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SOME RESULTS ON SCATTERING FOR LOG-SUBCRITICAL AND
LOG-SUPERCRITICAL NONLINEAR WAVE EQUATIONS

HS1-WEI SHIH

We consider two problems in the asymptotic behavior of semilinear second order wave equations. First,
we consider the H! x L2 scattering theory for the energy log-subcritical wave equation

Ou = |ul*ug(Jul)

in R'*3, where g has logarithmic growth at 0. We discuss the solution with general (respectively
spherically symmetric) initial data in the logarithmically weighted (respectively lower regularity) Sobolev
space. We also include some observation about scattering in the energy subcritical case. The second
problem studied involves the energy log-supercritical wave equation

Olu = |ul*ulog® 2+ |u|*) for0<a <3

in R'*3. We prove the same results of global existence and (H! N H?) x H scattering for this equation
with a slightly higher power of the logarithm factor in the nonlinearity than that allowed in previous work
by Tao (J. Hyperbolic Differ. Equ., 4:2 (2007), 259-265).

1. Introduction
Consider the semilinear wave equation
Ou = —afu +Au= f(u) onR x R3,

u(0, x) = uo(x), (D
0u(0, x) = uy(x),

where f is a complex-valued function. Let the potential function F : C — R be a real-valued function
such that

2F:(2) = f(2), 2

with F(0) = 0 and u being the solution to (1) with initial data ug € HXl N{ep : fR3 F(¢)dx < oo} and
uy € L%. We can easily verify that the equation has conserved energy

Eu)(t) == /R} Due(t, ) * + 51Vue, ) + F(u(t, x)) dx. (3)
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The main goal of the paper is to study the Hx1 X L)ZC scattering theory for log-subcritical wave equations
with finite energy initial data, where the energy is defined by (3). In this paper, the term log-subcritical
wave equation refers to (1) with f defined by

zl*zg(lz]), 2] #0,
Z) = 4)
. {0, 21 =0, (
where g : (0, o0) — R is smooth, nonincreasing, and satisfies
—logx, O0<x< %,
gr):=y~1, I=<x<l, (5)

1, x> 1.

We also prove global existence in the case of spherical symmetry for log-supercritical wave equations,
by which we mean equations of the form

Ou = |ul*ulog® (2 + |ul?) (6)

In this paper, we will allow 0 < o < %, extending the range 0 < @ < 1 allowed in [Tao 2007]. We also
assume that the initial data is in the energy space, the set of data for which the energy (3) is finite.

Remark 1.1. We can easily compute that the potential function of log-subcritical wave equations (1), (4),

and (5) is
—¢lz1%(log(lzh — ¢). 0 <zl < 3.
Fab(2) = {1~ ¢lzl°, <l <1, ()
£lzl®, 2 > 1,

and the potential function of the log-supercritical wave equations (6) is
Fap(@) ~ [2]° log* 2 + 2. ®)

We quickly recall some common terminology associated to the scaling properties of (1). Consider
f(z) = |z|P~'z and let u be the solution of (1). By scaling, A>/!1=Pu(¢ /A, x /1) is also a solution with
initial data Az/(l_p)uo(to/A, x/A) and A(1+P)/(1_P)u1(to/k, x/A). Hence the scaling of u preserves the
homogeneous Sobolev norm [[ug || gsc 3y + 1 ll gee-1(gay if

3

Ser=5 T ——. Of equivalently p=1+
p—1

3—2s.

Definition 1.2. For f(z) =|z|?~'z and a given value s, we call (1) an H; -critical (subcritical, supercritical)
nonlinear wave equation if p equals (is less than, is greater than) 1+44/(3 —2s). In particular, when s =1,
we call (1) an energy critical (subcritical, supercritical) nonlinear wave equation if p =5 (p < 5, p > 5).

The results of global existence and uniqueness for the energy-critical (Qu = |u|*u) and energy-
subcritical (Ou = |u|?~'u, where p < 5) wave equations are already established by [Brenner and von
Wahl 1981; Struwe 1988; Grillakis 1990; 1992; Shatah and Struwe 1993; 1994; Kapitanski 1994; Ginibre
and Velo 1985]. It is natural to consider the decay of the solution, which we expect to behave linearly
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as t — Fo0o. The decay estimate and scattering theory (see section 2 for definition) of critical wave
equations are shown in [Bahouri and Shatah 1998]; see also [Bahouri and Gérard 1999; Ginibre and Velo
1989; Nakanishi 1999]. Hidano [2001] (see also [Ginibre and Velo 1987]), by the property of conformal
invariance, proved that the solutions for certain subcritical wave equations (% < p < 3) scatter in the
weighted Sobolev space X := X x Y, where

X:=H!R)N{p: x|Vp e L2R?)}, Y:=L2RHN{p: |x|¢ € L2(R).

However, for energy subcritical equations, the Hx1 x L? scattering theory! still remains open. In this
paper, we consider the solutions to the log-subcritical wave equations (1), (4), and (5) with finite energy
initial data. The global existence result is established in [Grillakis 1990; 1992; Kapitanski 1994; Nakanishi
1999]. We will prove that the solutions with a class of initial data scatter in H x L2. This class of data is
contained in logarithmically weighted Sobolev spaces X| x Y1, where

X1 :=H!R)N{p: log” (1 +[x|)Ve € L2(R>)},

9
Yi:=LIR)N{g: log’ (1 +|x))¢ € L3(R)} v

for some y > % For initial data in these spaces, we show that the potential energy of the solution decays
logarithmically for all large times. After dividing the time interval suitably, this decay helps us to control
the key spacetime norm || f (u)|| L2 This spacetime bound implies scattering (we will sketch the proof in
Section 2; see also [Bahouri and Shatah 1998]). Our proof of the spacetime bound involves establishing a
decay rate for certain constant-time norms of the solution and a bootstrap scheme motivated by that in
[Tao 2007]. We rely heavily on ideas from [Bahouri and Shatah 1998].

The second part of this paper considers the solution of log-subcritical wave equations with spherically
symmetric data. We prove that the solution u with initial data in X, x ¥, scatters in H! x L2, where

X, =H!®)N (U HZ®RY), Y:=L2®R)N(U HRY)). (10)
§>0 §>0

Our proof again uses the ideas from [Tao 2007] and the classical Morawetz inequality; see [Morawetz
1968]. However, we need a slightly sharpened version of the bootstrap argument. We also give remarks
for some specific energy subcritical wave equations (see page 15 and following).

The third part of this paper studies global existence for log-supercritical wave equations. The global
regularity of energy supercritical wave equations (Ju = |u|”~'u, where p > 5) is still open. In [Tao
2007], the author considered the log-supercritical wave equation

Ou = u’ log* (2 + u?) (11)

with spherically symmetric initial data and established a global regularity result for 0 < « < 1. For general
initial data, the same result for loglog-supercritical wave equations

Ou = u” log® (log(10 + u?))

U A} x L2 scattering is defined in Definition 2.1.
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with 0 < ¢ < % is obtained in [Roy 2009]. In the present paper, we extend the result in [Tao 2007] to

the range 0 < o < %, again for spherically symmetric data. This improvement is attained by employing
the potential energy bound in place of the kinetic energy bound used in [Tao 2007] for pointwise control.

2. Definitions, notation, and preliminaries

Throughout this paper, we use M < N to denote the estimate M < CN for some absolute constant C
(which can vary from line to line).
We use LY L” to denote the spacetime norm

q/r 1/q
”u”L?L;(IXR3) = <f( |u(t,x>|rdx> dt)
1 R3

with the usual modifications when ¢ or r is equal to infinity.

Definition 2.1. We say that a global solution u : R x R> — C to (1) scatters in H! x L2 (or H} x L?
scattering) as t — +o00 (—oo) if there exists a linear solution v* (v™) with initial data in HX1 X L)ZC such

that
lu(r, %) = v (@, Xl fryep2 — 0 ast— oo

(Nlu(t, x) —v™(t, x)lngng — 0 ast— —o0).
Remark 2.2. We will sketch here that the spacetime bound,
£ GO L1 22 1000wy < OO (12)
for some 79 > 0, of the solution u to (1) implies the Hx1 X L)% scattering (as t — 00). Let
ue CHR, HI(R*)NCOR, L2(R?))

be the solution to (1) and let v satisfy Jv = 0 with initial data vy € HX1 (R, vy € Li([R3) (to be chosen
shortly). By Duhamel’s formula,

. —x P B —x
u(t, x) = cos(t —A)”O(x)‘i‘%ul(x)—/o Sm((tJ% )f(u(r))dr (13)

and .
v(t,x) = cos(t\/—A)vo(x) + le(x), (14)

VA
where the operators cos(t —A) and sin(t —A ) /+/—A are defined by

o~

(cos(ty/—A)@) (&) = cos(1ENG(E)
and

sin(z[§]) -
| ¢ ().

(sin(t —A)

NE ¢>A($ )=
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Hence, that the solution u scatters and asymptotically approaches v in Hx] X L)ZC means that
sin(t/—A Lsin((t —1)/—A
cos(tw/—A)(uo—vo)+¥(ul—Ul)—/ ( )
VA 0 VA

as t — oo. From basic trigonometric identities, we can verify that (15) is implied by

‘ (0 — v0) +/0 Sm(% VA)f(u(r))dr WO

fu(r))dr — 0 (15)

Hlx12

and

(ul—v1)+/ cos(—7/—A) f(u(v)) dr
0

as t — oo. Therefore, if

sm( t/=A)
</0 e — " f(u(r))dr, / cos(—r\/I)f(u(r))dr) (16)

converges in H! x L2 as t — oo, and we take

o0 sin(—r./—A)
NETN
vi(x) == up(x) — /oocos(—t —A) f(u(r))dr,
0

vo(x) 1= up(x) —/O fu(r))dr,

in (14), we then have, by (13), (14), and elementary trigonometric formulas,

' _ ! sin((t—r)./—A) 0 cos(t —A) sin(—r«/—A)
= vl = H—fo @ +/O = f(u(0) de
% sin(r/=A) cos (—t/=A)
+ /0 ik fudr|
®§in(t—1)/—A
= /t Tf(u(r))d‘c e (17)

It remains to show two things:
(i) Our initial data vy, v; are well-defined, that is, that (16) does indeed converge in Hx1 X Li.

(i1) The right side of (17) converges to 0 as t — o0.

The claim (i) can be shown in several ways, for example, by showing that

® sin(—t/—A *°
lim / gf(u(r)) dt| =0 and lim ‘ / cos(—ty/—A) fu(r))dr| =0,
N—o0 N A — A H)} N—o00 N L%
where N € N. These two equalities follow from the dominated convergence theorem once we show that

sin(—t/=4)
v=A

-

(t)dt <oo and fOOHcos(—t —A) fu()| . (x)dT < 0.
O X

1
x
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But this follows quickly from (12) and the Plancherel theorem.
Claim (ii) has already been established in the discussion of claim (i). This concludes the argument that
the finiteness of (12) implies scattering.

Definition 2.3. We say that the pair (g, r) is admissible if 2 < g, r < oo, (g, r) # (2, 00) and

+-=

. (18)

N | =
N[ —

Q| =

Theorem 2.4 (Strichartz estimates for wave equation [Strichartz 1977; Kapitanski 1989; Ginibre and Velo
1995; Lindblad and Sogge 1995; Keel and Tao 1998]). Let I be a time interval and letu : I x R — C
be a Schwartz solution to the wave equation Qu = G with initial data u(ty) = ug, o,u(ty) = u for some
to € I. Then we have the estimates

Dol eyl g iy H190 1 g ey S 00l oy H01 g1 gy NG gy (19)

where (q, r) and (4, ¥) are admissible pairs and obey the scaling condition

$+§=%_o=%+;_z (20)

and where ¢’ and F' are conjugate to g and ¥, respectively. In addition, if u is a spherically symmetric
solution, we allow (g, r) = (2, 00).
We define the Strichartz space S, (/) for any time interval I, as the closure of the Schwartz function on

I x R3 under the norm

lulls,y == sup  Nullpoprzxms (21)
(g,r) admissible
where (g, r) satisfies (20).

Morawetz inequality [Morawetz 1968]. Let I be any time interval and u : I x R> — C be the solution
to (1) with finite energy E. Let F be the potential function as in (2). Then

/f FW gear <E. (22)
rJw 1XI

Spherically symmetric solutions. In the last part of this section, we assume that u is the spherically

symmetric solution to the log-subcritical wave equations (4), (5) (or log-supercritical wave equation (6))
and F is the corresponding potential function. We obtain the following a priori estimate for the solution.

Lemma 2.5 (pointwise estimate for spherically symmetric solution [Ginibre et al. 1992; Tao 2007]). Let
I be any time interval and let u : [ x R* — C be the spherically symmetric solution to the log-subcritical
wave equations (4), (5) (or log-supercritical wave equation (6)) with finite energy E and vanishing at oo.
Let F be the potential function. Then, for any t € I,

IX[2(F )" |ul)(t,x) S E (23)
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Proof. We tackle the log-subcritical case; the proof for the log-supercritical case is similar and easier.
Define ¢ (z) := (F(z))'/?z and r := |x|. From (7), we can compute that, for fixed ¢,

|9, (p (ut, )| S NulP18,ul(t, %) xqjuiz1/3) (X) + lul® (=log [ul) 2 18,ul (1, %) x{ju<1/3) (%),

where x is the characteristic function on R>. Then, by the fundamental theorem of calculus, Holder’s
inequality, and energy conservation,

¢ (u(t, x))| <

o0
/ [l 10yt g3 4+ > (—log [ Y[l xpua <13 . 5) di

%) 6 1/2 2 1/2
|ul® % |0yul
S (/ 2 X{|u|>1/3} ds 2 X{u|>1/3}S 2 ds
r r
00 (1,16 1/2 2 1/2
|u>(=logul) 5 , |0y ul
+ (/ T2 S X< ds — 7 Xul<1/3)” ds
r r

1 12 I,
5_2(/ F(u)dx> < lp =
r R3 r
Inserting (23) into (22), we obtain that, for any time interval /,
f/ F5*u)lul? dx di < f/ PO up (el FYV4 @)/ dx di < EY2. (24)
R3 R3 xeR3

This implies
// |u|8(—log |u|)5/4 dx dt + /f |u|8 dxdt < E3? (log-subcritical case)  (25)
lu|<1/3 lul>1/3}

and

/ / luBlog®/* (2 + |u|?)dx dt < E3*  (log-supercritical case). (26)
1 JR3

3. Log-subcritical wave equations

In this section, we consider the scattering theory for log-subcritical wave equations. We can take advantage
of time reversal symmetry, and it suffices to prove that the solution u scatters in Hx1 X LJZC as t — oo.
Throughout this section, we use the notation

={(t.x) € (0,00 xR*: Ju| <1}, B={(t.x)e0,00)xR: |u| > 1],
and for any interval /,

A;=ANUIxRY, B, =BNnU xRY. (27)

General initial data in log-weighted Sobolev spaces.

Theorem 3.1. Let y > % and let u be the solution to the log-subcritical wave equations (1), (4), and (5)
with initial data
up(x) € X1, ui(x) €Yy, (28)

where X and Y| are defined by (9). Then u scatters in Hx1 X L?c.
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Proof. We need some decay estimates for the equation with initial data satisfying (28).

Lemma 3.2. Let y and u be as in Theorem 3.1. There exists T =T (|luollx,, lu1lly,, v) > 1 such that,
fort>T,

/ Flu(z, x)) dx < (29)
R3

log? 1’
where F(z) = Fap(z) is defined by (7).

Proof. We essentially follow the proof of Lemma 2.1 in [Bahouri and Shatah 1998], with some changes.
Define
e[ul(t, x) := 318 (t, x)* + 3 Vu(t, x)* + F(u(t, x)).

We claim that there exists C,, = Cy, (|luoll x,, llu1lly,, ¥) > 1 such that for s > C,,

/ e[u](0, x) dx < (30)
|x|>s

log? s

We prove this claim in the Appendix and continue the proof of this lemma here. Choose T such that
T > max(C)%, 10g47’ T). We aim to show that (29) holds forall T > T.
Define the truncated forward light cone by

K2(c):={(t,x):a<t<b, |x|<t+c, 0<a<b < o0}
and the boundary of the truncated cone by
Mb(c):=0Kb(c)={(t,x):a<t<b, |x|=t+c, 0<a<b<o0)}

Fix t > T and let s = /T > C,,. For any #; > 0, the energy conservation law on the exterior of the
truncated forward light cone K(t)’ (s) implies that

1

1
elul(ty) dx + — flux(0, t1, 5) = / e[u](0)dx < , (€2))
fx>s+t| \/z |x|>s logzy N
where )
ﬂux(a,b,c)::f {l ut+x-Vu‘ —i—F(u)}da.
Moy L2 x|
Hence
/ mmmws/ elul(t)dx S —— < — (32)
|X|>s+7 Ix|>s4T log”' s " log” T
and it suffices to show that
/ Fu(r)dx S ——. (33)
lx|<s+t log”
Define w(z, x) = u(t — s, x). The bound (33) is equivalent to
/ Fw(s+1))dx < i .
Ix|<s+t log” t

Set w; := d,w. Multiplying the equation f(w) —Ow =0 by tw; +x - Vw 4+ w, we get
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0, (t Qo+ w,w) —div(t Pp) + Ry =0, (34)
where
Qo =e[w] + th . Vw),

x wtz— |Vw|2
t 2
Ro = |w|®g(lw|) — 4F (w),

Py = —F(w)>+Vw(wt+§-Vw+%),
with g defined by (5). Define the horizontal sections of the forward solid cone by
D@t):={lx| e R’ : |x| <1}.

Fix 0 < T} < T, and integrate (34) on K ;12 (0). By the divergence theorem, we have

/ (T2 Qo+w;w) dx—/ (T1 Qo+w;w) dx—L
D(T») D(Ty) V2

(th-l—w,w—i—tPo )do-i—/ Ry dx dt
2 M%(O) x| k20

= Li+Ly+L3+Lsy=0. (35)

Now, following the same steps as in [Bahouri and Shatah 1998], we define v(y) := w(|y|, y). Since L3 is
the integral on M;f (0), using spherical coordinates, we obtain that

T
/ / v + r 2drdw+ = / Tzzvz(Tza)) da)—l/ levz(Tl)wda), (36)
Tl S2 2 2 2 52
|lw t|2 1V, 1 2 1
L = T N (w,+ w) + V]2 + F(w) —i—r(wr—l-—w)wt dx
D(T») 2 2 2/" r
— % f 2 T (Do) do, (37)
s
and
lwil® | 1V, 1 2 1
Ly=-— T (w4 w) + 55 Vow 4 Fw) ) +r(w,+ ), fdx
D(TY) 2 r 2r r
+%/2 T2 (Tiw) dw. (38)
s
Since L4 > 0, plugging (36), (37) and (38) into (35), we deduce that
T
Tz/ F(w)dx<CT1E+/ / Hlv +— r 2drdw,
D(Tz)

where C is a constant and E is the energy. Therefore,

T
/ F(w(T))dx < C E +/ / v + r 2drdw. (39)
D(T7) 2
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For any 77 > s, by (31), the second term in the right-hand side of (39) is controlled by

T . 2
/ / rdrda)</T [+ 220N do s -5 ——.
T M2 (0) x| log?” s ~ log® ©

Now, choosing 7> = 7 + s and Tj = (t +5)/log? © > /T =5, (39) implies

/ Fw(t+s,x))dx < (40)
D(t+s)

log? ©
Combining (32) and (40), the lemma is proved. O

Before we prove Theorem 3.1, let’s observe the following fact. Let / be any time interval with length
3 < |I] < oo. By Holder’s inequality, we have that, for 0 < § < 2,

4
el u(=log [Nl 11127 xm3)

G+O/6)

3-8 3-4)/6 2 8
< 11w’ (—log [u) STV o sra-s) g 12 2100 005 g 1e® (= Log D CFVON 2 o )

1/6” )(3+5)/6

2 )
LLE(IxR?) ||M||L;t/<2—8)L)1(2/5(1XR3)||M (—log |u]

1/6 2 8 346)/6 8/2
< (o ) VU o ey 11 100 1 g 106 (10 D O oo e 1172,

If lu| < %, we can estimate that

)(3-‘1-5)/6

1\ 1/2+5/6
I (~log u )

lsereorxmryy S (3
Letting § = 2/log |I|, we obtain
el (—og [l 112 s sy S Nt (=10 D YOGy NG v 2 g oy Y&V (A1)
To complete the proof of Theorem 3.1, by Remark 2.2, it suffices to show that
£ GON L1217 00)xR3) < 00 for some T < oo.
Let J = (37, 00), where i is sufficiently large and to be determined later. Then
| F@ON 22y S Mt u(=log [uD 1 p20a, + ¥l 11125, =2 My + Mo,

Since (246, 6(246)/8) is an admissible pair satisfying (20) for o = 1, from Hélder’s inequality and
Lemma 3.2,

1 2+
M, < ”u”LOOL()(B/)||u||L2+5L6(2+5)/8(B )~ (log(31)) G973 [ ||S1(J)' (42)

On the other hand, define interval J; by subdividing J according to J = U,fil(32k_li, 32ki) =: Uiy Jk-
Define 6 :=2/log |Jk|. By (41), Lemma 3.2, and the fact that the admissible pairs (4/(2 — 8x), 12/6;)
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satisfy (20) for o = 1, we have

o0

o
5. 2kiN1/2 2
My =) (log Dl zomy S ;((Iogg,zk ey 1083 )"u"wak>L;2/sk<JMR3>

oo
< <Zi1/2—(3—5k)/3y _z(k—l)(l/Z—(3—5k)/3)V) ||u||§1(1).
k=1

Since y > %, we can choose i sufficiently large such that (((3 —8)/3)y — %) > ¢ > 0 for all k. Hence

o0
My S~y 27 g, ). (43)
k=1

Combining (42) and (43), for ¢y > O sufficiently small, we can choose i sufficiently large such that

2 2468
IF @Oy 200 xme) < €olllulls, gy + a5

By the Strichartz estimate (19), we have
248
lulls,ry < CEZ +eo(ulls, ) + Null$h).-
From a continuity argument, we conclude that
el s,y < 2CE'2.
This implies that
||f(u)||L)L§(j><|Rg3) < 0. 0

Spherically symmetric initial data in lower regularity Sobolev spaces. In this subsection, we consider
the solutions to the log-subcritical wave equations with spherically symmetric initial data. If the finite
energy initial data are in any lower regularity Sobolev spaces, we obtain the Hx1 X L)zc scattering. The
spirit of the proof follows from [Tao 2007] and a slightly sharpened bootstrap argument in Lemmas 3.5
and 3.6.

Throughout this subsection, for given § > 0, we denote

Z(t) = Nt )| oo oy + 196, ) s - (44)
It is easy to show that Z(¢) > O for any time t2

Theorem 3.3. Let u be the solution to the log-subcritical wave equations (1), (4), (5) with spherically
symmetric initial data
up(x) € X2, ui(x) € Y, (45)

where X, and Y, are defined by (10). Then u scatters in H)C1 x L2.
To prove Theorem 3.3, we need some intermediate lemmas.

2Iif z (t9) = 0 for some 1, it is easy to prove that the solution u has energy E(fy) = 0 and, hence, E(¢) = O for any time ¢, by
energy conservation. This implies the solution u(z, x) = 0 for all ¢.
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Lemma 3.4. Let I = [a, b] be any interval where 0 < a < b < 00 and let u be the solution to the
log-subcritical wave equations (1), (4), (5) with spherically symmetric initial data

u(a, x) =uop(x) € Hx1 N [_'le—a’ dru(a, x) =uj(x) € Li N I-.Ix_‘3

for some fixed 0 < § < 5. Then there exists 0 < €(§) < 1 such that for 0 < € < €(8),

14+¢/(25) 5/32 4—€/(20)—€ 1\7/16
lllsi-scny S Z @+l 5T+ s (Nl (Slog [ ¥ 215 /3 ity ) (2) 5 (46)
where the constant hidden in (46) is independent of the interval I and €.
Proof. By the Strichartz estimate (19),
||u||S1_5(1) S Z(a) + ”f(u)”L?/@*a)lj/(l*‘s)(lxR})' (47)
Consider that
1L GO 2re-0 21000 g gy S I =l fuoguD) | 20 2aso, , + Wul*ul 20 2000 ) =2 Ni+Na
with A; and Bj as in (27). By Holder’s inequality,
4 4
N2 S ||u ”Ltz/(l*&Li/S(Bl) ”u ||L§,X(Bl) S ||u ||S175(1) ”M ”Lrgx(Bl) (48)

On the other hand, choosing €(§) sufficiently small such that for 0 < € < €(3),

2
0ol 85te—8242s 1 o 1. +e(1 20) _1 3 1245¢/Q@8)+5¢ _ T
P 8(25+€) 2 q 8(25+¢) 2 8 32 16

It is clear that (p, ¢) is an admissible pair satisfying (20) for 0 = 1 — §. By Holder’s inequality and
interpolation theory, we can estimate that

5— 5(4—€/(26)—€)/32 12+5€/(28)+5€) /32
Ny < P (<log lul) /@02 2o s Il (<log lul) HSCIHZ)

14+€/(28 4—€/(28)—
< [ullFAPY u(—log ul)>/32| ¥ /D¢

€r_ (12+5€/(28)+5€) /32

14+€/(28
< a2

'12+5€/(28)+5€32
_ 5/32,4—€/(28)—€ l upnfrac
S Meell g q, el (=log Jul) 2l ( ) ‘

Li,(An  \e (50)

The last factor of (50) comes from maximizing the last factor on the right of (49) using calculus. We note
that the constant hidden in the last inequality is independent of €. By (48) and (50), we have
1+€/(25 4—e/@8)—e (116
1 @)l 200 2000 sy S Nl 4 el (—log |u|)5/32||Lls‘j{j,,)’ ‘ (;) +llullssmllullys g,

From (47),

14€/(28 4—e/(28)—€ (1
lulls,-sn) S Z(@+lullgy gy Mul (—log luly 752 (E) Hlullsi s llulizy 5, SRHS of (46).

One can check that all constants hidden in the inequalities above are independent of the interval / and e.
Hence, Lemma 3.4 is proved. ]
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Lemma 3.5 (continuity argument). Let I (= [a, b]) and u satisfy the assumptions of Lemma 3.4, C be the
constant hidden in (46) and 0 < €(8) be chosen in Lemma 3.4. Let €9 = 1/(100C) and 0 < € < €(8) such
that Z(a)</? > % and 2C)¥/@) < 2. We define
L . 5/324—€/(28)—€ 4—e/(28)—€
Q1) = (lllul(~log lu)* [ 2~ + el ().
Ifllull s s, < 1 and Q(I) < e’/ /(Z(@)/®)), we have
lulls,_s1) <2CZ(a).

Proof. We prove this lemma by contradiction. For 0 < ¢ < b — a, from the dominated convergence

theorem, we have that the function ®(7) := |lulls, ,(4.q+¢) 1S NOndecreasing and continuous in [0, b — a]
and ®(0) = 0. By the hypothesis and (46), we have
1 1+€/(26) 1
O (1) < CZ(@) + (@O /Y + ¢<r>><m> (51)

for all ¢ € [0, b — a]. Assume for contradiction that there exists #y € [0, b — a) such that @ (zg) =2C Z(a).
If2CZ(a) < 1, (51) implies that

1 1 11
2CZ(a) = d(t9) < CZ(a) + %(2CZ(a))(W) < ECZ(a).

On the other hand, if 2CZ(a) > 1, (51) implies that

207() = B (1) = CZ(@) + 55 (2CZ(@)) ' +/ (m) < 1CZ@.

We get contradictions in both situations, and the lemma is proved. U

Lemma 3.6 (finite division). Let I (= [a, b]) and u satisfy the assumptions of Lemma 3.4 and C be
the constant hidden in (46). We denote Z; = (2C)' Z(a), where i = 0,1,2,.... For any €y > 0, we

can choose € < 1 and finitely many numbers a = To < Ty < T» < --- < Ty < Tyy1 = b, where
N = N(eo, €,6, E, Zy, C), such that for 1; :=[T;, Tj 1],
£7/16
o)) = eo<m> (52)

J
forO0<j<N—1land Q(Iy) < 60(67/16/25\]/@5)).

Proof. We observe that

i /16 \ T8/ ¢4-e/@D—0) . ey |
2 [60<W>:| Zeo,Zo {6 ; (2C)Fie/®5—c=256) } —o00 ase— 0.
Therefore, by (25), we can choose € sufficiently small such that
3(// (8 (—log [u])*/* dx dt +// [’ dx dt) - XK: [Go(ﬂ)]aa/m-e/(zm—e) )
N B ~ Zie/(28)

for some K = K (¢g, €, 6, E, Zg, C).
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Fix thise. If Q(1) < 60(67/16/(28/(28))), we say T; = b and the lemma is proved. Otherwise, we
can choose 0 < T7 < b such that (52) holds for j = 0. Again, if Q([T1, b) < 60(67/16/(Zf/(28))), we say
T, = b. Otherwise, we can choose T; < T» < b such that (52) holds for j = 1. By continuing this process,
we can choose a < T} < T, < --- such that (52) holds for j =0, 1, .... It suffices to show that this
process will stop in at most K + 1 steps. Indeed, assume that there are more than K + 1 subintervals
satisfying (52). Since

Q(1)¥/4-</29-0) < 3( [[ ot avar+ [[ i ar dr>,
Al

By,
for j =0, 1, ..., by our construction of /;, we have
K+1 7/16 K+1
B \8/(4—€/(28)—€)
Z éo(ze/aa)) = Z Q)
Jj=0 i j=0

K+1

523(// |u|8(—10g|u|)5/4dxdt+f/ Iulgdxdt)
i=0 Ay By;
53(// |u|8(—log|u|)5/4dxdt+// |u|8dxdz>.

A B

This contradicts (53), and the lemma is proved. O

Corollary 3.7. Let I and u satisfy the assumptions of Lemma 3.4 and C be the constant hidden in (46). If
8/(14+28

el g,y < 1w € L0 xR,

Proof. Let €(8) be chosen in Lemma 3.4 and 0 < € < €(8) satisfy Lemma 3.6, Z(a)/®® >  and
(2C)¥/@) < 2. Let {I j}ﬂ.v:() be the subintervals constructed by Lemma 3.6 such that (52) holds for
0<j=N.
We claim that
”u||S]_5([j) SzCZ] foroij iNa (54)

where Z; = (2C)’ Z(a). Indeed, by Lemma 3.5, (54) holds for j = 0. Again, if (54) holds for j =k — 1,
we have Z(Ty) < llulls,_y_,) < Zx. Since Z;/(za) > Z(a)*/®® > 1, applying Lemma 3.5 on the interval
I, we obtain (54) for j = k. By induction on j, the claim is proved and this implies

N+1 N+1
el 57042 gy < D Mutllsisiap < D (2€) Zg < 0. O
’ j=0 j=0

Corollary 3.8. Let u be the solution to the log-subcritical wave equations (1), (4), (5) with spherically
symmetric initial data

w(0,x) =uo(x) € H' N H™? d,u(0,x) =u;(x) e L2NH®

Sfor some fixed 0 < § < % Then u € Lﬁ@“”‘”([& x R3).
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Proof. By (25), we can choose finitely many numbers 0 = Sy < S| < --- < Sy—1 < Sy = oo such that
lullzs (B, s,,,p =1 for 0 <k < M. By Corollary 3.7 and energy conservation, we have
f,x k4

(u(Sk, x), du(Sk, x)) € (H NH! ™) x (L2N H®)

and [|ull s/1+25 < oo for0 <k < M. Hence
t,x

([Sk+ Se+11xR?)
M

<
el L3429 g gy = 2. loell 729 g, s, 1xm3) < 00 O
k=0

To finish the proof of Theorem 3.3, by Remark 2.2, it suffices to show that || f (u) ||L) L2((T,c0)xR3) < OO

for some 0 < T < oo. Since the initial data satisfy (45), we can choose some 0 < § < 1 such that

2
uo € HX R N H!9(R3) and u; € L2(R3) N H°(R?). Observe that

||f(”)||L}L§((T,oo)xR3)
5 5
5 I | (log(luD)“L}L%(AT) —+ || |u| ||L}L§(BT)

4/(1423) 88/(1+28 4
Sl gy N 2 1%/ 2) dogQui g an + el g Nl 210

1426 4/(1+26) 4
< - =

where A7 := AN((T, 00) x R®) and By := BN ((T, 00) x R?). The last inequality above is from the fact
that |u®/+29) (log(|u))| < (1+28)/(88) for |u| < 5. By Corollary 3.8 and (25), for sufficiently small
€ > 0, we can choose 7" = T (¢) sufficiently large such that

( 1+26 ) lu ”4/(1+2a)
88 LY /(1428)(Ar)

Hence, by the Strichartz inequality [Klainerman and Machedon 1993],

4
+ ”””LEX(BT) <e€.

1/2
1]l 2 0 (700 ) < CE? + €Clutll 1220 (7 00) i)

Again for € < 1/(2C), we have ||l 12 oo ((7 00y xR?) < 2C E'/? and this implies || f () 20 227 00y xRy < OO

Energy subcritical nonlinear wave equations with specific spherically symmetric initial data. In the
last part of this section, we will discuss an observation, for energy subcritical nonlinear wave equations,
inspired by the proof of Theorem 3.3. For given 0 <& < %, let (ug, up) € (I-'I)C1 ([F\R3)ﬁl-'lxl_‘S (R3)) x (L)zc RHN
H; 9(R?)) be spherically symmetric functions. In this subsection, we consider the energy-subcritical
nonlinear wave equation

Ou = |u|4_€u, u(0, x) =uop(x), u0,x)=ui(x), (55)

where we allow € to depend on the given data (ug, u;). That is, we find a relation (R) (see Definition 3.10)
among ¢, the energy E, and Z(0) as in (44), the lower regularity norm of the initial data, for which the
solution scatters. We remark that relation (R) holds for data large in both the energy and H'~% norms
provided that € is taken sufficiently small (depending on the size of these norms). In [Lindblad and Sogge
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19951, scattering was established in H'~? for the H'~? critical nonlinear wave equation from small data.
Our remarks here are related to that work, for example, relation (R) quantifies the extent to which large
data can be allowed. Also, we will prove scattering in H', rather than H'~°.

In order to prove that u scatters in Hx1 x L2, Tt suffices to show that ||u’~¢ 2122 17,00y xm3) < 00 for
some T < oo. By the Strichartz estimate and Holder’s inequality,

1/2 5—¢
”u”L,zLio([T,oo)xW) <CE" +Cllu ||L}L§([T,oo)><[RE3)

4—
< CE'2 4 Cllull 2 oo 7,00y ) 12

€
L32€([T,00)xR3)

Following similar arguments as in the proof of Theorem 3.3, we only need to show that
||u||L§;2‘([T,oo)><R3) < oo forsome T < oo.

Let €9(8) :=85/(1 4+28) (so that H'~% is the scale invariant norm for (55) with € = €((5)). We restrict to
the case 0 < € < €0(8).
In this case, (55) is H'!~%-supercritical nonlinear wave equation. We denote

B 3¢ _ 8-3¢ 1 1428, 3(1-28) 1 1428 1-28
Tles-3pec “Tay—e a8 T B
2 4

ve A—ye—e  ac 8 " 80+y) B 8  8(I+r)

Note that
(i) as € = €p(8), Ye —> 4 — € and k. — 00;
(i1) (o, Be) is an admissible pair satisfying (20) foro =1 — 6.

Remark 3.9. Let u be the spherically symmetric solution to the energy-subcritical nonlinear wave
equation (55) with energy E. We observe that Lemma 2.5 holds for . Hence, for any interval I = [a, b]
where 0 <a < b < 00, (24) implies

f lu(t, x)|373/* dx dt < C,E?/?, (56)
1 JR3

where we can choose the constant C; to be independent of €. Moreover, by the Strichartz estimate,

lulls, sy = CZ(a) + Cllu (57)

5—¢
||L,2/(276)L/%/(1+5) (IxR3)"

Definition 3.10. Given 0 < § < %, let 0 < € < €p(8), u be the solution to (55) with energy E and lower
regularity norm Z(0) > 0. We say that the triple (E, Z(0), €) satisfies the relation (R) if

1 e 1
E3/2 < ( )
QET=Geomzor) T-eo

Lemma 3.11. Given 0 <6 < % and 0 < € < €y(9), let
(uo, u1) € (HN(R*) N H! 7 (R*) x (L2(R*) N H*(R%))

be spherically symmetric functions such that the triple (E, Z(0), €) satisfies (R) and u is the solution to
(55). Thenu € L' (R, x RY).
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Proof. Since (E, Z(0), €) satisfies (R), by (56) and an argument similar to that in proof of Lemma 3.6,
we can choose finitely many numbers 0 =Ty < T} < --- < Ty < Tny41 = 00 such that

4—y.—€ _ 1
lul LY AT, T xR~ 2(2C) 147 ((2C)F Z(0))7e (58)

forO0<i <N -—1and

el !
SO TN Ty X R3) — 2(2C)1+1’e((2C)N Z(0))7e"

We claim that
Z(T)) < (2C)' Z(0) (59)
and
lulls,_sqz. 101 < RC) ' Z(0) (60)

forO0<i < N.

Observe that (59) is clearly true for i =0 and Z(7;) < ||ulls,_s(7,_,,7;)) for 1 <i < N. Hence it suffices
to show that (60) holds and then (59) is automatically true.

A similar proof to that of Lemma 3.5 applies here. Assume (60) is true for i < j — 1. We aim to prove
(60) fori = j. (Note that (59) follows from our assumption when i = j.) Let ¢ (1) = |lu||s,_;(;7;.7,++1)- Then
¢ is a continuous and nondecreasing function on [0, 71 — 7] and ¢ (0) = 0. Assume for contradiction
that there exists 7 € [0, T4 — 7] such that ¢ (19) = (2C)’ +1Z (0). By Holder’s inequality, (57), (58),
and (59), we have

Q)T Z(0) = ¢(to) < CZ(T)) + Cll™™ I 1272 5),20049 (7, 7, 10180

1+ye d—y.—€
=< CZ(Tj)+C””||La€LﬁE([T T +10]xR?) [zl 8 56/4([T',TJ’+I()J><R3)
I+ye d—y.—€
=< CZ(Tj) + C”u”&_s([T_,',Tj-i-to]) [l L5 56/4([T‘,Tj+t0]><[R§3)
j 1 1+ye
J
=CECYZO0) + 4[(2C)I+1 Z(0)]r ”M”Slfts([Tj,Tj‘i‘tO])
1 ji+1 1 j+1 147,
<3QCYTZO) + g s o X 1ROz

=220)7*1Z(0).

The contradiction implies that (60) holds for i = j. By an inductive argument on i, the claim is proved.
To finish proving this lemma, we have

N+1 N+1
lal 20 gy < D Nllsisaimziy < ) (O Z(0) < 00 O

Corollary 3.12. Let §, €, ug, u1 and u satisfy the assumptions of Lemma 3.11. Then u scatters in H; X L)zc.

Proof. By the above discussion, it suffices to show

||”||L§;26([T,m)xR3) < o0
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for some T < 00, since 0 < € < €p(5) is equivalent to 8/(1 +28) < 8 — 2¢. The proof of L;{;zE spacetime

bound is straightforward by (56), Lemma 3.11, and interpolation theory. O

4. Log-supercritical wave equation

For spherically symmetric log-supercritical nonlinear wave equation (1), (6) with finite energy E, we
observe that the potential energy bound provides slightly better pointwise control, (26), of the solution
than the one from the kinetic energy bound?; see [Ginibre et al. 1992; Tao 2007]. In this section, we
consider a slightly more supercritical wave equation than the equation in [Tao 2007] and prove the same
global regularity result by using (26).

Theorem 4.1. Define

HX(R?) := H(R®) N H2(R?).
Let0 < < % and (ug, u1) be smooth, compactly supported, and spherically symmetric initial data with
energy E. Then there exists a global smooth solution to

Ou = lul*ulog® 2+ |u]®), u(0,x)=uo(x), du(0,x)=ux). 61)

Furthermore, we have the universal bound of I:I? X Hx] norm, which depends on both the energy E
and If-lvx2 X Hx1 norm of the initial data, of the solution u; this implies that the solution u scatters in
H>(R?) x H (R?).*

Remark 4.2. This theorem was proved in [Tao 2007] for « = 1, and it is easy to get the same result for
o < 1 from that argument. We take advantage of (26) to extend the range of o up to %. In the remainder
of this section, we will essentially follow Tao’s argument to prove Theorem 4.1 using (26) and sketch the
proof of H2 x H scattering. We will skip the argument providing an explicit H2 x H universal bound
here; see [Tao 2007] for details.

We will use a well-known global continuation result (for a proof see [Sogge 1995], for example).

Theorem 4.3 (classical existence theory). Let u : [0, T] x R3 — C be a classical solution® to (61)
satisfying

||u||L}’°L§°([0,T]><R3) < 0.
Then there is § > 0 such that one can extend the solution u to [0, T + 8] x R.

Proof of Theorem 4. 1. By time reversal symmetry, it suffices to consider the global existence and scattering
theory of u on R, x R.

3The kinetic energy bound can only provide fl ng |u|3 log* (2 + [u|?) dx dt < E3/2.

4The definition of H 3 x H )3 scattering for the solution u is similar to Definition 2.1, but the H xl X L% -norm is replaced by the
H )% x H )3 -norm.

SWe call u a classical solution to (1) if u solves (1) and is smooth and compactly supported for each time.
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By the Sobolev embedding theorem, for a classical solution u to (61) on [0, T'] X R3, we have

2
lutll oo oo, 7mey S D IVEUl oo 210, 71xm0) - (62)
Jj=1
Hence, applying classical existence theory (Theorem 4.3), in order to show global existence, it suffices to

prove that for any fixed 0 < T < oo, we have

2

Y IV ull o2 qo.mixms) < 00,
j=1

provided that u is the classical solution to (61) on [0, T'] x R3.
Let I =[a, b] € [0, T] be any interval. We define

= [ [ Proge @ st P dear
IJR

=Y IVl 2000 rmey T Ve Viul o r2 e
j=0

Dy := ||V xu(a)ll

HI®R3) '

In addition, we set D = ||V, ,u(0) ||H L
From the Strichartz inequality, Holder’s inequality, and (62), we have

1
N < ClIViau(@ |l ey +C Y IV (ul*ulog® Q4 [ulP Dl 127 ey

1 =0
<CD+C Y ul*IViullog Q@+ 1u) 2 xm)
j=0
< CD;+Clul*1og/* 2+ 1u)ll 212 ) (Z IV ull 210 1) 1 10g™ 7 ot Ju? )||L°°L°°(1><R*)>

=0

1
i 3a/8
< CD;+Cllulog™ " @+ 1ul) s 8 ) (Z IVEull 2L 1 xmo) Il log(2+ |u|2)|lL‘;‘<L§°(1xR3))
: <

2
<CDy +CM1/ Ny 10g3a/8(2+ ||u||i;’°L§(lxR3))
<CD;+CM)*N;log"?(2+N3).

From the result in [Tao 2007, Corollary 3.2], for any €y > 0,

k
Z — o0 ask— oo.
lo (2+(2C) 'D)

i=0

Hence, for any fixed €p, the finiteness of Mo 11 from (26) implies that we can choose finitely many
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numbers 0 =Ty < T} <--- < Tx < Tx4+1 =T, with K depending on D, E, and €, such that

€0
log(2+(2C)' D)

Tina
M ‘:/ /|u<r,x)|810g5“/4<2+|u<r,x>|2>dxdz=
T; R3

for0<i < K —1 and Mg < €y/log(2+ (2C)X D).

Choosing €y = 1/(100C)?, by iteration and continuity arguments, we claim that Ni7 7.,,; < 2C)" "' D
for 0 <i < K.° Indeed, assume that this claim is false for some i = J. Then there exists 7o € (T}, Tj41)
such that Ni7, ;) = (2C)/*! D. We have

(2€)*'D <€) D+ CM;* Niga log* @+ Niy, 1)

log!/?(24+(2C)/*' D)
100log'/?(2+(2C)J D)

<i@o)t'D+ x (2C)/*'D
<3@2C)*'D.
Thus the claim is proved by contradiction. This implies
2 K K
Z IViullLeor2qo.71xR3) < Nio,71 < ZN[T,-,T,-+1] < Z(ZC)IHD < 00.
j=1 i=0 i=0

The universal bound only depends on D and E’, indicating the global existence.
Now we sketch the proof of H> x H]! scattering. From a similar argument as the one discussed in
Remark 2.2, in order to prove HXZ(R3) X HX1 (R?) scattering, it suffices to show that

el *ulog® 2+ [l 11 g1 s, xme) < 00 (63)

By the above discussion, the universal bound is independent of 7. Hence we have Nr, < oo. By Holder’s
inequality,
1/2
Hul*ulog® @+ [ulP) | 1 g1 @, i) S Mg, Ne, log' 22+ N ) < oo. O

Appendix: Proof of (30)

Since (ug, u1) lies in X x Y7, defined in (9), we have

luollk, = / |Vuo|* log® (1 + |x|) dx 2 (log® s) |Vuo|? dx.
R3 |x|>s
Hence ! ”2
uo
/ Vugl? dx < —52L. (64)
|x|>s IOg Vs
Similarly,
[y 12
/ ui?dx < — . (65)
|x|>s 10g Vs

6See the similar arguments in Lemma 3.5 and Corollary 3.8 or Proposition 3.1 in [Tao 2007].
In fact, from corollary 3.2 in [Tao 2007], we have Ng_ <2+ D)(2+D )" .
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Now, consider

/ me»w=/ me»M+f Fuo(x)) dx
[x|>s {lx|>s}N{luog|<1/3}

{IxI>s3N{luol=1/3}

5/ Iuol6(—log|uo|)dx+/ luo|®dx =: I+ 1I1.
{lx]>5}N{Juol <1/3) {1x]>s3N{luol>1/3}

Let

1=/ |wﬁ4%www+/ ol (—log luo]) dx
{Ix]>s3N{luo(x)|<1/]x|?/3} {Ix|>s}N{1/|x|?3<|ug(x)|<1/3}
=L+

When s is sufficiently large,

hsf ol V2( supuo| " (~log|uo)) ) dx
{lx[>s}N{luol<1/1x|*3}

—2/3

[uol<s
§/ B S5 (66)
|x|>s log Vs

Now we aim to prove that I, + I1 < 12 for s sufficiently large. For o € R, define

log”'s
uolog® 2+ |x)) |*
Q(a) ;:/ —_—
R3 2+ |X|
‘We claim that
O(a) < C(lluollx,, E,a) for a <y, (67)

where E is the energy. Indeed, if @ < 0, by Holder’s inequality and Hardy’s inequality,
log*(2 2 log®(2 2
Q(a):/ uo log™( +IXI)‘ dx+/ uo log™ (2 + |x)) dr
x| <3 2+ |x] Ix|>3 2+ |x|
2 uo |2 2 3
S okt [ [0 ar S okt + ([ Fana) scE@. o
x| <3 R ! [x] * R?
Again, if 0 <o <y,
0w = |
R3
1/3
([ morax) 4 [ vwmoge P
|x|<3 R3

" log®~ (2 2
Sa (f F(u)dx) +/ |Vu010ga(2+|x|)|2dx+/ ‘uo og” ( +|x|)‘ W
R3 R3 o 2+|x|

uolog® (2 + |x|)

2
’ dx
| x|

log* (2 2
“oto8 XD ( —HXD‘ dx Sa/ Iuolzdx+/
2+ |x] |x|<3 R3

5E”+/’ Wwfw+/‘|vaya+um%n+Qw—D
|x]<3

[x]>3
SEYV L E+ uolx, + Qa—1).

By an inductive argument and (68), the claim is proved.
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Fix s > 1. Let x be the smooth radial function which equals 1 on {|x| > s}, 0on {|x]| <s/2},0<x <1
and |V x| < 1/s. Then we have |V x| < 1/|x|. By the Sobolev embedding theorem and Hardy’s inequality,

log® s / |luo|® dx
|x|>s

3
5/ ol log® (Jx|) dx < /3(X|uo|10gy(2+ ¥))° dx S (/ |V (xuolog” 2+ |x|>)\2dx>
|x|>s R3 R

2 3
dx)

xuolog” ' (2 + |x])
24 |x|

<, (/ |quology(2+|x|)|2dx+/ IxVuology(2+|x|)|2dx+f
R3 R3 R3

= (1 + 1+ h)>.

We can compute that

sty/ Iwology<1+|x|>|2dx+/ |Vuol* dx < lluollk, + E,
R3 |x|<3

J3 S Cllluolix,, E. ), by (67).

2
dx §/
|x|>s5/2

lug|® dx < C(lluollx,, E, y) for sufficiently large s. Then we deduce

Since Vx < 1/]x],

Ji 5/
|x|>s/2

S Cllluolix,s E, ).

uolog” (2 + |x|) z

x|

up log” (2 +|x|)
2+ x|

Hence log® s x|>s

1 1
< .
log® s ~ log? s

115/ o6 dx < (69)
[x|>s

Similarly,

log® s / luo|®(—log Juo|) dx < log™ ' f luo|® log(|x]) dx
{lx|>s}N{1/1x|*3 <|uo|<1/3} [x|>s

< / luo|® 10g® (Ix) dx < C(lluollx,, E, ¥).
|x|>s

Therefore,
1 - 1

125 1

(70)

log®”~!s = log? s’

Combining (64), (65), (66), (69), and (70), we obtain (30).
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