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ANALYSIS AND PDE
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dx.doi.org/10.2140/apde.2013.6.1

SOME RESULTS ON SCATTERING FOR LOG-SUBCRITICAL AND
LOG-SUPERCRITICAL NONLINEAR WAVE EQUATIONS

HS1-WEI SHIH

We consider two problems in the asymptotic behavior of semilinear second order wave equations. First,
we consider the H! x L2 scattering theory for the energy log-subcritical wave equation

Ou = |ul*ug(Jul)

in R'*3, where g has logarithmic growth at 0. We discuss the solution with general (respectively
spherically symmetric) initial data in the logarithmically weighted (respectively lower regularity) Sobolev
space. We also include some observation about scattering in the energy subcritical case. The second
problem studied involves the energy log-supercritical wave equation

Olu = |ul*ulog® 2+ |u|*) for0<a <3

in R'*3. We prove the same results of global existence and (H! N H?) x H scattering for this equation
with a slightly higher power of the logarithm factor in the nonlinearity than that allowed in previous work
by Tao (J. Hyperbolic Differ. Equ., 4:2 (2007), 259-265).

1. Introduction
Consider the semilinear wave equation
Ou = —afu +Au= f(u) onR x R3,

u(0, x) = uo(x), (D
0u(0, x) = uy(x),

where f is a complex-valued function. Let the potential function F : C — R be a real-valued function
such that

2F:(2) = f(2), 2

with F(0) = 0 and u being the solution to (1) with initial data ug € HXl N{ep : fR3 F(¢)dx < oo} and
uy € L%. We can easily verify that the equation has conserved energy

Eu)(t) == /R} Due(t, ) * + 51Vue, ) + F(u(t, x)) dx. (3)

MSC2010: 35L15.
Keywords: scattering, log-subcritical, radial Sobolev inequality.
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The main goal of the paper is to study the Hx1 X L)ZC scattering theory for log-subcritical wave equations
with finite energy initial data, where the energy is defined by (3). In this paper, the term log-subcritical
wave equation refers to (1) with f defined by

zl*zg(lz]), 2] #0,
Z) = 4)
. {0, 21 =0, (
where g : (0, o0) — R is smooth, nonincreasing, and satisfies
—logx, O0<x< %,
gr):=y~1, I=<x<l, (5)

1, x> 1.

We also prove global existence in the case of spherical symmetry for log-supercritical wave equations,
by which we mean equations of the form

Ou = |ul*ulog® (2 + |ul?) (6)

In this paper, we will allow 0 < o < %, extending the range 0 < @ < 1 allowed in [Tao 2007]. We also
assume that the initial data is in the energy space, the set of data for which the energy (3) is finite.

Remark 1.1. We can easily compute that the potential function of log-subcritical wave equations (1), (4),

and (5) is
—¢lz1%(log(lzh — ¢). 0 <zl < 3.
Fab(2) = {1~ ¢lzl°, <l <1, ()
£lzl®, 2 > 1,

and the potential function of the log-supercritical wave equations (6) is
Fap(@) ~ [2]° log* 2 + 2. ®)

We quickly recall some common terminology associated to the scaling properties of (1). Consider
f(z) = |z|P~'z and let u be the solution of (1). By scaling, A>/!1=Pu(¢ /A, x /1) is also a solution with
initial data Az/(l_p)uo(to/A, x/A) and A(1+P)/(1_P)u1(to/k, x/A). Hence the scaling of u preserves the
homogeneous Sobolev norm [[ug || gsc 3y + 1 ll gee-1(gay if

3

Ser=5 T ——. Of equivalently p=1+
p—1

3—2s.

Definition 1.2. For f(z) =|z|?~'z and a given value s, we call (1) an H; -critical (subcritical, supercritical)
nonlinear wave equation if p equals (is less than, is greater than) 1+44/(3 —2s). In particular, when s =1,
we call (1) an energy critical (subcritical, supercritical) nonlinear wave equation if p =5 (p < 5, p > 5).

The results of global existence and uniqueness for the energy-critical (Qu = |u|*u) and energy-
subcritical (Ou = |u|?~'u, where p < 5) wave equations are already established by [Brenner and von
Wahl 1981; Struwe 1988; Grillakis 1990; 1992; Shatah and Struwe 1993; 1994; Kapitanski 1994; Ginibre
and Velo 1985]. It is natural to consider the decay of the solution, which we expect to behave linearly
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as t — Fo0o. The decay estimate and scattering theory (see section 2 for definition) of critical wave
equations are shown in [Bahouri and Shatah 1998]; see also [Bahouri and Gérard 1999; Ginibre and Velo
1989; Nakanishi 1999]. Hidano [2001] (see also [Ginibre and Velo 1987]), by the property of conformal
invariance, proved that the solutions for certain subcritical wave equations (% < p < 3) scatter in the
weighted Sobolev space X := X x Y, where

X:=H!R)N{p: x|Vp e L2R?)}, Y:=L2RHN{p: |x|¢ € L2(R).

However, for energy subcritical equations, the Hx1 x L? scattering theory! still remains open. In this
paper, we consider the solutions to the log-subcritical wave equations (1), (4), and (5) with finite energy
initial data. The global existence result is established in [Grillakis 1990; 1992; Kapitanski 1994; Nakanishi
1999]. We will prove that the solutions with a class of initial data scatter in H x L2. This class of data is
contained in logarithmically weighted Sobolev spaces X| x Y1, where

X1 :=H!R)N{p: log” (1 +[x|)Ve € L2(R>)},

9
Yi:=LIR)N{g: log’ (1 +|x))¢ € L3(R)} v

for some y > % For initial data in these spaces, we show that the potential energy of the solution decays
logarithmically for all large times. After dividing the time interval suitably, this decay helps us to control
the key spacetime norm || f (u)|| L2 This spacetime bound implies scattering (we will sketch the proof in
Section 2; see also [Bahouri and Shatah 1998]). Our proof of the spacetime bound involves establishing a
decay rate for certain constant-time norms of the solution and a bootstrap scheme motivated by that in
[Tao 2007]. We rely heavily on ideas from [Bahouri and Shatah 1998].

The second part of this paper considers the solution of log-subcritical wave equations with spherically
symmetric data. We prove that the solution u with initial data in X, x ¥, scatters in H! x L2, where

X, =H!®)N (U HZ®RY), Y:=L2®R)N(U HRY)). (10)
§>0 §>0

Our proof again uses the ideas from [Tao 2007] and the classical Morawetz inequality; see [Morawetz
1968]. However, we need a slightly sharpened version of the bootstrap argument. We also give remarks
for some specific energy subcritical wave equations (see page 15 and following).

The third part of this paper studies global existence for log-supercritical wave equations. The global
regularity of energy supercritical wave equations (Ju = |u|”~'u, where p > 5) is still open. In [Tao
2007], the author considered the log-supercritical wave equation

Ou = u’ log* (2 + u?) (11)

with spherically symmetric initial data and established a global regularity result for 0 < « < 1. For general
initial data, the same result for loglog-supercritical wave equations

Ou = u” log® (log(10 + u?))

U A} x L2 scattering is defined in Definition 2.1.
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with 0 < ¢ < % is obtained in [Roy 2009]. In the present paper, we extend the result in [Tao 2007] to

the range 0 < o < %, again for spherically symmetric data. This improvement is attained by employing
the potential energy bound in place of the kinetic energy bound used in [Tao 2007] for pointwise control.
2. Definitions, notation, and preliminaries

Throughout this paper, we use M < N to denote the estimate M < CN for some absolute constant C
(which can vary from line to line).
We use L{ L to denote the spacetime norm

q/r 1/q
Nl a1 xmey == </(/ |u(f,x)|rdx) dt)
e 1\Jr3

with the usual modifications when ¢ or r is equal to infinity.

Definition 2.1. We say that a global solution u : R x R? — C to (1) scatters in H! x L2 (or H! x L2
scattering) as t — +o00 (—oo) if there exists a linear solution v* (v™) with initial data in HX1 X L)ZC such
that

lue (2, %) = v* (8, )l 1y = 0 as 1 — +o0

(Nlu(t, x) — v (2, x)||H§xL§ —0 ast— —o00).
Remark 2.2. We will sketch here that the spacetime bound,
1 GO 1 120 00y ) < 00 (12)
for some 79 > 0, of the solution u to (1) implies the Hx1 X L)% scattering (as t — 00). Let
e Cl(R, HY(R))NCYR, LARY)

be the solution to (1) and let v satisfy Cv = 0 with initial data vy € H!(R?), v; € L2(R?) (to be chosen
shortly). By Duhamel’s formula,

u(t, x) = cos(ty/— A Jug(x) +

. — Qi —_ N
sinrv—4) VA)m(x)— fosm((t i A)f(u(r»dr (13)

N N

and
u(t, x) =cos(t\/—A)vo(x)+%vl(x), (14)

where the operators cos(t —A) and sin(t —A ) /+/—A are defined by

(cos(ty/=A)@) (&) = cos(tlENG(&)
and

sin(z|§]) -
| ¢ (&).

(sin(z‘ —A)

N ¢)A(§ )=
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Hence, that the solution u scatters and asymptotically approaches v in Hx] X L)ZC means that
sin(t/—A Lsin((t —1)/—A
cos(tw/—A)(uo—vo)+¥(ul—Ul)—/ ( )
VA 0 VA

as t — oo. From basic trigonometric identities, we can verify that (15) is implied by

‘ (0 — v0) +/0 Sm(% VA)f(u(r))dr WO

fu(r))dr — 0 (15)

Hlx12

and

(ul—v1)+/ cos(—7/—A) f(u(v)) dr
0

as t — oo. Therefore, if

sm( t/=A)
</0 e — " f(u(r))dr, / cos(—r\/I)f(u(r))dr) (16)

converges in H! x L2 as t — oo, and we take

o0 sin(—r./—A)
NETN
vi(x) == up(x) — /oocos(—t —A) f(u(r))dr,
0

vo(x) 1= up(x) —/O fu(r))dr,

in (14), we then have, by (13), (14), and elementary trigonometric formulas,

' _ ! sin((t—r)./—A) 0 cos(t —A) sin(—r«/—A)
= vl = H—fo @ +/O = f(u(0) de
% sin(r/=A) cos (—t/=A)
+ /0 ik fudr|
®§in(t—1)/—A
= /t Tf(u(r))d‘c e (17)

It remains to show two things:
(i) Our initial data vy, v; are well-defined, that is, that (16) does indeed converge in Hx1 X Li.

(i1) The right side of (17) converges to 0 as t — o0.

The claim (i) can be shown in several ways, for example, by showing that

® sin(—t/—A *°
lim / gf(u(r)) dt| =0 and lim ‘ / cos(—ty/—A) fu(r))dr| =0,
N—o0 N A — A H)} N—o00 N L%
where N € N. These two equalities follow from the dominated convergence theorem once we show that

sin(—t/=4)
v=A

-

(t)dt <oo and fOOHcos(—t —A) fu()| . (x)dT < 0.
O X

1
x
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But this follows quickly from (12) and the Plancherel theorem.
Claim (ii) has already been established in the discussion of claim (i). This concludes the argument that
the finiteness of (12) implies scattering.

Definition 2.3. We say that the pair (g, r) is admissible if 2 < g, r < oo, (g, r) # (2, 00) and

+-=

. (18)

N | =
N[ —

Q| =

Theorem 2.4 (Strichartz estimates for wave equation [Strichartz 1977; Kapitanski 1989; Ginibre and Velo
1995; Lindblad and Sogge 1995; Keel and Tao 1998]). Let I be a time interval and letu : I x R — C
be a Schwartz solution to the wave equation Qu = G with initial data u(ty) = ug, o,u(ty) = u for some
to € I. Then we have the estimates

Dol eyl g iy H190 1 g ey S 00l oy H01 g1 gy NG gy (19)

where (q, r) and (4, ¥) are admissible pairs and obey the scaling condition

$+§=%_o=%+;_z (20)

and where ¢’ and F' are conjugate to g and ¥, respectively. In addition, if u is a spherically symmetric
solution, we allow (g, r) = (2, 00).
We define the Strichartz space S, (/) for any time interval I, as the closure of the Schwartz function on

I x R3 under the norm

lulls,y == sup  Nullpoprzxms (21)
(g,r) admissible
where (g, r) satisfies (20).

Morawetz inequality [Morawetz 1968]. Let I be any time interval and u : I x R> — C be the solution
to (1) with finite energy E. Let F be the potential function as in (2). Then

/f FW gear <E. (22)
rJw 1XI

Spherically symmetric solutions. In the last part of this section, we assume that u is the spherically

symmetric solution to the log-subcritical wave equations (4), (5) (or log-supercritical wave equation (6))
and F is the corresponding potential function. We obtain the following a priori estimate for the solution.

Lemma 2.5 (pointwise estimate for spherically symmetric solution [Ginibre et al. 1992; Tao 2007]). Let
I be any time interval and let u : [ x R* — C be the spherically symmetric solution to the log-subcritical
wave equations (4), (5) (or log-supercritical wave equation (6)) with finite energy E and vanishing at oo.
Let F be the potential function. Then, for any t € I,

IX[2(F )" |ul)(t,x) S E (23)



SCATTERING THEORY FOR LOG-SUBCRITICAL AND LOG-SUPERCRITICAL NLW 7

Proof. We tackle the log-subcritical case; the proof for the log-supercritical case is similar and easier.
Define ¢ (z) := (F(z))'/?z and r := |x|. From (7), we can compute that, for fixed ¢,

|9, (p (ut, )| S NulP18,ul(t, %) xqjuiz1/3) (X) + lul® (=log [ul) 2 18,ul (1, %) x{ju<1/3) (%),

where x is the characteristic function on R>. Then, by the fundamental theorem of calculus, Holder’s
inequality, and energy conservation,

¢ (u(t, x))| <

o0
/ [l 10yt g3 4+ > (—log [ Y[l xpua <13 . 5) di

%) 6 1/2 2 1/2
|ul® % |0yul
S (/ 2 X{|u|>1/3} ds 2 X{u|>1/3}S 2 ds
r r
00 (1,16 1/2 2 1/2
|u>(=logul) 5 , |0y ul
+ (/ T2 S X< ds — 7 Xul<1/3)” ds
r r

1 12 I,
5_2(/ F(u)dx> < lp =
r R3 r
Inserting (23) into (22), we obtain that, for any time interval /,
f/ F5*u)lul? dx di < f/ PO up (el FYV4 @)/ dx di < EY2. (24)
R3 R3 xeR3

This implies
// |u|8(—log |u|)5/4 dx dt + /f |u|8 dxdt < E3? (log-subcritical case)  (25)
lu|<1/3 lul>1/3}

and

/ / luBlog®/* (2 + |u|?)dx dt < E3*  (log-supercritical case). (26)
1 JR3

3. Log-subcritical wave equations

In this section, we consider the scattering theory for log-subcritical wave equations. We can take advantage
of time reversal symmetry, and it suffices to prove that the solution u scatters in Hx1 X LJZC as t — oo.
Throughout this section, we use the notation

={(t.x) € (0,00 xR*: Ju| <1}, B={(t.x)e0,00)xR: |u| > 1],
and for any interval /,

A;=ANUIxRY, B, =BNnU xRY. (27)

General initial data in log-weighted Sobolev spaces.

Theorem 3.1. Let y > % and let u be the solution to the log-subcritical wave equations (1), (4), and (5)
with initial data
up(x) € X1, ui(x) €Yy, (28)

where X and Y| are defined by (9). Then u scatters in Hx1 X L?c.
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Proof. We need some decay estimates for the equation with initial data satisfying (28).

Lemma 3.2. Let y and u be as in Theorem 3.1. There exists T =T (|luollx,, lu1lly,, v) > 1 such that,
fort>T,

/ Flu(z, x)) dx < (29)
R3

log? 1’
where F(z) = Fap(z) is defined by (7).

Proof. We essentially follow the proof of Lemma 2.1 in [Bahouri and Shatah 1998], with some changes.
Define
e[ul(t, x) := 318 (t, x)* + 3 Vu(t, x)* + F(u(t, x)).

We claim that there exists C,, = Cy, (|luoll x,, llu1lly,, ¥) > 1 such that for s > C,,

/ e[u](0, x) dx < (30)
|x|>s

log? s

We prove this claim in the Appendix and continue the proof of this lemma here. Choose T such that
T > max(C)%, 10g47’ T). We aim to show that (29) holds forall T > T.
Define the truncated forward light cone by

K2(c):={(t,x):a<t<b, |x|<t+c, 0<a<b < o0}
and the boundary of the truncated cone by
Mb(c):=0Kb(c)={(t,x):a<t<b, |x|=t+c, 0<a<b<o0)}

Fix t > T and let s = /T > C,,. For any #; > 0, the energy conservation law on the exterior of the
truncated forward light cone K(t)’ (s) implies that

1

1
elul(ty) dx + — flux(0, t1, 5) = / e[u](0)dx < , (€2))
fx>s+t| \/z |x|>s logzy N
where )
ﬂux(a,b,c)::f {l ut+x-Vu‘ —i—F(u)}da.
Moy L2 x|
Hence
/ mmmws/ elul(t)dx S —— < — (32)
|X|>s+7 Ix|>s4T log”' s " log” T
and it suffices to show that
/ Fu(r)dx S ——. (33)
lx|<s+t log”
Define w(z, x) = u(t — s, x). The bound (33) is equivalent to
/ Fw(s+1))dx < i .
Ix|<s+t log” t

Set w; := d,w. Multiplying the equation f(w) —Ow =0 by tw; +x - Vw 4+ w, we get
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0, (t Qo+ w,w) —div(t Pp) + Ry =0, (34)
where
Qo =e[w] + th . Vw),

x wtz— |Vw|2
t 2
Ro = |w|®g(lw|) — 4F (w),

Py = —F(w)>+Vw(wt+§-Vw+%),
with g defined by (5). Define the horizontal sections of the forward solid cone by
D@t):={lx| e R’ : |x| <1}.

Fix 0 < T} < T, and integrate (34) on K ;12 (0). By the divergence theorem, we have

/ (T2 Qo+w;w) dx—/ (T1 Qo+w;w) dx—L
D(T») D(Ty) V2

(th-l—w,w—i—tPo )do-i—/ Ry dx dt
2 M%(O) x| k20

= Li+Ly+L3+Lsy=0. (35)

Now, following the same steps as in [Bahouri and Shatah 1998], we define v(y) := w(|y|, y). Since L3 is
the integral on M;f (0), using spherical coordinates, we obtain that

T
/ / v + r 2drdw+ = / Tzzvz(Tza)) da)—l/ levz(Tl)wda), (36)
Tl S2 2 2 2 52
|lw t|2 1V, 1 2 1
L = T N (w,+ w) + V]2 + F(w) —i—r(wr—l-—w)wt dx
D(T») 2 2 2/" r
— % f 2 T (Do) do, (37)
s
and
lwil® | 1V, 1 2 1
Ly=-— T (w4 w) + 55 Vow 4 Fw) ) +r(w,+ ), fdx
D(TY) 2 r 2r r
+%/2 T2 (Tiw) dw. (38)
s
Since L4 > 0, plugging (36), (37) and (38) into (35), we deduce that
T
Tz/ F(w)dx<CT1E+/ / Hlv +— r 2drdw,
D(Tz)

where C is a constant and E is the energy. Therefore,

T
/ F(w(T))dx < C E +/ / v + r 2drdw. (39)
D(T7) 2
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For any 77 > s, by (31), the second term in the right-hand side of (39) is controlled by

T . 2
/ / rdrda)</T [+ 220N do s -5 ——.
T M2 (0) x| log?” s ~ log® ©

Now, choosing 7> = 7 + s and Tj = (t +5)/log? © > /T =5, (39) implies

/ Fw(t+s,x))dx < (40)
D(t+s)

log? ©
Combining (32) and (40), the lemma is proved. O

Before we prove Theorem 3.1, let’s observe the following fact. Let / be any time interval with length
3 < |I] < oo. By Holder’s inequality, we have that, for 0 < § < 2,

4
el u(=log [Nl 11127 xm3)

G+O/6)

3-8 3-4)/6 2 8
< 11w’ (—log [u) STV o sra-s) g 12 2100 005 g 1e® (= Log D CFVON 2 o )

1/6” )(3+5)/6

2 )
LLE(IxR?) ||M||L;t/<2—8)L)1(2/5(1XR3)||M (—log |u]

1/6 2 8 346)/6 8/2
< (o ) VU o ey 11 100 1 g 106 (10 D O oo e 1172,

If lu| < %, we can estimate that

)(3-‘1-5)/6

1\ 1/2+5/6
I (~log u )

lsereorxmryy S (3
Letting § = 2/log |I|, we obtain
el (—og [l 112 s sy S Nt (=10 D YOGy NG v 2 g oy Y&V (A1)
To complete the proof of Theorem 3.1, by Remark 2.2, it suffices to show that
£ GON L1217 00)xR3) < 00 for some T < oo.
Let J = (37, 00), where i is sufficiently large and to be determined later. Then
| F@ON 22y S Mt u(=log [uD 1 p20a, + ¥l 11125, =2 My + Mo,

Since (246, 6(246)/8) is an admissible pair satisfying (20) for o = 1, from Hélder’s inequality and
Lemma 3.2,

1 2+
M, < ”u”LOOL()(B/)||u||L2+5L6(2+5)/8(B )~ (log(31)) G973 [ ||S1(J)' (42)

On the other hand, define interval J; by subdividing J according to J = U,fil(32k_li, 32ki) =: Uiy Jk-
Define 6 :=2/log |Jk|. By (41), Lemma 3.2, and the fact that the admissible pairs (4/(2 — 8x), 12/6;)
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satisfy (20) for o = 1, we have

o0

o
5. 2kiN1/2 2
My =) (log Dl zomy S ;((Iogg,zk ey 1083 )"u"wak>L;2/sk<JMR3>

oo
< <Zi1/2—(3—5k)/3y _z(k—l)(l/Z—(3—5k)/3)V) ||u||§1(1).
k=1

Since y > %, we can choose i sufficiently large such that (((3 —8)/3)y — %) > ¢ > 0 for all k. Hence

o0
My S~y 27 g, ). (43)
k=1

Combining (42) and (43), for ¢y > O sufficiently small, we can choose i sufficiently large such that

2 2468
IF @Oy 200 xme) < €olllulls, gy + a5

By the Strichartz estimate (19), we have
248
lulls,ry < CEZ +eo(ulls, ) + Null$h).-
From a continuity argument, we conclude that
el s,y < 2CE'2.
This implies that
||f(u)||L)L§(j><|Rg3) < 0. 0

Spherically symmetric initial data in lower regularity Sobolev spaces. In this subsection, we consider
the solutions to the log-subcritical wave equations with spherically symmetric initial data. If the finite
energy initial data are in any lower regularity Sobolev spaces, we obtain the Hx1 X L)zc scattering. The
spirit of the proof follows from [Tao 2007] and a slightly sharpened bootstrap argument in Lemmas 3.5
and 3.6.

Throughout this subsection, for given § > 0, we denote

Z(t) = Nt )| oo oy + 196, ) s - (44)
It is easy to show that Z(¢) > O for any time t2

Theorem 3.3. Let u be the solution to the log-subcritical wave equations (1), (4), (5) with spherically
symmetric initial data
up(x) € X2, ui(x) € Y, (45)

where X, and Y, are defined by (10). Then u scatters in H)C1 x L2.
To prove Theorem 3.3, we need some intermediate lemmas.

2Iif z (t9) = 0 for some 1, it is easy to prove that the solution u has energy E(fy) = 0 and, hence, E(¢) = O for any time ¢, by
energy conservation. This implies the solution u(z, x) = 0 for all ¢.
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Lemma 3.4. Let I = [a, b] be any interval where 0 < a < b < 00 and let u be the solution to the
log-subcritical wave equations (1), (4), (5) with spherically symmetric initial data

u(a, x) =uop(x) € Hx1 N [_'le—a’ dru(a, x) =uj(x) € Li N I-.Ix_‘3

for some fixed 0 < § < 5. Then there exists 0 < €(§) < 1 such that for 0 < € < €(8),

14+¢/(25) 5/32 4—€/(20)—€ 1\7/16
lllsi-scny S Z @+l 5T+ s (Nl (Slog [ ¥ 215 /3 ity ) (2) 5 (46)
where the constant hidden in (46) is independent of the interval I and €.
Proof. By the Strichartz estimate (19),
||u||S1_5(1) S Z(a) + ”f(u)”L?/@*a)lj/(l*‘s)(lxR})' (47)
Consider that
1L GO 2re-0 21000 g gy S I =l fuoguD) | 20 2aso, , + Wul*ul 20 2000 ) =2 Ni+Na
with A; and Bj as in (27). By Holder’s inequality,
4 4
N2 S ||u ”Ltz/(l*&Li/S(Bl) ”u ||L§,X(Bl) S ||u ||S175(1) ”M ”Lrgx(Bl) (48)

On the other hand, choosing €(§) sufficiently small such that for 0 < € < €(3),

2
0ol 85te—8242s 1 o 1. +e(1 20) _1 3 1245¢/Q@8)+5¢ _ T
P 8(25+€) 2 q 8(25+¢) 2 8 32 16

It is clear that (p, ¢) is an admissible pair satisfying (20) for 0 = 1 — §. By Holder’s inequality and
interpolation theory, we can estimate that

5— 5(4—€/(26)—€)/32 12+5€/(28)+5€) /32
Ny < P (<log lul) /@02 2o s Il (<log lul) HSCIHZ)

14+€/(28 4—€/(28)—
< [ullFAPY u(—log ul)>/32| ¥ /D¢

€r_ (12+5€/(28)+5€) /32

14+€/(28
< a2

'12+5€/(28)+5€32
_ 5/32,4—€/(28)—€ l upnfrac
S Meell g q, el (=log Jul) 2l ( ) ‘

Li,(An  \e (50)

The last factor of (50) comes from maximizing the last factor on the right of (49) using calculus. We note
that the constant hidden in the last inequality is independent of €. By (48) and (50), we have
1+€/(25 4—e/@8)—e (116
1 @)l 200 2000 sy S Nl 4 el (—log |u|)5/32||Lls‘j{j,,)’ ‘ (;) +llullssmllullys g,

From (47),

14€/(28 4—e/(28)—€ (1
lulls,-sn) S Z(@+lullgy gy Mul (—log luly 752 (E) Hlullsi s llulizy 5, SRHS of (46).

One can check that all constants hidden in the inequalities above are independent of the interval / and e.
Hence, Lemma 3.4 is proved. ]
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Lemma 3.5 (continuity argument). Let I (= [a, b]) and u satisfy the assumptions of Lemma 3.4, C be the
constant hidden in (46) and 0 < €(8) be chosen in Lemma 3.4. Let €9 = 1/(100C) and 0 < € < €(8) such
that Z(a)</? > % and 2C)¥/@) < 2. We define
L . 5/324—€/(28)—€ 4—e/(28)—€
Q1) = (lllul(~log lu)* [ 2~ + el ().
Ifllull s s, < 1 and Q(I) < e’/ /(Z(@)/®)), we have
lulls,_s1) <2CZ(a).

Proof. We prove this lemma by contradiction. For 0 < ¢ < b — a, from the dominated convergence

theorem, we have that the function ®(7) := |lulls, ,(4.q+¢) 1S NOndecreasing and continuous in [0, b — a]
and ®(0) = 0. By the hypothesis and (46), we have
1 1+€/(26) 1
O (1) < CZ(@) + (@O /Y + ¢<r>><m> (51)

for all ¢ € [0, b — a]. Assume for contradiction that there exists #y € [0, b — a) such that @ (zg) =2C Z(a).
If2CZ(a) < 1, (51) implies that

1 1 11
2CZ(a) = d(t9) < CZ(a) + %(2CZ(a))(W) < ECZ(a).

On the other hand, if 2CZ(a) > 1, (51) implies that

207() = B (1) = CZ(@) + 55 (2CZ(@)) ' +/ (m) < 1CZ@.

We get contradictions in both situations, and the lemma is proved. U

Lemma 3.6 (finite division). Let I (= [a, b]) and u satisfy the assumptions of Lemma 3.4 and C be
the constant hidden in (46). We denote Z; = (2C)' Z(a), where i = 0,1,2,.... For any €y > 0, we

can choose € < 1 and finitely many numbers a = To < Ty < T» < --- < Ty < Tyy1 = b, where
N = N(eo, €,6, E, Zy, C), such that for 1; :=[T;, Tj 1],
£7/16
o)) = eo<m> (52)

J
forO0<j<N—1land Q(Iy) < 60(67/16/25\]/@5)).

Proof. We observe that

i /16 \ T8/ ¢4-e/@D—0) . ey |
2 [60<W>:| Zeo,Zo {6 ; (2C)Fie/®5—c=256) } —o00 ase— 0.
Therefore, by (25), we can choose € sufficiently small such that
3(// (8 (—log [u])*/* dx dt +// [’ dx dt) - XK: [Go(ﬂ)]aa/m-e/(zm—e) )
N B ~ Zie/(28)

for some K = K (¢g, €, 6, E, Zg, C).
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Fix thise. If Q(1) < 60(67/16/(28/(28))), we say T; = b and the lemma is proved. Otherwise, we
can choose 0 < T7 < b such that (52) holds for j = 0. Again, if Q([T1, b) < 60(67/16/(Zf/(28))), we say
T, = b. Otherwise, we can choose T; < T» < b such that (52) holds for j = 1. By continuing this process,
we can choose a < T} < T, < --- such that (52) holds for j =0, 1, .... It suffices to show that this
process will stop in at most K + 1 steps. Indeed, assume that there are more than K + 1 subintervals
satisfying (52). Since

Q(1)¥/4-</29-0) < 3( [[ ot avar+ [[ i ar dr>,
Al

By,
for j =0, 1, ..., by our construction of /;, we have
K+1 7/16 K+1
B \8/(4—€/(28)—€)
Z éo(ze/aa)) = Z Q)
Jj=0 i j=0

K+1

523(// |u|8(—10g|u|)5/4dxdt+f/ Iulgdxdt)
i=0 Ay By;
53(// |u|8(—log|u|)5/4dxdt+// |u|8dxdz>.

A B

This contradicts (53), and the lemma is proved. O

Corollary 3.7. Let I and u satisfy the assumptions of Lemma 3.4 and C be the constant hidden in (46). If
8/(14+28

el g,y < 1w € L0 xR,

Proof. Let €(8) be chosen in Lemma 3.4 and 0 < € < €(8) satisfy Lemma 3.6, Z(a)/®® >  and
(2C)¥/@) < 2. Let {I j}ﬂ.v:() be the subintervals constructed by Lemma 3.6 such that (52) holds for
0<j=N.
We claim that
”u||S]_5([j) SzCZ] foroij iNa (54)

where Z; = (2C)’ Z(a). Indeed, by Lemma 3.5, (54) holds for j = 0. Again, if (54) holds for j =k — 1,
we have Z(Ty) < llulls,_y_,) < Zx. Since Z;/(za) > Z(a)*/®® > 1, applying Lemma 3.5 on the interval
I, we obtain (54) for j = k. By induction on j, the claim is proved and this implies

N+1 N+1
el 57042 gy < D Mutllsisiap < D (2€) Zg < 0. O
’ j=0 j=0

Corollary 3.8. Let u be the solution to the log-subcritical wave equations (1), (4), (5) with spherically
symmetric initial data

w(0,x) =uo(x) € H' N H™? d,u(0,x) =u;(x) e L2NH®

Sfor some fixed 0 < § < % Then u € Lﬁ@“”‘”([& x R3).



SCATTERING THEORY FOR LOG-SUBCRITICAL AND LOG-SUPERCRITICAL NLW 15

Proof. By (25), we can choose finitely many numbers 0 = Sy < S| < --- < Sy—1 < Sy = oo such that
lullzs (B, s,,,p =1 for 0 <k < M. By Corollary 3.7 and energy conservation, we have
f,x k4

(u(Sk, x), du(Sk, x)) € (H NH! ™) x (L2N H®)

and [|ull s/1+25 < oo for0 <k < M. Hence
t,x

([Sk+ Se+11xR?)
M

<
el L3429 g gy = 2. loell 729 g, s, 1xm3) < 00 O
k=0

To finish the proof of Theorem 3.3, by Remark 2.2, it suffices to show that || f (u) ||L) L2((T,c0)xR3) < OO

for some 0 < T < oo. Since the initial data satisfy (45), we can choose some 0 < § < 1 such that

2
uo € HX R N H!9(R3) and u; € L2(R3) N H°(R?). Observe that

||f(”)||L}L§((T,oo)xR3)
5 5
5 I | (log(luD)“L}L%(AT) —+ || |u| ||L}L§(BT)

4/(1423) 88/(1+28 4
Sl gy N 2 1%/ 2) dogQui g an + el g Nl 210

1426 4/(1+26) 4
< - =

where A7 := AN((T, 00) x R®) and By := BN ((T, 00) x R?). The last inequality above is from the fact
that |u®/+29) (log(|u))| < (1+28)/(88) for |u| < 5. By Corollary 3.8 and (25), for sufficiently small
€ > 0, we can choose 7" = T (¢) sufficiently large such that

( 1+26 ) lu ”4/(1+2a)
88 LY /(1428)(Ar)

Hence, by the Strichartz inequality [Klainerman and Machedon 1993],

4
+ ”””LEX(BT) <e€.

1/2
1]l 2 0 (700 ) < CE? + €Clutll 1220 (7 00) i)

Again for € < 1/(2C), we have ||l 12 oo ((7 00y xR?) < 2C E'/? and this implies || f () 20 227 00y xRy < OO

Energy subcritical nonlinear wave equations with specific spherically symmetric initial data. In the
last part of this section, we will discuss an observation, for energy subcritical nonlinear wave equations,
inspired by the proof of Theorem 3.3. For given 0 <& < %, let (ug, up) € (I-'I)C1 ([F\R3)ﬁl-'lxl_‘S (R3)) x (L)zc RHN
H; 9(R?)) be spherically symmetric functions. In this subsection, we consider the energy-subcritical
nonlinear wave equation

Ou = |u|4_€u, u(0, x) =uop(x), u0,x)=ui(x), (55)

where we allow € to depend on the given data (ug, u;). That is, we find a relation (R) (see Definition 3.10)
among ¢, the energy E, and Z(0) as in (44), the lower regularity norm of the initial data, for which the
solution scatters. We remark that relation (R) holds for data large in both the energy and H'~% norms
provided that € is taken sufficiently small (depending on the size of these norms). In [Lindblad and Sogge
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19951, scattering was established in H'~? for the H'~? critical nonlinear wave equation from small data.
Our remarks here are related to that work, for example, relation (R) quantifies the extent to which large
data can be allowed. Also, we will prove scattering in H', rather than H'~°.

In order to prove that u scatters in Hx1 x L2, Tt suffices to show that ||u’~¢ 2122 17,00y xm3) < 00 for
some T < oo. By the Strichartz estimate and Holder’s inequality,

1/2 5—¢
”u”L,zLio([T,oo)xW) <CE" +Cllu ||L}L§([T,oo)><[RE3)

4—
< CE'2 4 Cllull 2 oo 7,00y ) 12

€
L32€([T,00)xR3)

Following similar arguments as in the proof of Theorem 3.3, we only need to show that
||u||L§;2‘([T,oo)><R3) < oo forsome T < oo.

Let €9(8) :=85/(1 4+28) (so that H'~% is the scale invariant norm for (55) with € = €((5)). We restrict to
the case 0 < € < €0(8).
In this case, (55) is H'!~%-supercritical nonlinear wave equation. We denote

B 3¢ _ 8-3¢ 1 1428, 3(1-28) 1 1428 1-28
Tles-3pec “Tay—e a8 T B
2 4

ve A—ye—e  ac 8 " 80+y) B 8  8(I+r)

Note that
(i) as € = €p(8), Ye —> 4 — € and k. — 00;
(i1) (o, Be) is an admissible pair satisfying (20) foro =1 — 6.

Remark 3.9. Let u be the spherically symmetric solution to the energy-subcritical nonlinear wave
equation (55) with energy E. We observe that Lemma 2.5 holds for . Hence, for any interval I = [a, b]
where 0 <a < b < 00, (24) implies

f lu(t, x)|373/* dx dt < C,E?/?, (56)
1 JR3

where we can choose the constant C; to be independent of €. Moreover, by the Strichartz estimate,

lulls, sy = CZ(a) + Cllu (57)

5—¢
||L,2/(276)L/%/(1+5) (IxR3)"

Definition 3.10. Given 0 < § < %, let 0 < € < €p(8), u be the solution to (55) with energy E and lower
regularity norm Z(0) > 0. We say that the triple (E, Z(0), €) satisfies the relation (R) if

1 e 1
E3/2 < ( )
QET=Geomzor) T-eo

Lemma 3.11. Given 0 <6 < % and 0 < € < €y(9), let
(uo, u1) € (HN(R*) N H! 7 (R*) x (L2(R*) N H*(R%))

be spherically symmetric functions such that the triple (E, Z(0), €) satisfies (R) and u is the solution to
(55). Thenu € L' (R, x RY).
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Proof. Since (E, Z(0), €) satisfies (R), by (56) and an argument similar to that in proof of Lemma 3.6,
we can choose finitely many numbers 0 =Ty < T} < --- < Ty < Tny41 = 00 such that

lull e I (58)
8T T xRy 2(2C) 17 ((2C) Z(0))7e

forO0<i <N -—1and

ey P S .
(v, Tn411xR3) — 2(2C)1+ve (2C)N Z(0)) e
We claim that
Z(T;) < 20)' Z(0) (59)
and
lulls,_yqr. 7001 < RC) T Z(0) (60)

forO0<i <N.

Observe that (59) is clearly true for i =0 and Z(7;) < |lu|ls, sq7,_,,1;)) for 1 <i < N. Hence it suffices
to show that (60) holds and then (59) is automatically true.

A similar proof to that of Lemma 3.5 applies here. Assume (60) is true for i < j — 1. We aim to prove
(60) fori = j. (Note that (59) follows from our assumption when i = j.) Let ¢ (1) = |[u||s,_,(1;.7;++1)- Then
¢ is a continuous and nondecreasing function on [0, T — 7] and ¢ (0) = 0. Assume for contradiction
that there exists 79 € [0, T;1 — T;] such that ¢ (fp) = (2C Y/ +1Z(0). By Holder’s inequality, (57), (58),
and (59), we have

(2C)/+IZ(O) - ¢(t0) =< CZ(TJ) + C”l’ts_é ||L[2/(2—3)L§/(1+5)([T-,T +19]xR3)

I+ye d—ye—e
<CzZ(T; Cllu
< CZAD +Cllal o i oo I 1 ey

14y, 4—y.—€
=< CZ(TJ') + C||u||5l—):3([Tj’T.i+’0])” ul| 8 56/4([T T +16]xR3)
i 1 1+,
J e
sceoyzo+ 4[(2C)I 1 Z(0)] leells, ;.7 400m

1

@ Zop: <10 o

<10t Z0) +

=3220)’*1Z(0).

The contradiction implies that (60) holds for i = j. By an inductive argument on i, the claim is proved.
To finish proving this lemma, we have

N+1 N+1
lull 37029 gy < D Nullsi st riany < DO Z(0) < 09 O
i=0 i=0

Corollary 3.12. Let §, €, ug, u1 and u satisfy the assumptions of Lemma 3.11. Then u scatters in H)} x L2

Proof. By the above discussion, it suffices to show

||u”Lﬁ}2€([T,oo)><R3) <
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for some T < 00, since 0 < € < €p(5) is equivalent to 8/(1 +28) < 8 — 2¢. The proof of L;{;zE spacetime

bound is straightforward by (56), Lemma 3.11, and interpolation theory. O

4. Log-supercritical wave equation

For spherically symmetric log-supercritical nonlinear wave equation (1), (6) with finite energy E, we
observe that the potential energy bound provides slightly better pointwise control, (26), of the solution
than the one from the kinetic energy bound?; see [Ginibre et al. 1992; Tao 2007]. In this section, we
consider a slightly more supercritical wave equation than the equation in [Tao 2007] and prove the same
global regularity result by using (26).

Theorem 4.1. Define

HX(R?) := H(R®) N H2(R?).
Let0 < < % and (ug, u1) be smooth, compactly supported, and spherically symmetric initial data with
energy E. Then there exists a global smooth solution to

Ou = lul*ulog® 2+ |u]®), u(0,x)=uo(x), du(0,x)=ux). 61)

Furthermore, we have the universal bound of I:I? X Hx] norm, which depends on both the energy E
and If-lvx2 X Hx1 norm of the initial data, of the solution u; this implies that the solution u scatters in
H>(R?) x H (R?).*

Remark 4.2. This theorem was proved in [Tao 2007] for « = 1, and it is easy to get the same result for
o < 1 from that argument. We take advantage of (26) to extend the range of o up to %. In the remainder
of this section, we will essentially follow Tao’s argument to prove Theorem 4.1 using (26) and sketch the
proof of H2 x H scattering. We will skip the argument providing an explicit H2 x H universal bound
here; see [Tao 2007] for details.

We will use a well-known global continuation result (for a proof see [Sogge 1995], for example).

Theorem 4.3 (classical existence theory). Let u : [0, T] x R3 — C be a classical solution® to (61)
satisfying

||u||L}’°L§°([0,T]><R3) < 0.
Then there is § > 0 such that one can extend the solution u to [0, T + 8] x R.

Proof of Theorem 4. 1. By time reversal symmetry, it suffices to consider the global existence and scattering
theory of u on R, x R.

3The kinetic energy bound can only provide fl ng |u|3 log* (2 + [u|?) dx dt < E3/2.

4The definition of H 3 x H )3 scattering for the solution u is similar to Definition 2.1, but the H xl X L% -norm is replaced by the
H )% x H )3 -norm.

SWe call u a classical solution to (1) if u solves (1) and is smooth and compactly supported for each time.
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By the Sobolev embedding theorem, for a classical solution u to (61) on [0, T'] X R3, we have

2
lutll oo oo, 7mey S D IVEUl oo 210, 71xm0) - (62)
Jj=1
Hence, applying classical existence theory (Theorem 4.3), in order to show global existence, it suffices to

prove that for any fixed 0 < T < oo, we have

2

Y IV ull o2 qo.mixms) < 00,
j=1

provided that u is the classical solution to (61) on [0, T'] x R3.
Let I =[a, b] € [0, T] be any interval. We define

= [ [ Proge @ st P dear
IJR

=Y IVl 2000 rmey T Ve Viul o r2 e
j=0

Dy := ||V xu(a)ll

HI®R3) '

In addition, we set D = ||V, ,u(0) ||H L
From the Strichartz inequality, Holder’s inequality, and (62), we have

1
N < ClIViau(@ |l ey +C Y IV (ul*ulog® Q4 [ulP Dl 127 ey

1 =0
<CD+C Y ul*IViullog Q@+ 1u) 2 xm)
j=0
< CD;+Clul*1og/* 2+ 1u)ll 212 ) (Z IV ull 210 1) 1 10g™ 7 ot Ju? )||L°°L°°(1><R*)>

=0

1
i 3a/8
< CD;+Cllulog™ " @+ 1ul) s 8 ) (Z IVEull 2L 1 xmo) Il log(2+ |u|2)|lL‘;‘<L§°(1xR3))
: <

2
<CDy +CM1/ Ny 10g3a/8(2+ ||u||i;’°L§(lxR3))
<CD;+CM)*N;log"?(2+N3).

From the result in [Tao 2007, Corollary 3.2], for any €y > 0,

k
Z — o0 ask— oo.
lo (2+(2C) 'D)

i=0

Hence, for any fixed €p, the finiteness of Mo 11 from (26) implies that we can choose finitely many
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numbers 0 =Ty < T} <--- < Tx < Tx4+1 =T, with K depending on D, E, and €, such that

€0
log(2+(2C)' D)

Tina
M ‘:/ /|u<r,x)|810g5“/4<2+|u<r,x>|2>dxdz=
T; R3

for0<i < K —1 and Mg < €y/log(2+ (2C)X D).

Choosing €y = 1/(100C)?, by iteration and continuity arguments, we claim that Ni7 7.,,; < 2C)" "' D
for 0 <i < K.° Indeed, assume that this claim is false for some i = J. Then there exists 7o € (T}, Tj41)
such that Ni7, ;) = (2C)/*! D. We have

(2€)*'D <€) D+ CM;* Niga log* @+ Niy, 1)

log!/?(24+(2C)/*' D)
100log'/?(2+(2C)J D)

<i@o)t'D+ x (2C)/*'D
<3@2C)*'D.
Thus the claim is proved by contradiction. This implies
2 K K
Z IViullLeor2qo.71xR3) < Nio,71 < ZN[T,-,T,-+1] < Z(ZC)IHD < 00.
j=1 i=0 i=0

The universal bound only depends on D and E’, indicating the global existence.
Now we sketch the proof of H> x H]! scattering. From a similar argument as the one discussed in
Remark 2.2, in order to prove HXZ(R3) X HX1 (R?) scattering, it suffices to show that

el *ulog® 2+ [l 11 g1 s, xme) < 00 (63)

By the above discussion, the universal bound is independent of 7. Hence we have Nr, < oo. By Holder’s
inequality,
1/2
Hul*ulog® @+ [ulP) | 1 g1 @, i) S Mg, Ne, log' 22+ N ) < oo. O

Appendix: Proof of (30)

Since (ug, u1) lies in X x Y7, defined in (9), we have

luollk, = / |Vuo|* log® (1 + |x|) dx 2 (log® s) |Vuo|? dx.
R3 |x|>s
Hence ! ”2
uo
/ Vugl? dx < —52L. (64)
|x|>s IOg Vs
Similarly,
[y 12
/ ui?dx < — . (65)
|x|>s 10g Vs

6See the similar arguments in Lemma 3.5 and Corollary 3.8 or Proposition 3.1 in [Tao 2007].
In fact, from corollary 3.2 in [Tao 2007], we have Ng_ <2+ D)(2+D )" .
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Now, consider

/ me»w=/ me»M+f Fuo(x)) dx
[x|>s {lx|>s}N{luog|<1/3}

{IxI>s3N{luol=1/3}

5/ Iuol6(—log|uo|)dx+/ luo|®dx =: I+ 1I1.
{lx]>5}N{Juol <1/3) {1x]>s3N{luol>1/3}

Let

1=/ |wﬁ4%www+/ ol (—log luo]) dx
{Ix]>s3N{luo(x)|<1/]x|?/3} {Ix|>s}N{1/|x|?3<|ug(x)|<1/3}
=L+

When s is sufficiently large,

hsf ol V2( supuo| " (~log|uo)) ) dx
{lx[>s}N{luol<1/1x|*3}

—2/3

[uol<s
§/ B S5 (66)
|x|>s log Vs

Now we aim to prove that I, + I1 < 12 for s sufficiently large. For o € R, define

log”'s
uolog® 2+ |x)) |*
Q(a) ;:/ —_—
R3 2+ |X|
‘We claim that
O(a) < C(lluollx,, E,a) for a <y, (67)

where E is the energy. Indeed, if @ < 0, by Holder’s inequality and Hardy’s inequality,
log*(2 2 log®(2 2
Q(a):/ uo log™( +IXI)‘ dx+/ uo log™ (2 + |x)) dr
x| <3 2+ |x] Ix|>3 2+ |x|
2 uo |2 2 3
S okt [ [0 ar S okt + ([ Fana) scE@. o
x| <3 R ! [x] * R?
Again, if 0 <o <y,
0w = |
R3
1/3
([ morax) 4 [ vwmoge P
|x|<3 R3

" log®~ (2 2
Sa (f F(u)dx) +/ |Vu010ga(2+|x|)|2dx+/ ‘uo og” ( +|x|)‘ W
R3 R3 o 2+|x|

uolog® (2 + |x|)

2
’ dx
| x|

log* (2 2
“oto8 XD ( —HXD‘ dx Sa/ Iuolzdx+/
2+ |x] |x|<3 R3

5E”+/’ Wwfw+/‘|vaya+um%n+Qw—D
|x]<3

[x]>3
SEYV L E+ uolx, + Qa—1).

By an inductive argument and (68), the claim is proved.
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Fix s > 1. Let x be the smooth radial function which equals 1 on {|x| > s}, 0on {|x]| <s/2},0<x <1
and |V x| < 1/s. Then we have |V x| < 1/|x|. By the Sobolev embedding theorem and Hardy’s inequality,

log® s / |luo|® dx
|x|>s

3
5/ ol log® (Jx|) dx < /3(X|uo|10gy(2+ ¥))° dx S (/ |V (xuolog” 2+ |x|>)\2dx>
|x|>s R3 R

2 3
dx)

xuolog” ' (2 + |x])
24 |x|

<, (/ |quology(2+|x|)|2dx+/ IxVuology(2+|x|)|2dx+f
R3 R3 R3

= (1 + 1+ h)>.

We can compute that

sty/ Iwology<1+|x|>|2dx+/ |Vuol* dx < lluollk, + E,
R3 |x|<3

J3 S Cllluolix,, E. ), by (67).

2
dx §/
|x|>s5/2

lug|® dx < C(lluollx,, E, y) for sufficiently large s. Then we deduce

Since Vx < 1/]x],

Ji 5/
|x|>s/2

S Cllluolix,s E, ).

uolog” (2 + |x|) z

x|

up log” (2 +|x|)
2+ x|

Hence log® s x|>s

1 1
< .
log® s ~ log? s

115/ o6 dx < (69)
[x|>s

Similarly,

log® s / luo|®(—log Juo|) dx < log™ ' f luo|® log(|x]) dx
{lx|>s}N{1/1x|*3 <|uo|<1/3} [x|>s

< / luo|® 10g® (Ix) dx < C(lluollx,, E, ¥).
|x|>s

Therefore,
1 - 1

125 1

(70)

log®”~!s = log? s’

Combining (64), (65), (66), (69), and (70), we obtain (30).
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LOCALISATION AND COMPACTNESS PROPERTIES
OF THE NAVIER-STOKES GLOBAL REGULARITY PROBLEM

TERENCE TAO

In this paper we establish a number of implications between various qualitative and quantitative versions
of the global regularity problem for the Navier—Stokes equations in the periodic, smooth finite energy,
smooth H!, Schwartz, and mild H' categories, and with or without a forcing term. In particular, we
show that if one has global well-posedness in H' for the periodic Navier—Stokes problem with a forcing
term, then one can obtain global regularity both for periodic and for Schwartz initial data (thus yielding
a positive answer to both official formulations of the problem for the Clay Millennium Prize), and can
also obtain global almost smooth solutions from smooth H' data or smooth finite energy data, although
we show in this category that fully smooth solutions are not always possible. Our main new tools are
localised energy and enstrophy estimates to the Navier—Stokes equation that are applicable for large data
or long times, and which may be of independent interest.

1. Introduction

The purpose of this paper is to establish some implications between various formulations of the global
regularity problem (either with or without a forcing term) for the Navier—Stokes system of equations,
including the four formulations appearing in the Clay Millennium Prize formulation [Fefferman 2006] of
the problem, and in particular to isolate a single formulation that implies these four formulations, as well
as several other natural versions of the problem. In the course of doing so, we also establish some new
local energy and local enstrophy estimates which seem to be of independent interest.

To describe these various formulations, we must first define properly the concept of a solution to
the Navier—Stokes problem. We will need to study a number of different types of solutions, including
periodic solutions, finite energy solutions, H I solutions, and smooth solutions; we will also consider a
forcing term f in addition to the initial data u#y. We begin in the classical regime of smooth solutions.
Note that even within the category of smooth solutions, there is some choice in what decay hypotheses to
place on the initial data and solution; for instance, one can require that the initial velocity uy be Schwartz
class, or merely smooth with finite energy. Intermediate between these two will be data which is smooth
and in H'.

More precisely, we define:

The author is supported by NSF Research Award CCF-0649473, the NSF Waterman Award and a grant from the MacArthur
Foundation.

MSC2010: 35Q30, 76D0S, 76N10.
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Definition 1.1 (Smooth solutions to the Navier—Stokes system). A smooth set of data for the Navier—
Stokes system up to time 7 is a triplet (ug, f, T), where 0 < T < oo is a time, the initial velocity vector
field ug : R — R3 and the forcing term f : [0, T] x R®> — R? are assumed to be smooth on R? and
[0, T] x R? respectively (thus, ug is infinitely differentiable in space, and f is infinitely differentiable in
space-time), and u is furthermore required to be divergence-free:

V-ug=0. (1)

If f =0, we say that the data is homogeneous.
The total energy E(ug, f, T) of a smooth set of data (ug, f, T) is defined by the quantity’

2
E(uo, f,T) = %(||”0||L§(R3) =+ ||f||L,‘L§([O,T]><R3)) > (2)

and (ug, f, T) is said to have finite energy if E(uo, f, T) < 0o. We define the H' norm #'(uq, f, T) of
the data to be the quantity

%" (wo, £, T) = lluoll sy + 1 | oo ma sy < 00,

and say that (ug, f, T)is H Vif 96! (uy, f, T) < 00; note that the H ! regularity is essentially one derivative
higher than the energy regularity, which is at the level of L2, and instead matches the regularity of the
initial enstrophy

1 2
§/ lwo (2, x)|” dx,
R3

where wg := V X uy is the initial vorticity. We say that a smooth set of data (ug, f, T) is Schwartz if, for
all integers o, m, k > 0, one has
sup (1+ [x])* |V uo(x)| < 00

xeR3
and

sup (14 [x])*[ V" f(x)] < oo.
(t,x)€[0, T]xR3

Thus, for instance, the Schwartz property implies H', which in turn implies finite energy. We also say that
(uo, f, T) is periodic with some period L > 0 if one has ug(x + Lk) = uo(x) and f (¢, x + Lk) = f (¢, x)
forallt €[0,T], x € R3, and k € Z3. Of course, periodicity is incompatible with the Schwartz, H I and
finite energy properties, unless the data is zero. To emphasise the periodicity, we will sometimes write a
periodic set of data (ug, f, T) as (ug, f, T, L).

A smooth solution to the Navier—Stokes system, or a smooth solution, is a quintuplet (u, p, uo, f, T),
where (ug, f, T) is a smooth set of data, and the velocity vector field u : [0, T] x R* — R? and pressure
field p : [0, T'] x R3 — R are smooth functions on [0, 7] x R3 that obey the Navier—Stokes equation

oru+u -V u=Au—Vp+ f 3)

and the incompressibility property
V.u=0 “)

IWe will review our notation for space-time norms such as Lf) LZ, together with sundry other notation, in Section 2.
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on all of [0, '] x R3, and also the initial condition
u(0, x) = uo(x) )

for all x € R3. We say that a smooth solution (u, p, ug, f, T) has finite energy if the associated data
(uo, f, T) has finite energy, and in addition one has?

ll2ell oo 22 0. 71xR3) < OO (6)

Similarly, we say that (u, p, ug, f, T) is H' if the associated data (uq, f, T) is H', and in addition one
has

”””L?oHXl([O,T]xW) + ||”||L,2HX2([0,T]X[R{3) < 00. (7

We say instead that a smooth solution (u, p, ug, f, T) is periodic with period L > 0 if the associated data
(uo, f, T)= (uo, f, T, L) is periodic with period L, and if u(z, x + Lk) =u(t, x) forallt € [0, T], x € R3,
and k € Z°. (Following [Fefferman 2006], however, we will not initially directly require any periodicity
properties on the pressure.) As before, we will sometimes write a periodic solution (u, p, ug, f, T) as
(u, p,ug, f, T, L) to emphasise the periodicity.

We will sometimes abuse notation and refer to a solution (u, p, ug, f, T) simply as (u, p) or even u.
Similarly, we will sometimes abbreviate a set of data (ug, f, T') as (ug, f) or even ug (in the homogeneous
case f =0).

Remark 1.2. In [Fefferman 2006], one considered® smooth finite energy solutions associated to Schwartz
data, as well as periodic smooth solutions associated to periodic smooth data. In the latter case, one can of
course normalise the period L to equal 1 by a simple scaling argument. In this paper we will be focussed
on the case when the data (ug, f, T) is large, although we will not study the asymptotic regime when
T — oo.

We recall the two standard global regularity conjectures for the Navier—Stokes equation, using the
formulation in [Fefferman 2006]:

Conjecture 1.3 (Global regularity for homogeneous Schwartz data). Let (1o, 0, T') be a homogeneous
Schwartz set of data. Then there exists a smooth finite energy solution (u, p, ug, 0, T') with the indicated
data.

Conjecture 1.4 (Global regularity for homogeneous periodic data). Let (ug, 0, T') be a smooth homoge-
neous periodic set of data. Then there exists a smooth periodic solution (u, p, ug, 0, T') with the indicated
data.

2Following [Fefferman 2006], we omit the finite energy dissipation condition Vu € L%L%([O, T]x IR3) that often appears
in the literature, particularly when discussing Leray—Hopf weak solutions. However, it turns out that this condition is actually
automatic from (6) and smoothness; see Lemma 8.1. Similarly, from Corollary 11.1 we shall see that the LtzH 3 condition in (7)
is in fact redundant.

3The viscosity parameter v was not normalised in [Fefferman 2006] to equal 1, as we are doing here, but one can easily
reduce to the v = 1 case by a simple rescaling.
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In view of these conjectures, one can naturally try to extend them to the inhomogeneous case as
follows:

Conjecture 1.5 (Global regularity for Schwartz data). Let (ug, f, T) be a Schwartz set of data. Then
there exists a smooth finite energy solution (u, p, ug, f, T) with the indicated data.

Conjecture 1.6 (Global regularity for periodic data). Let (ug, f, T) be a smooth periodic set of data.
Then there exists a smooth periodic solution (u, p, ug, f, T) with the indicated data.

As described in [Fefferman 2006], a positive answer to either Conjecture 1.3 or Conjecture 1.4, or a
negative answer to Conjecture 1.5 or Conjecture 1.6, would qualify for the Clay Millennium Prize.

However, Conjecture 1.6 is not quite the “right” extension of Conjecture 1.4 to the inhomogeneous
setting, and needs to be corrected slightly. This is because there is a technical quirk in the inhomogeneous
periodic problem as formulated in Conjecture 1.6, due to the fact that the pressure p is not required to be
periodic. This opens up a Galilean invariance in the problem which allows one to homogenise away the
role of the forcing term. More precisely, we have:

Proposition 1.7 (Elimination of forcing term). Conjecture 1.6 is equivalent to Conjecture 1.4.

We establish this fact in Section 6. We remark that this is the only implication we know of that can
deduce a global regularity result for the inhomogeneous Navier—Stokes problem from a global regularity
result for the homogeneous Navier—Stokes problem.

Proposition 1.7 exploits the technical loophole of nonperiodic pressure. The same loophole can also be
used to easily demonstrate failure of uniqueness for the periodic Navier—Stokes problem (although this
can also be done by the much simpler expedient of noting that one can adjust the pressure by an arbitrary
constant without affecting (3)). This suggests that in the nonhomogeneous case f # 0, one needs an
additional normalisation to “fix” the periodic Navier—Stokes problem to avoid such loopholes. This can be
done in a standard way, as follows. If one takes the divergence of (3) and uses the incompressibility (4),
one sees that

Ap =—0;0;(ujuj)+V-f, (8)

where we use the usual summation conventions. If (u, p, ug, f, T) is a smooth periodic solution, then the
right-hand side of (8) is smooth and periodic and has mean zero. From Fourier analysis, we see that given
any smooth periodic mean-zero function F, there is a unique smooth periodic mean-zero function A~!F
with Laplacian equal to . We then say that the periodic smooth solution (u, p, ug, f, T) has normalised
pressure if one has*

p=—A""98j(uu;)+ ATV f. )

We remark that this normalised pressure condition can also be imposed for smooth finite energy solutions
(because 9;0;(u;u ;) is a second derivative of an L }C([R{3) function, and V - f is the first derivative of an
L)ZC (R3) function), but it will turn out that normalised pressure is essentially automatic in that setting
anyway; see Lemma 4.1.

4Up to the harmless freedom to add a constant to p, this normalisation is equivalent to requiring that the pressure be periodic
with the same period as the solution u.
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It is well known that once one imposes the normalised pressure condition, the periodic Navier—Stokes
problem becomes locally well-posed in the smooth category (in particular, smooth solutions are now
unique, and exist for sufficiently short times from any given smooth data); see Theorem 5.1. Related
to this, the Galilean invariance trick that allows one to artificially homogenise the forcing term f is no
longer available. We can then pose a “repaired” version of Conjecture 1.6:

Conjecture 1.8 (Global regularity for periodic data with normalised pressure). Let (uq, f, T) be a smooth
periodic set of data. Then there exists a smooth periodic solution (u, p, ug, f, T) with the indicated data
and with normalised pressure.

It is easy to see that the homogeneous case f = 0 of Conjecture 1.8 is equivalent to Conjecture 1.4;
see, for example, Lemma 4.1 below.

We now leave the category of classical (smooth) solutions for now, and turn instead to the category of
periodic H' mild solutions (u, p, ug, f, T, L). By definition, these are functions

u, £ [0, TIxR/LZ? - R}, p:[0,TIxR/LZ? > R, uy:R*/LZ> — R,
with 0 < T, L < oo, obeying the regularity hypotheses
up € H'(R*/L7%),
feLPHN0,T]x (R*/LZ?)),
ue LH' NL?H([0, T] x (R*/LZ%)),

with p being given by (9), which obey the divergence-free conditions (4), (1) and obey the integral form

u(t) = e®uy +/ M (—(u-Vyu—Vp+ f)"dr' (10)
0

of the Navier—Stokes equation (3) with initial condition (5); using the Leray projection P onto divergence-
free vector fields, we may also express (19) equivalently as

u(t) = e®ug+ /Ote(”’m(PB(u, u) + Pf)()dr, (11)
where B(u, v) is the symmetric bilinear form
B(u, v); :=—%8j(uivj +ujv;). (12)
Similarly, we define periodic H' data to be a quadruplet (uq, f, T, L) whose H'! norm

%' (uo, f, T, L) := luoll ap(wesezsy) + 1L f o mr w23y

is finite, with ug divergence-free.

Note from Duhamel’s formula (20) that every smooth periodic solution with normalised pressure is
automatically a periodic H' mild solution.

As we will recall in Theorem 5.1 below, the Navier—Stokes equation is locally well-posed in the
periodic H! category. We can then formulate a global well-posedness conjecture in this category:
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Conjecture 1.9 (Global well-posedness in periodic H Y. Let (ug, f,T,L) be a periodic H I set of data.
Then there exists a periodic H' mild solution (u, p, ug, f, T, L) with the indicated data.

We may also phrase a quantitative variant of this conjecture:

Conjecture 1.10 (A priori periodic H' bound). There exists a function F : RT x Rt x Rt — R* with
the property that whenever (u, p, ug, f, T, L) is a smooth periodic normalised-pressure solution with
0<T < Ty < oo and

% (uo, f, T, L) < A < o0,

we have

lull oo g1 o, 71x w3 /2% < F (A, L, Tp).

Remark 1.11. By rescaling, one may set L = 1 in this conjecture without any loss of generality; by
partitioning the time interval [0, 7p] into smaller subintervals, we may also simultaneously set 7o = 1 if
desired. Thus, the key point is that the size of the data A is allowed to be large (for small A the conjecture
follows from the local well-posedness theory; see Theorem 5.1).

As we shall soon see, Conjecture 1.9 and Conjecture 1.10 are actually equivalent.

We now turn to the nonperiodic setting. In Conjecture 1.5, the hypothesis that the initial data be
Schwartz may seem unnecessarily restrictive, given that the incompressible nature of the fluid implies
that the Schwartz property need not be preserved over time; also, there are many interesting examples of
initial data that are smooth and finite energy (or H') but not Schwartz. In particular, one can consider
generalising Conjecture 1.5 to data that is merely smooth and H', or even smooth and finite energy, rather
than Schwartz® of Conjecture 1.5. Unfortunately, the naive generalisation of Conjecture 1.5 (or even
Conjecture 1.3) fails instantaneously in this case:

Theorem 1.12 (No smooth solutions from smooth H'! data). There exists smooth uq € Hx] (R3) such that
there does not exist any smooth finite energy solution (u, p, ug, 0, T) with the indicated data for any
T >0.

We prove this proposition in Section 15. At first glance, this proposition looks close to being a negative
answer to either Conjecture 1.5 or Conjecture 1.3, but it relies on a technicality; for smooth H I data,
the second derivatives of ug need not be square-integrable, and this can cause enough oscillation in the
pressure to prevent the pressure from being C,2 (or the velocity field from being Cf ) at the initial time®
t = 0. This theorem should be compared with the classical local existence theorem of Heywood [1980],
which obtains smooth solutions for small positive times from smooth data with finite enstrophy, but
merely obtains continuity at the initial time ¢ = 0.

The situation is even worse in the inhomogeneous setting; the argument in Theorem 1.12 can be used
to construct inhomogeneous smooth H' data whose solutions will now be nonsmooth in time at all times,

SWe are indebted to Andrea Bertozzi for suggesting these formulations of the Navier—Stokes global regularity problem.

SFor most evolutionary PDEs, one can gain unlimited time differentiability at + = 0 assuming smooth initial data by
differentiating the PDE in time (see the proof of the Cauchy—Kowalesky theorem). However, the problem here is that the pressure
p in the Navier—Stokes equation does not obey an evolutionary PDE, but is instead determined in a nonlocal fashion from the
initial data u (see (9)), which prevents one from obtaining much time regularity of the pressure initially.
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not just at the initial time t = 0. Because of this, we will not attempt to formulate a global regularity
problem in the inhomogeneous smooth H! or inhomogeneous smooth finite energy categories.

In the homogeneous setting, though, we can get around this technical obstruction by introducing the
notion of an almost smooth finite energy solution (u, p, ug, f, T), which is the same concept as a smooth
finite energy solution, but instead of requiring u, p to be smooth on [0, T] x R?, we instead require
that u, p are smooth on (0, 7] x R3, and for each k > 0, the functions V¥u, 3, V¥u, V¥ p exist and are
continuous on [0, 7] x R3. Thus, the only thing that almost smooth solutions lack when compared to
smooth solutions is a limited amount of time differentiability at the starting time ¢ = O; informally, u
is only Ct1 CX att =0, and p is only C?C > at t = 0. This is still enough regularity to interpret the
Navier—Stokes equation (3) in the classical sense, but is not a completely smooth solution.

The “corrected” conjectures for global regularity in the homogeneous smooth H'! and smooth finite
energy categories are then:

Conjecture 1.13 (Global almost regularity for homogeneous H . Let (ug, 0, T) be a smooth homoge-
neous H'! set of data. Then there exists an almost smooth finite energy solution (u, p, ug, 0, T) with the
indicated data.

Conjecture 1.14 (Global almost regularity for homogeneous finite energy data). Let (ug, 0, T) be a
smooth homogeneous finite energy set of data. Then there exists an almost smooth finite energy solution
(u, p, uo, 0, T) with the indicated data.

We carefully note that these conjectures only concern existence of smooth solutions, and not uniqueness;
we will comment on some of the uniqueness issues later in this paper.

Another way to repair the global regularity conjectures in these settings is to abandon smoothness
altogether, and work instead with the notion of mild solutions. More precisely, define a H' mild solution
(u, p,ug, f, T)tobefieldsu, f:[0, TIxR>* =R, p:[0, T]xR> = R, ug: R* - R*> with0 < T < oo,
obeying the regularity hypotheses

up € H(R?),
feLFH(0, TIxRY),
ueL®H NL?H>([0, T] x R%),
with p being given by (9), which obey (4), (1), and (10) (and thus (11)). Similarly, define the concept of
H' data (ug, f, T).
We then have the following conjectures in the homogeneous setting:

Conjecture 1.15 (Global well-posedness in homogeneous H'). Let (uo, 0, T) be a homogeneous H' set
of data. Then there exists an H! mild solution (u, p, ug, 0, T) with the indicated data.

Conjecture 1.16 (A priori homogeneous H' bound). There exists a function F : RT x R — R* with
the property that whenever (u, p, ug, 0, T) is a smooth H! solution with 0 < T < Tj < oo and

luoll ey = A < 00,
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we have
lwll Lo g1 0. 71xR3) < F (A, To).

We also phrase a global-in-time variant:
Conjecture 1.17 (A priori global homogeneous H'! bound). There exists a function F : Rt — R* with
the property that whenever (u, p, ug, 0, T) is a smooth H I solution with

l[uoll 1 w3y < A < 00,
then
lull oo g1 o, 71xR3) < F (A).
In the inhomogeneous setting, we will state two slightly technical conjectures:

Conjecture 1.18 (Global well-posedness from spatially smooth Schwartz data). Let (ug, f, T) be data

obeying the bounds
sup (1 4 x| Viuo(x)| < 00
xeR3

and

sup (14 [xD¥|V¥ f(x)] < 00
(t,x)e[O,T]xR3

for all k, @ > 0. Then there exists an H'! mild solution (u, p, uo, f, T) with the indicated data.

Conjecture 1.19 (Global well-posedness from spatially smooth H' data). Let (ug, f, T) be an H! set of

data, such that

sup |Viup(x)| < oo
xekK
and

sup VY f(x)] <o0
(t,x)el0,T]x K

for all « > 0 and all compact K. Then there exists an H ! mild solution (u, p, uo, f, T) with the indicated
data.

Needless to say, we do not establish’ any of these conjectures unconditionally in this paper. However,
as the main result of this paper, we are able to establish the following implications:

Theorem 1.20 (Implications). (i) Conjectures 1.9 and 1.10 are equivalent.

(i1) Conjecture 1.9 implies Conjecture 1.8 (and hence also Conjectures 1.6 and 1.4).
(iii) Conjecture 1.9 implies Conjecture 1.19, which is equivalent to Conjecture 1.18.
(iv) Conjecture 1.19 implies Conjectures 1.13 and 1.5 (and hence also Conjecture 1.3).
(v) Conjecture 1.13 is equivalent to Conjecture 1.14.

(vi) Conjectures 1.13, 1.15, 1.16, and 1.17 are all equivalent.

"Indeed, the arguments here do not begin to address the main issue in any of these conjectures, namely the analysis of
fine-scale (and turbulent) behaviour. The results in this paper do not prevent singularities from occurring in the Navier—Stokes
flow; but they can largely localise the impact of such singularities to a bounded region of space.
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Figure 1. Known implications between the various conjectures described here (existence
of smooth or mild solutions, or local or global quantitative bounds in the periodic,
Schwartz, H!, or finite energy categories, with or without normalised pressure, and
with or without the f = 0 condition) and also in [Tao 2007] (the latter conjectures and
implications occupy the far left column). A positive solution to the red problems, or a
negative solution to the blue problems, qualify for the Clay Millennium prize, as stated
in [Fefferman 2006].

The logical relationship between these conjectures, given by the implications above (as well as some
trivial implications, and the equivalences in [Tao 2007]), is displayed in Figure 1.

Among other things, these results essentially show that in order to solve the Navier—Stokes global
regularity problem, it suffices to study the periodic setting (but with the caveat that one now has to
consider forcing terms with the regularity of L H).

Theorem 1.20(i) is a variant of the compactness arguments used in [Tao 2007] (see also [Gallagher 2001;
Rusin and Sverdk 201 1]), and is proven in Section 7. Part (ii) of this theorem is a standard consequence
of the periodic H' local well-posedness theory, which we review in Section 5. In the homogeneous f =0
case it is possible to reverse this implication by the compactness arguments mentioned previously; see
[Tao 2007]. However, we were unable to obtain this converse implication in the inhomogeneous case.
Part (iv) is similarly a consequence of the nonperiodic H' local well-posedness theory, and is also proven
in Section 5.
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Part (vi) is also a variant of the results in [Tao 2007], with the main new ingredient being a use of
concentration compactness instead of compactness in order to deal with the unboundedness of the spatial
domain R3, using the methods from [Bahouri and Gérard 1999; Gérard 1998; Gallagher 2001]. We
establish these results in Section 14.

The more novel aspects of this theorem are parts (iii) and (v), which we establish in Sections 12 and 13
respectively. These results rely primarily on a new localised enstrophy inequality (Theorem 10.1) which
can be viewed as a weak version of finite speed of propagation® for the enstrophy % f[r@ lw(t, x)|* dx,
where @ := V x u is the vorticity. We will also obtain a similar localised energy inequality for the energy
% fR3 lu(t, x)|?> dx, but it will be the enstrophy inequality that is of primary importance to us, as the
enstrophy is a subcritical quantity and can be used to obtain regularity (and local control on enstrophy can
similarly be used to obtain local regularity). Remarkably, one is able to obtain local enstrophy inequalities
even though the only a priori controlled quantity, namely the energy, is supercritical; the main difficulty
is a harmonic analysis one, namely to control nonlinear effects primarily in terms of the local enstrophy
and only secondarily in terms of the energy.

Remark 1.21. As one can see from Figure 1, the precise relationship between all the conjectures discussed
here is rather complicated. However, if one is willing to ignore the distinction between homogeneous
and inhomogeneous data, as well as the (rather technical) distinction between smooth and almost smooth
solutions, then the main implications can then be informally summarised as follows:

o (Homogenisation) Without pressure normalisation, the inhomogeneity in the periodic global regularity
conjecture is irrelevant: the inhomogeneous regularity conjecture is equivalent to the homogeneous
one.

o (Localisation) The global regularity problem in the Schwartz, H', and finite energy categories are
“essentially” equivalent to each other.

e (More localisation) The global regularity problem in any of the above three categories is “essentially”
a consequence of the global regularity problem in the periodic category.

« (Concentration compactness) Quantitative and qualitative versions of the global regularity problem
(in a variety of categories) are “essentially” equivalent to each other.

The qualifier “essentially” here though needs to be taken with a grain of salt; again, one should consult
Figure 1 for an accurate depiction of the implications.

The local enstrophy inequality has a number of other consequences, for instance allowing one to
construct Leray—Hopf weak solutions whose (spatial) singularities are compactly supported in space; see
Proposition 11.9.

Remark 1.22. Since the submission of this manuscript, the referee pointed out that the partial regularity
theory of Caffarelli, Kohn, and Nirenberg [1982] also allows one to partially reverse the implication in

8Actually, in our setting, “finite distance of propagation” would be more accurate; we obtain an Lt1 bound for the propagation
velocity (see Proposition 9.1) rather than an L{° bound.



LOCALISATION AND COMPACTNESS FOR NAVIER-STOKES 35

Theorem 1.20(iii), and more specifically to deduce Conjecture 1.8 from Conjecture 1.19. We sketch the
referee’s argument in Remark 12.3.

2. Notation and basic estimates

Weuse X SY,Y 2 X, or X = O(Y) to denote the estimate X < CY for an absolute constant C. If we
need C to depend on a parameter, we shall indicate this by subscripts; thus for instance X <; Y denotes
the estimate X < CY for some Cy depending on s. We use X ~ Y as shorthand for X <Y < X.

We will occasionally use the Einstein summation conventions, using Roman indices i, j to range
over the three spatial dimensions 1, 2, 3, though we will not bother to raise and lower these indices; for
instance, the components of a vector field # will be u;. We use 9; to denote the derivative with respect to
the i-th spatial coordinate x;. Unless otherwise specified, the Laplacian A = 9;09; will denote the spatial
Laplacian. (In Lemma 12.1, though, we will briefly need to deal with the Laplace—Beltrami operator A ¢
on the sphere S2.) Similarly, V will refer to the spatial gradient V = V, unless otherwise stated. We use
the usual notations V f, V- u, V x u, for the gradient, divergence, or curl of a scalar field f or a vector
field u.

It will be convenient (particularly when dealing with nonlinear error terms) to use schematic notation,
in which an expression such as O(xvw) involving some vector- or tensor-valued quantities #, v, w denotes
some constant-coefficient combination of products of the components of u, v, w respectively, and similarly
for other expressions of this type. Thus, for instance, V x V x u could be written schematically as 0(V?u),
lu x v|? could be written schematically as O(uuvv), and so forth.

For any centre xg € R3 and radius R > 0, we use B(xg, R) := {x € R*: |x —xo| < R} to denote the (closed)
Euclidean ball. Much of our analysis will be localised to a ball B(xg, R), an annulus B(xg, R)\ B(xo, 1),
or an exterior region R\ B(x(, R) (and often x( will be normalised to the origin 0).

We define the absolute value of a tensor in the usual Euclidean sense. Thus, for instance, if u = u; is a
vector field, then |u|? = u;u;, |Vu|* = (;u;)(0u;), |V?ul> = (3;9ux)(9;9,uy), and so forth.

If E is a set, we use 1g to denote the associated indicator function; thus 1g(x) = 1 when x € E and
1£(x) = 0 otherwise. We sometimes also use a statement in place of E; thus for instance 1.9 would
equal 1 if k£ # 0 and 0 when k = 0.

We use the usual Lebesgue spaces L7 (£2) for various domains €2 (usually subsets of Euclidean space
R3 or a torus R*/LZ>) and various exponents 1 < p < oo, which will always be equipped with an obvious
Lebesgue measure. We often write L”(S2) as LY (Q) to emphasise the spatial nature of the domain .
Given an absolutely integrable function f € L!(R3), we define the Fourier transform f :R* — C by the
formula

f@) = /R Se—sz f(x)dx;

we then extend this Fourier transform to tempered distributions in the usual manner. For a function f
which is periodic with period 1, and thus representable as a function on the torus R?/Z>, we define the
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discrete Fourier transform f : 7*> — C by the formula
flo:=[ e fx)dx
e /73

when f is absolutely integrable on R®/Z3, and extend this to more general distributions on R3/Z3 in the
usual fashion. Strictly speaking, these two notations are not compatible with each other, but it will always
be clear in context whether we are using the nonperiodic or the periodic Fourier transform.

For any spatial domain  (contained in either R* or R3/LZ?) and any natural number k > 0, we define
the classical Sobolev norms ||u|| HE(Q) of a smooth function u : 2 — R by the formula

k _ 1/2
el e = (Z ||v1u||i§(g)) ,

j=0

and say that u € H)’j(Q) when [lu]| gx(q) 1s finite. Note that we do not impose any vanishing conditions at
the boundary of €2, and to avoid technical issues we will not attempt to define these norms for nonsmooth
functions u in the event that 2 has a nontrivial boundary. In the domain R? and for s € R, we define the
Sobolev norm [|lu | gs s of a tempered distribution u : R? — R by the formula

1/2
loel s sy = (/W(l + |s|2)sm<s>|2dé) :

Strictly speaking, this conflicts slightly with the previous notation when k is a nonnegative integer, but
the two norms are equivalent up to constants (and both norms define a Hilbert space structure), so the

distinction will not be relevant for our purposes. For s > — %,

1/2
el s sy = (/R |5|2S|ﬁ<s>|2ds) :

and let H*(R%), H?(R?) be the space of tempered distributions with finite H?(R?) or H?(R?) norm
respectively. Similarly, on the torus R3/Z3 and s € R, we define the Sobolev norm |u|| @373 of a
distribution u : R3/Z®> — R by the formula

we also define the homogeneous Sobolev
norm

12
Nl s w3z := <Z(1 + |k|2)slﬁ(k)|2> ;

kez3

again, this conflicts slightly with the classical Sobolev norms H)’f([R?3 /Z3), but this will not be a serious
issue in this paper. We define H; (R3/73) to be the space of all distributions u with finite H; (R3/7%)
norm, and H} (R3 / 73)0 to be the codimension-one subspace of functions or distributions # which are
mean-zero in the sense that #(0) = 0.
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In a similar vein, given a spatial domain €2 and a natural number k£ > 0, we define C )’C‘(Q) to be the
space of all k times continuously differentiable functions u : 2 — R whose norm

k

lullexey =D 1V ull o)
Jj=0

is finite”. Given any spatial norm ||||x, ) associated to a function space X, defined on a spatial domain
2, and a time interval I, we can define mixed-norms ||u|| LPX, (Ix) O functions u : I x 2 — R by the

I/p
' p
lullprx, o) = </1 lu®llx, ) dt)

lullLoox, (1xq) == esssup,e; lu@®)lx, (>

formula

when 1 < p < oo, and

assuming in both cases that u(¢) lies in X (£2) for almost every €2, and then let Lf’ X (I x 2) be the
space of functions (or, in some cases, distributions) whose L X, (I x Q) is finite. Thus, for instance,
L;’OC)%(I x €2) would be the space of functions u : I x 2 — R such that for almost every x € I, u(¢) : Q > R
is in Cf(Q), and the norm

lull Loc2(1xq) == esssup,es u(®)llc2 (o)

is finite.
Similarly, for any natural number k > 0, we define CKX, (I x Q) to be the space of all functions
u : I x Q — R such that the curve # — u(t) from I to X, (€2) is k times continuously differentiable, and

such that the norm
k

||”||cthx(1><9) = Z ||VJM||L,°°XX(I><Q)
Jj=0
is finite.
Given two normed function spaces X, Y on the same domain (in either space or space-time), we can
endow their intersection X NY with the norm

lullxny = llulx 4+ llully.
For us, the most common example of such hybrid norms will be the spaces
X5(I xQ):=LPH(I x QNL2HSTH(I x Q), (13)

defined whenever / is a time interval, s is a natural number, and €2 is a spatial domain, or whenever
I is a time interval, s is real, and  is either R® or R3/Z3. The X* spaces (particularly X') will play
a prominent role in the (subcritical) local well-posedness theory for the Navier—Stokes equations; see

9Note that if € is noncompact, then it is possible for a smooth function to fail to lie in C k(Q) if it becomes unbounded or
excessively oscillatory at infinity. One could use a notation such as C )]C‘ loc (§2) to describe the space of functions that are k times
continuously differentiable with no bounds on derivatives, but we will not need such notation here.
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Section 5. The space X° will also be naturally associated with energy estimates, and the space X! with
enstrophy estimates.

All of these above function spaces can of course be extended to functions that are vector or tensor-valued
without difficulty (there are multiple ways to define the norms in these cases, but all such definitions will
be equivalent up to constants).

We use the Fourier transform to define a number of useful multipliers on R or R3/Z3. On R3, we
formally define the inverse Laplacian operator A~! by the formula

— -1
ATLf(E) = Wf(f), (14)

which is well-defined for any tempered distribution f : R* — R for which the right-hand side of (14) is
locally integrable. This is for instance the case if f lies in the k-th derivative of a function in L! (R3) for
some k > 0, or the k-th derivative of a function in L)zc([R3 ) for some k > 1. If f € L}C (R?), then as is well
known, one has the Newton potential representation

Alf(x)=_—1/ S0 4y (15)
4 Jps |x — y|

Note in particular that (15) implies that if f € L}C([R@) is supported on some closed set K, then A~ f
will be smooth away from K. Also observe from Fourier analysis (and decomposition into local and
global components) that if f is smooth and is either the k-th derivative of a function in L!(R?) for some
k > 0, or the k-th derivative of a function in L)zC ([R{3) for some k > 1, then A~! f will be smooth also.

We also note that the Newton potential —1/(4m|x — y|) is smooth away from the diagonal x = y.
Because of this, we will often be able to obtain large amounts of regularity in space in the “far field”
region when |x| is large, for fields such as the velocity field u. However, it will often be significantly
more challenging to gain significant amounts of regularity in time, because the inverse Laplacian A~!
has no smoothing properties in the time variable.

On R3/73, we similarly define the inverse Laplacian operator A~! for distributions f : R3/Z?> — R
with £(0) = 0 by the formula

—li0

AT (k) = el (16)

We define the Leray projection Pu of a (tempered distributional) vector field u : R* — R? by the
formula

Pu:= A"V xV xu).

If u is square-integrable, then Pu is the orthogonal projection of u onto the space of square-integrable
divergence-free vector fields; from Calderén—Zygmund theory, we know that the projection P is bounded
on L (R3) for every 1 < p < oo, and from Fourier analysis we see that P is also H} (R3) for every s € R.
Note that if u is square-integrable and divergence-free, then Pu = u, and we thus have the Biot—Savart
law

u=AYVxw), (17)



LOCALISATION AND COMPACTNESS FOR NAVIER-STOKES 39

where w :=V X u.
In either R or R3/LZ3, we let ' for ¢ > 0 be the usual heat semigroup associated to the heat equation
u; = Au. On R, this takes the explicit form

1 2
N _ —lx—y /4t d
CFW = e /R e FO)dy
for f € LY(R3) for some 1 < p < oco. From Young’s inequality, we thus record the dispersive inequality

e fllzawsy S 272921 Fll ooy (18)

whenever 1 < p<g <ooandt > 0.
We recall Duhamel’s formula

t
u(t) = e %, (1) + / MG — Au) () dt’ (19)

fo

whenever u : [1g, 1] x © — R is a smooth tempered distribution, with  equal to either R* or R3/Z3.
We record some linear and bilinear estimates involving Duhamel-type integrals and the spaces X°
defined in (13), which are useful in the local H' theory for the Navier—Stokes equation:

Lemma 2.1 (Linear and bilinear estimates). Let [y, 11] be a time interval, let Q2 be either R? or R3 / 73,
and suppose that u : [ty, t1] x Q — Rand F : [y, t1] X Q — R are tempered distributions such that

t
u(t) = e %, (1) + / AR dt . (20)

To

Then we have the standard energy estimate'”
el xs rg.01x2) Ss 1 (t0) s () + ||F||L[1HXS([;0,;,]XQ) (21)
for any s > 0, as well as the variant
leellos tro.1x2) S I g @) + 1F 22 151 0,115 2) (22)
for any s > 1. We also note the further variant
||M||XS([to,tl]xQ) S,s ||“(IO)||H;(Q) + ||F||L;‘L)2C([;0’;1]XQ) (23)

forany s < 3/2.
We also have the bilinear estimate

IV @O a2 (1. 1x ) S N1 .15 10 (0,012 (24)

orany u, v : [to, t;] x R3 — R, which in particular implies (by a Hélder in time) that
y p P y
1/4
IV @ 222 (0,0 1x83) S (B = 10) Pl 158 101 1 111 3)- (25)

10we adopt the convention that an estimate is vacuously true if the right-hand side is infinite or undefined.
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Proof. The estimates'! (22), (23), (24) are established in [Tao 2007, Lemma 2.1, Proposition 2.2]. The
estimate (21) follows from the F = 0 case of (21) and Minkowski’s inequality. O

Finally, we define the Littlewood—Paley projection operators on R>. Let ¢(£) be a fixed bump function
supported in the ball {§ € R?: |£] < 2} and equal to 1 on the ball {€ € R : |£| < 1}. Define a dyadic
number to be a number N of the form N = 2* for some integer k. For each dyadic number N, we define
the Fourier multipliers

P (®) = E/N) ),
Ponf (€)= (1= gE/N)f (&),
Pyf(&) ==V E/N)FE) = (9&/N) — pQE/N) f(£).
We similarly define Py and P> y. Thus for any tempered distribution, we have f =), Py f in a weakly

convergent sense at least, where the sum ranges over dyadic numbers. We recall the usual Bernstein
estimates

||DSPNf||Lf([R<3) Sp,s,D” NSIIPNfHL;(Rz),
IV Py Fll e @y ~kis N¥IPN Fll o @y
IP<n fllo@y Spg NP7/ Py fll Lo oy
1PN fll oy S NP0 Py fll oy

(26)

forall1 < p <g <00, s €R, k>0, and pseudodifferential operators D* of order s; see, for example,
[Tao 2006, Appendix A].

We recall the Littlewood—Paley trichotomy: an expression of the form Py ((Py, f1)(Pn, f2)) vanishes
unless one of the following three scenarios holds:

 (Low-high interaction) N < N; ~ N.
* (High-low interaction) Ny < N, ~ N.
 (High-high interaction) N < Ny ~ N;.

This trichotomy is useful for obtaining estimates on bilinear expressions, as we shall see in Section 9.
We have the following frequency-localised variant of (18):

Lemma 2.2. If N is a dyadic number and f : R* — R has Fourier transform supported on an annulus
{€ : |E| ~ N}, then we have

le™® fllLasy S 7729732 exp(—ct N f Il Lo @y (27)

for some absolute constant c > 0 and all 1 < p < g < oo.

11Strictly speaking, the result in [Tao 2007] was stated for the torus rather than R3, but the argument works without
modification in either domain, after first truncating u(¢y), F to be Schwartz to avoid technicalities at infinity, and using a standard
density argument.
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Proof. By Littlewood—Paley projection, it suffices to show that
e Py fll oy S 072972 exp(—ct NI f o ey

for all test functions f. By rescaling, we may set t = 1; in view of (18) we may then set N > 1. One then
verifies from Fourier analysis that e'® Py is a convolution operator whose kernel has an LY° (R?) and an
L }C (R3) norm that are both O (exp(—cN?)) for some absolute constant ¢ > 0, and the claim follows from
Young’s inequality. O

From the uniform smoothness of the heat kernel, we also observe the estimate

le"® fllcrky Skok.r.p exp—=crrIf 1l Loy (28)

whenever 0 <t <T,1 < p <00, k>0, K is a compact subset of R3, r>1, f 1is supported on the set
{x e R?: dist(x, K) > r}, and some quantity ¢y > 0 depending only on 7. In practice, this estimate will
be an effective substitute for finite speed of propagation for the heat equation.

3. Symmetries of the equation

In this section we review some well known symmetries of the Navier—Stokes flow that transform a given
smooth solution (u, p, ug, f, T) to another smooth solution (i, p, ig, f , T), as these symmetries will be
useful at various points in the paper.

The simplest symmetry is the spatial translation symmetry

u(t,x) :=u(, x —xp),

ﬁ(tv-x) ZZP(I’X_XO),

Uuo(x) :=uo(x — xo), (29)
Ft,x) = ft, x —x0),
T:= T,

valid for any xo € R?; this transformation clearly maps mild, smooth, or almost smooth solutions to
solutions of the same type, and also preserves conditions such as finite energy, H', periodicity, pressure
normalisation, or the Schwartz property. In a similar vein, we have the time translation symmetry

u(t,x) :=u(t+ty, x),

p(t, x) = p(t+1to, x),

to(x) :=u(ty, x), (30)
f(t, x) = f(t+1,x),
T =T — 1y,

valid for any #y € [0, T]. Again, this maps mild, smooth, or almost smooth solutions to solutions of
the same type (and if 7y > 0, then almost smooth solutions are even upgraded to smooth solutions). If
the original solution is finite energy or H', then the transformed solution will be finite energy or H'
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also. Note however that if it is only the original data that is assumed to be finite energy or H', as
opposed to the solution, it is not immediately obvious that the time-translated solution remains finite
energy or H!, especially in view of the fact that the H' norm (or the enstrophy) is not a conserved
quantity of the Navier—Stokes flow. (See however Lemma 8.1 and Corollary 11.1 below.) The situation
is particularly dramatic in the case of Schwartz data; as remarked earlier, time translation can instantly
convert!? Schwartz data to non-Schwartz data, due to the slow decay of the Newton potential appearing
in (9) (or of its derivatives, such as the Biot—Savart kernel in (17)).
Next, we record the scaling symmetry

u(t,x) = lu( ! x),

AT\A2 A
fio (x) 1= %u(g) (31)

~ 1 t x
ft,x):= Ff(ﬁ, X)’
T := Tkz,
valid for any A > 0; it also maps mild, smooth, or almost smooth solutions to solutions of the same type,
and preserves properties such as finite energy, finite enstrophy, pressure normalisation, periodicity, or the
Schwartz property, though note in the case of periodicity that a solution of period L will map to a solution
of period L L. We will only use scaling symmetry occasionally in this paper, mainly because most of the
quantities we will be manipulating will be supercritical with respect to this symmetry. Nevertheless, this
scaling symmetry serves a fundamentally important conceptual purpose, by making the key distinction
between subcritical, critical (or dimensionless), and supercritical quantities, which can help illuminate
many of the results in this paper (and was also crucial in allowing the author to discover'? these results in
the first place).
We record three further symmetries that impact upon the issue of pressure normalisation. The first is

the pressure shifting symmetry
u(t,x) :=u(t, x),

p(t,x) = p(t, x)+C(),

up(x) :=up(x), (32)
ft.x) = f(t,x),
T := T,

12This can be seen for instance by noting that moments such as fR3 w (t, x)(x% — x%) dx are not conserved in time, but must
equal zero whenever u(t) is Schwartz.

13The author also found dimensional analysis to be invaluable in checking the calculations for errors. One could, if one
wished, exploit the scaling symmetry to normalise a key parameter (for example, the energy E, or a radius parameter r) to equal
one, which would simplify the numerology slightly, but then one would lose the use of dimensional analysis to check for errors,
and so we have elected to largely avoid the use of scaling normalisations in this paper.
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valid for any smooth function C : R — R. This clearly maps smooth or almost smooth solutions to
solutions of the same type, and preserves properties such as finite energy, H !, periodicity, and the Schwartz
property; however, it destroys pressure normalisation (and thus the notion of a mild solution). A slightly
more sophisticated symmetry in the same spirit is the Galilean symmetry

t
u(t, x) :=u(t,x—/ v(s)ds)—l—v(t),
0

pt, x) = p(t,x —/ v(s) ds) —x-V' (),
0

o(x) ;== uog(x) +v(0), (33)

f@x%:f(hx—/%@ﬂh)
0

T:=T,

valid for any smooth function v : R — R3. One can carefully check that this symmetry indeed maps mild,
smooth solutions to smooth solutions and preserves periodicity (recall here that in our definition of a
periodic solution, the pressure was not required to be periodic). On the other hand, this symmetry does not
preserve finite energy, H', or the Schwartz property. It also clearly destroys the pressure normalisation
property.

Finally, we observe that one can absorb divergences into the forcing term via the forcing symmetry

u(t,x):=u(,x),

p(t,x):=p(t, x)+q(t, x),

iio(x) := uo(x), (34)
ft,x):= f(t,x)+V-q(t, x),
T:= T,

valid for any smooth function P : [0, T'] x R? — R3. If the new forcing term f still has finite energy or is
still periodic, then the normalisation of pressure is preserved. In the periodic setting, we will apply (34)
with a linear term ¢(t, x) := x - a(t), allowing one to alter f by an arbitrary constant a(¢). In the finite
energy or H! setting, one can use (34) and the Leray projection P to reduce to the divergence-free case
V - f =0; note, though, that this projection can destroy the Schwartz nature of f. This divergence-free
reduction is particularly useful in the case of normalised pressure, since (9) then simplifies to

p=—A"98;(uu;). (35)

One can of course compose these symmetries together to obtain a larger (semi)group of symmetries.
For instance, by combining (33) and (34), we observe the symmetry
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u(t,x):= u(t, x — ftv(s) ds) + (1),
0

pt,x) = p(t,x —/ v(s) ds),
0

o(x) :=up(x) + v(0), (36)

t
ft,x):= f(t,x —/ v(s) ds) +'(1),
0
T := T,

for any smooth function v : R — R3. This symmetry is particularly useful for periodic solutions; note
that it preserves both the periodicity property and the normalised pressure property. By choosing v(?)
appropriately, we see that we can use this symmetry to normalise periodic data (ug, f, T, L) to be
mean-zero in the sense that

/ up(x)dx =0 37
R3/L73

and

/I;%/ngf(t, x)dx =0 (38)

for all 0 <t < T. By integrating (3) over the torus R*/LZ>, we then conclude with this normalisation
that u remains mean-zero for all times 0 <¢ < T':

/ u(t,x)dx =0. 39)
R3/L73
The same conclusion also holds for periodic #! mild solutions.

4. Pressure normalisation

The symmetries in (32), (34) can alter the velocity field u and pressure p without affecting the data
(uo, f, T), thus leading to a breakdown of uniqueness for the Navier—Stokes equation. In this section we
investigate this loss of uniqueness, and show that (in the smooth category, at least) one can “quotient out”
these symmetries by reducing to the situation (9) of normalised pressure, at which point uniqueness can
be recovered (at least in the H! category).

More precisely, we show:

Lemma 4.1 (Reduction to normalised pressure). (i) If (u, p, uo, f, T) is an almost smooth finite energy
solution, then for almost every time t € [0, T], one has

pt,x) = —A"199;(uiu ) (e, x) + AV - f(t,x) +C (1), (40)

for some bounded measurable function C : [0, T] — R.
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@{1) If (u, p, ug, f, T) is a periodic smooth solution, then there exist smooth functions C : [0, T] > R
and a : [0, T]1 — R3 such that

pt,x) = —A7'%9; (wiu;)(t,x) + A7V f(t,x) +x-a(t) +C(1). (41)

In particular, after applying a Galilean transformation (33) followed by a pressure-shifting trans-
formation (32), one can transform (u, p, ug, f, T) into a periodic smooth solution with normalised

pressure.

Remark 4.2. Morally, in (i) the function C should be smooth (at least for times ¢ > 0), which would then
imply that one can apply a pressure-shifting transformation (32) to convert (u, p, ug, f, T) into a smooth
solution with normalised pressure. However, there is the technical difficulty that in our definition of a
finite energy smooth solution, we do not a priori have any control of time derivatives of « in any L% (R?)
norms, and as such we do not have time regularity on the component A~'9;9 i (uju ;) of (40). In practice,
though, this possible irregularity of C(¢) will not bother us, as we only need to understand the gradient
V p of the pressure, rather than the pressure itself, in order to solve the Navier—Stokes equations (3).

Proof. We begin with the periodic case, which is particularly easy due to Liouville’s theorem (which,
among other things, implies that the only harmonic periodic functions are the constants). We may
normalise the period L to equal 1. Fix an almost smooth periodic solution (u, p, ug, f, T). Define the
normalised pressure pg : [0, T'] x R3—> R by the formula

poi=—AT198;(uiu;) + ATV - f. (42)
As u, f are smooth and periodic, pg is smooth also, and from (8) one has Ap = Apg. Thus one has
p=poth,

where £ : [0, T] x R? — R is a smooth function with /(¢) harmonic in space for each time ¢. The function
h need not be periodic; however, from (3) we have

ou+ u -V u=Au—Vpg—Vh+ f.

Every term aside from V# is periodic, and so V4 is periodic also. Since V# is also harmonic, it must
therefore be constant in space by Liouville’s theorem. We therefore may write

hit,x)=x-a()+C()

for some a(¢) € R? and C(r) € R; since A is smooth, a, C are smooth also, and the claim follows.

Now we turn to the finite energy case; thus (u, p, ug, f, T) is now an almost smooth finite energy
solution. By the time translation symmetry (30) with an arbitrarily small time shift parameter ¢y, we may
assume without loss of generality that (u, p, ug, f, T) is smooth (and not just almost smooth). We define
the normalised pressure pg by (42) as before; then for each time ¢ € [0, T'], one sees from (8) that

p(t) = pot) +h(1)
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for some harmonic function 4(¢) : R* — R. As u, f are smooth and finite energy, one sees from (42) that
Po is bounded on compact subsets of space-time; since p is smooth, we conclude that £ is bounded on
compact subsets of space-time also. From harmonicity, this implies that all spatial derivatives V¥4 are
also bounded on compact subsets of space time. However, as noted previously, we cannot impose any
time regularity on pg or & because we do not have decay estimates on time derivatives of u.

It is easy to see that / is measurable. To obtain the lemma, it suffices to show that 4 (#) is a constant
function of x for almost every time 7.

Let [#1, 2] be any interval in [0, T']. Integrating (3) in time on this interval, we see that

u(tz,x)—u(tl,x)+/2(u-V)u(t,x)dt:fzAu(t,x)—Vp(t,x)+f(t,x)dt.

3

Next, let x : R* — R be a smooth compactly supported spherically symmetric function of total mass 1.
We integrate the above formula against (1/R>)x (x/R) for some large parameter R, and conclude after
some integration by parts (which is justified by the compact support of x and the smooth (and hence C')
nature of all functions involved) that

R~ / u(tz,x)x( >dx— - / u(t1,x)x dx— / /u(z‘ x) (u(t, x) - VX)(£>dxdt
R3
=R‘5/[1 /l;gzu(r,x)mx) ;)dxdt-l—R //vp(, ox(% )dxdt
//f(f X)X dxdt

From the finite energy hypothesis and the Cauchy—Schwarz inequality, one easily verifies that

lim R~ /u(t,,x))(( )dx_O

R—o00

lim R~ / / u(t, x)(ut, x) - V)Q(%)dxdt:o,

R—o00
Rl oo \/l; »/R3 ( ’ )( X)

(5]
. -3 X
R]meR /[.]‘[sz(t’X)X(R>
and thus
lim R~ / /Vp(t ) )dxdt 0. 43)
R— o0

Next, by an integration by parts and (42), we can express

/ /Vpo(t X)X )dxdt
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as
5] x f X
R4/ fuiuj(t,x)(VA18i8jx)<ﬁ>dxdt+R3/ /fi(t,x)(VAlaix)<E>dxdt.
n R3 I R3

From the finite energy nature of (u, p, ug, f, T) we see that this expression goes to zero as R — oo.
Subtracting this from (43), we conclude that

5]
lim R3 \Y X —=0. 44
Jim /n/Rs h(t,x)x(R)dxdt 0 (44)

The function x +— ft? Vh(t, x) is weakly harmonic, and hence harmonic. By the mean-value property of
harmonic functions (and our choice of x), we thus have

t % n
R—3/ /Vh(t,x)x(—)dxdt:/ Vh(z, 0) dt,
n R3 R

3]
and thus f
/ Vh(t,0)dt =0.

14
Since 11, t; were arbitrary, we conclude from the Lebesgue differentiation theorem that VA(z,0) =0
for almost every ¢ € [0, T']. Using spatial translation invariance (29) to replace the spatial origin by an
element of a countable dense subset of R3, and using the fact that harmonic functions are continuous,
we conclude that VA (?) is identically zero for almost every ¢ € [0, T'], and so () is constant for almost
every t as desired. ([l

We note a useful corollary of Lemma 4.1(1):

Corollary 4.3 (Almost smooth H' solutions are essentially mild). Let (u, p, ug, f, T) be an almost
smooth H' solution. Then (u, p, uo, f, T) is a mild H' solution, where

pt,x) = —A""9:0;(wu;)(t, x) + ATV - £(2, x).
Furthermore, for almost every t € [0, T, p(t) and p(t) differ by a constant (and thus V p = V p).

Proof. By Lemma 4.1(i), Vp is equal to Vp almost everywhere; in particular, Vp = Vp is a smooth
tempered distribution. The claim then follows from (3) and the Duhamel formula (19). O

5. Local well-posedness theory in H!

In this section we review the (subcritical) local well-posedness theory for both periodic and nonperiodic
H' mild solutions. The material here is largely standard (and in most cases has been superseded by the
more powerful critical well-posedness theory); for instance the uniqueness theory already follows from
[Prodi 1959] and [Serrin 1963], the blowup criterion already is present in [Leray 1934], the local existence
theory follows from [Kato and Ponce 1988], regularity of mild solutions follows from [Ladyzhenskaya
1967], the stability results given here follow from the stronger stability results of [Chemin and Gallagher
2009], and the compactness results were already essentially present in [Tao 2007]. However, for the
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convenience of the reader (and because we want to use the X* function spaces defined in (13) as the basis
for the theory) we shall present all this theory in a self-contained manner. There are now a number of
advanced local well-posedness results at critical regularity, most notably that of [Koch and Tataru 2001],
but we will not need such powerful results here.

We begin with the periodic theory. By taking advantage of the scaling symmetry (31), we may set the
period L equal to 1. Using the symmetry (36), we may also restrict attention to data obeying the mean
zero conditions (37), (38), and thus ug € H!(R?/Z%)g and f € LXH! ([0, T] x R3/Z3),.

Theorem 5.1 (Local well-posedness in periodic H'). Let (ug, f, T, 1) be periodic H' data obeying the
mean-zero conditions (37), (38).

(i) (Strong solution). If (u, p, uo, f, T, 1) is a periodic H U mild solution, then
ue CYHN([0, T x R?/7°).

In particular, one can unambiguously define u(t) in Hx1 (R3/Z3) for each t € [0, T].
(i) (Local existence). If A
(||M0||H3(R3/z3) + ”f”L}HXI([R{3/Z3)) T<c (45)
for a sufficiently small absolute constant ¢ > 0, then there exists a periodic H' mild solution
(u, p,uo, f, T, 1) with the indicated data with
lullxrqo.mixws /22y S Mol mrws jzey + W ) s 2

and more generally
llell xx 0, 71xR323) Sk,T,||u0\|H)lc((R3/Za)qHfHL[lH)/;(RyZS) 1

for each k > 1. In particular, one has local existence whenever T is sufficiently small depending on
%' (uo, f. T, 1).

(iii) (Uniqueness). There is at most one periodic H' mild solution (u, p, ug, f, T, 1) with the indicated
data.

(iv) (Regularity). If (u, p, uo, f, T, 1) is a periodic H' mild solution, and (ug, f, T, 1) is smooth, then
(u, p,uo, f, T, 1) is smooth.

(v) (Lipschitz stability). Let (u, p, uo, f, T, 1) be a periodic H' mild solution with the bounds 0 < T < Ty
and

lullx o, rxm3 /73 < M.

Let (ug, f', T, 1) be another set of periodic H Udata, and define the function

F@)i= ey =)+ [ 0N = fa

If the quantity || F || x1 o0, 71xr3,/23) is sufficiently small depending on T, M, then there exists a periodic
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mild solution (u', p’, ug, f', T, 1) with

e =l x1 0,713/ 2%) ST.m 1 F W1 g0, 71xm3 /29 -

Proof. We first prove the strong solution claim (i). The linear solution
t
e Puy + / APy dr
0
is easily verified to lie in COH! ([0, T] x R3/Z3), so in view of (11), it suffices to show that

f eOAPBwE), u(t))) dt’

0
also lies in COH!([0, T] x R3/Z%). But as u is an H' mild solution, u lies in X' ([0, T] x R3/Z?), so by
(24), PB(u, u) lies in LYL2([0, T] x R3/Z?). The claim (i) then follows easily from (22).
Now we establish local existence (ii). Let § := ||u0”HXl(|R3/ZS) + ||f||L[1 HI (R /2%) thus by (45) we have
8*T < c. Using this and (25), (22), one easily establishes that the nonlinear map u — ® () defined by

D (u)(t) := e up + / e TONPB(u(r), u(t) + Pf(1)) dr’
0

is a contraction on the ball
{ue X' ([0, TIx R?/Z%) : ullx1 qo,11xk¢/23) < C8)}

if C is large enough. From the contraction mapping principle, we may then find a fixed point of @ in this
ball, and the claim (ii) follows (the estimates for higher k follow from variants of the above argument and
an induction on k, and are left to the reader).

Now we establish uniqueness (iii). Suppose, in order to get a contradiction, that we have distinct
solutions (u, p, ug, f, T, 1) and (', p’, uo, f, T, 1) for the same data. Then we have

el x1. 10, 71xR3 /23) > 14| %1 0, 71 xR3 /23y < M.

To show uniqueness, it suffices to do so assuming that T is sufficiently small depending on M, as the
general case then follows by subdividing [0, T'] into small enough time intervals and using induction.
Subtracting (11) for u, u’ and writing v := u’ — u, we see that

v(t) = / AP (2Bu(t), v(t) + Bu(t), v(t'))) dr’,
0

and thus by (22),
1/4
lvllxi o, rixmejz3y S MT / IVl x1 o, 71xR3 /23 -

If T is sufficiently small depending on M, this forces ||v| x1(jo,71xr3,z3) = 0, giving uniqueness up to
time 7'; iterating this argument gives the claim (iii).

Now we establish regularity (iv). To abbreviate the notation, all norms will be on [0, T'] x R3 / 73. Asu
isan H'! mild solution, it lies in X!, and hence by (25), PB(u, u) lies in L} L2. Applying (11), (23), and the
smoothness of ug, f, we conclude that u € X* forall s < % In particular, by Sobolev embedding we see that
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weL®L2 Vue L2L2NL®L”, and Viu € L2L,*”, and hence PB(u, u) € L2H! ([0, T] x R3/Z3).

Returning to (11), (23), we now conclude that u € X>([0, T]1xR3/Z>). One can then repeat these arguments
iteratively to conclude that u € X*([0, T] x R3/Z?) for all k > 1, and thus u € L®C*([0, T] x R*/Z3)
for all kK > 0. From (9) we then have p € L>®Ck([0, T] x [R3/Z3) for all £ > 0, and then from (3) we have
o € LfoCk([O, T] x [RE3/Z3) for all £ > 0. One can then obtain bounds on d,; p and then on higher time
derivatives of u and ¢, giving the desired smoothness, and the claim (iv) follows.

Now we establish stability (v). It suffices to establish the claim in the short-time case when T is
sufficiently small depending only on M (more precisely, we take M*T < ¢ for some sufficiently small
absolute constant ¢ > 0), as the long-time case then follows by subdividing time and using induction.
The existence of the solution (', p’, u, fj, T, 1) is then guaranteed by (ii). Evaluating (11) for u, u" and
subtracting, and setting v := u’ — u, we see that

t
v(i)=F +/ e""APQ2Bu, v)+ B, v)(t) di’
0
for all ¢ € [0, T']. Applying (22), (25), we conclude that

Illxt SNElx+TY4lullx + ol x)lvlix,

where all norms are over [7g, #;] x R3. Since ||u|| x1 + ||v]l x1 is finite, we conclude (if T is small enough)
that || v ||X1([O,T]><|R3/Z3) 5 || F||X1([0,T]><|R3/Z3)’ and the claim follows. O

We may iterate the local well-posedness theory to obtain a dichotomy between existence and blowup.
Define an incomplete periodic mild H' solution (u, p, ug, f, T, , 1) from periodic H' data (uo, f, Ty, 1)
to be fields u : [0, T,) x IRS/Z3 — R3and v : [0, T}) x IR3/Z3 — R such that for any 0 < T < T, the
restriction (u, p, ug, f, T, 1) of (u, p, uo, f, T,, 1) to the slab [0, T] x R?/Z> is a periodic mild H'
solution. We similarly define the notion of an incomplete periodic smooth solution.

Corollary 5.2 (Maximal Cauchy development). Let (ug, f, T, 1) be periodic H Udata. Then at least one
of the following two statements holds:

o There exists a periodic H' mild solution (u, p,uo, f, T, 1) with the given data.

o There exist a blowup time 0 < T, < T and an incomplete periodic H' mild solution

(u, p,uo, f,T,7,1)
up to time T, , which blows up in H Uin the sense that

im (@)l gy @ /z2) = +oo.

t—T,
We refer to such solutions as maximal Cauchy developments.

A similar statement holds with “H" data” and “H" mild solution” replaced by “smooth data” and
“smooth solution” respectively.

Next we establish a compactness property of the periodic H' flow.
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Proposition 5.3 (Compactness). If (u(()”), fW T, 1) is a sequence of periodic H' data obeying (37),

(38) which is uniformly bounded in Hx1 (R3/73)y x Lfonl([O, T1 x R3/7%)¢ and converges weakly'* to
(uo, f, T, 1), and (u, p,uo, f, T, 1) is a periodic H' mild solution with the indicated data, then for n
sufficiently large, there exist periodic H' mild solutions (u™, p™, u(()"), f™ T, 1) with the indicated
data, with u'™ converging weakly in X' ([0, T1 x R?/Z>) to u. Furthermore, forany0 <t < T, u®™
converges strongly in X' ([t, T] x R*/Z3) to u.

If u(()n) converges strongly in H! (R3/73)¢ to ug, then one can set T = 0 in the previous claim.

Proof. This result is essentially in [Tao 2007, Proposition 2.2], but for the convenience of the reader we
give a full proof here.

To begin with, we assume that u™ converges strongly in H!(R*/Z?)o to uo, and relax this to weak
convergence later. In view of the stability component of Theorem 5.1, it suffices to show that F)
converges strongly in X! ([0, T] x R?/Z>) to zero, where

t
FO1) = ' (ug” —uo) + f UTORP(FI )~ fy ar
0
We have that uf)") — ug converges strongly in H!(R3/Z?) to zero, while f™ — f converges weakly in
L®H!([0,T] x R?/Z3) — 0, and hence strongly in L?L2([0, T] x R?/Z?). The claim then follows
from (22).

Now we only assume that u™ converges weakly in Hx1 (R3/Z%)0 to up. Let 0 < T < T be a suffi-
ciently small time; then from local existence (Theorem 5.1(ii)) we see that u™ and u are bounded in
X([0, 7] x R3/Z3) uniformly in n by some finite quantity M. Writing v := 4™ — u, we obtain from
(11) the difference equation

t
v (1) = F™ (1) + / AP (B, v™) + Bu™, v™)) () dr'.
0

: (n)
Since ug

— ug converges weakly in Hx1 (R3/Z3) to zero, it converges strongly in Li (R3/73) to zero too.
Using (21) as before, we see that F™ converges strongly in X°([0, t] x R3/Z3) to zero. From (22) we
thus have

™ ko S 0(1) + 1B, v 21 + 1B@™, v 20,

where o(1) goes to zero as n — 00, and all space-time norms are over [0, 7] X R3 /23. From the form of
B and Holder’s inequality, we have

1/4 1/2 1/2 1/4
1B™ v ") 2 SN0V 22 S T4 0 pong 0N 101 S M 0™ 0,

and similarly for B(u, v®™), and thus

™ g0 < o(1) + Mt 40| yo.

14Strictly speaking, we should use “converges in the weak-* sense” or “converges in the sense of distributions” here, in order
to avoid the pathological (and irrelevant) elements of the dual space of LY H )3 that can be constructed from the axiom of choice.
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Thus, for T small enough, one has
0™l x0 = o(1),

which among other things gives weak convergence of u™ to u in [0, T] x R?/Z3. Also, by the pigeonhole
principle, one can find times 7 in [0, 7] such that
o™ (")l g1 @/ 23) = 0(1).

Using the stability theory, and recalling that t is small, this implies that

10" (Ol 73 @3 23y = (1)

thus u™ (1) converges strongly to u(t). Now we can use our previous arguments to extend # to all of
[0, T] x R3 /Z3 and obtain strong convergence in X (7, T] x R? /Z3), as desired. O

Now we turn to the nonperiodic setting. We have the following analogue of Theorem 5.1:
Theorem 5.4 (Local well-posedness in H Y. Let (ug, f, T) be H' data.
(i) (Strong solution). If (u, p, uo, f, T, 1) isan H U nild solution, then
ue CYHI(0, T] x R).

(i1) (Local existence and regularity). If

4
(ol @y + N F g wey) T < ¢ (46)

for a sufficiently small absolute constant ¢ > 0, then there exists a H' mild solution (u, p, ug, f, T)
with the indicated data, with

lullxrqo,rixmsy S Mol my sy + 1Lt g ey
and more generally
Il Il xx o, 71x %) 5k,\|uo|\H§(R3),llfllLtl k)]
for each k > 1. In particular, one has local existence whenever T is sufficiently small depending on
9 (wo, £, 7).
(iii) (Uniqueness). There is at most one H U mild solution (u, p, ug, f, T) with the indicated data.
(iv) (Regularity). If (u, p, uo, f, T, 1) is an H' mild solution, and (uo, f, T) is Schwartz, then u and p
are smooth; in fact, one has 8t]u, Btjp € L?on([O, T] x [R3)f0r all j, k= 0.
(v) (Lipschitz stability). Let (u, p, uo, f,T), ', p',ug, f',T) be H' mild solutions with the bounds
0<T <Tyand
el x 1.0, 71xR3)» 1| X110, 71 xR3) < M.

Define the function

t
F(t) == e (up — ug) + / TNy = F(t))dt.

0
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If the quantity || F||L[2L2([0 T1xR?) IS sufficiently small depending on T, M, then
X ?

llu — u'llx1 g0, 7153y ST.m T 121210, 715R5) -

Proof. This proceeds by repeating the proof of Theorem 5.1 verbatim. The one item which perhaps
requires some care is the regularity item (iv). The arguments from Theorem 5.1 yield the regularity

ue XK(0, T] x R?)

for all k > 0 without difficulty. In particular, u € L{° Hf([(), T1 x R3) for all k > 0. From (9) and Sobolev
embedding, one then has p € L;’OH;‘ ([0, T] x R3) for all kK > 0, and then from (3) and more Sobolev
embedding, one has d,u € L® Hf([O, T1 x R3) for all k > 0. One can then obtain bounds on p and then
on higher time derivatives of u# and ¢, giving the desired smoothness, and the claim (iv) follows. (Note
that these arguments did not require the full power of the hypothesis that (1, f, T) was Schwartz; it
would have sufficed to have ug € H¥(R%) and f € C] HF(R®) for all j, k > 0.) a

From the regularity component of the above theorem, we immediately conclude that Conjecture 1.19
implies Conjecture 1.5, which is one half of Theorem 1.20(v).
We will also need a more quantitative version of the regularity statement in Theorem 5.4.

Lemma 5.5 (Quantitative regularity). Let (u, p, uo, f, T) be an H U mnild solution obeying (46) for a
sufficiently small absolute constant ¢ > 0, and such that

ol 1wy + I1F ) prx ey = M < 0.
Then one has
Nl oo ke, Ty w3y Skr,om 1

for all natural numbers k > 1 and all0 <t < T.

Proof. We allow all implied constants to depend on k, T, M. From Theorem 5.1 we have
lull xigo.7yxme) S 1
which already gives the k = 1 case. Now we turn to the k > 2 case. From (25) we have
IPB G, )l 1412 q0.71xm3) S 1

while from Fourier analysis one has

‘A
e “uoll oo (e, 71xR3) Se 1-

From this and (11), (21) we see that

Nl xs (o, 75 R3) Ssor 1
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forall s < % From Sobolev embedding we conclude

el e L2 e, 71wy Se 1
IVull 202 e rixmsy Se 1
||Vu||LtOOLl2/5([r,TJ><R3) ,Sr L,
||V2M||L,2L;_2([T,T]xR3) Sl
and hence
IPB(u, w)ll 2 1 e, 71xm3) S 1-

Returning to (11), (23), we now conclude that

lull x2 iz, 7y xmey Sels
which gives the k = 2 case. One can repeat these arguments iteratively to then give the higher k cases. [
We extract a particular consequence of the above lemma:

Proposition 5.6 (Almost regularity). Let (u, p, ug, 0, T) be a homogeneous H' mild solution obeying
(46) for a sufficiently small absolute constant ¢ > 0. Then u, p are smooth on [t, T xR> forall0 <t < T;
in fact, all derivatives of u, p lie in L;’OL)%([T, T x R3). If furthermore ug is smooth, then (u, p, ug, 0, T)
is an almost smooth solution.

Proof. From Lemma 5.5 we see that
ue LPHN[z, T]1 x R?)
forall k > 0 and O < 7 < T. Arguing as in the proof of Theorem 5.4(iv), we conclude that u, p are
smooth on [7, T] x R3.
Now suppose that ug is smooth. Then (since ug is also in Hx1 (R3)) e'2ug is smooth! on [0, T] x R3,

and in particular one has
ne'®ug e LY H([0, T] x RY)

for any smooth, compactly supported cutoff function 7 : R? — R. Meanwhile, by arguing as in Lemma 5.5

one has
PB(u,u) € LTL2([0, T] x R?). (47)

Using (11), (21), one concludes that
nu € X*([0, T] x R?)
for all cutoff functions n and all s < % Continuing the arguments from Lemma 5.5, we conclude that
nPB(u,u) € L?H! ([0, T] x R?)

15T obtain smoothness at a point (#p, x(), one can for instance split u( into a smooth compactly supported component and a
component that vanishes near xq but lies in H; (R3), and verify that the contribution of each component to e Auo is smooth at

([O’ X()).
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for all cutoffs n. Using (11), (23) (and using (28), (47) to deal with the far field contribution of PB(u, u),
and shrinking 1 as necessary), one then concludes that

nu € X*([0, T] x R?)
for all cutoffs n. Repeating these arguments iteratively, one eventually concludes that
nu € X*([0, T] x RY)
for all cutoffs n, and in particular
ue LXHN(0,T] x K)
for all £ > 0 and all compact sets K. By Sobolev embedding, this implies that
ue L®CK(0, T] x K)

for all k > 0 and all compact sets K.
We also have u € X' ([0, T] x R?), and hence
ue LXHN0, T]x R).

In particular,

wiu; € LPLL(0, T] x R?) (48)
and

uiuj € L¥CH([0, T] x K)
for all k > 0 and compact K. From this and (9) (splitting the inverse Laplacian A~! smoothly into local

and global components), one has
p e LXCH(I0, T] x K);

inserting this into (3), we then see that

du e L®CH([0, T x K) (49)

for all kK > 0 and compact K.

This is a little weaker than what we need for an almost smooth solution, because we want V¥u, V¥ D,
9, V¥ p to extend continuously down to # =0, and the above estimates merely give L°C control on these
quantities. To upgrade the L7 control to continuity in time, we first observe'® from (49) and integration
in time that we can at least make V*u extend continuously to # = 0:

ue COCH(0, T1 x K).
In particular,

uiu; € CCH(0, T1x K) (50)

16 An alternate argument here would be to approximate the initial data 1 by Schwartz divergence-free data (using Lemma 12.1)
and to use a limiting argument and the stability and regularity theory in Theorem 5.1; we omit the details.
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for all £ > 0 and compact K.
Now we consider V¥ p in a compact region [0, T'] x K. From (9) we have

Vkp(l‘,x)zvkaiaj/ uiuj(t,y)dy.
R

3 4 |x — y|

Using a smooth cutoff, we split the Newton potential 1/(47|x — y|) into a “local” portion supported on
B(0,2R) and a “global” portion supported outside of B(0, R), where R is a large radius. From (50) one
can verify that the contribution of the local portion is continuous on [0, T'] x K, while from (48) the
contribution of the global portion is O, (1/R?). Sending R — oo, we conclude that V¥ p is continuous
on [0, T] x K, and thus

peC’C¥(0, T x K)
for all kK > 0 and compact K. Inserting this into (3), we then conclude that
du e COCK([0, T1 x K)
for all kK > 0 and compact K, and so we have an almost smooth solution as required. (]

Remark 5.7. Because u has the regularity of L> H!, we can continue iterating the above argument a little
more, and eventually get u € CIZC)/C‘([O, T]x K)and p € C}C)’C‘([O, T] x K) for all k > 0 and compact K.
Using the vorticity equation (see (84) below), one can then also get w € C,3C)’§ ([0, T] x K) as well. But
without further decay conditions on higher derivatives of u (or of w), one cannot gain infinite regularity
on u, p, w in time; see Section 15.

On the other hand, it is possible to use energy methods and the vorticity equation (84) to show (working
in the homogeneous case f = 0 for simplicity) that if u( is smooth and the initial vorticity wg := V X ug
is Schwartz, then the solution in Proposition 5.6 is in fact smooth, with @ remaining Schwartz throughout
the lifespan of that solution; we omit the details.

As a corollary of the above proposition we see that Conjecture 1.19 implies Conjecture 1.13, thus
completing the proof of Theorem 1.20(iv).

As before, we obtain a dichotomy between existence and blowup. Define an incomplete mild H' solution
(u, p,uo, f, T,”) from H' data (ug, f, T) to be fields u : [0, T,) x R* — R3 and v : [0, T}) x R — R such
that for any 0 < T < T, the restriction (u, p, uo, f, T, 1) of (u, p, uo, f, T, , 1) to the slab [0, T] x R3
is a mild H' solution. We similarly define the notion of an incomplete smooth H' solution.

Corollary 5.8 (Maximal Cauchy development). Let (ug, f, T) be H' data. Then at least one of the
following two statements holds:

o There exists a mild H' solution (u, p, uo, f, T) with the given data.
o There exist a blowup time 0 < T, < T and an incomplete mild H' solution (u, p, uo, f, T,]) up to

time T, that blows up in the enstrophy norm in the sense that

lim [lu(?)] g} g3y = +00.

t—T,
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Remark 5.9. In the second conclusion of Corollary 5.8, more information about the blowup is known.
For instance, in [Iskauriaza et al. 2003] it was demonstrated that the Lfc (R?) norm must also blow up (in
the homogeneous case f = 0, at least).

6. Homogenisation

In this section we prove Proposition 1.7.
Fix smooth periodic data (ug, f, T, L); our objective is to find a smooth periodic solution

(u, pyuo, f,T,L)

(without pressure normalisation) with this data. By the scaling symmetry (31), we may normalise the
period L to equal 1. Using the symmetry (36), we may impose the mean-zero conditions (37), (38) on
this data.

By hypothesis, one can find a smooth periodic solution (i, p, ug, 0, T, 1) with data (ug, 0, T, 1).
By Lemma 4.1, and applying a Galilean transform (33) if necessary, we may assume the pressure is
normalised, which in particular makes (i, p, ug, 0, T, 1) a periodic H ! mild solution.

By the Galilean invariance (33) (with a linearly growing velocity v(¢) := 2wt), it suffices to find a
smooth periodic solution (u, p, ug, fw, T) (this time with pressure normalisation) for the Galilean-shifted
data (ug, f, T), where

fult, )= ft,x —wi?),
and w € R3 is arbitrary. Note that the data (¢, f,,, T) continues to obey the mean-zero conditions (37),

(38) and is bounded in Hx1 (IR3/Z3)0 X L;’OH;([O, T] x IR3/Z3)0 uniformly in w. We now make a key
observation:

Lemma 6.1. If o € R3/Z> is irrational in the sense that k - o # 0 in R/Z for all k € Z°\{0}, then
[fra converges weakly (or more precisely, converges in the sense of space-time distributions) to zero in
LXHL(0, T] x R3/Z3),.

Proof. 1t suffices to show that
T
/ frat, x)p(t, x)dxdt — 0
0 JR3/Z3

for all smooth functions ¢ : [0, T] x R?/Z? — R. Taking the Fourier transform, the left-hand side becomes

T
) fo e~ F D) () (1) (—k) dt

kez3

with the sum being absolutely convergent due to the rapid decrease of the Fourier transform of ¢ (¢).
Because f has mean zero, we can delete the kK = 0 term from the sum. This makes & - « nonzero by
irrationality, and so by the Riemann-Lebesgue lemma, each summand goes to zero as A — oo. The claim
then follows from the dominated convergence theorem. U
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Let o € R3 /Z3 be irrational. By the above lemma, (ug, f)q, T, 1) converges weakly to (1o, 0, T, 1)
while being bounded in H! (R?/73)¢ x L H(R?/Z%)o. As (uo, 0, T, 1) has a periodic mild H' solution
(a, p,up,0,T, 1), we conclude from Proposition 5.3 that for A sufficiently large, (ug, fo.o, T, 1) also has
a periodic mild H I solution, which is necessarily smooth since ug and f), are smooth. The claim follows.

Remark 6.2. Suppose that (ug, f, 0o, 1) is periodic H' data extending over the half-infinite time interval
[0, 4+00). The above argument shows (assuming Conjecture 1.4) that one can, for each 0 < T < oo,
construct a smooth periodic (but not pressure-normalised) solution (™, p™, uq, £, T, 1) up to time T
with the above data, by choosing a sufficiently rapidly growing linear velocity v') = 2w™¢, applying a
Galilean transform, and then using the compactness properties of the H'! local well-posedness theory.
As stated, this argument gives a different solution (u(T), p(T), ug, f, T, 1) for each time T (note that we
do not have uniqueness once we abandon pressure normalisation). However, it is possible to modify
the argument to obtain a single global smooth periodic solution (u«, p, ug, f, 00, 1) (which is still not
pressure-normalised, of course), by using the ability in (33) to choose a nonlinear velocity v(t) rather
than a linear one. By reworking the above argument, and taking v(¢) to be a sufficiently rapidly growing
function of ¢, it is then possible to obtain a global smooth periodic solution (u, p, ug, f, 0o, 1) to the
indicated data; we omit the details.

7. Compactness

In this section we prove Theorem 1.20(i) by following the compactness arguments of [Tao 2007]. By the
scaling symmetry (31), we may normalise L = 1.

We first assume that Conjecture 1.10 holds, and deduce Conjecture 1.9. Suppose for contradiction that
Conjecture 1.9 failed. By Corollary 5.2, there thus exists an incomplete periodic pressure-normalised
mild H' solution (u, p, ug, f, T, 1) such that

lim (lu(@) |l g1 w3 /z3) = 0. (51)

t—>T,

By Galilean invariance (36), we may assume that ug and f (and hence u) have mean zero.
Let (u(()"), f™, T,, 1) be a sequence of periodic smooth mean-zero data converging strongly in

H}(R?/Z%)0 x L{°H/ ([0, T,] x R?/Z%)g

to the periodic H I data (u, f, Ty, 1). For each time 0 < T < T, we see from Theorem 5.1 that for n
sufficiently large, we may find a smooth solution (1™, p™, u(()"), T, 1) with this data, with #® converging
strongly in L®H! ([0, T] x R3/Z3) to u. By Conjecture 1.10, the L® H! ([0, T] x R*/Z?) norm of u™
is bounded uniformly in both 7" and n, so by taking limits as n — oo, we conclude that [|u(?)[ 1 g3 /23
is bounded uniformly for 0 < ¢ < T, contradicting (51) as desired.

Conversely, suppose that Conjecture 1.9 held, but Conjecture 1.10 failed. Carefully negating all the
quantifiers, we conclude that there exists a time 0 < 7j < oo and a sequence (u™, p™, u(()”), fm M 1)
of smooth periodic data with 0 < T < T and %¢! (u(()"), f m 70 1) uniformly bounded in 7, such that

Jm lull e g o, 7o jz3) = 00 (52)



LOCALISATION AND COMPACTNESS FOR NAVIER-STOKES 59

Using Galilean transforms (36), we may assume that ué”), £ (and hence u™) have mean zero. From the

short-time local existence (and uniqueness) theory in Theorem 5.1, we see that T is bounded uniformly
away from zero. Thus by passing to a subsequence, we may assume that T converges to a limit 7,
with 0 < T, < Tp.

By sequential weak compactness, we may pass to a further subsequence and assume that for each 0 <
T <T,, (ué"), f™ T, 1) converges weakly (or more precisely, in the sense of distributions) to a periodic
H' limit (ug, f, T, 1); gluing these limits together, one obtains periodic H! data (ug, f, Tx, 1), which
still has mean zero. By Conjecture 1.9, we can then find a periodic H ! mild solution (u, p,uo, f, Ty, 1)
with this data, which then necessarily also has mean zero.

By Theorem 5.1 and Proposition 5.3, we see that for every 0 < 7 < T < T, u™ converges strongly in
L;"’Hx1 ([t, T1 x R3/Z3) to u. In particular, for any 0 < T < T, one has

lim sup ([ (T) | g1 @22y < Null 220 111 10,713 73y < 00
n—oo

Taking T sufficiently close to T and then taking n sufficiently large, we conclude from Theorem 5.1 that

: n .
lim sup lu )||L,°°H;([T,T(n>]xR3/z3) < 00;
n—oo

also, from the strong convergence in L;X’HX1 ([r, T] x R3 /Z3), we have

lim sup IIM(")||L$OHJ([r,T]xR3/Z3) <0
n—oo

for any 0 < t < T, and finally from the local existence (and uniqueness) theory in Theorem 5.1, one has

fim sup [l ™| o g1 0,1 0/2) < 00
n—oo

for sufficiently small 7. Putting these bounds together, we contradict (52), and the claim follows.

Remark 7.1. It should be clear to the experts that one could have replaced the H' regularity in the
above conjectures by other subcritical regularities, such as H* for k > 1, and obtained a similar result to
Theorem 1.20(1).

As remarked previously, the homogeneous case f = 0 of Theorem 1.20(i) was established in [Tao
2007]. We recall the main results of that paper. We introduce the following homogeneous periodic
conjectures:

Conjecture 7.2 (A priori homogeneous periodic H' bound). There exists a function F : Rt x Rt x RT —
R* with the property that whenever (u, p, ug, 0, T, L) is a smooth periodic homogeneous normalised-
pressure solution with 0 < T < Ty < oo and

%" (0,0, T, L) < A < o0,
then

lull oo g1 o, 7153 /2% < F (A, L, To).
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Conjecture 7.3 (A priori homogeneous global periodic H! bound). There exists a function
F:R" xR" — R

with the property that whenever (u, p, ug, 0, T, L) is a smooth periodic homogeneous normalised-pressure
solution with

%" (10,0, T, L) < A < o0,

then
lwll Lo g1 o, 71xR3 /2% < F (A, L).

Conjecture 7.4 (Global well-posedness in periodic homogeneous H'). Let (ug, 0, T, L) be a homoge-
neous periodic H I set of data. Then there exists a periodic H ! mild solution (u, p,uo,0, T, L) with the
indicated data.

Conjecture 7.5 (Global regularity for homogeneous periodic data with normalised pressure). Suppose
(1o, 0, T') is a smooth periodic set of data. Then there exists a smooth periodic solution (u, p, ug, 0, T')
with the indicated data and with normalised pressure.

In [Tao 2007, Theorem 1.4] it was shown that Conjectures 1.4, 7.2, 7.3 are equivalent. As implicitly
observed in that paper also, Conjecture 1.4 is equivalent to Conjecture 7.5 (this can be seen from
Lemma 4.1), and from the local well-posedness and regularity theory (Theorem 5.1 or [Tao 2007,
Proposition 2.2]), we also see that Conjecture 7.5 is equivalent to Conjecture 7.4.

8. Energy localisation

In this section we establish the energy inequality for the Navier—Stokes equation in the smooth finite
energy setting. This energy inequality is utterly standard (see for example [Scheffer 1976]) for weaker
notions of solutions, so long as one has regularity of L?H, but (somewhat ironically) requires more
care in the smooth finite energy setting, because we do not assume a priori that smooth finite energy
solutions lie in the space L2H!. The methods used here are local in nature, and will also provide an
energy localisation estimate for the Navier—Stokes equation (see Theorem 8.2).

We begin with the global energy inequality.

Lemma 8.1 (Global energy inequality). Let (u, p, ug, f, T) be a finite energy almost smooth solution.
Then
luell oo 22 g0, 7158 + IVl 2212 0,718y S E (o, £, T2, (53)

In particular, u lies in the space X' ([0, T] x R?).

Proof. To abbreviate the notation, all spatial norms here will be over R3.
Using the forcing symmetry (34), we may set f to be divergence-free, so in particular by Corollary 4.3
we have

Vp@)=Vp() (54)
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for almost all times ¢, where
~ -1
p=—A 8,-8j(ul~uj). (55)
As (u, p, ug, f, T) is finite energy, we have the a priori hypothesis

lull oo 20, 71xR3) < A

for some A < oo, though recall that our final bounds are not allowed to depend on this quantity A. Because
u is smooth, we see in particular from Fatou’s lemma that

lu@)ll2 < A (56)

for all t € [0, T].
Taking the inner product of the Navier—Stokes equation (3) with u and rearranging, we obtain the
energy density identity

0 (glul’) +u-V(3u?) = Az ul’) = [Vul —u-Vptu-f. (57)

We would like to integrate this identity over all of R3, but we do not yet have enough decay in space
to achieve this, even with the normalised pressure. Instead, we will localise by integrating the identity
against a cutoff n*, where n(x) := x((]x| — R)/r), x : R — RT is a fixed smooth function that equals 0
on [0, +oo] and 1 on [—o0, —1], and O < r < R/2 are parameters to be chosen later. (The exponent 4
is convenient for technical reasons, in that n* and V(n*) share a large common factor 5>, but it should
be ignored on a first reading.) Thus we see that n* is supported on the ball B(0, R) and equals 1 on
B(0, R —r), with the derivative bounds

Vin=0@") (58)
for j =0, 1, 2. We define the localised energy
Eu(t) := fR} Dul(t, x)n* (x) dx. (59)
Clearly we have the initial condition
E+(0) S E(uo, ). (60)

Because n* is compactly supported and u is almost smooth, E,qis C!, and we may differentiate under
the integral sign and integrate by parts without difficulty; using (54), we see for almost every time ¢ that

hEps=—-X1+Xo+ X5+ X4+ X5, (61)
where X is the dissipation term
X, = / Vuly* dx = In?Vull,, (62)
R3 x

X, is the heat flux term

1
X = 5[ P A dx,
R3
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X3 is the transport term
X3 :=4/ lu|?u-n*Vndx,
R3
X4 is the forcing term
X4 ::/ u- fntdx,
R3
and X5 is the pressure term

X5 :=4/ upn’Vndx.
R3

The dissipation term X is nonnegative, and will be useful in controlling some of the other terms present
here. The heat flux term X, can be bounded using (56) and (58) by

A2
X, <

T
~ r2

so we turn now to the transport term X3. Using Holder’s inequality and (58), we may bound

1 3/2, 13/2
X3 S I Nl (63)
and thus by (56) and Sobolev embedding
3/2 ) 32
X335 TIIV(MH 2
By the Leibniz rule and (62), (56), (58), one has
» A
IV @)l < X7+
and thus 32 ;
A 3/4 A
X3S —X —.
3 T 7572
Now we move on to the forcing term X4. By Cauchy—Schwarz, we can bound this term by
X4 S Ea(),
where a(t) := ||f(f)||L§(B(o,R))- Note from (2) that
T
/ a(t)dt S E(ug, f.T)'2. (64)
0

Now we turn to the pressure term Xs. From (55) we have
X5 = / @(u(A_IVZ(uu))n3V)7).
R3

We will argue as in the estimation of X4, but we will first need to move the 5 weight past the singular
integral A~1V2. We therefore bound Xs = X514+ Xs5,2, where

X5,1:/ @(M(Aflvz(uuf))Vn)
R3
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and
Xso= / O(ulA™'V2, 91 (uu) V),
R3

where [A, B] :== AB — BA is the commutator and 7’ is interpreted as the multiplication operator

n° i u > nu. For X¢ 1, we apply Holder’s inequality and (58) to obtain

X501 < —||u||Lz||A "2 uun)|| 2.

The singular integral A~!'V? is bounded on L2, so it may be discarded; applying Holder’s inequality
again, we conclude that

3/2, 2,3/2

X513 —IIMII ||77|| :

This is the same bound (63) used to bound X3, and so by repeating the X3 analysis, we conclude that

As for X5.2, we observe from direct computation of the integral kernel that when r =1, [A~1V2, X3] is a
smoothing operator of infinite order (see [Kato and Ponce 1988]), and in particular

AT 1 f e S Sl

in the » = 1 case. In the general case, a rescaling argument then gives

_ 1
ATV 01 f e S 50 F

Applying Holder’s inequality and (56), we conclude that

A3
528 5
,
Putting all the estimates together, we conclude that
2 2 4 A3 12
8tE,74§—X1+0 +—X +5—/2+E a(t) ).

By Young’s inequality, we have
A3/2 A6
—-ix,+0 23 <
2 r 1 ~ 4

A3 <A2 AS
PsEN T

and

and so we obtain

2 A6
1/2
8,E,74+X1 S +—+E a(t), (65)
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and hence for almost every time ¢,

12 B AZ A6
0 (Eps + E(uo, £, T))"> S E(wo, £, T) ‘/Z(r—2+r—4>+a<z>.

By the fundamental theorem of calculus, (64), and (60), we conclude that

A2 AS
Es0)'? < E(uo, . T)'* + E(uo, f. T)_1/2<_2 + —4)T
r r

for all ¢ € [0, T'] and all sufficiently large R; sending r, R — oo and using the monotone convergence
theorem, we conclude that
lull e 20,7183 S E (wo, f. T2

In particular, we have
E () S E(uo, f,T)

for all r, R; inserting this back into (65) and integrating, we obtain that

T AZ A6
/ Xi(0)dr < (—2 + —4)T +E(uo, £, T).
0 r r
Sending r, R — oo and using monotone convergence again, we conclude that
||Vu||L12L§([(),T]><R3) ,S E(uo, f, T)l/z,

and Lemma 8.1 follows. O

We can bootstrap the proof of Lemma 8.1 as follows. A posteriori, we see that we may take A <
E(ug, f, T)'/2. If we return to (65), we may then obtain

3
Puo /.1, E(”O;f’ D ) +al),

where e > 0 is an arbitrary parameter which we will optimise later. From the fundamental theorem of

W(Ep+e)* < e_l/z( ;

calculus, we then have

T+ £l 20

E(uo, f,T) E(uo, f,T)3
Elz{zﬁEn4(0)1/2+€1/2+€_1/2( (uo, f. )+ (uo, f,T) )
n 2 o]

where the L}Li norm is over [0, T'] x B(0, R); optimising in e, we conclude that

E(uo, f,T) = E(uo, f, T)*\'?
P E—" T2+ flipie-

E* S Ep©0) + (
Inserting this back into (65) and integrating, we also conclude that

T E T) E T)3\'/? :
A X[(t)dts (Er]4(0)1/2+< (uO’izfv )+ (l/t(), fv ) ) Tl/z"‘“f”L,'L%) .

e
Applying spatial translation invariance (29) to move the origin from O to an arbitrary point xg, we
deduce an energy localisation result:
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Theorem 8.2 (Local energy estimate). Let (u, p, uo, f, T) be a finite energy almost smooth solution with
f divergence-free. Then for any xo € R> and any 0 < r < R/2, one has

Neell oo 210,715 Bxo, R—r)) T ||V”||L,2L§([0,T]x3(x0,R—r))
E(uo, f, T)'?T'/? n E(uo, f, T)*T"/?

r r2

(66)

S ||”0||L§(B(x0,R)) + ||f”L}L§([0,T]xB(x0,R))

Remark 8.3. One can verify that the estimate (66) is dimensionally consistent. Indeed, if L denotes a
length scale, then r, R, E(ug, f) have the units of L, T has the units of L2, u has the units of L~!, and

1/2

all terms in (66) have the scaling of L'/<. Note also that the global energy estimate 8.1 can be viewed as

the limiting case of (66) when one sends r, R to infinity.

Remark 8.4. A minor modification of the proof of Theorem 8.2 allows one to replace the ball B(xg, R)
by an annulus
B(xo, R)\B(xo, R)

for some 0 < R < R’ with r < (R"— R)/2, R/2, with the smaller ball B(xo, R — r) being replaced by the
smaller annulus
B(XO, R/ - r)\B(XOs R +r)

The proof is essentially the same, except that the cutoff n has to be adapted to the two indicated annuli
rather than to the two indicated balls; we omit the details. Sending R’ — 0o using the monotone
convergence theorem, we deduce in particular an external local energy estimate of the form

el 5o 22 00,715 ®@N\Beo, R+r) + IV 22210 71x @3\ o, R 1))
Ewo, £, DT | Euo, £, )T

r r2

, (67)

S Mol 2 @s\Bo. k) + 1 L1220, 71x @3\ Bxo, R))
whenever 0 <r < R/2.

Remark 8.5. The hypothesis that f is divergence-free can easily be removed using the symmetry (34),
but then f needs to be replaced by Pf on the right-hand side of (66).

Remark 8.6. Theorem 8.2 can be extended without difficulty to the periodic setting, with the energy
E(ug, f, T) being replaced by the periodic energy

2
Ep(uo, f,T) := %(||u0||L§(R3/LZ3) + ||f||L,‘L§([0,T]><R3/LZ3))

as long as the radius R of the ball is significantly smaller than the period L of the solution, for example,
R < L/100. The reason for this is that the analysis used to prove Theorem 8.2 takes place almost entirely
inside the ball B(xg, R), and so there is almost no distinction between the finite energy and the periodic
cases. The only place where there is any “leakage” outside of B(xg, R) is in the estimation of the term
X5.2, which involves the nonlocal commutator [A~1V2, 173]. However, in the regime R < L/100, one
easily verifies that the commutator essentially obeys the same sort of kernel bounds in the periodic setting
as it does in the nonperiodic setting, and so the argument goes through as before. We omit the details.
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Remark 8.7. Theorem 8.2 asserts, roughly speaking, that if the energy of the data is small in a large ball,
then the energy will remain small in a slightly smaller ball for future times 7'; similarly, (67) asserts that
if the energy of the data is small outside a ball, then the energy will remain small outside a slightly larger
ball for future times 7. Unfortunately, this estimate is not of major use for the purposes of establishing
Theorem 1.20, because energy is a supercritical quantity for the Navier—Stokes equation, and so smallness
of energy (local or global) is not a particularly powerful conclusion. To achieve this goal, we will need
a variant of Theorem 8.2 in which the energy % i |u|? is replaced by the enstrophy % f |w|?, which is
subcritical and thus able to control the regularity of solutions effectively.

Remark 8.8. It should be possible to extend Theorem 8.2 to certain classes of weak solutions, such as
mild solutions or Leray—Hopf solutions, perhaps after assuming some additional regularity on the solution
u. We will not pursue these matters here.

9. Bounded total speed

Let (u, p, uo, f, T) be an almost smooth finite energy solution. Applying the Leray projection P to (3)
(and using Corollary 4.3), we see that

oru=Au+ PB(u,u)+ Pf (68)

for almost all times ¢, where B(u, v) =0(V(uv)) was defined in (12). As all expressions here are tempered
distributions, we thus have the Duhamel formula (11), which we rewrite here as

u(t) = e “ug+ / =N (PO(V (uu)) + Pf) () dt . (69)
0

One can then insert the a priori bounds from Lemma 8.1 into (69) to obtain further a priori bounds on
u in terms of the energy E (uo, f, T) (although, given that (53) was supercritical with respect to scaling,
any further bounds obtained by this scheme must be similarly supercritical).

Many such bounds of this type already exist in the literature. For instance:'’

¢ One can bound the vorticity w :=V x u in L{°L )lc norm [Constantin 1990; Qian 2009].

e One can bound V?u in L?’/f’oo [Constantin 1990; Lions 1996].

e More generally, for any o > 1, one can bound V%u in L?/ (aH)’OOLi/ (@+1),00 [Vasseur 2010; Choi
and Vasseur 2011].

For any k > 0, one can bound X9 in LIZ’ . [Chae 1992].

e One can bound Vu in L;/ZL)‘?O [Foiag et al. 1981].

e Forany r > 0 and k > 1, one can bound D; Viu in L,
Foias 2002; Duff 1990].

2/(4r+2k71)L§ [Foiag et al. 1981; Doering and

7These bounds are usually localised in both time and space, or are restricted to the periodic setting, and some bounds were
only established in the model case f = 0; some of these bounds also apply to weaker notions of solution than classical solutions.
For the purposes of this exposition we will not detail these technicalities.
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e For any 1 <m < 00, one can bound w in L,zm/(4m_3)L§m [Gibbon 2012].

e One can bound moments of wave-number like quantities [Doering and Gibbon 2002; Cheskidov and
Shvydkoy 2011].

In this section we present another a priori bound which will be absolutely crucial for our localisation
arguments, and which (somewhat surprisingly) does not appear to be previously in the literature:

Proposition 9.1 (Bounded total speed). Let (u, p, uo, f, T) be a finite energy almost smooth solution.

Then we have
|IMI|L,1L§°([0,T]><[R€3) S E(uo, f, T)1/2T1/4 + E(uo, f,T). (70)

We observe that the estimate (70) is dimensionally consistent with respect to the scaling (31). Indeed,
if L denotes a length scale, then T scales like L2, u scales like L™, and E, scales like L, so both sides
of (70) have the scaling of L.

Before we prove this proposition rigorously, let us first analyse equation (68) heuristically, using
Littlewood—Paley projections, to get some feel of what kind of a priori estimates one can hope to establish
purely from (68) and (53). For the simplicity of this exposition we shall assume f = 0. We consider a
high-frequency component uy := Pyu of the velocity field u for some N > 1. Applying Py to (68), and
using the ellipticity of A to adopt the heuristic!® Py A ~ —N2Py and Py PV ~ N Py, we arrive at the
heuristic equation

dun = —N?uy +0O(N Py (u?)).

Let us cheat even further and pretend that Py (u?) is analogous to uyuy (in practice, there will be more
terms than this, but let us assume this oversimplification for the sake of discussion). Then we have

duy = —N>uy +O(Nu,).

Heuristically, this suggests that the high-frequency component u should quickly damp itself out into
nothingness if |uy| << N, but can exhibit nonlinear behaviour when |u | > N. Thus, as a heuristic, one
can pretend that uy has magnitude > N on the regions where it is nonnegligible.

This heuristic, coupled with the energy bound (53), already can be used to informally justify many of
the known a priori bounds on Navier—Stokes solutions. In particular, projecting (53) to the u y component,
one expects that

lunll2p SN (71)

(dropping the dependencies of constants on parameters such as E( and being vague about the space-time
region on which the norms are being evaluated), which by Bernstein’s inequality implies that

< n1/2
||MN||L[2L3<> SN
However, with the heuristic that |uy| >> N on the support of uy, we expect that
1
2 .
hewlley e S 5 luwly o S 1

180ne can informally justify this heuristic by inspecting the symbols of the Fourier multipliers appearing in these expressions.
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summing in N (and ignoring the logarithmic divergence that results, which can in principle be recovered
by using Bessel’s inequality to improve upon (71)), we obtain a nonrigorous derivation of Proposition 9.1.

We now turn to the formal proof of Proposition 9.1. All space-time norms are understood to be
over the region [0, T'] x R3 (and all spatial norms over R3) unless otherwise indicated. We abbreviate
Eo:= E(ug, f, T). From (53) and (2) we have the bounds

1/2
el o2 S Eo'” (72)
1/2
IVull 22 S Ey'. (73)
1/2
laollzz +1£ 1.2 S By (74)

We expand out u using (69). For the free term e’®ug, one has by (18)
e uollee S 17 *lluoll 2
for t € [0, T'], so this contribution to (70) is acceptable by (74). In a similar spirit, we have
e PFE) e S =) HPLE 2 S ¢ =) HFE) g2

and so this contribution is also acceptable by the Minkowski and Young inequalities and (74).
It remains to show that

t
/ e"AOPV (uu) (1)) dt’ < E.
0

LiLy

By Littlewood—Paley decomposition, the triangle inequality, and Minkowski’s inequality, we can bound
the left-hand side by

T pt

<y f / | Pre " 20(PV (uu) (1)) |,  dt’ dt.

~ J0 Jo
Using (27) and bounding the first-order operator PV by N on the range of Py, we may bound this by
T pt
< Zf / exp(—c(t — tYN?)N | PxO(uu)(t") || dt’ dt

~ Jo Jo

for some ¢ > 0; interchanging integrals and evaluating the ¢ integral, this becomes
T
=3 f N PR O@u) (1) e di. (75)
0
N

We now apply the Littlewood—Paley trichotomy (see Section 2) and symmetry to write

PyO(uu) =Y Y PyO(unun,)+ Y, > PxO(uy,un,),

NI’VN NzSN leN Nz’\’Nl
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where uy := Pyu. For N, N; in the first sum, we use Bernstein’s inequality to estimate
I1PNOn un) e S Nuw e lluw, e
SNl 2 N3Pl N 2
S NN/ NDY2 I Vu |2 1V, | 2.
For Ny, N, in the second sum, we use Bernstein’s inequality in a slightly different way to estimate
IPNOn,uny) e S N0y uw,) g1
SN Nl Iz lluw, | 12
SNWN/ND?[Vun, |2 1 Vil 2
Applying these bounds, we can estimate (75) by
T
<Y Y /w2 /0 1V, ()2 | Vi () 2 e

N Ni~N N,<N
T
FX Y X NN [V Ol s (0
N Ni{>N Ny~N; 0
Performing the N summation first and then using Cauchy—Schwarz, one can bound this by

S Z Z (N2/ N ay,an, + Z Z ay,an,,

NiZ1 N2 SNy NiZ1 Na~N,
where

ay = ||Vupl|| L212-

But from (73) and Bessel’s inequality (or the Plancherel theorem), one has
Z ay < Eo,
N

and the claim (70) then follows from Schur’s test (or Young’s inequality).

Remark 9.2. An inspection of this argument reveals that the L7° norm in (70) can be strengthened to a
Besov norm (B?’oo) x» defined by

il goe), = > I Pwuellpzs.
N

Remark 9.3. An inspection of the proof of Proposition 9.1 reveals that the time-dependent factor 7''/4

on the right-hand side of Proposition 9.1 was only necessary in order to bound the linear components
t
e®ug +/ MNP dr
0

of the Duhamel formula (69). If one had some other means to bound these components in L!L%° by a
bound independent of 7' (for instance, if one had some further control on the decay of ug and f, such as
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L )]C and L'L )]C bounds), then this would lead to a similarly time-independent bound in Proposition 9.1,
which could be useful for analysis of the long-time asymptotics of Navier—Stokes solutions (which is not
our primary concern here).

Remark 9.4. It is worth comparing the (supercritical) control given by Proposition 9.1 with the well-
known (critical) Prodi—Serrin—Ladyzhenskaya regularity condition [Prodi 1959; Serrin 1963; Ladyzhen-
skaya 1967; Fabes et al. 1972; Struwe 1988], a special case of which (roughly speaking) asserts that
smooth solutions to the Navier—Stokes system can be continued as long as u is bounded in L?L%°, and
the equally well known (and also critical) regularity condition of Beale, Kato, and Majda [1984], which
asserts that smooth solutions can be continued as long as the vorticity

w:=VXxu (76)
stays bounded in L! L.

Remark 9.5. As pointed out by the anonymous referee, one can also obtain L! L% bounds on the velocity
field u by a Gagliardo—Nirenberg type interpolation between the Lt1 / 2L§° bound on Vu from [Foiag et al.

1981] with the L2L bound on u arising from the energy inequality and Sobolev embedding.

Although we will not need it in this paper, Proposition 9.1 when combined with the Picard well-
posedness theorem for ODE yields the following immediate corollary, which may be of use in future
applications:

Corollary 9.6 (Existence of material coordinates). Let (u, p, ug, f, T) be a finite energy smooth solution.
Then there exists a unique smooth map ® : [0, T] x R} — R? such that

0, x)=x

forall x € R3, and
0, (1, x) = u(d(z, x))

forall (t,x) €0, T] x R3, and furthermore ®(t) : R3— R3isa diffeomorphism for all t € [0, T]. Finally,
one has
@, x) — x| S Euo, f, T)'?TY* + E(ug, f, T)

forall (t,x) € [0, T] x R>.

Remark 9.7. One can extend the results in this section to the periodic case, as long as one assumes
normalised pressure and imposes the additional condition 7' < L?, which roughly speaking ensures that
the periodic heat kernel behaves enough like its nonperiodic counterpart that estimates such as (18) are
maintained; we omit the details. (Without normalised pressure, the Galilean invariance (33) shows that
one cannot hope to bound the L} L%° norm of u by the initial data, and even energy estimates do not work
any more.) When the inequality 7 < L? fails, one can still obtain estimates (but with weaker bounds) by
using the crude observation that a solution which is periodic with period L is also periodic with period
kL for any positive integer k, and choosing k to be the first integer such that T < (kL)>.
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10. Enstrophy localisation

The purpose of this section is to establish a subcritical analogue of Theorem 8.2, in which the energy
% i |u|? is replaced by the enstrophy % i |w|%. Because the latter quantity is not conserved, we will need
a smallness condition on the initial local enstrophy; however, the initial global enstrophy is allowed to be
arbitrarily large (or even infinite).

Theorem 10.1 (Enstrophy localisation). Let (u, p, ug, f, T) be a finite energy almost smooth solution.
Let B(xq, R) be a ball such that

||CUO||L§(B(x0,R)) +[IV x f”L,‘L%([O,T]xB(xo,R)) <3 (77)
for some § > 0, where wy := V X uq is the initial vorticity. Assume the smallness condition
8*T +8°E(uo, . T)'’T <c (78)

for some sufficiently small absolute constant ¢ > 0 (independent of all parameters). Let 0 <r < R/2 be a

quantity such that
r>C(E(uo, f, T)+ E(uo, f, T)'*T"* +57%) (79)

for some sufficiently large absolute constant C (again independent of all parameters). Then

loll Lo 1210, 71% Bxo. R—r)) F IV 121210, 71x Bxg, R=r)) S O

Remark 10.2. Once again, this theorem is dimensionally consistent (and so one could use (31) to
normalise one of the nondimensionless parameters above to equal 1 if desired). Indeed, if L is a unit of
length, then u has the units of L', w has the units of L2, E(uo, f, T), r, R have the units of L, T has the
units of L2, and 8 has the units of L~/2 (so in particular 8*T and 87 E (uo, £ T)'/2T are dimensionless).

Remark 10.3. The smallness of §*7T also comes up, not coincidentally, as a condition in the local well-
posedness theory for the Navier—Stokes at the level of H'; see (46). The smallness of 8 E (uo, f, T)'/*T
is a more artificial condition, and it is possible that a more careful argument would eliminate it, but we
will not need to do so for our applications. For future reference, it will be important to note the fact that §
is permitted to be large in the above theorem, so long as the time 7 is small.

Remark 10.4. A variant to Theorem 10.1 can also be deduced from the result'® in [Caffarelli et al. 1982,
Theorem D]. Here, instead of assuming a small L? condition on the enstrophy, one needs to assume
smallness of quantities such as fR3 (lug(x)|?/|x — xo|)dx for all sufficiently large xo, and then regularity
results are obtained outside of a sufficiently large ball in space-time.

We now prove the theorem. Let (u, p, ug, f, T), B(xg, R), &, r be as in the theorem. We may use spatial
translation symmetry (29) to normalise xo = 0. We assume ¢ > 0 is a sufficiently small absolute constant,
and then assume C > 0 is a sufficiently large constant (depending on c¢). We abbreviate Eg := E(uq, f, T).

In principle, this is a subcritical problem, because the local enstrophy % I B(xo.R) |w|? (or regularised
versions thereof) is subcritical with respect to scaling (31). As such, standard energy methods should

19We thank the anonymous referee for this observation.
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in principle suffice to keep the enstrophy small for small times (using the smallness condition (78), of
course). The main difficulty is that the local enstrophy is not fully coercive: it controls w (and, to a lesser
extent, i) inside B(xg, R), but not outside B(xg, R); while we do have some global control of the solution
thanks to the energy estimate (Lemma 8.1), this is supercritical and thus needs to be used sparingly. We
will therefore expend a fair amount of effort to prevent our estimates from “leaking” outside B(xg, R);
in particular, one has to avoid the use of nonlocal singular integrals (such as the Leray projection or
the Biot—Savart law) and work instead with more local techniques such as integration by parts. This
will inevitably lead to some factors that blow up as one approaches the boundary of B(xg, R) (actually,
for technical reasons, we will be using a slightly smaller ball B(xg, R(z)) as our domain). It turns out,
however, that thanks to a moderate amount of harmonic analysis, these boundary factors can (barely) be
controlled if one chooses exactly the right type of weight function to define the local enstrophy (it has to
be Lipschitz continuous, but no better).

We turn to the details. We will need an auxiliary initial radius R" = R’(0) in the interval [R —r/4, R]
which we will choose later (by a pigeonholing argument). Given this R’, we then define a time-dependent
radius function

1 t
R’(Z) = R/ _ ;/(; ||M(S)||L§°([R{3) ds.

From Proposition 9.1 one has
R'(1) = R' = Oc(Eo+ Ey°T'%),
and thus (by (79)) one has
R({t)>R—r/2
if the constant C in (79) is sufficiently large depending on c¢. The reason we introduce this rapidly
shrinking radius is that we intend to “outrun” all difficulties caused by the transport component of the
Navier—Stokes equation when we deploy the energy method. Note that the bounded total speed property

(Proposition 9.1) prevents us from running the radius down to zero when we do this.
We introduce a time-varying Lipschitz continuous cutoff function

n(t, x) = min(max(0, ¢ '8 (R'(r) — |x])), 1).

This function is supported on the ball B(0, R’(¢)) and equals one on B(0, R'(t) — c01872), and is radially
decreasing; in particular, from (79), we see that n is supported on B(0, R) and equals 1 on B(0, R —r) if
C is large enough. As 7 increases, this cutoff shrinks at speed (1/¢)lu(?)|| = (rs), leading to the useful
pointwise estimate

1
0in(t, x) = = llu@®ll e @) [Van (. 01, (80)
which we will use later in this argument to control transport-like terms in the energy estimate (or more
precisely, the enstrophy estimate).

Remark 10.5. It will be important that 5 is Lipschitz continuous but no better; Lipschitz is the minimal
regularity for which one can still control the heat flux term (see Y3 below), but is also the maximal
regularity for which there is enough coercivity to control the nonlinear term (see Y below). The argument
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is in fact remarkably delicate, necessitating a careful application of harmonic analysis techniques (and in
particular, a Whitney decomposition of the ball).

We introduce the localised enstrophy

W) = % -/R%|a)(t, x)|2n(, x) dx. (81)
From the hypothesis (77) one has the initial condition
W(0) < 6%, (82)
and to obtain the proposition, it will suffice to show that
W) <. 8 (83)

forall r € [0, T].
As u is almost smooth, W is C t] As in Section 8, we will compute the derivative 9, W. We first take
the curl of (3) to obtain the well-known vorticity equation

orw~+ (u-V)Yw=Aw+0(wVu)+V x f. (84)
This leads to the enstrophy equation
dzlol’ + - V3l = AGlol*) = [Vol* + 0o Vi) + o (V x f).

All terms in this equation are smooth. Integrating this equation against the Lipschitz, compactly supported
n and integrating by parts as in Section 8 (interpreting derivatives of n in a distributional sense), we
conclude that

IW=-Y—Y2+Y3+Ys+Ys+ Vs, (85)

v = / Vol*n.
IR3

Vy= -1 / 08,1,
R3

Y3 :=%/ || An,
[F\E3

Yy = %/R}lezu-Vn,

where Y] is the dissipation term
Y, is the recession term
Y3 is the heat flux term
Y, is the transport term
Y5 is the forcing term
Ys ::/ w-(Vx fn,
R3

and Y is the nonlinear term

Y6:=f O(woVu)n.
R3
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The term Y| is nonnegative, and will be needed to control some of the other terms. The term Y> is also
nonnegative; by (80) we see that

| oPIValS el s o (56)
We skip the heat flux term Y3 for now and use (86) to bound the transport term Yy by
Y4 S cYa. (87)
Now we turn to the forcing term Ys. By Cauchy—Schwarz and (81), we have
1¥s| S W 2a),

where
a(®) =1V x fliL2o.r)-

Note from (77) that -
/ a(tydt < 5. (88)
0

We return now to the heat flux term Y3;. Computing the distributional Laplacian®® of 7 in polar

coordinates, we see that
Y3 Sb(1),

where b(t) = bp/(¢) is the quantity

b(@t) :=c%152R? /2|a)(t, R (H)a)|* da +c—°-254/ lw(t, x)|* dx,
S R

"(1)—cO 1872 <|x|<R(1)

and da is surface measure on the unit sphere S2. (Note that while A also has a component on the sphere
|x| = R'(t) — %1872, this component is negative and thus can be discarded.)

To control b(t), we take advantage of the freedom to choose R’. From Fubini’s theorem and a change
of variables, we see that

R T T
/ f bRr(t)dth/,Sc_o'laz/ lo(t, x)|* dx.
-7 70 0 JR3

From Lemma 8.1, the right-hand side is O (8>E(/c®!). Thus, by the pigeonhole principle, we may select
aradius R’ such that

T 82E
f b(t)dt < —0,
0 cO-lr
and in particular, by (79), ;
/ b(r)dt < 8* (89)
0
if C is large enough.

20A1ternatively, if one wishes to avoid distributions, one can regularise 7 by a small epsilon parameter to become smooth,
compute the Laplacian of the regularised term, and take limits as epsilon goes to zero. One can also rescale either R or § (but not
both) to equal 1 to simplify the computations.
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Henceforth we fix R’ so that (89) holds. We now turn to the most difficult term, namely the nonlinear
term Y. Morally speaking, the Vu term in Y¢ has the “same strength” as w, and so Yg is heuristically as

/ O0(w)n.
R3

A standard Whitney decomposition of the support of 1, followed by rescaled versions of the Sobolev

strong as

inequality, bounds this latter expression by

o((fern) (o))

If we could similarly bound Y¢ by this expression by an analogous argument, this would greatly simplify
the argument below. Unfortunately, the relationship between Vu and w is rather delicate (especially when
working relative to the weight 1), and we have to perform a much more involved analysis (though still
ultimately one which is inspired by the preceding argument).

We turn to the details. We fix ¢ and work in the domain

Q:= B0, R'(1)).

We apply a Whitney-type decomposition, covering €2 by a boundedly overlapping collection of balls
B; = B(x;, r;) with radius
ri i= 145 min(dist(x;, 982), ¢! /8%).

In particular, we have
n~c 0182, (90)

on B(x;, 10r;). We can then bound

—0.1¢2 2
Yol S 18 Ejn/|M|vm.
- B;
l

The first step is to convert Vu into an expression that only involves @ (modulo lower-order terms), while
staying inside the domain 2. To do this, we first observe from the divergence-free nature of u that

Au=VxVxu=Vxow.

Let i; be a smooth cutoff to the ball 3B; := B(x;, 3r;) that equals 1 on 2B; := B(x;, 2r;). On 2B;, we
thus have the local Biot—Savart law

u=0(A""V() +v,
where v is harmonic on 2B;. In particular, from Sobolev embedding one has
vll208,) S IWill o5 gy + lull2228,)-
From Holder’s inequality one has

Iiol o5 gy S rillolzom,),
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while from the mean value principle for harmonic functions one has

—5/2
IVl S 002 s,
‘We conclude that

-3/2 -5/2
Vol S lolzas) +r " lul s,
and we thus have the pointwise estimate
1 —3/2 -5/2
IVu| SIVAT V(riw)| +r, / lollz22p;) +1; / lullz228;)

on B;. We can thus bound |Ys| < Y1 + Y62, where

You Sc 0152 ri/ o|* Fi
2],

and
1 3,2
Fi = VAT VWio)|+r, "lloll2op)

and
—0.1¢2 =3/2 2
Yoo Sc 8 E r; ||u||L§(2B,-)/ ||~
- B;
1

O

Let us first deal with Yg 2, which is the only term not locally controlled by the vorticity alone. If the

ball B; is contained in the annular region
(xeQ:|x| >R @) —c"872),
which is the region where 7 is not constant, then we use Holder to get the bound

—-3/2
r Pl 2esy S Ml e

and observe that c~*182 = |Vp| on B;. Thus, by (86), the contribution of this term to Y > is 0(c"%Y>).
If instead the ball B; intersects the ball B(0, R'(¢t) — ¢%'872), then r; ~ ¢®186~2 and  ~ 1 on B;, and we

use Lemma 8.1 to obtain the bound
-3,2 — 12
r; / lullz2om) Sc 0'1553E0/ ,
and then by (81), (78) the contribution of this case is
_ 172
O(C 0.2585E0/ W) — 0(C0'75W/T);

and thus
Yoo < 00y, —|—c°'75W/T.

Now we turn to Y 1. From Plancherel’s theorem we have
-1
IVAT V(o) @) S 1ol S loliz2es)s

and thus

IFillz28y S llwllzz2s)-
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From Hélder’s inequality we thus have

—0.1¢2 3/2 2
Yo S¢™62 Y 1 loljs lol2em)-

1

To deal with this, we let w; denote the averages

| 12
2
w=(——/|®>;
[3B;| J3B,

32
lollzop) S wi.

then

Also, from the Sobolev inequality one has

1 1/2
lollzssy S lovillLswy) SIV@Ydlze S IIVollizasy 1 lollizas) S 1Velzas) +",-/ w;,

and thus
Yo < o01g2 3 I Vel ~0.152 4.3 92
6.1 SC Zri wi || w||L§(3B’_)+c E riwy. (92)

] 1

To deal with the first term of (92), observe from (81) and (90) that
er'wiz < 572w, (93)

1

and in particular
w; S C0.05571W1/2ri—2 (94)

for all i. We may thus bound

—0.1¢2 3 2 —0.05 1/2 2
¢ Ol § rPwil| Voll7zqp) Sc swl/ E:r,-uv@anBi),
,- -

l
which by (90) and the bounded overlap of the B; is
<c0'056_1W1/2/ |Va)|2n < O05s=ly 12y,
Q

The second term of (92), ¢ 9152 > ri4 wi3, is trickier to handle. Call a ball “large” if its radius is at least
10~4¢=%15=2 (say), and “small” otherwise. To deal with the small balls we use the Poincaré inequality.
From this inequality, we see in particular that

: 12 ! 12 12
(o L) b ) <0
I3Bil J3, 13B;| J3B; 10B;

whenever B;, B; intersect. (Indeed, the Poincaré inequality implies that both terms in the left-hand side
are within O ((r;”" [}, IV@I?)'/?) of |(1/|10B;]) Jios, @!) In other words, we have

1/2
|w—wﬂ5nm(/ Wmﬁ (95)
10B;

whenever B;, B; intersect.
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Now for any small ball B;, we may assign a “parent” ball B, ;) which touches the ball but has radius
at least 1.001 (say) times as large as that of B;. We may iterate this until we reach a large ball B,;), and
write

wj < wa(,-) + Z |wpk(,-) — wpk+l(l')|,
k>0

where the sum is over all k for which p**+!(i) is well-defined; note that this inequality also holds for large
balls if we set a(i) = i. Taking cubes and using Holder’s inequality, we obtain

1
'Ll)l3 5 wg(i) + Z(l +k) Olwpk(l') — wpk+l(l')|3,
k>0
and so we can bound ¢ 152 Z r4w3 by

S bl 40 A0 Yt ol

k>0

If one fixes a large ball B;, one easily checks that ) ri4 < r}‘, and thus
ita(i)=j

—0.152 0.1¢2 4 3,
c '8 Zr wa(l)<c ) Z riwg;
i

Jirj>10"4c01s-2

applying (94) and (93), we thus have

_0]3227' wa(z) <C_02555 1/22,, w C_0'1583W3/2.

Similarly, if one fixes a small ball B}, one verifies that

10 4 4
Z(1+k) Z rSry
k=0 iipk()=j
and thus

_01822(14—/()1021” |w k(l)_ A+I(l')|3§C_O'182 Z rjIwJ—wp(J)P

k>0 jirj<10=4c015-2

From (94) (once) and (95) (twice) one has
3 <« 0.05¢—1y171/2,.—3 2
wj —wy(> S PP8TIW /gngw"

and so we may bound the preceding expression by

SSWIE Yy [ vaP
; 10B;

which by (90) and the bounded overlap of the B; can be bounded by

Q
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Putting the Y ; bounds together, we conclude that
Yo < c 01563 W3/2 4 LO055— 1y 12y,
collecting the bounds for Yi, ..., ¥Ys, we thus have
FW < =Y+ 0("BsT W2y + T OBSEWI 4 OPW/T +a()W'2 +b(@)).

To solve this differential inequality we use the continuity method. Suppose that 0 < 77 < T is a time for
which
sup W(t) < ¢ %0152, (96)
1€[0,7']
Then, if ¢ is small enough, we can absorb the O(CO'05 s—lwlizy 1) term by the —Y term, and can also
use this bound and (78) to obtain

C_0'1583W3/2 5 0_0'15584W 5 CO'75W/T

and
a(W? < 700554 (p).

We thus have
W < OPW/T 4 ¢70%8a(r) +b(1r).

From Gronwall’s inequality and (82), (88), (89), we thus have

sup W(r) < ¢ 000552,
1€[0,7"]
For ¢ a small enough absolute constant, this is (slightly) better than the hypothesis (96), and so from the
continuity method (and (82)), we conclude that

sup W(r) < 000552,
1€[0,T]

and the claim (83) follows. The proof of Theorem 10.1 is now complete.

Remark 10.6. As with Remark 8.4, we may adapt the proof of Theorem 10.1 to an annulus, replacing the
ball B(xg, R) with an annulus B(xg, R")\B(xg, R) for some 0 < R < R’ withO <r < R/2,(R'—R)/2,
and replacing the smaller ball B(xg, R — r) with the smaller annulus B(xg, R" —r)\B(xg, R +r). To do
this, one has to replace the cutoff n (which was shrinking inside the ball B(xg, R) towards B(xg, R —r))
with a slightly more complicated cutoff (which is shrinking inside the annulus B(xo, R")\ B(xo, R) towards
the smaller annulus B(xg, R — r)\B(xg, R +r)). However, aside from this detail, the proof method is
essentially identical and is omitted. Sending R’ to infinity and using the monotone convergence theorem,
we may in fact replace the annulus B(xg, R")\ B(xo, R) with the exterior region R3\ B(xo, R), and the
annulus B(xg, R" —r)\B(xo, R +r) with R3\B(xo, R+r).

Theorem 10.1 asserts, roughly speaking, that if the H! norm of the data is small on a ball, then for a
quantitative amount of later time, the Hx1 norm of the solution remains small on a slightly smaller ball.
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As the H'! norm is subcritical, we expect this sort of result to persist to higher regularities, in the spirit of
[Serrin 1962]. It is therefore unsurprising that this is indeed the case:

Proposition 10.7 (Higher regularity). Let (u, p, ug, f, T) be a finite energy almost smooth solution with
T <T,. Let B(xo, R), n, 8, r obey the conditions (77), (78), (79) from Theorem 10.1. Then for any
compact subset K in the interior of B(xg, R —r) and any k > 1, one can bound

k k+1
IVFull Lo 2 o.r1x i) + 1V el 202 0,715k ) SkoK Euo, £.7),8. TR A L

where
k

A=) IV u0ll 2 seo.ry + 1V Fllizr2q0.71x 8o R)-
j=0

In particular, one has

Nl xk 0. 715 K) SkoK,E(uo, £,7),8, T, R, A 1

Proof. We allow all implied constants to depend on k, K, E(uq, f,T), 5, Ty, R, Ar. We introduce a
compact set
KCK CKyCK;CK4CKsCB(xg,R—r),

with each set lying in the interior of the next set. Let  be a smooth function supported on K, that equals 1
on Ki; we allow implied constants to depend on 7.
We begin with the k = 1 case. From Theorem 10.1 one already has

loll Lo r2qo.r1x k1) + IVOll 21200, 7150k S 1-

To pass from w to u, we use integration by parts. Since w = V x u and u is divergence-free, a standard
integration by parts shows that

L o= [ vuln+ [ oaurvin.
R3 R3 R3

By Lemma 8.1, the error term is O (1), and so we have

/ IVu|? <1.
K

Similarly, by replacing w and u by their derivatives, we also see that

%/ IVw|277=/ |v2u|2n+/ 0(VulV2).
R3 R3 R3

By Lemma 8.1, the error term is O (1) after integration in time, and so we also have

T
//|v2u|2dxdz§1
0 JK

We now turn to the k = 2 case. This is the most difficult, as we currently only control regularities

as desired.

that are half a derivative better than the critical regularity (which would place u in H,C1 / 2), and wish to
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boost this to three halves of a derivative above critical; this requires at least two iterations of the Duhamel
formula. The arguments will be analogous to the regularity arguments in Theorem 5.1 or Lemma 5.5. By
(68) we see that un obeys the truncated equation

or(nu) — A(mu) = nO(PVuu)) +nPf+0(NVuVn) + @(qun) 97
for almost all #. Meanwhile, from the k = 1 case and Lemma 8.1, we already have the estimates

2
el oo 20, 713 + 1VUll Lo L2 0. 71x k) + IV Ul 20200, 7150k S 15 (98)

and from the definition of A,, we have

IV uollL2(B(xo,m)) T IV il L210.71% Bxo ) S 1 99)

for j =0,1,2.

We claim that all terms on the right-hand side of (97) have an L;‘L)ZC([O, T] x R3) norm of O(1). The
only difficult term here is n PO(V (uu)); the other three terms on the right-hand side are easily estimated
in L}L2 (and even in L2L?) using (98) and (99). We now estimate

InOCPV @u)) |l 2212 10,77 R3)-

We split uu = nuu + (1 — n)uu, where 1 is a smooth cutoff supported on K4 that equals 1 on K3. For the
contribution of the nonlocal portion (1 — 77), one can use the smoothness of the kernel of the operator
P away from the origin to bound this contribution by < ||O(uu)|| LALL(0,T]x ) which is acceptable by
(98); for future reference, we note that this argument bounds this contribution in L?L2 norm as well as in
L?*L?2 norm. For the local portion 7juu, we discard the n and P projections and bound this by

SN0V Guu) || 2412 10, 71xw3) -

But this is acceptable by (24).

We have now placed the right-hand side of (97) in L;‘L%([O, T1 x R?) with norm O(1). Meanwhile,
from (99), the initial data uon is in H2(R?) with norm O(1). Applying the energy estimate (23), we
conclude that

||”ﬂ||L?ng/270([O,T]XR3) + ||MU||L3H;/270([0,T]XR3) SJG 1

for any o > 0. A similar argument (shifting the compact sets) also gives

/ / <
||M77 ”L?OH3/270([0,T]><R3) + ||u77 ||L3HS/270([0,T]XR3) ~0 17

where 1’ is a smooth function supported on K5 that equals 1 on K4. In particular, by Sobolev embedding,
on [0, T] x K4, u isin L;’OL}CZ, Vu is in LtzL}C2 N L;’OL}CZ/S, and V2u is in LtzL}CZ/S, which together with
(98) and the Holder inequality now allows one to conclude that O(V (jjuu)) has an Ltsz1 ([0, T] x R?)

norm of O(1). Repeating the previous arguments, we now conclude that the right-hand side of (97) lies
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in L2H! ([0, T] x R?) with norm O(1), and hence by (22),

llnu ||L,°°HX2([O,T]><R3) + lInu ||L[2H3([0,T]XR3)’

which gives the k =2 case.

The higher k cases are proven by similar arguments, but are easier as we now have enough regularity
to place u in L°L°([0, T'] x Ks) with norm O (1); we leave the details to the reader. (For instance, to
establish the k = 3 case, one can verify using the estimates already obtained from the k = 2 case that the
right-hand side of (97) has an L%Hx1 ([0, T] x R?) norm of O(1). [l

Remark 10.8. As in Remark 9.7, one can extend the results here to the periodic setting so long as one
has T < L? and R < L; we omit the details.

For our application to constructing Leray—Hopf weak solutions, we will need a generalisation of
Theorem 10.1 to the case when one has hyperdissipation. More precisely, we introduce a small hyperdis-
sipation parameter ¢ > 0, and consider solutions (u(s), p(g), ug, f, T) to the regularised Navier—Stokes
equation, which are defined precisely as with the usual concept of a Navier—Stokes solution, but with (3)
replaced by the regularised variant

Ju® + @® - Vy)u® = Au® —eA2u® —Vp© 4 . (100)

With hyperdissipation, the global regularity problem becomes much easier (the energy is now subcritical
rather than supercritical), and indeed it is not difficult to use energy methods (see, for example, [Lions
1969]) to show the existence of a unique almost smooth finite energy solution to this regularised equa-
tion (u'®, p® ug, f, T) from any given smooth finite energy data (uo, f, T). The energy estimate in
Lemma 8.1 remains true in this case (uniformly in €), and one easily verifies that one obtains an additional
estimate

T
8/ / \V2u(t, ) dt dx < E(ug, f, T) (101)
0 JR3

in this hyperdissipative setting. One can also verify (with a some tedious effort) that Proposition 9.1 also
holds in this hyperdissipative setting as long as ¢ is sufficiently small, basically because the hyperdissipative
heat operators ¢! (A=#2%) gbey essentially the same estimates (18), (27) as ¢/® if 0 <t < T and ¢ is
sufficiently small depending on T'; we omit the details.

One can define the vorticity w® := V x u® of a regularised solution as before. This vorticity obeys an
equation almost identical to (84), but with an additional hyperdissipative term —e V2w on the right-hand
side. One can then repeat the proof of Theorem 10.1 with this additional term. Integrating by parts a
large number of times, one obtains a similar decomposition to (85) for the derivative of the localised
enstrophy, but with the addition of a negative term —e¢ fR3 |V2w|?n on the right-hand side, plus some
boundary terms which are bounded by b(t), where

b(t) ;= Z 8c_0'152R2/ |Va)(t,roz)|2doz+ec_0'284/ Vo (t, x)|* dx
r=R'(t),R'(t)—cO1§2 52 R/ (t)—c%18-2<|x|<R'(t)

is a hyperdissipative analogue of b(¢). By using the same averaging argument used to bound fOT b(t)dt
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for typical R’, one can also simultaneously obtain a comparable bound for fOT b(r)dt (taking advantage
of the additional estimate (101)). The rest of the argument in Theorem 10.1 works with essentially no
changes; we omit the details. The proof of Proposition 10.7 is also essentially identical, after one notes
that energy estimates such as (22) continue to hold in the hyperdissipative setting. Summarising, we
obtain:

Proposition 10.9. Theorem 10.1 and Proposition 10.7 continue to hold in the presence of hyperdissipation,
uniformly in the limit ¢ — 0.

11. Consequences of enstrophy localisation

We now give a number of applications of the enstrophy localisation result, Theorem 10.1. Many of these
applications resemble existing results in the literature, but with weaker decay hypotheses on the initial
data and solution (in particular, we will usually only assume either finite energy or finite H' norm); the
main point is that the localisation afforded by Theorem 10.1 can significantly reduce the need to assume
any stronger decay hypotheses.

We begin with the observation that finite energy smooth solutions automatically have bounded enstrophy
if the initial data has bounded enstrophy:

Corollary 11.1 (Bounded enstrophy). Let (u, p, ug, f, T) be an almost smooth, finite energy solution,
such that the initial data (ug, f, T) has finite H' norm. Then u € Xl([O, T] x [F\R3); in particular,
(u, p,uo, f,T) is an H?' solution.

Proof. Let § > 0 be small enough (depending on E (ug, f, T), T) that the condition (78) holds. As
(1o, f, T) has finite H' norm, we have

lwoll 2wsy + IV X fllzrr20,71xm3) < 00
By the monotone convergence theorem, we thus have for R sufficiently large that
llwoll 23\ B0.RY) F IV X fllLiz2q0, 71x ®3\BO, RY) = 8-
Applying Theorem 10.1 (inverted as in Remark 10.6), we conclude that
loll Lo 1210, 71% @\ B0, R+r)) + IV Ol 1212 0, 715 @3\ BO, R4+ S

for some finite radius r, if R is sufficiently large; in particular, w lies in LtooLi N L,ZHXI in the exterior
region [0, T] x ([F\R3\B((), R +r)). On the other hand, as u is almost smooth, w also lies in L;’OLi N Ltszl
in the interior region [0, T'] x B(0, R +r 4+ 1) (say). Gluing these two bounds together, we conclude that

we LPL2NLH! (0, T] x R*);
meanwhile, from Lemma 8.1 one has
ueLXLENLIH! ([0, T] x RY).

Since u is divergence-free and w = V X u, the claim then follows from Fourier analysis. ]



84 TERENCE TAO

Remark 11.2. From Corollary 5.8 we know that smooth solutions to the Navier—Stokes solutions can be
continued in time as long as the H' norm remains bounded. However, Corollary 11.1 certainly does not
allow one to solve the global regularity problem for Navier—Stokes, because the proof heavily relies on
the solution u being complete rather than incomplete, and thus it is (almost) smooth all the way up to the
final time 7', and not just smooth on [0, T'). Instead, what Corollary 11.1 does is to show that the solution
from H'! data is well-behaved when one is sufficiently close to spatial infinity; in particular, it does not
prevent turbulent behaviour in bounded regions of space-time.

Remark 11.3. If (u, p, up, 0, T) is an almost smooth homogeneous finite energy solution, then by
Lemma 8.1 we see that u(¢) € Hx1 (R3) for almost every time ¢ € [0, T]. Applying the time translation
symmetry (30) for a small time shift 7y, we can then convert the finite energy data to H' data, and then by
Corollary 11.1, we conclude that in fact u(¢) € H!(R?) for all nonzero times ¢ € (0, T1, and furthermore
that u(¢) is bounded in Hx1 as soon as ¢ is bounded away from zero.

Since H'! almost smooth solutions with normalised pressure are automatically H' mild solutions, for
which uniqueness was established in Theorem 5.4, we thus have uniqueness in the almost smooth finite
energy category from smooth H'! data:

Corollary 11.4 (Unconditional uniqueness). Let (1o, f, T) be smooth H' data. Then there is at most one
almost smooth finite energy solution (u, p, ug, f, T) with this data and with normalised pressure.

This result resembles the standard “weak-strong uniqueness” results in the literature, such as those in
[Prodi 1959; Serrin 1963; Germain 2006; 2008]. The main novelty here is the lack of decay hypotheses
beyond the finite energy hypothesis; note that the almost smoothness of the solution gives plenty of
integrability on compact regions of space, but does not imply any global integrability in space.

Remark 11.5. We conjecture that one still retains uniqueness even if the data (1o, f, T;) is merely smooth
and finite energy, rather than smooth and H'. Note from Lemma 8.1 that u(¢) has finite Hx1 (R3?) norm
for almost every time ¢, which in principle allows one to enforce uniqueness after any given positive time
(in the homogeneous case f = 0, at least), but it is not clear to the author how to prevent instantaneous
failure of uniqueness at the initial time ¢ = 0 with only a smooth finite energy hypothesis on the initial
data. It may however be possible to adapt the “weak-strong” uniqueness results of Germain [2006; 2008]
to this category, perhaps in combination with the local H'! control given by Theorem 10.1.

We now use the enstrophy localisation result to study solutions as they approach a (potential) blowup
time T.

Proposition 11.6 (Uniform smoothness outside a ball). Let (u, p, uo, f, T,”) be an incomplete almost
smooth H' solution with normalised pressure for all times 0 < T < T,. Then there exists a ball B(0, R)
such that

u, p, f, dqu € L¥CH([0, T,) x K) (102)

for all k > 0 and all compact subsets K of R*\ B(0, R).
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We remark that similar results were obtained by Caffarelli, Kohn, and Nirenberg [1982] assuming
additional spatial decay hypotheses on the data at infinity, and in particular that fR3 luo(0, x)|*|x|dx < oo.
The main novelty in this proposition is that one only assumes square-integrability of u( and its first
derivatives, without any further decay assumption.

Proof. From the argument in the proof of Corollary 11.1 (noting that the bounds are uniform for all times
T in a compact set), one can already find a ball B(0, Ry) for which

u € X'(10, ) x (R\B(0, Ro))).
Using Proposition 10.7, we then conclude the existence of a larger ball B(0, R) such that
u € X0, T.) x K)

for all k£ > 1 and all compact subsets K of IR3\B (0, R). From this, Sobolev embedding, and (9) (using
the smoothness of the kernel of V¥ A~! away from the origin), we obtain (102) for u, p, f as desired. If
one then applies (3) and solves for d,u, one obtains the bound for 9,u also. ]

Remark 11.7. From (102) one can continuously extend u up to the portion {7y} x (R*\ B(0, R)) of the
boundary (compare the partial regularity theory in [Caffarelli et al. 1982]). However, we were unable
to demonstrate that u could be extended smoothly up to the boundary (or even that d;u is continuous in
time at the boundary). The problem is due to the nonlocal effects of pressure; the solution u# could be
blowing up at time 7 in the interior of B(0, R), leading (via (9)) to time oscillations of the pressure in K
(which cannot be directly damped out by the smoothness of the A~! kernel, which only attenuates spatial
oscillations), which by (3) could lead to time oscillations of the solution « in K. Indeed, as Theorem 1.12
shows, these time oscillations can have a nontrivial effect on the regularity of the solution.

Remark 11.8. For future reference, we observe that Proposition 11.6 did not require the full space-time
smoothness on f; it would suffice to have f € LY°C i‘([O, T,) x K) for all kK > 0 and compact K in order
to obtain the conclusion (102). This is because at no stage in the argument was it necessary to differentiate
f in time.

In a similar spirit, we may construct Leray—Hopf weak solutions that are spatially smooth outside of a
ball for any fixed time 7. More precisely, define a Leray—Hopf weak solution (u, p, ug, f, T) to smooth
finite energy data (ug, f, T') to be a distributional solution u € X°([0, T] x R?) to (3) (after expressing
this equation in divergence form) which is continuous in time in the weak topology of L2(R?), and which
obeys the energy inequality

t
@72 g + /0 IVu )72 g, dx < Euo, £, T). (103)

The existence of such solutions was famously demonstrated in [Leray 1934] for arbitrary finite energy

data (ug, f, T); the singularities of these solutions were analysed in a vast number of papers, which are

too numerous to cite here, but we will point out in particular the seminal work [Caffarelli et al. 1982].
Our main regularity result for Leray—Hopf solutions is as follows.
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Proposition 11.9 (Existence of partially smooth Leray—Hopf weak solutions). Let (1o, f, T) be smooth
H' data. Then there exists a Leray—Hopf weak solution (u, p, uo, f, T) to the given data and a ball
B(0, R) such that u is spatially smooth in [0, T] x (R3\B(O, R)) (that is, for each t € [0, T], u(t) is
smooth outside of B(0, R)).

Again, similar results were obtained in [Caffarelli et al. 1982] under stronger decay hypotheses on the
initial data. We also remark that weak solutions which were only locally of finite energy, from data of
uniformly locally finite energy, were constructed in [Lemarié-Rieusset 1999]; the ability to localise the
weak solution construction in this fashion is similar in spirit to the results in the proposition.

Proof. (Sketch) We use a standard hyperdissipation®! regularisation argument. Let & > 0 be a small
parameter, and consider the almost smooth finite-energy solution (u®, p®, ug, f, T) to the regularised
Navier—Stokes system (100), which can be shown to exist by energy methods. By Proposition 10.9,
we can extend Theorem 10.1 and Proposition 10.7 (and thence Proposition 11.6) to these regularised
solutions #®), with bounds that are uniform in & as ¢ — 0. As a consequence, we can find a ball B(0, R)
independent of € such that for every compact set K outside of B(0, R) and every k > 0, V¥u'® lies
in L°LS([0, T ] x K) uniformly in N. If we then extract a weak limit point u of the u'®, then by
standard arguments one verifies that u is a Leray—Hopf weak solution which is spatially smooth outside
of B(0, R). O

Remark 11.10. As before, we are unable to demonstrate regularity of u in time due to potential nonlocal
effects caused by the pressure, which could in principle cause singularities inside B(0, R) to create time
singularities outside of B(0, R).

Remark 11.11. Uniqueness of Leray—Hopf solutions remains a major unsolved problem, for which
we have nothing new to contribute; in particular, we do not assert that a/l Leray—Hopf solutions from
smooth data obey the conclusions of Proposition 11.9. However, if (ug, f, o0) is globally defined smooth
H' data, the argument above gives a single global Leray—Hopf weak solution (u, p, ug, f, 00) with
the property that, for each finite time 7 < oo, there exists a radius Ry < oo such that # is smooth in
[0, T] x ([F@3\B(O, R)). If we restrict to the case f = 0, then from (103) we see that ||Vu(t)||L%(R3) must
become arbitrarily small along some sequence of times ¢ = #,, going to infinity. If | Vu(z)|| L%(R;) is small
enough depending on E (ug, 0, 00), then standard perturbation theory arguments (see, for example, [Kato
1984]) allow one to obtain a smooth, bounded enstrophy solution from the data u(¢) on (¢, +00), which
by the uniqueness theory of Serrin [1963] must match the Leray—Hopf weak solution u on (¢, +00). As
such, we conclude in the homogeneous smooth H' case that one can construct a global Leray—Hopf weak
solution which is spatially smooth outside of a compact subset of space-time [0, +-00) x R*. Again, we
emphasise that this global weak solution need not be unique.

21y may also be possible to use other regularisation methods here, such as velocity regularisation, to construct the Leray—Hopf
weak solution; however, due to the delicate nature of the proof of the localised enstrophy estimate (Theorem 10.1), we were not
able to verify that this estimate remained true in the velocity-regularised setting, uniformly in the regularisation parameter, due to
the less favourable vorticity equation in this setting.
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12. Smooth H! solutions

The purpose of this section is to establish Theorem 1.20(iii). To do this, we will need the ability to localise
smooth divergence-free vector fields, as follows.

Lemma 12.1 (Localisation of divergence-free vector fields). Let T > 0,0 < R} < Ry < R3 < R4, and let
u:[0,T) x (B, RH)\B(Q, Ry)) — R3 be spatially smooth and divergence-free, such that

u, dqu € LCY([0, T) x (B0, Ro)\B(O, Ry)))

forall k >0 and
/ u(t,x) -nda(x)=0 (104)
|

x|=r
forall Ry <r < Ryandt € [0, T), where n is the outward normal and du is surface measure. Then
there exists a spatially smooth and divergence-free vector field u : [0, T) x (B(0, R4)\B(0, Ry)) — R3
which agrees with u on [0, T) x (B(0, Ry)\B(0, Ry)) but vanishes on [0, T) x (B(0, R4)\B(0, R3)).
Furthermore, we have
i, qu € L°CK([0, T) x (B0, R»)\B(0, Ry)))

forallk > 0.

Finally, if we have

1 <2R, <R3 SRy,

then we have the more quantitative bound

W21l 220 % 10, 7) x (B, RNBO,R1))) Sk 11| L3 554110, 7) % (B0, R\ B(O, R1))) (105)
for any k. (This latter property will come in handy in the next section.)

Note that the hypothesis (104) is necessary, as can be seen from Stokes’ theorem. Lemmas of this type
first appear in [Bogovskii 1980].

Proof. One can obtain this lemma as a consequence of the machinery of compactly supported divergence-
free wavelets [Lemarie-Rieusset 1992], but for the convenience of the reader we give a self-contained
proof here.
Let X denote the vector space of all divergence-free smooth functions u : B(0, R4)\B(0, R;) — R3
obeying the mean zero condition
/ ux) -nda(x) =0 (106)
\

x|=r

for all Ry <r < Ry, and such that [lu||cx (0, ry)\B(0, ;) < 00 for all k. It will suffice to construct a linear
transformation P : X — X that is bounded®” from C**2 to C*, that is,

| Pullck o, R\BO,R))) SRi.Ra.Rs. Rk 1]l ch+2(0, Ro\B(O, R)))

220ne can reduce this loss of regularity by working in more robust spaces than the classical C k spaces, such as Sobolev
spaces H® or Holder spaces C k- but we will not need to do so here.
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for all k£ > 0, and such that Pu equals u on B(0, Ry)\B(0, R;) and vanishes on B(0, R4)\B(0, R3), as
one can then simply define i (¢) := Pu(t) for each t € [0, T).

We now construct P. We work in polar coordinates x = ra with R <r < Rj and o € S2 (thus
avoiding the coordinate singularity at the origin), and decompose u(r, o) as the sum of a radial vector
field u, (r, o)a for some scalar field u, and an angular vector field u, (r, o) which is orthogonal to «; thus,
for fixed r, uq (r) can be viewed as a smooth vector field on the unit sphere S (that is, a smooth section
of the tangent bundle of S?). The divergence-free condition on u in these coordinates then reads

1
arur(r)'i';va‘ua(r) =0, (107)
while the mean-zero condition (106) reads

f u,(r,a) doa =0.
S2

Note that either of these conditions implies that d,u,(r) has mean zero on S 2 for each r. From (107) and

Hodge theory, we see that
o (r) =r Ay Vadyuy (r) +v(r),

where A;l inverts the Laplace—Beltrami operator A, on smooth mean-zero functions on S2and v(r)isa
smooth divergence-free vector field on S that varies smoothly with r.
Let n : [Ry, R4] — R* be a smooth function that equals 1 on [Ry, R>] and vanishes on [R3, R4]. Set
Uy = n(r)u,
and
fio (r) =r Ay Vo ity (r) +n(r)v(r)
and

Tu:=u:=u,0+i,.

One then easily verifies that i is smooth and divergence-free and obeys (106), depends linearly on u,
equals u on B(0, Ry)\B(0, R;), and vanishes on B(0, R4)\B(0, R4). It is also not difficult (using the
fundamental solution of A, 1) to see that T maps C k42 to C* (with some room to spare). The claim
follows.

Finally, we prove (105). It suffices to show that

ITuwll g5 B0, R\ B, Ry Sk 1

whenever k > 0, and u € X is such that

lull 20, RNBO, R S 1-

Henceforth all spatial norms will be on B(0, R3)\B(0, R>), and all implied constants may depend
on k. As u has an H**! norm of O(1), u, and hence i, has an H**! norm of O(1) also. As for iy, we
observe from the Leibniz rule that

iy = Nty + (rdn(r) Ay Vau, (r).
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As u has an H**! norm of O(1), we know r_"Vtiarjua has an L? norm of O(1) wheneveri + j <k + 1,
which (using elliptic regularity in the angular variable) implies that » Vé 8 it has an L? norm of O(1)
whenever i + j < k. This gives # = i1, + iy, an H* norm of O(1), as claimed. O

We can now establish Theorem 1.20(ii1):
Theorem 12.2. Suppose Conjecture 1.9 is true. Then Conjecture 1.19 is true.

Proof. In view of Corollary 5.8, it suffices to show that if (u, p, ug, f, T,”) is an incomplete H I mild
solution up to time Ty, with ug, f spatially smooth in the sense of Conjecture 1.19, then u does not blow
up in enstrophy norm; thus

lim sup [|u(¢) ”HX'(W) < 00.

t—>T,

Let R > 0 be a sufficiently large radius. By arguing as in Corollary 11.1, we have
ue L°H (R*\B(0, R)),
and thus the blowup must be localised in space:

lim sup ””(t)”HXI(B(O,R)) < 00. (108)

t—>T,

By Proposition 11.6 and Remark 11.8 (and increasing R if necessary), we also have
u, p. f.du € LCE([0, T,) x (B(O, SR)\B(0, 2R))) (109)

for all k > 0. From Stokes’ theorem and the divergence-free nature of u, we also have
/ u(t,x) -nda(x) =0
|x|=r

forall r > 0and ¢t € [0, T). Applying Lemma 12.1, we can then find a spatially smooth divergence-free
vector field # : [0, T) x (B(0, 5R)\B(0,2R)) — R3 which agrees with u on B(0, 3R)\B(0, 2R) and
vanishes outside of B(0, 4R), with

ii, 0,ii € L®CX(B(0, 5R)\B(0, 2R)) (110)

for all k£ > 0. We then extend & by zero outside of B(0, 5R) and by u inside of B(0, 2R); then u is now
smooth on all of [0, 7)) x R3.

Let n be a smooth function supported on B(0, 5R) that equals 1 on B(0, 4R). We define a new forcing
term f:[0,7) x R> - R by the formula

fi=0u+ @ -Vya— Au+V(pn); (111)

then f is spatially smooth and supported on B(0, 5R) and agrees with f on B(0, 3R). From this and
(110), (109) we easily verify that

feL®HN0,T,) x R3).
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Note from taking divergences in (111) and using the compact support of pn, i, f that
p=—-AN@a-Vi)+A~'v. 1.

Thus, (i, pn, u(0), f , T,7) is an incomplete H I pressure-normalised (and hence mild) solution with
all components supported in B(0, SR). If we then choose a period L larger than 10R, we may embed
B(0, 5R) inside R*/LZ> and obtain an incomplete periodic smooth solution

(t@), «(pn), (@), o«(f), T, , L),

where we use ¢( f) to denote the extension by zero of a function f supported in B(0, SR), after embedding
the latter in R3/LZ3. By construction, we then have

W(f) e LYHL([0, T,) x R®/LZ°).

As {T,} has measure zero, we may arbitrarily extend f to [0, T,,] x R?®/LZ> while staying in Lfonl.
Applying either Conjecture 1.9 (and the uniqueness component to Theorem 5.1) or Conjecture 1.10, we
conclude that

Wit) € L°H([0, T,) x R?/LZ?),

which implies (since u and i agree on B(0, R)) that
we L°HL([0,T,) x B(0, R)),
which contradicts (108). The claim follows. ]

Observe that if we omit the embedding of B(0, 5R) in R3/LZ3 in the preceding argument, we can also
deduce Conjecture 1.19 from Conjecture 1.18. Since Conjecture 1.19 clearly implies Conjecture 1.18 as
a special case, we obtain Theorem 1.20(iii).

Remark 12.3. The referee has pointed out a variant of the argument above using the partial regularity
theory of Caffarelli, Kohn, and Nirenberg [1982], which allows one to partially reverse the above
implications, and in particular deduce Conjecture 1.8 from Conjecture 1.19. We sketch the argument as
follows. Assume Conjecture 1.19, and assume for contradiction that Conjecture 1.8 fails; thus, there is
a periodic solution with smooth inhomogeneous data which first develops singularities at some finite
time T, and in particular at some location (T, xg). We may extend the solution beyond this time as a
weak solution. Applying a periodic version of the theory in [Caffarelli et al. 1982], we see that the set
of singularities has zero one-dimensional parabolic measure, which among other things implies that the
set of radii r > 0 such that the solution is singular at (7, x) for some x with |x — xo| = r has measure
zero. Because of this, one can find radii 7, > r; > 0 such that the solution is smooth in the annular region
{(t,x):0<t<T;r; <|x—x0| <rp}. By smoothly truncating the solution « to this annulus as in the proof
of Theorem 12.2, one can then create a nonperiodic H' mild solution to the inhomogeneous Navier—Stokes
equation with spatially smooth data which develops a singularity at (7', xo) while remaining smooth up to
time 7', contradicting Conjecture 1.19 (when combined with standard uniqueness and regularity results,
such as those in Theorem 5.4).
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13. Smooth finite energy solutions

In this section we establish Theorem 1.20(v). It is trivial that Conjecture 1.14 implies Conjecture 1.13, so
it suffices to establish:

Theorem 13.1. Suppose that Conjecture 1.13 is true. Then Conjecture 1.14 is true.

Proof. Let (ug, 0, T) be smooth homogeneous finite energy data. Our task is to obtain an almost smooth
finite energy solution (u, p, ug, 0, T') with this data. We allow all implied constants to depend on uy.
We use a regularisation argument. Let N, be a sequence of frequencies going to infinity, and set

(()") converges to ug strongly in L?c(R?’), and (u(()"), 0, T) is smooth H' data

u(()") := Py, uo; then u
for each n. Thus, by hypothesis, we may find a sequence of almost smooth finite energy solutions
@™, p™_ w0, T) with this data.

One could try invoking weak compactness right now to extract a solution, but as is well known, one
only obtains a Leray—Hopf weak solution by doing so, which need not be smooth. So we will first work
to establish some additional regularity on the sequence (after passing to a subsequence as necessary)
before extracting a weakly convergent limit.

(n)
0

Since the (u, ', 0, T') are uniformly bounded in energy, we see from Lemma 8.1 that

I Nl xoo.71xm < 1 (112)

Now let 0 < 79 < T'/2 be a small time. From (112) and the pigeonhole principle, we may find a sequence
of times T € [0, 7] such that

—1
™ @) ey < 7

Passing to a subsequence, we may assume that 7 converges to a limit 7 € [0, 1p]. If we then take
7’ € [, 210] sufficiently close to T, we may apply Lemma 5.5 and conclude that

1™ @) oy Seorrmo 1

(say) for all sufficiently large n. Passing to a further subsequence, we may then assume that u (z’)
converges weakly in H;O([R@) (and thus locally strongly in H)? ) to a limit ug € Hxlo([R@). By hypothesis,
we may thus find an almost smooth H' solution (', p’, uj), 0, T — t’) with this data.

Meanwhile, by time translation symmetry (30), (u™ (- +1/), p™(-+1/), u™(¢),0, T —1') is also a
sequence of almost smooth H' solutions. Since ™ (z") converges locally strongly in H?(R?) to U, wWe
would like to conclude that u™ (¢ + t’) also converges locally strongly to u(¢) in H!(R?), uniformly in
t € [0, T — t']. This does not quite follow from the standard local well-posedness theory in Theorem 5.4,
because this theory requires strong convergence in the global H!(R?) norm. However, we may take
advantage of the local enstrophy estimates to spatially localise the local well-posedness theory, as follows.

Let & > 0 be a small quantity (depending on the solution u’ = (', p’, uy, 0, T — 1')) to be chosen later,
and let R > 0 be a sufficiently large radius (depending on ¢ and (u', p’, uy, 0, T — 1)) to be chosen later.
Since u6 is in HXIO(IR3), we see from monotone convergence that

luoll 0@\ Bo,R) S €5 (113)
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if R is sufficiently large depending on . Since the u™ (z’) converge locally strongly in Hx] (R3) to ug,
we conclude that

”u(n)(fl)”HXIO(B(O,]OR)\B(O,R)) Se,
if n is sufficiently large depending on R, ¢. Applying Theorem 10.1, we conclude (if R is large enough
depending on u;, and 7 — 7’) that
1™ -+ ) 310,712 (BO.ORNBO.2R)) S &5
for n sufficiently large depending on R, &. Using Duhamel’s formula (and Corollary 4.3) repeatedly as in
the proof of Proposition 10.7, we may in fact conclude that
186" (- 4+ ) | L2 1510, T— 1% (BO.8R)\BO.3RY) ST & (114)

(say) for i =0, 1, taking R large enough depending on u’, T, ¢ to ensure that the contributions to the
Duhamel formula coming outside B(0, 9R) or inside B(0, 2R) are negligible, and taking » sufficiently
large as always.

We let 5 be the normalised pressure, defined by (9); by Corollary 4.3, 5 (¢) and p"(¢) differ by a
constant C(¢) for almost every ¢. Using (9), (114) and Lemma 8.1, we see that

15" 1 L2 210, 7— /1% (BO,7TR\BO.4RY) Su.T &5
if R is large enough depending on u’, T, ¢.
Applying Lemma 12.1, we may find divergence-free smooth vector fields #™ : [/, T] x R} — R3
which agree with « on [/, T] x B(0, 5R) but vanish outside of [t/, T] x B(0, 6R), with

;@™ (- + T Lo B3 (10, T— 1% (BO,8R\B(O.3R))) u'.T € (115)

(say) for n sufficiently large and i =0, 1.
Let n be a smooth function that equals 1 on B(0, 6R), is supported on B(0, 7R), and obeys the usual
derivative bounds in between. We then consider the smooth solutions

(ﬁ(n)( 4 _[/)’ nﬁ(ﬂ)( -+ T/), ﬁ(n)('[,), f"(n)’ T — _L_/)’ (116)
where

f@ = 0a™ +a™ - va™ — Ad"™ + V(np™)) (- + 7).

By construction, f " and f ) are smooth and supported on [0, T — 7] x (B(0, 7R)\B(0, 5R)), and the
(116) are smooth, compactly supported solutions. From the preceding bounds on 7™, 5, we see that

1F N oo 1 0,7 — 1Ry ST €

for n sufficiently large.
Also, using (113), (115) we have

1" (") — uoll g ey Su'.T €



LOCALISATION AND COMPACTNESS FOR NAVIER-STOKES 93

for n sufficiently large. If ¢ is sufficiently small, we conclude from the local H' well-posedness theory
(Theorem 5.4) that

||11(”)( +1)— u/||X1([O,T—r’]><R3) SwT €,
and in particular
lu™ (- +1) — U\l X1 (0.7~ 1% BO,R)) Su'.T €

for n large enough. Sending ¢ to zero (and R to infinity), we conclude that 4 (- 4 t’) converges weakly
to u’. In particular, we see that any weak limit of the «™ is smooth on [¢/, T] x R? (and furthermore, the
weak limit is unique in this space-time region).

The above analysis was for a single choice of 7. Choosing 7 to be a sequence of times going to zero
(and repeatedly taking subsequences of the " and diagonalising as necessary), we may thus arrive at
a subsequence u™ with the property that there is a unique weak limit u of the ™, which is smooth
on (0, T] x R3. If we then set p by (9), we see on taking distributional limits that («, p, ug, 0, T) is a
Leray—Hopf weak solution to the initial data (ug, 0, T).

To finish the argument, we need to show that (u, p, ug, 0, T') is almost smooth at (0, xo) for every
xo € R3. Fix xp, and let R > 0 be a large radius. As ug is smooth, [uoll g1 (p(x,.58) 1 finite, and
hence [|uy” |l 41 (p(x, 58y is uniformly bounded. Applying Theorem 10.1 (recalling that the u™ have
uniformly bounded energy), we conclude (for R large enough) that there exists 0 < v < T such that
lu®™ | X1([0.7]x B(xo.4R)) 18 uniformly bounded in n. Using Duhamel’s formula as in Proposition 11.6,
and noting that x™ is uniformly smooth on B(xo, 4R), we conclude that [ | ;eock(0,r1x B(xo 38)) 1S
uniformly bounded for all k > 0. Taking weak limits, we conclude that

u e LPCH((0, T] x B(xo, 3R))
for all £ > 0. From this and (9) (and Lemma 8.1), we also see that
p € LXC((0, T] x B(xo, 2R))
for all £ > 0. Using (3), we conclude that
du € L®C*((0, ] x B(xo, 2R))
for all kK > 0. A similar argument also shows that
du™ e L®C*((0, t] x B(xo, 2R))

uniformly in 7. From this, we see that the V¥u™ are uniformly Lipschitz in a neighbourhood of (0, xo).
Since V¥u™ converges weakly to the smooth function V¥u in (0, 7] x R?, and also converges strongly
at time zero in H!(R?) to the smooth function V¥u, we conclude that V¥u can be extended in a locally
Lipschitz continuous manner from (0, 7] x R3 to [0, 7] x R3 in such a way that it agrees with V)’guo at
time zero.
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Now we consider derivatives V¥ p of the pressure near (0, xo). Let & > 0 be arbitrary. Then by the
monotone convergence theorem, we see that if R’ > 0 is a sufficiently large radius, then

ol L2 w3\ Bxo, R)) = €

and thus
()
g 2@\ B, R S €

for n large enough.
By Theorem 8.2, we conclude that if R’ is large enough, there exists a time 0 < t < T such that

[l 2022 (10, 71x R\ B(xo,2R)) S €5
and hence on taking weak limits,
]l 2o 22 10, 11 x @3\ B(xo,2R") S €-

On the other hand, as V¥u is continuous at t = 0, u(?) converges in C*(B(xg, 2R")) to ug as t — 0 for
any k > 0. From this and (9) (and the decay of derivatives of the kernel of A~! away from the origin),

we see that
limsup  [V*p(r, x) — V¥ po(xo)| i €
(t,x)—>(0,x0);t>0

for any k > 0, where py is defined from u using (9). Sending ¢ — 0 and R’ — 0o, we conclude that V¥ p
extends continuously to VK Ppo(xo) at (0, xg), and thus extends continuously to VK po on all of the initial
slice {0} x R3. By (3) we conclude that 9, V¥u also extends continuously to the initial slice, with the
Navier-Stokes equation (3) being obeyed both for times ¢ > 0 and times = 0. We have thus constructed
an almost smooth finite energy solution (u, p, ug, 0, T') as desired. O

Remark 13.2. We emphasise that Theorem 13.1 only establishes existence of a smooth finite energy
solution (assuming Conjecture 1.13), and not uniqueness; see Remark 11.5. However, it is not difficult
to see from the argument that one can at least ensure that the solution constructed is independent of the
choice of time 7', and can thus be extended to a single global smooth finite energy solution. (Alternatively,
from Lemma 8.1 we see that the enstrophy of the solution will become arbitrarily small for a sequence of
times going to infinity, so for a sufficiently large time one can in fact construct a global smooth solution
by standard perturbation theory techniques.)

Remark 13.3. One can modify the above argument to also establish Conjecture 1.14 with a nonzero
Schwartz forcing term f, provided of course that one also assumes Conjecture 1.13 can be extended to
the same class of f. We have not, however, investigated the weakest class of forcing terms f for which
the argument works, though certainly finite energy seems insufficient.

14. Quantitative H! bounds

In this section we prove Theorem 1.20(vi). We begin with some easy implications. Firstly, it is trivial
that Conjecture 1.17 implies Conjecture 1.16, and from the local well-posedness and regularity theory
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in Theorem 5.4 (or Corollary 5.8), we see that Conjecture 1.16 implies Conjecture 1.15, which in turn
implies Conjecture 1.13 (thanks to Proposition 5.6).

Next, we observe from Theorem 5.1 and Lemma 5.5 that given any H' data (uo, 0, T), there exists a
time 0 < 7 < T such that one has an H' mild solution (u, P, uo, 0, T) with u () smooth. If Conjecture 1.13
holds, then one can then continue the solution in an almost smooth finite energy manner (and hence in an
almost smooth H' manner, thanks to Corollary 11.1) from 7 up to T. Normalising the pressure of this
latter solution using Lemma 4.1 and gluing the two solutions together, we obtain an H! mild solution up
to time 7. From this we see that Conjecture 1.13 implies Conjecture 1.15.

Now we show that Conjecture 1.16 implies Conjecture 1.17. Suppose that one has homogeneous H'
data (ug, 0, T') with

llwoll w3y < A < o0.

By Conjecture 1.16 (which implies Conjecture 1.15), we may obtain a mild H' solution (u, p, ug, 0, T),
which is smooth for positive times. Our objective is to show that
el ooy 10, 71xm3) Sa 1.

Let ¢ > 0 be a quantity depending on A to be chosen later. We may assume that 7T is sufficiently large
depending on €, A; otherwise the claim will follow immediately from Conjecture 1.16. Using Lemma 8.1
and the pigeonhole principle, we may then find a time 0 < 77 < T with 7T} <4 1 such that

||VM(T1)||L§(R3 =e.
Meanwhile, from energy estimates, one has

lu(TOl 2@ Sa L.
On [T, T1, we split u = u; + v, where u; is the linear solution u () := """y (T}) and v := u — u;.
From (21), one thus has
lurllxo Sal
and

[Vuillxo S e.
From (11), (22) one has
Iollxi gz, 7R S |01 Vuy 4+ ui Vo + vV +vVo) | L2 L2 TIx )"

We now estimate various contributions to the right-hand side. We begin with the nonlinear term O(vVv).
By Holder (and dropping the domain [T7, T'] x R? for brevity) followed by Lemma 8.1, we have

1/2
L2LS

1/2
L°L?

1/2
LPLS

3/2

10WVV) 22 SNVl Xt -

172 3/2
Vol vl vl Sl vz Sallvll
0

L2L8 ~
A similar argument gives

172, 41/2
10Vu 22 S IVutlixollvllglvily, S llvlix
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and
10 V)l 2.2 S IVurllxol Ve 1Yo N 1571 Sa &3/
and
10 V)l 2.2 SUVOllxo I Varll Yo lurlly) Sa e lvlx
and thus

3/2 1/2 3/2
ol Sa e+ vl + vl

If ¢ is small enough depending on A, a continuity argument in the 7" variable then gives

lollx $ae¥/?

and thus

ol xrqry. ) Sa l.

Using this and the triangle inequality, we conclude that Conjecture 1.16 implies Conjecture 1.17.
We now turn to the most difficult implication:

Proposition 14.1 (Concentration compactness). If Conjecture 1.15 is true, so is Conjecture 1.16.

We now prove this proposition. The methods are essentially those of [Gallagher 2001] (which are
in turn based in [Bahouri and Gérard 1999; Gérard 1998]), which treated the (more difficult) critical
analogue of this implication; indeed, one can view Proposition 14.1 as a subcritical analogue of the critical
result [Gallagher 2001, Corollary 1]. For the convenience of the reader, though, we give a self-contained
proof here, which does not need the full power of the machinery in the previously cited papers because

1/2

we are now working in a subcritical regularity H' rather than a critical regularity such as H'/2 and as

such one does not need to consider the role of the scaling symmetry (31).
We first make the remark that to prove Conjecture 1.16, it suffices to do so with the condition

luoll mp sy < A (117)

replaced by (say)
HMOHH,JOO(R}) <A. (118)

To see this, observe that if we take data ug in H): (R3), then from Theorem 5.4 and Lemma 5.5 there
exists a time 77 > 0 depending only on A such that

el 2o 171 ([0, min(T, 1) 1xRY) Sa 1,
and such that
(T | goowsy Sal

if T > Ty. From this and time translation symmetry (30), we see that we can deduce the Hx1 (R3) version
of Conjecture 1.16 from the Hxl 00 (R3) version.
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Now suppose for contradiction that the Hx] 9 (R3) version of Conjecture 1.16 failed. Carefully negating
the quantifiers, we can find a sequence (u™, p™, u(()"), 0, T™) of smooth homogeneous H' solutions,
with 7 uniformly bounded, and ué") uniformly bounded in H!%(R3), such that

m ||| oo g1 10,7001 xR3) = 00 (119)
n—oo

By Lemma 4.1 we may assume that these solutions have normalised pressure.

If we were working on a compact domain, such as R3/Z>, we could now extract a subsequence of
the u(()") that converged strongly in a lower regularity space, such as Hfg(R3 /7). But our domain R? is
noncompact, and in particular has the action of a noncompact symmetry group, namely the translation
group Ty, u(x) := u(x — xp). However, as is well known, we have a substitute for compactness in this
setting, namely concentration compactness. Specifically:

Proposition 14.2 (Profile decomposition). Let u(()") € HXIOO(R*%) be a sequence with

lim sup [l || 100 ) < A,
n—oo *

and let ¢ > 0. Then, after passing to a subsequence, there exists a decomposition
J
j=1

where |J| Sae 1, wio, ..., Wy0€ HXIOO([R{3), xj(-") € R3, and the remainder ré") obeys the estimates

lim sup |||l oo < A
n—o00 .

and

tim sup [[r§” || oo ) < &- (120)
n—oo

Furthermore, forany 1 < j < j' < J, one has
6§ — x| — oo, (121)

and for any 1 < j < J, the sequence T__w rén) converges weakly in HxlOO(R3) to zero.
J

Finally, if the u(()n) are divergence-free, then the w ;o and rén) are also divergence-free.

Proof. See, for example, [Gérard 1998]. We sketch the (standard) proof as follows. If

I | oy <

for all sufficiently large n, then there is nothing to prove (just take J = 0 and ré") = u(()")). Otherwise,

after passing to a subsequence, we can find a sequence x}") € R3 such that |u(()")(x§"))| > /2 (say). The
sequence r_xm)u(()") is then bounded in H!%(R*) and bounded away from zero at the origin; by passing

1
to a further subsequence, we may assume that it converges weakly in HX]OO([R{3) to a limit w;, which
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then has an HX1 %(R3) norm of >4 . 1 and is asymptotically orthogonal in the Hilbert space Hxloo([R@) to
T u(()"). We then have the decomposition
1

(n) (n),1
U =rx§,.)w1,o+u0 ,

and from an application of the cosine rule in the Hilbert space H!%(R?), one can verify that

: 12 2
lim sup ||u(()n) ”H‘OO(R3) <A —c
n—00 i

for some ¢ > 0 depending only on ¢, A. We can then iterate this procedure Oj (1) times to obtain the
desired decomposition. O

We apply this proposition with a value of ¢ > 0 depending on A, T' to be chosen later. The w; ¢ lie
in H;OO(R3), and thus by the assumption that Conjecture 1.15 is true, we can find mild H' solutions
(wj, pj, wjo,0, T) with this data. By Theorem 5.1, we have

||u}j||X100 < o0

for each 1 < j < J, and to abbreviate the notation, we adopt the convention that the space-time domain is
understood to be [0, 7] x R3.
Next, we consider the remainder term ré”). From (21) one has
tA_(n) <
lle’®ry lixio S A,
while from (120) one has
A
le'®rg” I S €
for n sufficiently large. Interpolating between the two, we soon conclude that
lle' g lx Sar &€

for some absolute constant ¢ > 0. If we take ¢ sufficiently small depending on A, 7', we can use stability
of the zero solution (see Theorem 5.1; one could also have used here the results from [Chemin and
Gallagher 2009]) to conclude the existence of a mild H ! solution (r™, pi"), ré”), 0, T') with this data,
with the estimates

IF ™y Sar e (122)
from Theorem 5.1, we then also have

lF 00 Sa 7 1
We now form the solution

@™, p™, ui”, f™, 1),

where the velocity field & is given by

J
i = Z Tow; + r®,
j=1
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the pressure field 5™ is given by (9), and the forcing term f™ s given by the formula
f = 8,a" — Aa™ — PB@™, ™).
This is clearly a mild H I solution, with
12" lx00 Sare 1.

We now estimate £. From (68) for the solutions 7 w; + 7™, we have an expansion of ™ purely
involving nonlinear interaction terms: ’

fo= 3 POV (owj, Tow;)) + > P@(V(rx;n)wj,r("))).

I<j<j'=J l<j<J

In particular, from the triangle inequality and translation invariance we have

1722 S D 10V @) g _mwi | 2o+ Y [0V @ t_or™N] 2,0
1<j<j'<J n osj<d ! '

But by (121) and Sobolev embedding,

Tw_ wwj and T wr®
Xj =X X

are bounded in L{°L$° and converge locally uniformly to zero, and so we conclude that
; F(n) —
Tim (| /) 2,3 =0.

From this and the stability theory in Theorem 5.4, we conclude that for n large enough, there is an H'
mild solution (™, p™, u{", 0, T) with

lim ||@a™ —u™ |41 =0,

n—oo

and in particular

lim sup [|u™ Il g 1) 10, T1x3) < OO
n—odo

By the uniqueness theory in Theorem 5.4, this solution must agree with the original solutions
@™, p™, uf”,0,7™)

on [0, T™] x R3; but then we contradict (119). Proposition 14.1 follows.

15. Nonexistence of smooth solutions

In this section we establish Theorem 1.12. Informally, the reason for the irregularity is as follows.
Assuming normalised pressure, one concludes from (9) that

p=0(A"'V2(uu)).
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If one then differentiates this twice in time, using (3) to convert time derivatives of u into Au plus
lower-order terms and using integration by parts to redistribute derivatives, we eventually obtain (formally,
at least) a formula of the form

8t2p = @(A_IVZ(AM Au)) + lower-order terms.

But if u is merely assumed to be smooth and in H', then Au can grow arbitrarily fast at infinity at time
t =0, and this should cause p to fail to be C? at time zero.

We turn to the details. To eliminate the normalised pressure assumption, we will work with V p instead
of p, and thus we will seek to establish bad behaviour for vaf p at time ¢t = 0. For technical reasons it is
convenient to work in the weak topology in space. The key quantitative step is the following:

Proposition 15.1 (Quantitative failure of regularity). Let ug: R? — R? be smooth, divergence-free, and
compactly supported, and let r : R* — R be smooth, compactly supported, and have total mass fR3 v =1
Let R, M, e > 0. Then there exists a smooth divergence-free compactly supported function uy which
vanishes on B(0, R) with

lurll gy S €

and such that if (u, p, ug+uy,0, T) is a mild H 1 (and hence smooth, by Proposition 5.6) solution with
data (ug+uy,0,T), then

‘/ VaZp(0, x)¥ (x)dx| > M. (123)
R3

Let us assume this proposition for now and conclude Theorem 1.12. We will use an argument
reminiscent of that used to establish the Baire category theorem or the uniform boundedness principle.
Let ¥ : R* — R be a fixed smooth, compactly supported function with total mass 1. We will need a
rapidly decreasing sequence

W@ .50

of small quantities to be chosen later, with each £ sufficiently small depending on the previous
e, ..., "= Applying Proposition 15.1 recursively starting with uo = 0, one can then find a sequence
of smooth, divergence-free, and compactly supported functions ui") forn=1,2,...such that

et} 1L 1 sy S &,

with u%") vanishing on B(0, 1/¢), such that if (u™, p™, u(()"), 0, 7™) is amild H' (and hence smooth)

solution with data

1
= O g u®,

then
‘/ VaZp™ (0, x)y (x) dx| > 1/™. (124)
R3

Furthermore, each ui") depends only on ¢V, ..., ¢™, and in particular is independent of £**+1.
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By the triangle inequality (and assuming the ¢" decay fast enough), the data uf)") is strongly convergent
in H'(R%) to a limit ug = Y20, u'™ € H!(R?), with
1
o — ug” | gy sy S 0.
", and hence on ¢, ..., ™, then the u'"
will have disjoint supports; as each ugn) is smooth and divergence-free, this implies that

o
uo = Z ul
n=1

If we make each ¢+ sufficiently small depending on u

is also smooth and divergence-free.

Applying Theorem 5.1, we may then take the times 70" = 1 (if the ¢ are small enough), and
(u("), p("), ué"), 0, 1) will converge to a mild H ! solution (u, p, ug, 0, 1) in the sense that u™ converges
strongly in X' ([0, 1] x R?) to u. Indeed, from the Lipschitz stability property, we see (if the ¢ decay
fast enough) that

llu— u(n)“XI([O,l]xR3) Seth,
Also, u, u™ are bounded in X' ([0, 1] x R?) by O(1). Using (9) and Sobolev embedding, this implies

<

1
1P = P llzeor3 o, nxwyy S Y,

and so if one sets
F™ (1) := /3Vp<")(t, )Y (x)dx

and !

F():= /WV])(I, xX)Y(x)dx,
then from integration by parts, we have

IF = F® o S ™. (125)
Meanwhile, each F™ is smooth, and F continuous, from Proposition 5.6, and from (124) one has

02 F™(0)] > 1/6™.

In particular, if ¢*+1 is sufficiently small depending on F™ (which in turn depends on eV, ..., (),
one has from Taylor’s theorem with remainder that

|F(n)(2(8(n+l))0.l) _2F(n)((8(n+l))0.l) 4 F(n)(0)| 1
>
(8(n+1))0.2 ~ e’

Applying (125), we conclude that

|F(2(8(n+1))0'1) —2F((8(n+1))0'1) + F(O)\ S 1
(8(n+l))0.2 ~ E(n)’
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if e+1 is sufficiently small depending on ¢V, ..., ¢ In particular,
: |F(2h) —2F(h) + F(0)]
lim sup 5 = +o00,
h—0F h

which by Taylor’s theorem with remainder implies that F is not smooth at 0.

We claim that the data u( gives the desired counterexample to Theorem 1.12. Indeed, suppose for
contradiction that there was a smooth solution (&, p, ug, 0, T') for some T > 0. By shrinking 7', we may
assume 7 < 1. By Lemma 4.1, we see that p(r) has normalised pressure up to a constant for almost
every t, and thus after adjusting 5 (¢) by that constant, (i, p, ug, 0, T) is a mild H' solution. Using the
uniqueness property in Theorem 5.1, we conclude that u = i, and p(¢) and p(¢) differ by a constant for
almost every ¢, and hence (by continuity of both p and p) for every ¢. In particular, Vp = V p, and so

F(t):/ Vp(t, x)¥(x)dx.
R3

But as p is smooth on [0, T'] x R3, F is smooth at 0, a contradiction.

Remark 15.2. The above argument showed that V p failed to be smooth at + = 0; by using (3), we
conclude that the velocity field # must then also be nonsmooth at # = 0 (though the velocity u has one
more degree of time regularity than the pressure p). Thus the failure of regularity is not just an artefact of
pressure normalisation. Using the vorticity equation (84), one can then show a similar failure of time
regularity for the vorticity, although again one gains an additional degree of time differentiability over the
velocity u.

The irregularities in time stem from the unbounded growth of high derivatives of the initial data. If
one assumes that all spatial derivatives of u( are in Lﬁ (R3), that is, that ug € H*(R?), then one can
prove iteratively?® that all time derivatives of u and p at time zero are bounded, and also have first spatial
derivatives in H>°(R?) (basically because the first derivative of the kernel of the Leray projection is
integrable at infinity). In particular, # and p now remain smooth at time 0.

It remains to establish Proposition 15.1. Fix ug, ¥, R, M, ¢, and let u; be a smooth divergence-free
compactly supported function u; vanishing on B(0, R) with Hx1 (R3) norm O(e) to be chosen later. Let
(u, p,ug+uy,0,T)beamild H I solution with this given data. By Theorem 5.1, this is a smooth solution,
with all derivatives of u, p lying in L®L2. From Lemma 4.1 we thus have

Vp:—VAflaiaj(u,-uj) (126)

for almost all times ¢. But both sides are smooth in [0, 7] x R3, so this formula is valid for all times ¢
(and in particular at + = 0). In particular, we may apply a Leray projection P to (3) and conclude that

oru = Au+ PB(u, u). (127)
We differentiate (126) once in time to obtain
Vo, p=—2VAT'9:0;(u;jduj).

23We thank Richard Melrose for this observation.
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Expanding out 0,u ; using (3), we obtain
Vo, p=—2VA'9;0;(u; Auj) +O(AT'VWPBu, u))).

Writing
0;0; (i Auj) = —20;0; ((Ohu) (gt ;) + O(V* (unr)),

we thus have
Vi p =2VAT8;0; (3ku;du ;) + O(A'V (uu)) + O(A™'V wPBu, u))).
We differentiate this in time again and use (127) to obtain
VoZp =4VAT' 90, (du;dp Auj)
+0(A™'VA(Vu)V PB(u, u)))
+O0(AT'V2 (udu))
+0(A™'V3((3u) PB(u, u)))
+0(A'V3WPBu, du))).
We can write ogu; 0k Auj = —(Au;)(Auj) +0(V(VuAu)), so that
VaZp =—4VAT'9,(Au; Auj)
+0(AT'VHVuAw))
+0(AT'VA(Vu)V PB(u, u)))
+O0(A™ 'V (udu))
+0(A™'V3((3u) PB(u, u)))
+0(A™'VPWPBu, du))).
Integrating this against ¥, we may thus expand

5

/ VZp(0. )y (x) dx =4Xo+ Y 0(X)),
R i=1
where

Xo ;:/ ®; VAT "YW AuiAuj, Xy :=/ (V'A™'Y) Vuhu,
R3 R3

X, ;=/ (VA "W)VuVPBu, u), Xs :=f (VA 'Y udu,
R3 R3

X4 ::/ (VA ") Ou)PB(u, u), Xs ::f (VA "W uPB(u, d,u),
R3 R3

with all expressions being evaluated at time 0.
From (127) and Sobolev embedding, one has

10 (O) 23y Suo 1+ Nletr | 2wy
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Meanwhile, if ¢ is small enough, we see that
Ol 1) ey o 1
and thus from the Gagliardo—Nirenberg inequality,
)| 2203y Suo (14l r2e)) /2.
From many applications of the Sobolev and Holder inequalities (and, in the case of X5, an integration by
parts to move the derivative off of d,u), we conclude that

1Xi] Supow (1 Ml | 2s)) ™2,

fori =1,2,3,4,5. In a similar spirit, one has
Xo = /3(ai8jVA_]1ﬁ)AM1,iAM1,]’ + Ougy (1 + lur | 2 )
R3

To demonstrate (123), it thus suffices to exhibit a sequence ui") :R* = R? of smooth divergence-free
compactly supported vector fields supported outside of B(0, R) such that

-1 2
‘/m(aiajVA x/f)AuY,li)Au(f?; 2Ry ”u(ln)”Hf(WV
with
luy” gy sy > 0 and " || g2y — 0.

We construct ui") explicitly as the “wave packet”
u%n)(x) =n"2V x W (xp),

where ey, e2, e3 is the standard basis, xo € R? is a point (independent of n) outside of B(0, R+ 1) to be
chosen later, and

W™ (x) = x(x) sin(né - x)n,

where & € R? is a nonzero frequency (independent of 1) to be chosen later, 7 € R? is a nonzero direction, and
x : R* — Ris a smooth bump function supported on B(0, 1) to be chosen later. Note from construction that
ui") is smooth, divergence-free, and supported on B(xg, 1), and thus vanishing on B(0, R) for Rg > R+ 1.
One can compute that

2 2

-1 1
I gy <™ and sy 4 n'2

as long as y is not identically zero. To conclude the theorem, it thus suffices to show that
‘fw(aiajVAlw)Au%Au% > Roprox 1

if Ry and n are large enough.
Observe that

ME")(X) = n—3/2 sin(né - (x —x0)) x (x — x0) (€ x 1) + O(n_s/z)
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and similarly
Augn)(x) = _nl/2|§.|2 sin(né - (x — x0)) x (x — x0) (€ x 1) + O(n_l/z),

and so by choosing x appropriately and using the Riemann-Lebesgue lemma, it suffices to find xg, £, n € R3
such that

(33, VAT ) (E x )i (€ x 1) (x0) #0.

But as ¥ has mean one, we see that V3A ™1/ (x¢) is not identically zero for x( large enough, and the
claim follows.
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A VARIATIONAL PRINCIPLE FOR CORRELATION FUNCTIONS
FOR UNITARY ENSEMBLES, WITH APPLICATIONS

DORON S. LUBINSKY

In the theory of random matrices for unitary ensembles associated with Hermitian matrices, m-point

correlation functions play an important role. We show that they possess a useful variational principle.

Let 1 be a measure with support in the real line, and K, be the n-th reproducing kernel for the associated
orthonormal polynomials. We prove that, for m > 1,

| P2(x)
.. =mSup —————"—————
1<i,j<m Pp fPZ(L) dluxm (Z)

where the supremum is taken over all alternating polynomials P of degree at most # — 1 in m variables
X = (X1,X2,...,Xm). Moreover, u*™ is the m-fold Cartesian product of . As a consequence, the

det [K,,(/L,x,-,xj)]

suitably normalized m-point correlation functions are monotone decreasing in the underlying measure L.
We deduce pointwise one-sided universality for arbitrary compactly supported measures, and other limits.

1. Introduction

Let i be a positive measure on the real line with infinitely many points in its support, and | xJ dp(x)

finite for j =0, 1,2,.... Then we may define orthonormal polynomials
Pn(X) = yux" 4o Y >0,
satisfying

/ PnDPm AL = Smn.

The n-th reproducing kernel is

n—1
Kn(p,x,0) =Y pj(x)pj (¢)
Jj=0

and the n-th Christoffel function is
n—1
2
A, x) = 1/ Kn(, x,x) =1/ > pr(x).
j=0
Research supported by NSF grant DMS1001182 and US-Israel BSF grant 2008399.
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It admits an extremal property that is very useful in investigating asymptotics of orthogonal polynomials
[Nevai 1986; Simon 2011]:

. [PWdu@)
M) = TPy

Equivalently,

P2(x)
Ky(u,x,x)= sup —————.
" dea(Py<n | P(1)? dpu(t)

We shall prove a direct generalization for det[ K, (i, X;i, Xj)]1<i,j<m» a determinant that plays a key role

(1-2)

in analysis of random matrices.

Random Hermitian matrices rose to prominence with the work of Eugene Wigner, who used their
eigenvalues as a model for scattering theory of heavy nuclei. One places a probability distribution on
the entries of an n by n Hermitian matrix. When expressed in “spectral form”, that is, as a probability
distribution on the (real) eigenvalues xi, X5, ..., X, it has the form

(ITi=j<kn ok —x)?) dp(x1) dpp(x2) - - dp(xn)
f"'f(n15j<k5n(lk —tj)z) du(ty)---du(ty)
see [Deift 1999, p. 102]. Given 1 < m < n, we define the m-point correlation function
nt [ [(Tl<j<ken Gk = X)) dp(Xmy1) -+ - dp(xn)
(n=m)! [ [(TTi<j<kzntc —1)?) dultr) - - dp(tn)

Thus R}, is, up to normalization, a marginal distribution, where we integrate out X, 41, Xp42, - - ., Xn.
Note that we exclude from R}, a factor of u/(x1)p’(x2) - -+ ' (xm), which is used by Deift. It is a well
established fact [Deift 1999, p. 112] that

@(”)(xl,xz,...,xn)=

RE (X1, X0,y X)) = det[K"(M’xi’xj)]lgi,jsm' (1-4)

Again, we emphasize that in [Deift 1999], as distinct from this paper, 1’ is absorbed into K. Since much
of the interest lies in asymptotics as n — oo, for fixed m1, it is obviously easier to handle asymptotics of
this fixed size determinant, than to deal with the (n — m)-fold integral in (1-3).

R? can be used to describe the local spacing of m-tuples of eigenvalues. For example, if m = 2, and
B C R is measurable, then [Deift 1999, p. 117]

/ / RI(u: 112 12) du(ty) dpa(12)
BJB

is the expected number of pairs (¢1, #;) of eigenvalues, with both ¢, ¢, € B.

Of course there are other settings for random matrices that do not involve orthogonal polynomials.
There one considers a class of matrices (such as normal matrices or symmetric matrices) where the
elements of the matrix are independently distributed, or there are appropriate bounds on the dependence.
The methods are quite different, but remarkably, similar limiting results arise [Erd6s 2011; Erdds et al.
2010; 2011; Forrester 2010; Tao and Vu 2011].
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The formulation of our main result involves {<)’, the alternating polynomials of degree at most n
in m variables. We say that P € A% if

— PPy '
P(xi,X2,...,Xm) = Z Ciy i jmX] X5 e X, (1-5)
OSJI 7j23""jm§n
so that P is a polynomial of degree less than or equal to z in each of its m variables, and in addition is
alternating, so that for every pair (i, j) with | <i < j <m,

P(X1,. .. Xi, oo Xjo oo Xm) = —P(X1, .00 Xj, o X Xm). (1-6)

Thus swapping variables changes the sign. Sometimes, these are called skew-symmetric polynomials.
Observe that if P; is a univariate polynomial of degree less than or equal to n for eachi =1,2,...,m,
then
P(ty. 1, ... tm) = det[ P; (zj)]lﬁi’jﬁm € ALM. (1-7)

The set of such determinants of polynomials is a proper subset of A %7 It is well known, and easy to
see, that every alternating polynomial is the product of a Vandermonde determinant and a symmetric
polynomial. Thus P € A<, if and only if

P(i1.tp, ... tm) = ( l_[ (t —t,-))S(Zl,t2,...,tm),

1<i<j<m

where S is symmetric, and of degree less than or equal to n —m + 1 in each variable.
Given a fixed m, we shall use the notation

EI(XI,Xz,...,Xm), zz(ll,tz,...,lm)

while ;£*™ denotes the m-fold Cartesian product of y, so that

dp ™ (t) = du(ty)du(ty) - - du(tm). (1-8)
We prove:
Theorem 1.1. Letm > 1,n>m + 1. Let x = (X1, X2, ..., Xm) be an m-tuple of real numbers. Then
2
detlfontpe v izijam =t b, f(Pé;g;/)ﬁm(z)‘ ()
The supremum is attained for
P(1) =det[Kn(/L,xi,tj)]lsi,jSm. (1-10)

We could also just take the supremum in (1-9) over the strictly smaller class of determinants of the
form (1-7). An immediate, but important, consequence is:

Corollary 1.2. R} (i: X1, X2, ..., Xm) is a monotone decreasing function of |1, and a monotone increas-
ing function of n.
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Despite an extensive literature search, I have not found Theorem 1.1 or Corollary 1.2 in the rich
literature on random matrices. At the very least, they must be new to those interested in universality
limits, because of the applications they have there. We shall present some in Section 2.

The proof of Theorem 1.1 is based on multivariate orthogonal polynomials built from p. Given m > 1,
and nonnegative integers ji, ja, ..., jm, we define

P (x1) pj(x2) ... pj(Xm)

Pj»(x1) pj(x2) ... pjr(Xm)

Tjiinsjm (X1: X2, - ooy X)) =det(pj; (Xk)) 1<i k<m =det . (1-11)

pjm (X]) p]m (XZ) e p]m (xm)
We show that the {7, j,.....jn}j1<j2<-<jn form an orthogonal family with respect to >, and moreover,

the m-point correlation function admits an expansion as a sum of squares of {7}, j,,....j.. }> just as does

.....

K, in terms of squares of the orthonormal polynomials. We shall need an associated reproducing kernel,
1
K;’ln(u’x’z) = % Z j}l:jZa"'ajl’n(E)Y}lsJ.Z:"'yjm(L)' (1_12)
1=j1<ja<<jm=n

Theorem 1.3. (a) Let0< j; < jo <--- < jmand 0 < k| <k, <--- <ky,. Then

/ Tjtjzseesim O Ty g @) i (€) = M1 8k 8y Sy (1-13)
(b) For P € AL |, and x € R",
P = [ POK .0 dw™ o). (1-14)
(c) Forx,t € R",
det[ Ku (1. xi. Zj)]lfi,jfm =m! K'(i1, x,1). (1-15)
In particular,
det[ Kn (12, X1, X)) ] < <m = > (Tj1 o (X)) (1-16)

1=j1<j2<+<jm=n

Remarks. (a) In the case m = 1, (1-16) reduces to (1-1) for K, (i, x, x). After an extensive literature
search, we found that (1-16) already appears for general m in [Erd6s 2011, Section 1.5.3]. We may
also express it as

1
det[ Kn (s Xis X)) |1 <i jm = Yo Thjpjm @) (1-17)

' lsjlajZ’“-’lesn
as T}, j,,....jm vanishes if any two indices j; are equal.

(b) The expression (1-15) may also be thought of as a Christoffel-Darboux formula, for it expresses the
sum (1-12) in a compact form involving an m x m determinant.

One consequence of the variational principle is a lower bound for ratios of correlation functions:
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Theorem 1.4. Letm >2,n>m+1,and xy, X3, ..., Xm be distinct real numbers. Define a measure v by

dv(t) = du(r) [ = x>

j=2
Then

det[K”(“’xi’xf)]lsi,jsm 1

m
> —Kp-mr1(v.x1.xp) [ [(er—xp)% (1-18)
det[K”(“’xi’xj)]zsi,jgm mm ]'1:[2 J

Ku(p,x1,x1) =

The upper bound is a well known consequence of inequalities for positive definite matrices. It is the
lower bound that is new.

This paper is organized as follows: in Section 2, we state some applications of Theorem 1.1 to
asymptotics and universality limits. In Section 3, we first prove Theorem 1.3, and then deduce Theorem 1.1
and Corollary 1.2, followed by Theorem 1.4. Theorems 2.1, 2.2, and 2.3 are proved in Section 4.
Theorem 2.4 is proved in Section 5, and Theorem 2.5 and Corollary 2.6 in Section 6.

2. Applications to asymptotics and universality limits
The extremal property (1-2) is essential in proving the following: if u is any measure with support
in [—1, 1], then at every Lebesgue point x of u in (—1, 1),

1
liminf — Ky, (i, x, x)p’(x) > (2-1)

1
n—00 n av1—x2
Here p is understood as the Radon—Nikodym derivative of the absolutely continuous part of . This is
more commonly formulated for Christoffel functions as

limsup nh, (i, x) < u' (x)mrvV'1—x2.
n—>oo
Barry Simon calls this the Mdté—Nevai—Totik upper bound. See, for example, [Maté et al. 1991; Simon
2011, Theorem 5.11.1, p. 334; Totik 2000].
Under additional conditions, including regularity of u, there is equality in (2-1), with a full limit. We
say that p is regular in the sense of Stahl, Totik, and Ullman, or just regular, if the leading coefficients {y, }
of its orthonormal polynomials satisfy

lim y,'/" = . (2-2)
n=>00 cap(supp[u])
Here cap(supp[u]) is the logarithmic capacity of the support of . We shall need only a very simple
criterion for regularity, namely a version of the Erd6s—Turan criterion: if the support of p consists of
finitely many intervals, and ' > 0 a.e. with respect to Lebesgue measure in that support, then w is regular
[Stahl and Totik 1992, p. 102].
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Maité, Nevai and Totik [Maté et al. 1991] showed that if 1 is a regular measure with support [—1, 1],
and in some subinterval / of (—1, 1), we have

/log w > —oo, (2-3)
I

then fora.e. x € I,
1

. ! - - _

Totik gave a far-reaching extension of this to measures with compact support J [Totik 2000; 2009].
Here one needs the equilibrium measure vy for the compact set J, as well as its Radon—Nikodym
derivative, which we denote by @ ;. Thus v is the unique probability measure that minimizes the energy

ffo

amongst all probability measures v with support in J [Ransford 1995; Saff and Totik 1997]. If I is some

integral

! dv(s)dv(t)
s —1]

subinterval of J, then vy is absolutely continuous in 7, and moreover, wy > 0 in the interior /° of 7. In
the special case J = [—1, 1], we have

dx
V1 —x2

Totik showed that if u is regular, and in some subinterval I of J, we have (2-3), then

dvy(x) =w;(x)dx =

1
lim —Kp(n, x, x)u'(x) =w;(x) forae. xel. (2-5)

n—o0o n

Further developments are explored in [Simon 2011].
It is a fairly straightforward consequence of this last relation, and the Christoffel-Darboux formula,
that, for m > 2 and a.e. (x1,X2,...,xm) € I,

. 1 "W 7(x5)
nll)n;o T det[K”(/j“’xi’xj)]lsi,jSm = ]_[ m (2-6)
j=1 7
The right-hand side is interpreted as oo if any u'(x;) = 0. Thus, the matrix [K, (i, xi, Xj)]1<i,j<m
behaves essentially like its diagonal. We shall prove this in Section 4. Without having to assume regularity,
or (2-3), we can use Theorem 1.1 to prove one-sided versions of (2-6).

For measures p with compact support J, and x € J, we let
wu(x) =inf{wr (x) : L C J is compact, |, is regular, x € L}. 2-7)

Since vy, decreases as L increases, one can roughly think of w,, as the density of the equilibrium measure
of the largest set to whose restriction j is regular. In the sequel, J¢ denotes the interior of J.

Theorem 2.1. Let u have compact support J, of positive Lebesgue measure, and let w ; denote the
equilibrium density of J. Let m > 1.
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(a) For Lebesgue a.e. (x1,Xx3,...,xXm) € (J°)™,
liminf — det [ Ky (1, xi, xj)] > ﬁ ©s ) (2-8)
e n\s Xis Xj) |1 <i j<m —j:1 M/(Xj)'

The right-hand side is interpreted as oo if any ' (x;) = 0.

(b) Suppose that I is a compact subset of J consisting of finitely many intervals, for which (2-3) holds.

Then, for Lebesgue a.e. (x1,X2,...,Xm) € I™,
1 o wu(x)
: . . —IL ] -
lgn sup s det[K”(“’xl’xJ)]lsi,jsm Sjlzll o) (2-9)

A perhaps more impressive application of Theorem 1.1 is to universality limits in the bulk, which
describe local spacing of eigenvalues of random Hermitian matrices [Deift 1999; Deift and Gioev 2009;
Forrester 2010; Mehta 1991]. One of the more standard formulations, for a measure p supported on [—1, 1],
is

, W (x)mv1=x2\" V1 —x2 V1 —x2
lim Rl pwix+a—— —_—
n

s X+ am

n—o0 n n

+
n—>o0 J

n n

. wx)mrv1—=x2\" a1 —x2 a1 —x2
= lim det| Ky| ; x +aj——, x +aj——
n 1<i,j<m

= det(S(a; —a;j))1<i,j<m.

where .
sinmt

S(@t) = (2-10)

wt

is the sine (or sinc) kernel. There is a vast literature for universality limits, especially in the case where p
is replaced by varying weights. A great many methods have been applied, including classical asymptotics
for orthonormal polynomials, Riemann Hilbert techniques, and theory of entire functions of exponential
type [Baik et al. 2003; 2008; Deift 1999; Deift and Gioev 2009; Deift et al. 1999; Findley 2008; Forrester
2010; Levin and Lubinsky 2008; Lubinsky 2009a; Simon 2008a; 2011; Totik 2009].

For fixed measures p with compact support J, the most general pointwise result is due to Totik [2009].
It asserts that if u is regular, while (2-3) holds in some interval / in the support, then, for a.e. x € I, and
all real aq,a,, ..., anm, there are limits for the scaled reproducing kernels that immediately yield

. lu,(x) " n ajp Am
1 R ; =det(S(a; —a; i i<m-

Simon [2008a; 2008b] had a similar result, proved using Jost functions. Totik used the comparison method

of [Lubinsky 2009a], together with “polynomial pullbacks”. Without any local or global restrictions on pu,
we showed in [Lubinsky 2012] that universality holds in measure in {u’' > 0} = {x : u/(x) > 0}.

We prove pointwise, almost everywhere, one-sided universality, without any local or global restrictions
on [u:
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Theorem 2.2. Let . have compact support J, and let w ; denote the equilibrium density of J. Let m = 1.

(a) Fora.e. x € J°N{u > 0}, and for all real ay, a,, ..., anm,
/ m

liminf( G ) R" (;L;x L B ) > det(S(ai —aj))1<ij<m.  (2-11)
n—00 \ nw ;(x) nw;(x) nw;(x)

(b) Suppose that I is a compact subset of J consisting of finitely many intervals, for which (2-3) holds.
Then for a.e. x € I, and for all real ay,a,, ..., am,
. 1)\ o a dm
| ; _ ., <det(S(a; —aj i i<m- 2-12
l,,nli%p(nwu(x)) m| X+ nop() x + neo () et(S(ai —aj))i<ij<m-  (2-12)

Pointwise universality at a given point x seems to usually require at least something like u being
continuous at x, or x being a Lebesgue point of 1. Indeed, when 1’ has a jump discontinuity, the
universality limit is different from the sine kernel [Foulquié Moreno et al. 2011], and involves de Branges
spaces [Lubinsky 2009b]. In our next result, we show that one can still bound the behavior of the
correlation function above and below near such a given x. It is noteworthy, though, that pure singularly
continuous measures can exhibit sine kernel behavior [Breuer 2011].

Theorem 2.3. Let  have compact support J, be regular, and let w ; denote the equilibrium density of J.
Assume that the singular part [Lg of | satisfies, at a given X in the interior of J,

lim pg[x —h,x +h]/h=0. (2-13)
h—0+

Assume moreover that the derivative |’ of the absolutely continuous part of u satisfies
0 < C; = liminf 1/ (¢) < limsup u'(t) = C, < 0. (2-14)
[=x t—>x

Then, for all real ay,as, ..., am,
C;™ det(S( ) < lim inf( — mR” . 4 m
e a; —d; i imin iX s X
2 PTsh =m =5 e nw;(x) m| H nwy(x) nw; (x)

1 g aj am
flimsu Rn ;X+—,...,X+—)
Mop(nw,m) ’”(“ nw; (x) no, (x)

<Cy™det(S(a;i —aj))i<i,j<m-

(2-15)

At the boundary of the support of the measure (referred to as the edge of the spectrum in random
matrix theory), the universality limit takes a different form [Forrester 2010; Kuijlaars and Vanlessen
2002]. For fixed measures that behave like Jacobi weights near the endpoints, they involve the Bessel
kernel of order o > —1:

_ Ja VO (V0) = Ja (D) Vi I (Vi)

Jo (1, v) 2(u—v)
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Here Jy is the usual Bessel function of the first kind and order . Using a comparison method, the author
proved [Lubinsky 2008] that if u is a regular measure on [—1, 1], and u is absolutely continuous in some
left neighborhood (1 —n, 1] of 1, and there ' (¢) = h(¢)(1 — )%, where i(1) > 0 and 4 is continuous at 1,
then

1 a b
nli)n;ogK (M =yl 2) = Jg(a, b), (2-16)

uniformly for a, b in compact subsets of (0, c0). Here, and in the sequel,
Ku(px.3) = /' )20 ()2 Kn(u. . ).

When « > 0, we may allow also «, b = 0. This has the immediate consequence that, for m > 2, and
ai,az,...,am, >0,

. 1\"_, ai am A aj
nll)l&(m) Rm (M, 1 —m, ey 1 —m) ( 1_[1 2 (1 — W)) = det(ﬂa(ai,aj))lfi,jfm. (2-17)
j:

Under weak conditions at the edge, we can prove one-sided universality:

Theorem 2.4. Let (1 have support contained in [—1, 1] and let 1 be the right endpoint of that support.
Assume that | is absolutely continuous near 1, and, for some o > —1,

0 < Cy =liminf ' (1)(1 =)™ <limsup 1/ (1)(1 —1)"% = C, < o0. (2-18)
t—>1— t—1—
Then, foray,as,...,am >0,
o 1\" _, am\ ™ aj ¢\
l}lfggf(m) R (l/«l 2— "l_ﬁ)}:{“(l_m)z(a) det(Jo (@i aj)1<ij<m-
(2-19)
Ifa > 0, we may also allow ay,ay,...,an > 0.

We note that if, in addition, u has support [—1, 1] and is regular, then we may replace the liminf by
lim sup, the asymptotic lower bound by an upper bound, provided we replace (Cy/C,)™ by (Cr/Cy)™.

Our final result has a comparison or “localization” flavor, generalizing similar results for Christoffel
functions. Recall that a set J C R is said to be regular for the Dirichlet problem [Ransford 1995; Stahl and
Totik 1992] if, for every function f continuous on J, there exists a function harmonic in C\ J, continuous
on C, whose restriction to J is f. Of course, this is confusing when juxtaposed with the notion of a
regular measure!

Theorem 2.5. Let u, v have compact support J and both be regular. Assume that J is regular with
respect to the Dirichlet problem. Let & € J and |1/ (§), V' (€) be finite and positive, with

lim p() ')
dist(7,6)—0 v(I) ~ V'(§)’

(2-20)
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where the limit is taken over intervals I of length |I|, and dist(1,&) = sup{|x —&|:x € I}. Letm > 1.
Assume that, forn > 1,

Zn:(yln,yzn,---,J/mn)

is a vector of real numbers satisfying

g mr-4) .
and m ( )
K Y, Vn, Y
lim (lim sup| £ 7= AT 1‘) —0. (2-22)
=0+ \ n—oo KZ"(V,Zn,Zn)
Then m
K 9’ b / m
fim o Ut Y 2n) (v,@)) . (2-23)
wroo Ky y,) - \ )

Of course, in (2-22), [n(1 % )] denotes the integer part of n(1 = ¢). As an immediate consequence, we
obtain:

Corollary 2.6. Let i, v have compact support J and be regular. Assume that J is regular with respect to
the Dirichlet problem. Let x € J and u'(x), V' (x) be finite and positive, with (2-20) holding at & = x.
Assume that, for given m > 2 and all real ay,a,, ..., anm,

. v (x) \" ap am
1 R (v = det(S(a; —a;))1<i j<m. (224
nelmw(nwj(x)) m(vx+nwj(x) x+na)J(x) US@ —asij<m (229

Then, forall real ay,as, ..., an,

. lu/,(‘x) " n al am
1 R = det(S(a; —aj))1<ij<m-  (2-25
nggo(nwj(x)) m| & X+an(x) x+nwj(x) et(S(@i —aj)isijzm-  (225)

3. Proofs of Theorems 1.1, 1.3, 1.4 and Corollary 1.2

Proof of Theorem 1.3(a). We use o and 1 to denote permutations of (1, 2, ..., m) with respective signs &4
and &;. We see that

m m
=S coen [+ [ ( 111000 @) ( T @) s+t
o,n i=1 i=1
m m
= Z Eotn 1_[ Sjotirkniy = Z Eatn 1_[ 8jekyo—1(0 G-1)
o,n =1

i=1 o,n

where 0! is the inverse of the permutation 0. For a term in this last sum to be nonzero, we need

Jo = kn(g—l(g)) forall 1 <{ <m. (3-2)
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Since j; < jp <+ < jmand ky < ky < --- < ks, we see that this will fail unless
ne™ () =4£ foralll<{<m.

Indeed, if n(c~1(i)) # i for some smallest i, then j;_; = k;_; but either j; = ky@—1()) = ki+1 or
Ji = ky—1()) = ki—1. In the former case, all of ji, ji+1,..., jm > ki, and k; is omitted from the
equalities in (3-2), a contradiction. In the latter case, we obtain j; < j;_;, contradicting the strict
monotonicity of the j’s. Thus necessarily n = o, so (3-1) becomes, under (3-2),

I:Zfrgzm!. O
(o

Proof of Theorem 1.3(b). We first show that every P € A<} is a linear combination of the 7" polynomials.
We can write

P(x1,X2, ..., Xm) = > Citjarim Py (X1 Pjp (X2) =+ Pjiy (Xm).-
OEJ.I 7j27"')jn’l <n
Because of the alternating property (1-6), and the linear independence of
Wi (X1)Pja(X2) =+ Pji (¥m)} 121 2 jim=n>
necessarily, when we swap indices j; and jy, the coefficients change sign; that is,
C]l]k]ﬁ]m - _le"'jﬂ"'jk"'j}’n .

In particular, coefficients vanish if any two subscripts coincide. More generally, this implies that if o is a
permutation of {1,2,...,m} with sign &, then

Cjoyio@ = jowmy = €0Ci1jajm-

Next, given distinct 0 < ji, ja,..., jm <n, let 1 < fz < -+ < Jm denote these indices in increasing
order. We can write, for some permutation o,

Ji=Je@, 1<i=m.

Conversely, for the given { fi}, every such permutation o defines indices {j;} with 0 < ji, ja, ..., jm <n.
Thus
P(x1,x2,...,Xm) = Z €5\ 5eim gapfa(l)(xl)pfa(z)(XZ)"'Pjo(m)(xm)
0<ji<jo<=<jm<n o
- Z cili["}m det I:pjz (Xk)] 1<i,k<m
0<j1<ja<w<jm<n
= 2 G Tiaedn @152 ). (3-3)

Osfl <f2<~-~<fm <n

Inasmuch as each T' A lies in AL™”

" 1» we have shown that &i&Bm_l is the linear span of the T'
Im n n
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polynomials, and (3-3) is an orthogonal expansion. Orthogonality in the form (1-13) gives

€Hr iz im :_/ POT;, 5,5, dp ™ (2).

Now our definition (1-12) of the reproducing kernel gives (1-14). O
Proof of Theorem 1.3(c). Fix x = (X1, X2,...,Xm). Let
PQ):l%nJ%.”,mJ:uhﬂkyuuxhyﬂlﬂJSm. (3-4)
By successively extracting the sums from the 1st, 2nd, ..., m-th rows, we see that
271_=10 Pjr (xl)pjl (tl) s Zyl_zlo Pjy (xl)pjl (lm)
P (1) = det : - :
;'1,;;0 Pim Xm) Pjm (1) .. 7,:,i0 Pim (Xm) Pj; (tm)

n—1 n—1
= Z Z (pjl(xl) p]m(xm)) Jij2+ ]m(tl l2,...,lm).

Jj1=0 Jm=0
When j; = ji for distinct 7, k, then T}, j,...j,, = 0. Thus only terms with ji, ja,..., js distinct are
nonzero. As in the proof of Theorem 1.3(b), given distinct 0 < jy, ja, ..., jm <n, we can write, for some

permutation o uniquely determined by these indices,
Ji = Jot)

where 0 < j; < jo <--- < jm <n. As there, this yields

P() = >, Z o (P70, 0 P )T 5,5, (152, lom)
0<ji1<j2<=<jm<n
= Z T]~11~2 ]m(xl,xz,.. X)lejz o (ll l2,...,lm).
0<ji1<ja<=<jm<n
So
det[Kn(/’L’ xi’tj)]lﬁi,jfm = P@)=m! K,T(M,LE),
and we have (1-15). Then (1-16) follows from (1-12). O

Proof of Theorem 1.1. By the reproducing kernel relation (1-14), and Cauchy—Schwarz, for all P € A<} |,

P < ( [rw? duxm@) ( [ ks dux’"Q)) _ ( [ Par dume))KZ’(u,z,z)-

Thus

P 2
Kl”?(/"“? X, E) > sup ( gz)) < . (3_5)
peagm  [(PO)? dwm (1)
By choosing P as in (3-4), we obtain equality in (3-5). Now (1-9) follows from (1-15). O

Proof of Corollary 1.2. This follows immediately from (1-9) and the positivity of all the terms there. [
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Proof of Theorem 1.4. The upper bound in (1-18) is a standard inequality for determinants involving
symmetric positive definite matrices. See, for example, [Beckenbach and Bellman 1961, Theorem 7,
p. 63]. For the lower bound, let R(¢5,13,...,tm) € %&’3’,’;_11. Let P be a univariate polynomial of degree
less than or equal to n — 1 satisfying P(x;) =0,2 < j <m. Let

m
S(ty.tae .. tm) =Y P Rty fae oLt lg1e ).
j=1

We claim that S € &Qiﬁ”m_l. Suppose we swap the variables #; and #;, where 1 <k < £ < m. The terms
involving P(#;) and P(t;) before the variable swap are

k
Pt) (D" R, 1ttt -+ =1 1g L 15 - Tm)
L
+ Pe) (=) R, b1 s T 1 -+ o5 Be—15 0415 - - - 5 Tm)
and become, after swapping #y, g,
k
Po) (=) R(t1, .o sttty s to—1 ks top1s - - - s tm)
14
+Pt) (D) R(t1, s the1tg st 1o e oo b1 g4 1o - - - Im)-

Using £ — k — 1 swaps of adjacent variables in each R term, the alternating property of R gives

¢
—{P) (=D " R(t1, o 1 s U1 Lo 10 B 1 - - -2 Tm)

k
+ Pt) (D) Rty k1 et Bp—1 B B s - Tm)
In the remaining terms P([j)(—l)j R(ty,ta, ... tj—1,tj41, ..., tm) With j # k£, we swap # and 4, and
use the alternating property to obtain —P(tj)(—l)jR(tl o, i1, tjx1, ..., tm). SO we have proved
that S € &LQEZ. Moreover, as P has zeros at x5, X3, ..., X;;, we have

S(X1,X2, ..., Xm) =—P(x1)R(x2,X3,...,Xm).

Next, by Cauchy—-Schwarz,

m
/Szdux’" Sm/ZPz(zj)Rz(tl,...,tj_l,tj+1,...,tm)d,u(tl)-ud,u(tm)
j=1

() ea)

'Sz(xl,xz,...,xm) - ﬂ' P2(x1) R*(x2,....Xm)
fsz dem ~ m?2 fpz d,u fRZ dux(m—l)'

Then (1-9) gives

Write "
P(t)=Pi(0) [ [t =x)).

j=2
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where P; is any polynomial of degree at most n —m. Next, take the supremum over P; of degree at most
n—mand R € &diﬁ”m__ll. Recalling the definition of v and (1-2) gives

m! -
det[K”(V“’xi’xf)]lsi,jstWK”_’”‘H (V,XI,XI)( 1_[(x1 _xj)z) det[Kn(H xl’x])]ZSi,jfm'

j=2

(m—1)!
This gives the lower bound in (1-18). O

4. Proofs of Theorems 2.1, 2.2, and 2.3

Lemma 4.1. Let u have compact support J, let | be regular, and assume that I is a subset of the
support consisting of finitely many intervals in which (2-3) holds. Let m > 2. Then, for Lebesgue a.e.

(X1,X2,...,xm) € I™,
1 " o 7 (x)
dim det[ K (i, X X)) |, <; j <m =j]j[1 VhE (4-1)
Proof. We already know that, for a.e. x € I,
L PG 4-2)

n—>o00 a)J(x)

by Totik’s result (2-5). (Formally, the integral condition (2-3) follows in each of the intervals whose
union is , and hence (2-5) does.) We next show that there is a set € of Lebesgue measure 0 such that for
distinct x, y € I'\€, both (4-2) holds, and

/ / 1/2
() ) _ 4-3)

wy(x)w;(y)
These last two assertions give the result. Indeed for distinct xq, X5 - -+ X, € I\, we have

1 "(x; "D (X 1/2
_det[K,,(,u,x,,x])]l<”<m1_[ W' (x;) Z l—[( Kn(u’xhxa(l))(,u(x)ﬂ(x())) )

a)J(x]) Q)J(xi)w](xa(i))

1
Jim ;Kn(u,x,y)(

- 1‘[( Kt 5050 00 ) o) = 1+

by (4-2) and (4-3). Of course the set of x1, X2, ..., X, Where any two x; = x; with i # j has Lebesgue

i=1

measure 0 in ™.
We turn to the proof of (4-3). It follows from (4-2) that there is a set € of measure 0 such that,
for x € I'\€, we have

n—-oon

1
lim Pn(x) im - (Kn1 (4, X, X) = Kn (. x. x)) = 0.
Then, for distinct x, y, the Christoffel-Darboux formula gives, for x, y € I\€,
1 ¥n—1 Pn(X) Pn—1(y) = Pn—1(X) pu(y)

1
—Kn(li,x ») = =o(1).
n Vn X—=y
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Here we are also using the fact that {y,,—1/yx} is bounded as p has compact support. O

Proof of Theorem 2.1(a). Since J = supp[u] is compact, we can find a decreasing sequence of compact
sets {Jg}7=, such that each Jy consists of finitely many disjoint closed intervals, and

o0
J =) e
(=1

(This follows by a straightforward covering of J by open intervals, and using compactness, then closing
them up; at the (¢ + 1)-st stage, we ensure that J; | C Jy by intersecting those intervals in J; 4| with
those in Jy.) For £ > 1, let

1
dpg(x) = du(x) + 504, (x) dx. (44
so that we are adding a (small) multiple of the equilibrium measure for J; to p. Because w > 0 in the

interior of each Jg, we have /L/K > 0 a.e. in Jy, so pg is a regular measure [Stahl and Totik 1992, p. 102].
Moreover, @ o is positive and continuous in each compact subinterval / of the interior of Jy, so

/ log py > —o0. (4-5)
I
By Lemma 4.1, for a.e. (x1,x2,...,Xm) € I,
. 1 ke (U_]Z (xj)

A o Aot Kn(pe i X ] :,Ul 0,07
As py = p, Corollary 1.2 gives

o1 - @y, (x})

I;ln_l)g(l)fn—m det[Kn(/L,Xj,Xj)]ISi,jSm > 1_[1 W) (4-6)

J=

Since a countable union of sets of the form /™ exhausts J;", this last relation actually holds for a.e.
(X1,X2,...,xm) € J é". Now, by [Totik 2009, Lemma 4.2], uniformly for x in compact subsets of an
open set contained in J,

elim wy, (X) = 05 (x). 4-7)

Moreover, w is positive and continuous in that open set. We can now let £ — oo in (4-6) and use the
fact that the left-hand side in (4-6) is independent of £ to obtain (2-8). O

Proof of Theorem 2.1(b). Let L be a compact subset of supp[] such that 7 is regular. L = I is one
such choice, because of the Szegd condition (2-3). We may assume that I C L, since wy, decreases as L
increases. Let

dv(x) = p'(x)L dx, (4-8)

so that dv is the restriction to L of the absolutely continuous part of u. Here |, ;logv’ > —o0, so v
satisfies the hypotheses of Lemma 4.1, while i > v, so Corollary 1.2, followed by Lemma 4.1, gives, for
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ae. (x1,Xp,...,xm) €™,

! ! oL ()
hmsup—det[Kn(M x,,xj)] hmsup—det[Kn(v x”xf)]lsi,jsm = l_[ i),

n—00 I=i,jsm — n—oo HM 1 ﬂ/(xj) ’
recall that v/ = ' in I C L. Now take the infimum over all such L and use the fact that the left-hand
side is independent of L. O

We turn to:

Proof of Theorem 2.2(a). Let uy and Jy be as in the proof of Theorem 2.1(a). It then follows from results
of Totik [2009, Theorem 2.3] and/or Simon [2011, Theorem 5.11.13, p. 344] that, for a.e. x € Jy, and all
real ay,a;,...am,and 1 <1i,j <m,

i, K (s + 2 ) = 220 gy )

n—o00 n Z( X)

Consequently,

1 ai a Wy (xX)\"
lim — R, (Mg;x—i- 7,...,x+ —m) = ( - det(S((ai —aj)a)h(x)))lﬁi,jﬁm.

=50 7 n ()
Now we use the fact that u < g, and Corollary 1.2: for a.e. x € J, and all ay,a»,...,am,
lim 1nfLR” x4 g im A det(S((ai —aj)wy (x))) (4-9)
n—oo pMm s n n MZ( x) ! I T 1<i,j<m"’

Moreover we have (4-7). We can now let £ — oo in (4-9), and use the fact that the left-hand side in (4-9)
is independent of £ to obtain (2-11), with a scale change. O

Proof of Theorem 2.2(b). Let L and v be as in the proof of Theorem 2.1(b). We can use the aforementioned
results of Totik applied to v, to obtain, for a.e. x € I, and real ay,as, ..., am,

lim imR"( 'x-l—ch—l,...,x—i-a?m) = (“’L(x)) det(S((@; —aNOL(X)) < < (4-10)

n—oon v’(x)

Now we use the fact that 4 > v, and that 4’ =" in I C L and Corollary 1.2: for a.e. x € I, and real
a17a29 LA yama

1 a Am wr (X) ¢
li —Ri x4+ —, ... x+-2) < det(S((ai —a; [ j<m’
T (M S e ) (w(x) et(S((@i —a))oL ()i j<m

Now choose a sequence of compact subsets L of supp[j] such that wy, (x) converges to the infimum wj, (x).
O

Proof of Theorem 2.3. Let n € (0, Cy), and choose § > 0 such that, in (x — &, x + ),

Ci—n=<pu <Cr+n.
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Here 1’ denotes the derivative of the absolutely continuous component of . Define
dv=du inJ\(x—6,x+9)

and
dv(t) =dus(t)+(Cy —n)dt in (x —38,x +93).

Then dv < du, and v is regular on J (see [Stahl and Totik 1992, Theorem 5.3.3, p. 148]). Moreover,
the derivative v’ of the absolutely continuous part of v exists and equals C; — 7 in (x — 3§, x + §), while
(2-13) implies that

}}im vs[x —h,x +h]/h=0.
—0

By a theorem of Totik [2009, Theorem 2.3], we obtain, for the given x and real a;, as, ..., an, that

. 1 ai a o, (x)\"
nll)rgon—men(v;x—l-;,...,x—l—?m) = (Cl—n det(S((a,-—aj)wj(x)))lfi’jﬁm. 4-11)

Note that the Lebesgue condition for the local Szeg6 function required by Totik is satisfied because v’ is
smooth (even constant) near x. Then Corollary 1.2 gives

wy (x)
Ci—n

. 1 a a m
lim sup _man (u;x + 71, B —m) < ( ) det(S((a,' _aj)wJ(x)))lsi,jsm'

n—oo N n

As the left-hand side is independent of 7, we obtain

lim sup — Ry, /L;x+7,...,x+— < det(S((ai—aj)wj(x)))lsi’jSm.

n—oo N n C 1
The lower bound is similar. O
5. Proof of Theorem 2.4

Let
wit)=>10-0% rte(-1,1).

Choose 6 > 0 such that u is absolutely continuous in (1 —§, 1), satisfying there
(Cr=Hw() < W' (1) < (C2+ Hw().
Here C;, C, are as in (2-18). Let
dv(t) =dp(t) + (Co +8w(t)dt in (—1,1-6]

and
dv(t) = (Co +8)w(t)dt in (1-4,1].

Then
dv>dp in[—1,1].
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Note too that, in (1 — &, 1), the derivative u’ of the absolutely continuous component of . satisfies

W@ _ Ci—4

V() T Cy+ 6 (>-1)

Inasmuch as w > 0 in (—1, 1), v is a regular measure in the sense of Stahl, Totik and Ullman, while
V/(¢)(1 —¢)™% is continuous and positive at 1. By a result of the author [Lubinsky 2008, Theorem 1.2],

fim —— & (1= 1= —uaah
e S TER T

uniformly for a, b in compact subsets of (0, c0). If @ > 0, we may also allow «, b to lie in compact

subsets of [0, 00). Then, for m > 2, Corollary 1.2 and (5-1) give, for ay,a,,...,am >0,
.. 1\" n ai Am o ’ aj
imin(5,2) & (1155 1-3%) [1n (1-5%)

Jj=

(Y (L) R (virm g O ]m_[ (1-4
iminf[ — vil——, ..., 1 —— V1—-—
“\Cy+48) n—oo\2n2 mn 2n2 2n2 i 2n2

C;—8\"
= (C21+5) det(Jo(ai.aj))1<i,j<m-

Now let § — 0+. O

6. Proofs of Theorem 2.5 and Corollary 2.6

We begin with a lemma that uses the by now classical technique of Totik involving fast decreasing
polynomials:

Lemma 6.1. Assume the hypotheses of Theorem 2.5, except that we do not assume (2-22), nor that | is
regular. Let € € (0, 1). Then

lim inf >
"= Kpn—ey (V> 2o )

Ky (1, yns yn) V() )’"
> (jer) ©D

Proof. We may assume that the common support J of u and v is contained in [—1, 1], as a linear
transformation of the variable changes the limits in a trivial way. Let n > 0, and

A
V' (§)
Our hypothesis (2-20) ensures that we can choose § > 0 such that
1
&<(c+n) for I C[§—06,&+6). (6-2)

v(l) —
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Letn>4/cand £ ={(n) = [%sn], so that n — £ > [n(1 —¢)]. We may choose a polynomial Ry of degree
less than or equal to £ and k € (0, 1) such that

0<R;=<1 in[-2,2],
|Re(t) =1 =«* in[-5/2,6/2], (6-3)
|R¢(1)] <«k* in[-2,—8]U8.2]. (6-4)
The crucial thing here is that « is independent of £, depending only on §. These polynomials are easily

constructed from the approximations to the sign function of Ivanov and Totik [1990, Theorem 3, p. 3].
For the given & and n, we let

Wn(t) = Un(tr, b2, tm) = [ | ReE—1p).
j=1

Observe that this is a symmetric polynomial in #1, 5, ..., . Moreover, for large enough n, we have
from (2-21), (6-3), and (6-4),

W (yn) = (1— i)™, (6-5)

@) <« in[-1,11"\Q, (6-6)
where
Q= {(ll,tz,...,tm) : max |§—1j] 55}.
1<j<m
Next, let Py € A% , |, and set P = P W,. We see that P € A" . Using (6-2), (6-6), we see that
P2 dﬂxm < (C + n)m P2 dv><m + ||P1||2 . K2€ dﬂxm (6-7)
1 Loo(J™)
Q JM\Q
Now we use the regularity of v, and the fact that J is regular for the Dirichlet problem. These properties
imply that [Stahl and Totik 1992, Theorem 3.2.3(v), p. 68]

171y |
lim ( sup +) =1.
n—o0 deg(T)=<n f|T |dv

The supremum is taken over all univariate polynomials 7" of degree at most n. By successively applying
this in each of the m variables, we see that

1Py < (1+0(1))" / P2 dvm,
where the o(1) term is crucially independent of P;. Thus we may continue (6-7) as
[P2 A < (c +n)™ ([Plz d\)xm)(l +( _{_0(1))11’(”8)‘

Since also
P*(yn) = P{(yn)(1+ O(k*")),
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we see from (3-5), with an appropriate choice of Py, that

e L P P2(y,)(1 4 O(cm))
m e I = R g = g (e + ([ P2 dvmy (1 + (1 + (1))

n—(—1

_ I+o(1)

=T Ky (v, Vs yn)-

Thus

Km 9 b
liminf —" (b- Y. In) > (c+n)"™.
n=>00 Kpi(1—gy (Vs Vs )
As the left-hand side is independent of 1, we obtain (6-1). O
Proof of Theorem 2.5. Lemma 6.1 asserts that
K3y yn) (v'(g) )’”
weE)

lim inf >
"= Kin—ey (V> 2o )

Swapping the roles of i and v, Lemma 6.1 also gives

Kinarenv-yn-yn) (u/(&) )’"
“\ve)

Now we apply our hypothesis (2-22) and let € — 0. O

lim inf
n—oo K (W, Yn, Yn)

Proof of Corollary 2.6. We apply Theorem 2.5 with £ = x and, forn > 1,

Vn = (x—i——,...,x—i——).
= nw ;(x) nw ;(x)

This satisfies (2-21) with & = x. Now det[S(a; — a;)]i<i,j<m > 0, so our hypothesis (2-24) easily
implies (2-22). Then (1-4) and Theorem 2.5 give the result. O

References

[Baik et al. 2003] J. Baik, T. Kriecherbauer, K. T.-R. McLaughlin, and P. D. Miller, “Uniform asymptotics for polynomials
orthogonal with respect to a general class of discrete weights and universality results for associated ensembles: Announcement
of results”, Int. Math. Res. Not. 2003:15 (2003), 821-858. MR 2004e:41038 Zbl 1036.42023

[Baik et al. 2008] J. Baik, T. Kriecherbauer, L.-C. Li, K. D. T.-R. McLaughlin, and C. Tomei (editors), Integrable systems and
random matrices (New York, 2006), Contemporary Mathematics 458, American Mathematical Society, Providence, RI, 2008.
MR 2009i:00012 Zbl 1139.37001

[Beckenbach and Bellman 1961] E. F. Beckenbach and R. Bellman, Inequalities, Ergeb. Math. Grenzgeb. 30, Springer, Berlin,
1961. MR 28 #1266 Zbl 0097.26502

[Breuer 2011] J. Breuer, “Sine kernel asymptotics for a class of singular measures”, J. Approx. Theory 163:10 (2011), 1478-1491.
MR 2012j:28003 Zbl 1228.42028

[Deift 1999] P. A. Deift, Orthogonal polynomials and random matrices: a Riemann—Hilbert approach, Courant Lecture Notes
in Mathematics 3, American Mathematical Society, Providence, RI, 1999. MR 2000g:47048

[Deift and Gioev 2009] P. Deift and D. Gioev, Random matrix theory: invariant ensembles and universality, Courant Lecture
Notes in Mathematics 18, American Mathematical Society, Providence, RI, 2009. MR 2011f:60008 Zbl 1171.15023


http://dx.doi.org/10.1155/S1073792803212125
http://dx.doi.org/10.1155/S1073792803212125
http://dx.doi.org/10.1155/S1073792803212125
http://msp.org/idx/mr/2004e:41038
http://msp.org/idx/zbl/1036.42023
http://dx.doi.org/10.1090/conm/458
http://dx.doi.org/10.1090/conm/458
http://msp.org/idx/mr/2009i:00012
http://msp.org/idx/zbl/1139.37001
http://msp.org/idx/mr/28:1266
http://msp.org/idx/zbl/0097.26502
http://dx.doi.org/10.1016/j.jat.2011.05.006
http://msp.org/idx/mr/2012j:28003
http://msp.org/idx/zbl/1228.42028
http://msp.org/idx/mr/2000g:47048
http://msp.org/idx/mr/2011f:60008
http://msp.org/idx/zbl/1171.15023

A VARIATIONAL PRINCIPLE FOR CORRELATION FUNCTIONS FOR UNITARY ENSEMBLES 129

[Deift et al. 1999] P. Deift, T. Kriecherbauer, K. T.-R. McLaughlin, S. Venakides, and X. Zhou, “Uniform asymptotics for
polynomials orthogonal with respect to varying exponential weights and applications to universality questions in random matrix
theory”, Comm. Pure Appl. Math. 52:11 (1999), 1335-1425. MR 2001g:42050 Zbl 0944.42013

[Erdds 2011] L. Erdés, “Universality of Wigner random matrices: a survey of recent results”, Russia Math. Surveys 66:3 (2011),
507-626. MR 2859190 Zbl 1230.82032

[Erd6s et al. 2010] L. Erd6s, J. Ramirez, B. Schlein, T. Tao, V. Vu, and H.-T. Yau, “Bulk universality for Wigner Hermitian
matrices with subexponential decay”, Math. Res. Lett. 17:4 (2010), 667-674. MR 2011j:60018 Zbl 05937399

[Erdés et al. 2011] L. Erdds, B. Schlein, and H.-T. Yau, “Universality of random matrices and local relaxation flow”, Invent.
Math. 185:1 (2011), 75-119. MR 2012f:60020 Zbl 1225.15033

[Findley 2008] E. Findley, “Universality for locally Szegd measures”, J. Approx. Theory 155:2 (2008), 136-154. MR 2011c:
42068 Zbl 1225.15033

[Forrester 2010] P. J. Forrester, Log-gases and random matrices, London Math. Soc. Monogr. Ser. 34, Princeton University
Press, 2010. MR 2011d:82001 Zbl 1217.82003

[Foulquié Moreno et al. 2011] A. Foulquié Moreno, A. Martinez-Finkelshtein, and V. L. Sousa, “Asymptotics of orthogonal
polynomials for a weight with a jump on [—1, 1], Constr. Approx. 33:2 (2011), 219-263. MR 2012b:42044 Zbl 1213.42090

[Ivanov and Totik 1990] K. G. Ivanov and V. Totik, “Fast decreasing polynomials”, Constr. Approx. 6:1 (1990), 1-20.
MR 90k:26023 Zbl 0682.41014

[Kuijlaars and Vanlessen 2002] A. B. J. Kuijlaars and M. Vanlessen, “Universality for eigenvalue correlations from the modified
Jacobi unitary ensemble”, Int. Math. Res. Not. 2002:30 (2002), 1575-1600. MR 2003g:30043 Zbl 1122.30303

[Levin and Lubinsky 2008] E. Levin and D. S. Lubinsky, “Universality limits in the bulk for varying measures”, Adv. Math.
219:3 (2008), 743-779. MR 20102a:60009 Zbl 1176.28014

[Lubinsky 2008] D. S. Lubinsky, “A new approach to universality limits at the edge of the spectrum”, pp. 281-290 in Integrable
systems and random matrices (New York, 2006), edited by J. Baik et al., Contemp. Math. 458, American Mathematical Society,
Providence, RI, 2008. MR 2010a:42097 Zbl 1147.15306

[Lubinsky 2009a] D. S. Lubinsky, “A new approach to universality limits involving orthogonal polynomials”, Ann. of Math. (2)
170:2 (2009), 915-939. MR 2011a:42042 Zbl 1176.42022

[Lubinsky 2009b] D. S. Lubinsky, “Universality limits for random matrices and de Branges spaces of entire functions”, J. Funct.
Anal. 256:11 (2009), 3688-3729. MR 2012b:46057 Zbl 1184.46029

[Lubinsky 2012] D. S. Lubinsky, “Bulk universality holds in measure for compactly supported measures”, J. Anal. Math. 116
(2012), 219-253. MR 2892620

[Mété et al. 1991] A. Maté, P. Nevai, and V. Totik, “Szeg$’s extremum problem on the unit circle”, Ann. of Math. (2) 134:2
(1991), 433-453. MR 92i:42014 Zbl 0752.42015

[Mehta 1991] M. L. Mehta, Random matrices, 2nd ed., Academic Press, Boston, MA, 1991. MR 92£:82002 Zbl 0780.60014

[Nevai 1986] P. Nevai, “Géza Freud, orthogonal polynomials and Christoffel functions: A case study”, J. Approx. Theory 48:1
(1986), 167. MR 88b:42032 Zbl 0606.42020

[Ransford 1995] T. Ransford, Potential theory in the complex plane, London Mathematical Society Student Texts 28, Cambridge
University Press, 1995. MR 96e:31001 Zbl 0828.31001

[Saff and Totik 1997] E. B. Saff and V. Totik, Logarithmic potentials with external fields, Grundlehren Math. Wiss. 316, Springer,
Berlin, 1997. MR 99h:31001 Zbl 0881.31001

[Simon 2008a] B. Simon, “The Christoffel-Darboux kernel”, pp. 295-335 in Perspectives in partial differential equations,
harmonic analysis and applications, edited by D. Mitrea and M. Mitrea, Proc. Sympos. Pure Math. 79, American Mathematical
Society, Providence, RI, 2008. MR 2010d:42045 Zbl 1159.42020

[Simon 2008b] B. Simon, “Two extensions of Lubinsky’s universality theorem”, J. Anal. Math. 105 (2008), 345-362. MR
2010c¢:42054 Zbl 1168.42304

[Simon 2011] B. Simon, Szegd’s theorem and its descendants: Spectral theory for L? perturbations of orthogonal polynomials,
Princeton University Press, 2011. MR 2012b:47080 Zbl 1230.33001


http://dx.doi.org/10.1002/(SICI)1097-0312(199911)52:11<1335::AID-CPA1>3.0.CO;2-1
http://dx.doi.org/10.1002/(SICI)1097-0312(199911)52:11<1335::AID-CPA1>3.0.CO;2-1
http://dx.doi.org/10.1002/(SICI)1097-0312(199911)52:11<1335::AID-CPA1>3.0.CO;2-1
http://msp.org/idx/mr/2001g:42050
http://msp.org/idx/zbl/0944.42013
http://dx.doi.org/10.1070/RM2011v066n03ABEH004749
http://msp.org/idx/mr/2859190
http://msp.org/idx/zbl/1230.82032
http://msp.org/idx/mr/2011j:60018
http://msp.org/idx/zbl/05937399
http://dx.doi.org/10.1007/s00222-010-0302-7
http://msp.org/idx/mr/2012f:60020
http://msp.org/idx/zbl/1225.15033
http://dx.doi.org/10.1016/j.jat.2008.03.013
http://msp.org/idx/mr/2011c:42068
http://msp.org/idx/mr/2011c:42068
http://msp.org/idx/zbl/1225.15033
http://msp.org/idx/mr/2011d:82001
http://msp.org/idx/zbl/1217.82003
http://dx.doi.org/10.1007/s00365-010-9091-x
http://dx.doi.org/10.1007/s00365-010-9091-x
http://msp.org/idx/mr/2012b:42044
http://msp.org/idx/zbl/1213.42090
http://dx.doi.org/10.1007/BF01891406
http://msp.org/idx/mr/90k:26023
http://msp.org/idx/zbl/0682.41014
http://dx.doi.org/10.1155/S1073792802203116
http://dx.doi.org/10.1155/S1073792802203116
http://msp.org/idx/mr/2003g:30043
http://msp.org/idx/zbl/1122.30303
http://dx.doi.org/10.1016/j.aim.2008.06.010
http://msp.org/idx/mr/2010a:60009
http://msp.org/idx/zbl/1176.28014
http://dx.doi.org/10.1090/conm/458/08941
http://msp.org/idx/mr/2010a:42097
http://msp.org/idx/zbl/1147.15306
http://dx.doi.org/10.4007/annals.2009.170.915
http://msp.org/idx/mr/2011a:42042
http://msp.org/idx/zbl/1176.42022
http://dx.doi.org/10.1016/j.jfa.2009.02.021
http://msp.org/idx/mr/2012b:46057
http://msp.org/idx/zbl/1184.46029
http://dx.doi.org/10.1007/s11854-012-0006-6
http://msp.org/idx/mr/2892620
http://dx.doi.org/10.2307/2944352
http://msp.org/idx/mr/92i:42014
http://msp.org/idx/zbl/0752.42015
http://msp.org/idx/mr/92f:82002
http://msp.org/idx/zbl/0780.60014
http://dx.doi.org/10.1016/0021-9045(86)90016-X
http://msp.org/idx/mr/88b:42032
http://msp.org/idx/zbl/0606.42020
http://dx.doi.org/10.1017/CBO9780511623776
http://msp.org/idx/mr/96e:31001
http://msp.org/idx/zbl/0828.31001
http://msp.org/idx/mr/99h:31001
http://msp.org/idx/zbl/0881.31001
http://msp.org/idx/mr/2010d:42045
http://msp.org/idx/zbl/1159.42020
http://dx.doi.org/10.1007/s11854-008-0039-z
http://msp.org/idx/mr/2010c:42054
http://msp.org/idx/mr/2010c:42054
http://msp.org/idx/zbl/1168.42304
http://msp.org/idx/mr/2012b:47080
http://msp.org/idx/zbl/1230.33001

130 DORON S. LUBINSKY

[Stahl and Totik 1992] H. Stahl and V. Totik, General orthogonal polynomials, Encyclopedia of Mathematics and its Applications
43, Cambridge University Press, 1992. MR 93d:42029 Zbl 0791.33009

[Tao and Vu 2011] T. Tao and V. Vu, “The Wigner-Dyson—-Mehta bulk universality conjecture for Wigner matrices”, preprint,
2011. arXiv 1101.5707

[Totik 2000] V. Totik, “Asymptotics for Christoffel functions for general measures on the real line”, J. Anal. Math. 81 (2000),
283-303. MR 2001j:42021 Zbl 0966.42017

[Totik 2009] V. Totik, “Universality and fine zero spacing on general sets”, Ark. Mat. 47:2 (2009), 361-391. MR 2010f:42055
Zbl 1180.42017

Received 12 Aug 2011. Revised 16 Aug 2011. Accepted 13 Feb 2012.

DORON S. LUBINSKY: lubinsky®@math.gatech.edu
School of Mathematics, Georgia Institute of Technology, 686 Cherry Street, Atlanta, GA 30332, United States

:'msp

mathematical sciences publishers


http://dx.doi.org/10.1017/CBO9780511759420
http://msp.org/idx/mr/93d:42029
http://msp.org/idx/zbl/0791.33009
http://msp.org/idx/arx/1101.5707
http://dx.doi.org/10.1007/BF02788993
http://msp.org/idx/mr/2001j:42021
http://msp.org/idx/zbl/0966.42017
http://dx.doi.org/10.1007/s11512-008-0071-3
http://msp.org/idx/mr/2010f:42055
http://msp.org/idx/zbl/1180.42017
mailto:lubinsky@math.gatech.edu
http://msp.org

ANALYSIS AND PDE
Vol. 6, No. 1, 2013

dx.doi.org/10.2140/apde.2013.6.131

RELATIVE KAHLER-RICCI FLOWS AND THEIR QUANTIZATION

ROBERT J. BERMAN

Let 7 : & — S be a holomorphic fibration and let & be a relatively ample line bundle over . We define
relative Kdhler—Ricci flows on the space of all Hermitian metrics on & with relatively positive curvature
and study their convergence properties. Mainly three different settings are investigated: the case when the
fibers are Calabi—Yau manifolds and the case when &£ = £ Ky, ¢ is the relative (anti)canonical line bundle.
The main theme studied is whether “positivity in families” is preserved under the flows and its relation
to the variation of the moduli of the complex structures of the fibers. The “quantization” of this setting
is also studied, where the role of the Kéhler—Ricci flow is played by Donaldson’s iteration on the space
of all Hermitian metrics on the finite rank vector bundle 7. — S. Applications to the construction of
canonical metrics on the relative canonical bundles of canonically polarized families and Weil-Petersson
geometry are given. Some of the main results are a parabolic analogue of a recent elliptic equation of
Schumacher and the convergence towards the Kihler—Ricci flow of Donaldson’s iteration in a certain
double scaling limit.

1. Introduction 131
2. The general setting 137
3. The Calabi—Yau setting 148
4. The (anti)canonical setting 162

1. Introduction

1A. Background. On an n-dimensional Kéhler manifold (X, wg) Hamilton’s Ricci flow [Hamilton 1982]
on the space of Riemannian metrics on X preserves the Kihler condition of the initial metric and may be

written as the Kdhler—Ricci flow
80),

o
When X is a Calabi—Yau manifold (which here will mean that the canonical line bundle Ky is holomor-
phically trivial) it was shown by Cao [1985] that the corresponding flow in the space of Kéhler metrics
in [wg] € H?(X,R) has a large time limit. The limit is thus a fixed point of the flow which coincides

= —Ric wy. (1-1)

with the unique Ricci flat Kdhler metric in [@g], whose existence was first established by Yau [1978] in
his celebrated proof of the Calabi conjecture. The non-Calabi—Yau cases when [wy] is the first Chern
class ¢; (L) of L =rKy, where r = £1, have also been studied extensively (where —rw is added to
the right side in (1-1)). In general the fixed points of the corresponding Kéhler—Ricci flows are hence

MSC2010: 14132, 32G05, 32Q20, 53C55.
Keywords: Kéhler—Ricci flow, positivity, Kdhler—Einstein metric, balanced metric, Weil-Petersson metric.
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Kéhler—Einstein metrics of negative (r = 1) and positive (r = —1) scalar curvature. The convergence
towards a fixed point— when it exists —in the latter positive case (i.e., X is a Fano manifold) was only
established very recently by Perelman (unpublished) and by Tian and Zhu [2007].

A distinctive feature of Kihler geometry is that a Kidhler metric @ may be locally described in terms
of a local function ¢, such that @ = dd“¢. In the integral case, that is, when [wo] = ¢ (L) is the first
Chern class of an ample line bundle L — X, this just amounts to the global fact that the space of Kéhler
metrics w in ¢ (L) may be identified with the space 9, of smooth metrics /4 on the line bundle L with
positive curvature form w, modulo the action of R on %z by scalings. Locally, 7 = ¢~% and we will
refer to the additive object ¢ as a weight on L (see Section 2A). In this notation the K&hler—Einstein
equations may be expressed as Monge—Ampere equations on ¥y . For example, on a Calabi—Yau manifold
wg = dd°¢ is Ricci flat precisely when

(ddp)" /n! = ., (1-2)

where p is the canonical probability measure on X such that y =i QA Q, for Q a suitable global
holomorphic n-form trivializing Ky (to simplify the notion we will in the following always assume that
the volume of the given class [wo] is equal to one, so that wg/n! defines a probability measure on X for
any o € [wg]). By letting i« depend on ¢ in a suitable way general Kihler—Einstein metrics are obtained.

As emphasized by Yau [1987] one can expect to obtain approximations to Kihler—Einstein metrics
by using holomorphic sections of high powers of a line bundle. In this direction Donaldson [2009]
introduced certain iterations on the “quantization” (at level k) of the space ¥, of Kéhler metrics in ¢ (L).
Geometrically, this quantized space, denoted by 5% | is the space of all Hermitian metrics on the finite-
dimensional vector space H°(X, kL) of global holomorphic sections of k L, where k L denotes the k-th
tensor power of L, in our additive notation (for the definition see Section 2D). In other words %5 can
be identified with the symmetric space GL(Ng, C)/U(N) of N x Nj Hermitian matrices which in
turn, using projective embeddings, corresponds to the space of level k& Bergman metrics on L. The fixed
points of Donaldson’s iteration are called balanced metrics at level k (with respect to p) and they first
appeared in the previous work of Bourguignon, Li, and Yau [Bourguignon et al. 1994]. Again, in the
+ Ky -setting one lets i depend on ¢ in a suitable way leading to different settings (see below). In the
limit when L is replaced by a large tensor power it has very recently been shown that balanced metrics in
the different settings indeed converge to Kéhler—Einstein metrics [Wang 2005; Keller 2009; Berman et al.
2009]. It was pointed out in [Donaldson 2009] that it seems likely that these iterations can be viewed as
discrete approximations of the Ricci flow. This will be made precise and confirmed in the present paper
(Theorem 3.15 and Theorem 4.18).

1B. Outline of the present setting and the main results. The aim of the present paper is to study relative
versions of the Kédhler—Ricci flow and Donaldson’s iteration (in the various settings). More precisely, the
geometric setting is that of a holomorphic fibration 7 : & — S of relative dimension # and a relatively ample
line bundle & — ¥. The fibration will mainly be assumed to be a proper submersion over a connected
base, so that all fibers are diffeomorphic (for general quasiprojective morphisms see Section 4E). Note
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that in applications S typically arises as a moduli space or Teichmiiller space and & as the corresponding
universal family.
The main points that will be considered are

e the question whether “positivity in families” is preserved under the flows;

o the convergence of the “quantized” (finite-dimensional) setting of Donaldson’s iteration towards the
Kéhler—Ricci flow setting in the “semiclassical” limit (i.e., the large k-limit).

More precisely, denote by ¥ /g the space of all metrics on & which are fiberwise of positive curvature.
In other words, /¢ is an infinite-dimensional fiber bundle over S whose fibers are of the form %, as
in the previous section. The relative Kéihler—Ricci flows are defined as suitable flows on ¥/ g such that
the induced flow of curvature forms restricts to the usual Kiéhler—Ricci flow fiberwise: we will say that
“positivity is preserved under the flow” if, for any initial metric with positive curvature (in al/l directions
on %), the evolved metric also has positive curvature for all times; that is, the flow induces a flow of
Kihler forms on the total space & of the fibration (and not only along the fibers).

As will be explained below, the two points above are closely related. For example, the preservation of
positivity in the relative Kdhler—Ricci flow setting can be seen as a limiting version of the well-known
positivity of direct image bundles in the quantized setting (the latter positivity is a fundamental tool in
complex geometry; see [Kawamata 1982; Berndtsson 2009a], for example). As another application of
the convergence in the second point above (in the absolute case when S is a point) we will deduce the
uniform convergence of Donaldson’s canonically balanced metrics from the well-known convergence of
the Kihler—Ricci flow (Theorem 4.20).

The Calabi-Yau setting. Let us first summarize the main results in the setting when the fibers are Calabi—
Yau. It should however be stressed that the setting when the fibers are canonically polarized appears to be
the one most suited for geometric applications (see below). In the Calabi—Yau setting flow ¢; in #y, g is
defined fiberwise by

0y (dd ¢s)" /n!
— =log—————,
ot I

1-3)

with ¢ a measure as in (1-2). Of course, adding the pull-back of a time-dependent function on the base S
to the right side of the previous equation does not alter the induced flows of the fiberwise restricted Kéhler
forms dx d§, ¢;, but it certainly effects the flow of dd“$,; on & which will typically not preserve the
initial Kéhler property.

One of the main results of the present paper is a parabolic evolution equation along the flow (1-3) for
the function

c(p) = %(ddcqs)"“/(dxdf(d))” Aids Ad5§

on ¥ which is well-defined when S is embedded in C. The point is that ¢(¢) > 0 precisely when dd¢ > 0
on . The evolution equation for c¢(¢;) reads (Theorem 3.3)

0
(& - Awtx)c(%) = |Ao, |620tX — Wwps (1-4)
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where a)tX denotes the flow of the fiberwise restricted curvature forms, 4, is a certain representative of the
Kodaira—Spencer class of the fiber X and wyp is the pull-back to & of the (generalized) Weil-Petersson
form on the base S'; by a result of Tian [1987] and Todorov [1989], which we will reprove, wy,, can be
represented by the global squared L2?-norm of A, for wkg the unique Ricci flat metric in ¢y (L). Applying
the maximum principle then gives (Corollary 3.4) that the initial condition dd¢$o > 0 implies that

dd®¢; > —twyyp (1-5)

(and similarly when the initial curvature is semipositive). By its very definition wy,p vanishes at s
precisely when the infinitesimal deformation of the complex structure on the fibers & (i.e., the Kodaira—
Spencer class) vanishes at s. In particular, if the fibration 7 : & — S is holomorphically trivial, then,
by inequality (1-5), positivity is indeed preserved along the flow. This latter situation appears naturally
in Kédhler geometry. Indeed, if the base S is an annulus in C and ¢y is rotationally invariant, then ¢
corresponds to a curve in 7, and c(¢s) is then the geodesic curvature of the curve ¢5 when ¥, is
equipped with its symmetric space Riemannian metric (see [Chen 2000] and references therein). In the
nonnormalized Ky -setting (see Section 4) the equation (1-4) can be seen as a parabolic generalization
of a very recent elliptic equation of Schumacher [2008].

Similarly, the “quantized” version of the previous setting is studied, that is, the relative version of
Donaldson’s iteration. It gives an iteration on the space of all Hermitian metrics H on the finite rank vector
bundle k¥ — S for any positive integer k (recall that the fiber of . over s is, by definition, the space
H% %y, %) of all global holomorphic sections on the fiber % with values in £ %, )- More precisely, we will
study the equivalent fiberwise iteration ¢,(,5€ ) in #4,s obtained by applying the (scaled) Fubini—Study map
to Donaldson’s iteration. It will be called the relative Bergman iteration at level k. When the discrete time
m tends to infinity it is shown (Theorem 3.9) that the iteration converges to a fiberwise balanced weight:

k
® - ¢l

in the €°°-topology on ¥, uniformly with respect to s. It is also observed that an analogue of the
inequality (1-5) holds; that is,

k
dd¢p® > ——owp. (1-6)

This turns out to be a simple consequence of a recent theorem of Berndtsson [2009a] about the curvature of
vector bundles of the form 7« (£ + Ky/5). We also confirm Donaldson’s expectation about the semiclassi-
cal limit when the level k tends to infinity. More precisely, it is shown that, in the double scaling limit where
m/k — t, the (relative) Bergman iteration at level k approaches the (relative) Kidhler—Ricci flow (1-3):

&) — ¢y (1-7)

uniformly on &. In particular, combining this convergence with (1-6) gives an alternative proof of the
semipositivity in the inequality (1-5). Moreover, by taking m = my, such that m/k — oo this gives a
dynamical construction of solutions to the inhomogeneous Monge—Ampere equation (1-2) in the setting
where u is any fixed volume form (Corollary 3.16).
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The (anti)canonical setting. The previous results also have analogues in the setting when the ample
line bundle & is either the relative canonical line bundle Ky,g over & or its dual, which we write
as & = + Ky, in our additive notation. The starting point is the fact that any metric 1 = e~® on +Ky
induces, by the very definition of Ky, a volume form on X which may be written suggestively as e=¢.
The previous constructions, that is, the relative K&hler—Ricci flows and the Donaldson iteration, can
then be repeated word for word for these ¢-dependent measures ;= u(¢p). For example, the relative
Kidhler—Ricci flows are defined by

091 _ g (L0 -

ot eto:

and we obtain (Theorem 4.7) a corresponding parabolic equation for ¢(¢;):

9 _ 2
(3 = @ur =0 )o@ = 1o, .

and as a consequence the flows always preserve positivity (Corollary 4.9) in these settings. In fact, in the
case of infinitesimally nontrivial fibration the flows will even improve the positivity; that is, any initial
weight which is merely semipositively curved instantly becomes positively curved under the flows. In
the + Ky -setting the unique fixed point of the flow (1-8) is the (fiberwise) normalized Kéhler—Einstein
weight uniquely determined by

e e = (wgg)"/n!,

where wgg is the unique Kihler—Einstein metric on X (Corollary 4.3). The corresponding elliptic
equation for c(¢gg) was first obtained by Schumacher [2008] who used it to deduce the following
interesting result: ¢kg is always semipositively curved on the total space of & and strictly positively
curved for an infinitesimally nontrivial fibration. As a consequence he obtained several applications to
the geometry of moduli spaces. For example, applied to the case when & — S is the universal curve over
the Teichmiiller space of Riemann surfaces of genus g > 2 it gives, when combined with Berndtsson’s
theorem (Theorem 3.10), a new proof of the hyperbolicity result of Liu, Sun, and Yau [Liu et al. 2008]
saying that the curvature of the Weil-Petersson metric on the Teichmiiller space is dual Nakano positive.

In the — Ky -setting the relative Kidhler—Ricci flow will diverge for generic initial data. But using the
convergence on the level of Kéhler forms, established by Perelman and Tian and Zhu, will show that,
if the Fano manifold X admits a unique positively curved Kihler—Einstein metric wkg, the flow does
converge to a weight for wkg in the normalized + Ky -setting. This latter setting is simply obtained by
normalizing the volume forms e*¢ used above.

We will also use the relative Bergman iteration to obtained a “quantized” version of Schumacher’s result:
the canonical “‘semibalanced” metric at level kK on Ky, g, which by definition is fiberwise normalized
and balanced, is smooth with semipositive curvature on & (Corollary 4.16) and strictly positively curved
in the case of an infinitesimally nontrivial fibration. As a consequence the semibalanced metric gives
an alternative to the canonical metric on k K /s introduced in [Narasimhan and Simha 1968] (see also
Kawamata 1982; Tsuji 2011; Berndtsson and Paun 2008a for positivity properties of this latter metric).
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In Section 4E some of the results concerning the setting when Ky is ample are generalized to projective
fibrations of varieties of general type (i.e., Kx is merely big) and the corresponding canonical semibalanced
metric is shown to have a positive curvature current (Theorem 4.21). Relations to deformation invariance
of plurigenera [Siu 1998] are also briefly discussed.

1C. Further relations to previous results. A variant of Donaldson iteration (but with a single param-
eter k) in the Ky-setting was introduced by Tsuji [2006]. He proved convergence in the L!-topology
towards the normalized Kihler—Einstein weight ¢kg in the large k-limit (see [Song and Weinkove 2010]
for a proof of uniform convergence) and deduced the semipositivity result for ¢xg of Schumacher referred
to above. These works of Tsuji and Schumacher provided an important motivation for the present one.
Steve Zelditch has also informed the author of a joint work in progress with Jian Song, where they
show that the linearization of Tsuji’s iteration at the fixed point coincides with the linearization of the
Kihler-Ricci flow. It should also be pointed out that another discretization of the Kidhler—Ricci flow on a
Fano manifold was studied by Rubinstein [2008] and Keller [2009].

The C°-convergence of the Bergman iteration at a fixed level k in the Calabi—Yau setting (or more
generally in the setting of a fixed measure ¢) was pointed out by Donaldson [2009] and the proof was
sketched. Sano [2006] provided an explicit proof in the constant scalar curvature setting (see Section 4F).

It is also interesting to compare with the very recent work of Fine [2010] concerning the constant scalar
curvature setting. He shows that a continuous version of Donaldson’s iteration in this latter setting, called
balancing flows, converges to the Calabi flow, when the latter flow exists. Julien Keller and Huai-Dong
Cao have informed the author of a joint work in progress where an analogue of Fine’s balancing flows in
the Calabi—Yau setting (or more generally in the setting of a fixed volume form ) is shown to converge
to a flow on metrics, which however is different than the Kéhler—Ricci flow.

There are also, at last tangential, relations to the work of Gross and Wilson [2000], where fibrations
with Calabi—Yau fibers are considered. In particular, they construct certain semiflat Kéhler metrics w on
the fibration &; that is,  is fiberwise Ricci flat. Such metrics first appeared in the string theory literature
[Greene et al. 1990]. In this terminology the inequality (1-5) shows that the relative Kéhler—Ricci flow
deforms any given Kéhler metric to a semiflat one, when there is no variation of the moduli of the complex
structure of the fibers. More generally, this latter statement holds in a double scaling limit when the
variation of the complex structure is very small in the sense that wgs(s;)t — 0 as ¢t — oo.

A Kihler—Ricci flow on compact fibrations & with Calabi—Yau fibers was also considered recently
by Song and Tian [2012]. But they consider the usual (i.e., nonrelative) Kéhler—Ricci flow (with r = 1)
when the canonical line bundle is only semiample and relatively trivial (i.e., the base S is the canonical
model of &). They prove that the flow collapses the fibers so that the limit is the pull-back of metric on
the base S solving a “twisted” Kéhler—Einstein equation where the twist is described by the (generalized)
Weil-Petersson form wgs.

1D. Organization of the paper. In Section 2 a general setting is introduced and the associated relative
Kihler—Ricci flow and its quantization are defined. General convergence criteria for the flows are given.
In the following two sections the general setting is applied to get convergence results in particular settings
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of geometric relevance: the Calabi—Yau setting (Section 3) and the (anti)canonical setting (Section 4).
The new feature of these convergence results for the Kdhler—Ricci flows is that the convergence takes
place on the level of weights, that is, for the potentials of the evolving Kihler metrics. Furthermore,
the main question whether “positivity in families” is preserved under the flows is studied in these two
sections and relations to Weil-Petersson geometry are also discussed. It is also shown that the quantized
flows converge to Kidhler—Ricci flows in the large tensor power limit. Applications to canonical metrics
on relative canonical bundles are also given.

2. The general setting

In this section we will consider a general setup that will subsequently be applied to particular settings in
Sections 3 and 4.

We assume we are given a holomorphic submersion 7 : ¥ — S of relative dimension 7 over a connected
base and a relatively ample line bundle & — &. In the absolute case when S is a point we will often use
the notation L — X for the corresponding ample line bundle. In this latter case we will write ¥, for the
space of all smooth Hermitian metrics on L with positive curvature form. In the relative case we will
denote by # 4,5 the space of all metrics on & which are fiberwise of positive curvature. We will denote
by ¢ (L) the first Chern class of L, normalized so that it lies in H>!1(X) N H?(X, Z). To simplify the
formulas to be discussed we will also assume that the relative volume of & is equal to one; that is,

V::/XCI(L)"/n! =1

for some (and hence any) fiber X. The general formulas may then be obtained by trivial scalings by V at
appropriate places. When considering tensor powers of L, written as k L in additive notation, we will
always assume that k L is very ample (which is true for k sufficiently large).

2A. The weight notation for ¥ . It will be convenient to use the “weight” representation of a metric /
on L: locally, any metric 4 on L may be represented as 1 = e~%, where 4 is the pointwise norm of a
local trivializing section s of L. We will call the additive object ¢ a “weight” on L. One basic feature of
this formalism is that even though the functions representing ¢ are merely locally defined the normalized
curvature form of the metric 4 may be expressed as

i
wy :=dd ¢ = Ea&p

which is hence globally well-defined (but it does not imply that w is exact!). The normalizations are
made so that [wg] = c¢1(L) € H LI(X)N H?(X,Z). In the absolute setting we will denote by ;. the
space of all weights such that wg > 0. In other words, the map ¢ +— wy establishes an isomorphism
between €7 /R and the space of Kihler metrics in ¢1(L). In the relative setting we will denote by ¥/ s
the space of all smooth weights on & such that the restriction to each fiber is of positive curvature.
After fixing a reference weight ¢ in #y the map ¢ — u := ¢ — ¢¢ identifies the affine space of
all smooth weights on L with the vector space 6€°°(X). Moreover, the subspace 7, of all positively
curved smooth weights gets identified with the open convex subspace ¥, := {u : dd‘u + wy > 0}
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of €*°(X), where wq denotes the Kihler form dd°¢q. The L'-closure of ¥,, is usually called the space
of all wy-plurisubharmonic functions in the literature [Guedj and Zeriahi 2005]. In fact, all the results
in the present paper whose formulation does not use that the given class [wg] is integral are valid in the
more general setting when #y, is replaced by #,, (with essentially the same proofs). However, since the
quantized setting (Section 2D) only makes sense for integral classes we will stick to the weight notation
in the following.

2B. The measure |y and associated functionals on ¥ . First consider the absolute case when S is a
point. In each particular setting studied in Sections 3 and 4 we will assume given a function p on ¥y,
¢ = (¢) (also denoted by wg), taking values in the space of volume forms on X, which is exact in
the following sense. First observe that we may identify u(¢) with a one-form on the affine space ¥y by
letting its action on a tangent vector v € €°°(X) at the point ¢ € ¥ be defined by

(n(e),v) = /X v ().

The assumption on 1 (¢) is then simply that this one-form is closed and hence exact; that is, there is a
functional 1, on €y, such that d1, = u:

dl,;(tqst) _ /X %M 1)
for any path ¢; in ¥ . The functional is determined up to a constant which will be fixed in each particular
setting to be studied. We will also assume that for any fixed v € €°°(X) the functional ¢ — (u(¢), v} is
continuous with respect to the L°°-topology on ..

Two particular examples of such exact one-forms and their antiderivatives that will be used repeatedly
are as follows:

e The Monge—Ampere measure ¢ — (dd¢p)"/n! := MA(¢). Its antiderivative [Mabuchi 1986] will
be denoted by €(¢), normalized so that €(¢¢) = 0 for a fixed reference weight ¢ in ¥ . Integrating
along line segments in ¥y, gives an explicit expression for €, but it will not be used here.

* ¢ > o for a volume form jo on X, fixed once and for all with 7,,,(¢) := [y (¢ — ¢o) po. Since
we have already fixed a reference weight ¢ it will be convenient to take g := (dd€pg)"/n!.

Given u = u(¢) we define the associated functional
Fu=¢—1,.
By construction its critical points in ¥y, are precisely the solutions to the Monge—Ampere equation
(dd )" /n! = u(9). (2-2)

We will say that (¢) is normalized if it is a probability measure for all ¢. Equivalently, this means
that 1, is equivariant under scalings; that is, 1, (¢ + ¢) = I, (¢) 4 ¢ which in turn is equivalent to &/,
being invariant under scalings.
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In the relative setting we assume that jus(¢p) is a smooth family of measures on the fibers ¥ as above,
parametrized by s € S.

Properness and coercivity. We first recall the definition of the well-known J-functional, defined with
respect to a fixed reference weight ¢ (see [Berman et al. 2009] for a general setting and references). It is
the natural higher-dimensional generalization of the (squared) Dirichlet norm on a Riemann surface and
it will play the role of an exhaustion function of ¥ /R (but without specifying any topology!). In our
notation J is simply given by the scale-invariant function

J - _%/LO
We will then say that a functional 4 is proper if

J—>00 = >0

and coercive if there exists § > 0 and Cs such that

4> 87 —Cs.

Note that § may be taken arbitrarily small at the expense of increasing Cs. In many geometric applications
properness (and coercivity) of suitable functionals can be thought as analytic versions of algebro-geometric
stability (compare Remark 4.2).

2C. The relative Kiihler-Ricci flow with respect to jug. Given an initial weight ¢g € ¥ /s the relative
Kihler-Ricci flow in # ¢, s is defined by the fiberwise parabolic Monge—Ampere equation

B0 _ o, (00" /!
o ey

for ¢; smooth over & x [0, T'], where T > 0. We will make the following assumptions on the flow which

(2-3)

will all be satisfied in the particular settings studied in Sections 3 and 4.
Analytical assumptions on the flow.

 Existence: The flow exists and is smooth over ¥ x [0, oc[.
¢ Uniqueness: Any fixed point in ¥, of the flow is unique mod R.

e Stability: For any / > 0 and M > 0 there is a constant B; s only depending on the upper bound on
the ¢/-norm of the initial weight ¢ (with respect to a fixed reference weight) and a lower bound on
the absolute value of dd€¢q such that

lpr = Poller (x xjo,m7) = Bi.m (2-4)
(locally uniformly with respect to s in the relative setting).

It follows immediately that ¢ is fixed under the flow if and only if it solves the Monge—Ampere equation
(2-2). Note that since we have assumed that Vol(L) = 1, a necessary condition to be stationary is that
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/ 'y ¢ = 1. For any solution ¢, and fixed fiber X' = & the Kihler metrics w; on X obtained as the
restricted curvature forms of ¢; hence evolve according to

aa)t
ot

where Ric w; in the Ricci curvature of the Kihler metric w; and n,, = dd° log j1(¢).

= —Ricw; —ny. (2-5)

Thanks to the following simple lemma the Kihler—Ricci flow is “gradient-like” for the functional F .
For the Fano case, see [Chen and Tian 2002].

Lemma 2.1. The functional %, is increasing along the Kdhler—Ricci flow on ¥y, (defined with respect
to lg). Moreover, it is strictly increasing at ¢; unless ¢, is stationary.

Proof. Differentiating along the flow gives

dF(¢:) MA(¢;) B _ MA(¢:) (MA(@) _ )
i = o (a0 —ie0) = [ 1o GBS (ST -1 ) g 20

where the last inequality follows since both factors in the last integrand clearly have the same sign. [

If, moreover, ((¢) is normalized then both terms appearing in the definition of %, are monotone:

Lemma 2.2. Assume that (1(¢) is normalized. Then the functionals —I and € are both increasing along
the Kihler—Ricci flow on ¥ with respect to u(¢). Moreover, they are strictly increasing at ¢y unless ¢;
is stationary.

Proof. Differentiating along the flow gives
dl(¢s) _ / log MA($1)
dt p(9r)

using Jensen’s inequality applied to the concave function f(¢) =log¢ on R4+ in the last step (recall that
MA(¢;), (¢;) are both probability measures). Similarly,

T8 _ [ 106 M9 yip gy = - [ rog PO a2
X

u(ps) =0

di n(ée) x  MA(¢:)
again using Jensen’s inequality, but with the roles of MA(¢;), u(¢;) reversed. The statement about strict
monotonicity also follows from Jensen’s inequality since f(¢) = log¢ is strictly concave. O

From the previous lemma we deduce the following compactness property of the flow.
Lemma 2.3. Assume that 1(¢) is normalized and that the associated functional —%,, is coercive. Then
there is a constant C such that J(¢;) < C and [ |¢: — ¢o| o < C along the Kiihler-Ricci flow for ¢,
(with respect to u(¢)).

Proof. Combining the monotonicity of %, and the assumption that %, be coercive (and in particular
proper) immediately gives the first inequality J(¢;) < C. Next, by the definition of coercivity there are
8 €10, 1[ and Cs > 0 such that 1, — ¢ > 81, — 8¢ — Cg; that s,

81y < (=1 +8)€+ 1, + Cs
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along the flow. Since by the previous lemma —¢€ and I, are both bounded from above along the flow it
follows that there is a constant A such that /,,, < A along the flow. Finally, by basic pluripotential theory
the set {¢p € #Hy : J(¢p) < C, Iy, (¢) < C} is relatively compact in the L!-topology [Berman et al. 2009].
This proves the last inequality in the statement of the lemma. O

The next proposition shows that, under suitable assumptions, the Kidhler—Ricci flow with respect to a
normalized measure g converges on the level of weights precisely when it converges on the level of
Kihler metrics. In Sections 3 and 4 the proposition will be applied to the usual geometric Kdhler—Ricci
flows, where the convergence is already known to hold on the level of Kéhler metrics. To simplify
the notation we will only state the result in the absolute case, the extension to the relative case being
immediate.

Proposition 2.4. Assume that () is normalized and that the associated functional —F , is coercive.
Let ¢¢ evolve according to the Kihler—Ricci flow defined with respect to g and write w; = dd¢,. Then
the following three statements are all equivalent:

e The sequence of Kdhler metrics wy is relatively compact in the €°°-topology on X'; that is, for any
positive integer [ the sequence w; is uniformly bounded in the ¢! -norm on X.

o The weights converge: ¢ — Poo € K in the €*°-topology on X ast — oc.

o The Kiihler metrics w; — weo in the €*°-topology on X, where weo is a Kéihler form.

Proof. Assume that the first point of the proposition holds. Then it is a basic fact that the sequence of
normalized weights d;t = ¢ — Cy, where C; := 1;,,(¢;), is relatively compact in the 6°°-topology on X
and converges to qgoo € ¥ (as is seen by inverting the associated Laplacians). By the previous lemma
|Ct| < D for some positive constant D and hence {¢;} is also relatively compact in the €°°-topology
on X.

In the rest of the argument we will use the ! -topology on %y, for I a large fixed integer. Let % := {¢;}
be the closure of {¢;} which is relatively compact in #; by the previous argument. Denote by 1/ an
accumulation point in X:

11]1’1’1 ¢tj = Vo.

By continuity of the “time s flow map” (which follows immediately from the stability assumption on the
flow) and the semigroup structure of the flow we deduce that

hjm ¢tj +s = Vs

for any fixed s > 0. In other words, ¥ is in fact compact and invariant under the “time s flow map”. Note
also that by monotonicity

lim&(¢r) = €(Yo) = sup €. (2-6)

Assume now to get a contradiction that ¥ # 1/o. By the strict monotonicity in Lemma 3.8 we have that
E(Ys) > €(Yg), contradicting (2-6) (since Vs € K as explained above). Hence, ¥ is a fixed point of the
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flow and hence, by the uniqueness assumption on the flow, it is determined up to an additive constant.
This means that for any two limit points 1o and ¥ of the flow there is a constant C such that

Yo — v =C.

But as explained above €(1/9) = €(1) and hence, by the scaling equivariance of €, it follows that C = 0.
All in all this means that we have shown that the flow ¢; converges, in the €°°-topology on X, to a
limit ¢oo in ¥, that is, that the second point of the proposition holds. The rest of the implications are
trivial. O

Remark 2.5. The coercivity is used to make sure that the compactness property of the flow ¢; holds
without normalizing ¢; (say, by subtracting /,,(¢;)). If one only assumes properness then the same
proof shows that the statement still holds upon replacing ¢; by ¢, — I,,(¢;) (which, of course, does not
effect the curvature forms). The same remark applies to Proposition 2.9 below.

2D. Quantization: The Bergman iteration on ¥j. Proceeding fiberwise it will be enough to consider
the absolute case when S is a point and we are given an ample line bundle L. — X. For any positive
integer k such that k L is very ample the quantization at level k of the space ¥, is defined as the space
9¢%) of all Hermitian metrics on the N -dimensional complex vector space H°(X, kL). Hence, 5¢%)
may be identified with the symmetric space GL(Ny, C)/U(Ny). In the relative setting 5 is replaced
by the space of all Hermitian metrics on the rank- N vector bundle 74« (k<¥) over the base S (compare
the discussion at the bottom of page 156).

Fix a volume form 14 on X depending on ¢ as above. Then any given ¢ € ¥ induces a Hermitian
metric Hilb® (¢) defined by

Hilb® (9)(f. /) := /X 2D dpg,

giving a map
Hilb® : 3¢, — %)

There is also a natural injective map (independent of ji4) in the reverse direction, called the (scaled)
Fubini—Study map FS®).

L
(k) o e H |2
FSU(H) .= 1og(Nk ; i )
where ( fl.H ) is any basis in H°(X, kL) that is orthonormal with respect to H.
Donaldson’s iteration (with respect to j14) on the space 9¢%) is then obtained by iterating the composed
map
T7® .= Hilb® o FS®) : 5 _ g¢®),

and its fixed points are called balanced metrics at level k (with respect to [L).
In order to facilitate the comparison with the Kidhler—Ricci flow it will be convenient to consider the
(essentially equivalent) iteration on the space #(;, obtained by iterating the map FS® o Hilb®. This
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latter iteration will be called the Bergman iteration at level k (with respect to 1) and we will denote the
m-th iterate by ¢,(,{C ) and call the parameter m discrete time. Hence, the iteration immediately enters the
finite-dimensional submanifold FS (%(k)) C ¥, of Bergman metrics at level k and stays there forever.
By the very definition of the Bergman iteration it may be written as the difference equation

" 1
p®) k) %logp(k)(%(rf))’

m+1 m

where p®) (¢) is the Bergman function at level k associated to (g, p); that is,

1 _
p® (@) = e > ik,

i=1

where f; is an orthonormal basis with respect to the Hermitian metric Hilb(k)(u, ¢). Note that the
Bergman measure ,o(k) (¢) 1 is a probability measure on X and independent of the choice of orthonormal
bases. It plays the role of the Monge—Ampere measure in the quantized setting.

It will also be convenient, following [Donaldson 2009], to study functionals defined directly on the
space 90 Fixing the reference metric Hék) := Hilb® (¢o) € #P we may identify 5% with the space
of all rank N; Hermitian matrices. We define

1

FE(H) = —
o)==y

logdet H — I,, oFS® (H),

whose critical points in %) are precisely the balanced metrics (with respect to [4g); this is proved exactly
as in the particular cases considered in [Donaldson 2005; Berman et al. 2009]. We will also consider the
following functional on ¥ :

1 .
g(k)(¢) = —m log det Hllb(k)(M¢, ?),

normalized so that £®) (¢ + ¢) = £®(¢) + ¢. Equivalently, we could have defined &) as the
antiderivative of the one-form on #;, defined by integration against the Bergman measure ,o(k) (D) jrg.

Monotonicity. The following monotonicity properties were shown in [Donaldson 2009] in the particular
setting considered there (where j14 is independent of ¢). See also [Donaldson 2005] for the setting when
n(¢) = MA(¢) (compare Section 4F). The main new observation here is that concavity of 7, implies
monotonicity.

Lemma 2.6. Assume that iy is normalized. Then the following monotonicity with respect to the discrete
time m holds along the Bergman iteration ¢,(,f ) on K (defined with respect to jig):

e The functional $®) g increasing along the Bergman iteration and strictly increasing at ¢,(,{c )

unless ¢,(,f ) s stationary. Equivalently, the functional —logdet is strictly increasing along the
Donaldson iteration in %) away from balanced metrics.
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e If I, is concave on the space ¥y with respect to the affine structure then it is decreasing along
the iteration and strictly decreasing at gb( ) unless ¢,(,If ) is stationary. Equivalently, the functional
I, 0 FS®) s strictly decreasing along the Donaldson iteration in ¢ away from balanced metrics.

Proof. The proof of the first point is essentially the same as in Donaldson’s setting [2009], but for
completeness we repeat it here. By definition

L, det Hilb® (¢y41)

(k) ~&® (¢m) =~ 1o '
(Dm+1) (ém) Nk g det Hilb® (m)

By the concavity of log and Jensen’s inequality we hence get

Ny

|
O @) - £* >(¢m>>—Elog D i 6,0
l—l

where f; is an orthonormal basis with respect to the Hermitian metric Hilb®) (¢m) and where by definition
T (Hilb® (¢,,)) = Hilb® (FS(Hilb® (¢,,))). Writing out the norms explicitly shows that the right-hand
side above may be written as

1 , 1
o5 (l;w / T 1A )itrsiuni gy ) == 0D =0

i=1
using that 4 is normalized. This proves the first point.

To prove the second point we use that 7, is assumed concave and that, by definition, j1y = d 1, as a
differential, to get

k k L
1@~ 1@ = [0, =08 g = [ 106D @0 n g0
1 k) (o (k
< %logfp( V() g =0,

using the definition of the iteration and Jensen’s inequality in the last step (and the fact that ,o(k )(9) e
and (14 are both probability measures). This proves the monotonicity of /. The statement about strict
monotonicity follows immediately from the fact that log7 is strictly concave. O

Properness and coercivity. Properness and coercivity of functionals on 9% are defined as in Section 2C,
but with the functional J replaced by its quantized version on the space 9¢00).

1
JOH) = -FE) = 1,0 FS® N, log det H.

The content of the following lemma is essentially contained in the proof of Proposition 3 in [Donaldson

2009]. We will fix a metric Hy € %®). For any given Hy-orthonormal basis ( f;) we can then identify a

Hermitian metric H with a matrix and we will denote by H, the diagonal matrix with entries e~ *¢ on

the diagonal.
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Lemma 2.7.

o For A € CNk et ¢y = FS® (Hy) := log(]\lf Zi ekt |j,|2) There is a constant C such that
k
max A; < I,,(¢5)+ C.
l

o The functional J &) is an exhaustion function on ¢t /R* with respect to its usual topology.

e In particular, the set of all H € %% such that
—logdet H > —C, (I,,0FS)(H)=C 2-7)
is relatively compact.

Proof. For the benefit of the reader we repeat Donaldson’s simple proof: let i« be an index such that
max; A; = A;

Imax *

Clearly,

1 1
mlaxki+zlog(N—k|ﬁm|2) = ¢ < max +—1og( Z|ﬁ|2) (2-8)

and hence integrating over X and using the first inequality above gives

ma s+ [ Q08 i) = 90) dio = Ly ),

which proves the lemma since it is well-known that 7,,, (/) > —oo for any psh (plurisubharmonic) weight
¥ if fo is a smooth volume form (as follows from the local fact that any psh function is in L!) and in
particular —C := I, (10g(| fi, . |2)) > —oo. This proves the first point. As for the second and third one
we first note that any Hermitian metric H can be represented by a diagonal matrix (which we write in
the form Hj ) after perhaps changing the basis ( f;) above. Moreover, by the compactness of U(N) the
constant C in the previous point can be taken to be independent of the base ( f;).

Next, it will be enough to prove the last point of the lemma (the second point then follows since we
may by scaling invariance assume that det(H)) = 1). We may assume that inf; A; = Ao and since, by
assumption,

—logdet H= "14; = —C
1
we get
—infd; <C+ Y A <C+ (N —1)maxh;.
i iZ0 i

By the assumption (1,0 FS)(H) < C and the first point of the lemma the right-hand side above is
bounded from above and hence we conclude that so is — inf; A;. All in all this means that max; |A;] is
uniformly bounded from above by a constant; that is, H stays in a relatively compact subset of AL

Remark 2.8. The proof of the previous lemma shows that the conclusion of the lemma remains valid for
any choice of a fixed reference weight ¢ and probability measure po (which are used in the definition
of J¥)) such that [x log(| f1—¢o) o is finite for any section f € HO(X,kL).
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Criteria for convergence in the large time limit.

Proposition 2.9. Assume that |14 is normalized, that 1, is decreasing along the Bergman iteration,
that @ff) is coercive and that there is at most one balanced metric (modulo scaling). Then, for any
given positive integer k the following holds: in the large time limit, that is, when m — o0, the weights

,(,i‘ ) ¢C(,]é) in the €°°-topology on X. Moreover, in the relative setting the convergence is uniform with

respect to the base parameter s.

Proof. (a) Uniform convergence. We equip FS(%K)), that is, the space of all Bergman weights at level k,
with the topology induced by the sup norm. It is not hard to see that this is the same topology as the
one induced from the finite-dimensional symmetric space #*) = GL(Ng, C) / U(Ny,) with its usual
Riemannian metric, or with respect to the operator norm on GL(Ny, C). Hence, it will be enough to
prove the convergence of Donaldson’s iteration in F RGN

Since 1y is assumed normalized, Lemma 2.6 shows that —log det H is uniformly bounded from below
along the Donaldson iteration in 9% Moreover, by assumption [, o FS®) is uniformly bounded
from above along the Donaldson iteration. Hence, just as in the proof of Lemma 2.3 it follows from
the coercivity assumption that /0 FS®) is also uniformly bounded from above along the Donaldson
iteration. But then it follows from Lemma 2.7 that the iteration H,S,k) stays in a compact subset of 50

Now let K :={ H,g,k) } be the closure of the orbit of 7®*) which is relatively compact in ¢ by the
previous argument. Denote by G an accumulation point

- (k) _
hjm Hp' =G

in %), By the continuity of H — T’ (k)(H ) on 7% we deduce that

lim TW(HE) = 7®(G).
J

In other words, % is in fact compact and invariant under T . Note also that by monotonicity

lim (—log det H,E,’j,)) = —log det G = sup (—logdet).
J %

Assume now to get a contradiction that 7° &) (G) # G'. By the strict monotonicity in Lemma 3.8 we have
log det(T®) G) > log det G, contradicting (2-6) (since T®)(G) € %). All in all this means that we have
shown that the subsequence (H,E,]j.) ) of Donaldson iterations converges to a fixed point, that is, a balanced
metric. By the assumption on uniqueness up to scaling it follows, again using monotonicity (just like in
the proof of Proposition 2.4), that all accumulation points coincide; that is, the iteration converges.

(b) Higher order convergence. To simplify the notation we set k& = 1 and write ¢,(qf ) = ¢@m. First note that

the L °°-estimate above is uniform over S, as follows by combining the monotonicity of the functionals
with the uniform boundedness of the initial weight ¢¢. By the uniform convergence of ¢, it will hence
be enough to prove that

|9% o/ ham+1) | Loo (xy = Ca Il(hm/ ho)ll oo (x) (2-9)
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where /1, = e~®m and 83‘( denotes a real linear differential operator on X of order @ (note that while /i,
globally corresponds to a metric on L the quotient /1y/ hy,+1 defines a global function on X). Accepting
this estimate for the moment the uniform convergence of (/1,,) hence gives that [|0% (ho/ im) |l Lo (x) 18
uniformly bounded in m and since %,/ ho — hoo/ ho it then follows that [|0% (¢m — Po) || oo (x) is also
uniformly bounded in m. Hence, standard compactness arguments show the €°°-convergence of (¢y;).

Finally, the estimate (2-9) is a consequence of the following quasiexplicit integral formula for the
Bergman function familiar from the theory of determinantal random point processes (see [Berman 2008]
and references therein):

PO =[S e GO () 7y Zgim [ foe @ g
.

eX

where f(x1,X2,...,xn)=|deti<; j<n(fi(xi))i,j |2e=¢0(x1) ... p=P0(XN) and ( f;) is any given orthonor-
mal base with respect to the Hermitian metric Hilb(l)(qbo) on H°(X, L) (note that Z 4 appears as the
normalizing constant). We have used the notation ¢ (x, ..., Xm) = ¢(x1) + -+ + ¢(xm). In particular,

(ho/ hms1)(x) = / £ y)e=@n=900) gy ()8N-1 7.

yeXN-1
and hence differentiating with respect to x by applying 0% gives

Ao
0% (ho/ hm41) ()| = ‘ [ (0% S, )00 dpy (O 2| =

”e—(tﬁm—tf’o) HLOO(X)’

where Ay is a constant independent of 2. Since, by the uniform convergence of ¢, we have Zy4 > C >0
for some positive constant C, this concludes the proof of the estimate (2-9). O

The following basic lemma gives a natural criterion for the assumptions (apart from the monotonicity
of 1) in the previous theorem to be satisfied.

Lemma 2.10. Suppose that § is a functional on 5% which is geodesically strictly convex with respect
to the symmetric Riemann structure and strictly convex modulo scaling. Then § has at most one critical
point (modulo scaling). Moreover, if it has some critical point then § is coercive.

Proof. Uniqueness follows immediately from strict convexity and hence we turn to the proof of coercivity.
By a simple compactness argument it will be clear that, after fixing a reference metric Hy € 9% which
we take to be a critical point of %, it is enough to prove coercivity along any fixed geodesic passing
through Hj. To this end let H; be a geodesic in ¢ starting at Hy, that is, the orbit of the action of a
one-parameter subgroup of GL(N). In the notation of Lemma 2.7 this means that H; = H,; for A € CV
fixed. By scaling invariance we may assume that the determinant of H; vanishes along the geodesic.
Integrating the upper bound in (2-8) over X gives

J(H;) =0+ (Iy,0FS)(H;) = Ct+ D.
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Now, let f(¢) = 9(H;). Since by assumption f is convex and 0 is a critical point, we have df/dt > 0
for all . Hence, if we fix some number € > 0, then

fmzf@+/kwmgw.

But by the assumption on strict convexity the latter integrand is bounded from below by some § > 0. All
in all this shows that 5

Y(Hy)>d0t—A> EJ(H,) — A,
which finishes the proof. O

Large k asymptotics. Next, we will recall the following proposition, which is the link between the
Bergman iteration and the Kdhler—Ricci flow. It is essentially due to Bouche and Tian, apart from the
uniformity with respect to ¢. In fact, a complete asymptotic expansion in powers of k holds as was
proved by Catlin and Zelditch and the uniformity can be obtained by tracing through the same arguments
(as remarked in connection to Proposition 6 in [Donaldson 2001]). For references see the recent survey
[Zelditch 2009].

Proposition 2.11. Assume that the volume form 1y depends smoothly on ¢. Then the following uniform
convergence for the corresponding Bergman function p(k)(¢) holds: there is an integer [ such that

dd¢)" /n!
sup | p(k) (¢) — dd?¢)"/n! <C/k
X He

for all weights ¢ such that dd°¢ is uniformly bounded from above in €' -norm with dd°¢ uniformly
bounded from below by some fixed Kdhler form.

3. The Calabi-Yau setting

First consider the absolute case where we assume given an ample line bundle L — X. In this section we
will the apply the general setting introduced in the previous section to the case when the measure p is
independent of ¢. We will assume that it is normalized, that is, a probability measure. We will mainly be
interested in the case when X is a Calabi—Yau manifold, which induces a canonical probability measure
@ on X defined by

w=caQAQ

where €2 is any given holomorphic n-form trivializing the canonical line bundle Ky and ¢, is a normalizing
constant. In the relative Calabi—Yau setting, where each fiber is assumed to be a Calabi—Yau manifold,
this hence yields a canonical smooth family of measures on the fibers.

For a fixed reference element ¢¢ € ¥y we set

h@rzéw—mm,

which is equivariant under the usual actions of the additive group R: I, (¢ +¢) = I,(¢) + c¢. Moreover,
by definition the associated functional —% is coercive.
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3A. The relative Kihler—Ricci flow. The convergence on the level of Kihler forms in the following
theorem is due to Cao (apart from the uniqueness, which was first shown by Calabi). We just observe
that, since u is normalized, the convergence of the flow also holds on the level of weights.

Theorem 3.1. The Kiihler—Ricci flow on ¥, with respect to [ exists for all times t € [0, oo and the solution
@1 is smooth on X x [0, 00[. Moreover, ¢y — poo uniformly in the €°°- topology on X when t — o0,
where ¢oo is the unique (modulo scaling) solution to the inhomogeneous Monge—Ampere equation (1-2).
More precisely, all the analytical assumptions in Section 2C are satisfied. In the Calabi-Yau case woo is
Ricci flat.

Proof. As shown in [Cao 1985], w; — weo in the €°°-topology. But then it follows from Proposition 2.4
that ¢; — ¢oo uniformly in the €°°-topology on X . The smoothness in the relative case was not stated
explicitly in [Cao 1985] but follows from basic maximum principle arguments. O

Preliminaries: Kodaira—Spencer classes and Weil-Petersson geometry. In this section we will assume that
the base S is one-dimensional and embedded as a domain in C. Recall that the infinitesimal deformation
of the complex structures on the smooth manifold ¥, as s varies is captured by the Kodaira—Spencer
class p(a%) e H%1(T1-%%) [Voisin 2007]. When the fibers are Calabi—Yau manifolds the “size” of the
deformation is measured by the (generalized) Weil-Petersson form wyp, (see [Fujiki and Schumacher
1990]) on the base S. It was extensively studied by Tian [1987] and Todorov [1989] when the base S is a
moduli space of Calabi—Yau manifolds and % is the corresponding Kuranishi family. The form wy is
defined by

3 9 ,
wWP(ga 5) = ||ACY||wCY , (3-D

where Acy denotes the unique representative in the Kodaira—Spencer class p(3/ds) € H-0(T1:0%)
that is harmonic with respect to a given Ricci flat metric w-y on & and the L?-norm is computed with
respect to this latter metric. Moreover, as shown in [Todorov 1989] the following formula holds:

%Yo
||ACY||§)CY =S

Va(s) :=logi" / Qg A Qy, (3-2)

Xs
where €25 denotes a holomorphic family of nontrivial holomorphic n-forms on & for s € U, a neighborhood
of a fixed point s in §. More generally, for an arbitrary smooth base S the (1, 1)-form wy,p on S may
be defined as the curvature of the holomorphic line bundle 7 «(K,/s) on S. It is in the latter form that
wy,p Will appear in the proof of Theorem 3.3 below. In fact, the formula (3-1) may then be deduced from
Theorem 3.3 (see Remark 3.7).

Next we will explain how, for a fixed base parameter s, a weight ¢ on the line bundle ¥ — & — S
induces the following two objects:

* a(0,1)-form Ay with valuesin T 1,09 representing the Kodaira—Spencer class p(%) in HOL(T1-0%);

e a function c(¢) on ¥ measuring the positivity (or lack of positivity) of dd¢ on ¥ in terms of the
positivity of the restrictions of dd€¢ to the fibers &.
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In fact A4 will only depend on the family, parametrized by s, of two-forms w; obtained as the restrictions
of the curvature form wg on % to all fibers &, while ¢(¢) will depend on the whole form wg.

Trivial fibrations. Assume that 7 : & — S is a holomorphically trivial fibration, so that & is embedded
in C x X and that ¥ = 7*L where L — X is an ample line bundle. Given a smooth family of
weights ¢ (s,-) on L — X with strictly positive curvature form a)q;Y :=dxdy ¢ (for s fixed) one obtains

a smooth vector field Vy of type (1, 0) as the “complex gradient” of d¢:
8¥, 0.y = 0x (3s)., (3-3)

where §y,, denotes interior multiplication (i.e., contraction) with V. Now the (0, 1)-form A4 with values
in 710X (for s fixed) is simply defined by

Ag:=—0xV, (3-4)

Denote by th the curvature forms on X evolving with respect to the time parameter ¢ according to
the Kédhler—Ricci flow (for s fixed). The Laplacian on X with respect to a)tX will be denoted by A ol
Given ¢ (s, -) we define the following function on ¥:

c(p) = %(dd"d;)”“ /(dxd§)" Nids AdS. (3-5)

Note that, since a)(f > 0 on X, we have that c¢(¢) > 0 at (s, x) € & if and only if dd°¢p > 0 at (s, x).

General submersions. Next we turn to the case of a general holomorphic submersion 7 : ¥ — S. Any
given point in & has a neighborhood AU such that the fibration 7 : U — S is holomorphically trivial and the
restriction &, is isomorphic to 7 * L over Al. We introduce local holomorphic coordinates (z, s) on AU such
that s defines a local holomorphic coordinate on .S and the projection 7 : U — S corresponds to (z, §) > .
Hence, the vector field Vi defined above is locally defined, but in general not globally well-defined on ¥.
However, the expression (3-4) turns out to still be globally well-defined. For completeness we will give a
proof of this well-known fact [Schumacher 2008; Fujiki and Schumacher 1990]:

Proposition 3.2. The (0, 1)-form Ay with values in T 0-1%¢, locally defined by formula (3-4), is globally
well-defined. It represents the Kodaira—Spencer class in HO1 (T 1-0%;).

Proof. Step 1. The locally defined expression
0

W¢I=$—

defines a global vector field on & of type (1, 0).
Indeed Wy may be characterized as the horizontal lift of d/ds with respect to the (1, 1)-form dd“¢
on &, which is nondegenerate along fibers. To see this first note that

0
drn(Wy) = o and dd¢p(Wy, kerdm) =0. (3-6)
s
The first point is trivial and the second one follows from a direct calculation: locally we may decompose

dd¢ = ddl¢ + dssds Ads + (0,¢5) Ads + (0,¢5) Ad5.
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Hence, for any fixed index 7,

0 0 d
dd ¢\ Wy, — | = —ddip| Vy, — 0 — 0=0,
¢( ¢ 351') ’ Z¢( ¢ 35i)+ +(3Ei¢s)+
using the definition (3-3) of Vy in the last step. Finally, note that the properties (3-6) determine Wy
uniquely: if W' is another local vector field satisfying (3-6) then clearly Z := W, — W' satisfies

dn(Z)=0 and dd°¢(Z.kerdrm)=0.

In particular, Z is tangential to the fibers and dd“¢(Z, Z) = 0. But since dd®¢ is assumed to be
nondegenerate along the fibers it follows that Z = 0.

Step 2. Ag(s) = (5W¢)95s and A (s) represents the Kodaira—Spencer class in HOLY(T10%,).

The first formula above follows immediately from a local computation and the second one then follows
directly from the definition of the Kodaira—Spencer class (where W may be taken as any smooth lift
to T 1-0% of the vector field 9/ds [Voisin 2007]). O

As for the function ¢(¢) defined by formula (3-5) it is still well-defined as we have fixed an embedding
of S in C.

Conservation of positivity along the relative Kihler—Ricci flow. Next comes one of the main results of
the present paper:

Theorem 3.3. Let v : X — S be a proper holomorphic submersion with Calabi—Yau fibers and let &£ be a
relatively ample line bundle over X. Assume that the base S is a domain in C. The following equation
holds along the corresponding relative Kdhler—Ricci flow:

0

_ 2 2
(5 - Ath)C(¢) = |A¢|w,X — ||ACY||wé(Y : (3-7)

Proof. Since it will be enough to prove the identity at a fixed point x in X in some local holomorphic
coordinates and trivializations we may as well assume that w is the Euclidean metric at the point x, that
is, that the complex Hessian matrix (3¢ / azi(‘_)zj) is the identity for z = 0 (corresponding to the fixed
point x in X). Moreover, we may assume that locally the holomorphic n-form €2 may be expressed as
Q =dzy A--- Adzy. Partial derivatives with respect to s will be indicated by a subscript s and partial
derivatives with respect to z; and Z; by subscripts i and J respectively. If 1 = (h; ) is a Hermitian matrix
we will write (h*/) for the matrix H~!. The summation convention according to which repeated indices
are to be summed over will be used. Next, we turn to the proof of the theorem which is based on a direct
and completely elementary calculation.

Step 1. The following formula holds in the case of a holomorphically trivial fibration:

9 - . - _ _
5,¢ @) = biiss + b3ibsjbi ik — ijsPifs — bsitsjPuni®iir — 2N Dppsibsi) + 2 Pefs Priidsi)-
To see this first recall that

¢(®) = dss — N (d,:05;¢'7)
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and hence (using that ¢, ; = dij at z =0, so that 8¢if/8t = —8¢>Jri/8t at z =0)

d d d — — 9
EC@) = E¢s§ — 2% (@%;)ﬁﬁs; + (¢s;~¢sj)g¢ji (3-3)

Using the definition of the relative Kéhler—Ricci flow in the Calabi—Yau case and the simple fact that the
linearization of ¥ > log det(y, ;) at ¥ is given by u > Ay, u, where Ay u = wklukl- is the Laplacian
with respect to the Kihler metric wy,, hence gives

%c(«p) = (log(det ¢; 7))ss — 2R ((log det(@ }))sihsi) + (¢sih ;) (log(det ¢ 7)), 7
= (17505 — 20(8,1,8"ibs7 + (8,16, 7) D78
= itgs — $ijsbjis — 2N Bpiesifsi — PuisPiici®st) + Bibs ) Bijuci — buxidiir)
(again using ¢; 7 = dij at z = 0), finishing the proof of Step 1.
Step 2. The following formula holds in the case of a trivial fibration:
D = Priss T Bi®s ) Pri7) = 2Bsib ) PimPhrnj — PrsiPhsi — Picsisi + 2N Bpsids i 7)
+ 20 (@197 Pk j7 — Wi
To see this we first differentiate c(¢) with respect to z to get
(P = Prss — [(‘lﬁsiaj)k‘pﬂ + (pyi¢s7) (")) = Grss — (Drsids; + PisiPs j)‘ﬁii — (bi9,7) @)

Next, note that if / is a function with values in the space of Hermitian matrices and d a derivation
satisfying the Leibniz rule, then
A~y =—h"1@nh .

In particular, if £(0) = I then the following holds at 0:
(};_l)klz = _Eklg + (};I:fh_k + };kﬁé)
Applying this to & = (¢; Jr) (when expanding the term A below) gives

cDii = riss — (Brsi®sDi + Brsi®) il = PBsidsf + Prsi®si)P5is) — A
= ¢k1€s§ - ([('blgksz_'gb_slT + ¢ksz_'¢ksz_' + ¢k1€sf¢s1_' + ¢I€sf¢l€sf] - M’ksi'% + a¢é‘]_)¢/€lj_) — A,

where
A= G50, )i @i + G50, )@ = — (i) ibrji + G50 D) (bt i + 2R B Bhri )
= —(Bs1ibsj + Psibs )Pk — (D5ibs ) Dt j7 + 2R (P Phins))-
Hence,
Dk = Prkss — PinsiPsi + PresiBisi + PuisiPsi + PrsiPhsi) + Drsi®sf + Osids )k 7
F(Bi7bsi + Bibsin)Prji T Db Pik i — 2R D7y P P )
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which finishes the proof of Step 2.

Step 3: End of proof of the theorem for a trivial fibration. Subtracting the formulas from the previous
steps gives, due to the cancellation of several terms,

0 — S - 2
3, C@ =@k = bk bik + Bibs ) imPins =20 oz by Bir) = D

m,k

Dsmic — Z D51 P
I
Finally, note that
Do — Z b5 = Wsim) g — (Pimi) g Z b= (¢si¢mi);; = (Vm)g
/ /

(using ¢, ; = 8ij at z = 0), where V = (V1,..., Vy) is the (0, 1)-vector field (3-3) expressed in local
normal coordinates. This hence finishes the proof of the theorem in the case of a trivial fibration.

Step 4. We show that (3-7) holds for a general holomorphic submersion. As recalled above, any given
point P = (x, sg) in & has a neighborhood AU such that the fibration 7 : U — 7 (°U) (where we after
shrinking S’ may assume that 77 (U) = S) is holomorphically trivial and the restriction £, is isomorphic
to 7* L over U. We denote by (z, s) a choice of holomorphic coordinates on U trivializing the fibration.
Moreover, when & — S is a relative Calabi—Yau manifold we may furthermore choose (z, s) with the
property that there is a family €25 of nowhere vanishing holomorphic #n-forms on the fibers & such that the
restriction of Qg to Ug (:=UNKy) coincides with the restriction of dz := dzy A--- Adzy to Uy. Indeed,
first observe that we may choose 2 so that Qs = fs(z) dz on U, where f(z,s) := fs(z) is holomorphic
in (z, s) and invertible, with respect to any given holomorphic coordinates (z, s) as above. This amounts
to the well-known fact that the direct image sheaf 7« (K, /s) naturally defines a holomorphic line bundle
on S or equivalently that any ¢, may be extended to Q25 such that Q4 Ads is a holomorphic (n + 1)-form
on & (which for example follows from the Ohsawa—Takegoshi extension theorem; see [Berndtsson 2009a]
for a more general setting). We may now (after perhaps shrinking U again) write f(z,s) = dg(z,s)/dz;
for some holomorphic functions g on AU and define new holomorphic coordinates (¢, s) on U (after
perhaps again shrinking ) by letting {; := g fori = 1 and {; := z; for i > 1. By construction we then
have Qgjq, = d{jq,, as desired.

We can now repeat the previous local computation; the only new contribution comes from the derivatives
on the local function g (s) defined by formula (3-2), which appear in the definition of the relative Kdhler—
Ricci flow (1-3) in the Calabi—Yau case. Indeed, locally this latter flow may be written as

0
2 = logdet(9y) — V(o)

and the only new contribution to the previous calculations hence come from the term — (¥ (s))ss wWhich
appears in the calculation of (d¢/0d¢)s;. Combining formulae (3-1), (3-2) hence proves that (3-7) holds
locally on &. Since all objects appearing in the formula are globally well-defined, this finishes the proof
of Step 4. O
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Now the maximum principle for parabolic equations [Protter and Weinberger 1967] implies the
following:

Corollary 3.4. Let & — & — S be a line bundle over a fibration as in the previous theorem.

e [f the fibration is holomorphically trivial, then the function c(t) := infy c(¢) is, for a fixed value
on 8, increasing along the relative Kdhler—Ricci flow and hence the flow preserves (semi)positivity of
the curvature of ¢.

e For a holomorphically trivial fibration ¥ = X x S, with & the pull-back of an ample line bundle
L — X, the flow improves the positivity of a generic initial weight in the following sense: if ¢ is
a semipositively curved weight on & over X x S such that d¢ /0ds does not vanish identically on
X x {s} for any s, then ¢; is strictly positively curved on X x S fort > 0.

o In the general case the (semi)positivity of the curvature of the weight on ¢ —t\q on the R-line
bundle & — tKy s is preserved under the flow; that is,

for all t (and similarly in the strict case).

Proof. The first and third points follow from the maximum principle exactly as in the proof of Corollary 4.9
below. The second point is proved as follows: If strict positivity does not hold then one concludes (see
the proof of Corollary 4.9 below) that —A44, = dy Vs, vanishes identically on X for some so; that is,
the corresponding vector field Vg, defined by (3-3) is holomorphic on X. But, it is a well-known fact
that any such holomorphic vector field V!0 vanishes identically when X is a Calabi—Yau manifold and
hence d¢/ds vanishes identically on X x {50}, giving a contradiction. The vanishing of V- may be
proved as follows: by a Bochner-Weitzenbock formula V' 1-? is covariantly constant with respect to any
Ricci flat metric on X'. Moreover, the imaginary part Vj satisfies wg,(V7.-) = df for some real smooth

function f. But since wg) > 0 on X X {sg} the latter equation forces the vanishing of V; at any point
where f achieves it maximum and hence V7 = 0 on X. Similarly, the real part Vg of V10 vanishes

identically (by replacing df with d€f). d

Of course, in the case of an infinitesimally nontrivial fibration the inequality in the previous corollary
is useless for the limit ¢, but its interest lies in the fact that it gives a lower bound on the (possible) loss
of positivity along the relative Kdhler—Ricci flow, which is independent of the initial data.

Remark 3.5. Throughout the paper we assume, for simplicity, that the initial weight ¢ has relatively
positive curvature, when restricted to the fibers of the &. But, as in the previous corollary, we do allow ¢
to have merely semipositive curvature over the total space . However, using recent developments for
the Kéhler—Ricci flow [Song and Tian 2009] the relative Kéhler—Ricci flows are actually well-defined
for any smooth weight ¢o which has merely relatively semipositive curvature and ¢; becomes relatively
positively curved for any 7 > 0. Using this result the previous corollary can be seen to be valid for a
general semipositively curved initial weight ¢o. Even more generally, as shown in [Song and Tian 2009],
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the flow is well-defined for any (possibly singular) ¢y with positive curvature current such that ¢y is
locally bounded and the Monge—Ampere measure (dd¢pq)" has local densities in L? for some p > 1.

Evolution of the curvature of the top Deligne pairing. For a general smooth base S (i.e., not necessarily
embedded in C) the weight ¢ on L naturally induces a closed (1, 1)-form ®4(s) on S expressed as

Oy 1= 4 ((dd )" /(n + 1))).

Equivalently, for any local holomorphic curve C C S with tangent vector d/ds € T'S,

a d n
®¢(£, %) = /Xs c(¢)a)¢/n!

where s € C and 7 is the induced map 7 : X — C. Geometrically, the form ®4 on S may be described

as the curvature of the Hermitian holomorphic line bundle (£, ¢)"*! over S defined as the top Deligne

pairing of the Hermitian holomorphic line bundle (£, ¢) — & — S (see [Deligne 1987]; the relevance of

Deligne pairings for Kihler geometry has been emphasized by Phong and Sturm [2004]). The form ©

also appears as a multiple of the curvature of the Quillen metric on the determinant of the direct image of

a certain virtual vector bundle over & (see [Fujiki and Schumacher 1990] and references therein).
Similarly, one can define a (1, 1)-form Wyp,, ON S depending on ¢ by letting

d 0 ’
Wwp, (% g) = " |4y (s)] w;’,/n!-

It can be checked that this yields a well-defined (1, 1)-form on ¥. Anyhow this latter fact is also a
consequence of the following corollary of the previous theorem.

Corollary 3.6. We make the same assumptions as in the previous theorem. Let ®g, be the curvature
form on S of the top Deligne pairing of (£, ¢) — & — S, where ¢; evolves according to the relative
Kdhler—Ricci flow in the Calabi-Yau case. Then

ad
5, 00(8) = —”*(ijf (dd°p)"* 1/ (n+1)!) + owp, —wowp,

where R, x denotes the fiberwise scalar curvature of the metric wg.
b

Proof. We may without loss of generality assume that S is embedded in Cy. Then
9 1
x5 01

a)g_

5
c—
PR

Now, by the definition of the Kéhler—Ricci flow in the Calabi—Yau case,

i | cwuagim=

" c@ay/m+ [ @)

1 1

a)g_
(n—1)!
X §

where we have used the definition of the (normalized) scalar curvature R x of the Kihler metric » p

a)g_
n—-1

c J . X . n
Ndd g = A (—Ric(@)) =i =R, x o/ (n+ 1)},

n

®
the last step. Finally, integrating the formula in the previous theorem finishes the proof of the corollary. [
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Remark 3.7. If the initial weight ¢ for the Kéhler-Ricci flow is taken so that wy restricts to a Ricci flat
metric on all fibers of &, then ¢ is stationary for the Kihler—Ricci flow and hence the previous corollary
(and the proof of the previous theorem) shows that

Fva

2 n _
)P wp/n= =2

Xs
that is, wyp = dsa’sci”2 log f% Q A Q. Since, by Proposition 4.5 below, Ag(s) is harmonic on each
fiber &5 with respect to the Ricci flat restriction wyg, this implies the equivalence between (3-1) and (3-2).

3B. Quantization: The Bergman iteration on ¥y . In this section we will specialize and develop the
general results in Section 2D to the present setting where we have fixed a family of probability measures pig
(independent of ¢) on the fibers yj.

Convergence and positivity of the Bergman iteration at a fixed level k. The following monotonicity
properties were shown by Donaldson [2009] in the present setting.

Lemma 3.8. The functionals —1I,, and $% are both increasing along the Bergman iteration on ¥, with

respect to |L. Moreover, they are strictly increasing at ¢,(,i€ ) unless ¢,(,f ) is stationary.

Proof. Since 1, is affine and in particular concave on the affine space of all smooth weights the lemma
follows immediately from Lemma 2.6. O

We can now prove the convergence of the Bergman iteration at a fixed level k in the present setting.

Theorem 3.9. Let L — X be an ample line bundle and | a fixed volume form on X giving unit volume
to X. Assume a smooth initial weight ¢ is given. For any given positive integer k the following holds: in
the large time limit, that is, when m — 00, the weights qb,(,f ) converge to ¢§’;) in the €*°-topology on X.
Moreover, in the relative setting the convergence is locally uniform with respect to the base parameter s.

Proof. By the previous lemma —/, is increasing and by definition —%g{) is coercive. Moreover, as shown
in [Berman et al. 2009] balanced weights are unique modulo scaling and hence all the convergence criteria
in Proposition 2.9 are satisfied. O

Conservation of positivity. Recall that, given a relatively ample line bundle & over a fibration 7 : & — S
as above, the corresponding direct image bundle 7«(¥ + Kg/5) — S is the vector bundle such that
the fiber over s is naturally identified with the space H°(X, L + Ky) of all holomorphic n-forms f
on X := ¥, with values in L := £y (as is well-known this is indeed a vector bundle, as shown using
vanishing theorems). Moreover, any given weight ¢ on £ induces a Hermitian metric on 7« (k¥ + Ky 5)
whose fiberwise restriction will be denoted by Hilby 4 g, (¢):

Hilbz 1k, @)(f. f) = i"" /X fATe.

The point is that there is no need to specify an integration measure p thanks to the twist by the relative
canonical line bundle Ky,g. We will have great use for the following recent results of Berndtsson.
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Theorem 3.10. Let 7w : X — S be a proper holomorphic submersion and let & be a relatively ample line
bundle over ¥ equipped with a smooth weight with semipositive curvature. Then:

¢ [Berndtsson 2009a] The curvature of the Hermitian vector bundle over S defined as the direct image

bundle w«(£ + Kg,s) is semipositive in the sense of Nakano (and in particular in the sense of

Griffiths).

* (See [Berndtsson 2011, Theorem 1.2 and subsequent discussion].) The vector bundle 7w+«(£ + Ky s)
has strictly positive curvature in the sense of Griffiths if either the curvature form of ¢ is strictly
positive over all of X or strictly positive along the fibers of w : & — S and the fibration is infinitesimally
nontrivial (i.e., the Kodaira—Spencer classes are nontrivial for all s € S).

We will only use the following simple consequence of Theorem 3.10 (compare [Berndtsson 2009a;
Berndtsson and Paun 2008b]):

Corollary 3.11. Under the assumptions in the first point of the previous theorem we have

dd®(FS® o Hilbgyy g, ¢ )(¢) = 0 (3-9)
and the inequality is strict under the assumptions in the second point of the theorem.
Proof. We will denote the line bundle k£ + Ky, g over & by F and the vector bundle 77«(%) over S by E

(and its dual by E*). First note that the weight on F that we are interested in may be written as

2
(FS o Hilbg)(s, x5) = log sup M _
f€Ey |1/ (xs)

where A ) is the element in £ ® %, defined by

(A(s,xs)]/:v) = fs(xs)

Now let ¢ = (s¢, x5,) be a local holomorphic curve in & with ¢ € A (the unit-disc). Trivializing % in

1og | A (s.xy) | (3-10)

a neighborhood of the previous curve we may pull back A x,) to a holomorphic section A; of E*
over the unit-disc and identify the weight defined by (3-10) with a function log|A;|?> on A. We have to
prove that this latter function is (strictly) psh. But this follows from the following well-known fact: a
vector bundle E — A is (strictly) positive in the sense of Griffiths if and only if log(||A;||?) is (strictly)
subharmonic on A where A is any nontrivial holomorphic section of the dual vector bundle E*. For
example, to get the required (strict) subharmonicity one just notes that, after a standard computation,

0> log(|A/I>)  _  ©g=(Ao,Ao)
T N VW

where © g+ at ¢ is the Hermitian endomorphism of E} representing the curvature of E. By the previous
theorem ® g is (strictly) positive which is equivalent to ® g, being (strictly) negative and the corollary
hence follows from the previous inequality. O

We next obtain a “quantized” version of Corollary 3.4.
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Corollary 3.12. Let w : X — S be a proper holomorphic submersion with Calabi—Yau fibers and let & be
a relatively ample line bundle over ¥.

o When m is holomorphically trivial the relative Bergman iteration preserves semipositivity of the
curvature of ¢.

e In the case of a general submersion with Calabi—Yau fibers,

k m
ddc‘ﬁ((m)) % ©we

Sfor all m.

Proof. For simplicity first consider the case of a trivial fibration. Fix a holomorphic zn-form € on X := %,
trivializing Kx . Under the assumption that & — S is holomorphically trivial 2 extends to a holomorphic
n-form on all of & such that {q := log f%s i"”QAQ s independent of 5. In this notation

Hilb® (¢ (s, ) (f, f) ;=/ |f|2e—(k¢(s,~)—1/fsz(s)),-n29/\Q‘
s
Now consider the fiberwise isomorphism
j: H'(X,kL) > H*(X.kL+Kx). j(/)=/f®Q,

which clearly satisfies Hilb® (¢(s,-)) =e¥2 j* Hilby | Ky (¢(s,-)). This means that, up to a multiplica-
tive constant independent of s, the map j is an isometry when H(Xj, k L+ Kx,)= HY (X, kL + Ky /s)a,
is equipped with its natural Hermitian product. In particular, by (3-9),

dd°¢ >0 = dd°(FS® o Hilb®)($) > 0.

Iterating hence proves the first point in the statement of the corollary. Finally, for a general submersion
the same argument gives, but now taking into account the fact that /g depends on s, that

dd®¢ >0 = dd(FSW oHilb®))(¢p) > —dd yq(s)/k = —wyp(s)/ k.

using formula (3-2) in the last equality. Replacing ¢ with FS® o Hilb®) —¥q(s) and iterating hence
finishes the proof of the corollary. O

Convergence towards the Kdihler—Ricci flow. The following very simple proposition will turn out to be
very useful:

Proposition 3.13. The following monotonicity holds for the Bergman iteration at level k (with respect

to ). Assume that ¢(k) < lﬁ,(nk). Then (]),(: j—l = W,;kj_l. In particular, the Bergman iteration decreases the

distance in ¥y, defined with respect to the sup norm d(¢, V) := supy |¢ — ¥r|.

Proof. By definition we have

k 1
Dusr = b+ 7 log pO kD) = sz
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By a well-known identity for Bergman kernels,
Sl = s (1R /[ 1 au)
i=1 feHO(X kL) X

But this latter expression is clearly monotone in ¢, proving the first statement of the proposition. As for
the last statement just let C := supy |¢,(,£C ) _ w,S,")| so that

o <Uw +C U <gl +C.
Applying the first statement of the proposition finishes the proof. O

Remark 3.14. The previous proposition can be seen as a “quantum” analog of the corresponding result for
the Kéhler—Ricci flow (1-3), which follows directly from the maximum principle for the Monge—Ampere
operator and its parabolic analogue.

Now we can prove the following theorem, which is one of the main results in this paper.

Theorem 3.15. Let L — X be an ample line bundle and . a volume form on X giving unit volume
to X. Fix a smooth weight ¢y on L, whose curvature form is fiberwise strictly positive, and consider the
corresponding Bergman iteration qb,(,f ) at level k and discrete time m, as well as the Kdihler Ricci flow ¢y —
both defined with respect to . Then there is a constant C such that

Suplgy” = bkl < Cm/ 2.
In particular, if my, is a sequence such that my [k — t, then
) = b

uniformly on X. Moreover, in the relative setting C is locally bounded in the base parameter s if |4
depends smoothly on s.

Proof. Write Yg = ¢myx and F®O () = Llog p® (y).

Step 1. We have Y i1 —Viem = F(k)(wk,m) + O(1/k?) for all (k, m), where the error term is uniform
in (k, m). (In the following we will take that as a definition of O(1/k), etc.)
To prove this we write the left-hand side as

U bmik+1/k —m/k\ _ 1 (3¢
E( 1/k ) - k( ot |t=m/k + O(I/k))

using that ‘82@ / 821} < C on X x[0, T] by Theorem 3.1. More precisely, by the mean value theorem
the error term O(1/k) may be written as
102¢;
k 92

(£)/2
for some ¢ €0, 1/ k].
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Since ¢, evolves according to the Kéhler—Ricci flow this means that

1 dd¢ n/nl
Vs =V = g (S 1 01702
But by Proposition 2.11 we have that
1 dd¢ n/n!

where the error term is uniformly bounded in (m, k) for m/k < T by Theorem 3.1. In fact, as is
well-known the uniform estimates (2-4) on the “space-derivatives” of ¢, in Theorem 3.1 also hold for
all time-derivatives d”¢;/d"t (and in particular for r = 1 and r = 2 used above). This is well-known
and shown by differentiating the flow equation with respect to time and applying the maximum principle
repeatedly. Hence, 7" may be taken to be equal to infinity, which finishes the proof of Step 1.

Step 2. Given Step 1 and the fact that the Bergman iteration decreases the sup norm, we have
sup |6y — Ve < Cm/ k>, (3-11)
X

We will prove this by induction over m (for k fixed), the statement being trivially true for m = 0. By
Step 1 there is a uniform constant C such that

sup [Vkemt1 — Wiem + FO W m))| < C(1/E?)

for all (m, k). Now we fix the integer k and assume as an induction hypothesis that (3-11) holds for m
with C the constant in the previous inequality. By Proposition 3.13,

sup |(Wiem + FO Wrim) — 0% + FO (90))| < sup [y — ¢ | < Cm/ k*
X X

with the same constant C as above, using the induction hypothesis in the last step. Combining this
estimate with the previous inequality gives

k
SUp [V —¢®) | <Cm/k*+C/K,

proving the induction step and hence Step 2. O

Of course, it seems natural to expect that €°°-convergence holds but we leave this problem for the
future.

Combining the previous corollary with Theorem 3.15 and the variational principle in [Berman et al.
2009] (the €°°-convergence rather uses [Keller 2009; Wang 2005]) now gives the following:

Corollary 3.16. The conservation of semipositivity of the curvature of ¢y in Corollary 3.4 holds. For a

fixed initial data ¢y = ¢(()k) € K the following convergence results hold for the Bergman iteration qﬁ,(nk ).

e For any sequence my, such that my./ k — oo the convergence qﬁ,(,f k) — oo holds in the L'-topology
on X. Moreover, if it is also assumed that my | k? — 0 then the convergence holds in the C°-topology.
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o The balanced weights ¢§f§) = limy -0 ¢,(,§€ ) at level k converge, when k — 00, in the €°°-topology,
to the weight ¢poo Which is the large time limit of the corresponding Kdhler—Ricci flow (and in
particular a solution to the corresponding inhomogeneous Monge—Ampére equation).

In the relative case the convergence holds fiberwise locally uniformly with respect to the base parameter s.

Proof. The first statement follows immediately by combining Theorem 3.15 and the previous corollary,
since semipositivity is preserved under uniform limits of weights. Hence, we turn to the proof of the first
point. It is based on the following inequalities:

lim sup L)) < Iu(doo), lim ioréf%@,ﬁf,?) > €(Poo)- (3-12)
—00 -

To prove these inequalities take a sequence m;c such that m}( /k —t and m;c < my,.. By monotonicity
(Lemma 3.8),

k
L@ < 1u(dye)).
Hence, letting & — oo and using that qb,gf/l — ¢; uniformly (by Theorem 3.15) gives

limsup 7, ($5)) < I, (r).
k—o00
Finally, letting t — oo and using Theorem 3.1 proves the first inequality in (3-12). As for the second
inequality in (3-12), it is similarly proved by noting that, by monotonicity,
k k k k
F®(g5)) = 2P @),

To proceed we will use that {5, — 1 uniformly in 9€;, implies that

PO (yr) — ().

To see this recall that this is well-known when v, = ¥ for all k (as follows for example from
Proposition 2.11, saying that the convergence holds for the differentials d $®) and d'€; for more general
convergence results see [Berman and Boucksom 2010]). But then the general case follows easily from
the fact that £ is monotone in the argument i and scaling equivariant. Hence, letting k — oo gives,
since Yy 1= (k) i

K= ¢m,k — ¢; uniformly, that

€(¢¢) < liminf 25 (¢{8)).
k—o00
The proof of the second inequality in (3-12) is finished by using that (as shown in [Berman et al.
2009]), for any sequence () in ¥y,

lim sup AL (Yp) < llicm inf€(Yy).
—00

k—o0

Now, adding up the two inequalities in (3-12) gives

lim inf F(¢F)) > F(¢oo).
k—o0
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But then it follows from the variational results in [Berman et al. 2009] that

lim F(¢%)) = F(poo) (3-13)
k—o00
and
dd“¢%) — dd‘pos (3-14)

in the weak topology of currents. Next, note that by the inequalities (3-12) the sequence ¢,(,{C k) is contained
in a compact subset of ¥ equipped with the L!-topology (compare the proof of Lemma 2.3) and hence
we may assume (perhaps after passing to a subsequence) that qﬁ,(,f k) — v in the L!-topology. But then
the convergence in (3-14) forces ¥ = ¢oo + C for some constant C. Hence, it will be enough to prove
that C = 0. To this end, note that combining (3-13) and the inequalities (3-12) shows that the latter
inequalities are in fact equalities. In particular,

lim €(p%)) = €($oo)-

k—o00

By the scaling equivariance of € it hence follows that C = 0, which finishes the proof of the first point. If
one assumes that my / k? — 0 then it follows immediately from combining Theorem 3.1 and Theorem 3.15
that the convergence holds uniformly on X, that is, in the C°-topology.

To prove the second point in the statement of the corollary note that replacing qﬁ,(,f k) by ¢§’g) in the
previous argument gives, just as before, that (j)c(,lf,) — ¢oo in the L!-topology. Moreover, since it was
shown in [Keller 2009; Wang 2005] that the convergence of the corresponding curvature forms holds in

the €°°-topology this proves the second point. O

4. The (anti)canonical setting

In this section we will consider another particular case of the general setting in Section 2 arising when
the line bundle L := rKy is ample, where r = 1 or r = —1 (for any fiber X of the fibration). Hence, X
is necessarily of general type in the former “positive” case and a Fano manifold in the latter “negative”
setting. We will also refer to these two different settings as the &= Ky -settings.

By the very definition of the canonical line bundle any weight ¢ on £ Ky determines a canonical
scale-invariant probability measure (4 (¢) on X, where

pe@) =) [ ox

(with a slight abuse of notation), so that 4 (¢ + ¢) = u+(¢). Equivalently, p4(¢) may be identified
with the one-form on 74 g, obtained as the differential of the following functional I+ (¢) on H4 g,

I+() = % log /X 0, p(d)=dls.

A characteristic feature of the 4+ K y-setting is that the antiderivative /. is canonically defined (i.e., not
only up to scaling). As a consequence there is a canonical normalization condition for weights that will
occasionally be used below, namely the condition that /1 (¢) = 0.
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We will also have use, as before, for the equivariant functional
Fpi=¢€—14,

where € is the functional defined in Section 2B (with respect to a fixed reference weight in + K ¥).!
Note that the critical points of 4 on ¥4 g, are the Kiihler—Einstein weights ¢, that is, the weights such
that wy is a Kihler-Einstein metric on X (compare Theorem 4.1 below).

It will also be important to consider a nonnormalized variant of (1 (¢) defined by

Wi(g) = e™?

(which is the differential of the nonequivariant functional ¢ > [ e*%). In the sequel we will refer
to the two different settings defined by 11+(¢) and !, (¢) as the normalized + Ky -setting and the
nonnormalized £ K x -setting, respectively. It should be pointed out that it is the latter one which usually
appears in the literature on the Kdhler—Ricci flow (see for example [Cao 1985; Tian and Zhu 2007; Phong
et al. 2007]).

4A. The relative Kihler—Ricci flow. According to the general construction in Section 2 each particular
setting introduced above comes with an associated relative Kéhler—Ricci flow. For future reference we
will write out the fiberwise flow in the nonnormalized + Ky -setting in local holomorphic coordinates:

A 1 9%¢
— =logdet| — —(x0). 4-1
s = togde( L0 )t~ (ko) @)
The normalized and nonnormalized settings induce the same evolution of the fiberwise curvature forms
[OF
dwy .
7 = —Ric Wy — :l:a)t, (4—2)

inc; (£Ky).2

In particular, if w; converges to we in the large time limit, then we is necessarily a Kdhler—Einstein
metric, which is of negative scalar curvature in the Ky-setting and positive scalar curvature in the
— Ky -setting.

The main virtue of the Kéhler—Ricci flow in the normalized setting as compared with the nonnormalized
one is that the first one is convergent precisely when the flow of curvature forms w; is. On the other
hand, as will be seen later the flow in the nonnormalized setting (and its quantized version) has better
monotonicity and positivity properties.

Theorem 4.1. The Kiihler—Ricci flow in the £ Kx -settings always exists and is smooth on X x [0, o0l.
More precisely, all the analytical assumptions in Section 2C are satisfied. In the normalized K x -setting it
converges to a Kihler—Einstein metric of negative scalar curvature. In the — Ky -setting the flow converges
to a Kéhler—Einstein metric of positive scalar curvature under the assumptions that H*(TX) = 0 and X

INote that % is minus the functional introduced in [Tian 2000].
2In the literature this latter flow of Kihler forms is sometimes referred to as the normalized Kihler—Ricci flow, as opposed to
Hamilton’s original flow, but our use of the term “normalized” is different and only applies on the level of weights on L.
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a priori admits a Kdhler—Einstein metric. Furthermore, in the relative case the convergence is locally
uniform with respect to the base parameter s.

Apart from the uniqueness statement, the first part of the previous theorem is due to Cao [1985]. The
convergence on the level of Kéhler metrics in the Fano case, that is, when — Ky is ample, was proved by
Perelman (unpublished) and Tian and Zhu [2007]. The convergence on the level of weights then follows
directly from Proposition 2.4 and the known coercivity of the functionals —% ; the coercivity of —%F
follows immediately from Jensen’s inequality, while the coercivity of —%_ was shown in [Phong et al.
2008], confirming a conjecture of Tian. The uniqueness in the difficult case of — Ky is due to Bando and
Mabuchi (for a comparatively simple proof see [Berman et al. 2009]).

Remark 4.2. The first key analytical ingredient in the proof of the convergence of the flow of Kahler
metric w; in the Fano case (i.e., the — Ky -setting) is an estimate of Perelman saying that the Ricci
potential s; of w;, when suitably normalized, is always bounded along the K#hler-Ricci flow for w; (see
[Tian and Zhu 2007; Phong et al. 2007]). In fact, in the present notation /1, coincides (modulo signs) with
the time derivative of ¢; evolving according to the normalized Kéhler—Ricci flow in the — Ky -setting. The
second key ingredient is the fact that the existence of a Kéhler—Einstein metric implies that —% . is proper
(and conversely [Tian 2000; Phong et al. 2008]). As is well-known there are, in general, obstructions to
existence of Kihler-Finstein metrics in the — Ky -setting. According to a conjecture of Yau the existence
of a Kihler-Finstein metric should be equivalent to a suitable notion of algebraic stability (in the sense of
geometric invariant theory). From this point of view the properness (or coercivity) assumption on the
functional —% 4 can be considered as an analytic stability [Tian 2000].

Definition. A weight ¢xg on £ Ky will be called a normalized Kéiihler—Einstein weight if 11 (¢gg) = 0,
or equivalently if e+%xe = wgg/n!.

Hence, there is precisely one normalized Kéhler—Einstein weight on + Ky when it is ample. The
following simple corollary of Theorem 4.1 and Remark 4.2 illustrates the difference between the normal-
ized and nonnormalized settings.

Corollary 4.3. In the + Kx -setting the nonnormalized flow (4-1) always converges to the normalized
Kiihler—Einstein weight.

Proof. Write ¢; for the evolution under the Kéhler—Ricci flow in the nonnormalized Ky -setting so that

¢; =¢; + (y,

where C; is a constant for each . Since ¢ — (dd¢)”" is invariant under scalings, comparing the two

flow equations gives
aC;
Y —Cr —11(¢1). (4-3)
4
Let Dy := C; — I(¢;). Then we get

dD; I+ (1)

—— =—D;+¢;, wheree¢; =
o1 ¢+ € t o1
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In the + Ky -setting Theorem 4.1 implies that €, — 0; it follows for elementary reasons that D; — 0.
Indeed, assume for a contradiction that D; does not converge to 0. Then dlog |D;|/dt — —1; that is,
|D;| < Cse™'1=8) 5 0 for 0 < § <« 1, giving a contradiction. Finally, in the nonnormalized —K x -
setting it was shown in [Phong et al. 2007] (building on [Chen and Tian 2002]) that there is a constant
co such that ¢; converges. But then it follows immediately from combining the scaling invariance of
¢ — (dd°¢)" and the scaling equivariance of ' that the flow diverges exponentially for any other
choice of constant c¢y. O

Remark 4.4. In the nonnormalized — Ky -setting (under the assumptions in the previous theorem) it was
shown in [Phong et al. 2007] (building on [Chen and Tian 2002]) that the flow converges when the initial
weight ¢ is replaced by ¢ + ¢ for a unique constant ¢y. The argument in the proof of the previous
corollary then gives that for a generic initial weight the flow is divergent.

4B. Weil-Petersson geometry. As before we may in the following assume that the base .S is embedded
in C. In the relative £ K y-setting the (generalized) Weil-Petersson form wy,p on S was introduced in
[Koiso 1983] (see also [Fujiki and Schumacher 1990] for generalizations):

Jd 0
a)wp(g, %) = || Akellp,, - (4-4)

where Agg denotes the unique representative in the Kodaira—Spencer class p(%) e H%(T1:9%) which
is harmonic with respect to the Kihler-Einstein metric on ¥y and the L?-norm is computed with respect
to this latter metric. In fact, as shown in [Fujiki and Schumacher 1990, Proposition 4.12], Axg = —E_ins,
where V,,, is the local vector field defined by formula (3-3). This is a consequence of the following
proposition proved in [Fujiki and Schumacher 1990].

Proposition 4.5. Let 7 : X — S be a proper holomorphic submersion and ws a smooth family of 2-forms
on the fibers ¥ such that wy is Kihler—Einstein on £s. Then Ay, is the unique element in H ol xs)

which is harmonic with respect to wy.

Note that “harmonic” lifts of vector fields were previously used by Siu [1986] in the context of
Weil-Petersson geometry.

Remark 4.6. When the relative dimension is one the space H%!(T'%;) is isomorphic to H'*((T%5)*) =
H°(2K,,) under Serre duality. Hence, the Weil-Petersson form as defined in terms of harmonic represen-
tatives then coincides with the metric on & introduced by Weil in the case when & is the universal family
over Teichmiiller space. As conjectured by Weil and subsequently proved by Ahlfors this latter (1, 1)-form
is closed and hence Kihler. In the higher-dimensional case, it was observed in [Fujiki and Schumacher
1990] that the Kihler property of wy,p as defined by (4-4) follows immediately from Corollary 4.10 below.

By an application of the implicit function theorem (in appropriate Banach spaces) the smoothness of
the family w; (and of the associated normalized weight) in the previous proposition is automatic in the
+ Ky -case case, as well as in the — Ky case if there are no nontrivial holomorphic vector fields tangential
to the fibers of the fibration (see Theorem 6.3 in [Fujiki and Schumacher 1990]).

Now we can prove the following variant of Theorem 3.3.
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Theorem 4.7. Let w : X — S be a proper holomorphic submersion. Assume that + Ky is relatively
ample and that ¢; evolves according to the Kihler—Ricci flow in the nonnormalized setting. Then

de ()
Jt

In particular, if kg is a fiberwise normalized Kdhler—Einstein weight, then

= A xc(pr) —£c(@r) + |4y, |Z>tX‘ (4-5)

AwKEc(¢KE) - ic(¢KE) + |1‘1(JUKE|(20|2X]’5 = 0

Proof. To simplify the notation we will only consider the + Ky -setting, but the proof in the — Ky setting
is essentially the same. We will just indicate the simple modifications of the proof of Theorem 3.3 which
arise in the present setting.

Let us first consider the modifications to the calculation of the ¢-derivative of ¢(¢) that arise from the
additional term —¢ appearing in the calculation of the time derivative ¢;, since now

d
5 = logdet(y ) —

in local coordinates. To this end we assume to simplify the notation that X is one-dimensional (but the
general argument is essentially the same). First recall that, according to formula (3-8),

d _ i _ s _h —22 _
EC(‘]&) = Oss |:(¢sz¢sz)t¢zz (PszPsz) z Y, ¢zz:|-

Hence, the additional contribution referred to above is of the form
B = (—¢)ss — 2R (—¢szs2)b25 + bszdszbrs (—¢zz) = (—¢ss) + 205z 973" — zbszdzy = —c ().

Hence, the local calculations in the Calabi—Yau case give that

0
3160 = Do @) = c@) + 14| x.

Finally, since a normalized Kéhler—Einstein weight is stationary for the nonnormalized Kéhler—Ricci flow
this finishes the proof of the theorem. O

The last fiberwise elliptic equation in the previous corollary (in the Ky -setting) was first obtained by
Schumacher [2008], who used the maximum principle to deduce an interesting consequence:

Corollary 4.8. Let w: & — S be a fibration as in the previous theorem and assume that Ky g is relatively
ample. Then the canonical fiberwise Kihler—Einstein weight ¢xg on Ky s is smooth with semipositive
curvature form on . Moreover, if the Kodaira—Spencer classes of the fibration are nontrivial for all s,
then the curvature form of ¢xg is strictly positive on X.

The first part of the corollary was also shown by Tsuji [2006; 2011] using his iteration. Similarly, by
a simple application of the parabolic maximum principle we deduce the following corollary from the
parabolic equation in the previous theorem.
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Corollary 4.9. We make the same assumptions as in the previous theorem. Let ¢; evolve according to the
Kdhler—Ricci flow in the nonnormalized &+ Kx -setting. If the initial weight has (semi)positive curvature
form on X then so has ¢ for all t. More precisely, (dd¢;)x, > 0 (in all n + 1 directions) at any point xg
in the fiber Xs unless (dd°po)* ! and Ag, vanish identically on ¥s.

Proof. As usual we may assume that S is embedded in C. Let us start with the semipositive case
where the conclusion follows from the weak maximum principle. Indeed, assume to get a contradiction
that c(¢;) > 0 on ¥ for ¢ = 0 but that there is (¢, s, x) such that at (z, s, x) we have c(¢)(s, x) <0. By
optimizing over (x,7) we may also assume that d(e?’¢(¢;))/dt <0, Awf(c(¢’t) > 0. Then (4-5) gives

dc(pr)
ot

0> e (aC(¢t) + ) = (A, x (@) = (@ De(dr) + [ 4g, |7 x)-

But if a is chosen so that @ &= 1 > 0, the right-hand side above is strictly positive, giving a contradiction.
To handle the remaining cases we invoke the following well-known strong maximum principle for the
heat operator (which by standard argument can be reduced to the corresponding local statement in [Protter
and Weinberger 1967]): let i; > 0 satisfy

oh
a—;ZAgtht on[0,T]x X

for any smooth family g; of Riemannian metrics. Then either /1; > 0 for all # > 0 or iy = 0. In our case
we set hy = e’ ¢(¢p;) with @ = — £ 1 and conclude that if it is not the case that ¢(¢;) > 0 for all £ > 0
then ¢(¢g) = 0 and hence

0
5C(¢t)t=0 = |A¢0 |czug(

If we now assume, to get a contradiction, that the right-hand side above is strictly positive at x¢ then it
follows that there is an € > 0 such that c¢(¢;)(xq) > 0 for ¢ € (0, ¢[; that is, for such ¢ it is not the case
that ¢(¢;) = 0 on X. Hence, as explained above c¢(¢;) > 0 on all of |0, oo[ x X, which yields the desired
contradiction. O

In particular, the previous corollary says that if the fibration & is infinitesimally nontrivial then the
nonnormalized Kihler—Ricci flows instantly make any semipositively curved initial weight strictly positive.

Next we note that integrating the last formula in the previous theorem immediately gives the following
corollary first shown by Fujiki and Schumacher [1990, Theorem 7.9].

Corollary 4.10. We make the same assumptions as in the previous theorem. Let ¢pxg be the weight of a
smooth metric on & Kg s which restricts to a normalized Kdihler—Einstein weight on each fiber. Then

me((ddpre)" T/ (n 4 1)) = oy

on S, where 1y denotes the fiber integral. In particular, if S is effectively parametrized (i.e., all Kodaira—
Spencer classes are nontrivial) then £m4(dd¢_)"T and hence the Weil—Petersson metric Wyp is a
Kdihler form on the base S.
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Remark 4.11. It follows immediately from the previous corollary that when X is a Fano manifold the
normalized K#hler-Einstein weight ¢xg never has semipositive curvature on all of & if the family is
effectively parametrized. Combining this fact with Corollary 4.9 shows that the relative Kdhler—Ricci
flow in the nonnormalized Ky -setting never converges in the L!(%)-topology for an initial weight ¢q
with semipositive curvature form on an effectively parametrized fibration 2.

4C. Quantization: The Bergman iteration. The (normalized) Bergman iteration in the £ K y -setting
on #4 g is defined precisely as in Section 3B, but using the probability measure (14 (¢) in the definition of
Hilb®) (¢. n+(¢)). Similarly, the nonnormalized Bergman iteration is defined in terms of the measure j/, .

The virtue of the nonnormalized setting is that the corresponding Hilbert norms correspond to the “adjoint
norms appearing in Berndtsson’s Theorem 3.10:

Hilb® (@, )(f, f) =" /X S~ fem®ED® = Hilbge_i) L+ ky (9) (4-6)

for L = = Kx. Moreover, they are clearly decreasing in ¢ (for k > 1) and hence the analogue of
Proposition 3.13 of the corresponding Bergman iteration holds:

Proposition 4.12. Consider the Bergman iteration ¢,(,f ) in the nonnormalized + K x -setting and assume

that ¢,(,{€) < 1/1,(111{). Then ¢,(ﬁ_1 < wfﬁ_l. Moreover, if d(¢, V) denotes the sup norm of ¢ —  then

1
d(Wm+1> Pm+1) = d(wm+1,¢m+1)(l + %).

In particular, the Bergman iteration decreases the distance d(¢, V) in the nonnormalized Ky -setting.

Proof. Given the discussion preceding the proposition we just have to prove the claimed property of

the distance d. But this follows directly from the monotonicity in the first part combined with the fact

that log p®) (¢, + )/ k =log p® (¢m)/ k — ££, which in turn follows from 11/, (¢ + ¢) := eT@F) =
/ *c

Wy (p)e™c. O

On the other hand, the following monotonicity of functionals holds in the normalized setting:

Lemma 4.13. The functionals —1,,, and $®) are increasing along the normalized Bergman iteration

on ¥4 k.. Moreover, they are strictly increasing at d),(,f ) unless ¢,§f ) is stationary (when k > 1 in the case

of Iuy).

Proof. By the general Lemma 2.6 $®) s increasing and /_ is decreasing under the iteration, since
¢ — I_(¢) is concave with respect to the affine structure by Jensen’s inequality. To show that / _(,_k) is
increasing in the Ky -setting just observe that

fe(¢£,iil —on)

fed)fff)

k
obm

1168 )~ (®):=log —log / (p u(¢£n">)51og(( / o0 (g8 u)) —o,

1/k

using Jensen’s inequality applied to the concave function ¢ — ¢/ %, which is strictly concave for k > 1. O
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Convergence of the Bergman iteration at a fixed level k.

Theorem 4.14. The Bergman iteration qﬁ,(,f ) at level k converges, when the discrete time m — oo, to a
balanced weight d)élé) in the following settings:

e the normalized Ky -setting;

e the normalized — K -setting if it is a priori assumed that there exists some balanced metric at level
k and H*(TX) = 0;

e the normalized — K x -setting for k sufficiently large under the assumption that X admits a Kihler—
Einstein metric and H*(TX) = 0;

e the nonnormalized + K x -setting, where the limiting balanced weight is the unique normalized one.

Proof. Proof of the first point: By the previous lemma —/, is increasing and as shown in [Berman
et al. 2009] —%,(Lk) is coercive (as follows immediately from Jensen’s inequality). Moreover, as shown in
[Berman et al. 2009] balanced weights are unique modulo scaling and hence all the convergence criteria
in Proposition 2.9 are hence satisfied.

Proof of the second point: By the previous lemma —1, is increasing and as shown in [Berman et al. 2009]
it follows immediately from Berndtsson’s theorem (Theorem 3.10) applied to L = —Kx that —9?;({‘)
is strictly convex modulo scaling. Hence, the convergence follows by combining Proposition 2.9 and
Lemma 2.10.

Proof of the third point: The fact that —@ff) is coercive was shown in [Berman et al. 2009] (using the
corresponding coercivity of —%,, on J€r ). Given this coercivity the convergence follows as in the previous
point.

Proof of the fourth point: Let (¢’ )S,’f) = f,]f) + C,E,k) denote the nonnormalized Bergman iteration in the
Ky -setting. By the definition of the Bergman iteration (compare (4-10) below),

k
(Co =G = =C Tk = 1@

where by the first point above I(qﬁ%{)) — Iso When m — o0. Set D, := C,S,k) + I(qﬁ,(,]f)). Then

1
Dy = (1 - E)Dm + €m,

where €, = (I (‘Pfﬁq) -1 (¢§,’f))) — 0 as m — oo. It follows for elementary reasons that D, — 0;
that is, C,g,k) — —I» showing that (¢’ )S,]f) indeed converges and I+ ((¢’ )5,’1‘)

point. For completeness we finally show that D,, — 0. Assume for a contradiction that this is not the

) — 0, proving the second

case. Then Dy, 41/ Dpm — 1 — % and hence Dy, < Cs(1 — % + 8)™ — 0 for § sufficiently small, giving a
contradiction. O

The convergence in the fourth point above also follows immediately from the contracting property of
the corresponding iteration (compare the proof of Theorem 4.20 below). We also note the following direct
consequence of Berndtsson’s theorem (Theorem 3.10), using formula (4-6) in the nonnormalized setting.
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Corollary 4.15. The Bergman iteration in the nonnormalized &+ Ky -setting preserves the (semi)positivity
of the curvature of the initial weight. Moreover, if the fibration ¥ is assumed infinitesimally nontrivial
then any initial weight on & Ky /g which is semipositively curved and strictly positively curved along the
fibers of X becomes strictly positively curved under the iteration.

Combining the previous corollary and Theorem 4.14 now gives the following:

Corollary 4.16. Let 7t : % — S be a proper holomorphic submersion with Ky s relatively ample. Let d>(k)
be the weight on Ky g obtained by requiring that its restriction to any fiber is the unique normalized
balanced weight at level k; i.e, f%s €¢(k) = 1. Then ¢>(k) is smooth with semipositive curvature form.

Moreover, if the fibration X is assumed infinitesimally nontrivial then ¢(k) is strictly positively curved.

Proof. Since positivity and smoothness are local notions it is enough to prove the corollary when S is
embedded in C.

Smoothness: By definition ¢(k) =Fs® (H (k)) where H®) is an element in the finite-dimensional smooth
manifold %) uniquely determined by G®) (H®) s) = 0 [Berman et al. 2009], where G is the smooth
map defined by

GOH® gy :=(T® 1 1,0FS®) e x® xR.

Moreover, as shown in [Berman et al. 2009] the linearization of 7% _ [ is invertible modulo scaling
(since it represents the differential of a functional on H (&) which is strictly convex modulo scaling).
Hence, the claimed smoothness follows from the implicit function theorem.

Positivity: Since Ky /s is assumed relatively ample it admits a smooth weight ¢, which has fiberwise
positive curvature form. After adding a sufficiently large multiple of the pull-back from the base of |s|? we
may assume that ¢ has positive curvature over &. By the last point of the previous theorem the Bergman
iteration ¢>,(,f ) in the nonnormalized K x-setting with initial weight ¢ yields a sequence of weights
on Ky, converging, when m — oo, uniformly to the unique normalized balanced weight o) at level k.
As a consequence dd ¢p®) > 0 on %. Moreover, if the fibration % is assumed infinitesimally nontrivial
the previous corollary shows that applying the Bergman iteration to ¢(k) yields a strictly positively curved
metric. But since ¢®) is fixed under the iteration this finishes the proof of the corollary. O

Corollary 4.17. Let w : & — S be the universal curve of the Teichmiiller space of complex curves of a
genus g > 2. Fix a positive integer k (for g = 2 we assume that k > 2). Under the natural isomorphism

(T'05)* = 142Ky 5)

the fiberwise normalized balanced weight (l)(k) on Ky, s at level k (appearing in the previous corollary)
induces a Hermitian metric ®® on S with a curvature which is dually Nakano positive. Moreover, when
k — oo the metric »® converges towards the Weil—Petersson metric wyyp pointwise on S.

Proof. As is classical the assumptions on k ensure that Ky, g is very ample. By the previous corollary »®)
is a smooth weight on Ky /g — & with strictly positive curvature and hence the L?-metric on the direct
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image bundle 7«(£ + Kg,5) (with £ = Kg/g) induced by ¢>(k) has, according to the first point in
Theorem 3.10, a curvature which is positive in the sense of Nakano. Since

TS, = H'(T"0%;) = H°(2Kq,)*,

this proves the first statement. To prove the pointwise convergence on S of 0% towards yp it is enough
to prove that

e—¢(k) — o~ 9KE
in L]
Hermitian metrics on 7« (£ + Kg/s)). But this convergence follows from the L' convergence of ¢*)
towards ¢xg (Theorem 4.14) combined with the fact that J (¢(k)) is uniformly bounded, as shown in
[Berman et al. 2009] (see Lemma 6.4 therein). Alternatively, it follows immediately from the uniform

(X) for X = % (since, by definition, it implies the pointwise convergence of the corresponding

convergence in Theorem 4.20 below. O

The convergence in the previous corollary should be compared with the approximation results for the
Weil-Petterson metric for moduli spaces of higher-dimensional manifolds recently obtained in [Keller and
Lukic 2009]. The approximating Kdhler metrics co,/c in that work are related to different balanced metrics,
namely those defined with respect to Donaldson’s original setting [2001] (where (t(¢) = MA(¢)).

Convergence towards the Kdhler—Ricci flow.

Theorem 4.18. The following convergence results hold in all settings introduced in the beginning of
Section 4 (i.e., in the (non)normalized + Ky -settings). Fix a smooth and strictly psh initial weight ¢
on = Ky and consider the corresponding Bergman iteration (j),(,f ) at level k and discrete time m, as well
as the corresponding Kdihler Ricci flow ¢¢. Then there is a constant A such that

sup %) — k| < Am/ k> (4-7)

uniformly in (m, k) satisfying m/k < T (in the Kx-setting A is independent of T'). In particular, if my,
is a sequence such that my / k — t, then ¢,(,f k) — ¢(t) uniformly on X and

dd°¢ ,(,f‘k) — wy

on X in the sense of currents, where w; evolves according to the corresponding Kdihler—Ricci flow (4-2).
The corresponding result also holds for the corresponding nonnormalized flows and in the relative setting,
where the convergence is locally uniform with respect to the base parameter s.

Proof. In the case of the nonnormalized K -setting (denoted by primed objects) the proof of Theorem 3.15
carries over essentially verbatim, thanks to the last statement in Proposition 4.12 and Corollary 4.3 which
gives the uniformity with respect to 7" € [0, oo]. To handle the nonnormalized — Ky -setting we need to
modify the previous argument slightly. More precisely, we will prove that

1 m
S;P |¢§;If)—¢m/k| SA(1+E) m/ k2. (4-8)
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Accepting this for the moment the claimed convergence when my /k — t follows using that

(1 =) e

when m/k < T. To prove (4-8) first observe that Step 1 in the proof of Theorem 3.15 still applies for
(m, k) such that m/k < T (using Proposition 2.11 applied to the nonnormalized — K y -setting). In other
words, there is a constant A (depending on 7") such that

%y\whm+1—<whm+~F“Hwhm»|SIMJ/k%

for all (m, k) such that m/k < T. Now we fix the integer £ and assume as an induction hypothesis
that (4-7) holds for m with A the constant in the previous inequality. By Proposition 3.13,

stwm+F®wmm—@w+F®@$mfmmwm_¢ﬂ0+%)
X X

= (a(re ) mi) (1)

with the same constant A as above, using the induction hypothesis in the last step. Combining this
estimate with the previous inequality gives

k 1 m—+1
Sup [V my1 — ity | < A(14+ ) m/k+ A/ k2.
X

But using that 1 < (1 + %)m"'l in the last term above proves the induction step and hence finishes the
proof of the estimate (4-8).
To treat the Kéhler—Ricci flows ¢; in the normalized settings we write

¢;=¢I+Ct1

where C; is a constant for each ¢. Then

90C;

vl —1(¢)). (4-9)

Indeed, by the definition of the flow ¢; and ¢,, we have

A, i
Dhlog(MAW@)) — %)), ' =10g(MA/) ~ 1)+ % Lx(6).

By scale invariance we may as well replace ¢; with ¢; on the right side of the second equation above and
hence subtracting the second equation from the first one proves (4-9).
Similarly, writing
@) = o5 + GO

we obtain the following difference equation, using that the map ¢ — ,o(k) (¢), defined with respect to p+,
is scale-invariant:

i 1
Co = O = =L@, (4-10)
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Now, as explained above, the estimate (4-7) holds for the primed objects and hence by the scaling
equivariance of /4:

|12(8),10) — T=(@)E)| < Am/ K. (@-11)

A simple version of the argument given in the proof of Theorem 4.18 now shows, by comparing the
differential equation (4-9) with the difference equation (4-10) and using (4-11), that

|G = Conyicl < Bm/k?
for a uniform constant B. All in all this hence finishes the proof of the theorem. O

We also have the following analogue of Corollary 3.16:

Corollary 4.19. For a fixed initial data ¢¢ = ¢(()k) € H1 gy the following convergence results hold

for the Bergman iteration qb,(,iC ) in the normalized & Kx -setting (in the — Kx -setting it is assumed that
H®(TX) =0and X apriori admits a Kihler—Einstein metric):

o For any sequence my, such that my. [ k — oo the convergence ¢,(7If k) — oo holds in the L'-topology
on X.

e The balanced weights d)c(,lé) = limy— 00 ¢,(f ) at level k converge, when k — 00, in the €*°-topology,

to the weight ¢oo Which is the large time limit of the corresponding Kdhler—Ricci flow.

Moreover, the convergence in the second point also holds in the nonnormalized Ky -setting, where the
limit ¢oo coincides with the canonical Kdhler—Einstein weight ¢xg. In the relative case all convergence

results hold fiberwise locally uniformly with respect to the base parameter s.

Proof. The proof of the first two points proceeds exactly as in the previous setting (again using the
variational characterization in [Berman et al. 2009]). As for the claimed convergence in the nonnormalized
setting it is obtained by noting that the large m limit (¢’ ),(,i‘) in the nonnormalized setting is the unique
balanced weight such that 74 ((q&’)(o]f,)) = 0. In other words, (¢’)((,]f,) = c(,]é) — Iy (¢$)), where ¢$) is
the large m limit of the iteration in the normalized setting. But by the second point above this means
that (¢’ )gf,) — oo — I+ (o) in L (also using the continuity with respect to the L!-topology of the
functional /1 on compacts; compare [Berman et al. 2009]). By uniqueness, this means that the limit must
be ¢KE- O

4D. Uniform convergence of the balanced weights in the K x -setting. Next we point out that in the
Ky -setting the convergence of the balanced weights is actually uniform (the proof is independent of the
variational proof of a weaker convergence given in [Berman et al. 2009]). The proof simply uses that d>(k)
is close to ¢, where ¢ is the corresponding Kéhler—Ricci flow and #; is a suitable sequence tending to
infinity.

Theorem 4.20. Let ¢(k) be the balanced weight at level k on the canonical line bundle Ky (in the
nonnormalized setting). When k — oo, the weights ¢(k) converge uniformly towards the normalized
Kdhler—Einstein weight ¢xg.
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Proof. Fix a smooth and positively curved weight ¢g on Ky and denote by ¢,(,i€ ) the Bergman iteration at
level k£ with initial data qb(()k) = ¢. By Proposition 4.12 the map whose iterations define the Bergman
iterations is a contraction mapping with contracting constant ¢ = (1 — —) < 1 and hence it follows from
the Banach fixed point theorem that

69 =80 = = 100 = o

By definition we have ¢(k) q§0 =1 z log p(k¢), Wthh, according to Proposition 2.11, is uniformly
bounded by a constant times Logk; hence

k\xm/k
[o® — P, SC((I—%) ) log k.

Next we take the sequence m = my, := [k3/?] where [c] denotes the smallest integer which is larger than c.
Then ;, :=my/k = k'/? — 00 as k — oo and since (1 — %)k — e~ ! <1 we conclude that

|65 = o] Lo = 0

as k — oo. If now ¢, denotes the Kdhler—Ricci flow in the nonnormalized Ky -setting we have, according
to Theorem 4.18, that

|69 = b, k]| oo = O

using that my / k? — oco. Finally, since ¢, — ¢xg uniformly as 75 — oo this proves the theorem. Of
course, the last convergence is not really needed for the proof as we may as well start with ¢¢9 = Pxg
which is trivially fixed under the Kéhler—Ricci flow. O

It should be pointed out that the uniform convergence in the previous theorem has been previously
obtained by Berndtsson (who also related it to Tsuji’s iteration [Tsuji 2006]), using a different approach —
see the announcement in [Berndtsson 2009c]. But hopefully the relation to the convergence of the
Kédhler—Ricci flow above may shed some new light on the convergence.

4E. Families of varieties of general type and comparison with the NS metric. The quantized setting
concerning the case when Ky is ample admits a straightforward generalization to the case when Ky is
merely Q-effective [Lazarsfeld 2004]. For simplicity we will only discuss the case when Ky is big; that
is, X is a nonsingular variety of general type. Moreover, we will no longer assume that the map  is a
submersion. More precisely, we are given a surjective quasiprojective morphism 7 : & — S between
nonsingular varieties such that the generic fiber is a variety of general type. We denote by S° the maximal
Zariski open subset of S such that 7 restricted to ¥° := 7~1(S°) is a submersion, that is, a smooth
morphism (and hence the fibers of S° are nonsingular varieties of general type).

Let us first consider the general absolute case, where we are given a line bundle L — X and an
integer k such that kL is effective; that is, H*(X,kL) # {0}. The main new feature in this more
general setting is that any Bergman weight 1 at level k, that is, ¥y € FS(k)(%(k)), will usually have
singularities; that is, it defines a singular metric on L with positive curvature form. More precisely, the
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weight k. on k L is singular precisely along the base locus Bs(k L) of k L, that is, the intersection of
the zero sets of all elements in H%(kL). Anyway, the difference of any two Bergman metrics is clearly
bounded. Moreover, when L = Kx the measure [y, = e¥x has a smooth density which vanishes
precisely along Bs(kL). As a consequence, we may fix such a reference (singular) weight ¢ := v and
the reference measure /iy := e¥%. Then Lemma 2.7 still applies (as explained in the remark following
the lemma). As a consequence the proof of the convergence of the Bergman iteration to a balanced
weight at level k£ in the nonnormalized Ky -setting (Theorem 4.14) is still valid as long as KKy is
effective. Combining this latter convergence with the generalizations [Berndtsson and Paun 2008b; 2008a]
of Berndtsson’s theorem (Theorem 3.10) and the invariance of plurigenera [Siu 1998] then gives the
following generalization of Corollary 4.16:

Theorem 4.21. Let w : X — S be a surjective quasiprojective morphism such that the generic fiber is a
variety of general type. Then, for k sufficiently large there is a unique singular weight d)(k) on the relative
canonical line bundle Ky;s — % with positive curvature current, such that the restriction of ¢(k) to any
fiber over S° is a normalized and balanced weight at level k. Moreover, the weight ¢(k) is smooth on the
Zariski open set defined as the complement in X of | J,cg0 Bs(kKg,) U 7 1(S —-89).

Proof. Let us first prove the positivity statement. As before we may assume that S is a domain in C. First
we consider the behavior over the set S, that is, where the fibration is a submersion. Fix s € S and
write X = %y,. Let (f;) be a basis in H%(X, kKx). By the invariance of plurigenera [Siu 1998] s¢ has a
neighborhood U C §¢ with holomorphic sections F; of kKy/s — U such that F; restricts to f; on X.
After perhaps shrinking U we may hence assume that the restrictions of F; to any fiber give a basis in
HO (%5, kKy,). Now let ¢pg := %log(Nik > |Fi|2) so that ¢ is a singular weight on Ky, g over U with
positive curvature and such that ¢ restricts to a Bergman weight at level k£ on each fiber. In particular,

f | f2e=%*=Ddo < o (4-12)
s

for any f € H®(%¥;s,kKy,). Decomposing, as before, kKx = (k — 1)L + Kx with L = Ky, but now
using Theorem 3.5 in [Berndtsson and Paun 2008b], shows that the curvature current of the weight
qﬁfk) := FS® o Hilb® (¢0) on Ky, is positive over U. Since, by definition, ¢§k) is still fiberwise a
Bergman weight at level k& we may iterate the same argument and conclude that qﬁ,(,f ) has a positive
curvature current for any m. Now, as explained in the discussion before the statement of the theorem,

m— oo = sup |pF) —p®| 0,
locally uniformly with respect to s, where ¢®) is the unique normalized fiberwise balanced weight at
level k. In particular, it follows that %) has a curvature current which is positive over S°.
To prove the claimed extension property of qb(k) over S — Sy first note that, writing X = ¥ for a fixed
fiber,
k . -
p® <4\ = log( sup (If |2/"//X(f A f)”k)), (4-13)

feHY (X kKx)
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where k¢1£1ks) is the weight of the Narasimhan—Simha (NS) metric on k Ky, g [Narasimhan and Simha
1968; Kawamata 1982; Tsuji 2011; Berndtsson and Pdun 2008a]. Accepting this for the moment we can
use the result in [Berndtsson and Paun 2008a] saying that ¢1£1ks) is locally bounded from above, with a
constant which does not blow up as s converges to a point in S — S (this is proved by an L2/* variant of
the local Ohsawa—Takegoshi L2-extension theorem). By the inequality (4-13) it hence follows that ¢(k)
is also locally bounded from above by the same constant and then the claimed extension property follows
from basic pluripotential theory.

Finally, to prove the inequality (4-13) fix a point x € X. By the extremal definition of Bergman kernels
there are sections f; (depending on x) such that

o®(x) = —10g(—|f1| (x)) and ¢<k>=—log( ZW)

on X. Since [ ¢ = 1 it hence follows that

1/k
[( f1/\f1) <1,
X

which finishes the proof of the inequality (4-13), since f} /(Nk)l/ 2 is a candidate for the supremum
defining ¢(k)

As for the last smoothness statement in the theorem it is proved exactly as in Corollary 4.16, using
that 7w« (k Ky, s) is a locally trivial vector bundle over S°. 0. Indeed, it follows as before that the fiberwise
normalized balanced metrics Hy (k) , which by the local freeness may be identified with a family in GL(Ny,),
form a smooth family. Applying the Fubini-Study map to get $®) then introduces the singular locus

described in the statement of the theorem. O

Remark 4.22. If one does not invoke the invariance of plurigenera in the proof of the previous theorem
then the same argument gives the slightly weaker statement where S° is replaced by the intersection
of SO with a Zariski open set where 74 (k Ky /s) is a locally trivial vector bundle. If one could then prove
that the extension of d)(k) is such that the integrability condition (4-12) holds over all of S, then the
invariance of plurigenera would follow from a well-known version of the Ohsawa—Takegoshi extension
theorem. It would be interesting to see if this approach is fruitful in the nonprojective Kihler case where
the invariance of plurigenera is still open. When ¢>(k) is replaced by the weight of the NS-metric d)(k)
(see formula (3-14)) this approach was used in [Tsuji 2011] to give a new proof of the invariance of
plurigenera (in the projective case).

It should also be pointed out that (singular) Kihler—Einstein metrics and Kéhler—Ricci flows have been
studied recently for Ky big. For example, using the deep finite generation of the canonical ring there is a
unique Kihler-Finstein weight with minimal singularities which satisfies the Monge—Ampere equation

(dd€pxp)"/n! = ePxe

on a Zariski open set in X [Eyssidieux et al. 2009; Boucksom et al. 2010]. It seems likely that the
positivity result in Corollary 4.8 can be extended to families of such singular weights ¢gg. But there are
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several regularity issues which need to be dealt with. Moreover, it also seems likely that the canonical
balanced weights ¢(k) converge to ¢kg, when Ky is big, but this would require a generalization of
the convergence results in [Berman et al. 2009] (which only concern ample line bundles). This latter
conjectural convergence should be compared with the convergence of the weight of the NS-metrics proved
in [Berman and Demailly 2012], saying that qblgks) converges in L! (and uniformly on compacts of an

Gcan = Sup{W:/Xe‘/’ = 1},

where the sup is taken over all singular weights ¢ on Ky with positive curvature current. In particular,

Zariski open set) to

PKE =< Pcan, Which is consistent with the inequality (4-13).

4F. Comparison with the constant scalar curvature and other settings. Given an ample line bundle L —
X the absolute setting when p(¢) := (dd¢)"/n! was studied in depth by Donaldson [2001; 2005]. Of
course, in this setting the Kéhler—Ricci flow is trivial, but the corresponding quantized setting and the
study of its large k limit is highly nontrivial. In fact, it was shown in [Donaldson 2001] that, if it is a priori
assumed that ¢; (L) contains a Kihler metric @ with constant scalar curvature and if H°(TX) = {0}, then
the curvature forms of any sequence of balanced weights converge in the €°°-topology to w. Moreover,
Donaldson showed that such balanced weights do exist for k sufficiently large. As earlier shown by Zhang
this latter fact is equivalent to the polarized variety (X, k L) being stable in the sense of Chow—Mumford
(with respect to a certain action of the group SL(N)). An explicit proof of the convergence of the
Bergman iteration in this setting was given in [Sano 2006] (see also [Donaldson 2005]).

Note that in this setting the functional [, is precisely the functional € (compare the beginning of
Section 2). Since € is well-known to be concave on ¥ with respect to the affine structure and € o FS is
geodesically convex on 5% the convergence of the corresponding Bergman iteration is also a consequence
of Proposition 2.9.

It should also be pointed out that the role of the Kihler—Ricci flow of Kéhler metrics in this setting is
played by the Calabi flow. Indeed, as shown in [Fine 2010], the balancing flow, which is a continuous
version of Donaldson’s iteration, converges, at the level of Kihler metrics, in the large k limit to the
Calabi flow. More precisely, the balancing flow H, t(k) is simply the scaled gradient flow on the symmetric
space 55 of the functional F*) in this setting and the convergence holds for the curvature forms of the
weights FS®) (H;) in 9¢;. .

Remark 4.23. Another, less studied, setting of geometric relevance (see [Berndtsson 2009b]) appears
when we let

|
o )
w(g) == N, ;:1 JiN fie

for a fixed integer / where f; is an orthonormal basis for H°(/ L+ Kx) equipped with the Hermitian metric
induced by ¢. When L = — Ky and / = 1 this is precisely the normalized — Ky -setting. In the general
case 1,,(¢) is essentially the induced metric on the top exterior power of the Hilbert space H(/ L + Kx).
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Moreover, as soon as the corresponding functional %(Lk) has a critical point and H%(TX) = {0} the
assumptions for convergence in Proposition 2.9 are satisfied (see [Berndtsson 2009b]).
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Sharp resolvent bounds for nonselfadjoint semiclassical elliptic quadratic differential operators are
established, in the interior of the range of the associated quadratic symbol.
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1. Introduction and statement of result

It is well known that the spectrum of a nonselfadjoint operator does not control its resolvent, and that
the latter may become very large even far from the spectrum. Understanding the behavior of the norm
of the resolvent of a given nonselfadjoint operator is therefore a natural and basic problem, which has
recently received considerable attention, in particular, within the circle of questions around the notion of
the pseudospectrum [Trefethen and Embree 2005]. Some general upper bounds on resolvents are provided
by abstract operator theory, and, restricting our attention to the setting of semiclassical pseudodifferential
operators on R”, relevant for this note, we recall a rough statement of such bounds, following [Dencker et al.
2004; Markus 1988; Viola 2012]. Assume that P = p¥(x, hD,) is the semiclassical Weyl quantization
on R” of a complex-valued smooth symbol p with Re p > 0, belonging to a suitable symbol class and
satisfying an ellipticity condition at infinity, guaranteeing that the spectrum of P is discrete in a small
neighborhood of the origin. Then the norm of the L2-resolvent of P is bounded from above by a quantity
of the form O(1) exp(O(1)h~"), provided that z € neigh(0, C) is not too close to the spectrum of P.
On the other hand, the available lower bounds on the resolvent of P, coming from the pseudospectral

considerations, are typically of the form Cy'a~", N € N, or (1/C)e!/(€M

, provided that p enjoys some
analyticity properties [Dencker et al. 2004]. Therefore, there appears to be a substantial gap between
the available upper and lower bounds on the resolvent, especially when n > 2. The purpose of this note
is to address the issue of bridging this gap in the particular case of an elliptic quadratic semiclassical
differential operator on R", and to establish a sharp upper bound on the norm of its resolvent.

Sjostrand has benefited from support from the Agence Nationale de la Recherche under the references JC05-52556 and
ANR-08-BLAN-0228-01, as well as a FABER grant from the Conseil régional de Bourgogne.
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Let g be a complex-valued quadratic form:
q:[Rﬁx[Rg—HD, x, &) > qx,&). (1-1)

We shall assume throughout the following discussion that the quadratic form ¢ is elliptic on R**, in the
sense that ¢(X) =0, X € R?", precisely when X = 0. In this case, according to Lemma 3.1 of [Sjostrand
1974], if n > 1, there exists A € C, A # 0, such that Re(Aq) is positive definite. In the case when n =1,
the same conclusion holds, provided that the range of g on R? is not all of C [Sjostrand 1974; Hitrik
2004], which we assume in what follows. After a multiplication of ¢ by A, we may and do henceforth
assume that A = 1, so that

Reg > 0. (1-2)

It follows that the range X (q) = ¢(R>") of g on R*" is a closed angular sector with a vertex at zero,
contained in the union of {0} and the open right half-plane.

Associated to the quadratic form ¢ is the semiclassical Weyl quantization ¢%¥(x, hD,), 0 < h <1,
which we view as a closed densely defined operator on L?(R"), equipped with the domain

(ue LX(R") : g% (x, hDy)u € L*(R™M).

The spectrum of g% (x, hD,) is discrete, and following [Sjostrand 1974], we shall now recall its explicit
description. See also [Boutet de Monvel 1974]. To that end, let us introduce the Hamilton map F of g,

F:C™" - C™
defined by the identity
g(X,Y)=0(X,FY), X,YeC™ (1-3)

Here the left-hand side is the polarization of ¢, viewed as a symmetric bilinear form on C?*, and o is the
complex symplectic form on C?*. We notice that the Hamilton map F is skew-symmetric with respect to
o, and, furthermore,

FY = 3 Hy(Y), (1-4)

where H, = qé -9y — g - O is the Hamilton field of g.

The ellipticity condition (1-2) implies that the spectrum of the Hamilton map F avoids the real axis,
and, in general, we know from Section 21.5 of [Hormander 1985] that if X is an eigenvalue of F, so is
—A, and the algebraic multiplicities agree. Let A, ..., A, be the eigenvalues of F, counted according to
their multiplicity, such that A;/i € ¥(q), j =1, ..., n. Then the spectrum of the operator g% (x, hD,) is
given by the eigenvalues of the form

hZTJ(zu,,Hl), vje € NU{0}. (1-5)
Jj=1

We notice that Spec(¢” (x, hD,)) C X(q), and from [Pravda-Starov 2007] we also know that
Spec(q” (x, hD,)) N0%(q) = &,

provided that the operator g% (x, 1 D,) is not normal.
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Here is the main result of this work.

Theorem 1.1. Let g : R} x [Rg’ — C be a quadratic form such that Re q is positive definite. Let 2 € C.
There exists hg > 0, and for every C > O there exists A > 0 such that

1(g" (x, hDx) — 2) Ml 2@, c2mm) < A exp(Ah™"), (1-6)
forall h € (0, hyl, and all 7 € 2, with dist(z, Spec(g® (x, th))) > 1/C. Furthermore, for all C > 0,
L > 1, there exists A > 0 such that for h € (0, hg], we have

- - 1
160" Ce hD) =2~ Nlgquaqen, 2y < A exp(Ah " log 7). (1-7)

if the spectral parameter z € Q2 is such that
dist(z, Spec(¢”(x, hD,))) = h*/C.

Remark 1.2. Assume that the elliptic quadratic form ¢, with Re g > 0, is such that the Poisson bracket
{Re g, Im g} does not vanish identically, and let z € X (g)°, z ¢ Spec(q¥ (x, hD,)). Here X(gq)? is the
interior of X(gq). Then it follows from the results of [Dencker et al. 2004; Pravda-Starov 2008] that we
have the following lower bound for (g% (x, hDy) —z)~', as h — 0:

_ 1
(@™ x, hDx) — 2) g2y 2@y = C—Oel/(coh), Co > 0.

It follows that the upper bound (1-6) is of the right order of magnitude, when z € £ (¢)° N, |z] ~ 1,
avoids a closed cone C X (g) U {0}, containing the spectrum of ¢* (x, h D).

Remark 1.3. In Section 4, we give a simple example of an elliptic quadratic operator on R?, for which
the associated Hamilton map has a nonvanishing nilpotent part in its Jordan decomposition, and whose
resolvent exhibits the superexponential growth given by the right-hand side of (1-7), in the region of
the complex spectral plane where |z| ~ 1, dist(z, Spec(g™ (x, th))) ~ h. On the other hand, sharper
resolvent estimates can be obtained when the Hamilton map F of ¢ is diagonalizable. In this case, we
shall see in Section 4 that the bound (1-7) improves to the following, when z € 2 and & € (0, hg]:

AeAlh
dist(z, Spec(q® (x, hDy)))’

(g (x, hDy) = 2) 2@, 2@y < (1-8)

Remark 1.4. Let zo € Spec(¢™ (x, hD,)) N Q2 and let

_ 1
ST

/ (z—q"(x,hDy)) ' dz
aD

be the spectral projection of ¢* (x, h D, ), associated to the eigenvalue zg. Here D C €2 is a small open
disc centered at zg, such that the closure D avoids the set Spec(g® (x, hD,))\{zo0}, and 0D is its positively
oriented boundary. Assume for simplicity that the quadratic form ¢ is such that its Hamilton map is
diagonalizable. Then it follows from (1-8) that

M, = 0(1) exp(O(HA~ ") : L*(R") — L*(R").
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In the context of elliptic quadratic differential operators in dimension one, resolvent bounds have been
studied in particular, in [Boulton 2002; Davies 2000; Davies and Kuijlaars 2004]. We should also mention
the general resolvent estimates in [Dencker et al. 2004; Sjostrand 2010], valid for i-pseudodifferential
operators when the spectral parameter is close to the boundary of the range of the corresponding symbol.

The plan of this note is as follows. In Section 2, we make an essentially well-known reduction of our
problem to the setting of a quadratic differential operator acting in a Bargmann space of holomorphic
functions, convenient for the subsequent analysis. Section 3 is devoted to suitable a priori elliptic
estimates, valid for holomorphic functions vanishing to a high, #-dependent order at the origin. The proof
of Theorem 1.1 is completed in Section 4 by some elementary considerations in the space of holomorphic
polynomials on C", of degree not exceeding O(h~").

2. The normal form reduction

We shall be concerned here with a quadratic form g : T*R" — C, such that Re g is positive definite. Let
F be the Hamilton map of ¢, introduced in (1-3). When A € Spec(F), we let

V, = Ker((F — »)*") c T*C" -1

be the generalized eigenspace belonging to the eigenvalue A. The symplectic form o is then nondegenerate
viewed as a bilinear form on V; x V_j.
We introduce the stable outgoing manifold for the Hamilton flow of the quadratic form i !¢, given by

AT = @ v, C T*C". (2-2)
ImA>0

It is then true that A" is a complex Lagrangian plane such that ¢ vanishes along A*, and Proposition 3.3
of [Sjostrand 1974] states that the complex Lagrangian A™ is strictly positive in the sense that

lla(x, X)>0, 0£XcA*. (2-3)
We also define
A= P vicrren, (2-4)
ImAi<0

which is a complex Lagrangian plane such that g vanishes along A™, and from the arguments of [Sjostrand
1974] we also know that A~ is strictly negative in the sense that

lla(x, X)<0, 0#£XeA . (2-5)

The complex Lagrangians A™ and A~ are transversal, and following [Helffer and Sjdstrand 1984;
Sjostrand 1987], we would like to implement a reduction of the quadratic form ¢ to a normal form by
applying a linear complex canonical transformation which reduces A* to {(x, &) € C*" : £ =0} and A~
to {(x, £) € C*" : x = 0}. We shall then be able to implement the canonical transformation in question
by an FBI-Bargmann transform. Let us first simplify g by means of a suitable real linear canonical
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transformation. When doing so, we observe that the fact that the Lagrangian A~ is strictly negative
implies that it is of the form
n=A_y, yeC"

where the complex symmetric n x n matrix A_ is such that Im A_ < 0. Here (y, n) are the standard
canonical coordinates on 7*RY that we extend to the complexification 7*CY. Using the real linear
canonical transformation (y, n) — (y, n — (Re A_)y), we reduce A~ to the form n=iIm A_y, and by a
diagonalization of Im A_, we obtain the standard form n = —iy. After this real linear symplectic change
of coordinates and the conjugation of the semiclassical Weyl quantization g% (x, h D,) of g by means of
the corresponding unitary metaplectic operator, we may assume that A~ is of the form

n=-—iy, yeC", (2-6)

while the positivity property of the complex Lagrangian A™ is unaffected, so that, in the new real
symplectic coordinates, extended to the complexification, A™ is of the form

n=A+y, ImA;>0. (27
Let
B=B,=(1-iA)'A,, (2-8)

and notice that the matrix B is symmetric. Let us introduce the FBI-Bargmann transform

Tu(x)=Ch™3/4 / YN hy(yydy, xeC', C >0, (2-9)
where
00, ) = L= )7 = S (Bx. %), 2-10)
The associated complex linear canonical transformation on C2"

Kk 2 (v, =95 (x, ¥)) B> (X, g (x, y)) (2-11)
is of the form

kr:(y,m) = (x,§) =y —in,n+iBn— By), (2-12)
and we see that the image of A_ : n = —iy under «7 is the fiber {(x, &) € C?": x =0}, while k7 (A7) is
given by the equation {(x, £) € C*"* : £ =0}.

We know from [Sjostrand 1996] that for a suitable choice of C > 0 in (2-9), the map T is unitary:
T :L*(R") — Hg,(C"), (2-13)
where

Hg,(C") =Hol (C") N L*(C" : e *®/ " L(dx)),

and @y is a strictly plurisubharmonic quadratic form on C", given by

Do (x) = sup, i (— Ime(x, y)) = 5((Amx)* +Im(Bx, x)). (2-14)
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We also recall [Sjostrand 1996] that the canonical transformation 7 in (2-11) maps R?" bijectively onto

Ao, = {(x, %mﬂ(x)) 1X € C"}. (2-15)
i ox

As explained in Chapter 11 of [Sjostrand 1982], the strict positivity of k7 (A1) = {(x, &) € C:&=0)
with respect to A, implies that the quadratic weight function ® is strictly convex, so that

Do(x) ~ |x]?, xeC". (2-16)
Next we have the exact Egorov property [Sjostrand 1996],
Tq"(y,hDy)u=q"(x,hD)Tu, uec%R"), 2-17)
where g is a quadratic form on C*" given by § = q ok ! Therefore it follows that
G(x, &) = Mx £, (2-18)
where M is a complex n x n matrix. We have
H; =Mx -3y —M'§ - 0,

and using (1-4), we see that the corresponding Hamilton map

~ M 0
1
i)

maps (x,0) € k7 (A™) to (1/2)(Mx,0). Now F and F are isospectral, and we conclude that, with the
agreement of algebraic multiplicities, the following holds:

Spec(M) = Spec(2F) N {Im A > 0}. (2-19)

Therefore the problem of estimating the norm of the resolvent of g% (x, hD,) on L2(R") is equivalent to
controlling the norm of the resolvent of the quadratic operator g (x, h Dy ), acting in the space Hg,(C"),
where the quadratic weight ®¢ enjoys the property (2-16).

In what follows, it will be convenient to reduce the matrix M in (2-18) to its Jordan normal form.
To this end, let us notice that we can implement this reduction by considering a complex canonical
transformation of the form

ke :C? s (x, &)~ (Clx, C'e) e C*7, (2-20)

where C is a suitable invertible complex n x n matrix. On the operator level, associated to the transformation
in (2-20), we have the operator u(x) — |det C|u(Cx), which maps the space He,(C") unitarily onto
the space Ho, (C"), where ®@;(x) = ®¢(Cx) is a strictly plurisubharmonic quadratic weight such that
kc(Ao,) = Ag,. We notice that the property

&1(x)~ x>, xeC" (2-21)

remains valid.
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We summarize the discussion pursued in this section in the following result.

Proposition 2.1. Let g : R” x Rg — C be a quadratic form with Re g > 0. The operator
q"(x,hDy): L*(R") — L*(R"),
equipped with the domain
9(q"(x,hDx) = {u € L*(R") : (x> + (hDx)*)u € L*[R"),
is unitarily equivalent to the quadratic operator
q" (x,hDy): He (C") — Ho, (C"),

with the domain
B(G" (x, hDy)) = {u € Ho, (C") : (14 |x[P)u € LG (C")}.

Here
é(xvs) :M.X"é:,

where M is a complex n x n block-diagonal matrix, each block being a Jordan matrix. The eigenvalues of
M are precisely those of 2F in the upper half-plane, and the quadratic weight function ®(x) satisfies

@ (x)~|x]?, xeC.

We have the ellipticity property
200
Req(x, 78—1()6)) ~|x?, xecCm (2-22)
i 0x

Remark 2.2. The normal form reduction described in Proposition 2.1 is close to the corresponding
discussion of Section 3 in [Sjostrand 1974]. Here, for future computations, it will be convenient for us to
work in the Bargmann space He, (C").

3. An elliptic estimate

Following the reduction of Proposition 2.1, here we concern ourselves with the quadratic operator
q" (x, hD,), acting on Hg, (C"). The purpose of this section is to establish a suitable a priori estimate
for holomorphic functions, vanishing to a high, #-dependent order at the origin, instrumental in the proof
of Theorem 1.1. The starting point is the following observation, which comes directly from Lemma 4.5
in [Gérard and Sjostrand 1987], and whose proof we give only for the convenience of the reader.

Lemma 3.1. Let u € Hol(C") and assume that 0°u(0) =0, |a| < N, and that 0 < Cy < C; < 0o. Then

N
Nl ecao.con < ( N=—21 SNl (3-1)
(B(0,Cp)) = Cl—CO C, (B(0,Cy))-

Here B(0,C;) ={xeC":|x| <C;},j=0,1
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Proof. By Taylor’s formula, we have
1 N-1
-0 d\N
M(X)—/O‘ W(E) u(tx)dt.
We may assume that |x| = Cp and apply Cauchy’s inequalities so that
!

‘(%) M(fx)’ < (CCO—éVZ)NH ull L=(B(0,c))-

It suffices therefore to remark that the expression

1 _N—1
Nf —(1 2 dt
o (Ci1/Co—t)N

N 9 N-1 -
CI/CO_1 C1 '

Let K > 0 be fixed and assume that u € Hg, (C") is such that 0%u(0) = 0, when |«¢| < N. Using
Lemma 3.1, we write

does not exceed

2 2
”ulll-]q)](B((),K)) =< ”u”LZ(B(O K))
= OK(I)“I"”LOO(B(() K)) = @K(I)N
<Ox(HN?e Y |[ul)7,

2 2Ny 2
[|u ||L°°(B(0 Ke))

2,=2N ,(2/h)C (K+1)2e? 2
(BO,(K+1)ey = Ok (1)N7e 1 il - (B3-2)

In the last inequality we used that ®(x) < Cy|x | for some C; > 1. It follows that

el o, (BO.KY) < Ok (D™ 2 ]l g, - (3-3)

provided that the integer N satisfies

2,2
N> 2C1(K +h1) e —i—l‘ (3-4)

In what follows, we shall let Ny = No(K) € N, Ny ~ h~!, be the least integer which satisfies (3-4).

It is now easy to derive an a priori estimate for functions in He, (C"*), which vanish to a high order at
the origin. Let x € C;°(C"), 0 < x <1, be such that supp (x) C {x € C" : [x| < K}, with x (x) =1 for
lx| < K /2. If u € Hp,(C") is such that (1 4 Ix|P)u € L(Z1>1 (C™"), we have the quantization-multiplication
formula [Sj6strand 1990], valid for z in a compact subset of C,

(1 =x)(@"(x, hDx) = 2)u, )y,

/(1—X(x))< (x —&(x)>—z)lu(x)|2e_2¢1(x)/hL(dx)+@(h)||u||i,¢l.

The ellipticity property
209,

2
Req(x ——( )) I | xeC, (3-5)
i C

valid for some Cyp > 1, implies that, on the support of 1 — x, we have
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Rol 7 2ac1>1( ) - |x|?
X, ——W) ) — > —,
N7 ox ‘) =26,

provided that |z| < K2/8Cy. Restricting the attention to this range of z’s and using the Cauchy—Schwarz
inequality, we obtain that

f (1= x D) Pe DM Ldx) < Ok (DG (x, hDyx) = Dull g, It 1o, +Ox (W ullFy, - (3-6)

Ifue He, (C"), (1+]xPue L%Dl (C"), is such that 90“u(0) =0 for all « € N"* with || < Ny, an application
of (3-3) shows that the left-hand side of (3-6) is of the form

2 00 2
lull3sy, + Ok ) el
We may summarize the discussion so far in the following proposition.

Proposition 3.2. Let K > 0 be fixed and assume that u € He (C"), (1 4 HRYVES Lél (C"), is such that
3%u(0) =0, |a| < Ny, where Ny ~ h~" is the least integer such that

2.2
No> 2C1(K +hl) e +1.

Here ®;(x) < Cy|x|?, C| > 1. Assume also that |z| < K2/8Co, where Cy > 1 is the ellipticity constant in
(3-5). Then we have the following a priori estimate, valid for all h > O sufficiently small:

lullt, < ODIG" ¥ DY) = 2 utll -
We finish this section by discussing norm estimates for the linear continuous projection operator
™y : He, (C") — Ho, (C"),

given by
Tyu(x) = Z (@)~ (0%u(0))x?. (3-7)

la|<N

As in Proposition 3.2, we shall be concerned with the case when N e N satisfies N ~ h~!. The projection
operator Ty is highly nonorthogonal — nevertheless, using the strict convexity of the quadratic weight &,
establishing an exponential upper bound on its norm will be quite straightforward, as well as sufficient
for our purposes. In the following, we shall use the fact that

SRR e =ClkP, Gzl (3-8)
1

Notice also that [Ty, gV (x, hD,)] = 0.

Proposition 3.3. Assume that N € N is such that Nh < O(1). There exists a constant C > 0 such that

h
ITv (s, (€), Ho, (@) = CeC'M, (3-9)



190 MICHAEL HITRIK, JOHANNES SJOSTRAND AND JOE VIOLA

Proof. We first observe that when deriving the bound (3-9), it suffices to restrict the attention to the space
of holomorphic polynomials, which is dense in Hg, (C"). Indeed, the analysis in [Sjostrand 1974] tells us
that the linear span of the generalized eigenfunctions of the quadratic operator g% (x, hDy) is dense in
L?(R™), which implies the density of the holomorphic polynomials in Hg, (C"). Let

u(x)= Y agx” (3-10)
la[<N)
for some Np, where we may assume that N; > N. We have

TNU = E agx?,

. |la|<N
and therefore, using (3-8), we see that

2 2
lenvullh,, < levuli,,, (3-11)

where @, (x) = |x|? /C1. When computing the expression in the right-hand side of (3-11), we notice that
since @y is radial, we have

& xP gy, =0, a #B,

while
n
()Ca,xa)Hw — H/lxj|2aje—2|xj|2/C1h L(dxj),
j=1

which is immediately seen to be equal to

n+|o|
(%h) a"al.

It follows that

”TNMHH@l = Z |aq | (T) 7"al. (3-12)
la|<N
On the other hand, (3-8) also gives that
lulzgy, = Nl (3-13)

where @, (x) = C;|x|?, and arguing as above, it is straightforward to see that the right-hand side of (3-13)

n+o|
Z |aa|2(%> a"al.
1

la|<N;

is given by the expression

We conclude that when u € Hg, (C") is a holomorphic polynomial of the form (3-10),
2 2 _h ntlal n
il = Z |y | (2—C1) r"al. (3-14)
la|<N

Combining (3-12), (3-14), and recalling the fact that N2 < O(1), we obtain the result of the proposition. [
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4. The finite-dimensional analysis and end of the proof

In this section we analyze the resolvent of the quadratic operator ¢” (x, hD,) acting on the finite-
dimensional space Im 7y, where Ty is the projection operator introduced in (3-7) and N ~ h~!. This will
allow us to complete the proof of Theorem 1.1. For m =0, 1, . .., define the finite-dimensional subspace
E,, C He,(C") as the linear span of the monomials x%, with |«| =m. We have

N-1
Imty = @ E,.
. m=0
We may notice here that

Vv ;=dimE,, =

(n_l)'(m—i—l)---(m—i—n—l), A1)

and also that each space E,, is invariant under g% (x, 2 D,). We shall equip Im 7y with the basis
Qo (x) := (") PR, ] < N, (4-2)

which will be particularly convenient in the following computations, since the normalized monomials ¢,
form an orthonormal basis in the weighted space He(C"), where ® (x) = (1/2)|x|>. We have

Imty C Ho,(C") N He(C"),

in view of the strict convexity of the weights.
Let us first derive an upper bound on the norm of the inverse of the operator

z2—§Y(x,hDy) : Epy — E, 0<m<N~h"1,

assuming that E,, has been equipped with the Hp-norm. Let A1, ..., A, be the eigenvalues of the Hamilton
map F of g in the upper half-plane, repeated according to their algebraic multiplicity. According to
Proposition 2.1, we then have

éw(-xa th) = éD(xv hDX) +QN(-xv th)v

where " L
g¥(x,hD,) = 2AixihD,. + = A, 4-3
qp( x);”x_, l;, 4-3)
is the diagonal part, while
n—1
N, kDY) =) yixjpihDyy, v €{0, 1}, (4-4)
j=1

is the nilpotent one. It is also easily seen that the operators g5 (x, hD,) and gy (x, hD,) commute. It
will be important for us to have an estimate of the order of nilpotency of the operator gy (x, hD,) acting
on the space E,,.
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Lemma 4.1. Letn > 2, m > 1, and let E,,(n) be the space of homogeneous polynomials of degree m in
the variables x1, x3, . . ., x,. The operator

n—1
N = ij+18xj . Em(n) — Em(n)
j=1

is nilpotent of order m(n — 1) + 1.

Proof. When o = (a1, ..., a,), |@| = m, let us write

S@ =Y jaj,
j=1

and notice that m < S(a) < nm. We have

Nx% = Z cax®
o’ |=m
S(a')=S(a)+1
and similarly for powers N”x%, but with S(a’) = S(«) + p. It follows that N mn=D+1ye myst vanish, as
S)y=8Sa)+mmn—-1)+1>mn+1
is impossible. We also notice that N’"(”_l)x?’ = Cx]' #0, for some C # 0. U

In what follows, we shall only use that the operator gy (x, hDy) : E,;, — E,, is nilpotent of order O(m),
with the implicit constant depending on the dimension n only.
It is now straightforward to derive a bound on the norm of the inverse of the operator

Z_éw(x’ hDy) : Ey — E,,

when the space E,, is equipped with the He-norm. The matrix % (m) of the operator g, (x, hD,) with
respect to the basis ¢4, |o| = m, is diagonal, with the eigenvalues of g% (x, hDy),

h n
Pa =7 Z;mzaj +1),  lal=m,
j:

along the diagonal. On the other hand, using (4-2), we compute

1/2 .
xj+IBXj(p(X :aj/ (aj+1 + 1>1/2(/)0c76j+e/-+1, 1 = J =n- 1»

where o« = (o1, ..., ®,) and eq, ..., e, is the canonical basis in R". It follows that
n—1
~ . 172
Gn . hD)g =y —ihyjo /(@1 + D 0u e ves. (4-5)
j=1

and hence the entries (N'(m)q,g) = ((c]ﬁ (x,hDy)pg, (pa)), || = | B| = m, of the matrix N'(m) : C'» — C"»
of gy (x,hDy) : E, — E, with respect to the basis {¢,}, are bounded in modulus by

hetj/ @1+ D' < hm +1) < 0(D),
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since || = m and m does not exceed N = O(h~!). Furthermore, from (4-5), it follows that the matrix
N'(m) has no more than n — 1 nonzero entries in any column, and a similar reasoning shows that each row
of N'(m) also has no more than n — 1 nonzero entries. Since we have just seen that the entries in N'(m) are
0(1), an application of Schur’s lemma shows that that the operator norm of N'(m) on C"" does not exceed

172

1/2
(sngw(m)a,m) (supr(m)a,m) <0().
o o B

Now the inverse of the v,, x v,, matrix

z—D(m) —N@mn) :C" — C"
is given by

(= Dm)™" Y (2 = Dm) " W(m))’, (4-6)

j=0
and according to Lemma 4.1 and the fact that [ég (x,hDy), gy (x, th)] =0, we know that the Neumann
series in (4-6) is finite, containing at most O(m) terms. It follows that
exp(0(m))
d(Z, Um)@(m)

where d(z, 0,,) = inf|q|=n |2 — 1| is the distance from z € C to the set of eigenvalues {11} of g* (x, h D),

(z—9(m)—N@m)™ ' = :CV — C'n, 4-7)

restricted to E,,.
Using the fact that Im 7 is the orthogonal direct sum of the spaces E,,, 0 <m < N — 1, we may
summarize the discussion so far in the following result.

Proposition 4.2. Assume that N € N is such that Nh < 0(1), and let us equip the finite-dimensional space
Imty C He,(C") N Hep(C") with the Hy-norm, where ®(x) = (1/2)|x|%. Assume that 7 € C satisfies
dist(z, Spec(¢¥ (x, hDy))) > h%/C, for some C > 0, L > 1. Then we have

1
h
Assuming that dist(z, Spec(g® (x, th))) > 1/C, the bound (4-8) improves to

(z—G"(x, kD)~ = 0(1) exp(©(1)h—1 log ) Im 7y — Im Ty 4-8)

(z—G"(x,hD)) ' =0(1) exp(O(1)h™Y) : Imty — Im Ty. (4-9)

Remark 4.3. Assume that the quadratic form ¢ is such that the nilpotent part in the Jordan decomposition
of the Hamilton map F is trivial. The quadratic operator g% (x, hD,) acting on Hg(C") is then normal,
and therefore, the estimate (4-8) improves to

1
dist(z, Spec(g™ (x, hDy)))’

1z = 3" (x, kD) Ml gamey.imy) <

Example 4.4. Let n = 2. Consider the semiclassical Weyl quantization of the elliptic quadratic form

2 .
~ l
q(x,8)=2x Elxjéj-l-xzfl, )»=§,
J:
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acting on Hg (C?). The eigenvalues of g% (x, hD,) are of the form uy = h(la| 4 1), || > 0, and writing

2
- 200 -
GH(r hDe) =24 xjhDy + = G hDy) = xh Dy,
j=1
we have
ég(& hD )¢y = haPu,
and

Gn(x, hD) @y = —ih(ei (@2 + 1) 0y ey ter. (4-10)
where the ¢, were introduced in (4-2).

Let |a| = m, and let us write, following (4-6),

@ (6 hD) =) o = (e =27 Y (e —2) 7 (G (X, hD)) G (4-11)
j=0

It is then natural to take o = (m, 0), and using (4-10), a straightforward computation shows that, for

0<j=m,
- [ jlm!
(QN (x,hD ))J(p(m 0) = (_lh)J ﬁ Pm—j,j)-

Let z =1 and take m = h~! € N so that Ue —z = h. By Parseval’s formula,

- _ Jtm!
1" kD) =2~ Py I, = Zh 2 —— L (4-12)

and the right-hand side can be estimated from below simply by discarding all terms except when j = m
An application of Stirling’s formula shows that

~ _ 1 1
1@" (. D) =2 pon oyl = m! = exp(5-Tog 7).

for all 4 > 0 sufficiently small, and therefore, we see that the result of Proposition 4.2 cannot be improved.
Let us finally notice that, as can be checked directly, the quadratic operator ¥ (x, hD,) acting on He(C?)
is unitarily equivalent, via an FBI-Bargmann transform, to the quadratic operator
q(x,hDy) : L*(R") — L*(R"),
of the form
g(x,hD,) = golx, hD,) — Latan,
where

qo(x,th)_——th—l— %(af‘al—l-a;az)—i-h
is the semiclassical harmonic oscillator, while

a;’f:xj—haxj, aj=xj+hoy, j=1,2
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are the creation and annihilation operators, respectively. See also [Caliceti et al. 2007].

We shall now complete the proof of Theorem 1.1 in a straightforward manner, combining our ear-
lier computations and estimates. Elementary considerations analogous to those used in the proof of
Proposition 3.3 show that for some constant C > 0, we have, when u € Im 7y,

< Ce“M|ull g, - (4-13)

C/h
lull g, < CeMlull g, ullmg

Here we recall that N ~ h~!. Tt follows therefore that the result of Proposition 4.2,
1
(z—G"(x,hD,)"' =0(1) exp(@(l)h—1 log E) :Im 7y — Im 7y, (4-14)

also holds when the space Im ty C He, (C") N Hp (C") is equipped with the Hg, -norm, at the expense of
an O(1) loss in the exponent. The same conclusion holds for the bound (4-9).

Let Q € C and assume that z €  CC C is such that dist(z, Spec(3“ (x, hDy))) = h%/C for some
L > 1 and C > 0 fixed. Then, according to Proposition 3.2, there exists Ny € N, Ny ~ h~!, such that if
u € He, (C") is such that (1 4 lx|?)u e L%Dl (C"), then, using that [g* (x, hDy), ty,] = 0, we get, for all
h > 0 small enough,

11— el iy, < OCDIIG" (x. hDx) = 2)(1 — Tyl g,
< 0(1) exp(O(DA™)IG" (x, kD) — 2)ull 1y, - (4-15)

Here we also used Proposition 3.3. On the other hand, the bound (4-14) and Proposition 3.3 show that

- 1 -
ITnoll e, < OC1) exp| O(1)A" og = |1 Tng (§" (x, hDx) — 2) ]| 11y
1 h 1

_ 1 -
<0(1) eXp(@(l)h "log E) (" (x, hDy) — 2 ull Hy, - (4-16)
Combining (4-15) and (4-16), we obtain the bound (1-7). The estimate (1-6) follows in a similar way,
and hence, the proof of Theorem 1.1 is complete. (]
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BILINEAR HILBERT TRANSFORMS ALONG CURVES
I: THE MONOMIAL CASE

XIAOCHUN LI

We establish an L? x L? to L' estimate for the bilinear Hilbert transform along a curve defined by a
monomial. Our proof is closely related to multilinear oscillatory integrals.

1. Introduction

Let d > 2 be a positive integer. We consider the bilinear Hilbert transform along a curve I'(¢) = (¢, 1),
defined by

Hr (£, 8)(x) =p.v. /R fa—nge—rHL, (-1

where f, g are Schwartz functions on R.
The main theorem we prove in this paper is:

Theorem 1.1. The bilinear Hilbert transform along the curve T'(t) = (t, t¥) can be extended to a bounded
operator from L? x L> to L.

Remark 1.2. It can be shown, with a little modification of our method, that the bilinear Hilbert transforms
along polynomial curves (¢, P(t)) are bounded from L? x L7 to L" whenever (1/p, 1/q, 1/r) is in the
closed convex hull of (3, 3, 1), (3.0, 1) and (0, , 3). The condition d € N is not necessary. Indeed, d
can be any positive real number that is not equal to 1.

This problem is motivated by the Hilbert transform along a curve I' = (¢, y(¢)), defined by

Hr(f)(x1, x2) =p.V./Rf(x1 —1, X2 —V(f))%,

and the bilinear Hilbert transform, defined by
dt
H(f, &)x)= P-V-ff(x —nglx+1)=".
R

Among various curves, one simple model case is the parabola (¢, #%) in the two-dimensional plane. This
work was initiated by Fabes and Riviere [1966] in order to study the regularity of parabolic differential
equations. In the last thirty years, considerable work on this type of problem has been done. A nice survey
on this type of operators can be found in [Stein and Wainger 1978]. For curves on homogeneous nilpotent

This research was partially supported by the NSE.
MSC2010: primary 42B20, 42B25; secondary 46B70, 47B38.
Keywords: bilinear Hilbert transform along curves.
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Lie groups, the L? estimates were established in [Christ 1985a]. The work for the Hilbert transform
along more general curves with certain geometric conditions, such as the “flat” case, can be found in
papers by Christ [1985b], Duoandikoetxea and J. L. Rubio de Francia [1986], and Nagel, Vance, Wainger
and Weinberg [Nagel et al. 1983]. The general results were established recently in [Christ et al. 1999] for
the singular Radon transforms and their maximal analogues over smooth submanifolds of R" with some
curvature conditions.

In recent years there has been a very active trend of harmonic analysis using time-frequency analysis to
deal with multilinear operators. A breakthrough on the bilinear Hilbert transform was made by Lacey and
Thiele [1997; 1999]. Following their work, the field of multilinear operators has been actively developed,
to the point that some of the most interesting open questions have a strong connection to analysis on
nilpotent groups. For instance, the trilinear Hilbert transform

p [ A0 ot 420 fscxo+ 3090

has a hidden quadratic modulation symmetry which must be accounted for in any proposed method of
analysis. This nonabelian character is explicit in the work of B. Host and B. Kra [2005], who characterize
the characteristic factor of the corresponding ergodic averages

N 3
NV AT AT T — [TEC 1N,
n=1

j=1

Here, (X, o, u, T) is a measure-preserving system, and N C o is the sigma-field which describes the
characteristic factor, related to certain 2-step nilpotent groups. The limit above is in the sense of L?-norm
convergence, and holds for all bounded f1, f>, f3.

The ergodic analogue of the bilinear Hilbert transform along a parabola is the nonconventional bilinear
average

N 2
N AT AT — TTES | Hprofinice).

n=1 j=1

where Jprofiniee C o 1s the profinite factor, a sub-o-field of the maximal abelian factor of (X, o4, u, T').
The proof of the characteristic factor result above, due to Furstenberg [1990], utilizes the characteristic
factor for the three-term result. We are indebted to M. Lacey for bringing Furstenberg’s theorems to our
attention. However, a notable fact is that our proof for the bilinear Hilbert transform along a monomial
curve does not have to go through the trilinear Hilbert transform. The proof provided in this article relies
heavily on the concept of a “quadratic uniformity”, inspired by [Gowers 1998].

Another prominent theme is the relation of the bilinear Hilbert transforms along curves and the
multilinear oscillatory integrals. The bilinear Hilbert transforms along curves are closely associated to the
multilinear oscillatory integrals of the type

Afi. fon f3) = /B Fix - 00) fox - 1) f3(x - 03)e 0 dix, (1-2)
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where B is the unit ball in R3, v}, vy, v3 are vectors in R3, and the phase function ¢ satisfies a nondegenerate

condition X
[TV oo = 1. (1-3)
j=1

Here ij is a unit vector orthogonal to v;, for each j. For a polynomial phase ¢ with the nondegenerate

condition (1-3), it was proved in [Christ et al. 2005] that

3
A fon ] 2 CA+ D [ 1500 (1-4)

j=1

holds for some positive number ¢. For the particular vectors v and the nondegenerate phase ¢ encountered
in our problem, an estimate similar to (1-4) still holds. However, one of the main difficulties arises
from the falsity of L? decay estimates for the trilinear form A ;. It is to overcome this difficulty that we
introduce the quadratic uniformity, which plays the role of a bridge connecting two spaces L? and L™.

The method used in this paper essentially works for those curves on nilpotent groups. It is possible to
extend Theorem 1.1 to the general setting of nilpotent Lie groups. But we will not pursue this in this
article. There are some related questions one can pose. Besides the generalization to the more general
curves, it is natural to ask the corresponding problems in higher-dimensional cases and/or in multilinear
cases. For instance, in the trilinear case, one can consider

T(f1, fa fs)(x)ZP-V-/f1(x+f)f2(x+P1(f))f3(x+P2(l‘))%- 1-5)

Here pi, p, are polynomials of ¢. The investigation of such problems will be discussed in subsequent
papers.

2. A decomposition
Let p; be a standard bump function supported on [%, 2], and let
p(t) = p1(t) =0y — p1 (=) 11 <0).

It is clear that p is an odd function. To obtain the L" estimates for Hr, it is sufficient to get L” estimates
for Tr defined by Tt = ZjeZ Tr,;, where Tt ; is

Tr.;(f. 9)(x) = / fla—ng—192/p@/n dr. 1)
Let L be a large positive number (larger than 2!%°). By Lemma 9.1, we have that if | j| < L,

| Tr.;(f o, < CLlifllpligly

forall p,g >1and 1/p+1/q =1/r, where the operator norm C;, depends on the upper bound L. Hence
in the following we only need to consider the case when |j| > L. In fact we prove the following theorem.
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Theorem 2.1. Let Tr ; be defined as in (2-1). Then the bilinear operator Ty =7
from L*> x L>to L.

jez:ji>1 Tr.j is bounded

Clearly Theorem 1.1 follows from Theorem 2.1 and Lemma 9.1. The rest of the article is devoted to a
proof of Theorem 2.1.

We begin the proof of Theorem 2.1 by constructing an appropriate decomposition of the operator 7Tt ;.
This is done by an analysis of the bilinear symbol associated with the operator.

Expressing Tt ; in dual frequency variables, we have

Ti (. )0 = [ [ TR m, 6. ) d i,
where the symbol m; is defined by

mj(E,n) = f p(t)exp(=2mi (27 &t +27Ymed)) dt. (2-2)

First we introduce a resolution of the identity. Let ® be a Schwarz function supported on (—1, 1) such
that @(&) =1 if |§] < 1. Set @ to be a Schwartz function satisfying

() = @(%) —~ ).

Then @ is a Schwartz function such that ® is supported on {E : % <& < 2} and

> 6(2%) =1 forall £eR\{0}, (2-3)
meZ
and for any mg € Z, o
Dy(§) =) 5(%) = ®<2nf)+1)’ (2-4)

which is a bump function supported on (—2"0F1 2mo+ly
From (2-3), we can decompose Tt ; into two parts: Tt ;1 and Tt o, where Tt ;1 is given by

27IEN\ ~ (279
> / f(é)g(n)e”’(“””‘<1>< 2f)<1>< 2m/n)mj($,n)dédn, (2-5)

meZ m'eZ:
|m’'—m|>104

and Tt ; » is defined by

2 —dj
> > f f<s>g<n>e2”’<“"”<l>( z,f) ( T ”)m]@ n) d& dn. (2-6)
meZ‘m mme‘Z<10d
Define m, by
ma(é. ) = [ p(0yexp(~2ri(er + ') ar @7

Clearly m;(§,n) = my(277&,27% ). In Tr,j 1, the phase function ¢¢ , (1) =&t + nt¢ does not have any
critical point in a neighborhood of the support of p, and therefore a very rapid decay can be obtained
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Figure 1. Decomposition of the (&, n)-plane for ), 7, when d = 2.

by integration by parts so that we can show that j Tr,j.1 1s essentially a finite sum of paraproducts
(see Section 3). A critical point of the phase function may occur in Tt ; », and therefore the method of
stationary phase must be brought to bear in this case, exploiting in particular the oscillatory term. This
case requires the most extensive analysis. Heuristically, the decomposition is made according to the
curvature of the curve (¢, t%). For example, for the parabola case, the frequency space is broken into
parabolic regions {(£, 1) : n ~ 27™&2}, as shown in the figure. Naturally, the 27" decay estimate is
expected in order to sum up all parabolic regions.

Notice that there are only finitely many m’ if m is fixed in (2-6). Without loss of generality, we
can assume m’ = m. Then in order to get the L" estimates for » j Ir,j.2, it suffices to prove the L’

boundedness of > T,,, where the T, are defined by

m

~ . ~(27TEN ~ (27
nifow=Y [f f(S)?(n)ez”’(“")“D( zf)¢( Zm")mj@,n)dwn. 238)
[jI>L

It can be proved that 7y = ngo T,, is equal to ngo 02" 11,,, where I1,, is a paraproduct studied
in Theorem 3.1. This can be done by Fourier series and the cancellation condition of p, and thus Tj is
essentially a paraproduct. We omit the details, since they are exactly the same as those in Section 3 for
the case ) ; Tt ;1. Therefore, the most difficult term is )
theorem.

{ Tn. For this term, we have the following

m=

Theorem 2.2. Let T, be a bilinear operator defined as in (2-8). Then there exists a constant C such that

> T, g)'

m>1

< ClIfllzligll2 (2-9)
1

holds for all f, g € L.
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A delicate analysis is required for proving this theorem. We prove it on page 204. Theorem 2.1 follows
from Theorem 2.2 and the boundedness of ) j Tr 1. The rest of the article is organized as follows.
In Section 3, the L"-boundedness will be established for > ;j Tr,j1. Some crucial bilinear restriction
estimates will appear in Section 4 and as a consequence Theorem 2.2 follows. Sections 5-8 are devoted
to a proof of the bilinear restriction estimates.

3. Paraproducts and uniform estimates

In this section we prove that » j Tr,j.1 1s essentially a finite sum of certain paraproducts bounded from
LPx L9t L".

First let us introduce the paraproduct encountered in our problem. Let j € Z, L, L, be positive integers
and M, M, be integers. Then

a)z’] j— | ! 2J 2’ ! 2] 2] .

Let ®; be a Schwartz function whose Fourier transform is a standard bump function supported on a
small neighborhood of [%, 2] or [—2, —%], and @, be a Schwartz function whose Fourier transform is a
standard bump function supported on [—1, 1] and 62(0) = 1. For/ € {1,2} and ny, ny € Z, define ®, ; ,,
by

. jn, (§) = (B () (Mim )

It is clear that 51, j,m 18 supported on wy ;. For locally integrable functions f;, we define f; ; by
S jn (X) = fi % Py jp (X).

We now define a paraproduct to be

2
Ly Lot My (10 2@ =Y T fijom () (3-1)

jez =1

For this paraproduct, we have the following uniform estimates.

Theorem 3.1. Forany p; > 1, po > 1 with 1/p1 + 1/ p2 = 1/r, there exists a constant C independent of
M, M>, ny, ny such that

10 10
1Ly LMy Manyna s D], < C(UA4[na]) (14 1m20) 1 fillpy 121 s (3-2)
forall fi € LP' and f, € LP2.

The case r > 1 can be handled by a telescoping argument. The case r < 1 is more complicated and
requires a time-frequency analysis. A proof of Theorem 3.1 can be found in [Li 2008]. The constant C in
Theorem 3.1 may depend on Ly, L,. It is easy to see that C is O (max{251, 2£2}). It is possible to get a
much better upper bound, such as O (log(l +max{L,/L1, L1/ Lz})), by tracking the constants carefully
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in the proof in [Li 2008]. But we do not need the sharp constant in this article. The independence on
M, M, is the most important issue here.
We now return to ) j Tr 1. This sum can be written as Ty | + 17 >, where T, 1 is a bilinear operator
defined by
>y v/ f@)g(n)ez’”@*"%( - )@D( A

|jI>L meZ m'eZ
m' <m—10¢

and 77}, ; is a bilinear operator given by

~ , ~(27TE\ ~ 27
>y x|/ f(é)?(n)ez”““”)%( 2,f><1>< szn)mj(f,ﬂ)dfdn.

|jI>L m'eZ meZ
m<m'—10¢

It is standard to verify that 77, | and T}, , are paraproducts as defined in (3-1). Hence the L” x L9 — L”"
estimates of these paraproducts follow from Theorem 3.1, for all p,g >land 1/p+1/g=1/r.

4. Bilinear Fourier restriction estimates
Letd >2,m >0, j € Z. We define a bilinear Fourier restriction operator of f, g by
Bjm(fr 8)(x) = 2_(d_1)j/2/[RR¢f(2_(d_l)jx —2"t)Rog(x —2"tNp()dt if j>0 (4-1)
and

Bjm(f, g)(x)=2E"Di2 / Rof(x —2"t)Reg (2 Vix —2™"tHpt)dt if j <O, (4-2)
R

where Rg f and Reg are the Fourier (smooth) restrictions of f, g on the support of ) respectively. More
precisely, Ro f, Rog are given by

Rof(&) = f(&)D(), (4-3)
Rog(§) =8E)D(®). (4-4)

By inserting absolute values throughout and applying the Cauchy—Schwarz inequality, the boundedness
of B, from L? x L? to L' follows immediately. Moreover, since the Fourier transforms of f, g are
restricted on the support of D, we actually can improve the estimate. Let us state the improved estimates
in the following theorems, which are of independent interest.

Theorem 4.1. Let d > 2 and B ,, be defined as in (4-1) and (4-2). If L < |j| <m/(d — 1), then there
exists a constant C independent of j, m such that
d=Dljl=m
1Bjm(f ], <C2 8 lfl2ligly forall f,geL? (4-5)
Theorem 4.2. Let d > 2 and B ; ,, be defined as in (4-1) and (4-2). If | j| > m/(d — 1), then there exist a

positive number gy and a constant C independent of j, m such that

m—(d—1)|j|
|Bjm(f. 0], <Cmax{2™ 3 27"} fll2ligl. forall f.geL> (4-6)
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The positive number gy in Theorem 4.2 can be chosen to be 1/(8d). Theorem 4.1 can be proved by a
T T* method. However, the TT* method fails when |j| > m/(d — 1). To obtain Theorem 4.2, we will
employ a method related to the uniformity of functions.

Now we can see that Theorem 2.2 is a consequence of Theorems 4.1 and 4.2.

Proof of Theorem 2.2. Define a bilinear operator T ,, to be

—~ ) [2IEN\ /2 4]
Tjm(f. 8)(x) = f f(é)?(n)ez’”@*”)%( 2f)fb( 2mn)mj(é,n>dsdn. @7)

Let y; ,» be defined by
@=Dljl=m o em
<
it =57
_m_

d—1"

yj,m = m—(d—1)|j]| (4_8)

max{2~ 3,270} if |j| >
A rescaling argument and Theorems 4.1 and 4.2 yield

|Tim(fs @], < Criml fl2 gl (4-9)

Since Z T, = Z > Tjm, we obtain

m j:|jl=L
ZT(fg)

m=>1

<CY Y Vimlfimlzllgjmll. (4-10)

m=1j:|jl=L

where

2J+m

Frn(®) = f?s)?b< § )

— —~ A n
gimm) =gme (W)

Clearly the right-hand side of (4-10) is bounded by C|| f||2]lgll2. Therefore, we finish the proof of
Theorem 2.2.
Since ¢ is localized, it is sufficient to consider % j,m,n given by

Bim =B jml}. (4-11)

Here [ is an interval whose size is 2@ DIlil+m apd 17 = 1; * ¢, where ¢ (x) equals 2 k¢ (2 *x) for a
given nonnegative Schwartz function ¢ whose Fourier transform is a standard bump function on [—% %]
In what follows, we still use % ,, to denote the localized operator B jome

Trilinear forms. Let fi, f2, f3 be measurable functions supported on ¢ < |§| < %. Define a trilinear
form A (f1, f2, f3) by

Ajm(f1 foo 13) = (Bjm(f1, ). f5)- 4-12)

Theorems 4.1 and 4.2 can be reduced to the following theorems respectively.
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Theorem 4.3. Letd >2 and A ,,(f1, f2, f3) be defined as in (4-12). If | j| <m/(d — 1), then there exists

a constant C independent of j, m such that
—d=Dljl-m _m—(d-D|j

|
|Ajm(f1, fo f3)| <C2 2 2 o Al 221512 (4-13)

forall fi, f, f3€ L2

Theorem 4.4. Letd >2 and A ,,(f1, f2, f3) be defined as in (4-12). If | j| > m/(d — 1), then there exist
a positive number gy and a constant C independent of j, m such that

—@=1)ljl+m -
|Ajm(f1s far f3)| < Cmax{2™ 2 270l 22 1 f e (4-14)

holds for all fi, f> € L* and ]/C; € L™ such that fi, f>, f3 are supported on % <|E| < %.

A proof of Theorem 4.3 will be provided in Section 5, and a proof of Theorem 4.4 will be given in
Section 7.

5. Stationary phases and trilinear oscillatory integrals

In this section we provide a proof of Theorem 4.3 by utilizing essentially a 77* method. In this case,
one cannot reduce the problem to the standard paraproduct problem because the critical points of the
phase function may occur in a neighborhood of % <|t| <2, say % < |t] < 2, which provides a stationary
phase for the Fourier integral m,. This stationary phase gives a highly oscillatory factor in the integral.
We expect a suitable decay from the highly oscillatory factor.

Let Aju(f1, f2, f3) = (%j,m(fl, fz), fg). To prove Theorem 4.3, it suffices to prove the following
L? estimate for the trilinear form A im(f1, f2, f3):
—(d=Dljl-m _m—(d=D]|j

2 2

|
|Ajm(f1, far f3)] <C2 o Al 221512 (5-1)
holds for all fi, f2, f3 € L?. Clearly A ,,(f1, f2, f3) can be expressed as

2(d1>j/2/ AEDE) LMD (279" Ve +n)ma(27E, 2" n) dE dn
if j > 0, and as
2@=Dj/2 / AEDE) D) f3(E +27DIn)ma (2", 2™ n) d& dn

if j <0,

Whenever &, n € supp ®, the second-order derivative of the phase function ¢y, ¢ ,(t) =2" (51 + ntd)
is comparable to 2. We only need to focus on the worst situation, when there is a critical point of the
phase function in a small neighborhood of supp p. Thus the method of stationary phase yields

mg (2§, 2"n) ~ 27" 2 exp(icg2"g Yy~ @D, (5-2)

where ¢4 is a constant depending only on d (see [Sogge 1993; Stein 1993]). Henceforth we reduce
Theorem 4.3 to the following lemma.
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Proposition 5.1. Let A;m be defined by

_d_
d

~ ~ . __1
NS (f1s o f3) = / LIEPE) LoD 327V g+ ) explics2"Ed-Tn d-T)dsdn (5-3)

if j >0, and by
-~ -~ . a1
A% (s fon f3) = f LIEPE) fr) P () f3(5 +2" V) explicg2"EaTn d-T)dEdy.  (5-4)

if j <0. There exists a positive constant C such that
m—(d=1)|j|

A% (f fo D] <C27 8 Al 22 1 f3) (5-5)
holds for all fi, f>, f5 € L*.

3 2] or [—2, —%] And we only
give a proof for the case j > 0, since a similar argument yields the case j < 0. Let ¢4, be a phase

Proof. Without loss of generality, we assume that ® is supported on [l

function defined by
¢d,m(§’ 7]) = Cdgd/(d_l)n_l/(d—l)’

and let by = 1 —27@=DJ and by =27@~DJ Changing variables & — & — 1 and n — b€ + bon, we have
that A% (fi. f2. f3) equals

/ f16 = m) ob1E +bam) f5E)BE — D (b1§ +bam)e! > b ETIDETRD g iy,
Thus, by Cauchy—Schwarz, we dominate |A>;’ n(f1, f2, f3)] by
T jm (f10 12|, 3112,
where Ty ; », is defined by

Ty jim(f1, )(E) = / F1E =) f2(b1& +ban)DE — M D(b1£ + byy)e' 2" PamE=nbrtban) gy

It is easy to see that || Ty m(f1, f2) ||§ equals

/(f/F(g’ . n)GE. 1. nz)eilm(lﬁd,m(f—ﬂl,blg-i-bznl)—lﬁd{m(5—'72,17154‘[72772))6[7“dn2> dt,

where

F(E, m,m) = (A®)E —n)(fiP)E — ),
G(&, N1, m) = (/2®)(b1& +ban)) (/2®)(b1E + byna).

Changing variables 1, — n and 1, — n + t, we see that || Ty jm(f1, f2) ||§ equals

/(//Ff (& — )G (b1E + byn)e! 2 @anEnbiE+ba) —gun E—n=t.biE+ha(+0) gg dn) de

where

Fo() = (AD)()(fiD)(- — 1),
G.(-) = (£L®)()(2®)(- +by1).
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Changing coordinates to (u, v) = (§ —n, b1§ + ban), the inner integral becomes

//Fr ()G (v)exp(i2” Q. (u, v)) dudv, (5-6)
where Q; is defined by
Q01 (U, v) = G (U, V) = Pam (U =T, v+ b27).
When j is large enough, the mean value theorem yields
1949y @ (u, v)| > Cr, (5-7)

fu,vu—t,v+byt e suppa
A well-known theorem of Hormander on the nondegenerate phase [Hormander 1973; Phong and Stein
1994] gives for (5-6) the estimate

Cmin{1,27"2|z|"Y2}|| F; |12 || G |12

Hence, by the Cauchy—Schwarz inequality, | Ty ; . (f1, f2) ||§ is bounded by

ol f1ll3 ||fz||§+C/ min{1, 27"2|7| 72} Fe |2 |G- |2 dT

To<|t|<10

for any 79 > 0. By one more use of the Cauchy—Schwarz inequality, |T d,j.m(f1, 12) ”i is dominated by
(to+ Cr&1/22_m/22(d_1)j/2)||f1 I3 1| £2113 for any 7o > 0. Thus we have

d=1)j—m
|A}k-,m(f1, Lol =c2 Al Al Al (5-8)
This completes the proof of Proposition 5.1. O
It is easy to see that
A% (s fan | < C27 I fill2 1 fallz 1 312 (5-9)

fails for all |j| > m/(d — 1). Indeed, let us only consider the case j > m/(d — 1). Assume that (5-9)
holds for all j > m/(d —1). Let j — oo; then (5-9) implies

AL (fr fon ] = C27 N fill2 L 2ll2 1L f5 2, (5-10)

where
AL (f1, P ) = / FEDE) LD f3(n) exp(ica2™ e @Dy~ 1E4=D) g ay,

Simply taking f> = f3, we obtain

sup
n~1

/ F1E)D(E) exp(icg2™g @Dy~ V=) gg| < C275™|| f1 . (5-11)

This clearly cannot be true, and hence we get a contradiction. Therefore, (5-9) does not hold for
j > m/(d—1). Hence the TT* method cannot work for the case |j| > m/(d — 1). In the following
sections, we have to introduce a concept of uniformity and employ a “quadratic” Fourier analysis.
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6. Uniformity

We introduce a concept related to a notion of uniformity employed by Gowers [1998]. A similar uniformity
was utilized in [Christ et al. 2005]. Let o € (0, 1], let 2 be a collection of some real-valued measurable
functions, and fix a bounded interval I in R.

Definition 6.1. A function f € L?(I) is o-uniform in 9 if

f f(&)e1®qs
1

for all g € 9. Otherwise, f is said to be o-nonuniform in 9.

Theorem 6.2. Let L be a bounded sublinear functional from L*>(I) to C, let S, be the set of all functions
that are o -uniform in 9., and let
IL(H)]

<ollfllc2m (6-1)

U, = . (6-2)
7 res, Wl
Then, for all functions in L*(I),
IL(N)] < max{Usq, 26~ QI fll 2y, (6-3)
where ‘
Q =sup|L(e')]. (6-4)
qe2
Proof. Clearly the complement S; is a set of all functions that are o-nonuniform in 2. Let us set
L L
p LOL gy i sup LD
rerxny W2 rese WLz
Clearly A = max{A1, U,}. In order to obtain (6-3), it suffices to prove that if U, < Ay, then
A <207 '0. (6-5)

For any ¢ > 0, there exists a function f € SS such that

(Ar=allflle2ay = LI (6-6)

Let (-, - )7 be an inner product on L2(I) defined by
(g = [ Fogax
I

for all f, g € L>(I). Since f is o-nonuniform in 9, there exists a function ¢ in 9 such that

(e D] = ol fll2ay: (6-7)
There exists g € L>(I) (depending on f) such that g L %9, lgllz2¢ry =1, and
’ eiq [
f=({fgrg+ %e’q- (6-8)

Sublinearity of L and the triangle inequality then yield
L] = [l [L)| + IS e || L' D). (6-9)
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Notice that A=A, if U, < A and

2 _ gy |2
o Pa=[fogh]™+ I f )] (6-10)
Then from (6-6) and (6-9), we have
(A= fllzzay < Al fllza ’(fe—q)' +HIT (e D0 (6-11)
= T IIVAVGY:
Applying the elementary inequality /1 —x <1—x/2if 0 <x <1, we then get
2 211117
< ”f“le(I) 0+elll L2(1>2 . 6-12)
(£, e ] (£, €)1 ]
From (6-7), we have
A <207 'Q 4 2¢|I1072. (6-13)
Now let ¢ — 0, and we then obtain (6-5). Therefore we complete the proof. U

7. Estimates of the trilinear forms

We now start to prove Theorem 4.4, and we only present the details for the case j > 0, since the other case
can be done similarly. Without loss of generality, in the following sections we assume that f; is supported

on I; fori € {1, 2, 3}, where I; is either [16 ?2] or [— iz, 16] Let 9 be a set of some functions defined
by
91 = {ag " 4 bg : 2771 < ja| <2""'% and a, b e R}. (7-1)

Proposition 7.1. Let f d, be o-uniformin 21, and let j > 0and A ; ,,(f1, f2, f3) be defined as in (4-12).
Then there exists a constant C independent of j, m, n, f| such that

_@d=Dj_m —(d— 1)J+m
|Ajm(frs fo )| €27 277 2 max {27100 2 1'[ 1 fill 2y (7-2)
holds for all f> € L>(Ip) and f3 € L*(I3).

Proof. Since R ,, is supported in an interval with size 2=Dj+m without loss of generality, we may
assume that it is restricted to the interval Io = [0, 2@~ DJi+m] Let 1,,=1y,,, where I, ;= [2"1,2" (I+1)].
Also let B ,,; be a bilinear operator defined by

Bjmi(f 8)(x) =Bjm(f, &)Ly i (x),
for all f, g. Decompose A, (fi, f2, f3) into D, Aj 1, where

ANjmi(f1, 2, 3) = (g)’j,m,l(fl» ), f3)
Let o, be a fixed point in the interval I, ;. And set Fo, jn (X, 1) to be

Fo, jmi(x,1) = Ro, f1(279"DIx =2"1) — Ro, /1 27 DV, —2™1).



210 XIAOCHUN LI

Split %j,m,l(fl, fg) into two terms:
B0 (i )+ (Fi. f.
where %E.fzn,l(fl, fz) is equal to
2-=Dif2 /R For joma (6, )R, fox — 219 p(6) de (15, ()1 1)),

and %fl)n,l(fla f2) equals

2—<d—‘>f/2f Ro, fi(27“ ay, = 2"1) R, fo(x —2"1%) p (1) dt (1, (x) L s (x)).
R

Fori=1,2,let AY) (f1. fo. f3) denote

Y (@9, (. f). ).

I
We now start to prove that

1 A1) i /P (1 i v v .
AL (f1s fa £3)| < 27970020 | ol N fall
The mean value theorem and the smoothness of @ yield that for x € I,, ,
|Foor jmi (2, D] < Cll fillso2™ D7 |x = | < €279 DI ]| .

Because |¢| ~ 1 when t € supp p, %Efl)n,l(fl’ fz) can be written as

2-@=bir2 / Fo, jmiG. 1) Y (LnigiRo, f2) @ =27t p(8) di (1, (X)L 1 (),
R

lo

(7-3)

(7-4)

(7-5)

where [p is an integer between —10 and 10. Taking absolute values throughout and applying (7-4) plus

. . . 1
the Cauchy—Schwarz inequality, we then estimate }A;fn( 11, o, f3)’ by

10
C2-@=Di/2p=@=Dj+my £y Z Z | L i10 R, o] | Lt F3
lo=—10 1

27

which clearly gives (7-3) by one more use of the Cauchy—Schwarz inequality.
We now prove that

A (fin o ] 279D fl Aol 1 s e
From (7-5), we get that A'!) (f1. fa. f3) equals

10
27NN Nyt 1 (1 o 13) = A jmtoa 2(frs for £3),

lp=—10 [

where A jm.i,.0.1(f1, f2, f3) is equal to

/R Ry fi27 T = 270) (L sy Roy f2) (6 = 270 p () (1, L 1 f3) () d dx

(7-6)
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and Ajm.1,.0.2(f1, f2, f3) equals
/2R®. fi (2—(d—1)1am,1 —2"1) (L 1410 Rov, fz) (x —2"1%) p (1) (1701m,lf3)(X) Jt dr.
R

The Cauchy—Schwarz inequality yields that

|Ajmioi2(f1s fo, )] < C27"| Al I Loi+1oRo, fo ||2||1m,1f3||2- (7-7)

In order to obtain a similar estimate for A ; ,,, ;,.1.1(f1, f2, f3), we change variables by u = 2-d=Djy _omy
and v =x — 2"t to express Aj m.io.0,1(f1, f2, f3) as

dudv
J(u,v)’

where J (u, v) is the Jacobian d(u, v)/d(x, t). It is easy to see that the Jacobian d(u, v)/d(x, t) ~2™. As
for A m.i,.1,1, we dominate the previous integral by

/ / Rooy 710 (1110 R, 15) ) p (2 a1, 0)) (1, L1 5) e, )24V

2 1/2
dv) du.

ca™ / |Ro, f1(w)| ||1m,z+loR<plfz||2( / ‘(Ln,ué)(x(u, v))p(t (1, v))
Notice that |dx/dv| ~ 1 whenever ¢ € supp p. We then estimate
1A jmtot 1 (fFra foo ] < C27 1 Fili | Mtsty Roy 2|5 1L F s (7-8)
(7-6) follows from (7-7) and (7-8). An interpolation of (7-3) and (7-6) then yields
@d=Dj m —(d=1)j+m

A (i fml=c2 T T2 2 T il (7-9)
i=1

We now turn to prove that
@) @i m —100m :
|A]m(f1, f. ] <Cy27 2 2 max{2 ,0} | | I fill 21,y (7-10)

In dual frequency variables, Af,)n( f1, f2, f3) can be expressed as

Z Zz N f FE®1E) exp@ri 2~V 18) Fa 1y 1 (W(E, 1) Fa () dE d,

lo=—10 [
where
m(, n) = fp(r)exp(—zm(z’"gt +2"mneh)) at, (7-11)
Fymips =InisiRo, fo.  and  Fspy =15 Ly, f.

If n is not in a small neighborhood of @, then there is no critical point of the phase function ¢¢ (1) =
£t + nt occurring in a small neighborhood of supp p. Integration by parts gives a rapid decay O (2~V™)
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for m. Thus in this case, we dominate |A§?r),1’n(f1, f2, f3)’ by

3
N2 M T T e (7-12)
i=1

for any positive integer N. We now only need to consider the worst case, when there is a critical point
of the phase function ¢¢ (1) =&t + nt? in a small neighborhood of supp p. In this case, n must be in a
small neighborhood of @, and the stationary phase method gives

m(&, n) ~ 27" 2 exp(2micy 2™y /@ Vgd/ @) (7-13)

where ¢4 is a constant depending on d only. Thus the principal term of Af,)n( f1, f2, f3) is

10

_(d*l)j_m o~ . — o~ —_—
> Y2 R [ @B B 0 @) B ) d di,

lp=—10 1
where ®, is a Schwartz function supported on a small neighborhood of ®,, and
¢d,m,n(§) = 277Cd2m7771/(d71)'§d/(d71) +2r 27(d71)jam,l%‘-

The key point is that the integral in the previous expression can be viewed as an inner product of F3 ,,
and M F3 1,1, where JL is a multiplier operator defined by

MF () = mg. () F).

Here the multiplier my, ; ,, is given by
My, (1) = f [P (E)ePm© g, (7-14)
Observe that ¢y ., (§) +bE isin 9 for any b € R and n € supp ®,. Thus o -uniformity in 9, of f; yields

Mg, jmlloo < Coll fill L2y (7-15)

And henceforth we dominate Af,)n( f1. f2, f3) by

10 _@d=Dj_m
>3 2 7 20l fillzay | Famdo ||y | Famallas

lo=—10 [

which clearly is bounded by
_@=Dj_m 3
2 2 20 [ fillea- (7-16)

i=l
Now (7-10) follows from (7-12) and (7-16). Combining (7-9) and (7-10), we finish the proof. U

Corollary 7.2. Let A, (f1, f2, f3) be defined as in (4-12). Then there exists a constant C independent
of j, m, n such that

—d=D)j+m -
|Ajm (s far )] < Cmax {271 272 ol fill oy 12 ll 2y 11 f3lloo (7-17)
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holds for all f, € L*>(Iy) which are o -uniform in 9, f» € L*>(I,) and ]/”\3 e L.

Proof. Since there is a smooth restriction factor 1’}‘0 in the definition of % ,,, the right-hand side of (7-2)
can be sharpened to
_d-Dj m —(d=1)j+m

c2 2 T zmax{27' 27 2 o filleay 1allay 110 ma B3l (7-18)
which is clearly bounded by
_100m == =
C max{2 2 2 o Al zzay L2l z2a 1 f3 oo O

Proposition 7.3. Let A ,,(f1, f2, f3) be defined as in (4-12). Then there exists a constant C independent
of j, m, n such that

|Aj (@, fo, f)] < C272CDM 2 ol gy N Falloo (7-19)
holds for all | € 21, f>» € L>(Ib) and j?3 € L™, where D (d — 1) is the positive constant defined in (8-3).
A proof of Proposition 7.3 will be provided in Section 8.

Proof of Theorem 4.4. Corollary 7.2, Proposition 7.3 and Theorem 6.2 yield that ‘A im(f1, f2, f3)| is
dominated by

—(d—Dj+m -
2 I fillzzcey W2l 2y I3 1leo (7-20)

, O

—D(d—1)m/2
C(max{z—loom, 2 2—)

for all fi € L2(IY), f> € L*(I,) and f5 € L™. Take o to be 27 2@=Dm/4; then we have

—(d—1j+m R
|Ajm(fi, fo, )| < Cmax{27 2 2720 s g Ll 1l falloo- (7-21)
This gives the desired estimate for the case j > 0. Similarly, for j # 0, we have
d—1)j+m g P
|Ajm(fis oo )| <Cmax{2 2 274 fill 2y L 2ll 2y I F3lloo- (7-22)
Combining (7-21) and (7-22) proves Theorem 4.4. O

8. Proof of Proposition 7.3

Lemma 8.1. Let ! > 1. Let I and I, be fixed bounded intervals, and let ¢ : I} x I : R satisfy
|0La,p(x, )| =1 forall (x,y) e I x I. (8-1)

Assume an additional condition holds in the case |l = 1:

|07y (x, )| #0  forall (x,y) € I x L. (8-2)

Set 1/Q1 iF1>2
@(1)={ /e =2, (8-3)

1/2+¢) ifl=1,

for some & > 0. Then there exists a constant depending on the length of I and I, but independent of ¢, A
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and the locations of I and I such that

/ / MO fyg(yydxdy| < CA+ AP fllaligla, forall f,geL?  (8-4)
11X12

This lemma is related to a two-dimensional van der Corput lemma proved in [Carbery et al. 1999].
The case / > 2 was proved in [Carbery et al. 1999], and a proof of the case [ =1 can be found in [Phong
and Stein 1994]. The estimates on ® (/) in (8-3) are not sharp. With some additional convexity conditions
on the phase function ¢, one can improve (/) to 1/(l + 1) (see [Carbery et al. 1999] for some such
improvements). But in this article we do not need to pursue the sharp estimates.

Lemma 8.2. Let ¢, T € R and ¢ be a function defined by
pelx, y) = (x =y 4 )", (8-5)
Define Q¢ j.«(x,y) by
Qc.jc(x.y) = pe(x, y) = pe(x +27" Dz y 4 7). (8-6)
Then there exists a constant Cy depending only on d such that
8¢ 719y Qc.j.c(x. )| = Calt] (8-7)
for all y such that y +t € [27190, 2190 Moreover, if d = 2,
10,95 Qc.jx (x, ¥)| = Calt] (8-8)
for all y such that y +t € [27100, 21007,
Proof. A direct computation yields
8y ~'8y Qc.jr(x, y) = Ca((y + ) MO71 — y /DT, (8-9)

Hence the desired estimate (8-7) follows immediately from the mean value theorem. The bound (8-8) can
be obtained similarly. O

Lemma 8.3. Let I be a fixed interval of length 1, and let 0 be a bump function supported on [m, 2] (or

[—2, —llm]). Suppose that ¢4, j m is a phase function defined by

d
G jm(x, ) = Ca jm2" (x =y +cjm), (8-10)

where Cy_ jm, Cj m are constants independent of x, y such that 27200 < [Ca,jm| < 220 Let Ng,jm,1bea
bilinear form defined by

Adjmi(fsg) = / / im0 £ (0~ 2= 1) 6 ()1, (1)0 (1) dx d. (8-11)

Then we have
|Ad,jm1(f, @)] < Ca272"Dm2) £l 1 glloo (8-12)

forall f € L? and g € L°, where C is a constant depending only on d.
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Proof. The bilinear form Ay j ., 1(f, g) equals (Td,j,m,l(g), f}, where Ty j .1 is defined by

Ty jmrg(x) = /exp(iqbd,,-,m(x +27@=DIg 1)) (g1 (x +27“ D)o (1) dt. (8-13)

. 2
By a change of variables, || Ty jm,18 H2 can be expressed as

/ ( / / ' dimr DG (x +27@DIN @, (1) dx dt) dr,

CDd,j,m,,(x, 1) = ¢d,j,m (x + Zi(dil)jl, t) — d’d,j,m (X + Zi(dfl)jl + 27(d71)j1', r+ ‘L’),

G:(x)= (llg)(X)(llg)(x —|—2*(d*1)jf)’
O:() =0@)0(t + 7).

where

Changing coordinates (x, ) — (u, v) by u = x +27@~DJjt and v = ¢, we write the inner double integral
in the previous integral as

//exp(icd,j,mzm Qc;jie U, 0))G: ()O (v) du dv,

where @, ;. is defined as in (8-6). From (8-7), (8-8) and Lemma 8.1, we then estimate || Ty jmi18 ||§
by

10
cd/ min{1, 272D =2E@=DY G |1, O, ||, dx,
—-10

which clearly is bounded by
Ca2 72 g 2.

Hence (8-12) follows and therefore we complete the proof. O

We now turn to the proof of Proposition 7.3. For simplicity, we assume p is supported on [% 2]. For
any function g; = aéd/(d_l) + b& € 94, we have

Ro, (e (x) = / ®1(8) exp(ias /") exp(i(x + b)§) d&. (8-14)
where |a| ~ 2. The stationary phase method yields that the principal part of (8-14) is
P(g0)(x) = Calal™Zexplicia™ "D (x +5)) @1 (c2a™ "V (x + b)), (8-15)

where Cy, c1, cp are constants depending only on d. Thus to obtain Proposition 7.3, it suffices to prove

that there exists a constant C such that
D(d—Dm

A jm@®, fo, )] <C27 27 (Al Al (8-16)

holds for all g; € 9, fz e L%, and f3 € L™, where ]\j,m,n(e"ql, f2, f3) is defined to be

272 [ [ (@41 = 2%) oo = 274) (1, F) 0 i d.
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Observe that ®; is supported essentially in a bounded interval away from 0. Thus we can restrict the

variable x in a bounded interval 1, ; ,, whose length is comparable to 2(@=Dj+m and reduce the problem
to showing that D(d—Dm
\Ajma,, (f2r f3)] <C2 2 2020 fllso (8-17)
for an absolute constant C and all fz el?, f; € L>, where Aj .1, ,;,,(f2, f3) is equal to
_d=Dj m d—1)i . d v
228 [[90,m@ @2 = iy, Paop( drdr. (819
Here ~
Py jm(x) = exp(ic]a*(dfl)(x +b)Hd, (cza*(dfl)(x + b)dﬁl). (8-19)

Let I be an interval of length 1. A rescaling argument then reduces (8-17) to an estimate of a bilinear
form A, .1 associated to I, that is,
D(d—m

|Ajma(f, )] <C27 2 (I fl2llglloos (8-20)
where A, 1(f, g) is defined by

// P jm(2"x = 271) f(x =279V ()11 (x) p (1) dt dx.

Notice that
P jm(2"x —2"1) = exp(iCq,jm2" (x — 1+ ¢jm))VP1(CaCam(x —t +cn)? ), (8-21)
where Cy_jms Cams Cjms Cms Ca are constants such that [Cy ., |Cam| € [27190, 2190, Clearly
D1 (CaCamx —t+cn)™1)

can be dropped by utilizing Fourier series since @, is a Schwartz function, because x € I, 1 € supp p are
restricted in bounded intervals. Then (8-20) can be reduced to Lemma 8.3 by a change of variable ¢ > ¢.
This proves Proposition 7.3.

9. Appendix

In this appendix, we consider a simple bilinear operator associated to a polynomial curve without
singularity. A counterexample is given to indicate that the range of (1/p, 1/q, 1/r) must depend on the
degree of the polynomial when the linear term does not vanish. Let p be a Schwartz function supported
in the union of two intervals [—2, —%] and [%, 2].

Lemma 9.1. Let P be a real polynomial with degree d > 2. And let 2 < n < d. Suppose that the n-th
order derivative of P, P does not vanish. Let T(f,g)(x)= f fx—t)gx—P@)p(t)dt. Then T is
bounded from L? x LY to L" for p,q > 1,r >(m—1)/nand 1/p+1/qg=1/r.

Proof. We may without loss of generality restrict x, and hence likewise the supports of f, g, to fixed
bounded intervals whose sizes depend on the coefficients of the polynomial P. This is possible because
of the restriction |t| < 2 in the integral. Let us restrict x in a bounded interval Ip. It is obvious that T is
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bounded uniformly from L x L® to L* and from L? x L” to L' for 1 <p <ooand 1/p+1/p’ = 1.
When P'(t) # 1 in % < |t| < 2, the boundedness from L! x L' to L' can be obtained immediately by
changing variable u = x —t and v = x — P (), since the Jacobian d(u, v)/d(x,7) =1 — P’(¢). Thus T
is bounded from L! x L' to L'/2, since x is restricted to a bounded interval Ip, and then the lemma
follows by interpolation. When there is a real solution in % < |t| <2 to the equation P’(t) = 1, the trouble
happens at a neighborhood of ¢y, where 7y € {t : % <|t| < 2} is the real solution to P’(t) = 1. There
are at most d — 1 real solutions to the equation P’(r) — 1 = 0. Thus we only need to consider a small
neighborhood containing only one real solution 7y to P’(z) = 1. Let I (¢y) be a small neighborhood of 7
which contains only one real solution to P’(r) — 1 = 0. We should prove that

J,

forp>1,g>1landr > (n—1)/nwithl/p+1/g =1/r. Let py be a suitable bump function supported
in % < |t| <2 such that »_ j PO (27t) = 1. To get (9-1), it suffices to prove that there is a positive & such

that
I,

forall large j, p>1,g>1landr > (n—1)/n with 1/p+1/qg = 1/r, since (9-1) follows by summing
for all possible j > 1. By a translation argument, we need to show that

J,

for all large j, p > 1,g > 1andr > (n —1)/n with 1/p +1/g = 1/r, where P; is a polynomial of
degree d defined by Py (¢) = P(t +19) — P(to). It s clear that P/(0) =1 and Pl(") #0. When |f| <27/F1,
|P1(¢)| < Cp2~/ for some constant Cp > 1 depending on the coefficients of P. Let Ip = [ap, bp] and
Ay be defined by

fx=0gx—=PM)p@)dt| dx = Cpllfl}lgly. 9-1)

(1)

r

dx < C27Y| 117 gl 9-2)

. fx =g — P0))p(t)po(2/ (1 — 1)) dt

/ fx =g — Pi®))po2/ 1)y dt| dx < C27|| £1I gl (9-3)

(bp —ap)-2/

Ay=[ap+NCp2/,ap+(N+1)Cp27/] forN=-—1,... c
P

Notice that for a fixed x € Ip, x —¢t, x — P(¢t) isin Ay_1 UAN UAn4 for some N. So we can restrict x
in one of the Ay. Now let Ty (f, g)(x) =14, (x) f fx—1)g(x — Pi(t))po(2/t) dt. Due to the restriction
of x, we only need to show that

T (f. 9|, = C27 N fnlly gl (9-4)

foralllarge j>1,p>1,g>1andr > (m—1)/nwithl/p4+1/g=1/r, where fx = fla,, gn =814,
and C is independent of N.

By inserting absolute values throughout, we get that Ty maps L? x L9 to L" with a bound C2~/
uniform in N, whenever (1/p, 1/q, 1/r) belongs to the closed convex hull of the points (1, 0, 1), (0, 1, 1)
and (0, 0, 0). Observe that P{(r) = 1+ Y4 (P (0)/(k — 1)!)*~" since P[(0) = 1. By P’ (0) # 0
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and applying the Cauchy—Schwarz inequality, we obtain, for all j large enough,

1/2 i
/\m(f, Q)| Pdx < Co2 I Ty (£ )11
12, 172

< Cp27i220=0Il2) £ PIg P = Cp2 02 £ el

Hence, an interpolation then yields a bound C 2~%/ for all triples of reciprocal exponents within the convex
hull of (1, 1/(n —1),n/(n— 1)), (1/(n = 1), 1,n/(n — 1)), (1,0, 1), (0, 1, 1) and (0, 0, 0). This finishes
the proof of (9-4). Therefore we complete the proof of Lemma 9.1 |

Notice that if P is a monomial ¢, then the lower bound for 7 in Lemma 9.1 can be improved to %
This is because Py (1) = P(t +1y) — P(tp) = (t +1t9)¢ — tg has nonvanishing P1(2) (0) when % <lto] < 1.
We now give a counterexample to indicate that the lower bound (n — 1)/n for r is sharp in Lemma 9.1.

Proposition 9.2. Let d, n be integers such that d > 2 and 2 < n < d. There is a real polynomial Q of
degree d > 2 whose n-th order derivative does not vanish such that T¢ is unbounded from L? x L9 to L"
forallp,g>1landr <(n—1)/nwith1/p+1/q =1/r, where Ty is the bilinear operator defined by
To(f,&)x) = [ fx =1)gx — Q1)p(r) dt.
Proof. Let A be a very large number. We define Q(¢) by

1
Q) = Adl
It is sufficient to prove that if T is bounded from L? x L7 to L" for some p,g > land 1/r =1/p+1/q,
then » > (n — 1) /n. Suppose there is a constant C such that || To(f. g) ||r <Clfliylglg forall feL?
and g € LY. Let § be a small positive number, and let f5 = 1j92:s5) and gs = 1{1—s,17. Let D; be the
intersection point of the curves x = Q(¢) +1 and x = +2"§ in the tx-plane with ¢ > 1, and let D; be the
intersection point of the curves x = Q(¢) + 1 — 3§ and x = ¢ in the tx-plane with r > 1. Let D = (¢, x1)
and D, = (p, x»). Then

14217 An Vst < < 14 2(An)V/78Y" and
14277 An) 81" < 1, <1+ (An)'/78V7.

(t — 1)d+ALn!(t— D"+ (@ —1). (9-5)

Thus we have
142" an)nstn 405 < xy <14 2(An)Y/"8Y" +2"s  and
1427V (An) 81" < xy < 14 (An)'/m81",

When A is large and § is small, any horizontal line between line x = x| and line x = x; has a line segment
of length §/2 staying within the region bounded by curves x = ¢, x = Q(x) +1 -6, x =t +2"§ and
x = Q(t) + 1. Hence, we have
(3) (Anpl/ngl/n

100 ’

|To(ss0 89| = (9-6)
By the boundedness of Ty, we have

” To(fs, ga)H: < Cr(2"s)/rsrla = cromries.
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By (9-6), we have
10027 t7/PCr oy

Since A can be chosen to be a very large number and § can be very small, (9-7) implies r > (n — 1) /n,
which completes the proof of Proposition 9.2. ([l
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A GLUING FORMULA FOR THE ANALYTIC TORSION
ON SINGULAR SPACES

MATTHIAS LESCH

To my family

We prove a gluing formula for the analytic torsion on noncompact (i.e., singular) Riemannian manifolds.
Let M = U Uypy, My, where M is a compact manifold with boundary and U represents a model of
the singularity. For general elliptic operators we formulate a criterion, which can be checked solely
on U, for the existence of a global heat expansion, in particular for the existence of the analytic torsion
in the case of the Laplace operator. The main result then is the gluing formula for the analytic torsion.
Here, decompositions M = M Uy M, along any compact closed hypersurface ¥ with M, M, both
noncompact are allowed; however a product structure near Y is assumed. We work with the de Rham
complex coupled to an arbitrary flat bundle F; the metric on F is not assumed to be flat. In an appendix
the corresponding algebraic gluing formula is proved. As a consequence we obtain a framework for
proving a Cheeger-Miiller-type theorem for singular manifolds; the latter has been the main motivation
for this work.

The main tool is Vishik’s theory of moving boundary value problems for the de Rham complex which
has also been successfully applied to Dirac-type operators and the eta invariant by J. Briining and the
author. The paper also serves as a new, self-contained, and brief approach to Vishik’s important work.
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2. Operators with meromorphic ¢-function 227
3. Elementary operator gluing and heat kernel estimates on noncompact manifolds 232
4. Vishik’s moving boundary conditions 239
5. Gauge transforming the parametrized de Rham complex a la Witten 242
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Appendix: The homological algebra gluing formula 250
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1. Introduction

The Cheeger—Miiller theorem [Cheeger 1979a; Miiller 1978; 1993] on the equality of the analytic and
combinatorial torsion is one of the cornerstones of modern global analysis. To extend the theorem to
certain singular manifolds is an intriguing open challenge.
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In his seminal work, Cheeger [1979b; 1983] initiated the program of “extending the theory of the
Laplace operator to certain Riemannian spaces with singularities”. Since then a lot of work on this
program has been done. It is impossible to give a proper account here, but let us mention [Briining and
Seeley 1988; 1987], Melrose [1993] and collaborators, and Schulze [1991] and collaborators. While the
basic spectral theory (index theory, heat kernel analysis) for several types of singularities (cones [Lesch
1997], cylinders [Melrose 1993], cusps [Miiller 1983], edges [Mazzeo 1991]) is fairly well understood, an
analogue of the Cheeger—Miiller theorem has not yet been established for any type of singular manifold,
except compact manifolds with boundary.

We will not solve this problem in this paper. However, we will provide a framework for attacking the
problem.

To describe this we must go back a little. Let M be a Riemannian manifold (boundaryless but not
necessarily compact; also the interior of a manifold with boundary is allowed) and let P° be an elliptic
differential operator acting on the sections I'°(E) of the Hermitian vector bundle £. We consider P° as
an unbounded operator in the Hilbert space L2(M, E) of L2-sections of E. Moreover, we assume P° to
be bounded below; for example, P® = D? D for an elliptic operator D. Fix a bounded below self-adjoint
extension P > —C > —oo0.

We know that e ~*% is an integral operator with a smooth kernel k, (x, y) which on the diagonal has a
pointwise asymptotic expansion

o0
j —dim M
ke(x, x) ~,\OE aj(x)tjﬂrdP . (1-1)
Jj=0

This asymptotic expansion is uniform on compact subsets of M and hence if, e.g., M is compact, it may
be integrated over the manifold to obtain an asymptotic expansion for the trace of e~*F. For general
noncompact M one cannot expect the operator e ~*¥ to be of trace class. Even if it is of trace class and
even if the coefficients a; (x) in (1-1) are integrable, integration of (1-1) does not necessarily lead to an
asymptotic expansion of Tr(e™*%). It is therefore a fundamental problem to give criteria which ensure
that e "% is of trace class and such that there is an asymptotic expansion

Tr(e~*P) ~ N0 Z dgr 1% logk t. (1-2)
Ra—o00
0<k=<k(a)
It is not realistic to find such criteria for arbitrary open manifolds. Instead one looks at geometric
differential operators on manifolds with singular exits which occur in geometry. A rather generic
description of this situation can be given as follows: suppose that there is a compact manifold M; C M
and a “well understood” model manifold U such that

M =U Uy, My. (1-3)

We list a couple of examples for U which are reasonably well understood and which are of geometrical
significance:
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1. Smooth boundary. U = (0,€) x Y is a cylinder with metric dx> 4+ gy over a smooth compact
boundaryless manifold Y. Then M is just the interior of a compact manifold with boundary. To this
situation the theory of elliptic boundary value problems applies. Heat trace expansions are established,
for example, for all well-posed elliptic boundary value problems associated to Laplace-type operators
[Grubb 1999].

2. Isolated asymptotically conical singularities. U = (0, €) x Y with metric dx? 4+ x2gy (x). Then M
is a manifold with an isolated (asymptotically) conical singularity. This is the best understood case of
a singular manifold; it is impossible here to do justice to all the scientists who contributed. So we just
reiterate that its study was initiated by Cheeger [1979b; 1983].

3. Simple edge singularities. In the hierarchy of singularities of stratified spaces, which are in general of
iterated cone type, this is the next simple class after isolated conical ones: simplifying a little, U is of the
form (0, €) x F x B with metric dx? 4+ x2gr(x) + gg(x). The heat trace expansion and the existence of
the analytic torsion for this class of singularities has been established recently by Mazzeo and Vertman
[2012].

4. Complete cylindrical ends. This case is at the heart of Melrose’s celebrated b-calculus [1993]. An
exact b-metric on (0, €) x Y is of the form dx?/x? + gy. Making the change of variables x = e¢™”
we obtain a metric cylinder (—loge, 0o) x Y with metric dy? + gy. M is then a complete manifold.
Therefore, the Laplacian, for example, is essentially self-adjoint. However, it is not a discrete operator
and hence its heat operator is not of trace class.

5. Cusps. Cusps occur naturally as singularities of Riemann surfaces of constant negative curvature. A
cusp is given by U = (0, 00) x Y with metric dx? + ¢~ 2*gy. Then M has finite volume. As in the
previous case, however, the Laplacian is not a discrete operator. In this situation (and also in the previous
one) one employs methods from scattering theory. There has been seminal work on this by Werner Miiller
[1992].

The results of this paper apply to situations where the operator P is discrete (has compact resolvent).
This is the case in the examples 1-3 above, but not in 4 and 5. Nevertheless we are confident that our
method can be extended to relative heat traces and relative determinants, for example, for surfaces of
finite area.

To explain our results without becoming too technical, suppose that for Py = P U and Py = P | M;
(of course suitable extensions have to be chosen for Py and P;) we have proved expansions (1-2). Then
in terms of a suitable cut-off function ¢ which is 1 in a neighborhood of M one expects to hold:

Principle 1.1 (Duhamel’s principle for heat asymptotics; informal version). If Py and P; are discrete
with trace-class heat kernels then so is P and

Tr(e™'P) = Tr(pe ™ P1) + Tr((1 — )e V) + O(Y) ast— 0+, forall N. (1-4)

We reiterate that the heat operator is a global operator. On a closed manifold its short-time asymptotic
expansion is local in the sense that the heat trace coefficients are integrals over local densities as described
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above. This kind of local behavior cannot be expected on noncompact manifolds. However, Principle 1.1
shows that the heat trace coefficients localize near the singularity; they may still be global on the singularity
as is the case, for example, for Atiyah—Patodi—Singer boundary conditions [Atiyah et al. 1975].
Principle 1.1 is a folklore theorem which appears in various versions in the literature. In Section 3
below we will prove a fairly general rigorous version of it (Corollary 3.7).
Once the asymptotic expansion (1-2) is in place one obtains, via the Mellin transform, the meromorphic
continuation of the ¢-function

o0
(Pis):= Y. A= %S) / S7UTe((I = Ty p)e ") dt. (1-5)
Aespec(P)\{0} 0
Let us specialize to the de Rham complex. Suppose that we have chosen an ideal boundary condition
(essentially this means that we have chosen closed extensions for the exterior derivative) (D, D) for the
de Rham complex such that the corresponding extensions A; = D;.‘ Dj + Dj_,4 Dj’."_1 of the Laplace
operators satisfy (1-2). Then we can form the analytic torsion of (D, D):

1 od
log (D, D) := 5 D=1/ -
Jj=0

§(Aj:s). (1-6)
§s=0

For a closed manifold the celebrated Cheeger—Miiller theorem [Cheeger 1979a; Miiller 1978] relates
the analytic torsion to the combinatorial torsion (Reidemeister torsion).

In terms of the decomposition (1-3) the problem of proving a CM-type theorem for the singular
manifold M decomposes into the following steps.

(1) Prove that the analytic torsion exists for the model manifold U'.
(2) Compare the analytic torsion with a suitable combinatorial torsion for U'.

(3) Prove a gluing formula for the analytic and combinatorial torsion and apply the known Cheeger—
Miiller theorem for the manifold with boundary M.

A gluing formula for the combinatorial torsion is more or less an algebraic fact due to Milnor; see also
the Appendix. The following theorem, which follows from our gluing formula, solves (3) under a product
structure assumption:

Theorem 1.2. Let M be a singular manifold expressed as (1-3) and assume that near 0M1 all structures
are product. Then for establishing a Cheeger—Miiller theorem for M it suffices to prove it for the model
space U of the singularity.

The theorem basically says that, under product assumptions, one gets step (3) for free. Otherwise the
specific form of U is completely irrelevant. We conjecture that the product assumption in Theorem 1.2
can be dispensed with. This would follow once the anomaly formula of Briining and Ma [2006] were
established for the model U of the singularity; this would allow us to compare the analytic torsion
for (U, g) to the torsion of (U, g1), where g; is product near dM; and coincides with g outside a
relatively compact collar.
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The theorem is less obvious than it sounds since torsion invariants are global in nature. However, we
will show here that under minimal technical assumptions the analytic torsion satisfies a gluing formula.
That the combinatorial torsion satisfies a gluing formula is a purely algebraic fact (see Appendix). The
blueprint for our proof is a technique of moving boundary conditions due to Vishik [1995] who applied it
to prove the Cheeger—Miiller theorem for compact manifolds with smooth boundary. Briining and the
author [Briining and Lesch 1999] applied Vishik’s moving boundary conditions to generalized Atiyah—
Patodi—Singer nonlocal boundary conditions and to give an alternative proof of the gluing formula for
the eta-invariant. We emphasize, however, that the technical part of the present paper is completely
independent of (and in our slightly biased view simpler than) [Vishik 1995]. Also we work with the
de Rham complex coupled to an arbitrary flat bundle F. Besides the product structure assumption we do
not impose any restrictions on the metric 2¥ on F; in particular 4F is not assumed to be flat.

We note here that in the context of closed manifolds gluing formulas for the analytic torsion have been
proved in [Vishik 1995; Burghelea et al. 1999], and recently [Briining and Ma 2013]. In contrast our
method applies to a wide class of singular manifolds.

Some more comments on conic singularities, the most basic singularities, are in order: let (N, g) be
a compact closed Riemannian manifold and let CN = (0, 1) x N with metric dx? + x2g be the cone
over N. We emphasize that sadly near ICN = {1} x N we do not have product structure. Let g; be a
metric on CN that is product near {1} x N and that coincides with g near the cone tip.

Vertman [2009] gave formulas for the torsion of the cone (CN, g) in terms of spectral data of the cone
base. What is still not yet understood is how these formulas for the analytic torsion can be related to a
combinatorial torsion of the cone, at least not in the interesting odd-dimensional case. For CN even-
dimensional, Hartmann and Spreafico [2010] express the torsion of (CN, g) in terms of the intersection
torsion introduced by A. Dar [1987] and the anomaly term of Briining and Ma [2006]. If it were also
possible to apply the latter to the singular manifold CN to compare the torsion of the metric cone (CN, g)
to that of the cone (CN, g,), where the metric near {1} x N is modified to a product metric, then one
would obtain a (very sophisticated) new proof of Dar’s theorem that for an even-dimensional manifold with
conical singularities the analytic and the intersection torsions both vanish.! It would be more interesting,
of course, to have this program worked out in the odd-dimensional case.

The paper is organized as follows. Section 2 serves to introduce some terminology and notation. In a
purely functional analytic context we discuss self-adjoint operators with discrete dimension spectrum;
this terminology is borrowed from Connes and Moscovici’s celebrated paper [1995] on the local index
theorem in noncommutative geometry. For Hilbert complexes [Briining and Lesch 1992] whose Laplacians
have discrete dimension spectrum one can introduce the analytic torsion. We state a formula for the
torsion of a product complex (Proposition 2.3) and in Section 2B we collect some algebraic facts about
determinants and the torsion of a finite-dimensional Hilbert complex. The main result of the section
is Proposition 2.4 which, under appropriate assumptions, provides a variation formula for the analytic
torsion of a one-parameter family of Hilbert complexes.

1 For this to hold one needs to assume that the metric on the twisting bundle F is also flat.
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In Section 3 we discuss the gluing of operators in a fairly general setting: we assume that we
have two pairs (M;, PJQ), j = 1,2, consisting of Riemannian manifolds M j’" and elliptic operators Pjp
such that each M; is the interior of a manifold M; with compact boundary Y (M is not necessarily
compact). Let W =Y x (—c, ¢) be a common collar of ¥ in M; and in M, such that 0M; =Y x {1} and
dM, =Y x{—1} and such that Plo coincides with P20 over W. Then Pjp give rise naturally to a differential
operator P = Pf) U P20 on M := (M;\ (Y x(0,¢))) Uyx{oy (M2 \ (Y x (—c,0))). Without becoming
too technical here we will show in Proposition 3.5 that certain semibounded symmetric extensions Pj,
j=172,0f Pjp satisfying a noninteraction condition (3-18) give rise naturally to a semibounded self-
adjoint extension of P°. Furthermore, if the P; have discrete dimension spectrum outside W (compare
the paragraph before Corollary 3.7), then the operator P has discrete dimension spectrum and up to
an error of order O(¢*°) the short-time heat trace expansion of P can be calculated easily from the
corresponding expansions of P;.

We also prove similar results for perturbed operators of the form P; + V;, where V; is a certain non-
pseudodifferential operator; such operators will occur naturally in Section 5, our main technical section.

In Section 4 we describe the details of the gluing situation, review Vishik’s moving boundary conditions
for the de Rham complex in this context, and introduce various one-parameter families of de Rham
complexes. The main technical result of the paper is Theorem 4.1 which analyzes the variation of the
torsions of these various families of de Rham complexes. The proof of Theorem 4.1 occupies the whole
Section 5. The proof is completely independent of Vishik’s original approach. The main feature of our
proof is a gauge transformation a la Witten of the de Rham complex which transforms the de Rham
operator, originally a family of operators with varying domains, onto a family of operators with constant
domain; this family can then easily be differentiated by the parameter.

Theorem 6.1 in Section 6 then finally is the main result of the paper, whose proof, thanks to Theorem 4.1,
is now more or less an exercise in diagram chasing.

The Appendix contains the analogues of our main results for finite-dimensional Hilbert complexes.

The paper has a somewhat lengthy history. The material of Sections 4 and 5, in the context of smooth
manifolds only, was developed in the summer of 1999, while I was on a Heisenberg fellowship in Bonn.
In light of the negative feedback received at conferences I felt that the subject was dying and abandoned it.

In recent years there has been revived interest in generalizing the Cheeger—Miiller theorem to manifolds
with singularities [Mazzeo and Vertman 2012; Vertman 2009; Miiller and Vertman 2011; Hartmann
and Spreafico 2010]. I noticed that my techniques (an adaption of Vishik’s work [1995] plus simple
observations based on Duhamel’s principle) do not require the manifold to be closed. The bare minimal
assumptions required for the analytic torsion to exist (“discrete dimension spectrum”; see Section 2) and a
mild but obvious noninteraction restriction on the choice of the ideal boundary conditions (Definition 3.4)
for the de Rham complex actually suffice to prove a gluing formula for the analytic torsion. Since a more
concise and more accessible account of the long and important paper [Vishik 1995] is overdue anyway,
I eventually made a final effort to write up this paper, in part because Werner Miiller and Boris Vertman
had been pushing me to do so.



A GLUING FORMULA FOR THE ANALYTIC TORSION ON SINGULAR SPACES 227

2. Operators with meromorphic ¢ -function

Let ¥ be a separable complex Hilbert space, T a nonnegative self-adjoint operator in # with p-summable
resolvent for some 1 < p < co. The summability condition implies that 7" is a discrete operator; that is,
the spectrum of T consists of eigenvalues of finite multiplicity with +o0 being the only accumulation
point. Moreover,

Tr(e 7)) = Z e~ = dimker T + O(e_t)“) ast — 0o (2-1)
Aespec T
and
Tr(e'T) = O(t™P) ast— 0+. (2-2)

Here A1 := min(spec T \ {0}) denotes the smallest nonzero eigenvalue of 7.
As a consequence, the {-function

1 o0
(Ti= Y =g [T I =) T @-3)
Aespec(T)\{0} §)Jo

is a holomorphic function in the half plane fs > p; 1y 7 denotes the orthogonal projection onto ker 7.

Definition 2.1. Following [Connes and Moscovici 1995] we say that T" has discrete dimension spectrum if
£(T; 5) extends meromorphically to the complex plane C such that on finite vertical strips |I'(s)¢(T';5)| =
O(|s|™N), |Js| — oo, for each N. Denote by X (T) the set of poles of the function I'(s)¢(7'; s).

It then follows that for fixed real numbers a < b there are only finitely many poles in the strip a < s < b.
Moreover, as explained, e.g., in [Briining and Lesch 1999, Section 2], the discrete dimension spectrum
condition is equivalent to the existence of an asymptotic expansion

Tre™T) ~isor ) dar 1%logtt. (2-4)
aE—X
0<k<k(a)
Furthermore, there is the following simple relation between the coefficients of the asymptotic expansion
and the principal parts of the Laurent expansion at the poles of I'(s)¢(T'; s):
agr(—D*k!  dimker T
TE(Tis) ~ Y = — :
k+1
s, (s +a) S
0<k=<k(x)

(2-5)

2A. Hilbert complexes and the analytic torsion. We use the convenient language of Hilbert complexes
as outlined in [Briining and Lesch 1992]. Recall that a Hilbert complex (D, D) consists of a sequence of
Hilbert spaces H;, 0 < j < N, together with closed operators D; mapping a dense linear subspace D; C H;
into Hj 1. The complex property means that actually ran Dj C D; 41 and Dj 0 D; = 0. We say that a
Hilbert complex has discrete dimension spectrum if all its Laplace operators Aj = D]’." Dj+Dj_4 D]’."_1
do have discrete dimension spectrum in the sense of Definition 2.1. Note that since A; has compact
resolvent, (D, D) is automatically a Fredholm complex, by [loc. cit., Theorem 2.4]. For a Hilbert complex
(D, D) which is Fredholm, the finite-dimensional cohomology group H/ (D, D) = ker D j/ran Dj_y is
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the quotient space of the Hilbert space ker D; by the closed subspace ran D;_; and therefore is naturally
equipped with a Hilbert space structure. From the Hodge decomposition [Briining and Lesch 1992,
Corollary 2.5]

H; =ker Dj Nker D}"_l @®ran D;j_; @ran D} =ker A; ®@ran Dj_; @ran D, (2-6)

one then sees that the natural isomorphism HI (D, D) :=ker Aj = ker Dj Nker D;."_l — HJ(D, D) is
an isometric isomorphism. We will always tacitly assume that the cohomology groups are equipped with
this natural Hilbert space structure.

Recall the Euler characteristic

X(D.D):=>» (1)) dim H/ (D, D) =Y "(~1)/ dimker A;. (2-7)
Jj=0 j=0
The discrete dimension spectrum assumption implies the validity of the McKean—Singer formula
X(D.D) = (=1)) Tr(e™"™) fort>0. (2-8)
Jj=0
Definition 2.2. Let (D, D) be a Hilbert complex with discrete dimension spectrum. The analytic torsion
of (D, D) is defined by

1 .od
log T'(D. D) := 5 Z(—l)’fg

j=0

§(Aj39).
=0

N

If £(Aj;s) has a pole at s = 0 then by % ls=0¢(Aj;s) we understand the coefficient of s in the Laurent
expansion at 0.
Obviously log T (D, D) can be defined under the weaker assumption that the function

1 i
F(D. Dis) =5 ) (=1 j5(4)15) (2-9)
j=0
extends meromorphically to C.
The analytic torsion can also be expressed in terms of the closed and coclosed Laplacians: put

Aja:=AjranDj_; = DJ-_ID;-"_1 Mran Dj_j, (2-10)
Ajcd i=Aj rranDJ’-k :DJ’-"DJ- rranD}". (2-11)
Note that by definition Ag . = 0 and Ap ¢ = 0 act on the trivial Hilbert space {0}; recall that N is
the length of the Hilbert complex. By the Hodge decomposition (2-6) the operators A ¢ and Aj . are

invertible. Moreover,
Ajy1,aDj | ran D]’-k =DjAj ca. (2-12)

Hence the eigenvalues of A . and A  coincide including multiplicities. Putting for the moment
Aj = Tr(e™"AJ.a) = Tr(e™"Ai-1.«a) for j > 1 and Ao := 0 we therefore have

Tr(e™*27) —dim H/ (D, D) = Tr(e ") 4 Tr(e " 2iet) = A; + A1, (2-13)
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and hence

Z(—l)j j(Tr(e™"A) —dim H’ (D, D))

j=0 ) ) .
=Y (D7 jdj+ ) =) (1 jA; =) (=) (j =D A4;
Jjz0 Jj=0 Jj=0
=Y (=) Te(e™" ey = =Y “(=1) Tr(e ™A <). (2-14)
Jjz0 j=0

To avoid cumbersome distinction of cases we understand that Tr(e ™?20.«l) = 0.

Proposition 2.3. Let (D', D), (D”, D) be two Hilbert complexes with discrete dimension spectrum. Let
(D, D) := (D', D")Q(D", D") be their tensor product. Denote by A', A", A the Laplacians of (D', D),
(D", D", (D, D), respectively.

Then the function F(D, D;s) := % jzo(—l)jjé‘(Aj;s) extends meromorphically to C. More pre-
cisely, in terms of the corresponding function for the complexes (D', D), (D", D"") we have the equations

X(D7D):X(‘D/’D,)'X(D”7DH)’ (2'15)
F(D, D;s) = x(D', D')- F(D",D";5) + x(D", D")- F(D', D'; s); (2-16)

in particular
log T(D, D) = x(D', D) -1og T(D", D"y + x(D”, D")-1og T(D', D). (2-17)

Proof. This is an elementary calculation; compare [Vishik 1995, Proposition 2.1] and [Ray and Singer
1971, Theorem 2.5]. Since
— / "
A= P AjoI+1®A4]
i+j=k
we have
ker(Ap—2)= € P ker(Aj—1) @ker(A] —1"). (2-18)
MAN =D it j=k
This proves (2-15), which follows also from the Kiinneth theorem for Hilbert complexes [Briining and
Lesch 1992, Corollary 2.15]. Furthermore,

D (=DFk Tre A

k>0
:Z(_l)kk Z Z e—t)» e—t)\. — Z (_1)l+j(l+]) Z e—t}» e—t)u
k>0 i+j=k A especA] i,j=0 A/ especA
A" especA” A" €specA’
= (Z(—l)i Tre_tA;) (Z(—l)jj Tr e_tA}/) + (Z(—l)j Tr e_tA}/) (Z(—l)ii Tre_’A;). (2-19)
i=0 j=0 j=0 i=0

The claim now follows from (2-3) and the McKean—Singer formula (2-8) applied to A}, A;.’ . O
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Next we state an abstract differentiability result (compare [Dai and Freed 1994, Appendix; Bohn 2009,
Appendix D]J).

Proposition 2.4. Let (@9, De), where 0 € J C R, be a one-parameter family of Hilbert complexes with
discrete dimension spectrum. Let A? = (DJB)*DJ‘9 + Dje_1 (D]To_l)* be the corresponding Laplacians.
Assume that

(1) Hp(D?, D)) =Y j50(-1)7 ) Te(e ™A is differentiable in (¢, 0) € (0, 00) x J and

d 6 pOY(r) = d —tA®
S HT (DY, DO)(0) = 15 Tr(Pe™A) (2-20)

with some operator P in H = @jzo Hj with P(I + AN bounded for some N;

2) A?isa graph smooth family of self-adjoint operators with constant domain and dim ker A? indepen-
dent of 0;
(3) there is an asymptotic expansion
Tr(Pe_’AQ) ~f 50+ Z azk t* logk t, (2-21)
ae—3%
0=<k=<k(a)
which is locally uniformly in 6 and with az « depending smoothly on 0

4) ag « = 0 for k > 0; that is, in the asymptotic expansion (2-21) there are no terms of the form t0 logk t
fork > 0.

Then 0 +— log T(DY, D?) is differentiable and

d
g log 7(D% D) =1 LM Tr(Pe 2"y + 1 LIM Tr(Pe 2"y = —Laf, + L Tr(P | ker A?).

Here LIM;_,, stands, as usual, for the constant term in the asymptotic expansion as t — a. In (1) we
have used the abbreviation A? := @ ijA]e'

Proof. Assumptions (2) and (3) of Proposition 2.4 guarantee that in the following we may interchange
differentiation by s and by 6:

d 0
2% log T (D", D° )=

s 1 ? o
F(s)/ Z( I)J] Tr(e™" kerA )dt

d9 ds
Jj=0
d
—T Pe 8% dr
= ds|,_ Or(s)/ r(Pe™)
d —1 _ 6
=—— N Tr(Pe™ 2 dt
ds S=OF(S)/0 ( )
d s ae 0 o0 . Tr(P | ker A?)
= 200 4 o8 c s -
ds s=o L (s) 0 s

= —ad, + Tr(P | ker A"). (2-22)
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Assumption (1) was used in the second equality and assumptions (3), (4) were used in the penultimate

equality. Without assumption (4) the higher derivatives of the function 1/ I'(s) at s = 0 would cause

additional terms. Assumption (2) guarantees in particular that Tr(IT, . ,¢) is independent of 6. O
J

2B. Torsion of a finite-dimensional Hilbert complex. This subsection mainly serves the purpose of
fixing some notation. Let H;, H; be finite-dimensional Hilbert spaces. For a linear map T : H; — H»
we put

Det(T) := det(T*T)"/2. (2-23)

It T:H — H,, S: Hy — Hj are linear maps then obviously Det(7'S)) = Det(T") Det(.S). Further-
more, given orthogonal decompositions H; = Hj(l) @ Hj(z), J = 1,2, such that with respect to these

decompositions we have
Ty Tis
T = 2-24
( 0 T ) ’ ( )

then Det(7") = Det(7T}) Det(T2)

d dy—1
Let0 — C? = C! —> .25 C" = 0 be a finite-dimensional Hilbert complex. Then the torsion
of this complex satisfies

log T(C*.d) =) (~1)? logDet(d), : kerd,” — imd,) =:log 7(C*. d). (2-25)
p=0
Needless to say each finite-dimensional Hilbert complex is automatically a Hilbert complex with discrete
dimension spectrum. In fact, since the zeta function is entire in this case, for the Laplacian of the complex
the set X (A) defined in Definition 2.1 then equals the set of poles of the I'-function, {0,—1,—-2,...}.
The following two standard results about the torsion and the determinant will be needed at several
places. The first one is elementary; the second one is due to Milnor [1966].

Lemma 2.5. Let (C*,d¥), k =1, 2, be finite-dimensional Hilbert complexes and o (C*, d') — (CX*, d?)
be a chain isomorphism. Then

log 7(CF,d") =logt(C},d?) + Z(—l)j log Det(c; : Clj — Czj)
Jj=0

— (=1)/ logDet(a; « : H/(C{.d") — H/(C}.d?)). (2-26)
j=0

Proof. For complexes of length 2 the formula follows directly from (2-24). Then one proceeds by
induction on the length of the complexes C;, C,. We omit the elementary but a little tedious details. [J

Proposition 2.6 [Milnor 1966, Theorem 3.1/3.2]. Let 0 — C; — C P €y = 0 be an exact sequence
of finite-dimensional Hilbert complexes and let

%:0— H°(Cy) -2 HO(C) HO(CZ)—>H (Cy) = - (2-27)



232 MATTHIAS LESCH

be their long exact cohomology sequence. Then
log 7(C*,d) =log t(Cf,d") +log t(C},d?) + log t(%)

> (=1l 10gr(0 > ¢/ 5 ¢ L CJ —0). (228
Jj=0
In fact the proposition as stated is a combination of [Milnor 1966, Theorem 3.2] and Lemma 2.5. The
last term in (2-28) does not appear in [Milnor 1966, Theorem 3.2] since there one is given preferred
bases of Cy, C, C, which are compatible. In our Hilbert complex setting the preferred bases are the
orthonormal ones. The last term in (2-28) makes up for the fact that in general it is not possible to choose
orthonormal bases of C;, C, C, which are compatible in the sense of [loc. cit.]. For a proof in the more
general von Neumann setting see [Burghelea et al. 1999, Theorem 1.14].
For future reference we note that for the acyclic complex (0 — Clj 2ci s Czj — 0) of length 2 on
the right of (2-28) it follows from the definition (2-25) that

log ‘C(O — Clj ¢l f) Czj — O) = %logDet(Clj 4 Clj) —%logDet(Czj & Czj) (2-29)

Finally, we remind the reader of the (trivial) fact that if in Proposition 2.6 the complex C equals
Cy & C;, « the inclusion and B the projection onto the second summand, then log 7(#) = 0 and
log 7(C*,d) =logt(C},d") +logt(C},d?).

3. Elementary operator gluing and heat kernel estimates on noncompact manifolds

3A. Standing assumptions. Let M™ be a Riemannian manifold of dimension m; it is essential to note
that M™ is not necessarily complete; see Figure 1. Furthermore, let Py : I'°(M, E) — I'°(M, E)
be a second-order formally self-adjoint elliptic differential operator acting on the compactly supported
sections, ['J°(M, E), of the Hermitian vector bundle E. We assume that P is bounded below and we fix

singular ends

boundary conditions

conic end M&Y interact YeM\M
cone tip l
not part
of M
collar (—c,0) x Y
some .\
: boundary conditions at
singular .- .
Y and on singular ends
end -
do not interact
end with elliptic

boundary condition
(but boundary component not part of M)

Figure 1. Example of a singular manifold.
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once and for all a bounded below self-adjoint extension P of Py in the Hilbert space of square-integrable
sections L2(M, E), for example, the Friedrichs extension.

Later on we will need a class of operators which is slightly more general than (pseudo)differential
operators. For our purposes it will suffice to consider an auxiliary operator

V:HS (M, E)— H5.L (M, E), (3-1)

comp

which for each real s maps the space H (M, E) of sections, which are locally of Sobolev class s,
continuously into the space of compactly supported sections of Sobolev class s — 1; see [Shubin 2001,
Section 1.7]. We assume that V' is symmetric with respect to the L2-scalar product on E; that is,
(V/.g) = (f.Vg) for f € H\(M.E). g € L3, (M. E).

Finally, we assume that V' is confined to a compact subset ¥ C M in the sense that

M,V = VM, =0, (3-2)

for any smooth function vanishing in a neighborhood of . Equation (3-2) implies that V' commutes
with M, for any smooth function which is constant in a neighborhood of 3. Our main example is the
operator A? defined after (5-8) below.

In view of (3-1) and the ellipticity of Py, the operator V is P-bounded with arbitrarily small bound;
thus P + V is self-adjoint and bounded below as well.

With regard to the mapping property (3-1) of V' we introduce the space Op% (M, E) of linear operators A
mapping H}} = continuously into Hcsojn‘; and whose Schwartz kernel K 4 is compactly supported. Obvious
examples are pseudodifferential operators with compactly supported Schwartz kernel, but also certain
Fourier integral operators. The point is that elements in Op,. are not necessarily pseudolocal. Note that V'
is in Opl(M, E).

The set-up outlined in this Section 3A will be in effect during the remainder of Section 3.

3B. Heat kernel estimates for P + V.

Lemma 3.1. For all s > 0 we have D(P + V)* = D(P%). Furthermore, the operator e "*‘P+V) t > 0,
has a smooth integral kernel.

Proof. By complex interpolation [Taylor 1996, Section 4.2] it suffices to prove the first claim for s =k € N
where it follows easily by induction exploiting the elliptic regularity for P and (3-1).
Consequently, e’ (P+V) js a self-adjoint operator which maps L2(M, E) into
() D+ V)F) = [ D(PH). (3-3)
k=0 k=0
and the latter is contained in ['*°(M, E) by elliptic regularity. This implies smoothness of the kernel
of e~ (PHV), O

Proposition 3.2. Ler A € Op2(M, E), B € Opé’ (M, E) with compactly supported Schwartz kernels
K4, Kp. Denote by mj : M x M — M, j = 1,2, the projections onto the first and second factor and
suppose that w5 (supp K4) Ny (supp Kp) = & and m,(supp K4) NH = &. (For I, see Section 3A.)
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Then Ae " P+V) B is a trace class operator and
| 4¢P Bl = 0G%), 10+ (3-4)

Here O(t™) is an abbreviation for O(tV) for any N; the O-constant may depend on N. Further-
more, || - || denotes the trace norm on the Schatten ideal of trace class operators.

Proof. (Compare [Lesch 1997, Section 1.4].) Since the Schwartz kernels are compactly supported it
suffices to prove that for all real ¢, 8 and all N > 0 we have

|4e " PTI B 5= 0N), t—0+. (3-5)
Here, || - [|o,g stands for the mapping norm between the Sobolev spaces
H®(ny(supp Kp). E) and  HP (x, (supp K). E).

The O-constant may depend on 4, B, o, 8, N.
Equation (3-5) follows from Duhamel’s formula by a standard bootstrapping argument as follows: note
first that the mapping properties of A, B and P + V imply that, for real o,

14e~" P+ Blly g qp = O(1), 1 —0+. (3-6)
Assume by induction that, for fixed /, N, for all 4, B satisfying our assumptions and for all real «,
14e Pt B o gy = 0C™). -0+ (3-7)
Fix plateau functions y, ¢, ¥ € CZ°(M ) with the following properties:

(1) ¢ =1 in a neighborhood of 7, (supp K 4) and suppp NH = @.
(2) ¥ =1 in a neighborhood of 7 (supp Kp).
(3) x =1 in a neighborhood of supp ¢ and supp y NH = &.

(4) supp x Nsupp ¥ = .

Then
||Ae_t(PJrV)B||a,a—a—b+l+1/2 = ||A<P€_t(P+V)WB||a,a—a—b+l+1/2
< Cilloe ™ Py o pabiirise. (3-8)
From
@1+ P+ V)pe ' FHy = [Py, gle ™" FH Py, (3-9)

where [ Py, ¢] denotes the commutator between the differential expression Py and multiplication by ¢,
we infer

t
pe Py =/ xe CIEE Py, ple =Py ds; (3-10)
0
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here we have used the assumptions on the supports of x, ¥, ¢ and (3-2). In the displayed formulas we
wrote, to save some space, X, ¥, ¢ for the multiplication operators My, My, My,.
For & = o — b we now find

t
loe ™ P lg gy < fo e P gy sr gt W0 @le ™ TNl o1y ds.
(3-11)
Since [Py, ¢] is in Opé we find, using (3-7),

I[Po, ¢le Py |lg.5-141 = OGY) ass— 0+. (3-12)

Furthermore, denoting by C a constant such that P > —C + 1,

||Xe_u(P+V)X||&—1+1,&+l+%
a+i—1 3 _a+i+1/2
SIPHVHCO) T2 Klla—1421,0 I(PHVHCO) e FH D oo [ x(PHVHC)T 2 g ppy- B-13)

The first and the third factors on the right are bounded while for the second factor we have, by the spectral
theorem,

I(P+V 4+ C)3 4 PN 50 = 0w™>/*) asu— 0+. (3-14)

Thus

t
loe™ P g g 111172 < Co / (=) 4N ds = oV, 1 -0+, (3-15)

0
Thus we have improved the parameters / and N in (3-7) by % and 1, respectively, and therefore the result
follows by induction. O

Proposition 3.3. Under the standing assumptions of Section 3A, let ¢, Y € C°° (M) with supp ¢ Nsupp ¥
being compact (the individual supports of ¢ or ¥ may be noncompact!) such that do, dyr are compactly
supported and that supp dp NH = & = supp dy N K. Furthermore, assume that multiplication by ¢ and
by ¥ preserves D(P 4+ V) = D(P).

Then for t > 0 the operator e ™" P+V)yr is trace class and

lpe™ TPl = 0270, 1= 0+, (3-16)
If supp ¢ N supp ¥ = & then the right-hand side can be improved to O(t*°), t — 0+.

Here O(:~/270) is an abbreviation for O(r~"/27€) for any € > 0; the O-constant may depend on €.

Proof. Assume first that additionally i is compactly supported. Again applying Duhamel we find
t
oot PHV)y, = / =PI P oS PHV)y 1o (3-17)
0

Now apply Lemma 3.1 and Proposition 3.2 to the operator [Py, ¢le P+ If supp ¢ N supp ¢ # &
then the trace norm estimate is a simple consequence of Sobolev embedding and the established mapping
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M,
M, A
A N
4 N .
Y possibly
* K, =~ noncompact

possibly @

noncompact <~ K,
end

@ end
o

U= (—c,c)xY
tubular neighborhood of Y

Figure 2. The gluing situation.

properties. If supp ¢ Nsupp ¥ = @ then Proposition 3.2 implies ||[Py, ¢le *P || = O(*°) and
the claim follows in this case.

Since e 1 (P+V) g self-adjoint the roles of ¢, ¥ may be interchanged by taking adjoints and hence the
proposition is proved if ¢ or ¥ is compactly supported. The general case now follows from (3-17) since
the compactness of supp d¢ implies the compactness of the support of the Schwartz kernel of [ Py, ¢]. O

3C. Operator gluing. Now we assume that we have two triples (M, Pjp, Vi), j = 1,2, consisting of
Riemannian manifolds M j'” and operators Pjp, V; satisfying the standing assumptions of Section 3A.
Furthermore, we assume that each Mj is the interior of a manifold AM; with compact boundary Y (it is
essential that M j is not necessarily compact). Let U =Y x (—c, ¢) be a common collar of Y in M; and
in M5, such that 0M; =Y x {1} and 0M, =Y x {—1}.
We assume that the sets #; corresponding to V; (cf. (3-2)) lie in M; \ U and that P10 coincides with P20
over U. Then the P;) gives rise naturally to a differential operator P® = P? U P on

M = (M;\ (Y x(0,¢))) Uy xgo; (M2 \ (Y x (—c,0))),

and the V; to an operator V = V; + V; € Opé (M, E), where E is the bundle obtained by gluing the
bundles £ and E, in the obvious way (due to (3-2) the operators V7, V; extend to M in a natural way).

Definition 3.4. By C°(M;) we denote the space of those smooth functions ¢ € C°° (M) such that ¢ is
constant in a neighborhood of M; \ U and ¢ = 0 in a neighborhood of 8]\7j; see Figure 3.

graph of p € C°(M)

singular end

Figure 3. Schematic sketch of a function in C;7°(M). The line indicates the manifold A/;
to the left are the possible noncomplete ends. On the right there is the collar U.
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A function ¢ € C°(M;) extends by 0 to a smooth function on M.

Proposition 3.5. Let P;, j = 1,2, be closed symmetric extensions of P;) which are bounded below and
Sfor which

(pD(PJf") C D(Pj) forall p € C°(M;). (3-18)
For a fixed pair of functions ; € C°(Mj), j = 1,2, put
D(P):={feDP) | i f€DP)), j=12}= Comp(U E)+ @1 D(P1) +@2D(P2). (3-19)

D(P) is indeed independent of the particular choice of ¢j and the operator P which is defined by
restricting PO, = (P°)* to D(P) is self-adjoint and bounded below. V is P-bounded with arbitrarily
small bound and hence P + V is self-adjoint and bounded below as well.

Furthermore, if for fixed j € {1,2} we have ¢, ¥ € Cg°(M;) satisfying (3-18), then the operator
e TPtV yr et (PHV)yr s trace class and its trace norm is O(t>) as t — 0+.

Remark 3.6. 1. It is not assumed that e’ (P +V)w or e~ ! 3 +V)w is of trace class individually!

2. Equation (3-18) says that the “boundary conditions™ at the exits of M and M, are separated. We
illustrate this with an example: let My = (—1,1), My = (—1,1), U= (-1,1), M =(=1,1), and let
PIO = Pg = —d?/dx? = A be the Laplacian on functions. Let Pf “ be the Laplacian A on M; with
periodic boundary conditions. These boundary conditions are not separated and indeed for ¢ € C*° (— 1, %)
with ¢(x) =1 for x < —l and ¢(x) =0 for x > % the space (pD(Pfer) equals @Hz([ -1, %]) and this
is not contained in D (P} er)

However, for any pair of self-adjoint extensions P; of Pjp, Jj =1, 2, with separated boundary conditions
at the ends of the intervals M; one has ¢ D(P;) C D(Pj); that is, the condition (3-18) is satisfied and

Proposition 3.5 applies to this pair.

Proof. Since H ) the second equality in (3-19), the symmetry of P and the

COmp(U E) C D(P? i min
independence of ‘D(P) of the particular choice of ¢; are easy consequences of (3-18).
To prove self-adjointness let /€ D(P*). We claim that for ¢; € C°(My) we have ¢ f € D(PY).

Indeed for g € D(P;) we have

(1 /. Prg) = (/.91 P1g) = (f.[¢y. Plg) + (f. PP, g). (3-20)

Since suppdg; C U is compact and since [¢;, P{)] is a compactly supported first-order differential
operator on U we find

=([P).o1lf + o1 P* f.g). (3-21)

proving @1 f* € D(P). In view of (3-18) we see, by choosing another plateau function ¥ € C° (M)
with ¥ ¢; = ¢, that ¢1 /' € D(Py). In the same way we conclude ¢, f* € D(P,) for ¢, € C;°(M3) and
thus f € D(P).

To prove the trace class property and the trace estimate we choose another plateau function x € C° (M)
such that x = 1 in a neighborhood of supp ¥ with x —y € C2°(Mj); hence x also satisfies (3-18).
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Consider first K; := ye !BtV — ye P+ y, K, (=0 and
@+ P+ V)K; =[P, yle " EitVy —[ PO y]e™! P+ )y, (3-22)

Here we have used that multiplication by x commutes with V' and V;; see (3-2). Propositions 3.2 and 3.3
now imply that K; is trace class for ¢ > 0 and that || K; || = O(¢°°) as t — 0+. Consequently

Ixpe " EitVy — xoe Pyl < 9lloo | Kellw = O(™).

To (1—x)@e t®itVy—(1—x)pe " P+V)yr we can apply Proposition 3.3 since (supp ¥)Nsupp(1—x) =
@& and the proof is complete. O

Finally, we discuss heat expansions. Under the assumptions of Proposition 3.5 assume that P; + V;
has discrete dimension spectrum outside U. By this we understand that for ¢ € C°(M;) the operator
et (Pi+Vi) s trace class and that there is an asymptotic expansion of the form (2-4) with agx = agi (¢).
Then:

Corollary 3.7. Under the additional assumption of discrete dimension spectrum for Pj + V; outside U
the operator P + V has discrete dimension spectrum and for any ¢ € C°(My) we have

Tr(e"P)) = Tr(pe P+ 4 Tr((1 — @)e P22y L 0(r°)  ast — 0+. (3-23)
Proof. This is immediate from Proposition 3.5 and the discrete dimension spectrum assumption. O

We add, however, a little more explanation since the term “discrete dimension spectrum outside U”’
might lead to some confusion: since X N U = & (cf. (3-2) and the second paragraph of this section, on
page 236) for f € I'°(U, E) we have (P + V) f = Pf. The classical interior parametric elliptic calculus
(see [Shubin 2001], for example) then implies that for ¢ € C°(U) there is an asymptotic expansion

Tr(pe " PT) ~ 0 Y aj(Pg) /72, (3-24)
j=0

where a;j (P, ¢) = fM aj(x, P)p(x)dx and a; (x, P) are the local heat invariants of P. Thus over any
compact subset in the interior of M \ ¥ the discrete dimension spectrum assumption follows from standard
elliptic theory and hence is a nonissue. Rather it is a condition on the behavior of P on noncompact
“ends” and a condition on V over K.

3D. Ideal boundary conditions with discrete dimension spectrum. The remarks of Section 3C extend
to ideal boundary conditions of elliptic complexes in a straightforward fashion. Let X be a Riemannian
manifold which is the interior of a Riemannian manifold X with compact boundary Y, and let U =
(—c,0) x Y be a collar of the boundary. Since X is allowed to be noncompact it is not excluded that
away from U there are “ends” of X which can be completed by adding another boundary component;
see Figure 1.

As an example which illustrates what can happen consider a compact manifold Z with boundary,
where 0Z =Y, U Y, U Y3 consists of the disjoint union of three compact closed manifolds Y;, j = 1,2, 3.
Attach a cone C(Y3) = Y3 x (0, 1) with metric dr? + rzgy3 to Y3 (and smooth it out near Y3 x {1}).
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Then put X :=(Z \ (Y1 UY3)) Uy, C(Y3) and X :=(Z\Y,) Uy, C(Y3). Then Y; plays the role of Y’
above, but X is not compact. Compare Figure 1 on page 232.

When introducing closed extensions (that is to say, boundary conditions) for elliptic operators on X it
is important that the boundary conditions at ¥ and Y, on the one hand, and on the cone on the other, do
not interact in order to ensure (3-18) holds.

Leaving this example behind, let (I'>°(E), d) be an elliptic complex and let (D, D) be an ideal
boundary condition for (I'?°(E), d) —that is, a Hilbert complex such that D;, j = 1,2, is a closed
extension of d;.

We say that the ideal boundary condition (D, D) has discrete dimension spectrum outside U if the
Laplacians Aj = DJ’." Dj+ Dj_4 DJ’."_1 have discrete dimension spectrum outside U'; cf. the paragraph
before Corollary 3.7. Then Proposition 3.5 and Corollary 3.7 hold for the Laplacians.

More concretely, let X, Y be as before and let (F, V) be a flat bundle over X. Assume that we are
given an ideal boundary condition (D, D) of the de Rham complex (2°(X; F), d) with values in the flat
bundle F with discrete dimension spectrum over the open set X \ U, U = (—c¢, 0) x Y. Fix a smooth
function ¢ € C*°(—c, 0) which is 1 near —c and 0 near 0 and extend it to a smooth function on X in the
obvious way.

We then define the absolute and relative boundary conditions at Y as follows:

D/ (X F) := ¢D(Dj) + (1 —9)D(d}j max), D/ (X,Y; F):=@D(D;)+ (1 —9)D(dj,min). (3-25)

The Laplacians of the maximal and minimal ideal boundary conditions are, near Y, realizations of local
elliptic boundary conditions (see, e.g., [Gilkey 1995, Section 2.7]). This, together with Proposition 3.5
and Corollary 3.7 applied to M1 = X, My, =Y x(—¢,0), U =Y x (—c,—c/2), implies that the Hilbert
complexes (D(X; F),d) and (D(X,Y; F), d) are Hilbert complexes with discrete dimension spectrum.

4. Vishik’s moving boundary conditions

4A. Standing assumptions. We discuss here Vishik’s [1995] moving boundary conditions for the de Rham
complex in our slightly more general setting. Let X be a (not necessarily compact or complete!)
Riemannian manifold; see Figure 1. Furthermore, let (F, V) be a flat bundle with a (not necessarily flat)
Hermitian metric 2. We assume furthermore that X contains a compact separating hypersurface ¥ C X
such that in a collar neighborhood W = (—c, ¢) x Y all structures are product. In particular we assume
that VF is in temporal gauge on W; that is, V¥ } W = 7*V¥ for a flat connection V¥ on F } Y, where
7 denotes the natural projection map W — Y. In other words X is obtained by gluing two manifolds
with boundary X * along their common boundary ¥ where all structures are product near Y; compare
Figure 2.
We make the fundamental assumption that

we are given ideal boundary conditions (D*, D¥) of the twisted de Rham
complexes (2°(X °*; F), d) which have discrete dimension spectrum over 4-1)
Ut :=X*\W. Weput X := X 1T XT.
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4B. Some exact sequences and the main deformation result. As explained in Section 3D we therefore
have the following Hilbert complexes with discrete dimension spectrum: D*(X*; F) (absolute boundary
condition at Y), D*(X Y. F ) (relative boundary condition at Y'), D*(X; F) (continuous transmission
condition at Y'). By construction we have the exact sequences of Hilbert complexes

0——= D*(X~,Y; F)~2= D*(X; F) _r D(XT; F) —=0, (4-2)
0——= DXt Y; F)—— D*(X*; F) D*(Y;F) —=0, (4-3)
0——= DX, Y:F)®D(XT,Y; F)M;p-(x; F) —=D*(Y; F) — 0. (4-4)

Here oy are extensions by 0, f is the pullback (i.e., restriction) to X T, y. is the natural inclusion of the
complex D*(X *, ¥; F) with relative boundary condition at Y into the complex D*(X *; F) with absolute
boundary condition, and i+ : ¥ <> X is the inclusion map. Finally ro = “/Tz(i_";a) +i*w) = \/Elj*:a)
forw € D*(X; F).

It is a consequence of standard trace theorems for Sobolev spaces that i} : D*(X . F)—> D*(Y; F)
is well-defined; see, for example, [Paquet 1982; Lions and Magenes 1972; Briining and Lesch 2001,
Section 1]. To save some space we have omitted the operator D from the notation in the complexes in
(4-2), (4-3), and (4-4). Clearly, the complex differential is always the exterior derivative on the indicated
domains.

Each of the complexes (4-2)—(4-4) induces a long exact sequence in cohomology. We abbreviate these
long exact cohomology sequences by

KXY, X, XN F), %(XT,Y).XE Y. F), #(X.Y)UXT,Y),X,Y;F),

respectively. The long exact cohomology sequences of the complexes (4-2), (4-3), (4-4) are exact
sequences of finite-dimensional Hilbert spaces and therefore their torsion 7 (#(---)) is defined; cf. (2-25).
The Euler characteristics — see (2-7) — of the complexes in (4-2)—(4-4) are denoted by x(X Y. F ),
X(XE:F), x(X: F), x(Y; F), etc.

Next we introduce parametrized versions of the exact sequences (4-2) and (4-4). The idea is due to
Vishik [1995] who applied it to give a new proof of the Ray—Singer conjecture for compact smooth
manifolds with boundary. Namely, for 6 € R consider the following ideal boundary condition of the
twisted de Rham complex on the disjoint union X" = X~ II X *:

@é(}(; F):={(1,02) €D/ (X F)®D/ (XT; F) | cos§ -i*w; =sin6 -ifw,}. (4-5)

We will see that for each real 6 the complex (D (X; F), d) is indeed a Hilbert complex with discrete
dimension spectrum. In fact near Y it is a realization of a local elliptic boundary value problem for
the de Rham complex on the manifold X, and away from Y we may apply Corollary 3.7 and our
assumption (4-1) that the Hilbert complexes (D*, D*) have discrete dimension spectrum over X\ W.

For 6 = 0 we have Dy (X; F) =D*(X™,Y; F) & D*(XT; F), and for & = /4 we see that the total
Gauss-Bonnet operators d + d* of the complexes D 4(X; F) and D(X; F) coincide (see [Vishik 1995,
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Proposition 1.1, p. 16]). Hence the family of complexes (Dg (X F), d %) interpolates in a sense between
the direct sum D*(X~,Y; F) @ D*(X*; F) and the complex D*(X; F) on the manifold X
The parametrized versions of (4-2), (4-4) are then

0 —— D*(X™,Y; F)2s Dy (X; F) —> D*(XT; F) — 0, (4-6)
0——= D (X, Y; F) & DX+, ¥; HEE Do (X; F) 2 D(Y: F) — 0, (4-7)

where agw = (w, 0) is extension by 0, Bg (w1, ws) = w, is restriction to X ¥, y+ @ y_ (w1, w2) = (w1, ®3)
is inclusion and rg (w1, wz) = sinf -i*w; +cos 0 - i wy. We denote by #Hy((X ™, Y), X, X*;F)and
Ho((X—,Y)U(XT,Y), X,Y; F) be the corresponding long exact cohomology sequences.

We denote the cohomology groups of the complex Dg (X'; F) by H, J (X; F); the corresponding space
of harmonic forms will be denoted by H J (X; F). For the next result we need some more notation.
Let 7 be a Hilbert space and let 7' : % — ¥ be a bounded linear operator. For a finite-dimensional
subspace V C # we write Tr(T | V) for Tr(Py T Py) where Py is the orthogonal projection onto V.
If ej, j,...,n,is an orthonormal basis of V' then

n

Te(T }V) = (Tej.ej). (4-8)

j=1

We will apply this to 8g on the space Hej (X:;F). Ifej, j,...,n, is an orthonormal basis of ﬁé (X F)
then

Te(Bo VX P = Dol 1 B =3 [ ey nsey. (49)
j=1 j=1

After these preparations we are able to state our main technical result. It is inspired by Lemma 2.2 and
Section 2.6 in [Vishik 1995].

Theorem 4.1. The functions
0> log T(Dy(X; F)), logt(#He(X™,Y), X, X1 F)), logr(#He((X—,Y)UXT,Y), X, Y;F))

are differentiable for 0 < 0 < 7 /2. Moreover, for 0 <0 < /2,

d . )
S0 T(Dy(X; F) = [~ S (1) Te(By | H (X3 P+ X(X 5 F)] —tan-x(Y: F), (4-10)

Jj=0
d . ,
S log T(Hg(X ™. ¥). XX F)) = — [—;)(—1)1 Te(Bo I HJ (X: ) + x(X T F)). (-1D)
i1og t(He(X—,V)UXTF,Y), X, Y; F)) = i1og T(Dy(X; F)). (4-12)

do do
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Furthermore, with #g standing for either #g(X~,Y), X, X T; F) or #g (X, Y)U(XT,Y), X, Y F),
the map
0 —log T(Dy(X: F)) —log t(¥y) (4-13)

is differentiable for 0 < 0 < 7 /2.
The proof of Theorem 4.1 will occupy Section 5.

5. Gauge transforming the parametrized de Rham complex a la Witten

Consider the manifold X as described in Section 4. Recall that in the collar W := (—c,c) x Y of Y all
structures are assumed to be product. We introduce W := (—¢, 0] x Y 1[0, ¢) x Y. Furthermore, let
S W — W (¢, p) — (—t, p) be the reflection map at Y. Finally, we introduce the map

T:Q'(WM F) = Q* (W, F), T(w1,w3):=(S*wy,—S*w). (5-1)

T is a skew-adjoint operator in L2(W, A*T*W ® F) with T? = —I. Note furthermore that T
commutes with the exterior derivative d. We denote by DY (on XU or W) the closed extension of the
exterior derivative with boundary conditions as in (4-5) along Y. More precisely, D? acts on the domain

'Dé(W; F):= {(a)l,a)z) € D(d},max) } cosf -i*w; =sinf -i_T_a)z}. (5-2)

The operator family has varying domain. In order to obtain variation formulas for functions of DY
we will apply the method of gauge-transforming DY onto a family with constant domain; compare, for
instance, [Douglas and Wojciechowski 1991] and [Lesch and Wojciechowski 1996].

We choose a cut-off function ¢ € C°((—c,¢) x Y') with ¢ = 1 in a neighborhood of {0} x ¥ and
which satisfies p(—t, p) = ¢(t, p), (¢, p) € (—c,c) x Y. Then we introduce the gauge transformation

Dy := 99T = cos(0p) I +sin(0p) T : QX (W F) — Q* (W, F). (5-3)

Since e??&-PT = | for 2| sufficiently close to ¢, ®g extends in an obvious way to a unitary transformation
of L2(A*T* X, F) which maps smooth forms to smooth forms.

Lemma 5.1. For 6, Q’ € R the operator ®y maps @é,(X; F) onto ®£+o,(X; F), and accordingly
@é,(Wm; F) onto Dé+9,(W°“t; F). Furthermore,

@3 DO 0y = DY 4 0 ext(dy)T. (5-4)
Proof. It obviously suffices to prove the lemma for W, Consider (w1, w;) € Dé,(WC‘"; F). Then
iZPg(wy, w3) =cosb -i*wy +sinb -ifw,, (5-5)
iy Pp(w1,w3) =cost -i*wy —sinb -ifw;. (5-6)
A direct calculation now shows
cos(0 + 0') i*Pp (w1, ) = sin(0 + 0") i Pg(w;, w2), (5-7)

proving the first claim. The formula (5-4) follows since T' commutes with exterior differentiation. [
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Note that D™/* + 6 ext(d¢)T is a deformed de Rham operator acting on smooth differential forms
on the smooth manifold X (respectively, W). T is not a differential operator. However, the reflection
map S allows us to identify (—c,0) x ¥ with (0, ¢) x Y and hence sections in a vector bundle £ over
(—¢,0)xY 11(0, c)x Y may be viewed as sections in the vector bundle E@® S™* E over (0, ¢)xY . Therefore,
since supp(d¢) is compact in (—c,0) x Y LI (0,¢) x Y, T may be viewed as a bundle endomorphism
acting on the bundle (A*T*(0,¢) X Y) ® (F @ F). In particular employing the classical interior
parametric elliptic calculus, as, for example, in [Shubin 2001], we infer that the Laplacian corresponding
to D™/* 40 ext(dg)T has discrete dimension spectrum over any such compact neighborhood of supp(d¢)
which does have positive distance from ¢ x Y.

From now on let

DY := D™/* 4+ 9 ext(do)T, (5-8)
with domain ®5=n/4(X; F) and A? = (D?)*D? + D?(DY)* the corresponding Laplacian. On the
collar (—c, c) x Y the operator A? is of the form P + V as discussed in Section 3A, where P is the
form Laplacian and V = A — A is induced by 6 ext(d¢@)T. The subset % of (3-2) is the support of d¢.

The operator A? is now obtained as in (3-19) by gluing the domains of the form Laplacians of the given
de Rham complexes on X *. Proposition 3.5 and Corollary 3.7 now give:

Theorem 5.2. The Hilbert complexes Dy (X; F) defined in (4-5) are Hilbert complexes with discrete
dimension spectrum.

Theorem 5.3. For 0 <6 < r/2 the Hilbert complexes Dy (X ; F) satisfy (1)~(4) of Proposition 2.4. More
precisely,

Aty ) =1 A > 1) Tr(Boe ™)) (5-9)
and 7=0
S (1) Te(Boe ™) = x(X+1 F) —sin 6 (Y3 F) + 0(), (5-10)
j=0
ast — 0-4+.

5A. Proof of Theorem 5.3. Note that
d
d—@D”/“ = ext(dg)T =[d, ¢T). (5-11)
Let us reiterate that although [d, ¢ T'] is strictly speaking not a Oth-order differential operator it may be
viewed as one over (A*T*(0,¢) x Y) ® (F @ F), which implies that it lies in Op® (W) C Op2(X°").
We remind the reader of the definition of the closed and coclosed Laplacians in (2-10), (2-11). We find
d d X ~ ~ X
. Tr(e—tAi,ca) = Tr(e_tA?:.ccl) =— Tr(((Dg)t ext(dp)T + (ext(d@)T)th)e_’Az,ccl)
= —t Tr((DF) ext(do)T + (ext(dgo)T)’Dg)e—mﬁ.m), (5-12)

where in the last line we have used that &y commutes with ext(d¢)T .
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Next let (en)nen be an orthonormal basis of ran(Dg)* consisting of eigenvectors of Ag’ oo O eigen-
values A, > 0. Then (e, = )»;1/ 2e,,),, is an orthonormal basis of ran Dg consisting of eigenvectors of
Ag Tl (see (2-10), (2-11) and thereafter). Equation (5-12) gives

d _ _ _
70 Tr(e ’Atemcl) = —t ;((dg)t ext(dp)Te ’Azscclen, en)—t ;(e tAggcclen, (dg)’ ext(do)Tey)

= —zzm(Z«dg)f ext(dg)Te By, e,,)). (5-13)

n
Stokes’ theorem and the boundary conditions will allow us to rewrite the individual summands of the last
sum. To this end let w, n € D(Ag). Then since dg is compactly supported in the interior of W< we
have

(d)) ext(dp)Tw.n) = (ext(dp)Tw. dn) = (dp A Tw.dn) = (d(¢pTw), dn) — (¢Tdo, dn)

=/ To A¥dn+ (pTw,d"dn) — (pTdw, dn). (5-14)
aXcuI

Here, % denotes the natural isometry A°T*M @ F — N""PT*M ® F T. In the last equality we have
applied Stokes’ theorem on the manifold with boundary X *'. Note that ¢ Tw is a compactly supported
(locally of Sobolev class at least 2) form on X .

The boundary of X" consists of two copies of ¥ with opposite orientations. To calculate the integral
in the last equation we orient Y as the boundary of X *. Then using that w and 7 satisfy the boundary
conditions (4-5) at Y we find

/ Tw/\%dn:/ i_";(Ta)/\%dn)—if(Tw/\%dn):—/ Yo NI Edy+iio NiZkdn
X eut Y Y

2
sin 20

=—(tan9+c0t9)/ i*(wA%dn) = — ([ da)/\>T<dn—|—(—1)|“’|a)/\d>T<dn)
Y X+

2
= =g (do.dn)x+ = (o, d'dn)x+). (5-15)

Here (-,-)y+ denotes the L2-scalar product of forms over X ™.
Plugging into (5-14) gives

((d)) ext(dp)Tw,n) = (pTw,d"dy) — (pTdw, dn) (dw,dn)x+ —(w,d"dn)x+). (5-16)

~ sin 20(

Similarly,

((ext(de)T) Diw,n) = (d'dw,¢Tn) — (dw, ¢ Tdn) (dw,dn)x+ — (@, d"dn) xy+). (5-17)

~ sin26 (
We now apply (5-16) to the summands on the right of (5-13) and find using (2-12)
_ 6 _ 0 _ 4 - -
((dy)' ext(dg)Te™ Arsiey, en) = (pTe Brea Al en, en) = (9T Brrra Al | 2y en)

2
sin 26

_+AO - _ 4 A0
((:396 tAp+l’ClAf7+l,clen’en> - <IBHe tAp’CClAfJ,cclena en>), (5'18)
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and summing over n gives

d
— Tr(e_tAf:.ccl) — —2t.‘)‘i(Tr(<pTe_tA19ncclAf, ) —Tr((pTe_tAz+l.clA0+l’cl))

d@ ,ecl P
4t YN A0
+ T R(Tr(Bg AGyy qe™ Brere) —Tr(BoA], e~ Ar))
sin 26
d 0 )
= 2[— T —tA el — T —tA +1.c)). 5_19
dt sin29( t(Bge” Pret) —Tr(Bge™ rt1)) (5-19)

Here we have used that, since ¢ 7 is skew-adjoint, Tr(¢T4) is purely imaginary for every self-adjoint
trace class operator 4 and similarly that since B¢ is self-adjoint that Tr(89A) is real. Consequently,
using (2-14),

d . d . LA d . A
S Hr (DR (X F)) = -2 3 (=) Tr(e™ ) = =20 —— 0 B (1) Te(Bge ™). (5-20)

Jj=0 Jj=0

Finally, for calculating the asymptotic expansion (5-10) as ¢ — 0+ we may again invoke Corollary 3.7.
The asymptotic expansion (5-10) on X" differs from the corresponding expansion for the double
— XTI X by an error term O(¢*); here —X + stands for X ™ with the opposite orientation. However,
on the double —X+ 11 Xt we may write down the heat kernel for Af, explicitly in terms of the heat
kernels for A, with relative and absolute boundary conditions at Y [Vishik 1995, (2.118), p. 60]. Namely,
let A7, A7 be the Laplacians of the relative and absolute de Rham complexes on X * as in (3-25) and
denote by E? 714 their corresponding heat kernels. Let S be the reflection map which interchanges the
two copies of X+ in —X T L1 X *. Its restriction to W is the reflection map S defined before (5-1) and
hence denoting it by the same letter is justified.

Finally, let E f (x, y) be the heat kernel of AZ/ fon—XTUX * that is, the Laplacian with continuous
transmission boundary conditions at Y. The absolute/relative heat kernels are given in terms of E7 by

EP*=(EF +S*oEP) ' X1, EP" =(EP-S*oEP) | X™. (5-21)
More generally, we put for x, y € — X+t LI X +:

EP(x,y) +cos(20)(S*o EP)(x,y) ifx,yeXT,

5-22
sinQO)E? (x, y) ifxe(=X1), yeXxt. ( )

EP?(x,p) :={

One immediately checks that £ f 9 is the heat kernel of Ag on —X* II X*. Consequently
Tr(Bge"27) = Tr(Bp EP) + c0s(20) Tr(S* o EP) = cos?(0) Tr(EP?) + sin?(9) Tr(EPT).  (5-23)

In view of our standing assumptions (Section 4A) the complexes D*(X T, Y; F) and D*(X T; F) are
Fredholm complexes, so the McKean—Singer formula (2-8) holds and hence taking alternating sums yields

Z(—l)j Tr(Bge 27 ) = cos? 8-y (X +1 F)+sin0-x (X T,V F) = (X +: F)—sin0-x (Y F), (5-24)
j=0
and the proof of (5-10) is complete. In the last equality we used that x(X T F) = x(X T, Y; F)+x(Y; F);
this formula follows from the exact sequence (4-4). O
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5B. Proof of Theorem 4.1.

Proof of (4-10). Combining Proposition 2.4 and Theorem 5.3 we find

d L[]
70 log T(Dp(X; F))

—4 . )
s1n29 (X2 F) —sin® 6 x(Y F>>+——T (Z(—l)fﬁe M H] (X F))

n26 5
Jj=0

2
" sin26 ( Z( 1)/ Tr(Bg FHJ (X:F) 4+ x(X*: F)) —tanf-x(Y; F),  (5-25)
>0
which is the right-hand side of (4-10). 0

Proof of (4-11) and (4-12). Let 0 < 0,60’ < 7/2 and consider the following commutative diagram
(cf. (4-6)):

0 — D*(X~ YF)—>D‘(X F)—=D*(XT;F) ——0

Jid l% , Ld)é’fe/ (526)
0= DX~ Y: F) e Do (X1 F) L2 Do(X+: F) — =0,

where ¢g ¢ and q); o are Hilbert complex isomorphisms, defined by

tan 0 tan 9

— +
¢0,9/((’01’w2) - (a)l’ ma)Z)v ¢9’9/( 2) tan 9/

Hence we obtain a cochain isomorphism between the long exact cohomology sequences of the upper and
lower horizontal exact sequences (F omitted to save horizontal space):

L HR(xY) 20 Hk(X) S HM(X ) 2 HKY(XY)--
jid lcbe o x jd);g, lid (5-27)
CHRY X ) 2 g (X) 20 gk (x—) 20 gE L (XY -
Let eq, ..., e, be an orthonormal basis of H6],C (X; F). Then
Det($f 5 ) = Det((¢g,or i bo,6,x€j)} j=1): (5-28)
hence
d logDet(¢pk ., )> =T d ¢ + d ¢ '
—_— (0] c , = 1r —_— ’ x€j, €j e, —— /7 x€i
d@/ o0—o g 9,0 % dG/ o—8 9,0 , k1 J 1 de, 0'—g 0,0 k¢ l’j:1

2 < 2
-9 e =D
sin 26 ;)(,396],81) sin 26

Te(Bg M HE(X; F));  (5-29)
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see (4-8). Furthermore, since qbgr g is multiplication by tan 6/tan 6" we have

Det(¢y g ,) = ( — 0/) , (5-30)
and hence
2
— logDet(¢F,, )2 =—2—— y(XT: F). 5-31
d@/ 9/=9 Og c (¢9’0 ’*) Sln29 X( ) ( )

By Lemma 2.5 we have
log t(He (X7, Y), X, X1 F)) —logt(#e((X~.Y), X, X" F))
= 3 log Det(¢g,0/,+) — 5 log Det(¢y 4, )% (5-32)

combined with (5-29) and (5-31) we therefore find (4-11).
That the left-hand side of (4-12) equals the right-hand side of (4-10) is proved analogously. One just
has to replace the commutative diagram (5-26) by

0—>D°(X_,Y;F)@D'(X+,Y;F)uD'(X F) Lo pe (Y;F)——=0
lid®¢gj9/ jd’e.a/ L‘/fe.ef (5-33)
+ /
0 — D' (X, Y; F)@D(XT,YV; F) 5 D2 (X; F) —“>~ D*(Y; F) —0,
where Vg g/ (w) = g,a) See also (A-20) and thereafter. O

Proof of the dijj‘erennabzlzty of (4-13) at 0. The problem is that the dimensions of the cohomology groups
Hg (X; F) may jump at 0; note that the isomorphism ¢ ¢ defined after (5-27) between D (X; F) and
D5, (X; F) is defined only for 0 < 6,60" < /2. By our standing assumptions of Section 4A (see also
Section 3D), D*(X~,Y; F) and D*(X *; F) are Hilbert complexes with discrete dimension spectrum.
Hence we may choose a > 0 such that a is smaller than the smallest nonzero eigenvalues of the Laplacians
of D*(X™,Y; F)and D*(X,Y; F). Furthermore, we denote by Hg the orthogonal projection onto

Hf (X:F):= @D ker(A)—1). (5-34)
0<A<a
Since for 6 = 0 the complex D (X; F) is canonically isomorphic to the direct sum D*(X ™, Y; F) &
D*(X*; F) and since the gauge-transformed Laplacian A? of Dy (X F) in view of (5-8) certainly
depends smoothly on 6 there exists a 8y > 0 such that the projection Hg depends smoothly on 6 for
0 <0 < 6. In particular,
rank I1) = dim HJ_ (X F)
is constant for 0 < 6 < 0.
(H, ,(X; F),d) is a finite-dimensional Hilbert complex and the orthogonal projections Hp give rise
toa natural orthogonal decomposition of Hilbert complexes

Dy (X: F) = (Hy ,(X: F),d) ®Dj_,(X; F). (5-35)
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By construction of IT2 we have
log T(Dy(X: F)) =logt(Hy ,(X: F).d) +1og T(Dg ,(X: F)), (5-36)
and 0 — log T(ﬂé,a (X; F)) is differentiable for 0 < 6 < 6.
Since surjectivity is an open condition we conclude that the sequence
O—>H*(X_,Y;F)&>H;’Q(X;F)&H*(X+;F)—>O (5-37)
is exact for 0 < 6 < 6; < 6y. Here, oy is defined in the obvious way while
Bo := orthogonal projection onto H*(X; F) of w | X . (5-38)

Note that the differentials of the left and right complexes vanish and hence so do their torsions. The
space of harmonics of the middle complex equals the space of harmonics of the complex D (X; F)
and hence the cohomology of the middle complex is (isometrically) isomorphic to the cohomology of
Dy (X F). One immediately checks that the long exact cohomology sequence of (5-37) is exactly the
exact cohomology sequence #((X~,Y), X, X T; F). Hence Proposition 2.6 yields

log T(Hy ,(X: F)) =log t(¥((X . Y). X, X F))

- Z logt(0 > HP(X™,Y; F) it H} (X:F) Py HP(XT;F)—0). (5-39)
p=0

This shows the differentiability of the difference log r(Hg‘a(X; F))—logt(#(X~,Y), X, X", F)) at
6 = 0. In view of (5-36) the claim is proved. O
6. The gluing formula

We can now state and prove the main result of this paper. The standing assumptions (Section 4A) are still
in effect. Furthermore, we will use freely the notation introduced in Section 4B.

Theorem 6.1. For the analytic torsions of the Hilbert complexes D*(X*,Y; F), D*(X*; F), D*(X; F)
we have the following formulas:

log T(D*(X: F)) =log T(D*(X™,Y; F))+log T(D*(X*; F))
+log T(#((X™,Y), X, Xt F))—1log2- x(Y; F), (6-1)
log T(D*(X " F)) =1ogT(D*(X~.Y:F))+logT(D*(Y;F))+logt(#((X.Y). X .Y F)), (6-2)
log T(D*(X; F)) =log T(D*(X~,Y; F))+1log T(D*(XT,Y; F))
+log T(#(X ", Y)U(XT,Y), X,Y; F)) +1log T(D*(Y; F)). (6-3)

6A. Proof of Theorem 6.1. In the course of the proof we will make heavy use of Theorem 4.1.
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Proof of (6-1). As noted after (4-5) we have for 6 = 0 that Dy _ (X; F) =D*(X™,Y; F)® DX F)
and that for 6 = /4 the complexes Dy _ /4 (X; F) and D*(X; F) are isometric. Hence we have
log T(D*(X; F)) —log T(D*(X~,Y; F))—log T(D*(Xt; F))
=log T(D;TM(X; F)) —log T(Dy_o (X F))
=log (D} 4 (X: F)) —1og t(Hra((X ™. Y), X. X +: F)) —log T(Dj_o(X: F))
+log7(Ho—o(X . ¥), X, X1 F)) +log v (#z/a(X~.Y). X. XTI F)).  (6-4)

Recall that for 6 = 0 the complex Dy, _  (X; F) is just the direct sum complex D*(X ™, ¥ FY@D* (Xt F)
and hence log T(#g—o((X~.Y), X, XT; F)) = 0 (see also the sentence after (2-29)). Furthermore,
log (¥, /4((X7,Y), X, X1 F)) =logt(#((X,Y), X, X™T; F)); hence by Theorem 4.1

/4
. :/ —tan 0d6 x(Y; F) —|—logr(%((X_, Y), X, XT; F))
0
=—Llog2 x(Y; F) +logt(#((X~,Y), X, X+ F)), (6-5)

and we arrive at (6-1). O

Proof of (6-2). Consider € > 0 and apply the proved equation (6-1) to the manifold X[ := X~ Uy|[0, €]x Y.
Then
logT(D*(X;: F)) =logT(D*(X™,Y; F))+1log T(D*([0,€] x Y; F))
— 1log2 x(Y; F) +log t(#((X..Y), X;.[0,€]x Y: F)). (6-6)
For the cylinder [0, €] x Y it is well-known (it also follows easily from Proposition 2.3) that
X([0,€]xY; F) =x(Y; F) = x(Y) rank F, (6-7)
log T(D*([0, €] x Y; F)) =1log T(D*(Y: F)) x([0, €]) + x(Y; F) log T(D*([0, €])
=log T(D*(Y; F)) + §log(2¢) x(Y; F). (6-8)
Hence
logT(D*(X; ; F)) =1og T(D*(X™,Y; F)) +1og T(D*(Y; F))
+ Lloge x(Y; F) +log t(H((X:,Y), X7,[0,€] x Y; F)). (6-9)

In the sequel we will, to save some space, omit the bundle F from the notation in commutative diagrams.
Our first commutative diagram is

e HR (X, Y) e HR () — P 5RO, x YY) — -
|ve |ve | (6-10)

i~ HY(X™,Y) —— HF(X™) Hk(Y)

The first row is the long exact cohomology sequence of (4-2) for X7 = X~ Uy [0, €] x Y instead of X;
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the second row is the long exact cohomology sequence of (4-2) for X = X~ Uy X *. The map v is a
diffeomorphism X~ — X obtained as follows: choose a diffeomorphism f : [-c, 0] — [—c, €] such that
f(x) = x for x near —c and f(x) = x + € for x near 0. Then . is obtained by patching the identity on
X7\ [—¢,0]x Y and f xidy. Furthermore y.:Y — [0,€] X Y, p — (€, p).

For a harmonic form @ € D(dg max) N D(dk—1,max)™) C Qk([0,€] x Y; F) one has @ = 7*x*(w)
(7 :]0,€] x Y — Y the projection) and thus

/ a)/\;ka):e/ XeoAF o, (6-11)
[0,e]xY Y

Therefore the determinant (in the sense of (2-23)) of x¥ on the cohomology is given by 2 X(V3F),
Consequently by Lemma 2.5

log t(%((XE_, Y), X;.[0,e]xY; F)) = log t(%((X_, Y),X,Y; F)) — % logex(Y; F)
+logDet(yS : H*(X~,Y;F) > H*(X_,Y: F))
—logDet(y) : H*(X;; F) —> H*(X; F)). (6-12)

Summing up (6-9), (6-12)

log T(D*(X.; F))=log T(D*(X,Y: F))+1log T(D*(Y; F))+log t(#((X,Y), X ",Y: F))
+logDet(y) : H* (X, Y:F) > H*(X",Y: F))
—logDet(y : H*(X_: F) > H* (X F)). (6-13)

As € — 0 the determinants of

VX H (XT,Y;F)—> H*(X",Y:F)), resp., ¥ :H"(X7:F)— H*(X";F))
tend to 1 and we obtain (6-2). O

Proof of (6-3). We note that 7(Hg (X~ Y)U(XT.Y), X, Y F))|,_, = t(#(XT.Y), XT.Y: F));
hence by (4-12) and (4-13)

log T(Dy_/4(X; F))—log (e (X, Y)U(XT,Y), X, Y; F)|g—r/a
=log T(Dy_o(X; F)) —log r(‘?f’ﬁg((X_, Y)UXT,Y), X, Y; F))‘9=0
=log T(D*(X™.Y; F))+1log T(D*(X; F))—log t(%((X T, Y), XT.Y: F))
=1log T(D*(X™,Y:F))+1log T(D*(XT,Y; F)) +log T(D*(Y; F)), (6-14)

where in the last equality we have used the proved identity (6-2). O

Appendix: The homological algebra gluing formula

We present here the analogues of Theorems 6.1 and 4.1 for finite-dimensional Hilbert complexes. This
applies, for example, to the cochain complexes of a triangulation twisted by a unitary representation of
the fundamental group; see, e.g., [Miiller 1993, Section 1].
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Let (C*,d J ), j = 1,2, be finite-dimensional Hilbert complexes. Let (B*, d) be another such Hilbert
complex and assume that we are given surjective homomorphisms of cochain complexes

rj:(Cj,d?) — (B,d), j=1,2. (A-1)

We denote by Cj , C C; the kernel of rj, by o : C; — C; @ C; the inclusion and by 8 : C; & C, — C,
the projection onto the second factor.
For ¢ € R we define the following homological algebra analogue of the complex Dj (X; F) of (4-5)
by putting
(C1 @9 C2) :={(£1.62) € C] @ CJ |cosO -ri& =sin6 -ryf5}. (A-2)

(C1®yCr,d =d' ®d?) is a subcomplex of (C; BC,, d' ®d?). For § =0 we have C; $gC, = Cir9C
and for 6 = 7/4 we have a homological algebra analogue of the complex D§ (X; F).

Furthermore, we have the following analogues of the exact sequences (4-3), (4-6), (4-7) (note that the
exact sequences (4-2), (4-4) are special cases of the exact sequences (4-6), (4-7)):

Vi rj
0—Cj,—Cj— B—0, (A-3)
ag Beo
0—>Ci,—Ci®pC, — C,—0, (A-4)
J’_
0—>Cr, ®Cy, —2Ci g Cy —> B —0. (A-5)

Here, y; is the natural inclusion, Bg = B | C1 @9 Ca, () = (£,0), and ry(&1, &) =sinb -r; & +
cos 8 -r2&,. Denote by #(Cj »,Cj, B), #(Cy ,,Cy @9 Ca, Ca), #(Cy , & Ca,r, C; ©g C3, B) the long
exact cohomology sequences of (A-3), (A-4), (A-5), respectively.

Since all complexes are finite-dimensional we have Lemma 2.5 and Proposition 2.6 at our disposal.
The latter applied to (A-3) immediately gives the analogue of (6-2):

log7(Cy) =logt(Cy ) +log t(B) +log t(#(C ., Cy, B)). (A-6)

The other claims of Theorems 6.1 and 4.1 have exact counterparts in this context as summarized in the
following:

Theorem A.2. (1) The functions
0 > logt(C1 @9 C2), log t(#(Cy r, C1 B9 C2, C2)), logt(H#(Cr,r & Ca,p, C1 g Ca, B))

are differentiable for 0 < 0 < 7 /2. Moreover, for 0 <0 < /2,

108 t(CaC) = (= 1) (B L T (Crma o+
j>0

70 — S (1) Tr(Bg | (C1 @ C)’ )),

Jj=0
(A7)

d 2 . .
70108 T(H(Cr,r. C186C2, (7)) = m(—]z(—l)’ Tr(Bg I H’ (C1€B(9C2))+X(Cz)), (A-8)

j =0
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and

d
T log 7(#(Cy,, ®Cs ., C1 B9 C2, B))

2 ; )
= Sno0 (—;)(—1)] Tr(Bg | H' (C1 @9 C2)) +X(C2)) —tan0x(B). (A-9)
Furthermore, 1=
0 1~ log T(Cy &g C2) —log(¥g) (A-10)

is differentiable for 0 < 0 < 7 /2. Here, #g stands for either

H(C1,p . Crdg Cr, Cy) or H(Ci, @ Ch,y. Cp g Gy, B).

(2) Under the additional assumption that the rj are partial isometries we have

d
70 log 7(Cy &g C2) = 70 log T(#(C1,r & Ca,r, C1 B9 €2, B)) (A-11)
and
log 7(Cy @9 C2) =1log 7(Cy,r) +1og T(Ca ) +1og T(H(C,r & Ca . C1 B9 C, B)) (A-12)
=log 7(Cy,r) +1og T(C2) +1og T(H(Cy,r, C1 B9 C2, C)) +1ogcos 6 x(B). (A-13)
When comparing the last formula with Theorem 6.1 one should note that for 6 = /4 we have
1 6 = log — > log2
ogcos§ =log — = —5 log 2.
g g NG 3 108

Proof. For 0 < 6,0’ < /2 we have the cochain isomorphism (cf. (5-26))

tan 6
$0,00 : C1 B9 C2 > C1 By C2, (61,62) > (51, —& ) (A-14)
hence by Lemma 2.5

log T(Cy @ C2) =log T(Cy By C2) — Y _(—1) log Det(¢g,gr | H' (Cy B C2))
j=0
+ Y (1) logDet(gg,o I (C1 B9 C2)7). (A-15)
Jj=0
Taking d/d6’ at 6’ = 6 yields (A-7).
Next we look at the analogues of (5-26) and (5-27):

0 Cl,r % C @9C2&-C2ﬁ0
jid ld’”’ l";“' (A-16)
g/ ﬂg/
0 Cir Ci bg C; — Cy, — 0,

where q~59,9/(§) ttjng/é and at the corresponding isomorphism between the long exact cohomology
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sequences

QY ﬂ K3 )
- HR(Cy ) =5 HR(Cy @9 Cy) —5 HF(Cy)) —2= HF(Cy,) -
lid Ld’g 0/ lq?e 0/ % jid (A-17)

Bor
L HR(CL) 2 HR(C @ Cy) L HR(Cy) e HR(CL) -

Following the argument after (5-27) we find that

eyl log Det j, 2:—2 T H]C ), A-18
do’ |g—p og Det(®,57,.) sin 20 1(Be I H' (Cy &9 (2)) ( )
do’ |g—g 0,0" . sin 26 2°

and hence with Lemma 2.5 applied to (A-17) we arrive at (A-8).
The analogue of (5-33) is

@
0—=C1, ®C, 222 Cl @y G, —>B—>0
lid ®Po.0/ l%,e’ Lwe gr=100 54 (A-20)
4

(07214 o/
0—>C1,r€9C2,r ——C; ¢y C; —= B ——=0.

We apply Lemma 2.5 to the induced isomorphism of the long exact cohomology sequences and find

log 7 (#(Cy,r @ C3,r, Cy @9 Ca, B)) —log t(¥#(Cy,, @ Ca,p, C1 Dgr Ca, B))
=— (-1)/ logDet(¢g,0,x : H — H’)+ > (~1)/ logDet(¢g,0',x : H — H’)
Jjz0 Jj=0

+ Y (—1)7 logDet(Wg g« : HY — HY), (A-21)
Jj=0

where H/ is shorthand for the respective cohomology groups. Since q§9,9, and ¢yg ¢/ are multiplication

operators we have

; ~ tan 0
> (=1 logDet(gp s : H — H') = x(C2,r) log —. (A-22)
j=0

. 9
> (=1)/ log Det(Wp,p1 - H' — HY) = X(B) log — sin o (A-23)

Jj=0

and together with (A-18) we obtain
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d
i log 7(#(Cy,r ® C3,.C1 @9 C2. B))
2

- sin 20

cos O

sin 6

(—Z(—l)f Te(Be | HY (C1 @4 Cz))+X(C2,r))— X(B). (A-24)

Jj=0
Taking into account that x(C5 ) = x(Cz) — x(B) (see (A-3)) and that

cos 6 2 an 0
— = —tan
sinf  sin26 ’

we find (A-9).
Next we apply Proposition 2.6 to the exact sequence (A-4) and get

log 7(Cy ®g C2) =log ©(Cy,r) +log T(Ca) +1og T(#(Cy,r, C1 By C2, (2))
+3 > (=1)/ logDet(BB* : € — C3). (A-25)
j=0

Here we have used (2-29) and that « is a partial isometry and thus o«*« = id. Analogously, we infer
from (A-5) that

log 7(Cy ©g C3) =log t(Cy,r) +1og T(Ca,p) + log t(#(C1,r & Cs,r, C1 D9 C2, B))
1 j x. pj j
+3 > (=1)/ logDet(rgry : B/ — B7). (A-26)
Jj=0
From (A-25) and (A-26) one deduces the differentiability statement (A-10).

Finally we discuss the case that the maps r;, j = 1, 2 are partial isometries. Then for ({1, §2) € C; @ (2,
n € B we calculate

(ro(£1,&2),b) =sin 6 - (r1&1,b) +cos 8 - (ry&5,b) = {(£1,&2), (sin b -rl*b,cose -r;‘b)). (A-27)

If r1 and r; are partial isometries then (sin¢ -r{'b,cos 6 - r;b) € C1 @4 C; and hence it equals r (b).
Consequently rgryb = (sin? 6 4 cos? 0)b = b and thus Det(rgry : B/ — BJ) = 1. Therefore (A-26)
reduces to (A-12).

Similarly, one calculates

Det(BB* : C2j — Czj) = (1 4 tan?)~dim Bj; (A-28)
then (A-13) follows from (A-25). O
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