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THE CORONA THEOREM FOR THE DRURY-ARVESON HARDY SPACE AND
OTHER HOLOMORPHIC BESOV-SOBOLEYV SPACES ON THE UNIT BALL IN C”

SERBAN COSTEA, ERIC T. SAWYER AND BRETT D. WICK

We prove that the multiplier algebra of the Drury—Arveson Hardy space H? on the unit ball in C" has
no corona in its maximal ideal space, thus generalizing the corona theorem of L. Carleson to higher
dimensions. This result is obtained as a corollary of the Toeplitz corona theorem and a new Banach space
result: the Besov—Sobolev space By has the “baby corona property” forallo > 0 and 1 < p < oo. In
addition we obtain infinite generator and semi-infinite matrix versions of these theorems.
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1. Introduction

Lennart Carleson [1962] demonstrated the absence of a corona in the maximal ideal space of H°°(D) by
showing that if {g; }sz , 1s a finite set of functions in H°°(D) satisfying

N
Y lgi(a)=e>0, zeD, (1-1)
j=1

then there are functions { fj};vzl in H*°(D) with

N
Y fi(2)gi(m)=1. zeD, (1-2)
Jj=1
Fuhrmann [1968] extended Carleson’s corona theorem to the finite matrix case. Rosenblum [1980] and
Tolokonnikov [1980] proved the corona theorem for infinitely many generators N = co. This was further
generalized to the one-sided infinite matrix setting by Vasyunin (see [Tolokonnikov 1981]). Finally Treil
Sawyer’s research was supported in part by a grant from the National Science and Engineering Research Council of Canada.
Wick’s research was supported in part by National Science Foundation DMS Grant # 0752703.

MSC2000: 30HOS, 32A37.
Keywords: Besov—Sobolev Spaces, corona Theorem, several complex variables, Toeplitz corona theorem.
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500 SERBAN COSTEA, ERIC T. SAWYER AND BRETT D. WICK

[1988] showed that the generalizations stop there by producing a counterexample to the two-sided infinite
matrix case.

Hormander noted a connection between the corona problem and the Koszul complex, and in the late
1970s Tom Wolff gave a simplified proof using the theory of the 9 equation and Green’s theorem (see
[Garnett 1981]). This proof has since served as a model for proving corona type theorems for other
Banach algebras.

While there is a large literature on corona theorems in one complex dimension (see [Nikolski 2002], for
example), progress in higher dimensions has been limited. Indeed, apart from the simple cases in which
the maximal ideal space of the algebra can be identified with a compact subset of C”, no corona theorem
has been proved until now in higher dimensions. Instead, partial results have been obtained, such as the
beautiful Toeplitz corona theorem for Hilbert function spaces with a complete Nevanlinna—Pick kernel, the
H? corona theorem on the ball and polydisk, and results restricting N to 2 generators in (1-1) (the case
N =1 is trivial). In particular, N. Varopoulos [1977] published a lengthy classic paper in an unsuccessful
attempt to prove the corona theorem for the multiplier algebra H°°(B,,) of the classical Hardy space
H?(B,) of holomorphic functions on the ball with square integrable boundary values. His BMO estimates
for solutions with N = 2 generators remain largely unimproved to this day (though see [Costea et al.
2010] for the extension to an infinite number of generators). A related result for N = 2 and H?(B;,)
with 1 < p < oo was studied in [Amar 1991]. The case N = 2 is easier compared to N > 2 because of
certain algebraic simplifications that arise. We will discuss these partial results in more detail below.

In many ways H?, and not the more familiar space H?(B,), is the natural generalization to higher
dimensions of the classical Hardy space on the disk. For example, H? is universal among Hilbert function
spaces with the complete Pick property, and its multiplier algebra M H? is the correct home for the
multivariate von Neumann inequality (see [Agler and McCarthy 2002], for instance). See [Arveson 1998]
for more on the space an, including the model theory of n-contractions. Because of the connections the
space an has with operator theory, there is current interest in understanding the related function theory
of this space.

Our main result is that the corona theorem, namely the absence of a corona in the maximal ideal space,
holds for the multiplier algebra M H? of the Hilbert space an, the celebrated Drury—Arveson Hardy space
on the ball in n dimensions. This result provides yet more evidence that the space an is the “correct”
generalization to several variables.

Theorem 1. If {g; }sz | is a finite set of functions in M H? satisfying

N
1> Z g/ (2)|>=6%>0 forall z B,
j=1

N
Jj=1

D) YN, fi(Dgi() =1, zeBy
(i) 1/5151,,, < Cusy forall j=1.....N.

then there are functions { f; } in My satisfying
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There is a close relationship between the corona problem as stated and a related “baby” corona problem.
In the case when p = 2, thanks to the Toeplitz corona Theorem, as explained in the next section, this
connection in fact becomes an equivalence in certain situations and an application of the Toeplitz corona
Theorem then will give the statement in Theorem 1. Because of this close connection between the corona
problem and the “baby” corona problem, in this paper we will actually prove that the Besov—Sobolev
space By has the “baby corona property” for all 0 = 0 and 1 < p < oco. The precise statements for the
“baby corona property” are given below in Theorem 2. In addition, when formulated appropriately, we
will obtain infinite generator and semi-infinite matrix versions of these results, see Corollary 4.

More generally, Theorem 1 holds for the multiplier algebras M BS (B,) of the Besov—Sobolev spaces
B (By), 0<o0 < 1 on the unit ball B, in C". These function spaces will be defined later, but the space
BJ (By) consists roughly of those holomorphic functions f Whosel(/igrivatives of order 5 — o lie in the

classical Hardy space H?(B,) = B;’/Z(Bn). In particular an = B,""(B,). Again, we will study these

more general corona problems by studying the easier “baby” corona problem.

1.1. The Toeplitz corona problem in C". In this section we connect the corona problem to the “baby”
corona problem, and then formulate the analogous “baby” corona problems in the Besov—Sobolev spaces
Bg when 1 < p <ooand 0 <o < 0.

Let X be a Hilbert space of holomorphic functions in an open set 2 in C” that is a reproducing kernel
Hilbert space with a complete irreducible Nevanlinna—Pick kernel (see [Agler and McCarthy 2002] for
the definition). The following Toeplitz corona theorem is due to Ball, Trent and Vinnikov [Ball et al.
2001] (see also [Ambrozie and Timotin 2002; Agler and McCarthy 2002, Theorem 8.57]).

For f = (fo)M_, e @V X and /i € X, define

Meh = (fah))_y and | flaax.onx) = IMfllx sevy = sup [IMghllgy x-

lhllx =1

Note that

N
max 4y, gy < 1/ Ivacroy 10 < /St I, 1, -

1<a=<N

Toeplitz corona theorem. Ler X be a Hilbert function space in an open set Q2 in C" with an irreducible
complete Nevanlinna—Pick kernel. Let § > 0 and N € N. For g1,..., g, € Mx, there is equivalence
between:

* (“baby corona property”) For every h € X, there are [1,..., [ € X such that

1
LA+ I v lE < gllhlli(, g1 1@+ +eny@) fy@) =h() forzeQ. (1-3)

o (“multiplier corona property”) There are ¢1, ..., N € My such that
lelnxovn <1 8101+ +ey@en(E) =V8 forzeQ. (14
The baby corona theorem is said to hold for X if, whenever g1, ..., g5 € My satisfy

g1+ +lgy@)IP=c>0 for z e, (1-5)
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then gy, ..., g, satisfy the baby corona property (1-3). The Toeplitz corona theorem thus provides a
useful tool for reducing the multiplier corona property (1-4) to the more tractable, but still very difficult,
baby corona property (1-3) for multiplier algebras M Bg (B,,) of certain of the Besov—Sobolev spaces
Bj (Byn) when p = 2: see below. The case of M Bg (B,) When p = 2 must be handled by more classical
methods and remains largely unsolved.

Remark. A standard abstract argument applies to show that the absence of a corona for the multiplier
algebra My, i.e., the density of the linear span of point evaluations in the maximal ideal space of My, is
equivalent to the following assertion: for each finite set {g; }]NZ ; € My such that (1-5) holds for some
¢ > 0, there are {¢; }jN: , C My and § > 0 such that condition (1-4) holds. See for example Lemma 9.2.6
in [Nikolski 2002] or the proof of Criterion 3.5 on page 39 of [Sawyer 2009].

1.2. The baby corona theorem.

Notation. For sequences f(z) = (fi(2))52, € £* we will write

IS =2 i)

When considering sequences of vectors such as V' f(z) = (V" fi(z));=,, the same notation |V f(z)| =
v > 2 IV™fi(z)|? will be used with |V™f;(z)| denoting the Euclidean length of the vector V™ f;(z).
Thus the symbol |- | is used in at least three different ways: to denote the absolute value of a complex

number, the length of a finite vector in C*V and the norm of a sequence in £2. Later it will also be used to
denote the Hilbert—Schmidt norm of a tensor, namely the square root of the sum of the squares of the
coefficients in the standard basis. In all cases the meaning should be clear from the context.

Recall that BJ (Bp; £?) consists of all f = (f;)®, € H(B,;£?) such that

i=1
m—1 1/p
1/ g o) = Z|ka(0)|+( [ |<1—|z|2)'"+“vmf(z>}”dxn<z)) <o (16)
k=0 n

for some m > % — 0. By aresult in [Beatrous 1986] the right side is finite for some m > % —o if and
only if it is finite for all m > % —o. As usual we will write B7 (B,,) for the scalar-valued space.

We now state our baby corona theorem for the £2-valued Banach spaces Bj (By; 0%),0>0, 1< p<oo.
Observe that for 0 <0, Mpgg,) = B, (By) is a subalgebra of C (B,,) and so has no corona. The N =2
generator case of Theorem 2 when o € [0, %) U (% 00) and 1 < p < oo is due to Ortega and Fabrega
[2000], who also obtained the N = 2 generator case when o = % and 1 < p <2. See Theorem A in that
reference. Ortega and Fabrega [2006] prove analogous results with scalar-valued Hardy—Sobolev spaces
in place of the Besov—Sobolev spaces.

Let
Mgl Bg @,)— BZ (B,:¢2)

denote the norm of the multiplication operator Mg from By (B,) to the £2-valued Besov—Sobolev space
BY (By: £2).
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Theorem 2. Let§ > 0,0 > 0and 1 < p < oc. There is a constant Cy, . , s such that, given a sequence
g=(g)2, € MBg(Bn)_,Bg(Bn;gz) satisfying

o0
IMgllBg @) Bg @2y <1 D12 (@I =82 >0 for z € By,
j=1

there is for each h € B (By) a vector-valued function f € By (By: 0?) satisfying

o0
1/ Bg@ns62) < CropsIblBg @), D &) [i(2) =h(z) for z € By (1-7)
j=1

Corollary 3. Let 0 <o < % Then the Banach algebra M BS (B,) has no corona; that is, the analogue
of Theorem 1 holds. As particular cases we obtain that the multiplier algebra of the Drury-Arveson
space an = le/ 2([H%n) has no corona (Theorem 1) and that the multiplier algebra of the n-dimensional
Dirichlet space 9(B,,) = Bg (By,) has no corona.

The corollary follows immediately from the finite generator case p = 2 of Theorem 2 and the Toeplitz

corona theorem (and the remark on page 502) since the spaces BS (B,) have an irreducible complete
Nevanlinna—Pick kernel when 0 <o < %

Note that in dimension # = 1 and 0 = %, Corollary 3 gives a new proof of Carleson’s classical corona

; see for example [Arcozzi et al. 2008].

theorem, similar to that in [Andersson and Carlsson 2001]. Of course it is the Toeplitz corona theorem that
yields the difficult L estimate there. Additionally, when » = 1 and o0 = 0, we have that the multiplier
algebra of the Dirichlet space has no corona, recovering a result from [Tolokonnikov 1991]. See also
[Xiao 1998] for the case of n =1and 0 <o < %

We also have a semi-infinite matricial corona theorem.

Corollary 4. Let0 <o < % Let ¥y be a finite m-dimensional Hilbert space and let ¥, be an infinite-
dimensional separable Hilbert space. Suppose that F € MM BS (B,,) (3, ) satisfies

82Lpy < F*(2)F(z) < L.
Then there is G € MBg(Bn)(%za%l) such that

G(Z)F(Z) = Ima ”GHM’Bg(Bn)(?@—)W]) =< Co',n,(s’m.

This corollary follows immediately from the case p = 2 of Theorem 2 and the Toeplitz corona theorem
together with Theorem (MCT) in [Trent and Zhang 2006]. We follow the notation in that reference. We
already commented above on the special case of this corollary for the Hardy space le/ 2([Bl) = H*(D)
on the disk. The case m = 1 of this corollary for the classical Dirichlet space Bg (B1) = 9(D) on the
disk is due to Trent [2004a]. Our method yields information about the dependence of the constants on
the parameters §, o, p and n in Theorem 2. However, this information is not sharp and more precise
information would be desirable.

Remark. It is an open question [Trent 2004a] for the Dirichlet space Bg(Bl) in one dimension whether
or not in Theorem 2 the boundedness condition on the column operator, ||[Mg || BO(B1)—>BY(B1:42) = 1, can
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be replaced by a similar (but weaker — see Lemma 1 in [Trent 2004a]) boundedness condition for the
row operator, ||/l || BY(B,:£2)—>BY(By) = 1. The question also appears to be open for the Besov—Sobolev
spaces BJ (B,), with 0 <o < % (The two operators are not dual to one another for these spaces.)

Prior results. The baby corona problem for H?(B,,) was first formulated and proved via L? methods
by Mats Andersson [1994b]. It is noteworthy that the approach used in that work allowed for one to
obtain estimates independent of the number of generators N. The case of two generators in H?”(B,),
1 < p < oo, was handled by Eric Amar [1991]. His proof could be extended to handle more generators
but doing so will result in a constant that depends upon the number of generators N. Andersson and
Carlsson [2000] solved the baby corona problem for H 2 (B) and obtained the analogous (baby) H?
corona theorem on the ball B, for 1 < p < oo and with constants independent of the number of generators
and sharp information in terms of the estimates in terms of § and the dimension n. The interested reader
can also see [Andersson 1994a; Andersson and Carlsson 2001; 1994; Krantz and Li 1995], where the
problem is studied.

Partial results on the corona problem restricted to N = 2 generators and BMO in place of L° estimates
have been obtained for H*(B,,) (the multiplier algebra of H*(B,) = B;’ / 2([B,,)) by Varopoulos [1977].
Note that the techniques used in this paper also yield BMO estimates for the H°(B;,) corona problem,
which appear in [Costea et al. 2010]. This classical corona problem remains open (Problem 19.3.7 in
[Rudin 1980]), along with the corona problems for the multiplier algebras of BS (B;), % <o <?%.

More recently, J. M. Ortega and J. Fabrega [2000] obtained partial results with N = 2 generators in
(1-3) for the algebras M BS (B,) when 0 < 0 < 1, i.e., from the Dirichlet space Bg (B5) up to but not
including the Drury—Arveson Hardy space H,f = le/ 2([EB,,). To handle N = 2 generators they exploit
the fact that a 2 x 2 antisymmetric matrix consists of just one entry up to sign, so that as a consequence
the form Q% in the Koszul complex below is d-closed. Ortega and Fabrega’s paper has proved to be of
enormous influence in our work, as the basic groundwork and approach we use are set out there.

In [Treil and Wick 2005] the H? corona theorem on the polydisk D” is obtained (see also [Lin 1994;
Trent 2004b]). The Hardy space H?(D") on the polydisk fails to have the complete Nevanlinna—Pick
property, and consequently the Toeplitz corona theorem only holds in a more complicated sense that a
family of kernels must be checked for positivity instead of just one (see [Amar 2003; Trent and Wick
2009]). As a result the corona theorem for the algebra H°°(D") on the polydisk remains open for n > 2.
Finally, even the baby corona problems, apart from that for H?, remain open on the polydisk.

1.3. Plan of the paper. We will prove Theorem 2 using the Koszul complex and a factorization of
Andersson and Carlsson, an explicit calculation of Charpentier’s solution operators, and generalizations
of the integration by parts formulas of Ortega and Fabrega, together with new estimates for boundedness
of operators on certain real-variable analogues of the holomorphic Besov—Sobolev spaces.

More precisely, to treat N > 2 generators in (1-7), it is just as easy to treat the case N = oo, and this
has the advantage of not requiring bookkeeping of constants depending on N. We will

(1) use the Koszul complex for infinitely many generators,

(2) invert higher order forms in the ] equation, and
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(3) devise new estimates for the Charpentier solution operators for these equations, including

(a) the use of sharp estimates — (5-7), (5-8), and (5-9) — on Euclidean expressions |(w—z) =—— Ph f
in terms of the invariant derivative |V 11,

(b) the use of the exterior calculus together with the explicit form of Charpentier’s solution kernels
in Theorems 8 and 10 to handle “rogue” Euclidean factors w; —z; (see Section 7), and

(c) the application of generalized operator estimates of Schur type in Lemma 24 to obtain appropriate
boundedness of solution operators.

Remark. We emphasize that the crucial new ingredient in our approach, as compared to previous work,
is the use of the Besov—Sobolev norms

m—1 1/p
1/ g, @y ~ 3 IVIFO)] + ( [ la- |z|2)"D'"f(z)|”dxn(z))
j=0 "

given by Arcozzi, Rochberg and Sawyer [Arcozzi et al. 2006] in terms of the almost invariant holomorphic
derivative

Daf(2) = ~f"()((1 ~al*) Pa+ (1~ |a]*)!/ Qa).
given in (5-1) below. This derivative neatly separates the normal and tangential components of the
Euclidean derivative, and permits a key exchange between Charpentier’s solution kernel in (2-6),

(1—w2)" 1791~ w]?)?

%2"1(11)’2) ~ Aw.z)" Zr —wg).

and appropriate derivatives D, of the forms F in the Koszul complex. The point is that the Euclidean
portion Z; — wy, of the kernel ‘62’(1 (w, z) is generally not dominated by the corresponding invariant

portion (see (2-1))
VAW, 2) = [ Pu(z—w) + VT w2 Qu(z —w)]

appearing in the denominator. However, this complication is offset by the fact that the almost invariant
derivative D, f(z) is correspondingly larger than the Euclidean derivative (1 — |a|?) f(z), and this is
exploited in the following exchange formula (5-7):

(L) e

m

) o Fw)

which permits control of the solution by the By ,, norm using the larger derivative D™F. 1t is likely
that the Charpentier kernel can be replaced in these arguments by more general kernels with appropriate
estimates, and this would be key to extending our baby corona theorem to strictly pseudoconvex domains
Q2. This extension will be pursued in subsequent work.

In addition to these novel elements in the proof, we make crucial use of the beautiful integration by
parts formula of [Ortega and Fabrega 2000], and in order to obtain £2-valued results, we use the clever
factorization of the Koszul complex in [Andersson and Carlsson 2000] but adapted to 02,
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Here is a brief outline of the approach of the proof.
We are given an infinite vector of multipliers g = (g;){2, € M BZ (By)— BS (Bui2) that satisfy

IMe 33 @) B3 8,0 <1 and inflg| =8 >0,

and an element /1 € BJ (B,). We wish to find /' = (fi){2, € By (By; £?) such that

i=1

(D Mgf = g'f =h, (2) éf =0, 3) ”f”Bg(Bn;ZZ) = Cn,a,p,8 “h”Bg(Bn)-

An obvious first attempt at a solution is f = %h, which clearly satisfies (1), can be shown to
satisfy (3), but fails to satisfy (2) in general. 8l
To rectify this we use the Koszul complex in Section 4, which employs any solution to the d problem

on forms of bidegree (0, ¢g), 1 < ¢ < n, to produce a correction term A gFg so that
_ 8 2
f= Wh —AgIy

now satisfies (1) and (2); but (3) is now in doubt without specifying the exact nature of the correction
term Ag Fg .

In Section 2 we explicitly calculate Charpentier’s solution operators to the d equation for use in solving
the 0 problems arising in the Koszul complex. These solution operators are remarkably simple in form and
moreover are superbly adapted for obtaining estimates in real-variable analogues of the Besov—Sobolev
spaces in the ball. In particular, the kernels K(w, z) of these solution operators involve expressions like

(1—w2)" 1791 = [w]?) (W =2)

Aw, z)" ’ (1-8)

where
VAW, z) = |Pz(w—2)+ /1 —z2Q-(w—2z)|

is the length of the vector w — z shortened by multiplying by /1 — |z|? its projection Q,(w — z) onto
the orthogonal complement of the complex line through z. Also useful is the identity

VAW, 2) = [1—wz| gz (w)].

where ¢; is the involutive automorphism of the ball that interchanges z and 0; in particular this shows
that d(w, z) = /A(w, z) is a quasimetric on the ball.

In Section 5.1 we introduce real-variable analogues A7 ,, (By) of the Besov—Sobolev spaces By (By)
along with £2-valued variants, that are based on the geometry inherent in the complex structure of the
ball and reflected in the solution kernels in (1-8). In particular these norms involve modifications D of
the invariant derivative V in the ball:

Df(w):(1—|w|2)PwVf+ 1_|w|2QwVf~
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Three crucial inequalities are then developed to facilitate the boundedness of the Charpentier solution

operators, most notably
m

d
=) 5

for F € H*®(B,;{?%), which controls the product of Euclidean lengths with Euclidean derivatives on the
left, in terms of the product of the smaller length /A (w, z) and the larger derivative (1 —|w|?>)~'D on
the right. We caution the reader that our definition of D™ is not simply the composition of m copies
of D; see Definition 18 below.

In Section 3 we recall the clever integration by parts formulas of Ortega and Fabrega involving the

F(w)| < €A, 2y"2|(1 = w2 ™ D" Fw)|, (1-9)

left side of (1-9), and extend them to the Charpentier solution operators for higher degree forms. If we
differentiate (1-8), the power of A(w, z) in the denominator can increase and the integration by parts in
Lemma 14 below will temper this singularity on the diagonal. On the other hand the radial integration by
parts in Corollary 16 below will temper singularities on the boundary of the ball.

In Section 6 we use Schur’s test to establish the boundedness of positive operators with kernels of the

(== = [wP) VAw.2)"

|1 _ wzla+b+c+n+1

form

The case ¢ = 0 is standard (see [Zhu 2005], for example) and the extension to the general case follows
from an automorphic change of variables. These results are surprisingly effective in dealing with the
ameliorated solution operators of Charpentier.

Finally in Section 7 we put these pieces together to prove Theorem 2.

An Electronic Supplement collects many of the technical modifications of existing proofs in the
literature mentioned below that would otherwise interrupt the main flow of this paper.

2. Charpentier’s solution kernels for (0, 4)-forms on the ball

Charpentier proved the following formula for (0, g)-forms:

Theorem 5 [Charpentier 1980, Theorem 1.1, page 127]. For g > 0 and all forms f(§) € C1(By,) of degree
(0,9 + 1), we have, for z € By,

16 =¢, /B 31 (6) AT (E.2) + gD (/B f(S)A‘PoS’q(é,z))-

Here %2” (&,z)isa (n,n—q—1)-form in & on the ball and a (0, g)-form in z on the ball that is defined
in Definition 7 below. Using Theorem 5, we can solve d,u = f for a d-closed (0, g+1)-form f as
follows. Set

u(2) = ¢ /B F(E) A€, 2).

Taking 3, of this we see from Theorem 5 and 3 f = 0 that

B = cgB. ( NG A%z’q(s,@) — /).
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It is essential for our proof to explicitly compute the kernels %2"1 when 0 <g <n—1. Thecase g =0
is given in [Charpentier 1980] and we briefly recall the setup. Denote by A : C" x C" — [0, co) the map

Aw,z) = 1 =wz” = (1= w1 = z?).
It is convenient to record the many faces of A(w, z):

Aw,z) = 1—wz]> = (1= w]*)(1 - |z|*)
= (1= [z)|w—z|* + [Z2(w —2)|?
= (1= [w})|w—z|* +[@(w-2)|*
= |1 —wz|?|gw(2)|?
=1 - wZ|gz(w)?
= |Pu(z—w) + V1= w2 Qu(z —w)|’
= Pz —w) + VT= 2P 0z —w)|*, (2-1)

To compute the kernels <@,°,"’ we start with the closed Cauchy—Leray form (see [Rudin 1980, 16.4.5],

for example)
n

I ._ .
M(EsW,Z)EWz(—I)I Ve [N jpidE | NI d(wi —zi).

i=1
One then lifts the form p via a section s to give a closed form on C” x C". Namely, for s : C" x C"* — C"
one defines
1

(s(w, z)(w — z))n

Now we fix s to be the following section used by Charpentier:

D D) siw, 2) [N dsi | NiZyd(wi — z0).

i=1

s p(w, z) =

s(w,z) = w(l —wz)—z(1 — |w]?). (2-2)
Simple computations [Ortega and Fabrega 2000] demonstrate that
s(w,z)(w—z) = A(w, z). (2-3)
Definition 6. We define the Cauchy kernel on B, x B, to be
Gn(w,z)=s"u(w,z) (2-4)
for the section s given in (2-2).

Definition 7. For 0 < p <nand 0 < ¢ <n— 1 we let €27 be the component of €, (w, z) that has
bidegree (p, ¢) in z and bidegree (n — p,n —g — 1) in w.

Thus if 7 is a (p, g+1)-form in w, then €27 A7 is a (p, g)-form in z and a multiple of the volume
form in w. We now prepare to give explicit formulas for Charpentier’s solution kernels ‘62"1 (w, z). First
we introduce some notation.
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Notation. Let wy(z) = /\j_, dz;. For n a positive integer and 0 < ¢ < n—1 let P, denote the collection
of all permutations v on {1,...,n} that map to {iy, J,, L,} where J, is an increasing multi-index
with card(J,) =n—¢ — 1 and card(L,) = ¢q. Let €, = sgn(v) € {—1, 1} denote the signature of the
permutation v.

Note that the number of increasing multi-indices of length n—qg —1 is O while the number

n!
(@+D!(n—q

of increasing multi-indices of length ¢ are Since we are only allowed certain combinations

n!
S @)t . . S .
of J, and L, (they must have disjoint intersection and they must be increasing multi-indices), it is
straightforward to see that the total number of permutations in P,/ that we are considering is #—!1)!(1!'
From [@vrelid 1971] we obtain that Charpentier’s kernel takes the (abstract) form

1 _ _
(62’q(w,z) = m Z Sgn(l))Sl‘v /\ awSJ /\ azsl/\a)n(w)

veP/! jedy leL,
Fundamental for us will be the explicit formula for Charpentier’s kernel given in the next theorem. It is
convenient to isolate the following factor common to all summands in the formula:
(1—wz)"179(1 — [w|*)?
A(w, z)"
Theorem 8. Let n be a positive integer and suppose that 0 < q <n— 1. Then

€24 (w, z) = Z (—D)1®%(w, z) sgn(v)(w;, —Z;,) /\ dw; /\ dzZ; A og(w). (2-6)

veP;! jed, leL,

Y (w,2) =

, 0<g=n-1. (2-5)

Remark. We can rewrite the formula for %2"’ (w, z) in (2-6) as
CI(w.z)=(w.2) Y Y (~DHED G —B)dz AdwT I N w,(w),  (27)
|J1=q k¢J
where J U {k} denotes the increasing multi-index obtained by rearranging the integers {k, ji,... jq} as

JULKY =1, Jute, =15 Jute,0)s - - - Jg}-

Thus k occupies the (k, J)-th position in J U {k}. The notation (J U {k})¢ refers to the increasing
multi-index obtained by rearranging the integers in {1, 2,...,n}\ (J U {k}). To see (2-7), we note that in
(2-6) the permutation v takes the n-tuple (1,2, ...n) to (iy, Jy, L,). In (2-7) the n-tuple (k, (JU{k})¢, J)
corresponds to (i, Jy, Ly), and so sgn(v) becomes in (2-7) the signature of the permutation that takes
(1,2,...,n) to (k, (J U{k})¢, J). This in turn equals (—1)**/) with u(k, J) as above.

We observe at this point that the functional coefficient in the summands in (2-6) looks like

(1—w)" 1A= [w»? _
A(w,z)" (i, =22,

which behaves like a fractional integral operator of order 1 in the Bergman metric on the diagonal relative

(—DIdd(w, z)(W;, — Z;,) = (—1)7

to invariant measure.
Finally, we will adopt the usual convention of writing

@ = [ 1w,
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when we wish to view %2” as an operator taking (0, ¢g+1)-forms f in w to (0, ¢)-forms %2” fin z. The
proof of Theorem 8 is carried out in the Electronic Supplement. Here we present a relatively short and
elegant proof pointed out to us by a referee. It is helpful to make the following elementary observation.

Remark. If a form A has odd degree, then any power A¢ with £ > 2 necessarily vanishes, by the alternating
property. On the other hand, if one of the forms A, A, has even degree, then the binomial theorem holds

for the sum: .
‘ . .
Gt =3 (TG
—o \J
j=0
L S g . . 5§k
Note that the wedge power /\;_; ( Z |— ,.) above doesn’t vanish since the form |—|2’€k,~ has
—1 8

degree 2.

Proof of Theorem 8. Consider the section s(w), z) in (2-2) and the associated (1,0)-form s - dw =
27=1 sjdw; and the (1, 1)-form (s - dw). We claim that

Aw, 2)™"(s -dw) A (3(s - dw))" ™ (2-8)

is the term K(w, z) of total bidegree (1,7 — 1) in the Cauchy kernel €, (w, z) = s*u(w, z). To see this
we first recall formula (2.2) in [@vrelid 1971], which reads

n
Kw.2) = eab(w,2) " ) (=1 s ( /\(5s,-)) Ao(w),
i=1 j i
where w(w) = dwq A --- A dwy, and the product over j # i is taken with increasing j. Now we
note that each term in the expansion of the product in (2-8) must contain a permutation of the product
dwy A--- A dwy,. Thus by factoring out the term w(w) we compute

n n n—1
Aw, 2)™"(s - dw) A (3(s - dw))"™ = Aw, z)_”(Zsidwi) A (Z(ésj) /\dwj)

i=1 Jj=1

n
=Aw,z)™" Z(—ni—ls,-(/\(ésj)) Ao(w) = K(w, 2),
i=1 jAi
where the factor (—1)i~! arises since the terms (3s i) Adwj of total degree 2 commute, while the term
dw; anticommutes, with terms of degree 1.
Now we analyze (2-8) with the aid of the forms

n n n
B=00lw> =0 (dw)W; =dw-dw=>Y dw; ndw;, p=dw-dZ="Y_ dw;AdZ,
i=1 i=1 i=1

where § is the interior product, given by

n
da =aa(w-dw)=o. (Z wkdwk).

k=1
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We have both

n n n
8 = (dw-dw) 1 (w-dw) = (ZdwiAdwi)J(ij dw,-) =Y widw;=-w-dw
i=1 j=1 i=1

and

n n n
Sp = (dw-dz) 5 (w-dw) = (Zdwi /\dZ,') 3 (Z w; dw,-) = widz =w-dz.
i=1 j=1

i=1

Now we compute, using

s(w,z)-dw = (1—w2)(@-dw)— (1 —|w|*>)(E-dw), (2-9)
that
A=0(s-dw)=—w-d2)A@-dw)+ (1 —|w|>)(dw-dz) + (1 —w2)(dw - dw) + (w-dW) A (Z - dw)
= (W-dw) ASp~+ (Z-dw) A8+ (1 —|w]> )+ (1 —w2)B.

Consider the form (s - dw) A A"~1. Since A has degree two, the remark on page 510 shows that the
power A"~! can be expanded by the binomial theorem. Let A = 4 + B, where

A=@-dw)ASu+ E-dw) A, B=(1—|w®)u+(—-w2)p.
We claim the formula
(s-dw) AV V= (s-dw)AB" '+ (n—1)(s-dw) A A A B" 2. (2-10)
To see this we expand the left-hand side using the binomial theorem to get
(s-dw)A(A+B)" ' =(s-dw) A (A" '+ (n—1)A"2AB+---+ (n—1)AA B" 2+ B"1).

We want this to equal
(s-dw)AB" '+ (m—1)(s-dw) A AN B"2,

which will be the case if
(s-dw)AA¥ =0 forall k> 2,

which in turn follows from (s - dw) A A2 = 0. However, using
0 =—w-dwand du =w-dz, (2-11)

we obtain
A=W -dw)A(w-dz)—(z-dw) A (w-dw). (2-12)
Hence we can write
A=A+ Ay + A3+ Ay
with
A= (w-dw)A(w-d2))AN(W-dw)A(w-dZ), Ay =—WwW-dw)A(w-dZ)A(Z-dw)A(w-dw),
As =—Z-dw)A(w-dw)A(W-dw)A(w-dZz), As= E-dw)A(w-dw)A(Z-dw)A(w-dw).



512 SERBAN COSTEA, ERIC T. SAWYER AND BRETT D. WICK

Now

Ai=W-dw)Arw-dzA(W-dw)A(w-dz) = —((w-dw)/\wdw)/\((w~d§)/\(w-d§)) =0,
and similarly A4 = 0. We also compute that

Ay=—W-dw)Aw-dZA(Z-dw)A (w-dw)=—Z-dw)Aw-dw AW -dw)A(w-dz) = A;,
so that

A2 =-24,.
Now we note, using (2-9), that
(s-dw) A Ay = (1 —w3)((@-dw) A Az) = (1 = |w]?)((Z - dw) A 4,)

vanishes, since (w - dw) A A, contains two factors w - dw, and since (Z - dw) A A, contains two factors
z-dw. Thus we have proved that

(s-dw) A A% = —(s-dw) A24, = 0.

This completes the proof of (2-10).
Now we continue by using (2-9), (2-11) and (2-12) to obtain
(s-dw) A A= (1—wz)((W-dw) A A) — (1 —w|*)((Z-dw) A 4)
=—(1— wZ)((w dw) A (Z-dw) A(w - dw)) —(1- |w|2)((2 ~dw) A(w - dw) A (w - df))
=—C-dw)A@@-dw) A ((1—|w]?) Su + (1 —wZ) 8p).
We can now simplify the second term on the right side of (2-10) to obtain
(s-dw) AA" V= (s-dw)AB" '+ (n—1)(s-dw) A A A B"2
= (s-dw) A B" ' = (Z-dw) A (@-dw) A ((1 = |[w|*) Sp + (1 —wZ) 8B) A (n— 1) B" 2

= (s-dw) AB" ' —(Z-dw) A (W-dw) A (8B"). (2-13)

Now we note that
(Z-dw) A (@-dw) A BB" 1) +8((Z-dw) A (W -dw)) A B" ' =§((Z-dw) A (w-dw) A B" 1) =0,

since the left side has full degree in dw and the form (Z-dw) A (w-dw) has even degree. As a consequence
we obtain the formula

(s-dw) AX""V =[(s-dw) + §((Z-dw) A (W-dw))] A B"".
Now the simple computation
(s-dw) +8((Z-dw) A(w- dw))
= —w2)(@-dw)—(1—|w]*>)E-dw) + G- w)(@-dw) — (Z-dw) (W - w)

=w-dw—2Zz-dw
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shows that
(s-dw) AMV =W —2)-dwAB" 1. (2-14)

Now the product rule in the remark on page 510 gives

n—1

— _ —1 n—1 _ —1—
B =((—|wPu+1-wi)p)" = Z( . )((1—|w|2)u)q/\((l—wz),8)n 7,
q=0
and so taking the terms of bidegree (0, ¢) in z in the formula (2-14) we obtain

n—1\(1—|w)?1-wz)" 177 -
€21 = —Z)-dwApda e, 2-15
Finally we note that this coincides with our formula
Criw.2)=dd(w.z) Y Y () EDE —wp)azl adwVE A w,(w). (2-16)

|J1=q k¢J
This can be seen by writing

n
(W —2)-dw =Y (Wi — Z)dwy and p? = (dw-dz)? =Y (—1)"dw’ rdz’,
k=1 J
with |J| = ¢, and then noting that in order to have a nonzero term in (2-15), we must have k ¢ J and the
summand from B"~1749 = (dw - dw)"~'~7 must be

(_l)wdw(JU{k})"/\ dipYkD

One then checks that the powers of —1 work out correctly. O

Remark. One might wonder if the special form of the right hand side of the recursion formula (2-10)
can be put to good use in estimating the Besov—Sobolev norms of solutions to the d-equation. This
formula neatly exhibits a factoring of the solution operator that may be helpful, but we are unable to take
advantage of this at this point, and must revert instead to the use of the explicit Charpentier formula (2-6)
together with the exchange formula (5-7).

2.1. Ameliorated kernels. We now wish to define right inverses with improved behavior at the boundary.
We consider the case when the right side f of the d equation is a (p, g+1)-form in B,,.

As usual for a positive integer s > n we will “project” the formula aer? f = finB; fora d-closed
form f in By to a formula 065 f = f in B, for a d-closed form /" in B,,. To accomplish this we define
ameliorated operators CG,I,’,’Sq by

erd =R, 6IE;,

where, for n <s, Eg (R,) is the extension (restriction) operator that takes forms Q2 =Y 5y s dw! A dw”’
in B, (Bs) and extends (restricts) them to By (B;) by

Es (Z nr.ydwl A dwf) = (s o R) dw' ndw”

Rn (Z 771,de1/\ dwj) = Z (M1, 7o E) dwi A dw’ .
1,JC{1,2,...,n}
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Here R is the natural orthogonal projection from C* to C" and E is the natural embedding of C" into
C*. In other words, we extend a form by taking the coefficients to be constant in the extra variables,
and we restrict a form by discarding all wedge products of differentials involving the extra variables and
restricting the coefficients accordingly.

For s > n we observe that the operator 65 has integral kernel

erd(w,z) = %pq((w w’), (z,0))dV(w'), z,w € By, (2-17)

/ 1—|w 2B,
where Bs—, denotes the unit ball in C5™" w1th respect to the orthogonal decomposition C* = C" @ C57",
and dV denotes Lebesgue measure. If f(w) is a d-closed form on B, then f(w, w’) = f(w) is a d-closed
form on By and we have for z € B,,,

f@)=71(z0)= 5/ e ((w,w'), (2,0)) f(w)dV(w)dV(w')

Bn(/m[& B ((w w'), (z, 0)) dV(w ))f(w) dV(w) = 8/ CLd(w,z) f(w)dV(w).

We have proved the following:
Theorem 9. For all s > n and d-closed forms f in By, we have
‘Gp df=f in B,

We will use only the case p = 0 of this theorem and from now on we restrict our attention to this case.
The operators ‘62’? have been computed in [Ortega and Fabrega 2000] and are given by

1— 2ys—n+j (1 — J
%OOf(Z) / Z ,]s( |Z|Z))S—l’l+j((l_|2|)) %Oo(w A f(w), (2-18)
where
(1—wz)*! _
@20(w,z) = —1)/ - d d
B (T E T TR Z( b Z’)k/aé\, w"/\l e

A similar result holds for the operators ‘6,1:?. Define

2\ s—n n—q—1 5 5 .
08,05 = 9. (L)Y o (LD
Jj=0

wz 1 —wz|?
(l—wZ)”_l_q(l—lez)q 1—|w|2 s—n n—qil (1—|w|2)(1—|z|2) J
A(w, z)" 1—wz pard Joms 11— wz|?

"‘qz‘l (1= w2)" 70T (A~ Jw )" (1 - |z )
= Ci . .
Jsn,S (l—wz)s_”'HA(w,Z)"

Note that the numerator and denominator are balanced in the sense that the sum of the exponents
in the denominator minus the corresponding sum in the numerator (counting A(w, z) double) equals
s+n+j—(s+ j—1)=n+ 1, the exponent of the invariant measure of the ball B,.
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Theorem 10. Suppose that s >nand 0 <q <n—1. Then
—n n—q—1 i
L=y (1=lwAHa =AY
C@O:q , :(goaq , .
s (1:2) =6, 7 (w Z)( 1—wz) 120 Cimss 11— wz|2

=0 (w.2) Y > (~)EDG —wy)dzl ndiw I A w,(w).
[J1=q k¢J

Proof. For s > n recall that the kernels of the ameliorated operators %2:? are given in (2-17). For ease of
notation, we will set k = s —n, so we have C¥ = C" @ C¥. Suppose that 0 < ¢ < n — 1. Recall from
(2-6) that

1 —wz)s ™97 1(1 —|w|?)4 _ _ _ -
€% (w,z) = (—1)4( )A(w Z()S wl®) Z sgn(v)(w;, —Z;,) /\ dw; /\ dz; A wg(w)
’ veP{ Jedy leL,

= Z Fli (w,z2) /\dwj /\dfl/\a)s(w),

vePd jeJy leL,

where
(1—w2)s 11 —|w? _
(wip_Ziv)‘
A(w, z)$

Fl (w.z) = @ (w, 2)(W;, —Z;,) =

To compute the ameliorations of these kernels, we need only focus on the functional coefficient
F;I,iv (w, z) of the kernel. It is easy to see that the ameliorated kernel can only give a contribution in the
variables when 1 < i, <n, since when n + 1 < i, < s the functional kernel becomes radial in certain
variables and thus reduces to zero upon integration.

Then for any 1 <i <n the corresponding functional coefficient in (w, z) has amelioration FZ, 5.i (w, z)

given by

Fisi(w,2) FL((w.w). (2.0)) dV(w')

B /V 1—|w[?Bs—p

_/ (1—wz2)* 1711 = w|* = |w'|*)? (E; — w;)
VP8, A((w,w). (2.0)°

(1—|w]> = |w'|>)

N 1—=|w|?By A((w, U)/), (Z’ 0))S

Theorem 10 is a thus a consequence of the following elementary formula, which will find application in

dVv(w’)

= (Z; —w;)(1 —wz)* 7!

V(w").

the next section as well:
(l—wZ)s_q_I/ (1_|w|2_|w/|2)q
V1B, A((w,w'), (z,0))°
s—n 1— 2\§—n n—q—1 1— 2 1— 23\ J
— <I>q(w,z)( |w|) 3 Cj,n,s(( |w[*)(1 —|z| )). (2-19)

(s—n) " 1—wz — |1 —wzl|?
Jj=0 O

V(w)
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3. Integration by parts

We begin with an integration by parts formula involving a covariant derivative in [Ortega and Fabrega
2000, Lemma 2.1, page 57] that reduces the singularity of the solution kernel on the diagonal at the
expense of differentiating the form. However, in order to prepare for a generalization to higher order
forms, we replace the covariant derivative with the notion of gjz,w-derivative defined in (3-2) below.

Recall Charpentier’s explicit solution %2’077 to the 9 equation 5(62’% = 1 in the ball B, when 7 is a
d-closed (0, 1)-form with coefficients in C(B,): the kernel is given by

s\n—1 7 n
0w, 2) = Co%;(—l)f‘l @ —z) \dwx [\ dwy,

k#j {=1

for (w, z) € B, x B, where
Aw,z) =1 —wz> = (1 - w1 —z]?).

Define the Cauchy operator ¥, on 0B, x B, with kernel

In(8,2) = Clmda@), (¢,2) € 0By x By.
Letn = Z;’:l nj dwj be a (0, 1)-form with smooth coefficients. Define a vector field acting in the
variable w = (wy, ..., wy) and parametrized by z = (z1,...,z,) by
- 0
F=%F, = Z(w,-—zj)aT. (3-1)
j=1 i

It will usually be understood from the context what the acting variable w and the parameter variable z are
in ??;Z,w and we will then omit the subscripts and simply write % for g?jz’w,

Definition 11. For m > 0, define the m-th order derivative ™5 of a (0, 1)-form n = Y k1 mk(w) dwy
to be the (0, 1)-form obtained by componentwise differentiation holding monomials in w — Z fixed:

n

F(w) =Y E" ) (w)d iy = Z( > (w-z2)
k=1

k=1 "|a|l=m

"k (w)) diy. (3-2)
ow®

Lemma 12 (compare [Ortega and Fabrega 2000, Lemma 2.1]). For all m > 0 and smooth (0, 1)-forms
N= k=1 k(W) diby, we have

€00(z) = / €00 (w, 2) A n(w)

Bn
m—1

= Z cj /BBHSP,, (w, z)(F n) [@](w) do(w) +cm /B;@g’o(w, 2) ANE n(w). (3-3)

j=0
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Here the (0, 1)-form %/ acts on the vector field % in the usual way:

. _ mo_. n 0 n .
@[] = (X mtwrdw ) (w205 ) = Yo @208 ntw).
k=1 i=1 ! k=1

We can also rewrite the final integral in (3-3) as
[ @0 aTmw) = [ obw.@E DE]w dvw).
By By

Lemma 12 is proved by following verbatim the proof of Lemma 2.1 of [Ortega and Fabrega 2000].

We now extend Lemma 12 to (0, g + 1)-forms. Let
n= > nw)dw
[I=g+1

be a (0,¢+1)-form with smooth coefficients. Given a (0,g+1)-form n = Z|I|:q+1 nrdw! and an
increasing sequence J of length |J| = ¢, we define the interior product n s dw?’ of n and dw’ by

nadw? = Y pdwlidw? =Y (~)EDy ;g diy. (3-4)
[I=g+1 k¢J

since dw!lydw’ = (—~1)**&Ddw, if k € I\ J is the u(k, J)-th index in I, and 0 otherwise. Recall
the vector field % defined in (3-1). The key connection between it and n 4 dw I is

) ] n 9
(nadw’)(@) = ( Z(—l)“(""’)nw{k}dwk) ( > (@ —ff)a—wj)
j=1

k=1

n
=Y (W — ) (=D ug. (3-5)
k=1

We now define an m-th order derivative %™ of a (0, g+ 1)-form 7 using the interior product. In the
case ¢ = 0 we will have 9" = (ig’mn)[gﬁ] for a (0, 1)-form 7.

Remark. We are motivated by the fact that the Charpentier kernel %2"] (w, z) takes (0, g+1)-forms in w
to (0, g)-forms in z. Thus in order to express the solution operator (62’q in terms of a volume integral
rather than the integration of a form in w and z, our definition of %™, even when m = 0, must include
an appropriate exchange of w-differentials for z-differentials.

Definition 13. Let m > 0. For a (0,¢+1)-form n = Z|I\=q+1 nrdw! in the variable w, define the
(0, g)-form @™ in the variable z by

D) = Y E"(nadw’)|[Z](w)dz’.
|J1=q

Again it is usually understood what the acting and parameter variables are in %", but we will write
Q_D;'fwn(w) when this may not be the case. Note that for a (0, g+ 1)-form n = Z|I|=q+1 nrdw?!, we have

n=Y_ (adw’)ndw’,
|J|=q
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and using (3-2) the preceding definition yields
W pw) =Y F"(adw’)[Z](w)dz’

|J|=q
= Y @ -z (~DPED @y o) (w)dz
|J|= qk 1
=Y S (- 20 N X @= O ezt oo
|J|=q k=1 la|=m

Thus the effect of @™ on a basis element n;dw! is to replace a differential dwy, from dw! (I = J U{k})
with the factor (—1)*%:7) (W, — Z;) (and this is accomplished by acting a (0, 1)-form on %), replace the
remaining differential dw” with dz”7, and then to apply the differential operator %™ to the coefficient 7;.
We will refer to the factor (wy — Zj ) introduced above as a rogue factor since it is not associated with a
derivative d/0wy in the way that (w —z)® is associated with 0™ /dw®. The point of this distinction will
be explained in Section 7 on estimates for solution operators.

The following lemma expresses <62’(117(2) in terms of integrals involving %/ 7 for 0 < j < m. Note
that the overall effect is to reduce the singularity of the kernel on the diagonal by m factors of /A (w, z),
at the cost of increasing by m the number of derivatives hitting the form 7. Recall from (2-5) that

(1—wz)" 1741 — w|?)*
A(w, z)"

@f;(w, z)=
We define the operator @fl on forms 7 by

) = [ 0w 2w avw),
B,

Lemma 14. Let g > 0. For all m > 0 we have

m—1
Cyn(z) = Zcksfn(@fn><z)+Zcecb%@'"n)(z) (3-7)
k=0 £=0

The proof is simply a reprise of that of Lemma 12 (see the proof of Lemma 2.1 of [Ortega and Fabrega
2000]) complicated by the algebra that reduces matters to (0, 1)-forms.

3.1. The radial derivative. Recall the radial derivative R = ) _7_; w; 88 The following lemma is
essentially Lemma 2.2 on page 58 of [Ortega and Fabrega 2000].

Lemma 15. Let b > —1. For ¥ € C(B,) N C*®(B,) we have

[ a=wrrvaavin = [ a- Rt (SR R v dvon).

Remark. Typically this lemma is applied with

1
Y(w) = m‘/’(w,z),
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where z is a parameter in the ball B, and

1
RY(w) = 1= w2)s —— Ry (w, 2)
. 1 . . .
since w2 is antiholomorphic in w.
We will also need to iterate Lemma 15, and for this purpose it is convenient to introduce for m > 1 the
notation
n+b+1 1 “
Rp=Rp, = 1 R, RI'=Rpim_1Rpim...Rp= Rpim—k-
b b,n bl +b+1 b+m—1Kptm—2 b l_[ b+m—k

k=1
Corollary 16. Let b > —1. For ¥ € C(B,) N C*®(B,) we have

[ (1= [wP)PW(w) dV(w) = / (1= [wP)> ™ RPW (w) dV (w).
By By

Remark. The important point in Corollary 16 is that combinations of radial derivatives R and the identity
I are played off against powers of 1 — |w|?. It will sometimes be convenient to write this identity as

/ F(w)dV(w):/ Ry F(w) dV(w),
B, By

where

m_

= (1= |w>)" ™" Ry (1= w[) ™. (3-8)
In this form the identity is valid for F such that W(w) = (1 — |w|?)~® F(w) lies in C(B,) N C*°(B,).

3.2. Integration by parts in ameliorated kernels. We must now extend Lemma 14 and Corollary 16 to
the ameliorated kernels %2;? given by

0,9 _ 0,9
%n,s = R,6,"?E;.

Since Corollary 16 already applies to very general functions W(w), we need only consider an extension
of Lemma 14. The procedure for doing this is to apply Lemma 14 to %S’q in s dimensions, and then
integrate out the additional variables using (2-19).

Lemma 17. Suppose that s > n and 0 < q <n—1. For all m > 0 and smooth (0, g+1)-forms 1 in B, we
have the formula

m—1
Crin(z) =Y ¢} pIns@n[ZE (z)+2cm @5 (@),
k=0 £=0

where the ameliorated operators ¥y s and CD,‘;’ s have kernels given by

=Py _ (1—|w|2)5‘"“ !
— Cn,s

(1—wz)* 1—wz (1—wz)rt1’

—wP Y& (1= w[2)(1 = |z]?)
(Dﬁ,s(w’z) q)(i(w )( wz) Z Cj,n,s( 11— wz |2 )

Jj=0

Efn,s(w7 z) = Cn,s
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Proof. Recall that for a smooth (0, g+1)-form n(w) = Z|I|=q+1 nrdw! in By, the (0, ¢)-form @™ Esn
is given by

AEa() = 3 G0 dw?)dz = 5 0w d ) =

IJ1=q |J1=q k¢J
= Y @ Z 0 g da ) =’
|J1=q k¢J
______gm
=Y SN (X @mm ).
|J|=q k¢J lat|=m
where J U {k} is a multi-index with entries in J, = {1, 2, ..., n} since the coefficient n; vanishes if 7 is

not contained in J,. Moreover, the multi-index « lies in (J,)" since the coefficients 7; are constant in
the variable w’ = (w41, ..., ws). Thus

@g,o)’(w,w/) Esn = g_bg/fwn = g_bmn’
and we compute
R @ (D, 0) () Es) (2)
= O{@" (=, 0))
- Y ¥ ) Y el @
|J1=q k€T,\J loe|=m
where J U{k} C J, and « € (J,)™ and

am
Sma nruiky(w, w/))) ((z,0)),

_ — "
®; ((wk—Zk)(w—z)a awamu{k}(w))«z,t)))
1— —s—l—(l_ AR PAPAY gm ,
- R e TR ) dV (')
1— 2 fan/ 12V om
= / {(I—U)Z)S_K_I/B - A(((ul)‘lf)lt)/)}(u;’loi)s dV(w/)} (U)k—Zk)(w—Z)a 8@0{ nJU{k}(w) dV(lU)

By (2-19) the term in braces on the previous line equals

s q)’l;(w, Z)(l _ |w|2)s—n n—lil Cj,n,s((l _ |U)|2)(1 _ |Z|2))j,

—n)! —w =)
(s —n)! l—wz = |1 —wz|
and now performing the sum Y Y (=D)H&S) T yields
|J|=q keIu\J la|=m
Ru® (T o) Esn) (2) = BLG@2 1)((,0)) = ¥ (@2 1)(2). (3-9)

An even easier calculation using formula (1) in 1.4.4 on page 14 of [Rudin 1980] shows that

Rads (EsBEn)((2,0)) = F5(@En) (2. 0)) = F0 s (@En) (2), (3-10)
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and now the conclusion of Lemma 17 follows from (3-9), (3-10), the definition %2:? = Rn%g’q Es, and
Lemma 14. u

4. The Koszul complex

Here we briefly review the algebra behind the Koszul complex as presented for example in [Lin 1994] in
the finite-dimensional setting. A more detailed treatment in that setting can be found in Section 5.5.3 of
[Sawyer 2009]. Fix 4 holomorphic as in (1-7). Now if g = (g;)}’il satisfies |g|? = Zj'il lgjl?>8%>0,
define

oh= 5= (&) @z,
]=

which we view as a 1-tensor (in £2 = C*) of (0, 0)-forms with components Q(l)( j) =2;/|g|* Then

f= Q(l)h satisfies Mg f = f-g = h, but in general fails to be holomorphic. The Koszul complex provides

a scheme which we now recall for solving a sequence of ] equations that result in a correction term A gl"g

that, when subtracted from f above, yields a holomorphic solution to the equality in (1-7). See below.
The 1-tensor of (0, 1)-forms

— 0
3 = ( —’2) = (323,
|g| j=1

is given by

oo

= 295. _ 5.9l0|2
g;i _ lgl“dg; —gjalgl 1 Z
= = gk (gKigj —gjogk),
2 4 4
gl gl lgl* =

i2)(j) =3

and can be written as
o0

oo

02y = AgQf = (Z Qi(j,k)gk) :

k=1 j=1

where the antisymmetric 2-tensor Q% of (0, 1)-forms is given by
3 ogk |
2 20 o 8k9Ej —8j98k
Q) = [Ql(]’k)]j,k=1 = [T}
Jjk=1

and A gQ% denotes its contraction by the vector g in the final variable.
We can repeat this process and by induction we have

7 2
QI+ = AgQZil, 0<g<n, (4-1)

where QZH is an alternating (g + 1)-tensor of (0, ¢)-forms. Recall that / is holomorphic. When ¢ = n
we have that Q" 1/ is d-closed and this allows us to solve a chain of d equations

ard _ o4 q+1
BFq_z_Qq_lh—Aqu_l,
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for alternating g-tensors Fg_z of (0, g—2)-forms, using the ameliorated Charpentier solution operators
%2j? defined in (2-17). (Note that our notation suppresses the dependence of I" on 4.) With the convention
that T”*2 = 0 we have

IQIT h—ATIT?) =0, 0<g=<n, (4-2)
and

ard+1 _ +1 +2

I, =QfTh—Agl{™, 1=qg=n.

Now
f=Qoh—AgT?

is holomorphic by (4-2) with ¢ = 0, and since Fg is antisymmetric, we compute that AgFg - g =
r(g.) =0 and
Mg f=fg=Qh-g—NgT3-g=h—0=h.

Thus f = (fi);2, is a vector of holomorphic functions satisfying the equality in (1-7). The inequality in
(1-7) is the subject of the remaining sections of the paper.

4.1. Wedge products and factorization of the Koszul complex. Here we record the remarkable factoriza-
tion of the Koszul complex in [Andersson and Carlsson 2000]. To describe the factorization we introduce
an exterior algebra structure on (> =C>. Let {e;, e, ... } be the usual basis in C*, and for an increasing
multiindex I = (iy,...,Iy) of integers in N, define

ey = €jy Nejy N+ Nejy,

where we use A to denote the wedge product in the exterior algebra A*(C°°) of C°°, as well as for the
wedge product on forms in C". Note that {e, : |I| = r} is a basis for the alternating r-tensors on C*°.

If /= Z| 1|=r J7€y 1s an alternating r-tensor on C°° with values that are (0, k)-forms in C", which
may be viewed as a member of the exterior algebra of C*° ® C", and if g = Z| J|=s & y€ 1s an alternating
s-tensor on C® with values that are (0, £)-forms in C”, then as in [Andersson and Carlsson 2000] we
define the wedge product f A g in the exterior algebra of C°° ® C” to be the alternating (r+s)-tensor on
C® with values that are (0, k+£)-forms in C" given by

fng= ( > fzez)/\( > gJeJ) = D (rrgpleney)

[I|=r |J|=s |I|=r
|J|=s

= Z (i Z fI/\gJ)eK. (4-3)
|K|=r+s I+J=K
Note that we simply write the exterior product of an element from A*(C®®) with an element from A*(C")
as juxtaposition, without an explicit wedge symbol. This should cause no confusion since the basis we
use in A*(C™) is {e;}72,, while the basis we use in A*(C") is {dz;,dz; }7
appearance and interpretation.

—1» quite different in both
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In terms of this notation we then have the following factorization in Theorem 3.1 of [Andersson and
Carlsson 2000]:

V4 _ V4 a_
o A ANal—( S Ehy, Y a o~ 9%k, \___ L e 4-4
0 /\ 6= Z|g|26ko INDIE T =— %t (4-4)

5 ki
i=1 k=1 |g|

=\ 00 ~ 5—. 00
Q(l) = (g—lz) and Q(l) = ( g;) .
g%/ i=1 g%/ i=1

The factorization in [Andersson and Carlsson 2000] is proved in the finite-dimensional case, but this

where

extends to the infinite-dimensional case by continuity. Since the £2 norm is quasimultiplicative on wedge
products by Lemma 5.1 in that reference we have

P =i [BL1. 0=t=n, (4-5)

where the constant C; depends only on the number of factors £ in the wedge product, and not on the
underlying dimension of the vector space (which is infinite for {2 = C*°).
It will be useful in the next section to consider also tensor products
X0 q— 0 [F— X0 [F— q—=
~ ~ agi 0g; 0g; ®0g;
Shofi= (X ta)o (L Be)= ¥ B ase,  @o
= lel i lel = sl
and more generally %O‘Qé ® 96'352(1), where X denotes the vector derivative defined in Definition 19
below. We will use the fact that the £2-norm is multiplicative on tensor products.

5. An almost invariant holomorphic derivative

We continue to consider £2-valued spaces. We refer the reader to [Arcozzi et al. 2006] for the definition
of the Bergman tree 9, and the corresponding pairwise disjoint decomposition of the ball Bj:

B, = U K,

a€T,
where the sets K, are comparable to balls of radius one in the Bergman metric § on the ball By:

Bz, w) = 1 In 1+ |pz(w)]

20 1—lpz(w)
(see Proposition 1.21 in [Zhu 2005]). This decomposition gives an analogue in B, of the standard
decomposition of the upper half-plane C into dyadic squares whose distance from the boundary aC
equals their side length. We also recall from [Arcozzi et al. 2006] the differential operator D, which
on the Bergman kube K, and provided a € K, is close to the invariant gradient ¥V, and which has the
additional property that D} f(z) is holomorphic for m > 1 and z € Ky when f is holomorphic. For our
purposes the powers D' f, m > 1, are easier to work with than the corresponding powers V™ £ which
fail to be holomorphic. It is shown in the same paper that D}’ can be used to define an equivalent norm on
the Besov space B, (B,) = Bg (By), and it is a routine matter to extend this result to the Besov—Sobolev
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space Bg (B,) when o > 0 and m > 2(% — o). The further extension to £? -valued functions is also

d ad = ad ad
Ve=|+—,..., — Ve=loe o, ——
z (821’ ’ 82,,) and Vs (821’ ' 82,,)’

so that the usual Euclidean gradient is given by the pair (V,, V). Fix a € 7, and let a = c4. Recall that

routine.
We define

the gradient with invariant length given by

1@ = (f 04)'(0) = 1@(0) = —"@)((1 — |al) Pa + (1~ 1a*) /> Q)

fails to be holomorphic in a. To rectify this, we define, as in [Arcozzi et al. 2006],

Daf(2) = [/ (2)¢,(0) = = /' ()((1 = al*) Pa + (1= |a*) /2 Qa), (5-1)

for z € B,,.
In order to deal with functions f on B, that are not necessarily holomorphic, we use a notion of
higher-order derivative D™ introduced in [Arcozzi et al. 2006], based on iterating D, rather than V.

Definition 18. For m € N and f € C*®(By;{?) smooth in B, we define " f(a,z) = D™f(z) for
a,z € By, and then set

D" f(z) =O"f(z,z) = DV f(z), z€By.

Note that in this definition, we iterate the operator D, holding z fixed, and then evaluate the result at
the same z. We obtain that for f € H(B,;{?) (see [Arcozzi et al. 2006] and [Beatrous 1986]),

m—1 . 1/p
1Fsg, @eny ~ 3 IV FO)] + ( [ la- |z|2)"D’"f(z)|”dAn(z)) |
Jj=0 "

i=1"
We will also need to know that the pointwise multipliers in Mpe (g,,)— g (&,,;¢2) are bounded. Indeed,

We remind the reader that | D7 f(z)| = \/Zf’il | D™ fi ()% if = (fi)$2

standard arguments show that
Mg @,y BS 802y C H® By; £2) N By (By; £7). (5-2)

5.1. Real variable analogues of Besov—-Sobolev spaces. In order to handle the operators arising from
integration by parts formulas below, we will need yet more general equivalent norms on Bg,m (B, £?).

Definition 19. We denote by ¥ the vector of all differential operators of the form X; X5 ... X}, where
each X; is either 1 — |z|? times the identity operator I, the operator D, or the operator (1 — |z|?) R. Just
as in Definition 18, we calculate the products X; X5 ... X,, by composing D, and (1 — |a|?) R and then
setting ¢ = z at the end. Note that D, and (1 — |a|*) R commute since the first is an antiholomorphic
derivative and the coefficient z in R = z-V is holomorphic. Similarly we denote by " the corresponding

products of (1 —|z|?)I, D (instead of D) and (1 —|z|?)R.
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In the iterated derivative %" we are differentiating only with the antiholomorphic derivative D or the
holomorphic derivative R. When f is holomorphic, we thus have £ f ~ {(1 —|z|»)™ Rk f }Zzo. The
reason we allow 1 —|z|? times the identity / to occur in %™ is that this produces a norm (as opposed to
just a seminorm) without including the term Z;c":_é |VX £(0)]. We define the norm || - | BY 1 (By:2) fOr

smooth f on the ball B, by
m 1/p
I /I Bg . (Ba:2) = (ZfB |(1— |Z|2)m+aka(Z)|pd)»n(Z)) :
k=0"Bn

and note that provided m + o > %, this gives an equivalent norm for the Besov—Sobolev space B (B 0?)
of holomorphic functions on B, (see [Beatrous 1986], for instance). These considerations motivate the
following two definitions of a real-variable analogue of the norm || - || BS p (By3£2)-

Definition 20. We define the norms || - || oo

7 o (By;¢2) and I llog, @,:02) for /= (fi)72, smooth on the
ball B, by

p.m

1/p
1S 11 Ag o (@se2) = ( / ((1 —~ |z|2)"%mf(z)|p dkn(z)) ,
B (5-3)

1/p
W eincer = ([, [a-1efrramsof o)

It is not true that either of the norms || - ||po (g .42y Or || - |l@o (g, -¢2) are independent of m for large
l),m( ns ) p,m( ns )
m when acting on smooth functions. However, these norms are equivalent when restricted to holomorphic
vector functions (see [Arcozzi et al. 2006] and [Beatrous 1986]):

Lemma 21. Let 1 < p <o0,0 > 0and m > 2(% —o0). If [ is a holomorphic vector function, then

1SN Bg e @n:e2) X 1 S lIAg ,@,:62) = 1S g, ®,:62)- (5-4)

The norms || - || AZ.(B,;¢2) Arise in the integration by parts in iterated Charpentier kernels in Section 7,
while the norms || - ||d>3,m(Bn;€2) are useful for estimating the holomorphic function g in the Koszul
complex. For this latter purpose we will use the following multilinear inequality whose scalar version is,
after translating notation, Theorem 3.5 in [Ortega and Fabrega 2000].

Proposition 22. Suppose that 1 < p <oo, 0<0 <00, M >1, m > 2(% —o0)and o = (ag, ...,ap) €

Z_AF/[H with |a| = m. For g € Mpo @g,)— B3 (8,,:¢2) and h € By (Byn) we have

2\ po o1 14 V374 p ag V4
| a=iBrel@n ool @) @ [@on )| due)
" Mp P

=CaMo,p ||Mg”B,‘,T(Bn)—>B,‘)’(Bn;€2) ”h”BI‘,’([Bn)'

Remark. The inequalities for M = 1 in Proposition 22 actually characterize multipliers g in the sense

that a function g € By (B; 3N H®(By; £?) is in Mps ,)— Bg B,;¢2) If and only if the inequalities

with M =1 in Proposition 22 hold. This follows from noting that each term in the Leibniz expansion of

Y™ (gh) occurs on the left side of the display above with M = 1.
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Proposition 22 is proved by adapting the proof of Theorem 3.5 in [Ortega and Fabrega 2000] to
¢?-valued functions. This argument uses the complex interpolation theorem of Beatrous [1986] and
Ligocka [1987], which extends to Hilbert space valued functions with the same proof. In order to apply
this extension we will need the following operator norm inequality.

If € Mps(@,)—Bg B,:¢2) a4 [ =3 11= f1¢; € By (Bn; ®*~1¢2), we define

M¢f=<p®f=<o®( ) f,e,) - Y whee
[I|=k—1 [I|=k—1
where I = (i1,....ic—1) eNF"lande, =¢;, @ - ® e, ;.

Lemma 23. Suppose thato >0, 1 < p < oo and k = 1. There is a constant Cy s, p,ic such that

IMg || B @,1;8%~1£2)— BS Bn;0<£2) = Cno.p.c [Mell Bg 8,,:02)— B (B,:¢2)- (5-5)

In the case p = 2 we have equality:

IMg || B @,1:0%~1£2)— B B,:0%€2) = IMy |l Bg @, B B,:£2)- (5-6)

The proof of Lemma 23 uses the well-known technique of extending bounded linear operators on L?”
to £2-valued L? with the same norm (see, for instance, page 451 in [Stein 1993]). It turns out that in
order to prove (5-5) for p # 2 we will need the case M = 1 of Proposition 22. Fortunately, the case
M =1 does not require inequality (5-5), thus avoiding circularity. The proofs of Proposition 22 and
Lemma 23 reduce to modifying existing arguments in the literature and the details can be found in the
Electronic Supplement.

Three crucial inequalities. In order to establish appropriate inequalities for the Charpentier solution
operators, we will need to control terms of the form

am — —
(w—z)aawTaF(w), DZ’;)A(w,Z), g)((l—wf)k) and R?’;)((l—wz)k)

inside the integral for 7" as given in the integration by parts formula in Lemma 14. Here we are using the
subscript (z) in parentheses to indicate the variable being differentiated. This is to avoid confusion with
the notation D, introduced in (5-1). For z, w € B, and m € N, we have the crucial estimates

‘(w—z)“%F(w) fc(—VIA_("Z’l?) |ID™F(w)|, Fe HByt*, m=|a|, (5-7)
{ |DyAw.2)| < C(1 =21 Aw.2) 2+ Aw, 2)), (5-8)
(1= 2 Ry Aw. 2)| < C(1 = [z13) /A w. ). '
.12 \1/2
\D;’;)(a—wz)k)\§C|1—wz|k(11 'f' ) ,
|1 —wz| (5:9)

m pm n w —1_|Z|2 !
|(1—1z]%) R(z)((l—wz)k)‘5C|1_wz|k(|1—wzl) '
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Proof of (5-7). We view D, as a differentiation operator in the variable w, so that

:_Vw((l_lalz)Pa+ 1_|a|2Qa)-
A basic calculation is then:
(1 —az)gq(z)- (Da)t = (Pa(Z_a) +v1- |a|2Qa(Z_a))((1 - |a|2)Pan + V1= |a|2Qavw)
= Pa(z—a)(1—a|*) PaVy + 1 —al> Qa(z —a) v/ 1 — |a|> Qa Ve
= —|a]*)(z—a)-Vy.

From this we conclude the inequality

—VA(a’Z) |DaF(w)|’

F(w)‘ﬂ(z—a) w(w)k‘ - |2“’“()' IDaF ()| = =5

(zi — al)a

as well as its conjugate

< Y2 b k).

|al?

(zi

Moreover, we can iterate this inequality to obtain

_gm A\
(z—a)“wTaF<w)‘ < C(—Vl_(f;p)) (o)™ Fw)|.

for a multi-index of length m. With a = w this becomes the first estimate (5-7). O

Proof of (5-8). Recall from (5-1) that
Daf(2) =—((1=1al®) PV /() + (1= [a)' 20,V [ (2)).
We let a = z. By the unitary invariance of
Aw,z) = 1 =wz> = (1= |21 (1 = |[w]?),

we may assume that z = (|z|, 0, ..., 0). Then we have

%A(w,z) = 8%((1 —wz)(1—zw) — (1 —z2)(1 —|w|?))
=—w;(1—-Zw) + Z;(1 - |[w*) = (Zj — w)) + w; Gw) — Zj |w|?
= —w)(1—|z)*) +Zj|z1* —wj|z|* + w; Gw) — Zj |w|?
= —w))(1—|21?) + 2 (121> = |w|?) + T (F(w — 2)).

Now Q,Vf =(0,0f/0z,,...,3f/0zy), and thus a typical term in @,V A is aiA(w z) with j > 2.

From z = (|z],0,...,0) and j > 2 we have z; = 0 and so

ad
S Aw.2) = G- w1 - [P (G —TEw=2), =2
J
Now (2-1) implies
Aw,z) = (1 =[z[)|w—z|* + [Z2(w - 2)|%, (5-10)
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which together with the above shows that

VI—122Q:VAW,2)| < Clz—w|(1 - 2|2+ CV1—|z]? |z —w| |Z(w —2)|
<C(1-|zPHAw.0)"* + CA(w, 2). (5-11)

As for P,VD = (df/0z1,0,...,0) we use (5-10) to obtain
PV A, 2)| =[G =B = [217) + 21 (12 = [w]?) + B 2w —2)|

< |z =w|(1=|2%) + ||z = [w[?| + |2 — 2)| < C VAW, 2) +2]|z| — ]

However,
Aw,z) > (1—|w||z)* =1 —|z»)(1 - |w]?)

=1=2Jw| |z] +[w?|z]> = (1= |z* = |w[* + |z |w]?)
2
= |z + Jw|* = 2wl |z] = (Iz] = |w])",

and so altogether we have the estimate

|P,VA(w,z)| < CyA(w,2). (5-12)
Combining (5-11) and (5-12) with the definition (5-1) completes the proof of the first line in (5-8). The
second line in (5-8) follows from (5-12) since R(;) = P, V. O

Proof of (5-9). We compute
Dz (1 —wz2)* = k(1 = w2)*' D,y (1 — wz)
=k(1—w2)* "1 (1 = |z P,V + /1= |2]2Q,V)(1 — z)
= —k(1 —wz)k=1((1 = |z>) P,w + /1 - |z]2 Q. W),
Ry (1 —w2)* = k(1 —wz)k ! (~iz).

Since |w|? + |a|* < 2 we have

10,w|*> =0, (W—2)> < |w—2z* = |w|* + |z|*> = 2Re(wZ) < 2Re(l —wz) < 2|1 —wZ|,

which yields
1—|z)? 1—|zP)[1—w 1—|z|2
Dy (1 —w2))| < 1 —wzk LD F v P —w] <cp—wepk 1P
|1 —wz| |1 —wz|
Iteration then yields (5-9). O

6. Schur’s test

Here we characterize boundedness of the positive operators that arise as majorants of the solution operators
below. The case ¢ = 0 of the following lemma is Theorem 2.10 in [Zhu 2005].
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Lemma 24. Let a, b, c,t € R. Then the operator

1— 2|21 — [w|»H? (/A ,Zc
ety = [ QD o (/B.)

1 — wz|r+1+atb+e J(w)dyw)

is bounded on LP(B,,; (1—|w|?)! dV(u))) if and only if ¢ > —2n and
—pa<t+1<pb+1). (6-1)

The proof of Lemma 24 is a straightforward application of the argument in Theorem 2.10 of [Zhu 2005]
together with an automorphic change of variable. Details can be found in the Electronic Supplement.

Remark. We will also use the trivial consequence of Lemma 24 that the operator

a b c
Tupeaf(s) = /<1—|22> (1— w2t VAW, 2)

|1_4vzw+1+a+b+c+d f(w)dVTw)

is bounded on L?(B,; (1 —|w|?)’ dV(w)) if ¢ > —2n, d < 0 and (6-1) holds. This is simply because
I1—wz| <2.

7. Operator estimates

We must show that /= (l)h—A gFg € By (By; €?), where Fg is an antisymmetric 2-tensor of (0, 0)-forms
that solves
Ty = Qih—AgT.3,

and inductively where Fg *2 s an alternating (¢ + 2)-tensor of (0, ¢)-forms that solves

+2 _ ~Hgt2 q+3
g2 =QlTih— AT

uptog =n— 1 (since I'"*2 = 0 and the (0, n)-form Q"F1 is d-closed). Using the Charpentier solution
operators C@ 7 on (0, g+1)-forms we can write

f %0 o-1++%n’

a0 _ ol 2
FO = Qlh—AgI2,

F'=Qih—Ag6y? (Th— AgT}),
F* = Qoh—Ag6y? (QTh— Mgy (37— AgT3)),

=Qih— A<600S22h+A<6°°A<€OIQh A<@°°A<@°1A<@°2 Q3h—--

n,si n,s» n,s» nS3

H(=D"Agey? . Ayt Qnt .

The goal is to establish
1111 Bg @,:62) = Cno,p.6( 11l Bg @)
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which we accomplish by showing that

1% g, @a:2) < CnopsOIANIAG,,, @ 0w =n, (7-1)
for a choice of integers m, satisfying
n
;—a<m1 <My <o <My <0 < My.

Recall that we defined both of the norms | F|| go

7 e Bse2) A0 [ F ] Ag
functions F' in the ball B,,.

% i Bit?) for smooth vector

Note on constants. We often indicate via subscripts, such as n, 0, p, §, the important parameters on
which a given constant C depends, especially when the constant appears in a basic inequality. However,
at times in mid-argument, we will often revert to suppressing some or all of the subscripts in the interests
of readability.

The norms || - || A (m,,:¢2) in (5-3) above will now be used to estimate the composition of Charpentier
p.m\Pn,
solution operators in each function

H= Ay, - Mgk bt h

n,si

as follows. More precisely we will use the specialized variants of the seminorms given by
IFlRe @) = /B |(1= 1217 ((1 = |z])™ R™) D™ F(2)|” dn(z),
p.m’.m ’ n

where we take m” derivatives in D followed by m’ derivatives in the invariant radial operator (1 —|z|?)R.
Recall from Definition 19 that & denotes the vector of all differential operators of the form X; X5 ... Xy,
where each X; is either 7, D, or (1—|z|?) R, and where by definition 1—|z|? is held constant in composing
operators. It will also be convenient at times to use the notation

R™ = (1—|z[H™(RE™ (7-2)

which should cause no confusion with the related operators %Z’ introduced in (3-8). Note that R is
simply ™ when none of the operators D appear. We will make extensive use the multilinear estimate in
Proposition 22.

Let us fix our attention on the function F#* = 9?6‘ and write

Fo = AgCyo (Agys .Ag%o’“_lQ“Hh):A G (F),

0 n,s n,sy * n,s
gt __ O,u—1opn+l1 g
JP] g‘i@n sz( g<@n .83 ° g%n Wi Q h) nsz('f )
gt — 0,9 ap
Fq = Ag6y sq+1(dpq+1)

and so on, where 9«75 is a (0, g)-form. We now perform the integration by parts in Lemma 17 in each

iterated Charpentier operator %“ A ‘62 ?q 4 (%g‘ 1) to obtain
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Fh = Agby? T (7-3)

w
_ L m’ 1
= ¢ omsair NeFnsas @ Fo L)) + D Comsyn Mg g,y (BT ) ().

Now we compose these formulas for %g to obtain an expression for F* that is a complicated sum
of compositions of the individual operators in (7-3) above. For now we will concentrate on the main
Gm, n

terms A <1>,, skt (DTRHIFL L
same considerations apply to any of the other terms in (7-3). Recall from Lemma 17 that the “boundary”

) that arise in the second sum above when £ = . We will see that the

operators ¥y s, are projections of operators on By, to the ball B, and have (balanced) kernels even

simpler than those of the operators ®% The composition of these main terms is

n,Sqg+1"°
(Ag @k T™)FY = (Ag @l T™)(Ag OL ,T™2)FY
= (Ag @k, T™M)(Ag @k T™M2) .. (Ag®l, TMi) Qi+ h, (7-4)

At this point we would like to take absolute values inside all of these integrals and use the crucial
inequalities (5-7)—(5-9) to obtain a composition of positive operators of the type considered in Lemma 24.
However, there is a difficulty in using inequality (5-7) to estimate the derivative @™ on (0, ¢+ 1)-forms 7
given by (3-6):

_ ____gm
G =Y Y D D =z w—2) S nsuugw).

| Jl=q k¢J |a|=m

The problem is that the factor wy —z; has no derivative d/0wy naturally associated with it, as do the
other factors in (w—z)®. We refer to the factor wy —zj as a rogue factor, as it requires special treatment
in order to apply (5-7). Note that we cannot simply estimate wy —z; by |w — z| because this is much
larger in general than the estimate \/m obtained in (5-7) (where the difference in size between
|w—z| and \/A(w, z) is compensated by the difference in size between d/dwy and D).

We now describe how to circumvent this difficulty in the composition of operators in (7-4). Let us
p— 4
write each %"a+1 QFZH as

_ gm
22 > D@m= (Fy ) suti (w).

T|=q k¢J lal=m,

where (J@ +1)J Uk} is the coefficient of the form 9?“ 1 With differential d w’ Yk} We now replace each
of these sums with just one of the summands, say

"
(=20 W =2 5= (F, ) (). -5)

Here the factor wy —zj is a rogue factor, not associated with a corresponding derivative d/dwy. We
will refer to k as the rogue index associated with the rogue factor when it is not convenient to explicitly
display the variables.
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The key fact in treating the rogue factor wy —zj is that its presence in (7-5) means that the coefficient
(9?5 1)1 of the form 9?5 1 that multiplies it must have k in the multi-index /. Since

@I‘C

_ 0,g+1 1%
b= AgEYTEL (T ),

n,Sq+2 q+2
0,g+1
n,S5q+2
(w, z) that multiply the rogue factor must have the differential dZ; in them. In turn, this means

233;12 (w, z), and hence finally that the

coefficients (9?5 +»)H with multi-index H that survive the wedge products in the integration must have

the form of the ameliorated Charpentier kernel € in Theorem 10 shows that the coefficients of

0,g+1
%”ssq+2

that the differential d w; must be missing in the coefficient of €

k € H. This observation can be repeated, and we now derive an important consequence.
— 4
Returning to (7-4), each summand in %"a+1 @Z‘ 1 has a rogue factor with associated rogue index
kg+1. Thus the function in (7-4) is a sum of terms of the form

(qu)llih (W, —Zk,) i_fm/l) ) (qu)g,sz(wkz_zkz) gmg)llo ..o (qu)z,sv (Wk,—2k,) gm(’)l‘)_l
o0 (Ag @l (W, =25, E™), o (QUTh), |

n,Su

where the subscript /,, on the form Ag®} o (wg,— 2, ) %™y indicates that we are composing with the
component of Ag®} o (wk,— 2k, ) My corresponding to the multi-index 1,1, i.e., the component with
the differential 4z/v=1. The notation will become exceedingly unwieldy if we attempt to identify the
different variables associated with each of the iterated integrals, so we refrain from this in general. The
considerations of the previous paragraph now show that we must have {k{} = I, {k,} U I = I, and
more generally

(kUL =1,, 1<v=pu.
In particular we see that the associated rogue indices k1, k>, ...k are all distinct and that as sets
{kl,kZ,. .. ,ku} - Iu/.

Denoting by ¢ the variable in the final form Q,’f“h, we can thus write each rogue factor wy —zg , as

Wi, —Zk, = (Wk,— Sk, ) 2k, — Sk, )

and since k, € I, there is a factor of the form (3/ aEkv)(a\ﬂ lgi/ E)Eﬂ) in each summand of the component
(Qﬁ“h) 1, of Qﬁ“h. So we are able to associate the rogue factor wy, —zx, with derivatives of g as

_ KB dl1Blg; B — KB arlg;
((wkv Zk,,)azku) 8ZB ((Zk,, é“ku)azkv) 7 (7-6)

follows:

Thus it is indeed possible to

(1) apply the radial integration by parts in Corollary 16,
(2) then take absolute values and £2-norms inside all the integrals,

(3) and then apply the crucial inequalities (5-7)—(5-9).
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One of the difficulties remaining after this is that we are now left with additional factors of the form

Aw. ) Az, 8)
—— and ————,
1—|w|? 1—|z|?
resulting from an application of (5-7) to the derivatives in (7-6). These factors are still rogue in the sense
that the variable pairs occurring in them, namely (w, ¢) and (z, {), do not consist of consecutive variables
in the iterated integrals of (7-4). This is rectified by using the fact that

dw,z) = \/m

is a quasimetric, which in turn follows from the identity

VAW, 2) = 1 = wz gz (w)] = 8w, 2)*p(w, 2),

where p(w, z) = |@;(w)] is the invariant pseudohyperbolic metric on the ball (Corollary 1.22 in [Zhu
2005]) and where §(w, z) = |1 —wZ|'/? satisfies the triangle inequality on the ball (Proposition 5.1.2 in
[Rudin 1980]). Using the quasisubadditivity of d(w), z) we can, with some care, redistribute appropriate
factors back to the iterated integrals where they can be favorably estimated using Lemma 24. It is simplest
to illustrate this procedure in specific cases, so we defer further discussion of this point until we treat in
detail the cases . = 0, 1, 2 below. We again emphasize that all these observations regarding rogue factors
in (7-4) apply equally well to the rogue factors in the other terms @ﬁ’ Sat1 (@miz @Z +1)(2) in (7-3), as well
as to the boundary terms ¥y s, , (%7 @Zﬂ)(z) in (7-3).

The other difficulty remaining is that in order to obtain a favorable estimate using Lemma 24 for the
iterated integrals resulting from the bullet items above, it is necessary to generate additional powers of
1 —|z|? (we are using z as a generic variable in the iterated integrals here). This is accomplished by
applying the radial integrations by parts in Corollary 16 to the previous iterated integral. Of course such a
possibility is impossible for the first of the iterated integrals, but there we are only applying the radial
derivative R thanks to the fact that our candidate f from the Koszul complex is holomorphic. As a result,
we see from (5-8) that (1 — |z|?) R, unlike D, generates positive powers of 1 —|z|? even when acting on
A(w, z). This procedure is also best illustrated in specific cases and will be treated in the next subsection.

So ignoring these technical issues for the moment, the integrals that result from taking absolute values
and £2?-norms inside (7-4) are now estimated using Lemma 24 and the remark following it. Note that
we only use scalar-valued Schur estimates since all the integrals to which that lemma and remark are
applied have positive integrands. Here is the rough idea. Suppose that {71, T3, ..., Ty} is a collection of

Charpentier solution operators and that for a sequence of large integers
/ 4 / " / 4
iy m oy, mly o my
we have the inequalities

ITjFliae , @2y SCillFllae , | @2, 1=J =041 (7-7)
Py Pjp 41
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for the class of smooth functions F that arise as T'G for some Charpentier solution operator 7" and some
smooth G. Then we can estimate ||7j o T50---0 TuQ”Bg,m(Bn;ez) by

[Ty 0T20--0 TKQ”AZ,m’l,m’{(B”;EZ) =Ci|Tz0:-0 T€Q||A§,m’2,m’2’(B"?£2)
<C1C|T30---0TyQ a0, (®,:02)
p.my.my

<CiG...¢ ||9||A1‘j (Bn3€2)-

7 14
My 1Mt

Finally we will show that if €2 is one of the forms QZH in the Koszul complex, then

o (By;3E2) = Cn,a,p,ﬁ(g)”h”Bp".m([H;n)y

Q 2y < || €2
I ”Aa - I(Bnrez)_” ||Ag,m’€_,'_l+me_,’_1

ey Mo+
and so altogether this proves that

I/ Bg ®4:¢2) = Croo,p,8(@ 11 BE,.(B,)-

We now make some brief comments on how to obtain the inequalities in (7-7). Complete details will
be given in the cases u = 0, 1, 2 below, and the general case 0 < y < n is no different from these three
cases. We note that from (2-6) the kernel of %2’4 typically looks like a sum of terms

(1—w2)" 1741 —w|*)?
A(w, z)?
times a wedge product of differentials in which the differential dw; is missing. We again emphasize that

(Zj —wj) (7-8)

the rogue factor Z; — w; cannot simply be estimated by |Z; — w;|, as the formula (2-1) shows that

VAW, 2) = | Pz —w) + 1= 2 0:(z —w)]

can be much smaller than |z — w|. As we mentioned above, it is possible to exploit the fact that any
surviving term in the form Qﬁ“ must then involve the derivative d/0w; hitting a component of g. This
permits us to absorb part of the complex tangential component of z —w into the almost invariant derivative
D which is larger than the usual gradient in the complex tangential directions. This results in a good
estimate for the rogue factor (Z; —w;) in (7-8) based on the smaller quantity \/m . We have already
integrated by parts to write (7-8) as (recall that the factors Z; — w; are already incorporated into Q_bg’n(w))

(1—wz)"14(1 — [w[?)?

By A(w, z)"

plus boundary terms which we ignore for the moment. Then we use the three crucial inequalities (5-7),

D" n(w) dV(w),

(5-8), and (5-9) to help show that the resulting iterated kernels can be factored (after accounting for all
rogue factors Z; — w;) into operators that satisfy the hypotheses of Lemma 24 or the subsequent remark.

Definition 25. The expression ﬁﬁ“ denotes the form Qﬁ“ but with every occurrence of the derivative
d/0w; replaced by the derivative D .

We can rewrite (5-7) in the form

’

m+1
v A(w’z)) D" (w)

S —am ol
|G - 072" ()] < ( = fw]?
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Recall that each summand of Qﬁ“ includes a product of exactly £ distinct derivatives d/dw; applied
to components of g. Thus the entries of 5’”95“ (w) consist of m + £ derivatives distributed among

components of g. Using the factorization of Qﬁ“ in (4-4), we obtain the corresponding factorization for
ﬁﬁ—i—l:
14

L
~ 1 ~
Qin N\ Qf=——Q0" (7-9)

= oo . l_)_' [ee)
Q(l) = (g—lz) and Q(l) = (—gzl) .
lg1* Ji=1 lg1* Ji=1

It is important for this purpose of using Lemma 24 and the subsequent remark to first apply the

where

integration by parts Lemma 14 to temper the singularity due to negative powers of A(w, z), and to use the
integration by parts Corollary 16 to infuse enough powers of 1 — |w|? for use in the subsequent iterated
integral.
Finally it follows from Proposition 22 together with the factorization (4-4) that
[ = 2B U | Loy < CIMe e pe oy IlBg @0 T-10)
We defer the proof of (7-10) until page 538 when further calculations are available.

Remark. At this point we observe from (7-1) that the exponent m + w in (7-10) is at most m, + n, and
thus we may take k = m, + n. We leave it to the interested reader to estimate the size of m,,.

Taking into account all of the above, the conclusion is that with k = m,, + n,

K
”f”B,‘,’([B,,;ﬂ) = Cn,a,p,8 ||Mg||3g(Bn)_>Bg(Bn;(2) ”h”B,‘,’(Bn)-

As the arguments described above are rather complicated we illustrate them by considering the three
cases u = 0, 1, 2 in complete detail in the next subsection before proceeding to the general case.

7.1. Estimates in special cases. Here we prove the estimates (7-1) for © = 0, 1, 2. Recall that

FO=Qlh, F'=Age20 QIn,  FE = Ag600 AgeY) Qb

n,s1 n,s1 n,s2

To obtain the estimate for #° we use the multilinear inequality in Proposition 22.

In estimating %! we confront for the first time a rogue factor Zk—w,, that we must associate with a
derivative d/dwy, occurring in each surviving summand of the k-th component of the form Q% After
applying the integration by parts formula in 17 as in [Ortega and Fabrega 2000], we use the crucial
inequalities (5-7)—(5-9) and the Schur-type operator estimates in Lemma 24 with ¢ = 0 to obtain the
desired estimates. Finally we must also deal with the boundary terms in the integration by parts formula
for ameliorated Charpentier kernels in Lemma 17. This requires using the radial derivative integration
by parts formula in Corollary 16 as in [Ortega and Fabrega 2000], and also requires dealing with the
corresponding rogue factors.

The final trick in the proof arises in estimating %2. This time there are two iterated integrals each
with a rogue factor. The problematic rogue factor zx— . occurs in the first of the iterated integrals since
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there is no derivative d/ 8Ek hitting the second iterated integral with which to associate the rogue factor
szé‘k. Instead we decompose the factor as (wy —zx ) — (¢ —wy ) and associate each of these summands
with a derivative d/dwy, already occurring in SZ; Then we can apply the crucial inequality (5-7) and
use the fact that \/A(w, z) is a quasimetric to redistribute the estimates appropriately. As a result of this
redistribution we are forced to use Lemma 24 with ¢ = %1 this time as well as ¢ = 0. In applying the
Schur-type estimates in Lemma 24 to the second iterated integral, we require a sufficiently large power of
1 —|w]|? to be carried over from the first iterated integral. To ensure this we again use the radial derivative
integration by parts formula in Corollary 16.

The estimate (7-1) for general p involves no new ideas. There are now p rogue terms and we need to
apply Lemma 24 with ¢ =0, &1, ..., =(u — 1). With this noted the arguments needed are those used
above in the cases u =0, 1, 2.

The estimate for #°. We begin with the estimate

0 i
1M B2, @562 = 126721 B, B,362) = Criop.6 Mg Be 3, BE (8,:02) 1711 BE 1 B1) -

form +o > %. However, for later use we prove instead the more general estimate with & in place of R,
except that m must then be chosen twice as large:

[ (1= 2R 2™ @D dAn(2) = o ps Mg 52 e g ey g @y 1D

for m > 2(% — o). Recall that ™ is the differential operator of order m given in Definition 19 that is
adapted to the complex geometry of the unit ball B;. It will be in estimating iterated Charpentier integrals
below that the derivatives R and %" will arise from integration by parts in the previous iterated integral,
and this will require estimates using .

By Leibniz’s rule for ¥ we have

L (Qeh) =D (@ Qo) @™ )
and ~ k=0 A
x* Q) = %k(| |2) = @t @tigl™). (7-12)
£=0

It suffices to prove

Jue

and hence

/ (1— |2P)7 [k 517 |9t 2| [ * h|P iy

m

k
] )”(Z S e G "h))

p
Up5||M ”BU(B )—)BU(B @2) ”h”Bg(Bn)’

< Cn ,0,D, $ ”Mg ”BU(Bn)—>BG(Bn 52) ”h“BU(Bn)’ (7'13)

for each fixed 0 < ¢ < k <m.
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Now we can profitably estimate both | %% h| and |%K—tg| as they are, but we must be more careful
with }96| 2|2 { In the case £ = 1, we assume for convenience that & annihilates g; (if not it will annihilate
g; unless ¥ = I, and the estimates are similar) and obtain

2 o0 o0 o0
<le (Ll ) (X el ) <lei e 3 e

i=1 i=1 i=1

o0
el =|-1e™* Y- et

i=1

Similarly, when £ = 2,

() 2
_912 _ — — _ —
|22]g]2| ='—|g| 3 g2+ 251 (08 (8%2))
i=1 it]

o0 o0
<206l 2 [l + alel (L i)

i=1 i=1

2

and the general case is
L o1—2 2
Eatr{ma

o0 [ele] o0 o0 Y2
<Clg Y |%€gi|2+ce_1|g|—8(z |%f—1g,-|2) (Z i) 4o co|g|—4—”(2 |9eg,-|2)

i=1 i=1 i=1 i=1

M 00
= > ca|g|—“‘”l_[(2|%°‘mg,-|2). (7-14)
m=1

1=a1=<ar=<-<aps = i=1
ajtaz+-tap =L

We can ignore the powers of |g| since |g| is bounded above and below by (5-2) and the hypotheses of
Theorem 2. Fixing o we see that the left side of (7-13) is thus at most

M
Cooops [B (1= |z2)7 [2k~tg|? |oym—kh|P( |9€°‘fg|1’) dh
n =1

Since
o0

k—{ =2 k—{= |2
kg = | gl
i=1
and k& — £ could vanish (unlike the exponents &, which are positive), we see that altogether after
renumbering, it suffices to prove

M,
/;Bn(l—|2|2)PU |0yoz1h|1’ |0y052g|p, .. |0y0‘Mg|P d)\,n < Cn,a,p,8 ”Mg||ng(Bn)—>Bg(Bn;62) ”h”;;;,’(Bn) (7-15)
for each fixed @ = (o1, @2, ...,apr) where M > 2, || = m and at most one of 5, ..., aps is zero. We

have used here that | Dg| = | Dg|. Now Proposition 22 yields (7-15) for each 0 < k <m and |o| = m — k.
Summing these estimates completes the proof of (7-11).
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We can now prove the more general inequality (7-10). Indeed, using the factorization (4-4) of ﬁ,’jﬂ
together with the Leibniz formula gives

%m(ﬁllﬁ'lh) = (Ql /\(Q ),uh Z (%aoQ ) A /\(%ajﬁ(l))(%au+lh)

aezl_ﬁ_z j=1
le|=m
“w
= X (@f""ﬂém/\(%%“sz&))wwm,
ani‘H Jj=1

lot|=m

where we have used that & (1) already has an & derivative in each summand, and so X%/ §2\(1) can be written
as X% 1 52(1). Now use (7-12) and (7-14) to see that ‘%m(QﬁHh)‘ is controlled by a tensor product of at
most m + u factors, and then apply Proposition 22 as above to complete the proof of (7-10).

The estimate for F!. The estimate in (7-1) with u =1 will follow from (7-10) and the estimate

(1 =1z») 7™ (A g%g;ggfh)um(“ [ (1= |27 %™2(Q3h)(2) | dAn(z), (7-16)

where, as in Definition 25, we define ﬁf to be Q% with d replaced by D throughout:

N
-y 8k Dgj — 8 Dgk

P

Jj.k=1

and where D =Y} _ (Dyh) dzj and Dy is the k-th component of D. We are using here the following
observation regarding the interior product Q%h adwg:

For each summand of Q2/ L diy, there is a unique 1 <i < N
_ 1 . (7-17)
such that dg; /0wy, occurs as a factor in the summand.

We rewrite (7-16) as

= zpram o (n etein]?,  =c [ |a-Rear B @ eI a1

Where RN = (1-— |Z|2)’"(Rk);€” o as in (7-2). As mentioned above, we only need to prove the case
m'| = 0 since (7-1) only requires that we estimate ||% U go (8,)- However, when considering the estimate
p.m n
for %2 in (7-1) we will no longer have the luxury of using the norm || - || go (8,) in the second iterated
p.m\Dn
integral occurring there, and so we will consider the more general case now in preparation for what comes
later. As we will see however, it is necessary to choose 7/ sufficiently large in order to obtain (7-18). It
is useful to recall that the operator (1 —|z|?)R is “smaller” than D in the sense that

D=1-z[)P,V+1-|z]20.V,
(1—|z[»R=(1-|z|*)P.V.
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To prove (7-18) we will ignore the contraction Ag since if derivatives hit g in the contraction, the
estimates are similar if not easier. Note also that |Ag F'| < |g| | F| for the contraction A g F of any tensor F.

V\;e 0Will also initially suppose that 712 = 0 and later take m7 sufficiently large. Now we apply Lemma 17
to €5 th and obtain

(62:29%}1(2) = Co%gjg (Q_Dméﬂ%h)(z) + boundary terms

_ 7-19
= /B CDS,S (w, z)@m2(§2%h)d V(w) + boundary terms. ( )
A typical term above looks like
1—|wP\" 7" —wz)"1_
G"2(Qih) dV 7-20
[E5) e mamaw 7

where we are discarding the sum of (balanced) factors

((1 —w]?)(1 - |z|2))f'

11— wz|?

for 1 < j <n—1in Lemma 17, which turn out to only help with the estimates. This can be seen from
(5-9) and its trivial counterpart

|DE A= 21F| + | =z RE (= 2| < c = zH*.

Recall from the general discussion above that in the integral (7-20) there are rogue factors wy —zj in
Gms (th) (w) that must be associated with a d/dwy, derivative that hits some factor of each summand in
the k-th component Qf adwy of SZ% ~ gi0g;j — gj0gi. Thus we can apply (5-7) to the components of
Q%h(z) to obtain
Z Z (Wi —zx) (w—2z)® Py (Q%h 4 dwk)

k=1 |a|=m),

/AN w. 2) mh+1 o,
< C(%ﬁ’lz)) | D™2(Qih)(w)). (7-21)

|€_Z)ml252%h(z)| ~

Thus we get
(1=1z1)7 |D™1: 023 h ()]

(= |w2) " (1—wz)y= | ( VAW, z) V2T~
<[ a—ppe | pm (! D™ (Q%h dv
—an( - <Z>( (=wz) A,z )|\ 1= [w]? [P dvee)
= S,sna,mfz /), (7-22)

where
fw) = (1—|w|*)° | D™2(Q3h) (w)]. (7-23)

Now we iterate the estimate (5-8),

|DeyAw, z)| < C(1—|z1) Aw, 2)? + Aw, 2),
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to obtain
pMi (1—|w®* (1 —wz)"!
@O\ (1 —wz)s " A(w, z)"
2 a — 2™ (1= ||} " Aw, )™ /2 (1—|w|?)s~" OK, (7-24
- |1 _w5|s—2n—i-1A(w’Z)n—i—m’1 R |1 —wf|s_2”'HA(w,Z)” + ’ ( - )

where the terms in OK are obtained when some of the derivatives D hit the factor (1 —wz)*™" in the
denominator or factors DA (w, z) already in the numerator. Leaving the OK terms for later, we combine
all the estimates above to get that if we plug the first term on the right in (7-24) into the left side of (7-18),
then the result is dominated by

(1— |Z|2)m’1+a(1 _ |w|2)s—n—m’2—1—0A(w, Z)m’1+m’2+1/2
By |1 _ w2|s—2n+l A(w, Z)n—l—m’l
(1 _ |Z|2)m’1 +0(1 _ |w|2)s—n—1—m’2—a

_ JA@. )Ty dv(w).

B, |1_w2|s—2n+1

S w)dV(w)

Now for convenience choose m’, = m/ +2n — 1 so that the factor of \/A(w, z) disappears. We then get

|Z|2)m’l +o (1—|w |2)s—3n—m’l -0

(1—|2|2)”\Dm3<€2;29%h(z){S/B 1= fw)dV(w).  (7-25)

|1 — w2|s—2n+1
Lemma 24 shows that the operator

(1= =) = [w]*)”
1 — wz[r+i+ath J(w)dV(w)

Tusf @)= [

B
is bounded on LP([B,,; (1—|wl|?)! dV(w)) if and only if
—pa<t+1<pb+1).

We apply this lemma with t = —n — 1, @ = m| + 0 and b = 5 — 3n —m/ — 0. Note that the sums of
the exponents in the numerator and denominator of (7-25) are equal if we write the integral in terms of
invariant measure dA,(w) = (1 —|w|?)™"~! dV(w). We conclude that S»/ . is bounded on L?(d}y)
127772
provided 7 is, and that this latter happens if and only if
—pm+o0)<—-n<p(s=3n+1-m|—o0).

n

This requires 7/ —i—c7>%ands>3n—1—i—m’1 +o—7

Remark. Suppose instead that we choose m/2 to be a positive integer satisfying ¢ = m’2 — m’1 —2n+1>
—2n. Then we would be dealing with the operator T, p ., where a = m’1 + o0 and

b=s—n—1-mh—o=s—3n—c—m)|—o.
By Lemma 24, T, ; . is bounded on L?(dA,) if and only if

—p(m'| +o0)<—-n<p(s—3n+1—c—m\—o0),
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ie,mj+0o> %

choose m’, > m’; and s large enough.

ands >c+3n—14+m)| +0— %. Thus we can use any value of ¢ > —2n provided we

Now we turn to the second displayed term on the right side of (7-24), which leads to the operator T}, p o
with a = 0, b =5 —3n—o0. This time we will not in general have the required boundedness condition
o> %. It is for this reason that we must return to (7-18) and insist that 7 be chosen sufficiently large
that m’ +o > %. For convenience we let m’ = 0 for now. Indeed, it follows from the second line in the
crucial inequality (5-8) that the second displayed term on the right side of (7-24) is

(L= |z (= Jw[?)*™" A(w, 2)"i/?
1 — wz|s—2r 1 A(w, z)" T
Using this expression and choosing m’, = m7 4+ 2n — 1 so that the term /A (w, z) disappears from the
ensuing integral, we obtain the following analogue of (7-25):

, 1— 1212 m|+o 1— 2\s—3n—m’/—o
ariagsaie| < [ AP0

+ better terms.

(1121271 —|z|™

JS(w)dV(w).

|1 _ wzls—Zn—i—l

n

The corresponding operator 7, p o has @ = m + o and b = s — 3n —m/ — o and is bounded on L” (A,)
when —p(m’l’ +o)<—-n<p(s—3n+1-— m’l’ —0). Thus there is no unnecessary restriction on ¢ if m’l/
and s are chosen appropriately large. Note that the only difference between this operator 7, p o and the
previous one is that m’, has been replaced by m7.

The arguments above are easily modified to handle the general case of (7-18) provided m/l/ +0> %
and s is chosen sufficiently large.

Now we return to consider the OK terms in (7-24). For this we use the inequality (5-9):
m _ K (1=l
| D {1 —wz)*}| < C|1 -z (m) .
We ignore the derivative (1 — |z|?) R, since the second line in (5-9) shows that it satisfies a better estimate.

We also write m{ and m; in place of nf/1 and m/2 now. As a result, one of the extremal OK terms in

(7-24) is
(1= [z»)™/2(1 = Jw]?)s"

|1 _ w5|s—2n+1+(m1/2)A(w’ Z)” ’

which when combined with the other estimates leads to the integral operator

(1 _ |Z|2)m1/2+a(1 _ |w|2)s—n—1—m2—a

—2n—1
11— wzp—2nF1+ni/2) VAW, 2)"™ 7 f(w) dV(w).

This is 7, p . with a = % 40, b=s—n—1—my—o0,and ¢ = my —2n — 1. This is bounded on
L?(Ay) provided m, > 2 and

Bn

—p(%iﬂr) <—-n<p(s—n—my—o0),

ie, 2l +o0 > % ands >n+my+0— %. The intermediate OK terms are handled similarly. Note that
the crux of the matter is that all of the positive operators have the form 7 ., and moreover, if s and the
m’s are chosen appropriately large, then T}, 4 . is bounded on L?(A,).
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Boundary terms for ¥'. Now we turn to estimating the boundary terms in (7-19). A typical term is

_ _ 1— 2ys—n—1 _ _
Fn,s (D5 (220))[Z](2) = /B n%@k(sz%[%](u}) dV(w), (7-26)

with 0 < k <m — 1 upon appealing to Lemma 17.
We now apply the operator (1 — |z|?)™1 79 R™1 to the integral on the right side of (7-26); using the
inequalities (5-7)—(5-9) we obtain that the absolute value of the result is dominated by

1— 2\mi+o 1 — 2\s—n—1 A k+1 —7 o~

A lzPH™o A — w7 (VAW DN Be a1 gvw)

B, |1 —wz|stm I—Jw|?
(1_|Z|2)ml+a(1_|w|2)s—n—2—k—a /A(w,z)k"‘l

~ J, 1=z (1= [w]?)? DX (@ h) (w)| dV (w).

The operator in question here is 7, 5 . Wwitha =m; +0, b=s—n—2—k —o,and ¢c = k + 1, since
a+b+c+n+1=s+m.

Lemma 24 applies to prove the desired boundedness on L?(A,) provided m; + o > %.

However, if k fails to satisfy &k + 1 > 2(% — 0), then the derivative D¥T1Q cannot be used to control
the norm ||€2| gg (g,,)- To compensate for a small k, we must then apply Corollary 16 to the right side of
(7-26) (which for fixed z is in C(B,) N C°°(B,)) before differentiating and taking absolute values inside
the integral. This then leads to operators of the form

(1 _ |w|2)s—n—1

_ 2\mi+o pmy
1= fepymerm( [ G

(1= Jw 2" R™ [T (@2 (w)] dV(w>),

Br

which are dominated by

mi+o 1 _ s—n— / k+1 .
e 1( A(w’z)) %™ DX Q1) (w)| dV(w),

Bn |1 —wz|s+m 1—|w|?
which is
(1_|Z|2)m1+a(1_|w|2)s—n—2—k—a /A(w,z)k“ N
/ o (1= [w[*)°R™ DK (Q2h)(w)| dV (w).

This latter operator is T, 5 . H(z), with
a=my+o0, b=s—-n—-2—-k—-0, c¢=k+1, and H(w)=|(1—|w|2)° Z",l_)k(ﬁfh)(w){.

Note that for m > 2(% — 0) we do indeed now have ||H|[zr@,) & ||§%h”Bg(Bn)- The operator here is
the same as that above and so Lemma 24 applies to prove the desired boundedness on L?(A,).

The estimate for %>. Our next task is to obtain the estimate (7-1) for ;1 = 2. For this we will show that

n,s1 n,s2

/B [(1=[z[2)™TOR™M A0 Ag6dt Q3|7 din(z)

SC/ |(1=121%)7 (1 = |21%)™5 R™S D3 (Q31)(2)|” dhn(z).  (7-27)
Bn



THE CORONA THEOREM IN C” 543

Unlike the previous argument, this time we will have to deal with a rogue term z, — &, where there is
no derivative d/ 852 to associate to it. Again we ignore the contractions Ag. Then we use Lemma 17 to
perform integration by parts 7, times in the first iterated integral and 1’y times in the second iterated
integral. We also use Corollary 16 to perform integration by parts in the radial derivative m’z/ times
in the first iterated integral (for fixed z, we have %2:;293 e C(B,) N C*®(B,) by standard estimates
[Charpentier 1980]), so that the additional factor (1 — |§|2)m/2/ can be used crucially in the second iterated
integral, and also mg times in the second iterated integral for use in acting on Q;
Recall from Lemma 17 that

(62:?77(2) = boundary terms (depending on m)

q \n—1—4 214 2\s—n ,n—{—1 2 23\ J
(1—wz) (1—Jwl?)* (1—|w]| A=[wH)A =125\ zm
*L )T oy (7)) (Z om(mm) )ame.

j=0

Recall also that %™ already has the rogue terms built in, as can be seen from (3-6). Now we use the right
side above with ¢ = £ = j = 0 to substitute for %%21, and the right side above withg =¢ =1and j =0
to substitute for %2: ;2. Then a typical part of the resulting kernel of the operator %2:21%2: ;293(2) is

U L 8 Gl G S ——;

B, A 2)" (1—52) (22 —E,) (1= [§]7)™ R (7-28)
—wEV2(1 — w2 o 2\ka—n B S

: - wi)m (sl) " )(11 _';'5) (@1 &) (1= [w]?)"s RMG (Q3h) (w) dV (w) dVE).

where we have arbitrarily chosen z, — §2 and wy — El as the rogue factors.

Remark. It is important to note that the differential operators Q_D';"Z are conjugate in the variable z and

hence vanish on the kernels of the boundary terms &, ¢ (@F Qgh)(z) in the integration by parts formula
(3-7) associated to the Charpentier solution operator %2: ;2, since these kernels are holomorphic. As a

result the operator ™2 hits only the factor gk Qgh and a typical term is

_ 9 _
(zi —8i) 8_((wi—2i) Q3h) = —(zi—8) Qh,

Zi
where the derivative d/dw; must occur in each surviving term in 2 gh, and this term which is then handled
like the rogue terms.

Now we recall the factorization (4-4) with £ = 2,
3 1,881,851
Q5 =—4Qy A Q) ARy,

and that Q;(w) must have both derivatives dg/dw; and dg/dw, occurring in it, one surviving in each
of the factors 52(1), along with other harmless powers of g that we ignore. Thus we may replace Q (1) A fi(l)
with 8/8@29(1) A 8/8@19(1). If we use

Zy— &y = (33— W) — (2 — W),
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we can write the iterated integral above as

(12" (1 - |5|2)“‘"
g, AGE2" \1-&

% _£12\ms pmlyGrm), (1_w§)”—2(1_|w|2)(1_|w|2)s2—n)
[ a-lePyiRTiE (

Aw, &) 1 —wé
14 " — a —_— ’/ 14 " — a p—
X ((1 — [w|?)"3s R™3 (€, — wz)ﬁ@mreﬂé) A ((1 —[w|?)" R™3 (&, — wl)w_l@egé)
w dV(w)dV(E)

minus the same expression but with the rogue factor Ez — w, on the third line replaced by the rogue factor
Zp — Wj. We have temporarily ignored the wedge products with terms that do not include derivatives of
g, as these terms are bounded and so harmless.

Now we apply (1 —|z]?)° (1 — |z|2)m/1/ R™1 D™ to these operators. Using the crucial inequalities
(5-7)—(5-9), together with the factorization (7-9) with £ = 2,

Q=4 AQlAQ),
the result of this application on the first integral is then dominated by

/ T / , _|£]2
[(1_|Z|2) A(‘E,Z)]ml([(1—|Z|2)\/A(g,z)]ml+A($’Z)ml)‘%

S1—n

(1—|z|»)71—&z"!
B A, Z)m’l +m'+n

—ERYE L — wE 21— w]?) [ "2 mz
X(Bu £2)511 — wEp—2(1 lwl)( A@’2)) (1= ) VAW, 5]

A(w’é)m’2+m’2’+n 1—&|?
227" (VAW O\ (VAW
() ()

1—|w|
"=

1— wg
x | (1= [w[2)™3 R™3 D™3 (Q3 1) (w)] dV(w)) dV(€), (7-29)

< ([(1— 6P VAW, B + Aw,5)™)

and the result of this application on the second integral is dominated by exactly the same expression but
with one of the two factors /A (w, £)/(1 — |w|?) that occur at the end of the third line in (7-29) replaced
by the factor /A (w, z)/(1 —|w|?). The ignored wedge products have now been reinstated in ﬁg

Now for the iterated integral in (7-29), we can separate it into the composition of two operators of the
form treated previously. One factor is the operator

(A= 1z VAE ] ([ -1z VAE D™ + B(E 2)™)

(1—|z»)7 |1 —gz|"~!
B, A(é, Z)m’1 +m’+n

VAE, z my 1 _ g2 517" B
X(l_(;;z)) 11 _l?f (1-[E)CFEdV(E), (7-30)
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and the other factor is the operator F(§) given by

e L L A IV/XC3) e ([ B T W3 RNy

B, Aw, ;g-)m2+m'2’+n
( A(w,@)’"é“ 1—[w]
X\ ———— S
1 —|wl? 1 —wé
where f(w) = (1— |w|2)"|(1 lw|2)™3 Rm¥5m1(§23h)(w){ We now show how Lemma 24 applies to
obtain the appropriate boundedness.

2 |S2—n

(1 =[w) ™ fw)dV(w), (7-31)

We will in fact compare the corresponding kernels to that in (7-25). When we consider the summand
A€, Z)m/l at the end of the first line of (7-30), the first operator has kernel

(1—|z|2)otmi (1 — |g|?)s1—n—m—0 - Z)7 Y (| — | [2yi—3n-m{—o
|1 —gzs1=2nH 1 A g, zymi il am tmp)/2 1= gzpi—2nti :

(7-32)

if we choose m/2 = m/ ' + 2n so that the factor A (&, z) disappears. This is exactly the same as the kernel
of the operator in (7- 25) in the previous alternative argument but with m in place of m’ there. When we
consider instead the summand [(1 —z1) VA, z ] 1 on the first line of (7-30), we obtaln the kernel in
(7-32) but with m’| 4+ m’, in place of m.
When we consider the summand A (w, é)’"/z at the end of the second line of (7-31), the second operator
has kernel
(1 |§|2)m’2’+0(1 |w|2)1+sz—n—m’3—2—a

|1—wé|52 2n+2 A (w, g)mz-i-mz-i-n (my+2mly+m)y+2)/2
(1 B |E|2)m/2/+0(1 — |w|2)sz—3n+l—m’2’_g
- |1 — w§|S2—2n+z

(7-33)

if we choose m’; = m’) 4-2n — 2, and this is also bounded on L?(dA,) for m’) and s, sufficiently large.

Remark. It is here in choosing m’) large that we are using the full force of Corollary 16 to perform
integration by parts in the radial derlvatlve m / times in the first iterated integral.

When we consider instead the summand [(1 — 212 VA, z)] 2 on the first line of (7-31), we obtain
the kernel in (7-33) but with m + m/, in place of m’.

To handle the case of (7-29) in which the factor \/A(w, z)/(1 — |w|?) replaces one of the factors

VAW, £)/(1 —|w|?), we must first deal with the rogue factor \/A(w, z) whose variable pair (w, z)
doesn’t match that of either of the denominators A (£, z) or A (w, £). For this we use the fact that

VAW, 2) = 1 —wz| g (w)] = 8(w, 2)*p(w, 2),

where p(w, z) = |@;(w)] is the invariant pseudohyperbolic metric on the ball (Corollary 1.22 in [Zhu
2005]) and where §(w, z) = |1 —wZ|'/? satisfies the triangle inequality on the ball (Proposition 5.1.2 in
[Rudin 1980]). Thus we have

pw.z) < p.2) +pw.§), dw.z) <8 2)+8w.§),
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and so also

VAW, z) < 2[8(E, )2 +8(w, £)2](19=()] + lpe (w)])

:2( wf')\/A(g +2(1+ SZ') Aw, £).
11— wé|

Thus we can write

Vow.z) _ 1-E) /AE 2) n [1-wk| 1- & VAE 2)
I—lwl? T I=fwl> 1-[§  1-|w|* [1-§2] 1-[§?
Aw, 1—&z] 1—&* VA(w,
YWD N6 1P YA@D .,
1 —wl 1= &7 [1—wE| 1—[w]
All of the terms on the right side of (7-34) are of an appropriate form to distribute throughout the iterated
integral, and again Lemma 24 applies to obtain the appropriate boundedness.
For example, the final two terms on the right side of (7-34) that involve /A (w,&)/(1 — |w|?) are
handled in the same way as the operator in (7-29) by taking m’; = m’ 4 2n —2 and m’, = m'{ + 2n, and

taking s; and s, large as required by the extra factors
[1-&2] 1-J¢)?
L1812 11— wé|

With these choices the first two terms on the right side of (7-34) that involve \/A (£, z)/(1 — |£|?) are
then handled using Lemma 24 with ¢ = %1 as follows.

1-[&* VAG.2)

I—Jw|* 1-[&?
on the right in (7-34) for the factor \/A(w,z)/(1 —|w|?), we get a composition of two operators as in
(7-30) and (7-31) but with the kernel in (7-30) multiplied by /A (£, z) /(1 — |£|?) and the kernel in (7-31)
multiplied by (1 —1£|?)/(1 — |w|?) and divided by /A (w, £)/(1 —|w]|?). If we consider the summand
A(E, z)™M at the end of the first line of (7-30), and with the choice m’y = m'{ + 2n already made, the first
operator then has kernel

VAE Z) (1= |20 (1 — g2y 73n=mi=0 (1 |z2)mi+o (1 — |g|2)1—m=3n=1=0 /A, z)
1—|$|2 |1—§Z|s1_2"+1 - |1_%~§|s1—2n+1 ’

and hence is of the form T, p . with

If we substitute the first term

a=m{+o0, b=s—3n—-1-m{—-0, c=1,

sincea+b+c+n+1=s5;—n—1. Now we apply Lemma 24 to conclude that this operator is bounded
on L?(A,) if and only if

—p(m7 +0)<—n< p(sy—3n—mi—o0),

ie., m' —|—o>;ands1>m”+o+3n—;
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Next we consider the summand A (w, £)™2 at the end of the first line of (7-31). With the choice
m’y = m’y 4+ 2n — 2 already made, the second operator has kernel

1= &2 ( VAW, E)\ " (1 — [E]2)5+0 (1 — [w|?)s2—3n+1-m)—o
I—[w2\ 1—|w? |1 — wE|s2—2n+2

B (1— |é_-|2)m’2’+0'+1 (1— |w|2)sz—3n+l—m’2/—0' /A(w, £) —1

N |1 — wE|s2—2n+2

and hence is of the form T, j . with
a=my+o+1, b=s-3n+1-mh—0, c=-1.
This operator is bounded on L?(X,) if and only if

—p(my+0o+1)<—n<p(s,—3n+2—mh—o0),

i.e.,m’2’—|—0>%—1ands2>m’2’+a+3n—2—%.

If we now substitute the second term

1 —wé| 1-]€]* VAE.2)

I—Jw|? [1-§2] 1-[&?

on the right in (7-34) for the factor \/A(w, z)/(1 — |w|?) we similarly get a composition of two operators
that are each bounded on L?(},) for m; and s; chosen large enough.

Boundary terms for >. Now we must address in 2 the boundary terms that arise in the integration by
parts formula (3-7). Suppose the first operator (62221 is replaced by a boundary term, but not the second. We
proceed by applying Corollary 16 to the boundary term. Since the differential operator (1—|z|2)"1+% R™1
hits only the kernel of the boundary term, we can apply the remark following Lemma 24 to the first
iterated integral and the lemma itself to the second iterated integral in the manner indicated in the above
arguments. If the second operator (62: iz is replaced by a boundary term, then as mentioned in the remark
on page 543, the operators D2 hit only the factors "3, and this produces rogue terms that are handled
as above. If the first operator %2:?1 was also replaced by a boundary term, then in addition we would
have radial derivatives R™ hitting the second boundary term. Since radial derivatives are holomorphic,
they hit only the holomorphic kernel and not the antiholomorphic factors in %3, and so these terms can
also be handled as above.

7.2. The estimates for general F*. In view of inequality (7-10), it suffices to establish the inequality

n,si

”W”gg@n):/ﬂ (1= 212+ RMIA G600 L A GO QB[P (2)

n

< Comrs [B (1= 2P @+ ) ()| din2). (7-35)

Recall that the absolute value | F| of an element F in the exterior algebra is the square root of the sum of
the squares of the coefficients of F in the standard basis.
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The case > 2 involves no new ideas, and is merely complicated by straightforward algebra. The reason
is that the solution operator A g%gjgl LA g<@,°,;§‘u‘1 acts separately in each entry of the form Qﬁ“h, an
element of the exterior algebra of C*° ® C" which we view as an alternating £2-tensor of (0, i) forms in
C". These operators decompose as a sum of simpler operators with the basic property that their kernels
are identical, except that the rogue factors in each kernel differ according to the entry. Nevertheless, there
are always exactly p distinct rogue factors in each kernel and after splitting, the u rogue factors can be
associated in one-to-one fashion with each of the derivatives d/dw; in the corresponding entry of

00— nw o0 —
ot h= 0 3 B, ) A A ( 3 3g_k;ek,.)h.
oz 181 i=1 Nz 18l
After applying the crucial inequalities, this effectively results in replacing each derivative d/dw; by the
derivative D i, and consequently we can write the resulting form as ﬁ,’j“h.
This completes our proof of Theorem 2.
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SOBOLEYV SPACE ESTIMATES FOR A CLASS OF BILINEAR
PSEUDODIFFERENTIAL OPERATORS LACKING SYMBOLIC CALCULUS

FREDERIC BERNICOT AND RODOLFO H. TORRES

The reappearance of what is sometimes called exotic behavior for linear and multilinear pseudodifferential
operators is investigated. The phenomenon is shown to be present in a recently introduced class of bilinear
pseudodifferential operators which can be seen as more general variable coefficient counterparts of the
bilinear Hilbert transform and other singular bilinear multipliers operators. We prove that such operators
are unbounded on products of Lebesgue spaces but bounded on spaces of smooth functions (this is the
exotic behavior referred to). In addition, by introducing a new way to approximate the product of two
functions, estimates on a new paramultiplication are obtained.

1. Introduction

An anomalous yet recurrent phenomenon. This article is a continuation of recent work devoted to the
development of a theory of bilinear and multilinear pseudodifferential operators which are the x-dependent

counterparts of the singular multipliers modeled by the bilinear Hilbert transform. In particular we will

0
1,1;7/4
called exotic or forbidden behavior regarding boundedness on function spaces.

further study the class of bilinear pseudodifferential operators B.S and show that it has a sometimes

By a bilinear pseudodifferential operator we mean an operator, defined a priori on test functions, of the
form

To(f )0 = [ | ol &m 7 @Fme™E d dn

Two main types of x-dependent classes of symbols have been studied in the literature. One is the
Coifman—Meyer type BS;)"5 (R"),0=<6 <p=1,meR, of symbols satisfying estimates of the form

1020£07 0 (x. £.n)| < Capy (1 + [£] + )" Holei=p QLD (1-1)

for all multi-indices «, 8, .
The other type corresponds to classes denoted by BS;’?S; gR),0=8=<p=<1,meR,—7/2<0=<mn/2,
and consisting of symbols satisfying

1920207 0/(x. £.1)| < Capyio(1 + [ — tan(0)))™ Hole=PUAIFYD (1-2)

(where for 8 = /2 the estimates are interpreted to decay in terms of 1 4 |&| only). Both types can be

Torres’ research was supported in part by the National Science Foundation under grant DMS 0800492.

MSC2000: primary 47G30; secondary 42B15, 42C10, 35599.

Keywords: bilinear pseudodifferential operators, exotic class, transposes, asymptotic expansion, elementary symbols,
Littlewood—Paley theory, Sobolev space estimates, T(1)-Theorem.
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seen as bilinear analogs of the classical Hormander classes .S ;)715 (R™) of linear pseudodifferential operators

TN = [ o @

with symbols satisfying
9% T(x.£)] < Cap(1 + ||y oIl (1-3)

As the name indicates, the first type of bilinear classes was introduced by Coifman and Meyer [1975;
1978a; 1978b] at least in the case m = 0, p = 1 and § = 0. It is now well understood that the operators in
BS ?,0 are examples of certain singular integrals and fit within the general multilinear Calderén—Zygmund
theory developed in [Grafakos and Torres 2002]; see also [Christ and Journé 1987; Kenig and Stein 1999].
For other values of the parameters, the classes BS;”% were studied in [Bényi 2003; Bényi and Torres
2003; 2004; Bényi et al. 2006; 2010].

The general classes BS [’f& g With x-dependent symbols were first introduced in [Bényi et al. 2006]. A
connection to the bilinear Hilbert transform and the work of Lacey and Thiele [1997; 1999] is given by
the study in the x-independent case of singular multipliers in one dimension satisfying

10207 0 (€. )| < Cpy | —tan(9)g |11,

This type of multipliers was investigated in [Gilbert and Nahmod 2000; 2001; 2002; Muscalu et al. 2002].
We also recall that if for t in S ? o(R) we define

o(x,§.n) =1t(x.§—n), (1-4)

These operators have a certain modulation invariance:

To(e™ [, g)(x) = "  T5 (/. 2)(x)

for all w € R. Such a 7} fits then within the more general framework of modulation invariant bilinear

. . 0
then o is in BSl,O;ﬂ/4’

singular integrals of [Bényi et al. 2009]. Boundedness properties for symbols in the classes B.S ? 0:0 (R,
not necessarily of the form (1-4), were obtained in [Bernicot 2008; 2010]. See [Torres 2009] for further
motivation and references.

In this article we want to discuss the reappearance of the exotic phenomenon for the parameters m = 0

0

1.0:0° but their boundedness

and p = § = 1. Namely, the unboundedness on L? spaces of operators in B.S
on spaces of smooth functions.

In the linear case this phenomenon for S ? | 18 by now well understood through works such as [Stein
1993; Meyer 1981a; Runst 1985; Bourdaud 1’988; Hormander 1988; Torres 1990]. It is intimately related
to the lack of calculus for the adjoints of operators in such class and, ultimately, this behavior has
been interpreted through the 7'(1)-Theorem of David and Journé [1984]. The class S ? | 1s the largest
class of linear pseudodifferential operators with Calderén—Zygmund kernels but their exotic behavior
on L7 spaces is given by the fact that for 7T in the class .S ?,1, the distribution 7*(1) is in general not
in BMO (though T'(1) is). Here T* is the formal transpose of 7. Moreover, the boundedness of an

operator 7" in S ? , on several other spaces of function is related to the action (properly defined) of 7* on
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polynomials; see [Torres 1991] and the relation to the work of Hormander [1989] found in [Torres 1990].
By comparison, the smaller classes S ?’ s With § < 1 are closed by transposition and hence the operators in
such classes do satisfy the hypotheses of the 7'(1)-Theorem and are bounded on L? for 1 < p < o0.

Likewise, in the bilinear case, the class B.S ? | 18 the largest class of pseudodifferential operators with
bilinear Calderén—Zygmund kernels. But again: T*! and T*2, the two formal transposes of an operator
T in BS?’I, may fail to satisfy the hypotheses of the T'(1)-Theorem for bilinear Calderén-Zygmund
operators in [Grafakos and Torres 2002]. A symbolic calculus for the transposes hold in the smaller
classes BS ?’ s With 8 <1 [Bényi and Torres 2003; Bényi et al. 2010], rendering the boundedness of
operators in BS?’ s- Though unbounded on product of L? spaces, the class BS?’1 is still bounded on
product of Sobolev spaces [Bényi and Torres 2003]. For the Coifman—Meyer symbols there is then a
complete analogy with the linear situation.

For the newer more singular classes BS ?’0; g @ symbolic calculus for the transposes was shown to exist
in [Bényi et al. 2006] and extended in [Bernicot 2010]. Hence, the boundedness on product of L? spaces
of operators in such classes and of the form (1-4) can be easily obtained from the new 7(1)-Theorem for
modulation invariant singular integrals in [Bényi et al. 2009]. The class B.S ?,0 9 also produced bounded

operators on Sobolev spaces of positive smoothness as shown in [Bernicot 2008]. All these developments

0

motivate us to look for exotic behavior in the larger classes BSY |.4.

New results. In this article, we show with an example that there exit modulation invariant operators in
the class BS ?,1; o that fail to be bounded on a product of L? spaces (Proposition 2.1). This immediately
implies that an arbitrary operator 7' in BSY ., may not have both 7*!(1, 1) and 7**(1, 1) in BMO, as
defined in [Bényi et al. 2009]. It follows also that a symbolic calculus for the transposes in those classes
is not possible. Nevertheless, as the reader may expect after the above introduction, we shall show that
the classes are bounded on product of Sobolev spaces. For simplicity in the presentation we will only
consider the case BS ?’1 /4 The corresponding results for other values of 8 in (—x/2, w/2)\ {—n/4}
(avoiding the degenerate directions) can be obtained in similar way.

In the case of modulation invariant operators, we obtained boundedness on product of Sobolev spaces
with positive smoothness (Theorem 3.1). Surprisingly if we do not assume modulation invariance we
can only obtain the corresponding result on Sobolev spaces of smoothness bigger than % (Theorem 3.3).
We do not know if the result is sharp, but a better result does not seem attainable with our techniques.
Table 1 summarizes the known results and the new ones and puts in evidence the parallel situation in
several classes of pseudodifferential operators.

As a byproduct of our results, we also improve on some known estimates on paramultiplication by
introducing a new way to approximate the pointwise product of two functions with errors better localized
in the frequency plane (see Section 4 for precise statements).

Further definitions and notation. We recall the maximal Hardy-Littlewood operator M defined for a
function f € L! (R) by

loc
1
MHE) = swp o /B )] dy.

B ball
B>x



554

FREDERIC BERNICOT AND RODOLFO H. TORRES

Class/symbol estimates

Lebesgue spaces

Sobolev spaces

(linear) S?,o LP s P WP _s WP
95020 (x. )] < Cop(1 + £ 1< p<oo l<p<oo, s>0
(linear) S?l bounded WP —s WP
98020 (x.£)] < Cap(1 + [P~ Hrbotnee l<p<oo 50
LPx19—> ! WP x W54 — W5t

(bilinear) BS ? 0
19502 o (x.E.m)| < Cap(1 + [&] + 71!

l<p,g<oo
l/p+1/g=1/t

l<p,g,t<oo, s>0
I/p+1/qg=1/t

(bilinear) BS? |

WP x W — WS

_ bounded l<p,qg,t<oo, s>0

0892 o (x.£.m)| < Cop(l + |E] + ) Bl . o ’
08020 (x.£. )| < Cap(1 + [£] + Inl) U e
LPxL9— L' WP x WS4 — WSt

(bilinear) BS? (.,

10502 0/(x. £.1)| < Cap(1 + | — )~

l<p,g<oo
l/p+1/g=1/t<3

l<p,q,t<oo, s>0
I/p+1/g=1/t

(bilinear) BSY |,

WP x WS4 — Wt

_ unbounded l<p,q,t<oo, s>0
0892 o (x.E—n)| < Cop(l + & —n|)Bl-lel o '
0802 ,0(x,& = )] = Cap(1 41§ =) PR
5,p 5,q st
(bilinear) BS?l,n/4 WHEX W - W |
5 unbounded l<p,q,t<oo, s>5

9502 0(x. £, m)| < Cap(1 +[& — n)) A1l

I/p+1/qg=1]t ’

Table 1. Summary of the boundedness properties of pseudodifferential operators on

Lebesgue and Sobolev spaces.

We write M2 = M o M for the composition of the maximal operator with itself.
For a function f in the Schwartz space ¥ of smooth and rapidly decreasing functions, we will define
the Fourier transform by

7= /R F(0)e™E dx.

With this definition, the inverse Fourier transform is given by fV(§) = (2m)™! f (—&). Both the Fourier
transform and its inverse can be extended as usual to the dual space of tempered distributions &’.
For a bounded symbol o, the bilinear operator

To(f.g)(x) = / FXEED FE)g (o (x. £ ) dE dn

is well defined and gives a bounded function for each pair of functions f, g in ¥. Moreover, for
: 0
in BSl,l;n/4’
arguments and computations that we will perform without further comment.

the operator Ty, clearly maps & x & into ¥’ continuously. This justifies many limiting
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The formal transposes, 7*! and T*2, of an operator 7 : ¥ x ¥ — ¥ are defined by

(T*'(h,g), [) = (T(f.2),h) = (T**(f.h), ),

where (-, -) is the usual pairing between distributions and test functions.

We will use the notation W,—« for the L !_normalized function 2% \If(2k -) and consider the Littlewood—
Paley characterization of Sobolev spaces W5? 1 < p < 00, s > 0. That is, for a function ¥ in & with
spectrum contained in {£ : 271 < |£| < 2} and another function ® also in & and with spectrum included
in {|¢| < 1}, and such that

OE)+ Y W2 =1 (1-5)
k>0
for all £, we have

1/2
IS lwrs.p & |1® % fllLr + H ( DB S f|2) (1-6)

k>0

L?

Here || - ||z» denotes the usual norm of the Lebesgue space L?(R). For s = 0, the norm || - ||jr0.» is
equivalent to || - ||L». Also, by BMO we mean as usual the classical John—Nirenberg space of functions of
bounded mean oscillation.

By homogeneity considerations, we will investigate boundedness properties of the form

T :WSP x W9 — WSt (1-7)

where the exponents satisfy 1 < p, g,t < oo and the Holder relation
I 1 1
e (1-8)
P q 1

2. Unboundedness on Lebesgue spaces

We first show that for s = 0 the bound (1-7) may fail for BS? 1_7I/4(|R).

Proposition 2.1. There exists a symbol T € S {) | such that the operator Ty with symbol o(x,§,1) =
t(x,E—n)isin BS? Lim/4 and is not bounded from LP x L9 into L' for any exponents p,q,t satisfying
(1-8).

Proof. As in [Bényi and Torres 2003], we adapt to the bilinear situation a by now classical counterexample
in the linear setting; see [Bourdaud 1988]. Let 1 be a function in & satisfying ¢ > 0, ¥ (£) # 0 only for
% <& < %, and ¥ (&) =1 for % <& < %. Consider the symbol

(x.§) =y Yy,
j=4

which is easily seen to be in S ? |- Select another function ¥ in ¥ satisfying supp (1/71) [0, %] and
define

7= ajexy (),

j=4
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for arbitrarily coefficients a;. For o(x,&,n) = t(x,n—§), we have
To(f YD) = Y age 2> / L EMY @ (=) (6~ 29 () dE d. 2-1)
k=4 R
For each k, the integration at most takes place where 0 < n < % and 2k < £ < 2k 4 % which implies
_2k_l <T]—§§%—2k,
and then for each j,
k=i 1370 <o27i(y—g) < o 2k, (2-2)
Note that since j,k > 4, if k > j we have

1h—j _nk—j - _5
32 2 <-3,

while if k < j
k—j _ 1~5—j 5

It follows from (2-2) that the only nonzero term in (2-1) is the one with j = k and also
velm-9) =1

where the integrand is not zero. We obtain

m

To(fy1)(x) = Y aje 2% xy2(x) = (Za;)wf(x).

j=4 j=4

If we assume that the operator Ty is bounded from L? x L4 into L?, we could conclude then that

m 1/2
< /lr < (Z |a,~|2) , 23)
j=4

where the last inequality follows from the Littlewood-Paley square function characterization of the L?

m

>4

j=4

norm of f and the constants involved depend on ¥/ but are independent of m. Since the a; are arbitrary
(2-3) is not possible. O

3. Sobolev space estimates

We will show that the class B.S ? 17/4 produces bounded operators on product of Sobolev spaces. The
situations in the modulation invariant and the general case are slightly different.

The modulation invariant case. We first consider the case of bilinear operators obtained from linear
ones as in the previous section. That is, the symbol o takes the form

O'(X,r‘::, 7)) = T(x’é—ﬂ),

where t belongs to the linear class S ? 1
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Theorem 3.1. Let t be a linear symbol in S ? | and consider the bilinear operator Ty, where o(x,§,n) =
t(x,E—n). Ifs>0and 1 < p,q,t < oo satisfy the Holder relation (1-8), then Ty is bounded from
WP x W54 into W5,

0
1,1°

standard technique. (For details see [Coifman and Meyer 1978b, Chapter II, Section 9] for example.) The

Proof. We begin by recalling the Coifman—Meyer reduction for symbols in S ,, which is by now a

symbol t can be decomposed into an absolutely convergent sum of reduced symbols of the form

T(x.8) =Y m@/x)yp27E),

Jj=0

where V¥ is a smooth function whose Fourier transform is supported on {& : 27! < || <2} and {m}};>0
is a uniformly bounded collection of C” (R) functions where r can be taken arbitrarily large. Due to this
reduction, we need only to study a symbol of the form

o(x.E) =) mj@QIx)Y Q7 E—n) =) 0j(x.E.m).
jz0 j=0
We use the notation of [Bourdaud 1988]. We expand m; into an inhomogeneous Littlewood—Paley
decomposition using (1-5) so that

mj = ij,k (3-1)

k=0

with the spectrum of m1; ;. contained in the dyadic annulus {£ : 2k=1 < |g| < 2k+1) for k > 1, and in the
ball {&, || <2} for k = 0. Then we define for 2 > j the function n; j(x) :=m; j_; (27 x). Due to the
regularity of the function m;, we have the following properties for 7 > j + 1:

suppiij; C {£: 2"~ <|g| < 2hF1y (3-2)

and
Inj llLee < Cr2U~Pr, (3-3)

where, we mention again, the number » can be chosen as large as we want. For 4 = j we have

supp#j ; C{€: [E] <2/ +1} (3-4)
and
Inj,jllLee = Cr. (3-5)
Note also that
mj(27x) =m; 2/ x) + Z mj - (27 x) = n;j j(x)+ Z nj p(x). (3-6)
h=j+1 h=j+1

Writing 7 for the bilinear operator with symbol 1}(2‘j (£ —n)), we get
To(f.0)(x) =) m;(/x)T;(f. 8)(x).

Jj=0
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To study the norm of T, (f, g) in the Sobolev space W, and with the functions ¥ and ® as in (1-6),
we need to estimate terms of the form ® x T, ( f, g) and, say for k —2 > 0,

Wy % To(f.g) 1= Y Wi (mj (2 )T(f.8) = I (f. &) + (. 2.

Jj=0
where
k—2 )
Li(fo9) =Y Wyoix (mj(2) )Ti(f. 9)).
j=0
I (f.8):= ) Wy x (m; (27 )T;(/.9))-
j=k—2

We treat only I; and II;. The estimate for the other terms can be achieved with the same arguments
(they are actually easier). For notational convenience, we identify W,—« with the convolution operator it
defines (and similarly with other functions).

Estimate for I. We further decompose m; (27 -) and T;(f, g). Using (3-1), (3-6), and (1-5) we have

mj (27 x) = @ymic (mj (27 ) (xX) + ) nj ().
1>k

We also decompose 7 ( f, g)(x) as ®,—« (Tj (f, g))(x) + 3 U (T5(f, g)) (x). Then
p=>k

k=2 k=2

L(f.8) =) Wi Pk mj 27 N yic (Ti (f.8)) + D Y Wi (11 Do (Tj([.9)))  (3-T)

j=0 j=0 1=k
k=2 k=2
+ ) Wk (yr (2T N (Ti(L. ) + Y Y Womie (1 %2 (T (. 2))).
j=0 p>k j=0 1,p>k
Using the notation 5 for a generic smooth function with bounded spectrum and 1; for a generic smooth
function with a spectrum contained in an annulus around 0, we claim that we can write Iy as a sum of
terms of three different form:

L(f.9)= Y. Wk(To(f.2) ~ (D + Q) + Bk

0<j<k-2

where

(k=Y Yaic(nj ,po—r (Ti ([, ),

j<k—2

Dk = > Wy (py—k (mj 27 )Y (Tj (f. ).

J<k—2

Ghi= Y D Yoic(nj V21 (Tj (/. 2))).

1>k j<k-2
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Let us explain this reduction. The first sum in (3-7) can be written as a finite linear combination of terms
taking the form (1) and (2). Indeed, consider one of the general terms

\Ilz—k (q)z—k (mj (2] : ))q)2—k (7} (f’ g))) .

Denote by & the frequency variable of m; (27 ) and by 5 that of T;(f,g). We have a nonvanishing
contribution if
=25 161 =2% and |p+§ =2,

where we have used that the spectrum of the product is included in Minkowski sum of spectra. Con-
sequently, this is possible only if || ~ 2K, which corresponds to (1) (recall that 7 7,1 has spectrum in
{|€] ~ 21Y), or |n| ~ 2k, which corresponds to (2)y.

Concerning the second sum in (3-7), it can also be reduced to the sum for / &~ k (as the other terms
vanish) and it is a finite sum of terms like (1);. Similar reasoning for the third term in (3-7) gives that it
is controlled by (2). Finally, the general term in the fourth sum in (3-7) is nonzero if

27 42!~ 0K,
But, since the inner double sum has /, p > k, the general term is nonzero only for / ~ p. We see then
that the double sum (over / and p) reduces to one sum over only one parameter. It follows that the fourth

sum in (3-7) is similar to (3).
We now study each of the model sums (1)z, (2)%, 3)«.

The sum with (1);. We use the estimate (3-3) for n; ; with r > s and Young’s inequality to obtain

125 Dk 2eeny S | D 2970725 M (6,1 (T5(f. 2))

j+2<k I2(keN)
S| Y 22U M (G, (Ti (/. 2))) S 2 MA(Ti(f, )| 2 ey
jt2=k 12(keN)
Therefore,
1125 Wllizgeeny |z S 1127 M (T3 (F )iz ey 1 (3-8)

and from the Fefferman—Stein vector-valued inequality [1971] for the maximal operator M, we deduce
that

125 Wi lzgeeny e < N2 T3 (f ) li2eny || -

We can use now a linearization argument. By writing r; (w) for Rademacher functions (w € [0, 1]), we
know that (see, e.g., Appendix C in [Grafakos 2004]):

k S . .
125 Oulzgenls || S0 @L ], o),
By Fubini’s Theorem, we have
125 Welzgen |, 5 || 22 n @11 0)] .
J L (w€[0,1])
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Now for each w € [0, 1], the operator (f, g) = 3 _; 275r;(w)T;( f, g) is the bilinear operator associated
to the symbol

D 25 (@) P (E—n)) € BSS .04
J
It follows from [Bényi et al. 2006] and [Bernicot 2010] (since the symbol is x-independent) that these
bilinear operators are bounded from W*:? x W54 into L’ (uniformly on w € [0, 1]) and the proof in this

case is complete.

The sum with (2);. This term is the most difficult to estimate. Using again the boundedness of the
functions m; in C” — L°°, we can estimate

125 )k 2 eeny < (3-9)

> M (Vo [T 0)]) )

j+2<k

12(k€N)'

We observe that
Vi [T (f. )] (x) = / Vyk(x —2) / VR (E—n) f(©EmeZET™ dg dnd-z
= / P E+ IR & — ) FEFMmE*E dt .

We must have |& + 5| ~ 2% and |€ — | &~ 2/. But we only have terms with 2/ < 2% /4, so we deduce that
€] =~ |n| ~ 2k 1t follows that we can further localize in the frequency plane adding a new function J
(whose spectrum is contained in an annulus) such that

Yok (Tj (f. £))(x) = Vi (T (V -k [ ¥2-58))(x)

Going back to (3-9) we obtain by the Cauchy—Schwartz inequality (there are k& terms in the inner sum)

125 )k 2 keny < H 2SI 2| M (Yt (T Y3k (), ¥ 2= (2)))) li2jeny

12(keN)’
We then obtain similarly as in the previous case
1125 @ellzgeeny |11 5 || 25552 | M (T; 0y (1), T (@0) |,
[2(jeN) 12(keN) Lt
S22k 2| L@ (DT (), -
FGEN2ken) | 1.
We linearize in j as before and use the fact that k1/2 < 2ks (as s > 0) to obtain
2ks (2 < || Zr@T 5 (). 22V (9))|
H” ()k||12(k)”Lt “ jZ j (@) j( Yok (f) v, k(g)) Ll (wel0.1) e
: “ | Z @ 25V (). 22V (0) | .
j (keN) | . .
LY (wel0,1])
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For each w € [0, 1], we can invoke a vector-valued result for bilinear operators of [Grafakos and Martell
2004]. More precisely, as explained when we dealt with (1), for each w € [0, 1] the bilinear operator
(f.g)— Zj ri(w)T; (2’”%2—;( (f). 2]”$2—k (g)) is bounded from L? x L9 to L’ (since it is associated
to a symbol independent of x). Then, Theorem 9.1 in [Grafakos and Martell 2004] implies that the
operator admits an /2-valued bilinear extension, which yields

|2V ()

125 @kl en| 12V (9)

<
L~

12(keN) 12(keN)

Lp LallLY(w)

with estimates uniformly in w € [0, 1]. This concludes the proof of the case (2).

The sum with (3);. The analysis in this case is entirely analogous as the case (1); and so we leave the
details to the reader.

Estimate for II. In this case, we decompose the term I1j( f, g) with quantities appearing as a linear
combination of terms of the form

e = Uk (nj 60 (T3(f.9) o Q=3 S Wi (nj 1)t (Tj (. 2))-
j=k=2 j=k—=21>j

Indeed with a similar reasoning as before and since j > k —2, the general quantity in II; has a nonvanishing
contribution only if the frequency variables of m; (27 ) or T;(f, g) are contained in {|&| < 27 (which
corresponds to (1)) or if the two frequency variables are contained in {|&| = 2/} for some / > j (which
corresponds to (2)z).

The study of (2) is similar to the one of (1); with the help of fast decays in / (see (3-3)), so we only
write the proof for (1)x. By the estimates on 7;_j, we have

> 2 MAT( S 9)

j=k—2

1125 Dk l2eeny | 1o <

12(keN) | 71

Using s > 0 and Young’s inequality for the /2-norm on k, we get the bound

11275 M2(T (f2 )2 eny | e

We have already studied such quantities in the first case — see (3-8) — and proved the appropriate bounds.
|

Remark 3.2. Since o(x,£&,n) = t(x,& —n) is bounded, the function 75 (1, 1) (rigorously defined in
[Bényi et al. 2009]) is given by

T,(1,1) =0(-,0,0) € L™ C BMO.

If the transposes of T, are also given by symbols in the classes B.S ?’1;0 or even by some bounded
functions, then we can use the bilinear 7'(1)-Theorem of [Bényi et al. 2009] (since 7T, is modulation
invariant) to conclude that 7" is bounded on the product of Lebesgue spaces. The counterexample of
the previous section shows that this is not always the case, so the classes B.S ?,1; ¢ cannot be closed by
transposition. As mentioned in the introduction the smaller classes BS ?’0; g are.
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The general case. In this subsection, we consider general symbols in the class BS? 1i7/4" We obtain a
slightly less general result than the one in the previous case.

Theorem 3.3. Ifo € BS| 1.5/4 and s > %, then the bilinear operator Ty is bounded from W*P x W54
into W*! for all exponents 1 < p,q,t < oo satisfying the Holder condition (1-8).

Proof. We want to adapt the proof of Theorem 3.1. We briefly indicate the extra difficulties faced.

Reduction to elementary symbols. We first reduce the problem to the study of elementary symbols taking
the following form

o(x.E.m) =Y m; QU2 E—n)P(+277(E+n). (3-10)
j=0
lez

Let us give a sketch of such a reduction. Multiplying the symbol o by
VR E-) V(I + 277+ ).
we localize it in frequency to the domain
{En):|E—nl~27and |E+n+127|~27 )}
which can be compared to a ball of radius 2/. This compactly supported symbols o0j, satisfy

19292 0.1 (x. £, )] < Cap2@P).

As usually, we decompose this symbol into a Fourier series, obtaining
0 E =Y Vap(x)e!CEHIVU(Q2T (& =) W(1+277 (E + ).
a,bez?

The modulation term ¢/ @5 does not play a role, as it corresponds to translation in physical space
(which does not modify the Lebesgue norms), it remains for us to check that the coefficients y, ; are
fast decreasing in (a, b) and satisfies the desired smoothness in x. To do so, we remark that, for & € N,
integration by parts yields

|0%y0p (27 x)| S 277*72

/ f eI e (27 £ ) dE d
<2772 (14 Jal + 1)) M V/ e HAEIM (14 oM 4 901)0%0; 1 (27 x . £, ) dE dn

< (1+al+ b)) ™,

where M is an integer that can be chosen as large as we wish. So we conclude that the functions
Ya,b (277 ) are uniformly bounded in C” (for r arbitrarily large) with fast decays in (a, b). This operation
(expansion in Fourier series) allows us to reduce the study of ¢ to reduced symbols taking the form (3-10).
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Study of elementary symbols. We adapt the proof of Theorem 3.1 and use the same notation. We have to
study the sum
> m I T (S 9), (3-11)

j=0
lez

where T; ; is the bilinear operator associated to the x-independent symbol
VR E -+ 277 E+ ).

We can proceed as in the modulation invariant case and consider the different cases, eventually arriving to
the point where we need to linearize with respect to the parameter j. But now, we also have to linearize
according to the new parameter /. When we estimate the square function of 7j ;, we have to study
W, (T ;(f, g)) and we are interested only in the indices j,/ satisfying |§ + | ~ 2K with |& — | ~ 27
and | +n+12/| ~ 2/. However, due to the use of the Cauchy—Schwartz inequality in /, we will have
an extra term bounded by 2&=1)/2 which corresponds to the square root of the number of indices /
satisfying all these conditions. For the study of (1); and (3); there is no problem, since r can be chosen
satisfying r > s + % However, for the study of (2); we will need 2kG6+1/2)1/2 < 2ksoks apnd 50 we
1

need to assume that s > 5- O

Remark 3.4. It is interesting to note that without the modulation invariance, an extra exponent % appears.
We do not know if our result is optimal or not. Moreover, unlike the modulation invariance case, we
also do not know whether a general operator 7, with symbol o € BS| ;.7/4, and whose two adjoints
satisfy similar assumptions, is bounded on product of Lebesgue spaces. To address this question, it would
be interesting to obtained (if possible) a 7'(1)-Theorem as in [Bényi et al. 2009] but without assuming
modulation invariance.

4. An improvement on paramultiplication

In this section, we will use x-independent symbols in BS| 1,7/4 (and also in the smaller class BS o;7/4)
to describe a new paramultiplication operation. We will obtain an improvement over the classical
paramultiplication first studied in [Bony 1981] in the L? setting and extended in [Meyer 1981a; 1981b] to
L? norms. The classical paraproducts and their properties hold for multidimensional variables, however
our improvement works (at least at this moment) only in the one dimensional case.

We start with the classical definition.

Definition 4.1. Let /" and b be two smooth functions and let ® and W be as in (1-5) and (1-6). We
assume that for all 7 € supp © and & € supp W we have

Il < 315l

Then paramultiplication by b is defined by
(/) =) Pk () ¥arc (D).

kez
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Figure 1. Support of the bilinear symbol associated to the paraproduct IT.

The operator (b, f) — I1(f) can essentially be thought as a bilinear multiplier whose symbol is a
smooth decomposition of the characteristic function of the cone in Figure 1.

The following two propositions are well-known properties for paraproducts (see [Bony 1981, Theorems
2.1 and 2.5], for example, for the original results involving L2-Sobolev spaces and [Meyer 1981a; 1981b]
for extensions to other Sobolev spaces):

Proposition 4.2. For all s > 0 and p € (1, 00) the linear operator Iy is bounded on the Sobolev space
WS P satisfies

ITLp lls.p s ws.p S 1Bl Loo -
and the operation can be extended to an L°° function b.

The paramultiplication approximates pointwise multiplication in the following sense.

Proposition 4.3. Let 1 <t <ooands > 1/t. For f € W5 and g € W*!, we have

| /g = Tr (&) =g (N pras—rsex S NS llwss lglmss -

The exponent of regularity 2s — % is bigger than s for s > 1. This gain is very important. The result is
essentially due to the fact that, in frequency space, the error term has only a contribution from f and g
when

gl ~ Inl},

i.e., in a cone along the two main diagonals.

Using the new bilinear operators (whose singularities are localized on a line in the frequency plane), we
can define a new paramultiplication operation I such that the error term will be concentrated in the
frequency plane exactly in a strip (of fixed width) around the two diagonals. In this way, we will be able
to get a better gain for the exponent of regularity.
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§=-n

Figure 2. Support of the bilinear symbol associated to the new paraproduct .

Definition 4.4. Let ® be a smooth function on R whose Fourier transform © satisfies
w>2 = (:)(a))=1 and —oco<w=<l —= @(a))=0.
Then we define, for b, f € F(R), the improved paramultiplication by b (written I »(f)) by

M (/)(x) = /R LXEDBE) F)(OE ~mOE + 1)+ O —§)O(E—m) dsdn.  (@-1)

The new bilinear multiplier (b, ) — ﬁb( ) is associated to a bilinear symbol, corresponding to a
smooth version of the characteristic function of the region in Figure 2. We remark that this new region
approximates the domain {(&, ), || > |n|} better than the region in Figure 1.

This new operation satisfies a similar property to the one in Proposition 4.2.

Proposition 4.5. Let s > 0 and let 1 < p,q,t < 0o be exponents satisfying (1-8). For every € > 0 and
b € WEP(R), the improved paramultiplication by b is well defined and produce a bounded operation from
WS4 to WL, In fact, there exists a constant C = C(s, €, p, q,t) such that for all functions | € W54,

[Ts(n)| ., < Clblwerl flwsa.

Moreover if s = 0, the exponent € = 0 is allowed.

Proof. The new paramultiplication is given by two terms, which can be studied by identical arguments.
We only deal with the first term but for simplicity in the notation we still write

i) = [ e 056) F()O6 O + 1) de .
We note that this function I1 »(f) corresponds to the operator T4 (b, f) associated to the bilinear symbol

o(&,n) = OE —nOE +n).

We need to show that 7, is continuous from W2 x WS4 to W',
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The case s = 0. We compute the Fourier transform of T4 (b, f),

ot (@) = / B(&) FOE — )@+ &) dt dn

+n=w
— 6() / B(&) FO(E — ) dt dn = B(@) Te(b. /().
f+n=w

where 7 is given by t(&, 1) = @(5 —n). So in fact we can write 7, (b, ) as the convolution product
between © and 77 (b, f). Since the function ® in Definition 4.4 is smooth, the convolution operation by
® is bounded on L’. We obtain also

175 . Hipe S NTeb, g -

Now the bilinear operator 77 is associated to the symbol 7 which satisfies the Hérmander multiplier
conditions related to the frequency line {§ = n}. That is,

ogabzE.m| <l —n~?

for all @ and B. It follows from [Gilbert and Nahmod 2000] that this bilinear operator maps L? x L4 to
L’ and we obtain the desired result

175, Nlize S WbllellfllLa.

Note that for the case s = 0 no regularity on b is really needed.

The case s > 0. Let ® and W be as in (1-5) and (1-6). We study first ® x T, ( f, g). We have
® % Ty (b, /(@) = B(@) O@) Te (b, /)(®).

The spectral condition over ® and ® imply that w ~ 1. So for £ and 7 (the frequency variables of b and (')
satisfying £ —n > 1 and £ 4+ n = w &~ 1, we deduce that either 7 is bounded or —£ & 1 > 1. Therefore,
we can find a smooth function ¢ and an other one l; (whose spectrum is contained in an annulus around
0) such that
O Ty(b, [)=@xTo(b.{x )+ Y O To(Yput b Yyt * f).
=0
Using 0 < €, we get by the Cauchy—Schwartz inequality

1/2
~ ~ 2
|® % Ty (b, )| < |®* T (b, L * f)| + (Zzzf’ | M (Ts (Yt % b, Yyt % f))] ) : (4-2)
>0

By the same reasoning for an integer k > 1, if £ and n satisfy n > &+ land 1 < £+ 1= ~ 2K, we
deduce that either n &~ 2k or —E~n> 2k, So we can find a smooth function ¥ (for convenience we
keep the same notation), whose spectrum is contained in an annulus around 0 such that for all integer &
large enough

Wy # To (b, f) = Wyt % To (b Vgmic % )+ Y Wi & To (Yt % b, Yps * f).
1>k
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Using the same €, we get by the Minkowski and Cauchy—Schwartz inequalities

1/2
(Z 2 w16, )
k

1/2
< (Z 22K A1 (T, (b, Gy f))z) N Z(Zzzks
%

>0 k=l

~ ~ 172
Wose # T (Yp1 % b, Yyt x f)| )

) 12 L
S (Z M0 Ton s 1))+ LM (TG b T 1)
k

=0

_ ~ 2 1/2
M (Ty (Yt % b, Pyt f))‘) . 43)

1/2
< (Z 22kSM(Ta'(b, Jz—k * f))z) + (2221(34-6)
k

=0
From (4-2) and (4-3), using the LY — L boundedness of T (b, ) (proved in the first case), the vector-

valued Fefferman—Stein inequality, and its bilinear version [Grafakos and Martell 2004, Theorem 9.1],
we obtain the desired result:

1/2
1o, Nllwss < || Tob, )] + (Z 225K @, % T, (b f){z)

k=0

Lt

1/2
< bl |;*f|+(222sk|w2—k*f\2)
k>0 L4
_ 1/2 _ 1/2
+ (Z2Z’E|wz—z*blz) ’(Zz“"\wz—k*f\z)
>0 LrT N k>0 La
< Ibllwesll S, -

Remark 4.6. We note that our new bilinear operation needs an extra regularity assumption b € W7 to
keep the regularity of the function f (the case s > 0). This is due to the fact that the high frequencies of
b play a role in the high frequency of 3l »(f) (which is natural) but in the low frequencies of I »(f) too.
This last phenomenom does not appear in the classical paramultiplication operation. This point can be
observed in the Figures 1 and 2. Let w be the frequency variable of the paraproduct. For small w, say
w 2~ 2, the contributions of b and f correspond to the intersection of the cone in Figures 1 and 2 and the
line {w = & 4 n}. In the first case (Figure 1) this intersection is bounded set, whereas in the second case
(Figure 2) it is not bounded and contains also high frequencies of b.

We now obtain an improvement on Proposition 4.3.

Proposition 4.7. Lett € (1,00) and s > 1/t. If f € W5 and g € W5, then

| fe=Tp () =T ()| ypase S 1S Nlwse gl

Remark 4.8. As already mentioned, in the classical paramultiplication calculus, the regularity result is
true for s > 1/¢ and the gain is only s — 1/¢.
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Proof. Let us denote by D the difference operator

D(f,g):= fg—Ts(g)—Tg(f).

It corresponds to the bilinear operator associated to the symbol 7 given by
160 = 1=~ 5B +§) — (-0 +£)O(—1—§) — O 5O +§) — O —£)O (=1 ).

This symbol is supported in the complement of the cone drawn in Figure 2 and the one symmetric to it.
Consequently, it is supported in two strips (around the two diagonals)

supp(7) C {(€.n) : |§ —nl <3} U{(E.n) 1 |§ +n| < 3}.

We can then reproduce a similar reasonning as used for Proposition 4.5. The symbol t can be decomposed
in two parts t1, 7p; the first one supported in {(S ) E+ 7 < 3} and the second one supported in

{E.m:1E—nl =3}

The bilinear multiplier associated to t; has only low frequencies, hence

1Tz, (fs OMlwzsa S N1 Tey (f. e

Using Proposition 4.5 with exponents ¢, p, g € (1, co) satisfying (1-8), it follows that

1Tz, (f. D lIw2sa S NS lLeligllza < 1S Twseliglws.e.

1 1 s ;
=3 (and similarly with q).

Concerning the second part 7, it is easy to check that, on its support, 1 + |£ + 1|, 1 4 |£| and 1 + ||
are comparable and in addition

where we have used the Sobolev embeding W*! C L? since s > % >

max {1+ [€ +nl. 1+ ], 1+ [nl} —min {1+ & +nl. 1+ [E[ 1+ [y} < 1. (4-4)

We claim that 77, is bounded from L’ x L into L. Indeed, the symbol 7, is supported around the
diagonal £ = n and it takes the form

(& n) =mE—n).

for a smooth function m supported on [—3, 3]. It follows that
Talf-0)) = [ ) £ = e+ ) dy. @-3)

Since m € $(R) we have, in particular, that 7 € L' N L, and using Minkowski’s inequality we easily
deduce that 7%, is bounded from L™ x L® to L* and from L' x L' to L!. By (complex) bilinear
interpolation, we conclude that 7" is bounded from L! x L’ to L’, for 1 <t < oo.

It remains to estimate 77, in the Sobolev space. We let the reader verify that, as in similar previously
done computations (and using (4-4)), 7%, can be decomposed as

To,(fo8) = Upic Ty (V) [ W2, 0), (4-6)
k>0
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for some smooth frequency truncations W, W!, W2, It follows that

1/2
H ( 30 2k, T (WL f, \pg_kg)\z)

k=0

L[

1/2
2
< H ( Z 2k4s‘th(\D;_kf, \Ilg_kg)| )
k=0 L

1/2 1/2
< H(szwg_mz) (sz“w;_kgﬁ)

k>0 k>0

S NS sl g s

Lt

where we have used the L’ boundedness of the operator Ty, and its /2-vector-valued extension (given
again by Theorem 9.1 of [Grafakos and Martell 2004]). |

Remark 4.9. The previous proof relies on the boundedness from L’ x L’ to L' of Tx,. This property
does not hold in the classical paraproduct situation.

We have given a proof by interpolation, where the specific form of t, plays an important role. We
would like to describe now a direct proof of the boundedness for the simpler case ¢+ = 2. The arguments
are based on the geometric fact that the symbol 75 is supported on a strip around the diagonal with
bounded width.

We can use in the L? case a partition of frequencies given by A a smooth truncation on the interval
[k—4,k+4]

Ar(f)E) = xE-K) f ().

where y is a smooth function, supported on [—4, 4] and equal to 1 on [—3, 3]. Then, by Plancherel’s
equality, we have

1/2
I Tea(f )2 < (Z 1Ak (T (. g>||iz) .
kez

By (4-4), it follows that with other similar truncation operators A! and A2,

1/2
1Ty (f. &)L < (Z | Ak (Tey (AL(S). AZ(2)))| iz)

kez

5 \1/2
)

< (X [te-vi=s [ [SED@AT@E -0 i
kez

S 2 \1/2
<(XZ]an) )
kez

where we have used that each interval [k —4, k +4] has bounded length. Since the collection of intervals
([k—4, k +4])xc7 is a bounded covering, we can conclude the boundedness of Ty, from L?x L? into L2,
(Note that the same argument does not apply in L?.)

83(2)]

2
L2
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Remark 4.10. Our new definition of paramultiplication is based on bilinear operators associated to
x-independent symbols of the class BSy o.r/4. We could use the Sobolev boundedness (proved in the
first sections of the current paper) in order to define other kind of paramultiplications with an x-dependent
symbol but we will not carry here such analysis any further.
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We consider the problem of existence and global behavior of solitons for generalized Korteweg—de Vries
equations (gKdV) with a slowly varying (in space) perturbation. We prove that such slowly varying media
induce on the soliton dynamics large dispersive effects at large times. We also prove that, unlike the
unperturbed case, there is no pure-soliton solution to the perturbed gKdV.
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1. Introduction and main results
In this work we consider the following generalized Korteweg—de Vries equation (gKdV) on the real line:
ur+ (Uxx + f(x,u))x =0  in Ry xRy. (1-1)

Here u = u(¢, x) is a real-valued function and f : R x R — R is a nonlinear function. This represents a
generalization of the Korteweg-de Vries equation (KdV), which is the case f(x,s) = s2:

ur + (Uxx +u*)x =0 in Ry x Ry. (1-2)

Another physically important case is the cubic one, f(x,s) = s>, when (1-1) is often called the (focusing)
modified KdV equation (mKdV), while the case of an arbitrary integer power is what mathematicians
generally refer to as the gKdV:

ur+ (uxx +u™)x =0 inR; xRy; m > 2 integer. (1-3)
The original KdV equation arises in physics as a model of propagation of dispersive long waves, as

Research supported in part by a CONICYT-Chile and an Allocation de Recherche grants.
MSC2000: primary 35Q51, 35Q53; secondary 37K10, 37K40.
Keywords: generalized KdV equations, soliton dynamics, slowly varying medium.
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pointed out by J. S. Russel in 1834 [Miura 1976]. The exact formulation of the KdV equation comes from
[Korteweg and de Vries 1895]. The equation was rediscovered decades later in a numerical study [Zabusky
and Kruskal 1965], after which a great amount of literature — physical, numerical and mathematical —
has emerged on the subject; see for example [Bona et al. 1980; Kalisch and Bona 2000; Shih 1980;
Mizumachi 2003; Miura 1976].

This continuing, focused research on the KdV (and gKdV) equation can be in part explained by
some striking algebraic properties. One of the first properties is the existence of localized, exponentially
decaying, stable smooth solutions called solifons. For (1-3), solitons are solutions of the form

u(t,x) = Qc(x —xg—ct), Qcls):=cm10(c%s), (1-4)

where x¢ and ¢ > 0 are real numbers and Q is an explicit Schwartz function satisfying the second-order
nonlinear differential equation Q” — Q + Q™ = 0:

0(x) = (m—“))m_ (1-5)

2 cosh? (’"T_lx

This solution represents a “solitary wave” defined for all time moving to the right without any change in
shape, velocity, or amplitude.

In addition, Equation (1-3) remains invariant under space and time translations. From Noether’s
theorem, these symmetries are related to conserved quantities, invariant under the gKdV flow, usually
called mass and energy:

Mul(t) := /R u?(t, x) dx = M[u](0) (mass), (1-6)

Eu](z) := %/Rui(t,x) dx — %H /R u™ (¢, x)dx = E[u](0) (energy). (1-7)

We now review some facts about the gKdV equation (1-3), with 71 > 2 an integer. The Cauchy problem
for Equation (1-1) (that is, the problem with initial condition u = ug at t = 0) is locally well-posed for
up € H'(R) [Kenig et al. 1993]. In the case m < 5, any H'(R) solution is global in time, thanks to the
conservation equation (1-6), (1-7) and the Gagliardo—Nirenberg inequality

/Rup“ 5K(p)(/Ru2)pI3(/Ru§)pzl. (1-8)

For m = 5, solitons are known to be unstable and the Cauchy problem for the corresponding gKdV
equation has finite-time blow-up solutions; see [Merle 2001; Martel and Merle 2002b; 2002a] and
references therein. It is believed that for m > 5 the situation is the same. Consequently, in this work, we
will discard high-order nonlinearities, at leading order.

In addition, there exists another conservation law, valid only for L!(R) solutions:

/ u(t, x) dx = constant. (1-9)
R
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The problem to be considered in this paper possesses a long and extensive physical literature. We now
briefly describe the main results concerning the propagation of solitons in a slowly varying medium.

Statement of the problem; historical review. The dynamical problem of soliton interaction with a slowly
varying medium is by now a classical problem in nonlinear wave propagation. By the soliton-medium
interaction we mean, loosely speaking, the following problem: In (1-1), consider a nonlinear function
f = f(¢, x,s), slowly varying in space and time, possibly of small amplitude, satisfying

f(t,x,s) ~s™ asx —> xoo, forall time

(that is, (1-1) behaves like a gKdV equation at spatial infinity). Consider a soliton solution of the
corresponding variable-coefficient equation (1-1) with this nonlinearity, at some early time. We expect
that this solution does interact with the medium in space and time, here represented by the nonlinearity
f(t,x,s). In a slowly varying medium this interaction, small locally in time, may be important in the
long-time behavior of the solution. The resulting solution after the interaction is precisely the object of
study. In particular, one considers whether changes in size, position, or shape may be present after some
large time, or even the creation or destruction of solitons.

We review some relevant works in this direction. The early works of Fermi, Pasta and Ulam [Fermi
et al. 1955] and of Zabusky and Kruskal [1965] established complete integrability for KdV and other
equations, leading to a new branch of research devoted to the study of the dynamics of KdV solitons in a
slowly varying (in time) medium. (See [Miura 1976] for a review.) In [Kaup and Newell 1978; Karpman
and Maslov 1977] the focus is on perturbations of integrable equations, and in particular the perturbed (in
time t) gKdV equation

ur + (Bet)uxx +alet)u™)x =0, m=2,3; a,B>0. (1-10)

This last equation models, for example, the propagation of a wave governed by the KdV equation along a
canal of varying depth, among many other physical situations [Karpman and Maslov 1977; Asano 1974].
Note that this equation leaves invariant (1-6) and (1-9), but the corresponding energy for this equation

is not conserved anymore. After the transformation
1

t:= /Of Bles)ds, u(t,x):= (%)m(sr)u(r, X),

the preceding equation becomes

Uy + (lUxx +0™)x = ey(st)i, where ey(et):= ml 13,(1og(%) sr(t)). (1-11)

The authors performed a perturbative analysis using inverse scattering theory to describe the dynamics of

a soliton (for the integrable equation) in this variable regime. Of interest is the existence of a dispersive
shelf-like tail behind the soliton, a phenomenon related to the lack of energy conservation (1-7) for the
equation (1-11).

The problem was subsequently addressed in several other works and for different integrable models;
see, for example, [Ko and Kuehl 1978; Fernandez et al. 1979; Grimshaw 1979a; Grimshaw 1979b].
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Moreover, using inverse-scattering techniques, the production of a second (and small) solitary wave
was pointed out in [Wright 1980] — see also [Grimshaw and Pudjaprasetya 2004] — but a satisfactory
analytical proof of this phenomenon is still out of reach. See [Newell 1985, pp. 87-97] for a more detailed
account.

Another important motivation comes from Lochak’s interesting observation that, based in heuristic
conservation laws, well-modulated solitons of (1-11) are good candidates for adiabatically stable objects
for this infinite-dimensional dynamical system. See [Lochak 1984; Lochak and Meunier 1988] for details.

In this paper we address the problem of soliton dynamics in the case of an inhomogeneous medium,
slowly varying in space but constant in time. This model, from the mathematical point of view, introduces
several difficulties, as we will see below; but at the same time it reproduces the creation of a shelf-like tail
behind the soliton, as computationally attested by physicists. Our main result is that, as a consequence of
this tail, there is no pure soliton solution (unlike gKdV) for this regime. This result illustrates the lack of
pure solutions of nontrivial perturbations of gKdV equations.

Setting and hypotheses. We come back to the general equation (1-1), and consider a small parameter & > 0.
Following (1-10), we will assume throughout that the nonlinearity f is a slowly varying x-dependent
function of the power cases, independent of time, plus a (possibly zero) linear term:

e m =
{f(x,s).— As +ag(x)s™, A=0,m=2,3and4. (1-12)

ag(x) :=a(ex) € C3(R).

We will suppose the parameter A fixed and independent of &. Concerning the function ¢ we will assume
that there exist constants K, y > 0 such that

l<a(r)y<2, d@r)>0 forreR,
0<a(r)—1<Ke¥" forr <0, (1-13)
0<2—a(r)<Ke V" forr > 0.

Thus

lim a(r)=1 and lim a(r)=2;
¥ —>—00 r——+oo

however, the special choices (1 and 2) of these limits are irrelevant for the results of this paper. The only
necessary conditions are that

0<d_oo:= lim a(r) < lim a(r)=:ac < 4o00.
r—>—00 r—>—4o00

Finally, to deal with a special stability property of the mass in Theorems 3.1 and 6.1 (see also (6-22)),
we will need an additional, but not very restrictive, hypothesis: there exists K > 0 such that form =2, 3, 4,

(@™ (s)| < K(a'/™)(s) forall s € R. (1-14)

This condition is often satisfied (provided a’ is not be a compactly supported function).
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Recapitulating, given 0 <A < 1, g9 > 0, and a function « satisfying (1-13) and (1-14), we will consider
the following equation, for which we use the abbreviation “aKdV” (after the potential @):

{ut + (Uxx —Au+ as(x)um)x =0 inR; xRy, (1‘15)

as(x) =a(ex), withm=2,3,4and 0 <e¢e <e¢.

The main issue that we will study in this paper is the interaction problem between a soliton and a
slowly varying medium, here represented by the potential a.. In other words, we intend to study for (1-15)
whether it is possible to generalize the well-known soliton-like solution Q of gKdV. It is well-known
that in the case f(¢, x,s) = f(s), and under reasonable assumptions (see for example [Berestycki and
Lions 1983]), there exist soliton-like solutions, constructed via ground states of the corresponding elliptic
equation for a bound state. However, in this paper our objective will be the study of soliton solutions for
a variable-coefficient equation, where there is no obvious ground state.

As a heuristic introduction to the results to be proved, consider that (1-15) has the form of a gKdV
equation at infinity:

{ut—i-(uxx—ku—i-lum)x:O as x — —00, (1-16)
U+ (Uxx —Au+2u™), =0 as x - +oo.

In particular, if Q is the soliton (1-5) of the standard gKdV equation, one should be able of to construct a
soliton-like solution u(z) of (1-15) such that

u@)~Q0(—({1-1)¢) ast— —oo,

in some sense to be defined. Indeed, Q(-— (1—A)t) is an actual solution for the first equation in (1-16)
on the whole real line, moving toward the left if A > 1, toward the right if A < 1, and stationary if A = 1.

On the other hand, after passing the interaction region, by stability properties, this solution should
behave, for small ¢, like

2T Ocoo (X — (coo—A)t — p(1)) + smaller-order terms in & as 1 — 400, (1-17)

where ¢oo is a2 unknown positive number (a limiting scaling parameter) and p(¢) is small compared with
(coo—M)t. In fact, note that if v = v(¢) is a solution of (1-3) then u(¢) := 2=t v(?) is a solution of

ur+ (Uxx —Au+2u™)x =0 in R; x Ry. (1-18)

In conclusion, this heuristic suggests that even if the potential varies slowly, the soliton will experience
nontrivial transformations on its scaling and shape, of the same order as that of the amplitude variation of
the potential a.

Before we state our results, some important facts are in order. First, Equation (1-15) is unfortunately
no longer invariant under scaling and space translations. Moreover, a nonzero solution of (1-15) might
lose or gain some mass, depending on the sign of u, in the sense that, in the case of rapidly decaying
functions, the quantity

Mu](t) = %/Ruz(t,x) dx (1-19)
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satisfies the identity

9 M[ul(t) = _MLH ) d (ex)u™ 1 (1-20)

Another key observation is the following: in the cubic case m = 3, with our choice of a,, the mass is
always nonincreasing.
On the other hand, when A > 0, the novel energy

Ea[u](?) :=1/ u(t, x) dx+5/ u?(t, x) dy— ag()u™ T (t, x) dx (1-21)
2 R 2 R m+1 R
remains conserved for all time. Moreover, a simple energy balance at 0o allows one to determine
heuristically the limiting scaling in (1-17) in certain cases. For example, if A = 0, and we suppose that
the lower-order terms are of zero mass at infinity, we have from (1-17)

2 2.4l

Eq=1[u](—00) = E[Q] ~ 27 m=Tcg™" 2 E[Q] = Eq=s[u](+00), E[Q]#0

(see Section A.6 in the Appendix). This implies that coo ~ 2mi+3 > 1. These informal arguments suggest
the following definition.

Definition 1.0 (Pure generalized soliton solution for aKdV). Let 0 < A < 1 be a fixed number. We will
say that (1-15) admits a pure generalized soliton-like solution (of scaling 1) if there exist a C'! real valued
function p = p(t) defined for all large times and a global in time H ' (R) solution u(¢) of (1-15) such that

Jim () = 0= (1=20) [ iy = lim_ [u(t) =277 Qe (= p(t) 11y = 0.

with lim;_ 4 50 p(¢) = 400, and where coo = Coo(A) is the scaling suggested by the energy conservation
law (1-21).

Remark. Note that the existence of a translation parameter p(¢) is a necessary condition: it is even
present in the orbital stability of small perturbations of solitons for gKdV. See [Benjamin 1972; Bona et al.
1987; Cazenave and Lions 1982], for example. We have not included the case p(¢) — —o0 as t — 400,
corresponding to a reflected soliton, but we hope to consider this case elsewhere.

Previous analytic results on soliton dynamics in a slowly varying medium. The problem of describing
analytically the soliton dynamics of different integrable models in a slowly varying medium has received
some increasing attention during the last years. Concerning the KdV equation, our belief is that the
first result in this direction was given in [Dejak and Jonsson 2006; Dejak and Sigal 2006]. These works
considered the long time dynamics of solitary waves (solitons) over slowly varying perturbations of KdV
and modified KdV equations

ur+ (uxx —bt, )u+u™) =0 onR; xRy, m=2,3, (1-22)
and where b is assumed having small size and small variation, in the sense that for & small,

|0"9Ph| < "tPT1 for0<n+ p <2.
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(Actually their conclusions hold in more generality, but for our purposes we state the closest version to
our approach; see [Dejak and Jonsson 2006] for the detailed version.) With these hypotheses the authors
showed that if m = 2 and the initial condition u satisfies the orbital stability condition

inf  Jluo—Qc(-— )| g1 w) < &2, s<%, o, 1 given,

0<cp<c<cy
acR

then for any for time < Ke™* the solution can be decomposed as
u(t,x) = Qc(ry(x — p(t)) + w(z, x),
where [|w(?) | g1 ®) = Ke* and p(7), c(?) satisfies the following differential system
p(0) = c(t) =b(t,a(0)) + O(*), (1) = O(*);

during the interval of time considered. In the cubic case (m = 3) the results are slightly better; see [Dejak
and Jonsson 2006].

Our model can be written as a generalized, time-independent Dejak—Jonsson—Sigal equation of the
type (1-22), after writing v(¢, x) := a(ex)u(t, x), with a(ex) := am-T (ex). From these considerations
we expect to recover and to improve the results obtained by those authors.

Holmer [> 2011] has announced some improvements on the Dejak—Sigal results, by assuming b of
amplitude Op(1). He proves that

sup  w@)llg1r) S e'/27% " for some § > 0.

<8~ 1]loge]

In this paper we have preferred to avoid the inclusion of a time-dependent potential, and to treat the
infinite time prescribed and pure data, instead of the standard Cauchy problem. This choice will have
positive consequences for our main results, Theorems 1.1 and 1.2, where we will describe with accuracy
the dynamical problem, including its asymptotics as ¢ — +0o0.

The soliton-potential interaction can be considered also in the case of the nonlinear Schrodinger equation

iy +tixy — V(ex)u+ulPu=0 onR;xRy; (1-23)

see [Mufioz > 2011b], for example. Results similar to the ones just mentioned were obtained in [Holmer
and Zworski 2008; Holmer et al. 2007a; 2007b; Jonsson et al. 2006; Frohlich et al. 2004]. Finally we
point out the recent [Perelman 2009], concerning the critical quintic NLS equation.

Main results. Let .
& = 8_1

1-A
This parameter can be understood as the interaction time between the soliton and the potential. In other

~100 > 0. (1-24)

words, at time ¢ = —T the soliton should remain almost unperturbed, and at time ¢ = T the soliton
should have completely crossed the influence region of the potential. Note that the asymptotic A ~ 1 is a
degenerate case and it will not be considered in this work.
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In Theorems 1.1, 1.2, and 1.3 we will show that, under suitable assumptions, a pure soliton-like solution
as in Definition 1.0 does not exist, in the sense that the lower order terms appearing after the interaction
always have positive mass. This phenomenon will be a consequence of the dispersion produced during
the crossing of the soliton with the main core of the potential a.

We will from now on assume the validity of assumptions (1-12), (1-13), and (1-14). Our first result
describes the dynamics of the pure soliton-like solution for the aKdV equation (1-15).

Theorem 1.1 (Dynamics of interaction of solitons for gKdV equations in a variable medium). Let
m=2,3,4,andlet0 <A <Ag:= fn;_:'é be a fixed number. There exists a small constant ey > 0 such that
forall 0 < & < gg the following statements hold.

(1) Existence of a soliton-like solution. There exists a solution u € C(R, H'(R)) of (1-15), global in
time, such that

Jimu() = QC = (=10 g1y = 0. (1-25)
with conserved energy Eq[u](t) = (A—XAo) M[Q] < 0. This solution is unique if m =3, orifm=2,4

and A > 0.

(2) Soliton-potential interaction. There exist K > 0 and numbers coo(X) = 1, pg, T. € R such that the

solution u(t) above satisfies

|u(Te) =27V 00 (x = pe) | 1 gy < KE'/2 (1-26)
Moreover,
coo(h=0) =27+  and coo(h = hg) = 1. (1-27)
Finally we have the bounds
| T, — Tp| < 1TT£o and (1-A)Ts < pe < (2coo(X) = A — 1) T. (1-28)

Note that Ao = Ao (/) is always less than 1 for m = 2, 3,4, while Ao = 0 for m = 5 (the L?-critical
case). Also, for A = Ag we have E,[u](t) = (A —Lo)M[Q] = 0; and if A < Ao we have E4[u](z) < 0 for
all # € R. For the consequences of this property and a detailed study of ¢o(A), see Lemma 4.4.

Remark. The proof of Theorem 1.1 is based on the construction of an approximate solution of (1-15)
in the interaction region, satisfying certain symmetries. However, at some point we formally obtain an
infinite mass term (see [Martel and Merle 2011; 2010] for a similar problem). It turns out that to obtain a
localized solution we need to break the symmetry of this solution (see Proposition 4.7 for the details).

1/2

This lack of symmetry leads to the error ¢'/~ in the theorem. At this price we describe completely the

interaction, a completely new result.
The next step is understanding the long time behavior of our generalized soliton solution.

Theorem 1.2 (Long time behavior). Suppose, in addition to the assumptions of Theorem 1.1, that
0<A<Agforthecasesm =2,4,and0 <A <Aigifm=3.Let0 < f < %(coo(k) — A). There exists a
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constant o > 0 such that, for all 0 < & < g, there exist K,c™ > 0 and a C'-function p,(t) defined in
[T, +00) such that the function

=1
wh(,-) = u(t, ) =271 Qo (- = pa(1))
has the following properties:

(1) Stability. Foranyt > T,

lwF Ol @y + et = cooM)] + [0 (1) = (coo(B) = 1)] < Ke'/2. (1-29)
(2) Asymptotic stability.
im0 Ol ey = 0. (1-30)
(3) Bounds on the parameters. Define 6 := ﬁ — % > 0. The limit
lim E wt](t)=:E* (1-31)
t—+o00
exists and satisfies the identity
4 (C+)29 +
ET = m()\oc —MM[Q]+ (A —Ao) M[Q], (1-32)
and forallm = 2,3,4 and 0 < A < Ag there exists K(A) > 0 such that
1
~ + (112 +
Ve lﬁi‘i}? lw™ Oz < ET < Ke. (1-33)

In the case m = 3, we have %E"’ = (%)3/2 —1ifA=0,and

1 " 5 ct\26 .
— limsup [w (’)||H1<R)5(—) _1<Ks ifA>0. (1-34)

t—>+o00 Coo
Remarks. (a) The stability and asymptotic stability of solitary waves for generalized KdV equations
have been widely studied since the 1980s. The main ideas in our proof of (1-29) and (1-30) appear
in the literature; see [Benjamin 1972; Cazenave and Lions 1982; Bona et al. 1987; Martel et al. 2002;
Pego and Weinstein 1994], for example.

(b) The sign of a’(-) is a sufficient condition to ensure stability, but it is conceivable that it can be
replaced by a weaker one, say a’(s) > 0 for all s > .

Changes for decreasing potentials. Suppose the potential a( - ) satisfies instead a’(s) < 0 and
1= lim a(s)>a(s)> lim a(s)= %
§—>—00 t——+o00

Statement (1) of Theorem 1.1 remains true, except that we do not know whether the solution is unique.
Part (2) holds true with the coefficient 2% in front of Ocoos )3“—0 <coo(A) <1,and coo =27P for A =0
(see Lemma 4.4 for this). Bounds similar to (1-28) hold true, with the obvious changes. By contrast, we
have no analog for Theorem 1.2: long-time stability for decreasing potentials remains an open question.



582 CLAUDIO MUNOZ C.

A fundamental question arises from Theorems 1.1 and 1.2: Is the solution a pure soliton (Definition 1.0)
for the aKdV equation with @, = 2? This question is equivalent to deciding whether
limsup |w™ (7) 1wy = 0.
t—>—+00

Our last result shows that this behavior cannot happen.

Theorem 1.3 (Nonexistence of pure soliton-like solutions for aKdV). With the assumptions and notation
of Theorems 1.1 and 1.2, suppose in addition that m = 2,3,4 with 0 < A < Ag. There exists ey > 0 such
that, forall 0 < ¢ < gy,

limsup w™ ()|l g1 gy > 0 (1-35)

t—>—+00
Remark. In addition to the classical problem of extending the results to more general potentials a(-),
several related questions arise naturally, which we are as yet unable to solve:

(1) Is every solution of (1-15) with H!(R) data globally bounded in time? In Proposition 2.2 we prove
that every solution is globally well defined for all positive times, and uniformly bounded if A > 0 or
m = 3. However, for the cases m = 2,4 and A = 0 we only have been able to find an exponential
upper bound on the H !-norm of the solution. Is every solution described in Theorem 1.1 globally
bounded?

(2) In the cases m = 2,4 and A = 0, is the solution constructed in Theorem 1.1 unique? Is it stable for
large times? (Compare Theorem 6.1.)

(3) What is the behavior of the solution for a coefficient Ay < A < 1? We believe in this situation the
soliton still survives, but is reflected by the potential, propagating to the left for large 7. (See [Mufioz
> 2011a].)

(4) [Added in proof] We have recently proved a quantitative lower bound on the defect [Mufioz 2011].

(5) Is there scattering modulo the soliton solution, at infinity?

The case of a time-dependent potential. As might be expected, our results are also valid, with easier
proofs, for the time-dependent gKdV equation

ur+ (uxx —Au+a(e)u™)x =0 in Ry x Ry, (1-36)

where a satisfies (1-13)—(1-14), with the time variable in place of r. This equation is invariant under
scaling and space translations. In addition, the L! integral and the mass M [1] remain constants and the

energy
- 1 A t
E[u](t):z—/u§+—[u2—& umtl
2 R 2 R m+1 R
satisfies ,
~ t
0, Elul(t) = — D [ yme1
m+1 Jg

Theorems 1.1 and 1.2 hold with coo (A = 0) = 24/~ (because of mass conservation), for any A > 0
and m = 2, 3,4 (follow Lemma 4.4 to see this). We leave the details to the reader.
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Sketch of proofs. Our arguments combine techniques adapted from [Martel 2005; Martel et al. 2010;
Martel and Merle 2008; 2011; 2007; 2010] with some new computations. We separate the analysis into
three time intervals: ¢ < —&~!, || <&, and e~! < . On each interval the solution possesses a specific
behavior:

t <« —~ 11 In this interval of time we prove that «(¢) remains very close to a soliton solution, with no
change in the scaling and shift parameters (Theorem 3.1). This is possible for very large negative

times, where the soliton is still far from the interacting region |¢| < e~ !.

|t| < e~ !: Here the soliton-potential interaction leads the dynamics of u(¢). The novelty here is the
construction of an approximate solution of (1-15) with high order of accuracy such that: (a) at time
t ~ —&~! this solution is close to the soliton solution and therefore to u(¢); (b) it describes the
soliton-potential interaction inside this interval, in particular we show the existence of a dispersive
tail behind the soliton; and (c) it is close to u(¢) in the whole interval [—~!, ¢~!], uniformly on
time, apart from a modulation on a translation parameter (Theorem 4.1).

t > &~ ': Here some stability properties (Theorem 6.1) are used to establish the convergence of the
solution u () to a soliton-like solution with modified parameters.

Additionally, by using a contradiction argument, it will be possible to show that the residue of the
interaction at time ¢ ~ ¢! is still present at infinity. This gives the conclusion of the main Theorems 1.1
and 1.3. Indeed, recall the L! conserved quantity from (1-9). This expression is in general useless when
the equation is considered on the whole real line R, but it has some striking applications in the blow-up
theory (see [Merle 2001]). In our case, it will be useful in discarding the existence of a pure soliton-like
solution.

Accordingly, the paper is organized as follows. In Section 2 we introduce some basic tools to study the
interaction and asymptotic problems. Section 3 is devoted to the construction of the soliton like solution
for large negative time. Sections 4 and 5 deal with the proof of Theorem 1.1. In Section 6 we prove the
asymptotic behavior as # — +00, namely Theorem 1.2. Finally we prove Theorem 1.3 (Section 7).

Remark. We believe that the main results of this paper are also valid for general subcritical nonlinearities,
with stable solitons. In this case the scaling property of the soliton is no longer valid, so in order to
construct an approximate solution one should modify the main argument of the proof.

2. Preliminaries

Throughout this paper, C, K, and y > 0 will denote constants independent of ¢, possibly changing from
one line to another.

To treat the case A > 0 we need to extend the energy (1-7) by adding a mass term. We therefore
introduce a new energy function E[u], the particular case of (1-21) when a = 1.

The Cauchy problem. First we develop a suitable local well-posedness theory for the Cauchy problem
associated to (1-15).
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Letug € H*(R), s > 1, A > 0. We consider the initial value problem

U+ (Uxx —Au+as(X)u™)xy =0 in Ry x Ry
(2-1)

u(t =0) =uy,
where m = 2, 3, 4. The analogous problem for the standard gKdV equation (1-3) has been extensively
studied. For dealing with (2-1), we will follow closely the contraction method developed in [Kenig et al.
1993]. The following result is proved with standard techniques based on the Picard iteration procedure

and the tools developed in this last reference:

Proposition 2.1 (Local well-posedness in H*(R)). (See also [Kenig et al. 1993]). Suppose ug € H*(R),
s > 1. Then (2-1) has a unique (in a certain sense) solution u € C (I, H%(R)) defined in a maximal interval
of existence I > 0. Moreover:

(1) Blow-up alternative. If'sup I < 400, then
lim |ju(t s(R) = +00. 2-2
thsup I ()] (R) (2-2)

The same conclusion holds if inf I > —o0.
(2) Energy conservation. For any t € I the energy Eg[u](t) from (1-21) remains constant.
(3) Mass variation. For all t € I the mass M [u](t) defined in (1-19) satisfies (1-20).
(4) Suppose ug € L' (R) N H'(R). Then (1-9) is well defined and remains constant for all t € I. |

Once local-in-time existence is established, the next step is to ask for the possibility of a global
well-posedness theorem. In many cases the proof reduces to the use of conservation laws to obtain bounds
on the norm of the solution for every time. In the case of gKdV equations (m < 4) this was proved
in [Kenig et al. 1993] using mass and energy conservation; however, in our case (1-20) is not enough
to control the L? norm of the solution. As stated in the Introduction, global existence for cubic case
m = 3 follows from the mass decreasing property. However, to deal with the remaining cases, we will
modify our arguments by introducing a perturbed mass, almost decreasing in time, in order to prove

global existence. Indeed, define for each ¢ € I and m = 2, 3, 4 the quantity
1

Mu)@t) == E/Ra;/m(x)uz(z,x) dx. (2-3)

It is clear that M [u](¢) is well defined, for any time ¢ € I and solution u € H'(R) of (2-1). For all € I
we have the equivalence property

Mul(t) < Mul(t) < 2Y™ Mu] (). (2-4)
This modified mass enjoys a striking property:

Proposition 2.2 (Global existence in H'(R)). Consider the solution u(t) of the Cauchy problem (2-1)
with u(0) = ug € H'(R) and maximal interval of existence I. Then u(t) is continuously well defined in
HY(R) for any t > 0. More precisely:
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(1) Cubic case. Suppose m =3, L > 0. Then I = (ty, +00) for some —oo < ty < 0 and there exists
K = K(lluoll g1 w)) > 0 such that

sup u(®) |l g1 ) =K. (2-5)
120

(2) Almost monotonicity of the modified mass M and global existence. For any m = 2, 3,4 and for all
t € I we have

(0 = =3¢ [ @/t =5 [y - @ mOlend. e

In particular, (a) I is again of the form (fy, +00); (b) item if A > 0 there exists &g > 0 small such
that (2-5) holds; and (c) if A =0 and m = 2,4, there exists K = K(||uo| 1)) such that we have
for all t = 0 the exponential bound

)Lz gy < Ke ™. 2-7)
Proof of Proposition 2.2. First we consider the cubic case, m = 3. From (1-20) we have
Mul(t) < M[u](0) forany t €1, t>0.

This bound implies global existence for positive times. Indeed, the bound rules out a L? blow-up in
(positive) finite and infinite time, namely (2-2). In order to control the H!(R) norm, we use energy
conservation, the Gagliardo—Nirenberg inequality (1-8), and the preceding bound on the mass. Indeed,
for any r € I, ¢t > 0, and redefining the constant K if necessary, we have

1 1 1
EAui=Ea[u](0)—§A[RM2+rHAa8um+l

< Eq[u)(0) + 2M[u)(0) + K [u()|I75 e lux ()] 7).

Noticing that %(m —1) <1 form =2,3,4, we have

/R w2 < KO ol i )

for a large constant K. This implies the H!(R) global existence for all positive times and the uniform
bound in time (2-5).

To prove (2-6), we proceed by formally taking the time derivative. Every step can be rigorously justified
by introducing mollifiers. From (1-15) we have

a,M[u](z)=/a;/'nuu, =/(a;/mu)x(uxx—ku+asum)
R R
:8/%((al/m)’(8x)uuxx—%(al/m)/(sx)ui)—%S/R(al/m)’(ex)uz
+8/Rag(al/m)’(8x)um+l _mil /R(al/mﬂ)/(gx)umﬂ

- _%g[R[x(al/m)’(ex)—ez(al/m)(”(sxnuz—EEA(al/m)’(sx)”§~
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This proves (2-6). Now, in order to establish global H ! (R) existence for positive times, we first control
the L? norm using M [u](¢). Let us consider the case A > 0. In this case, taking &y small enough, and
thanks to (1-14), we have

3 M[u](r) <0,

and thus M [u](z) < M [#](0) for all ¢ € I, ¢ > 0. The rest of the proof is identical to the cubic case.
Now we consider the last case, namely m = 2,4 and A = 0. Here the argument above is not valid
anymore; we have only the existence of K > 0 independent of ¢ such that

3, M[u](t) < K& M[ul(7).
This implies that, for any # € I with # > 0,
M{u)(r) < Mu)(r) < K Mu)(0)e X,

This bound rules out a L2 blow-up in finite time for positive times. To control the H!(R) norm, we use
the same argument from the preceding case. Indeed, for any ¢ € I, redefining the constant K if necessary,

3
/uifKeKs L
R

This implies the global H!(R) existence for positive times. |

we have

Remark (Mass monotonicity). Consider a solution u(z) € H'(R) of (1-15) and define the modified mass
Mlul(t) iftm=3,
Mlu](t) ifm=2,4and A > 0.

Proposition 2.2 implies that there exists eo > 0 such that M [u](r) — M [u](t9) < 0, for all 0 < & < &¢ and
all t e R with £ > ¢.

Mul(t) := { (2-8)

Spectral properties of the linearized gKdV operator. We next consider some important properties of the
linearized operator associated to (1-15). Fix ¢ > 0 and m = 2, 3,4, and let

_ 1
Pw(y):=—wyy +cw—mOT ' (y)w, where Qc(y):=ci-10(Vcy). (2-9)
Here w = w(y). We also denote £ := L.

Lemma 2.3 (Spectral properties of &). (See [Martel and Merle 2009].) The operator &£ defined on L*(R)
by (2-9) has domain H?*(R), is self-adjoint, and satisfies the following properties:

m+1 m+1
(1) First eigenvalue. There exists a unique Ay, > 0 such that $Q. > = —Ap Q.2
(2) The kernel of & is spanned by Q.., and we have £(AQ.) = —Q., where
. IRV 1,
AQe =00 Qerlyy = 2 (-5 0c + 330L). (2-10)

The continuous spectrum of & is given by ocon(£) = [c, +00).

(3) Inverse. For all h € L*(R) such that Joh Q. = 0, there exists a unique h e H?(R) such that
fR hQ. =0 and £h = h. Moreover, if h is even (resp. odd), then h is even (resp. odd).
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(4) Regularity in the Schwartz space . For h € H*(R), $h € ¥ implies h € &.
(5) Coercivity.
(a) There exist K, o, > 0 such, that for all w € H 1 (R),

%[w,w]:=/(w§+cw2—mQZ’_lw2)Zac/ w?— K ‘ ch
R R

o

In particular, iffR wQ, = fR wQ.. = 0, then the functional B[w, w] is positive definite in
H'(R).
(b) The same conclusion holds if [ wQ, = [pwx Q¢ = 0.

Now we introduce some notation, taken from [Martel and Merle 2007]. We denote by % the set of
C° functions f such that for all j € N there exist K, r; > 0 such that for all x € R we have

D)) < K (1 + x5 e,

Now we recall a function used to describe the effect of dispersion on the solution. Set ¢(x) := — %/((;C)) ;
then ¢ is an odd function and has the following properties (see [Martel and Merle 2009]):
(1) limx——0o ¢(x) = —1 and limyx— 4 50 @(x) = 1.
(2) For all x € R, we have |¢/(x)] + |¢” (x)| + |¢® (x)| < Ce™ ¥,
B) ¢ eYand | —p? V.
For ¢ > 0, we then set .
) = = 55 = ap(ve). e-11)

Remark. The same function ¢ has been used in [Martel and Merle 2007] to describe the main-order
nonlinearity effect on the phase of two colliding solitons for the quartic KdV equation. Here ¢ will
describe the dispersive tail behind the soliton produced by the interaction with the potential a.. For details,
see Lemma 4.3.

We conclude the section with a result taken from [Martel and Merle 2007].
Lemma 2.4 (Nontrivial kernel). There exists a unique even solution of the problem
PoVo=mQ™ 1, Vyew.
This solution satisfies
(ZLo(1+Vp)' =0
and it is given, in the notation of Lemma 2.3, by

—1A0(») form =2,
Vo(y) =1-0%*() form =3,
Q') [§ 0*—203(»)]  form=A4.
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3. Construction of a soliton-like solution

Following the plan on page 583, we deal first with large negative times, by finding a pure soliton-like
solution of (1-15) that agrees as ¢t — —oo, to exponential order in time, with Q(-— (1—X)¢), where Q is
a soliton for the gKdV equation. Specifically:

Theorem 3.1 (Existence and uniqueness of a pure soliton-like solution). Suppose 0 < A < 1. There exists
g0 > 0 small enough such that the following holds for any 0 < € < &.

(1) Existence. There exists a solution u € C(R, H'(R)) of (1-15) such that

t—lir—noo Hu(t)_Q('_(l_)‘)t)HHl(R) =0, (3-1)

and energy E4[ul(t) = (A —Ao) M[Q]. Moreover, there exist constants K,y > 0 such that for all
timet < —%Tg and s > 1,

Hu(l)_Q('_(l_)‘)l)”Hs(R) ng—lesyt' (3'2)

In particular,
1

|u(=Te) = Q-+ (1=-MTo) | 1 gy < K™l e™® ™™ < Ke'?. (3-3)
(2) Uniqueness. This solution is unique if m =3, orifm=2,4and 0 < A < 1.

The proof is outlined in Section A.1, and is closely modeled on [Martel 2005], where the existence of
a unique N-soliton solution for gKdV equations was established. Other proofs exist, but Martel’s method
has the advantage of giving an explicit uniform bound in time, (3-2). (This bound is a consequence of
compactness properties.) Basically, the result follows from the fact that inside the region x < —% T, the
potential a, equals 1 to exponential order (see (1-13)). In other words, the aKdV equation (1-15) behaves
asymptotically as a gKdV equation, for which soliton solutions exist globally.

Remarks. (a) The energy identity in part (1) of the theorem follows from (3-1), the identities in
Section A.6, and the energy conservation law in Proposition 2.1.

(b) The uniqueness of #(?) in the general case is an interesting open question.

(c) For the solution u(#) given by Theorem 3.1, it follows easily from the negativity of the energy E,
and the Gagliardo—Nirenberg inequality (1-8)

1
E””(U”HWR) < Nu@llp2@w) = Kllu@)|l g1y forall z €R, (3-4)
for some constant K > 0. Moreover, if m =3 orm = 2,4 and A > 0, we have
sug () g1 (w) SK”u(—%TS)HHl(R). (3-5)
te

This last estimate shows that, to understand the limiting behavior at large times of u(¢), it is enough
to consider the L2-norm.
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4. Description of the soliton-potential interaction

Once we have proven the existence (and uniqueness) of a pure soliton-like solution for early times, the
next step in the study of the soliton-potential interaction. This nonlinear interaction regime is essentially
limited to the region [—T%, T%], since a.(—Tg) ~ 1 and a.(T¢) ~ 2, by (1-12) and (1-13).

Here we have a stability result saying that the soliton survives the interaction, that the perturbation
induced by the potential a; is significant, of order one, and that it affects the scaling and shift parameters
(the scaling being predicted by conservation of energy). The soliton exits the interaction region as a
first-order solution of the aKdV equation (1-15) with ag = 2, plus a dispersive term of order ¢!/2 in H'(R).

Recall that we defined A :=
the asymptotic behavior.

fn;Jr”; in Theorem 1.1. This parameter plays a crucial role in determining

Theorem 4.1 (Dynamics of the soliton in the interaction region). Suppose 0 < A < Aq. There exist
constants €y > 0 and coo(A) > 1 such that the following holds for any 0 < ¢ < gg. Let u = u(t) be a
globally defined H' solution of (1-15) such that

|u(=Te) = Q(- + (1=W)TD) | g1y = K2 (4-1)

Then there exist Ko = Ko(K) > 0 and p(Ty), p1(T:) € R such that

H“(Te + p1(Te)) — 2~ 1/m=1) Ocoo (- — p(Te)) ”HI(R) = K081/2- (4-2)
In addition, coo (A = 0) = 22, with p = mLH’ and coo (A = Ao) = 1. Finally, for ¢ sufficiently small, we
have
T
lp1(Te)| < 1080 and (1-A)Te < p(Te) < (2co0(A) —A =1 Ts. (4-3)
Remarks. (a) Though Theorem 3.1 ensures exponential decay for the error term at time ¢ = —7; —see

(3-3) and (4-1) — we are unable to get a better estimate on the solution at time t = 7. This is due
to the emergence of dispersive terms of order €172, hard to describe using soliton-based functions.
This new phenomenon is similar to a recent description obtained by Martel and Merle [2011; 2010]
for the collision of two solitons of similar sizes for the BBM and KdV equations.

(b) We do not know whether Theorem 4.1 is still valid in the range A > 1. Computations suggest that
in this regime the soliton might be reflected after the interaction. We hope to consider this regime in
a forthcoming publication. (See [Mufioz > 2011a].)

As mentioned in the Introduction, to prove this theorem we first construct an approximate solution of
(1-15) that describes the first-order interaction between the soliton and the potential on the interval of
time [—T¢, T¢]. This requires several steps and will occupy us for the rest of this section, culminating in
Proposition 4.7. Then, in Section 5, we will prove that the actual solution describing the interaction of
the soliton and the potential a. is sufficiently close to our approximate solution.

Our first step is the introduction of suitable notation.
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Decomposition of the approximate solution. We look for #(t, x), the approximate solution for (1-1), as
a suitable modulation of the soliton Q(x — (1—A)¢), which solves the KdV equation

ur + (Uxx —Au+u™)x = 0. (4-4)
Let ¢ = ¢(et) = 1 be a bounded function to be chosen later and set
Qc(st) »)
yi=x—p(), R x)==—""™"—"", (4-5)
a(ep(r))
where t
a(s) = am-i(s), p(t) = —(1-M)Ts +/ (c(s) — 1) ds. (4-6)
—T,

The parameter @ is intended to describe the shape variation of the soliton along the interaction.
The form of (¢, x) will be the sum of the soliton plus a correction term:

i(t, x):= R(t, x) + w(t, x), 4-7)
w(t, x) = ¢edc(et; y), (4-8)

where A¢ := Acer)(et; y) = cﬁA(et; J/cy) and A is a function to be determined.
We want to estimate the error produced by inserting i as defined in (4-8) into (1-1). For this, let

Sli)(t, x) :=tiy + (lixx — Al +agii™)x. (4-9)

Proposition 4.2 (First decomposition of S[it]). Let & be the linear operator defined in (2-9). The following
nonlinear decomposition of the error term S|it] is valid for every t € [T, Tg]:

S[ii](t, x) = e(F1 — (LAc)y) (et; p) + &2 ((Ae)r + ' (et) AAc) (et y) + e*€ (2, x),
where AAc(y) := %(ﬁAc(y) + %y(Ac)y(y)) (compare Lemma 2.3),

R C)) d'(ep(1)) 1 "
Filet: )= 2 S0A0c0) + 2 P (= Lo = 0e0) + (0Q20D))  (@-10)

and €(t, x) is a bounded function in [—Tg, Ts] x R.

We prove this result in Section A.2.
Next, if we want to improve the approximation i, the unknown function 4, must be such that

(LAc)y(et;y) = Fi(et;y) forall y e R. Q)
Then the error term will be reduced to the second-order quantity
Slit] = e*[(Ac)s + ' (et) A Ac](et; ) + 2%6(t, x).

We prove the solvability of (£2), which is of independent interest, in the next few pages, concluding
with Lemma 4.5. However, we will see that it is not always possible to find a solution of finite mass. In
fact, we will look for solutions such that time and space variables are separated:

Ac(t,y) = b(et)pc(y) +d(et) + h(et) Ae(p); (4-11)
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where b(s), d(s) and A (s) are exponentially decreasing in s, ¢, is the bounded function defined in (2-11)
and A, € Y (recall that limt o ¢ = £4/c, and that ¢ > 1).
This choice is motivated by the fact that a function A, as in (4-11) satisfies this Important Property:

Property IP. Any spatial derivative of A.(et,-) is a localized %Y-function, and there exist K,y > 0 such
that | A¢(et, ) || ooy < Ke 7l for all 1 € R.

Solution of a time-independent model problem. As a stepping stone to the solution of (£2), we address
the following existence problem. Given a bounded, even function F = F(y), we seek a bounded solution
A = A(y) to the model problem

($9A) = F, (4-12)

where ¥ 1= —Bf,y +1—mQ™1(y) as in (2-9). In the spirit of [Martel and Merle 2007, Proposition
2.1] and [Muioz 2010, Proposition 3.2], we have:

Lemma 4.3 (Existence theory for (4-12)). Let F € N be even and satisfy the orthogonality condition
/ FQ=0. (4-13)
R
Let B = % fR F. Forany § € R, the problem (4-12) has a bounded solution A of the form
A(y) =Be(y)+8+ A1(y),  with A1(y) €Y. (4-14)

This solution is unique in L?(R) up to the addition of a constant times Q.

Proof. Write A := Bp +6(1 + Vp) + Ay, where 8,6 € R and A € ¥ are to be determined. Inserting this
decomposition in (4-12), we have (£941) = F — B(Lo@)’, namely

y

$oA1 =H—-BLop+y, H(y):= / F(s)ds, (4-15)

and where y := $£7A41(0) — fi)oo H(s) ds. Without loss of generality we can suppose the constant term
y equals —f, because from Lemma 2.4 we have £, (1 + V) = 1, so any constant term can be associated
to the free parameter 4.

Now, from Lemma 2.3 the problem (4-12) is solvable if and only if

A(H—ﬁ($o¢+l))Q’=AHQ’=AFQ —o,

which is (4-13) (recall that £y Q’ = 0). Thus there exists a solution A1 of (4-15) satisfying fR A0 =0.
Moreover, since

lim (H—B(Fop+ 1)) =0 and lim (H—B(Log + 1)(y) = / F—28.
y—=>—0 y—>+o00o R

we get Ay €% provided B = 1 [, F, by Lemma 2.3. This finishes the proof. O
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Existence of dynamical parameters. Now we show the existence of a dynamical system involving the
evolution of first-order scaling and translation parameters on the main interaction region. This system is
related to the orthogonality condition fR F1 Q. = 0; see proof of Lemma 4.5 below.

Lemma 4.4 (Existence of dynamical parameters). Letm =2,3,4 and let Ao, p,a(-) be as in Theorem 4.1
and (1-13). The system of of differential equations

ckn=pdwxmm—ﬁ)%@mm,ceda=L
(1) = c(et) — A, p(=Ts) = —(1-M)T;

(4-16)

has a unique solution (p, ¢) with ¢ bounded, positive, monotone, defined for all t > —Tg, and having the
same regularity as a(e-). In addition:

(1) If A = Ay, one has ¢ = 1.

(2) If0 < A < Ag then for all t > —T, one has c(et) > 1 and lim;_s o0 c(€1) = coo + O(e'°), where
Coo = Coo(A) > 1 is the unique solution of the algebraic equation

cgg(coo—)\k—o)l_k" :21’(1_;‘—0)1_“, oo > 1. (4-17)

Moreover, A € [0, Ag] = coo(X) > 1 is a smooth decreasing function and coo(A = 0) = 2P,

In the case A = 0, there exists a simple implicit expression for ¢(et):

a(ep(®))

o) =c(et) = P (eTy)’

Using the strict monotonicity of @, from this identity we can find explicitly c(&?).

Remark. The critical value Ao can be seen as the exact value of A such that the solution u(¢) constructed
in Theorem 3.1 has zero energy. Indeed, Theorem 3.1 gives E,[u] = (A —Xo) M[Q]. Hence E,4[u]is zero,
positive or negative depending on whether A = Ao, A > Ag, or A < Ao. Because of this the study of the
soliton dynamics for A > Aq is an open question.

Proof of Lemma 4.4. The local existence of a solution (c, p) of (4-16) is a direct consequence of the
Cauchy-Lipschitz—Picard theorem.
Now we use (4-16) to prove a priori estimates on the solution c. Note that

c(et)— A
c(et) (c(et) — %o)

d@nzp@@o—m%@m=pﬂm%@m.

In particular,

(l—ko)atlog(c(et) — %0) + Aods logce(et) = pd; loga(ep).
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Integrating on [—T%, t] and using c(—&T¢) = 1, we obtain

(4-18)

—Xo A D
S

Since 1 < a =< 2, the function ¢ is bounded and p is bounded on compact sets; this yields global existence.
One proves in particular that ¢/ > 0 and

*o(et) <aP(ep), andthus 1<c(et) < 255 (4-19)

The limit lim;_, ;o c(&t) exists and is of the form co + O(e!?), where ¢y is a solution of (4-17), after
passing to the limit in (4-18). To prove the uniqueness of the solution of (4-17), consider for u > 1 the

g ) = o (- %)1—10 ~27(1- )%)HO,

smooth function

Note that in the case A < A¢ we have g(1;A) < 0 and

dug (i 1) = plo! (M - %)_AO (L—2A)= (1 - %)—Ko > 0.

This implies that there exists a unique ¢oo(A) > 1 such that g(coo(A); A) = 0. This proves uniqueness.
The smoothness of the application A € [0, Ag] — coo(A) is an easy consequence of the implicit function
theorem.

Finally we prove that A > coo(}) is a decreasing map. To do this, we differentiate (4-17), obtaining

coo()M  (eoo) =A) , o (] ( a3 (1) 2 )
oo()‘) =|\—-1 -
(oot = 2)" ==l (o= 2)" (1-2)"

= (ﬁ‘l)(l—f—o)_ko(l—zl’)<o. O

We can now state the promised result on the solvability of (£2):

Lemma 4.5. Suppose 0 < A < Ay and c(et) is given by (4-16). There exists a solution A, = A.(et; y) of
(LA (et; y) = Fi(et; y), (4-20)
satisfying Property IP and the following conditions:

(1) Foreveryt € [—Tg, T¢],

{Ac(sz: )€ L®R), Ac(et; y) = b(et)(pe(y) — /) + het) Ac(»),
A, €, |b(et)| + |h(et)| < KeYell,

(2) limy 5100 Ac(y) =0.

(4-21)

Remark. The function A, models, to first order in &, the shelf-like tail behind the soliton, a dispersive
effect of the soliton-potential interaction.
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Proof. Step I: Reduction to a time-independent problem. We suppose ¢ given as in Lemma 4.4. Note that
F1 in (4-10) can be written as

/

A
Fi(et:y) = ;—m[pc(c ~ N -

1
— (=D Qe+ (OIY]().

Consider the functions

- 1 A
Fi(y)i=pAQ——— 0+ (yQ™)" and Fi(y):= —Q—— Q= 1_19_517/@'

We claim that if c(et) satisfies (4-16) then every term in F; has the correct scaling. More precisely:

Claim 4.6. Suppose A( »), A (») solve the stationary problems
($od) = Fi, ($oA) = F). (4-22)

Then, forall t € R,

’(Sp) NI

Ac(et:y) = T (ep) w173 (e1) (A + Ao~ (e1) A) (V2 (et) )

is a solution of (4-20).

Indeed, we have

(£Ac)
= ;m((gfp)) 1+1(_/i‘//_i_A_QO—l/I)/(cl/Zy)_i_)\;’;((g:p)) W%( A4 A—mo™ IA) '/2y)
_ d(ep) Aep) i o112, )+ aten) d'(ep) T By (cV2y)
am(ep) " (ep)
- ;m(f O (e 00— Qe+ (02 ) + A;,;((g O (g Qe — £enQe) = Faeri ).

This proves the claim, which in turn reduces the problem to the time-independent case.

Step 2: There exists solutions A, A of (4-22) satisfying (4-14). By Lemma 4.3, this follows once we verify

the orthogonality conditions
[ Fio=[ fio=o
R R

To this end, we use the identities in Section A.6:

AF1Q=pAAQQ—%1/Q2+/Q(me>y

= [ 200 [ 02 e [om = 2 (p- 4 [ 020
Similarly,

ey R g R R ] = Kt
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Thus, by virtue of Lemma 4.3, there exist solutions /I, A of (4-22) of the form

{fi(y) =Bo) +8+Ai1(n). A€W,
A(y) =Pe(y) +5+ A41(y). A€W,
where ,g , ,é ,8,8 € R. Moreover, ,é , ;§ are given by

1 1

i1 [ g _1 SN S W U (SOUR S SO S ___ 3
’8'_2/RF1_2/R(1’AQ m—lQ)_Z(p(m—l 2 m—l)/RQ_ 2(m+3)/RQ<0’
for each m = 2, 3, 4. On the other hand,

h._ 1 A1 1 4 _1lo 1 4 3—m . 1
ﬁ"zAFl_zﬁ(m— 0 S—mAQ)_2(m—1 S—mXZ(m—l))/RQ_2(5—m)/RQ>O’
for eachm =2, 3, 4.

Step 3: Conclusion. Finally, to get limy_s o A(y) = limy 4 o0 /f(y) = 0 we choose § = —,3 and
8 = —f. This proves the last part of the lemma. With this choice we have

Ap) =B =D+ A0, AW =B -D+Ai(). AL A ew.
Using Claim 4.6, an actual solution A.(et; y) of (4-20) is obtained by considering
/
Ac(et; y) = fl (ep) cm%l(et)[A + kc_l(et)A](cl/zy)
am(ep)

=:b(et)(@e(p) — /2 + h(et) Ac(p), Ac e,

where -
a'(gp)cm=1"1 ~ 1 A d'(ep)
b(et) '= ——— A tH)B). h(et):= < .
(e) i (ep) (B+Are™(enp).  h(er):=—] )
This finishes the proof of Lemma 4.5. |

Remark. We emphasize that A, lies in L?(R) in all cases, even if it is exponentially decreasing in time.
This nonsummable solution must be modified in order to obtain a finite-mass solution.

Before continuing with the construction of the approximate solution, we need some crucial estimates
on the parameter c(et).

Remark (Bounds for c(gt)). From the bound on c(et) in (4-18) we conclude that, for all ¢ € [T, T%],
1 <c(et) < 255

Correction to the solution of problem (). Consider the cutoff function n € C*°(R) satisfying the

following properties:
0<n(s)<1, 0<n(s)<1 foranys€R;

n(s)=0 fors < —1, (4-23)
nis)=1 fors > 1.
Define
Ne(y) :=n(ey +2), (4-24)
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and for the solution A, = A.(et; y) of (4-20) constructed in Lemma 4.5, set

Ag(et; y) :=ne(y)Ac(et; p). (4-25)
Now redefine
U:=R+w=R+¢cAs. (4-26)

where R is the modulated soliton from (4-5).
The following proposition, which deals with the error associated to this cut-off function and the new
approximate solution i, is the principal result of this section.

Proposition 4.7 (Construction of an approximate solution for (1-15)). There exist constants o, K > 0
such that for all 0 < ¢ < g the following holds.

(1) For the localized function As of (4-25), we have:
(a) New behavior. For all t € [-Tg, T¢],

A = < _3
{ #(et,y) =0 forall y < 2 @2
Ay(et,y) = Ac(et,y) forally > —-
(b) Integrable solution. For all t € [~Tg, Tg], As(et,-) € H (R) with
leAs(et, )| gy < Ke2e 7o, (4-28)
(2) The error associated to the new function i satisfies
ST 2y < KeZe 7o, (4-29)

and the following integral estimate holds:

[ ST ey = K12,

R

Proof. The proof of (4-27) is direct from the definition. To prove (4-28) it is enough to recall that
Iellzo@ < Ke™'/2.

For the proof of (4-29), see Section A.3. O

Recomposition of the solution. We now present some important estimates concerning our approximate
solution, showing that i at time +7 behaves as a modulated soliton with the scaling given by rough
computations at infinity. We start out with some model H !-estimates.

Lemma 4.8 (First estimates on 7).

(1) Decay away from zero. If f = f(y) €Y, there exist constants K,y > 0 such that, for all t € [—Tg, T¢],

|d'(ex) f(») “Hl(R) < Keveltl, (4-30)
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(2) Almost-soliton solution. The following estimates hold for all t € [—Tg, Tg].

i + (¢ = M)iix || 1wy < Kee 711 i, + (c — Viix |l ooy < Kee Vel 4-31)
fixx — M+ agit™ = (¢ — M)l + Opa gy (ee™7E1). (4-32)
| (#xx —cu+ aeam)x”Hl(R) < Kee Vel kg2, (4-33)

Proof. The proof of (4-30) is a direct consequence of (1-13) and the fact that o’(z) = c(st) — A > 1—A,
for all € R.
Now let us prove (4-31). From (4-26) we obtain

3 . ¢ a _
i+ (e=R)iix =6 = AQe—e—(c=1) Qe+e((An)s +c(Ar)x) = (A +¢(An)x) + Oy (e 7).
Now, from (A-34) in the Appendix, we know that

e((An)s +c(An)x) = £2(c = Wb Ac + O gy (2 €77y = Oy gy (377N,

This completes the proof of the H !-estimate. The L*°-estimate then follows from the continuous Sobolev
embedding H!(R) < L>®(R).
Concerning (4-32), note that from (4-28) we have

fixx — M+ agit™ = (c — M)l + &((Ag)xx +mae R™ ™" Ay) + Op gy (e 1) + O(e?| 44]?)
= (c— A)ii + Op2(gy(ee™7*1"),

For (4-33), note that (ﬁxx —ci+ agﬁm)x = S[u] — ((c — M)iix + tiy). The conclusion now follows
from (4-29) and (4-31). O

The next result describes the behavior of the almost solution # at the endpoints ¢t = —Ty, Tg.

Proposition 4.9 (Behavior at t = +T;). There exist constants K, ey > 0 such that for every 0 < & < &g
the approximate solution i constructed in Proposition 4.7 has these properties:

(1) Closeness to Q at time ¢t = —T5.
1@(=Te) = Q-+ 1=V Tl g1 ) < Ke'°. (4-34)
(2) Closeness to 21/ (”’_I)QCOo attime ¢t = Tg. Let coo(X) > 1 be as defined in Lemma 4.4. Then
1i(Te) = 27D 0 (- = p(To) | g1y < K. (4-35)
Proof. By definition,
u(=Tg) = O(-— p(=T¢)) = R(=T,) — (- + (1-M)T) + w(-T5).
From Proposition 4.7 we have

_ 1
lw(E£T) gy = leAs(ETe) g1 gy < Ke'/2e77® 1 < K,
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for & small enough. On the other hand, from p(—7,) = —(1—X) T and using the monotonicity of a, we
have

| < c(—eTy) < a5 (ep(—T)) < 1+ 19,

In conclusion we have
IR(=Te) — Q(- + (1= To) | g1y < K&,

as desired. The estimate (4-35) is totally analogous, and we skip the details. O

To summarize this section: we have constructed and approximate solution # describing the soliton-
potential interaction in principle. In the next section we will show that the solution u constructed in
Theorem 3.1 actually behaves like # inside the interaction box [—T, T¢].

5. First stability results

Our next goal is to prove that the approximate solution i describes the actual dynamics of interaction in
the interval [—T, T¢]. This is the principal result of this section:

Proposition 5.1 (Exact solution close to the approximate solution ). Let k > ﬁ. There exists g > 0
such that the following holds for any 0 < & < gg. Suppose that

| SEO)] g2y < Ke'Hee77, /R | ST | 2yt < Ke", (5-1)

and
|u(=Te) = a(=T) | g1 gy < K", (5-2)

where u = u(t) is an H'(R) solution of (1-15) in a vicinity of t = —T,. Then u(t) is defined for any
t € [=Te, Te] and there exist Ko = Ko(k, K) and a C'-function py : [-Te, Te] = R such that, for all
te [_TSv T8]7

|t + p1(0) = a(O)] g1 gy = Kog®, 107 ()] = Kog*.

Remark. Note that u has to be modulated in order to get the correct result. However, in this case we
have not modulated on the scaling and spatial translation parameters because (1-15) is not invariant under
these transformations. Nevertheless, we still have another degeneracy, due to time translations, which
fortunately allows control of the dynamics of the solution u for every ¢ € [—Tg, T¢]. In this sense, the
new time s(t) :==t + p1(¢) can be interpreted as a retarded or advanced time of the actual solution with
respect to the approximate solution. Moreover, for & small enough, we have

99
"OY=14+0(t) > — >0,
s'(1) +p()>100>

for all t € [T, T¢]. This means that we can invert s(z) on s([—T¢, T¢]) C %[—Tg, Te].
From the proof we do not know the sign of p/ (¢), so in particular we do not know if the solution u is
retarded or in advance with respect to the approximate solution .
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Proof of Proposition 5.1. Let K* > 1 be a constant to be fixed later. Recall from Proposition 2.2 that
u(t) is globally well defined in H'(R). Since ||u(—T¢) — i (—T¢)| g1 &) < K&, by continuity in time in
H'(R), we can define —T, < T* < T, by

T+ T e[-T,, T;]:forall t € [—Tg, T], there exists r(z) € R

=su -
P with [[u(t + 7 () — ()| g1y < K*&*

The goal is to prove that 7* = T, for K* large enough. To achieve this, we assume otherwise and reach
a contradiction with the definition of 77* via some independent estimates for [lu( + 7 (¢)) — @ (?)|| g1 ()
on [—Tg, T*], for a special modulation parameter r(¢).

Modulation. By using the implicit function theorem we will construct a modulation parameter and to
estimate its variation in time:

Lemma 5.2 (Modulation in time). Assume 0 < & < go(K*) small enough. There exists a unique C'
Sfunction pi(t) such that the function

z(t) = u(t + p1 (1)) —u(r) (5-3)
satisfies, for all t € [—-Tg, T™],
/ Z(t,X)0L(y) dx = 0. (5-4)
Forallt € [-Tg, T*], we have ’
Pt (T + 2Tl g1y < K. Nz g1y <2K™& . (5-5)

In addition, z(t) satisfies the equation

ze + (14 p)) (2xx — Az +ag(@ + 2)™ —a™]) . — pyite + (14 o)) S[a] = 0. (5-6)

Finally, there exist K,y > 0 independent of K* such that for every t € [—Tg, T™]
()] < —2 el 2 (¢ ok NE 5-7
lp1 ()] = W(HZ”LZ(R) +éee Izl 2@ + 12O 72 + | i)l L2wy)- (5-7)

Proof. The proof of (5-4) and (5-5) is a by now well-known consequence of the implicit function theorem;
see, e.g., [Martel and Merle 2007]. The proof of (5-6) follows after a simple calculation using (1-15).
To prove (5-7), we take the time derivative of (5-4) and substitute replace z; from (5-6) to obtain

0—(1+p1)/{zxx—cz+as[(u+z)’" i} 0!
404 [ ==z Q=1+ p)) [ STQ+ec'en [ 2.
Now note that
o[ (at—<c—x)zx>Q;=——/l(<c—x> | e +0<e+||z<z>||L2(R)>).
On the other hand,

/R (ax — 0z +ael(i + 2)" —@™) Q) = — /R 2207 + 0(e "M |2(0) | 2gy) + OUZ (D} 2gy)-
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Collecting these estimates and using the fact that ||z(¢) || g1 gy is small, we get desired result. O

Controlin the Q. direction. We recall from (1-7) that the energy of the function u (¢ + p1 (¢)) is conserved;
moreover, Eg[u(t + p1(¢))] = Eq[u](¢) for any ¢ € [-T,, T*]. In what follows, we will made use of this
identity to estimate z against the degenerate direction Q.. First we prove that the approximate solution i
has almost conserved energy.

Lemma 5.3 (Almost conservation of energy). For the approximate solution i from Proposition 4.7,
0: Eqlul(?) = —/R(ﬁxx—)xﬁ+a8ﬁm)S[ﬁ]. (5-8)
In particular, there exists K > 0 independent of K* such that
| Eqlii)(t) = Ed[#)(~Te)| < Ke*. (5-9)
Proof. From (4-9) we have

/ S[ilGinx — Al + agii™) = / Gy G — Al + agi™)
R R

_ 1 [ o 1 ~m+1 _ ~
_—B,E/RMX—BtE/Ru +m+18,/Ra8u = —0; Eq[u](2),

which shows (5-8). For (5-9), we have, from the Cauchy—Schwarz inequality,

|0¢ Eq[@)(1)] = K || S[al0)] -

for some constant K > (. After integrating and considering (5-1), we get the result. O

Lemma 5.4 (Control in the Q. direction). There exist K,y > 0 independent of K* and such that, for
0 < e < &g small enough,

K —&
'/R Qc(J’)Z‘Sm(s’C-l—sl/ze "Hz@) 2@y + 12O @)-

Proof. We expand the expression of the conserved energy E,[u(z 4+ p1)] and make use of the identity
u(t + p1) = u(t) + z(¢) to obtain

Ea[ﬁ_i_z](t):Ea[a](z)—/Rz(ﬁxx—kﬁ—i—agftm)-i—%/RZ)ZC+%/RZZ

— m%rl /Ras((a + )"t "t — (m 4+ 1)a™z).
Note that
| 2 =hitasi™) 0= [ 2(es =i asi™) To) + (Edi)0) = Eli—T) +O(120) s )
We now use (4-32):

/Rz(llxx — A+ agii™) = (c— 1) fR iz + O (e M|z(0) | L2gy)-

The conclusion follows from this identity and (5-9). O
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Energy functional for z. Consider the functional

F(1) ::%/R(zi—i—c(st)zz)—# Ras((ﬁ+z)m+1 — "™t — (m + Da™z). (5-10)

Lemma 5.5 (Modified coercivity for F). There exist K, vy > 0, independent of K* and €, such that, for

everyt € [—Tg, T¢],

2
@(r)zvo||z<r>||§,l(m—‘ /R 0c(»)z| —K(ee M+ )21} 25y — KIIZ @117 2y

Proof. We write %(t) as the sum of

1
—/(z§+czz—ma8am—122) (5-11)
2 Jr
and
1 1
_ / ag((@ + z)™ ! =@t — (m + Da™z — —m(m + Da™ ' 2?). (5-12)
m+1 R 2

In the case m = 2 the term (5-12) is identically zero, and for m = 3,4 we have |(5-12)| < K||z(t)||22(R).
The other summand is

ma(¢p)
2a(ep)

1
(5-11) = E/R(Z)zc—i-c(et)zz—mQZ”_lzz)—s /RyQZ"‘zzJr 0(82||z(z)||§2(R)).

It is clear that

< Kee 7M2(0) |7 2 gy

ma' (p) m—1_2
ey [y

Finally, by Lemma 2.3, there exist constants K, vg > 0 such that, for all z € [-T,, T*],

2

1 _
3 G+ eenz =m0t 2 vl Oy~ K | [ e

Now we use a coercivity argument to obtain independent estimates for F(7*).
Lemma 5.6 (Estimates on F(T*)). The following properties hold for any t € [T, T*].

(1) First time derivative.
F(t) =— / 2t (zxx —cz +ag((@ +2)" — ™)) + Lec/ (et) /22 —/ agity (@ +z)" =™ —mi™ ' z).
R R R

(2) Integration in time. There exist constants K,y > 0 such that
F(1) —F(=Ts)

t
< K(K*)*&*100 4+ K(K*)3e3~ 100 4 KK*e% 1+ K f ge el 231 gyt (5-13)
—T.
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Proof. Statement (1) amounts to a simple computation. Let us consider (5-13). Substituting (5-6) into the
equality in (1) we can write %' () as a sum of the four terms

(c(et) =2)(1 + p)) /R ag((@ +2)" — ™)z, (5-14)
-} /R[t,(zxx—cz+ae((12+z)m—t7m)), (5-15)
(14 ) [ St =2+ aul(@+2" - ™). (5-16)
Tec(et) /R z? —fRaeat((a + )" — @™ —ma™ " z). (5-17)

We consider first the case m = 2. After some simplifications, we get for (5-14) the value
(c=M)(1+p)) /Rag(Mz + 2%z = —(c = M) (1 + p}) /[Ri(agﬁxz2 + ed' (ex)iiz? + %sa/(ex)f).
Hence
‘(5-14) + (=1 +p)) [R asitez?| < Kee Mz (0)]12 25 + Kelz(0) 3 oy
On the other hand,

(5-15) = —p) /R(ﬁ, + (¢ = V)iix) (zxx — ¢z + ap(2iiz + 2%)) + (¢ — ) p} /Rasﬁxzz

+ (¢ =) p] / Z(lxx —cii + a,sftz)x—(c —k)p'lf:/ a'(ex)ii’z.
R R
Using the estimates (4-30), (4-33) and (4-31) we then obtain

< Kelpi ez | g1 gy

‘(5-15) —(c— M) / Al 2?
R

We also have
(5-16) = (1 + p}) / z(S[itlxx — cS[ia] + 2asuS[i] + agz S[it]);
R

thus using (5-7)
|(5-16)| = K|zl L2y I ST@I(O| 2 -
Finally,
(5-17) = %ec’(st)/Rzz—/Rag(ﬁt+(C—A)ﬁx)22—i—(c—)»)/Ragﬁsz.

We get then from (4-31)

‘(5-17) —(c—2) / il 2>
R

< Kee 7 z(0)|I2, ®"
Collecting these estimates and (5-7), we obtain, after an integration,

t
F(t) — F(—T.)| < K(K*)3e3 100 4 KK*e* 1+ K / geVelsl ||z(s)||iz(R) ds.
—T.
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The cases m = 3, 4 are similar, but more involved. From (5-14)—(5-17), and after some integration by
parts, we obtain for %' (¢) the expression

(e =M1+ p;)(/ as((ﬁ Ll PO Ly 1)am—222)zx (5-18)
R 2
- ﬂs/a/(ex)ﬁm_lzz - fm(m—1)/a/(ex)am—2z3 - ﬂ/ag(am—l)xzz - ﬂ(m—l)/ag(ﬁm_z)xf) (5-19)
2 R 6 R 2 R 6 R

_/0/1/(ﬁt+(C_)\)[‘x)(zxx_cz+as((ﬁ+z)m_ﬁm))+(C_)\)l0/1(/Z(ﬁxx_C[{‘i‘aaﬁm)x_Efa/(gx)ﬁmz)
R R R

+ =M1 +p) / ﬁxag((ﬁ e %(m—l)am*z2 - %(m—l)(m—z)am*f‘f) (5-20)
R
+ 2 (e = M)p ( / a2 ML / as(a'"—2>xz3) (5-21)
2 R 3 R

+(1+p’1)/z(S[zZ]xx—cS[ﬁ]+maea’"—IS[a])+(1+p;)/ae((ﬁﬂ)m_ﬁm_mﬁm_lz)s[ﬁ]
R R
+§"//RZZ_/R%(% + (¢ = Niiy) (@@ + 2)" — ™ —mi™ ' z)

+ﬂ(c—x)(/ as(am—l)xz%’”—_I/as(am—z)xf). (5-22)
2 R 3 R

Note that the last two terms in (5-19) disappear, as do (5-21) and (5-22). With (5-18) and (5-20), we
need a little more care. For m = 3,

[(5-18) 4 (5-20)| = ‘%e(c -1+ p)) /[R da'(ex)z*

In the case m = 4,

<ellz()f2 -

(5-18) + (5-20) = (c = M) (1 + o) / ag[zx(4iiz® + z%) + il 2]
R

=—e(c—AN)(1+ ,0’1)/ d'(ex)(iiz* + 2°).
R
Consequently we have
|(5-18) + (5-20)| < Kee 72011} 2y + Kell (D)1} 2y
Finally, using (4-30), (4-33), (4-31) we obtain
F (1) < Kellz() 1 gy + Kee 7Nz ]2y + KelzO 31wy
+ K|py0)]ee Mz (0| g1 gy + KISTEO 2y 12Ol L2y -

Integrating and using (5-7), we obtain

1

t
F(t) — F(—Te) < K(K*)*e4 100 + K(K*)3e3 100 + KK*s2 + K/ gevels! 12() 11771 gy 5
_T8

completing the proof. O
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We are finally in a position to show that 7* < T, leads to a contradiction.

End of proof of Proposition 5.1. From Lemma 5.2, %(—T,) < Kc¢?*, and from Lemmas 5.5, 5.4 and
(5-13) we get

202 =K | [ Qe

2
+ K82K + K(K*)484K—%

t
+ K(K*)%6 7100 4 KK*s™ + K/T s V|2 ()17 2y 1

<Kle + K* %-}-K —yelt] K* 2 2k STii 2 K 2K
=K |+ K72 e + (K7™ + ||Slalll 2w | + Ke
*\4 _dk—-1s #\3 3Kk—1h * 2K ! —yels| 2
+ K(K™) ™ 100 + K(K™) ¢’ 7100 + KK " + K ge ”Z(S)HLZ(R)dS
_Tg
t
< Ke2 4 K(K*)*e* 100 4 K(K*)3e3% 100 + KK*e2 + K [ e |12 (5) (12 2 5y .
—T,
Using Gronwall’s inequality (see [Verhulst 2006], for instance) we conclude that, for some large
constant K > 0 independent of K* and ¢,
211 gy < Ke™ + K(K*)*e¥7 100 + K(K*)? ™10 + KK*e2%.
Taking ¢ small and K* large enough, we then obtain that for all ¢ € [~ Tg, T*],
1212 gy = K.
This contradicts the definition of 7* and concludes the proof of Proposition 5.1. O

Proof of Theorem 4.1. We are now able to prove Theorem 4.1, showing that the solution u(z) given by
Theorem 3.1 is close to the approximate solution #(#) constructed in Proposition 4.7 at time { = —T.
Behavior at t = —T,. From (3-3), Proposition 4.9, and more specifically (4-34) we have
T =TT 1oy = Ko™
Behavior at t = T,. Thanks to the above estimate and (4-29) we can invoke Proposition 5.1 with « := %
to obtain the existence of K, &9 > 0 such that for all 0 < e < g
1 T:

- _1_
H“(Ts + p1(T%)) _M(TS)”HI(R) = K0€1/2, lp1(Te)| = Kge™27 100 < 100
Therefore from (4-35) and the triangle inequality,
H“(Te + p1(T6)) — 2~ 1/(m=1) Qcoo (- = p(T5)) ”Hl (R) = Kogl/z-

(see also (4-5).) Finally note that (1—A) 7Ty < p(T%) < (2¢00o(A) — A — 1) T¢. This finishes the proof.

6. Asymptotics for large times

Recall that for large times (¢ > 7) the soliton-like solution is expected to be far away from the region
where a, varies. Roughly speaking, the solution’s stability and asymptotic stability properties will follow
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from the fact that in this region (1-13) the equation behaves like the gKdV equation
ur+ (Uxx —Au+2u™)x =0 in {t > T} X Ry.

The purpose of this section is to lay out this argument in a rigorous way. We start by restating the
asymptotic behavior, already described in Theorem 1.2. Recall the parameters Ao and coo(A) from
Theorems 1.1 and 4.1.

Theorem 6.1 (Stability and asymptotic stability in H'). Suppose m = 2,4 with0 <\ < Ao, or m =3
with) <A <Xig. Let 0 < B < %(coo(k) —MA). There exists g9 > 0 such that if 0 < & < g¢ the following
statements hold. Suppose that for some time t| > %Tg with t; < Xo < 2t; we have

Ju) =270 00 (x = Xo) | 1 gy < €2 (6-1)

where u(t) is an H'-solution of (1-15). Then u(t) is defined for every t > t; and there exists K,ct >0
and a C'-function p,(t) defined in [t;, +00) with these properties:
(1) Stability.
sup u(t) =27V 0 (= p2(0) | 1 gy = K&, (6-2)

t=t

where
|p2(ll)—Xo|<K81/2 and |p’(t)—coo(k)+k|<Ksl/2 forallt > t,.
2

(2) Asymptotic stability.

. __~—1/(m—-1) L _ ~
imJu(e) =2 O+ (= 2N | g1 (e pry = 0- (6-3)
In addition,
lim ph(t) =ct -4, let — o] < Ke'/2. (6-4)
t—>+o00

Remarks. (a) We do not know if the stability results are valid in the cases m = 2,4 and A = 0. Clearly,
the stability property as stated above is false if limsup,_, 4 o, [u(?)|L2(g) = +00.

(b) For 0 < A < Ag the asymptotic stability property (6-3) holds for any 8 > —A, provided &g is small
enough. We make use of this property in [Mufioz > 2011a], but we do not pursue it here.

Proof of Theorem 6.1(1): stability. The proof of stability is standard and similar to that of Proposition 5.1.
For this reason we omit many details, inviting the reader to consult [Benjamin 1972; Martel et al. 2002],
where the proof originates. Even then the argument will occupy us until page 613.

Assume that, for some fixed K > 0,

H“(ll) —2_1/(m_1)Qcoo(’_X0) HHI(R) < Kel/2, (6-5)

From the local and global Cauchy theory exposed in Proposition 2.1 and Theorems 3.1 and 4.1, we know
that the solution u is well defined for all # > ¢;.
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To simplify the calculations, note that from (1-18) the function v := 21/m=1)y; solves
Uy + (Vex — AU+ %agvm)x =0 onR;xR,.

Then (6-5) becomes
(1) = Qeos (- — Xo) | g1y < Ke'/2. (6-6)

With a slight abuse of notation we will rename v := u and K := K, and we will assume the validity of
(6-6) for u. The parameters Xy and ¢, remain unchanged.

Let Dy > 2K be a large number to be chosen later, and set

T* = sup t>1t;:¥1' €ty,1) there is a smooth p (1) € R with |55 (1) — coo + A| < 1a5. 67

|52(t1) — Xo| < 155 and u(t") — Qeoy (- = P2t | g1y < Do/

Observe that T* > t; is well defined since Dy > 2K and because of (6-5) and the continuity of 7 — u(t)
in H'(R). The goal is to prove T* = 400, and thus (6-2).

Therefore, for the sake of contradiction, suppose T* < +o0. Using modulation theory around the
soliton, we will decompose the solution on [¢1, 7*], and so find a special p,(¢) satisfying the hypotheses
in (6-7), but with

sup [ u(t) = Qoo (= p2 (1) | 1 gy = 3 D02, (6-8)
te[t,T*]

in contradiction with the definition of 7*.

Lemma 6.2 (Modulated decomposition). For & > 0 small enough, independent of T*, there exist C'
functions py, ¢, defined on [t1, T™*], with ¢3(t) > 0, such that the function z(t) given by

z(t,x) :=u(t, x)— R(t, x), (6-9)

where R(t, x) := Q) (x — p2(t)), satisfies the following conditions for all t € [t;, T*]:

/ R, x)z(t,x)dx = f(x —p2(t))R(t,x)z(t,x)dx =0 (orthogonality), (6-10)
R R

12l g1 gy + le2(0) = ool < K Doe /2, (6-11)

Izl @y + 1p2(t1) = Xol + lea (1) — coo| = K&/, (6-12)

where K does not depend on Dy. In addition, z(t) now satisfies the modified gKdV equation
2ot (Fxx — A2+ 2ae((R+2)" = R™) + Gae(x) - 1))
+A(OAQe, + (2= A = p)) (1) Qp, = 0. (6-13)
Furthermore, for some constant y > 0 independent of €, we have the improved estimates
1PH(O) + A= a0 1
< K(m—13) (/R eTYIX=P2O1 24 &) abc)2 +K [R e VX2 OI2(; )y dx + Ke Ve (6-14)
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and ,
|3 (@) -
c2(t)
Remark. From (6-11) and taking & small enough we have an improved the bound on p, (¢). Indeed, for
allt €[ty, T*],

K/ eTYIX=P2 01224 ) dx + Ke™Ve! Iz g1 ) + Kee 77, (6-15)
R

105 (t) = oo + Al + |p2(t1) — Xo| < 2Dge'/.
Thus, to reach a contradiction, we only need to show (6-8).

Proof of Lemma 6.2. As in Lemmas A.1.4 and 5.2, the proof of (6-9)-(6-12) is based in an application of

the implicit function theorem, and is very similar to the proof of [Martel and Merle 2008, Lemma A.1].
Equation (6-13) also follows from a simple computation, completely similar to (A-11) and (5-6).
Now we claim that from the definition of 7* we can obtain an extra estimate on the parameter p, (¢):

p2(t) = 15(coo(M) —A)ty  forany ¢ > 1. (6-16)
Indeed, from (6-7) and after integration between #; and ¢ € [¢1, T *] we have the bound
|p2(6) = p2(11) = (coo = M) —11)| < 75t —11). |p2(t1) — Xo| < 135-
Thus we have
|2(8) = (coo = M| = 155 (t =11 + 1) + | (coo = M)11 = Xo|.
In particular, for any ¢ € [t;, T*] (recall that p,(¢1) ~ Xo > 0)
P2(1) = (Coo — Mt — 1o5 (1 — 11 + 1) = ool

This implies that the soliton is far away from the potential interaction region.
Now we prove (6-14) and (6-15). Set y := x — p,(¢). Taking the time derivative in the first orthogonality
condition in (6-10) and using (6-13) we obtain

— [R AQey(Qes —2) + (2 —h— py)(1) /R 0z fR 0 ((as—2)z2)..

_ € / m+1 1/ / R m_ pm_ Rm—l
—2(m+1)/l‘§a(sx)ch (y)+2 Rchag(( +2) m z).
By scaling arguments,
[ 20000 =621 [ 02 (©17)
R R
Then, by redefining y if necessary,

< Kgevee2Om() < gop—ver

/ m+1
: fR d ()07 ()

Similarly, from (6-16) and following (A-13) we have

‘/R o7 ((ae—2)z)

< K201 e ™"
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Finally, note that for y > 0 independent of ¢,

‘/ Q/cZae((RJrz)m—Rm—mRm—lz) SK/e—ylyIZZ_
" R

Collecting these estimates together, we have

51 _

() —

On the other hand, by using the second orthogonality condition in (6-10), we have

0= (e == [ 2R+ [ ¥8Qerz+ 52 == [ 03

1
2
K/R eIz 4 K|ea(t) — A —P;(Z)‘(/[Re_ﬂﬂzz) + Ke "Mzl g1 ) + Kee 7"
(6-18)

+ / (yR)x(%ae((R +2)" = R™ —mR™'z) + (as(x) - I)QZ;)
R

m
+/(yR)x(zxx—czz+mRm_lz)+E/(yR)x(as—Z)Rm_lz.
R R

Note that by integration by parts,

/(yR)x(Zxx —crz+mR™ ) = / Z2R+ (m—3)R™) = (m—3) / zR™.
R R R
Using the same arguments as in the precedent computations, we have

e _y(14 1401 z_u)% =
[(c2—A—p) )| < K(m 3)(1+62(Z))(/Rzeyy +K/Rze”y+/RQ62(y)(aE 2).

From (6-16) and following (A-13) we have
‘/ Oc (¥)(ae —2)' < Ke™7el,
R

Putting together (6-18) and the last estimates, we finally obtain the bounds in (6-11), and further we
obtain (6-14) and (6-15), as desired. O

Almost conserved quantities and monotonicity. We continue with a proof completely analogous to that of
Proposition A.1.1. Recall from (2-8) the definition of the modified mass M.

Lemma 6.3 (Almost conservation of modified mass and energy). Consider M = M[R] and E, = E,4[R)],
the modified mass and energy of the soliton R of (6-9). For all t € [t1, T *] we have

MIRIO) = 13°0) [ 02+ 06, (6-19)

EaR(0) = 129 (0)(h — hoea (1) /R 0% + 0", (6-20)

Furthermore, we have the bound

2
+ Ke™8Y11_ (6-21)

(1) )29_ 1

| Ea[RI(t1) = EalRI(0) + (c2(11) =) (M[R](11) = M[R](1))| < K ‘(Cz(ll)
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Proof. We start by showing (6-19). We consider the case m = 2, 4, the case m = 3 being easier. Note
that from (2-8) that

M[R](z):M[R](z):%/R(%g)l/mRz - %c%e(t)/RQer%[R((aaT(x))l/m—l)Rz.

From (6-16)-(6-17) and following the calculations in (A-13),

‘/(a;/m(x)—zl/m)R2
R

for some constants K, y > 0. Now we consider (6-20). Here we have

_l 2 & 2 1 m—+1
E4[R)(t) = /RX+Z/RR —2(m+1)/Ra8R

A
@ 0]an(; [0 [om) 4] [0+ s [a-darm

Similarly to a recent computation, we have

/(z —ag(x))R™MT!
R

for some constants K, y > 0. On the other hand, from Section A.6 we have
1 1 A 5—
_/Q/z_ /Qm+1=__0/Q2 and A = m,
2 R m+1 R 2 R m+3

Eq[RI(6) = 3¢3° () (h = hoca (1)) /R 0%+ 0(e™"*).
Combining both identities we have

Eq[R)(1) + (c2(t1) = W) M[R)(1) = ¢3° (1) (c2(t1) — hoca (1)) M[Q] + O(e™*7").

< Ke V¥,

< Ke V¥,

and thus

In particular,
Ea[R)(t1) — Eal R)(0) + (c2(tr) = (M [R](11) — M{R](1))
= )\'OM[Q]( 29-}-1([) 29—}—1( ) CZ(tl)( %90) —C29(l1))) + 0(6_8ytl).

To obtain the last estimate (6-21) we perform a Taylor development up to the second order (around

y = yo) of the function g(y) := yzgjl and where y := 6‘20([) and yg := c 9(11). Note that 29+1 = %

1/260

and y," " = c¢2(t1). The conclusion follows at once. |

To establish some stability properties for the function u(¢) we recall the mass M [u] introduced in (2-8).
We have that form =3 and 0 <A < Ag; and form =2,4and 0 < A <A,
Mu)(t) — M[u(ty) < 0. (6-22)

for any ¢ € [t;, T™*]. This result is a consequence of the remark on page 586.
Now our objective is to estimate the quadratic term involved in (6-21). Following [Martel et al. 2002],
we should use a “mass conservation” identity. However, since the mass is not conserved, estimate (6-22)
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is not enough to obtain a satisfactory estimate. Instead we will introduce a virial-type identity in the next

lemma.
Let ¢ € C(R) be an even function satisfying
¢’ <0 on [0, +00),
¢(x) = 1_ on [0, 1], (6-23)
o(x)=e"* on [2, +00),
e X <¢p(x)<3e™* on]|0,+00).
Now, set ¥ (x) := fox ¢. It is clear that ¥ an odd function. Moreover, for |x| > 2,
Y (+o0) =y (Ix]) = e, (6-24)
Finally, for A > 0, set
Ya(x) := A(Y(+00) + ¥ (x/A)>0, e <yl (x) <364, (6-25)

Note that limy——co ¥ (x) = 0.

Lemma 6.4 (Virial-type estimate). There exist K, Ag, 89 > 0 such that for all t € [t1, T*] and for some
Y =¥ (Coo. Ao) > 0,

o / 22t X)Wy (x — p2(1)) < —Bo / (22 + 22) (. x0)e 30 POl KA1z e 7 (6:26)
R R

For the proof, see Section A.4.
We can improve the estimate (6-21):

Corollary 6.5 (Quadratic control of the variation of ¢, (¢)).
| Ea[RI(11) = EalRI(1) + (c2(t1) = M) (M [R](11) — M[R](0)) |
< K21y + K201y + Ke™. (6:27)

Proof. From (6-15) and taking A large enough (but fixed and independent of ¢) in Lemma 6.4, we have
after an integration of (6-26) that

lea(t) —ca(ty)| = KA0||Z(I)||22(R) + KA0||Z(11)||22(R) + KAgDoe™/2even,
Substituting this in (6-21) and taking y even smaller, we get the conclusion. O

Energy estimates. Let us now introduce the second-order functional

%(z)::%/R(z§+(x+(c2(z1)—x)(%)l/m)zz)—m/Rag((RJrz)m“—Rm“—(m+1)Rmz).

This functional, related to the Weinstein functional, have the following properties.

Lemma 6.6 (Energy expansion). Consider the energy Eq[u] and the mass M [u] defined in (1-21) and
(2-8). Forallt €[t;, T™],

Eq[u](t) + (ca(tr) = MM [u](t) = E4[R]+ (c2(tr) = MM[R]+ F2(t) + O | z() |l g1 my)-
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Proof. Using the orthogonality condition (6-10), we have
1 A
Ea[u)(t) = Ea[R]—/ z(ag—2)R™4— / 2Z24= / 21 ag((R+2)"H = R™T1—(m+1)R™z).
R 2 R 2 R m+1 R
Moreover, following (A-13), we easily get

/Rz(ag—2)Rm

< Ke "zl y-

Similarly,
Mul(t) = M[R]+ M[z] + [R (%)™ —1)Rz = M[R]+ M[z] + O(e™*"" | z(t) | g1 g))-
Combining these estimates, we have

Eqlu)(t) + (e2(11) =2 Mu](0) = Ea[R1+<c2(z1)—x>M[R1+§ /R (22 + () =1(%) /™ +2)2?)

1
- R+ z)ymtl_ gm+l_ DR™Z)+0(e 7% |z (¢t .
s [ (R (m -+ DR™2)+0E 7 20l 171
This concludes the proof. |

Lemma 6.7 (Modified coercivity for %,). There exists ¢¢g > 0 such that for all 0 < ¢ < g the following
hold. There exist K, Ly > 0, independent of K* such that for every t € [ty, T*]

Fa2(1) = holl (O3 gy — Kee 7 1201 2y + OU(O ] 2()- (6-28)

Proof. Note that

1
520 =5 [ (24 (@) -0 +2)2)
R
m _ _
-3 fR 017122 4+ 021131 y) + O 201 41 ).
Now take R( > 0 independent of &, to be fixed later. Consider the function

PRy (1. X) 1= ¢(%§(Z))’

where ¢ is defined in (6-23). We split the analysis according to the decomposition 1 = ¢, + (1 —@g,).
Inside the region |x — p,(¢)| < Ry, we have, a consequence of (1-13),

2—ag(x) < Ke 7e¥l < geveRopvem()
Outside this region, we have ¢g, > e Ro_ Thus
/ PRy ((C2(01) = ()" 4 1) 27 = (e2(tr) — KeveRoem7er20)) / PRoZ:
R R

for fixed K, y > 0.
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On the other hand, (1 —¢g,)Oc,| = Ke7Ro_and thus
/(1 R ((€2(t) — 1) (%)M 4 3)22 —/(1 bry) Q1122

> ((eat) — W)™ 4 — Ke7Ro) / (1—gry)z%  (6-29)
R

for fixed K, y > 0. Taking Rg = Ro(m, L) large enough, we have

(6292 5mean) [ (19w

Therefore,

5202 5 [ om(E a2 =mQI 1) 4 5 [ (1= (EE + () st

—Kevefoemrer2) /R $roz” + O(I2O 131 @) + O 201131 gy)-

Taking R even larger if necessary (but independent of ¢), and using a localization argument as in [Martel
and Merle 2002b], we conclude that there exists A¢ > 0 such that

F(1) = Ao /R (3 +2%) — Ke?eRogmrer® /R $RyZ” + (120131 gy) + O 21311 ))-

Finally, taking &¢ smaller if necessary, we have
Fa(t) = ho /R (2% +20) + 0z 31 @) + O 1201 51 -

for a new constant Aq > 0. O

Conclusion of the proof of Theorem 6.1(1). Now we prove that our assumption 7* < +o00 must lead to
a contradiction. Indeed, from Lemmas 6.6 and 6.7, we have for all ¢ € [t;, T*] and for some constant
K >0,

120131 gy = KF2(t1) + Ealut)(t) — Ealul(ty) + (e2(t1) = DM [ul(1) = M [u)(11)]
+ EqlRI(11) ~ Eal R)(0) + (c2(12) = DM [R](1y) ~ MR](0)

+Ke swp ezl + K sup 2032
teft, T*] teft,T*]

From Lemmas 6.2 and 6.3, Corollary 6.5 and the conservation we have
1231 gy = Ke + (ca(tr) = M) (M [u](1) — M [u](11))

+ K sup 12051 gy + Ke 71 (14 Dos'/?) + KDGe/?.
t€fty,T*]

Finally, from (6-22) we have M [u](t) — M [u](t;) < 0. Collecting the preceding estimates we have for
&> 0 small and Dy = Dy(K) large enough

1211 gy < 3 DZe.
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which contradicts the definition of 7*. The conclusion is that
sup [u(t) =270 00, 1) (= p2 () | 1 gy = K"/
t=t

Using (6-11), we finally get (6-2). O

Proof of Theorem 6.1(2): asymptotic stability. Now we prove (6-3) in Theorem 6.1, following closely
[Martel and Merle 2005; 2008].

We continue with the notation introduced in the proof of the stability property (6-2). We have to show
the existence of K, ¢t > 0 such that

: — + 1/2
Jimu0) = Qer (= p2(O) |1 (> feouny =0 and Jeoo =¥ = Ke'72.

ToCoot
From the stability result above stated it is easy to check that the decomposition proved in Lemma 6.2 and
all its conclusions hold for any time t > t;.
Monotony for mass and energy. The next step is to prove some monotonicity formulae for local mass and
energy. Let Ky > 0 and set 5
¢ (x) := = arctan(e*/ K0), (6-30)
g

Itis clear that lim ¢(x)=1and lim ¢(x)= 0. In addition, ¢(—x) =1—¢(x) for all x € R, and
xX—>+00 X—>—00

2 X/ K

Ky 1 —|—€2X/K0’

1
0<¢'(x)= ¢ (x) < 2 (-
0

Moreover, we have 1 —¢(x) < Ke /%0 a5 x — 400, and ¢(x) < Ke*/ X0 a5 x — —o0.
Let 0, xo > 0. We define, for #, 79 > t1, and y(x¢) := x — (p2(tg) + 0 (t —t9) + Xo),

IxO,to(t)I:Auz(t,X)¢(f(X0)) dX, ixo,t()(t) ::/Ruz(l‘,X)(ﬁ(j}(—Xo)) dx’ (6'31)

and
2a,

Ixo,t0 = /R(ui +u?— m—HumH)(t, x)p(P(xg)) dx.

Lemma 6.8 (Monotony formulae). Suppose 0 <o < %(coo (AM)—X) and Ko > \/g There exists K, g9 >0
small enough such that for all 0 < € < gy and for all t,ty > t1 with ty >t we have

Lo t0(20) = Ly 10 (1) < K (e7¥0/ Ko 4 g=1mveTe ;mey X0/ Ko), (6-32)
On the other hand, if t > ty and p,(tg) > t; + Xo.,

Lxg.t0 (1) = Iy 10 (t0) < K(e—xo/Ko + g—le—sypz(to)eayxo/Ko)’ (6-33)
and finally ifty > ¢,

Ixo.10(t0) = Ixg,00 () = K(e—X()/K() + 8_le_V€Tse_EVx0/KO). (6-34)

The proof is given in Section A.5.
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Conclusion of the proof of Theorem 6.1(2). Consider 0 < & < &g and u(¢) satisfying (6-1). From Lemma 6.2,
we can decompose u(7) for all # > 7, such that u(z, x) = 2~1/(m=1) O,y (x — p2(1)) + z(t, x), where z
satisfies (6-10), (6-11), (6-12), (6-14) and (6-15). An application of Lemma 6.4 followed by integration
in time shows that there exists K = K(Dg) > 0 such that

feer — ke x—pa ()|
/ (22 +2)(t.x)e” 2020l < k(D). (6-35)
151 R
Now we claim that
¢t = t—liToo c2(t) <400 and et —coo| < Kel/2, (6-36)

In fact, note that from (6-35) there exists a sequence ¢, 1 +0o0, t, € [n,n + 1) such that

— L
lim (Z)ZC + Z)(tn, x)e A [x—p2(tn)| =0. (6—37)

n—+00 R

From (6-37), (6-14), and (6-15), and taking A¢ > 0 so large that 1/ 4y < y, we get
‘ J 2 —f|x—92(f)| —yet
cz(l)} <K | z°(t,x)e “o + Ke .
R

This, combined with (6-35) and (6-12), allows us to conclude (6-36). This proves the first part of (6-4).
The next step is to prove that

lim sup / (22 +22)(t, x + p2(1))p(x — x0) < Ke ¥0/2Ko 4 go=1o=evTe o=erxo/ Ko
R

t—>+00

This follows from the decay properties of R and the estimate

lim sup / (U2 +u?)(t, x + p2(t))p(x — xg) < Ke ¥0/2Ko 4 go=1o=evTe g=evxo/ Ko (6-38)
R

t—>+00

which we prove now. We start from (6-34): we have for ¢y > tq,
Ixo.t0(t0) = Ixo.10(t1) + Ke X0/ Ko 4 ge=1,=evTe ,—evxo/ Ko,
From the equivalence between the energy and H !-norm (we are in a subcritical case), we have
/R(ufc + u?)(to, x + p2(to))p(x —x0) < K /R(Mfc +u)(t1, x + p2(t1))$(x — ¥o)
4 KeX0/2K | gro—1,¢vTe ;—eyx0/ Ko

where yg 1= pa2(ty) — p2(t1) + o (¢t —to) + xo. Now we send 79 — 400 noticing that yo — +o0. This
gives (6-38), as desired.
We next prove that

lim [ (22 4 2%)(tn, X)$ (x — pa(tn) + Xo) dx = 0. (6-39)
R

n——+00
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where (f,)nen is the sequence from (6-39). Indeed, for any x; > 0,

fR (22 £ 22) (1. x + P2 (1)) (x + x0)

< K(e o 4 ¢0) / (22 4 22) (1 x + pa(tn))e™ 0 + K / (22 4 22) (1. x + p2(tn))$(x — x1).
R R

Using (6-39) we are able to take the limit 7 — 400 in this inequality, with x¢, x; fixed. Taking the limit
X1 — o0 yields the conclusion.

We finally prove that the above result holds for any sequence ¢, — +00. Let < coo(A) — A to be
fixed. We want to prove that for ¢ small enough,

lim /(z§ +22)(t, x)p(x — Bt) dx = 0.
t—>+o0 Jr
First, we claim that for any ¢,, 3 > t1 with t, <3 and p,(f;) > x¢ + t1, we have

/ u?(t3, x)p(x — y3) dx < / u*(t2, X)p (x — y2) dx + Ke ™0/ Ko | go=1o7ver2(t2) syexo/ Ko (640
R R

where y3 := p, (1) + % B(t3 —1t2) —x¢ and y; := pa(t2) — xg. In fact, the left-hand side of this inequality
corresponds to I xo.t» (t3) and the right one is I xo.12 (t2), with 0 1= % B (see (6-31) for the definitions).
Thus (6-40) a consequence of Lemma 6.8, more specifically of (6-33).

Now the rest of the proof is similar to [Martel and Merle 2005]. Since fR z(t,x + p2(t))R(x) =0, we
have

‘ /R 2(t.x + p2(D)RE)(x + x0)| < Kel/2ex0/2K0,
Second, we use the decomposition u(¢, x) = 2~ 1/(m=1) Oy ) (x — p2(1)) + z(2, x) in (6-40) to get
| #0190 33
= /RZZ(’Z’ X)p(x — ya) dx + Ke=*0/2Ko 4 gg=1=ver2(12) gvex0/ Ko 4 K|es (1) — cy(13)].  (6-41)

Third, consider ¢ > ¢; large, and define ¢’ € (1, ¢) such that Sz := p,(¢') + g(t —t") — x¢. Note that
t' — 400 as t — +o00. Since t, € [n,n + 1) there exists n = n(¢) such that 0 < —t, <2, and then

Bt := py(tn) + 2Bt — tn) — Ko, with | %o — xo| < 10.
Now we apply (6-41) between t3 = ¢ and 1, = ¢,. We get
/Rzz(t, x)¢(x — Bt) dx
< /R 22(tn, X)p (x — pa(t) + Fo) dx + Ke™0/2Ko 4 ge=lemvepaln)gyexo/Ko o Ko (1) — ¢y (tn).
Since n(t) — 400 as t = +00, by (6-39) and (6-36) we obtain

lim sup / 21, x)$ (x — B1) dx < Ke ™ 0/2Ko,
R

t—>+o00
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and since x is arbitrary (because of lim;—, 4 02(#;) = +00), we get the desired result. The same result
is still valid for z,,. We have

limsup/ Zi(l,x)¢(x—,8t) dx < Ke X0/2Ko,
R

t—>—+00

Finally, let
wh (e, x) =, x) =27V Q1 (x = pa(1))
=z(1,%) + 270 ) (x — p2(1) — Qo+ (x — p2(1)).

From this and (6-36) we obtain (6-3). O

7. Proof of the main theorems

Proof of Theorem 1.1. We will combine Theorems 3.1 and 4.1 to obtain the global solution u(¢) with
the required properties. This method was employed earlier in [Martel and Merle 2007; Martel et al. 2010;
Muiioz 2010].

By Theorem 3.1 there exists a solution u of (1-15) satisfying u € C(R, H'(R)) and (3-1). This solution
also satisfies, from (3-3),

[u(=Te) = Q-+ 1= T g1y < K&,

for ¢ small enough. In addition, u is unique if m = 2,4 and A > 0, or if m = 3 and A > 0. This proves
Theorem 1.1(1).

To obtain Theorem 1.1(2) we invoke (4-2) and (4-3) in Theorem 4.1. We define Tg =T+ p1(Ty),
and p, := p(Tg). Now (1-27) and (1-28) are straightforward.

Proof of Theorem 1.2. Suppose m = 2,3,4 with A > 0 for m = 2,4. Define t; := T, + p1(T¢) and
Xo := p(Tg). Then, from the preceding estimates and Theorem 6.1 we have stability and asymptotic
stability at infinity. In other words, there exist a constant ¢+ > 0 and a C'! function p,(¢) € R such that

wt (@) = u() =270 4 (= pa (1))

satisfies (6-2) and (6-3). This proves (1-29) and (1-30).
We finally prove (1-32) and (1-33). From the energy conservation, we have for all ¢ > ¢y,

Eq[u](—00) = Eg[27 D0 1 (= pa(0)) + wT(1)]

In particular, from (6-3) and Section A.6 we have as t — 400

(C+)29
(A—Ao)M[Q] = m()»—)»oc+)M[Q]+E+- (7-1)



SOLITON DYNAMICS FOR GENERALIZED KdV EQUATIONS IN A SLOWLY VARYING MEDIUM 617

From this identity ET :=lim,_ 4o E4[w™](¢) is well defined. This proves (1-32). To deal with (1-33),
note that from the stability result (6-2) and the Morrey embedding we have, for any A > 0,
1

i — L +\2 A 124y _ +ym+1
£t =5 [P0 +5 [@h0- g [awhr e

1 A
25 [@hr0+5 [t o- kDR [ awt o 2 uut 0l

for some = (X)) > 0. Passing to the limit we obtain (1-33).
Now we prove the bound (1-34). First, the treat the cubic case with A = 0. Here, from (7-1) we have

4 (c+)3/2
Since in this case we have 22/("~1) =2 = cgéz, M[Q]=2and Ay = %, we obtain %E+ = (%)3/2 —1.

Now we deal with the case A > 0. After some algebraic manipulations, the equation for cso in (4-17)

becomes
260

c
22/(;:”0_1)()\0000 —MM[Q] = (ko —A)M[Q].
On the other hand, from (7-1) and (1-33) we have

(C+)20

27 hoc T =HMIQ] = (o — 1) M (O]

plimsup w* ()13 g <
t—>—+o00 Hl(R)
Putting together both estimates, we get
o A
futimsup [wF ()71 gy < (€H2H =30 — = () =),
t——+o00 )\0
for some [t > 0. Arguing as in Lemma 6.3 we have
1
flimsup [w (]2 @ < (oo =W ((c NP =c2) + 0(|(c 1P =2 ]*).
t—+o00 )\0
From this inequality and the bound |c* — coo| < K& we get
+\26
¢ _ Rt + 2
(Coo) 1= Mltlilil;g lw™ D51 gy

as desired.

Proof of Theorem 1.3. 1In this section we prove (1-35), which implies there is no pure soliton at infinity.
This will require several additional arguments, including the fundamental Lemma 7.5 and a monotonicity
formula that implies that any such soliton would have polynomial decay and be L!-integrable, in
contradiction with the change of scaling.

Suppose, for a contradiction, that (1-35) is false. Then

: + _
t—1>l$oo lw™ Ol g1 @) = 0.
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This, together with subcriticality, implies that £ = 0. Therefore, by using (7-1), and after some basic
algebraic manipulations we see that ¢+ must satisfy the algebraic equation

(ot - %)HO: 27(1- %)HO

0 0

(compare with (4-17)). This relation and the uniqueness of coo give
et =coo(M). (7-2)

In other words, the soliton solution is pure (cf. Definition 1.0).
Now consider the decomposition result for #(¢) from Lemma 6.2. We claim that z(¢) also vanishes at
infinity. Indeed, from Lemma 6.2, the fact that

u(t) = RO +z(0) = wr (@) + 27"V 0, (-=pa (1)) for 1 =11,
and the estimates (6-11) and (6-36), we have
im 20y = 0. (-3)

limy—s oo u(t, - + p2(1)) = 271/=D Q. in H'(R), and lim/— 400 0} (t) — (coo(A) —A) = 0.

Lemma 7.1 (Monotony of mass backwards in time). Suppose u(t) solution of (1-15) constructed in
Theorem 3.1, satisfying (6-2) and (6-3). Define

u?(t, x)

MJu](2) :=/R e dx. (7-4)

Then, under the additional hypothesis A > 0 for m = 2, 3,4, we have, for all t,t' > t; witht’ > t,

M[u](2) — M[u](t)) < Ke™#77. (7-5)
Proof. A simple computation tell us that the time derivative of J[u](¢) is given by

2 / ! / /
u a a a.\" a

0; —=2gfui—;+8/u2(k—;—82(—g) )—28/—81/”“.
R de R dg R ag ag R de

Replacing u by R + z (see Lemma 6.2) and using assumption (1-14) and estimates similar to (A-13),
plus the smallness of ||z (?) || g1 g, We get

0 Mu)(r) = —Kee ",
for some K,y > 0. The result follows after integration. O

Remark. The estimate (7-5) is valid under the additional assumption 0 < A < A¢. This extra hypothesis
unfortunately does not hold in the case m = 3, A = 0.

Lemma 7.1 allows us to prove a version of Theorem 3.1 for positive times.
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Proposition 7.2 (Backward uniqueness). Suppose m = 2,3,4. Let B € Rand 0 < A < Agy. There exist
constants K, y, g9 > 0 and a unique solution v = vg € C([%Tg, +00), H'(R)) of (1-15) such that

Jim @) =270 0 (= (coo () =1 = B 1y = 0- (7-6)

Furthermore, for all t > %Tg and s > 1 the function v(t) satisfies

Jo@) =27V D00 (= (coot) = 1)t = B) | oy < K™ '™ (7-7)
Finally, suppose that there exists v(t) € H'(R) solution of (1-15) such that
: 5(1) — o~ 1/(m=1) - = -
im [[5() -2 Qoo (= P20 g1y = 0- (7-8)

Then v = vg for some 8 € R.

Proof. Given 8 € R, the proof of existence and uniqueness of the solution vg satisfying (7-6) and (7-7)
is identical to the proof of Theorem 3.1 in Section 3 and Section A.1. First we construct a sequence of
functions v, as in (A-1) for times ¢ ~ T,. Next, we prove a decomposition lemma as in Lemma A.1.4.
This yields a version of (7-5) for M[v,](¢). The main difference is given in the estimates (A-14) and
(A-15), where now we introduce the modified mass JM[v,](¢) defined in (7-4). The energy functional in
(A-18) is now given by E4[v,](¢) 4 (oo (A) — A)M[v,](2). The rest of the proof, including the uniqueness,
adapts mutatis mutandis.

Now consider a solution v of (1-15) satisfying (7-8). Using monotonicity arguments, similar to the
proof of Proposition A.1.7, we show the existence of 8 € R such that

”'E(f) - 2_1/(m_1)Qcoo(' — (Coo(A) = A)1 — IB)HHI(R) = Kg_le_syt,

for some K,y > 0. This implies that there exists S € R such that v satisfies (7-6). The conclusion follows
from the uniqueness of v(¢). |

As a consequence of this result together with (7-3), the solution u(¢) constructed in Theorem 3.1
satisfies the following exponential decay at infinity: there exist K,y > 0 and 8 € R such that, for all
t > tq, if p(t) := (coo(A) — A)t + B, then

2t) = u(t) =27V Q0 (= pa(t)),  satisfies  [Z(0)]| gy < Ke e (7-9)
Now we prove that this strong H '-convergence gives rise to strange localization properties.

Lemma 7.3 (L?-exponential decay on the left). There exist K, %o > 0 large enough such that for all
t > Ty and for all xo > Xg

lute, -+ B2 ]2 sy = KK (7-10)

Proof. Suppose xg > 0, t,¢9 > t; and ¢ > 0 from (6-3). Consider the modified mass

7 [ dP(x)
It"’x"(t)'_E/R 2 0) (1-9¢(y))dx,
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with y := x — (p2(tg) + o(t —ty) — xo) and ¢ defined in (6-30). For this quantity we claim that for
Xo > X¢ and for all # > ¢,

Tty o (t0) = Trgxo (1) < Ke 0/ K (1 4 g=300~10)/K), (7-11)

Let us assume this result for a moment. After taking the limit # — +o00 and using (6-3), we have
lim;— 4 oo f,o,xO () = 0 and thus
T1y,x0 (to) < Ke /K.

Now (7-10) follows from the fact that zy > ¢#; is arbitrary.
Finally, let us prove (7-11). A direct calculation tell us that

1 A=¢() , 3 [¢ , 3 /a’ 2 m /
2 t/R g " 2 Ragux+28 Rag( Phux m+1 R(,bu
1 / 3) / AN
+—/u2((0+k)£—¢ +38¢//&+382¢,(&>)

&

€ 2 A oA\ /a,s m-+1
¢ 22 2(2e) Y a—g)—e [ 2= 1—¢).
+2/Ru ( e (ag) )( 0 [ Lwmtia-g)

Using (7-9), we have

R

/ a_/&‘um-l—l(l _¢)
R A

&

EKg(m—l)/zf¢/22+K€—5a(t—to)e—xo/1(’
R

%22(1 — ).
dg

< Ke—;a(t—to)e—xo/K+Kg(m—l)/z/
R

After this, it is easy to conclude that
2 R A N

The conclusion follows after integration in time. O

The proof of decay on the right-hand side of the soliton requires more care, and is valid under the
assumption limsup,_, . oo [w™t (?)|l g1 ® = 0 and A > 0. We do not expect to have exponential decay in
a general situation, but for our purposes we only need a polynomial decay. The following result is due to
Y. Martel.

Lemma 7.4 (L?-polynomial decay on the right the soliton solution). There exist K, X¢ > 0 large enough
but independent of e, such that for all t > Ty and for all x¢ > Xy

[ = x03 2+ a0y dx < K.
R
where x4 := max{x, 0}.

Proof. Take x¢ > 0, ty,t > t; and define

fto,xo(l)2=/REZ(LX)¢(J7)dx; Y= x—=(pa2(to) + 0 (t = 10) + Xo),
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and

Froo (1) i= /R 21, )p(5) dx.

Here ¢ is the cut-off function defined in (6-30), and & is a fixed constant satisfying ¢ > 2(coo(A) — A).
We claim that there exists K > 0 such that (for simplicity we omit the dependence if no confusion is
present)

19 L1y ()] < K / 2+ 299 + ed (ex)pldx + K||Z(t) || g1 gye e 10 Kemexol/ K (712
R
and
19 J1g.00 ()| < K / (22, + 22+ 29 + ed (ex)pldx + K|Z(t) || goye 0 K emex0/ K (7.13)
R

Indeed, these estimates are proved in the same way as in Lemma 6.4 and Section A.4. For the sake of
brevity we skip the details.

From Proposition 7.2 and the exponential decay of z we have that both right-hand sides in (7-12)-(7-13)
are integrable between #y and +o00. We get

R +o0
L1y.x0(to) < K (22 + 2@’ + ed' (ex)pldx dt + Ke™' sup |Z(2)|| HI(R)e—SXO/ K (7-14)

to R |2 1))

In the same line, we have

+o0
Jto.x0(t0) < K f (2 + 224+ 2P +ed (ex)pldx di + Ke™" sup |Z(0) || gye /K. (7-15)
to R

t=to

Note that both quantities above are integrable with respect to xg.

Set £0(7) := ¢(¥) and &; () = f_yoo &_1(s)ds, for j = 1,2. Recall that the §; are positive and
increasing functions on R, with §;(y) — 0 as y — —o0, and & (J) — 7/ — 0 as  — +oo. Integrating
(7-14) from x¢ to 400 and using Fubini’s theorem we obtain

+oo
[0 =& [ [ G+ Pto+ea @il + Ko s EO e /K. 7-16)
R to JR 1=ty
Similarly, from (7-15),
f £1(F(10))23 (to, x) dx = Ke 37270 4 Ke™2 sup | Z(0)l| g2y~ * . (7-17)
R t>tg
In conclusion, thanks to the exponential decay of Z and (7-16)—(7-17), we have
+o00
/ £1(x — pa(t) — x0) (B2 + 22)(t, x) dx dt < +o0.
to R

Furthermore, p,(¢) < p2(ty) + o(t —ty) for all £ > ty. Thus

+o00
/ EL(7(1))(E2 4+ 22)(t, x) dx dt < +o0. (7-18)
to R
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In addition, an easier calculation gives

+o00
/ / d' (ex)E(7(1)) (B2 4+ 52)(t, x) dx dt < +o0. (7-19)
to R
From (7-18) and (7-19), we can perform a second integration with respect to x¢ in (7-16) to obtain

[ &G0 dx < e,
R
uniformly for xg large. Since ¢, is arbitrary, this last estimate gives the conclusion. O

Lemma 7.5 (Ll—integrability and smallness). Assume (7-3) holds. There exist K, Ty > 0 large enough
such that u(t,- + p2(t)) € LY(R) for all t > Ty. Moreover,

/RZ(Z)

Finally, from the L' conservation law (1-9), we have u(t) € L' (R) for all t € R and

/Ru(t)zjl;{Q. (7-21)

Proof. Let xo > Xg to be fixed below. If |x| > x¢ we have 2_1/(”’_1)QCoo (x) < Ke~v¢l¥l Since
Z(t, x + pa(0) = ult, x + py(r)) =21/ m=D Q¢ (x), by using Lemma 7.3 and the stability bound (6-2),
in addition to a Gagliardo—Nirenberg type inequality, we then get, for all x < —x,

1
<— 7-20
= 100" (7-20)

1 L
(6, x + p2(0)] = KIZ(t -+ 52O Fa gy 29 (- + 52 (0) 72y = KM/ K,
For x € [—xg, x¢] one has
/ Z(t,x + pa(2)) < Kx 22, x + ,oz(l))IIIL/ZZ(R) Kxé/zel/“-
[—x0,X0]
The case x > x¢ requires more care. From Lemma 7.4 and the Cauchy—Schwarz inequality, we have (for
clarity we drop the dependence on x + 0, (¢))
K 2k

<— 1+x—5c222t) <—,
o7 (o 0+ 0P20) < i

0

z(t)

X=X

for x( large enough, independent of e. From these estimates we obtain the smallness condition (7-20).
That u(¢) is in L' (R) for all # € R is a consequence of Proposition 2.1. It is clear that from this last
fact (1-9) remains constant for all time and (7-21) holds. O

Conclusion of the proof. From (7-2) and Section A.6 we have

(P " "
e RZ(I)Z( 21/0n= 1))/Q_(1_Km)/ Q#0. wWith K= i1y
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For m = 3, 4 it is easy to see that 1 —«k, > . For m =2 we have k; = %coé ; but from (4-19) we know
that coo < 23 In any case, then, we have 1 —. Thus

li 1) > —

zifoo/Z() = 10/ Q.

in contradiction with (7-20). This finishes the proof of (1-35). O

Appendix: Proofs of auxiliary results

A.1. Sketch of the proof of Theorem 3.1. We follow [Martel 2005], to which we refer the reader for all
the details omitted here.

Let (Ty)nen € R be an increasing sequence with 7, > %Ts for all n and limy,— 4o T, = 4+00. For
notational simplicity we denote by 7}, the sequence (1—1)7},. Consider the solution u,(¢) of the Cauchy
problem

{(un)t + ((Un)xx —htn +aguyy) =0 in Ry xRy, A)

un(=Tn) = Q(-— 7~-'n)
Thus uy is a solution of (aKdV) that at time t = —7}, corresponds to the soliton Q(-— Ty). Clearly,
O(-—Ty) € H*(R) for every s > 0; moreover, there exists a uniform constant C = C(s) > 0 such that

10C- = T)llzrs @ =< C.

According to Propositions 2.1 and 2.2, u,, is locally well defined in time, and global for positive times in
H'(R). Let I, be its maximal interval of existence.

The next step is to establish uniform estimates starting from a fixed time ¢t = —%T ¢ < 0 so negative that
the soliton is not influenced by the perturbation in the potential. That is the content of this proposition,
proved in the next section:

Proposition A.1.1 (Uniform estimates in H*® for large times). There exist constants K,y > 0 and g9 > 0
such that, for all 0 < e < eq and for all n €N we have [~ Ty, —1 T;] € I (so up € C((= Ty, —3 Te], H* (R)))
and, forall t € [~T,, —1T,],

lun(t) — Q- — (1= || sy < Ke™'e?". (A-2)
In particular, there exists a constant Cs > 0 such that, for all t € [Ty, —%Tg],
lun (@)l s (m) < Cs- (A-3)

Using this result we will obtain the existence of a critical element ug « € H*(R), with good compact
properties, nondispersive, and uniformly close to the desired soliton.

Indeed, consider the sequence (un(—%Tg))neN C H*(R). A standard argument shows that, given any
8 > 0, there exist &g > 0 and K¢ > 0 such that

/ u,%(—%Tg) <6 forall 0 <e<gyandn eN. (A-4)
|x\>K0
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To use this in the proof of Theorem 3.1, note first that (A-3) implies that

ln(=Te/2D | 1wy = Cos

independently of n. Thus, up to a subsequence we may suppose that u n(—%T g) — Uy o in the H L(R)

12 ,c(R), as n — +o0. In addition, from (A-4) we have strong

convergence in L?(R). From interpolation and the bound (A-3) we have strong convergence in H*(R)

weak sense, and un(—%Te) — Uy in L

for any s > 1.

Let ux« = u«(¢) be the solution of (1-1) with initial data u*(—%TS) = Ux,0. From Proposition 2.1 we
have u, € C(I, H*(R)), where —%T = € I, the corresponding maximal interval of existence. Thus, using
the continuous dependence of u, and w4, we obtain u,(t) — ux(¢) in H5(R) for every ¢t < —%T . C 1.
Passing to the limit in (A-2) we obtain, for all ¢ < —%Tg,

lus(@) = Q- = (1=2)D) | sy < K™ e,
as desired. This completes the proof of the existence part of Theorem 3.1, assuming Proposition A.1.1.

A.1.2. Uniform H" estimates. Next we outline the proof of Proposition A.1.1. We consider only the H
case. The first step in the proof is the following bootstrap property:

Proposition A.1.3 (Uniform estimates with and without decay assumption). Letm =2,3,4and 0 <A <
Ao < 1. There exist constants K, y, &g > 0 such that for all 0 < ¢ < g¢ the following is true.

(1) Suppose m =3, or m = 2,4 with A > 0. Then there exists oy > 0 such that, for all 0 < o < a, if
for some =T, « € [Ty, —%Tg] and for all t € [T, —Ty x| we have

[un(®) — O(-— (A=D1 (w) = 20, (A-5)
then, for all t € [Ty, =T «],
lun (@) = Q- = (A=M)D) | g1 gy < K™ e (A-6)

(2) Now suppose m = 2,4 and A = 0. Then (A-6) holds if for some —T, « € [T, —%Tg] and for all
t € [Ty, =Ty ) one has

lun(t) — Q- — (1=M)D) || g1 gy < 2Ke ™'Y (A-7)

Proof of Proposition A.1.1, assuming the validity of Proposition A.1.3. We assume item (1) of the
proposition. The case in which we assume item (2) is similar. From (A-1) we have

tn(—Tn) — Q(_(l_)‘)Tn)”Hl(R) =0,

so there exists tg = fo(n, ) > 0 such that (A-5) holds true for all ¢ € [T, —T; + to]. Now consider (we
adopt the convention T , > 0)

—]N”*,n = sup{t € [Ty, —%Tg] Nun(@)—0O(- 1 — (1—k)t')||H1(R) <2 forall ' € [T, t]}
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Assume, for a contradiction, that —f*,,, < —%Tg. From Proposition A.1.3, we have
Jun(@) = Q-1 = (1=0)1) | g1 () < K™ <@,
for ¢ small enough (recall that 7 < —%T e = —ﬁg‘l_ﬁ). This contradicts the definition of 7. wn. O

We turn to the proof of Proposition A.1.3. The first step is to decompose the solution preserving a
standard orthogonality condition. To obtain this, we suppose (without loss of generality, by taking 7}, «
even larger) that, for all € [T, —Ty,«],

|un(@) = Q= (A=2)t = () | g1 gy = 202, (A-8)

for all smooth ry, = r,(¢) satisfying r,(—=T,) = 0 and |r;,(t)| < 1/¢2. A posteriori we will prove that this

condition can be improved and extended to any time ¢ € [T}, —%Tg].

In what follows we drop the index # in —T% , and uy, if no confusion can arise.

Lemma A.1.4 (Modulation). There exist K,y, g9 > 0 and a unique C function pg : [-T,, —Tx] — R
such that for all 0 < ¢ < gq the function z defined by

z(t,x):=u(t,x)— R(,x); R, x):=0x—1=A)t—po(?)) (A-9)
satisfies, for all t € [T, —Tx],
| 2R dx =0 01y = Ka pol=Tn) =0 (A-10)
Moreover, z satisfies the modified gKdV equation
ze+ (zxx = Az +a:(R+2)" = R™) + (1 —ag) R™)  — po () Rx = 0, (A-11)

and
0o = K (e + 120 g1y + 120117 2y)- (A-12)

Proof of Lemma A.1.4. The proof of (A-10) is a standard consequence of the implicit function theorem,
the definition of T (= T%,,), and the definition of u,(—7}) given in (A-1). Similarly, the proof of (A-11)
follows after a simple computation.

Now we deal with (A-12). Taking the time derivative of (A-9) and using (A-11), we get

OzfztRx—(l—k+,06)/szx
R R

=/ (zxx—z+as((R+z)’"—R'”)+(1—ae)Rm)Rxx+pg/Rx(Rx+zx).
R R

Note that
/R Re(Rx +2x) = /R 0™ + 0((1) | 2 wy)-
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On the other hand, from (1-13), (A-10), the uniform bound on ,oé)(t) in the definition of T, and the
exponential decay of R, we have

< Kefv!, (A-13)

/(1 _as)Rmex
R

Indeed, first note that from (A-8), by integrating between —7} and ¢ and using (A-10) we get

polt) = —o-— 1 < 2 < Kel b,
n &

Thus ¢t + po(¢) <1t + Kel+00 < %t. Therefore, by possibly redefining y, we have from (1-13)

0
< K/ VEX = Dx—+000)] g 4 K M+ DE+00(0)) /°° o=t x
—00 0

f(l _as)Rmex
R

< Kexp(ye(t + po(1)))+K exp(y (m + 1)(t + po(2))) < Ke’*.
Finally,
fR Rux(zxx =2+ ae((R+2)" = R™) = O(|2(0) | L2y + 1201 2gy)-
Collecting the estimates above we obtain (A-12). O

A.1.5. Almost conservation of mass and energy. Recall that from the remark on page 586 that the modified
mass defined in (2-8) satisfies
Mu](t) = M[u](=Th). (A-14)

forall -7, <t < —%T =. Moreover, in the case m = 2,4 and A = 0, since (1-20) and (A-7) hold, there
exist K,y > 0 such that
Mul(t) < M[u)(—Ty,) + Kee”®', (A-15)

for ¢ small enough. By extending the definition of M [u] to the latter case, we have almost conservation
of mass, with exponential loss for all cases.

Similarly, in the region considered the soliton R(?) is an almost solution of (1-15); in particular it must
conserve mass M (2-8) and the energy E, (1-21), at least for large negative time. Indeed, an argument
as in Lemma 6.3 (but easier) gives

Eq[R)(~Ty) = Eq[RI(0) + (1=N)[M[R)(=T) - M[R](1)] < Ke”*". (A-16)
for some constant K > 0 and all time ¢ € [T}, Tx]
The next step is the use conservation of energy to provide control in the R(¢) direction (which is
essential in order to obtain certain coercivity properties; see Lemma 2.3). Following Lemma 5.4, one has
K
/R Rz(1)| < E(e”t + ||z(z)||i2(R) +e" Mz 2w (A-17)

for constants K, y > 0 independent of ¢.
Now, consider the energy E4[u] and the mass M [u] defined in (1-21) and (2-8). One has

Eq[ul(t) + (1=A) M[u](t) = Eq[R)(t) + (1-A) M[R](t) — /R z(ae — D)R™ + Fo (1), (A-18)
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where %, is the quadratic functional
1 ~ 1
Fol(t) = = / a2+ (0-M)M[z] - —— / ag((R+2)"T = R™! — (m 4+ 1)R™z).
2 R m+1 R

In addition, for any ¢ € [T}, —T%],

/Rz(a,2 —1)R™

The proof of (A-18) is essentially an expansion of the energy-mass functional using the relation u(¢) =
R(t) + z(t). The proof of (A-19) is similar to (A-13).
The functional F((¢) just defined enjoys the following coercivity property: there exist K, Ay > 0

< Ke”*' |z 2wy (A-19)

independent of ¢ such that for every ¢ € [T}, —T%]
2

9’*00)ZKoIIZ(l)IIqu(R)—‘/RR(Z)Z(I) — Ke"* |21 2@y — KNZ (D1} 25 (A-20)

This bound is simply a consequence of the inequality A + (l—k)a;/ "(x) > 1, (A-10) and Lemma 2.3.

A.1.6. End of proof of Proposition A.1.3. Now by using (A-18), (A-20), and the estimates (A-14), (A-15),
and (A-17) we finally get (A-6). Indeed, note that

Eq[u)(t) = Eq[ul(=T) + (1=M)[M [u](t) — M[u](~Tn)] < Ke*".
On the other hand, from (A-18) and (A-10),
Eq[u)(t) = Eq[ul(=Ty) + (1=M)[M [u](t) — M[u](=T»)]
> Fo(t) — Ke?*' — Ke"*'[|z(t) | L2 gy
since z(—Ty) = 0 and Fo(—T5) = 0. Finally, from (A-20) and (A-17) we get
121y < Ke?™".

Plugging this estimate into (A-12), we obtain that | ,06 (Z)| < Ke”®", and thus after integration we get the
final uniform estimate (A-6) for the H!-case. Note that we have also improved the estimate on p6 ()
assumed in (A-8). O

We now address the uniqueness part of Theorem 3.1. Recall that the solution # constructed above is in
C(R, H*(R)) for any s > 1, and satisfies the exponential decay condition (3-2). Moreover, every solution
converging to a soliton satisfies this property:

Proposition A.1.7 (Exponential decay). Let m = 3, orm = 2,4 with 0 < A < Ag. Let v = v(t) be a
C(R, H'(R)) solution of (1-1) satisfying

im[[u() = Q(-= (1=1)0) | 11y = 0.

Then there exist K, y, g9 > 0 such that for every t < —T, we have

o) = OC-— (1=M)1) | g1 gy < Ke™'e?*".
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Proof. Fix a > 0 small. Let g9 = g¢(«) > 0 be small enough such that for all e < gy and t < —T

[v() = (- = (=MD g1 w) = .

Possibly choosing ¢ even smaller, we can apply earlier arguments to the function v(¢) on the interval
(—o0, —%T ¢] to obtain the desired result. We follow part (1) of Proposition A.1.3: Lemma A.1.4 holds
forz(¢) ;= v(t)— Q(-— (1—-A)t — po(¢)) and ¢t < —%Tg, but now we have, by hypothesis,

im0 ()] + 12071y = 0

and therefore lim;—,_o, %o () = 0. (This can be made rigorous by taking a sequence ¢, — —oo large
enough and such that [|[v(ty) — Q(- — (1=Mt) | g1 ) = % With this choice one has |pg ,(t:)| +
zn(tn) | 1 (®) — O, independently of e. Rerunning as usual the proof in the interval [, ] and finally
taking the limit n — 400, we obtain the conclusion.) The rest of the proof is easy. O

Note that monotonicity of mass was a key ingredient in this proof. This property apparently does not
hold when A =0 and m = 2, 4.

A.1.8. Uniqueness of the solution. Let w(t):=v(t)—u(t). Then w(t) € H'(R) and satisfies the equation

{wt + (Wxx —Aw +ag[(u +w)" —u"))x =0 in Ry xRy, (A-21)

[w g1 gy < Ke7lev®t  forall t < —%TE.
We must show that w(z) = 0. Define the second-order functional
1 1 1
Folt) := 3 /R w2 + 3 /R w? — ——l Rag(x)[(u +w)™ T+ D™ w).

Reasoning as in the proof of Lemma 5.6, it is easy to verify the following properties:

(1) Lower bound. There exists K > 0 such that for all ¢ < —%Tg,

1

Folt) > = / (w2 4+ w2 —mQ™ 'w?)(t) — Ke'e?® sup ||w(t’)||12ql(R).

2 Jr t'<t

(2) Upper bound. There exists K, y > 0 such that
Folt) = Ke 267 sup [w(t)31 sy
<t

However, this functional is not coercive, so in order to obtain a satisfactory lower bound, one has to
modify the function w in (—oo, —%Tg] by setting

w@®)Q'(-—1)

W(t) == w(t) +b0)Q'(-—1), b(l)i=‘/[R Tor
R

This modified function enjoys several properties:

(1) Orthogonality to the Q' direction: / w()Q'(-—1)=0.
R
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(2) Equivalence. There exists Cy, C, > 0 independent of ¢ such that
CillwOllg @ = 10Ol 1w +16O] = Collw@)]] g1 w)-
Moreover,
3 [ wd e w?—mom w0 = 3 [ @+ 5= mQ ) + O
(3) Control in the Q direction:
[ oo

This property is proved similarly to the proof of (6-15): We use the fact that variation in time of the
above quantity is of quadratic order on .

< Ke ' sup |w(t)ll g1 -
/<t

(4) Coercivity. There exists A > 0 independent of 7 such that
2

3 @3 7 =m0 = 10y - K \/R BOO(-—1)

(5) Sharp control. From the equivalence between w and w and the coercivity property we obtain

1) | g1y + €lb(@)] < K252 sup [|w ()| g1 (- (A-22)

t'<t

The bound on b(t) is proved similarly to (6-14).

Finally, from (A-22) we obtain, for ¢ small enough and ¢ < —%Tg,

lw @)l g1y < Ke 2" sup [lw(t) || g1y < 3 5P w1 gy-
t'<t t'<t

This implies w = 0, proving uniqueness. O

A.2. Proof of Proposition 4.2. The proof is similar to that of [Martel and Merle 2009, Proposition 2.2]
(see also and [Martel and Merle 2007, Appendix]). We start by writing the error term S[i] of (4-9) as

Slul=1+01+111, (A-23)
with
I:= S[R]. (A-24)
Il '= w; 4+ (Wxx — AW 4+ m ag R™" w),, (A-25)
1l := (as(R+w)" — R™ —mR™ 'w)) . (A-26)
Recall that m = 2, 3, 4.
Lemma A.2.1. We have
I=¢eF(et;y) + et (2 OMy + 6 fi(et) FL(p), (A-27)

2a™
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where , ~ /
c a a
Fi(et; y) = gAQc — é_z(c_)‘)Q" + &—m(J/QT)y €Y,

and | f1(et)| < K, FCI €Y. Finally, for everyt € [—Tg, T¢],

le* 1) F (D ey < Ke. (A-28)
Proof of Lemma A.2.1. Recall that a := am=T and
R(t.x) = Qf(g—t)(y) y=x—p(), 9:p(t) =c(er)—A.
a(ep(1))

Thus

' —A A 1
I= Ryt (Rax R+ R = S5 A0~ =2 01— T M 0 1 Lo® 2 01 4 Lo atex) ).

A Taylor expansion gives

(a(ex) Q¢ x = a(ep)(Q¢)x + ed' (ep) (Y O )x + 36°a" (60) (12 OF)x + Oy (67).

Therefore,

_e i =N & d(c=D) 1,0 _ m m

™+ & fi(st) FL ()

= 010t O+ A Qe (1) Qe+ 0 (1 O+ S0 (2 Oy e fren) L (1)

= s(%AQC ~ L0+ ;—m(yQT)y)+%(y2Q’Z’)y + 83f1 (e0) FE ().

Moreover | f7(et)| < K, FI(y) €%, and (A-28) is satisfied. |

Lemma A.2.2. The quantity Il is given by

da'(ep)
a(ep)

with Fll(et;-) € Y, uniformly in time. If, in addition, Property IP holds for A, then

—e(LA)y(et; y) + &> ((Ac)e +¢ ()N AC) (13 y) +me® ——=(y QU () Ac(et; ), +&  Fll (et: ).

le® FY (et; )| ramy < Ke*e 7V, (A-29)
Proof. We compute

I = e(Ac(et; p))s + e[ (Ac)yy(et; p) — hAc(et; y)+ﬁmQ’” L) Ac(et; )],

= —e(LAc)y(et; y) + 2 (Ac) i (et; y) + &2/ (st) A Ac(et, p)
2 d'(ep)

a(ep)
where F/(et;y) = O(y2 01 (y) Ac(et; y))y € %. Now (A-29) follows from Property IP. |

+me (YOI (W Ac(et; y))y + & Fl (et y),
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Lemma A.2.3. Suppose Property IP holds for A.. Then we have
I =3 (ex)[e™ 2 A™ (st y) + FM (et: )] + 2ac G (st y),
with Fé”(st; 2), G (gt; ) € Y, uniformly for every t € [—Ty, Te]. Moreover, we have the estimate
20| g gy < Ke?e 7ol (A-30)
foreveryt € [—Tg, Tg].

Proof. Define I1I := ag((R+w)™ — R™ — mR™~! w).

Suppose first that m = 2. Then 1l = agw? = e2a; A2, and taking the derivative, Il = ¢3a’(ex) A% +
e2ag(A2)'. Here (A2) € Y because of Property IP.

Now suppose m = 3. We have 111 = 2a, (3QCA§ + 8Ag). From this we get

1l = &3d (ex) (30 A2 + eA3) +6%a, (3(Qc A2) + £(A2))).
Finally, for the case m =4,
_ 20602 42 3, 244
I = (age® (602 A2 + 40 A2 + 2 A}))

=&3a (ex)(6QF AL + 462 QAL + > A2) + 2as (6(Q2 A7) +4e(QcAY) + €2 (42)).
Thus (A-30) holds in each case, assuming Property IP. O
Now we collect the estimates from Lemmas A.2.1, A.2.2 and A.2.3. We finally get

S[a) =1+ 1 + I = e(Fy — (£Ac)y)(et; p) + 2 ((Ae)s + ¢/ (st) AAc) (et; y) + O(?e Ve,
provided Property IP holds for 4.
A.3. End of proof of Proposition 4.7. In this section we will show that for all ¢ € [T, T¢] (cf. (4-29))
ST 2y < KeZe™?eM], (A-31)
where u is the modified approximate solution defined in (4-26). We do this by writing a decomposition
S[a)=1+1+ 1.

similar to that in Section A.2 (see (A-23)—(A-26)). Lemma A.2.1 applies, so the term [ is given by (A-27)
with no change. The term II1 can be written as

11 = 83a'(8x)(8 INMA™ (et; y) + FM (et y))—i—s aa(Gm(st y) +em oy AT,

with F/ (et;-), G¥ (et;-) €Y, uniformly for every ¢ € [~ T, T¢]. This is proved exactly like Lemma A.2.3,
the only novelty being the appearance of the term

Flagpty A, with [ ag () AN g2y < K™ el
We thus get the estimate

11| g2y < Ke*e 71 forall t € [T, T,). (A-32)
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Finally, for the term 11 , we show that
1= —enc(»)(LAc)y (13 ) + Oppa gy (377N, (A-33)
This is done along the lines of the proof of Lemma A.2.2, as follows. We have

(eAx(et: y)):
= —(c—Ne2nLAc(et; ¥) — (¢ = M)ene(Ac)y (et; y) + €216 (Ae) e (et; ¥) + e3¢ (st)ne AAc(st; p).

We use Lemma 4.5 and (4-28) to estimate this expression, obtaining

(eAu(et: 1))e = —(c — Nens(n)(Ac)y (er: y) + Oppaqy(e3e7eM), (A-34)
On the other hand,
e ((Anwx—1dy+ e 1(y>A#)x
=e (ng((Ac)yy MO )26 (o) ezn;’Ac)x
= ‘9778((Ac)yy A+ (8 )MQ’Z’ "(1)Ac )x
+ &2 (3n,(Ac)yy — MipAc + asmn, QT A + 3en)(Ac)y + 21 Ac)
= ene((Ac)yy — e + QP ()Ac) et (01 ),

+e? (377;(Ac)yy_}”7/gAc +aem’7/gQ2n_l Ac +38778 (Ac)y +8277(3)A )+0(33778(y2 an_l Ac)y)-
We now use Lemma 4.5 and Property IP to get the estimates

d'(zp)
|t
[0 n: (>0 400 | oy = K&,

e 110 Ac| g = eZevell

‘H ne(y Q™™ IAC)J’HHZ(R) < Ke2e ysltl

|e*An, Ac| < Khezevell,

H2(R)
2|30 (Ac)yy + aemn, Q7' Ae + 3eni(Ac)y ”HZ(R) < Ke2eveltl
Therefore

€ ((A#)xx

1 0)4s)

= &1 ((Ac)yy =M +mOP " (1) Ae), + Oppagy (P71 +6%). (A-35)

( r)

Now (A-33) follows from (A-34) and (A-35).
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We return to the global estimate on S[iz]. From (A-27), (A-32), (A-33), and Lemma 4.5 we get
. .
Slit] = e(F1(et, ) = 1e(»)(LAc)y) (81, ¥) + Oppa gy (27741
3 _
=e(1—nc(¥) F1(et; ) + Opagy(e2e ysltl).

The final conclusion of this appendix is a straightforward consequence of the following fact: For every
t € [-T, T¢] we have
_1_
le( = ne() Fi(et: )l < Kee =71 < Ke'®.
for & small enough. Indeed, note that supp(1 —n.(-)) € (—o0, —%]. From (A-27),
|Fy(ct; y)| < KeVIVI=vell,

Now the desired estimate follows directly.

A.4. Proof of Lemma 6.4. Our proof of the virial inequality (6-26) follows closely that of [Martel and
Merle 2005, Lemma 2]. Take ¢ € [¢1, T*] and set y := x — p,(¢). We have

8t/RZZ¢Ao(y):2[I;QZZtWAo(J/)_p/2(Z)/I;Zzw;lo(y)'

Substituting the value of z; given by (6-13), we can express the right-hand side as a sum of terms:

2 [R (200 () (= Az + MO (3)2) (A-36)
(@0 =1) [ 2¥ =20 -1= )0 [ 204140 (A37)
R R
2 /R (0y ) l(R+ 2" — R™ —mR™1 2] (A-38)
~2640) [ 2AQestiag () + (2= 2= p)0) [ 20, ) (A-39)
R R
[ Gpagstas =R+ 2 (A-40)

Following [Martel and Merle 2005] and using (6-14) and (6-15) it is easy to check that, for 4, large
enough and for some constants &g, &g small,

(A-38) + (A-39)] < 20 / (22 4+ 2) (e AV
100 Jg

Estimating (A-36) and (A-37) is done as for By and B, in [Martel and Merle 2005, Appendix B]. We get
) 1
(A-36) + (A-37) < —1—00 / (z2 +z2)(1)e 20 ”.
R
Finally, (A-40) can be estimated as follows. From (6-11) and (6-12) we have for r > t;

2(1) = coo + O('?),  pa(t) = (coo — Mt + O 2(t —11)),
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and then
T0¢o0 = €2(1) = qgcooi  p2(1) = 1p(coo = M)L. (A-41)

On the other hand, we can write

(A-40) = /I;{(ZWAO)x(aa )R+ 2)" ="+ /R(ZWAO)X (ag—2)z"
= / (Vag)x(@e —2)[(R+2)" — 2"z + / Vay(ae —2)[(R+z2)™ — 2"z
R R

m +1 € +1
+ m—-i-l /R(WAO)X(GS —2)z"T — m—-i-l A lﬁAoal(Sx)Zm .
Then, from (1-13), (6-25) and by using thatt > ¢; > %Tg, we get

< KAoe 2O/ 40|12(t) | g1y < KAoe Y |20l 1 gy

/R (Vo) (s — DR + 2" — =™z

for some y = y(Ay, o0, A) > 0 independent of ¢ and Dy. (See (A-13) for a similar computation.)
Similarly,

‘/R Vo (ae —2)((R+2)" —2")zy

< KAoe !z g1 (wy.

< Kdoe 7 |20t

‘/[R(WAO)X (ae — 2)Zm+1
Finally, from (6-24) and (A-41),

= KAOe_ygt ”Z(t) ||r:IT(1[R)

: /R Yty () (622!

In conclusion, (A-40) = O(Age 7% ||z(2)|| H!(R))> for & small enough.
From (A-41) we obtain the second term in (6-26). Collecting the estimates above we conclude the
proof. O

A.5. Proof of Lemma 6.8. This is very similar to [Martel and Merle 2005, Lemma 3]. Recall that
¢ = ¢(¥(x0)), with y(xo) = x — (p2(t0) + 0 (¢ — o) + Xo). Therefore

2ma 2¢
9 24 3 2 2 € m+1Y\ 4/ / 2 .(3) / / m+1 ,
t/;u qﬁ——/R(ux—i—(o—i—)»)u ——lu )qﬁ—i— Ruq& o Ra(sx)u [0}

and

3, (ui_zas_(x)um“)qs: (—(uxx+a8um)2—2ufcx+2maguium_l)d)/+ u§¢(3)
R m—|—1 R R

_ 2 2a, m+1) ;& rom+1 g2 ", om+1 ;7. _
U/R(ux e g —m_H/Rasu & —m+1/RaEu ¢ (A-42)

see for example [Martel and Merle 2005, Appendix C]. The conclusion follows from the arguments in the
same reference, after we estimate the single new different term. In particular, we have

—/ (3u)2€ + (0 + Mu?— 2n:qa—_i‘9_(lx)um+l)¢’ +/ u?p® < Ke~(o=1/2Ko,=x0/ Ko (A-43)
R R
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Indeed, using that 1/ K g < 0/2, we have (discarding the term with 1)
2mag(X) m+1\ 4 2.,.(3) 2, 0 o 2mag(x) g\

— 3u2 2 _ 2deAr), m ) < - 3 - )
/R(ux-l—au P u ¢+Ruw ==/ ux+2u o u o}
Now we estimate the nonlinear term. Let Ry > 0, to be chosen later. Consider the region defined by

t >1t1, |x —p2(t)] = Rp. In this region we have, from the stability and Morrey’s embedding,

(2. 2)] < () = RO ooy + R(t,x) < Ke'/? 4 Ke7Ro,

with y > 0 a constant. Taking 0 < & < g sufficiently small and R large enough, we have |mag (x)u™ 1| <
0 /4 in the region considered. For the complementary region, |x — p2(¢)| < Rg, we see from (6-11) and
the hypothesis o < %(l—ko) that

|7(x0)| = |p2(t0) — p2(1) — 0 (1o — 1) + x| — |x — p2(t)| = 0 (to — 1) + X0 — Ro. (A-44)

Thus |¢/(7)| < Ke™?to=0/Koo=x0/Ko (Collecting the estimates above we obtain (A-43).
Now we claim that

2¢e

m+1

/a'(sx)um+l¢‘ < Ke~¢vTe p=ev(to—1)/ Ko ,~vexo/ Ko (A-45)
R

Indeed, set X(¢) := pa(ty) + 0 (t —t9) + xo. Then from o < %(1—)»0) and (6-11) we have

X(1) = p2(to) — p2(t) — o (to — 1) + (X0 + p2(2))
> Loty — 1) + pa(to) +x0 > 20 (to — 1) + 1T + xo,
and thus for ¢ small,

2e

_/a/(gx)um+1¢
R

< Ke /x e~V IXl =X/ Ko gy 4 Ke /00 e Evx
m+1 - o0

X

< Kge /Ko 4 go—e¥X < go—veTe ,~velto—1)/ Ko ,—yexo/ Ko,

This last estimate proves (A-45). Integrating between ¢ and ¢y we get (6-32).
Next, by following the same kind of calculations (see [Martel and Merle 2005]), we have

3;/ (ui -|—u2 . 2“:(_)? um+l)¢ < Ko~ t0—1)/Ko ,~x0/Ko +Ke—VETse—J/E(to—t)/Koe—yexo/Ko.
R m

After integration we get (6-34).
Now we prove (6-33). The procedure is analogous to (6-32); the main differences are in (A-44) and
(A-45). For the first case we have y(—xg) = x — (,02 (to) +o(t—1ty) — xo) satisfies

17| = |p2(t) = pa(te) —o(t —19) + Xo| — |x — p2(1)| = S0 (1 —to) + xo — R.
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From the hypothesis we have X(¢) := p2(tg) + 0t —t9) — x¢ > t; = %T ¢. Therefore (A-45) can be
bounded as follows:

2
€ /a/(gx)um+l¢
m+1 Jg

oo

x
< Ks/ e_‘gy'x'e(x_’%)/K"dx—i—Ks/ e~
—o0 X

< Kee /Ko +Ke_sy’%k < Kever2(t0) ,—ve(t—to)/ Ko ,vexo/ Ko

Collecting the estimates above and integrating between ¢y and ¢, we obtain the conclusion. O

A.6. Some identities related to the soliton Q. The following identities can be found in [Martel and
Merle 2007, Appendix C]. Recall that Q. := = O(+/cx) denotes the scaled soliton (m > 1). Recall

also that 6 = W — %.
(1) Energy.
m

El[Q]:%(X—Xo)/I;QZZ(k—kO)M[Q], Withkozfn;ﬁ'

[oe=ct [0 [oi=c [ 02 Eiloa=c"+ o)

/RQZZH 2(m+1)029+1 / 02, AAQCQC:QCZO_IAQZ‘

(2) Integrals.

m+3
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