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We consider solutions to the linear wave equation on higher dimensional Schwarzschild black hole
spacetimes and prove robust nondegenerate energy decay estimates that are in principle required in a
nonlinear stability problem. More precisely, it is shown that for solutions to the wave equation �g� D 0

on the domain of outer communications of the Schwarzschild spacetime manifold .Mn
m; g/ (where

n � 3 is the spatial dimension, and m > 0 is the mass of the black hole) the associated energy flux
EŒ��.†� / through a foliation of hypersurfaces †� (terminating at future null infinity and to the future
of the bifurcation sphere) decays, EŒ��.†� / � CD=�2, where C is a constant depending on n and m,
and D <1 is a suitable higher-order initial energy on †0; moreover we improve the decay rate for
the first-order energy to EŒ@t��.†R� /� CDı=�

4�2ı for any ı > 0, where †R� denotes the hypersurface
†� truncated at an arbitrarily large fixed radius R <1 provided the higher-order energy Dı on †0 is
finite. We conclude our paper by interpolating between these two results to obtain the pointwise estimate
j�j

†R�
� CD0

ı
=�

3
2
�ı . In this work we follow the new physical-space approach to decay for the wave

equation of Dafermos and Rodnianski (2010).
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1. Introduction

The study of the wave equation on black hole spacetimes has generated considerable interest in recent
years. This stems mainly from its role as a model problem for the nonlinear black hole stability problem
[Dafermos and Rodnianski 2009a; 2012], and more recent advances in the analysis of linear waves
[Dafermos and Rodnianski 2008].

In this paper we study the linear wave equation on higher-dimensional Schwarzschild black holes.
The motivation for this problem lies — apart from the above mentioned relation to the nonlinear stability
problem (which is expected to be simpler in the higher-dimensional case [Choquet-Bruhat et al. 2006];
for work on the 5-dimensional case under symmetry see also [Dafermos and Holzegel 2006; Holzegel
2010]) — on one hand in the purely mathematical curiosity of dealing with higher dimensions and on the
other hand in its interest for theories of high energy physics [Emparan and Reall 2008].

In the philosophy of [Christodoulou and Klainerman 1993] it is understood that the resolution of the
nonlinear stability problem requires an understanding of the linear equations in a sufficiently robust setting.
In particular, we require a proof of the uniform boundedness and decay of solutions to the linear wave
equation based on the method of energy currents, which (ideally) only uses properties of the spacetime that
are stable under perturbations, and does not rely heavily on the specifics of the unperturbed metric (for an
introduction in the context of black hole spacetimes see [Dafermos and Rodnianski 2008]). Correspond-
ingly in this paper we establish on higher-dimensional Schwarzschild spacetime backgrounds boundedness
and decay results analogous to the current state of the art in the .3C 1/-dimensional case [Luk 2010].

The decay argument presented here departs from earlier work that either makes use of multipliers
with weights in the temporal variable (notably [Christodoulou and Klainerman 1990; Blue and Sterbenz
2006; Andersson and Blue 2009; Dafermos and Rodnianski 2009b; Luk 2010]) which in one form or the
other are due to Morawetz [1962], or that relies on the exact stationarity of the spacetime (such as [Ching
et al. 1995; Tataru 2010; Donninger et al. 2012] based on Fourier analytic methods). Here we follow the
new physical-space approach to decay of [Dafermos and Rodnianski 2010], which only uses multipliers
with weights in the radial variable. Thus our work — especially the improvement of Section 5C — is of
independent interest for the .3C 1/-dimensional Schwarzschild and Minkowski case and also for a wider
class of spacetimes including Kerr black hole exteriors.

1A. Statement of the theorems. We consider solutions to the wave equation

�g� D 0 (1-1)

on higher-dimensional Schwarzschild black hole spacetimes; these backgrounds are a family of .nC 1/-
dimensional Lorentzian manifolds .Mn

m; g/ parametrized by the mass of the black hole m> 0 (n� 3).
They arise as spherically symmetric solutions of the vacuum Einstein equations, the governing equations
of general relativity, and are discussed as such in Section 2; for the relevant concepts see also [Dafermos
and Rodnianski 2008; Hawking and Ellis 1973].

More precisely, we consider solutions to (1-1) on the domain of outer communications D of M—
which comprises the exterior up to and including the event horizons of the black hole — with initial data
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ICW future null infinity

��W timelike past infinity

�CW timelike future infinity

HCW event horizon
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communications

†0
r DR

†�

Figure 1. The hypersurface †0 in the domain of outer communications D.

prescribed on a hypersurface †0 consisting of an incoming null segment crossing the event horizon to
the future of the bifurcation sphere, a spacelike segment and an outgoing null segment emerging from a
larger sphere of radius R terminating at future null infinity; see Figure 1 (the exact parametrization —
which is chosen merely for technical reasons — is given in Section 4).

In the exterior of the black hole the metric g takes the classical form in .t; r/-coordinates [Tangherlini
1963]:

g D�

�
1�

2m

rn�2

�
dt2C

�
1�

2m

rn�2

��1
dr2C r2̊n�1; (1-2)

where r > n�2
p
2m, t 2 .�1;1/, and ̊n�1 denotes the standard metric on the unit .n � 1/-sphere;

however this coordinate system breaks down on the horizon r D n�2
p
2m and we shall for that reason

introduce in Section 2 the global geometry of .Mn
m; g/ using a double null foliation, from which we

derive an alternative double null coordinate system for the exterior of the black hole:

g D�4

�
1�

2m

rn�2

�
du� dv�C r2̊n�1; (1-3)

the so-called Eddington–Finkelstein coordinates.
In this paper both the conditions on the initial data and the statements on the decay of the solutions

are formulated using the concepts of energy and the energy momentum tensor associated to (1-1); in
particular (see Section 1B and also Appendix B),

T�� Œ��D @�� @�� �
1
2
g�� @

˛�@˛�: (1-4)

The corresponding 1-contravariant-1-covariant tensor field fulfills the physical requirement that the linear
transformation �T W TM! TM maps the hyperboloid of future-directed unit timelike vectors into the
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closure of the open future cone at each point. Physically,

�T �u 2 TpM

is the energy-momentum density relative to an observer at p 2M with 4-velocity u 2 TpM, and it is for
this reason that we refer to

"D g.T �u; u/D T .u; u/� 0

as the energy density at p 2M relative to the observer with 4-velocity u 2 TpM. One may think
of a spacelike hypersurface as a collection of locally simultaneous observers with a 4-velocity given
by the normal. The hypersurfaces relative to which we establish energy decay are simply defined by
†�

:
D '� .†0\D/, where '� denotes the 1-parameter group of isometries generated by @

@t
. The energy

flux through the hypersurface †� is then given by

EŒ��.†� /
:
D

Z
†�

�
JN Œ��; n†

�
(1-5)

where .JN Œ��; n†/
:
D T Œ��.N; n†/, n† is the normal1 to †� and N is a timelike '� -invariant future

directed vector field which is constructed in Section 3 for the purpose of turning "N :
D T .N;N / into

a nondegenerate energy up to and including the horizon. Note that the energy EŒ��.†� / in particular
bounds a suitably defined PH1-norm on †� .

The classes of solutions to (1-1) to which our results apply are formulated in terms of finite energy
conditions on the initial data, for which purpose we list the following quantities:

D
.2/
2 .�0/

:
D

Z 1
�0CR�

dv�
Z

Sn�1
d�̊n�1

1X
kD0

r2
�
@.r

n�1
2 @kt �/

@v�

�2 ˇ̌̌̌
u�D�0

C

Z
†�0

� 2X
kD0

JN Œ@kt ��; n†

�
; (1-6)

D
.4�ı/
5 .�0/

:
D

Z 1
�0CR�

dv�
Z

Sn�1
d�̊n�1

� 1X
kD0

r4�ı
�
@2.r

n�1
2 @kt �/

@v�2

�2

C

4X
kD0

r2
�
@.r

n�1
2 @kt �/

@v�

�2
C

3X
kD0

n.n�1/
2X
iD1

r2
�
@r

n�1
2 �i@

k
t �

@v�

�2 �̌̌̌̌
u�D�0

C

Z
†�0

� 5X
kD0

JN Œ@kt ��C

4X
kD0

n.n�1/
2X
iD1

JN Œ�i@
k
t ��; n†

�
; (1-7)

1On spacelike segments of †� the vector n† is indeed timelike; however, on the null segments of the hypersurfaces †� the
“normal” n† is in fact a null vector, but the notation is kept for convenience; see Appendix A.
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D
.4�ı/

7CŒn
2
�
.�0/

:
D

Z 1
�0CR�

dv�
Z

Sn�1
d�̊n�1

� 2X
kD0

X
j˛j�Œn

2
�C1

r4�ı
�
@2.r

n�1
2 �˛@kt �/

@v�2

�2

C

5X
kD0

X
j˛j�Œn

2
�C1

r2
�
@r

n�1
2 �˛@kt �

@v�

�2
C

4X
kD0

X
j˛j�Œn

2
�C2

r2
�
@r

n�1
2 �˛@kt �

@v�

�2 �̌̌̌̌
u�D�0

C

Z
†�0

� 6X
kD0

X
j˛j�Œn

2
�C1

JN Œ�˛@kt ��C

5X
kD0

X
j˛j�Œn

2
�C2

JN Œ�˛@kt ��; n†

�
: (1-8)

Here �i W i D 1; : : : ; n.n � 1/=2 are the generators of the spherical isometries of the spacetime M,
˛ is a multiindex, and for any radius R we denote by R� the corresponding Regge–Wheeler radius (2-17).
(See also Section 4B.)

Among the propositions on linear waves on higher-dimensional Schwarzschild black hole spacetimes
proven in this paper, we wish to highlight the following conclusions2.

Theorem 1 (energy decay). Let � be a solution of the wave equation �g�D 0 on D�Mn
m, where n� 3

and m> 0, with initial data prescribed on †�0 (�0 > 0).

� If D :
DD

.2/
2 .�0/ <1 then there exists a constant C.n;m/ such that

EŒ��.†� /�
CD

�2
.� > �0/: (1-9)

� Furthermore if for some 0 < ı < 1
2

and R > n�2
p
8nm=ı also D0 :D D.4�ı/5 .�0/ <1 then there

exists a constant C.n;m; ı; R/ such that

EŒ@t��.†
0
� /�

CD0

�4�2ı
.� > �0/; (1-10)

where †0�
:
D†� \fr �Rg.

While each of these energy decay statements lend themselves to prove pointwise estimates for � and
@t� respectively (see Section 6), we would like to emphasize that, using the (refined) integrated local
energy decay estimates of Section 4, an interpolation argument allows to improve the pointwise bound
on � directly in the interior3.

Theorem 2 (pointwise decay). Let � be a solution of the wave equation as in Theorem 1. If for some
0 < ı < 1

4
, D :
DD

.4�ı/

7CŒn
2
�
.�0/ <1 (�0 > 1) then there exists a constant C.n;m; ı; R/ such that

r
n�2
2 j�j

ˇ̌
†0�
�
CD

�
3
2
�ı

�
n�2
p
2m� r < R; � > �0

�
(1-11)

where †0� and R are as in Theorem 1.

2The “redshift” proposition and the “integrated local energy decay” proposition are to be found on page 526 in Section 3 and
page 532 in Section 4 respectively.

3In this paper we use the term “interior” to refer to a region of finite radius; i.e., the term “interior region” is used
interchangeably with “a region of compact r (including the horizon)”, and is of course not meant to refer to the interior of the
black hole, which is not considered in this paper.
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Remark (decay rates and method of proof). Theorems 1 and 2 extend the presently known decay results
for linear waves on .3C 1/-dimensional Schwarzschild black holes to higher dimensions n > 3; for
.3C 1/-dimensional Schwarzschild black holes, (1-9) was first established in [Dafermos and Rodnianski
2009b], and (1-10), (1-11) more recently in [Luk 2010]. However, both proofs use multipliers with
weights in t , [Dafermos and Rodnianski 2009b] by using the conformal Morawetz vector field in the decay
argument, and [Luk 2010] by using in addition the scaling vector field. Here we extend (1-9) to higher
dimensions n > 3 in the spirit of [Dafermos and Rodnianski 2010] only using multipliers with weights
in r , and provide a new proof of the improved decay results (1-10) and (1-11) in the nD 3-dimensional
case in particular.

1B. Overview of the proof. In this section we give an overview of the work in this paper and present
some of the ideas in the proof that lead to Theorem 1; references to previous work are made when useful,
but for a more detailed account of previous work on the wave equation on Schwarzschild black hole
spacetimes see Section 1.3 in [Dafermos and Rodnianski 2011] and references therein.

Energy identities. Let us recall that the wave equation (1-1) arises from an action principle and that the
corresponding energy momentum tensor is conserved. Indeed, here we find (1-4) and by virtue of the
wave equation (1-1)

r
�T�� D .�g�/.@��/D 0: (1-12)

Moreover, the energy momentum tensor (1-4) satisfies the positivity condition, namely T .X; Y /� 0 for
all future-directed causal vectors X , Y at a point.

Now letX be a vector field on M. We define the energy current JX Œ�� associated to the multiplierX by

JX� Œ��
:
D T�� Œ��X

� : (1-13)

Then
KX

:
Dr

�JX� D
.X/���T�� (1-14)

where we have used that T�� is conserved and symmetric. Here

.X/�.Y;Z/
:
D

1
2
.LXg/.Y;Z/D 1

2
g.rYX;Z/C

1
2
g.Y;rZX/ (1-15)

is the deformation tensor of X .

Remark. If X is a Killing field, i.e., X generates a 1-parameter group of isometries of g, .X/� D 0, then
KX D 0; i.e., JX is conserved.

In the following we shall refer to Z
R
KX d�g D

Z
@R

�JX (1-16)

as the energy identity for JX (or simply X ) on R, where R�M (this is of course the content of Stokes’
theorem, and �J denotes the Hodge-dual of J ; see also Appendix B). Moreover we refer to X in (1-16)
as the multiplier vector field. In this paper we will largely be concerned with the construction of vector
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fields X , associated currents JX and their modifications, and the application of (1-16) and various derived
energy inequalities to appropriately chosen domains R�D.

The new approach [Dafermos and Rodnianski 2010] to obtaining robust decay estimates requires us
to first establish (i) uniform boundedness of energy, (ii) an integrated local energy decay estimate and
(iii) good asymptotics towards null infinity.

Redshift effect. The reason (i) is nontrivial as compared to Minkowski space is that the energy correspond-
ing to the multiplier @t degenerates on the horizon (the vector field @t becomes null on the horizon and
no control on the angular derivatives is obtained; cf. [ibid. 2008]); it was recognized in [ibid. 2009b],
and formulated more generally in [ibid. 2008], that the redshift property of Killing horizons is the key
to obtaining an estimate for the nondegenerate energy (i.e., an energy with respect to a strictly timelike
vector field up to the horizon, which controls all derivatives tangential to the horizons). An explicit
construction of a suitable timelike vector field N is given in Section 3 which allows us to state the redshift
property in the language of multipliers and energy currents, and a proof of the uniform boundedness of
the nondegenerate energy is given (independently of other calculations in this work) in Section 5A.

Integrated local energy decay. Section 4 is devoted to establishing (ii). This is achieved by the use of
radial multiplier vector fields of the form f .r�/@r� (see Section 4A). In Section 4B a construction of
a positive definite current for the high angular frequency regime is given using a decomposition on the
sphere. In Section 4C a more general construction of a current is given using a commutation with the
angular momentum operators. We wish to emphasize that the decay results of Section 5 — albeit with
a higher loss of differentiability — could be obtained solely on the basis of the latter current, without the
recourse in Section 4B to the Fourier expansion on the sphere. However, the dependence on the initial
data is significantly improved by virtue of the integrated local energy decay estimate Proposition 4.1; here
(see Section 4D.1) the results of Sections 4B and 4C are combined in order to replace the commutation
with the angular momentum operators by a commutation with the vector field @t only. The difficulty in
both constructions lies in overcoming the “trapping” obstruction, which is the insight that it is impossible
to prove an integrated local energy decay estimate on spacetime regions that contain the photon sphere
without losing derivatives (see [Dafermos and Rodnianski 2008]). In the context of the Schwarzschild
spacetime the need for vector fields whose associated currents give rise to positive definite spacetime
integrals was first recognized and used in [Blue and Soffer 2003; Dafermos and Rodnianski 2009b],
and such estimates have since then been extended by many authors [Marzuola et al. 2010; Alinhac
2009].

The p-hierarchy. In Section 5B we use a multiplier of the form rp@v� that gives rise to a weighted energy
inequality which we consequently exploit in a hierarchy of two steps; this approach — which yields
the corresponding quadratic decay rate in (1-9) — was pioneered in [Dafermos and Rodnianski 2010]
for a large class of spacetimes, including the .3C 1/-dimensional Schwarzschild and Kerr black hole
spacetimes. In Section 5C a further commutation with @v� is carried out, which allows us to extend the
hierarchy of commuted weighted energy inequalities to four steps, yielding the corresponding decay rate
for the first-order energy. The argument involves dealing with an (arbitrarily small) degeneracy of the
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first-order energy density at infinity which corresponds to the ı-loss in the decay estimate (1-10). In both
cases (iii) is ensured by the imposition of higher-order finite energy conditions on the initial data.

Interpolation. The pointwise decay of Theorem 2 then follows from Theorem 1 and the (refined) integrated
local energy decay estimates of Section 4D.2 by a simple interpolation argument given in Section 6.

Final comments. The currents in Sections 4B and 4C and the corresponding integrated local energy decay
result already appeared in [Schlue 2010]. Independently a version of integrated local energy decay was
subsequently obtained in [Laul and Metcalfe 2012]. In [Schlue 2010] there is also an alternative proof of
(1-9) of Theorem 1 using the conformal Morawetz vector field.

2. Global causal geometry of the higher-dimensional Schwarzschild solution

In this section, we give a discussion (in the spirit of Section 3 of [Christodoulou 1995]) of the global ge-
ometry of the .nC1/-dimensional Schwarzschild black hole spacetime [Tangherlini 1963], the underlying
manifold on which the wave equation is studied in this paper.

The .nC 1/-dimensional Schwarzschild spacetime manifold M :
DMn

m (n � 3, n 2 N, m > 0) is
spherically symmetric; i.e., SO.n/ acts by isometry. The group orbits are .n�1/-spheres, and the quotient
QDM=SO.n/ is a 2-dimensional Lorentzian manifold. The metric g on M assumes the form

g D
Q
g Cr D

Q
g Cr2̊n�1 (2-1)

where
Q
g is the Lorentzian metric on Q to be discussed below, ̊n�1 is the standard metric on Sn�1, and r

is the area radius (the area of the .n�1/-sphere at x 2Q is given by !nrn�1.x/, where !nD 2�
n
2 =�.n

2
/

is the area of the unit .n� 1/-sphere); or more precisely, in local coordinates xa W a D 1; 2 on Q, and
local coordinates yA W AD 1; : : : ; n� 1 on Sn�1,

g.x;y/ D gab.x/ dxa dxbC r2.x/
�
̊n�1

�
AB

dyA dyB :

The Schwarzschild spacetime is a solution of the vacuum Einstein equations, which in other words
means that its Ricci curvature vanishes identically. This implies in particular (see derivation in [Schlue
2012]) that the area radius function r satisfies the Hessian equations

ra@br D
.n� 2/

2r

�
1� .@cr/.@cr/

�
gab; (2-2)

as a result of which the mass function m on Q defined4 by

1�
2m

rn�2
D gab @ar @br (2-3)

is constant; see [ibid.]; we take this parameter m to be positive.
On Q we choose functions u, v whose level sets are outgoing and incoming null curves, respectively,

which are increasing towards the future. These functions define a null system of coordinates, in which the

4We choose the normalization of the mass function to be independent of the dimension n; this is motivated by a consideration
of the mass equations in the presence of matter; see [Schlue 2012].
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metric
Q
g takes the form

Q
g D��2 du dv: (2-4)

The Hessian equations (2-2) in null coordinates read

@2r

@u2
�
2

�

@�

@u

@r

@u
D 0; (2-5a)

@2r

@u @v
C
n� 2

r

@r

@u

@r

@v
D�

n� 2

4r
�2; (2-5b)

@2r

@v2
�
2

�

@�

@v

@r

@v
D 0; (2-5c)

and the defining equation for the mass function (2-3) is

1�
2m

rn�2
D�

4

�2
@r

@u

@r

@v
: (2-6)

The system (2-5b), (2-6) can be rewritten as the partial differential equation

@r�

@u@v
D 0 (2-7)

for a new radial function r�.r/ that is related to r by

dr�

dr
D

1

1� 2m
rn�2

: (2-8)

A solution of (2-7), (2-8) is given by5

r� D
1

.n� 2/

n�2
p
2m log juvj; (2-9)

or

juvj D e
.n�2/ r�

n�2p
2m D e

.n�2/ r
n�2p

2m exp
�Z

n� 2

xn�2� 1
dx
ˇ̌̌̌
xD r

n�2p
2m

�
:

We find more explicitly, by an elementary integration (see [Schlue 2012]), that

uv D

8̂̂̂<̂
ˆ̂:
e
r
2m

�
1�

r

2m

�
; nD 3;

e
2rp
2m

�
1� rp

2m

��
1C rp

2m

� ; nD 4;

(2-10)

5Here the representation in terms of null coordinates is such that r� D�1 is contained in the .u; v/ plane and the metric is
nondegenerate at r D n�2

p
2m.
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and

uv D e
.n�2/ r
n�2p

2m

�
1�

r
n�2
p
2m

� 8̂<̂
:
1; n odd;�
1C

r
n�2
p
2m

��1
; n even;

�

Œn�3
2
�Y

jD1

�
r2

.2m/
2
n�2

� 2 cos
�
2�j

n� 2

�
r

.2m/
1
n�2

C 1

�cos.2�j n�3
n�2

/

�

Œn�3
2
�Y

jD1

exp
�
2 sin

�
2�j

n� 3

n� 2

�
arctan

� r
n�2
p
2m
� cos

� 2�j
n�2

�
sin
� 2�j
n�2

� ��
; n� 5: (2-11)

Note in particular that the uD 0 and v D 0 lines are the constant r D n�2
p
2m curves, and that all other

curves of constant radius are hyperbolas in the .u; v/ plane — timelike for r > n�2
p
2m, spacelike for

r <
n�2
p
2m. This outlines the well-known global causal geometry of the Schwarzschild solution (see

Figure 2).

uD0

vD0

rD
n�2
p
2m

rD0

rD0

r >
n�2
p
2m

T� Wv<0

0<r <
n�2
p
2m

T Wu>0; v>0

R Wu<0; v>0

Figure 2. Global causal geometry of the Schwarzschild solution.
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It is easy to see [Schlue 2012] that for (2-9) the trapped region, the apparent horizon, the exterior, and
the antitrapped regions, respectively, are given by

T
:
D

�
.u; v/ 2Q W

@r

@u
< 0;

@r

@v
< 0

�
D
˚
.u; v/ 2Q W u > 0; v > 0

	
;

A
:
D

�
.u; v/ 2Q W

@r

@u
< 0;

@r

@v
D 0

�
D
˚
.u; v/ 2Q W uD 0; v > 0

	
;

R
:
D

�
.u; v/ 2Q W

@r

@u
< 0;

@r

@v
> 0

�
D
˚
.u; v/ 2Q W u < 0; v > 0

	
;

T�
:
D

�
.u; v/ 2Q W

@r

@u
> 0

�
D
˚
.u; v/ 2Q W v < 0

	
:

Note this forms a partition of Q D T[A[R[T�, and that in view of (2-6), r < n�2
p
2m in T,

r D
n�2
p
2m in A and r > n�2

p
2m in R. We shall refer to

D :
DRD

˚
.u; v/ 2Q W u� 0; v � 0

	
(2-12)

as the domain of outer communications.
Finally,

�2 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
:

4
.2m/3

r
e�

r
2m ; nD 3;�

2m

r

�2� r
p
2m
C 1

�2
e
� 2rp

2m ; nD 4;

�
2

n� 2

�2 .2m/ n
n�2

rn�2

8̂<̂
:
1; n odd;�

r
n�2
p
2m
C 1

�2
; n even;

�

Œn�3
2
�Y

jD1

�
r2

.2m/
2
n�2

� 2 cos
�
2�j

n� 2

�
r

n�2
p
2m
C 1

�1�cos.2�j n�3
n�2

/

�

Œn�3
2
�Y

jD1

exp
�
�2 sin

�
2�j

n� 3

n� 2

�
arctan

� r
n�2
p
2m
� cos

� 2�j
n�2

�
sin
� 2�j
n�2

� ��
e
�
.n�2/ r
n�2p

2m ; n� 5:

(2-13)

One may now also think of r as a function of u, v implicitly defined by (2-10) and (2-11). In R where
r >

n�2
p
2m (and v�u > juC vj), r may be complemented by

t D
2

n� 2

n�2
p
2m arctanh

�
uC v

v�u

�
I (2-14)

note

dt D
1

n� 2

n�2
p
2m

�
1

v
dv�

1

u
du
�

(2-15)

and we will denote by †t the corresponding level sets in D.
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We find in these coordinates the classic expression for the Schwarzschild metric in the exterior region:

g D�

�
1�

2m

rn�2

�
dt2C

�
1�

2m

rn�2

��1
dr2C r2̊n�1: (2-16)

In Regge–Wheeler coordinates .t; r�/, where r� is centered at the photon sphere r D n�2
p
nm:

r� D

Z r

.nm/
1
n�2

1

1� 2m

r 0n�2

dr 0; (2-17)

the metric obviously takes the conformally flat form

g D

�
1�

2m

rn�2

��
� dt2C dr�2

�
C r2̊n�1: (2-18)

We shall also use the Eddington–Finkelstein coordinates

u� D 1
2
.t � r�/; v� D 1

2
.t C r�/; (2-19)

which are again double null coordinates:

g D�4

�
1�

2m

rn�2

�
du� dv�C r2̊n�1: (2-20)

The two systems of null coordinates in R are related by

uD�e
�
.n�2/u�

n�2p
2m ; v D e

.n�2/v�

n�2p
2m : (2-21)

3. The redshift effect

In this section we prove a manifestation of the local redshift effect in the Schwarzschild geometry of
Section 2 in the framework of multiplier vector fields.

Proposition 3.1 (local redshift effect). Let � be a solution of the wave equation (1-1). Then there exists a
't -invariant future-directed timelike smooth vector field N on D, two radii n�2

p
2m < r

.N/
0 < r

.N/
1 , and a

constant b > 0 such that

KN .�/� b
�
JN .�/;N

� �
n�2
p
2m� r < r

.N/
0

�
(3-1)

and N D T (r � r.N/1 ).

The vector field N will be constructed explicitly with the following vector fields.

T -vector field. Here 't is the 1-parameter group of diffeomorphisms generated by the vector field

T D
1

2

n� 2
n�2
p
2m

�
v
@

@v
�u

@

@u

�
I (3-2)

note that in R, where r > n�2
p
2m (recall (2-15)),

T D
@

@t
:
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T is a Killing vector field:
.T /� D 0; (3-3)

which is timelike in the exterior, spacelike in the interior of the black hole and null on the horizon:

g.T; T /D
1

4

.n� 2/2

.2m/
2
n�2

uv �2 D�

�
1�

2m

rn�2

�8<:
< 0; r >

n�2
p
2m;

D 0; r D
n�2
p
2m;

> 0; r <
n�2
p
2m:

(3-4)

In particular,

T jHC D
1

2

n� 2
n�2
p
2m

v
@

@v
; T jHC\H� D 0: (3-5)

Y -vector field. Let us also define a vector field Y on HC conjugate to T :

Y jHC D�
2

@r
@u

@

@u
: (3-6)

Indeed,

g.T; Y /jHC D�2 (3-7)

because

�2
ˇ̌
HC D�4

n�2
p
2m

n� 2

1

v

@r

@u
:

Furthermore, as a consequence of (2-5b),

@2r

@u @v

ˇ̌̌̌
HC
D�

n� 2

4r
�2
ˇ̌̌̌
HC
D
1

v

@r

@u

ˇ̌̌̌
HC
;

and we have

ŒT; Y �jHC D ŒT; Y �
u @

@u

ˇ̌̌̌
HC
C ŒT; Y �v

@

@v

ˇ̌̌̌
HC
D

n� 2
n�2
p
2m

1

@r
@u

�
v
1

@r
@u

@2r

@u @v
� 1

�
@

@u

ˇ̌̌̌
HC
D 0: (3-8)

EA-vector fields. We denote by EA W AD 1; : : : ; n� 1 an orthonormal frame field tangential to the orbits
of the spherical isometry:

g.EA; EB/D ıAB D

�
1; AD B;

0; A¤ B;
(3-9a)

g.EA; Y /jHC D 0; g.EA; T /D 0jHC .AD 1; : : : ; n� 1/: (3-9b)

We can now state that the surface gravity of the event horizon is positive; this is essential for the
existence of the redshift effect (see more generally [Dafermos and Rodnianski 2008] and also [Aretakis
2011] for work where this is not the case).

Lemma 3.2 (surface gravity). On HC,

rT T D �nT (3-10)
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with

�n D
1

2

n� 2
n�2
p
2m

> 0: (3-11)

We call �n the surface gravity.

Note. T D �n.v @@v �u
@
@u
/.

Alternatively, �n is characterized by

rT Y D��nY (3-12)

on HC. Clearly
g.rT Y; Y /D

1
2
T �g.Y; Y /D 0

since Y is null along HC, and

g.rT Y; T /
(3-8)
D g.rY T; T /

(3-3)
D �g.rT T; Y /D 2�nI

also
g.rT Y;EA/

(3-8)
D g.rY T;EA/

(3-3)
D �g.rEAT; Y /D 0 for AD 1; : : : ; n� 1;

because rEAT D 0. Note, for later use, on HC,

rEAY D�
2

n�2
p
2m

EA: (3-13)

We defined Y on HC conjugate to T , g.T; Y /jHC D�2. Next we extend Y to a neighborhood of the
horizon by

rY Y D��.Y CT /

�
� >

16

n� 2
.2m/

3
n�2

�
(3-14)

and then we extend Y to R by Lie-transport along the integral curves of T :

ŒT; Y �D 0: (3-15)

Proposition 3.3 (redshift). For the future-directed timelike vector field

N D T CY (3-16)

there is a b > 0 such that on HC

KN � b .JN ; N /: (3-17)

Proof. Let us calculate

KY D .Y /���T��

D
1

4

n
.Y /�.T; T / T .Y; Y /C 2.Y /�.T; Y / T .Y; T /C .Y /�.Y; Y / T .T; T /

o
�

n�1X
AD1

n
.Y /�.EA; Y / T .EA; T /C

.Y /�.EA; T / T .EA; Y /
o
C

n�1X
A;BD1

.Y /�.EA; EB/ T .EA; EB/:
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Now, on one hand, on HC,

.Y /�.T; T /D 2�n;
.Y /�.T; Y /D �; .Y /�.Y; Y /D 2�;

.Y /�.EA; Y /D 0;
.Y /�.EA; T /D 0;

.Y /�.EA; EB/D�
2

n�2
p
2m

ıAB :

Thus

KY D 1
2
�n T .Y; Y /C

1
2
� T .Y CT; T /�

2
n�2
p
2m

n�1X
AD1

T .EA; EA/:

On the other hand, on HC,

T .Y; Y /D

�
2

@r
@u

@�

@u

�2
; T .Y; T /D

ˇ̌
r= �

ˇ̌2
r2̊n�1

; T .T; T /D

�
�nv

@�

@v

�2
;

and, on HC,

T .EA; EB/D .EA � �/.EB � �/�
1
2
.2m/

2
n�2 ıAB

ˇ̌
r= �

ˇ̌
r2̊n�1

�
1
2
.n� 2/.2m/

1
n�2

v

@r
@u

ıAB

�
@�

@u

��
@�

@v

�
:

Using Cauchy’s inequality, on HC,

�
2

n�2
p
2m

n�1X
AD1

T .EA; EA/D .n� 3/.2m/
1
n�2

ˇ̌
r= �

ˇ̌2
r2̊n�1

C .n� 2/.n� 1/
v

@r
@u

�
@�

@u

��
@�

@v

�
� .n� 3/.2m/

1
n�2T .Y; T /� 1

4
�nT .Y; Y /�

1

�n

2.n� 1/

.n� 2/
.2m/

2
n�2 T .T; T /

� �
1
4
�nT .Y; Y /�

n� 1

�2n
.2m/

1
n�2T .T; T /:

Since we have chosen � > 2n�1
�2n
.2m/

1
n�2 , KY has a sign,

KY � 1
4
�n T .Y; Y /C �

0 T .Y CT; T /

for 0 < � 0 < �
2
�
n�1

�2n
.2m/

1
n�2 , or

KY � b T .Y CT; Y CT /

for 0 < b <minf�n
4
; �
0

2
g. This yields the result

KN DKY � b T .N;N /D b .JN ; N /: �

Finally, we find an explicit expression for Y . Consider the vector field

OY D�
2

@r
@u

@

@u
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on R[A formally defined by the expression for Y on HC. In R

OY D
2

1� 2m
rn�2

@

@u�
:

OY generates geodesics, this being a consequence of the Hessian equations (2-5a),

r OY
OY D

�
2

@r
@u

�2�
�
1

@r
@u

@2r

@u2
C
2

�

@�

@u

�
@

@u
D 0;

and is Lie-transported by T :

ŒT; OY �D
2�
@r
@u

�2��T; @@u
�
� r

�
@

@u
�
2

@r
@u

�
T;

@

@u

�
D��n OY C �n OY D 0

because ŒT; @
@u
�D �n

@
@u

. Y as constructed above coincides with

Y D ˛.r/ OY Cˇ.r/T (3-18)

where

˛.r/D 1C
�

4�n

�
1�

2m

rn�2

�
; ˇ.r/D

�

4�n

�
1�

2m

rn�2

�
:

Indeed, on HC,

Y jHC D OY jHC D�
2

@r
@u

@

@u

ˇ̌̌̌
HC

and

rY Y
ˇ̌
HC Dr OY Y

ˇ̌
HC D .

OY �˛/ OY
ˇ̌
HC Cr OY

OY
ˇ̌
HC C .

OY �ˇ/T
ˇ̌
HC D�� .Y CT /

ˇ̌
HC

since
OY �˛

ˇ̌
HC D

�

4�n
.n� 2/

2m

rn�1
OY � r

ˇ̌̌̌
HC
D��; OY �ˇ

ˇ̌
HC D��

and Y remains Lie-transported by T :

ŒT; Y �D .T �˛/ OY C .T �ˇ/T C˛ ŒT; OY �Cˇ ŒT; T �D 0

since

T �˛ D 0D T �ˇ:

Thus the vector field Y is given explicitly by

Y D

8̂̂̂<̂
ˆ̂:
�
2

@r
@u

@

@u
on HC;�

1C
�

4�n

�
1�

2m

rn�2

��
2

1� 2m
rn�2

@

@u�
C

�

4�n

�
1�

2m

rn�2

�
@

@t
in R:

(3-19)
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Clearly, by continuity, we can choose two values n�2
p
2m < r

.N/
0 < r

.N/
1 <1 and set

N D

(
T CY;

n�2
p
2m� r � r

.N/
0 ;

T; r � r
.N/
1 ;

with a smooth 't -invariant transition of the timelike vector field N in r.N/0 � r � r
.N/
1 , such that (3-17)

extends to the neighborhood n�2
p
2m < r < r

.N/
0 of the event horizon.

Remark 3.4. For a geometric interpretation of Proposition 3.3 see [Schlue 2012] and also [Dafermos
and Rodnianski 2008].

4. Integrated local energy decay

In this section we prove several integrated local energy decay statements, i.e., estimates on the energy
density of solutions to (1-1) integrated on (bounded) space-time regions; this in an essential ingredient
for the decay mechanism employed in Section 5.

Let Rr0;r1.t0; t1; u�1; v�1 / be the region composed of a trapezoid and characteristic rectangles as follows
(see Figure 3):

Rr0;r1.t0; t1; u�1; v�1 /
:
D
˚
.t; r/ W t0 � t � t1; r0 � r � r1

	
[
˚
.t; r/ W r � r0;

1
2
.t � r�/� u�1; t0C r

�
0 � t C r

�
� t1C r

�
0

	
[
˚
.t; r/ W r � r1;

1
2
.t C r�/� v�1 ; t0� r

�
1 � t � r

�
� t1� r

�
1

	
: (4-1)

We define
R1r0;r1.t0/

:
D

[
t1�t0

[
u�1�

1
2
.t1�r

�
0 /

[
v�1�

1
2
.t1Cr

�
1 /

R.t0; t1; u�1; v�1 / (4-2)

and denote its past boundary by

†�0
:
D @�R1r0;r1.t0/; �0 D

1
2
.t0� r

�
1 /: (4-3)

t0

r0 r1

t1

u�1 v�1

Figure 3. The region Rr0;r1.t0; t1; u�1; v�1 /.
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We shall first state the central estimate.

Proposition 4.1 (integrated local energy decay estimate). There exist .2m/
1
n�2 < r0 < r1 <1 and a

constant C.n;m/ depending only on the dimension n and the mass m, such that for any given solution �
of the wave equation �g� D 0,Z
R1r0;r1 .t0/

�
1

rn

�
@�

@r�

�2
C

1

rnC1

�
@�

@t

�2
C
1

r3

�
1�

2m

rn�2

�ˇ̌
r= �

ˇ̌2
r2̊n�1

�
d�g

� C.n;m/

Z
†�0

�
J T .�/CJ T .T � �/; n

�
(4-4)

for all t0 � 0, where �0 D 1
2
.t0� r

�
1 /.

The degeneracy at infinity can in fact be improved:

Proposition 4.2 (improved integrated local energy decay estimate). Let � be a solution of the wave
equation �g� D 0. Then there exists a constant C.n;m; ı/ for each 0 < ı < 1 such thatZ
R1r0;r1 .t0/

�
1

r1Cı

�
@�

@r�

�2
C

1

r1Cı

�
@�

@t

�2
C
1

r

�
1�

2m

rn�2

�ˇ̌
r= �

ˇ̌2
r2̊n�1

�
d�g

� C.n;m; ı/

Z
†�0

�
J T .�/CJ T .T � �/; n

�
(4-5)

for any t0 � 0, where r0 < r1 are as above, and �0 D 1
2
.t0� r

�
1 /.

As a consequence of the redshift effect of Section 3 and the uniform boundedness of the nondegenerate
energy (which is proven independently in Section 5A), we can infer in a more geometric formulation:

Corollary 4.3 (nondegenerate integrated local energy decay). Let � be a solution of (1-1). Then for any
R >

n�2
p
2m there exists a constant C.n;m;R/ such thatZ �

� 0
d�
Z
†0
�

�
JN .�/; n

�
� C.n;m;R/

Z
†�0

�
JN .�/CJ T .T � �/; n

�
; (4-6)

for all � 0 < � , where †0�
:
D†� \fr �Rg.

Proof. Let
R0.� 0; �/ :D J�.†0� /\ JC.†� 0/:

In R0.� 0; �/\fr < r .N/0 g we have by Proposition 3.1�
JN .�/; n

�
�
1

b
KN .�/;

and in R0.� 0; �/\ fr � r.N/1 g trivially .JN .�/; n/ � .J T .�/; n/. Therefore using the energy identity
for N on R0.� 0; �/ the estimate (4-6) follows from Proposition 5.2 and Proposition 4.1. �

In the above, no control is obtained on a spacetime integral of �2 itself; however, all that is needed for
the decay argument of Section 5 is an estimate for the integral of �2 on timelike boundaries.
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Proposition 4.4 (zeroth-order terms on timelike boundaries). Let � be solution of the wave equation
(1-1), and R > n�2

p
8nm. Then there is a constant C.n;m;R/ such that, for all � 0 < � ,Z 2�CR�

2� 0CR�
dt
Z

Sn�1
d�̊n�1 �

2
ˇ̌
rDR

� C.n;m;R/

Z 2�CR�

2� 0CR�
dt
Z

Sn�1
d�̊n�1

��
@�

@r�

�2
C
ˇ̌
r= �

ˇ̌2 �̌̌̌̌
rDR

CC.n;m;R/

Z
†�0

�
J T .�/; n

�
: (4-7)

The central result of Proposition 4.1 combines results for two different regimes, that of high angular
frequencies and that of low angular frequencies. First we will use radial multiplier vector fields to
construct positive definite currents to deal with the former regime, and then a more general current using
a commutation with angular momentum operators for the latter.

Remark 4.5. The specific parametrization (4-3) has technical advantages, but †� can in principle be
replaced by a foliation of strictly spacelike hypersurfaces terminating at future null infinity and crossing
the event horizon to the future of the bifurcation sphere.

4A. Radial multiplier vector fields. A radial multiplier is a vector field of the form

X D f .r�/
@

@r�
: (4-8)

We would like the associated current to be positive; however we find in general, as it is shown below:

KX D
f 0

1� 2m
rn�2

�
@�

@r�

�2
C
f

r

�
1�

nm

rn�2

�ˇ̌
r= �

ˇ̌2
r2̊n�1

�
1

2

�
f 0C.n�1/

f

r

�
1�

2m

rn�2

��
@˛� @˛�: (4-9)

Note. The prefactor to the angular derivatives vanishes at the photon sphere at r D n�2
p
nm.

Calculation of the deformation tensor .X/� . It is convenient to work in Eddington–Finkelstein coordinates:

X D
1

2
f .r�/

@

@v�
�
1

2
f .r�/

@

@u�
: (4-10)

We then obtain for the components of the deformation tensor:

.X/�u�u� D

�
1�

2m

rn�2

�
f 0; .X/�v�v� D

�
1�

2m

rn�2

�
f 0;

.X/�u�v� D�

�
1�

2m

rn�2

��
f 0C .n� 2/

2m

rn�1
f

�
; (4-11)

.X/�aA D 0;
.X/�AB D f r

�
1�

2m

rn�2

��
̊n�1

�
AB
:

The formula (4-9) for KX is now obtained by writing out (see also Appendix B)

KX D .X/�˛ˇ T˛ˇ
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and rearranging the terms so as to complete
� @�
@u�

�2
C
� @�
@v�

�2 to
� @�
@r�

�2. This rearrangement is also related
to the following modification of currents; for observe that, if �� D 0,

�.�2/D 2.@˛�/.@˛�/: (4-12)

First modified current. With the notation

JX;0� D T��X
� ; (4-13)

define the first modified current by

JX;1� DJX;0� C
1

4

�
f 0C.n�1/

f

r

�
1�

2m

rn�2

��
@�.�

2/�
1

4
@�

�
f 0C.n�1/

f

r

�
1�

2m

rn�2

��
�2: (4-14)

Consequently the divergences are

KX;0Dr�JX;0� DKX ; (4-15)

KX;1Dr�JX;1� DKXC
1

4

�
f 0C.n�1/

f

r

�
1�

2m

rn�2

��
�.�2/� 1

4
�
�
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Since, for any function w,

�.w/D .g�1/��r�@�w D�
1

1� 2m
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@u�@v�w�
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@u�w� @v�w

�
C4= r2̊n�1w; (4-17)

a straightforward calculation for
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shows
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Thus we finally obtain
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Applications of the first modified current. The proofs of Proposition 4.2 and Proposition 4.4 are applications
of this formula, as it appears in the energy identity for JX;1 on RD�2�1 ; see Appendix B.
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Proof of Proposition 4.4. Choose f D 1 identically. Then
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�2: (4-21)

Since precisely
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we deduce from the energy identity for J
@
@r�

;1 in RD�� 0 thatZ R�C2�
R�C2� 0
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Z

Sn�1
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where we have used Proposition C.1 for the boundary terms on @RD�� 0 n fr DRg; note that

.n� 3/Cn
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: �

Proof of Proposition 4.2. On one hand we need f 0 DO
�

1
r1Cı

�
in view of (4-20), while on the other we

already know from the proof of Proposition 4.4 that f D 1 generates a positive bulk term for r large
enough. We choose

f D 1�

�
R

r

�ı
(4-24)

(where R > n�2
p
2m is chosen suitably in the last step of the proof) and indeed find
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for r � R1 > R, R1 D R1.n;m/ >
n�2
p
2m chosen large enough. This gives control on @�

@r�
and the

angular derivatives:Z
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Here and in the following, �2>�1> 1
2
.t0�R
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we use the auxiliary current (see also Appendix C)
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Note that for r �R1 in particular
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Therefore, by the energy identity for JX;1 and J aux on RD�2�1 ,Z
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Our earlier (4-23) derived from the current J
@
@r�

;1 now allows us to control the @�
@v�

, @�
@u�

derivatives
and �2 on the r DR boundary together with the �2 term in the region R � r �R1 in one step:Z
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With t0 fixed, we can now choose R by Proposition 4.1 such thatZ
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While it is possible to find simple functions f � 0 to ensure the positivity of KX;1 asymptotically, this
is not the case in the entire domain of outer communications; the difficulty is the indefinite sign of (4-20)
at the photon sphere r D n�2

p
nm, which is a manifestation of the trapping effect.

In the following our strategy will be to prove nonnegativity of KX;1 not pointwise but by using
Poincaré inequalities after integration over the spheres (the group orbits of SO.n/). This is achieved
in two alternative constructions: in Section 4B with a decomposition into spherical harmonics, and in
Section 4C by a commutation with angular momentum operators.

4B. High angular frequencies. Here we construct a positive definite current for the projection of so-
lutions to the wave equation to eigenspaces corresponding to high angular frequencies in the spherical
decomposition. Since by Poincaré’s inequality the second term in (4-20) then becomes comparable to the
zeroth-order terms, the idea is to choose f such that this term dominates. We evidently need

f .r�/

8<:
< 0; r < n�2

p
nm;

D 0; r D n�2
p
nm;

> 0; r > n�2
p
nm;
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and since f should also be bounded one may guess that

f .r�/D arctan
�
.n� 1/ r�

n�2
p
nm

�
is a good choice; however, while it can ensure positivity at the photon sphere, it fails to do so near the
horizon and in the asymptotics. After briefly recalling the spherical decomposition, we will give a more
refined construction of f , nonetheless guided by the overall characteristics of this function.

Fourier expansion on the sphere Sn�1. We recall the Fourier expansion on the sphere Sn�1:

� D
X
l�0

�l�; � 2 L2.Sn�1/; (4-26)

where �l denotes the orthogonal projection of L2.Sn�1/ onto El (see below):

4̊= n�1�l� D�l.l Cn� 2/�l�: (4-27)

In other words, denoting by El � L2.Sn�1/, l � 0, the eigenspaces of
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El :

If we assume �l� D 0 (0� l < L) for some L> 0, then it is easy to show (see, e.g., [Schlue 2012]) that
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Z
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d�r I

this is a well known Poincaré-type inequality on the sphere:

Lemma 4.6 (Poincaré inequality). Let � 2 H1.Sr/, Sr D .Sn�1; r2̊n�1/, have vanishing projection
to El , 0� l < L, for some L 2 N; i.e.,

�l� D 0 .0� l < L/:

Then Z
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Construction of the multiplier function for high angular frequencies. The idea is to prescribe the third
derivative of f and to find its second and first derivatives by integration with boundary values and
parameters that ensure that f remains bounded. Let

˛ D
n� 1

.nm/
1
n�2

(4-28)
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and  � 2,  2 N. Consider
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Note that b;˛ is chosen so that Z 1
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�/ dr� D 0: (4-31)
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The functions f II
;˛ and f III

;˛ are sketched in Figure 4.
Next define
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and f I
;˛.r

�/D f I
;˛.�r

�/, as sketched in Figure 5.
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Figure 4. Sketch of the functions f II
;˛ and f III

;˛ , and the adjusted functions (dot-dashed)
for r� � 0.
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Figure 5. Sketch of the functions f I
;˛ and f 0;˛ , and the adjusted functions (dot-dashed)

for r� � 0.
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Finally define
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Moreover the calculus yields
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The function f 0;˛ is sketched in Figure 5. While this function would suffice in the region r� � � 1
˛

it
does not fall-off fast enough as r�!�1.

Lemma 4.7. With r� defined by (2-17) we have, for all n� 3,
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Proof. See Appendix B. �

Next we will make an adjustment to f III on r� � 0 that introduces faster decay while keeping the area
under the graph of f III and f II fixed [Schlue 2012]. In other words, there are constants
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The adjusted functions in comparison to the old are also sketched in Figures 4 and 5. Note in particular
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that, for r� � 0,

f II.r�/�
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˛
; (4-41)
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Remark 4.8. In order to deal with smooth functions one could use (e.g., at the level of second derivatives)
a convolution with a Gaussian on the scale given by ˛ (or finer); i.e., one could define

f 00;˛.r
�/D

˛
p
�

Z 1
�1

e�.˛/
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;˛ by differentiation, and f 0;˛ and f;˛ by integration with the boundary values

f 0;˛.�1/ D 0, f;˛.0/ D 0 as above. However, we choose not to do so (as it does not give further
insight) and work directly with the step-functions, i.e., define

f 00;˛ D f
III
;˛:

We are now in the position to prove a nonnegativity property of the terms occurring in (4-20), which
we will denote by 0KX;1:
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Proposition 4.9 (positivity of the current JX;˛;1). For n� 3,
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We consider the five regions

�1< �
4

˛
< �

1

˛
<

1

˛
< b;˛ <1:

The proofs of the following four lemmas are omitted here; see [Schlue 2012].

Step 1 (near the photon sphere, jr�j< 1
˛

).
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Step 2 (in the intermediate region, 1
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Step 3 (in the asymptotics, r� � b;˛). Given the general fact Proposition B.1 we here only need the
weaker statement:
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where in the third bound we have again used L� .6n/2 and the lemma.

Step 4 (in the intermediate region, � 4
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because L� .6n/2.

Step 5 (near the horizon, r� ��b). Finally we see for r� ��b, recalling the adjustment to faster fall-off,Z
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where we have used that here
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Corollary 4.14. Let � be a solution of the wave equation �g� D 0 satisfying
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Then, by the mean value theorem,Z r
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Second, for r� � 0,
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Since, thirdly,
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r
� 1;

we have established (�) for the regions r� � �b, r� � b;˛, �b � r� � b;˛, respectively. �

Remark 4.15. This estimate of the zeroth-order term �2 suffices to obtain an estimate for all derivatives
using a commutation with the vector field T ; see the proof of Proposition 4.1 in Section 4D.1.

4C. Low angular frequencies and commutation. While the current constructed in Section 4B required a
decomposition into spherical harmonics, we will now altogether avoid a recourse to the Fourier expansion
on the sphere. The key to the positivity property was Poincaré’s inequality, which states in more generality:

Lemma 4.16 (Poincaré inequality). Let .S; / be a compact Riemannian manifold, and � 2 H1.S/ a
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where �1.S/ is the first nonzero eigenvalue of the negative Laplacian, �4= D�r= ar= a, on S (r= denotes
covariant differentiation on S).

Now let .S; /D .Sn�1; ̊n�1/. Then we read off from (4-27) here

�1.S
n�1/D n� 1: (4-46)
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Choose a basis of the Lie algebra of SO.n/,
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and will be shown to have the property that its divergence
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is nonnegative upon integration over the spheres.
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Differentiating twice yields
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0
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�
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��
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r2
:

Since, for n� 3,

2.n� 1/2
2

n
�n�

1

2

2.n� 1/2

2.n� 1/2�n�
p
n2C 4.n� 1/2.n� 3/

�
.n� 3/C 2�

�
2
n� 1

n

�2 �
� 1;

1�
2.2n� 3/.n� 1/

n

2

n
� �1;

we finally obtain in this region

d2H
dr2
�
.n� 1/.n� 2/

2r

1

�� 1
.f b/

0
> 0:

Step 1c (in the intermediate region, n
2
� � � ��). We show MH D MH.�/ is convex on n

2
� � � �� for

r�.�D ��/� ˛. We have

d2 MH
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D
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4.n� 2/2
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�
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�
.f b/

00
:
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Since, for � � n
2

and n� 3,

3.n�3/�.��1/C6�C.n�1/.n�5/�n
2n� 1

n� 1
C3.n�1/

1

�
� 1 and .n�3/�2Cn��.n�1/2 � 0;

we have
d2 MH
d�2
�
.n� 1/2

4.n� 2/2
2mr2

.�� 1/2
.f b/

0
> 0;

because .f b/� 0 for r� � 0, and .f b/
00
� 0 for x � 0.

Step 1d (in the asymptotics, � � ��). We show directly H.r/ > 0 for r� � R� :D r�.� D ��/ and ��

chosen large enough. Let r� �R�, R� � ˛. Then

f b �

Z R�

0

.f b/
0
dr� D

1

˛

Z R��˛�
p
˛

˛

�

�
1C 1p

˛

� 1

1C t�2
dt� �

R�

5˛2
(4-71)

provided ˛ � 1, and of course

f b �
1

˛
arctan t�

ˇ̌̌̌0
�

�
1C 1p

˛

� � �

2˛
:

Thus

H D
.n� 1/.n� 3/

4
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�
.n� 1/n

4
f b �

C

˛22m

1
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�
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4
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1

r
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�2
�
1

˛2

�
.n� 1/n

4

R�

5
�
C

2m

1

r

�
2m

rn�2
�
.n� 1/3

4

�

2˛

�
2m

rn�2

�2
> 0

for R� (and consequently ˛) chosen large enough.

Step 2: (4-72). Since
�
1� nm

rn�2

�
f b � 0 and F � 0 for jxj � ˛, we need to show

.n� 1/.f b/

�
1�

nm

rn�2

�
CF r3 � 0 (4-72)

for
�˛ � x � ˛()

p
˛ � r� �

p
˛C 2˛:

In this whole region, in view of Proposition B.1,

lim
˛!1

r�

r
D 1; lim

˛!1

�
1�

2m

rn�2

�
D lim
˛!1

�
1�

nm

rn�2

�
D 1:

n� 4: Since

f b.r�/�

Z r�

p
˛

1

˛2C x2
dr� �

xC˛

2˛2
; (4-73)

it suffices to show

.n� 1/
xC˛

2˛2
C
1

2

x2�˛2

.x2C˛2/3
r3 � 0; (4-74)
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which is implied by
˛� x

n� 1

.xC˛C
p
˛/3

.x2C˛2/2
� 1: (4-75)

For �˛ � x � 0,

.xC˛C
p
˛/3 � ˛3

�
1C

1
p
˛

�3
�
4

3
˛3

for ˛ large enough; thus

˛� x

n� 1

.xC˛C
p
˛/3

.x2C˛2/2
�

1

n� 1

2˛

˛4
4

3
˛3 �

8

9
: (4-76)

For 0� x � ˛, we have to show
˛

n� 1

.xC˛C
p
˛/3

.x2C˛2/2
� 1:

Since

.xC˛C
p
˛/3 � 2

3
2

�
1C

1
p
˛

�3
.x2C˛2/

3
2 ;

we have, for ˛ large enough,

˛

n� 1

.xC˛C
p
˛/3

.x2C˛2/2
�

˛

n� 1

2
3
2

�
1C 1p

˛

�3
.x2C˛2/

1
2

�
2
3
2

3

�
1C

1
p
˛

�3
< 1: (4-77)

nD 3: We see that (4-76) and (4-77) fail in the case nD 3, as a consequence of which also (4-75) fails
to hold. In the case nD 3, we have to use a better approximation of (4-73); see [Dafermos and Rodnianski
2007] for details. Note also that in view of (4-75), the positivity property (4-72) is “easily” satisfied for
large values of n, which indicates that there may be yet another simplified proof in higher dimensions. �

Given the strict inequalities proven in Step 2 of the proof of Proposition 4.17, for ˛ chosen large
enough, we can keep a fraction of the manifestly nonnegative jr=�i�j2 term in (4-67). Furthermore we
have obtained control on the jr= �j2 term from (4-69).

Corollary 4.18. Let � 2 H2.S/ be a solution of the wave equation (1-1). Then there exists a constant
C.n;m/ and a current K such thatZ
S

�
1

rn

�
@�

@r�

�2
C

1

rnC1

�
@�

@t

�2
Cr

�
1�

nm
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�2̌ˇr= 2� ˇ̌2
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C
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.1� 2m
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/.1Cr�2/2

ˇ̌
r= �

ˇ̌2
r2̊n�1

�
d�

� C.n;m/

Z
S

K d� : (4-78)

Proof. Set K DK.˛/CKaux and choose ˛ large enough.
Here we retrieve the time derivatives with the auxiliary current

Kaux
Dr

�J aux
� I J aux

D JX
aux;0
I X aux

D f aux @

@r�
;
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where f aux D� 1
rn

satisfies

.f aux/0C .n� 1/
f aux

r

�
1�

2m

rn�2

�
D

1

rnC1

�
1�

2m

rn�2

�
I

for, in view of (4-9),
1

rnC1

�
@�

@t

�2
� 2Kaux

C 3
1

rnC1

ˇ̌
r= �

ˇ̌2
r2̊n�1

: �

4D. Boundary terms. In this section we first prove Proposition 4.1 and then a refinement thereof for
finite regions, which requires us to estimate the boundary terms of the currents introduced in Sections 4B
and 4C.

4D.1. Proof of Proposition 4.1. We can now combine our earlier results Corollary 4.14 and Corollary 4.18
to prove the integrated local energy decay estimate (4-4); note that there is no restriction on the spherical
harmonic number, and that no commutation with angular momentum operators is required.

Proof of Proposition 4.1. Write
� D �<L�C��L� (4-79)

with

�<L D

L�1X
lD0

�l�; ��L D

1X
lDL

�l�; (4-80)

where LD .6n/2 is fixed (recall here  D 12 from Section 4B).

Step 1 (high spherical harmonics). By Corollary 4.14,Z
R.t0;t1;u�1 ;v

�
1 /

1
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8

.2m/
3
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r3
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��L�/

2
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Z
R.t0;t1;u�1 ;v

�
1 /

KX;˛;1.��L�/: (4-81)

It remains to estimate the boundary terms of the current JX;˛;1, and to use this estimate to recover all
derivatives using a commutation with the Killing vector field T .

Step 1a (boundary terms). We may assume jr�0;1j �
4
˛

, r0;1 entering the definition (4-3). Recalling the
properties of f;˛ away from the photon sphere, we findˇ̌̌̌�
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and, by Lemma 4.6, Z
Sr
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which suffices in view of the properties of f;˛ , in particular that there is a constant r2jf;˛ 0j � C.n;m/.
For the boundary termZ
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we find (using the boundedness of � on the horizon; see Section 5A) in the limit u�1 !1 a constant
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Sn�1

ˇ̌̌̌�
JX˛;1.��L�/;

@

@v�

�ˇ̌̌̌
rn�1 d�̊n�1

ˇ̌̌
u�D1

� C.n;m/

Z
Sn�1

�
JT.��L�/;

@

@v�

�
rn�1 d�̊n�1

ˇ̌̌
u�D1

:

We conclude that there is a constant C.n;m/ such thatZ
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Step 1b (commutation with T ). Since
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This is enough to control the remaining derivatives, too; for the auxiliary current (C-10) yields
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Using Cauchy’s inequality for the first term, namely
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we obtain the bound
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ThereforeZ
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The boundary terms are controlled using Proposition C.8:Z
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Step 2 (low spherical harmonics). Now recall the J .˛/ current (4-65); we will show in a first step thatZ
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Then in particular, by Corollary 4.18,
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Step 2a (boundary terms). The energy identity for J .˛/ on the domain (4-1) implies, more explicitly,Z
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du� d�̊n�1

C

Z r�1

r�0

Z
Sn�1

ˇ̌
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J .˛/;

@
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2
.t0�r

�
1 /

dv� d�̊n�1 :

For the boundary integrals on the t -constant hypersurfaces, we will use (ii) of the following lemma.

Lemma 4.19 (boundary terms of J .˛/ current on t -constant hypersurfaces). On each N†t ,

(i) there exists a constant C.n;m; ˛/ such thatZ
R

ˇ̌
.J .˛/; T /

ˇ̌
rn�1 dr� � C.n;m; ˛/

Z
R

�
J T .�/C

n.n�1/
2X
iD1

J T .�i�/; T

�
rn�1 dr�I

(ii) for r � r0 there exists a constant C.n;m; ˛; r0/ such that
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j.J .˛/; T /j � C.n;m; ˛; r0/

�
J T .�/C

n.n�1/
2X
iD1

J T .�i�/; T

�
:

Proof. Using the definition (4-65),

.J .˛/; T /

D f a
�
@�

@t

��
@�

@r�

�
C
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C
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�
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0
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r

�
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2m
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D 0

and g.T; @
@r�
/D 0. By Cauchy’s inequality,

ˇ̌
.J .˛/; T /

ˇ̌
�
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˛2rn�1

�
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�
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�2
C
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�
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C

n.n�1/
2X
iD1

�
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�
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�
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C
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4
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�
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�
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1
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�
�i�

�2
C

�
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;

which proves (ii) in view of

�
J T .�/; T

�
D
1

2

�
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�2
C
1
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�
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@r�

�2
C
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�
1�

2m
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�
jr= �j2I

here we have also used

f b D

Z r�

0

1

˛2C .t��˛�
p
˛/2

dt� D
1

˛
arctan x

ˇ̌̌̌ r��˛�p˛
˛

�˛�
p
˛

˛

�
�

˛
.r� � 0/:

To establish (i) it is enough to infer

Z 1
�1

r

˛2C x2
jr= �j2 rn�1 dr� D

n.n�1/
2X
iD1

Z 1
�1

rn�2

˛2C x2

�
�i�

�2 dr� � C
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Z 1
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�
@�i�
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�2
rn�1 dr�

� C

n.n�1/
2X
iD1

Z 1
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�
J T .�i�/; T

�
rn�1 dr�I

this is a standard Hardy inequality; cf. proof of Proposition 10.2 in [Dafermos and Rodnianski 2009b]. �

The following lemma will be applied to the boundary terms of the J .˛/-current on the null hypersurfaces
in the region r � r0.
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Lemma 4.20 (boundary terms of the J .˛/ current on null hypersurfaces). (i) On any segment of the
outgoing null hypersurface u� D u�1 � 0,

ˇ̌̌̌�
J .˛/;

@

@v�

�ˇ̌̌̌
� C.n;m; ˛/

�
J T .�/C

n.n�1/
2X
iD1

J T .�i�/;
@

@v�

�
C �.u�1/

�
JN .�/;

@

@v�

�
;

where C.n;m; ˛/ is a constant, and �.u�1/! 0 as u�1!1.

(ii) Let v�0 � 1, and u�0.v
�/ such that r.u�0.v

�/; v�/ D r0 (in particular u�0.v
�
0 / � 1). Then, on the

ingoing null hypersurface v� D v�0 ,

Z 1
u�0
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J .˛/;

@
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Z 1
u�0

�
J T .�/C
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2X
iD1

J T .�i�/;
@

@u�

�
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Proof. Using the definition (4-65) we find
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and thereforeˇ̌̌̌�
J .˛/;
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�ˇ̌̌̌
�

C

˛2.2m/
n�1
n�2

�
1

2

�
@�

@u�

�2
C
1

2

�
1�

2m

rn�2

�
jr= �j2

�
C

n.n�1/
2X
iD1

�

˛

�
1

2

�
@�i�

@u�

�2
C
1

2

�
1�

2m

rn�2

�
jr=�i�j

2

�

C

n.n�1/
2X
iD1

1

2

�
r

˛2Cx2
C.n�1/

�

˛

�
1�

2m

rn�2

��
1

2

�
@�i�

@u�

�2
C

�
n�1

2

�

˛
C
n�1

4

r

˛2Cx2
C
n�1

4

�

˛

�
1�

2m

rn�2

�
C
.n�1/.n�2/

4

�

˛
C.n�1/

r

˛2Cx2

�
1

2

�
1�

2m

rn�2

�
jr= �j2

C

�
1

4

r

˛2Cx2
C
5

4

jxjr2

.˛2Cx2/2

�
jr= �j2:

Similarly for
ˇ̌�
J .˛/; @

@v�

�ˇ̌
. Clearly, (ii) now follows from�
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�
D
1

2

�
@�

@v�

�2
C
1

2

�
1�

2m

rn�2

�
jr= �j2



DECAY OF LINEAR WAVES ON HIGHER-DIMENSIONAL SCHWARZSCHILD BLACK HOLES 561

and �
JN ;
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In case (i) we only have�
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but, using the Hardy inequality of Lemma C.7,
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u�0

r

˛2C x2
jr= �j2 rn�1 du� �

n.n�1/
2X
iD1

Z 1
u�0

1Cu�2

˛2C .u�C˛C
p
˛� v�/2

rn�20

1

1Cu�2
.�i�/

2 du�

� 8C.n;m; ˛/
1Cu�0

2

u�0
2

n.n�1/
2X
iD1

Z 1
u�0

�
@�i�

@u�

�2
rn�1 du�

C 2� C.n;m; ˛/

n.n�1/
2X
iD1

Z u�0C1

u�0

�
.�i�/

2
C

�
@�i�

@u�

�2�
du�

� C.n;m; ˛/

Z 1
u�0

�
J T .�/C

n.n�1/
2X
iD1

J T .�i�/;
@

@u�

�
rn�1 du�:

Obviously the same bound holds forZ 1
u�0

jxjr2

.˛2C x2/2
jr= �j2 rn�1 du�: �

Step 2b (commutation with �i ). Since �
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D 0; (4-97)
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Moreover �
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Therefore indeed,
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because LD .6n/2 is fixed; similarly, of course, for
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�
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We conclude the statement of the proposition with the treatment of the two regimes in Steps 1 and
Step 2 above fromZ
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4D.2. Refinement for finite regions. In the proof of Proposition 4.1, neither of the currents used for the
high or the low spherical harmonic regime requires the use of Hardy inequalities for the boundary integrals
in the asymptotic region; indeed in both cases the zeroth-order terms �2 can be estimated by the angular
derivatives jr= �j2, in the case of the current JX;˛;1 for high angular frequencies by Poincaré’s inequality
Lemma 4.6, and in the case of the current J .˛/ for low angular frequencies as a result of the commutation
with �i in (4-65). Therefore we can in fact state a refinement of Proposition 4.1 for finite regions, i.e., an
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Figure 6. The past boundary †�2�1 of RP�2�1 [RDn
�2
�1 .

integrated local energy estimate on bounded domains in terms of the flux through the past boundary of
that domain, that will be relevant in Section 5C.

Let

RP�2�1
:
DR1r0;R.2�1CR

�; 2�2CR
�/\fr �Rg; (4-102)

RDn �2�1
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D
˚
.u�; v�/ W �1 � u

�
� �2; v

�
�u� �R�; v� � �2CR

�
	

DR1r0;R
�
2�1CR

�; 2�2CR
�; �2C

1
2
.R�� r�0 /; �2CR

�
�
n
RP�2�1 ; (4-103)

and denote by †�2�1 the past boundary of RP�2�1 [RDn
�2
�1 (see also Figure 6):
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[
˚
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�
�u� �R�

	
[
˚
.u�; v�/ W u� D �1; R

�
C �1 � v

�
�R�C �2

	
: (4-104)

Proposition 4.21 (integrated local energy decay on finite regions). Let � be a solution of the wave
equation �g� D 0, and R> n�2

p
2m. Then there exists a constant C.n;m;R/, such that, for any �2 > �1,Z
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Z
†
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�
J T .�/CJ T .T � �/; n

�
: (4-105)

In view of the remarks above, the proof of Proposition 4.21 is of course identical to the proof of
Proposition 4.1 given in Section 4D.1 by replacing the unbounded domain R1r0;r1.2�1 CR

�/ by the
bounded domain RP�2�1 [RDn

�2
�1 .

However, this estimate does not include the zeroth-order term, which we have covered separately in
Proposition 4.4.
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Proposition 4.22 (refinement for zeroth-order terms on timelike boundaries). Let � be solution of the
wave equation (1-1), and R > n�2

p
8nm. Then there is a constant C.n;m;R/ such that for all � 0 < � ,Z 2�CR�

2� 0CR�
dt
Z

Sn�1
d�̊n�1 �

2
ˇ̌
rDR
�C.n;m;R/

�Z 2�CR�

2� 0CR�
dt
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��
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C

Z
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d�̊n�1r
n�2�2

ˇ̌
.� 0;R�C�/

�
: (4-106)

The proof remains the same as for Proposition 4.4 on page 534 with the exception that we consider the
energy identity for JX;1 on RDn �� 0 in place of RD�� 0 and use Proposition C.5 instead of Proposition C.1.

5. The decay argument

We will here prove energy decay of the solutions to the wave equation and higher-order energy decay of
their time derivatives in the interior based on the integrated local energy decay statements of Section 4,
following the new physical-space approach to decay of [Dafermos and Rodnianski 2010].

Remark 5.1. Instead one could use the conformal Morawetz vector field

Z D u�
2 @

@u�
C v�

2 @

@v�

to prove energy decay of solutions to the wave equation with a rate corresponding to the weights in Z;
this is done in [Schlue 2010]. Similarly the use of the scaling vector field

S D v�
@

@v�
Cu�

@

@u�

should provide an alternative approach to prove higher-order energy decay [Luk 2010]. Here however,
we shall avoid the use of multipliers with weights in t .

5A. Uniform boundedness. A preliminary feature of the solutions to the wave equation (1-1) that is
necessary to employ the decay mechanism of [Dafermos and Rodnianski 2010] is the uniform boundedness
of their (nondegenerate) energy; this is a consequence of the conservation of the degenerate energy
associated to the multiplier T , and the redshift effect of Section 3, which allows us to control the
nondegenerate energy on the horizon.

Let † be a (spherically symmetric) spacelike hypersurface in M, †0 D † \ fr � Rg and N the
outgoing null hypersurface emerging from @†0 (Figure 7). Moreover, let

†� D '�
�
.†0[N /\D

�
; †0� D†� \fr �Rg; †�� 0 D†� 0 \ J�.†0� /:

Proposition 5.2 (uniform boundedness). Let � be a solution of the wave equation (1-1) with initial data
on †0. Then there exists a constant C.†0/ such thatZ

†0�

�
JN .�/; n

�
� C

Z
†�0

�
JN .�/; n

�
.� > 0/: (5-1)
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Figure 7. The construction of the surfaces †0� from †.

Proof. One can proceed in analogy to the local observer’s energy estimate of [Dafermos and Rodnianski
2008]; indeed, from the energy identity for N on the domain R.� 0; �/D[� 0����†�� it followsZ

†0�

.JN ; n/C

Z
R.� 0;�/

KN �

Z
†�
�0

.JN ; n/ (5-2)

since .JN ; nH/� 0, and .JN ; nN /� 0. By Proposition 3.3, namely the redshift effect, KN is bounded
from below by .JN ; n/ near the horizon, and from above by .J T ; n/ away from the horizon; since also
the lapse of the foliation of R is bounded from above and below we conclude that there are constants
0 < b < B only depending on † and N such thatZ
†0�

.JN ; n/C b

Z �

� 0
d�
Z
†�
�

.JN ; n/� B

Z �

� 0
d�
Z
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.JN ; n/

� B.� � � 0/

Z
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�0

.J T ; n/C

Z
†�
�0

.JN ; n/; (5-3)

where in the last step we have used the energy identity for T on R.� 0; �/ and KT D 0. Thus the desired
energy bound follows from the elementary Lemma 5.3. �

Lemma 5.3. Let f W R! R be a nonnegative function, f � 0, such that for all t1 � t2 and two positive
constants 0 < c < C ,

f .t2/C c

Z t2

t1

f .t/ dt � C.t2� t1/Cf .t1/:

Then

f .t2/� f .t1/C
C

c
.t2 � t1/:

Proof. See, e.g., [Schlue 2012]. �
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5B. Energy decay. In this section we prove quadratic decay of the nondegenerate energy.
Let

†�0
:
D @�R1r0;R.t0/; �0 D

1
2
.t0�R

�/; (5-4)

with R > n�2
p
8nm, t0 > 0 and r0

:
D r

.N/
0 according to Proposition 3.1.

Proposition 5.4 (energy decay). Let � be a solution of the wave equation (1-1) with initial data on †�0
satisfying

D
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Then there exists a constant C.n;m;R/ such thatZ
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�
�
CD

�2
.� > �0/: (5-6)

The proof is based on a weighted energy inequality, derived from the energy identity for the current (5-8)
on the domain

RD�2�1 D
˚
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: (5-7)

Weighted energy identity. Consider the current
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� ; (5-8)

where
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This may also be viewed as the current to the multiplier vector field rp @
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, modified by the following terms:
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So the wave equation for �,

�g� D 0;

is equivalent to the following equation for  :
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Now,
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V . /; (5-13)
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(5-14)

we find
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One may integrate the first term by parts to obtainZ 1
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We can now write down the energy identity for the current
r

J (see also Appendix B):



568 VOLKER SCHLUEZ
RD�2�1

r

K d�g D
Z
@RD�2�1

�
r

J :
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Note that the powers of r that appear in the bulk term are 1 less than those that appear in the boundary
terms. This allows for a hierarchy of inequalities (5-17) for different values of p, the so-called p-hierarchy.

Proof of Proposition 5.4. In a first step the decay of the solutions at future null infinity will be deduced
from the weighted energy inequality, and in a second step the continuation to the event horizon will be
inferred from the redshift effect.

Step 1. The p-hierarchy consists of two steps which exploits (5-17) first with pD 2, then with pD 1; but
in a zeroth step we need to obtain control on the angular derivatives from (5-17) with p D 1:
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here we have estimated the boundary integrals as follows.
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p D 2: For p D 2, (5-17) readsZ �
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p D 1: In order to deal with the timelike boundary integrals analogously to the above choose
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we can use (5-22) once we have turned it into an estimate for the derivatives of �. Note thatZ 1
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Therefore, putting the estimates for the two terms back together,Z � 0
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where we have now used (5-22). The same inequality holds for � 0jC2 in place of � 0jC1, by adding the
inequalities corresponding to the intervals Œ� 0j ; �
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we obtain by virtue of Proposition 5.2 our final result:
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5C. Improved interior decay of the first-order energy. In this section we prove an energy estimate for
the first-order energy which improves the decay rate as compared to Proposition 5.4 in a bounded radial
region.

Remark 5.5. The argument largely depends on the asymptotic properties of the spacetime, and is similar
and slightly easier in Minkowski space [Schlue 2012].

Proposition 5.6 (improved interior first-order energy decay). Let 0 < ı < 1
2

, R > n�2

q
8nm
ı

, and let � be
a solution of the wave equation (1-1) with initial data on †�1 (�1 > 0) satisfying
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Then there exists a constant C.n;m; ı; R/ such thatZ
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where †0� D†� \fr �Rg.

In addition to the weighted energy identity arising from the multiplier rp @
@v�

that was used to prove
Proposition 5.4, we will here also use a commutation with @

@v�
to obtain the energy decay for @�

@t
of

Proposition 5.6.

Weighted energy and commutation. Consider the current
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where now
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Notation. To make the dependence on p explicit, we define
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The error terms for
v

K arise from the fact that � is not a solution of (1-1); here, similarly to (5-11), we find
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which is not positive definite. However, we have
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(is decreasing) on r > n�2
p
4nm. The key insight here is that we are able to control all other terms on the

right-hand side of (5-38) by the current
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Indeed, the first term jr= @v� j2 can be integrated by parts twice (such that we can absorb the resulting
@v�� term in the left-hand side):Z �2
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The second term in (5-38) is controlled by the Hardy inequality
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and the third term simply by the following commutation with �i :
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Therefore (see also Appendix B),Z �2
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which, upon integration by parts, yields (5-40); note that the @v� 2 and @v�.�i /2 terms generate
boundary terms at infinity and zeroth-order bulk terms with the right sign by (5-16), while the @v��2 is
reduced to a .@v� /2 term by (5-44).

By virtue of Stokes’ theorem (B-5) and in view of (B-6), we conclude that
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Proof of Proposition 5.6. We shall use this weighted energy inequality for � to proceed in a hierarchy of
four steps.

p D 4� ı: Let �1 > 0 and �jC1 D 2�j (j 2 N). In a first step we use (5-49) with p D 4� ı and (5-17)
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Thus by the mean value theorem of integration we obtain a sequence � 0j 2 .�j ; �jC1/ (j 2 N) such that
the corresponding integral from the left-hand side on u� D � 0j is bounded by ��1j times the right-hand
side of (5-50).
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Using the simple Hardy inequality
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where in the last step we have again used (5-16). Furthermore, by now applying (5-49) with p D 3� ı,
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du�
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ˇ̌̌̌2

C
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; (5-54)

we obtain a sequence � 00j 2 .�
0
2j�1; �

0
2jC1/ (j 2 N) such that, in view of the previous step,
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: (5-55)
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Now, by writing out the derivatives of  D r
n�1
2 �, and using (5-12), we calculate thatZ

Sn�1
d�̊n�1

�
 2C

�
@ 
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ˇ̌̌̌2
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�
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�2��ˇ̌̌̌
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I (5-56)

by applying Proposition 4.1 first to the domain r1D�2jC1�1 �R1r0;r1.2�1C r
�
1 / where r1 > n�2

q
4nm
ı

to fix
the radius R, and then to the domain

r.r�DR�C1/D
� 0
2jC1

� 0
2j�1

n
RD

� 0
2jC1

� 0
2j�1

�R1r0;R.2�
0
2j�1CR

�/

to fix the radii Rj (j 2N) by using the mean value theorem for the integration in r�, this yields (see also
Appendix B)Z 1
� 00
j
CR�

j

dv�
Z
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T .T � �i�/
�
; n

��
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Z
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�
J T.�/CJ T.T ��/CJ T.T 2��/C

n.n�1/
2X
iD1

�
J T.�i�/CJ

T.T ��i�/
�
; n

�
: (5-57)

Therefore, by Proposition 5.4,Z 1
� 00
j
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iD1

JN .T k�i�/; n

��
: (5-58)
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Remark 5.8. This statement should be compared to the assumptions of Proposition 5.4 (5-5), from which
all that one can deduce with (5-17) isZ 1

�CR�
dv�

Z
Sn�1

d�̊n�1

�
r2
�
@.r

n�1
2 T � �/

@v�

�2�ˇ̌̌̌
u�D�

<1 .� > �0/: (5-59)

We shall now proceed along the lines of the proof of Proposition 5.4 in Section 5B, just that we have
(5-58) as a starting point for the solution T � � of (1-1) (and (5-6)); however, as opposed to Proposition 5.4
the hierarchy does not descend from pD 2 but p < 2, which introduces a degeneracy in the last step, and
requires the refinement of Proposition 4.1 to Proposition 4.21, and Proposition 4.4 to Proposition 4.22;
see Section 4D.2.

Lemma 5.9 (pointwise decay under special assumptions). Let � be a solution of the wave equation (1-1),
with initial data on †�1 (�1 > 0) satisfying

D
:
D

Z 1
�1CR�

dv�
Z

Sn�1
d�̊n�1

�
r4�ı

�
@�

@v�

�2
C

3X
kD0

r2
�
@T k 

@v�

�2
C
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kD0

n.n�1/
2X
iD1

r2
�
@T k�i 

@v�

�2�ˇ̌̌̌
u�D�1

C

Z
†�1

� 4X
kD0

JN .T k ��/C

3X
kD0

n.n�1/
2X
iD1

JN .T k�i�/; n

�
<1

for some ı > 0 andZ 1
� 0CR�

dv�
Z

Sn�1
d�̊n�1 � r

2�ı

�
@T � 

@v�

�2 ˇ̌̌̌
u�D� 0

�
C.n;m; ı; R/D

� 02
(�)

for some � 0 > �1. Then there is a constant C.n;m; ı; R/ such that, for all � > � 0,Z
Sn�1

d�̊n�1 r
n�1� ı

2

�
T ��

�2ˇ̌
.u�D� 0;v�DR�C�/

�
CD

� 02
:

Remark 5.10. Note the gain in powers of r in comparison to the boundary term arising in Proposition 4.22.

Proof. First, integrating from infinity,

.T ��/.� 0; R�C � 0/D�

Z 1
� 0CR�

@.T ��/

@v�
dv�;

and then, by Cauchy’s inequality,Z
Sn�1

d�̊n�1.T ��/
2.� 0; RC � 0/

�

Z 1
R�C� 0

1

rn�1
dv� �
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RC� 0

Z
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�
@.T ��/
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�2
rn�1 dv�

�
1

2

�
1�

2m

rn�2j.u�D� 0;v�DR�C� 0/

��1 1

n� 2

1

rn�2
C.m; n/

Z 1
R�C� 0

dv�
Z

Sn�1
d�̊n�1 r

n�1

�
@.T ��/

@v�

�2
:
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Therefore, by Proposition 5.4,Z
Sn�1

d�̊n�1
�
rn�2.T ��/2

�
.� 0; R�C � 0/�

C.n;m/

1� 2m
Rn�2

Z
†�0

�
J T .T ��/; n

�
�
C.n;m;R/

� 02
D: (��)

Now

rn�1
Z

Sn�1
d�̊n�1 .T ��/

2.� 0; R�C�/

D

Z
Sn�1

d�̊n�1
�
rn�1.T ��/2

�
.� 0; R�C� 0/C

Z R�C�

R�C� 0
dv�

Z
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d�̊n�12T � 
@T � 
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�Rn�1
Z
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ı
2

ˇ̌
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dv�
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1

r2
.T ��/2rn�1

sZ 1
R�C� 0

dv�
Z
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d�̊n�1 r2�ı

�
@T � 

@v�

�2
;

which proves the pointwise estimate of the lemma in view of the Hardy inequality of Lemma C.2,
Proposition 5.4, the assumption (�) and (��). �

p D 2� ı: By the weighted energy inequality with p D 2� ı and r
n�1
2 T � � in the role of  (see (5-16)

in particular),Z � 00
2jC1

� 00
2j�1

du�
Z 1
u�CR0

j

�
dv�

Z
Sn�1
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1�ı

�
@T � 
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Z � 00
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j
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C

�
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@v�
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C
ˇ̌
r= T � 

ˇ̌2�ˇ̌̌̌
rDR0

j

; (5-60)

where we choose R0j
�
2 .R�C 1;R�C 2/ such that Proposition 4.1 applied to the domain

r.r�DR�C2/D
� 00
2jC1

� 00
2j�1

n
r.r�DR�C1/D

� 00
2jC1

� 00
2j�1

yields an estimate for the integral on the timelike boundary above in terms of the first- and second-
order energies on †� 00

2j�1
, which in turn decays by Proposition 5.4. Therefore there exists a sequence
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� 000j 2 .�
00
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��
: (5-61)

p D 1� ı: Since, by integrating by parts,
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u�CR�

dv�
1

rı

�
@ 

@v�

�2

D

Z 1
u�CR�

dv�
1

rı

�
n� 1

2r
r
n�1
2

�
1�

2m

rn�2

�
@
�
r
n�1
2 �2

�
@v�

C rn�1
�
@�

@v�

�2�

D
1

rı

n� 1

2r

�
1�

2m

rn�2

�
 2
ˇ̌1
u�CR�

C

Z 1
u�CR�

dv�
�

ı

r1Cı

n� 1

2r

�
1�

2m

rn�2

�2
 2

C
1

rı

n�1

2r2

�
1�

2m

rn�2

�
 2
�
.n�2/C

�
1�

2m

rn�2

�
n�3

2

�
C
1

rı

�
@�

@v�

�2
rn�1

�
; (5-62)

we have by (5-15) that also (with R00j
�
2 .R�C 2;R�C 3/)
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�
: (5-63)

By virtue of Stokes’ theorem (B-5), (B-6) and our previous result (5-61), we obtain
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where in the last inequality we have used Proposition 4.22, and then chosen R00j (j 2 N) suitably by
Proposition 4.21; furthermore the inequality still holds if we add the integral of the nondegenerate energy

on R
00
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� 000
2jC1

� 000
2j�1

on the left-hand side and replace J T by JN in the first term of the integral on †
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on the right-hand side. The last two terms on the right-hand side of (5-64) in fact decay with almost the
same rate as the first; for first note here that we could have used Proposition 4.4 and Corollary 4.3 instead,
and then employed Proposition 5.4 to obtain in any case thatZ � 000
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: (5-65)

It then follows that there exists a sequence � 0000j 2 .�
000
2j�1; �

000
2jC1/ such that
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�1 � 1. Secondly, the assumptions of Lemma 5.9 are satisfied in view of
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�1
� C:

We shall now return to (5-64) — and its extension, which includes the nondegenerate energy onR
00
jP

� 000
2jC1

� 000
2j�1

—
to find that, after inserting (5-66) and using Proposition 5.2,Z
†
�000
2jC1

�00
2.2j�1/�1

�
JN .T ��/CJ T .T 2 � �/; n

�
� C

Z
†
�000
2jC1

�000
.2j�1/�1

�
JN .T ��/CJ T .T 2 � �/; n

�
� C

Z
†
�000
2jC1

�0000
j�2

�
JN .T ��/CJ T .T 2 � �/; n

�
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�
C.n;m; ı; R/

.� 0000j�2/
3�ı

�Z 1
�1CR�

dv�
Z

Sn�1
d�̊n�1

�
r4�ı

�
@�

@v�

�2
Cr4�ı

�
@.T ��/

@v�

�2
C

4X
kD0

r2
�
@.T k � /

@v�

�2

C

3X
kD0

n.n�1/
2X
iD1

r2
�
@T k�i 

@v�

�2�ˇ̌̌̌
u�D�1

C

Z
†�1

� 5X
kD0

JN .T k � �/C

4X
kD0

n.n�1/
2X
iD1

JN .T k�i�/; n

��
; (5-68)

and using (5-67), that there exists (another) sequence � 0000j 2 .�
000
2j�1; �

000
2jC1/ (j 2 N) such thatZ

†
�0000
j

1

rı

�
JN .T ��/; n

�
�
C.n;m; ı; R/

.� 0000j /
4�ı

�Z 1
�1CR�

dv�
Z

Sn�1
d�̊n�1

� 1X
kD0

r4�ı
�
@.T k ��/

@v�

�2
C

4X
kD0

r2
�
@.T k � /

@v�

�2

C

3X
kD0

n.n�1/
2X
iD1

r2
�
@T k�i 

@v�

�2�ˇ̌̌̌
u�D�1

C

Z
†�1

� 5X
kD0

JN .T k � �/C

4X
kD0

n.n�1/
2X
iD1

JN .T k�i�/; n

��
: (5-69)

So for any � >�1 we can choose j 2N such that � 2 .� 0002j�1; �
000
2jC1/ to obtain finally by Proposition 5.2 thatZ

†�\fr�Rg

�
JN .T ��/; n

�
�

Z
†
�000
2jC1

�0000
j�1

�
JN .T ��/; n

�
� rı

ˇ̌
.u�D� 0000

j�1
;

v�DR�C� 000
2jC1

/

Z
†
�0000
j�1

1

rı

�
JN .T ��/; n

�

�
C.n;m; ı; R/

�4�2ı

�Z 1
�1CR�

dv�
Z

Sn�1
d�̊n�1

� 1X
kD0

r4�ı
�
@.T k ��/

@v�

�2
C

4X
kD0

r2
�
@.T k � /

@v�

�2

C

3X
kD0

n.n�1/
2X
iD1

r2
�
@T k�i 

@v�

�2�ˇ̌̌̌
u�D�1

C

Z
†�1

� 5X
kD0

JN .T k � �/C

4X
kD0

n.n�1/
2X
iD1

JN .T k�i�/; n

��
: � (5-70)

Remark 5.11. For the removal of the restriction to dyadic sequences in the last step of the proof, (5-69) and
(5-70), we could have equally obtained a decay estimate for the energy flux through †� \fr� �R�C�kg

(with k 2N) by replacing †
� 000
2jC1

� 0000
j�1

by †
� 0000
j�1
C�k

� 0000
j�1

in the first estimate in (5-70); if ı > 0 for a chosen k 2N
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is restricted to ı < .1C k/�1 we then still obtain a decay rate of �4�.1Ck/ı for the energy flux through
†� \fr

� �R�C �kg.

6. Pointwise bounds

In this section we first prove pointwise estimates on j�j and j@t�j separately based on the energy decay
results Propositions 5.4 and 5.6. Then we give the interpolation argument to improve the pointwise decay
on j�j. As we shall see in view of the nondegenerate energy estimates of Section 5 we may restrict
ourselves in the first place to a radial region away from the horizon. Recall the definition (4-3) of †�
(r1

:
DR >

n�2
p
8nm).

Proposition 6.1 (pointwise decay). (i) Let � be a solution of the wave equation (1-1), with initial data
on †�0 (�0 > 0) such that

D
:
D

Z 1
�0CR�

dv�
Z

Sn�1
d�̊n�1

Œn
2
�C1X
kD0

r2
�
@T k � 

@v�

�2 ˇ̌̌̌
u�D�0

C

Z
†�0

�Œn2 �C2X
kD0

JN .T k � �/; n

�
<1: (6-1)

Then there is a constant C.n;m/ such that, for r0 < r < R,

j�.t; r/j �
C.n;m/

p
D

�

�
� D 1

2
.t �R�/ > �0

�
: (6-2)

(ii) If , moreover, the initial data satisfies

D
:
D

Z 1
�0CR�

dv�
Z

Sn�1
d�̊n�1

�Œn2 �C1X
kD0

r4�ı
�
@.T k ��/

@v�

�2

C

Œn
2
�C4X
kD0

r2
�
@.T k � /

@v�

�2
C

Œn
2
�C3X
kD0

n.n�1/
2X
iD1

r2
�
@T k�i 

@v�

�2�ˇ̌̌̌
u�D�0

C

Z
†�0

�Œn2 �C5X
kD0

JN .T k � �/C

Œn
2
�C4X
kD0

n.n�1/
2X
iD1

JN .T k�i�/; n

�
<1 (6-3)

for some 0<ı< 1
4

, andR> n�2

q
8nm
ı

, then there is a constant C.n;m; ı; R/ such that for r0<r <R,

j@t�.t; r/j �
C
p
D

�2�2ı

�
� D 1

2
.t �R�/ > �0

�
: (6-4)

The pointwise bounds are obtained from the energy estimates of Section 5 using Sobolev inequalities
and elliptic estimates; the former provide the link between pointwise and integral quantities, and the latter
allow for the expression of these integral quantities in terms of higher-order energies.

Sobolev embedding. By the extension theorem applied to the Sobolev embedding Hs.Rn/ � L1.Rn/
(s > n

2
) we have, for r0 < r < R,
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j�.t ; r/j2 � C.n/

Z R�

r�0

dr�
Z

Sn�1
d�̊n�1

�
�2C

j˛j�Œn
2
�C1X

j˛j�1

ˇ̌
r
˛�
ˇ̌2�

rn�1
ˇ̌̌̌
tDt

; (6-5)

where r denote the tangential derivatives to the hypersurface †t , and ˛ denotes a multiindex of order n.

Elliptic estimates. Note that for any solution � of the wave equation we have

T 2 � � D
@2�

@r�2
C

�
1�

2m

rn�2

�
n� 1

r

@�

@r�
C

�
1�

2m

rn�2

�
4= r2̊n�1�

:
D L � �; (6-6)

where the operator

LD

�
1�

2m

rn�2

�
gijri@j (6-7)

is clearly elliptic. (Here g t D gj†t denotes the restriction of g to the spacelike hypersurfaces †t , a
Riemannian metric on †t , and i; j D 1; : : : ; n.) In view of the standard higher-order interior elliptic
regularity estimate

k�k
HmC2.b†t / � C �kL � �kHm.b†t /Ck�kL2.b†t /�; b†t :D†t \fr0 < r < Rg; (6-8)

we conclude with (6-5) that, in the case where Œn
2
�C 1 is even,

j�j2 � C.n;m/

Z R�

r�0

dr�
Z

Sn�1
d�̊n�1

Œn
2
�C1X
lD0

�
T l � �

�2
rn�1I (6-9)

in general we have:

Lemma 6.2 (pointwise estimate in terms of higher-order energies). Let � be a solution of the wave
equation (1-1), and n� 3. Then there exists a constant C.n;m/ such that, for all r0 < r < R,

j�.t; r/j2 � C.n;m/

�
k�k2

L2.b†t /C
Z
b†t

Œn
2
�X

lD0

�
J T .T l � �/; n

��
: (6-10)

Proof of Proposition 6.1. In view of the Lemma 6.2 and the energy decay estimates of Section 5 it remains
to control the zeroth order term k�k

L2.b†t /; we multiply the integrand by .R
r
/2 � 1 and extend the integral

to u� D � D 1
2
.t �R�/, v� � 1

2
.t CR�/.

(i) By Lemma C.2 we can then estimate k�k2
L2.b†t / by the energy flux through †�D 1

2
.t�R�/, and apply

Proposition 5.4 to the higher-order energies of Lemma 6.2.

(ii) Here we extend the integral only to � CR� � v� � � CR�C �3 and apply Lemma C.4 to obtainZ R�

r�0

dr�
Z

Sn�1
d�̊n�1.@t�/

2rn�1 � C.n;m/R2
Z
†�\fr��R�C�3g

�
J T .@t�/; n

�
CC.n;m/

R2

r

Z
Sn�1

rn�1.@t�/
2
ˇ̌
.u�D�;v�D�CR�C�3/

: (6-11)
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As in the proof of Lemma 5.9 we obtain by integrating from infinity and Cauchy’s inequality thatZ
Sn�1

d�̊n�1r
n�2.@t�/

2.�; � CR�/�
C.n;m/

1� 2m
Rn�2

Z
†�

�
J T .@t�/; n

�
; (6-12)

which decays by Proposition 5.4 with a rate ��2. Moreover, as in the proof of Lemma 5.9,Z
Sn�1

d�̊n�1r
n�1.@t�/

2
ˇ̌
.u�D�;v�D�CR�C�3/

D

Z
Sn�1

d�̊n�1r
n�1.@t�/

2
ˇ̌
.u�D�;v�D�CR�/

C

Z �CR�C�3

�CR�
dv�

Z
Sn�1

d�̊n�12@t 
@@t 

@v�

ˇ̌̌̌
u�D�

(6-13)

andZ �CR�C�3

�CR�
dv�

Z
Sn�1

d�̊n�1@t 
@@t 

@v�

ˇ̌̌̌
u�D�

�

sZ 1
�CR�

Z
Sn�1

d�̊n�1
1

r2
.@t�/2rn�1 �

sZ 1
�CR�

Z
Sn�1

d�̊n�1r2
�
@r

n�1
2 @t�

@v�

�2
; (6-14)

the first factor decaying with a rate ��1 by Lemma C.2 and Proposition 5.4, and the second factor bounded
by the weighted energy inequality for r

n�1
2 @t� in place of  with p D 2. ThereforeZ

Sn�1
rn�1.@t�/

2
ˇ̌
.u�D�;v�D�CR�C�3/

�
C.n;m/

1� 2m
Rn�2

D

�
: (6-15)

By virtue of Proposition 5.6 (compare in particular Remark 5.11 on page 587), the first term on the
right-hand side of (6-11) decays with a rate of �4�4ı , and this is matched by the second term in view of
the prefactor r�1 D .R�C �3/�1, which is the result of our choice of powers of � in the extension of the
integral Lemma 6.2 applied to the solution @t� of (1-1) then yields the pointwise decay result (6-4) after
having applied Proposition 5.6 to the higher-order energies on the right-hand side of (6-10). �

Interpolation. We shall now interpolate between the results (i) and (ii) of Proposition 6.1 to improve the
pointwise estimate for j�j. Our argument can in some sense be compared to the proof of improved decay
in [Luk 2010]. The basic observation underlying this argument is that, for r0 < r < R and t1 > t0,

rn�2�2.r; t1/D r
n�2�2.r; t0/C

Z t1

t0

2�.t; r/
@�

@t
.t; r/rn�2 dt

� rn�2�2.r; t0/C
1

t1�2ı0

Z t1

t0

�2.t; r/rn�2 dt C t1�2ı0

Z t1

t0

�
@�

@t

�2
.t; r/rn�2 dt: (6-16)

Moreover, as a consequence of Lemma 6.3,

rn�2�2.t; r/�Rn�2�2.t; R/C

�
1�

2m

rn�20

��1 Z R�

r�

�
@�

@r�

�2
rn�1 dr�; (6-17)
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we obtain an estimate for the timelike integrals in terms of the corresponding integrals at r D R and
spacetime integrals, using the Sobolev inequality on the sphere:Z t1

t0

rn�2�2.t; r/ dt�
Z t1

t0

dt
Z

Sn�1
d�̊n�1

X
j˛j�Œn

2
�C1

Rn�2
�
�˛�

�2
.t; R/

C

�
1�

2m

rn�20

��1Z t1

t0

dt
Z R�

r�
dr�
Z

Sn�1
d�̊n�1r

n�1
X

j˛j�Œn
2
�C1

�
@�˛�

@r�

�2
.t; r/: (6-18)

Lemma 6.3. Let a < b 2 R and � 2 C1.Œa; b�/. Then, for all n� 3,

an�2�2.a/� bn�2�2.b/C

Z b

a

�
d�
dx

�2
xn�1 dx: (6-19)

Proof. Since, by integration by parts,Z b

a

2�.x/
d�
dx
.x/xn�2 dx D 2�2.x/xn�2

ˇ̌b
a
�

Z b

a

2�.x/
d�
dx
.x/xn�2 dx�

Z b

a

2�2.x/.n� 2/xn�3 dx;

it clearly follows, with Cauchy’s inequality,

an�2�2.a/� bn�2�2.b/C

Z b

a

�
d�
dx

�2
xn�1 dxC

�
1� .n� 2/

� Z b

a

1

x2
�2.x/xn�1 dx: �

Proposition 6.4 (improved interior pointwise decay). Let � be a solution of the wave equation (1-1), with
initial data on †�0 .�0 > 1/ satisfying

D
:
D

Z 1
�0CR�

dv�
Z

Sn�1
d�̊n�1

� 2X
kD0

X
j˛j�Œn

2
�C1

r4�ı
�
@.T k ��˛�/

@v�

�2

C

5X
kD0

X
j˛j�Œn

2
�C1

r2
�
@T k�˛ 

@v�

�2
C

4X
kD0

X
j˛j�Œn

2
�C2

r2
�
@T k�˛ 

@v�

�2�ˇ̌̌̌
u�D�0

C

Z
†�0

� 6X
kD0

X
j˛j�Œn

2
�C1

JN .T k�˛�/C

5X
kD0

X
j˛j�Œn

2
�C2

JN .T k�˛�/; n

�
<1 (6-20)

for some 0 < ı < 1
4

, where R > n�2

q
8nm
ı

, n � 3. Then there exists a constant C.n;m; ı; R/ such that,
for n�2

p
2m < r0 < r < R,

r
n�2
2 j�j.t; r/�

CD

t
3
2
�ı
: (6-21)

Proof. Let Nt0 D 2.�0C �0/CR� and Nt1 D Nt0C 2�0. Then by (6-18), Proposition 4.4 and Proposition 4.1,Z Nt1
Nt0

�2.t; r/rn�2 dt � C.n;m;R/
Z
†2�0

� 1X
kD0

X
j˛j�Œn

2
�C1

J T ŒT k�˛��; n

�
I (6-22)
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hence by Proposition 5.4 there exists t 00 2 .Nt0; Nt1/ such that

rn�2�2.t 00; r/�
C.n;m;R/D

Nt30
: (6-23)

Now set � 00D
1
2
.t 00�R

�/ and � 0j D2�
0
j�1 (j 2N), and t 0j D2�

0
jCR

� (j 2N); note that t 0jC1�t
0
j D

1
2
.t 0j�R

�/.
Now consider (6-16) with t1 D t 0jC1, t0 D t 0j ; since by (6-18), together with Propositions 4.1 and 4.4,

Z t 0
jC1

t 0
j

rn�2�2.t; r/ dt � C.n;m;R/
Z
†
�0
j

� 1X
kD0

X
j˛j�Œn

2
�C1

J T ŒT k�˛��; n

�
; (6-24)

and by Propositions 4.21 and 4.22,Z t 0
jC1

t 0
j

rn�2.@t�/
2.t; r/ dt � C.n;m;R/

�Z
†
�0
j
\fr��R�C.� 0

j
/3g

� 2X
kD1

X
j˛j�Œn

2
�C1

J T ŒT k�˛��; n

�

C

Z
Sn�1

d�̊n�1
X

j˛j�Œn
2
�C1

rn�2.�˛@t�/
2
ˇ̌
.u�D� 0

j
;v�DR�C� 0

j
C.� 0

j
/3/

�
; (6-25)

which decays with the rate �4�4ı as is shown in the proof of Proposition 6.1(ii), we obtain

rn�2�2.r; t 0jC1/� r
n�2�2.r; t 0j /C

C.n;m;R/

.t 0j /
1�2ı

D

.� 0j /
2
CC.n;m; ı; R/.t 0j /

1�2ı D

.� 0j /
4�4ı

� rn�2�2.r; t 0j /C
C.n;m; ı; R/D

.t 0j /
3�2ı

: (6-26)

In fact, by induction on j 2 N using (6-23) for j D 0, we have shown

rn�2�2.r; t 0j /�
C.n;m; ı; R/D

.t 0j /
3�2ı

.j 2 N[f0g/: (6-27)

Finally for any t � t 00 we may choose j 2 N[ f0g such that t 2 .t 0j ; t
0
jC1/ and conclude the proof by

applying (6-27) and (6-26), which holds with t in place of t 0jC1. �

Extension to the horizon. Note that for n�2
p
2m � r < r0, the same interpolation (6-16) by integration

along lines of constant radius r < r0 can be carried out. However, on the right-hand sides of (6-17) and
(6-18) a new term results from the integration on v� D 1

2
.t0C r

�
0 / from the radius r < r0 to r D r0; but

we infer from the explicit construction (3-19) that the resulting integrand�
2

1� 2m
rn�2

@�

@u�

�2
� T Œ��.Y; Y /�

�
JN Œ��; N

�
(6-28)

is controlled by Corollary 4.3, and the proof of Proposition 6.4 above extends to that of Theorem 2 by
replacing J T by JN on the right-hand sides of (6-22), (6-24) and (6-25).
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Appendix A: Notation

Contraction. We sum over repeated indices. Also we use interchangeably

g.V;N /
:
D .V;N /

:
D V�N

�; J �N
:
D .J;N /

:
D J�N

�; (A-1)

where V , N are vector fields, and J is a 1-form.

Integration. Let D in M be a domain bounded by two homologous hypersurfaces, †1 and †2 being its
past and future boundary, respectively. We then write

R
†1
.J; n/ for the boundary terms on †1 arising

from a general current J in the expression
R
@D
�J . If S �†1 is spacelike, then .J; n/D g.J; n/ is in fact

the inner product of J with the timelike normal n to †1; e.g., on constant t -slices †t (see Section 2) we
have nD .1� 2m

rn�2
/�

1
2
@
@t

. If U �†1 is an outgoing null segment then
R
U .J; n/ denotes an integral of the

form
R

dv
R

S d�g.J; @@v /; e.g., on the outgoing null segments of the hypersurfaces †� (see Section 4),
we have Z

†�\fr�Rg

.J; n/
:
D

Z 1
�CR�

dv�
Z

Sn�1
d�̊n�1 r

n�1

�
J;

@

@v�

�
: (A-2)

The volume form is usually omitted:Z
D
f
:
D

Z
D
f d�g .D �M/:

Appendix B: Formulas for reference

In this appendix we summarize a few formulas for reference.

The wave equation. The d’Alembert operator in (1-1) can we written out in any coordinate system
according to

�g� D .g
�1/��r�@��; (B-1)

where r denotes the covariant derivative of the Levi-Civita connection of g.

Components of the energy momentum tensor. The components of the energy momentum tensor

T��.�/D @�� @�� �
1
2
g�� @

˛� @˛�

tangential to Q are given in .u�; v�/-coordinates by

Tu�u� D

�
@�

@u�

�2
; Tv�v� D

�
@�

@v�

�2
; Tu�v� D

�
1�

2m

rn�2

�ˇ̌
r= �

ˇ̌2
r2̊n�1

: (B-2)

We also refer to (B-2) as the null decomposition of the energy momentum tensor. Note here that

@˛� @˛� D�
1

1� 2m
rn�2

�
@�

@u�

��
@�

@v�

�
C
ˇ̌
r= �

ˇ̌2
r2̊n�1

;

1

r2
̊ AB
n�1 TAB D

ˇ̌
r= �

ˇ̌2
r2̊n�1

�
1
2
.n� 1/@˛� @˛�:
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Integration. A typical domain of integration that we use is

RD�2�1 D
˚
.u�; v�/ W �1 � u

�
� �2; v

�
�u� �R�

	
: (B-3)

In local coordinates we have, by calculating the volume form from (2-20), thatZ
RD�2�1

d�g D
Z �2

�1

du�
Z 1
u�CR�

dv�
Z

Sn�1
d�̊n�1 2

�
1�

2m

rn�2

�
rn�1: (B-4)

For a general current J the energy identity on this domain readsZ
RD�2�1

KX d�g D
Z
@RD�2�1

�J; (B-5)

where the right-hand side is given more explicitly byZ
@RD�2�1

�J

D�

Z 1
R�C�2

dv�
Z

Sn�1
d�̊n�1 r

n�1g

�
J;

@

@v�

�ˇ̌̌̌
u�D�2

�

Z �2

�1

du�
Z

Sn�1
d�̊n�1 r

n�1g

�
J;

@

@u�

�ˇ̌̌̌
v�!1

C

Z 1
R�C�1

dv�
Z

Sn�1
d�̊n�1 r

n�1g

�
J;

@

@v�

�ˇ̌̌̌
u�D�1

�

Z R�C2�2

R�C2�1

dt
Z

Sn�1
rn�1g

�
J;

@

@r�

�ˇ̌̌̌
rDR

: (B-6)

Radial functions. In this appendix we summarize some statements on the relation between r and

r� D

Z r

.nm/
1
n�2

1

1� 2m
rn�2

dr: (B-7)

The proofs are omitted here, but can be found in [Schlue 2012].

Proposition B.1. For all n� 3,

lim
r

n�2p
2m
!1

r�

r
D 1:

While this fact concerns the region r�� 0 and is essentially due to limx!1
logx
x
D 0, the next concerns

r� � 0 and is similarly due to limx!0 x log x D 0.

Proposition B.2. For all n� 3,

lim
r

n�2p
2m
!1

�
1�

2m

rn�2

�
.�r�/D 0:

In fact we have:

Proposition B.3. For r� < 0, �
1�

2m

rn�2

�
�
.2m/

1
n�2

.�r�/
:

This being an upper bound on .�r�/, we will also need a lower bound:
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Proposition B.4. For r� � 0,

.�r�/�
.2m/

1
n�2

n� 2
log

 
.n
2
/
1
n�2 � 1

.n
2
/
1
n�2 C 1

r
n�2
p
2m
C 1

r
n�2
p
2m
� 1

!
:

Dyadic sequences. In our argument, Section 5C in particular, we construct a hierarchy of dyadic se-
quences, beginning with a sequence of real numbers .�j /j2N where �1 > 0 and �jC1 D 2�j (j 2 N).
We then obtain (by the mean value theorem of integration) a sequence .� 0j /j2N with � 0j in the interval
.�j ; �jC1/ of length �j for all j 2 N. We then built up on these values another sequence .� 00j /j2N which
takes values (as selected by the mean value theorem) in the intervals .� 02j�1; �

0
2jC1/ 3 �

00
j ; note that their

length is at least � 02jC1� �
0
2j�1 � �2jC1� �2j D �2j . In the same fashion the sequence .� 000j /j2N is built

upon .� 00j /j2N, etc.

Appendix C: Boundary integrals and Hardy inequalities

In this appendix we prove appropriate Hardy inequalities that are needed in our argument to estimate
boundary terms that typically arise in the energy identities.

X -type currents. Let X D f .r�/ @
@r�

and recall the modification (4-14).

Proposition C.1 (boundary terms near null infinity). Let f DO.1/, f 0DO.1
r
/, and f 00DO. 1

r2
/. Then

there exists a constant C.n;m/ such thatZ
@RD�2�1nfrDRg

�JX;1 � C.n;m/

Z
†�1

�
J T .�/; n

�
: (C-1)

Proof. For the boundary integrals on the null segments u� D �1, �2 we findˇ̌̌̌Z 1
R�C�i

dv�
Z

Sn�1
d�̊n�1g

�
JX;1;

@

@v�

�
rn�1

ˇ̌̌̌
� C.n/

Z 1
R�C�i

dv�
Z

Sn�1
d�̊n�1 r

n�1

��
@�

@v�

�2
C
ˇ̌
r= �

ˇ̌2
C

�
jf j

r2
C
jf 0j

r
Cjf 0j2Cjf 00j

�
�2
�
; (C-2)

and, in view of the Hardy inequality Lemma C.2,Z 1
R�C�i

dv�
Z

Sn�1
d�̊n�1

1

r2
�2 rn�1

ˇ̌
u�D�i

� C.n;m/

Z
†�i

�
J T .�/; n

�
I (C-3)

note that the corresponding zero order terms vanish at future null infinity; cf. Remark C.3. Then (C-1)
follows from the energy identity for T on RD�2�1 . �

Lemma C.2 (Hardy inequality). Let � 2 C1.Œa;1//, a > 0, with j�.a/j<1 and

lim
x!1

x
n�2
2 �.x/D 0: (C-4)

Then a constant C.n/ > 0 exists such thatZ 1
a

1

x2
�2.x/ xn�1 dx � C.n/

Z 1
a

�
d�
dx

�2
xn�1 dx: (C-5)
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Proof. This is a consequence of the Cauchy–Schwarz inequality; after integration by partsZ 1
a

1

x2
�2.x/ xn�1 dx D

Z 1
a

g0.x/�2.x/ dx

with
g.x/D

Z x

a

yn�3 dy: �

Remark C.3. The conditions of Lemma C.2 on � are in fact satisfied for any solution of the wave
equation (1-1). By a density argument we may assume without loss of generality that the initial data is
compactly supported. Then for a fixed � , and v� large enough, �.�; v�/D 0, and for u� � � ,

�.u�; v�/D

Z u�

�

@�

@u�
du�:

Thus

�.u�; v�/�

�Z u�

�

�
@�

@u�

�2
rn�1 du�

�1
2
�Z u�

�

1

rn�1
du�

�1
2

:

On one hand, Z u�

�

Z
Sn�1

�
@�

@u�

�2
rn�1 d�̊n�1 du� �

Z
†�

�
J T .�/; n

�
<1;

whereas on the other hand,Z u�

�

1

rn�1
du� D

1

n� 2

Z u�

�

�
1�

2m

rn�2

��1 @

@u�

�
1

rn�2

�
du�

�
1

n� 2

�
1�

2m

Rn�2

��1�
1�

�
r.u�; v�/

r.�; v�/

�n�2� 1

rn�2
;

if we restrict u� � � to r.u�; v�/�R. Hence

lim
v�!1

r
n�2
2 � D 0:

Instead of (C-5), which requires (C-4), one can prove the corresponding Hardy inequality for finite
intervals:

Lemma C.4 (Hardy inequality for finite intervals). Let 0 < a < b, and � 2 C1..a; b//. Then

1

2

Z b

a

1

x2
�2.x/xn�1 dx �

1

n� 2
bn�2�2.b/C 2

�
2

n� 2

�2 Z b

a

�
d�
dx

�2
xn�1 dx: (C-6)

Proof. Let

g.x/D

Z x

a

yn�3 dy D
1

n� 2
yn�2

ˇ̌̌̌x
a

:

Then, by integration by parts and using Cauchy’s inequality,Z b

a

1

x2
�2.x/xn�1 dx D g �2

ˇ̌b
a
�

Z b

a

g.x/2�.x/
d�
dx

dx

� g.b/�2.b/C 2�

Z b

a

1

x2
�2.x/xn�1 dxC

1

2�

Z b

a

g.x/2

xn�3

�
d�
dx

�2
dx;
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where � > 0; (C-6) follows for � D 1
4

because

g.b/�
1

n� 2
bn�2;

g.x/2

xn�3
�

2

n� 2

�
1C

�
a

x

�2.n�2/�
xn�1: �

Recall the domain (4-103); by using Lemma C.4 instead of Lemma C.2 we can prove the following
refinement of Proposition C.1 to bounded domains:

Proposition C.5 (boundary terms on bounded domains). Let f DO.1/, f 0 DO.1
r
/, and f 00 DO. 1

r2
/.

Then there exists a constant C.n;m/ such thatZ
@RDn �2�1nfrDRg

�JX;1 � C.n;m/

�Z
†
�2
�1

�
J T .�/; n

�
C

Z
Sn�1

d�̊n�1r
n�2�2

ˇ̌
.u�D�1;v�DR�C�2/

�
: (C-7)

Recall the domain (4-2).

Proposition C.6 (boundary terms near the event horizon). Let f D O.1/, f 0 D O
�
1
jr�j4

�
, and f 00 D

O
�
1
jr�j5

�
, and

�l� D 0 .0� l < L/;

for some L 2 N. Then there exists a constant C.n;m;L/ such thatZ
@R1r0;r1 .t0/

�JX;1 � C.n;m;L/

Z
†�0

�
J T .�/; n

�
; (C-8)

where �0 D 1
2
.t0� r

�
1 /.

The proof is given in Section 4D.1 in the special case f D f;˛ using the following lemma.

Lemma C.7 (Hardy inequality). Let a > 0, � 2 C1.Œa;1// with

lim
x!1

j�.x/j<1:

Then Z 1
a

1

1C x2
�2.x/ dx � 8

1C a2

a2

Z 1
a

�
d�
dx

�2
dxC 2�

Z aC1

a

�
�2C

�
d�
dx

�2�
dx: (C-9)

Proof. Let us first assume that �.a/D 0. Define

g.x/D�

Z 1
x

1

1Cy2
dy:

Then Z 1
a

1

1C x2
�2.x/ dx D

Z 1
a

g0.x/�2.x/ dx D g.x/�2.x/
ˇ̌1
a
� 2

Z 1
a

g.x/�.x/
d�
dx

dx

� 2

�Z 1
a

g.x/2

g0.x/

�
d�
dx

�2
dx
�1
2
�Z 1

a

g0.x/�2.x/ dx
�1
2

:
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Since jg.x/j � 1
x

we have

g.x/2

g0.x/
�
1C x2

x2
�
1C a2

a2
;

and thereforeZ 1
a

1

1C x2
�2.x/ dx � 4

Z 1
a

g.x/2

g0.x/

�
d�
dx

�2
dx � 4

1C a2

a2

Z 1
a

�
d�
dx

�2
dx:

Without the assumption �.a/D 0 this applied to the function �.x/��.a/ yieldsZ 1
a

1

1C x2
�2.x/ dx � 2

Z 1
a

1

1C x2

�
�.x/��.a/

�2 dxC 2
Z 1
a

1

1C x2
�.a/2 dx

� 8
1C a2

a2

Z 1
a

�
d�
dx

�2
dxC��.a/2:

We conclude the proof with the following pointwise bound: on one hand, for some a0 2 .a; aC 1/,Z aC1

a

�.x/2 dx D �.a0/2

and on the other hand,

�.a0/2��.a/2 D

Z a0

a

d
dx
�.x/2 dx �

Z a0

a

�
�.x/2C

�
d�
dx

�2�
dx:

Hence

�.a/2 �

Z a0

a

�
�.x/2C

�
d�
dx

�2�
dxC

Z aC1

a

�.x/2 dx � 2
Z aC1

a

�
�.x/2C

�
d�
dx

�2�
dx: �

Auxiliary currents. We have the same results for auxiliary currents of the form

J aux
� D

1
2
h.r/@�.�

2/: (C-10)

Proposition C.8. Let hDO.1
r
/. Then there exists a constant C.n;m/ such thatZ

@RD�2�1nfrDRg

�J aux
� C.n;m/

Z
†�1

�
J T .�/; n

�
; (C-11)

and moreover, for a constant C.n;m/, we have the refinementZ
@RDn �2�1nfrDRg

�J aux
� C.n;m/

�Z
†
�2
�1

�
J T .�/; n

�
C

Z
Sn�1

d�̊n�1r
n�2�2

ˇ̌
.�1;R�C�2/

�
: (C-12)

Proof. Note that here, in comparison to the proof of Proposition C.1,ˇ̌̌̌
g

�
J aux;

@

@v�

�ˇ̌̌̌
� h2�2C

�
@�

@v�

�2
: �
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Proposition C.9. Let hDO
�
1
jr�j

�
. Then there exists a constant C.n;m/ such thatZ

@R1r0;r1 .t0/

�J aux
� C.n;m/

Z
†�0

�
J T .�/; n

�
; (C-13)

where �0 D 1
2
.t0� r

�
1 /.

Remark C.10. In view of Proposition B.3, the function hD 1
r

�
1� 2m

rn�2

�
satisfies the assumption of the

proposition.
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