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DECAY OF LINEAR WAVES ON
HIGHER-DIMENSIONAL SCHWARZSCHILD BLACK HOLES

VOLKER SCHLUE

We consider solutions to the linear wave equation on higher dimensional Schwarzschild black hole
spacetimes and prove robust nondegenerate energy decay estimates that are in principle required in a
nonlinear stability problem. More precisely, it is shown that for solutions to the wave equation Hg¢p =0
on the domain of outer communications of the Schwarzschild spacetime manifold (M?, g) (where
n > 3 is the spatial dimension, and m > 0 is the mass of the black hole) the associated energy flux
E[¢](X;) through a foliation of hypersurfaces X, (terminating at future null infinity and to the future
of the bifurcation sphere) decays, E[¢](Z:) < CD /72, where C is a constant depending on # and m,
and D < oo is a suitable higher-order initial energy on ¥,; moreover we improve the decay rate for
the first-order energy to E[d,¢](X8) < CDs/ 4728 for any § > 0, where %R denotes the hypersurface
¥, truncated at an arbitrarily large fixed radius R < oo provided the higher-order energy Dg on Xy is
finite. We conclude our paper by interpolating between these two results to obtain the pointwise estimate
|¢]s, R= CD§/ r%_‘s. In this work we follow the new physical-space approach to decay for the wave
equation of Dafermos and Rodnianski (2010).
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1. Introduction

The study of the wave equation on black hole spacetimes has generated considerable interest in recent
years. This stems mainly from its role as a model problem for the nonlinear black hole stability problem
[Dafermos and Rodnianski 2009a; 2012], and more recent advances in the analysis of linear waves
[Dafermos and Rodnianski 2008].

In this paper we study the linear wave equation on higher-dimensional Schwarzschild black holes.
The motivation for this problem lies — apart from the above mentioned relation to the nonlinear stability
problem (which is expected to be simpler in the higher-dimensional case [Choquet-Bruhat et al. 2006];
for work on the 5-dimensional case under symmetry see also [Dafermos and Holzegel 2006; Holzegel
2010]) —on one hand in the purely mathematical curiosity of dealing with higher dimensions and on the
other hand in its interest for theories of high energy physics [Emparan and Reall 2008].

In the philosophy of [Christodoulou and Klainerman 1993] it is understood that the resolution of the
nonlinear stability problem requires an understanding of the linear equations in a sufficiently robust setting.
In particular, we require a proof of the uniform boundedness and decay of solutions to the linear wave
equation based on the method of energy currents, which (ideally) only uses properties of the spacetime that
are stable under perturbations, and does not rely heavily on the specifics of the unperturbed metric (for an
introduction in the context of black hole spacetimes see [Dafermos and Rodnianski 2008]). Correspond-
ingly in this paper we establish on higher-dimensional Schwarzschild spacetime backgrounds boundedness
and decay results analogous to the current state of the art in the (3 + 1)-dimensional case [Luk 2010].

The decay argument presented here departs from earlier work that either makes use of multipliers
with weights in the temporal variable (notably [Christodoulou and Klainerman 1990; Blue and Sterbenz
2006; Andersson and Blue 2009; Dafermos and Rodnianski 2009b; Luk 2010]) which in one form or the
other are due to Morawetz [1962], or that relies on the exact stationarity of the spacetime (such as [Ching
et al. 1995; Tataru 2010; Donninger et al. 2012] based on Fourier analytic methods). Here we follow the
new physical-space approach to decay of [Dafermos and Rodnianski 2010], which only uses multipliers
with weights in the radial variable. Thus our work — especially the improvement of Section 5C —is of
independent interest for the (3 + 1)-dimensional Schwarzschild and Minkowski case and also for a wider
class of spacetimes including Kerr black hole exteriors.

1A. Statement of the theorems. We consider solutions to the wave equation
Ogpp =0 (1-1)

on higher-dimensional Schwarzschild black hole spacetimes; these backgrounds are a family of (n 4 1)-
dimensional Lorentzian manifolds (M?,, g) parametrized by the mass of the black hole m > 0 (n > 3).
They arise as spherically symmetric solutions of the vacuum Einstein equations, the governing equations
of general relativity, and are discussed as such in Section 2; for the relevant concepts see also [Dafermos
and Rodnianski 2008; Hawking and Ellis 1973].

More precisely, we consider solutions to (1-1) on the domain of outer communications D of M —
which comprises the exterior up to and including the event horizons of the black hole — with initial data
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t*: timelike future infinity

+. i o
H™: event horizon . 9T future null infinity

Yo

o
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communications

(" : timelike past infinity

Figure 1. The hypersurface X in the domain of outer communications D.

prescribed on a hypersurface X consisting of an incoming null segment crossing the event horizon to
the future of the bifurcation sphere, a spacelike segment and an outgoing null segment emerging from a
larger sphere of radius R terminating at future null infinity; see Figure 1 (the exact parametrization —
which is chosen merely for technical reasons —is given in Section 4).

In the exterior of the black hole the metric g takes the classical form in (z, r)-coordinates [Tangherlini
1963]:

2m 2m \ ! .
g= _(1 — rn—2) dr® + (1 — rn—2) dr? 4+ r?P,_1, (1-2)

where r > "/2m, t € (—o00,c0), and P,_1 denotes the standard metric on the unit (n — 1)-sphere;
however this coordinate system breaks down on the horizon r = ”_m and we shall for that reason
introduce in Section 2 the global geometry of (M?,, g) using a double null foliation, from which we
derive an alternative double null coordinate system for the exterior of the black hole:

2
g:—4(1— rnTz)du*dv* + 121, (1-3)

the so-called Eddington—Finkelstein coordinates.

In this paper both the conditions on the initial data and the statements on the decay of the solutions
are formulated using the concepts of energy and the energy momentum tensor associated to (1-1); in
particular (see Section 1B and also Appendix B),

Tyuv[p] = 0ug dvep — % guv 0% P0a¢. (1-4)

The corresponding 1-contravariant-1-covariant tensor field fulfills the physical requirement that the linear
transformation —7" : T M — T M maps the hyperboloid of future-directed unit timelike vectors into the
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closure of the open future cone at each point. Physically,
—T ‘U € TpM

is the energy-momentum density relative to an observer at p € M with 4-velocity u € T, M, and it is for
this reason that we refer to

=g(T-uu)=T(,u)=0

as the energy density at p € M relative to the observer with 4-velocity u € T, M. One may think
of a spacelike hypersurface as a collection of locally simultaneous observers with a 4-velocity given
by the normal. The hypersurfaces relative to which we establish energy decay are simply defined by
Y = ¢ (X0 N D), where ¢, denotes the 1-parameter group of isometries generated by %. The energy
flux through the hypersurface X is then given by

EWIE0 = [ (1Viglns) (1-5)
where (JN[¢],ny) = T[p](N.nx), ny is the normal' to X, and N is a timelike ¢,-invariant future
directed vector field which is constructed in Section 3 for the purpose of turning ¢V = T'(N, N) into
a nondegenerate energy up to and including the horizon. Note that the energy E[¢](X;) in particular
bounds a suitably defined H'-norm on 2.

The classes of solutions to (1-1) to which our results apply are formulated in terms of finite energy
conditions on the initial data, for which purpose we list the following quantities:

1

00 k
@) ;/ */ ] (a(r a ¢))
D7 (v0) = dv d E ro\ ——s——
2 (7o) 0+ R* gn—1 = — dv*

k=0 u*=tg
2
_ oo ! ("7 ok
o= [ a3 s (RO
4 a(r 8 ¢) 3 n(n2 1)
(MY (e

n(n 1

4

/E (Z JN[8k¢]+Z Z TN Q%] I’lz) (1-7)

=0 i=1

10On spacelike segments of X the vector ny; is indeed timelike; however, on the null segments of the hypersurfaces X, the
“normal” ny; is in fact a null vector, but the notation is kept for convenience; see Appendix A.
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o) 2 2 aqk
(4=8) - 453(r Qedkg))?
Dy ](TO)_[T d”*/gn_ld%—l{z 2. ( Jo*2

k
ok k=01a|<[4]+1

I e G G|

k=0 |o|<[2]+1 k=0 |a|<[Z]+2

5
/Z(Z >IN+ > > JN[Q"‘a’fd)],ng). (1-8)

k=0la|<[5]+1 k=0 la|<[§]+2

u*=r0

Here Q; :i = 1,...,n(n — 1)/2 are the generators of the spherical isometries of the spacetime M,
« is a multiindex, and for any radius R we denote by R* the corresponding Regge—Wheeler radius (2-17).
(See also Section 4B.)

Among the propositions on linear waves on higher-dimensional Schwarzschild black hole spacetimes

proven in this paper, we wish to highlight the following conclusions?.

Theorem 1 (energy decay). Let ¢ be a solution of the wave equation Jg¢p =0 onD C M}, wheren >3
and m > 0, with initial data prescribed on X, (1o > 0).

o IfD = Déz) (t0) < 00 then there exists a constant C(n, m) such that
CD
E[¢](Z:) = 7z (t > 70). (1-9)

o Furthermore if for some 0 < § < 5 and R > "3Y8nm/§ also D' = D§4_5)(r0) < 00 then there
exists a constant C(n,m, 8, R) such that

/

CD
E[3:9](Z}) < =5 (> ), (1-10)
T
where X, = % N{r < R}.

While each of these energy decay statements lend themselves to prove pointwise estimates for ¢ and
d; ¢ respectively (see Section 6), we would like to emphasize that, using the (refined) integrated local
energy decay estimates of Section 4, an interpolation argument allows to improve the pointwise bound

on ¢ directly in the interior>.

Theorem 2 (pointwise decay). Let ¢ be a solution of the wave equation as in Theorem 1. If for some
0<d<yz,D= = pi- )] (t0) < 00 (19 > 1) then there exists a constant C(n,m, 8, R) such that

7+[%
CD

("V2m<r <R, t>1) (1-11)

where X and R are as in Theorem 1.

2The “redshift” proposition and the “integrated local energy decay” proposition are to be found on page 526 in Section 3 and
page 532 in Section 4 respectively.

3In this paper we use the term “interior” to refer to a region of finite radius; i.e., the term “interior region” is used
interchangeably with “a region of compact r (including the horizon)”, and is of course not meant to refer to the interior of the
black hole, which is not considered in this paper.



520 VOLKER SCHLUE

Remark (decay rates and method of proof). Theorems 1 and 2 extend the presently known decay results
for linear waves on (3 4 1)-dimensional Schwarzschild black holes to higher dimensions n > 3; for
(3 + 1)-dimensional Schwarzschild black holes, (1-9) was first established in [Dafermos and Rodnianski
2009b], and (1-10), (1-11) more recently in [Luk 2010]. However, both proofs use multipliers with
weights in 7, [Dafermos and Rodnianski 2009b] by using the conformal Morawetz vector field in the decay
argument, and [Luk 2010] by using in addition the scaling vector field. Here we extend (1-9) to higher
dimensions n > 3 in the spirit of [Dafermos and Rodnianski 2010] only using multipliers with weights
in r, and provide a new proof of the improved decay results (1-10) and (1-11) in the n = 3-dimensional
case in particular.

1B. Overview of the proof. In this section we give an overview of the work in this paper and present
some of the ideas in the proof that lead to Theorem 1; references to previous work are made when useful,
but for a more detailed account of previous work on the wave equation on Schwarzschild black hole
spacetimes see Section 1.3 in [Dafermos and Rodnianski 2011] and references therein.

Energy identities. Let us recall that the wave equation (1-1) arises from an action principle and that the
corresponding energy momentum tensor is conserved. Indeed, here we find (1-4) and by virtue of the
wave equation (1-1)

VAT = (Ogp)(0v) = 0. (1-12)

Moreover, the energy momentum tensor (1-4) satisfies the positivity condition, namely 7' (X, Y) > 0 for
all future-directed causal vectors X, Y at a point.
Now let X be a vector field on M. We define the energy current J X [¢] associated to the multiplier X by

T 18] = Tunlg] XY, (1-13)
Then
kX =vryX =Xz, (1-14)
where we have used that 7, is conserved and symmetric. Here
Pn(Y.2) = 3(Lx9)(Y. Z) = 3¢(Vy X. Z) + 34(Y. VzX) (1-15)
is the deformation tensor of X.

Remark. If X is a Killing field, i.e., X generates a 1-parameter group of isometries of g, X7 =0, then
KX = 0;1i.e., JX is conserved.

In the following we shall refer to

/ KX dug:/ *JX (1-16)
R oR

as the energy identity for JX (or simply X) on R, where R C M (this is of course the content of Stokes’
theorem, and *J denotes the Hodge-dual of J; see also Appendix B). Moreover we refer to X in (1-16)
as the multiplier vector field. In this paper we will largely be concerned with the construction of vector
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fields X, associated currents J ¥ and their modifications, and the application of (1-16) and various derived
energy inequalities to appropriately chosen domains R C D.

The new approach [Dafermos and Rodnianski 2010] to obtaining robust decay estimates requires us
to first establish (i) uniform boundedness of energy, (ii) an integrated local energy decay estimate and
(iii) good asymptotics towards null infinity.

Redshift effect. The reason (i) is nontrivial as compared to Minkowski space is that the energy correspond-
ing to the multiplier d; degenerates on the horizon (the vector field d; becomes null on the horizon and
no control on the angular derivatives is obtained; cf. [ibid. 2008]); it was recognized in [ibid. 2009b],
and formulated more generally in [ibid. 2008], that the redshift property of Killing horizons is the key
to obtaining an estimate for the nondegenerate energy (i.e., an energy with respect to a strictly timelike
vector field up to the horizon, which controls all derivatives tangential to the horizons). An explicit
construction of a suitable timelike vector field N is given in Section 3 which allows us to state the redshift
property in the language of multipliers and energy currents, and a proof of the uniform boundedness of
the nondegenerate energy is given (independently of other calculations in this work) in Section 5A.

Integrated local energy decay. Section 4 is devoted to establishing (ii). This is achieved by the use of
radial multiplier vector fields of the form f(r*)d,« (see Section 4A). In Section 4B a construction of
a positive definite current for the high angular frequency regime is given using a decomposition on the
sphere. In Section 4C a more general construction of a current is given using a commutation with the
angular momentum operators. We wish to emphasize that the decay results of Section 5— albeit with
a higher loss of differentiability — could be obtained solely on the basis of the latter current, without the
recourse in Section 4B to the Fourier expansion on the sphere. However, the dependence on the initial
data is significantly improved by virtue of the integrated local energy decay estimate Proposition 4.1; here
(see Section 4D.1) the results of Sections 4B and 4C are combined in order to replace the commutation
with the angular momentum operators by a commutation with the vector field d; only. The difficulty in
both constructions lies in overcoming the “trapping” obstruction, which is the insight that it is impossible
to prove an integrated local energy decay estimate on spacetime regions that contain the photon sphere
without losing derivatives (see [Dafermos and Rodnianski 2008]). In the context of the Schwarzschild
spacetime the need for vector fields whose associated currents give rise to positive definite spacetime
integrals was first recognized and used in [Blue and Soffer 2003; Dafermos and Rodnianski 2009b],
and such estimates have since then been extended by many authors [Marzuola et al. 2010; Alinhac
2009].

The p-hierarchy. In Section 5B we use a multiplier of the form r? 9, that gives rise to a weighted energy
inequality which we consequently exploit in a hierarchy of two steps; this approach — which yields
the corresponding quadratic decay rate in (1-9) — was pioneered in [Dafermos and Rodnianski 2010]
for a large class of spacetimes, including the (3 4 1)-dimensional Schwarzschild and Kerr black hole
spacetimes. In Section 5C a further commutation with d,= is carried out, which allows us to extend the
hierarchy of commuted weighted energy inequalities to four steps, yielding the corresponding decay rate
for the first-order energy. The argument involves dealing with an (arbitrarily small) degeneracy of the
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first-order energy density at infinity which corresponds to the §-loss in the decay estimate (1-10). In both
cases (iii) is ensured by the imposition of higher-order finite energy conditions on the initial data.

Interpolation. The pointwise decay of Theorem 2 then follows from Theorem 1 and the (refined) integrated
local energy decay estimates of Section 4D.2 by a simple interpolation argument given in Section 6.

Final comments. The currents in Sections 4B and 4C and the corresponding integrated local energy decay
result already appeared in [Schlue 2010]. Independently a version of integrated local energy decay was
subsequently obtained in [Laul and Metcalfe 2012]. In [Schlue 2010] there is also an alternative proof of
(1-9) of Theorem 1 using the conformal Morawetz vector field.

2. Global causal geometry of the higher-dimensional Schwarzschild solution

In this section, we give a discussion (in the spirit of Section 3 of [Christodoulou 1995]) of the global ge-
ometry of the (n + 1)-dimensional Schwarzschild black hole spacetime [Tangherlini 1963], the underlying
manifold on which the wave equation is studied in this paper.

The (n 4 1)-dimensional Schwarzschild spacetime manifold M = M}, (n >3, n € N, m > 0) is
spherically symmetric; i.e., SO(n) acts by isometry. The group orbits are (n — 1)-spheres, and the quotient
Q = M/ SO(n) is a 2-dimensional Lorentzian manifold. The metric g on M assumes the form

Q Q °
g§=8 +yr =& +r*Vn—1 @2-1)

where § is the Lorentzian metric on Q to be discussed below, y,,—1 is the standard metric on s"1 andr
is the area radius (the area of the (n — 1)-sphere at x € Q is given by w,r"~!(x), where w, = Zn%/F(%)
is the area of the unit (n — 1)-sphere); or more precisely, in local coordinates x% : @ = 1,2 on Q, and
local coordinates y4: 4=1,...,n—10nS"!,

8(x,y) = ap(¥) dx? dx® +12(x) (Jn—1) 4 p dy* dy 5.

The Schwarzschild spacetime is a solution of the vacuum Einstein equations, which in other words
means that its Ricci curvature vanishes identically. This implies in particular (see derivation in [Schlue
2012]) that the area radius function r satisfies the Hessian equations

(n—2)
2r

Vadpr = [1—(07r)(0cr)]gan- (2-2)

as a result of which the mass function m on Q defined* by

2m

- = g% dar dpr (2-3)

is constant; see [ibid.]; we take this parameter m to be positive.
On Q we choose functions u, v whose level sets are outgoing and incoming null curves, respectively,
which are increasing towards the future. These functions define a null system of coordinates, in which the

4We choose the normalization of the mass function to be independent of the dimension #; this is motivated by a consideration
of the mass equations in the presence of matter; see [Schlue 2012].
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metric 27’ takes the form
¢ =—-Q%dudv. 2-4)
The Hessian equations (2-2) in null coordinates read
0%r  20Q 0r (2-50)
—_—— ——— T = a
ou2  Q du du
9%r n—2adr dr n—2
T Q2, 2-5b
du dv + roou dv 4r ( )
?r  20Q0r
R — 2-5¢
dvz  Q dv Jv (2-5¢)
and the defining equation for the mass function (2-3) is
1 2m 4 9ror (2-6)
=2 Q2 0udv’
The system (2-5b), (2-6) can be rewritten as the partial differential equation
G 2-7)
dudv
for a new radial function r*(r) that is related to r by
dr* 1
= . 2-8
T (2-8)
-
A solution of (2-7), (2-8) is given by”
1,
r* = V2mlog [uv|, (2-9)
(n—2)
or
n—=2)r* n—2)r n—2
luv| =e”""V2m =" "2m exp /—dx )
Xn_2 —1 x= r
11—2\/%
We find more explicitly, by an elementary integration (see [Schlue 2012]), that
r_ r
eZM(l——), n=3,
2m
UV = . (1_ ; ) (2-10)
e~2m —im, n=4,
I+ 75
SHere the representation in terms of null coordinates is such that »* = —oo is contained in the (, v) plane and the metric is

nondegenerate at r = " 2m.
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and
(n—2)r r 1, n odd,
uv=e"_2«/ﬁ(l—ﬁ) r -1
2m (1 + T) , neven,
"Y2m
[n53] 2 . cos(27j 1=3)
2 > Jn=2
% 1_[ (r—z—Zcos( i ) ! : +1)
jo \@m)i n=2) (amyis
[253] —r —cos(zLj)
_3 n—2/5_— -2
X 1_[ exp| 2 sin 27rjn— arctan 2m " , n=>5. (2-11)
j=1 n=2 sin(725)

Note in particular that the ¥ = 0 and v = 0 lines are the constant r = ""v/2m curves, and that all other
curves of constant radius are hyperbolas in the (u, v) plane — timelike for r > "73/2m, spacelike for

r < "7/2m. This outlines the well-known global causal geometry of the Schwarzschild solution (see
Figure 2).

Figure 2. Global causal geometry of the Schwarzschild solution.



DECAY OF LINEAR WAVES ON HIGHER-DIMENSIONAL SCHWARZSCHILD BLACK HOLES 525

It is easy to see [Schlue 2012] that for (2-9) the trapped region, the apparent horizon, the exterior, and
the antitrapped regions, respectively, are given by

) _or or B .
J=;(u,v)eQ.@<0,%<O} —{(u,v)eQ.u>O,v>O},
. _or 8;’_ _ o
&ﬁ=§(u,v)€Q.@<O,%—O} —{(u,v)eQ.u—O,v>0},
%ig(u»v)EQia—r<0,a—r>O} ={(u.v) € Q:u<0,v>0},
ou ov
*i;(u,v)EQ:g—;>0} ={(u,v) € Q:v <0}.

Note this forms a partition of @ = TUAURU T*, and that in view of (2-6), r < "2m in I,
r=""22min s and r > ""/2m in R. We shall refer to

D=R={(u,v)eQ:u<0,v=>0} (2-12)
as the domain of outer communications.
Finally,
2m)3
4( ) e 2m, n =73,

r

2 2 2 __2r

(]

r 2m

7 \2 (Zm)n% 1, , n odd,
02— J\n=-2 rn—2 . + 1) , neven, (2-13)
n—2/2m
[nz;%] 2 . 1—cos(27j 1=3)
2 : J n=2

X 1_[ (r—z —ZCOS(LJ)% + 1)
=1 \@m)i= n—2 2m
[n;3 _r COS(2 j) _

-3 n—2/5— 2 —m=2)r

X 1_[ exp[—z sin(2njn—) arctan( 2m 5 . ):|e ""Xam, n>S5.

Jj=1 n—2 Sm(nnjz)

One may now also think of r as a function of u, v implicitly defined by (2-10) and (2-11). In % where
r>""32m (and v —u > |u + v|), r may be complemented by

2
‘= Yam arctanh(“ + ”); (2-14)
n—2 v—Uu

note

dt =

" ( -t du) (2-15)

n—

and we will denote by X, the corresponding level sets in D.
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We find in these coordinates the classic expression for the Schwarzschild metric in the exterior region:

2m 5 2m \ ! 5 2.
g=- l—rn_2 dre + l_r”_z dre+roy,—1. (2-16)
In Regge-Wheeler coordinates (z, r*), where r* is centered at the photon sphere r = "~3/nm:
* g 1 /
P LN 2-17)
/;nm);zlz 1— r/zn—rfz
the metric obviously takes the conformally flat form
2m .
g= (1 — rn—2)(_ dr? + dr*?) + 1271 (2-18)
We shall also use the Eddington—Finkelstein coordinates
u*=10—r*, v*=L10+r%). (2-19)
which are again double null coordinates:
2m .
g= _4(1 — rn—Z) du* dv* 4+ r29,_1. (2-20)
The two systems of null coordinates in 9 are related by
_m—2)u* (n—2)v*
u=—e "X, p=e" Vo, (2-21)

3. The redshift effect

In this section we prove a manifestation of the local redshift effect in the Schwarzschild geometry of
Section 2 in the framework of multiplier vector fields.

Proposition 3.1 (local redshift effect). Let ¢ be a solution of the wave equation (1-1). Then there exists a
@s-invariant future-directed timelike smooth vector field N on D, two radii ""/2m < réN) < rfN), and a
constant b > 0 such that

KN@) =b (V@) N) ("Vom<r<rV) 3-1)
and N =T (r = r™),

The vector field N will be constructed explicitly with the following vector fields.

T -vector field. Here ¢; is the 1-parameter group of diffeomorphisms generated by the vector field

T—l n—2 d d\. (3-2)
212/ ov  You ) i

note that in ®, where r > ""/2m (recall (2-15)),

T_B
T
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T is a Killing vector field:
D =0, (3-3)

which is timelike in the exterior, spacelike in the interior of the black hole and null on the horizon:

<0, r>"32m
_2 2 2 k) k]

g(T,T)= %% uv Q? = —(1 — rn,i/lZ) =0, r="732m, (3-4)
@m)n=2 >0, r<"?2m.

In particular,

T =122 ,2 —0 (3-5)
HE T R Uy Htnp— =Y -
Y -vector field. Let us also define a vector field Y on H™ conjugate to T':
2 9
ou
Indeed,
g(T.Y)|y+ =-2 (3-7)
because
n—2
V2m19d
H n—2 vadu
Furthermore, as a consequence of (2-5b),
0%r __n- 2Qz _ la_r
0u 9V |4+ 4r wt VO |y
and we have
ad ad n—2 1 1 9%r ad
T,Y]|y+ =IT,Y “—‘ +[T.Y'—| = ——[v——— ]— =0. (3-8
(7 Y]l 7. Y] ou |+ 7. Y] Wly+ " 2m g_; g_; ou v ou |4+
E g-vector fields. We denote by E4: A =1,...,n—1 an orthonormal frame field tangential to the orbits
of the spherical isometry:
1, A=B
E4q,Ep) =645 =1 ’ 3-9
g(Ea, E) =daB {0’ A4B, (3-9a)
8(EAY)|y+ =0, g(Eq,T)=0|y+ (A=1,....,n—-1). (3-9b)

We can now state that the surface gravity of the event horizon is positive; this is essential for the
existence of the redshift effect (see more generally [Dafermos and Rodnianski 2008] and also [Aretakis
2011] for work where this is not the case).

Lemma 3.2 (surface gravity). On H™T,
VrT =k, T (3-10)
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with
1 n—2
Kn=§n_2 o > 0.
We call ky, the surface gravity.
Note. T = Kn(v% — u%).
Alternatively, «, is characterized by
V7Y =—x,Y

on H*. Clearly

g(VrY.Y)=3T-g(Y.Y)=0

since Y is null along %, and

(3-3)

3-3
g(VrY. T) 2 ¢y T.7) L —g(Vr T, V) = 2ky;

also

(3-11)

(3-12)

g(VrY, Ex) 2 g(Vy T Ex) E —g(VE,T.Y) =0 forA=1,....n—1,

because Vg, T = 0. Note, for later use, on H ™,

2
Ve, Y =—

—— E4.

(3-13)

We defined Y on H* conjugate to T, g(T, Y)|+ = —2. Next we extend Y to a neighborhood of the

horizon by

16
VyY =—o(Y +7) (o > —2(2m)n32)
}/l_

and then we extend Y to ® by Lie-transport along the integral curves of T':

[T,Y]=0.

Proposition 3.3 (redshift). For the future-directed timelike vector field

N=T+Y

there is a b > 0 such that on HT
KN >b N, N).

Proof. Let us calculate

1

n—1

= SN (Ba, ¥) T(Ea, T) + Pm(Ea, T) T(Ea, V)| +

A=1

— Z{‘Y)n(T, YT, Y)+ 20T, Y)T(Y,T) + Dr(Y,Y) T(T, T)}

(3-14)

(3-15)

(3-16)

(3-17)

n—1
> On(E4. Ep) T(E4. Ep).

A,B=1
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Now, on one hand, on H T,

DT, Ty =2%n, DT ¥Y)=0, Dr(¥.Y) =20,
2

Nr(Eg,Y)=0, Pr(Es.T)=0, Vrn(Es Ep) = —%&43.
Thus
2
KY = i, T0,.Y)+ Lo T(Y +T,T) - Z T(E4, E4).
«/_
On the other hand, on H1,
2 9¢9\? 2 3\
T(Y,Y)= (a_r@) , T, T)= W¢>|r2%_1, T(T,T) = (K,,u%) ,
u

and, on HT,

2 d ad
T(Es.Ep) = (Ea- ¢)(Ep - ¢)— 32m)72845|V| 25, | —3(n—2)Q2m)7=2 z—sAB(a‘p)(af)

ou
Using Cauchy’s inequality, on H T,

2n_1TEE— 3)2m) =z |V |? -1 (29) (2
ﬁ; (Ea, Eq) = (n=3)2m)72 V| o,  +(n—2)(n— )z -3
12
> (n—3)@m)2 T(Y, T) — i, T(Y, Y)-— ((” )) @m)7= T(T, T)
n
1 n—1 1
> —1kaT(Y.Y) — ——@2m)=2 T (T, T).
n
Since we have chosen o > 2}1’6;21(2,”),,%2, KY has a sign,
KY >, TV, Y)+0' T(Y +T.,T)
for0 <o’ <5 — %(Zm)nlfz, or
Y>hbT(Y+T.Y +T)
for 0 <b < min{7, ‘; }. This yields the result
KN =KY>bT(N,N)y=b("N,N). O

Finally, we find an explicit expression for Y. Consider the vector field

2 9

T or
& qu

Y =
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on % U o4 formally defined by the expression for Y on H™*. In R

2 0
1— 2m 5;F;'

yn—2

Y =

Y generates geodesics, this being a consequence of the Hessian equations (2-5a),
s 2\ 1 20079
V % Y - _ —— = —_—— | — = 0,
Y (3_r) |: 3_r8u2+528u}8u
ou u
and is Lie-transported by T':

- 2 ad ad 2 ad N N
m.Yl= (a_)z([T’ a_})a__g:[T a_] =l oy =
u

-
ou

because [7, %] = Kp %. Y as constructed above coincides with

Y =a(r)Y +B(r)T

a(r) =1+ %(1 —j—’i) B(r) = 4; (1 _ j’fz).

where

Indeed, on H T,

Y| IA’| 2 0
+ = +=——_
H H gﬁ Ju 2+
and
VYY‘?# = V?Y{%ﬁ = (?'O‘)m%ﬁ +V??‘H+ +(Y'/3)T‘H+ =0 (Y+T)‘H+
since
A o 2m . N
Y-oz|%+ = m(n—Z)rn_lYW s = —o, Y~,3|H+ =—0

and Y remains Lie-transported by 7':
[T.Y]=(T-)Y +(T-B)T +a«[T.Y]+B[T.T] =0
since
T-a=0=T:8.
Thus the vector field Y is given explicitly by
2 0

=Y on Ht,

0
v ﬁau

1+ o 1 2m 2 0 N o | 2m \ 0 . R
— —+—(1- — in@R.
dkp =2 ) 1= 2m Qu* - 4k, rn=2 ) ot

r

(3-18)

(3-19)
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Clearly, by continuity, we can choose two values "~v/2m < réN) < rl(N) < 00 and set

T +7Y, "2m<r< réN),

N
T, r> rl(N),

with a smooth ¢;-invariant transition of the timelike vector field N in r(()N)

extends to the neighborhood ""v/2m < r < r(()N)

(N)

<r =<r; "7, such that (3-17)

of the event horizon.

Remark 3.4. For a geometric interpretation of Proposition 3.3 see [Schlue 2012] and also [Dafermos
and Rodnianski 2008].

4. Integrated local energy decay

In this section we prove several integrated local energy decay statements, i.e., estimates on the energy
density of solutions to (1-1) integrated on (bounded) space-time regions; this in an essential ingredient
for the decay mechanism employed in Section 5.

Let Ryy,r (fo, t1,u7, v]) be the region composed of a trapezoid and characteristic rectangles as follows
(see Figure 3):

R (o, 11, uy, v]) ={(t, 1) ito <t <t1, ro <r <ry}
U{(t.r)ir <ro, Xt —r*) <uf, to+ry <t +r* <t +rg}
U{(l,r):r >y, %(z—i—r*) <vi,to—rf <t—r*<n —rf}. 4-1)
We define
R =) U U RGo.tr.uf o)) (4-2)

>
nzto ui>Lt—rg) viz=3@+ry)

and denote its past boundary by

T =0"RY, (to), To=3(to—r7). (4-3)

70,71

To ri

Figure 3. The region R, r, (to,t1,u}, vy).
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‘We shall first state the central estimate.

Proposition 4.1 (integrated local energy decay estimate). There exist (2m)nlfz <rop<ry<ooanda
constant C(n, m) depending only on the dimension n and the mass m, such that for any given solution ¢
of the wave equation Cg¢ = 0,

1 (ag\ 1 [(dp\ 1 om 5
/Rﬁg',,l(to){r_”(ar*) +”nJrl(E) +r_3(1_r”_2)w¢"217n—1}dug

EC(n,m)L (JT(¢)+JT(T-¢),n) (4-4)

for all tg > 0, where 19 = %(Zo —r¥).
The degeneracy at infinity can in fact be improved:

Proposition 4.2 (improved integrated local energy decay estimate). Let ¢ be a solution of the wave
equation Og¢ = 0. Then there exists a constant C(n,m, §) for each 0 < § < 1 such that

1 (3¢ )\? 1 [0\ 1
fs ol ol )
R?g.rl (IO) r r r r

2m
rn—2

)}y(b‘fzf/n—l} dﬂg
§C(n,m,8)/ (T () +IT(T-$),n) (4-5)
PR

for any ty > 0, where ro < ry are as above, and 19 = %(Zo —r).

As a consequence of the redshift effect of Section 3 and the uniform boundedness of the nondegenerate
energy (which is proven independently in Section 5A), we can infer in a more geometric formulation:

Corollary 4.3 (nondegenerate integrated local energy decay). Let ¢ be a solution of (1-1). Then for any
R > ""3/2m there exists a constant C(n,m, R) such that

/ df/ (JN(¢),n)§C(n,m,R)/ (IN(p)+JIT(T - ¢).n), (4-6)
14 A Sy

forall t" < t, where ¥, = X, N{r < R}.
Proof. Let
R(t, 1) =T () NI (Zy).

In R'(z/,7)N{r < r(()N)} we have by Proposition 3.1
1
(Y @).n) < 2 KV (@),

and in R'(/,7) N {r > rfN)} trivially (J (¢),n) < (JT (¢),n). Therefore using the energy identity
for N on R/(7/, t) the estimate (4-6) follows from Proposition 5.2 and Proposition 4.1. O

In the above, no control is obtained on a spacetime integral of ¢2 itself; however, all that is needed for
the decay argument of Section 5 is an estimate for the integral of ¢2 on timelike boundaries.
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Proposition 4.4 (zeroth-order terms on timelike boundaries). Let ¢ be solution of the wave equation
(1-1), and R > ""/8nm. Then there is a constant C(n,m, R) such that, for all T’ < t,

2t+R*
dr dus 2
/21:’+R* i1 Hin-1 9%l

2t+R* 2
<C(n,m,R) dt/gnlduyn_l{(a¢) +W¢‘2}

20+ R* ar*

+Cm,m,R) | (JT($),n). @7
R Er/

r=

The central result of Proposition 4.1 combines results for two different regimes, that of high angular
frequencies and that of low angular frequencies. First we will use radial multiplier vector fields to
construct positive definite currents to deal with the former regime, and then a more general current using

a commutation with angular momentum operators for the latter.

Remark 4.5. The specific parametrization (4-3) has technical advantages, but ¥ can in principle be
replaced by a foliation of strictly spacelike hypersurfaces terminating at future null infinity and crossing
the event horizon to the future of the bifurcation sphere.

4A. Radial multiplier vector fields. A radial multiplier is a vector field of the form
ad
ar*

We would like the associated current to be positive; however we find in general, as it is shown below:

’ 2
k¥=—I (a¢) +i(1—rTz)|Y7¢lfm1—%[f/ﬂn—l)f(l—rﬁ)]a"‘wm. (4-9)

2m * .
1— 2 or r r

X=f(r") (4-8)

Note. The prefactor to the angular derivatives vanishes at the photon sphere at r = "~/nm.

Calculation of the deformation tensor ) . It is convenient to work in Eddington—Finkelstein coordinates:

R PN P
X =3 /) =5 15 (4-10)
We then obtain for the components of the deformation tensor:
2m 2m
(X)ﬂu*u* e (1 — rn_z)f/, (X)nv*v* e (1 — rn_z)f/,
2m 2m
) 7y :_(l_rn—z)(f/"‘(n_z)rn—l ) 4-11)

(X)j'[aA:O, (X)T[AB:f}"(l—rn_z)()o/n_l)AB.
The formula (4-9) for KX is now obtained by writing out (see also Appendix B)

KX =@ g1
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and rearranging the terms so as to complete ( 0¢ ) + (aaﬂ) to ( 0¢ ) This rearrangement is also related

to the following modification of currents; for observe that, if O¢ =0,

O(¢?) = 2(3¢) (9up)- (4-12)
First modified current. With the notation

TX0 =T, X", (4-13)

n’fz))q)z. (4-14)
KXO g X0 kX, (4-15)
KXl=yrgXl=k (f +(n —1)]:(1 o ))D(¢ )— (f/+(”—1)§(1_r%fz))¢2

m

f! d¢ f nm 2 1 ) f 5
2m, (ar*) +7(1_rn—2)‘y¢‘r21‘7n_1_ZD(f +(n—1)7(1—rn_2))¢2. (4-16)

Since, for any function w,

define the first modified current by
1 f
JXt = J5’°+Z(f’+(n—1)7(

Consequently the divergences are

nTz))au<¢2>—iaM(f’+(n—l)%(

O(w) = (g~ H*'V,dhw = —ﬁau*av*w 1z _rl (Qurw —prw) + A2y, w,  (4-17)
rin—
a straightforward calculation for
w=f' +(n—1)i(1_r2m2) (4-18)
shows
D(f/+(n—1)%(1—ri'112)) = 1_1 " f+2(n— 1)f—”+(n—l)|:(n 3)+(n-1) pr 2] {2/
=

2
+(n— 1)[((;1 1)(n—2)—(n— 3))(2"1)—;15,—'112—(11—3)]%3. (4-19)

Thus we finally obtain
X1 _ f/ 3¢ 2 f 1 f/// n—lf” )
K _1 (ar)+ _nz‘yd)‘rzynl 41 2m¢_27¢
2m f
2) s —(n—3)i|r—3¢2. (4-20)

——[ e G =

Applications of the first modified current. The proofs of Proposition 4.2 and Proposition 4.4 are applications

of this formula, as it appears in the energy identity for J X! on RD;Z; see Appendix B.
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Proof of Proposition 4.4. Choose f = 1 identically. Then

1 nm 2 n—1 2m 2m \?7 1
KXl = _(1 - rH)!WI%_I + T[(n =3 tn - 1)2(rn_2) ]r—3¢2. (4-21)

r

Since precisely

9 19\ 1(9) 1 2m
g(JX’l’ar*)zé_l(av*) +Z(8u*) —5(1— n_z)W(ﬁ‘fzm_l
n—1 m 8¢ 2m 2m 2
T (1_ - )¢8r + [1_( )"‘2}(1_r”‘2)¢’ 22

we deduce from the energy identity for J o=l in RD’/ that

R*+21
{10\ 1(0p\" n—1[1
[ {Z(av*)+1(au*)*m[z‘<”‘”zen (-]
n—
e (S I Y
R*+2t
-1 1 n—1 2m d¢
E/R*Jrzr’dt/gn ld'uy" : {5( )W¢|r “Vn— ‘+T(1 rt- )(37 ) }rzR

+C(n,m)/z (JT(p),n), 4-23)

where we have used Proposition C.1 for the boundary terms on 8RD’I’, \ {r = R}; note that

2
o —1)2( 2’") >0 (R>"/8nm). 0

(n—3)+n 2m

Proof of Proposition 4.2. On one hand we need f' = O(ﬁ) in view of (4-20), while on the other we
already know from the proof of Proposition 4.4 that f = 1 generates a positive bulk term for r large

enough. We choose
R 8
f=1- - (4-24)

(where R > ""/2m is chosen suitably in the last step of the proof) and indeed find

RS (0o \* f
K :8r1+5(3r*) +7(1_VZT2)|V¢‘32%_1
8 §
H re-a1- () axa [« §(F) [20-n-cro ars
§ 8

L () A oo 2

5 8 2
LT oo s
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29 and the

forr > Ry > R, Ry = Ry(n,m) > "¥/2m chosen large enough. This gives control on 3

angular derivatives:

R} L SRy nm 2 x.1
/1;11);%{8,-1-‘1-8 (87’ ) r (1_ rn_z)‘yq')‘rz);n—l} = /I;ID;% K )

Here and in the following, 7o > 71 > %(to R*). For a¢ we use the auxiliary current (see also Appendix C)

| 2m RS
J/iu :E(l_ ) 146 “(¢)

to find easily

8 2 5 2
) R 8—¢ < 8(n +9) R 8_(]5
RID;% rl+8 \ 97 RID% r1+8\ gr*

RS 2m aux
+4 1+§(1_ n— 2)|y¢‘r2 +8(l’l+5) 3+5¢ + K

Note that for r > R in particular

RS
2a-D-2+8]51+96) 3+5¢ < k%1

hence

RS ([09\?> [ 3¢\
Jows bt ) + ()

SC(n,m,(S)ﬁ TZ{KX’1+KauX}
1D73

< C(n,m,(S) LDrz{KXal +Kaux}+c(n’m,8)
]

RD;ZH{R<r<R1}

1 a¢p 5
r1+8(8t) +r3¢ %
By Proposition C.1 (also (B-6)),

R*+21>

f *JXI < C(n,m,8)/ (JT(p),n) +C(n,m,$) dt/ dpy, 1" ix
ORD? T R*+27 sn—1
130\ 1086\ 1 2m ) 1,
X{E(av*) +§(au* +§ l_rn—z ‘y¢|r2)7n—l +r_2¢
and by Proposition C.8,

* raux T
/aRDEf J fC(n,m,S)/Erl(J (¢),n)

R*+21> . §1
+/ dt/ duy, 1"~ {——
R*427 g1 ! 22

r=R
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Therefore, by the energy identity for JX>! and J** on RD?

71>

R*+21>
/ ] {KX’1+Ka“X}§C(n,m,8)/ (JT(¢),n)+C(n,m,8) dt/ duy, " tx
RDe3 ., R*+21) n—1

10\, 1({0p\ 1 2m 2 L,
3] +a(5e) #3017 ol - 597

. . _9_ ..
Our earlier (4-23) derived from the current J ar¥ ‘I now allows us to control the aaﬂ , 8:1 derivatives

and ¢2 on the r = R boundary together with the ¢? term in the region R < r < R in one step:

RS ((3p\* [ 3¢ \?
Jows et (o) + (55§

< C(”’m’5)/z (I7(¢).n)

r=R

R*+21, 2 —1/ 93¢ \?
u 1)1, 2m 2 n ¢
tCe.m ) R*+27) dt/gﬂ—lduyn_lr {2(1 r"_z)w(p‘rzf’"‘l-i_ 2 (37*) } r=R
1 (092
+Cn,m,d) (—) .
R’D;fﬂ{R<r<R1} rl+é \ ot
With ¢y fixed, we can now choose R by Proposition 4.1 such that
1 Ip\> , (04> T T
— <Cn,m,$ J J(T-¢),n). d
Llpﬁf pl+é (31) - (31’*) } =Cla.m )L,l( @)+ 77T ¢).n)

While it is possible to find simple functions f > 0 to ensure the positivity of KX-! asymptotically, this
is not the case in the entire domain of outer communications; the difficulty is the indefinite sign of (4-20)
at the photon sphere r = "~2/nm, which is a manifestation of the trapping effect.

In the following our strategy will be to prove nonnegativity of K*>! not pointwise but by using
Poincaré inequalities after integration over the spheres (the group orbits of SO(#n)). This is achieved
in two alternative constructions: in Section 4B with a decomposition into spherical harmonics, and in
Section 4C by a commutation with angular momentum operators.

4B. High angular frequencies. Here we construct a positive definite current for the projection of so-
lutions to the wave equation to eigenspaces corresponding to high angular frequencies in the spherical
decomposition. Since by Poincaré’s inequality the second term in (4-20) then becomes comparable to the
zeroth-order terms, the idea is to choose f such that this term dominates. We evidently need

<0, r< "%nm,

f(r*)s=0, r=""Ynm,

>0, r> "nm,
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and since f should also be bounded one may guess that

mn—1Dr*
"nm )

is a good choice; however, while it can ensure positivity at the photon sphere, it fails to do so near the

f@*) = arctan(

horizon and in the asymptotics. After briefly recalling the spherical decomposition, we will give a more
refined construction of f, nonetheless guided by the overall characteristics of this function.

Fourier expansion on the sphere S™~!. We recall the Fourier expansion on the sphere S~ !:

=) m¢, ¢el’>S"h), (4-26)

>0
where 7; denotes the orthogonal projection of L?(S”~1) onto E; (see below):
By =101 +n-2)m¢. (4-27)

In other words, denoting by E; C L2(S"~ 1), [ > 0, the eigenspaces of

—~fpr + (n ;2)2

corresponding to the eigenvalue (l + %)2, then

LS H=EPE.

>0

If we assume ;¢ = 0 (0 </ < L) for some L > 0, then it is easy to show (see, e.g., [Schlue 2012]) that
LL+n-2~ [ ¢2du, < V|,  diy,:
n 7'2 s, Myr — s, era/n—l l"(’yr’

this is a well known Poincaré-type inequality on the sphere:

Lemma 4.6 (Poincaré inequality). Let ¢ € H'(S,), S, = (S"71, r?y,_1), have vanishing projection
to E;,0<I[ <L, for some L €N;i.e.,

mp=0 (0<I<L).

Then .
J 199l = Lm0 [ 92 d.
S r2 Js,

Construction of the multiplier function for high angular frequencies. The idea is to prescribe the third
derivative of f and to find its second and first derivatives by integration with boundary values and
parameters that ensure that f remains bounded. Let

n—1
o= (4-28)
(nm)n—2
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and y > 2, y € N. Consider

_1’ |r*| S )
1 e
111 _ *
mry=q L ” <|r*| < bya,
bya\®
( ;/:k ) ’ |r*| > b}/,a’
where
5 2
bypog==>—
Y, 6)/0[

Note that b, o is chosen so that

o0
| e —o
0

Now define
r*
o= [ Ao
Obviously f)}’la (—r*)=-— ),I,Ia (r*) and, in explicit form,
1
_r*a |r*| E )
yo
2 1
r*——, — <r*<byg,,
ya ya
fJ/I,Ia(r*) = . .
ro+—, _by,a =r<-—,
yo yo
b6
- 5:;“5 ) |r | = b%(x
The functions £}, and f%, are sketched in Figure 4.
Next define
r*
1= / .
—0oQ
Here we find
b6
V,a
W, r* <—byq,
I (I"*) — J%s“ 1, 42 2 2 * * 1
V.0 = 2—0+§(V —by,a)'i'y—a(l’ +bya), —bya=r E_y_a’
*2
LE N ~Loeco
12 (ya)? 2 yo

and f),(r*) = f}4(—r*), as sketched in Figure 5.

539

(4-29)

(4-30)

(4-31)

(4-32)

(4-33)

(4-34)

(4-35)



VOLKER SCHLUE

540
1 1 I
L o
L L L L
1 1 *
bya—3q va bra r
-1
1
ve il
L o
11 Y
3ya/
— g L
1 1 *
va v, 11 ’
| 3ya
_1
yo

FM "and the adjusted functions (dot-dashed)

Figure 4. Sketch of the functions yHa and f,

for r* <0.

[SI[)

(ya)3

0
fy’ a

Figure 5. Sketch of the functions fylﬂ and fy?a, and the adjusted functions (dot-dashed)

for r* <0.
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Finally define
P
Fra(r™) = f fra(®)dr. (4-36)
0
Here again f,), (—r*) = — f,2, (r*) and, in particular,
1
1 va (13 1 12 1 1
0
— )= D D g = . 4-37
#ulia) = (Boar5) = gy 43D
Moreover the calculus yields
Flbya) > ——  lim £ (%) <2 (4-38)
O 2 (ya)’

The function fy(fa is sketched in Figure 5. While this function would suffice in the region r* > —yLa it

does not fall-off fast enough as r* — —oo.

Lemma 4.7. With r* defined by (2-17) we have, for all n > 3,

. 2m "
,Jff_loo(l B rn—z)H )=0.

(1_ 2m ) - (Zm)n%z‘
rn—2 — (_r*)

Proof. See Appendix B. O

In fact, for all r* <0,

Next we will make an adjustment to ! on r* < 0 that introduces faster decay while keeping the area
under the graph of f™ and f! fixed [Schlue 2012]. In other words, there are constants

4
bpa<b<—, r<c=<I (4-39)
ya 4
such that, if we redefine fyné for r* <0 as
_1’ _L S r* S 0’
yo 1
(%) — c, —-b<r*<—, (4-40)

v,a

6 6
(-2 () e
r (2m)n—2

—00 0 r* 0 —p*
[ enar =0 [ [0 poae= [ [ cpeaar,
0 —oo J0 —00 J0

The adjusted functions in comparison to the old are also sketched in Figures 4 and 5. Note in particular

then
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that, for r* <0,

) < i, (4-41)
I, % I 13 1
flo" < fl=r" <5 B (4-42)
and, for r* < _yioe’
1
B o =102 12 < s (4-43)

Remark 4.8. In order to deal with smooth functions one could use (e.g., at the level of second derivatives)
a convolution with a Gaussian on the scale given by y« (or finer); i.e., one could define

= @2 2 pn
y,a( )_ﬁ e fy’a(l)dl

—00

and find ), = y” « by differentiation, and f; , and f, 4 by integration with the boundary values
fy,a( o) =0, fy,a (0) = 0 as above. However, we choose not to do so (as it does not give further
insight) and work directly with the step-functions, i.e., define

o _ Il

V4144 v,

We are now in the position to prove a nonnegativity property of the terms occurring in (4-20), which

we will denote by 9K X-1:
£ ()
KX’I = 1—2m o * +OKX’1. (4-44)
=2

Proposition 4.9 (positivity of the current J X W’l). Forn >3,

Xy’ fy?

(where we choose y = 12)

a *

and ¢ € H'(S) satisfy

/ O Xy.al di, >0
S

provided ;¢ =0 for 0 <1 < L, where L > (6yn)? is fixed.
Proof. By Lemma 4.6,

O Xyl fya nm
/SK 7. dwz[{L(Hn—z) (—,n_z)

m "
1 Yo n—1/fa n-— |: fy
S N I 2 _ (n—3)—|—(n—1) @
41__31’1’2 2 r r2

2
) —n 2 3)] f“‘}¢ diy.  (4-45)
r

e
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We consider the five regions

4 1 1
—00 < —— < —— < — < by 4y <00.
ya ya ya

The proofs of the following four lemmas are omitted here; see [Schlue 2012].
1
Step 1 (near the photon sphere, |r*| < y—a).

Lemma 4.10. In the region |r*| < yia the corresponding value of r lies in the interval

n—2 n
Vénm<r < —
o

where § = max{% ig

Recalling fy o and its derivatives, we then find, in the region |r*| < — ya,

3

1 1« 1 1 a* 1 13 1 1o 23 1 )
> [l = — 1= —3 ~1 S d
- /;{4 25 ya dsiZan— |:(n )+3 ( ) i|12 (ya)?2 4532 8n2(ya)d ¢

n—2

_[f1_13 313(3)_
—Js 4 2y 412 y

because y = 12.

303\ .o 11 ,,
Z(;) }¢ dMyZ/SZ§¢ duy

1

Step 2 (in the intermediate region, va

. 1 * 5
Lemma 4.11. In the region ya STT=3%

1

Collecting the first term and the last, we find in this region,

X,a, 311 1 nm 2
s el 25 o G e
11 al 1 1

1
—Zl_—2+§§y—a—za - |:(I/l )+m—-1)— :|( )2}¢2duy

11 1 1 3 11
A e e S S L L i

6yn)2\?
[ o 0w

2
ya’

=
<
=
)
<
«
&y
3
=
=
8
Q
S
3
S
=
S
N
S0
S
oo
<
N
=
S
]
S
e
~

Q S

[e\[9)]

because L > (6yn)?, where we have used that, for yLa <r*<

nm 1
> .
2~ 6y(n—1)

543

Hy

_3)]
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Step 3 (in the asymptotics, r* > b, 4). Given the general fact Proposition B.1 we here only need the
weaker statement:

Lemma 4.12. Forr* > 22

ya’ ;
r—*§2yn
Here
1 1 11 (5 2\
0 X 1
KXreldqu, > L(L 2—— “D]|=--—|2
/s My‘/s{(yaﬁ[@(n—l) (Ln=2) =30 )] 41—%(6)/0”*)

jor o -2 | 5 e a,
L? L 31 r 52 1
Zﬂm*v# 2=580 ‘”"(—) (6;) (@
11 52\% 1 1
_12_0(_) (6y) }(arﬁd) ity
1 n (nm)n—2
= [ o - @) s = [(2) o= (Y07 ) p2an,

where in the third bound we have again used L > (6yn)? and the lemma.

Step 4 (in the intermediate region, — y4

1 _
<r*< ——W). Recall y = 12.
Lemma 4.13. Fork <y, k €N,

2m \7!
l—— <17,
r r*=_%
and, consequently,
nm 1 1
1= >
rn=2 J| .1 T 202y

In the region — y4

/ Ok Xreod gy,
s

1 .
<r*< —7a We directly apply the lemma to see that

1 1m 1 11 1 n—1 1 1
> L(L+n-2) — —— —17- - -
/S{ (nm)% 12 (ya)3202y 4 2 (zm)ﬁ ya

n—

21[(n—3)+(n—1)]

1 13 1 n—1 1 1
_3 2
em)i Lt =3 s 2wy

12()/0[)2 4 (2]’}’1)}1
3
1 1 17 31 131 (n\»—2 I 1 (n\"2) ,
> ————L(L )= — — = d
_/s{(3y)4(n—1)3 LAn =)y =55, 12y (2) ”—1)’3(2) §¢ o

23
> [{n-Zloan, = [ 920,
S 4 s

}¢2 duy
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because L > (6)/n)2.
Step 5 (near the horizon, r* < —b). Finally we see for r* < —b, recalling the adjustment to faster fall-off,
/;v OKXy,a,l dlLy

> /S{L(L—i-n—Z)

1 111 11 1,2\ n-1 1 1
12 (ya)3202y 4 2 (2m)n712 yao

n
n-1)% 1 1 n—1 1 1
— — -3
4 omym= (ya)> 4 e+ n=3)] Qm)==  (ya)?

1 2 3
1 1 1 1 /n\"2 1 n\n—2 4 1 n\n—2 5
> —  LLtn—)——— ()T () (2 d
—/S{<3y)4(n—1)3 (Ltn=2-4 2y(2) <2y)2(2) n—l(w(z) }"’ Hr
> / (24n—3)¢? duy > / ¢y,
S S
where we have used that here

1 2m '\’ b \° 2\’
2m - n—2 1 =\1-2) =L H
1 -5 r (2m)n—2 n

3
. . . —2
In fact, we have shown more, because all lower bounds in Steps 1-5 are minorized by i%%.
r

(nm) =

}¢2dﬂy

Corollary 4.14. Let ¢ be a solution of the wave equation Og ¢ = 0 satisfying
mp=0 (0<l<L)

on the standard sphere S = (S" 1, r?y,_1) for a fixed L > (6yn)?. Then

3 5 _6_ 2
112Cm)ya—= , 1 1 _ 2m \’(2m)n—2 (3¢ / Xya0l
/S{48 A T R0 =22 = 1) (1 rH) = (ar* ity = J R0 ity

Proof. It remains to be shown that

i 1 1— 2m 6b$,a <f’ "
20 (4-5(n —2))2 =2 ) a4 = Jra

r* o) 6 r 2 5
/ (1— mz) dr*:/ 1 (1— mz) dr,
—00 rh— @2m)n—2 ri—

-1 - .
because dr*/dr = (1 — r%,—'fz) . Now choose ""%/2m < ro < r so close to r as to satisfy

r—ro 1 1 | 2m
ro  25(n—2) rn=2 )"

First,
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Then, by the mean value theorem,

/ 1 (1 - n1112) dr > (1 - nTz) (r—ro) > (1 — nn_12) |:1 —5(1—2)——— r ro} (r —ro)
(21’11)m r rO r 1 _ m_ 7o

1 1 2m \® 1
=451 -2) (l_rn_—z) (2m)m=2.

We conclude, for r* < —b,
b
(—1 ) *dr*
r¥=s*\ (2m)n—2

. b°
f)’a(r )_/ / ( rn— 2) 5(11 2) ( yh— 2) dr (2m)%

1
=14
2 'm 6 b6 6b6
>(45(11—2)) (1 r”‘z) (2m)nfz (4-5(n— 2))2( - 2)

Second, for r* > 0,

1 1 1 e\ L
(4-5(n=2))2r*  (4-5(n—=2))2\ r ) rp* = px4’
Since, thirdly,
bya
-

<1,

we have established (x) for the regions r* < —b, r* > by o, —b <r* < b, o, respectively. O

Remark 4.15. This estimate of the zeroth-order term ¢2 suffices to obtain an estimate for all derivatives
using a commutation with the vector field 7'; see the proof of Proposition 4.1 in Section 4D.1.

4C. Low angular frequencies and commutation. While the current constructed in Section 4B required a
decomposition into spherical harmonics, we will now altogether avoid a recourse to the Fourier expansion
on the sphere. The key to the positivity property was Poincaré’s inequality, which states in more generality:

Lemma 4.16 (Poincaré inequality). Let (S,y) be a compact Riemannian manifold, and ¢ € H'(S) a

- 1
- [ pdu,.
P fsduy/S¢M

—0)? _1 2
=7 < [ 19oP .

where A1(S) is the first nonzero eigenvalue of the negative Laplacian, — A = =YV ,, on S (Y denotes

function on S with mean value

Then

covariant differentiation on S).

Now let (S,y) = (S"71, $,—1). Then we read off from (4-27) here

(S H=n—-1. (4-46)
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Choose a basis of the Lie algebra of SO(n),

—1
Q=1 "=
2

and apply Lemma 4.16 to the functions €2;¢ of vanishing mean:

Ln—l Q¢ duy,_, =0.

Then we obtain

/;"—1 Vel dpty, , = (—=1) /gn—l (Qi9)° dity,_,
or, on (S, 7) = (S, 1) = (", P21,

n_
[ 1veupran, =" .

Also note
nn—1)
2

> Qi) =r2Yel,

i=1

Second modified current. Recall we are considering vector fields of the form

X=f@*

Define

tras zmy P e

where 8 = B(r*) is a function to be chosen below. Then

KX,2:KX,1+V;/,( f' ,3 X, )

547

(4-47)

(4-48)

(4-49)

(4-50)

(4-51)

(4-52)

fa-
—— (;"iw) (1= 5 vl
it [ ()
el ) e ) -5
s [ (= B R A 453
Now choose 5 nz_rl (1 B riTz) ! (4-54)
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Then
1 2 1 2 2
g2_p " - ,8(1 - rnTZ) n ”4r2 ((n 34— 1)rn—'i) (1 —rn—'Z) = +8  (4-55)
and
f/ a¢ 2 f nm 1 " 4 / /
K% = 1—2m_ (3r* +ﬁ¢) +7( _rn—Z) W(1)‘3217;1—1_ 1—2m_ {%f —f +(82_5 )f }¢2
Fn—2 yn—2
-1 om 2 2
_”T[(n_lf(rn’fz) —nrn}:—(n—3)i|r13¢2. (4-56)

Note. Suppose, outside a compact interval [—a, ] C R, f” is of the form f/(r*) = r% (Ir*| > «). Then
we could choose § = —rl* (Ir*| > ) so that §f" = r% >0and —§' 4+ §% =0.

Definition of the current J @ Let & > 0 and introduce a shifted coordinate

x=r*—a—+a. (4-57)
The modification we choose is
X
f=—n— 4-58
a? + x2 ( )
so that
/482 o 4-59
-8 - - _
+ (a2 + x2)2 ( )
Let
4 — ¢ C>0 4-60
fé= 2T (C>0) (4-60)
and X
(N = e U= [ (4-61)
T a2 4 x2 - o a2+ x(t%)2 )
Note that then .
2
(F4) + (1 — 1)f—(1 -2 ) 0 (4-62)
r pFn—2
and 5 5
Lopby" _goeby' 52 _sh( by = L X T )
() —8(f7) + (@ =)(") = 2 a2 (4-63)
Our current is built from the multiplier vector fields
0 d
X0=foo xb = fbar_* (4-64)

by setting

nn—1)

JO@) = 1X 0@+ Y 1X Qi) (4-65)

i=1
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and will be shown to have the property that its divergence
K@ =il (4-66)
is nonnegative upon integration over the spheres.

Proposition 4.17 (positivity of the current J ). Forn >3 and ¢ € H'(S),

/ K@ du, >0,
S

provided « is chosen sufficiently large, and C(n,m, a) set to be (x) below.

Proof. In view of (4-62) and (4-63),

nn—1)

ay/ a 2 b
K(a)il(—f) (31’ ) f (1_1*’:"112)‘W¢‘32J7n1+ Z fT(l_;_Tz)‘WQi¢|32f/nl

i=1

nn—1) nn—1)
2

+ ) P+ Y

i=1 i=1

[(n—3)+n s —(n—1) ( )}f (Qip)?, (4-67)

where

1 1 x2—qa?

F o e ot (4-68)
rin—

So, by Poincaré’s inequality (4-50) and (4-51),

o Cn—1)(dp S
/SK( )d”yzfs{;zﬁ(ar*) [( —1)—(—r”m)+F +- H]}w\,z ) }duy, (4-69)

where
n—1 2m 5f 2m 2 b C nm
[(n —3)+n 2 n—1) (rn—Z) ]f ~ 2 (l — rn—Z)' (4-70)

H =

Step 1: H > 0. It is equivalent to show that

o rn—2
H(r)=r""YH(r) 3

is nonnegative. We consider H to be a function of

rn—2
p=Eg
SO
H = n_l(2mr)[(n—3)p2+n,0—(n—1)2]fb—5—2(,0—g).
Note that

n
=”‘3/nm<:>,o=§<:>r*=0
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and

Moreover we choose the constant C such that
dH
dp

=5

Then

dH n—1 n—=3)2n=3) n—1_ m-1217,
dp 4 (2"”)[ R E}f'

n—1 2mr? 1 C
—3)p2 (=12 b _ =
R et (R R G Vo (VAR
where we have used
dr r dr* 1 r

do (n—2)p dp p—lIn—2

Hence we choose

_ - GP--) o
S 4m-2) 51 o a2 + (o + V)2

(%)

Note that then also
dH _0o

dr r=n—%/,m -
Now returning to the expression for H, let us denote by 1 < po < 5 the value of p for which

1
(n—3)po+n—(n—1)>%—=0;
Po

1.€.,

B 2(n—1)2
po= n-+ \/n2—|—4(n—1)2(n—3)‘

We divide into the four regions

n *
1<p0<§<p < 00,

where p* is to be chosen large enough below.
Step la (near the horizon, 1 < p < pg). Clearly H > (0 termwise, because f b <0.

Step Ib (near the photon sphere, pp < p < 5). We show H = H(r) is convex on ro <r < "73/nm, where

e 2 4(n—1)2m
T N+ P14 —1)2(n=3)
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()]

Differentiating twice yields

dzH_n—l
ar2 = 4 ( 2m)

(Y [(n—3)+n 2m

-1 1 2

n2 W(fb (n—2)|:2(n—1)2 ”l]rn—ﬁ

-1 1 / 2 2m \*7 2
" i 2,,,2)2(#’) (n—z)[(n—3)+nr,,’f2 —(n—l)z(r,,’i) Ln’ﬁ

[N}
N
| I

+E(fb)[(n—z)(n—1)n2—m—2(zn—3)(n—z)(n—1)2( a
4 rt r
_(n=1nC (1_ nm )+3(n—1)(n—2)C nm

O{n—lrn-f—l rn—2

ah—1yn yn—1°
. " . . .
Since (f2)" > 0, we further have in this region the bound

d2H n-1
>
drz2 — 2 1-2m

yn—2

2m 1

1 2m
2
X|:2(l"l—l) =2 n—zﬁ((rz—@—%—n

()

_ _ b
e l(n—z)(f y gl 2m [1—2(2” 3@ ”(ri’fz)}({z).

pn—2 n

Since, for n > 3,

w21 2(n—1)2 ( _ _(n—l)z)
2o 1)n " 22m—1)2—n—+/n24+4mn—1)2n-3) (n=3+2-12 n =h

22n—-3)(n—1)2

- Z <,
n n

we finally obtain in this region

> DO Ly,

dr2 -

Step Ic (in the intermediate region,
r*(p = p*) < a. We have

5<p=p *). We show H = H (p) is convex on n % <p=<p*for

d2H -1)? 2

dp? 4(?” 2))2 mr[( ~3)(2n—3)p> +np+ (n—3)(n — D](f?)
n—172% 2mr?
4(n—2)% (p 1)2
n—1 2m
4(n—2)2(p 1)2

|:3(n—3)p —3(n—5)p+(n—1)(n—5)—n2nn 11+3(n—1) ](fb),

[(n—3)0* +np—(n—1)*](/%)".
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Since, for p > % and n > 3,

-1 1
3(1—3)p(o— 1) +6p+ (n—1)(n—5)—n— S 4301—=1==1 and (1=3)p>+np—(n—1)> 20,
n— p
we have

/

(f% >o,

d2H - n—12 2mr?
A2 = Hn—2)% (p—1)2
because ( f?) > 0 for r* > 0, and (fb)” >0 for x <0.

Step 1d (in the asymptotics, p > p*). We show directly H(r) > 0 for r* > R* = r*(p = p*) and p*
chosen large enough. Let r* > R*, R* < «. Then

R* Rf—a—/a *
b> b/dr*zl/ : L g R 4-71
4 _/0 ) o _(1+ﬁ) 1+*2 7 502 71
provided o > 1, and of course
1 O
fbf—arctant* §2l.
o _(H‘ﬁ) o
Thus
n—1)(n—-3 n—1)n C 1] 2m n—1)3 Cn 1 2m \?
go@=DO=Y To=bn gy € 12m @12, Cn 13(m
4 4 a?2mr |rh? 4 a*dmr |\ r"
1[m=DnR* C172m (—-137 [ 2m\?
> — —_— — — >0
a? 4 5 2mr|rn2 4 2a\r"2
for R* (and consequently «) chosen large enough.
Step 2: (4-72). Since (1 — r’,ﬂ'fz)fb >0and F > 0 for |x| > «, we need to show
(n—l)(fb)(l— ZTZ)JFFPZO 4-72)
r
for
—a<x <ot Joa<r*<.Ja+2a.
In this whole region, in view of Proposition B.1,
* 2
lim — =1, lim (1——= )= lim (1-—=)=1.
a—>00 f a—00 pn—2 a—>00 ph—2
Since
r* 1 X +a
by > — _dr*> 4-73
ez [ et @73

it suffices to show

x+o 1 x?—ao?

— >
202 2(x2+a?)3 rz0,

(n—=1)

(4-74)
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which is implied by
_ 3
a—x(x+a+Ja) - 4-75)
n—1 (x2+a?)?
For —a <x <0,
3_ 3 LY _4,
(x+a+ Vo) <a (1—1-%) Egcx
for o large enough; thus
_ 3
e-xtet oy 1 2e4 5 8 (4-76)
n—1 (x2+a?)? n—1a*3 9
For 0 < x < «, we have to show
o (x+a+Ja)?
n—1 (x2+4a?)?
Since
1\3
(x+a+\/5)3§2% 1+ — (x2+oz2)%,
Ja
we have, for o large enough,
3 3
3 22(1+72)° 23 1y
« (x+2“+;/§) < ¢ Jer 5—(1+—) <1. (4-77)
n—1 (x2+4a?) n—1 (x2 4423 3 Ja

We see that (4-76) and (4-77) fail in the case n = 3, as a consequence of which also (4-75) fails
to hold. In the case n = 3, we have to use a better approximation of (4-73); see [Dafermos and Rodnianski
2007] for details. Note also that in view of (4-75), the positivity property (4-72) is “easily” satisfied for
large values of n, which indicates that there may be yet another simplified proof in higher dimensions. [J

Given the strict inequalities proven in Step 2 of the proof of Proposition 4.17, for « chosen large
enough, we can keep a fraction of the manifestly nonnegative |V Q;¢|? term in (4-67). Furthermore we
have obtained control on the |V ¢|? term from (4-69).

Corollary 4.18. Let ¢ € H2(S) be a solution of the wave equation (1-1). Then there exists a constant
C(n,m) and a current K such that

1 [0¢ 2 da¢p 2 nm
G

7‘2
(=221 +r*?)?

EC(n,m)/ Kdw,. (4-78)
S

2 s 5
2) }W2¢|r2f/n_l+ |y¢}r2)ﬂ’n—1}duy

Proof. Set K = K® 4+ KX and choose o large enough.
Here we retrieve the time derivatives with the auxiliary current

KX — yH jaux. JAux — JX‘““,O. XX — faux 0
1 or*
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where [ = —rl,, satisfies
aux 2 1 2
(faUX)/+(n_l)fr (l_rn’ilz) = rn+1 (l_rn’ilz)v
for, in view of (4-9),
1 [3¢)? 1 2
r”‘H (E) SzKaux+3rn+1}V¢‘rzf’n—l. =

4D. Boundary terms. In this section we first prove Proposition 4.1 and then a refinement thereof for
finite regions, which requires us to estimate the boundary terms of the currents introduced in Sections 4B
and 4C.

4D.1. Proof of Proposition 4.1. We can now combine our earlier results Corollary 4.14 and Corollary 4.18
to prove the integrated local energy decay estimate (4-4); note that there is no restriction on the spherical
harmonic number, and that no commutation with angular momentum operators is required.

Proof of Proposition 4.1. Write

p=n<1¢p+n>19 4-79)
with
L—-1 fore]
meL =) mp, meL= Y m, (4-80)
=0 I=L

where L = (6yn)? is fixed (recall here y = 12 from Section 4B).

Step 1 (high spherical harmonics). By Corollary 4.14,

3
11@2m)n=—2
/ zg—s(ﬂzuﬁ)z sf KXreol (2 1¢). (4-81)
R(IO’tlauTavT) r R(t()atl’ 1:Y )

It remains to estimate the boundary terms of the current J X7« and to use this estimate to recover all
derivatives using a commutation with the Killing vector field T'.

Step 1a (boundary terms). We may assume |r0 = y , 70,1 entering the definition (4-3). Recalling the
properties of f, o away from the photon sphere, we find

‘ (JXV~°~1 (T=19), %) ‘

< (JXy,a(nquﬁ),avi*)' fya +(I’l—1)f (1_ 21112)
3] ro-n e (1-22))
n+1 T 0 1 1 AL 2 1 | 1
= (ya)3 (J (7T2L¢),av_*)+ (ya)6|r*|4( Ju* ) + ya)s [ [l+| *|i|(7T>L¢)

n—1 4 r 1 ] 2m )
+ ()/0()3 |:I’l+ ()/0{)6 |r*|4i|m( _rn_—Z)(nZLd)) ,

(7=19) (ang*L )

(m=>10)”
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11 2m 1 r 0
Jy 3 (1 e < e [ (7 50 )
[

Since also, by Lemma C.7 and Lemma 4.6,

and, by Lemma 4.6,

similarly for

uy 1
-1 2
/ d”*/gn_ldwn_l e O Y

L@o—rd)

8 (1+1r§l?)? 0 2
S 4 ( | ) [ / d,l/L)“,’1_1 rn_l( nzil(p) du*
|r0| |r0 (to—rg) Jsn—1 ou

1 *
1+|I’6k|2 (nm)m 2 (to—rg)+1 1 5 dm=1p 2
+27 THE I+ 6yn)* /I(to o /Sn_ldﬂffnl "Vl + e du™,
3 (to—rg

there is a constant C(n,m) (recall y =12, a = (n—1)/(n m)n%z) such that

uy 9
/ du*/ dﬂj’/n_]rn_l (JXy,tx,l(ﬂzL(p)’ 8_*)‘
3 (to—rg) n-l u

1
v¥=5(to+r;

To establish

Xy,a’l i
/§ B ‘ (J (2=19). a;)

note that
0 2
(]Xy’“(ﬂzL(]ﬁ), —)‘4‘% fy,a/+(’1_1) f)}”,a (1 m)

0
(JX”"I(?TZL@’E) <
0
< Uy (55 )|
11 2m \* 71
3+ 3 (1228 ) [ rerer

R L R =10\
2 (ya)? 2 2 ya ot ’
and, by Lemma 4.6,

11 ) 1 2m —1/ - 9
/;r 2r2 (7TZL¢) d/’LV S (6)/}’1)4 (1 r(r)l—Z) s, J (TL’ngﬁ), 3; d/,Ly’

—_— a -
r"ldpy, , < C(n,m) /Snl (JT(JTzL¢), 5) "y,

(n>L¢)(a”>L¢)
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which suffices in view of the properties of f;,q, in particular that there is a constant 2| £, o'| < C(n,m).
For the boundary term
n—1
r d“f’n—l

0
/ (JXV~°"1(7TZL¢)’8_*)
gn—1 U u*=u>1k

1 1 n—1 4(nm)i—= . 9
féfz—l{(ya)3[ 1 S e e (7 )](’ ra1). 1)

1 1 yo 2 1
* (Va)GW(IJrT)(nZL@ % r A

we find (using the boundedness of ¢ on the horizon; see Section 5A) in the limit ui‘ — 00 a constant
C(n,m) such that

ad d
JXVO" n—1 d R ‘ < C , / T, n—1 d R
/%n—l ( av*) g Hpn—t u*=o0 (n,m) gn—1 ov* : Hm— ur=
We conclude that there is a constant C(n, m) such that
2m)n— =
/ ( )3 (=£8)” < C(n.m) / (J T (r=18).n), (4-82)
R% r (t()) r
where 19 = %(IO —ry) because
Og(r>14) =0. K" (w214) =0. (4-83)
Step 1b (commutation with T'). Since
Og (T'T[ZL¢) =0, (4-84)
we also have
Qm)=2 (dms1.b ) r
3 = <C(n,m) (J' (T -7>19).n). (4-85)
RS, (o) T ot e
This is enough to control the remaining derivatives, too; for the auxiliary current (C-10) yields
K™ = ¢ (0"h)(3,¢) +h 0% 000, (4-86)
which, upon choosing
3
2m \ 2m)n—2
h= (1 - rn—z)r—3’ (4-87)

presents us with

w0 ¢ @myiE (9p\E em)iz (3¢ NP (2m)i2 2m 5
K _¢a_rar_*_r—3(§) +r—3(3r—*) +r—3(1—rn_2)w¢\r2%_l. (4-88)
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Using Cauchy’s inequality for the first term, namely

3 o ré  Or*

- 12m)a=2 (3p\2  (n—2\*( 2m 2(2m)% 5 3 21 2m 2(2m)% 5
__Er—3(8r*) _( r )(r”—z) r3 ¢ _(;) ( _r”‘z) r3 ¢

ah 8(]5 2m (2m)n % 3¢ 3(1_ 2m )¢(2m)nzz ¢
rn—2

ERPFYEY 2 .
_1em (hp L nt @m w59)
2 3 or* (2m)n%2 r3
we obtain the bound
3
N 1(2m)n2 d¢ 2m)n—2 2m 2
o= LOI () B (12 ol
_3 2 2 _3
2m)n—=2 (0 n 2m)n—2
r t (2m)n=—2 r
Therefore

3 2 3

1 (21’/’[) n—2 87'[>L¢ (2m)n72 2m 5

— = 1— - .
/Rﬁg,n(m{Z 3 ( e ) T =z | V=19l

3 5 5 3

2 n— 2 n—

5/ {Kaux(nzLd)) n ( m)3 2 (anngb) 42 n ( m)3 3
RES.r, (t0) r ot Qmyi=z T

The boundary terms are controlled using Proposition C.8:

(”2L¢)2}- (4-91)

| k) =Com [ (7 i), (4-92)
R)O(o) r1 (tO) 2:1’0

Hence

_3_ 2
2m)n—2 o> 2m
/ ( )3 _I;¢ 1= ) W”2L¢|f2°_
RS, (o) T or rr Yn-t

§C(n,m)/ (JT (wsp.9) + I (T - 7wsp.¢),n).  (4-93)
DIFR

Step 2 (low spherical harmonics). Now recall the J @) current (4-65); we will show in a first step that

n(n 1)

(@) -
A K@) <o [ (J $+ Y ST, n) (4-94)

i=1

Then in particular, by Corollary 4.18,
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1 87‘[<L¢)2 1 (8n< L¢)2 2 }
m + + Vr<rLd
'/;Q?(()),rl(to){rn ( ar* prtl ot (l_rn 2)(1+| * 2)2‘ < ‘rzyn 1

n(n 1)

< C(n, m)/ (J (T<19) + Z JT(Qi <L), n) (4-95)

i=1

But in a second step we will show that in fact there exists a constant C(n) such that

n(n 1)

/ S (17 (@ -7er$)on) < Cn) / (T (r-10).n). (4-96)

i=1

Step 2a (boundary terms). The energy identity for J @ on the domain (4-1) implies, more explicitly,

f K(a) < /2 177y / (J(ot),i)
R(to.t1.ui.vy) B l(to+r*) sn—1 ov*
/ / (J(a),i) pn=1
(t1—rg) Jsr—1 ou*
1
+/ / ‘(‘](a)» T)| rn_1|[=t1 d}’* d'LLJ;n—l
rg n—1
+/vl / (‘](Ol)’ d ) P
Ltr+ry) Jon—t av*
Lg%
+/2(t1 rl)/ (J(a)’ i)
l(to—r;“) sn—1 ou*
Lkl
(tO ro) Sn_l 8M*
i
+/ / ‘(J(a), T)‘Vn_1|t=to dr* d'ul;n—l
r(’)k S”_l

v} 9
+/ / ‘(J(“),—) -t
Lito+ry) Jsn—1 Jv*

For the boundary integrals on the z-constant hypersurfaces, we will use (ii) of the following lemma.

n—1 *
r |u*="T dv duy,_,

*
|v*=%(t1+r(’;) du”dpy,

|u*—§(t1—r1

o du™dpy, |

|v*=%(to+r0

*
|u*=%(t0—r;’<) dv d/’lﬂ;n—l :

Lemma 4.19 (boundary terms of J @) current on z-constant hypersurfaces). On each X;,

(1) there exists a constant C(n, m, &) such that

n(n 1)

/|(J(“) T)| "t dr* < C(n,m, a)/(JT(¢)+ Z JT(Qid), T) n=1qr*,

i=1

(ii) for r = rg there exists a constant C(n,m, o, ro) such that
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nn—1)

2
(J@.,T)| < C(n,m,a, ro)(JT(¢) + > ITQig). T).
i=1
Proof. Using the definition (4-65),

(J(rx)’T) oy o
d d b
= ()5 X (55 4 o (0 o0 () e aans)
i=1
because

() +(n—1)f—b( -22)) =0

and g(T, 3%) = 0. By Cauchy’s inequality,
2 neD 2
C ¢ ¢ m[1{0R2i¢
(@) il B il
TF D = 1[ (8t) T3 (ar )]+ ; a[2( T )+

nn—1)

2 2 1 %\
2 (ﬁ””‘”g(l‘rnTz))[r—z(Qf¢)2+(T) }

i=1

+
Al—

which proves (ii) in view of

T _1(09 ?
(J (¢),T)—§(¥) +

here we have also used

= = — arctan x — (r .
0o a2+ (t*—a—a)? a —a—va T a -
To establish (i) it is enough to infer
n(n 1) n(n;l) 5
o0 o0
2 ,n-1 2 % Q¢ n—1 y.%
/oooe2+ S|Ve)?rtdr* Z/wa2+x2 i¢) dr*<C ;/_w( ar*)r dr

n(n 1)

<C Z/ (JT(Qip), T)r" Vdr*;

i=1
this is a standard Hardy inequality; cf. proof of Proposition 10.2 in [Dafermos and Rodnianski 2009b]. O

The following lemma will be applied to the boundary terms of the J @ _current on the null hypersurfaces
in the region r < ry.
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Lemma 4.20 (boundary terms of the J @ current on null hypersurfaces). (i) On any segment of the
outgoing null hypersurface u* = uj >0
n(n 1)

‘(J«x) ai ) <C, ma)(J () + Z I (i), )+e(u1)( 5 )
i=1

where C(n,m,a) is a constant, and €(uy) — 0 as u} — oo

(ii) Let vy > 1, and ug(v*) such that r(ug(v*),v*) = ro (in particular ug(vy) > 1). Then, on the
ingoing null hypersurface v*

[ee) Jd o0
/ (J(Ol)’ _*) rn_l du* Ec(nym’a)/ (JT(¢)+
u ou ug

0
Proof. Using the definition (4-65) we find

*
:UO’

nn-—1)

2 0
T(Q;9), Pl au*,
. ou*
i=1

(795 ) = 770 (- ai)fg{fbm (55
(0 o0 (12 ) )i (O
=)

11 N
ZE((f ) +(n— 1)—(1—

’)

) (Qi¢)> — (/1) B (Qug) }

and therefore

‘(J(a) 83*)‘ -
B o N R

i=1
nn—1)
=~ |
- 2 (et i(-25))A(5E)
i=1
n—lm n—1 r n—1mw (n—1)(n— 2)7r 1 2m 5
- —1- -1 1=
+( 2 a7 052+x2+ 4 a( rn- 2)+ 4 + ) AU Vol
1 r 5 |x|r? )
+(4a2+x2+4(a2+x2)2) VeI~

, 33*) . (i1) now follows from

0 1( 0¢ 2 1
T

1 1y
(J a) 2(av*) +2(

Q|:a

Similarly for |(J @

,,’Z)WP
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3 2m 2 3 9 9 1{ 3¢ \*
JN, 1+—(1- T|———— +— — | >2|V¢|* + = .
( 81)*) |: + 4K( rn—Z)] ( r%lrfz au* + 8[ av*) — |W¢| + 2(81)*)

In case (i) we only have

9 A \> 2 9 2
(17 =3 31 2o, (07 52) =30 2o

but, using the Hardy inequality of Lemma C.7,

and

nn—1)

[w;|v¢|2r"—ldu*s Zf o ()7
uy 0% +x? = Juy @+ W ot Jo—v*)? 1+ u*?

n(n 1)

<8C(n,m,a) +u0 Z/ (BQ ¢) r 1l du*
n(n 1)
u+1
jors (2] o

+2x C(n,m,a) Z /
n(n 1)

i=1 Uo
<C(n,m, a)/ (J (¢) + Z JT(Q; $). = )r”_ldu*.

i=1

Obviously the same bound holds for

* |x|r 2 P 1
du* O
fuo I VRR
Step 2b (commutation with €2;). Since
o 210 (4-97)
1> 8[ — Y,
nn—1)
2 a 2
Q- , 4-98
; (az ”<L¢) il g (4-38)
and since also
ad
[Qi, —] =0, (4-99)
or
we have
n(nz—l) 5
d 2 a77<L¢
2. (ar_*Q W<L¢) V= (4-100)
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Moreover _ 3
,— | =0, 4-101
_7Tl at] ( )
so that
n(n2—1) 2
0 om ar
[ (Goemes) o= [ 2|yt duy<L(L+n+2)f ( <L¢) iy
N ot Sy ot
Since also LL 2
2 +n— 2
/ WQI' ']T<L¢}r2)°/ -1 duy = —2/ (Qi '7T<L¢) dity.
Sy n r S
we have
n(n 1)
2
/S Z |VQ 7T<L¢|r2 _ dﬂny(L"‘n_z)/S {VH<L¢‘r2j7n_1 dpiy.
r l_l r

Therefore indeed,
n (n 1)

| 3 (J (@ 7<19), )

roi=1
n(n 1)

E L () 125 o

i=1

0
< 5(6yn)2(<6yn)2 +n-2) /S , (JT(n<L¢), g) dyiy,

because L = (6yn)? is fixed; similarly, of course, for (J 7, 52 9 )and (JT, 52 5oz ).
We conclude the statement of the proposition with the treatment of the two regimes in Steps 1 and

Step 2 above from

Ip\: 1 [ap\ 1 m 5
—_ - 1_ .
/Vom(tO){ (8}’ ) +r"+1(8t) +r3( rn_z)‘y(p"”zyn—l}
1 (dnepp\> 1 (dnpd)® 1 i
2 — Ly o
- /R?g,rl(m{r”( ar* )+r"+1( ot +r2W” L¢|rzy,,_1

1 (=19 > m
2 _ = - ) -
! /Rrog.rl(fo){r3( ar* ) +r3( at +r3( Fn— 2){?75 L¢‘r2)/n 1

4D.2. Refinement for finite regions. In the proof of Proposition 4.1, neither of the currents used for the
high or the low spherical harmonic regime requires the use of Hardy inequalities for the boundary integrals
in the asymptotic region; indeed in both cases the zeroth-order terms ¢? can be estimated by the angular
derivatives |V ¢|?, in the case of the current J X».«-1 for high angular frequencies by Poincaré’s inequality

Lemma 4.6, and in the case of the current J @ for low angular frequencies as a result of the commutation
with €2; in (4-65). Therefore we can in fact state a refinement of Proposition 4.1 for finite regions, i.e., an
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r=rop r=R

Figure 6. The past boundary X7 of RP7? URR 2.

integrated local energy estimate on bounded domains in terms of the flux through the past boundary of
that domain, that will be relevant in Section 5C.

Let
Rpe = R (211 + R*. 21 + R*) N {r < R}, (4-102)
Rpo ={@* v*) i1 su* <o v*—u* > R* v* <1+ R*}
=R g(211 4+ R* 212 + R* 1o + 3(R* —1§). 2 + R*) \ *PP, (4-103)

and denote by X3> the past boundary of RP7? U R 22 (see also Figure 6):
2= 8_(R73;2 URR 2)={@* v v =1+ T(R* +rd)u* =1 + 2(R* = 1)}
U {(u*,v*) Ut 0t =21+ RN <vF—ut < R*}
U™ v u* =1, R* + 1 <v* < R* + 1o}, (4-104)

Proposition 4.21 (integrated local energy decay on finite regions). Let ¢ be a solution of the wave
equation Ug¢p =0, and R > "= 2m. Then there exists a constant C(n,m, R), such that, for any v > 11,

Lpﬁf{ (83’?5)2 i (%_f)z * (1 )

2m
rn—z

|V¢}32_ dug
Yn—1
SC(n,m,R)/t (JT (@) +IT(T - $),n). (4-105)
2

In view of the remarks above, the proof of Proposition 4.21 is of course identical to the proof of
Proposition 4.1 given in Section 4D.1 by replacing the unbounded domain R7Y . (271 + R*) by the
bounded domain P72 U Ry 2.

However, this estimate does not include the zeroth-order term, which we have covered separately in
Proposition 4.4.
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Proposition 4.22 (refinement for zeroth-order terms on timelike boundaries). Let ¢ be solution of the
wave equation (1-1), and R > "Y/8nm. Then there is a constant C(n,m, R) such that forall T’ < 7,

2t+R* ) 27+ R* a¢ 2 5
dz/ iy, 0| _ §C(n,m,R)%/ dt/ dpy, ;(—) + }
L‘E’-l—R* sn—1 /Ly 1¢ ‘V—R 2¢/+R* gn—1 My ! ar* ‘Vd)‘ r=R

T —
+ /E (J7(¢).n) + [S g, 7T e +,)}. (4-106)

The proof remains the same as for Proposition 4.4 on page 534 with the exception that we consider the
energy identity for J %> on R}y 7, in place of RD; and use Proposition C.5 instead of Proposition C.1.

5. The decay argument

We will here prove energy decay of the solutions to the wave equation and higher-order energy decay of
their time derivatives in the interior based on the integrated local energy decay statements of Section 4,
following the new physical-space approach to decay of [Dafermos and Rodnianski 2010].

Remark 5.1. Instead one could use the conformal Morawetz vector field

d d
2 *x2
du* v dv*

to prove energy decay of solutions to the wave equation with a rate corresponding to the weights in Z;

Z=u"*

this is done in [Schlue 2010]. Similarly the use of the scaling vector field

8+u*8
av* Ju*

should provide an alternative approach to prove higher-order energy decay [Luk 2010]. Here however,

S =v*

we shall avoid the use of multipliers with weights in ¢.

5A. Uniform boundedness. A preliminary feature of the solutions to the wave equation (1-1) that is
necessary to employ the decay mechanism of [Dafermos and Rodnianski 2010] is the uniform boundedness
of their (nondegenerate) energy; this is a consequence of the conservation of the degenerate energy
associated to the multiplier T, and the redshift effect of Section 3, which allows us to control the
nondegenerate energy on the horizon.

Let X be a (spherically symmetric) spacelike hypersurface in M, ¥’ = X N {r < R} and N the
outgoing null hypersurface emerging from 9%’ (Figure 7). Moreover, let

Tr=¢:((Z'UN)ND), =, =% .N{r<R}, T, =3p,NI ().

Proposition 5.2 (uniform boundedness). Let ¢ be a solution of the wave equation (1-1) with initial data
on Xg. Then there exists a constant C(Xg) such that

[uY@erm=c [ tY@rm @>o. (5-1)
> s

T
0
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Figure 7. The construction of the surfaces X’ from X.

Proof. One can proceed in analogy to the local observer’s energy estimate of [Dafermos and Rodnianski
2008]; indeed, from the energy identity for N on the domain R(7’, t) = Uy <z<c 2T it follows

[ UNJ0+/‘ KN < | N, (5-2)
h2A R(T,7) =7,

since (J N, ny) >0, and (J N n ~) > 0. By Proposition 3.3, namely the redshift effect, K N is bounded
from below by (JV,n) near the horizon, and from above by (J T, n) away from the horizon; since also
the lapse of the foliation of ‘R is bounded from above and below we conclude that there are constants
0 < b < B only depending on ¥ and N such that

T T
(JN,n)+b/ dT (JN,n)fB/ df/ (JT,n)+[ JN . n)
A v zz v zz z7,
SB(r—t/)/ (JT,n)+/ JN.n), (5-3)
=7, z7,

where in the last step we have used the energy identity for 7 on R(z’, 7) and KT = 0. Thus the desired
energy bound follows from the elementary Lemma 5.3. O

Lemma 5.3. Let f : R — R be a nonnegative function, f > 0, such that for all t; <t and two positive
constants 0 < ¢ < C,

15
fve [ f0dr = Cla=m)+ £,
n
Then c
f(t2) < f(t) + = (t2 > 11).
Proof. See, e.g., [Schlue 2012]. O
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5B. Energy decay. In this section we prove quadratic decay of the nondegenerate energy.
Let

Sy =0 Reo glto). 7o = 3(to — R). (5-4)

with R > ""/8nm, to > 0 and ro = r(gN) according to Proposition 3.1.

Proposition 5.4 (energy decay). Let ¢ be a solution of the wave equation (1-1) with initial data on X,

+ /
U=10 z

00 1 n=1 . 2
ar 2 d

Dﬁ/ dv/ Aty D irz(—r *’¢)
0+ R* gn—1 k=0 81)

Then there exists a constant C(n, m, R) such that

2
(Z JN(T*. ¢),n) <o00. (5-5)

T0 “k=0

/ (JN(¢),n)s(’;—f (t > 10). (5-6)

T

The proof is based on a weighted energy inequality, derived from the energy identity for the current (5-8)
on the domain

Rpe = {w* v*) i1 u* <mp.v* —u* = RY). (5-7)

Weighted energy identity. Consider the current

T u(@) = T (W) V", (5-8)

where
v =r"T ¢, (59)
V:rqavi*, g=p+1l—n, pe{l,2}. (5-10)

This may also be viewed as the current to the multiplier vector field r? avi*, modified by the following terms:

r 9 v - 2
b1 =T () + (50) 2 (1 2 )@une?

-1 d¢p? —1 2
+%—” rP=1@,r) f T rl’—l(1—rm2)(au¢2)

_1(n-1 2r1’_2 - 2m 0 ¢2_1n—1 0 rl’_lad)z,
2\ 2 =2 J\ gv* M 2 2 \ov* M or*

If Og¢ = 0 then we calculate

ar*
n—=1(n-3 n—12m 1 +n—1 d
2 r2 r or*

2m \ ! n—19y 1,
Dg‘/’:_(l_rn—z) u= ey + — + bV

V. (5-11)
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So the wave equation for ¢,

Og¢p =0,

is equivalent to the following equation for :

2m

9 .9 1 . n—1(n-3 n—12m 1 2m .
oY (1= ) SheV = | 5+ 5z )|z JY =0 12

Now,

K($)=V*I (@) =0 Vv + K" (), (5-13)
where
KV () =D7h Ty (9).
Since
2m \?
) — qg—1{1 _
Ty*yx = 2q71 (1 rn—2) ,
(V)T[v*v* =0,
2m _ 2m
O e = —(1— rn—2)rq 1[¢1+(ﬂ—q—2)rn__2}’ -14)
(V)ﬂaA =0,
2
(V)nAB _rq_l(l_ n’i/lz)gAB’
we find
roo n—1(n=3 n—12m\rPoy2 p _ (0v)>
K-r 1 = i Lop-1[ 7
' 4 ( 7 T rn—Z)r2 o 2" (8v*)

2
r,,Z]}W\fzpn_. (5-15)

1

- %rp—l[(z—p) +(p—n)

One may integrate the first term by parts to obtain

/oo qorioprt 2123 o 2m AR
vV K-r = -
u* 4+ R* 4 2 2 =2 )2 u*+R*
o n—1 n—-3 n-—1 2m | rP 2m
|- - Pz | 31— :
+/u*+R* ’ {[ U T p)r"—z}ﬂ( r”‘z)w
2
p 0V 1 . 2m 2
T3 1(31)*) 3" 1[2_1)Hp—”)rn—z}‘w"%—‘}' e

We can now write down the energy identity for the current J (see also Appendix B):
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Kdpg = *J
[2@2 e /aRDEf

Dropping the positive zeroth-order terms, we obtain

dv*/ duy ( )
/r2+R* st " 12 * ) | eee,
12 o0
4 —1 EW 1
du* d */ dus Eyp p=1|y_
+/r] ! [u*+R* o My"_l%2r (av ) a7 [ P+ (p=n) 5 2]W‘Nr2 _ }
© 1 2
%
+/ﬂ du /gn_lduf’"—lirpwwr2ﬁn_l
2 -1 o P 2
(2 U oo o ()
R T+ R sn-l 2 dv u*=rt
21+ R* 81,0' 1
dr d P
+/2r|+R* /Sn— Ky 1|:4r (av*) }V‘/",zyn .

lpn3n—12m 1.2
+42 (2+2R"2)r2w]

Note that the powers of r that appear in the bulk term are 1 less than those that appear in the boundary

v*¥—>00

}. (5-17)
r=R

terms. This allows for a hierarchy of inequalities (5-17) for different values of p, the so-called p-hierarchy.

Proof of Proposition 5.4. In a first step the decay of the solutions at future null infinity will be deduced
from the weighted energy inequality, and in a second step the continuation to the event horizon will be
inferred from the redshift effect.

Step 1. The p-hierarchy consists of two steps which exploits (5-17) first with p = 2, then with p = 1; but
in a zeroth step we need to obtain control on the angular derivatives from (5-17) with p = 1:

Since

2m 1

we have from the weighted energy inequality for p = 1 on the domain " </)D§, fort>1' >19= %(lo —R*),

T . o] . 1 5
d d duy i
/f/ ! /uma* ’ /gn—l Rina g PV L2y,

2m \7' @ 1 (v
1— dv* duy _ ~r|—
( RH) /;/+r6* ’ /g,n—l : V”‘12r(8v*

IA

i

-1
) JT@)+IT(T-¢)n): (5-18)
S

u*=rt’/
2m
Rn—2

—I—C(n,m,R)(l—

here we have estimated the boundary integrals as follows.
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Choose r(, € (R*, R* + 1) such that
R*+1 o0 2
/ dr*/ dz/ duy, (1 - ’fz)r"—l
R* to+(r*—R*) Jen—1 re
1 3o\ 1 [dap\*> 1 2m 2
X{r_"(ar*) +r”+1 (E) +r_3(1_rn—2)‘y¢|r217n—1}
> 2 _
:/ . dt/ duy, (1—/n—n12)r6" 'x

to+(ry"—R*) Jsn—l T

0

1 [0\ 1 [3p)> 1 2m 2 .
X%”(/)_n(ar*) +r(’)n+1(§) +r(’)_3(l_r(’)"_2)w¢|r2?"_l}’

e’ 1, 0\ 1 2 n—11 ,(m=3 n—12m)\ 1
oL G TR 2
/21:’+r(/)* sn—l et 4 dv* 4 | |r2yn_1 4 2 2 2 rn=2)r2 r=r{

2‘C+r6* M1 n—1 2 1 a¢ 2
< dt d . /D 2 el 2 2 ’2

_/2r’+r6* /;nl Hyn-1To 2\ 2 ¢ +2r0 dv*
¢2:| rn—l

r=

1,2 2 n—11(n-3 n—1 2m
+Zr0 W‘Mﬂfm—l—'_ 4 i( T

2 2 Rr2

4
To

§C(n,m,R)/E (T (@) +IT(T-¢).n),

because, by (4-23),

ro” +2t 1{3p\> n—1 2m
dr dus n—1| 1 ¥ 1— 2
[ sme s [3(5) + G (- 2597

ro+2t 1 2m 2 n—1 2m \ [ 9¢ \*
< dt duy " 2[1- i 1— —
N /;6*+2r’ /S”—l o |:2( rn_z) ‘pr‘rzyn_l - 2 ( rn_z) (3r*) ] r=r}

+C(n,m,R)/E (JT(¢),H),

and by Proposition 4.1 (and the choice of (),

0 1 (99 1 2m 2
e o O Rl G L
/I:O_,’_(r(/)*_R*) sn—1 VYn—1 r(/)ﬂ or* r(/)3 r(/)n—Z | }r2yn—1 R

0

< C(n,m)/E (JT (@) +IT(T - §),n).

Note that for the use of (4-23) that, with our choice of R,

2
(n—3)+n 2m2—(n—1)(ri’i) >0 (r>R).

ri—
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For p =2, (5-17) reads
d dv* d NEAW 22" vy |2
! u +r0 ’ sn—1 Hpnt av* Er(n ph—2 v r2¥n—1
2m ! oy
- d d
_( R"_z) /r/+r6* ’ /§"—1 Fin- 12 (30*)

Thus, with the previous estimate (5-18),

9 2
*+r0 sn—1 v
3 00 1 8W 2
<C ’ 7R ! d * d 7 = 2
<Clom. B Ut/wg,*”/gn_l o3 e

Let us define

+C(n,m,R)/E (JT (@) +IT(T-¢),n).

u*=t’

+/ (JT(¢)+JT(T-¢),n)} . (5-19)
z

u*=t’ 70

Tj41 =27 (j €Np), to=3(to—R").

Then there is a sequence (‘[j/-)jeNO with rj/. € (17, 7j+1) (j € Np) such that

00 aw 2
/ . dv*/ d“?n—l r(a—*)
T+ st v =g

1 o v\
<—C(n,m, R)|:/ dv*[ dpy, r2(—1/1)
Tj r'+r(’)* sn—1 v

J

+/ (VT () + JT(T~¢),n):|,

* — .
U =t Iz

and again by (5-17),
o0 8 2
[ ] 3 (2%)
I‘-f—r(/)* gn—1 2 v

J
o) 9 2
<C(n,m, R)|:/ dv*/ diy, rz(_‘ﬂ*)
t0+r)" sn—1 v

(JT(¢)+JT(T-¢),n)].

. T;
Since L+ < L ZEL — 2 e have
K LAY T./

// . dv*/ d/j,f,n . (8 *)
Tj+r0 sn—1 u*:rj/.

Cn,m,R o0 v \?
CmB[ ] (2] o]
‘L'j -co-}-r(’) sn—1 v u*=1g 2

In order to deal with the timelike boundary integrals analogously to the above choose

(JT(¢)+JT(T-¢),n)]. (5-20)

0

/1% 1 *
ri €(rg .10 4 1)
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such that

21) o+ 1 ap\ 1 [dp\2 1 2m )
dt g, 7 — Y (11— o
/2rj’-+r}/* /S"—l aial |:”n (3”*) - rntl ( ot ) * rs ( ’”n_z)‘ygb‘rzy”l:Hr:r}/

<C(n,m) (JT (@) +IT(T - $),n).
>

Then, proceeding as before,

20+ L (avN\? . p11 (ne3 el oam N1 .
/;t;+r}/* dt/gn_ldlbb)o/nl [Zr(av*) +ZI’W7W‘r2];n_1+ 4 Er( 3 =+ 2 rn_z)_zl//- :|

SC(n,m,R)/ (JT(@)+IT(T - $),n). (5-21)
T

”
r=r’
J

Now apply (5-17) to the region rJ/'/D:{:“ to obtain
J

du® d */ duy = — ,
/rj’ ! /u*+r/’.’* v sn—1 M””“X[z(av*) +4‘Y7w‘r2ynl:|
2m \ 7' [ AN
<|1- " / dv*/ duy, _llr o
R=2) Jogre Jen T2 v
By virtue of the result (5-20) from the case p = 2, this yields
s o0 (VN 1y,
du® d */ duy = =— = .
/rj/ ! /u*+rj’.’* v gn—1 Hyn [2(81)*) +4‘Y7w{r2y"1:|

Cn,m,R)[ [ vy \*
SMU dv*/ d,u,;_lrz( ‘”) +/
T’ /% n—1 n av* .

J T0+7 S ur=ty JIg

+C(n,m,R)/ (T +IT(T-¢),n). (5-22)
.

+C(n,m,R)/E (JT (@) +IT(T-¢),n).

*—r/
u rj

(JT(¢)+JT(T-¢),n)]

Step 2. Our aim is to prove decay for the nondegenerate energy. Let us first find an estimate for

T T T
/ dt/ (I (p),n) :/ dr/ (JN(¢),n)+f d‘L’/ (JT(p).n).
1:]/- > ‘L'j/- Erﬂ{rfrj’/} r_; Erﬂ{rzr_;-’}

The estimate of the first term is exactly the content of Corollary 4.3, and for the second term
Tl
/ ’ dt/ (JT(¢),n)
T} Ten{r=r}}

rj{'“ * o * n—1]1 d¢ 2 1 2m 2
=[N [ Lo (55 + 2 (- ek
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we can use (5-22) once we have turned it into an estimate for the derivatives of ¢. Note that

0 A s -1 2 n=3 9 , n— A\
I A e () e R (o))
w* )t v w4 2 rn v v

n—1 2m 2.2
= — 5 (l—rn_z)rn ¢

o0 n—1 2m 2m n-3 2m\ 1 3 \2
d *)_ 1— ) 1— 42 n—1
Jr/u*+r{)*v { 2 ( V”_z)[n ot ( V”_z)rz}p +(3v*) }r

and, by Lemma C.2,

o0 N B e NETAY n—1,2
; dv r—2¢ r"= <C(n,m) o dv P +Cmn,m)r" ¢ |(u*,v*=u*+r6*)~

*+r(/)*

00 3¢ 2 00 Ay 2
d * . n—1 < C , , R 2 . - [ d * ,
/1;*+r(/)* 0 (3U*) ' B (Vl " )|:¢ |(u Mo )+ u*+r6* ’ v

and finally, in view of (5-21),

T %) 2
j+1 0
* * n—1
// du / //*dv / d,l,L)",n_l (a—*) r
T u*+r} sn—1 v

44 00 2
SC(n,m,R)/ ’“du*f dv*/ dml(a—‘”) +Co1.m. R) [ (JT@)+IT(T-¢).n). (5-23)
7 weryt Jen—l

3
dv Er;.

Thus

Therefore, putting the estimates for the two terms back together,

T
// dr/E(JN(qS),n)
T; <
it o0 v\ 2
<com ) [ [T 0t [ an, J(55) Hvel, |
rj{ u*_;’_r]/f n—1 v

+C(n,m)/2 (JN(¢)—|-JT(T~¢),n)

C(n,m,R) © Y 2
e T
T; T0+7} sn—1 v

JrC(n,m,R)/E (IN (@) +IT(T-¢).n), (5-24)

+/ (JT(¢)+JT(T-¢),n)}
u*=1g PPN

where we have now used (5-22). The same inequality holds for r]’. 4 In place of rj’. 41 by adding the
inequalities corresponding to the intervals ¢}, 7} ;] and [}, ;. 7}, ,] and using Proposition 5.2 for the
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last term. So there is a sequence
" " / /
(Tj )j eN, T; < (Tj, Tj+2)
such that

/rn“rz df/Er(JN(qs),n) zrj+1/ (JN(¢)’n)’

! 7
T
J

. 1 17
and since < 213 = 2 we have

7

/ (V@n) = i,/rj dr /E/T(JN(qb),n). (5-25)

. Y

Now for any given t > 79 we may choose
j*=max{j eN:t/ <7}
so that, by (5-1),

/ (N (@).n) < C f (7N @).n)
X ”

T.
J*

Tix
with J, < JT ,,+1 < 2%, In particular we may estimate the last integral in (5-24),
N T C [T+ N N
VY@ +IT-¢)n)= 5 | - dr g (I @)+ IN(T - $).n),
2 J VT T
J

to see that in fact we have

N C(n m,R) N u ’ 8r%¢ S 37%3—(1’
/ d‘L’/ (J (). n |:/t0+r0*dv /n_lduyn_l{r ( e )—i—r (—Bv )}

+/E (JN(¢)+JN(T~¢)+JT(T2¢),n)] (5-26)

70

Again, with the sequence (z;”);en,

[ IV (@).n) <

Tji+1

/+ df/ (/¥ (@).n) (5-27)

23
_2

L1
Ti+1 T '

and since =z we obtain by virtue of Proposition 5.2 our final result:
Y
1

n—1 n—la 2
Cn,m,R)[ [ ar'z ¢\2 or 2z ==
JN d * d 5 2 2 ot
LT( (¢),7’l)§ ‘L'2 |:/L’0+R* v én—l Mynl{r ( ov* +r ov*
<.
X

(N (@) +IN(T-¢) + JT(T2-¢),n)}. O

0
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5C. Improved interior decay of the first-order energy. In this section we prove an energy estimate for
the first-order energy which improves the decay rate as compared to Proposition 5.4 in a bounded radial
region.

Remark 5.5. The argument largely depends on the asymptotic properties of the spacetime, and is similar
and slightly easier in Minkowski space [Schlue 2012].

Proposition 5.6 (improved interior first-order energy decay). Ler0 <8 < 2, R > "2 8”'" , and let ¢ be
a solution of the wave equation (1-1) with initial data on X+, (t1 > 0) satisfying

1

D= /riR*dv*/gn_ldM"—l % Z (8(Tk x))

nn—1)

Z:: (8(Tk w)) Xi: 2:: (aTkQ w)}

n(n 1)
/Et] (

ZJN(T" ¢)+Z Z JN(TkQ; ). n) <o0. (5-28)
Then there exists a constant C(n,m, 8, R) such that

u*=11

k=0 k=0 i=1

CD
/E/ (JN(T-¢).n) < e (r>1n), (5-29)

T

where ¥ = X N{r < R}.

In addition to the weighted energy identity arising from the multiplier rp 3.+ that was used to prove

8

Proposition 5.4, we will here also use a commutation with 3 = to obtain the energy decay for 8? of

Proposition 5.6.

Weighted energy and commutation. Consider the current

Ju(¢) = Tuv(X)Vv’ (5-30)
where now
n—1
0 0
Xzav*‘ﬁ:(r—zw, V=rq_a qu_(n_l)’ 2<p<4’ 8=4_p (5_31)
Jv* ov*

Notation. To make the dependence on p explicit, we define

Kp (@)= VT ,4(8). (5-32)
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The error terms for K arise from the fact that y is not a solution of (1-1); here, similarly to (5-11), we find

n_
2r3

B 1 2
Ogyx=— (n—3)+nrn

2
=255 v
2

n—1 m 1 2m n—1 dy
4r2 [(n_ n—2:|X+;|:2_nrn—2i|4AW+ * (5_33)

+ r or
Kp (@) =00V 2+K" ()

Hence

1 i Y 1 2m _ 2
=5prf I(W) +§[(2—p)—(n—p)rn_2}rq Yl (5-34)
n—1 __ 2m 2m \* . 9%y
n—1 ax
q-2 _ _
+ 2 r |:(n :|8v (5-36)
+rd- 1[2 n :|(¢l/f)( ) (5-37)

which is not positive definite. However, we have

1 B 8)( 2 v _ 1 2m —
i’ 1(81}*) <Ky (@)-r" 1Jrz[(p—Z)Jr(”—P) n—2:|rp vl

(n_1)2(n_2)2 p 2)—1 1

T v + rP=2712 (g y)
_n—1 ay
=2l (n— 5-38
L ]av (5-38)
where we have used that
2m 2m \?
n—2>n—3+nrn_2—(n—l)z(rn_z) >n—3 (5-39)

(is decreasing) on r > ""¥/4nm. The keyr insight here is that we are able to control all other terms on the
right-hand side of (5-38) by the current J of Section 5B with p — 2 in the role of p; i.e.,

ax 2
dMun_ rp_l (_)
[[1 /*+R* /Sn—l Yn—1 8v*
nn—1)

v r 2 r
S C(”,m’&p, R) /I;DTZ{KP (¢)+Kp—2 (¢)+ Z Kp—2 (Ql¢)§
71 i=1
nn—1) n(n 1

21+ R*
+C(n,m,8, p, R) er dpag, 1%10 +( )+Z(Q w)%ZWsz V| }

1
2‘L'|+R* n— l_l

. (5-40)
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Indeed the first term |V d,+1|? can be integrated by parts twice (such that we can absorb the resulting
v* x term in the left-hand side):

/ /*+R* */ du’o’”—‘rp_lw)f}z
B _/r /*+R* */gn_ldwn_l PP Ry - Dyetr
_/ﬂrdu*/gn iy, Py g;lf .
[l et
+rP” 1(M) e 12( )
5/1 / dpy,_, TP~ 1(M)( ‘”) i
+/r1 /u 4R */gn_ld“f’nl {(P—l—k nsz +2)r(p_2)_1(4l1ﬂ)2r2

vy \? 2 ax \?
+(p—1+2)r(”_2)_1(—w) +%§njf”_l(—x) } (5-41)

_l’_

o

Jv* dv*
The second term in (5-38) is controlled by the Hardy inequality

1/00 v r -1 L2
2 u*+R* ]"2

11 1 AN
. R dv* r(p_z)_l(—) , (542
= 4 p R4 )/ 1— 2m w |(u +R ) ( )2(1_Rn 2) [*-‘rR* av* ( )

and the third term simply by the following commutation with €2;:

Lemma 5.7. For any function ¢ € H(S,) we have /X ,25, ¢ € L?(S,), and there exists a constant C > 0

Yn—1
such that
n(nz—l)
/S (B duy, =C fg n_l{ > W(sz,-x/f)lzﬂwf} T (5-43)
i=1
The last term in (5-38) we can rearrange as follows:
n—1 __ Iy
— p—2
g [ :|8v
d (n—1 oy
- _ p—2 -
o [(” ](av)%
—1 2 2 2
" r<P—2>—1[(p—2>(n—3)+<n—1>((p—2>+(n—2>) =) (- 2) () - s
r’ r’ av*
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Therefore (see also Appendix B),

2 [ele] 2
1 10

du*/ dv*/ duy , <pr? 1(—)

/;1 u*+R* sn—l1 g dv*

11 :
= = / o Kr @ ang

R"— 1

+Conp.s R [t [ dwn_l{r”‘z(aw) o 2(3‘”) +w2}
7 sn—1

%) o0
sCpas® [Car [T ar [,
7] u*+R* sn—1
n(nz—l) )
N oy 1[0
o Bt it s (3

i=1

n—l 8)(
d d d P2l 4+34(m—1 . 5-45
/ “/HR*“/gnl““" [ n-0 G 64

Now, recall (5-15), and note that

2m 5 n_ol4nm
— (n — (2 — 8)) n—2 > 5 (r > T), (5-46)

to see that
nn—1)

r(p—2)—1 22: ‘VI’ n;l

i=1

n(n 1) n(n—1) n—1 2
U4 1 4 & n=1[n=3 n-12m 5 0(r 2 Q9)
=3 Z 2 Qip)r" = 37— [ >+ rn_z}r@ R (54T

i=1 i=1

So

[ 00 3)( 2
du*[ dv*[ duy prp_l(—)
/;1 w4 R* sn—1 Yn—1 aU*
n(nz—l)
< C(n.m.5. p.R) Aprz{Kp D+ kpa2 @+ Y Kpo (Qiqs)}
71 i=1
T2 o0 n—1 m
—C(n,m,$, )/ du*/ dv*/ duy, —[n— ]
p 71 u*+R* Snfl My 1 8 n—2
nn—1)
NEa Al ST L
r2 ov* r2 = av* r2 Jv*
n(n 1)
21+ R*
+C(n,m,8, p.R) dt/ diy, 1{ Z Y ¢| +|V¢| +( )-i-l/f } , (5-48)
211 +R* sn—1 =

i=1
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which, upon integration by parts, yields (5-40); note that the 9+ and 9+ (S2;¥)? terms generate
boundary terms at infinity and zeroth-order bulk terms with the right sign by (5-16), while the 3, y? is
reduced to a (d,+1/)? term by (5-44).

By virtue of Stokes’ theorem (B-5) and in view of (B-6), we conclude that

00 aX 2
dv*/ dpy, {rp( ) +rP-
»/';2+R* gn—1 Yn—1 81)*

nn—1)
3lﬂ 2 2 B aQw 2
21 7Y p—2 !
(7e) + = (%) | -
i=1 2

% . o) . e aX 2
+/ du / dv / duy,_, rf~ (—)
o u*+R* g1 ! Jv*

nn—1)

AN VA C R o RVAL
Arae) (G + X ()

i=1

21+ R* 3 2 82 2
+C(n,m,8, p,R) dt/ lduﬁn_,{wu( W) +( W)
sn—

271+ R* v av*Z

o0
<C(,m,8,p,R) dv*/ diy,
T1+R* sn—1 '

u*=t

nn—1)
Ry A2, v\
+ ) [(Qﬂﬁ)2+( avf) ]+\w|2+(w)2
i=1
n(n—1)

+ZWW\}

i=1

(5-49)

Proof of Proposition 5.6. We shall use this weighted energy inequality for y to proceed in a hierarchy of
four steps.

Let 71 > 0 and 741 = 27; (j € N). In a first step we use (5-49) with p =4 —§ and (5-17)
with p = 2 as an estimate for the spacetime integral of 9, y, dy*V, and 9, (£2; ) on RDg *! andina
second step as an estimate for the corresponding integral on the future boundary of RD;{ :

nn—1)

Tj+1 o] 3 8){ 2 81// 2 2 8Q'¢/ 2
d * d * d N 3 8 _~ !
/;j u L*+R* v Ln—l /'l’)’n—l %r (81}*) +r(8v*) * ; r( av*

1

nn—1)

00 s Y WA ST (LAY
* ] 4—8 2(9¥ 2(22% ¥
= C(fl, m,$§, R) Ij+R*dU Lnld“Y11—l {r (av*) +r (81)*) T ;r ( av* ) }

1

2tj 41 +R* Y 32y 2 Y 2

C(n,m,8, R d d 2 -

+Com o [ [ l{w +(av ) +(8v*2) vyl +'Vav*
n(n 1)

s [(sz V)?+ ( "/’)+|$m w}]}

i=1

e .
U=t

r=R
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nn—1)

00 91 \2 WYV & (027
< 5, R dv* divs 4-5 (21 2= 2 l
= C(l’l,m, s ) L+ R* v /n—l Ky {I‘ (av*) +r (av*) + i;lr ( ov* ) } w*=1,

21 1+R* 2 2 2
+C(n,m,8, R) " dt/ ldwn_l{w%(aw*) +(§UW2) +(W)2+‘Y78w*

27, +R* dv dv

2

n(n 1

Py @+ (5 ””) +yaf |}

i=1

. (5-50)

r=

Thus by the mean value theorem of integration we obtain a sequence rj’. € (7j, 7j+1) (j € N) such that
the corresponding integral from the left-hand side on u™ = ‘(J/- is bounded by rj_l times the right-hand
side of (5-50).

:| Next we shall use (5-49) with p =3 —8 on R/ D DI (with RY € (R*.R*+1) (j €N)
2/ 1

chosen appropriately below). However, the quantity we are actually 1nterested in is not dy=* y, but rather
0T T ¢\ (AT -r"T g\ 1Py 1 Py Y
dv* B dv* S\ 209v*2 2 9u*dv*
G117y 1 2m 1n—1m-3 n—-12m)1 2m 2
a (Eav*z"'j 1_r”_2 ¢¢—§ 2 2 + 2 pn2 ;’_21_;”’—2 v

2. \2 _
< (8 ‘”) F)? " 20 e (5-51)

Ju*2

Using the simple Hardy inequality

2u*+R*

1 2 © 1y
5—1_ — rst/f O u* R+ —— )2f dv r_5(8v*) (5-52)

R—2 ( — Ri—2 u*+R*

and again the commutation introduced in Lemma 5.7, we obtain

’ n—1 2
12 +1 oo or2T-
/ ’ du*[ dv*/ duy, 273 (—*¢)
Téj—l u*+Rj* sn—1 81)
75 1 o) 9 2
5[ ’ du*/ dv*/ diy, ;rz—a (—X*)
<. u*+Rj* gn—1 31}

2j—1

n(n 1)
2

c s =D=2) 2 0y
+ Z vy + 5(%#) R U b

i=1 Rn—2

e [ e
+— t Man— JR—
1 — 285 Jaxy, +RE Jon— | 1 r=R;
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7} + o0 J 2
<C(n,m,$) 2 g dv* duy  {r278 X
W R -1 Yn—1 ov*
J

ij—l n(n—1)
2

+Kis @ Y Kiss Qi)

i=1
nn—1)

/ *
21:2j+l+Rj

+C(n,m,3) dr /Sn—1dufl”_l%w2+ Z (Qil/f)zs

’ *
2t +R; i=1

, (5-53)
r=R;

where in the last step we have again used (5-16). Furthermore, by now applying (5-49) with p =3 —3§,

- n—1 2
Bj+1 © or 2z T .
/ J du*/ dv*/ d/‘l’)} . 7'2_8 (r—¢)
/ * Lk n—1 " 81)*
T u*+R; S

2j—1
J nn—1)

% s 01\ W\ = [0
<Cm,m,8,R dv*/ duy {r3 5(—) ( )+ ( )}
( ) Téj—l"’_R;( sn—1 Hyna av* av* Z

i=1 ur=t5; 4
2'Eé~+1-i—R>'~< 9 2 82 2 9 2
+Cn,m 8, R | jdt/ dpy, 1{1//2+( ‘”) +( ‘”2) +(w)2+‘y ‘/f
205, +RY  Jsn—l dv v v
n()12—1) 5
0%2;
+ Y [(in)2+( 8’:/f) +|Y7S2,-1M2]} . (5-54)
T v r=R;
i=1 J
we obtain a sequence r € (1, -1 12y ; .+1) (J € N) such that, in view of the previous step,
o0 T-
R |
‘E_//-/+R;< gn—1 av u*=r_//'/
nn—1)
§,R) [ 7 \? v\ 299y
BB [ (o (2o T (2]
T2j12j—1 71+ R* gn—1 v v = v ur=1;
C(n,m,S,R) 212 +1+R* 9 2 82 a 2
4SS ) dt/ duy, {w2+ w) (Y s v
T2j T2j—1 J2r1+R* sn—1 dv v
nn—1)
2 Q2
+ Y [(wa)2+( e ) +|yQiv| ]}
i=1 r=R
27, -+1+R>‘-‘ 9 9 2
ccoms R [ ’dz/ d%l{w +( ‘”) +( ‘”2) YY)+ ‘W 4
2th,_+R;  Jsnl dv dv*
n(nz—l) 5
082
+ > [(wm( ;‘/’) +Ws2,-w|2“ (5-55)
i=1 0v r=R;
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n(n 1)

Now, by writing out the derivatives of ¥ = r%qb, and using (5-12), we calculate that
0y
[ (22 pmor]

oy v\ 2,
L l{w +(av )+(3 *2) Y] ‘ >

2 L AN2
<C(R)/ ALy, 1{¢ +(a¢) +(aaf) +(83Tv*¢) +|vo[*

n(n 1)

.S 7o+ (G ¢) i

i=1

r=

; (5-56)
r=R

by applying Proposition 4.1 first to the domain " D;fj e Reor Qui+r] *) where r; > "7/ ‘”’Tm to fix
the radius R, and then to the domain

r(r* R*-i—l):Dth-l-l \RD 21+1 C Rro R(2‘Eéj_1 + R*)
2

1’-2/ 1 J—

to fix the radii R; (j € N) by using the mean value theorem for the integration in r*, this yields (see also
Appendix B)

00 a-l 2
[ o (52)]
t/+R} sn—1 v
n(n 1)
Cn,m,8,R)( [ . as( 00\ aszyf
= (_[}/)2 {/;1+R*dv /;”_l d//“yn—l r m +V Z

u*=t
n(n2 1)
+/ (JT(¢)+JT(T-¢)+JT(T2-¢)+ > [JT(Q,-¢)+JT(T.Q,-¢)],n)}
B n(nz—ll)=1
+C(n,m,8,R)/ (JT(¢)+JT(T-¢)+JT(T2~¢)+Z [JT(Q,-¢)+JT(T-S2,-¢)],n). (5-57)
Ly i=1
Therefore, by Proposition 5.4,
) n_l 2
Lot e (F55)
T/+R} sn—1 v o
C(n,m,58,R) *© " as( Ox 2 5 ATk .y 2
— d dits A
= (tj)? {[CH-R* 0 /nl Hm {r dv* +1§)r ov*
5 n(nz—l) k 5
T Q¢
225
k=0 i=1 31) ur=1
4 3 n(n2—1)
+/ (Z INTE- )+ > JN(Tinqf)),n)}. (5-58)
T \g=o k=0 i=1
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Remark 5.8. This statement should be compared to the assumptions of Proposition 5.4 (5-5), from which
all that one can deduce with (5-17) is

[ L (52

We shall now proceed along the lines of the proof of Proposition 5.4 in Section 5B, just that we have

<oo (1> 19). (5-59)

u*=rt

(5-58) as a starting point for the solution 7 - ¢ of (1-1) (and (5-6)); however, as opposed to Proposition 5.4
the hierarchy does not descend from p = 2 but p < 2, which introduces a degeneracy in the last step, and
requires the refinement of Proposition 4.1 to Proposition 4.21, and Proposition 4.4 to Proposition 4.22;
see Section 4D.2.

Lemma 5.9 (pointwise decay under special assumptions). Let ¢ be a solution of the wave equation (1-1),
with initial data on X1, (71 > 0) satisfying

nn—1)

(%) 2 3 k 2 2 k
o [ o ) B B
k=0 k=0 i=1

71+ R* u*=rt;

3 n(n 1)
/ (Z INT* )+ Z IN(TkQ; ). n) <0

Zr k=0 i=1

for some § > 0 and
o AT - v\ C(n,m,8 R)D

/ dv*/ dity, XFH( W) L Cem s RD > ) ()

'+ R* gn—1 av* u*=t’ T/

for some ©’ > 11. Then there is a constant C(n,m, 8, R) such that, for all t > t’,

—1-3 2 CD
/Sn—ld'uf/”_l r > (T ¢) |(M*=t’,v*:R*+f) = ?

Remark 5.10. Note the gain in powers of r in comparison to the boundary term arising in Proposition 4.22.

Proof. First, integrating from infinity,

(T-¢)(z',R*+f'):_/°° UT-¢) o s

v+R* OV ’

and then, by Cauchy’s inequality,

[ (TP R4

% AT -$)\>
/ dv x/ [ n—l( ( ¢)) P du*
R*+1/ rn— R+t Jsn—1 Bv*

1 2
1 1 © o(T -

l(1— — ) —C(m,n) dv*/ dpy, r”_l( ( *¢)) .
2 rt |(u*=r’,v*=R*+r’) n—2r" R*+7 sn—1 dv
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Therefore, by Proposition 5.4,

C(n, C(n,m,R
/ d'u“)a/n—l (rn_z(T '¢)2)(T/’ R* + T/) = (n—zn/lm) (JT(T ¢)’ n) = %D (**)
gn—1 1— W Zr’ .[/
Now
[ (TR R )
R*+1.' 8T'
= / duy,_, (/"N (T -¢)?) (<, R* +z’)+/ dv*/ dpy, 2Ty *w
sn—1 R*+1/ sn—1 av

<R"! /gn_ld,%l (T-¢)*(r', R*+7)

5 o0 1 o0 3T‘1ﬁ 2
+2r2 | =y / dv*/ duy, —(T-gb)zr”_l\// dv*/ dpy, , r2=8 (—) ,
|flli=1§*’+r)\/ *47/ gn—1 ¥ 17'2 R*+1/ gn—1 Yn—1 81)*

which proves the pointwise estimate of the lemma in view of the Hardy inequality of Lemma C.2,

Proposition 5.4, the assumption () and (). O

By the weighted energy inequality with p =2 —§ and T ¢ in the role of ¥ (see (5-16)

in particular),

2 00 aT - 2
’ du™ dv* duy, pl-s L4
« Yn—1 Ju*
o/ u*+R/; sn—1 v

2j—1

I " o0 " r
<C(n,m) du dv i 1duj;n_l Kos (T 9)
u n—=

T *+R”
2t£/j+l+R;‘* )
+Cmy | /*dt/ Ay, A(T¥) g
215, _|+R) n— J
o0 AT - v \?
<C(n,m,R) dv*/ diy,_, {rz—a (_*E/f) }
ré/j_l_{_R/j* sn—1 81) ”*:féqu
2t +R” 5 T -y 2 5
+Clnm) a [ dm,l_I{(T-w) +( . ) |97y } . (560)
2t); | +R) sn—1 v r=R

where we choose R/j * € (R* + 1, R* +2) such that Proposition 4.1 applied to the domain
r(r*=R*+2),DTé/j+l \r(r*=R*+1),DT§/j+1
L2 L2

yields an estimate for the integral on the timelike boundary above in terms of the first- and second-
order energies on Erﬁ’. o which in turn decays by Proposition 5.4. Therefore there exists a sequence
i
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”’ € (121 1 2/j+1) (j € N) such that

o0 T - \?
/ d[ d“f"-l{rl_g( 5 *w) }
/4R sn—1 v

u*=t}”
_C.m 8. R /°° d*/ ‘ as O 2+Z 2(AT*- Y)Y’
—_—_— v o r — r —_—
- (t}”)3 71+ R* sn—1 Fnr dv* = ov*
nn—1)
2 2 k 2
ITkQ, v
Z 2 i
" ' ( dv* ) } u*=t
k=0 i=1 1

n(n 1)

/ (Z JN(T*. )+Z Z IN(T*Q;¢), n)} (5-61)
Er1 =0 i=1
Since, by integrating by parts,
o0 1 [0y
e G
wi+R*  ro \ov*

o0
u*4R*

1n-1 2m
= 11— ——Jy?
ré 2r ( r”—z)w

+/°°d* 5 n—1(, 2;7121//2
v —
w*+R* rli+é 2r rn—2

1 n—1 2m 5 2m \n—3

tga (1 )V -2+ (125 ) 57 |+ 55
we have by (5-15) that also (with R’Jf* € (R*+2,R*+3))

T o0 aT - ¢ 2]
du*/ dv*[ dpy {(—) +|VT-¢ }r" !
/;/// u*-{-R/j{* gn—1 Yn—1 7‘8 av* | |

2j—1
Qi+t [ . u r ne1
<C(n,m) du dv 1d,u,,n_1 Ki_s(T-¢)-r
T n—

" * 1 *
27—1 u*+R’

d¢ 1
) e

2f) _H-i-R”
S PR I Y1 [ M B

1" 7%
;1 +R;

By virtue of Stokes’ theorem (B-5), (B-6) and our previous result (5-61), we obtain
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L4 00
2 qu dv* duy L 9 Fl
" * 1% n—1 Yn—1 r8 a’l)*
24 u*+R’ S
% T -¥)\
EC(n,m){ / R U / A {r”’(%) }
0j—1TR; s v wr=ti
2 HRY IT Y)Y 2 >
+/ *d’/ dl%]{(a—*) +|YT-y|"+(T-v) %
2ty +R] sn—1 %

2j—1

C(n,m,S,R) o0 * 4—4 aX 2 3 5 a(Tkw) 2
==y d dis oTk 9
- (1;}//)3 { »/l’l—i—R* v /;n—l KT J0* + kEZO r ( P

nn—1)

= x ()]
+/ (24: JN(T"-¢)+23: ZZ: JN(Tinzp),n)%

ZriN k=0 k=0 i=1

—_ //}
r—Rj

u*=t
nn—1)

+C(n,m, R);/ /'+1 (JT(T.¢)+JT(T2.¢),n)
2(2j 1H—1

% n-2 . 2 *__ 1 _
+/§n—1 dl’Lyn—lr (T ¢) ’(u =t 1)1 }, (5 64)

*
v* =R// 1"

+T 2/+1)

where in the last inequality we have used Proposition 4.22, and then chosen R;f (j € N) suitably by
Proposition 4.21; furthermore the inequality still holds if we add the integral of the nondegenerate energy

77 ,Z,f *1 on the left-hand side and replace J T by J in the first term of the integral on X > 2’ +
2 —1 2(2 1)—1
on the rlght—hand side. The last two terms on the right-hand side of (5-64) in fact decay with alm(;st the
same rate as the first; for first note here that we could have used Proposition 4.4 and Corollary 4.3 instead,

and then employed Proposition 5.4 to obtain in any case that

AT
[ e [ SN agnn)
r/// ZT r

2j—1

C(n,m,S,R){ Y { ( ) (a(Tk w))
= (1) /IH-R* 0 /S”_l Hn

nn—1)

Xi: 2:: (aTksz w)}

3
Z INTE )+ Z IN(TkQ; ). n)} (5-65)

k=0 k=0 i=1

u*=1y

o)

It then follows that there exists a sequence r}’ = (ré’j’._l, é’j/ 1) such that
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N
/%MJ’”W”

’ 1
‘(u _r///r L (JN(T ¢) n)

Y
// i ””
V=R T o)

C(n,m,8,R) / [ { 4_3(8)( )2 3 2(a(Tk-l//))z
<0 d dis e RS, 24
(t}///)3_5 o +R* v Sn—1 /‘Lyn—l r ov* +kz=0r Jv*
nn—1)
2 2 ko . 2
EEA)
= o v ur=1,
n(n 1)
/ (Z JN(Tk. ¢)+Z Z IN(TkQ; ). n)} (5-66)
Etl k=0 i=1

because 77" ( g{j 21T t )~ < 1. Secondly, the assumptions of Lemma 5.9 are satisfied in view of

(5-58) on u = r}/ (j € N), which yields

n—2 2
/;n_ld/’l“)’n—lr (T(:b) }(“*:té/(zj—l)—l’” —R”*+ 270

2/+1

<—C(n,m,8,R) /oo dv*/ duy ri4s 8—X 2+23:r2 oT -y ’
- ('L'”{ )3—% 71+ R* gn—1 ¥r=1 Jv* k0 Jv*

2j—1
J nn—1)

2 & TkQ W
+kz Z ( ) } u*=ty
3
/ (Z]N(Tk )+ZJN(Tin¢),n)}, (5-67)
Ty \k= k=0

because also
/// " " —1
(1341 — Tz(zj—l)—l) =C

We shall now return to (5-64) — and its extension, which includes the nondegenerate energy on R} 73 ,z,f e

to find that, after inserting (5-66) and using Proposition 5.2, e

Lrg;H (IN(T @) +IT(T?- ¢).n)

T2(2] nH—1

<C fog GVTO+ITT000)

TQj—1—1

<C [y YT 94T T2 9)0)
Z //{/

Jj—2
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Cn.m,8,R)( [ . as{ XN ass (AT DV o= L HTk-y)\?
= (//// )3 -8 {/;IJFR*dU /Sn—lduyn_]{r (Bv_* tr ( Jv* )-l—];)r( ov* )

nn—1)

2::2:: (aTw)}

4
/Z (Z INTE )+ Z IN(TkQ; ). n)} (5-68)

k=0 i=1

u*=t

and using (5-67), that there exists (another) sequence r”” e ()._,, 7)) (j €N)such that

2j—1°12j+1
/ ris(JN(T-qS),n)

J
C(n,m,S,R) {/oo */ { 1 4_8(8(Tk X))Z 4 z(a(Tk 1#))2
< Lm0, 1) d du; A ASR, &/
N (T}”/)“'_S 71+ R* v gn—1 Hn— kg()r dv* +];) av*
3 2 k 2
aT Qi
2 i
+X 3 ()
n(n 1)

L (Z JN(Tk. ¢)+Z Z IN(TkQ;¢), n)} (5-69)

=0 i=1

~

u*=rt

So forany 7 > 7 we can choose j € N'such that 7 € ()} _;, 75}, ;) to obtain finally by Proposition 5.2 that

2j+1
/ (JN(T - ¢).n)
Y. N{r<R}

1
RO T
! =R, ) B

C(n,m,S,R){/‘oo / { 1 4—8(8(Tk')())2 4 2(3(Tk.1p))2

< 00 d d ) RS 24 ar v

- 428 T +R* v gn—1 Hyn k=0r dv* +]§)r dv*
nn—1)

22 ITkQ v \?
EE ()
kgg ; Jdv
n(n 1)
/E (Z JN(T*. ¢)+Z Z IN(T*Q;¢), n)} O (5-70)

=0 i=1

u*=rt

Remark 5.11. For the removal of the restriction to dyadic sequences in the last step of the proof, (5-69) and
(5-70), we could have equally obtained a decay estimate for the energy flux through X; N {r* < R* + ok }

/// ////

+7k : . .
(with k € N) by replacing % 3//,“ by {,,,' “"in the first estimate in (5-70); if § > O for a chosen k € N
—1
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is restricted to § < (1 +k)~! we then still obtain a decay rate of r4~(11K)8 for the energy flux through
Y. N{r* < R* + k).

6. Pointwise bounds

In this section we first prove pointwise estimates on |¢| and |d;¢| separately based on the energy decay
results Propositions 5.4 and 5.6. Then we give the interpolation argument to improve the pointwise decay
on |¢|. As we shall see in view of the nondegenerate energy estimates of Section 5 we may restrict
ourselves in the first place to a radial region away from the horizon. Recall the definition (4-3) of X,

(ri = R > ""¥/8nm).

Proposition 6.1 (pointwise decay). (i) Let ¢ be a solution of the wave equation (1-1), with initial data
on Xy, (to > 0) such that

~ [4]+1 9T\ [41+2
D= dv*/ iy, > r2( . ) +/ ( > JN(Tk.¢),n) <o0. (6-1)
0+ R* gn—1 k=0 v u*=tp E’"O k=0

Then there is a constant C(n,m) such that, for ro <r < R,

C(n,m)~'D
T

g, r)| < (TI%(I—R*)>1:0). (6-2)

(i) If, moreover, the initial data satisfies

[51+1

L[ s (TF- 0N
D= dv* [ dyy 4 3(—)
LO+R* v /Sn_] /"l’yn—l{ ];) r 8v*
[51+4 [51+3 250
ATk . w) ATkQ; v
G R e G S 1
— l_l U =T
[ ]+5 [/1]+4 n(n2_])
/ (Z INTE g+ D Y JN(T"szi¢),n)<oo (6-3)
Zro k=0 i=1

for some 0 <8 <L and R> "72/88M thep there is a constant C(n,m, 8, R) such that for ro <r < R,

C
[0:p(t,7)] < ;/; (r= %(z — R*) > 19). (6-4)

The pointwise bounds are obtained from the energy estimates of Section 5 using Sobolev inequalities
and elliptic estimates; the former provide the link between pointwise and integral quantities, and the latter
allow for the expression of these integral quantities in terms of higher-order energies.

Sobolev embedding. By the extension theorem applied to the Sobolev embedding H¥ (R") C L*°(R")
(s > 5) we have, for ro <7 < R,
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le|<[5]+1

|¢6’7)|2§C(”)/* dr*/gn_ld“fn—l{fﬁer > W%}Z}r"—l

oe|>1

o (6'5)

where V denote the tangential derivatives to the hypersurface 3;, and & denotes a multiindex of order n.
Elliptic estimates. Note that for any solution ¢ of the wave equation we have

2 _
T2. ¢ = 9°¢ +(1_511112)n 1 0¢ +(1_%)Ar27nl¢iL'¢’ (6-6)

or*2 r o or*

where the operator

o) L
L= (1 - r”TZ) g7 V:0; 67

is clearly elliptic. (Here g; = g|§, denotes the restriction of g to the spacelike hypersurfaces X;, a
Riemannian metric on f],, and i, j = 1,...,n.) In view of the standard higher-order interior elliptic
regularity estimate

19 nsag,y < CUL Blynes, + 18lag,) Se=Sinio<r<RL  (68)
we conclude with (6-5) that, in the case where [5] + 1 is even,

* [51+1
pP=Com [t [ w3 (1P (6-9)
ry sn—1 I—0

in general we have:

Lemma 6.2 (pointwise estimate in terms of higher-order energies). Let ¢ be a solution of the wave
equation (1-1), and n > 3. Then there exists a constant C(n, m) such that, for all ro <r < R,
(5]
p(t. 1) < C<n,m)[||¢||§2@,) + fg PN CACAR ¢>,n)] (6-10)
"1=0
Proof of Proposition 6.1. In view of the Lemma 6.2 and the energy decay estimates of Section 5 it remains
to control the zeroth order term ||¢ ||L2 ) We multiply the integrand by (%)2 > 1 and extend the integral
tou*=1=73(—R*),v*>1(+R").
(i) By Lemma C.2 we can then estimate | ¢ ||i2 ~ . by the energy flux through X__ L(—R*) and apply

(Z0)
Proposition 5.4 to the higher-order energies of Le;nma 6.2.

11) Here we extend the integral only to 7 + <v' <t+ 4+ t° and a emma C.4 to obtain
(ii) H d the integral only R* <v* R* + 73 and apply L. C.4 to obtai

R*
[ o[ dws @t <comr [ (/T @1).n)
e g1 e N{r*<R*+73)

R2

-1 2
+ C(n,m)T L”_l 7‘” (at¢) |(u*=r,v*=r+R*+t3)' (6'11)
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As in the proof of Lemma 5.9 we obtain by integrating from infinity and Cauchy’s inequality that

C(n,m)
2m

- (JT(0:9).n), (6-12)

L b 0+ R <

Rn—2 Er

which decays by Proposition 5.4 with a rate 2. Moreover, as in the proof of Lemma 5.9,

-1 2
/;n_l dl’LJ?n—l r’ (al¢) ‘(u*=f,v*=t+R*+t3)

—/ d r"=1(3:9)?| +/r+R*+§3*/ d 29 aa,yf (6-13)
- o Mgy 19 (u*=t,0*=1+R*) R v i1 My tw e
and
T+ R* 413 99 v
/ dv*/ d'l'LJO/n—la w at*
T+ R* sn—1 u*=t

8r78
S RS [y PO e et
T+ R* Jsn—1 t+R* Jsn—1

the first factor decaying with a rate ~! by Lemma C.2 and Proposition 5.4, and the second factor bounded
by the weighted energy inequality for r'z 9 +¢ in place of Y with p = 2. Therefore

- C(n,m) D

1 2

/S”—l T 0g) }(u*=t,v*=r+R*+r3) = IW . (6-15)
Rn—

By virtue of Proposition 5.6 (compare in particular Remark 5.11 on page 587), the first term on the

right-hand side of (6-11) decays with a rate of 7448

, and this is matched by the second term in view of
the prefactor r—! = (R* + 3)~1, which is the result of our choice of powers of T in the extension of the
integral Lemma 6.2 applied to the solution d;¢ of (1-1) then yields the pointwise decay result (6-4) after

having applied Proposition 5.6 to the higher-order energies on the right-hand side of (6-10). O

Interpolation. We shall now interpolate between the results (i) and (ii) of Proposition 6.1 to improve the
pointwise estimate for |¢|. Our argument can in some sense be compared to the proof of improved decay
in [Luk 2010]. The basic observation underlying this argument is that, for ro <r < R and #; > ¢y,

202 (r 1) = 1292 (r to) + / 20(t,7) ¢(r r) 2 de

to
< 1242 1 n—2 1-26 8¢ 2 n—2
<r"7co°(r,to) + T35 ¢ (t,r)r"—=dr + ¢ 8_ (t,r)yr"“dt. (6-16)
tO to 140) !

Moreover, as a consequence of Lemma 6.3,

—1 R* 2
27, r) < RV R) + (1 - i’i) / (a—d)) "l (6-17)
r r

s « \dr*




DECAY OF LINEAR WAVES ON HIGHER-DIMENSIONAL SCHWARZSCHILD BLACK HOLES 591

we obtain an estimate for the timelike integrals in terms of the corresponding integrals at r = R and
spacetime integrals, using the Sobolev inequality on the sphere:

/to () di < f di /S g D R R)

le]<[5]+1
2m\"!n : _ IQ%p\?
+(1— n_z) / dt/ dr*/ _ldumlr" ! Z (ar—*) (t,r). (6-18)
0 to r* S +1
Lemma 6.3. Leta <b € Rand ¢ € C'([a, b]). Then, for alln > 3,

le|<[5]

b d¢ 2
a"2¢%(a) < b" 292 (b) + / (—) x" . (6-19)
a \dx
Proof. Since, by integration by parts,

d¢

/ ¢ n—2 n—2 n—2 b 2 n—3
2¢(x) (x)x dx = 2¢2%(x)x | / 2¢(x) (x)x dx — / 2¢~(x)(n —2)x" "7 dx,

it clearly follows, with Cauchy’s inequality,

b d 2 3 b 1 e
(d—i) x" 1dx+[1—(n—2)]L ;d)z(x)x Ldx. O

Proposition 6.4 (improved interior pointwise decay). Let ¢ be a solution of the wave equation (1-1), with

2@ <520+ [

a

initial data on ¢, (to > 1) satisfying

0 2 ATk Q%x)\?
p= [ arf dwn_l{Z 2 r4‘8(—( e X))
0+ R* sn—1 k=0 |a|<[2]+1 v
5 koo koo, \2
ATk Q% ATk Q
D IID I (3 oD DS (s
k=0 |a|<[Z]+1 k=0|a|<[5]+2

5
/ (Z dooaNaTReee + > Y JN(TkQ“¢),n)<oo (6-20)

k=0 |a|<[5]+1 k=0 |o|<[5]+2

u*=tg

for some 0 < § < %, where R > "_,2/ SnTm, n > 3. Then there exists a constant C(n,m,§, R) such that,
for "2m <rg <r <R,

n—2 CD
rz |g|(t,r) < 3 (6-21)
t2

Proof. Let tg = 2(t9 + 10) + R* and 7; = fo + 27¢9. Then by (6-18), Proposition 4.4 and Proposition 4.1,

1
¢ (t,r)r"2dt < C(n,m, R)/ (Z > JT[TkQ"‘d)],n); (6-22)

fo k=0 |or|<[5]+1
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hence by Proposition 5.4 there exists #, € (f, 1) such that

C(n,m,R)D
221G, 7) < (’1’;’1—3) (6-23)
0
Now set 7) = %(Z(’)—R*) and 7} =27;_, (j €N),and 7} =27} +R* (j €N); note that ¢}, —1/ = %(tj’-—R*).

Now consider (6-16) with #; = tJ’- +1- fo = t}; since by (6-18), together with Propositions 4.1 and 4.4,

ti !
[” r”_2¢2(t,r)dZ§C(n,m,R)/ (Z > JT[T"Q“d)],n), (6-24)
t;- Er(

; k=0la|<[5]+1

and by Propositions 4.21 and 4.22,

2
(Z > JT[TkQ"‘qS],n)

k=1le|<[5]+1

/tj+lr”_2(8t¢)2(t, rydt < C(n,m, R) {/
th b))

’ o DU <R ()%}

+/ d,LLf,n_l E rn_2(9a3t¢)2}(u*=r/_ v*=R*+r’-+(r/~)3)}’ (6-25)
gn—1 7’ J J
le|<[5]+1

which decays with the rate 74748 a5 is shown in the proof of Proposition 6.1(ii), we obtain
_ - C(n,m,R) D _
TR ) S PTTRR(na) + +Cnm, 8, R — e
Jj+1 (,})1—28 (-L—J{)Z J (TJ{)4—48
_ C(n,m,§, R)D
<r"72¢3(r.1}) + U/)T (6-26)
J
In fact, by induction on j € N using (6-23) for j = 0, we have shown
C(n,m,8,R)D )
r"T2e (1)) < Ca.m.8 R)D (j e NU{0Y). (6-27)

1y3—26
@)

Finally for any 7 > 7, we may choose j € NU {0} such that 7 € (¢/,/ ;) and conclude the proof by
applying (6-27) and (6-26), which holds with ¢ in place of tj/- 41 O
Extension to the horizon. Note that for ""%/2m < r < rg, the same interpolation (6-16) by integration
along lines of constant radius r < r can be carried out. However, on the right-hand sides of (6-17) and
(6-18) a new term results from the integration on v* = %(zo + ra‘ ) from the radius r < rg to r = rp; but
we infer from the explicit construction (3-19) that the resulting integrand

2 3¢ \?
(Waf) <T[pI(Y.Y) < (JN[¢].N) (6-28)

is controlled by Corollary 4.3, and the proof of Proposition 6.4 above extends to that of Theorem 2 by
replacing J r by J N on the right-hand sides of (6-22), (6-24) and (6-25).



DECAY OF LINEAR WAVES ON HIGHER-DIMENSIONAL SCHWARZSCHILD BLACK HOLES 593

Appendix A: Notation
Contraction. We sum over repeated indices. Also we use interchangeably
gV,N)y=(WV,N)=V,N*, J-N=(J,N)=J,N", (A-1)
where V', N are vector fields, and J is a 1-form.

Integration. Let D in M be a domain bounded by two homologous hypersurfaces, ¥ and ¥, being its
past and future boundary, respectively. We then write |, N (J, n) for the boundary terms on X; arising
from a general current J in the expression [y, *J. If S C X is spacelike, then (J,n) = g(J, n) is in fact
the inner product of J with the timelike normal n to X1; e.g., on constant ¢-slices X; (see Section 2) we
have n = (1 — r%—'fz -3 % If U/ C X1 is an outgoing null segment then fu('] ,n) denotes an integral of the
form [ dv fs duyg(J, %); e.g., on the outgoing null segments of the hypersurfaces X (see Section 4),

we have
*© 0
/ (J,n) = / dv*/ duy, ,r* ! (J, *) (A-2)
Z:N{r=R} 74+ R* sn—1 v

The volume form is usually omitted:

[r=] raus @cm.

Appendix B: Formulas for reference

In this appendix we summarize a few formulas for reference.

The wave equation. The d’ Alembert operator in (1-1) can we written out in any coordinate system
according to

Ogop = (g~ )" V0,9, (B-1)

where V denotes the covariant derivative of the Levi-Civita connection of g.

Components of the energy momentum tensor. The components of the energy momentum tensor

Tyv(9) = 0,0 dvp — 2 g0 0% 0agp

tangential to Q are given in (u™*, v*)-coordinates by

3 \? 3o \* 2m 2
Tyrur = (au) o Tyrpr = (8v*) . Turpr = (1 — rn_z)%\,%. (B-2)

We also refer to (B-2) as the null decomposition of the energy momentum tensor. Note here that

o 1 d¢ \ ( ¢
%¢ dap = _W(au*) (av*) +|Vel2y,_,

yn—2

L, 2
TP Tan = V8|72, — 51— D% bag.
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Integration. A typical domain of integration that we use is
RD% = {(u*, V)it <ut<m, v -ut> R*}. (B-3)

In local coordinates we have, by calculating the volume form from (2-20), that

/ dug:/tzdu*/oo dv*/ d,%_,z(l— 2’112)#"1- (B-4)
R'sz 7 u* 4+ R* sn—1 rh

For a general current J the energy identity on this domain reads

X _ * _
/ ey K s = / i (B-5)

where the right-hand side is given more explicitly by

IRD?
=-— v Ay — | du My 778\ 5
R*+1» sn—1 Yn—1 dv* u*=t1 71 sn—1 Yn—1 ou*

o0 . . 9 R*+21, ) P
+/ dv / duy, ,r"" g(], —) —/ dt/ " g(J, —)
R*+14 n—1 Vn—1 Jv* ur=1, R*+27; gn—1 ar*

Radial functions. In this appendix we summarize some statements on the relation between r and

r 1
r* = / ——dr. (B-7)
(nmyz 1 — 22

The proofs are omitted here, but can be found in [Schlue 2012].

v*¥—>00

. (B-6)
r=R

Proposition B.1. Foralln > 3,

,

7”7%_)00 r

log x
X

While this fact concerns the region r* > 0 and is essentially due to limy_— o =0, the next concerns

r* <0 and is similarly due to limy_,¢ x logx = 0.

Proposition B.2. Foralln > 3,

2
lim (1 - n’i)(—r*) —0.
"_%/ﬁ_)l r

In fact we have:

Proposition B.3. For r* <0,

(1_ 2m ) - (Zm)n%2‘
rn—2 — (_r*)

This being an upper bound on (—r*), we will also need a lower bound:
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Proposition B.4. Forr* <0,

1 _1_ —_r
(rmyz EW 1og((%)"_2 T 1)
- 1 r _ .
=2\ 1y

Dyadic sequences. In our argument, Section 5C in particular, we construct a hierarchy of dyadic se-
quences, beginning with a sequence of real numbers (7;);en Where 71 > 0 and 741 = 27; (j € N).
We then obtain (by the mean value theorem of integration) a sequence (rj/. )jen With T]/- in the interval
(tj, j+1) of length 7; for all j € N. We then built up on these values another sequence (rj’./ )jen Which
takes values (as selected by the mean value theorem) in the intervals () -1 ‘L’él i+1) 2 7/ note that their
length is at least 7} i1 T 120241 -T2 =12;. In the same fashion the sequence (rj/-” )jen is built

upon (r]’.’)jeN, etc.
Appendix C: Boundary integrals and Hardy inequalities

In this appendix we prove appropriate Hardy inequalities that are needed in our argument to estimate
boundary terms that typically arise in the energy identities.

X -type currents. Let X = f(r*) a?*
Proposition C.1 (boundary terms near null infinity). Let f = O(1), f' = (9( ),and f" = O( 2) Then

there exists a constant C(n, m) such that

/ * X1 §C(n,m)/ (JT(¢),n). (C-1)
IRD2\{r=R} Zy

Proof. For the boundary integrals on the null segments u* = 71, 7, we find

d
* d JXl 7 ) ,n-1
/R*Jrr, /n— - 1g( )

a /
SC(fl) R* 41 *\/;n dlu“)/n 1 n 1{(%) +‘W¢‘ [fl |fr:|

and, in view of the Hardy inequality Lemma C.2,

2 n 1
/ / Winor (2
*41; sn—1 r

note that the corresponding zero order terms vanish at future null 1nﬁn1ty; cf. Remark C.3. Then (C-1)

and recall the modification (4-14).

+ |f”|]¢2}, (C-2)

wr=g =€, m)/ (T (¢).n):; (C-3)

follows from the energy identity for 7" on RDE. O

Lemma C.2 (Hardy inequality). Let ¢ € Cl([a, 00)), a > 0, with |¢(a)| < oo and
lim x"Z ¢(x) = 0. (C-4)
X—>00

Then a constant C(n) > 0 exists such that

o0 o) 2
/ xl—zqﬁz(x) x" SC(n)/ (j—f) " ldx. (C-5)
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Proof. This is a consequence of the Cauchy—Schwarz inequality; after integration by parts

001 o0
| spwatan= [ s ar

a

with x

gw=[ »ar 0
a

Remark C.3. The conditions of Lemma C.2 on ¢ are in fact satisfied for any solution of the wave
equation (1-1). By a density argument we may assume without loss of generality that the initial data is
compactly supported. Then for a fixed r, and v* large enough, ¢ (z,v*) =0, and for u™* > t,

*

¢(u*,v*)=/u 9¢ du™.

ou*
Thus

*

sz ([ (o) ([ o)
/ru*[gﬂ l( ¢) P Vdpy, | du® </>:,(JT(¢)’H)<°°

whereas on the other hand,

On one hand,

*

ut o] 1 2m \! 9 1
du* = 1-— du*
/; pn—1 " n—Z/T ( r"_z) 8u*(r"‘2) "
1 2m \ ! ru*, )V 2\ 1
< 1-— 1— )
“n-2 Rn—2 r(z,v*) rn—2

if we restrict u* > 7 to r(u™*,v*) > R. Hence

lim r'2 d)—O

v*—00

Instead of (C-5), which requires (C-4), one can prove the corresponding Hardy inequality for finite
intervals:

Lemma C.4 (Hardy inequality for finite intervals). Let 0 < a < b, and ¢ € C'((a,b)). Then

b 2 b 2
1 [P n—1 [T Ye 2 A
EL ﬁﬁb (x)x dx < mb ¢~ (b) +2(m) /L; (a) X dx. (C-6)

X

Proof. Let
1 -2

X
g(x) =f Y3 dy = "
a n—2

Then, by integration by parts and using Cauchy’s inequality,
b b
1 _ b do
| Serwrtar =gl - [ et P ax
a a

b 2
Sg(b)¢2(b)+2€/ z¢ ()" 1dx+2e/ x("X)3 (dx) .
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where € > 0; (C-6) follows for € = % because

1 2 o) 2(n—2)
gb) = b2, gL _ (1 n (3) )x”_l. 0
’/l J—

x"=3 T n-2 X
Recall the domain (4-103); by using Lemma C.4 instead of Lemma C.2 we can prove the following

refinement of Proposition C.1 to bounded domains:
Proposition C.5 (boundary terms on bounded domains). Let f = O(1), f' = (’)(%), and " = (’)(riz).
Then there exists a constant C(n, m) such that

*JX’ISC(n,m){/ JT(¢).n +/ T S PR DO (e5r)
/aRui%\{mR} Ei%( ) g1 =t

Recall the domain (4-2).

Proposition C.6 (boundary terms near the event horizon). Let f = O(1), f/ = O(Ir*l‘\ 7), and [ =

O(ﬁ), and

]'[l¢:O (OEI<L),

for some L € N. Then there exists a constant C(n, m, L) such that
/ * g X1 §C(n,m,L)/ (T (¢),n), (C-8)
IRFS.ry (0) Tz

where 19 = %(lo —r).
The proof is given in Section 4D.1 in the special case f = f o using the following lemma.

Lemma C.7 (Hardy inequality). Leta > 0, ¢ € C!([a, o0)) with

Jim ()] < o0,

o0 1 ) 1+a2 o0 d¢ 2 a+1
< — 2
/a 1—|—x2¢ (x)dx <8 2 /; (dx) dx + n[a

Proof. Let us first assume that ¢(a) = 0. Define

© ]
g(X)=—/ =9
x 1+)y2

Then

2
>+ (%) } dx. (C-9)

Then

fa 1+1x2¢2(x)dx Z/a g% (x) dx :g(x)¢2(x)\3°—2/a g(x)¢(x)% dx

© g2 (dp )\ \i( [*, 3
EZ(L /() (E) d’“) (/ g (x)¢2(x)dx) |
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Since |g(x)| < ; we have
2 2 2
g(x) <1+x <1+a,
g/(x) - x2 = 42

and therefore

R ST g(x)* 2 1+a? [®(dp)?
/a r2? (")d““/a g(x)( )d = f (E)d

Without the assumption ¢(a) = 0 this applied to the function ¢ (x) — ¢ (a) yields

o0

/a 1+x2¢2(x)dx§2/a T x 2(¢(x) $(a)) dx-|—2/a H_xij(a)zdx

2
§8l+2a /‘; (%) dx + ¢ (a)?.

a

We conclude the proof with the following pointwise bound: on one hand, for some a’ € (a,a + 1),

a+1
/ $(x)? dx = p(a')?

and on the other hand,

’

a a’ 2
p@r-p@? = [ Towrars [ oer s (E) far
Hence

a d¢ 2 a+1 a+1 d¢p 2
¢(a)® < / p(x)*+ (-] ¢ dx +/ $(x)?dx < 2/ d(x)+(—) tdx. O
a dx a a dx
Auxiliary currents. We have the same results for auxiliary currents of the form
T = 5h(r)du($?). (C-10)

Proposition C.8. Let h = (’)(%). Then there exists a constant C(n, m) such that

/ *Ja”xSC(",m)/ (IT(@).n). (C-11)
IRD\{r=R} Iy
and moreover, for a constant C(n, m), we have the refinement

*J*‘“XSC(n,m){/ JT(p).n +/ diy, 7" 202 e . (C-12)

/aRM%\{rzR} zif( ) g1 "7 R e
Proof. Note that here, in comparison to the proof of Proposition C.1,
g Jaux’ i < 2¢ + 8¢ ]
ov* v*
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Proposition C.9. Let h = O( 1 ) Then there exists a constant C(n, m) such that

[r*]

/ *Ja < C(n,m)/ (JT(¢).n), (C-13)
IR, (t0) 2

where 19 = %(lo —r).

Remark C.10. In view of Proposition B.3, the function & = %(1 — r%,—'fz) satisfies the assumption of the

proposition.
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CONDITIONAL GLOBAL REGULARITY OF SCHRODINGER MAPS:

SUBTHRESHOLD DISPERSED ENERGY

PAUL SMITH

We consider the Schrodinger map initial value problem

{az§0 =@ x Ag,
@(x,0) = @o(x),

with ¢y : R> — S? < R3 a smooth H o map from the Euclidean space R? to the sphere S? with
subthreshold (< 47) energy. Assuming an a priori L* boundedness condition on the solution ¢, we prove
that the Schrodinger map system admits a unique global smooth solution ¢ € C(R — H’) pr0v1ded that
the initial data ¢ is sufficiently energy-dispersed, i.e., sufficiently small in the critical Besov space 32 oo
Also shown are global-in-time bounds on certain Sobolev norms of ¢. Toward these ends we establish
improved local smoothing and bilinear Strichartz estimates, adapting the Planchon—Vega approach to such

estimates to the nonlinear setting of Schrodinger maps.
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Function spaces and basic estimates
Proof of Theorem 1.3
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The system (1-1) enjoys conservation of energy,

Ew)i=5 [ ool (12

and mass,

M(p(t)) = fwwm — Q% dx,

where Q € S? is some fixed base point. When d = 2, both (1-1) and (1-2) are invariant with respect to
the scaling
Q(x, 1) > Ox,271), 1 >0, (1-3)

and in this case we call the equation (1-1) energy-critical. In this article we restrict ourselves to the
energy-critical setting.

For the physical significance of (1-1), see [Chang et al. 2000; Nahmod et al. 2003; Papanicolaou
and Tomaras 1991; Landau 1967]. The system also arises naturally from the (scalar-valued) free linear
Schrodinger equation

O +iANu=0

by replacing the target manifold C with the sphere S? < R3, which then requires replacing Au with
u*V);dju = Au— L (Au) and i with the complex structure u x -. Here _L denotes orthogonal projection
onto the normal bundle, which, for a given point (x, ), is spanned by u(x, t). For more general analogues
of (1-1), e.g., for Kihler targets other than S?, see [Ding and Wang 2001; McGahagan 2007; Nahmod
et al. 2007]. See also [Kenig et al. 2000; Kenig and Nahmod 2005; Bejenaru et al. 2011b] for connections
with other spin systems. The local theory for Schrodinger maps is developed in [Sulem et al. 1986; Chang
et al. 2000; Ding and Wang 2001; McGahagan 2007]. For global results in the d = 1 setting, see [Chang
et al. 2000; Rodnianski et al. 2009]. For d > 3, see [Bejenaru 2008a; 2008b; Bejenaru et al. 2007; 201 1c;
Ionescu and Kenig 2006; 2007b]. Concerning the related modified Schrodinger map system, see [Kato
2005; Kato and Koch 2007; Nahmod et al. 2007].

The small-energy (take d = 2) theory for (1-1) is now well-understood: building upon previous work
(see below or [Bejenaru et al. 2011c, §1] for a brief history), global well-posedness and global-in-time
bounds on certain Sobolev norms are shown in [Bejenaru et al. 2011c] given initial data with sufficiently
small energy. The high-energy theory, however, is still very much in development. One of the main goals
is to establish what is known as the threshold conjecture, which asserts that global well-posedness holds
for (1-1) given initial data with energy below a certain energy threshold, and that finite-time blowup is
possible for certain initial data with energy above this threshold. The threshold is directly tied to the
nontrivial stationary solutions of (1-1), i.e., maps ¢ into S? that satisfy

PxAp=0

and that do not send all of R? to a single point of S2. Therefore we identify such stationary solutions with
nontrivial harmonic maps R? — S2, which we refer to as solitons for (1-1). It turns out that there exist
no nontrivial harmonic maps into the sphere S? with energy less than 47, and that the harmonic map
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given by the inverse of stereographic projection has energy precisely equal to 4w =: E. We therefore
refer to the range of energies [0, E) as subthreshold, and call E the critical or threshold energy.

Recently, an analogous threshold conjecture was established for wave maps (see [Krieger et al. 2008;
Rodnianski and Sterbenz 2010; Sterbenz and Tataru 2010a; 2010b] and, for hyperbolic space, [Krieger and
Schlag 2012; Tao 2008a; 2008b; 2008c; 2009a; 2009b]). When .l is a hyperbolic space, or, as in [Sterbenz
and Tataru 2010a; 2010b], a generic compact manifold, we may define the associated energy threshold
Eit = Eqit(M) as follows. Given a target manifold J(, consider the collection & of all nonconstant
finite-energy harmonic maps ¢ : R — L. If this set is empty, as is, for instance, the case when .l is
equal to a hyperbolic space H™", then we formally set E . = +00. If & is nonempty, then it turns out that
the set {E(¢) : ¢ € ¥} has a least element and that, moreover, this energy value is positive. In such case
we call this least energy E;. The threshold E.; depends upon geometric and topological properties of
the target manifold /; see [Lin and Wang 2008, Chapter 6] for further discussion. This definition yields
Eit = 47 in the case of the sphere S2. For further discussion of the critical energy level in the wave
maps setting, see [Sterbenz and Tataru 2010b; Tao 2008a].

We now summarize what is known for Schrédinger maps in d = 2. Asymptotic stability of harmonic
maps of topological degree |m| > 4 under the Schrodinger flow is established in [Gustafson et al. 2008].
The result is extended to maps of degree |m| > 3 in [Gustafson et al. 2010]. A certain energy-class
instability for degree-1 solitons of (1-1) is shown in [Bejenaru and Tataru 2010], where it is also shown
that global solutions always exist for small localized equivariant perturbations of degree-1 solitons. Finite-
time blowup for (1-1) is demonstrated in [Merle et al. 2011a; 2011b], using less-localized equivariant
perturbations of degree-1 solitons, thus resolving the blowup assertion of the threshold conjecture. Blow-up
dynamics for equivariant critical Schrodinger maps are studied in [Perelman 2012]. Global well-posedness
given data with small critical Sobolev norm (in all dimensions d > 2) is shown in [Bejenaru et al. 2011c].
Recent work of the author [Smith 2012b] extends the result of Bejenaru et al. and the present conditional
result to global regularity (in d = 2) assuming small critical Besov norm le’ - In a different direction,
[Dodson and Smith 2013] shows that the L* norm considered in this paper is in fact a controlling norm
for critical Schrodinger maps. In the radial setting (which excludes harmonic maps), Gustafson and Koo
[2011] established global well-posedness at any energy level. In the equivariant setting, Bejenaru et al.
[2011a] established global existence and uniqueness as well as scattering given 1-equivariant data with
energy less than 47r. They note that, although these results are stated only for data with energy less than
47, their proofs remain valid for maps with energy slightly larger than 47, suggesting that the “right”
threshold conjecture for equivariant Schrédinger maps should be stated also in terms of homotopy class,
leading to a threshold of 87 rather than 47 in the case where the target is S?. See the introduction of
[Bejenaru et al. 2011a] for further discussion of this point. This global result has been extended to the
H? target in [Bejenaru et al. 2012], under the assumption that the initial data has finite energy.

The main purpose of this paper is to show that (1-1) admits a unique smooth global solution ¢ given
smooth initial data ¢ satisfying appropriate energy conditions and assuming a priori boundedness of a
certain L* spacetime norm of the spatial gradient of the solution ¢. In particular, we admit a restricted
class of initial data with energy ranging over the entire subthreshold range.
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In order to go beyond the small-energy results of [Bejenaru et al. 2011c], we introduce physical-space
proofs of local smoothing and bilinear Strichartz estimates, in the spirit of [Planchon and Vega 2009;
Planchon 2012, p. 1042-08; Tao 2010], that do not heavily depend upon perturbative methods. The
local smoothing estimate that we establish is a nonlinear analogue of that shown in [Ionescu and Kenig
2006]. The bilinear Strichartz estimate is a nonlinear analogue of the improved bilinear Strichartz estimate
of [Bourgain 1998]. These proofs more naturally account for magnetic nonlinearities, and we believe
the technique developed here to be of independent interest and applicable to other settings. For local
smoothing in the context of Schrédinger equations, see [Kenig et al. 1993; 1998; 2004; Ionescu and Kenig
2005; 2006; 2007b]. For other Strichartz and smoothing results for magnetic Schrédinger equations, see
[Stefanov 2007; D’ Ancona and Fanelli 2008; D’ Ancona et al. 2010; Erdogan et al. 2008; 2009; Fanelli
and Vega 2009] and the references therein. We also use in a fundamental way the subthreshold caloric
gauge of [Smith 2012a], which is an extension of a construction introduced in [Tao 2004].

To make these statements more precise, we now turn to some basic definitions and observations.

1A. Preliminaries. First we establish some basic notation. The boldfaced letters Z and R respectively
denote the integers and real numbers. We use Z, = {0, 1, 2, ...} to denote the nonnegative integers. Usual
Lebesgue function spaces are denoted by L”, and these sometimes include a subscript to indicate the
variable or variables of integration. When function spaces are iterated, e.g., Lf"L%, the norms are applied
starting with the rightmost one. When we use L* without subscripts, we mean Lix.

We use S? = {x € R : |x| = 1} to denote the standard 2-sphere embedded in 3-dimensional Euclidean
space. The ambient space R* carries the usual metric and S? the inherited one. Throughout, S' denotes
the unit circle.

We use 9, = (dy,, 0x,) = (91, d2) to denote the gradient operator, as throughout “V”” will stand for the
Riemannian connection on S?. As usual, “A” denotes the (flat) spatial Laplacian.

The symbol |9, |° denotes the Fourier multiplier with symbol |£|°. We also use standard Littlewood—
Paley Fourier multipliers P and Py, respectively denoting restrictions to frequencies ~ 2% and < 2%; see
Section 3 for details. We use f to denote the Fourier transform of a function f in the spatial variables.

We also employ without further comment (finite-dimensional) vector-valued analogues of the above.

We use f < g to denote the estimate | f| < C|g| for an absolute constant C > 0. As usual, the constant
is allowed to change from line to line. To indicate dependence of the implicit constant upon parameters
(which, for instance, can include functions), we use subscripts, e.g., f <; g. As an equivalent alternative
we write f = O(g) (or, with subscripts, f = O (g), for instance) to denote | f| < C|g|. If both f < g
and g < f, then we indicate this by writing f ~ g.

Now we introduce the notion of Sobolev spaces of functions mapping from Euclidean space into S2.
The spaces are constructed with respect to a choice of base point Q € S?, the purpose of which is to
define a notion of decay: instead of decaying to zero at infinity, our Sobolev class functions decay to Q.

For o € [0, 00), let H° = H° (R?) denote the usual Sobolev space of complex-valued functions on R2.
For any Q € S?, set

HJ :={f:R*— R’ such that | f(x)| =1 ae. and f — Q € H’}.
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This is a metric space with induced distance dé(f, g)=\f—gllge. For fe Hg we set || f ||H5 =dg(f, 0)
for short. We also define the spaces

H*® = ﬂH" and H5°:= ﬂHg

oeZ oeZ

For any time T € (0, 00), these definitions may be extended to the spacetime slab R? x (=T, T) (or
R2 x [T, TY). For any o, p € Z4, let H>*(T') denote the Sobolev space of complex-valued functions
on R? x (=T, T) with the norm

0
I fllsorcry == sup D I3 £, Olle,

te(=T.T) ;2
and for Q € S? endow
Hy? == {f:R*x (=T, T) — R’ such that | f (x,7)| = 1 a.e. and f — Q € H**(T)}
with the metric induced by the H?”(T) norm. Also, define the spaces

H*™(T)= () H*’(T) and HZ>(T)= () HJ"(T).

o,pel o,pely

For f € H* and o > 0 we define the homogeneous Sobolev norms as

£l e =11 FE) - 1E17 N2

We mention two important conservation laws obeyed by solutions of the Schrodinger map system
(1-1). In particular, if ¢ € C((T1, T») — Hg’) solves (1-1) on a time interval (77, T3), then both

/|<p(t)—Q|2dx and /|8x<p(t)|2dx
R2 R2

are conserved. Hence the Sobolev norms H, g and H é are conserved, as well as the energy (1-2). Note
also the time-reversibility obeyed by (1-1), which in particular permits the smooth extension to (—7', T')
of a smooth solution on [0, T).

According to our conventions,

0 =D o).
m=1,2

We can now give a precise statement of a key known local result.

Theorem 1.1 (local existence and uniqueness). If the initial data ¢g is such that o9 € H g’ for some
Q € S?, then there exists a time T = T(||(p0||Hés) > 0 for which there exists a unique solution ¢ in
C(-T,T]— Hg’) of the initial value problem (1-1).

Proof. See [Sulem et al. 1986; Chang et al. 2000; Ding and Wang 2001; McGahagan 2007] and the
references therein. ]
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1B. Global theory. Theorem 1.1 yields short-time existence and uniqueness as well as a blowup criterion;
as such it is central to the continuity arguments used for global results. In the small-energy setting, global
regularity (and more) was proved for (1-1) by Bejenaru, Ionescu, Kenig, and Tataru [Bejenaru et al.
2011c]. We now state a special case of their main result, omitting for the sake of brevity the consideration
of higher spatial dimensions and continuity of the solution map.

Theorem 1.2 (global regularity). Let Q € S2. Then there exists an o > 0 such that, for any ¢y € H 50 with
||8xg00||L§ < &0, there is a unique solution ¢ € C(R — Hg”) of the initial value problem (1-1). Moreover,
forany T € [0,00) ando € 7,

sup (O llmg So.T.lgolye 1-
te(~T.T) ¢

Also, given any o1 € Z, there exists a positive ) = €1(01) < &g such that the uniform bounds

supllg () g So llgoll s
teR

hold for all 1 < o < a1, provided |9y ¢oll 12 < €1.

A complete proof may be found in [Bejenaru et al. 2011c]. Among the key contributions of that work
are the construction of the main function spaces and the completion of the linear estimate relating them,
which includes an important maximal function estimate. A significant observation made in the same paper
is that it is important that these spaces take into account a local smoothing effect; the authors crucially use
this effect to help bring under control the worst term of the nonlinearity. Another novelty of [Bejenaru
et al. 2011c] is its implementation of the caloric gauge, which was first introduced by Tao [2004] and
subsequently recommended by him for use in studying Schrodinger maps [Tao 2006a]. As the caloric
gauge is defined using harmonic map heat flow, it can be thought of as an intrinsic and nonlinear analogue
of classical Littlewood—Paley theory. In [Bejenaru et al. 2011c¢], both the intrinsic caloric gauge and the
extrinsic (and modern) Littlewood—Paley theory are used simultaneously.

Our main result extends Theorem 1.2.

Theorem 1.3. Let T > 0 and Q € S%. Let ey > 0 and let ¢ € HEO’OO(T) be a solution of the Schrodinger
map system (1-1) whose initial data ¢y has energy Eo := E(@o) < Ecit and satisfies the energy dispersion
condition

sup|| Pxdx¢oll 2 < €o. (1-4)
keZ

Let I D (—T, T) denote the maximal time interval for which there exists a smooth (necessarily unique)

extension of ¢ satisfying (1-1). Suppose a priori that

D IPBlTs e < €5 (1-5)
kez ’
Then, for &g sufficiently small,
su Ol g SoT.leollze 1 (1-6)
te(_gnllrﬂ ez So. 700l
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forall o € Z,. Additionally, I = R, so that, in particular, ¢ admits a unique smooth global extension
peCR— Héo). Moreover, for any o € Z ., there exists a positive €1 = €1(01) < &y such that

o1l Ly g xm2) So o1l rg w2 (1-7)
holds for all 0 < o < o1 provided (1-4) and (1-5) hold with &1 in place of &y.

Note that the energy dispersion condition (1-4) holds automatically in the case of small energy. In such
case, our proofs may be modified (essentially by collapsing to or reverting to the arguments of [Bejenaru
et al. 2011c]) so that the a priori L* bound is not required. Such an L* bound, however, can then be seen
to hold a posteriori.

Using time divisibility of the L* norm, we can replace (1-5) with

2
D NPoxgllTs ey < K
keZ

for any K > 0 provided we allow the threshold for gy and the implicit constant in (1-7) to depend upon
K > 0. We work with (1-5) as stated so as to avoid the additional technicalities that would arise otherwise.
We now turn to a very rough sketch of the proof of Theorem 1.3; for a detailed outline, see Section 4.

Basic setup and gauge selection. It suffices to prove homogeneous Sobolev variants of (1-6) and (1-7)
over a suitable range. Thanks to mass and energy conservation, we need only consider o > 1. For o > 1,
controlling ||@(?)|| 5+ is equivalent to controlling ||0,¢(#)|| go—1. We therefore consider the time evolution
of d,¢, which may be written entirely in terms of derivatives of the map ¢. A more intrinsic way of
expressing these equations is to select a gauge rather than an extrinsic embedding and coordinate system.
We employ the caloric gauge, which is geometrically natural and is analytically well-suited for studying
Schrédinger maps. See [Smith 2012a] for the complete details of the construction. It turns out that
Sobolev bounds for the gauged derivative map imply corresponding Sobolev bounds for the ungauged
derivative map. We schematically write the gauged equation as

@ =My =N,

where ¥ is d,¢ placed in the caloric gauge and N is a nonlinearity constructed in part from ¥ and 9, .

Function spaces and their interrelation. To prove global results in the energy-critical setting, we of
course must look for bounds other than energy estimates to control the solution. Local smoothing estimates
and Strichartz estimates will be among the most important required. Our goal is to prove control over
Y within a suitable space through the use of a bootstrap argument. A standard setup requires a space,
say G, for the functions v and a space, say N, for the nonlinearity N. In fact, we work with stronger,
frequency-localized spaces, G and Ng, to respectively hold Py and Py N. We want them to be related
at least by the linear estimate

1PcrllG, S NPy (0 =0)ll 2 + 1PNl -
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The hope, then, is to control || Pt N'||, in terms of || Py (r =0)|| 12 and ¢|| Pt ||g, (with & small), so that,
by proving (under a bootstrap hypothesis) a statement such as

1P G, S WPyt =0)ll 2 +ell PGy,

we may conclude

1P llG, S NPyt =0) 2. (1-8)

Once (1-8) is proved, showing (1-6) and (1-7) is reduced to the comparatively easy tasks of unwinding
the gauging and frequency localization steps so as to conclude with a standard continuity argument.

Controlling the nonlinearity. In this context, the main contribution of this paper lies in showing that we
may conclude (1-8) without assuming small energy. The most difficult-to-control terms in the nonlinearity
PN are those involving a derivative landing on high-frequency pieces of the derivative fields; we represent
them schematically as Aj,dvy,;. Local smoothing estimates controlling the linear evolution (introduced in
[lonescu and Kenig 2006; 2007b]) were successfully used in [Bejenaru et al. 2011c] to handle Ajodx Y.
These are not strong enough to control Aj,d, ¥ in the subthreshold energy setting. We instead pursue
a more covariant approach, working directly with a certain covariant frequency-localized Schrédinger
equation (see Section 5). Our approach is also physical-space based, in the vein of [Planchon and Vega
2009; 2012; Tao 2010], and modular.

2. Gauge field equations

In Section 2A we pass to the derivative formulation of the Schrodinger map system (1-1). All of the
main arguments of our subsequent analysis take place at this level. The derivative formulation is at once
both overdetermined, reflecting geometric constraints, and underdetermined, exhibiting gauge invariance.
Section 2B introduces the caloric gauge, which is the gauge we select and work with throughout. Both
Tao [2006a] and Bejenaru et al. [2011c] give good explanations justifying the use of the caloric gauge in
our setting as opposed to alternative gauges. The reader is referred to [Smith 2012a] for the requisite
construction of the caloric gauge for maps with energy up to E4.. Section 2C deals with frequency
localizing components of the caloric gauge. Proofs are postponed to Section 6 so that we can more quickly
turn our attention to the gauged Schrodinger map system.

2A. Derivative equations. We begin with some constructions that are valid for any smooth function
¢ :R>x (=T, T) — S?. For a more general and extensive introduction to the gauge formalism we now
introduce, see [Tao 2004]. Space and time derivatives of ¢ are denoted by d,¢ (x, ¢), where « =1, 2, 3
ranges over the spatial variables x1, x, and time ¢ with d3 = 9;.

Select a (smooth) orthonormal frame (v(x,t), w(x,t)) for the bundle T¢(x,,)§2, that is, smooth
functions v, w : R? x (=T, T) — T¢(x,,)§2 such that at each point (x, ) in the domain the vectors
v(x, 1), w(x, t) form an orthonormal basis for Tj ., ,)52. As a matter of convention we assume that v and
w are chosen so that v x w = ¢.
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With respect to this chosen frame we then introduce the derivative fields v, setting
Yo =V 00 +iw-0,0. 2-1)
Then 0,¢ admits the representation
00 = v Re ¥y +w Im iy (2-2)

with respect to the frame (v, w). The derivative fields can be thought of as arising from the following
process: First, rewrite the vector d,¢ with respect to the orthonormal basis (v, w); then, identify R? with
the complex numbers C according to v <> 1, w <> i. Note that this identification respects the complex
structure of the target manifold.
Through this identification the Riemannian connection on S? pulls back to a covariant derivative on C,
which we denote by
Dy :=0,+iAg.

The real-valued connection coefficients A, are defined via
Ay = w- 0,0, (2-3)
so that in particular
0,v=—¢Rey,+wA, and J,w=—¢Imy, —vA,.

Due to the fact that the Riemannian connection on S? is torsion-free, the derivative fields satisfy the
relations

DgYo = Do rp. (2-4)
or equivalently,
OpAa —0uAp =TmWYpVr,) =: gpa.
The curvature of the connection is therefore given by
[Dg, Dol :=DgDy — Dy Dg = iqpq. (2-5)

Assuming now that we are given a smooth solution ¢ of the Schrodinger map system (1-1), we derive
the equations satisfied by the derivative fields ¥,. The system (1-1) directly translates to

Y =iDy (2-6)

because
@ x Ap = J(p)(¢*V);d;0,

where J(¢) denotes the complex structure ¢ x and (¢*V); the pullback of the Levi-Civita connection V
on the sphere.

Let us pause to note the following conventions regarding indices. Roman typeface letters are used to
index spatial variables. Greek typeface letters are used to index the spatial variables along with time.
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Repeated lettered indices within the same subscript or occurring in juxtaposed terms indicate an implicit
summation over the appropriate set of indices.
Using (2-4) and (2-5) in (2-6) yields

D =i Dy Diym + qim V1,
which is equivalent to the nonlinear Schrédinger equation
@0 + M)y = Ny, 2-7)
where the nonlinearity N, is defined by the formula
Non 1= =i A3 — 10 (Arm) + (Ar + AD Y — 190 Im (YY)
We split this nonlinearity as a sum N, = B,,, + V,;,, with B, and V,,, defined by

By = —i 01 (A1) — i A101¥m (2-8)
and

Vi i= (A + A Y — i Im(Y ), (2-9)

thus separating the essentially semilinear magnetic potential terms and the essentially semilinear electric
potential terms from each other.
We now state the gauge formulation of the differentiated Schrodinger map system:

Dy = i Dy Dy + Im(Y )1,
Dy g = Dgry, (2-10)
IM(Va¥s) = 8y Ag — Ip A

A solution v, to (2-10) cannot be determined uniquely without first choosing an orthonormal frame
(v, w). Changing a given choice of orthonormal frame induces a gauge transformation and may be
represented as

Y — e_ielﬁm and A, — A,, +9,,0

in terms of the gauge components. The system (2-10) is invariant with respect to such gauge transforma-
tions.

The advantage of working with this gauge formalism rather than the Schrodinger map system or
the derivative equations directly is that a carefully selected choice of gauge tames the nonlinearity. In
particular, when the caloric gauge is employed, the nonlinearity in (2-7) is nearly perturbative.

2B. Introduction to the caloric gauge. In this section we introduce the caloric gauge, which is the gauge
we shall employ throughout the remainder of the paper. Gauges were first used to study (1-1) in the
context of proving local wellposedness in [Chang et al. 2000]. We note here that the while the Coulomb
gauge would seem an attractive choice, it turns out that this gauge is not well-suited to the study of
Schrodinger maps in low dimension, as in low dimension parallel interactions of waves are more probable
than in high dimension, resulting in unfavorable high x high — low cascades. See [Tao 2006a] and
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[Bejenaru et al. 2011c] for further discussion and a comparison of the Coulomb and caloric gauges. Also
see [Tao 2006b, Chapter 6] for a discussion of various gauges that have been used in the study of wave
maps.

The caloric gauge was introduced by Tao [2004] in the setting of wave maps into hyperbolic space. In
a series of unpublished papers [2008a; 2008b; 2008c; 2009a; 2009b], Tao used this gauge in establishing
global regularity of wave maps into hyperbolic space. In his unpublished note [Tao 2006a], Tao also
suggested the caloric gauge as a suitable gauge for the study of Schrodinger maps. The caloric gauge was
first used in the Schrodinger maps problem by Bejenaru, Ionescu, Kenig, and Tataru [2011c] to establish
global well-posedness in the setting of initial data with sufficiently small critical norm. We recommend
[Tao 2004; 2006a; 2008b; Bejenaru et al. 2011c] for background on the caloric gauge and for helpful
heuristics.

Theorem 2.1 (the caloric gauge). Let T € (0, 00), Q € S?, and let ¢(x,t) € H»>(T) be such that
SUP,e(—7.7) E(¢(t)) < Eqit. There exists a unique smooth extension ¢ (s, x, t) € C([0, oo) — HEO’OO(T))
solving the covariant heat equation

dp = Ap+¢- 0,0 (2-11)

and with ¢ (0, x, t) = ¢ (x, t). Moreover, for any given choice of a (constant) orthonormal basis (Vso, Weo)
of TQSZ, there exist smooth functions v, w : [0, 00) X R? x (-T,T)— S2 such that at each point (s, x, 1),
the set {v, w, ¢} naturally forms an orthonormal basis for R, the gauge condition

w-o,v =0, (2-12)
is satisfied, and
102 f ()| Sp (s)~UPIHD/2 (2-13)
foreach f € {¢p — Q, v — Voo, W — Weo}, multiindex p, and s > 0.

Proof. This is a special case of the more general result [Smith 2012a, Theorem 7.6]. Whereas in [Smith
2012a] everything is stated in terms of the category of Schwartz functions, in fact this requirement may be
relaxed to H 50 "°°(T) without difficulty (at least in the case of compact target manifolds) since weighted
decay in L?-based Sobolev spaces is not used in any proofs. U

In our application in this paper, E(¢(?)) is conserved. Therefore, we set Eg := E(¢p).
Having extended v, w along the heat flow, we may likewise extend A, along the flow. We record here
for reference a technical bound that proves useful; for the proof, see [Smith 2012a, §7.1].

Theorem 2.2. Assume the conditions of Theorem 2.1 are in force. Then we have the bound
A ) L2me) Sk 1 (2-14)
Corollary 2.3 (energy bounds for the frame). Let ¢ be a Schrodinger map with energy Eq < Ecit. Then

10xvllper2 Sk 1- (2-15)
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Proof. Because |v| = 1, we have v - 9,,v = 0. Therefore, with respect to the orthonormal frame (v, w, ¢),
the vector d,,v admits the representation

0nv=A, -w—Reyy, - @. (2-16)

The bound (2-15) then follows from using |w| =1 = |¢|, |[¥m ||L§ = ||8m<p||L§, energy conservation, and
(2-14) all in (2-16). [l

Adopting the convention dy = d;, and now and hereafter allowing all Greek indices to range over heat
time, spatial variables, and time, we define for all (s, x, ¢) € [0, 00) x R2 x (=T, T) the various gauge
components

Yo 1=V 00 +iw - 0,0,
Ay :=w - 0y,
Dy := 0y + Aq,
quop = 0gAp — 0gAq.
Fora =0, 1, 2, 3 we have
dep = v Re ¥y, +w Im g

The parallel transport condition w-dsv =0 is equivalently expressed in terms of the connection coefficients
as
A =0. (2-17)

Expressed in terms of the gauge, the heat flow (2-11) lifts to
¥s = Diyr. (2-18)
Using (2-4) and (2-5), we may rewrite the D,, covariant derivative of (2-18) as
dsWm = Dy Dy + i Im(Y Y)Y,
or equivalently
(@ — D)W = i A1y + i (Arm) — AL + 191 I Yim). (2-19)
More generally, taking the D, covariant derivative, we obtain
(05 = A) Yo = Uy, (2-20)

where we set
Uy 1= i Aj0i¥e +i01(AjVra) — A2 + i Im(P, ), (2-21)

which admits the alternative representation
Uy = 2i Aidira + i (91AD Ve — A3 e + iy Im(y ). (2-22)

From (2-5) and (2-17) it follows that
5 Ag =Im( Y5 Pq).
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Integrating back from s = oo (justified using (2-13)) yields

Ag(s) = — / OoInfl(%tﬁs)(s/) ds’. (2-23)

At s =0, ¢ satisfies both (1-1) and (2-11), or equivalently, ¥;(s = 0) = i (s = 0). While for s > 0 it
continues to be the case that vy = D;1; by construction, we no longer necessarily have v, (s) =i D;(s)(s),
i.e., ¢(s, x, t) is not necessarily a Schrodinger map at fixed s > 0. In the following lemma we derive an
evolution equation for the commutator W = vy, — i .

Lemma 2.4 (flows do not commute). Set W := ¢, — ivy,. Then

W = Dy DV + i Im(yr )y — Im(Ys Y)Y (2-24)
= Dy DV +i Im(W Y)Y + i Iy — Im(p ) v (2-25)
Proof. We prove (2-24), since (2-25) is a trivial consequence of it.
Applying (2-19) and (2-20) to ¥; and v; and collapsing the covariant derivative terms yields
Oy = DiDyyr +i Im(y Y)Y, (2-26)
dsvbs = DiDyps + i Im( ) . (2-27)
Multiply (2-27) by i to obtain the s-evolution of i;. Multiplication by i commutes with D;, but fails to
do so with Im(-), and thus we obtain
3t = Dy Dyivys — Im(Ys ) Y. (2-28)
Together (2-26) and (2-28) imply (2-24). O
2C. Frequency localization. Frequency localization plays an indispensable role in our analysis. In this
subsection we establish some basic concepts and then state some basic results for the caloric gauge.
Our notation for a standard Littlewood—Paley frequency localization of a function f to frequencies
~ 2K is P f and to frequencies < 2% is P—; f. The particular localization chosen is of course immaterial
to our analysis, but for definiteness is specified in the next section and chosen for convenience to coincide
with that in [Bejenaru et al. 2011c].
We shall frequently make use of the following standard Bernstein inequalities for R? with o > 0 and

1<p<gqg=<oc:
k
||P§k|ax|af||L§(R2) ,Sp,o 2° ||P§kf||L§(R2)-

+ +ok
1 Pel0x 1™ fll ey Spoo 277 NP f Nl e ey
21/ p—1
I P<k fll o2y Spag 2 (/p /q)”PSkf”Lf(Rz)'
21/ p—1
1Pef ey Spg 225VPVDNP S N Lo oy

A particularly important notion for us is that of a frequency envelope, as it provides a way to rigor-
ously manage the “frequency leakage” phenomenon and the frequency cascades produced by nonlinear
interactions. We introduce a parameter § in the definition; for the purposes of this paper § = % suffices.
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Definition 2.5 (frequency envelopes). A positive sequence {ay}rc7 is a frequency envelope if it belongs
to /2 and is slowly varying:
ap <a; 2" jkez. (2-29)

A frequency envelope {ay}rcz is e-energy dispersed if it satisfies the additional condition

supag < €.
keZ

Note in particular that frequency envelopes satisfy the summation rules

S oK S (-8, p>s, (2:30)
k'<k
S 2 a S (p-9'2 ey, p o, (231)
k'>k

In practice we work with p bounded away from § — for instance, p > 24 suffices— and iterate these
inequalities only O (1) times. Therefore, in applications we drop the factors (p —8)~! appearing in (2-30)
and (2-31).
Finally, pick a positive integer o and hold it fixed throughout the remainder of this section. Results in
this section hold for any such oy, though implicit constants are allowed to depend upon this choice.
Given initial data g9 € Hy’, define forallo > 0 and k € Z

cr(o) := sup 2721278 P d o 2. (2-32)
k'eZ ’

Set ¢ := ¢ (0) for short. For o € [0, 01] we then have that
lovgolGy, ~ D> ci(o) and [ Pdiwoll.z < cx(0)27K. (2-33)
keZ

Similarly, for ¢ € H5°’°O(T), define forallo >0and ke Z

V(@) = sup 272 KK Pog e 2. (2-34)
k'eZ ’

Set yx == yi(D).

Theorem 2.6 (frequency-localized energy bounds for heat flow). Let f € {¢, v, w}. Then for o € [1, o1]
the bound

1P f () llper2 S 27 yi(o) (1 452772 (2-35)
holds and for any o, p € Z we have that

sup sup (1+5)7227K| Pdf f ()l o2 < 0. (2-36)
keZ se[0,00) *

Corollary 2.7 (frequency-localized energy bounds for the caloric gauge). For o € [0, o1 — 1], we have

1Pt ()l zor2 + 1 PrAm ()l o2 S 227 (o) (1 4 52%) 7% (2-37)
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Moreover, for any o € 7,

sup sup (148)7/227 275 (| Pe(d Y ()l e 2 + | Pe(Df A ()| 13012) < 00 (2-38)
keZ s€[0,00)

and

sup sup (1 48)7227K (| P @ Yy (D) | ooz + 1 Pe(@f A ()l 1o 12) < 0. (2-39)
keZ s€[0,00) :

We prove Theorem 2.6 and its corollary in Section 6. Corollary 2.7 has an elementary consequence:

Corollary 2.8. Foro € [0, o1 — 1] we have

1Py (0, -, 0l 2 S 27" i (o). (2-40)

3. Function spaces and basic estimates

3A. Definitions.

Definition 3.1 (Littlewood—Paley multipliers). Let 1o : R — [0, 1] be a smooth even function vanishing
outside the interval [—8/5, 8/5] and equal to 1 on [-5/4,5/4]. For j € Z, set

X () =m0 /2y =no(- /2771, x<; () =m0 /27).

Let P; denote the operator on L (R?) defined by the Fourier multiplier & — x4 (|&]). For any interval

X1 = Z Xj

jelnz

I C R, define the Fourier multiplier

and let P; denote its corresponding operator on L (R?). We shall denote P(_o,k] by P< for short. For
0 € S! and k € Z, we define the operators Py g by the Fourier multipliers & — (£ - 0).

Some frequency interactions in the nonlinearity of (2-7) can be controlled using the following lemma.

Lemma 3.2 (Strichartz estimate). Let f € L)ZC (R?) and k € Z. Then the Strichartz estimate

it A
e fllgs, S Nzz
1,x X

holds, as does the maximal function bound

it A k/2
le™ P fllzszse S 221 f N2

The first bound is the original Strichartz estimate [1977] and the second follows from scaling. These
will be augmented with certain lateral Strichartz estimates to be introduced shortly. Strichartz estimates
alone are not sufficient for controlling the nonlinearity in (2-7). The additional control required comes
from local smoothing and maximal function estimates. Certain local smoothing spaces localized to
cubes were introduced in [Kenig et al. 1993] to study the local well-posedness of Schrédinger equations
with general derivative nonlinearities. Stronger spaces were introduced in [lonescu and Kenig 2007a] to
prove a low-regularity global result. In the Schrodinger map setting, local smoothing spaces were first
used in [lonescu and Kenig 2006] and subsequently in [Ionescu and Kenig 2007b; Bejenaru et al. 2007,
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Bejenaru 2008a]. The particular local smoothing/maximal function spaces we shall use were introduced
in [Bejenaru et al. 2011c].

For a unit length # € S!, we denote by Hy its orthogonal complement in R? with the induced measure.
Define the lateral spaces Lg 1 as those consisting of all measurable f for which the norm

rlq 1/p
||h||LP~q = </ (/ [h(x16 4 x2, t)lq dX2dl) dxl) ,
o R \JH, xR

is finite. We make the usual modifications when p = o0 or g = oco. The most important spaces for our
analysis are the local smoothing space L 2 and the mhomogeneous local smoothing space L . To
move between these spaces we use the maximal function space LQ

Lemma 3.3 (local smoothing [Ionescu and Kenig 2006; 2007b]). Let f € LJZC (R?),keZ,and b €S". Then
le'"® Peg fll oz S 2721 f 12z

For f € L)ZC (RY), the maximal function space bound
le""® Pefll 2o S 247D £l

holds for dimension d > 3.

In d = 2, the maximal function bound fails due to a logarithmic divergence. In order to overcome this,
we exploit Galilean invariance as in [Bejenaru et al. 2011c] (the idea goes back to [Tataru 2001] in the
setting of wave maps).

For p,q €[1,00],0 € S', 1 € R, define Ly using the norm

rlq 1/p
Vil ps = 1T () s = < / ( f (14100 + %2, t)|‘1dx2dt) dx1> ,
' R Hg xR
where T,, denotes the Galilean transformation
To(f) (@, 1) = e 027 £ (x4 pu, 1),

With W C R finite we define the spaces Lg,’gv by

p, D,
Lyt => Lh, 1l = _ Y U fallgps.
reW Liew fi i Sy
ForkeZ, ¥ e 7, set

= {1 e [=2F, 2K : 2K+ e 7).

In our application we shall work on a finite time interval [—2% 227 in order to ensure that the W
are finite. This still suffices for proving global results so long as our effective bounds are proved with
constants independent of 7', J. As discussed in [Bejenaru et al. 2011c, §3], restricting 7T to a finite time
interval avoids introducing additional technicalities.
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Lemma 3.4 (local smoothing/maximal function estimates). Let f € Li([Riz), keZ,and® €S'. Then
e Peg fll o2 S22 fll2, (21 <27,
6,1 X

and if T € (0, 22", then
Nrn@e™ Pefll 2 S22 g2
0, Wit40

Proof. The first bound follows from Lemma 3.3 via a Galilean boost. The second is more involved and is
proven in [Bejenaru et al. 2011c, §7]. |

Lemma 3.5 (lateral Strichartz estimates). Let f € Li(Rz), keZ,and® eS'. Let2 < p <00,2<g <00
and1/p+1/q =1/2. Then
e Peg fllpe S2CPV2NFll, p=g,
e ® P fllppe Sp 2P V20 fll2, P =g

Proof. Informally speaking, these bounds follow from interpolating between the L* Strichartz estimate and
the local smoothing/maximal function estimates of Lemma 3.4. See [Bejenaru et al. 2011c, Lemma 7.1]
for the rigorous argument. O

We now introduce the main function spaces. Let T > 0. Fork € Z, let I, = {§ € R?:|&| e [2k1, 2k+17).
Let
LY(T):={f € L*(R* x [T, T]) : supp f(¢£.1) C I x [T, T1}.

For f € L>(R*> x [T, T)), let

1A pocry = 1 egenz + 1 e, + 2721 fllange +275 sup [ fll 36 ++2742 sup 112
peS! peS! +40

We then define, similarly to what is done in [Bejenaru et al. 2011c], Fi(T), G¢(T), N¢(T) as the normed
spaces of functions in L,%(T) for which the corresponding norms

IfllFry == inf sz, I fo g, -

Jomy,..., myely f= fml

2
1 Gy = 1f Il pocry +25/° sup sup||P,9f||Lm+2’</ sup sup sup [Pigfll 2,
[j—k|<20 geS! [j—k|<20 geS! |r|<2k—40

I fllnery == inf I fill o + 2"/6||f2||Lm o5 + 2k/6||f3||Lm o5

f=h +f2+f3+f4+f5+f6
T2 fall e +27 9| £l ssan 27 supllfell s
9eS! Wk—40
are finite, where (él, éz) denotes the canonical basis in R2.
There are a few minor differences between these spaces and those appearing in [Bejenaru et al. 2011c].
The space F, ,? now includes the lateral Strichartz space Lg’ﬁ, whereas in that reference, only Gy was
endowed with this norm. The net effect on the space Gy is that it is left unchanged. The space Fy,
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however, now explicitly incorporates this particular lateral Strichartz structure. Note though, that for fixed
6 € S', we have by enough applications of Young’s and Holder’s inequalities that

1/2 1/3
2—’</6||f||L3,6:2—’</6(/ (f |f(x19+xz,t)|6dx2dt> dxl)
0 R \JHy xR
1/3
T (/ LA 1N, dx1>
1/6 1/6
< okl (/ 1F112s dxl) (f ||f||’igodx1)
R 0. R !

23 1/3
SIS 274 1)) ém I ls 42720 f 1 e

We also make one change to the Ny space: We explicitly incorporate Lg/ 2.3/2,

Incorporating these extra lateral Strichartz spaces affords us greater flexibility in certain estimates: We
can avoid having to use local smoothing/maximal function spaces if we are willing to give up some decay.
This tradeoff pays off in Section 5, where as a consequence we can prove a stronger local smoothing
estimate for a certain magnetic nonlinear Schrodinger equation in the one regime where this improvement
is absolutely essential.

Proposition 3.6 (main linear estimate). Assume X € Z,, T € (0, 22" and k € Z. Then for each ugy € L?
that is frequency-localized to I, and for any h € Ny (T), the solution u of

@0, +Au=nhnh, u(0)=uy,
satisfies

lullGery S N1u(O)llz2 + Al Ner).-

Proof. See [Bejenaru et al. 2011c, Proposition 7.2] for details. Our changes to the spaces necessitate only

minor changes in their proof, as we must incorporate L6/ >3/2 and L6/ >3/% into the space N, ,?(T). ]

The spaces G (T) are used to hold projections Py, of the denvatlve fields 1, satisfying (2-7). The
main components of G¢(T) are the local smoothing/maximal function spaces Lgiz, LZZOVSHM, and the
lateral Strichartz spaces. The local smoothing and maximal function space components play an essential
role in recovering the derivative loss that is due to the magnetic nonlinearity.

The spaces N (T) hold frequency projections of the nonlinearities in (2-7). Here the main spaces are
the inhomogeneous local smoothing spaces L ;:%Vk_m and the Strichartz spaces, both chosen to match those
of Gi(T).

The spaces G (T) clearly embed in Fy(T). Two key properties enjoyed only by the larger spaces
Fi . (T) are

I f Il Eeery 2 LIl By

for k € Z and f € Fk(T) N Fk+1 (T), and

I Pe @)l Fecry S Nlullmy ey llvllzgs,
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fork,k' € Z, |k —k'| <20, u € Fp(T), ve L¥(R? x [T, T]). Both of these properties follow readily
from the definitions.

In order to bound the nonlinearity of (2-7) in Ny (T'), it is important to gain regularity from the parabolic
heat-time smoothing effect. The desired frequency-localized bounds do not (or at least not so readily)
propagate in heat-time in the spaces G (T"), whereas these bounds do propagate with decay in the larger
spaces Fy(T). Note that since the F;(7) norm is translation invariant, we have

le 2 hll mery S (452252l gy, s >0,

for h € Fi(T). In certain bilinear estimates we do not need the full strength of the spaces F;(7T) and
instead can use the bound

1A ey S W ez + 0 F Nes G-
which follows from

< ~k/2
£z, S0z S 220 iz

We introduce one more class of function spaces. These can be viewed as a refinement of the Strichartz
part of F;(T). For k € Z and w € [0, 1/2] we define S;’(T') to be the normed space of functions belonging
to Lﬁ(T) whose norm

1A Nspery = 2 (1F 1l oo 20+ 1 g gpo + 2720 fl o 2o) (3-2)
is finite, where the exponents 2, and p,, are determined by
1
2,
Note that Fi(T) — SI?(T) and that by Bernstein we have
1 flsy iy S I lsprys @ <o

3B. Bilinear estimates.

Lemma 3.7 (bilinear estimates on Ni(T)). Fork, ki, k3 € Z, h € L? feF,(T),and g € G, (T), we

t,x?
have the following inequalities under the given restrictions on ky, k3:

1R Ny S Il 2 1R if |k — k| < 80. (3-3)
1PNy S 27 VORIl 2 N Flley oy ik < k= 80. (3-4)
1Peh) Inery S 27 B0 R 2 NlgllGe ) ifk < ks —80. (3-5)

Proof. Estimate (3-3) follows from Holder’s inequality and the definition of Fi(7T'), N¢(T):

IEfllpas < IF N2l fllps-
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For (3-4) and (3-5), we use an angular partition of unity in frequency to write
f=Fi Lo Mfillgs + gl S29°0flna,
s=giten lgilg+ gl S27 gl

Then

IBCE Pl S 27l +1F Plgae) S 2V (il + 1l 0)
| 2
S26OO B2l £l gy )

IPCF) lInery S 20 (IIF g1l aers + I F g2l 2ers) S 250N F Il 2 (g ||L63 +llg1 ||Lss)
0 [
<2¢ "1>/6||F||Lz||g||gk2m O

Lemma 3.8 (bilinear estimates on Ltz’x). Forky,ky, k3 € Z, f1 € F, (T), f2 € Fy,(T), and g € G, (T),
we have

If1- fallz, S Wil ol 20l mg @) (3-6)
1f g2, S27BY0N Fllg, gl ay  for ki < ks. (3-7)
Proof. 1t suffices to show that
18l S 1A g () Iglaiyry for ki > k, — 100, (3-8)
1£8llze S 2472 f o ) I8llGiycry - for ki < ka = 100. (3-9)

Estimate (3-8) follows from estimating each factor in L*. For (3-9), we first observe that, using a smooth
partition of unity in frequency space, we may assume that ¢ is supported in the set

{6118l e22", 27 and & - 6y > 2473
for some direction §y € S'. Then || fgll;» < ||f”LZ*6”g”Lg-3 < 2(k1—k2)/6”f”F£ o lgllonm- -
0 0 1

We also have the following stronger estimates, which rely upon the local smoothing and maximal
function spaces.

Lemma 3.9 (bilinear estimates using local smoothing/maximal function bounds). For k, ki, k € Z,

he Ltzx, f € Fi, (T), g € G, (T), we have, under the given restrictions on ki, ky:
1P vy S 27 2Rl 1 f pyay ik <k —80. (3-10)
I1f-glle, S22 Fllg oylgleya ik < ka. (3-11)

Proof. Estimate (3-10) follows from the definitions since
|PChf) vy S 2742 sup Ihfllye - 52742 sup Iz Wellzz,
0eS! - feS! '

The proof of (3-11) parallels that of (3-7) and is omitted (see [Bejenaru et al. 2011c, Lemma 6.5] for
details). U
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3C. Trilinear estimates and summation. We combine the bilinear estimates to establish some trilinear

estimates. As we do not control local smoothing norms along the heat flow, we will oftentimes be able to

put only one term in a G space. Nonetheless, such estimates still exhibit good off-diagonal decay.
Define the sets Z,(k), Z»(k), Zz(k) C Z> as follows:

Z](k) = {(kl, kz, k3) € Z3 : k], k2 <k —40 and |k3 —k| < 4}.
Zr(k) :={(ky, ko, k3) € 73 k,ky <ky—40 and |k, — k| < 45}. (3-12)
Z3(k) == {(k1, k2, k3) € 7 : |max{k, k3} — max{ky, kz}| < 40}.

In our main trilinear estimate, we avoid using local smoothing/maximal function spaces.
Lemma 3.10 (main trilinear estimate). Let Cy g, i, k, denote the best constant C in the estimate
I Pc (Pi, 1 Py 2 Pis 8) ety S Cll Py S I 7, () | P 2Nl By (1) I Prs 8 Nl Gy () - (3-13)
The best constant Cy i, k,.k, Satisfies the bounds

21RO if (kg ko, k3) € Zi (K),

2~ lk—k3/6 if (ki, ky, k3) € Z>(k),
Crkidadks S Y A1 akl/6 .
SRR e | oAk if (ki k2, k3) € Z5(k),
0 if (ki, ka, k3) € Z3\{Z (k) U Zo(k) U Z5(k)},

where Ak = max{k, k], kz, k3} — min{k, k], kz, k3} > 0.

Proof. After placing the term Py (Px, f1 Pk, f> P, g) in Lf’/f and then using Holder’s inequality to bound

each factor in Lf" ,» it follows from Bernstein that

Ch iy oy S 1, (3-14)

and so, in particular, for any choice of integers k, ki, k2, k3, such a constant Cy g, , k, €Xists.

Frequencies not represented in one of Z;(k), Z,(k), Z3(k) cannot interact so as to yield a frequency in
Ix. Over Z(k), we apply (3-4) and (3-7).

On Z,(k) we apply (3-4) if k > k3 and (3-5) if k < k3. We conclude with (3-6).

On Z3(k) we may assume without loss of generality that k; < k. First suppose that k3 < k and
|k — ko] < 40. If ky < k3, then use (3-4), applying (3-6) to Py, f>Pr,g. If k3 < ki, then use (3-6) on
Py, f1 Py, f> instead.

Now suppose that k3 > k and |k3 — k2| < 40. If k1 < k, then use (3-3), applying (3-7) to Py, f1Pr,g. If
kmin = k, then use (3-5) and (3-6). O

Corollary 3.11. Let {a}, {bk}, {ck} be 5-frequency envelopes. Let Cy k, k,.k; be as in Lemma 3.10. Then

Y Crhikaksibigcis S arbick.
(k1,ka,k3) €23\ Z, (k)
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Proof. By Lemma 3.10, it suffices to restrict the sum to (kq, k2, k3) lying in Z; (k) U Z3(k). On Z;(k),
the sum is bounded by

Z 2_|(k|+k2)/6_k/3|ak1bkzck3 < Z 9~ |(ki+k2) /6=k /3|98 |2k ki —kz\akbkck

~

(ky,k2,k3)€Z; (k) k1.,ko<k—40
< arbicy.

On Z3, we may assume without loss of generality that k, < ky. The sum is then controlled by

Z 2—\Ak|/6ak]bkzck3 < Z 27|k7min{k2,k3}|/6aklbkzck3 + Z 2*|k17min{kz,k}\/6aklbkzck3

(k1,ka,k3)€Z3 (k) ka<k ko <ki
k3<k ki>k
[k1—k|<40 |k3—k1|<40
—|k—min{ky,k3}|/6 —|ky—min{k,,k}|/6
< Z 2l {k2,k3}/ arbr,cr; + Z 9~ lki {k2,k}|/ ax, iy Ciy -
ko <k ky <k
k3<k ki>k

The first of these summands is controlled by

Z 2 Wkal/bg . cr + Z 2 Ik=kal/S g by e,

k3<ka<k ko <kz<k
< Z zf\k*k3|/625\k*kzlakbkclq+ Z 2*|k7k2|/625Ik*kzlakbkzck
k3<kr<k ko <k3<k
< Z 2(5*1/6)|/’<*k3Iakbkck3 + Z 2(5*1/6)|k*k2|akbkzck
k3fk k2<k
< Z 2@5=1/6)k~ks| 4 by o 4 Z 2@=1/O)lk—k2l b o
k3<k ko <k
<S akbyey.

The second is controlled by

Z 2_|kl_k|/6ak1bkzck1+ Z 2—‘k1—k2|/6aklbkzck1

k<ka<k ko <k<k;
—|k1—k| /86 |ko—k ki—k Slko—k
< Z 9~ lki—k1/48 Ik laklbkckl + Z 9 lki—k21/698 k2 laklbkckl
k<ky<k ka<k<k
§—1/6)|k1—k §—1/6)|k1—k
< 22( /6) 1k Iaklbkck] + Z 2(6=1/6)lky 2|ak1bk0k1
k<k; ko <k<kp
< Z 2(35—1/6)|k1—k|akbkck+ Z 2(35—1/6)|k1—kz\akbkck
k<k; ko <k<ky
< arbicy. O

Corollary 3.12. Let {a}, {bk} be 5-frequency envelopes. Let Cy i, i, ks be as in Lemma 3.10. Then
Z zrnax{k,kg}fmax{kl,kz}Ck’kl’kz,lqaklbkzck3

(k1,k2,k3)€ Z2(k)UZ3 (k)
Proof. On Zs(k), max{k;, k»} ~ max{k, k3}, and so the bound on Z3(k) follows from Corollary 3.11.

< agbicy.

~
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Note that max{ki, ko} > max{k, k3} on Z,, where the sum is controlled by

Z ymax k. ks}—max{k ,kz}z—lk—k3|/6aklbkzck3 < Z pmax{k,k3}—ki 2—|k—k3\/6aklbklCk3 ’

~

(ky,ka,k3)€Zs (k) k,k3<k—40
Restricting the sum to k3 < k, we get

—lk—ki|H—|k—k3|/6
Z o~ lk—kily—lk—ksl/ ax, i, Cis
k3<k<k;—40

< arbycy.

~

Over the complementary range k < k3 < k1 — 40, we have

Z 2—|k3—k1|2—|k—k3|/6aklbklck3 < akbkck Z 2—‘k3—k1|2_|k—k3|/6223\k1—k\25|k—k—3|.

~

k<k3z<k;—40 k<k3z<k;—40

Performing the change of variables j := k; — k3, [ := k3 — k, we control the sum by

Z 2—in—1/6728(j+) 8l < Z 2(25=1)jHB35—1/6) < | 0
J.1=0 J,1=0

Taking advantage of the local smoothing/maximal function spaces, we can obtain the following
improvement.

Lemma 3.13 (main trilinear estimate improvement over Z;). The best constant Cy , k,.k; in (3-13)
satisfies the improved estimate
Chokydoks S 9= Iki+k2) /2K (3-15)

when {k1, ko, k3} € Z1(k).

4. Proof of Theorem 1.3

In this section we outline the proof of Theorem 1.3, taking as our starting point the local result stated in
Theorem 1.1.

For technical reasons related to the function space definitions of the last section, it will be convenient to
construct a solution ¢ on a time interval (—2%*, 22%) for some given % € Z_ and proceed to prove bounds
that are uniform in ¥. We assume 1 < J{ € Z is chosen and hereafter fixed. Invoking Theorem 1.1, we
assume that we have a solution ¢ € C([-T,T] — Hg)) of (1-1) on the time interval [—7, T'] for some
T € (0, 2*"). In order to extend ¢ to a solution on all of (—22*, 22*) with uniform bounds (uniform in
T, ), it suffices to prove uniform a priori estimates on

sup [lo ()|l
te(~T,T)

for, say, o in the interval [1, o], with o7 > 1 chosen sufficiently large (o7 = 25 will do).

The first step in our approach, carried out in Section 2, is to lift the Schrodinger map system (1-1) to
the tangent bundle and view it with respect to the caloric gauge. Recall that the lift of (1-1) expressed in
terms of the caloric gauge takes the form (2-7), or, equivalently,
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with initial data v, (0). Here B,, and V,, respectively denote the magnetic and electric potentials (see
(2-8) and (2-9) for definitions).

The goal then becomes proving a priori bounds on ||¥, || Lo e . Herein lies the heart of the argument,
and the purpose of this section is not only to give a high level description of the proof of Theorem 1.3, but
also to outline the proof of the key a priori bounds. To establish these bounds, we in fact prove stronger
frequency-localized estimates. The argument naturally splits into several components, and we consider
each individually below.

Finally, to complete the proof of Theorem 1.3, we must transfer the a priori bounds on the derivative
fields ¥, back to bounds on the map ¢, thereby allowing us to close a bootstrap argument. Once the
derivative field bounds are established, this is, comparatively speaking, an easy task, and we take it up in
the last subsection.

We return now to (4-1), projecting it to frequencies ~ 2* using the Littlewood—Paley multiplier Py.
Applying the linear estimate of Proposition 3.6 then yields

I Pc¥mllGeery SN Pe¥m O 22 + I PeVinllvecry + I P B ll Ny - (4-2)

In order to express control of the G (T) norm of Py, in terms of the initial data, we introduce the
following frequency envelopes. Let o7 € Z be positive. For o € [0, o1 — 1], set

by (o) = sup 27K 27K P [l 6, 1) (4-3)
k'eZ

By (2-38), these envelopes are finite and in / 2 We abbreviate by (0) by setting by := by (0).
We now state the key result for solutions of the gauge field equation (4-1).

Theorem 4.1. Assume T € (0, 2%") and Q € S*. Choose o € Z positive. Let &1 >0 and let p € HEO’OO(T)
be a solution of the Schrodinger map system (1-1) whose initial data ¢ has energy Ey := E(¢o) < Ecrit
and satisfies the energy dispersion condition

supcg < ¢1. 4-4)
keZ
Assume moreover that
D NPTy pey <61 4-5)

kezZ
for any smooth extension ¢ on I, [—T,T] C I C (=2%",2%%). Suppose that the bootstrap hypothesis
b, < Sl_l/lock (4-6)
is satisfied. Then, for g sufficiently small,
bi(o) S c(o) (4-7)
holds for all o € 10,01 — 1] and k € Z.

Proof. We use a continuity argument to prove Theorem 4.1. For T’ € (0, T'], let

W(T') = supc; | Pevim (s = 0) |Gy (1v)-
keZ
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Then v : (0, T] — [0, oo) is well-defined, increasing, continuous, and satisfies
lim ¢ (T") < 1.
T7'—0

The critical implication to establish is

vy <e;" = wTH <,

which in particular follows from
br < ck. (4-8)
We also must similarly establish

bi(0) S ck(0) (4-9)

for o € (0, o1 — 1]. The next several subsections describe the main steps of the proof of (4-8) and (4-9),
to which the bulk of the remainder of this paper is dedicated. In Section 4E we complete the high level
argument used to prove (4-8) and (4-9). O

Corollary 4.2. Given the conditions of Theorem 4.1,

I Pecl0x” Om@ll Lo 2 (1. 1y xm2) S €k (0) (4-10)
holds for all o € [0, o1 — 1].

The proof we defer to Section 4F.
Together Theorem 1.1, Theorem 4.1, and Corollary 4.2 are almost enough to establish Theorem 1.3.
The next lemma provides the final piece. We also defer its proof to Section 4F.

Lemma 4.3. We have
D NPl ~ D I Pedspll]s

keZ keZ

Note that this lemma affords us a condition equivalent to (4-5) whose advantage lies in the fact that it
is not expressed in terms of gauges.

Proof of Theorem 1.3. Fix o1 € Z positive and let 1 = €1 (o) > 0. It suffices to prove (1-7) on the time
interval [T, T'] provided the estimate is uniform in 7. In view of Theorem 1.1 and mass-conservation,
proving

||8x(P||L[°01-'15((_T,T)XR2) So l19xell HE(R?) (4-11)

for o € [0, o1 — 1] with o1 = 25 is enough to establish (1-6).

By virtue of Lemma 4.3, the assumptions of Theorem 1.3 are equivalent to those of Theorem 4.1.
Therefore we have access to Corollary 4.2, which states that (4-10) holds for o € [0, o1 — 1]. Using (2-33)
and the Littlewood—Paley square function completes the proof of (4-11).

Global existence and (1-7) then follow via a standard bootstrap argument from Theorem 1.1 and from
the fact that the constants in (4-11) are uniform in 7. U
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The remainder of this section is organized as follows. In Section 4A we state the key lemmas of
parabolic type that are used to control the electric and magnetic nonlinearities. In Section 4B we state
bounds that rely principally upon local smoothing, including a bilinear Strichartz estimate; they find
application in controlling the worst magnetic nonlinearity terms.

In Section 4C we piece together the parabolic estimates to control the electric potential. In Section 4D
we decompose the magnetic potential into two main pieces and demonstrate how to control one of these
pieces.

In Section 4E we close the bootstrap argument proving Theorem 4.1. Here the remaining piece of the
magnetic potential is addressed using a certain nonlinear version of a bilinear Strichartz estimate.

Finally, in Section 4F, we prove Corollary 4.2 and Lemma 4.3.

4A. Parabolic estimates. By “parabolic estimates” we mean those that principally rely upon the smooth-
ing effect of the harmonic map heat flow. We include here only those that play a direct role in controlling
the nonlinearity N. These are proved in Section 7, where a host of auxiliary parabolic estimates are
included as well. As the proofs rely upon a bootstrap argument that takes advantage of energy dispersion
(4-4), these bounds rely upon this smallness constraint implicitly. On the other hand, L* smallness (4-5)
is not used in the proofs of these bounds, but rather only in their application in this paper.

Lemma 4.4. For o € [0, o1 — 1], the derivative fields v, satisfy
1 Pecm ) ey S (1452274277 by (o) (4-12)
fors > 0.

This estimate is used in Section 4D in controlling the magnetic nonlinearity, which schematically looks
like Adyyr. To recover the loss of derivative, it is important to take advantage of parabolic smoothing by
invoking representation (2-23) of A. Within the integral we schematically have v (s) D, (s), and hence
(4-12) allows us to take advantage of (3-3)—(3-7) in bounding this term. We prove (4-12) in Section 7A.

Lemma 4.5. For o € [0, o1 — 1], the derivative fields ; and connection coefficients A, satisfy
1P (Am ()Y | oy S (2781 45274) 7227~ Doy (). (4-13)

Like the previous estimate, this estimate is also used in Section 4D in controlling the magnetic
nonlinearity. Its proof is given in Section 7B. The need for this estimate arises from the need to control
D,y appearing in representation (2-23) of A.

The next several estimates are used in Section 4C to control the electric potential. In particular,
they provide a source of smallness crucial here for closing the bootstrap argument. They are proved in
Section 7B.

Lemma 4.6. For o € [28, o1 — 1], the connection coefficient A, satisfies

1A N2 Ssuphy- ) B, (4-14)
i jez keZ
IPAZO)2, S277*bi(0) - supb; - Y b} (4-15)

J lez
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Lemma 4.7. For o € [26§, o1 — 1], the connection coefficient A, satisfies

2
Az, < <1 +Zb§) D LAAOIE (4-16)
jez kez '
IPcAl 2 S <1 + be,)ékz‘“kbk(a). (4-17)
p

In subsequent estimates the following shorthand will be useful:

2
€= (1 + Zbﬁ) ZHPH//X(O)HZX + (1 + Zb}) sup b2, (4-18)
l

jez lez kez
Under the assumptions of Theorem 4.1, € is a very small quantity, being at least as good as 0(811 / 2).

4B. Smoothing and Strichartz. The key result of Section 5 is the following frequency-localized bilinear
Strichartz estimate.

Theorem 4.8. Suppose that ,, satisfies (2-7) on [—T, T]. Assume o € [0, 01 — 1]. Let the frequency
envelopes bj and c; be defined as in (4-3) and (2-32). Let € be given by (4-18). Suppose also that
2/7% < 1. Then
2T A+ 22D Pi(s) - P O3, S 272K (0) + €2b5bi (o). (4-19)
In Section 5B we split the proof into two cases: s = 0 and s > 0, the more involved being the s =0
case. In either case, if instead we only were to appeal to the local smoothing-based estimate (3-11) and
the frequency envelope definition (4-3), then we would get the bound

2 A+2DYP(s) - Pm O)I7, S D3R

In practice this sort of bound must needs be summed over j < k. When initial energy is assumed to be
small, as is done in [Bejenaru et al. 2011c], the sum ) j b? <« 1 is small, and consequently the resulting
term perturbative. In our subthreshold energy setting this is no longer the case, as in fact the sum may
be large. What (4-19) reveals, though, is that any b; contributions come with a power of ¢. In view
of additional work which we present in due course, this turns out to be sufficient for establishing that
bk S Ck.

An interesting related bound is the following local smoothing estimate, also proved in Section 5B. It
arises as an easy corollary of our proof of Theorem 4.8.

Theorem 4.9. Suppose that ,, satisfies (2-7) on [—=T, T]. Assume o € [0, 01 — 1]. Let the frequency
envelopes b (o) and c; (o) be defined as in (4-3) and (2-32). Also, let € be given by (4-18). Then

2% sup  sup || Pjo Pcim ||ioo,z <272k (0) 4+ €272k b2 (o) (4-20)
[j—k|<20 9eS! 0

holds for each k € Z.
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We note that (4-20) likely extends to Lgff for A satisfying |A| < 2740, though we do not prove this.
For comparison, note that from the definition of (4-3) we have

2 sup sup sup [Py Pevimll}n S 27270 (0). (4-21)
|j—k|<209eS! |1|<2k—40 0.

On the other hand, while the right-hand side of (4-20) may indeed be large, it so happens thanks to our
hypotheses of energy dispersion and L* smallness that the by (o) term is perturbative. For our purposes,
this is a substantial improvement over (4-21). However, it can be seen from the argument in Section 4E
that even an extension of (4-20) to LZ?A’Z spaces is not sufficient for proving by (o) < cx(0): it is important
that we can replace two “b;” terms with corresponding “c;” terms as in (4-19).

4C. Controlling the electric potential V.

Lemma 4.10. Suppose that o < % — 26. Then the electric potential term V,, satisfies the estimate
1P Vi llwery S (IAZ N2+ 1A 2 + 19702 )27 bio). (4-22)

Proof. Letting f € {A;, A2, 2}, we bound Py (f ) in Nx(T). Begin with the following Littlewood—Paley
decomposition of P (f,):

P(fr) = PePajgo f Pe—sceckpsV) + D PelPi, fPoW) + D PP f Piyiis).
k1 —k|<4 k1 —k2|<90
Ky <k—80 k1 ko >k—80
The first term is controlled using Holder’s inequality:
1P (P80 f Pr—5<-<k5¥) lve(r) < I Pk (Pak—80.f Pr—5<-<kr5¥)ll /3
< I1P<k—s0fll 2 1 Pr—s5< <tts¥ullps -

To control the second term we apply (3-4):
1Pe(Pi f Poollnery S 2701 Pg fll2 11 PioiellGuy -
Using (4-3), (2-30), and o < 1/6 — 20, we conclude that

S 27%bko) Y WP Sz, -

Ni(T) [k1—k|<4

> PP, f Pov)

|k1—k|<4
ko <k—80

To control the high-high interaction, apply (3-5):

1Pe(Py f Poolinery S 297201 Pq fll2 11 Pio¥iellGuy -

Therefore, by (4-3),

Y PP f POl S Y 24TROP fll2 27 R by, (o).

k1 —k2|<90 k1 —k2] <90
ky,ky>k—80 k1,ky>k—80
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Using Cauchy—Schwarz and (2-31) yields

1/2

> |Pk(Pk1ka2wx>||Nkm<2—“"bk(o—>( > ||Pklf||itzx) ,
k1 —k2|<90 k1>k—80 '
ki,kr>k—80

and so, by switching the Ltz’ . and I? norms, we get from the standard square function estimate that

> PPy £ PoU Iy S 1 F L2 27 be(o). O

[k1—k2| <90
ki,ko>k—80

Corollary 4.11. For o € [0, 01 — 1] we have
1PVl vy S €274 (o).
Proof. Given (4-22), this is a direct consequence of (4-14), (4-16), and the fact that

IF1Zs S D IPefITs -
keZ
Therefore the result holds for o < 1/6 — 28.

To extend the proof to larger o, we may mimic the proof of Lemma 4.10 by performing the same
Littlewood—Paley decomposition and then, with regard to the first and third terms of the decomposition,
proceeding as before in the proof of that lemma. The argument, however, must be modified in handling
the term

> Pu(Py f P, (4-23)

lki—k|<4
ky<k—80

where [ € {A;, A)%, wg}. We take different approaches according to the choice of f.
When f = Ai, we apply (3-4) and invoke (4-15) to obtain

Yo PP AP | S D 2RO P ATl 1P Yl )

|ky—k|<4 N (T) ki—k|<4
ko <k—80 ko <k—80
S Z 9 (ka—k) /6 —cky bkl (G)bkz - sup bj . Z b12
|ki—k|<4 J I
ko <k—80

S 27 bi(0) by supb; - Y b3,
j .
J

In the case where f = A;, we apply (3-4) and use (4-17) to conclude that
D> P(PLAPLY)| S 2—“’<bk<o)5kbk(1 + beU),
p

lky—k|<4
ky<k—80

Ne(T)

which suffices by Cauchy—Schwarz.
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Finally we turn to f = w%, which we further decompose as

F=2)" PiynPpy + Y PPy
[j1—k|<4 [j1—j21<8
Jo<k—80 J1,j2>k—80

To control the high-low term, we apply estimate (3-7) and get

D P Pl S ) 29700 ,07% D (0) S 27K bibi (o).
|j1—k|<4 [j1—k|<4
J2<k—80 J2<k—80

We turn to the high-high case. The full trilinear expression is given by

> Pk<Pkl( > lewxP,-zwx)-szwx)

[k —k|<4 1i—j2l=8
ko <k—80 J1,j2=k1—80

We can drop the Py, factor because of the summation ranges, obtaining

Do Y PPyYn Py Puv).
lk1—k|<4 |j1—j2|<8
ko <k—80 j1,j2>k1—80

We apply estimate (3-4) with h = P}, P, ¥, to get

> Y PP Py - P v
lki—k|<4 |ji—j21<8
ko <k—80 ji, jo>k1—80

S Y0 D 2P g, 1Py Y Pl 2

lki—k|<4 |ji—j21<8
ko <k—80 ji, jo>k1—80

Next we use (3-7) to control the L? norm:

S 2R g, Py Pt

ok 50 1 k180 K6kl o
2= < Z Z 2= lj1=kl/65—lj2—kal/6» 9Np; (0)bj,by,.
|ki—k|<4 |j1—j2]<8
ka<k—80 ji, ja=ki—80
In this sum we can replace the factor 271127%21/6 by the larger factor 2~*=*21/6_ from which it is seen that
the whole sum is controlled by

2 kb(o)by Y 2 KRS, <27k bib (o). O
ko <k—80

4D. Decomposing the magnetic potential. We begin by introducing a paradifferential decomposition of
the magnetic nonlinearity, splitting it into two pieces. This decomposition depends upon a frequency
parameter k € Z, which we suppress in the notation; this same k will also be the output frequency whose
behavior we are interested in controlling. The decomposition also depends upon the frequency gap
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parameter & € Z. How @ is chosen and the exact role it plays are discussed in Section 5B. There it is
shown that = may be set equal to a sufficiently large universal constant (independent of ¢, ¢y, k, etc.).
Define Ajonlo as

Amtonto(®) =~ / Im( P, Yim Py ) (s') dis”

ki ko<k—a ¥ 5
and Ahi\/hi as

Ampivhi(s) == Y / Im( P, Yrm Py 5) (s7) ds’,

max{k;,ky}>k—w ¢

so that A, = Ay lonlo + Am.hivhi- Similarly define Bioalo as

B lonlo = —i Z (31 (AL 10710 Pis ¥m) + At tonlod1 Py ¥im )
k3
and Bpjyni as

By bivhi = —i »_ (91(Apnivhi Pes Vi) + AlbivhiO Py ¥im) -
k3
so that By, = By 1onlo + B hivhi-
Our goal is to control P By, in Ny (T). We consider first Py By, pivhi, performing a trilinear Littlewood—
Paley decomposition. In order for frequencies k, k2, k3 to have an output in this expression at a frequency
k, we must have (ky, ky, k3) € Zr(k) U Z3(k) U Zy(k), where

Zo(k) := Z1 (k) N {(k1, ko, k3) € Z° 1 ki, ky > k — @) (4-24)

and the other Z (k) are defined in (3-12). We apply Lemma 3.10 to bound Py B, hivhi in Ni(T') by

[e.¢]
> /O 2" CL ks || Pl Y (DL 53, 1| Py (Dt )Ly | Py ¥ (0) 6, s,

(k1,k2,k3)€
Zr(k)UZ3(k)UZg (k)

which, thanks to (4-12) and (4-13), is controlled by

o0
Z MK O o ksr Do bk / (1 + 5221y =40k (022 =3/8 (1 4 02%k2)=2 g
0

(ky,k2,k3)€
Za(k)UZ3(k)UZo (k)
As o
/ (1 +s22k1)—42k2(s22k2)—3/8(1 +S22k2)—2 ds S 2—max{k1,k2}, (4_25)
0
we reduce to ik e
Z 2max{ ,k3}—max({k;, Z}Ck,kl,kz,k3bk1bk2bk3‘ (4-26)
(k],kz,kg) in
Zy(k)UZ3(k)UZo (k)

To estimate Py By, hivhi on Zo U Z3, we apply Corollary 3.12 and use the energy dispersion hypothesis.
As for Zy(k), we note that its cardinality |Zo (k)| satisfies |Zy(k)| < @w independently of k. Hence for
fixed o summing over this set is harmless given sufficient energy dispersion. We obtain a bound of

| P B mivhi ll v (1) S biby < €by. (4-27)
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Consider now the leading term Py By, 10nlo- Bounding this in V; with any hope of summing requires
the full strength of the decay that comes from the local smoothing/maximal function estimates. However,
such bounds as are immediately at our disposal — (3-10) and (3-11) —do not bring By, jorlo Within the
perturbative framework, instead yielding a bound of the form

Z b, bk, b,

ki,ky<k—w
lk3—k|<4

which is problematic since even ) | ~ ES = O(1) for k large enough. This stands in sharp contrast

J<k C?
with the small energy setting.

In the next section, however, we are able to capture enough improvement in such estimates so as to
barely bring B, joAlo back within reach of our bootstrap approach.

Finally, we need for o > 0 an estimate analogous to (4-27). Returning to the proof of (4-26),
we remark that any by; may be replaced by 270k; bi;; in order to obtain an analogue of (4-27), we
must make replacements judiciously so as to retain summability. In particular, for any (ki, k», k3) in

Zy(k) U Z3(k) U Zo(k), we replace by, with 2_”kmf“bkmax (o) so that (4-26) becomes

max{k,k3}—max{k,k —ok
E st Rl =maxtbn k2l € s kBl Dkia 2~ B (),
(k1 ko k3)e
Z2(k)\UZ3 (k) UZo (k)

where kmin, kmid, kmax denote, respectively, the min, mid, and max of {ky, k7, k3}. We have kpnax = k over
the set Z>(k) U Z3(k) U Zy(k) (see (3-12) and (4-24) for definitions), which guarantees summability due
to straightforward modifications of Corollaries 3.11 and 3.12. Therefore

I P B pivni | v my S 32”7 bi(0),
which, combined with (4-27) and the definition (4-18) of €, implies this:
Corollary 4.12. Assume o € [0, o1 — 1]. The term By, nivni satisfies the estimate
| Pe By piviill vy S €27 7% by (o). (4-28)

4E. Closing the gauge field bootstrap. We turn first to the completion of the proof of Theorem 4.1, as
we now have in place all of the estimates that we need to prove (4-8).

Using the main linear estimate of Proposition 3.6 and the decomposition introduced in Section 4D, we
obtain

I Pe¥mllGory S N Pe¥m Oz + | P Vinlln () + | Pe B hivni | v () + I Pe B jonto l very- - (4-29)
In Sections 4C and 4D it is shown that PV, and Py B, nivhi are perturbative in the sense that
1PV ll vy + 1| Pi B ivni v () S €27 7% b (o),
To handle Py B,y 10n10, We first write

Py By 1on10 = —101(Ar10n10 Pk ¥im) + R,
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where R is a perturbative remainder (thanks to a slight modification of technical Lemma 5.11). Therefore

I PctmllGory S 27 e (o) + €27%bi (o) 4 1191 (Artonto P || Nu(T)- (4-30)

Thus it remains to control —id;(A; jonl0 Pk ¥m), Which we expand as

o.¢]
—iPdy Y f Tm( Py, Y11 Py ) (s') Pay ¥ (0) ds, (4-31)
ki ky<k— V0
k3 —k|<4

and whose Ny (7)) norm we denote by Nj,. In the o = 0 case the key is to apply Theorem 4.8 to Py, ¥ (s”)
and Py, ¥, (0), after first placing all of (4-31) in Ny (T) using (3-10). We obtain

Nio < ok Z 2—|k—k2|/22—|k1—k3|/22—max{k1,k2}bk2 (Cklck3 +€1/2bk1bk3)

ki, ky<k—w
lks—k|<4

,-S 2k Z 2(k1+k2)/27k27 maX{kl,kz}bkz (Ckl Ck 4 61/2bk1bk).

ki,kr<k—w
Without loss of generality we restrict the sum to k; < kp:
> 2R hy (cryen + €' Pbi b).

ki<k,<k—w

Using the frequency envelope property to sum off the diagonal, we reduce to
Nio S Z (bjcjck +€1/2b§bk).
j<k—w

Combining this with (4-30) and the fact that R is perturbative, we obtain

bi S cetebit ) (bjcjci+e biby), (4-32)

j<k—w

which, in view of our choice of €, reduces to

br < cx +ck Z bjcj.
j<k—w

Squaring and applying Cauchy—Schwarz yields

b? < (1 +> bf)cg. (4-33)

j<k—w

Bk:=1+2b§
j<k

Setting

in (4-33) leads to
Biy1 < Bi(1+Ccp)
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with C > 0 independent of k. Therefore

m m

Biym < B[ [A+Cciyp) < B exp(C Zc,§+l) <k, Br.
I=1 =1

Since By, — 1 as k — —o0, we conclude that

Bk SEO 1
uniformly in k, so that, in particular,
dopis, (4-34)
jez
which, joined with (4-33), implies (4-8).
The proof of (4-9) is almost an immediate consequence. Instead of (4-32), we obtain

bi(0) Sci(0) +ebp(0) + ) (bjcjci(o) +€'Pbibi(0)),

j<k—w

which suffices to prove (4-9) in view of (4-34).

4F. De-gauging. The previous subsections overcome the most significant obstacles encountered in
proving conditional global regularity. All of the key estimates therein apply to the Schrodinger map
system placed in the caloric gauge, and a bootstrap argument is in fact run and closed at that level. This
final subsection justifies the whole approach, showing how to transfer these results obtained at the gauge
level back to the underlying Schrédinger map itself.

Proof of (4-10). To gain control over the derivatives d,,¢ in L;’OLi, we utilize representation (2-2) and
perform a Littlewood—Paley decomposition. We only indicate how to handle the term v - Re v,,,, as the
term w - Im 1/, may be handled similarly. Starting with

Pi(vRe ) = Y Pi(P<i_sv- P, Re i)

[ko—k|<4
+ Y PPyu-PyReym) + > PP Py Rety), (4-35)
[k —k|<4 [k1—k2|<8
ky<k—4 ki, kpy=k—4

we proceed to bound each term in L?OL)ZC.
In view of the fact that |v| = 1, the low-high frequency interaction is controlled by

D IP(P<ksv- Py Re vl S I1P<k—svlligs | Pl o2
lky—k|<4
SIPYmlore S ek (4-36)

To control the high-low frequency interaction, we use Holder’s inequality, Bernstein’s inequality, (2-33)
and Bernstein’s inequality again, and finally the bound (2-15) along with the summation rule (2-30):
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D PPy PoReW)ller2 S D Pyl Povmlliy

ey —k|<4 k1 —k|<4
ky<k—4 ky<k—4

k
S D IPvligere - 220 Povmll o

ki —k|<4
ko <k—4

S Y PG dllerr - 29 er, Sexe (4-37)

ki —k|<4
ko <k—4

To control the high-high frequency interaction, we use Bernstein’s inequality, Cauchy—Schwarz, Bernstein
again, (2-15), and finally (2-31):

Y MP(Pyv- PoReY)lms S ) 281 Py Py Re vl ops

k1 —kz|<8 |k1—ks|<8
ki, kry>k—4 ki, ko>k—4

k
S Y 2NPyllzes | Povimller
|k —k2| <8
ki,kp>k—4
k—k
S Y 2P Ol e 2 | Py Yim o2
|k1—k2| <8
ki,kr>k—4

< ) 2R, Sa (4-38)
ky>k—4

Combining (4-36), (4-37), and (4-38) and applying them in (4-35), we obtain
| Pe(v Re )l 12 S e
As the above calculation holds with w in place of v, we conclude (recalling (2-2)) that
I Pcdxplipeors S k-

Hence (4-10) holds for o = 0.
Now we turn to the case o € [0, o1 — 1]. Using Bernstein’s inequality in (4-36) and (4-38), we obtain

D IPP<k—sv - Piy Re )l op2 S 277 i (o), (4-39)
lko—k|<4
Y NIP(Pyv- Py Re i) o2 S 277 er(o), (4-40)
[k1—k2|<8
ki,kr>k—4

as well as analogous estimates with w in place of v. Such a direct argument, however, does not yield the
analogue of (4-37). We circumvent this obstruction as follows. Let 6 € (0, co) be the best constant for
which

1 Prdslloor2 <6277 cr (o) (4-41)
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holds for o € [0, o1 — 1]. Such a constant exists by smoothness and the fact that the ¢ (o) are frequency
envelopes. In view of definition (2-34) and estimate (2-35), we similarly have

1P, v(O)ll o2 S €277 i (o). (4-42)
Using (4-42) in (4-37), we obtain
> PPy Py Re ) [l or2 < 627 crcr (o). (4-43)
[k —k|<4
ky<k—4

From the representations (2-2) and (4-35), and from the estimates (4-39), (4-40), and (4-43), along with
the analogous estimates for w, it follows that

1Pdslloor2 S (14 c€)27 (o).

In view of energy dispersion (¢ < ¢) and the optimality of € in (4-41), we conclude that € < 14 %, so
that € < 1. Therefore

1 Pedg dmpll o1z ~ 27X | Pedmpll o2 S (o),
which completes the proof of (4-10). ]

It will be convenient in certain arguments to use the weaker frequency envelope defined by
by = sup 278 KK Pl 4 (4-44)
k'ez "
Proof of Lemma 4.3. Let us first establish

DINPlTe S D NPl .

keZ keZ

We use (2-1),1i.e., ¥, = v - 0@ +iw - d,,¢, but for the sake of exposition only treat v - d,,¢. We start
with the Littlewood—Paley decomposition

Piym(0) = Y Pi(P<t-s5v- Piydm@) + Y PelPiv- Piodwg) + Y PelPiv- Piydn).
lky—k|<4 |ki—k|<4 ki —k2| <8

ky<k—4 ki,kr>k—4
In view of |v| =1, the L;‘, . horm of the low-high interaction is controlled by Ek (see (4-44)). To control
the high-low interaction, we use Holder’s and Bernstein’s inequalities along with (2-15):

Y PP Podn®lls S D I Pyvllzess - 1P dn@ll o
[k1—k|<4 ki —k|<4
ko<k—4 ko<k—4
ki/2 ko /2
S Y 2Pl 22 P el s
k1 —k|<4
ko<k—4
. o
< D 2NPGllperabi S bi

|ki—k|<4
ky<k—4
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To control the high-high interaction, we use Bernstein, Holder, Bernstein again, and (2-15):

Y NPPuv-Podn@ls S Y 2P Podngllsg

|k1—k2| <8 |k1—ka|<8
ki, ky>k—4 ki, kry>k—4

S D 2Pl Podnells,

|k1—k2| <8
ki,kr>k—4

k+k1)/2
S D 29O P vl e || Pedmpll s

|k1—ka| <8
ki,ko>k—4

S 2 2ROl Padnels < ) 24 b, S b

|k1—ky|<8 ky>k—4
ki, kry>k—4

Therefore
1 PcYm )3, < b
and
IR O S5~ D I PdneO)l]s .
kez T kez kez ’
By using (2-2), creating an L* frequency envelope for P;d,,¢(0), and reversing the roles of ¥, and d,¢
in the preceding argument, we conclude the reverse inequality

D PO 74 S D I Pebm O - -

kez kez
5. Local smoothing and bilinear Strichartz

The main goal of this section is to establish the improved bilinear Strichartz estimate of Theorem 4.8. As
a by-product we also obtain the frequency-localized local smoothing estimate of Theorem 4.9.

Our approach is to first establish abstract local smoothing and bilinear Strichartz estimates for solutions
to certain magnetic nonlinear Schrodinger equations. These are in the spirit of [Planchon and Vega 2009;
2012; Tao 2010]. We shall then apply these to Schrodinger maps, in particular to the paralinearized
derivative field equations written with respect to the caloric gauge.

We introduce some notation. Let

LR ={ eR: &l €[22} and  Toony = 1.
J<k

For a d-vector-valued function B = (B;) on R¢ with real entries, define the magnetic Laplacian Ap,
acting on complex-valued functions f, via

Apf =@ +iB) (3 +iB)f)=Af +i(dB)f +2iBid f — B f. (5-1)

For a unit vector e € S, denote by {x - e = 0} the orthogonal complement in R? of the span of e,
equipped with the induced measure. Given e, we can construct a positively oriented orthonormal basis
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e,el,...,eq 1 of R?sothate,...,e;_; form an orthonormal basis for {x - e = 0}. For complex-valued
functions f on R4, define E,( f):R—>Ras

E¢(f)(x0) 1=/

x-e

|12 dx’ =/ |f (xoe + xje )12 dx’, (5-2)
=0 Rd-!

where the implicit sum runs over 1, 2, ..., d — 1, and dx’ is the standard (d — 1)-dimensional Lebesgue
measure. We also adopt the following notation for this section: for z, { complex,

IAE i=2C —7¢ = 2i Im(z¢).
5A. Key lemmas.

Lemma 5.1 (abstract almost-conservation of energy). Let d > 1 and e € S?~!. Let v be a C>®(H®)
function on RY x [0, T] solving
(9, + Ag)v = A, (5-3)

with initial data vy. Take d; to be real-valued, smooth, and bounded, with A y4 defined via (5-1). Then

. (5-4)

T
2 2
||v||LwL2§||uo||L2+’// b A Ay dxdi
b * 0 JRd

Proof. We begin with
%Bt/|v|2dx=/lm(58,v)dx,

which may equivalently be written as

iat/lvlzdxz—/v/\iatvdx.

i8,/|v|2dx:/v/\(A&w—Av)dx.

Substituting from (5-3) yields

Expanding A 4 using (5-1) and using the straightforward relations
(wAidv) =vAI(ADV+ Vv A2iA;0v and 0;(v A Jv) = v A Av,

we get

i8,/|v|2dx=/81(v/\81v)dx+f81(vAiﬂlv)dx—/vAﬂ%vdx—/v/\Ade.

The first two terms on the right-hand side vanish upon integration in x; the third is equal to zero because
5&,2 is real. Integrating in time and taking absolute values therefore yields

T/
/ / v A Ay, dxdt
0 Rd

for any time 7’ € (0, T']. O

/4|U(T/)|2 ool dx
R
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Lemma 5.2 (local smoothing preparation). Letd > 1 and e € S Let j,keZand j =k + O(1). Let
em > 0 be a small positive number such that en29M « 1. Let v be a C°(H) function on RY x [0, T]
solving

({0, + Ay)v = Ay, (5-5)

where A is real-valued, smooth, and satisfies the estimate
k
[l < em2”. (5-6)

The solution v is assumed to have (spatial) frequency support in Iy, with the additional constraint that
e-&e[2/71, 2% for all & in the support of 0. Then

T
/ f vA A, dxdt
0 Jx-e>0

M, (1) ::/ lv(x, 1)|? dx.
x-e>0

T T
2J f E.(v)dt < ||v||iooL2 + 42/ / E,(v+i2778,v)dt. (5-7)
0 r 0

Proof. We begin by introducing

Then
0 < Me() < 11072 g0y < 101720121700 (5-8)
Differentiating in time yields
iM,(t) = / VA ((,v)dx = / VA (Agv— Ay)dx,
x-e=0 x-e>0
which may be rewritten as

iMe(t)=/ Bl(v/\(al—l-i&ﬁl)v)dx—/ VA Ay dx. (5-9)

-e>0 -e>0
By integrating by parts,
/ al(v/\(81+i&dl)v)dx:—/ VA (0ev +ie- sAv)dx’,
x-e>0 x-e=0
and therefore (5-9) may be rewritten as
—/ v/\(8ev+ie-&iv)dx/=iMe(t)+/ vAA,dx. (5-10)
x-e=0 x-e>0

On the one hand, we have the heuristic that d,v ~ i2/v since v has localized frequency support. On the
other hand, since A is real-valued, we have

T T
/ / vAie-&ﬁvdx’dt:Zf / e-&ﬁ|v|2dx’dt (5-11)
0 Jx-e=0 0 Jx-e=0

and hence by assumption (5-6) also

T T
f/ |&Q||v|2dx’dt§8m2k// lv|? dx'dt. (5-12)
0 Jx-e=0 0 Jx-e=0
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Together these facts motivate rewriting v A d,v as
VAU =22/ [v]? +v A Qv —i2/0). (5-13)

Using (5-11), (5-13), and the bounds (5-12) and (5-8) in (5-10), we obtain by time-integration that

T
/ / v A A, dxdt
0 Jx-e>0

Applying Cauchy—Schwarz to the last term yields

T T
(1—sm2k—f)2ff Ec(v)dit <||v]|7 ;0 + +2-2J’// lv+i277 9ev| |v] dx'dt.
0 e 0 Jxe=0

T T T
21'// |v+i2_jaev||v|dx’dt58-2j/ Ee(v+i2_jaev)dt+%-2j/ E,(v)dt.
0 Jx-e=0 0 0

Therefore (5-7). U
We now describe the constraints on the nonlinearity that we shall require in the abstract setting
Definition 5.3. Let % be a fixed finite subset of {1 < p < oo}. A bilinear form B(-, -) is said to be

adapted to % provided it measures its arguments in Strichartz-type spaces, the estimate

SB(f. 9)

T
/ f A gdxdt
0 JRd

holds for all complex-valued functions f, g on R? x [0, T], Bernstein’s inequalities hold in both arguments
of B, and these arguments are measured in L? only for p € ?. Given B(-,-) and e € S9! we define
Be( N ) via

Be(fa g) = B(fv X{x~220}g)-
Definition 5.4. Let e € SY~! and let s; be real-valued and smooth. Let v be a C°(H;*) function on
RY x [0, T] solving

(i + Ag)v = Ay

Assume v is (spatially) frequency-localized to I; with the additional constraint that e - & € [2/~!, 2/+1]
for all £ in the support of 0. Define a sequence of functions {v(’”)}fnoz1 by setting vV = v and

D =y 27T g,
By (5-1) and the Leibniz rule,

0+ Ag)v™ = Ay,

where
Ao 1= (140277 9) Ay +i277 (9,9 A; — 3 APV D — 27713, A4 90D,

The sequence {v™}%°_, is called the derived sequence corresponding to v.

Suppose we are given a form B adapted to %. The derived sequence is said to be controlled with
respect to B, provided that B,(v"™, A ,m) < oo for each m > 1.
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We remark that if the derived sequence {v(’”)}";":1 of v is controlled, then for all / > 1, the derived

sequences { v(’m};ff:l are also controlled.

Theorem 5.5 (abstract local smoothing). Letd > 1 and e € S~ Let j,k € Z and j =k + O(1). Let
em > 0 be a small positive number such that £,2°1 « 1. Let n > 0. Let P be a fixed finite subset of
(1, 00) with2 € P, and let B be a form adapted to P. Let v be a C°(H?*°) function on RY x [0, T'] solving

(10 + Ag)v = Ay, (5-14)
where ; is real-valued, smooth, has spatial Fourier support in I(_« k), and satisfies the estimate
sl Lo < em2". (5-15)

The solution v is assumed to have (spatial) frequency support in Iy. We take A, to be frequency-localized
to I(—xo k). Assume moreover that

e-5el(1-m2/, (1+m2’] (5-16)
for all & in the support of v.
If the derived sequence of v is controlled with respect to B,, then there exists n* > 0 such that, for all
0 < n < n*, the local smoothing estimate

T
2j/ Ec(v)dt S ||vll7eep2 + Be(v, Ay) (5-17)
0 t X

holds uniformly in T and j =k + O(1).

Proof. The foundation for proving (5-17) is (5-7), which for an adapted form B, implies

T T
ZJ/ E.(v)dt < ||v||iocL2 +Be(v,Av)+21/ E.(v+i27708,v)dt. (5-18)
0 P 0

Therefore our goal is control the last term in (5-18). This we do using a bootstrap argument that hinges
upon the fact that ¥ := v +i27/,v is the second term in the derived sequence of v, and that being
“controlled” is an inherited property (in the sense of the comments following Definition 5.4).

By Bernstein’s and Holder’s inequalities, we have

2/ /OTEe(v)dt 5221T||v||§?%§.
for any v. For fixed T > 0 and k € Z, let K1 > 1 be the best constant for which the inequality
2/ /0 B < Kri(Iv117: + Be(v, Av)) (5-19)
holds for all controlled sequences. Applying (5-19) to v results in

T
2 f Eo@)dt < Kr (1512, + Be(@., Ap)), (5-20)
0 X

and thus we seek to control norms of v in terms of those of v.
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Let ﬁk, P ;e denote slight fattenings of the Fourier multipliers Py, P; .. On the one hand, Plancherel
implies L
I +i27700) Py Pell 2 p2 S (5-21)

On the other hand, Bernstein’s inequalities imply
(142778 Pje Pellpppr S 1, 1< p<oo.
Therefore it follows from Riesz—Thorin interpolation that

e~ 2/p 2 <

o n < p < oo,
J . <

I(1+i2778e) PjePillprpr S {nz—Z/p l<p<2.

Restricting to p € %, we conclude that there exists a ¢ > 0 such that
I +i277 960 Pye Pell g S (5-22)

for all p € P and all n small enough.
Applying (5-22) and Bernstein to v yields

10ll2 S nfllvllzz,  Be(@, Ag) S n?Be(v, Ay),

which, combined with (5-20) and (5-18), leads to

T
2/ / E.()dt S A+n'Kr ) (07,2 + Be(v, Ay)).
O t X
As K7 is the best constant for which (5-19) holds, it follows that
Krpe S1+n7Krk

and hence that K7 ; < 1 for n small enough. ]

Corollary 5.6. Given the assumptions of Theorem 5.5, we have

T
2/ / Ee(v)dt ”UOHiz + B(v, Ay) + Be(v, Ay).
O X

Proof. This is an immediate consequence of Theorem 5.5 and Lemma 5.1. (Il

Corollary 5.7 (abstract bilinear Strichartz). Letd > 1 and e € S9! Seté = (—e, ) / V2. Let j. kel
and j =k+ O(1). Let ¢, > 0 be a small positive number such that en29M « 1. Let n>0.Let P bea
fixed finite subset of (1, 00) with 2 € P, and let B be a form that is adapted to .

Let w(x,y) be a C;’O(Hf"})function on R* x [0, T], equal to wy at t = 0 and solving

(0 +Ap)w = Ay,
where sy is real-valued, smooth, has spatial Fourier support in I(_o k1, and satisfies the estimate
k
stz , < em2".

Assume w has (spatial) frequency support in I, and that

é-£e[(1—m2/, (1+n2]
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for all & in the support of W. Take A, to be frequency-localized 1o I(—o k).

Suppose that w(x, y) admits a decomposition w(x, y) = u(x)v(y), where u has frequency support in
I, < k. Use ug, vy to denote u(t =0), v(t = 0). If the derived sequence of w is controlled with respect
to Bg, then

luvll?, < 29027 (Jluol 7z llvoll7 > + B(w, Aw) + Be(w, Aw)) (5-23)
uniformly in T and j =k + O(1) provided n is small enough.

Proof. Taking into account that

lwollzz , = luollz2 llvol 2.

we apply Corollary 5.6 to w at (x, y) =0 and get
T
2/ / Eg(w) dt < lluoll72llvoll7 + B(w, Ay)+ Ba(w, Ay). (5-24)
0 X X

We complete (—e, e)/ V/2 to a basis as follows:
(—e, €)/~2,(0,e1),.... (0, ea1). (e, €)/v/2, (e1,0), ..., (ea—1,0).

On the one hand, E;(w)(0) is by definition (see (5-2)) equal to
/ / u(0-e+re+xje;, t)v(0-e+re+yje;, 1)|*dx'dydr.
R JR2d-2

We rewrite it as

/R/Rd—l v(re+yje;, n*dy’ /[Rd_l lu(re +x;e;, 1)|* dx'dr. (5-25)

On the other hand,
luv|7, = /dlu(y, DI v(y, H*dy :/ /d l|M(Ve+yjej)|2|v(l”e+)’jej)|2dy/d”,
y R R JRd-
and by applying Bernstein to u in the y’ variables, we obtain

luvl|3, 52“‘“)// |v(re+yjej)|2dy'/ lu(re +xje;)|* dx'dr. (5-26)
y R Rd—l Rd—l
Together (5-26), (5-25), and (5-24) imply (5-23). O

5B. Applying the abstract lemmas. We would like to apply the abstract estimates just developed to the
evolution equation (2-7). We work in the caloric gauge and adopt the magnetic potential decomposition
introduced in Section 4D. Throughout we take € as defined in (4-18).

Our starting point is the equation

(i0; + AV = B tonlo + B hivhi + Vi (5-27)

Applying Fourier multipliers P, P; ¢ Py, or variants thereof, we easily obtain corresponding evolution
equations for Py, Pj g Py, etc. In rewriting a projection P of (5-27) in the form (5-3), evidently Ay,
should somehow come from AP, — P By, 10010, Whereas P By, pivhi + P Vy, ought to constitute the
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leading part of the nonlinearity A. Fourier multipliers P, however, do not commute with the connection
coefficients A, and therefore in order to use the abstract machinery we must first track and control certain
commutators. Toward this end we adopt some notation from [Tao 2001].

Following [Tao 2001, §1], we use Lo (f1, - - ., fm)(s, x, t) to denote any multilinear expression of the
form

Lo(fis--s fm)(s, x,0) := /K(YIa ce M) 108, x =y, ) oo (S, X = Yme), D dyr ... dyme),

where the kernel K is a measure with bounded mass (and K may change from line to line). Moreover, the
kernel of L does not depend upon the index «. Also, we extend this notation to vector or matrices by
making K into an appropriate tensor. The expression Lo (f1, ..., fn) may be thought of as a variant of
O(f1, ..., fm)- It obeys two key properties. The first is a simple consequence of Minkowski’s inequality;
see, for example, [Tao 2001, Lemma 1].

Lemma 5.8. Let Xy, ..., Xy, X be spatially translation-invariant Banach spaces such that the product
estimate

I f1-- fmllx < Coll fillx, -~ I fmllx,,
holds for all scalar-valued f; € X; and for some constant Cy > 0. Then

ILo(fis -y f)llx S (C™Coll fillx, -+ | finllx,,

holds for all f; € X; that are scalars, d-dimensional vectors, or d x d matrices.
The next lemma is an adaptation of Lemma 2 in [Tao 2001].

Lemma 5.9 (Leibniz rule). Let P be a C* Fourier multiplier whose frequency support lies in some
compact subset of I, (RY). The commutator identity

Pl(fg)=fPlg+Lo@d.f,27%g)
holds.

Proof. Rescale so that k = 0 and let m(£) denote the symbol of P so that

Poh(&) = m(E)h(@).

By the fundamental theorem of calculus, we have
(P(;(fg)_fp(;g) (SaxJ)=/dnv’l(Y)(f(s»x_y»f)_f(SaX,t))g(S,x_y»t)dy
R

1
=—/ /d’ﬁ(y)y-8xf(s,x—ry,t)g(s’x—y,t)dydr.
0 JR

The conclusion follows from the rapid decay of . U
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We are interested in controlling Py j Py, in L;’O’z over all # € S' and |j — k| < 20. In the abstract
framework, however, we assumed a much tighter localization than Py ; provides. Therefore we decompose
Py ; as a sum

P = Z Po i, (5-28)

I=1,..,0((n"~H

and it suffices by the triangle inequality to bound Py, ;; Pxv,,. We note that this does not affect perturbative
estimates since 1™ is universal and in particular does not depend upon ¢, €.
For notational convenience set P := Py j; P;. Applying P to (5-27) yields

(i0 + A)PYy = P (Bmjonio + Bumnivhi + Vin) -

Now

P B jonto = —i P Z (01 (A 10n10 Pis ) + AL 10A1001 Py W)
[ks—k|<4

as P localizes to a region of the annulus /;. Applying Lemma 5.9, we obtain

P By jonto = —i (01 (A 1on10 PVim) — 1 A110A100 PYim) + R,

where
R:= Y (Lo@:dALioror 27 Pis¥n) + Lo OxALiorlo, 27" Phs 0y m)). (5-29)
|k3—k|<4
Set
A = Am lonlo-
Then
(9 + Aa) PYin = P(Bu pivhi + Vi) + A3 Py + R. (5-30)

It is this equation that we shall show fits within the abstract local smoothing framework.

First we check that Lemmas 5.1 and 5.2 apply. The main condition to check is (5-6). Key are the
bound (2-14) and Bernstein, which together with the fact that s is frequency-localized to I(_ ] provide
the estimate

[ETIEs

fx N

To achieve the ¢, gain, we adjust @, which forces a gap between I and the frequency support of 4, i.e.,
we localize o t0 I(_o k—qr] instead. Thus it suffices to set @ € Z equal to a sufficiently large universal
constant.

There is more to check in showing that (5-30) falls within the purview of Theorem 5.5. Already we have
d=2,e=0,8, ~277, A = Ap lonlo, V= Py j i Pk, and Ay, = P (B hivhi + Vin) +&4§Pwm +R.
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Next we choose % based upon the norms used in N, with the exception of the local smoothing/maximal
function estimates. To be precise, define the new norms Ny via

”f”ﬁk(T) =
inf 43 + k/6 2|l ;372,605 + 2k/6 3l 372605 + 27k/6 4l 6/532 + 2k/6 50|, 6/532
P L P VA 15,y Il 155,

and similarly Gy via

106,y = 1 Negerz + 1 F s, 42720 fllgre + 279 sup | £l 30 +2"° sup  supl| Py f1l 2.

HeS! |/ —k|=20 geS!
Set ? ={2,3,3/2,4,4/3,6,5/6}. We define the form B(-, -) via
B(f. &) = Iflg,xl&l7. (5-31)
and By by
Bo(f, 8) == B(f, X{x-620)8) (5-32)

as in Definition 5.3. That By is adapted to % is a direct consequence of the definition.

Proposition 5.10. Let n > 0 be a parameter to be specified later. Let alsod =2,e =0, &, ~277,
i = A tortor V="Py") | Pcthm. Ay =P (B hivhi-t Vi) +542 P+ R, and P ={2,3,3/2,4,4/3,6,5/6}.
Let B, By be given by (5-31) and (5-32) respectively. Then the conditions of Theorem 5.5 are satisfied
and the derived sequence of v is controlled with respect to By so that conclusion (5-17) holds for
v= PQ(Z?, 1 Px¥m given n sufficiently small.

Proof. The only claim of Proposition 5.10 that remains to be verified is that the derived sequence of
v =Py ;1 Py is controlled with respect to By. In particular, we need to show that for each g > 1 we
have

By(v'?, Ayw) < o0,

where v(D := Py 1 Pim,
@D .— @ 4 i2_j39v(q),
and
Ay = (14+i2778p) Ay + 277 (1993l — dpsd?) v D — 2771 (Bg5)) 30D,
We first prove the following lemma.

Lemma 5.11. Let o € [0, 01 — 1]. The right-hand side of (5-30) satisfies
I P (B, nivhi + Vin) + 43 P + R 5, ) S €277Fbi (o).

Proof. We will repeatedly use implicitly the fact that the multiplier Py ;; is bounded on L?, 1 < p < o0,
so that in particular P obeys estimates that are at least as good as those obeyed by Px.

From Corollaries 4.11 and 4.12 of Sections 4C and 4D it follows that Py (B, hivhi + Vi) is perturbative
and bounded in ﬁk(T) by €27%by (o). The ﬁk(T) estimates on P V,, immediately imply the boundedness
of A2 P,.
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To estimate R, we apply Lemma 3.10 to bound P By, joa10 bY

o
f 2RISR 1t ks | Py Y () L, 1 Py (D (9D) | o | P Wi (0) [, s
(k1 ko ks)eZy (k) O

which, in view of (4-12), (4-13), and (4-25), is controlled by

Z Ch ko ks by D27 by (0).
(k1 ko ks) e Z, ()

Summation is achieved thanks to Corollary 3.11. (I

We return to the proof of the proposition, and in particular to showing that By (v, A,) < oo. With the
important observation that the spatial multiplier x,.g>0 is bounded on the spaces ﬁk(T), we may apply
Lemma 5.11 to control xy.>0Ay in ﬁk. Since by assumption P, is bounded in ak(T) (even in G (T)),
we conclude that By (v, A,) < o0.

Next we need to show By (v?, Aye) < oo for ¢ > 1. By Bernstein,

-1
10PN, S 109l -

Similarly,
II(1 ‘f‘izﬁ)a@AvW)”ﬁk(T) S ||Av<4*1>||ﬁk(T)-

Thus it remains to control i27/ (i 3y d;sd; — 893412)1)(”’) and 277 (9p54;) 9 v @ in ﬁk for each ¢ > 1. Both
are consequences of arguments in Lemma 5.11: Boundedness of 277 (359;54;)v@ and 277/ %1 (954;) 3;v?
follows directly from the argument used to control R and from Bernstein’s inequality, whereas boundedness
of 27/ (89&&12)1)(‘1) is a consequence of Bernstein and the estimates on &ﬁ)chlﬁm from Section 4C. O

Combining Lemma 5.11 and Proposition 5.10, we conclude that Corollary 5.6 applies to v = P,
with right-hand side bounded by 2720k, (0)?% 4+ €272k by (0)%. In view of the decomposition (5-28), we
conclude this:

Corollary 5.12. Assume o € [0, o1 — 1]. The function Pyyr, satisfies
sup _sup || Pjg Pitimll 2 S 27227 cr(o) + €227 by (0)).
|j—k|<20 geS! ¢

This proves Theorem 4.9.

Our next objective is to apply Corollary 5.7 to the case where w splits as a product u(x)v(y) where
u, v are appropriate frequency localizations of ¥, or ¥,,. First we must find function spaces suitable
for defining an adapted form. We start with (id; + Ag)w = A, and observe how it behaves with
respect to separation of variables. If w(x, y) = u(x)v(y), then the left-hand side may be rewritten as
u- ({0 +Ag )v+v- (@0 + Ay Ju. Let Ay := (0, + Ay, u and A, := (i9; + Ay, )v. Then

(0 + Ay)(mv) =ul, +vA,.
‘We control

T
/0 /Rz Rzu(x)v(y)(Au(x)v(y)+u(x)Av(y))dxdydz
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as follows: in the case of the first term u(x)v(y)A,(x)v(y) we place each v(y) in L;’oLz; we bound
u(x)A,(x) by placing u(x) in G; and A,(x) in ]Vj. To control u(x)v(y)u(x)A,(y), we simply reverse
the roles of u and v (and of x and y). This leads us to the spaces N ; defined by

1IN o) I=inf{||82j—1||/v,(r)||h2j—1||L,°0L§ +llg2jllLee 2 12§ o7y :

27
JeZyandf(x,y)= ) (82j-1()h2j—1(y) +gzj(x)h2j(y))},

p (5-33)
and the spaces (_}k’ ; defined via
”f”@,z(T) =S (x, Y)”(N;k(T)(y)Hél(T)(x)' (5-34)
We use these spaces to define the form B(-, -) by
B(f.9) = fllg, o185, - (5-35)
and the form Bg by
Bo(f. 8) = B(f, X{(x.y)-020,8); (5-36)

where ® := (-0, 0).

Proposition 5.13. Let n > 0 be a small parameter and @ € Z 1 a large parameter, both to be specified
later. Let j, k,leZ, j=k+ O0(),l Kk. Letd =2,e=0,¢, ~277, 3y := Ap.lonlo, V = P(,(’";JPkwm,
Ay = P(By hivhi + Vi) + &ﬁ)chlﬁm + R, and P =1{2,3,3/2,4,4/3,6,5/6}. Here R is given by (5-29).
Also, let u = Pl_wp, pefl,2}and A, = Pi(Bpnivhi + Vp) + &ﬁi Py, + R, where R’ is given by (5-29),
but defined in terms of derivative field {; and frequency [ rather than {,, and k.

Let w(x,y) :==ux)v(y), d := (Ay, dy), Ay := Ayv +ul,. Then, for @ sufficiently large and n
sufficiently small, the conditions of Corollary 5.7 are satisfied and (5-23) applies to u(x)v(x).

Proof. The frequency support conditions on & and A,, are easily verified. That the L°° bound on s
holds follows from (2-14) and Bernstein provided @ is large enough (see the discussion preceding
Proposition 5.10). In order to guarantee the frequency support conditions on w, it is necessary to make
the gap [ < k sufficiently large with respect to 7.

That Bg is adapted to P is a straightforward consequence of its definition. To see that the derived
sequence of w is controllable, we look to the proof of Proposition 5.10 and the definitions of the Ny,
(_}k,l spaces. O

In a spirit similar to that of the proof of Corollary 5.12, we may combine Lemma 5.11 and the proof
of Proposition 5.10 to control B(w, Ay,) + Be(w, Ay); in fact, in measuring A, in the 1\_/;(,1 spaces, it
suffices to take J = 1 (see (5-33)). Then we obtain B(w, Ay) + Be(w, Ay) < eij_‘kak(a). Using
decomposition (5-28) and the triangle inequality to bound Py, in terms of the bounds on PG(”]) 1 P, we
obtain the bilinear Strichartz analogue of Corollary 5.12. In our application, however, the lower-frequency
term will not simply be Pj_wl, but rather its heat flow evolution ITW(S).



CONDITIONAL GLOBAL REGULARITY OF SCHRODINGER MAPS 649
Corollary 5.14 (improved bilinear Strichartz). Let j, k € Z, j < k, and let
ue{Piyy, Piyy:j<k—w,l €{l,2}}.

Then for s > 0,0 € [0, 01 — 1],

lu(s) Peprn ()| 2 S 2970721 +522)74277% (cjcr(0) + €bbir(0)) - (5-37)
Proof. 1t only remains to prove (5-37) when s > 0. Let v := P;,,. Using the Duhamel formula, we write
N
u(s)v = (e**u(0))v(0) + / eCTIAY (s ds” - v(0), (5-38)
0

where U is defined by (2-21) in terms of u.

To control the nonlinear term [ e®=*)2U(s")ds" - v(0) in L%, we apply local smoothing estimate
(3-11), which places the nonlinear evolution in F;(T) and v(0) in G, (T'). Using Lemma 7.11 to bound
the F;(T) norm, we conclude that

N
/ ST (s ds" v(0) | <2V 4 522) 427K p by (o). (5-39)
0 L7,
It remains to show that
I 2 uwyvll 2 S (1+452%)" 2707227k (¢ jc4(0) + €b b (o)), (5-40)

which is not a direct consequence of the time s = 0 bound. Let &, denote the spatial translation operator
that acts on functions f(x, t) according to I, f (x,t) := f(x —a,t). If

1T )T o)l S 297072277 (e jer(0) + ebjbr(o) (5-41)

can be shown to hold for all x1, x, € R2, then (5-40) follows from Minkowski’s and Young’s inequalities.
Consider, then, a solution w to

(10 + As(x, D)w(x, 1) = Ay (x, 1)
satisfying the conditions of Theorem 5.5. The translate J ,,w(x, t) then satisfies

(10 + Ag () (e,) (Trgw) (X, 1) = (T Aw) (X, 7).

The operator T, clearly does not affect L7, bounds or frequency support conditions. The only possible
obstruction to concluding (5-17) is this: whereas the derived sequence of w is controlled with respect to B,,
in the abstract setting it may no longer be the case that the derived sequence of J ., w is controlled. This
is due to the presence of the spatial multiplier in the definition of B,. Fortunately, as already alluded to in
the proof of Proposition 5.10, in our applications we do enjoy uniform boundedness with respect to any
spatial multipliers appearing in the second argument of an adapted form B,. Therefore Proposition 5.13
holds for spatial translates of frequency projections of i, from which we conclude (5-41). U

This establishes Theorem 4.8.
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6. The caloric gauge

In Section 6A we briefly recall from [Smith 2012a] the construction of the caloric gauge and some useful
quantitative estimates. In Section 6B we prove the frequency-localized estimates stated in Section 2C.

6A. Construction and basic results. In brief, the basic caloric gauge construction goes as follows.
Starting with H éo—class data ¢ : R? — S? with energy E(¢o) < Ecit, evolve ¢p in s via the heat flow
equation (2-11). At s = oo the map trivializes. Place an arbitrary orthonormal frame e(co) on T(p(S:OO)SZ.
Evolving this frame backward in time via parallel transport in the s direction yields a caloric gauge on
gﬂ*Tw(s:oo)Sz.

For energies E (¢g) sufficiently small, global existence and decay bounds may be proven directly using
Duhamel’s formula. In order to extend these results to all energies less than E, we employ in [Smith
2012a] a concentration compactness argument that exploits the symmetries of (2-11) via concentration
compactness.

In [Smith 2012a] the following energy densities play an important role in the quantitative arguments.

Definition 6.1. For each positive integer k, define the energy densities e of a heat flow ¢ by
ex = (@ V), ol
=@V - (@), 00, @7V (@7V) i, 0500), (6-1)

where ji, ..., jr are summed over 1, 2 and V denotes the Riemannian connection on the sphere, i.e., for
vector fields X, Y on the sphere VyY denotes the orthogonal projection of dxY onto the sphere.

Theorem 6.2 [Smith 2012a]. For any initial data ¢y € H 50 with E(pg) < Eci there exists a unique
global smooth heat flow ¢ with initial data @y. Moreover, ¢ satisfies the estimates

o0
//Sk_lek+1(s,x)dde§E0’k1, (6-2)
0 JR2

sup sk_]/ ex(s,x)dx Sgox 1,
IRZ

O<s<oo

sup skek(s,x) Skek 1,

O<s<oo
xeR?
o0
/ skl sup ex(s, x)ds Sgox 1, (6-3)
0 xeR?
for each k > 1, as well as the estimate
o0
/ / el (s, x)dx ds <g, 1. (6-4)
0 JR?

We employ (6-2), (6-3), and (6-4) below.

6B. Frequency-localized caloric gauge estimates. The key estimate to establish is (2-35) for ¢; most
of the remaining estimates will be derived as corollaries of it. Our strategy is to exploit energy dispersion
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so that we can apply the Duhamel formula to a frequency localization of the heat flow equation (2-11),
which for convenience we rewrite as

dsp = Ap +gey. (6-5)

Proof of (2-35) for ¢. Let o1 € Z, be positive and let S’ > S > 0. Let ¥ € Z, T € (0, 2%"] be fixed.
Define for each ¢ € (—T, T) the quantity

€S, 1) = up s;)ps]iug(l+s22k)‘”2"’<yk<a)*1||Pkso(s,-,t)uL;(Rz). (6-6)
o€ ,o01]s€|0, €

For fixed ¢ the function €(S, ) : [0, S'] — (0, co) is well-defined, continuous, and nondecreasing.
Moreover, in view of the definition (2-34) of y (o), it follows that limg_.o6(S,7) < 1. A simple
consequence of (6-0) is

1Pegp(s. - Dl 2wy < €S, (1 +52%) 77127 %y, (0) (6-7)

for0<s<S<¥.
Our goal is to show €(S, ) < 1 uniformly in S and # and our strategy is to apply Duhamel’s formula
to (6-5) and run a bootstrap argument. Beginning with the decomposition

Pi(per) = Y Pi(P<i-sp-Pne) + Y Pu(Po-P<ser) + > Pu(Pio- Poer),

|ko—k|<4 ki —k|<4 ki, ky>k—4
lk1—k2| <8

we proceed to place in Li each of the three terms on the right-hand side; we then integrate in s and
consider separately the low-high, high-low, and high-high frequency interactions.
Low-high interaction. By Duhamel and the triangle inequality it suffices to bound
A
LH(s, 1) := f e N P(Papsg(s' - 1) Poer(s'. - )2 ds'. (6-8)
0 lko—k| <4
By Holder’s inequality, |¢| = 1, and L?-boundedness of the Littlewood—Paley multipliers,

S
(e \H2k—2
LH(s, t)g/ o (s=s2 Z | P<i—s5@ll Ll Prerll 2 ds’
0 ko —k| <4

N
o \D2k—2
< / U IPger(s - )l 2 ds'.
0 lka—k| <4

To control the sum we further decompose Pje; = P;(9,¢ - 9x¢) into low-high and high-high frequency
interactions:

Pier=2 ) P(P<i_sd:¢- P0:¢) + Y Pi(Py0:¢- PLdcp). (6-9)
|l —1|<4 I1,L>1—4
[l1—l2|<8

Low-high interaction (i). We first attend to the low-high subcase. For convenience set E;; equal to the
first term of the right-hand side of (6-9), i.e.,

Ein(s, X, 1) == ) Pi(P<_505(s, x, 1) - Pdp(s, x, 1)).
[lh—=1<4



652 PAUL SMITH

By the triangle inequality, Holder’s inequality, Bernstein’s inequality, the definition (6-1) for e (s, -, ¢),

and (6-7), it follows that

1B, Ollz S Y IP(Per—s0s@ - PLds@)llz S > IP<i—s50:0llee | Pyl 2

[hi=1l<4 [h—1l<4
1 )
S D IP<so:0ll=2" 1 Phgll: S IVerlle2 Y 1Pyl
[h=l<4 [h=l<4

S Ier(s, -, DllLx227 () 6(S, 1)(1 +52%) 7.

As we apply this inequality in the case where [ = k;, |k, — k| < 4, we have

S
[ e i las
0 S
<2827y (0)€(S, 1) / e O Jer(s!, L D)l (14522 ds'.
i :

Apply Cauchy—Schwarz. Clearly
1/2

N
1/2
(/ ”’\/el(sla"t)”%fgo ds/> S ||el(‘7'7t)||L/lLoo'
O s X

We postpone applying (6-3) with k =1 to (6-11). As for the other factor, we have

K 1/2
</ e_(s_s )22k—1(1 +S/22k)—20'|ds/> S (S(l +s22k—1)—20|(1 +s22k)—1)1/2
0

since

S
f e O A s’ <s(L+As) (L4 As)"!
0

(6-10)

(6-11)

(6-12)

fors > 0,0 <A <A/, and @ > 1. Hence, applying Cauchy—Schwarz to (6-10) and using (6-11) and (6-12),

we get

N
(s—s\22k=2
/ e OB L D2 ds
0

<27 (o) €(S, D25 2 (14 5227 T (14522972 ey ()1}
Discarding s1/22k(1 4 522172 < 1, we conclude that

S
C(s—g"\02k=2 _ —1\— 1/2
/ e B (Dl ds” S 27 (@) 6, D1+ 522D T ler (D) g0 s1m2)-
0 s LY s

LIL®([0,s]xR2)"

(6-13)

Low-high interaction (ii). We now move on to the high-high interaction subcase, setting Ej;, equal to the

second term of the right-hand side of (6-9):

Enn(s,x, 1) =Y Pi(PL0:(s, %, 1) - Pho(s, x, 1))

l1,b>1—4
[l —l2|<8

By the triangle inequality, Bernstein, and Cauchy—Schwarz,
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1Bl S Y IP(PLcg- Phos@)lie S D 2'11Pydce- PLdcplipy

l1,122174 ll,lzzl74
[h—1]<8 [l1—l2|<8
)
S D0 2Pl Pydegll 2.
l1,Lb>1—4
[li—l|<8

At this stage we apply Bernstein twice, exploiting |/{ — /2| < 8, and get

1Py dxll 2 1Pl 2 S 221 Py vl 2 | Poglla S I PL10: Pl 21 Pl 2

So
1Emnllz2 S2° )7 1P 10: Pl 2| Pl 2

l1,Lb>1—4

[l —l2|<8
Applying Cauchy—Schwarz yields

1/2 1/2 1/2
||Ehh||L;52’( > ||Ph|ax|2<p||i§) ( > ||P12<o||i%) §|||ax|2<o||L;2’< > ||Plz¢||i;) . (6-14)
I|>1—4 L>1—4 L>1-4

As ¢ takes values in S, which has constant curvature, we readily estimate ordinary derivatives by
covariant ones:

9301 S Ve +er. (6-15)
Applying (6-15) in (6-14) and using (6-7), we arrive at

12
IEna(s. -, Ol S ||\/_ez+e1||L321( 3 ||Pzzw||i§)

Ih>1-4

1/2
SI(Ver +e)is, -, 1) 122'6(S, 1) ( D (14527072 2‘2”’2y§<o—>)

h>1-4

1/2
5||<¢e‘z+e1)<s,-,r>||L;2’<6<S,r><1+s221>—"1< > 2‘2"’2y§(a>) . (6-16)

h>1—4

As o > § is bounded away from § uniformly, we may apply summation rule (2-31) in (6-16). Recalling
[ = ky where |ky — k| < 4, we conclude that

IEmn(s, - D2 S I(Ver+ e (s, - D12227 7 y(0) (S, ) (1 4 52%) 77
Integrating in s yields
N
| Rt EMER RS
0

N
<227 (o) 6(S, 1) / O (fer e (s, -, 0 (1452297 ds'. (6-17)
0 X
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We use the triangle inequality to write ||,/e; + e; 2 < ||@||L§ + lle1 |l 2 and split the integral in (6-17)
into two pieces. By Cauchy—Schwarz and (6-12),

N
\92k—2
/ e O ler(s', - D2 (145227 ds’

0 $ 172 § No2k—1 172
5(/ le(s’, -, O3, ds/) (/ e (T2 (] 4 5722720 ds/>
0 i 0

Sller®l 2, (s(1+s2%7H) 72 (1 4 52%)71) 12, (6-18)

To the remaining integral we also apply Cauchy—Schwarz and (6-12):

N
/ O e Dl (45227 ds'
i .

s 12 4 s - 12
S </ ”ez(s/’ ., t)”L}lc ds/) (/ e—(S—S )2 (1 +S/22k)—2(71 ds/>
0 0

S ey (s(1 452271721 (1452271 2, (6-19)

Hence, using Cauchy—Schwarz, (6-18), and (6-19) in (6-17), we conclude that

N
—(s—5)2%=2 —0 —1\—0o
/ e O (s L Ol ds’ 277 i (0)6(S, ) (145227 (ler ()12 +lex(Il,) ). (6-20)
O ’ 5,X

Low-high interaction: conclusion. Combining (6-13) and (6-20), we conclude in view of (6-8) and the
decomposition (6-9) that

LH(s. ) S 27 (@) €(S. (1 +52 D)™ (e 117 + le1 D2, +le20Il)). (6:2D)

High-low interaction. We now go on to bound the high-low interaction. By Duhamel and the triangle
inequality it suffices to bound

s
(e I\92k=2
HL(s, 1) := f e TN | Pe(Pg(s’ - 1) Pegser (s’ - )l 2 s’
0
|k1—k|<4

By Holder’s inequality, (6-7), and Bernstein’s inequality, we have

> PP (s, . 1) - Peser(s, - D)l 2

[k1—k|<4
S D 1Pa@lll P<ksenll o
ki —k|<4
SUP<ser(s. - Dl Y (14522771277 1y, (0)6(S, 1)
[k1—k|<4
S 2K Paiser (s, - Dl 227 yi(0)6(S, (1 452777
Hence

N
HL(s, 1) $ 227" yi(0)(S. 1) / eI (14528 ey (5, Dl 2 ds .
0
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Bounding the integral as in (6-18), we obtain

HL(s, 1) S 27 p(0)€(S. ) (1 + 2% )™ ey (1)l 12 - (6-22)
High-high interaction. We conclude with the high-high interaction. Set

N
HH(s, x, 1) := / e T N PPy (s, %, 1) - Prger (s, x, D)l 2 ds.
\ ;

ki, ky>k—4
|ky—k2| <8

By Bernstein, Cauchy—Schwarz, and (6-7),

Y PP Poedlz S Y 2N PuelliPuenll

ki, ky>k—4 ki, ky>k—4
|ky—k2| <8 |k1—ka2|<8
1/2 1/2
k 2 2
<2 ( > ||Pk1so||L§> ( > ||Pk2e1||L§)
ki >k—4 ko>k—4

1/2
§2k< D A2k, (o), t>2> lleiCs, -, Ol
ki1>k—4

1/2
= llex(s, -, D) 122°6(S, r)( > (1+s/22k1)—2012—2“k1y,q(a)Z) .
ki>k—4

We handle the sum as in (6-16), taking advantage of the frequency envelope summation rule (2-31), and
conclude that

HH(s, 1) 277 (o) 6(S, ) (1 + 52 )™ ler ()l 2. (6-23)
Wrapping up. For the linear term e*2 Pr¢ we have
le*2 Pegoll 2 < e 2 | Pegoll 2 < e 27K (o). (6-24)

Using (6-21)—(6-24) in Duhamel’s formula applied to the covariant heat equation (6-5), we have that for
any s € [0, S],t € (—T,T),
27K Pep (s, -, D)l 12 (1452797 S (o) +LL(Gs, ) +LH(s, 1) + HH(s, 1)
S (@) + 1@, D(ler D1 + eI, +ler®llzz,).

In view of (6-3) with k =1, (6-2) with k = 1, and (6-4), we may split up the s-time interval [0, c0) into
Og, (1) intervals I, on which

1/2 1/2
lex O\ o wrey N2OIT1G gy and  ller® 2z, <w2)

are all simultaneously small uniformly in . By iterating a bootstrap argument Og, (1) times beginning
with interval I}, we conclude that 6(s, ) < 1 for all s > 0, uniformly in ¢. Therefore

IPeo()ll o2 S (1+522)7727%% 94 (0) (6-25)

for s € [0, 00) and o > 24. |
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Remark 6.3. Having proven the quantitative bounds (2-35) for ¢, one may establish as a corollary the
qualitative bounds (2-36) for ¢ by using an inductive argument as in the proof of [Bejenaru et al. 2011c,
Lemma 8.3]. We omit the proof, noting in particular that the argument deriving (2-36) from (2-35) does
not require a small-energy hypothesis.

Proof of (2-35) for v, w. We begin by introducing the matrix-valued function
R(s, x, 1) 1= 35(s, x,1) - @(s,x, 1) — (s, x, 1) - ds(s, x, 1), (6-26)

where here ¢ is thought of as a column vector. The dagger “{” denotes transpose. Using the heat flow
equation (2-11) in (6-26), we rewrite R as

R=A¢p- 9" —¢- Ay (6-27)
= O g 9" — ¢ ") (6-28)

and proceed to bound its Littlewood—Paley projections Py R in L)ZC. Noting that by Bernstein we have
| Pe(@n B - @)l 2 ~ 21 Pe(Omep - 9l 2. (6-29)

we further decompose the nonlinearity Py (d,,¢ - ¢') as

Pe@ngp9") = D Pekadm@ Piy@’ + Y Podng- Peap’+ Y Pu(Pidme - Piyp?). (6-30)
|ka—k|<4 |k1—k|<4 k}(,kgkzkfél
[k1—k2|<

By Holder’s and Bernstein’s inequalities, and by |¢| = 1 and (6-25) with Bernstein,

Y IP<kadnp - Poollz S Y 2Pk aplliell Poglp

ko —k|<4 ko —k|<4
< 2K 4522791279 (o). (6-31)
Similarly,
> MPaOmg - Pekalliz S D I1Padm@ll2 | P<k—aplli
k1 —k|<4 k1 —k|<4
< 2K+ 527791279 (o). (6-32)

Finally, by Bernstein and Cauchy—Schwarz, energy decay, (6-25), and frequency envelope summation
rule (2-31), we get

Y IP(Pyme - Popdliz S D 28 1P0nell 2]l Pogll 2

ki,kr>k—4 ki,kr>k—4
[k1—ka| <8 [k1—ka| <8

k
S2° ) Pl
ky>k—4

S2° )0 (14522727 Ny (o)
ki>k—4
< 2K 45277127 (o). (6-33)
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Using the decomposition (6-30) and combining the cases (6-31), (6-32), and (6-33) to control (6-29), we
conclude from the representation (6-28) of R that for fixed t € (—T, T),

27K PR (s, -, D2 S 221+ 52%) " (o).
As this estimate is uniform in 7', it follows that

2MPeR(9) o2 S 2% (1452 (o). (6-34)
By arguing as in [Bejenaru et al. 2011c, Lemma 8.4], one may obtain the qualitative estimate

sup ((1+9) 722110797 R(5) |, 12 (1 +9) 72107 9 R(5) | ) < 00. (6-35)

s>0

From the Duhamel representation of ¢ and the explicit formula for the heat kernel, one can easily show
the qualitative bound'

o0
[ IR, Dl ds 5,1
0
as in [Smith 2012a, §7]. Hence we may define v as the unique solution of the ODE
v =R(s)-v and wv(o0)=0Q’, (6-36)

where Q' € S? is chosen so that Q - Q' = 0. This indeed coincides with the definition given in [Smith
2012a], since (6-36) is nothing other than the parallel transport condition (¢*V);v = 0 written explicitly
in the setting S? < R>. Smoothness and basic convergence properties follow as in [Smith 2012a], to
which we refer the reader for the precise results and proofs. Our goal here is to exploit (6-36) and (6-34)
to prove (2-35) for v.

Using fOOOHG;T 8,”R(s)||1‘to.-;x ds < oo from (6-35), we conclude that

sup(1 +9)FD21107 9/ (v(s) — Q)L < 00 (6-37)

s>0

for o, p € Z. Integrating (6-36) in s from infinity, we get

o.¢] o.¢]
v(s) — Q' +/ R(s")-Q'ds' = —/ R(s") - (v(s") — Q") ds’, (6-38)
which, combined with estimates (6-35) and (6-37), implies
sup sup (1+5)7/22°% | Pedf v(s)ll 112 < 00, (6-39)
5>0 keZ ’

i.e., (2-36) for v. Projecting (6-36) to frequencies ~ 2% and integrating in s, we obtain

Pr(v(s)) = —/ Pi(R(s") - v(s")) ds’. (6-40)

I'we may alternatively invoke (6-35) as in [Bejenaru et al. 2011c].
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Set

€1 (S.0):= sup  sup sup y(0) " (14525727 PuGs, -, 1) 2.
o€[28,01] s€[S,00) keZ :

That € (S, t) < oo follows from (6-39) and sup; 5 yk(a)_12_5‘k| < oo. Consequently, for s € [S, 00),
1Pcvo(s, - D2 SCi(S. (1 +522) 771277y, (o). (6-41)
We perform the Littlewood—Paley decomposition
PL(R($)V($) = ) PulP<k—aR(5) Pi,v(s))

k2 —k| <4
+ D PP R(5)P<k—av()) + Y Pi(Pok_aR(s)Piyv(s))  (6-42)
ey —k| <4 kozk—4

and proceed to consider individually the various frequency interactions. By Holder’s inequality, Bernstein’s
inequality, and (6-41),

D PP aR$) o)l S D IP<k—aR©) 12| Piyv(s) 10
lky—k|<4 lko—k|<4

SIRG N2 D 221 Poue)ll
|ky—k| <4

SIR® 222 (o) (1 4522716, (S, 1), (6-43)
By Holder’s inequality, |v| = 1, and (6-34),
> IPe(Py R() Pk—av(s)llz2 S I P<k—av(®) e Y P4 Rz

|k1—k|<4 |k1—k|<4
< 2% (1 45227127k (o). (6-44)
From Bernstein’s inequality, Cauchy—Schwarz, (6-41), and o > 2§ with (2-31), it follows that
D IP(PokaR) Pov)lie S Y 251 Pok—aR($) Piyu(s)l 1
ka>k—4 ky>k—4

SHRGIL2 25 D7 I1Puu(s)lz
ko>k—4

SR 25 Y 277y, (0) (1 452%%) 77 g (S, 1)
ko>k—4

SR 22 227Ky (o) (1 + 5227716 (S, 1). (6-45)

Using the decomposition (6-42) in (6-40) and combining the estimates (6-43), (6-44), and (6-45) gives

o0
2Pz = [ 2HIPRE Dz d

N

S [ P2 6 0m©) [ IR+ 52 s,
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Applying Cauchy—Schwarz in s, we obtain

[e.¢]
27| Peo(s) 2 S ve(o) / 2% (1 45'2%%) "7 ds’

g 00 12 / poo 1/2
+<61<s,r)yk<o>(f ||R<s’>||izds’) (/ 22k<1+s’22k>—2(’1+2ds’)
s * s

172
S (@) +€1(s, (o) ( / OOMR(s/)nig ds/) " (6-46)
As noted in (6-15), we have |Ag| < ./e; + e, so it follows from the representation (6-27) of R that
IR(s, x, )| < lei(s, x, )| + | /ex(s, x, 1)]. (6-47)

As (6-47) implies

(o.¢]
2 2
| IROIE ds S lealuy, + lenl

we therefore, in view of (6-2) with k£ = 1 and (6-4), may choose S large so that the integral of the R term
in (6-46) is small, say < &. Then
€1(S,1) S 1+e€,(S, 1),

so that € (S) < 1 for such S. In fact, together (6-2) and (6-4) imply that we may divide the time interval
[0, 00) into Og, (1) subintervals I, so that on each such subinterval

f 1RSI, ds <&
Iy
Hence by a simple iterative bootstrap argument we conclude that
©1(0,1) < 1. (6-43)
As (6-48) is uniform in ¢, we have
IPev(s, . Dll 2 S (1452%) 771277, (). (6-49)

By repeating the argument above with w in place of v (and appropriately modifying the boundary condition
at oo in (6-36)), we get

1Pew(s, - Dl 2 S (1452771277, (o) (6-50)

and sup,.. sup;ez (1+5)7/227%|| Pedf w(s) |l L2 < 00, and so (2-35) and (2-36) follow for w. O
Proof of (2-37). Recall that

Ym =V 0@ +iw- 0@ =—0,V-¢ —i0,Ww - @. (6-51)

Our first aim is to control || Py || por2. We start with a Littlewood—Paley decomposition of 9,,v - ¢:

P (v - @)

= Y P(P<ts50nv- Po@)+ Y PelPrdmv- P<is@) + Y Pi(Pydnv- Pig). (6-52)

lky—k|<4 k1 —k|<4 ki, ky>k—4
|k —k2| <8
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To control the low-high frequency term we apply Holder’s inequality, energy decay, and (6-25) with
Bernstein’s inequality:

Y IP(Pat50mv- Po@dlliz S Y I1P<ksmvll2l| Pogllis
|ky—k|<4 lko—k|<4

< (145227 012k27ky, (o). (6-53)
We control the high-low frequency term by using Holder’s inequality, |¢| = 1, and (6-49):

> PPy dnv - Pais@)llz S Y P dmvll 2|l P<isgllL
|k1—k|<4 |k —k|<4

< (1 +s2%)y=012k2=ky, (o). (6-54)

To control the high-high frequency term, we use Bernstein’s inequality and Cauchy—Schwarz, energy
conservation and (6-25), and (2-31):

Y IP(Pudnv-Po@llin S D 28 1Pqdmvll 2| Pl 2

k],kzzk—4 k],kzzk—4
[k1—ko| <8 [k1—k2|<8
S22 (14527%0) 7270y, (0)
kry>k—4
< (14522 7012k27ky, (o). (6-55)

We conclude using (6-53), (6-54), and (6-55) in representation (6-52) that
I Pe@mv - @)l 2 S (14527771227 y, (o). (6-56)

By repeating the argument with w in place of v, it follows that (6-56) also holds with w in place of v.
Therefore, referring back to (6-51), we conclude that

1Pcm 2 S (14522771227 y, (o).

As this bound is uniform in z, (2-37) holds for .
Recalling that

A =0,V -w,
and repeating the argument with w in place of ¢ and (6-50) in place of (6-25), we conclude that

IPcAx ()l o2 S (145277125277, (6). O

7. Proofs of parabolic estimates

The purpose of this section is to prove the parabolic heat-time estimates stated in Section 4A. Many of
these estimates have counterparts in [Bejenaru et al. 2011c]. Nevertheless, our proofs are more involved
since we only require energy dispersion, which is weaker than the small-energy assumption made in
[Bejenaru et al. 2011c]. Some of the L? estimates in Section 7B are new.
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Throughout we assume & energy dispersion on the initial data as stated in (4-4) and we assume that
the bootstrap hypothesis (4-6) holds. Let oy € Z be positive and fixed. We work exclusively with
o € [0, o1 — 1], even if this is not always explicitly stated. Set ¢ = 81/ > for short.

In this section we extensively use the spaces defined via (3-2). They provide a crucial gain in high-high
frequency interactions, which is captured in Lemmas 7.2 and 7.14.

Lemma 7.1. Let f € L{ (T), where |ky — k| <20, let 0 < ' < 1/2, and let h € L{(T). Then

I Pc(fONFcry S WA llgliegs,
k /
1P et oy S MM Ey )27 N8 270t e
ke k
1Al Les, + 25 Al 20 oo S 27 RN R -

L~
Moreover, for fi,, gk, belonging to Lil (T), Liz(T) respectively, and with |k — ka| < 8, we have

1Pk (fi 8k 5 1yns 27 S 2kl lIsg (1)1l gk, ||s£2<T)-
Proof. For the proofs, see [Bejenaru et al. 2011c, §3]. O

Lemma 7.2. Assume that T € (0,2%"], f, g € H®°(T), Py f € Fi(T)N SP(T), Prg € Fx(T) for some
wel0,1/2)and allk € 7, and

= > 1P fllFymynsecry,  Bx = > IPglle .
[ —k|<20 | —kl=<20
Then, for any k € Z,
1P sty S D2 (Brerj + o) +25 20700,
j=k jzk

Proof. For the proof, see [Bejenaru et al. 2011c, §5]. U

7A. Derivative field control. The main purpose of this subsection is to establish the estimate (4-12),
which states that

I P () || oy S (14522727 by (0).

In the course of the proof we shall also establish auxiliary estimates useful elsewhere. Estimate (4-12)

plays a key role in controlling the nonlinear paradifferential flow, allowing us to gain regularity by

integrating in heat time. The proof uses a bootstrap argument and exploits the Duhamel formula.
Recall that the fields ¥, Ay, @ = 1,2, 3, (V3 = ¥y, A3 = A,) satisfy (2-20), which states that

(as - A)wa =U,.
We use representation (2-22) of the heat nonlinearity:

Ug :=2i A1 Vo +i (3 AN Ve — A2V +i Im(Yo V) Y.
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Hence v, admits the representation

S
Vo (s) = e g (s0) + / ST (s)) ds’ (7-1)
50
for any s > s9 > 0.

For each k € Z, set
atk) = sup (1+52°)* 3" | Py ()| o)
5€[0,00) 12
m s
and for o € [0, o1 — 1] introduce the frequency envelopes
ax(o) = sup 2~ k=i12% 4 (). (7-2)
jez

The frequency envelopes ai (o) are finite and in 2 by (2-38) and (3-1).

Our goal is to show a (o) < by (o), which in particular implies (4-12).

Lemma 7.3. Suppose that . satisfies the bootstrap condition
1P ) st 2y < €5 201 +5229 7% (7-3)

Then (4-12) holds.

We can take ¢, = 811 / 10, for instance. As in [Bejenaru et al. 2011c], this result may be strengthened:

Corollary 7.4. The estimate (4-12) holds even when the bootstrap hypothesis (7-3) is dropped.
Proof. Directly apply the argument of [Bejenaru et al. 2011c, Corollary 4.4], which we omit. O

The sequence of lemmas we prove in order to establish Lemma 7.3 culminates in Lemma 7.11, which
controls the nonlinear term of the Duhamel formula (7-1) by 27Kai (o) along with suitable decay and an
epsilon-gain arising from energy dispersion. Its immediate predecessor, Lemma 7.10, controls P, U, in
Fi(T).

Referring back to (2-22) and seeing as how U, contains the term 2i A;0;v,,, we see that in order to
apply the parabolic estimates of Lemma 7.1 toward controlling P, U,,, it is necessary that we first control
Py A, in Fi.(T) in terms of the frequency envelopes {a;(0)}, and it is to this that we now turn.

For k, ko € Z and s € [2%k0~1 22%kot1) qet

—ko
Y ajaj(o) if k+ky <O,
bys(0) = § j=k

2k+k0a_k0ak (o) ifk+ky>0.
Let 6 be the smallest number in [1, 00) such that
1PeAm O sty < 60 +35229) 74277 by 5 (0) (7-4)

foralls €[0,00),keZ,m=1,2,and o € [0, o1 — 1]. While this constant is indeed finite, it is not a priori
controlled by energy. To show that € is indeed controlled by energy, we use the integral representation

An() == f I, (1 + Ay () dr (7-5)

=12
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and seek to control the Littlewood-Paley projection of the integrand in Fy(7T) N S,:/ 2(T). We treat
differently the two types of terms in (7-5) that need to be controlled. In Lemma 7.5 we bound terms
of the sort Py (wxwx) and Py (Yy ax@) in Fi.(T)N S,:/Z(T). In Lemma 7.6 we combine the estimate on
Py (Y. r,) with (7-4) to obtain control on Py (1,1, A,), gaining an epsilon from energy dispersion. Using
(7-5) and exploiting the epsilon gain from energy dispersion will lead us to the conclusion of Lemma 7.7:
€ < 1.

We use the following bracket notation in the sequel:

(f) =1+ fH"2

Lemma 7.5. Forany f, g € (Y, ¥, :m=1,2},r €[2272,22/%2], jeZ,i=1,2,and 0 €[0, 01 — 1],
we have the bounds

1PCF O sy S 27277 27 o jamaxi— ) (@) (7-6)
and
1PCF O8N g, rynstary S (27 P27 27 a2 (o) +27 aj(0). (7-7)
Proof. By Lemma 7.2 with w = 0 we have
1P sty S D 2owbr+ ) 2enfy. (7-8)
1<k 1>k

where, due to the definition (7-2), ox and Sy satisfy
a ST a(0), B S 27 . (7-9)

Turning to the high-low frequency interaction first, we have using (7-9) and the frequency envelope
property (2-29) that

> Ao < 1Bk ia Y 1) T8 g (o). (7-10)
1<k 1<k
Thus it remains to show that
> @Iy T8 2 gy (0) S amask,— ) (0), (7-11)
I<k
which follows from pulling out a factor of a; (o) or a_;(o), according to whether k + j >0 ork+j <0,
and then summing the remaining geometric series. In case k + j < 0 we pull out a factor of a_ (o) via
(2-29).
Turning to the high-high frequency interaction term, we have
Z 21011,81 S <2j+k>—82—6k2—ja_j Z<2j+l>—82j+123 U—Hla[(O'), (7_12)
1>k 1>k
and so it remains to show that

> @t T8 gy (0) < amaxik,— ) (0).- (7-13)
1>k
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When k + j > 0, we have, using (2-31),

D @I TR (0) Sar(o) Y 2PV S (o).
I>k 1=k

If k4 j <0, we control the sum with (2-30) if [ 4+ j < 0 and with (2-31) if / + j > 0. Hence (7-13) holds.

Together (7-8)—(7-13) imply (7-6).

To establish (7-7) we follow a similar strategy. By Lemma 7.2 with v = 0 we have

| PCS G sty S D 2 b+ ) 2ewpi+ ) 2y,
1<k 1>k 1>k
where for any o € [0, o1 — 1] we have

a S (2P o) and B S (27 TP ar(0).
Beginning with the low-high frequency interaction, we have
Y dap S @I b (0) Y (7)) 2,
I<k I<k

and so it remains to show that

> @it le $2a .
1<k

(7-14)

(7-15)

(7-16)

(7-17)

If k+ j <0, then (7-17) holds due to (2-30). If k + j > 0, then we apply (2-30) and (2-31) according to

whether /[ + j <Qorl/+4j > 0.
Turning now to the high-low frequency interaction, we have

Y ey S @) IR0 2R a(o) Y (@I 82kl gd Il

1<k 1<k
We need only check that
Z<2j+l>—821—k21+j25|1+j\ <1,
I<k
which can be seen to hold by breaking into cases k4 j <0 and k+ j > 0.
We conclude with the high-high frequency interaction:

D a7 I Y () Ty (0)a

I>k 1=k

5 <2j+k>—82—0'k2—2jajaj (O_) Z<2j+l>—8221+2j225|l+j“

1>k
Here

Z<2j+l>78221+2j225|l+j| <1,
1>k
which is seen to hold by considering separately the cases k + j >0, k+ j < 0.
Combining (7-16)—(7-20), we conclude (7-7).

(7-18)

(7-19)

(7-20)
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Lemma 7.6. Let
F) e, (M) :m,1=1,2}, gr)e{Au(r):m=1,2},

and r € [2%72,22/%2). Then

€627k 2 %a_;a_; (o) k+j<0
< J J —
||Pk(fg)(r)”Fk(T)ﬂS;/z(T) ~ {8(6 <2j+k>—82_gk2_2jbk’r(0—) k +J Z 0
Proof. We apply Lemma 7.2. By (7-6) and (7-4) we have
ap(r) S277F QYR g aman e, ) (0), (7-21)
and .
Br(r) S 627K/ Bpy (o), (7-22)

for any o € [0, 01 — 1].
We consider six cases, treating separately the low-high, high-low, and high-high frequency interactions,
which we further divide according to whether K+ j >0 or k+ j <O.

Low-high frequency interaction with k + j > 0. Using (7-21) and (7-22), we have
DY SCI T2y 0) ) 22V, (7-23)
I<k I<k

and so it remains to verify that
> 22%e Se. (7-24)
I<k

Taking o = 0 in the bounds (7-21) for «; and using (2-29), (2-31) yields

3 212%0; 5 32 822227 a_ e,

I<k 1<k
— Z 21+ja2 4 Z (2j+l>—821+ja jar < a2 ) +612 ) Z <2j+l)—82(1+8)(l+j) <g
-J - ~ = -J ~
I<—j —j<I<k —j<I<k

which proves (7-23).

High-low frequency interaction with k + j > 0. Taking 0 = 0 in the bounds for b; ,, we have
Y 2ap SCRI I 2y (o) Y (27 T8 ey, (7-25)
I<k <k

and so it remains to show that

Z<2J’+I )82 kp, <. (7-26)
I<k
We split the sum as follows:

—J
Z<2j+l>*8217kbl’r — Z (2]‘4’1)*8217]( Zag _|_ Z <2j+l>*8217k21+ja_jal‘

1<k I<—j q=l —j<l<k
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The first summand is controlled by

AR kzaagazjzzl k22—26<f+q><a2 <e.

I=—j l=—j
The second summand by may be handled similarly, thus proving (7-26).
High-high frequency interaction with k + j > 0. Taking o = 0 in the bound (7-22) for 8;, we have

22 arf <7 82]‘221 27 g (0) 62 a_ja

1>k I>k
S(@ <2j+k>_82_0'k2_2jbk,r (O’) Z<2j+l)-82l—k25(1—k)2l+ja_jal’ (7_27)
1>k
and so it remains to show that
Z<2j+l)—821—k28(l—k)2l+ja_jal 5 e, (7-28)

1=k
which follows, for instance, from pulling out a V1a (2-29) and summing.
In view of (7-23)—(7-28), it follows from Lemma 7.2, with w = 0 that
IPCfR O gy sty S €627 277827 by (0)  fork+j 20 (7-29)

as required.

Low-high frequency interaction with k + j < 0. In this case it follows from (7-22) that

—J
Br < @2k Z apap(o),
p=k
so that

—J
Y 2dop €2 *2Vaja ;Y apay(o) Yy (27H) 78
I<k p=k 1=k
S€272Ma_ja_j(0)-a; Yy a,2700tR Y "ol (7-30)
p=k I<k
It remains to show that
a_; Za 2=8(j+p) ZzH—J <eg,
1<k

which follows from pulling out a,, as an a_; via (2-29) and summing.

High-low frequency interaction with k + j < 0. In this case

Y A S62aja (o)) 2 Zap, (7-31)

1<k 1<k
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and so we need to show that _j

IECDRTEN

i<k p=l
which follows by pulling out a2 j and summing.
High-high frequency interaction with k + j < 0. As a first step we write
ok Zz(lfk)/zalﬁl — ok Z 20-0/2, 8, 1 2k Z 20012, 8,
1>k k<l<—j [>—j

The first summand is controlled by

—J
2k Z 2(l_k)/2alﬁl 5 %2_“k2_2ja,ja,j(o) Z 2(l—k)/22k+j2—cr(l—k) Zai

k<l<—j k<l<—j p=l

We have

—J
(I—k)/2~k+jr—0o(I—k) 2 2 Ak+j)/2 =28(j+D)
S BRI S < 2 IR S 2B <
=l

k<l<—j P k<l<—j

which establishes the desired control on the first summand.
The second summand is controlled by

2k Z 2(1—/()/2&”31 5 2k Z 2(l—k)/2<2j+l>—82—0'12—ja_jal(0)(€<2j+l>—82l+ja_jal

I=z—j Iz—j

< (6270—]{272]'(1_]'@_]' (o) Z z(l*k)/22k+j2(1+5)(l+j)a_jal’
I>—j
and so it remains to show that

Z 2(l_k)/22k+j2(1+5)(’+j)a_ja1 <s,
Iz—j

which follows from pulling out a2 j and summing.
Combining (7-30)—(7-35), we conclude from applying Lemma 7.2 with @ = 1/2 that

”Pk(fg)(r)”Fk(T)ﬂS;/Z(T) ,.S 8%2_‘7k2—2ja_ja_j (o‘) for k +_] =< 0’
which, combined with (7-29) completes the proof of the lemma.
Lemma 7.7. For any k € Z and s € [0, 00) we have

1PARO gy ynstz iy S A +5229 7427 by (o).

Proof. From the representation (7-5) for A,, it follows that

o
1Pl sty S / | Pel DBV o5ty A

o0
+/ 1B VL AL g, )52 ) AT

667

(7-32)

(7-33)

(7-34)

(7-35)

(7-36)
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Taking ko € Z so that s € [2%%0~! 22ko+1y and using (7-7), we see that the first term is dominated by

22j+1

> / P M) gy iy dr S22 QI ajano) +aja (@) (7-37)
jzke? 2 jzko

‘We claim that

D @I a (o) +ajaj(0)) S A +52%) b (0). (7-38)
Jj=ko

When k + kg > 0, it follows from (2-29) that the left-hand side of (7-38) is bounded by

2k0+k(l_k0ak(0') Z <2j+k>—8 (2j—k028(j—k0) + 2—k0—k23(j—k0)25(k+j))

Jzho S bes(o) 3 (2IH) B QUG 4 BNt 220G —k) - (7.39)
J=ko
and so it suffices to show that
Z (27K =820 —ko) < (J+koy—8 (7-40)

J=ko

which follows from series comparison, for instance.

Together (7-40) and (7-39), show that (7-38) holds for k 4 ko > 0.

If, on the other hand, k + kg < 0, then we split the sum in (7-38) according to whether j +k <0 or
Jj +k > 0. In the first case,

3@ a_ao)tasjaj(0) S 2O o o) + Y (27 e ja(o). (7-41)
ko<j<—k ko<j=<—k
Then
Yo @M ja) S YD @R aja (00270 ~ (14527 Ty (). (7-42)
ko<j<—k ko<j=<—k
When j + k > 0 we have
Y@M jao) +aja_j(0)) Sarar(o) Y (2T TEIQIUTR 4 9200,

j>—k j>—k
S by s(0). (7-43)

Therefore (7-41) and (7-42) imply (7-38) holds when k + ko <0 and j + k < 0 and (7-43) implies it
holds when both k +kp <0 and j +k > 0.
Having shown (7-38), we combine it with (7-37), concluding that

/ 1Pl VL) g st 2y dr S (14522974277 by 5 (). (7-44)
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We move on to control the second term in (7-36). By Lemma 7.6 and (7-38), this term is bounded by

22]+1

> [ IR OO A g

J=ko

S627%e Y (I BA_(k + jla_jaj(0) + Ly (k+ /)by 2 (0))
J=ko

S 6277k (20T B, ok (0). (7-45)
Together (7-36), (7-44), and (7-45) imply that

|| P A 277K (1 4 52%) by (o) (1 +6e),

m(s) ”Fk(T)ﬂSI/Z(T) ~
from which it follows that € < 1+ 6 and hence € < 1, proving the lemma. O

Lemma 7.8. We have

27k 27ia_;a_; fk+j<0
|PARO sty S {8 DN AR
e279 27 by pj(0) ifk+j>0.

Proof. We apply Lemma 7.2 with f = g = A; and w = 0 so that

| PACAT Dy sty S D 2owBr+ ) 2.

1<k 1>k
where

ap <2702 B (o), B S @0 By

Case k 4+ j < 0. We first consider the case k + j < 0 and proceed to control the high-low frequency
interaction. We have

> 2o S277FD 2 by (0)by 2 $27 f’kza,,ap(a)z ZZaZ

1<k 1<k I<k q=l

< 2—<7k a_ja_; () 22—26(14-17) Zzl 2 Z 2—28(]+q) (7-46)

1<k

It remains to show that
—J
22 28(j+p) Zzl 2 22728(j+q) <e, (7-47)
1<k q=l
which follows from bounding a> ; by & and summing. To control the high-high interaction term we first

Y 2api s Y dap+ )y 2up. (7-48)

1>k k<l<—j I>—j

split the sum as
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The first summand is controlled by

> 2o 27 Y 2y pi(0)by e S277F27 Y 2f+lza a,,(a)zaj.

k<l<—j k<l<—j k<l<—j

Pulling out a> ja—j(0) and summing implies
Z doap <e27* 27 a_ja_;(0). (7-49)
k<l<—j
The second summand is controlled by
> 2o $277F Y2127 By i (0)by 2
I>—j I>—j

<ok Z 2127822 ey (o) S 2772 aja (o). (7-50)
[>—j

Combining (7-46)—(7-50), we conclude that

| P A7 e277%27a_ja_;(o) fork+j<O0. (7-51)

(r)”F (T)ﬂsl/z(T) N

Case k + j > 0. We now consider the case k 4+ j > 0 and turn to the high-low frequency interaction,
splitting it into two pieces:
Y <Y Qi+ Y Qb (7-52)
1<k I<—j —j<l<k
The first summand is controlled by
Y 2o S22 b (o) Y 22T By (7-53)
I=—j I<—j
and so we need to show that

> 2@y S, (7-54)
I=—j
which follows from

—J
Y 2h £ Y 2 Y 2 <a2, Y 2000 <
I<—j I=—j p=l I==j
The second summand in (7-52) is controlled by
D o S22 by () D (21T 20 TN g, (7-55)
—j<l<k Jj<l<k
where we note that

Z <2J+l>*8221+2ja_jal < afj Z <2j+l>*82(2+5)(1+j) <. (7-56)
—j<l<k —j<l<k
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We now turn to the high-high frequency interaction. We have

> 2ap <)y 22700 2 a? s (0)
>k 1>k

S 27okpmIok g N gk =R (074 =824 gy (o)

1>k
—okn—j A i+1\ =8~ (1+8)I—k)n20+]) ,, .
<2727 by ;i (0) IZI;(z/ )82 2XHDg_q. (157)
It remains to show that
Z<2j+l>—82(1+8)(l—k)22(l+j)a_jal <, (7-58)
1>k
which follows from bounding a_ ;a; by & and summing.
Together (7-52)—(7-58) imply that
IPAT O sy S 827727 by 21 (0) fork+j 20,
which combined with (7-51) implies the lemma. [l
Set .
27la_;a_; ifk+j <0,
2% a_jar (o) ifk+j>0.
Lemma 7.9. Let r € [2272,221%2] and let
Fe {Alz, NA, fg:l=1,2; f g €{¥m ¥, :m=1,2}}.
Then
1PF ()] 2y S 277827 (o). (7-60)

Fi (T)NS,' ™ (T) ~

Proof. If F = A?, then (7-60) is an immediate consequence of Lemma 7.8 when k+ j < 0. If k + j > 0,
then Lemma 7.8 implies

| P A7 <e27k 7 g_a (o),

N g rynsi )

and multiplying the right-hand side by 2K*/ yields the desired estimate.
Consider now the case where F' = 9;A;. By Lemma 7.7, we have

1Pe@ AN g g2y S 29427 7527 by 21 (0). (7-61)
When k + j > 0, we rewrite (7-61) as

IPL@AN O g sy S 27277 22 a_jan (o),
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which is the desired bound (7-60). If k + j <0, then (7-61) becomes

—J
|PC@AD D g gty S T2 apay (o)
p=k

< Ithy 8k Tig_a (o) = (27T 827 ¢y (o).

If F = fg, fg as in the statement of the lemma, then (7-60) follows directly from (7-6) when k+ j <0.
If k4 j > 0, then to get (7-60) we multiply the right-hand side of (7-6) by 2%/+2k, O

Set
di.j = (27T 827Kk (g () +-273KFD 2 (). (7-62)

Lemma 7.10. We have
1 PUn ()l sty S €627 7277 2% (@ (0) + 270 Ra_j(0)) =2 di .
Proof. Using now (2-21) instead of (2-22), i.e., taking now
Uy =i A10Va + 18 (AiVa) — Aivre +i Im(Yo 1) ¥,

we have that it suffices to prove that

| PCE G LD gy s 2y + 2T PECAKE F Dy 2y S s
where
Fe{A?, %A, gh:1=1,2; f,he€{¥m ¥, :m=1,2}}
and f € (Y, ¥,, : m =1, 2}. We consider the terms P;(Ff), and Py(Af) separately.

Controlling Py (Ff). We apply Lemma 7.2 to P,(Ff), handling the different frequency interactions
separately and according to cases. We record a consequence of (7-60):

e S (27827 (o),
Let us begin by assuming k 4 j < 0. For the low-high frequency interaction, we have

Z 2B <27%ar (o) Z 2l S27% (o) Z 27ia? 27722 (o). (7-63)
I<k I<k I<k
In a similar manner we control the high-low frequency interaction by
Y dap S2%a(0)Y Qa2 ajaj(0) Y 2a S22 a(0). (7-64)
1<k 1<k 1<k
The high-high frequency interaction we split into two sums:

26N 200y g <ok N 202y gy 408 N 20702 By (7-65)
1>k k<l<—j I>—j
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We control the first summand using the definition (7-59) of ¢ (o), the frequency envelope properties
(2-29), (2-30), and energy dispersion:

2k Z 2(l—k)/2allgl S 2k Z 2(1_]()/22_0101’]'(0’)611

k<l<—j ksi<—j
5 2—Uk2k—ja_j(o-)a_j Z 2(l_k)/2a[
k<l<—j
S2_0k2k_j2_(k+j)/2a_j(O’)Cl_j Z 2(l+j)/2al
k<l<—j
< g2k k=i~ kN2 (o). (7-66)

In like manner we control the second summand:

2/( Z 2(l_k)/20l[,31 5 2k Z <2j+l)—82(l—k)/22—alcl’j(o,)al

I=—j I=z—j
g 2k Z <2j+l>—82(1—k)/22—01221+ja_jal(O,)al
I>—j
< e27okpkmin= kD2 (o). (7-67)

Combining (7-63)—(7-67), we conclude that
1PCE () f D sty S 277277274 a_j(0), k+j <0. (7-68)
We now turn to the case k + j > 0. In the low-high frequency interaction case, we have

> 2y S I (0) Y (27 Ry
1<k 1<k

S <2j+k>78270k22kak (o) ( Z 2172k27ja%j + Z (2j+l>8212k21+ja_jal) . (7-69)
I<—j —j<l<k

To estimate the first term we use

a%] Z 21—k2—j—k S 82_(j+k) . 2_(j+k) <e, (7_70)
I=—j

and for the second
a; Z <2j+l>—823l+j—2kal —a_; Z (2j+l>—821+j221—2kal
—j<l<k —j<l<k

Sa_jap Yy (27H) T8RN0 < (7-71)
—j<l<k
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In the high-low frequency interaction case, we have

> 2o < I IR (o) Y 1) R

1<k 1<k

S <2j+k>—82—ak22k+ja_jak(O.) Z<2j+l>—82lal
1<k
S (2j+k)_82_0k22kak(a)aij.
In the high-high frequency interaction case we have

Y dap Y M) R4y (o)

>k 1>k
S <2j+k>—82—o'k Z<2j+l>_82101<U)22l+ja—jal

1>k
S <2j+k>*8270’k22kak(0)a%j‘

From (7-69)—(7-73) we conclude that

| PCE () f D sty S €27 7527 2% a (o), k+j 20,

Controlling 2% P, (Af). We now apply Lemma 7.2 to P;(A; f). Note that
ax S 27727 by, (o)

because of Lemma 7.7, and that
B < (27 827 ay (o).

We begin by assuming k£ 4 j < 0. The low-high frequency interaction is controlled by

—J

Y doupe S27%ar0) Y 2" af
1<k 1<k p=l }
—J
S 2fak275(k+1)azja_j (o) Z ol Z 2=2(j+p)
i<k  p=l
Summing yields

26N "y B S22k KRG 4 (o).
<k

Control over the high-low frequency interaction follows from

Y 2 278 apay0) Y 2a

1<k p=k 1<k

< 2k2_"k2_28(k+j)a,jaka,j (o).

(7-72)

(7-73)

(7-74)

(7-75)

(7-76)
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We now turn to the high-high frequency interaction. We begin by splitting the sum:

2k Zz(l—k)/Zal'Bl 5 2k Z 2(l_k)/2alﬂl +2k Z 2(1_")/2041/31.

1>k k<l<—j I=—j
Then _
—J
ok Z 2(1—k)/2alﬂl < 2k2—aka_j(o_) Z 2 (1=k)/25=8(j+1) Zai

k<l<—j k<l<—j p=l
$2°277 M D262 a (o).

As for the second summand, we have

2k Z z(l—k)/QalIBl S 2/( Z <2j+l>—82(l—k)/221+ja_jal(U)z—alal

I>—j [>—j
kna—ok~n—(k+j)/2 2
S22 DG (o).

Combining (7-75)— (7-79) yields

2k ||Pk(Al (r)f(r)) ”Fk(T)ﬂS]i/z(T) S 822k2_6k2_(k+j)/261_j (O'), k _|_] S 0.

675

(7-77)

(7-78)

(7-79)

(7-80)

Now let us assume that k 4+ j > 0. The low-high frequency interaction we first split into two pieces:

ZZazﬂk Z 2oy i + Z 2oy ..

I<k I<—j —j<l<k

For the first term, we have

—J
> 2o S QP2 ae) Y Y ar

I=—j l=—j p=l '
—J
S <2]+k>—82—0ka3jak(o_) Z 2l 22—23(]-‘1-[7).
I==j p=l
Then
Z 2l 22 26(j+p) < Z 212 28(j+1) < 2= Jj < 2](
I<—j p=l I<—j

As for the second summand,
Z 210[1,3]( 5 <2j+k>—82—(7kak(o_) Z (2j+l>—82121+ja_jal
—j<l=<k —j<l<k

S @R ka? ey (o).
The high-low frequency interaction is controlled by

Zzlaklgl j+k 82—0k2k+]a dk(O’) Z ]+l 821al
1<k 1<k

< @277 a? an (o).

(7-81)

(7-82)

(7-83)

(7-84)

(7-85)
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Finally, the high-high frequency interaction is controlled by

Zz’alﬂ, < Z(2f+’>—82’21+fa,,a12—“la,(o)
1>k 1=k

< ItHy T8k a aray (o).
Thus, in view of (7-81)—(7-86), we have shown that
2N PAN) f N sty S €@ 2772  ak(0), k+j 2 0.
Combining (7-68), (7-74), (7-80), and (7-87) proves the lemma.

Lemma 7.11. We have

<e(14 522427k g (0).
Fo(T)NSY*(T)

N
/ e(S—S,)APkUm (s/) dS/
0

(7-86)

(7-87)

Proof. Let kg € Z be such that s € [22ko—1 22ko+1y If k + ko < 0, then it follows from Lemma 7.10 that

92j+l

S E / | PeUp ()|l 12, dr
~ ; F(T)NS*(T
Fk(T)ﬂS]i/z(T) ‘<k0 22j-1 k( ) k ( )

s
f A PUL, (r) dr
0

S Z 22j82—(7k22k(ak(0.) +2—3(k+j)/2a_j(o.))

Jj=<ko

,S 82—0’kak(o_) Z 22k+2j(1 +2—3(k+j)/22—5(k+j))

J=<ko
< e27% a1 (0).

On the other hand, if £ + ko > 0, then

s/2
5/ le“2 PU,y ()] 12, dr
) 0 m F (T)NS,'~(T)

S
f eSIAPU,(r) dr
0

F(T)nS,?

S
+/w““&%mn
s/2

S Z 2_20(k+k°)22jdk,j + 22k0dk,k0
J=<ko

< 27 20(ko+k) Z X dy i+ 2K dy g,
Jj=<ko

By Lemma 7.10 and the fact that k + ko > 0, we have

2_2kdk,ko S 8<2ko+k>—82—akak(o,)

F (T)NSy*(T) dr

(7-88)
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and
7—20(ko+k) Z 22jdk’j < 2~ 20(ko+o) Z g (21 +ky=8p—okp2k (22jak(o_) + 2j/22—3k/2a_j(0))
J=<ko J=<ko
< 82—Ukak(o_)2—20(k()+k) Z <2j+k>—8 (22j+2k + 2(j+k)/223|j+k|)
J<ko
S e 27 gy (o),
which, combined with (7-88), completes the proof of the lemma. (I

Lemma 7.12. The following bound from (4-12) holds:
1P O sty S (322972778 by (@),

Proof. In view of (7-1), we have

Ptim(s) = ¢ Pt (0) + / e Py () dr.
0

Then it follows from Lemma 7.11 that
1P ) g, sty S 277 (1452297 li(0) +ear(0)). 0<o <o 1.
Therefore ai (o) < by (o) + €ax (o) and hence
ax(0) S b (o), (7-89)
as required. Il

7B. Connection coefficient control. The main results of this subsection are the L7 . bounds (4-14) and
(4-16), respectively proven in Corollary 7.19 and Lemma 7.21, and the frequency-localized Ltz’ . bounds
(4-15) and (4-17), respectively proven in Corollaries 7.20 and 7.22.

Lemma 7.13. Let s € [22/72,22/%2], Then
| PeCANS Wi )| g sty S £ 452297 (5229752427 by (o).
Proof. Using (7-80) and (2-29), we have
2N P(ALS) Ym O g sty S €227 27120 D gy (o). (7-90)
Combining (7-90), (7-87), and (7-89) then yields

e(s2%) 382k =kp (6)  ifk+j <O,

<
1PCALOYm N g 7)) S {8(1 + 522542k % (o) ifk+j >0,

which proves the lemma. ([
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Lemma 7.14 [Bejenaru et al. 2011c, §5]. Assume that T € (0,2%"], f, g € H*(T), Py f € SP(T), and
Prg e Lf’x for some w € [0, 1/2) and all k € Z. Set

= Y UIPiflsary, vei= Y IPglis .

|j—k|<20 |j—k|<20
Then, forany k € Z,
IPCfONs, S Y 2w+ 282w 4283 070U 0 0,
J<k <k Jj=k

Lemma 7.15. We have

IPeys )3, + P Ol 2 S 2%(1 +Zb5).
J
Proof. We only treat v, (0) since ¥;(0) and v, (0) differ only by a factor of i. As ¥,(0) =i D;(0)y;(0),
we have
V1 (0) = 19,91 (0) — A (0)¥(0).
Clearly
1Py Ol s < 25N Pere O) s < 2D

For the remaining term, we apply Lemma 7.14, bounding P; A;(0) in Sjl./ 2 by > » b%), which follows from

Lemma 7.7. We get

”Pk(Al(O)w[(O))”L4 <22J(Zb2)b +Zz(k+})/2<zb2)b +2k22 @] k)/2<Zb2)

<k <k ji=k
Therefore

1PeCA O s S 2%bs <Z b§>. m
Corollary 7.16. We have /
1P Ol s+ I Pt Ol s, S 2k2“"bk<a)(1 + Zb?)-
J
Proof. Without loss of generality, we prove the bound only for v,. We have
1P O)ls <251 POl s < 25277 by (0).

It remains to control P (A;(0)y;(0)) in Lf',x. The obstruction to applying Lemma 7.14 as we did in
Lemma 7.15 is the high-low interaction, for which summation can be achieved only for small o. If we
restrict the range of o to 0 < 1/2 — 24, then we ensure the constant remains bounded and can apply
Lemma 7.14 as in Lemma 7.15.

For 0 > 1/2 — 26, we can still apply the bounds of Lemma 7.14 to the low-high and high-high

interactions. For the remaining high-low interaction, we bound A;(0) in L% and v¥;(0) in LC>O In

t,x
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particular, we have, thanks to (7-95) and Bernstein, that

> IR A Py ODl s S Y 1P AN 1P (0) s

[j1—k|<4 [j1—k|<4
Jask+4 Ja<k-+4

S D 2yb; @22 PO
lj1—k|<4
Ja<k+4

SJ Z Z_Ukbkbk(a)zjzbjz
Ja<k+4

S 27 Bbk(o) Y 2R < 07tk i (o). O
ja<k+4

Lemma 7.17. We have

IPrs )l s, + 1Pl s < (1 +s22’<>—22’<5k(1 + Zbﬁ).
J
Proof. We treat only ¥, (s) since the proof for ¥ (s) is analogous. From (7-1) we have

S
Ui(s) = ¢ 0) + / S AYL () dr.
0
We claim that

)
/ eSIAPUL(r) dr
0

< o(1+s2222kp, (1 b%), 7-91
Lﬁw( +527%) 7228y +;] (7-91)

which combined with Lemma 7.15 and a standard iteration argument proves the lemma.
As in the proof of Lemma 7.11, we take

Fel{Al, 94, fg:1=1,2; f, 8 € {(Ym, ¥ :m=1,2}}.
By (7-60) and (7-89) we have
| PF ()l gy S €2 (1452272522 752 by (7-92)
Moreover, by Lemma 7.7,
1PAI g1y S €21 +52%) 73522971 by. (7-93)

Applying Lemma 7.14 with w = 1/2 yields
IPLCE )Y () A+ 250 PCA Y )l e, S el +s22k>—2<s22’<>—7/82’<15k(1 +> b?) (7-94)
J
Integrating with respect to s yields
/Os(l + (s =25V A 422222 gr <272 (1 4522072,

which, together with (7-94), implies (7-91). [l
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Lemma 7.18. We have
1PeAR Ol 4, S 277 bibi(0). (7-95)

Proof. We have
1Pt () 150 S (14522974277 by (0)

and
IPeDY) )l s S (1452772 (22 782277y (o).

Applying Lemma 7.14 with w = 0, we get

POl € 3 fo | Pe ) D (5D ds

1=1,2
o
SZUkijbk(a)ZHk/ (1452773 (52238 gs
J<k 0 ~
+2_0k2bk(0)bj2(k+j)/22jf (1 + 52%)~4(522) 7318 g
j<k 0
. . . w . .
+) 27 bj(0)b;2" 2% / (1452%)77(s22)73/8 gs.
Jzk 0
Call the integrals I, I», and I, respectively. Clearly I; and I5 satisfy I} < 272 and I < 272, By
Cauchy—Schwarz, I, satisfies

00 . 1/2 / roo , , 172 .
L < </ (14 527)78(1 + 522)* ds) </ (1 +52%)~4(522/)~3/8 ds> <27k,
Therefore 0 0

1PAR )5 S27Fbi(0) Y (527 +5;207972) 42778 N b (0)b;2" T 27 by (o). O
| J=k jzk
Corollary 7.19. We have
1AZO)l2, Ssupbt- Y bi.
S I ke

Proof. 142022, STAOITs S D IPAOT: Ssupbi- D bi. O
T ez T ez

Corollary 7.20. Let o > 265. Then
IPLAZ )2, S 27 bi(o) - supb - Y b].
‘ J lezZ

Proof. We perform a Littlewood—Paley decomposition and invoke Corollary 7.19.
Consider first the high-low interactions:

D NPPLAPLA) 2 S D 1Py Asll sl PiyAsllps S 27 bibi(0) D b3
[a—k|<4 [ja—k|<4 J1<k=5
J1<k=5 Jj1<k—5
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Next consider the high-high interactions:

> NIP(PAPLA2 S D 1P Aclls | Py Aslis S 27%bj(o)b.
J1ozk—4 J1azk—4 jzk—4
L1 =7l<8 L= hl<8

Using the frequency envelope property, we bound this last sum by

Z 27%bi(0)b] $27% (o) Z 270U=02U=0p3 <27Kp (o) sup b; Z b3

jk—4 j=k—4 Jzk=4 k4
It is in controlling this last sum that we use o > §+. U
Lemma 7.21. We have
2
1A Ol 2, S (1 +Zb§) Y NP O
j k
Proof. We begin with
o0
1A S f 1 - DY) ()2 ds. (7-96)
o~ ,
If we define
pi(s) = sup 27 KK Py () s and - vi(s) = sup 27 KK PUDiyn) ()l 4 (7-97)
k'eZ k'eZ
then
ORI FERES Z 1 (s) Y vi(s) + Z V() Y 1 (s). (7-98)
J<k j<k
From Lemmas 7.15, 7.12, and 7.13, it follows that
wic(s), ve(s) < (1452272255 (1 + Zb2> (7-99)
Combining (7-96), (7-98), and (7-99), we have
1A O, S Zuk(s) D ils)
<k
(1 + sz) Z2"bk > 27, f (14522721 + 5222 ds
J=k
(1 +Zb2) Zz"kaw / (1 + 5222 ds
<k

< (1+Zb§,) Zzzkégf (1+52%)%ds
p k 0
2 ~
< (1+Zb§) > bt O
r k

As a corollary of the proof, we also obtain this:
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Corollary 7.22. Let o > 265. Then

||PkAt ”L[Z_X S_, (1 + Z bi)gkz_gkbk(a).
p
Proof. We start by modifying the proof of Lemma 7.21, taking wu; and v as in (7-97). Then

[e.e]
IPcAl 2 S / 1 PP, - Dipn) ()l 2 ds
A ,
o0
S / (m(s) D i) vy i)+ st)vj(s))ds
0 J<k i<k j=k
Combining Lemmas 7.12 and 7.13 gives a bound on v of
o ()18 S (145277 (522 7/32°277F (o), (7-100)

which leads to

/ Vi ZM] (s)ds < (1 + Zb2>bk2_”"bk(o)
0

jsk
Also, by using (7-99) for uj and (7-100) for v yields

/ D wjs)vi(s)ds < (1+Zb2)222/2 %b;(0)b; / (14 52%)73(s22) =38 gs
0

izk izk

(1 —|—Zb2) Zz %Ib;(0)b,

Jjzk
<1+Zb2>2 Kbi(o) Y 207 Rp; < <1+Zb2>2 kb (o).
j=k p

Here we have used o > 2§. It remains to consider

/0 () ) vj(s)ds.

J=<k
Suppose that
we(s) < —|—s22k)_22k2_"kbk(0)(1 + Z bf,). (7-101)
p
Then
o0
f () Y vi(s)ds S (1+Zb2) 27%p, (a)sz/ (1+52*)72(1 4+ 52%)"22/b; ds
0 J<k j<k
< (1+Zb2) 2% bi(0)2" > " 27b; / (14522972 ds
Jj=k

<1+Zb2> 27K (0)2% by - 272 (1+Zb2> 27K by (0) by

p P
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Hence it remains to establish (7-101).

By Corollary 7.16, (7-101) holds when s = 0. To extend this estimate to s > 0, we proceed as in the
proof of Lemma 7.17, replacing bounds (7-92) and (7-93) with their o > 0 analogues as needed; that
these analogues hold follows from the bounds referenced in establishing (7-92) and (7-93). To obtain the
analogue of (7-94), we apply Lemma 7.14, choosing to use o > 0 bounds only over the high frequency
ranges. (I
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BILINEAR DISPERSIVE ESTIMATES VIA SPACE-TIME RESONANCES
I: THE ONE-DIMENSIONAL CASE

FREDERIC BERNICOT AND PIERRE GERMAIN

We prove new bilinear dispersive estimates. They are obtained and described via a bilinear time-frequency
analysis following the space-time resonances method, introduced by Masmoudi, Shatah, and the second
author. They allow us to understand the large time behavior of solutions of quadratic dispersive equations.
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1. Introduction

Linear dispersive and Strichartz estimates. A linear, hyperbolic equation is called dispersive if the group
velocity of a wave packet depends on its frequency. In order to remain concise, we discuss in this section
only the Schrodinger equation
ou —iAu=0,
{M|z=0 =f,
whose solution we denote u(t) = ¢/’ f. This is the prototype of a dispersive equation. A first way to
quantify dispersion is provided by the “dispersive estimates”, which, in the case of the linear Schrodinger
equation, read
e fllogey St PN fll ey 2 < p < o0

Another way of quantifying dispersion is provided by Strichartz estimates, which first appeared in
[Strichartz 1977] (and were later extended by Ginibre and Velo [1992], with the endpoints due to Keel

and Tao [1998]). They read .
e Fll Lo rams xray S IF N 2gay

for every admissible exponents (p, g), which means 2 < p, g < o0, (p, q,d) # (2, 00, 2) and

MSC2010: 37L50, 42B20.
Keywords: bilinear dispersive estimates , space-time resonances , Strichartz inequalities.

687


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2013.6-3
http://dx.doi.org/10.2140/apde.2013.6.687
http://msp.org

688 FREDERIC BERNICOT AND PIERRE GERMAIN

Let us just point out the situation if the Euclidean space R? is replaced by a compact Riemannian
manifold. In that case, any constant function is a solution of the free Schrodinger equation and therefore
the dispersive estimate fails for large ¢. It also fails locally in time. Then Strichartz estimates may only
hold with a finite time scale and a loss of derivatives (the data f is controlled in a positive order Sobolev
space), which were obtained for the torus by Bourgain [1993b; 1993a] and then extended to general
manifolds by Burq, Gérard, and Tzvetkov [Burq et al. 2004].

Bilinear Strichartz estimates. Recently bilinear (and more generally multilinear) analogs of such in-
equalities have appeared. They correspond to controlling the size of the (pointwise) product of two linear
solutions, for instance

iv+Av=0, v(E=0)=Ff

. (1-1)
ihw+Aw=0, wit=0)=g,

lvwll oot xrey S N l2way gl L2ey  With {

or the solution to the inhomogeneous linear problem, the right hand side being given by the product of
two linear solutions:
i0;v+Av=0, v(t=0) = f,
lullprro@s xmy S N2y lgl 2mey  With idw +Aw =0, w(t=0)=g, (1-2)
idu+Au=vw, u(@=0)=0.

A first line of research, where p = ¢ = 2, is related to the use of X*** spaces in order to solve nonlinear
dispersive equations; see, in particular, [Bourgain 1993b] and [Tao 2001]. If the Euclidean space is
replaced by a manifold, we refer to [Burq et al. 2005] and [Hani 2010]. The case of the wave equation is
treated by Klainerman, Machedon, Bourgain, and Tataru [Klainerman and Machedon 1996], and Foschi
and Klainerman [2000]. In all these works, f and g are chosen with vastly different frequency supports,
and the focus is on understanding the effect on the implicit constant.

Another line of research considers the case where p and ¢ are not 2: see [Wolff 2001] for the case of
the wave equation and [Tao 2003] for the Schrddinger equation. The problem then becomes related to
deep harmonic analysis questions (the restriction conjecture), and the optimal estimates are not known in
high dimension.

In this article our goal is different from the two directions mentioned: we aim at finding a decay rate in
time (rather than integrability properties), and at understanding the effect of localized data.

The set up. From now on, the dimension d of the ambient space is set equal to 1. Let a, b, ¢ be smooth
real-valued functions on R, and fix a smooth, compactly supported bilinear symbol m on the frequency
plane R2. We denote by T;, the associated pseudoproduct operator. (a precise definition of T}, is given
in Section 1; 7;, can be thought of as a generalized product operator, and our setting of course includes
classical products between functions that are compactly supported in Fourier space.) Consider then the
equation

iu+a(Dyu=T,w,w), u(t=0)=0,

idv+b(D)v=0, with v(t=0)=f, (1-3)

i0,w~+c(D)w =0, w(t=0)=g.
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The unknown functions are complex-valued, and this system is set in the whole space: f and g map R

to C, whereas u, v, and w map R? to C. The above system is meant to help understand the nonlinear

interaction of free waves, which is of course the first step towards understanding a nonlinear problem.
Most of the time, but not always, we assume

The second derivatives a”, b”, ¢ are bounded away from zero. (H)

ita(D) eitb(D) e

Under this hypothesis, it is well known that the groups e ite(D) gatisfy the following

estimates (we denote by S(¢) any of these groups):
« Dispersive estimates: ||S(t) fl,» < [t1">7VP|| f||» for p € [1,2].
e Strichartz estimates: ||S(t)f||Ltqu S\fllp2if2/p+1/g = % and 2 < p, g < oo.

The question we want to answer is this: Given f and g in L? (or weighted L* spaces), how does u
grow or decay in L? spaces,?2 < p < 00?
The answer of course depends on a, b, ¢, and the crucial notion is that of space-time resonance.

Space-time resonances. Using Duhamel’s formula, we see that u(z, - ) is given by the bilinear operator
T; defined by

T.(f. €)(x) = / f / P i1 SPED 1y 2 ) F(n)8(E — ) dE dn d,
0

or, more concisely,

t
def .
Ti(f, g) = —ie"®P) f Trneiso (f, 8) ds,
0

where
b E —aE +n)+bE)+c).

Thus the goal of this article is to understand the behavior for large time ¢ > 1 and some exponent

q € [2, 00] of ,
1T (fs e)llee, f.geL”.

We sometimes find it convenient to write u () as
t
)y =5 [ [ O e ) 6w dn s
0JR
where

OE N —aE)+bE - e =¢E—n ) and wE = mE—n ).

Viewing this double integral as a stationary phase problem, it becomes clear that the sets where the
phase is stationary in s or 7,

[ (€, n) such that ®(&,7) =0} and A Z {(€, 1) such that 3,® (&, 1) =0},

play a crucial role. Even more important is their intersection I' N A.
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The sets I" and A are, respectively, the sets of time and space resonances; their intersection is the set
of space-time resonant sets. A general presentation, stressing their relevance to PDE problems, can be
found in [Germain 2010b]; for applications see [Germain et al. 2009; 2012a; 2012b; Germain 2010a;
Germain and Masmoudi 2011].

In order to answer the question from the previous page, one has to distinguish between various possible
geometries of I' and A (which can be reduced to a discrete set, or curves, with vanishing curvature or
not, etc. ... ), possible orders of vanishing of ® and d,® on I" and A, respectively, and different types of
intersections of I and A (at a point or on a dimension 1 set, transverse or not, etc. ...). Considering all
the possible configurations would be a daunting task. We therefore focus on a few relevant and “generic”
examples.

» We study the influence of time resonances alone, ignoring space resonances: in other words, we
study various configurations for I', without making any assumptions on A. This essentially amounts
to considering the worst possible case as far as A is concerned.

 Similarly, we study the influence of space resonances alone, ignoring about time resonances.

» When putting space and time resonances together, we assume a “generic” configuration: I" and
A are smooth curves, and they intersect transversally at a point. Aside from being generic, this
configuration is of key importance for many nonlinear PDE; this is explained in the next subsection.

Space-time resonant set reduced to a point. As was just mentioned, the case where I" and A are curves
which intersect transversally at a point will be examined carefully in this article. It is of course the generic
situation, but it also occurs in a number of important models from physics; we give a few examples here.
We restrict the discussion to one-dimensional models.

For simple equations of the form id;u + 7 (D)u = Q(u, u), where u is scalar-valued, Q quadratic (that
is, we retain only the quadratic part of the nonlinearity), and 7(§) = |£|* is homogeneous, the space-time
resonant set of the various possible interactions between u and u is never reduced to a point. This is the
case for standard equations such as NLS, KdV, and wave equations.

However, if 7 is no longer supposed to be homogeneous, the space-time resonant set might be reduced
to a point. In particular, this is the case for the water wave equation (ideal fluid with a free surface) in the
following setting: close to the equilibrium given by a flat surface and zero velocity, including the effects
of gravity g and capillarity ¢, with a constant depth d (perhaps infinite). The dispersion relation for the

(&) = tanh(d|£|)V gl&| + c|E].

For more complex models, u is vector-valued, and the system accounts for the interaction of waves

linearized problem is then

with different dispersion relations. It is then often the case that the space-time resonance set is reduced to
a point. We mention in particular the following.

o The Euler—Maxwell system, describing the interaction of a charged fluid with an electromagnetic
field (see [Germain and Masmoudi 2011] for a mathematical treatment of this equation dealing with
space-time resonances). Many other models of plasma physics could also be mentioned here.
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» Systems where wave and (generalized) Schrédinger equations are coupled: for instance, the Davey—
Stewartson, Ishimori, Maxwell-Schrddinger, and Zakharov systems.

A sample of our results. Among the many results proved in this paper, we record in Theorem 1.1 a few
that are illustrative and interesting. We need a definition: a curve in (£, 1) is characteristic if it has
tangents parallel to one or more of the directions &€ = 0, n = 0, or £ + n = 0, and noncharacteristic
otherwise.

Theorem 1.1. Recall that m is smooth and compactly supported. Assume that (H) holds.

(1) If T is a noncharacteristic curve along which ® vanishes at order 1,

lu(@llze < (log )1l fll2sllgll s fors > 5.
(1) If A = &, then, for any § > 0,
lu@llze St/ fllaslglpes fors >1— .

Furthermore, this rate of decay is optimal.

(iii) If T and A intersect transversely at a single point in the support of m, then, for any § > 0
lu(@) e S 1~ AVCOR F)| osligll 2 fors > 1.
Furthermore, this rate of decay is optimal (up to the loss & as small as we want).

Organization of the article. In Section 2 we derive asymptotic equivalents for # when f and g smooth and
localized. Three cases are considered: I' = &, A = &, and I" and A are curves intersecting transversally
at a point (in particular we prove the second part of Theorem 1.1). In Section 3, relying only on time
resonances, we establish estimates for u when f and g belong to L2. In Section 4, we establish estimates
for u when f and g belong to weighted L? spaces. In particular we consider the case when the space-time
resonant set is reduced to a point, and thereby prove the first part of Theorem 1.1. In Appendix A, we
detail some results on boundedness of multilinear operators. Finally, in Appendix B, one-dimensional
oscillatory integrals are studied.

Notations. We adopt the following notations.
e A < Bif A < CB for some implicit constant C. The value of C may change from line to line.
e A ~ B means that both A < B and B < A.
o If f is a function over R?, its Fourier transform, denoted f ,or F(f), is given by

1

er‘”‘gf(x)dx, thus f(x)szeixsf@)df.

fE& =Ff¢E) =

(In the text, we systematically drop constants such as 1/(27)?/? since they are not relevant.)

» The Fourier multiplier with symbol m (&) is defined by

m(D)f =F ' [mFf].
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The bilinear Fourier multiplier with symbol m is given by
def i A ~ — 2 ~
Tn(f, ) () = / e f@)g(mm &, n) ddy = F / m(E —n,m) = mae dn.
R

The Japanese bracket (-) stands for (x) = +/1 + x2.

The weighted Fourier space L”-* is given by the norm || f||zrs = [[{x)* flLr.

If E is a set in R?, E, is the set of points of R? that are within € of a point of E.

2. Asymptotic equivalents

Preliminary discussion. Our aim in this section is to obtain asymptotic equivalents, as ¢t — oo, for
the solution u of (1-3), under the simplifying assumption that f and g are very smooth and localized.
Hypotheses on a, b, ¢ are needed, and the variety of possible situations is huge; we try to focus on the
most representative, or generic situations. First, we assume in this whole section that (H) holds: this gives
decay for the linear waves. For bilinear estimates, everything hinges on the vanishing properties of ® and
0,®, where

P&, n) =—a)+bE —n)+c).

We distinguish three situations: ® does not vanish (Theorem 2.2), ®,, does not vanish (Theorem 2.4),
{® =0} and {®, = 0} are curves intersecting transversally (Theorem 2.5). Additional assumptions will
be specified as needed.

Asymptotics for the linear Cauchy problem. They are obtained easily by stationary phase; see for instance
[Stein 1993].

Lemma 2.1. Assume that F € & is such that F is compactly supported; and suppose that a”’ does not
vanish on Supp F. Then

: : : 1 1 = 1
14D F () = pflaG+Xel i/ L 1 gy o <_>
Via"GEo)l Vi !

where

def X

XL de+x o o Hsignd ).

The point of view of stationary phase. The solution of (1-3) is

t
e, == / / / ¢ I 1U—aE) EbE—bse D] (2. ) F(E — )@ () d dE ds.
0

Recalling that X défx/t and w(&, n) défm(é —n, 1), this is equal to

1
o, 5) =~ /0 / / =IO HObEocDIXE L (= ) Fie — pya(n)dndi do. (2-0)

This is now a (nonstandard) stationary phase problem, with phase

VE 1.0) S (1= 0)a®) +obE —n) +och) + XE =aE) +od(E, 1) + XE.
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The phase of the gradient is

a+od:+X
VSJLOW = o, )
)
which vanishes if either
=0, ® =0,
=0, or ®, =0, 2-1)
a+X=0, a+od:+X=0.

The Hessian of 1 is given by
a”—i— O’Cbgg O'CDS%n q)g
Hessg .o ¥ = o®sy ody, D
OF o, O
On stationary points of the first type in (2-1), the Hessian is degenerate if and only if (§, ) belongs to
the space-time resonant set. On stationary points of the second type in (2-1), the Hessian is generically
nondegenerate.
The main difficulty in the analysis is handling the stationary points on the boundary of the integration
domain, namely those for which o = 0 or 1; this is even more complicated when they are degenerate.

Theorem 2.2 (absence of time resonances). Assume that ® (£, ) does not vanish on Supp m (that is,
I' = @), and that f and g belong to . Then, as t — o0,

u(t) =P F 40 (%)
with
F=Ty(f 8.
Remark 2.3. The asymptotic behavior of ¢//*‘”) F is given by Lemma 2.1.

Proof. The proof is very easy: u is given by

t
u(t) = —ie’t“(D)f T,.i50(f, &) ds,
0
or
M([) — —Tm/¢(€itb(D)f, eitC(D)g) + eila(D) Tm/¢(fv g)
The theorem follows since the first term above is O(1/t), by the linear decay estimates. ([

Theorem 2.4 (absence of space resonances). Assume that vr, does not vanish on Supp m (that is, A = &),
that Ye¢ (§, n, o) does not vanish on Suppm x [0, 1], and that f, g belong to ¥. Fix M > 0 and N € N.

Then, as t — 00,
; 1
ut)=e""PF 40 ——-
(t) MV i

where

M
F=—i / et(t—s)a(D) Tm (elsb(D) f’ elsc(D)g) ds.
0
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(In other words, ¢"*P)F is the solution of

Tp(w,w) if0O<t<M, | .
iou+a(Dy= | m@w FO<t< i9,0+b(D)w =0, idw+c(Dyw=0,
0 ift>M,

with the datau(t =0) =0, vt =0)= f,and w(t =0) = g.)

Proof. Starting from the stationary phase formulation (see page 692), it suffices to show that
1
| [[everonemie - naoands as 2-2)
M/t

is O(1/(MNt3/?%)).

First apply the stationary phase lemma in & in the above. The vanishing set of v depends on X. If X
is such that ¢ does not vanish, (2-2) is O(1/ tN) for any N and we are done. Otherwise, Y vanishes for
some &, which we denote &j, and which is a function of X, n, and o. We can assume without loss of
generality that & is unique. Since ¢z does not vanish by assumption, the stationary phase lemma gives

1
_ _ itl//(’g’(), ,0) 0‘(5’ 77, 0) IB(S’ ’7’ G) ]/(S, 77, 0) l
2 2>—fM/[/e 7 < T +0(3) ) ando,

where «, 8, and y are smooth functions which we do not specify. The fourth summand in (2-2) is already

small enough. We will now show how to deal with the first one, and this will conclude the proof since the
second and third ones are easier (better decay). Thus we now want to show that

1
/ / (o X&) 4 g 2-3)
M/t \/;

is O(1/(M"t)). In order to take advantage of oscillations in 7, observe that

¥ Go(n, 0, X), n, 0)] = 8,50[0: 150, n, 0) + [9,¥1(50, 0, 0) = [3,¥1(50, n, 0) = 0 [3, P10, n).

By hypothesis, 9, ® does not vanish, therefore

|0y[¥ (60, m, 0)]| 2 0.

Integrating by parts N + 1 times with the help of the identity

1 i .
I — A A Ry PUA AR R
13,[¥ (50, 1, 0)1 "

we obtain

1
1 1
2-3)| < do S

which concludes the proof. U
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Theorem 2.5 (space-time resonance set reduced to a point). Assume that f, g belong to ¥, that there
exists a unique (£, no) such that

@ (&0, no) = ®, (60, no) =0,

and that the following technical, generic hypotheses are satisfied:

o (we are under the standing assumption (H), but only the fact that a” is nonvanishing is used here;)

o ®: (&0, mo) #0;
® q)nn(‘i:Oa no) # 0;

and that Supp m is contained in a small enough neighborhood of (§y, no).
Recall that X = x/t, and set

(x) & By @ €+ X0,

<1>(§

Let € > 0 be small enough. Assume without loss of generality that ®¢ (&9, no) > 0. Then:

n=o()
forany N.

o If =P (&), m0) —a' (&) —€ < X < —Dg(&o, no) —a’'(§o) + e,

o If X < —® (&0, no) —a'(§o) — e,

1 1
u(0) = A (DG WA ~ 1) + o(5)

for a smooth function Aj.

o If =D¢(50,m0) —a'(§0) +€ < X < —d'(§) —e,

u(t,x) = Al etV o, 1o, E)_|_0< )

TJ—

for a constant Aj.
o If —a'(0) —€ < X < —d'(§) +e,

Ot ifIVIE] <1,

_ R
u(t) = Ao(2) 5% (ViT) + {omogn/ﬁ) iFIVED| > 1.

for a smooth function Ay;
o if —a' (&) +€ < X,
1
n=o(f)

forany N.
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Remark 2.6. (1) Theorem 2.5 provides an efficient equivalent of u(¢) for large ¢ in all the zones of the
space-time plane (x, 1), except where X is small, but larger than 1/|log ¢|? (because then |log ¢|//7 >
(1/t17%)|%,(/1%)]). Dealing with this region would require fairly technical developments, from
which we refrain.

(2) If ® vanishes at order 1 on I" and A, the conditions ®¢ (&9, no) # 0 and @, (o, no) # 0 are equivalent
to I' and A intersecting transversally at (&y, no). Indeed, a tangent vector to I' (respectively, A) at

(0, no) is given by

9y ® (&0, mo) 0 . 32 (&0, no) ))
= 1 n .
( —0: D (&0, n0) ) ( —0s @ (80, n0) ) (respectlve Y ( — 0,0 P (%0, n0)

These two vectors are not collinear if 9 @ (&, no)agcb(éo, no) # 0.
(3) The hypothesis that Supp m is restricted in a small enough neighborhood is not restrictive: away

from (&0, no), either ® or @, is nonzero, so either Theorem 2.2 or Theorem 2.4 applies.

The proof distinguishes three regions: ¢ away from 0 and 1, o close to 0, and o close to 1. Starting
from Equation (2-0), we split the time integral as follows:

1
u(t, x) = ———1 /0 f/ FVEND (e ) F € — mE() dE dndo

21
. t
———t [ [[ 0@+ xuto) + xw@) .. g ando Lrsmvn 2
V2w Jo
Here x;, xi, and xy are three smooth, positive functions, adding up to 1 for each o and such that
@) 0 ifo <3, @) 0 ifo<doro>1-46, @) 0 ifo<1-—26,
o) = o)= o) =
Xt | ifo>2s, M | if28<o<1-25, M | ifo>1-8.

Here § > 0 is a sufficiently small number.

The contribution of o away from O and 1. This is the simplest case since it can be settled by resorting to
elementary stationary phase considerations. Our aim is to estimate

1

V2r

The phase ¥ (£, n, o) is also a function of X, but from now on we consider X to be fixed.

I=-—

1
r fo / / (@) END (& ) (& — mEn) d dndo.

Since o does not vanish on Supp y;, the gradient

a+od:+X
Veno¥ = oy
(0]
vanishes if

PE,mM=2,¢E n=0 and d'(¢)+0P:(& n+X=0.
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The first two conditions impose (&, ) = (§p, no) whereas the third one gives

def 1
c=YX)= ——7F——
( ¢ (50, 10)
(This makes sense under the assumption that ®¢ (&, o) 7 0.) We assume that X is such that o given by
the above line lies in Supp m; if this is not the case, the contribution of [ is negligible. The Hessian at

(%, %0, n0) 18

(@' (o) + X).

a” 4+ X ®ge (&0, no) XDy (€0, 10) Pe (€0, 10)
Hessg .o ¥ (60, 10, ) = X ®gp(60,m0) X Dy,(50, no) 0
D¢ (%0, 10) 0 0

with determinant
det Hessg .o ¥ (£0, 10, B) = — X ®¢ (&0, 110)> Py (€0, 10)-

Let us assume that ®,,(&o, no) is not zero, which is generically satisfied. The stationary phase principle
then gives [Stein 1993]

1 xiCE(X)) iy, = 1
u(t, x) = —= 2oV o X) 4 +0(—>
(t, x) NN 1 ;
with

G (2m)Yeit/hs

' 104 G0, 1011y on 1)

where S is the signature of Hessg ;, » ¥ (§0, 10, X).

(80, n0) f (€0 — n0)& (10)

The contribution of o close to 0.

Step 1: splitting between small and large times. Our aim is to estimate

1

V2

II=—

1 . A
r /0 f / xr (@) END (e ) F(E — g (n) dE dn do,

which we split into

I =—

i 1/ ! def
t +/ ...d0]2111+112.
N 2m |:/0 1/t

Rescaling 11, we see that it can be written

. 1
M(t) = e”“(D)F where F = — ! / / el(s—t)a(D) Tm (e_le(D) f’ e_lSC(D)g) dS,
0

V2

so that it reduces to a linear solution for ¢ sufficiently large. We now focus on /1.

Step 2: stationary phase in £. We want to apply the stationary phase lemma in the variable &£. Observe

that
B (&, 1, 0) =a'(€) + o De + X.

Thus for n, o, and X fixed, 9 (§, n, o) = 0 may or may not have a solution in Suppm. If not, the
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contribution is negligible, so let us assume that this equation has a solution £ = E(X, n, o). Next,

RV (& n.o)=a")+oDg.

Since we are assuming that a” does not vanish, taking § small enough, we can ensure that agx/f(é, n,o)
does not vanish. Applying the stationary phase lemma then gives

1 o /377 o S0 /4 , ,
1t VVes (B, 0, 0)/1 t 1/t 1

where So = sign(V¥¢£(E, n,0)), a and B are smooth functions, and for simplicity we denoted

i
V2T

The last term in (2-5), containing O (1/ 1), contributes O (1/¢%) to u; thus we can discard it and focus on

1 . = A/ ZJTeiSO% a(Ev n, 0) ﬂ(év n, G)
t G(E, )”‘““”“”( + + )d do.  (2-6)
/1/rf e Ve (B, n, 0/t t 1/t e

Step 3: stationary phase in 1. Observe that

Gé&,no0)=-— xu (@) &, n) fE—mem).

Y (EMm, 0),n,0)]1=8,E:YI(E, n,0)+[0,V](E, n,0) =[8,¥](E, n,0) =03, PI(E, n).
Just as for the stationary phase in §, we denote by n = H (o, X) the solution of [3,®](E, n) =0 (if no
solution exist, the contribution is negligible). Next, set

82y (E(1. 0), 1. 0)] = 09, E[3: 8, PI(E, n) + o [92@1(E, 1) E 0 Z(1, 0).

‘We need to assume that

Z(m,o0) #0

if (o, E, n) € Supp m xy;. Since the support of m, as well as §, is assumed to be small enough, it suffices
that Z(no, 0) # 0; but a simple computation reveals that Z (1, 0) = ¢, (10, §0), which is nonzero by
hypothesis. The stationary phase lemma in 1 applied to Theorem 2.5 then gives

(2-6)=t/‘ G H)e,-m(a,ﬂ,@—w
1/t \/;«/EZ(H,O')

meiSoﬂM «(H, o) ﬁ(H’O') X
<Wﬁ T *%%))”’“’ @7

where S| =sign(Z(H, o)), & and ,8~ are smooth functions. The last summand in (2-7) contributes

ol 5)-ol%)
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‘We discard this and focus on

1 [ Sy /4 | So /4
t/ G(E, H)e!"V(EH.0) S 2metSim/ < 2eiSor/ N a(H, o) n B, H, o)
1t VIJoZ(H, o)\ \/Yee (H, 0)/1 t it

Step 4: stationary phase in o. In this final step, we are not going to apply the standard stationary phase

) do.  (2-8)

lemma, but rather its variant given in Proposition B.2. Differentiating in o, the phase in (2-7) gives
3 [V (EH®",0),0), H(0),0)]=[0:¥]1(E, H,0) = ®(E(H, 0), H(0)),

since dgy = 9,¥ = 0 at the point (E, H, o). Thus d,¢ =0 if ®(E, H) = 0. On the other hand, since
0,® (8, H) = 0 by definition of H,

®(E(H,0),H(0c))=0 ifandonlyif H(oc)=mny and E(no,o)==~&.

But by definition of E this implies
X +d &)
Ve (80, m0)

In order to apply Proposition B.2, we need to check that

[v(EH®, 0),0), H(0),0)|(2) = 3:[®(E(H, o), H(o)(Z) #O0.

o=3%(X)=

Since § is chosen small enough, it suffices to check that it holds for ¥ = 0 (that is, when X is such that
3 (X) = 0). This follows from the following computation:

9 [P(E(H, X), H(X))](0) = 9 P (%0, 10) (35 E (10, 0) + 95 H (0)3, E (10, 0)) + 8, P (80, 10) 35 H (0)

_ ¢e (%o, 10)*
a” (&)

where we used that 9, ® (£, 179) = 3, E (19, 0) = 0 and 3, E(n9, 0) = —¢¢ (§0. 10)/a” (&9). We now write

1 1 1/t
(2—8):t/ ...da:t/ —tf ... do.
1/t 0 0

The second summand, ¢ fol/ "...do,is directly estimated to be O(1/+/t). As for the first summand,
t fol ... do, apply Proposition B.2(iv) to obtain

= 3: P (&0, 10) 95 E(10, 0) = # 0,

o@r3% if V12| <1,
OWIZI/t) if |VIZ] > 1,

where Ag is a smooth function which we do not detail here.

(2-8) = Ao(E)‘gz(x/;E)Jr{

The contribution of o close to 1. In order to estimate

i
2m
an approach similar to the one used for /I can be followed, the details being simpler: first apply the
stationary phase Lemma in the (£, n) variables, then Proposition B.2(i). We do not give details here.

Il = —

1
‘ fo / / X (@) ERD (& ) £ € — ma () dy dE do.
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Conclusion.

Space-time localization of the waves. As a conclusion of the asymptotic analysis of waves which has just
been carried out, it is interesting to compare the space-time localizations of the emerging wave u, the
solution of (1-3), in the three situations we examined. To simplify, suppose that f and g are localized in
space close to 0, and in frequency close to & — 77 and 7, respectively. Then

« in the absence of space-time resonances, u will be localized where X ~ —a’ (é ), where it will have
size ~ 1/4/1;

« if the space-time resonant set is reduced to a point, then, under the assumptions of Theorem 2.5, u
will have size ~ 1/t1/4if —®¢ (no, &) — a’ (&) < X < —a’ (&), and size ~ 1//1 if X ~ —a'(&).

Lower bound. The asymptotic equivalents which have been computed also provide lower bounds for L”
norms of u. In the absence of space time resonances, we do not learn anything, since the equivalent for u
is similar to a linear solution. However, in the case when Theorem 2.5 applies (that is, when A and I'
intersect transversally at a point), for ¢ large we get

logt for g =2,

lu ()l La Z {tl/(Zq)_1/4 (2-9)

for 2 < g < o0,

which corresponds to the lower bound states in Theorem 1.1.

3. Nonlocalized data

In this section, the data are only supposed to belong to L2, as opposed to in Section 4, where the data
will belong to weighted L? spaces.

Main results.

Theorem 3.1. Assume that m is smooth and compactly supported and a, b, ¢ are real-valued. In the
various possible situations that follow, for q € [2, 00], the solution u of (1-3) satisfies

lu@llze S O fll2 18l L2

with a(t) as follows:

t in general,
1 if T is empty,
t1/271/CD if T is a point where ¢ vanishes at order two,
a(t) = {4 if 2<qg < ooandl is anoncharacteristic curve where ¢ vanishes at order one,
(logt) if ¢ =00 and T is a noncharacteristic curve where ¢ vanishes at order one,

VAV QD \when T is a curve with nonvanishing curvature where ¢ vanishes at order one,

/2 if T is a general curve where ¢ vanishes at order one.

In the two first situations above, the bound can be improved if the unitary groups e//¢(?), ¢"*(?) ' and
e'1¢(D) give decay.
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In this setting, using precisely the structure of the product of two linear solutions (which cannot be
described by using only the set ¢! ({0}) as previously), we get the following improvement.

Theorem 3.2. Assume that m is smooth and compactly supported, and that (H) holds. For all q € [2, oo],
the solution u of (1-3) satisfies

lu@ e S YD) Ul llgll o

If, moreover, we assume that I' = &, then, for p, q € [2, 00) with % + é > %, we get

lu@lrre SNFI2NgN L2 (3-D

Remark 3.3. The last statement of the previous theorem gives decay in an integrated form (u# belonging
to some L” L7), as opposed to the pointwise in time rate of decay obtained earlier; of course, this has to
do with the use of Strichartz estimates. Heuristically, (3-1) can be understood as giving the rate of decay

lu@lize SV20Fll2lglle

Then, if the smooth symbol m does not have bounded support, we have the following result.

Corollary 3.4. We want to track the dependence of the bounds in the above theorem on the size of the
support of m. So assume that m is bounded by 1 along with sufficiently many of its derivatives, and that it
is supported on B(0, R). Then all the previous boundedness results hold with an extra factor R.

Proof. In Theorems 3.1 or 3.2, we have obtained boundedness from L? x L? to 3 (where B = L9 or
L’;L‘f ) of the operator 7; = T, with the symbol

S1PEN _ |
dE&,n)

when m has a bounded support. So now, considering a smooth symbol m supported on B(0, R), we split

def ;
o(&,n) = e"eEtm m(€, n),

it (using a smooth partition of the unity) as
m=D_m
k.l

with my; smooth symbols supported on [k—1,k+1] x [[—1,/+1]. Applying the previous results
(invariant by modulation), we get

1 Tollos < D T Ml < D M fllz2lmigll e,
k,l k,l

where cg is the constant previously obtained for compactly supported symbols and 7y f is a smooth
truncation of f for frequencies around [k—1, k+1]. Using orthogonality, it follows that

1/2
IITall%fc%<Zl) 112 llgll e,

k.l

which gives the desired results, since k,/ e {—R—1,..., R+ 1}. |
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Proof of Theorem 3.1: the general case. Using no properties on I" or a, b, ¢, we can get the following
general bound.

Lemma 3.5. Assume that m is compactly supported. For all g € [2, o0], the solution u to (1-3) satisfies

lu@lze S tIF N2l gz

Proof. The solution u(¢) is given by

u(t) = T,(f. §)(x) = / (e gitain €O L 2y s ddn = T, (f, 9)(%),

R2 ¢(Sv 77)

with symbol
def ita(&+n) eitqb(s,n) —1

o,n)=e W’n(‘f,ﬂ)-

In this general setting, we only know that ¢ is bounded by ¢ and compactly supported. Lemma A.1
implies that
IT:(f @) llee S el fllz2liglce. O

The next several results improve on this bound under two different kinds of assumptions:

« using geometric properties of the resonance set I", or

« assuming linear Strichartz inequalities for the unitary groups e/¢(?), ¢/"*(D) and ¢i'(D) | and using
the structure of the product of two linear solutions.

Proof of Theorems 3.1 and 3.2: the case without resonances. We assume here that the phase function
¢ does not vanish.

Proposition 3.6. Assume that I' = & and that m is compactly supported. For q € [2, 0o], the solution u
of (1-3) satisfies
lullze SNFN2lglze- (3-2)

Proof. The solution u(¢) is given by

. . itp(§.n) _ N
(00 = [ e STl i f©)atdedn =T, (f8) ).

with symbol
def ita(&+n) eitqb(s,n) —1

o, n)=e W’n(‘f,ﬂ)-

Since a is real-valued and ¢ is nonvanishing, o is bounded by a constant and compactly supported.
Lemma A.1 yields

IT:(fs )llze S W Nz2lgllze- U

Let us now deal with the improved bounds of Theorem 3.2 (using dispersive and Strichartz estimates
on the linear evolution groups).
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Proof of Theorem 3.2. Let us check the first claim. For every s € (0, ), we use the dispersive inequality
(1-3) and the L? x L> — L' boundedness of T}, to get

1

e O T s (f, @)l = eI (&P £, PP |10 S ———

If 2 llgllrz
Integrating for s € (0, ¢), it follows that

1T, (f, Ol St Il Ngll 2

Similarly, using the L2 x L> — L? boundedness of T},, we have for all s > 0
e " P T iso (f, ©)ll 2 = 1T (") £ P12 SN f Nl lle™ P gl zoe,

which yields (using the Strichartz inequality)

IT:(f, )l SENFllllgle.

The proof is concluded by interpolating between L? and L.
Next, assume that I' = &, which means that ¢ is nonvanishing on the support of m. Computing the
integration over s € [0, ¢], we can split

iTi(f, )(x)=1L(f, g) —II,(f, g),
with

def ixE+m) it (bE)+cm) 1 TR
L(f, 9)x) = /Rze e PE. n)m(%‘, m f(&)g(md&dn

and

def ix(E+n) jitaE+y) 1 Foena
1,(f, ) (x) & fRze L f©)2dsdn.

In other words,
L(f, 8) = Tnsp (@™ P f, 6P gy and 1, = " DT, 14(f, 8).

Since ¢ is assumed to be smooth and nonvanishing, m /¢ is also smooth and compactly supported so that
the bilinear operator 7,4 is bounded from L? x LC into LR as soonas 1/P+1/Q > 1/R.

Choose now p and g as in the statement of the theorem. Using the dispersive estimates and Bernstein’s
inequality (indeed, since m has a compact support, it is possible to assume that f and g are compactly
supported) gives

12 (f ) rrs S WTnje(f, Ol STz Mgl L2

Therefore, ¢/'*(P f enjoys the usual Strichartz estimates, as well as, by Bernstein’s inequality, the bounds
e/ £11,2 < || fllLa; the case of g is similar. This gives

1L Cf, O lirrs S 1™ P Fllzopalle™ P gl zore SIFI2NIg L2 O
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The case with resonance at only one point.

Proposition 3.7. Assume that ¢ only vanishes at the point (§&y, no). Assume further that V¢ also vanishes
at (&g, no), but that Hess ¢ has a definite sign at that point. If q € [2, 00], the solution u of (1-3) satisfies

lu@ e St72YCDY Ul 2 Ngll 2

Proof. Assume for simplicity that ¢ vanishes at order 2 at 0. Take a smooth, compactly supported function
X, equal to 1 on B(0, 1), and set ¢y = x(-/2) — x, so that

I=x+) v@7).
Jj=1
Then decompose the symbol as

. . i _ 1 ge
= (x WViE )+ Y vV, n)))el’”@m% ZmoE. M+ mjE. ).

j=1 j=1

pita(®), €1

Obviously,

Ty =Tuy+ Y _ T,
j=1

so it suffices to bound the summands above. The symbol m; (j > 0) is supported on a ball of radius
~ 27 //t, and bounded by 272/ ¢. It follows by Lemma A.1 that

1 Tonoll 251210 S 2727124 and 1T 2 x>0 S t!/FH GO D),
Therefore,
W Tyl 22 e < t1/2+1/(2q)<1 + sz(—l—l/q)) < t1/2+1/(2(1),
Jj=1
which is the desired result. U

The case of resonances along a curve.

Proposition 3.8. Assume that I is a smooth curve, where ¢ vanishes at order 1. If g € [2, 0o], the solution
u of (1-3) satisfies the following.
o If T is noncharacteristic,
tl/a if2<qg < oo,
lu@llzs S fll2lglz2 :
(logt) ifg=oo0.

o If T" has nonvanishing curvature,

lu@ e StV CDY £l Ngll o
o Else,
lu@lire St F 12N gl e

As explained in Remark A.4, the estimate for a noncharacteristic curve I' still holds if the only
characteristic points are characteristic along the variable & + 7.
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Proof. We only treat the case where I" is noncharacteristic and 2 < g < oo; the other cases can be obtained
by a similar argument. Similarly to Proposition 3.7, consider a smooth, compactly supported function yx,
equal to 1 on [0, 1], and set ¢ = x(-/2) — x, so that

l=x+)Y v/
j=1

We denote the distance function by dr (&, n) = d((§, ), I'); since I' is supposed to be a smooth curve
and V¢ is nonvanishing near I', it follows that

dr (&, m =&, nl.

Then decompose the symbol as
eireEm _q
&, n)

P1ED

e EmE, n) 6GE.

= (x tpE M)+ > Qe n)))e"’“@m(s, )
izl
EmoE. )+ Y myE. ).
j=1
Obviously,

Ty=Tuy+ > _ T,
j=1

so it suffices to bound the summands above. The symbol m (j > 0) is supported on a neighborhood I'; /,
and bounded by 27/, up to a numerical constant. If T is noncharacteristic, it follows by Lemma A.3 that
I Tmoll 2 x 12— 10 S 1Y and || T\l 2w 2 o S 11/9279/4 . Therefore,

TATESEINTES r”q<1 +22‘”q> St
Jj=1

which is the desired result. ([

4. Localized data

We will now assume that the data belongs to a weighted Sobolev space, and study the decay of the solution
of (1-3).

The role of time resonances.

Proposition 4.1. Recall that m is smooth and compactly supported. Assume that ¢ only vanishes at
(%0, n0), that V¢ also vanishes at that point, and that Hess ¢ at that point has a definite sign. If g € [2, o],
the solution u of (1-3) satisfies the following.

« If0<s<1/2, lu@®llps St"2HVCOTS| fl 120 lIgll 2.
e If s> 1/2and g < oo, |lu(®)|a St=CO| fll 2 llgll 2.
« If s> 1/2and g = 0o, |lu(t)|| = < (log )| f | 25l gll 12.s-
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Proof. As in the proof of Proposition 3.7, we decompose the symbol, giving the decomposition

u(t) =Ty (f. &)+ Y T, (f. 9)-

jzl

Again the symbol m is supported on a ball of radius 2/ t~1/2 and is bounded by 272/ ¢. We conclude
with Lemma A.1. U

Theorem 4.2. Assume that ¢ vanishes at first order along a noncharacteristic curve I'. Then for2 <g <00
and s > 0, the solution u of (1-3) satisfies the following estimates:

« IfO<s < 1/4 Ju@® e St fll s ligll s
« Ifs > 1/4, u@®)llze S (log )| fllL2slIgl L2

If g = o0, the solution u of (1-3) satisfies

lu@®li= < (Qog ) fll 2118l 2-

Remark 4.3. The L™ estimate of Proposition 3.8 does not improve if the data belong to weighted L>
spaces. Also, notice that the L? estimate for s > 3—1 is already as good as allowed by the lower bound

Equation (2-9): any further assumption on space resonances will not improve the estimate.

Proof of Theorem 4.2. Just as in the proof of Proposition 3.8, split the symbol as
elteEm _q

ita(§)
¢ bE 1)

m(&, n) =mo(E, )+ Y _mj(E n).

Jj=1
Obviously,
Ty =Tuy+ T,

jzl1

so it suffices to bound the summands above. The symbol m ; is supported on a neighborhood I';; /, and

bounded by 272/, up to a constant. Since I is noncharacteristic, it follows by Lemma A.5 that for s < %

T Nl 2wz pa S 7127171 at4/a 42727y

1Tl 20200 S 1744504,

with corresponding estimates if s > le' The proof of the proposition is concluded by summing the above
bounds for the elementary operators T} ;. O

Following the same reasoning and estimates as in [Bernicot and Germain 2012], it is possible to get
similar results for a curve admitting characteristic points.

Theorem 4.4. Assume that ¢ vanishes at first order along a curve I" with nonvanishing curvature. Then,
for2 <g <oo,s >0,and§ > 0, the solution u of (1-3) satisfies the following estimates:

o IfO<s5<1/2, |lu®)lla St 729 £l 25 ligll L2
o Ifs > 1/2, lu@®lze SO N2 lgl 2.
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If g = o0, the solution u of (1-3) satisfies

lu@)llze S Qog )| fllz2 Mgl 22

Proof. Use Lemma A.6 instead of Lemma A.5 and follow the proof of Theorem 4.2. (I

The role of space resonances.

Theorem 4.5. Assume that (H) holds and A = &, or in other words that (g — 3,)¢ never vanishes. Then
the solution u of (1-3) satisfies the following bounds for any § > 0.

« IfO<s < 1/q, |u@)|lpe S tV/COTI2=C/D5H8) £ 2| gl 2.
e If1/qg <s <1—1/q, |u(®)lle SV25) fllasllgll 2o
o Ifs>1—=1/q, lu@®lre StY7128) £ll s llgll 2.

Proof. The proof proceeds by interpolating between the following L? and the L™ estimates. Indeed if
s < 1/q, then, for 8 =2/q, we have L7 := (L%, L)y and L>* = (L%9/%, L>%)4 with gs/2 < 1/2. We
conclude similarly for the two other cases.

Recall that

E, ) = GE—n, ),

so that the hypothesis on ¢ translates into 9, ® # 0, and, in Fourier space, u reads

i, ) = e"® /0 / STPEN FE _manm(E —n, n) dn dx.

The L? estimate. We want to prove that, for every exponent § > 0 (as small as we want),

3/4=(3/2)s+8 , L 1
@Ol < {r Iz gz OS5 <5, @
1Al L2s ligll s if s > 5.

The result for s = 0 is given by Theorem 3.2. So let us study the case s = % so that (4-1) will follow by
interpolation.
We first observe that the embedding L>!/27% ¢ L' and the dispersive estimates L' — L™ give

H / eTPEN Fe —mgmmE —n,m)dn|| ST P f, TP )|

L2
ith(D —1/2
S PP flireligle S T2 Fll 2 llgl 2.

Moreover, integrating by parts in 7 via the identity isd, e’ ®— e’ ® gives

H/ eir¢(§ﬁ7)f(é: —ng(mmE —n,n)dn

L2

<! / TP ED 10,0, )~ f(E —m@(mmE —n, M]dn

L2

ST N2ansslighzn + 1 F 2 llglzans, 4-2)
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where we repeat the same arguments as previously.
So let us fix T and consider the bilinear operator

U (9 — / eEN f —m)gym(E —n.n)dy.

‘We have obtained that

Ul p2azser2mr2 + U p2sepzes g ST 172

and

IUC @l S22 lzaes gz + 1 f il liglzimes].

We now explain how we can interpolate between these two estimates to obtain

IUCH N ST P00 flzanlglze,

for any § > 0. We first consider the collection of dyadic intervals

LY -1, L, %[22 u, 2" forn> 1.

(4-3)

(4-4)

(4-5)

(4-6)

On each set I, the weight (x) is equivalent to 2", so for n < m, two integers, we know from (4-4) that

—1/2An(1/2+8
WUl 2y xi2ay—12 ST 12n(1/249)

and from (4-5) that

MUl L2y xr2a)—12 ST

Consequently, taking the geometric average with §' > 28, we get

WU 21,y < L2t — L

So we have
— 148 1/2—6
WU e ST 0 2020 £l gl 2,
n,m=>0
—148 — 1)
St < Z 2~ (mtm )||f||L2‘1/2||g||L2<1/2
n,m=>0

_ /
STl anligl 2.

_3/2[2n(1/2+8)2m +2nzm(l/2+8)] < ¢73/29n(1/248)ym

) SJ T—1+6’2n(1/2+5)2m(1/2—6’) S .L,—1+52(n+m)(1/2—8)‘

Since 8, 8’ can be chosen as small as we want with §' > 28 > 0, §’ can be chosen arbitrarily small, which

concludes the proof of (4-6).

Finally from (4-6), we obtain (4-1) for s = % by integrating in time for 7 € (0, ?).

The L°° estimate. We want to prove that

! fllasliglles ifO<s <1,

lu@lle < { _ .
2N fll s gl s ifs > 1.

(4-7)
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The case s = 0 was stated in Theorem 3.2. Recall that, writing
def
u(t) = / F(t,s)ds,
0
the L' — L dispersive estimate gives

IF @, 9)lle S

gl L2

~

Next, integrating by parts via the formula isd,®e’*® = 9,¢5® gives

/ e1®) pisPEM F& _ pya(mym(E — n, 1) dn

_ f ena(aemé(s,n)manﬂg —ngmmE —n,n)dn

ita®) isdEn L
+/e ¢ isd, P&, n)

709

(4-8)

FE—md,gmmE —n,n)dny

n f eim@)eis@(s,n)an(_m(f——’%’?)) fE—meamdn,

iso,®(&, n)

which becomes, in physical space,

F(t,s)=1+1+11I, 4-9)
with
79t lei(t—s)a(D) T m (PP xf, oi1cD)gy,
s 79,
gl ie- s)a(p)T3 (/1PD) £ gite(D) o
P
def l i(t—s)a(D) ith(D) ite(D)
= _e Ty g€ 1 e8):
Using the L' — L™ dispersive estimate,
; ; 1 1
Mz < «/_ ||T Dt Py, < sm”xf”LZHgHLz S smllflle-lllglle-
Similar estimates for /I and III give
1
F(, o S : 1. 4-10
IF(, )l Nsmllfllmlllgllpl (4-10)
Repeating the argument, but integrating by parts twice via the identity ———— 8 50 e"® = ¢®  yields
1
IF@, )~ S (4-11)

S 5=\ fllr22llgllr22.
2 Ji—s Fliz22ligl.

Finally, interpolating between (4-8), (4-10), and (4-11) gives

1
IF@ s)lee S

————— 2,0 2,0
N sam”f”L el

for0 <o <2.

Integrating this inequality in s (recall that u(¢) = fot F(t,s) ds) gives the desired estimate. [l
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The role of space-time resonances. We want to consider here the case of a point which would be resonant
both in space and in time; we need to combine the two approaches previously presented.

Theorem 4.6. Assume as usual that m is smooth and compactly supported and that (H) holds. Assume
further that the point
def
po = (50, m0)

is the only point in the support of m that is resonant in space and time — in other words, the only point such
that ¢ (po) = (3¢ — 9,)P (po) = 0. Moreover, assume that ¢ and (0 — 9,)¢ vanish at order one on their
zero sets, and that the two smooth curves {¢ = 0} and {(0g — 9,))¢ = 0} are non tangentially intersecting
at po with d¢p(po) # 0. Then the solution u of (1-3) satisfies the following bounds for q € [2, o] and
every § > 0.

« Ifs €[0, 3],
()| pa S ¢/a7SAAFICOTY 2115 gl 2.

. Ifs € (3. 1],
lu(@) e S t=5AAV@DT 25 gl 2.

Remark 4.7.  « For g = oo, the estimates follow from the ones with ¢ < co with the Bessel inequality
(since & can be as small as we want).

o The assumptions of the theorem imply that, if ¢ and V, ¢ vanish at order 1 on I" and A, respectively,
then, at the intersection point of I and A, I" is characteristic along & 4 . Fortunately, this turns out
not be a problem in the estimates.

e The technical assumption d: ¢ (po) # 0 is exactly the same as that of Theorem 2.5: ®¢ (&9, n9) # 0.

« In the previous results, for s = 1, we get that, for large t > 1,
lu@llze S eV Fllanllgl 2,

for every § > 0. This estimate is optimal (up to § which can be chosen as small as we want) due to
the lower bound in (2-9).

Proof. The L? inequalities (¢ = 2) have already been proved in Theorems 4.2 and 4.4. Indeed, from
Theorem 4.4 we know that u(¢) can be estimated in L2 with a bound t(!=9)/248 jf g < % and ¢° for every
§>0if s > % Moreover, Theorem 4.2 yields that, for every § > 0,

8
lu@llze SNl lgl e

So it suffices to check the only remaining extremal point, ¢ = co with s = 1. We now aim at proving that

lu@ gm0 St 420 Fll2aligl o, (4-12)

which implies the desired result by interpolation.
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To prove (4-12), the main idea is to combine the two previous situations, so let us consider small
parameters €}, €, € (t~'/2, 1) and a smooth partition of the unity with respect to the domains

Q1 E{E 0, 16E M > €1+ 110 — )b E ),
Q0 E{E, 0, 10 — 0)$E M| > a2+ LD E M),
def

Q3 ={G, ), lpE Nl <2 and |3 — )P (&, N <26}

More precisely, €21 can be thought of as a truncated “cone” around the curve |(d¢ — 9,)¢| = 0 and of top
Po. 2 can be thought of similarly, but around the other curve. This decomposition, from the smooth
symbol m, gives rise to three symbols m;, and we have

u(t) =uy(t) +ux(t) +us(t)
with

01, £) = e1® / f &SOEND (& — . ) fE — @) dn ds.
0

Step 1: estimate of u; in BMO with s = 1. We perform the same decomposition as was used in the proof
of Theorem 3.2, so

wi@) =L g —1:(f g,
with
L(f, 8) = Ty s (PP f,e"Plgy and 11, = " P)T,,, 14 (f, 8).

The symbol m; is of Coifman—Meyer type [Coifman and Meyer 1978] (up to a translation from pg to 0)
and ¢ is smooth and lower-bounded by €; 5o T}, /4 is bounded from L x L™ to a modulated BMO space
[Meyer and Coifman 1991] with norm < €, !, Using the dispersive inequalities for the linear evolution
groups,

-1 ith(D itc(D —1,—1 —1.—1
IL:(f, ) llamo S e €™ P Fllplle™Pglipe St fllpliglor Se 't il llgllz,

where we used L>! ¢ L!. Then we decompose the symbol m; around pg for scales 2/ from € to 1
as follows (here the scale means the distance in the frequency plane to the point pg, which in €2 is
equivalent to |¢|):

mi= Y mixQ27¢),

€1§2j§l

where x is a compactly supported and smooth function. The symbol m1 x (277 ¢)/¢ is of Coifman—Meyer
type (up to a translation) with a bound 27/ so the operator 7,,, , (24,4 is bounded from L? x L* to L'
with a bound 27/. Since when we evaluate T, , 2-ig)/6 (/> &), the functions f and g may be assumed
supported in frequency on an interval of length 27, we deduce from Lemma A.2 that

L (f, @)l St 2 T y0 (f. @)l

5r‘1/2( > 2f2—f')||f||Lz.1||g||Lz.l5r‘”zuogen||f||Lz.1||g||Lz,1.

5152151
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So, since €; € [t~1/2, 1], for every § > 0, we obtain

-1/2_—6
lur@)llamo St~ 2P F 12 gll o

(4-13)

Step 2: estimate of up in L* with s = 1. For u,, we follow the proof of Theorem 4.5, with the symbol
my supported on a cone with |(£, n) — pg| > €. In our current situation, the symbol m, satisfies the

Hormander regularity condition (which means [0%m» (&, n)| < (&, n) — pol~1®!) and is supported on £2»,

which can be considered as a cone of top po. So €5 can be split into different parts at distance 2/ from

po forex <2/ < 1:

my= Y myxQ7 (- = po)),

€<2/ <1

where x is a smooth and compactly supported function. For each of these pieces, x (27/ (- — po)) restricts

frequencies to a ball of radius ~ 2/, so it is possible to add projections 7 jon f and g, where 7; projects

on intervals of length ~ 2/ which we do not specify.
These considerations lead to the following modification of (4-10):
1

IF@ ) le S
Sa/t —§

Y (+u;+p,
52521'51

where

Lj = Ty @ (- —po))
9,®

I2x 12— L1 Ixfilzzllmiglze,

def
1; = Tsz (27 (-=po))
5, ®

L2x[2— ] ”TL—Jf”L2 ||xg||L2,

def
= \T iy @7 (= po))
L 5, ®

T el e

max (277 (- = po)) .

To bound /;, observe that 2/ s is a Coifman—Meyer symbol; thus
n

<2/,
L2x 1211 ™

H Tonyy @i —po)
3, ®

Furthermore, by Lemma A.2, [|7;g|l;2 S Zj/2||g||L2,1. Therefore,

L5277 fllgaalmsglie S 2772 Fll o gl g
Similarly,

H; S27 Fll2llglzn S27720 flleallglzza

max (277 (- = po))
9,

Finally, 2%/,

1 <2770 Fllealigl .

(4-14)

is also a Coifman—Meyer symbol. Applying this and Lemma A.2 gives
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It follows that

_; i 1 -1 1
||F(z,s)||Loos< 27742 f) £l llgllor Se £l llgll s
52§<1 s /T—s 2 sJi—s

which means that in (4-10) we get a new extra factor €, I Finally, applying similar arguments as for
Theorem 4.5, we conclude that, for any § > 0, we have

lua@) e S & 72 Fll 2 llgll g2 (4-15)

Step 3: Estimate of u#3 in L™ with s = 1. For u3, we know that the symbol m3 is supported on a ball of
radius € := max{ej, €;} around the space-time resonant point py.

We follow similar arguments as for Proposition 3.8, so we split the ball B(pyg, €) into “strips” with
scale ¢ from O to €:

mz= Y m3x(27/¢).
0<2/<e

which implies

u3(t) = Z ng (fv g)

0<2k<e
where 7' ; is the bilinear Fourier multiplier associated to the symbol
3

elreEm _q

miE ) =" ma e, x0T E ).

For each scale 2/, the symbol mé is bounded by max{r, 27/}, so Lemmas A.3 and A.2 with Remark A.4
imply (the functions f, g may be supposed to be frequentially supported on an interval of length €)

1T, (f: @)l S max{e, 277127 £ 2182 < maxe, 27712 €| fll 21 ligl 2o

By summing all these inequalities over the scale 2/, we get

lus (@)l S (r Y2+ 1)e||f||L2,.||g||L2,.

2/ <¢~1 —1<2i<e
< (log(en)ell fllzarllghar S en’ell fllarllgl g2, (4-10)
for every § > 0, since ¢ > 1.
Step 4: End of the proof. Optimizing over €| and ¢, leads to

€]l =€) =€ := VA,

As required, we have ¢, € [+~12,1]. So by summing (4-13) and (4-16) with the estimate for u,, we now
have, for every small enough § > 0,

lu@)llsmo S 1272 + (e’ fll 2 llgl -
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Since €; > t~!/2, the main term in the previous inequality is the second one, so we deduce for every § > 0

—1/4+6
lu(®)llpyo St~ 1/4H,

which concludes the proof of (4-12). U

Appendix A: Multilinear estimates

Lemma A.1. Suppose that the symbol o (€, 1) is bounded (that is, ||o ||~ < 1) and supported on a ball
of radius €, say B(0, €). For q € [2, 0] and s < %,

175 (f @) llze S VI £l pasligl o

and

175 (£ ) llee S €0 fll2slgl s
ifs > %
Proof. Consider the first claim in the case s = 0. The lemma is obtained by interpolating between the
endpoints ¢ =2 and g = oo. If g = 2, it follows from an application of the Plancherel equality and the

Cauchy-Schwarz inequality that

2
dé§

1T (f )12 = / ‘/o(g — o fE - e dn

s/(f |o<§—n,n>|2dn) (/|f<s—n>§<n>|2dn) d
Selflzllgl.. (A-1)

If g = o0, use Cauchy—Schwarz again to get

1T, (f. )l = H f f T ENG (& ) FE)am dnde| < / /B o Pzl dndg
L L€

A 1/2
56</ If(é)é(n)lzdndé) Sellflizzlighze- (A-2)

Then, for s > 0, we use that the symbol is supported on a ball of radius €, so f (respectively g) can be
replaced with mr;(f) (respectively m;(g)), corresponding to the frequency-truncation of f on an interval /
of length 2¢. We conclude by applying the previous reasoning with 7;( f) and 7;(g) and Lemma A.2. [

Lemma A.2. Assume that I is an interval and consider m; the Fourier multiplier, given by a smooth
function supported on 21 and equal to 1 on 1. For q € [2, 00] and s < 1,

(Ol S U N s2-

Proof. The proof relies on the Sobolev embedding as follows:

I (Ol 2 SV Fllean SN Al SN llwse SHENFlls2,

where the exponent o is given by 1/o0 = % — 5. U
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Lemma A.3. Consider a smooth curve T and a bounded symbol o (|0 ||co S 1) supported on TeNB(0, M),
for a positive constant M. Suppose q € [2, 00].

e Ifthe curve T is noncharacteristic,

1o (f. )llee S Fll 2 Nlgll 2

e [fthe curve I" has nonvanishing curvature,

175 (f, @)lle S YCDY £l 2lIgll 2

e Otherwise,
1o (fs e S €V NIl llglpe -

Proof. As for Lemma A.1, by interpolation it suffices to study the two extremal situations, ¢ = 2 and
q = oo. First, for ¢ =2, employ the same reasoning as in Lemma A.1 (relying on the Plancherel equality).
Since the support I'c now has a measure bounded by € (up to a constant), we get

1o (f N2 S €2 fllzllglle (A-3)

Let us point out that this estimate is the easiest situation (when the three exponents are equal to 2)
described by Theorem 1.5 of [Bernicot and Germain 2012]. Moreover this estimate does not depend on
geometric properties of the curve I'.

Let us now study the case where g = oo. If the curve I is noncharacteristic, then Proposition 6.2 of
[Bernicot and Germain 2012] implies that

175 (fs )i~ S ell fllz2llgllze,

which, by interpolating with (A-3), proves the desired result. If the curve I" has a nonvanishing curvature,
the proposition just cited yields

ITo (f, )l S Fll2 g2,

and we similarly conclude by interpolation. O

Remark A.4. The estimate for a noncharacteristic curve I" still holds if the curve admits some points
that are characteristic only along the variable £ 4+ 1, which means when the tangential vector of the curve
at this point is parallel to (—1, 1). Indeed the proof of Proposition 6.2 of [Bernicot and Germain 2012]
only requires appropriate decompositions in the variables £ and 5 for f and g and do not use specific
properties on the third frequency variable & 4 7.

<1)

~

Lemma A.5. Assume that I is a noncharacteristic curve. Consider a bounded symbol o (]|0 |00
supported on I'c N B(0, M), for a positive constant M.

c If 0<s <1/ To(f, @lle Se' I8 £l sllgl Lo

« If s> 1/4 N T5(f, @)liLe S €l fllrasligllipas.
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Proof. We follow the same steps as for the previous lemma. The L? x L? to L™ estimate cannot be
improved by replacing L? by L>*, so we simply focus on L? x L? to L? estimates. Since the curve is
assumed to be noncharacteristic, it follows that

(To (@) IS Y €21 fll 2 18N 2y Il 2 (A-4)

i
where the (I{‘),- are collections of almost disjoint intervals of length € for k =1, 2, 3. As a consequence,
from the Cauchy—Schwartz inequality it turns out

175 (f, )2 S €2 Gsup Il fll 2 lgll 2.
1
Using Sobolev embedding on the whole space R, we get
12 S €700 Fll oy S €21 e S €21 fllwae
with the exponent o given by 1/0 = % — 2s (we recall that s < %). So finally we get

IT5 (f, )2 S €22 fll2aligll o

By symmetry and then interpolation, we deduce

175 (f, @) e S €22 fllas gl O

Lemma A.6. Assume that I" has a nonvanishing curvature. Consider a bounded symbol o (||0]|co S 1)
supported on I'c N B(0, M), for a positive constant M. If 0 < s < 3, then, for every § > 0,

P flipasliglpes,  ifs <1/2,

ey/Togell fllpzsliglzs, ifs > 1/2.

Proof. The case s = 0 is included in Lemma A.3, so by interpolation (with L>* C L' for s > %) it suffices
to check that

175 (f, g)IILZS{

175 (f, )2 < €y/llogel [l fllLrllgllLr-

This estimate was already proved in [Bernicot and Germain 2012, Proposition 5.1]. For readability we
quickly sketch the proof here. Assume that (0, 0) € I" and let us work around this point. Then note that,
for every L?-function h,

u+vu v

@00 =| o n)f(é)g(n)hmn)dsdn{ S A e | [

< hu)|——— < hl||;2€+/|logel,
Sl lgle / |h(u)] 1+|u| S UANiliglzilializ2€/[logel
where we have used (because of the nonvanishing curvature) that, uniformly with respect to Ao,

_ = <€
|{E 77’ (S’n)eréag—i_n )“0}|,\,«/r|)\‘0| D
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Appendix B: One-dimensional oscillatory integrals

Before stating the main proposition, we need to define the functions'

o0 o0
<g1(x)déff ¢’ do  and cgz(x)déf/ eio? 40
X X

O—X

Their qualitative behavior is given by the following lemma.
Lemma B.1. (i) 9; is a smooth function such that
{cgl(x) = —e*’ /(2ix)+ O(1/x%) asx — oo,
G (x)=Cop+0(1/x) as x — —oo,

2

where Cy is the constant Cy = ffoooei” do.

(1) 9, is a smooth function such that
C.ei™ J27x + 0(1/|x]%/%) as x — 0o,
G (x) = . . ,
C_e™ J2]Ix] + Jre™ e (1//IxD) + 0(1/|x %) as x — —oo0,

- 2
where CL = foooei“’ do.

2

We now state the main result. Recall that Cy = f _Jr;o e do.

Proposition B.2. Let x be a smooth, compactly supported function, and let { be a smooth function.
M) If" = c>0and ¢'(0p) =0,
[ e xordo = xtow [ 2= Lo + 0. (1),
0 ¢"(00) Vt t

(i) If|¢'| = ¢ > 0 does not vanish,

i@ do _ xO0) 0 Co 1
/o Gy R A )

@ii) If1¢"] = ¢ > 0, ¢'(00) = 0 with oy > c,

o0
; do _ xO) 0 Co ; isign(¢”onZ  X(00) 1 1
¢y (0) 4% = (it S0 o ite(on) i sign@ (0o) L0 (_)
/O Jo VT Ji NSO

(iv) If¢" = ¢ >0and {'(09) =0,

O:(t™3*)  if |Jtoy| < 1,
Oc(Joo/t) if |vtool <1,

where C(x, ¢) is a function of x and ¢ (and hence also of op) which we do not make explicit here.

/0 eit{(a)x(g)d_\/% =C(x, )% (V1op) + {

I'The function %1 can obviously be obtained from the Fresnel integrals S(x) = féc sint2dt and Cx) = f(;c cost2dt. In
particular, the constants Cy and C+ appearing below can be computed via Fresnel integrals to yield Cy = (1 +i)+/7/2 and
C+ = ((1£i)/2){/m/2. See [Abramowitz and Stegun 1964].
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Remark B.3. Statements (ii) and (iii) on the one hand, and (iv) on the other, are complementary: (ii)
and (iii) apply when ¢’ vanishes away from zero, or not at all, whereas (iv) is meaningful if the point of
vanishing of ¢’ approaches zero.

Proof of Lemma B.1. Assertion (i) is proved by a simple integration by parts, so we skip it and focus
on (ii). After the change of variable of integration to T = /o — x, 9, becomes

00
Gy (x) = 2ezx2 / elt2(12+2x)d.[ déf Ze”‘zg(x).
0

The case x — o0. Split

R 00 def
g(x)z/ +f cdTt ETHII
0 R

Start with
R i2 2 R 2202 2 i2 2 def
1:/ T dr+/ [T+ _ 2T g S+ .
0 0

The term /; can be written

I /OO i2xr2d /OO i2xr2d 1 /00 io’zd + 0( 1 )
= e T — e T=— e (o2 — 1,
U R V2x Jo xR

where the inequality || ;;O T g = O(1/(aR)) follows by integration by parts.
As for I, estimate it brutally by

R
|| 5/ *dr = O(RY).
0
Finally, an integration by parts gives

o0 22022 1
1 =/ Rl | S —
0 RZX

Gathering the above gives

=5 foo “’do + O (R + 0 —
= J— o R
i 2x Jo ¢ xR? )’

finally, optimizing over R gives
[ 1 [ .2 1
g(X)— E/O e dO"i‘O(W),

which is the desired result.

The case x — —oo. Split

v—x/2 oo def
g(x)z/ +/ odt=HI+1V.
0 —x/2

Start with /1. Similarly to g in the case x — 0o, we use the split

R v—x/2
III:f +/ coodr =1L+ D,
0 R
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and estimate

1 o0 1 1
Il = —— édo+0( R+ — d 11, =o0(—).
! «/_2x/0 o ( TR ) and A (R%c)

Optimizing over R gives

11l = ! / md +0( ! )
V2x Jo |x[3/7

Turning now to IV, observe that the change of variable p = —7%/x gives
. d,O ﬁ : ) 1
1V = \/__xf elxzp(p—Z) — _elﬂ/4e—lx + 0(_)’
12 2Jp 2 Vx| x|
where the last equality follows by the stationary phase lemma. Putting together our estimates on /1] and
IV gives the desired result. O

An intermediate result. The following proposition essentially corresponds to Proposition B.2, where ¢
is replaced by either o or o —e (in which case o9 = €).

Proposition B.4. Let x be a smooth function.

(i)/ x0)do = XDy vioy 10 (1)

v
.. o ito do _ Lo 1 too ig?
(11)/ e X(a)—_ﬁx(0)+0<;) (recall that Co = [ ¢i” do).
_x© 0@=3*  if|/te]l <1
(1“)/ 1/4%M)+{0(¢% if el > 1

Proof. We prove only (iii), since (i) and (ii) are simpler and can be proved using a similar procedure.
First reduction for (iii). The change of variable T = 4/fo gives

/Oo iIO’2 1 ( )d t71/4 /00 i‘[z 1 < T )d
e X\o o = e ——— X\ ——= T.
€ VO —€ te T — \/;E \/;

Thus the proposition is proved if we show that

© 1 T _Jou if |/t€] < 1,
/,f T_JGME)_X(O)]d“{owa—”“) if | /7e] > 1. (B-1

Define 8 a smooth, compactly supported function, equal to 1 on the support of . We can write

w0=x0 o) e ) () o [z
- Vie NG T —4fte re NG * NG * r—«/fe'

Since the first summand is easier to deal with, we focus on the second. Setting

Z(y) ﬂ(y)[x ) —x O],



720 FREDERIC BERNICOT AND PIERRE GERMAIN

reduces the question to proving that

/weirzz(L> dr _ {;—1/2 if [ /te] < 1, B-2)
fe Vi) o= Jie ~ Vet it [Vie| > 1,

where Z is a smooth function vanishing at 0.

Proof of (B-2). Split the left-hand side of (B-2) as

Jie+R 00 def
/ +/ o dTt S T+11.
te Jie+R

The term [ is estimated directly, giving
drt <{eﬁ if R < \/|€l,

Jie+R T
Iff L\ 7, 12p32
re Vil o —ie 7 LTV2R? i R > Vel

1 .
The term /I is submitted first to an integration by parts using the identity Z—Bfe”z =e
T

it2.

11:/0o Ly e"*z<i)d—t=L ) laei*Z(i)d—f
JierR 2T Vil Jr—Jie Nilier? Vi) T —\te
_ 1 ei(ﬁe+R)22'(\/;6+R)_l/OO eitzz,(L>d—l’
2J1vVR Vi 2t J Jie+r Vi)t —ie
iy
4t Jyierr Vi) (t —1e)3?

where we set Z (y)défZ(y) /y. The term I is then estimated directly:

1 |5(te+R L[> |5/ dt 1 [> |x(* dt
II < Z + - 2| —= )|l ——=+— I\ —=||—
2ivRI T\ Vi 0 el \Vi e =die Vi Jyiernl "\ Vi) [ e = Ve
< ~12R-172,
Summing up, we have
R+t71/2R™1/2 if R <./t
I+1S ej{/_z—zz —1/2 p—1/2 1 =il
t R3? 47 12R=1/Z if R > /1le|.
Optimizing over R (distinguishing between the cases +/7|€| > 1 and /t|€| < 1) gives (B-2). [l

Proof of Proposition B.2. We only prove (iv); the proofs of (i) and (ii) closely follow that of (iv), and (iii)
simply requires an additional application of the stationary phase lemma. The idea is simply to perform a
change of variable which reduces matters to Proposition B.4. We want to estimate

* i) do
ey (o) (B-3)
/0 Jo
where ¢” > ¢ > 0 and ¢'(0p) = 0. Now set

y = (o) ¥ sign(o — 00)v/7(0).
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Notice that ® is smooth, and that

e [T 2
O (0) =09, D(0g) = 5 (®7)(0) = " (00) :

2VEDO) 4t ¢ oy,
&(®(0)

Furthermore,

(@1 (@(0)) = sign(d(0) — 09)

which implies that /®~!(y) can be written

VO =C@O)Vyy )

for some smooth, positive function y. Performing the change of variable y = ® (o) gives
x5, dy
(B-3)= / e x o @ (M@ MCE) T ==,
®(0) VINY ()

Applying Proposition B.4 gives the desired result:

_ 2 1 1 1 o@u3%  if |Vre| <1,
(B-3)= 00\ zro0y €0 y0) 118 21O+ {0(4/_e/t) if | /7e| > 1. -
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SMOOTHING AND GLOBAL ATTRACTORS FOR THE ZAKHAROV SYSTEM
ON THE TORUS

MEHMET BURAK ERDOGAN AND NIKOLAOS TZIRAKIS

We consider the Zakharov system with periodic boundary conditions in dimension one. In the first part
of the paper, it is shown that for fixed initial data in a Sobolev space, the difference of the nonlinear
and the linear evolution is in a smoother space for all times the solution exists. The smoothing index
depends on a parameter distinguishing the resonant and nonresonant cases. As a corollary, we obtain
polynomial-in-time bounds for the Sobolev norms with regularity above the energy level. In the second
part of the paper, we consider the forced and damped Zakharov system and obtain analogous smoothing
estimates. As a corollary we prove the existence and smoothness of global attractors in the energy space.

1. Introduction

We study the system of nonlinear partial differential equations, introduced in [Zakharov 1972]. It describes
the propagation of Langmuir waves in an ionized plasma. The system with periodic boundary conditions
consists of a complex field u (Schrodinger part) and a real field n (wave part) satisfying the equation

iy +auyxx =nu, xel, tel[-T,T],

Nyt —Nxx = (|“|2)xx,

u(x,0) =uo(x) € H°(T),

n(x,0) =no(x) € H'(T), n;(x,0) =ny(x) € H~1(T),

ey

where o > 0 and T is the time of existence of the solutions. The function u(x, t) denotes the slowly
varying envelope of the electric field with a prescribed frequency and the function n(x, ¢) denotes the
deviation of the ion density from the equilibrium. Here « is the dispersion coefficient. In the literature
(see, e.g., [Takaoka 1999]) it is standard to include the speed of an ion acoustic wave in a plasma as a
coefficient 872 in front of 1;; where B > 0. One can scale away this parameter using time and amplitude
coefficients of the form ¢t — B¢, u — \/E u, and n — fn and reduce the system to (1). Smooth solutions
of the Zakharov system obey the conservation laws

lu@llL2cry = luoll 2
and

1 1
E(u,n,v)(l):a/ |8xu|2dx+—/n2dx+—/vzdx+/n|u|2dx:E(uo,no,nl)
T 2Jy 2y T

The authors were partially supported by NSF grants DMS-0900865 (Erdogan) and DMS-0901222 (Tzirakis).
MSC2010: 35Q55.
Keywords: Zakharov system, global attractor, smoothing, periodic boundary conditions.
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where v is such that n; = vy and vy = (n + |u|2) x- These conservation laws identify H U L2 x H™1 as
the energy space for the system.

For @ = 1, Bourgain [1994] proved that the problem is locally well-posed in the energy space using
the restricted norm method (see, e.g., [Bourgain 1993]). The solutions are well-posed in the sense of the
following definition

Definition 1.1. Let X, Y, Z be Banach spaces. We say that the system of equations (1) is locally well-
posed in H0(T) x H'(T) x HS'~1(T), if for given initial data

(w0, 0. n1) € H*(T) x H* (T) x H*'~1(T),
there exists 7 = T (|uo||mso, [|noll&s1. |1l gs1—1) > 0 and a unique solution
(w,n,n;) € (XNCPHE(-T. T xT), Y NCPHIN([-T. T1xT), ZNCPHI([-T. T] xT)).

We also demand that there is continuity with respect to the initial data in the appropriate topology. If T
can be taken to be arbitrarily large then we say that the problem is globally well-posed.

Thus, the energy solutions exist for all times due to the a priori bounds on the local theory norms. We
should note that although the quantity fT n|u|?dx has no definite sign it can be controlled using Sobolev
inequalities by the A ! norm of u and the L2 norm of n. This gives the a priori bound (see [Pecher 20017)

le@ll g1+ In@ll2 + ln Ol g1 < NuO g1 + 7O 2 + 7O g-1. 1 €R 2

Takaoka [1999] extended the local-in-time theory of Bourgain and proved that when é € N we have
local well-posedness in H50 x H*! x H*'~ ! for s >0 and max(sy, %‘ + %) <50 <51+ 1. In the case
that é ¢ N one has local well-posedness for s1 > —%, max(sy, 571 + %) <50 <51+ 1. A recent result
[Kishimoto 2011] establishes well-posedness in the case of the higher dimensional torus.

The corresponding Cauchy problem on R? has a long history. In this case it is somehow easier to
establish the well-posedness of the system due to the dispersive effects of the solution waves. We cite the
following papers [Added and Added 1984; 1988, Bejenaru and Herr 2011; Bejenaru et al. 2009; Bourgain
and Colliander 1996; Colliander et al. 2008; Ginibre et al. 1997; Kenig et al. 1995; Sulem and Sulem
1979] as a historical summary of the results. It is expected that (see, e.g., [Kishimoto 2011]) the optimal
regularity range for local well-posedness is on the line s; = s¢ — % because the two equations in the
Zakharov system equally share the loss of derivative. The Zakharov system is not scale invariant but it can

be reduced to a simplified system like in [Ginibre et al. 1997], and one can then define a critical regularity.
d—3 d—4
22
lowest regularity for the system to have local solutions has been found to be (sg, s1) = (0, —%) [Ginibre

This is given by the pair (sg, 1) = ( ), which is also on the line. In dimensions 1 and 2, the
et al. 1997]. It is harder to establish the global ! solutions at this level since there is no conservation law
controlling the wave part. This has been done only in one dimension [Colliander et al. 2008].

In the first part of this paper we study the dynamics of the solutions in the periodic case in more detail.!
We prove that the difference between the nonlinear and the linear evolution for both the Schrédinger

I'We restrict ourselves to the one-dimensional periodic case because the resonance structure is simpler. The corresponding
problem in higher dimensions, T4 or R, appears to be much harder.
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and the wave part is in a smoother space than the corresponding initial data, see Theorems 2.3 and 2.4
below. This smoothing property is not apparent if one views the nonlinear evolution as a perturbation
of the linear flow and apply standard Picard iteration techniques to absorb the nonlinear terms. The
result will follow from a combination of the method of normal forms (through differentiation by parts)
inspired by the result in [Babin et al. 2011], and the restricted norm method of Bourgain [1993]. Here
the method is applied to a dispersive system of equations where the resonances are harder to control
and the coupling nonlinear terms introduce additional difficulties in estimating the first order corrections.
As a corollary, in the case o > 0, we obtain polynomial-in-time bounds for Sobolev norms above the
energy level (sg, s1) = (1, 0) by a bootstrapping argument utilizing the a priori bounds and the smoothing
estimates, see Corollary 2.5 below. We have applied this method in [Erdogan and Tzirakis 2012] to obtain
similar results for the periodic KdV with a smooth space-time potential. We note that the resonance
structure in one-dimensional is easier to handle.

In the second part we study the existence of a global attractor (see the next section for a definition of
global attractors and the statement of our result) for the dissipative Zakharov system in the energy space.
Our motivation comes from the smoothing estimates that we obtained in the first part of the paper and
our work in [Erdogan and Tzirakis 2011] (also see [Goubet and Molinet 2009] in which the existence
of global attractors was obtained as a corollary of a Kato type smoothing estimate). More precisely we
consider

iug +auyx +iyvu=nu+ f, xeT, te[-T,T],

Nit —Nxx + VR = (|u|2)xx + g,

u(x,0) = uo(x) € HY(T),

n(x,0) =no(x) € L2(T), ny(x,0)=n1(x) e HY(T), feHYT), gelL?*T)

3)

where f, g are time-independent, g is mean-zero, [} g(x)dx = 0, and the damping coefficients v, y > 0.
For simplicity we set y = v, and g = 0. Our calculations apply equally well to the full system and all
proofs go through with minor modifications (in particular, one does not need any other a priori estimates).

The problem with Dirichlet boundary conditions has been considered in [Flahaut 1991; Goubet and
Moise 1998] in more regular spaces than the energy space. The regularity of the attractor in Gevrey
spaces with periodic boundary problem was considered in [Shcherbina 2003].

Notation. To avoid the use of multiple constants, we write A < B to denote that there is an absolute
constant C such that A < CB. We also write A ~ B to denote both A < B and B < A. We also define
()=1+]1]
We define the Fourier sequence of a 2-periodic L? function u as
2n

Uj u(x)e **xdx, kez.

N 2 0
With this normalization we have

| k
u(x)=Ze’ Yup and  (UV)g = ug * v = Z Up V.
k m+n==k
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As usual, for s <0, H® is the completion of L? under the norm

lullers = [l(k) (k) Il 2

Note that for a mean-zero L? function u, |u| gs ~ ||@(k)|k|*||;2. For a sequence uy, with ug = 0, we
will use ||u|| gs notation to denote ||ug|k|*| 2. We also define H*® = {u € H : u is mean-zero}. For
s =0 we write H® = [.2.

The following function will appear many times in the proofs below.

1 ifg>1,
pp (k) := P log(1+ (k)) ifB=1,
|n|<|k]| (k)l—ﬁ ifg<1.

2. Statement of results

Smoothing estimates for the Zakharov system. First note that if n¢ and n; are mean-zero then n, n;
remain mean-zero during the evolution since by integrating the wave part of the system (1) we obtain
92 Jyn(x,1)dx = 0. We will work with this mean-zero assumption in this paper. This is no loss of
generality since if fT no(x)dx = A and fT n1(x)dx = B, then one can consider the new variables
n—->n—A—Btandu — ei(B’Z/Z“LA’)u, and obtain the same system with mean-zero data.
By considering the operator d = (—dxx)'/2, and writing n+ = n +id ~'n;, the system (1) can be

rewritten as

U + AUy = %(n+ +n_)u, xeT, tel[-T,T],

(i0; Fd)ne = +d(Jul?), 4)

u(x,0) =ug(x) € H(T), ni(x,0)=no(x)£id 'ni(x) e HS'(T).

Note that d ~'n1(x) is well-defined because of the mean-zero assumption, and that n =7_.
The local well posedness of the system was established in the framework of X* b spaces introduced by
Bourgain [1993]. Let

lullss = (k) (x —ak®)Pitk. 1) 2 12
Illyso = |6 (0 F KDPAk. D) 2 13-
Here £ corresponds to the norm of n in the system (4). As usual we also define the restricted norm

Ullypso = inf  ||i]|xs.o-
lllyge = inf il
te[-T,T]
The norms Yi’bT are defined accordingly. We also abbreviate n (x,0) = n .

Definition 2.1. We say (5o, 1) is @-admissible if 51 > —% and max(sq, %‘ + %) <s0 <s1+1 for é ZN,
orif s; > 0 and max(sy, & + ) <so <s1 + 1 for 1 e \.

Takaoka’s theorem on local well-posedness can be stated as follows:
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Theorem 2.2 [Takaoka 1999]. Suppose o # 0 and (so, S1) is a-admissible. Then given initial data
(uo,n4,0,n—0) € H* x HS' x H"! there exists

1
—Ll4
T 2 (luollaso + Insollast + lln—ollgsi) ™

El

and a unique solution (u,ny,n_) € C ([—T, T]: H x HS! x H"1 ) Moreover, we have

lull sy +lna0ll 51 +ln—oll s 1 <2(lwollzrso + lIntollerst + lIn—ollms1)-
X Y Y

s,
T +.7 =T

Now, we can state our results on the smoothing estimates:

Theorem 2.3. Suppose é &N, and (s, $1) is a-admissible. Consider the solution of (4) with initial data
(uo,n4,0.n—0) € H’ x H’' x H®'. Assume that we have a growth bound

(@)l 2250 + ln+ @) st + =@l st < C (llwollzrso + Int0llrst + [n—oll g1 ) (1 + [£)700.

Then, for any ag < min(1,2sg,1 + 2s1) (the inequality has to be strict if so —s1 = 1) and for any
a1 <min(1, 2sg, 259 — 1), we have

u(t) —e'¥%yg e COHSTOR X T), )

ni(t)—eTnyoe COHS T (RXT). 6)
Moreover, for B > 14 151(sg, $1), we have

() — e ug || gsorao + 1+ (t) —e T 9y ol gy +ay < C(1+[2])5, )

where C = C (s0.51.a0.ar. |uollgso. [n+ollzst. [n— ol gst).

Theorem 2.4. Suppose é e N, and (so, 51) is a-admissible. Assume that we have a growth bound

g1 ) (1 [])@ G051,

@ llzso + In4+-Ollzrst + lln— Ol < C (luollzrso + lInt ol st + lln—0

Then, for any ag < min(1, s1) (the inequality has to be strict if so —s1 = 1 and s1 > 1) and for any
ai <min(1,2s9 —s1 — 1), we have (5), (6) and (7).

The growth bound assumption in the theorems above follows from (2) in the case s = 1 and s; = 0.
This is used in the corollary below together with a bootstrapping argument to obtain norm growth bounds
in all regularity levels above energy. Although the actual growth bounds can be calculated explicitly we
won’t do so here since we don’t believe that the rates are optimal.

Corollary 2.5. For any « > 0, and for any o-admissible (so, s1) with so > 1, s1 > 0, the global solution
of (4) with H®° x HS! x HS! data satisfies the growth bound

(@)l 2250 + 4+ @) Lzt + ln—@) s < Cr(1+ [t

where Cy depends on sg, s1, and |\uo| gso + |n+,0llms1 + |n—0llms1, and Ca depends on sg, 1.
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Proof. We drop the + signs and work with u and n. First note that because of the energy conservation,
|lu]| g1 and ||n| ;2 are bounded for all times. Assume that the claim holds for regularity levels (sg, s1).
Let (ag,a1) be given by Theorem 2.3 or Theorem 2.4. Note that for initial data in %0140 x Fs1+a1,
applying the theorem with (sg, s1) and (ag, a1), we have

lu(@) =" gl gsotag + In@) =T s oll sy var < CAL+ 1P
Therefore, since the linear groups are unitary, we have
@)l gsot+ao + 1) | gs1+a1 < C(1+ M)B + [luoll grso+ao + 170l grs1+ao-

The statement follows by induction on the regularity.
We note that in the case é eN, so =1, s1 =0, we have ag = 0. However, since a; € [0, 1], we obtain
the statement for a-admissible (1, s1), 0 < s; < 1. From then on we can take both ag > 0 and a; > 0. O

Existence of a global attractor for the dissipative Zakharov system. The problem of global attractors
for nonlinear PDEs is concerned with the description of the nonlinear dynamics for a given problem
as t — oo. In particular assuming that one has a well-posed problem for all times we can define the
semigroup operator U(t) : ug € H — u(t) € H where H is the phase space. We want to describe the
long time asymptotics of the solution by an invariant set X C H (a global attractor) to which the orbit
converges as { — 00:

UHX =X, teRy, du@),X)—0.

For dissipative systems there are many results (see, e.g., [Temam 1997]) establishing the existence of a
compact set that satisfies the above properties. Dissipativity is characterized by the existence of a bounded
absorbing set into which all solutions enter eventually. The candidate for the attractor set is the omega
limit set of an absorbing set, B, defined by

o(B)=( U U@)B,

§s>01t=>s

where the closure is taken on H. To state our result we need some definitions from [Temam 1997] (also
see [Erdogan and Tzirakis 2011; Flahaut 1991; Goubet and Moise 1998] for more discussion).

Definition 2.6. We say that a compact subset s{ of H is a global attractor for the semigroup {U(?)}+>0
if o is invariant under the flow and if for every ug € H, d(U(t)ug, ) — 0 as t — oo.

The distance is understood to be the distance of a point to the set d(x,Y) = infycy d(x, y).
To state a general theorem for the existence of a global attractor we need one more definition:

Definition 2.7. We say a bounded subset B¢ of H is absorbing if for any bounded % C H there exists
T =T (M) such that forall t > T, U(¢)B C Ry.

It is not hard to see that the existence of a global attractor & for a semigroup U(¢) implies the existence
of an absorbing set. For the converse we cite the following theorem from [Temam 1997] which gives a
general criterion for the existence of a global attractor.
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Theorem A. We assume that H is a metric space and that the operator U(t) is a continuous semigroup
from H to itself for all t > 0. We also assume that there exists an absorbing set Bg. If the semigroup
{U(t)}s>0 is asymptotically compact, i.e., for every bounded sequence xj in H and every sequence
ty — 00, {U(tr ) xy }i is relatively compact in H, then w(By) is a global attractor.

Using Theorem A and a smoothing estimate as above, we will prove the following

Theorem 2.8. Fix a > 0. Consider the dissipative Zakharov system (3) on T x [0, 00) with ug € H' and
with mean-zero ng € L2, ny € H™\. Then the equation possesses a global attractor in H' x L% x H™1,

—1+a

Moreover, for any a € (0, 1), the global attractor is a compact subset of H'7% x H* x H ,and it is

bounded in H'7% x H* x H~'%% by a constant depending only on a,a,y, and || f || 1.

To prove Theorem 2.8 in the case é ¢ N we will demonstrate that the solution decomposes into two parts;
a linear one which decays to zero as time goes to infinity and a nonlinear one which always belongs to a
smoother space. As a corollary we prove that all solutions are attracted by a ball in H 7% x H% x H~114,
a € (0, 1), whose radius depends only on a, the H! norm of the forcing term and the damping parameter.
This implies the existence of a smooth global attractor and provides quantitative information on the size
of the attractor set in H'7% x H% x H~174_ In addition it implies that higher order Sobolev norms are
bounded for all positive times; see [Erdogan and Tzirakis 2011]. In the case é € N the proof is slightly
different because of a resonant term.

We close this section with a discussion of the well-posedness of (3) in H! x L% x H~!. We first

rewrite the system (when y = v, g = 0) by passing to n 4+ variables as above:

(ioy +a8)2€+i)/)u:%(n+ +nyu+f, xeT, tel[-T,T]
(3 Fd+iyng = +d(lu?), (®)
u(x,0) =ug(x) € HY(T), nx(x,0)=nxo(x)=no(x)£id 'ni(x) e L3(T).

Theorem 2.9. Given initial data (uo,n+0,n—,0) € H! x L2 x L? there exists

T =T(luollgr. In+ollL2. In—ollz2. | fllz1. 7).

and a unique solution (u,ny,n_) € C ([—T, T): H' x L? x Lz) of (8). Moreover, we have

lell 1y + ol oy +ln—oll oy <2(lwollz + In+0llz2 + In—ollz2)-
X Y

T +.7 -7

This theorem follows by using the a priori estimates of Takaoka [1999]. In the case of forced and
damped KdV, this was done in [Erdogan and Tzirakis 2011, Theorem 2.1, Lemma 2.2]. We should note
that the spaces where the contraction argument is done are independent of y. One can possibly use
dissipative variants of Bourgain spaces in the spirit of [Molinet and Ribaud 2002] but we don’t need to
do so here.

The global well-posedness follows from the following a priori estimate for the system (8) which was
obtained in [Flahaut 1991] (recall that ny =n +id 'n;):

lullgr + n4llz2 + In=llz2 < Ci 4 Coe™ ¥, >0, )
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where C1 = Ci(e. y. | f 1) C2 = Ca@.y. Il f a1 luoll g1 IIn£.0ll2). and C3 = C3(@. ). In fact
this was proved in [Flahaut 1991] for Dirichlet boundary conditions. In the case of periodic boundary
conditions, the proof remains valid. Note that (9) also implies the existence of an absorbing set B¢ in
H' x L% x L? of radius C1 (o, ¥, || f || gr1)-

3. Proofs of 2.3 and 2.4
In this section we drop the £ signs and work with one n. We also set Y = Y.

iuy +auxx =nu, xel, te[-TT],
(9 —d)n =d(|ul®), (10)
u(x,0) =ug(x) € H(T), n(x,0)=no(x)+id 'ni(x) e HSI(T).

Remark 3.1. We note that since n4+ = n_ all of our claims about (10) is also valid for (4). The difference
in the proof will arise in the differentiation by parts process and the X" estimates. Because of (15), in
formulas (16) and (17) there will additional sums in which every term, in the phase and in the multiplier
with an | - | sign, will have a &+ sign in front. This change won’t alter the proofs for the X’ b estimates, in
fact, all the cases we considered will work exactly the same way. Also it won’t change the structure of
the resonant sets in the case é e N.

We will prove Theorem 2.4 only for @ = 1. Therefore, below we either have é ZNora =1. The
case o # 1, é € N can be handled by only cosmetic changes in the proof. Writing

u(x,t)=2uk(t)eikx, n(x,t):an(t)eijx’
k J#0
we obtain the following system for the Fourier coefficients:

latuk _akzuk = Zkl‘l‘kz:k nklukzv
fi70 - 11
i —1jlny =11 X 4 jpmj Winl=ppe  J #0 an

up(0) = (o), n;(0) = (no); +ilj|~ (n1);, Jj #0.
We start with the following proposition, which follows from differentiation by parts.

Proposition 3.2. The system (11) can be written in the following form:

19, [ up + € By (n,u)i ] = € [pr (k) + Ry (k, 1) + Rou, n) (K, 1)], (12)
id;[e"VIn; + e By )] = V[ pa(j) + Ry(u,n)(j, 1) + Rau,m)(j,1)],  (13)

where

* *

N, Uk . Uj U
Bin.w = Y — B =jl ) L2

22 1kl T2 o2
it ak? —aky — |kq| i =it + e
k1#0
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*

Ri)k,0) ="

ki1,k>

k1 + ko ug, u_g, Uk—k,—k,
ak? —a(k —ky —k2)? — ki + k2|

*

n N N, Uk —ky—k
Ro(u.m)(k.ty= > ——= o
kl,kﬁéoak —a(k —k1)? — k1|

*

2 . n-u-u-+j2_j
R3(u,n)(j,t)=|j| . A2 NT
h;o:jz =G+ 22 +aj —Jji = j2)?

*

o . N_j Ujs Uji+ jr—j
R
Ji#0.2 Y J2 J =2

*
Here, > means that the sum is over all nonresonant terms, i.e., over all indices for which the denominator

is not zero. Moreover, the resonant terms p1 and pa are zero if é ZN. Fora =1,

p1(k) = nog_son(ic)Usen(k)—k » k #0,

p2(j) =1Jl UL (jtsgn HUL(G—sgn)j)® j odd.

ioak?t :

Proof of Proposition 3.2. Changing the variables m; = n; eIt and Vi = upe in (11), we obtain

. i 2_gk2—
1010k = Xk +hy=k €@K D
k170 2.2
. _ . 't 7| — 7 3 e .
idm; =|j| Zjl-f-jz:j eit(jl—aji +0t]z)vjlv_]2’ j#0, (14)

vk (0) = (uo)x, m;(0) = (no); +ilj|~ (n1);, j #0.

It is easy to check that if we define m;r and my; accordingly, then

atm

Note that the exponents do not vanish if 1/« is not an integer. On the other hand if = 1, then the
resonant set is

(k1. kz) = (2k —sgn(k), sen(k) —k), k #0.

.oy = (L300 J =3y

, odd.
2 2

The contribution of the corresponding terms give p; and p; in the case « = 1. Below, we assume that
1
2 €N

Differentiating by parts in the v equation we obtain
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. ; 212
i0;vp = Z ezt(ak ak; |k1|)mklvk2
ki1+ko=k
k1#0
i 2_gk2 ; 2_ 12
Z at(ezt(cxk —ak2_|k1\)mk1vk2) pit(ak —ak2—|k1|)al(mk1vk2)
- (ak? —ak? — CSPWEI :
ki +ho=k i(ak? —aky —|k1]) bk ak? —ak? — |ki|
k1#0 k170

The second sum can be rewritten using the equation as follows:

) 102k k3 ey + hep |og, Dy 0k
ak? —ak2 — [ky + ko

ki1+ko+ks=k
k1+k27#0 eit(akz_akg_‘kll_‘kznmk M, Vi
o ol k19
ki +ka+ka=k 2T !
k1+ka#0
Now, we differentiate by parts in the m equation:
i ey 72 gy 12
i9mj =|j| Y etWImeiiten)y, 5
Jit+j2=J
. at(en(|j|—aj12+aj§)vjlm) o eit(ljl—ajfwfzz)a,(vjlm)
— TR I Jl—aj? a2
J1+i2=]j 1 2 Ji+i2=]j 1 2
The second sum can be rewritten using the equation as follows:
i1 +ej3—aji—j R
i elt(jl+ajs—aj; |]1|)mjlvjzv_j3
Sl . . 2 )
]'1+]12+j3=k |j| Ol(]l-i-]z) +(¥]3
/ it(ljl—eji+eiz+iaDy . v
e 1743 v m_j, v_;
+il ) i a.2+a(.’;_;22 5 (17)
Jitiatj3=k 1 /1 JaTJ3
J2#0
The statement follows by going back to the variables u and n. O

Integrating (12) and (13) from O to ¢, we obtain
up () — e 711 (0) = €K By (1, 1) (0) — By (. u)e (1)

t
—i/ eI (k) + Ry (u)(k, 5) + Ra(u, n)(k,5)]ds. (18)
0

nj(0) = e n;(0) = e VB (u); (0) — Ba () (1)

t
—i / e 5y (7)) + R3(u,n)(f, 8) + Ra(u,n)(j, 8)]ds. (19)
0
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Below we obtain a priori estimates for py, p2, B1, and B;. Before that we state a technical lemma that
will be used many times in the proofs.
Lemma 3.3. (a) Ifx >A>0andx + A > 1, then

1

Z (n—k1)*(n _kz))L < (k1 _kl)_l¢lc(k1 —k»).

(b) Fork € (0, 1], we have

/ dt < 1
R (T+p1)(t+p2) 7 (p1—p2)<™

(©) Ifk > 1/2, then
E : <1,
— (n% +c1n + c2)*

where the implicit constant is independent of c1 and c5.
We will prove this lemma in the Appendix.

Lemma 3.4. Under the conditions of Theorem 2.3 and Theorem 2.4, for each t, we have

lorOlas S ln@)lasillu@)llaso  if s <so+ 51,

lp2 () s < (@)1 Frso ifs <2s0—1,
I1Bi(n,u)()|zs S In@ll st u@llzso if's <1450 4 min(sy, 0),
1B2) @)l zzs < w10 if s < min(2s0, 1 4 50).

Proof. The proof for p; and p; is immediate from their definition.
To estimate Bj, first note that

1
ok =k} = V|| = o] [k | |2 — ey = - sentk)| ~ (ko) 2k k).

The last equality is immediate in the case é ¢ N, when o = 1, it follows from the nonresonant condition.
Therefore we have

e, | 1 Uke—k, |
Bl £ ) oy

k1#0
We estimate the H*® norm as follows:
<k>2s
1By < | 37 () e Ptk — k1) |2H H
" klé:o 1 Yol %: (k)2 ¥ 281 (k —k1)?%0(2k — k1) || goo

The first sum is bounded by ||z|| %1‘?1 |lu ||i,s0 since it is a convolution of two £! sequences. To estimate
the second sum we distinguish the cases |k1| < |k|/2, |k1| > 4|k|, and |k1| ~ |k|. In the first case, we

bound the sum by

(k)2s—2—2so re—n
S S @
ki
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since 2 + 251 > 1. In the second case, we bound the sum by

(k)zs <k 25—3—-2851—280 <k 25—2—280
2. yarasa <) = (k) :
1|4k

In the final case, we have

(k)?s—27291 25—2—251—2 min(so, 1
2 5 5 S (k222G
o Kk k=)

In the last inequality we used part (a) of Lemma 3.3.

Combining these cases we see that By € H*® for s < 1+min(sg, s; +min(sg, 1)). In particular, By € H®
if s <14 59 + min(sy, 0) which can be seen by distinguishing the cases so > 1 and s¢9 < 1 and using the
condition 1 + s1 > s9.

Similarly, we estimate

v | Jujy -]
[Ba(w);| <) ——F—~.
! JZI (J —2j1)

As in the case of By, we see that B, € HS if

(j)**
su : ; ; ; ; < o0.
.pz ( )2(j1)250(j — j1)?s0

We distinguish the cases |j1| < |j|/4, |j1]| > 2|j|, and |j1| ~ |j|. In the first case, we bound the sum by

(] )2s—2—2s0
> e S ()2 727200050 ().

litl<ljl/4

In the second case, we bound the sum by

<j>2s < (i 2s5s—1—4s¢
Z (j1)2—+4s0 <A(J) .
Li11>2l/]

In the final case, we have

<] >2s—2s0

Z < (] >2s—2s0—2 min(so,1)
. _2 . 27/ s 250 ~ N
g V2 =)
Combining this cases, we see that By is in H® if s < min(2s¢, 1 + o). O

Using the estimates in Lemma 3.4 in the equations (18) and (19) after writing the equations in the x
variable, we obtain

a2
lu(t) — "> uoll gsotao < llnoll st luollzrso + [l (Ol zrs: 1 (@) [0

t t )
+ / 17 ()| s ||u<s>||Hsods+H / e Ry (u)(s) + Rau, n)(s)]ds . (20)
0 0

H50+a0
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—itd 2 2
In(@) — e~ noll gsi+ar < luollzgso + lu(@®llzrso

t t
+ / ||u(s>||%1sods+H / eI [Ry (u, n)(s) + Rau. n)(s)]ds L@
0 0

H51+a1

where

Ry(s) =Y Ry(k.s)e'™™ £=1.2.34.
k

Above, the smoothing indexes ag and a; depend on « as stated in Theorem 2.3 and Theorem 2.4. The
dependence arises only from the contribution of the resonant terms p; and p,.
Note that, with é as in Theorem 2.2,

/tem(t_s)ai [Rl (u)(s) + Ra(u, n)(s)]ds
0

so+ag
rer-s.51Hx

t
Vs () /0 I R, () (5)+ Rt n)(5)]ds

L

S

SR @) +Ra () ysorao -1, (22)

X50 +a0,b

for b > 1/2. Here we used the imbedding X f0+a0-b L?°H§0+a0. Similarly,

Remark 3.5. We note that the inequalities (22) and (23) remain valid in the case the linear group is

s1+aq

t
/ e_id(t_s)[Rg,(U,n)(S) + R4(u,n)(S)]ds

0 e
< ||R3(u,n) + R4(u,n)||X;1+alﬂb—" (23)

L% 5.6

modified with a damping term; see Lemma 3.3 from [Erdogan and Tzirakis 2011]. It is important to note
that we don’t need to alter the definition of the X**? norm.

3 sotl
4> 2

Proposition 3.6. Given s; > -1 max(sy, %1 + %) <s50<s51+1, and% < b < min(

2> ), we have

Ry ()|l xs.0-1 < ||u||)3( ,.y+ Pprovideds < so+min(1,2s0).
$0-%

We also have

2
| R2 Gt m)lxsom S >y

provided s <min(sg + 1+ 2s1,50 + 1,3 +2s1 —2b,3 + 51 —2b).

Proposition 3.7. Given s > —%, max(sy, %3 + %) <s0<s1+1,and % <b< % + min(0, @), we

have

1>

2
I1R3Ce, m)lxes.o-r + (| Ra G m)liyesomr S il g Tl

provided s < s1 + min(1, 259, 259 — 51).
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We will prove these propositions later on. Using (22), (23) and the propositions above (with b —1/2
sufficiently small depending on ag, a1, So, s1) in (20) and (21), we see that for ¢ € [-§, §], we have

o B ,
) — e ug || gso+ao + 1) — e nol grsi+ar < [In0llzrst + luollzrso]
t
2 2 3
+ [ @zt + u@llarso]” + /0 [in )l + N o] "ds + [Inll o, g+ lel oy T

In the rest of the proof the implicit constants depend on ||| g1, |40l gs0- Fix T large. Fort < T, we
have the bound (with y = y(sp, 51))

lu@)llso + In@) st < (L +t])” < TV,
Thus, with § ~ T~12Y~ we have
1u(i8) = B = DS grsota0 + 11(j8) =0 (i = D) g1 +ar ST,
forany j < T/8 ~ T1112Y* Here we used the local theory bound

Il iz < (G =D&z <77
[(—1)8, js]

and similarly for 7. Using this we obtain (with J = T/§ ~ T1T12r+)

J
(T 8) — e 55U (0) | gsgtao < Y €' T804y () — ! =TTV ((j — 1)) | ysgta
j=1

J
. i 2 .
= > " u(j8) — " *%u((j — 1)8) | gso-+ao
=1
< JT3 ~ T1t15v+

The analogous bound follows similarly for the wave part 7.

The continuity in H$0740 x {51+41 follows from dominated convergence theorem, the continuity of
u and n in H%, HS, respectively, and from the embedding X*? C CPHS (for b > 1/2). For details,
see [Erdogan and Tzirakis 2012; Ginibre et al. 1997].

4. Proof of Proposition 3.6
First note that the denominator in the definition of R satisfies
lak? —a(k —ky —k2)? — k1 +ka|| = |a| [k1 + k| |2k —k —k1 — é sgn(ky + k»)
~ (k1 4+ ko) 2k — k1 —k»).

(24)

The last equality holds trivially if 1/« is not an integer. In the case that 1/« is an integer it holds since
the sum is over the nonresonant terms. Similarly, we shall see that the denominators of R;, R3, R4 are
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respectively comparable to

(k1)(2k — k1), (JXJ —2/1—2/2), (i) —2)2). (25)

We start with the proof for R,. We have

J

*

(k)i (ky, r1)i(ka, )itk — ki —ka, 1 — 11 —12) ||

1R2 () 501 = '

oy e @R —alk—ki)? — ki) (c —k2)17b ez
Let
fk. 1) =tk D) (k) (t— k)2, gk, 7) = [k, T)|(k)* (r — k)2
It suffices to prove that
* 2
‘ / > M(ki ko k11,12, 7) flkr 1) f (k2. 2) g (k k1 —ka. T — 71 — 1) SI/150l15,
71,72 k1 ,kz;éo (%L%

where

M(ky, ko, k., T1,72,7)

_ (k) (ky) =51 (ka) =51 (k — Ky — ko) =50
(k2 —ar(k —k1)? — [k ) (T — ak2) 1= (1) — [k1 )2 (12 — [K2|) 2 (T — 71 — T2 — ek — k1 —k2)?) 2

M\»—

By Cauchy—Schwarz in the variables 1, 12, k1, k2, we estimate the norm above by

sup (/
k,t T

*

Mz(kl, kz, k, 71, 12, T))
U2 kg ko #0

/ > k) £k 1)@ (k —ky — ko, T — 11— T2)
T g,

Jk2#0

(LY

Note that the norm above is equal to || f2 % f2 % g2| 1,1, which can be estimated by || f[3]g3 by
kT
Young’s inequality. Therefore, it suffices to prove that the supremum above is finite.
Using part (b) of Lemma 3.3 in 71 and 75 integrals, we obtain

*
sup / Z M?
T

k,l’ 1,‘L’2k k2750
cw (k)2 (k1) ™1 o)™ (k — Ky — ko) =20
e, e @R —alk =D = kD2 (r —ak2) 225 (= [l — ko] —athk =y —k2)2) 1
k 2s k —251 k —251 k—ki—k —250
< sup Z (k)= (k1) ™= (k2) ™= (k — k1 —k2)

k k1,k27é0 2(2k —k1)2{ak? — |k1| — |ka| — a(k — k1 —k2)2)272b°
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The last line follows by (25) and by the simple fact
(t—n)(t—m) Z (n—m). (26)
Setting ko = [ + k — k1, we rewrite the sum as

3 (k)51 + K —ky) =251
Su .
P (k1) 27251 (2k — k) 2(1) 250 (0 (12— k2) + ky + kg — ] —k[)2-2P

Here, without loss of generality (since (k1, k2, k) — (—k1,—ko,—k) is a symmetry for the sum), we
only considered the case k1 > 0.

Case (i): —1/2 <51 <0,0< 571 + % < s0 <51+ 1. We write the sum as

Z + Z + Z + Z + Z =:851+82+ 83+ S4+ S5.

||~k < k| 1< ]k| [21>k| 21> k|
ki=0  0<ki<|l4+k| ki=|l+k| ki=|l+k| O0<ki<|l+k|

In the sum S7, we have
(Iy ~(k), (I +k—k1)< (k1) + (2k —kq).
Using this, we have

(k>2s—2s0((k1)—2s1 + (2k _k1>—251)

S1 < .
e ,EOZ (k1) 27251 (2k —kn)2 (o2 — k2) + Ky + [k — [ — k[)2=25

Summing in / using part (¢) of Lemma 3.3 and then summing in k; using part (a) of Lemma 3.3, we
obtain
Sl < (k)ZS—ZSo—2—4S1 + <k>2s—2S0—2—2S1 < <k>2s—2s0—2—4sll

Note that S; is bounded in k for s <s¢ + 1 + 2s7.
In the case of S,, we have

[l £kl ~1kl. |2k —ki|~|kl. |l +k—ki| < |k].
Also note that (since we can assume that |k| > 1)
|((? —k?) +ky + |ky =1 = k|| = a(k® = 1%) + O(k|) ~ k2.

Using these, and then summing in k1, we have

25 ).

1< |k]
0<ki<|l+k|

<k>2s—6+4b—2s1

25—6—2s51+4b
(k1>2+231 <l>2sO ~ (k) ¢2S0(k)

Note that S, is bounded in k if s < min(so + % + 51 —2b,3 + 51 —2b), and in particular, if s <
min(sg + 1 + 2s1,3 + 251 — 2b).
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In the case of S3, we have k; > |l + k| = |k|. Using this we estimate

S35 Y (k)>s—2—4
PTGk (1250 (= k2) + 2k —1 = k)22
k1=l +k|
(k)2s—2—4s1
< .
b |l|§|:k| (1)250 ((12 — k2) + 3k —[)2—2b

The second inequality follows from part (a) of Lemma 3.3. Note that
(a(I> —k?) + 3k —1) ~ k2,
since |/| < |k|. Using this and then summing in /, we have
S35 (k)2 707084, (K).
Note that this is also bounded in k if s < min(sg + 1 + 2s1, 3 + 251 — 2b).
In the case of S4, we have k; > |k|. Therefore

<k>2s—2s0

SERS < Z w < (k>25—2s0—3—4s1
42 (k1>4+4S1 (a(lz—k2)+2k1 _]_k)2—2b ~ (k1)4+451 ~ .

7],k 1> k|

k1> k|

We used part (c) of Lemma 3.3 in the second inequality.
In the case of S5, we have |/ +k — k| < |/| and

(i = k?) + ke + |k =1 — k|| = a(k® = 1) + O(lI]) ~ 1.

Thus, we estimate using part (a) of Lemma 3.3

l > LK1 1 2 2 2 2 S 5— 4

Note that to sum in / we need 259 + 251 +4—4b > 1, which holds under the conditions of the proposition.
Case (ii): 0 <51, max(sy, %1 + %) <9 <51 + 1. We write the sum as
Z + Z + Z =: 51+ 852+ S3.
k120, [11Zlk| Ik, 0<k1 k2 |I|<K]k|, k12k?

In the case of S7 we have

Sl < (k)ZS—ZS() < (k>2s—2S0—2‘

- klz(glzlzlkl (k)2 251 2k —k1)2{a(12 = k2) + k1 + k1 — 1 —k[)>720

We obtained the second inequality by first summing in / using part (c) of Lemma 3.3, and then in k1
using part (a) of the Lemma. Thus S is bounded in k if s < s¢ + 1.
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In the case of S,, we have
(> =k?) + ki 4 ki =1 —k|) = k2, and (ki ){(l +k —k1) = (I +k) = (k).

Therefore,

1
25—4+4b—2 2s—6+db2
Sz < (k) § S1 Z (k1)2(2k—k1)2(1)230 < (k) s S1¢2S0(k)-
1<kl, 0=k <k?

Note that S» is bounded in k if s < min(sg + 1,51 + 3 —2b).
Finally we estimate S3 as follows

(k>2s
S3 %
’ l,l«l,§1>k2 (k)41 (@2 = k2) + ki + [k =1 = k)220

1
< (k 25—6—8s1 < (k 2s—6—851.
< Xl:(a(lz—kz)—i-kl+|k1—l—k|)2—2b <

In the last inequality we used part (c¢) of Lemma 3.3. Note that this term is bounded in k if s < s¢ + 1.
We now consider R;. By using Cauchy—Schwarz, the convolution structure, and then integrating in
71, T2 as in the previous case, it suffices to prove that

* (k>2s<k1>—2s0 (k2>—2s0 <k _kl _kz)—2s0|k1 + k2|2
sup E 5 3 5 <0
(ak? —a(k —k1 —k2)? — k1 + k2|)2 (k2 —kT + k5 — (k —k1 —k2)?)>72

k ki,k2

Recalling (24), and using
(k? =k + k3 — (k —ky —k2)®) ~ {(k1 + k2) (k = k1)),

it suffices to prove that

*

<k>2s (k1>—250 (kz)—2so (k —kl _kz)—2s0 e
(2k — k1 —k2)2((k1 + k2) (k —k1))272b

k ki.k>

Note that the contribution of the case k1 = k is

< Z <k>2s2—250 . < <k>2s—2so—min(2,450)’
= (k —ka)?(kp)*s0

so it satisfies the claim. For k1 # k (since we also have k1 + k> # 0 by nonresonant condition), we have
((k1 +k2)(k —k1)) ~ (k1 + ka){k —kq). Also letting [ = k1 + k5 it suffices to consider the sum

(k>2s
= +
;; (2k — 1) (k — )20 (1)272B (I — k1) 250 (k1) 250 (k — k1)22P kz kz
’ I—2k|>k|/2  |I—2k|<|k|/2

=: 51+ 5.
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‘We have

2s 22 1 )
lk1 —l 2s0 2 Zb(l—k1)250(k1)250(k—k1)2_2b

Using max((k —1)2%0, (I —k1)?%0) > (k —k1)?% and part (a) of Lemma 3.3 (recall that 2s¢ +2—2b > 1),
we have

s—zz 1
; k1 2 2b min ( k _ 1)250’ (l _k1)2s0)<k1)2s0 (k _k1)2so+2—2b

1
25—2 25—2—280
N (k> % <k1)2s0(k_k1)2s0+2—2b N (k> '

In the case of S, we have (I), (k —1) = (k), and hence

1
25—250—2+2b
Sz < (k)= 770 Z (2k —1)2(1 — k1)250 (k1)250 (k — k)220~

1
|I—2k|<|kl|/2

Note that max({{ —k1)2%, (k1)2%0) = ([)2%0 > (k)?%0. Thus,

1
25—4s0—2+2b
82 5 (k)= 2 (2k —1)2 min((l — k1), (ky)250) (k — k)220’

1
[1—2k|<|k|/2

Using part (a) of Lemma 3.3 (noting that | —k| > |k| and that (k)™ (k) = (k)" (k) if 0 <k, A < 1),
we obtain

1
25—4s0—2+2b —242b 25—4s9—4-+4b
$2 5 (K400 S o ) P () 5 (K240 g (),
Note that S» is bounded in k if s < 59 + min(1, 2s¢).

5. Proof of Proposition 3.7

We first consider R3. By using Cauchy—Schwarz, the convolution structure, and then integrating in 71, 7
as in the proof of the previous proposition, it suffices to prove that

* 28| 1207 \=281( i \=2850(; _ i _ i.\—2S0
sup Z (2717072 2) =) — J1— J2) < oo

iz iT=aGn+j2)2 +a( —j1— 2 (il = Ll +a(f — j1 = j2)? —j3)>72P

Recalling (25), it suffices to prove that

Z (J)2S (1) 7251 (j2) T250(j — j1— jo) 0

P S . 2 g ) 2_ .22_2b
igo i, 2 =2 = el = 1= j2)? —ejy)
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is bounded in j. Letting [ = j — j; — j» and m = j,, we rewrite the sum as

3 ()25 —1—m) =2 o
£ 2l = Ym0l —am? || =1 = I =m[+)>25
We note that a similar argument gives us the following sum for R4:
5 ()25 =1 —m)~ o8
£ (2l = P2 (m)50 (1250 (@l —am® || = |j =1 —m|+)>~2
We note that, by symmetry, if we can prove that
) (/)>( =1 —m)>" 29)
2= P2 (m)2o ()25 (@l —am® + j = | j =1 —m|+)>2b

m,l
is bounded in j # 0, then the boundedness of (27) and (28) follow.
Case (i): —% < 51 < 0. We rewrite (27) as

o+ D>+ DY+ D+ D>+ D =iS1+S+ 53+ S84+ S5+ Se.

[~lmISi1 [~ lm]>]j] < |m| [[>>|m| 1< |m] [1]>|m|
1=lm+l] 1jlzlm+l] |jI=im+l] |jI<Im+]

For S;7 we have

(j )2s—2s1

S1 5 Z < <j>2s—2sl—min(2,430)‘
~ — N2V (G — | —] — 2 o ov2—2b ~
|l|~|m|5|j|( [—j)y2()*o(j —|j =1l —m| +al* —am?)
In the second inequality we first summed in m using part (c) of Lemma 3.3, and then in » using part (a)
of the lemma.
For S, we have

)2s

2 : {/ \25—251—450—1
S> < <(J)s s1—4s0—1_
~ 24+4s0+2851 (] _ |7 —] — 2 _ ym2\2—2b ~
il ] (1) 0281 (j —|j =1 —m|+ al? —am?)
Again, we first summed in m using part (c) of Lemma 3.3.

In the case of S3 we have |/| < |m| < /|, and hence

S3 < Z (j>25_251—2
Tz (¥ =1 =1 =m| 4 al? —am?)>720
S 25—2s51-2 252 in(2,4
< Z (Z)—4SO s (]) s—281— ¢4so(j)5 <]) s—2s1—min(2, SO)‘
111<1/1

In the case of S4 we have

Q2= j)+(j—1j =1 —m|+al>—am?) 2 2.
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Since (2] — j) = 1% implies that (2/ — j) = (), we have

1
(20 = j)2(j = 1j =1 =m| +al? —am?)2=2b

1 1
< .
S UG 1~ —ml Tl —am?p=2 " Gl {1y

Therefore we estimate

)2s—231 -2 )25—2s1

(J (J
S4 < — + ; .
|m|<<|Zl|5|j| m)d0(j =1 —L=m| +al?—am?)2720 |m|<<Zl|s|j| (2l = j)2{1)207 4740 fm) 200

The first sum can be estimated as in S3 switching the roles of / and m. To estimate the second, we first
sum in / using part (a) of Lemma 3.3, and then in m to obtain

< (] )2s—2s1 —min(2,2s0—{—4—4b)¢25O (]) < (] )2s—2s1 —min(2,4s0).

In the case of S5, we have

(j=1j—1=m|+al®—am®) ~ (m)?,  |m|Z|jl.

Therefore, noting that 2s¢ + 251 + 4 —4b > 1, we have

Ss < Z (j>2s <Z <j>2s
T i 21— V00 (m) 202D ¥ S (0] — 210251 434D
< (j)ZS—min(2,4sO+2s1+3—4b)‘

~

In the case of Sg, we have
(j—1j—l=m|+al? —am®) ~ ()%, || 2]l (30)

Therefore,

)23

{7 ()2 p2so (D)
S6 < Z (21 _j)2(l)2s0+251+4—4b<m>2s0 = Z (21 _j)2<l>2s0+2s1+4—4b

AUV
< (1 )25—250—251—4+4b¢2s0 (J)

In the last inequality we used |/| = |j| and then summed in /.

B

Case (ii): s1 > 0. We rewrite (27) as

Z + Z + Z =851+ 852+ 893

[Slm]  Iml<IL]j] m<L|1Z]]]

In the case of S, we have |j| <|j—l—m|+|m+1| <|j —1—m|+ |m|, and hence

(j =1 =m)(m)Z (j)-
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Using this and noting that 5o > 51, we have

S, < <j>2S_2sl < [ ;\25—2s1—min(2,450—251)
2 i G = m ol —an?]

[71<|m]

In the last inequality we summed in m using part (c¢) of Lemma 3.3 and then in / using part (a) of the
lemma.
In the case of S> we have
25—2—2s81
) <

(-] S\25—2—2 :
Sy < E < s s1 )
’ i<y MO0 =1 =1 —m| + al? —am?)>~2b V) Paso))

Note that in the case of S3 we have (30). Therefore
~)2s

{J
S3 § 1 . .
|m<<%%2j| (2[ —])2<l>2s0+4—4b <m>250 (J _] —m)zsl

If so + 51 > 1/2, we sum in m and then in n using part (a) of Lemma 3.3 to obtain

)2s—2s0—4+4b

{/ \25—250—4+4b—min(2,2s1,251 +250—1)+
S3 < E . < (j)28T2%0 min(2,251,251+2s0—1)+
~ 2] — 7Y2(j —])2s1+min(0,250—1)— ~
gyt H P
If so + 51 € (0, 1/2], we have
(j)2s <l>1—2s0—2s1+

S, < < (i
3~ |l|;|j| (21 _j>2<l)2s0+4—4b ~ <J

)25—4s0—2s1—3+4b+

Note that each term above is bounded in j if s <s; 4+ min(1, 259 — 51).

6. Existence of global attractor

In this section we prove Theorem 2.8. As in the previous sections we drop the & signs and work with the
system
(i +ad2+iy)u=nu+f, xeT, te[-T,T],
(i0; —d +iy)n =d(|ul?), (3D
u(x,0) =up(x) € HY(T), n(x,0) =no(x) € L2(T).

We start with a smoothing estimate for (31) that implies the existence of a global attractor:

Theorem 6.1. Consider the solution of (31) with initial data (ug, no) € H' x L2. Then, for é ZN, and

forany a < 1, we have
u(t) — '3y e COHM((0,00) x T) and  n(t)—e 19 Vg e COHA([0,00) x T).  (32)
Moreover,

i 2 _ —itd—
(1) = "% ug | giva + (1) — e ol < C(as, v | f Ly luollg s llnoll2). (33)
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In the case o = 1 we have, for any a < 1,

t
u(t) — ey 4 / =D 5 gy
0

Hl+a + Hn(t) _e_itd_ytnOHHu

<Cla,y. | flla, uollgr InollL2).  (34)
where p1 is as in Proposition 3.2. The analogous continuity statements as in (32) are also valid.
Proof. Writing
u(x,t) = Zuk(t)eikx, n(x,t)= an(t)eijx, f(x) = Z fkeikx
k Jj#0 k

we obtain the following system for the Fourier coefficients:

i0ug + (iy —ak®ug =Y g, +komk Mk Uk, + fis
k170 (35)

i0nj+ Ay —1jDn; =1j13 )+ ,=; Wj1 i—js-

We have the following proposition, which follows from differentiation by parts as in Proposition 3.2
iak?t+yt

by using the change of variables m; = nje’l/+7% and vy = uge
Proposition 6.2. The system (35) can be written in the form
i0, [eitak2+ytuk] + ie—ytat[eitakz—i—zyt Bi(n, U)k]
= KV oy (k) + fi + Bi(n. f) + Ri@)(k.0) + Ro(u.m)(k.1)].  (36)
10, [e"V IV ) 4 ie7V 9, [ T2 By (u); ]
= "V 2 (j) + Ba(fou) + Ba(u, f) + Ra(u,n)(J. 1) + Ra(u, n)(j,1)]. (37)
where B, pi,i =1,2,and R;j, j = 1,2,3,4 are as in Proposition 3.2.

Integrating (36) from O to ¢, we obtain
up (1) — e TRV 0) = — By (n, u)g + e KTV By (no, uo)x
[ ROy o =iy~ i~ B e
—i fot e~k AN Ry () (k. 1) + Ro(u.n) (k. 1')]d1".
First note that (identifying the function with its Fourier sequence) we have

t
' / e~k 0=t 5 4y
0

In the case % ¢ N, using (38), the estimates in Lemma 3.4 and Proposition 3.6 (see Remark 3.5) as above,

S (1 — —itak>=yty

— < a—1. 38
AT S fillar. G9)

H1+a

H1+a



746 MEHMET BURAK ERDOGAN AND NIKOLAOS TZIRAKIS

and also using the growth bound in (9), we obtain for any a < 1

92— 2 3
() ="V ug | grva SN fllga—t +[1F L + 10O L2 + 14 (0) [ 1] +[||u||X1,%+||n||YL%] :
] 8
1,3

1
Using the local theory (Theorem 2.9) bound for X81’2, Y2 norms for a § = 8(|[noll 2. [luoll g1, | f | z71)s
we obtain for 1 < §

. 82 _
lu(®) =" ugl gr+a < Cla.y. I f a1 Inollz2 + ol ).

In the rest of the proof the implicit constants depend on a, y, || f || g1, |noll2 + ||uol| g1 - Fix ¢ large, and
8 as above. We have

|u(j8) — @5 Y3u((j = 1)8) | y11a S 1.

for any j <t/§. Using this we obtain (with J =1¢/3§)

J
lu(J8) — e 8T@Hy(O) | g1ra < Y [ Iy () — DIy (G -1)8) | 14
j=1

J
=2 VI u(j8) = S CEu((j = 18 i+
j_

< -(J- J)5V<
Ze 1—e— 1—e8v

In the case « = 1, we have to separate the resonant term in this argument. We have the following
inequality for ¢ < §

S Clay, [ f s linollpz + luoll g

t
P92 s . T2 — —
M(Z)_ezaaxt ytu0+l/ e(zou'))C y)( l/)pldt/
0 H+a

Accordingly we have

Jé
M(J(g) _el(g(i(xa%—y)u(o) +/ e(i(xai—y)(.](?—t/)pldt/
0

H1+a

e . jé
e(J—/)S(zocBi—y) (M(J5) _ 6,3(”’!3)2:—)/)”((]' —1)8) +i /
(G—-18

-

~
Il
_

(a5 dl/) H
Hl+ta

. . s .
o=y u(j(g)_esuaai—y)u((j_1)5)+l~/ R GE~)  1y/

G—13s

Il
.M“‘

—_

H1l+a

~
<~

2

1
< e~ U— ])3)/<
.2; 1—e 87"
]:

The corresponding inequalities for the wave part follow similarly. The only difference is that we don’t
need to separate the resonant term, since py € H'! by Lemma 3.4.
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This completes the proof of the global bound stated in Theorem 6.1. Finally the continuity in H! x L?
follows as in [Erdogan and Tzirakis 2012]. We omit the details. O

Proof of Theorem 2.8. We follow the strategy we outlined in [Erdogan and Tzirakis 2011]. We start with
the case é ¢ N. First of all note that the existence of an absorbing set, Bog C H! x L2, is immediate
from (9). Second, we need to verify the asymptotic compactness of the propagator U;. It suffices to prove
that for any sequence ¢, — oo and for any sequence (uo,r, n0,r) in By, the sequence Uy, (1o, no,r) has
a convergent subsequence in H! x L2,

To see this note that by Theorem 6.1, (if (1o, n9) € Bo)

Ut (uo,no) = (ei“taizf_ytuo,e_”d_ytno) + N¢ (0. n0)

where N; (1¢.n¢) isin a ball in H'*% x H* with radius depending on @ € (0, 1), a, y, and || f || z1. By
Rellich’s theorem, {N; (1o, n0) : 1 > 0, (ug, no) € Bo} is precompact in H'! x L2. Since

e g, e ) g 5 €0, st o

uniformly on %o, we conclude that {U;, (Mo,r, no,r) :r € N} is precompact in H'x [2. Thus, U; is
asymptotically compact. This and Theorem A imply the existence of a global attractor s C H! x L2

We now prove that the attractor set s{ is a compact subset of H'7% x H® for any a € (0,1). By
Rellich’s theorem, it suffices to prove that for any a € (0, 1), there exists a closed ball B, C H I4+a  ga
of radius C(a,a,y, || f | g1) such that &t C B,. By definition

w:(]kjw%0=qjvg
>01t>7 >0

By Theorem 6.1 and the discussion above, V7 is contained in a §; neighborhood, N, of a ball B, in
H' x L? whose radius depends only on a,a, y, || f| g1, and where 6; — 0 as t tends to infinity. Since
B, is a compact subset of H! x L2, we have

sh=()VeC[)Nc=Ba.

>0 >0

Now consider the case é € N. For simplicity, we take « = 1. We have to be slightly more careful in
this case because of the contribution of the resonant term, p1, which is does not belong to H 1+a for any
a > 0. Recall that, by Theorem 6.1, for (ug, ng) € Bo

t
Ui (uo,no) = (e’“ta)zf_ytuo, e_”d_ytno) + N¢(uo.no) +i (/ e(’a)zf_y)(t_t/)pldt’, 0), (39)
0

where N; (uo, no) isin a ball in H!*% x H% with radius depending on @ € (0, 1), y, and || f || 1. Recall
from Proposition 3.2, that the Fourier coefficients of p; are

(pl)k =01 (I’l, M)k = N2k—sgn(k)Usgn(k)—k>» k 7é 0.
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In light of the proof of the case é ¢ N above, it suffices to consider the contribution of the resonant term
under the assumption that (1¢, n¢) € Bo. Using (39), we write

p1(n (@), u(t)) = p1 (eI no,u(t")) + p1 (Ne(no), u(r')). (40)

Now note that, by Lemma 3.4, we have

lor(nw) | gpiva S Inllaallullg

Using this with a = 0, we see that the contribution of the first summand in (40) to the resonant term in

(39) satisfies
t
5ﬁ/ eV || =i =y o ()| 1 d
g Jo

<te™'Cla, . 1 fllg),

which goes to zero uniformly in %B¢. Similarly, the contribution of the second summand in (40) to the

t
/ e(ia)zc—y)(t—t’)pl (e_it/d_yt/no, u(l/))dt/
0

resonant term in (39) satisfies

t . ’
H / e(lai—y)(t_t )Pl (Nt’(HO)»u(t/))dt/
0

t
< / eV Ny (no) || |u ') | g1 dt’
H1+u 0

=C@.y.lf g

The rest of the proof is same as the case é Z N, O

Appendix

We prove Lemma 3.3. Note that, with m = k, — k1, we can rewrite the sum in part (a) as
) —_—

— {n)<{n—m)*
For |n| < |m|/2, we estimate the sum by

: < —A
|n|<%n:|/2W =< (m)""bic(m).

For |n| > 2|m|, we estimate by

Z ( >llc+)L S <m>1_K_A S (m)_l¢x(m)-

In|>2|m|
Finally for |n| ~ |m|, we estimate by
1 _ -
S < ) ham) < (m) Fpi(m).

i) (71 2 =)

The last inequality follows from the definition of ¢, and the hypothesis x > A.



SMOOTHING AND GLOBAL ATTRACTORS FOR THE ZAKHAROV SYSTEM ON THE TORUS 749

Part (b) follows from part (a). To obtain part (c), write
In? +cin+cal = |(n+z1)(n + 22)| > |n +x1] |n + x2|

where x; is the real part of z;. The contribution of the terms |n 4+ x| < 1 or |n 4+ x2| < 1 is < 1. Therefore,
we estimate the sum in part (c) by

1
~ +2n: (n+x1)%(n 4 x2)¢ ~

by part (a).
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