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THE CLASSIFICATION OF FOUR-END SOLUTIONS TO THE ALLEN-CAHN
EQUATION ON THE PLANE

MICHAL KOWALCZYK, YONG LIU AND FRANK PACARD

An entire solution of the Allen—Cahn equation Au = f(u), where f is an odd function and has exactly
three zeros at £1 and 0, for example, f(u) = u(? — 1), is called a 2k-end solution if its nodal set
is asymptotic to 2k half lines, and if along each of these half lines the function u looks like the one-
dimensional, heteroclinic solution. In this paper we consider the family of four-end solutions whose ends
are almost parallel at co. We show that this family can be parametrized by the family of solutions of
the Toda system. As a result we obtain the uniqueness of four-end solutions with almost parallel ends.
Combining this result with the classification of connected components in the moduli space of the four-end
solutions, we can classify all such solutions. Thus we show that four-end solutions form, up to rigid
motions, a one parameter family. This family contains the saddle solution, for which the angle between
the nodal lines is 7 /2, as well as solutions for which the angle between the asymptotic half lines of the
nodal set is any 6 € (0, 7 /2).

1. Introduction

Some entire solutions to the Allen-Cahn equation in R?. This paper deals with the problem of classifi-
cation of the family of four-end solutions (precise definition will follow) to the Allen—Cahn equation:

Au=F'(u) in R (1-1)

The function F is a smooth double well potential, which means that we assume the following conditions
for F: F is even, nonnegative, and has only two zeros at 1, F'(¢) # 0, € (0, 1). We also suppose
F”(1) #0, F"(0) # 0. For convenience, we assume that F' is such that F”(1) = 2. A standard example
is F(u) = 3(1 —u?)?.

It is known that (1-1) has a solution whose nodal set is a straight line. This will be called a planar
solution. It is obtained simply by taking the unique, odd, heteroclinic solution connecting —1 to 1

H' =F'(H), H(*oo)==+1, H(0)=0, (1-2)

and letting u(x, y) = H (ax+by-+c) for some constants a, b, ¢ such that a?+b*=1. We note that if a > 0,
then d,u = aH' > 0. The De Giorgi conjecture says that if u with |u| < 1 is a smooth solution of (1-1)
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such that d,u > O for a certain fixed direction e, then # must in fact be a planar solution. Indeed, this
conjecture holds in RV, N < 8 (see [Ghoussoub and Gui 1998] when N = 2, [Ambrosio and Cabré 2000]
when N =3, and [Savin 2009] for 4 < N < 8 under an additional limit condition), while a counterexample
can be given when N > 9 [del Pino et al. 2011]. It is worth mentioning that the De Giorgi conjecture is a
direct analogue of the famous Bernstein conjecture in the theory of minimal surfaces.

In order to proceed with the statement of our results, we will define the family of four-end solutions of
(1-1), which is a particular example of a more general family of 2k-end solutions [del Pino et al. 2013].
Intuitively, a four-end solution u is characterized by the fact that its nodal set N (u) is asymptotic at
infinity to four half lines, and along each of these half lines it looks locally like the heteroclinic solution.
To describe this precisely, we introduce the set A4 of oriented and ordered four affine lines in R%. Thus
A4 consists of 4-tuples (A1, ..., A4) such that each A; can be uniquely written as

)‘j = rjejL—i—[Rej

for some r; € R and some unit vector e; = (cos6;,sinf;) € § ! which defines the orientation of the
line. Here, the symbol L refers to the rotation of angle 77/2 in R>. Observe that the affine lines are
oriented, and hence we do not identify the line corresponding to (r;, 6;) and the line corresponding to
(—=rj,0; +m). Additionally we require that these lines are ordered, which means

0 <0y <BO3 <Oy <2m+06.

For future purposes we denote by

Qx = %min{92—01,93—92,94—93,271 —|—91 —94} (1—3)

the half of the minimum of the angles between any two consecutive oriented affine lines of A, ..., A4.

Assume that we are given a 4-tuple of oriented affine lines A = (A1, ..., A4). It is easy to check that
for all R > 0 large enough and for all j =1, ..., 4, there exists s; € R such that

(i) the point x; := rjeJ* + sje; belongs to the circle d Bg, with R > 0;
(i1) the half lines

X}_I= xj+[R€+ej (1-4)
are disjoint and included in R?\ Bg;

(iii) the minimum of the distance between two distinct half lines Af and )\;r is larger than 4.

The set of affine half lines )\T, ey )»j together with the circle d By induces a decomposition of R2
into five slightly overlapping connected components

R?=QoUQ U---UQy,
where
Q0 := Bry1,



THE CLASSIFICATION OF FOUR-END SOLUTIONS 1677

and where, for j =1, ...,4,

Qj={xe RZ: |x| > R — 1 and dist(x, )L;r) < dist(x, A;r) +2 foralli # j}, (1-5)
where dist(x, A;T) denotes the distance of x to )L;r. Observe that, forall j =1, ..., 4, the set 2; contains
the half line A} .

We consider a smooth partition of unity of R2 given by the functions Iy, I, ..., 4, which is subordinate

to the above decomposition of R2. Hence

4

Z H/ = 1,

j=0
and the support of I[; is included in 2; for j =0, ..., 4. Without loss of generality, we can also assume
that [p =1 in

Q) := Bg-1,

andI; =1in

Q/j = {x € R?: |x| > R+ 1 and dist(x, Aj) < dist(x, Af) —2 forall i # j}

for j =1, ..., 4. Finally, we assume that
I lle2mey = C.
We now take A = (Aq, ..., Aq) € Ay with )»7 =Xx;+ R+ej and we define
4
w(x) =Y (=11 (x)H((x —x)) - €]). (1-6)

j=1
Observe that, by construction, the function u; is, away from a compact set, asymptotic to copies of
planar solutions whose nodal set is the affine half lines AT, ..., AI. A simple computation shows that
u;, is not far from being a solution of (1-1) in the sense that Auy — F’(u;) is a function which decays
exponentially to O at infinity (this uses the fact that 6, > 0).
In this paper we are interested in four-end solutions of (1-1), which means that they are asymptotic to
a function u; for some choice of A € A4. More precisely, we have:

Definition 1.1. Let %4 denote the set of functions # which are defined in R? and which satisfy
u—u; € WHA(R?) (1-7)
for some A € A4. We also define the decomposition operator $ by
F:Fs—> WP2R?) x As, ur> (w—uy, L).

The topology on ¥4 is the one for which the operator $ is continuous (the target space being endowed
with the product topology). We define the set Jil4 of four-end solutions of the Allen—Cahn equation to be
the set of solutions u of (1-1) which belong to ¥4.
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The set Jl4 is nonempty. Indeed, it is known [Dang et al. 1992] that (1-1) has a saddle solution U,
which is bounded and symmetric:

U(X, )’) - U()C, _)’) - U(—X, J’)

Moreover, the nodal set of U coincides with the lines y = £x. Along these two lines, U converges
exponentially fast to the “heteroclinic” solution. In addition, in [del Pino et al. 2010] it is shown that
there exists a small number g such that, for all 0 < 6 with tan6 < g, there exists a four-end solution
with corresponding angles of the half lines Aj, j=1,...,4 given by

=0, Oh=m—-0, 03=04+m, 64=21—06.

Observe that the fact that 6 is small implies that the ends of this solution are almost parallel and their
slopes, given by *¢, ¢ =tan#, are small as well. Clearly, by symmetry, it is easy to see that there also
exist solutions with almost parallel ends whose angles are given by

O=n/2—0, 6r=m/2460, 6:3=—-0+4+37/2, 604=31/2+6.

In this case we have tan6; > 1/¢y.

Clearly, any four-end solution can be translated and rotated and multiplied by —1, yielding another
four-end solution. In fact, from [Gui 2012] we know that any u € Jl4 is (modulo rigid motions and
multiplication of a solution by —1) even in its variables, monotonic in x in the set x > 0, and monotonic
in y in the set y < 0:

ulx,y)=u(—x,y)=ulx,—y), uc(x,y)>0, x>0, uyx,y)>0, y<O. (1-8)

Thus, when studying four-end solutions, it is natural to consider the set 3" C 4, consisting precisely
of functions satisfying (1-8). With each such function # we may associate in a unique way the angle that
the asymptotic line of its nodal set in the first quadrant makes with the x-axis. Thus we can define the
angle map

0: M — (0,7/2), ur>6(u). 1-9)

In principle the value of the angle map is not enough to identify in a unique way a solution to (1-1) in
MZ'*". However, for solutions with almost parallel ends, we have:

Theorem 1.2. There exists a small number &y such that, for any two solutions uy, uy € MG"" satisfying
tanO(u;) = tan 6 (uy) < &g, we necessarily have uy = u;.

This result, in some sense, gives a classification of the subfamily of the family of four-end solutions
which contains solutions with almost parallel ends. It says that this subfamily consists precisely of the
solutions constructed in [del Pino et al. 2010]. Let us explain the importance of this statement from the
point of view of classification of all four-end solutions. We will appeal to the following theorem.

Theorem 1.3 [Kowalczyk et al. 2012]. Let M be any connected component of M3"". Then the angle map
0: M — (0, m/2) is surjective.
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Consider, for example, the connected component M, C Jlg"" which contains the saddle solution U.
Theorem 1.3 implies that U can be deformed along M to a solution with the value of the angle map
arbitrarily close to O or to /2, thus yielding a solution in the subfamily of the solutions with almost
parallel ends. But these solutions are uniquely determined by the value of the angle map, which follows
from the uniqueness statement in Theorem 1.2. As a result we obtain the following classification theorem.

Theorem 1.4. Any solution u € MZ" belongs to My and is a continuous deformation of the saddle
solution U.

We observe that, according to the conjecture of De Giorgi, in two dimensions, any solution u# with
|u| < 1 which is monotone in one direction must be one-dimensional and equal to u(x) = H(a - x +b),
that is, it is a planar solution. In the language of multiple end solutions, this solution has two (heteroclinic,
planar) ends. Theorem 1.4, on the other hand, gives the classification of the family of solutions with four
planar ends. Since the number of ends of a solution to (1-1) must be even, the family of four-end solutions
is the natural object to study. In this context, one may wonder if it is possible to classify solutions to (1-1)
assuming, for instance, that the nodal sets of u, and u, have just one component. This question is beyond
the scope of this paper, however, since partial derivatives of four-end solutions satisfy this assumption,
it seems reasonable to conjecture that a result similar to Theorem 1.4 should hold in this more general
setting. We should mention here that it is, in principle, possible to study the problem of classification of
solutions assuming, for example, that their Morse index is 1. This is natural since the Morse index of u
and the number of the nodal domains of u, and u, are related. We recall here that the heteroclinic is
stable, and, from [Dancer 2005], we know that in dimension N = 2, stability of a solution implies that it
is necessarily a one-dimensional solution (for the related minimality conjecture, see, for example, [Pacard
and Wei 2013; Savin 2009]. We expect that in fact the family of four-end solutions should contain all
multiple end solutions with Morse index 1. We recall here that the Morse index of the saddle solution is
indeed 1 [Schatzman 1995].

Let us now explain the analogy of Theorem 1.4 with some aspects of the theory of minimal surfaces
in R3. In 1834, Scherk discovered an example of a singly periodic, embedded, minimal surface in R3
which, in a complement of a vertical cylinder, is asymptotic to 4 half-planes with angle 7 /2 between
them. This surface, after a rigid motion, has two planes of symmetry, say {x, = 0} and {x; =0}, and it is
periodic, with period 1 in the x3 direction. If 6 is the angle between the asymptotic end of the Scherk
surface contained in {x; > 0, x, > 0} and the {x; = 0} plane, then 8 = /4. This is the so-called second
Scherk surface and it will be denoted here by S, /4. Karcher [1988] found Scherk surfaces other than
the original example in the sense that the corresponding angle between their asymptotic planes and the
{x2 = 0} plane can be any 6 € (0, r/2). The one parameter family {Sg}j0<9<=/2y Of these surfaces is
the family of Scherk singly periodic minimal surfaces. Thus, accepting that the saddle solution of the
Allen—Cahn equation U corresponds to the Scherk surface S;/4, Theorem 1.3 can be understood as an
analogue of the result of Karcher. We note that, unlike in the case of the Allen—Cahn equation, the Scherk
family is given explicitly. For example, it can be represented as the zero level set of the function

X

X1 .
Fy(xq, x2, x3) = cos? 6 cosh—— — sin’ 6 cosh

— COS X3.
cos 6 cos 6
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From this, it follows immediately that the angle map in this context Sy — 6 is a diffeomorphism. A
corresponding result for the family (3"" is of course more difficult, since no explicit formula is available
in this case.

We will further explore the analogy of our result with the theory of minimal surfaces in R*, now in the
context of the classification of the four-end solutions in Theorem 1.4. The corresponding problem can
be stated as follows: if S is an embedded, singly periodic, minimal surface with 4 Scherk ends, what
can be said about this surface? It is proven by Meeks and Wolf [2007] that S must be one of the Scherk
surfaces Sy described above (a similar result is proven in [Pérez and Traizet 2007] assuming additionally
that the genus of S in the quotient R*/Z is 0). The key results to prove this general statement are in fact
the counterparts of Theorem 1.2 and Theorem 1.3.

We now sketch the basic elements in the proof of Theorem 1.2. First of all, let us explain the existence
result in [del Pino et al. 2010]. The starting point of the construction is the Toda system:

" _ . N2gi—q)
{q‘ ¢ ’ (1-10)

¢l = cpeV2 -,

for which g1 < 0 < g2 and g1(x) = —¢g2(x), as well as g;(x) = g;(—x), j = 1,2. Here ¢, is a fixed
constant depending only on F (when F(u) = A—IL(I —u®? ¢, = 12\/5), and /2 appears because we have
assumed F”(1) = 2. Any solution of this system is asymptotically linear, namely,

q;(x) = (=1) (m|x| + b) + 022"y x - oo,

where m > 0 is the slope of the asymptotic straight line in the first quadrant. On the other hand, given
that we only consider solutions whose trajectories are symmetric with respect to the x-axis, the value of
the slope m determines the unique solution of (1-10). When the asymptotic lines become parallel, m — 0
or m — 0o. By symmetry, it suffices to consider the case m — 0, and in this paper we will denote small
slopes by m = ¢ and the corresponding solutions by ¢, ;. Note that if by g; ; we denote a solution with
m =1, then
(=1 In 1
Ge.j(x) = q1,j(ex) + 7 n .

Then, the existence result in [del Pino et al. 2010] implies that given a small ¢, there exists a four-end
solution u to (1-1) whose nodal set N (u) is close to the trajectories of the Toda system given by the
graphs of y = g, ;(x). It turns out that the idea of relating solutions of the Toda system and the four-end
solutions of (1-1) [ibid.] is very important. In fact, what we want to achieve is to parametrize the manifold
of four-end solutions with almost parallel ends using corresponding solutions of the Toda system as
parameters. To do this, in Sections 3—5 we obtain a very precise control of the nodal sets of the four-end
solutions. The key observation is that in every quadrant the nodal set N (1) of any four-end solution is a
bigraph, and if we assume that the slope of its asymptotic lines is small, it is a graph of a smooth function,
both in the lower and in the upper half-plane. We then have

N@) ={G,») Ry = [ j(x), j=1,2, fe1(x) <0, fer(x) == fe1(x)}
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for any u € M3*", with & = tan 6 («). Our main result in Section 4 says that, for each & small,
fer1(x) — g1 (x) = Ce® + O(e%e Pl

with some positive constants «, . Next, we define (Section 6) a suitable approximate four-end solution
based on the solution of the Toda system with slope €. To explain this, by N ¢.1 we denote the graph of
the function y = g, 1(x), which is contained in the lower half-plane. In a suitable neighborhood of the
curve N .1, we introduce Fermi coordinates x = (x, y) — (x1, y1), where y; denotes the signed distance
to N e.1, and xp is the x coordinate of the projection of the point x onto N ¢.1. With this notation, we write
locally the solution u, with ¢ = tan 6 (u) in the form

u(x) =H(yi —he(x1)) +¢.

This definition is suitably adjusted to yield a globally defined function. Here the function /4, is required
to satisfy an orthogonality condition. Then it is proven in Section 6 that 4, : R — R and ¢: R*> — R are
small functions of order O(¢*) in some weighted norms.

Finally, starting on page 1715 we prove the Lipschitz dependence of the solution # on the function %,
and conclude the proof of Theorem 1.2 using the mapping property of the linearized operator of the Toda
equation.

2. Preliminaries
In this section we collect some facts about the Allen—Cahn equation which will be used later on.

Refined asymptotics theorem for four-end solutions. Let H (x) be the heteroclinic solution of the Allen—
Cahn equation. Recall that F”(1) = 2. Then it is known that we have asymptotically

Hx) =1—are V¥ +0 V%), H'(x)=apv2e V¥ + 02>, x - oo, 2-1)

with similar estimates when x — —oo, where af is a constant depending on F'.
We consider the linearized operator

Lop = —¢" + F'(H)¢.

It is known that the principal eigenvalue of this operator is ;o = 0 and the corresponding eigenfunction is
H'. In general, the operator L( has possibly infinite, discrete spectrum 0 < p; < - -- < oz(%, and essential
spectrum which is [a(% , 00), ag = +/F”(1). It may also happen that L has just one eigenvalue, 119 =0
and continuous spectrum, in which case we will set u; = a%.

Next, we recall some facts about the moduli space theory developed in [del Pino et al. 2013]. We will
mostly use this theory in the case of four-end solutions. Thus we will restrict the presentation to this

situation only. We keep the notations introduced above. Thus we let
= (A1, ..., hg) € Ay,

and we write )L;r =x; +RTe; as in (1-4). We denote by Q, . .., 4 the decomposition of R? associated
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to these four affine half lines and [, ..., I4 the partition of unity subordinate to this partition. Given
v, 8 € R, we define a weight function T', 5 by

4
Iy.s(x) :=To(x) + Y T;(x)e” ¥ 7% (cosh((x —x;) - €7))’, (2-2)
j=1

so that, by construction, y is the rate of decay or blow up along the half lines A;f, and § is the rate of
decay or blow up in the direction orthogonal to A;r.
With this definition in mind, we define the weighted Lebesgue space

L’ 5(R%) :=T, sL*(R?), (2-3)
and the weighted Sobolev space
WS (R =T, s W (R?). (2-4)

Observe that, even though this does not appear in the notation, the partition of unity, the weight function,
and the induced weighted spaces all depend on the choice of A € A4.

Our first result shows that, if u is a solution of (1-1) which is close to u; (in W22 topology), then
u — u, tends to 0 exponentially fast at infinity.

Proposition 2.1 (refined asymptotics). Assume that u € ¥4 is a solution of (1-1) and define A € Ay, so
that

u—uy; € WH(R?).
Then there exist § € (0, ag), a9 =/ F”(1) and y > 0 such that
u—u, € W22 (R?). (2-5)

More precisely, § > 0 and y > 0 can be chosen so that

y € (0, Vi), y2—|—82<a3 and «g> 8§+ ycoth, (2-6)
where 0, is equal to the half of the minimum of the angles between two consecutive oriented affine lines
Ay -vos Mg (see (1-3)), and (11 is the second eigenvalue of the operator Ly (or p| = a(% if 0 is the only
eigenvalue).

We recall here that in this paper for convenience we have assumed oo = /F7(1) = v/2.
It is well known that for any solution of (1-1) the following is true: if by N (1) we denote the nodal set
of u and by d(N (1), x) the distance of x to N (u), then

lu(x)* — 1]+ |Vu(x)| + | D*u(x)| < Ce PINW-0) (2-7)

where B > 0. This type of estimate is relatively easy to obtain using a comparison argument; see
[Berestycki et al. 1997; Kowalczyk et al. 2012]. On the other hand, the estimate (2-5) is nontrivial.
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The balancing formulas. We will now briefly describe the balancing formulas for four-end solutions in
the form they were introduced in [del Pino et al. 2013]. Assume that u is a solution of (1-1) which is
defined in R2. Assume that X and Y are two vector fields also defined in R2. In coordinates, we can write

_ J — j
X=) Xa, v=) Yo,
J J
and, if f is a smooth function, we use the notations

X(f):=) X0 f. V=) 0 fo, divX:i=) 09,X
J i

J
and

dX = 5 300X + 0, X dvi @ d;,
so that "
XY, Y)=) 8, XYY/,
i,j
We will need the following balancing formula, which is proved by direct computation:
div((3IVul?> + F) X — X @) Vu) = (31Vul? + Fw)) div X — d* X (Vu, Vu). (2-8)
Translations of R? correspond to the constant vector field
X = Xo,
where Xg is a fixed vector, while rotations correspond to the vector field
X :=x0y — yoy.
In either case, we have div X = 0 and d*X = 0. Therefore, we conclude that

div((31Vul* + Fw)X — X (u)Vu) =0

for these two vector fields. The divergence theorem implies that
/ ((3IVul* + Fw))X — X (u)Vu) -vds =0, (2-9)
aQ

where v is the (outward pointing) unit normal vector field to 9€2.
To see how this identity is applied let us fix a unit vector e € R? and let X = e. For any s € R we
consider a straight line Ly = {x € R?> : x = se + e, t € R}. Then we get

/ [%'V”F —|Vu-el* + F(u)] dS = const
L

for any 4 end solution u of (1-1), as long as the direction of L; does not coincide with that of any end,
thatis, e #ej, j =1,...,4. In a particular case e = (0, 1) we get a Hamiltonian identity [Gui 2008]:

/ [4(3:u)* — $(3yu)* + F (u)] dx = const. (2-10)
y=s
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Summary of the existence result for small angles in [del Pino et al. 2010]. To state the existence result
precisely, we assume that we are given an even symmetric solution of the Toda system (1-10) represented
by a pair of functions g;(¢) < 0 < g»(t), where q,(¢t) = —qg»(t) as well as g;(¢) = g1 (—t). In addition let
us assume that the slope of g; at co is —1. Then, asymptotically we have

q;(x) = (=) (x| +b) + 022y, x > 0.

Given ¢ > 0, we define the vector valued function ¢g., whose components are given by

(-1 1
qj.e(x) :=q;(ex)+ ﬁlng' (2-11)

It is easy to check that the g . are again solutions of (1-10).

Observe that, according to the asymptotic description of the functions g, the graphs of the functions
qj.e are asymptotic to oriented half lines with slopes +¢ at infinity. In addition, for € > 0 small enough,
these graphs are disjoint and in fact their mutual distance is given by /2 In é +0(1) as ¢ tends to 0.

It will be convenient to agree that x+ (respectively x ~) is a smooth cutoff function defined on R
which is identically equal to 1 for x > 1 (respectively for x < —1) and identically equal to O for x < —1
(respectively for x > 1), and additionally y ~ + x T = 1. With these cutoff functions at hand, we define
the four-dimensional space

D :=Span{x — x=(x), x = xxT(x)}, (2-12)
and, for all u € (0, 1) and all T € R, we define the space %%’“ (R) of €>* functions r which satisfy
||r||<€§,,L(R) := [[(coshx)"r|l¢euw) < 00.

Theorem 2.2. For all ¢ > O sufficiently small, there exists an entire solution u. of the Allen—Cahn equation
(1-1) whose nodal set is the union of 2 disjoint curves FL e Fz, ¢ Which are the graphs of the functions

X = ‘Ij,s(x) +rj,s(8x)
for some functions r; . € C6%’”([@) @ D satisfying

||rj’6||(€$’u(|R)@D S CS(X

for some constants C, a, T, u > 0 independent of ¢ > 0.

In other words, given a solution of the Toda system, we can find a one parameter family of four-end
solutions of (1-1) which depend on a small parameter € > 0. As ¢ tends to 0, the nodal sets of the solutions
we construct become close to the graphs of the functions g ..

Going through the proof, one can be more precise about the description of the solution u,. If I' ¢ R?
is a curve in R? which is the graph over the x-axis of some function, we denote by Y( -, I') the signed
distance to I'" which is positive in the upper half of R?\ I' and is negative in the lower half of R*\ T'.
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Proposition 2.3. The solution of (1-1) provided by Theorem 2.2 satisfies
e (g — D)l o) < Ce®

for some constants C, &, & > 0 independent of ¢, where x = (x, y) and

2
up =Y (=)/TTHY(, T -1, (2-13)
j=1
in the set

V={@y:ly<Ce'V1+x2},

with some positive constant C (depending on Fj,g), and outside of this set u* is defined by smoothly
interpolating with 1 in the upper half-plane and with —1 in the lower half-plane.

3. The nodal sets of solutions

After a rigid motion, any four-end solution is even symmetric [Gui 2012], and thus we will always consider
solutions in Jtg**" which in particular satisfy (1-8). Note that JiL3"" is a one-dimensional manifold, possibly
with more than one connected component. For any solution u € 5", the angle map 6 (u) is defined
to be the asymptotic angle at oo between the nodal set of  in the first quadrant and the x-axis. By the
results proven in [Kowalczyk et al. 2012], the angle map on any connected component of the moduli
space J*" of four-end, even solutions is surjective, and in particular it contains solutions whose nodal
lines are almost parallel (6(u) ~ 0 or 7 /2 — 6(u) ~ 0).

By N (u) we will denote in this paper the nodal set of u € J3**". We are interested in solutions whose
nodal lines are almost parallel at co, and, by symmetry, we can restrict our considerations to the case
6 (u) ~ 0. In this case N (1) will consist of two components, one of them is a graph of a smooth function
in the lower half-plane and the other one is contained in the upper half-plane.

Basic properties of solutions with almost parallel ends. It is expected that as 8 (u) — 0, the distance
between the upper and the lower nodal line of # will tend to infinity. This is the content of Lemma 3.1
below. In the sequel we will denote the first quadrant in R? by Q.

o0

Lemma 3.1. Suppose {u,},2 , is a sequence of four-end solutions such that 6 (u,) — 0 and p, € N (u,) N

00Q1. Then |p,| — +00, as n — 4+00. Moreover, p,, is point on the y axis for n large.

Proof. To show that |p,| — 0o, we suppose by contradiction that p, — p*, |p*| < co. We know that,
up to a subsequence, u, converges in %%OC(RZ) to a solution u* of the Allen—Cahn equation. By similar
arguments as in [Kowalczyk et al. 2012, Lemma 5.1], we know that #*™ cannot be identically zero. Since
|p*| < 0o, u™ cannot be the constant solution 1 or —1. Therefore, by the maximum principle, u} > 0,
x>0, u; < 0, y > 0. Then, by [Gui 2008, Theorem 4.4], u* must be a solution to (1-1), whose nodal set
in the first quadrant is asymptotically a straight line with positive slope equal to tan 6* # 0. It can also
be proven using the refined asymptotic theorem (Proposition 2.1), that u* € Jt3*". By the Hamiltonian
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e

where ep = fR(H/)Z. But on the other hand, for any fixed r > 0,

/_r(i +F(un(X,O)))dx_>'/_r<§

This is a contradiction.
It remains to show that p,, is in the y axis when # is large enough. To this end, we argue by contradiction

identity,
ou,(x,0)

2
™ +F(un(x,0))> dx =2epsinf(u,) — 0, (3-1)

ou,(x,0)
0x

ou*(x, 0)

2
+ F(u*(x, 0))) dx > §>0.
ox

and assume that p, is in the x axis for large n. Observe that as p,, goes to infinity, locally around the
nodal line, u,, will resemble the heteroclinic solution. Therefore, for any ¢ > 0, if n is large enough,

e

But on the other hand, by (3-1), the left side is equal to 2ef sin 6 (u,), which tends to zero. This is a
contradiction. O

du, (x, 0) |2
0x

+ F(u,(x, 0))) dx > 2ep —¢.

We know that when the angle of u,, is small, the nodal set N (u,,) in the upper half-plane is a graph of
a smooth function y = f,(x). For this function, we have the following.

Lemma 3.2. Suppose {u,} is a sequence of solutions in MZ" such that 0 (u,) — 0, as n — oo. We have
. /
nEI—Poo I /o llgomy = O.

Proof. Using the monotonicity of u, in the upper half-plane and the validity of the De Giorgi conjecture
in dimension 2, one can show that, for any r > 0,

. /
Jim | flleoq—rrm = 0-

Now, we claim that for each § > 0, there exists (§) > 0 such that
| fi(x) —tan®(u,))| <8 forall x >r(8) and n € N.
Indeed, if this were not true, then, using the fact that

lim f/(x) =tanf(u,) > 0 asn— +o0,
xX——+00

we could find sequences {ny}, {xt}, {y}, all tending to infinity and x; < yi, such that

)
T 0I=C x e bl

and
)

| fo ) = fro, i) = 3 (3-2)
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Now we consider two lines L1 ,, and Lj ,, with slopes —1 passing though the points (xx, fy, (xx)) and
Yk fu, (Yx)), respectively. Note that since the nodal lines N (u,,) are bigraphs, the lines L; ,, must be
transversal to N (u,,) at their points of intersection.

Next, consider the domain €2,, C QO bounded by the two axes and the lines L; ,,, i =1, 2. Let X be
the vector field (0, 1). The balancing formula (2-9) tells us

/ ((31Vttn |* + F (n)) X — X () Vitn,) - vdS = 0.
IS,
Note that the integral over the segment 92, N {x = 0} is automatically 0 by the choice of the vector field
X and the evenness of u,,, .

Following similar arguments as in [Kowalczyk et al. 2012, Lemma 5.2], one can show suitable
exponential decay of |u,| — 1 along the x axis, and it follows that, as k — 400,

/ ((3IVun > + F )X — X () Vty,) - vdS — 0. (3-3)
02, N{y=0}
Now we estimate the integrals along the segments 9€2,, N L, ,,. For this purpose it is convenient to
denote
apn, =arctan f, (xx), o2, =arctan f, (y),
and

J_ .
€, = (sinog p,, —COSAY p,).

By the validity of the De Giorgi conjecture in dimension 2, we know that locally around (xi, fy, (xk)),
as k goes to infinity, the function u,, converges to

Hoei, - (¥ =Xk, y = fu (¥0)).
Moreover, by (2-7), on the segment 9€2,, N L1 p,,
lup (x) — 1]+ [V, (x)] < Ce P x = (x, y).

Similar results hold around (yx, fn, (vx)). Using these facts, after some calculation, we get

/ ((31Vitn, >+ F ) X = X (un)Vity,) - vdS = (—1)" sina e +o(1),
082, NL

ny ing

where o(1) is a term that goes to 0 as k — +00. Combining all the above estimates, we infer
sinay ,, —sinay ,, = o(1),

which is a contradiction. O
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A refinement of the asymptotic behavior of the nodal set. Let u be a four-end solution with small angle
O0(u). We set ¢ = tanf(u) and, for simplicity, use & as a small parameter. To obtain more precise
information about this solution, our first step is to define a good approximate solution and estimate the
corresponding error term. As we will see later, this enables us to know more precisely the behavior of the
nodal lines.

The nodal set N () in the lower half-plane is the graph of a function y = f(x). Strictly speaking the
function f depends on u, but we will not indicate this dependence. We have shown that || f'||¢o®) — O
as 0 (u) — 0. Recall that by the validity of the De Giorgi conjecture in dimension 2, locally around the
nodal line, u behaves like the heteroclinic solution. Using this fact and that u(x, f(x)) = 0, it is not
difficult to show that || f'||1 g, — 0 as 8 (u) — 0. For future reference, we finally observe that, in general,
N(u) N Qj is at least a 63 (R) function and, bootstrapping the above argument, it is not hard to show that
£ llz ) = o(1) as 6(u) — 0.

To fix attention, we will always work with the solution whose nodal lines have a small slope & = tan 6 ()
at oo. This means that these lines are asymptotically parallel, as ¢ — 0, to the x axis, and one of them is
contained in the lower half-plane and the other in the upper half-plane. We know that they are symmetric
with respect to the x axis. In the sequel it will be convenient to denote the component of the nodal set
N (1) in the lower half-plane by N 1, and the one in the upper half-plane by N, ». Due to the evenness of
u, the nodal lines are obviously graphs of some even functions: N ; = {(x, )|y = fe.i(x)}.

To introduce the functional analytic tools used in this paper, we first define the weight functions

W,(x) :=(coshx)*, x=(x,y), a=>0.
For £ =0, 1,2, let 5" (R?) := W 1¢5#(R?), endowed with the weighted norm

@ llger gy = sup Wa () lPllcern(pex,1))-
xeR?

Likewise, we let W,(x) = (cosh x)? and define the weighted space Céf;’“ (R) by

1 gy =590 Wa)f Dot ey
xXe

In what follows we will measure the size of various functions involved in the 62* (R2), and in the 62" (R)
norms. Mostly we will have u € (0,1),a ~¢,0ora =0.

Remark 3.3. In this paper, we will frequently estimate the usual ¢“* norm, as well as the ‘Gﬁ’“ norm
(a ~ &) of various functions. In many cases, the argument for the weighted norms and the usual ¢**
norm is almost identical. Therefore, for notational convenience, the symbol C@ﬁ’“ , with a = 0, will just
denote the space %", rather than the space of compactly supported functions.

Let us recall that a four-end solution u is asymptotic to a model solution u; defined in the introduction.

Using Proposition 2.1, we know that u — u; € szmy_ 5 ([Riz) with some small 7y > 0 and § > 0, which

can be chosen independent of the small parameter ¢. It follows that

u—u; €6EMR?). (3-4)

£To
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To see this, we denote by e the asymptotic direction of the end of u in Q. Then, by definition of the
weight function I',¢, 5 in (2-2), taking R large, we see that when 6 > 7,

Tery.5(x) ~ (cosh((x — x.1) - €)™ (cosh((x — x¢.1) - 7))’ > C(coshx)™, x € O\ Br.

From this, u — u; € %S;ff (R?) follows immediately. This estimate can be bootstrapped to yield the
%3,{; (R?) estimate as claimed.
Additionally, using (3-4) and the fact that u(x, fz2(x)) =0, we get that, with some constant s,

H((fo2(x) = £x = ) c0s (@) = Oy (€, x — o0, (3-5)
from which one can show
|| f£,2 - €|X| - Lgd&‘ ”%g,‘é(R) + || fs/,Z —¢ SigH(X) ||<6STK(R) + ”fg/,/Z”c@grl(;(R) < Q. (3'6)

Fermi coordinates near the nodal lines. We will now describe some neighborhoods of the nodal lines
Nei, i =1, 2, where one can define the Fermi coordinates of x € R? as the unique (x;, y;) such that

(=G0 D)

S+ (L2

We will first find a large, expanding neighborhood of N, ; in which the map x — (x;, y;) is a diffeomor-

x = (x;, fei(x) +yingi(x;), ng;(x):=

phism. Because of symmetry, it suffices to consider a neighborhood of N ;.
We define the (multivalued) projection of a point x € R? onto N¢ | to be the set of points that realize
the distance between x and N 1:

e 1 (X) 1= {(x1, fe,1(x1)) s dist(x, (x1, fe,1(x1))) = dist(x, Ne 1)}
Let (—m.(x1), m¢(x1)) be the maximal interval where the projection function is single valued:
mg(x1) :=sup{m : e 1 ((x1, fe,1(x1)) +tne1(x1)) = (x1, fe,1(x1)) for [t| <m}.

In a certain sense, we can regard the function . as the measure of the size of the maximal neighborhood
of N1 where the Fermi coordinate could be defined. Finally, for technical reasons, for any x; € R, let us
define

1
me(xy) = min{—,nig(x )}.
1 Jrhenl

Lemma 3.4. Let t be O or 1. Then there exists a constant Cy such that
e (coshx)*" < Coll £/ llo oy I £ 1 o ey - 3-7)
Proof. Given x; € R, if m.(x1) = 1/v/] f/|(x1)], then
e "%V (coshx1)*" < C|f/ (x1)*(coshx))*™ < CIl £ o, w11 fL 1 o my-

Therefore estimate (3-7) holds in this case.
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If mg(x1) < 1/ |f€/f1(x1)| by definition m(x;) = m.(x;), and therefore one could find points x; =
(x1, fe,1(x1)), X2 = (x2, fe,1(x2)), and xo with xy, x5 € 7, 1 (x0) and

lxo —x1 |l = [lxo — x2| = mg(x1).

In particular, x;, j = 1, 2 lie on the circle § whose center is xo.

We observe that, by the choice of xg, the distance from xy to N | is m.(x;), and therefore N, is
tangent with S at x; and x;. Since N is a graph, it is easy to see that the shorter arc of S between x;
and x; is the graph of a function y = g(x), x € [x1, x2].

Now an elementary calculation yields

min [g”(x)| > -
x€[xy,x2] & mg(xl)

On the other hand,
18" (x2) — &' (x| = | fL 1 (x2) = fL (xD)I.

Therefore, one can find a point x3 = (x3, f¢.1(x3)) € N¢ 1, with x3 € [x1, x2], which satisfies

|f7 (x3)| = min [g"(x)| > (3-8)
x€lxy,x2]

me(x1)
Observe that x3 € (x; — 2m.(x1), x1 + 2m.(x1)). Therefore, as ¢ is small,
e (cosh x1)fT < Ce ™™= 2 (CDET (cogh x3)°T

< e~ /Dm0 (cosh x3)°7.
Then, using (3-8), we also get the desired estimate:
e 0D (cosh x1)°T < e V@S @)D (cosh x3)¢7
< Cllf o, @y L 21 oy - 0
By the above lemma, we know that m, satisfies
me(x) > et Incoshx —In(Coll £/ leo. ) I.f2' 1 o))
where 7 is either 0 or 79, and, in particular, when T =0,
me(x) = —In(Coll £ 150 y)-
Now we set
de (x) = max{eto Incoshx — In(Coll £/, ||<<ggz0(R)||f;f1 l¢ow))> — In(Coll £ ||<260(R))} -1

Recall that || fs” 1oy — 0 as € — 0. Therefore d, (x) is positive. Modifying d, (x) in a neighborhood of
the point where it is not smooth, we get a smooth positive function d.(x) satisfying d.(x) < aa (x)+ %,
[, lct®) < C, and a similar estimate as (3-7):

e~ % (coshx)*™ < CIl 7 lleo. oy 1171 lleo ) - (3-9)
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With this choice, the change of variables x = (x, y) = x,.1(x1, y1) given by

(x1, y1) = (x1, fe,1(x1) +ying1(x1) = (x, y)

is a diffeomorphism in the set {(x1, y1) : |y1]| < d<(x1)}. Denote the corresponding neighborhood of N, ;
by 0;. Note that the transformation x, ; is given explicitly by

fg/,l(xl) Y1
Y1, .
N R I+ (] 0)?

Similarly, for the graph of y = f; 2(x) = — f; 1(x), which is the symmetric image N, 2 of N, with
respect to the x axis in the upper half-plane one can associate a Fermi coordinate (x,, y2) € R x (—d,, d;),

X=x— y = fe1(x1)+ (3-10)

in 0», which is the symmetric image of O defined above, and y; is the signed distance, positive in the
upper part of N 2. Also, we use x; > to denote the corresponding diffeomorphism

(x2, y2) = (x2, fe2(x2)) + yane 2(x2).

Furthermore, for any function w: 0; — R, we will define its pullback by x. ; by setting (x;;w)(x;, y;) =

w o Xg ;i (X, yi).

4. Asymptotic profile of a solution near its nodal line

An approximate solution of (1-1). We will now define an approximate solution to (1-1) which accounts
accurately for the asymptotic behavior of the true solution as ¢ — 0. We will use the nodal lines N ; as
the point of departure and will base our construction on the neighborhoods 0;, which are expanding as
X — 00.

To be precise, we let 1; be a smooth cutoff function satisfying n; (x) =0, x ¢ 0;, and n; (x) = 1 for any
point x € O; such that dist(x, d0;) > 1. Moreover, ; could be chosen in such a way that ||7;[|¢3 g2y < C.
We will use (x;, y;) to denote the Fermi coordinates associated to N ;, i = 1, 2. Finally, we introduce an
unknown function £, : R — R, which a priori is of class @3, and we let Hp: R? — R be a €3 function
that, outside of 0y, is equal to 1 (above N, 1) and —1 (below N 1), and otherwise is given by

H(y1 — he(x1))
[H (y1 — he(x1))]

(x} 1 He 1) (x1, y1) = (. m) H(y1 — he(x1)) + (1 —x m) 4-1)
Furthermore, we define

He,Z(x» y)=— s,l(xa_Y)’ ug = Hy 1 _Hs,2_1-

The function /4, is called the modulation function and it will be defined (Lemma 5.1) through the
orthogonality condition:

/ x [ —itg)peiH.;1dy; =0 forall x; € R,
R

where
() H ) (s yi) = (x} i) H' (yi — (=D he(xy)), i=1,2,
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and the smooth cutoff functions p.; are defined by
(e 0e.) (Xt i) = p(yi — (= 1) he(x)),
where p is an even function satisfying

1, 7] < min{d.(0), f¢,2(0)} —2,
p(t) =10, 7] = min{d.(0), fe,2(0)} — 1,
0<p<1, otherwise.

The proof of existence of the modulation function 4, will be given later on, but, anticipating it, we
observe that due to the exponential decay in x of the functions involved, we have h, € %ﬁ;“ (R), and in
fact we will show

el ey < Co2. (4-2)
If we let ¢ = u — u,, we have

Li¢:=—A¢p+ F'(ii;)p = E(ite) — P(¢),
where E (ii;) = A, — F'(u.) and P(¢p) = F' (i +¢) — F' (i) — F" (i) p. Our first result is the following.

Proposition 4.1. Let T be 0 or ty. For all u € (0, 1), the following estimate holds:

2
”hé‘”‘@g%ﬂ(R) + ||¢||C82%“(R2) + ”f;fl ||<@2%M(R) 5 CS .

The proof of this proposition, which is based on the a priori estimates for the linear operator L;, and
careful estimates of the error E (i) of the approximation function is postponed for now and will be given
in Section 5. However, it is not hard to show that, a priori, we have ||@||¢or2) = o(1) as € — 0. A proof
of this fact is based on the validity of the De Giorgi conjecture in R.

Precise asymptotics of the nodal lines. The point of this section is to describe precisely, and in particular
uniformly as ¢ — 0, estimates for the function f; ;. Our curve of reference will be given by a solution of
the Toda system:

{q{/ = —C*e\/i(ql _qZ)’ (4_3)

¢} = cpeV2a—a)

for which g1 (x) = —q2(x), as well as g (x) = ¢;(—x), j = 1,2, and

_ar JlF"(1) — F'(HG))H (v)e¥> dy
Ja(H' ()2 dy '

Here ar is the constant appearing in the asymptotic expansion (2-1) of H. Keep in mind that we have

Cx

assumed for convenience F”(1) = 2.
To find all solutions to (4-3) with the properties described above, we only need to solve

—C 4-4)
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in the class of even functions. It is easy to see that solutions of (4-4) form a one parameter family, and
each solution of this family has asymptotically linear behavior. In fact this family can be parametrized by
the slope of the asymptotic line. To describe this family precisely, let us consider the unique solution
Up(x) of (4-4), whose slope at oo is —1. We have explicitly

V2

1
Uo(x) = ——1 .
o) =25 ¢, cosh?(v/2x)

(4-5)

Asymptotically, as |x| — oo, we have
Uo(x) = — x| +bo +O(e 2V2H)),

where b() is a fixed constant. Then the famlly of solutions can be written as
x) =Up(ex n-—.
&1 0 \/—

Thus, given the nodal line N | of a solution u, with ¢ =tan6(u), by g.,1 we will denote the solution of
(4-4) whose slope at infinity is —e. Respectively, we set

4e2 = —(g,1-

We will denote by N ¢.1 the curve y = g, 1(x) in the lower half-plane and by N .2 the graph of y =g, 2(-).
The hope is that the nodal set in the lower half plane of a four-end solution u, with & = tan 6 («) small,
and N | should be close to each other. To quantify this, we state the next result.

Proposition 4.2. Let u be a four-end solution of (1-1) such that ¢ = tan 6 (u) is small, let N1 be the
nodal line of this solution in the lower half-plane, given as the graph of the function y = f, 1(x), and let
he € €>*(R) be the modulation function described above. Then there exist a, T > 0 and a constant j,,
with | jo| < Ce%, such that the following estimates hold for the function wg 1 := fe1+he + je — qe.1:
llwe,1 ||<@2f(u‘\y) <Cé¢”,
g 4 0. my < Ce'te, (4-6)
24« )

I/ 1oy = Ce
ET

This proposition is the main technical tool needed to prove the uniqueness and will be proven in the
next section.

5. Proof of Propositions 4.1 and 4.2
We recall that by definition 4, is required to be such that the following orthogonality condition is satisfied:
/ x:’[[(u —ﬁg)p&l-Hs/J-]dyi =0 foralx; eR,i=1,2. (5-1)
R

We will refer to /. as the modulation function, and we keep in mind that 4, is required to be small. Our
first objective is to show that the modulation function /. indeed exists.
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Lemma 5.1. For each sufficiently small € there exists a function h, € 63 (R) such that (5-1) holds.

Proof. To find h, such that the orthogonality condition (5-1) is satisfied, we first replace the function %, in
the definition of the functions H, 1 and H, > by two undetermined, bounded functions 4, ; and A, >. More
precisely, given a function /4, > in a suitable function space, we have a function H, » which, in the Fermi
coordinate (x3, y2), is equal to H (y2+h, 2(x2)), at least near N 5. Given this, we want to find the function
he.1, corresponding to the modulation of the nodal line N, ; such that, for the resulting approximate
function H; 1, the orthogonality condition (5-1) is satisfied for i = 1. So far the orthogonality condition
for i = 2 still may not hold. However, if it happens that i, » = h; 1, then, by symmetry, the orthogonality
condition is also satisfied for i = 2 and this will yield the desired modulation function /4.. To find an
he 2 such that h, | = h, 2, we will use a fixed point argument. Now we give more details for this strategy.
Obviously,

/ x;l[ﬁsl)s,lHé,]] dy; = — / x:,l[(Hs,Z + I)Ps,ng/,l]d}’l-
R R
This identity suggests that we should consider the function
ke(s, x1) := / o1 —$)H' (yi —s)x} | (u+ He o+ D (x1, y)dy1,  s,x1 €R.
R

Note that the orthogonality condition (5-1) for i =1 is equivalent to k. (s, x1) = 0 with s = h, 1(x1). Let
us calculate

—dske (s, x1) = / [0 (v = $)H'(y1 =) + p(y1 =s)H" (y1 — )% (u + He 2 4 1) (x1, y1) dyi
R

= /R[p/(yl —$)H' (yi =)+ p(y1 —s)H"(y1 —s)1H (y1) dy

I

+ /R[p/(yl —)H' (y1 =)+ p(1 —)H"(y1 —$)1x} | (He o + D (x1, y1) dyy

I

+/R[p/(y1 —$)H'(y1 =)+ p(1 —)H" (y1 — $)1x7 u(xr, y1) — H(y)1dy; .

I3

Fix a small constant a. It is easy to see that there exists constant § > 0, independent of &, such that [; > §
for s € (—a, a). Obviously, the second term [/, tends to 0 as ¢ — 0. Moreover, since u converges locally
as ¢ — 0 to the heteroclinic solution, we have

I3—>0 ase—0.

Therefore d;k. (s, x1) > /2 for s € (—a, a), and x| € R, when ¢ is small enough.
Next let us write
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kg(s,x1)=/Rp(y1—s)H/(y1—S)H(yl)dy1+/Rp(y1—S)H/(yl—S)x;k,l(Hg,erl)(m,yl)dyl

14 15

+/Rp(y1 —s)H'(y1 — s)[x] ju(xr, y1) — H(y)1dy .

ls

We have
la(s) =s /R pO)(H (y1)2 dy1 +b(s),  b(s) ~ 5%, (5-2)

while
Is,le >0, &—0. (5-3)

Hence, taking a smaller if necessary, we may assume k.(a, x;) > 0 and k.(—a, x;) < O for small ¢.
This together with the monotonicity of k. ensures the existence of 4, ;, which fulfills the orthogonality
condition (5-1) for i =1 and fixed A, 5.

The above argument implies that, for any &, € 6°(R), l7e.21l¢om) < @, we have a nonlinear map T
defined by h; > — h. 1. The map T satisfies

TB(0,a) C B(0,a), B(0,a)={he€"R): |hlqag <a).

The proof that T is a contraction map is standard and is omitted. At the end we obtain the existence of
a fixed point hy = hy 1 = h¢ 2.

One can verify that although &, , is only of class €°, the function &, is of class ¢!. Therefore, by the
implicit function theorem, &, is also of class ©¢'. It then follows that k, is 6%. Therefore the regularity
of h, can be bootstrapped. This ends the proof. O

Corollary 5.2. The modulation function h, satisfies
e llg2nm =o0(1), &—0. (5-4)

We also have h, € %3’#([@),

Proof. The fact that ||h. ||, tends to 0 as ¢ — O essentially follows from (5-2) and (5-3). Then the
same can be shown for the higher order derivatives. Once the existence of small &, is established, one

can again use (5-2) and the fact that, a priori, u € <@§~,’* (IRZ) to show that 4, € <@§;’* (R). O
Now let us recall that for a four-end solution with small angle, we have written u = u, + ¢. The
linearization of the Allen—Cahn equation around i, is L;, = —A + F”(it,). The function ¢ satisfies
Li,¢ = Aty — F'(it;) — P(¢), (5-5)
and

P(¢) = F'(ite + ¢) — F'(ie) — F" (i) ~ ¢

is a higher order term in ¢. Note that our definition of i, and the construction of the function %, imply
that ¢ = u — u, satisfies the orthogonality condition (5-1). Our strategy to get suitable estimates for ¢
relies on the a priori estimates for the operator Lj, , taking into account this orthogonality condition.
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To carry out the analysis, we will study the error term E (i) = Ait, — F’(it). First we consider the
projection of E (u.) onto the two-dimensional space K = span{HE’J Pe.ir i = 1,2}, which we will denote
by E(iis)!. Explicitly, E (i) = E(ite)| + E(ii)), where E(ii,)! is equal to 0 outside 0; and

X2 E )] (xi, y1) 1= coxt; (e, HL ;) fR X} E (o) pe i H, 1dy; in 0y, i =1,2.

-1 -1
Ce = (f[x:,l(pa,lHa,l)]z d))) = (/(pH)zdy) .
R R

Furthermore we set E (ii,)" = E(it,) — E(it;)!. The main idea in what follows is that the size of the
function fs” | is related to E (it), while the size of u — it, = ¢ is controlled by E (it;)*. Of course, both
projections of the error E(it;) are coupled, in the sense that the dependence on f; | and ¢ appears in both
of them, but, as we will see, this coupling is relatively easy to deal with.

Here

As we said, we wish to analyze the error E (u.). Observe that

—F'(Hp) — F'(Hey — Hop — 1) = —F'(H, 2) — F'(He,)) + F"(He,)) (Ho p + 1) + O((He 2 + D)
= —F'(He.)) = [F"(1) = F"'(He, D1(He 2 + 1) + O((He 2 + D).
It follows that
E(ie) = —A(Hg,1 — Heo — 1)+ F'(Hey — Hep — 1)
=—AH, |+ F'(He1) + AHe o — F'(He2) + [F"(1) — F"(He )1(Hep + 1) + O((He 2 + 1?).

The expression of the Laplace operator in N ; is

A.
2y — (5-6)

497 +
-+ 2A

A
where

O fiGa) 2 (fl;(x))?
v fLaa? A+ LD

Using these formulas, we can write down the explicit expression of E(u.). Because of symmetry, it

Ai =1+ (fL;(x))* =2

suffices to carry out the calculation in the lower half plane. The same calculation as that of [del Pino et al.
2010, (5.65)] shows that in the portion of the lower half-plane where both cutoff functions 7, ; equal 1,
we have, fori =1, 2,

- laylAl h//(xl) 10y, A1, /
E(Ms)—(2 A Al 24 he(x1) | H (y1 — he(x1))
B layzAz_i_hg(xz)_laszz
2 A, Ay 2 Al
_'_<(hfg()€1))2
Aj
— (F"(1) = F"(He.))(Hep + 1) + O((He 2 4+ 1)). (5-7)

h,, (xz)) H'(ys — he(x2))

1% 2
H"(y1 — he(x1)) — %Hﬁ()’z +ha(x2)))
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Lemma 5.3. Suppose t is equal to 0 or 19, and define D (x) := dist(x, Ng 1) + dist(x, N¢ 2). Then, for
any u € (0, 1),

VE @) o ey = 0ULF ey + Wl gz ) + OCllexp(—v2D) o, @2)). (5-8)

Proof. First we note that, outside of the set Oy U 0>, i, is equal to 1 or —1, hence the estimate is trivial
in this region. Secondly, if x € 0; and dist(x, 00;) < 1, then, using the asymptotic behavior of the
heteroclinic solution, it is not difficult to see that

| — AHg; 4+ F'(Hg.i) llon px.1y) < Cem V2,

where (x;, y;) is the Fermi coordinate of x. Let (x, y) be the Euclidean coordinate of the point x. Then
elementary geometry tells us

i — x| < | fy; (i) 1de (7).
Therefore, using (3-9), we get
e~V 2e () getix] < (=V2: (i) eTlnileTIf, () 1de (xi)

< o=dex0) el

< CILf o, @ 21 llo @y -

Hence, to prove (5-8), it will suffice to consider the expression (5-7) for E (u;).

By (5-7), we get, for instance, the following term in E (ii;)™:

0y, Aq 0

= Ny Hg”l —ch:,l(pg,lHS”l)/ )
R

. ’1A] 7 N\2
Tl ° Al g1 Al p&',l(Hg,l) dyl'

Here we have used the fact that p, 1 H, ;’1 is supported in the lower half-plane and p; 2 H, 8’,2 is supported in
the upper half-plane. Recall that the main order term of A; is 1 and

aylAl N f‘g{fl(xl) yi( g/’/l(xl))z

+2 ,
Ay A]Vl—i-(fe/’l(xl))z A1(1+(fg/,1(x1))2)2

whose main order term is, roughly speaking, —2 f!,. Substituting this into the expression of T; results in

T oy, A1, +zce/)e,1Hs/,1 e 1(xn) pﬁ,l(H;,l)z y 2c€p€,1H£’1(f£1(x1))2 / ylps’l(HE/’l)z dy
1= = "
AT Lo e A A+ L@ S A

We notice that although it appears at first that 7 carries a term of order O(|| 8” 1 ”%?1 @), there is a
cancelation between the first and the second term in 77. In estimating this term it is important to use
the properties of the cut off function p, ;. Note also that although y; appears in 0y, A1/Ay, it is always
multiplied by g/f](xl). Since in Oy, |y;| < d¢(x1), we have |y;| < 1/+/ fs/fl(xl). Therefore ylfs/’/](xl) is
always a small order term.

It is worth mentioning that when we estimate 6%, (R) norms we need to take into account the relation
between the Fermi coordinate (x;, y;) and the Euclidean coordinate (x, y) of a point x € 0;. Typically,
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we have

[(cosh )™ £/ (e)| < Ce*™ = £l gy < C explelyi O£ ylleom)} L £ s, -

Any term of this form is additionally multiplied by o(l)Hg” | or 0(1)He’f |» thus yielding a term of order

oIl llo_m))-
Now, using the fact that f; | and f’, are of order o(1) as ¢ — 0 and the definition of the cutoff function
Pe.1, we conclude

1Tl g0 g2 = O fit e )

Similar estimates hold for the terms involving % (x;). Regarding terms involving A/, (x;), h,(x2), h7 (x2),
we note that they are all multiplied by small order terms. Finally, to estimate the norms of (H, >+ 1)H 1
we use the fact that

(Hg o+ 1)Hs/ L~ e—ﬂ(\y1|+\yz|)‘

It follows immediately that
| (He + D H 41l o oy < Cllexp(—v2D) o, o). 0

Observe that there are terms involving &, which appear in the right hand side of (5-8). This complicates
the situation somewhat. However, since the Fermi coordinates are defined using the nodal line, we have
the following.

Lemma 5.4. Let t be 0 or tg. We have
el 2on gy < ClIdllz g, + Cllexp(—v2D) s, - (5-9)
Proof. We first recall that if x € 0} and dist(x, d07) > 1, then
ez qu)(x1, y1) = H(yr — he(x1)) — (671 He 2) (x1, y1) — 1+ (x2 1) (x1, y1)- (5-10)

Now let us consider any point x on the curve N ;. That is, the Fermi coordinate of x is (x1, 0). Since
the distance of x to N, > is ©(x), we have

|(x} 1 He2)(x1,0) + 1] < C exp(—v2D(x)).
Then, from (x;lu)(xl, 0) =0 and (5-10), one gets
176 llo, ) < Cll@lleo, w2y + Cll eXP(—\/E@)H%g,(RZ)-

This gives us the @Y estimate. To estimate the ¢! norm of /., we differentiate the relation (5-10) with
respect to x; and let y; = 0 in the resulting equation. Then we find that

/ / 0 d
—H' (=he(x1)h,(x1) — a—m(x:,lHe,z) + a—xl(xj,lfﬁ) =0, (5-11)

from which the 6], estimate follows. Similarly, we could differentiate (5-10) twice with respect to x;
and let y; = 0 to estimate 4.
Corresponding estimates for the Holder norm are also straightforward. U
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To proceed, we need the following a priori estimate.

Proposition 5.5. Suppose ¢ is a solution of the equation
—Ap+F'a)p=f+ Y keipeiHl,; inR,

i=1,2

with some given functions f € (62’,“ (R?) and k. ; € CGS’,” (R). Assume furthermore that the function ¢
satisfies the orthogonality condition:

/x:,i(‘PPe,ng/,i)in =0, i=1,2 (5-12)
R

Then we have

”(p”sz“(RZ) = C”f”cgvrﬂ(RZ)v ”KWHCQ’T“(R) = C”f”Cg%M(RZ)»

provided ¢ is small enough.
Sketch of proof. The proof is by contradiction and is essentially the same as that of [del Pino et al. 2010,
Proposition 5.1]. First an a priori estimate is proven for a solution of the problem

—Ag+ F'(i)p = fy inR?,

where ¢ satisfies the orthogonality condition (5-12). Indeed, using the fact that H’', where H is the
heteroclinic solution in R, is the only element of the kernel of the corresponding one-dimensional linear
operator d?/dt> +1 —3H?, one can prove that ¢ satisfies an estimate of the form claimed. This type of
argument can be found, for example, in [del Pino et al. 2011].

Second, we project the equation on the functions of the form p, ; H ;‘i,

i = 1,2, and get the identity

/ x:,i{ps,iH;,i[_A(p + F"(its) @1} dy; —/ x:,i(Ps,iHe,,if) dy; = Ke, / (x:,ips,ng/,i)z dy;.
R R R

After an integration by parts and some calculations, we can use the above identity to prove that the
%2’,“ (R) norm of the functions «, ; can be controlled by o(1)]|¢ ”(6(8):[/& ®) T Cllf “(@8:[# R From this and
the first step the assertion follows. We omit the details. O

Lemma 5.6. Let ¢ = u — u, be the solution of (5-5). The following estimate is true:
16120 2y < O F2 1 o ) + Cllexp(—v2D) o, - (5-13)
Proof. We will use Proposition 5.5. Thus we write
—Ap+ F'(@)p = E(@:)" — P(§) + E@@:)!.

Because of Proposition 5.5, to control the size of the function ¢, it suffices to control the size of E (ii;)*
(which we already do by Lemma 5.3) and the size of P(¢).
Next we observe that P(¢) is essentially quadratic in ¢, and therefore it is not difficult to show

||P(¢)”(€?TH(|R2) = 0(||¢||(€?TM(R2))
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Collecting all these estimates, we conclude (5-13). [l

The above result indicates that we can control ¢ by exp(—+/29) and the second derivative of Sfe1.
However, this is not quite enough for our later purpose. Note that for the solution constructed in [del Pino
et al. 2010], the corresponding error is, roughly speaking, controlled by Ce?, and | f;.1 —é&|x]| oy ~ In %
For this purpose we first show the following:

Lemma 5.7. The following estimate holds:

1612 gy + 11 o gy < Cllexp(=v2D)llco, g2)-

Proof. Consider the integral fR x:’l [E(ug) ,oeylef’l] dy;. We will show below (Step 1) that on the one

hand its %8;’* (R) norm is controlled by o(||¢|| cn (RZ))' On the other hand (Step 2) we will show that this
integral is related to fg” |- The proof will follow by combining this with the previous estimates. (Step 1
can be avoided if we estimate the integral using Proposition 5.5. However, since the computations will be
used in the last part of the proof of uniqueness (page 1715), we choose to present them here.)

Step 1. We claim that the relevant norm of the integral fR . LE (e ) e, 1H 1] dy; is controlled by
0(”¢”C52}H(R2))'

In fact,
/x:J[E(ﬁe)ps,ng/,]]dyl =fx:J{[_Aqb'f‘F//(’Ze)ﬁb]/)s,ng/J}dﬂ+/x:’1[P(¢)pe,1H;1]d)71-
R R R

To handle the first term appearing in the right side, we write Ay, y,) = 831 + 831 and

I = /[_A(le)’l)x:,ld)—i_ F//(H)x:,l¢]x:,l(IOSJHE/J)dyl
R

1

+ f (A, yy ¥ ® — X2 Ap +x7 (F"(e)p) — F'(H)x; 191x] 1 (0e,1 Hy p) dyr -
R

Ty

Since [ x} (¢pe1H. ) dy) = 0, we have (dz/dxf) Ix x}(¢pe1H] ) dy; = 0. Using integration by
parts and the fact that —H"” + F'(H) = 0, we find

T =2/ 8(x§1¢) a(x:,lpa,le/,l)
2 R 3)61 8)61

az(x:,lps,le/,l)
— d
0x;

dy: +/R(x:,1¢) Vi

82(-":>i< ]IOS,IH/ 1)
- /R (xz‘,1¢)[# - F”(H)(x:,lps,lﬂg,o} dyi
1
az(x:’lps,le/’l)
3x2

2 * * * /
(x 1,081) H a(xs lp&l)a(xslHa 1)
2 s s s d .
/(xg ld))[ Feabe+ i 9y ] .

/ ax:1¢ 3(x:,1ps,lHé’1)
=2 V1
R

3X1 3X1

d)’1+/(x:,1¢)
R
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Due to the presence of the derivatives of x:’l Pe.1 With respect to x1, y;, and also the presence of Ha”l in
each term, we now obtain that

” 15 ||<@2}M(R) = 0(”¢“<@§v{“(@2))' (5'14)
On the other hand,

1 10y, A 19y, A
Tzz=—fR{<A—]—1>8§1(x2‘,1¢)+§y;1—18y1(x2‘,1¢ _52—%8):1(3‘3:1(]5)}(x:,lps,ng/,l)d)’l

+ f [x; | (F"(ite)) — F"(H))x  (ppe.1 Hy 1) dyr .

R
The desired estimate for 7>, essentially follows from the fact that 1 — 1/A4, 9,,A1/Ay, 0y, Ay /A2,
x; (F "(i1g)) — F”(H) are small terms. Note that we should take into account the relation between the
Fermi coordinates and the Euclidean coordinates. For example, let us estimate the Holder norm of a

typical term in T»,. First, observe that if z; = (s1, y1), z2 = (s2, ¥1) in the Fermi coordinates with respect
to N, 1, then by the formula (3-10), it is easy to see that

|z1 — 22| < Cls1 — s2].

Therefore, denoting (1/A| — 1)8)%l (x;"’ld))x;l(p&lHé’l) by x;"1(‘5, we have

sup
[s1—s2|<1

<C sup

[s1—s2]=<1

= o(|Pllc2rm))-

x7 1 6(s1, y1) —x7G(s2, y1)
’ ; dy
R

|s1 — s2|H

f G(z1) — 6(z2) J
R

|21 — z2|H

Other terms appearing in the definition of 7>, can be checked similarly. Hence we obtain

1 T2l o gy = 0Bl 2 -

This together with (5-14) tells us

” T ”%8;"(&2) = 0(”¢ ||<@§-T#(R2))-

The desired estimate follows from this in a straightforward way.

Step 2. We want to relate the weighted norm of the integral [, X} LE (i) pe.1 Hé,l] dy; to fs/fl. To do
this, we will now check more closely the above integral using the definition of u#, and the expression of
E(u.). We see that one term appearing in the integral is

1 dy Al 2
5/R )flh x; 1 (pe 1 H ) dyy.

We will concentrate on this term since the %S’TM (R) norm of other terms can be estimated by

—/29
Clhell 2 gy + Clle ™2 llao. ).

(®)
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as we have seen in the proof of Lemma 5.3. Plugging the formula for A; into the above integral, one gets

2 "
1/8y1A1 . » 1 (f (1) e 1(x1) . n
5 x (e He ) dyr= | —(n ’ - ’ (X7 10,1 Hpy) dyr
2Jp Ay ToRTTE R AN (L@ VI 2/
1
=——fe1(x) + T,
Ce

where T4 is a function such that

1Tl ey = OO ey

Consequently,

12 gy = € [ X2ALE G001 Ly il
< Cllhellgzs gy + 0 U £ o ) + Cll exp(—=v2D) o, ).
This together with (5-9) and (5-13) implies that
£ o gy < Cllexp(—=v2D) o, - (5-15)
This combined with Lemma 5.6 yields

16112 g2y < Cll exp(—=v2D) o, y- O

To proceed, let us observe that || exp(—+/29) lleomey < ¢~2V21£:1O1 Our next goal is to estimate the
quantity f; 1(0). To this end, we first need to obtain some exponential decay estimate of ¢ along the y
axis away from N 1. Note that, up to now, we have only analyzed the decay behavior of E (i) along the
x axis, but actually it also decays exponentially in the direction transversal to the nodal line N, ;. The
next lemma gives us the necessary information.

Lemma 5.8. Fix a small constant 1y > 0. We have
(0, y)| < Ce—(lﬁ—to)lfg,l(O)Ie—toly—fs‘l(O)l fory <0.

Proof. This estimate follows from the maximum principle. We only sketch the proof for f; ;(0) <y <0,
since the case of y < f; 1(0) is similar.
We write the equation satisfied by ¢ as

—A¢+<F”( )+%>¢ E(u,). (5-16)

Consider the region

Q:={(x,y) € R*|fe1(0)+ro <y < —fe.1(0) — ro},
where ry is a fixed large constant satisfying

P(¢)(x) S1 req.

F//g
(e (X)) + ———— o) 2
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Let B(x, y) := Ce*V2%10 cosh(iyy). Then

—AB+ (F”(ﬁs)Jr%)B > (1—4)B. (5-17)

Using (5-16), (5-17), and || E (it,) |02y + 1@ llo 2y < Ce=2V21£:00)l e find that if the constant C; in
the definition of B is large enough, ¢ — B < 0 in €2 and

A ( "= P(¢)) .
—A(¢—B) + F(ug)—l-T (—B) <0 inQ.

By the maximum principle, for f; 1(0) +r¢p <y <0, we have

16 (x. )| < Cre>V2 1@ cosh(igy)
< V270 fe1©) p=t0l for )=y,

Therefore the lemma is true for f; 1(0)+ro <y <0. For f;1(0) <y < f¢.1(0) +rp, the lemma obviously
holds since [|¢lo(e) < Ce™2V2e1 O, e

Now let us go back to the Toda system (4-3) and recall that by g, 1(x) <0 < g 2(x) we have denoted the
solution of this system whose slope at co is € (this means the tangent of the angle between the asymptotic
line of y = g, 2(x) in the first quadrant and the x axis). We note that the curve Jng,l ={y=¢.1(x)}is
contained in the lower half-plane.

In the rest of the paper we will also use «, B to denote general positive constants, which may change
from step to step, but are always independent of ¢.

Our aim is to show that the curves N, ; and N ¢.1 are close to each other. First of all, we prove the
following.

Lemma 5.9. There exists oy > 0 such that | f; 1(0) — g 1(0)| < Ce“'.

Proof. The idea of the proof is to relate the asymptotic behavior of u along vertical straight lines, as
& — 0, using the Hamiltonian identity,

/R{%ui(o, ) — 5130, y) + F (u(0, y))}dysz{éufxx,y)—%ui(x,y)w(u(x,y»}dy
for all x, (5-18)

and in particular take x — oo on the right side of (5-18). Indeed, using the asymptotic behavior of a
four-end solution, it is not hard to show that

lim [ {3u(x, y) — sus(x, y)+ F(u(x, y)} dy = 2ep cos 0 (u),

X—>00

where e, = fR[%(H/)2 + F(H)]. Since u is an even function of x, we also have u, (0, y) =0, and thus it
follows from (5-18) that

/ {5350, ) + F (0, y))} dy = 2e cos 6 (u).
R
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We will now calculate the left side of the above identity using the estimate of the error ¢.
Recall that the heteroclinic solution has the asymptotic behavior

H(s)=1—ape V> 10 2V%) ass — +oo,

which can also be differentiated. Set t = f; 1(0) + h.(0). Let 11, 12 be cut off functions appearing in the
definition of the approximate solution (4-1). For the points on the y-axis we have (x1, y1) = (0, y— f.1(x)),
where (x1, y1) are their Fermi coordinates with respect to N, ;. Then, abusing the notation slightly, we
can write

u@,y )=H(y—0)—H(y+1)—14+¢(0,y)

uo(y)

+ (I —n1(0, y))[

H(y—1) Hiy+0)

|H(y —1)| |H(y+1)]
Yi(y) V2 (y)

We observe that ¥ (y) =0 for |y;| <d.(0) — 1 and

—H(y—t)}—(l—nz(O,y))[ H(y+t)]

W)+ 1] ()] < Ce™M1 for |yy| > dg (0) — 1.

Therefore
fR W11+ [ DT dy < Ce™V25O < | #1112 ) < Ce™ V2RO,
Similarly,

/R[llﬂz(y)l F ()1 dy < Ce*V21 e O,

This implies

fR (54300, ) + F(u(0, y))] dy = fR (L @) + Fuo(y)] dy +0(e~ #2510,

Now we calculate
0

0
f Ly ()4 F (o) dy = / [L(H (y— )+ F(H (y—1)] dy

—00 —00

I

0
+/ [H'(y=1)(3y¢p—H'(y+0))+F'(H(y—0))(¢—H(y+1)—1)] dy

—00

I

0
+%/ [(3y0—H' (y+0)2+F"(H(y—0))(¢p—H(y+1)—1)?] dy

—0o0

I3

0
+@(f (¢p—H(y+1)—1)3 dy). (5-19)
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The first term on the right side of (5-19) is equal to

I = / C[LH (50 + F(H ()] dy

o0

+00
ey / [L(H' () + F(H ()] dy

t

—+00
=ep— / Za%e_zﬁy dy + @(e_3ﬂ|t|)

t

2
ep — \/T—a%e_zﬁm + @(e_3ﬁ|t|).

Next we analyze the second term I,. We observe that after an integration by parts,
L= H'(=1)($(0) — H(t) — 1) = —v/2a%e 221 £ g(e =3V,

On the other hand, using Lemma 5.8, we can estimate

0
L=> / [(H' (v +0)% + F"(H(y = ) (H(y +1) = D] dy + (e~ V270l

—0oQ0

2 2 0
_ \/iaF e—2ﬁ|l| 4 aTF / [F//(H(y _ t))e—Z\/ED"H‘] dy +©(e—(3\/§—10)|l|).

But we have

0 0
f [F"(H(y —t))e" 22+ gy = /

—00 —00
V2

0
ZTe—zﬁer@(/ o~ Ar=1=22lyH gy)

0
262200 4y + f (LF"(H(y =) = F'(D]e V24 dy

—00

_ ?e—zﬂm 4 O3V,

Hence

2
I = \/zzaF efZﬁltl +@(e*(3ﬁfto)|f|)‘
Consequently,

IO = f [%ui(o’ y) + F(u(o’ y))] dy — zeF — Zﬁa%e_zﬁ‘fal(o)"‘hs(o)l + @(e_?’lfs.](oﬂ).
R

According to the Hamiltonian identity (5-18),
Ip =2ep cosO(u).

Now, let u, with ¢ =tan6(u) be a solution constructed in [del Pino et al. 2010] whose nodal line in the
lower half-plane is given by the curve y = g, 1(x) 4 r¢ 1(ex), where g, is the solution of the Toda system
whose asymptotic angle at oo is ¢, and r, 1 (x) satisfies, as we stated in Theorem 2.2, with some o > 0,

||r€,1 ||%$)L(R)@D S Cga'
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We recall that since we are working in the class of even functions, |7, 1(x)| < Ce%, which implies that
re.1 i1s a bounded, small function. Now, the Hamiltonian identity (5-18) can be used for u, as well, and,
by a similar computation as for Iy, we get

2e, cos O(us) = 25 — 23/2a2 e~ V21 O+71 O] | 0(p=304:1O)Fre1 Oy
where r; 1(0) = O(¢%). Therefore,

Iy =2e, — 2«/561%6*2\/5“18.1(0)+"e,1(0)| + @(e*3|qa.1(0)+rs,1(0)|).

That is,
e*2ﬁ|f£,l(o)+hs(0)| +@(e*3|fs,1(0)|) — e*2ﬁ|qe9.l(0)+re,l(o)| + @(673|‘]£.1(0)+re,1(0)|).

This yields
Jou1 )+ he (0) + 0(e OV OOl — g 1(0) +0(e°).

Since g, 1(0) — («/5/2) Ine =0(1), we get

fe,1(0) +he(0) = ? Ine +0(1),

which leads to
f6.1(0) +he(0) — g¢,1(0) = 0(e%),
as claimed. O

Now we are in a position to prove Proposition 4.2. As we will see, the proof of Proposition 4.1 is
obtained as an intermediate step.

Proof of Propositions 4.1 and 4.2. Our first goal is to show the estimate (4-6), and this will be done in a
few steps. For brevity let us denote p. 1 = fe1 +he and xe.1 = pe.1 — Ge.1-

Step 1. We want to show that, in the interval [ :=[Ine/e, —Ine/¢],
Xea ()] < Ce®, Iyl ()] = Ce'™,and I x/ llconqy < Ce**.
Claim 1. If 1, :=[—a, a] C I is an interval where
[P ()| <2lInel, |p, (x)| <2e, x€lq, (5-20)
then p, | satisfies a perturbed Toda equation in /,, that is,
pl(x) = —c, V@ L (), x e, (5-21)

where A; is a function satisfying
A1l con(r,y < Ce™th (5-22)

for some constant 8; > 0.
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To begin the proof of the claim, let us consider a point x = (x;, y;) in the Fermi coordinates of I'; ;
with |y;| <|fe.1(0), and denote it’s Fermi coordinates relative to I'; 5 by (x2, y2). Then, using (5-20)
and elementary geometry, one can show that if |x;| < a, we have

yi—y2=—=2f1(x1)(1+0(). (5-23)
Using this and (5-7) and calculating fR xjﬂl[E(ﬁg),og,] Hé,l] dy; as in Lemma 5.7, we get
(14 0o () £/ () + (1 + Oon (M)A (x) = — 4>V 2P1 O (1 4 Ogon (%)) + O (7). (5-24)

This relation gives the claim. (For details, we refer the reader to [del Pino et al. 2010], where similar
calculations can be found.) We note here that the term 2V2pea () essentially comes from the integral

f X" (1) = F(Hy 1)) (Hyz + 1o H. T dy1,
R

and to calculate this integral we have used (5-23).
Next we will use Claim 1 to show

IXe,1l < Ce*in . (5-25)
In fact, from (5-21) we deduce that in /,, as long as x. 1 is small,

X&if] = _2«/56*82\/511&1)( +@(X§1)e—2«/§qs,] + )Ml(x) . (5‘26)

Az (x)

Let ¢;, i =1, 2, be two linearly independent solutions of the linearized Toda equation
¢/'(x) = —Zﬁc*ezﬁqgv'(x)g,- (x).

We can assume that ¢ is even, ¢3 is odd, ¢;(0) =1, gé(O) =¢, and |gi’| <Ceg,i=1,2. Since yx, 1 is an
even function, the variation of parameters formula tells us

o) = 2 /O 61(5)a(s) ds — < /O 62($)2a(5) ds + (et 0) — ge.1 (0)) 61 (3),
and
X ) = gzix) /O 61 (5)ha(s) ds — glfc) /0 62($)22(5) ds + (pe.1 (0) — ge.1 (0)) 6} (x).

Let B, be a fixed constant satisfying 0 < 8, < min(f;, «;), where «; is the constant appearing in the
assertion of Lemma 5.9. If 1,, :=[—ay, a;] C I, is an interval where |, 1| < eP2, then, by (5-26),

22ll¢0(r,,) < Ce*™P 4 ce¥T2P2,

Recall that |pg 1(0) — g.,1(0)| < Ce*'. Therefore

X X
e oz, < Ce (e +82ﬁ2)<|§2(X)|/ ls1(s)| ds + |§1(X)|/ |§2(S)|dS) + Ce*' g1 (x)].
0 0
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Since |¢1(s)| < Cels| and |g2(s)| < C, we find that, for x € [Ine/e, —Ine/e],

Igz(x)I/O |§1(S)|61S+I§1(X)|/0 |62(s)|ds < C|lne|*/e.

Therefore, in 1,,, if € is small enough,

B2
&
Ixe.1leoqr,,) < Ce™ +e*) Inef” + Ce®|Ine| < —.

From this we deduce || xe,1ll¢o(z,) < eP2, which proves (5-25).
Since |¢/(x)| < Ce, it then follows that, for x € I,

X X
X1 (0)| = Ce(eP +82ﬂ2)(|g§(x>|/ 151(s)| ds + |g{<x>|f |§2(S)|ds> +Ce*|g| (x)|
0 0
< Ce(eP + &2P)|Ine> 4+ Ce!to < Ce'tP2, (5-27)

Now recall that in 7, |g. 1(x)| < %llnsl and |qé’1(x)| < %8. It then follows from Claim 1, (5-25), and
(5-27) that, for & small enough, the interval I satisfies the assumption of Claim 1. Therefore

Xe1 (X)] < Ce® and [/, (x)] < Ce't® forxel.

Moreover, using (5-26), we get || x. Il () < Ce?te,

Step 2. Next we will prove that || x. 1oy — 0 as ¢ — 0. By Step 1, it suffices to show that
| Xe.1lleo@yy = 0 ase—0.
Let the asymptotic line of u in the fourth quadrant be y = —ex — sd,. Define
as :=inf{t > |In¢e|/e : | fe1(x) + (ex +A,)| < 1 for x € [t, +00)}.
We wish to show that in fact a, = |In€|/¢. For this purpose, we consider the domain
Q= {(x,y):y<0, X > ag, y>§—L}.

Here L > ¢a, is large and indeed we will finally let it go to 4-00. We use the balancing formula in this
domain and with the vector field X := (f; 1(a;) — ¥y, x —a,). This formula tells us that

f [(AIVul + F@)X — X (u)Vu} - vdS =0.
EloN)
Let us estimate the relevant boundary integrals. First,
eL
/ {(3IVul* + Fw)X — X u)Vu}-vdS = / (3ui + Fw))(x — a,) dx
a2, N{y=0} Aag

whose limit as L — oo is

f (%ui + F(u))(x —ag).
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To estimate this integral, let us recall that, by symmetry and (2-7), we have, for x = (x, y), y <0, with
some k > 0,

1)) = 1]+ [Vu(x)| < Ce < distTerx)

Now, using this and the fact that

leag + Ag| > |fs,1(as)| -1> (14—%) Ine| —C,

after some calculation, we deduce that, as ¢ — 0,
/ {(3IVul* + Fw)X — X w)Vu}-vdS — 0.
Q. N{y=0}
On the other hand, using the asymptotic behavior of u in the lower half plane, we get

u=H+o(l)e T (e H)(x1, y1) = H(),

where (x, y1) are the Fermi coordinates of the point x. Since on the line {x = a.} we have X =
(fe1(ag) —y,0), we get

/ [GIVuP + F@)X — Xu)Vu} - vdS = o(1).
0 N{x=a.}

Finally, we compute:

|f£,1(a8)+8a8+&4‘8|
1+¢&2

+o(1).

/ {(GIVul* + Fw)X — X)Vu} -vdS| =
02, N{y=x/e—L}
Collecting all these estimates, we conclude

| fe,1(ae) + eag. + | = o(1).
Appealing to the definition of a,, this implies that a, = |In¢|/¢e, and consequently,
[fe1(x)+ex+ | =0(1) forx el|lne|/e, +00).

This implies that outside this interval, N  is close to a straight line, which combined with the estimates
(4-6) yields the desired result. Indeed, now we have

QS,I(as) = fs,l(as) +o(1)
= —¢ea, — A, +o0(1).

On the other hand, since ¢, is the solution of the Toda equation, we have
qe1(x) = —&x — Qs +o(1) forx > a,.

It follows that o, = 5, + o(1). This ends the proof of Step 2.
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Step 3. At this point we can use what we have just proven in Step 2 to get

V2
fe1(x) = TIne—slxl +0(), |x|>1.

As a consequence,

Il exp(—v29) |0, ) < C&?, (5-28)
which, together with Lemma 5.7, yields
”¢“(€3~,%M(R2) + ”fg/,/l ”tg?-{#([@) + ”hé‘ ”c@?»r“(R) =< C82' (5'29)

Then, by a similar calculation to that of (5-20), we find that, in the half line R\/ = (|In¢|/e, +00), the
function p; 1 satisfies

||Pg,1 ||‘€01“(R\I) = @(82+a) (5-30)

for some 7 > 0 independent of ¢. This implies that, in R\ 7,

+00 .
e (x) +el < C/ g2t emethsl gy
X
— C81+Ole—8t\x|.
Therefore,

|pe1(x) +ex + ol < Ce%e T x e R\ L. (5-31)
On the other hand, by Step 1 and the fact that
ge.1(x) + ex +dg| <Ce%e X xeR\I, (5-32)

we get

|pea(|Ing|/e) +|Ing| + .| < Ce®.

This together with (5-31) then yields |, — §d£| < Ce*. Now, letting j. = o, — 5@8, taking into account
Step 1, (5-31), (5-32), and reducing 7 if necessary, the assertion of Proposition 4.2 follows. The conclusion
of the proof of Proposition 4.1 is contained in (5-29). ]

6. Uniqueness of solutions with almost parallel nodal lines

Parametrization of the family of solutions of (1-1) by the trajectories of the Toda system. Let us con-
sider the curve N ; which is the graph of the function y = g, ;(x). When i = 1, it is contained in the

lower half-plane, and when i = 2, it is contained in the upper half-plane. We have ¢, 1(x) = —g.2(x).
With these curves we will associate the Fermi coordinates (X;, ¥;):
(=g ;(x), 1)

x = (X;, qe,i (X)) + Vil i (X;), 7Ngi(x) = i=1,2.

Vi+q )7
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The change of variables (X;, y;) — x = (x, y) is a diffeomorphism in a neighborhood @ of N ei- We
denote this diffeomorphism by X, ; so that

e (%, 1) =x €0;.
For any function w: §; — R by X} ;w we denote its pullback by X, ;:
(X w) (X, i) = (w0 Xe i) (X, Ji).

Using basic properties (linear growth, scaling) of the trajectories of the solutions of the Toda system, one
can check [del Pino et al. 2010] that there exists a constant C; such that we can choose 0;, i=1,2, to be
the set

[((x,y) e R2: |y < Cre~ W1+ x2).

With these preparations, we would like to write locally any solution u, with tan 6 («) = ¢ small, in the
Fermi coordinates with respect to N ¢.i- To this end, we will construct a suitable approximation of u in
6,- based on the fact that the true solution is locally close to the heteroclinic one. By symmetry we may
focus on the case i = 1, namely, consider the lower half plane. The nodal line N, ; of u in the lower
half plane is the graph of y = f; ;(x). Recall that g, 1 (x) is the solution of the Toda equation such that
the assertions of Proposition 4.2 are satisfied. We let 7 to be a smooth cut off function equal to 1 in
61 N {dist(x, 861) > 1} and equal to O in R? \61. A reasonable ansatz for an approximate solution is
built defining the function ﬁs’l by

H(y1 — g:(x1))
|H (51— & (X))

which is extended to the whole R? by =£1, setting ﬁ&z(x, y)=-— ~8,1 (x, —y), and finally defining

F2 He (G, 91) = X2 0G0 SO H G — 8:G0) + (- &2, 51)

iie:=Ho —Hop—1. (6-1)

Note that the function g, has not been specified so far. It turns out that, in order to have a good
approximation of u by ii,, we should impose the orthogonality condition

[t g LG 5 i =0 forall & i = 1.2, 6-2)
R
where smooth cutoff functions p, ; are defined through

(2 0e.0) (T, 50) = A(Fi — (=)' ge (),

and § is an even cutoff function equal to 1 in the interval (v/21ne/8, —+/2In&/8) and equal to 0 outside
(V2Ine/4, —+/2Ing/4), while !, is defined by

BLH (G 5 = HGi— (DM g.(3)).

To show the existence of the function g., one can use an argument similar to the one in Lemma 5.1.
However, since the graph of the function y = g, ; (x) does not converge to the nodal set of the solution at
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infinity, the function g, does not decay exponentially. To determine the behavior of the function g, more

precisely, we need the following.

Lemma 6.1. There exist constants T > 0 and v, such that |v.| < Ce*, and the function fzg (x) :=g:(x) 40,

satisfies
”ha ||<@2f(R) = Cga,

7 1+
”h/g”(@gf(R) <Cs¢ aa

”h/e/ ||(€0~M(R) S C82+a'
ET

Proof. The function g, is determined by
/R 5[ —iie)pea H, 1d51 = 0.
Changing variables, this relation can also be written as
fR FGOH GRS (4 — i) (s §1 -+ e (R1) 5t = 0,

For this integral, it suffices to consider the points in the support of pg ;.
Recall that, by the definition of i,

X2 (F1, 51+ 8e(R1) = HGY) — 5 (Hep + D1, 51+ 20 (1)).

It is not difficult to see that

for some T > 0. This combined with (6-4) leads to

< Cs?

€.(®)

/R FGOH GOE (Faz + D1, 51+ 8 (61) dy

< Ce?.
€. (R)

/ FGOH (GOE uEr, 51+ 3 (6) dy
R

On the other hand, u = i, + ¢ with [|@ [ 2. ®2) = Ce?. Hence, reducing 7 if necessary, we get
S'[O

/ FGOH GOE i (Rr. 31 + 8 (1) 5
R €. (R)

< ‘ +Ce* < C&2.

/R FGOH GOE 6, 51+ §(R0) d5

€0,y (B

(6-3)

(6-4)

(6-5)

(6-6)

Now, in the support of pg 1, us = H(y1 — he(x1)) — H(y2 + he(x2)) — 1. Denoting the function (x, y) =

Xe1(x1, y1) = H(y1 — he(x1)) by A, it follows from (6-6) that (reducing 7 if necessary)

< Ce>.
6. (R)

/ FEOH GDE R, 51 + (i) dy
R

(6-7)
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To proceed, let us investigate the relation between the Fermi coordinates (x;, y;) and (X1, ;). Using
|fL 1< Ce, | fe1 — el < Ce%, |y1] < C|lne], and elementary geometry, one can verify that

|X1 —x1] < Cllyi] + Ce®le < Ce®. (6-8)

Additionally, recall that by Proposition 4.2, || fe.1 — ge,1 + Jjellco, gy = C&®. Using (6-8) , one can show

=514+ V14 G))?) e+ 0 e, (6-9)

Inserting this into (6-7), we find (again reducing 7 if necessary)

< Ce”. (6-10)
@ ®)

H/R POVH N H G+ &G+ (V1+ (qé,l(il))z)_]ja) dy

As a consequence,

13+ (V1+ @) el @ < Ce®, 6-11)
which together with the behavior of ¢ é,l implies that
lello ) < Ce®, vl < Ce®, (6-12)
where v, := j./+/1+¢2 and
e (x) == ge(x) + ve. (6-13)

Next we need to estimate the weighted norm of the first derivative of .
Let us denote the diffeomorphism x;ll 0X. 1 by @, 1 and denote x;zl 0Xg 1 by @, . Then, using (6-8),
(6-9), and formulas (3-10), after direct calculations, we find that

|D®, | —Idpyr | = O(e' @e™FNl) | D@, || = O(e? eIy, (6-14)
|ID®, 5 —Idyyr | = O(se P12y, |D?®, 5| = O(e2e P2y, (6-15)
We now differentiate (6-4) with respect to x;. Set

R = 8;1)2':,1M(5C’1, V1 +8:(x1)),
9{2 = aylf:’lu(i], 91 +§s(i]))

By estimate (6-15), one has
f SGNH DR + 908, (51)) dy = O(2e P,
R

Therefore, using (6-13),

_fR p(y)H' (3R dy
Jr PG H' ()R dF)

h.(%)) = +0(g2e Py, (6-16)
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Keep in mind that

/Rﬁ(yl)H/()N’l)ml dyi

= /R PODH (51)05 % it (X1, 314 8o (¥1)) d)71+/R PG H' (51)3z, X7 ¢ (X1, J1+8:(F1)) dFr.  (6-17)

Equations (6-14), (6-15) and (6-17), together with ”d)”(@%m(Rz) < Cée?, yield

/ ,5(91)11/(51)9“{1 dj}l = @(81+ae_5/3|f1|).
R

It then follows from (6-16) that (reducing 7 if necessary)

T 1
”h;”%gf([@) <Ce¢ te,

It remains to estimate /7. Setting

My = 03 2, (u — i) (X1, 1+ 8e(F1),  Rs =07 &7 (u— i) (%1, 51 + 8 (F1)),
Ry = )%ly,f:,l(u —ue) (X1, Y1+ 8e(X1),  Re = 95, X, (u — i1e) (X1, 1 + &= (X1)),
from (6-4), one gets
Je AODH' (3D[Rs +2R48, (51) + Rs (8, (51)*1 dy
Jr PG H'(51)Re dF) '

R (%)) = — (6-18)

Recall that
2

I|¢”<€§zﬁ(R) + ”hS”(@%%(R) <Ce".
A refined argument which involves closer analysis of the main order of ¢ shows that in reality 8§¢ and
h} have better estimates:

2 2

This estimate follows by observing first that the orthogonality relation for ¢ can be differentiated in x
twice. Then we note that, furthermore, differentiating the equation satisfied by ¢ twice, we gain powers
of ¢ in the main order term, namely, the right side will be of order at least 0(£2t?). Then 8?(1) and h]
can be estimated using the same orthogonal decomposition as in Section 5. Combining this with (6-14),
(6-15), and (6-18), after some calculations, we get, reducing 7 if necessary,

Given a solution u of (1-1) such that tan 6 (#) = ¢, we can define an approximate solution i, by (6-1)
using the solution of the Toda system with the asymptotic slope €. Then we can write

u=1i; +.

By the definition of g, we know that ¢ = u — ii, satisfies the orthogonality condition (6-2). This allows
us to control the size of ¢ in the weighted norm in terms of the error of the approximation

E(f%) = Aﬁs - F/(ﬁs)’
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following essentially the same approach as in Section 5, and, in particular, relying on a version of
Proposition 5.5. In fact, one can prove that

||¢||(621‘-(R2) = CS (6'19)

Conclusion of the proof: the Lipschitz property of solutions. Based on the results of the previous section,
we know that any solution with a small angle can be written in the following way:

u(-; 8oy @) = tie(-5 &) + 9,
where i1, is the approximate solution defined in (6-1). Here and below we will indicate the dependence
of this solution on the modulation function g, as well as on ¢. Now let us consider two solutions 1/,
j =1, 2, with the same asymptotic angle 6 (1)) = arctan &. Since the asymptotic angle is the same for
both solutions, there is just one solution of the Toda system represented by the functions g. | = —¢g. 2. On
the other hand, it may happen that ¢ # 2% and ¢ £ ¢@. In the notation of [del Pino et al. 2010],
we have that g(] Ve %gf“ (R) & D (see also the summary on pages 1684-1685). In the previous section we
have shown that || géf ) ”%2%([}‘@)@ p < Ce%, with corresponding estimates for the higher-order derivatives. In

addition, for the functions ¢, we have (6-19). Without loss of generality, we can assume that 7 is small
but independent of .

To prove the uniqueness of solutions with small angles, it is enough to prove “local uniqueness” in the
following sense. Given two four-end solutions associated to the same solution of the Toda system, we
have ¢ = ¢@ and " = . Our strategy to prove this fact follows in some sense the strategy used to
prove the existence of solutions with small angles employed in [del Pino et al. 2010]. To explain this, let
us introduce the scaled functions §§f )(x) = géf )(x /€), j =1, 2. We show the Lipschitz property of the
map g, — E(ii.(-; g)), and then we use the linearized equation to show that $ —p? can be controlled
by a small constant times g(l) géz) As a final step we show that the function §(1) — §52 satisfies the
linearized Toda system with the right side again controlled by a small constant times g(l) §§2). This
leads us to conclude that g(l) géz) 0, and as a result we infer the uniqueness.

Now we will present some details of the argument outlined above. Many of the calculations are quite

similar to the ones in [del Pino et al. 2010].
Lemma 6.2. The following estimates hold:

IEGD g0 = E@P (2 8D s ey < Ce? 18 — (6-20)

2
8¢ )”%;?“(R)@D’
16 = 6@ Iz oy < C212" = 82 Nz - 6-21)

Remark 6.3. Essentially, up to some minor difference, this Lipschitz property has already been proven
in [del Pino et al. 2010]. Here we give a sketch of the proof for completeness.

Proof. To begin with, let us mention that, for a function g : R — R, we have the obvious estimates:
g et gy = CIEC) ety

18Clcton gy = Ce™ 18 (E) ot -



1716 MICHAL KOWALCZYK, YONG LIU AND FRANK PACARD

To prove (6-20) we use essentially the formula (5-7) for the error, replacing i, by ﬁgj ), j=1,2,and
then take the difference of the resulting terms E (/) ( -; géf' ))).

To show (6-21), we should consider the equation satisfied by the difference U =¢M —$® and use
Proposition 5.5. The slight technical problem is that ¥ does not satisfy the orthogonality condition as in
(6-2). To overcome this, we further define a function ¥ by

=y — Z ),
where 1/71” : R? — R is equal to 0 outside 0; and
L G, 5 = G (L) HL) f £ 0p0 A Nds in G

where &, = {[R[6()H (N dy}~".

Using the fact that ||¢® ||(6 < Cée? and

2, M(Rz
~ e ~2) 7572 ~ .
[ #0628 A a5 =0, =12
R
it is not hard to show that
A(1 A2
197 ey < CE2 18" — 82N 2n -
Hence
19 N2 ey = 1 g2 oy — €218 — 82 2 gy (6-22)
On the other hand, setting
LY =-A+F"@), PY@N)=F @l +¢")—F' @) —F'a¢?, i=1.2,
we get

L(l)lzl — E(ﬁgl)) _ E(ﬁgz)) _ P“)(qB(”) + P(Z)((Z)(Q)) _ (L(l) _ L(z))$(2) _ L(l)(lzln + 1)}2”) . (6-23)

f
Applying Lemma 6.2, one can see that
1o gy < 0Dl 2ingzy + CE 18D ~ 82 2 gy
From this and (6-22), the required estimate follows. [l

As we have already seen, the Toda system appears in the projected equation. It turns out that we also
need to analyze the linearized Toda system. Recall that we are always working in the space of even
functions. Suppose ¢ is an even solution of the Toda system

q”(l‘) — _C*eZ«/Eq(l)’

and the linearized operator is
Prp— @ + 2«/§c*e2ﬁq<p.
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We want to know the mapping property of this operator. Let %é’“ (R), be the space of even functions in
%i:“ (R), and let Dy be the one-dimensional deficiency space spanned by the constant function.

Lemma 6.4. For small T > 0, the map P : C?’M(R)e @® Dy — C?’“(R)e is an isomorphism and therefore
has a bounded inverse.

This result has already been proven in [del Pino et al. 2010] and we omit the proof. With all these
properties understood, we are ready to prove the uniqueness of solutions with given small angles.

Proof of Theorem 1.2. Let us consider the quantity (cf. the proof of Lemma 5.7)

9:/ ww”m“HWwﬁ—/ L E@) s HA 1 dn.
R R

Recall that
E@) = —A¢D + F"@)¢ + pO @)

Inserting this into the expression of J, calculating as in Step 1 in the proof of Lemma 5.7, using the
estimates in Lemma 6.2, we get

2 1 2
17 o1y = Ce ™™g — & )”%?%R)@Do' 6-24)

For brevity set

5 5

g.:=g"—g? and g.:=g"-?.

i)

Now we calculate I using the explicit expressions for ii{" in a manner similar to Step 2 of Lemma 5.7,

and, as a result, we get a formula similar to (5-24), which reads
= (14 0o ) (ENE! + 22 (14 O gy (N1 8o+ 0o ) (1 )FL A+ O oy (€708
Thus, calculating J in two ways, we get at the end that
g/ +2V2c, V40 g, = G, (6-25)
where the term G, on the right satisfies

”G£”<€0 M(R) <Ces _HX”ga“(@?M(R)@DO' (6_26)

(6-25) could be written as
g/ +2v2c, VMg, =G, (s ),

where g = (q1, g2) is the even solution of the Toda system whose asymptotic lines have slopes 1 (cf. the
function Uy in (4-5)). Now we adapt Lemma 6.4 to the present context and use (6-26) to get

Ce2|Ge(e™" )l qon g < Ce*"IIge (6-27)

”gé?”(@Z“(R)@D = OH(R) H%?M(R)@DO’

from which it follows that g, = 0, provided that we choose < « and ¢ is taken small. This in turn

implies gé = géz) and ¢V = ¢, hence we get uniqueness. This ends the proof of Theorem 1.2. [
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