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CAUCHY PROBLEM FOR ULTRASOUND-MODULATED EIT

GUILLAUME BAL

Ultrasound modulation of electrical or optical properties of materials offers the possibility of devising
hybrid imaging techniques that combine the high electrical or optical contrast observed in many settings of
interest with the high resolution of ultrasound. Mathematically, these modalities require that we reconstruct
a diffusion coefficient o (x) for x € X, a bounded domain in R", from knowledge of o (x)|Vu|*(x) for
x € X, where u is the solution to the elliptic equation —V -0 Vu =01in X withu = f on 9X.

This inverse problem may be recast as a nonlinear equation, which formally takes the form of a
0-Laplacian. Whereas p-Laplacians with p > 1 are well-studied variational elliptic nonlinear equations,
p = 1 is a limiting case with a convex but not strictly convex functional, and the case p < 1 admits a
variational formulation with a functional that is not convex. In this paper, we augment the equation for
the 0-Laplacian with Cauchy data at the domain’s boundary, which results in a formally overdetermined,
nonlinear hyperbolic equation.

This paper presents existence, uniqueness, and stability results for the Cauchy problem of the O-
Laplacian. In general, the diffusion coefficient o (x) can be stably reconstructed only on a subset of
X described as the domain of influence of the space-like part of the boundary 0 X for an appropriate
Lorentzian metric. Global reconstructions for specific geometries or based on the construction of
appropriate complex geometric optics solutions are also analyzed.

1. Introduction

Electrical impedance tomography (EIT) and optical tomography (OT) are medical imaging modalities that
take advantage of the high electrical and optical contrast exhibited by different tissues, and in particular,
the high contrast often observed between healthy and unhealthy tissues. Electrical potentials and photon
densities are modeled in such applications by a diffusion equation, which is known not to propagate
singularities, and as a consequence, the reconstruction of the diffusion coefficient in such modalities often
comes with poor resolution [Arridge and Schotland 2010; Bal 2009; Uhlmann 2009].

Ultrasound modulations have been proposed as a means to combine the high contrast of EIT and OT
with the high resolution of ultrasonic waves propagating in an essentially homogeneous medium [Wang
2004]. In the setting of EIT, ultrasound-modulated electrical impedance tomography (UMEIT), also
called acousto-electric tomography, has been proposed and analyzed in [Ammari et al. 2008; Bal et al.
2011a; Capdeboscq et al. 2009; Gebauer and Scherzer 2008; Kuchment and Kunyansky 2011; Zhang and
Wang 2004]. In the setting of optical tomography, a similar model of ultrasound-modulated tomography
(UMOT), also called acousto-optic tomography, has been derived in [Bal and Schotland 2010] in the

MSC2010: 35B38, 35R30, 35CXX, 35L72.
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so-called incoherent regime of wave propagation, while a large physical literature deals with the coherent
regime [Atlan et al. 2005; Kempe et al. 1997; Wang 2004], whose mathematical structure is quite different.
The 0-Laplacian model also finds applications in thermoacoustic tomography. For this and other hybrid
imaging modalities, see, for example, [Bal 2013; Scherzer 2011].

Elliptic forward problem. In this paper, we aim to reconstruct an unknown coefficient o (x) from knowl-
edge of a functional of the form H (x) = o (x)|Vu |2(x), where u(x) is the solution to the elliptic equation

—V.o(x)Vu=0 in X, u=yf ondX. (D)

Here, X is an open bounded domain in R" with spatial dimension n > 2. We denote by dX the
(sufficiently smooth) boundary of X and by f(x) the Dirichlet boundary conditions prescribed in the
physical experiments. Neumann or more general Robin boundary conditions could be analyzed similarly.
We assume that the unknown diffusion coefficient o is a real-valued, scalar function defined on X. It is
bounded above and below by positive constants and assumed to be (sufficiently) smooth. The coefficient
o (x) models the electrical conductivity in the setting of electrical impedance tomography and the diffusion
coefficient of particles (photons) in the setting of optical tomography. Both EIT and OT are high-contrast
modalities. We focus on the EIT setting here for concreteness, and refer to o as the conductivity.

The derivation of such functionals as H (x) from physical experiments, following similar derivations in
[Bal et al. 2011a; Bal and Schotland 2010; Kuchment and Kunyansky 2011], is recalled in Section 2. For
a derivation based on the focusing of acoustic pulses (in the time domain), we refer the reader to [Ammari
et al. 2008]. This problem has been considered numerically in [Ammari et al. 2008; Gebauer and Scherzer
2008; Kuchment and Kunyansky 2011]. In those papers, it is shown numerically that UMEIT allows for
high-resolution reconstructions, although typically more information than one measurement of the form
H(x) =0 (x)|Vul?*(x) is required.

Following the methodology in [Capdeboscq et al. 2009], where the two-dimensional setting is analyzed,
[Bal et al. 2011a] analyzes the reconstruction of o in UMEIT from multiple measurements at least equal to
the spatial dimension . The stability estimates obtained in [Bal et al. 2011a] show that the reconstructions
in UMEIT are indeed stable with respect to perturbations of the available measurements. Such results are
confirmed by the theoretical investigations in a linearized setting and the numerical simulations proposed
in [Kuchment and Kunyansky 2011]. In this paper, we consider the setting where a unique measurement
H(x) = o (x)|Vu|*(x) is available.

The inverse problem as a p-Laplacian. Following [Ammari et al. 2008; Bal and Schotland 2010; Gebauer
and Scherzer 2008], we recast the inverse problem in UMEIT as a nonlinear partial differential equation;
see (7) below. This equation is formally an extension to the case p = 0 of the p-Laplacian elliptic

equations
H(x)

[ Vuf2-r

’

posed on a bounded, smooth, open domain X C R", n > 2, with prescribed Dirichlet conditions, say.
When 1 < p < oo, the above problem is known to admit a variational formulation with convex functional
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J[Vu] = f x H((x)|Vul?(x) dx, which admits a unique minimizer (in an appropriate functional setting),
this being a solution of the above associated Euler—Lagrange equation [Evans 1998].

The case p = 1 is a critical case, as the above functional remains convex but not strictly convex.
Solutions are no longer unique in general. This problem has been extensively analyzed in the context of
EIT perturbed by magnetic fields (CDII and MREIT) [Kwon et al. 2002; Nachman et al. 2007; 2009],
where it is shown that slight modifications of the 1-Laplacian admit unique solutions in the setting of
interest in MREIT. Of interest for this paper is the remark that the reconstruction when p = 1 exhibits some
locality, in the sense that local perturbations of the source and boundary conditions of the 1-Laplacian do
not influence the solution on the whole domain X. This behavior is characteristic of a transition from an
elliptic equation when p > 1 to a hyperbolic equation when p < 1.

The inverse problem as a hyperbolic nonlinear equation. When p < 1, the above functional J[Vu] is
no longer convex. When p =0, it should formally be replaced by J[Vu] = f x H(x)In|Vu|(x) dx, whose
Euler—Lagrange equation is indeed (7) below. The resulting 0-Laplacian is not an elliptic problem. As
we mentioned above, it should be interpreted as a hyperbolic equation, as the derivation of (8) below
indicates.

Information then propagates in a local fashion, provided that compatible boundary conditions are
imposed in order for the hyperbolic equation to be well-posed [Hormander 1997; Taylor 1996]. We thus
augment the nonlinear equation with Cauchy boundary measurements. As we shall see in the derivation
of UMEIT in the next section, imposing such boundary conditions essentially amounts to assuming
that o (x) is known at the domain’s boundary. This results in an overdetermined problem in the same
sense that a wave equation with Cauchy data at time + = 0 and at time ¢t = T > 0 is overdetermined.
Existence results are therefore only available in a local sense. We are primarily interested in showing a
uniqueness (injectivity) result, which states that at most one coefficient o is compatible with a given set
of measurements, and a stability result, which characterizes how errors in measurements translate into
errors in reconstructions. Redundant measurements clearly help in such analyses.

Space-like versus time-like boundary subsets. Once UMEIT is recast as a hyperbolic problem, we face
several difficulties. The equation is hyperbolic in the sense that one of the spatial variables plays the usual
role of “time” in a second-order wave equation. Such a “time” variable has an orientation that depends on
position x in X and also on the solution of the hyperbolic equation itself, since the equation is nonlinear.
Existence and uniqueness results for such equations need to be established, and we shall do so in Sections
3 and 4 below, adapting known results on linear and nonlinear hyperbolic equations that are summarized
in [Hormander 1997; Taylor 1996].

More damaging for the purpose of UMEIT and UMOT is the fact that hyperbolic equations propagate
information in a stable fashion only when such information enters through a space-like surface, that is, a
surface that is more orthogonal than it is tangent to the direction of “time”. In two dimensions of space,
the time-like and space-like variables can be interchanged so that when n = 2, unwanted singularities can
propagate inside the domain only through points with “null-like” normal vector, and in most settings, such
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points have (surface Lebesgue) zero measure. In n = 2, it is therefore expected that spurious instabilities
may propagate along a finite number of geodesics and that the reconstructions will be stable otherwise.

In dimensions n > 3, however, a large part of the boundary 0 X will in general be purely “time-like,”
so that the information available on such a part of the surface cannot be used to solve the inverse problem
in a stable manner [Hérmander 1997]. Only on the domain of influence of the space-like part of the
boundary do we expect to stably solve the nonlinear hyperbolic equation, and hence reconstruct the

unknown conductivity o (x).

Special geometries and special boundary conditions. As we mentioned earlier, the partial reconstruc-
tion results described above can be improved in the setting of multiple measurements. Once several
measurements, and hence several potential “time-like” directions are available, it becomes more likely
that o can be reconstructed on the whole domain X. In the setting of well-chosen multiple measurements,
the theories developed in [Bal et al. 2011a; Capdeboscq et al. 2009] indeed show that o can be uniquely
and stably reconstructed on X.

An alternative solution is to devise geometries of X and of the boundary conditions that guarantee
that the “time-like” part of the boundary d X is empty. Information can then be propagated uniquely and
stably throughout the domain. In Section 4, we consider several such geometries. The first geometry
consists of an annulus-shaped domain, to ensure that the two connected components of the boundary
are level sets of the solution u. In such situations, the whole boundary d X turns out to be “space-like”.
Moreover, so long as u does not have any critical point, we can show that the reconstruction can be stably
performed on the whole domain X.

Unfortunately, only in dimension n =2 can we be sure that # does not have any critical point independent
of the unknown conductivity o. This is because critical points in a two-dimensional elliptic equation are
necessarily isolated, as used in [Alessandrini 1986], for example, and our geometry simply prevents their
existence. In three dimensions of space, however, critical points can arise. Such results are similar to
those obtained in [Briane et al. 2004] in the context of homogenization theory, and are consistent with the
analysis of critical points in elliptic equations, as in [Caffarelli and Friedman 1985; Hardt et al. 1999].

In dimension n > 3, we thus need to use another strategy to ensure that one vector field is always
available for us to penetrate information inside the domain in a unique and stable manner. In this paper,
such a result is obtained by means of boundary conditions f in (1) that are “close” to traces of appropriate
complex geometric optics (CGO) solutions, which can be constructed provided that o (x) is sufficiently
smooth. The CGO solutions are used to obtain required qualitative properties of the solutions to linear
elliptic equations, as was done in the setting of other hybrid medical imaging modalities in, for example,
[Bal and Ren 2011; Bal et al. 2011b; Bal and Uhlmann 2010; Triki 2010]; see also the review paper [Bal
2013].

The rest of the paper is structured as follows. Section 2 presents the derivation of the functional
H(x) = o (x)|Vu|? from ultrasound modulation of a domain of interest and the transformation of the
inverse problem as a nonlinear hyperbolic equation. In Section 3, local results of uniqueness and stability
are presented, adapting results on linear hyperbolic equations summarized in [Taylor 1996]. These results
show that UMEIT and UMOT are indeed much more stable modalities than EIT and OT. The section
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concludes with a local reconstruction algorithm, which shows that the nonlinear equation admits a solution
even if the available data are slightly perturbed by, say, noise. The existence result is obtained after an
appropriate change of variables from the result for time-dependent second-order nonlinear hyperbolic
equations in [Hérmander 1997]. Finally, in Section 4, we present global uniqueness and stability results for
UMEIT for specific geometries or specific boundary conditions constructed by means of CGO solutions.

2. Derivation of a nonlinear equation

Ultrasound modulation. A methodology to combine high contrast with high resolution consists of
perturbing the diffusion coefficient acoustically. Let an acoustic signal propagate throughout the domain.
We assume here that the sound speed is constant and that the acoustic signal is a plane wave of the form
pcos(k - x + ¢), where p is the amplitude of the acoustic signal, k its wavenumber, and ¢ an additional
phase. The acoustic signal modifies the properties of the diffusion equation. We assume that such an
effect is small but measurable and that the coefficient in (1) is modified as

o.(x) =0 (x)(1 +ecos(k-x +¢)), ()

where ¢ = pI' is the product of the acoustic amplitude p € R and a measure I" > 0 of the coupling between
the acoustic signal and the modulations of the constitutive parameter in (1). For more information about
similar derivations, we refer the reader to [Ammari et al. 2008; Bal and Schotland 2010; Kuchment and
Kunyansky 2011].

Let u be a solution of (1) with fixed boundary condition f. When the acoustic field is turned on, the
coefficients are modified as described in (2), and we denote by u, the corresponding solution. Note that
u_, is the solution obtained by changing the sign of p or, equivalently, by replacing ¢ by ¢ + 7.

By the standard continuity of the solution to (1) with respect to changes in the coefficients and regular
perturbation arguments, we find that u, = ug + eu; + O (g%). Let us multiply the equation for u, by u_,
and the equation for u_, by u., subtract the resulting equalities, and use standard integrations by parts.
We obtain that

/ (0 —0_¢)Vuy-Vu_.dx = / G,g%ue — ae%u,g do. 3)
X ax av av
Here, v(x) is the outward unit normal to X C R" at x € 0X, and as usual d/0v :=v - V. We assume that
o0y, is measured on dX, at least on the support of u, = f for all values ¢ of interest. Note that the
above equation still holds if the Dirichlet boundary conditions are replaced by Neumann (or more general
Robin) boundary conditions. Let us define

1 ou_g oug 3
Jo == O ¢—U—0—u_cdo =¢eJ;+ 0(g). 4
2 Jox v v
The term of order O (¢2) vanishes by symmetry. We assume that the real-valued functions J; = J; (k, ¢) are
known. This knowledge is based on the physical boundary measurement of the Cauchy data (u., 0.0,u.)

ondX.
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Equating like powers of &, we find at the leading order that
/X[a(x)Vuo - Vug(x)] cos(k - x + @) dx = Jy (k. ¢). (5)
This may be acquired for all £ € R" and ¢ =0, /2, and hence provides the Fourier transform of
H(x) = 0 (x)|Vuo[*(x). (0)

Upon taking the inverse Fourier transform of the measurements (5), we thus obtain the internal func-
tional (6).

Nonlinear hyperbolic inverse problem. The forward problem consists of assuming o and f(x) known,
solving (1) to get u(x), and then constructing H(x) = o (x)|Vu|*(x). The inverse problem consists of
reconstructing o and u from knowledge of H (x) and f(x).

As we shall see, the linearization of the latter inverse problem may involve an operator that is not
injective, and so there is no guarantee that # and o can be uniquely reconstructed; see Remark 3.4 below.
In this paper, we instead assume that the Neumann data o v - Vu and the conductivity o (x) on 0 X are also
known. We saw that measurements of Neumann data were necessary in the construction of H (x), and so
our main new assumption is that o (x) is known on 9 X. This allows us to have access to v-Vu on 0X.
Note that for x € 3 X, with the notation V,u =u—v-Vuv, we find that H (x) =0 |Vou|>+(1/0)|ov-Vu|?,
which provides a quadratic equation for o when u and v - Vu are known at x.

Combining (1) and (6) with the above hypotheses, we can eliminate o from the equations and obtain
the following Cauchy problem for u(x):

H (x)
VUl
where (H, f, j) are now known while u is unknown. Thus the measurement operator maps (o, u) to
(H, f, j) constructed from a solution u(x) of (1). Although this problem (7) may look elliptic at first, it is
in fact hyperbolic as we already mentioned, and this is the reason why we augmented it with (redundant)
Cauchy data. In the sequel, we also consider other redundant measurements given by the acquisition
of H(x) = o (x)|Vul|?(x) for solutions u corresponding to several boundary conditions f(x). A general
methodology to uniquely reconstruct o (x) from a sufficient number of redundant measurements has
recently been analyzed in [Bal et al. 2011a; Capdeboscq et al. 2009].

9
u=0 inX, wu=f and a—”:j on 9X, 7
vV

The above equation may be transformed as
(I-2Vu®Vu):Vu+VInH -Vu=0 inX, u=f and 2-3:1' on 9 X. (8)
Here Vu = Vu/|Vu|. With
¢ =g (Vu) = =87 +2(Vu);(Vu); and k' =—(VInH);, )
(8) is recast as

ij 2 i . u
gJ(Vu)aiju—Hc bu=0 1in X, u=f and P =j ondX. (10)
v
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Note that g/ is a definite matrix of signature (1, n — 1), so that (10) is a quasilinear strictly hyperbolic
equation. The Cauchy data f and j then need to be provided on a space-like hypersurface in order for
the hyperbolic problem to be well-posed [Hormander 1983b]. This is the main difficulty when solving (7)
with redundant Cauchy boundary conditions.

3. Local existence, uniqueness, and stability

Once we recast (7) as the nonlinear hyperbolic equation (10), we have a reasonable framework to perform
local reconstructions. However, in general, we cannot hope to reconstruct #(x), and hence o (x) on
the whole domain X, at least not in a stable manner. The reason is that the direction of “time” in the
second-order hyperbolic equation is @(x). The normal v(x) at the boundary d X separates the (good)
part of dX that is “space-like” and the (bad) part of d X that is “time-like”; see definitions below. Cauchy
data on space-like surfaces such as t = 0 provide stable information to solve standard wave equations,
where, as in general, it is known that arbitrary singularities can form in a wave equation from information
on “time-like” surfaces such as x =0 or y = 0 in a three-dimensional setting (where (¢, x, y) are local
coordinates of X) [Hormander 1983b].

In the two-dimensional setting n = 2, the numbers of space-like and time-like variables both equal 1
and “¢” and “x” play a symmetric role. Nonetheless, if there exist points at the boundary of 0 X such that
v(x) is “light-like” (null), then singularities can form at such points and propagate inside the domain. As
a consequence, even in two dimensions of space, instabilities are expected to occur in general.

We present local uniqueness and stability results for the reconstruction of # and o in the next subsection.
These results are based on the linear theory of hyperbolic equations with general Lorentzian metrics [Taylor
1996]. In Section 3B, we adapt results in [Hormander 1997] to propose a local theory of reconstruction
of u(x), and hence o (x), by solving (10) with data (H, f, j) that are not necessarily in the range of
the measurement operator (u, o) — (H, f, j), which to (u, o) satisfying (1) associates the Cauchy data
(f, j) and the internal functional H.

3A. Uniqueness and stability. Stability estimates may be obtained as follows. Let (u, o) and (i1, 5) be
two solutions of (1) and the Cauchy problem (10) with measurements (H, f, j) and (I:I , f , f). Note that
after solving (10), we then reconstruct the conductivities with

H

o (x) @, =g

=—— X). 11
Tt (x) (11)
The objective of stability estimates is to show that (u —ii, 0 — &) are controlled by (H — H f—Ff.j—),
that is, to show that small errors in measurements (that are in the range of the measurement operator)
correspond to small errors in the coefficients that generated such measurements.

Some algebra shows that v = &t — u solves the linear equation

H \% Vu + Vii H—H
v.(—2 {1— u® (Vu+ ”)}W+ v =o.
|Vii|? |Vul? |Vii|?
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with Cauchy data f — f and i—J, respectively. Changing the roles of # and &z and summing the two
equalities, we get

Vi Vu
[(Vu+ Vi) ® (Vu+ Vii) — (|Vul® + Vil >’}V”+5H<|va|2 " |Vu|2)> -

v <|Vﬁ|2|vM|2
The above operator is elliptic when Vu- Vit < 0 and is hyperbolic when Vi - Vi > (0. Note that Vu - Vii > 0
on 3X when j — j and f — f are sufficiently small. We obtain a linear equation for v with a source term
proportional to 8 H = H — H. For large amounts of noise, Vi may significantly depart from Vi, in which
case the above equation may lose its hyperbolic character. However, stability estimates are useful when
8 H is small, which should imply that # and # are sufficiently close, in which case the above operator is
hyperbolic. We assume here that the solutions u# and # are sufficiently close that the above equation is

hyperbolic throughout the domain. We recast the above equation as the linear equation

g . . - P .
g”(x)aizjv-l—flaiv+8,'(l’8H):0 in X, v=f—f, a—v:j—j on X, (12)

%
for appropriate coefficients g'/, & and I'. Now g is strictly hyperbolic in X (of signature (1, n — 1)) and

is given explicitly by

g(x) = W{(VHW)®(w+va)—<|w|2+|vm2)1}
=a(x)(e(x) ®e(x) — B2 (x)(I —e(x) @ e(x))), (13)
where o v P,
u u u
) = (), B0 = oo o) (14)
and
a(x) (IVu + Val* — (\Vul® + |Vil%)

VP vuP
is the appropriate (scalar) normalization constant. Here, e(x) is a normal vector that gives the direction of
“time” and B(x) should be seen as a speed of propagation (close to 1 when u and & are close). When e is
constant, then the above metric, up to normalization, corresponds to the operator 33 — ,Bz(t, XAy

We also define the Lorentzian metric h = g~! so that b; ; are the coordinates of the inverse of the
matrix g”/. We denote by (-, -) the bilinear product associated to h so that (u, v) = b;ju’v/, where the
two vectors u and v have coordinates ' and v’, respectively. We verify that

1
B2 (x)
The main difficulty in obtaining a solution v to (12) arises because v(x) is not time-like for all points

of dX. The space-like part ¥, of 0 X is given by the points x € X such that v(x) is time-like, in the
sense that h(v(x), v(x)) > 0, or equivalently,

b(x) =

(e(X)®e(X) - ( —e(X)®e(X))>- (15)

o(x)

w(x)-ex)]> > x€dX. (16)

1+ B2(x)’
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In (16), the dot product is with respect to the standard Euclidean metric and v is a unit vector for the
Euclidean metric, not for the metric ). The time-like part of 9 X is given by the points x € 9 X such that
h(v(x), v(x)) < 0 (that is, v(x) is a space-like vector), while the light-like (null) part of dX corresponds
to x such that h(v(x), v(x)) = 0 (that is, v(x) is a null vector).

When j = f on dX so that Vu(x) = Vii(x) and B(x) =1 for x € 9 X (see also the proof of Theorem 3.1
below), then the above constraint becomes

) -Vu@)? > 1, xedX. (17)

In other words, when such a constraint is satisfied, the differential operator is strictly hyperbolic with
respect to v(x) on X,. Once X, is constructed, we need to define its domain of influence X, C X, that is,
the domain in which v can be calculated from knowledge of its Cauchy data on X,. In order to do so, we
apply the energy estimate method for hyperbolic equations described in [Taylor 1996, Section 2.8]. We
need to introduce the notation used there; see Figure 1.

Let ¥ be an open connected component of X,. We assume here that all coefficients and geometrical
quantities are smooth. By assumption, X is space-like, which means that the normal vector v, is time-like
and hence satisfies (16). Now let ¥, (s) C X be a family of (open) hypersurfaces that are also space-like
with unit (with respect to the Euclidean metric) vector v, (x) that is thus time-like, that is, verifies (16).
We assume that the boundary of X;(s) is a codimension-1 manifold of ;. Let then

o) = | =20, (18)
O<t<s
which we assume is an open subset of X. In other words, we look at domains of influence O(s) of X,

that are foliated (swept out) by the space-like surfaces X,(t). Then we have the following result:

Theorem 3.1 (local uniqueness and stability). Let u and i be two solutions of (7) sufficiently close in
WL-2°(X) norm and such that |Vul, |Vi|, H and H are bounded above and below by positive constants.

Figure 1. Construction of the domain of influence O (hatched area). The unit vectors e
indicate the “time” direction of the Lorentzian metric ). The surface >, (s) has a normal
vector vy (x) that forms a sufficiently small angle with e that X, (s) is a space-like surface,
as is Xy C X, with an angle such that |v; - e| is also sufficiently close to 1.



760 GUILLAUME BAL

This ensures that g constructed in (13) is strictly hyperbolic and that «(x) and B(x) in (14) are bounded
above and below by positive constants.

Let 31 be an open connected component of X, the space-like component of 90X, and let the domain of
influence O = O(s) for some s > 0 be constructed as above. Let us define the energy

E(dv) = (dv, 1) — %(dv, dv)(vy, v2). (19)

Here, dv is the gradient of v in the metric by, and is thus given in coordinates by g/ d iv. Then we have the

local stability result

/E(dv)dxfC( |f—f|2+|j—j|2do+f |V8H|2dx>, (20)
0 N O

where dx and do are the standard (Euclidean) volume and (hyper)surface measures on O and X1,
respectively.

The above estimate is the natural estimate for the Lorentzian metric V). For the Euclidean metric, the
above estimate may be modified as follows. Let vo(x) be the unit (for the Euclidean metric) vector to
X € Xo(s), and let us define c(x) := vy(x) - e(x) with e(x) as in (14). Let us define

|
—min 2y L
0 :=min [C ) 1+ﬁ2(x)]‘ D

We need 6 > 0 for the metric h to be hyperbolic with respect to vo(x) for all x € 0. Then we have that
C ~ -
/ 0%+ Vol + (0 —6)%dx < ﬁ( |f = FP+1j—jPdo +/ |VSH|2dx>, (22)
0 %) 0

where o and & are the reconstructed conductivities given in (11). Provided that data are equal in the
sense that f = f, j=j,and H = H, we obtain v =0 and the uniqueness result u =it and o0 = 6.

Proof. That b is a hyperbolic metric is obtained, for instance, if # and & are sufficiently close in the
W1 (X) norm and if |Vul, |Vi|, H and H are bounded above and below by positive constants. The
derivation of (20) then follows from [Taylor 1996, Proposition 8.1] using the notation introduced earlier
in this section. The volume and surface measures dx and do are here the Euclidean measures and are of
the same order as the volume and surface measures of the Lorentzian metric f. This can be seen in (15),
since o and B are bounded above and below by positive constants.

Then (20) reflects the fact that the energy measured by the metric f is controlled. However, this “energy’
fails to remain definite for null-like vectors (vectors v such that h(v, v) = 0), and as x approaches the

B

boundary of the domain of influence of X, we expect the estimate to deteriorate.

Let x € O be fixed and define v = v(x) and e = e(x). Let us decompose v = ce + s'et, where ce is
the orthogonal projection of v onto e and s’e™ := v — ce the projection onto the orthogonal subspace of
R”" with e a unit vector. For a vector v = vie + véeL + w’ (standing for dv) with w’ orthogonal to e and
e (and thus vanishing if n = 2), we need to estimate

E() =h*(v,v) — $h(v, v)h(v,v) = %[(vlc —v9)? = 2 (vf — (3 + [wH) (* —57)].
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where we have conveniently defined v, = B~ 'v), w=B~'w’, and s = B~ 1s’. After some straightforward

algebra, we find that

1+ B>
azﬁz

Since S is bounded above and below by positive constants, we need to bound (¢ — s) from below, or

2 2
vy +v;
202

+p?

E(v) = ey 6wl + (c—s).

1
01wl + — (3(c* +57) (] +v3) = 2v1va0s) >

equivalently, (B¢ — s’)? from below. Some algebra shows that

/
<2 1 Be+s

0 <c"— g 1_1_182(,3c—s).

Since 6 < 1, this shows that
E(v) = CO*v|?,

for a constant C that depends on the lower and upper bounds for 8 and « but not on the geometry of v.
Note that the behavior of the energy in 67 is sharp, as the bound is attained for v; = v, with w = 0. This
proves the error estimate for v = Vu. Since v is controlled on X;, we obtain control of v on O by the
Poincaré inequality. Now o — ¢ is estimated by H — H and by Vu — Viu = Vv, and hence the result.

In other words, the angle ¢ (x) between e(x) and v,(x) must be such that 8(x) —tan¢ (x) > 62 in
order to obtain a stable reconstruction. When 8 H is small, then Vi — Vu is small, so that 8 is close to 1.
As a consequence, we obtain that the constraint of hyperbolicity of b is, to first order, tan ¢ (x) < 1, which
is indeed the constraint (16) that holds when Vu = Vi on 0X.

For the uniqueness result, assume that u and # are two solutions of (7). We define e(x) = Vu and
B% = 1. Then v =0 on X; implies by the preceding results that v = 0 in a vicinity of X in 0, so that
u = u in the vicinity of ¥. This shows that u = u in 0, and hence in all the domain of dependence of X,
constructed as above. O

Remark 3.2. In two dimensions, we can interchange the roles of space-like and time-like variables, since
both are one-dimensional, and find, at least for sufficiently simple geometries, that the complement of
the domain of influence of X, in X is the domain of influence of the complement of X, in dX. We thus
obtain stability of the reconstruction in all of X except in the vicinity of the geodesics for the metric g
that emanate from 0 X in a direction v(x) that is null-like, that is, a vector such that h(v(x), v(x)) =0, or
equivalently such that |v(x) - e(x) 1> = %

In three (or higher) dimensions, however, no such interchange of the roles of time and space is possible.
All we can hope for is a uniqueness and stability result in the domain of influence of ¥,. The solution v
and the conductivity o are not stably reconstructed on the rest of the domain without additional information
from, say, other boundary conditions f(x). The case of redundant measurements of this type is considered
in Section 4B below, and is analyzed in a different context in [Bal et al. 2011a; Capdeboscq et al. 2009].

Remark 3.3. Assuming that the errors on the Cauchy data f and j are negligible, we obtain the following
stability estimate for the conductivity:

- C ~
lo—0ollr2@) < 5||H — H| g1 (x)- (23)



762 GUILLAUME BAL

Figure 2. Geometry of the domain of influence in Euclidean geometry, with o = 1 and
u = x1, on a domain X given by an ovoid. In a three-dimensional geometry, we can
regard the picture as a cross-section at y = 0 of a three-dimensional domain of revolution
about the axis e; := Vu. The vector v(x) is a “null vector” making an angle of 45 degrees
with Vu. In two dimensions, X, is the union of two connected components, whereas
in three dimensions, X, is composed of a unique connected component in dX. The
hatched domain corresponds to X \ X, the part of the domain X that is not the domain
of influence of X,. In two dimensions, Vu' = e, may also play the role of “time”, so
that X \ X, is the domain of influence of X \ X,. In three dimensions, the hatched region
is not accessible with the techniques developed in this paper.

The measurements are of the form H (x) = o (x)|Vu|*(x), which imposes reasonably restrictive assump-
tions on o ensuring that Vu is a solution in H?(£2). Under additional regularity assumptions on o, for
instance assuming that H € H*(X) for s > 2, we find that

1-1/s

Tl
ooV H + H g (24)

- C ~
llo _U”LZ(@) = EHH —H| H5(X)®

by standard interpolation. We thus obtain a standard Holder estimate in the setting where the error in the
measurements is quantified in the square integrable sense.

Remark 3.4. The linearization of (7) in the vicinity of o = 1 with only Dirichlet data is an ill-posed
problem when X is a two-dimensional disc. Indeed, assume Dirichlet data of the form f(x) = x; in (1),
so that the unperturbed solution is ug = x| in X. This shows that e(x) = e; in the definition (13), so that
h=e ®e; —ex Qe in (15). In other words, the linearized problem consists of solving

0%u 9%u

9x12  9x;2

=0 inX={x7+x3<1}, u=f ondX.

The general solution to the above equation is of the form F'(x; —x2) + G (x1 4+ x2), and there is an infinite
number of linearly independent solutions to the above equation with f = 0. The linearization of the
UMEIT problem without full Cauchy data and in this specific geometry provides an operator that is not
injective.
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3B. Reconstruction of the conductivity. The construction of the solution u, from which we deduce the
reconstruction of o (x), requires that we solve the nonlinear equation (10). Let us assume that g'/ is given
as in (9) and that the vector field / and the source terms f and j are smooth given functions. Then we
can construct a unique solution to (10) locally in the vicinity of the part of d X that is space-like. In this
section, we assume that the geometry and the coefficients of the wave equation are sufficiently smooth.

Let x° be a point in X, the space-like part of d.X, so that g(v(xo), v(x%) > n > 0. In the vicinity of
x°, which we now call 0, we parametrize d X by the variables (yy, ..., y,—1) and denote by yq the signed
distance to X. In the vicinity of x® = 0, the map y = F(x) is a diffeomorphism from a neighborhood
U of x = 0 to the neighborhood V = F(U) of y = 0. Moreover, locally, DF is close to the identity
matrix (after an appropriate rotation of the domain if necessary) if U is sufficiently small. We denote by
Jr = det(DF) the Jacobian of the transformation.

Let us come back to the equation

H(x)

—VO'(X)VM:—VW

9
Vu=0 inX, u=f and a-”:j ondX. (25
v

We define v(y) = u(x), that is, v = F,u, and then verify that (Vu)(x) = DF' o F‘l(y)Vv(y). In the y

coordinates, we find that
—V.-F.oVv=0, FU),

where we have the standard expression in the y coordinates:
F.o(y)=6(y)DFDF' o F7(y), g=JylooF .
We may thus recast the above equation as the nonlinear equation

v.gPEPFoFTo o g F.(J:'H)y=J;'"Ho F~! (26)
— . V= y = = (o) .
|DF!Vv|? OF F

Note that the boundary conditions are now posed on the surface ygp = 0, where

v(0,y)=F, f(0,y) and 8y,v(0,y) =a(Y)Fif(0,y)+BO)F.jO, ),

with & close to 0 and B close to 1 on V = F(U). It remains to differentiate in (26) to obtain, after
straightforward but tedious calculations, the expression
gRaZv+h =0,  F(U), @7
with the above “initial” conditions at yy = 0, where
g = —(DFDF")i8/% + 2(DF DF*Vv) (DF'Vv)/, %)
h'y = —(VIn H - DFDF') — (V- DF DF')' +2(DF DF'Vv)! (DF'Vv)3* DF; .

—

When F = I, we recover (8). The nonlinear terms now involve functions of DF'Vv.

Note that gr = DFgDF" if we set DF'Vv := Vu, and thus transforms as a tensor of type (2,0). As a

1

consequence, the metric (a tensor of type (0, 2)) g}l = DF~'gDF~", since g~' =g, as can be easily
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verified. Let vp = F,v = DFv o F~! be the push-forward of the normal vector seen as a vector field. At
x0, the change of variables is such that

a 0
—1 _ 1 — o1 —
8F F@0) (8—y0 8_y0> = 8p 0y (VFs VE) = 80 (V, V) = gro (v, v) =1 > 0.
This shows that g remains hyperbolic in the vicinity of F(x") since DF DF' = I at y = 0 by construction
and DF is smooth. Moreover, the above is equivalent to

n—1

- B 82 82

1) 2_ 17 2 = — 7 /=

grd;=0+yYe;, O= o A M =y PEIE
j=1

where Zi’j ly'/| < (1 —n)/2. The above is nothing but the fact that g5 is hyperbolic in the vicinity of
y = 0. Note that y'/ =y (x, ﬁv).
We thus have a nonlinear hyperbolic equation of the form

(O+7" (x, DF'Vv)d;; + I (x, DF'Vv)d;)v =0,  y,>0, y e R"",
v(0, y) = vo(»), Ay (0, ¥) = jo(y). (29)

Since propagation in a wave equation is local, we can extend the boundary conditions for y = (0, y’)
outside the domain F(U) by vp =0 and d,,v = 1 and the functions y"/ and h' by 0 outside of F(U).
This allows us to obtain an equation posed on the half-space yy > 0.

The nonlinear functions y*/ (x, DF'V v) and A’ (x, DF'V: v) are smooth functions of Vv except at the
points where Vv = 0. However, we are interested in solutions such that Vv does not reach 0, to preserve
the hyperbolic structure of g/. Note that |Vv| is bounded from below by a positive constant on yo = 0 by
assumption. We obtain a bound on the uniform norm of the Hessian of v, which implies that at least for
a sufficiently small interval yo € (0, ), |Vv| does not vanish and ¥/ and A’ can then be considered as
smooth functions of x and Vv.

Using [Hormander 1997, Theorem 6.4.11 and remark following (6.4.24)], the above equation satisfies
the hypotheses to obtain an a priori estimate for

M(yo)= Y 119%u(yo, )llz2@e1),
loe| <k +2
with k the smallest integer strictly greater than (n — 1) /2. By Sobolev embedding, this implies that the
second derivatives of v are uniformly bounded so that for at least a small interval, |Vv| is bounded away
from O.
Once v, and hence u, is reconstructed, at least in the vicinity of the part 3, of 9.X that is space-like for
Vu, we deduce that

Note that Vu cannot vanish, by construction, so that the above equality for o (x) is well-defined. We
already know that a solution to the above nonlinear equation exists in the absence of noise, since we have
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constructed it by solving the original linear equation. In the presence of significant noise, the nonlinear
equation may behave in a quite different manner than that for the exact solution. However, the above
construction shows that the nonlinear equation can be solved locally if the measurement H (x) is perturbed
by a small amount of noise.

4. Global reconstructions of the diffusion coefficient

The picture in Figure 2 shows that in general we cannot hope to obtain a global reconstruction from a
single measurement of H (x) even augmented with full Cauchy data. Only Cauchy data on the space-like
part of the boundary can be used to obtain stable reconstructions.

Global reconstructions have been obtained from redundant measurements of the form H;; = §; - S,
with S; = \/o Vu; and u; the solution of (1) with Dirichlet conditions f = f;, in [Capdeboscq et al. 2009]
in the two-dimensional setting and in [Bal et al. 2011a] in the two- and three-dimensional settings; see
also [Kuchment and Kunyansky 2011].

This section analyzes geometries in which a unique measurement H (x) or a small number of measure-
ments of the form H (x), augmented with Cauchy data ( f, j), allow one to uniquely and stably reconstruct
o (x) on the whole domain X. These reconstructions are obtained by (possibly) modifying the geometry
of the problem so that the domain where o (x) is not known lies within the domain of dependence of X,.
We consider two scenarios. In the first scenario, considered in Section 4A, we slightly modify the problem
to obtain a model with an internal source of radiation f. Such geometries are guaranteed to provide a
unique global reconstruction in dimension n = 2, but not necessarily in higher spatial dimensions, where
global reconstructions hold only for a certain class of coefficients o (x). In the second scenario, analyzed
in Section 4B, we consider a setting where reconstructions are possible when the Lorentzian metric is the
Euclidean (Lorentzian) metric, that is, « = 8 = 1 in (15). We then show the existence of an open set of
illuminations f for three different measurements of the form H (x) such that the global result obtained
for the Euclidean metric remains valid for arbitrary, sufficiently smooth coefficients o (x).

4A. Geometries with an internal source. From the geometric point of view, the Cauchy data are suffi-
cient to allow for full reconstructions when X, = 9X, so that the whole boundary 9.X is space-like for the
metric g, and X is the domain of dependence of X,. This can happen, for instance, when 0X is a level
set of # and the normal derivative of u either points inwards or outwards at every point of 9 X. When X is
a simply connected domain, the maximum principle prevents one from having such a geometry. However,
when X is not simply connected, such a configuration can arise. We will show that such a configuration
(with X the domain of dependence of %) is always possible in two dimensions of space. When n > 3,
such configurations hold only for a restricted class of conductivities o (x) for which no critical points of
u(x) exist.

Let us consider the two-dimensional case n = 2. We assume that X is an open smooth domain
diffeomorphic to an annulus and with boundary 0 X = dXqU dX; see Figure 3. We assume that f =0 on
the external boundary d Xy and f = 1 on the internal boundary 0 X;. The boundary of X is composed of
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Figure 3. Geometry of an annulus in two space dimensions with boundaries ¥y and X1,
the level sets where u = 0 and u = 1, respectively. The four curves correspond to four
integrals of the flow of the gradient vector field Vu.

two smooth connected components that are different level sets of the solution u to (1), which is uniquely
defined in X.

In practice, such a domain X may be constructed as follows. As we do in the geometry depicted on
page 769, we embed X, the domain where o is unknown, into a larger domain X with, say, o (x) = oy
on X \ X and with a hole where we impose the aforementioned boundary conditions. Then we have the
following result:

Proposition 4.1. Let X be the geometry described above with n = 2 and u(x) the solution to (1). We
assume here that both the geometry and o (x) are sufficiently smooth. Then |Vu| is bounded from above
and below by positive constants. The level sets ¥. = {x € X, u(x) = c} for 0 < ¢ < 1 are smooth curves
that separate X into two disjoint subdomains.

Proof. The proof of the first part is based on the fact that critical points of solutions to elliptic equations
in two dimensions are isolated [Alessandrini 1986]. First of all, the Hopf lemma [Evans 1998] ensures
that no critical point exists on the smooth closed curves Xy and X;. Let x; be the finite number of points
where Vu(x;) = 0. At each x;, the level set of u with value 0 < ¢; = u(x;) < 1 is locally represented by
n; (n; even) smooth simple arcs emanating from x; that make an angle equal to 27 /n; at x; [Alessandrini
1986]. For instance, if only two simple arcs emanate from x, then these two arcs form a continuously
differentiable curve in the vicinity of xy. Between critical points, level sets of u# are smooth by the inverse
function theorem.

Let us assume that there is a point x; with more than two simple arcs leaving x;. Let y;, 1 < j <4, be
such arcs. If y; meets another critical point, we pick one of the possible other arcs emanating from this
critical point to continue the curve y;. This is always possible, as critical points always have an even
number of leaving simple arcs. The curve y; cannot meet Xy or X1, and therefore must come back to the
point x;. Let us assume the existence of a closed subloop of y; that does not self-intersect and does not
wind around X (that is, is homotopic to a point). In the interior of that closed subloop, u is then constant
by the maximum principle and hence constant on X by the unique continuation theorem [Hormander
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1983a]. This is impossible, and therefore y; must wind around X;. Let us pick a subset of y;, which we
still call yy, that winds around ¥ once. The loop meets one of the other y; to come back to x;, which we
call y, if it is not y;. Now let us follow y3. Such a curve also has to come back to x;. By the maximum
principle and the unique continuation theorem, it cannot come back with a subloop homotopic to a point.
So it must come back also winding around X;. But y; and y3 are then two different curves winding
around X;. This implies the existence of a connected (not necessarily simply connected) domain whose
boundary is included in y; U y3. Again, by the maximum principle and the unique continuation theorem,
such a domain cannot exist. So any critical point cannot have more than two simple arcs of level curves
of u leaving it.

So far, we have proved that any critical point x; sees exactly two arcs leaving x; at an angle equal
to 7T, since by the maximum principle, critical points cannot be local minima or maxima. These two arcs
again have to meet winding around X;. This generates a single curve that we call y;, with no possible
self-intersection. Moreover, since all angles at critical points are equal to 7, the curve y; is of class C'
and piecewise of class C2. Let X, be the annulus with boundary equal to ¥; Uy;. On X_, u satisfies an
elliptic equation with values u =1 on ¥; and 0 < u =¢; < 1 on y;. Since y; is sufficiently smooth now
(smooth on each arc with matching derivatives on each side of each critical point), it satisfies the interior
sphere condition and we can apply the Hopf lemma [Gilbarg and Trudinger 1977, Lemma 3.4] to deduce
that the normal derivative of u on y| cannot vanish at x; or anywhere along y;. There are therefore no
critical points of u in X. By continuity, this means that |Vu| is uniformly bounded from below by a
positive constant. Standard regularity results show that it is also bounded from above.

Now let 0 < ¢ < 1 and X, be the level set where u = ¢. Such a level set separates X into two subdomains
where 0 < u < ¢ and ¢ < u < 1, respectively, by the maximum principle. We therefore obtain a foliation
of X into the union of the smooth curves X, for 0 < ¢ < 1. Now let x € X, and consider the flow of Vu
in both directions emanating from x. Then both curves are smooth and need to reach the boundary at a
unique point. Since any point on X is also mapped to a point on X; by the same flow, this shows that
3. is diffeomorphic to Xy and X;. O

The result extends to higher dimensions, provided that |Vu| does not vanish, with exactly the same
proof. Only the proof of the absence of critical points of u was purely two-dimensional. In the absence of
critical points, we thus obtain that e(x) = Vu = v(x), so that v(x) is clearly a time-like vector. Then the
local results of Theorem 3.1 become global results, which yields the following proposition:

Proposition 4.2. Let X be the geometry described above in dimension n > 2 and u(x) the solution to (1).
We assume here that both the geometry and o (x) are sufficiently smooth. We also assume that |Vu| is
bounded from above and below by positive constants. Then the nonlinear equation (10) admits a unique
solution and the reconstruction of u and of o is stable in X in the sense described in Theorem 3.1.

Remark 4.3. The above geometry with a hole is not entirely necessary in practice. Formally, we can
assume that the hole with boundary X shrinks and converges to a point xo € dX at the boundary of the
domain. Thus, the illumination f is an approximation of a delta function at xo. The level sets of the
solution are qualitatively similar to the level sets in the annulus. Away from xg, the surface 0 X is a level
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set of the solution u, and hence the normal to the level set is a time-like vector for the Lorentzian metric
with direction e(x) = v(x). Away from x(, we can solve the wave equation inwards and obtain stable
reconstructions in all of X but a small neighborhood of x¢. This construction should also provide stable
reconstructions in arbitrary dimensions provided that u# does not have any critical point.

In dimensions n > 3, however, we cannot guarantee that u does not have any critical point independent
of the conductivity. If the conductivity is close to a constant where we know that no critical point exists,
then by continuity of u with respect to small changes in o (x), u does not have any critical point and the
above result applies. In the general case, however, we cannot guarantee that Vi does not vanish, and in
fact can produce a counterexample using the geometry introduced in [Briane et al. 2004] (see also [Melas
1993] for the existence of critical points of elliptic solutions):

Proposition 4.4. There is an example of a smooth conductivity such that u admits critical points.

Proof. Consider the geometry in three dimensions depicted in Figure 4. The domain X is a smooth,
convex domain, invariant by rotation leaving e, invariant and by symmetry z — —z, and including two
disjoint, interlocked tori 77 and 7». The first torus 77 is centered at c¢; = (0, 0, 1), with base circle

{e:+2e +a(cospes+singey), 0<¢ <2m}

rotating around c; in the plane (e, e;) (top torus in Figure 4) for o« = % say. The second torus 73 is

centered at ¢ = (0, 0, —1), with base circle
{—eZ +2e, +a(cospe,+singey), 0<¢ < 2n}

rotating around c¢; in the plane (e, e;) (bottom torus in Figure 4).

We consider the boundary condition ¥ = z on 9.X.

We assume that o (x) = 1 4+ A¢(x) in (1), where ¢(x) is a smooth, nontrivial, nonnegative function
with nonvanishing support inside each of the tori 7 and 7, that respects the invariance by rotation and the
symmetries of the two tori. We normalize ¢ (x) by 1 on the circles {eZ +2(cospe,+singey), 0<¢ < 271}

Figure 4. Geometry of a critical point: X is the ball of radius 4; the interlocked tori are
the top torus 77 and the bottom torus 75.
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and {—eZ +2(cospe; +singey), 0<¢ < 27r} at the center of the volumes delimited by the two tori.
When A = 0, so that o (x) = 1, then u = z is the solution of the problem (1). As A, and hence o inside
the tori, converges to 400, the solution u is such that # converges to a constant C; > 0 on the support
of ¢ inside 77 and C, < 0 on the support of ¢ inside 7T,. For A sufficiently large, by continuity of the
solution u with respect to o, we obtain that (0, 0, 1) < 0, since (0, 0, 1) is inside 7>, and u(0, 0, —1) > 0,
since (0, 0, —1) is inside 7;. Since the geometry is invariant by symmetry x — —x and y — —y, then
so is the solution x, and hence 9,u(0, 0, z) = d,u(0, 0, z) = 0 for all (0, 0, z) € X. Now the function
z — u(0, 0, z) goes from negative to positive to negative back to positive values as z increases, and so
has at least two critical points. At these points, Vi = 0, and hence the possible presence of critical points
in elliptic equations in dimensions three and higher. g

Note that the above symmetries are not necessary to obtain critical points, which appear generically
in structures of the form of two interlocked rings with high conductivities, as indicated above. At an
intuitive and informal level, small perturbations of the above geometry and the boundary conditions
make it so that the level sets X, = {u = c} for c sufficiently large and c sufficiently small are simply
connected codimension-1 manifolds with boundary on 0 X. When o is sufficiently large, u converges to
two different values c¢; and c¢; inside the two discs (say one positive in 7} and one negative in 7>). Thus
for o sufficiently large, the level set u = ¢, assuming it does not have any critical point, is a smooth
locally codimension-1 manifold, by the implicit function theorem, that can no longer be simply connected.
Thus, as the level sets ¢ decrease from high values to ¢, they go through a change of topology that can
only occur at a critical point of u [Morse and Cairns 1969].

4B. Complex geometric optics solutions and global stability. Let us now consider a domain X, where
o (x) is unknown and close to a constant o. Let us assume that X is embedded into a larger domain X
and that we can assume that o (x) is known and also close to the constant 0. Then it is not difficult to
construct X so that X lies entirely within the domain of dependence of ¢> see, for instance, the geometry
depicted in Figure 5.

] o

2
Figure 5. Geometry of a domain where the reconstruction of the unknown o on X is
possible from a single measurement. The geometry of the Lorentzian metric is represented
when o (x) = 0¢. By continuity, the domain of influence of X, includes X for all smooth
conductivities o (x) sufficiently close to oy.
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For the rest of the section, we show that global reconstructions can be obtained for general sufficiently
smooth metrics, provided that three well-chosen measurements are available. This result is independent of
spatial dimension. The measurements are constructed by means of complex geometrical optics solutions.

Let k be a vector in R” and k* be a vector orthogonal to k of the same length. Let p =ik +k* be a
complex-valued vector so that p - p = 0. Thus, e”~ is harmonic and Ve”* = pe”*. The latter gradient
has a privileged direction of propagation p, which is, however, complex-valued. Its real and imaginary
parts are such that

eIV = [k|O(x), e F TRVer T = k|0t (x), (30)

where 0(x) = k cos k-x + kt sink-x and 0L (x) = —ksink-x + kL cosk-x. As usual, k= k/\k].

Consider propagation with Cauchy data given on a hyperplane with normal vector k e S"'. We want
to make sure that we always have at our disposal a Lorentzian metric for which k is a time-like vector so
that the available Cauchy data live on a space-like surface for that metric. For the rest of the section, we
assume that k = |k|e; and that k- = |k|e, so that

0(x) =k cos |k|x; + kT sin|k|x; and O (x) = —k sin |k|x; + kT cos |k|x;. (31)

For a vector field with unit vector 6(x), we associate the Lorentz metric with direction 8 given by
ho =206 —1.

The Lorentzian metrics with directions 6 (x) and 6+ (x) oscillate with x;. A given vector k therefore
cannot be time-like for all points x. However, we can always construct two different linear combinations
of these two directions that form time-like vectors for a given range of k - x = |k|x;. Such combinations
allow us to solve the wave equation forward and obtain unique and stable reconstructions on the whole
domain X. The above construction with e¢”* harmonic can be applied when o (x) = o a constant. It
turns out that we can construct complex geometric optics solutions for arbitrary, sufficiently smooth
conductivities o (x) and obtain global existence and uniqueness results in that setting. We state the
following result.

Theorem 4.5. Let o be extended by o9 = 1 on R" \ X, where X is the domain where o is not known.
We assume that o is smooth on R". Let o(x) — 1 be supported without loss of generality on the cube
(0,1) x (—% %)n_l. Define the domain X = (0, 1) x B,_1(a), where B,_1(a) is the (n — 1)-dimensional
ball of radius a centered at 0 and where a is sufficiently large that the light cone for the Euclidean metric
emerging from B,_1(a) strictly includes X. Then there is an open set of illuminations ( f1, f2) such that if
uy and uy are the corresponding solutions of (1), then the measurements

Hi1(x) =o()|Vu1[*(x),  Han(x) =c@)|Vua*(x),  Hpx)=o@)|Vu+u)* (32

with the corresponding Cauchy data (f1, j1), (f2, j2) and (fi1+ f2, j1+ j2) at x1 =0, uniquely determine
o (x). Moreover, let H; ;i be measurements corresponding to o and ( f], fl) and ( fz, fz), the corresponding
Cauchy data at x; = 0. We assume that o (x) — 1 and 6 (x) — 1 (also supported in (0, 1) x (—%, %)n_l)
are smooth and such that their norms in H"/?13+¢(R") for some ¢ > 0 are bounded by M. Then for a
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Figure 6. Extended geometry where complex geometric solutions are constructed.

constant C that depends on M, we have the global stability result

lo =612z, < C(lldc —dellw2s, @yt + Y IVHy = VH; ||Lz<x>). (33)
(i,j)el

Here, we have defined I ={(1, 1), (1, 2), (2,2)} and dc = (f1, j1, f2, J2), with c?c being defined similarly.

Proof. We recall that k = |k|e; and k*+ = |k|e,. The proof is performed iteratively on layers t;_; < x; <t
witht;, =i/N for 0 <i < N and N = N (k) (to be determined) sufficiently large but finite for any given
sufficiently smooth conductivity o (x). Here, k = |k|e; is the vector in R" used for the constructions of
the CGO solutions. We define y; = (#;,0, ..., 0) for 0 <i < N. Define two vectors close to e; as

p=we;++v1—w2e, q =we; —V1—wley,

with w < 1 sufficiently close to 1 such that the light cones (for the Euclidean metric) emerging from
B,_1(a) for the Lorentzian metric with main directions p and ¢ still strictly include X; see Figure 6. All
we need is that the radius a be chosen sufficiently large so that any Lorentzian metric with direction close
to er, p or q, has a light cone emerging from B,_;(a) that includes X. This means that any time-like
trajectory (geodesic) from a point in X crosses B,_;(a) for all metrics with direction close to ej, p or q.
See Figure 6, where the light cone for p is shown to strictly include X.

Now consider the slab 7y < x; < f;. We prove a result on that slab and show that the Cauchy data at 7,
are controlled so that the same estimate may be used on #; < x| < #, and on all of (0, 1) by induction.
Let a; and B; be the two angles in (0, 27) such that

cosa 0(yo) +sinay 0 (yo) = p,  cos B1 8(yo) +sin B1 6+ () =4¢,

where 6(x) € S"~! is defined in (31).
The complex geometric optics solutions are constructed as follows. We define harmonic functions
v = e’ and w = Ne”*. Then we find that

V= ek ¥ k|0 (x), Vw = ek ¥ |k|0+ (x),
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so that for the two harmonic functions v; = cos v + sina; w and w; = cos Bjv + sin 81 w, we have on
the slab 0 < x; < #; that

V1 = cosay 0(x) +sina; 0 (x) = p + O(k|/N),
V/Jl = cos B1 0 (x) + sin B; GL(x) =q+ O(|k|/N).

For t; = 1/N such that |k|t; = |k|/N is sufficiently small, ﬁ and V/u\)l, for all x such that 0 < x| < 11,
are two vector fields such that the associated Lorentzian metrics hg;, and by, have e; as a time-like
vector.

Let us now assume that ¢ is arbitrary but smooth. The main idea of CGO solutions is that we can
construct solutions for arbitrary o that are close to the solutions corresponding to o =1 for |k| sufficiently
large. We construct CGO solutions u, of (1) (and %, by replacing o by &) such that

1
U, = ﬁe”‘x(l + ),

with ||y, bounded in the C! norm, since o is sufficiently smooth by hypothesis. This result is proved in
[Bal et al. 2011b] following earlier work in [Bal and Uhlmann 2010]. These solutions are constructed on
R" and then restricted to X; their boundary condition f, is therefore specified by the construction. For
such a solution, we find that

1 .
Vup = ﬁepxlm(p +¢p)’

where |k||¢,| is also bounded in the uniform norm. This shows that
V3uy(x) =0(x)+dp.i, VRu,(x) =0(x)+ ¢, ,,

with |k[|¢, ;| and |k||¢, | bounded in the uniform norm. As a consequence, we have constructed solutions
of (1) with a gradient that is close to the prescribed 6 (x) corresponding to harmonic functions. Construct
now the two linear combinations

Vl,p =COSQ| Vp+Sinag Wy, Wi ,=C0s P v,+sinpw,, where v, :=3u,, w,:=NRu,. (34)

Knowledge of the Cauchy data for v; , and w , is inherited from that for v, and w,. Define v; , and
w1, , similarly with o replaced by 6. We choose |k| sufficiently large and then #;|k| sufficiently small so
that ¢, is a negligible vector that does not perturb the Lorentzian metric much and so that

Voi,=p+O0(kln)+OMIkI™") and  Vwi, =g+ O(kln)+ OMIk|™) (35)

are directions of Lorentzian metrics for which (i) e; is a time-like vector, and (ii) the light cone emerging
from B,_1(a) includes X. Here, M is the uniform bound of ¢ in H®/?+3+¢(R") [Bal et al. 2011b; Bal
and Uhlmann 2010]. Note that this means that #; should be chosen on the order of M|k|~2 once |k| has
been chosen, so that M|k|~! is sufficiently small.

The same properties hold for the vectors constructed by replacing o by ¢. Thus, the metric g in
(13) is given with o and B close to 1, and e(x) close to p for the function v , and close to g for the
function wi ,. Using Cauchy data on Xy := {x; = 0}, we can then solve the linear equations on the
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slab 01 := {0 =1y < x1 < 1} and get the solution at the surface X := {x; = #;}. For the solutions vy ,
and w ,, we obtain as a slight modification of (20) the stability result [Taylor 1996]:

|f—f|2+|j—i|2da+/E(dv)dxsc< |f = fIP+1j—jl*do + |vaH|2dx>. (36)
21 @1 20

01
The above measurements, 6H = H — I:I, are those for the functions (vy ,, v1,,) and (wy,,, w1,,). Such
measurements can be constructed from the three measurements for v,, w, and v, + w,. This is the place
where we use the three measurements stated in the theorem: we need to ensure that o (x)|u Vv, +vVw, |2
is available for any possible linear combination (u, v), since the values of «; and 8; will vary (and will
be called «; and B;) on each slab #; < x; < ;4. Since the measurements H for the 0-Laplacian problem
are quadratic in the elliptic solution, three measurements are sufficient by polarization to allow us to
construct o (x)|Vvy ,|? and o (x)|Vwy,|%.

On X, we have control on the Cauchy data of vy , and wy ,, and hence of v, = Su, and w, = Ru,
thanks to (36) and (34). Here, we need that p and g be not too close to one another (this is guaranteed by
w < 1), so that the inversion of the 2 x 2 system is well-conditioned. On each slab, we define the angles
o; and B; in order again to have Lorentzian metrics with directions close to p and g. We then obtain a
similar estimate to (36) and continue by induction until we reach the slab Oy := {ty_1 < x; <ty =1}

The stability results then apply to Ju, and NRu,, and we thus obtain a global estimate for o as in earlier
sections. So far, the illuminations f prescribed on X to solve the elliptic problem are of a very specific
type. In order for Su, and fu, to be the solutions to the elliptic problems on X, (f1, f2) needs to be the
trace of (Ju,, Nu,) on 0X. It is for these illuminations that the three measurements H;;(x) for (i, j) € 1
generate Lorentzian metrics that satisfy the above sufficient properties. Since o is not known, these traces
are not known either.

However, any Lorentzian metric that is sufficiently close to the Lorentzian metrics constructed with the
real and imaginary parts of u, will inherit the same light cone properties and, in particular, the fact that e,
is a time-like vector for these new Lorentzian metrics throughout X = (0, 1) x B,,_;(a). Therefore, there
is an open set of boundary conditions ( f1, f2) close to (Ju,|sx, Ru,lsx) such that the conclusion (36)
holds, as well as the same expressions on the other slabs O;. This concludes the proof of the result. [

Remark 4.6. The “three” measurements H;; for (i, j) € I in (32) actually correspond to two physical
measurements. Indeed, we can replace u, by uj., and u_, by uy._. in (3) and obtain in the limit
oVuy - Vuy, which, combined with Hy; and Hj;, yields Hy, defined in (32). The experimental acquisition
of Hy is in fact sufficient to also acquire o Vu, - Vuy, as demonstrated in [Kuchment and Kunyansky
2011].

Remark 4.7. Theorem 4.5 is a uniqueness and stability result for arbitrary, sufficiently smooth con-
ductivities. However, the boundary conditions f are quite specific, since they need to be sufficiently
close to nonexplicit, o-dependent traces of complex geometrical optics solutions. In some sense, the
difficulty inherent to the spatially varying Lorentzian metric h(x) in (15) has been shifted to the difficulty
of constructing adapted boundary conditions (illuminations).
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Note that the condition of flatness of the surfaces X; in the above construction is not essential. Surfaces
with a geometry such as that depicted in Figure 1 may also be considered. Such surfaces allow us to
reduce the size of the domain X on which the conductivity o = 1 needs to be extended. Unless the
domain X has a specific geometry similar to that of the domain O between X; and X, in Figure 1, it
seems necessary to augment the size of X to that of X as described above to obtain a global uniqueness
result.
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SHARP WEIGHTED BOUNDS INVOLVING A

TUOMAS HYTONEN AND CARLOS PEREZ

We improve on several weighted inequalities of recent interest by replacing a part of the A, bounds by
weaker A, estimates involving Wilson’s A, constant

I R 1
[w]Aoo = sgp—w(Q) /QM(wXQ).

In particular, we show the following improvement of the first author’s A, theorem for Calderén—Zygmund

operators 7':
172 —1 1/2
1T llagr2qmy < e ] (] + w1, )

Corresponding A, type results are obtained from a new extrapolation theorem with appropriate mixed A -
Ao bounds. This uses new two-weight estimates for the maximal function, which improve on Buckley’s
classical bound.

We also derive mixed A-A type results of Lerner, Ombrosi and Pérez (2009) of the form

1 /
IT lnrwy < CPP/[w]A/lp([w];xoo)l/p . I<p<oo,
ITf Nl 1oy < clw]a, logle + [w]y I fllL1w)-

An estimate dual to the last one is also found, as well as new bounds for commutators of singular integrals.

1. Introduction and statements of the main results

The weights w for which the usual operators 7" of classical analysis (like the Hardy—Littlewood maximal
operator, the Hilbert transform, and general classes of Calderén—Zygmund operators) act boundedly on
L?(w) were identified in works of Muckenhoupt [1972], Hunt, Muckenhoupt and Wheeden [Hunt et al.
1973], and Coifman and Fefferman [1974]. This class consists of the Muckenhoupt A, weights, defined
by the condition that (see [Garcia-Cuerva and Rubio de Francia 1985])

p—1
[wla, = Sgp(][gw) (][le/(pl)) <00, pe(l, o),

where the supremum is over all cubes in R?. Hence it is shown for any of these important operators T,
whether it is linear or not, that
) N7 f Nl e (w)
1T Nl(Lrw)) = sup —————
20 1 leqw)
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is finite if and only if [w]AP < 0.
It is a natural question to look for optimal quantitative bounds of [|7'[|s3(Lr(w)) in terms of [w]a,. The
first author who studied that question was S. Buckley [1993], who proved

Moy < cpalwl{ P70, 1< p<oo, (1.1)
where M is the usual Hardy—Littlewood maximal function on R¢. However, there has been a great impetus
toward finding such precise dependence for more singular operators after the work of Astala, Iwaniec and
Saksman [Astala et al. 2001], due to the connections with sharp regularity results for solutions to the
Beltrami equation. The key fact was to prove that the operator norm of the Beurling—Ahlfors transform on
L?(w) grows linearly in terms of the A, constant of w. This was proved by S. Petermichl and A. Volberg
[2002] and by Petermichl [2007; 2008] for the Hilbert transform and the Riesz transforms. To be precise,
in these papers it has been shown that if 7 is any of these operators, then

IT losczrquyy < epr Twlpe /070 (1.2)
The exponents are optimal in the sense that the exponent cannot be replaced by any smaller quantity.
It was conjectured then that the same estimate holds for any Calderén—Zygmund operator 7. This was
proven first for special classes of integral transforms in [Cruz-Uribe et al. 2010; Lacey et al. 2010b], and
eventually for general Calderén—Zygmund operators by the first author in [Hytonen 2012], using the
main result from [Pérez et al. 2010], where it is shown that a weak type estimate is enough to prove the
strong type. A direct proof of this result can be found in [Hytonen et al. 2010]. Other related works are
[Cruz-Uribe et al. 2012; Hytonen et al. 2011; Lacey et al. 2010a; Lerner 2011; Vagharshakyan 2010].
The main purpose of this paper is to show that these results can be further improved. To do this, we
recall the following definitions of the Ao, constant of a weight w. First, there is the notion introduced by
HrusCev [1984] (see also [Garcia-Cuerva and Rubio de Francia 1985]),

(wla, = sup<][ w) exp<][ logw_l>;
0 \JQ 0

and second, there is the (as it turns out) smaller quantity that appeared with a different notation in the work
of Wilson [1987; 1989; 2008] and was recently termed the “A., constant” by Lerner [2011, Section 5.5]:

/ 1
[wly :=Sgp w(0) /QM(wXQ)~

Observe that
calwly  <[wla, <[wla, forall pel[l,o0),

where the second estimate is elementary, and the first will be checked in Proposition 2.2. While the
constant [w]4_, is more widely used in the literature, and is also more flexible for our purposes, it is of
interest to observe situations where the smaller constant [w]’AOO is sufficient for our estimates, thereby
giving a sharper bound.
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Now, if o = w~!/?~1 is the dual weight of w, we also have [O’]Z_l < [cr]‘z_,1 =[w]a,. The point here
[eS] P
is that these quantities can be much smaller for some classes of weights. Our results will be of the form

1
ITll®(Lrwy) < CpT Z [w]j;”)[w]ﬁ? [0]5\1; (),

sometimes even with the smaller [ ]/Aoo constant instead of [ J4_, where the sum is over at most two
triplets («, B, ¥), and the exponents satisfy «(p) + B(p) + v (p) = t(p), where T(p) is the exponent from
the earlier sharp results. However, we will have a(p) < 7(p), which shows that part of the necessary A,
control may in fact be replaced by weaker A, control.

We now turn to a more detailed discussion of our results.

1A. The Aj; theory for Calderon-Zygmund operators. Our main result for Calderén—-Zygmund opera-
tors is the following:

Theorem 1.3. Let T be a Calderén—Zygmund operator and let w € A> and o = w™"'. Then there is a
constant ¢ = cq, such that

172

1T N2y < clwli2(wl + w1, )" < clwl 2 (wla, +w " a) >

(1.4)
We will prove this by following the approach from [Hyténen 2012; Hytonen et al. 2010] to the A,
theorem || T ||gy 22wy < cr [w]a,, and modifying the proof at some critical points. Indeed, the original
argument uses the A, property basically fwice, each time producing the factor [w]z/2 2, and it suffices to
observe that only the A, property is actually needed in one of these estimates.
An interesting consequence of this theorem is the following: for any fixed Calder6n—Zygmund operator
T, we have
inf I T N2 wy) _

0. 1.5
weA) [w]A2 ( )

This follows once we describe, in Section 8, a family of weights w € A for which both [w], and
[0]’Aw (and even [w]a_, and [0]4_ ) grow slower than [w]ga,. In particular, the “reverse A, conjecture”
[wla, < crlIT g2y 18 false.

1B. The maximal function. We next discuss the sharp weighted bounds for the Hardy—Littlewood
maximal function, which we first do in a two-weight setting. We need a new two-weight constant
B,[w, o] defined by the functional

)4
B,lw,o]:= sup(][ w)(][ o) exp(][ logal), (1.6)
0 0 0 0

[wla, < Bylw, o] < [wla,[o]a...

which clearly satisfies

Theorem 1.7. Let M be the Hardy—Littlewood maximal operator and let p € (1, 00). Then we have the
estimates

IM(fo) Lo < Ca-p' - (Bplw, o)) "1 £ Lo (1.8)
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and y
IM(fo)llraw < Ca-p' - ((wla,lo14.) PN fllr)- (1.9)

We refer to Section 4 for the proof and for more information and background about this two-weight
estimate for M. By a well-known change-of-weight argument, (1.9) implies:

Corollary 1.10. For M and p as above, and o = w=" P~ we have

1
IMllayzrcuny < Ca-p' - (Iwla,lo 1, )", (1.11)

This improves on Buckley’s theorem || M || e (w)) < Cq- P’ [w]lx/p(p_l). Corollary 1.10, at least for

p = 2, was also independently discovered by A. Lerner and S. Ombrosi [2008].

1C. The A1 theory for Calderon-Zygmund operators. 1t is an interesting fact that if we assume that
the weight satisfies the stronger condition w € A1, then the estimate (1.2) can be considerably improved.
Indeed, if T' is any Calderén—Zygmund operator, then 7 is of course bounded on L? (w), because A; C A,
but with a much better bound, namely

ITl®Lrwy <cpp'[wla,, 1<p<oo. (1.12)

Observe that the dependence on the A; constant is linear for any p, while in the A, case it is highly
nonlinear for 1 < p < 2; see (1.2). The result is sharp both in terms of the dependence on [w]4,, and in
terms of the dependence on p when taking w = 1 by the classical theory. This fact was used to get the
following endpoint result:

ITfll ooy < clwla, log(e + [wla) I fll Lt w)- (1.13)

See [Lerner et al. 2009a] and also [Lerner et al. 2008] for these results and for more information about
the problem. It was conjectured in the first of these works that the growth of this bound would be linear;
however, it was shown in [Nazarov et al. 2010] that the growth of the bound is worse than linear. It seems
that most probably the L log L result (1.13) is the best possible.

On the other hand, in [Lerner et al. 2009b], a sort of “dual” estimate to the last bound was found,
which is also of interest for related matters:
Tf

w

< cwly, log(e + [wla,) f \f1dx.
L1 (w) R4

In this paper, we improve these results following our new quantitative estimates, this time involving
A and A control. To be precise, we will prove the following new results:
Theorem 1.14. Let T be a Calderon—Zygmund operator and let 1 < p < oo. Then
1T llasczr cuyy < cpp'Twl{ P (qwly V7,
where c =c(d, T).

We will prove this by following the approach from [Lerner et al. 2008; 2009a] to (1.12), modifying
the proof at several points. In analogy to (1.5), Theorem 1.14 disproves the “reverse A; conjecture”
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[wla, < c7 IIT llgy(Lrw)) for all p € (1, 00): considering a family of weights w € Ay for which [w]a_
grows slower than [w]4,, for any fixed Calderén—Zygmund operator 7', we have (see Section 8 for details)

T
inf 1T lp(Lrwy _

0, 1<p<oo.
weA| [U)]A]

Finally, we will also use the approach from [Lerner et al. 2009a; 2009b] to prove the following theorems,
respectively.

Theorem 1.15. Let T be a Calderon—Zygmund operator. Then
IT ooy < ca.rlwla, logle 4 [wly I fIlLrw)-

Theorem 1.16. Let T be a Calderon—Zygmund operator. Then
rf
w

< ca,r[wly logle + [wla) £l we)-
Ll’o"(w)

1D. Commutators with BMO functions. We further pursue the A, point of view by proving a result in
the spirit of Theorem 1.3 for commutators of linear operators 7 with BMO functions. These operators
are defined formally by the expression

[0, T1f =bT(f) —T(bf).
More generally, we can consider the k-th order commutator defined by
T =1[b, TS ']

When T is a singular integral operator, these operators were considered by Coifman, Rochberg and
Weiss [Coifman et al. 1976], and since then many results have been obtained. We refer to [Chung et al.
2012] for more information about these operators; it is shown there that if 7" is a linear operator bounded
on L?(w) for any w € A, with bound

1T 2wy < @([wla,),

where ¢ is an increasing function ¢ : [1, co) — [0, c0), then there is a dimensional constant ¢ such that

10D, T1llg 2wy < cp(clw]a,)[w]a, lbllBMmO-

In particular, if 7" is any Calder6n—Zygmund operator, we can use the linear A, theorem for 7' to deduce

116, T2y < clw], IblBMO.

and the quadratic exponent cannot be improved.
An analogous result adapted to the A, control reads as follows:

Theorem 1.17. Let T be a linear operator bounded on L*(w) for any w € A, and let b € BMO. Suppose
further that there is a function ¢ : [1, 00)> — [0, 00), increasing with respect to each component, such
that

IT |2y < @([wlay, [wly . 014 ).
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Then there is a dimensional constant ¢ such that

1B, Tl g2y < co(clwla,, cwl)y . cloly ) ([wly, + o1y ) IblBMmo

or more generally,

k
15 sy < co(clwlays clwlly s eloly ) ((wly, + 101y )" 16 lEumo-
We can now apply Theorem 1.3.
Corollary 1.18. Let T be any Calderon—Zygmund operator, and let b € BMO. Then

_ 3/2
115, Tlllap 2y < clwlZ (wly, + w7, ) 15lmo.

or more generally, 1
+

1/2
1T sy < clwlfZ(wly, + 10Ty ) 161 o0-

1E. An end-point estimate when p = oo. We next discuss the limiting form of the estimate (1.2) as
p — 00, that is, the sharp bounds for the norm of Calderén—Zygmund operators

T:L®(w)— BMO(w), w€ Ax.

Qualitatively, this situation seems slightly uninteresting, as these end-point spaces simply reduce to their
unweighted analogues: that L°°(w) = L with equal norms is immediate from the fact that w and the
Lebesgue measure share the same zero sets for w € A,. That the weighted norm

o
:=supinf —— —clw < oo
1 oo = supint o f 17—

is equivalent to the usual || f|lsmo for w € A was proven by Muckenhoupt and Wheeden [1975,
Theorem 5]. However, one may still investigate the quantitative bound of operators 7' : L*° — BMO =
BMO(w), when the latter space is equipped with the norm || [[Bmo(w). We start with:

Theorem 1.19. For w € A, we have a bounded embedding I : BMO — BMO(w) of norm at most
c[w]/Aoo, where c is dimensional. This estimate is sharp in the following sense: if the norm of the embedding
is bounded by qﬁ([w]i%o), or just by ¢([wla, ), for all w € A, then ¢(t) > ct.

The following corollary for Calderén—Zygmund operators can be seen as an easy endpoint estimate of
the bound || T |lgLrw)) < Cp,T [w]AP for p € [2, 00).

Corollary 1.20. Let T be any Calderon—Zygmund operator and let w € Ao then T : L — BMO(w)
with norm at most cr [w]’AOO. Furthermore, this estimate is sharp in terms of the dependence on [w]’AOO in
the same way as Theorem 1.19.

A related observation quantifying the known relation of A, and BMO is as follows:

Proposition 1.21. If w € A, then logw € BMO with

llog wllsmo < log(2e[w]a,,).
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1F. Extrapolation with A, control. We recall the following quantitative version of Rubio de Francia’s
classical extrapolation theorem due to Dragicevi¢, Grafakos, Pereyra, and Petermichl [Dragicevié et al.
2005]: if an operator T satisfies

1T Nl(Lr wy < e(wla,)

for a fixed increasing function ¢ and for all w € A,, then it satisfies a similar estimate for all p € (1, c0),

1,(r—1 —1
1T oy < 2¢(cpralw]y 2 =H/=DY);

in particular, ||T|la L w) S [w]Z(rr) implies that

P 1’ —1 1
”T”%(LP(w))S[w]g(:)m‘ix{ (r=1)/(p=D}

With our new quantitative estimates involving both A, and A, control, it seems of interest to extrapolate
such bounds as well. Hence we consider weighted estimates of the form

Tl < @((wla,. [wlag. ™1 ) £l ), (1.22)

where ¢ : [1, 00)? — [0, 00) is an increasing function with respect to each of the variables. An example
is our bound for singular integrals 1.3, where

o(x,y,2)=Cx'"*(y+2)'/2 (1.23)
We now aim to extrapolate bounds like (1.22) from the given r € (1, 0o) to other exponents p € (1, 00).

Theorem 1.24 (lower extrapolation). Suppose that for some r and every w € A,, an operator T satisfies
(1.22). Then for every p € (1, r), it satisfies

ITF Lo = 20(CIMIawran) " (wla,» wlag, w7 C=D1 ")) £llLo)
< 20 ((catlwla, [w™ /=0, )V2Y P ([ula, (wla, o™ P 1L ) ) F L.

In typical applications, like (1.23), the function ¢ will have a homogeneity of the form ¢(Ax, Ay, Az) =
A o(x, v, z), and hence the common factor

QIMllpwrawy) " < (Cd([w]“‘ﬂ[w_]/(p_])]/Aoo)]/p)r_p

may be extracted out of ¢.
Observe that the condition (1.22) is of course implied by the stronger inequality

T fllr ) < @(wla,, cg Twly . (g Tw™ D1 DDV Fllr

however, even if we have this stronger inequality to start with (as is the case with the A, theorem for
Calderén—Zygmund operators), we do not know how to exploit it to get a stronger conclusion than what
we can derive from (1.22). A related difficulty will be pointed out in the proof. This is why we restrict to
the assumption (1.22) only.
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Theorem 1.25 (upper extrapolation). Suppose that for some r and every w € A,, an operator T satisfies
(1.22). Then for every p € (r, 00), it satisfies

(p—r)/(p—1)
17 e < 20( UM g i) "
1 1 1 | B |
([w](r =D [y ]<r =D [~V 1)](r ))>||f||L”(w)
"\ (p— —1
52¢((0d[w]A ([w]/A )1/p)(P r/(p=1)

1 1 1 1 — 1
([w](r )/ (p—1) [ ](V )/ (p—1) [ 1/(p— 1)](}’ ))>||f||Ll7(w)

1G. The A, theory for Calderon-Zygmund operators. As an application of the extrapolation theorems,
we can deduce weighted L? estimates for Calderon—Zygmund operators with mixed A, and A, control,
akin to the A, bounds of Theorem 1.3. The same strategy has been earlier employed to prove the original
A, theorem (1.2) as a corollary of its A, version. However, in contrast to the “pure” A, estimates, where
the extrapolated result still exhibits the sharp dependence on the weight, it seems that the extrapolation
of the mixed bounds is not equally efficient: the extrapolated bounds given below can be improved by
methods directly adapted to L”. Since the first public distribution of our present results, such further
developments have been carried out in [Hytonen et al. 2011, Section 12; Lacey 2012; Hytonen and Lacey
2011]. Nevertheless, it seems worth recording the form of the A, estimates directly delivered by the
extrapolation method:

Corollary 1.26. Let T be a Calderon—Zygmund operator and let p € (1,00). Then if w € A, and
o =w VPD we have

IT lnczru S Twl ™2 (w12 + 10172 (o1, )¥ P!

(1.27)
< [wf/”<[a]/Aw>2/"‘1 for pe(1,2],
and 2 p—1/12(p—D1 (. 11/12(p—D] 12
1T sy S w7 2P [l 277 o], ) (wly )27 12%)

S wl?qwly )= for p €12, 00).

Here the simpler forms of the estimates in (1.27) and (1.28) are almost as good as the more complicated
ones, since for many common weights, like power weights, we have [w]a_ + [a]z;l ~ [w]a,; see
Section 8.

It is immediate to check that Theorems 1.24 and 1.25, in combination with Theorem 1.3, give
Corollary 1.26. Actually, the two statements (1.27) and (1.28) are equivalent to each other by using

IT Ly = 1T g Lr o))

and the fact that 7* is also a Calder6n—Zygmund operator. Thanks to this equivalence, we would only
need one of Theorems 1.24 and 1.25 to deduce this corollary. But for other classes of operators without a
self-dual structure, it is useful to have both upper and lower extrapolation results available.
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2. The two different A, constants

Before pursuing further our analysis of inequalities with A, control, we include this short section to
compare the two A, constants

= logw™"), o= ! /M -
[wla, Sgp(][Qw)eXP(][Qng ) [wla,, Slépw(Q) . (wxo)

We need the following auxiliary estimate, which is also used later in the paper:

Lemma 2.1. The logarithmic maximal function

Mof = sup exp(f log|f|)xQ
[} 0

1
IMofllLr < c)/Pl fllLe

satisfies

forall p € (0, 00). For the dyadic version, we can take c; = e, independent of dimension d.
Proof. By Jensen’s inequality and the basic properties of the logarithm, we have
Mof <Mf.  Mof = Mol IV < MIfIVD?, g€ (0,00),

where M is the Hardy-Littlewood maximal operator, or the dyadic maximal operator in the case of dyadic
My. By the L9 boundedness of the usual maximal function for ¢ > 1, we have

/[Mof]" < /[M|f|"/‘f]q < <cd'q/>q/(|f|f’/‘f>q — (Ca-q)* /Ifl"-

In the nondyadic case, we simply take, say, ¢ = 2, giving the claim with ¢; = (2C,;)?. In the dyadic case,
we have Cy = 1, and we can take the limit ¢ — oo, which gives

1
(q/)q — (%)q = (1 + —1>q — e,
q— q9—
and hence |Mof 7, <el fI7,. -

Proposition 2.2. We have [w]/AOo < cqlwla,,, where cq is as in Lemma 2.1.

Proof. For x € Q, it is not difficult to see that for the computation of M (wxo)(x), it suffices to take the
supremum over cubes R > x with R € Q:

M(wyxp)(x) = sup ][w forall x € Q.
R>x JR
RCQ

By the definition of [w]4_ , we have

][w <[wla, exp(][ log w>,
R R

and hence, taking the supremum over R,

Mwxo)(x) < [wla,Mo(wxo)(x) forallxe Q.



786 TUOMAS HYTONEN AND CARLOS PEREZ

Integration over Q and application of Lemma 2.1 now give
/M(wXQ) < [w]Aoo/MO(wXQ) < [w]AooCd/wXQ = cqlwla ,w(Q);
Q

thus [u)];\oO <cglwla,,.- O

It is a well-known fact that any A, weight satisfies a reverse Holder inequality playing a central role
in the area. In this paper, a sharp version of this property will also play a fundamental role. To be precise,

if w e Ay, we define 1

r(w):=1+ PR
Aoo

where t; is a dimensional constant that we may take to be t; = 211+d Note that r(w) ~ [w]’Aoo. The
result we need is the following.

Theorem 2.3 (a new sharp reverse Holder inequality). (a) If w € Ao, then

1/r(w)
<][ wr(w)) 52][ w.
(@) 0

(b) Furthermore, the result is optimal up to a dimensional factor: If a weight w satisfies the reverse
1/r
() =5
0 0

This result is new in the literature and has its own interest. In the classical situation, most of the

Hoélder inequality

then [w]/Am <cg-K-r.

available proofs do not give such explicit constants, which are important for us. Only under the stronger
condition of A; was such a result found and used in a crucial way in [Lerner et al. 2009a]. Recently
a very nice proof by A. de la Torre for the case [w]4,, was sent to us (personal communication, 2010).
Another less precise proof, for the A, case, 1 < p < 00, can be found in [Pérez 2013].

Part (b) follows from the boundedness of the maximal function in L” with constant ¢ r’:

1/r 1/r
][M(XQw) < (][ M(XQw)r) Scd-r'(][ w’) scd-r’-K][ w.
o 0 o 0

Remark 2.4. Results analogous to Proposition 2.2 and Theorem 2.3 have been independently obtained
by O. Beznosova and A. Reznikov [2011]. Their formulation is slightly different, and involves yet another
weight constant closely related to [w]gm.

3. The A; theorem for Calderon-Zygmund operators
The purpose of this section is to prove Theorem 1.3, namely, the estimate
1/2 1/2
IT lonr2qwy) = C[w]A/2 ([wly, +IoT4.) ",

where ¢ = ¢4 7 is a constant depending on the dimension and the operator 7'.
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Here and throughout this section, o = w~!. This improves on the A, theorem [Hytonen 2012]:

1T ger2qwy) < ¢ [wla,,

and its proof follows the same outline, with the implementation of the A, philosophy at key points.

3A. Reduction to a dyadic version. Fundamental to this proof strategy is the notion of dyadic shifts,
which we recall. We work with a general dyadic system %, this being a collection of axis-parallel cubes Q,
whose sidelengths £(Q) are of the form 2k, k € Z, where moreover Q N R € {Q, R, @} for any two
Q. R €%, and the cubes of a fixed sidelength 2% form a partition of R?. Given such a dyadic system, a
dyadic shift with parameters (m, n) is an operator of the form

1
IIf =) Agf. AKf:m > (k] Pk,
Ke® 1,Je@;1,J<K
e(nH=2"¢(K)
£(J)=2"¢(K)
where h{ is a generalized Haar function on / (supported on I, constant on its dyadic subcubes, and
normalized by ||4]|loc < 1), and k on J. This implies that |[Ag f| < xk - |K|™"- [¢|f]. For any

subcollection 2 C 9, we write
Wy f =) Axf. (3.1)
Ked
and we require that ||ILy f||;2 <|| f|l ;2 for all 2 C 9. This is automatic from straightforward orthogonality
considerations in case we only have cancellative Haar functions with [h{ = [k} =0.

Dyadic shifts with parameters (0, 0) are well known in dyadic harmonic analysis under different names.
Auscher et al. [2002] study such operators under the name perfect dyadic operators, which they decompose
into a sum of a Haar multiplier (or martingale transform), a paraproduct, and a dual paraproduct. These
three types of operators have of course been well known for a long time. The first dyadic shift (and
this name) with parameters (0, 1) was introduced in [Petermichl 2000], and the definition in the above
generality was given by Lacey, Petermichl and Reguera [Lacey et al. 2010b].

The importance of these dyadic shifts for the analysis of Calder6n—Zygmund operators comes from
the following:

Theorem 3.2 (dyadic representation theorem [Hytonen 2012, Theorem 4.2; Hytonen et al. 2010, Theo-
rem 4.1]). Let T € B(L*(RY)) be a Calderén—Zygmund operator satisfying the standard estimates with
the Holder continuity exponent o € (0, 1]. Then T has the representation

o.¢]
(8. Tf) =crafy Y  27"te2(g TI" f),
m,n=0
valid for all bounded and compactly supported functions f and g, where 115" is a dyadic shift with
parameters (m, n) related to the dyadic system 9, and g is the expectation with respect to a probability
measure on the space of all generalized dyadic systems; see [Hytonen 2012] for the details of the
construction of this probability space.
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This result was preceded by several versions restricted to special operators 7': the Beurling—Ahlfors
transform by Dragicevi¢ and Volberg [2003], the Hilbert transform by Petermichl [2000], the Riesz
transforms by Petermichl, Treil and Volberg [Petermichl et al. 2002], and all one-dimensional convolution
operators with an odd, smooth kernel by Vagharshakyan [2010]. An immediate consequence of the
dyadic representation theorem is that Theorem 1.3 will be a consequence of the following dyadic version.
(Similarly, the special cases of the representation theorem all played a role in proving the A, theorem for
the mentioned particular operators.)

Theorem 3.3. Let 111 be a dyadic shift with parameters (m, n), and r = max{m, n}. For w € A, and

1

o=w", we have

I £ 1|20y < COr A+ D2l (Tl + 107, ) 21712

The weighted norm of the shifts, in turn, is most conveniently deduced with the help of the following
characterization of their boundedness in a two-weight situation:

Theorem 3.4 [Hytonen et al. 2010, Theorem 3.4]. Let 11 be a dyadic shift with parameters (m, n), and
let r = max{m, n}. If for all Q € D and some B there holds

1/2 1/2
( [ moenre) < s0@ 2 ([ mrpenie) < Buc)”,
0 0
then for a dimensional constant c, we have

ITI(f o)l 20wy < c((r + DB + (r + D*(As[w, o D) fll 12¢6)»

where Aj|w, o] is defined by the functional

s =sp{f ) )

Since the last bound is equivalent to

ITIL £ 1l 2y < (0 4+ DB+ + DX w1 Fll 2w

if o = w™!, and since [w] A 014, =1, we are reduced to estimating the quantity B for o = w1, Since
IIT and IIT* are operators of the same form, and by the symmetry of w and o, Theorem 3.4 shows that
proving Theorem 3.3 amounts to showing that
1/2 12
(f |H—[(wXQ)|20) <c(r+D(wla,[wly w(Q)) .
Q
We observe that
M(wxe) = Y Ax(wxo)+ Y Ak (wxo),
KcQ k>0

and it suffices to consider the two parts separately. The big cubes are immediately handled by the maximal
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function estimate (see Corollary 1.10):

? w(@) Y 2
Y Ag(wxo)| o < > xk ) o S | Ma(wxg)o
Qlk>50 o\i5p K 0
< [o1a,[wly_w(Q) = [wl,[wl,_w(Q). (3.5)
Hence, to prove Theorem 3.3, we are reduced to showing that
2 \1/2
(/Q 3 Ax(wxo) a) < c(r+ D ([wla,wl,_w(@)". (3.6)

Kco

This is the goal for the rest of this section.

3B. Proof of the key estimate (3.6). We follow the key steps from [Hytonen 2012; Hytonen et al. 2010;
Lacey et al. 2010b]. The collection {K € % : K € Q} is first split into (r + 1) subcollections according to
the value of log, £(K) mod (r 4+ 1); we henceforth work with one of these subcollections, which we
denote by J{. This is the step which introduces the factor (r + 1), and we will estimate Iy (wx o) with a
bound independent of r.

The collection ¥ is further divided into the sets J{“ of those cubes with

ge L WD) _art (3.7)
101 10|

where a <log,[w]a,.

Among the cubes K € %, we choose the principal cubes ¥ = | ;2 ¥{ so that ¥§ consists of the
maximal cubes in 3¢, and ¥} the maximal cubes S € H“ contained in some §’ € ¥_, with o (S)/|S| >
20(8)/]S’|. Then

H = U HUS), HYS) = {K cH*| K CS, thereexistsno S’ : K C S’ C S}.
Seda

It follows that, in the notation from (3.1),

My (wxe)= Y, Y Myes(wxo)- (3.8)

aflogz[w]A2 Sege
To proceed, we recall the following distributional estimate:

Lemma 3.9 [Hytonen et al. 2010, (5.26)]. With notation as above, we have
o (IMygesy(wxo)| > t(w)s) < Ce o (S) forall S € ¥, (3.10)
where the constants C and c¢ are at worst dimensional.

This is a powerful estimate which readily leads to norm bounds for (3.8). The following computation,
simplifying the corresponding ones from [Hytonen 2012; Hytonen et al. 2010; Lacey et al. 2010b], is
borrowed from [Hytonen et al. 2011]: writing

Ej(S) :={j < |Myacs)(wxo)|/(w)s < j+1} S8,
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we have

<D GHD| DY w)s xees)

> Mlyas) (wxo)

Sedga L2(o) j=0 Sega L%(0)
o0 2 1/2
=Z(j+1>(f[Z<w>s-xEj<s>(x)] a(x)dx)
j=0 Sega
1/2
<CZ(J+1>(f S ), (S)(X)U(X)dx)
Sega
1/2
—CZUH)(Z w)§ G(Ej(S)))
Seda

1/2
=C Z(j + 1)(2 (w) - Ce_”fa(S)) (by (3.10))

j=0 Sega

00 1/2
<CY e+ 1)(2“ > w(S)) (by (3.7) for S € ¥* C %)

j=0 Sega
1/2
< c-za/z(z w<5)> .
Sega

In () we used the fact that at a fixed x, the numbers (w) g for the principal cubes S O E;(S) > x increase
at least geometrically, so their £' and ¢> norms are comparable.
We now come to the crucial point, where we can improve the earlier A, bounds to Ao

Lemma 3.11. For the principal cubes as defined above, we have
> w(s) <2-[wl), - w(Q).
Seya

Proof. Let
oo Le ES)=S\[]J5s. (3.12)

)
The union is the union of its maximal members §’, which satisfy
1S =181/w(S") - w(S') < 3|SI/w(S) - w(S);

hence Z|S/| < 11S|, and thus
|E(S)| = %S| (3.13)

Therefore

S
Yws=Y " isi= Y (S)2|E(S>|<2Z/ M(wxo) = fM(wa><2[w]Amw<Q)
N Sega | | Sega | | N

where the last step was the definition of [w]/Am. O
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Substituting the estimates obtained back into (3.8), we conclude that

1/2
> Mlyas)(wxo) c >y 2"”(2 w<S>)

My (wx)ll2e) < Y H <
Sega LY@ aslogylwls, — “Sed

aflogz[w]A2

<C > 22(lwl - w(@)"? < clwlFqwl, ) Pw(@)'

a<log,[wla,

Recalling the initial splitting of {K € ¥ : K € Q} into r 4 1 subcollections of the same form as ¥, this
concludes the proof of (3.6), and hence the proof of Theorem 3.3.
4. Two-weight theory for the maximal function

4A. Background. The two-weight problem was studied in the 1970s by Muckenhoupt and Wheeden
and fully solved by E. Sawyer [1982]. The general question is to find a necessary and sufficient condition
for a pair of unrelated weights w and o for which the estimate

IM(fo)lLrawy < Bl fllre) 4.1)

holds for a finite constant B. Then the main result of E. Sawyer shows that this is the case if and only if
there exists a finite ¢ such that

/QM(GXQ)(y)”w(y) dy <co(Q)

for all cubes Q. Furthermore, it is shown in [Moen 2009] that if B denotes the best constant, then

fQ M (o x,)Pwdx\!/»
o(Q) )

Since this condition is hard to verify in practice, the second author considered in [Pérez 1995] conditions

B %sup(
0

closer in spirit to the classical two-weight A, condition,

p—1
Ap[w,o]::sup<][ w)(][ o) ,
0 o 9

which reduces to [w]a » ifo=w /P"D Aga consequence of the main result in that work, if § > 0 and

—1
SgP(f; w) ||6 ”Z(IOgL)”_H"S,Q < OO’ (42)

then the two-weight norm inequality (4.1) holds. Recent advances in collaboration with M. Mastyto
[Mastyto and Pérez 2013] allow one to go beyond condition (4.2) and improve the main results from
[Pérez 1995].

In this paper, we consider a different new quantity, namely

b ) ) ol )
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To understand this new quantity, we observe that it is simply the functional on Q defining the A ,[w, o]
condition multiplied by f,, o exp (f,, log o~') > 1. Then it is immediate that

Aplw, 0] < Bplw, 0] < Aplw, 0]Ax[o],

the difference between the last two being that A ,[w, 0]A[o] involves two independent suprema, as
opposed to just one in Bj[u, v].

We will consider first the dyadic maximal operator M, for which we can prove a dimension-free
bound. Let us also introduce the weighted dyadic maximal function

X0
My, f = dy,
10 f = sup J(Q)/Qlf(y)lo(y) y

which controls M;(fo) as follows:

Theorem 4.3. Let p € (1, 00); then

1
1My (fo) Loy < de- (Bplw, o) /" I1Myo £ Lo

1
<4e-p' - (Bplw, o1)" I fllLro),
and also |
IMa(f ) Loy < de- ([wla, [T )" 1 Mao fllLro)

<de-p' - (wla, 101y ) "1 f lLreo)-

The main estimate in both chains of inequalities is of course the first one, since the second is simply
the universal estimate for the weighted dyadic maximal function on the weighted L? space with the same
weight:

IMaollawrey <P

Obviously, in this dyadic version, it suffices to have the supremum in the weight constants over dyadic
cubes only, and to only use the dyadic square function in the definition of [0]/Aoc‘ And specializing to the
case o = w™ /P~ by the standard dual weight trick, we also get the bounds

de-p' - (Bylw, wP=ONYPY £l Lo,
_ _ 1
de-p' - ([wla, [w= P01, VU fllLoa.

Let us also recall how such dyadic bounds yield corresponding results for the Hardy—Littlewood maximal

IMafllLrw <

operator by a standard argument.

Proof of Theorem 1.7. Consider the 2¢ shifted dyadic systems

9= 2750, DT +m+ (-D¥a) ke Z,me 2!}, wefo,1}".

One can check (perhaps best in dimension d = 1 first) that any cube Q is contained in a shifted dyadic
cube Q% € 9% with £(Q%) < 6£(Q), for some «. Hence

][Qlfl < 6"][Qa|f| <6'MS S,
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and therefore
Mf<6" > Mf.

aef0,1)
Thus, the norm bound for M, may be multiplied by 12¢ to give a bound for M. U

Remark 4.4. A recent result in collaboration with A. Kairema [Hytonen and Kairema 2012] allows one
to perform a similar trick with adjacent dyadic systems even in an abstract space of homogeneous type.
Thus, Theorem 1.7 readily extends to this generality as well.

4B. Proof of Theorem 4.3. We start by observing that it suffices to have a uniform bound over all
linearizations

M(fo)=) xewo(fo)g

Q€D

where the sets E(Q) C Q are pairwise disjoint. Here we use the notation

(f>Q=][Qf=][Qf(x)dx

. 1
(o= @Lf(x)o(x)dx,

and

where, as usual, o (E) = fQ o(x)dx.
By this disjointness,

) 1/p 1/p
||M(fo)||mw>=(Zw(E(Q))(fo—)g) (Z ((Q))(j(le)) ((f)‘é)”) :

Q0ed Qe
Now recall:
Theorem 4.5 (dyadic Carleson embedding theorem). Suppose that the nonnegative numbers ag satisfy
Y ag <Ac(R) forall R €.
OCR
Then, for all p € [1,00) and f € LP(0),

/p
(Zag( Q>”) < AYP My fllLrey < AYP-p N fllerey ifp>1.

[0]59)]

Since this is a slightly nonstandard formulation, although immediate by inspection of the usual argument,
we provide a proof for completeness:

Proof. We view the sum ZQ ag((f))? as an integral on a measure space (%, u) built over the set of
dyadic cubes 9, assigning to each Q € % the measure ap. Thus

ZaQ( )P—/ pAu({0ed: <f>Q>A})dA::/O pAP (@) da.

0e9

Let 9 be the set of maximal dyadic cubes R with the property that (f)g > A. The cubes R € 9} are
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disjoint, and their union is equal to the set {M; , f > A}. Thus

p@)=) ag<) Y ag= ) Ac(R)=Ac(Myof > M),

[o1=00% Red} OCR Red}

and hence

o
> ag((fl)’ <A / Ao (Mao f > 2)dh = AllMao f1175,): O
0
0e9

If we apply the Carleson embedding with ag = w(E(Q))(o(Q)/l Q|)p, we find that

IM(fo)lLraw < AYP | Mao fllLro), (4.6)
provided that
3 ()Y
w(E(Q)) IQI <Aoc(R) forall R e%. 4.7

OCR

Note that on E(Q) € Q € R, we have 0 (Q)/|Q| < M (o xr), and hence

3 w(E(Q))("(Q)) -/ mg)(G(Q))

= 10 & 0l
f > Xe@M(xro)'w < / M (xro)"w
QCR

Soif | xgM(xro) ||L,,(u) < AYP5 (R)!/P, then (4.7) holds, and hence by Carleson’s embedding also (4.6),
and therefore the original two-weight inequality

IM(fo)lray < AYP |Myo flliLro)-

Hence, we are reduced to proving that
| xeM (xz0)|],, < AT(R), A= (40)"/"- B,[w, o], (4.8)

(In fact, the argument up to this point was essentially reproving Sawyer’s two-weight characterization for
the maximal function, paying attention to the constants.)

To prove (4.8), we exploit another linearization of M involving the principal cubes, as in the proof of
the A; theorem: let ¥y := {R} and recursively let

S = U {Q C S:(o)p >2(0o)s, Q is a maximal such cube},
SeSFr_1

and then & := U}?io Fk. The pairwise disjoint subsets E(S) € S, defined in (3.12), satisfy |E(S)| > %|S |
by (3.13), and they partition R.
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If x € E(S) and Q 5 x, then (0)p < 2(0)s, and hence XRM(XRO') <2(o)s on xg(s). So altogether,

S
3 e o) —2P2w(E<S>><“|§|))

Seo LP(w) Ses
w(S) (o (S)
P
- 32;,, 5] (|S|)"
<2713 " Bylw, a]exp(][ 10ga>|E(S)|
S

sey (4.9)

<2p+lB (w, a]/ Zexp(][ loga)xg(g)
s

Se¥

H XRM (xro) H LP(w) = <2¢

<27HB[w, o] | sup xo exp<][ logoXR>
R Q€% 0

=2/t B, [w, o] / Mo(xro),
R

where My is the (dyadic) logarithmic maximal function introduced in Lemma 2.1. By this lemma, we

then have
| xrM (X&) 71y <47 Bplw, o1 -€- 0 (R),

which proves (4.8), and hence Theorem 4.3, upon taking the p-th root.
In order to prove the second version of Theorem 4.3, we only need to make a slight modification in the
estimate (4.9). We then compute:

w(S) so(S) G(S)
| xrM ko) |2 iy < PZ 5 (|S| JRNE PHZ[ A s 1EG)

<27 wla, Y | M(oxg)=2""wl, | M(oxo)
sey Y ES) Q

=2 [wly, 01, 0 (Q),

by a direct application of the definition of [0];100 in the last step, and this completes the alternative
argument.

4C. Another proof of Theorem 4.3. We finish this section by providing yet another proof variant for
Theorem 4.3. This proof is more elementary, since it does not need the reduction to the testing condi-
tion (4.8), and it uses the more standard Calderén—Zygmund-type stopping cubes instead of the principal
cubes. Its disadvantage is the fact the we cannot recover the dimension-independence by this argument.
On the other hand, the proof may be extended to maximal functions defined in term of a general basis;
see [Garcia-Cuerva and Rubio de Francia 1985, Section IV.4].

A simpler proof of Theorem 4.3 with a dimension-dependent bound. Fix a > 2¢. For each integer k, let

={xe R? : My(fo)x)> ak}.
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By standard arguments, we consider the Calder6n—Zygmund decomposition, and there is a family of
maximal nonoverlapping dyadic cubes {Qy ;} for which Q; = i Qk,j and

k 1
a’ <
| Ok, jl

fQ F Do () dy < 2d*. 4.10)

Now,

/ Md(fo)Pwdx=Z/ My(fo)Pwdx
Rd X Q

K\ 241

<a? Zakpw(ﬂk) =a? Zakpw(Qk,j)
k

k.j

p 1 )p ‘
= ij:(|Qk,j| Qk.,-lf(y)|a(y)dy w(Qk.p)

A\P
=a"Z(<|f|>zk,,.)"(“(Q’“?)) w(Qu)
k.j |Qk,/|

<a’By[w. o1 ((1F1)%, )" 10| exp(][

k.j Ok.j

=a’Bplw, o] Z((|f|>z)paQ’

[0]59)

logo (¢) dt)

where . .
a0 = {|Q| exp(fQ logo) if Q = Q,; for some (k, j),

0 else.

By the dyadic Carleson embedding theorem, we can hence conclude that
/ MU (fo)’wdx <a’Bylw,olA | (My, f)’o dx,
R4 Rd

provided that we check the condition

ZaQ: Z |Qk,j|exp<][ logo>§A|R|. (4.11)

OCR k.j:QuCR Ok.j

To estimate the left side of (4.11), we first do the following: for each (k, j), we set Ey j = QO ;j \ Q1.
Observe that the sets of the family Ej ; are pairwise disjoint. We claim that

|.j1 < 57 |Ex (4.12)

for each k, j. Indeed, by (4.10) and Holder’s inequality,

1 1 24
Qe NQunl= D 1@l < D /QH._I'”G < /Qk./lfla < =101,

Qk+1,1C 0Ok, j Ok+1,1C 0Ok, j
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which proves (4.12). With 8 = a/(a —2¢), we can estimate the left side of (4.11) as follows:

ZaQSﬂ Z |Ek,j|eXp<][ loga(t)dt)
QSR (k.j):0x, ;SR Ok j
<B ) Mo(o 1) (x) dx
(k.j):Qx ;SR Y i

=B f Mo(o1g)(x) dx < Beo (R),
R

where we used the definition and the L' boundedness of the logarithmic dyadic maximal function. This
proves (4.11) with A = Be, concluding the proof. (|

5. Proof of the extrapolation theorems

We will prove in this section the upper and lower extrapolation theorems 1.24 and 1.25. Recall that the
initial hypothesis is given by the expression

ITF Ny < @([wla, - [wlag. w10 ) 1 £l ).
for some r € (1, 00).

Proof of Theorem 1.24. Our argument is modeled after a simplified proof by Duoandikoetxea [2011] of
the already cited result from [Dragicevi¢ et al. 2005] (see also [Cruz-Uribe et al. 2011]).
Fix some pe (1,r),we A, f € LP(w) and g := | f|/Il fllLr(w). Let

[e.¢]
:kz Ak

kMk

%(L"(W))
so that

gl < Rg, IRgllLrew) =208lLrewy =2, [Rgla, <2IM|lLrw)-

Then by Holder’s inequality,

I/p
ITfNlLrw) = (/|Tflp(Rg)_(’—P)P/’(Rg)(r—p)p/rw)

1/r 1/p—1/r
< ( / ITfI’(Rg)‘("’”w) ( / (Rg)f’w)

< WITfllrawy@PYPVT <2 Tfll 1w

where
W= (Rg)"" Pw

By assumption, we have

ITFllrowy < @(IW1a,, WL, IW YD1 D)) £l
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where
1/r ( N 1/r ( ,
£l = ( / IfI”(Rf)‘("”)w) A1 < ( / Ifl’lfl‘("”)w) AN = 1 s
S0 it remains to estimate the weight constants

(Wla,, [Wla,, [W YDy,

00"

Using sup Q(Rg)*1 <[Rgla, (Rg)é1 or Holder’s or Jensen’s inequality where appropriate, we compute

(W)Q = <(Rg)—(r—P)w>Q < [Rg];;]?(Rg)é(r—p)(w)Q’

_ — — — — — -1 — — — —1
(W 1/(r 1)) 1=<(Rg)(r p/r=1, =1/ 1)>’Q S(ngQ e 1/(p 1))6 ,

e
0
exp(—log W) o = (exp(log(Rg)) )" " exp(—logw) g < (Rg)y, ” exp(—logw)o,
and

_ — -1 _ — _ _ -1

(exp(—logW 1/ l))Q)r :(exp(log(Rg) 1)Q)r p(exp(—logw 1/ 1))Q)r

_ i /(e -1
<[Rgl}y "(Rg)~" P (exp(—logw™"/P=D) ) ™",

Multiplying the appropriate estimates and using the definition, we then have

_ _ —1/(r—=11r—1 — _ _ —1
[Wla, < [Rgly "wla,, [Wla, <[Rely,"wlay, [W VP <[Rely "[w™ /D]

Aco

(We do not know whether it is possible to make similar estimates for [W];‘oo in terms of [w]’Aw; this is
the reason why we need to use the [ ]4_ constants in this proof.)
Next, recall that

[R1a, < 20M llaoay < ca- p' - [wly” ([w= /P07, )17,
Thus we conclude the proof with
ITF Loy < 20T rowy < 20(IW 1A, [WLan, WY1 D) £llLrany
< 29 (IRgly, (1wl [l [w™ /1))l

< 2<,0<2r_p||M||;3_(£p(w))([w]Ap, [w]a, [w—l/@—w]gpw—”))||f||mw). 0

Proof of Theorem 1.25. Again, our argument is inspired by Duoandikoetxea’s simplification [2011] of the
proof of a result in [Dragicevi€ et al. 2005] (see also [Cruz-Uribe et al. 2011]).
Fix some p € (r,00), w € A, f € LP(w). By duality, we have

ITfllLrwy= sup /ITflhw.
)

h=0
120, o o=

We fix one such A, and try to bound the expression on the right.



SHARP WEIGHTED BOUNDS INVOLVING Aco
Observe that the pointwise multiplication operators

h> wh: L (w) — L (w'™7), g %g LV ('Y > L (w)

are isometric. Let R be as in the previous proof, except with p’ and o = w'~"" in place of p and w:

0
27k Mkg
Rg:=Y ——5
§ ZuMnk /
k=0 B(LP ()

and R'h := w~'R(wh). Then
h < R/ha “R/h”L//(w) = 2||h||Lp’(w) =2, [wR/h]Al = 2||M||93(L1>’(g))-

Then, by Holder’s inequality,

/ITflhw =< fITfI(R’h)w = /|Tf|(R’h)(pr)/[r(p1)](R/h)(rl)P/[r(Pl)]w

1/r 1/r
< </|Tf|r(R/h)(17—r)/([7—1)w) </(th)p/(p—l)w>

<ITfllrwy2” ",

where
W = (R/h)(P*V)/(P*I)w.

By assumption,

799

ITFllzrowy < @(IWa,, W Lae, IW YD1 D)) £l (5.1)

where, by Holder’s inequality with exponents p/r and p/(p —r),

1/r
1/ hran = ( [isrurte. <R’h)<f”>/<f’“w<f”>/1’)

1/p 1/r=1/p )
< ( / Iflpw) ( / (R/h)l’/@—“w) <1 fllLray @Y =1e,

so altogether, suppressing the arguments of ¢ from (5.1),

/ITflhw < ITF a2 < o Ll an2? "

<. )Y VPN Flliran 27 =20 DI f lLrw)-

It remains to estimate

[Wla,, [Wla,, [WV/O=D)§—D

for
W = (R'h) P~V gy = [(R'h)w] P~/ P=Dyyyr=D/(p=1)
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We thus compute
—r/(p— —r)/(p—1 —1)/(p—1
(W)o :((R/h)(P r/(p ])w)Q < ((R/h)w)(Qp r/(p )(w>(Qf )/ (p )’

1/(r=1) (p=n)/lp=D(r=D1,,,=1/( Hy—1
(WD)t = (R =P ey

IA

[wRBIE P (R hyw) g P~ (VoD
exp(—(log W) o) = (exp(log(wR'h)") )p_r)/(r_])(exp(_10gw>Q)(r—1)/(p—l)
<[(R h)w](” r)/(r— D((R w > —(p—r)/(r— D(exp(—logw)Q)(r_l)/(p_l),
and
(exp(—(log W=Dy ) ™" = (exp((log(wR'h)) 0)) """~ (exp(—log w™ /¥~y 5) !
< (R'Myw)$ ™7™ (exp(—logw™ /P~y 5)" "
Multiplying the relevant quantities, it follows that
[(Wla, <[(R h)w ](p r)/(p— 1)[ ](r D/ (p— 1)
[Wlay < (R mywl ™" P V070,
[W 1/(r— 1>]roo1 <[(R'hw ](p r/(p— 1)[ —10;(p—1)](r—1)'

o0

Also recall that

[RMywla, < 20M gy -1y, < calw' P 1 w1 ? = catwlPLwl”,

and thus we conclude with

1T fllp ) < f T flhw <20 (IW 1A, WL, WY1 D)) Fllrw)

< 20(LR WywIL "D ((Wa,, IWLas, IW YD1 N Fll o)
< 2<p(<2||M||%(Lpf<w1_p )PP
([ ](” D/(p=1) [ ](f D/(p=1) [ —1/(p— 1) (V D))”f”L”(w) N

6. The A; theory, proof of Theorem 1.14 and its consequences
6A. The main lemma. The proofs of the theorems will be based on the following lemma.

Lemma 6.1. Let T be any Calderon—Zygmund singular integral operator and let w be any weight. Also
let p,r € (1, 00). Then there is a constant c = cq 1 such that

IT Ly < epp’ G2 F N et

where, as usual, we denote M,w = M (w")'/".
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This is a consequence of the estimate

1 1-1/pr
1T o <epp’ (=) I leranun

(which can be found in [Lerner et al. 2009a] when r € (1, 2]), since

() sy <o
r —

where we used 11/1 <2, ¢ > 1.

6B. Proof of the sharp reverse Holder’s inequality.

Lemma 6.2. For any cube Q and any measurable function w,

w d+1
/Qw 1og(e n —<w>Q) dx <2 /QM(wXQ) dx. 6.3)
Hence, if w € Ao, w(y)
sup ( o w(y) og e+ m) dy <2+ [w]), . 6.4)

The essential idea of the proof can be traced back to the well-known L log L estimate for M in [Stein
1969]. However, these estimates are not homogeneous. A proof of this lemma within the context of
spaces of homogeneous type can essentially be found in [Pérez and Wheeden 2001, Lemma 8.5] (see also
[Wilson 2008, p. 17, inequality (2.15)] for a different proof).

Proof of Lemma 6.2. Fix a cube Q. By homogeneity, we assume that (w)o = 1. The key estimate follows
from the “reverse weak type (1, 1) estimate”: if w is nonnegative and t > (w),

1[ wdr <2|{x € 0 M(wyp)(x) > t}]. (6.5)
{xeQ:wx)>t}

1 X = —_— X X t t =
|2|/w 0g(e+w)d | |/ w({ €0 :wkx)>t}d I+11.
Here

IQI/ P —w({x e Q: w(x)>t})dt<1<@/QM(w)(Q)dx,

while for the complementary term // we use the estimate (6.5):

|Q|/ —w({er w(x) > t}) dt

|Q| \{xe 0 : M(wxp)(x) > t}| dt

d

5@ |{xEQ:M(wXQ)(x)>t}|dt

-z / M(wy)(x) dx.
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This gives (6.3), and (6.4) follows from the definition of [w]/Am. O
The main use of the lemma is the following key observation.

Lemma 6.6 [Wilson 2008, p. 45]. Let S C Q and let ). > 0; then

N ) 2wl
— <e " implies

10l w(@ = &
Proof. Indeed, if E;, ={x € Q :w(x) > e)‘(w)Q}, then w(E,) < (2d+1/)\)[w]’Aww(Q) by (6.4). Therefore

% 4 oH2, (6.7)

2d+2 w/A
w(S) Sw(SNEy;2)+w(S\ Eyp) < f"" w(Q) +e**(w)o|S|

2d+2[ ] 32 o
< f w(Q)+e* e "w(Q) by the hypothesis in (6.7)
d+2[w]
=———w(@) +e M w(Q),
and this proves the claim (6.7). Il

Proof of Theorem 2.3. Recall that we have to prove that

1/r(w)
<][ wr(w)> 52][11)
0 0

r(w):=1+ ;,,
Talwly

where

and where 7, is a large dimensional constant.

Observe that by homogeneity, we can assume that ][ w = 1. We use the dyadic maximal function on

the dyadic subcubes of a given Q: Q

/ w!te < / My(wyp)*w :/ stg_lw({x €0 :My(wyp) > t}) dt
o ) 0

1 00
sfsﬁ—lw(Q)st/ et w(lx € Qs Matwx) > 1)) &

0 1

<|Q|+82/ rfw(fxeQ: Md(wXQ)>t})

k>0

< 10| +¢a® Z ks/ {er Mi(wxp) >a })% fora > 1,

k>0 ak
= Q| +ea® loga Y a** w(y).
k>0

where
={xeQ: My(wyp)(x) > ak}.
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Since af > 1 = fQ w, we can consider the Calderén—Zygmund decomposition of w adapted to Q.
There is a family of maximal nonoverlapping dyadic cubes {Qy ;} strictly contained in Q for which
Qk = Uj Qkyj and

at < ][ w < 29", (6.8)
Ok, j

Now,

Zak‘?w(Qk) = Zakgw(Qk,j) =< Z (|Q1 r w(y) d)’) w(Qk,j)-
J

k=0 k.j k.j Ok.j

We need to estimate w(Qy, ;), which we pursue similarly to Section 4C; see in particular (4.12). For
each (k, j) we set Ey j = Oy, j \ Qr41. Observe that the sets of the family Ej ; are pairwise disjoint. But
exactly as in (4.12), we have that for a > 24 and for each k, J,

Q| < —51Ewj. (69)

We now apply (6.7) with Q = Qi ; and § = Qy ; N Q;41. Choose A such that e =2%q, namely
A =log(a/2%). Then applying (6.7), we have that

w(Qij N Qusr) _ 217wl (z)l/z
w(Qk,;) log(a/24) al

Since a > 24 is available, we choose a = 2d ol [w]/Aoo, with L a large dimensional constant to be chosen.

If in particular L > 2974, we have

w(Qk,j N Q1) - 2d+2
w(Qk, ;) L

This yields that w(Qy, ;) < 2w(Ek,;), and we can continue with the sum estimate:

Za’“w(szk)§22< L w(y)dy) w(Ex, ;)
1Ok

~Twly L2 _ 141 _ 1
+e 4 <ztz=73

k>0 k,j Ok.j
<2y Md(wXQ)SdeSZ/ My(wyp) wdx.
k,j Ey j 0

Combining estimates, we end up with
][ My(wyxp)w<1+2¢a’ loga][ My(wyp)*wdx,
0 0

for any & > 0. Recall that g = 29¢" [“Thse . Hence, if we choose

1 1

L = 2d+4’ e = — ,
271, [w];‘w 211+d [w]/Aoo

we can compute

2ea’loga < %, ][ My(wyp)w <2,
0

concluding the proof of the theorem. O
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6C. Proof of Theorem 1.14: the strong case. The proof is, as in [Lerner et al. 2009a], just an application
of Lemma 6.1 with a specific parameter r coming from the sharp reverse Holder inequality given by
Theorem 2.3. Indeed, since w € A} C Ay, and if we write

_ 1
g [wl)

1/r(w)
<][ w’(w>> 52][ w. (6.10)
0 0

Now, by Lemma 6.1 with r = r(w), we have

r(w): =1+

’

we have

T f oy < cpp’ DY PN Flleaw < cpp’Awly DYP 1 FllLemw)
! 1
< cpp (Wl D)7 Twl "1 £l Lo,

using the standard notation M, w = M (w")1/”. This concludes the proof of the theorem.

6D. Proof of Theorem 1.15: the weak case. We follow here the classical method of Calderén and
Zygmund, with the modifications considered in [Pérez 1994]. Applying the Calderén—Zygmund decom-
position to f at level A, we get a family of pairwise disjoint cubes {Q ;} such that

A< —— | |fI<2%.
0,1 Jo

Let Q=J; Q; and Q= \U;20Q;. The “good part” is defined by

1
J

g=Y_ fo,Xx0,®) + f(xX)xa(x),
J

and the “bad part” b as
b= b,
J
where
bj(x)=(f(x)— fo,)x0,;(x).
Then f = g+ b. We split the level set as
wix eR!:ITF@)] > 2} = w@ +wlx e @ 1Tb@)]| > 2} +uwre @171 > ]
= I+ 11+l

Exactly as in [Pérez 1994], the main term is ///. We first deal with the easy terms [ and /I, which

actually satisfy the better bound

1
I+11< X[W]Al 1N 21 w)-

Indeed, the first term is essentially the level set of M f:

I=w{x eRY: Mf(x) > cq A},
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and the result follows by the classical Fefferman—Stein inequality:

IMfllLroowy < ca lf o mw)-

For the second term, we use the following estimate: there is a dimensional constant ¢ such that for any
cube Q and any function b supported on Q such that [ 0 b(x)dx =0 and any weight w, we have

/ ITh(y)|lw(y)dy 5@1/ [b(y)IMw(y)dy. (6.11)
R"\2Q 0

This can be found in Lemma 3.3 of [Garcia-Cuerva and Rubio de Francia 1985, p. 413]. Now, using this
estimate with w replaced by w XR"M\20Q;> WE have

= %/ ITh(y)w(y) dy
R\ Q2

Cc Cc
<3 ;/RH\ZQJTbj()’Nw()’)dy <7 ;/lebj(y)lM(wXRn\sz)(y) dy

<< [ 1o ay+ )3 /ijwxw\zgj)(x)dx /Qj|f(x)| ax.

1
10l
To estimate the inner sum, we use that M (xge\20 ) is essentially constant on Q:

M (xr\20)(¥) X M (Xgn o)), ¥, 2€ 0, (6.12)

where the constants are dimensional. This fact that can be found in [ibid., p. 159]. Hence, the sum is
controlled by

R»

cd ingisz(wXW\ZQj)(X)/Q | f)ldx <cq | |f ()| Mw(x)dx.
Jj J

This gives the required estimate.
We now consider the singular term /11, to which we apply the Chebyshev inequality and Lemma 6.1
with exponents p, r € (1, 0co) to be chosen soon:

_ O\C - A
11 = w{x e (@) |Tg(x)| > 5} == ||T(g)||L,,(wX(mL)

s 1 11
<e(pp) () L / 1817 My (o) de = cpp )P ()P / 18IM, () .
R R

Now, after using the definition of g, we apply the same argument as above, using (6.12) with M replaced
by M,. Then we have

fQ |g|Mr(wx(5)c>dxsZ oy f, e / My (1029, ) () di

<c Y inf Mr<wxW\2Q_,.)<x>/Q.|f(x>| dx < cd/9|f<x)|Mrw<x)dx,
J J
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and of course
/ 181 M (WX g)) dx S/ | fIM,w dx.
Q¢ Qc

Note that 7 is not chosen yet, and we conclude by choosing as above the exponent from Theorem 2.3,

1

r=r(w):=14+——-—,
W) Td[w]Aoo

namely the sharp Ao reverse Holder’s exponent. We also choose

1

—
P= 1 Togler ol )

where p <2 and p’ ~ log(e + [w]’AOO). Then we continue with

w (p—1)

w{x e () |Te(x)| > %} < clog(e + [w]’Aoo)]ATm /Rd|f|2Mw dx.

sc[w]“mmg[w]’*w)/ flwdx.
)\. Rd

This estimate combined with the previous ones for / and I/ completes the proof.

6E. Proof of Theorem 1.16: the dual weak case. We adapt here the method from [Lerner et al. 2009b],
where a variant of the Calderén—Zygmund decomposition is used — namely, the Calder6n—Zygmund
cubes are replaced by Whitney cubes. Fix A > 0, and set

Q) ={x e RY: My, (f/w)(x) > A},

where M¢ denotes the weighted centered maximal function. Let | ;j @, be the Whitney covering of £2;,
and set the Calderén—Zygmund decomposition f = g 4+ b with respect to these cubes: the “good part” is
defined by
8= fo, X0, + f(x)xa(x),
J

and then the “bad part” b is given by
b=2 b
J
where

bj(x) = (f(x)=(f)o;)xg, ).

By the classical Besicovitch lemma, we have
Cn
w(€2;) < THfHLl(Rd)-

Hence, we have to estimate

ITf(x)]
w(x)

ATb(x)| A T g(x)]
>A}§w{x¢§2k. w00 >§}+w{x¢9;“ w00

w{xgﬁk: >%}=:Il+12.
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By using (6.11) again, with w = 1, we obtain
he2 [ mbwiees £ [ 17 e ldr = Sl
A Jmng; A= Jo, A

where c =cy4. 7.
To estimate I,, we will use the dual version of Lemma 6.1, namely

||Tf||Lp’((M

r

wyl-r'y = CPP/("/)I/p ||f||Lp’((w)lfp’))- (6.13)

As before, we use Theorem 2.3 with
_
ta [wl)y

() <ofr

Then M, w <2Mw <2[w]4,w, where, as usual, M, w = MwHYr. Combining the Chebyshev inequality

r=r(w):=1+

such that

with (6.13) for a value of p € (1, co0) to be chosen soon, we have

/ ’_1

I C 47 [w]h , ,
L < 2—,/ |Tg|” w'™" dx < —Af ITg|P M,w' ™" dx

)»p [Rd )\.p Rd
'—1
’ [w]p ’ !
< (cpp')V A / gl” w' " dx
)\‘17 Rd

p'-1
[w]A1

< (Cp/p)p 7 7 (/I;d\gjfv) w'=P dx+;(<|f|>Qj)p/

J

w7 dx)
We have that | f| < Aw almost everywhere in R? \ €, and hence

/d 1707 de <27 F s g
RI\Q,

Next, following again [Lerner et al. 2009b], by properties of the Whitney covering, it is easy to see
that for any cube Q; there exists a cube ij such that Q; C Q;, IQ’;l < cn|Qjl, and the center of ij lies
outside of €2,. Therefore,

o) [ W ar < 1wl o, /Q (M)~ dx

Qj
C(lfl)Qj.
(w) o=

J

’ p'=1 ’
S[w]ﬁl_”le( ) < (crMwla)? 10l

which gives

Z<<|f|>Qj>f’wi1—f“ dx < (cAwla)” 'Y (£ Do, Q51 < (Mwla)? I £l ge)-
j J

J

Combining the previous estimates and recalling that ' ~ [w]/Am, we obtain
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PP w ]2(p -
L<cl[w 0k T N2 mays
. 1
and choosing now p such that p’ =14+ ———— <2, we get
gnowp p log(e+[wla,) — £
clw]y log(e+[w]
I < = . I F 1Lt ey

This, along with estimates for /; and for w(£2;), completes the proof of Theorem 1.16.

7. Commutators, proof of Theorem 1.17 and its consequences

For the proof, we need a sharp version of the John—Nirenberg theorem, which can be essentially found in
[Journé 1983, pp. 31-32].

Lemma 7.1 (sharp John—Nirenberg theorem). There are dimensional constants 0 < oy < 1 < By such
that

— ) 7.2
sup|Q|f P 16O = blol ) dy < A (7.2)

In fact, we can take oy = 1/29%2,

A key consequence of this lemma for the present purposes is that eRZ%w inherits the good weight
properties of w when the complex number z is small enough. More precisely, for the A, constant, we
have:

Lemma 7.3. There are dimensional constants €; and cg such that

[Rebwly, < calwla, iflz] < & .
I5l1Bmo ([w]y + [w'a,,)

Proof. From the reverse Holder inequality with exponent r =1+ 1/(zy4 [w]/AOO), and the John—Nirenberg
inequality, we have for an arbitrary Q:

1/r 1/r
f weRezb < (f wr) (f er’Rez(b(b)Q)) eRez(b)Q
0 0 o

. €d
< 2][w)-ﬂd-eR“<”>Q, if 7] < —————.
( 0 IbllBmolw]y

By symmetry, we also have

€
][w—le—Rezb 52,3d<][ w—l)e—Rez(b)Q if 2] < d _
0 0 IbllBMo[w =],

Multiplication of the two estimates gives

(][ weRezb) (f w—le—Rezb) 54135[10]/‘2,
9 0

for all z as in the assertion, and completes the proof. O

o0
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809

There is an analogous statement for the A, constant [ ]:400' (A similar result for [ ]4_, is also true, and

easier, but we will have no need for it, and it is therefore left as an exercise for the reader.)

Lemma 7.4. There are dimensional constants €; and cg such that
€4

[e**Pw],  <cqlwly, i lz] < —— .
IbllBmolwly

Proof. We know that w satisfies the reverse Holder inequality (fQ w3 ) 1/d+38) <2 fQ w with a constant

8 =cq/[w], < 27", where ¢4 is a small dimensional constant. We will prove that eRezb

1/(146)
(f(eRCwa)l-'r(S) < CdfeRCwa’
0 0

for all z as in the assertion. By part (b) of Theorem 2.3, this shows that

reverse Holder estimate

[eRezbw]/Ao@ <2Cq/8 < cqlw])_,

To prove (7.5), we first have

1/(148) 1/(148)
(f(eRezbw)lJra) — eReZ(b)Q<f(eReZ(b<b)Q)w)1+3)
o 0
8/(1+5)? 1/(148)?
< eRez(b)Q(][ eRez(b—(h)Q)(l-i-a)z/a) (][ w(1+8)2> ’
0 0

where we applied Holder’s inequality with exponents (1 46)/§ and 1+ 6. Now
(1+8)%=1+25+8><1+38,

and hence the last factor is bounded by 2][ w. Moreover, by Lemma 7.1, we have
0

][eRez(b—<h>Q)(1+3)2/5 <Bs ifz] < L"a.
0 - ~ 41bllBmo

1/(148)
(f(eRewa)l-‘r(S) < eRCZ(b}Q 'ﬂd Zf w,
o 0

and we concentrate on the last factor. We observe that

() = (o= () () = G ()

and hence

1/(1-8
][ w < 2(1+8)/(1—8)<][ w1_5>1/(]_8)§ 8<][ wl—seRezb(1—5)e—Rezb(1—a)) /=9
0 0 0
5/(1-8)
< 8<][ weRezb) (][ e—Rezb(l—B)/zS) ’
0 )

where we used Holder’s inequality with exponents 1/(1 —§) and 1/6.

So altogether,

w satisfies a

(7.5)

(7.6)
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Combining with (7.6), we have shown that

1/(146) .
(f(eRezbw)l-HS) < eRezlblo -Ba - 16(f weRezb) (f e—Rezb(l—(S)/a)
0 0 o
8/(1-8)
=168, - (f weRezb) (f e—Rez(b—(b)Q)(l_(g)/(;)
0 0
<1684 (][ weReZ”> - Ba,
0

provided that |z| < a48/||b|lBMo in the last step. Altogether, we have proven (7.5) with Cy = 16,85, under
the condition that |z| < «z8/(4||b|lBMO), and this completes the proof. Il

Proof of Theorem 1.17. The proof is a revised version of that of [Chung et al. 2012], following the second
proof in the classical L? theorem for commutators that can be found in [Coifman et al. 1976]. Indeed, we
begin by considering the “conjugate” of the operator given by

T,(f) = e T(e " f),

where z is any complex number. Then a computation gives (for instance for “nice” functions)

d 1 T:(f)
T = —T, 0= ——
[b, ](f) dz z(f)|z_0 i e Z2 dz, €>0,
by the Cauchy integral theorem. Now, by Minkowski’s inequality
1
6. 7Y 2 = 5s flzl=€||Tz<f>||Lz<w)|dz|, €0, 2.7)

all we need to do is estimate |7 (f) |l 2¢) = || T(e~ % f) “L2(62Rezhw)’ for |z| = € with appropriate €. By
the main hypothesis of the theorem, we have

”T(e—zbf) HLZ(w) < w([eZRezbw]Az’ [eZRezbw];‘OO’ [ezResz]’Aoo) ||e_be||L2(e2R°~’bw)v

where [le™% fll 2 2rezbu) = Il fll L2 w)-
By Lemmas 7.3 and 7.4 (the latter applied to both w and w™'), we have

/

[we2Rebz]A2 < Cd[w]Az, [wEZRebz];‘oc < Cd[w];loc’ [w—le—ZRebz]Aoo

< Calw™'T,_,

provided that
€4

< .
~ lbllemo ([l +[w='T, )

lz| =€
Using this radius and the above estimates in (7.7), we obtain

|16, TYH | 12y = Flez f 9(Calwla,, Calwly_, Calw™ Ty Y f 12w ldz]

|z|=€

< Callbllmo ([wly . + w1y ) x @(Calwla,, Calwl’y . Calw™ Ty I £l 2qw)-
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This concludes the proof of the main part of the theorem. The estimate for Tlf‘ is deduced by iterating
from the case k = 1. 0
8. Examples

We compare our new estimates with earlier quantitative results by means of some examples.

8A. Power weights and the maximal inequality. Let d = 1 and p € (1, 0o) be fixed; we do not pay
attention to the dependence of multiplicative constants on p. For w(x) = |x|* and —1 <a < p — 1, one
easily checks that

_ 1 1 _ 1 -] 1
[wla, = I+a ((p—D—a)r~t’ [wlay = I+o’ [w ]Am T (p-D—a’

moreover, the functionals [ ]4_ and [ ]/Aoo are comparable for these weights.
Letting @ — —1 or « — p — 1, this shows that we have power weights with [w]4, =7 > 1 and either
[w]a, ~tand [w_l/(p_l)]A ~1,or[w]s, ~1and [w_l/(P_l)]A ~ /=D,

oo

With [w]a, =~ [w]a, ~¢> L and [w™"/?~D] <1, our maximal estimate
1/ p
1M oy S ([wla, [w™/P 1)]Aw) P=itl/p

clearly improves on Buckley’s bound

1/(p—1 B
M llgLrwy) S [w]A/p(P ) — /(=D

Despite this improvement over earlier estimates, our bounds fail to provide a two-sided estimate for
the norm of the maximal operator: A. Lerner and S. Ombrosi (personal communication, 2008) have
constructed a family of weights which shows that

o IMllg2awy
wed v N2
 ([wla w1, )

The weights of their example are products of power weights and the two-valued weights considered in

0.

the next subsection.

8B. Two-valued weights and Calderon-Zygmund operators. The estimates for the Muckenhoupt con-
stants of power weights in the previous subsection show that

[w]a, =~ [w]a, + [UFI]Aoo ~wl, + [wil]/Aoo forw(x) =|x|“andd =1,

so the improvement of our bound

1/2 1/2
1T Napz2my S w2 ([wly + 10T, )"

over | T g 2wy S [wla, is invisible to such weights.

However, the difference can be observed with weights of the form w =t - xg + xr\ g, where t > 0 and
E C R is a measurable set, so that both E and R\ E have positive Lebesgue measure. As I ranges over
all intervals of R, the ratio |E N I|/|I| ranges (at least) over all values « € (0, 1), and hence
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2
[wla, = sup (@t +1—a)(ar™' +1—a) = t+D°
ae(0,1) 4¢
[wla, = sup f(a), with f(a):=(at+1 — q)e~logt
ae(0,1)
/ _ . . A 1 B 1
Now f’(a) = 0 at the unique point & = Togr 11 € (0, 1), and so
— ift > 1,
- =1 log ¢ logt >
(Wi, =f@=e ——exp—~1
o8 B if0<r<1.

log ¢!
Assume that 7 > 1, so [w]a,, ~t/logt. Since o is a weight of the same form with r~! < 1 in place
of ¢, we also have [0]4,, ~t/logt. Thus

12 t
[wla, =t T llpr2w) S [w]i‘/zz([w]Aoo +[ola.) S Togt"

;

In particular, these estimates already show that

T 2
inf 1T Nl 2wy _
weA, [U)]Az

0.

If we use the sharper version of our A, theorem with the weight constants [ ]’Aoo instead, we find that
I T lgs¢22wy) can actually grow much slower than [w]4,:

Lemma 8.1. For w =1 xg + xr\g and t > 3, we have [w];‘oo <4logt.

With the earlier estimate for [w]a_, this shows that [w]4_ can be exponentially larger than [w];‘w.
In fact, Lemma 3.11 of [Beznosova and Reznikov 2011] implies the even more surprising possibility
that [w]/AOC < loglog[wla,, , which is also sharp, in that the converse always holds [ibid., Theorem 1.2];
however, the example there consists of the power weights w(x) = |x|" with # — oo, which fall outside
Aj as soon as t > 1, so they are not directly relevant for the present discussion of sharp A, bounds.

Proof. Note that

1
ﬂwﬂwXﬂ::XleXJflszlﬂmXJ——UJ\EV+”JﬂED
Jcl 7 S amard
|[JNE|
= s sup s (14 = D===) = (14 = DM Gure)),
s ]
lINE|

and hence, with the abbreviations 7 :=¢—1 and a := VI

1
/M(wXI):|I|+TfM(XIﬂE):|I|+T/ |10 {M (x1nE) > A}| dA
1 1 0

a 1
5|1|+r(/ |I|dk+/ %IlﬂE|dk>=|I|+t<a|l|+2|IﬂE|logé)
0 a

|1]
— 7 mE(l 21 )
1]+ 7| {1+ OgumE|
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where the factor 2 is the weak-type (1, 1) norm of the maximal operator on the real line. Since w(/) =
[I|+ t|I N E]|, we have
1+ ta(l+2loga) 1

1
[w]y, =sup—— /M(wa) < sup =1+2 sup Slog—. (82
Ao T w(I) ae(0,1) l+ta oze(O,l)1

recalling that the ratio |/ N E|/|I| attains at least all values « € (0, 1) as I ranges over all intervals.
If o > 7!, then loga™! <logt, while Ta/(1 +ta) < 1. Ifa < 77!, then

1 1 1
log — = talog — 1 < -—+1
To oga T™ ogm—i—ta ogr_e+ ogT,
as x logx_1 <elandx <1forx =ta (0, 1). Altogether, recalling that t = 7 4+ 1 > 3, we have

[w]gm§1+2<%+logr)5(1+%)+210gt§4logt. d

1

Since 0 = w™ ' is a weight of the same form, we find that for these particular weights,

2 12
[wla, =t T g2y S [w]i{2 (lwly, +Io]y) / < (tlogn)'/?,

so indeed || T || 12y can grow much slower than [w]a, for such particular families of weights. This
example also motivates the use of the A, constants [w]’Aw, rather than [w]4_ , whenever this is possible.

In a similar way, we can show that the main result from Theorem 1.14 strictly improves on the earlier
estimate (1.12). Indeed, if we let w be the previous weight with # >> 1 so that [w]4, =~ and [w]’Aw ~logt,
then

1 1/p /
[w1y? [wl{? =17 (log )7

As above, this family of weights shows that

inf I T llcLr w))

=0, 1l<p<oo.
WEA| [U)]Al

8C. Two-valued weights and dyadic shifts. Although it was not stated explicitly above, from the proof it
is clear that our weighted bound for the dyadic shifts only depends on the dyadic Muckenhoupt constants,
where the supremum is over dyadic cubes only, instead of all cubes. This makes a difference for the
two-valued weights w =1 - xg + xgr\ £ considered above, when the set E is appropriately chosen. Indeed,
with E := | J,;[2k, 2k + 1), one observes that the ratio |E N I|/|I| only attains the values 0,1 3, lasl
ranges over the dyadic intervals. Consequently, the dyadic A constant has a different expression:

d —at __ t+1
= ma t+1—
[wla ae{O,l}(Z,l}(a +1-aje N

where [w]i2 = [w]a,, as one easily observes. Repeating the proof of Lemma 8.1 in the dyadic case

= ([wl4,)",

(recalling that the weak-type (1, 1) norm is C4y = 1 for the dyadic maximal operator), we get in place of
(8.2) that 1

[w]i&i <14 sup L 1

log— =1+
welo, 12, 1+T00 T 1+2r

log2 <1+log?2.

So these constants are actually uniformly bounded over the choice of the parameter ¢.
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By symmetry, we also have [ufl]ji00 = [w]ff‘m and [ufl];’fio = [w];;i, and hence, for this particular
Eand w=1-xg+ xr\E,

I gy 2 S -+ D2 ([w]4,) 2wl + 1w 157) 2 < ¢+ D ([w1d,) .

s . 3/4
Hruscev’s Ay constants [ ]ﬁx would have given the weaker bound || |lg 20, S (r + 1)2([w]i2) / ,
instead.

8D. The extrapolated bounds for Calderon—-Zygmund operators. It is interesting to compare our esti-
mate (1.28), namely

2 —1/[2(p—1 1 2(p—1 12 _

(8.3)
S [w]iﬁf’([w]wl*z/ﬁ,

which is valid for any Calderén—Zygmund operator and for all p > 2, with an estimate implicitly contained
in the proof of a related result by Lerner [2011, Theorem 1.2]. He considers maximal truncations 7T} of
convolution-type Calderon—Zygmund operators, and obtains the bound

I Tellopcrr ) S w]A 2wl D M llprwy S wly? C(wly )2 pel3 00, (8.4)

where the second estimate is an application of Buckley’s result (we do not even need our improvement at

this point),

1/(p D 1/2

IMllgLrwy S Twly =[wly ., pel3, 00).

In (8.4), the factor ([w]’ Ao )1/2 comes from an estimate of Wilson [1989] relating the weighted norms of
the grand maximal function and a certain square function, while [w] A, % is Lerner’s bound for the weighted
norm of such square functions (whose exponent is optimal by [Cruz Uribe et al. 2012]).

To simplify comparison, let us only consider the simpler form of our bound (8.3). Then the sum of the
powers of [w]4, and [w]’AOO in both (8.3)and (8.4)is2/p+(1—-2/p) = %4—% = 1, and the sharper bound
is the one where the larger weight constant [w]4, has the smaller power. We have 2/p < % if and only if
p >4, and hence Lerner’s bound is sharper for p € [3, 4) and ours for p € (4, 0o0). This indicates that the
present results are not the last word on joint A ,-As-control, but there is place for further investigation
(which indeed has already taken place since the first public distribution of this paper; see [Hytonen et al.
2011, Section 12; Lacey 2012; Hytonen and Lacey 2011]).

9. Proof of the end-point theory at p = oo

The proof again relies on the sharp reverse Holder inequality in Theorem 2.3: if w € A and if we let

1
r=r(w):=14————,
(w) calwly

then
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Proof of Theorem 1.19. For ¢ = (f) o,

1 0l 10 ~ ,(w)f)”““”( ][ ,(w)>”""”
w(0) /Q'f C'w‘w@]['f <w<Q)<J[Q'f ‘ 0"

= —l(QQ|) (Car(w)'|l fIBmO) <2][Qw) = Carw)'|l fllsmo < Calwly_ Il fllmo,

which shows that || f||lBMow) < Cd[w];‘OO Il fllIBMo- Note that we used the sharp order of growth of the
local L? norms of BMO functions as p — oo, which follows easily from the exponential integrability.

To see the sharpness for d = 1, consider w(x) = |x|~1+¢, which has [w]la, ~ [w]/AOO ~ 1/e and
f(x) =log|x|. We check that

C

oo = inf b [iog L —aluwtyde = € = etwa, = etur,.

1
which proves the claim. It is immediate that w ([0, 1]) = / e dy = l It remains to compute

1
/‘logl— _Hsdx / le™®" dt = —/ lu—eale ™ du.
0 X

It suffices to check that ¥ () := / lu —ale™ du > ¢ > 0 for all @ € R. But this is an easy calculus
exercise. 0 Il

We now prove Corollary 1.20 on end-point estimates for Calderén—Zygmund operators.

Proof of Corollary 1.20. For the positive estimate, it suffices to factorize T = o T, where T : L°° — BMO
and / : BMO — BMO(w) have norm bounds ¢y and cd[w]/Aoo, respectively. Concerning sharpness, note
that the Hilbert transform of x(—1,¢) is log(x +1) —logx for x > 0. Since log(x + 1) is bounded on [0, 1],
the computation proving the sharpness of the embedding BMO — BMO(w) also gives the lower bound

—14¢ —14eq/

C
| H x (1,0 HBMO(lxl*‘“) == clx™ T lag X ol = elx™ Ty Ix—1.0)llLoe- O

We conclude with the proof of Proposition 1.21 on the sharp relation of Ay, and BMO. Note that here
we use the larger constant [w]4_, not [w]/Am

Proof of Proposition 1.21. Let Q be a cube. We estimate
/ ‘logw—logc‘ / logﬂ—i—f log£
oN{w>c} ¢ oNfw<c} w
e L)
oNfw=>c} oNfw=>c}
=2f logﬂ-l—/logc—i—/log—
onfw=e) ¢ Jo o W
52/ ﬂ+|Q|logc+|Q|log<[w]Aoo/][ w)
onfwze} € 0
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][‘logw—logc’ < g][w+logc+log[w]Aw—log(][ w).
0 €Jo 0

Choosing ¢ =cg = 2][ w, we get
0

Hence

][ \logw —log CQ| < 1+10g2+10g(][ w) +loglw]a,, —log(][ w) =log(2e[w]a,),
Q Q Q

and this proves that
[log wllgmo =< log(Ze[w]a,,). U

Remark 9.1. In the last estimate, we cannot replace [w]4_ by [w]’Aw. Indeed, for the two-valued
weight w =t - 1g + Ir\g, one readily checks that |log w|gmo ~ log?, whereas Lemma 8.1 shows
that also [w]/Aoo < logt. Thus |log w|smo < log(c[w]/Aoo) would lead to the obvious contradiction that
logt <c+loglogt.
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PERIODICITY OF THE SPECTRUM
IN DIMENSION ONE

ALEX IOSEVICH AND MIHAL N. KOLOUNTZAKIS

A bounded measurable set €2, of Lebesgue measure 1, in the real line is called spectral if there is a set A
of real numbers (“frequencies”) such that the exponential functions e) (x) = exp(2mwiAx), A € A, form a
complete orthonormal system of L2(£2). Such a set A is called a spectrum of Q. In this note we prove
that any spectrum A of a bounded measurable set 2 € R must be periodic.

1. Tilings, spectral sets and periodicity

Spectra of domains in Euclidean space and the Fuglede conjecture. Let Q C R be a bounded mea-
surable set and let us assume for simplicity that €2 has Lebesgue measure 1. The concept of a spectrum
of Q2 that we deal with in this paper may be interpreted as a way of using Fourier series for functions
defined on €2 with nonstandard frequencies. It was introduced by Fuglede [1974] who was studying a
problem of Segal on the extendability of the partial differential operators

9 a2 3
0xq1’ 0xp T Oxy

on C.(S2) to commuting operators on all of L2(2).

Definition 1.1. A set A € R? is called a spectrum of § (and 2 is said to be a spectral set) if the set of

exponentials
E(A) = {e; (x) = ¥ . L e A}

is a complete orthonormal set in L2 ().

(The inner product in L2(Q) is (f, g) = Jo f8)
It is an easy result (see [Kolountzakis 2004], for instance) that the orthogonality of E(A) is equivalent
to the packing condition
Yo ligla-n<1 ae (v, (1)
A€A
as well as to the condition
A—AC{0}U{xg =0}. (2)
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The orthogonality and completeness of E(A) is in turn equivalent to the filing condition

Yo ligla-n=1 ae (). 3)
AEA

These equivalent conditions follow from the identity
(exn-eu) =/Q€Aﬁ=)/(§(u—” 4)

and from the completeness of all the exponentials in L2(£2). Condition (1) roughly expresses the validity
of Bessel’s inequality for the system of exponentials £(A ), while condition (3) says that Bessel’s inequality
holds as an equality.

If A is a spectrum of 2 then so is any translate of A but there may be other spectra as well.

Example. If Q; = (—1/2,1/ 2)4 is the cube of unit volume in R? then 7 is a spectrum of Q. Let us
remark here that there are spectra of O that are very different from translates of the lattice 74 [losevich
and Pedersen 1998; Lagarias et al. 2000; Kolountzakis 2000].

In the one-dimensional case, which will concern us in this paper, condition (2) implies that the set
A has gaps bounded below by a positive number: the smallest positive zero of . (Note that since £
is a bounded set, the function g, (£) can be defined for all complex £ and is an entire function. This
guarantees that its zeros are a discrete set.)

The Fuglede or spectral set conjecture. Research on spectral sets has been driven for many years by a
conjecture of Fuglede [1974] which stated that a set €2 is spectral if and only if it is a translational tile. A
set €2 is a translational tile if we can translate copies of €2 around and fill space without overlaps. More
precisely, there exists a set S C R? such that

Z Xo(x—s)=1, ae. (x). (5)

seS

One can extend the definition of translational tiling to functions from sets.

Definition 1.2. We say that a nonnegative function f : R? — R tiles by translation with the set S € R? if

Z f(x—s)=4£ for almost every x € R?,

ses

where £ is a constant (the level of the tiling).

Thus the question of spectrality for a set €2 is essentially a tiling question for the function ‘ XQ| (the
power spectrum). Taking into account the equivalent condition (3) one can now, more elegantly, restate
the Fuglede conjecture as the equivalence

Xq tiles R4 by translation at level 1 <= ‘)/(5 |2 tiles R by translation at level 1. (6)

In this form the conjectured equivalence is perhaps more justified. However this conjecture is now known
to be false in both directions if d > 3 [Tao 2004; Matolcsi 2005; Kolountzakis and Matolcsi 2006a; 2006b;
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Farkas et al. 2006; Farkas and Révész 2006], but remains open in dimensions 1 and 2 and it is not out of
the question that the conjecture is true if one restricts the domain €2 to being convex. (It is known that the
direction “tiling = spectrality” is true in the case of convex domains; see [Kolountzakis 2004].) The
equivalence (6) is also known, from the time of [Fuglede 1974], to be true if one adds the word lattice to
both sides (that is, lattice tiles are the same as sets with a lattice spectrum).

Periodicity of spectra and tilings. The property of periodicity is very important for a tiling.

Definition 1.3. A set S € R¥ is called (fully) periodic if there exists a lattice L € R4 (a discrete subgroup
of R? with d linearly independent generators: the period lattice) such that S +¢ = S forallt € L. We
call a translation tiling periodic if the set of translations is periodic.

The so-called periodic tiling conjecture [Griinbaum and Shephard 1989; Lagarias and Wang 1997]
should be mentioned at this point: if a set €2 tiles R4 by translations (at level 1) then it can also tile R4
by a periodic set of translations.

As an example of the importance of periodicity for a tiling we mention its connection to decidability
[Robinson 1971], a question to which the study of tilings has provided several examples and problems.
Although the general problem of tiling (not restricting the motions to be translations or allowing more
than one tile) is undecidable, it is not hard to see that when the assumption of periodicity is added, the
problem becomes decidable. Let us make this connection more clear by stating it in the discrete case:

Assume that the periodic tiling conjecture is true. Then one can algorithmically decide if
a given finite Q2 C 79 admits tilings by translation or not.

Roughly, if one knows a priori that a set {2 admits periodic tilings, if it admits any, then the question
“Does €2 admit a tiling?” can be answered algorithmically by simultaneously enumerating all possible
counterexamples to tiling (if a tiling does not exist then the obstacle will show up at some finite stage)
as well as all possible tilings of finite regions. If a tiling does not exist then the first enumeration will
produce a counterexample. Otherwise, if a tiling exists then, by the periodic tiling conjecture, a periodic
tiling exists and one of the finite regions that can be tiled with €2 will show this periodicity and can
therefore be extended to all space. More details of this argument can be found in [Robinson 1971].
Both the periodic tiling conjecture and the question of decidability of tilings by translation are open for
d > 2 (but see [Szegedy 1998; Wijshoff and van Leeuwen 1984] for some special cases). For d = 1
all translational tilings by finite subsets of Z are necessarily periodic [Newman 1977] and the problem
is decidable. Another class of tilings where the periodic tiling conjecture holds is the case when €2 is
assumed to be a convex polytope in R4, for any d [Venkov 1954; McMullen 1980].

In dimension d = 1 it is known [Leptin and Miiller 1991; Lagarias and Wang 1996; Kolountzakis and
Lagarias 1996] that all translational tilings by a bounded measurable set are necessarily periodic. More
generally it is known that whenever f > 0 is an integrable function on the real line that tiles the real line
by translation with a set of translates .S, then .S is of the form

J
S=Jwz+8). (7

j=1
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where the real numbers «; are necessarily commensurable (and S is in that case periodic) if the tiling is
indecomposable (cannot be made up by superimposing other tilings). But this result is not applicable to
the periodicity of spectra, as the power-spectrum })/(5 ‘2 is never of compact support when €2 is bounded
(a qualitative expression of the uncertainty principle).

The question of periodicity of one-dimensional spectra was explicitly raised in [Laba 2002]. It was
recently proved (first in [Bose and Madan 2011] and then a simplified proof was given in [Kolountzakis
2012]) that if 2 is a finite union of intervals in the real line then any spectrum of €2 is periodic. See also
[Lagarias and Wang 1997], where periodicity of spectra and of tilings plays an important role.

Theorem 1.4 [Bose and Madan 2011; Kolountzakis 2012]. If Q2 = U;'=1 (aj,bj) € R is a finite union of
intervals of total length 1 and A C R is a spectrum of 2, then there exists a positive integer T such that
A+T =A.

Our purpose in this note is to improve this result by removing the assumption that €2 is a finite union
of intervals.

Theorem 1.5. Suppose that A is a spectrum of Q2 C R, where Q is a bounded measurable set of measure
1. Then A is periodic and any period is a positive integer.

The proof of Theorem 1.5 is given in Section 2.

Corollary 1.6. If 2, a bounded measurable set of measure 1, is spectral then 2 tiles the real line at some
integer level T when translated at the locations T~Z.

Proof. Let A is a spectrum of 2. By Theorem 1.5 we know that A is a periodic set and let 7" be one of its
periods: A+ T = A. Then wehave A =TZ+{{,...,Lr} (the number of elements in each period must
be T in order for A to have density 1, hence 7 is an integer), and, by (2), this implies that y,(nT) =0
for all nonzero n € Z. Hence 2 tiles R when translated at 77 (see [Kolountzakis 2004]) at level 7. O

Theorem 1.5 is not true in dimensions higher than 1. For instance, even when €2 is as simple as a cube,
it may have spectra that are not periodic [Lagarias et al. 2000; Iosevich and Pedersen 1998; Kolountzakis
2000].

2. Proof of periodicity for spectra in dimension 1

The spectrum as a double sequence of symbols. Because of (2) we have that the gap between any two
elements of A is bounded below by § > 0: the smallest positive zero of x,. Let us now observe that the
gap between successive elements of A is also bounded above by a constant that depends only on 2.

Lemma 2.1. If Q2 C R is a bounded measurable set of measure 1 then there is a finite number A > 0 such
that if A is any spectrum of S2 then the gap between any two successive elements of A is at most A.

Proof. Lemma 2.1 is essentially a special case of Lemma 2.3 of [Kolountzakis and Lagarias 1996]. In
that lemma it is proved that if 0 < f € L1 (R) tiles the line with a set A4,

Z f(x—a)=w for almost all x € R, with w > 0 a constant,
acA
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then the set A has asymptotic density equal to p = w/ [ f. This means that the ratio
lAnT|/[1]

tends to p as the length of the interval [ tends to infinity. The convergence is uniform over the choice of
the set A and the location of the interval /.! This uniformity of course implies that the maximum gap of
A is bounded by a quantity that depends on f only.

Since ) 3 en |XQ|2(x —A)=1isatilingand 0 < |)(Q|2 e L'(R) we deduce that A has gaps bounded
above by a function of €2 alone. O

Let now
Z={teR:xq¢) =0}
and define the finite set (as Z is discrete)

¥=7Zn0(0,Al={s1,52,-..,5%} )

where A is the quantity given by Lemma 2.1.

We now view the set ¥ as a finite set of symbols (alphabet) and consider the set X7 of all bidirectional
sequences of elements of ¥ equipped with the product topology. A sequence x” of elements of £
converges to x € X7 if for all k = 1,2, ... the double sequences x” and x agree in the window [k, k]
for large enough n. More precisely, for all kK = 1,2, ... there is ng such that for n > ny we have

xj=xj for—k=<j=<k.

%7 is a metrizable compact space so that each sequence x” € £ has a convergent subsequence. This is
just another way of phrasing a diagonal argument that is somewhat more convenient to use. The proof
below may of course be phrased avoiding topological notions altogether and replacing the convergence of
each subsequence with a diagonal argument.

The space £7 is the natural space in which to view a spectrum A of 2, as the set A is locally of
finite complexity: because of (2) the difference of any two successive elements of A can be only be an
element of ¥. By demanding, as we may, that 0 is always in A we can therefore represent any set A
with the sequence of its successive differences. More precisely, we map any set A € R whose successive
differences are in ¥ and which contains 0,

A={<—A <A1 <Aq=0<Ai<Ary<---},
to the element (A,) € X7 given by
Ap=hnt1—An (n€2).
This correspondence is a bijection and we will use one or the other form of the set A as it suits us.
nequality (2.4) in [Kolountzakis and Lagarias 1996] speaks of N4(T) = |AN[—T, T]|, but none of the other quantities
that appear in it depend on A. This means that (2.4) holds even if we take N4(7T') to be the number of elements of A4 in any

interval of length 27". In fact, one can prove that N4(7") cannot be 0 if T is sufficiently large, depending on €2, without taking
the limit in (2.4) and without talking about asymptotic density.
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Symbolic sequences determined by their values in a half-line. Suppose X C %7, We say that X is
determined by left half-lines if knowing an element of X to the left of any index n suffices to determine
the element in the remaining positions to the right of #, i.e., if for any x, y € X and n € Z we have

(xj = yj fori <n) = (x; = y; foralli € 7).

Determination of X by right half-lines is defined analogously.
We similarly say that X is determined by any window of size w (a positive integer) if for any x € X
and any n € Z knowing x; fori =n,n+1,...,n+ w — 1 completely determines x.

Theorem 2.2. Suppose X C %% is a closed, shift-invariant set that is determined by left half-lines and by
right half-lines. Then there is a finite number w such that X is determined by windows of size w.

Proof. 1t is enough to show that there is a finite window size w such that whenever two elements of X
agree on a window of size w, then they necessarily agree at the first index to the right of that window.
For in that case they necessarily agree at the entire right half-line to the right of the window and are by
assumption equal elements of X.

Assume this is not true. Then there are elements x”, y" of X, n = 1,2,..., which agree at some
window of width n but disagree at the first location to the right of that window. Using the shift-invariance
of X we may assume that

n _ n n —_ n n _ n n n
X2y = Vi X =V e X5 =00 and xg # .

By the compactness of the space there are x, y € X and a subsequence (1) such that x"* — x and
y"k — y. By the meaning of convergence in the space =7 we have that the sequences x and y agree
for all negative indices and disagree at 0. This contradicts the assumption that X is determined by left
half-lines. O

Theorem 2.3. If X C %7 is shift-invariant and is determined by windows of size w then all elements of

X are periodic, and the period can be chosen to be at most | X|%.

Proof. Fix x € X. Since there are at most |X|* different window-contents of length w, it follows that
there are two indices i, j € {0, 1,..., |E|w}, i < j,such that

Xi = Xj, Xi+1 = Xj+1, -+« Xitw—1 = Xj4+w—1-

Writing T'x for the left shift of x € X (i.e., (Tx), = X,41) we have that x and 7/~ x agree at the
window i,i +1,...,i +w — 1. By assumption then x = 7/~ x, which is another way of saying that the
sequence x has period j —i < |X|". |

Symbolic sequences with spectral gaps. Suppose A C R is a spectrum of the bounded set 2 € R of
measure 1. Write 55 = ), cp 63, Where § is a unit point mass at point A. It is well known (see
[Kolountzakis 2004]) that the Fourier transform of the tempered distribution § 5 is supported by O plus
the zeros of the function

(|XAQ|2)A =Xe*X-q
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which is a continuous function with value 1 at the origin. Therefore there is an interval (0, a), with
a =a(2) > 0, such that 65 has a spectral gap:

supp(g’;\ N0,a) =92. 9)

With £ = () defined by (8), let X C X7 consist of all sequences which correspond to sets A with
gaps from X such that (9) holds. The set X is obviously shift-invariant, as shifting a sequence in X
corresponds to translation of the set A and translation will not affect the support of J, .

Lemma 2.4. The set X is closed in 2.

Proof. Suppose A" € X and A" — A € X7 and that ¢ € C*°(0,a). It is enough to show that 3;\(¢) =0,
as this is what it means for 8:\ to have no support in (0, ) and therefore A € X. By the definition of the
Fourier transform,

A (@) =3a@) =D d() = lim Y §(h) = lim Spn(@) = lim §,,(¢) = 0.

ALEA ALEAN

The justification for the starred equality above is very easy given the rapid decay of $ , and the fact that
all A" have the same positive minimum gap. Indeed, these properties imply that for any € > 0 we can
find an R > 0 such that

' 3 60

AEA
|A|>R

<e€ forL=AorL=A",

and also an n¢ such that A” N[—R, R] = A N[—R, R] for n > ny. It follows that for n > ny we have

5y @)] = 8y (@)=8an@)] = | D 60) =D (M) | < 2e.
AEA AEA
IA|>R IA|>R
This implies that 3;\((15) =0, as we had to show. |

Theorem 2.5. The sequences in X are determined by both left half-lines and right half-lines.

Proof. Suppose that X is not determined by left half-lines (the argument is similar for right half-lines).
Then there are distinct A!, A% € X such that A 11 = Ai2 for all negative integers i. Both § 51 and 6 52 have
a spectral gap at (0, @) and therefore so does their difference

M:5A1 —SAZ.

Notice that u is supported in the half-line [0, +00). Suppose ¥ € C*°(—a/10,a/10). It follows from
the rapid decay of v that the measure

~

v=y-u

is totally bounded and still has a spectral gap at the interval (a/10,9a/10). But the measure v is also
supported in the half-line [0, +00) and by the F. and M. Riesz theorem [Havin and Joricke 1994] its
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Fourier transform is mutually absolutely continuous with respect to the Lebesgue measure on the line.?
But this is incompatible with the vanishing of ¥ in some interval. Therefore v must be identically 0 and,
since ¥ € C*®(—a/10,a/10) is otherwise arbitrary, it follows that ;1 = 0, or A! = A2, a contradiction.
It follows that X is indeed determined by left half-lines. O

Conclusion of the argument. By Lemma 2.4 and Theorem 2.5 the set X defined above, right after
(9), given R is a closed shift-invariant subset of =7 and its elements are determined by half-lines. By
Theorem 2.2 there exists a finite number w such that the elements of X are determined by their values at
any window of width w. By Theorem 2.3 all elements of X are therefore periodic sequences. Since all
spectra of €2 can also be viewed as elements of X, the periodicity of any spectrum of 2 follows from the
periodicity of the sequence of its successive differences.

The fact that any period of A is a positive integer is a consequence of the fact that A has density 1: if
T is a period of A this implies that there are exactly 7" elements of A in each interval [x, x 4+ T') hence
T is an integer.
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A CODIMENSION-TWO STABLE MANIFOLD
OF NEAR SOLITON EQUIVARIANT WAVE MAPS

IOAN BEJENARU, JOACHIM KRIEGER AND DANIEL TATARU

We consider finite-energy equivariant solutions for the wave map problem from R**! to S? which are
close to the soliton family. We prove asymptotic orbital stability for a codimension-two class of initial
data which is small with respect to a stronger topology than the energy.

1. Introduction

We consider wave maps U : R>*! — S? which are equivariant with corotation index 1. In particular, they
satisfy U (¢, wx) = U (¢, x) for € SO (2, R), where the latter group acts in standard fashion on R2, and
the action on S? is induced from that on R? via stereographic projection. Wave maps are characterized by
being critical with respect to the functional

U— (0, U, 0%U)do, a=0,1,2,
R2+1
where Einstein’s summation convention is in force, 3% = m®? 0g, Map = (m*?)~1 is the Minkowski metric
on R2t! and do is the associated volume element. Also, (-, -) refers to the standard inner product on
R3 if we use ambient coordinates to describe u, d,u, etc. Recall that the energy is preserved:

E(u) = %fRz(DU( ., 1), DU(-,1))dx = const.

The problem at hand is energy critical, meaning that the conserved energy is invariant under the natural
re-scaling U — U (At, Ax).

We focus on a particular subset of equivariant maps characterized by the additional property that
U(t,r,0)=(u(t, r), 0)in spherical coordinates, where, on the right-hand side, u stands for the longitudinal
angle and 6 stands for the latitudinal angle, while on the left-hand side, r, 8 are the polar coordinates
on R2. Now u(t, r), a scalar function, satisfies the equation

ur sin(2u)

—Uy +up+ — 2,2 (1-)
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Then the energy has the form

2 2 sin” u
Eu)=m lug|” =+ |u,|” + 5 rdr. (1-2)
R2 r

We shall be interested in corotational maps that are topologically nontrivial, that is, with
u(,0 =0, u(t, o0)=m.

A natural space adapted to the elliptic part of this energy is Helz

2
L2

11y = o1+ | £

This is the equivariant translation of the usual two-dimensional space H'. The size of the elliptic part of

the energy of u in (1-2) and its He1 norm are comparable, provided that u is small pointwise. This is not

true directly for u, but it is true after we subtract from u the “nearby” soliton that we describe below.
The solitons for (1-1) have the form

0,(r)=0(r), Q(r)=2arctanr, Ae€R,L =(0,00),

and are global minimizers of the energy € within their homotopy class, €(Q;) = 4.
We consider solutions # which are close to the soliton in the sense that

Eu)—€(Q) K 1. (1-3)
As it turns out, such solutions must stay close to the soliton family {Q;}, due to the bound
iI}\lfII(u(t) — Qx)lli-,} s (72 ~ Ew) — Q). (1-4)

Indeed, this follows, for example, from [Cote 2005]. Thus at any given ¢, one can choose some A(¢) such
that

1) = Q) + e (D117 ~ ) —€(Q). (1-5)

Such a parameter X is uniquely determined up to an error of size O ((€(u) —€(Q))'/2). One can, for
instance, choose A to be the minimizer in (1-4), though there are no obvious benefits to be derived from
that. Another equivalent choice is more direct, namely by the relation

u(t, 27N 0) = 7. (1-6)

and this still satisfies (1-5); see, for instance, [Bejenaru and Tataru 2014]. Since this problem is locally
well-posed in the energy space, scaling considerations show that (for well-chosen A(¢)), we have

d )
el < _
OIS (1-7)
so at least locally A stays bounded. Then the main question to ask is as follows:

Open problem. What is the behavior of the function A(t) for equivariant maps satisfying (1-3)?



A CODIMENSION-TWO STABLE MANIFOLD OF NEAR SOLITON EQUIVARIANT WAVE MAPS 831

We can distinguish several interesting plausible scenarios:

e Type 1: A(t) — o0 as t — fg (finite time blow-up). By (1-7), this can only happen at rates
A(t) > |t —to|~!. The above extreme corresponds to self-similar concentration; this can also be
thought of as a consequence of the finite speed of propagation. In effect, by the important work
[Struwe 2003], it is known that such a blow-up can only occur with speed strictly faster than
self-similar:

At — to] — o0

e Type 2: A(t) — o0 as t — oo (infinite time focusing).

e Type 3: A(t) — 0 as t — oo (infinite time relaxation). By (1-7), this can only happen at rates
A(t) > t~!, which corresponds to self-similar relaxation.

o Type 4: A(t) stays in a compact set globally in time. Then we have a global solution, and possibly a
resolution into a soliton plus a dispersive part.

Blow-up solutions of Type 1 were constructed not long ago in two quite different papers, [Krieger
et al. 2008] and [Rodnianski and Sterbenz 2010], and the result of the latter paper was significantly
strengthened and generalized in [Raphaél and Rodnianski 2012]. The behavior of A(¢) in [Krieger et al.

2008] as t — 0 is given by
A =:""7" v>1

(here the restriction v > 1 seems technical, and should really be v > 0), while that in [Raphaél and
Rodnianski 2012] is
A() ~ 1 LecVIo8t

The latter solutions were also proved to be stable with respect to a class of small smooth perturbations. It
is not implausible that the set of all blow-up solutions is open in a suitable topology, although numerical
evidence in [Bizon et al. 2001] appears to suggest the existence of a codimension-one manifold of data
leading to an unstable blow-up, which separates scattering solutions from a stable regime of finite time
blow-up solutions.

Up to this point we are not aware of any examples of solutions of Type 2, 3 or 4 other than the 0,’s in
the wave maps context, although recent work [Gustafson et al. 2010] revealed unusual solutions of this
type in the context of the Landau—Lifshitz equation. Earlier work [Krieger and Schlag 2007] showed the
existence of Type 4 solutions for the critical focusing nonlinear wave equation on R3*!.

Understanding the general picture for data in the energy space seems out of reach for now. However,
there is a simpler question one may ask, namely, what happens for data which is close to a soliton in a
stronger topology which includes both extra regularity and extra decay at infinity. Neither the results of
[Krieger et al. 2008] nor of [Rapha&l and Rodnianski 2012] apply in this context. A good starting point
for this investigation is the following:

Conjecture. There exists a codimension-one set of (small) data leading to Type 4 solutions, which
separates Type 1 and Type 3 solutions.
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One should take this only as a rough guide; some fine adjustments may be needed. Our main result is
to construct a large class of Type 4 solutions:

Theorem 1.1. There exists a codimension-two set of Type 4 equivariant wave maps satisfying (1-3).

For a more precise formulation of the theorem, see page 834. Compared with the conjecture above,
one can see that we are one dimension short. At this point it is not clear if this is a technical issue, or if
something new happens. A plausible scenario might be that the missing dimension may include Type 2
solutions, as well as slowly relaxing Type 4 solutions.

One should also compare this result with the related problem for Schrodinger maps. Although the
solitons are the same and the operator H arising below in the linearization is also the same for Schrédinger
maps, in [Bejenaru and Tataru 2014] it is shown that the solitons are stable with respect to small localized
perturbations. One way to explain this is that the linear growth in the resonant direction occurring in
the H-wave equation has a stronger destabilizing effect than the corresponding lack of decay in the
H-Schrodinger equation.

Notation. Here we introduce some notation which will be used throughout the paper. We slightly modify
the use of (-) in the following sense:

(x) =v4+x2, xeR.

For a real number a, we define a™ = max{0, a} and a~ = min{0, a}.
We will use a dyadic partition of R into sets {A,,},,ez given by

Ap={2"" <r <2ty

For given M > 0, we use smooth localization functions x<us, x> forming a partition of unity for R,
and such that

|(ro)* xsm | + 1 0)* xzml Sa 1.
2. The gauge derivative and linearizations

The linearized equation (1-1) around the soliton Q has the form

1 cos(2
—vy — Hv =0, H:—af——a,+¥. (2-1)
r r
The elliptic operator H admits the factorization
h 1 hy—1
H=L*L, L=hdh;'=0,+—=, L*=—h{'0h—-=—0+—0!, (2-2)
r r r
2_
where! hy =sin Q = rrrz’ hy=—cos Q= :2_‘_1. H is nonnegative and has a zero resonance
do=hy = 2r
L

lThroughout this paper we use sin Q, cos Q instead of /1, h3; however, the reader may need this correspondence in order to
relate this work to [Bejenaru and Tataru 2014].
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This resonance is the reason why (2-1) does not have good dispersive estimates. Since ¢ fails to be an
eigenvalue, we cannot project it away as is usually done in standard modulation theory. This suggests
that working with the variable u and its equation (1-1) runs into problems due to the lack of good linear
estimates needed to treat the nonlinearity. Therefore, instead of working with the solution #, we introduce
a new variable

w zaru—%sinu, (2-3)

which has the nice property that
w=0u=0,

for some A € R,. Indeed, by rearranging (1-2) and using u(0) = 0, u(co) = 7, we obtain
o x x
E(u) :n/ (Jus > + |w|2)rdr+nf 2sinu - dudr :nf (u,)? + |w|?)rdr + 4,
0 0 0

from which the above observation follows. This type of change of variables originates at least with the
work [Gustafson et al. 2008]. If A(¢) is chosen such that (1-5) holds, then using (1-3), a direct computation
shows that

~ 2
lu = Ol = lwllze. (2-4)
Then a direct computation shows that w solves

2(1 +cosu)
+—w

1
. = —sinu(u; —w?). (2-5)
;

Wyt — Aw
r

The function u appears in this equation, but it can be recovered from w by solving the ODE (2-3) with
Q-like “data” at r = oo.
We remark that the linearized form of (2-3) near Q is

z= (8r—%cos Q>v=Lv, (2-6)

where L was introduced above in (2-2).
On the other hand, the linearized equation for w near Q has the form

n 2(1+4cos Q)Z

7t — AZ ) =0. (2-7)
r
This wave equation is governed by the operator
~ 2(14+cos Q) 4
H=-A4+———"T" =" A4+ ———= *
r2 r2(1+r?)

This operator is better behaved than H; in particular, its zero mode g grows logarithmically at infinity.
The plan is to treat (2-5) in a perturbative manner for the most part. To fix things, we will rewrite it in

the form
2(cos Q —cosu)
w

02+ Hyw = —

+ 1 sinu(u? —w?) ;== N(w, u) (2-8)
t T ’
p

and work with this from here on. Equation (2-8) for w is preferable due to the nice dispersive properties of
its linear part. However, as u occurs in the w equation, one has to also keep track of it through the elliptic
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equation (2-3). In addition, u, also appears in the above equation. This is related to w; by differentiating
(2-3):
w; = (8, — %cos u)u,. (2-9)

In order to study this equation, we need to understand better the structure of its linear part, and, in
particular, the spectral theory for the operator H. This is the subject of Section 3.

Setup of the problem. The starting point is to consider w to be an exact real solution to the linear
homogeneous equation

O+ Hw=0, w0 =wo w/(0)=uw, (2-10)
where wg and w; are real Schwartz functions which are assumed to satisfy the nonresonance conditions

(wo, Yo) =0, (wy, Yo) =0. (2-11)

We denote by u the corresponding map, see (2-3) (this will be made precise in Proposition 5.2), obtained
by solving the ODE

arﬁ—%sinﬁ:u'), u~ Qasr— oo. (2-12)

Now we seek a solution to the nonlinear equation u and its associated gauge derivative w close to u, w
respectively,
u=u+e, w=w-+y, (2-13)

so that u and w match # and w asymptotically as t — oo.

By a slight abuse of notation, we use || - ||s to denote a norm obtained by adding sufficiently many
seminorms of the Schwartz space S. We also use <g for inequalities where the implicit constant depends
on ||(wg, wy)|ls- Modulo defining the X and L X norms, we are now in a position to restate our main
result in a more detailed fashion.

Theorem 2.1. Let wg, wy be Schwartz functions satisfying the nonresonance conditions (2-11). Let u
and w be defined as above. Then there exist T <g 1 and a unique wave map u in [T, 00) so that u and w
match u and w as t — oo in the following asymptotic fashion for t € [T, 00):

lyOllex Sst™2 oy @llex Sst™>2 Nyl Sst™/2, (2-14)

respectively

lelx St N8y Sst% (2-15)

Furthermore, the map u and its corresponding gauge derivative w have a Lipschitz dependence on

(wo, wy) with respect to the above norms.

One would expect the above result to be in terms of L? and He1 spaces. However, these spaces are
very disconnected from the spectral structure of H and H, particularly at low frequencies, and this makes
them unsuitable. The spaces X C H el and LX C L? have been introduced in [Bejenaru and Tataru 2014]
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to address exactly this issue: they are low-frequency corrections of H 1, respectively L. Their exact
definition is provided in the next section.
In view of (2-8), the function y solves

@+ H)y=N@W+y,i+e) (2-16)

with zero Cauchy data at infinity. By (2-3), (2-9), (2-13) and (2-12), the functions € and ¢; are determined

from the equations
sin(e +u) —sinu
Yy = ar8 - 5
r

( cos(s—i—ﬁ)) cos(e +1it) —cos it _
Ve = ar - & — u

2-17)

t-

r r

We proceed as follows. In the next section we recall from [Bejenaru and Tataru 2014] the spectral theory
for H (which in fact originates in [Krieger et al. 2008]) and H and the definitions and some properties of
the spaces X and LX. Then, in Section 4, we provide linear estimates for the linear (inhomogeneous)
wave equation corresponding to (2-10). In Section 5, we analyze the first approximations w and & using
(2-12). Then, in Section 6, we continue with the study of the relation between ¢ and y based on (2-17).
All the analysis carried out in Sections 4—6 is done in the context of X and L X spaces. In the end, in
Section 7, we study the solvability of Equation (2-16) using perturbative methods in L X based spaces.

3. The modified Fourier transform

In this section, we recall the spectral theory associated with the operators H, H. The spectral theory for
H was developed in [Krieger et al. 2008], and the one for H was derived from the one for H in [Bejenaru
and Tataru 2014]. In this paper, we follow closely the exposition in [Bejenaru and Tataru 2014].

Generalized eigenfunctions. We consider H acting as an unbounded self-adjoint operator in L?(rdr).
Then H is nonnegative, and its spectrum [0, co) is absolutely continuous. H has a zero resonance, namely
$o = hi:

For each & > 0, one can choose a normalized generalized eigenfunction ¢,
2
Hos =§7¢s.

These are unique up to a £ dependent multiplicative factor, which is chosen as described below.
To these one associates a generalized Fourier transform %y defined by

Fp (&) = /0 oc () [ (),

where the integral above is considered in the singular sense. This is an L? isometry, and we have the
inversion formula

Fr) = fo 6c (1 Fr f(E)dE.



836 IOAN BEJENARU, JOACHIM KRIEGER AND DANIEL TATARU

The functions ¢¢ are smooth with respect to both » and &. To describe them, one considers two distinct
regions, r§ < 1and ré 2 1.
In the first region, r& < 1, the functions ¢ admit a power series expansion of the form

1§, 2
$e (1) =q(§)<¢o+;Z(r§)2’¢j(r2)), résl, (3-1)
j=1
where ¢ = h and the functions ¢; are analytic and satisfy
0)°6;1 <o —S-log (1 3-2
|(rd,) ¢leam og(1+r). (3-2)

This bound is not spelled out in [Krieger et al. 2008], but it follows directly from the integral recurrence
formula for the f; given on p. 578 of that paper. The smooth positive weight ¢ satisfies

1

T 1§,
q(§)~ § £ log]| 1(69:)*q] Sa q- (3-3)
g3/2 if&> 1,
Defining the weight
log (142
1 mind 1,26 28U e
my(r) = (k) (3-4)
min{1, 323} ifk>0,
it follows that the nonresonant part of ¢ satisfies
|E39)%(r3)? (d(r) — 4 (E)po ()| Sap 22mi (), E 25, rE S 1. (3-5)
In the other region, r& 2 1, we begin with the functions
b () =r""eo(rE, r), rEz1, (3-6)
solving
Hof =£%¢],
where for o, we have the asymptotic expansion
- 3i 1
~ —jp+ +_ +_
O-(Q7r)'\’zq ]¢/ (r)v ¢0 _19 ¢] —§+0<m)9

Jj=0

with sup,._ |(r8r)k¢;.r| < 00 in the following sense:

. g—Jo—1
sup = Ca,B.j04 .

r>0

Jo
(rar)*(qdy)” (o(q, r)— Zq‘fasj(r))

j=0

Then we have the representation

¢e(r) = a(§)¢; () +a @), (1), (3-7)
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where the complex-valued function a satisfies

2
la@®)l =,/ 1(§0g)*a(®)] Se 1. (3-8)
The spectral theory for H is derived from the spectral theory for H due to the conjugate representations
H=L*L, H=LL"

This allows us to define generalized eigenfunctions v for H using the generalized eigenfunctions ¢¢ for
H,

Ve =E"'Loe, LY =E¢:. (3-9)
It is easy to see that ¢ are real and smooth, vanish at r = 0, and solve
Hyre = £,

With respect to this frame, we can define the generalized Fourier transform adapted to H by
oo
Fpf@)= / Ve (r) f(r)rdr,
0

where the integral above is considered in the singular sense. This is an L? isometry, and we have the
inversion formula

Fr) = /0 Ve (F ;5 f (E)dE. (3-10)

To see this, we compute, for a Schwartz function f,

GfgLf(S)=/O wg(r)Lf(r)rdr=/0 L*l//s(r)f(r)rdr=/0 Ede(r) f(r)rdr =§Fp f(§).

Hence
IF 5L 17> = NEFu fENT. = (HF, )r2¢ar = ILFIl3,

which suffices, since Lf spans a dense subset of L2,
The representation of ¢ in the two regions r§ < 1 and r& 2 1 is obtained from the similar representation
of ¢¢. In the first region, r& < 1, the functions /¢ admit a power series expansion of the form

Ve = sq@)(vfo(r) +) (r)Y x/fj(rZ)), (3-11)
j=1
where

Vi(r)=h3+142))¢pj1(r) +ro,¢pjp1(r).
From (3-2), it follows that

o c/
()" V| Sa 7y log (1 +r2).

In addition, ¥y solves L*vr9 = ¢bg, and therefore a direct computation shows that
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o= %<(1 +7r?) lrozg(l +r7) 1).
In particular, defining the weights
log (1472
) mm{l,%} if k <0, a2
min{1, r?2%} if k>0,
we have the pointwise bound for ¢
|(r8,)* (60) s ()| Sap 2/°mi(r),  §~2%, rE <1 (3-13)
On the other hand, in the regime r& 2 1, we define
vt =¢£""Lg",
and we obtain the representation
Ve (r) = a@@)y, () +a@y (). (3-14)
For ¥, we obtain the expression
vy =r"12e" 5k ), rE 21, (3-15)
where & has the form
5q.1) =i0(q.r) = bg 70 (q.r) + -0 (q.r) £ Lotg.).
and therefore it has exactly the same properties as o. In particular, for fixed &, we obtain that
e, =i—r e +007). (3-16)

We conclude our description of the generalized eigenfunctions and of the associated Fourier transforms
with a bound on the H Fourier transforms of Schwartz functions.

Lemma 3.1. If f is a Schwartz function satisfying ( f, o) = 0, then

55/2
o<1
|(€0)*F g f(&)| San { (log§) ye s (3-17)

N ezl

Proof. We start from the definition of the modified Fourier transform and use that { f, ¥¢) = O:

)

o) g1 .
Séq(é)(/s_l|1/fo(r)f(r)|rdr+/o Z(ré)zflﬁj(rz)f(r)rdr)+/

j=1

5—1
|%f(§)l§<‘ ; Ve (r) f(r)rdr

+ ' fé Ve f(yrdr

| f()|r'/?adr
1

SEq(®).

A similar argument takes care of the case o > 0. O
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The spaces X and LX. The operator L maps H into L?. Conversely, one would like that, given some
f € L%, we could solve Lu = f and obtain a solution  which is in Hel and satisfies

lall g S 00z

However, this is not the case. The first observation is that the solution is only unique modulo a multiple of
the resonance ¢p. Moreover, the inequality above is not expected to be true, even assuming that somehow
we choose the “best” u from all candidates.

The spaces X and LX are in part introduced in order to remedy both the ambiguity in the inversion of
L and the failing inequality.

Definition 3.2. (a) The space X is defined as the completion of the subspace of L2(rdr) for which the
following norm is finite:

1/2
1
lullx = (§ :22"||PkHu||iz) +) WnPkHuuLz,
k<0

k>0
where PkH is the Littlewood—Paley operator localizing at frequency & ~ 2¥ in the H calculus.

(b) LX is the space of functions of the form f = Lu with u € X, with norm || f||zx = ||u||x. Expressed
in the H calculus, the L X norm is written as

- 172 & -

H 12 2 A

I fllLx = (;0 | Py f||Lz> +kE . I | P Sl 2.
> <

In this article we work with equivariant wave maps u for which ||lu — Q||x < 1. This corresponds to
functions w which satisfy ||w| L x < 1. The simplest properties of the space X are summarized as follows
(see Proposition 4.2 in [Bejenaru and Tataru 2014]):

Proposition 3.3. The following embeddings hold for the space X :

H'cxcH. (3-18)
In addition, for f in X, we have the bounds
)2 ] e S AN (3-19)
—f <
, 3-20
og(157) LzNIIfllx (3-20)
[ 2] e SUf N (3-21)

Now we turn our attention to the space LX. From [Bejenaru and Tataru 2014, Lemma 4.4 and
Proposition 4.5], we have:

Lemma 3.4. If f € L? is localized at H -frequency 2K, then

LS 25mp(r) (L +257) 12 f Lo (3-22)
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Proposition 3.5. The following embeddings hold for LX:

L'NnL>cLXxcL? (3-23)

4. Linear estimates for the H wave equation
In this section, we prove estimates for the linear equation
@ +H)Y = . (1)
with zero Cauchy data at infinity. The solution is given by ¢ = K f, where

® sin(t — s)& 5

: g f (&, s)ds. 4-2)

Kf(r 1) = —@;/

We also need its time derivative, which is given by

aKf = —@;foocos(t —$)E-F 5 (£, 5)ds.

Finally, we need the following formula, which follows from (3-9):

o0
L*Kf = —Q?HI/ sin(t — )& - F 5 f(&, s)ds.
t
The following result is a modification of the standard energy estimate for the wave equation:

Lemma 4.1. Assume that f(s) € LX. Then for every o > 0, the solution of (4-1) with zero data at co
satisfies
Iy Ollx + 1 (10 O llex + 1Y Ol gr) S sups® 1 £ ()l zx- (4-3)
S

Proof. The solution of (4-1) with zero data at co is given by ¥ = K f. The estimate for the first term
follows from the bound |(sin(t —5)&)/& ‘ < |t — s| and the representation of the spaces LX on the Fourier
side. The estimate for the second term is similar.

The argument for the third term is more involved. We define g by

Fp8(t,8) = —f sin((r —5)§)F 5 f (€, 5)ds.

Then
EFpy(t, &) =Fz8@,8).

We estimate, as above,
> 1 2
lg@llex < / If ) xds St sups® 2| f($)llox-
t N
Hence it suffices to show that for ¥ and g related as above, we have

Il S lglex- (4-4)
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Here the time variable plays no role and is discarded. Recalling the form of L* from (2-2), namely
L* = —0, 4+ (h3 — 1)/r, it follows that

IKAlFs S”L*VIHLZ"'_H%

L2

For the first term, we use Plancherel to write

IL*Y (N7, = (), HY @) = |1EF 39 E)N17 = lIgll2 S lglliy-

For the second term, the L? bound for g no longer suffices, and we need to use the LX norm of g. We
consider a Littlewood—Paley decomposition for both i and g, and denote their dyadic pieces by ¥,
respectively gx. Then

el ~ 27 il 2.

By using (3-13)—(3-14) and the Cauchy—Schwartz inequality, we obtain pointwise bounds for 1, namely,

my(r)

W”gkﬂm,

my(r)

Wz"nwkny <

[Vl <

with my as in (3-12). For k > 0, the contributions are almost orthogonal, and we obtain

(/2
H —1 Slig=ollz-
r 12

However, if k < 0, then the weaker logarithmic decay for small  no longer suffices for such an argument.
Instead, by direct computation, we obtain a weaker bound,

Vi

r

Sk g2 S k1228 Igll
LZ

Then the & summation is easily accomplished. U

5. Analysis of the first approximations w and «

Pointwise bounds for w. We define fj and fi by fo = %zwo and f| = Fzw,. Then for w, we have
the representation

(1, 7) = /0 V() (fol€) costes) + 3 £1(6) sin(r£) ) .

Since wg, w; are Schwartz functions satisfying (2-11), from (3-17) we obtain

5/2
u w S— ife <1,
[(00)% fo®)| + |(€0:)° [1(8)] Sawow Nl (wo, w15 { (log§) (5-D
N ifEx 1.
Here, by a slight abuse of notation, we use || . || s to denote a finite collection of the S seminorms. This

will allow us to obtain pointwise bounds for w:
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Lemma 5.1. If wg, w; are Schwartz functions satisfying the moment conditions (2-11), then w satisfies

log(1 +r?) 1
log(r +1) (t+r)/2(t —r)3/2log(r —t)

lw(r, D' S Il (wo, wi)lls. (5-2)

Proof. We fix k and consider
(1, r) = /0 V() (fo6) cos(t6) + g fi(6) sin(r£) ) s (€ .

For v (r), we use the representation (3-11) in the region {r& < 1}, respectively (3-14) in the region
{r& = 1}. Then via a standard stationary phase argument, we obtain

2k/2k(2k ) Pm (r) 25k/29— Nk
2K — )N (k™)
The desired estimate (5-2) follows by summing these bounds with respect to k. g

[we(r, 1)] Sw

Bounds for u, u,. Next we consider u, which is recovered from w via (2-12). This equation contains a
nonlinear part coming from the sine function. Consequently, we split « into a linear and a nonlinear part:

IZ — Q + Izl + ﬁnl’
where ii' solves the linear part of (2-12),
Li' =w,
and " solves
La" = N@', ", (5-3)

where
N(u,v) = [sm Q- (cos(u+v) — 1) +cos @ - (sin(u + v) — (u +v))].

Both of the above ODE’s are taken with zero Cauchy data at infinity or, equivalently, can be interpreted
via the diffeomorphism L : X — LX. The linear part, it’, is recovered from the explicit formula

il =Lt = /O £ 0e(r)(fo(®) cos(r6) + L fi(6)sin()) d.

and will be split into a resonant and a nonresonant part: it/ = i'"" + i’
For the nonlinear part, we use an iterative argument based on the fact that there is enough decay on the
right-hand side that we can recover it via

" =m) [ N(Zl(;; ds. (5-4)

At this stage, we also want to keep track of the differences of solutions. For this, we denote by dwy, dwy,
dw, éu the corresponding differences.

Proposition 5.2. (a) Assume that wgy, w; are Schwartz functions satisfying (2-11). Then

ﬁl _ I/_ll r + ﬁl,nr’ (5_5)
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where " and a>"" satisfy the bounds

hi(r)

"+ rldpa" | 4 (r 010" S 5 Il(wo, wi)lls,
(t+r)log=(t+r)
—[.nr I"(I" _t> —[.nr —[ nr r 1
’ —10,u" —t)o,u"| < , .
|I/l |+ (t+r) | rli |+<r >| U |Nr+(t) (t+r)1/2(t—r)3/210g(t—r)”(wo wl)”S
(5-6)
In addition,
1
@+ + | < S legy | (0 w0 llss (5-7)
(b) Fort > 1, the nonlinear part i’ satisfies the bounds
i@ (r, 1) Ss hi ) (wo, w)lls,  |did™ + Hh1@)| Ss ki 2 (wo, wlls.  (5-8)

(c) The above estimates hold true for su™ and 83,
18a" (r, )] Ss k(SN[ Bwo, Swi)lls, 88" + Sm8@)* | <s hi(r)e 2 (Swo, Sw)lls. (5-9)

Remark 5.3. By finite speed of propagation arguments, it is not difficult to show that i’ decays rapidly
outside the cone. However, for our purposes, the decay established in the above proposition suffices.

Remark 5.4. The bound (5-7) shows that a double cancellation occurs on the light cone, as opposed to
the expected single cancellation. This is a consequence of the exact decay properties at infinity for the
potential in H.

Remark 5.5. The second estimate in part (b) is the outcome of a more subtle nonlinear cancellation,
rather then a brute force computation.

Proof. (a) We first split i/ into two parts,

W)=Y i)=Y .+ Y (1) =ity (r, 1) + it (. 1),

k 2k <pl 2k> p-l

where

sin(z§)

ﬁi=/5_1¢s(r)Xk($)(COS(tS)-J?o(S)-i- f1(5)>d5

The functions ﬁ)(é ) and ﬁ(é‘ ) belong to the same class, and for large £ they are smooth and rapidly
decaying. Hence the first term in the above formula is better than the second, and will be neglected in the
sequel. Then using the power series (3-1), we can write

iy = / §7%(8) sm(té)(%(r) + oD 607 )ﬁ Oxe®dg, 2r <1,
J>1
which leads to a corresponding decomposition

=10 _1,j
ulow ulow + 2 : Uyow-
jz1
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Then we set

~lr _ =10 —1, =1 1, j
u g =u10W7 u nr :uhi—i_ZulO‘{V’ (5-10)
izl
and proceed to estimate all of the above components of iz’
The terms in ﬁiﬁ are estimated by stationary phase using (5-1) and the ¢ representation in (3-7). This

yields

~1/293k/2
_] r —Nk+ k

2 , 2'r>1, 5-11
S e e G-1h

which, after summation with respect to k, gives the bound

N
-l < - < r 1
lit | S Z IZAGEIIBS ((r—i—t)) r+O2( — 132 log(r — 1)

2k>p-1

The bounds for the time derivative are obtained from the explicit formula
> 1
i = [ 620 (= &) sinee) + L A16) cosr6) ) .
0

which shows that we produce an extra 2 factor in (5-11). Similarly, an r derivative applied to ¢¢ yields
an additional 2¥ factor in the asymptotic expansion. Thus we obtain

F—1/295k/2 _—
(2kr — 1)V (k™) ’

| Oyt + 10y it | S 2r 2 1, (5-12)

which leads to

N
1

|8fﬁ2i|+|arﬁ2i|§< ! ) 12 52 :

(r+1 ) (r+602(r—1)32log(r —1t)

. .-l . .
We now consider the terms in ulojw. The main contribution comes from fi, so we take fy = 0 for
convenience. For j = 0, we have

ity = P0(r) Y X<a-k(r) f £72q(8) sin(tE) Fi(E) xu(€)dE == o(r) Y x<ae(r)gl(t) := po(r)g (. 1).
k k

Using stationary phase and the properties of ¢, we have
0 —kig 0 2t —Nk*t
gk ()] +2 Iazgk(t)l§m2 :
By summing with respect to k, we obtain
1

(t+r)log®(t+r)’

18%r, O+ (t +7)(18,8°(r, )] + 18,8, D)]) < (5-13)

which yields the i"" bound in (5-6).
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For j > 1, we have

iy =tz f §77q(5) sint€) Y (rE) oy () Fi§) xu(€) dk
k

j=1

=r2710,00) Y a8l () =719, 1),
k

By stationary phase and the properties of ¢ and ﬁ, we have

J k(n j 2GHDE e
g (r, )]+ 27 (10,8 (r, O] + 10,81 (r, D) S =
Summing up over k, we obtain
I, )|+t +r)(18,87 (r, )] + 18,87 (r, 1)]) < : . 5-14
lg” (r, )|+ ( Y (10,87 (r, )| + 10,87 (r, 1)]) Y g 4 7) (5-14)
Hence, using the bound (3-2) for ¢;, we obtain a bound for ﬁf(’){w, namely
Yy iy 1 C/ o r¥log(1+r?)
liyed, (. D+ |rdein ), (r, D] + (¢ + 1) 8,00, (r 0] S — d (5-15)

J' e+ )2t log (t +r)

Thus these contributions satisfy the bounds required of i""" .
We now turn our attention to the estimate (5-7), which applies in the region where r =~ ¢t. By (5-6)

(for i') and (5-15), the contributions of the term ﬁ{ ow are all below the required threshold, so it remains

to consider L‘tfﬂ. We have
o0
_ _ 1 .
.00 = [ e ©8 6500 (fo®) c0s8) + L 1(0)sin() ) .
0
For ¢¢, we use the representation (3-7), with d)g“ as in (3-6),
pe =1~ (a)o(rE, r)e™ +a®)e(rg, re”"), ré 2 1.
We notice that the operator 9, + 9, kills the resonant factors e =95 Precisely, we have
1 . 1200 (iEGrHD) —1)2¢a( irE ~
0, + 0, + 5 ¢z (r) sin(t€) = 2r~'/*9i(e Ea(§)o(rg, r)) +2r ' "0(e" a(§)d,0 (r§, r)) sin(t§),

and a similar computation where sin(z£) is replaced by cos(¢£). This leads to

LY\
(8r + at + 5)14111

fO(é)dé

§
+ / Xzt E)r 7 PR (28 TR a(E)o (rE, ) +2¢"F a(§)d,0 (rE, 1) sin(1E)) / ‘;f ) de.
0

= f mxz,fl Er ' PR(2E T aE)o (rE, 1) +2¢"5a(§)d,0 (r&, r) cos(tE))
0

The two integrals above are treated as before, using stationary phase. The first term in each of the last
integrals has a nonresonant phase; therefore each integration by parts gains a factor of (§¢)~!. Thus,
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taking (5-1) into account, their contributions can be estimated by
£5/2

£%logé

The second term contains the expression d,0 (r&€, r), which (see the description of ¢ in Section 3) brings

an additional factor of r~!(r£€)~! ~ t~2£~!. The contribution of the part with phase ¢! *" is better than
above, while the contribution of the part with phase ¢/*" = is of the form
%-5 /2 1

* . —1/2 -1 —1 i&(t—r) ~
/0 Xt @a@r ) e g 1 R = P logh — 1)

fo Korm () PE 1) gt ~

3logt

as desired.

(b) We find u" from (5-4) using a fixed point argument in the Banach space Z"" with norm
£ Nz = BT 5 Flos.

Denoting by Z'! the Banach space of functions of the form i'" + i with norm as in (5-5)—(5-6), we
will show that the map
x
N(u,
(u, v) J
hi(s)

is locally Lipschitz from Z' x Z" into Z™, and that in addition, the Lipschitz constant with respect to

T:(u,v)— L 'N(u,v) =h1(”)/

the second variable v can be made small if either both arguments are small or if # and v are in a bounded
set B and the time t is large enough, depending on the size of B. This would imply the existence and
uniqueness of #", as well as its Lipschitz dependence on ! and, implicitly, on (wg, w1). Recall that

N(u,v) = [sm 0- (cos(u +v)— 1) +cos Q- (sin(u +v)—(u+ v))]

Then

1 1
IN @, v)] S ——(ul® + o) + = (ul’ + o),
re+1 r

[VN(u,v)| <

(lul +v]) + l(|u|2+ v[?)
~ 2+ r *

Hence, it remains to show that

oo
/ —(Iul + v I)+ (I P 1oPydr S (el + ol + el + ol5.)-
0

For u, we have two components u” and ™", and therefore we need to consider the six integrals

00 [ed) 2
L - 1 hi(r) 1
/ ~u |2dr§/ S dr - lul & = lull
o T o T (tlogt) t?log™ ¢t

ol TR | r > Lo
/ Ly, d"S/ F T g A el .
o T o r@+r)t{t—r)log-(t—r) t

1,0 1, 3 2 1 2
/0 ;|U| dri/o ;hl(r)t_ dV'||U||an%t—3||U||Zn/,
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©rit+1 X4l ()
/ . |u’|3dr§f . S dr - ully ~ S llul
0 r 0 r< (tlog”t) t3log’ ¢

o .2 o .2 3
+1 +1 1
/ = p Iu"r|3dr5/ ! 2 3 ’ 3 dr-ully ~ 5 luly,
o T o T (4332t —r) 2 log’(t — 1) 1

dr < WBy=Sdr - vl ~
/O o rN/O SR S ol

3
t47||v||znz-

We remark that the worst decay #~!> comes from the penultimate integral above; all other terms are
better. Furthermore, this term comes solely from the u dependence of N (u, v). Thus, with our choice of
norms, the Lipschitz constant for L~ N (u, v) with respect to u cannot be made small by taking ¢ large;
however, the Lipschitz constant with respect to v does have a negative power of ¢ in it.

The argument for ;4™ is more involved. Differentiating (5-3), we obtain

h h
L(atﬁ"l + 1—;(5/)3) =N, @, a"Ho,a' + Ny@!, a"Ho,a™ + éa,(a’f

h h
= Ny (it', a"’)<ata"’ + é(ﬁ’f) + [Nu(ﬁ’, i) — Zl(i/)ﬂa,ﬁ’

— %Nv(ﬁl,ﬁ"’)hl(ﬁl)3+}ll—;(a,+8r)(ﬁl)3. (5-16)
We interpret this as a linear equation for w = 8" + (h1/12) @@h3, namely,
Lw=N,@,a"yw+ N @', a").
The approach is similar to what we have done before. We adjust the base space to

~1.2
Il zm = WAy 27 fllLe

and prove that w — L=Y(N, @@, #")w) is bounded from Z" to Z" with small norm, and also Lipschitz
with respect to @', a™) e z! x z" (but not necessarily with small Lipschitz constant), and also that
L7'N; is Lipschitz from Z!l x 7 to ZM (no smallness needed).

The first bound above follows from the previous computation. The main cancellation occurs in the first

term in N;, where the (i)? term disappears. Precisely, we have
2
Nu(u,v)—lhluzz— sin(u—l—v)—_—(l—cos(u—i-v))—;uz,
4 1+7r2 r(1+r2) 2(1+7r2)
and therefore
1 1
1, 2 3 2 2
|Nu(14, v) — zhiu | = 1 +r2(|u| + v+ ;(|M| + lullv| + |v] )+ mﬂ” .

For 9,i', we use the same bounds as for . Then, compared with the previous computation, we need to
reestimate the terms involving lu|3, |u||v| and |u|*>. The resonant part of u yields better bounds, so we
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only estimate terms involving u"":

0,24 ©,241 rt 1
/ —— " tdr < ||u||‘;,-/ > . dr ~ = |lull,,
0 r 0 re  (t+r)* 2t —r)®log*(t—r) t

241 © 241 r? 1

2 2 ~ 2
| e Pilar S el [ L ar~ vl
0 r 0 re (t4r) 2 (t—r)’ log (t —r) t=

/Oo L Par <l /Oo : a dr ~ - Jul?
—\u" 1°dr u . — r = u .
0 2 ~ z! 0 r? (t+7)3t15(r — )45 log3(t—r) 135 z!

The third term on the right in (5-16) is better behaved than the second. Finally, for the last term in (5-16),
we invoke (5-7) so that we use the same bounds for (3, + 9,)(&') as for r—'ii'. Then the integral to
estimate is

<1 3 1 3
P S sl

(c) In the case of ir’, this part follows from the linearity. In the case of i”", the Lipschitz dependence on
it! has already been discussed above. An additional argument is required for §3;i2". However, nothing
new happens there, and the details are left for the reader. (|

6. The transition between y and &

In this section, we study the transition from y to &, which were both introduced in (2-13). This transition
is described by (2-17), which we recall for convenience:

9 sin(e +u) —sinu
Yy = 0,6 — .
r

The main result of this section is the following:

Proposition 6.1. (a) Assume that y € LX is small and u, w are as in Proposition 5.2. Then for t large
enough, there exists a unique solution € € X of (2-17) which satisfies

lellx Ss llvliex. (6-1)

Furthermore, € has a Lipschitz dependence on both y and the linear data (wg, wy) for w:

1
I8ellx Ss 18y llLx + ———11(Gwo, Sw)lIslly lLx. (6-2)
tlog”t
(b) Also, if y is a function of t, then
1
19:ellx <s 10y llex + ———lyllex, (6-3)
tlog”t

with the corresponding Lipschitz dependence

160ellx Ss 180y llLx +

1 1
3 ||5J/||Lx+||(5wo,5w1)||5<||3tV||Lx+ 3 ||V||LX>- (6-4)
og-t ot

tl tlo
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(¢) Assume in addition that y € L*™°. Then
le(r)| Ssrilogrilyllixnre, r <1, (6-5)
with a similar Lipschitz dependence.

Proof. (a) Equation (2-17) is rewritten as

Lemy 4 TETDTIMEZCRGE 4 Fei— Q). (6-6)

Hence, in order to prove both (6-1) and (6-2), it suffices to show that at fixed large enough time, the map
F is Lipschitz:
F:Xx(Z'+2") > LX,

with a small Lipschitz constant in the second variable. For the X norm, we use the embeddings (3-18)—
(3-21). For the L X norm, we use (3-23), which shows that it is enough to estimate F'(u, ) in L'NL2
We expand F as follows:

sin(B+ Q +v) —sin(Q +v) —cos Q- 8

F(B,v) = r
_ (cos(Q+v)—cos Q)- B sin(Q +v) - B N o(p%)
- r 2r r
_ _sinQ-up sinQ p 00 0
r 2r r r
Hence ilsl 18P 181 | IvPIBl
< 0 4+ -
|F(’3’U)IN1+r2+1+r2+ . + pa— (6-7)
By using (3-20), (3-18) and (5-6), we bound this first in L2,
B 2 v vzlog(l +7r)
S| —— o0 o S — _—
IFB, vz S H Tog(1+1) LZ(II/‘J’IIL + 1Bl + H 7, p LOO)

S1BI% + 18I + ||ﬂ||x<

L ol + &2 )
v Zl_;’_an v 1 nl )
1o’ 1 12 7147

and then in L',
2

B
| < || ——— o0
IEB, vl NHIOg(Hr) L2(1+||,3||L )
B ( vlog(l+r) v2log(1+r) )
log(1+7) |2 1472 12 r 12

1 log ¢
2 3 2
SIBIXx +1BIx + H'B”X(Ilogz 5 vl zi4zn + Wllvllzzﬂnl)

Hence we obtain

1 logt
2 3 2
IFB, llex SIBIx +1B8Ix + |I,3||x(”0gz ) vl zt 4z + t37||vllzz+zn/)-
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A similar analysis yields

1 logt
1B1Fp(B, v)llLx < N1 ||X<||ﬁ|lx +1IBI% + @Ilvllz/ﬂnl + Wllvlléz+znz),

< 1 log ¢t
lviFy (B, V) lIiLx S lvillzigzn 1 Bllx Togt + o vllziezer ).

By the contraction principle, this proves both (6-1) and (6-2). The time decaying factors guarantee that
for any size of u — Q, the problem can be solved for large enough time.

(b) To prove (6-3), we differentiate with respect to ¢ in (6-6):
Loe =0,y + Fe(e, u)oie + Fy(e, u)osu.

Since d,u satisfies the same pointwise bounds as i, the last two estimates above show that the contraction
principle still applies.

(c) Due to the embedding X C He1 C L*, we already have a small uniform bound for €. We solve the
ODE (6-6) in [0, 1] with Cauchy data at r = 1. Making the bootstrap assumption

el < Mr|log 2. (6-8)

we rewrite (6-6) in the form
Le—yl =M [log' L+, C gl
Then solving the linear L evolution, we have
el S 7y (D1 + M) +Cr |log 5| S5 M +r |log Tl
If ||le]| L= is sufficiently small, then we can choose M small enough that the above bound is stronger than
our bootstrap assumption (6-8). The proof of (6-5) is concluded. Il
7. Perturbative analysis in the y equation

Our main goal is to solve (2-16) for y with zero Cauchy data at t = co. Using the backward linear
parametrix K introduced in (4-2), Equation (2-16) is rewritten in the form

y=KN@+e w+y), (7-1)

where the auxiliary function ¢ and its time derivative &, are uniquely determined by y and y, via
Proposition 6.1.
Our strategy is to solve (7-1) using the contraction principle in the space E with norm

lylle =sup e lly liox + 2> (10 liex + Iy ),

t>1
for a suitably chosen #y. By Proposition 6.1, this yields control for ¢ in the space G with norm

1.5 —1/2 2.5
lellg =sup s> (llellx + Ilr—"2ell =) + > 0re | Lx-
t>1
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For the linear H wave equation, we use the LX bounds in Lemma 4.1 with « = 1.5. Thus we need to
estimate the nonlinearity N (i + ¢, w + y) in the space N with norm

INlIny =sup >IN @)l Lx.

1>1

Finally, all the implicit constants in our estimates depend on ||(wg, wi)||s and need not be small. Thus
we need a different source of smallness, which is an additional time decay factor, incorporated in the

stronger norm N* defined by
INlly: = sup ™ (log )*IN (1) | Lx-

1>1

With this notation, our main estimates for the nonlinearity N (u + ¢, w + y) are as follows:

Proposition 7.1. Assume that the Schwartz functions (wq, w) satisfy the nonresonance conditions (2-11).
Then:

(a) The map (wg, w1) — N (u, w) is locally Lipschitz from S to N.
(b) The map (wg, wy, y, &) — N(ii +¢&, w~+y) — N(it, w) is locally Lipschitz from S x E x G to N°*.

In view of Lemma 4.1 and Proposition 6.1, the above result allows us to solve (7-1) for y in the ball
B ={lly — KN(u, w)| £},

for ¢t > 1y, via the contraction principle, provided that g is chosen to be sufficiently large. This concludes
the proof of Theorem 2.1.

We note that in terms of time decay we gain only logarithms, whereas the implicit constants in our
estimates are all polynomial in ||(wg, wi)]||s. This implies that for large Schwartz data (wg, w;) in the
linear equation, our solutions are only defined for + > 7', with T exponentially large.

Proof of Proposition 7.1. We recall that N is given by

N(w. 1) = 2(cos Qz—cos u)w
r

+ ; sinu(ut2 — wz).
We split the difference N(w + y, u +¢) — N(w, u) as
N(w,u)— N, i) = N'(w, i, y, &)+ N"(0, i, y, &).
The term N’ contains the linear contributions in &, y in the difference N (w, u) — N(w, u):

2(cos Q —cos i) 2sini - ¢ sin it (2it &, — 2wy) +cos it - £(i? — w?)
= 2 Y+ e w+ p .

Nl

The remaining term N” contains the genuinely nonlinear contributions in ¢, y in the difference N (w, u) —
N(w, u):
2(cosu —cosu —sinu-g) _ 2(cosu —cos(u+¢)) sin L?(et2 —v?)

N" = p w+ p Y+

(sinu — sinit) (2it, &, — 2wy + > — w?) N (sinu — sinit — cosii - £)(it? — w?)

r r
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We will consider separately the expressions N (it, w), N’ and N".

The term N(w, u). Our main goal here is to prove the estimate
IN (@, @) lex Ss 17>, (7-2)

We also need to show that N(w, u) has a Lipschitz dependence on (wg, wi). However, as the leading
order part of N (w, i) is multilinear, the proof of that follows the same lines as below and is omitted.
To establish (7-2), we split

N, u) = xr: N(W, i) + Y N(W, u) + Yre N(W, u) = N1 + N2+ N3.

For the first two terms, it suffices to use a direct estimate:

sin Q _ _ 1 _ 2 - 1 . - -
IM—QIIwI+r—2|u—Q| |w|+;(st+|u|)(|ut| +[w[7).

INw, )| S —5
p

Using the bounds (5-6) and (5-8) for u — Q, as well as the bound (5-2) for w, this gives

1

Ni(w, )| < —,
INi(w, )| s Xr<t 7 3a

where the leading contribution comes from u’". This implies that
—4
INlpinze Sst7,

which suffices for (7-2) in view of the embedding (3-23). Similarly,

1
N>| < —,
IN2l S5 Xt e

which also gives .
IN2ll i Ss

However, a similar direct computation for N3 only gives

S 1
IN3(w, u)| s Xr~zw,
which fails by two units,
-15
IN3llLinr2 Sst™ .

Hence, in order to conclude the proof of (7-2), we need to better exploit the structure of N and capture a
double cancellation on the null cone. In the computations below (through the end of the subsection), we
work in the regime r ~ . We expand N (w, u) as

in Q cos Q

N(w,ﬁ)zzs.rz (il — Q)b + ¢ cos 0

> w—Qﬂw+ﬂ}%ﬁ—w%+—74ﬁ—w%m—g>

“Qwoaﬁ—ny+3%gw0«ﬁ—Qf>

n si
r2
sin Q

(@? —wH 0ot — Q)+ —— @@ —wH 0 (i — 0)%).

cos O
r
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The terms on the second line are already acceptable; i.e., it can be estimated by ¢ ~*>(t — r)~3-. For
further progress, we observe that by (5-8) we have

nl — OS(Z,—Z.S)’ at —nl OS (t—2.5 <l, _ r>—0.5)’
and that by (5-7), we can write

cos Q _,

dit +w = 3™ + it + 9, + i =0s(t™ " —r)7"?). (7-3)

The first relation above allows us to dispense with i everywhere and replace it — Q by i, and the
second allows us to estimate the third line in N (w, u). We are left with

o sinQ _;_ cosQ sin Q cos Q0
s U)= U Wt ——— —( (
r r r r

@)+ (ih)? — %) + @2 — )il +0s (131 —r) ).

To advance further, we substitute w = d,it' — (cos Q/r)it' everywhere. The (cos Q/r)ii’ is acceptable in
the first two terms of N, that is, it gives contributions of Os(t=*3(t —r)~32), and we discard it. For the
last two terms, we use the better approximation from (5-7):

it} = — 0, —2iu + 07> —r)").
Then we can write

2 2
(@)? — w? (a 4+ L ) . (a,zzl — %ﬁ‘) +0s(r73 (1 —r)73)
2r r
:——u il + 0s(t 2 (t =) 7).
It is also harmless to replace sin Q by r~! and cos Q by —1 everywhere. Returning to N, we obtain

N, it) = 2 ald.a (zzl)za,ﬁ’ ! —u'ou’ +3 (u) drit' + Os((t) ™ (t — 1))

=2L8 (I/l) +0 (—45< >—3.5)

in the region r ~ ¢, which we rewrite as

Ny =Lg+ xrms Os(t ™t — 1)), g= Xrmi3s (u he,

The last term can be directly estimated in L' N L2, For the leading term Lg, we estimate g in He1 and use
the embedding (3-18). We have

1 1
< . R 8}" < . A
and therefore |
g1l Ss 35

This concludes the proof of (7-2).
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The bound for N'. Our goal here is to establish the bound

IN'Ollx < (vl + llellg)- (7-4)

S s log? ¢
The proof of the Lipschitz dependence on (wg, w1) is again similar and therefore omitted.
We recall that

2 —cos it 2sini - in it (2,8 — 20 i - £ (] — w?
N — (cos Q cosu)y+ sin u sw+s1nu( Uy wy) +cos i - (i w).

r2 r? r

The pointwise estimate

‘ 2(cos Q — cos it) <

_ L _ 2
it — Q|+ —lit — Q%

r
combined with the pointwise bounds for u from (5-6), leads to

H 2(cos Q — cos it)
r

1

~S T
Lo°NL2 tlogzt

with the worst contribution arising from the resonant part of u. From (3-23), it follows that

2(cos Q —cosit)
r2 Y

4

Ss lyle-

277 135 1og?t

< H 2(cos Q — cos it)
LX

r Lenr2 117
Next, from (5-6) and (5-2), it follows that
Hﬁ-u_Jl 24 )H logt
0 r —_,
7"2 g L°NL2 ~S t2‘5
which, combined with
_ <llelx <t
g2+ |2~ lellx S lelle
(recall (3-20)), gives
2sinu-¢& _ < logt“ |
—w —llellE-
r2 Ix ~S t4 E
Using (5-6), we obtain
Uity log ¢t
—log(2+7) Ss e
r L*nL? r
and therefore, by invoking (3-23) and (3-20), it follows that
sin(i) - u,&; Ui, & log ¢t
_ < [|—log(2+r _ ——ellE-
r LX ~ ‘ r g( ) LoomLZ 10g(2+1”) L2 NS t4 ” ||E

The following term in N ! requires some extra work. Using (5-6) and (5-2), we note that away from
the cone, we have | sin(u)| < sin Q, and continue with

wsinu

Xrst

r LINL2
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followed by NPT il
sin@@) - wy Iylle= Ss ™Iy llg-
L'NL?2

uw
Xrstt ~ | Xrset ——
LX r

Near the cone, we write

N - . SO — OV O — O
wsin it :Xr%t< 2w B w(i— Q) cos O + wO ((u 2Q) )+ wO((u— Q) )>
r 1+r r

= X~ —u_)(ﬁ —9 + Os(t_2'5 (t — r>—2.5)

= L(temr ™ @)+ 05171 =) ).

The output of the second term is estimated as above in L' N L2, and yields a contribution of ||| ¢ to
the || N'||x bound. For the first term, we write its contribution to N' in the form

L(xrmar ™' @')?)y = L(Xrmar =1 @)?y) + Xrmar = @20,y
Then, using (3-18) for the first term and (3-23) for the second term, we have
|Z(tomar ™ @)y || Ly S [xomar ™' @y ||y xomer @0, | 12
S xrmer T @D I gy + [ e =H @D oy 187 D22
Sst Pyl Sst iy le.

It remains to bound the last term in N’. For this, we take advantage of the first-order cancellation on the
cone in the expression u, — w (see (7-3)), which, combined with (5-6) and (5-2), gives

cos ﬁ(ﬁtz —w?) log(2+7r) logt
, g 5 2T
1201
This leads to
cos it (it? — w?) log ¢t e logt logt
g <5 < Ss s llellx Ss ——llelle.
r LinL? 1= |[log(2+7r) | 2 % t

This concludes the proof of the N ! bound (7-4).

The bound for N". Our goal here will be to prove the bound
logt
IN"llex S5 —5- M2+ M), M =lyllg+Iel. (7-5)
which is almost r~ better than what we need. The corresponding Lipschitz dependence argument is

similar and thus omitted. We recall the expression of N":

2(cosu —cosu —sinu-&) _ 2(cosu —cos(u +¢ sinu(s? — 92
X - ) g Hoosi—cos@ )  sinute} =)

(sinu — sinu) Qu;e; —2wy) n (sinu —sinu — cos it - s)(rZ,2 —w?)

r r
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We successively consider the terms on the right. For the first one, we start with

2(cosu —cosu —sinu-g) _ &2|w|

2 2
Then, using (5-2) and (3-20), we obtain
g2w € € w log?(2 4 1) logth2
— _ S — 1o r .
2 | o~ Nog@+r) || o2 [Tog@+ 1) | 2 72 7°% Lo S TS5

The second term in N" is estimated by

- - I 2 - 2
cosu cos(u+8)y‘< | sin i 8)/|+|6‘ 4 < ley| [(w— Q)ey| e y|.
r

2 ~ 72 r2 r(r)2 72 72

The first two terms can be estimated in L' N L? as before:

€ €
_yz < Y — <st7*M?,
r{r)* a2 P2 1)~ poonp2
(u—Q)ey Y u—0Q 5242
—r <5 lellze Ss 73M>.
r L'nL? r 2 o llenre
For the last term, we first get the L' bound
2
gy 14 1 3
— | Slelleef = =] < ssM-
r Ll r LZ r L2 1
However, getting the L? bound is more delicate:
2 2
vl < ‘ ezl < L
r2 L2 \/; Lol 72 t5.5

where the pointwise bound for £/4/r near r = 0 comes from (6-5).
The third term in N is estimated by using (5-6):

sinu(el —y?) | _ lal® | 17l

r ~l4r o 1471
We successively consider all terms:
‘ |81‘|2 &t & < le
L47 | a2~ 11082+ 7) || f2nge [ 10gR47) |2~ 85
ly|? Ly
< <=l SFM-.
‘ 17|, Sl || S5

Next we estimate the fourth term in N”:

r

(sinu — sinit) 2ii,&; — 2Wy) ‘ _ lel(lie ] +wy1)
~ r °
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On behalf of (5-2), (5-6) and (3-20), we have

EUsE u logt
=~ snetuLwH— —log(2+7) S5~
LiNL2 10g(2 + r) 2l r Lo°NL2 t
gwy - —4 302
— Sllellellwlenze | =]l Sst"M”.
L'nL? L2

Finally we consider the last term in N,

(sinu —sinu — CcoS it - 8)(&,2 —w?)

< g +u?)

~

r

which, by using (5-2), (5-6) and (3-20), we further bound as follows:

r

_9, = _9, = 2
e2(u? +w?) < & & i +w? neein| < logSth' .
r L'NL? 10g(2+}") L2 10g(2+r) L2NL>® r Lo
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DISCRETE FOURIER RESTRICTION ASSOCIATED WITH KDV EQUATIONS

Y1 Hu AND XIAOCHUN L1

In this paper, we consider a discrete restriction associated with KdV equations. Some new Strichartz
estimates are obtained. We also establish the local well-posedness for the periodic generalized Korteweg—
de Vries equation with nonlinear term F(u)d,u provided F € C 5> and the initial data ¢ € H® with
s> 1/2.

1. Introduction

The discrete restriction problem associated with KdV equations is a problem asking the best constant
Ap n satisfying

N
Yo 1fm )P < A NIfID, (1-1)
n=—N

where f is a periodic function on T2, f is the Fourier transform of f on T2, p > 2, and p' = p/(p — 1).
It is natural to pose a conjecture asserting that for any ¢ > 0, A, y satisfies

C,N'=8/P+¢ for p > 8,

(1-2)
C, for2 <p <8.

Ap,N < {

It was proved by Bourgain that Ag y < N°. The desired upper bound for Ag y is not yet obtained; however,
we are able to establish an affirmative answer for large p.

Theorem 1.1. Let A, y be defined as in (1-1). If p > 14, for any ¢ > 0, there exists a constant C),
independent of N such that
A, n < C,N'=8/PFe, (1-3)

The periodic Strichartz inequality associated to KdV equations is the inequality seeking the best
constant K, y satisfying

N
. 3 .
§ : aneantn +2mixn

n=—N

N 1/2
< K,,,N( > |an|2> : (1-4)

LY (TxT) =N

By duality, we immediately see that
Kp,N ~ Ap,N-
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Hence, Theorem 1.1 is equivalent to Strichartz estimates,
K, n <CN'/274/rte - for p > 14. (1-5)

It was observed by Bourgain that the periodic Strichartz inequalities (1-4) for p =4, 6 are crucial for
obtaining the local well-posedness of periodic KAV (mKdV or gKdV). The local (global) well-posedness
of periodic KdV for s > 0 was first studied by Bourgain [1993b]. Via a bilinear estimate approach, Kenig,
Ponce, and Vega [Kenig et al. 1996] established the local well-posedness of periodic KdV for s > —1/2.
The sharp global well-posedness of the periodic KdV was proved by Colliander, Keel, Staffilani, Takaoka,
and Tao [Colliander et al. 2003], by utilizing the /-method.

Inspired by Bourgain’s work, we can obtain the following theorem on gKdV. Here the gKdV is the
generalized Korteweg—de Vries (gKdV) equation

{Mt+uxxx+“k“x =0, (1-6)

ux,0)=¢x), xeT,teR,
where k € N and k > 3.
Theorem 1.2. The Cauchy problem (1-6) is locally well-posed if the initial data ¢ € H® fors > 1/2.

Theorem 1.2 is not new. It was proved by Colliander, Keel, Staffilani, Takaoka, and Tao [Colliander
et al. 2004], but our method is different. The method used by those authors is based on a rescaling
argument and the bilinear estimates proved by Kenig, Ponce and Vega [Kenig et al. 1996]. Our method is
more straightforward and does not need the rescaling argument, the bilinear estimates, or the multilinear
estimates in the earlier papers. This allows us to extend Theorem 1.2 to a very general setting. More
precisely, consider the Cauchy problem for periodic generalized Korteweg—de Vries (gKdV) equation

{ut +Uyrx + Fu)u, =0,

(1-7)
ux,0)=¢x), xeT,teR.

Here F is a suitable function. Then the following theorem can be established.

Theorem 1.3. The Cauchy problem (1-7) is locally well-posed provided F is a C* function and the initial
data ¢ € H® fors > 1/2.

For sufficiently smooth F, say F € C 15 the existence of a local solution of (1-7) for s > 1 and the
global well-posedness of (1-7) for small data ¢ € H® with s > 3/2 were proved by Bourgain [1995]. The
index 1/2 is sharp because the ill-posedness of (1-6) for s < 1/2 is known; see [Colliander et al. 2004].
In order to make Theorem 1.3 well-posed for the initial data ¢ € H® with s > 1/2, the sharp regularity
condition for F is perhaps C*. But the method utilized in this paper, with a small modification, seems
only to be able to reach an affirmative result for F € C©®/?% and s > 1/2. Moreover, the endpoint s = 1/2
case could possibly be done by combining the ideas from [Colliander et al. 2004] and this paper. We do
not pursue this here.
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2. Proof of Theorem 1.1

Proof. To prove Theorem 1.1, we need to introduce a level set. Since \/A, v ~ K, v, it suffices to prove
the Strichartz estimates (1-4). Let Fy be a periodic function on T? given by

N
FN(X, t) — Z ane2ﬂinx62ﬂin3t’ (2_1)
n=—N

where {a,} is a sequence with ) _, la,|> =1 and (x, t) € T%. For any A > 0, set a level set E) to be
E, ={(x,1) € T?: |Fy(x,1)] > A}. (2-2)
To obtain the desired estimate for the level set, let us first state a lemma on Weyl’s sums.

Lemma 2.1. Suppose that t € T satisfies |t —a/q| < 1/q*, where a and q are relatively prime. Then if
q>N?,

N
Z e2ni(tn3+bn2+cn) < CN1/4+8q1/4. (2-3)

n=1
Here b and c are real numbers, and the constant C is independent of b, c, t, a, q, and N.

The proof of Lemma 2.1 relies on Weyl’s squaring method. See [Hua 1965] or [Montgomery 1994]
for details. We also need the following lemma.

Lemma 2.2 [Bourgain 1993a]. For any integer Q > 1 and any integer n # 0, and any € > 0,

Z Z eZm’(a/q)n

0=<g<20 'acP,

< Ced(n, Q)Q'"*.

Here P is given by
P,={aeN:1<a=<qgand(a,q) =1}, (2-4)

and d(n, Q) denotes the number of divisors of n less than Q and C; is a constant independent of Q, n.

Lemma 2.2 can be proved by observing that the arithmetic function defined by f(g) =), e?rita/gn

aeP,
is multiplicative, and then utilizing the prime factorization for ¢ to conclude the lemma.

Proposition 2.3. Let Ky be a kernel defined by

N
KN(X,Z’) — Z eZnitn3+2nixn' (2_5)
n=—N

For any given positive number Q with N> < Q < N3, the kernel Ky can be decomposed into Kio+K> o

such that
1K1 0llc < CN*HeQU4, (2-6)

and

— C,N¢
1K2,0llco < .

(2-7)
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Here the constants C1, C, are independent of Q and N.

Proof. We can assume that Q is an integer, since otherwise we can take the integer part of Q. For a
standard bump function ¢ supported on [1/200, 1/100], we set

o)=Y Zw(tl_/‘;éq). (2-8)

0=<q=<5Q ac?P,

Clearly @ is supported on [0, 1]. We can extend & to other intervals periodically to obtain a periodic
function on T. This periodic function, generated by ®, will also be denoted by ®. It is easy to see that

30= Y. Y. T =Y E 5000 2-9)

q~Q acP, q~Q

is a constant independent of Q. Here ¢ is Euler’s phi function, and g denotes the Fourier transform of a
function on R. Also we have

D(k) = ZZ e D T g (k/q). (2-10)

q~Q aeP,
Applying Lemma 2.2 and the fact that Q < N3, we obtain

N&‘
D) < — 2-11
|()|<Q (2-11)

if k #0.
We now define

1
Kiokx,t)==—Kn(x,0)P(t) and K, p=Ky—Ki 0.
1L,o(x,1) 30) N, D)P(1) 2.0 N 1,0

Equation (2-6) follows from Lemma 2.1 since the intervals J,/, = [g 1 0(1) 7 £+ 501 2] are
pairwise disjoint for all Q < g <50 and a € ?,. 1 7 7
We now prove (2-7). In fact, represent @ as its Fourier series to get

Kaoo(x, 1) === (0) Y k)M Ky (x, 1).
k#0

Thus its Fourier coefficient is

Kog(ni,m) = —=— 3 B ,_p 4 (K).
(D(O) k30

Here (n1,ny) € Z2 and 14 is the indicator function of a set A. This implies that @(nl, ny) = 01if
ny = n?, and if ny # n?,
1

= .3
6(O)CID(nz ny).

K> o(ny,np) =—
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Applying (2-11), we estimate fZ\Q(nl, ny) by
= CN°?
|K2,0(n1,n2)| < ——,
¢ 0
since N < Q < N2. Hence we obtain (2-7), completing the proof. O
Now we can state our theorem on the level set estimates.

Theorem 2.4. For any positive numbers € and Q > N2, the level set defined as in (2-2) satisfies

CyN?
KIEP = CNe Q4 B, P 4 =2

|E | (2-12)

forall ». > 0. Here Cy and C, are constants independent of N and Q.

Proof. Notice that if Q > N 3, (2-12) becomes trivial, since E; = @ if A > CN'/2. So we can assume
that N2 < Q < N3. For the function Fy and the level set E;, given in (2-1) and (2-2), respectively, we
define f to be
Fy(x,1)
flx, 1) =

= TG B0

Clearly
ME| 5/ PG D f (x, 1) dx di.
‘[2

By the definition of Fy, we get
N

ME < Y anf(n.n?).

n=—N

Utilizing the Cauchy—Schwarz inequality, we have
N
PIE < Y 1 fond))
n=—N

The right hand side can be written as

(Kn* f, f). (2-13)
For any Q with N> < Q < N, we employ Proposition 2.3 to decompose the kernel K. We then have
WIE < (Ko * fo £+ (K20 % f )] (2-14)
From (2-6) and (2-7), we then obtain
WEE? < CINVAE QR £ + CZQNE 1713 < Cin' 4+ QU4 P+ 00 . O
Corollary 2.5. If 1 > 2C N3/3+¢, 1
|Exl < % (2-15)

Here C| is the constant C| in Theorem 2.4 and C is a constant independent of N and ).
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Proof. Since A > 2C;N3/3+¢, we simply take Q satisfying 2C;N'/4+¢Q1/4 = 2. Then Corollary 2.5
follows from Theorem 2.4. O

We are now ready to finish the proof of Theorem 1.1. In fact, let p > 14 and write || F ||Z as

2C1N3/8+E 2N1/2
p/ )J’_1|E,\|d)»+p/ AP~YE; | dh. (2-16)
0 2C1N3/8+s
Observe that Ag vy < N° implies
NS

|EA|§F- (2-17)

Thus the first term in (2-16) is bounded by
CN3(p—6)/8+8 < CNP/2_4+£, (2—18)

since p > 14. From (2-15), the second term is majorized by
CNP/2=4te, (2-19)

Putting both estimates together, we complete the proof of Theorem 1.1. U

3. A Lower bound of A, n

In this section we show that N!=8/7 is the best upper bound of A p.N if p > 8. Hence (1-3) can not be
improved substantially, and it is sharp up to a factor of N°.
For b e N, let J(N; b) be defined by

N 2b
S(N;b) = / Z it 2mixn | e gy (3-1)
T n=—N
Proposition 3.1. Let S(N; b) be defined as in (3-1). Then
S(N;b) > C(N” + N?»7%). (3-2)

Here C is a constant independent of N.

Proof. Clearly S(N; b) is equal to the number of solutions of

np+---+np=my+---+mp,
{ 3 3 3 3 (3-3)
n1+...+nb:ml+...+mb’
withn;,m; e {—=N, ..., N}forall j € {l,...,b}. Foreach (my, ..., my), we may obtain a solution of
(3-3) by taking (ny,...,np) = (my, ..., mp). Thus
S(N;b) = N". (3-4)
To derive a further lower bound for S(N; b), we set 2 to be
1 1
= : < — < — -
2={0.0: Xl = gl = o - (3-5)
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If (x,t) eQand |n| <N,

1
|tn3 +xn| < —

30°
Hence, if (x,t) € Q,
N N N
.3 . itn3 [
Z p2ritn H2mixn |~ |Re Z it 2mixn | Z cos(2m(tn® +xn)) > CN.
n=—N n=-N n=-N

Consequently, we have

2

N b
Y iy dt = CN?|Q| = CNP

n=—N

S(N:b) = /

Q

Proposition 3.2. Let p > 2 be even. Then A, y satisfies
Apn=C(+ N8Py,
Here C is a constant independent of N.
Proof. Let p = 2b since p is even. Setting a, = 1 for all n in the definition of K, v, we get

S(N:b) < KJ y(2N)".
By Proposition 3.1, we have
Kpn=CA+N24r),

Consequently, we conclude (3-8) since A, y ~ Kﬁ’ N

4. An estimate of Hua

865

(3-6)

(3-7)

(3-8)

(3-9)

(3-10)

The following theorem was proved by Hua [1965] by an arithmetic argument. We provide a different

proof.

Theorem 4.1. Let S(N; b) be defined as in (3-1). Then

S(N;5) < CN®*e,

(4-1)

By Proposition 3.1, we see that the estimate (4-1) is (almost) sharp. S(N;4) < N 4te is still open.

Proof of Theorem 4.1. Let G, be the level set given by
Gr=1{(x,0) e T?:|Ky(x,0)] = A}.
Here Ky is the function defined as in (2-5).

Letting f =1, Kn/|Kn|, we have

N
MG < Y fn,ny = (fv, Kn),

n=—N

(4-2)

(4-3)
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where f is a rectangular Fourier partial sum defined by

fn(x,t) = Z f(”l» n2)627m1x627rin2t. (4-4)
[ni|<N
Ina| <N3

Employing Proposition 2.3 for Ky, we estimate the level set G, by

MGl = [{fns Ki.o) | +1{fn, K201 (4-5)

forany Q > N 2. From (2-6) and (2-7), |G, | can be bounded further by

c(N1/4+8Q1/4||fN||1+ >, |@<m,nz>f<m,nz>|)- (4-6)
[ny|<N
na| <N?

Thus, from the fact that the L! norm of Dirichlet kernel Dy is comparable to log N, (2-7), and the
Cauchy—Schwarz inequality, we have

CN2+8

MGy < CNVHe QU4 G, | + G |'2, (4-7)

for all Q > N2. For A > 2CN3/**¢, take Q to be a number satisfying

2CN1/4+8 Q1/4 — )\"

and obtain
G, < N (4-8)
Notice that
IKnlls < N'?Ke p < N'2Te. 4-9)
Hence, by (4-3), we majorize |G, | by
G, < N (4-10)
We now estimate S(N; 5) by
2N 2C N3/4+e
S(N;5)<C /2CN3/4+8 A7NG da+ c/o A7 G da. 4-11)

From (4-8), the first term in the right hand side of (4-11) can be bounded by CN 6+¢ From (4-10), the
second term is clearly bounded by N%*¢. Putting both estimates together,

S(N;5) < CN®*, (4-12)

as desired. O
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5. Estimates for the nonlinear term and Local well-posedness of (1-6)

For any integrable function # on T x R, we define the space-time Fourier transform by

a(n, A) = / / u(x, e e M dx dt (5-1)
RJT
and set
(x):=1+|x|.
We now introduce the X, ; space, initially used by Bourgain.

Definition 5.1. Let / be a time interval in R and s, b € R. Let X, (/) be the space of functions # on
T x I that may be represented as

ulx,t) = Z/ an, Ve e dy  for (x,1) e Tx 1 (5-2)
R

nez

with the space-time Fourier transform # satisfying

1/2
lullx, ) = (Z/(n)zs()»—n3)2b|ﬁ(n, k)|2dk) <00, (5-3)

Here the norm should be understood as a restriction norm.

We take the time interval to be [0, 8] for a small positive number § and abbreviate ||u| x, 1) as ||lulls,»
for any function u restricted to T x [0, §]. In this section, we always restrict the function « to T x [0, §].
Let w be the nonlinear function defined by

w— (uk _ / Y dx)ux. (5-4)

2\ 1/2
lully, := ||u||s,1/2+(2<n>23< f m(n,mdx) ) . (5-5)

We need the following estimate on the nonlinear function w, in order to establish a contraction on the
space {u : ||ully, < M} for some M > 0.

We also define

Proposition 5.2. For s > 1/2, there exists 6 > 0 such that, for the nonlinear function w given by (5-4),

T 2412
||w||s,—1/2+<2(7l>2s( / %cﬂ) ) < ColulliH, (5-6)

n
Here C is a constant independent of § and u.
The proof of Proposition 5.2 will appear in Section 6, and is based on the idea applied by Bourgain

[1993b] while proving the special case k = 2. In the proof, we write out the detailed treatment to some
subcases, and omit the similar treatment of other subcases (but it is very easy to figure out). The main
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reason we include the proof of Proposition 5.2 in Section 6 is to provide the preparation so the readers
can follow the (more technical) proof of the general case F € C> more easily.

We now start to derive the local well-posedness of (1-6). For this purpose, we only need to consider
the well-posedness of the Cauchy problem

{u, + Upry + (uk —fT ukdx)ux =0,
ux,0)=¢x), xeT,teR.

This is because if v is a solution of (5-7), the gauge transform

u(x,t):= v<x —/ / vk(y, 7) dydr, t> (5-8)
0JT

is a solution of (1-6) with the same initial value ¢. Notice that this transform is invertible and preserves

(5-7)

the initial data ¢. The inverse transform is

t
v(x, 1) :=u(x—|—/ /uk(y,t)dydt, t). (5-9)
0JT

It is easy to see that for any solution u of (1-6), this inverse transform of u defines a solution of (5-7).
Hence, to establish the well-posedness of (1-6), it suffices to obtain the well-posedness of (5-7). This
gauge transform was used in [Colliander et al. 2004].

By Duhamel’s principle, the corresponding integral equation associated to (5-7) is

t
u(x,t):e“’?qs(x)—f e D%y (x, 7) d, (5-10)
0

where w is defined as in (5-4).
Since we are only seeking the local well-posedness, we may use a bump function to truncate the time
variable. Let v be a bump function supported in [—2, 2] with ¥ (¢) =1, |[f| < 1, and let {5 be

Ys (1) =Y (t/6).
Then it suffices to find a local solution of
t
w(x, t) = Ys()e % (x) —1//5(1‘)/ e D%y (x, 7) dt.
0

Let T be an operator given by

Tu(x, 1) = ¥s(t)e "% (x) —w(;(t)/ e~ Ry (x, 1) dr. (5-11)
0

We denote the first term (the linear term) in (5-11) by £u and the second term (the nonlinear term) by Nu.
Henceforth we represent Tu as $u 4+ Nu. The following two lemmas deal with $u and Nu separately.

Lemma 5.3. The linear term & satisfies
I1Lully, < Cligllas. (5-12)

Here C is a constant independent of 6.
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Lemma 5.4. The nonlinear term N satisfies

12
INully, SC(“U)||S,—1/2+( (/ D@2l “' dA) ) > (5-13)

where C is a constant independent of §.

Lemmas 5.3 and 5.4 are considered classical and their proofs can be found in many references, such as
[Colliander et al. 2004].

Proposition 5.5. Let s > 1/2 and T be the operator defined as in (5-11). Then there exists a positive
number 0 such that

I Tully, < CUSN s + 8% ully™). (5-14)
Here C is a constant independent of §.
Proof. Since Tu = $u + Nu, Proposition 5.5 follows from Lemmas 5.3, 5.4, and Proposition 5.2. O

Proposition 5.5 yields that for § sufficiently small, 7 maps a ball in Y; into itself. Moreover, we write

(uk—/ ukdx>ux— (vk—/ vkdx>vx = <uk—/ ukdx)(u—v)x—i—((uk—vk)—/(uk—vk) dx)vx
T T T T

which equals

k—1

(uk—/ ka’x)(u—v)x—l—Z(u—v)uk =iyl — /(u—v)uk = jdx)vx (5-15)
T

j=0

For k + 1 terms in (5-15), repeating similar argument as in the proof of Proposition 5.2, one obtains, for

s >1/2,
k—1

ITu—Toly, <cae(||u||y + > fully, T ’||v||’+‘)||u—v||yx. (5-16)
j=1

Hence, for § > 0 small enough, T is a contraction and the local well-posedness follows from Picard’s
fixed-point theorem.

6. Proof of Proposition 5.2

Proof. From the definition of w in (5-4), we may write w(n, A) as

> /u(m A=Ay — o= A, M) - (g, Ag) dg - - - dg. (6-1)
mn +-ng=n
ny+--~+ni#0
By duality, there exists a sequence {A, } satisfying

Z/ |Apal?dr <1, (6-2)

nez
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and ||wlls,—1,2 is bounded by

3 / "”'2| (1, A=Ay =+ =21, )] 11, 1) A sy - digdi. (6-3)

m+n|+---+nr=n
ni+--+ng#0

Since the X p is a restriction norm, we may assume that u is supported in T x [0, §]. However, the
inverse space-time Fourier transform [i|¥ in general may not be a function with compact support. The
following standard trick allows us to assume |u|” has a compact support too. In fact, let n be a bump
function supported on [—28, 28] and with n(¢) = 1 in |¢| < §. Also 7 is positive. Then u = un and
iw=rux*n. Thus |a| < |u|*n = (|Ja]Yn)". Whenever we need to make |u|" supported in a small time
interval, we replace || by (|i|¥'n)” since |u|Yn clearly is supported on T x [—2§, 28]. This will help
us gain a positive power of § in our estimates. Moreover, without loss of generality we can assume
Iny| > |na| = -+ > |ngl.

The trouble occurs mainly because of the factor |m| resulting from d,u. The idea (inspired by Bourgain
[1993b]) is that either the factor (A —n3)~1/2 can be used to cancel |m|, or |m| can be distributed to some
of the &. More precisely, we consider three cases:

Im| < 1000k>|n2|, (6-4)
1000k2|n2| < |m| < 100k|n|, (6-5)
Im| > 100k|n;|. (6-6)

Case 1: |m| < 1000k?|n,|. This is the simplest case. In fact, in this case, it is easy to see that

(n)*|lm| < C(n1)*(n2)' /2(m)' /2. (6-7)
Let
F |A’l )\l l)\.t inxd)\‘, 6-8
1(x, t)—Z Gy e (6-8)
G(x, 1) = Z/m)l/zm(n,A)|ei“e""w; (6-9)
H(x, 1) = Z/<n>S|a(n, MleM e d; (6-10)
U(x, 1) :Zf li(n, M| d. 6-11)
Using (6-7), we can estimate (6-3) by
k
c > /F(n NG, A== = M) Hmn, a)G (2, 22) [ [Umj. 2y doy - - diged,
m+tny+---+ng=n j=3

which clearly equals

C (6-12)

/ Fi(x,)G(x,0)*H(x, HU (x, 1) 2 dx dt|.
TxR
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Apply Holder’s inequality to majorize it by
CIFl4IGIg, IHI4 U NI§2 )
Since U is supported on T x [—28, 28], one more use of Holder inequality yields
(63) < C I Fill4 G2, I HIs U112, (6-13)

Let us recall some useful local embedding facts on Xj p.

X013 S Ly, Xorip+ SLE, (¢ local), (6-14)

6
XenpCLY,, O<a<i 2<g< 5 (tlocal), (6-15)
Xl/z_a,m_agL?L;, 0<a<%, 2<gq,r<l1/a. (6-16)

The two embedding results in (6-14) are consequences of the discrete restriction estimates on L* and LS,
respectively (see [Bourgain 1993b] for details). (6-15) and (6-16) follow by interpolation (see [Colliander
et al. 2004] for details). (6-14) yields

1/2
IFills < CllFillg s < C(Z/ |Am|2dx> <c,
n

[Hll4 = CllHllo,1/3 < Cllulls,1/2 = Cllully,.

and

From (6-15) we have
1Glle+ < CllGllo+.172 < Cllulls, 12 < Cliully,-

Using (6-16), we get
1Ullsk—2) < ClIU l1j2—,1/2— < Cllulls, 12 < Cllully,.

Hence, for Case 1, we have
(6-3) < C8%|lull}"". (6-17)

Case 2: 1000k?|n,| < |m| < 100k|n;|. In this case, we further consider two subcases:

Im 4+ n1| < 1000k%|n,], (6-18)
Im +ny| > 1000k |n,|. (6-19)

If |m +n1| < 1000k>|n,|, we use the triangle inequality to get
In|=Im+ny+ny+---+ni| <Clnal. (6-20)

Hence we have
(n)*|m| < C(na)*(m)'/*(ny) /2. (6-21)

Thus this subcase can be treated exactly the same as Case 1. We omit the details.
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In the second subcase, |m +n| > 1000k2|n,|, the crucial arithmetic observation is

n3—(m3+n?+~--+n2)=3(m—|—n1)(m+a)(n1—I—a)+a3—(n§+---+n2),

(6-22)

where a = ny + - - - +nyg. This observation can be easily verified since n =m +ny + - - - +ng. From (6-5)

and (6-19), we get
|n® = (n* 0 + -1 = CK (n2)Iml || = Cklm*,
This implies that at least one of following statements holds:

A —n’| > Clm|?,

|(A =21 =+ =) —m’| = C|m]?,
there exists an i € {1, ..., k} such that |A; — n,-3| > C|m|2.
For (6-24), (6-3) can be bounded by
> f<m>f|ﬁ<m,x—m—---—kaﬁ(m,m-~|ﬁ<nk,xk)||An,x|dA1---dxkdx.

mn g =n
Let F;, be defined by

Fy(x, 1) :Z/ | Al e d.
n

Then we represent (6-27) as

k
> f B )Um x—r— =) Hm A [[U@m. 2 dhy - digdh.
men+-ng=n j=2

Here H and U are the functions defined in (6-10) and (6-11). Clearly (6-29) equals
/ Fy(x, )H (x, U (x, 1)* dx dt.
TxR

Utilizing Holder’s inequality, we estimate it further by
IEallz | H |4 U I < €% ully ™.

This yields the desired estimate for subcase (6-24).

(6-23)

(6-24)
(6-25)
(6-26)

(6-27)

(6-28)

(6-29)

(6-30)

(6-31)

One can similarly complete the proofs of subcases (6-25) and (6-26), and hence the proof of Case 2.

Case 3: |m| > 100k|n;|. The arithmetic observation (6-22) again plays an important role. In this case, let

us further consider two subcases:

Im|* < 1000k?|n2|?|n3],

|m|*> > 1000k%|n2|%|n3|.

For the first subcase, we observe that, from (6-32),

(6-32)
(6-33)
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2
Im|= < Clnil|n2|[n3l,

since |ny| < |nq|. Hence we have

172, 12/3 13, (173, (1/3

Im| = |m|"2lm|* < Clm|"P1n1 "3 a3 |ns V3. (6-34)
This immediately implies
(n)*|m| < Clm™ < (m) STV () STDS () STV (g 3y D)3, (6-35)

Note that (s +1)/3 < s for s > 1/2. By distributing the four factors to the corresponding functions, one
can mimic the proof of Case 1 to finish subcase (6-32).
We now turn to the contribution of (6-33). Clearly we have

((ny+ -+ +nmp)® — (3 + - +n3)| < 10k|na||ns), (6-36)

since |ny| > |n3| > - - - > |ny|. From the crucial arithmetic observation (6-22), (6-36), and (6-33), we have

> — (m3 403 4+ n)| = Ckim . (6-37)

This is the same as (6-23). Hence we again reduce the problems to (6-24), (6-25), and (6-26), which were
all done in Case 2. Therefore Case 3 is finished.

Putting all the cases together, we obtain

lwlls.—1/2 < C8%fluflH". (6-38)

12
( (/ [, ”'dx) ) . (6-39)

1/2
<Z|An|2> <1

Finally we need to estimate

Let {A,} be a sequence with

By duality, it suffices to estimate

|m| A .

> / S0, &=y = =Dl )| [, 2Ol Anl d - dddh. (6-40)
m+ny+---+ng=n
ny+--+ni#0

By the same idea and similar techniques, one can bound (6-40) by mimicking the treatment of (6-3) and

[W(n, 1) 12
(Zm) (/mdk)) < C8%u) it (6-41)

n

get

We complete the proof of Proposition 5.2 by combining (6-38) and (6-41). O
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7. Proof of Theorem 1.3

The argument is similar to that in Section 5. By using a gauge transform as in (5-8) with v* replaced by
F (v), the well-posedness of (1-7) is equivalent to the well-posedness of the following equation:

ut—l—u”x—f—(F(u)—fT Fu)dx)u, =0, (7-1)
ux,0)=¢x), xeT,teR.
Now the nonlinear function w is defined by
w = axu(F(u) — / F(u) dx). (7-2)
T
Let Tr be an operator given by
t
Tru(x, 1) = ys(t)e "% g (x) = Y5 (1) f "IN w(x, ) dr. (7-3)
0

As in Section 5, the local well-posedness is a consequence of the following proposition.

Proposition 7.1. Let s > 1/2. There exists 6 > 0 such that, for the nonlinear function w given by (7-2)
and any u satisfying ||ully, < Coll@|l a5,

(@01 ] ) 2
||w||s,—1/2+( (f o, dx)) < C(lgllas, F)&|lull,. (7-4)

provided F € C°. Here Cy is a suitably large constant, and C(||¢| us, F) is a constant independent of §
and u, but which may depend on ||¢||gs and F.

The constant C(||¢| gs, F) will be specified in the proof of Proposition 7.1, which we postpone to
Section 8. We now return to the proof of Theorem 1.3. Proposition 7.1 implies that for § sufficiently
small, 7 maps a ball

{uey:|lully, = Collpllas}

into itself. Moreover, using Lemma 5.4 and repeating similar argument as in the proof of Proposition 7.1,
one obtains, for s > 1/2 and F € cd,

| Tru — Trvlly, <8°C(¢llus, F)llu— vy, (7-5)

for all u, v in the ball {u € ¥; : |lu|ly, < Coll¢||g+}. Therefore, for § > 0 small enough, TF is a contraction
on the ball and the local well-posedness again follows from Picard’s fixed-point theorem. This completes
the proof of Theorem 1.3.

8. Proof of Proposition 7.1

First we introduce a decomposition of F(x) which was used by Bourgain. Let K be a dyadic number,
and define a Fourier multiplier operator Pk by setting

PKu(x,l)=/llfl<(y)u(x—y,l)dy~ (8-1)
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Here the Fourier transform of ¥k is a standard bump function supported on [-2K, 2K ] and @(x) =1
for x € [—K, K]. Let ug denote the Littlewood—Paley Fourier multiplier, that is,

ug :PKM—PK/zu. (8-2)
Then we may decompose F'(u) by

F(u) =) (F(Pgu)— F(Pgpu)) = Y Fi(Pgu, Pgpu)ug + Ry,
K K

where R; is a function independent of the space variable x. Repeating this procedure for F|, we obtain

F(u) = Z Fy(Pagyu, ..., Pgyan)ug ug, + Z Roug, + Ry

K=K Ky
= E F3(Paksut, . .., Prygu)ug uk, ks + E R3ug,uk, + E Roug, + Ry
Ki=K>>K3 Ki=K> K

where Ry, Ry, R3 are functions independent of the space variable. Set

GK3(X»Z):F3(P4K3M""’PK3/8”)' (8_3)

Hence we represent w, defined in (7-2), as

w = E aqu0<MK1MK2MK3GK3—/MKIMK2MK3GK3 dx)
Ko, K1>K>>K3 T
+ E Bqu0<uK1uK2—fuK,uszx)R3—|— E aquo(uKl —/uKl dx)Rz.
Ko.K1=K> ! Ko. K v

The main contribution of w is from the first term. The remaining terms can be handled by the method
presented in Section 6, because R,, R3 are functions independent of the space variable x (actually they
only depend on the conserved quantity fv u dx). Hence in what follows we only focus on estimating the
first term — the most difficult one. Denote the first term by wy:

w) = Z ax”Ko(”K1”K2”K3GK3_/uKluKzuK3GK3 dx) (8-4)
T

Ko, K1=K2>K3

We should prove

[y (n, 1) (n 3l 12
||w1||s,_1/2+( (f ! dx) ) < 8" CIpll s, Flluel . (8-5)

In order to specify the constant C (||¢| s, F'), we define 90T by setting
DM = sup{|D* F3(u1, ..., ue)| : u; satisfies ||luj|ly, < Coll¢llgs forall j=1,...,6;a}. (8-6)

Here D* = 8)‘3‘11 e 8?66 and o is taken over all tuples («q, ..., ag) € (NU {0})® with Yolej| <2.Misa
real number. This is because, for s > 1/2, ||u|ly, < Coll¢| g+ yields that u is bounded by C||¢| g5, and
the previous claim follows from F3 € Cc2.
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In order to bound [|w|ly,—1/2, by duality, it suffices to bound

»(n)’no .
> / - l/zuko(ﬂo,?» A=Ay —A3— )

Ko, Ki1>K>>K3 3
+n+ny+n3+m= ~ ~
nom—;nz-ﬁnyﬁm;zo " : 1_[ qu (l”l,j, )"j)GKz (ms /'L) d)"l o d)\,4d)\.d,bb, (8'7)

j=1

where A, , satisfies
Z/mn,ﬂzdle.
n

The trouble maker is Gk, since there is no way to find a suitable upper bound for its X, ;, norm.
Because of this, the method in Section 6 is no longer valid, and we have to treat m and u differently
from n and A, respectively. A delicate analysis must be done to overcome the difficulty caused by Gg;.
For simplicity, we assume that § = 1. One can modify the argument to gain a decay of ° by using the
technical treatment from Section 6.

For a dyadic number M, define the Littlewood—Paley Fourier multiplier by

gks.m = PuGgy — PyupGgy = (Gky)m- (8-8)

Let v be defined by
v(x, 1) = Z f 1 ete™dn. (8-9)

To estimate (8-7), it suffices to estimate

> [ @ == k2= 2 )
K,Ko,K|2K22K3,_M 3
SRR AN T g 2 )gxsa(m, ) dis - dradrdp.  (8-10)
j=1

Here K is a dyadic number.
As we did in Section 6, we consider three cases:

Ky <2'%k,; (8-11)
2%k, < Ko <2'°Ky; (8-12)
Ko > 2'°k;. (8-13)

The rest of the paper is devoted to a proof of these three cases. In what follows, we will only provide
the details for the estimates of ||w||s,—1/2 with 1/2 < s <1 (the case s > 1 is easier). For the desired

estimate of
(e (/e
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simply replace v by
A .
v (x, 1) = Z/ n4 ’“e”’)‘d/\, (8-14)

and then the desired estimate follows similarly. Here C,, ; € C satisfies sup, |C,, A| <1 and {A,} satisfies

9. Proof of case (8-11)
In this case, we should consider further two subcases:

M <2k, (9-1)
M > 2'°k,. (9-2)

For the contribution of (9-1), noticing that K < C K in this subcase, we estimate (8-10) by

> / ( a~"vK>< > aquo)uKluKzu&(szKlG,Q) dx dt, (9-3)
Ki>K,>K3 Y DRI Ng<ck, Ko=<CK,
which is bounded by
Z||uK3||oo||GK3||oo / DY Kivklu,| Y Y. Koug,lux,|dxdt, (9-4)

K1 K<CK; K, Ko=<CK>

where f* stands for the Hardy-Littlewood maximal function of f. By the Schur’s test, (9-4) can be
estimated by

1/2 1/2
ZK3(2S1)/2||MHYY5D2/<Z |v7(|2) (Z K125|1,¢K1|2)
K3 K Ky 1/2 1/2

(Z Kolu,| ) (Z Kslug,| 2) dx dt. (9-5)

Since s > 1/2, we obtain, by a use of Holder’s inequality, that (9-4) is majorized by

1/2 1/2 1/2 1/2
CMlully, (Zw;;ﬁ) (ZK%SWKI ) (ZKOWKO ) (ZK2|MK2|2) (9-6)
K 40N g, 4\ 4
Observe that
12 1/2
H(Zlv?<|2> < (Dvmz) <Cllvlls < Cllvllo.1y3 < C. (9-7)
K 4 K 4

Here the first inequality is obtained by using Fefferman and Stein’s vector-valued inequality on the
maximal function, and the second is a consequence of the classical Littlewood—Paley theorem. Similarly,

12 12
“ (Z Kolu}kq)lz) < (Z K0|uK0|2)
Ko 4 Ko

< Cl18}%ully < Cllullija.13 < Cllully, (9-8)
4
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(e

Hence, from (9-7), (9-8) and (9-9), we have

and

< Cllojulls < Cllulls,13 < Cllully,.
4

(8-10) < COMlul3, .

For the contribution of (9-2), since in this subcase K < CM, we estimate (8-10) by

Znumnw/ S Y Y Kovileronl Y Y Koul lur) dx d,

K3<K1 M K<CM Ky Ko<CK;
which is bounded by
(2s—1)/2 12
2K /||u||y,/ 3 Jug,| (Zw) (ZMzﬂngm)
K] K <K1

By a use of the Cauchy—Schwarz inequality, (9-12) is estimated by

1/2 1/2
—(2s—1)/2
> k&Y ||u||ysf (Zw};ﬂ) (ZKOWKO ) (ZKWKZ )
TxR K

K,

<Z K3 luk,| ) < > Z KZS gk, )l/zdxdt.

K3<K;

Using Holder’s inequality, we then bound it further by

12 1/2
—2s—1)/2
YRS ully, (Dv}}ﬁ) (ZKolbf;colz)
K K 4 K>
[(Zxrnr) ]|

172
(Z Kz|u1<2|2)
6
s 12
( Z Z 25|8K3M| ) .

K3<K;

which is majorized by

—(2s—1)/2 —
ZKI(S )/ ”M”4)1/S Z K3S

K K3<K,

) 2
(E M”1gks,ml )
6

M

K K3<K,

From the definition of G,, we have
Gk, (x, 1) = OMK3) [lully, = OONK3) ||l s

Hence, for s < 1,
135G ks lloo < COMKS||B]| s -

12 172
(ZKQWKO ) <ZK2|MK2 2) dx dt.

(9-9)

(9-10)

9-11)

(9-12)

(9-13)

(9-14)

—2s—1)/2 _
<Y KTETVR g, Y K183 Gky oo

(9-15)

(9-16)
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Since s > 1/2, we then have

(9-14) < CMIl D Ky @7V ully, < CMUp s full3,. (9-17)

K

This completes our discussion of Case (8-11).

10. Proof of case (8-12)

In this case, it suffices to consider the following subcases:

K <2k,, (10-1)
K <2"%Mm, (10-2)
K>2°(Ky+M) and K;>K,?, (10-3)
K>2Ky+M), Ky<K)? and M=>27"k}" (10-4)
K>2K,+M), Ky<K)? and M <270k (10-5)

The first two cases can be handled in exactly the same way as cases (9-1) and (9-2).
For case (10-3), observe that (8-12) and (10-3) imply

K < CK; (10-6)
and
1/2 1/2 ,,1/2
Ky <K,”"K;'". (10-7)

Hence (8-10) is bounded by

/ S0 Kvkluk,| Y Kok luk|luks | 1G o dox dt. (10-8)

K, K<CK; Ko>K>>K3
Ko<K?

Applying Holder’s inequality, we estimate (10-8) by

1/2 1/2 172
csm/(Zw;F) (Z K12~Y|uK1|2) ] (Z K}+€|qu|2) dx dt. (10-9)
K K

j=0.2,3 VK,

One more use of Holder’s inequality yields that (10-8) is bounded by

1/2 1/2 1/2
e () J(Stunr) | I |13
K 6

K, 4j=0,2,3" Nk,
Hence we obtain

4

(10-8) < COMull} . (10-10)

This finishes the proof of (10-3).
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For case (10-4), we estimate (8-10) by
Y Y X Koviul ¥ Kol lluallus | Y el dxdr (10-11)

K>, K3 K| K<CK; Ko M>CK2/’;

which is dominated by

1/2 1/2
CZ/( |v};|2) (ZK%M]F) i, | ||
K>, K3 K, 1/2
(ZKoluK0> (ZM*/2|gK3M|> dxdt. (10-12)

By Holder’s inequality with L* norms for the first two functions in the integrand, L%+ norms for the next
three functions, and an L? norm (very large p) for the last one, (10-12) is dominated by

(o)

183G ks oo (10-13)

Cllully, D lluk,llotlugsller
6+

K>.K3

Applying (9-16), we estimate (10-12) by
3 3
3/8 3/8
CMIllp,lully, [T K g, lor < CMUSla, Nk, [T K7 luk, lor.1/2 < CMNpla, Nully,.
=2 K; J=2 K;

as desired. This completes the discussion of (10-4).
We now turn to case (10-5). In this case, we have

Ino+n1|+2K,+ M > n| > K/2 > 28(K2 4+ M), (10-14)

which implies
Ino+n1| >2°(K2+ M). (10-15)

Notice that
3 3 3 3

(n0+n1+n2+n3+m)3—n(3)—n1 —ny—n3—m
=3(mo+ny)(ng+ny+n3+m)(ny+ny +n3+m)+ (ny +nj —{—m)3 —n% —ng —m’. (10-16)
From (10-15), (10-16), and (10-5), we obtain
In® —ng —n3 —n3 —n3 —m’| > C(Ky + M)KoK, > CKoK| > CK{. (10-17)

Hence one of the following four statements must be true:

h—n’| = K§, (10-18)
|(A =1 — Ao — A3 — ) —ng| = K¢, (10-19)
there exists an i € {1, 2, 3} such that [A; —n}| > K2, (10-20)

lnl = Kg. (10-21)
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For case (10-18), we set
v(x, 1) = (ﬁl|x—n3|zK§)v(xv 1). (10-22)

We then estimate (8-10) by

D ks lloolluks ool Gy lloo f|a kol Y Y K'Ukluk,|dxdt. (10-23)

K>, K3 K, K=<CK,
This is clearly bounded by

172

1/2
CDJTIIMII%,SZ/Kolu}()l(zw’}}lz) (Z K125|u,<1|2) dx dr. (10-24)
Ko K K,

Using the Cauchy—Schwarz inequality, we bound (10-24) by

comul, [ (ZKOI KO) (ZK“ZI ) (ZK k| z)mdxdr. (1025)

By Holder’s inequality, (10-25) is majorized by

1/2 1/2 1/2
CMull3, (Z K5|u}’;0|2) (Z Ki* >y |5K|2> (Z K lu,| ) :
Ko 4 Ko K 4
which is controlled by
1/2 )
COMully, ||a;u||4(z K&‘Snan%) < CMYully, 05ulla Y Ko /2 < CMYully,. (10-26)
Ko Ko
This finishes the proof of case (10-18).
For case (10-19), let & be defined by
= (1)) (10-27)

Then (8-10) can be estimated by

D gy lloo s looll Gk lloo /|a iKY Y K'vilug,|dxdt. (10-28)

K>,K3 K1 K<CK,

By Schur’s test and Holder’s inequality, we control (10-28) by

1/2 172
> ||uK2||oo||uK3||oo||GKg||ooZ||a ik, I2 <Z|v1<|2) (Z Kfsluquz) . (10-29)
K>, K3 K 4 K 4
which is bounded by
CMNully, Y lluyllojz < CMully, . (10-30)

Ko

This completes the proof of case (10-19).
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For case (10-20), if j = 1, we dominate (8-10) by

D s lloollus ool G ks lloo /|a wZ > K vilig,|dxdr. (10-31)

K>, K3 K, K<CK;

As we did in case (10-19), we bound (10-31) by

1/2
CMully, Y ldcuryllallvlls (Z K liik, |2> (10-32)
K() Kl 2
This can be further controlled by
3 1 3 1 4
CMull3, KZ x otk lla vlla < IMuly, KZ kol = CMully, (10-33)
0 0

as desired.
We now consider j =2 or j = 3. Without loss of generality, assume j = 2. In this case, we estimate
(8-10) by

ZnumnnGK;noo f|a Ukl Y Y K'ilug,| Y liig,|dxdt, (10-34)

K|y K<CK; K>,<CKj

which is bounded by

czmnunYSZna uglloo Y lliik,ll2 [1vlls

Ky<Kj

Zna Ukolloo Y ||uK2||z<CZ—||a ukolloollully,

Ky<Ky

(Z Kol >1/2

4

Notice that

<c Zf i1, ) dAllully, < Clull,.
n

Hence (10-34) is dominated by
CMully,. (10-35)

This completes case (10-20).

We now turn to the most difficult case, (10-21) in case (8-12). We should decompose G g,, with respect
to the #-variable, into Littlewood—Paley multipliers in the same spirit as before. More precisely, for any
dyadic number L, let QO be

QLu(x,t):/zﬁL(r)u(x,t—r)dr. (10-36)

Here the Fourier transform of ¥, is a bump function supported on [-2L, 2L] and fﬁz (x)=1ifxe[-L, L].
Let

HLM = QLM — QL/zu. (10-37)
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Then I u gives a Littlewood—Paley multiplier with respect to the time variable ¢. Using this multiplier,
we represent

Uk =Y ug.L. (10-38)

L

Here ug 1 = Iy (ug). We decompose Gk, as

Gg,=C+ Z(F3(QLP4K3M, ooy Qp Prygu) — F3(QpppPagst, ..., Qpy2 Prygut))
I

10-39
=C+ Z Hgy pujks, L, ( :
j=4.2,1,1/2,1/4,1/8
L
where Hg, 1 is given by
Hi,p = Fa(Qur Pk, ..., Qe Pryysu; £ =1, 3). (10-40)

Let 901; be defined by
My =sup{|D* F4(uy, ..., ui2)|: u; satisfies |lujlly, < Coll¢|lps forall j=1,...,12;}. (10-41)

Here D% =021 - -+ 0212 and « is taken over all tuples (a1, . .., a12) € (NU{OD'? with 3" Jor;| < 1. 0, is
a real number because Fy € C'.
In order to finish the proof, we need to consider a further three subcases:

L <2k3, (10-42)
219k3 < L <27°K3, (10-43)
L>27K§. (10-44)
For the contribution of (10-42), we set
iy KL = (i 1Ky 1] 2) - (10-45)

Here j =4,2,1,1/2,1/4,1/8. From the definition of Hg, ;, we get

L
ko, jksLlla < CMNSHs —5 %2 llwjks,clla- (10-46)
0

Then (8-10) is bounded by

D lugylloe Y / Kowyg, Y lugslloo Y lhkojksrl Y Y. K'vilug,|dxdr, (10-47)
K> Ko

Ks<CK." L<CK} K1 K<CK|

which is majorized by

Z||uz<2||oo21<o > e [,
Ko k3<ck,? 12
Z |hko,jKs, LI (ZIUKI ) (ZK lug, | 2) dx dt. (10-48)

L<CK}
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Using Holder’s inequality with L* norms for the four functions in the integrand, we estimate (10-48)
as follows:

L
COM Dl llullf, 3 Kollugolla Y- Numslloo Y- <S5 lhusasnls
Ko

K3<K1/2 L=<CK} 0

2 3 1/2
< CMllplFellully, Y Ko lluyllo.nsa
Ko

< CM N1l 7s llully,- (10-49)

This finishes case (10-42).
For the contribution of (10-43), we bound (8-10) by

Z||uK2||ooZ||uK3uoo/Z|a ugol Y hkogrerl ), Y K'vklug,|dxdr,  (10-50)

210K3<L<2 10K2 K| K<CK,

which is dominated by

C||u||yZ||uK3||ooZ /Zw ueol S Ik kol

A<2710 20K3<L
Adyadic (A/2)K2<L<AK2 "

(ZIv,A) (ZK lug, | 2) dxdt, (10-51)

By the Cauchy-Schwarz inequality, we further estimate (10-51) by

Clully, Zumnw 3 A 1/2/2'3 k|

A<2710
Adyadic

1/2 172
< Z L|hKO,‘,-K3,L|2> (Zwy) (ZK lux, | 2) dx dt. (10-52)
K

20K <L
(A/2)KZ<L=<AK}

Applying Holder’s inequality with an L norm for the first function in the integrand, an L? norm for the
second, and L* norms for the last two functions, we then majorize (10-52) by

12
[|9x MK I
Cllul?, Z”MK3||00 3 oA I/ZZ olo0 Llhk, jxo.il (10-53)
A<2-10 2|0K3 2
Adyadic (A/Z)K2<L<AK§

Notice that if L ~ AK&,
ko, gLl < CONNI s Allit i1 |12 (10-54)
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Thus we have

(

1/2 1/2
> Lk, ,-KS,LF) < CfmlH(f)llH«*A( > Liu jK3,L||§)
L

210K < 2 2M0KI<L
(A/2)KE<L=<AK} (A/2)KE<L=<AK}
< CMyllpll as Allujgsllo,/2

< CM B3 A.

From (10-55), (10-53) is bounded by

[0y uk, |l
COM I3 Il Y Mg lloe D A2 XTOOO
K3 A<2—10 Ko 0
Adyadic
which is clearly majorized by

CM |13 el

This finishes case (10-43).
For the contribution of (10-44), we estimate (8-10) by

Z||uK2||ooZ||uK3||oo/Z|aqu0| Do hkg ksl ) D K'vkluk,ldxd,
K> K3 Ko

L>2*5K§ Ky K=<CK,

which is bounded by

|0k, * )2
2 oo - llukslloe [ (D205
K> K3 Ky 0

L>275K}

Applying Holder’s inequality, we further have

XA 12
(10-59>scmuuniZnumumZ"T;“ Y Llujkcli

K3 Ko L>25K}?
2 ”aqu()”oo
< CMully, 3 luslloo Y == llujislo.i o
K3 Ko 0
This is clearly majorized by
4
CM 1|l a, llully, -

Hence we complete case (10-44).

1/2 1/2 1/2
L|hK0,jK3,L|2> (Z |v7(|2> (Z KlzsluK1|2> dx dt.
K K

885

(10-55)

(10-56)

(10-57)

(10-58)

(10-59)

(10-60)

(10-61)
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11. Proof of case (8-13)

In this case, it suffices to consider the following subcases:

M =271k,

M <279k and K3K;3>27"K2,

M <279k and K3M >=27"K2,

M <27k} K3K3<27'K2 and KM <27k}

For case (11-1), notice that we have
K <CM*"?,

Hence we estimate (8-10) by

o lukllullugl Y Y K'Wwip Y Kouk,|gks.mldxdt,

K1>K>>K3 M K<CcMm3/? Ko<CM3/2
which is bounded by
1/2
3/2)(1—s 5,k 25 ,,% 12
> ks llug | Y MDD gy > K vK<ZKo |u,<0|) dx dt,
K1>K>>K3 M K<CM3/? Ko

since 1/2 < s < 1. Applying Schur’s test, we estimate (11-7) by

12 1/2 1/2
> |uK1||uK2||uK3|(ZM3|gK3,M|2) (ZIvZIz) (ZK&SW,;OF) dx dt.
M K Ko

K1>K,>K3

By Holder’s inequality and s > 1/2, (11-8) is majorized by

3 1/2 1/2
c > ||a§/ZGK3||oo(1_[ ||uK,||6+)‘<Z|vK|2) (ZK | )
Jj=1 K

K1>K>>K3
3/2
< CMUllms + Ne13)lully, > K3 1‘[||uK lo+

K1>K3>K3

4

1/2
< CMpllus + D13 ully, HZK/ ek, llor.1/2

j=1 K;j
< CMpll s + 197 el

This finishes case (11-1).
For case (11-2), observe that, in this case,

12 g 1/2

Ko < CK| Ky,

(11-1)
(11-2)
(11-3)
(11-4)

(11-5)

(11-6)

(11-7)

(11-8)

(11-9)

(11-10)
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We estimate (8-10) by

Yo lukllugllugl Y Kk Y Koul Gk lleedx dt, (11-11)
Ki>=Kr»>K;3 K<CKo Ko<C(KK2K3)1/2
which is bounded by
172 12 3
csz(Zlv?(lz) (ZK§S|M;O|2> [1> k2 u,| dx dr. (11-12)
K Ko j=1 K;

Using Holder’s inequality with L* norms for the first two functions and L% norms for the last three
functions in the integrand, we obtain

3
CMully, [T |32 K; lug,1| < CMull},. (11-13)
j=1"k; 6
This completes case (11-2).
For case (11-3) we have
Ko< CK*K)*M'?. (11-14)

Hence we dominate (8-10) by

D0 lugllumllugl Y gkl D Kvg >0 Kouk,dxdt, (11-15)
M

Ki>Ky>K3 K=<CKy KOSC(KIKZM)I/Z
which is bounded by
1/2 1/2
X [(Xnir) (SHimir) 1o 2
K3 K Ko 1/2
. (ZMngs,M|2> HZK}/ZIMKdexdt. (11-16)
M j=1 K,

Using Holder’s inequality with L* norms for the first two functions, L norms for the third, an L” norm
with p very large for the fourth, and L% for the last two functions in the integrand, we obtain

2
1/2
Cllully, [TID_ K Plug 1| Y My lls 101Gl (11-17)
j=1"k; 6+ Kk,
Clearly (11-17) is dominated by
2
CMUll s ully, D K3 luk,lle < CMYp s ], (11-18)

K3

Hence case (11-3) is done.
For case (11-4) we observe that
M*K, <2710k3. (11-19)



888 YI HU AND XTAOCHUN LI

In fact, if (11-19) does not hold, then, from (11-4),
M*K,>27"Kk2 > K3M.
Thus M > K,, which immediately yields
M > MK, > 27K,

contradicting M < 2_10K§/3. Hence (11-19) must be true. From (11-19), K22K3 + K22M < 2_9K§, we
get
|(n2 +n3+m)* —n3 —n3 —m’| <27°Kg. (11-20)

Since ny +ny +n3 +m # 0, from (8-13), (11-4), and (11-20), the crucial arithmetic observation (10-16)

yields
In* —nd —n} —n3 —n3 —m?| > 2K¢. (11-21)

Hence one of the following statements must be true:

r—n’| > K§, (11-22)

|(A =1 — Ao — A3 — ) —ng| = K¢, (11-23)

there exists an i € {1, 2, 3} such that [A; —n}| > K2, (11-24)
Il > K§. (11-25)

For case (11-22), we estimate (8-10) by

> luk llsollug, lloollugs oo G ks lloo D / Koluy,|| D 9i0|dxadt. (11-26)
K],Kg,K_g Ko KSCK()
Then the Cauchy—Schwarz inequality yields
2\ 1/2 172
comuly | (S x5>| 3 o] )| (X Kk )
2

Ky K<CKj Ko

2\ 1/2
< COMully, ( DK 0y Uk ) < CMYully,. (11-27)
1<<c1<0 2
This finishes the proof of case (11-22).
For case (11-23), (8-10) can be estimated by
Y lukillosllumslloolurs ool Gislloo Y f Koliik,| Y K'vidxdr. (11-28)
Ki,K>2,K3 Ko K<CKj

By Schur’s test and Holder’s inequality, we control (11-28) by

1/2 12
K

Ko

CMully, , (11-29)

2

2
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which is clearly bounded by
1/2
CM|ull3, (Z K&Suumnam) < CMuly,. (11-30)
Ko

This completes the proof of case (11-23).
For case (11-24), without loss of generality, assume j = 1. We then dominate (8-10) by

> ||uK2||oo||uK3||oo||GK3||ooZZ/Ko|u}zo||az<.| > K'vdxdt. (11-31)
K>, K3 K| Ky K<CKj

By Holder’s inequality, we bound (11-31) by

D Mg lloolltgylloolGrslloo DD Y K Kollugy lla lliix, ll2 vk I

K>, K3 K1 K¢ K<CKj

< Y lugylloollugs loolGrslloo Y g lloap Y Y- Kilugllallvg s (11-32)

K>, K3 K, Ko K<CKj

By Schur’s test, we dominate (11-32) by

1/2 1/2
CMuly, D llux, ||0,1/2(Z K§S||MK0||421) (Z ||v,<||i>
K Ko K . , N , 12
< CMull3, (Z K§ ||u1<0||0,1/3) <Z lo 113, /3>
Ko K

< CMlully,. (11-33)

Hence case (11-24) is done.
In order to finish the proof, as is done in (10-36), we need to consider three further subcases:

L <293, (11-34)
219K3 < L <27°K3, (11-35)
L>27K]. (11-36)

For the contribution of (11-34), notice that

L
ko, jksLlle < CONy ||¢||HSP”MjK3,L”6- (11-37)
0
Here hk,, jk,, 1 is defined as in (10-45). In this case we also have K3 < K§/3, from

K3K3 <27 '0k2.

Then (8-10) is bounded by

fZKoM>;(0 Z K vy Z lug, |k, | |ugs Z \hKko.,jKs.L] dx dt. (11-38)
Ko

K=<CKy Ki1>K>>K;3 L<CK}

K3§K§/3
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Write (11-38) as

> / ZKOMKO > K D lugllukllugsl D lhkjksclded.  (11-39)

Adyadic K<CKy K1>K>,>Kj3 L=CK}
A<1 AKY)2<K3<AK)? )

Observe that if AK§/3/2 < K3 < AK§/3, we have

172

Ko< A2k |PK)PKY?. (11-40)

Hence

Cluly, Y 3" & 3 KKy a2 Y k)7

Ky K<Kj Ki,K> A<l K3~AK2/3

-/u;0u7(|u,<l||u,(2| > kg jkscldxdt. (11-41)
L=<CK}

Applying Holder’s inequality with L* norms for first two functions and L for the last three, and then
using (11-37), we get

CMlplasllully, Y Y K D" KKy A2

Ko K<Kj Ki,K» A<l
1/2 L
> K e vk e e s el sl
Ks~AK)" L=ck} 0 (11-42)
which is bounded by
—3/2 L

CMGlaellully, D 3 KD AT 50 Sl la vl

Ko K<Ky A<l L<ca’k? 0

172 1/2 1/2
DK g oz YKy Pk llovaz Y K lujky Lllog.
K K> K3

<CMNpllgsllully, DA 3" Ko llug,lla llvglls

A<l Ko K=<CKy

1/2 1/2
< CO (1117 llull3, (Z K&S||u1<0||é,1/3) (Z ||v1<||%,1/3>
Ko K
< CM NIl 7 llully,- (11-43)

This completes case (11-34).
For the contribution of (11-35), we bound (8-10) by

Z||uK1||ooZ||uK2||ooZ||uK3||oo / D > KwikKowy, Do lhkyjksildedt, gy

Ko K=CKy 210K3 <L <25k}
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which is dominated by

Cllull3, leumllc>o XY Yk /KouKOvK > lhkpjksrldxdt.  (11-45)

A<275 Ko K=CKp 20K3<L
Adyadic (A/2)K2<L<AK}?

Using the Cauchy—Schwarz inequality, we further estimate (11-45) by

Cllull}, Z||u1<3||oo Yoary K‘/uKOvK(

A<275 Ko K=CKp 20K3 <L
Adyadic (A /2)K2<L<AK§

12
Llhk,,jks.L |2> dx dt. (11-46)

Employing Holder’s inequality with L* norms for the first two functions and an L? for the last one, we
bound (11-46) by

Cllully,
12
Z luks oo Z ATy D K lukylla vk lla ( > L|hK0,jK3,L|2) (11-47)
A<2™ Ko K<CKp 21°K33<L 2
Ady"‘dlc (A/2)K3<L<AK2
From (10-55), (11-47) is majorized by
CM 11135 N3, Znumuoo S Aty ST Kolluk,lls ok s
A<2710 Ky K<CKj
Adyadic
12 12
2 3 2s 2 2
scmt1||¢||m||u||yx(z K3 ||u1<o||o,é> (Z ||v1<||0_%>
Ky K
< CM |1l Nully, - (11-48)

This finishes the proof for case (11-35).
For the contribution of (11-36), we estimate (8-10) by

> ||u1<1||oo||u1<2||ooZ||u1<3||oo / ZKOMKO ke jkarl Y Kvidrdr.  (11-49)

K1.K» L>2— 5K2 K<CKy

By the Cauchy—Schwarz inequality, (11-49) is bounded by

> ||u,<]||oo||uk2||ooz||qu||ooZ > KfvauKo(

1/2
L|hK0,j1(3,L|2) dxdt. (11-50)
K1, K> Ky K=<CKj L>2-10K2

Employing Holder’s inequality with L* norms for the first two functions and an L? for the last one, we
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dominate (11-50) by

1/2
cmnunYZnuKAhoZ > K llug,lla llvgla ( > L|u,,-K3,L|2>

Ky K<CKy L>2—5K2 2
< CMy [Jull3, Z lugslloo Y Y- K lugllossllivillo.aliullo,
Ky K<CKj
§C9ﬁ1||¢||Hs||u||ys- (11-51)
Hence we complete case (11-36).
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RESTRICTION AND SPECTRAL MULTIPLIER THEOREMS ON
ASYMPTOTICALLY CONIC MANIFOLDS

COLIN GUILLARMOU, ANDREW HASSELL AND ADAM SIKORA

The classical Stein—Tomas restriction theorem is equivalent to the fact that the spectral measure dE (1) of
the square root of the Laplacian on R" is bounded from L?(R") to LP,([R”) forl <p<2n+1)/(n+3),
where p’ is the conjugate exponent to p, with operator norm scaling as A"(/7=1/7)=1 " We prove a
geometric, or variable coefficient, generalization in which the Laplacian on R" is replaced by the
Laplacian, plus a suitable potential, on a nontrapping asymptotically conic manifold. It is closely related
to Sogge’s discrete L? restriction theorem, which is an O (A"/P=1/P)=1) estimate on the L? — L?'
operator norm of the spectral projection for a spectral window of fixed length. From this, we deduce
spectral multiplier estimates for these operators, including Bochner—Riesz summability results, which are
sharp for p in the range above.

The paper divides naturally into two parts. In the first part, we show at an abstract level that restriction
estimates imply spectral multiplier estimates, and are implied by certain pointwise bounds on the Schwartz
kernel of A-derivatives of the spectral measure. In the second part, we prove such pointwise estimates
for the spectral measure of the square root of Laplace-type operators on asymptotically conic manifolds.
These are valid for all A > O if the asymptotically conic manifold is nontrapping, and for small A in
general. We also observe that Sogge’s estimate on spectral projections is valid for any complete manifold
with C* bounded geometry, and in particular for asymptotically conic manifolds (trapping or not), while
by contrast, the operator norm on dE (1) may blow up exponentially as A — oo when trapping is present.
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1. Introduction

The aim of this article is to prove some L? multiplier properties for the Laplacian, and a Stein—Tomas-type
restriction theorem for its spectral measure, on a class of Riemannian manifolds which include metric
perturbations of Euclidean space. One of the first natural questions in harmonic analysis is to understand
the L? boundedness of Fourier multipliers M on R", defined by

Gy /R e Em(E) f(€) d,

M(f)(x) =

where m is a measurable function. Notice that for radial multipliers m(§) = F(|€|), this amounts to
study the L? boundedness of F(+/A), where A is the nonnegative Laplacian. Of course, for p = 2, the
necessary and sufficient condition on m for M to be bounded on L? is that m € L (R"), but the case
p # 2 is much more difficult. The first results in this direction were given by Mikhlin [1965]: M acts
boundedly on L?(R") forall 1 < p < oo if

meC®®R'\{0}) and [E["|VEm©E)eL™, Vk,0<k<lin+l.

This was sharpened by Hormander [1960; 1983, Theorem 7.9.5]: Let ¢ € Cé’o(%, 2) be not identically
zero, then M acts boundedly on L”(R")) forall 1 < p < oo if
supllm(t - )Y || gs @) < 00, %n <seN.
>0

More generally, let L be a self-adjoint operator acting on L? of some measure space. Using the spectral
theorem, “spectral multipliers” F (L) can be defined for any bounded Borel function F, and they act
continuously on L2. A question which has attracted a lot of attention during the last thirty years is to
find some necessary conditions on the function F to ensure that the operator F (L) extends as a bounded
operator for some range of L? spaces for p # 2. Probably the most natural and concrete examples are
functions of the Laplacian on complete Riemannian manifolds, or functions of Schrodinger operators
with real potential A 4+ V, but these problems are also studied for abstract self-adjoint operators. Some
particular families of functions F are also investigated in the theory of spectral multipliers: some of the
most important examples include oscillatory integrals ¢/ “®)” (Id +(rL)*)~# and Bochner—Riesz means
(2-18). The subject of Bochner—Riesz means and spectral multipliers is so broad that it is impossible to
provide a comprehensive bibliography here, so we refer the reader to [Anker 1990; Christ and Sogge
1988; Clerc and Stein 1974; Cowling and Sikora 2001; Mauceri and Meda 1990; Miiller and Stein 1994;
Seeger and Sogge 1989; Sogge 1987; 1993; Taylor 1989; Thangavelu 1993], where further literature can
be found.

The theory of Fourier multipliers and Bochner—Riesz analysis in this setting is related to the so-called
sphere restriction problem for the Fourier transform: find the pairs (p, g) for which the sphere restriction
operator SR()L), defined by

SRV f(@) = fOw), weS" ', 1>0,

acts boundedly from L?(R") to L9(S"1); see [Fefferman 1970; 1973]. Of course, the dependence
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in A is trivial here since SR(X) f = A*SR(1)(f(A~"-)), but this parameter A will be important later
on. There is a long list of results on this problem, but the first ones for general dimensions are due
to Stein and Tomas. The theorem of Tomas [1975], improved by Stein [1993, Chapter IX, Section 2]
for the endpoint p =2(n + 1)/(n + 3) is the following: SR(1) maps L?(R") boundedly to L4 (S*1y if
p<2(n+1)/(n+3)and g < % ﬁ (notice that ¢ =2 when p reaches the endpoint). On the other hand,
a necessary condition (based on the Knapp example) for boundedness is only given by p <2n/(n+1) and
o
In fact, this has been shown by Zygmund [1974] in dimension 2, improving a result of Fefferman [1970]

this leads to the conjecture that p <2n/(n+1) and g < is a necessary and sufficient condition.
(by obtaining the endpoint estimate), but the conjecture is still open for n > 2. For more references and
new results in this direction, we refer the interested reader to the survey by Tao [2003] on the subject.

Like the L? multiplier problem, the sphere restriction problem has a corresponding natural generaliza-
tion to certain types of manifolds (at least if we think of Fourier transform as a spectral diagonalization
for the Laplacian), and in particular those which have similar structure at infinity as Euclidean space. On
R, the Schwartz kernel of the spectral measure dE /z(%) of VA is given by

kn—l

Gyt [ €6, 22 e R
sn—1

dE ;53 2,7) =
therefore dE VA = A"~1/((27)")SR(L)*SR(1) and the restriction theorem for ¢ = 2 is equivalent
to finding the largest p < 2 such that dE sz maps L? to L?". There is a natural class of Riemannian
manifolds, called scattering manifolds or asymptotically conic manifolds, for which the spectral measure
of the Laplacian admits an analogous factorization. Such manifolds, introduced by Melrose [1994], are
by definition the interior M° of a compact manifold with boundary M, such that the metric g is smooth
on M° and has the form )
= % + % (1-1)
in a collar neighborhood near d M, where x is a smooth boundary defining function for M and h(x)
is a smooth one-parameter family of metrics on d M; the function r := 1/x near x = 0 can be thought
of as a radial coordinate near infinity and the given metric is asymptotic to the exact conic metric
((0, 00), x M, dr? 4+ r?h(0)) as r — oco. Associated to the Laplacian on such a manifold is the family
of Poisson operators P (1) defined for A > 0. These form a sort of distorted Fourier transform for the
Laplacian: they map L?(dM) into the null space of Ay — A2 and satisfy dE\FAg AN =Qu)'POVYP)*
[Hassell and Vasy 1999]. Thus (A/ 2)~=D/2P(1)* is an analogue of the restriction operator in this
setting. The corresponding restriction problem is therefore to study the L” (M) — L9(d M) boundedness
of P())*, and its norm in terms of the frequency A (the dependence of P()) in A is no longer a scaling as
it is for R™).

The aim of the present work is to address these multiplier and restriction problems in the geometric
setting of asymptotically conic manifolds. In fact, we shall first show, in an abstract setting, that restriction-
type estimates on the spectral measure of an operator imply spectral multiplier results for that operator.
Then we will prove such restriction estimates for a class of operators which are 0-th order perturbations

of the Laplacian on asymptotically conic manifolds. In particular, our results cover the following settings:
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» Schrodinger operators, i.e., A + V on R", where V is smooth and decaying sufficiently at infinity.

» The Laplacian with respect to metric perturbations of the flat metric on R”, again decaying sufficiently
at infinity.

o The Laplacian on asymptotically conic manifolds.
Our first main result is that restriction estimates imply spectral multiplier estimates:

Theorem 1.1. Let L be a nonnegative self-adjoint operator on L*>(X, d ), where (X, d, i) is a metric
measure space such that the volume of balls satisfy the uniform bound C, > w(B(x, p))/p" > C for
some C, > C| > 0. Suppose that the operator cos(t~/L) satisfies finite speed propagation property (2-2),
that the spectrum of L is absolutely continuous and that there exists 1 < p < 2 such that the spectral
measure of L satisfies

IdE /g ()| ps pr < CAM/P7HPOZL, (1-2)

where p' is the exponent conjugate to p. Let s > n(1/p — 1/2) be a Sobolev exponent. Then there exists
C depending only on n, p, s, and the constant in (2-3) such that, for every even F € H*(R) supported in
[—1, 1], F(v/L) maps L?(X) — L?(X), and

sup [| F(@vL) |l p— p < CIIF |l 15 (1-3)

a>0
Remark 1.2. As noted above, the hypothesis (1-2) is valid on the Euclidean space R" and for exponents
1 <p<2m+1)/(n+3). In this case, the result is sharp in the sense that the hypothesis cannot be
weakened to F € H* for any s" < n(1/p — 1/2); see [Stein 1993, Section IX.2]. In fact, the proof
shows that the theorem is true if we only assume F € B{’y(zl/ P=1/2) which is slightly weaker, and gives an
endpoint result. The result is sharp also in the sense that H® cannot be replaced by the L9 Sobolev space
W, and BG/P=1/2) cannot be replaced by B{”(ql/ P=1/2) for any g < 2; see Remark 2.11 below.

In the second part of the paper, we prove (1-2) for the spectral measure of the Laplacian A, plus a
suitable potential, on asymptotically conic manifolds.

Theorem 1.3. Let (M, g) be an asymptotically conic manifold of dimension n > 3, and let x be a smooth
boundary defining function of M. Let H := A,+V be a Schrodinger operator on M, with V € x3C® (M),
and assume that H is a positive operator and that 0 is neither an eigenvalue nor a resonance. Then:

(A) For any Ag > 0 there exists a constant C > 0 such that the spectral measure dE (M) for ~/ H satisfies

“dE\/ﬁ()\')”LP(M)—)LP,(M) < CAH(I/P—I/p’)—I (1_4)

for1 < p<2mn+1)/(n+3)and 0 < A < L.
(B) If (M, g) is nontrapping, then there exists C > 0 such that (1-4) holds for all » > 0.

(C) If (M, g) is trapping and has asymptotically Euclidean ends, there exists y € C;°(M°) and C > 0
such that

(1= X)E /(L= ) Loty 1t aay < CA"I/PTVPO1 a0, (1-5)
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forl < p <2m+1)/(n+ 3). However, (1-4) need not hold for all A > O: there exist (trapping)
asymptotically Euclidean manifolds (M, g), sequences A,, — 0o and C, ¢ > 0 such that

|ldE A ()‘n)”Lp MY—LP (M) = Cedn- (1-6)
VA, (M) (M)
(D) On the other hand, the Sogge-type spectral projection estimate
”1[A,A+1](\/Zg)||L17(M)_>L17’(M) = C)\n(l/p_l/p/)_l’ VA >1, (1'7)

holds for 1 < p <2(n+ 1)/(n + 3) for all asymptotically conic manifolds, trapping or not, and
indeed for the much larger class of complete manifolds with C*° bounded geometry.

Remark 1.4. When the spectral measure estimate (1-4) holds, it trivially implies the Sogge-type spectral
projection estimate (1-7), by integrating over a unit interval in A. On the other hand, parts (C) and (D) of
Theorem 1.3 show that the Sogge estimate holds in far greater generality than (1-4).

Remark 1.5. Probably the nontrapping condition is not necessary to obtain the estimate (1-4) for all
A > 0; it seems likely that asymptotically conic manifolds with a hyperbolic trapped set of sufficiently
small dimension will also satisfy (1-4), by analogy with [Burq et al. 2010]. However, manifolds with
elliptic trapping will typically have sequences of A for which the norm on the left hand side of (1-4)
grows superpolynomially; see Section 8C.

Remark 1.6. The spatially cut-off estimate (1-5) can be compared to the nontrapping L? estimate proved
by Cardoso and Vodev [2002]

I =@ =22 +i0) ' A=)l 22, =07, VA>1,Va> 4,
where Lg = (r)™*L*(M). As a matter of fact, we use this estimate to prove (1-5).

Since H in Theorem 1.3 also satisfies the finite speed of propagation property (2-2), we deduce from
the two theorems above

Corollary 1.7. Let L = H, where H is as in Theorem 1.3, and assume that (M, g) in Theorem 1.3 is
nontrapping. Then L satisfies (1-3), where F and s are as in Theorem 1.1 and p € [1,2(n+1)/(n + 3)].

Remark 1.8. As far as we are aware, the restriction estimates for the spectral measure in Theorem 1.3
were previously known only for H being the Laplacian in the Euclidean space R". As for the spectral
multiplier result of Corollary 1.7, this was previously known for s > n(1/p —1/2) 4+ 1/2 [Duong et al.
2002]. Thus, for p € [1,2(n 4+ 1)/(n + 3)], we gain half a derivative over the best results previously
known. The region in the (1/p, s)-plane in which we improve previous results is illustrated in Figure 1.
The lower threshold of n(1/p — 1/2) for the Sobolev exponent s in Corollary 1.7 is known to be sharp in
Euclidean space, and it is not hard to see that it is sharp for any asymptotically conic manifold.

Remark 1.9. There are not many examples of sharp spectral multiplier results in the literature. Those
known to the authors are as follows. The sharp multiplier result in (1-3) for p =2(n +1)/(n 4 3) (the
other p are obtained by interpolation) was proved for the Laplacian on any compact manifold by Seeger
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Figure 1. Map of where the statement of (1-3) has been established on nontrapping
asymptotically conic manifolds, for different values of s and p. In region A this was
previously known ([Duong et al. 2002]; see also Proposition 2.9). In the present paper
we establish (1-3) also for region B (previously this was known only in the classical
case of flat Euclidean space and the flat Laplacian). In region C it is known to be false,
while region D is still unknown. For comparison with the Bochner—Riesz multiplier
Fs(\)=(1 —kz)i observe that Fj isin H* for s > §+41/2. For F = Fj, part of region D is
known for flat Euclidean space [Lee 2004], and the celebrated Bochner—Riesz conjecture
is that, for flat Euclidean space, (1-3) is true for F = Fj in the whole of D.

and Sogge [1989]. In fact, they only needed the integrated estimate (1-7) to obtain the multiplier theorem
in that setting. In the setting of the twisted Laplacian operator

n
Ay Ay + g UXIP VIR =i 32 (xdy, — ;85
j=1
the sharp multiplier result of (1-3) was proved by Stempak and Zienkiewicz [1998]. However, in this
setting the required form of restriction estimates differs from both (1-4) and (1-7); see [Koch and Ricci
2007]. The last case of a sharp multiplier theorem known to us, although with a slightly different range
of p, is for the harmonic oscillator; see [Karadzhov 1994; Koch and Tataru 2005; Thangavelu 1993].

Remark 1.10. A multiplier theorem of the type (1-3) does not hold for manifolds with exponential
volume growth (like negatively curved complete manifolds); a necessary condition on the multiplier F in
that case is typically a holomorphic extension of F into a strip. See for instance the work of Clerc and
Stein [1974] or Anker [1990] for the case of noncompact symmetric spaces, or Taylor [1989] in the case
of manifolds with bounded geometry, where sufficient conditions are also given.
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Remark 1.11. Theorems 1.1 and 1.3 imply Bochner-Riesz summability for a range of exponents similar
to those proved for the Euclidean Laplacian in [Stein 1993, page 390; Sogge 1993, Theorem 2.3.1] and
for compact manifolds by Christ and Sogge [1988] and Sogge [1987]. See Corollary 2.10 below.

The heuristics one can extract from Theorem 1.3 and the last two remarks can be summarized as
follows:

» The sharp restriction estimate on dE(A) at bounded and low frequencies A only depends on the
geometry near infinity.

« The high frequency restriction estimate on dE(A) also depends strongly on global dynamical proper-
ties (trapping/nontrapping).

e The integrated estimate (1-7) for all frequencies A > 1 only depends on having uniform local
geometry.

The proof of Theorem 1.1, given in Section 2, is based on a principle common to the proofs of most
Fourier and spectral multiplier theorems. The rough idea is that one can control the L? to L? norm
of operators with singular integral kernels by estimating the L? to LY norm of the operator for some
q > p (usually g = 2) and showing that a large part of the corresponding kernel is concentrated near the
diagonal; see [Fefferman 1970; 1973; Seeger and Sogge 1989; Sogge 1987]. For calculations starting
from L' — L? estimates this principle can be equivalently stated in terms of weighted L? norms of the
kernel; see [Cowling and Sikora 2001; Hérmander 1960; Mauceri and Meda 1990]. Our implementation
of this principle in the proof of Theorem 1.1 is based on finite speed propagation of the wave equation,
following [Cheeger et al. 1982; Cowling and Sikora 2001; Sikora 2004]. In the proof, we decompose the
operator F(a+/L) as a sum over £ € N of multipliers Fy(a+/L) satisfying some finite speed propagation
properties with F;, Schwartz. The L? — L? norms for F; (a\/Z) are controlled by C (a28)yn/p=1/2)
times the L” — L2 norms and then the 7 7* argument reduces the problem to the bound of the L? — L’
norms of | Fy |2(a«/Z), which can be obtained using the restriction estimate of the spectral measure.

The proof of Theorem 1.3 proceeds in two steps. In the first step we suppose that we have an abstract
operator L whose spectral measure can be factorized as dE ﬁ(k) = (27)"'P(L) P(1)* (see the discussion
below (1-1)), where the initial space of P(A) is a Hilbert space. We then prove the following result in
Section 3:

Proposition 1.12. Let (X, d, i) and L be as in Theorem 1.1, and assume dEﬁ(k) =Q2n) " 'PL)PO)*
as described above. Also assume that for each A we have an operator partition of unity on L>(X),

N

d=>"0;(). (1-8)

i=1

where the Q; are uniformly bounded as operators on L>(X) and N ()) is uniformly bounded. We assume
that for 1 <i < N()), and some nonnegative function w(z, z’) on X x X, the estimate

(QiIEL () 01()) (@, )] = €A1 (14 Aw(z, )" (1-9)
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holds for j =0 and for j =n/2—1and j =n/2 ifniseven,orfor j=n/2—3/2and j=n/2+1/2if
n is odd. Here dE") (k) means (d /d})’ dE jL. (M), and C is independent of A and i. Then the restriction

estimates

1p=1/p)-1 2(n+1)
‘|dE\/7()\')HLP(X)—)L1) x) = C/an Pl l<p< Thi3 (1-10)

hold for all » > 0. Moreover, if the estimates above hold only for 0 < A < Ay, then (1-10) holds for
0< A<

The key point here is that we only need to consider operators Q; ()L)dEf%()») Qi (A) for i =k, which
effectively means that we only need to analyze the kernel of dE Eﬂ (1) close to the diagonal. The proof of
this is based on the complex interpolation idea of Stein [1956] and appears in Section 3.

The second step is to prove estimates (1-9) in the case where L is the Laplacian or a Schrodinger
operator on an asymptotically conic manifold:

Theorem 1.13. Let (M, g) and H be as in Theorem 1.3. Then there exists an operator partition of unity,
(1-8), where the Q; are uniformly bounded as operators on L*(X) and N(}) is uniformly bounded, such
that the estimates (1-9) hold for all integers j > 0 and for 0 < X < Ao, where w(z, 7') is the Riemannian
distance between points z,7' € M°. Moreover, if (M, g) is nontrapping, then estimates (1-9) hold for all
0< A< o0

In the free Euclidean setting, this estimate is obvious (with the trivial partition of unity) by using the
explicit formula of the spectral measure, but in our general setting it turns out to be quite involved and we
really need to choose the partition of unity carefully. We use some results of [Hassell and Vasy 2001] on
the resolvent of L on the spectrum, the high-energy (semiclassical) version of this [Hassell and Wunsch
2008] and the low energy estimates of our previous work [Guillarmou et al. 2012]. These three articles
on which we build our estimates describe the Schwartz kernel of the spectral measure as a Legendrian
distribution (a Fourier integral operator, in a sense) on a desingularized version of the compactification of
the space M x M, and this was done in a sort of uniform way with respect to the spectral parameter A.
The operators Q; in the partition of unity will be pseudodifferential operators of a particular sort; see
Section 6C for the estimate (1-9) for small A, and Section 7D for the same estimate for large A. By our
discussion above, this establishes parts (A) and (B) of Theorem 1.3. Part (C) of Theorem 1.3 is proved in
Section 8B and part (D) is proved in Section 8A.

Part I. Abstract self-adjoint operators

2. Restriction estimates imply spectral multiplier estimates

Let L be an abstract positive self-adjoint operator on L?(X), where X is a metric measure space with
metric d and measure . We make the following assumptions about L and (X, d, u):

e The space X is separable and has dimension 7 in the sense of the volume growth of balls: that is,
there exist constants 0 < ¢; < ¢p < 00 such that

c1p" < w(B(x, p)) < c2p" (2-1)
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for every x € X and p > 0;
« cos(t+/L) satisfies finite speed propagation in the sense that
supp cos(t«/Z) CY :={(z1,20) CX x X |d(z1,20) < t|}. (2-2)

This statement says that (f1, cos(t\/Z)fz) = 0 whenever supp fi € B(z1, p1), supp f2 € B(z2, p2)
and |t|+ p1 + p2 < d(z1, 22)-

L satisfies restriction estimates, which come in a strong and a weak form. We say that L satisfies L”
to L? restriction estimates for all energies if the spectral measure dE ﬁ(k) maps L?(X) to L”/(X )
for some p satisfying 1 < p <2 and all A > 0, with an operator norm estimate

14E /2| 1oy oy < CAP7HPO71 forall 4> 0. (2-3)

We also consider a weaker form of these estimates: we say that L satisfies low energy L? to L?'
restriction estimates if dE ﬁ(k) maps L7 (X) to Lp/(X ) for some p satisfying 1 < p < 2 and all
A € (0, Xo], with an operator norm estimate

l2E /£ o xyo 1 x) = CAMAP=ITE 0 < b < Ao, (2-4)
for some C, together with weaker estimates for A > Ao,

< CAMP=IPD > g, (2-5)

H Eﬁ[o’ )‘H LP(X)—LP (X)

with a uniform C. (Here Eﬁ[O, A] is the same as l[o,k](«/Z).)

Remark 2.1. The assumptions (with restriction estimates for all energies) are satisfied by taking X = R"
with the standard metric and measure, and L to be the (positive) Laplacian on R" (with domain H 2(RM)).
As we shall see, the assumptions are also satisfied for asymptotically conic manifolds, with the low energy
restriction estimates holding unconditionally, and restriction estimates for all energies satisfied if the
manifold is nontrapping.

Remark 2.2. Clearly, (2-5) follows from (2-3) by integrating over the interval [0, A]. However, in
Remark 8.8 we give an example where we have, by Proposition 8.1,

IE yz T A4 Ul Loy L ) < CAMHPZIPIZE50> 2,

(which implies (2-5)), but the pointwise estimate on the L” — L operator norm of dE(A) grows
exponentially for a subsequence of A tending to infinity.

Remark 2.3. Spectral projection estimate (2-5) is implied by a heat kernel bound

< Ct—n(l/p—l/p’>/2’ t < 1 (2-6)

—tL
lle “LI’;;LI’ =

This follows from short-time Gaussian bounds for the heat kernel, which hold for the Laplacian on any
complete Riemannian manifold with bounded curvature and injectivity radius bounded below [Cheng
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et al. 1981, Theorem 4]. Estimate (2-6) implies, using T*7, that ||e "L||,;,_ ;2 < Ct—"1/P=1/P/4 We
then compute, using 7*T again,

E 710, A1 = E s7[0, h] eH/¥ e LY

L/)\? |efL/,\2 ”2

= 1 E 10 Alllpespy = 110, 113y = | E g0, M™% 3, - [,

tL

Conversely, (2-5) implies the heat kernel bound (2-6), which can be seen by writing e~’* as in integral

over the spectral measure, and then integrating by parts.

2A. The main result. The following theorem is the main result of this section.

Theorem 2.4. Suppose that (X, d, u) and L satisfy (2-1) and (2-2), and that L satisfies L? to LY
restriction estimates for all energies, (2-3), for some p with 1 < p < 2. Let s > n(1/p —1/2) be a Sobolev
exponent. Then there exists C depending only on n, p, s, and the constant in (2-3) such that, for every

even F € H*(R) supported in [—1, 1], F(\/Z) maps LP(X) - LP(X), and

sup || F(@VL)| p— p < C||Fll 5. 2-7)

a>0

If L only satisfies the weaker estimates (2-4), (2-5), i.e., low energy L to L' restriction estimates, then

for all F as above, we have

sup ||F(@vVL)llpop < CIF g, (2-8)
a>4/rg

where C depends on n, p, s, Ao, and the constants in (2-4) and (2-5).

Remark 2.5. Notice that if p > 2n/(n + 1) then s = 1/2 satisfies s > n(1/p — 1/2). However, H'/?
functions need not be bounded, and such functions cannot be L” multipliers even for p =2, and a fortiori
for p # 2. We deduce that, under the assumptions of Theorem 2.4, estimate (2-3), or even (2-4), is
impossible for p > 2n/(n +1).

In preparation for the proof of Theorem 2.4, we have (following [Cheeger et al. 1982]):

Lemma 2.6. Assume that L satisfies (2-2) and that F is an even bounded Borel function with Fourier
transform F satisfying supp Fc [—p, pl. Then

supp K - /1) C Dp-

Proof. If F is an even function, then by the Fourier inversion formula,

+o0
F(WL) = - / F (1) cos(t+/I) dt.
2r J_
But supp Fc [—p, p] and Lemma 2.6 follows from (2-2). O

The next lemma is a crucial tool in using restriction type results, i.e., L? — L9 continuity of spectral
projectors, to obtain spectral multiplier type bounds, i.e., L” — L? estimates.
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Lemma 2.7. Suppose that (x, d, i) satisfies (2-1) and S is a bounded linear operator from LP(X) to
L9(X) such that

supp S C 9,
for some p > 0. Then for any 1 < p < q < 00 there exists a constant C = C), , such that
ISy p < Cp"VP7VDY S sy

Proof. We fix p > 0. Then we first choose a sequence x, € M such that d(x;, x;) > p/10 for i # j and
sup,cx inf; d(x, x;) < p/10. Such sequence exists because M is separable. Second, we define B; by the
formula

¢

B =5 (o)~ (UB (6 o) ). 29

where B (x, p) ={y e M: d(z,7) < p}. Third, we put x; = xj,, where xz is the characteristic function
of set B;. Fourth, we define the operator M,, by the formula M,,g = x;g.
Note that for i # j, B(x;, 2—10,0) NB(x;, 21—0,0) = &. Hence

B(x,2 n
K =sup#{j; d(x;, x;) <2p} <sup |B(x,2p)| A0
i

x B, 50 €

It is not difficult to see that if we set I = {i, j | d(x;, x;) < 2p}, then

@, C | ) BixBj CBap. so Sf=) MySM,,f.
ijel ijel

Hence, if we set J; = {j | d(x;, x;) < 2p} for a given i, then by the Holder inequality

ZMXiSMXjf ’ :Z ZMXiSMXjf

i,jel Lp i ljedi
< Z | B;|P/P=1D
i

p
ISfI1% =

p

> My SMy, f

JEJi

Y My SMy, f

JeJi

p

q
< cpri/r=io 3" g

i

q

< CKP—Ipnp(l/P—l/q) Z ZH M, SMXjf”;’
i jel;

< CKPpnp(l/P—l/q) ZHSMX/fHS
J

< CKppnP(l/P—l/q)Hsuz_)q Z”ijf”Z
j

= CKPp"Ur=lD|SID 1 F 115

This finishes the proof of Lemma 2.7. O
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Proof of Theorem 2.4. We first assume that L satisfies L? to L?" restriction estimates for all energies. We
take n € C2°(—4, 4) even and such that

t
Z”(i) =1 foralls#0.

leZ
Then we set ¢ (1) =Y, n(27'1),
1 +00 R
Fo(h) = 5— @ (t)F (1) cos(tr) dt,
and
+00 A
F(0) = % / n(%)F(r) cos(1) dt. (2-10)

Note that by virtue of the Fourier inversion formula,

FO) =) F®),

>0

and by Lemma 2.6,
supp F; (@VL) C D42

Now by Lemma 2.7,
IF@VD)llpp <Y NF@VD) | posp < C D Q)" VPV Fi(av/L) | posa. (2-11)

1>0 120

Unfortunately, F; is no longer compactly supported. To remedy this we choose a function ¢ € C2°(—4, 4)
such that (1) = 1 for A € (=2, 2) and note that

IFi(@V'L) | p—2 < (¥ F)(@VL) || 2 + (1 = ¥) F) (@VL) || 2.

To estimate the norm ||y Fj(c~/L)|| p—2 We use our restriction estimates (2-3). Using a 7*T argument
and the fact that supp ¢ C [—4, 4], we note that

4/a
1V Fi@vVD) I3, = 11¥ F P @VL) pos p < /O [ Fy (@) |dE /z (W)l ps pr A

4
C
< 5/ II/sz(X)IZIIdEﬁ(?»/a)||p—>p/ dhx. (2-12)
0
It follows from the above calculation and (2-3) that
VP |y Fi(av/L) | psa < CllY Filla (2-13)

for all « > 0. As a consequence, we obtain

> 2T B Ur Dy BV L) pr < ) 2"y R
=0 (=0
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for all & > 0. Now let us recall that by the definition of a Besov space,

» 2P Dy By < 3 2PN Ely = || F Y guase-io.
1,2
>0 =0

See [Triebel 1992, Chapters I and II] for more details. We also recall that if s > s’ then H® C Bf:z and
I F Nl graso-172 < Csl| Fl s for all s > n(1/p — 1/2) [ibid.]. Therefore, we have shown that
1,2

> 2= iDr P2 |y Fy(a/L) [ pa < C| Flls. (2-14)
=0

Next we obtain bounds for the part of estimate (2-11) corresponding to the term ||(1—) Fi(« VL) 2.
This only requires the spectral projection estimates (2-5). We write

(1= ) F[*(@vVL) = fo |(1 =) (@l) Fi (M) [*dE /(A
*rd
=- /0 (4510 = V@D @) E g6 d

I v 2
—— [ ({510 = D0 EGP)E /e dr.

Hence, using (2-5),

2 *rd 5\ A\ p=1/p)
||(1—l//)F1(OM/L)||p_>2§C/O (510 =nmREmE)(%) . (@15)
We write
_ 1 ity (1 Y
FiG) =5 /e n(g)F(A)d)\ dr,

use the identity
10— — =N G 3N (d i)V it O

and integrate by parts N times. Note that if A € supp 1 — ¢ and A" € supp F then A >2 and A’ < 1, and
hence A — A’ > A /2. It follows that

(=))W < Ca~ M2 VD F,,
with C independent of N. Similarly,
L= R0 = ca¥ Ny,
Using this in (2-15) with N sufficiently large and / > 2, we obtain
Q@'a)" VP =) )@V D)l sz < C27'| F 2.
Therefore, we have

> @) VP21 = ) )@Vl psa < CIIFll2 < ClI Fll o (2-16)
)
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Equations (2-11), (2-14) and (2-16) prove (2-7).

The proof in the case that L satisfies low-energy restriction estimates (2-4) and (2-5) proceeds the
same way, except that we require the condition o < 4/Xq at the step (2-12) in order that we can use the
pointwise estimate (2-4) on the spectral measure in this integral. U

Remark 2.8. Note that if we only assume that (2-5) holds for all A > 0 then we still have

V=D |y i@y D) pn < "7V |y FiaVDe |, - e E |
< ClIY Filloos

p—>2

Now the above estimate is just a version of (2-13) with norm |[v Fj||; replaced by || Fi||o0. Next if we
replace the Besov space B?’(Zl /P12 by BI”(OIC{p /2 then we can still follow the proof of Theorem 2.4.
Recall also that if s > s’ then W3, C Bf:oo and ||F||B;l,<olo/ﬁ—'/2> < Cs||F|lws, foralls >n(1/p—1/2), where
IFllws, = II(I —d?/dx?)*/*F ||o; see again [Triebel 1992]. This implies that (2-14) holds with the norm
| F || s replaced by the norm || F[|ws . As the rest of the proof of Theorem 2.4 does not require (2-3), the

above argument proves the following proposition.

Proposition 2.9. Suppose that (X, d, u) and L satisfy (2-1) and (2-2), and that L satisfies (2-5) for
all A > 0. Let s > n|1/p — 1/2| be a Sobolev exponent. Then there exists C depending only on n, p,
s, and the constant in (2-5) such that, for every even F € W3 (R) supported in [—-1, 1], F (\/Z) maps
LP(X)— LP(X), and
sup | F @V Dllp—p < CIIFllws, - (2-17)
a>0
Note also that if s > 5" then || F|| ;v < C|| F| ys+1/2. That is, the multiplier result with exponent one-half
bigger then the optimal exponent doogs not require (2-3) and holds just under assumption (2-5), which is
equivalent with the standard heat kernel bounds (2-6) (for all #). For p = 1, Proposition 2.9 was proved
in [Christ and Sogge 1988] and can be alternatively proved using Theorem 3.5 in the same paper and
interpolation, see also [Duong et al. 2002, Theorem 3.1].
From this point of view, the key point about Theorem 2.4 is the gain of half a derivative over the more
elementary (2-17).

2B. Bochner—Riesz summability. We use Theorem 2.4 to discuss boundedness of Bochner—Riesz means
of the operator L. Bochner—Riesz summability is technically speaking a slight weakening of Theorem 2.4
but is very close, and it allows us to compare our results with results described in [Stein 1993; Sogge
1993]. Let us recall that Bochner-Riesz means of order § are defined by the formula

(1—L/A%%, r>0. (2-18)

For § = 0, this is the spectral projector E vz ([0, A]), while for § > 0 we think of (2-18) as a smoothed
version of this spectral projector; the larger §, the more smoothing. Bochner—Riesz summability describes
the range of § for which the above operators are bounded on L? uniformly in A.
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Corollary 2.10. Suppose that (X, d, ) is as above, and that restriction estimates (2-3) for exponents
1 < p <2(m+1)/(n+3) and finite speed propagation property (2-2) hold for operator L. Then for all

2(n—|—1)] [2(n+1) ] 1 1) 1
e[l, 13 U 1 ,00| and §>n > >
we have
(1 = L/3»5 | psp < C forall x> 0. (2-19)

Forall p € (Z(n +1)/(n+3),2(n+1)/(n— 1)) these estimates hold if § > %(n —D1/p—1/2|.

Proof. Note that (1 — Az)i € H' if and only if § > s —1/2. Now for p <2(n+1)/(n+ 3) Corollary 2.10
follows from Theorem 2.4. For 2(n + 1)/(n +3) < p < 2 Corollary 2.10 follows from interpolating
between (2-19) with p =2(n+ 1) /(n + 3) and the trivial estimate for p = 2. For p > 2 the results follow
by duality. O

Remark 2.11. We noted in the proof above that Corollary 2.10 follows from Theorem 2.4. In fact the
Corollary 2.10 is slightly but essentially weaker than Theorem 2.4. Indeed Corollary 2.10 is equivalent to
the version of Theorem 2.4 in which the H® norm of a compactly supported function F is replaced by
the L' norm of F* := F « X;S’l, where . is as in Section 3. To prove this we note that

F(av/L) =/X11(x—a«/Z)F”(x)dx, v > 0;

see (3-3) and (3-4). Hence if estimates (2-19) hold for some exponent 8 then || F (cv/L) lp—p < Fo
and Bochner—Riesz summability of order § implies Theorem 2.4 with the norm || F 8+1||;. Note that if F,
supported in [—1, 1], is such that FST1/2 is in L' (R), then F is in HS/([R{) for all s/ < s with an estimate
| Fllys < CIF SHL/2| 1. Hence, conversely, Theorem 2.4 with the stronger hypothesis F SHI2 e ]
implies Bochner—Riesz summability of order § for all § > s — 1/2.

2C. Singular integrals. Finally we will discuss a singular integral version of our spectral multiplier
result. The following theorem is just reformulation of [Cowling and Sikora 2001, Theorem 3.5]. We write
D, for the scaling operator D, F (x) = F(kx).

Theorem 2.12. Suppose that operator L satisfies finite speed propagation property (2-2), that s > n/2

and that
IdE /f(M)ll1so0e < A" forall &> 0. (2-20)

Next let n be a smooth compactly supported nonzero function. Then for any Borel bounded function F
such that sup,._ [|n Dy F'||ly» < 00 the operator F(«/Z) is of weak type (1, 1) and is bounded on L1(X)
forall 1 < g < oo. In addition,
IF/Dll g = C(sup 1Dy Fllyyy + 1FO)]). (2-21)
k>0
Remark 2.13. It is a standard observation that up to equivalence the norm

sup |1 Dy F ||y

k>0
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does not depend on the auxiliary function 7 as long as 7 is not identically equal zero.

Proof. Using T*T trick we note that by (2-20) one has

IFVID) o, = 1FPVL) 1500 < / |F)PIE jz (W ll1>o0 dA < C f |F()PA" " d.

~Jo 0
Hence if supp F' C [0, R) then
IF(/L)Ii-, < CR"|DRF I3,

that is, the estimates (3.22) of Theorem 3.5 of [Cowling and Sikora 2001] hold. Now Theorem 2.12
follows from the same Theorem 3.5. O

Remark 2.14. Theorem 2.12 is a singular integral version of Theorem 2.4 for p = 1. We expect that
a similar extension to a singular integral version is possible for all p. That is if one assumes that
s > n|1/2—1/p] then one can prove weak-type (p, p) version of estimates (2-21). However the proof of
such results seems to be more complex and not directly related to the rest of this paper, so we will not
pursue this idea further here.

3. Kernel estimates imply restriction estimates

The goal of this section is to prove Proposition 1.12; that is, we show that restriction estimates (2-3)
or (2-4) follow from certain pointwise estimates of A-derivatives of the kernel of the spectral measure.
We first prove a simplified version of Proposition 1.12 in which the partition of unity does not appear. We
work in the same abstract setting as the previous section.

Proposition 3.1. Let (X, d, i) be a metric measure space and L an abstract positive self-adjoint operator
on L*(X, ). Assume that the spectral measure dEﬁ(k) for V'L has a Schwartz kernel dEﬁ()\) (z,7)
that satisfies, for some nonnegative function w on X x X and some n > 3, the estimate

d ' n—l—j IN—(n—1)/2+] i
(5) Bz )| = €1 (A 4 hanz, ) (3-1)

for j=0andfor j=n/2—1and j =n/2ifniseven,orfor j=n/2—3/2and j=n/2+1/2ifnis
odd. Then (2-3) holds for all p in the range [1,2(n + 1) /(n + 3)]. Moreover, if the estimates above hold
only for 0 < A < Ao, then (2-4) hold for the same range of p.

We prove this proposition via complex interpolation, embedding the derivatives of the spectral measure
in an analytic family of operators, following the original (unpublished) proof of Stein in the classical
case. To do this we use the distributions x{, defined by

x§=x4/Ta+,

where I' is the gamma function and
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The x{ are clearly distributions for Rea > —1, and we have for Rea > 0,

d d _
o x4 =axt! = oXE=uxd ! (3-2)

which we use to extend the family of functions x{ to a family of distributions on R defined for all a € C;
see [Hormander 1983] for details. Since X_(ﬂ(x) = H(x) is the Heaviside function, it follows that

Th=s{TV k=1,2,..., (3-3)
and therefore

k—1
O =VD) = E (04D and 3 t0-vVD) = () dE 700, k=1

A standard computation shows that for all w, z € C,

XL xS = et (3-4)

where xY * x7 is the convolution of the distributions x and x; see [Hormander 1983, (3.4.10)]. We
can use this relation to define the operators x5 (A — VL) for Re z < 0, provided that the spectral measure
of +/L satisfies estimates of the type in Proposition 3.1:

Definition 3.2. Suppose that X, L and w are as in Proposition 3.1, and that L satisfies the kernel estimate

()

for some k > 0,/ > 0 and B. Then, for —(k +1) < Rea < 0 we define the operator x{ (A — VL) to be
that operator with kernel

K% T - VD) (22 = (— 1)/

Notice that the integral converges, since Re(k +a) > —1 and [ > 0 in (3-5). It is also independent of

<CAM 1+ 2wz, 7)) (3-5)

d
m< )dEf()‘ 0)(z,7)do.  (3-6)

the choice of integer k > —Rea — 1 (provided (3-5) holds), as we check by integrating by parts in o in
the integral above, and using (3-2). Note that the kernel x{ (A — \/Z) (z,Z) is analytic in a, and as an
cOmp(X) to Ly (X). Therefore, for each fixed A > 0, the family x{ (A — \/Z) is
an analytic family of operators in the sense of Stein [1956] in the parameter a, for Rea > —k.

integral operator maps L

In the proof of Proposition 3.1 we will need the following:

Lemma 3.3. Suppose that k € N, that —k < a <b < ¢ and that b = 0a + (1 — 0)c. Then there exists a
constant C such that for any C*¥=! function f: R — C with compact support, one has

12 s flloo < CC4[sDE™ V2% s £ IS * £1IL57
forall s e R.

Remark 3.4. The convolution x{ * f, fora > —k and f € Cf_l (R), may be defined to be Xfrk_l *f(k_l);
this is independent of the choice of k.
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Proof. Set, for ¢ € C,
If=xixf

and consider the operator I, ;s (o I. 4+ I,) ', where the number o € C such that |o| = 1 will be specified
later. By (3-4)

Ipris(@ L+ 1) " = Igyis (011 + 1) = Iy (a1 + 1) 7",

where B =b—c—1and @ =a —c— 1. Note that « < 8 < —1. A standard calculation [Hérmander 1983,
Example 7.1.17, page 167 and (3.2.9) page 72] shows that for Re{ < —1,

x5 (&) = e TEHDR o),
It follows that Ig;s(o 1 + 1,)"' f = f %1y, where 7; is the locally integrable function

_ie—i7r(,3+is)/2§;(,3+i3)*1 + iein(ﬂ+is)/2§:(ﬁ+is)*1

n5(§) = o — ie—ina/Zg;a—l + ieimx/Zé_—_—a—l
Here £, = max(0, £) and £_ = — min(0, £). Note that if |o| =1 and o ¢ {ie™"*/?, —je~"*/?} then

‘%ﬁs(é)‘ < C(1+[sDe™ 2 min (5|72, |g| 7T

and —f4+oa—1< —1 < —8—2. It follows from these estimates that the function %77} is in an L?(R)
space for some 1 < p < 2 and is also in some weighted space L'((1 + |x|)¢dx, R). By the Sobolev

embedding and Hausdorff—Young theorems, the function x — xn(x) is in L? (R) for the conjugate
exponent p’ < 0o and in C¢ (R) for some € > 0. Hence 7, is in L' and we have

sl < C(1+|s))e™ 172,

Hence the operator Ip45(c 1, + L)'= lgyis(ol + I,)~! is bounded on L*°(R) and
otis flloo < CA+1sDe™ V20 I f + Lo flloo < CA+[sDE™ (e flloo + Ha f o)

Now if we set D, f(x) = f(kx) then for all ¢ € C,

I.Def = 'DI, f,
SO

kP psis flloo = kPN DicIpvis f lloo = kM ptis D f lloo-

Hence

K P pris flloe = &l Iptis Dic flloo < C(L+1sDe™ 2 (ke | I (Die f)lloo + k|1 1e(Dic ) ll oo )
=C(1+IsDe™ 12 (k™ Iy flloo + kI e flloo)-

Putting «*7¢ = ||Iaf||oo||ICf||g01 in this estimate yields Lemma 3.3. O
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Proof of Proposition 3.1. To prove (2-3) in the range 1 < p <2(n+1)/(n+3), it suffices by interpolation
to establish the result for the endpoints p =1 and p =2(n + 1)/(n 4 3). The endpoint p =1 is precisely
(3-1) for j =0, so it remains to obtain the endpoint p =2(n + 1)/(n + 3). This we will obtain through
complex interpolation, applied to the analytic (in the parameter a) family x{ (A — VL) in the strip

—(n+1)/2<Rea <0.
On the line Re a = 0, we have the estimate

is 1 sinh s ‘
iscy ./ < — < |s|/2
lx™ (A L)llg2p2 < ‘F(l—l—is) A Ce .
On the line Rea = —(n 4 1) /2, we will prove an estimate of the form

|~ G = VD)1 e < CA+IsDeHIPABD2 forall s € R.

—>L>® —

Then, since we can write

dE 70 = x;' . — VL)
and

n—1 2 (_n—i—l) and n+3 n—1

B TS R R +

1
= L2 1
2(n+1) n+1 2 n+l 7

we obtain (2-3) at p =2(n+ 1)/(n + 3) by complex interpolation.

(3-7)

It remains to prove (3-7). Let n € C2°(R) be a function such that 0 < n(x) <1 for all x € R and

n(x) =1 for |x| <2 and n(x) =0 for |x| > 4. Set

F220) =0 x (0 /0x7C = V)@ D)), n=2k,
FIR0) = x5 /Mx (- =VD) @ ),  n=2k+1

Note that supp(x3) C [0, co) for all z, and L > 0. It follows that for A < A and n = 2k,
Fzs,’zl/\ ) = X;3/2—is " X;k(k —VIL)z.7) = X;(n—i—l)/Z—is(k VD)2 Z)
andfor A < Aandn=2k+1,
FPR0) = x2 7 xx 0 - VD) (@ ) = x; " 0= VD) (2, ),
i.e., the cutoff function n has no effect for A < A. Hence

A=V = sup I P WL
2,7/
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We consider first the odd-dimensional case n = 2k + 1. By Lemma 3.3 and (3-3),

[Frr | < [F0 .
= CC+IsDe™™ 2 supl (6" (/M = VD) N
xsupl (3 1/ M= VD M)
<c(1+|s|)e”'s'/ziu18|n()\/A)X (r—VL)(z, z ){1/2
> <sup| 4 LY " e

where the presence of the n cutoff is now crucial. It follows from (3-1) with j = n/2 — 3/2 and
j=n/2+4+1/2,ie., j=k—1and j =k+1, that

sup [n(h/ M) x* 0. — VL) (z, )| < CAMI (1 4+ Aw(z, 2) 7.
A>0

(Here we used the fact that the function AX (1 +Aw)? is an increasing function of A provided A >0, w >0,
k>0and k+ B > 0.) Similarly,

sup

n(/\/ A)x
A>0 d)‘z +

< Supin(k/A)x_k 2(r— ﬁ)(z )|
A>
+ X iupln /M x T =V D)z, )
+ L sup|n' 0/ m)x = VI, D)
A A>0
<CA 14 Aw(z, 2)).

Our estimate (3-7) for n = 2k + 1 follows now from these two estimates and (3-8).
If n = 2k is even, then by Lemma 3.3 and (3-3),

[Fom] =[R2
1/2
<C(1+|s|>e”'5'/2 supl(x+ £ (0C/ X7 = VD) 2)) )|
_ _ 1/2
x sup| (x 72 (/M) x T ¢ = VD). D) )|
2>0
< C(1+IsDe™ 2 sup|n(r/MxT*( — VL) . )|
>0 d P
x sup| -0 (4/ M) x . (39
>0
and we follow the same argument as in the odd-dimensional case to establish (3-7) for n = 2k. U

In some situations, including the case of Laplace-type operators on asymptotically conic manifolds
discussed later in this paper, we can express the spectral measure dE (1) in the form P (1) P(1)*, where
the initial space of P()) is an auxiliary Hilbert space H. In this case, we can use a 7'7T™* argument to
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show that the conclusions of Proposition 3.1 follow from localized estimates on dE (1), that is, on kernel
estimates on Q;dE (1) Q;, with respect to a operator partition of unity

N(X)

d=)"0;n), 1<i<N®).

Notice that we allow the partition of unity to depend on A. However, we shall assume that N(}) is
uniformly bounded in A.

Remark 3.5. Here we assume that Q; (A)dE /) (A) Q;(A) can be defined somehow and has a Schwartz
kernel; for example, we might know that there is some weight function @ on X such that dEf%()») isa
bounded map from w’ +1L2(X) to w™/7'L2(X), and that Q; (}) maps o*L*(X) boundedly to itself for
any a. This is the case in our application to asymptotically conic manifolds, with @ = x (where x is as in

(1-1).

Proof of Proposition 1.12. Observe that Proposition 1.12 reduces to Proposition 3.1 in the case that the
partition of unity Q; is trivial. We apply the argument in the proof of Proposition 3.1 to the operators
Q;(MAE) Qi (1), i.e., we replace dEﬁ(A) by Q[(A)dEﬁ(A) Q;(A)* in (3-6). The conclusion is that

1Qi ME /() Qi W) I 1o ixty 1o (x) = CH"A/P=1/P)=1 for all A > 0.
Using the fact that dE vih) = P(A)P(A)* and the TT* trick, we deduce that
1Qi QPO 1 xys Lo (x) < CA"VZVPIZI2 for all 4 > 0.

Now we can sum over i, and find that

||P()")||L2(X)_>Lp x) = < C)\.n(l/z l/p) 172 fOI' all A > O
Finally, we use dE ;7 (1) = P(A)P(1)* and the TT* trick again to deduce that

IE /7 W 1oy 10’ (xy < CA"P7YPIL for all 4 > 0,

yielding (2-3). Moreover, if the estimates hold only for 0 < A < Ag, then we obtain (2-4) instead. [

Remark 3.6. We acknowledge and thank Jared Wunsch for suggesting to us that the 7T* trick would be
useful here.

Part II. Schrodinger operators on asymptotically conic manifolds

In this second part of the paper, we specialize to the case that (X, d, i) is an asymptotically conic
manifold (M°, g) with the Riemannian distance function d and Riemannian measure y, and L is a
Schrodinger operator H on L2(M°, g), that is, an operator of the form H = A ¢+ V, where Ay is the
positive Laplacian associated to g and V € C°°(M) is a potential function vanishing to third order at the
boundary of the compactification M of M°. We assume that H has no L?-eigenvalues (which implies
that it is positive as an operator) and that zero is not a resonance.
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The goal in this part of the paper is to show that H satisfies the low energy spectral measure estimates
(2-4), and the full spectral measure estimates (2-3) provided that (M°, g) is nontrapping. To do this,
we will establish the estimates (1-9) for a suitable partition of unity Q;(1). In the case of low energy
estimates, i.e., A € (0, Ag] for A9 < oo, these Q; will be pseudodifferential operators, lying in the calculus
of operators introduced in [Guillarmou and Hassell 2008]. Thus our first task is to determine the nature of
the operator Q;dE (1) Q; for such Q;, which is the subject of Section 5. Before this, however, we recall
some of the geometric preliminaries from [Guillarmou et al. 2012; Hassell and Wunsch 2008].

4. Geometric preliminaries

The Schwartz kernel of the spectral measure was constructed in [Guillarmou et al. 2012] for low energies
and in [Hassell and Wunsch 2008] for high energies on a compactification of the space [0, Ag] x (M°)?,
respectively [0, ig] x (M°)?, where we use 4 = A ™! in place of A for high energies. We use the definitions
and machinery from these papers extensively, and we do not review this material comprehensively here,
since that would double the length of this paper. Nevertheless, we shall describe these compactifications,
review some of their geometric properties, and define some coordinate systems that we shall use in the
following sections.

Recall from the introduction that (M°, g) is asymptotically conic if M° is the interior of a compact
manifold M with boundary, such that in a collar neighborhood of the boundary, the metric g takes the form
g= dx? /x4 + h(x) /xz, where x is a boundary defining function and /(x) is a smooth family of metrics
on the boundary dM. We use y = (y1, ..., y,—1) for local coordinates on d M, so that (x, y) furnish local
coordinates on M near dM. Away from d M, we use z = (21, .. ., Z,) to denote local coordinates.

4A. The low energy space M ,f - In [Guillarmou and Hassell 2008; Guillarmou et al. 2012], following
unpublished work of Melrose and S4 Barreto, the low energy space M ,f » 18 defined as follows: starting
with [0, o] x M2, we define submanifolds C3 := {0} x M x dM and

Cop =0} xOMxM, Crp:={0}xMxoM, Crc:=[0,1]x0M xdM.

The space M ,f » 18 then defined as [0, Ag] x M 2 with the codimension 3 corner C3 blown up, followed by
the three codimension 2 corners Cj 4:

Mg, =110, 11 x M x M; C3, Ca.r, Ca., Ca.c]-

The new boundary hypersurfaces created by these blowups are labeled bfy, rbg, Ibg and bf, respectively,
and the original boundary hypersurfaces {0} x M 2 [0,A] x M x M and [0, 1] x 9M x M are labeled
zf, b, Ib, respectively. We remark that zf is canonically diffeomorphic to the b-double space

M} =[M?* M x dM].

Also, each section M,i » N {A = Ay}, for fixed 0 < A, < A is canonically diffeomorphic to Mg.
We define functions x and y on M ,3 » by lifting from the left copy of M (near 9 M), and x’, y’ by lifting
from the right copy of M; similarly z, z’ (away from dM). We also define p = x/A, p’ = x’/A, and
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o = p/p’ =x/x". Near bf and away from rb, we use coordinates y, y', o, p’, A, while near bf and away
from 1b, we use y, ¥/, o~ !, p, ». We also use the notation pe, where o = bfy, Iby, . . ., to denote a generic
boundary defining function for the boundary hypersurface e.
This space has a compressed cotangent bundle ©-*T* M ,f »» defined in [Guillarmou et al. 2012, Section 2].
A basis of sections of this space is given, in the region p, p’ < C (which includes a neighborhood of bf),
by
do dpl dyi b b

— - 4-1
pz b p/z 9 p b p/ b )‘ ( )
Therefore, any point in &2 T*M ,f » lying over this region can be written as
dp ,dp’ i oAy dh
Vp-i- 7+Mz_+M57+TT- 4-2)

This defines local coordinates (y, y’, o, o/, A, w, u', v, V', T) in “’T*M,g’b, near bf and away from rb,
where (u, i/, v, v, T) are linear coordinates on each fiber.

The compressed density bundle 2 , (M ,3 ») 1s defined to be that line bundle whose smooth nonzero
sections are given by the wedge product of a basis of sections for ©>T*(M kz »)- Using the coordinates
above, we can write a smooth nonzero section w as

dodp'dydy’d dgdg' di
W= _—
pn-‘rl ,O/H-H)»

n in the region p, p’ < C. (4-3)

‘ ~

For p, p' > C, we can take @ = (xx')"|dgdg’d)/)\|. Here dg, respectively dg’, denotes the Riemannian
density with respect to g, lifted to M ,3 » by the left, respectively right, projection.

The boundary of ©?T*M ,% » lying over boundary hypersurface e is denoted by kbrxMm ,3 »- The space
k. leM,i , fibers over the space *T*,, M x [0, A] (the scattering cotangent bundle *T*M over M is
defined in [Melrose 1994; Hassell and Vasy 1999; 2001], and *T*,,, M is that part of the bundle lying
over d M). This fibration is given in local coordinates by

(yv y/,O',)\., I’L’ [L/,U, 1)/, T)_) (y’ M,V, )") (4'4)
Similarly there is a natural fibration from k.b Tr’gM,i p 10 5T M x [0, Ao], which takes the form
(yvy/’a’)“aMaM,a v, vlv T)_> (y/’M/’ vlv )“) (4_5)

We also note that there are natural maps 7y, g mapping SCT"‘bel,f x [0, Ag] (see [Hassell and Vasy
1999; 2001]) to *T*,,, M x [0, Ao] which are induced by the projections T*M 2 > T*M onto the left,
respectively right, factor. In local coordinates, these are given by

ﬂL(y’y,a o, W, M,a v, vlv )“)=(ya/~1“v v, )")v nR(y’y,’ GaMaM,a v, V/»)\)=()’,a /-'L/’vl’ )") (4_6)

We use these maps in Section 5.

The space ©? Tb*fM,f’ » 1s canonically diffeomorphic to Sq’T*beg x [0, Ag], where ScI’T*beg is the
scattering-fibered cotangent bundle of M g defined in [Hassell and Vasy 1999]. The space SCI>T*be g has
a natural contact structure, and Legendre submanifolds with respect to this structure play an important
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role in encoding the oscillations of the spectral measure at the boundary of M ,% »- In fact, three Legendre
submanifolds of S‘:[’T"‘be [f arise in the identification of the spectral measure as a Legendre distribution
(see [Guillarmou et al. 2012, Section 3]), which we now briefly describe. One is denoted **N*ddiag,,
which in coordinates used in (4-2) is given by

SCN*adiagb = {(y’ y/’ o, U, /L/v v, U/) | y= y/v o=1, n= _/JL/’ V= —1)/}; (4'7)
it is a sort of conormal bundle to the boundary of the diagonal ddiag,,
ddiag, = {(y,y", o) [y=y 0 =1}, (4-8)

in M ,f and carries the “operator wavefront set” or “microlocal support” of scattering pseudodifferential
operators. Another is the incoming/outgoing Legendrian submanifold L¥, which in the coordinates used
in (4-2) is given by

L ={(,y,o,mu, v,V | u=u =0,v==1,v =—v)}. (4-9)

It has two components (corresponding to the sign of v) and describes oscillations that are purely radial, that
is, purely incoming or outgoing. The third and most interesting Legendre submanifold is the propagating
Legendrian, denoted by LP'. To describe it, let G denote the characteristic variety of H — A%. Then
L is given by the flowout from **N*ddiag, N G by the bicharacteristic flow of H. It connects the
incoming and outgoing components of L and has a conic singularity at each. As shown in [Hassell
and Vasy 1999, Proposition 7.1], (L', L) is a Legendre conic pair, and has an associated class of
polyhomogeneous-conormal Legendre distributions [Guillarmou et al. 2012, Section 3.2]

e B g2 (LY LR Q) (4-10)

of order m at L' and p at L¥, and with polyhomogeneous expansion with respect to the index family %
at the boundary hypersurfaces at A = 0. In terms of these space of half-densities we have:

Theorem 4.1 [Guillarmou et al. 2012, Theorem 3.10]. The spectral measure dE Jﬁ(k), forQ < A <Ag,is
a conormal Legendre distribution in the space (4-10) tensored with |AdX|V/? (this makes it a full density,
i.e., a measure, in ), with m = —%, p=m—=2)/2, rp=rw=(—1)/2, and where B is an index family
with index sets at the faces bfy, lbg, tby, zf starting at order —1,n/2 —1,n/2 — 1, n — 1, respectively.

4B. The high energy space X. The high energy space X is defined by X = [0, ho] x M ,f The boundary
hypersurfaces [0, hg] x M x oM, [0, hg] x OM x M and {0} x le are denoted by rb, Ib and mf (“main
face”), respectively, and the boundary hypersurface arising from [0, /] x 0M x dM is denoted by bf.
Notice that this space fits together with the low energy space: in the range A € (C~!, C) (where A = 1/h),
the spaces both have the form (C~!, C) x M?, and the labeling of boundary hypersurfaces is consistent.
As before, we write 0 = x/x’. We use the coordinates (y, y’, o, x’, h) near bf and away from rb, and
the coordinates (y, y, o=l x, h) near bf and away from lb. Away from bf, 1b, b we use the coordinates
(z, 2, ).
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The compressed cotangent bundle s®T*X is described in [Hassell and Wunsch 2008]. A basis of
sections of this bundle is given in the region x, x’ < € by

, !
G 4G A G

In terms of this basis, any point in S®7*X lying over this region can be written as
dy ., dy 1 a1 1
e 2 vd () v (o) (), (4-11)

This defines local coordinates (y, y', o, x’, h, u, u’, v, V', T), where (u, u’, v, V', ) are local coordinates
on each fiber. In the region x, x’ > €, a basis of sections is

o dn by,
h h h
and in terms of this basis, any point in ®T*X lying over this region can be written as
1 dZ
¢ —+¢ —|—td(h) (4-12)

This defines local coordinates (z,z’, h, ¢, ¢/, T) on s®T*X over this region.

This compressed density bundle Q2 (X) is defined to be that line bundle whose smooth nonzero sections
are given by a wedge product of a basis of sections for *T*X. We find that |dg dg'dh/h?*| = |dgdg' d\|
is a smooth nonzero section of this bundle.

We also note that there are natural maps from S®T*.X — ST*M, which (abusing notation) we will
also denote by my, mg, which are induced by the projections onto the left, respectively right, factor
T*M? — T*M. In local coordinates, these are given by

(2, 2,¢6.¢,0) =20, 7wz 7.0, 0=, ¢), (4-13)
away from the boundary hypersurface bf, or near bf by
(e, y, Xyl v v D=y ), (e, XLy s v o) =,y ). (4-14)

The space *® T7:X has anatural contact structure, as described in [Hassell and Wunsch 2008]. Legendre
submanifolds with respect to this contact structure are important in describing the singularities of the
spectral measure at high energies. We need to define three Legendre submanifolds $®N*diag, and L in
order to describe the spectral measure at high energies as a Legendre distribution on X (see [ibid.]). The
first of these, S’ N*diag,, is associated to the diagonal submanifold diag, C {0} x M2, defined using the
coordinates above by

SPN*diag, = {(z, 2, h. ¢, ¢, 1) |z =7, ¢ =—=¢,h=0,7 =0} (4-15)
away from bf, and

S(DN*diagb ={(y,y, o, x h,u, i/, v,v,0)|y=y,0=1,h=0,u=—p',v=—V,1 =0} (4-16)
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near bf. The second, L?, lives at S<I>T*bﬂJme and is defined in (4-9). The third, L, is obtained just as Lbf
was obtained from **N*ddiag,, in the previous subsection, namely as the flowout by the bicharacteristic
flow of H starting from the intersection of S®N*diag, and the characteristic variety of h>H — 1. Indeed,
the submanifolds L' and **N*ddiag, are essentially the boundary hypersurfaces of L and S*N*diag,
lying over bf " mf. Associated to (L, L¥) is a class of Legendre distributions [ibid., Section 6.5.2]

[rpneere (x (L LR SPQU2), 4-17)
In terms of this space of half-densities, we have:

Theorem 4.2 [Hassell and Wunsch 2008, Corollary 1.2]. Suppose that (M, g) is nontrapping. Then
the spectral measure dE ;3 (1) is a Legendre distribution on X, lying in the space (4-17) tensored with
|dA|'2, withm = %, p=m—=2)/2, ref = —%, ry =1y = (n — 1)/2. Here we use the order conventions
in Remark 4.3.

Remark 4.3. We use different order conventions from [Hassell and Wunsch 2008], to agree with those
used in [Guillarmou et al. 2012]. In terms of Equation (4.15) of [Hassell and Wunsch 2008], the order
convention in the present paper corresponds to taking N = 2n (not 2n + 1 as in [ibid.]), that is, the
total space dimension, but not including the A dimension, and taking the fiber dimensions fyr =0 and
fib = fib = n, again not including the A dimension. This has the effect that the orders in the present paper
are }L larger at mf = M g x {h =0}, and i smaller at bf, Ib and rb, compared to [ibid.], and explains the
discrepancies in the orders above compared to those given in Corollary 1.2 of [ibid.]. (An advantage of
the ordering convention used here is that a semiclassical pseudodifferential operator of (semiclassical)
order m, multiplied by |dh/h?*|'/> = |dA|'/? becomes a Legendre distribution of the same order m at the
conormal bundle of the diagonal in mf.)

5. Microlocal support

Recall from the end of Section 1 our strategy for proving Theorem 1.3, involving estimates (1-9). The
elements Q; of our partition of unity will be chosen to be pseudodifferential operators lying in the calculus

of operators introduced in [Guillarmou and Hassell 2008, Definition 2.7]. In view of Theorem 4.1, we

need to understand what happens when a conormal Legendre distribution F € [""o-"0-% (pf ,f b NS Q,lc/ ; )

is pre- and postmultiplied by such operators. We shall use the notation W;" (M, Q}{/ b2 ) to denote what

in [ibid.] was written W% (M, 5;/2

and zf and the empty index family at all other boundary hypersurfaces. Such operators have kernels

), where the index family € assigns the C* index family at sc, bfy

defined on the space M ,3 defined in [ibid.], that are conormal of order m to the diagonal, uniformly to

sc?
the boundary, smooth away from the diagonal, and rapidly vanishing at all boundary hypersurfaces not
meeting the diagonal. As shown in [ibid., Proposition 2.10], W°(M, Q,i/ b2 ) is an algebra. It follows, using
Hormander’s “square root trick” [1985, Section 18.1] that such kernels act as uniformly bounded (in A)
operators on L*>(M).

In this section, we shall work exclusively on the low energy space M ,f »» the corresponding high energy

estimates are given in Section 7A. We consider operators Q, Q' such that:
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e Q, O are of order —o0, i.e., Q, Q' € lIJk_OO (M, Q,lc’/g), with compactly supported symbols. (5-1)

0, O’ have kernels supported close to the diagonal, inside the region {0 :=x/x" € [1/2,2]}. (5-2)

With these assumptions, the kernels of Q, Q' are smooth (across the diagonal) on the space M,isc.
Viewed as distributions on M,f, » (Which has one fewer blowup than M,fssc) the kernels have a conic
singularity at the boundary of the diagonal, ddiag,. As shown in [Hassell and Vasy 2001, Section 5.1], this
means that they are Legendre distributions in / 0’OQ’OO?(O’O’@’@)(M,g’ ps CN*0diag,; Q,lc/ 5 ), i.e., Legendre
distributions of order 0 associated to *N*ddiag,, (see (4-7)), with the C* index set O at bfy and zf, and
vanishing in a neighborhood of 1b, rb, 1bg and rby (which is of course a trivial consequence of (5-2)).

Remark 5.1. The composition QF or F Q' is always well-defined when F is a Legendre distribution
on M,ib and Q, Q' are as above, since F can be regarded as a map from x4L*(M) to x “L*(M) for
sufficiently large a € R, depending smoothly on A € (0, X¢), while pseudodifferential operators of order O
are bounded on x¢L?(M) (uniformly in A) for any a.

To state our results, we need to introduce some notation and define the notion of the microlocal support
of F. Let A C SCT*be}f be the Legendre submanifold associated to F'. We always assume that A is
compact. Recall from [Hassell and Wunsch 2008, Section 4] that A determines two associated Legendre
submanifolds A, and A that are the bases of the fibrations on dp A and 9, A, respectively. These may
be canonically identified with Legendre submanifolds of *“7*M. We also define A’ by negating the fiber
coordinates corresponding to the right copy of M, i.e.,

g =0y x/x p v eN = qg=0y x/x p v, V) eA (53)
Similarly we define A7, by negating the fiber coordinates:
q/ = (y/v I’L/s V/) S A;b — q= (y/a _I’L/a _U/) € Al‘b'
We also define A', A, Ay by
AN =Ax[0,x0], Ap=Apx[0,4], Al =AL xI[0,20]. (5-4)

To define the microlocal support, WF'(F), of F we first recall from [Guillarmou et al. 2012] that
F e I’"”‘b”fb’%(M,ib, A; Q,i{lf) means F can be decomposed as F = F| + F, + F3 + F4+ Fs + Fg, where

o F) is supported near bf and away from 1b, rb;

o F, is supported near bf N 1b;

o F3 is supported near bf Nrb;

e Fj is supported near Ib and away from bf;

e Fjs is supported near rb and away from bf;

o Fg vanishes rapidly at bf, Ib, rb and is polyhomogeneous on M ,f , With index family %;

and each F;, 1 <i <5 has an oscillatory representation as follows:
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e Fy is a finite sum of terms of the form (up to rapidly vanishing terms which may be included in F¢)

pin s / STV p,y, Y 0 v) dvw, (5-5)
Rk

where & locally parametrizes A, w is a nonzero section of the half-density bundle Qi/ Z , compactly
supported in v, and

a is polyhomogeneous conormal in A with index set %y, and smooth in all other variables.  (5-6)

¢ F; is a finite sum of terms of the form (up to rapidly vanishing terms which may be included in F¢)
O_rlb—k/zp/m—(k+k/)/2+n/2/ ei@](y,v)/,oeid)z(y,y/,o,v,w)/,o/a(k’ p/’ y’ y/’ U, U, w) dv dw w, (5_7)
Rk+K"

where ® = @ 4 o @, locally parametrizes A (in particular, @ locally parametrizes Ay,), and a satisfies
(5-6).
e F3 is a finite sum of terms of the form (up to rapidly vanishing terms which may be included in Fg)
pn UK 24n 2 g k2 f PP R0 T (o, y, ¥, 6, v, w)dvdwe,  (5-8)
RKk+K
where 6 =p'/p=0""and ® = @) 46 @), locally parametrizes A (in particular, ®} locally parametrizes
Aw), and a satisfies (5-6).

e F, is a finite sum of terms of the form
prlb—k/2/ eiq)l(y’”)/pa(k, 0.V, 7, v)dvw, (5-9)
Rk

where & parametrizes Ay, and a is polyhomogeneous at bfy and by with index sets Bys,, Bip, -

e F5 is a finite sum of terms
(p/)rrbk/Z/ ei¢3()r’,v’)/ﬂ,a(x’ :0/» y/’ 2. 0) dv o, (5-10)
Rk

where ¢’ parametrizes Ay, and a is polyhomogeneous at bfy and rby with index sets By, , By, -

Then we define the microlocal support WF'(F) of F to be a closed subset of AU Ay, U A/, as follows:
We say that (¢', 1) € A’ is not in WF'(F) if there is a neighborhood of (g, A) € A x [0, Ag] in which F has
order co. In terms of the oscillatory integral representation (5-5), say, the condition that F" has order infinity
at (¢, 1) is equivalent to a vanishing rapidly in a neighborhood of the point (1, 0, y, y’, o, v) which corre-
sponds under (5-3) to (¢, A) inthe sense that dy v 5 , (P (v, y', x/x',v)/p) =g andd, P (y, y’, x/x", v) =0
(by nondegeneracy there is only one v with this property). Similar considerations apply to (5-7) and
(5-8). Likewise, we say that (g, A) € A, is not in WF'(F) if there is a neighborhood of the fiber (see
(4-4)) of (g, 1) € A, x [0, Ag] in which F has order oo, and (¢’, A) € K;b is not in WF'(F) if there
is a neighborhood of the fiber of (g, 1) € Ay x [0, Ag] in which F has order co. The fiber here is
a copy of M. In terms of the oscillatory integral representation (5-7), the condition that F has order
infinity in a neighborhood of the fiber of (¢, ) = (y, i, v, 1) € Ay, is equivalent to a vanishing rapidly
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in a neighborhood of the point (&, p’, y, ¥’, 0, v, w) for all (p’, ", v, w) such that d, ,(®;/p) =g and
dy®; = 0. Similarly, in (5-9) the condition is that a vanishes rapidly in a neighborhood of the point
(2,0, y,7,v) for all (z, v) such that dy ,(®;/p) = ¢ and d,P; =0.

These components of WF'(F) will be denoted by WF,(F), WF,, (F) and WF,, (F), respectively.

Note that if F e 1™/ %(A), then F is rapidly decreasing at bf, 1b and b if and only if WF'(F) is
empty. Also note that if WF;, (F) is empty, then dip A X [0, A¢] is disjoint from WF,;(F), but the converse
need not hold: if the kernel of F is supported away from bf then certainly WF{(F) will be empty, but
WEF,, (F) need not be.

This definition makes sense also for pseudodifferential operators Q of order —oo, with compact operator
wavefront set. In the case of a pseudodifferential operator, the Legendre submanifold is **N*ddiag,
defined in (4-7), and the components Ay, U A7, are empty. Since *°N*ddiag, is canonically diffeomorphic
to *T*, ,, M, we will always consider the microlocal support WF'(Q) of a pseudodifferential operator Q
of differential order —oo to be a subset of *T*,, M x [0, A¢].

Lemma 5.2. Assume that F € I"™"o":% (M ,(2 b N SZ,IC/ b2 ) is associated to a compact Legendre submanifold
A and that Q € W, > (M; Q,i/ g ) is of differential order —oo, with compact operator wavefront set. Then
QF is also a Legendre distribution in the space I’"’”h*"b;‘%(le b N Q,lc/;) and we have

WF, (QF) C WF'(Q) NWF, (F),
WF:(QF) CnL_IWF/(Q)ﬂWF{)f(F), (5-11)
WF,(QF) C WF,(F),

where wp, TR are as in (4-6). Moreover, if Q is microlocally equal to the identity on my, (WF{)f(F ) and

WFib(F), then QF — F € Ioo’oo’”b;%(M,ib, A; Q,lc,/g), i.e., it vanishes to infinite order at 1b and bf.

There is of course a corresponding theorem for composition in the other order, which is obtained by
taking the adjoint of the lemma above. Combining the two we obtain:

Corollary 5.3. Suppose that F and Q, Q' are as above. Then
WF,(QF Q') C WF'(Q) N WF,,(F),
WF (QFQ') C Tl’[l WF'(Q)N n,;l WF (Q") NWF((F), (5-12)
WF, (QF Q") C WF'(Q') NWF,, (F).

Proof of Lemma 5.2. We decompose as above F = F| + F, + F3 + F4+ F5 4+ Fg, and consider each piece
F; separately.

o F| term. Using the notation in (5-5), the composition Q F takes the form

o
(27[)_"/ /ei((y—y”)-qu(l—p/p”)v)/pq(A’ 0.V, [y V)
0 1 1

_ . 75, ’ " 4 y p
% (p//)m k/24n/2 i d "y 0"/ p" v)/ p a(r, 10/’ y//’ y/’ ,0//10//’ v)dvdudv W ®. (5-13)
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Here the measure A"dg”, which arises from the combination of half-densities in Q and F, is equal
to dy"dp”/p"™ " times a smooth nonzero factor, which has been absorbed into the a term. Writing
"= p/p”, this can be expressed as

(7))~ n m k/2— n+n/2/ei((y—y”)-u+(1—a”)v+o”<1>(y” Yo" o)/ p //)m—k/2+n/2—n—l

g, p,y, 1, v)(o
xa, p',y",y,o"c" , v)dvdudvdy' do" .

For p > € > 0 the phase is not oscillating and this is polyhomogeneous conormal at bfy with the same
index set By, as for a. For p small, we perform stationary phase in the (y”, ¢”, i, v) variables. The
phase has a nondegenerate stationary point where y” =y, 0" =1, u =d,®, v=® + 0~ 'd, ®, and we
obtain an asymptotic expansion as p — 0 of the form

pm—k/2+n/2/ (PO OVPG by Y o, V) dv e, (5-14)

Rk

where

ak, p, y Y, 0,v)

_n (By+ 0y +0570y)
= ZZ G0 p, ¥ ) (@) I a0 0y Y 0 [0, 0) ) gy o
lj il P
rd p=dy®

v=0+0"'d, ®

+0(pMth. (5-15)

In particular, this is a Legendre distribution associated to A of the same order, and with the same
index family, as F. Moreover, we see from (5-14) and (5-15) that the microlocal support WF_.(Q F) is
contained in WF{((F), as well as contained in 77, "WF(0).

Ifg=140(p*) onmy (WF{)f(F)), then in the sum over j in (5-15), only the j = O term is nonzero,
because in all other terms, either @ =0 or g = 14O (p*>°) (implying that any derivative of g is O (0°°)) when
evaluated at y = y”, 0" =1, u = d,®, v = ® + od, . Therefore, in this case, Q F; = F; mod O (p*°).

o F, term. In the notation (5-7), the composition Q F, takes the form

Qm)™" f ei((y—y”)-lH-(l—0//)U)/pq(k’ 0.V, L, v)p//’lb_k/2p/’"_rlb_k//z"‘”/zei‘bl(}‘,U)//O iDy(y",y" 0" [o,v,w)/p’

dy” d,ON
p//n+l

xa(k, 'y, ¥y, 0/0", v, w)dvdwdudv
This can be written as
(27.[)—nprlb—k/Z—np/m—r1b—k’/2+n/2
y / ol (Y (10 40" ®1 (0 W) ko @2y 0o v.w)
xq(h, p,y, w,v) (@) TR0 Y Y o fe” v, w) dvdwdudv dy” do” .
Now we perform stationary phase in the (y”, o”, u, v)-variables. The phase has a nondegenerate stationary
point where y”" =y, 0" =1, u =d,®, v =P —d, P, and the rest of the argument to bound WF,;(Q F)
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is the same as for F;. We also see from the stationary phase expansion that WF,, (Q F) is contained in
both WF'(Q) and WF, (F).

o Fy term. This works just as for the F, term.

e F3 term. In the notation (5-8), the composition Q F3 takes the form

@ [[ O gy )RR Gy

dy// dp//

c B (v AP N WA/ " ~
x/e“bl(ww e/ P20y et vt g (o o Yy E6” v, w) dvdwdu dv T
Y

This can be written as

(27_[)711 f ei((y—y”)-/ﬁ»(l70”)v+a”<l>’2(y’,y”,&o”,v,w))/pq(}L’ 0.V, Ly 1))(}O/O_//)mf(k+k’)/2

- < dy () ’ - d Ndo’”
x (60" k2RO (5 pla” Y Y &6, v, w) dvdwdp dy y—”w
o

To investigate the behavior of this integral locally near a point (x =0, =0, y, y’) € bf Nrb, we perform
stationary phase in the (y”, o”, u, v)-variables. The phase has a nondegenerate stationary point where
V'=y,0"=1,u=d,®,,v=7=>,+6d; D), and we get an asymptotic expansion as p — 0 of the form

pn = kD22 /A o=k 2 f IO R0 TG oy Y, 6, v, w) dvdw ,

where a(A, p, y, ¥, &, v, w) is given by

M

(=i By By + 0570,))
pr( g (e py Y, 1 )
j=0 I /
» (6//)—m+rrb+k /2a(k, ,ON, y//, y/’ 5’0”, v, w))g y=y" 0" =1 + O(pM+1), (5-16)
u=d,
v=>0)+6d; D

This is a Legendre distribution associated to A of the same order as F, and with the same index family.
Moreover, we see from the last two formulas that the microlocal support WF,’Jf(QF3) is contained in
WEF,((F), as well as contained in rrL_l WF'(Q). Finally, if g =1+ 0 (p™°) on 7, (WF{((F)), then in the sum
over j in (5-16), only the j = 0 term is nonzero, because in all other terms, eithera =0 or g =14 O (p*>°)
(implying that any derivative of g is O (p*>°)) when evaluated at y=y", 0" =1, u=d, ®},, v=>)+0d, D).
Therefore, in this case, Q F3 = F3 mod O (x*°).

o F5 term. Writing Fs in the form (5-10), we investigate Q Fs near a point (z, p’, '), where z € M°. In
this case, we can find a neighborhood W of z with W C M°, and then the set

{(z,2) esupp Q | z € W}

is contained in W x W’ for some W’ with W' C M°®, since the support of Q is contained in the set where
o €[1/2,2]. Butin W x W’, the kernel of Q is smooth since Q has differential order —oc. Therefore, in
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this region the composition is given by an integral
[ oG @yt [ d ey g duds
with Q(z, z”") smooth, and this has the form
(p/)k/2 / SOV G0z p v dvw

for some a depending polyhomogeneously on A and smoothly in its other arguments. Moreover, if for a
fixed (&, ', v), a is O((p")*) in a neighborhood of {(A, z, y’, 0, v) | z € M}, then the same is true of a.
Therefore, WF;b(QF5) is contained in WF;b(F5) but is (in general) no smaller.

« Since WF' (Fg) = WF' (Q Fs) = &, the Fg term makes no contribution to the wavefront set.

This completes the proof. (|

A similar result holds if F is associated to a Legendre conic pair rather than a single Legendre
submanifold. However, rather than giving a full analogue of the result above, we give the following
special cases which suffice for our needs.

Lemma 54. (i) Suppose that F € I’”’p;”b”fb;%(M,ib, (A, AY); Q,L/Z) is a Legendre distribution on
M,i » associated to a conic Legendrian pair (A, AP, and suppose that Q € v, (M; Q,i/ 2 ) is a scat-
tering pseudodifferential operator such that Q is microlocally equal to the identity operator near
7(A U A®). Then QF — F € Im’”;oo”fb?%(M,f’b, (A, A); Q,lc(lf), so it vanishes to infinite order
at 1b and bf. Similarly, if Q is microlocally equal to the identity operator near wg(A U A*), then
FQO—F € I“’w;’lb’oo;%(Mlib, (A, AD); Q,i/,f) vanishes to infinite order at bf and rb.

(i) Suppose that F is as above, and that Q, Q' are scattering pseudodifferential operators as above. If
' WF(Q) N WE(Q) N AP =2, (5-17)
then QF Q' € I B (M2, A; @')); in particular, WEy(QF Q') is disjoint from (A").

Proof. The proof of (i) is similar to the one above. To prove (ii), decompose F = F, + F;, where
Fael™ (M ,f b NS Q,]c/ 5 ) is a Legendre distribution associated only to A and F} is localized sufficiently
close to A®. Here, sufficiently close means that when we write down QF; Q' as a (sum of) integral(s),
using a phase function that locally parametrizes of (A, A*), then (5-17) implies that the total phase is
nonstationary on the support of the integrand. The usual integration-by-parts argument then shows that
this kernel is rapidly decreasing at bf, lb, rb and hence trivially satisfies the conclusion of the lemma. On
the other hand, Lemma 5.2 applies to F4 and completes the proof. O

6. Low energy estimates on the spectral measure

6A. Pointwise bounds on Legendre distributions. Now we give a pointwise estimate on Legendre
distributions of a particular type. We begin with a trivial estimate.
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Proposition 6.1. Let A C *T* (M, 5) be a Legendre submanifold that projects diffeomorphically to bf.

Suppose that u 1—n/2—a,—a,—a;%(Ml?’b’ A; Q,]{{;). Let

b = min(min By, +n, min By, + 1/2, min By,, +n/2, min B,s). (6-1)
Then, as a multiple of the half-density |dg dg'dx/x|'/?, we have a pointwise estimate
ul < C22(p™" +(p)™H™.

This is trivial since in this case, # may be written as an oscillatory function with no integration, and
the order of vanishing/growth at the boundary may be determined by inspection from (5-5)—(5-10). (The
discrepancies of n and n/2 in (6-1) come about from comparing the nonvanishing half-density @ on M, ,f b
with the metric half-density |dg dg’di/A|'/? = plgz/ng)gﬁp&g ®.)

Now consider a situation in which the Legendre submanifold does not project diffeomorphically to
bf. Let ddiag; denote the boundary of the diagonal in M 13’ as in (4-8). Recall that we have coordinates
(v, ¥, o) on bf near ddiag,. Let w = (y—y’, 0 — 1), and let k be the corresponding scattering coordinates
dual to w. Then ddiag, is given by {w = 0} as a submanifold of bf and the contact form on SCT"‘beg
takes the form

dv—pu-dy—«-dw. (6-2)

In these coordinates, the Legendre submanifold °N*ddiag, is given by {w =0, u =0, v =0}. Let A®" be
a Legendre submanifold contained in *T* .M 13’ denote by 7 the natural projection from SCT*bel% — bf,
and for any ¢ € A" denote by dr the induced map from T, AP — T (4)bf. We consider the following
situation in which the rank of dr is allowed to change.

Proposition 6.2. Let A" be as above. Suppose that AP intersects °N*ddiag, at G*" = AP N*N*ddiag,
which is of codimension 1 in AP, and suppose that 7| g is a fibration, with (n — 1)-dimensional fibers, to
ddiag,. Assume further that dm has full rank on AP\ G, while

detdm vanishes to order exactly n — 1 at G (6-3)

Suppose u € I‘"/z_“’_“’_“;%(M,f’b, AP Q,i’/g), and suppose that the (full) symbol of u vanishes to
order (n —1)/2 +« on G® x [0, Ao], where (n — 1)/24+a€{0,1,2,...}. Then as a multiple of the
scattering half-density |dg dg' di /1'%, we have a pointwise estimate

|w|

u| < cx”(1+7)a ~ CAP(1 4+ 2d(z, 7)), (6-4)

with b as in (6-1). Here d(z, 7) is the Riemannian distance between z, 7’ € M°.

Remark 6.3. Notice that the condition on 7 at G implies that d7 has corank at least n — 1 on G"f,
hence that det d7r must vanish to order at least n — 1 there. Condition (6-3) is therefore that the order of
vanishing at G®' is the least possible, which is a nondegeneracy assumption concerning the manner in
which the rank of the projection changes at G It implies, in particular, that A’ intersects **N*3diag,
cleanly.
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Proof. Let g be an arbitrary point in G, By rotating in the w variables, we can ensure that di{ | s vanishes
atq (since k1, . . ., k, are coordinates on the fibers of **N*ddiag, — ddiag,, and since 77| ;b : G — ddiag,
has (n — 1)-dimensional fibers). We claim that (y, wy, k2, . .., k,,) furnish coordinates on Abf locally near
q. To see this, first note that dk>|gvr, . . ., dk,|goe are linearly independent at g, and furnish coordinates
on the fibers of G* — ddiag,. Next, since ddiag,, is (n — 1)-dimensional, G®' is 2(n — 1)-dimensional,
and the fibers of G — ddiag, are (n — 1)-dimensional, it follows that GY — odiag,, is a submersion.
Since y; are local coordinates on the base ddiag;, we see that (y, k2, ..., k) furnish coordinates on GYf
locally near ¢. Since w; = 0 on G, to prove the claim it suffices to show that dw | yor # O at g.

To see this, we use (6-3) which implies that dm has corank exactly n — 1 at g, and hence there is
a tangent vector V € TqAbf such that dm (V) is not tangent to ddiag,. Therefore, it has a nonzero
dy; component, which means that some dw; does not vanish at g when restricted to AP, But since
AP is Legendrian, the form (6-2) vanishes when restricted to A", which implies that its differential
w=du-dy+ dk - dw also vanishes on A", Hence w(0y;, V) =0atgq, j >2,since d; and V are both
tangent to A", But this implies that dw;(V) =0 for j >2,i.e., V has no d,,, component for j > 2. It
follows that dw; (V) # 0, showing that dw | br # O at g. It follows that (y, wy, k2, . .., k,,) indeed furnish
coordinates on A" locally near ¢g. We will use the notation w = (wy, ..., w,) and k¥ = (k2, ..., kp).
Notice that w1 | ,or is a boundary defining function for G, as a submanifold of A"', locally near g.

Now we write the other coordinates on A" as functions of (y, wy, k) as follows:

W; = Wiy, w,8), i =My, wi, ), «1 =K@y, w,&), v=N(, w,c) onA’ (6-5)

Notice that the vanishing of (6-2) on A" implies that

n—1
dN =" Midy; + Kdw, + Z K;dW; on A, (6-6)
i=1 j=2
By equating the coefficients of dk, dy and dw; on each side of (6-6), we obtain the identities

n

8W(y wi, v) 8N(y,w1,v) .
Z v; , 1=2,...,n,
81),'
n
oW;(y, wi, v ON(y, wi, v .
Z (y 1 )+M(y7w19v) Ma l=19"'9n_17 (6'7)
— Yi 3)’1‘
n
AW, (y, wy, v ON(y, wy, v
Z (y 1 )+K(y,w1,v)= (v, wy )‘
awl
=2
We claim that the function
n
@ (y, wi, W, v) =y _(@; — W,;(y, w1, 0))v; + N(y, wi, v) (6-8)

=2

parametrizes Abf locally near g. Notice that W, M and N are all O(w) at g. Hence, ® =w-v+ O(wy),
so the d,;® = w; + O(w)), where 2 < j < n, have linearly independent differentials at the point
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dg=0(q),w=0,v=0, u=0, k1 =0, k(q)) corresponding to g, i.e., ® is a nondegenerate parametrization
of A near g. Next, using the first equation in (6-7) we find that

dvjq):wj_W/'(yawlav)‘ (6_9)

So w = W when d,® = 0. The Legendrian submanifold parametrized is then given by (using (6-7))

_, W AN OW | ON _ _AM (6
i(y,wl,W, v 8y+8y’ v 8w]+E)wl,v,N)}—{(y,w1,W,M,K,v,N)}—A- (6-10)

Notice that the second derivative matrix d2, ® vanishes at w; =0, so we can write d2,® =w; A+ 0 (w?),
where A is a smooth (n — 1) x (n — 1) matrix function of (y, v), where we write y = (y, w;, w). We
claim that A is invertible at (and therefore, near) g. To see this, we start from the fact that the map

{(ya U)} - {(yv djq)’ D, dvq))}

is locally a diffeomorphism onto its image. (This follows from the nondegeneracy condition on &, that the
differentials d(0®/dv;) are linearly independent.) Note that the determinant of the differential of the map

{3, d5P, @, dy D)} — {(V, dy D)}
is equal to the determinant of the differential of the map
{(3,dy®P, ?,d,P) | dy® =0} =y,

and this map is 7| sbr (in local coordinates). It follows that the order of vanishing of detdm at g is the
same as the order of vanishing of the determinant of the differential of the map

{(ys U)} - {(y’ dl)(b)}

at G. But this determinant is simply det d2, ®. It follows from (6-3) that det d2,® vanishes to order exactly
n — 1 at g. But this implies that the matrix A is invertible at g, as claimed.

Now we write u as an oscillatory integral. It suffices to prove the proposition assuming that u has
symbol supported close to ¢ and that u itself is supported close to ddiag,, since away from ddiag,, the
result follows from Proposition 6.1. It can then be written with respect to the phase function ®: modulo a
smooth term vanishing to order O (p™), u is a multiple of the scattering half-density |dg dg’di/1|'/?
given by

p~(n=D/2=ayn / POV P p.y, v)dvldg dg dr /a3 (6-11)
Moreover, we may assume that a is a function only of A, p, y, w; and v, polyhomogeneous conormal

in A with index set Byps,, smooth and compactly supported in the remaining variables, and vanishing to
order (n — 1)/2 4+« at p = w; = 0. It can therefore be written as

(n—1)/24a—1 .
a= Y plw! VP a;60y w0+ p Vb p,y, wr, ), (6-12)
=0

with a; and b polyhomogeneous in A.
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We begin with the easy case |wi| < p. In this case, a in (6-12) is uniformly bounded. We split into
the regions where |w;| > c|w| for some ¢ > 0, and |w;| < c|w|. The first region, where |w;| > c|w], is
trivial since then |w|/p is bounded, so all we are required to show is that the integral (6-11) is bounded
by a multiple of A?, b = min By, + 1, which is clear since the integrand has this property pointwise. On
the other hand, if |w;| < c|w], then |w| < (n — 1)c|w;| for some j > 2. For suitably small ¢ this means
that d,; @ # O sufficiently close to g, as d,;® = w; + O (w)) using (6-8). Then, by integrating by parts
N times with respect to v; in (6-11), we can gain a factor of Cy (1 + |w|/,o)_N for any N, showing that
a much stronger estimate than (6-4) holds.

From now on, then, we will assume that |w;| > p. We begin by estimating the ag term. The case
|lwi| < c|w] is treated just as above: by integrating by parts N times with respect to v; in (6-11) we gain
a factor Cy(|w|/p)N. With N = M + (n — 1) /2 + « the resulting integrand enjoys a pointwise estimate
Ab(wl/p)™ for any desired M. So we assume in the rest of the proof that |w;| > c|w|, and therefore
we can replace the RHS (1 4 |w|/p)¥ in (6-4) by the equivalent quantity (Jw;|/p)“.

For fixed w; # 0, let us change variable from vy, ..., v,—; to 6y, ..., 6,_1, where
6, = w; '*d,, ®. (6-13)
Then
26; 12 1/2
—=w, "dy, d=w,""A;, (6-14)
avj )

where A;; is nonsingular as we have noted above. Therefore,

3D (90\1od
5 =(5) Go=ae (6-15)

This shows that the 8 coordinates are suitable coordinates in which to perform stationary phase computa-
tions. We proceed with a standard argument, which can be found in Sogge’s book [1993], for example.

ei@/p:( P i)e@/p,
w,/%i6; ;

i Y 0 i
ezd)/p = <Z M?Ajk@>€ <I>/p. (6—16)
k

We also need the following observation: by applying (6-14) repeatedly, we obtain

We use the identity

which can be written as

‘ < Clwy |72 < cpmI/2, (6-17)

alel A
‘ FEL

In the 6 coordinates, we are trying to prove the estimate

‘p—“’—”/z—“ / w0 G0 G, p, y, wn, 0) db
Rn—1

< C(%)aﬂ’. (6-18)
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Here the win_l)/ ? factor was absorbed as a Jacobian factor, and ay is again smooth. Clearly this is
equivalent to a uniform bound on

‘p_("_l)/z)n_bf 1ei¢‘(y’w’9)/p6~l()()\., p,y, wi,0)do|. (6-19)
Rr=

We introduce a partition of unity in (p, 8)-space, 1 = xo + Z;:% Xj» Where xo is a compactly supported
function of 6/, /p, and x; is supported where |0] > ,/p, and where 6; > |0]/(n — 1). We can do this with
derivatives estimated by

Vs xil < Cp /2. (6-20)

The integral with xo inserted is trivial to estimate since it occurs on a set of measure p=V/2 With x j
inserted, we use the identity (6-16) M times, for M a sufficiently large integer. Thus we consider

M

—(n— Z P d ; ~

P n U/Z/X]< EA]k(yag)a_gk) et@(y,w,@)/pao()\’p’ y»wlae)de
k .

and integrate by parts M times. The result can be estimated by

M

Cp—(—D/2+M Z p—<M—k>/2/ Loupp ng/_—M—k do, (6-21)
=0 101>5 ‘

where M — k derivatives fall on the x; or Aj; terms (via (6-17) and (6-20)), and at most k fall on a
9]._17 term. Note that on the support of x;, we can estimate 91._1 < c|f|~!. The 6 integral is absolutely
convergent for M > n — 1, and

/ 101" M~ 4o = Cp~MH0/2+(1=1)/2
BN

since dim@ = n — 1. Substitution of this into (6-21) gives a uniform bound since a is polyhomogeneous
in A with index set By, + n. Moreover, since ® and a are smooth in wy, the bound is uniform as w; — 0.

To treat the terms a; for i > 0 and b in (6-12), we perform the same manipulations as above, and we
end up with a uniform bound times Cp’ w, !, which is bounded for p < wy. This completes the proof. [J

6B. Geometry of L. We collect here some facts concerning the geometry of the Legendre submanifold
LY (see Section 4A). We begin by defining

be = {(ya y,a o, U, ,lL/, v, V/) € SCN*adiagb | V2 +l’lU,U,,/_,LJ = 1}
= {(ys ys l, ,LL, _,U«, v, _U) | V2+hijl,Lil,Lj = 1}
Clearly, G is an $"~!-bundle over ddiag,,.

Lemma 6.4. The Legendre submanifold *N*ddiag, intersects L cleanly at G, and the projection
7 1 LY — bf satisfies (6-3).
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Proof. According to [Hassell and Vasy 2001], the Legendre submanifold L' is given by the flowout from
G"' by the vector field

Y A 9 0k 9 _9h N iy ]
= v(030+uau)+hav+3m8yi 0y opti’ ’“‘;h Opapy - (6-22)

(see [Guillarmou et al. 2012, Section 3.1]). Observe that at least one of the coefficients of d, or 9, is
nonvanishing, so either & # 0 or v + V' # 0 under the flowout by V;. Since 0 =1 and v +1v' =0 at
*N*3diag,, we see that V; is everywhere transverse to **N*ddiag,, so G has codimension 1 in L', and
intersects L cleanly.

It remains to show that the projection 7 from L' to bf satisfies (6-3). First we choose coordinates on
L. Near a point on L"f at which | ,u|%l =h i j < 1, and therefore v # 0, we can choose coordinates
(i, y', €), where € is the flowout time from GYf along the vector field V;. Coordinates on the base are
(v, y', o). With the dot indicating derivative along the flow of V}, i.e., d/de, we have

6=—v and y = 2hijpaj on G
It follows that
o=1—ve+ 0(),
Y= 42k pje+ 0D,
and we see that near be,
do ay'

90 9V i 2
867&0, o ehV 4+ 0(€”),

which, using the positive-definiteness of 4/, shows that detdm, where 7 is the map

L5 (n,y, &) (. ¥, €), Y, 0 (i, ¥, €),

vanishes to order exactly n — 1 as € — 0.

On the other hand, near a point on L at which |p| = 1, we can choose a coordinate z; which is nonzero.
Without loss of generality we suppose that i = 1. Then write y = (y, ..., yp—1) and & = (U2, ..., hy—1)-
We can take (v, iz, ¥/, €) as coordinates on LY, Calculating as above, we find that

y' =y +2hY e+ 0(e?),
Y =0 +2h e+ 0@, i=2,
o=1—ve+ 0(62),
which shows that .
ad ay g
Moo, X —aiiyo@), 27— _etro@.
€ o av

Again we find that detdm, where 7 is the map

Ls v,y )= (v, 0,y €), ¥, o (v, [T, ¥, €)),
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vanishes to order exactly n — 1 as € — 0. U

Lemma 6.5. There exists § > 0 such that, if
g=0,y, o, m W, v,v)eLl® and v+ <3,

then either q € G, or dr : Tquf — Ty bt is invertible, and hence 7 : L — bf is a diffeomorphism
locally near q.

Proof. We use the explicit description of L given in [Hassell and Vasy 2001, Section 4]:

3(yo, flo) € S*(OM), s,s" € (0, ), such that
o (y, vy, o, /) o =sins/sins’, v=—coss, V' =coss’,
I

(, ) = sinsexp(s H,) (yo, o).
(y/’ ,LL/) = —sin S/ eXP(S/H%h)(YO, [:\LO),

UT,UT_UF,.UF_, (6-23)

where
Ty ={(y,y,0,£1,F1,0,0) |0 >0, y € oM},
Fi={(y,y,0,%1,%1,0,0) | 0 > 0, 3 geodesic of length 7 connecting y, y'}.
We see that v = —v’ on L only on G® U T, UT_. A compactness argument shows that for any

neighborhood U of GPU T, UT_, the set
{3y oo v ) e L v +'| <)

is contained in U if § is sufficiently small. So it is enough to show that L' projects diffeomorphically to
bf in some neighborhood of G* U T UT_, except at G™ itself. Lemma 6.4 shows that L T M g
projects diffeomorphically to the base bf in a sufficiently small deleted neighborhood of G®. Now
consider a neighborhood of 7, N{o < 1 — €} for some small €. As shown in [Hassell and Vasy 2001],
near this set, (y/, i/, o) are smooth coordinates. Also, we have from (6-23) that

g

s
O,mw=o eXp< — th)(y/, n).
sinsg’ 2
Using the expression (6-22) for the Hamilton vector field, we find that, near 77,

s'—s
sin s’

V=Y SR+ O P = (1= o)k 1+ O((sin ) + (sins') + [1P),

which shows that at T, where sins = sins’ = /' = 0, we have
d yi

/
8,uj

=(1—o)hV.
y.,o
Since (y’, u’, o) furnish smooth coordinates near 7', this equation and the positive-definiteness of hi
show that also (y, y’, o) furnish smooth coordinates in a neighborhood of 7'y when o < 1 —e€. (Of course,
we know from Lemma 6.4 that this cannot hold uniformly up to o = 1). A similar argument holds for
o >1+¢€and for 7T_. (|
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Remark 6.6. These lemmas will be applied to distributions of the form

QM)dE ;- (1) Q(R), (6-24)

where Q is a pseudodifferential operator with small microsupport. Notice that by taking the microsupport
sufficiently small, we can localize the microsupport of (6-24) to points (y, y’, o, i, i’, v, v’) such that y
is close to y’, u is close to u’ and v is close to v'. However, we cannot localize so that o is close to 1,
simply because if x, x" € (0, €), then o = x/x’ can take any value in (0, 00). Therefore, it is important to
understand the properties of 7 on L near the whole of the sets 7., not just close to **N*ddiag,,.

6C. Proof of Theorem 1.3, part (A). By Proposition 1.12, to prove part (A) of Theorem 1.3 it is sufficient
to prove Theorem 1.13 for L = H and for A < Ag, that is, to prove the estimates

(QiWVAE' (00 0i0)) =, )| = €A (4 2d(z, )"V j=0. (6:25)

Our starting point is Theorem 4.1. As an immediate consequence of this theorem, the j-th A-derivative
dEY) (k) is a Legendre distribution in the space

_ _ _ _ )
i p—Jime—jo s BY (Mlg,b’ (Lbf’ Lt,bf); Qllc/g)’

where B¢) is an index family with index sets at the faces bfy, Ibg, by, zf starting at order —1 — j,
n/2—1—j,n/2—1—j,n—1— jrespectively.

Next we choose a partition of unity. We choose Qg to be multiplication by the function 1 — x (p),
where x(p) =1 for p <€ and x(p) =0 for p > 2e, for some sufficiently small €. Then QodE ) (k) Qo
is polyhomogeneous on M? > With index sets as above at bfy, Ibg, rbo, zf and supported away from

172 is equal to Po, Plbn/zpr;(r; 2

multiplied with a smooth nonvanishing section of the half-density bundle €2 k/ 13 It is then immediate that
QodE(” (L) Qo is bounded, as a multiple of |dg dg’dx/A|'/? by A"~1=J which yields (6-25) for i =0
since in thlS region we have Ad(z,7') <C.

the remaining boundary hypersurfaces. Now recall that |dg dg'di /)|

Next, we choose Q) such that Id — Q7 is microlocally equal to the identity for | ,ul% +12 < % and
microsupported in |,u|%l +v2<2. Let Q1 = x(p) Q. Then, we claim that QldEij)ﬁ()»)Ql has empty
wavefront set, and is therefore polyhomogeneous with index sets at the faces bfy, 1bg, rbg, zf starting at
order —1,n/2—1,n/2 — 1, n — 1 respectively. To see this, we write

Q1dE (1) Q)
=dE () — (1d—Q)dE' [ (1) —dE L (0)(1d = Q1) + (1d = @dE' ) 0)(1d = Q1).  (6-26)

Since Id —Q; is microlocally equal to the identity on 7wy (WF dEW (A)) and on WFb(dE ) (A))
Lemma 5.2 shows that the sum of the first two terms on the right hand side above vanishes to 1nﬁn1te
order at Ib and bf, and similarly the sum of the third and fourth terms vanishes to infinite order at 1b and
bf. Now consider the multiplication of Id —Q; on the right, and group together the first and third terms,
and the second and fourth terms on the right-hand side. We see, using the adjoint of Lemma 5.2 (since
Id — Q) is also microlocally equal to the identity on WF;b(dE ) (1))), that the sum of the first and third
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terms vanishes to infinite order at rb, and similarly the sum of the second and fourth terms vanishes at rb.
Hence QdE %(A) Q1 vanishes to all orders at bf, Ib, rb and has empty wavefront set as claimed. This
piece therefore also satisfies (6-25).

We now further decompose Id —Q¢ — Q1 = x(Id —Q/), which has compact microsupport, into a
sum of terms. Choosing § as in Lemma 6.5, we partition the interval [—2, 2] into N — 1 intervals B;
each of length §/2, and choose a decomposition Id —Q = Z,N: » Qi, where Q;, and hence also QF, is
microsupported in the set {|,u|i +v2 <2, v € 2B;} (where 2B; is the interval with the same center as B;
and twice the length). It follows that if ¢’ = (v, ', o, i, ', v, V') € (L")’ is such that 7r; (¢’) € WF'(Q;)
and g (q’) € WF'(Q?), then |[v —v'| < 8. Together with Lemma 5.4, this means that Q,-dE%()») Qr is
associated only to the Legendrian L' and not to L®®f, since on (L*")" we have |[v —v/| =2 > 6.

Next, by Lemma 6.5, if ¢’ = (y, y', o, i, i/, v, v') € (L") is such that 777 (¢’) is in WF'(Q;) and 7z (g")
is in WF'(Q?), then due to our choice of 8, either ¢ € G", or locally near ¢, L' projects diffeomorphically
to bf. Therefore, the microsupport of QidE%(A) Q7,1 > 2,is a subset of (LP)" which satisfies the
conditions of either Proposition 6.1 or Proposition 6.2.

In the case of Proposition 6.1, we have b=n—1—j, « = —(n — 1) /2 + j and estimate (6-25) follows
directly. Next consider the case of Proposition 6.2. In this case, we have to determine the order of
vanishing of the symbol of QidEg)ﬁ(k) Qr at G". Locally near g € G N L, L' can be parametrized
by a phase function ® that vanishes at G* when d,® = 0; see (6-8). The kernel Q;dE ﬁ(k) Qrisa
Legendrian of order —1/2. Each time we apply a A derivative to dE /7 (%), it hits either the phase function
or the symbol. If it hits the phase, then the order of the Legendrian is reduced by 1, but it brings down a
factor of @ that vanishes at G x [0, Ao]. If it hits the symbol, then the order of the Legendrian is not
reduced. Therefore, as a Legendrian of order —1/2 — j, the full symbol of Q,-dEf})ﬁ()\) Q7 vanishes to
order j at G* x [0, Ag]. Therefore, we can apply Proposition 6.2 withb=n—1—j anda =—(n—1)/2+,
and we deduce (6-25) in this case. This concludes the proof of (6-25) and hence establishes Theorem 1.13
for low energies A < Ag.

7. High energy estimates (in the nontrapping case)

In the previous section we proved estimates on the spectral measure dE ﬁ(k) for A € (0, Ag]. We
now prove high energy estimates, i.e., estimates for A € [X(, 0c0). For convenience, we introduce the
semiclassical parameter 4 = A~!, so that we are interested in estimates for 4 € (0, ho], where hy = Ay L
To do this, we use the description of the high-energy asymptotics of the spectral measure from [Hassell
and Wunsch 2008]. The structure of the argument will be the same as in the previous section, and our
main task is to adapt each of the intermediate results — Lemmas 5.2 and 5.4, Propositions 6.1 and 6.2,
Lemma 6.4 and Lemma 6.5 —to the high-energy setting. Throughout this section we assume that the
manifold (M, g) is nontrapping.

7A. Microlocal support. We begin by defining, by analogy with the discussion in Section 5, the notion
of microlocal support of a Legendre distribution on X.
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Let A C *T* ;X be the Legendre submanifold associated to F'. We assume that A is compact. Recall
from [Hassell and Wunsch 2008, Section 3] that A determines associated Legendre submanifolds Ay,
A and A, which are the bases of the fibrations on dyA, dp A and 9, A, respectively. The Legendre
submanifold Aps can be canonically identified with a Legendre submanifold of T .M g, while 9, A and
O A may be canonically identified with Legendre submanifolds of *7*,, M. We define A’ by negating
the fiber coordinates corresponding to the right copy of M, i.e.,

61/=(Z,Z/,§',§'/) N — 6]=(Z» Z/’E?_C/) € A.

Similarly we define Aj; and A}, as in the previous section.
Then we define the microlocal support WF'(F) of F € I"(A) to be a closed subset of

AU (Agg x [0, hol) U (A1 X [0, 7o) U (Agy, X [0, hol)

in the same way as before: we say that ¢’ € A’ is not in WF'(F) if there is a neighborhood of ¢ € A in
which F has order —oo, in the sense of Section 5. That is, in a local oscillatory representation for F of
the form (for simplicity, where ¢ lies over the interior of M g),

hm—k/z—"/ V@V hg(z v, h) dv|dgdg'dh/) h?|'?,
Rk

where g = (2, d; ¥ (24, v4)) and dy ¥ (24, v4) = 0 (these conditions determining (z4, vs) locally uniquely
provided that i is a nondegenerate parametrization of A), the condition that F has order —oo in a
neighborhood of ¢ is equivalent to a being O (h*°) in a neighborhood of the point (zx, vy, 0). Similarly,
q € A{)f x [0, ho] is not in WF'(F) if there is a neighborhood of ¢ € Ayt x [0, ho] in which F has order
—00.

Similarly, (g, h) € A, X [0, ho] is not in WF'(F) if F can be written modulo (hxx/)OOCOO(Ml%) using
local oscillatory integral representations with symbols that vanish in a neighborhood of the fiber in
their domain corresponding to (g, k), and (¢’, h) € A;b x [0, ho] is not in WF'(F) if F can be written
modulo (hxx")*C>(M ,3) using local oscillatory integral representations with symbols that vanish in a
neighborhood of the fiber in their domain corresponding to (g, #). These components of WF'(F) will be
denoted WF, (F), WF (F), WF_;(F) and WF}, (F), respectively.

If F e I"™(A), then F € (hxx)*®C*>(M?) if and only if WF'(F) is empty. Also note that if WF, (F)
is empty, then 9,A’ is disjoint from WF, (F), but the converse need not hold: if the kernel of F is
supported away from mf then certainly WF, (F) will be empty, but WF, (F) need not be.

Particular examples of Legendre distributions on X are the kernels of semiclassical scattering pseudo-
differential operators Q of differential order —oo with compact operator wavefront set. In the case of such
a pseudodifferential! operator, the Legendre submanifold A is a compact subset of *N*diag,, defined
in (4-15), and the components Ay, U A;b are empty. Thus in this case we may (and will) identify the
microlocal support WF, .(Q) with a compact subset of *7*M, and WF{(Q) may be identified with a
compact subset of *T*,, M x [0, ho).

1Throughout this section we deal with semiclassical scattering pseudodifferential operators. The words “semiclassical
scattering” will usually be omitted.
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In the next lemma, 77, and g denote the maps defined in either (4-6) or (4-14), as the case may be.

Lemma 7.1. Suppose that F is a Legendre distribution on X and Q is a semiclassical scattering pseudo-
differential operator. Assume that F € ™0 (X A3 S*QY/2) is associated to a compact Legendre
submanifold A and that Q is of differential order —oo and semiclassical order 0, with compact operator
wavefront set. Then QF is also a Legendre distribution in """ "0 (X | A; S*QY/2) and we have

WE(QF) C ! WE(Q) N WF(F),

WE(QF) C ;' WF(Q) N WE}(F),

WF},(QF) C WF(Q) N W, (F),

WE},(QF) C WFy (F).

(7-1)

Moreover, if Q is microlocally equal to the identity on 7w (WF, ((F)), wp (WF(F)) and WF,, (F), then
QF — F € [P0 (X | A, s®Q1/2) ie., it vanishes to infinite order at mf, 1b and bf.

We omit the proof, as it is essentially identical to that of Lemma 5.2. There is of course a corresponding
theorem for composition in the other order, which is obtained by taking the adjoint of the lemma above.
Combining the two we obtain:

Corollary 7.2. Suppose that F and Q, Q' are as above. Then
WF,:(QF Q') C ;' WE,«(Q) Nmy! WEL(Q") NWF,:(F),
WF(QF Q") C ;' WF(Q) Nmr ! WE(Q) NWF(F),
WE| (QF Q") C WF;(Q) NWF}, (F),
WF,(QF Q') € WE(Q) NWF,, (F).

(7-2)

A similar result holds if F is associated to a Legendre conic pair rather than a single Legendre
submanifold.

Lemma 7.3. (i) Suppose that F € ™"l (X (A, AP); SPQ/?) is a Legendre distribution on X
associated to a conic Legendrian pair (A, A*), and suppose that Q is a pseudodifferential opera-
tor such that Q is microlocally equal to the identity operator near my (A U A*). Then QF — F €
[09-09:00.00.m (X (A, AP), SPQY/2) 50 it vanishes to infinite order at mf, 1b and bf. If Q' is microlocally
equal to the identity operator near wr(A U A?), then FQ' — F € [°%°%%®70:0(X (A, AF), sPQl/2)
vanishes to infinite order at mf, bf and rb.

(i1) Suppose that F is as above, a Legendre distribution on M 5 associated to a conic Legendrian pair
(A, A*) of order (m, p; rof, v, '), and suppose that Q, Q' are pseudodifferential operators. If

;P WEH(Q) N ' WE(Q) N AY = 2, (7-3)
then QF Q' € It Tib (Mg, A; S2QY2): in particular, WF,;(QF Q') is disjoint from (A%Y.

We omit the proof, which is a straightforward modification of the arguments in Section 5.
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7B. Pointwise estimates on Legendre distributions. Now we give a pointwise estimate on Legendre
distributions of a particular type. First we begin with the trivial case.

Proposition 7.4. Let A C *T*_(X) be a Legendre distribution that projects diffeomorphically to mf.
Suppose that u € 1™ (X | A SPQU2) with

m=n/2—-1, rf=-n/2—a, rp=rmy=—a.
Then, as a multiple of the half-density |dg dg' d)|'/?, we have a pointwise estimate
ul < CA' G+ (HTH,
Generalizing Proposition 6.2 to the case of X = M g X [0, ho] is straightforward.

Proposition 7.5. Let A be a Legendrian submanifold of S T*.X. Assume that A intersects **N*diag,,
defined in (4-15), at G = A N*®N*diag, which is codimension 1 in A and transversal to the boundary
at bf, and that dmw has full rank on A\ G, while 7 |¢ is a fibration G — diag, with (n — 1)-dimensional
fibers, with condition (6-3) holding at G.

Assume that u € ™0 (X AP QY2 with m, reg, iy, b, as in Proposition 7.4 and that the full
symbol of u vanishes to order (n —1)/2 + o both at G C A and at dptG X [0, ho] C dpeA X [0, ho). Then,
as a multiple of the half-density |dg dg' dA|'/?, we have a pointwise estimate

lu| < CA7*(1 4 d(z, 2'))%. (7-4)

Proof. First consider u on a neighborhood of X disjoint from diag,. In that case, the result follows from
Proposition 7.4.

Next consider u near diag,, but away from bf. Then if u is microlocally trivial at **N*diag,, the result
follows from Proposition 7.4. If not, then the geometry is the same as that considered in Proposition 6.2
(with p replaced by h; also note that the estimate in Proposition 6.2 is respect to the half-density
A'|dg dg' dA|'/?), and the result follows from that proposition.

So we are reduced to the case where we are microlocally close to A N d,*®N*diag, = d,¢G. Let
q € 9¢G. In a neighborhood of dy¢diag,, we have coordinates (x, y, w), where w = (y —y’, 0 — 1) as
before. In terms of these we can write points in **T* _.X in the form

dw

dy dx 1
oS e ()

and this defines local coordinates (x, y, w; 7, u, kK, v) on s‘DT*me . Then, contracting the symplectic
form with x/?d;, and restricting to $® T*:X gives the contact form on *®T*.X, which in these coordinates
takes the form

dv—tdx —pu-dy —k -dw. (7-5)

Using the transversality of A to % TiinmeX We see, as in the proof of Proposition 6.2 that (x, y, wy, k)
form coordinates on A. Then as in the proof of Proposition 6.2, we can write the remaining coordinates
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as functions of (x, y, wy, k¥) on A:

w; =Wi(x,y,wi, k), pi=Mx,y w,k), i=2,...,n,

k1 =K(x,y,wy, k), v=N(x,y,w,k), t=T(x,y, w,k).

In the same way as before, we find that

n

5()6, y, w, v) = Z(Ej —Wix,y,w,v)v;+Nx,y,w,v), v=(v2,...,0U,),
j=2
parametrizes A locally, and has the properties that P = O (w1) when dy®=0,and =P+ 0 (x), where
® is precisely as in the proof of Proposition 6.2. We can then follow the proof given there, where (6-11)
is replaced by

—(1=1)/2=a; (1=1)/2+k f P w DG Y b d, (7-6)

in which the function a vanishes to order (n — 1) /24« at x =0 and at w; = 0. In effect we have replaced
the large parameter 1/x in the phase of (6-11) by 1/xh, while x plays the role of a smooth parameter.

The rest of the argument is parallel to the proof of Proposition 6.2. We deal with the cases |w| < xh
and |w;| < c|w| exactly as in the previous proof. Assuming then that |w| > xh and |w;| ~ |w|, we make
the change of variables (6-13). By continuity, the matrix A in (6-15) remains nonsingular, and (6-17)
remains valid, for small x. Hence, we can integrate by parts using the identity

i®/x _ Xh 9 \,i%/x
¢ (Z iejAf"aek>e ’
k
analogous to (6-16).
In the 6 coordinates, we are trying to prove the estimate

el o
x—(n—l)/Z—ozh—(n—l)/Z—l/ wtlxezd>(x,y,w,9)/xhao(x’y, wi,0)do| < Ch—l(%) ’

Rn—1

since when |w| > xh,
lwl Ad(z,7) ~ 1+ 2d(z, 7).
xh

As before, the wi"_l)/ 2 factor was absorbed as a Jacobian factor, and a is again smooth. This estimate is
equivalent to a uniform bound on

(xh)~ =072 / /PO Gy (x, y wy,0)dB)|. (7-7)
Rn—1
We introduce a modified partition of unity in (x, 6)-space, 1 = xo + Z';;i Xj» where xq is a compactly
supported function of 6 /+/xh, and x; is supported where |0| > +/xh, and where 6; > |0]/(n — 1), with
derivatives estimated by
(k) —k/2
Ve x| < Cam)y™/2, (7-8)

Then the rest of the argument proceeds just as before, leading to (7-7). O
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7C. Geometry of the Legendre submanifold L. We prove results analogous to Lemmas 6.4 and 6.5.
First, we define
G ={q € *"N*diag, | o (h*Ay)(q) = 1},

where o is the semiclassical principal symbol. This is an $"~!-bundle over diag,,.

Lemma 7.6. The Legendre submanifold L introduced in Section 4B intersects *N*diag,, cleanly at G,
and the projection w : L — mf satisfies (6-3).

Proof. This is proved just as for Lemma 6.4. As shown in [Hassell and Wunsch 2008], L can be obtained
as the flowout from G by a vector field V;, which is obtained from the Hamilton vector field of A, — 22
by dividing by boundary defining function factors (see [ibid., Section 11]), so that it becomes smooth up
to the boundary of S®T*X. This vector field takes the form (6-22) up to O (x) near bf, and repeating the
argument below (6-22) with x as a smooth parameter establishes the lemma in a neighborhood of dy¢G,
i.e., for x +x’ < € for some small € > 0.

Away from bf, we can use coordinates (z, z’) on mf, and writing points in $® T7:X in the form

¢ —+§/ dz +rd(h>
defines fiber coordinates (¢, ¢/, T) on ScI’T* X. In terms of these coordinates, we have

.. ool
=§M@9§%—é g(w;ga§+gW)aga (7-9)

We recognize the equations for (z, ¢) as equations for geodesic flow. Moreover, letting ¢ |, = g7 (2)¢ic i
we find that (|§|§)'= Oand |¢|g =1o0n G, hence |{|, =1 on L; similarly |¢’|; =1 on L. Finally, T =1
and T =0 on G. It follows that near a point on G where (say) ¢; # 0, we can use coordinates ¢,7,7)
as coordinates on L, where £ = (2, ..., {n), 2= (22, . . ., zn). We then find, from (7-9), that
=)' +g'gT+ 0@,
d=@E +"gTr+oEd), iz2,
and we see that near G,
1 =i .
aai 0, 9z _ g,
which shows that detdmw, where m is the map

L3@. 720 ('¢.7,0,0¢.2,0.2),
vanishes to order exactly n — 1 at G. g

Lemma 7.7. (i) There exists 0 < § < 1 and € > 0 such that the Legendre submanifold L C S‘DT*me
projects diffeomorphically to the base mf locally near all points (x, y, x', y', w, ', v,v', t) € L'\ G such
that x +x' < 2e and |v +V'| < 4.

(i1) For any € > 0 there exists « > 0 such that L projects diffeomorphically to the base near all points
(z,7,¢,¢',t) € L\ G such that x +x' > € and || < (.
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Proof. (i) A topological argument shows that for sufficiently small €, depending on 4§, the subset of L
where x + x" < 2¢ and |v 4+ V’'| < § is contained in a small neighborhood of the set G U T U T—, where
Ty C dprL = L are as in (6-23). Lemma 7.6 shows that L projects diffeomorphically to mf in a deleted
neighborhood of G. Near the sets T+, we use Lemma 6.5 and the fact, proved in [Hassell and Wunsch
2008], that L is transverse to the boundary at bf to show that (y, y’, o, ppr) form coordinates locally near
Ty away from G. Here pyr is a boundary defining function for bf and can be taken to be x for o > 1 or
x' for o < 1. Therefore, L projects diffeomorphically to mf locally near 7+ and away from G.

(ii) The calculation above shows that if 7 is small, then d(z, ') is small and |¢ + ¢'| is small, i.e.,
(z,¢,7,¢’, t)isclose to G. So by taking ¢ sufficiently small, we restrict attention to a small neighborhood
of GN{x +x’ > €}. The result then follows directly from Lemma 7.6. O

Remark 7.8. In fact, we can take ¢ to be the injectivity radius of M.

Let M’ be the compact subset of M° given by {x > €}, where ¢ is as in Lemma 7.7, and let ¢ be the
injectivity radius of M. For any zo € M’, let z denote the Riemannian normal coordinates centered at z,
and ¢ the corresponding dual coordinates. Define the quantity

n=_inf min{lz =21 +1¢ = ¢tz -2l /417 =20l = /4,y O = (2, 0), y (O = (. &), 12 4),
20€

where the minimum is taken over all geodesics y : R — M° that are arc-length parametrized.
Lemma 7.9. The quantity n is strictly positive.

Proof. We use the nontrapping assumption; then there is no geodesic y with y(0) = (z,¢) = y(¢), if
t > (. Therefore, by compactness, the minimum for a fixed z¢ in the expression above is strictly positive.
This minimum varies continuously with zy and therefore the inf over all zq in the compact set M’ is also
strictly positive. (|

7D. Proof of Theorem 1.3, part (B). We now assemble our results to prove (1-9) for A > Ag, i.e., h < ho,
which by Proposition 1.12 and Section 6C is sufficient to prove part (B) of Theorem 1.3.

We now choose a partition of unity consisting of pseudodifferential operators. This is done similarly to
the previous section. In particular, we will choose Q1 to have microsupport disjoint from the characteristic
variety of h> H — 1, while the others will have compact microsupport, that is, they will be pseudodifferential
operators of differential order —oo. In detail, we choose Q1 such that Id —Q; is microlocally equal to the
identity where o (h*A ¢) < 3/2, and microsupported where o(h’A ¢) <2 (here o denotes the semiclassical
principal symbol). Then, we claim that dE%(k) is in (hxx")®°C>®(M?). To see this, we write

QdE ) (1) Q1 = dE' (1) — (1[d = QNAE (1) = dE) 0)(1d = Q1) + (1d — QdE L () (1d - Q1)

and use Theorem 4.2 and the microlocal support estimates as in the discussion below (6-26) to show that
WF’(dE%(A)) is empty. This piece therefore is in (hxx')®C%(M?), and trivially satisfies (6-25).

We now further decompose Id —Q, which has compact microsupport, into a sum of terms. We first
choose a function m € C*(M b2) that is equal to 1 in a neighborhood of 8M§ and supported where
x + x’ < 2¢, where € is as in Lemma 7.7. Choosing § as in Lemma 7.7, we divide up the interval
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[—2,2] into N — 1 intervals B; each of width < §/4, and choose a decomposition (Id —Q)m = ZIN: 5 Qi
where the operators Q;, and hence also Q7, are supported on the set x 4+ x" < 2¢ and microsupported
in the set {o (h*A ¢) <2,v e 2B;}. It follows that if ¢’ = (x, y, x', y', u, u/, v, V', v) € L' is such that
71(q") € WF_(Q;) and wg(q") € WF, (@1, then |[v —V'| < §/2. Together with Theorem 4.2 and
Lemma 7.3, this means that Q,dEij)ﬁ()») Q7 is a Legendrian distribution associated only to L and not to
LF, since on (L*)" we have |[v — 1’| =2 > §/2. Then Lemma 7.6 guarantees that on the microsupport
of Q,-dE ) (A)Q the projection 7 to mf is either a diffeomorphism or satisfies the conditions of
Proposmon 7.5.

We finally decompose (Id —Q1)(1 —m) as ZN f\,]\frl Q;, where Q; is microsupported in a sufficiently
small set so that WF,+(Q;) is a subset of

{(z, 8 [z =20l +1¢ = ol < n/2} (7-10)

for some zg € M’ = {x > €} C M° and some ¢y (where we use Riemannian normal coordinates as in
Lemma 7.9). By construction, then, if ¢’ = (z, 7/, £, ¢/, 7) € WF, (Q; dEU) Y () 0), then we must have
|z — 7|+ |t —¢’| < n from (7-10), and also y(0) = (z,¢), y(t) = (Z', ¢ ) for some geodesic y. From
Lemma 7.9 we conclude ¢ < ¢, thus y is the short geodesic between z and z’. Consequently, T < ¢ and by
Lemma 7.7 either L locally projects diffeomorphically to mf, or ¢’ € **N*diag,,.

We next consider the symbol of Q; dE%(A)Q* As in the previous section, this symbol vanishes to
order j both at G C mf and at 0G x [0, hp] C bf, due to the vanishing of the phase function ® at G when
dvd> = 0. Therefore, in all cases, Q,dEf;)ﬁ(k) Q7 satisfies the conditions of Proposition 7.5 with [ = j,
and the required estimate (6-25) follows from this proposition. This completes the proof of (1-4) for
A <A <00

8. Trapping results

8A. Spectral projection estimates. In this section we study the Laplacian on a manifold N with C*
bounded geometry, in the sense that the local injectivity radius ¢(z), z € N has a positive lower bound, say
€; the metric g;;, expressed in normal coordinates in the ball of radius €/2 around any point z is uniformly
bounded in C*®(B(0, €/2)), as z ranges over N; and the inverse metric g’/ is uniformly bounded in
supremum norm. (In fact, we only need g;; to be bounded in C k for some k depending on dimension 7,
but k tends to infinity as n — 00.) This implies that the distance function d(q, q¢’) satisfies the n x n
Carleson-Sjélin condition (see [Sogge 1993, Section 2.2]) uniformly over all z € N and ¢, ¢’ € B(z, €/2)
with d(q, q’) > €/4.
Then the following Sogge-type restriction theorem holds:

Proposition 8.1. Let N be a complete Riemannian manifold of dimension n with C*° bounded geometry.

Then the Laplacian Ay on N satisfies for A > 1
; 2(n+1)

1/p—1/pH—1 _
|10 2 1 VAN oy oy < CHPTVOTL 1< p < = - (8-1)

This is quite likely well-known to experts, but to our knowledge such a result has not appeared in the
literature, so we sketch a proof.



RESTRICTION AND SPECTRAL MULTIPLIER THEOREMS 941

Proof. 1t is enough to prove (8-1) for the endpoints p =1 and p =2(n+1)/(n+ 3), and use interpolation.
We adapt Sogge’s argument. Let € be as above. We then choose an nonzero Schwartz function y such
that its Fourier transform ¥ is nonnegative and supported in [€ /4, € /2]. It follows that x (0) > 0, and by
taking € sufficiently small, we can arrange that Re x > ¢ > 0 on [0, 1].

Now let x;¥(0) = x(0 — 1) + x(—o — A). This is an even function, and since x is rapidly decreasing,
for sufficiently large A we have

Re x;¥ 2c on[A, A+ 1].
That is,
(Re x")* — 4¢* = F,, where F;, > 0on [A, A+ 1].

Then for f € L7,
%Cz||1[,\,x+1](\/z/v)f“iz =(1p (VAN £, (Re va(«/_zv))z— FA(‘/_N)f>
= (Lo (VAN Re " (VAN) £, Re x5 (VAN) f)
- <FA(\/_N)1[A,A+1](\/ZN)JC’ l[k,k+1](\/KN)f)
< |RexS* VAN £}
< X" VAN £

So it is enough to estimate the operator norm of the operator x;" (v/Ay) from L? to L2. To do this we
express va(«/x ~) in terms of the half-wave group e'’ VAy,

SY(WAy) = % / VAN (1) dt (8-2)
Since )(A = e 1% (t) + €"* ¥ (—t) is even in 7, we can write this as

XEV(\/KN)Z%/COSZ’\/ZN( —ll‘)\"(t)+elt)LX( l’)) (8-3)

Using the fact that the kernel of cos 1+/Ay is supported in %, for any complete Riemannian manifold, we
see that va(\/zzv) is supported in %, >. The estimate (8-1) for p = 1 then follows from [Sogge 1993,
Lemma 4.2.4], or alternatively from the kernel bound CA"~1/2 that follows from the description of
cos /A ~ as a Fourier integral operator of order 0 associated to the conormal bundle of {d(x, y) = ¢}.
For the other endpoint p = 2(n 4+ 1)/(n 4 3), the argument in [Sogge 1993, Section 5.1] shows that
va(«/ZN) maps any f € L”(N) and supported in a ball of radius €/2 to L>(N) with a bound

xS (VAN flla < CAMVP=UD=12) £

where C is uniform over N due to the bounded geometry. We then choose a sequence of balls B(x;, €/2)
that cover N, such that B(x;, €) have uniformly bounded overlap, i.e., such that ) ; 15, ¢) is uniformly
bounded. Then for any f € L”(N), and using the continuous embedding from 17 — 1% for 1 < p <2,
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|x5 AW s < ZfoV«/KN)inZ(BW 1y < RPN P FIE e
l, :

1

2/p
< /el (Z If IIZ,(B(X[_,G)))
i

< A2 W/p=l2=h) g2 (8-4)

showing that x&(v/Aw), and hence also 1j; ;411(+v/Ay), maps from L”(N) to L?(N) with a bound
Ccar1/p=1/2=1/2 Using the T*T trick we obtain (8-1). O

8B. Spatially localized results for trapping manifolds. Let us assume now that M° is asymptotically
Euclidean and has several ends €1, ..., €;. By an end here we mean a connected component €; of
{x < 2¢}, where x is a boundary defining function and € > 0 is a small fixed number, so that €; is
diffeomorphic to (r;, co0) X §"—1 with a metric of the form dr? + r2h (v,dy, 1/r), with h smooth, and
such that the projection of the trapped set to M° is disjoint from €;.

Proposition 8.2. Assume M° is asymptotically Euclidean, possibly with several ends. Let x € C*°(M)

be supported in {x < €} and let H be as in Theorem 1.3. Then one has

2(n+1)
n+3 -~

Proof. As in [Hassell and Vasy 1999], we can write dE /z(X) = 7))~ P(L)P(L)*, where P(}) is the

Poisson operator associated to H. Hence one needs to get L? (M) — L?(dM) bounds for P(1)*x. The

Schwartz kernel of P(1)* is given by

IxdE g x|,y < CAMYP7UPITT for 1 < p < (8-5)

P*(A; v, 7)) =[x~ MER (G x, 5 )] a0 (8-6)

Let x1, x2, x3 € C*°(M) be supported in {x < 2¢} and equal to 1 in {x < €}, and x; x; = x; if j <.
Let (M;, g;) be a nontrapping asymptotically Euclidean manifold with one unique end isometric to €;.
The existence of such a manifold can be easily proved if one takes € small enough. There is a natural
identification ¢; : M; N {x < 2¢} — M N {x < 2¢}, and so functions supported in {x < 2¢} can be
considered as functions on M or | J ; M. To simplify notations, we shall implicitly use this identification
in what follows, instead of writing tj, tj,- Let Hi = Ay, +Vj, where V; is equal to V' in the identified
region, such that H; satisfies the conditions of Theorem 1.3 (which can always be achieved by making
V; sufficiently positive in a compact set away from the identified region). For A € {z € C; Im A > 0},
we define the resolvent R; (1) := (H; — 22)~! and by [Hassell and Vasy 2001] the Schwartz kernel of
this operator extends continuously to A € R as a Legendre distribution. For A > 0 it corresponds to the
outgoing resolvent while for A < 0 it is the incoming resolvent. For what follows, we consider Re A > 0
to deal with the outgoing case. We have the following identities for Im A > 0:

(Hj =) ) xaRj0)x1=xi+ Y _[Hj, 2R (M1,
J J

D R WxaH; =3 = xa+ Y xaRj(Mlxs. Hjl,
J J
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which can be also written as

D xRiMx1 =R xi+ Y ROIH;, x2lR; (Wi,
J J

Y R (M)xs = xR+ xaR;(Mxs. HiIR().
J J

Multiplying the second identity by x; on the right and combining with the first one, we deduce that

X2RO)x1 =) xeRiMx1+ ) xaRi(Wxs. HIRO)[H. x21R; (W) x1. (8-7)
J ij
Since R;(X), R(A) extend to A € R as operators mapping C5°(M) to C*°(M), (8-7) also extends to A € R

as a map from C;°(M) to C* (since [H, x;] is a compactly supported differential operator). Now to
obtain the Poisson operator P (1)*, we use (8-6) and deduce from (8-7) that

PO =Y P+ Y PrWIxs. HIRWIH, x21R; (M1, (8-8)
J iJj
where P;(A)* is the adjoint of the Poisson operator for H; on (M|, g;) (mapping to 0 M by the natural

identification of d M; with 9 M). Since V x, and V x3 are compactly supported, we can choose n € C°(M°),
supported in {x < 2¢}, such that 7 = 1 on supp V x2 Usupp V x3, and write (8-8) in the form

POY =Y i xi+ Y PF(nlxs, HInRGOnLH., x2InR; (W) xi. (8-9)
J i,j

In [Cardoso and Vodev 2002, Equation (1.5)],> Cardoso and Vodev prove the following L? estimate:
Ifne Cgo (M) (respectively n; € Cgo (M;)) is supported in {x < 2¢}, then for € small enough, there is
C > O such that, for all A > 1,

InROINIl 22 < CA™" (respectively [ R;()n;jll2 2 < CATY,

: (8-10)
InRGIl -1 < Ch - (respectively [l R;(njllg-1- g1 < CH).
Since the spectral measure dE;(A) for \,/H; on (M|, g;) satisfies
A 1
dEj(h) = —(Rj(M) = Rj (=) = 5 P; (L) P; ()",
we deduce by the 7T* argument and (8-10) that
I Pi )N 2@omp—r12m;) = € (8-11)

2In [Cardoso and Vodev 2002, Theorem 1.1], for A € R* and |A| > 1, only the |[nR(M) 71212 = 0(|A|_1) norm appears
but it is a direct consequence of [ibid., Equation (4.9)] that ||[nR(A)n||L2— g! = O(1) if n has support far enough in the
end. (Note that the H1 space in [ibid.] involves a semiclassical scaling, unlike our standard H1 space.) Then combining
with ApR(AM)n = n2 + ([A,n] + Azn)R(A)n, we get [[nR(A)n||L2— g2 = O(|A|) for all . € R* and taking adjoints give
InR(M)n|l H—2— 1.2, which by interpolating show that the H~! - H! normis O(|A]).
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if n; is as above. Now since M is nontrapping, we also know from Theorem 1.3 and the 77* argument
that for p € [1,2(n+1)/(n + 3)] we have

1P G * xall Lo uay—> L2 ona ) < CAMPEIDZL2, (8-12)
We now use the following:

Lemma 8.3. Assume that M ; is asymptotically Euclidean and nontrapping. Let x € C*° (M) be equal to
lin {x < €} and supported in {x < 2¢} and let n € C5°(M;) be supported in {x < 2¢} such that

inf{x | 3 (x, y) € suppn} > y sup{x [ I (x, y) € supp x} (8-13)

for some y > 1; in particular, the distance between the support of n and x is positive. Then the following
estimate holds for | < p <2(n+1)/(n+3) and A > 1:

C _
IMR; M) X ey r2m;) = 7||77dEj M x e a)—r201;) + OGT).

Assuming for a moment the validity of Lemma 8.3, we complete the proof of Proposition 8.2. Since
ndE (L) x =nP;(A)P;j(A)* x, we deduce from Lemma 8.3 and equations (8-11) and (8-12) that

IR )X Lty 2y < CAMHPTYDTIRZL 5 > 1 (8-14)

Now we can analyze the boundedness of the right-hand term of (8-9) as follows: nR;(A)x maps
LP(M;) — L*(M;) with norm CA"(1/P=1/2=1/2=1 by (8-14); [H, x»] maps L?(M;) to H~'(M) with
norm independent of A; nR(A)n maps H~'(M) to H'(M) with norm CA by (8-10); [x3, H] maps
Hl(Mj) to L?(M) with norm independent of A; and P*(1)n maps L*(M) to L*(M) with uniformly
bounded norm by (8-12). This concludes the proof of Proposition 8.2. U

Proof of Lemma 8.3. Recall that R;(4A) is the sum of a pseudodifferential operator and of Legendre
distributions associated to the Legendre submanifolds (°®N *diag,, L+) and to (L4, Li). Since the
distance between the supports of  and yx is positive, we see that nR;(£A)x are, like dE;(X), both
Legendre distributions (conic pairs) associated to (L, L*) with disjoint microlocal support; indeed, the
nontrapping assumption implies that L, and L_ intersect only at G, which is contained in S*N*diag,,
while Li and L* are disjoint. We claim that we can choose a microlocal partition of unity,

N
Y 0i=1d,
i=1

where the Q; are semiclassical scattering pseudodifferential operators, such that for each pair (i, k),
either Q;nR;(A)x Qr or Q;nR;(—A)x Q is microlocally trivial. This does not quite follow from the
disjointness of the microlocal supports of nR;(4A) x; we must also check that at 7., there are no points
Oy, o m,w, v, V), (v, y, 0% w, 1, v,v) € S‘DT*be, differing only in the o coordinate, such that
the first point is in WF,;(nR (1) x) and the second point is in WF| (7R ;(—X) x) (see Remark 6.6). This
follows from (6-23); in fact, the coordinates (v, V') determine o except on the sets 7. However, on T,
we find that (y, y',o0,u =0,/ =0,v==+1,v =F1)isin Ly ifandonlyifoc <l andv=1,0ro > 1
and v=—1, whileitisin L_ ifand only if 0 <1 and v = —1, or 0 > 1 and v = 1. But condition (8-13)
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implies that o > y > 1 on the support of the kernel of nR;(4=A) x, so we see that indeed it is not possible
to have (y, y', o, u, u', v,v") € WF;(nR;j(AM) x) and (y, y', 0", u, ', v,v') € WE;(nR;(—A) x).

Now let N be the set of pairs (i, k), with 1 <i, kK < N, such that Q;nR; (1) x Q is not microlocally
trivial. This means that if (i, k) € N, then Q;nR;(—1) x Oy is microlocally trivial. Let us also observe that
as the Q; are uniformly bounded as operators L? — L?, and as they are Calderén—Zygmund operators
in a uniform sense as 7 — 0, then they are uniformly bounded as operators L” — L? for 1 < p < oo.
Therefore we can compute that

N
IR W x ey 2y < D 1QMR; W) x Qell Loy r20;)

i,k=1
=Y 1QinR; W)X Qill Lo vy 120mp + O G

(i,k)eN
= Y 1Qin(R; () = Rj (=) x Qell oy 120,y + O()

(i,k)eN

1 _
=5 2 1QmdE;G)x Qullray—r2my + O G)
(i,k)eN

CN? —o0

=7 IndE;j M) X Irmj— L2y + OAT), (8-15)
proving the lemma. 0

Remark 8.4. Observe that we missed the endpoint p = 1 due to our use of Calder6n—Zygmund theory.
In the case that M is exactly Euclidean for x < 2¢ we can take M to be flat Euclidean space and then it
is straightforward to check that nR;(A) x is bounded L'(M i) = L*(M ;) with norm OA=3/2) which
gives us Proposition 8.2 for p =1 in this case.

In [Seeger and Sogge 1989], spectral multiplier estimates are proved for compact manifolds for the
same exponents as in Theorem 1.1. This was done using Sogge’s discrete L? restriction theorem, i.e.,
Proposition 8.1. One may suspect that, since spectral multiplier estimates can be proved in the compact
case, and since we have localized restriction estimates outside the trapped sets, that one should be able to
prove spectral multiplier estimates on asymptotically conic manifolds unconditionally, i.e., without any
nontrapping assumption. We have not been able to prove this, however, but have the following localized
results:

Proposition 8.5. Let M° be a manifold with Euclidean ends, and let p € [1,2(n+1)/(n +3)]. Let H
be as in Theorem 1.3, let x be a cutoff function as in Proposition 8.2, let F be a multiplier satisfying the
11

assumption of Theorem 1.1, i.e., F € H® for some s > max (n(; - Z)’ %) Then we have

sup|| F(avVH) x| p—p < CIFllas-

a>0

This is proved by following the proof of Theorem 1.1, using (8-5) in place of (2-3).
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Proposition 8.6. Let w € C°(M°) be compactly supported and let H and F be as above. Then the
following estimate holds:
supllwF (v H)|Lr—rr < || Fllps.

a>0

This is proved by following the method of [Seeger and Sogge 1989], using the compact support of @
to obtain the embedding from L? to L” as in [ibid., Equation (3.11)].

8C. Examples with elliptic trapping. Here we show that the restriction estimate at high frequency
generically fails for asymptotically conic manifolds with elliptic closed geodesics. Indeed, it has been
proved by Babich and Lazutkin [1968] and Ralston [1977] that if there exists a closed geodesic y in
M such that the eigenvalues of the linearized Poincaré map of y are of modulus 1 and are not roots of
unity, then there exists a sequence of quasimodes u; € C5°(K) with K a fixed compact set containing the
geodesic, a sequence of positive real numbers A ; — oo such that for all N > 0 there is Cy > 0 such that

lujlle =1, [(Ag—27ujll2 < Cyr;™. (8-16)

Proposition 8.7. Assume that (M, g) is an asymptotically conic manifold with an elliptic closed geodesic
such that the eigenvalues of the linearized Poincaré map of y are of modulus 1 and are not roots of unity.
Then for all p € [1,2) and M > 0 the spectral measure dE VA, (L) does not satisfy the restriction estimate

3C >0, 30 >0, VA= ho, IdE ;5 Wl oy < M.
Proof. Let u; be the quasimodes above. Then the inequality
I(Ag = 2ujll 2 < Cya7™
implies that
H1R\[A§—2CNA;N,A§+2CN,\;N](Ag)”j H 12 = %

since [|[(Ag — )»?)v” > c||v|| if v is in the range of the spectral projector l[R\[Az.—c 324¢)(Ag). Therefore
J 7

V3
Hl[x;fzcm_;’”,x%zcmﬂj(Ag)“j = DI (8-17)
and using the fact that 1[A§_2CN AN a2 +2CNA]7N](A ¢) 18 a projection,
3
{uj, 1[A§—2CNA;N,A§+2CN,\;NJ(Ag)“j) == (8-18)

This implies that for large enough A we have

(8-19)

Blw

(i, 1[)\_,-—2CN)L;N*1,kj+2CNA;N’1](«/Kg)u.I') =

Now assume that there exists C such that [|[dE/x, (M ;p_ 0 < CAM . Then using the continuous
embeddings from L*(K) — LP(K) and LP/(K) to L2(K), we see that there is C’ > 0 such that

(uj, dE sz (Muj) < C'AM flujll 2 < 202N,
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By integrating this on the interval [A; — 2CN)»]7N_1, Aj+ 2CNA;N_1], we contradict (8-19) if N 4+ 1 is
chosen larger than M and j is large enough. U

Remark 8.8. In fact, one can construct examples where the spectral measure blows up exponentially
with respect to the frequency A. Consider a Riemannian manifold (M, g) which is a connected sum of
flat R"” and a sphere S”, so that it contains an open set S isometric to part of a round sphere S”, namely

1. 2 2 1
S:{x:(xl,xz,---,xn+l)ERn+ s|x|:17x1 +x2 >Z}

Consider the functions uy (x) 1= (x; +ix2)" (as functions on R**!). These restrict to eigenfunctions on
S" with corresponding eigenvalue N(N +n — 1) and with norm ||uy| ;2 ~ c¢N~1/4 for some ¢ > 0 as
N — oo. Let x € C3°(S) be equal to 1 on SN {xlz—l-xz2 > 1/2} and extend it by O on M \ S. The modified
function vy = xun/l xun| 2 satisfies

(Ag = N(N+n—1)vy =[Ag xlun/lIxunllr2.

But since |x1 +ix2| < 1/2 on the support of [Ag, x| and since || xun|| > CN~'/4 for some C > 0 when
N is large, we deduce that (Ag — N(N +n—1)vy = O;2(e~*N) for some a > 0. Applying the argument
of Proposition 8.7, we deduce that there exist C > 0, 8 > 0 and a sequence Ay ~ /N(N +n — 1) such
that |dE(AN) Iy = CePHy.

9. Conclusion: application and open problems

The restriction theorem can be applied to prove Sobolev estimates. Recall that the Hardy—Littlewood—
Sobolev theorem tells us the inverse of the Laplacian, i.e., the resolvent at zero energy, on R" is bounded
from L?(R") to LP/([RR") when n > 3 and p = 2n/(n + 2); this holds true on any asymptotically conic
manifold. Since the resolvent looks like the spectral measure microlocally away from the diagonal, and
since this value of p is in the range [1,2(n + 1)/(n 4+ 3)] in which the spectral measure is bounded
LP — LV by Theorem 1.3, this suggests that the resolvent kernel (A — (A £i0)?)~! on an asymptotically
conic manifold should be bounded from L?(R") to L”/([Ri") when p = 2n/(n 4 2). This result has been
recently proved in [Guillarmou and Hassell 2012] and if in addition the metric is nontrapping, we have the
following uniform Sobolev estimate: For p =2n/(n+2), p’ =2n/(n — 2) there exists C > 0 independent
of A € C such that

Vu e WP(M), (A —=ADullLr > Cllull,, .

This was proved by Kenig—Ruiz—Sogge [1987] for constant coefficient operators on R”. The boundedness
of the resolvent for p € [2n/(n +2),2(n 4+ 1)/(n + 3)] is also satisfied for A # O but the constant is
0(|A|n(1/p—1/p’)—2)).

We mention several ways in which the investigations of this paper could be extended.

Theorem 1.3 is only stated for dimensions n > 3. This is because the proof relies on the analysis
of [Guillarmou and Hassell 2008; Guillarmou et al. 2012], which is only done for n > 3. It would be
interesting to treat also the case n = 2. The main difficulty in doing this is to write down a suitable inverse
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for the model operator at the zf face in the construction of [Guillarmou and Hassell 2008, Section 3],
which is not invertible as an operator on L?(M) in two dimensions as it is in all higher dimensions.

One could also extend Theorem 1.3 by allowing potential functions which are O (x?) instead of only
O (x?) atinfinity, i.e., inverse-square decay near infinity. This should be relatively straightforward, because
all the analysis has been done in the two papers cited above. For potentials of the form V = Vyx2, with V;
strictly negative at d M, this would have the effect of changing the “numerology”, i.e., the range of p and
the power of A in (1-4), for example. Here we preferred not to treat this case, in order not to complicate
the statement of Theorem 1.3, but rather to keep the numerology as it is in the familiar setting of the
classical Stein-Tomas theorem, and in Sogge’s discrete L? restriction theorem.

Another way to extend Theorem 1.3 would be to allow operators H with eigenvalues. In this case,
we would consider the positive part 1 ) (H) of the operator H. We expect such a generalization to
be straightforward, as the analysis has been carried out in [Guillarmou and Hassell 2008; Guillarmou
et al. 2012], with the only complication being that 1o o) (H) does not satisfy the finite speed propagation
property (2-2).

We close by posing, as open problems, some possible generalizations that seem to be a little less
straightforward:

» Prove (or disprove) the restriction theorem for high energies in the presence of trapping, in the case
that the trapped set is hyperbolic and the topological pressure assumption of [Nonnenmacher and
Zworski 2009] and [Burq et al. 2010] is satisfied.

» Prove (or disprove) the spectral multiplier result for high energies in the trapping case, i.e., Proposi-
tions 8.5 and 8.6 without the cutoff functions.
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HOMOGENIZATION OF NEUMANN BOUNDARY DATA
WITH FULLY NONLINEAR OPERATOR

SUNHI CHOI, INWON C. KiM AND KI-AHM LEE

In this paper we study periodic homogenization problems for solutions of fully nonlinear PDEs in
half-spaces with oscillatory Neumann boundary data. We show the existence and uniqueness of the
homogenized Neumann data for a given half-space. Moreover, we show that there exists a continuous
extension of the homogenized slope as the normal of the half-space varies over “irrational” directions.

1. Introduction

In this paper, we consider the averaging phenomena for solutions of uniformly elliptic nonlinear PDEs in
half-spaces coupled with oscillatory Neumann boundary data. To be precise, let " ~! be the normed
space of symmetric n x n matrices and consider the function F(M) : M"~' — R, which satisfies:

(F1) F is uniformly elliptic, that is, there exist constants 0 < A < A such that

MNI <= F(M)—F(M+N) <A|N| forany N =0;
(F2) (homogeneity) F(tM) =tF (M) for any M € M*Vandr > 0. In particular, F(0) =0.
(F3) F(M) only depends on the eigenvalues of M.

The homogeneity condition (F2) can be relaxed (see condition (F4) of [Barles et al. 2008], for example).
Typical examples of nonlinear operators that satisfy (F1)—(F3) are the Pucci extremal operators

PUDUC)) =AY i+ AY pi PTDU@) =AY pwiHAY

wi<0 ui=0 wni<0 1i=0
where (1, ..., U, are eigenvalues of D%u(x).
Let {ey, ..., e,} be an orthonormal basis of R"” and suppose g(x) : R* — R satisfies

(a) g€ CA(R") for some 0 < B < 1;
b) gx+e)=gkx)forallx eR"andk=1,...,n.
Next, for a given p € R", let I, (p) be a strip domain in R" with unit normal v, that is,
My(p)={x:—1<(x—p)-v<0}, where |[v|=1. (D)
With F, g and I1,, as given above, our goal is to describe the limiting behavior of u, as ¢ — 0, where

Kim was partially supported by NSF grant DMS-0970072. Lee was partially supported by NRF grant MEST 2010-0001985.
MSC2010: 35B27, 35125, 35J60.
Keywords: homogenization, boundary layer, fully nonlinear elliptic PDE, viscosity solutions, Neumann boundary data.
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u, satisfies
F(D%ug) =0 in T, (p),
(Pe) v-Du,=g(x/e) onTy:={(x—p) -v=0},
u=1 onl';:={(x—p)-v=—1}.
The fixed boundary data on I'; is introduced to avoid discussion of the compatibility condition on g and
to ensure the existence of u®.

Homogenization of elliptic, divergence-form equations with oscillatory coefficients and conormal
boundary data is a classical subject. Let  be an open and bounded subset of R”. Consider u® : Q — R

V. (A(g)wg) —0, )

with the Neumann (conormal) condition

v-(A(%)Vu)(x):g(%), x e 9. 3)

The problem (2)—(3) has been widely studied, and by now has been well understood; see [Bensoussan
et al. 1978] for an overview. We first consider the case when Q2 is a half-space; thus, let

solving

Q=%,={x:(x—p)-v=<0}L

We define the averaged Neumann data

u(v, €) :=/ g(f)dx. 4)
(x—p)v=0,x—p|<l &

Integrating by parts, one can show that u¢ locally uniformly converges to a continuous function u” : @ — R

as ¢ — 0 if and only if pu(v) :=lim._o i (v, €) exists, and that u solves the averaged equation

Fa {—v (A% (x) =0 forx €,
v-(A'Vu® = u()  forx €9dQ.

Therefore, different results hold depending on the choice of p and v:

(a) If v is a “rational” vector — one parallel to a vector in 7" —then u(v) exists if p =0, and
u(v) = the average of g(y) on the hyperplane {x - v = 0}.
(b) If v is a rational vector and p # 0, then there may be no limit of (v, ¢) and u® can have different

subsequential limits.

(c) If v is not a rational vector, then due to Weyl’s equidistribution theorem (Lemma 2.5), w(v, €)
converges to

wv) = (g) = / s dy.
[0,1]"

independent of the choice of p. In particular, the homogenized slope w1 (v) is discontinuous at every
rational direction v, but otherwise continuous.
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From these results, the divergence form of the operator, and the fact that rational directions are of zero
measure in ¥ ! := {x € R" : |x| = 1}, the following results hold for the general domain Q: if 2 does
not contain flat pieces whose normal vectors belong to RZ", then u® converges locally uniformly to the
solution u® of (Pgy) with pu(v) replaced by (g). We refer to [Bensoussan et al. 1978] for detailed analysis.
Note that «° is smooth up to the boundary, due to the fact that (g) is continuous (constant in particular).

For nonlinear or nondivergence operators, or for linear operators with oscillatory nonlinear boundary
data, little is known for the homogenization of the oscillating Neumann boundary data. Most available
results concern half-space domains going through the origin with its normal pointing to a rational direction.
Tanaka [1984] considered some model problems in half-spaces whose boundary is parallel to the axes
of the periodicity, by purely probabilistic methods. Arisawa [2003] studied special cases of problems in
oscillatory domains near half-spaces going through the origin, using viscosity solutions as well as stochastic
control theory. Generalizing her results, Barles, Da Lio and Souganidis [Barles et al. 2008] studied the
problem for operators with oscillating coefficients, in half-space domains whose boundary is parallel to the
axes of periodicity, with a series of assumptions which guarantee the existence of an approximate corrector.

In this paper, we extend the results above to the setting of general half-spaces IT,,, defined in (1), where
p is not necessarily zero and v ranges over all directions in R". In particular, we show the continuity
properties of the homogenized slope (V) over the normal directions v (see Theorem 1.2(ii)), with the
hope that such results will lead to better understanding of homogenization phenomena in domains with
general geometry (work in progress). Note that, as observed in the linear case, homogenized slopes may
not exist if v is parallel to a vector in Z" and if p # 0, and therefore the best result we can hope for is the
existence of the continuous function z(v) : "' — R such that (v) = u(v) for v € ¥"~! —RZ". This
is precisely what we will show.

Definition 1.1. A direction v € 9"~ is called rational if v € RZ", and irrational otherwise.
Theorem 1.2 (Main Theorem). For a given p € R", let u, solve (P).

(1) Let v be an irrational direction. Then there is a unique constant ((v) € [min g, max g| such that u®
locally uniformly converges to the solution of

F(D*u)=0 inTl,,
(P) v-Du=pul) only,
u=1 onTy.
(i) pu): ("1 —RZ") — R has a continuous extension p(v) : "1 - R.

(iii) For rational directions v, if Iy goes through the origin (that is if p = 0), then the statement in (i)
holds for v as well.

(iv) (Error estimate). Let v be an irrational direction. Then for u® and u solving (P,) and (P), we have
the following estimate: for any 0 < « < 1, there exists a constant C > 0 such that

|u® —u| < Cow(e)® inTl,. ®))

Here w(e) depends on the “discrepancy” associated to v as defined in (7).
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Remark 1.3. Our method can be applied to the operators of the form F (D?u, x) = f(x), with F and f
continuous in x, but we will restrict ourselves to the simple case discussed in (P;) for clarity of exposition.
On the other hand, our proof for the continuity of 1 (v) (Theorem 1.2(ii)) on page 965, cannot handle the
case where the operator F depends on the oscillatory variable x /e (see Remark 4.8).

2. Preliminary results

Let @ be an open, bounded domain. Let I'; be a part of its boundary, and define I'g := 902 —I';. For a
continuous function f(x, v): R" x g1 5 R, let us recall the definition of viscosity solutions for the
following problem:

F(D*u) =0 in Q,
(P)y v-Du= f(x,v) onTly,
u=1 on Iy,

where v = v, denotes the outward normal at x € 92 with respect to 2.
The following definition is equivalent to the ones given in [Crandall et al. 1992]:
Definition 2.1. (a) An upper semicontinuous function u : Q — R is a viscosity subsolution of (P) rif

(i) u<lonIy,and

(i1) for a given domain ¥ C R”", u cannot cross from below any C 2 function ¢ in ¥ which satisfies

F(D%*p) >0 inQNx,
v-D¢ > f(x,v) onlgNX,
¢ >u on (AT UT,)NZ.

(b) A lower semicontinuous function u : @ — R is a viscosity supersolution of (P)y if:
i) u=1lonTy;
(i) for a given domain ¥ C R”", u cannot cross from above any C? function ¢ which satisfies

F(D*¢) <0 inQNx,
v-D¢ < f(x,v) onlgNZ,
o <u on(3TUT)NE.

(c) u is a viscosity solution of (P) ¢ if u is both a viscosity sub- and supersolution of (P)s.

Existence and uniqueness of viscosity solutions of (P) s is based on the comparison principle we state
below:

Theorem 2.2 [Ishii and Lions 1990, Section V]. Suppose 2, 'y, Uy, F and v are as given above, and let
f R x "1 — R be continuous. Let u and v respectively be a viscosity sub- and supersolution of (P) f
inadomain X CR". Ifu <vondX, thenu <v in .

For details on the proof of this theorem as well as well-posedness of the problem (P) ¢, we refer to
[Crandall et al. 1992; Ishii 1991; Ishii and Lions 1990].
Next we state some regularity results that will be used in the paper.
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Theorem 2.3 [Caffarelli and Cabré 1995, Chapter 8, modified for our setting]. Let u be a viscosity
solution of F(D*u) =0 in a domain Q. For any 0 < o < 1 and for any compact subset Q' of Q, we have
lullco@y < Cd™*|lull =g,

where C > 0 depends onn, ., A and d = d(Q', 9Q).
Theorem 2.4 [Milakis and Silvestre 2006, Theorems 8.1 and 8.2]. Let
B:r ={lx|<r}n{x-e, >0} and T :={x-e,=0}NB.
Let u be a viscosity solution of
F(D*u)=0 in B,
v-Du=g inT.

(a) If g is bounded, then u is in C “(Bf;z) for some o = a(n, A, A), and we have the estimate
Il iy < € (el Gz, + max lgll).

(b) Suppose g € CP(R"), where 0 < B < 1. Then u is in CI’V(BIJF/Z), where y = min(ag, 8) and
ag =ag(n, A, A). Moreover, we have the estimate

Il cre i < (Il zp, + lgles).
In (a) and (b), the positive constant C depends only on n, A, A and «.

Let us next discuss the averaging property of the sequence (nx), mod 1, where x is an irrational number,
and its applications to dimensions greater than 1, which will prove useful in our analysis in Section 3.
Since we obtain estimates on the convergence rate of solutions for (P,) in our result, we are particularly
interested in the estimates on the rate of convergence of the sequence (nx), to the uniform distribution
(Definition 2.6). We begin by recalling the notion of equidistribution.

» A bounded sequence (xy, x3, x3...) of real numbers is said to be equidistributed on an interval
[a, b] if for any [c, d] C [a, b], we have
e nledl] d—c
lim =

n— 00 n b—a’

Here |{x1, ..., x,} N][c, d]| denotes the number of elements.

o The sequence (x1, x3, X3, ... ) is said to be equidistributed modulo 1 if (x; — [x1], xo — [x2],...) is
equidistributed in the interval [0, 1].

Lemma 2.5 [Weyl 1910, Weyl’s equidistribution theorem]. If a is an irrational number, (a, 2a, 3a, . ..)
is equidistributed modulo 1.

To discuss quantitative versions of Lemma 2.5, we introduce the notion of discrepancy.

Definition 2.6 [Kuipers and Niederreiter 1974]. Let (xx), k =1, 2, ... be a sequence in R. For a subset
E C [0, 1], let A(E; N) denote the number of points {x,}, ] <n < N, that lie in E.
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(a) The sequence (x,), n=1,2,... is said to be uniformly distributed mode 1 in R if

. A(E;N)
lim ——2—= = u(E
Nl—I>noo N M( )
for all E = [a, b). Here u denotes the Lebesgue measure.

(b) For x € [0, 1], we define the discrepancy

Dy(x):= sup AEN) _

n(E)|,
E=l[a,b) N

where A(E; N) is defined with the sequence (kx), k € N, modulo 1.

It easily follows from Lemma 2.5 that the sequence (x;) = (kx)ien 1S uniformly distributed modulo 1
for any irrational number x € R. In particular, Dy (x) converges to zero as N — o0.
Next, let ¥~ = {v € R" : |v| = 1}. For a direction v = (v1, ..., v,) € "1, let v; be the component
with the biggest size, that is,
[vi| =max{|v;|:1=<j <n}

(If there are multiple components, then we choose the one with largest index.)
Let H, be the hyperplane in R" which passes through 0 and is normal to v:

H,={xeR":x-v=0}.

Since v; # 0, there exists m(v) such that

a,...,1,mw),1,...,1)-v=0, (6)
where m(v) is the i-th component of (1,...,1,m(v), 1,...,1). Then we define
wy(g) ;== Dy(m(v)), where N =g~ /1, (7)

Note that, if m(v) is irrational, then w,(¢) — 0 as ¢ — 0.

Now we are ready to state our quantitative estimate on the averaging properties of the vector sequence
(nv) with an irrational direction v, which will be used in the rest of the paper. Recall that for v € "1,
I[M,(p)={x:—1<(x—p)-v<0}. Write I'o = {x : (x — p) - v =0} and define

H,={x:x-v=0}.
Lemma 2.7. Forv € R" and xo € 1,, let H(xq) := H, + x¢. Let 0 < & < dist(xg, I'g).
(1) Suppose that v is a rational direction. Then for any x € H (xq), there is y € H (xq) such that
|lx —y| <Mye, y—xo€eZ",

where M,, > 0 is a constant depending on v.
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(ii) Suppose that v is an irrational direction, and let w, : [0, 1) — R™ be defined as in (7). Then there
exists a dimensional constant M > 0 such that the following is true: for any x € H(xg), there is
y € R" such that
Ix—y| <M1y —xpeer”

and
dist(y, H(x0)) < ew, (&), (8)

where w, is as given in (7).
(iii) If v is an irrational direction, then for any z € R" and § > 0, there is w € H (xg) such that
|z —w| <8 mod eZ".

Proof. The proof of (i) is immediate from the fact that for any rational direction v, there exists an integer
M > 0 depending on v such that Mv € Z".
Next, we prove (ii). Let v be an irrational direction in R"*. Without loss of generality, we may assume

[vn| = max{|v;[: 1< j <nj.
Let x be any point on H (xp): after a translation, we may assume that x = 0. Choose m such that
e(1,1,...,1,m) € H(xp).

Note that M = |m| < n?. Also note that m is irrational since v is an irrational direction. Since H (x)
contains x = 0, we have
ke(1,1,...,1,m) € H(xp) for any integer k.

Consider the sequence (km), k € N. From the definition of w, (¢) and the discrepancy function Dy (m),
it follows that any interval [a, b] C [0, 1] of length w, (&) contains at least one point km (mod 1), for

some k < N = g~ 9/10,
Hence for any z = (0,0, ..., 0, x,,) € [0, €]", there exists
w=ke(l,1,...,1,m) € H(xg), 0<k<g /10
such that
|z —w| < ew,(¢) mod eZ".
Similarly, for any z € [0, €]", there exists w € H (xo) N (ke(1, 1, ..., 1, m) + [0, €]") such that

lz—w| <ewy(e) mod eZ", 0<k<eg /0 9)

We continue with the proof of (ii). Recall that the coordinates are shifted so that x = 0. Thus it suffices
to find y € R" such that

1/10

lx —yl=|y| < Me ly —x0l=0 mod eZ"

and
dist(y, H(xg)) < ew,(¢).
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By (9), there exists w € H(xp) such that
Ix —w| = |w| < Mke < M&'/"? (10)

and

|xo — w| < ew,(¢) mod eZ". (11)
Given w satisfying (11), we can take y € R” such that

[xo—y] =0 mod eZ", |y—w|<ew,(e).

Then, by (10),
Iyl < |y —w|+|w| < M1+ gw, () < Me'/10.

Also, since w is contained in H (xg), we have dist(y, H(xp)) < |y — w| < ew, (¢), proving (ii).
Finally, (iii) is a direct consequence of (9). O

3. In the strip domain
Fix p € R" and v € 9"~ ! such that p - v # 0. Let
N=I,=xeR":—1<(x-—p)-v=<0}L
We consider a bounded viscosity solution u, of

F(D?u,)=0 inII,

(Pe) %:g(%) onTy:={x:(x—p)-v=0},
u, =1 onl'j:={x:(x—p)-v=—1}L

Below we prove the existence and uniqueness of u,.

Lemma 3.1. Let f(x) : R* — R be continuous and bounded. Let 1 be as given above and define
Br(p) :={lx — p| < R}. Suppose w, and w; solve, in the viscosity sense,

(a) F(D*w;) =0and F(D*w;) =0in Xg :=I1NBr(p);
(b) dwy/dv = f(x) =0dwy/dv on I'y;

(©) wy=wyonly;

(d) wi=—M,w, =M onIINIBr(p).

Then, for R > 2 and C = %, we have

w1§w2§w1+3c

= inTINBi(p).

Proof. Without loss of generality, let us set v = ¢, and p = 0. The first inequality, w; < w», directly
follows from Theorem 2.2. To show the second inequality, consider @ := wy + M (h| + hy), where

C

hy :%(()ﬂ)z-i-"‘(xn)z) and hzzﬁ(l—(xn)z),
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with C = % We claim wy < @. To see this, note that

F(D?*®) = F(D*w; + D*hy + D*hy)

> F(D*w;) + %(cx —nA) > F(D*wy) in Xg.
On the boundary of X, @ satisfies

Oy, @ = Oy, @] = Oy, w2 on XgN{x, =0}
and

wy<® onIl;NBr(0) and on B (0) NII.

It follows from Theorem 2.2 that w, < @ in X, and we are done. O
Lemma 3.2. There exists a unique bounded solution u of (P).

Proof. 1. Let ¥ be as given in Lemma 3.1, and consider the viscosity solution wg (x) of (P;) in X with
the lateral boundary data M =1 on d Bg(p) N I1. The existence and uniqueness of the viscosity solution
wg is shown, for example, in [Crandall et al. 1992; Ishii 1991; Ishii and Lions 1990].

By the maximum principle, wg < 1 + max(g) in Xg. Due to Theorem 2.4 and the Arzela—Ascoli
Theorem, wg locally uniformly converges to a continuous function u.(x). Then by the stability property
of viscosity solutions, it follows that u.(x) is a viscosity solution of (P;).

2. To show uniqueness, suppose u; and u; are both viscosity solutions of (P.) with |u1]|, [uz| < M. Then
Lemma 3.1 yields that, for any point ¢ € I'g and any R > 2,

jur—ual = 0(25) in Bi@)NTI.
Hence u| = u». O
The following is immediate from Theorem 2.2 and the construction of u, in the above lemma.

Corollary 3.3. Suppose u and v are bounded and continuous in T1,,(p), and solve

a) F(D?u) <0< F(D%v) in I1,(p);

b) u<vonTly;

c) du/ov < f(x) <dv/dv on Iyp;
where f(x):R" — R is continuous. Then u < v in I1,(p).

In the rest of this section, we will repeatedly use the fact that linear profiles as well as constants solve
F(D*u) =0.

Lemma 3.4. Let I1,(p) be as given in (P.) and let 0 < ¢ < 1. Suppose that w, and w; are bounded and
solve, in the viscosity sense, 5

F(D*w;) =0 in I1,(p),

lw; —wa| <& only,

dw; _ dw

W bR =A on F().
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Then there exists a positive constant C = C(A) such that
lwi —wz| = C—¢ inIl,(p)NBi)(p).

Proof. Let W := wy +h, where h(x) = A(x — p)-v+ A —e. Then dw/0v = dw;/dv on I'y. Also, @ < w
on I';. Therefore, Corollary 3.3 yields that wy +h < wy. Since h > A/2 — ¢ in By,2(p), we are done. [

Lemma 3.5. Let 1 =TI1 +av for some 0 < a < Ae, where 0 < A < 1. Suppose u. and ii. are bounded,
and solve (Py) respectively in the domains I1 and I1. Then we have

lus —iis| < C(AP +6%) inTINTI,
where a is as given in Theorem 2.4 and B is the Héolder exponent of g.

Proof. 1. Let v, (x) =i, (x+av), so that v, and u, are defined in the same domain IT. Since g(x) € C#(R"),
|0vs /v — du, /dv| < AP on Iy.
2.On Ty, u, = v, = 1. Hence one can compare u, + A?(1 + (x — p) - v) with v, and apply Theorem 2.2

to obtain
e —ve| < AP inTI.

Due to the Holder continuity of u® given by Theorem 2.4, |v, — ii,| < Ce* in T1 N [1. This finishes the
proof. g

The next lemma follows from Theorem 2.4(b).

Lemma 3.6. Let v; be a bounded solution of (P;) with a constant Neumann condition g(x) = ;. If
W —> [, then v; converges to v such that dv/dv = p on I'.

4. Proof of the Main Theorem

We will prove first parts (i), (iii) and (iv) of Theorem 1.2; the proof of part (ii) starts on page 965.
Recall that

Foz{x:(x—p)-v=0}, F1={x:(x—p)~v=—1}.

Due to the uniform Holder regularity of {u.} (Theorem 2.4(a)), along subsequences u.;, — u in I1,. Note
that there could be different limits along different subsequences (¢;). Below, we will show that if v is an
irrational direction, all subsequential limits of (u.) coincide.

Suppose

Oell,={-1<(x—p)-v<0].
Let us choose a convergent subsequence and rename it (u ;). For each j, there exists a constant ; and a

function v; in IT, (p) such that
F(D*v;)=0 inTl,(p),
dvi/ov=u; only,
(P//Lj) J/ M 0

Uj = I/{j = 1 on F[,

Vi =Uj at x =0.
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Lemma 4.1. We have u; — u for some i1 as j — oo. (The limit may depend on the subsequence chosen.)
Proof. Suppose not; then there is a constant A > 0 such that for any N > 0, |i,, — un| > A for some
m,n > N. Then, by Lemma 3.4,
[Vm (0) — v, (0)[ = Ca.
This contradicts the fact that v;(0) = u;(0), since u;(0) — u(0) as j — oo. U
The next lemma states that u. looks like a linear profile with respect to the direction v as € — 0.

Lemma 4.2. Away from the Neumann boundary 'y, u. is almost a constant on hyperplanes parallel to T'y.

More precisely, let xg € 1, (p) with dist(xg, ['g) > eV andlet 0 < o < 1. Then:

(1) Ifv is a rational direction, there exists a constant C > 0 depending on v, @ and n, such that for any
x € H(xo) :={(x —x0) -v=0},
Jus () — ue (x0)| < Ce*/2. (12)

(i) If v is any irrational direction, there exists a constant C > 0 depending on o and n, such that for any
x € H(xg),

lue (x) — e (x0)| < Ce**° + Cay (e)”, (13)
where w, : [0, 1) — [0, 00) is a mode of continuity given as in (ii) of Lemma 2.7.
Proof. First, let v be a rational direction. Lemma 2.7 implies that for any x € H (xg), there is y € H (xq)
such that |[x — y| < M, ¢ and u.(y) = u.(xo). Then by Theorem 2.3,

i (x0) — s (x)] < Ce~%*O (M, )% < Ce%/?.

Next, we assume that v is an irrational direction and x € H (xp). By (ii) of Lemma 2.7, there exists
y € R" such that |x — y| < Me'/10 y — xo € 7" and
dist(y, H(xg)) < ew(e). (14)
Then we obtain
lue (x0) — te ()| < |ue(x0) — ue (V)| + e (y) — us (x)|
< C(@(e)’ + &%)+ ue(y) — ue(x)]
< Cw(e)? 4+ Ce™ /0 (Me!/10)
< Cw(e)f +Ce¥/?, (15)

where the second inequality follows from Lemma 3.5 with (14), and the third inequality follows from
Theorem 2.3. 0

By Lemma 4.2 and by the comparison principle (Theorem 2.2), we obtain the following estimate: for

x elIl,
lue(x) —ve(x)| < Ale), (16)

where ) o _ o
Ce®/ if v is a rational direction,

A(e) ={

Ce?Y 4 Cw,(e)? ifvis any irrational direction.
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Lemma 4.3. limv; =limu ;, and hence du/dv = j1 on I'y.

Proof. Observe that v; solves (Pe;) with g = u;: note that v; is then a linear profile, that is, v;(x) =
m;i((x —p)-v+1)+1. Let xo be a point between I'g and H(0). Then by Lemma 4.2, applied to u;
and v;,

|1t () = v (x0)) = (1t (x0) — v (x0)| < Ale), (17)

for all x € H (xg), if j is sufficiently large. Suppose now that
uj(xg) —vj(xg) >c >0, forsufficiently large j.

Then due to (17), uj —v; > c¢/2 on H(xp) if j is sufficiently large. Note that u; can be constructed as
the locally uniform limit of u; g, where u ; g solves

F(D*ujg)=0 in Bg(xo)NII, ujr=v; ondBg(xo)NITI,
with
uip=1 onl iu x)= (i> on I’
R — I 9 J.R =8 8}' 0-

Comparing u; g and v; + c((x — xp) - v+ 1) on the domain
Br(xo) N{x: =1 <(x—p)-v<(x—x0)- v}

for sufficiently large R then yields that u; z(0) > v;(0) + ¢¢ for all sufficiently large R, which would
contradict the fact that v;(0) = u;(0). Similarly, the case liminf; (u;(xo) — v;(xp)) < O can be excluded,

and it follows that
luj(x0) —vj(xp)| = 0 as j— oo.

Hence we get v; — u in each compact subset of I1. By Lemmas 4.1 and 3.6, the limit u = v of v; satisfies
ou/ov = on I'y. Il

Lemma 4.4. If v is an irrational direction, du/dv = ., for a constant |1, which depends on v, not on the
subsequence €.

Proof. 1. Let 0 < n < ¢ be sufficiently small. Let

we (x) = “5(5’“), w, (x) = @

and denote by I'y and I'> the Neumann boundary of w, and w,;, respectively. By (iii) of Lemma 2.7, for
the point p € R", there exist g; € '] and ¢, € I'; such that

lp—qil<n modZ" and |p—gqz|<n mod Z".

Hence after translations by p — g; and p — g»>, we may suppose that w,(x) and w,(x) are defined,
respectively, on the extended strips

Q@:{x:—%f(x—p)-va} and Qn:={x:—%§(x—p)-v§0}.
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Here, w, = 1/¢ on {(x — p) -v = —1/¢} and w, = 1/ on {(x — p) - v = —1/n}. Moreover, on
[y :={(x — p)-v =0}, we have

ow, dw,
:gl(x) = g(X—Z]) and _:gZ(x) ::g(x_ZZ)’
av v

where |z1], |z2| < 1. Observe that since g has Holder exponent 0 < 8 < 1, we have |g; — g2| < n”.

Let v, be a solution of the problem (P;) with constant Neumann data dv,/dv = u, on I'g such that v,
coincides with u, at x =0 and on I';. By (16),

C /20 C B
W (x) — vg(ex)‘ < £ + Cw(e) . (18)
£ g
Note that v, is a linear profile: indeed,
D () vs D)4 L
. He (x—p) vto )+
From (18) and the comparison principle, it follows that, with A () = Ce*/?° + Cw ()P,
1 1 1
(e = A@) (= p) v+ 1) Swe@) =5 =< (et A@) (= p) v+, (19)

2. (19) means that the slope of w, in the direction of v (that is, v - Dw,) is between u, + A(e) and
e —A(e) on {x: (x — p)-v=—1/¢e}. Now let us consider linear profiles

Lhix)=ai(x—p)-v+by and bh(x)=a(x—p)-v+b,
whose respective slopes are a; = e + A(e) and a; = e — A(e). Here by and b, are chosen such that
L =h=w,(x) on {x (x—p)v= —%}
3. Now we define

I/n<(x—p)v=<—1/e},
1/ < (x —p)-v <0}

[i(x) in | —

we(x)+cp in {
{

and
I(x) in{-1/n<(x—p)-v=<-1/e},
w(x) =
we(x)+cy in{—1/e < (x —p)-v <0},
where ¢ and ¢, are constants satisfying /; = w,+c; and [, = w.+c on {(x — p)-v=—1/¢}. (See figure.)

A A

1
€

A4

I | =




964 SUNHI CHOI, INWON C. KIM AND KI-AHM LEE

Note that, due to (19), in {—1/e < (x — p) - v < 0} we have
w(x) = min(h (x), we(x) + cl) and w(x) = max(lz(x), we(x) +cz),

and thus it follows that w and w are respectively viscosity super- and subsolutions of (P).
4. Let us define

1
M) = ((c=p) v ).
Then wt := w4+ h; solves

F(Dw™) >0 in Q,,
dwT/dv=gx)+n? onTy,
and w™ := w — hy solves
F(Dw™) <0 in ,,
dw /v =2gx)—n? onTy.
Since |g — gl <nf and wt =w™ = w, on {(x — p) -v = —1/n}, it follows from the comparison
principle for (P;) that
w” <w, <w" inQ,. (20)
Hence we conclude
iy — el < Ae) +1, 1)
where 1, is the slope of v,, and A(e) = Ce* 4 Cw(e)) > 0ase— 0. Il

The proof of the following lemma is immediate from Lemma 4.4 and (21) .

Lemma 4.5 (error estimate: Theorem 1.2(iv)). For any irrational direction v, there is a unique homoge-
nized slope i (v) € R and g9 = 9(v) > 0 such that for 0 < € < &g, the following holds: for any 0 < a < 1,
there exists a constant C = C(a, n, A, A) such that

|t (x) — (14 1) ((x = p) - v+ 1)| < A(e) := Ce® + Cawy(e)?  in 1, (p), (22)
where w, (€) is as given in (7).

Lemma 4.6. Let v be a rational direction. If the Neumann boundary T passes through p = 0, then there
is a unique homogenized slope j1(v) for which the result of Lemma 4.5 holds with A(g) = Cs%/?,

Proof. The proof is parallel to that of Lemma 4.4. Let w, and w, be as given in the proof of Lemma 4.4.
Note that since €2, and €2, have their Neumann boundaries passing through the origin, dw,/dv = g(x) =
dw,/dv without translation of the x variable, and thus we do not need to use the properties of hyperplanes
with an irrational normal (Lemma 2.7(b)) to estimate the error between the shifted Neumann boundary
data. g

Remark 4.7. As mentioned in the introduction, if v is a rational direction with p # 0, the values of
g(-/e) on 0L, and 92, may be very different under any translation, and thus the proof of Lemma 4.4
fails. In this case, u, may converge to solutions of different Neumann boundary data, depending on the
subsequence.
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Proof of Theorem 1.2(ii). Recall that we must show that the homogenized limit i (v), defined in Lemma 4.5
for irrational directions in $"~, has a continuous extension ji(v) : g1 5 R

Fix a unit vector v € "~ !. Then we will show that there exists a positive constant C > 0 depending on
v such that the following holds: given é > 0, there exists ¢ > 0 such that for any two irrational directions
vy, vy € P

172

l[nw(wy) — ()| < C$ whenever 0 < [v; — V|, [V, — V| <e. (23)

1. To simplify the proof, we first present the case n = 2. For simplicity of notation, we may assume that
|[v-er| <|v-ez] and p = 0. First we introduce several notations. Again for notational simplicity and
clarity in the proof, we assume that v = e;: we will explain in the paragraph below how to modify the
notations and the proof for v # e;. Let us define

Qo :=I1,(0) = {(x,y) e R*: =1 <y <0},

and fori =1, 2,
Q; :=T1,,(0) = {(x,y) e R*: =1 < (x, y) - v; <O}.

Let us also define the family of functions
gi(x1, x2) = gi(x1) = g(x1,8( — 1)),

wherei =1,...,m:=[1/§]+ 1 (see figure).

| [ [

If v is a rational direction different from e, take the smallest K, € N such that K,v = 0 mod N2. Then
g can be considered as a K, -periodic function with the new direction of axis of v. If v is an irrational
direction, take the smallest K, € N such that |K,v| < 8 mod N?. Then g is almost K y-periodic up to the
order of § with the new axis of v. We point out that it does not make any difference in the proof if we
replace the periodicity of g by the fact that g is almost periodic up to the order &.

Before moving on to the next step, we briefly discuss the heuristics in the proof.

Proof by heuristics. Since the domains 2] and €2, point toward different directions v; and v,, we
cannot directly compare their boundary data, even if d€2; and d€2; cover most of the unit cell in R" /Z".
To overcome this difficulty, we perform a two-scale homogenization.
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N g-boxes N g-boxes

First we consider the functions g; (i =1, ..., m) whose profiles cover most values of g in R? up to
the order of 8#, where B is the Holder exponent of g. Note that most values of g in R? are taken on 9,
and on 9€2, since v; and v, are both irrational directions. On the other hand, since v and v, are very
close to v, which may be a rational direction, the averaging behavior of a solution u. in €2; (or €2,) would
occur only if ¢ gets very small.

If [vy — v| = |v; — ez] is chosen much smaller than §, we can say that the Neumann data g (- /¢) is
(almost) repeated N := [§/|v; — v|] times on d€2; with period &, up to the error 0(8P). (See figure at the
top of the page.) Similarly, on the next piece of the boundary, g>( - /¢) is (almost) repeated N times, and
then g3(- /¢) is repeated N times: this pattern will repeat with gx (k € N mod m).

If N is sufficiently large, that is, if |v; — v| is sufficiently small compared to §, the solution u. in
2 will exhibit averaging behavior, Ne-away from 0€2;. More precisely, on the Ne-sized segments of
hyperplane H located Ne-away from 921, u, would be homogenized by repeating the profiles of g; (for
some fixed i) with an error of O(8#). This is the first homogenization of u, near the boundary of ©;: we
denote by w(g;) the corresponding values of the homogenized slopes of u, on H.

Now a unit distance away from 0€2;, we obtain the second homogenization of u., whose slope is
determined by ©(g;), i =1, ..., m. Note that this estimate does not depend on the direction vy, but on
the quantity |v; — v|. Hence, applying the same argument for v,, we conclude that | (vy) — w(v2)] is
small. Note that w(vy) and w(vy) are uniquely determined because v; and v, are irrational directions
(Lemma 4.6).!

A rigorous proof of the above observation is rather lengthy: the main difficulty lies in the fact that
to perform the first homogenization Ne-away from the boundary, one requires the solution u, to be
sufficiently flat in tangential directions to v, which we do not know a priori. We will go around this
difficulty by constructing sub- and supersolutions by patching up solutions from the near-boundary region
and from the region away from the boundary. The proof is given in steps 2—8 below.

1By (F3), we may assume that the arrangement of g1, ..., g, is the same for the directions vy and v,, after appropriate
rotation and reflection (note that (#3) implies rotation and reflection invariance of the operator F).
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2. Given 8 > 0, let us choose irrational unit vectors v;, v, € R? such that

_1/1000 _ _1/1000
0 <&y " <)/ <5

’

where g9 = |[v] —ep| and g9 = |vp —e3]|. Let e = 8(2)1/20 and £ = 531/20. Let us also define
v-lrtal- [
lvi—ea] €0
Then Ne = 885/20 := §p. Note that

So>¢"? and §p>8'%,

With the above definition of € and N, consider the strip regions Ip = [—N¢g, 0] x R, I} =[0, Ne] x R,
I_1 =[-2Ne, —Ne] xR, I, =[Ne,2Ne] xR, ..., that is,

Ii=[(k—1)Ne,kNe] xR forkeZ.

Let k € [1, m] denote k in modulo m, where m = [1/8]+ 1. Note that, since N|v; —ez| =4, gz (- /&) is
(almost) repeated N times on I; N d€2;. This fact and the Holder continuity of g yield that

|g(’g‘,§)—g,;(§)‘ <C% ono@ NI, forkeZ. (25)
3. Let w, solve (P) : F(D*w,) =0 in Q, with

{aws (.0 =g(%) for (x.00 € L,

v
we =1 on{y=—1}.

Next let u, solve (P) in 1, with

{ e (x, 00 =g(£, %) on () v =0),

vy

ug, =1 on {(x,y)-v; =—1}.
Let u(we) (u(ue)) be chosen as the slope 4 in the linearized problem (P, ;) in Section 4, where u ; is
replaced by w, (u.) and the reference point x = 0 is replaced by x = —e; /2 = (0, —%). (Recall that we
assumed 0 € 92y, and (0, —%) € Q; fori =1,2.) Then u(w,) and wu(u.) denote the slopes of a linear
approximation of w, and u.. From (25) it follows that

|(we) — p(ue)| < C8P. (26)

We point out that u(w,) and w(u.) respectively converge to a unique limit as & — 0, since v is
irrational.

4. We begin by introducing 11,y (gx), which denotes the average slope of a solution with Neumann data
gr(x/€), dp-away from the Neumann boundary {y = 0}. (Here note that 5o = N¢.)
Let us define
H:=0Q¢— Negey ={(x,y):y=—=5}.
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Let n =1/N and let w,  solve

F(D*w, 1) =0 in {8 <y <0},
wy,1 = we (0, —o) on H = {y = —do},
awn,l

= { = =
= (x,O)—g1(8,0> on 99 = {y =0},

where g1(x,0) = g1(x +k,0) for k € Z. Let j11,n(g1) be the slope of the linear approximation of w1,
defined as follows: choose a linear solution v, 1(-) such that

F(D?v,1)=0 in{—8) <y <0},
UT’],l = wr],l(07 _80) on H = {y = _80}7
1 1
o (0.-3) = (0. -%).
31),7,1
3y (x,0) = pi/n(81) on 92 = {y = 0}.

Since g1 (x /e, 0) is periodic on {y = 0} with period ¢ and 8o = Ne, we can apply Lemma 4.2(i), using
the fact that 8o > £'/2°, to conclude that

5 5
w1 (e = (10,1 (0, =2) sy ) (v +un 2 ) )| = €8y @7)
on {y = —8¢/2} N I;. Similarly, one can define w,, x and v, x for k € Z to conclude that
5 5
[, ¥) = (g (k= D80, =2 )+ pinigp (v + L) )| = €5 28)

on {y=—680/2} N I.

5. We will now construct barriers which bound w, from above and below, by pasting together the near-
boundary and the rest of the region together as follows. First we construct a supersolution of (P.). Let p,
solve the Neumann boundary problem away from the boundary {y = 0}:

F(D%*p) =0 in{—1<y < -8},

B

P Ax) onH= {y =—do},
dy

ps =1 on {y =—1}.

Here A(x) is a Holder continuous function obtained by approximating jt1,y (gx) + 28;° in each Ne-strip,
where the constant 0 < ap < 1 will be decided below. Here the Holder continuity of A (x) is obtained by
the fact that g, and g; differ from each other by ((k — j )8)# and they are apart by (k— j)Ne > (k—j Y8100,

Then Theorem 2.4(b) yields that p, € C''¥ up to H, where y depends on 8 and n. Therefore there exists
a constant 0 < oy < 1 such that the following holds: in each 85_0‘0 -neighborhood of a point (xg, —8¢) € H,
we have

| pe(x, —80) — e (x0, —80) — t (x0) (x — x0)| < 87, (29)

where «/(xp) is the tangential derivative of p. at (xg, —&o).
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6. Next we construct the near-boundary barrier:

F(D*f;)=0 in{=8 <y <0},

fe = pe on H = {y = —do},
of:  (x B
5—gk(;> on {y—O}ﬂIk

Let us now estimate the slope of f. on H. Let us choose a constant . and the corresponding linear

profile ¢, such that
F(D*¢:) =0 in {—dp <y =0},

¢e(x, =8) = £ (0, —=8o) on H,

0 (0-8)=1(0.-).

9. _ oy
3y = lg on 0920 = {y =0}.

Equation (29) and the comparison principle (Theorem 2.2), as well as the localization argument as in the

proof of Lemma 3.1 applied to the rescaled function

=x0) 4o, 1) — & (x0) (x — x0)
So 8o

(80)—‘f8(
in the region {—1 <y <0} N{|x| < 80_‘10}, yields that
e — fo] < C8JT* in (=80 <y <O} N {|x| <8 ). (30)

Putting the estimates (28) and (30) together, it follows that for any (xg, —&g) € H, we have

Je(x,y) — (Ol(xo)(x _xO)+M1/N(gk)(y+ %))‘ < S(I)Jrao on {y = _850} N {|x — x|l < 5(1)*060}’

for appropriate k in each §-strip. Using the above inequality, (29), and the C'” regularity of £, up to its

Dirichlet boundary, we obtain that

%—J;s < A(x),

which then makes the following function a supersolution of (P;):

P =

—&

pe In{—1=<y=<—do},
fe in{=8 =y=0}
Similarly, one can construct a subsolution p, of (P;) by replacing A(x) given in the construction of p,

by A(x) := A(x) —48°, such that
€19
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then we can construct barriers pz and P, such that

fe < ws(x) < .. (32)
with their corresponding Neumann boundary conditions on H:

3 = 3 _ _ D) 2
@pe, @Qé =u1m(gp) +0@,") and HNI, (33)

where their respective derivative is taken as a limit from the region {—1 <y < —§}.

8. Now we proceed to estimate the averaging behavior of u® away from the Neumann boundary. By (21)

of Lemmas 4.4 and 4.6,

g0 — o] < A (%) + () (34)

where A(%) = CN™/2. Let us write mi/n(8p) = Iy - and let i and h respectively solve

F(D*h) =0 in{—1<y<-—Ng},

Jh=1 on {y =—1},
oh
%=M,;’N on HN Iy,
and _
F(D?h) =0 in{—1<y<—MEg},
h=1 on {y = —1},
oh

%zME,M on HNI.

Let w(h) and (k) be the respective slope of linear approximation for /4 and A.
Then it follows from (34) that if 8 ~ Ne and 8y ~ M# are sufficiently small,

) < c(m(%)+ () ). (35)

Lastly, observe that by (31) and (32), there exists 0 < y < 1 such that
l(we) — u(h)| < €8 and  |u(ws) — p(h)| < C8”.

The above inequalities and (35) yield

we) = p(wa)| < (57 +m (1) + (%)ﬁ)

Then we conclude from (26) that

) — pue)] < C (87 +m () + (%)’3) (36)

9. Lastly, we estimate the rate of convergence of u(u.) to u(vy) as € — 0. The claim is that
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21a/200 1/20)

(V1) — pe(ue)| < C(eh + + &

We will argue similarly as in the proof of Lemma 4.2(ii). Let us define v®, the linear approximation of
ug, as in (Py;) of page 960, where the reference function u; is replaced by u.
Recall that Q; = {y: —1 < y-v; <0}. We define

Ql =QN{y:y-vy < —Na&flvl}

and L := 3Q; — Ned~'vy. For any given xo € L and for any x € L, there exists y € R? such that
|x —y| < Nem, xo — y = 0 mod 72, and

dist(y, L) < e|v; — ez| = €&o.

(Recall that m = [l

5] + 1.) Then by arguing as in (15), for x € L,

| (x0) — e (x)| < Ceb + C(Nes™ ) (Nem)* < C (el +6%/10).

Hence, due to the comparison principle (Theorem 2.2) applied to u, and v, in the domain 2|, we obtain

21a/200 1/20)

lue —ve] < C(el + 60+ Nes™") = C(ef + + ¢ (37)

Following the proof of (21) using (37) instead of (13), we conclude

lw(ue) — pn(vp| < C(go +8§1a/200 1/20) <5

Parallel arguments apply to v,. Combining the above inequality with (36),

o) —uwl < (8 +m( L)+ ().

Since N and M grow to infinity as & and & go to zero, the above inequality proves the lemma.
10. For the general dimensions n > 2, let us define
(X1, .o Xn—1, X)) = &i(X1, - Xpm1) = 8(X1, -, X1, 6(F — 1))
fori =0,1,...,m:=[8"1]. Let us also define
Ity deo,ky = [(ki = 1)Ne, ki Ne| x -+« x [(kn—1 — 1)N&, ky— 1 Ne] x R.
Then parallel arguments as in steps 1-9 would apply to yield the proposition in R". O

Remark 4.8. The proof breaks down for F = F(D?u, x/¢), since the idea of perturbing the problem by
tilting the Neumann boundary and its boundary data, that is, the approximation of u, by w, in step 3,
does not apply if the inside operator also depends on x/¢.
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LONG-TIME ASYMPTOTICS FOR TWO-DIMENSIONAL EXTERIOR FLOWS
WITH SMALL CIRCULATION AT INFINITY

THIERRY GALLAY AND YASUNORI MAEKAWA

We consider the incompressible Navier—Stokes equations in a two-dimensional exterior domain €2, with
no-slip boundary conditions. Our initial data are of the form uy = «®y + vy, where Oy is the Oseen
vortex with unit circulation at infinity and vy is a solenoidal perturbation belonging to L?(2)? N L4(2)?
for some ¢ € (1,2). If o € R is sufficiently small, we show that the solution behaves asymptotically in
time like the self-similar Oseen vortex with circulation «. This is a global stability result, in the sense
that the perturbation vy can be arbitrarily large, and our smallness assumption on the circulation « is
independent of the domain 2.

1. Introduction

Let Q C R? be a smooth exterior domain, namely an unbounded connected open subset of the Euclidean
plane with a smooth compact boundary 0€2. We consider the free motion of an incompressible viscous fluid
in 2, with no-slip boundary conditions on 2. The evolution is governed by the Navier-Stokes equations

diu+w-VIu=Au—Vp, divu=0 forxeQ, t>0,
u(x,1)=0 for x € 02, 1t > 0, (1)
u(x,0) =ug(x) for x € Q,

where u(x, t) € R? denotes the velocity of a fluid particle at point x €  and time # > 0, and p(x, ) is the
pressure in the fluid at the same point. For simplicity, both the kinematic viscosity and the density of the
fluid have been normalized to 1. The initial velocity field uq : Q@ — R? is assumed to be divergence-free
and tangent to the boundary on 9€2.

If the initial velocity uo belongs to the energy space

L2(Q)={ueL*(Q)*|divu=0inQ, u-n=0ondQ},

where n denotes the unit normal on 92, then it is known that system (1) has a unique global solution
u € CO([0,00): L2(2)) N C((0, 00): L2(2)) N C°((0, 00); Hy (2)* N H*(2)?), which satisfies the
energy equality

1 2 ! 2 1 2

§||”("t)||L2(Q) —i—/o ||Vu(.,s)||L2(Q) ds = §||”0||L2(sz) for all £ > 0.
The authors are partially supported by the ANR project PREFERED (Gallay) and by the Grant-in-Aid for Young Scientists (B)
22740090 (Maekawa).
MSC2010: 35B35, 35Q30, 76D05, 76D17.
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This global well-posedness result was first established by Leray [1933] in the particular case where = R?,
and subsequently extended to more general domains, including exterior domains, by various authors
[Leray 1934; Ladyzenskaja 1959; Lions and Prodi 1959; Kato and Fujita 1962; Fujita and Kato 1964;

Kozono and Ogawa 1993b]. It is also known that the kinetic energy %Hu( converges to zero

D72

as t — oo [Masuda 1984; Borchers and Miyakawa 1992; Kozono and Ogawa 19L93(ks;2]), and precise decay
rates can be obtained under additional assumptions on the initial data [Kozono and Ogawa 1993a; He and
Miyakawa 2006; Bae and Jin 2006].

In two-dimensional fluid mechanics, however, the assumption that the velocity field u be square
integrable is quite restrictive, because it implies (if # = 0 on d2) that the associated vorticity field
® = 01Uy — druy has zero mean over 2; see [Majda and Bertozzi 2002, Section 3.1.3]. In many important
examples, this condition is not satisfied and the kinetic energy of the flow is therefore infinite. For instance,
when © = R?, the Navier—Stokes equations (1) have a family of explicit self-similar solutions of the form
u(x,t) =a®(x,1), p(x,t) = a?T(x,1), where o € R is a parameter and

1

1 x __Ix2
@(x,t)zz—w(l—e 4<1+r>), VII(x,1) =
T | X

X

1O(x.1)]%. )

x|

Here and in the sequel, if x = (x1,x3) € R?, we define xT = (—x;,x7) and |x|? = xl2 + x%. The
solution (2) is called the Lamb—QOseen vortex with circulation o. Remark that |@(x, )| = O(|x|™!) as
|x| = o0, so that ®(-,¢) ¢ L?(R?)?2, and that the circulation at infinity of the vector field ® is equal to 1,
in the sense that gsl x|=R ®;dx; + ®,dx; — 1 as R — o00. The corresponding vorticity distribution

1 |2
H(x,t) =00 1) — 0,0 )= ————¢ 40+D 3
(x,1) = 0102(x,1) — 02,01 (x,1) 4”(1+[)€ ‘ 3)

has a constant sign and satisfies fRZ E(x,t)dx = 1forall £ > 0. Oseen’s vortex plays an important role
in the dynamics of the Navier-Stokes equations in R?, because it describes the long-time asymptotics of
all solutions whose vorticity distribution is integrable. This result was first proved in [Giga and Kambe
1988] for small solutions, and subsequently in [Carpio 1994] for large solutions with small circulation.
The general case was finally settled in [Gallay and Wayne 2005]. It is worth mentioning that all these
results were obtained using the vorticity formulation of the Navier—Stokes equations.

In the case of an exterior domain 2 C R2, much less is known about infinite-energy solutions, mainly
because the vorticity formulation is not convenient anymore due to the boundary conditions. A general
existence result was established in [Kozono and Yamazaki 1995], who proved that system (1) is globally
well-posed for initial data u in the weak L? space L(Z,’OO(Q), provided that the local singularity of u
in L2 is sufficiently small. In what follows, we consider initial data of the form

Uy =ax®g + vo, 4)

where ¢ (x) = ®(x, 0) is Oseen’s vortex at time = 0, and x : R? — [0, 1] is a smooth, radially symmetric
cut-off function such that x = 0 on a neighborhood of R? \ € and x(x) = 1 when |x| is sufficiently
large. For any o € R and any vg € L2(2), Theorem 4 in [Kozono and Yamazaki 1995] asserts that the
Navier—Stokes equation (1) has a global solution with initial data (4), which is unique in an appropriate
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class. However, little is known about the long-time behavior of this solution, and in particular there is no
a priori estimate which guarantees that the L2-°° norm of « remains bounded for all times.

Very recently, a first result concerning the long-time behavior of solutions of (1) with initial data of the
form (4) was obtained by Iftimie, Karch, and Lacave:

Theorem 1.1 [Iftimie et al. 2011]. Let Q@ C R? be a smooth exterior domain whose complement R? \ Q
is a connected set in R%. For any vy € L2(Q), there exists a constant € = €(vy, Q) > 0 such that, for
all a € [—¢, €], the solution of (1) with initial data (4) satisfies

lim 277 u(-.0)—a®(-. Loy =0 forall pe(2.00). 5)
=00

Moreover, there exists €y = €(2) > 0 such that € > € if ||vo|| 2 < €o.

Theorem 1.1 shows that solutions of (1) which are finite-energy perturbations of Oseen’s vortex a®g
behave asymptotically in time like the self-similar Oseen vortex ¢ ®(x, ¢), provided that the circulation
at infinity, «, is sufficiently small, depending on the size of the initial perturbation. The conclusion
holds in particular when both the circulation « and the finite-energy perturbation vy are small, so that
Theorem 1.1 extends to exterior domains the result of [Giga and Kambe 1988]. For large solutions,
however, the assumption that o be small depending on vy is very restrictive. The goal of the present paper
is to prove the following result, which reaches a conclusion similar to that of Theorem 1.1 under different
assumptions on the initial data:

Theorem 1.2. Fix ¢ € (1,2), and let @ = 1/q — 1/2. There exists a constant € = €(q) > 0 such
that, for any smooth exterior domain Q@ C R? and for all initial data of the form (4) with |a| < € and
v € L2(Q) N L1(Q)?, the solution of the Navier—Stokes equations (1) satisfies

u(-,0) —a®(-, 1)l L2(q) + V2| Vu(- 1) —aVe(., Dllr2@) =00, (6)
ast — +o0.

Here, we also suppose that the circulation at infinity is small, and we assume in addition that the initial
perturbation belongs to L2 (£2) N L4(2)? for some ¢ < 2. Unlike in Theorem 1.1, the limiting case ¢ = 2
is not included, and the proof shows that €(g) = O (ﬂ) as ¢ — 2. However, there is absolutely no
restriction on the size of the perturbation vg; hence Theorem 1.2 establishes a global stability property for
the Lamb—Oseen vortices (with small circulation) in two-dimensional exterior domains. In this sense, our
result can be considered as a generalization to exterior domains of the work of Carpio [1994], although
our proof relies on completely different ideas. On the other hand, since our perturbations decay faster
at infinity (in space) than those considered by Iftimie, Karch, and Lacave, we are able to show that the
difference u(x,?) —a®(x,t) converges rapidly to zero, like an inverse power of time, as t — oo. In
particular, using (6) and elementary interpolation, we obtain the estimate

supt%_%Hu(-,t) —a®(-,1)|Lr(@) <oo forall p €2, 00),
>0

which improves (5) since g < 2.
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At this point, it is useful to mention that the assumption that u(y can be decomposed as in (4) for
some o € R and some vy € L2(Q) N L(Q)? is automatically satisfied if we suppose that the initial
vorticity wg = curl u is sufficiently localized. Indeed, let us assume for simplicity that #( vanishes on
the boundary dQ2. For 1 < p < 0o, we denote by Wolzfp (2) the completion with respect to the norm
u > ||Vul|r of the space of all smooth, divergence—frée vector fields with compact support in €2. Using
this notation, we have the following result:

Proposition 1.3. Fix g € (1,2). Assume that uqy belongs to Wolzfp () for some p €[1,2), and that the
associated vorticity wy = curl uq satisfies

/ (1 + 152" o ()] dx < 00 )
Q

for some m > 2/q. If we define @ = fQ wo(x)dx, then ug can be decomposed as in (4) for some
vo € L2(Q) N LY(Q)?. In particular, if |a| < €, the conclusion of Theorem 1.2 holds.

For completeness, we give a short proof of Proposition 1.3 in the Appendix. Returning to the discussion
of Theorem 1.2, we emphasize that the smallness condition on the circulation « is independent of the
domain €2, which can be an arbitrary multiply connected exterior domain. In fact, the proof will show
that the optimal constant €(gq) is entirely determined by quantities that appear in the evolution equation
for the perturbation of Oseen’s vortex in the whole plane R2. Note that Oseen vortices are known to be
globally stable for all values of the circulation @ when Q = R? [Gallay and Wayne 2005], but in that
particular case one can use the vorticity equation to obtain precise information on the solutions of (1).
The reader who is not interested in precise convergence rates could consider the following variant of
Theorem 1.2, where the condition on the circulation is totally explicit:

Corollary 1.4. There exists a universal constant €, > 4.956 such that, if |a| < €x and if
vo € L2(Q) N LI(Q)?
for all g € (1, 2), the solution of the Navier-Stokes equations (1) with initial data (4) satisfies
lu(-,1) —a®(-, 1)l p2¢q) — 0 as t — oco.

The rest of this paper is devoted to the proof of Theorem 1.2, which is quite different from that of
Theorem 1.1 in [Iftimie et al. 2011]. In the preliminary section (Section 2), we collect various estimates
on the truncated Oseen vortex x®, which can be verified by direct calculations. In Section 3, following
the classical approach of [Fujita and Kato 1964], we prove the existence of a unique global solution of (1)
for small initial data of the form (4), and we obtain the asymptotics (6) for small solutions. To deal with
large solutions, we derive in Section 4 a “logarithmic energy estimate”, which shows that the energy norm
of the perturbation v has at most a logarithmic growth as ¢ — oco. This is the key new ingredient, which
we use as a substitute for the classical energy inequality when « # 0. Exploiting this estimate and our
assumption that vy € L9(2)2, we control in Section 5 the evolution of a fractional primitive of v, and we
deduce that the perturbation v(-, ) converges to zero in energy norm, at least along a sequence of times.
Thus we can eventually use the results of Section 3, and the conclusion follows.
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2. The truncated Oseen vortex

Fix p > 1 large enough so that {x € R? | |x| > p} C Q. Let x(x) = x(x/p), where ¥ € C®(R?) is
a radially symmetric cut-off function satisfying ¥(x) = 0 when |x| < 1, x(x) = 1 when |x| > 2, and
0 < ¥(x) <1 for all x € R%. We define the truncated Oseen vortex (with unit circulation) as follows:

1 xt i
uX(x,t) = x(x)O(x,1) = ——(1 —e 4<1+t))x(x), xeR?, >0. (8)
27 |x|?
Since x is radially symmetric and supp x C {x € R? | |x| > p} C Q, it is clear that X (x, ¢) is a smooth
divergence-free vector field which vanishes in a neighborhood of R? \ Q. Let wX = 81u)2( — 82u)1( be the
corresponding vorticity field, namely

|2

I 1 _
wX(x, 1) = x(x)E(x,1) + EW(l —e 4(1+f))x -Vx(x), ©)

where E(x,t) is defined in (3). Since uX(x,t) = ©(x,t) whenever |x| > 2p, the circulation of uX at
infinity is equal to 1, so that fRZ wX dx = 1. Moreover, a direct calculation shows that

X

|x|2|u><|2; (10)

W - Vyu* = %V|MX|2 + W) toX =

hence there exists a radially symmetric function pX(x,t) such that —V pX = (uX - V)uX. This shows that
P(uX-V)uX =0, where P denotes the Leray—Hopf projection in 2, namely the orthogonal projection
in L2()? onto the subspace L(ZT(Q).

The following elementary estimates will be useful:

Lemma 2.1. (i) For any p € (2, 00), there exists a constant ap > 0 such that
a
||le(',l‘)||Ln([Rg2)E—pl - (=0 (11
I+0)2 >
(ii) For any p € (1, 00], there exists a constant b, > 0 such that
X bp
||Vu (',t)”Lp(RZ)fﬁ, IZO (12)
(I+¢) " »

(ii1) Forallt,s = 0, we have

1 1+1¢
X ) —uX(- 2 _
X))y = e 13)
(iv) There exists a constant k1 > 0 such that, forallt, s > 0,
V04 £) = Yk (- )2 gy < K1 | — (14)
’ L) =T T 14|

Moreover all constants ap, by, and k| are independent of p, and hence of the domain .
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Proof. By (8) we have

_ _ox(x) X
W (x.1) = x()O(x. 1) = m@o( m)

where ¢ (x) = O(x,0). Since 0 < x < I and ®y € L?(R?)? for all p > 2, we find

_ 190llLr w2
L@y (140275

| :
lu*C-. Ol Lr @2y < ﬁ” ®°(ﬁ)

This proves (11).
Similarly, we have 0;uX = x3;® + (0; x)® fori = 1,2. As 3;0( € L?(R?)? for all p > 1, we obtain
as before

1

[X9: O, Dl Lr®2) < 11

_ 119:®0llLr@w2)
@) (14077

, t=0. (15)

3;0 :
e ( v+t )
On the other hand, the function 9; x is supported in the annulus

D ={xeR*|p=|x|<2p}

and satisfies |0; x(x)| < Cp~! for some C > 0 independent of p. Moreover, it follows from (2) that

1 1
|®(x,?)| £ — min| —, x| , xeR% r>0;
2w |x| 4(1+1¢)
hence
1 1
@ix(: )OO < Cmin(—z, —)1D(x), xR, 120,
p? 1+t

where 1p is the characteristic function of D. Taking the L? norm of both sides, we thus obtain

(1 1 C
||(8ix)®(-,t)||Lp(Rz)5Cp2/”mm(—2, )5 -, 1>0. (16)
pr I+t (et

Combining (15) and (16), we arrive at (12).
To prove (13), we observe that

5 1 1 __Ix? 2 \?
||UX('at)—ux("s)”Lz(RZ) < 4_2 W e 4d+n —e 40+ | dx
< Jr2 |X

I, 1\/1+t+1\/1—|—s <11
=—0 —_ — _0
2w B\ 2V 1+s 2V 1xsf S ax| 8

for all #, s > 0. Finally, using (9), we find

1+¢
1+s

WX(x, 1) — X (x,8) = x(X)(E(x,1) = B(x, 5)) — = vX(X)( 112 12 )

5 e 40+n — e~ 4(0+y)
27| x|
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Thus [[VaX (-, )= VuX (-, )22 g = [0F (- ) =0X ()] 22 g2y = (J10.) 24+ 12 (0.5)112)7, where

Ji(t,s) = /RZ X(x)Z(E(x,z)— E(x,s))2 dx < AZ(E(X’[)_ E(x,s))z dx

1 1
1+t 1+s)|

1 1 1 4 1
= — + — < —
dqn 1+t 1+4+s t4+s5s4+2) 8n

and

2 NE X2 \2 NE X2 \2
J2(t,s) = / M(e_ﬁ —e_ﬁ) dx < C,o_4/ (e_4(|1-‘i-t) —e_4(|1-‘i-S)) dx
R D

2 472|x|?
—2 __1xI2 __1x1? 1 1
<Cp “suple 40+H —e 4049 | < (C|—— — .
xeD 1+¢ 1+
We thus obtain (14), which is the desired estimate. For later use, we also observe that J, (¢, s) can be
bounded by Cp (1 7 1_1'_ 3)2, for some C > 0 independent of p. Since p > 1, this gives the alternative
estimate
1] 1 1 1 12
VuX(-,t)— VuX — Cp?|—— — : 17
196X 0) = Vur (- o) < g ‘1+z T+s| P T30 T4 {17
which will be used in Section 4. This concludes the proof of Lemma 2.1. O

The truncated Oseen vortex is not a solution of the Navier—Stokes equation, and therefore we need to
control the remainder term RX = AuX —9d,u*X = (Ax)® +2(Vx-V)®, which has the explicit expression

x()(

RX(x,t) = O(x, t)A)((x)—i—Z N

x,1) —0O(x,1)). (18)

Lemma 2.2. There exists a constant ky > 0 (independent of p) such that, for any p € [1, 00],

2

—1
Kap?
IR, )l Lr @2y < 47 t=0. (19)

Moreover, for any vector field u € H! (R?)2, we have

loc
Kap

RX(x,1)- dx| < ——|V , t>0, 20

[ Rt ax| < 22 Sl o2 0

where D = {x e R? | p < |x| < 2p}.

Proof. 1t is clear from (18) that |RX(x,¢)| < Cp~'(14+1)"'1p(x) for all x € R? and all # > 0, and (19)
follows immediately. Moreover, we have RX(x,t) = x+QX(x, t) for some radially symmetric scalar

function Q(x,¢); hence RX(-,t) has zero mean over the annulus D. If u € H! (R?)? and if we denote

loc
by u the average of u over D, the Poincaré—Wirtinger inequality implies

‘/ RX(x,1)-u(x)dx
R2

and using (19) with p = 2 we obtain (20). O

= | [ Rrn- w0 = x| < CollRAC ) e |92,
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3. Asymptotic behavior of small solutions

Given o € R, we consider solutions of (1) of the form
u(x, 1) = auX(x,0) +v(x,1), plx, 1) =a’pX(x,0) +q(x,1), 1)

where uX (x, t) is the truncated Oseen vortex (8) and pX is the associated pressure. The perturbation v(x, t)
satisfies the no-slip boundary condition and the equation

v +awX -Vv+aw-VIuX 4+ (w-V)v = Av+aRX—Vgq, divyv=0, (22)

where RX is given by (18). If we apply the Leray—Hopf projection P and use the fact that PRX = RX,
we obtain the equivalent system

v+ aP((u*-V)v+ (v-V)uX) + P(v-V)v = —Av + aRX, (23)

where 4 = —PA is the Stokes operator, which is selfadjoint and nonnegative in L2 () with domain
D(A) = L(ZI(Q) N H& ()% N H?(2)?; see [Constantin and Foias 1988].

In this section, we fix some initial time ¢y > 0 and prove the existence of global solutions to (23) with
small initial data vy = v(-, ¢p) in the energy space. The integral equation associated with (23) is

v(1) = St —10)vo

t
+ / S(t —s){aR*(s) — P(v(s) - V)vu(s) — P ((u*(s)- VIv(s) + (v(s)- V)uX(s))} ds, (24)
fo

where v(7) = v(-,¢) and S(¢) = exp(—t A) is the Stokes semigroup. For p € (1, o0), we denote by LZ(Q)
the closure in L?(2)? of the set of all smooth divergence-free vector fields with compact support in 2.
We then have the following standard estimates:

Proposition 3.1. The Stokes operator —A generates an analytic semigroup of contractions in L(z, (2).
Moreover, for eacht > 0 the operator S(t) = exp(—t A) extends to a bounded linear operator from LL ()
into L2(Q) for 1 < q <2, and there exists a constant C = C(q) > 0 (independent of ) such that

L_

11 1
ta2|[S@vollL2@) + 17 IVS@OvollL2() = CllvollLa), >0, (25)
for all vy € LL(Q). In particular, we can take C = 2 in (25) if ¢ = 2.

Since A is selfadjoint and nonnegative, it is clear that {S(¢) };>¢ is an analytic semigroup of contractions
in L2(Q). In particular, we have [[S(t)voll .2 < lvoll 2 and £'/2 VS () voll 2 = 1172 AV2S (0)vo | .2 <
lvo |2 forall >0 if vy € L2(2). On the other hand, general L9 — L? estimates for S(¢) were established
in [Borchers and Varnhorn 1993; Dan and Shibata 1999a; 1999b; Kozono and Yamazaki 1995; Maremonti
and Solonnikov 1997], but the corresponding constants depend a priori on the domain 2. The fact
that (25) holds with C independent of 2 was already observed in [Borchers and Miyakawa 1992; Kozono
and Ogawa 1993a]. For the reader’s convenience, we reproduce the proof of (25) in Section 5 below.

The main result of this section is this:
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Proposition 3.2. Fix i € (0, 1/2). There exist positive constants K, 8, Vg, and Tg such that, if ty > Tq,
if la] <6, and if ||vollL2(q) = Va. then the perturbation equation (23) has a unique global solution
v e CO([ty, 00); L2(R)) such that

sup [[v() 2@y + Sup (t —to)? Vo@)llL2@) = 4lvollL2@) + Kop?lal(1+10)%.  (26)

t=ty

Here Ko and § are independent of Q. In addition, if

M := sup || S(2)vo 2@y + sup T2 VS (D)o | 2@y < o0, @7)
>0 >0
then
sup (t — o) [[v()l L2(q) + Sup(f — o) +2 Vvl r2(@) = 2M + Cala|, (28)
>ty

for some Cq > 0 depending on Q2.

Proof. We follow the classical approach of [Fujita and Kato 1964]. Given ¢y > 0, we introduce the Banach
space X = {v € C%([tg, 00); L2(R2)) N C°((to, o0); HI(Q)Z) | lvllx < oo}, equipped with the norm

lvllx = sup [[v(D)]L2 + sup (t —10) 2| V(1) | 2

t=ty

If vg € L2(Q), we define (1) = S(t—to) v for ¢ > to. In view of (25), we have v € X and |9 x <2|lvo| 2.
On the other hand, given any v € X we define, for ¢ > 1,

(Fv)@) = /tt S(t —s5)(aRX(s) + aG{(s) + G5 (s)) ds = aFo(t) + a(F1v)(1) + (Fav)(7),

0
where G} (s) = —P(uX(s) - V)v(s) — P(v(s) - V)uX(s) and G3(s) = —P(v(s) - V)v(s). We shall show
that " maps X into X, and that there exist positive constants Cy, C, C3 q (independent of #y) such that

1 _1
IFvlx < CipZlal(1+10)" % + |a|Colv[x + C3llvllz. (29)
[ Fv— Follx <l|a|Cllv="7llx + C3e(lvlx +[0lx)]v—10lx, (30)
forallv,ve X.

To prove (29), we estimate separately the contributions of Fy, Fy, and F,. First, using (25) withg =4/3,
we obtain for ¢ > #y:

1 (l o)?
(l—S)4 (1—s)3

and from Lemma 2.2 we know that | RX(s)||f4/3 < Cp'/2(1 4 5)~! for all s > 0. It follows that
| Follx < C1p"2(1 +1)~"/* for some C; > 0 independent of 7 and Q. In a similar way, we find

1 (f lo)?
(1—8)4 (—s)3

1 t
IFaOl2 + (- IV Fa)l 2 <€ [ iR, s e

1 t
1(Ea0)(0) 2 + (—t0) IV (Ea) (D)2 < € / ( )nG Ol sds. G2
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Using the fact that the Leray—Hopf projection is a bounded operator in L*4/3 ()2, whose norm depends a
priori on €2, we estimate

» 1 3 Calblly
Gy () ¢ = Callv®)L+llVos)lzz = Callv)l L IIVes)l;, = —F.
L3 (s —10)*

for all s > #o. It follows that || Fov|x < Cs3.0 ||v||§(, where C3 g > 0 is independent of 7. Finally, to
bound F;, we proceed in a slightly different way in order to obtain a constant C, that does not depend
on 2. Observing that G{(s) = —AY2 4712 P div(uX @ v+ v @ u¥)(s), and that ||A1/2v||Lz = ||Vv| 12
for all v e L2(2)) N Hy (R)?, we can use (25) with ¢ = 2 to obtain

t
[(F1v)(@)] 2 < / (t—s)"2 |A7Y2 P divu* @ v+ v @ uX)(s)|| - ds. (33)
fo

Similarly, the quantity (1 — to)% |V(Fyv)(¢)|| ;2 can be bounded by

t+1g

1 1

T2 (t—1p)2 ' (t—t9)2

/ 2 (—O)ZHA_I/ZPdiV(uX®v+v®ux)(s)HL2ds+/ (t—1)2
f —

t i+
0 2

IGY () lp2ds. (34

(t—s5)7

Since A~!/2 P div defines a bounded operator from L2(2)* into L2 () whose norm is less than or equal
to 1 (see [Sohr 2001, Lemma III-2-6-1]), we have from (11)

[A7V2Pdiv(ut @ v+ v ® ut)(5)| 12 < 2t (5)v(s)] 2 < 2a00(1 +5) 7 []Lx
Moreover, using (11) and (12) we find

doollv]x boollvllx
(+s)2(s—19)z 1+

IGT ()2 = [wX()Vu() L2 + v()VuX(s)ll L2 <

Inserting these estimates into (33) and (34), we obtain | Fiv|x < C,||v||x for some C, > 0 independent
of tg and Q2. Since Fv=oaFy+aFv+ F,v, this concludes the proof of (29), and the Lipschitz bound (30)
is established in exactly the same way.

Now let B, = {v e X | |v||x <r}, where r > 0 is small enough so that 4rC5 g < 1. If we assume
that 4|a|Cy < 1, 8||vg||z2 < r, and 4Cy p 2|1 + 1)~ Y/* < r, the estimates above imply that the map
v — U + Fv leaves the closed ball B, invariant and is a strict contraction in B,. By construction, the
unique fixed point of that map in B, is the desired solution of (24). This proves the existence part of
Proposition 3.2 with

1.4
1 1 4C; Cs o0
Ko=2C;, 8=—1. Vo= L Tq = et
4C, 32C3,Q G

In a second step, we assume that (27) holds for some p € (0, 1/2). Given any T > to, we define

1
ér= sup (1—i)*lv@)lL2+ sup (t—10)*F2|Vu(®)l|L2.
to<t=<T to<t<T
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where v is the solution of (24) constructed in the previous step. Our goal is to show that €7 is uniformly
bounded by a constant which does not depend on 7'. Since v(¢) = S(t —ty)vg + (Fv)(¢), we have

€ <M+ sup (t—10)"|(Fo)(©)lz2+ sup (¢ —10)* 2| V(F)(0)]| 2. (35)

to<t<T to<t=T

where M is defined in (27). To estimate the last two terms, we proceed as above. Let p € (1,2) be such
that 1/p > pu+1/2, and define g € (2, o0) by the relation 1 /g =1/p—1/2. Asin (31) and (32), we have

t ((z—zo)“ Gl ) | RX(s)][ L ds,

(t—s)a  (t—s)7

t((z to)f I ([ ZO)”“l )”Gg(s)“Lp dS,
(t—s)a (t=s)”

(=0 IFo(Dl2 + =10 4T Fo)l 2 = € [

to

1
(t—t)* | (F20) (@)l L2 + (—10)* 2 [ V(F20) (1) || 2 < C[
o
for t € (tg, T]. Moreover ||RX(s)||rr < C,o%_l(l +5)" ! and
2 2-2 _ Callvlx%ér
[P ((s) - VIv(s)lLr = Callv(s)l|La[Vv(s)lz2 = Callv) /2 IVv)Il 7 = ()T
s —1Io q

for all s € (t9, T']. The term involving Fjv is estimated as in (33) and (34), and we find

¢ — )M
O—mWMFwXthfcf =)er
o (1—$) 2 (1 +)3 (5 — o)
gt
(t—tO)WF%”V(Flv)(t)Ile <C « ZO)ILL ér ds
o (—$)(1+ )% (s — o)

! (t—fo)’”é( ér ér )
C d
Je (—% (o _nptd  (+06-0r) "

2

ds,

If we insert these estimates into (35), we obtain after elementary calculations
~ ;—1 _L_l_u_l_l ~ ~
Er =M+ Cipraf(l+10) 77772 + Golafér + G qllvllx€r, (36)

for some positive constants C 1, C~'2, 63’9 independent of 7" and #y. Now, taking  and Vg smaller and T
larger if needed, we can ensure that Cs |or| + 6359 lvllx <1/2. Then (36) implies that

~ 2
Ci o]
(1+10)7 72
for all T" > t¢, and (28) follows. This concludes the proof. O

Remark 3.3. The proof of Proposition 3.2 can be modified in a classical way [Fujita and Kato 1964;
Brezis 1994] to yield the following local existence result. For any « € R, any 79 > 0, and any vy € L2 (),
there exists T = T (a, vg, ) > 0 such that (23) has a unique solution v € C°([tg, to + T]; L2(Q)) N
C((to. 1o + T]; Hy (2)?) satisfying v(f9) = vo; moreover, any upper bound on || + [|vg|l 1 gives a
lower bound on the local existence time 7". In our formulation of Proposition 3.2, smallness conditions



984 THIERRY GALLAY AND YASUNORI MAEKAWA

were imposed on « and vg to ensure global existence, and the assumption on the initial time #y guarantees
that the smallness condition on « is independent of the domain €2.

4. A logarithmic energy estimate

In this section, we establish our key estimate for large solutions of (23) in the energy space. Fix « € R,
vo € LZ(R), and let v € C°([0, T]; L2(R)) N C°((0, T]; Hy (R)?) be a solution of (23) with initial
data v(0) = vg; see Remark 3.3. We first derive a crude bound on v using a classical energy estimate.
Multiplying both sides of (23) by v and integrating by parts over €2, we find

1d
zallv(f)lliz +[IVo@)l7 2 = a(v(@), RX (1)) —a(v(), (v(t) - V)uX (1)), (37
where (-, -) denotes the usual scalar product in L2 (), so that || - ||;2 = (-, V1/2_ Using (20), we easily
obtain
fwte), REO) = 222 900y = Hpvuo 2, + 222
oV N >~ 1+l‘ v L2_2 v L2 2)”(1+I)2’
for any n € (0, 1]. Moreover, applying (12) with p = oo, we see that
b
(v(@), (@) - VYU (0))] < ] = [lv()7 .-
+t
We thus obtain the energy inequality
d 5 5 2boo|ct| 2 K3 pro
—|jv(z 2—n)||Vu(t < t ——— 0<t=<T.
G PO+ Q=mIVo0 I = T2 1, + 20

Using Gronwall’s lemma, we deduce that

] |4 g \2bolel 2 p2a?
lo)I2s +( ")/,0 IVus)[12, S_(1+lo) (””(0)||L2+n(1+z0) (38)

for0<ty<t=<T.

We shall see that estimate (38) is pessimistic for large times, but it already implies that the solutions
of (23) in the energy space L2(Q2) are global. Indeed, (38) shows that the norm |[v(¢)| ;2 grows at
most polynomially in time, and it is then straightforward to establish a similar result for || Vv(?)| ;2. In
particular, the ' norm of v(¢) cannot blow up in finite time, and using Remark 3.3 we conclude that all
solutions of (23) in L2 () are global.

The aim of this section is to establish the following “logarithmic energy estimate”, which improves (38)
for large times.

Proposition 4.1. There exists a constant K| > 0 (independent of Q) such that, for any a € R and any
vo € L2(RQ), the solution of (23) with initial data vy satisfies, for all t > 1,

t
10O 20 + /0 IVo(s) 22y ds < Ki(Iv0l22q) + 2 log(1 +0) + Day).  (39)

where Dq, p = a? log(1 + |a) + a2 p2.
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Proof. As in (38), we introduce here a parameter 1 € (0, 1], which will be used in Section 5 below to
specify the optimal smallness condition on the circulation « and prove Corollary 1.4. The reader who is
not interested in optimal constants should set n = 1 everywhere.

Given any t > 0, we define

U(x. 1) =u(x,t) —auX(x,t + 1) = v(x, 1) + a(uX(x, 1) —uX(x, 1 + 1)), (40)

for all x € Q2 and all # > 0. Then v satisfies (23) where uX(x,?) and RX(x,t) are replaced by u* (x, 7+ 1)
and RX(x,t+ 1), respectively. Proceeding exactly as above, we thus obtain the following energy estimate:

t l4+t+1 2boo]a| 2[02 2
~ 2 _ ~ 2 ~ 2 2
O + = [ IvaeiEa = ()T (IR0 + 225 ) @

for all > 0. Now, we fix £ > 1 and choose T = Nt — 1, where

2boola| )

N=Nyp,=max| 1, ——
o ( log(1 +n)

This choice implies that

2boo el 2bose|
I+i+e — 1+i <1+
I+7 N -

On the other hand, using (13), (40), we find

147 o?
@7, < (I+pIB@O)Z, + Tclelu"(t) uX(1+0)[17. < 1+ 57 + 2 —log(N +1),

(1+n)a?

log(N1).
r og(Nt)

- I1+7n 2
15(0)[172 < Tllvolliz + (1+ma® [u*(0) —uX (|7, < 5””0”%2 +
Similarly, using (17), we find
t t t
[ 1vee e <2 [L1Vs6)12, a5+ 202 [ 19000) - Vaks 0l as
0 0 0
t a2
< 2/ V37 ds + — log(1 + 1) + Cp’a?
0 47'[

Thus, it follows from (41) that

1+n)3a? C
o0l = 2 g+ S (Juoll + o ogV + D ket @)
(14m)3e? C
/ IVo(s)|7,ds < ———— o 1g(l+t)+g(llvolliz+a2p2)+Ca210gN, (43)

for some universal constant C > 0. Setting 7 = 1 and using the definition of NV, we see that (39) follows
from (42), (43). ]
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5. Estimate for a fractional primitive of the velocity field

In this final section, we consider the solution of (23) with initial data vo € L2(2) N L9(R)?, for some
fixed ¢ € (1,2), and we define u = 1/¢g—1/2 € (0, 1/2). If A is the Stokes operator in L2 (£2), we recall
that A is selfadjoint and nonnegative in L (2, (£2), so that the fractional power AP can be defined for all B >0.
The following result shows that the range of A* contains the (dense) subspace L2 (2) N L9(2)2.

Lemma 5.1 [Borchers and Miyakawa 1992; Kozono and Ogawa 1993a]. Letge (1,2)and u=1/g—1/2.
Forall v e L2(Q) N L9(2)?, there exists a unique w € D(A*) C L2(Q) such that v = A*w. Moreover,
there exists a constant C = C(q) > 0 (independent of v and ) such that |w||r2(q) = C|[v||La(@)-

Remark 5.2. If v, w are as in Lemma 5.1, we define w = A™#v. The fact that inequality [|w| z2(q) <
C|lv| La(g) holds with a constant C independent of the domain €2 follows directly from the proof given
in [Kozono and Ogawa 1993a, Lemmas 2.1 and 2.2].

As a first application of Lemma 5.1, we give a short proof of inequality (25), which was used in
Section 3.

Proof of Proposition 3.1. 1t is sufficient to prove (25) for 1 < g < 2. Let u = 1/g —1/2, and let
vo € L2(2) N L9(2)2. By Lemma 5.1, there exists a unique wg € D(A) such that vy = A*w,. Thus
IS@voll L2y = 1A*S@Owoll 20y =t #llwoll 2@y = Ct HllvollLa(w)

with C depending only on ¢g. The estimate for the first derivative is proved in the same way, since
IVS()vollL2) = IIA*TV2S(t)wo |l 2(q)- This proves (25) for all vy € L2(22) N L4(2)?, and the
general case follows by a density argument. O

Let v e CO([0, 00); L2()) N CO((0, o0); HO1 (2)2) be the solution of (23) with initial data v, which
was constructed in Sections 3 and 4. Since vy € LZ(Q2) by assumption, it is rather straightforward to
verify that v(¢) € LL(Q) for all # > 0. Thus, by Lemma 5.1, we can define w(z) = A= v(¢) for all ¢ > 0.
This quantity solves the equation

0w+ Aw + aFy (u*,v) + aFy (v, u*) + F (v, v) = aA"* RX, (44)
where F (u, v) is the bilinear term formally defined by
Fuu,v)y=A"*Pu-V). (45)

We refer to [Kozono and Ogawa 1993a, Section 2] for a rigorous definition and a list of properties of the
bilinear map F,. Our goal here is to establish the following estimate:

Proposition 5.3. There exist positive constants K, and c¢ (independent of Q) such that, for any a € R
and any solution v of (23) with initial data vy € L2(2) N L9(Q)?, the function w(t) = A~*v(t) satisfies,
forallt > 1,

t
2
lw@)17 +/0 IVw(s)72 ds < Ka(1+ 0 exp(K2(|voll72 + Da,p)) (lvoll7a + p*a?),  (46)

where Dq, p = a? log(1 + |a|) + a2 p2.
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Proof. Taking the scalar product of both sides of (44) with w, we obtain
1d

3 37 1O + 14" w22 + e A (). v(e). w0) + o Fu (). ¥ (). w()

+ (Fu (), v(0)), w(t)) = a(AT* RX(t), w(1)). (47)

We recall that || 41/2w||p> = | Vw]| 2 for all w € D(A4'/2) = L2(Q) N H}(2)?. To bound the other
terms, we observe that

_ — 1_
[(Fu@*, v), w)| = (- V)v, A7 w)| = (@ - V) A w, v)] < [[ut]|Lee 427 w] L2 ]|v]| 2
1_
= [luX [l oo | 427w 2] A*wll 2 < ¥l pos [ A 2wl 2w 2,

where in the last inequality we used the interpolation inequality for fractional powers of A. The same
argument shows that | (F,, (v, uX), w)| < [|uX| Lo | A 2w| 2 |w]| 2. In a similar way, we find

— _ 1_
[{Fu(v,v), w)| = [{(v-V)v, A7*w)| = [((v- V) A w, v)| < [vl| 74l 42 w] .2
1_

< CZIVull2lvll 2l 427w 2 < 2Vl 2| A" 2wl L2 [lwll 2,

where Cy > 0 is the best constant of Gagliardo—Nirenberg’s inequality
1 1
1/ L@y = Coll A2y IV S 1 L2 g2y (48)

Finally, since |(A™* RX, w)| = |(RX, A= *w)| < krp(1 +1)~! ||A%_“w||Lz by (20), we can use interpo-
lation and Young’s inequality to obtain

lwi2, e’
20407t 2(1+1)r2’

for some exponents yy, y» > 1 satisfying y, +2py; = 2. Here n € (0, 1] is as in the proof of Proposition 4.1,

_ Kkaplo| 1-2 2w _ 1
o a™ RX, w)] = SR A w5 w7 = 14 w2, +

and C, > 0 denotes a constant depending only on 7. Inserting all these estimates into (47), we arrive at

||w||]{2 Cpp2a?
(I+)vr (142’

d n
Ellwlliz +2| Vw7, <2H|Vwll 2 [wllz2 + EIIVwIIiz + (49)

where H = 2|a|||uX| Lo + C2||Vv| 2.
To exploit (49), we apply Young’s inequality again and obtain the differential inequality

d 2 H? ! 2 Gt
- \Y < T’
Wl IVl = (55 G e+ Y

which can be integrated using Gronwall’s lemma. The result is

d(1r)
1-3n/4

t
[w®l2s + 1 /0 ||Vw(s>||izdss(1exp( )(nwoniﬁcnpzaz), (>0, (50)

where () = % /; é H(s)?ds and C is a positive constant depending only on y;, . It remains to estimate
the quantity ®(¢) in (50). Using (11) with p = oo, the logarithmic energy estimate (43), and Minkowski’s
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inequality, we find

t " 2lalaco 2
2<I>(t):/0 H(s)zdSS/0 {erCfHVU(S)HLZ} ds

C2(1+n)?

2
< {|a|10g(1+t)1/2(2aoo+ )+Cn(||vo||Lz+Dé,/§)}

V2
<2Co(1+m)*a?log(1+1) + Cy(llvoll72 + Dap). 12 1. (51)
where Dgy p, = a?log(1 + |a|) + a?p? and
1 c? )2
Co=7200+——]) . (52)
0 2( o0 o

If we now replace (51) into (50) and set n = 1, we obtain (46) since ||wg|;2 < C|lvg||L« by Lemma 5.1.
This concludes the proof. O

Corollary 5.4. Under the assumptions of Proposition 5.3, there exists a positive constant K depending
on Q, a, and |\ vo||;2na such that, for any T > 2, there exists a time t € [T /2, T] for which

2_
O] 2 () = K(1+ 1) 725, (53)

Proof. Fix T > 2. In view of (46), there exists a time ¢ € [T'/2, T'] such that
2 2 4 2 2 co? ca2+2 ca?—1
IVw@)ll;. = — [Vw(s)llz.ds = ZCA+T)™ <2 C1+1) ;
T Jr)2 T

where C depends on p, «, and ||vg|| ;.2 .« Moreover, ||w(t)||12d2 <C(l+ Z)C"‘2 by (46). Thus, using the

interpolation inequality |[v(?)||z2 = [|[A*w(?)| 2 < ||Vw(t)||i’§||w(l)||i§2“, we obtain (53). O

Proof of Theorem 1.2. Fix q € (1,2), and assume that € > 0 is small enough so that ce? < 2u, where
u=1/g—1/2and c is as in Proposition 5.3. We also suppose that € <8, where § > 0 is as in Proposition 3.2.
Given a € [—€, €] and vy € L2(Q) N L1(2)2, let v € C°([0, 00); L2(2)) N C°((0, o0); Ho1 (22)?) be the
solution of (23) with initial data v(0) = vg, which was constructed in Sections 3 and 4. In view of (53),
since ca? < 21, we can take #y > 0 large enough (depending on €2, a, and vyg) so that ||v(9) ||, 2 < Va,
where Vg is as in Proposition 3.2. Moreover, since v(fy) = A*w(to) for some w(fp) € L2(£2), we have

sup 74| S (D)voll L2 + sup TAF 2|V S (D)ol L2 < Cllw(to) 2 < oo

>0 >0

Applying Proposition 3.2, we conclude that the solution v of (23) satisfies (28), namely
lu-, 1) —auX (-, )l g2 + 12 Vu(- ) —aVuk (-, 1)l 2@y = OC), (54)
as t — o0o. But |uX — 0|2+ | VuX =VO| 2 < C(1+1¢)~! for all £ > 0; hence (6) follows from (54). [

Proof of Corollary 1.4. The proof of Proposition 5.3 shows that the constant ¢ in (46), (53) satisfies
¢ < Co(1 +0(n)), where Cy is defined in (52) and 5 € (0, 1] can be chosen arbitrarily small. On the
other hand, since by assumption vy € L2(Q2) N L9(R2)? for all ¢ € (1,2), we can take u = 1/q —1/2
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/ 2, we see that the condition ca? < 2u

arbitrarily close to 1/2. Thus, if we assume that |a| < ex = Cj !
can be fulfilled by an appropriate choice of 1 and . Now, take ¢ > 2 and let ¢y € [t/2, t] be the time

defined in Corollary 5.4, for which [[v(z)[|7, < K(1 + 10)€%° 21 Using (38) with n = 1, we conclude

2bcolct]
+t 5
2 2 -1 -2
O = (5L ) (ol + (1 +107) £ €+ o,

which is the desired result. Here the constant C > 0 depends on «, p, and vg, but not on ¢. To estimate €,
we use (52) and observe that adoo = ||®¢ || L.oo & 0.050784. Moreover, the optimal constant in the Gagliardo—
Nirenberg inequality (48) satisfies C# < 2/(37); see [Del Pino and Dolbeault 2002]. Using these values,
we find Cy < 0.0407108; hence €, = CO_I/2 > 4.95616. Finally, it was kindly pointed out to us by Jean
Dolbeault that the optimal constant Cyx can be computed numerically: Cy A~ 0.6430. This yields the
approximate value €, ~~ 5.306. O

Appendix: Proof of Proposition 1.3

We recall the following characterization of the space Wol ;p (Q)forl < p<2:

WhP(Q) = fue L7255 (Q)2 |||V —00n 09, divi = 0in Q A-1
o () ={ueL>r(Q) | IVullLr < o0, u=00n0%Q, divu =0in Q} (A-1)

(see, e.g., [Galdi 1994, Chapter II1.5]). Here Vu and div u denote weak derivatives of u, and the condition
“u =0 on dQ” means that the boundary trace of «, which is well defined because Vu € L?(2)*, vanishes.
Given ug € Wolzf’(Q) satisfying (7), we define u : R? - R? and w : R — R? by

()_{uo(x) if x e Q, ()_{a)o(x) if x € Q,
YTV 00 itxee, YT 0 ifxeq.

Since u = 0 on 92, we have Vu € L?(R?)* and 9 ,u5 — dru; = w € LP(R?). Moreover (7) implies
that @ € L?(m) for some m > 2/q > 1, where

L*(m) = {a) e L*(R?)

/ (1 + |x]))™|w(x)|* dx < oo}.
R2

Thus, using Holder’s inequality, it is easy to verify that @ € L'(R?), so that we can define

az/Rza)(x)dxzfga)o(x)dx.

Moreover, using the Biot—Savart formula in R? and the fact that u € L?? / (2—p)(R2)2’ we obtain the
equality

1 _ L 1 0L
u = [ S emar= o [ w0 e, (A2)
2r Jr2 [x =y 2 Jo |x—y|

for almost all x € R2. We emphasize at this point that the representation (A-2) is not what is usually
called the Biot—Savart law in the domain €2, because the velocity field defined by (A-2) for an arbitrary
vorticity wg € L!(2) will not, in general, be tangent to the boundary on 2. However, if we start from a
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velocity field u¢ that vanishes on d€2, the argument above shows that (A-2) holds with wy = curl ug. We
refer to [Iftimie et al. 2003] for a more detailed discussion of the Biot—Savart law in a two-dimensional
exterior domain.

Now, we decompose

u(x) = auX(x,0) +v(x), o(x)=awX(x,0)+w(x), xecR>

where uX, wX are defined in (8), (9). By construction, we have w € L?(m) and Jg2 wdx = 0. Applying
[Gallay and Wayne 2002, Proposition B.1], we deduce that the corresponding velocity field v, which is
obtained from w via the Biot—Savart law in R2, satisfies

/ (1 + x1?) ™~ oo dx < oo,
IRZ

for all r > 2. Using Holder’s inequality again, we conclude that v € L*(R?)? for all s > 2/m; hence in
particular v € L?(R?)? N L9(R?)2. Clearly v(x) = 0 for all x ¢ Q; hence denoting by v the restriction
of v to Q we obtain (4) with vy € L2(2) N L1(Q)2. O
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SECOND ORDER STABILITY FOR THE MONGE-AMPERE EQUATION
AND STRONG SOBOLEV CONVERGENCE OF OPTIMAL TRANSPORT MAPS

GUIDO DE PHILIPPIS AND ALESSIO FIGALLI

The aim of this note is to show that Alexandrov solutions of the Monge—Ampere equation, with right-hand
side bounded away from zero and infinity, converge strongly in W]%;cl if their right-hand sides converge
strongly in L} . As a corollary, we deduce strong WIL‘C] stability of optimal transport maps.

1. Introduction

Let 2 C R" be a bounded convex domain. In [De Philippis and Figalli 2013], we showed that convex
Alexandrov solutions of

2 _ .
{detD u=f inQQ, (1-1)

u=>0 on 0€2,

with0 <A < f <A, are Wli’cl(Q). More precisely, they were able to prove uniform interior L log L-
estimates for D?u. This result has also been improved in [De Philippis et al. 2013; Schmidt 2013], where
it is actually shown that u € Wli’cy(Q) for some y = y(n, A, A) > 1: more precisely, for any Q' € €,

|ID*ul” <C(n, A, A, Q, Q). (1-2)
Q/

A question which naturally arises in view of the previous results is the following: choose a sequence

1

of functions f; with A < fi < A which converges to f strongly in L, .

(f2), and denote by u; and u
the solutions of (1-1) corresponding to f; and f, respectively. By the convexity of u; and u# and the
uniqueness of solutions to (1-1), it is immediately deduced that u; — u uniformly, and Vu; — Vu in
L{;C(Q) for any p < co. What can be said about the strong convergence of D?u;? Due to the highly
nonlinear character of the Monge—Ampere equation, this question is nontrivial. (Note that weak Wli’cl
convergence is immediate by compactness, even under the weaker assumption that f; converges to f
weakly in L ().)

The aim of this short note is to prove that strong convergence holds. Our main result is the following:
Theorem 1.1. Letr Q; C R" be a family of convex domains, and let uy : Q2 — R be convex Alexandrov
solutions of

{det Dzuk = fr in S, (1-3)

u, =0 on 082,
Figalli was partially supported by NSF grant DMS-0969962. Both authors acknowledge the support of ERC ADG grant
GeMeThNES.
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with 0 < A < fi < A. Assume that Qy converges to some convex domain 2 in the Hausdorff distance, and
Sfixq, converges to f in LIIOC(Q). Then, if u denotes the unique Alexandrov solution of

det D’u=f in%,
u=20 on 052,

forany Q' € Q, we have
lur — ullw21@y — 0 ask — oo. (1-4)

(Obviously, since the functions uy are uniformly bounded in W>Y ('), this gives strong convergence in
W2Y' () forany y' < y.)

As a consequence, we can prove the following stability result for optimal transport maps:

Theorem 1.2. Let 21, Q2, C R" be two bounded domains with 2, convex, and let fy, g, be a family of
probability densities such that 0 < A < fi, gr < A inside 21 and Q2,, respectively. Assume that f;, — f
in L'"(Q1) and g — g in LY(), and let Ty, : Q2 — Q0 (resp. T : Q1 — Q) be the (unique) optimal
transport map for the quadratic cost sending fi onto gy (resp. f onto g). Then Ty, — T in Wlt’cy/(Ql) for

some y' > 1.

We point out that, in order to prove (1-4) and the local W'! stability of optimal transport maps, the
interior L log L-estimates from [De Philippis and Figalli 2013] are sufficient. Indeed, the W27 -estimates
are used just to improve the convergence from Wli’cl to Wli’cy/ with ' < y.

This paper is organized as follows: in the next section, we collect some notation and preliminary

results. Then in Section 3 we prove Theorem 1.1, and in Section 4 we prove Theorem 1.2.
2. Notation and preliminaries
Given a convex function u : Q — R, we define its Monge—Ampére measure as

Uy (E):=|0u(E)| forall E C Q2 Borel

(see [Gutiérrez 2001, Theorem 1.1.13]), where
du(E) = |_J ou().
xekE

Here du(x) is the subdifferential of u at x, and |F| denotes the Lebesgue measure of a set F. In case
uech!

loc » Dy the area formula [Evans and Gariepy 1992, Paragraph 3.3], the following representation
holds:

tu = det D*u dx.

The main property of the Monge—Ampere measure we are going to use is the following (see [Gutiérrez
2001, Lemmas 1.2.2 and 1.2.3]):

Proposition 2.1. Let u; : Q — R be a sequence of convex functions converging locally uniformly to u.
Then the associated Monge—Ampere measures |, converge to (i, in duality with the space of continuous
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functions compactly supported in 2. In particular,
pu(A) < liminf p,, (A)
k— 00
for any open set A C L.

Given a Radon measure v on R" and a bounded convex domain 2 C R”, we say that a convex function
u : Q2 — R is an Alexandrov solution of the Monge—Ampere equation

detD*’u=v inQ

if u, (E) = v(E) for every Borel set E C 2.
If v: Q — R is a continuous function, we define its convex envelope inside Q as

[y(x) :=sup{f(x) : £ <vin Q, ¢ affine}. 2-1)
In case 2 is a convex domain and v € C2(), it is easily seen that
D*v(x) >0 foreveryx e {v=T,}NQ (2-2)
in the sense of symmetric matrices. Moreover, the following inequality between measures holds in €2:
ur, < det Dzvl{v:rv}dx (2-3)

(here 1 is the characteristic function of a set E).!
We recall that a continuous function v is said to be twice differentiable at x if there exists a (unique)
vector Vv(x) and a (unique) symmetric matrix V2v(x) such that

v(y) = v(x) + Vo) - (y —x) + s V@) [y —x, y —x]+o(ly — x*).
In case v is twice differentiable at some point xo € {v =I'}}, it is immediate to check that
V2u(xp) > 0. (2-5)

ITo see this, let us first recall that by [Gutiérrez 2001, Lemma 6.6.2], if xg € Q2 \ {I"y = v} and a € 9T (xp), then the convex
set
fxeQ:Ty(x)=a-(x —xg9)+Ty(xg)}

is nonempty and contains more than one point. In particular,
Ay (2\{T'y = v}) C {p € R" : there exist distinct x, y € & such that p € 3Ty (x) N AT, ()}.

This last set is contained in the set of nondifterentiability of the convex conjugate of I'y, so it has zero Lebesgue measure (see
[Gutiérrez 2001, Lemma 1.1.12]), and hence
a0y (2 \ {T'y = v})| =0. (2-4)

Moreover, since v € C! (2), for any x € {T'y = v} N Q, we have 9"y (x) = {Vv(x)}. Thus, using (2-4) and (2-2), for any open
set A € 2, we have

MFU(A)=|8FU(AO{FU=U})}={Vv(Aﬂ{FU=v})]§/ |detD2v|=/ det D%v,
AN{Ty=v} AN{Ty=v}

as desired. (The inequality above follows from the area formula in [Evans and Gariepy 1992, Paragraph 3.3.2] applied to the C 1
map Vv.)



996 GUIDO DE PHILIPPIS AND ALESSIO FIGALLI

By the Alexandrov theorem, any convex function is twice differentiable almost everywhere (see, for
instance, [Evans and Gariepy 1992, Paragraph 6.4]). In particular, (2-5) holds almost everywhere on
{v=T",} whenever v is the difference of two convex functions.

Finally we recall that, in case v € Wli’cl,

with its distributional Hessian [Evans and Gariepy 1992, Sections 6.3 and 6.4]. Since in the sequel we
are going to deal with WI%)’Cl convex functions, we will use D?u to denote both the pointwise and the

the pointwise Hessian of v coincides almost everywhere

distributional Hessian.

3. Proof of Theorem 1.1

We are going to use the following result:

Lemma 3.1. Ler Q C R” be a bounded convex domain, and let u, v : Q@ — R be two continuous strictly
convex functions such that , = fdx and j, = gdx, with f, g € L (). Then

loc
wr < (FY" = 8" Yumumr,_ydix. (3-1)
Proof. In case u, v are of class C? inside 2, by (2-2) we have
0< Dzu(x) — Dzv(x) for every x € {u —v="_,_,},

s0 using the monotonicity and the concavity of the function det'/” on the cone of nonnegative symmetric
matrices, we get

0 < det(D*u — D*v) < ((det D*u)"/" — (det D*v)"/™)" on {u—v="T\_,},

which, combined with (2-3), gives the desired result.
Now, for the general case, we consider a sequence of smooth uniformly convex domains €2 increasing
to €2 and two sequences of smooth functions f; and g; converging respectively to f and g in LIIOC(Q),

and we solve ) . 5 ]
{detD ur = fi in y, {detD vp =gr in &,

Uy = U * Pk on 02, Vg = VU % pf on 02y,

where p; is a smooth sequence of convolution kernels. In this way, both u; and v are smooth on Qi
[Gilbarg and Trudinger 2001, Theorem 17.23], and |lux — ull L@, + llvk — VLo, — 0 as k — 00.2
Hence, I',,, —,, also converges locally uniformly to I',_,. Moreover, it follows easily from the definition
of a contact set that
H;En sup 1{uk—vk:l"“k_vk} = l{u—v:Fu_u}- (3-2)
—> 00

We now observe that the previous step applied to u; and v gives
ur,, ., < ((det D*up)'/" — (det D*v) /") Ly =r,, _,, ) dx.
Thus, letting £k — oo and taking into account Proposition 2.1 and (3-2), we obtain (3-1). O
2 Indeed, it is easy to see that u; and v; converge uniformly to u and v, respectively, both on 9€2; and in any compact

subdomain of €2. Then, using for instance a contradiction argument, one exploits the convexity of uy (resp. vx) and ¢ and the
uniform continuity of u (resp. v) to show that the convergence is actually uniform on the whole €2.
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Proof of Theorem 1.1. The LlloC convergence of uy (resp. Vuy) to u (resp. Vu) is easy and standard, so

we focus on the convergence of the second derivatives.

Without loss of generality, we can assume that Q' is convex, and that Q' € € (since ; —  in the
Hausdorft distance, this is always true for k sufficiently large). Fix € € (0, 1), let I'y,_(1—¢)y, be the convex
envelope of u — (1 — &)uy, inside €’ (see (2-1)), and define

Af i={x e Q 1 ux) — (1 — &)up(x) = Ty (1—eyue ) }.
Since uy — u locally uniformly, I';_(1_¢),, converges uniformly to I';, = eu (as u is convex) inside €.

Hence, by applying Proposition 2.1 and (3-1) to # and (1 — &)uy inside €', we get that

k— 00

e" | f=pr, (@) <lminfpr,_,_,, () <lim inf/ (fVm—a—e) "
Q/ k—)OO Q/OAZ

We now observe that, since f; converges to f in L! (), we have

loc
I/n _ _ I/nyn n
/ (S =a-ef"") / e
QNAE QNAE

as k — oo. Hence, combining the two estimates above, we immediately get

/ f <liminf f f,
/ k— o0 Q,mAli

< [ I =a=a gy e ] >0
o

or equivalently,

lim sup f=0.
k—oo J\AZ

Since f > A inside 2 (as a consequence of the fact that f; > A inside €2;), this gives
klim |\ A7 =0 forall e€(0,]1). (3-3)
—00

We now recall that, by the results in [Caffarelli 1990; De Philippis and Figalli 2013; De Philippis et al.
2013; Schmidt 2013], both u# and (1 — &)uy, are strictly convex and belong to W21(Q). Hence we can
apply (2-5) to deduce that

D*u— (1 —¢)D?ux >0 almost everywhere on Aj.

In particular, by (3-3),
|\ {D*u > (1 —e)D*ui}| - 0 as k— oo.

By a similar argument (exchanging the roles of u and uy),
|\ {D*u > (1 —e)D*u}| -0 as k— oo.
Hence, if we set B} :={x € Q' : (1 —e)D?*uy < D*u < (/- €))D?uy;}, we have

lim |Q"\ B{| =0 forall ¢e€(0,]1).
k— 00
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Moreover, by (1-2) applied to both u; and u, we have?

/ |D%u — D*uy| = / |D%u — D?uy| +/ |D%u — D?uy|
/ QNB; Q/\B{

& —
< 7 [ |D*ul+1D%u = D2ur o) |2\ B |71
/.,

< c(—g + |Q/\B;§|1—1/V>.
1—¢
Hence, first letting k — oo and then sending ¢ — 0, we obtain the desired result. 0

4. Proof of Theorem 1.2

In order to prove Theorem 1.2, we will need the following lemma (note that for the next result we do not
need to assume the convexity of the target domain):

Lemma 4.1. Let 21, Qy C R" be two bounded domains, and let f, g be a family of probability densities
such that 0 < A < f, gx < A inside Q1 and 0, respectively. Assume that fy — f in L'(1) and gy — g
in LY(Q), and let Ty : Q1 — Q0 (resp. T : Q1 — ) be the (unique) optimal transport map for the
quadratic cost sending fi onto gy (resp. f onto g). Then
Jx f
—

in L' ().
groTy goT

Proof. By stability of optimal transport maps (see, for instance, [Villani 2009, Corollary 5.23]) and the
fact that f; > A (and so f > A), we know that Ty — T in measure (with respect to Lebesgue) inside 2.

We claim that go Ty — go T in LY(Q2)). Indeed, this is obvious if g is uniformly continuous
(by the convergence in measure of Ty to 7). In the general case, we choose g, € C (€2) such that
g — gnllL1(@,) < n,and we observe that (recall that fi, f > A, gk, § < A, and that by the definition of
transport maps, we have Tx fi, = gk, T f = g)

f
|goTk—goT|</ |g;70Tk—gn0T|+f |gnoTk—goTk|— /|gnoT goT|—

/IgnoTk—gnoTlJr/ lgn — gl— /Ign gl—

f/ |gnoTk_gn°T|+2777
Q1

Q2

Thus A
lim sup |goTk—goT|§2717,

k— o0 Q]

and the claim follows by the arbitrariness of 7.

31f instead of (1-2) we only had uniform Llog L a priori estimates, in place of Holder’s inequality we could apply the
elementary inequality £ < 87 log(2+1) 4 ¢!/% with t = |D%u — D%uy| inside '\ B, and we would first let k — oo and then
send 8, & — 0.



STABILITY FOR THE MONGE-AMPERE EQUATION CONVERGENCE OF OPTIMAL TRANSPORT MAPS 999

Since

S
lgkoTx—goT|< | lgkoTk—goTi|—+ | lgoTxi—goT]|
Q Q A Q

8k
= ng—gITJr/ |goTy —goT]|
Qz QI

A
< xllgk —gllLl(szzﬁ-/Q |goTy—goT],
1

from the claim above we immediately deduce that also gz o Ty — go T in LY(Q)).
Finally, since gz, g > A and f < A,

— 1 1
/ fe f ‘5/ Ji—f +/f B ‘
o l8oTy goT Q8o Ty o |gkoTy goT
1 lgkoTy —goT|
<2 fi— A BkeikT SO0
< Allfk Sllereny + o, gioTigoT

1 A
< X”fk = flliay + ﬁ”gk ol —goTlryg)
from which the desired result follows. O

Proof of Theorem 1.2. Since T} are uniformly bounded in WW(Q’I) for any Q) € €, it suffices to prove
that 7, — T in W1 (Q1).
Fix xg € @ and r > 0 such that B, (xo) C 2. By compactness, it suffices to show that there is an open

neighborhood AU, of xp such that U,, C B, (xp) and

/ |Ty —T|+|VTy —VT| — 0.
Ay,

It is well known [Caffarelli 1992] that Ty (resp. T') can be written as Vuy (resp. Vu) for some strictly
convex function uy : B, (xg) — R (resp. u : B,(xo) — R). Moreover, up to subtracting a constant from ;.
(which will not change the transport map 7), one may assume that uy (xg) = u(xq) for all k € N.

Since the functions 7 = Vu, are bounded (as they take values in the bounded set €2;), by classical
stability of optimal maps (see for instance [Villani 2009, Corollary 5.23]) we get that Vuy — Vu in
LIIOC(B, (x0)). (Actually, if one uses [Caffarelli 1992], Vuy are locally uniformly Holder maps, so they
converge locally uniformly to Vu.) Hence, to conclude the proof we only need to prove the convergence
of D?u; to D*u in a neighborhood of x.

To this aim, we observe that, by strict convexity of u#, we can find a linear function £(z) =a-z+b
such that the open convex set Z := {z : u(z) < u(xp) +£(z)} is nonempty and compactly supported inside
B, /2(x0). Hence, by the uniform convergence of u; to u (which follows from the LlloC convergence of the
gradients, the convexity of u; and u, and the fact that uy (xg) = u(xg)), and the fact that Vu is transversal
to £ on 0Z, we get that Z; := {z : ux(z) < ux(xo) +£(z)} are nonempty convex sets which converge in
the Hausdorff distance to Z.
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Moreover, by [Caffarelli 1992], the maps vy := uy — £ solve in the Alexandrov sense

det Dzvk =

in Zk,
8k o Tk
v =0 on 07y

(here we used that the Monge—Ampere measures associated to vx and uy are the same). Therefore, thanks
to Lemma 4.1, we can apply Theorem 1.1 to deduce that D?u; — D?u in any relatively compact subset
of Z, which concludes the proof. O
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