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dx.doi.org/10.2140/apde.2013.6.257

MICROLOCAL PROPERTIES OF SCATTERING MATRICES FOR
SCHRODINGER EQUATIONS ON SCATTERING MANIFOLDS

KENICHI ITO AND SHU NAKAMURA

Let M be a scattering manifold, i.e., a Riemannian manifold with an asymptotically conic structure, and
let H be a Schrodinger operator on M. One can construct a natural time-dependent scattering theory
for H with a suitable reference system, and a scattering matrix is defined accordingly. We show here
that the scattering matrices are Fourier integral operators associated to a canonical transform on the
boundary manifold generated by the geodesic flow. In particular, we learn that the wave front sets are
mapped according to the canonical transform. These results are generalizations of a theorem by Melrose
and Zworski, but the framework and the proof are quite different. These results may be considered
as generalizations or refinements of the classical off-diagonal smoothness of the scattering matrix for
two-body quantum scattering on Euclidean spaces.

1. Introduction

Let M be an n-dimensional smooth noncompact manifold such that M = M.U M., where M. is relatively
compact, and M, is diffeomorphic to Ry x d M, where 0 M is a compact manifold. In the following, we
often identify M, with Ry x d M, and we also suppose M. N M, C (0, 1) x 9 M under this identification.

We recall the construction of the model introduced in [Ito and Nakamura 2010]. Let {¢, : U, — R,
U, C OM, be a local coordinate system of d M. We take

(o =1® ¢y : Uy=R; x U, > Rx R}

as the local coordinate system for M, = R, x M, and we use (r, 8) € R x R"~! to represent a point
in M.
We suppose d M is equipped with a smooth strictly positive density H = H () and a positive (2, 0)-
tensor & = (h/%(6)) on 9M. We let
1 1 0 ik d 2
=—= H©O)" —H@®)h'"(0)— Hp=L"(0M, H(0)dO).
0 2;()39,” ©) 55 o %o =L*OM. H(O)d0)
0 is an essentially self-adjoint operator on ¥}, and we denote its unique self-adjoint extension by the
same symbol Q.

Ito was partially supported by a JSPS Research Fellowship during 2006-2007 and JSPS Wakate (B) grant number 21740090
during 2009-2012. Nakamura was partially supported by JSPS Kiban (B) grant number 17340033 during 2005-2008, and Kiban
(A) grant number 21244008 during 2009-2013.

MSC2010: 35P25, 35S30, 58J40, 58J50.
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258 KENICHI ITO AND SHU NAKAMURA

We let G be a smooth strictly positive density on M such that
G(x)dx =r"""H(@)drdd on (l,00) x M C Mo,

and we set # = L?>(M, G(x)dx). Let P be a formally self-adjoint second order elliptic operator on M
such that

_ 1l ap az 0y
P_ 2G (8r’89/r)G <1a2 a3> (39/r>+v on MOO,

ap az
t

where (/g o

) defines a real-valued smooth tensor and V is a real-valued smooth function. As in [Ito and
Nakamura 2010], we introduce the following assumption:

Assumption A. There is y > 0 such that forany £ € 7, o € Z’f[l, there is Cy,, > 0 and
19508 (a1 (r, 0) — D] < Ceqr ™" 7#75, 18f 05 ar(r, 0)] < Cpor ™",
1095 (a3(r, 0) = h(O))| < Cear ™%, 19f95V (r,0)] < Cpor™ 77",
in each local coordinate of M, described above.

We may consider P as a short range perturbation of —%83 + }% 0, but we will use different operators
to construct a scattering theory. It is known that P is essentially self-adjoint, that o, (P) = [0, 00), and
that P is absolutely continuous except on a countable discrete spectrum, the only possible accumulation
point being 0 (see [Ito and Nakamura 2010] and references therein). We construct a time-dependent
scattering theory for H as follows: We set

Mp=RxdM, 9;=L*(Ms, H(O)drdd), sz—l— on M.
X r

Py is the one-dimensional free Schrodinger operator, and it is self-adjoint with %(Py) = H 2(R) @ %,,.
Let j(r) € C*°(R) such that j(r) =0 on (—oo, %] and j(r) =1on[1, c0). We define $ : ¥ — ¥ by

$)(r,6) =r~ "D j (), 0) if (r,6) € Mw,
and ($¢)(x) =0if x ¢ M. We define the wave operators by
Wi =We(P, Py, ) = s-lim e ge™"77.
t—+oo

It is shown in [Ito and Nakamura 2010] that these operators exist and are complete in the following sense.
Let & be the Fourier transform in r, i.e.,

o0
(Fp)(p,0) = (m)~ /2 f e "Po(r,0)dr forp e CF(My),

—00

and extend it to a unitary map in L>(M 7). If we set
Hys =g €%y | supp(Fo) C Re x IM},

then #y =% ® ¥ _. We consider W.. as maps from ¥ 7 to ¥; they are asymptotically complete,
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i.e., unitary operators from Js 1 to ¥, (P) [ibid., Theorem 2]. Then the scattering operator defined by
S = W_tW_ . %ﬁ_ —> %f’_l'_
is unitary. By the intertwining property (PyS = SPy), there is S(A) € B(9};) for A > 0 such that
FSF o) (p,-) =S(0*/2)p(=p,-) forp>0,¢€F¥y_.

S(X) is our scattering matrix, and we study its microlocal properties.
Let
g0, w) = % > W @)wjwp  for (0, w) € T*OM
Jk
be the classical Hamiltonian associated to Q. We denote the Hamilton flow generated by b by exp(t Hp)
fort € R.

Theorem 1.1. Suppose Assumption A holds, and let u € 3. Then
WF (S(AM)u) = exp(mw H ;5;) WF (u),

where WF (u) denotes the wave front set of u.

If © =1, then we can show S(A) is a Fourier integral operator (FIO). This is a slight extension of a
theorem by Melrose and Zworski [1996].

Theorem 1.2. Suppose Assumption A holds with u = 1. Then for each A > 0, S(L) is an FIO associated
10 exp(m H /35).

If 0 < u < 1, then S(A) is not necessarily an FIO in the usual sense, but we can still show it is an FIO
in a generalized sense:

Theorem 1.3. Suppose Assumption A holds, and let S(A) be the scattering matrix defined as above. Then
for each A > 0, S(X) is an FIO associated to an asymptotically homogeneous canonical transform in
T*dM, which is asymptotic to exp(w H ;) as @ — o0.

The exact definition of the phrase an FIO associated to an asymptotically homogeneous canonical
transform is given in [Ito and Nakamura 2012], and we discuss it in Section 6.

Remark 1.4. Since we do not introduce a Riemannian metric, our model looks rather different from the
scattering metric defined by Melrose [1994; Melrose and Zworski 1996]. However, as explained in [Ito
and Nakamura 2010, Appendix A], the Laplacian on scattering manifolds is a special case of our model.
Namely, their model corresponds to the case that ;1 = 1 and that each a; has asymptotic expansion in r!

asr —ooand V =0.

Theorems 1.1 and 1.2 are essentially corollaries of Theorem 1.3, but they can be proved by a simpler
argument than Theorem 1.3. We feel the simpler argument is interesting in itself, and we first prove
Theorems 1.1 and 1.2, and then we refine the argument to prove Theorem 1.3 later.

The main idea to prove Theorems 1.1-1.3 is to consider the evolution

A(t) = eitP_//hg,*e—itP/ha(hr’ D,,0, hDg)eitP/hﬁe_”P-//h
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with some symbol a, and use an argument similar to Egorov’s theorem for this time-dependent operator.
We use a semiclassical argument, i.e., we consider the asymptotic behavior of the operator as & — 0. We
consider W (r) = e/t Fr/h g*e=11P/h 45 3 time-evolution, and then construct an asymptotic solution for A(¢)
(with slight modifications) as a solution to a Heisenberg equation. The construction of the asymptotic
solution relies on the classical Hamilton flow generated by p, the symbol of P. The dominant part of the
symbol p is given by the unperturbed conic Hamiltonian: p, = % 0%+ r%q(@, ). The classical scattering
operator for the pair p. and py = %pz is explicitly computed, and it is exp(w H s5;), which appears in
the statement of our main theorems. Thus, one may consider our results as a quantization of the classical
mechanical scattering on the scattering manifold. More precisely, we show that the canonical transform
appearing in Theorem 1.3 is actually the classical scattering map for the pair p and p ¢, which is not
necessarily homogeneous, and we need to use the method of FIOs with asymptotically conic Lagrangian
manifolds.

As mentioned in the beginning, Theorem 1.2 is slight generalization of the Melrose—Zworski theorem
[1996] (see also [Vasy 1998] for a simplification of the theory). They used the theory of Legendre distribu-
tion and the notion of scattering wave front sets, whereas we use relatively elementary pseudodifferential
operator calculus with somewhat nonstandard symbol classes, and a Beals-type characterization of FIOs.
We also note that our proof, as well as the setting, are time-dependent-theoretical, and we investigate the
scattering phenomena directly to obtain the properties of the wave operators and scattering operators,
whereas the Melrose—Zworski paper relies on the stationary, generalized eigenfunction expansion theory.

Our method is closely related to our previous works on the propagation of singularities for Schrodinger
evolution equations [Nakamura 2009a; 2009b; Ito and Nakamura 2009; 2012]. In these works, we
considered singularities of solutions, which are described by their high energy behavior, whereas in the
scattering phenomena we are concerned with the large r behavior (which in turn is related to the high
|w| behavior, where w is the conjugate variable to 6 € d M). Thus we are forced to use different symbol
classes in the calculus, and the corresponding classical mechanics look slightly different, but the general
strategy is essentially the same as in these papers.

If M = R" and the Hamiltonian P is a short-range perturbation of the Laplacian —%A, then the
canonical map exp(w H /5;) is the antipodal map on T*S"~!. In this case, the off-diagonal smoothness
of the scattering cross-section is well-known (see [Isozaki and Kitada 1986], and Section 9.4 and the
references of [Yafaev 2000]), and our result (as well as the Melrose—Zworski theorem) may be considered
as its generalizations. For such models, our result implies the scattering matrix is an FIO (associated to a
canonical map which is asymptotic to the identity map), and if u = 1 then it is in fact a pseudodifferential
operator. It is also not difficult to show from our argument that the scattering matrix is a pseudodifferential
operator with symbol in SgyO(S"_l) if uwe (0, 1).

The paper is organized as follows. In Section 2, we discuss Hamilton flows generated by p. and p,
and their scattering theory. In Section 3, we prepare the symbol calculus on the scattering manifolds. In
Section 4, we discuss an Egorov-type theorem and the construction of asymptotic solutions, which are
sufficient to show Theorems 1.1 and 1.2. We prove Theorems 1.1 and 1.2 in Section 5. In Section 6,
we discuss the modification of the argument to show Theorem 1.3. We discuss a local decay estimate
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necessary in the proof in Appendix A. A Beals-type characterization, or an inverse of Egorov’s theorem,
is discussed in Appendix B, along with a technical lemma on FIOs used in the proof.

Throughout this paper, we use the following notation: For norm spaces X and Y, the space of bounded
linear maps is denoted by B(X, Y), and if X =Y, we also write B(X, X) = B(X). More generally, if
X and Y are topological linear spaces, the space of continuous linear maps is denoted by £(X, Y). For
a symbol g on T*X with a manifold X, we denote by exp(t H,) the Hamilton flow generated by the
Hamilton vector field

$T 38 ax  ox 0F
We also write T*X\0={(x,&) e T*X | £ #0}.
2. Classical flow and scattering theory

In this section, we consider the classical mechanics, or the Hamilton flow for the Hamiltonian with conic
structure on 7*M,, where Mo, = Ry x dM, and then the Hamilton flow generated by the principal
symbol of P.

Exact solutions to the conic Hamilton flow. We set

Pelr p.0,0) =107+ 140, 0) and g@0,0) =1 W Owjer
J.k

on T*My, = T*R, x T*dM. We consider

(r(1), p(1), 6(1), (1)) = exp(t Hp ) (ro, po, 6o, wo),

with (rg, po, 6y, wo) € T*Ry x (T*9M \ 0), that is, with wg # 0. It satisfies the Hamilton equation

r(t) = ope =p(t) "(t) = _3_ O(1), o)),
T T pr= o (z)3q @
_0pe 1

0'(1) = —— r(t)Q ”» L. ow). o= a o= (z)2 50 % 1), wiv)).

The solution has two invariants: total energy Eo = p.(ro, po, 60, @p) and angular energy qo = q (6o, @p).
(The conservation of the total energy follows from {p., p.} = 0, and of the angular energy from {q, p.} =
5{a. p?}+1{q. 5)q + 5{q.q} =0.) Then (r (1), p(1)) satisfies

P =p@). P = #qo,

which is independent of (6(¢), w(¢)). Noting that (r2(1))’ = 4E,, we can easily solve this equation to
obtain

2Eot +r
r(t) = V2Eof2 + 2ropot + 12, p(t) = Ners t20+2 0;0(;+ -, 1eR.
0 ropot +r;
We now set
(1) = /’_ds S (tan_1 2Eol + ropo _ tan~! 2220 )
0 r($)?  V2q0 V240 V2q0)
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Then (6(t), w(t)) satisfies
90 _
ot

dq do g
aa)(evw)9 81’ __89 (e’a))a

and hence we learn that
0(1), (1)) = exp(t(t) Hy) (6o, wo).
Moreover, if we set o (1) = /2qo - (), then we learn that

a0 1 9 0+/2 a 1 0 04/2
T 00), 2=t = g )

o V2w dw do  J2q90 a0

and hence that
(1), (1)) = exp(o () H /37) (60, wo).

Note that exp(r H /3;) is the geodesic flow on dM with respect to the (co)metric (/% (6)) on T*OM.

Classical mechanical wave operators and a scattering operator for the conic Hamilton flow. Now we
consider the asymptotics as t — £o0o. We set

T _ _ . Topo
re= lim 7(t)= lim (r(1) tp(l))—im,

p+= lim p(t) ==%/2E),
t—+o00
O, wg) = 1im (0(1), 0(1)) = explo+H z5) (0o, o),

where o4 = :i:%n —tan~! (ropo /+/2q0). Note we need a modification only for r(¢). (r+, p+, 0+, 1) are
the scattering data for the trajectory (r(¢), p(¢), 6(¢), w(t)). We also note the identities

1 1 1
Ey= 5)03 + =90 = zpi, ropo =r+p+, qo=q(Ox,wx).
o

Using these, we can solve (rg, po, 6o, wo) for given (ry, p+, 01, wi) if £p+ > 0 and wy # 0:

ro=vVr:+2 2 S 0 = —o+H 0
0=Vri+2q0/py, po=—7 = (60, w0) = exp(—0+H 55) (61, w2),
vri+2q0/px

where o4 = i%n —tan" ' (ry p+/+/2q). We define the classical wave operators (for the pair p. and
1.2
pri=3p°) by
We,+ : (r+, p+, 0+, w1) = (ro, po, Oo, wp).

We can also write
We,+(rs, p+, 01, w1) = t_l)ifinoo exp(—tHp.)oexp(tHp, ) (rs, px, 0x, o).

It is easy to check that w, + are diffeomorphisms from R x Ry x (T*OM \0) to R x R x (T*oM \ 0).
Hence the classical scattering operator

Se =W, 4 OWe —: r—, p—,0_,w_) > (ryq, p+, 04+, 04)
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is a diffeomorphism from R x R_ x (T*0M \ 0) to R x Ry x (T*9dM \ 0). We can easily compute s,
explicitly, we have

5c(r, 0.0, @) = (=1, —p, exp( H /3) (6. p)),
and this is the classical analogue of the Melrose—Zworski theorem.

We write
we(r) = exp(—tHp ) oexp(tHy,) sothat we = lim w.(7).
’ ’ t—+o00

Let U C Ry x R x (T*dM \ 0) be a relatively compact domain. Then the convergence of w.(t)~! to
w,., l_L (as t = £o00) is uniform in U, along with all derivatives. Since the limit is a diffeomorphism, its
inverse w(t) also has the same property (on w, (")~'U). In particular, all the derivatives of w, " ltonU
are uniformly bounded in ¢, and all the derivatives of w,(t) on w.(t)~'U are uniformly bounded.

We note that it is easy to check that w. 1+ and hence s. are homogeneous of order one with respect to
the (r, w)-variables, i.e.,

w, L (Aro, po, B0, Awg) = (Ar, px, 01, Aw)  for A > 0.
This is consistent with the scaling property of w,(¢):

w, ' (M) (Aro, po, 60, Awo) = (AF (1), p(1), (1), Ao (1))
forany A > 0,1 € R.

Classical flow generated by the scattering metric. Here we discuss the Hamilton flow generated by the
symbol of P:

2 ,0) - . , 0
paz(rr ) w0 alr )“’)+v o

1
p(r9p’05w):§<al(r59)p2+ 2
r

on T*My.
We let Qo @ T*Ry x (T*oM \ 0). For h € (0, 1], we set
Q= (. p.0,w) € T'Ry x (T*IM\0) | (hr, p, 6., ho) € Q).
and we consider the Hamilton flow with initial conditions in Qg. We show that if /4 is sufficiently small

then the classical (inverse) wave operators exist on Q" and they are very close to w, i, the (inverse)
wave operators for the conic metric.

Theorem 2.1. (i) Let Qo and Qg as above. Then there is hg > 0 such that if h € (0, hy], then

wi(r,p,0,w):= t—lejI:looeXp(_thf) oexp(tH,)(r, p, 0, w)

exists for (r, p, 0, w) € Qg, and the convergence holds in the C*°-topology on Qg.

(i1) We write
(r(®), p(2),0(1), (1)) =exp(tHp)(r, p, 0, w),

(re(t), pe(1), 0c(1), we (1)) = exp(tHp ) (r, p, 0, w),
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for (r,p,0,w) € Qg. Then for any indices a, B, v and §, there is C > 0 such that
1059207 92,(r (1) — re(0)| 4 19505 95 07, (0 (1) — e (1)) < Ch™HHFIEHRL
1059207 92, (p (1) — pe ()| + 1059507 92,(6(1) — 0:(1))| < ChHF1HPL,
for (r,p,0,w) e Q" teR,0<h < hy.
(iii) If we write
wi(r, p,0,0) = (rs, pt, 0+, 01) and w; (1, p,0,w) = (Fex, P+ Oc 45 Oc 1),

then
|3f‘8£8;’83)(ri —re4)| + |8f‘8£8;’85 (W1 — we.r)] < Ch 1 Hitlal+]

o
1070807 92 (p — pe.+)| + 10595 0) 0, (0 — O )| < ChHHAHP]
for (r,p,0,w) € Q" 0<h < hy.
For (ro, po, 6o, wo) € S, we define (r (1), p" (1), 6" (1), »" (1)) so that
('@, p" (1), 0" (). h™ " (1)) = exp(h ™ tHy) (W™ 'ro. po. 6. h ™ ).

We also set
ph(r, 0,0, w) = p(h_lr, 0.0, h '\w), (r,p,0,0) T M.

Then it is easy to check that
(), p"(1), 0" (1), " (1)) = exp(t H,) (ro, po, B0, wo).
On the other hand, if we write
P p.0,®) = pe(r, p, 8. ) +v"(r. .6, w).
then we learn by Assumption A that for any indices «, 8, v, §,
320807 900" (r, p. 6, ®)| < Capysh™ (r~" () +r 7 {p) (@) +r w)?)r 1 p) Pl (w) 7Pl (2-2)
In order to prove Theorem 2.1, it suffices to show:

Theorem 2.2. (i) There is hg > 0 such that if h € (0, hol, then
w ;,(ro, po, 6o, wo) = t_l)iinoo exp(—tHp,) oexp(tHyn)(ro, po, 6o, wo)

exists for (ro, po, 6o, wo) € Ro, and the convergence holds in the C*°-topology.

(ii) For any indices a, B, v, 8, there is C > 0 such that

|05 90 85 3o, (" (1) = re ()| 4 |95 813 85, 85, (0" (1) = pe (1))

ro - po 6 ~wo ro - po 6o wo
+ (8288 9y 33 (0" (1) — 0.(1))| + |8%87 8) 9] (" (1) — w.(1))| < Ch*

ro - po -0~ wo r0 "~ po "6y " wo

for (rg, po, 6o, wo) € Lo, h € (0, hol, t € R, where

(re(?), pe(1), 0c(1), wc (1)) = exp(t Hp, ) (ro, o, 6o, o).
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(iii) Writing
h h pgh _h *
(r:t’ /O:I:’ 9:{:’ a):t) = w:l:’h(r(% /OO’ 90’ CUO)a
we have for any indices o, B, vy, § that

0298 87 92, (rit — re. )|+ |9895 3% 32, (0 — pe.+)|

ro ~po ~6o ~wo o~ po 6o “wo
+ |00 95 92, (O — 0c. )| + |9898 37 92, (@} — we.+)| < Ch*.

1o~ Po 0~ Po

Proof of Theorem 2.2. The proof is analogous to the arguments in [Nakamura 2009a, Section 2; Ito and
Nakamura 2009, Section 2]. We only outline the proof, and we omit the details.

Step 1. By the standard virial-type argument, we learn that there is R > 0 such that

d2
ﬁ(rh(t)z) >c>0 ifr"(t)> R,

if (ro, po, B0, o) € 29. Here we use the fact that |p| and |w/r| are uniformly bounded by the conservation
of energy. On the other hand, since v = O(h*), we also learn that r(t) — r.(t) as h | 0, locally
uniformly in ¢. Thus, if 7, is large and & is small enough, 7" (¢) > R, and combining this with the above

IF (1) = \/R+clt —1p2/2  for t > 1.

ci{t) <r"(t) <cy(t) for h e (0, hol, t >0,

observation, we have

Hence we learn

with some hg, c1, c2 > 0. The case ¢ < 0 can be handled similarly.

Step 2. We consider the time evolution of go(¢) = q(@h(t), o (1)). By the Hamilton equation and (2-2),
we have

i — _(,h — _(h _ hu —1—u 2\ hu —1—u 1

dth(t)_ {p". qo} =—{v", qo} = O(h"'r (0)7) = O(h" (1) (14+qo(1))).

Here we have used the boundedness of |p(¢)| and |w(¢)/r(¢)| again. Then by the Duhamel formula, we
learn that go(#) is uniformly bounded for initial conditions in €2g and & € (0, hg]. This implies | (1)] is
also uniformly bounded.

Step 3. Combining these observations with the Hamilton equation, we learn that

do" (1)

<C(r)~'*,
T (t)

‘dpha)

do"(t
<C<t>_2_’uv ‘ ( )
dt

- dt

<C{t)y~' ™, ‘

<C{ty~'H, ‘%(rhm—rph(r))

uniformly for (rg, po, 6o, o) € R, h € (0, hg] and ¢ € R. These imply the existence of wi , on . We
can show the similar estimates for the derivatives, i.e.,

‘%(a“ 98 97 3 ,oh(t))‘ < C(p)y~2n-lel,

ro~ po 0y~ wo

and so on. These imply the convergence in C°°-topology, and we conclude that assertion (i) holds.
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Step 4. We set

g () = r"(t) —re()] + 10" (1) — pe ()| + 10" (1) — 6:(0)| + |0 (£) — we(1)].

Then by the Hamilton equation, (2-2), and the estimates in Steps 1 and 2, we learn that
L] < ctn 1m0+ ch iy

uniformly for initial conditions in €2p and & € (0, hp]. Then by using the Duhamel formula and noting
that g”(0) = 0, we obtain
8" <Ch*, 1eR.

This is assertion (ii) with « = 8 = ¥ = § = 0. The derivatives can be estimated similarly by induction.
For the details of this argument, we refer to [Craig et al. 1995, Section 2; Nakamura 2009a, Section 2].
Assertion (iii) follows immediately from assertion (ii). Il

By the above argument, we also learn that w? , are invertible for small 4. The inverses are uniformly
bounded, and their inverses

we = Wi,
are well-defined for & € (0, hg]. It follows that
we = (W)~
is well-defined and diffeomorphic on wj‘t[QG] with & € (0, hg]. Thus we can define the classical scattering

operator by

%
S=wLow-

on wf[Qg], with sufficiently small 4.

3. Symbol classes and their quantization on scattering manifolds

Here we prepare a pseudodifferential operator calculus which is used extensively in the proof of the
main theorems. We refer to [Hormander 1985; Taylor 1981, Chapter X VIII] for the standard theory of
microlocal analysis.

In the following, we employ symbol calculus on 7*M, but we always suppose the symbol is supported
in T*Ms, and we use a local coordinate system as in Section 1. More specifically, we choose a
local coordinate system on dM: {¢, : U, — R"*I}, U, C dM, and we use the coordinate system
{(1® ¢y : Ry x Uy — Rx R* 1} on M,,. We also use a similar local coordinate system on M r, defined
by {1Q ¢y : Rx Uy — R % R"~1}. We often identify U, (or Ry x Uy, R x Uy, respectively) with Ran ¢,
(or Ran (1 ® ¢4), respectively).

Symbol classes. We define a metric either on 7* My, or T*M ¢ by

. dr? ) s dw?
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and consider symbols in S(m, g;) with a weight function m, i.e., a € S(m, g;) if and only if for any
indices a, 8, v, 8, there is C such that

|82888Y 83a(r, p. 6, w)| < Cm(r, p, 0, w){r) " {w) 1.

Later, we will consider the calculus of such symbols on sets Q" ={(r, p, 0, w) | (hr, p, 0, hw) € Q},
where Q2 C T*M, is some compact set (supported away from {w = 0}) and & > 0 is small. In such cases,
the symbol satisfies

0¢080) 90 a(h; r, p. 0, )| < Cm(h)R*I T,

and we denote such a (h-dependent) symbol as a € S, (m, g?), where m is an h-dependent weight. The
corresponding metric is naturally

gl =h’dr* +dp* +do* + h*dw?.

Weyl quantization. Let { X(f} be a partition of unity on dM compatible with our coordinate system
{¢a» Uy}, that is, x, € Cg°(Uy) and D Xa(@)?> =1 0n dM. We set 3,(r,0) = xa(0)j(r) € C®°(My).
Let a € S(m, g1) be a symbol on T*My,, and let u € Cy°(T*M). We denote by a() and Gy the
representations of a and G in the local coordinate (1 ® ¢y, R x Uy), respectively. We quantize a by

~ —1/2 1/2 ~
OpW(G)M = Z XO[G(()[)/ a(‘Z)(rs Dra 97 D@)G(é) Xalt,
o

where a(vg) (r, Dy, 8, Dg) denotes the usual Weyl quantization on the Euclidean space R", and we use the
identification Ry x U, = Ry x (Ran ¢, ) for each «. (Strictly speaking, we should have written this as

~ o~ -1/2 172, ~ ~
OpW(a)u = Z Xa (@a)*(G(a)/ a(v;/) (r, Dy, 0, DG)G(é) ((pa)*(Xau))7
but we will omit (@y)«, (Po)*, a ., when there can be no confusion.) This definition is compatible with

the standard definition of pseudodifferential operators on manifolds, but we choose a specific quantization
that preserves the asymptotically conic structure of M. Similarly, for a symbol a on T*M ¢, we quantize
it by
—1/2 1/2
OPW(a)M = Z onH(a)/ a(v}y/)(r’ D,, 0, DQ)H(O,/) Xal
o

for u € Cj°(My), where H,) denotes the representation of H in the local coordinate (¢, Uy). In this

case, the linear structure in r is preserved.

w

In the above definition, we put weights around the locally defined pseudodifferential operators a,,

so that Op"(a) is symmetric if a is real-valued. Moreover, by virtue of these weights, the symbol
corresponding to the operator is unique, including the subprincipal symbol, though we will not take
advantage of this fact in this paper.

The above definitions of quantizations also have the convenient property that if we identify a symbol a
on T*My, with a symbol on 7*M ; (by the obvious identification), then we have

$0p”(a)9$* =0pY(a) on ¥,
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provided a is supported in {r > 1}, and we may identify these quantizations by using $. For a symbol
supported in {r > 1}, we may consider Op"(a) as an operator from % to % ¢ (or from %€ ¢ to () also. We
define these operators by
-1/2 1/2 ~
OpW(a)u = ZXaH(O,)/ a(‘z)(”, D,, 0, DG)G(O/[) Xall
o

for u € C°(M) and

Op™(@u =" 3Gy al(r. Dy, 0, Do) H )\ Xau
o

foru e Cg°(My).
If A= OpW(a), we denote the (Weyl) symbol of A by a = X(A).

Hamiltonians. Now we consider properties of our Schrodinger operators and related operators as a
preparation for the next section.
We note that, as in the usual Weyl calculus on R, if a(x, &) =) ik Gk (x)& &, then

O0p"(@) = 3" Djaje()De — 7 3 (0;3katje(x)).
J-k ik

Hence, if we let p be the symbol of P as in (2-1), we have
Op"(p) =P+ .
where f € C*°(My) is such that
0207 £ (. 0)] < Cap(r) 271!
for any a, 8. Thus, we can include this error term in V and we may consider P = Op"(p). On the other
hand, it is easy to see Py = OpW(pf) on ¥y, where p; = %,02.
4. An Egorov-type theorem

Let (0, po, 6o, wo) € T* (R x dM), wy # 0, and suppose a € Cy°(T* (R4 x dM)) is supported in a small
neighborhood of (rg, po, 60, wp) so that a is supported away from {w = 0}. We set

ah(r, p,0,w)=a(h; hr, p,0, hw), h >0,

where a itself may depend on the parameter & > 0, but we suppose it is bounded uniformly in the
C;°-topology, and supported in the same small neighborhood of (ro, po, 60, wp). The notation here is
different from that of Section 2. We set

Ag = OpW(ah) on M.

We set ¢ > 0 so small that
exp(tHy )(suppa) N{r <e&{t)} =2
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for all t € R. We choose 1 € C*°(R) such that n(r) =1 for r > 1 and n(r) = 0 for r < 1/2, and we set
hr

A(l) — eitpf/h.g’*Ye_itp/hA()eitP/hY.g’e_itpf/h

Then we define

for t € R. The purpose of this section is to obtain the symbols of A(¢) as a pseudodifferential operator,
and to study its behavior as t — F00.

We compute (formally) that
i(eitP/hYSLe—irPf/h) _ ;/L;eitP/hT(t)e—itPf/h,

dt
where

h(h
T(t)=PY$—YIP;— ii(;); n’(:(—;)ﬁ.

We further rewrite this as

i(eitp/h Yge—itPf/h) _

7 (eitP/hY.g’e_itPf/h)(eitPf/hy*T(t)e_itPf/h)+;;leitp/h(1—Y.g"g)*)T(l’)€_itPf/h
t

C |~

_ 1 (eitP/hY‘g)e_itPf/h)L(t)+R1(t),

=

where .
L(t)=€itPf/h§*T(t)€7itPf/h and Rl(t)=lEeitP//’l(l_Y.g)g*)T(t)efitPf/h‘

We now consider the symbols of 7' (¢) and L(¢) as pseudodifferential operators. By direct computations,
it is easy to see that for any indices «, 8, y, §,
|02950) 05T (T (1)) (1. p. 0, )|

= C(tn)™1 )7 + )T ) (@) + (1) H@)?) i) TN ) TPl w) L @-1)

Since T (¢) is supported in {r > &(t)/2h}, we may replace (r) by (r) + &(¢)/2h in the above estimate. We
also have

a;’a;fagag(z(w)) _y2- @) '

r2
< C((r) ") + (r) T M) @) + ()T M ()?) ()TN o) TPl (w) T

In particular, we learn that

0,
aﬁ‘agagaj,<z(T(z)) — Yq(rz“’)) ‘ < C (1)~ -H-lalputlal+ 4-2)

on exp(t H,_ )[supp a"], where the constant is independent of ¢ and #.
Now we note, by virtue of the Weyl calculus (and our choice of the quantization), that

L), p,0,0) =ZI TW)(r+/M)p, p. 0, w).
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Hence we have, by (4-1),
1079807 92 = (L(1))| < C((F) ™" 7(p)* + (7)™ (o)) + (F) > (w)?)(F) TN w) ",

where 7 =r + (¢/ h) p. Note that we take advantage of the cut-off function Y in this estimate. We also
note, along with (4-2), that

q0, w)
72

8;"8’389 <E(L(t)) — )‘ < C ()~ 1n-lel putlal+id] (4-3)

on exp(—tH,,) oexp(t Hp,)[suppa”] = supp(a” o w.(1)).
We then construct an asymptotic solution to the Heisenberg equation as

aB(r) = _E[L(t)’ B(®)], BO)=9%Ap9. (4-4)

Lemma 4.1. There exists b (t;r, p, 0, w) € Co°(T*M ) satisfying the following conditions:
(i) b"(0) =a".
(i) b"(¢) is supported in w.(t / h)~! [supp al.
(iii) b (1) € S(1, g{’), and it is bounded uniformly int € R.
(iv) b"(t) —a" ow.(t/h) € S(h*, g, i.e., the principal symbol of b"(t) is given by a" o w(t/ h), and

the remainder is bounded uniformly in t.

(v) If we set B(t) = Op"V (b" (1)), then
Hd B(t)+—[L(t) B(t)]H <Cy)""FRY R0,
forany N.

(vi) B(t) converges to B+ ast — Fo0 in B(9y), and the symbols b}i = X (By) satisfy
bi —a"o we + € S(h*, g{’).

Proof. We follow the standard procedure to construct asymptotic solutions to Heisenberg equations (see
[Taylor 1981, Chapter 8; Martinez 2002, Chapter 4]). We let

q(0, )

Lo(t;r, p,0, ) = ———
oltsr, p ) "+ 1p)

be the principal symbol of L(ht). If we set
bo(t) =aow.(t) =aoexp(—tH, )oexp(tHp,),
then by satisfies the equation
a
Ebo(t) = —{lo(®), bo(®)}, bo(0) =a.
We set b (t;r, p, 0, w) = bo(t/ h; hr, p, 0, hw), and we also set Bo(t) = Op" (bf}(1)). We note that

1020F 0y 00 bg (117, p, 6, w)| < ChI¥IHP
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uniformly in ¢ with any «, 8, v, 8, since by(¢) converges to a o w, + as t — +o0o. We write

R0 = LBy + LIL®), B, (0) = S(RY®)).

Then by (4-3) and the symbol calculus, rg (¢) is supported on w,(t/h)~'[supp a"] modulo O (h*°)-terms,
and
3?85%/83)1’80) =< C(l)_l_ﬂ_‘alh“"'la‘ﬂ‘sl (4-5)

for any «, B, y, 5. We set Fg(t) so that
ROt/ s hr, p, 0, ho) = rg(t; 1, p, 6, @),
and solve the transport equation

%bl (1) +{Lo(®), b1()} = =7 (1), b1(0) =0.

By (4-5), it is easy to observe that [0} aﬁ ag 33)171 (t;r, p,0, )| < Ch" uniformly in ¢. Moreover, b;(t)
converges to a symbol supported in w,, L[supp a] in the C°-topology as t — F00. We then set

Bi(t) =0p" (b1 (1)), b (t;r, p,0,0) =bi(1/h; hr, p, 6, ho).

We construct b, j =1, 2, ..., iteratively, so that b? e S(hi*, gi’), and set

()~ bi@), B =0p" (" 1).
j=0

By construction, b"(t) and B(t) = OpW(bh (1)) satisfy the assertion. O
We then observe that A(¢) is very close to B(t) constructed as above.

Lemma 4.2. For any N, there is Cy > 0 such that
IA@)—B®)|l <CyhY, teR.
In particular, Ay and A_, defined by
Ay :=w-limA(1),
t— 400
have the symbols bi as pseudodifferential operators.
Proof. We first observe that
||A(t) _ B(Z,)” — ”eilp-f/h§*Ye_itp/hAoeitP/hY.g‘e_itpf/h _ B(t)”
— ”‘g’*Ye_itP/hA()eitP/hY.g’ _ e—itPf/hB(t)eil‘Pf/h”
S ”Y.@&*Ye_itP/hAoeitP/hY..¢..g)*Y _ er—l'tpf//’lB(t)eitPf//‘ly*Y”
< ”efil‘P/hAOeitP/h _ erfitPf/hB(t)eitPf/hﬁ*Y” + RZ
=40 = Bl + Ra,
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where
Ry =2[(1-Y$9*Y)e "F/"Ag|l and B(t) =e"P/"yge "Pr/hB(t)e' Prihgrye 1 PIN,

By Corollary A.2, we learn that R, = O ((t)~"Vh") for any N. We then show E(t) is very close to Ag
uniformly in 7. We compute

d 3 itP/hy g,—itPs/hy 4 itPs/h —itP/h
S B@ = ("M y g7 M) L B(1) (e P Mgty eI

+ %(eitP/hYLg)e—itPf'//’l)L(t)B(t)(eitPf//’ly*Ye—itP/h)

_ }ll;(eitP/hY..@e_itpf/h)B(I)L(l)*(ei[Pf/h..g)*Ye_itP/h)

+ Rl(I)B([)(eitpf/h‘q)*Y€_itP/h) _ (eilp/her—itp_//h)B(t)Rl(t)*

= (/MY e P10 (L By 4 L), BO) (P Y e ) 4 Ra(0),
where
R3(t) = Ri()B(t) (" Pr/hg*y e PIMY — (/P hy g~ P1/ M) B(1) Ry (1)*
4 ;ll_(eitP/hY‘@efitPf/h)B(t)(L(t) o L(t)*)(eitPf/hy*YefitP/h)‘

We can show that || R3(t)|| = O({t)~Vh") for any N. For example,

|Ri@B@) (/Mg Y e I | < TN = YIINT (e 1M B(@))|
=h~ NP1 =Y 3T (1)e P B(1)).

As we have seen already, ¢/'P//" (1 — Y $9*)T (t)e~"'Fs/" is a pseudodifferential operator, and its support
is separated from the support of b"(¢) by a distance not less than c(¢)h~!, for some ¢ > 0. Thus their
product has a vanishing symbol, and its norm is O ({t)~Vh") with any N. The other terms are estimated
similarly. Combining this with Lemma 4.1(v), we learn that

|48 < cwinma®

for any N, and hence ||§(t) — E(O)ll < Cyh". We note that

hr hr

B0) = n(?>w*Aow*n<?) — Ao+ OY)

by the choice of ¢ > 0. Combining these facts, we conclude the assertion holds. U

5. Proofs of Theorems 1.1 and 1.2

Let (ro, po, 6o, wp) € T*(R4+ x M), and suppose wg 7# 0 as in the last section. Also we let a in
Cy°(T*(Ry x 9M)) be supported in a small neighborhood of (rg, 0o, 6o, @) and we set

Ay = OpW(ah), ah(r, p,0,w)=a(hr, p,0, hw).
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Let € > 0 also as in the last section. Write

(rs, p+, 0+, 01) = wc_,li(ro, L0, 0o, wo)

as in Section 2, and recall that w, 4 are diffeomorphisms from Rx R x (T*9M\0) to Ry xRx (T*9dM\0).
We also note that

Eo = p(ro. po. 6o, wo) = 3p% > 0
by conservation of energy.

Lemma 5.1. If§ > 262, then
w-lim Py /8) A1 (Py /8) = (P /) WE AW (P /6).

Proof. It is easy to show by the stationary phase method that
. hr —itP
B _ r/h =

(for fixed h), since the stationary points (in p) satisfy Ar = tp. This implies that

s-lim e/ P/hy e~ 1P1/ iy (Py/8) = Wan(Py/5),

t—+o0

and the claim follows immediately. 0
This implies, combined with Lemmas 4.1 and 4.2:

Lemma 5.2. Let Ay as above. Then Wi AoWy are pseudodifferential operators with the symbols bi
given in Lemma 4.1. In particular, ¥ (W3 AoWx) are supported in w,. i[supp a] modulo O (h™)-terms,
and the principal symbols (modulo S(h**, g’f)) are given by a” o w, +.

For the moment, we set

po=0 and hence ri=0.

Then we may take ¢ = / E provided a is supported in a sufficiently small neighborhood of (rg, 0, 6y, wp).
Now let us suppose (0, p—, 6_, w_) (with w_ # 0, p_ > 2¢) is given, and (0, pg, 6o, wo) is defined by
we,—(0, p—, 0_, w_) = (0, po, By, wp). The converse of Lemma 5.2 is given as follows:

Lemma 5.3. Leta € Ci°(RxR_ x (T*dM\0)) be supported in a small neighborhood of (0, p—, 60—, w_),
and let

A=0p"@", awr p,0,w)=ar, p,0, ho).
Then there is a symbol aé’ supported in w.__[suppa"] such that for any f € Co ' (Ry),

F(PYAf(P)=W_f(PpAf(PHW?,

1

where Ay = OpW(aé’). Moreover, the principal symbol (modulo S(h", g{’)) isao W,
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h

Proof. We set a(})l,o =a'ow,, ' Then by Lemma 5.2, we have

a' = (A—-wropWal yW-) € S(h*, gb),

h

)

|0 w-!, and set

and it is supported in supp[a”] modulo O (h*)-terms. Then we set ag,; = a s

a" 5 :=2(A—-W*0pY(aly+al )W-) € S(h**, g}).
We construct a” o j=2,3,..., iteratively by

a' = S(A-WropWaho+---+al ;W) € S, gh,

h _ h -1
dy,j =d_,jOWe,—

h o N h H
and we set ag ~ ) j=04p,; as an asymptotic sum. Then we have

A=W"AgW_

modulo S(h%°(r)~>°(w)~°, g1)-terms. Since there are no positive eigenvalues [Ito and Skibsted 2011;
Melrose and Zworski 1996], we also have W4 f (P;) W} = f(P) by virtue of the intertwining property
and asymptotic completeness [Ito and Nakamura 2010]. These imply

W_f(P)Af(PHWE=W_f(P)W*AW_f(P)W* = f(P)Aof(P),
and this implies the assertion. O

We note Lemma 5.3 naturally holds for w,  instead of w, _, but we only use the above case. By
Lemma 5.3, we learn that

SF(PRAS(P))S* = Wi f(P)Af(PYWy = f(Pp)(WEAGW,) f(Py).

By Lemma 5.2, W} AoW, is a pseudodifferential operator. By choosing f € C{°(R) so that f (0?/2)=1
in a neighborhood of the support of a, we may omit f(Py) factors up to negligible terms. Thus, SAS* is
a pseudodifferential operator with a symbol supported in s.[supp "], and the principal symbol is given
by @" os !, where a is the symbol given in Lemma 5.3, i.e., @ is supported in a small neighborhood of
O, p_,0_,w_).

We note that, by the intertwining property of the scattering operator,

e 11Prs = Se'Pr Vi e R.

This in turn implies
.S =S8T;, VteR, where T; =exp(—it/2Py).

On the other hand, \/m =Fi aa_r on # s 1, and hence T are translations with respect to . More precisely,
we have
Trus(r,0) =us(r ¥1,0) foruye#yy.

We learn from these facts that
S(T,AT*)S* = T, (SAS*)T?,
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and the symbols of T,AT:‘ and Tf(SAS*)Tt* are given by @ (r + 1, p, 0, w) and S(SAS*)(r+r, 0,0,w),
respectively. Using this observation, we may replace a by a symbol supported in a small neighborhood
(r—, p—, 0_, w_) with arbitrary r_ € R. Thus we have proved:

Lemma5.4. Leta € Cy°(RxR_ x (T*9M\0)) be supported in a small neighborhood of (r—, p—, 0_, w_)
with |p—| > 2¢, and let

A=0p"d"), d"r p.0,w)=a(hr p,6, ho).

Then SAS* is a pseudodifferential operator with a symbol supported in s.[supp a’] modulo O (h™)-terms,

and the principal symbol (modulo S(h*, gi‘)) is given by a" o sl

Here we have used the formula
$c(r, p, 0, w) = (=r, —p,exp(m H /7;)(0, ).

We set % f+ =F¥H ;1. Then FSF~! is a unitary map from §€f,_ to §€f,+. For notational simplicity,
we set

Mu(r,0) =u(—r,0) forue¥y.y,

so that #(STT1)% ! is a unitary map on % f,+- By the intertwining property above, % (S %! commutes
with functions of p, and hence is decomposed so that

FSTHF 'u(p, w) = (S(p*/2u(p, ) (@) on Ky = L2Ry; LE2OM)),
where S(1) € B(L*(dM)) is the scattering matrix.

Proof of Theorem 1.1. We recall the semiclassical-type characterization of the wave front set: Let
g(IO’ 0) € @/(R-F X 8M)’ and let (pOa 907 1o, CUO) € T*(R-‘r X aM) (pOa 907 ro, CUO) ¢ WF(g) if and Only
if there is a € Cy°(T* (R x dM)) such that a(po, 6, ro, wo) # 0 and

la(p, 8, hDy, hDp)gll = O(h™) as h — +0.

We may replace a by an h-dependent symbol with a principal symbol which does not vanish at

(o, 0o, 10, wp)-
We fix Ag = pg /2 with pg > 2¢ and consider S(1) where X is in a small neighborhood of 1. Let
ueL?@M)andletv e C°(R;) be supported in a small neighborhood of Ao. Then it is easy to see that

WE@(p)u(@)) ={(p,0,0,w)|p esuppv, (¢, w) € WF(u)}.
Then, by Lemma 5.4 and the above characterization of the wave front set, we learn that
W F(F(STHF v(p)u(0)) = (1 @ exp( H /3,)) W F (v(p)u(6))
={(p,0,0,w) | p esuppv, (8,w) € exp(nHm)WF(u)};
see [Nakamura 2009b]. By the definition of the scattering matrix, this implies

WF(S(Mu) C exp(nH@)WF(u)
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for A € supp v. Since this argument works for S~! also, the above inclusion is actually an equality, and
we conclude Theorem 1.1. O

Proof of Theorem 1.2. Here we suppose ;& = 1. Then by Lemma 5.4 and the Beals-type characterization
of FIOs (Theorem B.1), #(SITT1)% ! is an FIO associated to 1 ®exp(r H /7;) on {(p,0,r,w) | w#0}.
Since F(STI)F~! is decomposed as {S(A)}, this implies S(1) are FIOs on 9 M associated to the canonical
transform exp(r H m) (see Proposition B.4). O

6. Proof of Theorem 1.3

Here we discuss how to generalize the proof of Theorem 1.2 to conclude Theorem 1.3.

We first modify the Egorov-type argument in Section 4. Let (g, po, 80, @) € T* Moo, wo 7% 0, and let
Qp be a small neighborhood of (rg, g, 60, wp). We suppose a € Cgo(T*Moo) is supported in 29, and we
consider the behavior of A(z) as in Section 4. We set

w*(t) = exp(—itH)y,) oexp(tHp),

which is well-defined for X € T*M, as long as exp(tH,)(X) € T* M. By the discussion in the proof of
Theorem 2.2, this condition is always satisfied if X = (r, p, 0, w) € Qg and 4 is sufficiently small. We set

wt) =w ()" ' = exp(—tHp) oexp(tHp,)
on the range of w(z). We note that
*x o q: *
ui=, lim u'()
on Qg with sufficiently small /4, and that

w4 = lim w(t)
t—+o00

on w;l[Qg] with sufficiently small /. Convergence of these maps holds in the C°°-topology.
We replace Lemma 4.1 by the following slightly different statement:

Lemma 6.1. There exists b"(t;r, p, 0, w) € Co°(T*M ) satisfying the following conditions:
(i) b"(0) =a".

(ii) b (1) is supported in w*(t)[supp a’].

(i) b"(r) € S(1, gi’), and it is bounded uniformly in t € R.

(iv) b (t)—a"ow(t) € S(h, gi’), i.e., the principal symbol ofbh (t) is given by aow(t), and the remainder
is bounded uniformly in t.

(v) If we set B(t) = Op"V (b" (1)), then
d i 11— N
| S B0+ 2L, Bol| < Cyin Y, b0,

forany N.
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(vi) B(t) converges to B+ ast — 00 in B(3y), and the symbols b .= S (By) satisfy
b —a"owy € S(h, g).

We note that w(¢) is not homogeneous in the (r, w)-variables, but very close to a homogeneous map
when |(r, )| is very large thanks to Theorem 2.2.
In order to prove Lemma 6.1, we set

bg(t) =d"o w(t) =aoexp(—tHy)oexp(tHp,),

which is supported in w*(t)[Qg]. We have bg () € S(1, g{’) uniformly in ¢ (for small /) again by
Theorem 2.2. Moreover, bg satisfies

Ly = —n"1ew, By,
where £(¢) = X (L(z)). Hence the first remainder term rg (7) (as defined in Section 4) satisfies
|07 05 05 g (1)| < C(p)~ 1l e+l

for any indices «, B, y, §. Then we construct the asymptotic solution as in the proof of Lemma 4.1 by
solving transport equations
ad - .
S DO +hTHED, i} = (), j=0.1.2,...,
and we conclude Lemma 6.1. U
Lemma 4.2 holds when the construction of B() is replaced by the one above, with no modifications.
Lemmas 5.2 and 5.3 hold in the following form. The proofs are the same.

Lemma 6.2. Let Ay as above. Then Wi AoWx are pseudodifferential operators with the symbols b’j:
given in Lemma 6.1. In particular, ¥ (Wi AoW4) are supported in w;l [supp a”] modulo O (h*®)-terms,
and the principal symbols (modulo S (h, g{‘)) are given by a” o w.

Lemma 6.3. Leta € Ci°(RxR_ x (T*9M\0)) be supported in a small neighborhood of (0, p—, 60—, w_),
and let
A=op¥@", @, p, 6,0 =ahr,p,6,ho).

Then W_AW* is a pseudodifferential operator with a symbol supported in w_[supp a1, and the principal
symbol (modulo S(h, g{’)) is give by a" o w*.
Combining these, we learn (as in Section 5) the following assertion.
Lemma 6.4. Leta € Ci°(RxR_x (T*9M\0)) be supported in a small neighborhood of (r —, p—, 0_, w_)
with |p—| > 2¢e, w_ # 0, and let
A=0p" "), d"r p,0,w)=a(hr, p,0, ho).

Then SAS* is a pseudodifferential operator with a symbol supported in s[supp a"] modulo O (h*®)-terms,

and the principal symbol (modulo S(h, g{z)) is given by a" o571
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In the following, we consider (r, p, 8, w) € Qg with some ¢ and sufficiently small £, or equivalently,
when |w| is sufficiently large. By conservation of energy (or equivalently, by invariance under a shift in
r), the classical scattering operator has the form

S(l", P, 9’ C()) = (_r +g<10’ 9’ C()), —pP, S()\,)(Q, a)))’ (6'1)

where A = p?/2 and s()) is a canonical transform on T*dM for each A > 0. (We note that without
g(p, 0, w), the map s is not necessarily canonical.) Moreover, by Theorem 2.1, we have for any indices
o, B, y that

19597 0,.2(p, 0, @)| < Ch™ T,

1885 8751(p. 0, )| < CAMHI),
|aga£3552(/0, 0, w)| < Ch~1trtlrl,

on Qg, where g is a small neighborhood of (0, p—, 6_, w_), and s1, s, are defined by

(s1(p, 0, w), 52(p, 0, w)) =5(A)(0, w) —exp(w H 57)(0, w),

i.e., s; denotes the 8-components of the right-hand side terms, and s, denotes the w-components. These
estimates imply that s is asymptotically homogeneous (in (r, w)-variables) in the sense of [Ito and
Nakamura 2012, Section 4].

In general, an operator U with distribution kernel « is called an FIO of order m associated to an
asymptotically homogeneous canonical transform S if u is a Lagrangian distribution associated to

2:S = {(X, yvg’ _77) | (X,S) = S(yv 77)}7

that is, for any ay, ..., ay € Sgl such that a; vanishes on Xg for each j, we have that Op(ay) - - - Op(ay)u
~m=n/ 2’°°([R§2”) [Ito and Nakamura 2012]. The Beals-type characterization of FIOs discussed in

2,00

Appendix B holds for such FIOs without any change.

isin B

By Lemma 6.4 and the analogue of Corollary B.2, we learn that S is an FIO associated to the classical
scattering map s. Moreover, by Proposition B.4, we learn that the scattering matrix S(A) is an FIO
associated to s(1), where s(A) is defined by (6-1) and it is asymptotic to exp(w H J2)- Thus we have
proved the following slightly more precise version of Theorem 1.3:

Theorem 6.5. Suppose Assumption A holds. Then for each . > 0, S(A) is an FIO associated to s(A)
defined by (6-1). The canonical map s()) on T*9M is asymptotically homogeneous in w, asymptotic to
exp(r H, /3;) with the error of O (Jo|'™").

Appendix A: Local decay estimates

Let P be as in Section 1. For a symbol a, we set a” (r, p,0,w) =a(hr, p, 08, hw). Then we have the
following:

Theorem A.l1. Let (rg, po, 6o, wp) € T*My = T*Ry x T*OM, and suppose wg # 0. We denote the
e-neighborhood of (rg, po, 6o, wo) by Q2. We suppose ¢ > 0 so small that Q. € T*Ry x (T*aM \ 0).
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If a € C°(T* M) is real-valued, and supported in 2., then there is an h-dependent symbol b(t) in
Co°(T*Myo) for any t € R such that:

1) la, p,08,w)| <c1b;r, p, 0, w) with some c; > 0.
(i1) b(r) is supported in Q(t) := exp(t H )[Q20] fort € R.

(iii) For any indices o, B,y and 8, there is Cygys > 0 such that
102080  00b(t, 1, p, 0, )| < Capys, (r,p.0,0) € T*Muo, 1 €R.
(iv) There is R(t) € B(L*(M)) such that |R(t)|| < Cxh"™ for any N, and
e PIhopY (aMe! M < ¢, 0p™ (B" (1)) + R(1)
fort > 0, and the reverse inequality for t < 0. Moreover, R(t) satisfies
IK¥ROK Y [Ipay < CvhY,  1eR,
for any N, where K (-) = (dist(-, Q" (¢))) with
supp[b" ()] € Q" (1) :={(r, p. 6, w) | (hr, p. 6, ho) € Q(1)}.
Before proving Theorem A.1, we present a corollary which is needed in Section 4.

Corollary A.2. Let 7 € C®(R) be such that n(r) =0ifr > 2, and n(r) =1 ifr < 1. We choose ¢; > 0
so small that

dist({(r, p, 0, @) | Ir] < &1(1)}, Q1)) = 8(t)

with some § > 0. Then for any N there is Cy > 0 such that

~ h_’" —itP/h h
(&) o

We note that if ¢ > 0 is chosen sufficiently small, then we can find &; > 0 satisfying the property above.

<CyhN ()™, teR.

Proof of Corollary A.2. We apply Theorem A.l with @ such that Op"(a) = Op"(a)Op"(a)*, which
satisfies the same condition. Then we have

_ hr —itP/h h hr —itP/h ~hy itP/h = ( )
(575 ) vomea ‘”( ) onahe g

el e (2

<CNhN< N

f hr
)R(””(m)

where we used the fact that supp[b” (¢)] is separated from Q" (¢) by a distance not less than §(¢/h). [
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Proof of Theorem A.1. The proof is analogous to that of [Nakamura 2009b; Ito 2006; Ito and Nakamura
2009, Section 3], and we only sketch the main steps. We may suppose a is nonnegative without loss of
generality. If we set

Y (t) =aoexp(tHy,) ™",

then it is easy to see that

a

sV =—lpev). YO =a.

and this is a good candidate for the principal term of b(¢), but ¥ does not satisfy the boundedness of the
derivatives uniformly in . We choose ¢ € C{°(R) so that

1
suppy C [—1, 1], ¢(7) = 0forallz, / p)dt =1,
-1

and moreover, +¢'(1) < 0 for &7 > 0. We set
() =@(t/v), forv>0,
and we denote convolution in ¢ by . Then we set
bot, ) = sy ¥ = / Ps()(t —$)Y (s, -)ds

with sufficiently small § > 0. Then we have

arbo= [ =snwsdds = [ D=5 a0 G5, s+ s 00
= o) * {pe, ¥} = —{pec, bo(t, - )} (A-1)

for t > 0, by the conditions on ¢. We have the reverse inequality for # < 0.
We then show the derivatives of by satisfy the required uniform boundedness. We first note that

Gt;r,p,0,0) =y ;r+1p,p,0,w) > aows (t — £00)

in the Cg°-topology, by virtue of the existence of the classical scattering for p.. Thus we have the
representation

1//(1‘;7’,0,9’60):1//([§r_tpv,0a9’a))a

with &(t) uniformly bounded in C;°(T*M). Hence we learn that the derivatives in variables other than p
are uniformly bounded. Then this property applies also to by(¢). Let us consider the first derivative of

bo(¢) in p:
dpbo(1) = — / sy (t —5)s (@) (s, 7 —sp, p, 0, ®)ds + / @5 (t — )W) (s, 7 —5p, p, 0, @) ds.
The second term is clearly uniformly bounded. We note that

(s p— I I [ P (3 (s: F —
@) (sir—sp, p,0, ) = p{as[l/f(s,r 5, 0,0, w)] = (Os¥)(s5 7 Sp,pﬂ,w)},
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and then by integration by parts we have

/%(z)(f — )55, 7 — $p. 9, 0, ) ds

1 (9 = N T N
:;/3_( )W(S r— S/?,/?,Q,w)dS-F;/¢<m>s(85w)(s,r sp, p,0,w)ds
_1 ; LS (=S s —

_p/ (S W(S r— sp,p,@,a))ds p/B(t)(p<5(t)>W(s’r Sp,,O,Q,a))ds
1 t—s e
+; /¢<W)S(3slﬁ)(5,r sp, p,0,w)ds.

Each term in the last expression is bounded uniformly in  since s ~ r, and 9% = O((s)~?). Repeating
this procedure, we can show that all the derivatives of by are uniformly bounded. It is also easy to check
that by satisfies the required support property provided a is supported in a sufficiently small neighborhood,
and § > 0 is chosen sufficiently small.

Now by (A-1) and the sharp Garding inequality, we have

L 0p" v 1)) = ~L1P, 0p 1)1+ 0p(r} 1)

with r1(¢) = O (h"*). We set c; =7/4—2"Jfor j=1,2,...,and set

r P 0 o
aj(r, p,0, a))—a(g E ag), bj(t)=<p3<t>>;<(ajoexp(thc)).

Then we set
o0
b(t) ~bo(t) + Y pjb; (1),
j=1

with appropriately chosen constants 1 ; > 0 so that

d .
0P (" 1)) = — [P, OpY B )]+ 0 (1),

and b(¢) satisfies all the required properties. We refer to [Nakamura 2009b; Ito and Nakamura 2009] for

the details of the construction. U

Appendix B: Beals-type characterization of Fourier integral operators

In this appendix, we consider operators on R”, and we discuss Beals-type characterization of FIOs in
terms of h-pseudodifferential operators. We use the result for scattering manifolds, but the generalization
is straightforward, and we omit it. Most of the arguments here are similar to those of [Ito and Nakamura
2012, Section 2], and we mainly discuss the modifications necessary to show our results.
We let S be a canonical diffeomorphism on 7*R", which is also supposed to be homogeneous in the
&-variable, i.e.,
if (y,n) =S(x, &), then S(x, A§) = (y, An) for A > 0.
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We also let U € £(¥, '), and let u € 9'(R>") be its distribution kernel. For a symbol a € C®(T*R"),
we write

a"(x,§) =a(x, h§), Op"(a")y=a"(x,hDy),

for h > 0 as before. For a € C°(T*R" \ 0), we define
Ads(@mU =0p"(a" o S7HU —UO0pY (") € (9, 9.

We note that Op"(a” 0 §=1) = Op"((a o S~)") since S is homogeneous in &.
Theorem B.1. Let U € B(L%pt([R”), LIZOC(R")). Suppose for any ay, az, ..., ay € CP(T*R"\ 0), there
is Cy > 0 such that

IAds (a1) Ads(a3) - - - Ads (@)U ll g2y < Cwh". (B-1)
Then U is an FIO of order 0 associated to S.
Corollary B.2. Let S and U as above. If for any a € Cg°(T*R" \ 0) there is an h-dependent symbol
b e Cy°(T*R" \ 0) such that

10200 b(h: x, £)| < Caph,
forany o, BeZ",h e (0,1], and
Ads(@"U = 0p" (" U + R,  [IRllg2) = OK™),

then U is an FIO of order 0 associated to S.

Proof of Corollary B.2. We show (B-1) follows from the above condition. The cases N =0, 1 are obvious.
Let N =2 and we write

Ads(@hHU =0p""HU +R;, j=1.2.
Then we have
Ads(al) Ads(a)U=0p"(a" o sTHop" U — 0p" (b UOPY (al) + Ads(al) R,

= [0p"(ay 0 571, Op™ (V) ]U+ Op" (63)0p™ (V) U+ Ads (a}) Ra+ Op" (D) Ry
= OPW(b?z)U + Ri2,

where Rjp = O(h*) and by € C3°(T*R" \ 0) satisfies
099 bio(hs x, £)| < Clgh®,  forany o, B € Z%, h e (0, 1],

and (B-1) for N = 2 follows. Iterating this procedure, we obtain (B-1) for any N. O

In order to prove Theorem B.1, we first note the semiclassical-type characterization of Besov spaces.
By the standard partition-of-unity argument, it is straightforward to observe that u € B; ’lcfc([R{m) if and
only if for any (xo, &) € T*R™ \ 0 there is ¢ € C3°(T*R™) such that ¢(xo, &) # 0 and

l0pY(o™)ull,2 < Ch®, h>0.
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Thus, in turn, we learn that u € BZ ’lf)oc([Riz”) if and only if for any (xg, yo, &0, 10), (§0, n0) #~ (0, 0), there
are ¢, 92 € C;°(R") such that ¢y (xo, &) # 0, ¢2(y0, no) # 0, and

lop" (@ UOPY (9™ |us < Ch°, h >0,

where || - || s denotes the Hilbert—Schmidt norm in B(L%(R")). Now we choose ¢3 € Cy°(R") so that
¢3 = 1 in a neighborhood of supp ¢,. We note that

1/2 1/2
||0pW(<p3>||Hs=<2n>—"/2( |<p3(x,hs>|2dxds) =<2arh)—"/2(/[R |¢3<x,s>|2dxds) =Ch™"/?

R)l
for h > 0 with some C > 0. Hence we have

10p™ (@ UOP™ (o)1 s < 10p" (o UOPY (0)OP™ (02) | s + R
< ch"210p"(eHUOP™ ()l p(12) + R,

where
R = 0p" (e UOp" () (1 — OpY (M) | s = O (™)

by the symbol calculus. Thus we have proved the following lemma:

Lemma B.3. If for any (xo, yo, &, 10) € T*R*" with (&, no) # (0, 0) there are @1, ¢ € Co°(T*R") such
that ¢1(xo, &0) # 0, ¥2(yo, no) # 0 and

I0p" (@HUOPY (@) 312y <C,  h >0,

then u € By /%% (R2").

Proof of Theorem B.1. We modify the proof of Theorem 2.1 in [Ito and Nakamura 2012], to which we
refer for further details.
We first note that

WF(@u) C As={(x,y,& —n) € T*R* | (x,£) = Sy, n)}.

We note that if (xo, Yo, &0, —n0) ¢ A s with g # 0, it is straightforward to show (xg, yo, 0, —10) ¢ W F (1).
If & # 0, we consider U™ and we can also conclude (xg, yo, &0, —10) € W F (u).

Now we letay, ar,...,ay € SLI.I([RR”) and let (xo, &) = S(y0, no). We may assume a; are homogeneous
of order one in the £-variable. By Lemma B.3 and the proof just cited, it suffices to show the following to
conclude U is an FIO of order 0 associated to S: There are ¥, ¥, € C3°(T*R") such that v (xo, &) # 0,

Y2 (3o, no) # 0 and
10p" (¥ H[Ads(ar) - - - Ads(an)UT0p" (Yl g2y < C,  h e (0, 1], (B-2)

with some C > 0.
We set Wy, W1 € C°(T*R") so that they are supported in a small neighborhood of (yo, 179), ¥; =1
on a neighborhood of (yy, n9), and Wy = 1 on supp ¥;. We then set

9j(x, &) =a;(x,§)Vo(x,§) € Cg7(T"R").



284 KENICHI ITO AND SHU NAKAMURA
We note, since a; are homogeneous of order one in &, that

aj(x,&)Wo(x, h&) =h""a;(x, h&)Wo(x, h§) =h™'p;(x, h§).

We also set
Yi=W 08! and Y=,

so Y1 (1 —WyoS™1) =0and (1 — Wy)y, =0. This implies, in particular, that

Yi(x, hE)(aj o ST (x, &) = h™ 'Y (x, hé) (9 0 S~ )(x, hé),

aj(y, M2y, hn) = h™ g (v, kv (y, hn).
Using these, and applying the s-pseudodifferential operator calculus, we learn that
Op" (Y1)[Ads(ar) - - - Ads(an)U10p™ (¥3)
=h~Nop" (¥[Ads(e]) - - Ads(ex)U10p" (¥3) + O (h™),

and this implies the right-hand side is bounded by the assumption of Theorem B.1. Now (B-2) follows
from this observation, and we conclude that the assertion hold. O

We note that the conditions and the assertion of Theorem B.1 are microlocal, and hence the theorem
is easily extended to a statement in a conic set in 7*R". In the next proposition, we use the extended
statement on a conic set.

Proposition B.4. Let R" = R" x R¥, and let U be a bounded operator on L>*(R"™) and let S be a
homogeneous canonical diffeomorphism on T*R™. Suppose U commutes with multiplication operators in
y so that U is decomposed as

@D
U= / U(y)dy onL*(R™) = L*(R}, L*(R})),
Rk

where {U(y)} is a family of operators on Lz(Rﬁ). Suppose also that S is decomposed as

St &y, m) = (SO, &), y,n+gx, &)

for (x,&,y,n) e T*R" =T*R% x T*[R];, where {S(y)} is a family of canonical maps on T*RL IfU is an
FIO associated to S on a conic set {(x,&,t,n) | £ # 0}, then for each y € Rk, U(y) is an FIO of order 0
associated to S y).

Remark B.5. The assumption on § actually follows from the properties of U. We include it to introduce
the notations.

Proof. Leta € Cg°(T*R"\ 0), and let ¢, ¥ € Cgo([Rk) such that ¢, ¥ > 0 and [ ¥ (1) dn = 1. We also
denote ¥, (17) = ¥ (n — z) for z € R*. We consider

A;=a;(x,hDy,y, hDy) =al(x, th)(p(y)wz(hDy)-
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Since U is an FIO, there is b;, which is bounded in C§°(T*R™) uniformly in & € (0, 1], such that
UA,=B,U+O(Mh*>), B,=b,(x,hDy,y, hDy),
with the principal symbol

a; 08 ' =(ao S, MY (n—gS»(x, &), y) —2).

Since U commutes with {¢?"% | z € R¥} (translations in the n-variable), we learn that

bz(x’s’ysn):bO(x,s’ y,U—Z),

and the remainder term also satisfies this property. Moreover, these symbols decay rapidly outside
S[supp a].
It is also easy to see that

/ A,dz — a(x,hDy)p(y) and / B.dz — b(x, hDy, y)
[zI<R [zI<R

strongly as R — 0o, where b(x, &, y) = ka bo(x, &, y, 1) dn. The principal symbol of b is given by
(ao 5‘(y)_1)(x, E)p(y). These facts imply that

U(y)a(x, hDy)g(y) = b(x, hDy, y)U(y) + O (h™),

where b(x, £, y) — (a0 S(»)™)(x, £)@(y) = O(h). Since ¢ € C°(R¥) is arbitrary, for a fixed y € R¥ we
may replace ¢(y) by 1, and we learn U (y) is an FIO of order 0 associated to S (y) by Corollary B.2. I
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LOCAL WELL-POSEDNESS OF THE VISCOUS SURFACE WAVE PROBLEM
WITHOUT SURFACE TENSION

YAN GUO AND IAN TICE

We consider a viscous fluid of finite depth below the air, occupying a three-dimensional domain bounded
below by a fixed solid boundary and above by a free moving boundary. The domain is allowed to have a
horizontal cross-section that is either periodic or infinite in extent. The fluid dynamics are governed by
the gravity-driven incompressible Navier—Stokes equations, and the effect of surface tension is neglected
on the free surface. This paper is the first in a series of three on the global well-posedness and decay of
the viscous surface wave problem without surface tension. Here we develop a local well-posedness theory
for the equations in the framework of the nonlinear energy method, which is based on the natural energy
structure of the problem. Our proof involves several novel techniques, including: energy estimates in
a “geometric” reformulation of the equations, a well-posedness theory of the linearized Navier—Stokes
equations in moving domains, and a time-dependent functional framework, which couples to a Galerkin
method with a time-dependent basis.

1. Introduction

Formulation of the equations in Eulerian coordinates. We consider a viscous, incompressible fluid
evolving in a moving domain

Q) ={ye T xR |=b(y1.y) < y3 <n(yi. y2.0}.

Here we assume that either ¥ = R? or = = (L;T) x (L,T) for T = R/Z the usual 1-torus and L, Ly, >0
the periodicity lengths. The lower boundary of €2(¢) is assumed to be rigid and given, but the upper
boundary is a free surface that is the graph of the unknown function 1 : £ x R™ — R. We assume that

0<beC®X) if & =(L,T) x (L,T),
b € (0, 00) is constant if ¥ = R2.

For each ¢, the fluid is described by its velocity and pressure functions (u, p) : Q(t) — R> x R. We
require that (u, p, n) satisfy the gravity-driven incompressible Navier—Stokes equations in €2 (¢) for ¢ > 0:
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du+u-Vu+Vp=puAu in Q(1),
divu =0 in Q(z),
0 =uz —u1dyn—uzdy,n on{y;=n(yi, y2, n},
(pl — pD(u))v = gnv on {y3 =n(y1, y2, )},
u=0 on {y3 = —b(y1, y2)},

for v the outward-pointing unit normal on {y; = n}, I the 3 x 3 identity matrix, (Du);; = d;u; + d;u; the
symmetric gradient of u, g > 0 the strength of gravity, and p > 0 the viscosity. The tensor (pI — uD(u))
is known as the viscous stress tensor. The third equation in 1 implies that the free surface is advected
with the fluid. Note that in 1, we have shifted the gravitational forcing to the boundary and eliminated the
constant atmospheric pressure, p,m, in the usual way by adjusting the actual pressure p according to
p =P +8ys— Pam

The problem is augmented with initial data (zq, ng) satisfying certain compatibility conditions, which
for brevity we will not write now. We will assume that ng > —b on ¥. When X = (L T) x (L,T), we
shall refer to the problem as either the “periodic problem” or the “periodic case”, and when ¥ = R?, we
shall refer to it as either the “nonperiodic problem” or the “infinite case”.

Without loss of generality, we may assume that = g = 1. Indeed, a standard scaling argument allows
us to scale so that © = g = 1, at the price of multiplying b and the periodicity lengths L, L, by positive
constants and rescaling b. This means that, up to renaming b, L, and L,, we arrive at the above problem
withu =g =1.

The problem 1 possesses a natural physical energy. For sufficiently regular solutions to both the
periodic and nonperiodic problems, we have an energy evolution equation that expresses how the change
in physical energy is related to the dissipation:

1/ 5 1 , 1! ) 1 2, 1 2
L +—f|n<r>| +—// IDucs)| ds=—/ ol +—/|no|.
2 Q1) 2 > 2 0 JQ(s) 2 (0) 2 >

The first two integrals constitute the kinetic and potential energies, while the third constitutes the dissipation.
The structure of this energy evolution equation is the basis of the energy method that we will use to
analyze 1.

Geometric form of the equations. In order to work in a fixed domain, we want to flatten the free surface
via a coordinate transformation. We will not use a Lagrangian coordinate transformation, but rather a
flattening transformation introduced by Beale [1984]. To this end, we consider the fixed equilibrium

domain
Q= {erxR | —b(X],X2)<X3<0},

for which we will write the coordinates as x € 2. We will think of X as the upper boundary of €2, and
we will write ¥, := {x3 = —b(x1, x2)} for the lower boundary. We continue to view 7 as a function on
¥ x R*. We then define

n := Pn = harmonic extension of 7 into the lower half-space,
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where P17 is defined by (A-8) when ¥ = R? and by (A-14) when ¥ = (L;T) x (L,T). The harmonic
extension 7 allows us to flatten the coordinate domain via the mapping

X3

QLox (xl, X7, x3—|—ﬁ(x,t)<1 +—
b(xy, x2)

)) = Q. 1) =1y, ) €. (-1

Note that (X, t) = {y3 =n(y1, y2,t)} and ®(-, t)|g, =Idyx,; that is, ® maps X to the free surface and
keeps the lower surface fixed. We have

1 00 1 0 —AK
V=010 and o:=vVeHT=|01 -BK (1-2)
ABJ 0 K
for
_~ x3ndb _~  x3ndb n _~ . ~  14x3
A=011nb— , B=0dmnb— , J=14+—-+0nb, K=J""', b=—— (13
11 12 21] 12 + o+ 0] b (1-3)

Here J = det V® is the Jacobian of the coordinate transformation. See Lemma A.3 for some properties
of .

If n is sufficiently small (in an appropriate Sobolev space), then the mapping P is a diffeomorphism.
This allows us to transform the problem to one on the fixed spatial domain €2 for # > 0. In the new
coordinates, the PDE 1 becomes

du — 0K d3u+u-Vyu — Agqu+Vyp =0 in,

divgu=20 in £,

S (p, )N =nN on X, (1-4)
on=u-N on X,

u=~0 on Xp,

u(x,0) =uo(x), n’,0)=mno(x).

Here we have written the differential operators V4, divy, and Ay with their actions given by (Vg f); 1=
A;ijd; f,divg X :=s;;0;X;, and Ay f = divy Vy f for appropriate f and X; as for u - Vyu, we mean
(- Vyu); :=u;Ajocu;. We have also written

N:i= —817761 — 327]62 +e3

for the nonunit normal to {y3; = n(y1, y2, t)}, and we write Sy (p, u) = (pI — Dyu) for the stress tensor,
where [ is the 3 x 3 identity matrix and (Dyu);; = d;x0xu ; + A jiOku; is the symmetric si-gradient. Note
that if we extend divy to act on symmetric tensors in the natural way, then divy Sy (p, u) = Vyp — Ayu
for vector fields satisfying divg u = 0.

Recall that o is determined by n through the relation (1-2). This means that all of the differential
operators in (1-4) are connected to 1, and hence to the geometry of the free surface. This geometric
structure is essential to our analysis, as it allows us to control high-order derivatives that would otherwise
be out of reach.
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Previous results. Local well-posedness for the problem 1 in a bounded domain, all of whose boundary
is free, was proved by Solonnikov [1977]. Local well-posedness for the problem in domains like ours
was proved by Beale [1981]. Both of these results employ parabolic regularity theory in a functional
framework different from the one we use: Solonnikov worked in Hélder spaces, while Beale worked
in L%-based space-time Sobolev spaces. Abels [2005] extended this local theory to the framework of
L?-based Sobolev spaces. Global well-posedness was proved in the periodic case by Hataya [2009]
and discussed in the infinite case by Sylvester [1990] as well as Tani and Tanaka [1995], all within a
Beale—Solonnikov functional framework.

If the effect of surface tension is included at the free interface, then the free surface function gains
regularity, stabilizing the problem. This led to a proof of small-data global well-posedness by Beale
[1984], as well as a proof by Beale and Nishida [1985] that the global solutions with surface tension
decay algebraically in time. In the periodic case, Nishida, Teramoto and Yoshihara [Nishida et al. 2004]
proved global well-posedness and exponential decay. Bae [2011] proved global well-posedness with
surface tension using energy methods rather than a Beale—Solonnikov framework. For a bounded mass of
fluid with surface tension, local well-posedness was proved by Coutand and Shkoller [2003].

Many authors have also considered one-fluid free boundary problems for inviscid fluids, which are
modeled by setting © = 0 in 1 and replacing the no-slip condition with the no-penetration condition,
u-v =0 on X;. For this problem, it is often assumed that the fluid is initially curl-free, in which case
this condition propagates in time and the fluid is said to be irrotational. The velocity field is then both
curl-free and divergence-free for all time, and is therefore the gradient of a function that is harmonic in
Q(t). This allows for the reformulation of the problem as one only on the free surface, involving the
Dirichlet-to-Neumann operator. Local well-posedness in this framework was established by Wu [1997;
1999] and Lannes [2005], an almost-global well-posedness result was then proved by Wu [2009] for the
2D problem, and global well-posedness was proved by Wu [2011] and Germain, Masmoudi and Shatah
[Germain et al. 2009] in 3D. Only the irrotational problem has been shown to admit global solutions in
the inviscid case. Local well-posedness without the irrotationality assumption was proved with a modified
surface formulation by Zhang and Zhang [2008] and with the original formulation in [[Christodoulou
and Lindblad 2000; Lindblad 2005; Coutand and Shkoller 2007; Shatah and Zeng 2008]]. Note that in
the viscous case, it is known that vorticity is generated at the free surface, even if the fluid is initially
irrotational. Therefore it is not possible to use the surface formulation of the problem.

Main result. As mentioned above, the standard method for constructing solutions in the existing literature
is based on the parabolic regularity theory pioneered by Beale [1981] for domains like ours and by
Solonnikov [1977] for bounded, nonperiodic domains. The advantage of full parabolic regularity is that
it enables one to treat viscous surface waves as a perturbation of the “flat surface” problem, which is
obtained by setting n =0, d = I, N' = e3, etc. in (1-4). The actual problem (1-4) is then rewritten as
the flat surface problem with nonlinear forcing terms that correspond to the difference between the two
forms of the equations. The key to the existence theory of, say, [Beale 1981], is regularity in H" with the
choice of r =346 for§ (O, %) According to the natural energy structure of the problem, 1, one might
expect r to naturally be an integer. The extra gain of § > 0 regularity allows for enough control of the
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nonlinear forcing terms to produce a local solution to (1-4) from solutions to the flat surface problem and
an iteration argument. As recognized early on by Beale himself, a disadvantage of Beale—Solonnikov
theory is that the functional framework makes it difficult to extract time decay information.

In a pair of companion papers [Guo and Tice 2013b; 2013a], we prove a priori decay estimates that are
developed through a high-regularity energy method. This necessitates using the natural energy structure
of the problem, 1, which in turn requires us to use positive integer Sobolev indices for u. The advantage
of the natural energy structure is that it produces two distinct types of estimates: roughly speaking,
L>®([0, T1; L?) “energy estimates” and L2([0, T]; H') “dissipation estimates”. The interplay between
the energy and the dissipation naturally leads to time decay information. The disadvantage of the energy
structure is that our regularity index » must be an integer, so we cannot use the § > 0 gain that would
allow us to treat the problem (1-4) as a perturbation of the flat surface problem.

The difficulty in proving local well-posedness in the natural energy structure is thus clear. We cannot use
solutions to the standard flat surface problem to produce solutions to (1-4) via an iteration argument since
the forcing terms cannot be controlled in the iteration. For example, we would have trouble controlling
the interaction between the highest-order temporal derivatives of p and div u. Our solution, then, is to
abandon the flat surface problem and prove local existence directly, using the geometric structure of (1-4).
The geometric structure is crucial since it decreases the derivative count of the forcing terms, which then
allows us to close an iteration argument using only the natural energy structure. The essential difficulty is
that the geometric structure requires us to solve the Navier—Stokes equations in moving domains. In the
presence of such a time-dependent geometric effect, even the construction of local-in-time solutions to
the linear Navier—Stokes equations is highly delicate and has to be carried out from the beginning.

Before we state our local existence result, let us mention the issue of compatibility conditions for
the initial data (ug, n9). We will work in a high-regularity context, essentially with regularity up to 2N
temporal derivatives for N > 3 an integer. This requires us to use u( and 7ng to construct the initial data
3/ u(0) and 8/n(0) for j=1,...,2N and 3/ p(0) for j =0, ..., 2N — 1. These other data must then
satisfy various conditions (essentially what one gets by applying 8tj to (1-4) and then setting ¢ = 0), which
in turn require u#o and no to satisfy 2N compatibility conditions. We describe these conditions in detail
on pages 338-339 and state them explicitly in (5-22), so for brevity we will not state them here.

In order to state our result, we must explain our notation for Sobolev spaces and norms. We take
H*(Q) and H*(X) for k > 0 to be the usual Sobolev spaces. When we write norms, we will suppress the
H and Q2 or . When we write ||8,'iu||k and ||8,jp||k, we always mean that the space is H¥(2), and when
we write || a,f nllx, we always mean that the space is H*(%). In the following result, we also refer to the
space X7, which is defined later in (2-4).

Theorem 1.1. Let N > 3 be an integer. Assume that ug and nq satisfy the bounds
luollZy + mollZy 41,2 < 00

as well as the (2N)-th compatibility conditions (5-22). There exist 0 < 8y, Ty < 1 such that if

1
0<TC< Tomin{l, 2—}
||7]O||4N+1/2
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and IIMQIIiN + ”’70”421/\/ < 8o, then there exists a unique solution (u, p, n) to (1-4) on the interval [0, T']
that achieves the initial data. The solution obeys the estimates

2N . 2N - 2N—1 -
Z sup |8/ u “4N—2j + Z sup | 8tj’7||41v—2j + Z sup | atjp”zw—zj—l
T =0 0<t<T =0 0<t<T

o<t<
T /2N -
"‘/ <Z||3tj”“41v2j+1+
0 =0

j=0 °=1=
T 2N+1 s
2 2 j
+ /O (||n||4N+1/2 +omlzy 1o+ D | 8/n||4N_2,-+5/2)
j=2

wol
Z ||8,Jp||4N2j) + HatZNH””%%r)*
=0

< C(lluolizy + Inollzy + Tlnollzn41)  (1-5)
and

ﬁwuwaﬂﬂfcmwﬁN+u+Twmﬁmwg
<t<T

for a universal constant C > 0. The solution is unique among functions that achieve the initial data and
for which the sum of the first three sums in (1-5) is finite. Moreover, n is such that the mapping ®(-,t),
defined by (1-1), is a C*N =2 diffeomorphism for each t € [0, T1.

Remark 1.2. Since the mapping ®(-, t) is a C*¥~2 diffeomorphism, we may change coordinates to
y € Q(t) to produce solutions to 1.

The tools needed for the proof of Theorem 1.1 are developed throughout the rest of the paper, and the
theorem is proved starting on page 354. We will sketch here the main ideas of the proof.

Linear d-Navier—Stokes. Our iteration procedure is based on a geometric variant of the linear Navier—
Stokes problem. We consider 7 (and hence o, N, etc.) as given and then solve the linear sd-Navier—Stokes
equations for (u, p):

8,u—Aggu+V&qp=Fl in ,

divgqu=20 in 2,

. (1-6)
Su(p,u)N=F on X,
u=0 on X,

with initial data ug. Transforming this problem back to a moving domain €2 (#) using the mapping &
defined in (1-1) shows that this problem is essentially equivalent (we have absorbed the correction to the
time derivative into F!, so it does not transform exactly) to solving the linear Navier-Stokes equations in
a domain whose upper boundary is given by 7(¢). In other words, we are really solving the usual linear
problem in a moving domain.

Pressure as a Lagrange multiplier in time-dependent function spaces. It is well-known (see [Solonnikov
and Skadilov 1973; Beale 1981; Coutand and Shkoller 2003; 2007]) that for the usual linear Navier—Stokes
equations, the pressure can be viewed as a Lagrange multiplier that arises by restricting the dynamics
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to the class of vectors satisfying divu = 0. To adapt this idea to the problem (1-6), we must restrict to
the class of vectors satisfying divy u = 0, which is a time-dependent condition since n (and hence «)
depends on ¢. This leads us to build time-dependent variants of the usual Sobolev spaces H” = L? and
H' so that we can make sense of this time-dependent collection of div4-free vectors. For the purpose of
estimates, we want the time-dependent norms on these spaces to all be comparable to the usual Sobolev
norms; this can be achieved through a smallness assumption on 7, which we quantify. With the spaces
in hand, we then adapt a technique from [Solonnikov and Skadilov 1973] to introduce the pressure as a
Lagrange multiplier for divy-free dynamics.

Elliptic estimates for d-problems. In order to get the regularity we need for solutions to the parabolic
problem (1-6), we first need the corresponding elliptic regularity theory. We accomplish this by using
(1-1) to transform these elliptic problems back into Eulerian coordinates so that the PDEs transform to
ones with constant coefficients. We then apply standard estimates for elliptic equations and systems,
proved in [Agmon et al. 1959; 1964], and then transform these estimates on the Eulerian domain back to
estimates on 2. The only problem with this process is that the Eulerian domain has a boundary whose
regularity is dictated by 1 and is phrased in H* norms rather than C* norms, which are what appear
in [Agmon et al. 1959; 1964]. We get around this problem by using a smoothing operator, a limiting
argument, and the smallness of 5. Similar elliptic estimates were proved in Lagrangian coordinates for
open, bounded domains in [Cheng and Shkoller 2010].

Galerkin method with a time-dependent basis. We construct solutions to (1-6) by using a time-dependent
Galerkin method. This requires a countable basis of our space of divy-free vector fields. Since the
requirement divy u = 0 is time-dependent, any basis of this space must also be time-dependent. For
each t € [0, T], the space we work in (basically H 2 with divg u = 0) is separable, so the existence
of a countable basis is not an issue. The technical difficulty is that, in order for the basis to be useful
in the Galerkin method, we must be able to differentiate the basis elements in time, and we must be
able to express these time derivatives in terms of finitely many basis elements. Fortunately, due to a
clever observation of Beale [1984], we are able construct an explicit time-dependent isomorphism that
maps the div-free vector fields to the div4-free fields. This allows us to construct the desired basis and
push through the Galerkin method to produce “pressureless” weak solutions that are restricted to the
collection of divy-free fields. We then use our previous analysis to introduce the pressure as a Lagrange
multiplier, which gives a weak solution to (1-6). We also use the Galerkin scheme to get higher regularity,
showing that the solution is actually strong. The compatibility conditions serve as necessary conditions
for controlling the temporal derivatives of the approximate solutions in the Galerkin scheme. The result of
our strong existence theorem then allows us to iteratively deduce higher regularity, given that the forcing
terms are more regular and higher-order compatibility conditions are satisfied.

Transport estimates. The problem (1-6) considers 7 as given and then produces (u, p). The second step
in our iteration procedure is to take u# as given and then solve 9,1 4+ 11019 +u0,n = u3 on X. This is a
standard transport equation, so solving it presents no real obstacle. The difficulty is that in our analysis of
(1-6), we need control of supy_, 7 [17(7) ||421 N+1/29 but owing to the transport structure, the only available
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estimate is, roughly speaking,

T T
sup ||n(t)||iN+1/2§CeXP(C /O ||Du(r)||Hz@)dt>[||no||iN+]/2+T /O )31 dt].
<t<T

Without knowing a priori that u decays, the right side of this estimate has the potential to grow at the
rate of (1 + T)ecﬁ . Even if u decays rapidly, the right side can still grow like (1 + 7). Of course,
such a growth in time is disastrous for global stability analysis, but even in our local-existence iteration
scheme, a delicate technique is required to accommodate such a growth without breaking the estimates of
Theorem 1.1.

Closing the iteration with a two-tier energy scheme. Our iteration scheme then proceeds as described,

m+1 - pm+1y "and then using u™+! to produce 5™+, Iterating in this manner without

using ™" to produce (u
losing control of our high-order energy estimates is rather delicate, and can only be completed by using
sufficiently small initial data. The boundedness of the infinite sequence («”, p™, n™) in our high-order
norms gives weak limits in the usual way, but because of the nature of our iteration scheme, we cannot
guarantee a priori that the weak limits constitute a solution to (1-4). Instead of using high-order weak
limits, we instead show that the sequence contracts in low-order norms, yielding strong convergence in
low norms. We then combine the low-order strong convergence with the high-order weak convergence
and an interpolation argument to deduce strong convergence in higher (but not all the way to the highest

order) norms, which then suffices for passing to the limit m — oo to produce a solution to (1-4).

Utility in the global theory. We believe that our local well-posedness result, Theorem 1.1, is interesting
in its own right. It provides an alternative to the standard Beale—Solonnikov framework that is perhaps
more natural due to the natural energy structure 1. The new ideas and techniques that we have introduced
in order to work in this framework will likely be useful in many other problems.

However, we also need Theorem 1.1 as a crucial component in our global analysis of 1, which we
carry out in [Guo and Tice 2013b] in the infinite case and in [Guo and Tice 2013a] in the periodic case.
In both cases we develop novel a priori estimates that couple to the local theory to produce global-in-time
solutions that decay to equilibrium at an algebraic rate. We call our a priori estimates a two-tier energy
method because it couples the boundedness of certain high-regularity norms to the decay of certain
low-regularity norms. The local theory we develop here both provides the tools for iteratively achieving
global well-posedness and justifies all of the computations used in our two-tier a priori estimates.

Let us now informally state the theorems we prove in [Guo and Tice 2013b; 2013a].

Theorem 1.3. The problem 1 is globally well-posed for sufficiently small initial data. In the infinite case,
the solutions decay at a fixed algebraic rate. In the periodic case, by adjusting the smallness of the initial
data, the solutions can be made to decay at arbitrarily fast algebraic rates. In other words, solutions in
the periodic case decay almost exponentially.

Remark 1.4. The reader interested in a unified presentation of the present paper and the global decay
results of [Guo and Tice 2013b; 2013a] may consult [Guo and Tice 2010].
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Remark 1.5. One can see a glimpse of the utility of our two-tier energy method already in the local
theory. Indeed, the contraction argument we use to produce local solutions uses the boundedness of the
high norms to close the contraction estimate for the low norms.

Definitions and terminology. We now mention some of the definitions, bits of notation, and conventions
that we will use throughout the paper.

Einstein summation and constants. We will employ the Einstein convention of summing over repeated
indices for vector and tensor operations. Throughout the paper, C > 0 will denote a generic constant that
can depend on the parameters of the problem, N, and €2, but does not depend on the data, etc. We refer
to such constants as “universal”. They are allowed to change from one inequality to the next. When a
constant depends on a quantity z, we will write C = C(z) to indicate this. We will employ the notation
a < b to mean that a < Cb for a universal constant C > 0.

Derivatives and norms. We will write Df for the horizontal gradient of f, thatis, Df = 0, fe; + 9> fea,
while V f will denote the usual full gradient. We write H k(@) with k > 0 and H*(X) with s € R for
the usual Sobolev spaces. We will typically write H® = L?; the exception to this is where we use
L2([0, T]; H*) notation to indicate the space of square-integrable functions with values in H k.

To avoid notational clutter, we will avoid writing H*(Q) or H*(X) in our norms and typically write
only | - ||lx. Since we will do this for functions defined on both €2 and X, this presents some ambiguity.
We avoid this by adopting two conventions. First, we assume that functions have natural spaces on which
they “live”. For example, the functions u, p, and 7 live on 2, while 5 itself lives on X. As we proceed in
our analysis, we will introduce various auxiliary functions; the spaces they live on will always be clear
from the context. Second, whenever the norm of a function is computed on a space different from the one
in which it lives, we will explicitly write the space. This typically arises when computing norms of traces
onto X of functions that live on .

Plan of the paper. Our proof of Theorem 1.1 employs an iteration that is based on the following linear
problem for (u#, p), where we think of n (and hence o, N, etc.) as given:

u—Aqu+Vyp=F' inQ,

divgu =20 in £,

(1-7)
Su(p, )N =F3 on Y,
u=~0 on Xp,

subject to the initial condition u(0) = ug. Note that the first equation in (1-7) may be rewritten as
du+divy Sy(p, u) = F'.

In Section 2, we develop the machinery of time-dependent function spaces so that we can consider
the class of divy-free vector fields. We use an orthogonal splitting of a space to introduce the pressure
as a Lagrange multiplier. In Section 3, we record some elliptic estimates for the s{-Stokes problem and
the d-Poisson problem. In Section 4, we develop the local existence theory for (1-7) by using a time-
dependent Galerkin scheme. We iterate this result to produce high-regularity solutions. In Section 5, we
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do some preliminary work for the nonlinear problem, constructing initial data, detailing the compatibility
conditions, and constructing solutions to the transport equation with high-regularity estimates. In Section 6,
we construct solutions to (1-4) through the use of iteration and contraction arguments, completing the
proof of Theorem 1.1.

Throughout the paper, we assume that N > 3 is an integer. We consider both the nonperiodic and
periodic cases simultaneously. When different analysis is needed for each case, we will indicate so.
Otherwise, the argument we write works in both cases.

2. Functional setting

Time-dependent function spaces. We begin our analysis of (1-7) by introducing some function spaces.
We write H*(Q2) and H*(X) for the usual L2-based Sobolev spaces of either scalar or vector-valued

functions. Define 1 1
oH' () :={ueH (Q) |ulz, =0},

OH'(Q):={ue H(Q)|uls =0},
0H} () == {u e oH' (Q) | divu =0},

with the obvious restriction that the last space is for vector-valued functions only.

For our time-dependent function spaces, we will consider n as given with &, J, etc. determined by
via (1-3); in our subsequent analysis, n will always be sufficiently regular for all terms derived from 7 to
make sense. We define a time-dependent inner-product on L? = H? by introducing

(u, vV)g0 :=/(u-v)](t)
Q

with corresponding norm |ju||50 := /(ut, )50. Then we write #°(z) := {||u]l0 < oo}. Similarly, we
define a time-dependent inner-product on o H ' (£2) according to

(u, V)ger 1= f (Dggryu - Dgyv) J (1),
Q

and we define the corresponding norm by | u |51 = \/m . Then we define
9" (1) == {u | llullyp < oo, ulg, =0} and %(r) := {u € %' (t) | divye)u =0}. (2-1)

We will also need the orthogonal decomposition #HO(t) = Y(1) Y(r)*, where
YO = (Vane | ¢ € "H (). (2-2)

A further discussion of the space %Y(¢) can be found later in Remark 3.4. In our use of these norms and
spaces, we will often drop the (#) when there is no potential for confusion.
Finally, for T > 0 and k =0, 1, we define inner products on LZ([O, T1; Hk(SZ)) by

T
(u, U)%kT ::/0 (), v(t))ge dt. (2-3)
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Write ||u||5« for the corresponding norms and %I‘T for the corresponding spaces. We define the subspace
T
of divy-free vector fields as

%r = {u € %} | divy) u(t) = 0 for almost every ¢ € [0, T]}. (2-4)

A priori, we do not know that the spaces ¥*(¢) and %’; have the same topology as H* and L% H*,
respectively. This can be established under a smallness assumption on 7.

Lemma 2.1. There exists a universal gy > O such that if

sup [[n(1)ll3 < o, (2-5)
0<t<T
then
1
E”u”k < llullger < ~2fulle (2-6)
fork=0,1andforallt € [0, T]. As a consequence, for k =0, 1,
%Ilullym < Nl < V20l 2pze. (2-7)

Proof. Consider € € (0, %) with a precise value to be chosen later. It is straightforward to verify, using the
definitions in (1-3) along with Lemma A.8 in the nonperiodic case and Lemma A.10 in the periodic case,
that

sup{ I/ — Uiz, | All =, 1 Bllz<} < Clinlls. (2-8)

Then we may choose gy = ¢/C such that the right side of (2-8) is bounded by ¢. Since K = 1/J, this

implies that
€

— o < ——
1K =1l = 75,

1
0 < —
1Kl =

and
I = st < ;43? I+ Tl <2v3+ ;43?

In turn, this implies that

3e(l+e)2—¢)
(1—¢)? B
Notice that g is a continuous, increasing function on (O, %) such that g(0) = 0. With the estimates (2-8)

and (2-9) in hand, we can show that if ¢ is chosen sufficiently small, then (2-6) and (2-7) hold.
In the case k = 0, the estimate (2-6) follows directly from the estimate for J in (2-8):

1/|u|25<1—s)/|u|25f J|u|25<1+e>/|u|252/|u|2.
2 Q Q Q Q Q

To derive (2-6) when k = 1, we first rewrite

[zl d = sl I T + Al e < g(e). (2-9)

/J||D&gu|2=/ J||Du|2+/ J(Dyu + Du) : (Dyu — Du). (2-10)
Q Q Q
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To estimate the last term, we note that |(Dyu = Du)| < 2|4 &= I]|Vu|, which implies that

/ J(Dyu +Du) : (Dyu — Du)
Q

§4||J||L°o||1—&illLoolllJr&ﬂllLoofIVMI2
Q

<4Cqg(e) / |Dul?, (2-11)
Q

where Cqg, is the constant in Korn’s inequality, Lemma A.13. We may then employ the bounds (2-8) and
(2-11) in (2-10) to estimate

/m@guﬁfz/ J|Du|2—4c9g<e>/|u:vu|zz(1—8—4cgg(e>)/|u3>u|2, (2-12)
Q Q Q Q

f|D&gu|2J§/ J|Du|2+4CQg(8)/|IDu|2§(1+8+4C9g(8))/||]])u|2. (2-13)
Q Q Q Q

Then (2-6) with k = 1 follows from (2-12)—(2-13) by choosing ¢ small enough so that ¢ +4Cqg(¢g) < %
The estimates (2-7) follow by applying (2-6) for almost every ¢ € [0, T'], squaring, and integrating over
tel0,T]. OJ

Remark 2.2. Throughout the rest of this paper, we will assume that (2-5) is satisfied, so that (2-6)—(2-7)
hold.

Remark 2.3. Because of the bound (2-6) and the usual Korn inequality on €2, Lemma A.13, we have
a corresponding Korn-type inequality in %' (r) (defined in (2-1)): |ju]l50 < |lu]l51. The standard trace
embedding H'(Q) < H'/*(L) and (2-6) imply that ||ull 125y S lullse for all z € [0, T]. Similarly,
given f € H'2(X), we may construct an extension f € %' (¢) such that I fllger SN

We now prove a result about the differentiability of norms in our time-dependent spaces.
Lemma 2.4. Suppose that u € %IT, oru € (%IT)*, where %IT is defined in (2-3). Then the mapping

= Ju@l;

%00 is absolutely continuous, and

L3 = 2000, ut)) ey + /Q ()9, (@) (2-14)
for almost every t € [0, T]. Moreover, u € CO([O, Tl; HO(Q)). Ifve %L, v e (%IT)* as well, then
%(u(t), v(1)g0 = (O (2), V(1)) ge1y+ + (B v(2), u (1)) (ge1)x +/Qu(t) ~v(t)0, J (1). (2-15)

A similar result holds for u € X1 with d,u € (X7)*.

Proof. In light of Lemma 2.1, the time-dependent spaces %Y., %IT, (%;)* present no obstacle to the usual
method of approximation by temporally smooth functions via convolution. This allows us to argue as in
Theorem 3 in Section 5.9 of [Evans 2010] to deduce (2-14) and the continuity u € C°([0, T1; H()).
The equality (2-15) follows by applying (2-14) to u + v and canceling terms by using (2-14) with u and
with v. O
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Now we want to show the spaces o H'(2) and oH! (2) are related to the spaces ¥ () and %(¢). To
this end, we define the matrix
K 0
0 K
AK BK

M:=M({t)=KVd = (2-16)

- O O

where A, B, and K are as defined in (1-3). Note that M is invertible, and M~! = Js4”. Since J # 0 and
0j(Jsd;j) =0foreachi =1,2,3 (seec Lemma A.3),

p=divyv <
Jp=Jdivgv=Jd;jdjv; =;(Jsdijv) = d;(JsATv); = 3;(M~'v); = div(M~v).  (2-17)

The matrix M (¢) induces a linear operator J; : u — M, (1) = M (¢)u that possesses several nice properties,
the most important of which is that div-free vector fields are mapped to divy-free vector fields. We record
these now.

Proposition 2.5. For eacht € [0, T, M, is a bounded, linear isomorphism: from H*(Q2) to H*(Q) for
k=0,1,2; from L3(Q) to %O(t);from oHY () to %1 (1); and from OH; (2) to X(t). In each case the
norms of the operators M;, M; Y are bounded by a constant times 1+ |[n(t)l9/2.

The mapping M given by Mu(t) := M,u(t) is a bounded, linear isomorphism: from L*([0, T]; HX())
to L*([0, T1; HX(Q)) for k =0, 1, 2; from L*([0, T1; H%()) to %%; from L*([0, T1; oH'(Q)) to 9¢..;
and from L%([0, T1; OHJ (Q)) to X7. In each case, the norms of the operators M and M~ are bounded
by a constant times the sum 1+ supy_, -7 [In(#)l9/2.

Proof. For each t € [0, T, it is easy to see, using Lemma A.8 in the nonperiodic case and Lemma A.10
in the periodic case, that

Meulle SUM @l llulle S (1+ 17O es) el < (14 I llo2) llulle

for k = 0, 1, 2, which establishes that .(; is a bounded operator on H k. Since M(¢) is an invertible
matrix, Jl/tt_lv = M(t)_lv = JsAT (t)v, which allows us to argue similarly to see that for k =0, 1, 2,
||A/L,_1v||k S+ n@®lloy2)llvlik. Hence M, is an isomorphism of HF to itself for k = 0, 1, 2. With this
fact in hand, Lemma 2.1 implies that Jl, is an isomorphism of H%($2) to %°(¢) and of o H' () to %' (z).

To prove that Jl; is an isomorphism of OHU1 (2) to ¥(t), we must only establish that divu = 0 if and
only if divg(Mu) = 0. To see this, we appeal to (2-17) with p =0 to see that 0 = divy v if and only if
0 = div(M ~'v). Hence, writing v = Mu, we see that divu = 0 if and only if div(Mu) = 0.

The mapping properties of the operator Jl on space-time functions may be established in a similar
manner. O

Pressure as a Lagrange multiplier. 1t is well-known [Solonnikov and Skadilov 1973; Beale 1981;
Coutand and Shkoller 2007] that the space o H 1(Q) can be orthogonally decomposed as oH Q) =
oH1(Q) ® R(Q), where R(Q) is the range of the operator Q : H(2) — oH' (), defined by the Riesz
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representation theorem via the relation
/ pdivu = / D(Qp) :Du forall u € jH (RQ).
Q Q

We now wish to establish a similar decomposition for our spaces ¥(t) C %!(¢). Unfortunately, the
mappings Jl;, while isomorphisms, are not isometries, so we cannot use the known result to decompose
%' (t). Instead, we must adapt the method of [Solonnikov and Skadilov 1973] to our time-dependent
context.

For p € #°(t), we define the functional 9, € (¥'(1))* by 9, (v) = (p, divy V)g0. By the Riesz
representation theorem, there exists a unique Q;p € %! (¢) such that 9, (v) = (Q, P, V)ge forall v e % (1).
This defines a linear operator Q; : %0 () — ' (), which is bounded since we may take v = Q, p to get
the bound

1Q: P50 = (Q1p. Qipant = 2(v) = (p. divag v)yo

< Ipllseo ldiveg vligeo < Pl lvllger = Pl | Qe pllger,  (2-18)
so that || Q; pllser < |Iplls0- In the previous inequality, we have utilized the simple bound ||divg v||g0 <

lv|lget, which follows from the fact that divyg v = tr(Dyu) /2. In a straightforward manner, we may also
define a bounded linear operator Q : %76(} — %1T via the relation

(P, divaa )y = (Qp, v)g, forallve %

Arguing as above, we can show that Q satisfies || Qp||%1r < ||p||%(%.
In order to study the range of Q, in %' () and of Q in %IT we will first need a lemma on the solvability
of the equation divy v = p.

Lemma 2.6. Let p € HO(t). Then there exists a v € ¥ (¢) such that divy v = p and

lollger < (14 In@llog2) Il plse0-

If instead p € ., then there exists a v € %IT such that divyg v = p for almost every t € [0, T], and
llger S (14 supo<, <7 In®lloy2) 1 Pllse0.-

Proof. 1t is established in the proof of Lemma 3.3 of [Beale 1981] that for any ¢ € L?(S2), the problem
divu = ¢ admits a solution u € oH'() such that [u||; < |I¢llo- The result in [Beale 1981] concerns the
nonperiodic case, but its proof may be easily adapted to the periodic case as well. Choose ¢ = Jp so that

lgllg = / lg|* = / IpPI2 < Il Pl < 21 pl50-
Q Q
Then by (2-17), we know that v = M (t)u € %' (¢) satisfies divy v = p, and Proposition 2.5 implies that

oller S (1+In@lop2) lulle S (1+ 1@ llos2) liglio < (14 In@llos2) Il pliseo- (2-19)

If p € %Y., then for almost every ¢ € [0, T1, p(t) € #°(¢), so we may apply the above analysis to find
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v(t) € ¥ (¢) such that divy v(f) = p(¢) and the bound (2-19) holds with v = v(¢) and p = p(r). We may
then square both sides and integrate over ¢ € [0, T] to deduce that

T T
M@¢=Aﬂwﬂ@uh50+Swﬂmm@ﬂﬁﬂmm@Mt

0<t<T

< (1+ sup ||77(t)||§/2)||”“§eo' .
0<t<T !

With this lemma in hand, we can show that the range of Q,, R(Q;), is a closed subspace of ¥!(¢) and
that R(Q) is a closed subspace of %IT

Lemma 2.7. R(Q,) is closed in %' (t), and R(Q) is closed in %1T
Proof. For p € #°(z), let v € %' (¢) be the solution to divy v = p provided by Lemma 2.6. Then
1150 = (P, diveg V)50 = 2, (V) = (O p, V)3
<1Qpllselvlise SUQ:ipllser (14 1@ llo2) 1P llge0

so that we get, using (2-18),

1Q:pllser < Ipllgeo S A+ Mm@ llo2) 1 Qs pllger-
Hence R(Q,) is closed in %! (¢). A similar analysis shows that R(Q) is closed in %lT Il

Now we can perform the orthogonal decomposition of %! (¢) and %/, defined by (2-1) and (2-3)
respectively.

Lemma 2.8. We have that %' (t) = %(t) ® R(Q,), that is, X(t)* = R(Q;). Also, ¥\ = %7 & R(Q), that
is, ¥+ = R(Q).

Proof. By Lemma 2.7, R(Q,) is a closed subspace of #!(¢), and so it suffices to prove the equality
R(Q)*F =%().
Let v e R(Q,)*. Then forall p € %°(1), we know that

f pdivg v =9,(v) = (Q:p, V)gn =0,
Q

and hence divyg v = 0. This implies that ROt C%(1).
Now suppose that v € X(¢). Then divg v = 0 implies that

O:f pdiV&qU.Izgz(U):(Qtpav)%l
Q

for all p € %°(¢). Hence v € R(Q,)*, and we see that X() € R(Q,)" .
A similar argument shows that %1T =% ® R(Q). O

This decomposition will eventually allow us to introduce the pressure function. This will be accom-
plished by use of the following result.
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Proposition 2.9. If A, € (¥'(t))* is such that A;(v) = O for all v € X(t), then there exists a unique

p(t) € %O (1) such that
(p(t),divg v)g0 = A;(v) forallv e ?f’fl(l‘)

and || p()llg0 S (L + 1@ o) 1A Nl 51 1))+
IfA e (%IT)* is such that A(v) =0 for all v € X1, then there exists a unique p € %(} such that

. _ 1
(p, divg v)%g =A(v) forallve¥;

and || pllyo. S (1+5upo; <7 1) llo2) I Al et -

Proof. If A;(v) =0 for all v € ¥(¢), then the Riesz representation theorem yields the existence of a
unique w € %(t)* such that A, (v) = (w, V)get forall v e ¥ (1). By Lemma 2.8, w = Q; p(¢) for a unique
p(t) € #°(1). Then A;(v) = (Q; p(t), vV)g1 = (p(t), divyg v)geo for all v € %' (¢). By Lemma 2.6, we may
find v(t) € %' (¢) such that divy v(t) = p(¢) and [[v() |50 < (1 + In(@®)llo,2) 1l p(2) ll50. Hence

1P 150 = (P@), diva v(0)) 500 = A (VD)) < [ Acll ey (1 11D lloy2) | ) [0,

and the desired estimate holds. A similar argument proves the result for A € (%IT)* such that A(v) =0
forall v e ¥p. O

3. Elliptic estimates

Preliminary estimates. In studying the elliptic problems in the rest of this section, we will utilize the fact
that the equations can be transformed into constant coefficient equations on the domain Q' = ®(2), where
® is defined by (1-1). In order to properly utilize this transformation, we must verify that composition
with ® generates an isomorphism of H¥(Q') to H*(2). This type of result is standard (see the appendix
of [Bourguignon and Brezis 1974] for the case of a bounded domain, or of [Beale 1984, Lemma 5.2] and
[Sylvester 1990, Lemma 6.2] for the case of R"), but the precise form we need is not readily available in
the literature, so we record it now.

Lemma 3.1. Let V : Q — Q' be a C' diffeomorphism satisfying W € H*Y(Q) and VV — I € H*(Q)

loc

for an integer k > 3, as well as the estimate |1 —det VW || po < % Ifve H"(Q)), thenvo W € H™(Q)
form=0,1,...,k+1,and

lvo Wlign@y S CUIVY = Il gxe) IVl me) (3-1)

Jor C(IVV — 1| gr(q)) a constant depending on ||V — I || g ). Similarly, foru € H™(2), u o v-le
H™(Q) form=0,1,...,k+1,and

i o WM ey S CUIVY — Tl e ) lull g2 - (3-2)

Let ¥’ = W(X) denote the upper boundary of Q. Ifve H" V2(2) form =1,...,k — 1, then
voW e H"/2(X) and

lvo Wl gm-1/2(x) N C(||V‘I’ - I”H"(Q)) ”U”H"’—'/Z(Z‘/)- (3-3)
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m—1/2 _ _ -1 m—1/2 5/
Ifue H X)) form=1,...,k—1,thenvoV¥V™" € H (X" and
-1
o W™ gm-12sry S CUIVY = Il greey) Nl gm-12¢s).- (3-4)

Proof. The proof of (3-1)-(3-2) is similar to the proofs of the results in [Bourguignon and Brezis 1974;
Beale 1984; Sylvester 1990] mentioned above, so we present only a sketch. We first prove that for
m € {0, 1, 2}, we have

o Wlan@ S CIVY = Il k) vl am ). (3-5)

Such a bound follows easily from the size of k, the Sobolev embeddings, and the bound on det V. We
then proceed inductively for m =3, ..., k4 1. Suppose the bound (3-5) holds form =0, 1,2, ..., my
for 2 < mg < k. To show that it holds for mq + 1, we write x for coordinates in 2 and y for coordinates
in ' and note that

0 ad ov; 0 a ov;
L oW () = L ow(x)- T () = L o W(x) + L o W(x) - (—f(x) — 1,-,-).
8)6,' 8yj axi 8y,~ ayj axi ’
By the induction hypothesis, if v € H™0*!, then
ov i
—oWeH™ forj=1,2,3,
Byj

and since we have the multiplicative embedding H™° - H ks H™Mo for my > 2 and k > 3, we deduce that

9

(voW)e H™ fori=1,2,3,
ax,‘

and hence that v o W € H™t! Moreover, an estimate of the form (3-5) holds. By induction, we deduce
that (3-1) holds. The result (3-2) follows similarly, utilizing the fact that V¥ ~!(y) = (VW) Lo W1 (y).
We now turn to the proof of (3-3)—(3-4). First note that since ¥ € Hllf)jl, the usual Sobolev embeddings
imply that ¥’ is locally the graph of a C¥~1:1/2 function. Hence (see [Adams 1975]), there exists a
bounded extension operator E : H" Y22y - H™(Q') form = 1, ...,k — 1 with the norm of the
operator depending on C (| VW — I || x(q)). For v e H"™1/2(%'), let V = Ev € H™(€). By (3-1), we
have that V o W € H™(L2), and by the usual trace theory, voW =V o W[y € H™=Y2(%). Moreover,

v o Wl gm-112¢2y SV 0 Wllgmy S CIVY — I gy I EV am ()
S C(||V‘I’ - I||H’<(Q))||U||Hm*1/2(>:')»

which is (3-3). The bound (3-4) follows similarly. O

Remark 3.2. It is easy to show, using Lemma A.10 in the periodic case and Lemma A.8 in the nonperiodic
case, that if ||17||,% 12 is sufficiently small for k > 3, then the mapping ® defined by (1-1) is a C'
diffeomorphism that satisfies the hypotheses of Lemma 3.1.

We will also need the following H~!/? boundary estimates for functions satisfying u, divy u € %°(t).
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Lemma 3.3. Ifv e #°(t) and divy v € #°(¢), thenv-N € H™'2(2), v-v e HV2(2}) (with v the unit
normal on Xp), and

- Nla-12cs) + v viig-12¢s,) S Illseo + dive vllso.

Proof. We will only prove the result on X; the result on ¥, may be derived in a similar manner, using the
fact that J{v = v on X.

Letpe H 1/2(X) be a scalar function, and let @ €oH () be a bounded extension. If we define the
vector field w = @ey, then a straightforward computation reveals that

2/|w¢|215||w||§€1 and ||w||§H1(ms4f|V¢|2,
Q Q

which, when combined with Lemma 2.1, implies that [|@[l50 + [|Va@lls0 S ll@ll g1/2¢x)- Then

f(pv-Nz/ J&iijvigo(ej-eg)zf div&q(v(ﬁ)sz ¢odivgvJ +v-VyeJ
= b Q Q
< 1@ N30 1diveg vll5e0 + 10|50 | Vea@llgeo S Nl iz (I1vllse0 + 11diveg vl o).

The desired bound follows from this inequality by taking the supremum over all ¢, so that ||@|| g1/2(z) < 1.
g

Remark 3.4. Recall the space Y(t) C #°(t), defined by (2-2). It can be shown that if v € Y(¢), then
divg v = 0 in the weak sense, so that Lemma 3.3 implies that v- N € H'2(Z)and v-v e H™V2(Zp).
Moreover, since the elements of ¥Y(¢) are orthogonal to each V¢ for ¢ € OHY(Q), we find that v-v =10
on Xp.

The si-Stokes problem. In order to derive the regularity for our solutions to (1-7), we will first need to
study the regularity of the corresponding stationary problem

divy Sy(p,u) =F' inQ,

divyu = F? in Q,

(3-6)
Sq(p, wN = F3 on X,
u=20 on Xj.

In these equations, recall that we have written S¢(p, u) = (pI — Dyu). Since this problem is stationary,
we will temporarily ignore the time dependence of 1, A, etc.

We are interested in the regularity theory for strong solutions to (3-6), but before discussing that, we
shall mention the weak formulation. Our method of solution is similar to that of [Solonnikov and Skadilov
1973; Beale 1981; Coutand and Shkoller 2007]; we utilize Proposition 2.9 to introduce p after first solving
a pressureless problem. Suppose F! € (#")*, F2 e #°, F3 ¢ H~'/2(X). We say (u, p) € #' x #" is a
weak solution to (3-6) if divy u = F? almost everywhere in 2, and

T, v)g0 — (p, divg v)g0 = (F',0) ey — (F?,v)_1)2 forallve %', (3-7)
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where (-, - ) g1« denotes the dual pairing in 9¢' and (-, - )_1 > denotes the dual pairing between H~!/2(X)
and H'/2(%).

Proposition 3.5. Suppose F' € (#")*, F? € #°, F?> € H™'/2(X). Then there exists a unique weak
solution (u, p) € #' x #° to (3-7).

Proof. By Lemma 2.6, there exists a i € %' such that divy & = F2. We may then switch unknowns to
w = u — u so that the weak formulation for w is divg w = 0 and

Tw, V)9 — (p, divg V)g0 = — 3@, V)9 + (F', 0) g1y — (F,0) 1 forall v e %' (3-8)

To solve for w without p, we restrict the test functions to v € & so that the second term on the left
vanishes. A straightforward application of the Riesz representation theorem then provides a unique w € ¥
satisfying

Tw, v)gp = =3, V)3 + (F', v) ey — (F?, v)_1p forallv e . (3-9)

To introduce the pressure, p, we define A € (%")* as the difference between the left and right sides
of (3-9). Then A(v) =0 for all v € ¥, so by Proposition 2.9, there exists a unique p € %0 satisfying
(p,divg v)g0 = A(v) forall v € %', which is equivalent to (3-8). O

The regularity gain available for solutions to (3-6) is limited by the regularity of the coefficients of
the operators Ay, V4, divy, and hence by the regularity of 5. In the next result, we establish the strong
solvability of (3-6) and present some elliptic estimates, but we do not yet seek the optimal regularity.
Lemma 3.6. Suppose that n € H*V/2(2) for k > 3 is as small as in Remark 3.2, so that the mapping
® defined by (1-1) is a C' diffeomorphism of Q to Q' = ®(Q). If F' € H'(Q), F> € H(Q), and
F3 e HY2(X), then the problem (3-6) admits a unique strong solution (u, p) € H?*(Q) x H (), that
is, (u, p) satisfy (3-6) almost everywhere in Q, X, and Xp. Moreover, forr =2, ...,k — 1, we have the
estimate

lulls + P11 S COUF 2+ I F -1+ 1F Nl -32), (3-10)
whenever the right-hand side is finite, where C(n) is a constant depending on ||n]x+1 2.

Proof. We transform the problem (3-6) to one on Q' = ®(2) by introducing the unknowns (v, g)
according to u = vo ®, p =g o d. Then (v, g) should be solutions to the usual Stokes problem on
Q' = {=b(y1, y2) < y3 <n(y1, y2)} with upper boundary ¥’ = {y; = n}:

divS(g,v)=G'=Flo®™' inQ,

divv=G?>=F?0®~! in €/,

(3-11)
S(g, VN=G>=F30d™! on ¥/,
v=0 on X,

where we recall that S(g, v) = (¢ —Dv). Note that, according to Lemma 3.1, G! € H*(Q'), G € H(Q),
and G° € H'/?(X'). We claim that there exist unique v € H*(Q'), ¢ € H' ('), solving problem (3-11)
with

ol 2y + gl ai@y S COUIG I mo@y + 1GP i@y + 1G i) (3-12)
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for C(n) a constant depending on |[n||x+1/2. Let us assume for the moment that the claim is true; we first
show how (3-10) follows from the claim, and then turn to its proof.

To go from H? x H' to higher regularity, we appeal to the theory of elliptic systems with complementary
boundary conditions, developed in [Agmon et al. 1964]. It is well-known that the Stokes system (3-11) is
such an elliptic system. Theorem 10.5 of [Agmon et al. 1964] provides estimates in bounded domains,
but we may argue as in Lemma 3.3 of [Beale 1981] to transform the localized estimates into estimates
in all of €', provided that the boundary ¥’ is sufficiently smooth. In order for estimates of the form
(3-10) to hold for r =2, ...,k — 1, [Agmon et al. 1964] requires that ¥’ be C k=1 which is satisfied since
ne H1/2(2) — ck11/2(2). Hence, forr =2, ..., k—1,

Il @y + 11 a1y S COUIG g2y + 1G N a1y + 1G L r-3251)s (3-13)

for C(n) a constant depending on ||n||x+1/2, whenever the right side is finite.
We now transform back to Q with u =vo ®, p =g o . It is readily verified that (u, p) are strong
solutions of (3-6). Since ® satisfies V& — I € H¥, Lemma 3.1 and (3-13) imply that

lully + 1plr—1 SCOIF 2+ 1F? -1+ 1 Fl—3)2)

forr =2, ..., k— 1, whenever the right side is finite. This is (3-10).

We now turn to the proof of the above claim, which employs ideas from [Beale 1981]. To demonstrate
the existence of H? x H! solutions of (3-11), we first consider the special case in which G> =0, G =0,
and G' € H(Q) is arbitrary. In this case, we may argue as in Lemma 3.3 of [Beale 1981] (which in turn
invokes [Solonnikov and Skadilov 1973]) to deduce the existence of a unique solution to (3-11) satisfying
(3-12) with G2 =0, G* = 0.

To handle the case of nonvanishing G? and G, we construct some special auxiliary functions that allow
us to reduce to the special case. First, there exists a v! € H>(Q)NgH (') such that divv' =G? e H(Q)
and

' g2y S IG* I a n- (3-14)

The existence of v! may be established as in Lemma 3.3 and Section 4 of [Beale 1981]. To deal with the
boundary term G2, we first need some projections. For a vector field X : ¥’ — R3, let us write [T1X for
the vector field, so that I[TX (y) is the orthogonal projection of X (y) onto the space of vectors orthogonal
to N'(y), and let us write IT-X (y) for the orthogonal projection onto the line generated by N'(y). Our
second special function is v2 € H*(Q) NoH!(Q') that satisfies [1(—Dv2N) = I1(G? + Dv'N) and

1021 2y S CO(I1G? +Du' Nl i2mn) S CO(IG* N1y + 1G L icsn).- (3-15)

The construction of v> may be carried out through a simple modification of the proof of Lemma 4.2 in
[Beale 1981], working in Sobolev spaces defined on Q' rather than €’ x (0, 7). The third special function
is ¢! € H'(Q') that satisfies g|yx = [T+ (G> + Dv'N) and

g sy S COIG +Dv' Wil gizisy) S COI1GH 1@y + I1G 12w (3-16)

The existence of ¢! follows from the usual trace and extension theory since G + Dv'N € H'/2(%).



LOCAL WELL-POSEDNESS OF THE VISCOUS SURFACE WAVE PROBLEM 307

Now, with v!, v? and ¢' in hand, we reduce the solvability of (3-11) with the estimate (3-12) to the
special case discussed above. The construction of these special functions guarantees that w = v —v! —v?,

Q =g — q' should satisfy

div S(Q, w) = G! +div(Dv' + Dv?) — Vg% € HY(Q') in ',

divw =0 in €/,
S(Q, w)N=0 on Y/,
w=0 on Xp.

As above, there exist unique (w, Q) solving this so that
lwll 2@y +1Q1la1 @) S CN |G +divDv' +Dv*) = Va2 | o) - (3-17)

The existence of unique (v, g) solving (3-11) is immediate, and the estimate (3-12) follows by combining
(3-17) with (3-14)—(3-16), finishing the proof of the claim. U

It turns out that we can achieve a gain of somewhat more regularity than is mentioned in Lemma 3.6 by
making a smallness assumption on #. The smallness allows us to view the problem (3-6) as a perturbation
of the Stokes problem on 2. For this problem there is no constraint to regularity gain since the coefficients
are constant and the boundary is smooth. This allows us to shift the constraint of regularity gain to the
regularity of 7 in H**1/2 rather than in C*~!. We note that although we require n € H**!/2, the smallness
assumption is written in terms of ||7||x—1/2.

Proposition 3.7. Let k > 4 be an integer and suppose that n € H*T1/2. There exists ey > 0 such that if
Inllk—1/2 < €0, then solutions to (3-6) satisfy

lull, + 1pll—1 < C(IF Nz + IF2llr—1 + 1 F1lr—3/2) (3-18)

forr=2,..., k, whenever the right side is finite. Here C is a constant that does not depend on .
In the case r = k + 1, solutions to (3-6) satisfy

lullisr + 1l < COUE =1+ IF e+ 1 F lk=12) + Clinlliect 2(IF 12+ 1 E2 13+ 11F s 2). (3-19)

Proof. In the case that ¥ = R?, we let p € Cé’o([Rz) be such that supp(p) C B(0,2) and p(x) =1 for
x € B(0, 1). For m € N, define n™ by &n"(§) = p(§/m)Fn(€), where F denotes the Fourier transform.
Clearly, for each m, ™ € H/ (%) for all j > 0, and also ™ — 5 in H*~1/2(X) (and in H**1/2(%)
if n € H*T1/2(X)) as m — oo. In the periodic case, we similarly define ™ by throwing away high
frequencies: ¥n™ (n) = 0 for |n| > m. In this case, ™ has the same convergence properties as before.
Let 54" and N be defined in terms of n™ according to (1-3). Initially, let &9 be small enough that ™ is
as small as in Remark 3.2. This allows the mapping ®” defined by ™ to be a C' diffeomorphism.

Consider the problem (3-6) with & and N replaced with 4™ and N™. Since n™ € H k+5/2(3), we may
apply Lemma 3.6 to deduce the existence of a unique pair (u™, p™) that solve (3-6) (with ¢, N™) and
that satisfy

I 1+ 112" =1 S CUT™ News2) (IE =2 + I F2 o1 + 1 F1l=3)2) (3-20)
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forr=2, ..., k+1, whenever the right-hand side is finite. We rewrite the equations (3-6) as a perturbation
of the usual Stokes equations on £2:

divS(p™, u™) = Fl+G'" inQ,

divu™ = F?> + G>™ in €2,

v u + n (3-21)
S(p™, u™e; = F>*+G>"  on X,
u" =0 on X,

where
G =divy_g Su(p™, u™) +div S;_q(p". u™),

G = S(p™, u™)(e3 — N™) + Si_u(p™, u™)N™.

Suppose that |[n™|[¢+1/2 < 1, which implies that ||n" ||i+1/2 < In"llk+1,2 for any £ > 1. This fact and a
straightforward calculation, using Lemma A.8 in the nonperiodic case and Lemma A.10 in the periodic
case, reveal that

IG " 2 < ClIn" =12 (1™ [l + 1 2" lr—1).

m " " (3-22)
G lr—1 = Clin™ k=12 llu™ I,
and
||G3’m ||H’—3/2(Z) <Cln" ||k—1/2(||um||Hr—1/2(2) + ||Pm||Hr—3/2(2))
< Clln™ k=12 (llu™ -+ 11p™ 1r—1) (3-23)
forr =2, ..., k and a constant C > 0 independent of n and m. In the case r = k + 1, a minor variant of

this argument shows that

IGH" ket + NG ke + NG [l 1123,
< ClIn"™ lk=12(I g1 + 1™ k) + Cln™ N2 lu™ 72 (3-24)
for C independent of 1 and m. The key to this variant is that nowhere in the terms G do there occur
products of the highest derivative count of both ™ and u™ (or p™). Note that the right sides of (3-22),
(3-23), and (3-24) are finite by virtue of the estimate (3-20).
Since the boundaries ¥ and X, are smooth and the problem (3-21) has constant coefficients, we may

argue as in Lemma 3.6, employing the elliptic estimates of [Agmon et al. 1964] as done in Lemma 3.3 of
[Beale 1981], to arrive at the estimate

™l + 1" =1 < C(IF 4+ G ™o + N F2 4+ G*™ [lr—1 + 1 F? + G¥™ [l,232) (3-25)

forr =2,...,k+1 and for C > 0 independent of n and m. We may then combine (3-22)—(3-23) with
(3-25) to find that, if ||n™||x—1/2 < 1, then

™+ 11p™ =1 < CNEF =2 + I F* o1 + 11 F?l—32)
+ ClIn"™ le=12(Ie™ Il + 12" r=1) + 8r k-1 ClI™ N1 2™ 172, (3-26)
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On the right side of (3-26), we have written §, ;41 for the quantity that vanishes when r # k + 1 and is
unity when r =k + 1.

We now derive the estimate (3-18). Since " — 1 in H*~1/2, we may assume that m is sufficiently
large that [|n™ |lx—1/2 < 2[Inllk—1/2- Then if

11
I7llx—1/2 < mln{ﬁ, 5} = &0
for C > 0 the constant appearing on the right side of (3-26), the bound (3-26) may be rearranged to get
™l + 1P -1 < 2C(IF lr—2 + 1F et + 1 F2lr—312), (3-27)

for r =2, ..., k when the right side is finite.

The bound (3-27) implies that the sequence {(u™, p™)} is uniformly bounded in H” x H ™!, so up to
the extraction of a subsequence, u” — u® weakly in H"(Q) and p™ — p° weakly in H"~'(Q). Since
n" — nin H*1/2(%), we also have that A" — sl — 0, J™ — J — 0 in H*"1(Q), and N — N — 0 in
H*=3/2(Z). We multiply the equation divy u™ = F? by J"w for w € C>°(R) to see that

/szJm:/ diV‘ygm(um)wjm:—/ u™ VygmwJ™ — —/ uO-V&ng=/ divy @®)wJ,
Q Q Q Q Q

from which we deduce that divy(u”) = F2. Then we multiply the first equation in (3-6) (with u™, etc.)
by wJ" for w € oH' () and integrate by parts to see that

/ %I]])ngum:lD&gmem—pmdiV&gm(w)Jm:/ Fl-wJ'”—/ F3w.
Q Q )

Passing to the limit m — oo, we deduce that
/ %D&QMO:[D&QU)J—podiV&QU)J:/ F! -wJ—/ Fow,
Q Q >

which reveals, upon integrating by parts again, that (u°, p°) satisfy (3-6). Since (u, p) are the unique
solutions to (3-6), we have that u = u®, p = p°. This, weak lower semicontinuity, and the bound (3-27)
imply (3-18).

Now we derive the estimate (3-19), supposing that F' € H*~!, F?2 ¢ H*, and F* € H*~'/2. The bound
(3-27) with r = 4 implies that

lu™lla < 2C(I1F 2+ 1F2l3 + 1 F3]l5/2) < oo. (3-28)

Since ™ — n in H**1/2 we are free to assume that m is sufficiently large that ||5™ k172 < 210llkg1/2-
Then if ||n|lx—1/2 < €0, we may use (3-26) and (3-28) to deduce that

m

™ st + 1 p™ Ik
<2C(NF kot + N F* e + 1 F lk=12) +4C I ks1 2(1F 2 + IF2 15 + 1 FPs2). (3-29)

We may then argue as above to extract weak limits, show that the limits equal # and p, and then deduce
that the bound (3-29) holds with " and p™ replaced by u and p. This is (3-19). Il
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The s{-Poisson problem. Next we consider the scalar elliptic problem

Agp=f! in €2,
p=f> on X, (3-30)
Vyp-v=f> onX,

where v is the outward-pointing normal on X;. We will eventually discuss the strong solvability of this

problem, but first we consider the weak formulation of the problem. We define a scalar %! in a natural
way through the norm

1f 12 = /Q JIVafP.

Note that «/§||f||§€] < fetllser < 2||f||§€,, where the middle term is the %! norm for vectors. Then
Lemma 2.1 shows that this scalar norm generates the same topology as the usual scalar H' norm.

For the weak formulation, we suppose f! € CHY(Q))*, f?> € H/*(2), and 3 € H™/2(3}). Let
p € H'(Q) be an extension of f2 such that supp(p) C {—(infb)/2 < x3 < 0}. We switch unknowns to
g = p — p. Then we can define a weak formulation of (3-30) by finding a ¢ € H! () such that

(@, )50 =— (P, @)zt — (L @)+ (2, 0)_12 forallp e "H(Q), (3-31)

where (-, - ) is the dual pairing with °H'(Q) and (-, -)_1, is the dual pairing with H'/2(X;). The
existence and uniqueness of a solution to (3-31) follow from standard arguments, and the resulting
p=q+ pe H(Q) satisfies

P15 S (L Moy + 152 050y + 1. 151, (3-32)

In the event that the action of f! is given in a more specific fashion, we will rewrite the PDE (3-30)
to accommodate the structure of f!. To make this precise, suppose that the action of f! on an element
¢ € "H'(Q) is given by

(f1 ) = (80, 90 + (G, Vaag)so

for (g0, G) € HO(S2; R) x HO(2; R®) with llgoll3 + 1GI3 = Il 111211 . (standard arguments show that

it is always possible to uniquely write f! in this way). Then (3-31) may be rewritten as

(Vap + G, Vag)zo = —(80. @)g0 + (f, )12 forall ¢ € "H'(Q).

We may take ¢ € C2°(R2) in this equality and integrate by parts to see that divy(Vyp + G) = go € #°,
which allows us to deduce from Lemma 3.3 that (Vg p + G) - v € H~/2(%}). This serves as motivation
for us to say that p is a weak solution to the PDE

divy(Vyp + G) = go € HY(Q),
p=f*eH(D), (3-33)
(Vap+G)-v=f>e H3(Z).

This way of writing the weak solution will be utilized later in Theorem 4.3. Note that when f! e HO(Q),
there is no need to make this distinction since then G = 0 and f' = g.
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Our next result on this problem is the analogue of Lemma 3.6; it establishes the strong solvability of
(3-30) and some regularity.

Lemma 3.8. Suppose that n € H**V/2(X) for k > 3 is as small as in Remark 3.2, so that the mapping
® defined by (1-1) is a C' diffeomorphism of Q to Q' = ®(Q). If f' € H(Q), f?> € H¥*(X), and
f3 e H'2(%y), then the problem (3-30) admits a unique strong solution p € H*(Q). Moreover, for
r=2,...,k—1, we have the estimate

12l S CO( =2+ 12 12+ 1 £ r-372), (3-34)
whenever the right-hand side is finite, where C(n) is a constant depending on ||n||x+1/2.

Proof. If f>e H ~'2(2) forr =2, ..., k—1, there exists a € H" () such that ¢ |5 = f2, supp(y) C
{—(@infb)/2 < x3 <0}, and ||V, < ||f2||,,1/2. Writing p = g + v, the problem (3-30) may be rewritten
for the unknown ¢ as

Ayg=fl'4+g! inQ,

qg=0 on X, (3-35)

Vag-v=f>  onZX,,

where g! = — Ay € H 2.

The problem (3-35) may be solved as in Lemma 3.6 by transforming to the domain Q’, where the
problem for Q = ¢q o ®~! becomes AQ = (f! +g!) o ®~! in Q' with boundary conditions Q =0 on %’
and VQ -v = f30®~! on X,. The existence of a unique solution to this problem is established in the
nonperiodic case in Lemma 2.8 of [Beale 1981], and estimates of the form (3-34) for Q hold by virtue
of the elliptic estimates in [Agmon et al. 1959], adapted to 2’ as in [Beale 1981]. This method may be
adapted easily to the periodic case as well. Then the existence and uniqueness of a solution to (3-30)
satisfying (3-34) follows by transforming to ¢ = Q o ® on €2 for a solution to (3-35) and then applying
Lemma 3.1. U

Our next result is the analogue of Proposition 3.7 for the problem (3-30). For our purposes, we
only need a regularity gain up to k, and this is less important than the estimate in terms of a constant
independent of 7. Notice again that the smallness assumption is stated in H¥~!/2 even though we require
ne Hk+]/2.

Proposition 3.9. Let k > 4 be an integer and suppose that n € H*1/2. There exists ey > 0 such that, if
Inllk—1/2 < €0, then solutions to (3-30) satisfy

Il < QL 2 + 12 12+ 1 lr-32) (3-36)
forr =2,...,k, whenever the right side is finite. Here C is a constant that does not depend on .

Proof. The proof is similar to that of Proposition 3.7. We smooth 7 to get n™ and solve (3-30) with o
replaced with s¢™. Then we rewrite the problem as a perturbation of the Poisson problem
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Ap™ = fl4ghm in €,
P = f? on X,
Vp™-v=f34+g>" onX.

The constants in the elliptic estimates for this problem do not depend on 1™, and we may estimate g in
terms of p™. Then if |[n|lx—1/2 < &o for some ¢ sufficiently small, we can absorb the highest Sobolev
norms on the right side of the elliptic estimate into the left side, and we deduce (3-36) for p™”. Then we
pass to the limit m — oo. g

4. Solving the time-dependent problem (1-7)

The weak solution. In our analysis of problem (1-7), we will employ two notions of solution: strong and
weak. The meaning of the former is standard, but the latter merits some explanation. The definition of a
weak solution to (1-7) is motivated by assuming the existence of a smooth solution to (1-7), multiplying
by Ju for v € .., integrating over by parts, and then in time from 0 to 7 to see that

@rit, V)30 + 51, V) — (P divar Vg0 = (F1, v)g0 — (F>, v)o.z. 1 4-1)

for (F3, V)o.2.T = fOT fz F3 . v. If we were to restrict our class of test functions to v € ¥7 (defined
by (2-4)), then the term (p, divy v)%g would vanish above, and we would be left with a “pressureless”
formulation of the problem involving only the velocity field. This leads us to define a weak formulation
without the pressure.

Suppose that

Fe@r)* and uge¥(0),
where %Y (0) is defined by (2-2). Then our definition of a weak solution requires that u satisfies

ue %T’ 8[” € (%T)*a
<al‘ua 1/’)* + %(ua ‘//)%IT - <F7 1//>*’ for eVerY ‘/f e %T’ (4_2)
u(0) = uo,

where (-, - ), denotes the dual pairing between (¥7)* and 7. Note that the third condition in (4-2)
makes sense in light of Lemma 2.4. Our weak formulation requires only that u € &7, which means that
F € (%7)* is natural. Within the context of problem (1-7), the functional F is most naturally of the form
appearing on the right side of (4-1), and if F admits a representation of this form, we may say that a
solution to (4-2) is a weak solution of (1-7).

Since our aim is to construct solutions to (1-7) with high regularity, we will not need to directly
construct weak solutions to (4-2). Rather, weak solutions to problems of this type will arise as a byproduct
of our construction of strong solutions of (1-7). Hence, for our purposes, it will suffice to ignore the issue
of existence and only record a couple results on the properties of weak solutions.

We now record a result on some integral equalities and bounds satisfied by solutions of (4-2).
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Lemma 4.1. Suppose that u is a weak solution of (4-2). Then, for almost every t € [0, T,

1 1" 1 = 1"
S50, + 5 fo 1) 5015y 45 = 514 (O) 150y + (F. )y + 5 /0 /Q lu(s)*8,J (s) ds.  (4-3)

Also
sup [|u(1) 150, + lel3, < exp(CoM T (14(0) 500y + 1 F Iy ) (4-4)
T

0<t<
where Co(n) := supg<,; <710 J K || Lo
Proof. The identity (4-3) follows directly from (4-2) and Lemma 2.4 by using the test function ¢ =

uxpo..] € Xr, where x[o., is a temporal indicator function equal to unity on the interval [0, ¢].
From (4-3) it is straightforward to derive the inequality

= Co(n)
2Ol + 515y < 318500y + I F e el + === lulg, (4-5)

where we have written .
2 2
ot 15 =/O llu () l5ex sy ds  fork=0,1,

and similarly defined || F |, Inequality (4-5) and Cauchy’s inequality then imply that
Co(n)

2@y + 31l < 18O 00, + I F G, + = lully- (4-6)
Then (4-4) follows from the differential inequality (4-6) and Gronwall’s lemma. O

We can now parlay the results of Lemma 4.1 into uniqueness results for weak solutions to (4-2).
Proposition 4.2. Weak solutions to (4-2) are unique.

Proof. If u' and u? are both weak solutions to (4-2), then w = u' — u? is a weak solution with F = 0 and
w(0) = u' (0) — u2(0) = 0. Then the bound (4-4) of Lemma 4.1 implies that w = 0; hence solutions to
(4-2) are unique. O

The strong solution. Now we turn to the construction of strong solutions to (1-7). We will assume that
the forcing functions satisfy

F'eL*([0,T1; H'(2)) N C°([0, T1; H(Q)),
F? e L*([0, T]; H*(2))nC’([0, T1; H'*(%)), (4-7)
W(F' = F* e L*([0, TT; (oH" (2))%).
Here in the last line we mean that the weak time derivative of the functional v — (F!, V)ge0 — (F 3, V).
(which is itself in L2([0, T1; (oH'(2))*)) is in L2([0, T1; (0cH'(Q))*) — (%7)*. We also assume the
initial velocity ug € H*($2) N%(0).
The solution that we construct will satisfy (1-7) in the strong sense, but we will also show that D,u

satisfies an equation of the form (1-7) in the weak sense of (4-2). Here we define

Diu:=0du—Ru forR:=3MM™", (4-8)
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with M the matrix defined by (2-16). We employ the operator D, because it preserves the divy-free
condition. Before turning to the result, we define the quantity

Hn = sup (Inl32+ 10ml3,2 + 1071132)- (4-9)

0<r<T
We also define an orthogonal projection onto the tangent space of the surface {x3 = ng} according to
Mov = v — (v- No)NolNo| 2 (4-10)
for No = (—a1n9, —0d219, 1). By construction, [Tov = 0 if and only if v || Ny.

Theorem 4.3. Suppose that F', F3 satisfy (4-7), that ug € H 2(Q) N%(0), and that ug, F>(0) satisfy the
compatibility condition

Mo (F3(0) + DygouoNo) =0,  where No = (=d1n0, —d2n0, 1), 4-11)

and Ty is the projection defined by (4-10). Further suppose that X (n) is less than the smaller of gg from
Lemma 2.1 and &( from Proposition 3.7 (in particular, this requires ¥ (n) < 1). Then there exists a unique
strong solution (u, p) to (1-7) such that

ue%rNC([0, T1; H* ()N LA ([0, T1; H*(Q)),
dueCO[0,T1; HY(Q))NL*([0, T]; H'(Q)), Due%r, due (@), (4-12)
p e C’([0, T1; H'(Q)) NL*([0, T1; H*()).

The solution satisfies the estimate

117 o0 gz + 1172 s+ 1002117 o o + 102t 7 2 0+ 1076y + PG oo g1+ P17 2502
< (14 3) exp(CA+HT) (ol + 1 F O I + 1 FA O o+ 1F 1.
FIF g + 100 = FIE,,. ), (@-13)

where C is a constant independent of n. The initial pressure, p(0) € H' (), is determined in terms of
ug, F1(0), F3(0) as the weak solution to

diviay (Vity (0) — F1(0)) = — divas, (R(O)uo) € H (),
p(0) = (F3(0) + DuyuoNo) - NolNo| > € H/A(E), (4-14)
(Vetyp(0) = F1(0)) - v = Aggug -v € H'/2(Zp),

in the sense of (3-33). Also, D;u(0) = 9,u(0) — R(0)ug satisfies
D;u(0) = Agyutg — Vego p(0) + F' (0) — R(0)ug € Y(0), (4-15)

where Y (0) is defined by (2-2).
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Moreover, D;u satisfies

& (Du) — Ay (D) + Vy(8,p) = D, F' +G'  in Q,

divg(D;u) =0 in 2,

3 3 (4-16)
Sy (0 p, Diu)N =0, F° + G- on %,
Diu=0 on Xp,

in the weak sense of (4-2), where G is defined by
G'=—(R+3JK)Ayu—Ru+ (3 JK + R+ R")Vyp +divy(Dy(Ru) — RDyu + Dy, qu)
(RT denoting the matrix transpose of R), and G> by
G® =Dy (Ru)N — (pI — Dyu)d;N + Dy, quN.
More precisely, (4-16) holds in the weak sense of (4-2) in that
(3 Dy, Y)+ 5 Brt, )y = (3 (F' = F), )i — (8 Ru+ R, ¥)y
+ (8, JKF!, 1//)%9 — (0, JKdu, 1//)%(; —(p, diV&g(Rglf))%g

T
B % / / (3:J KDgque : Dy + D qe 2 Dygyr + D : Dy ap)J - (4-17)
0 Ja

for all v € Xr. Here the inclusions (4-12) guarantee that G' and G> satisfy the same inclusions as
F', F3 listed in (4-7), whereas (4-14) guarantees that the initial data D;u(0) € ¥(0).
Finally, let

divy du = —d,s4;;9;u; == F* € C°([0, T1; H'(Q)) N L*([0, T1; H*()) N H' ([0, T1; H*(Q)).

Then for any 0 <s <t < T, we have the equality

1 t
318 ()50 = 5185 150 — (P(1). F20))30 + (p(8). FX($))3e0 + 5 / 1801415
N
t t
= —%/ / (3,JK[D&QM : Dggatu-i-ﬂ]at&gu :Dyoiu+Dyu : Darggatu).]-i-/ (3,(F1 —F3), Orlt) s
s JQ s

+/ WJF" - du— 18, J19ul* + pd,(J ;)3 ;d,u; — pd,(JF?). (4-18)
Q

Proof. The result will be established by first solving a pressureless problem and then introducing the
pressure via Proposition 2.9. For the pressureless problem, we will make use of the Galerkin method. We
divide the proof into several steps.

Step 1: The Galerkin setup. In order to utilize the Galerkin method, we must first construct a countable
basis of H2(Q2) N%(¢) for each 7 € [0, T]. Since the requirement divy v = 0 is time-dependent, any basis
of this space must also be time-dependent. For each ¢ € [0, T, the space H>(Q2) N%(¢) is separable, so
the existence of a countable basis is not an issue. The technical difficulty is that, in order for the basis to
be useful in the Galerkin method, we must be able to differentiate the basis elements in time, and we
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must be able to express these time derivatives in terms of finitely many basis elements. Fortunately, it is
possible to overcome this difficulty by employing the matrix M (¢), defined by (2-16).

Since H*(Q)N OH; (€2) is separable, it possesses a countable basis {wj}?‘;l. Note that this basis is not
time-dependent. Define ¢/ = // (t) := M (t)w/ for M (t) defined by (2-16). According to Proposition 2.5,
Vi) e HX(Q) N%(t), and {y/ (1)}32, is a basis of H?() N%(t) for each ¢ € [0, T]. Moreover,

qyrd () =y Mw! = dMOM ' OM)w! =, MM~ ()Y (1) := R (1), (4-19)

which allows us to express d;/ in terms of /. For any integer m > 1, we define the finite-dimensional
space X (t) := span{y ' (t), ..., ¥" (1)} C H*(Q) NX(t), and we write P : H*(Q) — %, (t) for the
H?(2) orthogonal projection onto %,,(t). Clearly, for each v € H?(22) N% (), we have that P'v — v as
m — oo.

The next ingredient needed for the Galerkin method is the orthogonal projection onto the tangent
space of the surface {x3 = n(0)}, Iy, defined by (4-10). This projection will be used to compensate for
the fact that our finite-dimensional Galerkin approximation of the initial data uy may fail to satisfy the
compatibility conditions (4-11).

Step 2: Solving the Galerkin problem. For our Galerkin problem, we will first construct a solution to the
pressureless problem as follows. For each m > 1, we define an approximate solution

u™ (1) =a’]77(t)1ﬁj(t), with a’f [0, T]— R forj=1,...,m,

where as usual we use the Einstein convention of summation of the repeated index j. We want to choose
the coefficients aj.’ so that

@™, )0 + 3™, )z = (FL )0 — (F2 = To(F(0) + Dy (PG u0)N0), ¥)o 5. (4-20)

for each € &, (¢), where we have written (-, - )o x for the usual H 9(X) inner product, and where I1g
and P{ are defined in the previous step. We supplement Equation (4-20) with the initial condition

U™ (0) = P ug € % (0). (4-21)

Note that in (4-20), we have added the last projection term to compensate for the fact that #™ (0) may
not satisfy the compatibility condition (4-13). Appealing to (4-19), we find that d,u” (t) = c'l;" (OYI () +
R(#)u™ (1), and hence (4-20) is equivalent to the system of ODEs for a’/?’ given by

a0 +a (RO ¥ )50 + 37, ¥ )90)
= (F', ¢ )50 = (F? = To(F(0) + Dygyu™ (00N, ¥¥) 5 (4-22)

for j,k=1,...,m. The m x m matrix with j, k entry (¥/, ¥*)q0 is invertible, the coefficients of the
linear system (4-22) are C ([0, T]), and the forcing term is C 0([0, T), so the usual well-posedness theory
of ODEs guarantees the existence of a;” eC([0,T]), a unique solution to (4-22) that satisfies the initial
conditions induced by (4-21). This, in turn, provides the desired solution, u™, to (4-20)—(4-21). Since
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F', F3 satisfy (4-7), Equation (4-22) may be differentiated in time to see that actually a;?’ echl(0, 7)),
with a;” twice differentiable almost everywhere in [0, T'].

Note that throughout the rest of the proof, we use constants C and the symbol < with the assumption
that the constants do not depend on m.

Step 3: Energy estimates for u™. Since u™(t) € X,,(t), we may use ¥ = u™ as a test function in (4-20).
Doing so, employing Remark 2.3, and using the fact that I is an orthogonal projection, we may derive
the bound

1 1 1
05 1" 30 + 5 ™ 150 < CIF gl llan — 5 [ 1u™ 28,
2 2 2 Jq
+ Cllu" s (12 2y + | F20) + Dot O)No | o)) (4-23)
We may then apply Cauchy’s inequality to (4-23) to find that

2
05" 150 + gllu" 130 < C[[F3(0) + Dage™ ©)No | o s,
+C(IF 150 + I1F135)) + Cotm g lu™ 50 (4-24)

for Co(n) := 1+ supy<, <710, J K| L. Note that since Py is the H?(R2) orthogonal projection, we may
use Lemma 2.1 to obtain the bound

™ O llge0 < 2[1u™ (0)llo < 21[u™ (0)[l2 = 2[IPG uoll2 < 2l[uoll2. (4-25)

Now we can apply Gronwall’s lemma to the differential inequality (4-24) and utilize (4-25) to deduce
energy estimates for u":

2

2
sup [[u™ |50 + IIM'"II%lT

0<t<T

T
< sup " [P0 + /O exp(Con) (T — ) 1™ (5) 1% ds

0<t<T
2
< exp(CoDT) ([ F2(0) + Dagyu™ (0)No | o + luoll3 + 1 7! ||§€9 N30 p00).  (4-26)

Step 4: Estimate of ||0;u”™ (0)]|50. We will eventually derive energy estimates for d,u™ similar to those
derived in the previous step for u™, but first we must be able to estimate ||d;u" (0)||50. If u € H 2(Q)N%(1),
¥ € %', then an integration by parts reveals that

3@, Y)gp =/ —Agﬁu-lﬁ1+/ (DsguN) - = (=Agu, Y)go + (DguN, ¥)o.x. (4-27)
Q b
Evaluating (4-20) at t = 0 and employing (4-27), we find that

(3™ (0), ¥) 30 = (Bsto™ (0) + F'(0), ¥) 30 — (Mg (F(0) + Dgus™ (0)No), %), (4-28)

for all Y € &,,,(0), where we have written Hé

generated by Ny.

= I — I for the orthogonal projection onto the line
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For i € &,,,(0), we must estimate the last term in (4-28) in terms of ||y ||50. This is possible due to the
appearance of Hé and Lemma 3.3. Indeed, we know that

No

H(J)‘(F:;(O)‘Jrl]:[),gﬁoum(o)NO) — (F3(0) 'NO+D.ﬂ0um(O)NO'NO) |N0|2’

which implies, since |N 0|2 > 1 and divy, ¥ = 0, that
| (Mg (F3(0) + Dygoue™ (0)N0), ), 5| < INoI (Mg (F2(0) + Dy ue™ (01N, %) 5|
= |(F?(0) - No + Dygou™ (0)No - No, ¥ -No)o.5 |
< 1 - Noll g2y | (F?(0) + Dityu™ (0)N0) - No) |

S CLm ¥ llseo | F2(0) + Digote™ OWNo|| 1725 (4-29)
In the last inequality, we have used Lemmas 3.3 and A.1, and we have written C;(n) := [|Noll¢c1(x).
By virtue of (4-19), we have that
"™ (1) — R(tyu™ (1) = &' ()Y (1) € L (1), (4-30)

so that ¢ = d,u™ (0) — R(0)u™(0) € &,,,(0) is a valid choice of a test function in (4-28). We plug this ¥
into (4-28), rearrange, and employ the bound (4-29) to see that

18, )12 < | RO (0) |50 1™ (O) 10 + || Byta™ (0)— ROYu™ (O) | 0 || Attt )+ F(0) | 0

+CCi(m) || 9™ (0) = R(O)" (0) | 0 || F> (0) + Dgyue™ (0)No (4-31)

| sy

A simple computation and (4-25) imply that [|Ag,u"™ (0)[l50 S ||&i0||é] llugll2. This allows us to use
Cauchy’s inequality and (4-25) to derive from (4-31) the bound

2
13:™ O 130 S C2(m) (o3 + 1 F O 150 + [ F2 (0) + Diagte™ O No|| 31125, (4-32)
for C2() := 1+ | R(0)||7 + lIdoll%- + C1(n)*. This is our desired estimate of [|3,u" (0) 5.

Step 5: Energy estimates for o,u™. We now turn to estimates for d,u™ of a similar form to those we
already derived for u™. Suppose for now that ¥ (¢) = b;" ()W for bT eCON[0, TD, j=1,...,m;itis
easily verified, as in (4-30), that 9;,¢ — R(¢){r € &,,,(¢) as well. We now use this i in (4-20), temporally
differentiate the resulting equation, and then subtract from the result Equation (4-20) with test function
0 — Rr; this eliminates the appearance of 9, and leaves us with the equality

(7™, Y+ 3 @™, Y)gp = (0: (F' = F2), )y, — (F> = To(F(0) + Do (0)N0), RY ),

+ (F' 0 JK 4+ R)Y) 0 — (9™, 0, K 4+ R)Y) 0 — 5™, RY)ge

- % / (0 KDgqu™ : Dy + Dy que™ : Dogp + Dgu™ - Wy 03 ) . (4-33)
Q

According to (4-30) and the fact that a’].“ is twice differentiable almost everywhere, we may use
Y =0u"(t) — R(t)u™(t) € X,,(¢) as a test function in (4-33). Plugging in this ¥ and arguing as in the
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previous steps by employing Remark 2.3, Cauchy’s inequality, and trace embeddings, we may deduce
from (4-33) that

3 (5 19ru™ 150 — Bpu™, Ru™)g0) + 5 110,™ 151
< CC3 U™ 50 + Co) (313" 150 — @rte™, Ru™)30) + C (1F 50 + 1> 1 3125)
+ C | F(0) + Dy,u™ (0)No }\20(2) +Cll3,(F' = F) 3. (4-34)
for Cy(n) as defined above and

C3(m):= sup [1+IRIZ + 1 RIF o + 19l 00 + (1+ stl|7) (1 + 13, T K |7)]
0<t<T
x sup [1+ Rl ]
0<t<T

Then (4-34), Gronwall’s lemma, and a further application of Cauchy’s inequality imply that

2

2
sup [|9;u™ [|5,0 + ”atum”%lr

0<t<T

S exp (ConT) (19" O 2 + C2mllu” )2
2
+ | F2(0) + Dyt O No [ o sy + 1 F 30 +1F 7212 + 18 (F' = F3)||%%T>*)

T
+C3(n)( sup [[u” |15 +/0 exp(Com)(T —5)) lu" ()15, dS>- (4-35)

0<t<T

Now we combine (4-35) with the estimates (4-25), (4-26), and (4-32) to deduce our energy estimates for
8tum:

2

2
sup [|9;u™ [|5,0 + ”atum”%lT

0<t<T
< (C2(m) + C3 ) exp(Com T (Iluoll3 + 1F )20 + | F(0) + Datgte™ (0)No [ 30,5:))
+exp(CoDI[C3(1F 30 + 1P 17202) + [0 (F' = FH[G, )] 4-36)

Step 6: Improved energy estimate for u™. We can now improve our energy estimates for #” by using
Y =0o,u"(t)— R(t)u™(t) € X, (¢) as a test function in (4-20). Plugging this in and rearranging yields the
equality
O gl 15 + 18,u™ 0

= @Qu", Ru")g0 + 3™, Ru™)gp + (F', d,u™ — Ru™ )30
D™ |

—(F3—I'IO(F3(0)+I]ZD&g0um(O)No),B,Mm—Rum)02+%/(D&gum:ﬂ]);)[&qum—i—a,JK
’ Q

)J. @37
We may then argue as before to use (4-37) to derive the inequality
By gl 50+ 118,u™ 150

2
< C|| F2(0)+Dutyu™ O)No | 125y +C (1F 1501 F> 1710 5) +C (18 15 +C3 (D 1™ [50). - (4-38)
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We could regard (4-38) as a differential inequality for ||u™ ||2 , and apply Gronwall’s lemma as before, but
this is not necessary since we already control ||u™ ||2 ! and ||3,u’" ||2 Indeed, we may simply integrate
(4-38) in time to deduce an improved energy estimate for u" T

sup [lu™ ”%1 + || 0;u™ ||%0
0<t<T

m 2
< (C20p) + C3() exp(Co T (luoll3 + 1 F O 150 + [ F2(0) + Daagte™ OONo | 12,5))
2
+exp(CoTI[Cs (1F 0 + IF 12 g00) + [0 (F + F) [, ] (4-39)
Step 7: Estimating terms in (4-36), (4-39). In order to use (4-36) and (4-39) as uniform bounds, we must
P 8

first remove the appearance of u#™ (0) on the right side of the estimates. For this we use Lemma A.2, the
embedding H*(Q2) — H?3/?>(%), and the bound ||« (0) |2 < ||lug||> to find that

2
| F3(0) + D™ OWNo| 1125y S Ca@D(1F> O 17155, + l03) (4-40)
for Ca(n) := 1+ [No |2 5, ol
We now seek to estimate the constants C;(n), i =0, ..., 4 in terms of the quantity ¥ (n). A simple

computation shows that

Co(m) + (C2(m) + C3() (14 Ca() < sup 24 (I7l1Z2, 19771l 10777111, (4-41)

0<t<T

where 9, is a polynomial in three variables. According to Lemma A.8 in the nonperiodic case and
Lemma A.10 in the periodic case, we have the estimate |9, n||ck <119/ n||%+3/2 for j, k > 0. This, (4-41),
and the fact that 3{(n) < 1 then imply that

Co(m) + (C2(n) 4+ C3(n) (1 + Ca(m)) < 21 (), Hm), H(m) < C(1+H(m)) (4-42)
for a constant C independent of 7.

Step 8: Passing to the limit. We now utilize the energy estimates (4-36) and (4-39) in conjunction with
(4-40) to pass to the limit m — co. According to these energy estimates and Lemma 2.1, we have that
the sequence {u”} is uniformly bounded in L* H Uand {9,u™} is uniformly bounded in L*H 'NL?H'.
Up to the extraction of a subsequence, we then know that

u™ Xy weakly-« in L°H',  9,u™ A duin L°H®, and  9,u™ — d,u weakly in L>H'.
By lower semicontinuity and (4-42), the energy estimates imply that the quantity
e 7 oe 1+ 180117 o o + 1352172

is bounded above by the right-hand side of (4-13).

Because of these convergence results, we can integrate (4-33) in time from O to 7 and send m — oo to
deduce that 3?u™ — 32u weakly in &7, with the action of d?u on an element ¥ € X7 defined by replacing
u™ with u everywhere in (4-33). From the equation resulting from passing to the limit in (4-33), it is
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straightforward to show that || 8,214 ”%%)* is bounded by the right-hand side of (4-13). This bound then
shows that 9,u € COL2.

Step 9: The strong solution. Due to the convergence established in the last step, we may pass to the limit
in (4-20) for almost every ¢ € [0, T]. Since u(0) — ug in H? and ug, F>(0) satisfy the compatibility

condition (4-11), we have
IT16(F3(0) + D™ OINO) | ;1,2 s = 0.

In the limit, (4-20) implies that for almost every ¢,

@, Y)geo + 2, Y = (F', )0 — (F,¥)o 5 for every ¥ € X(1). (4-43)

Now we introduce the pressure. Define the functional A; € (%' (1))* so that A, (v) equals the difference
between the left and right sides of (4-43), with ¢ replaced by v € #'(¢). Then A, (v) = 0 for all v € ¥(¢),
so by Proposition 2.9, there exists a unique p(t) € %°(¢) such that (p(t),divg V)90 = As(v) for all
v e %' (¢). This is equivalent to

(Brtt, V)50 + 3 (W, V)51 — (p, diveg V)z0 = (F1, v)30 — (F7,v),z  forevery ve %' (r).  (4-44)

For almost every ¢ € [0, T'], (u(¢), p(t)) is the unique weak solution to the elliptic problem (3-6)
in the sense of (3-7), with F! replaced by FY(t) — d,u(t), F* =0, and F? replaced by F3(t). Since
F'(t) — ,u(t) € H*(Q) and F3(r) € H'/?>(X), Lemma 3.6 implies that this elliptic problem admits a
unique strong solution, which must coincide with the weak solution. We may then apply Proposition 3.7
and Lemma 2.1 for the bound

@17+ 1pO17 -1 S (19O 15— + I F Oy + 1 F Ol -325)) (4-45)

when r = 2,3. When r = 2, we take the supremum of (4-45) over ¢ € [0, T], and when r = 3, we
integrate over [0, T']; the resulting inequalities imply that u € L°H> N L>H? and p € L*H' N L?H?
with estimates as in (4-13). This, in turn, implies that (u, p) is a strong solution to (1-7).

Since we already know that u € L?*H?3 and d,u € L>*H', Lemma A .4 implies that u € CYH?2. Then since
F'—8u e C°HO and DyuN + F3? € C°H'/?(X), we know that Vyp € C°H® and p € C°H'/?(%) as
well, from which we see, via Poincaré’s inequality (Lemma A.12), that p € COH'. With these continuity
results established, we can compute p(0) and 9,u(0). We start with the Dirichlet condition for p(0) on X,
the second equation in (4-14). Since p € C°H'(Q), u € C°H*(Q), and F3 € C°H'/?(%), the boundary
condition Sy (p, u)N = F 3 which holds in H'/2(X) for each 7 > 0, can be evaluated at # = 0. Then the
Dirichlet condition for p(0) on X in (4-14) is easily deduced by solving Sy, (p(0), ug)No=F 3(0) for p(0).

Now we derive the PDE satisfied by p(0) and compute 9,u(0). First note that for any ¢ € °H'(Q),
we may integrate by parts and use the fact that divyy D;u =0 in Q and D,;u = 0 on X, to see that

(Diu, Vg@)geo = —(divyg Dyu, @)g0 + (Deu - N, 9o,z = 0.
Then since (u, p) is a strong solution to (1-7), we have that

(Ru+Vap— Agu—F', Vy9),0 = —(Dyu, Vag)yo =0 forall g € "H' (Q). (4-46)
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By the established continuity properties, we may set t =0 in (4-46), and again integrate by parts to see that
(Visto p(0) = F'(0), Vegy@) 0 = — (— divegy (R(0)140), ©) 50 + (At - v, @) 172

for all ¢ € "H' (). This establishes that p(0) is the weak solution to (4-14). According to (3-32), we
then have p(0) € H'(2). This and (4-44) allow us to solve for 9,1(0) as in (4-15), and then (4-46) implies
that 3,u(0) — R(0)ug € Y(0) since then D,u(0)L V¢ for every ¢ € "H'(Q).

Step 10: The weak solution satisfied by D;u = o,u — Ru. Now we seek to use (4-33) to determine the
PDE satisfied by D;u. As mentioned above, we may integrate (4-33) in time from O to 7" and pass to
the limit m — oo. For any ¥ € ¥, we have Ry € %), so that we may replace all of the terms R in
the resulting equation by using v = Ry in (4-44); this yields the equality

(07w, )+ 3 Brte, Yy
=(8(F' = F), 9), + @ JKF', ¥z — @I Kdyu, ¥)g — (p, divaa(RY)) g0
_ % /OT/Q(E),JK[D&W : Dy + Dy tt - Dy + Dy : Dy b)) (4-47)
for all ¥ € 7. Equation (4-17) follows directly from (4-47) via
(0%, v)s = (3, Deut, V) + (RO, Vg0 + (3 Rut, v) 0.

To justify that (4-17) implies (4-16), we will now perform some computations.
Lemma A.3 shows that —R” N = 9, on X, so that we may integrate by parts for the equality

—(P. diva(Rv))y0 = (R"Vap. vy — (PRTN. )12 = (R Vap, v)yg — (=pdN. v) 12, (4-48)

where RT is the matrix transpose of R. Another integration by parts yields
1 (7
_E/ / (3,JK|D&QM2|D&QU+|D3tgguIDﬂv-i-D&gu:[Dat&qv)J
0 Jo

T
=—/ / (—RD&qu—FDa,&qu)IV&gUJ
0 Q
= (diveg (—RDgqu + Dy, ), u)%(} — (Dgud, N + Dy, quN, v)_12.  (4-49)

We may then combine (4-48)—(4-49) with the fact that D,u = 9;,u — Ru € X7 to deduce from (4-17) that
D,u is weak solutions of (4-16) in the sense of (4-2) with D,;u(0) € Y(0) given by (4-15). Here, the fact
that G' and G? satisfy the same inclusions as F! and F? listed in (4-7) is easily established from the
above bounds on (u, p).

Step 11: Proof of (4-18). Let us now define the functional Jd,u — P € ((H'(2))* via

(Jou — P, v) :=/]8,u'v—pJ&ﬁij8jv,- forveoHl(Q).
Q

By our estimates on (u, p), we clearly have Jo,u — P € Lz([O, T]; (OHI(Q))*). Since (u, p) are a strong
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solution, the equality (4-44) holds also for arbitrary v € o H'(2), which is equivalent to
(Ju— P, v) = —1(u, v)gp + (F', )30 — (F?, )o 5.

Then for any ¢ € C2°(R), we may compute the weak derivative via
T T
’r_ 1 1 3 1
—f (Jou—P,v)g = —/ (=5, Vg + (F', v)50 — (F7, v)0,3)¢
0 0

T
=/ @(—3 @, V)90 + (B (F' — F?), v) +U)),
0
where we have written

W) = (B JKF", v)s0 —%f (8, J KDy : Dygv + Dy, gque - Dygv + Dgue = Dy, qv) J.
Q

Using this, we find that 3,(Jd,u — P) € L*([0, T1; (0H'(2))*) with

(8,(]8,14—P),v):(a,(Fl—F3),v)*+/ WJF' v
Q

— (O, V)90 — % / (8,7 KDgu : Dygv + Dy, gt = Dygv + Dygue - Dy qv) J.
Q

We may then use this and the inclusions (4-12) in conjunction with Lemma A.16 to deduce (4-18). O

Remark 4.4. Notice that the compatibility condition (4-11) was essential in achieving the o,u estimate
of Theorem 4.3.

Higher regularity. In order to state our higher regularity results for the problem (1-7), we must be able
to define the forcing terms and initial data for the problem that results from temporally differentiating
(1-7) several times. To this end, we first define some mappings. Given F L F3 v, q, we define the vector
fields ®°, &! on Q and &> on X by

&UF' v,q) = Ayv—Vyg+ F' — Rv,

&l q)=—(R+3,JK)Ayv—Rv+ (3, JK+R+R")Vyq
+divyg(Dg(Rv) — RDyv + Dy, 4v),

&3 (v, ) = Dy (RN — (g1 — Dyv)d, N + Dy, v,

(4-50)

and we define the functions f! on , {? on X, and §* on X, according to
fL(F', v) = divg(F' — Rv),
PF3,v) = (F3 + DyvN) - NN 72, (4-51)
P(FY v) = (F' + Ayv) - v.

In the definitions of &' and fi, we assume that s¢, N', R (recall that R is defined by (4-8)), etc. are evaluated
at the same ¢ as F', F3, v, g. These mappings allow us to define the forcing terms as follows. Write
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F'0 = Fl and F3° = F3. When F', F3, u, and p are sufficiently regular for the following to make
sense, we recursively define the vectors

j-1
Pl = Dy o o)) py = DI F Y DL (0], 3l ),
=0

- (4-52)
-
P = 0 P+ 83 0] o] T ) = o P+ Y 0@ (0] o p)
=0
on 2 and ¥, respectively, for j =1, ...,2N. These are the forcing terms that appear when we apply j

temporal derivatives to (1-7) (see (4-74)).
Now we define various sums of norms of F!', F3, and 5 that will appear in our estimates. Define the

quantities
2N—1 ) 2N )
F(F', F?) = Z 18] FU I L2 gpaw—2i-1 + 102N FH 2 11 @y + Z 18] F3|| 2 pan—2i-112
j=0 j=0
2N—1 } )
+ Z ||3,]F1 || oo gan—2j—2 + ||8tJ F3||L00H4N—2j73/2, (4-53)
j=0
2N—1 ] )
So(F', F3) = > 119/ F'(O)llan—2j—2 + 19/ F>(O) llan—2j-3/2.
j=0

For brevity, we will only write § for §(F L F3) and § for Fo(F', F?) throughout the rest of this section.
Lemmas A.4 and 2.4 imply that if § < oo, then

o/ Fl € (10, T1; H¥=272(Q)) and 8/ F* e C°([0, T]; H*N~273/2(x))

for j =0,...,2N — 1. The same lemmas also imply that the sum of the L> H¥ norms in the definition
of § can be bounded by a constant that depends on 7' times the sum of the L> H**! norms. To avoid the
introduction of a constant that depends on 7', we will retain the L terms. For n, we define

2N+1
D) = Inll 2w + 19| 2ggan-r2 + Y 1] 0l p2gav-2svsn,
j=2
2N ) !
Em) = nllan + 13 mllan—1 + Y 19/ nllan—2+3/2- (4-54)

j=2

2N
€)= Y 3/ nll v, and Ry == E@m) +D (),
=0

as well as
2N

o) = InO) 1y + 19Oy _y + Y _ 1/ nO) 3y 3132 (4-55)
j=2
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Again, Lemma A.4 implies that n € C°([0, T1; H*N (%)), d,n € C°([0, T]; H*¥-1(X)), and 8/n €

CO([0, T1; H*N-2/43/2(%)) for j=2,...,2N. Throughout the rest of this section, we will assume that

R(), €o(n) < 1, which implies that 2(R(n)) < 1+ 8K(n) and 2(Ep(n)) < 14 Eo(n) for any polynomial 2.

Note that X(n) < €(n) < R(n), where K (n) is defined by (4-9); also, we have that ”’70”421/\/—1/2 < Ey(n).
We now record an estimate of the F*/ in terms of §, £(n) and certain norms of u, p.

Lemma 4.5. Form =1,...,2N — 1 and j = 1, ..., m, the following estimates hold whenever the
right-hand sides are finite:

1,72 3,712
IE N2 pgzm-aier + NEF 2 pram2vse

Jj—1 Jj—1
S (1+8m) <s+ D 00 ullFa gonasis + ) 107Ul o gran-ayae
=0 £=0

F 105 Pl 2 oo + ||afp||ioo,,2mz,-+.), (4-56)

1,j2 3,712
IE I oo gram—2i + WF > N e rom—2jin o

Jj—1 j—1
< (1+8m) (& + D N0ful e pprnsin + Y ||afp||ioo,,2mz,-+l), (4-57)

£=0 =0
and
2
”at(FLm - F3'm)||L2(OH1(Q))*
m—1
< (1+8m) <s+ D o 00fullF o e + 107wl pgs + 1972117 210
=0

m—1
10 Pl g + D10 Pl e + ||8fp||izH2). (4-58)
=0

Similarly, for j =1,...,2N —1,

IFY ) 13y _2j 2+ IF> 7 O)3y_2j_3/2
j—1
S (1+ &) (30 + ) 10 uO) I3y o0 + ||afp<0>||ﬁN_u_1>. (4-59)
=0
Proof. The estimates follow from simple but lengthy computations, invoking standard arguments. For this
reason, we present only a sketch of how to derive the estimates (4-56) and (4-58). The estimates (4-57)
and (4-59) follow from similar arguments.

To derive the estimate (4-56), we use the definition of F1/, F3.J given by (4-52) and expand all terms
using the Leibniz rule and the definition D, (given in (4-8)) to rewrite F>/ as a sum of products of two
terms: one involving products of various derivatives of 7, and one linear in derivatives of u, p, F L or F3.
For almost every ¢ € [0, T, we then estimate the norm (H?>"~2/*! and H?>"~2/+3/2  respectively) of the
resulting products by using the usual algebraic properties of Sobolev spaces (that is, Lemma A.1) in
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conjunction with the Sobolev embeddings. The resulting inequalities may then be integrated in time from
0 to T to find an inequality of the form

IF 1 2 o NF 0132 panaiae S 2UEM) @) Yoo + Ya), (4-60)

where 2(-) is a polynomial,

2N—1 j—1
=12 J 32 €. 12 €. 12
Yoo = Y 110! FM 1T aneaica 107 F2 117 s ganeaiosn + D 10{ 117 s promssr + 107 DI ram-ajon
j=0 =0
and
2N—-1
12 2N 112
YZ = Z ||at F ||L2H4N—2j—l + ”at F ”Lz(oHl(Q))*
j=0
2N j—1
J 32 o2 L2
D 10 F 2 vz + D 107013 2 pram—aies 10 P 2 pram—2sa-
j=0 £=0

Since K(n) < 1, we know that

2EM 1 +D(m) S (1+KM)),
and the bound (4-56) follows immediately from (4-60).

For the estimate (4-58), we first use the trivial bound

2
o, (F1" — F>™) ||, 18, F " 1 + 118, F>™ |15, (4-61)

<
(H'(Q)* ~

Then we appeal to (4-52) to note that 3, F"* and §, F 3m involve at most m temporal derivatives of u and
p through the appearance of &!(D/"u, 3" p) and &3(D"u, 3" p). With this observation in hand, we may
argue as above to get the bound the right side of (4-61) by the right side of (4-58). U

Next we record an estimate for the difference between d;,v and D;v for a general v. The proof is similar
to that of Lemma 4.5, and is thus omitted.

Lemma 4.6. Ifk=0,...,4N — 1 and v is sufficiently regular, then

|80 = Do |3 S (14 8OD) 01122 10 (4-62)
andifk=0,...,4N — 2, then

190 = Do} s e S (14 BD) 10112 - (4-63)

Ifm=1,...,2N—1, j=1,...,m, and v is sufficiently regular, then
i—1
j i 12
|87 v = D[} ponsses S (L+H8) D (18701172 o243 + 19, V]1 7w gran-2s2) (4-64)

~

S
—_ O

1870 = D/ v |3 pyansiin S (14 8) Y 105012 om0 (4-65)

~

~
Il
S
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and

|9, D" — 8tm+1v||izH1 + |07 D"y — 3?””“?%)*

m
< (1+8m) (Z 18 VII72 1 + 18/ V117 e 2 + ||a,’"+‘u||%%)*>. (4-66)
£=0

Also, if j =0, ..., 2N and v is sufficiently regular, then
. j 1
|8/ v(0) — D] v(0) ||4N 2 S (1+ &) Z 1850 (0) 13y _op- (4-67)
=0

Now we record an estimate for the terms ¢ and ' (defined in (4-50) and (4-51), respectively) that
will be used in computing initial data.

Lemma 4.7. Suppose that v, q, G', G* are evaluated at t = 0 and are sufficiently regular for the right
sides of the following estimates to make sense. For j =0, ...,2N — 1, we have

0/~1 2
”Q5 G ’v’q)||4N—2j—2
S (L 1Oy + 13O 3y — ) (I01Ey—2j + 1913y —2j—1 + G Gy _2j_2)- (4-68)

If j=0,...,2N —2, then

Hfl(Gl’ v) ”4211\/—2]'—3 +| (G v) HZN—zj—_’,/z + iif3(G1’ v) |i42lN—2j—5/2
ST+ 1O IG N 22+ G 13y _aj 30+ IVllGy_aj)-  (4-69)

For j =2N — 1, if divygy v =0in 2, then
IP@G 07, + 1P G ]2, < 1+ IO (1IG B+ 16712 + [v]3)- (4-70)

Proof. The proof of the estimates (4-68) and (4-69) as well as the f2 estimate in (4-70) can be carried out as
in the proof Lemma 4.5. We omit further details. For the f3 estimate of (4-70), we note that divgq) v =10
implies that divyoy Agoyv = 0, so that Lemmas 3.3 and 2.1 provide the bound ||Agq)v - v||? HA12(5,) <
| Asoyv ||0. We may then argue as in Lemma 4.5 to derive the > bound.

Now we assume that ug € H*N (Q), no € H*NFT2(3), §o < 0o (see (4-53) for the definition), and that
||n0||i N—1/2 = Eo(n) <1 (defined in (4-55)) is sufficiently small for the hypothesis of Propositions 3.7 and
3.9 to hold when k = 4N. Note, though, that we do not need m0l12 iNt12 t0 be small. We will iteratively
construct the initial data D’ u(0) for j =0,...,2N and 8,] p) for j =0,...,2N — 1. To do so, we
will first construct all but the highest-order data, and then we will state some compatibility conditions

for the data. These are necessary to construct D,ZN u(0) and 8t2N -1

p(0), and to construct high-regularity
solutions in Theorem 4.8.

We now turn to the construction of Dtju(O) for j=0,...,2N —1 and Btjp(O) for j=0,...,2N =2,
which will employ Lemma 4.7 in conjunction with estimates (4-59) of Lemma 4.5 and (4-67) of Lemma 4.6.

For j = 0, we write F1:°(0) = F'(0) € H*=2, F30(0) = F3*(0) € H*Y=3/2, and Du(0) = up € H*".
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Suppose now that F1:¢ € F4N=26=2 p3.t ¢ gAN=26=3/2 and Dfu(0) € H*N~2¢ are givenfor0 <€ < j €
[0, 2N —2]; we will define 8 p(0) € H*N =21 as well as D/ *'u(0) € H¥N=2i=2 FLi+1(0) ¢ H*N =24,
and F>/*t1(0) € H*N=2/=7/2 which allows us to define all of said data via iteration. By virtue of estimate
(4-69), we know that

Fr=F"(F"1(0), D/u(0) e H*WN 273,

f2 — f2(F3,j(0)’ Dtju(o)) e H4N_2j_3/2,
f2=FF"(0), D]u(0)) e HN 22,

This allows us to define 8,j p(0) as the solution to (3-30) with this choice of f', f2, 3, and then
Proposition 3.9 with k = 4N and r = 4N —2j — 1 < k implies that 3/ p(0) € H*¥~2/=!1. Now the
estimates (4-59), (4-67), and (4-68) allow us to define

D} u(0) := 8°(F4(0), D] u(0), 9/ p(0)) € H*N =272,
FUY410) := D, F (0) + &' (D] u(0), 9/ p(0)) € H*N =24,
F3741(0) 1= 8, F/ (0) + & (D] u(0), 9/ p(0)) € H*N=2/7712,

Using this analysis, we iteratively construct all of the desired data except for thN u(0) and SEN -1 p(0).

By construction, the initial data Dtj u(0) and Btj p(0) are determined in terms of uq as well as 8fF L0)
and afF 3(0) for =0, ...,2N — 1. In order to use these in Theorem 4.3 and to construct DIZN u(0) and
8,2N -1 p(0), we must enforce compatibility conditions for j =0, ..., 2N — 1. For such j, we say that the
Jj-th compatibility condition is satisfied if

{D{'u(O) € X(0)NHA(Q),

Mo (F(0) + Dy, D] u(0)No) = 0. 70

The construction of D] u(0) and 8 p(0) ensures that D] u(0) € H%(Q) and divy, (D] u(0)) = 0, so the
condition D,j u(0) € X(0) N H2(RQ) may be reduced to the condition Di/ u(0)|x, =0.

It remains only to define 8,2N “1p0)eH' and D*Nu(0) € HO. According to the j =2N—1 compatibility
condition (4-71), divg, D,2N _1u(0) = 0, which means that we can use estimate (4-70) of Lemma 4.7 to
see that f2 = f2(F3>2V=1(0), D?¥ ' (0)) € H'/? and f3 = P(F2¥-10), D* ~'u(0)) € H~1/2. We
also see from (4-71) that if we define the quantity gop = — divg,(R(0) D,ZN ~14(0)), then gy € H°. Then,
owing to the fact that G = —F12V~1 ¢ HO, we can define 9> "' p(0) € H' as a weak solution to (3-30)
in the sense of (3-33) with this choice of f2, f3, go, and G. Then we define

DN u(0) = &°(F"2N=10), DIV 1u(0), 97V p(0)) € HC,
employing (4-68) for the inclusion in H 0. In fact, the construction of 3,2N -1 p(0) guarantees that DfN u(0)e
Y(0). Besides providing the inclusions above, the bounds (4-59), (4-69), (4-68) also imply the estimate

2N 2N—1
D ID w3y —o;+ D18 pO) Gy ;-1 S (1 + Eom)(luollzy + Fo)- (4-72)
j=0 j=0

Owing to estimate (4-67), the bound (4-72) also holds, with B,j u(0) replacing Dtj u(0) on the left.
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Before stating our result on higher regularity for solutions to problem (1-7), we define two quantities
associated to (u, p). Write

2N 2N—1
D, p) = I N0 ullFapav-ser + 17 T utllyyye + D 18] PG 2gran-as
j=0 Jj=0
2N 2N—-1
, . (4-73)
€, p) =Y 10/ ull} o pyanss + D 18] PlIT o pravair
Jj=0 Jj=0

K, p) := Eu, p) +D(u, p).

Theorem 4.8. Suppose that ug € H*N(Q), no € H*¥t1/2(X), § < oo, and that R(n) < 1 is sufficiently
small that K (n), defined by (4-9), satisfies the hypotheses of Theorem 4.3 and Proposition 3.9. Let
D] u(0) € H*N=2/(Q) and 3] p(0) € H*N=2=1 for j =0, ...,2N — 1 along with D*" u(0) € Y(0), all
be determined as above in terms of uy and 3 F'(0), 3/ F3(0) for j =0, ...,2N — 1. Suppose that for
j=0,...,2N — 1, the initial data satisfy the j-th compatibility condition (4-71).
There exists a universal constant Ty > 0 such that if 0 < T < Ty, then there exists a unique strong

solution (u, p) to (1-7) on [0, T] such that

/u e C°[0, T1; H* =/ ()) N L*([0, T); H*N=2+1(Q)) for j=0,...,2N,

3/ p e (10, T1; H*V 271 (@) N L2([0, T1; H*Y=2/(Q)) for j=0,...,2N —1,

3Ny e (%r)*.
The pair (D,j u, a,f p) satisfies the PDE

8 (Dju) — Ay(D]w) + V(@ p)=F' ing,

divy(D]u) =0 in Q,

: , . (4-74)
Sq(@! p, D] u)N = F3J on %,
Dlu=0 on Ty,

in the strong sense with initial data (Dtj u(0), Bi/ p)) for j =0,...,2N — 1, and in the weak sense of
(4-2) with initial data DtZNu(O) € Y(0) for j = 2N. Here the vectors F''J and F*J are as defined by
(4-52). Moreover, the solution satisfies the estimate

Eu, p) +D(u, p) S (14 E(n) + K1) exp(C(A+ EMNT) (luollzy + Fo + T) (4-75)
for a constant C > 0, independent of n.

Proof. For notational convenience, throughout the proof we write

% := (14 €o(n) + &) exp(CA + EmNT) (lluolZy + o+ J)-

Since the 0-th order compatibility condition (4-71) is satisfied and R(n) is small enough for () to
satisfy the hypotheses of Theorem 4.3, we may apply Theorem 4.3. It guarantees the existence of (u, p)
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satisfying the inclusions (4-12). The (Dtj u, a,f p) are solutions in that (4-74) is satisfied in the strong
sense when j = 0 and in the weak sense when j = 1. Finally, the estimate (4-13) holds, but we may
replace its right-hand side by & since H(n) < €(n) < K(n).

For an integer m > 0, let P, denote the proposition asserting the following three statements. First,
that (D,j u, a,f p) are solutions to (4-74) in the strong sense for j =0, ..., m and in the weak sense for
j=m++ 1. Second, that

8,ju € LO° F2m—2j+2 [ 2 gp2m=2j+3

for j=0,1,....m+1,3""u e @r)*, and

for j =0,1,...,m. Third, that the estimate
m—+1 ) )
N 21 oy -7 R ]
jZO m
+ Z || 3;jpnioonm_zj+1 + ||8;ijizH2m—2_i+2 SJ ¥ (4-76)
j=0
holds.

The above analysis implies that Py holds. We claim that if P, holds for some m =0, ...,2N — 2,
then P, also holds. Once the claim is established, a finite induction implies that P, holds for all
m=0,...,2N — 1, which immediately implies all of the conclusions of the theorem. The rest of the
proof, which we divide into two steps, is dedicated to the proof of this claim.

Step 1: Applying Theorem 4.3. Suppose that P, holds for some m =0, ..., 2N —2. In order to prove that
the first assertion of PP, 41 holds, we would like employ Theorem 4.3 to solve problem (1-7), with F 13
replaced by F1"+1 F3m+1 and with initial data D;"“L] u(0). In order to do so, we must verify three things.
First, that the compatibility condition (4-11) is satisfied. This is guaranteed by the fact that D;"“u(O)
satisfies the (m + 1)-st order compatibility condition (4-71). Second, we need that F1"+! ¢ L2H! and
F3m+l ¢ L2 H3/2, This follows directly from the estimate (4-56) in Lemma 4.5 and the bound (4-76)
provided by P,,. Third, we need that 3, (F1m+! — F3m+ly e [2(¢H'(Q))*. Appealing to (4-58) in
Lemma 4.5, we encounter an obstacle, namely that we can use [P, to control every term on the right-hand

side except for [0 u ||i2 et [+t plli2 41~ However, we may trivially estimate
1,12 1,2 1,12 142
107l 72+ 10" Pl 2 < T (107 el o 2 107 DU 1)

and note that the term on the right would be controlled via (4-13) by formally applying Theorem 4.3 with
forcing terms F17+1 F3m+1 This suggests that we may employ an iteration argument in conjunction
with a small 7" assumption to get around our obstacle, and indeed this strategy works. Such an iteration
argument is fairly standard, so we will only provide a sketch.

First we consider an arbitrary pair (v, g) of sufficient regularity to make sense of

Fl,m+1 — Fl,m+2(v’ q) and F3,m+l — Fl,m+2(v’ q)
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via (4-52). Note that the forcing terms depend linearly on (v, ¢). From (4-56) and (4-58) of Lemma 4.5,
we have that

”Fqﬂn+l(v’q)”izHl—+||F8Jn+l(v,q)”iZH3ﬂ

m m
S (1+ﬁ(n))<S+Z 19701725 + D 10,011 e g2 + 18{ 117252 + 110, qnm.) (4-77)
=0 =0

L Rl R L O] [
m m
<( +ﬁ(n>)(s+ Do v e+ ||afq||iocHl), (4-78)
£=0 £=0

and

o, (FV" (v, q) — F" (v, Q))HLZ(OHI(Q))* < (1480 (S"' Z HaZUHLWHZ + Haz’)” L2H3

L A YRR L] +Z 8 a o p + 112F CII|L2H2> (4-79)
=0

Now we let u° be the extension of the initial data a[ u), j=1,...,2N, given by Lemma A.5, and
we similarly let p° be the extension of 8/ p(0), j =1,...,2N — 1, given by Lemma A.6; by (4-72) and
the estimates given in the lemmas, they satisfy

2N-1
ZHa’ | PR L s z,+Z 18/ 22 o2y + 107 P [ -2

2N—1
S Z [/ w5y o; + Z [ PO 35 51 < (14 €om) (ol + o). (4-80)

By combining (4-77)—(4-80), we find that F'"110, p©) and F3"+1u0, p°) satisfy (4-7). Also, the
compatibility condition (4-11) with F> replaced by F>"+1 (4% p®) and ug replaced by D;”“u(O) is
satisfied by virtue of (4-71) since u° and p° achieve the initial data. We are then free to apply Theorem 4.3
to find (v!, ¢") satisfying the conclusions of the theorem. In particular, if we abbreviate (1-7) as
P, q)=F=(F!, F3), then

SNP(UI, ql) — ”:m+1(uo’ pO) — (Fl,m+1(u0’ pO)’ F3,m+2(u0’ pO))’
v'(0) = D" u(0),  ¢'(0)=0/"""p(0).

Let us write 5 (u, p) for the left-hand side of (4-13). Then (4-13), (4-59), (4-77), (4-79), and (4-80) imply
that

B',¢") < (14 &) + &) exp(CA+EM)T) (lluolizy + Fo +3F) S%.
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Now, given a pair (v", ¢") satisfying B(v", ¢"*) < oo, we define a corresponding pair (1", p™) by
solving the linear ODEs

Dm+lunzvn’ 8m+1 n_ n’

{ g . n { o= (4-81)

0/ u"(0) =9]u(0) for j=0,...,m, 8/ p"(0) =93] p(0) for j=0,...,m.

Such solutions exist and are unique. Let us define R(v, g) by

R, q)
7 2 +1 12 u £ o2 ¢ 12 ¢ 112 22
=07 v Lo + 107 o+ D070 g + 197 0l oo + 10 o + 1970 o
=0
Then the solutions satisfy the estimate
m
Rw", p") S p(D)(1+ K1) (Z |8/ w3+ |/ pO|; + TB", q">>, (4-82)
j=0

where p(T) is a polynomial in 7. Note that the data norm terms on the right side of (4-82) are finite
because m < 2N —2.
We iteratively apply Theorem 4.3 to produce sequences {(v", ¢")};2, and {(u", p")}32, satisfying
", g =F" @ pth, 83
v (0) = D" 1u(0), ¢"(0) = 23" p(0)
and (4-81). Then
$(Un+l — " qn+l _qn) — [Fm+l(un _ unfl pn _ pnfl)
@ =)0 =0, (@' —¢"©0) =0
Notice that the terms involving F! and F 3 cancel in F" (" — "1, p" — p" 1), so from (4-77) and
(4-79), we have that
_ N ; - —14 2
||F1,m+1(un —u" 1’ pn . pn 1)||L2Hl + ||F3,J(un —ut l’ pn _ pn 1)||L2H3/2
_ _ _ T 12
+ ” 8,(F1”"+1(u” —u 1’ pn _ pn 1) _ F3,m+1(un - 1’ pn _ pn 1)) ||L2(0H1(Q))*
S (T+KRM)R@" —u", p" = p"7).
On the other hand, since every (u", p") satisfies the same initial conditions, a simple modification of
(4-82) implies that

R" —u", p" = p" D S A+ RO Tp(MBO" —v" ' ¢" —¢" .
These two estimates, together with the estimate (4-13) of Theorem 4.3, then imply that

%(vn-i-l _ Un’ qn—l—l _qn)
< (14 &)+ 8m) exp(C(L+ EMNT)Tp(T)BO" —v" ', ¢" —g" ). (4-84)
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Then from (4-84), we find that there exists a universal Ty > O such that if 7 < Tj, then the sequence
{(v", ")}, converges to (v, ¢) in the norm /B (-, -), which in turn implies that {(u", p")}°2, con-
verges to (i, p) in the norm /R(-, -).

Passing to the limit in (4-81) reveals that v = D;"H uand g = 8,’"“ p. We then pass to the limit in
(4-83) to see that

LD u, 3" p)y = " (u, p).

Since P, already provides that (D,j u, B,j p) are solutions to (4-74) in the strong sense for j =0, ..., m,
we deduce that the first assertion of P, holds.
Theorem 4.3, together with the estimates (4-77), (4-79), and (4-76), then provides us with the estimate

B(D"u, 3" p) < (1+ E(n) + 8(1)) exp(C (1 + Em)T)
x (luolliy +To+T+E+ 13" ulZs e + 10 pll3a,n).  (4-85)
On the other hand, the estimate (4-65) of Lemma 4.6 implies that
107l 22 10 U2 < T8 el o + 18" IS o 1)
2
ST(184 w = Dy u| gy + 1Dl o 1874 PA 1)

< T((l + &) Z 18/ ull? w o + B(D)u, a;"“p))
£=0

ST@E+BWD)u, 8 p)), (4-86)

where in the last inequality we have again used (4-76). Chaining together (4-85) and (4-86), we find that
we may further restrict the size of the universal constant 7y > 0 such that if T < Tj, then

B(D"u, 3" p) S (14 () + &) exp(CL+EMNT) (luollzy +TFo+F+%) SZ. (4-87)

Step 2: Proving the second and third assertions. It remains to prove the second and third assertions of
P+1; they are intertwined and will be derived simultaneously. The estimates of the u terms in (4-87),
together with the estimates (4-64)—(4-66) of Lemma 4.6 and the estimate (4-76), imply that

[ T o e 7 O K71 [ 71
m+2 m+1
S+ ft(n))(Z 1914117 2 yam—aes + Y 10 u ||iooH2mzm> +%
=0 =0
S(A+8mM)ZE+% S (4-88)
Hence
m—+2 ] )
D10/ 3 g ager + 107 ll 2 racun-ies + 107 ul G, -
Jj=m+1

m+1

72 Jon2
+ D19 PU o gz + 187 P2 pramin-2ie SE. - (4-89)
j:m-‘rl



334 YAN GUO AND IAN TICE

Thus, in order to derive the estimate (4-76) with m replaced by m + 1, it suffices to prove that

m

Jo2 J o2
E 110; u||LooH2(m+l)72j+2 + 119; p||LooH2(m+l)72j+l
j=0

m
+ Y 18] w32 gronen-2ies + 197 PG g ajen SE- - (4-90)

j=0

Once (4-90) is established, summing (4-89) and (4-90) implies that (4-76) holds with m replaced by
m + 1, which further implies that the second and third assertions of P, 11 hold, so that then all of P,
holds.

In order to prove (4-90), we will use the elliptic regularity of Proposition 3.7 (with k = 4N) and an
iteration argument. As the first step, we must record estimates for the forcing terms. For these, we
combine (4-76) with the estimates (4-56) and (4-57) of Lemma 4.5 to see that

m+1

1,712 3,712 1,712 3,712
Z(HF L A ] il FRE Y ) 5 f||LwH2m,z,-+5/2)
j=1

m m
S (1+8Mm) (s D 10117 e ramoaere 1071l 2 pamaers + YO PG s pram-aess + ||afp||iz,{zmm)
£=0 =0
SA+RMGS+%) SE. (4-91)
The last inequality in (4-91) follows from the fact that () < 1 and the definition of %.

The estimates of D;”“Llu in (4-87), together with (4-76) and the estimates (4-62) and (4-63) of
Lemma 4.6, allow us to deduce that

18: D" w3 e o + 113 D w3 2 s S % (4-92)

~

Since (4-74) is satisfied in the strong sense for j = m, we may rearrange to find that for almost every
t €10, T1, (D", 3" p) solve the elliptic problem (3-6) with F! replaced by F'" —3, D"u, F> =0, and F?
replaced by F>. We may then apply Proposition 3.7 with » = 5 to deduce that the estimate (3-18) holds
for almost every ¢ € [0, T']; squaring this estimate and integrating over [0, 7'] then yields the inequality

2 2 1, 2 3,m )2
||D;nu||LzH5+||a[ml9”L2H4§HF m_atD;nuHLzI_p"‘”F m||L2H7/2

SHEY 12, + 18D ull s s + IF 120,00 S 2, (4-93)

where in the last inequality we have used (4-91) and (4-92). Similarly, we may apply Proposition 3.7
with r =4 to deduce

F 2 F
1D}l oo s + 107" P gy S [ FN" = 8 Dt e gy + NF>" o pyss S % (4-94)
We may argue as before to deduce from (4-93) and (4-94) that

2 2
10" ull oo pga + 10" ull 2 pys S
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as well. This argument may be iterated to estimate 8,j u, B,j p for j =1, ..., m; this yields the estimate

m

Jo2 J o2
D 187l o g2z + 18] DI s praimn-2ss1
j=1

m
o2 72
+ Z l19; M||L2H2(m+l)—2j+3 + 1|9; p||L2H2(m+l)—2j+2 SE(4-95)
j=1

We then apply Proposition 3.7 with r =2(m + 1) +2 < 4N to see that

2 2 1 2 32
||u||LooH2(m+1)+2 + ||p||LooH2(m+1)+l SIF - at”||LooH2(m+1) +||F ||LooH2(m+1)+l/2

SIF e o + 19017 s gy + 1 F2 1 ponsni e S %o (4-96)
and then again with r =2(m +1) +3 <4N + 1 to see that

2 2
Nl 72 gpaensnes + 1P 72 o+
1 2 3,2 2 1 2 32
SIF - 3tu||L2H2<m+1)+1 +IF ||L2H2(m+1>+3/2 + ||77||L2H4N+1/2(||F - 8tu||LooH2 +IIF ”LooHS/Z)

SUFT e + 18032 omsner + 1F2 132 2menean + RO GE + %) S 2. (4-97)

Summing (4-95)—(4-97) then gives (4-90), completing the proof. 0

5. Preliminaries for the nonlinear problem

Forcing estimates. We want to eventually use our linear theory for the problem (1-7) in order to solve
the nonlinear problem (1-4). To do so, we define forcing terms F'!, F> to be used in the linear theory that
match the terms in (1-4). That is, given u, n, we define

F'(u,n) = ,7bKdsu —u-Vqu and F>(u,n) =nN = —nDn+nes, (5-1)

where o, N, K are determined as usual by 7.

We will need to be able to estimate various norms of F!(u, n) and F3(u, n) in terms of the norms of u
and 7 that appear in £(7), €o(n), and K(u, p), defined by (4-54), (4-55), and (4-73), respectively. The
norms of the F' terms are contained in § and Fo, as defined by (4-53). We will actually need a slight
modification of K(u, p), which we define as

2N

Koy (u) = Z ”atj””iszszl + ||atju||iooH4N—2j- (5-2)
j=0

Our estimates are the content of the following lemma.

Lemma 5.1. Suppose that R(n) < 1 and Koy (u) < 0o. Then

F(F'w, ), FPu, ) S[1+ T +8&m]€Mm) + &) [Fon @) + (Fon @)*] + (Fov@))?. (5-3)
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Proof. All terms in the definition of F!(u, 1), F3(u, n) are quadratic or higher-order except the term ne3
in F3. Hence we may argue as in the proof of Lemma 4.5 to deduce the bound

S(F ', ), F?(u, n) —nes) < €mARM) + LK) (KM + Kon () + (Fony ))?) + (Ray ). (5-4)

Here the appearance of the term &(7)£(n) is due to the term nDn in F 3 while the appearance of Ry (u)?
is due to the term u - Vu that appears when we write

u-Vyqu=u-Vu—+u-Vy_ju

in F'.
On the other hand, by definition, we have
2N ] 2N—1 )
§0.ne3) =Y 10/ 1132 pyan-ain + DN 01 o pran—2-r

j=0 j=0

2N )
SU+T)Y N0 0l a2y = (14 THE). (5-5)

j=0

Then, since F(X, Y + Z) <F(X, Y)+3F(0, Z), we may combine (5-4) with (5-5) to deduce (5-3). O

Data estimates. In the construction of the initial data performed after Lemma 4.7, it was assumed that
8tjn(0) for j =0,...,2N and athl(O), Btj F3(0) for j=0,...,2N — 1 were all known. Knowledge of
the former allowed us to compute R(0), sdp, No, etc. along with their temporal derivatives; these quantities
then served as coefficients in deriving the initial conditions for (u, p) and their temporal derivatives.
Since for the full nonlinear problem the function 7 is unknown and its evolution is coupled to that of u
and p, we must revise the construction of the data to include this coupling, assuming only that #g and g
are given. This will also reveal the compatibility conditions that must be satisfied by u¢ and 79 in order
to solve the nonlinear problem (1-4). To this end, we first define the quantities

€0 := lluollzy + Inollzy and  Fo := [noll3y41)a- (5-6)

For our estimates, we must also introduce the quantity

2N IN—1
Eo(u, p) = Z I 3t]”(0)||42uv—2j + Z |8/ p(0) ||42LN—2]‘—1' 5-7)
=0 =0

We will also need a more exact enumeration of the terms in &y (u, p), €p(n), and o (as defined in
(5-7), (4-55), and (4-53), respectively). For j =0, ...,2N — 1, we define

‘ Jj
%(Fl(”’ m, F>(u, ’7)) = Z H atgFl(O) ||42¢N—2z—2 + ” 8tZF3(0) ||42W—2e—3/2 (5-8)
=0
and _
. J
&) () == lInoll3y + [ 9:m(0) HAZLN—I +> |3/ ||421N—2€+3/2’ (5-9)

=2
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with the sum in (5-9) only including the first term when j = 0 and only the first two terms when j = 1.

For j =0, we write Qfg(u, p) = ||uo||§N, and for j =1,...,2N we write
‘ j j-1
€, p) =Y 10{uO)I3y—a; + D 19 PO)3y_j—1-
£=0 £=0

The following lemma records more refined versions of the estimates (4-59) and (4-67) as well as some
other related estimates that are useful in dealing with the initial data.

Lemma 5.2. For F'(u, n) and F3(u, n) defined by (5-1)and j =0, ...,2N — 1, we have
Fo(F ). P, m) < Pi(€T (). €. p) (5-10)

for P;(-,-) a polynomial such that P;(0,0) = 0.
For j=1,...,2N — 1, let F'/(0) and F*J(0) be determined by (4-52) and (5-1), using 3n(0),
Bfu(O), and Bf p(0) for appropriate values of €. Then

I Oy -2+ I Oy -;-3/2 = Py (€5 (), €, p) G-10)

for P;i(-,-) a polynomial such that P;(0,0) = 0.
For j=0,...,2N, we have

|8/160) — D} u(©) |3, _,, < P (€)(n), € (w, p) (5-12)

for P;(-,-) apolynomial such that P;(0,0) =0.
For j=1,...,2N — 1, we have

J .
3 (é ) 8N (0) - 97 ~Cu(0)

=0

< P;(€)(n), & u, p))
H4N—2_/'+3/2(2)

for P;(-,-) apolynomial such that P;(0,0) = 0. Also,

o - Noll3pan—1 5y S Nuollgy (1+ lImolly)- (5-13)

Proof. These bounds may be derived by arguing as in the proof of Lemma 4.5, so again we omit the
details. O

This lemma allows us to modify the construction presented after Lemma 4.7 to construct all of the
initial data 9; 1(0), 3 n(0) for j =0, ..., 2N and 8/ p(0) for j =0, ..., 2N — 1. Along the way, we will
also derive estimates of Ey(u, p) + €o(n) in terms of €y and determine the compatibility conditions for
ugp, no necessary for existence of solutions to (1-4).

We assume that ug, ng satisfy %y < oo and that ||r]0||42”\,7l 2= €o < 1 is sufficiently small for the
hypothesis of Proposition 3.9 to hold when k = 4N. As before, we will iteratively construct the initial
data, but this time we will use the estimates in Lemma 5.2.



338 YAN GUO AND IAN TICE

Step 1. Define 9,7(0) = ug - No, where ug € H*¥~1/2(X) when traced onto £, and N is determined in
terms of 9. Estimate (5-13) implies that ||8,r;(0)||42“\,_1 < €0, and hence that (’38(14, p)+ (’3(1)(77) < €o. We
may use this bound in (5-10) with j = 0 to find that

SO(F (), F(u, ) < Po(€h(n), €5(u, p)) < P(%o)

for a polynomial P(-) such that P(0) = 0. Note that in this estimate and in the estimates below, we
employ a convention with polynomials of € similar to the one we employ with constants: they are
allowed to change from line to line, but they always satisfy P(0) = 0.

Step 2: Iterative definition of a,f p(0), 8,j Hu(O), and Btj +2n(0), for 0 < j <2N-—2. Now suppose, for
given j € [0, 2N — 2], that Bfu(O) is known for £ =0, ..., j, afn(O) is known for £ =0, ..., j+ 1, and
8f p(0) is known for £ =0, ..., j — 1 (with the understanding that nothing is known of p(0) when j = 0),
and that

€5, p) + & ) + T (F' @, m), FAu, m) < P(%o). (5-14)
According to the estimates (5-11) and (5-12), we then know that
1,j 2 3,j 2 j 2
”F ](0)”41\/—2]‘—2 + ”F 7(0) H4N—2j—3/2 + ”DtJ“(O) ||4N—2j = P(&). (5-15)
By virtue of estimates (4-69) and (5-14), we know that
”fl(Fl"/ (0), D/u(0)) ||4N—2j—3 +| F(F>7(0), D] u(0)) ||4N—2j—3/2
. . 2
+ [P F (), Du0) 3y _s; 5, < P(&0). (5-16)
This allows us to define B,j p(0) as the solution to (3-30) with f!, f2, f3 given by f!, {2, f*. Then
Proposition 3.9 with k =4N and r =4N —2j — 1 < k implies that
j 2
167 PO |4y ;1 = P (&0 (5-17)
Now the estimates (4-68), (5-14), and (5-15) allow us to define
DI u(0) := 8°(F(0), D} u(0), 9/ p(0)) € H*N=2172, (5-18)
and owing to (5-12), we have the estimate

i 2
” atHl“(O) ||4N72(j+1) < P(&o). (5-19)
Now we define 3/ *n(0) = Y125 (4)9LN(0) - 3/ ~“u(0). The estimate (5-13), together with (5-14) and
(5-19), then imply that
” azj+2

2
77(0) ||4N—2(j+2)+3/2 E P(%O)' (5-20)

We may combine (5-14) with (5-17)—(5-20) to deduce that

& w, p)+ € () < P(€o);
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but then (5-10) implies that 36“ (F'(u,n), F?(u, n)) < P(ép) as well, and we deduce that the bound
(5-14) also holds with j replaced by j 4 1.
Using the above analysis, we may iterate from j =0, ...,2N — 2 to deduce that

&V )+ &V ) +§V T (F ), FP ) < P(&o). 62D

Step 3: Definition of B,ZN “1p(0) and thN u(0). After this iteration, it remains only to define 8,2N ~1p(0)
and D,2N 1(0). In order to do this, we must first impose the compatibility conditions on u#g and 9. These
are the same as in (4-71), but because now the temporal derivatives of n have been constructed as well,
we restate them in a slightly different way. Let 8/ u(0), F'-/ (0), F3J(0) for j =0, ...,2N — 1, 3/ (0)
for j =0,...,2N, and 8,jp(0) for j =0,...,2N — 2 be constructed in terms of 19, ug as above. Let Iy
be the projection defined in terms of 7g as in (4-10) and D, be the operator defined by (4-8). We say that
ug, no satisfy the (2N)-th order compatibility conditions if

divy, (D] u(0)) =0 in Q,
D/u(0)=0 on Ty, (5-22)
o(F>7 (0) 4+ Dy, D} u(0)Ng) =0 on X,
for j =0,...,2N — 1. Note that if ug, no satisfy (5-22), then the j-th order compatibility condition
(4-71) is satisfied for j =0, ...,2N —1.

Now we define a}N -1 p(0) and D,ZN u(0). We use the compatibility conditions (5-22) and argue as
above and in the derivation of (4-70) in Lemma 4.7 to estimate

|32V 1), D) [, + [P F2V 1 0), DY uO) |2, < P(Eo) (5-23)

and
| FE2V=10) |2 + |[divia, (RO) DY ~u(0)) |3 < P (&) (5-24)

We then define 8,2N -1 p(0) € H' as a weak solution to (3-30) in the sense of (3-33) with this choice of
P=7 2 =7, g0 = —divy, (RO)D* ~'u(0)), and G = —F"?N=1(0). The estimate (3-32), when
combined with (5-23)—(5-24), allows us to deduce that

|88 " pO)])} < P(%0). (5-25)

Then we set DY u(0) = °(F2V=1(0), DV ~'u(0), 3?" ' p(0)), using (4-68) to see that D>V € HO.
In fact, the construction of 8,2N - p(0) guarantees that thN u(0) € Y(0). Arguing as before, we also have
the estimate

|02V u() |2 < P 6o (5-26)

This completes the construction of the initial data, but we will record a form of the estimates (5-21),
(5-25)—(5-26) in the following proposition.

Proposition 5.3. Suppose that ug, no satisfy Fo < oo and that €y < 1 is sufficiently small for the
hypothesis of Proposition 3.9 to hold when k = 4N. Let 9/ u(0), 3/1(0) for j =0, ...,2N and 3] p(0)
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for j=0,...,2N — 1 be given as above. Then
o < Eo(u, p) + €o(n) < o (5-27)

Proof. The first inequality in (5-27) is trivial. Summing (5-21) and (5-25)—(5-26) yields the estimate
Eo(u, p)+E&y(n) < P(€p) for a polynomial P satisfying P(0) =0. Since €y < 1, we have that P (<€) <€,
and the last inequality in (5-27) follows directly. O

Transport problem. Thus far we have considered solving for (u, p), given . Now we discuss how to
solve for 7, given u (more precisely, its trace on ). We do so by considering the transport problem

{am+ulam+uzazn=u3 in 3, (5-28)

1n(0) = no.
We now state a well-posedness theory for (5-28) involving the quantities g, Fo, Koy (1), K(n) as
defined by (5-6), (5-2), (4-54), respectively. We will also need one more quantity, which we write as

2
Fm) = lInlly o gansis-

Theorem 5.4. Suppose that ug, ng satisfy Fo < oo and that €y(n) < 1 is sufficiently small for the
hypothesis of Proposition 3.9 to hold when k = 4N. Let 8,j n(0), 8,j u(0) for j =1,...,2N be defined
in terms of ug, no as in Section 5 and suppose that u satisfies Kony(u) < 1 and achieves the initial
conditions Btj u(0) for j =0, ...,2N. Then the problem (5-28) admits a unique solution n that satisfies
F(n) + R(n) < oo and achieves the initial data B,jn(O) for j =0,...,2N. Moreover, there exists a
0<T <, depending on N, such that if 0 < T < T min{1, 1/%g}, then we have the estimates

Fn) < Fo+ TR (u), (5-29)
E(n) <60+ T Ran(u), (5-30)
) S €M) + Koy )1+ €M), (5-31)
D) <€+ TFo + Ron (u). (5-32)

Proof. The proof proceeds through four steps. We first establish the solvability of problem (5-28), then
we establish the L>° H¥ estimates needed to bound &(1) and @(n) as in (5-30) and (5-31), and then we
handle the L H* estimates for the terms in D (1) to derive (5-32). Summing the bounds (5-31) and (5-32)
shows that £(17) = €(17) + D () < co.

Step 1: Solving the transport equation. The assumptions on u imply, via trace theory, that
ue L*([0, T1; HVH2(5)),

which allows us to employ the a priori estimates for solutions of the transport equation derived in [Danchin
2005a] (more specifically, Proposition 2.1 with p=p,=r=2,0 =4N + %). Although the well-posedness
of (5-28) is not proved in [Danchin 2005a], it can be deduced from the a priori estimates in a standard
way; full details are provided in Theorem 3.3.1 of [Danchin 2005b]. The result is that (5-28) admits a
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unique solution n € C 010, T1; H*N+1/2(%)) with n(0) = no that satisfies the estimate

T T
171l 100 grav+12 < exp(C/ ||M(f)||H4N+1/2(E) dl‘) (\/ Fo +/ [[us(t) ||H4N+l/2(2) dl‘) (5-33)
0 0

for C > 0. By trace theory, we have ||u(?) || ganv+12(s) S +/Ran (), so that the Cauchy—Schwarz inequality
implies C fOT lu(®) | gav+12 sy dt < ~/T /Koy @) S /T, and hence that

T
exp <C/ |IM(I)||H4N+1/2(E) dl) <2 (5-34)
0

for T < T with T < 1 sufficiently small. We deduce from (5-33) and (5-34) that

VFm) < 2(VFo+ /T Ran (), (5-35)

from which (5-29) easily follows.

Step 2: Bounding &(n). Proposition 2.1 of [Danchin 2005a] also implies the a priori estimate

T T
7l Lo pan < eXP(C/ (O gav+1r2(x) dt) <||770||4N +/ 3Ol gan () df)
0 0

S (Ve + VT Ronw) ), (5-36)

where we have used the smallness of T, trace theory, and Cauchy—Schwarz as above. Since 37 satisfies
on=u3z— Dn-uand Ry (u) < oo, we know that 9,7 is temporally differentiable and satisfies

9 (9m) +u - D(9;n) = dyu3 — dyu - Dn

with initial condition ;1 (0) = ug - No, which matches the initial data constructed in terms of uq, ng. We
may again apply Proposition 2.1 of [Danchin 2005a] and then use (5-36) to find

T
101l oo gav—2 < 2(||8t77(0)||4N—2 +/ 10;us |l gav-2 sy + || O - D77||H4N—2(E))
0
T

SN0 lav—2 4+ (L [l oo gran—1) | 10l gav—2(s)
0

S V€ () + /T Ran @) (14 111l oo grav—1)
SV E ) + VT Ran ) (1 +VE ) + /T Ran () )
S P(VEm), VT Ron))

for a polynomial P (-, -) with P(0, 0) =0. A straightforward modification of this argument allows us to

iterate to obtain, for j =1, ..., 2N, the estimate
18/ nll L rox—2s < P(V/ € (). VT Ran(w)) (5-37)

for P(-,-) a polynomial with P(0,0) = 0. We also find that the initial data a,f n(0) is achieved for
j=0,...,2N. Squaring (5-36) and (5-37) and summing, we then deduce that () < P(&y(n), T Kon (1))
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for another polynomial with P (0, 0) = 0. Since Eyp(n) <1 and T Koy (1) < T Ron (1) < 1, we then have
E(n) < Co(n) + T Koy (u), (5-38)
which yields (5-30) when combined with Proposition 5.3.

Step 3: Bounding &(n7). We can improve the estimates for B,j n, j=1,...,2N by using the equation
d;n = u3z — Dn - u directly. Indeed,

19131 S el yanan gy + 1D7 -l y S Nulliy 4+ nll3y) S fov @) (1 +EMm). (5-39)

For higher-order temporal derivatives, we simply apply 8,j ~! with j=2,...,2N—-1t0odn=u3—Dn-u
and argue as above to find that

107 1113y ;4372 S Ran ) (1+ E()). (5-40)
Then (5-31) follows by summing (5-39), (5-40), and the trivial estimate ||n||iN < &(n).

Step 4: Bounding ®(n). Now we control the terms in ® (7). From (5-35), Cauchy—Schwarz, and the fact
that T < 1, we see that

Inll2gavi2 < VTVF0) < 2(VTFo+ v/ Fan ) ). (5-41)

We may then use Equation (5-28), trace theory, the fact that H*¥~1/2(X) is an algebra, and estimate
(5-41) to get the bound

18l 2 ggan-12 S Nzl 2 ggav-12 4 e poo prav-2 | 0ll g2 pganise
SV Ean @) (14+VTFo+ Sy @) ) < P(VTFo, v/ Fon () (5-42)

for P a polynomial with P (0, 0) = 0. We argue similarly (employing (5-42) along the way) to find that

1970 L2 prov—2 S NBusll 2 ran-12 [0 Lo w1212 || g2 graw—srz + 18 g2 w12 | oo prov—sre
SV Ran @) (14 Inll oo w12 + 18l L2 yav-112)
SV Fon @) (1+VEm) + P(VTFo, VRon@)))
S P(VTFo, v/ Fan ), VE) )

(5-43)
for a polynomial P with P(0, 0, 0) = 0. Iterating this argument for j =2, ..., 2N 4+ 1 then yields the
inequalities

18] 11l L2 ggev-—2i52 < P(VT Fo, v/ Ran (), v/EM)) (5-44)

for a polynomial with P (0, 0, 0) = 0. We may then square and sum (5-41)—(5-44) to find that D (n) <
P(T%y, Ron(u), E(n)), but then (5-38) and the bound 7 < 1 imply that ®(n) < P(T Fy, Kaon (1), Eo(n))
for another P. By assumption, T %, < T <1, and Ry (), €(n) < 1 as well; hence

D) < TFo+ Kan () + Eo(n),

which provides the estimate (5-32) when combined with Proposition 5.3. O
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6. Local well-posedness of the nonlinear problem

Sequence of approximate solutions. In order to construct the solution to (1-4), we will pass to the limit
in a sequence of approximate solutions. The construction of this sequence is the content of our next result.

Theorem 6.1. Assume the initial data are given as on pages 338-339 and satisfy the (2N )-th compatibility
conditions (5-22). There exist 0 <8 < 1 and 0 < T < 1 such that ifég <68, Fyg<o00,and 0 <T <
Ty := T min{1, 1/%F)}, then there exists an infinite sequence {(u™, p™, n"™)}oo_, with the following three
properties. First, for m > 1 we have

™ — Ay 4 Vgn p" = 37" HK ™ d3u™ — u™ - Vopu™ in R,

divym u™*t1' =0 inQ,
(6-1)
S&qm (pm—',-l’ um+1)Nm — nmNm ony,
u"tl =0 on %y,
and
ot =yt Nt on 3, (6-2)

where A", N K™ are given in terms of n™. Second, (u", p™,n") achieve the initial data for each
m > 1, that is, a,-’um (0) = 3/ u(0) and 3} " (0) = 3/ n(0) for j =0, ..., 2N, while ag p"(0) =3/ p(0) for
j=0,...,2N — 1. Third, for each m > 1, we have the estimates

K™+ RW™, p™) < C(&g+T%Fy) and F™) < C(Fo+Eo+ T%p) (6-3)
for a universal constant C > 0.

Proof. We divide the proof into three steps. First, we construct an initial pair (u°, %) that will be used
as a starting point for constructing (u™, p™, n™) for m > 1. Second, we prove that if (u”, p™, n) are
known and satisfy certain estimates, then we can construct (!, p"*!, y™+1). Third, we combine the
first two steps in an appropriate way to iteratively construct all of the (™, p™, n™). Throughout the proof,
we will need to explicitly enumerate the various constants appearing in estimates where previously we
have written <. We do so with Cy, ..., Cjp > 0.

Before proceeding to the steps, we define some terms and make some assumptions. Let §; > 0 be such
that if K(n) < 41, then the hypotheses of Theorem 4.8 are satisfied. Similarly, let §> > O be the constant
such that if Ey(n) < §,, then the hypotheses of Theorem 5.4 are satisfied. We assume that § is sufficiently
small that €y < § satisfies the hypotheses of Proposition 5.3 and that (using the estimate (5-27))

€o(n) + Eo(u, p) < C1ép < C18 < min{l, 5} (6-4)
This allows us to use (5-10) of Lemma 5.2 with j = 2N — 1 to get the bound

So(F'(u, m), F*(u, n)) < C2%y. (6-5)
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Step 1: Seeding the sequence. We begin by extending the initial data 3/ u(0) € H*N=2/(Q) to a time-
dependent function «° such that Btj u%(0) = B,j u(0). We do so by applying Lemma A.5. Although this
produces a u° defined on the time interval [0, 00), we may restrict to [0, T'] without increasing any of the
space-time norms in £,y (1”). We may combine the estimate of £,y (1°) provided by Lemma A.5 with
(6-4) to get the bound

oy %) < C3%,,. (6-6)

With #° in hand, we define ° as the solution to (5-28) with u replacing u. To do so, we apply
Theorem 5.4, the hypotheses of which are satisfied by virtue of (6-4) and (6-6) if we further restrict to
(38 < 1. Restricting T as in the theorem, we find our solution 7°, which satisfies a,f n°(0) = 8tj n(0) as
well as the estimates

F(n°) < Ca(Fo+ T Ron @?)),
€(’) < Cs(€o+ T Ran (")), (6-7)

D(°) < Co(€o+ TFo + Koy ?)).

Step 2: The iteration argument. We claim that there exist y1, ¥2, ¥3. 74 > 0 and 0 < §, T < 1 (both
depending on the y;) such that if § < § and T < T, then the following property is satisfied. If (u™, n™)
are known and satisfy the estimates

EM™ <= yi@o+TFy)., DM™) < r(€o+T%),

(6-8)
Ron (™) =30+ TFo), F™) = CaFo+ va(éo+T%0),

then there exists a unique triple (1!, p”*1, n"*1) that achieves the initial data, satisfies (6-1) and (6-2),
and obeys the estimates

E"Y < 1€+ TFy), D™ < (€0 + TF),

(6-9)
K™ p" Y <3 €+ TFo), F™tY) < CaFo+ ya(€o + T Fo).

m+1 m+1

To prove the claim, we will first use n™ to solve for (u , p’"“), and then we will use the resulting u
to solve for n’"H. Along the way, we will restrict the size of § and T in terms of vi,i=1,2,3,4. We
will define the y; in terms of the C;, so the 8 and T can be thought of as universal constants. Note that the
estimates of (6-9) are stronger than those of (6-8) since £ (1) < K™ *!, p*1). This asymmetry
is useful to us since in Step 1, we have not bothered to construct pO, so only (uo, 770) are available to
begin the iterative construction of {(w™, p™, n"™)}>"_,.

From (5-31), (6-8), and the fact that €y + Tp%Fo < 1, we have that
EM™) < C7(EM™) + Kan ™A+ EM™))) < C1(v1 + 3 + v1¥3) (€0 + ToFo). (6-10)

We assume initially that T < Ty, the constant appearing in Theorem 4.8. We also assume that

~»

=

=

’

min{1, &;} 1 }

min{ , —
(Cn+y3t+nivz)+y2) vs
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so that (6-8) implies that Ry (u™) < 1 and (6-10) implies that
A" = €M™ +DM™) < (C1(n + v3 + n1y3) + v2) (€0 + ToFo) < min(3y, 1},

the latter of which allows us to use Theorem 4.8 to produce a unique pair (1!, p”*!) that achieves the
desired initial data and satisfies (6-1). Moreover, from (4-75) and (6-4)—(6-5), we have the estimate

K™, p"thy < Cs(1 460+ 8M™)) exp(Co(1 + E(™)T)
x [(14C)E& +FF @™, n™), FP@™, n")]. (6-11)

Assume that 27 Co < log 2; then
Cs(1+%0 + &™) exp(Co(1 4+ E(0™)T) < 3Cgexp(2CoT) < 6Cs. (6-12)
On the other hand, we can use our bounds on ™, #™ in Lemma 5.1 to see that
S(FI@™, ™), FP @™ ™) < Cro[3Em™) +28(n™) Ko (™) + (Ran (u™)?]. (6-13)
Combining (6-11)—(6-13) with (6-8) then shows that

R(um-‘rl , pm+1)

<6Cs[ (14 C2)€o+3C1oy1(€o+ T Fo) +2C10v3(11 +¥2) (€0 + T Fo)> + Croy3 (€0 + T Fo)*].  (6-14)

We have now enumerated all of the constants C;,i =1, ..., 10 that we need to define the y;,i =1, ..., 4.
We choose the values of the y; according to

y1:=2Cs, v3:=6Cg(3+Cr+3Cioy1)+ C3,

(6-15)
y4 := Cy, y2 1= Ce(1 4+ y3).

Notice that even though we have used y; to define )3 and y;3 to define y», all of the y; are determined in
terms of the constants C;.

Now we will use the choice of the y; in (6-15) to derive the &(u"+!, p™*1) estimate of (6-9) from
(6-14). To do this, we further restrict

~

5,

=

1 1
min{ ) 3 }
2C1o3(vi +v2) Cioys

DN —

Then since €o+ T% <8+ T, we may use (6-14) to get the bound
R, p"H) <6C3(3+ Co+3C100) (€0 + TFo) < y3(€0 + TFo). (6-16)

Now we construct 1. Recall that 5§, T<1 /(2y3); this and (6-16) yield the bound Sy (1) < 1.
This estimate then allows us to apply Theorem 5.4 to find n”*! that solves (6-2) and achieves the initial

data. Estimates (5-29)—(5-32) of the theorem, together with (6-16) and the bound Tyy3 < Ty3 <1, imply
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that
F" ) < Ca(Fo + Tofon ™)) < CaFo + Ca(€o + T Fo),

@(nm+1) < C5 (%0 -+ TOﬁQN (I/lm+1)) < ZCS(%O + Tg;())’
@(nm-‘rl) < C6(%0 + T@O +§2N(um+1)) < C6(1 + )/3)(%0 + T%O) (6-17)

Using the definitions of the y; given in (6-15), we see from (6-17) that the n"+1 estimates of (6-9) hold.
Then, owing to (6-16), all of the estimates in (6-9) hold, which completes the proof of the claim.

Step 3: Construction of the full sequence. We assume that y|, y», y3, y4 are given by (6-15) and that §
and T are as small as in Step 2. We assume that § < Sand T < T in addition to the other restrictions
on their size made in Step 1 and before. Returning to (6-6), note that C3 < y3, which means that
Ry W) < 13(€0+T Fp). We can also combine (6-6) and (6-7) and further restrict T<l1 / C3 to deduce that

F(n°) < C4Fo+ ToC3C4€0 < CaFo + ya(€o + TFo),
¢(n”) < Cs(1+ TyC3)€o < 2Cs%0 < y1(€o + TFo),
D(n°) < Ce(€o+ TFo+ C3€0) < Co(1 +C3) (€0 + TFo) < y2(€o+ T Fo).

Note that in the last inequality we have used the fact that C3 < y3 to bound Ce(1 + C3) < Cg(1+y3) = ».
We are then free to use the pair (1°, n°) as the starting point in Step 2, which allows us to construct
(u', p', n') satistying the desired PDE and initial conditions, along with the estimates

e <y @+ TF), D' < y2(€o+ TF),
A", p"Y < 3o+ TF), Fn') < CaFo+ ya(éo+TF).

We then iterate from m = 1, ..., co, using (™, n™) and Step 2 to produce the next element of the
sequence, (u"*!, p™+!1 ym+1) which satisfies (6-9). All of the conclusions of the theorem follow. [J

Contraction. Estimates (6-3) of Theorem 6.1 allow us to extract weakly converging subsequences from

o0

the sequence {(u™, p™, n"™)}0_,.

But, given such a convergent subsequence {(u"*, p™*, n"™)}22 |, we
cannot guarantee that {(u~!, p"~1, nmk—l)},‘:‘; | converges to the same limit. This prevents us from
simply passing to the limit in (6-1)—(6-2) in order to produce the desired solution to (1-4). We are thus
led to study the strong convergence of the sequence, and in particular to consider its contraction in some
norm.

We now define the norms in which we will show the sequence contracts. For T > 0, we define
N, g3 T) = 10070 2 + 1017255 + 1300070 o + 1801210 + 19170 + 19117272,
MG T) = 8oy + 185117 o 2+ 187C 17212,

where we write L? H* for L7 ([0, T]; H*(2)) in 9t and L? ([0, T]; H*(X)) in 9.
The next result provides a comparison of 91 for pairs of solutions to problems of the form (6-1)—(6-2).
We will use it later in Theorem 6.3 to show that the sequence of approximate solutions contracts, but

(6-18)

we will also use it to prove the uniqueness of solutions to (1-4). To avoid confusion with the sequence
{(™, p™, ™)}, we refer to velocities as v/, w/, pressures as ¢/, and surface functions as ¢/ for j =1, 2.
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Theorem 6.2. Ler w', w2, v!, v2, ql, qz, and {1, ;2 satisfy
sup{€(¢"), €(¢?), €', ¢"), €*, ¢%), Ew', 0), Ew?, 0)} <, (6-19)

where the temporal L*° norms in & are computed over the interval [0, T] with 0 < T. Suppose that for
J=172,

vl — Agiv! + Vi) = 8,07bKI 3wl —w! - Vg w!  in Q,
divy v/ =0 in §2,
2 8.4 (g7, VNI = ¢ INT on X, (6-20)
v =0 on Xy,
8,00 = wl - NI on X,

where A7, K7, N7 are determined by ;f as usual. Further, suppose that Btkvl 0) = Btkvz(O) fork=0,1,
£1(0) = £%(0), and 4 (0) = ¢*(0).
Then there exist €1 > 0, Ty > 0 such that ife < ey and 0 < T < Ty, then

N — 02, q1 — qz; T) < %‘)’t(wl —w?,0;7T) (6-21)

and
M —¢% T) SNw' —w?, 0; 7). (6-22)

Proof. The proof proceeds through six steps. First, we define v =v' — v, w =w! —w?, g =¢q' —¢?,

and derive the PDEs satisfied by v, g. We also identify the energy evolution for some norms of d;v, 9;q.
Second, we bound various forcing terms that appear in the energy evolution and on the right side of the
PDE:s for v, g. Third, we prove some bounds for d;v, d,¢q, using the energy evolution equation. Fourth,
we use elliptic estimates to bound norms of v, ¢. Fifth, we derive estimates for ¢! — ¢2 in terms of w.
Sixth, we close the estimate to derive the contraction estimates (6-21), (6-22).

Step 1: PDEs and energy evolution for differences. We now derive the PDE satisfied by v, ¢, which are
defined above. We subtract the equations in (6-20) with j = 2 from the same equations with j = 1. With
the help of some simple algebra, we can write the resulting equations in terms of v, g:

v +divg Syi (g, v) =diV&41(|]])(&41_542)v2)+H1 in €,
divy v = H? in 2,
1 S (@, VN =D 12y 2N + H? on X, (6-23)
v=20 on X,
v(t =0) =0,

where H!, H?>, H? are defined by

H' = divgi_y2) (Dypv?) — (' = A Vg* + 8, DK (d3w' — d3w?) + (8, — 8,0 HbK ' d3w°

+3¢'b(K' = KH)dw? — (w'—w?) - Vyw' —w? Vy(w'—w?) —w?- Vi gew?,
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I‘I2 = — diV(&glf‘yﬁZ) Uz,
H? = —g*(N' =N + D v (N = N2) =D g1 2y 02 (NT=ND) + (¢ 1= L HN T+ 22 (N 1= ).

The solutions are sufficiently regular for us to differentiate (6-23) in time, which results in the equations

3 (3v) +divy Sy (g, 3,v) = diven Dy, 1 _5,2)v>) + H'  in ,

div i d,v = H? in Q,

St (g, 0 0IN' =D g o1 _g, o2y V>N + H on %, (6-24)
o,v=0 on X,

dv(t=0)=0,

where

H' =8, H" 4+ divy, 1 (D1 o2y v?) + divegt (Dt o2y 3v?) + divy, gt (Dyg1v) + divygr (D o1 0)

—Vyarq,  (6-25)
H? =3, H? — divy g1 v, (6-26)
H? = 8 H> + D _ 2y 302N + Dt o2y V2N — Sypi (g, 0) 9N + Dy 1o (6-27)

Now we multiply (6-24) by J '3, v, integrate over €2, and integrate by parts as in the proof of Theorem 4.3
to deduce the evolution equation

|atv|2 1 1 241

8‘/9—2 I+ Q|[D>ggla,v| J
_ [ Bl i g TqB%+ | 7' (div., (D 24 H Y9
= QT( : )+ i rqH” + o (divggr (Dgg, 1,2y 0?) + H') - 8,0

—~ / (Dot -, V>N + H?) - 0. (6-28)
)y

Another integration by parts reveals that

/ ]1 diV&ql (D(at&ql_aréﬁZ)Uz) -B,U = —%/ JllD(a[&g]_at&QZ)Uz . D&gl 81U+/ D(atw]_atﬂZ)Ule -atv. (6-29)
Q Q z

We then employ (6-29) to rewrite (6-28), and we integrate in time from 0 to # < T'; since d;v(t = 0) =0,
we arrive at the equation

9 2 t t 9 2
/ 120l Jl(t)+l//|ﬂ]&¢18,v|2]1=// 2017 ) gy
Q 2 2 Jo Ja 0Jao 2

t 1 t
+//J1(H1-8,U+H281q)—1//Jl[[])(gt&ql3t&¢z)v2:[[])&¢|8,v—//H3~8,v. (6-30)
0JQ 2 0JQ 0JX

Step 2: Estimates of the forcing terms. In order for Equation (6-30) to be useful, we must be able to

estimate the terms that appear on its right. To this end, we now derive estimates for H', H? 3,H? in
H°(2) and H? in H~'/2(X). We claim that the following estimates hold (here and through the end of
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this section, we have written P(-) for a polynomial such that P(0) = 0—possibly a different one each
time):

182 |, S PWVO[NIE = P32+ 18,8 = N2+ 1876 = 820
+lw' = w4+ 13w = dw? |l + vl + llglh]. (6-31)
18%], < PWa[lIg" =Pl + 19: " = 22 + vl (6-32)
lo: 72|, S PN = llia + 18" = 8,822+ 107¢ = 822 e + vl + 19,0l1]. (6-33)
17 S PWBIE =2+ 108" =0 2 + 0l + g ]+ 18,8 = 3821, (634

According to the definitions (6-25)—(6-27), all of the summands in H 1 H 2 8,151 2 are quadratic, of the
form X x Y, where Y is one of v, g, B,jg“l — a{;z for j =0,1,2, or B,jw] — 3tjw2 for j =0, 1. The
bounds (6-31)—(6-33) may be established by estimating the products X x Y with Lemmas A.1, A.7, A.9,
A.10, and A.8 and the usual Sobolev and trace embeddings; the appearance of the terms P (,/¢) is due to
the X terms, whose appropriate Sobolev norm may be bounded above by a polynomial in

JSup[ @D, €2, €1 g1). €2, 7). E(w!, 0), €W, 0)) < VE. (6-35)

The estimate (6-34) follows similarly by using (A-3) of Lemma A.1, except that H> has a single term,
namely (32" — 8,c%)e3, that is not quadratic and that causes the last term on the right side of (6-34) to
not be multiplied by P(,/¢). The same sort of argument also allows us to deduce the bound

D520y S PWE[NE =22+ 182" = 827 12)- (6-36)

We will eventually employ an elliptic estimate with (6-23), so we will also need estimates of H',
H?, H3 and the two other terms appearing on the right side of (6-23). The following estimates hold for
r=0,1:

IH', S PO = P lrsrp + 18,8 =882 —1p + v —w?r41],  (6-37)

1H?[lr41 S PN = EPllr132, (6-38)

IH 412 S PWONE = Pllrsp + 18" = llrsry2, (6-39)

|divp Dp—zy® |, S PWDIE =12, (6-40)
| Dy ° Ny, o S PWONE = sy (6-41)

The proof of (6-37)—(6-41) may be carried out in the same manner we used above to prove (6-31)—(6-34).

Step 3: Estimates of d;v from (6-30). Now we employ the estimates of the forcing terms from the previous
step in (6-30) in order to deduce estimates for d,v. First we note that, owing to (6-35) and Sobolev
embeddings, we obtain the bounds

17 Iz + 1K e ST+ P(Ve) and 13,7~ S P(Ve). (6-42)
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Because of the time derivative on ¢, the most delicate term in (6-30) is the product J! H?%3,9. To
handle it, we integrate by parts in time and use the fact that ¢ (0) = 0O to see that

t t
//Jleatq:/ [at/ quHz—/ atJIqH2+J1qatH2]
0JQ 0 Q Q
t

:/ quHz(t)—quHz(O)—/ / aJ'qH?*+ J'q0,H?

Q 0JQ
t

=/ quHz(t)—//8,J1qH2+qu8tH2. (6-43)

Q 0 JQ

This, (6-42), and the estimates (6-32) and (6-33) then imply that
t ! . .
/0 /Q T H*39 S P(Ve) g o pro [Z 18/ 2" =0/ €| pow e + ||U||L°°H1i|
j=0

t 2 ) )
+ P(ﬁ)/o ||61||0[Z [o/ ¢t =a/ ¢, + vl + ||atv||1}, (6-44)

Jj=0

where the L°° norms are computed over the temporal interval [0, T].
The other terms on the right of (6-30) are not so delicate and may be estimated directly with (6-31),
(6-34), and (6-36). Indeed, these estimates together with trace theory and the Poincaré inequality imply

t t
/f JlHl-atU—%J]D(grﬂl_arﬂZ)Uz:D&glatl}—/f Hg-atU
0 JQ 0Jx

t t
sf ||J1||L°°||H1||O||atv||0+%”JIHL&HD(a,.;dl—afsdz)vz||0||”]w8zv||0+/ VB 1 l3rvl )
0 0
t
sf ol (PWEWE+ [9ic" =387 ), (6-45)
0

where we have written

%=t =2+ 0! — a2}, + [02e! = 022,

2
+lw' = w?IF + [dw' = dw? |, + w3+ llgll7.  (6-46)

Also, we may use (6-35) to get the bound

t 9 2 t 9 2
/f 19| (8,]1K1)J1§Cﬁf/ﬂjl (6-47)
0Ja 2 0Jao 2
for some constant C > 0.

We now combine the estimates (6-44), (6-45), and (6-47) with (6-30), employ Lemma 2.1 to get the
bound ||9,v|1/2 < ||V J'D410,v]lo, and utilize Cauchy’s inequality to absorb fot ||8,v||% into the left side
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of the resulting inequality; this yields the bound
U owrst o+ [aors
2 Ja 8 Jo !

t 2

0Ja 2

t 1 . .
+ P(ﬁ)/o g 115+ P(«/E)IlqllLooHO[Z 18/ 2" =8/ | oo o + ||v||LooHu]

j=0
t 2 t
. . ’
+ P(ﬁ)/ ||(1||0[Z lo/¢! a7 c2], ,+ ||v||1] +/ [P(JE)@H c||a,;1—atcz||_1/z]- (6-48)
0 , 0
Jj=0
This bound can be viewed as a differential inequality of the form

t
x(@)+y@) < C«/E/ x(s)ds+ F(1),
0
where x, y, F > 0, x(0) =0, and F(¢) is increasing in . Gronwall’s lemma then implies that
x(t) + y(t) < eSVEF@). (6-49)

We assume that ¢; and T are sufficiently small for eCVe < e“VeTi <2 Then from (6-48), (6-49), and
Lemma 2.1, we deduce the bound

T
2
18,0117 g0 + 180117251 < P(VEGN 250 + C 188" = 8:8%]|J2py1e + / P(/e)%
0

1
+ P(V&) gl o po [Z 107 ¢" =0/ || poopyrn + ||v||LooHn}

Jj=0
2 . .
+ P(V) gl 2p0 [Z |97¢" =8/ | oy + ||v||L2H1], (6-50)
j=0

where again the temporal L> and L? norms are computed over [0, T'].

Step 4: Elliptic estimates for v and g. In order to close our estimates, we must be able to estimate v
and ¢g. This will be accomplished with an elliptic estimate. We combine Proposition 3.7 with the estimates
(6-37)—(6-41) to deduce the bound for r =0, 1,

101742+ llgl174y

. 2 2
SN0vl7 + 1H 17 + [diva Oy ) [ NH 17y + T4 + | Doy 0N

r+1/2
2
SHIZ+ 18 =270+ PWOLIE = PN+ 88 = 8,87y + Ilw! —w?l7 4] (6-5D)
We set r = 0 in (6-51) and then take the supremum in time over [0, 7] to find
1012 w2 F 113 it SNV oo + 18" = 213 10

+ PO =212 e+ 108 =882 F e + ' — w22 ] (6-52)
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Then we set » = 1 in (6-51) and integrate over [0, T'] to find
10l 5 + 11132 0
2
SN2 118 =82 172 e+ PV =272 st [8:8 = 8,82 | Lo i HlIw —=w? 12,2 ]. (6-53)

Step 5: Estimates of {' — ¢%. Now we turn to estimating the difference ¢! — ¢2 in terms of w! — w?. We
subtract the equations satisfied by ¢2 from the one for ¢! to find that

{at(zl — ) +w D' =) =w' —w?-N? inZ,
' =3 =0 =0.

The PDE (6-54) is a transport equation for ¢! — ¢2, so we can employ Lemma A.11 to estimate

(6-54)

T T
||¢‘—¢2||Loowsexp<c fo ||w‘<r>||H7/z<z)dr) /0 ! =w?) - N2 )| s s, dr

S eYTVE(14+ P(/6)) /OTH(w‘ —w)()ydr
SVIVE(L4 P(VO)VT w' — w2 .
We can further restrict £; and 77 so that eCVTVE <2and 1+ P({/¢) <2; then
e = 2l pomse S VT lw' —w?| 2o (6-55)
Then we use the first equation in (6-54), trace theory, and the estimate (6-55) to see that
||8,§1 - al§2HL00H3/2 = H(wl —w?) 'N2||L°°H3/2 + ||w1 D' - €2)“LOOHW
S(1+PWa)Iw' —w’ll e psngs) + PWONE = Pl peopsre
Slw' = w?|lpopz + PWOVT [w' — w?ll 2. (6-56)
Similarly, we differentiate (6-54) in time to find that
[07¢" = 8762 oo
S (1+PWo)|aiw' = w?| oy + PWO[llw' = w?ll 2t +118" =2 23 +[8:8 ' =882 Lo yy0]
< w' = dw?| o+ PWEVT [l = wll o + 18" = &2 oo + 8 = 82| o g2
S 9w = 9w 2 + PWEVT lw' = w |l g2+ P(VE)T w0 —w? [ 2. (6-57)

Step 6: Synthesis: contraction. We now have all of the ingredients to prove our contraction result. We

write
NU(T) ;=N =%, ¢' — g% 1),

NY(T) :=N(w' —w?, 0: T),
M(T) =M —¢% T), (6-58)

where 21 and 1 are defined by (6-18). We will first rewrite the bounds (6-50), (6-52), and (6-53) in terms
of these new quantities.
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We begin with the right side of (6-50). According to the definition of %, (6-46), we may bound

T
lgl13 2 40 +/0 %S A+T) [T +N(T)] 4+ TN(T). (6-59)

Similarly,

2
||q||LzHo[Z 18/ ¢ =0/ || 2y + ||v||LzH1] ST [(1+VT)YIM(T) +/TN(T) ], (6-60)

j=0
l8ict = 80,8232y < TOUT), (6-61)

and

1
g1l 2o £r0 [Z |8/ " =0/ %] foo e + ||v||LooHu] SV [\/zmm + V(T ] (6-62)
Jj=0

Then, using (6-59)—(6-62) and Cauchy’s inequality, we may rewrite (6-50) as

1801170 o + 19601172
S[T+PWe)A+D)]MT) +[PWe)(1+ TN (T) + [P(WVe) (L + T)|N(T).  (6-63)

Now we turn to the elliptic estimates (6-52)—(6-53). The bound (6-52) becomes
117 o2+ 117 1 S NB01T o 118" = 27 o + PV [IUT) + N (T)]. (6-64)

Note here that we have kept the term with ¢! — ¢2 because it does not yet have a small multiplier in front
of it. On the other hand, the bound (6-53) becomes

1001355 + G117 2 S N3 017 0 + T (14 P(VE)) [I(T) + M (T)]. (6-65)

We need not retain the ¢! — ¢ term in (6-65) since we can control the square of the temporal L? norm by
the square of the L°° norm to pick up a T factor.
Next we reformulate the bounds (6-55)—(6-57) in a similar fashion. The estimate (6-55) becomes

16" = 21 pysn S TN (D). (6-66)
Similarly, we may sum (6-56) and (6-57) to get the bound
la:c" —a,¢2 ||in3/2 + 3¢t - a,;2||izH1/2 S[1+ (T +THP o) N(T). (6-67)
Summing (6-66) and (6-67) yields
M(T) S[1+(T + T2)P(ﬁ)]mw(T). (6-68)

The estimate (6-22) directly follows from (6-68) and the definitions (6-58).

We now combine the above to get an estimate for 91 from our estimates for v, g. Note that due to
(6-66), estimate (6-64) also holds with [ —¢?|12 ., » replaced by T91*(T) on the right. We then add
this modified version of (6-64) to (6-65), and then add to this a large constant times (6-63). If the constant
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is chosen to be sufficiently large, we can absorb the appearances of d,v norms on the right side into the
left; doing so, we arrive at the bound

N(T) S[T+PWA+T)]MT)+ [T +Pe)1+ TN (T) +[P(Ve)(1+T)|N(T). (6-69)
This estimate may be combined with (6-68) to see that
N(T) S[1+ (T +THPWD][T + Pe)A+T)N(T) +[P(Ve)1+ TDN(T).  (6-70)

By further restricting £, and 77, we may replace (6-70) by NV (T) < ;lt‘ﬁw(T) + %‘ﬁ”(T), which may be
rearranged to see that 91" (T) < %‘J‘(”’(T), which gives (6-21) after using the definitions of 0" (T'), 21 (T)
given in (6-58). U

Local well-posedness: the proof of Theorem 1.1. Now we combine Theorems 6.1 and 6.2 to produce
a solution to problem (1-4). Note that Theorem 1.1 follows directly from the following theorem by
changing notation.

Theorem 6.3. Assume that ug, ng satisfy €g, Fo < oo and that the initial data 8tj u(0), etc. are as
constructed on pages 338-339 and satisfy the (2N)-th compatibility conditions (5-22). Then there exist
0 < o, To < 1 such that if €y < §p and 0 < T < Toymin{1, 1/Fg}, then the following hold. There exists a
solution triple (u, p, n) to the problem (1-4) on the time interval [0, T'] that achieves the initial data and
satisfies

R() + R, p) =C(€o+TFop) and F(n) < C(Fo+ €+ TF) (6-71)

for a universal constant C > 0. The solution is unique among functions that achieve the initial data and
satisfy E(n) + E(u, p) < 0o. Moreover, 1 is such that the mapping ® (-, t), defined by (1-1), is a CcN-2
diffeomorphism for each t € [0, T].

Proof. We again divide the proof into several steps. First, we use Theorem 6.1 to construct a sequence
of approximate solutions. Then we use Theorem 6.2 to show the sequence converges in the norm

VIM(n; T) +N(u, p; T), which yields strong convergence of the sequence. Next, we use an interpolation
argument to improve the convergence results. These then allow us to pass to the limit in the PDEs to
deduce that the limit solves the problem (1-4). Finally, we again use Theorem 6.2 to show that our
solution is unique.

We assume throughout the proof that Ty < min{Tj, T}, where T is given by Theorem 6.1, and T} is
given by Theorem 6.2. Let C > 0 denote the universal constant in Theorem 6.1. We further assume that
To < e1/(2C), where 1 > 0 is the constant from Theorem 6.2.

Step 1: The sequence of approximate solutions. Suppose that §y < §, where § is given in Theorem 6.1.

o0
m=1°

The hypotheses then allow us to apply Theorem 6.1 to produce the sequence of triples {(u™, p™, n)}
all elements of which achieve the initial data, satisfy the PDEs (6-1), (6-2), and obey the bounds

sup (ﬁ(nm) + R®w™, pm)) <C(€o+T%y) and supF(n™)<C(Fo+€o+T%). (6-72)
m=>1

m>1
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We further assume that §y is small enough for C§y < /2 (with & again from Theorem 6.2) so that (6-72)
implies, in particular, that

sup max{€(n™), €™, p")} = C(€+ TFo) < C(8 +To) <e1. (6-73)

m>1

The uniform bounds (6-72) allow us to take weak and weak-*x limits, up to the extraction of a
subsequence:

3 um — 8/u weakly in L2([0, T]; H*N=2/+1(Q)) for j =0, ..., 2N,
AN TLym  92NFly weakly in (%7)*,
ol um = 8] u weakly-# in L ([0, T]; H*N=2/(Q)) for j =0, ..., 2N,
3 pm —~ 2/ p weakly in L2([0, T1; H*V=2/(Q)) for j =0,...,2N — 1,
3 pm 597 p weakly-+ in L ([0, T]; H*N=2/-1(Q)) for j =0,...,2N — 1
and
" —n weakly in L*([0, T1; H*VT1/2(%)),

™ — am  weakly in L*([0, T]; H*N~1/2(%)),
o/ n" — 8/n  weakly in L2([0, T1; H*N=25/2()) for j =2,...,2N +1,
*

n"m—n weakly-* in LOO([O, TI: H4N+1/2(E)),
o/nm = 9/n  weakly-x in L([0, T1; H*V=2 (%)) for j=1,...,2N.

According to the weak and weak-* lower semicontinuity of the norms in K(n™), K(u™, p™), and F(n™),
we find that the limit («, p, n) satisfies

R+ Ru, p) =C(€+TFo) and F(n) < C(Fo+ €+ TFo).

The collection of triples (v, g, ¢) that achieve the initial data, that is, 8} v(0) = 8/ u(0), 8/ £ (0) = 8/ n(0)
for j =0,...,2N and 8,jq(0) = 8,jp(0) for j =0,...,2N — 1, is clearly convex; Lemma A.4 implies
that it is also closed with respect to the topology generated by the norm /D (Z) + D (v, g). Therefore,
the collection is also closed in the corresponding weak topology. Then, since each (1™, p™, ™) is in this
collection, we deduce that the limit (u, p, ) is as well. Hence (u, p, ) achieves the initial data.

Step 2: Contraction. Now we want to improve the weak convergence results of the previous step to
strong convergence in the norm /9M(n; T) + N(u, p; T), where 9t and N are defined by (6-18). For
m > 1’ we set 1)1 :um+2’ v2 :um—i-l’ wl :um—l—]’ w2 :um’ ql :pm—}-Z’ q2 :pm—i-l’ é-l — 7,]m—i-l’ ;2 — nm
in Theorem 6.2. Because of (6-1)—(6-2), we have that (6-20) holds; the initial data of w/, v/, ¢/, ¢/
match for j = 1, 2 by construction. Also, (6-73) implies that (6-19) holds, so all of the hypotheses of

Theorem 6.2 are satisfied. Then (6-21) and (6-22) imply that

;ﬁ(um-i-Z o um-i—l’ pm+2 _ pm-i-l; T) < %m(um-i-l o um’ pm—H - pm; T) (6-74)

and

~

m(nm-i-l _ nm; T) < m(um—b—l _ um’ pm+1 _ pm; T) (6_75)
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The bound (6-74) implies that the sequence {(u"™, p™)}>°_, is Cauchy in the norm (-, -; T'), so as
m— 00,
u™ — u in L>([0, T1; H*(2)) N L*([0, T1, H*(Q)),

dqu™ — du in L>([0, T1; H*(Q)) N L*([0, T1, H'(Q)), (6-76)
p"—p in L>([0, T1; H'(Q)) N L*([0, T1, H*(Q)).

Because of (6-75), we further deduce that the sequence {n™};"_, is Cauchy in the norm /9(-; T), so

that, as m — oo,
"= in L>([0, T1; HY*(%)),

™ — 9m  in L([0, T]; H¥*(X)), (6-77)
3™ — a2y in L2([0, T1; H'/*(D)).
Step 3: Interpolation for improved strong convergence. Since (u™, p™, n™) obey the bounds (6-72), we

can parlay the convergence results (6-76), (6-77) into convergence in better norms by use of interpolation
theory. We first interpolate with L2 H® norms of temporal derivatives (such estimates take the form

i 1-6
185 fll 2o < CCON LN 0197 £ 200 (6-78)

for j >k>0and 6 =6(j, k) € (0, 1) and C(T) a constant depending on T'), which reveals that

o/um — d/u in L2([0, T1; H*(Q)) for j =0,...,2N —1,
o/ pm — 8/ p in L*([0, T1; H*(Q)) for j =0,...,2N -2, (6-79)
o/ — 8/n in L*([0, T1; H(Z)) for j =0,...,2N.

Here the range of j is determined by the range of j appearing in ©(n) and ®(u, p). Then we use spatial
interpolation between H 0 and H* to deduce from (6-79) that

o/um — d/u in L2([0, T1; H*V=2/(Q)) for j =0,...,2N —1,

ol pm — 3/ p in L2([0, T]; H*N=2-1(Q)) for j =0,...,2N =2,

{n"—n in L2([0, T1; H*M (D)), (6-80)
o™ — am  in L*([0, T]; H*N-1(X)),

o™ — 8/n in L2([0, T1; H*N=2+2(%)) for j =2,...,2N.

Here the Sobolev index is determined by the Sobolev index k in the L?H* norms of ®(n) and D (u, D).
Finally, we use the temporal L? convergence of (6-80) to get L™ and C° convergence by applying
Lemma A.4. This yields

o/ um — d3/u in CO([0, TT; H*N=21=1(Q)) for j =0,...,2N —2,

o/ pm — 8/ p in CO[0, T]; H*N=21=2(Q)) for j =0,...,2N 3,

17" = in C°([0, T1; H*V-12(:)), (6-81)
([0, T1; H*N3/2(%)),

o/ — 8/n inCO([0, T]; H*N=2+(2)) for j =2,...,2N — 1.

an™ — dn inCO
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Step 4: Passing to the limit in the PDEs. The strong convergence results of (6-81) are more than sufficient
for us to pass to the limit in the equations (6-1), (6-2) for each ¢ € [0, T']. Doing so, we find that the limits
(u, p, n) are a strong solution to problem (1-4) on the time interval ¢ € [0, T'].

Step 5: Uniqueness. We now turn to the question of uniqueness of our solution (u, p, n). Suppose that
(v, g, ¢) is another solution to (1-4) on the time interval [0, T'] that achieves the same initial data as
(u, p, n) and which satisfies E(¢)+ E(v, g) < oo. Since (v, q, ¢) achieve the same data as (u, pn), which

is small, we may restrict to a temporal subinterval [0, 7..] C [0, T] so that €(¢) + &(v, q) < &1, where &

is given in Theorem 6.2 and the norms are computed on [0, 7,.]. We then set vi=wl=u, vP=wi=nv,

ql =p, q2 =gq, {1 =n, and §2 = ¢ in Theorem 6.2 to deduce that
Nu—v,p—q:T) <3Nu—v,p—q;T.) and M —¢;T) SNw—v, p—q; Ty,

which implies that u = v, p = ¢, n = ¢ on the time interval [0, 7,]. This argument can then be iterated in
the usual way, repeatedly increasing T, to extend the uniqueness to all of the interval [0, T].

Step 6: Diffeomorphism. 1t is easy to check that the smallness of £(7) is sufficient to guarantee that the
map ®, given by (1-1), is a C' diffeomorphism for each ¢ € [0, T]. The fact that it is in C*¥~2 follows
easily from Lemma A.10 in the periodic case and Lemma A.8 in the infinite case. O

Appendix: Analytic tools
Products in Sobolev spaces. We will need some estimates of the product of functions in Sobolev spaces.
Lemma A.1. Let U denote either ¥ or Q.
(1) Let 0 <r <s1 <sp be such that sy > n/2. Let f € H*(U), g € H2(U). Then fg € H" (U) and
1fgllar SN fllas lglas. (A-1)
(2) Let 0 <r <sy <59 be such that s, >r+n/2. Let f € H*'(U), g € H>(U). Then fg € H" (U) and
1 8llar S W as gl (A-2)

(3) LetO<r <s1 <sp be suchthat s, >r+n/2. Let f € H7"(X), g € H2(X). Then fg € H™*'(X)
and

1f8ll-si S NSI=rN1gls,- (A-3)

Proof. The proofs of (A-1) and (A-2) are standard; the bounds are first proved in R"” with the Fourier
transform, and then the bounds in sufficiently nice subsets of R"” are deduced by use of an extension
operator. To prove (A-3), we argue by duality. For ¢ € H*!, we use (A-2) bound

/ ofg SNeglrll fll—r S lells gl f -
z

so that taking the supremum over ¢ with |l¢|l;, <1, we get (A-3). O

We will also need the following variant.



358 YAN GUO AND IAN TICE
Lemma A.2. Suppose that f € C'(X) and g € H'/*(X). Then

Ifgl2 S N fllerliglhye.

Proof. Consider the operator F : H* — H* given by F(g) = fg for k =0, 1. It is a bounded operator for
k=0, 1 since
Ifgllo < flictligllo and [ fglli S flctllglh-

Then the theory of interpolation of operators implies that F is bounded from H'/? to itself, with operator
norm less than a constant times /|| fllc1+/ Il fllct = || fllc1, which is the desired result. Il

Identities involving sd. We now record some useful identities involving &4, as defined by (1-3).
Lemma A.3. The following hold.

(1) Foreach j =1, 2,3, we have that d;(J i) = 0.
(2) On X, we have that Jsdes = N, while on X, we have that J de; = es.
(3) Let R be defined by (4-8). Then RTN = —9,N on X.

Proof. The first item may be verified by a simple computation. The first part of the second item holds
since b = 1 on X, which means that

JAes = —Ae; — Bey +e3 = —01ne; — ey +e3 = —01ne; — drney +e3 =N

on ¥. The second part of the third item follows similarly since 5 = 0 on X,. For the third item, we
compute RT = —K9,J — 9,54s4~!. Then, using the second item, we find that, on X,

RTN = (—K3,J — 8, AA™ Y T sles = —8,J Aes — J o, sles

—AJ3,K HA+AJOK 3 A
=|-BJa.k |+|8B+BJ,k|=|8B|=-0aN. O
aJK —Jo,.K 0

Continuity and temporal derivatives. We will need the following interpolation result, which affords us
control of the L>° H* norm of a function f, given that we control f in L>2H**" and 8, f in L>H*~™.

Lemma A.4. Let I denote either X or Q2. Suppose ¢ € L?([0, T); H*"(T)) and 3, € L*([0, T1; H*2("))
forsy > s, >0. Let s = (s1+52)/2. Then ¢ € Cco([o, T1; H*(I)) (after possibly being redefined on a set
of measure 0), and

1
160w (1 + 7>(||;||izm + 10813 ). (A-4)

Proof. According to the usual theory of extensions and restrictions in Sobolev spaces, it suffices to prove
the result with I' =R" or I' = (L T) x (L, T) x R" forn =2,3, m =0, 1. We will prove the result
assuming that I' = R"; the proof in the other case may be derived similarly, replacing integrals in Fourier
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space with sums, etc. Assume for the moment that ¢ is smooth. Writing ~ for the Fourier transform, we
compute

aNEWIF = 2%(/;5)”2(5, L r>ds) < 2/Rn<s>2“‘|2<s, O110:¢ (€, 0)] dé

=2/W<s>“|2<s, OLE)?19:E (€, 1)l dE < /Rn<s>2“|£<s, 0 dé +/ ()220, €. 1) d

R~

= 1EOIZ + 8O3

Hence for r, t € [0, T, we have that || (7)]|? < IIg“(r)Ilf +11¢ ”iZHSl + ||19;¢ ||iszZ. We can then integrate

both sides of this inequality with respect to r € [0, T'] to deduce the bound

1 1
SUp 15 ()12 = 161 1602 g+ 00602 gy S (11 ) (16 gy 108 W) (A-5)
O<t=<T T T
If ¢ is not smooth, we may employ a standard mollification argument (see [Evans 2010, Section 5.9]) in
conjunction with (A-5) to deduce that { € C 0([0, T1; H*(R™)) and that (A-4) holds. U

Extension results. In our well-posedness arguments, we need to be able to take the initial data B,j u(0),
Jj=0,...,2N and extend it to a function u satisfying fon (1) < €o(u, 0), defined by (5-2) and (5-7),
respectively. This extension is the content of the following lemma.

Lemma A.S. Suppose that 8tju(0) € H*N=2/(Q) for j =0, ...,2N. Then there exists an extension u,
achieving the initial data, so that

at]u c LZ([O, OO), H4N—2J+I(Q)) N LOO([O, OO), H4N_2J(Q))
for j=0,...,2N. Moreover, Ron(u) < €y(u, 0), where in the definition of Koy (u) we take T = oo.

Proof. Owing to the usual theory of extensions and restrictions in Sobolev spaces, it suffices to prove the
result with Q replaced by R3 in the nonperiodic case and (L T) x (L, T) x R in the periodic case. The
proof in the periodic case can be derived from the nonperiodic proof by trivially changing some integrals
over frequencies to sums; thus we present only the proof in R>.

Let f; € H*N=2/(R3) denote the spatial extension of 3/ u(0) € H*N=2(Q). It suffices to construct
Fj(x,t)for j =0,...,2N so that afFj (x,0) =6, 1 fj(x) (8« is the Kronecker delta) and

ko2 kg2 2
197 Fjll 72 ppan—2ee1 107 Fillpoo v SN Fillan—2; (A-6)

for k=0, ...,2N. Indeed, with such F; in hand, the sum F = Z?lzv o F'j is the desired extension. Note
that in the norms of (A-6), the symbol L” H™ denotes L” ([0, o0); H™(R3)).

Let ¢; € C°(R) be such that (pj.k) (0)=§;« fork=0, ..., 2N (here (k) is the number of derivatives). We
then define I:"j é. 1) =gp; (t(é)z)j?j(é)(é)_2</, where ° denotes the Fourier transform and (£) = /1 + |£]%.
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By construction, 8f F; (8. 1) = ¢ (1(£)?) f; (§) (€)%, s that 9 F (-, 0) = 81 f;. We estimate
[0 0y = /R EPNRUeB e[| f®)| )2 de
= fR [P a@M1H®FE N0 ds < o |l il
s that (|9 Fj112 . yav-a S I1fj 13—y, Similarly,
[0 Fi 2 por-es = /Ooo [ PO e o) e dg ar
= /0 ) /R Lo a@n 1@ 2 ag ar
= A3|ﬁ(§)|2(5)2(4N2””(/Oooitpj-k)(t(é)z)fdt) dt

A 2 . 1 00 5
= [ 1@ere >(E [l d") dt
1o [ 1F PP ae =[Ol £l A

so that ||8tk F; ”%2H4N*2’<+1 S ||‘2W_2j. Note that in (A-7), we have used Fubini’s theorem to switch the

order of integration; this is possible since ¢ is compactly supported. We then have that F; satisfies the
desired properties, completing the proof. O

A similar result can be proved for the pressure. We omit the proof.

Lemma A.6. Suppose that c’),jp(O) € H¥N=2I=1(Q) for j =0, ...,2N — 1. Then there exists an exten-
sion p, achieving the initial data, such that

8/ p € L*([0, 00); H*V =2 (2)) N L*([0, 00); H* =271 (Q))

for j=0,...,2N — 1. Moreover,

2N—1 ) 5 ) 5 2N—1 ) 5
Z ” al‘Jp||L2H4N—2j + || at]PH [0 gAN—2j—1 N Z ”atjp(o) ||H4N—2j—l-
j=0 =0

Poisson integral: nonperiodic case. For a function f, defined on ¥ = R?, the Poisson integral in
R? x (—o0, 0) is defined by

P10 = [ F@eEn e g (A-8)
R2

Although @ f is defined in all of R?> x (—o0, 0), we will only need bounds on its norm in the restricted
domain Q = R? x (—b, 0). This yields a couple improvements of the usual estimates of % f on the set
R? x (—00, 0).
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Lemma A.7. Let @ f be the Poisson integral of a function f that is either in H1(X) or H1~V/2(X) for
g €N (here H® is the usual homogeneous Sobolev space of order s). Then

— p—4mbl§]

A 1
v i [ PR (g —

o) 2

and in particular,

IVIP UG S ooy and  IVIPFIG S 1 150 5y (A-10)

Proof. Employing Fubini, the horizontal Fourier transform, and Parseval, we may bound

0
IVI2F1I5 S /R 2 f P F @t dxs d

A 5 0 A1 — e 4mblEl (A-11)
< f HVG] (/ etrleha dx3) d 5f 62| f )| (—) dE.
R —b R? 3
This is (A-9). To deduce (A-10) from (A-9), we simply note that
1— e—4nb\§| ) 1
H = m1n{47rb, E}’ (A-12)

2

. . . . 2
which means we are free to bound the right-hand side of (A-11) by either || || Fa-12(x) OF AN Ha(z)"

We will also need L*° estimates.

Lemma A.8. Let P f be the Poisson integral of f, defined on ¥. Let ¢ € N, s > 1. Then
V9P fliz~ S ID?FII- (A-13)

Proof. We use the definition of % f and the trivial estimate exp(2r |§|x3) <1 in Q2 to get the bound

v i 5 [l o) e

The estimate (A-13) then follows from this and the easy bound

A 12
[ evli@lde sipron. ([ @ a) <t
which holds when s > 1. g

Poisson integral: periodic case. Suppose that ¥ = (L T) x (L,T). We define the Poisson integral in
Q—ZEX(_OO’O)by . f N
@f(x) — Z eZmn~x 82n|n|x3f(n), (A—14)

ne(L7'Dyx(L;'2)

where for n € (LI_IZ) X (LZ_IZ), we have written

— / . /
e 2win-x

O /E FOO S
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It is well known that @ : H*(X) — H**!/2(Q_) is a bounded linear operator for s > 0. We now show
how derivatives of ? f can be estimated in the smaller domain 2.

Lemma A.9. Let P f be the Poisson integral of a function f that is either in H1(X) or H1~V/2(X) for
q € N. Then
IVIP LIS S oy and IV LIS S 1 150 z)-

Proof. Since P f is defined on ¥ x (—o00, 0), it suffices to prove the estimates on Q=% x (—b4,0)
with by = sup,..x b since Q2 C 2. By Fubini and Parseval,

0
o rlpes X[ mPlfeferiea
nellT'yxy'n)" T
1_8—47Tb+|n|

S > Inlzq\f(n)lz(T). (A-15)

ne(L7' D)< (L;'2)

However,
1— 67471174r |n|

1
< min{47rb+, ﬁ},
n

which means we are free to bound the right-hand side of (A-15) by either || ]|

I

2 2
fa-1/2(x) OF ”f”Hq(E)-

We will also need L™ estimates.
Lemma A.10. Let P f be the Poisson integral of a function f that is in H1t5(X) for ¢ > 1 an integer

and s > 1. Then
IVIPf 1T SIS W

The same estimate holds for ¢ = 0 if f satisfies / f=0.
b

Proof. We estimate

A 1/2
IVIPfle S D \f(n)||nl"§||fllm+x< > |n|25) S g

ne(L7'Dx(L;'2) ne(L7'2)x (L' D\(0})
if s > 1. The same estimate works with g = 0 if f 0)=0. Il

Transport estimate. Let ¥ be either periodic or nonperiodic. Consider the equation

{8,n+u-Dn=g in ¥ x (0, 7), (A-16)
n( =0) = no,

with T € (0, oo]. We have the following estimate of the transport of regularity for solutions to (A-16),
which is a particular case of a more general result proved in [Danchin 2005a]. Note that the result in
[Danchin 20035a] is stated for £ = RZ, but the same result holds in the periodic setting X = (L{T) x (L, T),

as described in [Danchin 2005b].
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Lemma A.11 [Danchin 2005a, Proposition 2.1]. Let n be a solution to (A-16). Then there is a universal
constant C > 0 such that for any 0 < s < 2,

t t
sup [[n(r)llgs < eXp(C/ 1 Du )|l g3 dr) (IInolle +/ 18 ()l s dr)-
0 0

0<r<t
Proof. Use p=p, =2, N =2, and 0 = s in Proposition 2.1 of [Danchin 2005a] along with the embedding
H3*— B} _NL*™. O
Poincaré-type inequalities. Let ¥ and Q2 be either periodic or nonperiodic.

Lemma A.12. We have
112y S NIy + 193 £ 1172 (A-17)

forall f e H'(Q). Also, if f € WH®(Q), then

I 1 ooy SN ey + 195 f 1) - (A-18)

Proof. By density, we may assume that f is smooth. Writing x = (x’, x3) for x’ € ¥ and x3 € (—b(x"), 0),
we have

0
f )P =1 0P =2 | f(, 209 fK,2)dz

X3

0
SR 2 [ ol ol de

We may integrate this with respect to x3 € (—b(x'), 0) to get

0 0
/ G k)P < |f<x’,0>|2+2/ G D10 f (s ) dz.

—b(x’) —b(x")

Now we integrate over x’ € X to find

1
/|f<x)|2dx S ||f||iz(2)+2/ £ f ) dx <1 f 2y +8 1 1720y + = 105 F 172
Q Q €

for any ¢ > 0. Choosing ¢ > 0 sufficiently small then yields (A-17). The estimate (A-18) follows similarly,
taking suprema rather than integrating. g

We will need a version of Korn’s inequality, proved, for instance, in Lemma 2.7 of [Beale 1981].
Lemma A.13. We have |u|l; < ||Dullo for all u € H'(S2; R?) such that u = 0 on Xy,

We also record the standard Poincaré inequality, which applies for functions taking either vector or
scalar values.

Lemma A.14. We have | fllo S If i S IV fllo forall f € H'(Q) such that f = 0 on X;. Also,

I fll ey S I lwree) S IV fllpeq forall e W(Q) such that f =0 on .
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An elliptic estimate. The proof of the following estimate may be found in [Beale 1981] in the nonperiodic
case. The same proof holds in the periodic case with obvious modification.
Lemma A.15. Suppose (u, p) solve

—Au+Vp=¢pec H2Q),

divu =y € H (),

(pl —Du))es =a € H /2(%),

u|g,,:0.

Then, forr > 2,
IIMIIHr+||p||H, ' S ||¢I| . z+I|1/f|| - 1+||06|IHr 32 -

Integration by parts. Here we record a temporal integration-by-parts equation. We assume throughout
that 7 is sufficiently regular that J and s are C'([0, T]; L®(2)).

Lemma A.16. Suppose that
p € C°([0, T1; HY()),
w e C°([0, T1; H2(2)) N L*([0, TT; o H' (),
divyw=F e H'((0, T); H(Q)).

Define P € C°([0, T1; (oH'())*) via (P, v} = (p, divy v)o. Suppose also that
(Jw—P)e L*([0, TT; 0H'(2)%).
Then, forany 0 <s <t < T, we have
Hw®I§ = 3w 5 — (p@). F®), + (p(s), F(9)),
/ (0,(Jw—P), w) / f 1o, J|wl* + pd,(Jdi))d;jw; — pd,(JF). (A-19)

Proof. Step 1: Mollification. Let ¢ € C2°(R) be such that ¢(f) = 1 for t € [-2T,2T]. We define
w e COUR; H(Q)) via

w(0) <0,
w=¢w, wherew(t):=3w@k) 0<t<T,
w(T) t>T.
Similarly, we define p € CO(R; H*(Q)) via
p0) <0,
p=¢p, where p(t):={p(t) 0<t<T,
p(T) t>T.

Also let F € H'(R; H°(Q)) denote a bounded extension of F to all of R such that supp(F) C[-2T,2T].
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Now we let v/, be the usual 1 — D approximate identity (satisfying ¥ (x) = ¥ (x/¢) /e for ¥ € C2°(R)

with 0 < ¥, supp(y) C (=1, 1), and [ ¢ = 1) and define

we := e+ W € COR; H(Q)),

pe =V % p € CE(R; H(RQ)),

Fo =y % F € C®(R; H(Q)).
Let us define

P, € C'((0,T); (0H' (R))%)
via
(Pe, v)4 =/ peJ divy v.
Q

The usual properties of mollifiers imply that

pe— p inC°([0, T]; H(Q)).
we —>w in C°([0, T]; HY(Q)),
we — w in L2([0, T1; o H' (Q)),
F.— F in H'((0,T); H'(Q)),
P.— P inC[0, T1; (0H'(2))"). (A-20)

Step 2: Computation. Now we define the function
f@©) =3w®)§— (p@), F@))o,
which clearly satisfies f € ([0, T]). We also define

fo() = Hwe (O — (P (1), Fe(1))o,

which satisfies f. € c'(o, 7).
Note that since F; — F in H'((0, T); H°(R)), the Sobolev embedding in one dimension implies that

F.—~ F inC°([0, T]; H(Q)).
From this and the COH° convergence results for p. and w, listed in (A-20), we see that
fe— f inC%0,T)). (A-21)

Now, since f; is C!, we may let 0 < s < < T and compute

N

fe(t)_fs(s):/atfeszat(-]we)'ws_%at-”welz_/atpe]Fs+peat(JFe)
s JQ Q

t t
=//at(-]ws)‘ws_%at]|w8|2_//atps-ldiV&Qws+peat(-]&dij)ajwa,i
s JQ s JQ
— Pe0r(JAij)0jwe i + 0r peJ (Fe — divyg we) + pe 0, (J Fe)

t
=/ (at(st_Ps)7 ws)*+/ _%81J|w8|2+psat(~]9ﬁij)ajws,i
s Q

— 0 peJ (Fe —divg we) — ped; (JFe).  (A-22)
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Now we send ¢ to 0. Note that by Lemma A.17, the p, convergence listed in (A-20), and an integration
by parts in time, we know that

t
//8,p€J(F8—divggw8)—>0.
s JQ

Similarly, from Lemma A.17 and the w, convergence listed in (A-20), we have that

/sl(at(lwg — P, w,), — [(a,(Jw —P),w),.
Then from these and (A-20), we can pass to the limit on the right side of (A-22), and from (A-21) we can
pass to the limit on the left. We then get (A-19). (|
The next lemma contains some of the convergence results used in the proof of the previous lemma.
Lemma A.17. We have
divy w, — F, —> 0 in C°([0, T]; H'(Q)) ase— 0,
By (dive we — F) > 0 in L2([0, T]; H(R)) ase — 0. (A-23)

Also,
O (Jwe — Po) = (Jw—P) in L*([0, T1; (0H'(R))*) ase— 0. (A-24)

Proof. Step 1: Proof of (A-23). We compute

. 1 t—
divy we (1) — Fu(t) = [ g¢<73)(wij(z) — sl;j(5)) 9wy (s) ds.
R
Then
t+e
Jaivawet) = 0 < Warstyleons | 2y (S0 )10y ds
t—¢&
t+¢e t—s
< sty cop / v (=) 18w (o)llods
t—e¢
t+e 1/2
< N0t | copv/26 ( f ||a,-w,-<s)||3ds> SNl cope lwl g
t—e
Hence
sup |diveg we () — Fe ()], S Vellorshijllcopoo w21 — O. (A-25)
t€l0,T]

Next, we handle the time derivative. We write 9; (divy we (1) — F,(t)) = I + I, with

1 —
1:=/REw(%)atwij(t)ajw,-(s)ds.

Clearly

I — 0,54;;0;w; in L’L? ase— 0.
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Also,

Il = /;HE éw'(t_s>(&gij(t);&gij(s))ajwi(s) ds

e €

1 () — ol (f —
=/ w’(r)(‘gd”(t) it 8r))8jwi(t—8r)dr.
—1 &

Note that
/ ry’'(r)ydr = —f Y(r)ydr = —1.
R R

Hence, for any k € L?H° we have

1 .. — A (F —
I1(t) — k(1) :/ w’m[(‘% @) ‘f“ « 8r))ajwi(t —er) +k(t)ri| dr.
-1

From this we see that if we choose

k(t) =—0:94;;(1)0;w;(t) € L*HC,

then
Il —k—0 inL*H°.

Hence
3 (diveg we(t) — Fo(0)) =1 +11 -0 in L*H°,

which together with (A-25) is (A-23).

Step 2: Proof of (A-24). Since Jw — P € H'((0, T); (oH'(2))*), the usual theory of mollifiers shows

that
Yex(Jw—P)—> Jw—P in H'((0,T); (H'(Q)*) ase—0.

Hence, to prove (A-24) it suffices to prove that
W[(Jws — Po) =Y x (Jw—P)| -0 in L*([0, T]; QH'(Q))*) ase— 0.

This convergence may be deduced by modifying the argument used above in Step 1. O
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HYPOELLIPTICITY AND NONHYPOELLIPTICITY
FOR SUMS OF SQUARES OF COMPLEX VECTOR FIELDS

ANTONIO BOVE, MARCO MUGHETTI AND DAVID S. TARTAKOFF

In this paper we consider a model sum of squares of complex vector fields in the plane, close to Kohn’s
operator but with a point singularity,

P=BB*+B*(t* +x*)B, B=D,+ix?'D,.

The characteristic variety of P is the symplectic real analytic manifold x = & = 0. We show that this
operator is C *°-hypoelliptic and Gevrey hypoelliptic in G, the Gevrey space of index s, provided k < /g,
forevery s > lq/(lqg —k) =1+ k/(lqg—k). We show that in the Gevrey spaces below this index, the
operator is not hypoelliptic. Moreover, if k > /¢, the operator is not even hypoelliptic in C*°. This fact
leads to a general negative statement on the hypoellipticity properties of sums of squares of complex
vector fields, even when the complex Hérmander condition is satisfied.
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1. Introduction

In [Kohn 2005] (and [Bove et al. 2006]; see below) the operator
Emik =LmLm+Ln|z|* Ly, Lm= % —iz|z|2(m—1)3

was introduced and shown to be hypoelliptic, yet to lose 2 + (k — 1)/m derivatives in L? Sobolev norms.
Christ [2005] showed that the addition of one more variable destroys hypoellipticity altogether. In those
seminal works, m = 1, but Kohn, A. Bove, M. Derridj, and D. S. Tartakoff generalized the results to
higher m in [Bove et al. 2006] and elsewhere.
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Subsequently, Bove and Tartakoff [2010] showed that Kohn’s operator with an added Oleinik-type
singularity, of the form studied in [Bove and Tartakoff 1997],

Epy + 22?2~V D2,

is Gevrey s-hypoelliptic for any s > 2m/(p — k) (here 2m > p > k). A related result is that the “real”
version, with X = D, +ix9-!D,, where Dy =i~ '9,,

Rq,k + XZ(P—I)Di — XX* + (ka)*(ka) + x2(p—1)DJ2/

is sharply Gevrey s-hypoelliptic for any s > ¢q/(p — k), where ¢ > p > k and ¢ is an even integer.
In this paper we consider the operator

P =BB*+ B*(t* +x*)B, B=Dy+ix?'D,, (1-1)

where k, [ and ¢ are positive integers, ¢ even; see [Bove et al. 2010].

Observe that P is a sum of three squares of complex vector fields, but with a small change not altering
the results, we might make P a sum of two squares of complex vector fields in two variables, depending
on the same parameters: for example, BB* + B* (12 + x2¥)2B.

Let us also note that the characteristic variety of P is {x = 0, & = 0}, a codimension-two real analytic
symplectic submanifold of T*R? \ 0, as in the case of Kohn’s operator. Moreover, the Poisson-Treves
stratification for P has a single stratum, thus coinciding with the characteristic manifold of P.

We want to analyze the hypoellipticity of P, both in C°° and in Gevrey classes. As we shall see, the
Gevrey classes play an important role. Here are our results:

Theorem 1.1. Let P be as in (1-1), g even.

(1) Suppose that

k
/> =. 1-2
p (1-2)

Then P is C°°-hypoelliptic (in a neighborhood of the origin) with a loss of 2(q— 1+ k) /q derivatives.

(ii) Assume that (1-2) is satisfied by the parameters [, k and q. Then P is Gevrey s-hypoelliptic for any
s, with ;
s = 9 .
lg—k

(1-3)

(iii) The value in (1-3) for the Gevrey hypoellipticity of P is optimal, that is, P is not Gevrey s-hypoelliptic
for any

lq
1< .
=S Tlg—k

(iv) Assume now that
(1-4)

NES

Then P is not C*°-hypoelliptic.
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It is worth noting that the operator P satisfies the complex Hormander condition, that is, the brackets
of the fields of length up to k + g generate a two-dimensional complex Lie algebra. Note that in the
present case the vector fields involved are B*, x* B and ¢/ B, but only the first two enter in the brackets
spanning C2. Actually the third vector field, despite being, as we have said, completely irrelevant in
computing the elliptic brackets or the characteristic manifold, proves essential for the hypoellipticity of
the operator in the sense that it determines whether the operator turns out hypoelliptic (in some sense) or
not. As of now we do not have a thorough understanding of this phenomenon.

Corollary 1.2. The complex Hormander condition does not imply C ®-hypoellipticity for sums of squares
of complex vector fields.

The real Hormander condition, using as vector fields both the real and the imaginary parts of the vector
fields defining P, does not imply C*°-hypoellipticity either.

This also followed from Christ’s theorem [2005], but in this case we are in two variables instead of
three. We are not aware of any sufficient condition for C*°-hypoellipticity of sums of squares of complex
vector fields, except the result proved in [Kohn 2005], according to which if the (complex) Lie algebra is
generated by the fields and their brackets of length at most 2, then the operator is C°°-hypoelliptic.

Restricting ourselves to the case ¢ even is no loss of generality, since the operator (1-1) corresponding
to an odd integer ¢ is plainly hypoelliptic and actually subelliptic, that is, there is a loss of less than
two derivatives. This fact is due to special circumstances, that is, that the operator B* has a trivial
kernel in that case. Actually when ¢ is odd, we have the estimate [[ul;/, < C||B*u|, u € C§°(Q),
with © a subset of R? that is open and containing the origin. From the straightforward inequality
[(Pu,u)| > || B*ul|*>, u e Cg°(£2), we deduce that ||u||%/q < C|(Pu,u)|. The latter estimate can be used
to prove the hypoellipticity (subellipticity) of P. We stress that Kohn’s original operator, in the complex
variable z, automatically has an even ¢, while in the “real case” the parity of ¢ does matter.

We want to discuss the issue of analytic (Gevrey) hypoellipticity. For sums of squares of real vector
fields, there is a conjecture due to F. Treves [1999; Bove and Treves 2004] stating a necessary and
sufficient condition for analytic hypoellipticity. To this end, one considers the characteristic set of the
operator and “decomposes” it into real analytic strata where the symplectic form has constant rank and
where the vector fields as well as their brackets up to a certain length have vanishing symbols, but there
exists at least a bracket of length greater by one whose symbol does not vanish. Roughly stated, the
conjecture says that if every stratum is a symplectic real analytic manifold, then the operator is analytic
hypoelliptic. In the case of the operator R, x (or E,, ), the stratification has just one stratum, coinciding
with the characteristic manifold, which is also a symplectic manifold. In [Kohn 2005; Bove et al. 2006] it
is proved that the operator is both C® and analytic hypoelliptic.

From Theorem 1.1(iii), however, we deduce the following:

Corollary 1.3. Treves’s conjecture does not carry over to sums of squares of complex vector fields.

We also want to stress microlocal aspects of the theorem: the characteristic manifold of P is symplectic
in T*R? of codimension two, and as such it may be identified with T*R\ 0 ~ {(¢, 7) | T # 0} (leaving
aside the origin in the 7 variable, i.e., the zero section.)
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On the other hand, the operator P(x,t, Dy, ), thought of as a differential operator in the x-variable
depending on (¢, 7) as parameters, for T > 0 has an eigenvalue of the form t2/9(t% + a(z, 7)), possibly
multiplied by a nonzero function of ¢. Here a(z, t) denotes a (nonclassical) symbol of order —1 defined
for ¢ > 0 and such that a(0,7) ~ t=2%/9. Thus we may consider the pseudodifferential operator
A(t, Dy) = Op(‘[z/ (12 4 a(r, r))) as defined in a microlocal neighborhood of our base point in the
characteristic manifold of P. One can show that the hypoellipticity properties of P are shared by A; for
example, P is C°°-hypoelliptic if and only if A is.

The paper is organized as follows. In Sections 2—4 the operator A(¢, D;) is computed and its hypoel-
lipticity properties are related to those of P. This is done following ideas of Boutet de Monvel, Helffer
and Sjostrand using a calculus of pseudodifferential operators that degenerate on a symplectic manifold.
The sufficient part of the theorem is proved in this way. Since we do not want to encumber an already
lengthy paper with too many technical details, we decided to give only a sketchy description of the
pseudodifferential calculus, leaving it to the reader to fill in the (classical) proofs.

In order to prove the optimality of the Gevrey index in (1-3), we have to show that the pseudodifferential
operator A (¢, D;) is hypoelliptic in that Gevrey class and not in any better class, that is, not in any class
of index closer to 1, the analytic class. We do this in Section 5. This brings in the question of determining
the hypoellipticity index for a pseudodifferential operator in one variable. A detailed treatment of the
general case is given in [Bove and Mughetti 2013]. In the present case, determining the Gevrey class
does not require the detailed construction of a Newton polygon, and things are definitely easier from the
technical point of view. This is why we include here the optimality proof for A(¢, D;).

In Section 6 we prove assertion (iii) of Theorem 1.1. The idea of the proof is to construct a solution of
the equation A (¢, D;)u = 0 violating an a priori estimate which is necessary and sufficient for Gevrey
hypoellipticity. Such a solution is at first constructed only from a formal point of view. In a second step,
we make sure to have estimates allowing us to turn a formal solution into a true solution, albeit of an
equation of the form A (¢, Ds)v = g, where g, though not zero, is in an optimal Gevrey class %0, where
these Gevrey classes % are characterized by arbitrarily small constants in the estimates of derivatives.

The proof of assertion (iv) of Theorem 1.1 is done in Section 7 using similar ideas, but one needs less
control on the formal solution.

2. The g-pseudodifferential calculus

The idea, attributed by J. Sjostrand and M. Zworski [2007] to Schur, is essentially a linear algebra remark:
assume that the n x n matrix 4 has zero in its spectrum with multiplicity one. Then of course 4 is not
invertible, but, denoting by e the zero eigenvector of A4, the matrix (in block form)

A €o
teo 0

is invertible as an (n + 1) x (n + 1) matrix in C"*1. Here ?¢( denotes the row vector e.
All we want to do is apply this remark to the operator P whose part BB* has the same problem as the
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matrix A4, that is, a zero simple eigenvalue. This occurs since ¢ is even. (In the case when ¢ is odd, P is
easily seen to be hypoelliptic.)

It is convenient to use self-adjoint derivatives from now on, so the vector field B* equals D —ix9~! D,
where Dy = i~19,. It will also be convenient to write B (x, &, 7) for the symbol of the vector field B,
that is, B(x, &, ) = £ +ix?97 'z, and analogously for the other vector fields involved. The symbol of P
can be written as

P(x,t,&,7) = Po(x,1,E,7)+ P_g(x,1,E,7) + P_oi(x,1,£,1), 2-1)
where
Po(x,t,6.7) = (1 + 1) (E* + x2@D2) 4 (=1 + 1) (g — )xI 721,
Pg(x.t.6.1) = =20 1x97 4+ ix? ),
P (x,1,€,7) = x2K (62 4 x2@D12) _jfex® 71 (g 4 ix9 7 r) 4 (g — xR+

It is evident at a glance that the different pieces into which P has been decomposed include terms of
different order and vanishing speed. We thus need to say something about the adopted criteria for the
above decomposition.

Let u be a positive number and consider the following canonical dilation in the variables (x, ¢, &, 7):

xop Vix, 11, £-ulE 1ot

It is then evident that Py has the homogeneity property

Po(p™Vx, 1, u"9g, ut) = 4 Po(x, 1, €, 7). (2-2)
Analogously,
Pog(u™ 0,6, u!9E pr) = 219 P_g(x 1,8, 7) (2-3)
and
Poop (W, pV9g, pr) = 2970 p_ o (x, 1,8, 7). (2-4)

Now these homogeneity properties help us in identifying some symbol classes suitable for P.

Definition 2.1. Following the ideas of [Boutet de Monvel and Treves 1974; Boutet de Monvel 1974], we
define the class of symbols S,;" ok (2, X), where 2 is a conic neighborhood of the point (0, e;) and X
denotes the characteristic manifold {x = 0, £ = 0}, as the set of all C*® functions such that on any conic
subset of €2 with compact base,

&1

050807 03a(x. 1.6, 0)| < (1 + |r|)'"—'H(— el +

| k—y/(g—1)—6
k1 )

c[@ /e -5

We write S7F for SIF(R2 x R2, 2).

By a straightforward computation (see for example [Boutet de Monvel 1974]), we have S;n k S,;n £
if and only if m <m’ and

m——kfm/—gk/.
q q
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qg—1

Sq' ** can be embedded in the Hormander classes S;ns 77" where k_ = max{0,—k} and p = § =

1/q < % Thus we immediately deduce that

2,244 2,2+ 25
Poe Sy PgeSp*cS, ' andfinally Py €S

Definition 2.2 [Boutet de Monvel 1974]. With 2 and ¥ as specified above, we define the class

o0
w(Q.5) =) S, Q. 3).
j=1
We write 3] for %' (R* x R?, £).
Now it is easy to see that Py, as a differential operator with respect to the variable x, depending on

the parameters ¢, T > 1, has a nonnegative discrete spectrum. Moreover, the dependence on 7 of the
eigenvalue is particularly simple, because of (2-2). Call Ag(z, T) the lowest eigenvalue of Py. Then

Ao(t,7) = T2 9N (2).

Moreover, A, has multiplicity one and Ao(0) = 0, since BB* has a null eigenvalue with multiplicity
one. Denote by ¢ (x, ¢, 7) the corresponding eigenfunction. Because of (2-2), we have the following
properties of @q:

(a) For fixed (¢, 1), ¢y is exponentially decreasing with respect to x as x — +o0. In fact, because of
(2-2), setting y = x7 /9, we have @o(,1,7) ~e /4.

(b) It is convenient to normalize ¢p in such a way that [|¢o(-,7,7)||L2g,) = 1. This implies that a
factor ~71/24 appears. Thus we are led to the definition of a Hermite operator (see [Helffer 1977]
for more details).

Let 31 = 7, X be the space projection of X.

Definition 2.3. We write Hj" for %Z’(Ri’t X R¢, 21), the class of all smooth functions in

TRy,
(Se 7 7R, xR Zy).
j=1
Here S;' ok (Rfm x Re, 21) denotes the set of all smooth functions such that
v

o qfqy m—p g—1 1 k a-l

< - -
‘8, 0y 0%a(x,t, ‘[)‘ S(14+]t)) (|x| + |t|(‘1—1)/‘1) . (2-6)
Define the action of a symbol a(x, ¢, 7) in Hq”’ as the map

a(x.t, Dy): C°(Ry) — C®(R2,)

defined by
a(x,t, Du(x,t) = 2n)™! /eitta(x, t,t)u(r)dr.
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This operator, modulo a regularizing operator (with respect to the variable ¢, but locally uniform in x),
is called a Hermite operator, and we denote by OPHZ" the corresponding class.

We need also the adjoint of the Hermite operators defined in Definition 2.3.

Definition 2.4. Let a € H;". We define the map

a*(x,1, Dy): C{P(RE ) — C(R;)
as

a*(x.t, D)u(t) = 2x)~ ! // e a(x, 1, v)i(x, 1) dx dr,

where #(x, t) denotes the Fourier transform of u with respect to the variable 7. We denote by OPH;m
the related set of operators.
Lemma 2.5. Leta € H)" and b € S;"’k.
(1) The formal adjoint a(x,t, D;)* belongs to OPH;m and its symbol has the asymptotic expansion
N-1 1
* —— -N
o(a(x.t, Dy)*)— Z aa‘;‘D?‘a(x,l, T)e H . (2-7)
a=0
(ii) The formal adjoint (a*(x,t, D;))* belongs to OPH;" and its symbol has the asymptotic expansion
N—-1 1
o(a*(x.t. D)*) = > = 9% D¥a(x.t,7) € H" V. (2-8)

ol
a=0

(iii) The formal adjoint b(x,t, Dy, D;)* belongs to OPS™k and its symbol has the asymptotic expansion
q

N-1
1 o m-Nk-Na/(g—
0(a(x.t. D, D)*) = Y 0% o D palx.1.§.7) € Sy MeoNalamD, (2-9)
a=0

The following is a lemma on compositions involving the two different types of Hermite operators
defined above. First we give a definition of “global” homogeneity:

Definition 2.6. We say that a symbol a(x, ¢, &, 7) is globally homogeneous (abbreviated g.h.) of degree m
if for A > 1, a(A=Y4x, ¢, A1/9E A1) = A\™a(x, ¢, €, 7). Analogously, we say that a symbol, independent
of £, of the form a(x, 1, 7) is globally homogeneous of degree m if a(A™1/9x, 1, A1) = A™a(x, 1, 7).

Let f_j(x,t,§,7) € S;n’kﬂ/(q_l), j € N; then there exists f(x,7,&,7) € S;"’k such that f ~
> j=0 J—j thatis, f — Zsz_Ol _j € Sgn’kJrN/(q_l). Thus f is defined modulo a symbol in

00 h
Sgv = (]85

h>0

Analogously, let f_; be globally homogeneous of degree m —k(q —1)/q — j/q and such that for

every «, B > 0 satisfies the estimates

|97 %02 (e 8.0 < (18] + x |2t + 1) TP () e R2, (2-10)
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for (¢, r) in a compact subset of R x R\ 0 and every multi-index y. Then f_; € S,;"’k+j/(q_1).
Accordingly, let ¢ (x,t,7) € Hg"_j/q; then there exists ¢(x,7,7) € Hy" such that ¢ ~ ijo o—j,
that is, ¢ — Z]N:_Ol ¢p—j € H;" —N/ 4. 50 that ¢ is defined modulo a regularizing symbol (with respect to
the ¢ variable).
Similarly, let ¢_ ; be globally homogeneous of degree m — j /¢ and such that for every «, / > 0 satisfies

the estimates
—l—a/(g—1)

|00 3% j(x.0.0)| S (Ix7" +1) xeR, @2-11)

for (¢, 7) in a compact subset of R x R\ 0 and every multi-index 8. Then ¢_; € Hy" —ila

As a matter of fact, in the construction below we deal with asymptotic series of homogeneous symbols.
Next we give a brief description of the composition of the various types of operator introduced so far.

Lemma 2.7 [Helffer 1977, Formula 2.4.9]. Leta € S(;" ’k, b e S;n /’k/, with asymptotic globally homoge-

neous expansions
mk+j/(g—1) g-=1, J
a~2a_j, a-j €S, , &.h. of degree m — k—=,
Jjz0 q q
/L s —1 :
b~ Zb_i, b€ Sy KHi/@=D o pof degree m' — qu’— lg
i=0

Then a o b is an operator in OPS;"+m/’k+k/ with

N-1
ol@aob)y—> " > %0(82&1_]- (x.1, Dx.7) ox DEb_i(x,1, Dy, 7)) € SIHM N (5.12)
s=0 ga+i+j=s )

Here oy denotes the composition with respect to the x-variable.

Lemma 2.8 [Boutet de Monvel 1974, Section 5; Helffer 1977, Sections 2.2, 2.3]. Leta € H(;", be H;”/
and ) € S {”g (R x Ry) with homogeneous asymptotic expansions

awZa_j, a—; EH;"_/'/‘I,g.h. ofdegreem—i,
Jj=0 q
b~ Zb_i, b_; € H;"/_i/q, g.h. of degree m' — l—,
, q
i=0
A~ Zk_l, A_jE S;ng_l/q, homogeneous of degree m" — é
>0

Then:

(i) aob* is an operator in OP %?er/_l/q (R, X) with

N-—1 ~
o(aob*)(x.t.£. ) —e Y " ia‘é‘a—j(x,z,r)D?B_i<s,r,r>e%z”'"’-”q-N/q, (2-13)
s=0 ga+i+j=s
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where the Fourier transform in D?‘B_i(f ,1, T) is taken with respect to the x-variable.

(i) b* oa is an operator in OPS'I"S_m/_l/q (Ry) with

N-—1
sb*oa)t. - Y %/8‘;‘[5_,-()6,& D) D%a_j(x.t.1)dx € ST TN R,). (2-14)
s=0 ga+j+i=s

e . . 4 . . . . .
(iii) @ o A is an operator in OPHZ’ tMT . Furthermore, its asymptotic expansion is given by

N-1
oaor)—y Y O%a‘ga_j (x.1,7)D¥A_y(t,7) € HIP T =N/4, (2-15)
s=0 qa+j+i=s

Lemma 2.9. Let a(x,t, Dy, D;) be an operator in the class OPSZ”k (R%, %) and b(x,t, Dy) € OPH;"/
with g.h. asymptotic expansions

. -1 i

an~ Za_j, a—j e S;"’kﬂ/(q_l), g.h. of degree m — =y i,

‘ q
Jj=0

b~ Zb_i’ b_; € H;"/_i/(q_l), g.h. of degree m' — (l;

i=0

Thenaob € OPH;"+m/_k(q_l) /9 and has a g.h. asymptotic expansion of the form

N—-1
olaob)— Y > %fﬂta_j(x,l,Dx,f)(Dib_,-(-,t,t)) e Hrtm'—ka=D/a=Nla_ (2.16)
5s=0 gl+i+j=s

Lemma 2.10. Let a(x,t, Dy, D;) be an operator in OPSZ”k (R%, %), let b*(x,t, D;) € OPHZm/, and let
A(t, Dy) € OPS’I”;; (R;), with homogeneous asymptotic expansions

. -1 i

CINZCZ_]', a—; ESC’I’”kJ”/(q_l), g.h. ofdegreem—q—k—i,

‘ q
Jj=0

b~ by, bjeH @D

i=0

g.h. of degree m' — ;—1,

A~ S h aesyT

/
homogeneous of degree m" — —.
=0

Then

(1) b*(x,t, Dy)oa(x,t, Dy, Dy) € OPH;m+m/_((q_l)/q)k with g.h. asymptotic expansion

N—-1
ob*oa) =Y Y DM@ (xt D) (LBSi(- 1, 1)) € H R DIaNI(0.17)
s=0 gql+i+j=s )
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(ii) A(t, D;)ob*(x,t,Dy) € OPH;mq_m” with asymptotic expansion

N—-1
oot )=y Y éa‘;x_,(t, ) D¥Bi(x,t,7) € HM TN/ (2-18)
5=0 ga+it+l=s

The proofs of Lemmas 2.7-2.9 are obtained with the calculus developed by Boutet de Monvel [1974]
and Helffer [1977], slightly generalized to handle general ¢. The proof of Lemma 2.10 is performed
taking the adjoint and involves a combinatorial argument; we sketch it here.

Proof. We prove item (i). The proof of (ii) is similar and simpler.

Since
b*(x.t, Dy)oa(x,t, Dx, Dy) = (a(x.t, Dx, Dy)* o b™*(x,t, D,)*)*,

using Lemmas 2.5 and 2.7, we first compute
o(a(x, t.Dx,Dy)* ob*(x,1, Dy)¥)
1 l
= > 92TP D¥ (a_j(x,t, Dy, 7)) (3L Dy T Pb_i(-,1,7))

! p! T
wl o =0 Na!p!
1 1
=) ﬁang/( > E(—Dt)ﬂ(a—j(x,t,Dx,r))*(afb_,-(-,t,r))),
y=0 B,i,j=0

where (—Dt)ﬂ(a_j (x,t, Dy, r))>k is the formal adjoint of the operator with symbol Dfa_j (x,t,&, 1)
as an operator in the x-variable, depending on (¢, ) as parameters. Here we used (A-2) in Appendix A.
Hence

U(b*(x, t,Ds)oa(x,t, Dy, D,))

—D,)B "
=Z%aiD£.(Z%a¥DZ( 3 ( ﬂ!’) (a_j(x.t. Dy. 1)) (afb_,-(-,z,z))))

120 y=0 B,i,j=0
Lo _
= > g D@t n Dx0) (0h( 7))
B.ij=0""

SY Y oM b o) (85 ),

§=0gB+i+j=s
because of (A-3) in Appendix A. O

3. Computation of the “degenerate eigenvalue”

We are now in a position to start computing the symbol of A.

Let us first examine the minimum eigenvalue and the corresponding eigenfunction of Py(x, ¢, Dy, T)
in (2-1), as an operator in the x-variable. It is well known that Py(x,, Dy, t) has a discrete set of
nonnegative, simple eigenvalues depending in a real analytic way on the parameters (¢, 7).
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Py can be written in the form LL* + 12! L*L, where L = Dy +ix9 7. The kernel of L* is a one-
dimensional vector space generated by ¢g o(x,7) = cot'/%4 exp(—(x?/q)t), ¢y being a normalization
constant such that

lo,0(-. D2y =1-

We remark that in this case 7 is positive. For negative values of 7, the situation is much better since the
following proposition holds:

Proposition 3.1 [Boutet de Monvel 1974]. The localized operator of P in (1-1), which is LL*, is injective
in a cone near t < 0. Hence the operator P is subelliptic.

Denoting by ¢q(x, ¢, T) the eigenfunction of Py corresponding to its lowest eigenvalue Ay (z, ), we
obtain that ¢g(x, 0, 7) = @g,0(x, 7) and that A¢(0, ) = 0. As a consequence, the operator

P=BB*+ B*(t* +x*)B, B=D.+ix?'D, (3-1)

is not “maximally” hypoelliptic, that is, hypoelliptic with a loss of 2 —2 /¢ derivatives.

Next we give a more precise description of the ¢z-dependence of both the eigenvalue Ay and its
corresponding eigenfunction ¢g of Py(x,?, Dy, 7).

It is well known that there exists an ¢ > 0 small enough that the operator

1 —1
= — I — P D
0= 57 P, _ (41 = PoCx.1. Dy 1)

is the orthogonal projection onto the eigenspace generated by ¢g. Note that [Ty depends on the parameters

(¢, 7). The operator L L* is thought of as an unbounded operator in L?(R,) with domain

B2(Ry) = {ueLZ(Rx)\x“DﬁueL2, 05ﬁ+%52}. (3-2)
We have
(ul — Po)~' = (I + ¥ [—A + ¥ )7 )(ul —LL*) 7Y,

where A = (LL* — uI)~' L* L. Plugging this into the formula defining T, we get

= L — *y~1 _L 21 21 4\—1 _ *y—1
Mo=57 ¢ WI=LLY) du—75t 95 AT+ )Tl = L) dp.
lul=¢ lul=¢
Hence
=TI _ o 1 A(] 2L (V=] — LL*)"! d
@o = llo@o,0 = ¢o,0 —1 - I+ )" 00,0 dut
271 )=
=§00,0(X,r)+121¢0(x,t,r). (3-3)

Since Iy is an orthogonal projection, |l@o (.7, )|l f2(k,) = 1.
As a consequence, since Py = LL* 4+ t* L* L, we obtain that

Ao(t, T) = (Pogo, go) = t* | Leo,o]|* +0(t*). (3-4)
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We point out that L¢g o # 0. Observe that, in view of (2-2), writing 1, (x) = u(p~ax),

Ao(t,put) = min (Po(x,Z,Dx,ut)u(x),u(x))

2
ueB;
llull;2=1

= min <P0(:“_1/qX,l,,ul/qu,ur) up(x)  up(x) >

u€B? ut/Ca’ 1 1/29)
lull 2=1
= p?/% min (Py(x,, Dy, T)v(x), v(x))
veBg
Il 2=1
= 1N (1, 7). (3-5)

This shows that A is homogeneous of degree 2 /¢ with respect to the variable t.
Since ¢y is the unique normalized solution of the equation

(Po(x, t,Dx,t)— Aol(t, f))u(- 1, 7) =0,

from (2-2) and (3-5) it follows that ¢ is globally homogeneous of degree 1/(2¢g). Moreover, ¢ is rapidly
decreasing with respect to the x-variable smoothly dependent on (¢, 7) in a compact subset of R? \ 0.
Using estimates of the form (2-11), we can conclude that ¢ € qu/ (2q)‘

Let us start now the construction of a right parametrix of the operator

P(X’Z’DX’DI) (po(X,t, DI)
go(’)"(x,l,Dt) 0

as a map from C$° (R%x’t)) x C&°(R;) into Cw(R%x,t)) x C*®(R;). In particular, we are looking for an

operator such that

P(X,l, DX9Dt) (p()(x’l’ Dt) F(X’Z’DXth) W(x’t’ Dt)
‘P;(X»I,Dt) 0 W*(X,LDt) _A(I’Dt)

(3-6)

|:IdC6>°([R2) :|
0 Idc(c)w([@)
Here ¢ and y* denote operators in OPH;/ 29 and OPHZI/ 24 respectively, and F € OPS,;Z’_2 and

A e OPSf/ g . Moreover, the sign = means equality modulo a regularizing operator.
From (3-6) we obtain four relations:

P(x,t, Dx, D)o F(x,t, Dx, Dt) 4 @o(x,t, Dt) o™ (x, ¢, Dy) = 1d, (3-7)
P(x,t,Dx, Dy)o(x,t, Ds) —@o(x,t, Di) o A(t, Dy) =0, (3-8)
¢E(x.1. Dy)o F(x.1, Dy, Dy) =0, (3-9)

(pg(x,t,Dt)OW(x,t,Dt) = Id. (3-10)

We are going to find the symbols F, ¢ and A as asymptotic series of globally homogeneous symbols:

F~YFojo Yy~ ¥j. A~) Ay, (3-11)

Jj=0 Jj=0 j=0
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where the symbols F_;, ¥_; and A_; are globally homogeneous of order —=2/q — j/q, 1/(2q) — j/q
and 2/q — j/q respectively; see for example Definition 2.6 and (3-5).
From Lemma 2.7, we obtain that

1
o(PoF)~3 D o008 Pj(x.1, Dx.7) ox DY Fi(x,1, Dy, 7)),
s>0qga+i+j=s )

where we denote by P_; the globally homogeneous parts of degree 2/q — j/q of the symbol of P, so
that P = Py + P_4 + P_jj. Furthermore, from Lemma 2.8(i), we may write that

. 1 2
olpooy™) ~ e EY YT 8 g0 1. 1) DEY-i (.1, 7).
s>0qa+i=s
Analogously, Lemmas 2.9 and 2.8(iii) give
1
os(Poy)~>" > ﬁal,P_,-(x,z, Dy, o) (Diy_i(- .1, 7)),

§=0ql+i+j=s
1
o (oo A) ~ Z Z aa‘;‘goo(x, t,T)D¥A_;(t, 7).
s>0ga+l=s
Finally, Lemmas 2.10(i) and 2.8(ii) yield
1 — _
ol@foF)~> Y ﬂDﬁ(F_j(x,z, Dy, 1)) (3L@0 (-, 1, 1))
s>0gl+j=s

and

olpgov)~>_ > %/ai‘(ﬁo(x,t,f)D?‘I/f_j(x,t,t)dx.

s>0qa+j=s

Let us consider the terms globally homogeneous of degree 0. We obtain the relations

Po(x.1, Dy, T)ox Fo(x.1, Dx.T) + @o(x.1,7) ® Yo(-.7,7) =1d, (3-12)
Po(x,t, Dy, T)(Vo(-. 2, 7)) — Ao (t. T)go(x,1,7) =0, (3-13)
(Fo(x,t, Dy, 7)) (¢o(-,2,7)) =0, (3-14)

/(ﬁo(x,t, Yo(x,t,7)dx = 1. (3-15)

Here we denoted by ¢y ® ¥ the operator u = u(x) + ¢q / ﬁou dx; g9 ® Yo must be a globally
homogeneous symbol of degree zero.
Conditions (3-13) and (3-15) imply that ¥g = ¢¢. Moreover, (3-13) yields that
Ao(t. ) = (Po(x.t, Dx, T)go(x,1,7), @o(x, 1, T))LZ(IRX)’
coherently with the notation chosen above. Conditions (3-12) and (3-14) are rewritten as
Po(xata D.X?T) Ox FO(-X’Z’ DXﬁ T) = Id_HO’
Fo(x,1, Dx, ©)(¢o(-1,7)) € [po]™,
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whence (compare (3-2))

[wo]lmBﬁ) on [¢ol™, (3-16)

on [¢o].
Since Py is g-globally elliptic with respect to (x, £) smoothly depending on the parameters (¢, t), one

Po(x,t,Dy, T
FO(X,I,DX,T) — {( 0( X )|
0

can show that Fy(x,?, Dy, 7) is actually a pseudodifferential operator whose symbol satisfies (2-10) with
m =k =-2, j =0, and is globally homogeneous of degree —2 /4.

From now on we assume that ¢ < 2k and that 2k is not a multiple of ¢; the complementary cases are
analogous.

Because of the fact that P_; =0 for j = 1,...,q — I, relations (3-12)—(3-15) are satisfied at degree
—j/q,j=1,...,9—1,bychoosing F_; =0, ¥_; =0, A_; =0. Then we must examine homogeneity
degree —1 in Equations (3-7)—(3-10). We get

P_gox Fo+ Pyox F_g+03:Poox Dt Fo+ @0 ® Y—g + dr90 ® Do = 0, (3-17)
Po(Y—q) + P—q(po) + 9 Po(Drpo) — A—qpo — Dt A9 = 0, (3-18)
(F—g)*(90) — (D F§)(dz90) = 0, (3-19)

(V—g,®0) L2(r,) T (D1®0, 0cP0) L2(r,) = O (3-20)

First we solve with respect to ¥—; = (¥—g, %0) L2(r,)P0 + w_lq € [@o] ® [@o]*. From (3-20), we
immediately get that

(V—g-00)2w,) = —(Dr9o, 0r00) 12w, )- (3-21)
Equation (3-18) implies that
Po((¥—g. 90)90) + Po(¥L,) = —P—q(po) — 9z Po(D19o) + A—qpo + Dy Aodzpo.

Thus, using (3-21) we obtain

[pol™ > Po(¥L,) = —P_4(00) — 3 Po(Di0) + A—q@o + DiAodzpo + (Dio. 0z¢0) Aogo.

whence

A—q = (P—q(p0) + 32 Po(D1¢0) — Di Aodcgo. o) 25y — (Dr¢o. dzg0) Ao, (3-22)

Vg =—(D:¢0., 0:90) L2(r, %0 + Fo(—P—q(90) — 0z Po(Dr9o) + Di Agd- o), (3-23)
since, by (3-16), Fopo = 0. From (3-19) we deduce that for every u € L?(Ry),

Mo F_qu = (u, (D; F;)(arwo))Lz(Rx)fpo = [po ® (D: F§)(3z90) Ju.
Let —w_g = P_gox Fo+0:Pyox D Fo 4 ¢o @ V—g + 090 ® Drgo. Then from (3-16), applying Fy
to both sides of (3-17), we obtain that
(Id=ITp) F—g = —Fow—y.

Therefore we deduce that
F_g =90 ® (D F§)(0:90) — Fow—g. (3-24)
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Inspecting (3-23) and (3-24), we see that ¥4 is in qu /2471 and is globally homogeneous of degree
1/2g — 1, while F_; is in Sq_z’_Hq/(q_l) and is globally homogeneous of degree —2 /¢ — 1.

From (3-22) we have that A_ is in Sl2 ’/Oq_l and is homogeneous of degree 2 /g — 1. Moreover, P_g is
0(t2=1), D, gy is estimated by 12/~ for t — 0 because of (3-3), D; A is also O(r3~1), and Ao = 0(t?)
because of (3-4). We thus obtain that

A_g(t,7) = 0?7, (3-25)

This ends the analysis of the terms of degree —1 in (3-6).

From now until the end of the proof we assume that 2/ > 2k /q. The complementary case can be
obtained analogously.

We iterate this procedure arguing in the same way. We would like to point out that the first homogeneity
degree that arises and is not a negative integer is —2k /g. (We are availing ourselves of the fact that 2k
is not a multiple of ¢. If it is a multiple of ¢, the above argument applies literally, but we need also the
supplementary remark that we are going to make in the sequel.)

At homogeneity degree —2k /g we do not see the derivatives with respect to ¢ or t of the symbols
found at the previous levels, since they would only account for a negative integer degree of homogeneity.

In particular, condition (3-8) for homogeneity degree —2k /¢ reads as

Poy_ok + P_ap00 — oAz = 0.

Taking the scalar product of the above equation with the eigenfunction ¢ and recalling that

looC 2.0 2y = 1-

we obtain that
Aok (t,7) = (P-2k®0, 90) L2(r,) T (PoV—2k 0) L2R,)- (3-26)

Now, because of the structure of P_yx, (P20, %0)r2(r,) > 0, while the second term on the right,
which is equal to (¥_y . @o)Ag, vanishes for # = 0. Thus we deduce that

A_5;(0,7) > 0. (3-27)
Let jo be a positive integer such that
Joq <2k < (jo+ 1g. (3-28)

In the sequel we need some information on the behavior of the symbol A_j,4+1). To obtain this, we
make a proof by induction.

Suppose that .
0271y for j/qg=0,..., jo.

e . : (3-29)
0 if j/q is not an integer < jo

A_j(t,f) ={

and .y
—jlq . _ .

]/f—j(t,x, _[) — {G(Z ) fOI' ]/q - 0’ e ’JO? (3_30)

0 if j/q is not an integer < j.
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Let us write the symbols of (3-7)—(3-10) at the homogeneity degree —(jo + 1). From (3-8), we have

1 1
> aa‘;‘P_j(x,z,Dx,z)(/);>’¢_,~(-,z,r)) - > 1920 (x. 1. 1) DFAi(1.7) = 0.
gqa+itj= qa+i=
q(jo+1) q(jo+1)

This can be rewritten as

PO(W—(jo-H)q) - (pOA—(jO-H)q

1
- ¥ 0P (DFY) + ) —_a“gooD“A_ (3-31)
qa+i+j=q(o+1) qa+i=q(jo+1)
i<q(jo+1) i<q(jo+1)

Taking the scalar product of (3-31) with ¢o and using the equalities ||¢o|| 2(r,) = 1 and Ao (z, 7) = O(¢ 2ly
and the self-adjointness of Py, we at once find, because of the inductive hypothesis, that A_¢j 1) =
@([21—(104-1)).

In order to show that ¥_(j,+1)g = @(ZZI_(j°+1)), set

W—(j0+1)q(x,t,f)=Awo(y,l,f)W—(jo+1)q(y,t,T)dy'%(x,l,f)+Wf(j0+1)q(X,l,f), (3-32)

where Wf(jo +1)g € [po]*. Let us consider then (3-10). At the homogeneity level —(jo + 1), it can be
written as

/wo(y,t DV_(jo+1)g(¥, 1. T)dy = — —/Ewo(y,t 1) DY (y,t,7)dy.

ga+j= (/o+1)q
a>0

By (3-30), we conclude that the scalar product in the left-hand side of the above identity is 0(r2=Got1)y,
Let us now consider (3-31). Applying Fy to both sides of (3-31) and taking both Equation (3-32) and the
inductive hypothesis into account allows us to conclude that

VZlgrng = 0TV,

We have thus proved:

Theorem 3.2. The operator A defined in (3-6) is a pseudodifferential operator with symbol A(t,t) €
2/ a o (Rt xRe). The symbol of A has an asymptotic expansion of the form

Jo
A(t,T) ~ Z A—jg(t.0) + D (Aoak—sq(t.7) + Aot 1)g—sq (t: D)) (3-33)

s=0
Here A_, has homogeneity 2/q — p/q and

j=0,....j0+1 if2l>2k/q,

3-34
j=0,....21—1 if2l <2k/q, -39

A_jq(t.7) = 0(* ) for{
while

Aoy satisfies 3-27) and 72 Ag(t,7)|,_, > 0. (3-35)
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Furthermore, as a consequence of the calculus for real analytic symbols, Ay_gsq(t, T), withr = =2k or
r = —(jo + 1)q, satisfies the estimates

10809 Ay —sq (1, 7)| < CATTOH Pt BLst (1 4 [z|)2/atr/a—s—e, (3-36)

where Cp denotes a positive constant depending only on the symbol A. (See Section 5 below for more
details.) In particular, A(t, T) is a real analytic symbol in the sense of Boutet de Monvel [1972].

We point out that the operator A(¢, D;) defined above, modulo an elliptic factor of order 2/q — 2k /q,
has a form of the type
2 p2kia 4 (3-37)

The latter operator is G*-hypoelliptic for s > so = /q/(/q — k). To get a rough idea of this fact, if ¢ = 1,
let us consider the equation %/ thk u +u = 0. The behavior of u can be obtained by WKB, solving
12 (¢")%k + 1 = 0, which yields ¢(r) = wt~!/**1 and u ~ ¢'®, where w is a suitable complex constant.
This gives u € G/,

4. C*°-hypoellipticity of P : sufficient part

In this section we prove the C*°-hypoellipticity of P. This is accomplished by showing that the
hypoellipticity of P follows from the hypoellipticity of A and proving that A is hypoelliptic if condition
(1-2) is satisfied. As a matter of fact, the hypoellipticity of P is equivalent to the hypoellipticity of A, so
that the structure of A in Theorem 3.2 may be used to prove assertion (ii) in Theorem 1.1.
We state without proof:

Lemma4.1. Leta € S;n K be properly supported with k < 0. Then Op a is continuous from H (R?)

to Pllf):m+k(q_l)/q (R?). Let ¢ € H;n—H/zq be properly supported. Then Op @ is continuous from

Hp (R) to HE ™ (R?). Moreover, *(x,t, D;) is continuous from Hp (R?) to HS7™(R).

loc loc

Repeating the argument above for a left parametrix, we can find symbols F € S, 2,72, Ve qu /24
and A € Slz/oq as in (3-11) such that

|:F(x,t, Dy, Dy) ¥(x,1, Dt)}[P(x,z,Dx,D,) <p0(x,t,D;):| _ {Idcgo(RZ) 0 } @

v*(x,t,Dr)  —A(t, Dy) @5 (x,t, Dy) 0 0 Idegem

From (4-1) we get the pair of relations

F(x,t, Dy, D{)o P(x,t, Dx, Dy) =1d—¥ (x,t, Dy) O(p(’;(x, t, Dy), 4-2)
lﬁ*(x, t, Dt) ©) P(X, t, Dx, Dt) = A(l, Dt) 0(/);()(, t, Dt) (4-3)

Proposition 4.2. If A is hypoelliptic with a loss of 8 > 0 derivatives, then P is also hypoelliptic with a

loss of derivatives equal to |
pXAmLNE}
q

The converse is also true. Furthermore, A is C°°-hypoelliptic if and only if P is C*°-hypoelliptic.
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Proof. Assume that Pu € H]f)C([Riz). From Lemma 4.1 we have

FPu e H'TY4(R?).

loc

By (4-2) we have u— g u € Hyt 2/9(R2). Again, using Lemma 4.1, ¥* Pu € H} (R), so that by (4-3),
Agju € HY (R). The hypoellipticity of A yields then that pju € H, s+2/q- (R). From Lemma 4.1 we

loc
obtain that Yoju € gt (R). Thus

loc

u=Id—ye)u+yojuc HETAaS,

loc
This proves the first sentence of the proposition. The proof of the other assertions is similar. O

Next we prove the hypoellipticity of A under the assumption that [ > k/q.
First we want to show that there exists a smooth nonnegative function M (¢, t) such that

M(t.7) SCIA@ D] A @ D] < CapM(t, 0)(1 + 2]y P>, (4-4)

where «, f are nonnegative integers, C, C, g are suitable positive constants, and the inequality holds for
t in a compact neighborhood of the origin and |t| large. Moreover, p and § are such that 0 <6 < p < 1.
We actually need to check the above estimates for A only when 7 is positive and large.
Let us choose p=1,8 =k/Ilg < 1 and

M(t, 1) = rz/q(ty + r_Zk/q),

for T > ¢ > 1. It is then evident, from Theorem 3.2, that the first of the conditions in (4-4) is satisfied.
The second condition in (4-4) is also straightforward for Ay + A_,, because of (3-27) and (3-4). To
verify the second condition in (4-4) for A_j4, q € {1,..., jo}, we have to use property (3-34) in the
statement of Theorem 3.2. Finally, the verification is straightforward for the lower-order parts of the
symbol in (3-33). Using Theorem 22.1.3 of [Hormander 1985], we see that there exists a parametrix
for A. Moreover, from the proof of the same theorem, we get that the symbol of any parametrix satisfies
the same estimates that A ™! satisfies, that is,

‘DtﬁD?A_l(t, t)} < Ca,ﬂ[ﬂ/qaﬂ + T—Zk/q)]_l(l + T)—a-i—(k/lq)ﬂ < Ca,ﬂ(l + T)2k/q—2/q—a+k/lql3’

for ¢ in a compact set and 7 > C. Thus the parametrix obtained from Theorem 22.1.3 of [Hormander
1985] has a symbol in 51212//3;2/4.
Theorem 4.3. A has a parametrix whose symbol belongs to S 12 12//3;2/ 1 and is hypoelliptic with a loss of

2k /q derivatives, that is, Au € H}  implies u € i T2a=2klg

loc
Theorem 4.3 together with Proposition 4.2 proves assertion (i) of Theorem 1.1.
5. Analytic symbols and Gevrey regularity

The purpose of this section is to prove the second statement in Theorem 1.1. To this end, we need to
work with real analytic symbols and their asymptotic expansions.
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Let us first define the symbol classes of Section 2 for analytic symbols. Since the coefficients of P are
analytic, we are interested only in symbols with real analytic regularity.

Definition 5.1. We define the class of symbols S;f ;,k (2, X), where €2 is a conic neighborhood of the
point (0, e;) and ¥ denotes the characteristic manifold {x = 0,& = 0}, as the set of all C* functions
such that on any conic subset of €2 with compact base,

|0%080% 0ka(x.1.6.7)]

1 k—y/(g—1)—6
) . (5-1)

< 1HatBYHS ) gyt ) m—p—s( 151 | 4—1
<C al Byl 81 (1 + ) (M +|x97" + @77
for |(€,7)| = B(B + §), where B > 0 is a suitable constant.

We write S7F for SILF(R2 x R2, 2).

Likewise, with the same notations of Definition 2.3, we need the C® version of the Hermite symbols:

Definition 5.2. We write Hy", for %Z’,a(Rit x Re, 27), the class of all real analytic functions in

ﬂ})il S,;'L,_J’_Q/(q_nj ([R{)zc,t x R¢, X1). Here S,;’fgk(Ri,t x R;, X1) is the set of all smooth functions

such that

1 k—y/(g—1)
) .6

aafqay < 1+a+B+y 1 g1 4,1 m—p q—1
0298 0%a(x,1,7)| S C @l Byl (1 + |z]) (|x| +

tvtVx

for || > BB, where B denotes a suitable positive constant.
Actually our Hermite operators are better than this and using an easy generalization of Proposition 2.10
in [Grigis and Rothschild 1983], we define the action of a symbol a(x, 7, 7) in Hy'; as the map

a(x,t, Dy): G*(R) N CP(R,) — G*(RE ),

for any s > 1, defined by
a(x,t, Du(x,t) = 2n)™! /e”’a(x, t,t)u(r)dr.

Such an operator, modulo a regularizing operator (with respect to the ¢ variable), is called a Hermite
operator, and we denote by OPH;", o the corresponding class. When it is clear from the context, to keep
the notation simple, we shall omit the subscript a.

The adjoint of a (C“) Hermite operator is defined exactly as in Definition 2.4.
Next we define suitable cutoff functions that will be used several times in what follows.

Lemma 5.3. Let t > 1. There exists a family of cutoff functions w; € Gt(Rﬁ), 0 < wj(x) <1, for
j=0,1,2,..., such that:

(1) wj =0if|x| <2R(j + 1), wj = 1if |x| = 4R(j + 1)", with R an arbitrary positive constant.

(2) There is a suitable constant C,, independent of j, o, R, such that

|D%w; ()] < CFYRG + 1) T iffe) <35, (5-3)
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and
1 alt
|D%wj(x)| < (RCw)|°‘IJr W for every a. (5-4)
X
Proof. Pick a function y € G*(R) N C°(R) satisfying ¥ > 0, suppy C {|x| < ;}, and [ ¥ (x)dx = 1.
Let x g denote the characteristic function of the interval [-2R—r/2,2R+4r/2]. Set Yo(x) =a~ 'y (x/a).
Then
ON = XR*Yr ¥ Yp/N ¥ *Vp/N

N times

has support contained in [-2R —r, 2R 4 r] and is identically equal to 1 on [-2R, 2 R]. We have, for any
o, and forany B < N,

DM Byn = xR * DYy % DYy -5 DYy %Yy /N %o % Y/

B times

Whence p
_ N
D x| < @R+ Ce (DY i)
Now we define

wj(x) =1 —9031-(%).

Assertion (1) of the lemma and the estimate (5-3) are then a consequence of the definitions and estimates

above, once we choose r = 2R. Let us now turn to (5-4). We have

o, . < at+l .t 1
|D a)](x)|_6RCw a! 2R D
On the support of D¥w; we have |x| < 4R(j + 1), which implies the conclusion. |

Lemma 5.4. Let s > 1. There exists a family of cutoff functions wj € G*(R%}), 0 S w;j(x) <1, j =
0,1,2,..., such that:

(1) wj =0if|x| <2R(j +1),wj = 1if|x| = 4R(j + 1), with R an arbitrary positive constant.

(2) There is a suitable constant C,, independent of j, o, R, such that

| D%0;(x)| = CH T RTif fa] <3/, (5-5)
and s
| D%w; (x)] < (RC,)lI*! l;ﬂm for every a. (5-6)

Proof. The proof is the same as the proof of Lemma 5.3, but the w; are defined as

a)j(x)=1—<p3j( Al ) |

J+1
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We wish now to define the asymptotic expansion of a symbol in the analytic category.
Let f_j(x,t,§, 7)€ S;'fgkﬂ/(q_l), j € NU {0}, satisfying an estimate of the form

|0%080%08 /- (x.1.£.7))|

fC1+a+ﬂ+y+8+j0l!,3!V!(S!j!l/q(l+|T|)m_ﬁ_8(@+|)€|q_l-‘,— . (5-7)

1 k—y/(g—1)—6
7| )

|z|(a—1D/q

for |(§,7)| = B(j + B + §); then there exists f(x,t,&,17) € S;f&k such that /" ~ 3 ;5 f=j, that is,
N-1 m,k+N/(g—1) . . m,00 __ m,h
S =2 j=0 J-j €Sqa , and thus f is defined modulo a symbol in Sg ;™ = (>0 Sq.a -
We point out that the cutoff functions defined in Lemma 5.4 are used to actually sum the formal series
Z;'io Jj to obtain the symbol f.

Let f_; be globally homogeneous of degree m —k(q —1)/q — j/q and such that for every o, B > 0

satisfies the estimates
|3Z,f)3§3§f—j(x,f,§,f)\ 5Ca+5+y+j+1a!ﬁ!y!j!5(|.§|+|x|‘1“+1)k—ﬁ_’3, (x.§)eR?, (5-8)

for (¢, ) in a compact subset of R x R\ 0 and every multi-index y. Then f_; € S;',' ;,k+j /=1

Accordingly, let ¢_j(x,t,7) € H,Z'a_j/q; then there exists ¢(x, ¢, 7) € Hj, such that ¢ ~ ijo 0—j,
that is, ¢ — Z}V:_Ol p—j € qu —N/ 1. 5o that ¢ is defined modulo a symbol analytically regularizing with
respect to the ¢ variable.

We again point out that the cutoff functions defined in Lemma 5.4 are used to actually sum the formal
series Z;’;O ¢j to obtain the symbol ¢.

Similarly, let ¢_ ; be globally homogeneous of degree m — j /q and such that for every o, / > 0 satisfies
the estimates

‘82 o 0%p—j(x. 1, )| < cotPritlg g jitfa(|xa—t 4 1)_1_a/(q_1), x €R, (5-9)

for (¢, T) in a compact subset of R x R\ 0 and every multi-index 8. Then ¢_; € H,Z' a ila,

Proposition 5.5. Let F be the operator defined in (3-6). F € Op(S;,’az) and maps functions in G° into
itself. A similar statement holds for the symbols in Hj',.

We skip the details of the analytic and Gevrey calculus in these classes of symbols. Suffice it to say
that it is a totally standard matter and one may consult [Boutet de Monvel and Krée 1967; Boutet de
Monvel 1972].

We explicitly remark that the symbols constructed in (3-6) and (4-1), F, ¥, A belong to the (analytic)
classes Sy, 2’_2, qu,éfq and S12 /Oq , and satisfy better estimates than the above (see [Grigis and Rothschild
1983, Proposition 2.10; Métivier 1981, Section 21).

We are now ready to prove the second assertion in Theorem 1.1. First we prove:

Proposition 5.6. The operator P in (1-1) is G*(R?)-hypoelliptic if and only if A in (3-33) is G*(R)-
hypoelliptic.



392 ANTONIO BOVE, MARCO MUGHETTI AND DAVID S. TARTAKOFF

Proof. Let us assume first that A is G*-hypoelliptic and that Pu € G*. Due to (4-2), (4-3) and
Proposition 5.5, we have both F'Pu and ¥* Pu € G°. From the latter, we get that Agpju € G*, which
implies that pju € G°, whence Y ¢ju € G°. We thus obtain that u € G*.

Let us assume first that P is G*-hypoelliptic and that Au € G*. This time we use (3-8) and (3-10).
We have Pyru = goAu € G, which implies that Yu € G°. Finally, u = pgyu € G*. |

Next we have only to show that A is G*-hypoelliptic for every s > s = lq/(lq — k), in order to prove:
Theorem 5.7. Let P be as in (1-1). Then P is Gevrey s-hypoelliptic for every s > sqy, where

lq
So = —.
° T lg—k
Proof. In order to see that A(¢, D) is Gevrey s-hypoelliptic for every s > 59, we are going to show that
we can construct a parametrix with symbol in the class S 12 i//t;q—Z(s/;I , where the latter is defined as the set

of all smooth, that is, C°°, functions a(z, t) satisfying the estimates

‘3?32@@ r)! < C1+“+ﬂa!ﬁ!s(l_(k/lq))(l + |f|)2k/q—2/q—a+(k/14)ﬁ’

for ¢ in a compact set of the real line, for every «, 8, t € R, with 1 4 |7| > BB*; here B and C are suitable
positive constants depending only on the symbol a.

As a matter of fact, we do not need symbols exhibiting a Gevrey dependence on the variables: analytic
dependence is all we get; nevertheless, the general theory allows Gevrey behavior at no cost. Actually
so(l—k/lg)=1.

Arguing as in the proof of Proposition 4.2, we choose a weight function

M(t, )= r2/4 (121 + r_zk/q) , T>1.
We have the estimates
M(t,t) < C|A(t, 7).
0709 A (1, 7)| < C'HetBa) gU—K/UD) pr(y 1)(1 4 |z |y~ 0+ K/ 1DF,

The existence of a parametrix a(¢, ) for A(z, t), and hence the conclusion, is a standard consequence of
the calculus in the Gevrey classes. O

6. Optimality in Gevrey spaces

This section is devoted to the proof of the third assertion of Theorem 1.1. By Proposition 5.6, it is enough
to show that A(¢, D;) is not G*-hypoelliptic for 1 < s < 5.

To clarify our technique, let us consider a couple of examples reminiscent of the form (3-37). We
stress here the fact that the operators we consider are a much simpler instance of A, the operator we are
interested in.

Example 1. Consider the operator

L(f,at) = t23t +Cl+b[,



HYPOELLIPTIC AND NONHYPOELLIPTIC SUMS OF SQUARES OF COMPLEX VECTOR FIELDS 393

where a = %, b= —%. We will show that L is not G*-hypoelliptic for 1 < s < 2. Consider the equation
L(t,0p)u = %. Arguing by contradiction, every solution u is certainly better than G?-regular.
Let us look for a solution u in the form

too
u(r) :/ e le™P dp.
0
One can easily see that this function « is actually a solution of Lu = 0. On the other hand,
+o0
%u(0) :i"‘](; e Pp*dp ~al’.

The latter estimate contradicts our assumption that  is better than G2.

Unfortunately, it almost never occurs that the solution has a neat representation of the form above.
We are instead forced to represent # as an integral containing both a phase function and an amplitude
function. Moreover, the amplitude has to be constructed as a formal series whose convergence must
be specifically defined and studied. As a motivation for our technique, we show this on the following,
formally slightly different example.

Example 2. Consider the operator .
L(t,0;) =120, + fz.

We want to “solve” the equation L(¢, d;)u = 0. First of all, we look for the solution u(¢) in the form

+oo | )
uy = [ e ooy dp.
0

where v has to be specified.
We proceed formally to find a candidate for v. We have

+oo | ’ j +oo | 5 1 1
L(t,0:)u = L(t,0;) e u(p)dp =~ P =32+ 1—-=0,4+ = Jv(p)dp.  (6-1)
0 4 Jo o o p*

The operator in parentheses has the form Py(d,) + p~! P1(,) + p~2 P»(d,), where
Po(dp) = —07 + 1.

In order to put in evidence the phase factor, we write v(p) = e Pv1(p). As a consequence, we have

Y
L(Z,at)u = Z/

02t — 1 1 1
ePle p(—82+28 +—-—=0 +—)v dp.
o o P LT PP T 2 1(p)dp
The operator in parentheses still does not have the right form, since the phase factor e~ is not enough
to guarantee that v; has an asymptotic expansion, for large p, in decreasing powers of p. This, in the

end, would give an obstruction to the iterative solution of the “transport” equations. Hence, let us write
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v1(p) = p*B(p), where both A and ¥ are to be determined. Bringing the factor p* to the left and choosing

1

A= —% has the effect of canceling the terms of the form p~" v. We eventually get

i +°°'2t——1/2 2 3 1\
L(z, 8;)u=1/0 e’ lte™Pp (—8p+28p+2?)v(p)dp

i [T ip%t ,—p —1/2 1 -

We write P,(0d,) even if P, is actually a multiplication operator, to stress the fact that this circumstance
is particular to the present example but has no interest in the general case.
The next step is to construct v formally. To do that, we look for v in the form

o0
5(p) = > var(p).
k=0
where the v, are obtained solving the triangular infinite system (transport equations)
1
Po(ap)vzk(/))+?szzk_z(p):(), k:0,1,2,...,
with the convention that v, is identically zero if its subscript is negative.
Choose vg(p) = 1. Next we prove:

Minilemma. If p > 1, we have |vyx (p)| < p* fork =0,1,2,....

Proof. By induction. It is evident for k = 0. Assume that |vo5_»(p)| < p~*~V. For v, we have the

equation 1/2/ P 2v’2 K= (%) P 2Vsx—_>. By the inductive assumption, the absolute value of the right-hand

side of the equation can be estimated by p~&+1),

Now a solution y(p), vanishing at infinity, of the equation y” —2)" = f can be written as
+o0 +o0o 5
Yo =4 [ f@de-} [T (o) don
P P

It is now evident that if | /()] < p~**1, we have that |y(p)| < p~*, thus concluding the proof. O

Turning back to our example, we immediately see that the series formally defining v does not converge
on the whole positive real axis. To deal with this fact, pick up a C® cutoff function x such that x =0
for p <2, x=1for p>3,and 0 < x < 1. It is then evident that

w(p) = x(p) Y _ va(p)

k=0

is a convergent series defining a smooth bounded function. We have
Pyw + %Pzw =g,
Jo;

where

o o0 0
g=—x"Y v =21 D b +2x' D v
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We emphasize that the same argument of the lemma gives us analogous estimates for the derivatives of
the vy, so that there is no problem for the convergence of the series in the expression of g.
Replacing v by w, we see that we have found a function /(¢) with

+o00 -
ht) = /O e 512 (0) dp
such that
+oo | 5
L(t, 9)h = /0 e~V (p) dp.

We observe now that the function in the right-hand side of the above equality is in fact of class C?, since
supp g C [2, 3]. On the other hand,

+o00
3%h(0) = i“[o e P p 12 H2%, (o) dp.

Since vy = 1, we see that
02A(0)] = 6% a?,

with § small and positive; that is, / is not better than G2 even though the right-hand side is real analytic.
This ends the proof that L is G2-hypoelliptic and not better.

We make a few remarks on this example. First: in general, just one cutoff is not enough to sum the
formal series of the v, ’s. A more complex technique is required. Second: solving the transport equations
has been possible because there is a “gain” in the decreasing rate of the functions v,;. In general, one
also has to control the growth rate of the coefficients of the differential operators defining the operator
in parentheses under the integral sign in the second line of (6-1). As a last remark, the conclusion will
not follow in general by an easy computation of the derivatives of (the analog of) /. Instead we need to
violate an a priori estimate being equivalent to the G*-hypoellipticity. Such an estimate was proved by
Meétivier [1980].

6.1. Construction of a formal solution. We recall from Theorem 3.2 the form of the pseudodifferential
operator A (the L in Examples 1 and 2 above).

Jjo
A(t,t) ~ Z A_jq(t,7) + Z(A—zk—sq (t, o)+ A_(jo+1)g—sq (¢, T))
Jj=0

§s=0

In view of Proposition 3.1, we may assume that t > 0. Then
Jo ] ]
A~ At 1) L3 (A g1, DTSN, Tye2a= Gt D),
j=0 §=0

Multiply on the right by the elliptic factor t2/a+2k/q gpd keep (3-34) in mind (Theorem 3.2); we then
obtain the following expression of the real analytic symbol A:
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Jo+1 0o
At 1) 210%2K1a LN 2k (0 K197 g (1) + ) (an() T+ by () R4 Uo D= (6.2
h=0 h=1

where
an(@) =t72FhA 4 1) for h=0,..., jo+1,

ap(t) = A _sx—pq(t, 1) for h >0,
bp(t) = A_(jo+1)g—hq(t. 1) for h > 1.
We point out that ay, ay, by, are real analytic functions near the origin.
Moreover, from (3-35) and (3-36) in Theorem 3.2, we have
ao(0), ap(0) >0, (6-3)
and

0%y (1) < CYFFeahl, 18%b,(1)| < C1HR e Y (6-4)

for ¢ in a (relatively compact) neighborhood of the origin and /# > 1.
In order to simplify the notation, we denote again by A(z, t) the symbol on the left-hand side of (6-2).
It will also be useful to employ a more compact notation:

Jo 0o
A1)~ Y 2y )R N ) (6-5)
h=0 h=0

Here we replaced the expansion (6-2), where there is an order scaling by units, with a (more general)
expansion exhibiting a scaling by multiples of 1/¢. In particular, (6-3) becomes

ao(0), co(0)>0 (6-6)

and the estimates (6-4) become
0% (1)| < C1Hh+eg /e, (6-7)

Furthermore, we shall use in the sequel the equalities
cp(t)=0, for h=1, ..., q(o+1)—=2k—=1, q(jo+1)=2k+1, ..., ¢g—1, (6-8)
and
Cqlio+ -2k () = O ~CoT D), (6-9)

To obtain a formal null solution A(z, D;), we expand in power series the coefficients in the expression
of A in (6-5); actually this is not an approximation, since the coefficients are real analytic functions.
Interchanging the summation signs, we have

Jo 0
At, Dy) ~ Z(Z appr ¥ I N cj,,z"D,‘f/"). (6-10)

n=0 “h=0 j=0
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Here the conditions (6-6)—(6-9) become
a0, Coo > 0, (6-11)
lapn < CH" Jejnl < CHITR IV for h=0,..., joand j,n >0 (6-12)
(where C, denotes a positive constant independent of /2, j and n),

¢jn=0 forn>0and j=1,...,9(jo+1)-2k—-1,q(jo+1)=2k+1,...,9—1, (6-13)

Cqio+1)—2kn =0 for 0=<n<2l—(jo+1). (6-14)
The next step is to formally apply the operator A as defined in (6-10) to a function of the form
+oo | B
Aw© = [ up)dp, (6-15)
0

where sy has been defined in Theorem 5.7 and u denotes a rapidly decreasing function with support
bounded away from the origin. We search for a u such that A(¢z, D;)A(u)(¢) = 0 formally.

Applying a not necessarily integer power of D; to A(u) means multiplying u by the corresponding
power of p. In order to write the contribution due to multiplication by a power of ¢, we need:

Lemma 6.1.1. Let s¢ have the same meaning as before. Then
1 Y. v 1
=0

where the y,j, (Which now contain sqy) are complex constants satisfying estimates of the form

|
Vunl < c;””’% < Crh(n—h). (6-17)

Here both C)’, and Cy, are positive constants depending on s only. In particular, we have yun = (i/50)",
and for convenience set Yoo = 1.

Proof. 1t is enough to prove the first inequality. Arguing by induction, one easily sees that the coefficients
vnh satisfy the recurrence relations

i i i
Yn+1,0 = _%(VnO(SO(n‘i‘ D=1). Vatint1 = Sg e YnkLh = g(ynh—l —(So(m+1)=h—1)yupn)-
An induction argument allows us to conclude. O

We then have the formula, form € Rand n e N,

too 0 1 "
itp%o [ mso
¢ ( Yoot pso_l) #"u(p) dp.

"D A(u)(t) :/

0

Using this formula repeatedly as well as Lemma 6.1.1, we get

+oo 5o
AP AW®) = [ e (o, Dyyue) dp. (6-18)

where
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1 k/q—h
P(p,8p)=z Z Z ahnyzl_h+n’p'0.Y()(21——h-H1)—1)8£IOSO(2 /a—h)

n=0\h=0 p=0
£ 32D e g |
e p (6-19)

[e'e) { Jjo 2l—h+n

We use the notation

p
HEEEDY (Z ) ()p—ap*PHD5u. (6-20)

a=0

where (4)g is the Pochhammer symbol, defined by
Mpg=AA—=1)...(A=B+1), (A)o=1, AreC. (6-21)
We point out that the following identity is a trivial consequence of the definition of sg:
so% —(so—1)2/ =0. (6-22)
Using (6-22) and the preceding identities, we obtain the expression for P

oo ( jo 2l—h+n p » ”
P(p,dp) = Z{Z Z Z AhnY2l—h+n,p (a) : (%(7 —h)) ,0_21_30”“‘82‘
p—a

n=0\h=0 p=0 a=0

co n p .
+ Z Z Z CinYnp (5) (_sOi)p_ap—son—soJ'/61+aag}' (6-23)

j=0p=0a=0 q

Define now the coefficients

2l—h+n » 2
Apan = Z VZl—h+n,p( ) (50(_ - h)) (6-24)
p=a o p—a

and
n .
Bjan= ) Yup (5) (—Soi)p_a. (6-25)
p=a

In particular, Ag 27,0 = V21,21 = (i/50)* and Bggo = 1.

Lemma 6.1.2. For h€{0,..., j,},n>0,0 €{0,...,2/ —h + n}, we have

_ 2l —h+n)!
| A | < le htnti - ) . 6-26)
For j,n>0,a €{0,...,n}, we have
; !
| Bjan| < Cp o/ OF L (6-27)

ol
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Proof. Let us first consider the Ay,,. Since, forr =0,...,p—a —1,

|so(2k /g —h)—r|=|soQk/q—h)—1—(r—1)| < [s0(2k/q)] +r + 1,

% _, <(LS°%J+I’_“)!
),y

for a convenient positive constant C. We may then write, due to (6-17), that

we have

<C%(p—a)!,

2/—h+n

2l —h ! 2l —h !
|Ahan| < Z Cﬁl—h+n+PCP—OC( '+ }’l) ( )(p Ol)' < le—h-{—n( '+ n)
= p! a!

for a suitable positive constant C4. This proves the first statement. The second is proved in an analogous
way and we omit the details. O

Using the definitions (6-24), (6-25), the operator P in (6-23) can be rewritten as

00 jo 2l—h+n
P(p,dp) = Z{Z Z AnnAnanp™ 2= s0n+aaa+zzc]n joanpP son—soj/q—i-ozaa}' (6-28)

n=0\A=0 «a=0 Jj=0a=0
Settin
g min{jo,2/+n—o}
Ane= Y, @hnAnan (6-29)
h=0

the above expression of P can be slightly simplified:

oo (2+n
P(,O, ap) — Z{ Z An 0 —2/— Son+aaa+z chn ian —Soh— so]/q+aaoz} (6—30)

n=0 \a¢=0 j=0a=0
Moreover, the estimate of Lemma 6.1.2 carries over to /Ina:
Lemma 6.1.3. Forn > 0,a €{0,...,2/ + n}, we have

c2+ntr LA
2 .

| Anal < ,
o

(6-31)

For reasons that will become apparent in the sequel, we prefer to write the operator P in a way where
the factorial growth of the coefficients is coupled with a corresponding negative power of the variable p,
that is,

P( a )_ i 2[2—}—11 Ana —(SO l)naa+zz CJnBJOH’l —(SO—])(n+j/q)aa (6—32)
P, 0p) = 2]+n—a —a+]/q e

n=0 ot=0’0 j=0a= 0

We point out that the powers of p in the above expression of P are all negative. However, if we were now
to attempt to find a formal solution to Pu = 0 by solving iteratively the transport equations obtained by
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looking for a u in the form ) ;- ux, we would not be able to conclude that the sequence u decreases
with respect to p in such a way that we can asymptotically sum the series for #. In other words, we wish
u to behave as a symbol and we want to compute its asymptotic expansion for large p, but for the time
being, there is no guarantee that the symbols u; would have a decreasing order in p when k goes to
infinity.

A way around this is to introduce a phase function and to write u as u(p) = e!®®y(p), in such a way
that the negative powers of p in the expression of P which are not negative enough are canceled by ®(p).
This is what we do in the next step.

Using the Faa di Bruno formula, we have

n
eI’ = (0, +iDp) = e7'® Z (Z)(aﬁe"‘l’)ag—"

_ZZZ Z () khvl_ll(CD(p 1)) Z_h-

h=0k=1  kq,...,
Ztlkl

Here <I>§)k) = 8];“ ® and ¢, = CDE,O). Plugging this formula into (6-32), we obtain
—i¢(p)P(p 9 )ei¢‘(p)

oo 2l+n « I /Inot o) h CD/(O‘D_I) kp »
_ZZZZ Z () iyl prina” 50 nl_[(—> 0% (6-33)

|
n=0 a=0 h=0k=1 kq,..., p=1 p:

00 00 n o h o h! CinBi h q)(p 1)
.k . jnjan —(s 1)(n+]/q) w—h
+ZZZZZZ Z (/’l)kl' kh'pn—a+j/q'0 0— 1—[( g )ap .
n=0j=0a=0h=0k=1 ki,...kp seec b i
Yiki=k
Y iiki=h

Our purpose is to cancel all terms containing powers ,0_9 with 0 > —0 > —1 and no derivatives. This is
closely connected with the form of the (asymptotic expansion of the) operator A and is actually performed
by choosing a phase function ® of the form

My
—(s0—1) 7 - 1
Dp(p) =Y @jp OV 4o 1p7l My = L J (6-34)
, so—1
j=0
Here | ... | denotes the integer part and the ¢;, j = —1,0, ..., My, are complex numbers to be chosen

later.

Let us find the terms in both summands in (6-33) where there are no derivatives and the power of p is not
below —1. To this end, we remark that only ®, plays a role since, because of (6-34), CI)E,k ) (p) =o0(p~h)
itk >1.
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Let us focus first on the first summand in (6-33). The terms with no derivatives correspond to @ = 4.
The terms where only first derivatives of ® appear have k; = k = h. Moreover, since 2/ +n —« is an
integer, we necessarily must have either 2/ +n—o=0and 0 <n < My,or 2/ +n—a =1and n = 0.

Let us consider the second summand in (6-33). Similarly to the preceding case, ® = h and k1 =k = h.
Moreover, we necessarily have n = . In view of (6-13) and (6-14), either j = 0 and 0 <n < M, or
J=q(o+1)—2k andn =21 —(jo+ 1) if jo =0 (that is, 2k < q.)

It turns out to be useful to have a notation for the family of indices in both the first and second
summands in (6-33) corresponding to terms that do not contribute to the eikonal equation. We call these
two families of indices & and B respectively. We have

d={(na hk) ‘ n> Moy} U{(n,a hk) } 0<n< Mo, (o, h k)@l +n24+n2l+n)}
U{(n,a h k)| a hk)#(0,20-1,21-1,21-1)}, (6-35)
B={(n,j,ahk)|n>M}U{(n j,ohk)|0<n=<M,,(jahk)#©0nnn))}
U {(n,j,oe,h,k) ‘ j=q-2k,n=2l-1,(a,h, k) # (n,n,n), if jo= O}. (6-36)

The terms contributing to the eikonal equation are then
Moy

2l4n —(so—D)n g2l —1:21-1 f 21-1
Z R e S LV PVRRT
n=0

My
+ Z i"Con Bonnp~ S0~ 1" ), + incq—zk,zl—lBq—2k,21—1,21—1P_1q>f)l_1, (6-37)
n=0

where the last term of the expression above is present only if jo = 0. Note that there is a kind of “principal
part” in the above expression, namely the part not containing negative powers of p. This part is obtained
by setting n = 0. Now by (6-29),

I

.20 7 .2/ .2/ . 21 -2
iAo =1 agoAo,21,0 =1 apo(i/s0)” = agosy =" >0,

where the next to last equality is due to (6-24) and the positivity is a consequence of (6-11). On the other
hand, again by (6-11) and (6-24), coo Booo = coo > 0.

Lemma 6.1.4. Consider the equation
My
Z p—(so—l)n (an q)?)l-i-n + by, q)g) + )/,0_1 q)f;l_l _ @(,0_1_8). (6-38)
n=0

Here ay, by, y denote complex numbers and aqy, by > 0; 6 is a positive rational number.

Then there is a function ®,(p), p > 0, of the form (6-34), satisfying (6-38) with

=Mp+1D(sp—1)—1>0
and such that
Im®,(p) >0 modulo O(p~ 0=, (6-39)
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Proof. To start with, we remark that the equation
aoq)f)l by = @(p—(so—l))

is satisfied by ®,(p) in (6-34), where a0<p§l + bg = 0. Of course we are always free to choose ¢ such
that Im ¢y > 0. We now argue by induction. Assume that we determined ¢y, . . ., p;_; and solved (6-38)
modulo o(p~*~DGo=1) 1 et us compute the coefficient of p~%G0=1 in (6-38), with k < M. First we
observe that if « denotes the multi-index (.1, ..., ap,) With a, € Z* and ¢ denotes the complex
vector (¢o, @1, - .., ¥M,), We have

. il M,
) (p) = Z ]_;‘Pap_(so_l)ZFOOP% modulo O(p~1).
o!

lal=Jj

The coefficient of p~K©0=1) js then given by

k . .
@l +j)! o J! o
Z(“f D AR/ ID DT |
j=0 loe|=21+ lee|=j

Zp pOlp=k—j Zp pocp=k—j

The constraint on ) p Pap forces the index p to run from 0 to k — j, and it is clear that if j > 0, the first
summand above cannot contain @y, since ax_j 1 = -+ = apg, = 0. Consider thus the term with j = 0.
Then oy is zero or one. The first case is similar to the previous cases, so that ¢z must be one. Then since
oy = =0ay_; =0, we see that g = 2/ — 1, thus yielding the coefficient of p~¥©0=1) containing ¢y

20aopd .

Arguing analogously, we can see that ¢ is never contained in terms coming from the second summand.
This allows us to uniquely determine ¢y, since ag, ¢o 7 0.
The argument for ¢_; is completely similar and we omit it. O

The above lemma gives the existence of the phase function ® of the form (6-34) such that in the
expression of e 7/® Pef?® there are no terms without derivatives in which p has an exponent greater than
or equal to —1. We stress that the reason why we need this fact will become apparent when we have to
solve the transport equations, which thus far have not played a role.

Thus the operator e % Pe!® now has the form

e 1®(0) P(p, ap)ei¢(/>)

oo 2l+n a h " o Al /Inoz e h q)’gp—l) kp —h
SOIDIDIP LD I W e e N (T

p!

n=0 a=0 h=0k=1 ky,....kp, p=1
(n,a,hk)ed Y.iki=k
Yiiki=h

(o sl o] n o h o h' Ci B

.k : JnPjan —(so—1)(n+j/q)
DI I IS I W et
n=0,=0a=0h=0k=1 ki,....kp
(n,j a.hk)eB Yiki=k h (P—1\k
i iki=h @ P o -
5 _1—[( o ) 9%t 1 0(p=(+D).  (6-40)
p=1v P
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Here the last term is a consequence of (6-37) and Lemma 6.1.4, where we defined §.

Lemma 6.1.5. Let ® be as in (6-34) and denote by Cg a positive constant such that |¢j| < Ce for
j=-1,0,1,..., My. Then

kMo k

h (p—D\k
q;pl’ ! _ —(h=k) —(so—1)t1—12 6-41
1_[ =P Z Z Clky yeneskn) oty 52 P : (6-41)

|
p=1 P f=1=8), i t2=0

k—ki1<ti +Mytr,<kM,

h h
where k = Z ki,h= Z iki, and 8y i is the usual Kronecker symbol. Moreover, we have the estimate

= = t+t+k
1 2
|Chynnn) by ta ] = ( k )Cq'i' (6-42)

Proof. We argue by induction on 4. If 4 =1, then k = 1 and k; = 1, so that (6-41) is trivial. Assume
now that 4 > 1 and suppose that (6-41) holds for every &’ < h. There are two cases:

Case I. 1f kj, # 0, then from /h = Zf’zl ik;, we obtain that k, = 1 and kq, ..., k;—; = 0, and hence
k = 1. Then

h q)’gp—l) ko My o) 1 (r=1)
1_[( , ) =m(2§0j/0_ =T 4 g1 p” )
p=1 P =0

Moy
=p~ D ( > 0000 T o, 0,100 P_l)’

=1

which proves the statement.
Case II. Suppose ky =0. Let s = min{j | k; # 0} so that Zf’;sl ik; = h. Note that
stk —1)+ (s + Dkgp1+---+(h—Dkp—y =h—s.
If s = 1, the h-tuple (k; — 1,k;,...,kp_1,0) can be thought of as an (/ — 1)-tuple such that
ki —142ky+---+(h—Dkp—y =h—1.

On the other hand, if s > 1, from s(ky — 1) + (s + 1)ks41 + -+ (h— D)kp_1 = h —s we immediately
deduce that k;,_, = 0 for every a < s, so that the /-tuple

(0,....0,ks—1,....kp—1,0) = (0,....0,ks—1,....kp_s.0,....0)
can be identified to the (& — s)-tuple
ky,oosks—1, ks —1, ... kp—y),

where ki =---=kg_y =0and s(ks—1)+---+ (h—5)kp_s = h—s. We are now in a position to apply
the inductive hypothesis. Assume, to make things definite, that s > 1 (the case s = 1 is analogous). Then
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h (p—Dk, h—s , x(p—Dk (s—1) h—s , = (p—1)\ kp—35s.
l—[(cppp )p:l_[(cbpp )p:q)/’s l—l(cbpp ),, b
s!

| | |
p=1 P p=1 P p=s p:
oD (k—1)Mp -
pS' p_(h_s_(k_l)) ’ Z Z C(O: -0, ks_ls akh .s) llJzIO (SO l)tl t2

1=1-8p—s k-1 £2=0
k—1<t;+Mot,<(k—1)M,

Recall now that
(s 1)

0 e 1)(ZC ot +Csa—1p_1)’

for certain numbers c;, j, ¢5,—1. Note that we can find a positive constant Ce such that |@;| < Cg for
every j =—1,0,..., My, and that then

|Cs,j|§C<I>, j:_l,l,...,Mo.

Using the above expression for CD,(OS_I) /s!, we obtain

My (k—1)Mo —

h (p—1)
l—[ O] _ Z Z Z — )—
(p—) (h k)[ C(O """ 0 ks_l ----- kh s) tl tzcs IO (SO 1)(tl+]) t2

|
p=1 b =1 t1=1-8p—5k—1 t2=0
k—1=<t;+Motr <(k— I)MQ
(k—1)M, -

tl—1 ‘Sh —s.,k— 1 b= 0
k—1=<t;1+Myt, <(k—1) M

Now in the first sum we note that, as far as the powers of p are concerned, k =k —1+1=<t;+ j+t, My <
(k—1)My+ My = kM, while in the second sum above we have k <k —14+ My <t; + (& + )My <
(k—1)My+ My = kM,, where we assume we are in the nontrivial case My > 1. This proves the
first statement of the lemma. To finish the proof we have to prove estimate (6-42). We again argue by
induction and use the expression (6-43) above. Actually the coefficient of p~0~D!1=%2 coming from the
first sum has the form

Z Cs,jC(0,...,0,ks—1,....kp—s),t,t2"
t+j=t

Its absolute value is estimated by
k th+k
Ra(i)-a(')

where we have used the fact that |c,, j| < Cg. This concludes the proof of the lemma. O
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Using Lemma 6.1.5, we are going to make some preparations on the operator e ‘% Pe!® in (6-40).
First of all, using (6-41), we write it in the rather lengthy form

e—i<1>(P)p(p 9 )ei<1>(p)
oo 2l4+n « kM

zzzz 5> z:z(}—m

n=0 a=0 h=0 k=1 ki,...kp t1=1=0) p t2=0

(n,o,h,k)esd i ki=k k_ji <t +Motr<kM,
lelk, —h 1 1 0l2 0

“Ina —(so—1)(n+11)—(t2+h—k) qa—h
. c(kl,n-,kh),tl,tzmp (so—1D)(mn+11)—(r2 )3%

0 o0 n o h kM
15335 35 30 I SND SD Dl of It
n=0;=0a=0h=0k=1 ki,....kp t1=1=0 p t2=0
(n,j ,0,h,k)ER i ki=k g, <t;+Motr <k M,

ik =

cjnBj (sn— ; _ _ - -
C Clhy ki)t tzp;”a—jj/”q (so—1D)(n+j/q+11)—(t2+h k)ag h+@(,0 (1+8)). (6-44)

Here the last term, @(p_(1+5)), denotes a finite sum of terms of the form

yip %%,

where y} is a constant and 6 > 1 4 6.
For every r € N U {0}, define the pair of differential operators

2l4+n «

Currin= ¥ 3N Y Y Z() .

q(n+t))=r a=t1 h=ty k=min{l1,t1} ki,..., ky t2=0
151 <(21+I1)M0 Zz ki =k
(n,0,h,k)eEsd Yiiki=h b
A”a —tr qoe—h

Clkikii aTna P00 (6-45)

and

Gpin= Y LY Y A Y Z() b

qg(n+t))+j=r @=t h=t; k=min{l1,t1} ky,....kp t2=0
tlfﬂM() i Ki=

(n,o,h,k)eR > iiki=h

¢mBjan 1y o0—n
“Clkyye.., kh)’tlitzpn_a——i_j/q 209", (6-46)

Then the operator in (6-40) can be rewritten in the simpler form

—z<I>(p)P(p P )e’q’(”) Zp—(s() Dr/a p, (p.9,) +0(p~ (1+5)) (6-47)
r=0
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where

Pr(p,8p) = Qit,r (p,3p) + Qa,r (0, dp) (6-48)

is a differential operator of order 2/ + |r/q].

Our next task is to provide growth estimates with respect to r of arbitrary derivatives of the coefficients
of the operator P, in a region where p is large. These estimates are essential when one tries to construct
a true solution from the solution that we have not discussed yet.

Proposition 6.1.6. Denote by o, ,(p) the coefficient of 85 in Pr(p, d,). Then we may find two positive

constants cy, Cy, such that if p > clre, with 0 < 0 <1, we have

ot
080y, p(p)| < CEH I 9?. (6-49)

Proof. First we remark that the coefficient under exam is given by

oy () = {ar,p,l(p) +arpa(p) if p=<|r/ql.
P or,p,1(p) if [r/q] < p<lr/ql+2I,

where a, , 1(p) comes from Qy r(p, d,) and correspondingly o, , »(p) comes from Qg »(p, dp). Thus

20+r/q]

Pr(p.0p) = > arp(p)d?. (6-50)
p=0

The expressions of . p i (p) are given by

2l+n

(@—p)! _ape
P S S S S z( )iy

g(n+t)=r a=max{t;,p}k=min{l,t1} ki,...kq—p t2=0
1 =Ql+n)My S ki=k
(n,a,a—p.k)est >iiki=a—p i
no
“Clky,.., ka_p),tl,tz—p21+n_ap

—1t>

(6-51)

and

n oa—p
Olr,p,z(P)= Z Z Z ik Z Z ( )%p—(a—p—k)

ko—p!
q(n+t)+j=r a=max{t|,p} k=min{l,t1} ky,....ka— p =0 a—p
t1<nMy Y, ki=
(n,0.0—p,k)ER 2 iki:“—P CjnBjan —tp
“Clkyyenska—p), ’1”2W—+1/q . (6-52)

We start by estimating (6-51). Differentiating ¢ times the function in (6-51) has the effect of producing in

the sum (6-51) the factor
t—1

D' [[a+20+n—p—k+ ).
j=0
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Hence, using (6-42), (6-31),

2l+n

|0 pi (o) = D" > Z >

g(n+t))=r o=max{t;,p}k=min{l,t1} ki,....ka—p

t1§(21+n)M0 Zi k,:k
(n,a,a—p.k)ed Y iki=a—p

M,

ZO e (a p) p=e—p=cnt1 CLEM i)

t,=0 ka—p! A ol

ottt k\(ta+2+n—p—k+t—1\ _, _
.Ck | " t.
q)( k )( t P

Furthermore, we have

(a—p)! (a—Dp)! k!

= k)!
kil kap!  Kla—p—FK)l kyl-- ka,,(“ p=kK)

<20TPP (o — p— k) <42 FT A — p— k). (6-53)

The number of multi-indices (k, ..., kq—p) such that the sum of the components is k is given by
k+a—p—1 < q2l+ria
a—p—1 -
If p> clre, with 0 < 6 < 1, we may estimate, if 8 < c,r,
B! _ B! Bgy—o. 0 —1
<c, B! c3=ci/cy, c4a =cC5 . 6-54
,Oﬂ ﬂﬂeﬂ ﬂ 3 1/ 2 4 3 ( )

As a consequence, we obtain

t!
<Cr+t+lr,1 —0 =,
P

t
|8p05r,p,1 (/0) ‘

where C; is a positive constant depending on the parameters of the problem and on 6.
The function Bfoozr, p,2(p) is estimated in a completely analogous way, and this proves the assertion. [J

Let us now take a closer look at Py(p, dp). We may write

Po(p, dp) = Qo(ap)+2 — Om (), (6-55)

where the Q,,(0,) are differential operators with constant coefficients such that Q¢(0) = Q;(0) =0, all
the roots of the equation Q¢(A) = 0 are such that Re A > 0, due to the choice of the phase function @,
and N is a suitable positive integer.

Let

S()—l
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Consider the order-zero term in the differential polynomial

5k

J
Z p—((SO—l)/q)r Pr(p.d,).

r=1

It is obviously a finite sum involving negative powers of p of the form

Y fipTh. 6>1. fjeC.
J

Define A by
A+ 1 =min{6;}.

Obviously A is positive because ; > 1. Lastly, set

—1 1
M:min{l,k,é,so - '*+1}’ (6-56)
q J
which is a positive rational number, since
—1 1
50 — = >0
q Jr+1

Also recall the definition of § from Lemma 6.1.4. We are now in a position to define the final form for
the operator P. Set

Py(3p) = Qo(3p), (6-57)
Pr(p.d,) = pWComDIDrp (p 5,), Pz, (6-58)
Pr(p.dp) = pH= OO (P(p,8,) = Pr(p.0), 2=r <%, (6-59)

Finally, we define P, including in it both the errors coming from the construction of the phase function
and the zero-order terms which have been removed in (6-50) from the definition of 13,, 2<r<j*

131(105 ap)

N
—(so— - 1 -
= P TOTPUp 0p) + 0T Y g OmB0) + 04T ) v

m=1 a=0

1
p1+9a

+Y fip*7%, (6-60)
j

where the next to last sum is a finite sum denoting what in (6-47) is O (,0_(1"'5)), Yq are constants, and 04
are nonnegative rational numbers.
The operator P in (6-47) is then written as

o0
Po(p.0p) = e O P(p,d,)e*P) =" p7H" Pr(p, ). (6-61)

r=0

We explicitly point out that Proposition 6.1.6 holds also for the coefficients of P,. Moreover, the zero-order
terms of P,,2 <r < j*, are zero.
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From now on, to keep the notation simple, we forget about the tildes in (6-61).
Finally, we turn to the construction of a formal solution to Pgu = 0. Let us look for # in the form

o0
u(p) =Y up(p). (6-62)
p=0
where the u)’s are the solutions of the differential equations
Po(dp)uo(p) =0, (6-63)
h
Po@p)un(p) ==Y o Pr(p, dp)un—r(p), (6-64)
r=1

fort e N.
Equation (6-63) is immediately solved by uy(p) = 1, because Py(0) = 0.

Lemma 6.1.7. Let Q(0d,) be an ordinary differential operator with constant coefficients such that
m
00,) =[] @p—2))™. (6-65)
j=1

where mj denotes the multiplicity of the complex characteristic root Aj and Re Aj > 0. Then the ordinary
differential equation Q(0,)u = f has a solution of the form

m_mj 400
u(e) = (E N0 = Y Y i [ HOD =y f(w) . (6-66)
j=1t=1 p

where the d; ; are suitable complex constants. In particular, 8;14 = FE 8; f.

The proof is essentially the classical construction of the fundamental solution £ for Q; we omit the
details.

Corollary 6.1.8. In the situation of Lemma 6.1.7, define
v =max{m; | Rel; =0},

with the understanding that if no characteristic root has zero real part, then v = 0. Assume further that
1 =0(07%) for p— 400,k —v > 1. Then

u(p) = 0(p~ ).
Proof. Denote by j, one of the indices j where the maximum in the definition of v is attained. All we
have to do is to estimate the integral with j = j, in (6-66):
mjl)

> 1dj, il

t=1

+oo |
/ etlm)»jv(p—w)(p_w)t_lf(w) dw|.
o

Each summand above gives a contribution of the form

-1 t—1 400
djul 3 Cf( )p“ / w1k gy,
a=0 ¢ L
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for a suitable positive constant Cy. Note that by assumption, the integral is convergent and can be
explicitly evaluated, yielding

mj,

> s Z cf( ok

for a larger constant C JQ This concludes the proof of Corollary 6.1.8. O

Lemma 6.1.7 provides a solution of (6-64) iteratively; that is, once we have suitable estimates for uy_,,
r=0,...,h—1, we can get estimates for u,.

Proposition 6.1.9. There exists a sequence of functions uy, h > 0, solving (6-64), and positive constants

v, Cy such that if p > yh, then
t!

‘8;)1/!}1(,0)} < lel-l-t-‘rl W (6-67)
Proof. We are going to prove a slightly better estimate of the form
~ivir1(0] Hi—1 t!
|0uj(p)| < CJT'F ( z S Pz vh, (6-68)

where C, > 0 is a constant and o denotes a suitable integer independent of j, . The important quantity
u was defined in (6-56).

We argue by induction, remarking that there is nothing to prove when 2 = 0. Assume that & > 1
and that (6-68) holds for j < /4. Since, by Lemma 6.1.7, ai,u = FE % 3; f, we have to estimate the z-th
derivative of the right-hand side of (6-64). To this end, it is enough to consider just a summand in the
right-hand side of (6-64) in the region p > yh:

2[+|r/q]
0 (07 Pr(p. dp)un—r(P)) = Y 04(0 7" atr p(0)0Pup_r (p))
p=0

2l+r/q] t

- > Z( ) 44y (0)) 08 Py, ().
=

Before proceeding further, we must distinguish the contributions from terms where p = 0 from the other
terms.

Let us first consider the terms with p = 0. To deal with these, we make a further distinction when
r>j*4+1orr < j* We start with » > j* + 1. Because of formula (6-58), we have to estimate

t
Z( )(‘V’( 0T e 0(p)) 3 P (p)

- Z Z( )( )a“ 0T 80 a0 ()3 Pun—r (p). (6-69)

B=0v=0

By (6-21), Proposition 6.1.6, and the inductive hypothesis, this quantity is estimated as follows (see (6-20)
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for the notation):

S ()0 (25

—(So—l)r/q—ucoil'+f3—u+1 (IB —v)!

PP
L ehervi—prr (Oh=r) F1=f=1\ (=P
u t — 18 pt_ﬂ‘f‘ll«(h_r) )
The latter quantity can be estimated as
t B

Sh—r+t+1 ~r+1 t! ~—B B O-(h_r)+t_ﬁ_]‘ (SO_I)r/q+U_1

Cu Ca t+u(h—r)+(so—1r/q Z Cu Ca t—ﬂ Z v ’
IO ﬂ:() v=0

since without loss of generality we may always choose C, > 1. The inner sum is computed exactly:

3 ((So— rfa - 1) _ ((So— i +ﬂ)_

v=0

S0—

Let us examine the exponent of p; it is equal to ¢ + uh + ( I_ ,u)r. On the other hand, if r > j* 41,

(So_l—,u)rz(so_l— 1 —M)’”+ oy
q qg J*+1 Jr+10

by the definition of . The whole argument here is performed in the case where (sg — 1)/¢ is not a

we have

positive integer. If it is an integer, the argument is analogous, but much simpler and more direct. The
above quantity is estimated by

éh+l‘+1 COE+I ¢ ,
‘ Ch 3 (o(h—r>+r—/5—1)(((sO—1)/q)r+ﬂ)

pf Hh+((so=1/q=w)r t—B B

<C~,h+t+1C(§+1 t! ch—r(c—(so—1)/q)+1t
— H C~'r pt+I/~h+I ¢
u

— u ~ h .
CL{ pl“f’lﬁ +1 t

For the first inequality we chose Cu > Cy and used the identity

- k —k 1

Z X+ y+n _ X+y+n+ ’ (6_70)
k n—=k n

k=0

So—l

for x, y € R. In the second inequality, we chose o > + 1.
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As for the terms with p =0 and 1 <r < j*, there is only the zero-order term of P; (see formulas
(6-59), (6-60)), for which we have the estimate

!
[Bpeno(e)] = Cy s

We conclude that the following inequality holds:

h 20+|r/q] t

dy, . Z( )/ 08 (w™H aty, p(w)) 05 Py, (w) dw. (6-71)
p=1 p=

r=1

We use Corollary 6.1.8. Noting that p +¢ — f > 1, we may integrate by parts, decreasing by one the
number of derivatives landing on uj,_, and increasing by one the number of derivatives landing on the
coefficients. The above quantity then becomes

h 2l+|r/q] t
4y Y Z() (077 atrp(9)) 35 1 (o)
r=1 p=1 =
h 2l+|r/q] t

—dy ) Z( ) /p BB+ (W gy ()PP Ny, (w) duw.
p=1

r=1

2

The above quantities sport the same behavior with respect to the variable p, since even though the order of
the derivative on the coefficients of the second term is larger by one, the integration, as we shall see, levels
that difference. On the other hand, estimating the coefficients is quite analogous, so that we consider only
the second term and leave the necessary simple adjustments for the first to the reader.

Now using (6-21) and (6-49) with 6 = 1, we get, if p > yh, y > ¢y,

B+1
) n B+1-=10)!
o] = 3 (770 et et LD
i=0
B+1
1+r+B+1 (,3+1)' l“’""_l
=G Hr BT Z

aras W+ﬂ+1 —(ﬁ“)'
B+1 pur+ﬂ+1

Hence, by the inductive hypothesis, the second term above is estimated by
h 2l+|r/q] t

, , — ur+p+1
|d| Z Z ch-i- +ﬂ+1ch +p+ ,B(ﬁ)( IB+1 )
r=1 p=

.(a(h—r)+p+l—ﬂ—2)/‘+°° B+D! (p+1—p—1)
P

p—i—l—,B— 1 w,ur-i—ﬂ—i-l w,u,(h—r)-i—p-i-t—ﬂ—l dw.
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Now the integral is easily computed, yielding (uwh + ¢ + p — 1)~1/p#h+1+P=1 Note that since p > 1
and /1 > 1, there is no problem about its convergence. We thus obtain the bound

h
Ahr1_ 1!
C” [Lh-H‘ | Z

r=1

20+|r/q] 2+r+,3C17 1

t
o (uhtttp—1)7
=1 B=0

=

_(,ur—i—,B—l-l)...(ur—l-l) (cth—=r)+p+t—B-=2)! 1
Bl—B)! @h-n=-Dr  pr
Since p>yhand 1 < p <2l+|h/q|,wehaveo(h—r)+ p—2=<och+2]l+ (1/q)h < y1h, where y; is
a positive constant, y; > o 4 (1/q) + 21. We obtain that p~! <y~ 1A=l <y~ly(c(h—r)+ p—2)~L.
We point out explicitly that 1y, can be chosen very small if y is chosen large enough. Let us denote

this constant by §, where it is understood that § is small provided the constant y is chosen large enough.
The above expression is then bounded by

h
Shtt+1 !
Cy uh+t d| Z

r=1

2

I+|r/q] ¢ 2+r+ﬂCp 1 wr+B+1
g 2_: CrtB ph+t+p-1

.5P—I(Mr;ﬁ)(0(h—r)-i;t_jg,3+p—2).

Now 8 <t and p — 1 > 0 imply that the fraction at the end of the top line above is bounded by 2, so that
the whole quantity is estimated by

h 2l+|r/q]

c2+rcl" Ll fur+ B\ (oth—r)+t—B+p—2
~h+t+1 1 o
Cu ;Lh+t2|d|2 Z ——=—8 Zéﬂ( ﬂ )( t_lg )
=0 “u

Since we already chose C'u > 4C£, the ratio in the third sum above is less than %, and the sum over 8
involving only binomial coefficients is computed by (6-70), yielding

Chti+1 t! m i 21—%‘” Co%—HéﬁD_l §P1. (W’ +oth—r)+t+p— 1)
u pp,h—i-t 2 Cr t ’
r=1 p=1 u
Observe now that there is a positive constant ¢ such that p < ¢r. Therefore ur +o(h—r)+t+p—1=<
ch+t+r(u—o+¢)—1=<coh+t—1, provided o is chosen large in such a way that 6 > u + ¢.
This is always possible and is actually the only constraint on o. By a well known property of binomial
coefficients (with positive real numerators), we then obtain the bound

h 2l+|r/q] = p—1
Chi+ oh+1—1\ 1 |d|z ctrey §p—1
u t Mh+t 2 Cr
r=1 u
har (O =1 1 ld] g A
=C Lo/ oy
u t p,h—i-t 2 Cr u

r=1 p=1
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The inner sum is easily evaluated provided, for example, § < C~’u_ /2. This is always possible and amounts
to choosing y large. The contribution from that sum is thus < 2. As for the outer sum, if we choose C,
in such a way that

Cu > C3(1+3|d)).

which depends only on the problem data, we obtain the final bound

LEhtt+1 och+t—1\ ¢
37U t p“h"l‘t.

The same bound is obtained for the term without the integral.
This finishes the proof of inequality (6-68). Inequality (6-67) is an easy consequence. O

Proposition 6.1.9 guarantees that we can construct a formal solution to the equation P(p, dp)u(p) =0
in (6-18) and thus a formal solution A(u) for

A(t, D) A(u)(t) = 0. (6-72)

In the next subsection we plan to construct from A(u) a true solution; this will only yield a solution of
(6-72) with a nonzero right-hand side which will be negligible in an important sense.

6.2. True solution and the end of the proof. To establish the notation, we state the result of the previous
subsection:

Theorem 6.2.1. There is a formal solution A(u)(t) of (6-72) of the form

+o0
A)(t) = fo 7 ! *®u(p) dp, (6-73)

satisfying the following conditions:
(1) The phase function ® is of the form
My

—(Go=1)/a)) 1
Do)=Y gp! " CVDI Lo logp, My = LSO_IJ, (6-74)
j=0

withp; € C, j =—1,0,..., My, Imgy > 0.
(2) The function u has the form u(p) = > 52 un(p), where ug(p) = 1 and (compare (6-61))

h
Po@p)un(p) + Y p~* Pr(p. dp)up—r(p) =0, h=12..... (6-75)

r=1
Moreover, uy, satisfies the estimate (6-67); that is, if p > yh, for y large enough,

t!

t h+t+1
‘apUh(,O)}fcu W

(6-76)
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As a consequence of the construction, A(u) formally satisfies
Foo .
AC.D)AWO = [ e P, (P () dp
0
400
_ / (P 1P (710D P 31O )u(p) dp
0
Foo ad
= / 10 o1 2(0) Z p M Pp(p, dp)u(p)dp
0 r=0
+oo . o h
=[O S Y 5 P i () dp =0, (6-77)
0 h=0r=0
Letwj € G°(R), j =0,1,2,..., with 1 <s <50 to be specified later, be the cutoffs introduced in

Lemma 5.4, defined in R. We assume from the beginning that the constant 2R in Lemma 5.4 is larger

than y, the latter being the constant in the second item of the theorem above. Define

o0
v(p) = ) wn(p)un(p)-
h=0
Trivially, v € G*(R). Moreover:

Lemma 6.2.2. The function v in (6-78) satisfies the estimate

(04

1s
{|a‘}§v(p)\ =< CS‘“O;—' for every p > 2R,
V=0 if p<2R.

Proof. Let us start by estimating aﬁwh Bg_ﬂ uy,. For the first factor we have
N
90n(0)] < (RCPF1E tor every .
P

For the second factor, by (6-76) we have, provided p > yh, which is implied by p € supp wy,

‘3g—ﬁuh(p)| < Cj’““ﬂ“w < Chta—B+1 M(ﬂh + 1))"”’.

pa—ﬂ—i-uh - u pa—ﬂ
Putting together the estimates, we obtain
o0
~ al’ —uh
|0%v(p)| < C;"“p—a > (v + 1)
h=0

This implies the assertion.

(6-78)

(6-79)

O

Definition 6.2.3. Let 2 be an open subset of R. We define the class %B°(€2) (of Beurling type functions
on 2) as the set of all smooth functions u(x) defined in €2 and such that for every ¢ > 0 and for every

K € Q compact, there exists a positive constant C = C(e, K) such that
[0%u(x)] < Ce%al?,

for every x € K and every «.

(6-80)



416 ANTONIO BOVE, MARCO MUGHETTI AND DAVID S. TARTAKOFF

We want to show that A(z, D;)A(v) = g, where g # 0 and g € B (R). First we show that far from
the origin, A(v) has a better regularity than G*°(R). The following lemma is straightforward:

Lemma 6.2.4. We have G° (2) C B! (Q) for every t > o.

Lemma 6.2.5. Let s be the Gevrey regularity of the cutoff functions wj in (6-78). Let § > 0. Then
AW) € BC({x | |x]| > 6}), with s <o < s¢.

Proof. We actually prove that A(v) € G5({x | |x| > §}). We have
+oo | : .
D% A(v)(1) = / ¢110"0 302 i ®0)y () 1
0

We observe that (sotp*0~1) ™1 D,el?™*! = ¢iP°!  Therefore,

D;"A(v)(l)z(%)j /0 +°°e”f’“°(—Dp 1 )j(ps"“e"‘l’@)v(p))dp

SO,OSO_I
_ 1}/ ltp‘O soa i®P(p)
—(;) fo Zy,h SO,_,, ok (0% Py (p)) dp.

by Lemma 6.1.1. This quantity is rewritten as

QYD

h=0p+g=0

h—p—q,i®
T e PRGN 0) dp.

By the Faa di Bruno formula,

azeicb I¢I;l kz =t k'l_[(
1> a

Zi lkl =n

q)(P 1)

-

using Lemma 6.1.5 and the estimate (6-42) we obtain for p > 2R, with A > 0,

n
|an z<I>| < |el<I>| Z Z . k 'C —(n—k) < Cne—kp Z(n _k)!p—(n—k)’ (6-81)
k= lg?kki k=1
5 iki=n

where we argued as in (6-53), (6-34) and (6-39). Thus we have if |¢| > §,

h—p—q

oo
\D?A(v)(t)\ié"/o _M)Z Z Z pqv(h 7—q)!

h=0p+g=0 k=1

GG =) (s50)p ™%~ Pc”qp PP — p—g—F)! p~ P4 dp,

,OS()j —h
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by (6-17), (6-21). Choosing j = o, we then obtain
| DF A(v)(1))

¢ (CC Core h~

—-q +o00

So& -1 —Ao k
a—h)! 15 h———k![ e M p* dp.
hpq),( )( )q (h—p—q )0 p~dp

D3P

The integral above is equal to k_(k+1)k!, and there is a positive constant C; such that (soa) < Cy.
Eventually we get

D% A0 < (max{l I(S}CC1C Cv) i Z ( ) . 1hiq( )—1'

h=0p+q=0

We may therefore find a positive constant C such that C* > o* and deduce that

Cy (max{l I}C’CClC'va)aa's
5 .

This proves the statement. O

| DY A)(1)| = ==

Next we prove a key result of this section: the regularity of A(¢, D;)A(v). First of all, we remark that
we need to sum the asymptotic expansion (3-33) modulo some reasonably regularizing term. Note also
that the symbols in the asymptotic expansion of A are real analytic symbols:

At,T) ~ Z A jgt. )+ ) (Aak—sg(t. D) + Aot 1)g—sq (L. D). (6-82)
5s=0
We recall that A, in the above expression is (positively) homogeneous with respect to t of degree
2/q+m/q. To sum (6-82), we use the cutoff functions constructed in Lemma 5.3; we agree that they are
in G (R) with ¢ < s to be specified later. It is then evident that the error appearing when summing “a la
Borel” the asymptotic expansion of A will be G’-regularizing and hence in %% (R).
By (6-2), we may ignore an elliptic factor and rewrite A, with a slight difference in the meaning of the
coefficients, as ~ ~
A o)T 292K N gy ()RR N by () (6-83)
h=0 h=0
where without loss of generality T > 0.

We also recall at this time that the first sum above gives rise to the Q4 , in (6-45), while the second
contributes to the Qg , in (6-46). At this point we are not interested in the particular properties of the
coefficients, such as, for example, the vanishing of order 2/ of a¢ and the nonvanishing of b at the origin.
These properties have already played their role in the constructions above.

Abusing our notation a bit, we call the operator in (6-83) again A.

Proposition 6.2.6. Let v be the function defined in (6-78) using cutoff functions in G" and let A be the
operator defined by the asymptotic expansion in (6-83) using cutoff functions in G* g (see Lemmas 5.3 and
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5.4). Then, for a suitable choice of t' and t”, we have
A, D) AW)(E) € BO(R). (6-84)

Proof. It is evident that it will be enough if we argue on just one of the asymptotic expansions in (6-83).
At a certain point of the proof though, we have to partially reassemble the operator Py in (6-61), and
there we use the argument also for the other expansion. For the sake of simplicity, we argue on the second
sum in (6-83).

Due to Lemma 6.2.5, it suffices to show that for every € > 0, there is a neighborhood of the origin, Ug,
such that [0% (A A(v))(?)| < Cee®a!®® for t € Us.

Actually we need to estimate a derivative of A(¢, D;)A(v)(t), say

DYA(t, D) A()(t).

The latter can be written as

DY by (1) A(wj (p™)p v (p)),
j=0

keeping in mind the form of A (v), with v given by (6-78),

+o0 ) .
AW)(1) = /0 P02y (p) dp. (6-85)

Let now N be a natural number and consider
oo
DI bi (1) A(wi(p™) 0™/ v(p)) Z Z ( )Df’b,- (1) A(w; (p0) p~ 70 F50@=Py(p)).  (6-86)
J=N j=N p=0

Applying the definition (6-4) of an analytic symbol as well as the estimates (5-6) for the cutoff functions
defining A, we have that the latter quantity is estimated by

>

J=N p=0

o

( ) CPHTI L jI@RYHEP . (j 4 1) TP | 4w (5)v(p))|
<G Z Z ( )CPH“ pLQRYIHETR(j 1y D),
j=N p=0

provided —j 4+ o« < 0, which is obviously implied by choosing N > «. In order to handle the power of j
above, we make a stronger demand on N, namely,

14
N =0ya > L t,,’ J +1, (6-87)

where 6 is a suitable constant on which we may impose further constraints in the following, independent
of a.
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Then j +¢”(a — j) <0, and the above sum can be bounded by
e . . d C 4 ~
Ci2R%! Y CIT 2Ry Z(ﬁ) < catlgl, (6-88)
=N

J= p=0

for a suitable positive constant C, provided 2R > C. Thus this part of A(z, D;)A(v)(¢) exhibits an
analytic behavior and therefore belongs to any &°, with s > 1.
Next we must estimate the finite sum
N-1
DY b)) Awj (0™)p ™ 0v(p)) (1),
j=0
with N defined by (6-87). To do this we write the coefficients b; as a sum of a polynomial in the variable
¢t and a real analytic function vanishing of high order at # = 0 and estimate both contributions. Let us
start with the remainder terms in the expansion of b;.
Thus we have to estimate the sum

N—-1 00
DY M by iyt A(wj (0%)p 7 0u(0)) (1), (6-89)
j=0 i=0

where M is a large integer to be fixed later. The significant part of the estimate is that where the
t-derivatives land on A, since otherwise the derivatives landing on the powers of ¢ give analytic type
estimates and hence better estimates:

N—-1 00
M7 by it DE A(w; (0%~ 00 (0)) (0).
j=0 i=0

By (6-4), we have |b; ;1 pr| < CiTM+J+1 1 o that if |¢| < §, the absolute value of the above quantity
is bounded by

N-1 00
> SMCMHTIHLY (CO) [Aw; (7)™ 0% (p) (0)].
Jj=0 i=0

since on the support of w;j, by Lemma 5.4, p% > R(j + 1)"', we obtain that p—%0/ < R=J(j 4+ 1)~*"/.
Furthermore,

+oo
Ay o) 0] = [ 1Dl dp

+00
<Cy / e M pS0% g p = Cy )TN (50 + 1) < C;I"""'lcx!s".
0

Hence (6-89) is bounded by

o0

N-1 .
J . N
Cetlapoc MM ™ (S S (Coyi o+ 1=
j=0 i=0
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Choose
M =0pa, Opr > 1. (6-90)

We may impose further conditions on 64 provided they depend only on the problem data, that is, 0
does not depend on «. Moreover, let R > C and C A’ C9M§9M < ¢ and we have the estimate

o,¢] . OO
ClCe%al® Z(%)J 3 (C8) < Cysare. (6-91)

j=0 i=0

This concludes the proof for the term (6-89).
The next step is to estimate the term

N—1 M-
Z Z by.it' Awj (p™)p™ () (). (6-92)
j=0 i=0
The latter can be written as
N—1M-1 0o ,
Da Z Z bJ , / eitpsO (_aisop%) (€i¢(p)wj(,()so),0_jsov(,0))dp
j=0 r=0

By Lemma 6.1.1, we rewrite the above expression as

-1 M-1

Z Z f Jitoo mazy,h i 0o (€ P (p)p 00 (p)) dp (6-93)

Let us compute 82 (e?®Pw; (p*0)p~7%0y(p)). This is equal to

2 /31'/32'/33'ﬂ4'a"[jl e P20 () pTI0 05 v ().
Y Bi=

By (6-81), (6-79) we have
. 'Bl ﬂ4't/
‘aglelq’(p)’ < Ceﬂle—)»p E :(,31 _m)!p—(ﬂl—m), |3§4U(p)| < C§4+1p_/f;4’

m=1

and finally, using the Faa di Bruno formula,

/32 *) 132' ﬂ2 S0 k[
020, (") = Y o) Y ﬁl_[( !
RN TRESANY.

k=1 > ki=k
Y iki=p>
By (5-6), arguing as we did to prove (6-53), the absolute value of the above quantity is estimated by

B!t

Bat1
|852w; (p™)] < €y A
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where C, is a suitable positive constant. Let us now consider (6-93). It is natural to consider (6-93) in the
two regions p < 4RN' " and p>4RN! ”. We want to estimate (6-93) in the first region. We remark that
on the support of w; in this region, we have 2R(j + l)t” < pfo < 4RN'". Thus the absolute value of
(6-93) in the latter region is bounded by

N—-1M-1 r
) Z ) Z c Z(ﬂ1 m)l CHhCH cpatt
Jj=0 r=0 h=03 B;=
! n(soj+B3—1 /
-(r—h)!—ﬁl!ﬁz?m!m!ﬂz!t (‘” ﬂ’? )ﬂ3!ﬂ4!’ 1bj.r]
/ oMo gsoe L1 1 11
2R(j+1)’”5p~V054RNt” B2 psor—h pBi=m psoi+Bs s P

which in turn is bounded by

N—-1M-1 r

Z Z Z Z Cﬂl Z(IBI m)|Cr+hcl32+1CB4+1CSO]+ﬂ34h
m=1

Jj=0 r=0 h= 02.31
(r =) B! B3t B CJ T 1 @R @+ N @D+ 2 R) T (4 1)
e M

m
. P dp.
/ZR(j+1)’”spsos4RNf”

The integral above is bounded by A=D1 so that it is clear that there exist positive constants C, Cj,
such that the above quantity is bounded by

N—-1M-1 r
N3N S eeobippcpthicr i chitiepi g ot
j=0 r=0 h=0YBi=h

: (4R)(°‘"’+(r - ﬂz"”ﬂsv Ball N R)

SOC 4
< Z )/ Z C Cr+1(4R)(a r)+Nt (a—r)+ ZLh+lh't (r h)'
h=0
N—-1 Y
C;°Cp ” "
§(4R)a Z( - )’ Z C Cr—HNt (a— r)+Lr+1 1t
j=0
§L§‘+1a!t”.

Here we used the fact that p°¢ <4RN t”, as well as (6-87). Moreover,
Nl‘”((x—r)r!l‘” < (QNa)t//(Ol—r)rt”r < (eNa)t”(Ot—r)(eMa)l‘”r < max{@N, QM}t//aOlt”a.

It is also clear in the above deduction that all the constants involved except R depend on the data and are
hence fixed; moreover, R can be taken large enough so that C3S 9Cp/R < 1. We would like to emphasize
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at this stage that in performing the above estimate, we assumed that /”/ > ¢’. This is no restriction since
the only constraint on ¢’ and ¢” is that they are positive numbers larger than one.
If
1<t <t <s, (6-94)

we therefore obtain that the term (6-92) in the region p%¢ <4RN' ! gives rise to a function of class %%,
We must now discuss the term (6-93) in the complementary region: p* > 4 RN "

M—1

> b |
r=0 050>4 RN
1

N-1M-1
> X o
j=0 r=0 p

The factor in square brackets and its counterpart coming from the first sum in (6-83) yield a differential

NZ—I

0

r
L 1 . .
el1P%0 poa. E Ve o az(elfb(/))p ”"v(p)) dp
h=0

~

.
. . . 1 he id .

it Soael‘b(l)),[e i®(p) 9 (i) =isoy, ]d _
wooirnet P hE_OVrhpso,_h (e p0u(p)) |dp

operator of the form
Lo

P*(p,0p) =Y p*" PY(p, 0y). (6-95)
v=0

This is obtained by repeating the argument of Section 6.1 that led to (6-61). It is also evident that
o« = O(a) for o large because of (6-87) and (6-90).
Some of the operators Pf coincide with the P, of (6-61), while the others miss some of the terms due
to the fact that we are taking finite sums. Thus we have to estimate

/ ) 4RNI//eitp50 psoaeid>(p) P#(,O, ap)v(p) dp.
p%0=

Now an inspection of (6-51) and (6-52) immediately suggests that P¥ = P, if v/g <M —1andv <N —1.
It is actually useful to have the above relations be satisfied when v < (so/u). To do that, it suffices
to choose Oy, Oar = 5o/ 1 (see (6-87) and (6-90)).
We thus wind up with the following quantity to be estimated:

. - (so/ma
/ 0>4RNt”eltp Ops()“el‘fb(p) Z p~HY Py (p, dp)v(p)dp
p°0>

v=0
Ly
+/ L gl T g P(p p)u(p) dp = Ty + o (6-96)
pS0>4RN'?
v>(so/m)a
First we want to bound J,. We have

Ly

|J2|§/S t//IOS()a|eiq>(p)| Z IO_ILV‘P‘#)#(IO’ 8,0)11(,0)‘61/0,
POZARN v>(so/m)e
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where

my
Pi(p.0,) =) af (0)0),

r=0

and we explicitly point out that its coefficients satisfy an estimate of the form (6-49)
!
!%“ﬁ,r(,o)! < C;+t+lvll—0§’

where 0 < 0 < 1 and p > ¢1v?. Consequently, since v < Ly < ca < ¢/05 N, we obtain that p >
4RN'"/50 > ¢'yt"/50  and hence

# 1 y1—t”
o} (p)| =T /0,

Thus, by (6-79),

my ¢
- # V11—t +17!
PR | Ph(p 0 p)u(p)| < D Cy it secy ra
r=0
since p%0%HY < 1. As before, we obtain that p > ¢”r'"/50, ¢” > 0 and suitable, because 11, = O(v), so
that r1” p=" < C"+1p1=1"/%0 The integral has no convergence problem because |¢!®(®)| < ¢=*# for a

suitable positive constant A, and eventually we obtain the bound

|| < C“;;'lot!kl(l_t///s°)+k2(t/_t”/s°), (6-97)

where kq, k, denote positive constants depending only on the problem data. In the following we denote
in this way any constant of this kind, and we shall understand that their meaning may vary depending on
the context.

Choosing ¢’ near 1 and ¢”
We are thus left with the term J;. To estimate it, we have to recall the definition of v in (6-78), where

cutoff functions in G*” from Lemma 5.4 have been employed. We have

near sy, satisfying (6-94), we see that J, gives rise to a function in %%,

v(p) =Y _ wr(p)us(p).

=0

and without loss of generality we may assume that w; = 1 for p > 4R(/ 4+ 1) and w;(p) = 0 for
p < 2R(l + 1), with the same constant R we used previously. Of course we are free to choose a larger R,
if need be. Thus

(so/ e 0o
PO% T PP (pdpu(p) =D D p Y Py (p, ) (wr (p)ui (p)).
v=0 k=0 v+i=k

v=(so/m)a

We split this into two parts, according to whether in the above sum the complete expression (6-64) for the
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transport equation appears or we find only a part of it:

L(so/w)e] Lo/ e
Pt D PP () = Y D p TPy (. 0,) (@i (p)ui (o))
v=0 k=0 v+I=k

i Z Z pHYEC P (0, 3,) (wr(p)us(p))

k>|(so/mwe] v+I=k
v=[(so/mal

=JC +JC,. (6-98)

We start by bounding J C,, which is pretty similar to J,, studied above. By Proposition 6.1.6, we have

Py(p.3p) =) v p(p)3}. (6-99)
p=0
where m, < cv and the coefficients satisfy the estimate

|
18w, p ()| < c;““u!l—f)%, (6-100)

provided p > ¢;v?, 0 <6 < 1. Now

G Yy ZZ() w50, ()] |8801 (o) |92y ()

k>[(so/we] v+I=k p=0B=0
v=[(s0/p)e]
my

< —M/;—.U«(L(SO/M)OtJ-H)-FSoOt v+111=t"/s0
> > ZZ Cato!

k>0 v+i=k+|(so/w)a]+1 P=0B=0

v=|(s0/m)e] . (Rcw)ﬂ+1 CcP—BH+1 ﬂ
u

/Op

’

where (5-6), (6-49), (6-76) have been used. In particular, (6-49) can be used since p*® > 4RN L
4R91’\}/ a’ > 4R91’\}/ (n/s0)" v!", yielding 8 = ¢”/so for R sufficiently large depending on the problem
data.

We have p~? < CP p!=""/50 since p < m,, < év. Thus we get

my B
MAEDD 3 S prknllso/waltsoa cutly 1=/s
k=0 v+i=k+|(so/m)a]+1 P=0 - Vo
<o/ (RC)PHI P aC)? pit =115,

We point out that —p (| (so/p)a] + 1) + s < 0. Moreover, since m,, < ¢v, we may estimate the sum
with respect to p, getting

TG <> ok 3 o+ REVHLCL O 11" 504 E =1 ).
k20 vHI=k+[(o/mwal+1
v=(so/u)e

Finally, we want to bound the inner sum, noting that contrary to the sum over k, it is a finite sum
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involving a number of terms proportional to «. Because of the estimate

pU=t" [s0+E@=t"/50) < ((% ) a)!l—t”/so—i—E(z"—t”/so) < €1 g Go/W(A=1"[50)+(s0/ WEE'=t" [50)

we obtain , o L
|JCy| < ot 160/ (A=t"/s0)+(s0/m)c(t’~t"/s50) Z p_“ka.

k>0
Since p > 2 R on the support of v, the above series converges, provided R is large enough. Arguing as

for J5, we conclude that JC, € %50,
Consider JC; in (6-98). Again we split it into two parts:

(so/ 1)
YooY NP0, ) (@1 (p)ui(p)
k=0 v+I=k
(so/m)a
= 2 2 A (p) Pl B (p)
k=0 v+I=k
(so/ 1)
+ Y D TPy (o Bp) (@i (P)ur(p) — wr(p) Pu(p. Bp)uir(p))
k=0 v+I=k
(so/m)er
= Z (1 k + 12.5)- (6-101)
k=0

Let us consider /; ;. Remark that if p > 4R(k + 1), then w;(p) =1 forany / =0, ..., k. Therefore, in
this region 7; j =0, due to (6-75). We have only to consider 7 j for (4R@5\/,/)1/50at”/so <p<4R(k+1).
In this region — assuming it is not trivially empty — we have

(Ll = D0 o790y aw, 5 (0)][05ur(p) |1 ()|

v+il=k p=0
k "y il / p'
< H—HK+Sso v+1_41—t"/s¢o pHi+1 £
< ik 3ttt § e 2
v+Ii=k p=0

where we applied (6-100) and (6-76), arguing as we did before. As above, p! p~? < CVH1y1€0d=1"/s0)
Therefore

111 | < pHktsoa Z CVHIClH1, 1+ (=" /50)

=k
vt Ep—ll«k+500l Z Cv+1CL5+1p(So/t”)V(l+E)(1—t”/so)
v+il=k
< p—uk+sw Ck+1p(So/f”)k(l+5)(1—t”/so)

— Ck-Hpsoa—k[u—(so/t”)(l+E)(1—t”/s0)] < Ck-i—lpsoot—kﬁ’

for some positive fi, choosing ¢” close to sg as we did before.
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Consider now, recalling (6-96),

PO 4 (p) dp| <

< Ck+1 / —Apps()oe kit d,O
@AR)/SoN'"/s0<p<4R(k+1)

pS0=>4RN!"
x +o0 N , +o00 ,

<C +1/ e~ pps"“_”pd,ofC“H/ e H plogppsw dp.

0 0

The proof is complete once we show:

Lemma 6.2.7. Let u > 0. For any ¢ > 0, there is a constant C¢ > 0 such that
+o0
/ eTHPIZP 550 1y < Coe® !0, (6-102)
0

Proof. Pick a positive M to be chosen later and write

+o00 M 400
/ e—/wlogppsw dp = / e—uplogppsw dp + /M e—uplogppsw dp=1, + I,.
0 0

Consider I,. Because e "#Plogp < p—ilogMp e get

+00 0w M 1 soa+1
I, < —Hplog sox 150
2= /(; ¢ P = (/Llog M) *

Choosing %0 (log M')™50 < g, we prove the assertion for 7.
Consider 1.

MS() o
41 (%)
I <ell«/ew erlep X €& 7 a0
- soor+1 — also ’
and this implies the assertion also for /. O

Let us now consider I ;. Remark that if p > 4R(k + 1), then I, ; = 0 due to Lemma 5.4. We have
only to consider I, j for (4R6]t\;/)1/soat”/so < p <4R(k+1). Assuming this region is not trivially empty,
we have

Lil< > p ‘“’“0”‘2 Z( )\au,p(p)\laﬁwl(p)}\ag—ﬂuz(p)\

v+Ii=k p=0B=1

—uk—i—soa v+1,11-t"/s0 +1ﬂ p— ,B+l+1(p ,3)'
Tt ZZ()RCw pﬁc =
v+i=k p=0pB=1

my
17
< —mk+soa C"+1v'1 " /so C/p+l+1p
D> >t
v+i=k p=0

As above, p!* p~P < CVF1y1€(E"=1"/50) "and the argument proceeds as that for I 4.
This completes the proof of Proposition 6.2.6. O
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Next we are going to show that if A(z, D;) as given by the left-hand side of (6-2) is G*-hypoelliptic
for s < 59, from (6-84), it follows that A(v)(¢) € B (R).
To this end, we recall the following result. For its proof we refer to Appendix B.

Theorem 6.2.8 [Métivier 1980, Theorem 3.1]. Let Q2 be an open set of R containing the origin. Assume
that there is an open subset U € Q, a compact subset K of Q, and a bounded operator R: L*(U)— L?(K)
such that (PRu), = u,.

The operator A is Gevrey s-hypoelliptic at the origin if and only if .

(i) For any neighborhood w of the origin, there exists a neighborhood " € w such that
(Au),, € H*(w) implies u,, € H*(").
(ii) For any neighborhoods of the origin w'® € v € ", there are positive constants C, L such that
lullg iv < CLF([A (@) k0 + K1 [[1]l0.07) (6-103)

where ||u| ko denotes the usual Sobolev norm of order k on the open set w and

k
[l = Y K E 2 D%ullo,0. (6-104)

a=0
Moreover, ¢ € C°(w"), ¢ = 1 in a neighborhood of w" and C, L are independent of k and u.

By Theorem 4.3 and (6-2), we obtain that the operator A has a parametrix whose symbol belongs to
S?’ k/lg (recall that k/ /g < 1, by assumption). See also Theorem 3.4 of [Kumano-go 1982]. Moreover,
by Remark B.111., we have (P(pu))|_,, € B* (") if and only if (Pu)| ,, has the same regularity.

Therefore, Theorem 6.2.8 can be applied to A, provided we are on a small enough neighborhood of the
origin. To keep the notation simple, we denote by ’ the neighborhood of the origin where the solution
has regularity %%,

Lemma 6.2.9. [f A(v) € B ('), then for every & > 0 there exists Cg oy > 0 such that
[F(AW))(T)] < Cegre= /@O0 (6-105)
Here & (A(v)) denotes the Fourier transform of A(v).

Proof. First we point out that A(v) € $(R), due to the fact that the phase factor e/ ®() is rapidly decreasing
for p — +o0.
There exists a § > 0, [-§, §] C @’ such that for every ¢ > 0 there is Cy ; > 0 for which, for every «,

| DY A()(1)] < Cy 6%, |t] <6. (6-106)

An argument quite similar to that of the proof of Lemma 6.2.5 gives that, for |¢| > §,

DX Aw) ()| < #ca“a!” < #cz,agaa!m. (6-107)
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For the Fourier transform of A(v), we obtain

F(AW))(r) = Tia / e~T DY A(v) dt.

We split the latter integral into two parts, Iy, I, for the regions |¢| < § and |¢| > § respectively.
By (6-106),
1T,] <28 €y e%al®.
R L2

By (6-107), for « > 2,

1 — 1
L <—C, 8“a!s0/ H7%dt = —— C3 (6%l
| | |‘L’|°‘ »€ |t|28| | |-[|Ol »€

Therefore, overall, we get
[FAW)@)] = 1 Cossal®

for any « and t large. Hence

)
\%(A(v))(r>|“s"2‘9—sc”s0( 1 )

a! 4e \ 21/s0
Summing in @ from 0 to oo, we prove the assertion. O
We state the following proposition, leaving the proof to the reader:
Proposition 6.2.10. Let o', w be as in Theorem 6.2.8. If Au € B*° (w), then u € B*° (w").
Corollary 6.2.11. Let A(v) be given by (6-85). Then Proposition 6.2.6 implies that A(v) € B0 (o).

Proof of the corollary. Let ¢ € C°(R) N G*(R), ¢ = 1 near the origin. Arguing as in the proof of
Lemma 6.2.9, we may show that

(T=p)A@)@)| < ce #/E,
for a certain positive constant C, whence A((1 —¢)A(v)) € G°. Therefore, Proposition 6.2.6 implies
that A(¢A(v)) € B0, From Proposition 6.2.10, it follows that p A(v) € B0, whence the statement. [

Let us now prove that Corollary 6.2.11 implies a contradiction, which in turn yields that A is Gevrey
so-hypoelliptic and not better.
The construction of A(v) shows that the conclusion of Lemma 6.2.9 is violated:

Lemma 6.2.12. There exist positive constants A, Cy such that for T positive and large,

l/SO

|F(AW)(1)| = Cre™ (6-108)

Proof. Since v in A(v) (see (6-79)) has support in [2R, +o0[, we have

AW = 1= [ e e oy ()
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where y(t) = 1if t > (2R)% and x(r) =0 if t < R*0. From the Fourier transform inversion formula,
we obtain that

FAW)(D) = Tty g0y 0101,

for 7 > 2 R. Since, due to the construction performed in Section 6.1, we have for t large

D(c1/%0) = pr!/%o(1 +0(1))

with Im¢ > 0, and
v(c!/%0) =1+ 0(1),

we conclude, for a suitable A > 0, that
|F(AW)(1)] = Cre ™. O
Thus the inequalities

1/s¢

A ~ Gt
G < [FAW)(@)] < Core @7

give a contradiction, provided ¢ is small and t is large enough.
This proves assertion (iii) of Theorem 1.1.

7. Non-C *°-hypoellipticity

The purpose of this section is to prove assertion (iv) of Theorem 1.1. Because of Proposition 4.2, we
have to show that A in (3-33) is not C*°-hypoelliptic if / < k/q.

The method of proof is analogous to that used in the previous section, but much simpler. Multiplying
A in (3-33) by an elliptic operator, we have to consider the symbol

00 oo
_L,Zk/q—Z/qA(t’ ‘L’) ~ Z aj (Z)TZk/q—j + Z bs(l)‘f_s, (7-1)
j=0 s=0

where T > 0, a;, by are real analytic and defined in a neighborhood of the origin and
aj(ty=1t*=7a;(r) for j=0,...,2—1, witheacha; € C®. (7-2)

We rename A the operator whose symbol is given by the left-hand side of (7-1).
First we look for a formal solution of the form

Au)(@) = [0 ¢Pu(p) dp (7-3)

of the equation A(¢, D;)A(u) = 0. In order to do so, we replace the coefficients a;, b by their power
series

A(t, D;) = Z Z aj,nt”+(2[_’)+ DtZk/q—J + Z Z bj’nlnDt—J’
j=0n=0 j=0n=0
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where (m)4+ = max{m, 0}. Taking both ¢ and D; into the integral sign, we formally obtain

© X +o0 Iy
itp 2k/q
S [ e

|:n+(2]_j)+ n
j=0n=0

Z anap—j—n—(Zl—j)++aaau+Z
oa=0 a=

C’;’j’ap—j—n—Zk/q+ocaaui| dp.
0

where Cpj o, C, are constants. We organize the expression in brackets according to its homogeneity:

n,j,o
making the dilation p > Ap a generic monomial, p*3# has homogeneity o — . The principal part then
has homogeneity —2/, forgetting about the factor ,02"/ q

whenn =0 and j =0,...,2/. We are assuming here that 2/ < 2k /g, which is the generic case. If

in front, and is obtained from the first sum above

2] =2k /q, the second sum above contributes the term (7,7, ) = (0,0, 0) to the principal part.
Denote by P_5;(p, d,) the principal part so obtained. It has the form

21
P_yi(p.0p) =Y vap® 3. (7-4)

a=0
As for the terms of lower homogeneity, we note that they are homogeneous of degree either —2/ —r or
—2k /g —r. We may gather the terms of equal homogeneity into differential polynomials. To keep the
notation simple, we write the quantity in brackets as

o0
> Poai—yyq(p.0p)u,
r=0

where P_j;_,/4(p, dp) is a finite linear combination of homogeneous monomials of degree —2/ —r/q.
We look for a u of the form

o0
u(p) =Y _us(p) (7-5)
s=0
such that
k
> Pooipjquk—r =0, k=0.1,.... (7-6)
r=0

Let us start with u; it solves the equation

P_z1(p. dp)uo(p) =0,

where P_,; is given by (7-4). The latter is a Fuchs type equation and we choose
uo(p) = p, (7-7)
where A denotes the solution of the indicial equation associated to (7-4), that is,
2/
> vehh=1)...(A—a+1) =0, (7-8)
a=0

such that
Re A = min{Re p | u is a solution of (7-8)}. (7-9)
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Let us next consider the second transport equation in (7-6), corresponding to k = 1.

P_51(p,0p)u1(p) = —P_z_1/4(0, dp)uo(p).

Since the differential operators P_y;_;/,(p,d,) have homogeneity —2/ — j/q, when applied to the
function p* they give a function proportional to ,0)‘_2] —J/4_ Therefore the above equation has the form

P_y(p. dp)uy (p) = const p* 2714,

Our purpose is to obtain a function u#; having a better growth rate compared to uy when p — 400,
that is, such that u;(p) = O(p*), with Re u < ReA. If Re A has the minimality property (7-9), we
see at once that the exponent in the right-hand side of the above differential equation cannot be a root
of the indicial equation (7-8); thus we can rule out logarithmic factors. Again, keeping in mind the
homogeneity-preserving property of the operators P_5;_;/,, we conclude that

ui(p) =c p 14,

We iterate this argument and solve the triangular system (7-6), thus obtaining:

Proposition 7.1. There is a A € C, satisfying both (7-8) and (7-9), such that for every s = 0,1, ..., the
system (7-6) has a solution ug of the form

us(p) = csp* /9. (7-10)

Turning the formal solution (7-5) into a function is easy in the present case: let x € C*°(R), x = 0 for
P=<R,R>0,and y =1if p > 2R. Define

o0
v(p) = Y A(esp)us(p). (7-11)
s=0
where (&5)sen denotes a sequence of positive numbers such that &g — 0+ in a convenient way.
We need to make sense of A(v) defined as in (7-3). First of all, we note that there is no problem near
p =0, since 0 & supp(v) (we may always suppose that g < 1.) If Re A < —1, A defined by (7-8), (7-9),
A(v) is in C(R). If ReA > —1, then the integral A(v) in (7-3) has to be interpreted as an oscillating
integral, and then it always defines a distribution of finite order to which a pseudodifferential operator
can be applied.

We want to show that A(z, D) A(v)(t) € C*°(R).
Proposition 7.2. Let A(v) be defined as in (7-3), with v given by (7-11). Then

A(t, D) A()(t) € CP(R). (7-12)

Proof. Actually, all we have to show is that A A(v) is smooth in a neighborhood of the origin, since away
from the origin, A(v) is smooth.

We start arguing on just one of the two asymptotic expansions that build A, for example, the second
sum in (7-1). The argument for the other is completely analogous and we have to use both sums only
when (7-6) is needed. This is exactly what was done in the proof of Proposition 6.2.6.
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Modulo a smoothing operator, we may assume that the symbol of the operator A has the form

o0
ATy~ D bi(Ox(gjn)T .
j=0
Then

o too | )
At, D) A(v)(t) = Z b (Z)/O P x(ejp)p~ v(p)dp.
Jj=0

Let us consider D¥ A A(v) and show that this is a continuous function for every «. Denote by N € N a
number to be selected later; then we consider
N-1 oo

D oA =D (X + X o) [ e o =1+ 13

j=0 j=N

Consider I, and let N > ReA + a + 1. Then [x(gjp) o~/ T*v(p)| = O(pReA=N+a) and therefore
I, € C(R). Let us now turn to /1. Let M € N and write

N-1 ' _ 00 +00. _
Z(Z bjnt / P x(ejp)p~ v(p)dp+1MD bj,M+nt"/0 e x(ejp)p v(p) dp)
n=0
=111+ 11>2.

Consider first I1,. We have

d +m . .
> JM-i-n( ) (DF~ t”)/o e P (=Dp)M (x(ejp)p ™/ v(p)) d

N—1 oo

P3PS
Z_: i(i . M+n( ) (D~ ﬂt")) fo+ooe””pﬁx(8jp)(—0p)M(p_jv(p)) dp,

where the last equality is modulo smooth terms because when the derivative with respect to p lands on
the cutoff function Y, it produces a compact support function of p. Moreover, the sum over #n on the last
line (in big parentheses) is a real analytic function. The integrand function above is O(pReA—/=M+58) 5o
that if ReA + o — M < —1, we obtain that /{5 is a continuous function. Note that both N and M so far
satisfy the same condition.

Consider 7.

+oo .
Iy = Df bj,nt”/o e""Px(ejp)p™ v(p) dp)
+oo | )
= Dy bjn /0 e'"(=Dy)" (x(gjp)p v(p)) d

2R/(en—1) +o0 . .
/ [ ey e o vie) dp
0 2

R/(en—1)

Il
-,
=%
2
L
<
A
S
N
—
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N-1M- 400
= it n(.—j
= z z D) (T o(p) dp
=0 n=0 2R/(en—1)
modulo smooth functions. By (7-11), we may write

N—1 00
v= (Z + Z)x(ssmus

s=0 s=N

and note that the second sum contributes a O(pReA=N/a—J—n+e) (o the integral. Therefore, if
Re A — % +oa<—1,

we have a continuous function. As for the first sum, on the domain of integration, the cutoff is identically
equal to one; thus

1 M- +o0 . .
Z /2 e1P(— D) (p s () d

R/(en—1)

||P12

N-—
Iy=D Z

The same analysis can be apphed to the first sum in (7-1), so that eventually we get

N—IN-1M-1 o [P+ o
DYy 2 Z/ ethps [ Y Cujap® /70" ’)+8"‘u+zc/,, A "”‘qaau}dp

s0]0n08N_ a=0 a=0

N—17(N) ok -
= Dy Z Z/ et P T P_ai—r/q(p,dp)us(p) dp,
s=0 r=0

5N1

where we have set M = N and 7(N) < N is a suitable increasing integer function of N, and where
the P_y;_, /q are differential polynomials homogeneous of degree —2/ —r/gq. We see that there exists a
number 7 (N) € N such that #(N) <7(N), r(N) — oo for N — 00, and (see (7-6))

P_yi—r)q(p.0p) = P_gi—r/q(p,3p),

if ¥ < r(N). Then the above expression can be written as

N—1F7(N) No1F(N) oo "
> Z/ ”p"‘”’ 215 (00 usp) dp+DF Y D [ 0 sty . 0puslp) dp
s=0 r=0 s=0 r=0 5N—1
r+s<r(N) F(N)<r+s
—17 ) 2k -~
_Da Z Z / ztpp q P—zl—g(,O, ap)us(,o)dp,
s=0 r=0
r(N)<r+s

because of (7-6). Taking the ¢-derivative under the integral sign, we see immediately that the integrand is
0(p@k/D+Rer+a=21=r(N)/q) If N is large enough, the assertion is then proved. |

Proposition 7.3. A(v) is not smooth near the origin.
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Proof. By Proposition 7.1, v = 0(pR¢%), so that v is a microlocally elliptic symbol of order Re A. Hence,
A(v) cannot be smooth. |

Propositions 7.2 and 7.3 prove statement (iv) of Theorem 1.1.

Appendix A: The adjoint of a product

We prove here a well-known formula for the adjoint of a product of two pseudodifferential operators
using just symbolic calculus. Let a, b be symbols in S? o(R¢). We want to show that

(a#b)* =b™"#a", (A-1)

where # denotes the usual symbolic composition law (a higher-dimensional extension involves just a more
cumbersome notation.)
We may write

( o= o ( l)a a+r nl—s=ql—r pna+si
(a#b)* = > ’l' d.pl(9%apgh) =Y N i (r)()a DI=ayl=" D¥*5h.

l,a>0 l,a>0r,s<I

Let us change the summation indices according to the following prescription: j =a+r, B+ j =1[—35,
i =a+s,sothat/ —r =i + B, and we may rewrite the last equality in the above formula as

—1 i—s . ) . o |
(a#b)*— Z Z ( ) . (ﬂ.'i‘{‘f‘é')(ﬁ‘k] +S)a;+,3D;ba%D?+]L_Z‘
l],3>0s<l( S)'(ﬂ+] +S)' j—i+s g

Let us examine the s-summation; we claim that

2": (—1)i~s 1 (;3+j =s) 1
S (=)D —i+5)! s Bl

This is actually equivalent to
S () )-()
= K B+i J

Settingi —s =v €{0,1,...,i}, the above relation is written as

L)) )

and this is precisely identity (12.15) in [Feller 1957, Chapter II].
Thus we may conclude that

(a#b)* = Zﬁ, i ‘8’;"‘3D’ bolDItPa = Zﬂ, (Zil—!aip;'l;)Df(Z%a{D{a):b*#a*.

i,j,B B=0 i=0 j=0

This proves (A-1).
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As a byproduct of the above argument, we get the identity
i+pB j J+B— (= 1) N
Zﬂu 3P Dibdi D] > —r? [(3%aD%b), (A-2)
l,a>0
which is the purpose of this appendix.

We would like to point out that the relation (a*)*

1 _ 1 ! 1
> l,a’ D’(Z a—!ang;xa) =Y ;( > %(—1)“)8§Dfa =Y SU=1’0.Dja=a. (A-3)

10 a>0 $>0 I+a=s §>0

= a rests on the identity

Appendix B: Proof of Theorem 6.2.8

We include in this section the proof of Theorem 6.2.8 for pseudodifferential operators in the Gevrey case,
which is the case needed in our argument. Métivier [1980] gives the proof of the same theorem in the
analytic category for differential operators, and states that its extension to the pseudodifferential case has
no major difficulties. We argue along the same lines.

Since pseudodifferential operators are involved in an essential way, we first recall the definition of
hypoellipticity; even though the material is well known, it is useful to state it here for future reference.

When we use a pseudodifferential operator, or its symbol, we mean either a pseudodifferential operator
in the C or in the Gevrey category. In the latter case, although the symbols involved may be analytic
functions, the cut off functions will of course be in Gevrey classes (see also Lemmas 5.3 and 5.4 for the
construction of some cutoff functions.)

Definition B.1. Let P(x, D) denote a properly supported pseudodifferential operator acting on the
distributions. We say that P is hypoelliptic at the point x if and only if there exists an open set €2,
Xo € €2, such that for every open set V €  and for every u € 9'(2), we have

(Pu)), € C® = u), €eC*®
or

(Pu)|V €G’ = Uy, € G”’,
for s > 1.

It is well known that (not properly supported) pseudodifferential operators can be extended as operators
from €' (2) — @'(2). Thus we may also give the following definition:

Definition B.2. Let P(x, D,) denote a pseudodifferential operator, which we suppose defined in R” and
not properly supported, acting on distributions. We say that P is hypoelliptic at the point xo € R” if and
only if there exists an open set £2 containing xo and such that for every open set V' & €2 and for every
u € €'(R), we have

(Pu)|V eC® = U, € c*®
or

(Pu)), € G° = u), €G*,

for s > 1.



436 ANTONIO BOVE, MARCO MUGHETTI AND DAVID S. TARTAKOFF

Proposition B.3. Let P denote a properly supported pseudodifferential operator. Then Definition B.2 is
equivalent to Definition B.1.

Proof. Let us show first that B.2 implies B.1. Let 2 be the open set from Definition B.2 and let u € 9'(Q2).
We want to show that for every V' € Q, if, for example, (Pu)|,, € C, then u|,, € C°. The assertion in
the Gevrey category will have a completely analogous proof.

Letx € V and ¢ € C§°(V) such thatp =1 on Vi €V, x € V1. Since (Pu)|, € C*, we have

Pu = P(pu) + P((1—g¢)u) € C*.

Since P is properly supported, we have P = P; + Rp, where Rp: %' (2) — C*°(Q) is a regularizing
operator and Py enlarges support by a fixed quantity, that is, supp(Pf) C (supp f')s for a certain positive J,
where if A CR”, A5 = {x € R" | dist(x, 4) < §}.

Now

C® 3 (Pu)y,, = (Peu)yy, +(P(1=p)w),, = (Plew)y, +(P1((1=p)0), +(Rp(1—p)0)),, .

The third term is obviously smooth and the second term vanishes if dist(V;,CV) > §.

Therefore (P((,ou))|V1 € C® implies, by Definition B.2, that pu € C*°(V7) or, since ¢ = 1 on V7,
that u € C°° (V). Since the choice of the point X is arbitrary, we obtain that u € C°°(V), and hence the
conclusion in Definition B.1.

The converse implication is easier. Assume that Pu € C*°(V), with u € €¢'(Q). Again (Pu)|,, =
(Piu)|, + (Rpu)|,, where Rp:€'(Q2) — C*°(Q). Thus (Pu)|,, € C* implies that (P;u)|, € C*, so
that, by Definition B.1, u|,, € C°°. This proves the proposition. O

The next proposition shows that, in order to prove that a pseudodifferential operator is hypoelliptic,
it is enough to show that the corresponding properly supported operator is hypoelliptic according to
Definition B.2.

Proposition B.4. Let P denote a pseudodifferential operator. Then P is hypoelliptic (G*-hypoelliptic,
s > 1) at the point x¢ if and only if Py is hypoelliptic (resp. G*-hypoelliptic, s > 1) at x¢ according
to Definition B.2. Here we denote by P a properly supported operator such that P = Py + Rp, with
Rp:€'(Q) = C®(Q).

Proof. Assume that P is hypoelliptic at xo and let 2 be the open neighborhood of xq from Definition B.1.
We assume that for every V € Q, xg € V, (Pyu)|,, € C* with u € €'(2). As we did above, we point
out that (Pu)|,, = (Pru)),, + (Rpu)),, € C*, and this implies that v, € C*°.

The converse statement has a completely analogous proof.

Again we remark that the proof in the Gevrey category is exactly the same. O

We now turn to proving Theorem 6.2.8. We start by recalling without proof a couple of facts about
cutoff functions. This is also useful to establish the notation.

Lemma B.5. There is a positive constant vy, depending only on n, the dimension of the ambient space,
such that for every pair of open subsets o' € w € R", there is a sequence of functions (xx)ken in D(),
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Xk|,, = 1, and such that for every k €N, for every multi-index oo € N" with || < k, we have

kol
||D(xXk||oo§<—y0 ) : (B-1)
r

where r = dist(o’, Cw) > 0.

Lemma B.6. Let o', w, xj be as in the previous lemma and satisfying (B-1). Then there is a positive
constant y such that for every k € N and for every u € H* (w), we have

lxxeelllimn < v lullc.w, (B-2)

where the three bar norm, defined right after Theorem 6.2.8, has the meaning

k
ke =Y E* D% o 0. (B-3)

a=0

Lemma B.7. Let Q denote a neighborhood of xo € R" and let B be a Banach space continuously
injecting into L*(Q). Assume that xo & sing supp, u for every u € B, where sing supp, u denotes the
Gevrey s-singular support of u, and s > 1. Then there are neighborhoods ' € w € Q of x¢, functions xy
satisfying (B-1), and positive constants v and C such that for every k € N and every u € B,

&% xxu € L2(R"),
or, in different terms,
€I xritllomn < Cyk®)*|ul 5.

Proof. For € R" and L > 0, let us denote by g7 () the Banach space of all Gevrey s-functions on @

such that
| D%ullo,0

bl < T B4

lullgs @) = sup
Then the space of all functions being Gevrey s at the point x( can be written as
ind limy oo oy (B(xo. N1)).

Using Theorem 1 on p. 147 of [Grothendieck 1973], we can see that there exist a neighborhood w of the
point xo and a constant L > 0 such that the map u > ), is continuous from B to gj (). Denote by C
its norm.

Let ' € w and let x; be functions as in Lemma B.5. We therefore have

N
1% G g = 3 (Z)(VL) @B LB, s o)

Bz«

For |a| < k we may estimate (o — 8)!° < k5128l 5o that

||
D% kg = € (L 22) o
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and .
— Yo
et g pn < n*72C (L 4+ 22 ) k¥ ul 5.
which is the statement of the lemma. O

Next we remark that there is a constant ¥, > 1 such that for every k € N and every u € H¥(R"), we
have

Vo g < [ G+ 16D dE = v Nl o (8-5)

Now define, for s > 1,
Gy = {u e LX®") | " a(e) e L2 @), (B-6)

Once we equip G 5) with the norm [[u||g,,, = ||e|5|1/sﬁ l|o,rn, we see that G ) is a Hilbert space of G*(R")
functions.

Lemma B.8. Let k be an integer > 1 and for j = 0,1,2,..., let Nj = k2/. Then every function
u € HX(R™) can be written as the series

o0
u= E uj,
j=0

where uj € Gy), and such that

oo

DNl gor + €N s 1) < 22yl g B-7)
j=0

Proof. For j =0,1,... (and setting N_; = 0), we have
w0 = [ e85 (e) d.

Nj—1<Ig]V/s <N;
If || < N, then /€1 < eMi, 0 that |u; | ,,, < e | ]lo,en. Furthermore, when [£] = N7_,, we have
N$ < 25(|¢| + k) and

o0

NPl < [ 561+ 0) )P de,

j=0
which allows us to conclude. O
Next we prove an inverse of the preceding lemma, but on a neighborhood of the point x.

As above, let 2 be a neighborhood of x( and let B be a Banach space of functions of class G* at xq
such that the injection from B to L?(2) is continuous.

Lemma B.9. There is a neighborhood ' € Q of x¢ and a positive constant C such that for every k > 1
and every sequence uj, j =0,1,2,...,u; € B, satisfying

o0

2k 2 —2N; 2 2
S ONE(lujl§ o + e ujllp) = f(uj) < +oo,
j=0
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the series .
U=y uj (B-8)
j=0
converges in L*(Q) and u,, € H* (o), with the inequality
], e = CFH Dy 1),

Proof. The convergence of the series (B-8) in L?(R) is a direct consequence of the assumption that
Dy (uj) < +o0.

Applying Lemma B.7, we obtain neighborhoods o’ € w € 2 of the point xg, positive constants y, Cy,
and a sequence of cutoff functions yxy € @ (w), xy = 1 on ’, such that for every N and every function
u € B we have the estimate

'5 ) < Collulls. (B-9)
0,R”7
Define the functions £
—Nj _
0(j.8) =e (yNs) (B-10)
and
gi (&) = (140(,8)xw, u; (). (B-11)

Both (B-9) and (B-11) yield

lgillomn < llujllo.e + Coe ™ l|uj|l g,
so that
o0
Z Nj2ks||gj ||o g < 2(1+ CF)PF (uj) < +oo. (B-12)
j=0
Let us now define

oo
V=D XN
Jj=0

Of course v € L?(2) and, by definition, v coincides with u on ’. Therefore it is enough to show that
v € HX(R™) and that the estimate
Il gn = CFF1 (1))

holds. Actually one already has the estimate

o0
wllogn <Y llujllomr < 2Pk (uy).
j=0
We only have to show then that |£|%9 € L2(R") and that the estimate

g%

holds, where the constant C is independent of k.

on < CKF1 @ (u) (B-13)
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To this end, using (B-11), we write

oo

0@ =3 (1+60.) @ l&l"
We have ]=0

EPF 1) 2 < (i 5 OPN o),
where -

oo k _ (o.¢]
0(6) = Z(ﬁ)2 (1+00.6) 7 =2 ¥
j=0

N

=0 Vi

Because of (B-12), it suffices to prove that
16)lloo < C¥*. (B-14)

We argue in two different cases. The first region is ye? N js < |&]. Then
g\
we <y (N) @M =pete .
VNJ‘
As a consequence,

Y W) < Ciyed)*,

ye N <[¢|

If now yezst > |€], let jo = min{; | yezst > |&|} for a fixed £. We have

. ok |£_-| 2k_ . |E| 2k Njo 2ks bk 1 2ks
wor= () = Gag) (57) =0 (55)
00 2ks
Y. v = (ye2>2"(2 27/ ) = (ye?2)**.
=0

yezstZISI J

Therefore

This proves the lemma. O

We now want to prove the following theorem in a Gevrey pseudodifferential setting. Define

k
[ulssew =D K€ D% 0. (B-15)

a=0
Note that [u]ly ke = llullk,e-

Theorem B.10 [Métivier 1980, Theorem 3.1]. Let P(x, D) be a real analytic pseudodifferential operator.
Let xog € R" and let Q denote a neighborhood of xq. Let xq € U @ Q2 be an open set.
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Assume that there is a bounded operator R: L>(U) — L*(K), where K is a suitable compact subset
of 2, such that (PRu),, = u,,,. Here L?(K) denotes the set of all functions in L*(Q) whose support is
contained in K.

The operator P is Gevrey s-hypoelliptic at x if and only if:

() For any neighborhood w of X, there exists a neighborhood " € w such that Pu, € H k (w) implies
uy,, € He (")

(ii) For any neighborhoods of xo @'’ € 0" € w", there are positive constants C, L such that

]l iv < CLE(IP ()]s g + k! 1]l 0,0) (B-16)

n

for any u € €'(Q) where ¢ € C§°(0"), ¢ = 1 on a neighborhood of ®", and C, L are independent

of k and u. Here ||u| x4 denotes the usual Sobolev norm of order k on the open set w.
Remark B.11.

1. Since P has an analytic symbol,

sing suppw[(P(<,0u))|m — (Pu)‘m] =Q.

2. It is not difficult to show that the operator A of Section 6 has a local right inverse as in the statement
by using Theorem 3.4 of [Kumano-go 1982] and Theorem 4.3.

3. For the limited purpose of this paper, a weaker result would have been enough. We are allowed to
have the constants C, L depending on u but not on k. This is much easier to prove and we do not
need for this Lemma B.12.

Proof. If (i) and (ii) hold, then clearly P is Gevrey s-hypoelliptic at xg.

Conversely, assume that P is G*-hypoelliptic at the point x¢. First we prove (i).

Let w C €2 be an open neighborhood of xy. We choose an open subset w; € w, x¢ € w1, and cutoff
functions yx; € C5°(w), k € N, as in Lemma B.5 such that (B-1) is satisfied and xz =1 on w;.

Let u € €'(R) and assume that (Pu)|, € H*(w), k e N.

Set

S = xxPu.

Clearly f is defined on the whole of R”, and more precisely f € H*(R"). Applying Lemma B.6 to the
function f, we obtain that

1/ Wi =< ¥* 1 Pullk 0 (B-17)

for a suitable positive constant y independent of k.
Furthermore, applying Lemma B.8 to the same function f, we write

f=>5
j=0
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with f; € G(5) (see (B-6) for a definition of G y)), and the following inequality holds:

o0
YN 1§ g + NN S11G,,) < 2RI N7 o (B-18)
j=0
Denote by G(S) the space of all restrictions to U of the functions in Gy) compactly supported in U, and
let B(y) = RG(S) equipped with the norm defined by || R(gv) B, = lI€llG,,,- Fix an open neighborhood
U’ € U of x¢ and choose a Gevrey cutoff function ¢ € C§°(U), 0 < <1, of Gevrey order s’, 1 < s’ <,
such that ¥pr = 1. Set

vj = R fj,) (B-19)

Clearly vj € B(y) and vj is a function of class G near the point x¢. In fact (Pvj)|, = (PR(wf]~|U))|U =
(¥fj)|,- The latter is a Gevrey function of order s and, since P is G*-hypoelliptic, we conclude. We
have the inequality
o0
>N (12,6 + 2V s 13,,) < 2(Cy + IRIDE@F I IE o (B-20)
Jj=0
Here Cy, is a positive constant only depending on ¥ and || R|| denotes the norm of the operator R as an
operator from L?(U) into L?(K).
Using (B-20) and Lemma B.9, we obtain that the series Z})io vj converges in L?(K). Denote by v
its sum. From the same lemma, we also get that there is an open set @’ € w such that

v, € Hk(a)’)

and
10llk.wr < CEFUIS Mk s (B-21)

for a suitable positive constant C. Observe that we may, possibly shrinking w’ as necessary, suppose
that @’ C w;. Consider now the function (P (u — v))y,, - Due to that choice of o', we evidently have
(Pu),, = f|,, - Then remark that, since

v=") RWfj,)= R(Z wfjw) = RW /).
j=0

j=0

we have that P can be applied to v and (Pv)|,, = Possibly shrinking the open set w’ so that o’ C U’,

lo
we have in particular that

(Pm—mhM:Q (B-22)

Note that because of the hypoellipticity assumption for P, we deduce that u — v € G*(w’). Furthermore,
taking ” € w’, we obtain that u — v € G*(w”). This proves assertion (i).

Next we prove (ii). In order to do that, we need to further shrink the neighborhoods of x( involved, in
such a way that we already know that in that neighborhood u belongs to H k and is compactly supported.
Actually we proved that u| , € H k(@”). Let ” € " and choose cutoff functions ¥j € Cs ("),
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such that Y; = 1in 0]’ € ®". Let /= %xPu. Letalso ¢ € Cee(@"), ¢ =10nad" 3 w”. Note that
pue H k (R™) and its support is contained in @”. Due to the pseudolocality property of P, we have

Sil’lg SUppy, ((P(QDM))“_)/,, - (Pu)|d)///) =,

and in particular we have (P(¢u)), ,, € H* (). This implies in turn that ¥z P(¢u) € H*(R").

Arguing as above, and possibly enlarging the compact set K C €2, we obtain that (P (¢u —v))|_,, =0
and pu — 9 € L?(K) N G*(»"). Recall that here L2(K) denotes the set of all functions in L2?(£2) whose
support is contained in K.

Lemma B.12. Let X denote the space of all the functions u € G* (") N L*>(K) such that (Pu)y,,, =0.
Equipped with the L*(2) norm, X becomes a Banach space. Then for every »'® € o', there exists a
constant Cy > 0, such that for any multi-index o,

sup |0%u(x)| < Clat*||ullo k., (B-23)

wiv
foreveryu € X.
Applying the lemma, we immediately get that for any '’ € "’ and for any k € N, we have
lou —dllg v < C5 kL llgu — o,k (B-24)

On the other hand, we also have

19llo,wiv = IIRIN S Nlo,rn = 1 RINNIP(¢u)]l0,0

and
k| P(pw)llo,wr < [P (@)l k-
as well as
Ml < Dls o 5= 1.
Thus

loullg wiv < lou =5 giv + 15]g giv
< CFP kY lpu = bllo,x + CFF I £l o
< CFPY R P(@u) e + CET R (1510, + lpullo, k)
< CHYRIP @)l + CEFHREIRIN P (@u) 0,0 + CF Tk ulo,x
< CHTYRNP @)l + CETHIRITP (0] k0 + Co K 1]l 0,00
< GLA([P(0)]s o + K ullo,0r).-

This proves the theorem. U
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Proof of Lemma B.12. 1t is an application of the Baire category theorem. For j € N and for a certain
o'’ € 0", define

Xj={ueX||0%u(x)| < j1¥H @1 for all & and all x eﬁ}

Trivially,

Next we show that the sets X are closed with respect to the L?(R2) topology of X. Let (u)nen be a
sequence in X; converging to uo € X. As a consequence, the derivatives 0%u,, are uniformly bounded
in iV so that the functions 9% u,, are equicontinuous if || < |@|. Applying the Arzela—Ascoli theorem,
we obtain that for any / € N, there exists a subsequence u,, ; converging in C <’>(ﬁ) to an element
ugy € C(l)(aﬁ). Hence ug = u(p) in ¥ and

10%u0(x)| < j¥H 1015, forall |o| </ and all x € wi?.

This implies ug € Xj. By the Baire category theorem, there are an index jo, a number ¢ > 0, and a

function # € Xj, such that
B={uecX||u—ilox <&} CXj, (B-25)

where we wrote || ||o, x since the support of u, i is contained in K. Now for every u € X, let

v=6—% _+ieB, if|§l<e.

lullo, &
Thus
oo Mok
)
o Ju
Ullo,K .
|9 ()] = == (19%] + [0%al) = R ot [lullo, k-

This proves the lemma. O
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POROUS MEDIA: THE MUSKAT PROBLEM IN THREE DIMENSIONS

ANTONIO CORDOBA, DIEGO CORDOBA AND FRANCISCO GANCEDO

The Muskat problem involves filtration of two incompressible fluids through a porous medium. We
consider the problem in three dimensions, discussing the relevance of the Rayleigh—Taylor condition and
the topology of the initial interface, in order to prove the local existence of solutions in Sobolev spaces.

1. Introduction

The Muskat problem [Muskat and Wickoff 1937; Bear 1972] involves filtration of two incompressible fluids
through a porous medium, characterized by a positive constant x quantifying its porosity and permeability.
The two fluids, having velocity fields v! and v?, occupy disjoint regions D! and D> = R? — D!, with a
common boundary (interface) given by the surface S = d D! = 9 D?. Naturally, those domains change
with time, as does the interface. We denote by p/ (j = 1, 2) the corresponding pressures, and we will
also assume that the dynamical viscosities 1/ and the densities p/ are constants with u! # u?, p! # p2.

Conservation of mass in this setting is given by the equation V - v = 0 (in the distribution sense), where
V= UlXDl + vszz.

The momentum equation, obtained experimentally by Darcy [1856] (see also [Bear 1972]), is

[ B j .
V= Vp! —(0,0, p’g), j=1,2,

where g is the acceleration due to gravity.

One can find in the literature several attempts to derive Darcy’s law from Navier—Stokes [Tartar 1980;
Sanchez-Palencia and Zaoui 1987] through the process of homogenization under the hypothesis of a
periodic, or almost periodic, porosity. In any case, the presence of the porous medium justifies the
elimination of the inertial terms in the motion, leaving friction (viscosity) and gravity as the only relevant
forces, to which one has to add pressure as it appears in the formulation of Darcy’s law. There are three
scales involved in the analysis: the macroscopic or bulk mass, the microscopic size of the fluid particle,
and the mesoscopic scale corresponding to the pores. In the references above, one finds descriptions of
the velocity v as an average over the mesoscopic cells of the fluid particle velocities. Taking into account
that each cell contains a solid part where the particle velocity vanishes, it is then natural to get the viscous

AC was partially supported by MTM2008-038 project of the MCINN (Spain). DC and FG were partially supported by
MTM2008-03754 project of the MCINN (Spain) and StG-203138CDSIF grant of the ERC. FG was partially supported by
NSF-DMS grant 0901810.
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forces associated to that average velocity, which is a scaled approximation of the laplacian term appearing
in the Navier—Stokes equation.

In this paper, we shall consider the case of a homogeneous and isotropic porous material. Porosity is
the fraction of the volume occupied by pores or void space. But it is important to distinguish between two
kinds of pores — the kind that forms a continuous interconnected phase within the medium, and the kind
that is isolated — because non-interconnected pores cannot contribute to fluid transport. Permeability is
the term used to describe the conductivity of a porous medium with respect to a newtonian fluid, and it
depends upon the properties of the medium and the fluid. Darcy’s law indicates this dependence, allowing
us to define the notion of specific permeability « and its units. In the case of an anisotropic material, k
will be a symmetric and positive definite tensor, and the methods of our proof can be modified to get local
existence; but for a nonhomogeneous medium, the properties of the tensor « (x) will have to be specified
in a very precise manner in order to allow an interesting theory.

The Muskat problem and related problems [Saffman and Taylor 1958] have been studied recently
[Constantin and Pugh 1993; Siegel et al. 2004; Cérdoba and Gancedo 2007; 2009; Cérdoba et al. 2011].
The first natural question is about the evolution of the system (existence of solutions), at least for a short
time ¢t > 0, and the persistence of smoothness of the interface S(¢) if we begin with a smooth enough
surface at time ¢ = 0. One can easily deduce from this formulation that in the event of smooth evolution,
both pressures can be taken to be equal at the interface:

! 2
P lsoy=prlsw-

Therefore, we look at the case without surface tension (see [Escher and Simonett 1997], where the
regularizing effect of surface tension is considered). The normal component of the velocity fields must
also agree at the free boundary; that is, if v/ is the unit normal to S pointing into D/, we have

w'—v?)- /=0 at St), j=1,2
(note that v> = —v!). Furthermore, the vorticity will be concentrated at the interface, having the form
curl(v) = w(z) dS(z),

where o is tangent to S at the point z and d S(z) is surface measure.

This paper extends to the three-dimensional case the results obtained in [Cérdoba et al. 2011] for the
case of two dimensions, by proving local existence in the scale of Sobolev spaces of the initial value
problem if the Rayleigh—Taylor (R-T) condition is initially satisfied (see [Saffman and Taylor 1958],
where this issue is studied from a physical point of view). In our case, that condition amounts to the
positivity of the function

o =(Vp?=Vph -l

at the interface S. The R-T property also appears in other fluid interface problems, such as water waves
[Cordoba et al. 2009].

Together with that hypothesis, one also assumes that the initial surface S is connected and simply
connected. In the presence of a global parametrization X : R?> — S, the preservation of that character will
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be controlled by the gauge

o IFCOl = sup = 12—

F(X)(a, f) = ——, X (@) — X(B)|
O )= s o 1X@ - X B~

Section 2 of this paper contains the derivation of the evolution equations for the interface S. In Section 3,
we prove the existence of global isothermal parametrization as a consequence of the Koebe—Poincaré
uniformization theorem of Riemann surfaces in the geometric scenarios considered in our work, namely,
double periodicity in the horizontal variables and asymptotic flatness. Let us add that given the nonlocal
character of the operator involved, to obtain a global isothermal parametrization is an important step in
the proof, whose main components are sketched in Section 4.

In closing our system (Section 2), we need to control the norm of the inverse operator (I +A%)~!,
where % is the double-layer potential and |A| < 1. It is well-known from Fredholm’s theory that those
operators are bounded on L?(S). However, since the surface S = S(¢) is moving, a precise control of its
norm is needed in order to proceed with our proof. That is the purpose of Section 5, where the estimates
for the double-layer potential are revisited.

In Sections 6 and 7, we develop the energy estimates needed to conclude local existence. Let us
mention that at a crucial point (more precisely, just at that step where the positivity of o («, ¢) (R-T) plays
its role), we use the pointwise estimate 6 (x) A6 (x) > %AGZ(X) of [Cérdoba and Coérdoba 2003], with
A=+-A.

In the strategy of our proof, it is crucial to analyze the evolution of both quantities o and F' (Section 8)
at the same time as the interface X and vorticity w. There are several publications (see, for example,
[Ambrose 2007]) where different authors have treated these problems assuming that the Rayleigh—Taylor
condition is preserved during the evolution. Under such a hypothesis the proof can be considerably
simplified, especially if one also assumes the appropriate bounds for the resolvent of the double-layer
potential with respect to a moving domain, or the existence of global isothermal coordinates, etc. It is our
purpose to carefully go over such items, which are responsible for the more delicate and intricate parts of
this paper.

2. The contour equation

We consider the following evolution problem for the active scalars p = p(x, ) and u = u(x, t), with
xeR3andr>0:

Pt +v- vp - O?

Mt +v- V,LL = Ov

with a velocity v = (vy, v2, v3) satisfying the momentum equation
pv=-Vp—(0,0, p) (2-1)

and the incompressibility condition V - v = 0, where, without loss of generality, we have prescribed the
values k =g=1.
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The vector (u, p) is defined by

(', ph xeD'),

(/“L7 ,O)(XI, X2, X3, t) = {(Mz’ ,02) X € Dz(t) = R3 \ Dl(t)’

where ! # u? and p! # p2. Darcy’s law (2-1) implies that the fluid is irrotational in the interior of each

domain D/, and because of the jump of densities and viscosities on the free boundary, we may assume a

velocity field such that
curlv = w(a, 1)§(x — X (a, 1)),

where dD/ (1) = {X («, 1) € R? 1 o = (@, an) € R?}; that s,
(curl v, ) = / o@. 1) (X (e, 1) dat,
RZ

for any ¢ : R> — R? vector field in C°(R?).
The incompressibility hypothesis ((V - v, ¢) = —(v, Vo) =0, for any ¢ € C fo([R{3)), yields

v (X (a, 1), 1) N(a, 1) =v*(X(a, 1), 1) - N(a, 1),

with N(a, t) = 94, X (o, t) A 0y, X (@, t), and Equation (2-2) gives us the identity

wla, )= V(X (a, 1), 1) —v' (X (2, 1), 1)) AN(a, 1).
Defining the potential ¢ by v(x,t) = V¢ (x,t) for x € R>\ dD/ (1), we get

Qa, 1) = ¢* (X (a, 1), 1) =" (X (@, 1), 1),
o 2, 1) = (VX (e, 1), 1) — 0" (X (o, 1), 1)) - 3 X,
9, 2(at, 1) = (VX (. 1), 1) — 0" (X (e, 1), 1)) - B, X.
Then one has the equality
w(a, ) = (VX (1), 1) —v' (X (1), 1)) A (3o, X (¢, 1) A 8o X (2, 1)),

and therefore
(et 1) = Doy R(t, 1)y X (&, 1) — Dy R(@t, 1), X (@0, 1),

implying that V - curl v = 0 in a weak sense.

(2-2)

(2-3)

Using the law of Biot—Savart, we have for x not lying in the free surface (x # X («, t)) the following

expression for the velocity:

_ 1 x_X(ﬁ7t)
U(X, f) = —E w m/\a)(ﬂ)dﬁ

It follows that

X;(a) = BR(X, w)(a, 1) + C1 (@) 9y, X () + C2(t) 9, X (1),

where BR is the well-known Birkhoff—Rott integral:

1 X(a) — X(B)
BR(X, w)(a, 1) = “in 4% /[RZ m Aw(B)dp.

(2-4)

(2-5)
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Next we will close the system using Darcy’s law. Since

Vo =v(x,t) —Q(a, t)N(a, )6 (x — X (a, 1)),
we have
(Ad, ) =—(Vo, Vo) =[Rz§2(a, HDN(a,t)-Vo(X(a, 1)) da,

and taking ¢(y) = —1/(4m|x — y|), one obtains ¢ in terms of the double layer potential:
1 x — X (o)

¢(.X) = —E o m . N(OI)Q(CI) do.

Darcy’s law yields
Ap(x, 1) = —div(u(x, ) v(x, 1)) — 0y p(x, 1),
that is,
Ap(x,t) = P(a, )6 (x — X(w, 1)),

where P(«, t) is given by
P(a,t) = (u? — pHv(X (@, 1), 1) - N(a, 1) + (0> — p")N3(a, 1),

implying the continuity of the pressure at the free boundary.
Next, if x # X (a, t), i.e., x is not placed at the interface, we can write Darcy’s law in the form

uep(x,t) =—p(x,1) — pxz,

and taking limits in both domains D/, we get at S the equality

(2> (X (a, 1), ) — ' (X (a, 1), 1)) = —(p* — pH) X3 (e, ).

Then the formula for the double-layer potential gives
24,1
w4 RN X(@)—X(B) 2_ 1
=20 — —u)—P — Q =—(p"—pH)X
S — (P~ V/Rz Y@ —xpp VOB =07 —pHXs( .
that is,
Qo 1) — A D(Q2)(ar, 1) = =24, X3(, 1), (2-6)

where

2 1 2 1
1 X()—X(B) Hno— p—p
D(Q)(x) = — PV —— e N(BQ(B)dB, A =—— A, =———. (2-7
D) =57 /R X—xpp YPORO B A= A= ag O
The evolution equations are then given by (2-3)—(2-7), where the functions C; and C, will be chosen in
the next section.

Furthermore, taking limits, we get from Darcy’s law the following two formulas:

0q, 2(at, 1) +2A, BR(X, w) (e, 1) - 94, X (e, 1) = —2A 04, X3(x, 1), (2-8)
00, 2(ct, 1) +2A, BR(X, w)(a, 1) - 09, X (@0, 1) = —2A 00, X3(t, 1). (2-9)
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3. Isothermal parametrization: choosing the tangential terms

Although the normal component of the velocity vector field is the relevant one in the evolution of the
interface, it is however very important to choose an adequate parametrization in order to uncover and
handle properly the cancellations contained in the equations of motion. Fortunately for our task, we can
rely upon the ideas of H. Lewy [1951], and many other authors, who discovered the convenience of using
isothermal coordinates in different PDEs for understanding how a minimal surface leaves an obstacle and
also in several fluid mechanical problems.

Let us recall that an isothermal parametrization must satisfy

|X011 (O{, t)|2 = |X012(as t)|2s XO[](O{’ t) - X()lz(a’ t) = O,

fort > 0.
Next we define
Ci(o)
_ 1 [ a1—pBiBRg Xp —BRy, Xy, dﬁ_Lf @ — P2 BRy, X, +BRg, Xpy g3y
27 Jge la—BI? 1Xp,12 27 Jge la—BI? | Xg,12
and
Ca(@)

=—L/ Otz—ﬂQBRﬂz-Xﬂz—BRﬂl 'Xﬂld _L/ Oll—ﬂl BRﬂI -Xﬂz—i-BRﬂz'Xﬁl
27 Jpe la—BI? | X g, |7 27 Jpe la—BI? | X g, 17

Thatis, X; = BR+C1 Xy, + C2X,, and

dp. (3-2)

XOl|l = BR(X] +C1X011011 + CZXOHOQ + Cloq XO[] + CQOI] X()lza
Xolzl‘ - BRaz +C1 Xauxz + CZXOlzolz + Clotzxon + C2a2XOt2-
Writing f = (|X0,1 1> — |Xa2|2)/2 and g = Xy, - X4,, We have
ft - (BRa1 ‘qu - BRO{Q 'Xotz) + Cl foq + C2f0[2 + (C2a1 - Claz)g + 2Cla1f + (C1a1 - C2O{2)|XO[2|2~

The expressions for C; and C, yield the vanishing of the sum of the first and the last terms in the
identity above. Therefore, we get

fl = Cl f(xl + C2fa2 + (CZal - Claz)g + 2C1011 f (3'3)

Similarly, we have

8t = (BRaz 'Xal +BR(¥1 'Xaz) + Clga1 + CZgaz + (C1a1 + CZaz)g - 2C2a1f + (Claz + C2a1)|on1 |2

and
8t = Clgal + C2ga2 + (Clal + CZaz)g - 2C2a1 f (3-4)

The linear character of equations (3-3) and (3-4) allows us to conclude that if there is a solution of the
system X; = BR+C1X,, + C2X,, and we start with isothermal coordinates at time ¢ = 0, then they will
continue to be isothermal so long as the evolution equations provide us with a smooth enough interface.
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The fact that one can always prescribe such coordinates at time ¢t = 0 follows from the following
argument: in the double periodic setting we have a C* simply connected surface, homeomorphic to the
euclidean plane R?, which, by the Riemann—Koebe—Poincaré uniformization theorem, is conformally
equivalent to either the Riemann sphere, the plane, or the unit disc. The sphere is easily eliminated by
compactness, but we can also rule out the unit disc because the assumption of double periodicity in the
horizontal variables implies the existence of a discrete abelian subgroup of rank two in the group of
conformal transformations, and that cannot happen in the case of the unit disc.

Therefore, we have an orientation-preserving conformal (isothermal) equivalence

¢:[R2—>S.

Since S is invariant under translations 7,(x) = x + 27 v, where v € Z? x {0}, it follows that f,(z) =
¢~ o1, 0 ¢(z) must be a diffeoholomorphism of C = R?, and therefore it has to be of the form

H(@) =ayz+by,
for certain a,, b, € C. Clearly, the family f, is generated by f1 = f(1,0,0), f2 = f0,1,0)- Let
i@ =aiz+b1,  f2(z) =arz+ba.

We claim that a; = a> = 1. Suppose that |a;| < 1; then we get f{'(z) =ajz+bi(1+a;+--- +a1’*1), a
sequence converging to by /(1 — ay), contradicting the discrete character of the group action. On the other

hand, if |a;| > 1, then since
_ z b
7@ = frer00@ = ———

ar a

we get a contradiction with the sequence f| " (z). Therefore, we must have a; = e?™% for some 0 <6 < 1.

Assume that 0 < 6 < 1; then
1 _eZJIinH

fl(n)(z) =e2’””9z+b1(1 + it +”.+62ni(n—1)9) :eZnin9Z+b1 g

so the sequence f"(z) is bounded and satisfies | f"(z)| < |z| + |b1|/sinm 6. Therefore it contains a
converging subsequence, again contradicting discreteness. It follows that f;(z) = z + b; and, similarly,
f2(z) = z+ by, which leads easily to the double periodicity of the isothermal parametrization ¢.

In the asymptotically flat case, we start with an orientable simply connected surface S that, outside
a ball B in R?, is the graph of a C?-function x3 = ¢(x1, x2) such that |D%p(x)| = o(|x|™") for every
N and |a| < 2. In particular, the normal vector v(x) = (—Vg, 1)/4/1+ |Vg|? is roughly vertical and
1/y/1+ |Vg|?is close to 1 for |x| big enough.

Then one can find isothermal coordinates whose first fundamental form A(«, 8)(da® + dB?) converges
asymptotically to the identity.

Again by the uniformization theorem, S must be conformally equivalent to either C or the unit disc.
But since outside B, the surface S is conformally equivalent to C — B N {x3 = 0}, it cannot be also
conformally equivalent to D — K, for any regular compact set K contained in the unit disc D, because
the harmonic measure of the ideal boundary is 1 in the case of D and 0 for R?,
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4. Main theorem and outline of the proof
The proof of local existence requires the following:
(1) A connected and simply connected surface S = S(¢) parametrized by isothermal coordinates
X :R?— R?, X =X(a, 1),
with normal vector N(«, t) = Xy, A X, and gauge

Il
X (@) = X(@—pB)I’

F(X)(a, p) =

such that || F(X)||z~ < oo and |||N| ™!z~ < oo.
(2) The positivity of
o, t)=—(Vp*(X(a, 1), 1) = Vp' (X (e, 1), 1)) - N(et, 1)

2 ] 2 1 (4-1)
= (u”— ) BR(X, 0)(a, 1) - N(e, 1) + (p” — p )N3(a, 1),

where the last equality is a consequence of Darcy’s law after taking limits in both domains D/. This
is the Rayleigh-Taylor condition to be imposed at time ¢ = 0, it being a part of the problem to prove
that it remains true as time passes.

(3) The estimates on the norm of (I —AD)~', |A| < 1, & = double-layer potential (see Section 5),
allowing us to obtain the inequalities

120 et < P(IX Ny + IF XD 700 + NI 1),
lollze < P(IXIesr + IFCOlFoe + 1IN L),

for k > 3, where P is a polynomial function and the norm || - || is given by
XMl = I1X1 —anllzs + 11 X2 — aallps + 1 X311 2 + VX = (@, 0Dl

as in (7-1) below, and || - || y; denotes the norm in the Sobolev space H I,

(4) A control of the Birkhoff—Rott integral BR(X, w):
IBR(X, )l gx < P(IX I3y + IF O + 1IN I2e),

for k > 3.

(5) Energy estimates: the properties of isothermal parametrizations help us to reorganize the terms in
such a way that

LIXIE@) = POIXIEO + 1F OO @)+ NN 1)

23/2 o(a,t) k k
— : 0, X(a, 1) - A0y, X)(a, 1) da,
2 Gt Je TR G X @0 A 0@
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where k > 4, [VX (@) = (100, X (@)1 + 130, X @)[2)*%, and A = (=A)Y2 = Ry (35,) + R2(30s).
Then the pointwise inequality
OA0) — 3A(0%) =0,

together with the condition o > 0, allows us to get rid of the dangerous terms in the inequality above
(those involving (k 4 1)-derivatives of X) to obtain the estimate

Lx 12w < POIXIEO +IFCO 1w @ + NN 22 0)).

(6) Finally, we need to control the evolution of || F(X)| .~ (¢) and inf(z) = infzo'(a’ t), which is obtained
via the estimates aeR

d _

S IF O @) < PIXIZ@ + IFCO N7 (0 + NINT (1),
a_1 __ 1 2 2 -
TR0 P(IIX1Z() + I F GOl 700 (0) + N Lo (1))

(7) All those facts together yield the inequality

d
S E@0 = CPE®)
for the energy
E@) = XIF@) + I F )7 (@) 4+ 1INl (1) +inf(1) ™,

where k > 4, C is a universal constant, and P has polynomial growth (depending upon k).

At this point it is not difficult to prove the existence of a solution, locally in time, so long as the
initial data X (0) is in the appropriate Sobolev space of order £ > 4, and the Rayleigh—Taylor and
no-self-intersection conditions (o9 > ¢ > 0, || F (X (0))]| 1~ < 00) are satisfied.

The main theorem presented in this paper is the following:

Theorem 4.1. Let X (0) with || X (0)||x < oo for k > 4, ||[F(X(0))]|~ < 00, |[|N(a, 0)| ||~ < 00, and
o (e, 0) = —(Vp*(X(0),0) — Vp' (X (0), 0)) - N(, 0) > 0.

Then there exists a time T > O such that there is a solution to (2-3), (2-4), (2-6) in C([0, t]; H*) with
X (o, 0) = X(0).

Finally, let us point out that since our existence proof is based upon energy inequalities, an extra
argument is needed to prove uniqueness. Nevertheless, that task is much easier than proving existence.
(The interested reader may consult [Cérdoba et al. > 2013], where the details of the proof have been
written out for some important cases, such as Muskat and SQG patches.)

Let us remark that, at the end, we have to work with a coupled system involving the evolution of the
surface X, the “vorticity density” w, the Rayleigh—Taylor condition o, the non-self-intersecting character
of S quantified by the gauge F'(X), and the tangential parts C; Xy, + C2 Xy, of the velocity field.
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Remark. This paper is a continuation of [Cérdoba et al. 2011], where the two-dimensional case was
considered. Many of the needed estimates can be obtained following exactly the same methods that
were used in [Cordoba et al. 2011] for the lower-dimensional case. Therefore, in order to simplify our
presentation, we shall avoid here many details which were carefully proven there. This is especially the
case in Section 6 (control of the Birkhoff—Rott integral) and Section 8 (energy estimates), and also for the
approximation schemes which are identical to those developed in [Cérdoba et al. 2011]. Therefore, in the
following, we shall focus our attention on the more innovative parts of the proof, namely the evolution of
the Rayleigh—Taylor condition, the non-self-intersecting property of the free boundary, and the needed
estimates for double-layer potentials.

5. Inverting the operator: the single- and double-layer potentials revisited

In this proof, we need to consider the properties of single- and double-layer potentials, which are
well-known characters in finding solutions to the Dirichlet and Neumann problems in domains D of R”".

For our purposes, these domains will be of three different types, namely: bounded, periodic in the
“horizontal” variables, and asymptotically flat. We shall also assume that their boundaries are smooth
enough (say C?) and do not present self-intersections. Therefore, one has tangent balls at every point of
the boundary, one completely contained in D and the other in D¢. We shall denote by v(x) the unit inner
normal at the point x € d D; then under our hypothesis we have that, for » > 0 small enough, the parallel
surfaces 3D, = {x +rv(x) | x € dD} are also C? surfaces with curvatures controlled by those of 9D.
Furthermore, the vector field v can be extended smoothly up to a collar neighborhood of 9 D, allowing us
to write the formula

2
Au(x) = %(x) — B 8 ) + Agu (),

where A denotes the ordinary laplacian in R", A; is the Laplace—Beltrami operator in d D, h(x) is the
mean curvature of 3 D at the point x, and u is any C>-function defined in a neighborhood of 3 D.

For convenience, we will use the notation Dy = D, D, = D¢, § =0Dj, and v;(x) (for j =1, 2) the
inner normal at x € § pointing inside D;. Let dS be the surface measure in S induced by Lebesgue
measure in ambient space. Given integrable functions ¢, i on §, we call

V) = / YO) L dS(y)
ORI

the single-layer potential of i, and we call

Wx) = Cn/S (y) o (”x — y”n_2> ds(y)

the double-layer potential of ¢. In both cases, ¢, is a normalizing constant chosen so that Sn

B3

is a
fundamental solution of A in R"?, n > 3.
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For x € § and j =1, 2, denote by W;(x) and V;(x) the corresponding limits of the potentials in D).
We have

Wi = (go(x) - [ vk do(y)) = 2@ —Bp()),

N[ —

Wa(x) =

N —

(go(x) + [ Ky do(y)) = Lo + (),

A4 1 1 *

Y ) = —§<w<x>+/ YOIK G, ) do(y)) =W+ DY),
1 N

g—x(x) = —%(WX) —/Sllf(y)K(y,x) da(y)) = —%(W(x) —F* Y (x)),

where
K(x,y)=2c,

— *n

i( 1 )_~ (x—y, v(y)
vy \ [lx =y ("2 x =yl

It is well-known that in the scenarios considered above, the boundary operators % (and 9*) are
smoothing of order —1, and therefore compact. Furthermore, all their eigenvalues are real numbers having
absolute value strictly less than 1. Therefore, by the standard Fredholm theory, the operators I — A9,
I — 19* are invertible when |A| < 1. However, in our case, the domains are moving, and the evolution of
their common boundary § involves the inverse operators, making it necessary to estimate their norms in
terms of the geometry and smoothness of .

Although there is a vast literature about single- and double-layer potentials, we have not been able to
point out a precise statement giving the information needed for our results. Therefore, in this section, we
provide arguments to prove that the norms of such inverse operators grow at most polynomially: P (||| S|||),
where ||S||| is just ||S||c2 plus a term of chord-arc type controlling the non-self-intersecting character of
the boundary. The term has the form r(S)~!, where r(S) is the sup over all the positive r such that §
admits tangent balls of radius r in both domains D;:

ISH = 1Sl + ()~

We shall write P (|||S]||) to denote < C(]||S]||”) for certain positive constants C, p which are independent
of the characters whose evolution is being controlled, but the size of both constants may change during
the proof and we shall make no effort to obtain their best values.

We will consider the case of bounded domains in R”, n > 3, because the needed modifications when
n = 2, namely taking log |x| as fundamental solution for the laplacian, as well as the changes for the
periodic or asymptotically flat domains, are left to the reader.

Let @ and %* be the potential defined above, with kernel

0 1 _. (x—y,v(y)
) lx—yl"=2 " |x -y

K(.X, y) =Cp

and K (y, x) respectively. In the study of the inverse operators (I —A%)~!, || < 1, it is convenient to
consider first the particular values A = £1.
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Proposition 5.1. The following estimate holds, where P is a polynomial function:
I £D) " 125y = PAUISID-

Since the boundedness of (I +%)~! in L?(S) is well-known from the general theory, we can simplify
the proof, considering only functions f € L*(S) whose support lies inside a region of S where the normal
v(x) is close enough to a fixed direction. Then for a general f, an appropriate partition of unity would
allow us to add the local estimates, so long as the number of pieces is controlled by |||S|||. We shall use
the following observation, whose proof is immediate.

Lemma 5.2 (Rellich). Let u be a harmonic function and h a smooth vector field in the domain D; then
we have

(i) div(|Vul?h) =2div(Vu - h)Vu) + O(|Vu|*|Vh]),
(i) [,p(v, )|Vul*do =2 [, (du/dv)(Vu -h)do + O(f,, |Vul|*|Vh]).

Given a function f € C'(S), we may define V, f, choosing at each point x € S an orthonormal
basis {eq, ..., e,—1} of the tangent space T, (S) (we can consider also V; f to be the gradient naturally
associated to the induced Riemannian metric by the ambient space). In both ways, although different, we
have that |V, f| = A f is an elliptic pseudodifferential operator of order 1 in S. Solving the Dirichlet

problem Au=0in D, u|s = f, we obtain the operator D,, = (du/dv)|s, which is also a pseudodifferential
operator of order 1 in §.

Lemma 5.3. Let f € L*(S) having support on the region % < (v(x), n) <1 (for a fixed unit vector n);

f|va|2do:/|vrf|2da,
S S

where the constants involved in the stated equivalence >~ are P (||| S]||)-

then we have

Proof. Let u be harmonic in D so that u|g = f. Under our hypothesis about f, and since |Vu|> =
|Dyu|?> +|Veu|?> and V. u is a local operator (suppgs(V. f) C supp(f)), Lemma 5.2 yields:

%[ |V, fI*do 5/(v(x),n)|Vfu|2do§3f |Dvu|2do+2f |V u||Dyuldo,
S S S S
from which we easily obtain

/|vrf|2do— < P(|||S|||>f D, f|*do.

S S

To get the opposite inequality we proceed as before, but since D, f is not local, an extra argument
is needed to control the contribution of the region outside supp(f). Let us introduce surface discs
B.(x)={yeS|llx—yl<r},x€S8,0=<r<||S||~" and domains A, (x) ={y+pv(x) |y € B,(x), p <r}.
Given R = %|||S|||_1, there exists a fixed unit vector 5 so that &+ < (v(y), n) < 1 for every y € Bg(x),
and also a smooth vector field £ such that kA, ) =1, supp(h) C Axgr(x), and %|h(x)| < (h(x), v(x)),
IVAIZ < PAISID AL
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In order to obtain the estimate
2 2
/ D, f2do < P<|||S|||)/ IV, f Pdo,
S S

we may assume, without loss of generality, that supp(f) C Br(x), for some x € §, and then prove that

f |D, f|*do < P(|||S|||)/ |V, fI*do
Br(yo) S

uniformly on yg € S.
With the vector field / defined above in A,z (y), let us apply Rellich’s estimate to get

/|va|2<h,v(x>>da(x>=f<v,h>|vff|2do—2/ vavrf-hdow(/ |Vu|2|Vh|),
S S S D

where u satisfies Au=01in D, u|s = f. We get easily

/ |Dy f12(h, v(x)) do (x) = 0</ |V, fI?do +/ |Vul|*|Vh| dx).
Br(yo) N D
Then the proof will be finished if we can show that
f Vul?|Vh|dx < P<|||S|||)/ Ve fPdo.
D S
To see this, let us consider the parallel surfaces S, = {x +rv(x) | x € S} (0 <r <|||S|||) and observe that

/uzdo,’:/uz(x+rv(x))d0
S, s

and

f [ (¥ +rv(0) —u? ()] do (x) = / / Vixt 1v(x) o) di do
N S JO

12 12
=2/ u(y)w@)-v(y)sz([ u%y)) (/ |W|2<y>) ,
L L L

where L, ={x+pv(x) |x € S5,0<p <r}.
Let & be a smooth cut-off function. Taking

F(x+rv(x)) = f(x)%(x),

as a comparison function, Dirichlet’s principle and Poincaré’s inequality give us the estimate

[vue < [ |VF|2sc</|vff|2+f|f|2)=0(/|vtf|2da).
D D N S N
Therefore
1/2 1/2
/uzdarzfuz(x—i—rv(x))doS/fz(x)do+</ uz(y)> </|V,f|2> .
S, S S L, S
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Integration in 7 in the range 0 < r < R = |||S||| " yields

/Lruzdx < R(/S fA(x)do + (/L u2(y)>1/2(/s |v,f|2>1/2).

/ uldx < CR/ IV, f* do.
L, S
To conclude, let us observe that

[ rvubivai=5 [ siivni=5 [ iwn—aqvin)+ 3 [ wova
D

D

1 o 2 (IVh)) 1/ )
_2f -|Vh|do /:gf a0 da+2 Du V|h|

() o) sef sl

Proof of Proposition 5.1. As before, let f € C'(S), supp(f) C Uy, and let u be its single-layer potential:
J ()
u(x) =c,,/ ————dS(y).
slx—y

||n—2

That is,

Taking derivatives on each domain D; with respect to the normal direction and evaluating at S, we get

0 0
au —Lf @) +D*f(x)), —U=—%(f(X)—@*f(X))-
Vi A

By Lemma 5.3, we know that
0
da“flV v|2do~/
NE

J o i

where the constants involved in the equivalences are all controlled by above by P (]||S|||) and below by

1/P(lISIID.
Since dv/dv; + dv/dv, = — f, these estimates imply that

ov

do,
31)1

min(|| f —D* fll2, | f +D* fl2) > PAISID’

that is, |(I £2)~ || = P(|IS|Il). Then using an appropriate partition of unity, that estimate extends to a
general f € L2(S). Il

Next we shall consider Sobolev spaces H*(S), 0 <s < 1, defined in the usual manner throughout local

coordinate charts. We have also the elliptic pseudodifferential operator A* = (—A)*/? i

I e ) = M f Iz +1A° fll e

Then H™*(S) = (H*(S))* allows us to consider the negative case by duality, under the pairing

in such a way that

/¢1//d0’, opeH™, yeH’,
s
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and we have

Il = sup / oV do.
[Yllgs=1JS

Since both % and %* are compact and smoothing operators of degree —1, the commutators [A*, 9],
[A®, %*] are then bounded in L2(S) (0 < s < 1) with norms controlled by ||| S|||, allowing us to extend
Proposition 5.1 to the chain of Sobolev spaces:

Corollary 5.4. The norm of the operators (I = D)™, (I = D)~ in the space H*(S), —1 <s < 1, is
bounded by P (|||S|I)-

Estimates for (I +1.%)1, x| < 1. With the same notation used before, we have

=20V 1420V l+20V 1-20V

oV 1 _ * A T _1 *
> 8v1+ T 5@ (x) —2D*¢p(x)) and 5 8v1+ > 5(P(x)+A19% ¢ (x)),
where

Vix)= cn/ ﬂ ds(y).
s

lx — yll"=2
Then the identity ¢ — A%*¢ = 0 yields
A% A%
Oz(l—k)/ V—dS+A+1) | V—
oD, OVi

dS=<1—x>/ wviEeaen [ vvE.
9D, 0V2 Dy

D,
which implies ¢ = 0. Similarly for ¢ +A%*¢p =0, —1 <A < 1.

Remark. This observation can be improved applying the following fact (whose proof we skip because it

will not be used in our theorem):
IVul? = [ |Vul?,
D, D,

where, again, the ~~ is controlled by P(]||S]||). In particular, it implies that the spectral radius of the
operators &, 9* is less than 1 — (P (|[|S|I))~".

Theorem 5.5. The operator norms ||(I+)»9D)*1||Hs(s), ||(I—|—)»QZ)*)*1||H3~(5), Is| <1, A1 <1, are P(ISI)
(growth at most polynomially with |||S|||).

Proof. The identity (I — D) NI —2D) = I+ (1 —1)(I —D)~'% shows that the conclusion of the theorem
follows easily when |1 — A| < 1/P(]||S]l), and similarly when |1+ X| < 1/ P (||| S|I])-
Therefore, without loss of generality, we may assume that

1
1—|A> —.
M= B

Assume now that ¢ € H~/2(S) satisfies ||| y-12 = 1 and

1
_)\.@* -1/2 o o .
16 =29 Bl -1 < i

Vi(x)= Cn/ ﬂdS(y)
N

lx — ylI"=2

Then the single-layer potential
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satisfies the inequality

1
PISID

V(¢ AD*P) d S‘
On the other hand, one has

fV(¢—A€b*¢)dS=(1—A)/ IVVEP+A4+0 [ [VV]
S D D,
implying the estimate
1
P(lISID

/V((ﬁ—i—)\,@*(ﬁ)dS:(l—{—)\,)f |VV|2+(1—k)/ |VV|2§
S D Dy

Adding both inequalities together, we would obtain

/ Vodo = s

which is impossible because of the following:

Lemma 5.6. If V is the single-layer potential of ¢, then

()¢ (y)
/V(X)¢(X)dS(X) //;WdS( x)dS(y) = P(”|S”|)II¢IIH 1/2¢5)"

Let us first observe that

d(x)P(y) fL —— 2
//:sllx—yll" 2d o(x)do(y) = ., |S|2’¢ ‘7(5)‘ d§ >0,

where ¢/d\S denotes the Fourier transform of the measure ¢ dS supported on S. This implies that

6. ) //S ¢ ()P (y) dS(x)dS(y)

llx = yln=2
is an inner product satisfying
(. V)| < (0. &) 2w )12,
and we wish to show that

(@, ) 2 111125,

where » denotes equivalence modulo a factor P (||| S||). To see this, observe first that given ¢ € H —172(9),
its single-layer potential u|S belongs to the space H'/2(S), satisfying

Nl grrr2csy < PAISIDIN -12(s).

which can be proved easily using local coordinates. As a consequence, we have

[ [R5 dswds o) < PSS

lx — yln=2
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In the opposite direction, since H™* = (H*)*, we have

¢l - = sup f¢(x)f(X)d0(X)

feH?

Let us assume, for the moment, that given f € H®, there exists g € H s=1 quch that

00 = cn /S %dﬂw and [ fll = gl

Then
lollg-s = sup (¢, g),

gl ys—1=1

and takings:%,s—l:

Il 12 < PAUISID(D, @)% (g, )% < PAISIN (@, #) /2 lgl 12 < PUISIN (@, ¢/

To close our argument, it remains to solve the equation

1
—5, we get

) =c, f 805,
s lx—y[n2

that is, to prove that given f € H*, there exists g € H*~! satisfying the this equation.
To see that, let us consider the solution of the Dirichlet problem
Au=0 in Dy,
{Mls =f
and the equation
ou

9%t _ , _qgy*
281) g—9g,

that is, g = (I —9*)~!(—20u/dv;). Then we claim that such g verifies the identity

fo) = f” g(yf'n _dS(y).

V(x)zcnfﬂds(w
s llx—=yll"=

||n 2

This is because the function

is harmonic in D; and satisfies

A% ou
29 e g =221
A g=Dg ovy’

which implies that V = u in Dy, and therefore, taking limits up to the boundary, we obtain

foo = /” g(”|,, _dS(y).

To finish the proof of Theorem 5.5, let us consider, for every 0 < t < 1, the identity

(I=2D)'AT=ATI =29 "+ (I - 2D)"'C, (I —29)7!,
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where the commutator C; = [DAT — AT™F] is a pseudodifferential operator of order T — 2 whose bounds
are controlled by |||S]||. Then

I —=2D) " fllgs < 1 =2 fllgre + IATY2U = 2D) f g1
Sl + 1T =2D) T A2 £
SN2+ IATY2 Fll g1z < PAISIDN S Nl s O

Remark 5.7. In the particular case of the sphere S = §"~! (n > 2), the estimate of Lemma 5.6 becomes

/Sn 1/5 ()P () dS(x)dS(y) = callpll 12501,

el = y[n=2

an identity:

for n > 3, and
- / | / log [lx = Y@ (1) () dSC) dS(y) = e2ll P15
stJs
forn =2.

Proof. We present the details when n > 3. The case n = 2 follows similarly. Let ¢ (x) = > ax Yi(x),
where Y is a spherical harmonic of degree k, normalized so that || Yk || ;2(g»-1) = 1; then we have

| kl2
|aO| +22k+ ||¢||H 1/2(5)

Claim: if k # j, then
| T asw ase) -
sn-1Js

i lx =2

Taking the Fourier transform and using Plancherel, we get

Y(x)Y, Y;dS®)
/ / KOY,0) o asiy) = / L Yids@)y; ds@) de.
;) o €]

e lx =y 2

But it turns out that
VedS®) = 2mi el s nEDYe (5 )

where J,, designates Bessel’s function of order v, implying the claim.
Therefore our estimate diagonalizes:

(0.¢]
1
/R |E|2|kaS(€)|2d€_C/o ?lfk+(n72)/2(r)lzdr,

and the well-known identity for Bessel’s functions

o J2
/ M(r) dr = L
0 r 2p

allows us to finish the proof. O
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Estimates for @ and ®. In the following, we shall consider asymptotically flat domains, leaving to the
reader the details of the periodic case. Since we have controlled the norms of the operator relating 2 and
X, we are in a position to obtain the inequality

12+ < P(IXII; + IF GOl 7 + NI 2e), (5-D
for k > 4, with P a polynomial function. Then Sobolev’s embedding implies
ol e < PIXIE 41+ 1F N7 + NN ), (5-2)

for k > 3. We will present the proof of (5-1) when k = 4, because the case k > 4 can be obtained with the
same method.
Theorem 5.5 applied to (2-6) yields

121l =1 = A, D)~ (=24, X3) i < CIIA = A, D)l X3l < PAISIDIX 3 1,

implying that
IR0l < P(IXIZ+ IFCONZ + 1IN 2).

Next we will show that
102,212 < PIXN5+ IF X700 + NI o) 192141, (5-3)

which together with the estimate for ||Q2|| ;1 above, will allow us to control 351 Q in terms of the free
boundary.
In order to do that, we start with formula (2-8) to get 831 Q=1+5L+ I+ 14—2A,3% X3, where

PYay

Au X (@)~ X(a—B) e a0
h=3" Pva2 X —Xa—BI Aw(a—p)dp - 32 X (a),
_ A/L aonX(O{)_aonX(Ol_IB) _ .
L= EPV/[Rz X@) —X@—p)P ANow(a—PB)dB - 0y, X (a),

_ 34 X(@)—X@=p) o
I; = o PV/RZA(a, ﬂ)|X(a)—X(a—ﬁ)|5/\w(a B)dp - 9y, X (o),

with A(e, B) = (X (o) — X (@ —f)) - (O, X (@) — Jg; X (¢ — B)), and

zﬂw/ X(@)—X@—p)
2 Jw IX(@ = X@=p)P

Iy A By @ (at — BYdPB - 3, X ().

Our next objective is to introduce the operators J; (A-5) defined in the Appendix in the analysis of
the integrals /;. Formula (2-3) gives us @ = 0y, (£20y, X) — 94, (204, X), and from standard Sobolev’s
estimates we get

1ill2 < P(IXIG+ I ECONT~ + NN ) IR0 g1, =12,

and similarly with 7.
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Regarding
14:/ dﬂ+/ dp =Ji+ Ja,
[B1>1 1Bl<1

we integrate by parts in J; to obtain

A (Y@ =xa—p
21 1B1>1 p |X(O()—X(Ol—ﬁ)|3

Ji ) Ae@—B)dB -2, X (@)

Ay X(a) — X(a—B)
21 Jig=1 1X (@) — X (@ —B)P?

No(a—=p)dl(B) -0y, X ().

From this last expression, it is easy to deduce the inequality

11sC||F<X>||2w||X—(a,0>||zcl</ e Plag+ [ |w<a—ﬂ)|dl(ﬂ),>
B1>1 1Bl 1Bl=1

providing us with an appropriate control (see the Appendix for more details).
Next let us consider J, = K| + K> + K3 + K4, where

A, X(a) — X(@—p) PN,

Ki=7, PV/M X(@) = Xa—p)p OS2 @ P X = Fdp -0, X(@),
A X(@) - X(@—p) ) o

K= 5" PV/I/S<1 R ety M a2 =), X = B -0 X @),
e X(@) - X(@—p) ) o

Ks=—3" 19\//ﬁ|<1 ety M 20— ) 8, X (= B -0 X @),
A X@-X@=§) ., o

K4 = o PV/5|<1 |X(a)—X(a—ﬁ)|3A8“IQ(a ,B)BO,ZX(O( B)dp 30,1X(Ol).

Then the terms K| and K3 are handled with the same approach used for I, —see (A-13) in the Appendix —
and we rewrite K, in the form
A X(@) — X(@—p)
21 Jigj<1 1 X (o) — X (@—B)?

N B, 00y 2 (@ = ) (0 X (¢ = ) — 8oy X (@) - 0y X (1),

to show that it can be estimated via an integration by parts in the variable 81, using the identity

Oay 0, 2 (0 = B) = —0p, (30, 2 (@ — B))

and the fact that the kernel in the integral K, has degree —1.
It remains to deal with K4: to do that, let us consider K4 = L + L,, where

Ay PV/ X(a) =X (a—p)
|

Li=24 .
27 pl<1 | X (o) — X (o — B

A9 Q2o — B) (3, X (&) — e, X (0 — B))dPB - 3, X (1)

and

pi<1 1X (@) — X (@—B)I? 05, =p)dp - N(@).

2

L= A PV/ X@ - X@—p)
|
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The term L can be controlled like K5, and L, can be rewritten in the form

. _QPV/ (X(a)—X(a—ﬂ) _ VX(@) B
Ty UX@ = X@—B)F  [VX(@)-BI

) 92.Q(a—p)dB - N(w),

showing that it can be estimated as we did with J4 (A-8), that is, we obtain (5-3). Similarly, Equation (2-9)
yields
192,212 < P(IX 15+ I F O + 1IN o) 121 1,

and then the inequality 2|0y, 0o, 2|12 < ||8§1 Q2+ ||3§2§2||Lz gives us the desired control upon || 2| 2.
Next we will show that

182 QN2 < P>IXN3 + IFCOl7 + NN Iz ) 1211 2, (5-4)

allowing us to use the estimates for ||2|| ;2 above. In order to do that, we start with formula (2-8), to get
8319 =0y, I1 + 0y, I 4 0o, I3 + 0y, 14 — 2Ap8§1 X3, where the most singular terms are given by

_ A X@ - X@—p) PN

B3 = o PV/Rz X@)—X@—BL Ao(a—pB)dB -3, X(a),
Ay 0z, X (@) — 35 X (@ =)

"4_EPVfRz X - X@-pp TP @,
34, X (@) — X(@—B) B _

s = =2 BV [ Bl ) S A=) dB 0, X @)

with B(a, B) = (X (@) — X (@ —B)) - (32, X (&) — 05 X (a — B)), and

Ay PV/ X(a) = X(a—p)
R

0= 0 PV e X @ =X @—B)F

A 802“0)(01—,8) dp - 0, X (@),

and where the remainder terms can be estimated with the same method used before.

Now we write

— ﬂo‘ _ 3
J3 = o T 1 (00, (R0, X) — 0o, (280, X)) - 8, X

to obtain

1112 < €| T 1 (s (R0 X) — By (R0, X)) | 11102, X -

Next observe that in the proof of estimate (A-9), one can replace L? by L” for 1 < p < oo [Stein 1993].
In particular, we have

13122 < P(I1X = (ot, O)ll cra 4+ 1 F (X | oo + N T 2w ) (19200 X Nl 24+ 1200, X [l 25+ |0l 24) 103, X ] 4,

and then Sobolev’s embedding in dimension two, ||g|l;+ < Cllgllg!, yields the desired control. Re-
garding J;, we follow the approach taken before for J3, but now using the L* norm. That is, we

J4=f dﬁ-i—/ dB = Ks + K,
1B1>1 1Bl<1

split
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and since wa—p)

w (o —

Ks < IX - (@ 0>||§2||F(X>||iwf 0@ =Pl g,
B=1 Bl
that term can be estimated as above.
Next we introduce the splitting K¢ = L3 + L4, where
A 1 1
Ly=-1 32 X()— 92 X(a— —

3 o |ﬂ\<1( o (@) o (a '3))|:|X(Ot)—X(Ol—,3)|3 |VX(0()-,3|3:|

No(a—p)dp - 9., X (),

2 2
e QPV/ 02, X () — 32, X (@—B)
1Bl<1

2m VX@ gp @A b X(@).

We have
| (a—B)I

L3 < ClIX — (&, 0)[[ 205 (I1F (X) [ 70 + 1X — (o, O)[[ e [IN] 7 ||ioo)/ —pps 9
1Bl<1

(see the Appendix for more details), giving us the appropriate estimate. Regarding L4, we use identity
(A-16), which, after a careful integration by parts, yields

. 2 T N
L= A py B-Vp((32 X (@) — 32 X (« ,B));\a)(ot B) - By X (@)) dﬂ
2t Jigi<i VX () - Bl
Ay 1BI(32 X (@) — 32 X (@—B)) Aw(@—p) - 8o, X (@)
__f 3 dl(B),
27 Jip=1 VX () Bl

helping us to prove the inequality
ILallz2 < P(IX = (@ O)llc2 + IF X)llzeo + NINT ) (183, Xl s ol s + lloll 2).

Clearly, Js can be approached with the same method used for J4. Regarding the term Jg, we have to
decompose further: first, its most singular terms, which are given by

Ay X (o) = X (@—B) .
Ls=3" PV/|ﬂ<1 |X(a)_X(a_'B)|3/\8a2§2(a B33 X (a—B) df - 3o, X (@),
Ay X@-X@=$) ., ~ .
Le=3" PV/|ﬂ<1 |X(a)_X(a_ﬂ)|3Aaalaa29(a B)da, X (0 — B) dB - 80, X (@),

A O, Qo — )35, 0, X (0t — B) dP - 0y X (1),

L= Ay V/ X(a) — X(ax—pB)
<1 1 X (@) — X(a—pB)]?

_ﬂpvf X(a) — X(ax—p)
2 i<t X (@) — X (a—pB)I3

Second, let us observe that the remainder is easy to handle: the terms Ls and L7 can be estimated as we

Lg= A3 Q(a— B, X (0 — B) dB - 8, X ().

did with K| and K3, using the L* norm and, finally, L¢ and Lg are like K, and K4, respectively. Putting
all these facts together, we obtain (5-4).
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Similarly to the case of lower derivatives, Equation (2-9) yields
121175 < PIXIZ+ IFCON7 + NN L) 192072
To finish, it remains to show the corresponding inequality for derivatives of fourth order:
1201+ < POIXIZ + 1FCONZ + 1IN o) 2] 2.

Identity (2-8) allows us to point out the most singular terms in 9  S2

_ Ay X(@) = X(@—p) P
M=~ Pvf[RZ lX(a)_X(a_ﬂ)P/\a)(a B)dB -3y X (a),
A 05, X () =35 X (@—B)
MZ‘EPV/RZ X —X@—pp C@TPP X,

A fC(a,ﬂ) X) = X@=P) | a—p)dp - o X (@),

M;=—-—"LPV
4 X () = X (a—B)P
with C(a, B) = (X (@) — X (@ —B)) - (35 X (@) — 33 X (@ —p)), and

Ay PV/ X(@) = X(a—p)
R

M= ™ e XK@ = X@=p)P

Ay w(o—PB)dB - 3y, X ().

Then, in order to estimate M/, we start with ||M||;2 < CK||8;'1X||L2, where

Pvf X(@)— X@—h) /\w(a—,B)dﬁ‘.
R

K=V | X @ —X@-B)F

o

Following [Cérdoba and Gancedo 2007], we have

K <01+ 02+ 03+ 04+ Os,

where
Or=sup PV/,s|>1 |§(:{>)—_§$—_/f))|3 “”(“_ﬁ)dﬂ"
o=l BT
03 =sup /,3|<1VX(“)"3[|X<a>—;(a—ﬁ>|3 B |VX(i>-/3|3} role=pdp
0y =sup /ﬁld%A(w(a—ﬂ)—w(a))dﬂ,

05 =su PV/ MAa)(a)dﬁ‘
ST s VX @ - B '

’

469

(5-5)
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An integration by parts in O yields

0 2 3 1€2(a —B)|
1 S CIVX| 7 1F(X) |7 sup — 5 df+ 12 (=PI dI(B)
e \Jig>=1 18I 1Bl=1
< CIVXIZ= I F X712 2,
and Sobolev’s embedding allows us to conclude.
Regarding O;, we have

02 < IX — (@, O)llc2s I F OO 7l oo

’

f BIP0dp
Bl<1

and the estimate |w]cs < Cllw| g2, for 0 < § < 1, gives the desired control. Using (A-15) and some
straightforward algebraic manipulations, we get a similar inequality for O3. Next, we have

f Iﬁl”dﬂ',
|Bl<1

giving us also the same estimate. Furthermore, it is easy to prove that Os = 0.
Next we consider the term M, with the splitting M, = Q1 + Q» + Q3, where

04 < CIIX — (@, O L NI ol es

_ Ay 331X(a) — 331X(a—ﬁ)

QI_E =1 1 X(@) —X@@—pB)? ANo(a—p)dp -3y, X (),
Ay 92 X (@) — 3 X(a—PB)

O =0 e IX@—Xa—pp " @@TP) @) dp D X(@),
_ A 93 X (o) — 03 X(a—p)

Q3_5PV/|,3<1 X(@ —X@—pp PN daX(@):

The term Q| can be estimated as before; regarding 0>, we can use the identity

1
9 X(@)— 3, X(a—p)= / Vs X(a+(s—DB)ds - B,
0

and the control of Q3 can be approached as we did with the operator in (A-7). Similarly with M3, while
M, is analogous to Jg, and all these observations together allow us to obtain (5-5).

6. Controlling the Birkhoff-Rott integral

Here we consider estimates for the Birkhoff—Rott integral along a non-self-intersecting surface. Let us
assume that V(X (&) — (e, 0)) € H*(R?) for k > 3, and that both F(X) and |N|~" are in L, where

F(X)(a, B)=1B1/1X(@) = X(@—pB)| and N (@) =8y, X (@) A 8p, X ().
The main purpose of this section is to prove the estimate

I BR(X, o) [l ge-1 < P(IXIIE + 1 F Ol + 1IN I e), (6-1)
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for k > 4. Here we shall show it when k = 4, because the other cases, k > 4, follow by similar arguments.

We rewrite BR in the following manner:

1 / X(a) — X(B)
R

BRI, @) e )= =22 PV | ) “X(BIF

4 A (95, (820, X) — 9p, (295, X)) (B) dP,

which, together with the estimates about €2 in Section 5 and also about the operator J'; in the Appendix,
yields
IBR(X, @)llz2 < P(IX N+ I1F 70 + 1IN [0).

To estimate derivatives of order 3, we consider 8;_ (BR(X, w)), and observe that the most dangerous terms
are given by

Ly [ 06X @ =0 X@=p) rw@—p)

j— dp,
YT e X (a) — X(@—B)P P
3 (X () = X(@—p)) - (33 X (@) — 93 X(@—B))
L= EPV/RZ(X(a)—X(a—ﬂ))Aw(a—ﬁ) X~ X@ BT dg,
_ _ 3 _
e Lpy [ X@-Xe@ ﬂ))A(ao,,.a?(a B s
A Je X (@) — X(a—B)f

In the Appendix, we find all the ingredients needed to estimate these terms /;, while the remainder in
82’_ (BR(X, w)) is easily bounded: in I3 we can recognize an operator with the form of 7| in (A-5), so
the estimate for w in Section 5 gives the desired control for /3. Regarding /;, we may use the splitting
I, = Jy + J, where

1 (8§,X(Oé)—32,.X(0t—/3))A(w(0!)—w(a—ﬂ))d
A e X () = X (@—p)I?

(@) (85, X () = 03 X (@ =)

APV ’ ’
4 1 X(@—=X(@=p)

Ji B,

Jo =

Then the identity 9; X (&) — 93 X (@ —B) =B fol Vo3 X (a4 (s — 1)) ds allows us to find in J; a kernel
of degree —1 which we know how to handle (see the Appendix). One uses the estimate for I3 (A-7) to
deal with J>, and we proceed similarly to control /5.

7. In search of the Rayleigh—-Taylor condition

As was pointed out in Section 4 (outline of the proof), our approach is based on energy estimates, and a
crucial step is to characterize those terms involving higher derivatives which are controlled because they
have the appropriate sign. In our terminology, they constitute the Rayleigh—Taylor condition, which is
supposed to hold at time 7" = 0, it being an important part of the proof to show that it prevails under the
evolution.

Let us introduce the notation

NXNE=1X12+1F N7 + NN 2o,
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where
I XMk =1 X1 —arllps + 1 X2 —aall gz + 1 X3 2 + V(X = (a, 0))II§,k_1 (7-1)

and
IV(X = (t, 0D 13- = V(X — (@, 0) 172 + 135, (X — (t, O 17, + 185, (X — (e, O) 7.

In order to justify the formula

d o2 23/2 oo, 1) .k k
Lx120) < — O X (o, 1) A X)(a, 1) da+ P(| X Ik (1)),
271X IE@ < 212: i) e X e X @ 1) A D)@ 1) dar+ PAIXI)

(here k > 4, although for the sake of simplicity we will present the explicit computations when k = 4,
leaving the other cases as an exercise for the interested reader), it will be convenient to make use of
the following tools, which give us different kinds of cancellations, and which constitute our particular
bestiary of formulas for this paper.

From the definition of the isothermal parametrization, we have the identities

186 X I = 190, X I, (7-2)
oy X - 90, X =0, (7-3)
which yield
TA(00, X *) = |90, 00, XI* — 02, X - 95 X, (7-4)
g X 00, X =—30) X35 X+ (05 A" 90,) (100, 90, X1* — 35, X - 03, X)), (7-5)
gy X - 00, X = =302 X 05 X + (35, A" 80 (10, 00, X 1> — 07, X - 93 X). (7-6)

Using (7-3) and (7-4), we obtain
g X - 00, X = =20 X + 1, 0, X — 3, 00, X + 00, X — (8, 00y A ™' 00) (100, 00, X I* — 03, X - 03 X), (7-7)
g, X - 00, X = =203 X + a1, 0, X — 0300y X - 03 X — (8, 00, A ' 00,) (100, e, X I* — 03, X - 03 X). (7-8)

And Sobolev inequalities imply that if V(X — (a, 0)) € H?, then 33 X - 9o, X € H? fori, j =1, 2.

With the help of the estimates above, we may now determine o. There is a part that may be considered
a mere “algebraic” manipulation to detect the relevant characters and, in so doing, we disregard many
terms because they are of lower order in the sense of Sobolev spaces. At the end, we shall present how to
deal with those lower-order terms — if not for the whole collection of them, at least for the ones that we
may consider to be the most “dangerous” characters. Here it is convenient to recommend to the reader
our previous works [Cérdoba and Gancedo 2007; Cérdoba et al. 2011], where similar estimates were
carried out.

Low-order norms. Since X;(a) — «; fori =1, 2 at infinity, let us consider the evolution of the L3 norm.
That is,

|

— 3 — — — —
X ailly = X o[ (X a)) Xy da=1+ 1L+ Is,
1 X1 1175 () /zl 1 11Xy X1 L+L+1
R

[OSTREE
QL

t
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where

I = /RZ|X1 —a1|(X1 —a1) BRy da,
12=/RZIX1 —a1[(X1 — 1) C1 0o, X1da,
;= /Rz|X1 —o[(X1 — 1) C204, X1da.
Then we have
I < [1X1 =il BRI 5 < C(IX1 = a1ll3s + | BRIl BRI7,),

and Sobolev estimates, together with (6-1), yield the appropriate control in terms of P (||| X |l|x)-
Next, since dy, X1 — 1 as o — oo, we have

2
Iy < 180, X1l 1 X1 —arllzs 1 Cull 3,

and it remains to get control of C;. Using (3-1), we introduce the splitting C; = Z‘;: e /_ where

Cla)=— / 1= b1 g, Kb dB, CPa) = — - 4 =bipp, Kb dB,
27 Jpo la—pR " |Xﬂz|2 : 2 Jpe la— B2 |X2|2
1 o — B X 4 1 a1 — B Xp,
Ca)=—=— : d,  CHo)=—=— BRy, - dp.
27 Joo la—BI 7 1Xp 12 27 Joo la—BR 71X 2

We shall show how to control C 11 , because the estimates for the other terms follow by similar arguments.
Integrating by parts, one obtains C 11 = D1 + D,, where

Dl=—L [ & ﬂ;BR 9 < ﬁ22>d/3’ Dy —Lpy [ @ ﬁ1)(0124 B) pr .
21 Jpe la—B| | X, big R2 loe — B| |Xﬁ2

|2 P
Regarding D, we write D; = E| + E;, where

—1 Bi < Xg, )
E, = BR -0 d
T PTG AU ) A

:‘_lf bi BR (o — ﬂ)-aﬁ< Xp: )(a B)dp.
27 Jigi-1 1812 \IXpl?

The Minkowski and Young inequalities yield, respectively,

Xﬁz
IEills < C|BR- 3, 3 < Pl X1ll4),
|X/32| L
I E2ll 3 <CHBR'3ﬂ ( X, ) <C|BR .2 dp ( X ) < P(|IIX]ll4)
= 2 |X‘B2|2 Ll —_ 2 |X/32|2 L2 — k)

and the desired control is achieved. In the term D,, we have a double Riesz transform, and the standard
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Calder6n—Zygmund theory yields

D2z = C

< ClIXp | = IBR s < PCIIX lla)-

X
|Xﬂ2|

L3

The estimate for /3 follows on a similar path, and the case of the second coordinate is also identical:
1d 3
377 1%2 — 2l (@) = Pl X]ll4)-

Regarding the third coordinate, we have stronger decay because of the asymptotic flatness hypothesis:

1d

——||X3||iz(t)=/ X3BR3 dOl+/ X3C13a1X3dO{+/ X3C28a2X3dOl
de R2 R2 R2

:/ X3BR3d(x—%f (8a1C1+8a2C2)|X3|2d01,
R? R?

and therefore the use of Sobolev’s embedding in the formulas for C; (3-1) and C; (3-2), together with
the estimates for BR (6-1), allows us to obtain:

ld

2dt

Once we have control of higher-order derivatives, we can use the estimates of the Appendix to get

1d
2dt

I1X3117,@) < P(IX 1)

| V(X = (o, 0))|2.6) < P(IIX ).

Higher-order norms. Let us now consider

Ld .42
E%HaWIX”LZ(t)
=/ 95 X -9 BR(X, a))d(x—i-/ a;‘,lx-agl(clamX)daJr/ 93 X - 9y (C234,X) dox
R2 R2 R2
=L+ 5L+ (7-9)

The higher-order terms in /5 and I3 are given by

lef C19; X -9, X da, 12:/ 93 X - 34, X0, Cy da,
R2 R?

J3= / Cr0y X 9y 0y X dor,  Ju= / 93 X - 34, X0 Crda.
R? R?
Integration by parts yields

1
htJ3=—5 /2(aalcl + 30, C2)10; X|*da,
R

and therefore

Ji+ 73 < (1180, Ci 2 + 190, Call 1) 1105, X 1172 < P(IIX l4)-

Then in J, we use (7-5) to get

= / B (9, X - 0, X)33, Cr det < 110y (0, X + 8, X) 121105, C 2.
R

o
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In J4, we use (7-7) to obtain
4 3 4 3
Jy = —fzaal(amx * 00y X) 0 C2 dot < |3, (0, X + 0o X) [ 12110, C2 | 2.
R

From formulas (3-1), (3-2), one realizes that C; and C; are at the same level as Birkhoff—Rott (2-5), and
therefore, we can use the estimates for BR (6-1) to control ||831 Cillz2, i =1,2. Then formulas (7-5) and
(7-7) indicate how to estimate || 0y, (8§1X - 0; X) |2, i =1, 2. That is, we have

S+ Ja = P(IXIll4)-

In I;, the most singular terms are given by

__ a4
:——PV/ / X( ) 1X(a) aaqX(:B))/\w(,B) dO{d,B,
R2 JR2

X () — X (B
(X (@) = X(B)) - (35, X (@) — 85, X (B))
— 4 _ o] (03}
Jo= 4 PV/ / By, X () - (X () = X(B)) Aw(B) X@) — XB)F dodp,
X(@)—X 4
:——PV/ f84 X(@). (X(a) = X(B)) A (0, @)(B) da dp.
R2 JR? 1X (@) = X(B)I?
(7-10)
Let us consider now the splitting Js = K| + K»:
=——PV 84X 9% X(a)— o+ X .Md dg,
/RZ/W oy X (@) A (9, X (o) — 9, X(B)) X — X)L B
_ 1 4 4 Y ) w(a) —w(B)
= PV/ falX(a)/\(BalX(a) 0y, X (B)) —|X(a)—X(,3)|3 da dp,
Next we exchange o and g in K to get
_L ; o) to@
_ pv/ | 38X B A @ X @) =38, X () B dadp,
__ L Xy -8 i)t x gy, CBFO@
6= PV [ [ 0l X @ 8,3 (B A 0 X @) = 0L, X () - B dadp,
and therefore we can conclude that K; = 0. In K, we find a singular integral with a kernel of degree —2:
w(a) —w(p)
K :——PV X XBIN 5 dfda,
’ Jt e [t xen s s da
and as is proved in the Appendix, we have
K> < P([IIXll4)-
Let us now decompose Jg = K3 + Kj + Kf + KS1 + K2, where
A, B) - (8, X (@) — 85 X (B))
— 4 . _ (631 o
V[ ol @) e =X () no(p) =TT e S dadp,
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with A(e, B) = X (o) — X(B) — VX (@) (¢ —B),

(@ — i) (Be, X (@) — 80, X (B)) - 9y, X (B)
X () =X (B)I°

Kj:—iPV/ /aﬁlx(a)-(X(a)—X(ﬂ))Aw(ﬁ) docdp
47 Rr2 JR2

Ki= %PV/R2 /Rzailx(a)-(X(Ot)—X(ﬂ))/\w(ﬁ)
8 (@ — i) (B, X (@) - 8 X () — 80, X (B) - 9, X (B)) o d
X () = X(B)P

In K3 and K j we find kernels of degree —2, and as shown in the Appendix, they behave as a Riesz

B.

transform acting on 831 X. In K the kernels have degree —3 and act as a A operator on g, X - 83] X. Then
using formulas (7-5) and (7-7), we get finally the desired estimate.
We will find the R-T condition in J;. Let us take J; = K¢ + K7, where

« =_va/ 2 X(@. ((X(a)—X(ﬂ)) _ VX@(@—p)
T Tan T Jp R\ X(@)—XB)P  |[VX(@)(a—B)

) A 0, @)(B) dB da.

_ 1 i [ YX@@=P) .,
K7 = = PV/R2 8a1X(0‘) 2 VX @@= /\(Bala))(,B) dBda.

The term Kg is controlled by (A-8) in the Appendix. Using (7-2) and (7-3), we get

1 831X(“) 4 4
K7=—3 PVfR2 T Xt (O X(@ A R0, 0) @) + 820 X (@) A RaB, 0)(@) do.

Formula (2-3) helps us to detect the most singular terms inside K7, which will be denoted by L;,

i=1,...,8, and are the following:
Li=-} PV/Rzang(a) : % A R1(3] 8, 200, X) (@) dev,
Ly=-} PV/Rzang(a) : % A R (30,90, X) (o) dev,
Ly= %PV/RZa;lX(a) : % A Ry (3], 200, X)(@) da,
Ly= %PV/Rzagl X(a)- % A Ry (80, 205, 00, X) (@) der,
Ls=-1 PV/Rzang(a) : % A R> (3, 00, 200, X) (@) dex,
Le=—1 PV/Rzaf“ X(a)- I;:;((—(:‘))P A R>(30,929], X)() de,
Ly = %PV/[RzailX(a) - &0;2))((—(?))@ A Ry(3), 200, X) () da,

da, X (20)

Lg= 4PV /R O X(@): A Ry (3, 0], 80, X) (@) d.

|90, X ()2



POROUS MEDIA: THE MUSKAT PROBLEM IN THREE DIMENSIONS 477

In L; we get a kernel of degree —1 of the form

— B 0, X ()
r2 lo—BI? 100, X () ?

which can be estimated integrating by parts throughout 831 04, S2; the term L7 also follows in a similar
manner. In order to estimate L,, L4, L¢ and Lg, we realize that they can be written like (A-3) in the
Appendix plus commutators of the form (A-1). Next we have to deal with L3 and Ls: with L3, we
proceed as follows:

Li=1 PV/ 9y X (o) - A (3, X (@) — 3, X () 80, 2(B) dP da,
R2

L3 < L3+ (|00, X172 21185, X Il 2]| R1 (3], 200, X) — R1 (33, )3, X |

where L3 is given by
N(a)

= 1 4

(Rlam)(agjl Q)(a) da, (7-11)

and the commutator estimates (A-1) show that it only remains to control i3. We now use formula (2-8)
to get Zg = M, + M,, where

M;=-A PV/ o X(a) - —N( ) (R0 )(34 X3) (o) da
P 32 o1 |8a14( (a)|3 ! “
M, = —A[PV/ 84 X(a)-—N( ) (R0, )(83 (BR(X, w) -9 X))(a)da
2 R2 “ |aa1x (a)|3 Hoe o ’ “ '

Then we write M; = O + O, + O3, where

g, X1
0,=-4, PV/ (0, X200, X3 — 0 X33a2X2)(R13a])(331 X3)da,
R

2 |aa1X|3
84 X2 4 7-12
0>,=—-4, PV/2 0, X[? (Ocr) X300, X1 — 0ty X100, X3) (R104,) (9, X3) dex, (7-12)
R o)
N3 4
O3 =—A,PV 73 X|3 ang(Rlaal)(8a1X3)doz.
R o]
Next we consider Oy = P; + P, + P3, with
4

0, X1
Pl=—A, Pv/2 PR By X2(R1 90, ) (00, X302 X3) dar,
R o]

9y, X1
P=A, Pv/2 X 3, X2(R100,) (30, X33, X3) da,
R o]

Iy, X1
Py=A, PV/2 XD da; X2[ (R10,) (9, X3, X3) — 8y X3(R130,) (3, X3)] dex
R o]

g, X1
+A,PV / X e, X2[ ey X3(R180,) (35, X3) — (R13w,) (30, X305, X3)] dar,
R o]

and the commutator estimate allows us to control the term Ps.
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Now we use (7-7) to write P; = Q1+ Q> + O3:

dy X1
01=A4, Pvf2 X 3o X2(R104,) (30, X105, X1) da,
R o0

Jy X1
0,=A4, PV/2 B XP 3o, X2(R190,) (80, X205, X2) dex,
R o]

g, X
03=A4, PV/2 B X|13 0, X2(R10qy,) (lower-order terms) do.
R (7

The term Q3 is easily estimated. Regarding P,, equality (7-5) allows us to write P, =

where

g, X1
Qs=—A4, Pvfz W 3o, X2(R13a,) (00, X103 X1) da,
R o

g, X1
0s=—-A4A, Pv/2 XD Oy X2(R18a,) (30, X205 X2) dax,
R (o2}

4

a9, X1
Q6 =—4, PV/2 |aa1X|3 0, X2 (R 0y, )(lower-order terms) do.
R o)

Q4+ 05+ Qe,

Let us recall the identity P; + P> = (Q4+ Q1) + (Q2 + Qs) + (Q3 + Q¢), where Q3 and Qg are easily

estimated. With respect to Q> + Qs, we have

4

01+ 0s=4 PVf
PR e |aa1X|*

4

da; X2[ (R13,) (e, X203, X2) — 8, X2(R130,) (35, X2)] dex

0, X1
+A, PV / oo fee X2 Xa (R (3, X2) = (R180) (B X237, X2)] e
R a|

and again the commutator estimates yield the desired control.
Next we have
4

04+ 01=A PV/
P e |amX|3

4

0oty X[ 0, X1 (R190y) (3, X1) — (R18,) (3, X105, X1) ] dx

0, X1
+A,PV / T XP 0oy X[ (R190,) (0, X105, X1) — 0y X1 (R1 04, (0, X1) ] dx
R o

N3
_A,,Pv/2 X 95 X1(R134,) (95 X1) da.
R o]

The first two integrals above are easily handled, allowing us to get

N3
|8(¥1X|3 al

O1=Pi+ P+ P3 < P(lXIll4) — Ap PV/

o X1(R134)) (9, X1) do.

(7-13)

For the term O;, we proceed in a similar manner, first checking that O, = P4+ Ps + Ps:



POROUS MEDIA: THE MUSKAT PROBLEM IN THREE DIMENSIONS 479

34 X>
Pi=A, PV/2 XD 9a; X1(R104,) (30, X305, X3) dev,
R o)

3y, X2
Ps=—A, PV/2 W aale(Rlaal)(angailxgda,
R (2

3y, X2
Ps=A, PV/2 W e, X 1[0, X3(R180,) (3, X3) — (R13,) (30, X305 X3)] dox
R o]

3y, X2
+A, PV/IRZ G XT 9, X1 [ (R100,) (3, X309y, X3) — 9r, X3(R13,) (3, X3) ] dx
o)

We control Pg as before. Regarding Ps, we use (7-7) to write it in the form Py = S; 4+ S, + S3, where

3y, X2
Si=—A4, PV/W B XP 9o X1(R130,) (30, X105, X1) dex,
o

3y, X2
Sy=—A, PV/2 XD 9a; X1(R104,) (30, X205, X2) dev,
R o)

3y, X2
S3=—-A, PV[ V3 0g, X1(R10y,)(lower-order terms) da.
r2 |0, X|
The identity (7-5) allows us to write Ps = S4 4 S5 4 Sg, where

9y, X2
Sa=A4A, PV/2 0 X5 aale(Rlam)(amXIa X1 da,
R o

g, X2
Ss=A4, PV/2 B XP 9, X1(R180,) (30, X205 X2) dax,
R: o)

4

a7 X
Se=4, PV[ ﬁ e, X1 (R1 3y, ) (lower-order terms) do.
R2 [Oq;

Next, we reorganize the sum in the form
Py+ Ps = (81 + S4) + (82 + S5) + (S3 + S6).,

where the term S3 4+ S¢ can be easily estimated. Regarding S; + S4, we have

4

51+S4:APPV/

XD 2 By X1 [y X1 (R1 3 (O, X1) = (R1 8y (9 X107 X1)] dex
R o]

g, X2
+A, PvfRz 3 XP 3oy X1 [ (R10,) (3, X105, X1) — 3o, X1(R190,) (35, X1) ] dox
(3}

and the commutator estimates give us precise control.
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Let us consider now

3y, X2
$r+Ss=A,PV / TP B, X 1[0, X2 (R190,) (3 X2) — (R18u,) (30, X283 X2) | dex
R o

9y, X2
+A,PV f T XP 0oy X1[ (R1 90, ) (O, X203, X2) — Doty X2 (R10,) (0, X2) ] dx
R (%

N3
_ApPV/2 G XP 9y X2(R104,) (35 X2) da.
R o]

Here again the commutator estimates control the first two integrals above, allowing us to conclude that

Oy =Pys+ Ps+Ps < P(IX|lla) —Ap PV/ B X|3 0,1 2(1’?180”)(834,l X2)da. (7-14)
R2 |Oq;
Furthermore, inequalities (7-13), (7-14) and (7-12) yield
My =01+ 02+ 03 < P(IX]ll4) — A, PV 19 X1 mX (R104,)(0,,X) da, (7-15)
R2 o]

and at this point we begin to recognize the Rayleigh—Taylor condition in the nonintegrable terms. Let us
return now to the term M,, which can be written in the form

=A,PV 34XNa“BRX 0y X)) d 7-16
fRZ |8al—X|3 ou( (’w)'al ) da, (7-16)

and whose most dangerous components are given by

4 X 4 X(a)—0* X
m:-ﬂPV/ Rl(u)( )/ 3y, X (o) — 0, (ﬂ)/\a)(ﬂ)-aalX(oz)da,
R2 R2

4r |00, X | | X (@) = X(B)?
34, 3t XN
Os = 1 PVf Rl(—3)(a)/ B(a, B)(X(a) — X(B)) Aw(B) - 0, X () de,
T R2 |00y X |
with
_ (a4 __ a4
B(o. B) = (X(a) —X(B)) (B,XIX(Ot)5 aazX(ﬁ))’
X (a) = X(B)
Ay 9, X - N X@)-XPB) 4
o= [ 1 (i ) [ Tt - X
and

Iy XN A
O7=A,PV / R1<—3>(a)80,1(BR(X ) - 3, X) () da.
R\ |00 X|

The remainder terms are less singular and can be estimated with the same methods used before.
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To deal with O4, we decompose it further as O4 = Py + Pg:

XN 3 X(a)—d* X
Py = Arpy f Ry (al—)m) / @ X =00 2P ) A (30, X (B) — By X (@) df der,
R2 R?

i 0, XT X@ - X PP
Ay 9y X-N o X (@) — 35 X(B)
P= e[k (laal—XP)(“)/Rz X@ —x@p "V PhQB)dpde

where in Pg, we have used formula (2-3) to get
WA 0y, X = N0, Q2.

In the integral (with respect to 8) of P;, we have a kernel of degree —2 applied to 4 derivatives, which
can be estimated easily. Next let us consider Ps = Q7+ Qs + Qog, where

4
0r=—1 PV / (%X N)(a)a4x(a) N (@) @) =N RB)
R2

|9, X |3 R2 | X (@) = X(B)I?
A
Qs = 47’; PV/Rz (laquP )(a)/ ((3, 2N - 33, X) (@) — (30, 2N - 33 X)(B))C (e, B) dPB d,
and

Cla, p) = ! - ‘ ,
1 X(@)=XB)IP  IVX(@)(a—B)?
An py %, X N L A0, QN3 X)(a)d

Qg = - fRz (Iaaleg)(a)IaaIX(Ol)P (O -9y, X) () da.

In O, we have

7= I\ 75 vi3
|9, X1 /11

giving us the appropriate control, which can be also obtained in Qg because the corresponding kernel has

/ N ()0, 2 () — N(B) 0, 2(B)

4
10, Xll.2 sup X (@) —X(B)] d’g"

degree —2. Regarding Q9, we have the expression

Ay XN 1 . 30, QN - 32 X
Qo=—LPV| R -2—3 A0 QN 05 X) — A| ———="— | | d«
4 g\ 10 XIP /L]0 X |9, X |
aj,x-N a4 X-N
+_pV ——— A 0y, R————= ) de.
4n R2 |9, X 12 |9, X 12

Then we use (A-2) to control the first integral above, and since A = R19y, + R20q, by (A-4), we can also

take care of the second term.
With Os, one proceeds as we did with Jg (7-10) to get the desired estimate.
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Next, we use (2-3) to catch the most singular terms in Og, which are given by

a4 X.N - :
S5 — 4An PVf ( o1 )(a)/ (X (o) = X(B)) A 0oy X (B) + 0oy X () 9 9,2 (B) da,
R2 R2

EE X (@) — X(B)P
So = % PV/RzR (T;XxéV )(“ 2 s ﬁ%f—a;é(ﬁg 00 X 93 () dar,

One may write

Ay Pvf R (831X'N> (X (@) = X (B)) A (g X (@) — 3oy X (B)) - 8y X (B)
- (a
4 R2 |00, X |2 R2 1X (@) — X(B)]

expressing the fact that we have a kernel of degree —1 applied to 821 04, $2, and therefore an integration

S7=

9y, 9, 2(B) dev,

by parts gives us the desired control, as before. To treat Sg, we further decompose Sg = T} + T5:

A, g, X -
T1=——PV/ R( )(a)/ D(a, B) - 3,2(8)3;, X (B) dar,
R2

Vil [0, X |?
where X@—-XPB) VX@@—p)
o) — o)\ —
D(a, B) = - 90, X
2 (IX(a)—X(ﬁ)P |VX<oz>(oc—/3)|3)A @
and

A RXNY - N@
Ty= PV Y  R(30, Q9 X) () dar.
27 4x /Rz ( |90, X |2 )(a)lawx(a)P 2(00, 29y, X) (@) dov

In Ty, we use the estimate for the operator (A-8). The term 7, reads as follows:

A, 3§1X N\ N .
T,=—2LPpy R (30,00, 287 X) dat
RZ

4n 00, X13 ) |00, X |3
A PV/ Bng-N N (R»04,) (0 Qo X) — (Rp04,)(0 QN 84 X d
47_[ - |3a1X|3 |8(¥1X|3 : 20q, o o] 2 a1)( (%) |3a1X|3 ) o

Ay PV/R %X N (Ryda)( 8 o Tt %X d
" PV R T ) Ret) 9 2w ) e

The first integral above is easy to estimate, while for the second one we use (A-1), and (A-4) for the third.
For the next term, one has Sy = T3 + T4, where

Ay /R (aéLX-N) a/ (X (@) = X(B)) - 0y X (B) A (3, X (@) — 8y X (B))
R2 R2

T, = —PV
3T 4x |9, X |3 1X (@) — X (B)]?

T A/R % XN (33 Q) d
e R2 ! 100, X |3 &t *

83 Q2(B) da,
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Proceeding as before, we get bounds for 73, and the double-layer potential estimates help us to control 7y.
For S19, one can adapt exactly the same approach used for Ss. Finally, we have to deal with O, which
is given by

A Iy X-N
07:_AMPV/ BR(X, ) -9, X (R0 ——5 ) do,
R2 |aot1X|

after an integration by parts. Let us introduce the splitting O7 = Zj w1 U k where
3% X1 Ny
U¥=—A,PV | BR;(X,0)d* X (R 3| 2—F |d
Jj 1% /[;2 j( Cl)) ) ./( 1 a1)<|aa1X|3 o
Then the commutator estimates allow us to write U jk = Vf + lower order terms, where

Ny

jm (Rlaal)(agl Xk) do.
1

k 4
vj =—A, PV/RzBRj(X’ w)aalx

Using (7-5) and (7-7), one has

N33 X5 = N23; X1 + lower-order terms,

so that V21 becomes

BR, (X, &) N
V;:—AMPV/ BRo(X, @) N

- 831X1(R18a1)(8§|X1)da—AMPVf f(R13,)(35 X1) da,
R [0 X| R2

where f is at the level of 82,- X. Integration by parts in the last integral allows us to conclude that

BRy(X, w)N
VZIS—AMPV/ BR:(X, @) N, ‘”3) 2
R |0q X|

With the help of (7-5) and (7-7), we also get

Oy, X1(R13a,) (0, X1) da + P([| X [la)-

Ny 82] X3 = N3831 X1 + lower-order terms,

and therefore

BR3 (X, w)N
V31 S_AMPV/ w

T X den X1 (R1) (8, X 1) der £ P ).
R (03]

Using the two inequalities above, we obtain

BR(X,®)- N
Vit vV E—AMPV/ BRX, @) - N

> [0, X3 0, X1 (R190, ) (3, X1) der + P([I X [la)- (7-17)
R o

Next, let us observe that
Nza;l X1 =N; 821 X, + lower-order terms, Nzail X3 = N38§;l X, + lower-order terms,

which implies the estimate

BR(X,w) N
V12+V22+V32§—AuPV/ BRX, »)- N

2 (9 XIP 0, X2(R18a,) (3, X2) dor + P (| X|)- (7-18)
R (2]
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Regarding V13 and V23, the identities
N38;‘1 X1 =N 831 X3 + lower-order terms, N3831 X3 = Nzagl X3 + lower-order terms
yield

3 3 3 BR(X,w)-N 4 4
Vi+Vi+Vy <—A,PV| ———>—3; X3(R10x,) (9, X3) da + P(||X[l4)- (7-19)

g2 |9 XI3
Finally (7-17), (7-18) and (7-19) imply

> BR(X,w)-N _, 4
E:Vj =<—AuPV 0 XP 0, X - (R104)) (0, X) da + P([[| X ll4)-
. R o]

k=1

Now we put together the estimates (7-16)—(7-19) to conclude that

BR(X, w) - N
My<—A,PV | —2—

Xt X (Rida) 0, X) dt+ PCIXL),
R o]

and taking into account (7-15), we obtain

2 o 4 4
Ly=M+ M, <— PV | ——= 0, X (R104)(0, X)da+ Pl X]l4). 7-20
s= MMy - /R T2 X (Ri) @) dac PO (7-20)
Finally, we have to work with L5, which can be written in the following manner:
0u, X

Ls=Ls—1 PV/Rzaf”X A [R2(8], 90, 200, X) — R (9, 81, )3, X | v,

|00, X |3
where

[-—1 M), Q. 4

Ls=5 PV/RZZ)O”X 0, X[ (R200,)(9,,€2) da.

Using the commutator estimate, once more, it remains only to consider Ls, but let us point out that
replacing the operator R;9,, by R20y,, the term £3 (7-11) becomes £5. Therefore, proceeding exactly as

we did before, one obtains the inequality

= 1 o 4 4
Ls <— PV d. X -(Rp0 da. X)d P(||X . 7-21
5= o+ /I‘Xz |8oz1X|3 o (R> 062)( o) Yda + P([1X1ll4) ( )

Introducing now the identity A = (R;0y,) + (R20q,) in (7-20) and (7-21), we get

~ ~ 1 o 4 A
Li+Ls<— PV 0, X-A@, X)doa+ P(||X]|l4).
3 5 M2+“1 \/[RZ |8oz1 X|3 o] ( o ) (o4 (||| |||4)

Finally, all the estimates so far obtained, beginning with (7-9), allow us to write

ld
2dr

185, X117.(t) < — PV f 7508 X-A@2 X)da+ P(IX|l4)- (7-22)
R

Mo+ 2 [0, X3
In a similar manner, now using equations (2-9), (7-6) and (7-8) instead of (2-8), (7-5) and (7-7) respectively,
we obtain
ld
2dt

3 X)2,(1) < — PV | —Z 02 X-A@ X)da+ P(|X]|a). 7-23
X130 = =PV [ OBl X AL X dat PIXIN. (-23)
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The two inequalities (7-22) and (7-23) are the main purpose of this section.

8. Estimates for the evolution of || F (X)| 1~ and R-T

In this section we analyze the evolution of the no-self-intersection condition of the free surface as well as
the Rayleigh—Taylor property, but in order to do that, we shall need precise bounds for both VX, and ;.
We shall estimate ||V X, || g+ by means of equality (2-4) to get

IVXllge < P(IXNEn + NE X170 + HINT i), (8-1)
for k > 2. In fact
IVX |l < IVBR(X, @)l gt + [IV(C13a, X + C200, X) || g,

and with the help of (6-1), we can handle both terms on the right.
Next we shall consider the norms ||€2;|| 7« to obtain the inequality

12 x < PIX 7y + IF GO0 + NN ze0), (8-2)
for k > 3. To do that, let us take a time derivative in the identity (2-6) to get
Qi (a, 1) — A D) (@, 1) = ALy (@, 1) — 24,8, X3(a, 1),

which yields
121 < CINA = A, D) g (10 a1+ 18, X311 171).

and since we have control of ||(/ — AM@)_I |1 and ||9; X3|| g1, it only remains to estimate ||/ || ;1. For
that purpose, let us consider the splitting /1 = J; 4 J> + J3, where

J1=LPV/ Xi(o) = Xi(@—p)
R [X (&) — X(a—pB)?

5 N(@—=B)Q(a—p)dp.

X(@) —X(a—p)
1X () — X(a@—p)P

= [ (K@= X@=p) (X - Xi(a—p)
R2

:va/ X@-X@=p)
2 e IX@ = X@=p)P

-N(a—p)2(a—p)dp,

J3

Ni(a—pB)2(a—B)dp.
Proceeding as we did with the operator 7, (A-6) (with X, instead of dy, X ), one gets
12 4+ 1202 < P(IX s+ IF XD e 4+ HINT ).

Regarding J3, we split further:

1 |
J3=— g+ — dg =K+ K.
2 Jig=1 27 Jigi<

Since

— Q _
|K1(06)|§||F(X)||%oo/ IN: (= B)I1Q2(c—B)|

dﬁv
1B1>1 27 |B|?
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Young’s inequality yields
2 2
[Kill2 < IFONzelIN: Q1 < CIHF XD N zoo I NNl L2 18211 2,

and since we know that ||N;||;2 < [|[VX L= ||V X/ 12, estimate (8-1) allows us to handle the terms K.
The estimate for K> is similar to the one obtained for /> (A-13) in the Appendix.
Next we consider the most singular terms in dy, I, which are given by

J4=LPV/ 80{1Xt(a)_8a1Xt(Ol_:B)
R X (@) = X(@—p)P?

> N@=p)Q—p)dp,

=2 /RZ(X(“) ~X@-p))
X(@) = X(@—p)
X(@) —X@—p)P

(00 X1 (@) = 00y X (@ — B)) N(a—p)Q(a—p)dp,

, —vaf X(a) = X(@—B)
T Jp IX(@) = X(@—B)P

* 00y Ny (a = B)S2(a— B) dp,

because the remainder terms are easier to handle. Let us write J4; = K3 + K4, where

K3:vaf Oy, X1 (@) — 0y, X (= B)

21 Jre o [X(a) = X(@—B)?

K4:LP\// 0 X1 () — O, Xs (0 — )
27w 1X(@) = X(@—pB)P

(N@=B)Q(a—p) — N@)Q(w)) dp,

-N(@)Q(x)dB.

In K3, the identity 9y, X; () — 9y, Xi(ax —B) = fol Voy, X (o4 (s — 1)B) ds - B together with (8-1) gives
us the desired control. Regarding K4, we may observe its similarity with J3 (A-7), so that an application
to (8-1) yields the appropriate bound; J5 can be treated in a similar manner, and J is analogous to J3.
By symmetry, one could get the same estimate for dy,/;, so that finally

120 < P(IXNZ+ IF GOl + NINT I 2). (8-3)
Next, we will show how to deal with ||€2;|| 2. Using Equation (2-8), one gets
g 2 = —2A,,04,0;(BR(X, ®) - 9, X) — 24,0, 8, X3,

and with the help of (8-1), the last term above is properly controlled. To continue, we shall consider the
most singular remainder terms. Namely, in —d,, 9, (BR(X, @) - 04, X), we have
L;=—-BR(X, 0)- 3 X;,

[ e Xe@) — e Xe@—p)
b=z PV/Rz X (@) —X@—p)

No(a—pB)dp - 3, X (a),

X(a) = X(@—p)
X (@) — X (@ —pB)P

3

Ly=—¢- PV/RZA(a, B)

No(a—p)dp - 9., X (),
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where A(a, B) = (X (@) — X (@ —f)) - (8, X+ (@) — 8, X1 (@ — B)),

L= L f X(a) = X(a—p)
2 Jre 1X (@) — X(a—B)P

Let us observe that ||L1]|;2 < || BR(X, )| L~ ||8§l X2, where both quantities have been appropriately

A 8y 0, (= B) dB - oy X (0).

controlled before. In L, and L3, we have kernels of degree —2, and therefore operators analogous to 73
(A-7) acting on dy, X;. Therefore, using (8-1), its control follows easily. In L4, we use the decomposition

L4=LPV/ dﬁ—l—LPV/ dg =M, + M,.
2 Jigi=1 2 Jig<1

Thus, an integration by parts yields
IMillz2 < CIFCONZ I VX 7o el 2

Formula (2-3), together with estimates (8-1) and (8-3), provides the appropriated bound.
Next, let us expand (2-3) to obtain the most singular terms in M, which are given by the integrals

04 = 2_;; V/|,s|<1 |;<S[))—_§($—_§))P O 2= Py X (=P df B X 0.

Estimate (8-1) help us with the terms O; and O3, which can be treated with the same approach used for
I, (A-13) in the Appendix. Let us write O as

Ay X()—X(@—p)

0, =M .
21 Jigj<1 1X (@) — X (@ —B)]

A Doty Dy 24 (& = B) (B X () — By X (= B)) df - 0y X (1),

which can be estimated integrating by parts in the variable 8 using the identity

Oay 00, S (@ —B) = — 0, (80, €2 (@ — ).

Let us point out that the kernel in the integral O, has degree —1, and therefore one can use (8-3) to
control it. It remains to deal with O4, which is decomposed in the form O4 = P; + P,, where

X(a) = X(a—p)

A o " |
"o f|,s|<1 X —Xa—p)p 2@ =B (X (@ f) — X (@) df - 30, X (@),
A X(a) — X (@—B)
2 2 Bl<1 1X (@) —X(@—p)3 ™ (@—p)dp - N()
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Py is estimated like O,. We rewrite P, as follows:

Ay PV/ < X(a) —X(a—p) VX(a)-p
1Bl<1

Pp=—-- 3 3
27 | X () = X(a—=p)]°  [VX(x)- Bl

)33,19@—/3) dp - N (),

and this expression shows that the above integral can be estimated like J4 (A-8).
Using (8-3), we obtain

192,212 < PIXIZ+ IF GOl + 1IN lz),

and the identity
3z, = —2A,,00,0;(BR(X, ®) - 00, X) — 24,07 8, X3

PV

yields
182,211 22 < P(IX1Z+ IF GO0 + NI 1 20),

that is,
121 g2 < P(||X||Z +IFCON 7o + IIN]™! ll2o). (8-4)

Next we consider third-order derivatives:

3 2 = —2A,95 9 (BR(X, ®) - 9, X) — 24,0, 3 X3.

P Yoy

Since (8-1) gives us control of the last term, we will concentrate on the other one, which is of a much
more difficult character. In particular, for —351 0;(BR(X, w) - 0y, X), the most singular components are
given by

Ls=—BR(X,w) 3} X.

2 a2 _
L=y [ 02, Xi(@) = 82, X, (@ —B)
@ |X@)-X@—p)P

- Ao —B)dp 0o X (@),

__3 X(@—X@=p) .
L, = 37 PV/%zB(a’ '8)|X(oe)—X(o¢—,8)|5 ANw(le—pB)dp -9y, X (o),

where B(a, B) = (X (@) — X (@—p)) - (02, X (@) — 02 X (@ —B)),

=va/ X (o) — X(@—B)
2 e 1X(@) - X(@—p)P

Lg A3 (e —PB)dp - 3e, X ().

Inequalities (8-1) and (8-4) show how to handle L;,i =35,...,8as L;, j=1,...,4 respectively, and
then a similar approach for 803(2S2t allows us to get finally (8-2) for k = 3. The cases k > 3 are similar to
deal with.

Our next goal is to obtain estimates for the evolution of || F(X)| 1~ and R-T. Regarding the quantity
F(X), we have

1BI(X (@, 1) = X(@—8,1) - (Xi(a, 1) = X, (@—B, 1))
|X(Ol, t) _X(a_ﬁ’ t)|3
< (F(X)(a, B, 1) VX, || L (1). (8-5)

d
EF(X)(C[’ 139 t) = -
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Then Sobolev inequalities in ||V X, || L= (¢), together with (8-1), yield

4
di

and an integration in time gives us

F(X)(a, B, 1) < F(X) (o, B, OP(IX15() + |1 F COll7 e (0) + NN I (1)),

t+h
F(X)(a,B,t+h) < F(X)(a, B, t)exp(/ P(s)ds),
for h > 0, where
P(s) = P(IXI3() + IF X[ () + NIl 2o (5)).
Hence

t+h
IIF(X)IILoo(t+h)§IIF(X)IILoo(t)eXp(/ P(s)ds).
t

This inequality, applied to the limit

IF Oz +h) — I1F (X)L (1)
; :

d o
dtIIF(X)IILoo(t)—hli)r&
allows us to get
d 5 ) B
TIFQONL= @) < IF Ol @ P(IX I3+ IFCON~ + 1IN 1),

Next we search for an a priori estimate for the evolution of the infimum of the difference of the gradients
of the pressure in the normal direction to the interface. Let us recall the formula

o, t) = (u* — n") BR(X, w)(a, 1) - N(a, 1) + (o> — p)N3(a, 1)

d 1 _ 01‘(“7 t)
dt\o(@.1))  o*a, 1)
with oy («, t) = I1 + I, where

I = ((* — wHBRX, ) (@, 1) + (p° — p')(0,0, 1)) - Ny (e, 1),
L= (u*— 1HBR/(X, w)(a, 1) - N(, 1).

to obtain

First we deal with || ;]| L~ using the estimates (8-1) for VX, and then we focus our attention on /, using
the splitting I, = J; + J» + J3, where

—LPV/ X (o) — X (a@—B)
4r R | X () = X (a—pB)?

h=- PV/Rz(X(a) —X(@—p)) Awa—p)

4
_va/ X (o) = X(@—B)
4 R | X (@) = X(a—pB)?

Iy =

ANw(a—p)dp,

X(2) = X(@—=p)) - (Xi(a) = Xi(@—B))
X () — X(a—B)P

dp,

Iy =

Ao (a—p)dp.
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The terms J; and J, are similar and can be treated with the same method. Let us consider J; =
K1+ K, + K5 + K4, where

1 X/ (o) — X (@ —B)
[ p— . d ,
1 ar Jig=1 1 X (o) — X (@ —B)|? w(a—p)dp
_ 1 Xi(a) — X (@ —p) B -
K> = A 1Bl<l |X(a)—X(a_ﬂ)|3 /\(CU(Ol) (o ﬂ)) dg,
K= [ : B 1 ](X (@) — X;(a—pB)) Ao (a) dB
3= 4m 1Bl<1 |X(o{)—X(a_/3)|3 |VX(Ol)',B|3 t t ,
__1 X (o) — X, (@—B)
K4__HPV/|;3I<1 VX@-pp P

First we have

1/2

1K1l < CIIF(X) 3 IV X 2o @]l 12 (f Iﬁl“‘dﬂ) :
[B1>1

giving us an appropriate control. Next, we get

K2l < C||F(X>||ioo||vxf||Loo||Vw||Loo/ 181 "dp,

1Bl<1
and an analogous estimate for K3. Therefore, Sobolev’s embedding helps us to obtain the desired control.
Regarding K4, we have
1 Xi(o) = Xi(@a—B) = VXi() - B
AT S VX (@) B

K4 = Aw(a)dB.

Inequality (A-15) yields
IKsll < CIVX I NINT™ ||3Loo||w||Loo||vxz||csf B2+ dp,

1Bl<1

and the control ||V X;| s follows again by (8-1) and Sobolev’s embedding. Next let us continue with
J3 = K5 + K¢, where

S X(@ - X(@—p)
Bl=1 1 X (@) = X (a—B)?

ype A (3, (R0, X)s (@ = B)) — 3p, (e, X)1 (@ — B))) dB,

—LPV/ X(a) — X(a—pB)
4r Bl<1 1 X (@) = X(@—p)I?

Integration by parts yields

K¢ = N (o —pB)dp.

1KsllL < CIF X171V X oo (IRM oo 1V X N o + 12 [ 21V X || ),

where 47C = flﬁ|>1 181 73dB + flﬂlzl dl(B), and we may use (8-2) to estimate ||€2;|| ~. With K¢, we
introduce a similar splitting to obtain

1Kol < P(IX = (@, O)llc2 + I1F X)llzoe + NINT o) sl o
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Then it remains to estimate ||, ||cs, for which purpose we use formula (2-3) and inequalities (8-1), (8-2).
Therefore, we have the estimate

d 1 1 —1
E(g(a’ I)) < o307y PUXI@ +IF O @)+ NINT e 1),

and proceeding similarly as we did for F(X), we finally get
d, - —12 -1
gl =@ = lo 170 ) P (I X Nla(0) + I F(X) || 250 (@) + 1INl o0 (7).
Remark 8.1. Having obtained the a priori bounds of the preceding sections, we are in position to

successfully implement the same approximation scheme developed in [Cérdoba et al. 2011] to conclude
local existence.

Appendix

Here we prove first some helpful inequalities regarding commutators of the Riesz transform (R;, j =1, 2)
with several differential operators. Next we analyze the singular integral operators associated to the
non-self-intersecting surface which appears throughout the paper. But the main goal of this section is to
simplify the presentation of the main result.

Lemma A.1. Consider f € L*(R?) and g € CM(R?), with0 < 8 < 1. Then for any k,l =1, 2, we have
the estimate

| (Ride) (8f) — 8 (Reda) ()| 2 < Cliglicrall £l 2 (A-1)
An application of these inequalities to the operator A = (R9y,) 4+ (R20,,) yields
IAGGS) —gA(N 2 = Cliglcrsll £l (A-2)

For vector fields, we have:

Lemma A.2. Consider f, g : R> — R vector fields, where f € L>*(R?) and g € C'*(R?), with0 < § < 1.
Then for any k,l =1, 2, the following inequality holds:

<CligleslfI3.. (A-3)

/R ©A D) Reda) (e

Proof. Denoting by I the integral above, and since the operator Ry d,, is self-adjoint, we may write
I= /zfl[(Rkaa,)(ngS) — 82(Ri0y) (f3)] dx
R
+ / So[ (Ride) (83 1) — 83 (Ricdy) (f1) ] der + / S3[(Rede) (2112) — 81 (Ricday) (f2)] dex.
R R

Then estimate (A-1) yields (A-3). O

Lemma A.3. Consider f € L>(R?) and g € C"*(R?), with 0 < § < 1. Then for any j, k,l = 1,2, the
following inequality holds:

fR R R )

<ClgleslfI3.. (A-4)
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Proof. Let J be the integral to be bounded; then we have
J = /sz(f)[(Rkaa,)(gf) — g(Ry9))(f)] dax
R

- LRG0 =R DR dat [ R (R () o

R2

Since R;.‘ = —R; and Ry, is self-adjoint, we get

1 =3 [ ROOI R 6 = s R (D] da =5 [ (R = ey (D] R () do

An integration by parts in the second integral above yields

=1 fR R(D[(Redu)(81) = 8 (Redey) ()] de

+3 [ R0 =R DN ROP da = [ @00 R (RS e
allowing us to conclude the proof. g

Lemma A.4. Let us define, for any j = 1,2 and k = 1, 2, 3, the following operators:

Xi(@) — Xi(o—
M= X@=P) o~ p)a. (A-5)

a aa' =PV
T1(0a; (@) /RZ | X (o) — X (—B)|

Og; X (o) — Oy Xi(x — B)
J =PV ! ! —B)ds, A-6
Ta(fe) =V [ LSS fa—pydp (A-6)
f@ = fa—p)
J =PV dag, A-7
D@ =PV [ (A7

X(@)=X(B) VX(@)-(@=p)
X(@)—XBP  |VX(@)-(@—p)P

T4(du, f)(@) = PV /R 2 ( )aa_,.fw) dfda,  (A-8)

where VX () - B = g, X () B1 + 3 X () Ba. Assume that X (a) — (e, 0) € C>¥(R?), and that both F(X)
and |N|~" are in L*®, where

F(X)(a, B) = IBI/1X (@) = X(@=PB)| and N (@) = o X (@) A 3, X ().

Then the following estimates hold:

191 By )2 < P(IX = (@, Ol et + IF Xl zos 4+ INT iz ) UL f Nl 22 + 100, £l 22), (A-9)
1T2(H)lle < PIX = (@, 0)llc2s + 1F Xz + NN o) 1 £l 2, (A-10)
T3> < P(IX = (&, Ol 20 + IF O Nze + INT o) I £l (A-11)
1Ta(Hlle < PIX = (@, 0)llc2s + 1 F Xz + NN e ) 112, (A-12)

with P a polynomial function.
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Proof. To estimate the first set of operators, we first consider the splitting

9N%J3:PY/ dﬂ+PY/ dB=1+D0, (A-13)
1BI>1 1BI<1

and an integration by parts allows us to write I} = J; + J> 4+ J3, where

0, Xi (@ — )
J1 = _ j 8y,
1 /|/3|>1 |X(Ol)—X(o[_,3)|3f(a B)dp

, _3/ (Xee) — Xp(@—B)) (X (@) — X (@—B)) - 0, X (— )
27 e X(@) — X(@—p)F

Js = f Xi(a) — X (@ —B)
Bl=1 1 X (@) — X (@—pB)?

The above decomposition shows that

fla=p)dp,

fla—=p)di(p).

11| < CIX = (@, O)llet | F(X) |3 (/ M
B1=1 1Bl

and then Minkowski’s inequality gives the desired control.

dp + flﬁl_llf(a—ﬂ)ldl(ﬁ),)

Regarding I, we write I, = J4 + Js + Jg, with

Ji = / Xi(@) = Xp(@—B) = VXy(a) - B
1BI<! X (@) = X(a@—p)I3

3, f (a—B) dB,

1 1
Js=VX . — Oy ; —B)dg,
3= V(@) |ﬁ|<1ﬁ[|X(a)—X<a—ﬂ>|3 IVX(oe)-ﬂP] s J@=p)dp

J6=VXk(Ol)-PV/ IB

it VX (e g e @ PP

It is easy to see that

Ja=|IX = (a, O)||C1,a||F(X)||ioo/ wdﬁ, (A-14)

Bl<t B>

and therefore that term can also be estimated with the use of Minkowski’s inequality.
Some elementary algebraic manipulations allow us to get

18I [0, f (¢ —B)I
Js<C|X— ﬁzwf <FX ,B)? ) / dg,
s S CIX =@ Olfgws | ((FOOG@ )+ gy ) = d
and then the inequality
18] -1
mfﬂIVXIImIIINI [l o (A-15)

yields for Js the same estimate (A-14).
The term Jg can be written as

J6:VXk(a)-PV/ @By ra—pap.
1Bl<1 1Bl !
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where
(1) X(o, AB) = X(«, B) for all A > 0,
(1) X(a, —B) = —X(a, B),
(iii) sup, |Z(. B)] < 8IVX[F <IN}

as a consequence of (A-15).
Here we have a singular integral operator with odd kernel [Cérdoba and Gancedo 2007; Stein 1993],
and therefore a bounded linear map on L?(R?), giving us

16l z2 < CIVX N lINT 1 o 19, £l 2

For the family of operators 7, ( f)(«), we use the splitting T, (f) = I3 + 14, where

! :/ 0o X (00) — O X (@ — B)
pl=1 1 X(@) = X(@—pB)?

fla—p)dp.
We easily get

=X - @olalFool. [ Pl

p=1 1B
while for Iy, we proceed with the same method used with I, now replacing Xy () by 9y; Xi(r) and

o, f(@—pB) by f(a—B).
Next we shall show that the operator I3 behaves like A = (—A)'/2. To do that, we splitit as Is + I¢,
where

15:/| f@=f@=p .

=1 1X (@) = X(a—pB)?
can be easily estimated by

I5 < IF(X) <2n|f(a>|+/ W—;ﬁ)ldﬂ)
ip1=1 1Bl

The other term is written in the form I = J7 + Jg, where

1 1
= _ _ B d '
¥ /|ﬁ|<1<|X(Ol)—X(a—ﬁ)|3 |VX(a).ﬂ|3>(f(a) fla—p))dp
The identity
1
f(a)_f(a_'g):ﬂ'/o Vi+(s—1Dp)ds

allows us to treat J; as we did with Js. To estimate Jg, the equality

1 B B2
VX (@)-BP "‘(lvxm-ﬁP) ﬂ2<|VX<a)-ﬁ|3> (A1)
will be very useful. After a careful integration by parts, it yields
Via-=p)-p (f (o) = fla—p)IBI
Js =PV ————dp — dl(p).
; /|,3<1 IVX () - BIP P 1Bl=1 IVX () - BI @)
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The principal value in Jg is treated with the same method used for Jg, and since the integral on the circle
is inoffensive, so long as |[N|~! is in L*°, the estimate for J3 follows.
For the remaining operator, one integrates by parts to get J4 = I; + I3, where

I = PV'/RZPl (o, B) f(a—p)dp, Iy = PV/Rsz(a, B) f(a—p)dp,

with
da; X () 3o, X (@ —B)
P , — J _ j
e p) IVX(a)-B1F X (a2)—X(@—p)?
and
— — - —P))- 0Oy, — \% BV .8)-9.,.
Py ) — 3 K@= X@=P)X@-X@=$) 00 X(@=p) _ VX(@)-B(VX(@)-B)-00,X (@)

X (@) —X(a@—pB)P VX ()-BI°

Next we will show how to treat I7, because the estimate for I3 follows similarly. For P; we introduce the
decomposition P; = Q| + Q», where

L I ) 0, =l X@ =3 X@=p)
VX@BP  X@-X@-APF) =7 1X@ X pP

gzmﬂw(
Since the kernel Q> has already appeared in the operator I, it only remains to control Jo, which is given
by
b=, X@PV [ 01 p)f@—p)dp.
R

The decomposition

ngaan(a) dﬂ+8an(a)PV/ dB =K+ K,
[B]>1 18l<1

shows that the term K trivializes. Regarding K>, let us write

(IAI*+1B1*|AI*>+|B|*)(A+ B) - (A— B)

01 =
|A3|BI3(|A]? + |B|?)

’

where
Ao, B) =X (@) —X(a¢—pB), B(a,p)=VX(x)-B.
This formula shows that inside Q| lies a kernel of degree —2. Then let us take Q| = S| + S», where

_3|B|*B-(A—B) 3B-(A—B)
B |B|° ~|BP

2

Next we check that the kernel S; has degree —1, and is therefore easy to handle. Finally, we have to
consider the kernel S, appearing in the integral

L= 33a.X(a)PV/ (VX(@)-B) (X (@) — X(@—B) — VX () - B)
' pl<1 VX (@) B

fla—p)dp.
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To do that, we introduce a further decomposition L = M| + M», with
(VX(@)-B)- (X(@)—X(@—B)—VX(a)-B—1B-V*X(2) - B)

My =30y, X () fla—p)dp
“ Bl<1 IVX(@)-BP
and 5
VX(@)-8)-(8-V2X(a)-
M2=%8Q/X(a)PVf (VX(a)-B)-(B - (a) 'B)f(a—ﬁ)dﬂ,
' 1BI<1 VX () - B
where % B-V?X(a)- B is the second-order term in the Taylor expansion of X. It is now easy to check that
_ | f(a—p)I
My = CIVXIEIX — @ OV i [ P ap,
1Bl<1 1Bl
Then we also check that M5 is controlled like Jg through the estimate
1Ml 2 < CIVX I IV X [ 1IN 2o I f 1] 24
which allows us to finish the proof. 0
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EMBEDDINGS OF INFINITELY CONNECTED
PLANAR DOMAINS INTO C2

FRANC FORSTNERIC AND ERLEND FORNZSS WOLD

We prove that every circled domain in the Riemann sphere admits a proper holomorphic embedding into
the affine plane C.

1. Introduction

It has been a longstanding open problem whether every open (noncompact) Riemann surface, in particular,
every domain in the complex plane C, admits a proper holomorphic embedding into C2. (By a domain
we understand a connected open set.) Equivalently:

Is every open Riemann surface biholomorphic to a smoothly embedded, topologically closed complex
curve in C*?

Every open Riemann surface properly embeds in C* and immerses in C2, but there is no constructive
method of removing self-intersections of an immersed curve in C2. For a history of this subject see
[Forstneri¢ and Wold 2009; Forstneri¢ 2011, §8.9-§8.10].

In this paper we prove the following general result in this direction.

Theorem 1.1. Every domain in the Riemann sphere P! = CU {00} with at most countably many boundary

components, none of which are points, admits a proper holomorphic embedding into C>.

By the uniformization theorem of He and Schramm [1993], every domain in Theorem 1.1 is conformally
equivalent to a circled domain, that is, a domain whose complement is a union of pairwise disjoint closed
round discs.

We prove the same embedding theorem also for generalized circled domains whose complementary
components are discs and points (punctures), provided that all but finitely many of the punctures belong
to the cluster set of the nonpoint boundary components (see Theorem 5.1). In particular, every domain in
C or P! with at most countably many boundary components, at most finitely many of which are isolated
points, admits a proper holomorphic embedding into C? (see Corollary 5.2 and Example 5.3).

For finitely connected planar domains without isolated boundary points, Theorem 1.1 was proved by
Globevnik and Stensgnes [1995]. More recently it was shown by the authors in [Forstneri¢ and Wold
2009] that for every embedded complex curve C C C2, with smooth boundary bC consisting of finitely

Forstneric’s research was supported by grants number P1-0291 and J1-2152 from the Republic of Slovenia. Wold’s research was
supported by grant number NFR-209751/F20 from the Norwegian Research Council.

MSC2010: primary 32C22, 32E10, 32M17; secondary 14H55.

Keywords: Riemann surfaces, complex curves, proper holomorphic embeddings.
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many Jordan curves, the interior C = C\bC admits a proper holomorphic embedding into C2. This result
was extended to some infinitely connected Riemann surfaces by 1. Majcen [2009] under a nontrivial
additional assumption on the accumulation set of the boundary curves. (These results can also be found
in [Forstneri¢ 2011, Chapter 8].) Here we do not impose any restrictions whatsoever.

Our proofs of Theorems 1.1 and 5.1 are rather involved both from the analytic as well as the com-
binatorial point of view, something that seems inevitable in this notoriously difficult classical problem.
Theorem 1.1 is proved in Section 4 after we develop the technical tools in Section 2 and Section 3.
The main idea is to successively push the boundary components of an embedded complex curve in C?
to infinity by using holomorphic automorphisms of the ambient space, thereby ensuring that no self-
intersections appear in the process, while at the same time controlling the convergence of the sequence
of automorphisms in the interior of the curve. We employ the most advanced available analytic tools
developed in recent years, sharpening further several of them. A novel part is our inductive scheme of
dealing with an infinite sequence of boundary components, clustering them together into suitable subsets
to which the analytic methods can be applied.

For simplicity of exposition we limit ourselves to domains in the Riemann sphere, although it seems
likely that minor modifications yield similar results for domains in complex tori. Indeed, any punctured
torus admits a proper holomorphic embedding in C?, and the uniformization theory of He and Schramm
[1993] applies in this case as well. For infinitely connected domains in Riemann surfaces of genus > 1
the main problem is to find a suitable initial embedding of the uniformized surface into C2. One of the
difficulties in working with nonuniformized boundary components is indicated in Remark 2.3; another
one can be seen in the last part of proof of Lemma 3.1, which is a key ingredient in our construction.

Casting a view to the future, what is now needed to approach the general embedding problem is some
progress on embedding punctured Riemann surfaces into C2. It is plausible that a method for answering
the following question in the affirmative would lead to a complete solution to the embedding problem for
planar domains with countably many boundary components.

Question 1.2. Assume that f: D — C? is a holomorphic embedding, K c C*\ f(bD) is a compact
polynomially convex set, C C D is a compact set with f~!(K) C C,anda €D \ C is a point. Is f
uniformly approximable on C by proper holomorphic embeddings g: D\ {a} < C? satisfying

¢ N (gM\{a)NK)cC 2

In another direction, one can ask to what extent does Theorem 1.1 hold for domains in P! with
uncountably many boundary components. A quintessential example of this type is a Cantor set, i.e., a
compact, totally disconnected, perfect set. Recently Orevkov [2008] constructed an example of a Cantor
set K in C whose complement C\ K embeds properly holomorphically in C2. (See also [Forstneri¢ 2011,
Theorem 8.10.4]). His method, using compositions of rational shears of C2, does not seem to apply to
a specific Cantor set. The methods explained in this paper offer some hope for future developments as
indicated by Theorem 5.1 and Example 5.3 below.

The problem of embedding an open Riemann surface in C? is purely complex analytic, and there are
no topological obstructions. Indeed, Alarcén and Lépez [2013] recently proved that every open Riemann
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surface X contains a domain  C X, homeotopic to X, which embeds properly holomorphically in C.
In particular, every open orientable surface admits a smooth proper embedding in C> whose image is a
complex curve.

2. Preliminaries

In this and the following section we prepare the technical tools that will be used in the proof. The main
result of this section, Theorem 2.8, gives holomorphic embeddings of bordered Riemann surfaces into C?
with exposed wedges at finitely many boundary points.

We begin by introducing the notation. Let P! = C U {oo} be the Riemann sphere. We denote by

= {z € C: |z| < 1} the open unit disc and by D, = {|z| < r} the disc of radius r centered at the
origin. Let (71, z2) be complex coordinates on C2, and let 7r; : C*> — C denote the coordinate projection
mwi(z1, z2) = z; fori =1, 2. We denote by B, and B, the open and the closed ball in C?, respectively, of
radius 7 and centered at the origin. Let Aut C? denote the group of all holomorphic automorphisms of C2.
By Id we denote the identity map; its domain will always be clear from the context. We denote by L the
polynomial hull of a compact set L C C".

Definition 2.1. A domain  C P! is said to be a circled domain if the complement P!\ Q # @ is a union
of pairwise disjoint closed round discs A i C P! of positive radii.

Clearly a circled domain has at most countably many complementary discs. Mapping one of them onto
P!\ D by an automorphism of P! (a fractional linear map) we see that a circled domain can be thought
of as being contained in the unit disc D.

The next lemma, and the remark following it, will serve to cluster together certain complementary
components into finitely many discs; this will enable the use of holomorphic automorphisms for pushing
these components towards infinity in the inductive process.

Lemma 2.2. Let Q C P! be a domain, let K C P!\ Q be a closed set that is a union of complementary
connected components of 2, and let U C P! be an open set containing K. Then there exist finitely many
pairwise disjoint, smoothly bounded discs D jCU(j=1,...,m) such that

m

kc| b, bpDNP\Q =@ forj=1.....m

Proof. Let K C K j+1 C K1 be an exhaustion of €2 by smoothly bounded connected compact sets K ;.
Then P!\ K ; is the union of finitely many discs U ; = {Uj, .. m(J)
K, and we claim that if j is large enough then U ; contains a subcover whose union is relatively compact
in U. Otherwise there would exist a sequence of discs U,f( = U,f( J«lH) such that U,f( ,NK # & and

k( HN (P'\ U) # @ for each j; but then ﬂ Ul k() would be a connected complementary component

} for each j. Clearly AU; is a cover of

of 2 that is contained in K and intersects [P’l \ U, a contradiction. Hence for j large enough the discs
Dy, ..., Dy in U; satisfy the stated properties. O
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Remark 2.3. When applying Lemma 2.2 to prove Theorem 1.1, it will be crucial that if Q@ C P! is a
circled domain with complementary discs A j»andif C C P! is any compact set, then the union of all
discs A; intersecting C is a closed set that is a union of complementary connected components of 2.
The proof is elementary and is left to the reader. However, this fails in general if discs are replaced by
more general connected closed sets. This is one of the reasons why our proof of Theorem 1.1 does not
apply (at least not directly) to domains in compact Riemann surfaces of genus > 1. O

Definition 2.4. Let 0 <0 < 2m. A domain © C C is an (open) 6-wedge with vertex a € bS2 if there exist
a €% map of the form

PO =a+r+0(¢]»), A#0,

in a neighborhood of the origin 0 € C, and for every sufficiently small € > 0 a neighborhood U, C C of
the point a such that

UNQ=¢({teC":0<arg(l) <6, 0 <] <€)}).
The closure of an open wedge will be called a closed wedge.

If Q2 is a domain in a Riemann surface Y, we apply the same definition of a 8-wedge in a local
holomorphic coordinate near the point a € b2 C Y. In particular, if @ C P! = CU{oo} and a = o0 € bS2,
we apply the definition in the local chart z — 1/z on P! mapping oo to 0.

Given a nonempty subset E of C? and a linear projection 7 : C> — C, a point p € E is said to be
w-exposed, and E is said to be w-exposed at the point p, if

Ena'(z(p)) ={p}). (2-1)

Recall that a bordered Riemann surface is a compact one-dimensional complex manifold, X, with
boundary bX consisting of finitely many Jordan curves. The interior X of a bordered Riemann surface is
biholomorphic to a relatively compact, smoothly bounded domain in a Riemann surface Y.

We shall use the following notion of an exposed 0-wedge.

Definition 2.5. Let X be a bordered Riemann surface, embedded as a smoothly bounded relatively
compact domain in a Riemann surface Y. Pick a point @ € bX and a number 6 € (0, 27r). An injective
continuous map f: X < C? is said to be a holomorphic embedding with a 71-exposed 0-wedge at f (a)
if f is holomorphic in X, and there exists an open neighborhood U of a in Y such that

(1) the domain Q2 = (71 0 f)(U N X) C C is a O-wedge with vertex 71 ( f (a)) (see Definition 2.4),

(i) f(U NX) is asmooth graph over Q that is holomorphic over €2, and
(i) 7; "(Q) N f(X) = FUNX).
If the domain 2 C C is instead smooth near the point 771 (f (a)) € b2, we say that f is a holomorphic
embedding that is 77;-exposed at f(a).

Remark 2.6 (on terminology). We shall consider embeddings f: X <> C? that are holomorphic in the
interior X and smooth on X, except at finitely many boundary points where f(X) has (exposed) wedges
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in the sense of the above definition. Any such map will be called a holomorphic embedding with corners.
We shall use embeddings with corners of a particular type: If X is a smoothly bounded, relatively compact
domain in a Riemann surface Y, we will construct holomorphic embeddings f : Y < C? and injective
continuous maps ¢: X — Y, holomorphic on X and smooth at all but finitely many boundary points
aj € bX, such that

f = fo @: X = C? is an embedding with corners at the points a e (2-2)

In the sequel we will refer to such maps simply as being of the form (2-2). The precise choice of the
Riemann surface ¥ will not be important, and we will allow Y to shrink around X without saying it every
time. 0

The following lemma shows how to create wedges at smooth boundary points of a domain in a Riemann
surface.

Lemma 2.7. Let X € Y be Riemann surfaces, and assume that bX is smooth outside a finite set of

points. Letay, ...,a, €bX,by,..., by € X be distinct points, with bX smooth near the points a;, and
let0; € (0,2m) for j =1, ..., m. Then there exists a sequence of injective continuous maps @; : X -7,
holomorphic on X and smooth on X \ {ay, ..., ay}, satisfying the following properties:

(1) @i — Id uniformly on X asi — oo.
(2) gi(aj) =aj and ¢;(X) is a 0j-wedge with vertexa; (j =1, ..., m).
(3) ¢i(x) =b; + o(dist(x, b.,-)z) asx —b; (j=1,...,k).

Proof. The proof is similar to that of Lemma 8.8.3 in [Forstneri¢ 2011, p. 366], and it will help the reader
to consult Figure 8.1 on p. 367 in that reference.

By enlarging the domain X slightly away from the points a; we may assume that X is smoothly
bounded. For simplicity of notation we explain the proof in the case when there is only one such point
a = ay; the same procedure can be performed simultaneously at finitely many points.

Choose a smoothly bounded disc D in Y such that @ € bD, D does not contain any of the points b s
and U N X \ {a} C D holds for some small open neighborhood U of the point a in Y. (The disc D is
obtained by pushing the boundary of X slightly out near a and then rounding off.) We also choose a
compact Cartan pair (A, B) C Y with XcC (AUB)° and C := AN B C D. (For the notion of a Cartan
pair see [Forstneri¢ 2011, Definition 5.7.1].) The set A is chosen such that it contains a neighborhood of
a, and B contains X \ U’ for a small neighborhood U’ C U of the point a.

The Riemann mapping theorem furnishes a sequence of injective continuous maps v; : D — Y that are
holomorphic in D and smooth on D \ {a} such that v; (a) = a, ¥; (D) is a 6;-wedge with vertex a (see
Definition 2.4), and the sets y; (D) converge to D as i — oo. We may assume that 1/; — Id uniformly on
D (see [Goluzin 1969, Theorem 2, p. 59]). This implies that i; (C) C D for all sufficiently large i € N.

By Theorem 8.7.2 in [Forstneri¢ 2011, p. 359] there exist an integer iy € N and sequences of injective
holomorphic maps fi: A— Y and g;: B — Y (i > ip), both converging to the identity map and tangent
to the identity to second order at those points a and b; which are contained in their respective domains,
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such that
Yio fi =g holds on C.

The sequence of maps ¢; : X — Y, defined by
¢i=viofionANX and ¢ =gionXNB

then satisfies the conclusion of the lemma. Injectivity of ¢; on X for sufficiently large index i can be seen
exactly as in the proof of [Forstneri¢ 2011, Lemma 8.8.3] (see bottom of p. 359 in the cited source). [

Using Lemma 2.7 we obtain the following version of the main tool introduced in [Forstneri¢ and
Wold 2009] for exposing boundary points of bordered Riemann surfaces. (See also Theorem 8.9.10 and
Figure 8.2 in [Forstneri¢ 2011, pp. 372-373].) The main novelty here is that we create exposed points
with wedges.

Theorem 2.8. Let X be a smoothly bounded domain in a Riemann surface Y, f: X < C? a holomorphic
embedding with corners of the form (2-2), and a1, ..., a, € bX, by,...,b; € X distinct points such
that f is smooth near the points a;. Let y;: [0, 1] — C? (j =1,...,m) be smooth embedded arcs with
pairwise disjoint images satisfying the following properties:
« ([0, 1) N f(X) =y;(0) = f(a)) for j=1,....m.
e The image E = f(X) U U;fz:l v ([0, 11) is my-exposed at the point y;(1) for j =1,...,m (see
(2-1)).
Given an open set V. C C? containing U';?:l v;j ([0, 1]), an open set U C Y containing the points a; and
satisfying f(UNX) CV,and numbers 0 <0; <2m (j=1,...,m) and € > 0, there exists a holomorphic
embedding with corners g: X — C? of the form (2-2) satisfying the following properties:
D) g~ Fllgy <e
2) glUNnX)cV.
3) g(x) = f(x)+o(dist(x, bj)z) asx —>b; (j=1,...,k).
4) g(aj)=y;j() and g()?) is w1 -exposed with a 0 j-wedge at g(a;) for every j=1,...,m.
(5) g is smooth near all points x € bX \ {ay, ..., a,} at which f is smooth.
If for some j € {1, ..., k} we have that b; € bX and f(X) is a wedge at the point f(b;), then property

(3) ensures that g(X) remains a wedge with the same angle at f(b;) = g(b;). In addition, property (4)
ensures that g(X) is an exposed wedge at each of the points g(a;).

Proof. Since f is of the form (2-2), we write f = f o¢ where f : Y < C? is a holomorphic embedding. Set
X'=¢(X) €Y. Lemma 2.7, applied to the domain X’ and the points a} =g(a;) € bX/, b;. =g¢(bj) € X/,
gives an injective continuous map v : X’ — Y close to the identity map, with ¥ holomorphic on X’ and
smooth on X'\ {a}, ..., al,}, such that

) 1/f(a}) = a;. and ¥ (X') is a 0;-wedge with vertex a} (j=1,...,m), and

3) v(x)= b;. + o(dist(x, b;)z) as x — b;. (G=1,...,k).
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(The map v is one of the maps ¢; in Lemma 2.7, and the properties (2'), (3') correspond to (2), (3) in
that lemma, respectively.)

Set § =y op: X — Y; this is an embedding with the analogous properties as ¢, but with additional
6j-wedges at the points a} € bX'. The embedding with corners f o®: X — C? then satisfies properties
(1)—(3) and (5) (for the map g) in Theorem 2.8.

In order to achieve also condition (4) we apply Theorem 8.9.10 in [Forstneri¢ 2011] and the proof
thereof. (The original source for this result is [Forstneri¢ and Wold 2009, Theorem 4.2].) We recall the
main idea and refer to the cited works for the details. By pushing the boundary b X’ slightly outward
away from the points a; we obtain a smoothly bounded domain Z € ¥ such that X czuld),...,a),}
We attach to Z short pairwise disjoint embedded arcs I'; C Y intersecting Z only at the points a}. By
Mergelyan’s theorem we can change the embedding f so that it maps the arc I'; approximately onto the
arc y; for each j =1, ..., m, taking the other endpoint c; of I'; to the exposed endpoint y;(1) € C? of
y; and remaining close to the initial embedding on Z. At each point a; € bZ we choose a small smoothly
bounded disc D; C Y with the same properties as in the proof of Lemma 2.7; in particular, a;. €bD; and
D; contains Z '\ {a;} near the point a;.. By the Riemann mapping theorem we find for each j € {1, ..., m}
a holomorphic map 4 ;: D; — Y stretching D; to contain the arc I';, mapping a;. to the other endpoint
cj of I'; and remaining close to the identity except very near the point a}. We then glue the maps /4 to an
approximation of the identity map on the rest of the domain Z, using again Theorem 8.7.2 in [Forstneri¢
2011, p. 359]. This gives an injective holomorphic map 4 : Y <> Yinan open neighborhood Y of Z
such that /|7 is close to the identity, except very near the points a} € bZ. The holomorphic embedding
T:=foh:Y <> C%is then close to f on Z, except near the points a’;. By the construction, g(a’) is a
mr1-exposed point of g(Z) for j =1, ..., m. The embedding with corners g =3 0 @: X < C? is then of
the form (2-2) and satisfies properties (1)—(5) in Theorem 2.8. U

3. The main lemma

In this section we prove the following key lemma that will be used in the proof of Theorem 1.1. It is
similar in spirit to Lemma 1 in [Wold 2006, p. 4] (see also [Forstneri¢ 2011, Lemma 4.14.4, p. 150]), but
with improvements needed to deal with the more complicated situation at hand.

Lemma 3.1. Ler Q = P\ U?io Zj be a circled domain,ind let Q' =P\ U];=0 Zj for some k € N.
Pick a point c; € bAj for j =0, 1, ..., k. Assume that f: Q' — C? is a holomorphic embedding with a
my-exposed 0-wedge at each point f(c;) and 6+ - - -+ 6 < 2m. Let g be a rational shear map of the
form

k
Bj )
)=\t ) ————
8(z1,22) (Zl 22 jZ::oZl_M(f(cj))

Assume that there exist open neighborhoods U C P! of the points c j such that (mpyogo f)(Uj) C P! are
6 j-wedges whose closures only intersect at their common vertex o0 € P!. (This can be arranged by a
suitable choice of the arguments of the numbers B, while at the same time keeping |B;| > 0 arbitrarily
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small.) Given a compact polynomially convex set K C C* with
o

Kﬂ(gof)(bQ’U( U Z,)):@

i=k+1
and numbers N € N and € > 0, there exists a Y € Aut C? such that
(1) (Yogo HBXL U 4)) CC*\ By, and
2) Iy -k <e.

Proof. We may assume that Ag = P!\ D, so Q =D\ U<,>O:1 Zj. By increasing the number N € N we

may also assume that K C By.

Set X = (g0 f)()., v = (go HBA;\{c;}) (j=0.....k), and y = J'_y;. Then X is an
embedded bordered Riemann surface in C> whose boundary bX = y consists of pairwise disjoint properly
embedded real curves y; diffeomorphic to R, and the second coordinate projection 7 : X — C is proper.
Let Al =(go f)(A) C X fori=k+1,k+2,...;then

o0
x\ | A =oN@.
i=k+1
To prove the lemma we must find an automorphism v € Aut C? sending the boundary curves bX =y
and all the discs Z; for i > k out of the ball By, while at the same time approximating the identity map
on the compact set K. We seek ¢ of the form

¥ =¢i0¢,, where ¢, ¢, € AutC>.

We begin by constructing ¢ .

The conditions on f and g ensure that for any sufficiently large disc D C C centered at the origin the
projection 5 X \ T, (D) > C\Dis injective and maps X \ T, (D) onto the union of k + 1 pairwise
disjoint wedges with the common vertex at oo; furthermore, the closed set

(o)
5Un2<yu U Z;)CC (3-1)
i=k+1
can be exhausted by polynomially convex compact sets. To see this, note that if VJf C V; are small round
discs in C centered at the point ¢; such that V; C U; for j =0, 1, ..., k, where the neighborhoods U
satisfy the hypotheses of the lemma, then the sets

o
BV \A)HU(bA, m(V,\V}))u( U 2 m(Vj\VJf)) cC
i=k+1
are polynomially convex, and the map myo0go f: U];:o v ;N Q" — Cis an injection onto a union
of wedges such that the closures of any two of them intersect only at their common vertex at co. An
exhaustion of the set in (3-1) by polynomially convex compact sets is constructed by letting the radii of
the discs V} go to 0.
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Figure 1. The set C.

LetJ={ieN:i>k+1, HQ(Z;) N D # @)}. Consider the compact set

C:= [y mn;‘(ﬁ)] U [UZ:] CcX.
ieJ

(Figure 1 shows C with bold lines and black discs.) We claim that C is polynomially convex. Clearly C
is holomorphically convex in X since its complement is connected. Furthermore, X can be exhausted by
compact smoothly bounded subdomains X ; C X such that each boundary component of X ; intersects the
boundary of X. (It suffices to take the intersection of X with a sufficiently large ball and smoothen the
corners.) Then X j \ X is either empty or a pure one-dimensional complex subvariety of 2\ X j (see
[Stolzenberg 1966]), the latter being impossible since the variety would have to be unbounded. Hence
every such set X; is polynomially convex, and by choosing it large enough to contain C we see that C is
polynomially convex.

We will construct ¢; as a composition ¢ = 0 0 0] € Aut C? that is close to the identity on K and
satisfies ¢1(C) C C2\ By; equivalently, CN¢; ' (By) = 2.

By [Wold 2006, Lemma 1] (see also [Forstneri¢ 2011, Corollary 4.14.5]) there exists o € Aut C? that
is close to the identity on K and satisfies o (y) C C?\ By.

Let K’ be the union of all discs A; (i € J) whose images Z; satisfy

o1(A) NBy # 2.

Since o1 (y) NBy = @, the set (o] o go f)~! By) C Q' is compact, and hence K’ is also compact (see
Remark 2.3). Lemma 2.2 gives pairwise disjoint smoothly bounded discs Dy, ..., D,, in " whose union
U'j’-’zl D; contains K" and whose closures 5J~ avoid bQ' U (go f)~'(K). Set D;. =(go f)(Dj) C X for
j=1,...,m. The set

m

L::KU(C\UB}) c C?

j=1
is then polynomially convex (argue as above for the set C, using the fact that K is disjoint from C).
The union of discs Eqy := U’]’.’Zl 01(5’].) is polynomially convex and disjoint from o7 (L), so it can be
moved out of the ball By by a holomorphic isotopy in the complement of the polynomially convex set
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o1(L). (It suffices to first contract each disc 01(5’].) into a small ball around one of its points and then
move these small balls out of the set oy (L) along pairwise disjoint arcs.) Furthermore, letting E, C C?
(t € [0, 1]) denote the trace of E( under this isotopy, we can ensure that for every ¢ the union E;, Uo (L)
is polynomially convex. The Andersén—Lempert theory (see [Forstneri¢ 2011, Theorem 4.12.1]) now
furnishes an automorphism o, € Aut C? that is close to the identity on the set o1 (L) and satisfies

(02 001)(U 5/]) c C?\ By.
=1

The automorphism ¢, = 0 0 07 € Aut C? is then close to the identity map on K, and ¢ (C) C C?\ By.
Next we shall find a shear automorphism ¢, € Aut C? of the form

$2(z21, 22) = (21 +h(22), 22) (3-2)

that is close to the identity on C x (7, (C) U D) and satisfies

¢z<y U ( U Zﬁ)) Ng; ' (By) = 2.
i=k+1

The automorphism ¥ = ¢; o ¢ € Aut C? will then satisfy Lemma 3.1.
Choose a large number R > 0 such that

mi(¢; ' By) CDr and  ma(¢; ' (By))UD C Dg.

We shall find ¢, as a composition ¢, = 15 o 7] of two shears of the same type (3-2). The values of the
function 4 € G(C) in (3-2) on C\ Dy are unimportant since qbl_] (By) projects into Dg.

Recall that the projection 5: X \ Ty (D) > C\ D maps X \ Ty YD) bijectively onto a union of
pairwise disjoint closed wedges with the common vertex at oo (see Figure 2 below). Hence the geometry
of subsets of X \ T, 1(D) is the same as the geometry of their 7>-projections in C\ D, an observation
that will be tacitly used in the sequel.

By [Wold 2006, Lemma 1] there is an entire function 4; € O(C) that is small on the set D Um,(C) and
takes suitable values on the projected curves m>(y) \ D so that the shear 71(z1, z2) = (21 + h1(22), 22)
satisfies

Ty UC)Neg; ' By) =2.
Set J = {ieN:i>k+1, nz(Z;) NDg = &}. Consider the compact set
C:= [y ﬂn;l(@R)] U [UZ;} cX.
iel
Let K” be the union of all discs Zi (i€ J ) whose images Z; =(gof )(Zi) satisfy the condition

1 (B) Ny By) # 2.
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Figure 2. Geometry in the z,-plane.

Our choices of ¢; and 7; imply that for every disc A; C K” the projection nz(Z;) intersects the disc
Dz and avoids the set 7,(C) U D. Remark 2.3 shows that K” is compact. Using Lemma 2.2 we find
smoothly bounded discs By, ..., B; C ' with pairwise disjoint closures whose union Ulj: | Bj contains
K" and is disjoint from b2’ U (g o £)~1(C), and whose boundaries bB; belong to 2. (Hence every disc
A, for i > k is either completely contained in Uljzl B; or else is disjoint from it.) It follows that the set

~ l —
L= U(n'gogof)(Bj)C([:
j=1

is a disjoint union of discs contained in C\ (DUms(y)). Hence the sets L and 712(5 )\ L are polynomially
convex, and so is their union. (Figure 2 shows L as the union of black ellipses, while 72(C) \ L is shown
in gray.)

Let hy € O(C) be such that [h2] > R on L and || is small on 7 (C)\ L. Let 12 (21, 22) = (21 +h2(22), 22)
and ¢» = 15 o 71. The automorphism 1 = ¢ o ¢, € Aut C? then clearly satisfies Lemma 3.1.

Note that ¢»(z1, 22) = (21 +h(z2), z2) with h = h + h», so it is possible to boil down the construction
of ¢, to one step. O

4. Proof of Theorem 1.1

We are now ready to prove Theorem 1.1. The construction is similar to the proof of Majcen’s theo-
rem [2009] as given in [Forstneri¢ 2011, §8.10], but the induction scheme is altered and improved at
several key points.

Every holomorphic embedding with corners will be assumed to be of the form (2-2).

Let @ C P! be a domain with countably many complementary components, none of which are points.
(We assume that there are infinitely many components, for otherwise the result is due to Globevnik and
Stensgnes [1995]. Our proof also applies in the latter case, but it could be made much simpler.) By
the uniformization theorem of He and Schramm [1993] we may assume that 2 is a circled domain. By
mapping one of the complementary discs in P! \ Q onto the complement P! \ D of the unit disc [) we
may further assume that Q =D\ Uj‘; 1 A j» Where A ; are pairwise disjoint closed discs in D.

We construct a proper holomorphic embedding €2 < C? by induction.
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Choose an exhaustion @ = Ko C K1 C K, C ... C U;’il K; = Q of Q by compact, connected,
0(£2)-convex sets with smooth boundaries, satisfying K; C K j+1 for j=0,1,2,.... These conditions
imply that for each index j € N the set K ;i\ K; C D is aunion of finitely many open discs, i.e., sets
homeomorphic to the standard disc.

We begin the induction at n = 0. Set I'g =b D, mg = kg = 0. Pick a point ¢y € I'g and a number €y > 0.
At the n-th step of the construction we shall obtain the following data:

o Integers m,, k, € N.

e A number ¢, such that 0 < ¢, < % €n—1 (the last inequality is void for n = 0).

e Circles I'; = bA;jy (j =1,...,k,) from the family {bA;};cn, at least one in each connected

component of K, my \ Kom,,-

o The domain 2, = D\ Ul;"zl Zi(j) with boundary b2, = U];":O r;.

e Points c; € T'j for j =0, ..., k,.

« Numbers 6; >0 (j =0, ..., k,) with Y% 6; < 27.

o A holomorphic embedding with corners f; : Q,, < C? such that the points co, . . ., ¢k, are wy-exposed
with 0;-wedges (see Definition 2.5) and f, is smooth near b2, \ {co, ..., c,}.

e A rational shear with poles at the exposed points f,,(c;) of f,(b2,),

kVL .
gn(z1,22) = (Zl’ZZJFZm—mﬁW)’
n\*%j

j=0

such that (2 0 g, o f,,)(£2,) C C is a union of 6;-wedges whose closures intersect only at their
common vertex oo € P!,

e An automorphism ¢, of C2.

In addition, setting

Fo1=®,_108,0 [, D, =¢,0P_1=¢,0¢,_1...001,

the following conditions hold:

181 © fu(X) — gn—10 fu_1(X)| < €, x €Ky, (4-1)
|Py—1 0800 fu(X) = Pyt 0gut10 fuo1(X)| <€n, X EKp,. (4-2)
Bu—1 N Fue1() C Fyo1(Kim,). (4-3)
|n(2) — 2| < €n, z2€By1UF-1(Km,). (4-4)
|®, 08,0 fu(x)] >n, x €b2,U(R2,\RQ). 4-5)

Remark 4.1. Setting J, =N\ {i(j): j=1,...,k,}, we have

o, =eu A, a\e=[]4;

jEJn jEJn
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Clearly D D ) D 2, D --- D £, but the intersection ﬂ?il 2; need not equal 2. That is, the set of
all circles T'; that get opened up in the course of the construction may be a proper subset of the family
{bA;}icz, of all boundary circles of Q2. The only reason for opening a boundary circle contained in
K m, \ K, is to ensure that the image of K, in C> becomes polynomially convex; see (4-7) below. [

We begin the induction at n = 0 by choosing an embedding fy(¢) = (79(¢), 0) of D in C x {0} c C?
with a 8p-wedge at the point ¢y € I'g = bD (see Theorem 2.8). We also choose a shear

o= (e )

z1 — 71 o folco)
sending the exposed point 771 o fo(co) = To(cop) to infinity. Let ¢pg = ®9 = P_; =1d. Conditions (4-1)-(4-4)
are then vacuous for n = 0 (recall that Ko = @), and (4-5) is satisfied after a small translation of the
embedding goo fo: D\ {co} = C? which removes the image off the origin.
We now explain the inductive step n — n + 1. By (4-5) there exists an integer m, | > m, such that

By N (Pr0gno fu(R)) C Progno fu(Km,,,)- (4-6)

By the inductive hypothesis the polynomial hull I?mn .1 contains the boundary circles I'; C b2 for
1 < j < k,. (This is vacuous if n = 0.) In each of the (finitely many) connected components of
K mns1 \ Km,, that does not contain any of the above circles we pick another boundary circle of €2 (such
exists since the set K, is 0(£2)-convex); we label these additional curves I'y, 11, ..., I't,,,. As before,
we have I'j = bA;(;) for some index i(j). Let

kn+l

Qpy1 =D\ U NS
j=1

Setting J,+1 =N\{i(j): j=1,..., ky41}, we have that

Each of these additional curves will now be opened up. Pick a point ¢; € I'j foreach j =k, +1, ..., k,41

and positive numbers 60y, 41, . .., 6,,, such that ZI;”:*(; ; < 2m. Also choose a number €, € (0, €,/2)

such that any holomorphic map /: Q — C? satisfying ||h— g, 0 fullk, = <2€n+1 is an embedding on K, .

Theorem 2.8 furnishes a holomorphic embedding f;,+1: §n+ 1 <= Cz’ltxl/ith corners such that f,,; agrees
with f, to the second order at each of the points cy, ..., c,, it additionally makes the boundary points
Chky+1s -+ - » Ck,yy T1-€Xposed with 6;-wedges, and it approximates f, as closely as desired outside of small
neighborhoods of these points. The image f,,41(2,41) stays as close as desired to the union of f,(€2,41)

with the family of arcs that were attached to this set in order to expose the points ¢, +1, ..., Ck,,,- In

n+1°
particular, we ensure that none of the complex lines z; =m0 f,41(cj) for j =k, +1, ..., k,41 intersect

the set & ! (@n). The rational shear

kn+1

&n+1(21,22) = gn(21, 22) + (0, Z i )

Pl — 1 (fut1(cj))
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sends the exposed points f,41(co), ..., fut1(ck,,,) to infinity. A suitable choice of the arguments of
Bj e C*for j =k, +1,...,k,41 ensures that, in a neighborhood of infinity, (72 0 g,41 0 For1)(Qug1) is
a union of pairwise disjoint 6;-wedges with the common vertex at 0o € P!; at the same time the absolute
values |B;| > 0 can be chosen arbitrarily small in order to obtain good approximation of g, by g,41.

Set F, = ®, 08,410 fut+1. If the approximations of f,, g, by fn+1, gnt1, respectively, were close
enough, then the conditions (4-1)—(4-3) hold with n replaced by n + 1.

Since every connected component of K, ., \ K,,,, contains at least one of the points ¢y, ..., Cp,,,

n+1
which F, sends to infinity, the set Fj,(K,,,,) C C? is polynomially convex. (See [Wold 2006, Proposi-
tion 3.1] for the details of this argument.) From (4-6) we also infer that B, N F,(Q,41) C F,,(I%mn )

provided that the approximations were close enough. It follows that the set
Ly:=B,U Fy(Km,.,) CC (4-7)

is polynomially convex.

Now comes the last, and the main step in the induction: We use Lemma 3.1 to find an automorphism
Pn+1 € Aut C? which satisfies conditions (4-4) and (4-5) with n replaced by n + 1. We look for ¢, of
the form

fni1=Ppopod, !, Y eAutC?

(Therefore ®,,+1 = ¢4+1 0 Y, = D, o .) Pick a small constant § > 0 such that for any pair of points
7,7 € C%, with z € @, (L,) and |z — 7'| < 8, we have |®,(z) — ®,(z)| < €,+1. (Such § exists by
continuity of ®,.) We also pick a large constant R > 0 such that |®,(z)| > n + 1 for all z € C* with
|z| > R. (Equivalently, ®, 1(B,) c Bg.) Since the set D, I(L,) is polynomially convex, Lemma 3.1
furnishes an automorphism v € Aut C? satisfying the following two conditions:

4.4) ¥ (z) —z| <8 forz € D, 1(L,).
4.5) [Y(2)] > R for z € guy10 fur1 (0Rnr1 U Ujey,,, A))-

By (4-3) (applied with n + 1) the two sets appearing in these conditions are disjoint. It is now immediate
that ¢, satisfies conditions (4-4), (4-5).

This completes the induction step, so the induction may proceed.

We now conclude the proof. By (4-1) and the choice of the numbers €, > 0 we see that the limit
map G = lim, , g, © f,: @ — C? is a holomorphic embedding. Condition (4-4) implies that the
sequence ¥, € Aut C? converges on the domain O = U,fozz CID;I (B,—1) C C? to a Fatou-Bieberbach map
®=lim, 00 ®,: O —C%ie.a biholomorphic map of O onto C2 (see [Forstneri¢ 2011, Corollary 4.4.2]).
Conditions (4-2) and (4-4) show that the sequence &, converges on G(£2), so G(2) C O. From (4-3)
and (4-5) we see that G embeds 2 properly into O. Hence the map

F=®0G = lim ®,0g,0 f,: Q> C?
n—oo

is a proper holomorphic embedding of €2 into C2. O
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Remark 4.2. If we choose an initial holomorphic embedding fy: D < C?, a compact set K = Ky C Q
and a number € > 0, then the above construction is easily modified to yield a proper holomorphic
embedding F: Q < C? satisfying | F — f||x < €. Furthermore, we can choose F to agree with f at
finitely many points of €2. All these additions are standard.

5. Domains with punctures

Theorem 1.1 can be extended to domains €2 in P! with certain boundary punctures. By a puncture we
mean a connected component of P!\ Q that is a point. We say that a domain Q C P! is a generalized
circled domain if each complementary component is either a round disc or a puncture. By [He and
Schramm 1993], any domain in P! with at most countably many boundary components is conformally
equivalent to a generalized circled domain.

Our main result in this direction is the following.

Theorem 5.1. Let Q be a generalized circled domain in P'. If all but finitely many punctures in the
complement K := P!\ Q are limit points of discs in K, then Q embeds properly holomorphically into C?.

Corollary 5.2. If Q is a circled domain in C or in P! and py, ..., p; € Q is an arbitrary finite set of
points in 2, then the domain Q\ {p1, ..., pi} admits a proper holomorphic embedding into C?.

By He and Schramm, Corollary 5.2 also holds for Q\ {p1, ..., pi}, where Q C P! is a domain as in
Theorem 1.1.

Proof of Theorem 5.1. We make the following modifications to the proof of Theorem 1.1. We may assume
as before that €2 is contained in the unit disc D, with I'g = b being one of its boundary components. Let
fo: Q < C? be the embedding ¢ — (¢, 0). Assume that py, ..., p; € bQ2 are the finitely many punctures
which do not belong to the cluster set of |_J, A;. Arational shear go(z1, z2) = (21, z2+le:1 Bj/(z1i—pj))
sends the points p1, ..., p; to infinity. We then apply the rest of the proof exactly as before, ensuring at
each step of the inductive construction that the embedding with corners f;: Q, < C? agrees with f; at
the points py, ..., p; and leaves these points 1-exposed, and the shear g, has poles at these points. The
coordinate projection 7, : X, = gno fn (€2,) — Cisno longer injective near infinity due to the poles of g,
at the points p1, ..., p;. However, since the discs A; do not accumulate on any of the points py, ..., p;,
the discs (g, o f,)(A;) C X, which approach infinity are still mapped bijectively to a finite union of
pairwise disjoint wedges at oo, and the additional sheets of the projection m>: X, — C are irrelevant for
the construction of the automorphism, which removes the discs and the boundary curves of X, out of a
given ball in C2.

The remaining punctures p; in b2 (a possibly uncountable set) can be treated in the same way as
the complementary discs. Indeed, since each of these points is a limit point of the sequence of discs A;,
every connected component of the set K \ K,, (where K,, is a sequence of compacts exhausting the
domain €, see Section 4) that contains one of these punctures p;, also contains a disc A;. By exposing a
boundary point of A; and removing it to infinity by a rational shear we thus ensure that the image of p;
does not belong to the polynomial hull of the image of K,, in C2. (See Remark 4.1.) The conclusion
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of Remark 2.3 is still valid, and hence the arguments in the proof of Theorem 1.1 concerning moving
compact sets by automorphisms of C? still apply without any changes. (|

Example 5.3. Assume that E C P! is any compact totally disconnected set. (In particular, E could be a
Cantor set). Then we may choose a sequence of pairwise disjoint closed round discs A i C P!\ E such
that each point of E is a cluster point of the sequence {A ;} and such that 2 := P\ (EU (¥ j A i) isa
domain. Then  embeds properly in C2.

There exists a Cantor set in P! whose complement embeds properly holomorphically into C? [Orevkov
2008], but it is an open problem whether this holds for each Cantor set. O
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