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A NEKHOROSHEV-TYPE THEOREM FOR
THE NONLINEAR SCHRODINGER EQUATION ON THE TORUS

ERWAN FAOU AND BENOIT GREBERT

We prove a Nekhoroshev type theorem for the nonlinear Schrédinger equation
iup=—Au+Vxu+0d;gu,u), x eT?,

where V is a typical smooth Fourier multiplier and g is analytic in both variables. More precisely, we
prove that if the initial datum is analytic in a strip of width p > 0 whose norm on this strip is equal to ¢,
then if ¢ is small enough, the solution of the nonlinear Schrédinger equation above remains analytic
in a strip of width p/2, with norm bounded on this strip by Ce over a very long time interval of order
golne ‘B, where 0 < B < 1 is arbitrary and C > 0 and ¢ > 0 are positive constants depending on f and p.

1. Introduction and statements
We consider the nonlinear Schrodinger equation
iup=—Au+V xu+0d;gu,u), xer, t e R, (1-1)

where V' is a smooth convolution potential and g is an analytic function on a neighborhood of the origin
in C? which has a zero of order at least 3 at the origin and satisfies g(z, Z) € R. In more standard models,
the convolution term is replaced by a multiplicative potential. The use of a convolution potential makes
the analysis of the resonances easier.
For instance, when 4
=\ 2p+2
gu,u) = ——lu|
p+1

with @ € R and p € N, we recover the standard NLS equation iu; = —Au+V xu+a|u|*Pu. Equation (1-1)
is a Hamiltonian system associated with the Hamiltonian function

H(u,i) = /Td(Wu|2 + (V> u)i + g(u, a))dx

and the complex symplectic structure 7 du A du.

This equation has been considered with Hamiltonian tools in [Bambusi and Grébert 2003; Eliasson
and Kuksin 2010]. The first of these papers (see also [Bambusi and Grébert 2006; Bourgain 1996] for
related results) contains a Birkhoff normal form theorem adapted to this equation and discusses dynamical
consequences on the long time behavior of the solutions with small initial Cauchy data in Sobolev spaces.
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More precisely, it is proved that for s sufficiently large, if the Sobolev norm of index s of the initial datum
ug is sufficiently small (of order ¢), then the Sobolev norm of index s of the solution is bounded by 2¢
during a very long time (of order e~ with r arbitrary). In the second paper cited, Eliasson and Kuksin
obtain a KAM theorem adapted to this equation. In particular, they prove that in a neighborhood of
u = 0, many finite-dimensional invariant tori associated with the linear part of the equation are preserved
by small Hamiltonian perturbations. In other words, (1-1) has many quasiperiodic solutions. In both
cases, nonresonance conditions have to be imposed on the frequencies of the linear part, and thus on the
potential V' (these are not exactly the same in the two different cases).

Both results are related to the stability of the zero solution, which is an elliptic equilibrium of the
linear equation. The first result establishes the stability for polynomials’ times with respect to the size of
the (small) initial datum, while the second proves the stability for all time of certain solutions. In the
present work, we extend the technique of normal forms, establishing the stability of the solutions for

. _ 8
times of order ¢~ el

for some constants 0 > 0 and < 1, with ¢ being the size of the initial datum in
an analytic space.

We now state our result more precisely. We assume that for m > d/2, R > 0, V belongs to the space

. 1 m
W = {V(x) = Z wee'* v, = w € [—%, %] for any a € Zd}, (1-2)
aczd
which we endow with the product probability measure. Here, for a = (ay,...,ayq) € 7%, we set

|a|? =a% +---—|—afi.

For p > 0, we denote by o, = o, (T4;C) the space of functions ¢ that are analytic on the complex
neighborhood of a d-dimensional torus T¢ given by I, = {x +iy | x € T?, y € R and |y| < p} and
continuous on the closure of this strip. We then denote by |- |, the usual norm on % ,:

#lp = sup [p(2)].

zel,

We note that (sdp, | - |,) is a Banach space.
Our main result is a Nekhoroshev type theorem:

Theorem 1.1. There exists a subset V' C Wy, of full measure, such that for V. eV, 8 <1 and p > 0, the
following holds: there exist C > 0 and g¢ > 0 such that if

ug € Arp and |ugly, =€ < gy,

then the solution of (1-1) with initial datum u exists in s,/ for times |t| < 7% nel® and satisfies
Olpj2 < Ce for |t <o Mnel”, (1-3)
with o, = min{ll—o, %p} Furthermore, writing u(t) = > & (Z)eik'x, we have
kezd
3 P lge ()]~ 15 O)]| < €32 for|r] < gmo0el”, (1-4)

kezd



A NEKHOROSHEV-TYPE THEOREM FOR THE NONLINEAR SCHRODINGER EQUATION ON THE TORUS 1245

Estimate (1-4) asserts that there is almost no variation of the actions’.

In finite dimension #, the standard Nekhoroshev result [1977] controls the dynamic over times of order
exp(o/e!/ @+ D) for some o > 0 and T > n + 1 (see, for instance, [Benettin et al. 1985; Giorgilli and
Galgani 1985; Poschel 1993]), which is of course much better than g0 lnel? _ poling1HH Nevertheless,
this standard result does not extend to the infinite-dimensional context. Actually, that the term g~/ @+
in the exponential validity time can be replaced by |In 8|(1+'B) at the limit n — oo is good news!

To our knowledge, the only previous works in the direction of obtaining Nekhoroshev estimates for
PDEs were obtained by Bambusi [1999a; 1999b]. However, the result in [Bambusi 1999a], which develops
ideas expressed by Bourgain [1996], concerns a smaller set of functions made of entire analytic functions
only, and nevertheless yields a weaker control on a large but finite number of modes.

The five main differences with the previous works on normal forms are:

¢ In the finite-dimensional case and in Bambusi’s work, the central argument consists in optimizing
the order of the Birkhoff normal form with respect to the size of the initial datum. Here we introduce
a Fourier truncation and we optimize the order of the Birkhoff normal form and the order of the
truncation.

e We prove in the Appendix that, generically with respect to V', the spectrum of —A + V x satisfies a
nonresonance condition much more efficient than the standard one (see Remark 2.7).

e We use £!-type norms to control the Fourier coefficients and the vector fields instead of the usual
£-type norms. Of course this choice does not allow us to work in Hilbert spaces and induces a
slight loss of regularity each time the estimates are transposed from the Fourier space to the initial
space of analytic functions. But it turns out that this choice simplifies the estimates on the vector
fields (see Proposition 2.5 below and [Faou and Grébert 2011] for a similar framework in the context
of numerical analysis).

e We use the zero momentum condition: in the Fourier space, the nonlinear term contains only
monomials zj, ...zj, with j; +---+ jr = 0 (see Definition 2.4). This property allows us to control
the largest index by the others.

» We notice that the Hamiltonian vector field of a monomial zj, ... z;, containing at least three Fourier
modes z; with large indices £ induces a flow whose dynamics is controlled during a very long time in
the sense that the dynamic almost excludes exchanges between high Fourier modes and low Fourier
modes (see Proposition 2.11). In [Bambusi 2003; Bambusi and Grébert 2006], such terms were
neglected since the vector field of a monomial containing at least three Fourier modes with large
indices is small in Sobolev norm (but not in analytic norm), and thus will almost keep all the modes
invariant. This more subtle analysis was also used in [Faou et al. 2010].

Our method could be generalized by considering not only zero momentum monomials but also
monomials with finite or exponentially decreasing momentum. This would certainly allow us to consider a
nonlinear Schrodinger equation with a multiplicative potential V' and nonlinearities depending periodically

Here the actions are the square of the modulus of the Fourier coefficients, I, = |£|?.
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on x:
iup=—Au+Vu+dzg(x,u,ii), xeT

Nevertheless, this generalization would generate a lot of technicalities and we prefer to focus in the
present article on the simplicity of the arguments.

2. Setting and hypothesis

2A. Hamiltonian formalism. Equation (1-1) is a semilinear PDE locally well posed in the Sobolev
space H® (Td ) with s > d /2 (see, for instance, [Cazenave 2003]). Let u be a (local) solution of (1-1) and
consider (£, 1) = (£4.Ma)4eza the Fourier coefficients of u, i

u(x) =Y &€ and d(x)= ) nee . (2-1)

aez4 aez4

A standard calculation shows that u is a solution in H*(T¢) of (1-1) if and only if (£, ) is a solution in?

£2 x £2 of the system
: . . dP d
o =—lwgég—i——, aecZ,

g

(2-2)
g = [ WaNg — i op ae7
77a - ana aga ’ )

where the linear frequencies are given by w, = |a|? + vg4. As in (1-2), the notation is V = 3 vge!%*.

The nonlinear part is given by

P ) = ﬁ A ,,g(Z Eae' Y nae"’“'X) dx. (2-3)

This system is Hamiltonian when endowing the set of pairs (&4, n,) € €% x € with the symplectic
structure
i) dgg Adig. (2-4)
aczd

We define the set % = 79 x {£1}. For j = (a,8) € %, we define | j| = |a| and we denote by j the index
(a, —9).

We identify a pair (£, 1) € % x €% with (zj)jex € C* via the formula
zj =& iféd=1,

2-5
zj =1Ma ifé=-1 (23

j=(aé)e¥ = {

By a slight abuse of notation, we often write z = (£, ) to denote such an element.
For a given p > 0, we consider the Banach space £, made of elements z € C* such that

Izl = ePVl|zj] < o

JE%

2As usual, €2 = {(Ea)geza | S0 + [a]2)[Ea]? < +00}.
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using the symplectic form (2-4). We say that z € &, is real when z F=Zj for any j € %. In this case,

we write z = (£, &) for some & € C%’ . In this situation, we can associate with z the function u defined
by (2-1).
The next lemma shows the relation with the space s, defined above:

Lemma 2.1. Let u be a complex valued function analytic on a neighborhood of T4, and let (zj)jex be
the sequence of its Fourier coefficients defined by (2-1) and (2-5). Then for all ;1 < p, we have

ifued, thenze¥, and |z =<cpululp. (2-6)
ifze%,, thenuedy, and |uly=cpullzlp. (2-7)
where ¢, is a constant depending on p and . and the dimension d.

Proof. Assume that u € s1,. Then by using the Cauchy formula, we get |z;| < |u| pe_pU | for all j € %.
Hence, for u < p we have

d
w—p)lJ| )\ 2
”Z”M§|u|pze §|u|p 229 Vd =< G |M|p.

jex nez l—e vd

Conversely, assume that z € &£,. Then |&,| < ||z||pe_"’|‘7‘| for all a € Z%, and thus by (2-1), for all x € T¢
and y € R? with |y| < u, we get

d
) (o 2
u(x +iy)| < Y [gale!®! < |z]l, Y emlemmlal < (ﬁ) 12]-

acz4 acz4 l—e V4

Hence, u is bounded on the strip /. O

For a function F of 6! (£, C), we define its Hamiltonian vector field by Xg = JV F, where J is the
symplectic operator on £, induced by the symplectic form (2-4), VF(z) = (0F/0zj);je%, and where by
definition, for j = (a,8) € Z% x {+1} we set

aF .
I s =1,
or _ )&
0zj OF s — 1.
377a

For two functions F and G, the Poisson bracket is (formally) defined as

OF 0G  OF oG
F.G\=VFTJVvG =i —_— 2-8
e "2 s, 38 o e

We say that a Hamiltonian function H is real if H(z) is real for all real z.
Definition 2.2. For a given p > 0, we denote by ¥, the space of real Hamiltonians P satisfying

Pe%'(%,,C) and Xpee (£, %,).
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For F and G in %, the formula (2-8) is well defined. With a given Hamiltonian function H € J(,, we
associate the Hamiltonian system
z=Xg(z)=JVH(2),

which also reads
M =i 74 (2-9)
&a lana and 1, laéa’ a .
We define the local flow CD% (z) associated with the previous system (for an interval of times ¢ > 0
depending a priori on the initial condition z). If z = (£, ) and if H is real, the flow (§’, ") = ®%, (2) is
also real; &' = 7! for all . Choosing the Hamiltonian given by

H(¢.n) = Z wa€aa + P&, 1),
aczd
P being given by (2-3), we recover the system (2-2), that is, the expression of the NLS equation (1-1) in
Fourier modes.

Remark 2.3. The quadratic Hamiltonian Hy = ) _,c7a wa€ana corresponding to the linear part of (1-1)
does not belong to J¢,. Nevertheless, it generates a flow which maps ¥, into &£, explicitly given for all
time ¢ and for all indices a by &, () = e /94’ £,.(0), 14 (t) = '®' ;. (0). On the other hand, we will see
that, in our setting, the nonlinearity P belongs to .

2B. Space of polynomials. In this subsection we define a class of polynomials on C*.
We first need more notations concerning multi-indices: letting £ > 2 and j = (ji,..., j¢) € %t with
ji = (ai, 6i), we define

¢ the monomial associated with j

Zj = Zjy - Zjys
¢ the momentum of j
M(j)=aidy +---+agdy,; (2-10)
e and the divisor associated with j
Q(j)=061wq, + -+ 8¢wq,, (2-11)

where for a € 79, w, = |a|? + v, are the frequencies of the linear part of (1-1).
We then define the set of indices with zero momentum by
Se={j = (... jo) €2° [ M) =0} (2-12)

On the other hand, we say that j = (Ji,. .., j¢) € % is resonant, and we write j € Ny, if £ is even and
j =i Ui for some choice of i € %%/2. In particular, if j is resonant, then its associated divisor vanishes,
Q(j) =0, and its associated monomials depend only on the actions

Zj :Zjl ...ij :Salnal "'Eaé/2)7a[/2 = Id] "’IaZ/Z’
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where 1,(z) = £,74 denotes the action associated with the index a for all a € 7.
Finally, if z is real, then I,(z) = |£,|?, and for odd r, the resonant set N, is empty.

Definition 2.4. For k > 2, a (formal) polynomial P(z) =} ajzj belongs to Py if P is real, of degree
k, has a zero of order at least 2 in z = 0, and satisfies the following conditions:

* P contains only monomials having zero momentum (i.e., such that J((j) = 0 when a;j # 0), and
thus P reads

k
P =) Y az (2-13)
(=2 je9,
with the relation a5 =dj.
* The coefficients a; are bounded: sup |aj| < +oo forall £ =2,... k.
J€de
We endow %, with the norm .
1Pl =" sup |aj]. (2-14)
£=2 je&e

The zero momentum assumption in Definition 2.4 is crucial to obtaining the following proposition:

Proposition 2.5. Let k > 2 and p > 0. We have Py C ¥,, and for P a homogeneous polynomial of
degree k in P, we have the estimates

1P < P]lIz]% (2-15)

and

| Xp(2)|lp <2k| P ||Z||l;_1 forallze¥,. (2-16)

Furthermore, for P € Py and Q € Py, we have { P, Q} € Py, and the estimate

I{P, O} <2kL|| P||||Q]. (2-17)
Proof. Let
P(z)= Z aj zj;
NASED™
we have

k k
PPN 123l Lz | S IPI=IE < 1PIIE
]'Effk

and the first inequality (2-15) is proved.
To prove the second estimate, let £ € %; by using the zero momentum condition, we get

ap
| SEIPI 3z zie
Zt : k—1

JEZ

M )=—AE)

Therefore
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‘<k||P||Z DR T N

Le% ] eoph—1
MG )=—M()

1Xp()llo =) e

Le¥*

But if M(j) = —M(£), then

P <exp(p(lji] +-+ Lik—1D) = J] el

Hence, after summing in £, we get?

1Xp @)l <2kl P Y eIz )Ptz < 2k Pl 2]
j eopk—1
which yields (2-16).
Assume now that P and Q are homogeneous polynomials of degrees k and £ respectively and with
coefficients ay , k € $; and by, £ € $;. It is clear that { P, Q} is a monomial of degree k + £ — 2 satisfying
the zero momentum condition. Furthermore, we can write

P.OY)= ) ¢z,
JE€Skte—2
where ¢; is expressed as a sum of coefficients ag by for which there exists an a € 7% and € € {£1} such
that
(a,e)Cke ¥, and (a,—€)C{ e Yy,

and such that if for instance (a, €) =k and (a, —¢) = £, we necessarily have (ko, ..., ki, L2, ..., Ly)=].
Hence, for a given j, the zero momentum condition on &k and on £ determines the value of ea, which in
turn determines two possible values of (e, a).

This proves (2-17) for monomials. The extension to polynomials follows from the definition of the
norm (2-14).

The last assertion and the fact that the Poisson bracket of two real Hamiltonian is real follow immediately
from the definitions. U

2C. Nonlinearity. We assume that the nonlinearity g is analytic in a neighborhood of the origin in C?:
There exist positive constants M and R, such that the Taylor expansion

gvrv)= > = 'k ,3k13k2 (0,051 %2
ki1,kr>0

is uniformly convergent and bounded by M on the ball |v;| + |va| < 2R,. Hence, formula (2-3) defines
an analytic function P on the ball |z||, < Ro in &,, and we have

P(z)=)_ Pi(2),

k=0

3Note that M(a, §) = M(—a, —8), whence we get the coefficient 2.
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where Py for all k£ > 0 is a homogeneous polynomial given by

Py = Z Z Pa,b&a; ...Sakl Moy ++ - Ny,

ki+ka=k (a,b)e(z)*1 x(z4)F2
with
1 ; .
Pab = makl 0k, £(0,0) /TdezM(a,b)x dx

and M(a.b) = ay +---+ayx, —by — -+ — by, the moment of &, ... &a,, M, - Npy,- Therefore, it is
clear that Py, satisfies the zero momentum condition, and thus Pj € P, for all k > 0. Furthermore, we
have the estimate || Pi|| < M Ro_k for all k > 0.

2D. Nonresonance condition. In order to control the divisors (2-11), we need to impose a nonresonance
condition on the linear frequencies wq, a € Z¢.

Forr>3and j = (j1,..., jr) €%, we define () as the third largest integer amongst | jq|, ..., |jr|.
We recall that the resonant set ', is the set of multi-indices j € %" such that j =i Ui for some i € %//2.

Hypothesis 2.6. There exist y > 0, v > 1 and ¢y > 0 such that for all » > 3 and for all nonresonant
Jj € %" \N}, we have

Y <o
n(GHvr

Remark 2.7. Classically, a nonresonance condition reads (see, for instance, [Bambusi and Grébert 2006]):

1©20)] =

(2-18)

for all r > 3, there exist y(r) > 0 and v(r) > 0 such that for all nonresonant j € %", we have

Q) = L

p(jyre
In Hypothesis 2.6, we make precise the dependence of y and v with respect to r. In particular, we impose
that v be linear: v(r) = vr. This is crucial to optimizing the choice of r as a function of & in Section 3B.

Recall that for V =), 7a wee'@* in the space W, defined in (1-2), the frequencies are

Rv

a d
PR EZ ’
(+apm

wa = lal® + wg = |al? +

with vg € [—4, 1] for all a. In the Appendix, we prove:

Proposition 2.8. Fix y > 0 small enough and m > d /2. There exist positive constants co and v depending
onlyonm, R and d, and a set F\, C Wy, whose measure is larger than 1 — 4)/1/7, such that if V e F,,
then (2-18) holds true for all nonresonant j € ¥" and for all v > 3.

Thus Hypothesis 2.6 is satisfied for all V' € V", where

v=\JF (2-19)
y>0

is a subset of full measure in W,.
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2E. Normal forms. We fix an index N > 1. For a fixed integer k > 3, we set

Fk(N)=1{j €Ix [ n(j)> N}

Definition 2.9. Let N be an integer. We say that a polynomial Z € P is in N-normal form if it can be

k
Z:Z Z aj zj .

£=3 jeN,UF¢(N)

written

In other words, Z contains either monomials depending only on the actions or monomials whose indices
J satisfy p(j) > N, that is, monomials involving at least three modes with index greater than N.

‘We now motivate the introduction of this definition. First, we recall:

Lemma 2.10. Let f : R — R4 be a continuous function and y : R — R4 a differentiable function
satisfying the inequality

d
5y(t) <2f(t)/y(@) forallt eR.
Then we have the estimate

V() = y(0)+/olf(s)ds forallt € R.

Proof. Let € > 0 and define y. = y + €, a nonnegative function whose square root is differentiable. We

have
d V()
SV =270 V== <2/ (0),
! V Ye(t)
and thus ,
V30 = 3@+ [ )0
0
The claim is proved by taking € — 0. O

For a given number N and for z € £, we define

N .
Ry (2) = Z ep|]||2j|.
lj1>N
Notice that if z € £, then

Ry (2) < e *Nizll g (2-20)
Proposition 2.11. Let N € N and k > 3. Suppose that Z is a homogeneous polynomial of degree k in

N -normal form. Let z(t) be a real solution of the flow generated by the Hamiltonian Hy + Z. Then we
have

t
RY (z(1)) <RY (z(0)) + 4K°| Z|| /0 RY () [z()II5 73 ds (2-21)

and

t
12O, < 120, +45°]1Z] /0 RY (2(5))212(s) [ ds. (2-22)
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Proof. Fix a € Z% and let 1,(¢) = £,(t)n4(t) be the actions associated with the solution of the Hamiltonian
system generated by Hy + Z. Let us recall that as z(¢) = (£(¢), n(¢)) is a real solution, we have
£4(t) = 1q(2) for all times where the solution is defined. Using (2-17) and Hy = Hy (1), we have

|e2f’|“|1'a|=|e20|“|{1a,2}|52k||2||\ep|“|\/1a|( > eﬂ|“'|z,-1...z,-k_l|).

M(j)==a
2 indices>N

Then using Lemma 2.10, we get

t
P19/ I,(1) < el Ia(0)+2k||Z||/( > ep|“||2jl|...ep|/"—1||2jk_l|) ds.  (2-23)
0

M(j)==xa
2 indices>N

Ordering the multi-indices such that | j;| and | j,| are the largest, and using the fact that z(¢) is real (and
thus |zj| = 4/14 for j = (a, 1) € ), we obtain, after summation in |a| > N,

t
RY ) =RY o) +4°)12) [ ( S eplitl]zy | Pl |) ds
0 . -
litlljiz1=N
J3sesjk—1€%

t
<RYCO)+41Z] [ RY G2zl .

Inequality (2-22) is proved in the same way. O

Remark 2.12. These estimates will be central to the final bootstrap argument. Actually, as a consequence
of Proposition 2.11, we have: if z(¢) is the solution of a Hamiltonian system in N -normal form with
an initial datum zg satisfying ||zo||2, = €, then, as Rf)V (z0) = O(se™”N), Equations (2-21) and (2-22)
guarantee that Rfov (z(¢)) remains of order O(ce V) and the norm of z(¢) remains of order & over
exponentially long time ¢ = 0(e”N).

The next result is an easy consequence of the nonresonance condition and of the definition of normal
forms:

Proposition 2.13. Assume that the nonresonance condition (2-18) is satisfied and let N be fixed. Let Q
be a homogenous polynomial of degree k. Then the homological equation

{X.Ho}—Z =0 (2-24)

admits a polynomial solution (x, Z) homogeneous of degree k, such that Z is in N -normal form, and

such that
vk

N
IZI =1Qll and ixll = —
Y<

121. (2-25)

Proof. Assume that Q =} ;4 Qjzj and seek Z =} ;4 Zjzj and x = ) ; ey, XjZj such that
(2-24) is satisfied. Equation (2-24) can be written in terms of polynomial coefficients

iQJ)xj—Zj =Qj. Je€Ik,
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where Q(j) is given in (2-11). We then define

Z; =Qj, xj=0 if jeNgoru(j)>N,
o ... .
Zj =0, xj =+ ifjé&Ngandpu(j)=N.
! 7 iQy)
In view of (2-18), this leads to (2-25). O

3. Proof of the main theorem

3A. Recursive equation. We aim to construct a canonical transformation t such that in the new variables,
the Hamiltonian Hy + P is in normal form modulo a small remainder term. Using Lie transforms to
generate 7, the problem can be written thus: Find a polynomial x = Y _3 xx, a polynomial Z =
Y k=3 Zk in normal form, and a smooth Hamiltonian R satisfying d* R(0) = 0 for all & € N* with
|| < r, such that

(Ho+ P)o®, = Hy+Z + R. (3-1)

Then the exponential estimate (1-3) will be obtained by optimizing the choice of » and N.
We recall that for y and K two Hamiltonian functions, for all K > 0 we have
d* t t k t
dl_k(K ° q>x) = {X’ { o {Xv K} ' }}(q>x) = (adXK)(CIJX),
where ad, K = {x, K}. Also, if K, L are homogeneous polynomials of degrees k and £, then {K, L} is
a homogeneous polynomial of degree k + £ — 2. Therefore, by using Taylor’s formula, we obtain
r—3
(Ho+ P)o®), —(Ho+P)= Y _
k=0

1
o 1)!ad§({X,HO+P})+@,, (3-2)

where O, stands for a smooth function R satisfying 3% R(0) = 0 for all @ € N* with |a| <.
On the other hand, we know that for { € C, the following relation holds:

r—3 r—3

Bk .k U ok —2
Z—f)(z z)=1+0(|§|’ )
| |
= k! = (k+1)!
where By, are the Bernoulli numbers defined by the expansion of the generating function 5 ZZ_ T Therefore,

defining the two differential operators
r—3

A —rf : ad® and B, = ﬁadk
A i S T

we get
BrAr == Id+ Cr,

where C, is a differential operator satisfying

Cr@3 - @r.
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Applying B, to the two sides of (3-2), we obtain
{x.Ho+ P} = B, (Z—P)+0,.

Plugging the decompositions in homogeneous polynomials of x, Z and P into this equation and equating
the terms of same degree, we obtain after a straightforward calculation the recursive equations

{Xm7HO}_Zm:Qm» m:3v~--vr, (3_3)
where
m—1 m— B
Om=—Pn+ Y {Pmir—i: Xi}+ Z o > ady,, ...ady, (Zg ., = Pyy)- (3-4)
k=3 k=1 L1+ +Lyp1=m+2k
3<l;<m—k

In the last sum, £; < m —k as a consequence of 3 </{; and {; +--- + {j 41 =m + 2k.

Once these recursive equations are solved, we define the remainder term as R = (Hy+ P)o® )1( —Hy—Z~.
By construction, R is analytic on a neighborhood of the origin in &, and R = 0,. As a consequence, by
Taylor’s formula,

=y Z— ST ady,, ...ady, Ho

m>r+1k=1 Lj+-+L=m+2k
1
+ > Z—' > ady,, ...ady, Py, . (3-5)

3<l;<r
m>r+1 k=0 €1+~~+£k+1=m+2k
3<l) ot by <r
3=lik+1

Lemma 3.1. Assume that the nonresonance condition (2-18) is fulfilled for some constants v, cg, v. Then
there exists C > 0 such that for all r and N, and form = 3, ..., r, there exist homogeneous polynomials
Xm and Zy, of degree m, with Z, in N -normal forms, which are solutions of the recursive equation (3-3)
and satisfy

2
xmll + 1 Zmll < (CmN")™. (3-6)
Proof. We define x,, and Z,, by induction using Proposition 2.13. Note that (3-6) is clearly satisfied for
m = 3, provided C is big enough. Estimate (2-25) yields

veo N7 xmll + 1 Zmll = 1 Qmll- (3-7)

Using the definition (3-4) of the term Q,, and the estimate on the Bernoulli numbers, |By| < k!c¥
for some ¢ > 0, together with (2-17), which implies that for all £ > 3, ||ad,, R|| < 2m{|| R|| for any
polynomial R of degree less than m, we have, for all m > 3,

m—1

1Qmll < I1Pmll +2 ) km+2 =) P2l x|
k=3

m—
+2) (Cm) > Ellxe - Lrllxe M Ze oy = Py, - (3-8)

k=1 O 44l =m+2k
<{;i<m—k
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for some constant C. Let us set B, = m(|| xm| + || Zm|)- Equation (3-7) implies that

Bm = (CN*)"m| Qml,

for some constant C' independent of .
Using that || P, || < M R;™ (see the end of Section 2D), we have that || Py, || and m|| Py, || are uniformly
bounded with respect to m. Hence, the previous inequality implies that

Bm < BV + B2,

where
m—1
B = (CN")’"m(l +> ﬂk) (3-9)
k=3
and
m—3
BE = NY"(Cm)" 2y Y B BuBey + D) (3-10)
k=1 (1+"'+€k+1=m+2k
<{;i<m—k

for some constant C depending on M, Ry, y and c¢y. It remains to prove that 8, < (CmN ")5"’2 by
induction, for some constant §. Again, this is true for m = 3 by adapting C if necessary. Thus, assume
that B; < (CjN“)jz,j =3,....,m—1. Assoonas C > 1,

1 <(CmN")" forallm >3, G-11)
so we get

I < (N mm(CmNY) D < LemN Y

as soon as m > 3 and provided C > 2.
Using (3-11) again and the induction hypothesis, we get

m—3
24 g2
B <NV Cmyn Y Y (ONYm—ky) Tt e
k=1414++Lgy1=m+2k
3<ti<m—k

The maximum ofﬁ%—l—---—i—ﬁiJrl when £ + -4+ £€g 41 =m+ 2k and 3 <{; < m —k is obtained for

€y =---=4L; =3and €;; =m—k and its value is (m — k)? 4+ 9k. Furthermore, the cardinality of
i+ + Ly =m~+2k, 3=<4{; <m—k} is smaller than m¥*1 and hence we obtain, for m > 4 and

after adapting C if necessary,

AV
BD < max  NYHCmY"2CmFTH(CNY(m—k) "R < Lemnvy”. O

k=1,...m—3

3B. Normal form result. For any Ry > 0, we set Bo(Ro) ={z€ %, | ||z]lp < Ro}-
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Theorem 3.2. Assume that P is analytic on a ball B,(Ry) for some Ro > 0 and p > 0. Assume that the
nonresonance condition (2-18) is satisfied, and let B < 1 and M > 1 be fixed. Then there exist constants
g9 > 0 and 0 > 0 such that for all ¢ < gg, there exist a polynomial ¥, a polynomial Z in N = |In¢| 1+8
normal form, and a Hamiltonian R analytic on B,(M ¢), such that

(Ho+ P)o®, = Hy+ Z+ R. (3-12)

Furthermore, for all z € By(Me),

|1+B

_1
1XZz)l,+ 1 X2l <26%2 and | Xg(2)|, < e xIM¢ (3-13)

Proof. Using Lemma 3.1, for all N and r, we can construct polynomial Hamiltonians

X@ =) xk( and Z(z)=)_ Zi(2),
k=3

k=3
with Z in N -normal form, such that (3-12) holds with R = O,.. Now for fixed ¢ > 0, we choose

N =N(e) = |1H8|1+ﬂ and r=r(e) = |1ns|'3.

This choice is motivated by the necessity of a balance between Z and R in (3-12): The error induced by
Z is controlled as in Remark 2.12, while the error induced by R is controlled by Lemma 3.1. By (3-6),
we have

Ikl < (CKNY** < exp(k(vk(1 + B) In [Ine| + k In Cr))
< exp(k(vr(l 4+ B)In|lng|+rIn Cr))
<exp(k |1I18|(1) |ln8|’3_1(1 +B8)In|lng| + |ln8|ﬁ_1 InC |ln8|’9)) <gk/8, (3-14)
as B < 1, and for ¢ < ¢¢ sufficiently small. Therefore, using Proposition 2.5, for z € B,(M &) we obtain
k(@) < e7KE (M ek < M*eTHE,

and thus
|X(Z)| < Z Mk87k/8 < 83/2,
k>3

for ¢ small enough. Similarly, for all k <r, we have
1 Xy, ()l p < 2ke™ /8 (Me)k—1 < 2k MF=167k/81
and
”XX(Z)HP < Z ZkMk_187k/8_1 < C8_1821/8 < 83/2,
k>3

for & small enough. Similar bounds clearly hold for Z = Y} _; Zj, which shows the first estimate in
(3-13).

On the other hand, using adX,Z Hoy = Zy, + Qy, (see (3- 3)) and then using Lemma 3.1 and the
definition of Q,, (see (3-4)), we get ||adX€l Hy|| < (CkN")e’\ < et/ where the last inequality
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proceeds as in (3-14). Thus, using (3-5), (3-14) and || Py, , | = MRO_Z"H, we obtain by Proposition 2.5
that for z € By,(Me),

m—3
m+2k
[ XRr(2)]p < Z Z m(Cr)3me=" 8 M1 < Z m2(Cr)*me™? < (Cr)3 e/
m=r+1 k=0 m=r—+1

—% \lne\H'

Therefore, since r = |In¢|?, we get | X @)p=<ce ? for z € By(M¢) and ¢ small enough. [

3C. Bootstrap argument. We are now in position to prove the main theorem of Section 1. It is a direct
consequence of Theorem 3.2.

Let ug € sd», with |ug|,, = €, and denote by z(0) the corresponding sequence of its Fourier coefficients
which belongs, by Lemma 2.1, to £(3/2), with [|z(0)[|(3/2), < (cp/4)e and

2d+2
Cp=—""89H9H4H——
P (1— e—p/Z\/E)d
Let z(¢) be the local solution in £, of the Hamiltonian system associated with H = Hy + P.
Let x, Z and R be given by Theorem 3.2 with M = ¢, and let y(7) = dD)l((z (t)). We recall that since
x(2) = O(||z||?), the transformation <I>)1( is close to the identity: QD)I((Z) =z + O(||z||?), and thus, for ¢
small enough, we have || y(0)[|(3/2), < (¢p/2)e. In particular, as given in (2-20),

’

RY (y(0)) < %”e e~ (0/DN < o —oN

where 0 =0, < p/2.
Let T be the largest time 7" such that Rf,v(y(l)) <cpe e N and ||y(t)|, < cpe forall |t| < T. By
construction, we have

t t
Y1) = y(0) + /0 Xtz ((s)) ds + /0 Xr(y(s)) ds.

So using (2-21) for the first vector field and (3-13) for the second one, we get, for |¢| < T,

r
RY(9(0)) < Lepee™™ + 4101 3 1 Zillk? (cpe)* 172N 4 Jt]ge™ s el
k=3
. 11 el1+8
= (% HAUt] Y N1 Ze K3 (cpe)f 2N 4 Jt]ee™ el )c,,se_"N, (3-15)

k=3

where in the last inequality we used o = rnin{%, % ,0} and N = |In s|1+ﬂ.

Using Lemma 3.1, we then verify that
R,{)V(J/(f)) < (% +Clt|e e_"N)cpse_”N,
and thus, for & small enough,

Rf)v(y(t)) < cpe e "N forall || < min{T,, e®N}. (3-16)
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Similarly, we obtain
Iyl <cpe  forall |t] < min{Ty, e"N}. (3-17)

In view of the definition of T, inequalities (3-16) and (3-17) imply T, > ¢®™N . In particular, ||z(¢) || , < 2c,e
for |¢] < e°N = 8_0“118'6, and using (2-7), we finally obtain (1-3) with
22d+5

- (1 —e—p/2vd)2d

Estimate (1-4) is another consequence of the normal form result and Proposition 2.11. Actually, we
use that the Fourier coefficients of u(¢) are given by z(t), which is e2-close to y(¢), which in turn is
almost invariant: in view of (2-23) and as in (3-15), we have

r
>y 01 =1y 0] = (4|z| S IZRIK (cpe)t 120N 4 |z|ge—illnell+ﬁ),

jez k=3
from which we deduce
Y eIy =1y O] < ltle™V,
jez
and then (1-4).

Appendix: Proof of the nonresonance hypothesis

Instead of proving Proposition 2.8, we prove a slightly more general result. For a multi-index j € %", we
define ,
NG)Y=[Ta+1D.
k=1

Proposition A.1. Fix y > 0 small enough and m > d /2. There exist positive constants C and v depending
only onm, R and d, and a set F,, C Wy, (see (1-2)) whose measure is larger than 1 — 4y, such that if
V € F,, then for any r > 1,

Ccr )/7 A
QJ)+erog, te20p,| = (A-1)
‘ 1 2 | N(_] )v
for any j € %", any indices £1,€ € 7%, and any €, &5 € {0, 1, —1} such that (j, (£1.€1), (L2, €2)) is

nonresonant4 .

In order to prove Proposition A.1, we first prove that 2(j) cannot accumulate on Z. Precisely, we
have:

Lemma A.2. Fixy > 0and m > d /2. There exist 0 < C < 1 depending only on m, R and d, and a set
FJ', C W, whose measure is larger than 1 — 4y, such that if V € F.,, then for any r > 1,

r

C'y

12(j)—bl = NGy

(A-2)

4The resonant set N r, > 2, 1s defined in Section 2D.



1260 ERWAN FAOU AND BENOIT GREBERT

for any nonresonant j € 7" and for any b € 7.

Proof. Let (aq,...,a,) Z0in Z", M > 0 and ¢ € R. The set

Za,x, +c

i=1

amz{x [-4.41|

.

is a slice of thickness 27 of the hypercube [—M, M]" guided by the hyperplane {Z;zl aixi+c= O}
whose normal o has a norm larger than 1. Since the largest diagonal in the hypercube [ ; 2] has a

length equal to /7, we get that the base of the slice () is included in a hyperdisc of dimension r — 1
and radius %ﬁ . Recall that the volume of a ball in R™ of radius p equals 7”/2p™ / T'(m/2 +1). So we
deduce that the volume of (1) is smaller than’

1 r—1 1 r—1
2 (r—1)/2 2 2 r
nmw <2n <C'n
F(r—l ) (r—l)!
2 2

€ %" and b € Z, the Lebesgue measure

<@
is smaller than 217r 7 . Now consider the set (using the notation (1-2))

5 vg; R
’O”' u+wmm)

It is contained in the set of the V’s such that (Rvg, /(1 + |a;[)™);_, € %;. Hence the measure of (A-3)
is smaller than R™" N (j )™ C"n. To conclude the proof, we have to sum over all the possible j’s and all
the possible b’s. Now for a given j, if |Q(j) —b| > n with n < 1, then |b| < 2N(j)?. So to guarantee

(A-2) for all possible choices of j, b and r, it suffices to remove from W, a set of measure

for a constant C independent of r. Hence, given j = (a;, 6;);_,
of

Zﬁum|+m)b

i=1

%M:{xe[%%

{VeWw, ‘ |S2(j)—b|<n}={V€°Wm

< n}- (A-3)

r

Y oo ¥ ]
4y +34d Y =% d+1 | -
J ¥ REN(j)™ R Lezd (T+1€D

-1
Choosing C < %R(Zeezd W) proves the result. O

Proof of Proposition A.1. First of all, for e; = &, = 0, (A-1) is a direct consequence of Lemma A.2,
choosingv>m+d+3,y <land F), = F;, (recall that r > 1).
When &1 = %1 and ¢, = 0, we will prove that for some constants C and v, we have

r

C'y

‘Q(j)iwh‘ z NG

(A-4)

3We use the formula of the gamma function valid for even integers, but the asymptotic is the same in the odd case.



A NEKHOROSHEV-TYPE THEOREM FOR THE NONLINEAR SCHRODINGER EQUATION ON THE TORUS 1261

which implies inequality (A-1) for y < 1. Notice that |Q2(j)| < N(j)? and thus, if |£;] > 2N (j), (A-4)
is always true. When |[£;| < 2N (j), using that N(j,£) = N(j)(1 + |£1]), applying Lemma A.2 with
b=0andV € F, = F), we get

Cr+1)/ éry
> 9
N(J )m+d+3(3N(j))m+d+3 - N(j)”

1Q3) +e100,| = Q3 E1,61))| =

with v =2(m +d +3) and C = 2C2/3m+d+3,
When ¢1e, = 1, a similar argument yields an estimate of the form

Cry
Q) £ (0, +0g,)| Z
| Hen) 2y ()’
for some constants C, v, and for V € F), = F),.
So it remains to establish an estimate of the form
Cry7
QJ) +wg, —wg,| = (A-5)
| 1 2 | N(_] )v

for some constant C and V € F, to be defined. Assuming |{;| < |{,], we have

R|vyg, | Rvg, | R
—wg, — 2 402 < Y Sy | = ’
e RN A (Rl B TRTA

for all vy, and vy, in [—%, %], see (1-2). Therefore, if (1 + |€;])™ = (2R/C"y)N(j)"t9+3, we obtain
(A-5) directly from Lemma A.2 applied with b = K% — K% and choosingv=m+d +3,C = C/2 and
Fy=F),

Finally, assume (1 + |€;])" < (2R/C”y)N(j)"™+t9+3_ Then taking into account |Q2(j)| < N(j)2,
inequality (A-5) is satisfied when E% — E% > 2N (j)?. It remains to consider the case when

2R
Cry

1+|61|51+|ez|s[2(

R \!/m m
) NG
Cry

2/m 1/2
N(J)m+d+3) +4N(])2:| S2(

Again we use Lemma A.2 to conclude that

‘ ‘ Cr+2)/
Q(j) +w€1 _a)ez =
. +d+3
NG+ 16 +16)]"
Cr m+4+d+3
2 Y "
cr+ )/(3'2mR) Cry4+3/m
> > = . ’
N(ymraNG R NG

d d 3 2 _ C4m-&;nd+3

asm > > and withv=m+d +3+ u and C = SomR This last estimate implies (A-1).

O
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