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STABILITY AND INSTABILITY FOR SUBSONIC TRAVELING WAVES
OF THE NONLINEAR SCHRODINGER EQUATION IN DIMENSION ONE

DAVID CHIRON

We study the stability/instability of the subsonic traveling waves of the nonlinear Schrodinger equation
in dimension one. Our aim is to propose several methods for showing instability (use of the Grillakis—
Shatah—Strauss theory, proof of existence of an unstable eigenvalue via an Evans function) or stability. For
the latter, we show how to construct in a systematic way a Liapounov functional for which the traveling
wave is a local minimizer. These approaches allow us to give a complete stability/instability analysis in
the energy space including the critical case of the kink solution. We also treat the case of a cusp in the
energy-momentum diagram.

1. Introduction

This paper is a continuation of our previous work [Chiron 2012], where we consider the one-dimensional
nonlinear Schrédinger equation

v
i%—t+a§\p+\pf(|w|2):o. (NLS)

This equation appears as a relevant model in condensed matter physics: Bose—Einstein condensation
and superfluidity (see [Roberts and Berloff 2001; Ginzburg and Pitaevskii 1958; Gross 1963; Abid
et al. 2003]); nonlinear optics (see, for instance, the survey [Kivshar and Luther-Davies 1998]). Several
nonlinearities may be encountered in physical situations: f(0) = £p gives rise to the focusing/defocusing
cubic NLS; f(0) = 1 — o to the so-called Gross—Pitaevskii equation; f(0) = —o? (see [Kolomeisky
et al. 2000] for Bose—Einstein condensates); more generally a pure power; the “cubic-quintic” NLS (see
[Barashenkov and Panova 1993]), where

f(o) = —ay + az0 —as0?

and o1, a3 and a5 are positive constants such that f has two positive roots; and in nonlinear optics, we
may take (see [Kivshar and Luther-Davies 1998])

J@=e"pe™ f(g):_@( e ) f(Q)=—on(1+ytanhQ2_Q%) (1)
| 2\ () )
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where o, B, y, v, o > 0 are given constants (the second one, for instance, takes into account saturation
effects), etc. As a consequence, as in [Chiron 2012], we shall consider a rather general nonlinearity f,
with 1 of class €2. In the context of Bose—Einstein condensation or nonlinear optics, the natural condition
at infinity appears to be

|v|? — rg as |x| = +oo,
where r¢ > 0 is such that f(rg) =0.

For solutions W of (NLS) which do not vanish, we may use the Madelung transform
U = Aexp(ip)
and rewrite (NLS) as an hydrodynamical system with an additional quantum pressure
0; A +20xP0x A+ Ad2¢ =0, d:p +20x(pu) =0,

2 92
D+ (0a)? — f(47) - 28 = o 2utu =0, (o) =0 TP ) =0,

A VP

with (p,u) = (42, 0x¢). When neglecting the quantum pressure and linearizing this Euler system around

0

the particular trivial solution ¥ = rq (or (4, u) = (rp, 0)), we obtain the free wave equation

{8,/1-1— r()axU = 0,
9:U —2ro f/(r3)dx A =0,

with associated speed of sound

s = \/—ngf’(rg) >0,

provided f satisfies the defocusing assumption f’ (rg) < 0 (that is, the Euler system is hyperbolic in the
region p >~ r02), which we will assume throughout the paper. Concerning the rigorous justification of the
free wave regime for the Gross—Pitaevskii equation (in arbitrary dimension), see [Béthuel et al. 2010].
The speed of sound ¢y enters in a crucial way in the question of existence of traveling waves for (NLS)
with modulus tending to rp at infinity (see, e.g., [Chiron 2012]).

The nonlinear Schrodinger equation formally preserves the energy

E() = [R 059 + F(y ) dx,

2
where F(p) = erOf_ Since

C? 22 G 2
F(o) ~ 5 (e—r5)” ~—(J/e—ro)
8r; 2
when o — rg, it follows that the natural energy space turns out to be the space
%= {1// € L®(R), 0,v € L>(R), || —ro € LZ(R)} C%p(R,0),
endowed with the distance

do (Y ¥) = 185 = 0xV I L2y + 11V = V]| L2y + ¥ (0) = ¥ (O)].
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The Cauchy problem was shown to be locally well posed in the Zhidkov space {y € L®(R), dx¥ € L?(R)}
by P. Zhidkov [2001] (see also the work by C. Gallo [2004]). For global well-posedness results, see
[Gallo 2008; Gérard 2008]. More precisely, the local well-posedness we shall use is the following.

Theorem 1 [Zhidkov 2001; Gallo 2004]. Let W™ € %. Then, there exists Tx > 0 and a unique solution W
to (NLS) such that W;—o = Ui gnd W — Wit € €([0, Tx), H'(R)). Moreover, E(¥(t)) does not depend
ont.

The other quantity formally conserved by the Schrodinger flow, due to the invariance by translation, is
the momentum. The momentum is not easy to define in dimension one for maps that vanish somewhere
(see [Béthuel et al. 2008a; 2008b]). However, if 1 does not vanish, we have a lifting ¢ = Ael? . and then
the correct definition of the momentum is given by [Kivshar and Yang 1994]

2

P(y) = /Ruwaxw)(l - ﬁ) dx = [Rmz —r2)iee dx,

where (- |-) denotes the real scalar product in C. We define
Fny = {v € %, infg [v] > 0},

which is the open subset of % in which we have lifting and where the hydrodynamical formulation (2) of
(NLS) is possible through the Madelung transform. It turns out that, if the initial datum belongs to %y,
the solution of (NLS) provided by Theorem 1 remains in %,y for small times, and that the momentum is
indeed conserved on this time interval (see [Gallo 2004]).

1A. The traveling waves and energy-momentum diagrams. The traveling waves with speed of propa-
gation ¢ are special solutions of (NLS) of the form

W(t,x)=U(x—ct).
The profile U has then to solve the ODE
FPUFUf(UP) =icdyU (TW,)

together with the condition |U(x)| — r¢ as x — £ oo. These particular solutions play an important role
in the long-time dynamics of (NLS) with nonzero condition at infinity. Possibly conjugating (TW,), we
see that we may assume that ¢ > 0 without loss of generality. Moreover, we shall restrict ourselves to
traveling waves which belong to the energy space % (so that |U| — ro at 200 by the Sobolev embedding
HY(R) = %o(R,C) = {h € ¢(R,C), limis, h = 0}). For traveling waves U, € % that do not vanish
in R, hence that may be lifted to U, = Ace'%, the ODE (TW,) can be transformed (see, e.g., [Chiron
2012]) into the system

¢ _mne
2 770+r§’

and where the function V', is related to f by the formula

Ve(€) = c?E2 —4(rg +E)F(rg +6).

ax¢c = 2836776 +O{//C.(nc) = 0, With r)c = Ag —I’g,
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To a nontrivial traveling wave U, is associated (see [ibid.]) some &, > —rg such that V¢ (&) =0 # V7. (&)
and V' is negative between &, and —rg, and 7, varies between 0 and &.; that is, {infg |U.|, supg |U¢|} =
{ro, v rg + &.}. Moreover, the only traveling wave solution (if it exists) that vanishes somewhere is for
¢ = 0 and is called the kink: it is an odd solution (up to a space translation) and then &y = 0.

We have also seen in [ibid.] that any traveling wave in & with speed ¢ > ¢ is constant, and also that any
nonconstant traveling wave in % of speed cx € (0, ¢g) belongs to a unique (up to the natural invariances:
phase factor and translation) local branch ¢ + U, defined for ¢ close to cx.

In [ibid.], we have investigated the qualitative behaviors of the traveling waves for (NLS) with nonzero
condition at infinity for a general nonlinearity f. A particular attention has been payed in [ibid.] to
the transonic limit, where we have an asymptotic behavior governed by the Korteweg—de Vries or the
generalized Korteweg—de Vries equation. In order to illustrate the very different situations we may
encounter when we allow a general nonlinearity f, we give now some energy-momentum diagrams we
have obtained (one is taken from the appendix in [Chiron and Scheid 2012], where we have performed
numerical simulations in dimension two for the model cases we have studied in [Chiron 2012]):

e The Gross—Pitaevskii nonlinearity: f(0) = 1 — o (see Figure 1).
e A cubic-quintic-septic nonlinearity: f(0) = —(o—1) + %(g —1)2— %(g —1)3 (see Figure 2).

e A cubic-quintic-septic nonlinearity: f(0) = —4(0—1)—36(0—1)3 or f(0) = —4(0—1)—60(0—1)3.
For these two nonlinearities, the graph of £ and P vs. speed c is given in Figure 3, but the (£, P)
diagrams are, respectively, those in Figure 4.

A cubic-quintic-septic nonlinearity: f(g) = —%(Q -1+ %(Q —1)2—2(0—1)3 (see Figure 5).
o A degenerate case: f(0) =—2(0—1)+3(0—1)>—4(0—1)>+5(0—1)*—6(0—1)° (see Figure 6).

o A perturbation of the previous degenerate case: f(0) = —2(0—1)+(3—10"3)(o—1)2—4(0—1)3 +
5(0—1)* —6(0 — 1)° (see Figure 7).

e A saturated NLS: f(0) = exp((1 —0)/00) — 1 with oo = 0.4 (see Figure 8).
* Another saturated NLS: f (o) = %Qo(l/(l +0/00)*—1/(1+ 1/00)?), with oo = 0.08 (see Figure 9).

e The cubic-quintic nonlinearity: f(0) = —(0 — 1) —3(0 — 1)? (see Figure 10).

Through the study (in [Chiron 2012]) of these model cases, we have shown that, if the energy-momentum
diagram is well-known for the Gross—Pitaevskii equation, the qualitative properties of the traveling wave
solutions can not be easily deduced from the global shape of the nonlinearity f. In particular, even if
we restrict ourselves to smooth and decreasing nonlinearities (as is the Gross—Pitaevskii one), we see
that we may have a great variety of behaviors: multiplicity of solutions, branches with diverging energy
and momentum, nonexistence of traveling waves for some cq € (0, ¢5), branches of solutions that cross,
existence of sonic traveling waves, transonic limit governed by the mKdV or more generally by the gKdV
solitary wave equation instead of the usual KdV one, existence of cusps, etc.
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c—>0

Cc—>Cg P

E=E #+ U(SP—PI)

Figure 3. Energy (dashed curve) and momentum (full curve) vs. speed.
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Figure 4. The two (E, P) diagrams.

E

Ceusp  C 0

Figure 5. (a) Energy (dashed curve) and momentum (full curve) vs. speed; (b) (£, P) diagram.

Figure 6. (a) Energy (dashed curve) and momentum (full curve) vs. speed; (b) (E, P) diagram.
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lc [ - P

Figure 7. (a) Energy (dashed curve) and momentum (full curve) vs. speed; (b) qualitative
(E, P) diagram.

0 o .

Figure 8. (a) Energy (dashed curve) and momentum (full curve) vs. speed; (b) (E, P) diagram.

We investigate now the behavior at infinity of the nontrivial traveling waves, which depends on whether
¢ = ¢5 or not. We denote by N the set of nonnegative integers and N* the set of positive integers. We
consider for m € N the following assumption:

(dm) f is of class €T3 near r2. Moreover, for 1 < j <m + 2, we have
0

G+nr'e 4 (m+3)l ' © 4

(note that, for j = 1, equality always holds by definition of the speed of sound ¢5 = ,/—2r§ f! (rg)).

fO0) 2 _ (_1)j+1£ but SR 22 £ (—1)m+3§

Proposition 2. Let U, € % be a nonconstant traveling wave of speed 0 < ¢ < c;.
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" =0

Ccusp Cs 0

Figure 9. (a) Energy (dashed curve) and momentum (full curve), (b) (E, P) diagram.

c—>0

/o> p

l
o

cusp

Figure 10. (a) Energy (dashed curve) and momentum (full curve), (b) (£, P) diagram.

(1) If ¢ =0, then there exists ¢g € R such that el Uy is a real-valued function and there exist two real
constants My # 0 (depending only on f and &) and xq such that, as x — o0,

' P Up(x)Fro~ Mo exp(—cs|x—xo|) if fo=—13, € PUp(x)—ro~ Mo exp(—cs|x—xo|) if &0 # —ra.

(1) If 0 < ¢ < ¢, then U, does not vanish, and hence can be lifted: U, = Acei bc. Furthermore, there
exist four real constants M., ©. (depending only on f, c and &.), xo and ¢o such that, as x — +00,

2r2
|Uc(x)|2 —rg =ne(x) ~ 703x¢(x) ~ M, exp(—,/cg —02|x—xo|),

and
cM

$(x) — b0 F Oc ~ —sgn(x) —

—exp(— 2 —c?|x —x0|>.
2rg /2 —c?
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(iii) If ¢ = ¢y then U, does not vanish, and hence can be lifted: U., = A, e!Pes . We assume that there
exists m € N such that (A,) is satisfied and define

4 ot (m+2) (.2 425
m rg(m+1)|:(m+3)!f (rg) +(=1) 4i| #
Then, we have, as x — %00,
U R =72 = 10, ) ~ 220,9() ~ sen(e.) : "
(X)) =1y =ne,(x) ~ x) ~ son(§..
SEOTTI E I PR R o D2 A2
and
)~ & sgn(scs)( 4 )mil sgn(x1>1n|x| ifm=1,
X) ~ .
2rg (m + 12| A i_lsgn(x)|x|m7+ll ifm>2,

and, if m = 0, there exist O, € R and ¢¢ € R such that

2¢g
— o F O, ~ ).
¢(x) — o F O, Sgn(écé)r02| Aolr

In particular, since we impose U, € %, we must have m € {0, 1, 2}.

For the Gross—Pitaevskii nonlinearity ( f(0) = 1 — 0), we may compute explicitly the traveling waves
forO<c <cg =2 (see [Tsuzuki 1971; Béthuel et al. 2008a]):

2 2 /2_ 2
Ue(x) = 1/ 2c tanh x 2c —i%,

up to the invariances of the problem: translations and multiplications by a phase factor. On this explicit

formula, the decay of the phase and modulus can be checked. In particular, as x — 00, we have

Remark 3. In the above statements, the constants ¢ and x¢ reflect the gauge and translation invariance.
In the spirit of the model cases proposed in [Chiron 2012], for

floo=-20—-1)+30-1)>—4(0—1)> +5@—1)*—12(0 - 1)°,

we obtain a smooth decreasing nonlinearity tending to —oo at 400 (thus qualitatively similar to the
Gross—Pitaevskii nonlinearity) for which we have ro = 1, ¢g = 2, and V' (§) = —4&* — 8£°. For
this nonlinearity f, there exists a nontrivial sonic traveling wave of infinite energy (corresponding to
&, =—1/2), since m = 3.

The aim of this paper is to investigate the stability of the traveling waves for the one-dimensional NLS.
We recall the definition of orbital stability in a metric space (¥, dyx) for which we have a local in time
existence result.
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Definition 4. Let 0 < ¢ < ¢; and U, € # be a nontrivial traveling wave of speed c. We say that U, is
orbitally stable in (¥, dy), where ¥ C %, if, for any € > 0, there exists § > 0 such that, for any initial
datum W™ € ¥ such that dy(¥™, U,) < §, any solution ¥ to (NLS) with initial datum ¥ is global in
& and

sup inf dy(W(1), e U, (- —y)) <e.

In the sequel, U, will always stand for a nontrivial traveling wave, and we freeze the translation
invariance by imposing that |U,| is even. Moreover, the solutions of (NLS) we consider will always be
those given by Theorem 1.

1B. Stability and instability in the case 0 < ¢ < c;.

1B1. Stability for the hydrodynamical and the energy distances. The first stability result for the traveling
waves for (NLS) with nonzero condition at infinity is due to Z. Lin [2002]. The analysis relies on the
hydrodynamical form of (NLS), which is valid for solutions that never vanish. The advantage is to work
with a fixed functional space since (17, u) = (A2 —rZ, 0x$) € H'(R) x L?(R), whereas the traveling waves
have a limit rge®™ ®¢ (up to a phase factor) at 00 depending on the speed c. Lin’s result establishes
rigorously the stability criterion found in [Bogdan et al. 1989; Barashenkov 1996].

Theorem 5 [Lin 2002]. Assume that 0 < c« < ¢g is such that there exists a nontrivial traveling wave U,,.
Then, there exists some small o > 0 such that U, belongs to a locally unique continuous branch of
nontrivial traveling waves U, defined for cx —0 < ¢ <c« + 0.
(1) Assume

dP(U.)

< 0.
dC |C:C*

Then, U, = Axe'%* is orbitally stable in the sense that, for any € > 0, there exists § > 0 such that, if
Wit = AN/ P" ¢ % satisfies

1A™ = Aull g1 gy + 199" — x sl L2y < 6,

then the solution W to (NLS) such that W|;—o = Wi never vanishes, can be lifted to W = Ael?. and we
have

sup inf {[|A(1) = Ax(- =) g1y + 1920 () = 0xs (- = V)l L2@m)} <€
t>0Y€R

(i1) Assume
dP(Uc)

> 0.
dC |C=C*

Then, U., = Ae'®* is orbitally unstable in the sense that there exists € > 0 such that, for any § > 0,
there exists W™ = A"e!®" € % verifying

1A™ — Asll g1y + 10290 — Oxll 2y < 6,
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but such that, if W denotes the solution to (NLS) with W;—o = Wi then there exists t > 0 such that W
does not vanish on the time interval [0, t] but

06 {1A@) = A = 9l + 18200 = D3 =2} =

By the one-dimensional Sobolev embedding H ' (R) < % (R), it is clear that, since U, does not

vanish in R, by imposing || |¥!"| — |U,, | Iz @) = | A" — A, | &1 () small, Win does not vanish in R and
thus can be lifted.
Remark 6. We point out that [Gallo 2004] fills two gaps in the proof from [Lin 2002]: the first one
concerns the local in time existence for the hydrodynamical system (see (15) in Section 3C) and the
second one is about the conservation of the energy and the momentum. Furthermore, we make two
additional remarks on the proof from [Lin 2002] in Section 3C.

Theorem 5 is stability or instability in the open set %}y C % for the hydrodynamical distance

arg (w)
V(0)

which is not the energy distance. Here, arg : C* — (—, +7] is the principal argument. For the stability,
it suffices to consider the phase 6 € R such that arg(‘ll(t) /00, (- — y))) is zero at x = 0, where y is
the translation parameter. For the instability, the phase 8 € R does not matter. The result of [Lin 2002] is
based on the application of the Grillakis—Shatah—Strauss theory [Grillakis et al. 1987] (see also [Bona
et al. 1987; Souganidis and Strauss 1990]) to the hydrodynamical formulation of (NLS) (see Section 3C).
One difficulty is to overcome the fact that the Hamiltonian operator d is not onto.

dny(p. ) = |A— Al g1 ) + 10x¢ — 0xPll 2wy + . Y =4ty =47,

On the energy-momentum diagrams, the stability can be checked either on the graphs of £ and P with
respect to ¢, or on the concavity of the curve P — E. Indeed, we have seen in [Chiron 2012] that the
so-called Hamilton group relation

dE dE(U.)  dP(U.)
or =

~ 4P’ dc de
holds, where the derivative is computed on the local branch. Therefore,
d’E _ d dE _ dc
dP? ~ dPdP ~ dP’
This means that we have stability when P — E is concave, that is, d>E/dP? < 0, and instability if
P — E is convex, i.e., dzE/alP2 > 0.
Actually, the proof of [Grillakis et al. 1987; Lin 2002] provides an explicit control, as shown in the

c

following lemma.

Lemma 7. Under the assumptions of Theorem 5 and in the case (i) of stability, we have, provided
dhy(\IJi“, U,,) is small enough,

fggyig{R{IIA(t) — A (- =l + 19x(0) — 0xs (- — W2}

< K \JIEW) — EWUe,)| + | P(¥) — P(Ue,)|. (3)
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as well as the control

sup inf diy(W(t), €U, (- — ) < Kdny(¥™, Ue,). (4)
t207 <8

Remark 8. The second estimate (4) is not a simple consequence of the control (3), but relies on a
comparison to U, for some ¢ close to cx instead of a comparison to U, (this idea has also been used in
[Weinstein 1986]). It follows that, in the definition of stability for U, one can take § = O(e).

Let us stress that Z. Lin’s result (Theorem 5) is given in terms of the hydrodynamical distance dyy,

which is not the energy distance d. As a matter of fact, the Madelung transform

_UO
T U0

./‘/L:(%m,,dgg)EUl—)(n )eHl(R,R)xLZ(R,R)XSI,

where U = Ae!?, n = A% —r2 and u = dx¢, is not so well behaved.
Lemma9. (i) The mapping M : (%yy, dy) — H (R, R) x L2(R, R) x S! is an homeomorphism.
(ii) There exists ¢px € 6*(R, R) such that dx ¢« € L>(R) and a sequence (¢pn)n>1 of functions in H' (R, R)
such that, when n — +00,
ds (ei¢* el P ei¢n)
dhy (ei¢* , el @« ol ¢n)

0< dhy(ei¢*,ei¢*ei¢”) —0 but — 4-00.

Therefore, ! is not locally Lipschitz continuous in general. However, for the stability issues, we
compare the dz and the dyy distances to some fixed traveling wave U, which enjoys some nice decay
properties at infinity. Let us now stress the link between the two distances dpy and dy in this case.

Lemma 10. Let 0 < ¢« < ¢5 and assume that Ux € % is a nonconstant traveling wave with speed cx that
does not vanish. If cx = cs, we further assume that assumption (o) is satisfied. Then, there exists some
constants K and § > 0, depending only on U, such that, for any € % verifying dsx (¥, Ux) < 8, we have

oty (0, Us) < da(9,Us) < Ky (. Us).

An immediate corollary of Lemma 10 is that Theorem 5 is also a stability/instability result in the
energy distance. If one wishes for only a stability/instability result, it is sufficient to invoke the fact that
the mapping Jl is an homeomorphism. However, the use of Lemma 10 provides a stronger explicit control
similar to the one obtained in Lemma 7 (see (3)). In particular, in the definition of stability for U,, in
(%, d%), one can take § = O(¢).

Corollary 11. Assume that 0 < cs« < ¢ is such that there exists a nontrivial traveling wave U,,. Then,
there exists some small o > 0 such that U, belongs to a locally unique continuous branch of nontrivial
traveling waves U, defined for cx —0 < ¢ < c« + 0.

() If (dP(Uc)/dc)c=¢, <O, then U, = A«€'®* is orbitally stable in (%, dx). Furthermore, if W(t) is
the (global) solution to (NLS) with initial datum W™, then we have, for some constant K depending
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only on U, and provided de (W™, U,,) is sufficiently small,

sup inf dr(W(1), € Ue, (- —y)) < K\J| E(¥) — E(Ue,)| +| P(¥") — P(Ue,)|.
203k

as well as the control

sup inf dy(¥(t),e'%U., (- — y)) < Kd(¥™, U,,).

(i) If (dP(Uc)/dc)|c=c, > 0, then U, = Axe'®* is orbitally unstable in (%, dx).

For the Gross—Pitaevskii nonlinearity ( f(0) = 1 — ), the stability (for the energy distance ds) of the
traveling waves with speed 0 < ¢ < ¢y was proved by F. Béthuel, P. Gravejat and J.-C. Saut [Béthuel et al.
2008a] through the variational characterization that these solutions are minimizers of the energy under
the constraint of fixed momentum. However, in view of the energy momentum diagrams in Section 1A,
this constraint minimization approach can not be used in the general setting we consider here. Indeed,
this method provides only stability, but there may exist unstable traveling waves. Moreover, it follows
from the proof of Theorem 5 that stable waves are local minimizers of the energy at fixed momentum but
not necessarily global minimizers. Finally, we emphasize that the spectral methods allow us to derive an
explicit (Lipschitz) control in case of stability.

1B2. Stability via a Liapounov functional. Another way to prove the orbital stability is to find a Liapounov
functional. By Liapounov functional, we mean a functional which is conserved by the (NLS) flow and for
which the traveling wave U_ is a local minimum (for instance, a critical point with second derivative > § Id
for some § > 0). Such a Liapounov functional always exists in the Grillakis—Shatah—Strauss theory when
(dP(Uc)/dc)|c=c, <0, as shown by Theorem 26 in Appendix A. Its direct application to our problem
leads us to define the functional in Zyy

H) = EW)—cuPW) + 5 (PO ~ PUe,),

where M is some positive parameter. It turns out that & is such a Liapounov functional when M is
sufficiently large. Since the proof relies on the Grillakis—Shatah—Strauss framework, we have to work in
the hydrodynamical variables. However, by Lemma 10, we recover the case of the energy distance.

Theorem 12. Assume that, for some c« € (0, ¢s) and 0 > 0 small, (0,¢5) D [cx—0,cx+0]dct—> U, €%
is a continuous branch of nontrivial traveling waves with (dP(U.)/dc)|c=c, <O0. If

1
M > —p >0,

dc |c=cx

there exist € > 0 and K, depending only on U, such that, for any v € ¥ with

inf  dny (Y, %Uc, (- — ) <e,
yER, OeR
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we have

inf iy (V.7 Ue. (- = ) = K@) = (V).
feRr

and analogously with dyy replaced by dz. Consequently, U, = A«€'®* is orbitally stable in (Zhy, dny)
and in (%, dx). Furthermore, if W(t) is the (global) solution to (NLS) with initial datum W™, then we have

sup inf duy(W(1). € Ue, (- — ) < K /LU — L(Ue.) < Kdny (9", Up.),
03

provided dhy(\IJin, Ue,) is sufficiently small, and analogously with dyy replaced by dx.

For the traveling waves for (NLS) in dimension one, this type of Liapounov functional appears for the
first time in the paper by I. Barashenkov [1996]. However, there, the problem is treated directly on the
wave function W, whereas the correct proof holds on the hydrodynamical variables, in particular because
of the gauge invariance (6, V) — e!?W. For instance, that work suggests that we have stability for H!
perturbations, whereas it holds only for perturbations in the energy space. Finally, we fill some gaps in
the proof of [Barashenkov 1996].

1B3. Instability via the existence of an unstable eigenvalue. In the Grillakis—Shatah—Strauss theory
[Grillakis et al. 1987], the instability is not shown by proving the existence of a unstable eigenvalue for
the linearized (NLS) and then a nonlinear instability result (see however [Grillakis et al. 1990] when the
Hamiltonian skew-adjoint operator is onto). There exist, however, some general results that prove the
existence of unstable eigenvalues. For the instability of bound states for (NLS) (and also for the nonlinear
Klein—Gordon equation), that is, solutions of the form ey, (x), M. Grillakis [1988] shows that the
condition d/do( [pa |Uw|?) o=
However, the proof relies on the fact that the bound states are real-valued functions (up to a phase factor)

> 0 is sufficient for the existence of such an unstable eigenvalue.

and it is not clear whether it extends to the case of traveling waves we are studying. Indeed, since we have
to work in hydrodynamical variables in order to have a fixed functional space, the linearized operator does
not have (for ¢ # 0) the structure required for the application of [Grillakis 1988]. Another general result
is due to O. Lopes [2002] but it assumes that the linearized equation can be solved using a semigroup.
This is not the case for our problem once it is written in hydrodynamical variables (see below). Finally,
Z. Lin [2008] proposes an alternative approach for the existence of unstable eigenvalues. The method has
the advantage of allowing pseudodifferential equations (like the Benjamin—Ono equation). However, the
results are given for three model equations involving a scalar unknown, and it is not clear whether the
proof can be extended to the case of systems.
The linearization of (NLS) near the traveling wave U,, in the frame moving with speed cx« is

ad
i a—f —icxdx + 39 + Y/ (Ue. ) + 2(¥|Uc,) f'(1Ue, ) Ue, =0, 5)

and, thus, searching for exponentially growing modes (¢, x) = e*w(x) leads to the eigenvalue problem

IAw —icxdxw + a)zcw +wf (U, |2) + 2(w|Uc*)f,(|Uc*|2)Uc* =0, (6)
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with Re(4) > 0 and w # 0. For one-dimensional problems, the linear instability is commonly shown
through the use of Evans functions (see the classical paper [Pego and Weinstein 1992] and also the review
article [Sandstede 2002]). For our problem, we look for an unstable eigenvalue for the equation written
in hydrodynamical variables; namely we look for exponentially growing solutions (7, ) of the linear
problem (written in the moving frame) -

91— cx0xn + 205 ((r§ + 0 + nux) =0,
0t — Cx0x U + 205 (u5u) _8x(f/(rg + ﬂ*)ﬂ) 7
_8x% ! 2( U )_Q3§(W3+n*)%=0
s\ T ) 2

where (7«, U«) is the reference solution. The advantage is here again to work with a fixed functional

space in variables (7, u). Due to the term

e ()

¥ 2«/rg+n* * x/rg—i—r]* ’
this equation can not be solved using a semigroup, except in the trivial case where 7, is constant; hence
the result of [Lopes 2002] does not apply. However, system (7) is a particular case of the Euler—Korteweg
system for capillary fluids (see [Benzoni-Gavage 2010a] for a survey on this model). We may then use a
linear instability result already shown for the Euler—Korteweg system with the Evans function method, as
in work by K. Zumbrun [2008] for a simplified system, and more recently by S. Benzoni-Gavage [2010b]
for the complete Euler—Korteweg system.

Theorem 13. Assume that, for some c« € (0, ¢5) and o > 0 small,
0,¢5) Dcx—0,cx+o]d2c— U, €%

is a continuous branch of nontrivial traveling waves with

dP(Uc)

> 0.
dc  |e=cx

Then, there exists exactly one unstable eigenvalue yy € {Re > 0} for (6) and yg € (0, +00); that is, (NLS)
is (spectrally) linearly unstable.

Once we have shown the existence of an unstable eigenvalue for the linearized NLS equation (5), we
can prove a nonlinear instability result as in [Henry et al. 1982; de Bouard 1995]. Note that, here, we no
longer work in the hydrodynamical variables, where the high-order derivatives involve nonlinear terms,
but on the semilinear NLS equation.

Corollary 14. Under the assumptions of Theorem 13, U, is unstable in U., + H' (R, C) (endowed with
the natural H' distance): there exists € such that, for any § > 0, there exists U™ € U, + H'(R) such
that || W™ —Ue, | g1y <8, but, if W € U, + ([0, T*), H' (R)) denotes the maximal solution of (NLS),
then there exists 0 <t < T* such that |V (t) — Uc, || g1 (w) = €.
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Since the proof is very similar to the one in [Henry et al. 1982; de Bouard 1995], we omit it. We may
actually prove a stronger instability result, since the above one is not proved by tracking the exponentially
growing mode. In [Di Menza and Gallo 2007], a spectral mapping theorem is shown and used to show
the nonlinear instability by tracking this exponentially growing mode, which is a natural mechanism
of instability. In Appendix B, we show that this spectral mapping theorem holds for a wide class of
Hamiltonian equations. The direct application of Corollary B.6 in Appendix B gives the following
nonlinear instability result.

Corollary 15. We make the assumptions of Theorem 13, so that there exists an unstable eigenmode
(Yo, w) € (0,4+00) x H'(R), |[w| g1 = 1. There exists M > 0 such that, for any solution ¥ €
@R, HY (R, C)) of the linearized equation (5), we have the growth estimate of the semigroup

1V Ol @ < M [V Ol forallt = 0.

Moreover, U, has also the following instability property: there exist K > 0, § > 0 and g9 > 0, such that,
for any 0 < 8 < 8, the solution W(t) to (NLS) with initial datum O™ = U,., + w € U., + H(R) exists
at least on [0, yg VIn(2s0/8)] and satisfies

W () — Ue, — 8" w| g1 gy < K820
In particular, fort = yo_l In(2e¢/8) and € = ¢/ K, we have

inf O]~ Ve, I =) lz2gy 2 € and  inf [9()] = Ve ¢ =)z 2 €

which implies
. 1%
Inf () = U, (- =V)llgiw) = €
OeR

as well as

inf dyy (U(1),e%Uc, (- —y)) =€ and inf dy((t). U, (- —y)) = €.
yER yER
OeRr OeRr
With the above result, we then show the nonlinear instability also in the energy space, and thus recover
the instability result of Z. Lin but this time by tracking the unstable growing mode.

1B4. Instability at a cusp. In this section, we investigate the question of stability in the degenerate case
dP/dc = 0. In [Grillakis et al. 1987] (see also [Grillakis et al. 1990]), a stability result for the wave of
speed cx is shown when the action ¢ — S(c¢) = E(U,) — cP(U,) (on the local branch) is such that, for
instance, d?S/dc? = —dP /dc is positive for ¢ # ¢, but vanishes for ¢ = c4. In the energy-momentum
diagrams of Section 1A, the situation is different since d P /dc changes sign at the cusps, or, equivalently,
the action ¢ — S(c¢) = E(U;)—c P(U,) (on the local branch) changes its concavity at the cusp. A. Comech
and D. Pelinovsky [2003] show that, for the nonlinear Schrédinger equation, a bound state associated with
a cusp in the energy-charge diagram is unstable. The proof relies on a careful analysis of the linearized
equation, which is spectrally stable, but linearly unstable (with polynomial growth for the linear problem).
A similar technique was used by A. Comech, S. Cuccagna and D. Pelinovsky [2007] for the generalized
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Korteweg—de Vries equation. Then, M. Ohta [2011] also proved the nonlinear instability of these “bound
states” using a Liapounov functional as in [Grillakis et al. 1987]. However, in [Ohta 2011], it is assumed
that J = T7(0) and that J is onto, which are both not true here (and there are further restrictions due to the
introduction of an intermediate Hilbert space). M. Maeda [2012] has extended the above instability result,
removing some assumptions in [Ohta 2011]. We show the instability of traveling waves associated with
a cusp in the energy-momentum diagram in the generic case where d2 P /dc? # 0. Our approach follows
the lines of [Maeda 2012], but with some modifications since our problem does not fit exactly the general
framework of this paper. In particular, we can not find naturally a space “Y ”, and some functions appearing
in the proof do not lie in the range of the skew-adjoint operator d, involved in the Hamiltonian formalism.
We overcome this difficulty using an approximation argument (similar to the one used in [Lin 2002]).

Theorem 16. Assume that, for some cx € (0, ¢5) and o > 0 small, (0, ¢5) D [cx—0,cx+0]2c—> U, €%
is a continuous branch of nontrivial traveling waves with

dP(U,) _ 0 d?P(U,)

b
dc le=cx dc? le=cx«

and assume in addition that f is of class €. Then, U, is orbitally unstable in (%, dx).

1C. Stability in the case ¢ = 0.

1C1. Instability for the bubbles. When ¢ = 0, we have two types of stationary waves: the bubbles, when
&o > —rg, are even functions (up to a translation) that do not vanish, and the kinks, when &y = —rg, are
odd functions (up to a translation). The instability of stationary bubbles has been shown by A. de Bouard
[1995] (and is true even in higher dimension). The proof there relies on the proof of the existence of
an unstable eigenvalue for the linearized NLS, and then the proof of a nonlinear instability result. An
alternative proof of the linear instability of the bubbles is given in [Pelinovsky and Kevrekidis 2008,
Theorem 3.11(ii)].

Theorem 17 [de Bouard 1995]. Assume that there exists a bubble, that is, a nontrivial stationary (¢ = 0)
wave Uy which does not vanish. Then, Uy is (linearly and nonlinearly) unstable in Uy + H 1 (R) (endowed
with the natural H' metric); that is, there exists € such that, for any 8 > 0, there exists W™ € Uy + H 1 (R)
such that |\ ¥™ — Uollgi ) < 8, but, if ¥ € Up +6([0,T), H(R)) denotes the maximal solution
of (NLS), then there exists 0 <t < T* such that |¥(t) — Uo || g1y = €.

Actually, in the same way that Corollary 15 is a better instability result than Corollary 14, we have the
following stronger instability result, which is a direct consequence of Corollary B.6 in Appendix B.

Proposition 18. Assume that there exists a bubble, that is, a nontrivial stationary (c = 0) wave Uy which
does not vanish. Then, Uy is (nonlinearly) unstable in Uy + H'(R), (%, dx) and (Zhy, dny) in the same
sense as in Corollary 15.

Finally, we would like to emphasize that we may recover the instability result for bubbles from the
proof of Theorem 5, relying on the hydrodynamical form of (NLS), which holds true here since bubbles
do not vanish. Our result holds in the energy space and for the hydrodynamical distance.
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Theorem 19. Assume that there exists a bubble, that is, a nontrivial stationary (¢ = 0) wave Uy which
does not vanish. Then, there exists some small o > 0 such that Uy belongs to a locally unique continuous
branch of nontrivial traveling waves U, defined for 0 < ¢ < o. Then, c — P(U.) has a derivative at

c =0,
dP(Uc)

>0
dc  |e=0

and Uy = A«€'®* is orbitally unstable for the distances de and dhy-

Proof. We give a proof based on the argument of [Lin 2002], which is possible since Uy is a bubble, hence
does not vanish, and the spectral decomposition used there still holds when ¢ = 0. Moreover, it is clear that
the mapping ¢ — (¢, uc) € H'! x L? is smooth up to ¢ = 0, using the uniform exponential decay at infinity
near ¢ = 0 and arguing as in [Chiron 2012]. Therefore, it suffices to show that (dP(U.)/dc)|c=o > 0.
From the expression of the momentum given in [ibid., Subsection 1.2], we have, for 0 < ¢ <o,

~ Ec %_2 dg B ) 5:2 d&
r=cw [ gl eyl O

since &y > —rg. Indeed, we are allowed to pass to the limit in the integral once it is written with the

change of variables £ = t&,:

/& g2 dg _/1 212 dt
o r2+E-TVe®)  Jo rd+ttc J—Vo(E)

since &g > —rg. Therefore,

dPUe) /50 & 45 |,
de le=0 |Jo rg+E V()
since &y # 0 (Up is not trivial). The conclusion follows then from the proof of Theorem 5. O

When we know that (dP(U.)/dc)|c=¢ > 0, we may also use the Evans function as in Theorem 13 to
show the existence of an unstable eigenmode. However, due to the fact that the kink Uy is real-valued,
we can use the arguments in [de Bouard 1995; Pelinovsky and Kevrekidis 2008].

1C2. Stability analysis for the kinks. We now turn to the case of the kinks (§9 = —rg and Uy is odd up to
a translation). Since Uy vanishes at the origin, the hydrodynamical form of (NLS) can not be used. The
stability of the kink has attracted several recent works. L. Di Menza and C. Gallo [2007] have investigated
the linear stability through the Vakhitov—Kolokolov function VK, defined by

VK() = fR (=32 — F(UR) = AT (3xU0)) (3x Vo) dx,

where Uy is the kink, for A € (A, 0) for some A, < 0. They show that the Vakhitov—Kolokolov function VK
has a limit VKo when A — 0. If VK > 0, then the linearization of (NLS) around the kink has an
unstable real positive eigenvalue. When VKy < 0, the linearization of (NLS) around the kink has a
spectrum included in i R (spectral stability). Note that the approach of [Lin 2002] (extending [Grillakis
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et al. 1987]) does not give directly unstable eigenvalues in the case d P /dc¢ > 0. Recently, the link between
the quantity d P /dc and the sign of VK¢ has been given by D. Pelinovsky and P. Kevrekidis [2008] (proof
of Lemma 3.10 there, the factor +/2 coming from the coefficients of the NLS equation in [Pelinovsky and
Kevrekidis 2008]):

dpP(U.)

22 VKg = lim , (8)
c—0 dc

and they also prove, in a different way from [Di Menza and Gallo 2007], that we have spectral stability
when lim,—0 dP/dc < 0 and existence of an unstable eigenvalue (in RY) if lim¢—o dP/dc > 0. It is
shown in [Pelinovsky and Kevrekidis 2008] that the limit lim.—.o d P (U.)/dc does exist. Actually, it is
proved there that the function [0, cg) 3 ¢ — P(U,) is of class ¢! and that the derivative at ¢ = 0 is also
given by (see (8))

tim PWUe) _ 2+/2 VKo =22 lim / (=92 — f(UE) — M~ (9xUp)) (3x Vo) dx
c—0 dc A—=0~ JRr
=2f2/ Im(aU” )8xUO dx. 9)
R ac le=0

Our next lemma gives an explicit formula of the expression (9), involving only the nonlinearity f.

Lemma 20. Assume that Uy is a kink. Then, there exists co € (0, c¢s) such that Uy belongs to the (locally)
unique branch [0, co) > ¢ — U, € #. Moreover, P(U;) — rgrr as ¢ — 0 and the continuous extension
[0,c0) 2 ¢ — P(U,) has a derivative at c = 0 given by

dP(Us) 81} +l/’3(9—r§)2( o )dg
de le=0  3/F0) 2Jo 0* \(JFl JVFO)/

The advantage of the formula given in Lemma 20 compared to (9) is that it allows a direct computation of
(dP(Uc)/dc)|c=o when f is known, which does not require computing numerically Up and (dU¢/9¢)|c=o-
For instance, it is quite well adapted to the stability analysis as in [Fakau and Karval’u 2009]. Let us observe
that it may happen that a kink is unstable (see [Kivshar and Krolikowski 1995; Di Menza and Gallo 2007]).

In the case of linear instability, [Di Menza and Gallo 2007] shows that, then, nonlinear instability holds.
Actually, a stronger result is proved there, showing that the L norm (and not only the H! norm) does
not remain small.

Theorem 21 [Di Menza and Gallo 2007]. Assume that there exists a kink, that is, a nontrivial stationary
(¢ = 0) wave Uy vanishing somewhere, and satisfying (dP(Uc)/dc)|c=o > 0. Then, Uy is (linearly and
nonlinearly) unstable in the sense that there exists € such that, for any § > 0, there exists W'" € Uy + H ' (R)
such that | W™ —Up || g1 ®) <6, but, if W e Up+6([0,T*), H 1(R)) denotes the maximal solution of (NLS),
then there exists 0 <t < T™ such that |W(t) — Up|| oo (r) = €.

The proof in [Di Menza and Gallo 2007] relies on the tracking of the exponentially growing eigenmode.
One may actually improve slightly the result as this was done in Corollary 15. As a matter of fact, this
was the result in Theorem 21 that has motivated us for Corollary 15.
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We focus now on the nonlinear stability issue when there is linear (spectral) stability, that is, when
(dP(Uc)/dc)|c=o < 0. Concerning the Gross—Pitaevskii nonlinearity ( f(0) = 1 — ), for which we have
(dP(Uc)/dc)c=o < 0, we quote two papers on this question. The first one is the work of P. Gérard
and Z. Zhang [2009] where the stability is shown by inverse scattering, hence in a space of functions
sufficiently decaying at infinity. The analysis then relies on the integrability of the one-dimensional GP
equation. The other work is by F. Béthuel, P. Gravejat, J.-C. Saut and D. Smets [Béthuel et al. 2008b].
They prove the orbital stability of the kink of the Gross—Pitaevskii equation by showing that the kink is a
global minimizer of the energy under the constraint that a variant of the momentum is fixed (recall that
the definition of the momentum has to be clarified for an arbitrary function in the energy space), and that
the corresponding minimizing sequences are compact (up to space translations and phase factors). In this
approach, it is crucial (see [Béthuel et al. 2008a; 2008b]) that Eyinx < ¢s Pkink = Cs rgn in order to prevent
the dichotomy case for the minimizing sequences. However, since the energy of the kink is equal to

" F(r0+§) [ F(r0+s) F
P =4 —r2 Vo (€) _2/_rg ds_2/ V o

whereas its momentum is always equal to rgn, it is clear that the condition Eyjnx < ¢s Pxink = Cs rgn does
not hold in general, as shown in the following example.

Example. For k > 0, consider
fl@)=1-0+xk(1-0)*

which is smooth and decreases to —co as the Gross—Pitaevskii nonlinearity. We have ro = 1, ¢y = V2,
F(o)=(1-0)*/2+k(1—0)*/4and

Eyink =2 / V F(Q / \/2(1_0)2+K(1_9)4d >Csr0”_77\/_

for « large (the left-hand side tends to 4+00), and numerical computations show that it is the case for

k > 14. Furthermore, Lemma 20 gives

Py _ -1 ( [FO)
O =3 ] (e ) e o

Since F(0)/F(0) = 2+ «)/(2(0—1)? + k(0 — 1)#), it can be easily checked that the right-hand side
of (10) is a decreasing function of « tending to

(e—1D*( 1
Seaf G ()=

when k — +o0 (by monotone convergence). In particular, for any « > 0, we have (dP(U.)/dc)|c=o <0;

that is, the kink is always (linearly) stable. The energy-momentum diagram for this type of nonlinearity
with « large is as in the right part of Figure 4 (the left part correspond to k smaller).
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In comparison with the constraint minimization approach as in [Béthuel et al. 2008a; 2008b], which
allows us to establish a global minimization result, the spectral methods as in [Grillakis et al. 1987; Lin
2002] allow us to put forward locally minimizing properties, which turn out to be useful for the stability
analysis in dimension one.

In the stability analysis of the kink, one issue is the definition of the momentum P, which was up
to now given only for maps in %y, that is, for maps that never vanish, but the kink vanishes at the
origin. In [Béthuel et al. 2008b], the notion of momentum was extended to the whole energy space %,
hence including maps vanishing somewhere, as a quantity defined mod 2, and was called “untwisted
momentum”. This notion will be useful for our stability result.

Lemma 22 [Béthuel et al. 2008b]. If Y € &, the limit

+R
P = gmoo[ / o (1V10x9) dx —rg (arg (¥ (+R)) — arg(wp(—R)))]
existsin R/ (2n r(%Z). The mapping B : % — R/(2x rgZ) is continuous and, if ¥ € ¥ satisfies infg || >0
(i.e., ¥ € %yy), then P(Y) = P(¥) mod ang. Finally, if ¥ € €([0, T),%) is a solution to (NLS), then
V(W (t)) does not depend on t.

Proof. For the sake of completeness, we recall the proof of [Béthuel et al. 2008b]. Let i € % and let us
verify the Cauchy criterion. Since || — rg > 0 at 00, we have a lifting = A1e'?+ in (—oo, —Rg)
and in (+Rg, +00) for some Ry sufficiently large. For R’ > R > Ry, we thus have in [R{/(2nr§Z)

+R'
[/ (i y]9xy) dx —rg (arg(¥ (+R)) — arg(W(—R/)))]

—R’/

+R
- [ [ i) dx = arew (R —arg(W—R)))]

—R
R’ -R

=/ (iw|8xw)dx+/ (iv]dxy) dx
R —Rr

—rg (arg(¥ (R")) —arg(¥ (R))) + 1§ (arg(¥ (—R)) —arg(¥(—R)))
R’ —R
= fR A% 0x¢4 dx + / A%0cp_dx —rd (¢4 (R) — ¢4+ (R) +rg(¢—(—R') —¢_(—R))

_R’
R’ —R

=/ (A% —rd)dxdy dx + / N (A2 —12)dx¢— dx.

The absolute value of each term is < K [ . 1 |0x¥|? + (|| — ro)*> dx and thus tends to zero if
R — 4-00. Thus, B() is well-defined. The proof of the continuity follows the same lines, and allows
us to show that P is actually locally Lipschitz continuous. Let ¢ € %. If ¥ € % and de (¥, ¥) is small
enough, we have || |/| — |||l Lo as small as we want. In particular, if Ry > 0 is large enough so that
|| > 3ro/4 for |x| > R, we have || > ro/2 for |x| > Ry. As a consequence, writing ¥ = Aye/®+ and
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V= Aiei‘ii in (—oo, —Rp) and in (+Rp, +00), we have, in R/(anéZ) and for R > Ry,

—R

+R
[ [ i) dx—ré(arg(w(+R))—arg<w(—R»)]

+R 5 B 5 5
—[ / (7105 7) dx—ré(arg<w<+R))—arg(w(—R>>)}

-R
+Ro 5 B 5 R 5 _ .
=/_R (i(W—W)IaxW)Jr(iwI8x(w—xﬁ)>dX+/R A3 0xp—AL0xdy dx—r5 (p4(+R)—h+(+R))
—Rop
+ / A2 0y ¢_—A20xp— dx+15(p—(—R)—¢—(—R))
—R

+Ro B 5 » - -
= / (i (f=9)0x W)+ (i V|05 (V=) dx+rg (¢4 (+Ro)—d+(+Ro)) +rg (p—(—Ro)—¢—(—Ro))

—Ro
R ~ B —Ro 5 5
[ A (B drt [ 42— s
Ro —R

We now estimate all the terms. For the last line, we use the Cauchy—Schwarz inequality to get
R > ..

Ry (A% = 1)0x ¢4 dx| < KW A4 = roll 2@l A+0xp+ | L2y < K(¥)dx (¥, ¥), and similarly for

the other terms. Moreover, using that (¥ —¥)(x) = (¥ —¢¥)(0) + fox dx (¥ — ), we get, by the Cauchy—

Schwarz inequality, [ =¥ |l¢o(—Ro,+RoD) = (¥ =¥)(O) [+ v Rolldx ¥ —9x V[l 2wy = K(Ro)dx (¥, V).

Thus, the terms of the second line can be estimated by K(v, Ro)ds (1, 1), and those of the first line can

also be bounded by K (v, Ro)dz (¥, ). Passing to the limit as R — 400 then gives

[B(¥) —PBW) mod 27 r§| < K(W. Ro)dy (. ).

This completes the proof for the definition of 3. To show that ‘B3 is constant under the (NLS) flow, we
use that W € W(0) 4+ €([0, T'), H') and the approximation by smoother solutions (see Proposition 1 in
[Béthuel et al. 2008b]). O

For the stability of the kink, we can no longer use the Grillakis—Shatah—Strauss theory applied to the
hydrodynamical formulation of (NLS), since the kink vanishes at the origin. Therefore, it is natural to
consider the Liapounov functional & introduced in Section 1B2, which becomes, in the stationary case
c =0,

H) = EW)+ 5 (P9~ P(U)

Since the momentum P is not well-defined in &, we have to replace it by the untwisted momentum 3,
which is defined modulo 27 rg. Consequently, it is natural to define the functional in %

2 PB) — ”377
2r§ '

H(Y) = E(W) +2Mrg sin

which is well-defined and continuous in % since sin?

(NLS) flow as E and ‘.

is w-periodic. In addition, X is conserved by the
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Theorem 23. Assume that there exists a kink, that is, a nontrivial stationary (¢ = 0) wave Uy which is

odd. Assume also that
dP(U,)

<O0.
dc  |c=0

Then, there exists some small (s > 0 such that Uy is a local minimizer of K. More precisely, defining
Vi ={Y €&, infr|y| < ps},
we have, for any ¥ € V', \ (Ug(- —y),0 €R, y € R},
H(Y) > H(Uo) = E (Vo).

The crucial point in this result is to prove that the functional () controls the infimum infg|y|.
As we shall see in the proof (Section 6B), the key idea is to study the infimum of the functional ¥ at
fixed infr || (small), and then to prove (see Proposition 6.2) that, for ¢ € ¥, , there holds, for some
constant K depending only on f,

- 2
HWr) = H(Up) + %.

This will be achieved by a fine analysis of some minimizing sequences. From this locally minimizing
property of the kink when (dP(U,)/dc)|c=¢ < 0, we infer its orbital stability, provided we can prove
some compactness on the minimizing sequences. A main step here is the control on infg|y|. Our method
allows to infer a control on the distance of the solution to (NLS) to the orbit of the kink, but it is much
weaker than those obtained by spectral methods in Lemma 7 or Corollary 11 for instance.

Theorem 24. Assume that there exists a kink, that is, an odd nontrivial stationary (¢ = 0) wave Uy, and
that (dP(U¢)/dc)|c=o < 0. Then, Uy is orbitally stable in (¥, dy). Moreover, if V(1) is the (global)
solution to (NLS) with initial datum W™, we have the control

sup in& dy(W(1),eUp(- —y) <K i/f]{(\pin) —EWW) =K \4/ dy (W, Up)

t>0Y€
~ feR

provided that the right-hand side is sufficiently small.

This result settles the nonlinear stability under the condition (dP(U.)/dc)|c=¢ < O for a general
nonlinearity f. In particular, it may be applied to the nonlinearity f* given in the example above. It shows
that the stability of the kink holds with § = O(s*). We do not claim that the exponent 1/8 is optimal.

For a complete study of the stability of the traveling waves, it would remain to investigate the case
of the sonic (¢ = ¢y) traveling waves (when they exist). The methods we have developed do not apply
directly, and we give in Section 7 some of the difficulties associated with this critical situation.

2. Decay at infinity (proof of Proposition 2)

For simplicity, we shall define

V(E) =V, () = ZE2 4§ +E)F(rg + ).
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We freeze the invariance by translation by imposing |U.| (hence also dx¢) even, so that we can use the
formulas in [Chiron 2012]. In particular, it suffices to show the asymptotics for x — +oc0: the case
x — —oo follows by symmetry. We start with the proof of case (iii). Under assumption (s;,) and since
F’ = — f, we infer the Taylor expansion
1
2£2 2 2\£2 1,2 2
V() =567 +4(rg + E)(Ef,(ro)g +t mf(m+ )(ro)5m+
1
(m+2),,.2\sm+3 m+4
+— r +0

/e o)

g
~ (m+3)!
B 4 |:r§(m+2)
B rg(m+1) (m + 3)!

4

T f(m+1)(rg)sm+3 + @(Em+4)

f(m+2) (rg)g_-m-i-?) +

2
7208 + (—1)'"“%}5"’*3 +OE™H) = A2 + 0™,

since, when (4, ) holds, all the terms O(§™%2) cancel out. The coefficient A, is not zero by assumption.
Note that the existence of a nontrivial sonic wave, which depends on the global behavior of V', imposes
that A, ™13 < 0 when £ is small and has the sign of &, . Therefore, from the formula (following from
the Hamiltonian equation 28)26 ne + V' (ne) = 0; see [Chiron 2012] for example)

Neg (X) d
X = —Sgn(%‘cs)/g \/%(é)

and since we have, as n — 0 (with the sign of &),

/" a5 /" s f" V(E) = A+ "
S NVTO e VoAt e SO Ame T [T E) + v/ AmE ]
sene ) 1 | o(1) ifm =0,
_ _2sent ( - )+ (gl ifm =1,
L AV \/—Amng_l G(U_mT_l) ifm>2

(here, we use that the last integrand is O(§~"+1)/2) a5 £ — 0), it follows that, as x — +00,

0(1/x3) if m =0,

4 ZES
Ne, (X) = sgn(Ecs)((m n 1)2|Am|) " = + @(ln(xﬂiz) %fm =1,
O(1/xm+1) iftm>2.

+1

This shows the asymptotics for the modulus, or 7. The asymptotic expansion for dx ¢, is easily deduced
from the equation on the phase 20x¢., = ¢s7c,/ (rg + 1¢,), and the phase ¢, is then computed by
integration, which completes the proof of case (iii).

The proof of (ii) is easier. Indeed, in this case, the function V" has the expansion

V(E) = 2> —4(r§ + ) F(r§ +£) = 0(8%);
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hence
Ve(§) =V (E) — (2 — )E? = —(2 — HE> + 0(83).

As a consequence, the result follows from the expansion, for n — 0,

V)
/ —“V( /c \/(CZ—CZ)E2 /c V=) V(2 =cD)E2[ =V () + V(3 —c2)E?] -
_ san(t) In(n/&c) L V) dE +0(y)

Vi3=c2  Jse V@)V (G —cDE[ V=TV (E) + V(F —c)§?]

since the integrand for the last integral is continuous at £ = 0. This yields the desired expansion for the
modulus:

V(&)
c C X @ X — g_ 2
)= Eep( Ve / T O T O+ (@] E)+ [exp(m2xy/ei=<7)]
= M. exp(—x/c2—c?)+0[exp(—2x/ 2—c?)],

with
0
O'/‘
Me=teexn(~ [ = D ) 20
te VEV(O[V-Te(®) + V(2 —c?)§?]

and hence for the phase by similar computations to those above. The proof of case (i) is similar, separating
the case &y = —rg of the kink (even solution) from the case &y # —rg of the bubble (odd solution), and is
omitted. O

3. Stability results deduced from the hydrodynamical formulation of (NLS)

3A. Proofof Lemma 9. (i) The mapping il is an homeomorphism. Let y = Ae'?, (y,, = A,e%7), € %
such that ¥, — V¥ for dyy. Then, A, —A — 0 in H', 0,¢, — 0x¢ in L? and we may assume (possibly
adding some multiple of 277 to ¢y,), that ¢, (0) — ¢ (0). We write, using the embedding H ! (R) — L (R)
for the second-to-last line,

dor (Yn. W)

= [10x¥n — 9x¥ 2 + | 1¥al = V] 1l2 + [¥a (0) — ¥ (0)]

= [0y A +iAne P 0xpy — /0 A—i A ?D P 12 + [ An — All L2 + 145 (0)' @ — 4(0)' |

<|I(e"? =)o All g2 + [|1€/? (0x An — 0x Al 2 + |(An — AP 0| 12 + | A’ —e?) 0| 12
+ (| A’ (95 — Dxpn)ll 2 + | An — All 2 + [(An (0) — A(0)e! O] +] 4(0) (/@ — /()

< [l(e"" —e ) All 2 + K[ An— Al g + |(An — D)l g1 [10xnll L2 + [ All oo [ (€9 —€9)d |2
+ | Al| oo |02 — 0xpnll2 + [| Al| Loo e’ @ — &) (11)

= ("% =) 3 Al 12 + | Al Lo (%" —€9) 35l 12 + Onst oo (D).
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from the convergences we have. Now observe that
X X
5 =nO + [ 0:9n(0)dt > 40 + [ 40 dr = 900)
0 0

pointwise; hence, by the dominated convergence theorem, ||(e/?" —e!?)d, A, > — 0, and similarly for
the other term. Therefore, de (¥, ¥) — 0 as wished.

Let now ¥ = Ae'?, (Y, = A,e/?),, € % such that ,, — ¥ for dx. Then, A, — A = Y| — || = 0
in L2, 0xy, — 0,V in L? and v, (0) — ¥(0). Since |- | is 1-Lipschitz continuous, we infer for the
modulus

19 An — 0x All L2 = 1951Vl = Dx Y1 2 < 19Wm — D]l 2.

Moreover, ¥, (0) — ¥ (0) and this implies arg(y,(0)/v(0)) — 0. Therefore, it suffices to show that
dxn — 0x¢ in LZ. We use the formula A20,¢ = (i |0V ), which yields

({Yn|0x¥n)  (iY]0x¥)

ax‘lsn - 8x¢ = A% - 12
. 1 1 ({Ynl0x (Y —Ym)) (Y —Yn)|0x V)
= (”/fn|ax1ﬁn>(A_’21_p) 12 - 12 ;
hence
||ax¢n - axd’”L2
[ VnllLoollAllLoe [ ¥l oo 1
= {infs A%)(infp A2) [An — All2 + Wﬂaxvf —0xV¥nllp2 + m” [Vn —¥|0x¥ 2. (12)

The first two terms tend to zero as n — +o00o. For the last term, we use here again the dominated
convergence theorem since ¥, (x) = ¥, (0) + fox Ox Yy (1) dt — ¥ (0) + fOx dx¥(t) dt = ¥ (0) pointwise.
This concludes the proof of (i).
Proof of (ii). Let us define ¢« : R — R by ¢« (x) = %(ln x)?1x>1. Then, straightforward computations
give ¢« (x) = ((Inx)/x)1x>1 € L%(R) and, for X > e, by monotonicity of 05 ¢x,
In%(2X) . (In X)?

2X)2 — 4x
We now consider ¢, : R — R defined by ¢, (x) =0if x <0or x > 3nm, ¢p(x) =x/nif 0 <x <nm,
Oon(x)=mifnmr <x <2nmw and ¢, (x) =37 —x/n if 2nw < x < 3nx. Then, we easily obtain

2X
/X (Oxps)? dx > X (13)

. L n 2
iy (€% 9+ F100) = g2 = \[2x T = | [ZE 0,

Moreover,
d%(ew*’ ei¢*+i¢n) = ||3x¢*ei¢* — (0x¢s + ax¢n)ei¢*+i¢" 2> ||3x¢*(ei¢n —Dllz2 = 10xPullr2.

and, by our choice of ¢, and using (13),

2nm 2 2
[0xs (€% — 1)]12, > / 0oy de > X0 (nm)

nmw X |X=n=w nm
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Since (Inn)//nm > /2n/n = dhy(ei¢* ,e!PxFidn) it follows that, as wished,

. L Inn [27 ; T
d el¢*’ el¢*+l¢n > 1 + 0 1 > — d el¢*’ el¢*+l¢n .

We do not know whether the mapping [l is locally Lipschitz, but it is probably not.

3B. Proof of Lemma 10. Note first that, since Ux does not vanish, if § is sufficiently small and
doy (Y, Uy) <6, then || || — |Ux|||Leo < (1/2) infg |Ux|; hence || > (1/2) infg |Ux| > 0 in R; thus ¢
does not vanish, may be lifted to ¥ = A exp(i¢), and we may further assume ¢(0) — ¢« (0) € (—m, +7].
In (11), we can easily check that the terms leading to the “o(1)” are indeed controlled by K (¥ )dny (¥, V).
In other words, we have

dy(f, Us) < |I(e"? = ') dx Al 12 + [ AxllLoo [ (€'? — € P)axull L2 + K (Ui )dny (¥, Uy,

provided dhy (¥, Uy) is small enough. In order to bound the two remaining terms, we write, for x € R,

B =) =3O =420+ [ 800~ 0:.1) .
which implies, using that R 3 6 > ¢/ 9 is 1-Lipschitz and the Cauchy—Schwarz inequality,
1= @O=0CD| < 1§(0) = ¢ (0) + v/Ixl e — sl 2. (14)
Consequently,

1€ — %) 0x Axl| 2 < $(0) = (O)] |0x Aull 2 + [ — vl 2 [/ ]x]0x A | 2
and

I1('® —e'®*)axpsll L2 < $(0) — Pu(O) 19xbsll 2 + Nl =20l 2 [V Ix[0x b -

Both terms are < K(Ux)dhy (Y, Ux). Indeed, Ux € ¥ is a traveling wave; hence Ay, 0xAx, 0xPx are
bounded functions which decay at infinity exponentially if 0 < ¢ < ¢y (cf. part (i) or (ii) of Proposition 2). If
¢ = ¢y, since assumption () is satisfied, we invoke Proposition 2(iii), which ensures that dx ¢« and 9y A«
decay at the rate O(|x|~2) (0x A+ decays faster actually). Therefore, \/m 0x¢s € L?. Gathering these
estimates provides

do (Y, Us) < K(Us)dny (Y, Ux).

On the other hand, from (12) and the estimate ||A — A«| g1 < dx (¥, Us) (see the proof of (i)), we infer

duy (Y, Ux) = K(Ux)dz (4, Ux) + Iy — Ux|0x Usl| L2

infp A2
Using here again the estimate [/ (x) — Ux(x)| < | (0) — @« (0)| + /|x]|[|0x¥ — Ux| 12, we deduce
dny (V. Ux) = K(Usx)dz (1, Ux).

The proof is complete. U
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3C. Two remarks on the proof of Theorem 5. We would like to point out two minor points concerning
the proof of Theorem 5 by Z. Lin. We recall that the proof of [Lin 2002] relies on the Grillakis—Shatah—
Strauss theory [Grillakis et al. 1987] once we have written (NLS) under the hydrodynamical form (2),
defining ¥ = Ae'?, (p,u) = (| |> = 42, 0,9):

alp+2ax(pu) :Oa

2
dsut + 2udyu —ax(f(p))_ax(ax%ﬁ)) -

or, more precisely, with n=p— rg =|y|? - rg and denoting by §E /87, §E /Su the variational derivatives,

SFE

d (n F; 0 d
2 = n = ).
5 (u) J 8_E , J (3x 0) (15)
Su
We first remark that the scalar product in the Hilbert space X = H ! x L2 cannot be (1, u), (71, 1)) g1 572 =
Jwnii+uit dx as used in [Lin 2002], but the natural one is ((17, u), (77, 1)) g1x 12 = [pN7+0xN3x +uii dx.

This requires us to make some minor changes in the proof, especially not to identify (H!)* with H!.
For instance, a linear mapping B is associated with the momentum through the formula

. 01
Phy(n, u) E/eru dx = L(B(n.u),(n.u))gixg> with B= (1 0)

for the (nonhilbertian) scalar product ((1,u), (7}, %)) g1xz2 = [0 + uii dx. The correct definition is
actually
1 . 0 *
P = [ medx = 4B, e witn 5= (7 ().
where ¢ : H! < L? is the canonical injection. As already mentioned in Section 1B, the two points in the
proof of [Lin 2002] that have been completed in [Gallo 2004] are that: Lin uses a local in time existence

for the hydrodynamical system (15) in H! x L?, and not only in {p € L, d,p € L?} x L?; and that the
energy and the momentum are indeed conserved for the local solution if the initial datum does not vanish.

The second point is that, in the proof of stability (Theorem 3.5 in [Grillakis et al. 1987]), it is used that,
if U € X and (Un)nen € X is a sequence such that E(Uy,) — E(U) and Phy(WUp) — Ppy(W), then there
exists a sequence (OINL,,),,GN € X such that U, — U, — 0 in X, E(WU,) — E(WU) and Pyy (Oan) = Ppy(U).
In the context of bound states, the existence of such a sequence (U, )nen € X follows by simple scaling
in space, since then the momentum or charge is simply fRd OU% dx. However, for the one-dimensional
traveling waves for (NLS), the momentum P is scaling invariant. We do not know if the existence of
such a sequence holds in a general framework, but, for the problem we are studying, we can rely on
the following lemma, which is an adaptation of Lemma 6 in [Béthuel et al. 2008a] (see also lemma in
[Béthuel et al. 2008b]).
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Lemma 3.1. There exist po > 0 and K > 0, depending only on f, such that, for any p € (—po, +po) and
w € R with || < |p|, there exists w = ae'® € H([0,1/(2|p])), C) verifying

1 1/2lpl)
wo=u(5) wOl=ntn [ @ -dedr=p
0

1/2lp))
[ Bywl® + F(wl?) dx < Klpl.
0

Proof. If p = 0, we simply take w = ro. We then assume 0 < p < pg, since the case —pg < p < 0 will
follow by complex conjugation. We then define, for some small § to be determined later,

W) = /13 =6+ 2p(1 = [8px — 1)+ expli(1 = [4px = 1])4] = ac'”.
It is clear that w € H ([0, 1/(2p)], C) and that w(0) = w(1/(2p)) = \/rg —§; thus |w(0)| = ro + w pro-
vided we choose § = —u? —2rou = O(|j4]). Moreover, since the phase ¢ has compact support [0, 1/(2p)],

1/(2p) 1/(2p)
/ (@2 —rd)dxe dx:/ =0+ 2p(1 — |8px — 1) }9x (1 = [4px — 1))+ dx
0 0

1/(2p)
- 2p/0 (1= [8px — 1) 305 (1 — [4px — 1) 4 dx

1/(2p)
- 2p/0 (1= [8px — 1) 30 (1 — 4px — 1])+ dx.

For the last integral, the first factor is equal to O if x > 1/(4p) and the second factor is equal to 4p when
x < 1/(4p). Hence, direct computation gives

1/(2p) 1/(4p)
/(; (a2—r§)8xg0dx=2p/(; (1—|8px —1|)4 x4pdx =p.
For the energy part, notice first that
ja® =gl =1 =8 +2p(1—|8px — 1))1| < 8] +2po
is as small as we want if |§| and pg are chosen sufficiently small. Therefore,
F(lw]*) < K(a*?—r$)%.

By simple computations, we have
1/(2p)
/ |0xw|? + F(lw]?) dx
0

1/(2p)
< K/ 2|0 (1 — [8px — 1]) > + 95 (1 — [4px — 1)) 4|2 + (=8 +2p(1 — [8px — 1)) 4)* dx
0 2 pz

<Kp>+Kp+K <Kp

since § = O(|u|) = O(p), which concludes the proof. O
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We then consider a sequence WU, = (N, un) € X = H 1 » L? and show the existence of the desired
sequence Uy, = (. 7in) € X. We recall that U, (respectively, W) is associated with a mapping ¥, € %
(respectively, Uy ) that does not vanish. We have Ppy(U,) = P(¥,) — P(Us); thus, for n large enough,
|P(Yrn) — P(Uy)| < po. For n fixed, we now pick R, > 0 large enough so that

+0o0
/R 1929 + (Wn] — r0)? dx < [P(Yn) — P(UDP.

In particular, by the Sobolev embedding,

+o0o
“wn|(Rn)_rO| = |||‘/fn|_”0||L°°([Rn,+oo)) = \//R |ax|1/’n||2+(|l/fn|_’"0)2dx§|P(Wn)_P(U*)|-

We are now in position to apply (for n large) Lemma 3.1 with (p, u) = (P(Ux) — P(Yn), |¥n|(Rn) — o).
This provides the mapping w, € H'([0, 1/(2|p|)),C). Since |, |(R,) — ro — 0, for n large enough,
there exists 6, € R such that ¥, (R,) = €% |y, |(R,) = €% (rg + p) = €% w,(0). We then consider
the mapping ¥, € % defined by

. 1
- 19n _ 3
Fn(r) = 1€ 0n (¥ = Ra) R =X = Rt S b = PO
1 1
n|X— if x> R, .
"”(" 2|P<wn>—P<U*)|) = S P — P(UY)]

From the construction of w, and the phase factor 6,,, &n is well-defined and continuous. It is clear that

. 1/(2p) ) )
P(n) = P(n) + /O (@2 = r2)dxgn dx = P(Y) +p = P(Us)

for every (large) n, and that

B 1/(2p) ) )
E<wn>=E(wn>+f0 Bxwl® + F(w]?) dx

= E(Ux) +0o(1) +0(Ip]) = E(Ux) +0(1) + O(| P (Ux) — P(¥n)])

converges to P(Ux) as n — 400. Denoting by WA, € X the hydrodynamical expression of 1/, it remains
to show that AU, — Oﬁn — 0in X = H' x L?. We thus compute, with the definition of 1/~/n,

. +o00 - — - 2
||%—oun||x=fR 195 Vsl [Tl 2+ (Vi = B )+ o)

+o00 ~ 5
52/R |0 [V | 12410 |¥n | 12+ (¥ —70)* + (1Y | —ro) > +uj +iis dx

+o0 2 2 1/(2|P(U*)_P(l[fn)|) 2 2 22
54K/ 195 Vnl?+ (1nl—ro) dx+z/ 19 wn P+ (wnP—r2)? dx
Ry, 0

<4K[P(Yn)—PU)*+K|P(Yn)—P(Ux)| — 0.
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For the second-to-last inequality, we have used that, for |x| > R,, ¥, has modulus uniformly close to ro;
hence |0 |¥y||? +u2 < K|3x¥n|?. Note that the construction still holds for the energy distance, the
computations being similar.

3D. Proof of Lemma 7. Proof of estimate (3). Instead of concluding the stability proof as in [Grillakis
et al. 1987], we can notice that we have actually the bound

1 .
Eny (W) = Eny (Ue,) = - inf U= U, (- — p)]|I? (16)

as soon as P(Uc,) = Phy(Uc,) = Ppy(U) and U € O = {1 € X, infyeg ||V —Ue, (- — y)|lx < &} for
some small e. If W™ does not have momentum equal to Pry(Ue, ), we use Lemma 3.1 to infer that
there exists \i!(t), with momentum equal to Ppy(Uc,) = P(Uc,), and such that £ (U(r))— E (W()) =
O(|P(¥(t))— P(Uc,)|) and dny (W(1), U(r)) < 0(y/|P(¥(2)) — P(Uc,)|). Therefore, for > 0, denoting
by Wy (7) € X and \ilhy (1) € X the hydrodynamical variables for W and \¥(r),

inf [|Why (1) = Ue, (- — )| < inf [[[ Wy (1) =Ue, (- = p) | + [|$hy (1) — Ty ()]
yeR YER

< VR E(W(0) — E(Ue,) +6(VTPOF0) = P(Ue.)])

< K[VIEQW@©) = EUe)| +P¥) = PUe,)] + /| POU™) = P(U,)] .

which yields (3).

The above estimate is optimal when P(¥'") = P(U,,) since U, is a critical point of the action
E — ¢« P. This bound shows that, in the definition of stability, one has to take § = O(£?) in general. The
estimate (3) shows that one can actually take § = O(e).

Proof of estimate (4). The point is to compare W(¢) to U, with ¢ =~ c4 such that P(U,) = P(¥™") instead
of comparing to U,, . In other words, we replace ¥(r) by U,. Note first that, since (dP/ dc)je=c, <0,
there exists, by the implicit function theorem, such a ¢ ~ c,. We then proceed as follows. Let Wi" € %
be close to U,. Then, there exists ¢ = c(¥™") ~ c4 such that P(U;) = P(¥'"). Moreover, since
(dP/dc)c=c, # 0, it follows
U =AU, | < Kle —cx| < K|P(Ue) = P(Ue,)| = K|P(¥™) = P(Ue,)|

< KW —Ue, || < Kdpy (W™, Ue,). (17)

From (16), we have

1.
Eny () = Eny () = ¢ Inf [U=Ue(- =)

as soon as Phy (W) = Pyy(Uc). The fact that the constant K can be taken to be uniform with respect to ¢
for ¢ close to cx comes directly from the proof in [Grillakis et al. 1987]. Therefore, for ¢ > 0,

nE Wiy (1) = e, (- = )| < 0 [ 9y (1) = =)+ e~ =) = e (- = )]

<VKVEW()) - E(Uc) +0(|P(¥™) — P(Ue,)).
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Using that P(W(7)) = Phy(Why(?)) = Phy(U¢) and that AU, is a critical point of the action Ehy — ¢ Py,
we infer E(¥(1)) — E(Uc) = [Eny — cPhy](\IJ}il‘;) — [Ehy — ¢ Pry](Ue) = @(||ng; — L ||?). Consequently,

inf Wy () =Ue. (- =) = K (W — e | + (%35 — U, ||)
< Kdypy(¥™, Up,) + K[| U — Ve, || < Kdny (¥, U,,),
by (17). This gives (4).

4. Instability result for cusps: Proof of Theorem 16

In this section, we set ¥ = Eyny — ¢ Ppy and we assume

_PFeU)  _dPUD g p PP BTl
dc? le=cx dc  Je=ca dc? le=cx de3 le=cx
The approach is reminiscent of the proof of [Maeda 2012]. Several modifications are necessary since, for
the skew-adjoint operator J = dy, we can not find the required Hilbert space Y. More degenerate cases
can probably be considered as in [Maeda 2012].
We shall denote by 1 : X — X* and lg1 : H' — (H')* the Riesz isomorphisms and define U =
(mu) e X =H'(R,R)x L2(R,R) and H = L?(R, R) x L?(R, R), endowed with its canonical scalar
product. They are the corresponding Hilbert spaces needed in [ibid.]. We consider the symmetric matrix

(01
2=(1o)

which is such that B? = Id, and 2 Ppy(U) = (BU, W) g -
Our assumption (dP(Uc)/dc)|c=¢, =0# (d 2PU,)/ dc2)|c=c* will simplify a little the computations
in [Maeda 2012]. The functions 7, and 1, used there become now

dFeUe) Py

Mmy) = Feoty Uesty) = Fe, (Ue,) =y dc  |e=c« 6

and
Vz

dmi y
n2(y) = W =—PUc,+y) + P(Uc,) ~ —TP*.

In order to clarify the dualities used by Maeda, we provide some elements of the proof adapted to our
context.

Lemma 4.1. There exists yo > 0 small and o : (—yo, +y0) = R with o (y) ~ —y213*/(2||%*||12q) and
such that, for any y € (—yo, +Y0),

Phy(ouc*+y + U(V)Bouc*—i-y) = Phy(ou*)-
Proof. We have

Pry(Ue, 4y +0BUc, +y) = %([EBOLLC*_,_,, +0Uc,+y, Ue,+y + 0BUc, ) H
= Phy(ouc*+y) + UHOHC*—H/”%{ + UzPhy(Ouc*—i-y)-
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Since ||Usx ||%1 # 0, the conclusion follows from an easy implicit function argument near 0 = y = 0. In
[Maeda 2012], the linear mapping B is seen from X to X*, but, here, there is no confusion in defining
Ve, +y +0BUe, 4y € H=L*x L2 O

We define, for y € (—yo, +Y0),

W(y) =Ue,+y +0(Y)BUC, 4y,
which then satisfies Phy(W(y)) = Phy(U+) by construction.
Lemma 4.2. As y — 0, we have Fe, (W(y)) — Fe, (Ue,) ~ —(y3/6) Ps.

Proof. Using that &, ., (Uc,+y) = 0, Poy(W(y)) = Poy(Ue,) = —(dFc(Uc)/dc)jc=c, and o (y) =

0(y?), we have by the Taylor expansion

Fe, (W) —Fec, Ue,) = 9;c*~l-)/(6uc>.<—H/ + G(V)Bouc*+y) —Fe, (Ue, ) + VPhy(W(V))
d%F.(Uc)
dc lc=cx

as wished. O

3
)/ .
= %C*+y(mc*+y)_9;c*(mc*)_y +©(y4) N_ZP*’
We recall that we have defined the tubular neighborhood Oy = {V' € X, infy e ||V —Us (- —y)[|x <e&}.

Lemma 4.3. For ¢ > 0 small enough, there exist four €' mappings v, a, y : 0 — Rand ¥ : 0g — X,
satisfying, for AU € O,

U =y (W) =W (FEW) + 97U + a(WBU, 45 ()
and the orthogonality relations

(@ (W), 0xUe, +7@) H = (F (W), [0cUc]jc=c,+7)H = (0 (W), BU, +5@1))H = 0.
Finally, 17"y’ € H> x H" and I}, 07 /9y € H*.
Proof. We consider the mapping G : X x R x (—yp, +70) x R — R? defined by

UC- = y) =W(y) —aBUc,+y, 0xUc,+y)H
GO, y,y,a)=| (U(-—y)—=W(y)— aBUec, +y, [8couvc]|c=c*+y)H
U —y)—=W(y) _chuc*—i-y» Bouc*—H/)H

Then G(Ux,0,0,0) = 0 since W(0) = U,. In order to show that G is of class ¢!, we have to pay
attention to the translation term U(- — y), since differentiation in y requires U € H'! x H! whereas we
only have Ul € X = H! x L2. It thus suffices to write

u, 8xouc>k+y(' +y)H —(W(y)+ aBUc, +y, axouc*ﬂ/)H
G, y, v, ) = | (U, [0Uc]jc=c,,+y (- +Y)H — (W (Y) +aBUc, 4y, [0cWUe]jc=c,+y)H
(“u, Bouc*+y(' +y)H —(W(y)+ aBUc, +y, Bcuc*—i-y)H
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to see that G is indeed of class €1 on X xR x (—yo, +y0) X R since ¢ > 9l is smooth. Moreover, using
that 9, W, —o = [0cUc]|c=c,, We infer

9G (Ou“*’ayzcou*)H _([acmchc‘:c*?axou*)}] _(Bou*vaxou*)H
8(—06)(%*’ 0,0,0) = | —(Ux, Ox [acouc]lc=c*)H _” [acouC]|c=c* ”%—1 —(BWx, [acmc]lc*:c*)H .
> ~(Ue, B W) —([0cUe]je=c,. BUx) 1 — B2,

At this stage, the argument in [Maeda 2012] is to use that
([acouc]lczc*v 8xOUv*)H = _(ax[acouc]\czc*v Ou*)H =0,

which is assumption 2(iii) there. This equality holds true for us since we have chosen U, even for any
¢ (close to cx). Furthermore, (Wx, 02Us) g = —||0xUs ||%1 by integration by parts, (BWUx, 0xWU«) g =
(U, BOxUx) g = 0 since Bdyx = J is skew-adjoint, and (BUW«, [0cUc]jc=c,)H = 0c[Phy(Ue)]jc=c, =0
by hypothesis. Therefore,

—[18xUe, I 0 0
G 5
8( Ol) (Ou*’(), 0, O) = 0 _||[8cmc]|c=c*||1-1 0
> 0 0 — I BULZ

is invertible; thus the implicit function theorem provides three real-valued functions y, y and «, defined
near Uy (in X) and with y(Us) = y(Ux) = a(Uyx) = 0, such that G(U, y(W), y(U), (U)) = 0.
These functions are extended to O, (f_or ¢ small enough) by the formulas )7(@) = ;(Ou(- —-y)+,
YW =y@U(- —y)) and ¢ (W) = ¢ (U(- —y)) for any y € R such that U(- — y) lies in the neighborhood
of AU x where y, y and o are defined. Consequently, the mapping

P =UC- =y W) —W(y (W) — a(WBU, 45w

is orthogonal in H to 0xWU¢, 45 @)s [0cUeljc=c,+7 @) and BU,, 45 (), as desired. Since f is assumed of
class 62, we have AU, € H* and the regularities I~'y" € H*> x H' and I} 97 /9n € H* follow easily. [

Remark 4.4. We would like to point out that, in [ibid., Lemma 3], it is claimed that “w(u)” is orthogonal
t0 “0pPw+A@)” (We refer to the notations there). However, since “T(0(u)) — W(A(u))” is already
orthogonal t0 “0 Py 4+ A )~ by construction, this is equivalent to “(B@y4Aw)» 00 Pw+Aw)) = 07, or
“do/[Q(¢pw)] = 0" at “@’ = w + A(u)”. We have not understood why this should happen since, in general,
for the function @’ > Q(¢'), the point w is the only local critical point. For this reason, we have added
a component to the original mapping G in [ibid.]. Let us observe that, then, Lemma 3 in [ibid.] uses the
assumption “d”(w) = 0”. On the other hand, the derivative of G in [ibid.] assumes “u € D(T’(0))”, for
otherwise the expression “G1,1(u, 0, A) = (T"(0)T (0)u, T'(0)pn+a)”, for instance, is meaningless. We
have therefore given some details showing clearly the smoothness of G.

We now prove a lemma which shows that the quadratic functional associated with % gives a good
control on ¥ (U) thanks to the orthogonality conditions on this function. This result is in the spirit of
Lemma 7 in [Ohta 2011].
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Lemma 4.5. There exist 0 < y1 < yg and Ko > 0 such that, if y € (—y1,+y1) and if © € X satisfies

(¥, axouc*—i-y)H = (J, [acouvc]lc=c*+y)H = (9, Bouc*—i-y)H =0,

then (F,, ., (Ue,+y)9, 9)x+x = Ko ¥k

Proof. As a first step, we prove that, if ¢ € X satisfies ¢ # 0,
(19, 8xOU»k)H = (19: [acouchc:c*)H = (19’ BOUJ*)H =0,

then (%, (Ux)P, F)x= x > 0. Indeed, assume that (F,(U)J, ¥)x= x < 0. Let y € X be a negative
eigenvector of F. We claim that we can not have ((9, x) g, ([0:Uc]jc=c,. X) &) = (0,0). Otherwise,
(%, x) g =0 implies that ¢ is L2-orthogonal to y, which is the eigenvector associated with the only negative
eigenvalue —o of . seen as an unbounded operator on L2; thus (% (W), #)x+ x > 0, and, since we
assume equality, this means that ¢ belongs to the kernel of %/ (U), which is spanned by WU, = 0xWUx,
but the condition (¢, xUx) gz = O then implies ©¥ = 0, a contradiction. Therefore, there exists (a, b) € R?
such that (a, b) # (0,0) and (a[dcWUc]jc=c, + DD, x)g = 0. The nonzero vector p = a[dcUc]|c=¢, + bV
then satisfies (p, Y)g = 0 and (p, JU)g = a([0cUc]ic=c,» JUx)H + B(D, JUL) g = 0, so that
(FL(Us)p, p)x+,x > 0. Here, we have used once again that ([0cWUc]c=c,, J/Ux)g = O since the
left vector is an even function and the right vector an odd function. However, in view of the equality
(FLU)[0cWUc]jc=c, - D) x*,x = (BU«, p) g, valid for any ¢ € X (which follows from differentiation of
Elgy(Och) = cP}{y(Och) = ¢(BUe¢, - )y at ¢ = cx), we have

(Fy(Us)[0cUc]je=c,» P x*,x = (B[OcUc]|c=c, . ") = 0.

As a consequence,

0 < (FL(U) p. Pl x = A (FLOUD B jeme. - [BUejeme Jx = x + DHFLOAL)D. O)x= x
= @ (BUs. [DeUelome, ) + D2 (FLAUY. D)x+ x = b*(FLOL)D. I)x+ x.

since (BW«, [0cWUc]jc=c,)H = 0c[Phy(Uc)]|c=c, = 0 in our situation. We reach a contradiction since the
right-hand side is supposed < 0.

We now prove the lemma by contradiction, and then assume that there exist sequences (¥,),>1 € X
and (Yn)n>1 € (0, yo) such that y, — 0, ||19n||§( =1 and

(19,1, axouc*—kyn)H = (ﬁn, [8c0uc]|c=c*+yn)H = (ﬂn’ Bouc*—i-yn)H =0, (18)

but (9?/0/* +y, WUeity,)0n, On )x*,x — 0. Possibly passing to a subsequence, we may assume the existence
of some ¥ = ({,v) € X such that ¥, = (&, v,) — © in X = H! x L?. We then show the lower
semicontinuity of (¥ (U«)?, ) x+ x. This is roughly a verification of part of assumption (A3) in [Ohta

2011], used in Lemma 7 there. By the compact Sobolev embedding, we may assume {, — ¢ in L% (R).
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A straightforward computation gives

(axC)z _ axé‘axnc*-i-y 52(8)6776’*4-)/)2
208 + Newty)  (F+nes+y)? 408 +Ne,4y)
+2(rF + Newt9)V? +2QuUc, 4y — (cx + YIVE— [/ (1§ + Ne, +9)0 dx.

(F o Qe 1y)D. O)xo x = /R

Since r3 + Ne,+y, remains bounded away from zero uniformly and 7c, 4, — 7, in W2 (R)N H(R)
as n — 400, the weak convergence ¢, — ¢ in H'! implies

(axg)z 0xC0x7c, gz(ax nc*)z
2 ) 2 2 5 dx
R 2(r0 + nc*) (r() + nc*) 4(r0 + 77C’>c<)

(0x8n)? IxCn0xMe,+y, f;%(ax’?c*+yn)23 dx. (19)

< lim ) 2 2 2
n—+oo JR 2(r0 + 7/c*+yn) (”o + 770*+yn) 4(”0 + 770*—1—)/”)

For the remaining terms, we write, for some R > 0 to be determined later,

/I;Z(rg + ’ic*-i-yn)vy% +2Quc,+y, — (Cx +¥n))Unn — f,(rg + 776*+yn)€y% dx
e, 1y, = (Cx+ ) |
2 1/2 d
2(”0 + New+y,)

1 (2u «+Vn _(C +y ))2
ot z(‘ T 2§ A Mew) ) o .
Ix|<R  Jix|=R o T Newtyn

- / 2|:(r3 + 770*+J/n)1/2vn +
R

For the first integral, we may use that ({,, uy) — (¢, v) in L? x L? and the fact that (¢, +y, » Uc.+y,)
converges to (7«, ux) uniformly to deduce

2 1/2 Quc,+y, — (€x +Vn))ln 2 1/2 Qus—ce)l . 5
rs +ne, ; v, + — (ry + v+ ———" in L~ 20
(rg +ne +, ) n 2(’3+’7c*+yn)1/2 (ro M) 2(”3"‘71*)1/2 (20)
hence,
2Us —Cx)C 2
20 (2 4+ ) ?u + (e el dx
/R |:( 0 M%) 2(”3""7*)1/2

Quc,+y, — (cx +vYn))in
2(”3 + nC*+1’n)1/2

2
< lim 2[(r§+nc*+y,,)1/2un+ }dx. (21)
R

n—-+00o

Since §, — ¢ in L*°([—R, +R]) and (U, 4y, Nes+y,) — (U, N«) uniformly, it follows that

f| ! (—M N n*))z2 dx

rl<R 2 re 4+«
i 1 ( (Qucy,+y, — (cx + VYn))?
= lim S 5
n—>+00 J|x|<R 2 o T Newtyn

Y nc*+yn))¢,% dx.

For the last integral, we have to use the decay at infinity of n¢, 4, and uc, 4, uniformly for |y| small.
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This gives
(214 *+n—(C +V))2 CZ—CZ
— 4 2)/ * n _Zf,(rg+nc*+yn)_> s > *
ro T Newtyn To

as |x| = 400, uniformly in n. Since 0 < cx < s, there exist some small § > 0 and some R > 0 large
such that, for any n and any x with |x| > R,

_ (zu()*‘l‘yn - (c* + Vn))z
rg + nc*"‘yn,

_2f/("g + nC*+yn) = 8

In particular, since ¢, — ¢ in L2,

(e, 1y, —(cxF+7n))? 12 (Qux—cx)? 12
1|x|>R(— e e 2 (rgFNerty)) G = Lz —— =21 (§+m0)) ¢
r0+nc*+)’n r0+7]*
in L?; thus
2u
/ ( g—2f’(r§+n*))€2dx
x|>R 2 ré + 0«

< lim 1 ( (zuc*—}-yn —(cx + Vn))z

2 —2f"(rg + nc*+yn))§,% dx. (22)
To + Newtyn

n—>—+oo J|x|>R 2

Combining these three lim inequalities, we deduce

(FeUa)D,0)xx x < lim (F, ., (Uc,4y,)0n. On)x+x =0. (23)

C +¥Yn
n——+o0o

Turning back to our sequence (¥, Y»), we may pass to the limit in (18):
(4, 0xUx) g = (3, [0cWUc]je=c, ) B = (3, BUL) g = 0.

Comparing with (23), we deduce from our first claim that ¢ = 0. This means that we must have equality in
all the above lim inequalities. In particular, the weak convergence (22) is actually strong; thus &, — ¢ =0
o (R)). Going back
to the equality in (19) thus provides dx¢, — 0x¢ = 0 in L?(R), since rO + Ney 4y, remains uniformly

in L2(R) (the strong convergence in {|x| < R} being already known since @n —Cin L

bounded away from zero, and by weak convergence,
§2 (0x 776*)2 d . 0xCn0xNey+y,
s dx= lim VR SR Y
R 4(”0 +7e,) n—>+0o JR (ro + Newtyn)
Finally, the equality in (21) means that (20) is actually a strong convergence; that is, v, — v = 0 in L?

since ¢, — ¢ in L2. The contradiction then follows: 1 = ||, |3 = [[¢x || +|0xEn |Ii2 + |lun ||i2 —0. 0

Remark 4.6. This result is also Lemma 7 in [Maeda 2012], and is said to be Lemma 7 in [Ohta 2011].
However, the hypotheses of Lemma 7 in [Ohta 2011] are not satisfied, and in particular assumption (B3)
there. It is natural to believe that this assumption is satisfied is most physical situations, but it is not clear
whether it always holds true in the general framework of [Maeda 2012] without further hypothesis.

The next lemma provides a control for o (U).
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Lemma 4.7. Assume ¢ > 0 small enough. Then, there exists K > 0 such that, for any WU € O, satisfying
Pry(U) = Phy(Ux), we have

(W] < K (7> 19 1x + 19 (WI%)-

Proof. It is the same as in [Maeda 2012, Lemma 8], but we give it for completeness. We expand and use
that B2 = Id, and the definition W (y) = WUe, 4y +0(y)BU, +, for the second line:

Pry(Us) = Pry(U) = Pry(U(- — J(U))) = Pay (W (7 (W) + 3 (W) + ¢ (WBU, 45 (w))
= Phy(W(7 (W) + Py (9 (W) + 0> (W) Py (BUe, 45any) + (W) (BI (), BUc, 452y
+ (BU, 47 @), P (U g + o (W) (BU, 45 @) BUc, +5 @) H
+ o (Y (W) Ue, +7 @y, P (W) H + 0 (7 (W) (W) (U, 47 @) BUc,+7 @) H -
Since Py (W(7(W))) = Phy(Ux), we infer

—a (WU [I77 +0(1)] = 0 (7 W) e, + 5y T U E + Pay (9 (W)
and the conclusion follows since o(y) = 0(y?) by Lemma 4.1. |
Now, we give a lemma useful to estimate ¥ (U).
Lemma 4.8. Assume ¢ > 0 small enough. Then, there exists K > 0 such that, for any U € O, satisfying
Pry (W) = Phy(Ux) and F«(U) — F4(Ux) <0, we have
I )% < K7
In particular, |a(W)| < K|7(W)|3.
Proof. It is the same as in [Maeda 2012, Lemma 9]. Note first that the last assertion is a direct consequence
of the first one and Lemma 4.7. Next, we argue by contradiction and assume that there exists a sequence
Up — Us in X such that Fx(Up) — Fx(Us) < 0 and [|3(Un) |3 > |7(Uy)|>. For simplicity, we define
Vn =7 WUy), O = F(Uy), o = @(Uy). Then, by Lemma 4.7, we have |a,, | < K()?,%Hl?nllx + |95 ||)2() <
K(||9n ||7/3 + || P ||)2() = 0(|| %, ||)2(). Therefore, by the Taylor expansion and Lemma 4.3, we have
Fae(Un) — F(Us) = Fs(Un (- — Yn)) = FUs) = Fu (W (¥n) + On + 0nBUC, +7,) — F(Ux)
= F(W(Tn)) — FUs) + (F, (W (Tn)), On + aBUc, 47, )x+ x
+ S FLW(Tn))On, On)x x + 019 (Un) 1)- (24)
However, by Lemma 4.2, %, (W(y))—%e, (U, ) =0(|y|?), and, since F, (W(y)) = F, (W(0))+o(1) =

F,(Ux) + o(1) = o(1), we have (F,(W(7n)). anBUc, +7,)x*x = 0(|9,]%). Furthermore, using

F, = @’c* 47, T 7nB, the third orthogonality condition in Lemma 4.3 and that o (y) = 0(y?), we deduce

(Gf;(w(?n))’ ﬁn)X*,X = ( cx+n (W (¥n)), O )X* x +VnBW(yn), On)u
= ( Cxtin (Ouc*ﬂ/n) + U(Vn)Bouc*+ym U )X* X+ Vna(fn)(ouc*ﬂh, Un)H
= 02 19nllx) + OU7n P 192 11x) = o181 = 0(I9a13).
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For the last line, we have used another Taylor expansion with %’ Cotim (U¢, +7,) = 0. Finally, Lemma 4.5

yields (% ’C’ s WUe,+7,)0, On)x*,x = Kol|Dn 12 % - Reporting these expansions in (24) yields

Ko Ko
For(Un) = F(OUa) = = [Dnllk +0(2n1%) = 195

for n sufficiently large, which contradicts our assumption. O

We now need to find an extension of the functionals “A” and “P” used in [Maeda 2012] (and also in
[Ohta 2011]). In these works, these functionals are built on what should be here “J ~19,aU, = Ba;l U,
but, unfortunately, d.¢. does not have vanishing integral over R (for instance, d.7. has constant sign).
We rely instead on a construction of a suitable approximation of “J ~19.9.”. A similar construction is
used in [Lin 2002].

Lemma 4.9. For any 0 < k < 1, there exists a 6> mapping Yy : (—y1, +y1) — X such that, for any
Y € (—=y1, +71), Ye(y) € H? x H' is an odd function verifying

”JTK(V) - [acouc]lc=c*+y”X <KkK.

Proof. We fix an even function ®¢ € 62°(R) such that [, ®9 dx = 1. For T > 0 to be fixed later, but
independent of y and «, we set t, = T/k? > 0 and

X
1)) =8 [0ty )= -00(2) [Betcdemes sy )2 ] ay.
It is clear that Y, (y) € €' (R) and that, since J = ;B and B? = Id,,
1 :
J Y (y) — [acouc]lczc*ﬂ/ = _®0(_) /[acouc]lczc*+y(z) dz.
I e R
In particular,
2 1 2 1 2 2 _
I/ Ve (y) — ac[ouc]\czc*—i-y”)( = l‘_”®0”l’2 + l‘_3||ax®0”1‘2 R[BC%C]Iczc*—i-y(Z) dz) <«
K K

if we choose T = T (cx, U«, Og) > O sufficiently large and y; smaller if necessary. Moreover, Y, (y) is
odd since U, and ®¢ are even. In addition, the even function

¥ > [0 o C*+y(y)——®o( ) / PeUeiemen 1y (2) dz

decays exponentially at infinity (since ®¢ has compact support and 9.9, decays exponentially), and has
zero integral (since ®¢ has integral equal to one); hence

400
Te(r)(x) = —B [ [[a Uelom c*+y(y)——®o( ) / PeUe] o c*+y(2)d2}
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and decays exponentially at infinity. It follows easily from these two equalities that y — Y, (y) € L% x L?
is well-defined and continuous; hence also y — Y (y) € H? x H'. By the same type of arguments,

0k * 1
)0 =8 [ ety )= 100( L) [ 020l ey 12|

is well-defined and is a continuous function of y with values in H? x H!, and similarly for the second
derivative. O

We now define, in the tubular neighborhood O, of AU, the functional (corresponding to “A” in [Maeda
2012])

QW) = U =y (W), e E = (U T (P (W) (- + ¥ (U))H
depending on « € (0, 1), which will be determined later. The first properties of €2, are given below.

Lemma 4.10. Forany 0 <k <1, Qy : 0, — R is of class @l. In addition, there exists some bounded
mapping Ny : Og — X such that, if Wyy € ©1([0, T), X) is a solution to (15) that remains in O, then

%Qx(qfhy([)) = B (Uny (1))

where By : 0, — R is defined by
B (W) = ~(F, 45y W, 1 V@) + FOW) + (U, 3y Te (7)) (- + F ) aN7 (W} )ye x-

Proof. The fact that Q. is of class @! follows directly from the second expression and the fact that y and j
are €1 (in [Maeda 2012, formula (3.11)], the same remark as for the smoothness of G after Lemma 4.3
holds, since it requires “u € D(7'(0))”). If Wy = (9, u) € ©1([0, T), X) is a solution to (15) that remains
in O,, we therefore have, defining y (1) = y(Why (7)) and y (1) = y(Why (1)),

d
—= Qe (Wny (1)) = (3 Wny (1), T (Y @) (- + Y()))H

dt
+ (Why (1), 0x Ve (P () (- + T (O) (7 (Phy(1)), s Wy (1)) x+,x
+ (Wny (1), 3y T FO) (- + TONH (P (Pry(£)), 0 Py (D) x+,x.  (25)

We now observe that the invariance of 2, by translation provides by differentiation the equality, for
au e O,

d
0= 25 St =Miy=0 = (UL 3 LA + 3 OWra

= (BU J Y7 W) (- + 7 W) E = (Pry(W). I T (7 W) (- + 7 (W)))x*,x- (26)
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In particular, the second term in (25) vanishes. In addition, since Wy = (n,u) € €1([0,T),X) is a
solution to (15) that remains in O,, we have, denoting by 6 Ey,y /§W the variational derivative,
(3 Thy (). T GO +5(1))

(755 )

SE
== ( hy(‘I'hy(l)) S Y (P (O)(- +y(t)))H:_(E},1y(thy(t))aJTK(P([))('+)7(t))>X*,X

=—<@g*+ﬂ,)<why(z)>, T )45 O))x x— (st FO) Pl By (1) T Ve GO+ Oy
= (T o0 Yy (D). T e (FO) (- + F(1))x-x.

by (26). In addition, since §Pyy/6Why = BWhy and JB = 0y,

(7' (Wny (1)), 0 Why (1)) x*, x

SE
< Wiy (1) 7 3 (why(z))>

X* X

{7/ 0. Jg*T”““’(w YD) et OO (B (1) Dy O
X* X

The second term vanishes since y is invariant by translation (by definition; see the proof of Lemma 4.3).
As a consequence,

(7' (Wny (1)), 0 ny (1)) x*, x

8 c -1/ 8 Cx -1/
:(JJTW)(‘I’ /(1)1 ly(why<t>)) =—(ﬂ(\v (1)), J1 W(\Phy(r)))
X X

Y

0F. 1o 8§F., 4, 0y
= (T ) 7 o) = (0 .80 0]

The first term is simply —(%’ . + (Ou)(\IJhy(t)), JI]_I)W(\IJhy(t)))X*’X. We then define Ny : O — X by
Nyp@u) = JI7ty' @) — (9271 (8)//877)(%),0) € X = H' x L? (see the regularity shown for 7’ in
Lemma 4.3), so that integration by parts yields

(7' (Why (1)), 0 Wny ())x =, x = —(F., 45y (Why (). N7 (Wny (£)))x+ x -

Inserting these relations into (25) then gives

d
EQK(\IJ}I}’(I))

= (T 150 Ty (). LI T PO (- + F(0)) + (Wny (1), 3y Te(FO) (- + FONHN7 (Phy ()} )y e x -

which is the desired equality.
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If W,y € ©°([0, T'), X) is just a continuous in time solution to (15) that remains in O, then the integrated
relation

t
Qe (Wiy (1)) = Qe (1) + f 2y Wy (1)) d 7

holds, as can be seen by using the continuity of the flow and the approximation of such a solution by
smoother ones (see [Gallo 2004]). O

We now compute the asymptotics of E,(W(y)) for y — 0 and small .

Lemma 4.11. We have
2

e (W(y)) =L

Proof. The proof follows the one of Lemma 5 in [Maeda 2012]. As a first step, notice that y (W(y)) = y,
y(W(y)) = 0, as can be seen from the equality G(W(y),0,0,0) = 0 and the local uniqueness of the
solution to G = 0. Therefore, since Gf’c*+y(%c*+y) =0and o(y) ~ —y2 Ps/(2]|Us ||12LI)’

+ 0(y,6)—(0,0) ()/2)‘

glc*.;.y(w(y)) (W(y)) = Of;*—f—y(ouc*—i-y + U(V)Bouc*—i-y) = U(V)%/c/*—ky(mc*—i-y)[Bmc*-i-y] + 0y—>0(7/2)

y2 P,

— (W) [BU] +
ETNE W) [BU] + 0y—0(1).

In addition, since AU, is even and Y (y) is odd, we deduce

(WG +TWEI. 0 L) g = (Uerty +0()BUe,4y. 0y () y =

Consequently,

Y2 Py

0‘// . 5
2”%*“11( (QL*)[[BOIL ] JTK()/))X X +0V—>0(V ),

B (W(y) =

where “0,_,0(y?)” does not depend on k. Moreover, by Lemma 4.9, || J Y, (y) — [0cUc]jc=cotyllx <k
independently of y € (—y1, +¥1); hence

23

- Y~ P«
Ex(W(y)) = —(O'"(OU«*)[BOU*] [0cUe]je=cnty )X X + O0a)—(0.0)(¥>)
2[| U |12
’)/2P* a!! 2
= A FL (W) [BU], [0cUc ] je=c, ) x*, X + 0,000~ (0,0) (V)
2[| U | %

Finally, using once again the equality (for ¢ € X) (%, (Ux)[0cUec]|c=c, . P)x*,x = (BU«, ¢)z and that
F, is self-adjoint, we infer

(FLOAL)BUL, [BeUe)je=c,)x,x = (FL U [ Ue]je=c, ), BU)x+,x = [BUZ = U177
and reporting this into the previous expression gives the result. O

We now compute the asymptotics of E, for more general functions.
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Lemma 4.12. Let & >0 be small enough. If U € O¢ satisfies Pry(W) = Ppy(WUx) and F (W) —F«(Ux) <0,
then, we have

P2 P
2@ = Y20 (2) +o(72 ()

uniformly for 0 < k < |y (W)|3.

Proof. First, we may apply Lemma 4.8 and infer that || (U) ||}2( +la ()| =0(|p3(W)|). We write E (W) =
Ec(U(- = 7(W)) = Ec(W(F W) + W) + o (WBU, 1+ 7)) = Ex(W(F W)+ (W) +0(17 (W]
and, recalling the expression

B (W) = —(F, 45y W A T (- + FAW) + (U, 3y Ve (A + TN N7 W)y x -
we wish to make a Taylor expansion. First, note that

F, ) = Ty WG O +F_ 0y (WGP D] + 07 W) )
=T, oy WG + T30y e, 45 [ A] + 0(17 ) ):

hence, since &' (U¢,+7) =0and (Lemma4.1) o(y) = 0(y?), we have W (y) = e, +7 +0(y?); thus

cx+y
2 (W) = B (W FA)) = 07D P) = (F7,_y 0p (e, 1560 [,

YT @) (- + 7)) + (U 3y Tie (7 (W)(- +y'(%)))HN;7(%)}>X* %

Now, in the bracket term, we may replace U by W (7 (W)) + O([|[#(W)]|x) (since [|F(W)[|Z = O(|7(W)|*)).
By the computations of Lemma 4.11 and the equalities y (‘W'(y)) =y, y(W(y)) = 0, this gives
B (W) — E(WFA) = 07O ) — (T2, 00 Cles +5@) I AD] T Te (GO
= 0017 D)~ (T2 4y Ve r7 @) [F O] e} e—e, 7))y -y +O)
= 007 OWP) (T Qe 7 @)U Heme + 7)) O (D) y +0(0)

using Lemma 4.9 and the self-adjointness of & m ! et 71" Choosing 0 < k < |7(W)|? and from the equality
(for ¢ € X) (FL(Ue)[0cUe], $)x*,x = (BUc, ¢) 1, we infer

(W) — B (W(F @) = 07 W) = BUc, +5ay. F (W)m = 07 (W),

by the orthogonality condition in Lemma 4.5. Inserting the expansion of Z,(W(y)) given in Lemma 4.11
yields the conclusion. O

Proof of Theorem 16. We have to show that there exists ¢ > 0 such that, for any § > 0, we can choose
an initial datum at distance < § from AU, but that escapes from O,. Since W (y) — Ux in X, we shall
take the initial datum to be W(y) for some small y, and denote by Wy () the corresponding solution. In
view of Lemma 4.2, we have F (W (y)) — Fx(Ux) ~ —)/3}'5*/6; hence we can choose y with the sign of
P, # 0 so that

F o (W () — Fu (W) ~ —|y ]| Pi] /6 < 0.
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We now assume that Wy (7) is globally defined and remains in O, where ¢ is as in Lemma 4.8. By conser-
vation of energy and momentum and the construction of W(y), we deduce Phy(Why(?)) = Pry(W(y)) =
Pry(Us), and Fu(Why (1)) — Fx(Ux) = F(W(y)) — F«(U«) < 0. The first step is to have a control
on 7(t) = 7(Wny (1)). We define a(r) = a(Wy (1)), 7(1) = 7(Way (1)) and 9(t) = 9 (Wpy(1)). Applying
Lemma 4.8, we obtain [|(1)[|3 + |a(t)| = O(|7>(7)]). In addition, Lemma 4.2 and a Taylor expansion
give

Fse(Why (1)) — F (Us)

. 73 () P
6
where we have used that &, (W' (y(¢)) = o(1) (for the terms involving «(¢)) and Lemma 4.2. Furthermore,

H(FL WG @), dO)x*,x + 3 (FLWF NI (@), 9 (0))x+,x +o(7° (D)),

by the orthogonality relations in Lemma 4.3 and using that o(y) = 0(y?) and %, (U.) = 0, we have

(FL WG IO)xx = (T 450 WFON.IO)xex + FOBWF@)). 90z
= (T o0 Vet 760 + O FONBU, 476 9O)x+.x = 0772 0))).

In addition, by Lemma 4.5, the second-to-last term is > Ko || (1) ||)2( /2. As a consequence, by conservation

of Fx(Why (7)), we infer, for small y,

73 (1) Py
6

0> [y PP| P4l /3> Fuc(W(y)) = Fuc(Us) = Fae(Wy (1)) = Fuc(Us) = — +o(I7>())),

In particular, this forces 7(¢) to always be of the sign of Py and to satisfy |7(r)] > |y|/2 (provided &
and y are small enough).
Since, now, we have a good upper bound for |7 (¢)|, we can choose k = k(y) = y3/8, which is such
that, for any ¢ > 0, k < |7(¢)|3. In particular, we can apply Lemma 4.12 and get
y(1)% Py
2
With this choice x = k(y), we deduce from Lemma 4.10 that

()2 Py
2

E e (Phy (1)) = — +o(7(1)?).

d
— Qi) (Wny (1)) = Eie(Pry (1)) = — +o(7(1)?).

dt

Since |7(t)| > |y|/2, it follows that, when P, < 0 (the case Py > 0 is analogous),

szj*
8

d
_Qx(y) (\Ifhy(t)) > — > 0;

dt

hence () (Why(?)) is unbounded as 7 goes to +00. However, by definition of 2,, we have by the
Cauchy—Schwarz inequality |Q2,,)(W)| < |U| g | Tellz < C(y) for U € O,. We have reached a
contradiction. The proof of Theorem 16 is complete. O
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5. The linear instability (0 < c. < ¢5)

5A. Proof of Theorem 13. Existence of at least one unstable eigenvalue. The proof of the existence
of at least one unstable eigenvalue relies on the Evans function technique, as in [Zumbrun 2008; Benzoni-
Gavage 2010b]. We shall actually use Theorem 1 in [Benzoni-Gavage 2010b] when observing (see, e.g.,
[Benzoni-Gavage 2010a]) that the Euler—Korteweg system

{ drp +20x(pu) =0,
deu + 2udxu — 35 (f(p) — dx(K(0)2p + 1K' (0)(9xp)2) = 0,

where K : (0, +00) — (0, +00) is the (smooth enough) capillarity, reduces to (2) (where, we recall,
U = Ael?, p= A% and u = 0,¢); namely,

(EK)

alp+2ax(pu) = 0’

82
Bt + 2udstt — x (£ () — ax( x(ﬁ)) —0,
NG
for the capillarity K(0) = 1/(20), as can be shown by straightforward computations. The associated
eigenvalue problem in the moving frame is

AL —cx0xE +2ax((”g + 1)U + Sux) =0,

AU — 5 0xU 4 20x (U5v) — dx (f'(r + 1%)0)
L (L) SR
iz V) 203

The link with the original eigenvalue problem (6) is done through the formula

w:U*(%+i/_;v), (28)

V=U., +y =0, +e'xtw(x) = (Ac, +em§(x)) exp(i¢c* +l'e/u/x U)-

—0o0

(27)

since this corresponds to

Notice indeed that the second equation in (27) gives fR vdx = 0. It then follows from Theorem 1 in
[Benzoni-Gavage 2010b] that, under the assumption (dP(U.)/dc)|c=c, > 0, there exists at least one
unstable eigenvalue yo € (0, +00).

Existence of at most one unstable eigenvalue. The fact that there exists at most one unstable eigenvalue
follows from arguments as in [Benzoni-Gavage et al. 2005, Appendix B] and is a direct consequence of
Theorem 3.1 in [Pego and Weinstein 1992], that we recall now.

Theorem 25 [Pego and Weinstein 1992]. Let § and & be two operators on a real Hilbert space X , with &
self-adjoint and $ skew-symmetric. Then, the number of eigenvalues, counting algebraic multiplicities, of
[$¥]c in the right half-plane {Re > 0} is less than or equal to the number of negative eigenvalues of &,
counting multiplicities.
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In order to apply this result to our problem, let us write the eigenvalue problem (27) under the form

H(0)=(0)2 ()

where J is the self-adjoint Sturm—Liouville operator

2( /42
M=)~ —s ai( ) + a"(z o +Z*2)
V2 T\NRZ ) 208 + e

(which is bounded from below) on % = L? x L? and with

¢ = M 2Uy — Cx
T\ 22Uy —cx 2(r3+77*) '
We are in the setting of Theorem 25 with $ = —d, ((1) (1)) skew-symmetric and & self-adjoint. We thus

show that & has at most one negative eigenvalue. Since rg + s« remains bounded away from zero, it is

clear that, for 0 < 0 and (¢, v) given, £(¢, v)! = o (¢, v)! if and only if
] 2
./(/tTé'—(L*z us)” 5 ¢ t=ot, with MF =
2(r0 + 1) 2(1‘0 +nx)—0

since we may express v in terms of ¢ with the second equation. We observe that the translation

(Cx —2u4)?

_ 29
2(V§+77*) %

invariance shows that 0 (7, ux)" belongs to the kernel of ¥; that is, using once again the relation
2ue = 20x¢e = cne /(e + rg), MT3,ns = 0. Furthermore, AT has the same continuous spectrum as its
constant coefficient limit as x — 00, namely

2 2
_L32+cs_c*.
27X 2
2r, 2ry

that is, cress(Jl/LT) = [c? — c,%, +00) C (0, +00), since 0 < cx < ¢5. Since dx N« has exactly one zero (at
x = 0), it follows from standard Sturm—Liouville theory that 1T has precisely one negative eigenvalue
u < 0 and that the second eigenvalue is 0. Taking the scalar product with (29) yields

o (cs —2u4)?E?
2(”3 + 77*)[2(”3 + 1) — 0]
Now, for s < 0, we consider the self-adjoint operator
(Cx —2uy)? s

2rg + %) 2(rE + 1) -5

dx = o|¢|I75-

(e, )2 — [R

M= uf —

Clearly, MZ:O = T, GCSS(JI/LI) C [¢2 —c2, +00) C (0, +00), and R_ > 5 > Jl/tj is decreasing. Let us
assume now that the self-adjoint operator & has at least two negative eigenvalues. Then, we denote
by 01 < 02 < 0 the two smallest eigenvalues of & (necessarily simple), and {;, {» two associated
eigenvectors. Since & is self-adjoint, ({1, {2);2 = 0. Furthermore, (Jl/t;r=alé‘1, l1)12 =01 ||§‘2||i2 <0
hence, by monotonicity, (.A/LIQ, {2)12 <0 for any o7 < s < 0. Therefore, /l/tz has at least one negative
eigenvalue for g1 <s <0. We denote by Anyin (s) the smallest eigenvalue of A/LI. Then, Anin(s =0)=u <0
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and A, decreases in [0, 0]. Moreover, we may choose a positive eigenvector g for the eigenvalue A1 (s),
with {; = {,. Since o (MT) N R4 = {u, 0}, it follows from the monotonicity that, for any o7 < s <0,
we have O'(./l/tj) NR_ = {Anin(s)}. When s = 0, € (01, 0), we then have o, € O'(./l/L;r=o-2) N R_, and thus
02 = Amin(02), which implies that we may choose ¢, > 0 without loss of generality. Similarly, if s = o7,
we see that we may choose ¢ > 0. We obtain a contradiction since then ({;, {2)72 > 0 and thus ¢; and ¢,
cannot be orthogonal in L2. We have thus shown that & has at most one negative eigenvalue, and then
Theorem 25 shows that $& has at most one eigenvalue in {Re > 0}, as wished.

5B. Resolvent and semigroup estimates (proof of Corollary 15). In this section, we drop the “x” for
the traveling wave we are considering. When linearizing the NLS equation in the moving frame with
speed ¢, we obtain

Oy
2 by + By + S (UP) + 29, 0) /(U U =0, (30)
or
9 (1#1) _ ( cdy =2f'([UPULU, =03 = f(IU]?) —2f'(|U|2)U22) (%)
or \v2)  \0Z+ f(UP)+2f (UPUE  cdx+2f'(IUP)ULU; V2
_ ( 0 1) (_8)26 —fAUP)=2f"(UPUT  —cdx=2f"(UP)U1U, ) (%)
-10 cdx =2f'(JUP)U1U, 03— fUUP) =2 (UPUF ) \y2 )
We wish to show that this linear equation can be solved using a continuous semigroup. In order to
handle later the nonlinear terms, we work in H ! (R, C?) instead of L?(R, C?). Therefore, we consider
the unbounded operator o : D(sd) = H3(R,C?) ¢ H'(R,C?) — H'(R,C?) on H!(R, C?) defined by

&d:( cdx =2f'(JUPYU1U, —3§—f(|U|2)—2f’(IU|2)U22)
SR+ SWUPY+2//(UPHUE cox+2f'(IUPULU, '

It follows easily that, for ¢ = (%) e H'(R,C?),

Re((AY V) i1 (r,c2))
=Re((-2/'(UPYU1 U2V 1. Y1) ey + (=2 (U P U1 U2, ¥2) i g )
+{LLAUP) + 2/ (U PYUR Y1 ¥2) ey — (AU + 21 (U YUY 2. ¥1) i o)
= K”W”iyl(R’@z)-

Moreover, the spectrum of s is included in the half-space {Re < 0¢}; hence s{ generates a continuous
semigroup e’*! on H!(R, C?).

In order to estimate the growth of the semigroup e’ on H!(R, C?), we could try to use the same
approach as [Di Menza and Gallo 2007], which relies on the proof of the spectral mapping theorem in
[Gesztesy et al. 2000]. However, our situation is slightly different since, in these studies, the reference
solution is real-valued (it is a bound state in [Gesztesy et al. 2000] and the kink in [Di Menza and Gallo
2007]). Therefore, U, = 0 and & has no diagonal term, and the system is much more decoupled than in
our situation. As a matter of fact, it is not very clear whether the arguments of [Gesztesy et al. 2000]
carry over to our problem. We thus have chosen to use the general approach given in Appendix B. We
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thus verify the assumptions of Theorem B.5 (see also Corollary B.6) there, which are easy: o generates
a semigroup in H (R, C?) and the spectrum of s is of the form iR U {—yg, +yo}, where iR is the
essential spectrum and *+yp two simple eigenvalues. Moreover, the eigenvector associated with yg
belongs to H3(R,C?) = D(J). Therefore, Theorem B.5 in Appendix B applies and the growth estimate
for the linearized problem follows. For the nonlinear instability result, we argue as for Corollary B.6 in
Appendix B, since the manifold 9t = {|U«|(- — y), y € R} is transverse to the curve 0 — |Ux + ow|
in 7o + H'(R). Indeed, it follows from (28) that |Ux + ow| = Ax + 6 + Op1(0?). Assume that
¢ = adx|Ux|, with & € R. Then, integration of the first equation of (27) provides

A(|Ux]| = r0) = cx0x |Us| + 2((rg + 15)v + usl) = 0;
hence, using that |Ux| = \/rg + 1% and the equality 2u, = cn*/(rg + 1x), we infer

|Ux| — 10 cxrd

v+l
reFne Ad+ )32

axn* :0

Since fR v = 0 and |Ux| — r¢ has constant sign in R, integrating over R then implies @ = 0, which
in turn yields { = v = 0 and w4« = 0, a contradiction. Consequently, ¢ & Rdy|Ux| and the manifold
M = {|U«|(- —y), y € R} is indeed transverse to the curve o — |Ux + ow| in ro + H(R).

6. Stability analysis for the kink (¢ = 0)

6A. Proof of Lemma 20. Let us recall that the momentum P (U,), for ¢ > 0, has the expression

e g
Pl =¢ /s RRAE Ve (®)

since sgn(&;) = —1. Therefore, we decompose P (U.) with two integrals:
0 EZ dé;' 0 52 ( 1 1 )
P(U,)= + - dg. (31)
o C/sc rg+E VVLE)E &) C/sc 7 E\VT® e )

Using the change of variables & = t£,, the second integral in (31) is equal to

0 2
3 t 1 B 1 )d
& /1 r(% +1éc (\/—o‘/c(téc) \/_ECOV,C(SC)([ —1) t

:(_rg)3/0 212 2( 1 B 1 )dt+0c—>o(1)
1 rg—1iry \/_OVO(—”(%) \/_4rgF(O)(t_l)

_ /0 LS ( L 1 )d§+0c—>0(1)-
2 i3+ E\ Vo) \/4F(0)($ +12)

The passage to the limit ¢ — 0 being justified by the dominated convergence theorem since the absolute
value of the integrand is < Kt for 0 < ¢ < 1/2 for small ¢ and for 1/2 <t <1, since & > —rg,
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rd +té > rg(1—1) and hence is equal to

_ 12 ) CVc(ti:c)_é‘-co‘ﬂc({fc)(l‘_ 1)
rog ke J=Ve(tke) V=ETLE) (= D[ V=V (&) + V=ETVLENE —1)]

< (1_t)2 K )
_K(l—l)«/l—tx/l—t\/l—t N €L ((1/2.1)).

Furthermore, letting £ = &, + (rg + £.)t2, t > 0, the first integral in (31) is equal to

VOO (6 4 (3 + £ 2di

Vrg + ke /0 422 NETAS)
2 { 4|: rg + 56i| 2(r2 —&c
= — —arctan o(ro +&¢)
Vi e T | L2 = Vgt
3
v e
rg + 2
Ho -+ 2+sc ré+&
by direct computation. Since &, >~ —rg is a simple zero of V¢ (£) = ¢? 4(r§ +&F (r0 + &), we have
2.4 2.4
o CPrg ety (15 f(0) 4 ,  c2rg
2 r0+4F(O)+4F(0)( FO) + 0c—0(c”) r°+4F(O)+ c—o0(c*);
thus 5 5
~V1(Ec) = 4F(0) + Oc—o(c?) and = —— +0c0(c).
i VIZHETE) e
As a consequence, the first integral in (31) is equal to
2 3 3 3 2 3
ro b4 { o 2r; o } roT 8rg
+ +0c0(c) = —— +0c—o(c).
JVE©) JF©O) 3/F() ¢ 3J/F(©)
Gathering these two relations, we obtain
PU,) r2n+c{ ( ! ! )dé}—i—o (c)
— —0 )
o 3\/F(o 3 18 +é VT0® VAFO)E 1) '

as wished.

6B. Proof of Theorem 23. Since we have a kink solution Uy for ¢ = 0, this implies that V'o(§) =
—4(rg + S)F(rg + &) is negative in (—rg, 0) and that —rg is a simple zero of V'g; that is, F(0) > 0. Then,
F >0in [0, r&) and

F(o) = (¢ /(4r§) (e —15)?

for o — rg, and it follows that there exists Ko > 0 such that

Fo)= KLO(Q—”O)Z
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We consider for & > 0 the quantity
Hmin(p) = inf{f7{(u), u €%, infg lu| = ,u}.
The study of Hnin(0) is easy.

Proposition 6.1. We have
Hmin(0) = E (Vo).

More precisely, for any U € %,

ro

EWU) > 4/f o VF(s?)ds and E(Up) = 4/0r0 VF(s%) ds.

Finally, if U € %, infg |U| = 0 and H(U) = E(Uy), then there exist y € R and 0 € R such that
U =eUo(- —y).

Proof. Taking Uy as a comparison map, we see that H,in(0) < E(Up). Moreover, if U € ¥ and
infg |U| = u > 0, we may assume, up to a translation, that ;& = |U|(0). Then, defining

G(@r)= Z/r VF(s?)ds,

we have the inequalities

—+o00 —+o00 +o00
/ |axU|2+F<|U|2>dxz/ |ax|U||2+F(|U|2)dxzz/ | VF(UD35|U]| dx
0 0 0

+o00 too
:/ 10 [GU)]| dx > '/ Ix[G(UN]dx
0 0

= |G(U|(+00)) = G(U|(0)| = |G(ro) — G(w)| =2 [ " JFGD) ds.
“w

Arguing similarly in (—oo0, 0), we get
ro
EWU) >4 / VF(s?)ds.
"

For the kink Uy, which is real-valued, we have the first integral |0xUp|?> = F (UOZ); hence, using the
change of variables s = Up(x),

E(Uy) =4 /0 - F(Ud)dx =4 /0 A VF(s?)ds.

If u =0, we have then E(U) > E(Uyp); hence H(U) > E(U) > E(Up) as wished.

Assume finally that U € % satisfies infg |[U| = 0 and H(U) = E(Up). Then p = 0 and all the above in-
equalities are equalities. In particular, we must have |0, U| = |0, |U || and equality in |0 |U | >+ F(|U |?) >
2|VF(|U|?)dx|U||, which means that [3|U|| = v/F(JU|?). Combining this ODE with the condi-
tion |U|(0) = 0, we see that |U| = |Uy|, since |Up| solves d,Uy = \/F(UOZ). Finally, the fact that

J’_
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|0, U| = |0x|U || implies that the phase is constant in (—oo, 0) and in (0, +00): there exist two constants
6 € R satisfying U(x) = e'%+|Up| (x) for £x > 0. Therefore, P(U) = r&(@.,. —6_) mod 2x rg, and then

29+—9_—T[

E(Up) = %(u) = E(Up) +2Mry sin >

implies 64+ — 6_ = 7w mod 27; that is, U = elf+ Uy in R, which is the desired result. O

We recall the expansion P(Us) = rgzr + 5Py + o(s) as s — 0, where Py = (dP(Us)/ds)|s=o-
From the Hamilton group relation dE(Us)/ds = sdP(Us)/ds, we also infer by integration E(Us) =
EUp) + %SZP() +0(s?). As a first step, we define the small parameter p« > 0. The key point is to prove
the following result.

Proposition 6.2. There exist some constant K > 0 and a small (1« > 0 such that, for any 0 < pt < [Lx,

w

K

Proof. Notice first that, for ¢ > 0 small, there exists U, traveling wave of speed ¢, and that infg |U,| =
Vrg 4 & with & a smooth function in ¢ such that £ = —rg +c?rg /(4F(0)) + 0(c*); hence infg |U,| =
crg /(2 \/W) +0 (c2) and is smooth. Therefore, there exists, for 0 < i < p« small, a unique oy, with
o =21 \/W / rg + 0(u?), such that yu = inf |Us,,|. In particular, taking Us,, as a comparison map
in Hmin(1), we have

Hmin(p) = inf{X(U), U € %, infg [u| = u} = E(Uo) +

, P(Us,)—rdm

Homin(1) <H(Us,) = E(Uy,) +2Mrg sin e
0

. .
o . ., 0u,Py+o(o

= E(Uo) + Py + 0(03) +2Mr sin? %2(”)
0

02 . .
= E(Up) + 7“(P0 +MP§) +0(c}).

In particular, it follows that, for some positive constant K and for @ small enough,
Hmin (1) < E(Uo) + K pi* < 5 E(Up). (32)
Consider now ¢ small, a bounded open interval (x—, x+) and 7 a solution to the Newton equation
2050 +V () =0

in (x_, x4), with 9x7(x4+) <0 < dxn(x_), n(x4) < —r2 + u2 and n(x-) < —r2 + u2. As ¢ — 0, V.
converges to Vo in %1([—;’3, 0]). Moreover, ¥y is negative in (—rg, 0) and has a simple zero at —rg.
Therefore, if ¢ and s > 0 are sufficiently small, we must have [} F(r + n)dx > 1 [ F(U?) dx.
Consequently, if v = Ae’® solves (TW,) on a bounded interval (x_, x), satisfies 20,9 = cn/ (rg +n)
(n=A>— rg) and if |v] is < s« at x4 and at x_, with dx|v|(x+) <0 < dx|v|(x-), then

/x+ |0xv]* + F(|v]?) dx = 2 E(Up). (33)
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Here, we use that the Newton equation on the modulus |V | actually holds true in (x—, x+). Since F >0 in
[0,72) and F (o) =~ r2(o—r2)* when o — rg, there exist K > 0 and k > 0 such that F(0) > (0—r2)?/K
for0<p < r2(1 + k)?. Hence, if infg |v| > p > 0, then

K
|P(v)| = —E(v). (34)
I
Moreover, arguing as in the proof of Proposition 6.1, we show that there exists » > 0 such that, if U € &
and |U | takes values < u4 and > ro(1 4 k), then
EU) > EUp)(1+ x).

In particular, since Hmin(1t) < E(Up) + O(u?), we may choose jix sufficiently small so that, if U € %
and H(U) < Hmin(i) + W, then |U| < ro(1 + «). This means that, for the mappings we are considering,
F(o) = (e—r3)*/K.

Step 1: Construction of a suitable minimizing sequence. There exists a sequence (V;),>0 in % such
that infr | Vi | = 10 = [V4](0), Vi = Ane'®, P(Vy) €[0, 772,

r2m — P(V,
2420 fp = cn(A2 —13),  cn = Mr2sin 0”—2(”) >0 and  lim H(Vy) = Humin (10)-
ro n—>+oo

Since 4 > 0, the maps V' we consider may be lifted to V = Ae'?. Therefore (with u = d,¢),

A2_ dx — 2
ﬂ{min(,u):inf{ / (axA)2+F(A2)dx+inf{ / A2u2 dx +2M 1 sin? Ja r‘;)” T
R R ro

ue L3R, [R)}, Aero+ H R, R), infg A = u}. (35)

The infimum in ¥ may be written
P—To

o

inf inf{ / A%u? dx 4+ 2M r§ sin*
PER R

€ L*(R,R) s.t./(Az—rO)u dx = }
R

For each p € R, we minimize in u a quadratic functional on an affine hyperplane, with minimizer given

by
(A2_r _1A2—l’2
Up =p (/ 0 dx AZO'

As a consequence, the infimum in u in (35) is

.2 A2 -1 2
inf |:/ Azuf, dx+2Mrgv sin? W} = 1nf[ (/ ( dx) +2M rg sin? p Jrzro ]
PER| JR 2ry DPER 2ry

It is clear that this last infimum is achieved only for p inside [—nrg, —HTrg]. Indeed, the second
term is 2 rO -periodic, and, if p > nroz, then p — 21 ro2 is a better competitor. Moreover, the function
p=sin?((p— r 2)/ (2r§)) is continuous and even; hence we may consider some p € [0, JTFO] (depending
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on A), which is a minimizer for this last infimum. The corresponding u, is then a minimizer for the
infimum in u in (35). Writing that

d 2 (Az—rg)2 -1 4 .2 p—nrg
%[p (/Rde +2Mry sin 52

0
A2 _ y2)2 -1 2
:ZP([ﬂdx) +2Mr§sinp2’”0 —0,
R

2 2
A o

we deduce the relations
p—nrg
2
Ty

242y = ¢(A? —rg), c= Mrg sin

We conclude by considering a minimizing sequence (A4,) in (35), and translating in space so that

Since F > 0in R4, we have
[ 10sval? dx <301 < BEW)

for n large. Therefore, by the compact Sobolev embedding H!([—R, +R]) — L*®°([-R, +R]), we may
assume, up to a possible subsequence, that there exists V' € ngc([R) such that, forany R > 0, V;; — V in
H'([-R,+R]) and V,, — V uniformly on [—R, + R]. Moreover, by lower semicontinuity and Fatou’s
lemma, E(V) <lim,_ ,,  E(V,). Since |V;,| > n > 0 in R, we have [V| > p > 0 in R and thus a
lifting V = Ae’?. Furthermore, infg A, = it = |V,,|(0); hence infg A = & = |V |(0). We also know that
P(Vy) €]0, rgﬂ] for all n; hence we may assume, up to another subsequence, that P(V},) converges to
some Poo € [0, rgr]. We also set

) . Peo—mr?
c= lim cn=Mrgsm—20
n—-+o0o ro

In view of Step 1, and the convergence A, — A uniformly on any compact interval [—R, 4+ R], it follows
that
24205 = c(A* —13) and Ox¢y — 0xp in LO(R). (36)

Note that .
/ 10xV|* + E(|V|2 —r3)?dx < E(V) < +o0;
R
hence |V| — rp at £oo. In particular, there exist —oo < R— <0 < R4 < 400 such that [V| > u in
(=00, R_) and in (R4, 400) and |V |(R1) = u.
Step 2. There exist —oo < z_— <0 < z4 < 400 such that
Ax)=Ac(x—R4++z4) for x> Ry and A(x)=Ac(x—R_+4z_) for x < R_.

We work for x > R, the other case being similar. We consider y € 6L((R4+, +00),C), ¢ € R small such
that V! = v, + 1y satisfies |V| > p in (R4, 4+00). This is possible since infgypp(y) |Vu| > p. Then,
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|V!| > win R and |V;[|(0) = p; hence V! is then a comparison map for Hmin (1), and, in view of the
equality P(V,() = P(Va) + 2t [§°°(i0xVa|x) dx +0(t), it follows that

Homin(12) < H (V)

o
:g{min(ﬂ)+0n—>+oo(1)+2t/ (0x Vi, Ox x) dx+t2/ |0x 217 dx
Ry Ry

+oo P(Vn)—m*g /+°°

+o0 +

—2t FUVal®{Vu, x) dx + Mt sin 5 (i0x Vi, x) dx + 01 50(22).

Ry "o R

Letting n — 400 and using the weak and strong convergences for V;,, we infer

+oo +oo
0521‘/ (0xV, 0y x) dx — 2t FAVIPNV, x) dx

R4 R4 )

r +o00
— Mt sin -2

_P
T~ T ((0xV, 1) dx + 00 (t2).

2ry Ry

Dividing by ¢ # 0 and letting t — 0" and then r — 0™, we deduce that V solves (TW,) in (R4, +00)
and V has finite energy. Moreover, |V |(R+) = p is small; thus V = e+ U (- —Ry +2z4) in (R4, +00)
for some constants z4 and 64, and the speed ¢ is such that infg A, = v/ rg + & <u;hencec <o(u) <Kpu.
Since | V| has finite energy in R and solves (TW,) in (R4, +00), V is €! in [R5, +00). Moreover, |V |
reaches a minimum at x = R ; thus we must have 3} |V |(R4) > 0, which imposes z4+ > 0. Note that, A,
being even, it is possible to translate V' so that R = R4y = —R_ and z = z; = —z_. Observe that
W= Ac(z) = Ap(z); hence z < K. This yields

[ Ve FQvyax = [ U+ FOUP) dy = EQ0 K. 6D
lx|=R Ix|=z
In particular, we deduce from (32)
2RFGD) < [ VP FVP) dx < Ky
Ix|<R
hence R < Ku for u small (F(0) > 0).
Step 3. We prove that A = pin (R—, R4+) = (—R, +R).

Indeed, if it is not the case, there exists a bounded interval (x—, x4 ) such that A = |V| > win (x—, x4)
and |V |(x+) = u, with 0|V |(x4) < 0 < 94|V |(x=). Therefore, we can make perturbations of the
amplitude A, localized in (x_, x+). Hence, arguing as in Step 2, we see that, then, V' solves (TW,) in
(x—, x4), with 2420, ¢ = c(A? —rg) and |V |(xx) = i, 0x|V|(x4+) <0 < 35|V |(x=). We then are in
position to apply (33), yielding

Xy
/ 9,V P+ F(V?) dx = LE(Uy).
X—
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but the combination with (37) provides

x4
U E(Ug) = Honin(1) = / 9,V + F(VP) dx + /

|x|>

10,V + F(|V|?) dx
R

> LE(Uo) + E(Up) — Kjuw = 3E(Uo) — K i,
which is not possible if w4 is sufficiently small.
Step 4. We have R =0 or (z =0 and ¢ = oy).
Indeed, assume R > 0, and consider ¢ € 61((0, +00),R), { >0, > 0and V! = (4, + 1&)el®n so
that | V| = A, + 1 > in R. Since R > 0, we actually have infg |V,}| = w and V! is a comparison map
for Hmin(t). Arguing as before, we thus have

+oo +o00

SKmin(“) = 37{(Vnt) = 37{Inin(/L) + 0n—>+oo(l) + 2t / a)cAn axé‘ dx + ZZ / (3x§)2 dx
0 0

+00 +o00 +o0
w2 [ At s+ [ R0t ax—21 [ DA dx

P(V,)—r2nr (R
+ Mt sin (")—20 / 2A4,80xdn dx + 0;0(12).
0

T
0
By (36), we may pass to the limit as # — 400 in all the terms and deduce

+o0 400 400 400
0<2t / A A C dx+21 [ AL (3xp)? dx—2t f(A®) At dx—2ct f ALdxp dx+0,0(t2).
0 0 0 0

At this stage, we see the relevance of taking a minimizing sequence as chosen in Step 1, since it allows us
to pass to the limit in the nonlinear terms involving dx¢,. As a consequence, using (36),
2 (A2 _ 22
2 2 e (A% —r 0)
in the distributional sense in (0, +-00). The term —Af(A?) + ;c*(A% — rg)?/A? is continuous in R.
However, since A(x) = u for 0 < x < R and A(x) = Ac(x — R + z) for x > R, we infer —324 =
—0xAc(z)8x=R plus a piecewise continuous function in the distributional sense in (0, +00). Since
dxAc(z) > 0 (recall that z > 0), this forces dx A.(z) = 0; that is, z = 0. Consequently, u = |V|(R) =
A(R) = A¢(z) = Ac(0) and then ¢ = oy,.
In the next step, we take into account the loss in the weak convergence V,, — V.

Step 5. There exists K > 0 such that

P
Ey > —ﬁ, where Ey = lim E(V,)—E(V)>0, Py= lim P(Vy)—P(V)= P— P(V).
K n—+o0o n—>+00
Let € > 0 be fixed but small, and pick some X > 0 large so that

‘E(V)— 105V |* + F(IV|?) dx
[x|<X

<e, 'P(V)— (A2 —rPyudx| <e.
[x|<X
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We claim that there exists some small i > 0, independent of ¢, such that |V, | > i for |[x| > X and n
large. Indeed, otherwise, we may argue as in Step 3 and show, as in the beginning of the proof there, that
fleX [0x V|2 4+ F(|Vy|?) dx > %E(Uo). This is not possible since

2ZEUy) = lim E(Vn)z%E(UO)+/ 10,V |*+ F(IV|*)dx = 3EUo) + E(V) —e,
n—+oo |x|<X

and E(V) is close to E(Up) as i — 0. Therefore, as for (34),

/| |>X(Afl —rd)uy dx
x|

K
< T/ 105V |? + F(|Vu|?) dx.
[x|=X

n
Consequently,
E(Vy)—E(V)
z/ |axvn|2+F(|vn|2)dx—/ |axV|2+F(|V|2)dx+/ 192Vl + F(Va?) dx — e
[x|<X |x|<X [x]=X
z/ |axvn|2+F(|Vn|2)dx—/ |axV|2+F(|V|2)dx+ﬁ/ (A2 —r2)up dx| —e.
Ix|<X lx|<X K|Jixi=x

Passing to the liminf and using the weak convergence in [—X, + X ], we infer

lim E(V»—E(V)z% lim —e.

n—+o00 n——+o0o

P(Vn)—/ (A,Z,—rg)un dx
|x|<X
However, (36) implies

/ (A,21 — rg)un dx — (A2 — rg)u dx,
[x|<X |x|<X

so that

Ey > %‘Poo—[ |<X(A2—r§)u dx
x|<

H i Q

Letting € — 0, the conclusion follows.

Step 6. There exists K > 0 such that, if R > 0, then

MZ
i7{min(lbc) = E(UO) + ?

We recall the expansion P(Us) = rgzr + 5Py + o(s) as s — 0, where Py = (dP(Us)/ds)|s=o-

From the Hamilton group relation dE(Us)/ds = sdP(Us)/ds, we also infer by integration E(Us) =

E(Uy) + %52 Py + 0(s2). On the other hand, by definition of ¢,
y P(Vn) —rdm P(Vy)— rgni|

2
o

4 .
2Mry sin >

=Mr3|:1—cos
"o

P(Vy)—r 2
:Mr3[1—\/1—sin2M]ZMr§[1— - cn}
"o
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for n large. Here, we have used that M ¢, = sin((rgfr — P(V,,))/rg) — Mc € [0, K i«] (cf. Step 2); thus
cos((rgn —P(Vn)/ rg) > 0, for, otherwise, we would have, by Proposition 6.1,

P(Vy)—r2 2

H(Vy) = E(Vy) + 2M ré sin? % > E(Up)— K+ Mr§[1 a1 ;4"2]
r
0

> E(Uo) — K s+ 2Mrg +0(13),

but this contradicts (32) if p« is sufficiently small.
We assume R > 0, so that, by Step 4, z =0 and ¢ = 0;,. We recall 0, = 2/14/F(0)/l’3 +0(u?) ~
21/ F(O)/rg. By definition of Ey, one has

c? P(Vy)—rénm
E +E(V)+Mr4[1—,/1——}5 lim E(V,)+ lim 2Mrdsin? — 2107
F 0 M?2 n—+o00 " —>+o0 0 2”3

= lim H (Vi) = Hmin(w)

n—+00

since (V) is minimizing for Hnin (). Moreover, from the expression of V', we have (for R > 0)

o3~ 03—
wor

E(V) = E(Uy,) +2R[ v

+ F(;ﬁ)} and P(V)= P(Us,)+ Roy

Furthermore, we have Py = Poo — P(V) and ¢ = Mrd sin((rén — Peo)/rd) with Po € [0, r37] and
cos((rgn — Poo)/rg) > 0; thus

2 ,2)2
Pﬁ:POO—P(V):rgn—rgarcsin(Mc M.

o

Combining this with the expansions of E(Uy) and P(Uy) gives

2 / 2 20,2 ,,2)2
o; . o o (rg—u”)
® 2 © "o 2
Homin() > E(Uo)+Eﬁ+7P0+o(oM)+M|:l— 1——2:|+2R|:4— ”2+F(M )]

1
>E(Uo)+| ﬁl 2 |:P0+M}+O(M2)+4RF(O)
o2r. 1
"
R poa
+ > [ 0+M]

K
) (,,2 MZ)Z
> E(Uo)+— o arcs1n(aﬂ/(Mr0))+aMPo—l-RaM——l-o(aM)
+o(u?)+4RF(0)

1oy . (rg—/xz)2

2
I P+1 +0(u?)+4RF(0)
0 s o\

(rg To —u?)? 2 1 2
> E(U, P R———— |+ Py 4RF(0 .
( 0)+ 0+M+ 2 2 ot | T4RF(0)+o(u%)
The right-hand side is a continuous piecewise affine function of R (the “0” does not depend on R).

Since 0, (r3 — 12)2/(Ku?) = 1/ > 4F(0) and Py + 1/M <0 (since M > — P! by hypothesis), it
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follows that the right-hand side is a function of R which is decreasing in [0, Ro(1t)] and increasing in
[Ro(w), +00), with

1 Iu2 X 1 MZ
R =—|P ——— ~—| P — |— >0.
o(pn) = ( o + )(ro ) ( o + M) 2

Therefore, using once again that oﬁ ~ 42 F(0)/ "o’
2

oul - 1 2
Hmin(1) = E(Uo) + 7[1’0 + M] +4Ro () F(0) +o(n”)

1 ]2M2F(0) ~ [P0+i]4M2F(O)

= E(Up) + [PO + = +o(u?)

M rg M o
— E(Uo)—u r(fo) [Po+ M} Fo(ud).

In view of our hypothesis Py + 1/M < 0, we infer that
2
Smin(1) = E(Uo) + -
for p+ sufficiently small and some positive constant K, as wished. If the assumption Po+1/M <0is
not satisfied, but, if PO + 1/M > 0 for instance, then the function of R above is increasing in [0, +00),
with minimum value achieved at R = 0 and equal to
2

2
E(Uo)+%[150+ ! ]—i—o(,uz)—E(U )+2'ur—F(0)|:P + ]\14} +0(;L2)2E(Uo)+ﬁ.

M 0 K
We then would have concluded a stronger estimate, which is actually in contradiction with (32); hence
we are necessarily in the case R > 0. The assumption Py + 1/M < 0 is however crucial for the last step.
Step 7. We assume Py + 1/M < 0. Then, for uu4 sufficiently small, the case R = 0 does not occur.

We argue in a similar way, but, since R = 0, the expressions for E(V') and P (V) are given by

z Z . (r2_A2)2
E(V)= E(Uc)—4/ F(Uc)*)dx and P(V)= P(UC)—2/ ——0 <y,
Here, we have used that |3, U,|?> = F(|U,|?) since U, solves (TW,). Combining this here again with the

expansions of E(U,) and P(U,) gives, using that 0 <c¢ < Kp,

2 . 2 z
%min(,u)zE(UO)+Eﬁ+C—Po+0(cz)+M|:1—‘/ 1—%}—4/ F(|U:|?) dx
0

>E(UO)+| Pel [P0+ 1] —4zF(0)+0(u2)

z (12 42)2
%dx—l—o(c)

CZP+
T

> E(Uo)—i-% arcsin(c/M)+c PO—C/O ! :|+0(u2)—4zF(O).
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Following the lines of the proof of Lemma 20, we have

(rg _A%)z u? 5
c ————=" dx = 2arctan +0 . (38)

Indeed, noticing that A, = O(w) in [0, z] with z < K u, we write, expanding the square,
(rg o =4~ A2)2 ‘g 2 ?rg
/ dx = A A—%—Z%—Acabc=/0 A—gdx+@(u).
Then, using the change of variable & = 7. (x),

N B I
= +0
/ = [ Grpym oW

Mz_ro rg
_[C (12 +8)/~V.(E)E—E) “

+/M s 2r4 ( 1 B 1 )d§+@(u)
c (ro +£) \/—°Vc(§) \/_CV/c(éc)(é_fc)

2 arct e ) (39)
— — arctan — s
¢ rg + & 8

by computations similar to those for the proof of Lemma 20. This proves (38). Therefore,

Pot+ | “2aret K 1+o(c)|+
c — Zarctan — o(c
"M rd+é&

By (32), the left-hand side is < E(Up) + K/,Lz. Since Po +1/M <0,c<Ku,z<Kuand F(0) >0,
this implies

Hinin (1)
1
> E(Up) + X

2
¢ [P0+Mi|+o(u2)—4zF(0). (40)

|:P0 + — | —2arctan , / + o(c)| < Ku;
thus
arctan —1=<Ku,
and, finally, for w4 small enough,
0< 2“2 — 1<K
ry + &

Combining this with the equality rg +é& =c r(‘)‘ /(4F(0)) + O(c*) seen during the proof of Lemma 20,

we infer

2 F
= 2O Lo,

o
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In particular, going back to (39) and since, for 0 < x < z,

rg +& = A2(0) < A2(x) < A%(z) = p?,

4 z .4 2
zrg / ro 2 | K Kp
-0 < — < Zarctan —1+0(w)=—+Kpu=K,
u? 0 A% ¢ rg‘f’éc ¢

which provides (since ¢ &~ 1)

this implies

z < Ku?.

Inserting this into (40) and keeping in mind that the left-hand side is < E(Up) + K 2, we deduce

[P + 1} 2 arct B — o
C 0 — | — Z arctan —1 =0 .
M r02+§0 H

However, since arctan \/ w2/ (rg +&.)—1 >0, this gives

=)

<c| Po+ —
o(u)_c[ ot o .

0

yielding a contradiction for small p since we have Po+1/M <0 by assumption. Therefore, the case
R = 0 does not occur for sufficiently small p4. If we had Py+1 /M > 0, we would not have been able
to show that Hin (1) gives a control on p.

The proof of Proposition 6.2 is complete. |

Proof of Theorem 23. Let U € V. If u = infg |U| > 0, then Proposition 6.2 gives H(U) >
EUy) + n?/K > E(Uy) = H(Up). If infg |U| = 0, we deduce from Proposition 6.1 that J#(U) >
EUy) +2Mr6‘ sin? ((P(UV) —nrg)rg). Hence H(U) > E(Uyp) except if X(U) = E(Up). From the study
of the equality case in Proposition 6.1, it follows that U € {/?Uy(- —y), y € R, 6 € R}, as claimed. O

6C. Proof of Theorem 24. As a first step, we shall need a quantified version of Proposition 6.1.
Proposition 6.3. There exist €9 > 0 and K > 0, depending only on f, such that, for any U € % verifying
HU)—EWUp) <€y and i%ﬂUleo,

we have

. 1/4
inf dy (U, e Us(- — y)) < K(%(U) — E(Uo) + inf|U|) .
YeR R
OeR

Proof. First, we translate the problem in space so that 4 = infg |U| = |U|(0) and shall choose the phase
factor later. We follow the lines of the proof of Proposition 6.1 and actually get (writing U = Ae'? locally
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in (U] > 0})
+o0
| U+ QU Py as
0
+o00 » ) +o0 5 )
=/0 1050 A2(0x4) dx+/0 10:1U1 > + F(UP) dx
400 » ) 400 2 400
= | o ax+ [ [VEQUR = faxiul[] dx+2 [ [VEUPLIU | dx
+o0 +oo 2 ro
3/0 1|U|>0A2(8x¢)2dx+/0 [\/F(|U|2)—\8X|U||] dx+2/ VF(s?)ds.
“w

Arguing similarly in (—o0, 0), we get
2 Iz
EU)= EU + [ Vop-0A?(0s0)? dx + [ [VFQUPY = 10,1011] dx—4 [ VFGds. an
R R 0
The gradient of the phase is controlled using (41). We shall now estimate the modulus part. Let us define

A=|U| and
h=0xA—+F(A?),
for which we have, by (41),

o
1412y = EQW) = EUo) +4 | VFG? ds < EQ) = EW) + K. “2)

Recall that Uy satisfies (0xUp)? = F(UOZ) in R; hence 0, Uy = \/F(UOZ) in Ry. Setting ® = A —|Up|,
we infer

0x0 = VF(A%) — VF(U2)+h in Ry.

We set, for x > 0,

Uo(x) f(Ug (x))8 .

VF(Ug (x))

Since Uy satisfies 02Uo + Up(x) f(UZ(x)) = 0 and 95Uy = vF(UZ(x)) in Ry, it follows that

G(x,8) = VF((Uo(x) + 6)*) = VF (UG (x)) +

d2Up(x) 0

ax Uo (x )

Moreover, by the Taylor expansion, we infer the existence of K > 0 and 6y > 0 such that, for |0| < 6,
X € R+,

G(x,0) = VF((Up(x) + 0)?) — VF(UZ(x)) —

|G(x,0)| < K62
The estimate is clearly uniform in view of the exponential decay of d, Uy at infinity. Therefore,

_ 03Uo(x)

ax@ B 8xUO(x)

O+ G(x,0)+ h(x). (43)
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We view this ODE as a linear ODE with source term G(x, ®(x)) + h(x). Since d,Up solves the
homogeneous equation, we infer, from Duhamel’s formula and the fact that ®(0) = A(0) — Up(0) =
|U(0)| = u, that, for x > 0,

¥ G(z,0(2)) + h(z)
0xUo(z2)

O = i+ 0:Uo(x) | . )
0

We shall prove that this equation implies that, if 44 and ||2]| 2@, ) are sufficiently small, then

1OllL2@®y) = KAl 2@y + 1) (45)

We assume u < 8p/2. Note that, since Uy is a kink, we have the decays given in Proposition 2. Hence,
there exist two positive constants K; and K5 such that

—Cg X

< 0yUp(x) < Kre™™* forall x € Ry.
In particular, if |@(x)| < 8y in the interval [0, R], then (44) implies, for x € [0, R],
X
O(X)| < p+ Ky Kae &F /0 e“Z[K|1O| oo (o, R |O(2)| + || (2)] dz

KKK
<p4 12

K1 K>
1©11Z 0 g0, 7)) + ﬁllhllm(m)

by the Cauchy-Schwarz inequality. We thus choose |[h[|z2® ) + @ sufficiently small so that

K1K2 ~ . Cs
4 h <@y = Op, —— .
(“+ m” ”LZ(R)) =70 mm; 0 2KK1K2}

Then, we consider the set & of all R > 0 such that |®(x)| < fo in the interval [0, R]. Since ©® € H(R, C)
is continuous by the Sobolev embedding and |@(0)| = u < 6, R # @ and is closed in R’} . Moreover,
the above estimate shows that, for R € R,

Kle Ki1K>
®llLeo(o,r) < 1+ ||®||Loo([0 R T —F— e [IAVETCINY
which gives
KK K> ) KK,
1612 qo.10 [Oleqo ) <+ A
and then ~
OllLes <2l p+—=|h < - <bo. 46
1Ol oo (fo,R)) < [/H TS [ ||L2([R)i| == <f (46)

Consequently, % is open in R’ . By connexity, ® = R, proving (45). In what follows, we assume
Ihll2@y) + 1 is sufficiently small so that [|©]| e < fo; thus |G(x,®)| < KOZ2. In particular,

X
1Ox)| < 1+ K1K2 [0 e s OTA[K O] Loo(qo.r) O (2)] + ](2)] dz
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For R > 0 to be determined later, we then deduce from classical convolution estimates that
1©llz2¢0,r]) = #V R+ K3|®ll Lo ) Ol 20,7)) + K3l All L2y )-

Imposing that [|A(|z2@, ) + p be smaller if necessary, we may assume that

K3[Oloomy) < KsK (1Al 2@y ) + 1) < 3
so that we get

1012 (0. 57 < Ka(uvR + 121l L2®,))-
Reporting this into (43) provides
”8x®”iz([0,R]) = KS(MZR + ”h”i2(R+))
Arguing similarly in [~ R, 0] and using (42), we obtain an H ! estimate for ® in [-R, R]:
10171 (g &) = K6(E(U) = E(Uo) + u? R+ ).

We now turn to the estimate in {|x| > R}. For that purpose, we write

/| |>R(8x|U|)2—|—%(|U|2—r§ zdxfE(U)—E(Uo)—i—/

|x|>

(0xUo)*+F(UG) dx
R
—/ (8x|U||)2+F(|U|2)dx+/ (0xUo)*+F(Uy) dx
Ix|<R Ix]<R
Since Uy decays exponentially (see Proposition 2), it follows that
/ 10,Uo|? + F(UY) dx < Ke R,
Ix|>=R
Furthermore, by integration by parts,

_ / @x|UD*+F(U?) dx+ /
|x|<R

|x|<

(0xUo)>+F(UZ) dx
R

=— / 20, Updx®—2U, f(U)® dx— /
[x|<R

|x|<

< Ke Ry K(E(U)—E(Uo)+1* R+11).

1389

(47)

. (48)

(0x0) >+ F([Up+8)*)—F(US)—2Uo F'(UZ)O dx
R

</|| R2®[8§U0+U0f(U02)] dx—20(+R)3xUp(+R)+20(=R)3xUo(—R)+KI®lI31 (_g 1))
x|=

For the second-to-last line, we have used that 6 — F([Ug + 0]?) — F(UOZ) —2Uy F/(UOZ)Q is 0(6?) as
6 — 0 and, for the last line, that Uy solves 8)26 Uo+Up f (Uoz) = 0, the exponential decay of d, Uy and
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the uniform bound on ®. Reporting these estimates into (48) provides

2 —
1915 xRy = /
x|

szfll @lU1 + @xlUo)? + (U] = r)* + (o] =ro)? d
X|=

R(3x|U| —dx|Uol)? + (IU] = Uo|)? dx
=

<K[E(U)—EUp) +e R4+ 2R+ .
Combining this with (47), we deduce that, for any R > 0, we have
191131 @y = KIEWU) = E(Uo) +eF + p?R+ p].
We then choose R = = !if 4 >0 or R — +o0 if © =0, and get
1Ol @) < KV EU)— E(Up) + p.

Notice that, if f’ < 0 everywhere, then we may give a quick proof of the above estimate, since, using

here again integration by parts and that 8)26 Uo+Up f(U 3) = 0, we may deduce that

+00

E(U)= E(Un) = ~4uisUo@ + [ 020 dx+ [ F(Uo+©)) = F(UD) 2000 F (U3) d.

and, since [/ <0, F((Uo + 6)?) — F(U$) —2Uo0F"(U$) > 6%/ K by the Taylor expansion, providing
the desired H! bound on ©.
Observe now that

H(U) - EW0) = EU) - EU) = [ Li-ol40:9P dx;
hence §
10xU — 0xUsll 2y = 19x(|Uo| + ©)e'®1iyy150 + i Ly =0 A0xpe’® — 0x Ul L2
< 1"’ 1y 1500 [Uo| — 3xUollz2 gy + 1ju1>040x9ll 2wy + 1Ol 2wy
< [l€"* 11y |>00x|Uo| — 3xUoll 2wy + K[H(U) — E(Uo) + u]'/2. (49)

We distinguish now the cases © = 0 and i > 0, and begin with the assumption @ > 0. Then, we have a
global lifting U = Ae'?® and

dx (U, Up) = 10U — 0xUsll L2y + 11U — Ul ll 2wy + [U(0) — Up(0)]
= [0xU — 3xUoll2@my + 1Ol L2y + 1
< [le®dx|Uol — 3xUoll L2y + K[H(U) — E(Uo) + p] /2.

Now, we notice that

e8| Uo| — x Uol|3 2y = 2 /R[(awi2 —0xUodx|Uo| cos ¢ | dx

+o0 0
=2/ (0,Up)*(1 —cos ¢) a’x+2/ (0xUp)*(1 +cosp)dx  (50)
0 —0o0
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and that
» BWU) -

3 (P(U) —rdn mod 27 rd)>. (51)
Fo

HWU)—EUy) = 2Mr0 sin

We define § = (H(U) — E(Up) + 1)'/*. By the Cauchy—Schwarz inequality, we have

K 1/2 1/2
/ (A2 =rd)orp dx| < ———— ( / (A% —rd)? dx) ( / (Adx)? dx)
|x|>8 infly>5 A\ Jix|>5 |x|>8

(E(U)— E(Uo) + )"/,

S
infy>s A

Inserting this into (51) gives

(E(U)—E(Uo)+n)" 2}

‘ / (A2—rd)dx¢p dx—r2m mod 2772 SK[(af(U)—E(UO))1/2+
|x|<8

infl =5 A

In addition, by the Cauchy—Schwarz inequality,

‘ /| A0 x| = VB s D)~ E o)+ )"

Consequently,
r§‘¢(+8) —¢(—=6) —m mod 27r‘

< / (A2—r§)8x¢ dx—rgn mod2nr§ +«/ﬁ(sup|x|<3 A)(%(U)—E(Uo)—i—,ud)l/2
lx|<é h

1/2

V28 (sup i< A)](?ff(v) E(Uo) + 1) (52)

|: K
e
infx>s A

From our choice § = (H(U) — E (Up) + 1)'/* <« 1 and since 1Ol Loor) < K(H(U)— E(Up) + w2 =
0(8?), we infer infiy>5 A > infjy>5 |Uo| — |®| Loy > §/K. Similarly, we have sup|yj<s A <
sup|x|<s |Uo| + [|®]|Loow) < K. Reporting this into (52) yields

‘¢(+5) —¢(—6) —m mod 271! < KS§.

We now freeze the gauge invariance by imposing ¢(+8) = 0. Note that then ¢(—38) = 7 + O(3).
Furthermore, since ¢(+38) = 0,

K K
)2 dx < ———— A%(05¢)? dx < —=8* = K§2,
[|x|>8( x9)"d (lnf|x|>8 A)? Jix>s x9) 82
which implies, for x > §,

|1 —cos¢(x)| <|1—cosp(0)] + ‘/Sx dypsing| < K8/x
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and, similarly, since cos ¢(—8) = cos(r + 0(8)) = —1 4+ 0(8?), for x < -8,

11 4-cos p(x)] < K8+/]x].

We turn back to (50) and infer

) +o00 -3
||e’¢ax|UO|—axU0||iz(R) < K8+2/ (0,Up)*(1 —cos ¢p) dx + 2 (0,Uo)*(1 + cos ¢) dx
§

—00
< K§+ K5/(8xU0)2\/|x| dx = K§.
R
Inserting these estimates in (49), it follows that
dx (U, Up) < K.

We now turn to the case = 0. Without loss of generality, we may assume that |U| > 0 in (—o0, 0)
(since |U| — ro > 0 at +00), and let £ > 0 be such that [U|({) =0 and |U| > 0 in (£, +00). We first
estimate £ by writing that

1/2 _

[Uol(0) = U[() +OX) = O(¢) = O] Lo < K(H(U) — E(Up) + 1) K§8?;

thus £ < K§2. Moreover, we have two local liftings U = Ae'%+ in [£, 400) and U = Ae'?- in (—o00, 0).
Going back to (49), we then deduce
dx (U, Up)
< [|e"=0x|Us| — 8xUsl|2(~o0,0) + l'*+ x| Uo| = 3ol 2(¢, 00y + K8 + K[H(U) — E(Uo)]'/2.
Arguing as for the case u > 0, we obtain |[U| = A > 6/K in [£ 4+ 8, +00) and in (—oo, —§). By definition
of 3, we have
£+6 +00 -6
BO= [ U0 [t derrdon 9+ [ A riingodx-rig(-9)
- + —00
in R/(2mw r&Z); hence the same arguments as in the case p > 0 provide
|+ (£ +8) — Py (—8) — 7 mod 27| < K§,

since the integral ff;g (iU]3,U) is bounded by K+/8 by the Cauchy—Schwarz inequality. Imposing
¢4 (£ 4+ 8) for the gauge invariance, we infer 1 —cos(¢4 (£ +8)) = 0 and ¢4 (—8) = 7 +0(+/§) mod 27;
hence 1 + cos(¢—(—38)) = 0(§). Therefore, we conclude as before that

dx(U,Up) < K3,
which finishes the proof of the proposition. O

In order to prove Theorem 24, we use Proposition 6.2, which provides

H(U) = E(Us) + (infe U]
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thus
= iﬁf|U| < KVHU) - EUy).

Inserting this bound in Proposition 6.3 then gives

dy (U, Up) < K[H(U) — E(Up) + K VEU) — E(Up)|"'* < K Y/3H(U) — E(Uy),

and the proof is complete.

7. About the stability analysis for the sonic waves (¢ = cy)

We have left aside in our study the case of the sonic waves (¢ = ¢), but would like to say a few words on
the difficulties associated with this critical case.

We note that, if there exists a sonic nontrivial traveling wave, it does not vanish; hence we may use
the hydrodynamical formulation (15) of (NLS) as in [Lin 2002]. The point is that the Sturm—Liouville
operator (see [Lin 2002, Section 4])

I 8( 1 8)+ )
=————— X),
dx \ 4(rg —n) d0x 1
2,4

_ @m? 9 n N Loa o €T
61(x)—4(r§_77)3 ax(4(rg_n)2) 5/ (g =) P

has, by Weyl’s theorem, essential spectrum oes(L) = [0, +00) when ¢ = ¢;. Indeed, we know

with

from Proposition 2 that 7, and its derivatives tend to zero at infinity; hence, as x — Fo00, g(x) —
—11'tr2)—c?/(4r2) = 0 since ¢2 = 2 = =272 f'(r2). Therefore, there does not exist § > 0 such that
(Hp, p) = 8| p||? for any p orthogonal to the subspace spanned by the negative and the zero eigenvalue,
and thus the Grillakis—Shatah—Strauss theory does not apply.
In the case (dP/dc)|.=, <0, where it is natural to expect stability, a natural thing would be to try to
work with the functional

M
W) =EW) - PY) + - (P(Y) - P(U))?

and to follow the lines of the proof of Theorem 23. Indeed, the spectral analysis shall not give positive
definiteness of the Hessian due to presence of essential spectrum down to 0. Therefore, we may study &
at fixed p = infg [{| close to infg |Uc|. When 0 < ¢cx < ¢ and (dP/dc)|c=c, # 0, the infimum of |U¢|
contains a neighborhood of infg |U,, | for ¢ close to cx. For cx = ¢, this is no longer the case: we
have only a one-sided neighborhood of infg |U,,|. It is plausible that the study for ju in this one-sided
neighborhood of infg |U,, | can be done as in the proof of Theorem 23, but, for the remaining values of 1,
we have to find a sharp ansatz, which is not very easy to find.

Furthermore, for the linear instability which is expected if (dP/dc)jc=., > 0, let us mention the
following point. For the eigenvalue problem studied in [Benzoni-Gavage 2010b], the characteristic
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equation for the constant coefficient limit at infinity, namely
r* — (2 —c2)r? —2ciAr + A% =0,

becomes, when cx = cj,

rt—2cAr + A2 =0. (53)

The behavior of the roots for small A is then different from the case 0 < ¢« < ¢5. Indeed, there exists a
root ~ A/(2¢s) for A — 0, and, for the three other roots, we use the variable r = Az, which transforms
r4—2cAr + A2 =0into z4 —2¢c5z + A2/3 = 0. This last equation has, for A — 0, three roots ~ jk NI
where j = e27/3 and k = 0, 1, 2. In particular, (53) has three roots ~ jK ¥/2¢,A, k = 0, 1, 2. The
value A = 0 is then a branching point, and we shall have a smooth problem not in A but in JA. Since
analyticity is not necessary for our purpose, we may define an Evans function D in Ry, smooth, and
such that, for A > 0, D(3/A) = 0 if and only if A is an unstable eigenvalue for (27). Another difficulty
comes from the fact that it will be difficult to find an analytic extension of the Evans function D near 0
since, by Proposition 2, for cx = ¢4, U and nx decay only at an algebraic rate and not an exponential
rate. Consequently, we can not use the gap lemma of [Gardner and Zumbrun 1998] and [Kapitula and
Sandstede 1998]. Finally, as a straightforward computation shows, the stable and unstable subspaces for
the eigenvalue problem are transverse for A > 0 but their continuous extensions at A = 0 have a nontrivial
intersection. Therefore, both stability and instability require some further analysis, and the situation is
then much more delicate than the one studied in Section SA.

Appendix A. Construction of a Liapounov functional in the stable case in the
Grillakis—Shatah—Strauss framework

We work with the notations of [Grillakis et al. 1987], and recall them briefly. We consider a Hamiltonian
equation in a real Hilbert space %, with scalar product (-, - )¢, under the form

du ,
i JE (u), (%6

where J : &* — ¥ is a closed linear operator with dense domain and skew-symmetric. Assume that
T is a 6o-group of unitary operators in ¥ generated by 7’(0), which is skew-adjoint and with dense
domain, and that E is invariant by T'; that is, E(T(s)u) = E(u) for any s € R, u € ¥. Assume moreover
that T'(s)J = JT(—s)* for any s € R and that there exists B : ¥ — ¥*, linear and bounded, such that
B* = B and JB is an extension of 7/(0). We then set

O (u) = 5(Bu,u)g+ .
The basic assumptions of [Grillakis et al. 1987] are the following ones.

Assumption 1 (existence of solutions). For any r > 0 there exists ¢, > 0, depending only on r, such that,
for any u'™ € %, there exists a u € G((—tx, ), ¥) with u(0) = u™™ solution of (¥) in the sense that, for
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any ¢ € D(J) C &%,

d
77 WO, @hae e = —(E'w®). Jo)wrsw in D' (=t 14)),

and verifying E(u(t)) = E(u'™) and Q(u(t)) = Q™) for t € (—t«, t4).

Assumption 2 (existence of “bound states”). There exists an interval €2 C R, not reduced to a singleton,
and a mapping Q 3 w — ¢, € % of class ¢! such that, for any w € ,

E'(¢0) =00 ($0). ¢ € D(T'(0)NDJIT(0)*), T'(0)po #O.

Assumption 3 (spectral decomposition). For each w € 2, the operator Hy, = E” (¢p)—@0 Q" () : X — X*
has its kernel spanned by T'(0)¢,,, has one negative simple eigenvalue and the rest of its spectrum is
positive and bounded away from zero.

Under Assumption 2, we consider some wy € 2 and the associated bound state ¢,,, , and then define,
for M > 0, the functional

M
Fo. () = E@) —0x Q) + —-(Q) - 0(¢0.))>.
It is clear that ¢, is a critical point of £, : £ (e, ) = E' (¢, ) — 0+ Q' (¢e,) = 0. We denote by
A = ié{)* (¢w*) = Hw* + M(Ql(¢w*)7 : )%*,%Q/(¢w*)

its second derivative, which is a self-adjoint operator. The main result of this appendix is the following.

Theorem 26. We make Assumptions 2 and 3 and suppose that the operator (Q' (e, ), - Yo+ 2 Q' (Pw, ) is
a compact perturbation of Hy,,. If (dQ(¢e)/d®)|p=w, <0 and

1
M>"a06.

do |o=w

there exists § > 0 such that
(Av,v) = 8||v||*> forallve X st (v,T(0)pw,)x =0.

In particular, for any u € X with infseg ||u — T (5)¢o, ||*> < €, we have
. 2
inf [[u—T(s)go, > < (L) — L(Po,))-
SER )

Therefore, when Assumption 1 is moreover satisfied, the (global) solution u(t) to () with initial datum u™
satisfies

2 ‘ .
sup inf (1) ~ (). I” = 5 (") = H(@0.)) = K"~ o |

provided the right-hand side is sufficiently small.
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We point out that the condition that the operator (Q'(¢w, ), - )o* .2 Q' (dw,) is a compact perturbation
of H,, is not very restrictive, since, in many cases coming from PDEs, it involves less derivatives
than H,, and Q’(¢,) tends to zero at spatial infinity.

This type of Liapounov functional has been used in [Barashenkov 1996] to prove that the traveling
waves of (NLS) in dimension one are stable when dP /dc < 0. The proof follows basically the one in
[Barashenkov 1996], but some points have to be clarified. The interest of this type of Liapounov
functional is that the saddle point ¢, is now a nondegenerate local minimum for £, . This is
a great advantage for numerical simulation of the “bound states”, since a gradient flow method on
<o, can be used. This approach has been used, with a very similar functional, by N. Papanicolaou
and P. Spathis [1999] for the numerical simulation of the traveling waves for a planar ferromagnets
model. In the same spirit, in [Chiron and Scheid 2012], we also use a gradient flow method on
this type of functional for the numerical simulation of the traveling waves for (NLS) in two dimen-
sions.

Proof of Theorem 26. Recall that the spectrum of H,, is, by Assumption 3, such that —A2 € 6 (Hy, ),
0co(Hy,)and o(Hy,)\{—A2,0} C[8, 4+o0) for some § > 0. Since we assume that (Q' (¢, ). ) O’ (¢w,)
is a compact perturbation of H,, , the essential spectrum of A is the same as the one of H,,,_, and hence
is included in [§, 400). Furthermore, 0 € o(Hy,) and ker(Hy,) = RT'(0)¢y, by Assumption 3.
Since Q'(¢w,) = Bdw, and JB is an extension of 77(0), we have that (Q'(¢w,), T'(0)pw, Yo+ % =
(B, . JBw, )=z = 05 hence A(T'(0)dw,) = 0. Noticing that (Q'(¢w, ). - )+ Q' (dw, ) is a non-
negative operator, we infer that ker(A) = ker(Hy,) = RT’(0)¢, is one-dimensional. Therefore, it
suffices to show that A has no eigenvalues in (—oo, 0). As we have seen that (Q'(¢e,). )x*,x O’ (¢w,)
is a nonnegative operator, we deduce that o(A) C [-A2, +00). Let us first show that —A2 & o(A)
by contradiction. If —A2 is an eigenvalue of A, then there exists v € X, v # 0, such that 0 =
(A +2A2)v = (H + A2)v + M{Q'($w,), vV)a* 20 (¢w,). Taking the duality product with v yields
0= ((Hp, +22)v, v)g* x + M Q' (Pw,), v)ng*’%. Since the two terms in the sum are nonnegative, this im-
plies (Q'(Pw, ), V)a* & =0 and ((Hy, +A2)v, v)g+ o =0, which in turn implies v € ker(H,, +12) =Ry
(here, y is a negative eigenvector of H,,, for the eigenvalue —A2 < 0). As a consequence, we must have
(O (¢w.)s x)o* .2 = 0. On the other hand, differentiating the equality E'(¢g) —© Q' (¢de) =0 at v = wx
yields O'(¢w,) = Hwp,¢', where ¢’ = (d¢p/dw)|y=¢,. Thus we must have 0 = (Hy, ¢', x)a+ o =
(Hyp, 1. ¢ Vox 2 = —A2(x,¢’). Therefore, ¢’ is orthogonal to y and this gives (He, ¢, @)oo+ 2 > 0.
However, this is not possible if (40 (¢w)/d®)|p=w, <0, since (d0($w)/dw)|w=w, =—(Hw, ¢’ ¢ o+ .
As a consequence, if A is a negative element of the spectrum of A, then —A2 < A <0 and A is an eigenvalue:
there exists v € X such that v # 0 and

A =Av=Hy, v+ MO (dn,), Va* 20 (¢o.)-

Since —A2 < A < 0, we then infer

v=-M(Q ($w.), V) % (Hw, — 1)1 Q' (do..)- (A-1)
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Since v # 0, we can not have (Q'(dw, ), V)« = 0. Then, taking the scalar product of (A-1) with
171 Q' (¢, ) (here, I : & — %* is the usual Riesz isomorphism) gives

g(A) =0, where g(t) =1+ M((Ho, =)' Q" ($0.). 17" Q' ($w,))y. —A% <1 <0.

It is clear that g is smooth in (—A2, 0) and that

g'(t)=M((Hy, = )20 ($0,): 171 0" ($0.))y = MI|(Ho, —1) "' Q' (¢, |13 > 0.

We now study the limit of g at 0~. Let us recall that H,,, ¢' = Q’(¢,) and that we have already seen
that (Q'(dw, ), T'(0)pew., Yax 2 = 0; i.e., 171 Q' (¢, ) is orthogonal to ker(H,, ). Therefore, as 1 — 07,

_ dO(o)

da) |a)=a)*

(Ho, =)0 (90,). 1710 (900,)) = (¢ 1710 (¢00,) = (Q' (P, ). ¢ )= e

and thus
dQ(¢n)

do |o=w

Since (dQ(¢w)/dw)|p=w, < 0 by hypothesis, it follows that, if M > —1/(dQ(¢w)/dw®)|p=w, > 0, the
function g increases in (—A2, 0) and tends to some negative limit at 0~. In particular, g is negative; hence

g)y—>14+M as t > 0.

we can not have g(1) = 0 with A € (—A2,0). We have therefore shown that the spectrum of A consists
in a simple eigenvalue 0 with eigenspace spanned by 7’(0)¢,,, and the rest of the spectrum is positive
and bounded away from 0. This concludes the proof. O

We would like to point out the fact that, in the proof of [Barashenkov 1996], —A2 ¢ o(A) was not
shown, the kernel of A was not studied and the essential spectrum was not considered. Moreover, the
functional spaces are not given; hence we do not know for which perturbations stability holds.

Appendix B. From linear to nonlinear instability

We still consider in this appendix an abstract Hamiltonian equation in the framework of [Grillakis et al.

1987]
ou
— =JE' ¥
5 = JE'() (%)
on the real Hilbert space %, with scalar product (-, - ). Here E : % — R is of class 6% and J : ¥* — % isa
closed linear operator with dense domain and skew-symmetric in the sense that (u, Jw)g = —(w, Ju)g*
forue®, we%*.

We assume that there exists a €g-group 7' of unitary operators in ¥ generated by 7”(0), which is
skew-adjoint and with dense domain, and that E is invariant by T'; that is, E(T (w)u) = E(u) for any
w € R, u € X. Assume moreover that T (w)J = J T (—w)* for any w € R and that there exists B : ¥ — &*,
linear and bounded, such that B* = B and JB is an extension of 77(0). We then set

Q) = 7 (Bu, u)r g,
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which is invariant by the flow () (see [Grillakis et al. 1987]). By “bound state”, we mean a particular
solution U of (#) of the form U(t) = T (wt)¢ for some w € R and where ¢ € &, ¢ # 0. In other words,
E'(¢) = wQ'().

There exist an open interval 2 C R, not reduced to a singleton, and a mapping 2 > ® — ¢, € X of
class 6! such that, for any w € €2,

E'(¢p0) = 00" (¢0), ¢w € D(T'(0)NDJIT'(0)*), T'(0)¢e #O.

The solution U(t) = T (wt)¢ is said to be stable in ¥ if, for any & > 0, there exists § > 0 such that
any solution to () with initial datum u'™ € By (¢, §) is global in time and remains in By (¢, &) for ¢t > 0.
Otherwise, it is said to be unstable. This supposes some knowledge of the Cauchy problem for () (at
least existence of solutions). If we are given some Banach space ¥ D & with continuous imbedding
& — Y, we may also say that the solution U(¢) = T (wt )¢ is said to be stable from ¥ to % if, for any € > 0,
there exists § > 0 such that any solution to (%) with initial datum u™™ € By (¢, §) remains in By(¢, &) for
t > 0. Clearly, a solution stable in & is precisely a solution stable from & to &, and is also stable from ¥
to Y; hence instability from & to Y is a stronger statement that instability in &.

In our framework, the notion of orbital stability is more relevant. Let us consider G a group and
T:RxG— 9L (X) a unitary representation of R x G on &, extending 7 : R — & and leaving £ and Q
invariant. Then, U(¢) = T (wt)¢ is said to be orbitally stable in ¥ (for the group G) if, for any ¢ > 0,
there exists § > 0 such that any solution to (¢) with initial datum u™ € B(¢, §) is global in time and
remains in U(w’ g)erxi B(T(w, g)¢, ¢) fort > 0. We may also define orbital instability from & to Y D &
in a natural way.

In [Grillakis et al. 1987; 1990], a general framework for the stability analysis for the “bound state has
been given. In particular, the nonlinear orbital instability is proved in [Grillakis et al. 1987] through the
construction of a Liapounov-type functional. However, this method does not give a clear understanding
neither of how we get farther from the “bound state”, nor on which timescale it occurs.

The need for allowing an additional group of invariances G can be seen in the case of bound state
solutions, that is U(t) = ¢/®? ¢, to the nonlinear Schrodinger equation

10,V + AU+ Uf(|W]?) =0, (NLS)
or the nonlinear Klein—Gordon equation in R4
W =AU+ Uf (|3, (NLKG)

since, then, the invariance by translation in space must be taken into account in the definition of orbital
stability, and we are in a case where G = R? acts naturally by translation. The translations are taken into
account in [Cazenave and Lions 1982]. In [Grillakis et al. 1987; 1990], the notion of orbital stability
is for G trivial. It is clear from the definition that orbital stability for G = {0} implies orbital stability
for arbitrary G. For the instability in the nonlinear Schrodinger equation or the nonlinear Klein—Gordon
equation, [Grillakis et al. 1987] and [Shatah and Strauss 1985] work with radial H 1 functions. The fact
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that this also implies the orbital instability with the action of G = R? by translations follows immediately
from the fact that for any 6 € [0, 27r] the manifold Mg = {!?$ (- —y), y € R4} is orthogonal to Héd([Rd).

For the stability analysis of a “bound state” U(t) = T (w«t)(¢w, ), it is natural to consider the lineariza-
tion of (J€) near ¢p. More precisely, we linearize according to the ansatz u(t) = T (w«t)(¢w, + V(t)), SO
that the “bound state” becomes stationary. The linearized problem then becomes

av

i J(E"(¢) — 00" (¢))v = $%v, (#iin)

where, [ : ¥ — &* denoting the Riesz isomorphism, $ = JI: ¥ — ¥ is skew-adjoint.

The purpose of this appendix is to give a general result, for Hamiltonian equations, showing that linear
instability implies nonlinear (orbital) instability. By linear instability, we mean that the complexification
of [$&]c has at least one eigenvalue in the right half-space {Re > 0}. The argument follows ideas from
the works of F. Rousset and N. Tzvetkov [2008; 2009].

Showing the existence of an unstable eigenvalue can be done through various techniques: see [Grillakis
et al. 1990] (in the framework of [Grillakis et al. 1987] when J is onto), [Grillakis 1988] (assuming
a special structure of the Hamiltonian equation); for uses of the Vakhitov—Kolokolov function, see
[de Bouard 1995], [Di Menza and Gallo 2007] or [Pelinovsky and Kevrekidis 2008]. When J is not onto,
we quote [Lopes 2002]. For one-dimensional partial differential equations, one may also use the Evans
function (see the survey [Sandstede 2002]) as in [Pego and Weinstein 1992; Gardner and Zumbrun 1998;
Kapitula and Sandstede 1998; Zumbrun 2008]. The paper [Lin 2008] proposes another approach which
allows treating pseudodifferential equations, such as the BBM equation, the Benjamin—Ono equation,
regularized Boussinesq equations, the intermediate long wave equation, etc.

In order to pass from linear to nonlinear instability, the following result is standard. We refer to the
paper by D. Henry, J. Perez and W. Wreszinski [Henry et al. 1982]. It can also be found in [Grillakis
1988; Shatah and Strauss 2000].

Theorem B.1 [Henry et al. 1982; Grillakis 1988; Shatah and Strauss 2000]. We assume that s generates
a continuous semigroup on X and that o () meets the right half-space {Re > 0}. We assume moreover
that F : X — X is locally Lipschitz continuous and satisfies, for some o > 0, | F(v)||x = O(||v ”)1(—1—05) as

v — 0. Then, the solution ¢ = 0 is unstable for the equation d;v = dv + F(v).

In [Shatah and Strauss 2000], it is claimed that an orbital instability result can also be established.
Theorem B.1 shows nonlinear instability without assuming that the equation is Hamiltonian. However,
if (#in) can be solved using a semigroup, it does not give the growth of its norm. Moreover, it does not
say that, if the initial datum is in a most unstable direction, that is, an eigendirection of s« corresponding
to an eigenvalue of maximal positive real part (plus the complex conjugate if necessary), then one can
track the exponential growth of the solution. In particular, it does not explain the mechanism of instability
and does not give any information on the timescale on which one see the instability. For instance, some
strong instability results are shown by proving blow-up in finite time (see [Berestycki and Cazenave
1981]), but the instability due to an exponentially growing mode holds on a much smaller timescale.
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We wish to provide here some results clarifying the instability mechanism by tracking the exponentially
growing mode.

A spectral mapping theorem for linearized Hamiltonian equations. When we want to prove a nonlinear
instability result from a linear instability one, we need some information on the growth of the semigroup

t9%

$&, when such a semigroup e’#~ exists, which we shall assume in this appendix. The growth estimate on

e'9¥ relies classically on the following spectral mapping result due to J. Priiss [1984], which generalizes
the work of L. Gearhart [1978].

Theorem B.2 [Priiss 1984]. Let X be a complex Hilbert space and s an unbounded operator on X which
generates a continuous semigroup e on X. Fort € (0, +00), we have

. -1
(&d—)&— 2l;l’k)

Corollary B.3. Let X be a complex Hilbert space and sl an unbounded operator on X which generates a

N
o (ef)\ {0} = %e“, cither (x + ?z) No(sl) # 2, or sup
kez

= +oo}.
Ze(X)

The following result is an immediate corollary.

continuous semigroup €'** on X. Assume that, for any y € R*, we have

limsup [[(s4 —y —it) " g, x) < +00,

|T|—=>+o00

and that there exists D¢ € [0, +00) such that oess(A) = {i 9, ¥ €R, || > Do}. Then, for any t € (0, 4+00),

the spectral mapping holds: o (e'*) \ {0} = e’

Proof. Since Oegs(d) = {i, 9 € R, [#] > Do}, we have S! C e'7D c g(e'!). If A € C does not have
modulus one, then note that, when (A + (2iw/t)Z) No(A) = &, the supremum for k € Z in Theorem B.2
can be +00 only when |k| — 400, and we conclude with our hypothesis. |

The fact that we exclude O in the spectral mapping theorem just comes from the fact that we consider a
semigroup and not a group. However, in most Hamiltonian PDEs, we have time reversibility and we have
actually a continuous group and not only a semigroup. In most cases, we work with A: D(A) CY — Y
where Y is a real Hilbert space, thus for applying Theorem B.2 or Corollary B.3 we have to consider,
as usual, the complexified operator A¢ : D(Ac) = D(A) ®iD(A) CYc =Y @iY — Y¢ defined by
Ac(u +iv) = Au +iAv.

It seems that the first time Theorem B.2 is used to prove a growth estimate on a semigroup was by
T. Kapitula and B. Sandstede [1998]. Later, F. Gesztesy et al. [2000] also used this result for bound states
for (NLS). The bounds on the resolvent in [Kapitula and Sandstede 1998] were proved using the particular
structure of the linearized operator. In [Gesztesy et al. 2000], the computations are more involved and
rely on suitable kernel estimates of some Hilbert—Schmidt operators. The same type of estimates have
also been used in [Di Menza and Gallo 2007].

The main objective of this appendix is to provide a generalization of these results to a wide class of
Hamiltonian equations. Indeed, the approaches in [Kapitula and Sandstede 1998; Gesztesy et al. 2000]
seem specific to the problem. In addition, it is not clear whether the computations in [Gesztesy et al.
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2000; Di Menza and Gallo 2007] can be extended to other types of equations. In particular, in [Chiron
2012] and in the present paper, we have a situation similar to the one studied in [Di Menza and Gallo
2007], namely traveling wave solutions to a nonlinear Schrodinger equation with nonzero condition at
infinity, but, for nonzero propagation speeds, the traveling wave is not real-valued (as it is in [Di Menza
and Gallo 2007] for stationary waves or for bound state solutions), and the block diagonal structure of the
linearized Hamiltonian disappears. An additional difficulty is that, in [Chiron 2012] and the present work,
the limits of the traveling waves at +o00 and —oo differ.

The proof we give is based on ideas from [Rousset and Tzvetkov 2008; 2009] and makes very few
spectral assumptions on &£.

Assumption A. The spectrum of & consists in a finite number (possibly zero) of nonpositive eigenvalues
—[1, ..., —Hg in (=00, 0], each one with finite multiplicity, and the rest of the spectrum is positive
and bounded away from 0. Furthermore, for any 1 < k < g, we have ker(¥£ + ux) C D(¥) and
Plker(£ + ug)] € D(¥). Finally, there exists tg € [0, +00) such that oe($F) = {i 0}, ¥ € R, [P = Jo}.

The first hypothesis on the location of the spectrum of & is quite weak, since it is satisfied when & is
bounded from below and has essential spectrum positive and bounded away from zero. Indeed, if § > 0 is
such that 05 (£) C [28, +00), then the eigenvalues of & in (—o0, §] are isolated, of finite multiplicity,
and are bounded from below by assumption. The second hypothesis ker(£ + ) C D(£$) is a regularity
assumption on the eigenvectors.

Let us recall that Theorem 25 ensures that the number of eigenvalues (with algebraic multiplicities) of
S in the right half-space {Re > 0} is less than or equal to the number of negative eigenvalues of &, and
hence is finite under Assumption A. Let us now state our main result, the proof of which is given starting
on page 1413.

Theorem B.4. We make Assumption A and suppose that $& generates a continuous semigroup. Then,
forany t € (0, +00), the spectral mapping holds: G(et[%ﬂ@) \ {0} = !0 | Fyrthermore, defining

yo = sup{Re(A). A € 0([§%]c) N {Re = 0}} € [0, +00),
for any B > 0, there exists M () > 0 such that, for any t > 0, we have
19 (|, @y < M(B)eVoTP)1,
Assume in addition yo > 0 and define
m= max{algebraic multiplicity of A, A € 6 ([$&]c) s.t. Re A = )/0} e N*,
Then, there exists Mo > 0 such that, for any t > 0, we have
||et}$||§£c(%) < Mo(1 4 1) Lero?,

In particular, Theorem B.4 provides a very simple proof of the spectral mapping theorem used in
[Gesztesy et al. 2000; Di Menza and Gallo 2007]. Indeed, the self-adjoint operator & involved in these



1402 DAVID CHIRON

(%0
= (% 4)

and both ¥, &, have at most two nonnegative eigenvalues. More generally, if £; and &, are closed

papers is block diagonal:

self-adjoint operators on X verifying Assumption A and if N': X — X is a linear bounded operator which
is compact with respect to £ and &5, then the self-adjoint operator

1 N
=3 &)
also satisfies Assumption A. Indeed, & is bounded from below (since N is bounded) and its essential
spectrum is Oess(£1) U 0ess(F2) C [§, +00) for some positive §, since N is compact with respect to £
and &». In [Kapitula and Sandstede 1998, Section 7.1; Georgiev and Ohta 2012, Proposition 10], a
spectral mapping theorem is used for such an operator. In [Kapitula and Sandstede 1998], the specific
algebra of the problem was used, and for [Georgiev and Ohta 2012], the proof relies on the arguments in
[Gesztesy et al. 2000], but here again, in both cases, we may use Theorem B.4 to show the same result.
Passing from linear to nonlinear instability.

Semilinear type models. We start with a classical result for “semilinear” equations, proved on page 1416.

Theorem B.5. Let X be a real Hilbert space, and consider an evolution equation of the form

D _ o+ dw)
— =dv v
dt ’

where ® : X — X is a locally Lipschitz mapping satisfying ®(v) = @(||v||)2() asv —> 0and A is a
linear operator which generates a semigroup. We assume that ¢ : D(Ac) C X¢c — X¢ has an unstable
eigenvalue in the right half-plane {Re > 0} and a finite number of eigenvalues in {Re > 0}. We define

Yo = sup{Re(u), nea([$Z]c) N{Re > 0}} € (0, 400)

and fix A € 6 (dg) with Re(L) = yo and an associated eigenvector we € D(Ac) such that |Re(we)|x = 1.
Assume furthermore that there exist 0 < 8 < yg and My > 0 such that

||et&4||§£c(x) < MOe(VO‘Fﬁ)t.

Then, 0 is an unstable solution. More precisely, there exist K > 0, g9 > 0 and ¢ > 0 such that, for any
0 < 8 < 8¢, the solution v with initial datum v'™ = § Re(wc) € D(sd) exists at least on [0,1n(2e9/8)/vo]
and satisfies, for 0 <t <In(2&9/68)/vo,

lv() — 8 Re(e*we)|lx < K822 and ||v(r)||x > 8e'70 — K§2e>70.

In particular, for 0 < & < g9, we see the instability for t = (1/yo) In(2¢/8). If Y is a Banach space
containing X and with continuous imbedding X — Y, the trivial solution 0 is also unstable from X to Y.
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Let us observe that it is always possible to choose the (complex) eigenvector w so that Re(wg) # 0
since, for any 0 € R, e'?w is also an eigenvector. The following corollary deals with the orbital instability.
We recall that, under Assumption A, [$£]c has a finite number of eigenvalues in {Re > 0}.

Corollary B.6. We make Assumption A and suppose that $& generates a continuous semigroup. Let Y
be a Banach space containing ¥ and with continuous imbedding X — %Y. Assume moreover that [$&]c
has at least one eigenvalue in {Re > 0} and choose A € C with

Re(A) = yp = maX{Re(p,), nea([$<]c)N{Re > 0}} € (0, +00)

and we € D(Ac) an associated eigenvector such that |Re(we)|le = 1. We assume moreover that
M= {T(0.g)¢pw,. ® €R, g € G} is a €' submanifold of X. We finally suppose that the equation (¥) is
semilinear in the sense that there exists ® : & — X locally Lipschitz continuous such that ®(v) = O(J|v ||§€)
as v — 0 and

J(E' =0+ Q") (o, +v) = J(E" — 0+ 0") ($0.)[v] + P(v).

Then, there exist K > 0, g9 > 0 and §¢g > 0, depending only on Re(wg) and IR, with the following
properties. For any 0 < § < 8¢, the solution u to (%) with initial datum u™ = ¢, + 8§ Re(wc) € D(s1)
exists at least on [0,1n(2e0/8)/yo| and satisfies, for 0 <t <1In(2e9/8)/y0,

8
distey (u(), M) > Ee% — K§%e*10,
In particular, the “bound state” solution T (w«t)¢y, is nonlinearly orbitally unstable from ¥ to %Y and,
for 0 < e <egg/K, we see the instability for t = (1/y9) In(2Ke/$).

In [Henry et al. 1982], a similar assertion is made for the orbital instability in the remark after Theorem 2
there, but with Y = ¥. For applications to PDEs, the space % may be a Sobolev space H®, and Y a
space like L2 or L for instance. The framework of [Grillakis et al. 1987] is the single energy space
(for instance H '), but an instability result established by tracking exponentially growing modes allows
proving instability from the regular space ¥ (H ') to the nonregular space ¥ (L2 or L*>°). Here, we may
obtain instability in L2

Remark B.7. In the framework of [ibid.], where a Liapounov-type functional is used, it follows that the
instability is seen for a time at most equal to Ke/82, where K is some positive constant. This timescale
is much larger than the natural one (1/y9) In(2K¢g/4).

Some applications. We may apply our result to the nonlinear Schrodinger equation
i0; W+ AW 4+ Uf(|U|?) =0, (NLS)
or the nonlinear Klein—Gordon equation
FPW =AW+ Uf(|¥]?) (NLKG)

in R4. We shall consider a nonlinearity f at least ¢!, so that we are in the framework of [ibid.].
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« A bound state solution for these two equations is a particular solution of the form U(t) = ¢/®?¢,,. The
instability is in general linked to the fact that

d 2 d 2
—/ |pw|”dx <0 for (NLS), resp. — a)/ |pw|“dx ) <0 for NLKG).
dw R4 dw R4

The existence of at least one unstable eigenvalue has been shown under this assumption by [Grillakis
1988] for radial bound states with an arbitrary number of nodes and in [Grillakis et al. 1990] for radial
ground states. Corollary B.6 may be applied with ¥ = HS(R¢), where s € N, s > d /2 and assuming that
the nonlinearity satisfies f € €512, and ¥ = L2(R¢) or L>(R?). The result in [Mizumachi 2006] shows
the instability of linearly unstable bound states for (NLS) (in dimension d = 2) with f(g) = o?~1/2
by showing the exponential growth of an unstable eigenmode. Our result gives a simple proof of this
result, but restricted to the sufficiently smooth cases, namely p an odd integer or p > 5+2s > 5+d. For
nonsmooth nonlinearities, the situation is more delicate (see [Mizumachi 2006]). An alternative approach
is to combine Strichartz estimates with the growth estimate on the semigroup e’#%
as in [Georgiev and Ohta 2012].

given in Theorem B.4,

e Corollary B.6 also applies to the discrete nonlinear Schrodinger equation
107 Wy +e(Wpi1 —2W, + V1) + U, f(|W,[*) =0 forallneZ, (DNLS)

as studied in [Melvin et al. 2008] with the saturated nonlinearity f(0) = /(1 + o), B > 0 (existence of
traveling wave solution) and in [Fitrakis et al. 2007] (defocusing cubic DNLS, i.e., f(0) = —Bo for some
B > 0). The numerical analysis in [Fitrakis et al. 2007] shows the existence of linearly unstable bound
state solutions. The traveling wave solutions numerically obtained in [Melvin et al. 2008] are linearly
stable, but it may happen that, for other nonlinearities f, some are linearly unstable.

Quasilinear PDEs. For quasilinear problems, we shall not make restrictions on the smoothness of the
nonlinearity. The result relies on the strategy of E. Grenier [2000] and [Rousset and Tzvetkov 2008;
2009]. We consider the evolution equation

du

T J(Lou 4+ VF(u)) (E)
for u : R4 — RY, where F € € (R, R), with the following hypotheses. The operator J is a Fourier
multiplier, skew-symmetric on L2, into and with domain containing H . There exists o > 0 such that the
operator L is a Fourier multiplier with domain containing H2°, symmetric and having a self-adjoint

realization on L2(R%, R¥). Moreover, for some C > 0, the operator L satisfies
1
gllullim < (Lo, u)> < Cllulzo.

The framework proposed in [Rousset and Tzvetkov 2008] was for Lg coercive in H L. that is, o = 1.
For the examples below, we shall have ¢ = 1/2 or o = 2, which requires very few modifications to the
proof of [ibid.]. We still assume that, for some group G, there exists a unitary representation of G on &,
T:G6 — 9% (%), leaving the equation (E) invariant.
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We consider a stationary solution of the evolution equation (E), that is, some Q € H*®(R?, R") such
that Lo Q +V F(Q) =0. We are interested in the stability of this solution. We assume that the commutator
[J,V2F(Q)] is bounded in L2, which is the case when J is bounded in L2 or when d = 1 and J = 0.
We suppose that, for the problem

9
3_7: — J(Lou + VFu® +u) — VFu®) + G),

where u“ is smooth, bounded as well as its derivatives and G € €(R, H®) for every s, we have local
well-posedness for s large enough: there exists a time 7" > 0 and a unique solution in 6 ([0, T'], H*). We
moreover assume that, for some continuous nondecreasing function k : Ry — Ry with «(0) = 0, the
tame estimate

(%I {V2F(w +v)[v]}, 850) 2] < k([wlls+1.00 + 0] E) 0] Fs
with |a| < s, holds true. In order to control high-order derivatives, we finally require that, for s large
enough, there exist a self-adjoint operator Mg and C; such that
|(Myu, v) 2| < Csllullmsllvllas,  (Msu,u)re > ullzrs = CsllulFys—minco.n
and
Re(JLu, Msu)Lz < Cyllu||gs ”U”Hx—min(o.l)
(for a criterion which ensures the existence of such a multiplier, see Lemma 5.1 in [ibid.]).

Adapting the strategy of [Rousset and Tzvetkov 2008; 2009], we may deduce the following result.
Since the proof is very similar, we omit it.

Theorem B.8. We make the above assumptions and assume moreover that Lo + V2F(Q) satisfies
Assumption A in L?. We assume furthermore that [J (Lo + V2 F(Q))]c has an unstable eigenvalue in the
right half-plane {Re > 0}, define

Yo = sup{Re(1), A € o ([J(Lo + V>F(Q))lc) N {Re > 0}} € (0, +00)

and fix A € o([J(Lo + V2F(Q))]c) satisfying Re(A) = yo and an associated eigenvector we €
D([J(Lo + V2F(Q))]c) such that |Re(wc)||gs = 1. There exists so € N such that, if s > sg, Q
is nonlinearly unstable from H® to L? and to L™: there exist K > 0, g9 > 0 and 8¢ > 0 such that, for
any 0 < 8 < 8o, the H® solution u to (E) with initial datum u™ = Q + § Re(wc) € H* exists at least on
[0,1In(2e9/68)/y0] and satisfies, for 0 <t <1In(2eo/8)/ Y0,

u()—Q — SRC(eMw@)”HS < K§%e2tvo,

hence
lu(t) — Q|2 = 870 — K82e®'°  and |lu(t) — Qllp > 8e'70 — K§2e2170,

If, in addition, M = {T(g) 0, g € G} is a 6! submanifold of H®, then we also have
dist; 2 (u(t), ) > K8e'7° — K§2e>0  and  distzee (u(t), M) > K8e'70 — K270,
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In particular, for 0 < e < eo/ K, we see the nonlinear orbital instability for t = (1/y9) In(2K¢e/4).

Some applications to nonlinear dispersive wave equations. Some model quasilinear equations are given
by wave equations (in one space dimension) such as the generalized Korteweg—de Vries equation

O+ 0x (f(u)) +03u =0, (gKdV)

the generalized regularized Korteweg—de Vries equation, also called Benjamin—Bona—Mahony equation
or Peregrine equation when f(u) = u?/2,

At + Oxu + 0x(f(u)) — 0,0%u = 0, (gBBM)
the generalized regularized Boussinesq equation
07u — O3u — 03(f (w)) — 870%u = 0. (2rBsq)

Each of these equations admits a nontrivial solitary wave solution u(¢, x) = U, (x — ct) for ¢ in (0, +00),
(1, 400) and (—oo, —1) U (1, +00), respectively. For these solitary wave solutions, the momentum is,
respectively,

P(Uc)szdexancniz, P(UC):/[RUCZ+(8xUC)2dx, P(Uc)chU3+(ach)2dx.

The existence of exactly one unstable eigenvalue has been shown with the use of an Evans function by
R. Pego and M. Weinstein [1992] for these three equations under the condition dP(U,)/dc < 0. Lopes
[2002] also gives a linear instability result. Equations (gBBM) and (grBsq) turn out to be semilinear due
to the regularization effect. Indeed, they may be written

dru+ (1= 0u+(1-02)""0x(f(w) =0, dFu—(1—-093)""9%u—(1-03)""0%(f(w) =0.

Therefore, Corollary B.6 applies to these two models and this shows the nonlinear instability when linear
instability holds.

In [Lin 2008], some generalizations of the equations (gKdV), (gBBM) and (grBsq) have been proposed
that take into account pseudodifferential operators. These are, respectively,

deu + 0x(f(u)) — dxMu =0, D
dru + xu + 0x (f (u)) + dpMu =0 (I1)

and
u — 32u — 2 (f (u)) + 0% Mu = 0. (110)

Here, M is a Fourier multiplier of symbol A Mw = b (here, * denotes the Fourier transform). We
assume .l > 0 (otherwise, see [ibid.]). When J = —8)26, these equations reduce to (gKdV), (gBBM) and
(grBsq), respectively. The Benjamin—Ono equation (i = |€]), the Smith equation =1+ £€2—1)and
the intermediate long wave (or Whitham) equation (i = ¢/ tanh(§H) — 1/H, for some constant H > 0)
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are common models of dispersive wave equations that are of type (I). We refer to [ibid.] for references on
these models and the existence of solitary waves. The associated momentum is

PU,) = / UZ2dx = ||Ucll?5.  Pu(Ue) = [|(1 + M) 20|25, Pm(Ue) = c||(1+ ) /2Uc|2,.
R

For these models, Evans function type arguments do not work since we no longer have a differential
equation (it is nonlocal). The paper [ibid.] proposes a different approach than the Evans function technique
for establishing the existence of unstable eigenvalues. However, it is not completely clear whether this
method extends easily to the case of systems such as the Euler—Korteweg system (EK) (given at the
beginning of Section 5A).

Theorem B.9 [Lin 2008]. We consider one of the equations (1), (II) or (IIl) with f of class €' satisfying
f(0)= f(0)=0and | f(u)| > |u| for |u| - +o00. We assume moreover that A is even, nonnegative, and
satisfies, for somem>1,0<lim, M(E) /€M <Timyoo A(E)/E™ < 00. Assume that ¢ — ¢ = U (x—ct)
is a @' branch of traveling wave solution to (1), (I) or (III) with U, € H m/ 2(R) defined near cx« and

suppose that the linearized operator £ has exactly one negative eigenvalue, that ker & is spanned by
dxUe, and that (dP(U.)/dc)|c=c, <O0. Then, U, is linearly unstable.

It is not easy to determine whether the hypotheses of Theorem B.9 hold true when Jit is not a (differential)
Sturm-Liouville operator. See however [Albert 1992] on this question. It is clear that, if the assumptions
of Theorem B.9 are satisfied, then Assumption A is also satisfied. As for the (gBBM) and the (grBsq)
equations, the equations (II) and (III) turn out to be semilinear; thus we may prove nonlinear orbital
instability by applying Corollary B.6.

The Kawahara equation (or fifth-order KAV equation)
A+ 0x (f(u)) +@d3u + Bou =0, (K)

with &, B # 0 two real constants, is another relevant dispersive model. For this equation, it may happen
that the linearized equation around the solitary wave has more than one negative eigenvalue, in which
case [Grillakis et al. 1987; 1990; Lopes 2002; Lin 2008] do not give a clear necessary and sufficient
condition for stability. T. Bridges and G. Derks [2002] give a sufficient condition for linear instability for
solitary wave solutions, but also for other types of traveling solutions. This condition is probably not
necessary since it may happen that there exist at least two unstable eigenvalues, or two complex conjugate
eigenvalues.

Instead of stating a general result for nonlinear orbital instability, we shall consider several model cases
on which we will verify the hypotheses of Theorem B.8, in particular the question of the existence of the
multiplier M.

Proposition B.10. We consider the equation (1), namely

deu + 0x(f(u)) — dxMu =0,
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with f of class €' satisfying f(0) = f'(0) =0 and | f(u)| > |u| for |u| = +oc. We assume that A is
one of the following functions:

—£2 (KdV); &*+aE? (Kawahara); |€| (Benjamin—Ono);

—tanth) T (intermediate long wave); /1 +&2—1 (Smith).

There exists so > 0 such that, if there exists ¢ € R such that (I) has a nontrivial solitary wave U, € L?
which is linearly unstable, then, for any s > sy, it is also nonlinearly unstable from H® to H", to L? and
to L°°.

By application of Theorem B.8, we are thus able to show the nonlinear instability from H* to L?
or L °° by tracking the exponentially growing mode (this question was left open in [Lin 2008] and also in
[Lopes 2002]). In particular, we obtain the L2 nonlinear instability of the linearly unstable solitary waves
for these models.

Proof. All the assumptions for Theorem B.8 for these types of models are satisfied in Section 8.1 in
[Rousset and Tzvetkov 2008], except the existence of the multiplier M.
For the KdV equation, where 0 = 1, we shall take (for s > 2 an integer)

Mo = (1R + R D Q)

as the computations from [ibid., Section 8.1] show. For the Kawahara equation, with o = 2, we take (for

s > 4 an integer)
142s {ag— _
DT (@07)

and, since the computations are very similar, we omit them. For the Benjamin—Ono equation, we have

Ms = (=1)*02° +

Jf/L(é) = |&é| and 0 = 1/2, and we will then have to deal with pseudodifferential operators which are
Fourier multipliers with homogeneous symbol. For this type of operator, we shall need some commutator
estimates. We denote by %(w) or W the Fourier transform of w, and ¥ the Fourier multiplier with symbol
—i sgn(§) (this is the Hilbert transform).

Lemma B.11. (i) Let h € L®(R) with F(M'/2h) € LY(R) (for instance, h € H® (R) for some o > 1).
Then, there exists C > 0 such that, for any v € H'?(R),

1 1
M2 (hv) —hM2 vl 2Ry < CllvllL2w)-

(i) Let h € L®(R) with F(M3/2h) € LY(R) (for instance, h € H°(R) for some o > 2). Then, there
exists C > 0 such that, for any v € H>/ 2(R),

3 3 1
|2 {hv} — hat2 v — 2[9, k]2 Fv | L2 = CllvllLo -

(iii) Let h € L®(R) with F(dxMY2h) € LY(R) (for instance, h € H° (R) for some o > 2). Then, there
exists C > 0 such that, for any v € H3?(R),

|tz o} = hdeM2v =3[ hIM2 V] oy < CllV 2.
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Proof. We have
%(Mi(hv)—hmiv)@):/ |s|5/€<s—z>ﬁ(c>dz—/ 112 h(E—0)D() de.
R R
Using the inequality }|§|1/2 — |§|1/2| < C|g—¢|"/2, we thus obtain
|F(M2 (hv) —hMZv)(E)| < C /R €= L2 A(E—0)]- 1B dE = CLF M2 R)| % [D]3(E)

and we conclude with the classical convolution estimate L' * L2 C L?. This argument does not provide
the sharpest bound in 4, since it involves || F(M!/2h)|| 1, whereas the use of paradifferential calculus
will use only ||/|1/2. However, we shall to use this refinement here.

The starting point for the second inequality is

3

3 3 1 3
1612 = 1812 = 31812 sgn(@)(§ — ¢)| = ClE ~ &[>,
Using the homogeneity £ = 8¢, this is a direct consequence of the easy inequality
3
1612 —1-S@-n|=clo-1)3.
Therefore,
|F (A3 {hv} — hil3 v — 3[0, ]2 Fv) (8)]
3 A - 3 A A 1 ~ A
= ‘/R Iélzh(é—é“)v(é“)dé“—/R ICIZh(S—é“)v(é“)di—/R%Ié‘l2 sgn(§)(§ = Hh(E =) d¢
3 A A
SC/R|§—§|2|h($—§)|-|v(§)|d§
= CIFU )| %],
and we conclude as before. For the third inequality, we argue in a similar way with the estimate
. 1 1 1 3
€112 —igI512 —i31E12(E - 0| = ClE =2,
The proof is complete. O

For the Benjamin—Ono equation, A?L(S ) = |&|, 0 = 1/2 and the index s will be half an integer: s € N/2.
Therefore, we set s = [s] 4 {s}, with [s] integer and {s} € {0; 1/2}. Let us define, for s e N/2, s > 1,
(100 4 ye203 Q)32 )i sy =0,

DB+ ol @y st =1,

for some real constant s to be determined later. It is clear that My is self-adjoint on L2 and that there
exists Cy > 0 such that

S

(Mt v)2] < Cllullas |vllars - and - (M w)z2 > JulFps = Collull? -
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To verify the assumptions for the multiplier My, it remains to study Re(J(Lo + VZF(Q))u, Msu);2.
When {s} =0, i.e., s € N, this quantity is
Re(dx (M +c + f(Q))u, Msu) 2
= Re(@xut, (—=1)°0%u) 2 + ys Re(@xllar, M2 351 £/(Q)0S M Zu}), 2
+Re(@x[f"(Q)u]. (102 u) 2 + ys Re(@x [ (Q)u). M2 8571 £/(Q)5 M2 u}) 12
+ cRe(dxu, Mgu); 2. (B-1)

By skew-adjointness, the first and last scalar products are zero. By integration by parts and the Leibniz
formula, we deduce, since Q € H,

Re(@x[f"(Q)ul. (~1)° 83 u) .2
= Re(35' [/ (Q)u], 85u) 2
<Re(f"(Q)35  u, 85u) 2 + (s + D) Re(@x [/ (@)]0%u, 9310) 12 + Cs |lul| s || s
< (s + ) Re(@x [/ (5. 3512 + Co s el ror.
Similarly, using the easy estimates ||}/ 2v |2 < K|v||g1/2 and ||hv||gi/2 < C(h)||v||g1/2 for h € L™
with F(M'/2h) € L (this is an immediate consequence of Lemma B.11),
1o 1,1
ys Re(@x[f(Q)ul. M2 9571 f"(Q)37 M2u}) 2
= ys(=D)* ' Re(U2 35 [£(Q)u], (@) " M2u) 2
_ 1 11
= 7s(=1)"7 Re(2 [ (@)l f1(Q)0 2w 2 + Cllu? .

Using Lemma B.11, we deduce [|M/2[ f/(Q)35u] — f/(Q) MY 235 u| ;2 < C(Q)||ul gs; thus

s Re(@x L/ (O], M2 057 £/ (Q)0 M2 uy) 12
< 7o (=1 " Re(/ (@M 2w, /()0 B u) 2 + C s,y
= L= 1) Re(@x QN3 2w, f/(Q)0 U312 + C Jul s el oy
< Clul?
H

_1 FCullaslull —y < Cllullas|[ull
2 H

_1 S
K} 2 H> 2

We now turn to the term
s Re(@xollu M3 037 £(Q)35™ " MBu}) 2 = ys (=)' Re(@au, 3 {£(Q)35 M3 u}) o
Using Lemma B.11, we write
402 7100 2wy — £1(Q)35 MPu = 30 (M2 H(Y M2 u} | > < C(Q)NOY 2wl 2
= C(Q)ull .-y
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which implies
s Re(@rlu, M2 357 (Q)0 " M2u3) 12
< ys(=1* T Re(@u, f(Q)857 MPu) 12 + Jys(—=1)* T Re(@ur, [ (QIMMZH{DS M2 u) 2
+ Cllullas ],y

Noticing that M? = —92 and MY 2%83"(_1/%1/ 2 = 957 1U¥ = —33. (since I has symbol equal to —i £),
we infer

s Re(@xMue, M2 0371 £/(0)05 3 u}) 2
< yo(=1)° Re(@ae, £(Q)05 )12 + 3ys(—1)° Re(@at, DL/ (@))a0) 2 + C s |-
= yy(=1)° Re(@at, 0 £ (@050 2 + Clull s |,y

1
2

by integration by parts.
Reporting these estimates into (B-1), we infer

Re(dx (M + ¢ + f(Q))u, Msu)y 2
< (s + 7) Re(x [f"(Q)]33u, 33u) L2 + ys(—1)° Re(@u, dx[f"(Q)]33u) L2 + Cllul| s el sy -
Therefore, the choice
ys= (1" (s +3)
provides the desired control
Re(dx (M +c+ f(@)u,Msu)r2 < Cllullas ull -y -
When {s} = 1/2, the computations are similar: (B-1) becomes now
Re(dx (M + ¢+ f'(Q))u, Msu);2
= Re(dxMu, (=126 ) 2 + yg Re(@xMae, 38 £7(0)0 u})
+Re(@e[ /' (@, (~DPIM) 12 + ys Re(Ox [ (Q)u). 021 /' (Q)08 M} 2
+ cRe(dxu, Mgu); 2, (B-2)

and the first and last scalar products still vanish. Moreover, by integration by parts and the Leibniz
formula, we deduce, since Q € H*,

ys Re(dx[f'(Q)u]. 0¥ £7(0)0kNu}) 12 = o (DI Re@E [ £/(0)ul, £/(0) 3 u) 2
< ys(=DFIRe( (@) u, £7(0)0 ) 12+ C Jull 7,
< ys(=DFIT Re @ [ £/(@)105N. £(0)0 ) 2+ Cllul| 2,
< Cllulg = Cllul? _y.
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Furthermore,
Re(dx[f"(Q)ul. (=)0 ) 1 -
= Re(U 3l £/ (Q)ul. a8t 3u) -
< Re(@x 2 { /(035 u}. T2 u) 2
+ [51 Re(@xlt> {0 (1T uy, M2 00) 2+ Cllul gy Nl gy -
For the second scalar product, we write, by Lemma B.11,
Re (@ A2 {3 [/ (@)1 1w}, 03w 12
= Re(M2 {92 f"(Q)I u}, a2 u) 12 + Re (2 D[ ()]}, a2 u) 12
< Cllull gy el g +Re(@xf (N2, A2 0) 2+ C g ] g3
< Re(@x[/"(Q)0EMCzu, 0820 2+ C ]y Nl
For the first scalar product, we use Lemma B.11 once again:
Re(dx A2 {£/(Q)08u}. 01 M2 u) 2

< Re(f'(@)3 M2 00, L3 0) 2 + 3 Re(@r[f/(QNOS B0, LM w) 2+ Clluel| o el

)
’ [s] g%, alsl %
<Re(dx[f(Q)]0% M2u, 3L M2 u); 2 +C||u||HS_% o]l s -

As a consequence, since [s] =5 — %,
1 1
Re(@x[f(Q)ul, (=DMI830Mtu) 1> < (s +5) Re(@x [/ (@I M2, 0¥ t200) 2+ C ]y 5.
We turn finally to the term
1 1
ys Re(@x e, 051 /(0)08Nu}) 2 = ye (=D Re (@20, Dtz { £7(Q)Iu}) 12
and infer, by Lemma B.11,
ysRe(@x M, 051 £/(0)3Nu}) 12 < ys (~DITRe (@M u, £(0) 02 3Tu) -
1 1
+375(=DPIRe@FL2 0,9 [ £ /(O 85T 2 +C llull oy Il ;s
1 1
=7s(=DF Re(@ M2 u. 0 [ f"(Q)M2 8N) L2 +-C ]y 5.

Therefore,

Re(dx (M ~+ ¢+ f'(Q))u, Msu)2
1 1
< (s+ 5 + s DF) Re@FMt2u. [ £/ (QMMZ ) 2 + C ]y el s

hence choosing ys = (—1)s1=1 (s + %) gives the result.
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It remains to study the cases of the intermediate long wave equation and the Smith equation, for

£ 1
wnhGH) H VI+E2—1.

We denote by .y the operator with symbol |£]| (the one of the Benjamin—Ono equation), and define M
as for the Benjamin—Ono case (hence with “JA”= Jlg). We observe that, in both cases, M= M- Mo is
bounded on L2. Indeed, its symbol is continuous in R and, for £ — +o0,

3 1 3 1

1 —
B m “H sgn(§) 4 0(e—2IE1H) “H~ 11— It +0(|¢le 2|$|H)

which L is, respectively,

M(E)

and
M) = VI+E2—1=[g[\J1+E2—1=[¢[-1+0(Eh),

respectively. In the quantity Re(dx (M + ¢ + f'(Q))u, Msu);2, we then have to bound from above
the extra term Re(0y (Jl~/tu), Mju); 2; that is (using the skew-adjointness for the higher-order derivatives
in Ms),

Re(de (i), ysllg 35714 77(0)5 Mg uh) 2 | |
= ys(—1)* "' Re(dM (Aw), £'(Q)0S M2 u) > if {5} =0;
Re(x (llu), ys08{ £/(0)88u}) 2 = ys(—1)BIRe @ (ltw), £7(0)%u) 2 if (s} = L.

We then note that, in both cases, one may actually split M= M — Mo = MC + /TA,,, where MC is the
multiplication by —1/H (respectively, —1) and J;, has a symbol which is continuous in R and 0(|&|~1)
at infinity, so that .{l;, is bounded from H® to H°*1 if ¢ > 0. Therefore, when {s} = 0, we easily get

~ 1 1
Re(dx (), ys g 3571 f/(Q)3S T MZ u}) 2
1 1 1 1
ys (=1 T Re(5MG (Mleu), /()5 Mg u) 2 +ys(—1) T Re(@SME (Alpu), f(Q)FS MG u) -

1 ~ 1
= 5¥s (=1 Re(@ Mg, e dx [f (N0 Mg 2 +Clull = Cllull®

2

and similarly when {s} = 1/2. Therefore, the estimate
Re(dx (M +c+ f(@)u,Msu)r2 < Cllull oy llullzrs

remains true for the intermediate long wave equation and the Smith equation. The proof of Proposition B.10
is thus completed by applying Theorem B.9. O

We now turn to the deferred proofs of Theorem B.4, Theorem B.5, and Corollary B.6.

Proof of Theorem B.4. We shall prove the resolvent estimate required in Corollary B.3. Let us consider
A =y +it e C with y # 0 and the resolvent equation ($&£ —A)v = X, or

(y+itv=9LWw)-X. (B-3)
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By hypothesis, the essential spectrum of $£ is of the form i [R \ (—9, +30)]. Moreover, we have seen
that $& has a finite number of eigenvalues in the half-space {Re > 0}; hence, for |z| > 7¢ sufficiently
large, we know that there exists a unique solution v to (B-3). By taking the scalar product with £(v), we
deduce the conservation law

y(v, £(v)x = —Re(X, £(v))z. (B-4)

By our assumption, there exist a finite (possibly empty) number of eigenvalues in (—00,0], (=1, ..., —g),
each one of finite multiplicity. For any 1 < k < g, we fix an orthonormal basis ()k ¢)1<¢<n, Of the
eigenspace ker(££ + i ). By Assumption A, any eigenvector y ¢ is smooth in the sense that yx ¢ € D($)
and $yx.¢ € D(¥).

We then make a spectral orthogonal decomposition

q ng
v= Z Zak,e)(k,e + U4,
k=1¢=1

where L(xx.¢) = i Xk, and (v4, L(v4))yx > 8v+ ||92€ for some positive §. In the double sum, we have
a finite number (independent of v) of terms. Inserting this into (B-4) yields

y18llv+ 1% < 1718(v+, L))z < 8[|Re(2,§£(v))%| +> Mk|05k,£|2} < K[ Zllzllvlle + K logel*.
k.l kL
Using the inequality ab < ea? + b?/(4¢) with a = |v||x, b = K| Z|l% and & = |y|§/2, the equality

||v||% = |jvy ||92€ + Zk,é |O{k,g|2 and incorporating the term |y |5 ||v+ ||§€/2 in the left-hand side, we infer

|v18

v+ lE < KD el + KIS (B-5)

k.t
On the other hand, since yx ¢ € D($) and $x ¢ € D(¥) by Assumption A, taking the scalar product
of (B-1) with yg ¢ provides
(v +it)age =—(0, L xr,0)x — (X, Xk, 0)2-

Consequently,
(vl + tDlek,el < Keellvlle + K[ Zle;
thus
(y1+1TD* D lewel* < Kollvllf + KI5 = Ko ) lakel* + Klv+ 7 + K=,
k,L kL

which implies, if |t| > 14+ /Ko — |y,

S g P < kM B 121
S = R iyl D> — Ko
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Reporting this into (B-5) gives

ly|o
T||U+||§e§1<

o e Dl
(Iyl+1zD)* = Ko

If [t| > 1+ /Ko +4KK'/|y|8 —|y|, we deduce

[v18
4

2
+ K" 2|3

K'K
(Iyl+It)?> = K

s ]2 < (K”+ O)IIEII% < KiISI2.

and it follows that

2 2 2 2
013 = o413 + D lew el < K21 213,
kL

where K5 does not depend on |z| (large enough), as wished.

The proof of the first semigroup estimate then follows easily; see, for instance, Proposition 2 in [Priiss
1984].

Proof of the semigroup estimate when yy > 0. Here, we assume yy > 0. As a consequence, the spectrum
of [$¥]¢ is of the form a3 U gy, where e ([$F]c) C 05 C {Re < 0} and @ # o, C {Re > 0} consists in a
finite number of eigenvalues of finite algebraic multiplicities. Therefore, we may define (see, e.g., [Kato
1976; Hislop and Sigal 1996]) the spectral Riesz projection

o
where I' is any simple (positively oriented) closed curve enclosing o,. As a consequence, [P is bounded,
commutes with [$&]c on D([$¥]c) and satisfies o ([$£]cP) = oy, 0 ([$£]c(Id —P)) = 5. Moreover,
[$&]cP is bounded, and hence generates a continuous semigroup, e’ [F]cP given by the exponential

_ 1 —1
p= .nfrayse]@—z) dz.

series

+
AP _ Xo:o " (($£]cP)"
— n! '

In addition, [$£]c(Id—P) = [$¥]c — [$&F]cP also generates a continuous semigroup and we have
ot I%le — (tIEP t[FF]c(ld—P)

The semigroup generated by the bounded operator [$&£]c[P is easily analyzed. We shall now apply the
spectral mapping theorem of J. Priiss (Theorem B.2) to [$&£]c(Id —P) in order to control the growth of
its norm. By Corollary B.3, it suffices to estimate its resolvent [[$<]c(Id —P) — (y +i7)]~! for large ||
(note that o ([$£]c(Id —P)) = 0, C {Re < 0}). If ¥ € ¢ and |z] is large, it is clear that the solution
ue€%cto[[$&L]c(dd—-P)—(y +it)lu = X is given by

1
u=[$e— +iv]  (d-P)T — ——PX;
y+it
thus, for |t| large,

|1FLlc@d—P)—(r+iD)] ™ g oy < NFLe—G+DT 4 @ 11d =Pl ) + 1Pl o)

1
ly +it|
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is bounded. Consequently, by Theorem B.2 and since o, C {Re < 0}, ¢ (e![F#H1cld=P)) — 1o ([§£]c(1d—F)) —
e’% C D(0, 1). It follows that, for any € > 0, there exists K¢ > 0 such that

||e’[}£]cad_P)||§£c(%c) < Kce' forallt > 0.
Since e/[#1cP jg given by the exponential series, we also have the optimal estimate
||et[}§£]cﬂ3’||$c(%) < Ko(141)"" 1" forallt >0
by definition of m. We conclude by taking € = yo/2 for instance.

Proof of Theorem B.5. Since s generates a continuous semigroup, v is a solution to d;v = Av + O(v)
if and only if it is a mild solution:

v(r) = it + / P (y(7)) dT.

There exists ro > 0 such that | ®(v)|x < M||v||§( if ||[v]lx < ro. We choose v'® = § Re w, where
|[Rew|x = 1 and w is an eigenvector for the eigenvalue A, and write the solution under the form
v =efyin 4 § = Re(e'*w) 4+ 3. If A € R, we can choose w € D(sd) C D(sic). Then,

i(t) = /0 t U D4 p (S Re(eMw) + 5(1)) dr.

Let us define r; = min(ro, (Yo — ,3)/(2MM0)) and let T > 0 be the maximal time such that 7" <
In(r/(26))/yo and ||zi(t)||x <r1/21in [0, T), where O < r < r; will be determined later. We shall work
for 0 <t < T, so that ||§ Re(e"*w) + #(7)||x < 8€'° +r1/2 <ry <ro. Then,

t
15()]| < /0 €D x) M |8 Re(e™ w) + 5(7) > d

t
< 2MoM / e(rot+B)(t—1) (52e2ryo + ||5(T)||2) dt

2M M
Z0 526210 1 Mg M / Go+A =) 15(7)||x d,
“r-p
since B < yo. Applying now the Gronwall inequality to e~"0+B)||5(¢)||x then gives, since MoMri <

Yo — B,
MOM 2riMgM?

- B (Vo—ﬂ)()/o—ﬂ —riMoM)

We now choose r = /r; /K, so that the right-hand side is < Kr?/4 < r{/2, and this implies that u exists
at least on [0, In(r/(28))/vo]. In addition, for0 <t < T,

li)lx < [2

j|82 2tyo0 — K8262ty0.

(@) 1x = 870 — [l (1) [x = 8e'° — K527,

as desired. We conclude choosing ¢ > 0 so small that 29 — K 8% > &p.
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Proof of Corollary B.6. We pick some 0 < 8 < yo (for instance 8 = y¢/2) in order to have the semigroup
estimate required in Theorem B.5. The solution u(¢) = T (w«?)(¢w, + v(t)) satisfies, for 0 < ¢ <

vo ' In(2e0/8),
[9(O)llx = IT (~wxt)u(t) = (Po. +6Re(e"w)) 2 < K27,
Hence, T'(—wxt)u(t) remains at distance < Keg from ¢, € 91 and therefore
disty (u(r), ) > diste (8§ Re(e'*w), M — ¢) — K270,

Assume A € R. Then, we observe that the straight line R > 6 — 6w is transverse to the tangent space
Ty of the manifold 91, since w is an eigenvector of $<£ for A # 0, and hence does not belong to the
kernel of &. Therefore, disty(Qw, M — ¢) > |6|/K; for small |6]. Thus,

1
disty (u (1), M) > ?8& — K§2e2tvo,
1

If L e C\R, the equation [$&]c(w) = Aw splits as $£(Re w) =Re(A) Re w—Im(A) Im w and $L(Im w) =
Im(A) Re w +Re(A) Im w. Therefore, Re w and Im w do not belong to ker(¥). Consequently, the surface
C > 0 +— Re(fw) is transverse to the tangent space TN of the manifold 91, and we conclude as before
that

1
diste (u (), M) > 78&” — K§%&*10,
1
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