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HOMOGENIZATION OF NEUMANN BOUNDARY DATA
WITH FULLY NONLINEAR OPERATOR

SuUNHI CHoOI, INWON C. KiM AND KI-AHM LEE

In this paper we study periodic homogenization problems for solutions of fully nonlinear PDEs in
half-spaces with oscillatory Neumann boundary data. We show the existence and uniqueness of the
homogenized Neumann data for a given half-space. Moreover, we show that there exists a continuous
extension of the homogenized slope as the normal of the half-space varies over “irrational” directions.

1. Introduction

In this paper, we consider the averaging phenomena for solutions of uniformly elliptic nonlinear PDEs in
half-spaces coupled with oscillatory Neumann boundary data. To be precise, let .M"~! be the normed
space of symmetric # x n matrices and consider the function F(M) : M"~! — R, which satisfies:

(F1) F is uniformly elliptic, that is, there exist constants 0 < A < A such that

MINlI = F(M)—F(M+N) <A|N| forany N >0;
(F2) (homogeneity) F(tM) =tF (M) for any M € M Vandr > 0. In particular, £ (0) =0.
(F3) F(M) only depends on the eigenvalues of M.

The homogeneity condition (F2) can be relaxed (see condition (F4) of [Barles et al. 2008], for example).
Typical examples of nonlinear operators that satisfy (F1)—(F3) are the Pucci extremal operators

PEDUC) =AYy it Ay pi PTDU@) =AY i AAY i

1i<0 1i=0 wi<0 1i=0
where 1, ..., U, are eigenvalues of D%u(x).
Let {eq, ..., e,} be an orthonormal basis of R” and suppose g(x) : R* — R satisfies

(a) g € CP(R") for some 0 < B < 1;
(b) gx+e)=gkx)forallx eR"andk=1,...,n.
Next, for a given p € R", let I1,(p) be a strip domain in R” with unit normal v, that is,
My(p)=f{x:—1<(x—p)-v<0}, where [v|=1 (1)
With F, g and I1, as given above, our goal is to describe the limiting behavior of u, as ¢ — 0, where
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u, satisfies

F(D?ug) =0 in IT,(p),
(Pe) v-Du,=g(x/e) onlg:={(x—p) -v=0},
u=1 onl';:={(x—p)-v=—1}.

The fixed boundary data on I'; is introduced to avoid discussion of the compatibility condition on g and
to ensure the existence of u®.

Homogenization of elliptic, divergence-form equations with oscillatory coefficients and conormal
boundary data is a classical subject. Let Q be an open and bounded subset of R". Consider u° : Q@ — R

v. (A(%C)Vug) —0, 2)

solving

with the Neumann (conormal) condition

v-(A(%)Vu)(x):g(%), x €99 3)

The problem (2)—(3) has been widely studied, and by now has been well understood; see [Bensoussan
et al. 1978] for an overview. We first consider the case when 2 is a half-space; thus, let

Q=%,={x:(x—p)-v=<0}L

We define the averaged Neumann data

p(v, &) ::/ o) dx. @
(x=p)-v=0,|x—p|<1 (8)

Integrating by parts, one can show that 1 locally uniformly converges to a continuous function u° : Q@ — R

as ¢ — 0 if and only if p(v) :=lim._o (v, €) exists, and that u” solves the averaged equation

Buo) {—V (A'Vu)(x) =0 for x € ,
V- (A'Vu®) = pu(v)  forx € 9Q.

Therefore, different results hold depending on the choice of p and v:

(a) If v is a “rational” vector — one parallel to a vector in Z" — then p(v) exists if p =0, and
w(v) = the average of g(y) on the hyperplane {x - v = 0}.
(b) If v is a rational vector and p # 0, then there may be no limit of (v, ¢) and u® can have different
subsequential limits.

(c) If v is not a rational vector, then due to Weyl’s equidistribution theorem (Lemma 2.5), (v, €)
converges to

u) =(g) :=/ g(y)dy,
(0,117

independent of the choice of p. In particular, the homogenized slope w(v) is discontinuous at every
rational direction v, but otherwise continuous.
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From these results, the divergence form of the operator, and the fact that rational directions are of zero
measure in "1 := {x € R" : |x| = 1}, the following results hold for the general domain : if 92 does
not contain flat pieces whose normal vectors belong to RZ", then u® converges locally uniformly to the
solution u? of (}_)div) with p(v) replaced by (g). We refer to [Bensoussan et al. 1978] for detailed analysis.
Note that #° is smooth up to the boundary, due to the fact that (g) is continuous (constant in particular).

For nonlinear or nondivergence operators, or for linear operators with oscillatory nonlinear boundary
data, little is known for the homogenization of the oscillating Neumann boundary data. Most available
results concern half-space domains going through the origin with its normal pointing to a rational direction.
Tanaka [1984] considered some model problems in half-spaces whose boundary is parallel to the axes
of the periodicity, by purely probabilistic methods. Arisawa [2003] studied special cases of problems in
oscillatory domains near half-spaces going through the origin, using viscosity solutions as well as stochastic
control theory. Generalizing her results, Barles, Da Lio and Souganidis [Barles et al. 2008] studied the
problem for operators with oscillating coefficients, in half-space domains whose boundary is parallel to the
axes of periodicity, with a series of assumptions which guarantee the existence of an approximate corrector.

In this paper, we extend the results above to the setting of general half-spaces I1,,, defined in (1), where
p is not necessarily zero and v ranges over all directions in R”. In particular, we show the continuity
properties of the homogenized slope (V) over the normal directions v (see Theorem 1.2(ii)), with the
hope that such results will lead to better understanding of homogenization phenomena in domains with
general geometry (work in progress). Note that, as observed in the linear case, homogenized slopes may
not exist if v is parallel to a vector in Z" and if p # 0, and therefore the best result we can hope for is the
existence of the continuous function i(v) : $"~! — R such that (v) = u(v) for v € ¥"~! — RZ". This
is precisely what we will show.

Definition 1.1. A direction v € ¥~ ! is called rational if v € RZ", and irrational otherwise.
Theorem 1.2 (Main Theorem). For a given p € R", let u. solve (P.).

(i) Let v be an irrational direction. Then there is a unique constant (1(v) € [min g, max g] such that u®

locally uniformly converges to the solution of
F(D*u)=0 inIl,,
(13) v-Du=pu(l) only,
u=1 only.
() p): (P —RZ") — R has a continuous extension i(v) : 9"~ - R.

(iii) For rational directions v, if I'g goes through the origin (that is if p = 0), then the statement in (i)
holds for v as well.

(iv) (Error estimate). Let v be an irrational direction. Then for u® and u solving (P;) and (P), we have
the following estimate: for any 0 < a < 1, there exists a constant C, > 0 such that

€ —u| < Cowr(e)* in I, )

Here w(¢) depends on the “discrepancy” associated to v as defined in (7).
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Remark 1.3. Our method can be applied to the operators of the form F (D%u, x) = f(x), with F and f
continuous in x, but we will restrict ourselves to the simple case discussed in (P;) for clarity of exposition.
On the other hand, our proof for the continuity of ©(v) (Theorem 1.2(ii)) on page 965, cannot handle the
case where the operator F' depends on the oscillatory variable x /¢ (see Remark 4.8).

2. Preliminary results

Let Q be an open, bounded domain. Let I'; be a part of its boundary, and define I'g := 92 —I';. For a
continuous function f(x, v) : R" x $"~! — R, let us recall the definition of viscosity solutions for the
following problem:

F(D*u)=0 in Q,
(P)y v-Du= f(x,v) only,
u=1 onl'y,

where v = v, denotes the outward normal at x € 92 with respect to 2.
The following definition is equivalent to the ones given in [Crandall et al. 1992]:

Definition 2.1. (a) An upper semicontinuous function u : Q — R is a viscosity subsolution of (P)yif
i) u<lonTy,and
(ii) for a given domain ¥ C R", u cannot cross from below any C? function ¢ in X which satisfies

F(D%*p) >0 inQNx,
v-D¢ > f(x,v) onlgNX,
¢ >u on (3T UT,)NZ.

(b) A lower semicontinuous function u : Q@ — R is a viscosity supersolution of (P) s if:
i) u>1lonly;
(i) for a given domain ¥ C R", u cannot cross from above any C? function ¢ which satisfies

F(D*$) <0 inQNx,
v-D¢ < f(x,v) onlgNX,
b <u on(3ZTU)NE.

(c) u is a viscosity solution of (P) if u is both a viscosity sub- and supersolution of (P)s.

Existence and uniqueness of viscosity solutions of (P) s is based on the comparison principle we state
below:

Theorem 2.2 [Ishii and Lions 1990, Section V]. Suppose 2, I';, 'y, F and v are as given above, and let
f R x 9"~ — R be continuous. Let u and v respectively be a viscosity sub- and supersolution of (P) f
inadomain’ ¥ CR". Ifu <vondX, thenu <vin Q.

For details on the proof of this theorem as well as well-posedness of the problem (P) ¢, we refer to
[Crandall et al. 1992; Ishii 1991; Ishii and Lions 1990].
Next we state some regularity results that will be used in the paper.
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Theorem 2.3 [Caffarelli and Cabré 1995, Chapter 8, modified for our setting]. Let u be a viscosity
solution of F(D*u) =0 in a domain Q. For any 0 < o < 1 and for any compact subset Q' of 2, we have

lullcey < Cd™*|ull =),
where C > 0 depends onn, A, A and d = d(Q', 0Q).
Theorem 2.4 [Milakis and Silvestre 2006, Theorems 8.1 and 8.2]. Let
BrJr ={lx|<r}n{x-e, >0} and T :={x-e,=0}NBy.
Let u be a viscosity solution of
F(D*u)=0 in B,
v-Du=g inT.

(a) If g is bounded, then u is in C“(Bfr/z)for some a = o(n, A, A), and we have the estimate

llul C(llull +max ||g|).

—_ < —_
Ca(Bﬁ/z) — L>(B])

(b) Suppose g € CP(R"), where 0 < B < 1. Then u is in CI’V(BIJF/Z), where y = min(ag, B) and
ag =ag(n, A, A). Moreover, we have the estimate

Il gra gy = € (Nl ez, + lcs).
In (a) and (b), the positive constant C depends only on n, ., A and «.

Let us next discuss the averaging property of the sequence (nx), mod 1, where x is an irrational number,
and its applications to dimensions greater than 1, which will prove useful in our analysis in Section 3.
Since we obtain estimates on the convergence rate of solutions for (P;) in our result, we are particularly
interested in the estimates on the rate of convergence of the sequence (nx), to the uniform distribution
(Definition 2.6). We begin by recalling the notion of equidistribution.

» A bounded sequence (xy, x3, x3...) of real numbers is said to be equidistributed on an interval
[a, b] if for any [c, d] C [a, b], we have
.| xdnedl] d—c
lim =

n—00 n b—a’

Here |{x1, ..., x,}N[c, d]| denotes the number of elements.

» The sequence (x1, X3, X3, ...) is said to be equidistributed modulo 1 if (x; — [x1], xo — [x2], ...) is
equidistributed in the interval [0, 1].

Lemma 2.5 [Weyl 1910, Weyl’s equidistribution theorem]. If a is an irrational number, (a, 2a, 3a, . . .)

is equidistributed modulo 1.
To discuss quantitative versions of Lemma 2.5, we introduce the notion of discrepancy.

Definition 2.6 [Kuipers and Niederreiter 1974]. Let (xx), k=1, 2, ... be a sequence in R. For a subset
E C [0, 1], let A(E; N) denote the number of points {x,}, ] <n < N, that lie in E.



956 SUNHI CHOI, INWON C. KIM AND KI-AHM LEE

(a) The sequence (x,), n=1,2, ... is said to be uniformly distributed mode 1 in R if

. AE;N) _
ym =N B

for all E = [a, b). Here u denotes the Lebesgue measure.
(b) For x € [0, 1], we define the discrepancy

DN(X) = sup M —

w(E)|,
E=[a,b) N

where A(E; N) is defined with the sequence (kx), k € N, modulo 1.

It easily follows from Lemma 2.5 that the sequence (xx) = (kx)ren is uniformly distributed modulo 1
for any irrational number x € R. In particular, Dy (x) converges to zero as N — 00.
Next, let #*~! = {v € R" : |v| = 1}. For a direction v = (vy, ..., v,) € "L, let v; be the component
with the biggest size, that is,
[vil =max{|v;|: 1 < j <n}.

(If there are multiple components, then we choose the one with largest index.)
Let H, be the hyperplane in R" which passes through 0 and is normal to v:

H,={xeR":x-v=0}

Since v; # 0, there exists m(v) such that

a,....,1,mw),1,...,1)-v=0, (6)
where m(v) is the i-th component of (1,...,1,m(v), 1,...,1). Then we define
wy(€) ;== Dy(m(v)), where N =g /10, (7)

Note that, if m(v) is irrational, then w,(¢) — 0 as ¢ — 0.

Now we are ready to state our quantitative estimate on the averaging properties of the vector sequence
(nv) with an irrational direction v, which will be used in the rest of the paper. Recall that for v € $"~1,
[,(p)={x:—1<(x—p)-v=<0}. Write I'o = {x : (x — p) - v =0} and define

H,={x:x-v=0}.
Lemma 2.7. Forv € R" and xo € I1,, let H(xq) := H, + x¢. Let 0 < & < dist(xg, ['p).
(i) Suppose that v is a rational direction. Then for any x € H(xg), there is y € H (xq) such that
lx =yl =Mye, y—xoeel’,

where M,, > 0 is a constant depending on v.
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(ii) Suppose that v is an irrational direction, and let w, : [0, 1) — R™ be defined as in (7). Then there
exists a dimensional constant M > 0 such that the following is true: for any x € H(xy), there is
y € R" such that
Ix—y| < Me'10  y—xyeez"

and
dist(y, H(x0)) < ewy(¢), 3)
where w, is as given in (7).

(i) If v is an irrational direction, then for any z € R" and § > 0, there is w € H (xo) such that
|z —w| <8 mod eZ".

Proof. The proof of (i) is immediate from the fact that for any rational direction v, there exists an integer
M > 0 depending on v such that Mv € Z".
Next, we prove (ii). Let v be an irrational direction in R"”. Without loss of generality, we may assume

[vp| = max{|v;[: 1< j <n}
Let x be any point on H(xp): after a translation, we may assume that x = 0. Choose m such that
e(1,1,...,1,m) € H(xp).

Note that M = |m| < n?. Also note that m is irrational since v is an irrational direction. Since H (xo)
contains x = 0, we have
ke(1,1,...,1,m) € H(xp) for any integer k.

Consider the sequence (km), k € N. From the definition of w, (¢) and the discrepancy function Dy (m),
it follows that any interval [a, b] C [0, 1] of length w, (¢) contains at least one point km (mod 1), for
some k < N = ¢~ /10,

Hence for any z = (0,0, ..., 0, x,) € [0, €]", there exists
w=ke(l,1,...,1,m) € H(xp), 0<k<g /0

such that
|z —w| < esw,(¢) mod eZ".
Similarly, for any z € [0, €]”, there exists w € H (xo) N (ke(1, 1, ..., 1,m) +[0, £]") such that
lz—w| <ewy(e) mod eZ", 0<k<g 9, 9)
We continue with the proof of (ii). Recall that the coordinates are shifted so that x = 0. Thus it suffices

to find y € R” such that

1/10

Ix—yl=Iyl=Me |y —xol =0 mod eZ"

and
dist(y, H(xg)) < ew,(¢).
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By (9), there exists w € H (xg) such that
Ix —w| = |w| < Mke < Me'/1? (10)

and
|x0 —w| < ew,(¢) mod eZ". (11

Given w satisfying (11), we can take y € R” such that

[xo—y| =0 mod eZ", |y—w|=<eéew,(e).

Then, by (10),
Iyl <ly—w|+w| < M1 4w, (e) < Me'/10,

Also, since w is contained in H (xg), we have dist(y, H (xg)) < |y — w| < ew, (¢), proving (ii).
Finally, (iii) is a direct consequence of (9). O

3. In the strip domain
Fix p e R" and v € 9"~ ! such that p - v # 0. Let
N=I,={xeR":—1<x-—p)-v=<0}L
We consider a bounded viscosity solution u, of

F(D*u,)=0 inlII,

(Pe) aabjj :g<)8—c) onTy:={x:(x—p)-v=0},
ug, =1 onl';:={x:(x—p)-v=—1}L

Below we prove the existence and uniqueness of u,.

Lemma 3.1. Let f(x) : R" — R be continuous and bounded. Let T1 be as given above and define
Br(p) :={lx — p| < R}. Suppose w| and w; solve, in the viscosity sense,

(@) F(D*wy) =0and F(D*w;) =0in g :=I1N Br(p);
(b) dwy/dv = f(x) = 0wy /dv on I'y;

() wi=wyonly;

(d) wi=—M,wy=MonIINIBr(p).

Then, for R > 2 and C = %, we have

w1§w2§w1+3lc!# in ITN Bi(p).

Proof. Without loss of generality, let us set v = ¢, and p = 0. The first inequality, w; < w,, directly
follows from Theorem 2.2. To show the second inequality, consider @ := wi + M (h 4 hy), where

hy = %((X1)2++(xn)2) and hp= %(1—()%)2)»
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with C = % We claim wy < @. To see this, note that
F(D?*®) = F(D*w; + D*h; + D*hy)
> F(D*w)) + %(CK —nA) > F(D*w)) in Tg.

On the boundary of X, @ satisfies

Oy, = 0y, @] = dy, w2 on XgN{x, =0}
and
wy <@ onl;NBr(0) and on 0B (0) NII.
It follows from Theorem 2.2 that wy < @ in X, and we are done. (|

Lemma 3.2. There exists a unique bounded solution u of (P).

Proof. 1. Let X be as given in Lemma 3.1, and consider the viscosity solution wg (x) of (P;) in X g with
the lateral boundary data M =1 on d Bg(p) N I1. The existence and uniqueness of the viscosity solution
wp 1s shown, for example, in [Crandall et al. 1992; Ishii 1991; Ishii and Lions 1990].

By the maximum principle, wg < 1 + max(g) in Xz. Due to Theorem 2.4 and the Arzela—Ascoli
Theorem, wg locally uniformly converges to a continuous function u.(x). Then by the stability property
of viscosity solutions, it follows that u.(x) is a viscosity solution of (P;).

2. To show uniqueness, suppose «; and u; are both viscosity solutions of (P.) with |u1]|, [uz| < M. Then
Lemma 3.1 yields that, for any point ¢ € I'g and any R > 2,

i1l = 0(5) i Bi(@) NI
Hence u; = u». O
The following is immediate from Theorem 2.2 and the construction of u, in the above lemma.
Corollary 3.3. Suppose u and v are bounded and continuous in T1,,(p), and solve
a) F(D*u) <0< F(D*v) in T, (p);
b) u<vonly;
c) du/ov < f(x) <dv/dv on y;
where f(x) : R" — R is continuous. Then u < v in I1,(p).
In the rest of this section, we will repeatedly use the fact that linear profiles as well as constants solve
F(D*u) =0.

Lemma 3.4. Let I1,(p) be as given in (P.) and let 0 < & < 1. Suppose that w| and w, are bounded and
solve, in the viscosity sense,
F(D*w;) =0 in T, (p),
lwi —wz| <e¢ onTy,

811)1 8w2
TIL_ 012 _ 4 To.
av av onto
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Then there exists a positive constant C = C(A) such that
lwi —wz| > C—¢ inIl,(p)NBip(p).

Proof. Let w := wy +h, where h(x) = A(x — p)-v+ A —e. Then dw/0v = dw,/dv on I['y. Also, ® < w;
on I';. Therefore, Corollary 3.3 yields that wy +h < wy. Since h > A/2 — ¢ in By;>(p), we are done. [

Lemma 3.5. Let [1 =TI+ av for some 0 < a < Ae, where 0 < A < 1. Suppose u, and ii, are bounded,
and solve (P) respectively in the domains T1 and T1. Then we have

lus —ii| < C(AP +6%) inTINTI,
where « is as given in Theorem 2.4 and B is the Holder exponent of g.

Proof. 1. Let v, (x) =i, (x+av), so that v, and u, are defined in the same domain IT. Since g(x) € C#(R"),
|0v, /v — du, /dv| < AP on T,

2.0On Ty, u, = v, = 1. Hence one can compare u, + A?(1 + (x — p) - v) with v, and apply Theorem 2.2

to obtain
lug — ve| < AP inTI.

Due to the Holder continuity of u® given by Theorem 2.4, |v, — ii| < C&® in [T N I1. This finishes the
proof. ]

The next lemma follows from Theorem 2.4(b).

Lemma 3.6. Let v; be a bounded solution of (Pg) with a constant Neumann condition g(x) = ;. If
W —> [, then v; converges to v such that dv/dv = on I'y.

4. Proof of the Main Theorem

We will prove first parts (i), (iii) and (iv) of Theorem 1.2; the proof of part (ii) starts on page 965.
Recall that

Foz{x:(x—p)-v:O}, F,:{x;(x_p).vz_l}_

Due to the uniform Holder regularity of {u.} (Theorem 2.4(a)), along subsequences ug;, — u in I1,. Note
that there could be different limits along different subsequences (¢;). Below, we will show that if v is an
irrational direction, all subsequential limits of (u.) coincide.

Suppose

Oell,={-1<(x—p)-v<0}.
Let us choose a convergent subsequence and rename it (u ;). For each j, there exists a constant (; and a

function v; in IT, (p) such that
F(D*v;)=0 inTl,(p),
dvi/ov=pu; only,
(Ple) ]/ M 0
Uj = uj = 1 on F[,
Vi =1Uu;j at x =0.
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Lemma 4.1. We have v; — w for some ju as j — oo. (The limit may depend on the subsequence chosen.)
Proof. Suppose not; then there is a constant A > 0O such that for any N > 0, |, — u,| > A for some
m,n > N. Then, by Lemma 3.4,
[ (0) — v, (0)] = Ca.
This contradicts the fact that v;(0) = u;(0), since u;(0) — u(0) as j — oo. O
The next lemma states that u, looks like a linear profile with respect to the direction v as ¢ — 0.

Lemma 4.2. Away from the Neumann boundary Ty, u. is almost a constant on hyperplanes parallel to T.
More precisely, let xq € I1,,(p) with dist(xg, ['o) > £'/%2°, and let 0 < « < 1. Then:

(i) Ifv is a rational direction, there exists a constant C > 0 depending on v, o and n, such that for any
x € H(xo) := {(x —x0)-v=0},
Jue (x) = ue (xo)| < Ce*”2. (12)

(i1) If v is any irrational direction, there exists a constant C > 0 depending on a and n, such that for any
x € H(xg),

e (x) — e (x0)| < Ce*/?° + Cov, (6)”, (13)
where w, : [0, 1) — [0, 00) is a mode of continuity given as in (ii) of Lemma 2.7.
Proof. First, let v be a rational direction. Lemma 2.7 implies that for any x € H (xg), there is y € H (xq)
such that |[x — y| < M, and u.(y) = u.(xo). Then by Theorem 2.3,

i (x0) — us (x)] < Ce~ %O (M, €)% < Ce¥/?.

Next, we assume that v is an irrational direction and x € H (xg). By (ii) of Lemma 2.7, there exists
y € R" such that |x — y| < Me'/1°, y — xg € 7" and
dist(y, H(xg)) < ew(e). (14)
Then we obtain
lue (x0) — ue(x)| < ue(x0) —ue(¥)| + ue(y) — ue(x)]
< C(@(&)f +6*) + uc(y) — ue(x)]
< Cw(e)? + Ce /0 (Me! /10y«
< Cow(e)f +Ce*?, (15)

where the second inequality follows from Lemma 3.5 with (14), and the third inequality follows from
Theorem 2.3. ]

By Lemma 4.2 and by the comparison principle (Theorem 2.2), we obtain the following estimate: for

x eI,
lue(x) —ve(x)| < A(e), (16)

where ) S ) S
Ce?/ if v 1s a rational direction,

A(e):{

Ce?? 4 Cw,(e)? if v is any irrational direction.



962 SUNHI CHOI, INWON C. KIM AND KI-AHM LEE

Lemma 4.3. limv; =limu, and hence du/dv = p on I'y.

Proof. Observe that v; solves (st) with g = p;: note that v; is then a linear profile, that is, v;(x) =
wj((x — p)-v+1)+1. Let xo be a point between I'g and H(0). Then by Lemma 4.2, applied to u;
and v;,

| (1 (x) = v;(x)) = (u(x0) — v;(x0))| < Ale;), (17

for all x € H (xg), if j is sufficiently large. Suppose now that
u;j(xp) —vj(xg) >c >0, for sufficiently large j.

Then due to (17), u; —v; > ¢/2 on H(xo) if j is sufficiently large. Note that u; can be constructed as
the locally uniform limit of u; g, where u ; g solves

F(D?ujg)=0 in Bg(xo) NI, ujg=v; ondBr(xp)NII,
with
uir=1 only iu-R(x)zg(i) on I'y.
I ’ v £

Comparing u; g and v; + c((x — x¢) - v+ 1) on the domain
Br(xo)N{x:=1<(x—p)-v=(x—x) v}

for sufficiently large R then yields that u; g (0) > v;(0) + ¢¢ for all sufficiently large R, which would
contradict the fact that v;(0) = u;(0). Similarly, the case liminf; (u;(xo) — v;(x0)) < 0 can be excluded,

and it follows that
luj(xo) —v;(xo)| — 0 asj— oo.

Hence we get v; — u in each compact subset of I1. By Lemmas 4.1 and 3.6, the limit u = v of v; satisfies
du/dv = u on T'y. O

Lemma 4.4. If v is an irrational direction, 0u/dv = w,, for a constant ., which depends on v, not on the
subsequence €.

Proof. 1. Let 0 < n < ¢ be sufficiently small. Let

we(x) = ug(:x)’ wy(x) = M’

and denote by I'y and I'; the Neumann boundary of w, and w,,, respectively. By (iii) of Lemma 2.7, for
the point p € R", there exist g; € [';] and g, € I'; such that

lp—qil<n modZ" and |p—gz|<n mod Z".

Hence after translations by p —¢; and p — ¢g», we may suppose that w,(x) and w,(x) are defined,
respectively, on the extended strips

ngz{x:—éf(x—p)-ugo} and Qn:z{x:—%f(x—p).v§0}.
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Here, w, = 1/¢ on {(x — p) -v = —1/¢} and w, = 1/ on {(x — p) - v = —1/n}. Moreover, on
[y :={(x — p)-v =0}, we have
Jw Jw
—=gqi(x)=gx—z) and —L =g(x):=g(x —2),
av av

where |z1[, |z2| < n. Observe that since g has Holder exponent 0 < 8 < 1, we have |g; — g2| < n’s.

Let v; be a solution of the problem (P) with constant Neumann data dv./dv = . on I'g such that v,
coincides with u, at x =0 and on I';. By (16),

C /20 C B
() - PER) | L CEETFCOE (18)
e €
Note that v, is a linear profile: indeed,
B (v D))
. Me (x—=p) o)+
From (18) and the comparison principle, it follows that, with A (g) = Ce*/?° + Cw(¢)?,
1 1 1
(e = A@) (= p) v+ 1) Swel@) = = = (e +A@) (= p) v+ ), (19)

2. (19) means that the slope of w, in the direction of v (that is, v - Dw,) is between u. + A(¢) and
e —A(e) on {x: (x — p)-v=—1/¢e}. Now let us consider linear profiles

Lhi(x)=ai(x—p)-v+by and hL(x)=ax(x —p)-v+b,
whose respective slopes are a; = . + A(e) and ap = u. — A(e). Here by and b, are chosen such that

1
i =h=w,(x) on {x:(x—p)-v:—ﬁ}.

3. Now we define

_ {ll(x) in{-1/p<@x—-p)-v=-1/e},
w(x) = ]
we(x)+c¢; in {1/ < (x—p)-v <0}
and
lr(x) in{-1/p<@x—p)-v=—1l/e},
w(x) = .
we(x)+cz in{—=1/e < (x—p)-v <0},
where ¢ and ¢ are constants satisfying /; = w,+cj and [, = w.+c, on {(x — p)-v=—1/¢}. (See figure.)

A A

1
€

A4

= =
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Note that, due to (19), in {—1/¢ < (x — p) - v < 0} we have
w(x) =min(/; (x), we(x) +¢;) and  w(x) =max(l(x), we(x) + ),
and thus it follows that w and w are respectively viscosity super- and subsolutions of (P).
4. Let us define

1
e = (=p) vt ).
Then wt := w + h; solves

F(Dwt) >0 in ,,
dwt/dv=gx)+n? onTy,
and w™ := w — h; solves
F(Dw™) <0 in 2,
Jw™/ov =g(x) — nﬁ on I'y.
Since |g — gl <nfand wt =w™ = wy, on {(x — p) -v = —1/n}, it follows from the comparison
principle for (P;) that
wo <w,<w" inQ,. (20)
Hence we conclude
|y = el < Ae) + 1, 1)
where ., is the slope of v,, and A(e) = Ce* 4 Cw(e) > 0ase— 0. O

The proof of the following lemma is immediate from Lemma 4.4 and (21) .

Lemma 4.5 (error estimate: Theorem 1.2(iv)). For any irrational direction v, there is a unique homoge-
nized slope 1 (v) € R and gy = £9(v) > 0 such that for 0 < € < &, the following holds: for any 0 < a < 1,
there exists a constant C = C(a, n, A, A) such that

ue(x) = (14+ ) ((x = p)- v+ D)| < Ae) := Ce* + Caw, ()P in T1,(p), (22)
where w,(€) is as given in (7).

Lemma 4.6. Let v be a rational direction. If the Neumann boundary I'g passes through p = 0, then there
is a unique homogenized slope j1(v) for which the result of Lemma 4.5 holds with A(s) = Cs%/?,

Proof. The proof is parallel to that of Lemma 4.4. Let w, and w, be as given in the proof of Lemma 4.4.
Note that since €2; and €2, have their Neumann boundaries passing through the origin, dw,/dv = g(x) =
dw,/dv without translation of the x variable, and thus we do not need to use the properties of hyperplanes
with an irrational normal (Lemma 2.7(b)) to estimate the error between the shifted Neumann boundary
data. (]

Remark 4.7. As mentioned in the introduction, if v is a rational direction with p # 0, the values of
g(-/e) on 092, and 0€2, may be very different under any translation, and thus the proof of Lemma 4.4
fails. In this case, u, may converge to solutions of different Neumann boundary data, depending on the
subsequence.
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Proof of Theorem 1.2(ii). Recall that we must show that the homogenized limit u(v), defined in Lemma 4.5
for irrational directions in $"~", has a continuous extension i(v) : "~ — R.

Fix a unit vector v € $"~!. Then we will show that there exists a positive constant C > 0 depending on
v such that the following holds: given é > 0, there exists € > 0 such that for any two irrational directions
v, vy € P11

(1) — ()| < €82 whenever 0 < |v; — v, |V, —v| <e. (23)

1. To simplify the proof, we first present the case n = 2. For simplicity of notation, we may assume that
|[v-er| <|v-ex] and p = 0. First we introduce several notations. Again for notational simplicity and
clarity in the proof, we assume that v = e;: we will explain in the paragraph below how to modify the
notations and the proof for v # e;. Let us define

Qo :=T,(0)={(x,y) eR*: =1 < y <0},
and fori =1, 2,
Qi :=11,,0) = {(x,y) e R*: =1 < (x,y) - v; <0}

Let us also define the family of functions
gi(x1, x2) = gi(x1) = g(x1,8( — 1)),

wherei =1,...,m:=[1/8]+1 (see figure).

[ | |

If v is a rational direction different from e,, take the smallest K, € N such that K,v = 0 mod N2. Then
g can be considered as a K, -periodic function with the new direction of axis of v. If v is an irrational
direction, take the smallest K, € N such that |K,v| <8 mod N2. Then g is almost K,,-periodic up to the
order of § with the new axis of v. We point out that it does not make any difference in the proof if we
replace the periodicity of g by the fact that g is almost periodic up to the order 8.

Before moving on to the next step, we briefly discuss the heuristics in the proof.

Proof by heuristics. Since the domains €2; and 2, point toward different directions v; and v,, we
cannot directly compare their boundary data, even if 92| and 92, cover most of the unit cell in R" /Z".
To overcome this difficulty, we perform a two-scale homogenization.
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N g-boxes N g-boxes

First we consider the functions g; (i =1, ..., m) whose profiles cover most values of g in R? up to
the order of 8#, where B is the Holder exponent of g. Note that most values of g in R? are taken on 3,
and on d€2», since v; and v, are both irrational directions. On the other hand, since v; and v, are very
close to v, which may be a rational direction, the averaging behavior of a solution u, in €21 (or €2,) would
occur only if & gets very small.

If |[vy — v| = |v; — ez] is chosen much smaller than §, we can say that the Neumann data g; (- /¢) is
(almost) repeated N := [§/|v; — v|] times on d$2; with period &, up to the error 0(8P). (See figure at the
top of the page.) Similarly, on the next piece of the boundary, g>( - /¢) is (almost) repeated N times, and
then g3(- /¢) is repeated N times: this pattern will repeat with g; (k € N mod m).

If N is sufficiently large, that is, if |v; — v| is sufficiently small compared to §, the solution u, in
1 will exhibit averaging behavior, Ne-away from 0€2;. More precisely, on the Ne-sized segments of
hyperplane H located Ne-away from 021, u. would be homogenized by repeating the profiles of g; (for
some fixed i) with an error of O (8#). This is the first homogenization of u, near the boundary of Q;: we
denote by w(g;) the corresponding values of the homogenized slopes of u. on H.

Now a unit distance away from 9€2;, we obtain the second homogenization of u,, whose slope is
determined by ©(g;), i =1, ..., m. Note that this estimate does not depend on the direction v, but on
the quantity |v; — v|. Hence, applying the same argument for v,, we conclude that | (vy) — w(vp)] is
small. Note that w(v;) and w(v;) are uniquely determined because v; and v, are irrational directions
(Lemma 4.6).!

A rigorous proof of the above observation is rather lengthy: the main difficulty lies in the fact that
to perform the first homogenization Ne-away from the boundary, one requires the solution u, to be
sufficiently flat in tangential directions to v, which we do not know a priori. We will go around this
difficulty by constructing sub- and supersolutions by patching up solutions from the near-boundary region
and from the region away from the boundary. The proof is given in steps 2—8 below.

1By (F3), we may assume that the arrangement of gp, ..., gy is the same for the directions v and vy, after appropriate
rotation and reflection (note that (#3) implies rotation and reflection invariance of the operator F').
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2. Given 8 > 0, let us choose irrational unit vectors v;, v» € R? such that

_1/1000 _ _1/1000
0 <&y <)/ <5

’

(2)1/20 and € = éél/zo_ Let us also define

where ¢g = |v] —ex] and g9 = |V, —ez]. Lete = ¢

N= [|v1ie2|]:[§_o]‘ .

Then Ne = 38(1)/20 := §p. Note that

So>¢"" and §y > 8.

With the above definition of ¢ and N, consider the strip regions Ip = [—N¢g, 0] x R, I; =[0, Ne] x R,
I_1 =[-2Ne,—Ne] xR, I, =[Ne,2Ne] xR, ..., that is,

Iy =[(k—1)Ne,kNe] xR forkeZ.

Letk € [1, m] denote k in modulo m, where m = [1/5] + 1. Note that, since N|v; —ez| =46, gz(- /¢) is
(almost) repeated N times on I N d€2y. This fact and the Holder continuity of g yield that

‘g(%,%)—g;(%ﬂ <C5% ondQ NI, forkeZ. 25)
3. Let w, solve (P) : F(D*w,) = 0 in Qp, with

dwe _ <£)

av (xvo)_gk P for (x70)61ka

we =1 on{y=—1}.

Next let u, solve (P) in 1, with

{3”6 (6,0 =g(%,2) on {(x,y)- v =0}

avy

ug =1 on {(x,y) vy =—1}.
Let u(we) (u(ue)) be chosen as the slope ; in the linearized problem (P,;) in Section 4, where u; is
replaced by w, (u.) and the reference point x = 0 is replaced by x = —e /2 = (0, —%). (Recall that we
assumed 0 € 021, and (O, —%) € Q; fori =1,2.) Then u(w,) and pu(u.) denote the slopes of a linear
approximation of w, and u,. From (25) it follows that

1 (we) — p(ug)| < C8P. (26)

We point out that u(w.) and u(u.) respectively converge to a unique limit as ¢ — 0, since v is
irrational.

4. We begin by introducing 1t1,n(gx), which denotes the average slope of a solution with Neumann data
gr(x/e), Sp-away from the Neumann boundary {y = 0}. (Here note that §o = N¢.)
Let us define
H:=0Qy— Negey ={(x,y):y=—0p}.
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Let n =1/N and let w), 1 solve

F(D*w, 1) =0 in {—dp <y <0},
wy, 1 = we(0, —8p) on H = {y = —o},
ow

T),l = { = =
3y (x,O)—g1<8,0) on 3820 = {y =0},

where g1(x,0) = g1(x +k,0) for k € Z. Let u1,n(g1) be the slope of the linear approximation of wy 1,
defined as follows: choose a linear solution v, 1(-) such that

F(D%*v,1)=0 in{—8p <y <0},
vy,1 = wy,1(0, —do) on H ={y = —éo},
b b)
o (0.-) = (0.-%)
av,,,l
By (x,0) =p1/n(g1) on 929 = {y = 0}.

Since g1(x/¢, 0) is periodic on {y = 0} with period ¢ and §o = N¢, we can apply Lemma 4.2(i), using
the fact that 8o > ¢!/2°, to conclude that

w16, ) = (1,1 (0. = 22) + g () (v +un2)) | = oy &)

on {y = —89/2} N I;. Similarly, one can define w, ; and v, x for k € Z to conclude that

e, ) = (i (0 = D80, =) + 1w igp (v + 2)) | = €3y ©8)

on {y =—680/2} N Ix.

5. We will now construct barriers which bound w, from above and below, by pasting together the near-
boundary and the rest of the region together as follows. First we construct a supersolution of (P.). Let p,
solve the Neumann boundary problem away from the boundary {y = 0}:

F(D?*p:) =0 in{-1<y<—),

0

Pe — AGx)  on H ={y=—b),
dy
pe =1 on {y=—1}

Here A(x) is a Holder continuous function obtained by approximating 1,y (k) + 28" in each Ne-strip,
where the constant 0 < 9 < 1 will be decided below. Here the Holder continuity of A (x) is obtained by
the fact that g, and g; differ from each other by ((k — j )8)# and they are apart by (k— j)Ne > (k—j)d 100,

Then Theorem 2.4(b) yields that p, € C1¥ up to H, where y depends on 8 and n. Therefore there exists
a constant 0 < «g < 1 such that the following holds: in each 88_“°-neighborhood of a point (xg, —dp) € H,
we have

| e (x, —80) — pe (X0, —80) — ax(x0) (x — x0)| < 8(1)+°‘°, (29)

where a/(xp) is the tangential derivative of p. at (xg, —&o).
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6. Next we construct the near-boundary barrier:

F(D*f.)=0 in{=8 <y <0},

fe=ps on H ={y = —6p},
0fe X
o= g,;(;) on {y=0}N1I.

Let us now estimate the slope of f. on H. Let us choose a constant u. and the corresponding linear
profile ¢, such that
F(D*¢;) =0 in {—dp <y <0},

¢e(x, =8) = f:(0, —8p) on H,

Jo.(0-5)=4(0.-%).

3
3%8=M8 on 92 = {y = 0}.

Equation (29) and the comparison principle (Theorem 2.2), as well as the localization argument as in the

proof of Lemma 3.1 applied to the rescaled function

@gmkﬂm%>—ﬂmﬁ—m)
0 0

ww1ﬁ<

in the region {—1 <y <0} N{|x| < 80_“"}, yields that
e — fel < €85 in {80 <y <O} {lx| < 85"}, (30)

Putting the estimates (28) and (30) together, it follows that for any (xg, —&g) € H, we have

o

st s o+ D) <55 en =]l <117)

for appropriate k in each §-strip. Using the above inequality, (29), and the C! regularity of f, up to its
Dirichlet boundary, we obtain that

dfe
5 E A(X),

which then makes the following function a supersolution of (P;):

_pe in{—1=<y<—8)
~=" |fe in{-8<y<o}.

Similarly, one can construct a subsolution p, of (P.) by replacing A (x) given in the construction of p,

by A(x) := A(x) —48,°, such that
P Swe < p . GD

7. Parallel arguments as in steps 2—6 apply to the other direction, v»: if we define &y, M and H by

Vs — €3] = Bo < 0, M:[g], F=22% and H={y=—Mz),
0
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then we can construct barriers oz and P; such that

ps < ws(x) < p,, (32)

with their corresponding Neumann boundary conditions on H:

0 - d _ } sa0 5
a5yl =HmED+ O and AN, (33)

where their respective derivative is taken as a limit from the region {—1 <y < —&o}.

8. Now we proceed to estimate the averaging behavior of u® away from the Neumann boundary. By (21)
of Lemmas 4.4 and 4.6,
1 1\#
i ep = mm el < A5 )+ (57) - (34)
where A(%) = CN~/?, Let us write /N(8;) = Ky - and let h and h respectively solve

F(D?h)=0 in{—1<y<—Nsg},

Ih=1 on {y = —1},
oh
™ =Md;y ON HNI,

and -
F(D*h)=0 in{—1<y<—Mg},
h=1 on{y=—1},
dh

3y Mg ON HNI.

Let w(h) and w(h) be the respective slope of linear approximation for 4 and h.
Then it follows from (34) that if 8 ~ Ne and 8o ~ M# are sufficiently small,

) — iyl < c(m(L)+ (). (35)

Lastly, observe that by (31) and (32), there exists 0 < y < 1 such that
lu(we) — pu(h)| < €8 and  |p(wz) — p(h)| < C§”.

The above inequalities and (35) yield

lw(we) — p(ws)| < C((SV +m<l)+<i>ﬁ>
piWe) = pite N M '
Then we conclude from (26) that

\wuy) — wuz)| < C((SV —i—m(%) n (%)6 (36)

9. Lastly, we estimate the rate of convergence of w(u.) to ;(vy) as &€ — 0. The claim is that
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210/200

(1) — p(ue)| < C(eh + 5 ).

+¢&

We will argue similarly as in the proof of Lemma 4.2(ii). Let us define v®, the linear approximation of
ug, as in (Py;) of page 960, where the reference function u; is replaced by u,.
Recall that Q) ={y: —1 <y-v; <0}. We define

le =QN{y:y-v < —N88_1v1}

and L := 0Q; — Ned~'vy. For any given xo € L and for any x € L, there exists y € R? such that
|x —y| < Nem, xo — y = 0 mod £72, and

dist(y, L) < g|v] — ez| = €&g.
(Recall that m = [%] + 1.) Then by arguing as in (15), for x € L,

e (x0) — e (x)| < Ceb + C(Nes™)* (Nem)® < C (el +6%/1°).
Hence, due to the comparison principle (Theorem 2.2) applied to u, and v, in the domain Q;, we obtain

). (37)

210(/200 1/20

e — | < C(ef +&/10+ Nes™!) = C (el + +e)

Following the proof of (21) using (37) instead of (13), we conclude
l(ue) — ()] < C(80

Parallel arguments apply to v,. Combining the above inequality with (36),

) = )l < (87 +m(1) + (%)ﬂ)

Since N and M grow to infinity as € and & go to zero, the above inequality proves the lemma.

210[/200 1/20) <5

10. For the general dimensions n > 2, let us define
&(X1, o Xn1,X0) = &i (X1, o, X)) = (X1, - X1, 6(E — 1))
fori =0,1,...,m:=[8""]. Let us also define
Ly kooodiny = [(ki = DNe, ki Ne| x -+ x [(ky—1 — D)Ne, ky—1Ne| x R.

Then parallel arguments as in steps 1-9 would apply to yield the proposition in R”. ([l

Remark 4.8. The proof breaks down for F = F(D?u, x /), since the idea of perturbing the problem by
tilting the Neumann boundary and its boundary data, that is, the approximation of u, by w, in step 3,
does not apply if the inside operator also depends on x/¢.
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