellier 2010a], and is based on the identity

Hriguzuy = Tu2 Hu + Hy T2 — Hj - (1-9)

Combining (1-4) and (1-9), we deduce that if u is a traveling wave with ¢ # 0, then the identity

w 1
A,,Hu+HuAu+?Hu+;Hj =0, (1-10)
holds, where
1
Au=D—=Tjp. (1-11)

In Section 2, we prove a Kronecker-type theorem for the Hardy space Li([R), where we classify all
the symbols # such that the operator H, has finite rank. The classical theorem for Li(Sl) is due to
Kronecker. For a proof, see [Gérard and Grellier 2010a].

We prove Theorem 1.2 in Section 4. We first prove that all traveling waves are rational functions.
On S!, this follows easily from the Kronecker theorem and the fact that the operator 4, has discrete
spectrum. On R, however, it turns out that 4, has continuous spectrum. Therefore, we use scattering
theory to study the spectral properties of 4, in detail in Section 3. More precisely, we show that the
generalized wave operators Q¥ (D, 4,,), rigorously defined by (3-1) below, exist and are complete. As a
result, we obtain that

%ac(Au) C Ker Hu,

where #,.(A4,) is the absolutely continuous subspace of 4,. The subspace Ker H, plays an important
role in our analysis. More precisely, it turns out to be invariant under multiplication by ¢?**, for all & > 0.
Therefore, applying a theorem by Lax (Proposition 4.4) on invariant subspaces, it results that

Ker H, = ¢ L2,

where ¢ is an inner function in the sense of Beurling and Lax, i.e., a bounded holomorphic function on
C+ such that |¢(x)| =1 for all x € R. Using the Lax pair structure and the identity (1-10), we show that
¢ satisfies the simple equation

2
cD¢ = [u]"¢.
However, as an inner function, ¢ satisfies a canonical factorization (4-3). From this, it follows that ¢
belongs to a special class of inner functions, the finite Blaschke products, i.e.,
N
z—Aj
o) =[] —=.
Aj

j=17

where N € Nand ImA; >0 forall j =1,2,..., N. The Kronecker-type theorem then yields that the
traveling wave u is a rational function. In the case of S', the natural shift, multiplication by e’*, was
used in concluding traveling waves are of the form (1-6). In our case, we use the “infinitesimal” shift,
multiplication by x, to show that traveling waves are of the form (1-5).
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Finally, we prove Theorem 1.3 in Section 5. The orbital stability of traveling waves is a consequence
of the fact that traveling waves are ground states for the following inequality, an analogue of the sharp
Gagliardo—Nirenberg inequality given in [Weinstein 1982].

Proposition 1.5. Forall u € H_:_/ 2(IR), the following Gagliardo—Nirenberg inequality holds:

1 12, 11/2
el = a2l o (1-12)
or, equivalently,
1
E<—MQ.
T

Equality holds if and only if u = é, where C, p € C withIm p < 0.

Remark 1.6. Using Proposition 1.5, one can verify that the functions u = C/(x — p), with Im p < 0,
are indeed initial data for traveling waves. More precisely, since they are minimizers of the functional

ve HY? > M(v)Q(v) —E(v),
the differential of this functional at u is zero. Thus,
30(u)Du + 3 M (u)u — x (Ju|*u) = 0.
Consequently, u is a solution of (1-4) with

0w _ ICP M) _ P
27 —2Imp’ 27 4(Im p)?’

and hence it is an initial datum for a traveling wave.

In the case of S!, the Gagliardo—Nirenberg inequality suffices to conclude the stability of the traveling
waves with N = 1. However, in the case of R, we need to use in addition a concentration-compactness
argument. This concentration-compactness argument, which first appeared in [Cazenave and Lions 1982],
was refined and turned into profile decomposition theorems by Gérard [1998] and later by Hmidi and
Keraani [2006]. We use it in the form of Proposition 5.1, a profile decomposition theorem for bounded
sequences in H_ilr/ 2,

We conclude this introduction by presenting two open problems. Here, we use the term soliton instead
of traveling wave, so that we put into light several connections with existing works. The first problem is
the soliton resolution, which consists in writing any solution as a superposition of solitons and radiation.
For the KdV equation, this property was rigorously stated in [Eckhaus and Schuur 1983] for initial data
to which the Inverse Scattering Transform applies. Therefore, for the Szegd equation, one needs to solve
inverse spectral problems for the Hankel operators and also find explicit action angle coordinates.

The second open problem is the interaction of solitons with external potentials. Consider the Szegd
equation with a linear potential, where initial data are taken to be of the form (1-5). As in [Holmer and
Zworski 2008] and [Perelman 2009], it would be interesting to investigate if solutions of the perturbed
Szegb equation can be approximated by traveling wave solutions to the original Szeg6 equation (1-2).
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2. A Kronecker-type theorem

A theorem by Kronecker asserts in the setting of S! that the set of symbols u such that H, is of rank
N is precisely a 2N -dimensional complex submanifold of Li(gl) containing only rational functions.
In this section, we prove the analogue of this. For a different proof of a similar result on some Hankel
operators on Lﬁ_(R) defined in a slightly different way, see [Peller 2003, Lemma 8.12, p. 54].

Definition. Let N € N*. We denote by J((N) the set of rational functions of the form
A(2)
B(z)’

where A € Cy_q[z], B € Cy[z], 0 < deg(A4) < N — 1, deg(B) = N, B(0) =1, B(z) # 0, for all
z € C4+UR, and A and B have no common factors.

Theorem 2.1. A function u belongs to M(N) if and only if the Hankel operator H, has complex rank N .

Moreover, if u € M(N) is of the form u(z) = A(z)/B(z), where B(z) = ]_[jjzl(z — pj)"™ with
Z]-le mj =N andIm p; <O0forall j =1,2,...,J,then the range of H, is given by

J
RanHuzspan@{m;l §m§mj}j=l 2-1)
Proof. The theorem will follow from two implications:
(i) u e M(N) = r1k(H,) < N.
(ii) rk(Hy) = N = u € M(N).

Let us first prove (i). Let u € M(N), i.e., u is a linear combination of terms
1 <m <mp, and ) m, = N. Computing the integral

W, where Im p < 0,

e—tx‘g”

——dx
R (X —p)™
using the residue theorem, we obtain that 7 (&) = 0 for all £ <0 and #(§) is a linear combination of terms
EM1e7PE with 1 <m < mp, for £ > 0.
Given h € Li, we have Hy,(h)(§) = 0 for &£ < 0. For £ > 0, we have

’

— 1 0 2 1 o0 =
D) = 5 f_ =y =5 /0 86 + mh(n) dn
m—1 o0 —
= Z cm,p(ZC,ﬁ_lg'"—l—k/ nkﬁ(n)e_ipndn)e_ipg
1<m=<m, k=0 0
> mp=N
. 3 m—1 —ip§ __ 1 "
_1s;mpdnw<u’h)E 7 _1szs:mpdm’p(u’h)((x—P)m) ©

> mp=N > mp=N
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where ¢, p, dm, p, dm,p are constants depending on p and m. Hence,

dm. p(u, h)
Hy,(h — § Im,pA7 Y
(h)(x) < (x—p)m

> mp=N

(2-2)

and rk(H,) < N.

Let us now prove (ii). Assume that rank(H,) = N, so the range of H,, Ran H,, is a 2N -dimensional
real vector space. As H, is C-antilinear, one can choose a basis of Ran H,, of eigenvectors of Hy, in the
following way:

{vl,ivl,...,vN,ivN;Hu(vj)=kjvj,)»j >0,j=1,2,...,N}
Let wi = vA vi. If h € L2, then by Parseval’s identity we have
J jVj + y y

N

N N N
Hy(h) =) (Hu(h), v)v; + ) (Hu(h),ivj)ivy =27 (Hu(h), vj)v; =2 ) (Hu(vj), 1)v;
j=1 j=1 ji=1 j=1
N

N N | o _
= 22 (Ajvj, h)v; = 22 (wj, hHw; = p Z(/(; Wi (mh(n) dn)wj'
j=1 j=1 J

=1

Consequently,
— 1 oo = 1 N 0 =
FLE) = 5 teso [ 06+ mhdn =~ 1es0 D" [ iy iy €t di,
0 4 =170
and hence,
0 N _
teso [ (f:(s + n)—zzwj(mwj@)h(n) dn =0,
j=1

for all /1 € L3 . Therefore, for all £, 7 > 0, we have

N
A +m) =2 w;(mw; ). (2-3)

j=1

Let L > 2N + 1 be an even integer and let ¢ be the probability density function of the chi-square
distribution defined by

—Lap (LY ewim-1,-82
¢(%‘)={2 Lzr(z) ELID=1,-8/2 jfg >0,
0 if£ <0,

where I is the gamma function. Then, its Fourier transform is

P(x) = (142ix)~ /2.
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Notice that ¢ € H™ (R) since

ol = [ ol

which is convergent if and only if 2N — L < —1.
Let (0, ¢) = [ 0(x)¥(x) forall 6 € HN(R) and ¥ € H" (R). Consider the matrix Ag defined by

Dy, @) (@), ) - (BN, ¢)
(D2, @) (D)) - (B, )

Dy, @) (D, ¢) - (DN, ¢)

Since rk(A44) < N, it results that there exists (co, ¢1....,cn) 7# 0 such that
N
< > ckwj‘k),¢> =0
k=0

forall j =1,2,..., N. Then, since supp ¢ C [0, c0) and by (2-3), we have for all n > 0 that

N N N fore]
> (i @@ s n), = - (i ®E+n.0©), = Yo -DFer [ e+ e @
k=0

k=0

b

H)
7= -

o N
Ve [ (3 i )00 ©)de

0 0 =

i (1) Z k(9 ©). €)= 0

=
Il

I
Mz

-
Il
—_

Set T = N= cxi® . Then T € H~N and supp T € [0, 00). We have just proved that for all > 0
k=0

eix(E—m)
0=(Tot-n) = [ T@sE-nds = [ e | T pmdx)ae
—ixn —ixn
zx& _ agi—1 €
[R (/ TOE) /RJ" T ™
Seting R(x) := ———~% ' T(x), we have Re HL2=N(R) c H'/?(R) and

(1+2zx)L/2

0= / R(x)e™™Mdx = R(n) forall n>0.
R

Thus supp RC (—o00, 0]. By the definition of R, (1 — 2D5)L/21§(§) = T'(£). Since the left hand-side is
supported on (—o0, 0] and the right hand-side is supported on [0, c0), we deduce that supp 7 C 0. In
particular, 7jg~ o = 0. This yields that il ¢ ¢ is a weak solution on (0, 00) of the linear ordinary differential



388 OANA POCOVNICU

equation

N
> av® @) =o.

k=0

Then, by [Hormander 1990, Theorem 4.4.8, p. 115], we have ét|¢~¢ € CN((0,0)); further, Ujg=o is a
classical solution of this equation, and therefore it is a linear combination of terms

gm—l eqé’

where ¢ € C is a root of the polynomial P(X) =) ,]2;0 cx X* with multiplicity mg, 1 <m < mg, and
> ¢ Mg = N. Note that we must have Re¢ < 0, because u € Li([R). Therefore we will set ¢ = —ip,
with Im p < 0, and obtain that #(&) is a linear combination of terms £~ 'e~"P§ for & > 0. By the
hypothesis u € Li(lR), we obtain #(§) = 0 for £ < 0. Hence, for all £ € R, #(€) is a linear combination
of (x —p)™)"(§), with 1 <q <mgyand ) mg = N. Thus u € M(N’) for some N’ < N.If N' < N,
implication (i) above yields rk(H,) < N’, contradicting our assumption. In conclusion, u € AM(N).
Finally, when u € M(N) we have rk(H,) = N and (2-2), and thus (2-1) follows. O

As a consequence of (2-1) we make the following remark.

Remark 2.2. If u € M(N), then u € Ran H,,.

3. Spectral properties of the operator A, for a traveling wave u

Let us first recall the definition and the basic properties of the generalized wave operators, which are the
main objects in scattering theory. We refer to [Reed and Simon 1979, Chapter XI] for more details.

Let A and B be two self-adjoint operators on a Hilbert space #. The basic principle of scattering
theory is to compare the free dynamics corresponding to e 4% and e 8. The fact that e /B¢ “looks
asymptotically free” as t — —oo, with respect to A, means that there exists ¢4 € # such that

lim [le™'¢ — gy =0,
—>—00
or, equivalently,
lim [le™ e Py —gy|| =0,
—>—00
Hence, we reduced ourselves to the problem of the existence of a strong limit. Let #,.(B) be the
absolutely continuous subspace for B and let P,.(B) be the orthogonal projection onto this subspace. In
the definition of the generalized wave operators we have ¢ € Ho.(B).
We say that the generalized wave operators exist if the following strong limits exist:

QT (4, B)= lim e "B P, (B). (3-1)
t—Foo
The wave operators 2% (A4, B) are partial isometries with initial subspace #,.(B) and with values in

Ran Q¥ (4, B). Moreover, Ran Q* (4, B) C H,c(A). If Ran Q¥ (A4, B) = #,.(A4), we say that the
generalized wave operators are complete. Lastly, we note that

AQE (A4, B) = QT (4, B)B. (3-2)
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Lemma 3.1. Ifu € H_}_/z is a traveling wave, then u € H3 (R) for all s > 0. In particular, by Sobolev
embedding theorem, we have u € L?(R) for 2 < p < o0.

Proof. Because u € H'/2(R), the Sobolev embedding theorem yields u € LP(R), for all 2 < p < oc.
Therefore |u|?u € L?(R) and thus IT(|u|?u) € Li. Using equation (1-4), namely
cDu + ou = T(Jul?u),

we deduce that Du € Li. Consequently, u € H}r and by Sobolev embedding theorem we have u € L*°(R).
Then u? Dii, |u|?> Du € L?(R). Applying the operator D to both sides of (1-4), we obtain D?u € L*(R)
and hence u € H_|2_. Iterating this argument infinitely many times, the conclusion follows. O

Proposition 3.2. Let u be a traveling wave. Then, (A, +1i)~' — (D + i)~ is a trace class operator.

Proof. We prove first that for all f € L?(R), the operator (D +i)~! f, defined on L?(R) by
(D+i)" f)h(x) = (D+ i) (S ) (x)

is Hilbert—Schmidt. Denote by % the Fourier transform. In view of the isomorphism of L?(R) induced
by the Fourier transform, (D +i)~! f is a Hilbert—-Schmidt operator if and only if F(D +i)~! f is one.
The latter is an integral operator of kernel

KE.n=5- ng(S ).

Indeed,
1 1 « .
D+ DO = 5= 5 06 = 5 [ s Fe—mindn= [ Keenion dn.

Therefore, it is Hilbert—Schmidt if and only if K(&,n) € L; n(R x R). By the change of variables
nt ¢ =§&—n we have

IKEDIZ, = 2/52 [ @rac=ciri. <.

Hence (D + i)~ f is a Hilbert—Schmidt operator and so is f(D + i)™, its adjoint. According to
Lemma 3.1, u € L°°(R) and thus |u|?> € L?(R). Taking f = |u|?> and f = u, we conclude that the
operators (D + i)~ u|?, (D +i)"'u, and it(D +i)~! are all Hilbert—Schmidt.

We write

(Ay+i) ' =D+ =D +i)" (D= Au)(Ay +i)"
= LD+ ) Ty (du+i) !

- %H(D +0)ulP A+ )7 =LA, + )7

where L = %H(D +i)7!u|?. Note that L is a Hilbert—Schmidt operator since it is the composition of
the bounded operator LT : L2(R) — L2 with the Hilbert-Schmidt operator (D +i)™!|u|?. Finally, we
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write, using the latter formula twice
(Au+i)7 = (D+i) = LL(Au+ )7 + (D +)7
—LoLo(Adu+i)"+ %H(D + i) uod(D+i)".
We obtain that (A4, +i)~! — (D +i)~! is a trace class operator since the composition of two Hilbert—
Schmidt operators is a trace class operator. O

Corollary 3.3. If u is a traveling wave, the wave operators Q* (D, Ay) exist and are complete.

Proof. This easily follows from Kuroda—Birman theorem [Reed and Simon 1979, Theorem X1.9]: Let A
and B be two self-adjoint operators on a Hilbert space such that (A +i)~' — (B 4+ i)~ is a trace class
operator. Then Q% (A, B) exist and are complete. O

Corollary 3.4. If u is a traveling wave, then o,c(Ay) = [0, +00).

Proof. Since Q¥ (D, A,) are complete, it results that they are isometries from #ac (A ) onto Hae (D) = Lﬁ_.
By (3-2), we then have

QT (D, A “1pQ*(D, A

Al any = ) e )] ) e )

Consequently, 0,c(A4y) = 0ac(D) = [0, +00). O
Our main goal in the following is to prove that #,.(A,) C Ker H,. As we will see below, it is enough

to prove that [QF (D, Ay) H |(9ac(Au)) = 0.

Lemma 3.5. H), is a Hilbert—Schmidt operator on L < (R) of Hilbert=Schmidt norm

1
Ul g1/2.
Nl

Proof. Denote by || T'|| s the Hilbert—Schmidt norm of a Hilbert-Schmidt operator 7. By (2-2), we have

(&) = 5 1ezo /0 8 + mh(y) dn.

Then, we obtain

Hu<h>(x>=% ] e + e and

4712 (f f e W”u@ﬂ)dndé)h(y)dy

Using the fact that the Hilbert—Schmidt norm of an operator is equal to the norm of its integral kernel,
Plancherel’s formula, and Fubini’s theorem, we have

Lk
s [ [ i+ anag - ;2 [T o acag

- [T ([ ae)aoras= 5 [ oaopas= Ly, o

1 1
2 N 2
||Hu(h)||HS = W = ?“152017720“(5 + 7))||L5 )
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Lemma 3.6. Ker Hu2 = Ker H,,. Moreover, if Ran H, is finite-dimensional, then Ran Hu2 = Ran H,,.

Proof. Let f € Ker H?2. Then, by (1-7) and the fact that (H, (1), ha) = (Hy(hs), hy) forall hy, hy € Li,
we have

||Huf||i2 =(Huf, Hy f) = (Huzfv f)=0,

and thus H,, f = 0. Hence, Ker Hu2 C Ker H,, . Therefore, we obtain Ker Hu2 = Ker H,, since the inverse
inclusion is obvious.

The identity (1-7) yields also Ker H, = (Ran H,)L. Moreover, it implies that H? is a self-adjoint
operator and therefore, Ker H? = (Ran H?2)*. Hence, we obtain

(Ran Huz)J‘ = (Ran Hu)J‘.

Taking the orthogonal complement of both sides, this yields

Ran H? = Ran H,.

If Ran H,, is finite-dimensional, so is Ran Huz, since Ran Hu2 C Ran Hy,. Thus, Ran Hu2 and Ran H,, are
closed. It follows that Ran H?2 = Ran H,,. O

Lemma 3.7. Ifu is a traveling wave, then
Ay H? = H2 Ay, (3-3)
Consequently, if Ran Hy, is finite-dimensional, then A,(Ran H,) C Ran H,,.

Proof. The commutativity relation (3-3) is a consequence of identity (1-10). The second statement then
follows by Lemma 3.6, Ran H? = Ran H,,. O

It is a classical fact that if A and B are two self-adjoint operators on a Hilbert space ¥ such that
AB = BA, then B(¥,.(A)) C ,.(A). For completeness, we prove this here in the case of 4, and H2:

Lemma 3.8. Huz%ac (Au) C %ac(Au)-

Proof. As we will see below, the inclusion follows if we prove that u H2p K M for all ¢ € L2, where

the H2¢ and (14 denote the spectral measures of Hbfqﬁ and ¢ with respect to the operator A4,.
Let £ C R be a measurable set and / = 1g. By (3-3) and the Cauchy—Schwarz inequality we have

Hp2e(E) = fR fdpgpg = (H ¢, [(A)H;$) = (Hi¢, Hy [(Au)¢) = (H;$, [(Au)$)

< V([ (Ao, fADDIH 9l L2 = V(@ [(AD I Hi 2 = \/ 1o (B H 2.
Therefore, 29 K Hg- Denote by m the Lebesgue measure on R. If ¢ € #,c(A4y), then gy < m and
thus Mgz < m. Hence, H2%,c(Ay) C Hac(Ay). O
Proposition 3.9. If u is a traveling wave, then ¥#,.(A,) C Ker H,.

Proof. It is enough to prove that [ (D, Ay) HZ |(#ac(Ay)) = 0. If this holds, then HZ(9€ac(Au)) =0
since Huz%aC(Au) C Hae(Ay) and QT (D, 4,) is an isometry on #,.(A4y). Therefore, #,.(A,) C
Ker Hu2 = Ker Hy,.
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First note that
HueiID — eitDHr[(u)v (3_4)

where 7, denotes the translation t,u(x) = u(x —a). Indeed, for f € L2, passing into Fourier space, we
have

(Hie'™ 1)) =120 (e 7)€ = 5 teso [ a6 —me™ i
= 5 Tezoe® [ e~ EMiae—n) () dy = Lezoe™ (r@) ] ) ©)
= Lgzo(e"P (w@) )" (&) = (¢'P Hy /) ©)-
By Lemma 3.8, (3-3), and (3-4), we have for all [ € #,.(A4,)
eitDe—itAu PacHuzf — eitD —itAy Hzf ztDHz ztAuf — eitDHuHue—itDeitDe—itAuf
=P H,e” ”DH,_t(u)e”De_”A“f H2 t(u)e”De_”A” P..(Ay)f.

We intend to prove that H2 (u)e”De_”A“ Py (Ay) f tends to O in the Li—norm as t — —o0. From this,

we conclude that QT (D, AM)HM2 J = 0. Since, by Lemma 3.5, H;_, () is uniformly bounded, it suffices
to prove that Hy_, (,ye''Pe™1"4u P,.(A4,) f tends to 0. We have

H Hf—t(u)eitDe_itAu Pac(AM)fHLﬁ_

< | He (e Pe " 4 Poo(Aw) f — QT (D, A) ) !}Lz + 1 He_ @2t (D, Au) [ 2

= \/—IlullHl/zHe”D e Pe(Ay) f —QF(D, Au)fHLz +f u(x +0)P1QF (D, Aw) [ ()] dx
(3-5)

The first term on the last line converges to 0 by the definition of the wave operator QT (D, 4,). Since u
is a traveling wave, we can write

ue () H' R) C CFH(R),

§>0

where C%(R) is the space of functions f of class C*° such that hm D f(x) = hm D¥f(x)=0
forall k € N Therefore, for arbitrary fixed x, we have

lim 7—;(u)(x)= lim wu(x+1¢)=0.
——00 —>—00
Note also that
u(x + 012 127D, Au) f ()P < [ul|7oo |7 (D, A) f(x)[?

for all x € R. Thus the last term in (3-5) converges to 0 by the dominated convergence theorem. This
shows that [Q7(D, 4,) H2](¥ac(44)) = 0. O
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4. Classification of traveling waves

Lemma 4.1. There are no nontrivial traveling waves of velocity ¢ = 0 in L%r([R).

Proof. Let u be a nontrivial traveling wave of velocity ¢ = 0. Then, (1-4) gives IT(|u|?>u) = wu. Taking
the scalar product with e?$*u(x), where & > 0, we obtain

F(lul* —olu*)(E) =0,

where & denotes the Fourier transform. Since |u|* — w|u|? is a real-valued function, we have that the last
equality holds for all £ € R. Thus |u|* — w|u|> = 0 on R and therefore u(x) = 0 or |u(x)|*> = > 0, for
all x € R. Since the function u is holomorphic on C., its trace on R is either identically zero, or the set
of zeros of u on R has Lebesgue measure zero. In conclusion, we have |u|?> = w > 0 a.e. on R and thus u
is not a function in Li(IR). |

Lemma 4.2. If u € H3 for s > % and v € Ker Hy,, then uv € Li. Moreover, if u € L°°(R), then
T, 2v = lu|?v.

Proof. Indeed, 0 = H,(v) = I1(uv) and thus uv € Li. Furthermore, since u, itv € Li, we obtain
Tjypv = H(uuv) = lu|?v. |
Lemmad4.3. Letu € HY,s> % be a solution of the cubic Szegd equation (1-2). For the Cauchy problem

{iatr/f =lu@®)y
V=0 = Yo,
if Yo € Ker Hy (o), then ¥ (1) € Ker Hy ) for all t € R.

(4-1)

Proof. Let us first consider

{iatlﬁl = Tiu@)2 V1
Vile=0 = Yo.
Using the Lax pair structure, we have

0r Hu (Y1) = [Bu, HulYy + Hudo ¥y =[5 Hy =i Tjyp, HulYi + Hu(=i Tjy291)

= —iﬂu|2Hulﬂ1 —l'HuT|u|2W1 + iHuj—]u|21ﬂ1 = —l'T|u|2Hulﬂ1.
The solution of the linear Cauchy problem
{atHu(Wl) = _iT|u|2Hu1/’1,
Hy(y1(0)) =0

is identically zero: H,)¥1(¢) = 0 for all 7 € R. Consequently, ¥1(¢) € Ker H,(;), and by Lemma 4.2
we obtain 7}, 291 = |u|2v1. In conclusion, ¥ (1) = 1 (¢) € Ker Hy ). |

The space Ker H), is invariant under multiplication by e'®* _for all @ > 0. Indeed, suppose /" € Ker H,,.
Then (u /)" (&) = 0, for all £ > 0 and

(Hu(e'** 1)) &) = (e7**uf) ) = @) E+a) =0,

for all £, @ > 0. Hence, ei"‘xf € Ker H, for all « > 0.
One can then apply the following theorem to the subspaces Ker Hy,,.
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Proposition 4.4 [Lax 1959]. Every nonempty closed subspace of Li that is invariant under multiplication
by €%~ for all a > 0 is of the form FL2_, where F is an analytic function in the upper-half plane, | F(z)| < 1
forall z € C4, and | F(x)| = 1 for all x € R. Moreover, F is uniquely determined up to multiplication by
a complex constant of absolute value 1.

We deduce that Ker H,, = ¢L>%, where ¢ is a holomorphic function in the upper half-plane C.,
satisfying [¢(x)| =1 on R and |¢(z)| <1 forall z € C4.

Functions satisfying the properties in Proposition 4.4 are called inner functions in the sense of Beurling
and Lax. A special class of such functions is that of Blaschke products. Given A; € C such that for all j

ImA;
ImA; >0 and — <0,
! ; 1442
the corresponding Blaschke product is defined by
zZ—Aj A2+1]
B(z) = gi——2 where g; = —4— 4-2)
@ l]_[ jz—)»j Y

(by definition ¢; = 1 if Aj = 1).

Inner functions have a canonical factorization, which is analogous to the canonical factorization of
inner functions on the unit disk; see [Rudin 1974, Theorem 17.15] or [Nikolski 2002, Theorem 6.4.4].
More precisely, every inner function F can be written as the product

F(z) = AB(z)e'¥ exp(i/ L+ez

R [—2Z

dv(t )) : (4-3)
where z € C4, A € Cwith |A| =1, a >0, B is a Blaschke product, and v is a positive singular measure with
respect to the Lebesgue measure. In particular, the inner function ¢ has such a canonical factorization.

Proposition 4.5. Let u be a traveling wave and denote by ¢ an inner function such that Ker H,, = ¢Li.
Then, ¢ satisfies the following equation on R:

D¢ = Juo|*¢. (4-4)
Proof. Since u(t, x) = e~'®"ug(x — ct), we have Hy(y) = e '*" 1oy HyyT—cr. Thus,
Ker Hy(r) = t¢r Ker Hyy = 14 (¢)Li.
Let f € Li and let Yo = ¢f € Ker H,,, be the initial data of the Cauchy problem (4-1) in Lemma 4.3.
We then have ¢e_if(§ |”(s)|2dsf € Ker Hy, (). Therefore,
pe il W®Pds 2 1 (g)L2 (4-5)

Conversely, by solving backward the problem (4-1) with the initial data in rc,(q))Li at time ¢, up to the
time ¢ = 0, we obtain

—7 t 2
TCI(¢)L%|_ C ¢e ifo lu(s)] dsLi—

and thus, the two sets are equal.
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Let us first prove that ¢; := ¢e_if(§ u($)I*ds i an inner function. Note that ¢ is well defined on R and
its absolute value is 1 on R. Consider the function defined by /4 (x) = ¢¢(x)/(x + i) for x € R. Since
he Li, we can write using the Poisson integral that

h(z):%/oo Im z hx) dx

—00 |z —x|?

for all z € C4+. Then,
o0 —
zh(z) = l/ Imz xh(x) —/ (Z X)h(x) dx.
s

oo |Z—x|2 |z—x|2

o0
/ Imzfl(x) d
oo Z—Xx

By the residue theorem and using the fact that the function /2/(z — x) is holomorphic on C4, we have
that this integral is zero and thus

Note that the last integral is equal to

zh(z) = %/‘00 Imz xh(x) dx.

—00 |Z -X |2
Therefore, we can use the Poisson integral to extend ¢ to C4 as a holomorphic function.

1 [ (x—l—z)h(x) 1 [ o (x)
;/_OOI |z —x|? dx_;/_OOIm |z —x|?

¢1(2) = (z+Dh(z) =

dx. (4-6)

Moreover,

1 [® 1
|¢:(z)ls;[ Imz——dx =1,

—00 |z —x|?

for all z € C4. Hence ¢; is an inner function.

Since t¢;(¢) and <;Se_”f(§ u()I*ds yre inner functions and
pe WP L2 — () L2,
Proposition 4.4 yields the existence of a real-valued function y such that y(0) = 0 and
pe i fo &P ds _ o ()17 ),
Taking the derivative with respect to ¢, we obtain that ¢ satisfies the equation
eD(x) = [u(t, x + c)P$(x) + 7 ()¢ (x).

for all ¢ € R. Since u is a traveling wave, we have |u(f, x + ct)| = e 7/ uy(x)| = |uo(x)|. Then we
deduce that y(¢) = k and hence y(t) = k¢, for some k € R. Therefore,

¢D¢ = (|uo|* + k)¢. (4-7)



396 OANA POCOVNICU

We prove in the following that £ = 0. First, note that IE‘ > 0. The function ¢uo € Ker H,, and by
Lemma 4.2, we have |uo|?¢ = 1o (uop) € L%r. If k /c is negative, setting x := %|u0|2¢ € Li and passing
into Fourier space, we have

$() = X(E) 1[0,00) (&)

Ek/

This implies that ¢ € L2 , contradicting |¢(x)| = 1 for all x € R.
Let us now prove that k/c = 0. Let h € Li be regular. Then ¢/ € Ker H,,, and by (4-7) we have

Auy@h) = (D = Lo ) @h) = (D — Luol?) ) + hDg = ¢ (D + ).
Denoting by 1144 (Au,) the spectral measure corresponding to ¢/, we have
[ Fanon=@h. s tu)oh) = (oh.or (D + E)h) = (n (D +5)n)
=50 [ e Byi@ras= o [ o fi(n-5)[an

Consequently, supp jgp(Ay,) C [k/c, +00). By Proposition 3.9, we have #,.(Ay,,) C Ker Hy,, and
therefore

k
Oac(Aug) = U Supp iy C U Supp Ugn C [? OO)-
Y E€Huc (Auy) ¢heKer Hy,,
Since, by Corollary 3.4, 0ac(Ay,) = [0, 00), this yields k = 0. |

Proposition 4.6. All traveling waves are rational functions.

Proof. We first prove that ¢ is a Blaschke product.
Since ¢ is an inner function in the sense of Beurling and Lax, it has the canonical decomposition

t ) (4-8)

where z € C4, A is a complex number of absolute value 1, @ > 0, B is a Blaschke product having exactly
the same zeroes as ¢, and v is a positive singular measure with respect to the Lebesgue measure.

Because ¢ satisfies (4-4) and ug € L°°(R), we obtain that ¢ has bounded derivative on R and hence it
is uniformly continuous on R. Then, since ¢ satisfies the Poisson formula (4-6), it follows that

¢ (z) = AB(z)e'%* exp(i/R ll—i__ :

P(x +ie) > P(x), ase —0,

uniformly for x € R. Since ¢ is uniformly continuous on R and since |¢(x)| = 1 for all x € R, we
deduce that the zeroes of ¢, and hence those of the Blaschke product B as well, lie outside a strip
{ze€C;0 <Imz < gqy}, for some gy > 0. Therefore, we have

p(x+ie)  $wx)
B(x +ig) B(x)

ase—0
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uniformly for x in compact subsets of R. Taking the logarithm of the absolute value and noticing that

|¢(x)/B(x)| = 1, we obtain
&
a0

uniformly for x in compact subsets in R. In particular, for all § > 0 there exists 0 < &; < g¢ such that for
all 0 < & < &7 and for all x €0, 1], we have

x+e

1 € €
Zv([x—s,x +¢]) < /x_e —(x—t)2 e dv(t) < /[R —(x—t)2 e dv(t) <46.

Taking ¢ = 1 g1 with N € N*, we obtain

N =
N—1

v([0,1]) = v( U [% "T“D < Né% —5.
k=0

In conclusion, v([0, 1]) = 0, and one can prove similarly that the measure v of any compact interval in R
is zero. Hence v = 0.

Consequently, ¢ (x) = AB(x)e!?* for all x € R. On the other hand, because ¢ satisfies (4-4), we have
¢ (x) = $(0)e@/)Jo 10l and, in particular, limy—eo ¢ (x) = $(0)e@/) S~ ol Since limy 00 B(x) =
1, we conclude that ¢ = 0. Substituting ¢ = AB (4-4), we obtain

Then

I J_oo B(x)

Computing this integral, we obtain that
1 [*° B'(x) ©  ImAj
- dx =2 —dx=2
A DY v LD W

and thus it is finite if and only if B is a finite Blaschke product, B(x) = ]_[JN=1 &j A
We prove that the traveling wave u is a rational function. We have X

Ker H, = ¢L5 = BL3.

N
SetY := spanC{ 11 } ; we show that BL?|r =Y. Indeed, f € Y1 if and only if

ili=

16 =5 [ F@ras = (7.8 = (£ —=) =0,

X—)\.j

if and only if there exists /1 € Li such that f = Bh. Hence Ker H, = Y. This yields Ran H, = Y.
By Remark 2.2 it follows that u is a rational function. More precisely, u € Ran H, =Y. O

Proposition 4.7. If u is a traveling wave, there exists A > 0 such that H?u = \u.
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Proof. According to Remark 2.2, since u is a rational function, we have u € Ran H,,.

Secondly, u satisfies the equation of the traveling waves (1-4), which is equivalent to A4, (u) = —Zu.
Therefore, u is an eigenfunction of the operator 4, for the eigenvalue —w/c. Applying the identity
(1-10),

10} |
AyH, + H, A, + ?Hu + EH” =0,
to u and then to Hy,u, one deduces that A, H>u = —%Hlfu. Therefore, the conclusion of the proposition
follows once we prove all the eigenfunctions of the operator A, belonging to Ran H,, corresponding to
the same eigenvalue, are linearly dependent.

Let a be en eigenvalue of the operator 4,, and let i1, ¥, € Ker(4, —a) NRan H,. Since u is a rational
function, by the Kronecker type Theorem 2.1, ¥y and i, are also nonconstant rational functions. Then,
one can find o, 8 € C, («, B) # (0,0), such that ¥ :=ay; + By, = O(ﬁ) as x — 0o. Moreover, we

have ¥ € L1(R), xy € L?(R), and thus we can compute A, (xV/).
Passing into Fourier space we have

(x/)(E) = i (/) 1ez0 = 105 (f1g=0) —i f (§)8g=0 = XTLF () — i £ (0)8¢—o.
for all f € L'(R). Thus, we obtain IT(x ) = xT1(f) + ﬁf'(O) for all f € L'(R). We then have
Ao =5 Au) + 7 = 5 [ lulv

and therefore, since A,V = ay,
1 1
Auey) =axy+ =5 [Py (4-9)
i 2cmi Jg

Since xy € Ran H, and A,(Ran H,) C Ran H, by Lemma 3.7, we have A, (xV¥) € Ran H, C L>(R).
The constant in (4-9) is zero because all the other terms are in L2(R). Then we have

1
(Ay—a)(xy) = ITW- (4-10)
Applying the self-adjoint operator A, —a to both sides of (4-10), we obtain (A4, —a)*(xv¥) = 0 and

1(Au —a)(x¥) |12, = ((Au —a)(x¥). (Au — a)(x¥)) = ((Au — a)* (x¥), x¥) = 0.

Thus, (4, —a)(x¥) = 0. In conclusion, by (4-10), ¥ = 0 and therefore all the eigenfunctions belonging
to Ran H,, corresponding to the same eigenvalue a, are linearly dependent. O

Proof of Theorem 1.2. Since u € Ran H,,, there exists a unique function g € Ran H,, such that u = H,(g).
By Proposition 4.7, it results that H,(u#) = Ag. Applying the identity (1-10),

w 1
AuHy + HyAu + — Hu + ZH,f =0,
to g and using A,u = —%u, one obtains

Hu<Aug + %g) —0.
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Since A, (Ran H,) C Ran H,, we have

A
Ayg + —g €Ran H, NKer H,.
c
Therefore, A,g + %g = 0, which is equivalent to
cDg—Typ28+2rg =0.

We next find a simpler version of this equation, in order to determine the function g explicitly. Note
that ii(1 — g) € L2, since it is orthogonal to each complex conjugate of a holomorphic function f € Li:

@(1-g). f)=(f(—g).u) = (fiu)— (f. Hi(g)) =0.
Thus,
T2 (g) = T(Jul?) — TI(|u[*(1 = g)) = Hy(u) — [u]*(1 —g) = Ag — |u|*(1 — g).

Passing into Fourier space and using the fact that |u|? is a real-valued function, one can write
oo —_ o0 . p—— PR
uf = [ e uP@ g+ [ PE) dg = 1ul) + TP,

Therefore |u|?> = Hy,(u) + H, (1) = A(g + g). Consequently, T),p2(8) =A(—g+ g%+ |g|?) and g solves
the equation
cDg—Ag*+Mg+g—1g|*)=0. (4-11)

We prove that g + g —|g|? = 0. First, note that i(1 — g) € L2 , also yields (1 — g) /' € Ker H,, for all
fe Li. Secondly, let us prove that g + g — |g|? is orthogonal to the complex conjugate of all f € Li:

(e+Z—1gP N =(g. N—(f(1-8).) =—(f1—g). $ Hu(w)) = 5 (. Hi(f (1~ 2))) =0.
In addition, since g + g — |g|? is a real-valued function, we have
(g+g—1g> N=(+g—Ig* /H=0

forall f € Li. Therefore, g +g—|g|? is orthogonal to all the functions in L?(R) and thus g+ g—|g|?> =0.
This is equivalent to |1 — g| = 1 on R. Moreover, (4-11) gives the precise formula for g:

r
g(z)= :
z—p
where r, p € C and Im(p) < 0. Thus 1 — g(x) = i:ﬁ for all x € R and
_Z=Pya _ 2
Ker H | =—-—L4 =(1—-g)Ly CKerH,.
z=p z—p
C

Consequently, u € Ran H, CRan H | = .
=p ZI—P
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5. Orbital stability of traveling waves

In order to prove the orbital stability of traveling waves, we first use the fact that they are minimizers of
the Gagliardo—Nirenberg inequality. We begin this section by proving this inequality:

Proof of Proposition 1.5, the Gagliardo—Nirenberg inequality. The proof is similar to that of the Gagliardo—
Nirenberg inequality for the circle, in [Gérard and Grellier 2010b]. The idea is to write all the norms in
the Fourier space, using Plancherel’s identity.

1 .~ 1 ~
A — 1212 _ 2
= ullza = llullz. = 27 H”2HL2 = o /R [u?(&)|” dé.

Using the fact that u € Li and Cauchy—Schwarz inequality, we have

2
IMZ(E)I2 u(n)u(é n) dn <—E/ @(n) 1@ (€ — n)|* dn

fﬂlz(fo ﬂlﬁm)lzm@—n)ﬁdwfo (é—n>|ﬁ<n>|2|ﬁ(s—n>|2dn).

By the change of variables £ — 1 — 7 in the second integral, we have

£
2EP < / nEmI2aE - n)l? dn.
0

2 2

By Fubini’s theorem and change of variables ¢ = £ — n it results that

+o0 +o00
E54_3// nE)*@E )| dndé = — - n|ﬁ(n)|2dn/0 @I de=Lmo.

Equality holds if and only if we have equality in Cauchy—Schwarz inequality, i.e.

u(&)u(n) =u(§ +nu(),
for all &, > 0. This is true if and only if

W(E) = e~ P57(0) forall £>0.

1/2

Since u € H,'", this yields Im(p) < 0 and u(x) = C/(x — p), for some constant C. O

The second argument we use in proving the stability of traveling waves is a profile decomposition
theorem. It states that bounded sequences in Hi/ 2 can be written as superposition of translations of fixed
profiles and of a remainder term. The remainder is small in all the L?-norms, 2 < p < co. Moreover, the
superposition is almost orthogonal in the H_’ /2 horm.

Proposition 5.1 (Profile decomposition theorem for bounded sequences in H |’ 1/ 2) Let {v"},en be a

bounded sequence in H +/ 2 There exist a subsequence of {v" },en, still denoted by {v"}neN, a sequence
of fixed profiles in H+/2, {V(j)}j eN, and a family of real sequences {x(j)}jeN such that for all £ € N* we
have ¢
n_ Z v (x _x’(lj)) + r’sﬁ)’
j=1
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where

lim lim sup ||r,{?| oy = 0
{—00 n—o00

forall p € (2,00), and

L
12, =Y VN2, + kP17, + (1) as n — oo,
j=1
e .
10132 = 2SIV PN + 1O W32 40 asn— oo,
j=1

e}
. nj4 _ ()4
im o7 =D 1V
j=1

The proof of this proposition follows exactly the same lines as that of the profile decomposition theorem
for bounded sequences in H'(R); see [Hmidi and Keraani 2006, Proposition 2.1]. However, note that in
our case, the profiles 4% belong to the space HJlr/ 2 (not only to the space H 1/ 2(R)), as they are weak
limits of translations of the sequence {v" },en.

Proof of Theorem 1.3. According to Proposition 1.5, C(a, r) is the set of minimizers of the problem
inf{M(u); ue H_ilr/z, Q) =gq(a,r), E(u) =el(a, r)},
where

2 4

a a*mw
qla,r)= —n, ela,ry=—-.
r 2r3

We denote the infimum by m(a, r). Since

inf |u’ — — 0,
$eCla.r) o ¢”Hi/2

by the Sobolev embedding theorem, we deduce
O(ug) > qla,r),  E(ug) —e(a.r),  M(ug) - ma,r).
Let {t4}nen be an arbitrary sequence of real numbers. The conservation laws yield

Q" (tn)) > q(a.r), E"(tn)) —e(a.r), M@"(tn)) > m(a.r).

We can choose two sequences of positive numbers {a,} and {A,} such that v"(x) := a,u" (ty, Anx)
satisfies [[v"||L2®) = 1, [[v"||La@®) = 1. Notice that

an —> oo,  An = Aoos

where doo > 0, Ao > 0, and

A A

%’o =e(a,r), %’o =q(a,r).
aOO aOO
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Then

1/2 1/2 1/2 1/2
o 11357 v /1/2 ) 2 N ) 11 2
Y3, = ks

5, = =
Hy [[v"]| 4 [ ()| L4

In particular, as a consequence of the Gagliardo—Nirenberg inequality,

li " g2 = .
nggollv ||HJ1r/2 N

for all n e N.

Thus the sequence {v" }en is bounded in H_ilr/ 2 From the profile decomposition theorem (Proposition 5.1),
we obtain that there exist real sequences {x )} jen depending on the sequence {t, }nen in the definition
of {v"}nen, such that for all £ € N* we have

YD (x —xD) 410

Il
~.
M-
i

where

hm 11msup ||r( )||Lp(R) =0
—00 n—

for all p € (2, 00), and

Y/
12, = > IV, + 11012, + (1) as n — oo,
j=1
y4
o1, 12 = => IVOPR, ks 19113, 12 Fo(l) asn— oo,
j=1

. n4  _ ()4
Tim 0”14, = _§ VDL,
Consequently,

o0 o o0
1239, x=) ||v(”||§ﬂ/2, 1= v, (5-1)
j=1 Jj=1 j=1

Therefore, by the Gagliardo—Nirenberg inequality (1-12), we have

o0 o0
v (Z ||V<f>||iz)(2 ||v<f>||§.,i/z) Z VORIV DIy 2 7 Z VO, =
j=1 j=1

Thus, there exist only one profile V := VD and a sequence x = x™ such that
" =V(x—xn) +ra,
W"I72 =NV IZ2 +lrall72 +o0(1)  asn— oo, (5-2)
10112 =0V gar2 4 rall 2 +0(1) - asn— oo, (5-3)
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According to (5-1), V satisfies 1 > ||V||12}, T > ”V”i']”z’ and ||V||4L4 = 1. In conclusion,
+
w=al|VIga S IWVILIV 2 <7
L4 — L2 Hj_/z — .
Hence, V' is a minimizer in the Gagliardo—Nirenberg inequality. Moreover,
IVIZ2=1= 10"z VI == Jim 1.
By (5-2) and (5-3), we have r, — 0 in H_}_/z as n — oo. Consequently, v"*(- + x,) — V in H_}_/z, or

equivalently,
lim Ha,,u" (tn, Anx) =V (x — xp) HHI/Z =0.
n—>oo +

We then have

lim
n—oo oo Moo

1 — XuA
u"(tn,X)——V(m)H o,
HY

Notice that, since V is a minimizer in the Gagliardo—Nirenberg inequality, we have

P(x) = QLV(L) - Y cCar).

00 Aoo X—=p
Then, since x,Ao0 € R, we have ¢(x) = @(x — Xnhoo) = iﬁ € C(a,r). Thus,
inf  |u"(t,, x) —P(x — 0, as n — oo. 5-4
pent " ) =9 (0173 (54
The conclusion follows by approximating the supremum in the statement by the sequence in (5-4) with
an appropriate {f, }neN- O
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SCATTERING THRESHOLD FOR THE FOCUSING NONLINEAR
KLEIN-GORDON EQUATION
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We show scattering versus blow-up dichotomy below the ground state energy for the focusing nonlinear
Klein-Gordon equation, in the spirit of Kenig and Merle for the H' critical wave and Schrodinger
equations. Our result includes the H! critical case, where the threshold is given by the ground state for
the massless equation, and the 2D square-exponential case, where the mass for the ground state may be
modified, depending on the constant in the sharp Trudinger—Moser inequality. The main difficulty is the
lack of scaling invariance in both the linear and the nonlinear terms.
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A table of notation can be found on page 458.

1. Introduction

The problem and overview. We study global and asymptotic behavior of solutions in the energy space
for the nonlinear Klein—Gordon equation (NLKG):

i—Au+u=f'w, u:RT SR (deN), (1-1)

where f : R — R is a given function. Typical examples that we can treat are the power nonlinearities in
any dimension:

fu) = AMulPT? Q. <p+2=<2% A1>0), (1-2)
where 2, and 2* respectively denote the L2 and H' critical powers
4 2+ ——= ifd =3,
S = L (1-3)
d 00 ifd <2,

MSC2000: 35L70, 35B40, 35B44, 47J30.
Keywords: nonlinear Klein—Gordon equation, scattering theory, blow-up solution, ground state, Sobolev critical exponent,
Trudinger—-Moser inequality.

405
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and the square-exponential nonlinearity in two spatial dimensions:
f@) = MulPe M, (d =2, p>4, 120, >0), (1-4)

which is related to the critical case for the Trudinger—Moser inequality. The equation conserves (at least
formally) the energy

ja|? + | Vul® + ul?

> — f(u)dx. (1-5)

E(u;t) = E(u(@),u(t)) = /Rd

The main goal in this paper is to give necessary and sufficient conditions for the solution u to scatter,
which means that u is asymptotic to some free solutions as ¢t — 300, under the condition that u has less
energy than the least energy static solution, namely the ground state. In the defocusing case, where f has
the opposite sign, one has the scattering result for all finite energy solutions, see [Brenner 1984; Ginibre
and Velo 1985a; Nakanishi 1999a; 1999b; 2001; Ibrahim et al. 2009]. In the focusing case, it turns out
that the solutions below the ground energy split into the scattering solutions and the blow-up solutions (in
both time directions in both cases). Such results have been recently established for many other equations
including the nonlinear wave equation (NLW), the nonlinear Schrodinger equation (NLS), the Yang—
Mills system and the wave maps, since Kenig-Merle’s [Kenig and Merle 2006] on NLS with the H'!
critical power (i.e. p +2 = 2* in (1-2)); see [Akahori and Nawa 2010; Céte et al. 2008; Duyckaerts
et al. 2008; Kenig and Merle 2008; Killip et al. 2008; 2009; Krieger and Schlag 2009; Sterbenz and
Tataru 2010; Tao 2008a; 2008b; 2008c; 2009a; 2009b].

To be more precise, let us recall the result by Kenig and Merle for the critical nonlinear wave equation

i—Au=f'(w), f@)=lu*. (1-6)

Let E© (1) be the conserved energy, and Q be a static solution with the least energy:

0) |6|% + |Vul|? w4
EOw = [ FEE s s 0 = R Ca

Kenig and Merle [2008] proved that every solution with E (0) (u) < E (0)(Q) scatters in the energy space
as t — oo, provided that |Vu(0)|;2 < |[VQ]|;2, and otherwise it blows up in finite time both for
t > 0 and for ¢ < 0. The idea of their proof is to bring the concentration compactness argument into
the scattering problem by using space-time norms and the concept of a “critical element”, that is, the
minimal non-scattering solution.

The equations in those papers following Kenig and Merle have a common important property—the
scaling invariance. It is further shared with the solution space (either the energy space or L2, i.e. the
critical case), except for the NLS with a subcritical power [Duyckaerts et al. 2008; Akahori and Nawa
2010]. The scaling invariance brings significant difficulties for the analysis, but also a lot of algebraic or
geometric structures and simplifications. Hence it is a natural question what happens if the invariance is
broken in the linear and the nonlinear parts of the equation. This is the main technical challenge in this
paper.

The dichotomy into the global existence and the blow-up has been known long before the scattering
result of Kenig and Merle, under the name of “potential well”, defined by derivatives of the static energy
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functional. More precisely, Payne and Sattinger [1975] proved on bounded domains the dichotomy into
blow-up and global existence for solutions below the ground energy, by the sign of the functional

Kiou) = / |Vul? + |u|* —uf'(u) dx. (1-8)

It is easy to observe that their argument applies to the whole space R? as soon as one has the local
wellposedness in the energy space. Hence our primary task is to prove the scattering result in the region
of global existence. Then our first problem due to the inhomogeneity is that the above functional K o
is not suited for the scattering proof, though it is useful for the blow-up and global existence. More
specifically, we want to use the functional

Kaa0)i= [ 2090l + dlus @)~ 2/ @] dx, (1-9)

which is related to the virial identity. There is actually a one-parameter family of functionals, corre-
sponding to various scalings, each of which defines a splitting of the solutions below the ground energy
by its sign. For example, Shatah [1985] used another functional

d—2 d .
Ko,1(u) == / T|vu|2+ 5|u|2—df(u) dx, (1-10)

to prove the instability of the standing waves. Note that in his proof the instability is not given by blow-
up in the region Ko ;(u) < 0. More recently, Ohta and Todorova [2007] proved blow-up in the region
K4.—>(u) <0, but they need radial symmetry for the powers p close to 2*.

The special feature of the critical wave Equation (1-6) is that those functionals are the same modulo
constant multiples, which is exactly due to the scaling invariance. For the NLS with a subcritical power
[Duyckaerts et al. 2008; Akahori and Nawa 2010], the functionals are different from each other, but the
situation is much better than NLKG, because they contain only two terms (without the L? norm), the L?
is another conserved quantity, and the virial identity is used both for the blow-up and for the scattering,
while K o is not so useful for NLS.

It turns out, however, that those algebraically different functionals for NLKG define the same splitting
below the threshold energy. This observation does not seem to be well recognized, but it is indeed crucial
for the proof of the dichotomy, since we need different functionals for the blow-up and for the scattering.

One interesting feature resulting from the breakdown of the scaling is that, for some nonlinearity,
the energy threshold is not given by the ground state of the original NLKG, but by that of a modified
equation. More precisely, for the H! critical power (p + 2 = 2*) in three dimensions or higher, the
threshold is given by that of the critical wave equation, or massless Klein—Gordon equation. This can be
expected because the concentration by the critical scaling makes the L? norm vanish while preserving
other components, namely the massless energy. However the transition from the Klein—Gordon to the
wave requires some effort in the scattering proof.

We find another instance of mass modification, which is more surprising. That is in two dimensions
and for nonlinearities which grow slightly slower than the square exponential e|”|2, where the mass for
the threshold ground energy can change to any number between 0 and 1, depending on the constant
in the sharp (L?) Trudinger-Moser inequality. Thus we prove the existence of extremizers as well as
the ground states with mass less than or equal to the sharp constant, which also seems new for general
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nonlinearity on the whole plane. For the existence of the ground state on bounded domains, we refer to
[Figueiredo et al. 1995; Adimurthi 1990; Adimurthi and Struwe 2000]. One should be warned, however,
that the situation on the whole plane is different from that on disks, unlike the higher dimensional Sobolev
critical case, since here the concentration compactness has to be accompanied with a leak of L? norm
to the spatial infinity. This will be discussed in [Ibrahim et al. 2011].

It is worth noting that the scattering result in the focusing exponential case is actually easier to
obtain than in the defocusing case, concerning the global Strichartz estimate. This is because the
(mass-modified) ground energy threshold implies that our solutions are in the subcritical regime for
the Trudinger—Moser inequality. Hence concentration of energy is a priori precluded, and so we do not
need the concentration radius or the localized Strichartz estimate used in [Ibrahim et al. 2009] on the
Trudinger—Moser threshold in the defocusing case. This is another striking difference from the power
case, where the analysis for the focusing case essentially contains that for the defocusing case.

Main result. To state the main results of this paper, we need to introduce some notation and assumptions
for the variational setting and the nonlinear setting of the problem.

Variational setting. To specify our class of solutions, we need the static energy

1@)i=3 [ 196P +lePlax—Fi). F)i= [ r@)a. 11

and its derivatives with respect to different scalings. In the critical and exponential cases, we also need
the energy with a modified mass ¢ > 0,

|
19w =5 [ 196 +clpPldx— (o). (112

For any o, B, € Rand ¢ : R? — R, we define the two-parameter rescaling family
¢y p(x) = e“p(e™Phy), (1-13)

and the differential operator £y g acting on any functional S : H H(RY) > R by

d
LapSto) = 7| (¢ p)- (1-14)
=0

The scaling derivative of the static energy is denoted by
Ko p(p) := Lo, (¢)
= [ |2 wer + 2L Lo anr o) - dpr)| ax s
K@) = L7 (p).

For each (o, 8) € R? in the range

>0, 20+dB >0, 20+(d—-2)=>0, (apB)F#(0,0), (1-16)
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we consider the constrained minimization problem

My p = inf{J(p) | ¢ € H'(R?), ¢ #0, Ky p(p) = 0}. (1-17)

We will prove that it is attained, (after a modification of the mass in some cases), provided that («, 8) is
in the above range (1-16). The condition on (¢, B) is also necessary in general (see Proposition A.1).
Our solutions start from the following subsets of the energy space:

57{;2‘3 = {(uo,ul) € Hl(Rd) xLz(Rd) | E(uo,u1) <mgpg, Ky pug) = 0},

— 1 /md 2 md (1-18)
Wy p = {(uo.uy) € H'(RY)x L*(RY) | E(uq.uy) < mqg. Ky p(ug) <0}.

Nonlinear setting. For the nonlinearity f, we consider the following three cases: the H' subcritical
(d = 1), the 2D exponential case, and the H I critical (d > 3) cases. First we assume that f : R — R is
C? and
f(0) = f'(0) = f"(0) = 0. (1-19)
Secondly for the variational arguments, we need some monotonicity and convexity conditions. Let D
denote the linear operator defined by

Df(u) := uf'(u). (1-20)
We assume that [ satisfies for some ¢ > 0,
(D—-2,—e)f >0, (D=2)(D—-2,—¢)f =0, (1-21)
which implies in particular that
D?f > (2, +&)Df > 2. +¢)>f > 0. (1-22)

Finally we need regularity and growth conditions, which can differ for small |u| and large |u|. Fix a
cut-off function x € C5°(R) satisfying x(r) = 1 for [r| < 1 and x(r) = 0 for |r| > 2, and set

Xr(¥) := x(|x|/R), (1-23)
for arbitrary vector x and R > 0. Decompose the nonlinearity by
Js@) = 1) fQ), fL) = fu)— fs@). (1-24)
We assume that for some p; > 2, —2
!t < |yl|P1 d < 4),
|f§/(u)| < Iu‘l// (d=4) (1-25)
| /g 1) = fgu2)| < |uy —uz?t (d 25),

where we should choose p; < 1 for d > 5.
For the behavior of f for large |u|, we distinguish three cases:
(1) H! subcritical case: We assume that for some P2 <2*=2

VAQINTS (2=d=9
7 @) = fL @) S (| + fu2) 27 g —uz| - (d 2 Sand py 2 1) (1-20

Lf () = f] (u2)| < luy —usy|P? (d = 5and py <1).
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We allow p, = 2* —2 in some of the later arguments. There is no growth restriction for d = 1. A typical
example is

S ) = Aylul® 4 - dgefu] (1-27)
where A; > 0 and 2, < ¢; < 2* for all j, which satisfies (1-26) as well as (1-19), (1-21) and (1-25).
(2) H! critical case. We assume
d>3, fu)=u?/2" (1-28)

In this case, we do not include lower powers in order to avoid their nontrivial effects in the variational
characterization. The absence of lower powers will only be used in Section 2. In particular the Strichartz
spaces we use in Section 4 can handle the sum of a critical power with a subcritical function.

(3) 2D exponential case: We assume that

d=2,

Vi > ko, li " ()e Kl = ¢ (1-29)
ko = 0{ € > Ko, limyy|oo f7 (W)e ) } and if kg > 0 then lim AC) =0.

Vie < ko, limyy oo f1(w)e ™" = oo lul—>o0 Dfy (1)

Then we define C}}, by

Cou(F) = sup{2F(@) @l 32y | 0 # ¢ € H'(R?), kol Vol 72 gy < 47} (1-30)

For example, all the conditions are satisfied by

2
Su) = et —1 —icoful® — g lul* (1-31)

and by
S (u) = |u|Pekolul®+yIul, (1-32)

where p > 4, kg > 0, and max(—y, 0) < 1 (depending on ko(p —4)). More specifically, it suffices to
have for all u € [0, co) that

8kou? +3yu+2(p—4) >0, (1-33)
since, putting g := Df/f = 2kou* + yu + p, we have 2, = 4 and
(D-2)(D-4)f =[(g—4*+ Dg+2(g -4/, (134)
Dg+2(g—4) = 8kou® +3yu +2(p—4) = 2[g(3u/2) — 4] —u?/2.

In addition, one can easily observe that C;,(F) = oo if y > 0 and C}},(F) < oo if y < 0, using Moser’s
sequence of functions for the former, and by the spherical symmetrization for the latter (compare [Moser
1971; Adachi and Tanaka 2000; Ruf 20057]).!

1 Actually, the optimal (fastest) growth to have C(F) < oo is given by

Sy ~ e flu2 (ju] > o0), (1-35)

as shown in [Ibrahim et al. 2011]. The results in the present paper do not rely on this observation, though it seems to have its
own interest.
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In short, our assumption on f is that
(1-19), (1-21), (1-25), and [(1-26) or (1-28) or (1-29)]. (1-36)

Then by Sobolev or Trudinger—-Moser, we observe that F', £, g F and 585’ g I are continuous functionals
on H'(R?).
Now we can state our main result. Denote the quadratic part of the energy (i.e., the linear energy) by

i|* + [Vu|? + |u?
dx.

: (1-37)

EQu:1) = EQu(t). i(t)) := /
R4

Theorem 1.1. Assume (1-36) for f. Then for all (a, B) in (1-16), both mq g and 37{32/3 are independent
of (a, B). Moreover (1-1) is locally wellposed in the energy space H' x L?*, and

(1) If (u(0),u(0)) € ¥, g, then u extends neither for t — oo nor for t — —oco as the unique strong
solution in H' x L2

2) If (u(0),1(0)) € 57{(;"’,3, then u scatters both int — 00 in the energy space. In other words, u is a
global solution and there are vi satisfying

U4 —Avg +vg =0, 138
EQu—vy ii—bg) =0 (t > +00). (1-38)

The dichotomy of global existence versus blow-up in the subcritical case was essentially given in
[Payne and Sattinger 1975], using K; o, on bounded domains. Hence our main contribution is the
scattering part, and the parameter independence of 37{(?; g- The corresponding result in the defocusing
case (hence only the scattering) has been shown in [Brenner 1984; Ginibre and Velo 1985b] for the
subcritical f in three dimensions and higher, in [Nakanishi 1999b] in lower dimensions, in [Nakanishi
1999a] for the H! critical f, and in [Ibrahim et al. 2009] for the 2D exponential nonlinearity. The
massless H ! critical case (the other powers cannot be controlled by the massless energy) was solved by
[Bahouri and Shatah 1998; Bahouri and Gérard 1999] for the defocusing f and by [Kenig and Merle
2008] for the focusing nonlinearity.

The parameter independence of m, g seems to be known in the study of stability of standing waves,
but the authors could not find an available result as general as the above one. See [Ohta and Todorova
2007; Zhang 2002] for partial results. We quote a recent paper [Jeanjean and Le Coz 2009] for a pure
power nonlinearity, but unfortunately their range of («, f) was not correct (the condition & > 0 was
overlooked; its necessity is shown by Proposition A.1).

The parameter independence of f]{i - on the other hand, does not seem to have got much attention
from the stability analysis, but it is essential in our proof of the scattering, since the monotonicity is
given for the blow-up and for the scattering in terms of different K g, respectively Ky o and Ky _».

Thanks to the parameter independence, we may write

m=mqypg and HE =5

We will also show the following important properties of the energy threshold.
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Proposition 1.2. Let the assumptions be as in Theorem 1.1.

(1) In the subcritical case (1-26), the threshold energy m is attained by some Q € H! ([Rd), independent
of (o, B), solving the static equation

-AQ+ 0 = f(0Q), (1-39)

with the least energy J(Q) = m among the solutions in H' (R). In other words, m is attained by
the ground states.

(2) In the critical case (1-28), there is no minimizer for (1-17), but we have
m=J(Q), (1-40)
for a static solution Q € H! ([Rd) of the massless equation
—AQ = f(0Q), (1-41)

with the least massless energy J ©). In other words, m equals the massless ground energy.

(3) In the exponential case (1-29), let
¢ := min(1, C},(F)),
where C,(F) is as in (1-30). Then
m=J90), (1-42)
for a static solution Q € H'(R?) of the mass-modified equation
~AQ+cQ = f(0), (1-43)
with the least energy J©(Q). Moreover we have
m = 21 /ko, (1-44)

where the equality holds if and only if C\,(F) < 1, and m = mq, g is attained in (1-17) if and only
if Cu(F) = 1.

Again this is well known in the subcritical case. Hence the main novelty is in the mass change in
the critical and exponential cases. Note that the ground state Q with a different mass ¢ € [0, 1) yields
standing wave solutions e*/® Q(x) with 1 —w? = ¢. But it is not a true obstruction for the scattering,
because its dynamical energy is above m, although m is the right threshold in the sense that for higher
energy level E > m the sets #* are no longer separated from each other, that is, 9%+ N %~ # @.

Some notation. We recall some standard notation. % denotes the Fourier transform on [R{d, and

(VY i=V1-A=F1/1+|£]2F. (1-45)
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L? H*, B, ,and Bls)’q respectively denote the Lebesgue, Sobolev, inhomogeneous and homogeneous
Besov spaces on R?. For later use we recall the most used functionals Ky p and Hy g:

Kio) = [ [V +1e — s )] dx.
Koao) = [ [C52196 + 1ol —ar)] dx, (1-46)

Kialo) = [ [AV0P =d(D=2) /()] dx.

1
o) =5 [ (D=2 f@]dx,
Hoa(p) = [ [4190]dx, (1-47)

Hies@) = [ [316P+ §0=20 5] ax.

We give a table of notation on page 458.

2. Variational characterizations

In this section, we prove Proposition 1.2. In particular we prove the existence of ground states as
constrained minimizers, the («, 8)-independence of the splittings, together with various estimates for
solutions below the threshold by variational arguments, which will be used for the scattering and blowup.

Throughout this section, we assume that («, B) is in the range (1-16). For ease of presentation, we
often omit (c, B) from the subscript. We associate with it the following two numbers:

A =maxQa +dp, 20+ (d —2)B), u=minQa+dp,2a+ (d—-2)p), 2-1)

which come from the scaling exponents for H! and L? in (1-13). Notice that in the range (1-16), we
have & > 0, u > 0, and that « = & = 0 if and only if (d, @) = (2, 0), which will often be an exceptional
case in the following arguments.

We decompose Ky g = Lo pJ into the quadratic and the nonlinear parts:

Kop=K2,+ KNy K24(0) = Saploly /2. KYp(@) = —FapFlp).  (2-2)

Then KaQ, ; ((pé‘, ﬂ) is non-negative and non-decreasing with respect to A € R, and

: Q (A
A.EIIIOO Kaaﬂ(gpaaﬂ) - 0’ (2-3)
from its explicit form.

Energy landscape in various scales. First we investigate how J and its derivatives behave with respect
to the scaling (p;‘, B in order to get my g as a minimax value. The results of this subsection are essentially
known, at least under more restrictions on the nonlinearity and (, ).

We start from the origin of the energy space.
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Lemma 2.1 (Positivity of K near 0). Assume that f satisfies (1-36), and that («, B) satisfies (1-16) and
(d, &) # (2,0). Then for any bounded sequence ¢, € H'(R9)\ {0} such that KaQﬂ (¢n) = 0, we have,
for large n,

Ko,g(@n) > 0. (2-4)

Note that if (d,«) = (2,0) the conclusion is false, since in that case K2 (p*) = e?P*K2(p) — 0 as
A — —o0, but K(¢*) = e?P* K(p) can be negative.

Proof. First we consider the H! subcritical/critical cases. If d > 2 then

D@+ /(@) S lpP1 T2 + || P22, (2-5)

for some 2, < p; +2 < py +2 < 2*; hence, by the Gagliardo—Nirenberg inequality

d(g/2—1 d—q(d—-2)/2
lelgq <IVelzs* Vlel; "7 @=q =27, (2-6)

we obtain

d(g/2—1 d—q(d—-2)/2
F@l+I12F@) s X Vel §32 V) 71272, (2-7)
g=p1+2, p2+2 * *

If d = 1 then we can dispose of f7 by Sobolev H!(R) C L*°(R). Then we get

IF@)l +I2F@I £ IVell7y o173 Cllela). (2-8)

for some function C determined by f7 .
Hence if 2 4 (d —2) 8 > 0 then for any d we have

(KN (@) = o(IIVgll72) = o(KC (). (2-9)
Under the assumption, 2« + (d —2)B = 0 is possible only for d = 1; then, using (2-8),
KN (@) = o(llel72) = o(K2(p)). (2-10)
Finally we consider the 2D exponential case (1-29). Then we have
D @) +1/@)] 5 lol? 197 — 1), 2-11)

for some p > 2 and any k > ko. Since @ > 0, we have K< (¢,) > ||V<p,,||i2 — 0, so it suffices to
consider ¢ € H! satisfying, for some ¢ > 1 such that (4 — p)g < 2,

gk ||Vl 3, < 27 (2-12)

Let ¢’ = q/(q — 1) be the Holder conjugate. Then by Holder, Gagliardo—Nirenberg (2-6) and the
Trudinger—Moser inequality

”‘P”iz([@z)

Vel 2@y < Var = | (¥ —1)dx <

, (2-13)
R2 dm — ”vﬁolliz(Rz)

we obtain
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, , 2 1/q
ILF(@)| + [F@)| S @ll? . 1719 — 119 < 10|24 Ve |75/ ol
§0 (p ~ §0 Lpa Ll ~ (0 L2 ga L2 4 (2_14)

n—qk||Vel?,
—2/q
< lelZa1vel 52?7
Since p —2/q’ > 2 by the choice of ¢, we get
KN (@)] = oI Vel 1) = o(K2(9)). (2-15)
Thus in all cases K(¢) ~ K2(¢) > 0 when 0 < K2(¢p) < 1. O

The following inequalities describe the graph of J, and will play the central role in the succeeding
arguments.

Lemma 2.2 (Mountain-pass structure). Assume that f satisfies (1-36) and («, B) satisfies (1-16). Then
for any ¢ € H'(R?) we have

(Zap =Dl < =21BImin(lel7.. [Vell7,).

) (2-16)
(fo,— W) F(p) = acF(e),
where ¢ > 0 is given in (1-21). Hence
(L —La.p)J (9) = acF (@) + |Blmin(l@]7 2. Vol 72). (2-17)

Moreover we have

2
(Lap— ) Lap— )T () = (Fr.p— ) Lar.p— 1) F) >

2oed
d—_Hia,ﬂF(‘/’) z —MF((P)~ (2-18)

T d+1

Proof. First we observe that
(£—20—(d—- 2)ﬁ)IIV¢JIIi§ =0, (£-2a-— dﬂ)||</’||i§ =0, (2-19)

and for any functional S of the form S(¢) = [ (@) dx,

TapS@) = | @D+ pd)slip) dx, (220
where Df (¢) = ¢f’(¢p) as defined in (1-20). Using this, we obtain

IVel7. (B=0),

(2-21)
lel7. (B =0),

(&= wllellz = —2IB] x {
and also

PF(p) = /[oz(D —2)+2a+dplf(p)dx = /[(aD =204+ 2B) 4+ 20+ (d —2)B]f(p)dx. (2-22)

Since 5
aD—-2a+28 = a(D—Z*)+E(2a+d,B), (2-23)

using (1-21), we obtain
LF > (L+ae)F. (2-24)
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Using these computations, we have
—(E-)E-wWJ(p) = (E—-m)(L—pFp)

=ozf(ozD—2oc+2,3)(D—2)f(go)dx

2 : (2-25)
2w [ [aD=2)+ % Catdp)] fio)dx
20l
> P F(p) > F
= et Fg) = ).
where we used (2-23) and (1-21) in the first inequality, min(1,2/d) > 2/(d + 1) in the second, and
(2-24) in the last. O

Using the inequalities above, we can replace the minimized quantity in (1-17) with a positive definite
one, while extending the minimizing region from “the mountain ridge” to “the mountain flank”. Let

Hyp:=—ZLop/it)J. (2-26)
Then Lemma 2.2 implies that H, g > 0 and
Lo pHop=—(L—wW(E-)J/p+p(l-2L/1)J =
We can rewrite the minimization problem (1-17) by using H:

Lemma 2.3 (Minimization of H). Assume that f satisfies (1-36) and («, B) satisfies (1-16). Then mq g
in (1-17) equals

208 o WHy 5> 0 (2-27)
d41" TRMep =T

my.p = inf{Hy p(¢) | ¢ € H'R?), ¢ #0, Ky p(p) <0} (2-28)

Proof. Let m’ denote the right side of (2-28). Then m > m’ is trivial because J = H if K = 0, so it
suffices to show m < m’. Take ¢ € H! such that K(¢) < 0.
If (d,a) # (2,0), then from Lemma 2.1 together with (2-3), we deduce that

(d,a) # (2,0), K(p) <0 = 3A <0, K(¢*) =0, H(e") < H(p), (2-29)

where the latter inequality follows from (2-27) since H (gok) is nondecreasing in A. Hence m < m’.
If (d,a) = (2,0), then we use another scaling vu with v € (0, 1). We have K2(vp) = v2K<2(p)
and | KN (vg)| = o(v*) by (2-7) or (2-14). Hence K(vg) > 0 for small v > 0, and so we deduce

(d,a) = (2,0), K(p) <0 = Fve(0,1), K(vp) =0, Hve) < H(p). (2-30)

where the inequality follows from H(p) = ||V<p||22 /2 in this case. Hence m < m’. O

The ground state as common minimizer. Now we can prove the parameter independence of my g via
its characterization by the ground states. First we consider the H! subcritical case.

Lemma 2.4 (Ground state in the subcritical case). Assume that [ satisfies (1-36) and (1-26), and that
(ar, B) satisfies (1-16). Then my, g in (1-17) is positive and independent of (a, B). Moreover my g = J(Q)
for some Q € H! (R?) solving the static NLKG (1-39) with the minimal J(Q) among the solutions in
H'(RY).
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Proof. Let ¢, € H' be a minimizing sequence for (2-28), namely K(¢,) < 0, ¢n # 0 and H(g,) \, m.

First we consider the case (d, a) # (2, 0). Let ¢, be the Schwartz symmetrization of ¢y, i.e. the radial
decreasing rearrangement. Since the symmetrization preserves the nonlinear parts and does not increase
the H' part, we have ¢ # 0, K(¢) < K(p,) < 0and H(gn) > H(g}) — m. Then using (2-29), we
may replace it by symmetric ¥, € H'! such that

Un #0, KWn) =0, JWn) = H{n) — m. (2-31)
If @ > 0, then (2-17) implies

(L +ae)J (Yn) = acl[Ynll 3 /2: (2-32)

hence v, is bounded in H'.
If« =0 (and d > 2), then H(Y,) = ||V1ﬁn||22 /d is bounded, and if ||y, ||;2 — oo, then by (2-7)

dBllvnl?, < 2K2(Wm) = —2KN (W) < o(|¥ll 5247272, (2-33)
but since d —2,(d —2)/2 < 2, this is a contradiction. Hence v, is bounded in H!.

Since v, is bounded in H'!, after replacing with some appropriate subsequence, it converges to some
¥ weakly in H'. By the radial symmetry, it also converges strongly in L? for all 2 < p < 2*. Then in
the subcritical case (1-26), the nonlinear parts converge, and so K(¥) < 0 and H(y) < m.

If = 0, then K(¥,) = 0 implies that K2(y,) = —KN (¥,,) — 0, and by Lemma 2.1 we have
K(yr,) > 0 for large n, a contradiction. Hence v # 0.

By (2-29), we may replace ¥ by its rescaling, so that K(y) = 0, J(¥) = H(y) < m and ¢ # 0.
Then v is a minimizer and m = H(y) > 0.

Since v is a minimizer for (1-17), there is a Lagrange multiplier € R such that

J' () = nK'(¥). (2-34)

Then denoting £y = Bkw;‘ /3|A=07 we get

0=K@)=2JW) = (J'(¥) | £¥) = n(K'(}) | £¥) = nL>T(¥). (2-35)
By (2-18) and £J(y) = 0, we have

-
L2IW) < —fipJ (F) — d"‘—j’“{F(w) <0, (2-36)

since > 0 or o > 0.

Therefore n = 0 and ¥ is a solution to (1-39). The minimality of J (i) among the solutions is clear
from (1-17), since every solution Q in H' of (1-39) satisfies K(Q) = (J'(Q) | £Q) = 0. This implies
that m g is independent of (a, ).

In the exceptional case (d,«) = (2, 0), the above argument needs considerable modifications, due to
the scaling invariance

H(p) = |Vol3,/2 = Hp"). K@*) =P K(9p). (2-37)
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First, we should use (2-30) instead of (2-29) to get v, satisfying (2-31). Next, the invariance breaks the
H' boundedness of v,,. But we are free to replace each v, by its rescaling so that ||, 2 = 1, without
losing its properties (2-31). Then

which clearly implies that the limit ¥ is nonzero. By (2-30), we may replace y by its constant multiple,
so that K(y) =0, J(¥) = H(Y) <m and ¢ # 0. Then v is a minimizer and m = H(y) > 0.

Finally, the invariance gives us $£2J () = 0 and the Lagrange multiplier 7 may be nonzero. In this
case (2-34) is written

Ay = (dp - DIy — /W)l (2-38)
Since (=AY | w>L)2c > 0 and

=10 195z = Kosa@n = [(D-D 7wy dx <o, (2:39)

we have (ndB — 1) < 0. Hence there exists A > 0 such that ¥* solves the static NLKG (1-39), and it is
also a minimizer. O

H critical case; massless threshold. In the H' critical case (1-28), we still have the («, 8) indepen-
dence, but mg g is equal to the massless energy of the massless ground state. This is a consequence of
the invariance of the massless energy with respect to the H! scaling.

Lemma 2.5 (Ground state in H! critical case). Assume that f satisfies (1-28), and that (., B) satisfies

(1-16). Then mg g in (1-17) is positive and independent of (a, B). Moreover my g = J©(Q) for some

0 € H'(RY) solving the static massless NLKG (1-41), with the minimal J© (Q) among the solutions

in H'(R?).

Proof. Let HY and K™ be the massless versions of H and K, respectively. Then
m=m":=inf{HY(p) | p € H', K¥(¢) < 0}. (2-40)

Indeed, comparing this expression with (2-28), we easily get m > m™ from H¥ < H and K% < K if
204+dp > 0. If 2a + dB = 0, then we may replace K < 0 in (2-28) by K < 0, because for any nonzero
¢ € H! satisfying K(¢) < 0, we have by (2-18)

_
FK(p) < IK(p) = 5L F(@) <0, @-41)

which implies that K (<pk) < 0 for all A > 0, and so the set K < 0 is dense in the minimization set of
(2-28). Hence m > m"™ in this case too.
To prove m < m", let

0" = Q21,1 (2-42)

denote the H! invariant scaling. Then K(¢") — K% (¢) and H(¢") - HY(p) as v — oco. Hence if
K" (¢) < 0 then K(¢") < 0 for large v, and so m < m"™.
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Due to the H! scale invariance, Ky 8 for all (o, B) are constant multiples of the same functional, and
HY is independent of (&, B), so is the minimization for m™. In fact we have

m" = inf{||Vo|7./d | ¢ € H', |Vol7. < l¢l75-}- (2-43)
By homogeneity and the scaling ¢ — vg, this is equal to
Ivel2,] a 4
1 \Y L[]V C3)~
inf —[|Vol7, <p2*L2 = inf - [” ‘p”“} _ %) : (2-44)
0ApeH! o2 o£peH d | [l@ll 2> d
where Cg denotes the best constant for the Sobolev inequality
lellz2s = CsliVel L2, (2-45)
which is well known to be attained by the explicit Q € H! given by
_d=2
o = |14 7 (2-46)
x) = _— , -
d(d—-2)
which solves (1-41). O

Exponential case; mass-modified threshold. In the 2D exponential case (1-29), the conclusion is some-
what intermediate between the above two cases. If C[J,(F) > 1 then my g is achieved by a ground state,
but if C},(F) < 1 then we can still see m1, g as the energy of a ground state to an equation (1-43) where
the mass is changed to ¢ = min(1, C}},(F)) € (0, 1).

Lemma 2.6 (Ground state in the exponential case). Assume that f satisfies (1-36) and (1-29), and that
(cr, B) satisfies (1-16). Then my, g in (1-17) is independent of (a, B) and 0 < my g < 21 /K¢, where the
second inequality is strict if and only if C}} (F) > 1. Moreover my g = J©(Q) with ¢ = min(1, CH(F))
for some Q € H'(R?) solving the modified static NLKG (1-43) with the minimal J©)(Q) among the
solutions in H'(R?).

For the proof, we prepare some notations and lemmas. For any functional G on H!(R?) and any
A > 0, we introduce the Trudinger—Moser ratio

Cii(G) := sup{2G(p)lpll 3 | 0 # ¢ € H'(R?), [|Vol 2 < 4], (2-47)
the Trudinger—Moser threshold on the H' norm:
M(G) := sup{d > 0 | CA(G) < oo}, (2-48)
and the ratio on the threshold: o
Ca(G) = C 9 (G). (2-49)
The growth condition (1-29) together with (1-21) implies
M(Lo,pF) = M(F) = /47 /Ko (2-50)

for any (c, B) satisfying (1-16), by the Trudinger-Moser inequality (2-13). Hence the definition of C}},
just given is consistent with (1-30).
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For any functional G of the form G(¢) = [ g(¢) dx, and for any sequence (¢,)nen € HY (RN, we
define its concentration (at x = 0) conc G((¢n)nen) by

conc G((¢n)nen) := lim lim g(pn) dx. (2-51)

e—>+0n—>00 |x|<e
We will use the following compactness by dominated convergence.
Lemma 2.7. Let g,h : R — R be continuous functions satisfying

lg@)| . g
A 0 e =0 (2-52)

’

Let @, be a sequence of radial functions, weakly convergent to ¢ in H'(R?) such that {h(pp)}n is
bounded in L' (R?). Then g(¢n) — g(¢) strongly in L' (R?).

Proof. By assumption (2-52), for any ¢ > 0 there exist § > 0 such that
lul > 1/(28) or |u] <28 = |g(u)| < e(h(u)+ |u|?). (2-53)

Then we have
/ Ig(wn)ldeS/h(wn)—i— |(pn|2dx§£. (2-54)
l@n|>1/(28) or |@,|<28

1/2 1/2

The radial Sobolev inequality ||/ “@p || Loo < l|@nll, > | Ven ||1L/22 implies that @, (x) are uniformly small
for large x. Then the weak convergence together with

R>
on(R1) — gn(Ry) = / By n(r) dr (2-55)

Ry

implies that ¢, (x) — @(x) for x # 0. Then Fatou’s lemma implies

/ £(@)ldx Se. 2-56)
lel>1/(26) or || <28
and the dominated convergence theorem implies

lg@ @) =P @1 =0 (11— o0, (2-57)
where g is defined by g®w)y=q —xs(u)) x1/5(u)g(u) using the cut-off defined in (1-23). Combining
(2-54), (2-56) and (2-57), we deduce the desired convergence. o

Proof of Lemma 2.6. We start with the exceptional case (d,«®) = (2,0). First, let A > 0 and assume
CT‘;‘A(F) > 1. Then there exists 0 # ¢ € H'! such that || Vg| ;2 < A and F(p) > ||go||22/2. For small ¢ > 0
we have Ko 1((1 —¢)¢) <0, and hence mgo ; < ||V (1 —8)§0n||%2/2 < A?/2. Hence mg,; < IM(F)?/2.

Consider the case C},(F) > 1. Then by choosing A = 9U(F) in the above argument, we get
mo,1 < M(F )2/2. Now we take a minimizing sequence for mg,1. By the Schwartz symmetrization
and rescalings as in the proof of Lemma 2.4 for (d,«) = (2,0), we get a sequence of radial functions

¥, € H' such that

Vnllpz =1, Hoji(Wn) — mo1, Ko, 1(Yn) =1=2F(Yy) =0, (2-58)
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and ‘ﬂn — v in H!. Because of mo,1 < 9M(F)?/2, we can choose some k € (ko,2m/myg.1), so that
e<l¥nl> 1 is bounded in L! by the Trudlnger—Moser inequality (2-13). Then we can use Lemma 2.7
with @, := Yy, g := f and h(u) = e<lul> _ 1 which implies F(y,) — F(y). Hence ¥ attains my ;.
After appropriate rescalings, we obtain a ground state Q, as in the proof of Lemma 2.4.
Next consider the case CX,(F) < 1. Then for any ¥ € H! satisfying |V |2 < 9(F) we have
Ko,1(¥) = 0. Hence

mo,1 = inf{|Vel72/2 | Ko1(p) <0} = M(F)?/2, (2-59)
and so mg,; = M(F)?/2. Now we show that there exists ¢ € H! satisfying
IVelL2 = M(F), Flp) =CL(F)/2, el =1. (2-60)

After rescaling this ¢, we obtain a ground state Q. However, due to the criticality, we have to approximate
the problem by a subcritical one, namely we first prove the existence of ¢, € H! satisfying

1
IVoullpz < W(F)—;, F(pn) = cn/2, lonll2z =1 (2-61)

where ¢, 1= CT?\:?(F) "(F);then0 < ¢, / C}(F) <1.Fixn > 1 andlet ¢* € H'(R?) be a maximizing

sequence for ¢, (see (2-47)):
1
IVe¥liLe < MEF) —~. F@*) S en/2. N9¥ll2 = 1. (2-62)

where the L? norm is normalized by the rescaling (po - The Schwartz symmetrization enables us to
assume that (p are radial functions, and convergent to some ¢, weakly in H!, by extracting a subse-
quence. Moreover, we have F(¢*) — F(¢,) = ¢n/2, by Lemma 2.7 with g := f and h = erlul> _
for some k € (kq, 47w/ (OM(F) —1/n)?).

Thus ¢, is a maximizer, which implies that ||@,||;2 = 1 and

—nA@p = f'(on) — Cnn, (2-63)

for a Lagrange multiplier n(n) € R. Multiplying it with ¢,, we obtain

77||V(Pn”iz = /Df((Pn) dx—cn“‘ﬂn“iz = /(D—2)f((pn) dx >0, (2-64)

since (D —2) f > 0. Hence 7 > 0, and s0 O, (x) := ¢.(n/2x) € H' satisfies

1
IVOnllp2 = M(F) - Py —AQu+cnQn = [ (Qn). (2-65)
Now consider the limit # — oo. The equation for Q, implies that 0 = K (C”)(Qn) K ic’i)l (Qn), so

eallOnl2s = 2F(Qn).  [VOul2, =2 / (D—2)f(Qn) dx = 4F(Qn). (2-66)

where the last inequality follows from (D —4) f > 0. Since ||V Q| 2 is bounded and ¢, is positive
non-decreasing, we deduce that ||Qy||z2 and [ Df(Qp) dx are bounded as n — oo. Hence we may
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extract a subsequence so that 9, converges to some Q weakly in H!, and then apply Lemma 2.7 with
¢n:=0n g = f and h:= Df. Then f'(Q,) — f'(Q) strongly in L', and so Q solves

~AQ+cQ = f1(Q). ¢:=Ch(F). (2-67)
This implies that
KO(0) = (19(Q) | £0,10) = 0. (2-68)

namely 2 F(Q) = ¢| Q|| iz. Hence Q is a maximizer for CTE)I?,II (F)(F ) with a non-zero Lagrange multiplier,
which implies that ||V Q[ 2 = M(F). Thus J©)(Q) = M (F)?/2 is unique for any solution Q of (2-67).
Next we consider mg g with o > 0. If mg; < IM(F )2 /2, then there exists a ground state Q, which
satisfies Ky g(Q) = 0 for all («, ). Hence mqy g < J(Q) = myq;.
Otherwise, mg 1 = MM(F)?/2 = IM(LF)?/2. For any A > M(LF), there exists a sequence ¢, € H!
satisfying
I9¢nlzz < 4. llgallzz 0, LF(ga) — oo (2-69)

Since K(¢) = ()1||V(,0||i2 + (o + ,3)||(,0||i2 —%F(¢) and @ > 0, we can replace each ¢, with ¢, (x/vy)
with some v, — +0, so that we have after the rescaling

Vonllpz < A, K(pn) =0, |l@ull2 — 0. (2-70)

Hence
Map < lim J(py) < 4%/2,

n—oo

and so mg g < IM(LF)?/2 = myg,;. Thus in both cases we have Mg g < mo,1 < M(F)?/2.
Now suppose that my g < mg; < 9M(F)?/2. As in the proof of Lemma 2.4 for (d,a) # (2,0), we
may find a sequence of radial ¢, € H' such that

K(pn) =0, H(pn) \ym. (2-71)

Therefore there exists ¢ such that ¢, — ¢ weakly in H!, and pointwise for x # 0.
Let ¥, = ¢, —¢. Then ¥, — 0 weakly in H!, and so

Jim KC(pn) = lim K€ () + KC(p) = lim LF(gn) = conc LF((¢n)n) + LF(p).  (2-72)

where the second identity is because K(¢,) = 0, and the last one follows from ¢, (x) — ¢(x) for x #£ 0
and the radial Sobolev inequality [|'/2¢,|| oo < [l@nl g1- Since H(¢) < m by Fatou’s lemma, we have
K(p) > 0, otherwise there would be some A < 0 such that K((p)‘) = 0 and H((p)‘) < H(p) <m, a
contradiction. Thus K2 (¢) > £F(¢), and so from (2-72), we deduce

dim KC () < conc LF((gn)n)- (2-73)

Since £ F(¢y) is bounded by (2-72), Lemma 2.7 with &, := (e D+ d) f implies that conc F((¢n)n) =
0. Hence by (2-73) and (£ — 1) F = 0, we get

lim K (yn) < conc(&— ) F((gn)n) < lim (£~ 1) F(pn). (2-74)

n—o0
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On the other hand we have
m= lim H(p,) = lim H2(y,)+ H%(p)+ lim (£— 1) F(gn)/ . (2-75)
n—>oo n—>o0 n—>o0

where H2 () := (1 -2/ 1) ||¥ ”i{l /2 denotes the quadratic part of H. Combining the above two, and
discarding H<(¢) > 0, we obtain

Hm [[Ynll70/2 < m < M(F)?/2 = 27/ko. (2-76)
n—oo

Hence applying Lemma 2.7 to ¢, with h(u) := e<lul* 1 for some k € (ko, 21/ m), we get LF(¢,) —
£ F(p), and so ¢ is a minimizer for m, g. Indeed, we have

eK“Pnlz —1< eCK.K/|(0|2 —14+ ek/“l’n|2 —1 (2_77)

for some «’ € (k, 27r/m) and constant Cy . > 0. Hence /(gy) is uniformly bounded in L!. Recall that
for a fixed g € H', eCen'lol* 1 ¢ L1,

Then as in the proof of Lemma 2.4, we obtain a ground state Q with J(Q) = mq, g < mq, 1, which is
a contradiction since Kg,1(Q) = 0. Hence my g = my,; for all («, B) in the range (1-16). |

Remark 2.8. In the above argument for («, ) = (0, 1) in the case C},(F) < 1, we used a priori bounds
on the ground state to get the compactness. For general sequences, we can have concentrating loss of
compactness on the kinetic threshold ||Ve| ;2 = M(F) if and only if f satisfies

lim e_"0|“|2|u|2f(u) € (0, 00). (2-78)

|u|—>o00

Lemma 2.6 implies that the concentration requires more energy than the (mass-modified) ground state.
Similar phenomena have been observed in slightly different settings (either on a bounded domain or on the
H'(R?) threshold, where e¥ol% 2 appears as the critical growth instead of erolul? /|u|?, see [Carleson and
Chang 1986; Flucher 1992; Ruf 2005]). More details about this issue, including the above concentration
compactness, will be addressed in a forthcoming paper.

Parameter independence of the splitting. The («, B)-independence of %Oﬂz p follows from that of my g
and contractivity of 37{;; B

Lemma 2.9 (Parameter independence of H¥). Assume that f satisfies (1-36), and that («, B) satisfies
(1-16). Then f]fiﬂ in (1-18) are independent of (o, B).

Proof. Since mgy, g is independent of («, 8), we only need to see that the sign of K is independent under
the threshold m. Also, we may restrict to the first component. For any § > 0, we define 57{3:"?3 C H' by

W% ={pe H' | J(p) <m—8. Kap(p) =0},

s i (2-79)
Yo ={pe H | J(p) <m—38, Kop(p) <0}
Then (ug. u1) € H g if and only if ug € HEY with § = ||u1]2,/2. In addition, the disjoint union

3(0"!‘, ‘fg U f]f;:sﬂ is already independent of « and 8. Hence it suffices to show the independence of 57{(‘5, %
First we consider the interior exponents satisfying 2« +df > 0 and 2o + (d —2) > 0. Then 57{2" ‘fg
is contracted to {0} by the rescaling ¢ go)‘ with 0 > A — —oo. This is due to the following facts:
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(1) K(¢*) > 0 is preserved as long as J(¢*) < m, by the definition of m.
(2) J(¢") does not increase as A decreases, as long as £J(¢*) = K(¢*) > 0.
(3) ¢* - 0in H! as A — —o0, since 2 + df > 0 and 2« + (d —2)B > 0.

In particular, J cannot be negative on ¥ - and so ‘:7{"‘% = @ for 6 > m. For 0 < § < m, both ﬂ{a ‘B
are open in H'!. It follows for 9~ 8 from the definition, and for %% from the facts that J (p) < m and
K(p) = 0 imply ¢ = 0, and that a neighborhood of 0 is contained in % *9, Wthh follows from (2-7),
(2-8) or (2-14). Then the above argument of the scahng contraction shows that f](a ‘g 1s connected. Hence
each 57{+ B cannot be separated by %7, o ﬂ, and 57{0[, B with any other («’, 8) in the interior range. Since
37{"'% Nyt o ﬂ, contains 0, we conclude that f7£+‘}3 = 3{;;5/3, .

Finally for («, ) on the boundary 2cx + d 8 = 0 or 2« 4 (d — 2) 8 = 0, take a sequence (o, B5) in
the interior converging to («, B). Then Ky, g, — Ka,g, and so

HEY U%am 8- (2-80)

Since the right side is independent of the parameter, so is the left. O

Variational estimates. We conclude this section with a few estimates on the energy-type functionals,
which will be important in the proof of the blow-up and the scattering. We start with the easy observation
that the free energy and the nonlinear energy are equivalent in the set # .

Lemma 2.10 (Free energy equivalence in #1). Assume that f satisfies (1-36). Then for any (ug,u) €
H! ([Rd) X LZ(IRd) we have

2
Kio(ug) = 0 —> {J(uo) =< ||uo||H)%/2 = (1+d/2)J(uop), 2.81)
E(uo,u1) < EQ(ug,u1) < (1+d/2)E(uo, uy).

Proof. Since (D —2—c) f(u) > 0 with ¢ := 4/d > 0 by (1-21), we have for any (1o, u;) € H' x L?,

Ki,0(uo) = ||uo||§,} —(2+0)F(Ho)—/(D—2—6’)f(uo)dx

< 2+ (o) —clluol®y /2 = 2+ ) Ewo, ur) — cEQ(ug, ur) — ]2,

(2-82)

and hence we obtain the desired estimate. O

In the 2D exponential case, we have a sharper bound on the derivatives, which implies that X7 is in
the subcritical regime for the Trudinger—Moser inequality.

Lemma 2.11 (Subcritical bound in 3T in the 2D exponential case). Assume that f satisfies (1-36) and
(1-29). Then for any (ug,u1) € K+ we have

IVuollZ > + llurll, < 2m < M(F)? = 4x/ko. (2-83)
Proof. Since Kg 1(uo) > 0, we have

IVuoll7 2 + llurll7> < IVuollz» + lurllz 2 + Ko,1(uo) = 2E(ug.uy) < 2m. O
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The next estimate gives a lower bound on | K| under the threshold 72, which will be important both
for the blow-up and for the scattering.
Lemma 2.12 (Uniform bounds on K). Assume that f satisfies (1-21), and that («, B) satisfies (1-16)
and (d,a) # (2,0). Then there exists § > 0 determined by (o, 8), d and ¢ in (1-21), such that for any
¢ € H with J(¢) < m we have
Ko p(9) = min(i(m — J(9)).6K24(9)) or Kap(p) < —ji(m—J(p)). (2-84)
Note that if (d, @) = (2, 0) then the conclusion is false, since in that case

K(‘Pé’ﬂ) = edﬂ}LK(@) — 0 as A — —oo, (2-85)

while J(¢%) is away from m, since it is decreasing if K(¢) > 0 and J(¢*) 7 H(¢) < m if K(¢) < 0.
Proof. We may assume ¢ # 0. Let j (1) = J(¢*) and n(A) = F(¢*), where goé‘ p= @ is the rescaling
(1-13). Then j(0) = J(¢) and j'(0) = K(¢), and (2-18) implies
2o
d+1

First we consider the case K(¢) < 0. By Lemma 2.1 together with (2-3), there exists A9 < 0 such
that j’(A) < 0 for A9 < A <0 and j'(Ag) = 0. For Ay < A < 0 we have from (2-16),

n'. (2-86)

"<(m+wi-prj -

(R+wj —iwnj = pj' (2-87)

Inserting this in (2-86) and integrating it, we get

0 0
/ J'A)dA < [L/ J'(A) dA, (2-88)
}»() )\O
and hence
K(p) = j'(0) = 4(j(0) = j(Ro))- (2-89)
Since K(¢*0) = 0 and @0 £ 0, we have j(Lg) = J(¢*0) > m. Thus we obtain
K(p) = —pp(m —J(9)). (2-90)

Next we consider the case K(¢) > 0. If
_ _ 2ae
Ci+wKp) = i (@) + 77 L (@), (2-91)

then applying (2-81) to the first term on the right-hand side, and K = K€ — £ F to the second one, we
get

d+1 T 2+d d+1
and so K(¢) > §K2(p) for some § > 0, since & > 0 or & > 0. If (2-91) fails, then

20 7 2a
[2M+M+—8] K(p) = —IlsollHl + = K%(p), (2-92)

2ae o
d+1"

QCa+wj" < puj+ (2-93)
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at A = 0, and so from (2-86),
-/ = -/
J" < —pnj’. (2-94)

Now let A increase. As long as (2-93) holds and j’ > 0, we have j” < 0 and so j’ decreases and j
increases. Also by (2-18) and (2-16) we have

n" > (4 pn' —jpn > pn’ > ji*n > 0. (2-95)

Hence (2-93) is preserved until j’ reaches 0. It does reach at finite Ao > 0, because the right-hand side
of (2-86) is negative and decreasing as long as j’ > 0. Now integrating (2-94) we obtain

K(p) = j'(0) = i(j(Ao) — j(0)) = ii(m — J (), (2-96)
where we used that J (¢*°) > m which follows from K(¢*°) = 0 and g0 £ 0. O
3. Blow-up

Here we prove the blow-up part of Theorem 1.1. The idea is essentially due to Payne and Sattinger
[1975], but we give a full proof for convenience. We will use that J{™ is stable under the flow.

Assume for a contradiction that a solution u exists for all # > 0. (The proof for t < 0 is the same.)
Let

Y@ = . )72 gy (3-1)
Multiplying the equation with u, and using (2-82), we get
j=2lil7. —2K1,0w) = G+ )il7. =22+ ) E@) +cluli, (3-2)

for some ¢ > 0. Sine u(#) € 3~, Lemma 2.12 implies that there is some positive § < —K o(u(t)). Thus
for all # > 0 we have

() =25 >0, (3-3)
and so y(¢) = ||u(1,‘)||]2d2 — 00 as t — 0o. Going back to (3-2), and using Schwarz, we deduce that for
large ¢

. . 4+4c yp?
Jj=@+olalz, > e (3-4)
therefore A
_ c _ _ . +c .
™ = =gy 2[yy— J yz} <0, (3-5)

which contradicts that y — oo.

4. Global space-time norm

In this section we introduce Strichartz-type estimates and a perturbation lemma for global space-time
bounds of the solution.

The inhomogeneity of the Klein—-Gordon equation makes the exponents a bit more complicated than
the case of wave or Schrodinger equation. In the H! critical case, we get another complication in higher
dimensions, due to the fact that we have to estimate the difference of solutions in some Sobolev (or
Besov) spaces with positive regularity but the nonlinearity is not twice differentiable.? This is not a

2The problem is not in the local regularity of the nonlinearity (at # = 0), but rather in the global Holder continuity for f7 .
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problem in the subcritical case, where we are allowed to lose small regularity, so that we can estimate
the difference in some L7 spaces and then interpolate. This technical issue was solved in the pure
critical case in [Nakanishi 1999a] by using space-time norms with exponents away from the admissible
region for the standard Strichartz estimate, which was later called “exotic Strichartz estimates” in the
Schrodinger case [Tao and Visan 2005].

Here we have a further complication by the presence of lower powers, for which we need the exotic
Strichartz for the Klein—Gordon equation. Note that it is not a big trouble in the Schrodinger case (see
[Tao et al. 2007]), because the same Strichartz estimate is used both for higher and lower powers. In
the Klein—Gordon case, in contrast, we have to use different Strichartz norms, with better regularity for
higher powers and with better decay for lower powers. It is easy in the standard Strichartz estimate,
where we can freely mix different norms by the duality argument, but this does not work for the exotic
Strichartz estimate, which uses exponents away from the duality. Hence we are forced to use a common
exponent for different powers, which makes our estimates much more involved. In particular, when we
have both the H! critical and the L? critical powers, we need three steps to close our estimates.

Reduction to a first-order equation. To simplify the notation, we rewrite NLKG as a first-order equation.
To any real-valued function u (¢, x), we associate a complex-valued? function #(z, x) thus:

= (Vyu—iu, u= (V) 'Rei. (4-1)

This relation u <> # will be assumed for any space-time function u throughout this paper. The free and

nonlinear Klein—Gordon equations are given by
O+ DHu=0 (equivalently, (i9; + (V)i = 0), “42)
(O+ Du= f'(u) (equivalently, (id; + (V)i = f'((V)~' Reur)),

and the free energy is given by E€ (1) = ||Zi||z2 /2. We set
E(p) = l¢ll}, /2= F(V)"'Reg).  Kaplp) i= KZ5((V)7'0) + K2 5((V) ' Reg).  (4-3)

Remark that B B
E(@u(t)) = E(u:t), K(u(t)) > K(u(t)), (4-4)

where the inequality is an equality if and only if i (¢) = 0. The invariant set X = 57{:[, p for u is given
by
Tt i=1p e LX®RN) | E(p) <m, KRe(V) 'p) 2 0}

={p e L’(R?) | E(p) <m, K(p) = 0}.

The second identity is proved as follows. Let ¢ € L2(R?) satisfy E (¢) < m and K(Re(V)"lp) < 0.
Let ¥y = Re(V) !¢ and ¥, = Im(V)~!¢. Then Lemma 2.12 implies that

K@) = —fa(m = J (Y1) < —lly2lgy /2 < K9 (), (4-6)

(4-5)

3We do not need the complex structure; we use i purely for notational convenience, and could use vector notation instead,
especially if u is originally complex-valued. We chose the complex form rather than the vector one to avoid adding a subscript,
for this notation will be applied mostly to sequences.
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o) I?(go) = K1)+ K2(¥,) < 0. Hence under the condition E((p) < m, the signs of K (1) and E(go)
are the same, which proves (4-5).

Strichartz-type estimates and exponents. Here we recall the Strichartz estimate for the free Klein—
Gordon equation, introducing some notation for the space-time norms and special exponents.

With any triplet (b, ¢, o) € [0, 1]> xR and any ¢ € (0, oo}, we associate the following Banach function
spaces on [ X R4 for any interval I:

[(b.c,)g(I) := L}°(I: BY,, (R)),

1/c,q
(b, e, )o(D) := L}/ (1; LV (RY)), 4-7)
[(b.c.og(D) == L;/°(1: BY,, ,(RY)).

where B;, , and Bls,’q respectively denote the inhomogeneous and homogeneous Besov spaces, and the
following characteristic numbers with a parameter 6 € [0, 1]:

reg? (b,c,0) := 0 —(1-260/d)b—d(c - 1),
s (b, c,0) :=2b+(d—1+0)(c— 1), (4-8)
dec?(b,c,0) :=b+(d—1+0)(c—1).

The cases 8 = 0, 1 correspond respectively to the wave and the Klein—Gordon equations. rege indicates
the regularity of the space, while str? and dec? indicate the space-time decay, corresponding respectively
to the Strichartz and the L? — L9 decay estimates. We denote the regularity change and the duality in
H"Y/2 (here —% takes account of one regularity gain in the wave equation) respectively by

(b,c,0)° = (b,c,s), (b,c,0)*® :=(1=b1—c,—0+25—1). (4-9)

Given a real number s, we say that Z = (Z, Z,, Z3) is Strichartz s-admissible if for some 6 € [0, 1]
we have

0=z =<1 0=2z,<} rf(2)=<s, su?2) <o (4-10)

We avoid the endpoint Z, = % to mix different 8’s. We now state the Strichartz estimates:

Lemma 4.1 (see [Brenner 1984; Ginibre and Velo 1985a; Machihara et al. 2002]). Forany s € R, let Z
and T be s-admissible. Then for any space-time function u(t, x), any interval I C R, and any ty € 1,
we have

lulliz1,cry < @)l as + i (2o) | grs—1 + i — Au + ullro1, (1) (4-11)

where the implicit constant does not depend on I or t.
The “exotic Strichartz estimate” is given for the Klein—-Gordon equation by

Lemma4.2. Let Z, T € R3 satisfy for some 6 € [0, 1]

rege(Z) < rege(T) +2, stre(Z) < stre(T)—2, 0< 2, Ty <1,
1 1 (4-12)

1
dec?(Z) <0 < dec?(T)—1, 0< 3% Tr=5 < =g
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Then, for any interval I C R, tg € I, and u(t, x) satisfying u(ty) = u(ty) = 0,
lullizypcry < it — Au+ulliry, - (4-13)

Proof. The wave case 6 = 0 was essentially proved in [Nakanishi 1999a, Lemma 7.4], where the
borderline case str®(Z) = str®(T) — 2 was excluded for the real interpolation to improve the Besov
exponent 2. Here we discard that improvement, restoring the borderline case, which is needed for the
lower critical power p; = 4/d.

The proof is rather immediate from the standard Strichartz estimate and the L? decay estimate. Indeed,
if stt?(Z) = 0 = ste?(T) — 2 and reg9 (Z2) = rege(T) + 2, then the above estimate is nothing but
Strichartz. If moreover Z, + T, = 1, then the estimate directly follows from the L? decay and the
Hardy-Littlewood—Sobolev inequality

‘ /t<v)_1eii(t—S)(V)h(S) ds < ‘ t it — |22 ||h(S)||BT3 ds
o [Z](D) fo UTy2 | LVUTi(
S T, a)- (4-14)
This estimate can be translated in the time and the regularity exponents as
Zw—Z7Z =Z+(,0,5), Tw—T =T+ (,0,s) (4-15)

forany s € Rand b € (—1/2,1/2), as long as 0 < Z{, T| < 1. By the complex interpolation for those
estimates and the standard Strichartz estimate, we obtain the desired estimate in the case stre(Z ) =
str? (T') — 2 and rego (Z2) = rege(T ) + 2. It is extended to the remaining cases (with inequality in these
relations) by the Sobolev embedding. O

The following interpolation is convenient for switching from some exponents to others:
Lemmad4.3. Let Z, A, B,C €[0,1] xR and 0 € [0, 1]. Assume that A1 < Z1 < By and that either
(1) min(str? (4), ste? (B), str? (C)) > st? (Z) and min(reg? (A), reg? (B)) > reg? (2), or
(2) min(str? (4), str? (B)) > str? (Z) and min(reg? (4), reg? (B),reg? (C)) > reg? (2).

Then there exist «, B,y € (0,1) such that « + B + y = 1 and that, for all g € (0, <], we have the
interpolation inequality

lulliz, < Ml el el (4-16)
Proof. Since A1 < Z1 < By, for any 0 < 8, < 1 there exists 6; € (0, 1) such that
(1=60)((1—=061)A1 + 61 B1) +6,Cy = Z;. (4-17)
Let Z := (1—=6,)((1—601)A+ 6, B) + 6,C. Then from the assumption we have
str? (Z) > str? (2), rego (Z) > rego (2), (4-18)

which imply Zy>Zyand Zy—dZy > Z3—dZ,, and so we have the Sobolev embedding [Z]q C[Z]q.
In the first case, we have reg? (Z) > reg? (Z) and so

[[[4]oo: [Bloolty - [Cloo g, = [Z]oo C [Z]y. (4-19)
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The desired inequality follows from that for the complex interpolation.
It remains to prove the result under condition (2). By the real interpolation in the Besov space in x
and Holder in ¢, we have for all 0 < § < 1,

lullizy, S Pyl 2% = Z+801,0,1-20/d). (4-20)
Let 0 < ¢ < 1 satisfy e(B; — A1)(1 —6,) = § and

ZF = (1-6)((1—6; Fe)A + (6, ££)B) + 6,C. (4-21)
Then from the assumption and the definition of Z* and ¢, we have

str? (Zi) > str? (Zi), reg9 (Zi) > rege (Zi) = reg9 (2), (4-22)

when ¢ > 0 is small. Hence we have the Sobolev embedding

[[[4]o0: [Bloolg, 6 [Cloo] g, = [Z¥ o0 € [Z¥ oo, (4-23)
where the left-hand side is a nested complex interpolation space. Now the conclusion follows from the
interpolation inequality. O

Global perturbation of Strichartz norms. Now we fix a few particular exponents. Define H, W, K by

H = (0,%, ), W= (%,Wl,%), K= (2(%%,1(1,%). (4-24)

Then [H], = L}X’H; is the energy space, while W and K are 1-admissible, diagonal and boundary
exponents respectively for the wave (6 = 0) and the Klein—-Gordon (# = 1) equations:

1 =reg®(H) = reg! (H) = reg®(W) = reg! (K),

o . o (4-25)
0= st (H) = str!(H) = stt® (W) = str! (K).
Let eq(u) denote the left-hand side of NLKG:
eq(u) == uy — Au+u— f'(u). (4-26)

Recall the convention u <> i (page 427) to switch to first-order equations. We will treat the H! critical
case (1-28) together with the subcritical case. Since fg(u) is for small |u| and f7 (1) for large |u|, we
may freely lower p; in (1-25) and raise p, in (1-26). Hence we assume (1-25) with

4 4d+1)
2,—2=— _ 4-27
d P S arna- (4-27)
and we assume either d = 1, (1-29), or (1-26), with
4(d+1) N
RS <2*-2. 4-28
dZ—d—1 2= (4-28)

Before the main perturbation lemma, we see that [H], N [W], N [K], is enough to bound the full
Strichartz norms of the solutions.
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Lemma 4.4. Assume that f satisfies (1-36). Let Z, T and U be 1-admissible. In the 2D exponential case
(1-29), let ® € (0, 1). Then there exist a constant Cy > 0 and a continuous function C, : (0, 0c0) — (0, 00)
such that for any interval I, any ty € I and any w(t, x), we have

lwlliz1,(r) = Cillw(to)ll L2 + Cilleg ()l g+, o010y ) + C2Uwl (HRAWw LKD) (1)) (4-29)
provided, in the exponential case, that

sup/co||Vw||i2 <470. (4-30)
tel x

We remark that (4-30) is needed only in the exponential case.
Proof. We may assume © > % without losing any generality. We introduce the new exponents M # and
X by

fo 2
p2(d+1)

with some v € (0, 1/10) satisfying ® < (1 —v)2, where M ¥ is used only if 4 > 2 and X only in the
exponential case. In either case we have

(1,1,0), X :=(v,0,v—v?), (4-31)

0>st®(M¥F), 0>st'(X), 12reg®(M¥), 1>reg®(X), 0<M X, <w. (432
Hence by Lemma 4.3(1), we have
lwliare,ay + Iwlixt. o < lwll qanmwisnik ) a)- (4-33)
The Strichartz estimate gives

lwlliz1,(n)
S w2 + lleq ()l g7+, +ip=mp) ) + ||f/(w)||([K*<1)]2+[W*(1>]2+L}Li)([)- (4-34)

By the standard nonlinear estimate we have
4/d
17 @) ik < I lligam 1w lFe o). (4-35)
and in the subcritical/critical cases
D
117 @) lgrconyry S Tl 101, 1y (4-36)

In the exponential case, there are k¥ > ko and @ > 0 such that

sup/c||w||12%l <4n@’, (4-37)
tel
where ©' := % < 1 and

el gy = ”V‘/’”i% + Mll(ﬂlli%- (4-38)

Then we have

2 2 1/2 2.1/2
12 )llz2 < Mwl@F = Dl < lwilzge e — 172 e 1 (4-39)

oo
LY
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where the second factor is bounded by Trudinger—-Moser:
2
e — 11 S wllF./(1 -8, (4-40)

and the third factor is bounded by the following log-interpolation inequality [Ibrahim et al. 2007, Theorem
1.3]: forany @ € (0,1), A > 1/(27na) and p > 0, there is C > 0 such that

1017 o g2y = )»Ilwllfq&(Rz)[C +log(1+ llelcomey/ 10l gy )] (4-41)

for any ¢ € H!' NC*(R?), where C% = BZ, o denotes the Holder space. Plugging this with o := v —v?

into the exponential, we get

2 Mcllw] 2710’
1 e < (1 llwllcg/Iwllgy) 7 < (1+klwlge/0) 7" (4-42)
where A > 0 is chosen so that
1 <27ia, QA0 + 1)y =1. (4-43)
Since fr vanishes for small |u|, we may assume ||w|ce 2 ||w|ze 2 1. Hence
2 / 2(1/v—1
le Pl S Iwl " = wiige” ™", (4-44)
and plugging this into (4-39), we get
1/v—1 1
1ALz S Il gl pge 2 g S Iy, T, (4-45)
which concludes the proof. |

Lemma 4.5. Assume that f satisfies (1-36). Let Z, T, U and V be 1-admissible and reg®(V) = 1.
In the exponential case (1-29), let © € (0, 1). Then there are continuous functions €y, Cq : (0, 00)> —
(0, 00) such that the following holds: Let I C R be an interval, ty € I and ii, W € C(I; L*(R%)). Let
vo = e VIE=10) (5 — %) (to) and assume that for some A, B > 0 we have

”ﬁ”L‘,X’(I;L,%) + ”J)”L?O(I;Li) =4, (4-46)
lwliw,nika) < B, (4-47)
[(eq (). eq (W)l qr+1, 41wy 1) + Vol ) = €0(A4, B), (4-48)
and in the exponential case,
sup ko max(||Vu||i)26, ||Vw||i%) <470. (4-49)
Then we have !
lulliz1,) = Co(A, B). (4-50)

Remark 4.6. (4-49) is needed only in the exponential case. The lemma remains valid in the lower critical
case p; = 4/d = 2, —2, if we assume in addition that

Ivollix10r) < €0(A4, B). (4-51)

We will indicate the necessary modifications in the proof.
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Proof of Lemma 4.5. We restrict pi, p, as in (4-27) and (4-28), without losing any generality. In the
following, C(-,...) denotes arbitrary positive constants which may depend continuously on the indicated
parameters. Let § € (0, 1) be a fixed small number, whose smallness will be specified by the following
arguments. Let

e:=equ)—eq(w), y:=u—w. (4-52)

Then we have the equation for the difference

V—Ay+y=fllw+y)—fw)—e, V() = vo(to). (4-53)

First note that by Lemma 4.4, we have the full Strichartz norms on w.
Next we estimate the difference u — w in the easier case d < 4. We define new exponents .S, L and a
space & by
[S]o := L;’1+1L)2€(171+1), [L]o := sz+1L)2€(p2+1),

[STo (d=1)

(4-54)
A= [SloN[X] (1-29),
[Slo N[L]o (otherwise).
Thanks to the restrictions (4-27) and (4-28), we have
0>str!(S), 0>stu®(L), 1>reg!(S), 1>reg’(L). (4-55)
Hence by Lemma 4.3(2) with C := V, we get for some 6, 6, € (0, 1),
Ivollacr S A"t + 410232, (4-56)
If py — 4/d, then str®(S) — 0, and we would need the smallness in [K]o (/).
Since w € ¥(I) by Lemma 4.4, there exists a partition of the right half of I:
to <ty <--<ty, Ij =, 441, IN(tg,00) = (to,tn) (4-57)
such that n < C(A4, B, §) and
lwlleu) =8 (=0,....n—1). (4-58)
We omit the estimate on I N (—o0, #y) since it is the same by symmetry.
Let y; be the free solution defined by
pi = VD5 (g, (4-59)

Then the Strichartz estimate applied to the equations of y and y; 41 implies
ly = villsecryy + 141 = villew < 1/ +y) = ' 1 2,y + lell o rir=onyay)- (4-60)
The nonlinear difference is estimated as follows. For smaller |u|, we have by Holder

16w +p)— £l 2 < 1w )12, 17 s (4-61)
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and for larger |u| for d > 2 in the subcritical/critical cases,

1w +v) = fr@)ligr 22 < 1w I 1 iz (4-62)
Ifd =1, let C(v) = supy, <, | f; (w)|/|u|P'. Then we have

17w+ 1) = S @)z S Cllwllzes, + Iy lzgs) 1w, 5, 17 st

< CUlw. M oo gl W, Mg 17 listo- (4-63)

In the exponential case, there exist k > kg and i > 0 such that (4-37). Let wg = w+0y = (1—-0)w+06u
for 6 € [0, 1]. Then we have
clwglyy < 476,
oW
1+ 0

r_
where ® = 5

and H, & is defined in (4-38). In the same way as for (4-45), we obtain

1
|/ w4y = S @)l 12 < /0 I woyly 28 % sup Nwoliun, lwoliis; 17l
€[0,1

1/v—1
S Al g 1Y, (4-64)
Thus in all cases, assuming
Iylea) <8 <1 (j=0.....n—1), (4-65)

where the smallness depends on 4 (and ®), we get

1 loeczyy + 1Vi+1lle 1) = ClUYille; o) + €05 (4-66)
for some absolute constant C > 2. Then by (4-56) and iteration in j we get
Iy lery S QCY (A ~Preg! + 41 %26() < C(4. B)(eg! +eg)- (4-67)

Choosing ¢¢(A4, B) sufficiently small, we can make the last bound much smaller than §, and thus the
assumption (4-65) is justified by continuity in ¢ and induction on j. Then repeating the estimate (4-60)
once more, we can estimate the full Strichartz norms on y, which implies also the bound on u.

Next we estimate the difference # — w in the harder case d > 5, where we need the new exponents
M,M,N,N,R, O, P,and Y defined by

2
T d+1

V=2 [(Ld1 e
N_d+1[(2, 7 ,1)+(1 7 pz)( d,l,O)]

1 d—2
—((1+d,0,0)———=(d,—-1,0)|,
[p2( )— 5 )}

~ 2 v 2 )

M= M+ s O 1/d. ), N =N = 200.1/d.1), (4-68)
L (1,2,2)  (4,d—1,4) _(6,d+3,4)

0= vy P=%asn 0 YT 2@y

. (d+4) 1
R= (2(d+2)(p1+1)’ Ry, 2) '
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In the case p, > 1, we need another exponent

0= i+ 2227 6 ), (4-69)

p2(d +1)
and if p, <1 then we put M = M. Note that p1 < 1 under (4-27) for d < 5. Then we have the sharp
Sobolev embedding
[M]g C[M]g C[M]g, [Nlg C[Nlg, (4-70)
and nonlinear and interpolation relations
R+piRO=K*VD R=(1-a)W+4ak, M =1-p)W°+BR°, (4-71)
for some «, B € (0, 1), thanks to (4-27) and (4-28). Y is a non-admissible exponent satisfying
Y=N+pM=N+p,M=P+p 0°=P°+p,0, (4-72)

where the second and the last identities follow from P3; = p{Qs, N 3 = pzﬂz 3, and the above sharp
embeddings. If p, > 1, we have in addition

Y=N+M+(p— M. 4-73)
These exponents satisfy (when d > 5)
1= rego(ﬁ) = —reg?(Y) > regO(M), 1 > reg' (Q),reg! (P), —reg' (Y),
0> strO(AAl), stro(ﬁ), str! (Q), str! (P),

stro(]\~/) <st?(Y)=2, str'(P)=str'(Y)-2, (4-74)
0< My, My, Q1. 02, Ry < %, 1< dec®(Y), dec! (Y),
1,1 & 1 1 11
gty Mzamgor vyt

Moreover, reg’ (Z\Al) = lonly if p =2*—2 =4/(d —2). Lemma 4.3(1) implies that

||w||([Q]2p1 AL 1AL 12, ) (1) lwll (LN K LA @) S A+ B. (4-75)
As before, we divide I N (fy,00) into ty < --- < ty, n < C(A4, B) such that

1wl o1, A1, niE LA @) =8 <TG =0.n=1). (4-76)

We also introduce the following spaces:
Yo = [WloN[Rlo, ¥:=[NLN[Ph, ¥:=[WLN[K]. @
Vg = W Olo +[K* Do, ™ = WO 4+ [K* D],

Our proof for d > 5 consists of three steps:

(1) We estimate y in Yy, assuming it is bounded in some norm similar to (4-76). Here we can use the
standard Strichartz because the estimates do not contain spatial derivative.

(2) We estimate y in %, under the same assumption on y. Here we use the exotic Strichartz.
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(3) We estimate u in ¥ by using the bounds in [ZV ] N[R]o. The assumption in the previous steps is
justified once we get a better bound.

Actually we could skip the first step, by using interpolation in the last step to bound [R]y by the other
norms. However, if p; = 4/d the lower critical power, then R = K and the first step becomes necessary.
Assuming that

”V”([Q]zmﬂ[M]zpzm[R]Om[Mu]O)(I) <é (j=0,. -1, (4-78)

we have by Strichartz and Holder (since W© and R° are E-admissible)
Iy =villwgcry) + 1¥i41=Vilag@ < 1F w +v) = £/ )l 1) + llellayz;)
SN Ry 1Y lR10 ) + 10 30 ) 1V 1001 + 20
S 8Py lyg(z;) + €05 4-79)
where we used (4-76) and (4-78). By Lemma 4.3(2), we have
1vollwgr) S A"~ Pegt + A1 04elt, (4-80)

for some 03, 04 € (0, 1). Note that str! (R) — 0 as p; — 4/d, hence in the lower critical case we would
need ¥, to be small in [K]y. By the same argument as for (4-67), we obtain

17 lwor) < C(A. B)(eg® +eg*) < 6. (4-81)
Next, still assuming (4-78), we have by the exotic Strichartz estimate,
ly=villg,y + 1Vitv1=Yilaw S 1/ w+y) = lliyna) + lelly ). (4-82)
where the nonlinear difference is estimated by
I/ (w+v) = fr )1
S 100 i Iy g, 10 DI 1 vty + 100 I 1) g, 17 s (4-83)

where the last term is for p, > 1 while the second last is for p, < 1, and similarly

176w+ 7) = [y, S 1. I I e + 1 U, W, @-84)
Thus we obtain
vy — Vi ||5j;(1j) + “Vj—i—l -V “@(R) <8Pt ||V||@(1j) + €o, (4-85)
where we used (4-76), (4-78), and the following embeddings in x
(0L, C[Qlo, [Pl C[Plo, [Ml+[Mlp, C[Mlo, [N]r C [Nl (4-86)
By Lemma 4.3 and Strichartz, we have
0 1—05 6
1vollFacr) < 170l fcnynm i 1o lGa, @ S 4" (4-87)
1—6¢ .0
”VO”[P]Z(I) S ||VO||[H]2(1)Q[K]2(1)”VOH[M]O([) A 68 °,
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for some s, 0 € (0, 1). Note that str! (P) is away from 0 as p; — 4/d, and so 05, §¢ are uniformly
bounded from below. Thus by the same argument as for (4-67),

I¥llgr) < C(A. B)(eg® +e5) < 6. (4-88)

Hence under the assumption (4-78) we have obtained

6
IVl ontrimnidnwontesm = €4 8) 2 gt <8 (4-89)
Finally by Strichartz, (4-76) and (4-78), we have
lullocryy < N@@lpz + leq@) + £ @)l
S A+ g0+ lull gy, o N ltriacry) + 1 g o e llowacry) (4-90)
S A+eo+ 8 |ullyry).-

Hence we obtain
lulloy;) < A+ eo, (4-91)
and so
[ulleycry Sn(A+ o) = C(4, B), (4-92)
which is extended to the full Strichartz norms by Lemma 4.4.
It remains to justify (4-78). By Lemma 4.3(2), we have

N ~ 1—0; Ok )
”V”[Q]Zm AIM 12N 12y, < k=27: . ||y||[H]zn[K]2ﬂ[W]2 ”y”[P]zﬂ[ﬁ]z’ (4-93)
for some 67, 0g € (0,1). If p; = 4/d, then we need to add [K] to the last factor.
In either case, by (4-91), (4-76), (4-89), and (4-71), we obtain
~ ~ 9 -
1Yl 4012y, nitTa A0, ALRIAM A0 1) = € (A B0 (4-94)

for some 6 € (0, 1). By choosing g¢(A4, B) sufficiently small, the last bound can be made much smaller
than §. Then the assumption (4-78) is justified by continuity in ¢ and induction in j. Thus we have
obtained the desired estimates. O

5. Profile decomposition

In this section, following Bahouri, Gérard, Kenig, and Merle, we investigate behavior of general se-
quences of solutions, by asymptotic expansion into a series of transformation sequences of fixed space-
time functions, called profiles. This is the fundamental part for the construction of a critical element in
the next section.

Linear profile decomposition. Here we give the Klein—Gordon version of Bahouri and Gérard’s profile
decomposition for the massless free wave equation. The only essential difference is that the massive
equation does not commute with the scaling transforms, but the proof goes almost the same.

For simple presentation, we introduce some notation. For any triple (té> , xg , hg) e R x (0, 00)
with arbitrary suffix Q and <, let rg , Tg and (V)g respectively denote the scaled time shift, the unitary
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and the self-adjoint operators in L2(R?), defined by
<

P <
rgz—%, TSp(x) = (h3)~4/2 (—hfc’), (VIS = -+ ()2 (5-1)

We denote by M€ the set of Fourier multipliers on R4:
M ={F ' iF | i € C(R?) and fi(x) has a finite limit as x| — oo}, (5-2)

(Practically we need only 1 and |[V|(V)~! in J(€). Also recall the correspondence u <> u defined on
page 427.

Lemma 5.1 (Linear profile decomposition). Let v, = Hvig, (0) be a sequence of free Klein—-Gordon
solutions with bounded L)ZC norm. Then, possibly after replacing it with some subsequence, there exist
K €10,1,2..., 00} and, for each integer j € [0, K), ¢/ € LA(RY) and {(ln,xn,hj)}neN Cc RxRY x
(0, 1] satisfying the following. Define v;, and w¥ for each j < k < K by

. . N k=1 .
3 = VN i g, = 'Zo ) 4+ wk. (5-3)
j:
Then
. T -k _ _
A 1l e 2 ey = O G-

and for any Fourier multiplier i € M€, any ! < j <k < K andanyt € R,

|l 51L+|x "xn|

: PN
lim_[log(hy,/ hy)| + i = o0, (5-5)
lim (ui(6) | u](0) 2 = 0= lim (u3](0) | wivy (1)) 12 (5-6)

Moreover, each sequence {hj tnen either goes to 0 or is identically 1 for all n.

We call such a sequence {vn tneN a free concentrating wave for each j, and w the remainder. We
say that {(tn X5, hf,)}n and {(tk ,]1‘ , hﬁ )} are orthogonal when (5-5) holds. Note that (5-6) implies

: = _ =j 2 k — _
gim (15,12, T IOl i1 .| =0 (5-7)

We remark that the case h{; — 00 is excluded by the presence of the mass, or more precisely by the use
of inhomogeneous Besov norm for the remainder.

Proof. We introduce a Littlewood—Paley decomposition for the Besov norm. Let Ag(x) € $(R?) such
that its Fourier transform Ag(§) = 1 for |£] < 1 and Ag(§) = 0 for |&] > 2. Then we define Ay (x) for
any k € N and A g)(x) by the Fourier transforms

Ar(E) = Ao7Fe) = Ro27F 1), Ay = Ao(§) — Ao(26). (5-8)
Let
v:= lim ||T)n||LooB—d/z ~ lim sup 2_kd/2|Ak * Uy (1, X)]. (5-9)
n—0o0 1 o000 n—00

teR, xeR4, k=0
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If v = 0, we are done with K = 0. Otherwise, there exists a sequence (Z, X5, k») such that for large n
27RndI2 | A sk By (1, x) | > 0/2. (5-10)

Now we define /1, and ¥, by
hy =27% Bu(tn. x) = Turn. (5-11)

Since v, is bounded in L2, it converges weakly to some v in L2, up to an extraction of a subsequence.
Moreover,

A =
2—knd/2|Akn *1—)'n(tn’xn)| — {l O*E/fn(o)| (k”l O)’ (5_12)

Ay * Vn(0)]  (kn = 1),

and hence by the weak convergence and by Schwarz
1l 2 2 (Ao [ )+ (A | ) = v/2. (5-13)

If hy, — 0, then we put (20, x2, h%) = (t, xn, hyn) and ¢° = 1. Otherwise, we may assume, by extracting
a subsequence, that /1, converges to some /1o, > 0, and we put

(19, X9, 1) = (1 X0, 1), 0° = hod P (x/ hoo). (5-14)
Then we have T,y — T,)9° — 0 strongly in L2. Now we define 2 and w,) by

0 = /IOl — 5, 50, (5-15)

Then (T,0) 1w} (t2) = (T) "' T yn —® — 0 weakly in L2, and uT,? = T,2 12, where 110 denotes the
Fourier multiplier whose symbol is the rescaling of s, that is fi(£/h%). By the definition of (%, the
symbol of ,ug converges, including the case hg — 0, so ,u2 converges strongly in Lz(Rd) to some p,go.
Hence

(b)) | iy () 2 = (@’ | (T~ b, () 2 — 0. (5-16)

The left-hand side is preserved in ¢, hence the above holds at any ¢. This is the decomposition for k£ = 1.

Next we apply the same procedure to the sequence W) in place of ¥,. Then either the Besov norm
goesto 0 and K = 1, or otherwise we find the next concentrating wave U} and the remainder w2, such
that for some (¢}, x}, hl) and ¢! € L2(RY),

R V) (t—1) - -
wrlt _ v,i JH1)’217 Urlz — iV t")Tnlwl’ (Mv}l(z) | Mw,f(t))szc — 0, (5-17)

(TH™'w2(t}) — 0 weakly in L2 as n — oo, and
Jim [, [ oo garz < 19" 2. (5-18)

Iterating the procedure, we obtain the desired decomposition. L? orthogonality implies ||(pk I 2~ 0
as k — o0, and then (5-18) (for general k) gives the decay of the remainder in the Besov norm.
It remains to prove the orthogonality (5-5) as well as (5-6). First we have

N S5 ) [ . . .
(L (0) | i (0)) = (e VM Tl pl ! | eV T i oy = (ST b ol | 1ud 7). (5-19)
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where /1,11 = [L(é/hl) as before, and S,{’l is defined by
Sll (TJ) 1,i(V) (@t t)Tl — i ),’;t,i”(Tnf')—lT’f = e—i(V)i;t,];’lT’zj',l, (5-20)
with the sequence
il ]t ety = el 1] xE—xd )/ hi. (5-21)

Using the last formula in (5-20), (5-5), and the uniform time decay of ¢! V)it Y — 9” it is easy to see
that S]’ — 0 weakly on L2 as n — oo for all j < /. Since ,un = ,u(é/hl) and fij, are convergent,
(5-19) also tends to 0. Then we have also

(3 (0) | iy () 2 —< Uy (0) | g (@) - Z+1uvm(t)> , > 0; (5-22)
m=j

thus we obtain (5-6). Now suppose that (5-5) fails. Then there exists a minimal (/, j) breaking (5-5),
with respect to the natural order

(1, 1) =z, j2) <= 1 =lyand j; < J>. (5-23)

By extracting a subsequence, we may assume that hfl — héo, log(hfl/ h,{), (tl —tn )/ hl and (x x,{)/ hf,
all converge. Now we inspect

J o . ‘
(TH7 el aly = 3 shme™ 4+ SLITH T wi T (1)), (5-24)
m=I[+1
where S converges strongly to a unitary operator, due to the convergence of (t,,’] xn’] L hy L ) and hl
Since S}, bm 0 form < j and (TJ) 1 ”H (1) — 0 weakly in L we deduce from the weak limit
of (5-24) that (p = 0, a contradiction. ThlS proves the orthogonality (5 5). O

Those free concentrating waves with scaling going to 0 are vanishing in any Besov space with less
regularity. Hence in the subcritical case, we may freeze the scaling to 1 by regarding them as a part of
remainder. Hence:

Corollary 5.2. Let v, be a sequence of free Klein—-Gordon solutions with bounded L)ZC norm. Then,
after replacing it with some subsequence, there exist K € {0,1,2..., 00} and data ¢l € .Lz(Rd) and
(6], X)) nen C RxRE, for each integer j € [0, K), satisfying the following. Define v; and 17)5 for
each j <k < K by
. . i . L
o) =Vl (x Xy, By = U+ wk. (5-25)
j=0

Then, for any s < —d /2, we have

li lim o0 s =0, 5-26
Jim  lim 5 | oo s B, 1) (5-26)

and forany u € M6, anyl < j <k < Kandanyt € R,
: =1 =2 : =i ok
Jim (v, | piy), = 0= lim (o | pwy)z, (5-27)
: j k j k
Jim 1t —t, |+ |x] — x| = o0. (5-28)
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Orthogonality holds also for the nonlinear energy, which implies that the decomposition is closed
in . Recall the vector notation for the energy (page 427). We will use the following estimates for
1 < p<oo:

VI = (V)alellLe < hall(V/ ha) " @l
V= = (V) el S IV ha) IV el e
they hold uniformly for 0 < 4, < 1, by Mihlin’s theorem on Fourier multipliers.

(5-29)

Lemma 5.3. Assume that f satlsﬁes (1-36). Let vy, be a sequence of free Klein—Gordon solutions satisfy-
ing U, (0) € X+ and limy— oo E(vn (0)) <m. Let vy, = Z] <k Un +wk be the linear profile decomposition
given by Lemma 5.1. Except for the H U critical case (1-28), it may be given by Corollary 5.2 too. Then
we have v;,(0) € Tt forlarge n and all j < K, and

lim hm E@,(0))— Y E®@(0)) — E@*(0))| = o. (5-30)
k—Kn j<k

Moreover we have forall j < K

0< lim E(¥}(0)) < hm E@}(0)) < hm E (3,(0)), (5-31)

n—>oo
where the last inequality becomes an equality only if K = 1 and lf),l — 0in L?oLi.

Proof. First we see that in the exponential case (1-29), all the profiles and remainders are in the subcritical
regime. Since U,(0) € ¥, Lemma 2.11 implies

[V(V)~!Re 17,,(0)||i§ + | Im ﬁn(0)||i% <2m < 47 /K. (5-32)
For any (. ..., 0) € C'1K satisfying || 0] Lo = max; |6;] <1, let
= Y 0jv) + Gpwk. (5-33)
j<k

Choosing ;. = |V|(V)~! € M€ in (5-27), we get
hm sup ||Vv9|| , < im [[V(V)™' 0,12, = M < 4x/ko. (5-34)
n—oo X

Hence there exist k¥ > k¢ and ¢ € (1, 2) such that gk M < 4.
Now we start proving (5-30) in all the cases. Since the linear version of (5-30) is given by Lemma 5.1,
it suffices to show orthogonality in F, i.e.

lim Tim |F(v,(0)— ¥ F(v](0)) — F(wy (0)| = 0. (5-35)
k— K n—>00 j<k

For this we may neglect w , because by the decay in BC>o Oé and interpolation with the H'! bound we
have

Jim E lwk )z =0 2<p=<2%. (5-36)

In the exponential case, we deal with w as follows. Let v<k+9 —(1— G)w,’,‘ for 0 < 6 < 1. Using
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the Holder and Trudinger—Moser inequalities, we get

1 1 <k+
LR U R T U e i T T

1 ”U<k+9“ 1/q .
< d@ _—_— /. 5-37
< [ s ] (5-37)

In the subcritical and exponential cases, it suffices to have the decay in BS_, for all s < 1 —d/2, which
is given by Corollary 5.2. Thus in any case we are allowed to replace v, (O) by v<k (0) in (5-35).
Next we may discard those j for which 7;, = t,, / h,’, — 00, since for any p € (2, 2*] satisfying
1/p=1/2—s/d with s € (0, 1], we have
107 )Lz < e V% |V | p -0 (1 — o0), (5-38)
by the decay of et (V)i
H{ c LY. , .
So extracting a subsequence, we may assume that ; has a finite limit ¢, for all j. Let

in¥ — L? as |t| — oo, which is uniform in #, and the Sobolev embedding

i —i(V)lotds j d
Y/ = Ree I VIxTop/ e L2(RY). (5-39)

Then v,{ 0)—(V)~! Tnjwj — 0 strongly in H.!, thus (5-35) has been reduced to

F(Z @)~ £ R T >0 (5-40)

j<k Jj<k

In the subcritical and exponential cases, if h{; — 0 then (v)y~1 T,,j v/ =0 strongly in Lefor2<p<
2*, so it can be neglected. Hence we may assume that /;, = 1. Then each 7}/ (V)™ 1/ is getting away
from the others as n — oo, and (5-40) follows.

In the critical case, if 47, — 0 then we have by (5-29),

KT T =TIV ™ | par S IV ) T2V | par — 0. (5-41)

Hence we may replace (V)™ ITJ ¥/ in (5- 40) by h] TJ wf for some wf € L?", including the case
hj = 1. Then we may further replace each wf by

l J il 7l
%{(X)::&]-(X)X{O if there is / < j s.t. hy,, < hy and (x — x )/h € supp ¥*, (5-42)

1 otherwise,

Where (x] o h’ l) is defined in (5-21), because (5-5) after the above reduction implies either hj — 0 or
|x7 | — 00, and so wf — 1//1 at almost every x € R¥ as n — oo, and strongly in L2 by the dominated

convergence theorem. Now the decomposition is trivial

F(Z hi Ty ) S F(hi Ty, (5-43)

<k Jj<k

by the support property of 1},{ . Thus we have obtained (5-35) and (5-30).
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By exactly the same argument, we obtain also

lim Tim |Kyp(0,(0)) = 3 Ko p(¥](0)) — Ko (5 (0)| = 0. (5-44)
k— K h—>00 j<k

The remaining conclusions follow from the next lemma. O

Lemma 5.4 (Decomposition in H1). Assume f satisfies (1-36). Letk € N and ¢y, . .., ox € H'(R?).

Assume that
- k
(Z,er)=m Rup(201) = -

A >z e RS

for some (a, B) in (1-16) and some 8, & > 0 satisfying e(1+2/ 1) < 6. Then ¢; € Kt forall j=0,... k,
ie. 0 < E(pj) <mand Ky g(p;) = 0 for all (o, B) in (1-16).

tm
,°°

(5-45)

M»

k
7
k
Py 0) = Z Replop) +e,

Proof. Let yj = Re(V)_lgoj and suppose that I?((p,) < 0 for some /. Then K(y;) < E(gol) < 0 and so
H(y;) = m. Since H is non-negative,

k

k ko - ~
< Y HW) = Y [HWy) + H2(Im(V)"¢))] = X (o))~ Ko/
j=

Jj=0 Jj=0
~, k ~, k
<E(X o) =K(X o) /n+e+1/m) <m, (5-46)
j=0 j=0

where H€ denotes the quadratic part of H. Hence K (¥j) = 0 forall j, and so

E(gj) = J(Y;) = H(Yj) + K(Y;)/fn = 0. O

Nonlinear profile decomposition. The next step is to construct a similar decomposition for the nonlinear
solutions with the same initial data.

First we construct a nonlinear profile corresponding to a free concentrating wave. Let U, be a free
concentrating wave for a sequence (f,, Xn, 1) € R x R? x (0, 1],

(0 + (V)T =0, Tultn) = Ty, ¥(x) € L, (5-47)

satisfying v,(0) € 5tt. Here we use Lemma 5.1 only in the H'! critical case, and Corollary 5.2 in the
subcritical and exponential cases. Hence /;, — 0 can happen only in the critical case, otherwise 4, = 1.
Let u, be the nonlinear solution with the same initial data

(8 + (V))iin = f"(un), 4n(0) = 0a(0) € T+, (5-48)
which may be local in time. Next we define I7n and l7n by undoing the transforms

On = TuVa((t —ta)) ), iin = TaUn((t — tn)/ hn). (5-49)
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Then they satisfy the rescaled equations

t
Vy ="y U, =V, —i / =V £1(Re(V) 1 U,) ds, (5-50)
Tn
where t, = —t,/ h,. Extracting a subsequence, we may assume convergence:
hy = heo €10,1], T = Too € [—00, 00]. (5-51)

Then the limit equations are naturally given by

. - - t . ~
VOO — ell‘(V)oow’ UOO — VOO —l/ el(t—s)(v>oof/(Uoo) dS, (5_52)

Too

where (700 is defined by

—177 _
A 1 {Re(V) Uso (hoo = 1), (5-53)

Uso :=Re(V) Uy = ~
°° Voo Voo Re |V 1Uso (hoo = 0).

The unique existence of a local solution ﬁoo around ¢ = T is known in all cases, including ho = 0
and 75, = 00 (the latter corresponding to the existence of the wave operators), by using the standard
iteration with the Strichartz estimate. In the exponential case, it requires that (,700 is in the subcritical
regime in the Trudinger—Moser inequality. It is guaranteed by Lemma 5.3, because 1700 (t) € Ht for ¢
close to 740, and so (700 (t) € % for all 7 in its existence interval.

(,700 on the maximal existence interval is called the nonlinear profile associated with the free concen-
trating wave Uy,. The nonlinear concentrating wave ii ) associated with v, is defined by

finy = TnUoo((t = 1n)/ hn). (5-54)
If hoo = 1 then u,) solves NLKG. If 1o, = 0 then it solves
07 = A+ Dy = (i8r + (V)iimy = (V) = [VDidmy + /" (VT (V) (5-55)
The existence time of u,) may be finite and even go to 0, but at least we have
||ﬁn(0) - L_i(n) (O)HL)ZC = || Va(tn) — Uoo(fn)”L)ZC
< Va(Tn) = Voo (t)ll 12 + Voo (ta) — Uso ()l 12 = 0. (5-56)

Let u, be a sequence of (local) solutions of NLKG in 3T around 7 = 0, and let v, be the sequence
of the free solutions with the same initial data. We consider the linear profile decomposition given by
Lemma 5.1 or 5.2:

k=1 . , , j A
Un= Y. vl 4wk, v =V p) (5-57)
j=0
With each free concentrating wave {17,{ }nen, We associate the nonlinear concentrating wave {ﬁ{ n)}”GN'
A nonlinear profile decomposition of uy is given by

ok k—1 L
u(<n) =Y u{n). (5-58)
j=0
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We are going to prove that ii(<n]§ is a good approximation for u,, provided that each nonlinear profile

has finite global Strichartz norm (in Lemma 5.6). Now we define the Strichartz norms for the profile
decomposition, using the notation from page 428. Let ST and ST* be the function spaces on Ri+d
defined by

ST = [WN[Kly, ST* =[W* O+ [K* V), + L1 12, (5-59)

where the exponents W and K as well as their duals are as defined in (4-24) and (4-9). The Strichartz
norm for the nonlinear profile depends on the scaling hgo for any suffix <:

ST {[W]2 N[K, (K =1),

(5-60
(W15 (h&, = 0). :

In other words, we take the scaling invariant part if hn<> — 40, which can happen only in the H'
critical case. The following estimate will be convenient in treating the concentrating case: For any
S €0, 1] x][0, %] x [0, 1] we have

—1ee®(S) 1 5
ety 815 ) S ()78 (S)”Uoo”[S];([R)’ (5-61)

where (700 is as defined in (5-53). Indeed, using Bg , C L? with p = 1/S; > 2 in the lower frequencies,
we have

ety llps1, S V1753 (V)S3M(n)||[S];
0 - o 0 .
~ (hy) T S Re V|73 (V)3 T U ls1e < Grn) 7 D Ul 35 (5-62)
Concerning the orthogonality in the Strichartz norms, we have:

Lemma 5.5. Assume that | satisfies (1-36). Suppose that in the nonlinear profile decomposition (5-58)
we have

108l 57 @y + 10l oo r2y < 00 (5-63)

for each j < K. Then, for any finite interval I, any j < K and any k < K, we have

dim gy lsay <108 574, gy (5-64)
nIL“;o ||u(<n) ||ST(I) = ,,llﬁlo];{ ”“fn)”sr(l)v (5-65)

where the implicit constants do not depend on 1, j or k. We also have

. 1o <ky ’ J \—1 J _ _
Jim | 76 = S S )| gy = O (5-66)
Proof. First note that if h{;o = 1 then u{n) is just a sequence of space-time translations of 0010 In
particular, (5-64) is trivial in that case.

Next we prove (5-64) in the case A, = 0, which is only in the H! critical case. For the moment we
drop the superscript j. For the [W], part, (5-61) gives us

lu@ w1 S 1 Usollmis@ = Weoll g 71wy (5-67)
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For the [K], part, let V' be the following interpolation between H and W

1 d+1 (-1,0,1)
Vi=— H+—— W=K+-""", 5-68
d+2" Td+2 2(d +2) (5-68)

Then using Holder in ¢ and (5-61) together with reg®(K) = (d + 1)/(d + 2), we get

1 [ SN I
o ik < eanl o 17T 5 00) 20D Do gy ey 1112605 0, (569)

as n — 00. Thus we have proved (5-64). .
Next we prove (5-65) in the subcritical and exponential cases. Define UC{O, R U ( ).R for R > 1 and
by
(n) R

Udo,g = xp (6, ) Udos 1y = T Udo rU—1), uGh = Zu(,,)R, (5-70)

where xp is the cut-off defined in (1-23). Then we have

lugh —ush gllste < X110 = xg (€. X)) TllsT@ — 0. (R — +0) (5-71)
j<k

so we may replace u ) by u(n) g Let 81 denote the difference operator

8hp(x) = p(x —27Me;) — p(x), (5-72)

where ¢; denotes the /-th unit vector in R?. Each Besov norm in ST is equivalent to

d
Py PIRRLATAN

j<k

o (5-73)

j

LPe2_ LY * ngk u("LR‘

where (1/p,1/q,s) = W or K. (5- 28) 1mp11es that each supp u’ is away from the others at least by
(m).R

distance 2 for large », and then supp5 (n) g are also disjoint for j < k at each /, m. Hence the first

norm in (5-73) equals

I /

12575, u (n) rllzrez L, < ||25™§;,u (n) R||e]<k LPe2_ L1~ ||“(n) rlle2 LVB (5-74)

t*'m=>0 m=0 Jj<k

where the first inequality is by Minkowski. Thus we have obtained (5-65) in the subcritical and expo-
nential cases. _

Next we prove (5-65) in the H! critical case. For the nonlinear concentrating waves with hlo =1,
the above argument works. For those with hl, = 0, the K component is vanishing by (5-69). Hence it
suffices to estimate [W], in the case all /7, tend to 0 as j — oo. Using that W3 = l € (0, 1), we have

Hu(<nl§H[W]2(R) SNIVITHV)ugy H[W]z([R{) = |Re|V|” lﬁ(<n§H[W]2(R) ~ H Z ‘Lpgz e’ (5-75)

mez

where we have put (1/p, 1/q,s) = W and

i, = 258 W T UL (e — 1)/ ), (5-76)
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where (an is the difference operator defined in (5-72). For R > 1, let

vj,l j
i ot — t,x Xyl t,x m—log, h;| < R
(1, x) = {Xh{qR( n n)nm(t,x) (| g2 n| ) (5-77)
0 (jm —log, 4| > R).
where )« is as in (1-23). Then by the same computation as for (5-61), we have
it = tigm &l Lrez,_, ra <1276, 0 oo”Ll’zz2 L4+l +xl=R) 0 (5-78)

as R — oo uniformly in 7. Hence we may replace u,, m by u,J, £n R in (5-75). The orthogonality (5-5)
implies that {Supp(; », x) un m R}j<k becomes mutually disjoint for large n. Then arguing as in (5-74),
we obtain (5-65).

To prove (5-66) in the subcritical and exponential cases is easier than (5-65), because after the smooth
cut-off, we have for large n

S Gk ) =x Sl p). (5-79)

Note that the u( ) € ST implies that the full Strichartz norms are finite by Lemma 4.4. The error for

f’ (u ) coming from the cut-off is small in S7* by (4-61)—(4-64) if d < 4. When d > 5, the difference

estimates in the proof of Lemma 4.5 are not sufficient because they control only the exotic norm Y. In
order to estimate the difference in the admissible dual norm S7*(I), we introduce the new exponents

L 2 l1—¢

H, = (s T

where W and M *# were defined in (4-24) and (4-31), and ¢ € (0, py) is fixed small enough to have

) W= W — pae(d,—1,0), M} := M +e(d,—1,0), (5-80)

str’ (H,), strO(Mf),StrO(Ws) <0, reg®(Hy) <1,
reg®(W,) = reg®(W) = 1, regO(Msﬁ) = regO(Mﬁ) <1, (5-81)
We + paME = W + pyM* = w*D,

Then we have, for any u and v,
o2
17500 = £5@l g1 12 S 1 = vlgagoen (Wl oo g2y + Il 2 ) (5-82)
because | /(1) — f$ ()| < [u—v|(Ju| 4 |v])®. For large u, we have if p; > 1,

17 @) — fL )l [W*(D],

—1
SHl?2 M= vlpg, + =l (el gy, + 10 agg, )7 0, (5-83)

(Mo
and if p, < 1,

IL/7@) = S @) ey, < Nl

The latter estimate is not Lipschitz in u — v, but suffices for our purpose here.* Thus we obtain (5-66)
in the subcritical and exponential cases.

iy, 14 Vo, + llu = vII[Mﬁ Ivllpw1, - (5-84)

4The situation is different from the long-time iteration in the previous section, where we needed the exotic Strichartz estimate
in order to get the Lipschitz estimate for the iteration along the numerous time intervals.
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It remains to prove (5-66) in the H ! critical case, where we need further cut-off to get a disjoint sum.

First we see that each uf ) in u(<n/§ may be replaced with

ulyy = (V) V)l = W T UL (e — 1)/ ). (5-85)
For the moment we drop the superscript j. Let py = 4/(d —2) and /oo = 0. If d < 4, then we have by
using (4-62) and (5-29)
L") = S @)l 2 @y < Mo 17 @ 1400 — e izl
~ MUl IIVHV) = 11000 1500
SN Too {3, @ 1(V/ n) > UsolliLio@ — 0, (5-86)

since Uso € [H]3 N[W]5 C[L]o by the homogeneous version of Lemma 4.3(1).
If d > 5, we introduce a new exponent

d-2 1 d+3
= ) 0. 5-87
d—|—2(d+12(d+1) ) (5-87)
Then reg®(G) = 1, str®(G) < 0 and
1,0,1
Q*-1)G = W*(l)—(T). (5-88)

Hence
L @ ny) = S @) =y )
SIS @) = 1 wpllpr=ang e + 1121 @oy) = @) lies-netm-:  (5-89)

where the first term on the right is dominated by (the homogeneous version of (5-83)—(5-84))

2t (n |[Mﬁ] w1 ~tmlwase + lue =) “[Mﬁ] N ICIOE ”(n))”[W] *®)

< ooll"’2

=277 10 p2—b
17/ )2 Ooolpmggey + 105/ ) 2050l 5, o 1 0ol 8y (5-90)

MEo(R)

where 6 := min(p,, 1). The right-hand side goes to 0, since Uso € [H]S N [We]5 C [Mf]o by the
homogeneous version of Lemma 4.3(1). Similarly, the last term in (5-89) is bounded by

”u(n)”[sz]O(R)””(n) _”(n)”[G]o([R{) ~ ||ﬁoo||[DGZ]O(R)”(V/hn>_2ﬁoo“[G]o(|Rg) — 0. (5-91)
Thus it suffices to show
/! > S )“ -0 (5-92)
” (,<k ) i<k ST*(I)

Now we define ﬁ,{ g forany R > 1 by
U glt.x) = XR(z,x)ﬁg;(z,x)n{(l—th,,R)(z ol x—xI 1<l <k, NR <RI}, (5-93)

where xp and (t,{ < xn ,h] l) are as defined respectively in (1-23) and (5-21). Then U,,j R is uniformly
bounded in [H]5(R) N[W]3(R), and

Unj,R g XRﬁc{o in [Mﬁ]o(R) as n — 0o,
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because either hj L 0or |tj ’l| + |xj ’l| — o0 by the orthogonality (5-5). Then by the homogeneous
version of Lemma 4.3(2), it converges also in [L]o(R) (if d < 4), [We]5(R) and [M lo(R). Moreover,
we have XRUJ — UL as R — oo in the same spaces.

Hence we may replace u/ (n) by

wly g = M T UL R (G =6/ 1),

and then we get the desired result, since {supp(,’ x) u{ n) R} <k are mutually disjoint for large 7, and so
S(Z hyr) = Z Sy ) (5-94)
Jj<k j<k

which concludes the proof of (5-66). O
The next lemma is the conclusion of this section.

Lemma 5.6. Assume that | satisfies (1-36). Let uy be a sequence of local solutions of NLKG around
t =0inHT satisfying llmn_,Oo E(uyn) < m. Suppose that in its nonlinear profile decomposition (5-58),
every nonlinear profile U J has finite global Strichartz and energy norms, i.e.

”UO]OHSTJO([R) + ”UOJOHLIOOL)ZC(R) < Q. (5_95)
Then uy is bounded for large n in the Strichartz and the energy norms, i.e.

nll>n;0 ”un”ST(R) + ||ﬁ”||L?°L§(R) < oQ. (5'96)

Proof. We will apply the perturbation lemma to u( ) kg w as an approximate solution. First observe that

| (0) =i 5 (0) = wy (0 12 < ) 157 (0) = if,y () L2 = o(1) (5-97)
]<
and
a7 = 1all7 > = ) 15713, +o(1) = ) i, ()12, +o(1), (5-98)
i< N j< *

where 0(1) — 0 as n — oco. Hence except for a finite set J C N, the energy of u{ n) with j & J is smaller
than the iteration threshold, which implies

el sty S lliidyy Ol 2 (G & ). (5-99)

Combining (5-65), (5-64), (5-99) and (5-98), we obtain, for any finite interval /,

sup, lim (G 157y < Z 101157y + Jim_llin(0)]7, < oc. (5-100)
The equation of u( ) is given by

equh) = ¥ ((V) = (V)ig, + /' (uGh) = X /() (5-101)

<k i<k
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where u’ ) = =V )oo)_1 (V )u(' ) as before. The nonlinear part goes to 0 by (5-66), while the linear part
vanishes if héo = 1, and is dominated if héo = 0 by

||((V) - |V|)L_"(n)||L}L)2((1) S |I| ||<V)_lﬁ(n)||L?°L)2C(R)
~ Y/ W) T Ol oo 2y = 0 (1 = o0), (5-102)

by continuity in ¢ for bounded ¢, and by the scattering of Ug, L for |t| = oo, which follows from
||UOO ||[W] ®) < 0o. Hence Lemma 4.4 gives for any 1-admissible Z

Sllip nli)nolo ||”(n) liz1,®) < oo. (5-103)

On the other hand, by Lemma 4.3 we can extend the smallness of wk from LB ., to the other
spaces that we need for the nonlinear difference estimates, those being [S]o, [L]o, [X ]2, [H lo> [M lo>
and [W],, dependlng on d and f. In addition, in the exponential case (1-29), Lemmas 5.3 and 2.11
imply that u( ) k and wk are both in the subcrltlcal regime for the Trudinger—-Moser inequality. Putting
them together with the above bounds on u P ) in the nonlinear difference estimates (4-61)—(4-64) or
(5-82)—(5-84), we get

k k
Jim T [/l +wh) — S GG sy = 0. (5-104)
and so
Jim  Lim lequgl +wi)llsT+) = 0. (5-105)

Hence for k sufficiently close to K and n large enough, the true solution u, and the approximate
solution u<n]§ + w,’f satisfy all the assumptions of the perturbation Lemma 4.5. Hence u;, is bounded in
global Strichartz norms for large 7. O

6. Extraction of a critical element

In this section, we prove that if uniform global Strichartz bound fails strictly below the variational thresh-
old m, then we have a global solution in J* with infinite Strichartz norm and with the minimal energy,
which is called a critical element.

Let E™* be the threshold for the uniform Strichartz bound. More precisely,

E* :=sup{d > 0] S(4) < oo}, (6-1)

where S(A) denotes the supremum of |[u| g7 (r) for any strong solution u in #* on any interval /
satisfying E(u) < A.

The small energy scattering tells us £* > 0, and the presence of the ground state tells us £* < m, at
least in the subcritical case, and also in the other cases if we allow complex-valued solutions, because the
stationary solutions with different masses yield standing wave solutions of the original NLKG. Anyway,
we are going to prove E* > m by contradiction.

We remark that there is an alternative threshold:

if u is a solution in 1 of NLKG}

with E(u) < A, then ||u| s7@) < o0 ©-2)

E%g 1= sup {A >0
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Obviously E* < EF. Kenig and Merle [2008] chose this definition. The advantage of using E™* is
that E* > m implies uniform bound on the global Strichartz norms below m, which is very important
in applications where we want to perturb the equation.

The next lemma is the conclusion of this section.

Lemma 6.1. Assume that f satisfies (1-36), and let u, be a sequence of solutions of NLKG in X+ on
I, C R satisfying
E(up) = E* <m, |luplstu,) — 00 (n— o0). (6-3)

Then there exists a global solution uy of NLKG in X satisfying
E(us) = E*, |luxllsT@® = oo (6-4)
In addition, there are a sequence (ty, x,) € Rx RY and Q€ Lz(Rd) such that along some subsequence,
1iin (0, x) — e (x — x,) || L2 — 0. (6-5)

We call such a global solution u a critical element. Observe that by the definition of £E*, we can find
such a sequence u, once we have E* < m.

Proof. We can translate u, in ¢ so that 0 € I, for all n. Then we consider the linear and nonlinear
profile decompositions of u,, using Lemma 5.1 in the H' critical case (1-28) and Corollary 5.2 in the
subcritical and exponential cases.

NG, 0) = YV +ak, 5 = i)
j<k
G = Tl Ty = T Usollt =t/ 1), (6-6)
RS
157(0) = ii{,y ()2 =0 (1 — o).

Lemma 5.6 precludes that all the nonlinear profiles ﬁojo have finite global Strichartz norm. On the other
hand, every solution of NLKG in % with energy less than £* has global finite Strichartz norm by the
definition of E*. Hence by Lemma 5.3 we deduce that there is only one profile i.e. K = 1, and moreover

E(ig,) = E*, 0y 0) € HF, (ULl g70 @) = o0 Jim 1Bl o0 2 = 0. (6-7)

If A% — 0 in the critical case, then ﬁooo = |[V|71Re U2 solves the massless equation

07— MUY = [T, (6-8)
and satisfies
ECU)=E* <m=JOQ). K"(UL0)=0. [Tl = o (6-9)

where Q is the massless ground state and K% is the massless version of K. However, there is no such
solution, by [Kenig and Merle 2008].°> Hence hg = 1 in all cases, and we obtain (6-5).

5That reference is restricted to the dimensions d < 5 for simplicity of the perturbation argument, but the elimination of
critical elements works in any higher dimensions.
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Hence hg = 1 in all cases, and we obtain (6-5).
It remains to prove that (730 = (V)" IRe (730 is a global solution. Suppose not. Then we can choose
a sequence f, € R approaching the maximal existence time. Since the sequence of solutions ﬁé)o (t+1tn)
satisfies the assumption of this lemma, we may apply the above argument to it. In particular, from (6-5)
we obtain
1T (tn) — e Yy (x = xp) | 2 — 0, (6-10)

for some ¥ € L)zc and another sequence (1), x,) € R x RY. Let v := e”v)tw. Since it is a free solution,
for any & > 0 there is § > 0 such that for any interval I satisfying | /| < 28, we have ||(V)™! UllsTry < &
where ST = [W], N[K], as in (5-59). Then (6-10) implies that

lim_[(V) "'V T (tn) | sT-5.8) < & (6-11)

n—oo

If ¢ > 0 is small enough, this implies that the solution (7(90 exists on (¢, — 8,1, + ), by the iteration
argument, for large n. This contradicts the choice of #,. Hence Uc?o is global and so a critical element. [

7. Extinction of the critical element

In this section, we prove that the critical element can not exist by deriving a contradiction from a few
properties of it. The main idea follows [Kenig and Merle 2006; 2008]. Let u. be a critical element given
by Lemma 6.1. Since NLKG is symmetric in 7, we may assume that [|u¢ || s7(0,00) = 00. We call such
u a forward critical element. Note that since the critical element is in 5T, we have E€(u;1) ~ E(u)
uniformly, by Lemma 2.10.

Compactness. First we show that the trajectory of a forward critical element is precompact for positive
time in the energy space modulo spatial translations.

Lemma 7.1. Assume that f satisfies (1-36), and let u. be a forward critical element. Then there exists
¢ (0,00) = R? such that the set

{(u,0)(t,x—c(t)) | 0 <t < o0} (7-1)
is precompact in H' (R?) x L*(R?).

Proof. The proof in [Kenig and Merle 2008] can be adapted verbatim, but we give a sketch for the sake
of completeness. Recall the convention u <> u defined on page 427.

It suffices to prove precompactness of {ii(t,)} in L2 for any t1,2,,--- > 0. If #, converges, then it
is trivial from the continuity in . Hence we may assume that ¢, — oco. Applying Lemma 6.1 to the
sequence of solutions u(z + ), we get another sequence (2, x},) € R!*4 and ¢ € L? such that

i(tn, x) —e Vg (x —x)) = 0in L2 (n — 00). (7-2)
If #;, — —o0, then we have
le" i ) 570,000 = 1"V @l s7(—1,00) +0(1) = 0. (7-3)

so that we can solve NLKG of u for ¢ > ¢, with large n globally by iteration with small Strichartz norms,
contradicting its forward criticality.



SCATTERING THRESHOLD FOR THE FOCUSING NONLINEAR KLEIN-GORDON EQUATION 453

If #;, - +o0, then we have

i(V)t

"™ G (1)l 5T (—00,0) = 16"V @l s T(— 00,11y +0(1) = 0, (7-4)

so that we can solve NLKG of u for ¢ < #,, with large n with diminishing Strichartz norms, which implies
u = 0 by taking the limit, a contradiction.
Thus ¢}, is precompact, so is i (ty, X + x},) in L2 by (7-2). O

As a consequence, the energy of u stays within a fixed radius for all positive time, modulo arbitrarily
small rest. More precisely, we define the exterior energy by

ERc(ust) =/ 2|2+ 1Vl + [ul? 4 | f @) + uf () dx, (7-5)

|x—c|=R
forany R >0 and ¢ € R?. Then we have

Corollary 7.2. Let u be a forward critical element. Then for any ¢ > 0, there exist Ry(¢) > 0 and
c(t) : (0,00) — R such that at any t > 0 we have

ERyct)(u;t) < eE(u). (7-6)

Zero momentum and non-propagation. Next we observe that the critical element can not move with
any positive speed in the sense of energy. For that we first need to see that the (conserved) momentum

P(u) := [ u;Vudx € R4 (7-7)
R4

is zero for any critical element u.

Lemma 7.3. For any critical element u, we have P(u) = 0.

Proof. For j = 1,...,d and A € R, we define the operator L;‘ of Lorentz transformation:
Liu(xg.....xq) = u(yo.....va). 75
Yo = xpcoshA 4+ xjsinhA, y; = xpsinhA +xjcoshA, yr =xi (kK #0,j).
Then L;?‘L}l.3 = L?JFB. Since dy yo = y; and 9, y; = yo, we have
O Lru = LY (xj0, + 19))ul. (7-9)
Also we have
;LY = L} (50, +¢d;), 3Ly = LY(s?3;0 +25¢01j + ¢23j)). 710)

LY = L¥(cd; +s9).  9j;LF = LE(c?dsr +25¢d4j +570j)),

where s := sinh A and ¢ := cosh A. In particular [3? — A, L;‘] = 0, and so L;‘ maps global solutions to

themselves. For the space-time norm, we have
(j i)‘ dt dxj = /[vdzdxj; (7-11)

// Lhvdt dx; ://v
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hence L;‘ preserves all Lf” x ([Rl"'d) norm. For any solution u#, we have

0 E(LYu) = (u, | 039, Lu) + (Vu | 93V LYu) + (u— f'(u) | 39 Lhu)
= (us | Xjug +tug +uj) + (ug | Xjuge + tug 4+ Sjue) + (w— f/(u) | xju +tuj)
= (xjur | Au)+2{us | uj) = (Xjuge | ug) = (ue | uj) = P(u), (7-12)

where 82 = 0jla=0- If Pj(u) # 0 for some j, then we obtain another global solution L}‘u, which

has smaller energy and infinite Strichartz norm. It also belongs to ¥, by continuity. More precisely,
the continuity of Lj).‘u in A in the energy space easily follows from the local wellposedness if u has
compactly supported initial data. Then the original solution is approximated by smooth cut-off using the
finite propagation property. Thus we obtain another critical element with less energy, a contradiction.
Hence P(u) = 0. O

Next we see stillness of critical elements in terms of the energy propagation. For any R > 0, we define
the localized center of energy Xg(?) € R4 by

Xa(wi0) = [ xgopwe(w)t.x) dx. (7-13)
where yp is as defined in (1-23), and e(u) denote the energy density of u, namely
eu) = (lus|* + |Vl + [ul>) /2~ /(). (7-14)

From the energy identity é(u#) = V - (u;Vu), we get for any solution u

d
& Xp(us1) = ~dP(w) + / [d(1 = xp () + (r3,) g (V)] V. (7-15)

If u is a critical element, the first term disappears by the above lemma, so we have

d
‘EXR(WZ) SERo(ust). (7-16)

Moreover, since u is in KT, by Lemma 2.12 there exists §g € (0, 1) such that
Ki,0u(@®) = 8ollu()|3;, forall 1 € R. (7-17)

Lemma 7.4. Let u be a forward critical element, and let Ry(e) > 0, ¢(¢t) € R9 and 8y > 0 be as in (7-6)
and (7-17). If 0 < ¢ K 69 and R > R(e) then we have

() = c(0)] = R— Ro(e). (7-18)
for 0 <t <ty till some ty = 6gR/e.
Proof. By translation in x, we may assume that ¢(0) = 0. Let 7y be the final time for the above property

to = inf{t > 0| |c(z)] = R— Rp}. (7-19)
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Then the finite speed of propagation implies that 7y > 0. For any 0 < ¢ < #o we have |c(t)| < R— R,
hence by (7-6) we have Eg o < ¢E(u), and so by (7-16) we get

‘%XR(M;I) <eE(u). (7-20)

Next we expand it around c:

c(t) - Xp(u;t) = |c(l)|2 / xgr(x)e(u) dx + / Xp(X)c-(x —c)e(u) dx, (7-21)
where the first term on the right is bounded from below by
EG)~ [[(1= xpCeetw) dx = [0) 1, /2+ Kio((®) = CEro()
> 8o E(u)—CeE(u) Z 80 E(u), (7-22)

since ¢ < 8p. The second term of (7-21) is dominated by splitting the integral into |[x —c¢| < Ry and
|x —c| > Ry. In the interior it is bounded by using the energy bound, and in the exterior it is bounded
by using (7-6). Thus we obtain

‘/ Xr(X)c-(x —c)e(u) dx| S (Ro+ Re)E(u)lc|. (7-23)

In the same way we have |Xg(u;0)| S (Rg + Re) E(u), since ¢(0) = 0. Thus we get
SoE(u)lc(t)| < (Ro + Re + ) E(u), (7-24)
and sending t — 1y, we get §o R < etp. O

Dispersion and contradiction. Finally we use the localized virial identity to see dispersion of the critical
element, which will contradict the above non-propagation property. For any R > 0, we define the
localized virial Vg(u;t) € R by

VR(u;t) :== (xg()us | (x-V+V-x)u), (7-25)
where xp is as defined in (1-23). Then we have for any solution u,
d 2 : d
VR0 = = [ xp(IRIVUP = d(D =2 fw]+ A () d
— [ 7300 [t + 2l = 9 =l 2]
< —Kg,—2(t)) + CERo(us1). (7-26)
If u is a critical element, then u € H and hence by Lemma 2.12, there exists §, € (0, 1) such that
Ka,—2(u(0) = 8[| Vu®)l7 (7-27)

for all ¢ > 0. Thus we obtain, integrating in ¢,

o
Ve(u;tg) < Vr(u;0)—38, / ||Vu(t)||iz dt + CeE(u)ty. (7-28)
0 X
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Now by the compactness Lemma 7.1, we have:

Lemma 7.5. Let u be a forward critical element. Then for any ¢ > 0 there exists C > 0 such that

IIM(Z)IIi;C =< CIIVu(l)IIigc +a||u(z)||i)2€, (7-29)
forallt > 0.
Proof. Otherwise there exists a sequence ¢, > 0 such that

IIu(tn)Ili;( > nIIVu(tn)Ili;( +8||i‘(tn)||i§c- (7-30)

Since u is L2 bounded, it follows that || Vu(zy) || £2 — 0. Then Lemma 7.1 implies that, after passing to
a subsequence, u(t,) — 0 strongly in H_, then the above inequality implies that i(z,) — 0 too. Hence

E9(u;t,) — 0, which contradicts the energy equivalence, Lemma 2.10. O
Multiplying the equation with u, and then applying the above lemma with ¢ = %, we obtain
oulu i) = [ 1= [Vl =l + Df @ dx = [ a2+l —CIVuPdx, @30
R4 R4
with some C > 0. Hence
to fo
[V i e < B+ [ 19l (732)
0 X X 0 X
and so
to o
toE(u) < / E9u;1) dlS,E(u)—}—/ ||Vu||izdl. (7-33)
0 0 x

Now we choose positive & < 6,89 and R > Ry(g). Then by Lemma 7.4 there exists ¢ty ~ §oR /e
such that Eg o(u;1) < eE(u) for 0 < ¢ < ty. Then from (7-28) and (7-33), we have

8280 R
&

—Vr(u:to) + Vr(u;0) 2 [62t0 — Ceto — ClE(u) 2 $2to E(u) ~

E(u), (7-34)
while the left-hand side is dominated by R E (u) —a contradiction when &/8,8¢ is small enough. O

Appendix: The range of scaling exponents

In Section 2, we have shown that my g in (1-17) is positive and achieved (after modification of the mass
in the critical and exponential cases) if («, B) satisfies (1-16). Here we see that it is also necessary,
modulo the obvious symmetry («, 8) — (—a, —f). For simplicity, we consider only the pure power
nonlinearity.

Proposition A.1. Assume that neither (o, B) € R? nor (—a,—p) satisfies (1-16). There exists g €
(24.2%) such that my g = —oo for f(¢) = |@l|4.

Proof. By symmetry with respect to («, 8) — (—«, —f), we may assume that 8 > 0 and it = 2a+df > 0.
First we consider the case « < 0 and g > 0, which implies that d > 2. Let (24,2*) 2 ¢ = 2+ p,

then we have
ap+p>du/(d—-2)>0. (A-1)
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Decompose K(¢) by setting

IVell7,
2 b

Suppose that 0 # ¢ € H(R?) satisfies K, () = 0. If there is no such ¢, then K is positive definite

and the minimization set in (1-17) becomes empty. Let 1 < v — 1+ 0. Then

lel?,
K=K +Ky Ki(p)=pu MTL

K> (p) = —(ap + ) F(p). (A-2)

0> Kr(vp) - Ka(p) =0, Ki(ve) — Ki(p) > 0. (A-3)
Now let A(v) > 0 solve
0= K(we(x/1) = 242K (v) + A K, (vo); (A-4)
in other words A(v) = [—-K,(vg)/K;(vg)]'/2. Then A(v) — 0o as v — 1 + 0 due to (A-3). Since
AJ(W) = K@) + BIIVYII7. +apF@), (A-5)
we obtain
i (ve(x /L) = pr2ad=2||Ve||7, + aprd F(vp) — —oo, (A-6)
which implies that m = —oo.

Next, if it = 0 > «, which implies d > 2, then for any nonzero ¢ € Hl(Rd) satisfying K(¢) = 0
we have
K(p(x/1) = 2 K(p) =0, (A7)
and similarly as above,
J(@(x/2)) = O(=AY) > 0o as A — o0.
Finally consider the case @ < 0 < fi. Then ap + 2 = 0 has a solution p € (4/d,2* —2). Since
ap+ i = ap+ 28+ u, there exists p € (4/d,2* —2) such that

ap+ i <0<ap+2p. (A-8)

Then KN (¢) = —(ap + j1) F(¢) is positive and so for any ¢ € H'(R%), K(vp) > 0if v > 1. Since
the kinetic term in K is negative, there exists & (v) € R? such that K(e?6¥vg) = 0. Since

—wiw) =~k + 28208 a2y F), (A9)

we obtain
—pJ (¥ vg) = 2ﬂv2% —(ap+2B)F(vyy) — —o0, (A-10)
which implies that m = —oo. U

The above proof shows that if @ < 0 and w > 0 then m = —oo for all ¢ € (2,2*]. The choice of ¢
was needed only in the other region.
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Table of Notation

Notation applies to any s € R, v >0, (0, ) € R%, j.k € Z, Z e R*, I C R, ¢, ¥ € H (R?),
ueC/(H} (R%)), any suffix <, Q, any sequence ¢, € H'(R%), and any functional G on H'(R%).

Dimension and scaling

d €N, 2,,2* > 0: space dimension and critical powers

a,B €R, 1 > p > 0: scaling exponents and their functions

(p;‘, 8 #£a,pG: rescaled family and scaling derivative
(subscript g g and Oy g are often written as <> and Q)

(1-3)
2-D
(1-13) (1-14)

Function spaces
and exponents

HW,K,M* V e R3: exponents for d € N
X, S, L € R3: exponents for d < 4

Ist order representation U <> u: linked with each other by 4-1)

F(¢), f(s) = 0: nonlinear energy and its density (1-11)

Nonlinearity fs(s), fo(s) > 0: small and large parts of f (1-24)

P1, P2 > 0, kg > 0: leading powers of fg and f1, (1-25) (1-26) (1-29)

J(¢), J™(¢) € R: static energy, with mass change (1-11) (1-12)

Ko p(@). KS(p) € R, Hy p(p) > 0: derivatives of J (1-15) (2-26)

KaQﬂ (¢), Kollvﬁ (¢) € R: quadratic and nonlinear parts of K (2-2)

. E(u;t), E(p,¥),e(u) € R: total energy and its density (1-5) (7-14)
Functional

uctionars E9(u;t), EC(p,v¥) > 0: linear energy (1-37)

E(p), Kqp(p) € R: vector versions of E and K (4-3)

P(u;t), ER,c(u;t) € R: momentum and exterior energy (7-7) (7-5)

Xg(u;t), Vg(u;t) € R: localized energy center and virial (7-13) (7-25)

mgy g, E* > 0: static and scattering energy thresholds (1-17) (6-1)

g K g° splitting below the threshold (1-18) (4-5)

Variational splittings Chi(G), CL,(G) € [0, oo]: Trudinger—Moser ratio (2-47) (2-49)

IM(G) € [0, 0o]: Trudinger—-Moser threshold on H' (2-48)

conc G((¢n)n) € R: concentration at x = 0 (2-51)

(Z],(1),[Z]o({).[Z];(I): Lebesgue—Besov spaces on [ X R4 4-7)

7%, 7*®) € R3: regularity change and dual of exponents (4-9)

reg? (2), stt? (2), dec?(z ) € R: regularity and decay indexes (4-8)

(4-24) (4-31) (5-68)

(4-31) (4-54)

M.,M,M,N,N,Q,P.Y,R,G € R3: exponents for d > 5 (4-68) (4-69) (5-87)

H,, W., M} € R3: exponents for d > 5

H!, M%6: H'(R?) and a set of Fourier multipliers on R4
x,%, Y, @, Oyg, Y*: Strichartz-type spaces
ST(I),ST*(I),S ng([): Strichartz-type spaces on I x R?

(5-81)

(4-38) (5-2)
(4-54) (4-77)
(5-59) (5-60)

Profile decomposition

(té> , xg , hg) € R4 %[0, 1]: time-space-scale shift parameter
Yo = —tg / hg € R: rescaled time shift

hS € {0,1},y2 € [—o0, oo]: limit of A and y,¥

T g @, {(V)o<¥p: operators dependent on (xé,> , hg)

@ l, X; 1, h{,l), S, "y relative shift and transform

rg € R, g € [~00, o0]: scaled time shift and its limit

U o%, UO% : nonlinear profiles (scaled limit)

ii(n), ﬁ(jl’; : nonlinear profiles (in original scales)

page 438

(5-D
(5-21) (5-20)
(5-D
(5-52) (5-53)
(5-54) (5-58)
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RAYLEIGH-TYPE SURFACE QUASIMODES IN GENERAL LINEAR ELASTICITY

SONKE HANSEN

Rayleigh-type surface waves correspond to the characteristic variety, in the elliptic boundary region,
of the displacement-to-traction map. In this paper, surface quasimodes are constructed for the reduced
elastic wave equation, anisotropic in general, with traction-free boundary. Assuming a global variant of
a condition of Barnett and Lothe, the construction is reduced to an eigenvalue problem for a selfadjoint
scalar first order pseudodifferential operator on the boundary. The principal and the subprincipal symbol
of this operator are computed. The formula for the subprincipal symbol seems to be new even in the
isotropic case.

1. Introduction

Rayleigh [1887] discovered the existence of surface waves which propagate along a traction-free flat
boundary of an isotropic elastic body and which decay exponentially into the interior. The propagation
speed of the surface wave is strictly less than that of body waves. Barnett and Lothe [1976] showed that
Rayleigh-type surface waves can also exist at flat boundaries of anisotropic elastic media.

The goal of this paper is to construct, for elastic media which are not necessarily isotropic, Rayleigh-
type surface quasimodes which are asymptotic to eigenvalues or resonances. We use a geometric version
of semiclassical microlocal analysis.

The Rayleigh wave phenomenon of isotropic elastodynamics was explained by Taylor [1979] as prop-
agation of singularities, over the elliptic boundary region, for the Neumann (displacement-to-traction)
operator. Nakamura [1991] generalized this to anisotropic media, using the theory of Barnett and Lothe.
Assuming isotropy of the elastic medium, Cardoso and Popov [1992] and Stefanov [2000] constructed
Rayleigh quasimodes.

Let (M, g) be an oriented Riemannian manifold with nonempty compact smooth boundary X. The
(infinitesimal) displacement of an elastic medium occupying M is a vector field # on M. The Lie
derivative of the metric tensor is a symmetric tensor field, Def u = £, g /2, called the deformation (strain)
tensor caused by the displacement u. The elastic properties are defined by the elasticity (stiffness) tensor.
This is a real fourth order tensor field C € C*°(M ; End(T%2?M)), e — Ce, which maps into symmetric
tensors and vanishes on antisymmetric tensors. We assume positive definiteness of C, i.e., (e | /)¢ =
(Ce | f) defines an inner product on the space of symmetric tensors e and /. Here (-|-) denotes the
inner product on tensors induced from g. This assumption is often called the strong convexity condition.
If coordinates are given, then the components of C satisfy symmetries, C*/ kt — cjikt — Cktij  anqg
Clikte, ieke > 01if e;; is a nonzero symmetric tensor. (We use the summation convention.) Denote the
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Riemannian volume elements on M and X by dVjs and dVy, respectively. The elasticity operator L
and the traction 7 are defined, on compactly supported vector fields, by

/ (Defu | Defv)c dVas = / (Lu|v)dVys —}—/ (Tu|v)dVy. (1)
M M X

A positive mass density p € C° (M) and the elasticity tensor C define the material properties of the
elastic medium. If the surface X is traction-free, then vibrations of the medium are solutions of the
following eigenvalue problem: Lu = A?pu in M, Tu = 0 at X. See [Marsden and Hughes 1983] for
linear elasticity in the language of Riemannian geometry.

The principal symbol of L, and of the /-differential operator 42 L, equals the acoustic tensor, ¢(£) =
c(£,£) €End(CTx M), E e T,y M; see (31). Here the associated acoustical tensor ¢(£, ) € End(CTx M),
g.ne Ty M, is defined as follows:

(cEmulw)=@wen|lweE),. (2)

(Using g, we identify vectors with covectors.) The ik-th covariant component of ¢ (£,7) equals C1/*¢g e

The existence of Rayleigh waves depends on the characteristic variety, %, of the surface impedance
tensor, z. To define z, we first recall the definition of the elliptic boundary region, ¢ C T*X. Let v
denote the unit exterior conormal field of the boundary X . Identify T*X =v1 C T 'y M . By definition,
& € € if and only if c(§ + sv) — pId is positive definite for real s. From the factorization theory of
selfadjoint matrix polynomials one gets ¢(§) € End(CTx M), & € €N T} X, such that

c(E+sv)—pld = (sId—g*(€))c(v)(sId—¢(§)). 3)

s € C. Moreover, the spectrum of ¢ (&) lies in the lower half-plane, spec ¢ (&) C C_, and these properties
determine ¢ (&) uniquely. The surface impedance tensor z is defined as follows:

z(§) =ic(v)q) +ic(v,§), &€ 4)

The significance of z results from the fact, proved in Lemma 18, that z is the principal symbol of a
parametrix of the displacement-to-traction operator. In physics, the meaning of z is that it relates the
amplitudes of displacements to the amplitudes of tractions (forces) needed to sustain these.

The surface impedance tensor is Hermitian, and positive definite for large |£| [Barnett and Lothe 1985,
Theorem 6]. If dim M = 3, then

z(§), & € €, has at most one nonpositive eigenvalue. )

This property expresses the uniqueness of Rayleigh-type surface waves [Barnett and Lothe 1985, Theo-
rem 8]. In case dim X # 3, we shall assume (U) as a hypothesis. The characteristic variety of z,

Y ={§e€ detz(§) =0j,

is a smooth hypersurface, transversal to the radial directions of the fibers of 7*X. Compare [Barnett
and Lothe 1985, Theorem 7]. Rayleigh waves exist only if X is not empty. We shall make the stronger
assumption that ¥ intersects every radial line:

SNRLE£D if £€T*X\O0. (E1)



RAYLEIGH-TYPE SURFACE QUASIMODES IN GENERAL LINEAR ELASTICITY 463

Compare [Barnett and Lothe 1985, Theorem 12], [Nakamura 1991, Theorem 2.2], [Kawashita and
Nakamura 2000, (ERW)]. Assuming (U) and (E1), there exists a unique p € C*®°(T*X \ 0), p > 0,
homogeneous of degree 1, such that

S=p7'(1). (5)
See Proposition 6. Furthermore, the kernel of z defines a line bundle, ker z — 3, over the compact base
3. We shall require that its first Chern class vanishes:

ker z — X is a trivial line bundle. (E2)

In particular, the bundle is assumed to possess a unit section. Property (E2) is stable with respect to
homotopies in the material properties; see Corollary 7. In the case of isotropic elasticity with positive
Lamé parameters, (U), (E1), and (E2) hold. Moreover,

T={clfl=1 Cé={cls]> 1} p) =crlE].

Here ¢, is the propagation speed of the Rayleigh surface wave which is strictly less than the speeds of
the body waves, 0 < ¢, < ¢g < ¢p. See Example 8.

Next we state the central result of this paper: The traction-free surface eigenvalue problem can be
intertwined with a selfadjoint eigenvalue problem on the boundary. We employ a semiclassical pseudo-
differential calculus, with distributions and operators depending on a small parameter, 0 < 7 < 1. We
write Ay = By, if and only if the Schwartz kernel of A; — By, belongs to C'°° with seminorms satisfying
Ocoo (h™).

Theorem 1. Assume dim M = 3, or (U). Assume (E1), (E2). Given a unit section v of kerz — X, there
exists a selfadjoint, elliptic operator P € W!(X; Q 172y, independent of h, and operators,

By: L*(X;CTyM)— L*(M:CTM), |By|=0h"?),
Jps Ty € WX QY2 CTy M), J}FJy, elliptic at S,

such that
(W*L—p)By=0, TByJy=Jy(P—h"),

and By|x = 1d in a neighborhood of X. The principal symbol of P equals p of (5). Furthermore, there
is a formula, (50), for the subprincipal symbol pey of P. If v is changed to another unit section, ¢*%v,
then the subprincipal symbol changes to psw, + {p, ¢}, where { p, ¢} denotes the Poisson bracket.

This result is known in the isotropic case [Cardoso and Popov 1992; Stefanov 2000], except for the
assertions about the subprincipal symbol.

The operator By is a parametrix of the Dirichlet problem near ¥; see Proposition 17. Its range
consists of functions which are smooth in the interior of M, supported in a preassigned neighborhood
of the boundary, and which decay like e =891t /% into the interior.

Ignoring finitely many eigenvalues the spectrum of P consists of a sequence of positive eigenval-
ues (; T oo. Applying Theorem 1 to an associated orthonormal system of eigenvectors we obtain, in
Proposition 21, a sequence of quasimode states: Lu; — ;sz puj = Ocoo (hJ?O) with boundary tractions
equal to zero. Moreover, the quasimode states are well-separated. The construction also works when
starting with a sequence of almost orthogonal quasimode states of P.
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Let D = {u € C® ; Tu = 0}. The unbounded operator D — L2(M;CTM; pdVys), u+> p~ ' Lu, is
symmetric and nonnegative. The associated quadratic form is given by the left-hand side of (1). Denote
by L7 the Friedrichs extension of this operator. For a selfadjoint operator A with spectrum consisting
of a sequence of eigenvalues accumulating at +o00, denote by N 4(2) the usual counting function for the
eigenvalues of A. The following lower bound on Ny ,.(4) is an example application of our results.

Corollary 2. Assume M compact, dim M = 3, and (E1), (E2). Let P be the selfadjoint operator given
in Theorem 1. For everym > 1, Np.(A) — Np(A —A™"™) is bounded from below.

Rayleigh waves have been studied in several papers with the emphasis of getting information about
resonances in scattering theory [Stefanov and Vodev 1994; 1995; 1996; Sjostrand and Vodev 1997; Vodev
1997; Stefanov 2000], and, for anisotropic media, [Kawashita and Nakamura 2000]. Stefanov [2000]
uses Rayleigh quasimodes to derive lower bounds on the number of resonances. See the remark at the
end of Section 9 about going from quasimodes to resonances.

The subprincipal symbol pgy, affects the eigenvalue asymptotics of P [Duistermaat and Guillemin
1975], and it enters quasimode constructions [Cardoso and Popov 1992]. The subprincipal symbol occurs
in the final formulas via integrals, such as f s+ x Psub and fy Psub, Where ¥ is a closed bicharacteristic.
We point out that these integrals do not depend on the choice of the unit section v in Theorem 1, although
Psub itself does. An important aim of the present work is to give explicit formulas for the subprincipal
symbol of P. These seem to be new even in the isotropic case which is dealt with in more detail in
Proposition 25. The main difficulty comes from the fact that an invariant notion of subprincipal symbol
has only been available for scalar operators. To overcome this obstacle we adapt and systematically
use the geometric pseudodifferential calculus of Sharafutdinov [2004; 2005] which assumes given a
differential geometric structure. The principal and subprincipal symbol levels are contained in the leading
symbol of a (pseudo-)differential operator.

The paper is organized as follows. In Section 2 the surface impedance tensor is studied; in particular,
a selfcontained treatment of Barnett—Lothe theory is given. The leading geometric symbols of some
differential operators are computed in Section 3. In Section 4 we geometrically decompose the elasticity
operator near the boundary into normal and tangential operators, keeping track of leading geometric
symbols. Section 5 gives, microlocally at the elliptic region €, a factorization of 42 L — p into a product
of first order operators. Using the factorization, we construct in Section 6 a parametrix for the Dirich-
let problem microlocally at €. The displacement-to-traction operator Z is defined in Section 7, and
its leading geometric symbol is determined. In Section 8 we derive a diagonalization of Z, and we
prove Theorem 1. In Section 9 we construct localized traction-free surface quasimodes, and we prove
Corollary 2. In Section 10 we calculate, for an isotropic elastic medium, the subprincipal symbol of P.
The Appendix contains a detailed exposition of Sharafutdinov’s geometric pseudodifferential calculus in
a semiclassical setting.

2. The surface impedance tensor

First we collect some well-known facts about spectral factorizations of selfadjoint matrix polynomials.
Refer to [Gohberg et al. 1982, Chapter 11]. Let V' be a finite-dimensional complex Hilbert space, and
f(s) = as* + bs +c € End(V) a quadratic polynomial in the complex variable s. The spectrum of f is
the set of s € C such that ker f(s) # 0. Assume that the leading coefficient of f, a, is nonsingular. Then
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the spectrum is finite. Assume that f is selfadjoint, f(s)* = f(5), and that, in addition f'(s) is positive
definite for real 5. The spectrum of f is a disjoint union o+ Uo_, where 0+ and o_ are contained in the
upper and lower half-planes, respectively. There is a unique ¢ € End(V') such that f(s) = (s—¢*)a(s—q),
and the spectrum of ¢ equals o—. If y is a closed Jordan curve which contains o_ in its interior and o
in its exterior, then

a gﬁy F(s)Mds = g§y S/ ()" ds. ©)

The integral on the left is nonsingular. Jordan—Keldysh chains are a means to compute ¢. In particular,
one has gv = sv if f(s)v = 0 and Im s < 0. Moreover, the solvency equation f(g) = 0 holds.

The following representation of the factor ¢ by integrals is important. We shall also apply it later to
establish symbol properties. Denote by i = +/—1 the imaginary unit.

Lemma 3. Let f and g be as above. Then
aqfo=-—mild+ f1, (7)

where fo = ffooo f(s)~ds is selfadjoint and positive definite, and

Si= /| <1 saf(s)~'ds +/ sTH(s%a— f(9) f(9) 7 ds.

[s|>1
The integrals converge absolutely in End(V).

Proof. Let yg be the negatively oriented closed contour composed of the semicircle {|s| = R,Ims < 0}
and the interval [ R, R]. The integral representation (6) holds with y = yg if R is sufficiently large.
We have f(s)~! =s72a7! +0(|s|73) as |s| = oo. It follows that

lim f(s) lds = /00 f(s)"tds

R—>o0 YR

and
R

lim 95 saf(s)"'ds = —mild+ lim saf(s)”lds.
YR R—o0

R—>o0 —R

Using s2af(s)~! —Id = (s%?a— f(s)) f(s)~! we obtain
[ saf(s)”'ds :/ s~ (s%a— f(s)) f(s)""ds.
1<|s|<R 1<|s|<R

This proves the formulas. The remaining assertions follow from these and the positive definiteness
of f(s). O

Let £ € T X, and denote by v € T¥ M the unit exterior normal. Set a = ¢(v), a;(§) = c(v, £), and
a»(&) = ¢(§). Note that a1 (§)* = ¢(&, v). The polynomial

f(s) =c(E+sv)—p=as’+(a; +a})s+ay—p, (8)

f(s) = f(s,£), has values in End(CTx M). It is selfadjoint with real coefficients. By definition, £ € €
if and only if f(s) is positive definite for s € R.

Lemma 4. The elliptic region € is an open subset of T* X with compact complement. Moreover, € is
symmetric and star shaped with respect to infinity, i.e., t& € € whenever £ € € and t real, |t| > 1.
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Proof. By positive definiteness of C, there exists § > 0 such that g(v, c(n)v) > 8|v ® n + n ® v|? for
(co-)vectors v, . The symmetrization of a nonzero real elementary tensor is nonzero. Therefore, with a
new & > 0, in the sense of selfadjoint maps,

c(n) = 8Jn|*1d. ©)
Since |& 4 sv|? = |€|? + 52 the first assertions follow. The symmetry and the star-shapedness follow
from c(tn) = t%c(n). |

If & € €, then (7) holds with ¢ = ¢(§), f; = fj(£). The spectral factor ¢ solves (3); using current
notation:
as®> +(ay +a¥)s+ay—p= (s —q*)als —q). (10)
The spectrum of ¢ lies in the lower half-plane, and ¢ is uniquely determined by these properties. Notice
that ¢ is a smooth section of the bundle 7* End(CTx M) — €, where n : € C T*X — X denotes the
canonical projection.
The surface impedance tensor, defined in (4), equals z = i (aq + a@1). Lemma 3 implies

zfo = Id+i(f1 + a1 fo). (11)

Since the f;’s are real, this gives the decomposition of z into real and imaginary parts. Following [Mielke
and Fu 2004], we shall use the Riccati-type equation

(z+iaa Y(z—iay) =as—p (12)
to deduce properties of z. Equation (12) follows upon insertion of ¢ = —a~'(iz +a;) into the solvency
equation associated with (10),

ag* +(a; +a})g+ay—p=0. (13)
A consequence of (12) is

(iq)*z' +2'(iq) = aY'q +¢*d) + (ar— p) +¢*d'q, (14)

where the prime denotes the derivative with respect to some chosen parameter. The spectra of ¢ and ¢*
are disjoint. Therefore, the Sylvester equation (i¢)*x + x(i¢g) =i (xqg —¢™*x) = y has a unique solution
x for given y. The solution is, in fact, given by an integral, x = ffoo exp(irq)*yexp(irq)dr. It follows
that x is positive definite if y is.

Proposition 5. The impedance tensor z(§), &€ € €, has the following properties.
(1) z(&) is selfadjoint.

(i) z(&) is positive definite if || is sufficiently large.

(iii) Rez(§) is positive definite.

@iv) z(&) has at least two positive eigenvalues if dim M > 3.

(V) (d/dt)|;=1t7'z(t€) = z — z is positive definite.

(vi) The complex conjugate z(§) = z(—§).

We call z(§) = (d/dt)|;=1z(t€) the radial derivative of z at £. Tt follows from (v) that Z is positive
definite on the kernel of z, ker z.
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Proof. To prove (i) we follow the arguments in [Mielke and Fu 2004, Theorem 2.2]. First note that
(12) remains true if z is replaced by z*. Subtracting the two equations we get the Sylvester equation
(iq)*(z—z*) 4+ (z—z%)(ig) =0, implying z — z* = 0.

It follows from (11) that Rez = x fo_l. This proves (iii).

Suppose dim M > 3. Aiming at an indirect proof of (iv), assume that z(£), & € 7 X, has at most
one positive eigenvalue. Then there exists w € CTx M such that z(§) is negative semidefinite on the
orthogonal complement w--. Choose a real vector v # 0 which is orthogonal to both Re w and Im w.
Then v € wt, and (Rez(§)v | v) = (z(§)v | v) <0, contradicting the positive definiteness of Re z.

Next we prove (v) following the method of [Mielke and Fu 2004, Theorem 2.3]. Since a; (&) is
homogeneous of degree j in &, (12) implies

(128 +iay (©))a” (T 2(18) —iar(§)) = a2 (§) — 12 p.

Taking the derivative with respectto z at t = 1, we get

(iq)*(—2)+(—2)(ig) =2p.

By the remarks following (14), we see that z — z is positive definite.

We now prove (vi). Note f(s,—§) = f(—s.§), fi(=§) = (—1)jfj($), and a;(—£§) = —a(§). Using
(11) we derive z(=£) fo(§) = z(&) fo(§). Since fy is real and nonsingular the formula follows.

It remains to prove (ii). Let n € Tx X, || = 1. It suffices to show that zo, = lim;4 t~1z(tn) exists
and is positive definite. Set ¢, =t~ !¢(tn), t > 1 large. From (10) deduce

2

as® +(a () +afm)s +ax() =172 p= (s —¢qf)als —q1), seR.

Using (7) and dominated convergence in the integrals giving f; we infer that oo = lim; 4 ¢ exists. In
particular, ! z(¢1) converges to Zoo =i (@qoo +a1(n)) as t 1 co. Let y € Ty M such that (zo0y | ) <0.
We must show y =0. Set w(r) =exp(irgoo)y, r < 0. The solvency Equation (13) holds with ¢ replaced
by ¢oo, p = 0. Therefore, anw + (a1 +a)Dyw + azw = 0 holds, where we use the abbreviation
aj = aj(n). Take the inner product in CTx M with w and integrate. An integration by parts gives

0
/ (aDyw+ayw| Dyw)+ (Drw | ayw)+ (@w |w)dr =i(aD,w+aiw | w)}o_oo =(zeoy | y) 0.
—00

Set W(r)=w(r)®n+ D, w(r)®v € End(CTxM). Recall a = c(v), a; =c(v,n), ay = c(n), and (2).
We have shown:

0
/_ (W) | W(r))edr <0.

Recall that C is real, and that (-|-)¢ is an inner product on symmetric 2-tensors. It follows that the
symmetrization of W(r) vanishes for all » < 0. In particular,

(wr)®n+Drw(r)Qv|[{@v+vRL)=0 (15)

for € CTy M, r <0. Recall (n|v) =0. Setting { = v, we derive D, (w(r) | v) = (D,w(r) | v) =0.
Since w(r) — 0 as r — —o0, we obtain (w(r) | v) = 0. Now, (15) simplifies to (D, w(r) | {) = 0. Since
¢ is arbitrary, this implies, successively, D, w =0, w =0, y = 0. O



468 SONKE HANSEN

If dim M = 3 then (U) holds. This follows from (iv).

Proposition 6. Assume (U). Then the characteristic variety of z, & = {detz(§) = 0}, is a smooth hy-
persurface in €. Each radial line R+& C T*X intersects X in at most one point, and the intersection
is transversal. The kernel of z|x defines a line bundle ker z — 3. Assume, in addition, (E1). There is a
unique p € C®(T*X \ 0), homogeneous of degree one, such that ¥ = p~1(1). Moreover, p > 0, and
p(=§) = p().

Proof. From the assumption and (v) of Proposition 5 it follows that (d/dt) detz(t&) > 0iftE € X, ¢ > 0.
In particular, zero is a regular value of detz. Hence X is a codimension one submanifold transversal to
the radial field. Since R4 & N € is connected, a given radial line R4 £ intersects X in at most one point.
Because of (U) and the selfadjointness of z, zero is simple eigenvalue of z. It follows that kerz — ¥ is
a line bundle. Now assume also (E1). Then each radial line intersects X in a unique point. Define p as
follows. For 0 # & € T*X set p(§) = 1/t if t§ € X, t > 0. Smoothness of p follows from the implicit
function theorem. The evenness of p is a consequence of (vi). The other properties of p are obvious.
Clearly, the homogeneity and p|s, = | determine p uniquely. O

Corollary 7. Let p; and C; be homotopies of the mass densities and the elasticity tensors, 0 <t < 1.
Assume that the associated surface impedance tensors z; and their characteristic varieties %, satisfy (U)
and (E1) for every t. The line bundles ker zy — ¥ and ker z; — X1 are isomorphic.

Proof. The factorization (3) and the definition of the impedance tensor imply that z; depends continuously
on the homotopy parameter ¢. It follows from Proposition 6 that the characteristic varieties are canonically
diffeomorphic to the sphere bundle SX. We deduce that the Chern classes of the bundles kerz; — SX
do not depend on ¢. The assertion follows from this. O

Example 8. We consider, as special case, an isotropic elastic medium. We shall verify (U), (E1), and
(E2). The elasticity tensor reads, in component notation,

Cijké — )»gijgke +,u(gikgj( _i_giegjk)’ (16)
where A, u denote the Lamé parameters. Equivalently,

cEmM=rQn+un®&+pugE.nld. (17)
Positive definiteness of C is equivalent to i > 0, A dim M + 2 > 0. We make the stronger assumption
A,pu>0.Let & € TFX. We list the eigenvalues s € C and the eigenvectors v € CTx M of the quadratic
polynomial ¢ (& 4 sv) — p:
@ A+2m) (&P +s*) —p=0andv=£+sv,
() p(l§1* +5%) —p=0and v =s&—[¢*v,
(c) n(|€]*> + %) —p =0 and v is orthogonal to £ and v.

Introduce ¢, = /(A +2u)/p and ¢s = / 1t/ p, the speeds of pressure and of shear waves, respectively.
Assume that £ € €. This is equivalent to ¢s|&| > 1. The above eigenvalues and eigenvectors diagonalize

¢, q(§)v = sv if Ims < 0. Denote by V the subbundle of 7*(CTy M) — ¢ spanned by v and &, and
V4 its orthogonal bundle. Fix the orthonormal frame v,é‘ = £/|&| of V, and choose an orthonormal
frame of VL. In block decompositions of matrices we let the indices 1 and 2 correspond to V and
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VL, respectively. We denote by (e); j the block i of the matrix which represents the endomorphism e.
Observe that ¢ leaves V and V= invariant, (¢);2 = 0 = (¢)2;. A simple computation gives
€] { utN1—t —i(b—ut) }

(g =77 i(b—t) tJ1—ut (18)

Here 1 = (¢5|€])72, u = (¢s/cp)? = u/(A+21), b = 1 —+/1—ut~/1—t. Moreover, (iq)22 equals
|€|+/1—1 times the unit matrix. The maps a = ¢(v) and @ = ¢(v, £) also leave V and V- invariant. We

compute
gl | tv1=t —i(2b—1)

and (2)22 = p(iq)25. The determinant of z equals (u|€]+/1—¢)d4m Y times

det(z)11 = p?E12D71 (4 (1=0)(1—ur) = (2—1)?). (20)

Given u €10, 1/2[, the unique zero ¢ € ]0, 1[ is found as the solution of Rayleigh’s cubic equation [1887,
(24)], namely 0 = ((r—2)*—16(1—¢)(1—ut))/t. Define the Rayleigh wave speed ¢, = cs/t € C®(X).
Set p(&) = ¢, |&|. The characteristic variety X equals {p(&) = 1}. Thus (U) and (E1) hold. Obviously,
iRb—t)v+t/1 —té ekerz(§), £ € 3. Observe that

22b—1)=1(2—1) on 3. 1)

Thus

iQ—1)w+2V1—1E ekerz, t=(cr/cs)?, (22)
is a nowhere vanishing section of the kernel bundle. Hence also (E2) holds. This example is of course
well-known.

Remark. The identity (11) goes back to Barnett and Lothe; compare [Lothe and Barnett 1976, (3.18)].
It is key to proving, in dimension three, the uniqueness of subsonic traction-free surface waves [Barnett
and Lothe 1985, Theorem 8]. The second assumption in Proposition 6 is needed to prove the existence of
Rayleigh surface waves. Compare with Theorem 12 of the same reference, where existence criteria are
given in terms of the so-called limiting velocity which corresponds to the boundary of the elliptic region.
See [Nakamura 1991, Theorem 2.2] for the Barnett—Lothe condition in a microlocal setting, and the real
principal type property of the Lopatinski matrix it entails. See [Tanuma 2007] for a recent exposition of
Barnett-Lothe theory, and for a treatment of isotropic and transversely isotropic media.

3. Connections and geometric symbols

The elasticity operator is defined in terms of the Levi-Civita connection and of the elasticity tensor. We
use the geometric pseudodifferential calculus of the Appendix to define and compute the leading symbol
of the elasticity operator. The leading symbol includes the principal and the subprincipal level. The
calculus depends on the choice of connections.

Equip M with the Levi-Civita connection of g. Let exp denote its exponential map. If x, y € M, then
denote by [y < x] the shortest geodesic segment from x to y, assuming its interior does not intersect the
boundary, and that it is unique.
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Let E — M be a (complex) vector bundle with connection VZ. Denote by rf € End(Eyx, E)) the
parallel transport map along a given curve y in M from x to y, e.g., ‘([5<_x]. The connection can be
recovered from its parallel transport maps:

d
VEs(x) = a}tzor[gbexpxw]s(expx 1v). (23)

Denote by n*E — T*M the pullback of E to the cotangent bundle 7 : T*M — M. Leta be a
smooth section of 7* E — T* M . Following [Sharafutdinov 2004; 2005], we introduce the vertical and
the horizontal covariant derivative of a. The vertical derivative

Va(x,§) € Ex @ Tx M,

at £ € Ty M, is the derivative of the map Ty M — Ex, £ — a(x,£). The definition of the verti-
cal derivative depends only on the linear structure of the fibers of 7*M. The horizontal derivative
hVa(x,é) € Ex ® T} M is the derivative at v =0 of amap Txy M — E,

d *
hVa(x,£) = %‘vzor[g%xpx 0] (eXpy v, T[Z;xp])\:[wx]g)' (24)

The horizontal derivative depends on the Riemannian structure and on the connection VE. In the scalar
case, £ = C, in local coordinates,

"Va(x,€) = (9x;a(x.&) + TK ()€ dg a(x, £)) dx,

where I’ikj denote the Christoffel symbols of the Levi-Civita connection. Writing a local section of 7* E
as a sum of products a; (x, £)a,(x) where a; is scalar and a, a section of E one readily derives local
formulas for the horizontal derivative in terms of connection coefficients. The vertical and the horizontal
derivative extend to first order differential operators, *V and #V, which map sections of 7*(E @ T" M)
to sections of 7*(E ® T" 15 M) and of 7*(E ® TS+ M), respectively. The operators *V and *V
commute. It suffices to prove this when E is the trivial line bundle, £ = C. In this case the assertion is
easily checked in normal coordinates.

Let F — M be another vector bundle. Let A : C*°(M; E) — C°(M; F) be a differential operator
of order m. We introduce a small parameter, 0 < /# < 1, and we replace 4 by the /A-differential operator
h™A. Then A € W"™%(M; E, F) as a semiclassical (pseudo-)differential operator. Refer to the Appendix
for an exposition of Sharafutdinov’s geometric pseudodifferential calculus in a semiclassical setting. The
formula (67) for the geometric symbol, o,(A4) € S™°, simplifies to

op(A)(x,§)s = 4, (ei(s’e"pzl y)/hr[E

yex]s) ‘y=x’ (25)

where £ €e Ty M, s € Ex,and i = v/—1. The geometric symbol extends by continuity to the boundary
of M. In symbol computations we track the leading geometric symbol, defined before Proposition 27.
In the following, the symbol of an operator is always its geometric symbol.

For the Laplace—Beltrami operator one has oj,(—h2A)(x, &) = |€|?. This is readily checked using
normal coordinates.

From (25) and (23) deduce

on(—ihVE)Ee=e @t € Ex@TIM. (26)
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As before, to ease notation, we usually do not write the base point x into the arguments of tensors and
symbols.

If E — M is a Hermitian vector bundle then we define, using the volume element dVj,, the Hilbert
space L2(E). Assume E and F are Hermitian vector bundles having metric connections. The leading
symbol of the formal adjoint A* of A4 is given by

on(A*) = o (A)* —ihtr (YV Vo, (4)*). (27)

See Proposition 27.

Equip the bundle £ ® T* M with the induced Hermitian structure and the induced connection. The
connection is metric. Observe that the horizontal derivative of oj,(—ihV¥)* vanishes. Therefore, (27)
and (26) imply

on((=ihVEY ) E)e®n) =gE.me. §neTIM.ec Ex. (28)
By Proposition 28 the leading symbol of a composition is given as follows:
on(AB) = oy (A)oy(B) —ihtr (*Voy(4)." Vo, (B)). (29)

The trace is the contraction of the TM ® T*M factor which is produced by a pair of vertical and
horizontal derivatives. Note: In (29) and below, the dot terminates a differentiated expression, serving
as a closing bracket.

Let C €e C®°(M;End(E®T™*M)). View C as an operator acting by multiplication on sections of the
bundle EQT*M — M. Let V denote the connection on the bundle End(E ® T* M) — M induced from
the Levi-Civita connection and from V. Define sections ¢, div ¢ of 7* End(E) — T*M as follows:

c@e=(£n"Cle®$)), (dive)Ele= (1, (1*Vy, C)(e ®E)),
where the angular brackets denote contractions on covectors, using g. Furthermore, (v;) and (/) are
any dual frames of 7M and T*M .

Lemma 9. on(=h2VE* o C o VE) = ¢ —ihdive + 0(h?).
Proof. Observe that 0,(C) = 7*C, and #Vz*C = 7*VC. The symbol (28) is linear in &. Its vertical
derivative is obvious. Using (29), the symbol a of —ihVE *o C is found to be

a@)e®@n) = (7" Cle®n) —ih Y ;{n, 7*Vy, Cle @1)).

Here (vj) and (n/) are as in the definition of div ¢. The horizontal derivative of the symbol of —ihVE
vanishes. Therefore,

on(~h*VE"0 C o VE)(E)e = a®)o(=ihV ) (E)e = a§) (e ®F).
where we used (29). O
Now assume E = CTM and C the elasticity tensor. Identify
End(CT%?M) = End(CTM @ CT*M).

Let L the elasticity operator defined in (1). Recall from Riemannian geometry the following relation
between the Levi-Civita connection and the Lie derivative:

(£Lug) (v, w) = g(Vyu,w) + g(v, Vyu), (30)
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for (real) vector fields u, v, w. Using the symmetries of the elasticity tensor we get
L =Def*oCoDef = (—iV)*oCo(-iV).
We obtain the following corollary to Lemma 9:
op(h®>L —p) = ¢ — pld—ihdiv e + O(h?). (31)
If the C/k¢ represent C with respect to some given local coordinates, then (31) reads
on(BPL—p) (&) = CM g, — psi* — V=TT &, 1+ 0(h?).

The vertical bar followed by j means covariant differentiation with respect to the j-th coordinate. If the
elastic medium is isotropic, the leading symbol becomes

on(h*L — p)(&)
= p(eplEl* = D PE) + p(cZ|E]* = DA =P () —ih(VARE+ (Vi ®E)* + (€. Vi) Id), (32)

where P(§) = é ®§ denotes the orthogonal projection to the propagation direction é =&/

4. The elasticity operator in a boundary collar

In a boundary collar, |—¢, 0] x X C M, we write the elasticity operator L in terms differential operators
on X having coefficients which depend on r € I, the negative distance to X .
Let N(x) € Tx M denote the unit exterior normal at x € X. There exists ¢ > 0 such that, if we

set I =]—¢,0], the exponential map of the Levi-Civita connection defines a diffeomorphism onto a
neighborhood of X in M:

IxX—>M, (rx)—y=exp(rN(x)).

Essentially without losing generality, we assume that this map is onto M . The inverse map is y — (7, x),
where —r = d(y, X) is the distance from y to X, and x = p(y) is the unique point in X closest to y.
The distance function r satisfies the (eikonal) equation |Vr| =1 in M. Extend N to M by N = Vr.
Also introduce the unit conormal field v = dr. The level hypersurfaces

M, ={yeM; r+d(y,X)=0}

are diffeomorphic to X' = M. The shape operator S = VNN is a field of symmetric endomorphisms
of TM, g(Su,v) = g(u, Sv). The second fundamental forms of the level hypersurfaces M, assign
(u,v) = —g(Su,v) (Weingarten equation). The dependence of the metric tensor on r is given by the
formula (£xg) (v, w) = 2g(Sv, w). This formula follows from (30). Introduce J € C*° (I, x X), the
solution of 9, log J =tr S, J|,=o = 1. Then we have the following formula for the volume form of M :

/ £0)dVar(y) = / / Fexp(rN () I (r.x) dVi (x) dr. (33)
M I1JX

J €CZ°(M). See [Petersen 1998, Chapter 2] for the geometry of hypersurfaces using distance functions.
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Let E — M be a vector bundle with connection VE. Denote by E, — M, the bundles induced by the
inclusions M, CM,rel. Set Ex = Eq. Letu € C°°(M; E) be a section of E. Using parallel transport
in E along the geodesics which intersect the boundary orthogonally, define 4 : I — C*°(X; Ex) by

H(r)(x) =ii(r,x) = _u(y) if y =exp(rN(x)).
The map
C®(M;E)—>C®(,C®(X;Ex)), umu, (34)
is an isomorphism of Fréchet spaces. The isomorphism commutes with bundle operations such as tensor
products and contractions.
The covariant derivative in normal direction is transformed into d, under the above isomorphism:

VEu(r)=0,i(r), rel. (35)

To see this, consider the geodesic I — M, r — y(r) = exp(rN(x)). The tangent vectors are y(r) =
N(y(r)). Using (23), it follows that

d d
E E E -
(VNG = —<| Ty o ) = Ty o= T80 %).

This implies (35). We have Vy N = SN = 0. Tt follows that 9, N =0, and 9,7 = 0. Abusing notation,
we write d, to denote Vﬁ.

Define eye = e ® v and 1, (e ® n) = (n, v)e. Notice that €, and ¢, commute with d,.

Let F — M be a another vector bundle with a connection. Let B : C*®°(M; E) - C*®(M; F) be a
differential operator. Assume that B is tangential. This means, by definition, that B commutes with the
distance function r, [B,r] = 0. Then, for every r € I, B restricts to an operator B, : C°*°(M,; E;) —
C®(My; Fy), B,U = (Bu)|p,, where u is a section of £ — M which extends a given section U
of E, - M,. The assumption [B,r] = 0 implies that B, is well-defined. Parallel transport along the
geodesics orthogonal to X defines bundle isomorphisms £, = E'y and F, = Fx. Viathese isomorphisms
the B,’s induce differential operators B(r): C*°(X; Ex) — C®°(X; Fy), called associated with B, such
that EZt(r) = B(r)u(r), r € I. Each B(r) is a differential operator having coefficients which are C*° with
respect to r. Conversely, an operator B is tangential if it is given in this way by a family of differential
operators { B(r) ; r € I} with coefficients depending smoothly on r.

Lemma 10. Let E — M be a real vector bundle with connection VE. Then
VE :Evar +B, (36)

where B is tangential. Moreover, B(0) = VEx .

Here E ® T*M carries the induced connection. The lemma extends, by decomposition into real
and imaginary parts, to complexifications of real bundles with connections. In particular, it holds for
complexified tensor bundles with the Levi-Civita connection.

Proof. Let PL, Pl € C%(M;End(TM)) denote the orthogonal projectors onto the span of N and
onto its orthogonal complement, N1, respectively. Identify £ ® T*M with Hom(TM, E). Let u €
C°°(M; E). We have the following decomposition in C*°(M ; Hom(T M, E)):

VEu = (VEu) Pt + (VEw) P! = (VEW) ® v + Bu.
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This defines B, and implies (36). Note that B is tangential. We have
B(0)i(0) = Bulx = (VFu) Pl)[x = (V¥ (ulx)) (P x).
This proves the asserted formula for B(0). |

Assume £ — M a Hermitian bundle with a metric connection. Using (33), and the fact that parallel
transport preserves inner products, we have

/(u|U)EdVM=//(L7|mEXJdVXdr, (37)
M I1JX

if u,v € C°(M; E). Formal adjoints of differential operators on M are taken with respect to these
inner products. The inner product of sections u and v of Ex — X is . v (u | v) gy dVx. Formal adjoints
of operators A(r) associated with a tangential operator A are defined with respect to this inner product.

Next we prove a formula expressing the elasticity operator L as a quadratic polynomial in D, = —id,
with tangential coefficients. Now assume £ = CT M, and let B as in (36). Define tangential operators

A():chev, A] :_lLvCB, A2:B*CB.
The order of A; is j. Moreover, AT = iB*Ce,.

Proposition 11. The elasticity and traction operators defined in (1) are as follows:
L=(D,—itrS)(AoD; + A1) + ATDy + Ay, —iT = A¢(0)D, + A;(0).
Furthermore, AT(0) = A1(0)*.

Proof. Let u,v € C°(M;CTM). It follows from (30) and the symmetry properties of the elasticity
tensor that

/ (Defu | Defv) . dVas :[ (CVu | Vv)dVyy.
M M
Inserting (36) and using the definition of A4, the right-hand side equals
/ (tyCVu | d,v)dVpy +/ (B*CVu |v)dVy
M M
=/ (Agd,u+iAju|d,v)dVyy —|—/ (—iA70ru + Aqu | v)dVpy.
M M
We integrate by parts, using (37), and get
/ (w | 9,v)dVay
M
= / / (@ | 9,0)J dVxdr =/ (w(0) | v(0)) dVX—// (0, log J)@ + 9, W | v)J dVx dr.
1JX X 1JX
Summing up we have
/ (Defu | Defv) . dVy = [ (Dy —itr S)(Ao Dy + Ay)u + AYDyu + Azu | v) dViy
M M
+ [ (A00)0,)(0)+ 11 0)u(0) [ v0) V.

Comparing with (1) the formulas for L and 7" follow. The last assertion follows because J =1 at X. [J
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Next we compute the leading symbols of the operators (associated with) A;. The symbols are r-
dependent sections of 7* End(CTx M) - T* X . Dropping tildes, the symbol of Ay equals

op(Ag) =a=c(v) e C®U,C®°(T*X;n*End(CTy M)).
Introduce the divergence of the acoustic tensor restricted to X as follows:
(divy )Qv =) 1% (" Vo, O) v ® ),

if¢eTiM,veTyM, x € X. Here (vy) and (n%) are any dual frames of 7X and T*X. If local
coordinates are chosen such that r is one coordinate and the other coordinates are constant along the
geodesics orthogonal to X, then (divy ¢)(¢)* = C "“ke‘aé ¢. Here the summation convention is used
with Latin indices referring to all coordinates, and Greek referring to all coordinates except . We also
need the contraction (C,S) € C*°(M;End(TM)) of the elasticity tensor with the shape operator, in
coordinates,

(C,8)* =ClkLs;,),  Sip=v;p.
(Because VS = 0 one can also write Greek indices instead of j and £.)

Lemma 12. Let a; and a, denote the principal symbols of the h-differential operators hA, and h*> A,
respectively. Atr = 0: a1(§) = c(v,§&), and a(§) = c(&). On the leading symbol level, op,(hA1) = aq,
op(hAY) =ai —iha,_, and on(h*A,) = ay —ihay_ +O0(h?), where, at r =0,

ar— = (divy )(v) +75(C, S), ar—(§) = (divx ¢)(§).
Proof. By Lemma 10 we have
hA;(0) =1,C o (—ihV), h*A45(0) = (—=ihV)* o C o(—ihV),

where V. = VTX is the Levi-Civita connection of the boundary. We compute the leading symbol of
hA1(0) using the composition formula (29). Recall (26). The vertical derivative of the symbol of ¢, C

vanishes, Hence
op(hA1)(0)(E) = 04(hA1(0)(§) = c(v,§), E€TyM.

The formula for oy, (12 A5 (0)) follows from Lemma 9. In view of (27), a;_ =tr 'V hVa’l". Since a7} (§) =
c(€,v) = (§,1*(Ce,)) is linear in &, its vertical derivative is immediate. Hence

tr 'V "Vat = Zam“, ¥V, (Cey)).
Now, V,(Ce,) equals (V,C)e, plus a contraction of C with V,v = Sv, proving the formula fora;_. O
If the elastic medium is isotropic, (16), then a straightforward computation shows that, at r = 0,

(divy )(§) = (VA® O +(Vu )™ + (¢, Vu) 1d,
(C,S) =M+ pn)S + (utrS)Id.

Here VA,V € TX C Tx M are the gradients of the Lamé parameters restricted to X.
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5. Microlocal factorization

We factorize, microlocally in the elliptic region, the A-differential operator 42 L — p into a product with
right factor 2D, — Q, where Q is a tangential s#-pseudodifferential operator such that the spectrum of its
principal symbol is contained in the lower half-plane, C_.

As in the previous section we identify M with a boundary collar I x X, and sections of CTM — M
with r-dependent sections of CTx M — X . Operators are polynomials in D,/ = h D, with tangential h—
(pseudo-)differential operators as coefficients. The latter are quantizations (64), By, = Opy,(by) € Vi,
of tangential symbols,

tang 4

by € Spmk = C%(1, ™ (T* X; n* End(CTx M))).

By Proposition 11 the principal symbol f (s, &) = c(& +sv)—p of h2L —p at £ +sv is a second order
polynomial in s. View s as the symbol of D, ;. The coefficients are s-independent tangential symbols.
By (9), there exists a constant § > 0 such that

f(s.6) =81+ |s)>+ &) d, seR, (38)

holds if £ is sufficiently large. If F C € is closed and R > 0, then F\ {|¢| > R} is compact. Hence there
exist 0 < &, § such that (38) holds uniformly for (r, &) € [—¢’, 0] x F. We say that a property holds at the
elliptic region € if it is true in every open subset of I x € where (38) holds uniformly.

Recall from Section 2 that we have a unique spectral factorization (10) at €.

Lemma 13. Let g = q(§), & € €, the unique solution of the spectral factorization f(s,&) = (s —
q(€)*)als —q(£)), specq(§) C C—. Then g € Sy, at €.

Proof. By Lemma 3 we have a ¢ = —ni fo_ + fi fo_1 with integrals f; = fj(§) defined there. Using
(38), we can estimate fo(£) = [ f(s,£)"'ds as follows:

o0
@1 [ 57 15 +1eR)ds = /5,
—OoQ

(&) = (1 +|&/*)V/2. The integrand f (s, &)~ remains integrable after applying 9,, #V, and *V finitely

many times. Therefore these derivatives can be interchanged with the integral. In view of the symbol

propertles of f, we deduce, using estimates as above, fy € Stang at €. Using an upper bound f(s, &) <
§71(|s|? + (£)?)1d, we derive fy(£) > §(£)~!1d, again in the sense of selfadjoint maps. Therefore fq

is an elliptic symbol, and fo eS! at€.

tang

Write fi = fi0 + f11, Where fm(g) — f|s|§1 saf(s.£)"ds,
fir®) = [| T e f6.9) 6.9

Recall that s2a — f(s) = —s(a; + aj) — (a2 — p). Reasoning as in the proof of fy € Sg,,, we see that
the integrand of /11 and its derivatives are integrable. Moreover, we deduce f; € St

that f10 S St

tang’
ang- 1L 18 easy to see

Therefore, at €, f1 € St The lemma follows. O

ang* ang*
For an i-tempered family (1) € h~°°C ~°°(X) one defines the semiclassical wavefront set WF, (u,) C

T*X US*X [Gérard 1988; Sjostrand and Zworski 2002]. Below we deal with operators associated to
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symbols which are not defined on all of 7* X but only at ‘€. These operators are defined microlocally in
€ by letting them operate on the subspace of distributions (u) which satisfy WF, (11;,) C €, modulo the
space h*°C°.

Lemma 14. Let g be as in Lemma 13. Microlocally at ‘€,
h*L—p= (D4 — 0" Ag(Dr/— Q) (39)
where Q, Q¥ € lI/tang, such that Q —Op,(q), o# —Op,(¢%) € \11&;1;1. Here Ag is as in Proposition 11.
Proof. Initially we set Q = Op,(¢) and Q% = Op,(¢*). At €,
W*L—p= Dy~ 0" Ao(Dyyn— Q) + Ri+ Ro Dy, (40)

where R; € W/~1 Here we used the formula for L given in Proposition 11. Observe that, if 4 € \Iftang ,

tan
then the commutgator [D,/n, A] belongs to lIJt'an I Aiming at an inductive construction, we assume that
(40) holds for some positive integer k such that R; € \Ilé;fgl_k’_k. The spectra of ¢ and g* are disjoint.
It follows that the equation sq —g*s = r has, at €, for every symbol r € S a unique solution s € S m=1
Applying this constructlon to the pr1n01pal symbols of the R;’s, we find operators S; € ‘I/t]ang such

that S; Q0 — o Sj — R; lies in \IJtJangk k=1 get
Q1= 0—A45(So0+51), 0% = 0¥ +(0¥So + S1) 45"

Then

(Dyyh— 0 Ao(Dyyn—01) = (Dyyi— OH Ao(Dy 1 — 0) + (So 0 — 0¥ So) D1 + (S1 0 — 0FS))
D,/ SoQ + S1]—(QFSo + S1) 451 (SoQ + S1).

Replace QO and Qﬂ by Q; and Qﬁ, respectively. By the symbol calculus, (40) holds with smaller errors,
R; e/~

fang . The proof is completed using asymptotic summation. O

It follows from the foregoing construction that the symbol of Q is classical.

6. A Dirichlet parametrix

Microlocally at €, we solve, constructing a parametrix, Bf = u, the Dirichlet problem h*Lu— pu =0,
u|xy = f. We adapt the method of [Taylor 1996, 7.12] to our setting.
Denote by

S™M. c C%([=1,0], C®°(T*X; 7* End(CTy M)))

p01s

the space of symbols b(s,n), —1 <s <0, n € T*X, that satisfy the estimates
95V (") b(s.m)| = Coje )™+

for all nonnegative integers 7, j, and £. Let S ¥ denote the corresponding space of /-dependent symbols
by. Observe that g(s(n)) € SO if g(1) = |t|]e€’ ¢ > 0, j a nonnegative integer.

pois



478 SONKE HANSEN

We continue to work in a collar I x X C M. Choose a cutoff x¢ as in (64). Let § > 0. Given
by € S™: introduce the operator By, = Opj 5 (by(r/ h)) by setting

pois

Bt (o) = @iy [ [ e sr g vy /M S (e v)dudn, 4
T Ty

for r € I, n = dim X. We call By, a Poisson operator with symbol b; and (exponential) decay §. The
arguments in [Taylor 1996, Chapter 7, Proposition 12.4] apply to give By, : L?>(X) — H, h_ m+1/ 2(I x X)
with norm 0(h—k+1/2)_(The Sobolev spaces H ; are defined using /D instead of D.) If 0 < 8’ < § and
j €N, then
I’th S Op5/,h S;le] k= j

Moreover, By, f € C® inr <0, and By, f(r) decays together with its derivatives as e , uniformly if
f ranges in a bounded subset of L2(X). We call #-dependent operators negligible if they have Schwartz
kernels which are smooth and Oceo(prxx)(h°°). We write A = B if and only if A — B is negligible.
Note that By in (41) is negligible if there exists € > 0 such that by (s, n) =0 if —e <5 <0.

We need to handle the composition of a Poisson operator with a tangential operator. The following
lemma deals with this when the symbols are classical, i.e., possess asymptotic expansions in powers of /.

Lemma 15. Let 0 <8’ < 8. Let A = Opj a(r) and B = Opy j, b(r/ h), where a = a(r,n) € S}
b(s,n) € S™. are h-independent symbols. Then

pois
AB = Opg pc(r/h),

8'r/h

ang @

where c =cy, € S;Z: ™ has an asymptotic expansion ¢ ~ ZJ>0 hi ¢j, cj € S;Z:l I The principal term

equals
co(s, ) = a(0, n)b(s, n)e®=3)sm,

Proof. Using Taylor expansions, a(r,n) = > ;_n rlaj(n) + rNa;v(r, 1), and the properties of r/ B
noted above, we may assume without loss of generality that a does not depend on r. Arguing as in the
proof of Proposition 28 we can write, at least formally, A B = Opy ;, ¢(r/ h), where

doxd=@um > [ e G SN, e O M (e v, 0) v .0),

T xTExTyxTx
¢ as in (72). We use the standard arguments in handling compositions of symbols: dyadic decompositions
and the method of (non-)stationary phase. We infer that there exist € > 0 and d; € S;Z::l J ,do(s,n) =
a(n)b(s, n), such that for every N,

o= (2 Wy )0+ dy e

j<3N

where d Ni €S 'ZIJSF I=N.=N " Observe that (£)/(n) is uniformly bounded from below if £ and 5 range

in the same dyadlc shell. Above we have chosen ¢ less than é times this bound. Define ¢ (s, n) as
the product of an asymptotic sum > ;o 4/ d; (s n) with the symbol (=875} ¢ Spo 0... It follows that
AB —Opg j, c(r/ h) belongs to Op, SMHI=N=N g0 every N. Thus AB = Opy c(r/h) O

pois
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Let ¢ and Q be as in Lemma 14. If n € € ranges in a set having a positive distance to the complement
of the elliptic region, then there exist positive constants o and M such that

|esiq(0,7l)| < MeS8°<"), 5 <0. 42)

This follows from the fact that the spectrum of ¢ (0, 1)/(n) is contained in a compact subset of the lower
half-plane then. We shall solve (D,;, — Q)B =0, B|,—¢ = Id, microlocally at €. On the symbol level
we have to solve linear ordinary differential equations with constant coefficient matrices. The following
assertions are true microlocally in ‘€ where (42) holds.

Lemma 16. Ler 0 < § < 8y. Let r € S!T™ and v € S™. Let b(s, n) be the solution of the initial value

pois
problem
3sb(s’77):(16](0’77)—507))17(5’ 77)+”(S’77)» —1 <S§0’ (43)
and b(0,n) = v(n). Then b(s,n) € Sg'(’ns

Proof. Note that the coefficient matrix of (43) does not depend on s. Representing b by Duhamel’s
formula and using (42) we derive the estimate

0
|b(s, m)| < M|v(n)| +M / e@o=0s(m | (s, )| ds < M [v(n)| + sup |7 (s, )|/ (n).

M
80— 6 s<o

Moreover, we can estimate dsb (s, 77) by estimating the right-hand side of (43). Differentiating (43) we
derive linear ordinary differential equations for 9% (*V)/ ("V)tb(s,n). These equations are of the same
structure as (43) with the same coefficient matrix. The asserted symbol estimates are obtained recursively.

o

Proposition 17. Let 0 <& <o, and € > 0. There exists B € Ops j, S wzth Schwartz kernel supported in
—e <5 =0, such that, microlocally at ‘€, (D,;,— Q) B =0 and B|, o = 1d. Moreover, (h*L —p)B = 0.

Proof. 1t follows from Lemma 15 that, for a classical symbol b € S{fnf, 0 < § < 8, modulo negligible
operators, the composition

(Dyr/n— Q) Ops p b(r/ h)

1,k . . k—1
S;ZIJSF . Moreover, ¢ is classical, and, modulo S;';ls ,

equals Opg/ , c(r/ h), ¢ €

c(s,m) = (—idsh(s,m) —i8(n)b(s,n) —q(0, n)b(s, n))e®=3Istm,

Fix a sequence (8j), 6 <dj+1 <48j. Using Lemmas 15 and 16 we recursively find /-independent symbols
bj € s! bily=0 =1d, bj|,=¢ = 0if j > 1, such that B; = h/~! Ops; 1 bj(r/ h) satisfy

po1s >

(Dy/h—Q)(By +---+ Bj) € Opg j Soor

p019 ’

§jt1 <8 <.

Now B is constructed using asymptotic summation. The last assertion follows from the factorization (39).
O
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7. The displacement-to-traction operator

In this section we deal with operators on the boundary X. Therefore, in the following, operators and
symbols are, as a rule, evaluated at r = 0.

Let B denote the Dirichlet parametrix given in Proposition 17 and 7" the traction defined in (1). The
operator Z = hTB is called the semiclassical displacement-to-traction operator, or Neumann operator,
at €. By Propositions 11 and 17 we have, if WF;,(f) C €,

Zf =(iAoDynBf +ihA1Bf)|x =iA40(0)0(0)f +ihA1(0)f.

Therefore, Z =iAgQ +ihAy, and Z is, microlocally in €, a pseudodifferential operator of class W!-0,
The symbol of Z is classical since the symbols of 4; and Q are.

Lemma 18. The displacement-to-traction operator Z is, in €, up to a negligible operator, formally
selfadjoint. The principal symbol of Z equals the surface impedance tensor

z=i(aqg+a,) € S' (& n*End(CTy M)). (44)
The leading symbol of Z is z + hz_, where z_ € S°,
z_q—q*z_=itw(S)z+id,z—ay_—aj—q+tr (”Vq*.ath). 45)
Proof. Let f1, f> € L3(X;CTx M), WF,(f;) Cé, and set uj = Bf;. By (1),

/(Zfl |f2)de—/ (S11Zf2)dVx Ih_I/ (u1 | h*Luy — puz) — (h* Luy — puy | uz) dVy.
X X M

It follows from Proposition 17 that the right-hand side is 0(/£°°), uniformly if the f;’s range in a bounded
set and have h-wavefronts contained in a common closed subset of €. Thus Z* = Z in €. Recalling
Z =iA¢gQ +ihA,, we infer from the symbol calculus that z = i (ag 4 a) is the principal symbol.

It remains to prove the formula for z_. Write the leading symbols of Q and O* as ¢ + hg_ and
q* + hqt?, respectively. It is easy to see that z_ = iag_. Recall the formula for L in Proposition 11.
The factorization (39) is equivalent to

(Dpyn—ihte(S)h Ay + (hAT —ihte(S)Ao) Dyyp +h* Ay —p =D,y AgQ — O Ao D,y + 0% 40 0.
This in turn is equivalent to the following two equations of tangential operators:
hAy +hAT —ihte(S)Ag + AgQ + 0" 4y =0,
[Dy/n, AgQ + hA;]—ihte(S)hA; +h* Ay —p— Q%400 = 0.

On the principal symbol level these equations become a; +a} +aq +¢g*a =0 and a; — p—q*aq = 0.
These equations agree with (10). On the leading symbol level the equations become, after division by #,

—ia——it(S)a+aq—+qta—itr (”Vq*.hVa) =0,
—dyz—itr(S)ay —iar— —q*aqg— —qtag+itr (”Vq*.hVaq) =0.
Elimination of g% from these equations gives

(ag-)q —q*(aq-) =ia;_q +u(S)z + 3,z +iay_ —itr ("Vg*.a"vy).
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Formula (45) for z_— = iaq— follows. o

In principle z_ is found as the unique solution of the linear Equation (45). The right-hand side of
the equation consists of known quantities and their first order derivatives. Refer to Section 10 for an
algorithm computing z_ if the elastic medium is isotropic.

8. Diagonalization of Z

Assume (U) and (E1). By Proposition 6 the kernel ker z defines a line bundle over the characteristic
variety ¥ = p~!(1) of the surface impedance tensor z. Since zero is a simple eigenvalue of z at X, there
exist € > 0 and an open neighborhood K C ¢ of X such that z(§), £ € K, has exactly one eigenvalue
Ao (&) of modulus < €. (In the following, K is to be replaced by a smaller neighborhood when necessary.)
The line bundle £y = ker(z — Ag) — K is a subbundle of n*CTy M = Hom(C,n*CTyM). The
orthoprojector onto this bundle is given by a contour integral, 1o = (277)~! g% A=c (A —z)~1dA. Denote
by uy = 1d —u¢ the orthoprojector onto the orthogonal bundle, E.

Assume also (E2). Choose a unit section v of kerz — X, |v| = 1. Using uq, extend v to a unit section
of Eq— K. Call this section also v. Clearly, uo = v®v*. If R € U denotes the inverse of a square root
of the scalar operator Opy,(v)* Opy,(v), then V = Op,,(v) R satisfies V*V =1d, i.e., V is an isometry.

Lemma 19. Choose V € WOO(K;C,CTy M), with principal symbol v, such that V*V = Id. Set
Uy=VV* Uy =1d—U,. There exist Be W~1"2(X;CTx M), B* =B, and Re V=71 (X;CTxy M),
R* + R =0, such that, microlocally in K,

(Id—R*)Z(1d—R) = Uy(Z + B)Uy + U (Z + B)Uj. (46)
In particular,
(Id—R*Z(Ad—R)V =VV*(Z + B)V. 47
The leading symbol of the scalar operator V*(Z + B)V € W0 equals
Ao+ h(z—v |v)—ihtr (v* vyz. by + ”Vv*.tho.v). (48)
Here, as in Lemma 18, z + hz_ denotes the leading symbol of Z.

Proof. To prove (46) we adopt ideas from [Stefanov 2000]. The operators Uy and U; are orthogonal
projectors, U = Uj = sz, and U Uy = 0. Write

Z =UyZUy+ U, ZU; + B,

where B = UgZU; + U ZUy. Since ujz = zuj and ujug = 0 we have B € W= Tet hb, with
b = b* € S°, denote the principal symbol of B. Define the section z; = z| E; of End(Ej). The spectra
of z¢ and z; are disjoint. Therefore the Sylvester equation szg — z15 = u1bug has a unique solution s
which is a section of Hom(Eg, E1). We extend s to a section of End(z*CTyx M) by s = uysug. Then
sz—zs =ubug, and s € S~!. Define S = Opy,(hs) and R = UyS*U; —U; SUy. Then, R* = —R and
B = UyBU, + U BUy = R*Z + ZR modulo ¥~!>"2, Therefore, with a different B € U~ N+1L.=N,
N =2,and Zy = Z; = Z, we have

(Id—R*)Z(1d —R) = Uy ZoUo + U, Z,U; + B. (49)
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If N > 2 then, using the same construction as before, we find R; € \IJ_N’_N, R’f = —R; such that
UoBU; +U{BUy = RTZ + ZR{ modulo W~N:"N—1 Hence we get (49) with R and Z; replaced by
R+ Ry and Z; + B, respectively. The new error B belongs to W—N.=N=1 Jterating this construction
and using asymptotic summation (46) follows. Since Uy V = V, (46) implies (47).

Observe that the leading symbols of V*(Z + B)V and V*ZV are equal. The principal symbol
equals (v | zv) = Ay because |v| = 1. We write the leading symbol of V as (1 4+ hy)v + hw, where
v*w = (w | v) = 0. Note that (v | zw) = 0. A straightforward symbol computation, using (68) and (71),
gives

on(V*ZV) = ko + h(z—v | v) + h(y + 7)ho —ihtr (v* P Vz." V0 4PV 1Vu* 20 4-2V* 1V 20)

modulo O(A?). From V*V = 1 it follows that the leading symbol of V*V equals unity. Since |v|?> = 1
is the principal symbol, this implies

h(y +7) —ihte (PVVv*0 4+ PVo* 1vy) = 0.
Therefore the expression for the symbol of V*Z V simplifies to
on(V*ZV)=ho+h(z—v | v) +ihtr (kovVv*.th VRV —vVv*.thv)
modulo O(42). Using #Vzv = Ao Vv +"Viy.v we deduce (48). |

Denote by \Dgflg the class of /-independent pseudodifferential operators 4 with polyhomogeneous
symbols, a ~ > j<m4j, aj homogeneous of degree j. When regarded as an h-dependent operator,
A € U™ has the classical symbol ;. h™J a;. In the next lemma, following [Popov and Vodev 1999]
and [Stefanov 2000], we use this relation to conjugate the scalar operator constructed in Lemma 19 into
hP —1, where P is h-independent.

Recall that 2!/2 — X denotes the bundle of half-densities.

Lemma 20. There is a selfadjoint operator P € \Ilphg(X Q1 2) with principal symbol p, and an operator
A € WO from half-density sections to scalar functions, elliptic near X, such that A*V*(Z + B)VA =

h P —1 in a neighborhood of . The subprincipal symbol of P equals, on 3,
Psub = (v | 1) (Re(z—v | v) + Imtr(v* P Vz. " V) + Im tr("Vp. " Vv* v). (50)

Here = denotes the radial derivative of z. If instead of v another unit section v = e'®v of ker z — X is used
to define V, and thus P, then the principal symbol of P remains unchanged, whereas the subprincipal
changes to Py = psub + {p, ¢} on X. Here {p, ¢} denotes the Poisson bracket.

Obviously, P is elliptic and bounded from below.

Proof. The radial derivatives of p and of Ag = (zv | v) are, at X, equal to 1 and (zv | v) > 0, respectively.
Therefore, near X, az)»o = p—1forsome ag € C®, ag>0. Set Z = AZV*(Z+B)VAy, Ao = Opyl(ao).
Choose P1 € W10 (formally) selfadjoint with leadmg symbol p — ihtr(*VVp)/2. The selfadjoint
operators Z and P — 1 have the same principal symbol, p — 1. Therefore, the imaginary parts of their
leading symbols are equal It follows that the principal symbol go of Qo =7Z—(P;—1) e w0 equals,
on X, ao (2v | v)~! times the real part of the coefficient of / in (48).
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Define po € C*°(T* X\ 0), homogeneous of degree 0, and r_; € S™! such that gg = po+2(p—1)r_;
holds in a neighborhood of ¥. Then

(1—hOp,(r—))*)Z(1 —hOp,(r_1)) = Py +hPy—1+h0_;,

where Py is selfadjoint with principal symbol py. Proceeding inductively, we obtain selfadjoint operators
Pj e W/-0 with classical symbols such that, for N < 1,

(1-hRAW)Z(A—hRy)=h Y. W Pj—1+hNQy,
N<j<1

where Q N € WNO Ry e W10, Therefore, there is an /4-independent operator P € \Iflhg such that
(1—hR*)Z(1—hR) = hP —1 near =. Moreover, P = Py + h Py modulo ¥~1-2, The symbol of P
equals p —i tr(*V*#Vp)/2 + po modulo S~!. It follows from Corollary 29, or rather its analogue for
h-independent operators, that p is the principal symbol of P and pg, = py its subprincipal symbol. By
construction py = ¢go on X. Formula (50) follows from the formula for ¢o mentioned earlier.

Note that {p, ¢} = tr (”Vp.tho —th.”Vgo). The last assertion of the lemma follows from (50),
using v*?Vz.v = YVA,. O

Proof of Theorem 1. The following assertions hold microlocally in a neighborhood of X. It follows from
Lemmas 19 and 20 that

(Id—R*)Z(Ad—R)VA=VA *(hP—1),
where A~* denotes a parametrix of A*. Define J;, = (Id —R)VA and J;, = (Id —R*)~ ! VA~*. We have
Jp. Jp € W00, Jy—J; € W™ Moreover, J;* Jy is elliptic. By definition of Z, TBy,Jj = Jy(P—h™"),
where By, is the Dirichlet parametrix given in Proposition 17. Combining the results in Section 6 with
Lemmas 19 and 20, the theorem follows. O

9. Construction of quasimodes

Given P of Theorem 1 we associate to the sequence of positive eigenvalues of P a sequence of quasi-
modes of L7. We follow [Stefanov 2000, Section 4], differing in some details, however.

Let P, By, and J, as in Theorem 1. Assume given a sequence of quasimodes, (u;), with almost
orthogonal quasimodes states:

Pfi—wj fi =0coo(h7?), (fi | fi)=8jx =0((hj +hg)*), (51)

fi € C®¥(X;QY2),0 < pj < pjr = 00, hj = it
We define quasimode states for the traction-free boundary problem. By Theorem 1 the traction 7; =
TBy; Jn; fj = Ocoo(h3°). Choose u} = Ocoe (h7°) satistying AO(O)B,u}|X +1t =0 and u}|X = 0.
Define uj € C°(M;CTM),
-1/2
uj = h; "2 (By, Iy, fi + 1)) (52)
By Theorem 1,
Luj — i} puj = Ocoo (h3°),  Tuj =0, (53)
and ||uj||z 2 = O(1). We can assume that the «; are supported in a given neighborhood of X . Using the
ellipticity of L, we deduce ||u;| g2 = @(hj_z).
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To go from quasimodes to eigenvalues or, in scattering theory, to resonances, it is desirable to be able
to decompose the quasimodes into well-separated clusters. In addition, the quasimode states of each
cluster should be linearly independent, and remain so after applying small perturbations.

Proposition 21. Let the assumptions of Theorem I hold. Assume given quasimodes (1j = hj_l >0of P
as in (51), and define uj as in (52). Then (53) holds. Let m > dim X. There exist § > 0 and a covering
of {ij} by a sequence of intervals [ay, by] C Ry, such that

b +28b" X <apyy, b —ap < b
Let wj € H*(M;CTM) be such that, for some N >0,
lwjllg> = 0> ~N). wj—uj = Opa (] XN,
Then, for large k, {wj}a, <y, <b,. is linearly independent.

Proof. Property (53) is clear by the arguments already given.

It is well-known that a quasimode sequence (51) is asymptotic to a subsequence of the sequence of
eigenvalues of P. The latter satisfies the Weyl asymptotics. Hence we have a Weyl estimate j < CpdimX
It follows that every interval [a, b], 1 < b, of length > L has a subinterval of length > Lp~4mX /C
containing no quasimode ;. The existence of intervals [ay, bi] having the stated properties follows
from this observation. Compare [Stefanov 1999, Proof of Theorem 2]. Define the set of indices of the
k-th cluster: Iy ={j ; uj € lak, bil}.

Choose a left inverse K, € UO(X; CTy M, Q'/2) of J;, K;J, =1d at X. Since J;* Jj, is elliptic at
Y, K}, is readily found.

Denote by y : v — v|x the trace map. By (52), &
WF;,J. Jj C X. Therefore,

2yuj = Jy, f; + yul. From (51) it follows that
1/2
hj/ Kpyyuj = fj +©Coo(//l})o).
By the remark after Lemma 26 we can assume that there exists a constant C such that for all j, ¢ € Iy,
keN,
| Kn, — Kn;llL2 2 < Cbglhg —hj].

Using by |hy — hj| < bka;2|ug —uj| =< a;Zb;mH, it follows that

BN, = Knvujllpz = 0™, j.Le I,

if k is sufficiently large. The assumptions on w; imply |[w;j —uj|g1 = @(h}erimX ). Here we use
the estimate ||v||§{1 =< C||v|z2|lv]|g=2. Applying the trace theorem, |[yw; — yu;li 2 = @(h}+dimX).
Summarizing the estimates, we have shown that, for some ¢ > 0,

1/2 . )
11} Ky yws — fillp2 = 0™ ), je .

Because of almost orthogonality of the f; and the Weyl estimate, we can apply [Stefanov 1999, Lemma
4]. We obtain, for every £ € Iy, the linear independence of { K}, yw;j}jecy, When k is sufficiently large.
Since Ky, y is linear, also {wj };cy, is linearly independent. |
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Proof of Corollary 2. We apply Proposition 21 with ;1 oo the sequence of positive eigenvalues of P,
counted with multiplicities, and { fj} a corresponding orthonormal system of eigenvectors. Fix m >
dim X. Let [ag, br] be the intervals, clustering {i;}, given in the proposition. The quasimode states
defined in (52) belong to the domain of the selfadjoint operator L. Let ;. denote the spectral projector
for L1 of the interval [a), b} ], where a) = a; — 5b;m_dimX, b, = by + (Sb,:m_dimX. The intervals
[a),. b, ] are pairwise disjoint. Set w; = mgu; if j1; € [ag, bg]. A well-known argument, using the spectral
theorem, gives
82b 22X |y |12, < |(Ly — uup |2, = O™

if uj € [ak.bg]. Since Lt is elliptic, we have ||w;| g2 = @(MJZ-). Now Proposition 21, with N = 0,
implies that, for k sufficiently large, the rank of mx equals #f{j ; u; € [ax, br]}. Hence an increase by n
of Np over [ay, by] leads to an increase > n of Ny, over [a}, b} ]. Taking into account the widths of the
intervals, the corollary follows. O

Remark. The foregoing arguments also apply to give lower bounds for the counting function of reso-
nances. In this case, 7y is the projector onto the space of resonant states which correspond to resonances
in rectangles [ay, bg] + [0, sx]. To satisfy the assumptions in Proposition 21 for w; = miu;, one es-
tablishes resolvent estimates. See [Stefanov and Vodev 1996; Tang and Zworski 1998; Stefanov 1999;
Stefanov 2000] for ways from quasimodes to resonances. The clustering method was developed in this
context [Stefanov 1999] to handle multiplicities appropriately. Resolvent estimates for anisotropic elastic
systems are given in [Kawashita and Nakamura 2000].

10. The isotropic subprincipal symbol

In this section we assume that the elastic medium is isotropic. We evaluate the subprincipal symbol of
P, pgu, starting from the general formula (50).

We continue with Example 8, referring to the notation introduced there. The kernel bundle ker z is
a line subbundle of V, the subbundle of CTx M spanned by v, é = £/|&|. Abbreviate (19) and (18) as

follows: . .
@11 = [ ‘1 it ] (i) = [ i T :|

i5y &3 ka1 K22
It will be convenient to use the velocities relative to the Rayleigh wave speed, oy = ¢, /c¢s and 0 = ¢ /).

Thent = 02, ut = O'I% on X = {c¢,|&| = 1}. Moreover, we set 7y = (1 —032)1/2, =1 —05)1/2,

We first show how to evaluate (z_v | v), v € ker z, z_ as in (45).

Lemma 22. Set K = (iq)11. Define Y; by (55), (56), and (58) below. Let X = (xji) the selfadjoint
2 x 2 matrix which is the unique solution of

XK+ K*X = —2Y, — Y, — Y} + Y3 + Y7 (54)
Letv=vv+ vzé e kerz. Then
2Re(z—v | v) = x11|v1]* + x22|v2]* + 2Re X127 v;.

Proof. Set x = z_ + z*. Then 2Re(z—v | v) = (xv | v). By (45), x satisfies the uniquely solvable
Sylvester equation x(iq) + (iq)*x =iy + (iy)*, where y equals the right-hand side of (45). Since ¢
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leaves V and V+ invariant, X = (x);; = (xjk) is the unique solution of (54) provided the right-hand
side of the equation equals (iy + (iy)*)11. The latter holds if

Yi = (S)z+3,2)11. Ya=(ai—ig)y, Y3=(itr"V(ig)*.a"Vig),,.

Observe that the a,_ term of (45) drops out because of the skewness of (ia;—)1;. In the following we
derive formulas for Y.
The basis vectors v and £ do not depend on r. Therefore, (0,z)11 = d,(z)11. We obtain

_ 1 —id 081 —i0,82
o[ 8T ] .

Using Lemma 12 and the remark following it we obtain a formula for (¢1-)1;. Clearly, (¢1-iq)11 =
(Cll_)l 1 (lq)l 1- We derive

Y2:|: pr s (€. Vi) o j||:.K11 —l'Klz]‘ (56)
(. VA) pnuS+@A+wp)(E, SE) |Likan K22

It remains to determine Y3. Fix an orthonormal frame (1;) of Ty M, ny = v, ny = é To compute the
contraction we use the frame (1;);>» of 7* X, and the dual frame. We compute derivatives of
ig=[EV1—1((d—v@v—E®E)  +rkiv@v—iknv®E+ikE®v+imnieE.
Set sjx = (Snj.nk). A calculation using hyy = S and hVé = 0 gives
("Vjiq)y, = Vil +sjl6167 M. j =2,

where

_ 0 (ut —b)~/1—t

B |:(ut—b)«/1 —t  i(ut—1) ] '
Regard the coefficients k; as functions of c;, ¢, |§|. Then th(iq)ll = (nj, Veg)Ks + (nj, Vep) Kp,
where K and K, denote the partial derivatives of (ig);; with respect to ¢ and ¢, respectively. In
particular,

("Vaiq),, = (E.Ves) Ky + (E,Vep) Kp + 522 |E|b™ M.

Define wy = [(ut —b)~/1—,—i(b—ut)]. The row k > 2 in ("V;iq),, equals s;xb™!|£|w;.
The vertical derivative of a function k which, when restricted to a fiber depends only on |£], is given
by its radial derivative:

Wk = |E]7EL ). (57)
A calculation using Vv = 0 and ”Vé = &7 1d —é ® é) gives

(*Vjiq),, = "Vilig) = €] '62;K, j =2,

. K11 —IKq
K=" 1_1 - 12 ‘
IK21 K22

Define wy =[i (b —1), v/1—ut —~/1—1]. The row k > 2 in (Vjiq),, equals 8;xb w,.

where we have set
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Set A = (a);1 = diag[A + 2u, u]. Note that (a),, equals p times the unit matrix. Summing over
J = 2 we derive

Y =i K*A(I§171(§. Veo) Ky + |17 E. Vep) Kp +522b™" M) +ipb ™ [€](ur(S) —sp2)w; @ wi. (58)

evaluated at X. O
Denote by v the unique unit section of ker(z — A) satisfying (é | v) >0, so0
v=y"Hitv + (& —Ao)é),

y > 0 such that |[v| = 1. We compute the v-dependent terms in the right-hand side of (50).
Lemma 23. On X we have Imtr th. YWv*.v =0, and
1672 Im tr(v* ¥ Vz." V)

=mPu 208 (4—02)2—02) (21583 — 2—02)82)s22 +2m3 e, a8 (2~ 02 (502 —d—aH ' S, (59)
where tt' S = tr S — 522, 522 = (€, SE), and m = p|€|/b.
Proof. Set y; = {>/y and y2 = ({1 — Ao)/y. We continue to use the frame (7;). For j > 2 we have

PVt = =i V0t UV 8 4 (67 (1= 62))van]
"o =i "y v + 1V E+iy Sh;.

Note that *V;v*.v is real. Hence Imtr hyp."Vu*.v = 0. We need the vertical derivative of z. To
compute it we proceed in the same way as we did when computing the derivatives of i¢. Recall that z
equals ¢+ 1d on VL, where ¢+ = 11|€|+/1 —t. We obtain (”ij)11 = YVj(2)11. Moreover, the column

k >2in (*V;z)1, equals 8jk|§|_1 times the transpose of the row vector [—i {5, {3 — {1]. We get
Imv* ”ij.thv =y, Rev*'V;z.8n;
=11 (12 "V — 11 VY852 + vilElT (263 = ¢5) = v182)sji (1= 82).
Summing over j > 2 we obtain
2 Imtr(v* *Vz."Vv) = {14, Vil — & "Vggba +erfa (66— ¢ —3) u'(9).
The first term on the right equals
m?[§[" 5222 = 1) (V1 =183 = (20~ 1))
Moreover, using the definition of b, we calculate
b3 =t =m(V1—ur —vV1-1).
Using (21), 4b = t(4 —t), we derive (59). O

The restriction to X of the radial derivative of the eigenvalue Ao = (zv | v) = a0_2 (p — 1) equals
ro=(v|v) = ao_2 because p =1 on X.
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Lemma 24. Let m = pul&|/b. On X, we have
y2ho =m0l (4 — o)ty (tp/ts + est5/cptp + 02 —2),

Proof. The section w =iV + §1§ equals yv on X. Therefore y21¢ = (zw | w) = ¢; det(z);; to second
order on X. Inserting (20),

yiho =mbtv1—t(4y/(1—1)(1 —ut) — (2 —1)?).
Recall that p = ¢, |§| = o5t~ V/2, = = {t = o2}. The rule of de I'Hospital gives

i 4/0=0)(1—ut)—2—1)? _

PR ost~1/2 -1

402 (tp/Ts + csTs/CpTp + 0L —2).

Summarizing, the formula for yz)».o = y2ko/(p—1) follows. O

Inserting the formulas of the lemmas of this section into the general formula (50) for the subprincipal
symbol of P we obtain a formula for the subprincipal symbol in the isotropic case.

Proposition 25. Denote by X = (x;i) the 2 x 2 matrix solving (54). Set
N = t5(1p /75 + CsT5/CpTp + 07 —2).

Let P be the operator of Lemma 20 determined by the unit section v of ker z having positive é component.
The subprincipal symbol of P is given as follows.

L6Npgub = (¢ /20 (x11(2 — ) +4x22(1 —0)* + 4Im x1,(2 — 07)5)
F 2 (2-02) (21583 — (2= 02)8) (SE,E) +2¢,(4—02) T (2—02) (502 —4—0 ) (t(S) — (SE, £)).

Proof. On X, w = yv = (mt/2)(i(2 —1)v + 241 —1£). Using Lemmas 22 and 24 we calculate
16N Re(z_w | w)/y%Xo. The result is the first term on the right-hand side of the claimed formula.
Similarly, we obtain the other terms combining the Lemmas 23 and 24. O

The constituents of the above formula for pg,, are curvature and velocities (Lamé parameters), as-
sumed known. It seems difficult to analyze the formula further unless it is specialized to particular cases.
However, it should be noted that the formula allows explicit numerical evaluation of pg,,. Therefore it
can be used when solving transport equations for Rayleigh wave amplitudes numerically with a (seismic)
ray tracing program, say. Formulas for the amplitudes of Rayleigh waves were given by in [Babich and
Kirpichnikova 2004].

Appendix: Geometric pseudodifferential calculus

Pseudodifferential operators on manifolds are usually introduced by reducing to the euclidean case via
partitions of unity, [H6rmander 1985, 18.1; Zworski 2011]. The principal symbol of a pseudodifferential
operator is invariantly defined. If the operator acts on sections of the line bundle of half-densities then
there also is an invariantly defined subprincipal symbol [Hormander 1985, Theorem 18.1.33; Sjostrand
and Zworski 2002, Appendix].
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In the body of the paper we explicitly track, down to the subprincipal level, symbols of operators
acting between vector bundles. To achieve this we use Sharafutdinov’s geometric pseudodifferential
calculus [Sharafutdinov 2004; 2005]. The purpose of this appendix is to recall this calculus, presenting
a semiclassical variant. Since we have to refer, in the main part of the present paper, to proofs of the
calculus, we give a rather detailed presentation. The calculus depends on a symmetric connection of
the manifold and on metric connections of the (Hermitian) bundles. We make the stronger assumption
that the manifold is Riemannian and that the symmetric connection is the Levi-Civita connection. The
important features of the calculus are a symbol isomorphism modulo order minus infinity, and complete
symbol expansions for products and adjoints given solely in terms of geometric data. Using connections
to develop a pseudodifferential calculus and to prove the existence of a complete symbol isomorphism
was done earlier in [Widom 1980]. This was further developed by Pflaum [1998], who gave a conve-
nient quantization map from symbols to operators. Sharafutdinov gave symbol expansions in terms of
geometric data.

Let X a compact Riemannian manifold without boundary, dim X' = n. The exponential map, exp, of
the Levi-Civita connection defines a diffeomorphism, (x,v) — (x, y) = (x, exp, v), between a neigh-
borhood of the zero-section of the tangent bundle 7 = T'X and a neighborhood of the diagonal in X 2.
In the proofs of the propositions below we need the following properties of exp. In local coordinates the
exponential map satisfies

(expy v)' = x" + 0! =TL ()l v* 72+ 0(vP), (60)

where F; « denotes the Christoffel symbols. Normal coordinates centered at x satisfy (expy v) = v,
There exist 0 < r < R < inj(x), the injectivity radius of X, such that the equation

expexpx vZ = CXpPy, W (61)

defines, for every v € Ty = Tx X, |v| < R, a diffeomorphism w — z = z(x, v, w) from an open
neighborhood of the origin, contained in {|{w| < R} C Ty, onto the ball {|z| <r} C T}, y = exp, v.
This map is used below to change variables of integration. Obviously, z(x,0, w) = w. A computation
in normal coordinates centered at x shows that

(Z{U)_IZ:w—v+@((|v|+|w|)3) as v, w — 0. (62)
Recall, from Section 3, the notation for segments and for parallel transport maps. In local coordinates,

(ifX qw) =w' =T w/ vk +0(v?). (63)

Xpx VeX]

Let £ —» X and F — X be Hermitian vector bundles with metric connections. Recall from Section 3
the definition (24) of horizontal derivatives and the definition of vertical derivatives. A C° section a of
the bundle 7* Hom(E, F) — T*X is called a Hom(E, F)-valued symbol of order m € R, a € S™ =
S™(T*X;n*Hom(E, F)), if and only if for all nonnegative integers j and ¢,

sug(l +1EDTT VY (") a(x, §)] < oo

These are the usual type (1,0) symbol estimates. The symbol space S™ is a Fréchet space. The space
Smk — smk(T* X 7* Hom(E, F)) of h-dependent symbols of order m and degree k is the Fréchet
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space of families aj, € S™ such that {h¥ay, ; 0 < h <1} is bounded in S™. We call a € S™k classical if
there exists an asymptotic expansion a ~ ) j hi=*q i with #-independent symbols a; € S m=J,

In the following lemma we define, in a semiclassical setting, the quantization of symbols according to
Sharafutdinov’s geometric pseudodifferential calculus. We relate this definition of /-pseudodifferential
operators to the definition in the euclidean situation. For semiclassical analysis, in particular, for the class
gk = Op, S™k of h-pseudodifferential operators, including mapping properties, and for frequency
sets (h-wavefront sets), refer to [Gérard 1988; Ivrii 1998; Dimassi and Sjostrand 1999; Sjostrand and
Zworski 2002; Zworski 2011]. The class of negligible operators, ™%~ consists of /-dependent
operators whose Schwartz kernels are C*° with 0(/4°°) seminorms.

Fix xo € C*°(T X), real-valued, |v| <r on the support of x¢(x, v), such that yo = 1 in a neighborhood
of the zero-section in 7X.

Lemma 26. Let aj, € S™K be a Hom(E, F)-valued symbol. Then
Apup(x) = Q2mh)™ / / eTHmM hy (e v) - ay (x, n)r[i_exp JJun(expy v)dudn,  (64)
Ty JTx *

defines an h-pseudodifferential operator Ay, € pmk (X; E, F). Given a point x there exists a geodesic
ball U centered at x, and a symbol a}(lj € S™K such that, for uy, compactly supported in U,

Apun() = @iy [ [ SOl 3 0yl o) dwds,

where y = exp, v and y' = exp,, w. Moreover, at x, a; = ay modulo Sm=2.k=2, Every h-pseudo-
differential operator is, modulo negligible operators, of the form (64).

U _
h

The measures in (64) are the normalized Lebesgue measures of the euclidean spaces T and 7.

Proof. We shall drop the subscript /1 from the notation. Fix x € X. Let U denote a geodesic ball with
center x and radius < R. In the following we assume that the support of u is a compact subset of U. In
(64) we replace the variables x, v, n by y, z, {. Next we change variables in the integral Au(y) such that
the domain of integration does not depend on y. Set y = exp,, v. Define z = z(x, v, w) by (61). Using
the symplectic map (w, ?) — (z,¢), { =(z],) 19, we get

Au(y) =/T K(v,w)rﬁ(_expx w)H(expy w) dw,

where the kernel K is given by

K(v.w) = 2h)™" / o (v, Da(r. £) do,

3k
X

with ¢ = (¢, z) = (8, (z},) "' z). Since z = 0 if and only if v = w, we have ¢(v, w, ¥) = (¥ (v, w)¥, w—v).
Here ¢ = Id +0(|v|?> 4+ |w|?) by (62). Decreasing the radius of U and making the linear change of
variables 6 = vy (v, w)?, we get

K(ow) = @iy [0y, a0, 0010, 0) 06,
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with J1 (v, w) = 14+0(Jv|? +|w|?). It follows that A restricted to U is an h-pseudodifferential operator of
class UK As it stands the symbol depends on v, 8, w. Using the standard symbol reduction procedure
we obtain a¥ (exp,, v, 8). Moreover, the asymptotic expansion implies that, as v — 0, a¥ —a € S m—2,k=2

Note that Au(y) = 0 if the distance between y and supp u is > r. Using a partition of unity, we infer
that the class of operators given by (64) equals the class of /-pseudodifferential operators with Schwartz
kernels supported in small neighborhoods of the diagonal. O

Standard arguments show that up to a negligible operator A4, = Opy(ay) does not depend on the
choice of the cutoff xq. The space

k(X E, F) = Op;, ™k 4 w—o—,
is the space /i-pseudodifferential order m and degree k. We denote the geometric symbol by aj,(Ay) =ay,.

Remark. Let A, = Opy(ay) € W09 Then Ay is L? bounded, uniformly in /. Assume, in addition,
that a;, depends differentiably on /4 with d;a, € S%°. Changing variables in (64) from 1 to £ = n/ h,
we obtain Ay, — Ay, = f,flol h=1 Opy,(by,) dh, where by, € SO°, by, (x, 1) = hdpap(x,n) +°Vyap(x, n).
This implies the following useful Lipschitz estimate:

IAn, — AplliL2p2 < Chy'lhy —ho| if ho < hy,

where || Opy,(bp)| 12— 12 < C < co. The assumption holds if aj, is classical and given as a Borel sum.

In the following, we often suppress from writing the 4-dependence of symbols, operators and distri-
butions. Moreover, when dealing with integrals like (64), we move, without explicitly writing this, the
x-dependence from the domain of integration into the integrand using arguments as in the proof of the
lemma.

Lebesgue measure dv on 7, X and Riemannian volume are related by

/ F0)dVy () = f F(expy v)Jo(x. v) du,

where y = exp,, v and Jj is the Jacobian, satisfying Jo = 1 +0(|v|?) at v =0. Let A = A}, be as in (64).
The Schwartz kernel K4 of A4,

Au(x) = /X KaCe.»)u()dVy ().  Kalx.y) € Hom(Ey. Fy).

equals in a neighborhood of the diagonal a partial Fourier transform of the symbol,

_ itn.exp=]
KaGr.) = by [ e ens hage o an v ie ey, (65)

X

Here ¥ (x,y) = xo(x,v)/Jo(x,v), y = exp, v. The symbol a is recovered via the inverse Fourier
transform:

a(x,§) E/T e &V (50 J0) (x, V) K 4(x, expy U)T[g(px vex] 4V (66)
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modulo $7°7%°, The correspondence between an operator A = Opy,(«) and its full symbol a, named
the geometric symbol of A4, defines the complete symbol isomorphism

k(X E, F)) W% =~ ™Kk (T* X Hom(n* E, n* F))/S ™™
The geometric symbol can also be computed by applying the operator to suitable testing functions:

I ]
a(x, £)s = Ay (" &P Iy (x expy! 1 g9) ly=x- (67)

Here A, means that A acts on functions of the variable y. In particular, in case £ = C, the geometric
symbol is obtained at the center of normal coordinates x/ when A4 is applied to ei&*' I and evaluated
at x/ = 0.

We derive symbol properties and expansions using the method of stationary phase:

(det(H/2mih))"/? / e @D/ g (x) dx = exp (~tinH ~19,8)) (e a(x))| _y

_y @Y g 8,0)7 (" ha(x))| __, +06(hN),

vzj
J<3N

Here ¢ € C is real-valued, ¢’(x) = 0 if and only if x =0, H = ¢”(0) is nonsingular, and ¢(0) = 0. The
remainder p(x) = ¢(x)— (Hx, x)/2 vanishes to third order at x = 0. The expansion has the advantage,
when compared to that obtained using the Morse lemma, of giving an efficient algorithm for computing
the asymptotic series.

See [Asada and Fujiwara 1978, Lemma 3.2] and [Hormander 1990, Theorem 7.7.5], where the ex-
pansion is arranged in powers of w~! = h.

We are mainly interested in the leading symbols of operators. We define the leading symbol of an
operator Opy,(a) € Wk a5 the residue of ¢ in Sk / §M=2:k=2 The principal symbol is, of course, the
residue in S™k /§m—1.k=1

Proposition 27. Let A = Opy,(a) as in (64) with geometric symbol a € S mk_ The formal adjoint
A* € ymk (X; F, E) has the geometric symbol

b=a*—ihtr °V"Va* mod S"2k-2, (68)

If a is classical then so is b.

Notice that YV #Va* is a section of 7*(Hom(F, E) ® T ® T*). The trace is taken of the T ® T*
part.

Proof. The formal adjoint of A is defined by
| 0| Aux0) V) = [ (4510209 1 029) g Vi (9.

The Schwartz kernel satisfies K4+ (x, y) = K4(y,x)*. Recall that parallel transport preserves inner
products. It follows from (65) that

K (eoy) = Qe [ s I0E oty an v (v,

T
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and K 4+(x, y) = 0 if the distance between x and y is > r. Set y =exp, v. Define z € T), by exp,, z = x.
After a linear change variables from n € 7)) to { =" (exp).(v))n € Ty we have

Kge(x, ) = Qmh)™" /T el Al a(n)*ds y (p.x) /T (x, ),

with Jacobian J; (x,v) = 1 + 0(|v|?). Define

b(x,€) = f e EO A (0. 00) (x, V) K (x. p) s _yd.
Tx
Inserting K 4+ we have

b(x,&) = Qrh)™" / / e'ha g de dv, (69)
Ty JT3

where

(§.v) 4+ (n.2) = =({ =& v) + ({, D),

~ Hom(F,E
a =l e iy g =g Pab”,

J = xo(x,v)Jo(x, V)Y (¥, x)/J1 (x,v) = 1 +O(|v]?),

%

and ® = ®(x,v) = expl (v)_lz + v. A computation in normal coordinates centered at x shows that
® =0(v]*) as v — 0. If (pé = 0 then z = 0, hence v = 0. It follows that the critical points of ¢ are
definedby v=10,¢ =¢&.

Apply the method of stationary phase to (69) and deduce that b € S™-k  Moreover, the following
asymptotic expansion holds:

ih)/ .o, 5
b~ E ( ') (—8;,81,)’(6’(5’@)”’(1)‘
7 !

; 0.t (70)

Differentiation of the exponential factor brings out a nonzero factor only if it consumes at least three
derivatives with respect to v and at most one derivative with respect to . It follows that the sum is
asymptotic. Moreover, b is determined modulo S m=2,k—2 by the terms in the asymptotic sum with
J <2,b=a*—ih(d¢, dy)a. Observe that

oexpl (v) = Idr, +0(Jv]?) asv— 0.

T
Tlxexpy v]

It follows that 81,51‘1):0 = "Va*(x,¢). Hence b = a* —ihtr "V Va*. The Schwartz kernels of Opy,(h)
and A* are equal in a neighborhood of the diagonal. Therefore A* — B € W™, O

Proposition 28. Ler A € W™aka(X: F G) and B € W™BkB(X; E, F) with geometric symbols a and
b, respectively. Setk =k + kg, m =my +mp. Then AB € W™ (X E, G) with geometric symbol

CEab—ihtr(”Va.th) (71)
modulo SM~2:k=2, If a and b are classical then so is c.

Again the trace is taken of the 7 ® T* part, and the dot terminates differentiated expressions.
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Proof. Setting y = exp,, v, the operator C = A B is given by
Cu(x)=
Quh)™?" //// et EN hy(x py. ‘C[I;(_y] (b(y, {‘)f[i_expy 4(expy, z)) dz d¢ dv dn.
T xT¥xTyxTyf

Here and in the following we do not write the cutoff factors. Let z = z(x, v, w) be the solution of
expy, z = exp, w. The symplectic change of variables (w,?) — (z,{), { = (z!,)~ 19, preserves the
volume form. We get Cu(x) = fo Kc(x,exp, w)u(exp, w)Jo(x, w)dw, with Schwartz kernel

K (x, expy ) Jo(x, w) = (2h) " / e~ IO heod (@, v,m) T oy
TEXTxTy
co = al(x, n)r[ilc(fly(f’F)b(y, OM(x,w,v). Here M (x,w,v) € GL(E,) denotes the parallel transport in
E along the geodesic triangle x — exp,, w — exp,, v — x. It follows that the symbol of C equals

c(x,&) = Quh)y~" / ei‘p/hcod(v, nw, %), (72)
Ty XTxxTyXTy

= (&, w)—(n,v) — (¢, z). We introduce w — v as a new variable, w. Then (72) holds with

p=——§&v)—(@—-§w)+ (J, D),
co=a(x. e by OM(x. w+v,v),

Here ® = w— (), (x, v, w+7v)) " 'z(x,v,w+v) € TF. By (62), ® vanishes to third order at v = w = 0.
Clearly, v = 0 = z at a critical point of ¢. It follows that v = w = 0 and n = ¥ = & define the critical
points.

Now apply the method of stationary phase to (72) and deduce that ¢ €
moreover, has an asymptotic expansion

i h
c~Z( ) (09, 0u) + (0 0) (O he) o 7

S™:k is a symbol which,

Using that ® does not depend on 1 and ¥, and vanishes to third order at v = w = 0, we infer that the
summands with j > 1 belong to .S m=2,k=2 Tt follows that

ab —ih(dya, dyb M) —iha(dy, dyw)bM,

m(E,F ~
[choﬂf] )b(y, ). We have 0,0 =0

at v = w = 0. This follows from ¢}, = 0 which is a corollary of z =w at v = 0. The derivatives of M
with respect to v and w vanish at v = w = 0. Using 7. =Idr, +0(|v|?) at w = 0, we derive

evaluated at the critical point, is the leading symbol of C. Here b=t

[x—expy v] °

om(E,F —
dub = 0y O™ EF)pexp v, 1(z)719) = Vb (x, D),

v [x —expy V]

at v = w = 0. Summarizing the computations, (71) follows. O
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Remark. The proofs of Propositions 27 and 28 follow those in [Sharafutdinov 2004; 2005] closely with
only minor modifications. Our derivation of the asymptotic expansions of the symbols of adjoints and
products may be somewhat shorter, however. We differ in defining the adjoint with respect to the volume
element rather than using half-densities. Notice that the symbol expansions (70) and (73) depend only on
the given symbols and on the geometry. In the formulas (68) and (71), we extracted the leading symbols.

For the purposes of the present paper it suffices to assume X compact. A symbol calculus on general
(complete) Riemannian manifolds needs to take the injectivity radius into account and handle mapping
properties more explicitly.

It is well-known that a pseudodifferential operator acting on half-densities has an invariantly defined
subprincipal symbol; see [Sjostrand and Zworski 2002, Appendix] for a proof in the semiclassical case.
We relate the subprincipal symbol to the leading geometric symbol. Equip the half-density bundle €2 172,
X with the inner product (u | v) =u-v/ dVx, where the operations on the right are in the sense of densities.

. . /2 . L .
The connection given by ve! dV)}/ % = 0 is metric with respect to the Hermitian structure of Q1/2.

Corollary 29. Let A € ymk (X;Q 1/ 2). The leading symbol of A equals that of the corresponding scalar
operator A € W™K(X) which is given by Au = dVX_l/ZA(u dV)}/z). If the geometric symbol a of A is
classical, a ~ ijo hj_kaj, aj € S™=J then h™*ay is the principal symbol of A, and

asa = h' K (ay +i°Vay."Vay/2)

is its subprincipal symbol.

Proof. Consider the multiplication operator dV)}/ 2 e wo0(X:C,QY2). The Hom(C, Q2'/?)-valued
symbol 7 * dVAl/ 2 is the leading symbol of this operator. Note that its horizontal and vertical derivatives
vanish. The equality of the leading symbols of A and 4 now follows from Proposition 28.

Let a¥ denote the local symbol of A in a geodesic coordinate chart U centered at a given point x.
We use normal coordinates centered at x. Assume a classical, #Xa = ag + ha; + O0(h?). Then aY is
classical, and #XaV = aqy + O(h). Moreover, it follows from Lemma 26 that #/5aV = ag + hay + 0(h?)
at x. The subprincipal symbol equals, by definition, A' =% (ay +271 > 02ag/dx;0&;). The horizontal
derivative in the j-th coordinate direction equals, at x, the partial derivative with respect to x;. The
formula for the subprincipal symbol follows. O
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