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FOR THE MAGNETIC SCHRODINGER INVERSE PROBLEM
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This article shows that restricting the domain of the Dirichlet-Neumann map to functions supported on a
certain part of the boundary, and measuring the output on, roughly speaking, the rest of the boundary,
uniquely determines a magnetic Schrodinger operator. If the domain is strongly convex, either the subset
on which the Dirichlet-Neumann map is measured or the subset on which the input functions have support
may be made arbitrarily small. The key element of the proof is the modification of a Carleman estimate
for the magnetic Schrédinger operator using operators similar to pseudodifferential operators.

1. Introduction

Let n > 2, and let 2 be a simply connected bounded domain in R"*! with smooth boundary. Suppose W
is a C? vector field on R"*! and ¢ is an L™ function on R"*!. Then define the magnetic Schrodinger
operator £y , with magnetic potential W and electric potential g by

Pwy=(D+W)*+gq,

where D = —iV. I will assume that ¢ and W are such that zero is not an eigenvalue of £y , on 2. Then
the Dirichlet problem
Lwqu=0, ulpo=g

has a unique solution u € H' () for each g € H'/2(3Q2). Therefore for g € H'/>(dQ), we can define the
Dirichlet-Neumann map Ay 4 by

Aw,g8 = (0, +iW -v)ulpq,

where v is the outward unit normal and u is the unique solution to the Dirichlet problem with boundary
value g. This gives a well-defined map from H'/2(dQ) to H~'/2(3Q).

The basic inverse problem associated to the magnetic Schrodinger operator Ly 4 is to recover the
electric potential g and the magnetic field dW from knowledge of Aw ,. (Here dW makes sense by
identifying W with the 1-form Widx; +- - -+ W, +1dx,+1.) We cannot hope to recover W itself, since the
Dirichlet-Neumann map is invariant under the gauge transformation W — W 4+ VW whenever ¥ € C!(Q)
and V|3o = 0. However, identifying d W identifies W up to this gauge transformation.
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This can be thought of as a generalization of the Calderén problem [1980], which can be written in
this form with W = 0 in the case of smooth enough conductivity (see [Sylvester and Uhlmann 1987]).

Sylvester and Uhlmann [1987] showed that in the Calderén problem, the Dirichlet-Neumann map
determines ¢g. For the magnetic Schrodinger problem, Sun showed that the Dirichlet—-Neumann map
determines dW and ¢ when W is small enough, in a certain sense. Nakamura, Sun, and Uhlmann
[Nakamura et al. 1995] removed the smallness assumption and showed that the Dirichlet—-Neumann
map determines dW and g for W in C? and ¢ in L*°. Tolmasky [1998] and Salo [2004] improved the
regularity conditions on W to C%/3%¢ and Dini continuous, respectively. Salo [2006] also gave a proof for
W e C'*¢ involving a reconstruction method.

Given that Aw , determines d W and g, a further question might be whether partial knowledge of
Aw 4 determines d W and q. In particular, one might ask whether restricting the domain of the Dirichlet—
Neumann map to functions supported on a particular subset of the boundary still gives enough information
to determine dW and ¢g. Alternatively, one might ask whether measuring the output of the Dirichlet—
Neumann map on a particular subset of the boundary still gives enough information to determine d W
and q.

Kenig, Sjostrand, and Uhlmann [Kenig et al. 2007] proved a result for the Calder6n problem addressing
both of these questions. Roughly speaking, they proved that restricting the domain of the Dirichlet—
Neumann map to functions supported on particular subsets of the boundary and measuring the output on
the rest of the boundary determines g. Together with Dos Santos Ferreira, they proved a similar result for
the magnetic Schrédinger problem in [Dos Santos Ferreira et al. 2007], but without being able to restrict
the domain of Ay ,. The main results of this paper are to impose that restriction, and thus show that a
result analogous to the one in [Kenig et al. 2007] also holds for the magnetic Schrodinger problem.

In order to describe these results more fully, we need to describe the subsets of the boundary involved.
Assume that x( is not in the closure of the convex hull of 2, and define the front and back of 02 (with
respect to xg) by

- ={x€0Q| (x —xp) - v(x) <0}, Q24 ={x€9Q| (x —x0) - v(x) >0},

where v(x) is the outward unit normal at x.
The main results of this paper are the following two theorems.

Theorem 1.1. Let Wy and W, be C? vector fields on Q, and let q1 and q> be L™ functions on Q. Let
I'_ C 0Q be a neighborhood of 02—, and let I' ;. C 02 be a neighborhood of 02.. Suppose

Aw, g 8Ir_ = Aw, 9,8Ir_

for all g € HY?(3K2) with support contained in T .
Then g1 = g2 and dW1 = dW,.

Theorem 1.2. Let Wi and W, be C? vector fields on @, and let g, and q> be L™ functions on Q. Let
't C 0 be a neighborhood of 0€2., and let I'_ C 02 be a neighborhood of 0S2_. Suppose

AWlalIIg|F+ = Z\Wz,ngh‘Jr
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for all g € H'?(3K2) with support contained in T_.
Then q, = gy and AWy = dW,.

The second theorem is essentially the first theorem after the conformal transformation on 2 given
by inversion in xg. Imposing the condition W; = W, = 0 in these theorems would give the results
from [Kenig et al. 2007], and removing the restriction on the support of g would give the results from [Dos
Santos Ferreira et al. 2007].

Roughly speaking, the first theorem says that if the Dirichlet-Neumann map is known on a neighborhood
of the front for functions supported on a neighborhood of the back, then potentials can be determined.
The second theorem says something similar, but with the roles of the front and back reversed.

If the domain €2 is nice enough, then the front can be made arbitrarily small. For example, if €2 is
strongly convex (convex, and the intersection of the boundary with any tangent hyperplane to the boundary
consists only of one point), then the front can be contained in an arbitrarily small open subset of the
boundary, for the right choice of xq. This gives us the following corollary.

Corollary 1.3. Suppose Q2 is a smooth bounded strongly convex domain in R"T'. Let Wi and W, be C?
vector fields on Q, and let ¢\ and q> be L™ functions on Q2. Then for any nonempty open subset T'1 of the
boundary, there exists a neighborhood I'y of ' := dQ \ I'y such that if

AW]s‘]lgIFI = AWz,ngh"]

forall g € H'2(0Q) with support contained in 'y, then q1 = q» and dW, = dW,.
Alternatively, for any nonempty open subset I'; of the boundary, there exists a neighborhood 'y of T'5
in 2 such that if
Aw,.q8Ir, = Aw,.q,8I1,

for all g € HY?(32) with support contained in T, then q; = q» and dW; = dW,.

The first part of the corollary says that in particular, the Dirichlet—-Neumann map can be measured on
an arbitrarily small subset of the boundary. The second part of the corollary says that alternatively, the
input functions may be restricted to an arbitrarily small subset of the boundary.

Theorem 1.2 can either be proved from Theorem 1.1 by the change of variables mentioned above,
or proved in the same manner as Theorem 1.1, making the changes indicated at the end of Section 8.
Therefore most of this paper will be devoted to proving Theorem 1.1. From here on, unless otherwise
noted, I will assume 'y, I'_ and €2 are as in Theorem 1.1.

The key to the proof of Theorem 1.1 is the construction of complex geometrical optics (CGO) solutions

to the system
Lwqu=0o0nQ, ulrc =0, (1-1)

where I'{ := 9Q\ I'y.. This in turn requires a Carleman estimate for £y ,, which can be described as
follows.
Let ¢ be a limiting Carleman weight on €2; that is, a real-valued smooth function that has nonvanishing

gradient on €2 and satisfies
(@"Vo, Vo) +(9"6.£) =0
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whenever |§| = |Vg| and Vg - £ = 0. Define
SB(,,,W,,] = hzew/hgw’qei(p/h.

Here £ is a semiclassical parameter; from here on, all Sobolev spaces and Fourier transforms in this
paper are semiclassical, unless otherwise specified, with & being the semiclassical parameter. Thus ||u|| g1
means the norm defined by

el = Nl 72 + IR Vul 72,

and ||u|| z-1 means the dual norm to this, and so forth.
Then we have the following Carleman estimate.

Theorem 1.4. Suppose Q' is a smooth domain with Q@ C Q" and 9Q'NOQ =T, where I' | is as described
in Theorem 1.1. Then if w € C;°(2),

hllwll 2 S 1Le.w.qwllg-1(0)-

The proof of this theorem is the main new ingredient in this paper. It differs from the Carleman estimate
in [Dos Santos Ferreira et al. 2007] in that this one can be used in a Hahn—Banach argument to give
solutions that vanish on E. The rest of the proof of Theorem 1.1 follows the proofs in [Kenig et al. 2007,
Dos Santos Ferreira et al. 2007] fairly closely. Thus, the next seven sections will be devoted to the proof
of Theorem 1.4. In Section 9, I will use this estimate to construct CGO solutions to (1-1). Once these
are constructed, the proof of Theorem 1.1 follows by an argument more or less identical to that in [Dos
Santos Ferreira et al. 2007]. This argument is outlined in Section 10 for completeness.

2. Outline of the proof of Theorem 1.4

In order to outline the proof of Theorem 1.4, I will give a rough sketch of the proof for a special case.
Choose Cartesian coordinates (x, y) on R"+! such that x € R”, y € R, and suppose that €2 lies in the set
[R{Tl = {y > 0}, with a subset of 92 lying on the hyperplane {y = 0}. Label the subset 02N {y = 0}
by I'.. Then I want to show that

hlwl 2@ S 1L w.q w1 g,
for w € C§°(2) and ¢(x, y) = y. The starting point is the following estimate. Define
L, = RPN
and
Ly = e“’z/%i&pe_‘/’z/zs.

Proposition 2.1 [Dos Santos Ferreira et al. 2007, Equation (2.12)]. If ¢ is a limiting Carleman weight,
and w € Cy°(2), then

h
ﬁﬂwﬂm(g) SIEg w2
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A note on inequalities here: inequalities of the form F(w, ) < G(w, h) mean that there exists 29 > 0
independent of w such that for 7 < hg, the inequality F(w, h) < CG(w, h) holds for some positive
constant C independent of w and 4. In the case of this inequality, the constant implied in the < sign is
independent of ¢ as well.

Now set ¢(x, y) = y and define a new domain 2, such that Q C Q, C [F\R'fl, with Ty C 9€2,.
Proposition 2.1 still holds on £2;. Now the objective is to find an operator J with the following properties.

(1) J has a right inverse, denoted by J~!, and J~! preserves smoothness.

(2) J and J~! preserve support with respect to y in the positive direction: if the support of u is in the
set {y > yg}, so are the supports of Ju and J ~'u.

(3) The commutators of J with differential operators behave as though J were a semiclassical pseudo-
differential operator of order 1.

(4) J is bounded from H'(R%) to L2(R%:).

(5) 1l s gy = el o

If such an operator existed, the argument could go like this: Suppose w € C;°(£2), and let y € C*° (Rffl)
be a cutoff function that is identically one on €2 but supported within €,. Then xJ ~'w € C5°(£22), so it
can be plugged into Proposition 2.1 to give

h _ _
ﬁ”XJ 1w||H'(Qz)§||£g‘Pa5X‘I 1w”ﬁ(m)'

Here we are using property (1) to get J~! and property (2) to ensure that x J ~'w has the right support.
Now we can use property (4) on the left and (5) on the right to get

h N -
ﬁHJXJ lw”LZ(R'f‘)S ngw,sxj 1wHH*‘(Ri“)'

The commutator properties tell us that this is

ﬁ ” w ”LZ([R’EI) ,S ||§£¢ng ”H—I(erl),

with error terms small enough to hide in the left side, for € small enough. Then £, ;w =%, w ,w up to
a similarly permissible error, where

2 2
2¢e — 2¢e
Lopew.q=e" / Lowaqe /7,

and noting that ¢¥"/2¢ is smooth and bounded on €2 finishes the proof.
It still remains, of course, to find the magic operator J. Consider the operator J defined by

Ju(€, y) = (hd, + F(E)i(E, y),
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where the hat ~ signifies the semiclassical Fourier transform in the x variables, and F is a smooth function
on R" such that |F & -0+ |)| < § for some small §. This has a right inverse J -1 given by

—_— 1 .y
Fug.y = [ it ner O,
0

which satisfies property (1). Now it is relatively straightforward to see that properties (2) and (4) are
satisfied, and with a little more work, we can obtain the kind of commutator properties needed for

property (3).
Unfortunately, property (5) fails to hold in general. Instead we have a new property (5'), that

||JM||H’1(R1+1) >~ ||lu— g“”LZ(R'jj')
where N
A 2F (&) ) B
gu,y) = T/ 0, e FE /1 g;
0

However, the proof only relies on property (5) applied to functions u of the form u = &£, ;v, where
v € C3°(22). For these functions,

5 2F @) [ _ 7
gu(é,y)=T/ Py o0 (E, e FOEN/h gy
0

where
Py ev(E, 1) = (B0 —2hd, +1 - |E°)D(E, 1)

plus some acceptably small error. The idea is now that by using integration by parts, together with a good
choice of F, we can get g, to be small enough that

”JMHHfl(RT'l) = ”u”LZ(RT'l)‘

To do this, we can split up v as v = v; + vy, where 01 (&, ) is supported only for |§] < %, and 0,(&, 1) is

supported only for |§| > %, say. Then g, = y| + y2, where y; is the part that corresponds to v;. Then
for p,, integration by parts gives

2F o
2D [(Fer 2@+ 1- 1606 ne MO
0
plus an acceptably small error, and then using the fact that F is close to 1+ |§]| gives
v1 ”LZ([RTI) S, vy ”HZ(RTI)‘
Since vy is only supported for small frequencies, the operator &, . is invertible on the support of vy, so
11 ”Lz([R{'fl) N Y ||$(p,ev1 ”LZ(RT])‘

Meanwhile, in the large frequency case, we can factor .EE;; as

(hd; — (AL +18D) (hd, — (1 = I€D)
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up to some acceptably small error, and do integration by parts only with the first factor. (The nonsmoothness
of |&| will cause trouble in the factoring at small frequencies, which is the reason for splitting up the
argument like this.) Then p, becomes

2F() [ . _
— fo (F&) — A +1€D) (hd, — (1 = [§)) 025, e " O M dy
plus some good enough error, and so we get something like

||V2||L2(R1+1) 5 8”Z”H1(RT'I)’

where 2 = (hd; — (1 — |£]))02. Since £, cv ~ (hd; — (14 |£]))z, and the operator hd, — (14 |§]) is well
behaved, we can get
”yZHLZ(IRT]) S 5”‘%@8”2”142(@?-1).

Adding these two parts together and using some commutator estimates on the right side gives

”gu ”LZ(RTI) 5 8”””L2(Ri+l)’
SO
||]””H*1(R"++') = ||u||L2(|Rg1+1)

for u of this form. This finishes the argument. Changes in &, ; of O(§), roughly speaking, do not affect
the argument. Therefore the argument still works if I'¢. coincides with a graph of the form y = f(x), as
long as V f is small enough, by using a change of variables that flattens I'{ while making only O (5)
changes to £, ;.

These ideas are the basis of the argument used to prove Theorem 1.4. There are three key changes
that make everything much more complicated, however. Firstly, in order to achieve results of the form of
Theorems 1.1 and 1.2, we will need to work with the logarithmic weight ¢ = log |x — x¢|, and in spherical
coordinates centered at xo. Then we will work with I'{ ’s that coincide with graphs of the form r = f(0),
and work with small subsets on which the spherical coordinates look nearly Euclidean. Secondly, instead
of looking at cases where V f is small, we will treat cases where V f is almost constant. This argument
works nearly the same way as the argument outlined above, but requires us to use operators that depend
on that constant. In fact, we will need to split the small and large frequency cases much earlier in the
argument, and introduce separate operators J; and J; for the two cases. Thirdly, we will need to glue
together many such estimates at the end of the proof to get Theorem 1.4.

The proof will be presented over the next six sections. In Section 3, I will state the small subset
version of the Carleman estimate, and begin the proof by making the change of variables to “flatten”
"¢ appropriately. In Section 4, I will split up the problem into separate propositions for the small and
large frequency cases, and show that the proofs of these propositions suffice. In Section 5, I will prove
analogues of properties (1) through (2) and (5”) for operators of a certain form. Section 6 then contains
the small frequency argument, and Section 7 contains the large frequency argument, thus finishing the
proof of the small subset version of the Carleman estimate. Finally, in Section 8, I will glue together the
small subset estimates in the appropriate way to prove Theorem 1.4.
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3. An initial Carleman estimate

For the rest of this paper, we will fix ¢ to be the logarithmic weight ¢ (x) = log |x — x¢| unless otherwise
stated. Without loss of generality, we will also assume that xo = O.

To begin, we should fix coordinates on R"+1. Since 0 is outside the convex hull of 2, there must exist
ro > 0 such that 2 lies outside the ball of radius 7y centered at the origin. Moreover, 2 must lie entirely on
one side of a hyperplane through the origin. If we choose Cartesian coordinates x1, . . ., x,41 on R**! such
that €2 lies entirely in the half-space {x,; > 0}, then we can define amap o : (R" \ B, 0) N {x,+1 > 0} —
[ro, 00) X (0, ) x --- x (0, ) by

G(xlv'~-’xn+1):(r7917~-~79n)v

where
X; =rcosb,

Xp =r sinf; cos 6,

X, =rsin6;...sinf,_; cosb,,

Xp41 =rsind; . ..sin6,.

This fixes a set of spherical coordinates on (R" \ By, 0) N {x,+1 > 0}. On any compact subset of this space,
o is a diffeomorphism with bounded derivatives; the singularities in o occur in the other half-space.
Now we can begin by proving the following special version of Theorem 1.4.

Proposition 3.1. Suppose that f : S" — (rg, 00) is a C™ function such that 2 lies entirely in the region
Ao ={(r,0) | r > f(0)} Cc R™!, and IS is a subset of the graph r = f(0). Suppose also that for all
(r,0) € Q,

[sinf; —1|<pu forj=1,...,n—1 (3-1)

and
|Vgnlog f — Keplsn <, (3-2)
where e, is the vector field on S" given in coordinates by (0, ...,0, 1), and Vs» and | - |s» indicate the

gradient and metric on the unit sphere. Then if w € C5°(2), then

h
%”wlle(Q) S ewll g-140)-
The inequality (3-1) is designed to force the metric on the unit sphere on the set
{6 €S| (r,0) € Q for some r}

to be nearly Euclidean, and the inequality (3-2) is designed to ensure that V. log f is nearly constant
on 2.
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To prove this, we will need to do some work with a domain €2, that is slightly larger than €2, but still
bounded. Take €2, C Ao to be a smooth bounded domain that contains €2 such that I'C. C 9€2;. We can
pick €25 to lie in (R" \ By,,0) N {x,4+1 > 0}, with

|sin@; —1| <2u forj=1,...,n—1
and
Vs log f — Keylsr <20

for all (r, 0) € Q2.
Recall that Proposition 2.1, proved in [Dos Santos Ferreira et al. 2007], says that if w € C;°(£22), then

h
ﬁ”w”H'(Qz) SIgewll L2,

We can make a change of variables using the map (r, 8) — (r/ f(0), 6). This is a diffeomorphism
from Ao to R"*!\ B, where B is the open ball of radius 1 centered at the origin, with the inverse map
(r,0) — (rf(),0). Let Q and 5 be the images of 2 and €2, under this map. This diffeomorphism
maps I'{ to a part of the unit sphere ", thus “flattening™ it out appropriately. This change of variables
leaves the 6 variables alone, so it is still the case that 2, lies in (R"*! \ B) N {x,41 > 0}, with

|sin@; — 1| <2u forj=1,...,n—1
and
|Vsnlog f — Keylsn <2u
for all (r, 6) € Q,.
Lemma 3.2. For w € C°(,),

h ~
%”w”[-]l(fzz) 5 ”>(£<p,aw||L2(Qz), (3-3)
where
7 2\p2q2 2 L o5, 2
Lope=(1+|Vsnlog f(O)5:)h70; — ;(a+(v5n log £(0))-s:hVsn)hd, + r—z(oe +h*Agn)
and o =14 (h/e)log(rf(0)). Here Vgn is the gradient operator on the unit sphere; |- |s» and - s indicate
the use of the Riemannian metric on S", and Agn is the Laplace—Beltrami operator on the unit sphere S".

Proof. Let v € C§°(£22), and let
u(r, 0) =v(rf(9),0).

Then v € CSO(QZ). By a change of variables,

”5”L2(S~22) = ||U”L2(522)
and

150 16 = 100111 (020

The constants implied in the >~ sign depend on f.
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—_—~—

Since £, cv € C;°(22), we have that £, ;v € L%(£2,) and 1Ly, evll20,) = ||£B¢,€v||Lz(§22). Therefore,
by Proposition 2.1,

ﬁ ||17||Hl(§22) 5 ||§5¢,8U||Lz(§22)-
Now a calculation shows that
h
Py =h>0> — r1<2— hn+2— 1ogr)ha, +r 21+ Agn)

L h? ) h? h
+r7*| h—hn+ —((ogr)> —¢) + —logr + (2 —hn)—logr |,
& & £

and then that

—_—~—

Py ev= 20,0 —hED,

where §~£¢,8 is as in the statement of the lemma and E is a first-order semiclassical differential operator
with coefficients that have bounds independent of / and ¢. Therefore

oo i .
Tell@n S 177 OZp00] 1,y + T I y

For small enough ¢, the last term on the right side can be absorbed into the left side. Moreover, | f 2|
is bounded above, so "
%”17”1-11(522) 5 ”iptp,ea”y(fzz)
for all v € C§°(22). Now any w € CSO(QQ) can be written as v for some v € CJ°(£22) just by taking

v(r,0) =w(r/ f(0),6). This finishes the proof. U

We can now make a second change of variables by thinking of the coordinate map o as a map from
2, to a subset of R} = {(r,0) € R x R" | r > 1}. This gives us that for w € C°(0 (Q2)),

1+
h <
%”wnHl(g(Qz)) ~S ||$w,s,aw||L2(g(§22)), (3-4)
where
2 1
Popeo=(1+|ysHh*d? — ;(oz + By -hVe)hd, + r—z(az +h2 L), (3-5)

By is a vector field on [R{’fil that equals the coordinate expression of V. log f(6) on U(Qg), yrisa
function on [Ri’llil that agrees with the coordinate expression of |Vg» log f(8)|s» on G(Qz), and Lgn is a
second-order differential operator on R'l’:[l that agrees with the coordinate expression of the Laplacian on
the sphere on o (£23).
To avoid the clumsy buildup of modifiers to €2 and €2, I will let U denote o(fZ) and U, denote U(Qg).
The hypotheses in Proposition 3.1 imply that on Us,

|Bf—(0,...,0,K)|<C, (3-6)
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and
lyr =Kl =Cy G-7)
and if
h* Lo = aih*d5 + -+ +a,h>d; +bih*dg, + -+ -+ byh*dy,,
then

la; —1] < Cp (3-8)

for some constant C,, that goes to zero if  goes to zero. C;, may depend on K, but we are treating K as
fixed, so this will be fine. We may as well assume that B, yr, and the coefficients of Lg» are extended to
the rest of R'l’f in such a way that these conditions continue to hold. In particular, this means that Lg» is
“close” to the ordinary Laplacian on Euclidean space.

4. Small and large frequency cases

To continue the proof of Proposition 3.1, I want to divide w into small and large frequency parts and
prove an estimate for each part separately. Recall that [F\R'l'il ={(r,0)|60 €R",r >1}. Let S’(R'l’:[l) be
the restrictions to [Ri’llil of Schwartz functions on R"*!. Note that functions in Cy°(Us) are in Ef([Ri'I’I] ).

Let ¢; and ¢, be such that
ﬁ <cr <0< l + L <
L+KR - T2 20+ 1K)
and let 8; and & be such that §, > §; > 0. Let p € C3°(R") be a cutoff function such that p(§) = 0 if
E1> > ¢y or |&,] > 82, and p(§) = 1if |§]* < ¢1 or |&,] < 61
Let the hat ~ indicate the semiclassical Fourier transform in the 6 variables only. (In general, Fourier

1,

transforms here will be in the 6 variables only unless otherwise indicated.) For w € C;°(U), define wy
and wy by Wy = p(&§)w and wy = (1 — p(&))Ww, SO W = Wy + wy.

Lemma 4.1. There exist iy > 0 and choices of c1, c3, 81, and 8, such that if (3-6)—(3-8) hold for some

< o, then
w =< o L

ﬁ”ws“LZ(R?il) S ”‘Sggo,s,aws”]_]—l([}ylfil) +h”w”L2(U)

forall w € Cy°(U), where wy is defined as above.

Lemma 4.2. There exists 1o > 0 such that if (3-6)—(3-8) hold for some i < g, then
h
ﬁ ||w£”L2(erlj:1) § ”‘igqo,a,(r Wy ”H*l([R’ff) + h||w||L2(U)

forall w € C3°(U), where wy is defined as above.

Taken together, these two lemmas imply Proposition 3.1. To see why, first we need a lemma.
Let m, k > 0 be integers. Suppose a(x, &, y) is a smooth function on R" x R" x R that satisfies the

bounds .
|00 0g dfa(x, &, y)| < Cap(1 415"
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for all multi-indices o and 8, and for O < j < k. In other words, each 8;‘ a(x, &, y) is a symbol on R"
of order m, with bounds uniform in y, for 0 < j < k. Then we can define an operator A on Schwartz
functions in R"*! by applying the pseudodifferential operator on R" with symbol a(x, £, y) to f(x, y)
for each fixed y. More generally, we can also define operators A; on Schwartz functions in R**! by
applying the pseudodifferential operator on R"” with symbol a;f a(x,&,y) to f(x,y) for each fixed y, for
O0<j=k

Lemma 4.3. Let A be defined as above. Then A extends to a bounded operator from H*™(R"*1) to
Hk (Rn+l )

Proof. Since k e Z, k > 0,
; ; 2
IAf ey = Y, [R50 AF | g
O<ler|+j<k
Now 8§A(f) is a sum of terms of the form
Aj, 00 f,

where j; + j» = j < k. Therefore | Af ”i]k ) is bounded by a sum of terms of the form

(Rn+l
+irt] il

[l A 0 £ (17, e

where || + ji 4 j2 < k. Then

Lo . 2 P i 2
’|h|"‘|+“+]28gAjl 3;2fH L) = /l;g/; |h|0t|+]1-i-Jza)t?tAj1 3}],2]0’ dxdy

= LIR30 1 oy .
Then by the boundedness of A, this is bounded above by
thz 8jzf ”2 d
R y Hlal+m (Rn) ya
which in turn is bounded above by

[B2002 £ [ patim gy < I ooty < 1S Wi sy
Therefore
HAS Wty S 1 Wk gty
Then a density argument finishes the proof. U

Proof of Proposition 3.1. Adding the estimates from Lemmas 4.1 and 4.2 gives

h
%(”ws ||L2([R€’1’1'1) + ”we”LZ(R’]'II)) S ”‘ge(p,e,a Wy ”H—I(R'I'i') + ||$(D,€,U Wy ”H*l(R’ff) + h||w||L2(U)-

Since wy + wy = w,

%”wan(U) Sg.e.0 ws||H—|(Rﬁl) + ||§£go,a,aw£||H—1(er¢1) +hllwll 2 w)-
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For small enough ¢, we can absorb the last term into the left side to give

- ||w||L2(U) S ”$<p,5,aws ”H—l(R’l’f) + ”~>(E<p,£,a Wy ”H"(R'{f)'

NG

Since (1 +|y¢|?) > 1+ K? — C,,, for u small enough, we have

h
Zelvleo 2 [+ 1y 7 Ep e ows | s oy + A+ 17D T L eowe | s gy

Now wy = Pw, where P is the semiclassical pseudodifferential operator of order 0 on R" with symbol
p(€). The operator P commutes with 9,, and its commutators with differential operators in the 8 variables
are, for each fixed r € [1, 00), semiclassical pseudodifferential operators on R” that satisfy the conditions
of Lemma 4.3. Therefore

[ A4y D7 E 0w s, = 1O+ 1757 Lo Pw s iy
SIPA+1y Lpeowl sy + I Eohdy + Evwll o gy

where E| and Ej, for each fixed r € [1, 00), are semiclassical pseudodifferential operators on R”"
of order 1 and 0 and satisfy the conditions of Lemma 4.3. There is no #E_1h?3? in the error term
because the coefficient of h233 in (1+ nylz)_lilip,syg is just 1. Now E7 and E; are also semiclassical
pseudodifferential operators on R" of order 1 and 0, for each fixed r € [1, 00), and satisfy the conditions
of Lemma 4.3.

Therefore, by Lemma 4.3, E} is bounded from H,, (R”“) to Lz(R”“) so by duality, E; is bounded
from L2(R{™") to H~1(R{T).

Also, Ej is bounded from H ([F\R”H) to H' ([Ri”“) and takes functions with trace O on the boundary
of [RR"Jrl to other functions with trace 0 on the boundary of [RE'l’]:l, so by duality, Eg is bounded from

1(u;e"“) to H~'(R/"). Therefore

||(1 + |Vf| )_lfg(p,e,aws HH_I(R?f) Sx H P(l1+ |Vf|2)_1°(£¢7’3a0w||H—'(R’ff) + h”w”Lz(erf)'

Now by Lemma 4.3, P is bounded from H ([R"H) to H (IR{”“) Also, if u has trace zero on the boundary
of [R{’fil, then so does Pu, so P is bounded from H, (R”+1) to H, (R”+1) Since p is real-valued, P is
also self-adjoint, so by duality, P is bounded from H ™~ 1([RE”JFI) to H™ 1([R{”Jrl) Therefore

1+ V1) Ly 0wy ||H71(R711) Sla+ |Vf|2)7135<0,8,0w”H*l(R’fjl) + h”w”LZ(R?i‘)’

and thus

”$<p,s,a Wy ”H—I(RTII) 5 ||$(p’€’0'w”H71(RTII) +hllw ”LZ(R’HI)'
Similarly,

||££<p,e,a Wy ”H_I(R’llf) 5 ||~=(£<p,s,cw ”H_I(R’lli]) +hllw ||L2(R';II)'
Therefore

_”w||L2(U) SJ ||>(£<p,a,aw||H—l([R’1'il) +h||w”L2(U)'

NG
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Again the last term can be absorbed into the left side for small enough ¢, so

ﬁ lwlzwy S 1p.e.owll g1 (R

for each w € Cg°(U).
Now if the hypotheses of Proposition 3.1 hold, then so do (3-6)—(3-8), and therefore we can obtain this
conclusion. Changing variables back gives

h
EHU)HLZ(Q) S g ewllg-1(40)
for w € C3°(£2). [l

Therefore we need only to establish proofs of Lemmas 4.1 and 4.2. To do this, we will need to introduce
the analogues of the operator J described in Section 2.

5. The operators

Suppose F': R" — C is a smooth function such that Re(F(£)), |F(§)| ~ 1+ |&| for all £ € R", and F is
a symbol of order one on R", so that

0¢ F(§)] < Ca(14 €] (5-1)

for all multi-indices «.

Then for u € YR} 1), define Ju by

F(&)

ﬁ(}’, S) = (T +h8r>ﬁ(rs S)

This operator has adjoint J* given by

Fu(r.6) = (@ —ha,)mr, £).

These operators have right inverses defined by

_ r \FE©/h
J—‘u(r,é):h_I/ ﬁ(t,é)(—) dt
1 r
and

— oo r ﬁ‘f)/h
J*_lu(r, g):hI/ L’i(f,é)(;) dt.

n+1
1+

properties (1)—(4) and (5") from Section 2 for J of this form. Note that J~! is a right inverse, and both

Each of these is well defined as an operator on (R} ). We will prove appropriate analogues of the

J and J~! preserve support in the positive r direction. Therefore it remains to establish analogues of
properties (3), (4), and (5').
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To set up the analogue of property (3), define the weighted Sobolev space H, ([F\R"H) by the norm

2 2

h
—Vyu
’

+ 1A u
L2R{TH

LZ(R)H—]) +

2
u = |- .
” ”HFI(RTII) HI’ LZ(RllH—])
+

Since U, lies in the set 1 < r < Ry for some Ry depending on U,, we know H I and Hr1 norms are
comparable for functions supported on U,, with constants of comparability depending only on Ry. This

holds more generally for any functions supported in 1 <r < Ry.
Now the operators above have the following boundedness properties.

Lemma 5.1. J, J*, J~', and J*~" extend as bounded maps
J,J* H (Rn+1) Ny (Rn+1)
and
It (Rn+l) S H] (Rn+l)‘
Moreover, the extensions of J* and J*~" are isomorphisms.

Proof. Consider J first. If u € S’(R”“) then

2

F(g)mha

—nll512 -
”‘Iu”LZ(RrHH =h || Ju H LZ(RVfil) =h"" S} ”u”Hrl (erlil)

L2®R{TH

By a density argument, J extends to a bounded map J : H! (IR'{II) — LZ(R'fil). The proof for J* is
similar.
Now consider J = If u € (R}T"), then

I

2
r2dr

| ——
~Jlu
r

2
r=2dr.

r
0o r AN\F©/h
[ o)
1 0 r
By a change of variables, we get

2 00 1
/ dr:/ ‘h_lf a(rt, £)t" O qr
1 1 0

Then using Minkowski’s inequality and changing variables again, we get

1 00 1/2 2
/ dr S h_2</ (/ |12(r’ S)Izdr) l’Re(F(E)/h)[_l/zdt)
1 0 1

o [T p #)ﬂ/wa(nsﬁ
=h /1 jur, )l dr(ReF(rf)—i-h/Z =/,

1+1§]
5/ /
L2®R{ThH nJ1

2
dr.

1/\
—J 1y
.

1 ——12
—J lu
;

Therefore

1 —
—J- lu

-

dd$<ll I3

1+g |s| LRI’
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Similarly,
ol — |2 00
/ = dr§f ji(r, &) dr,
1 |r 1
SO
h 2
v, ! <
A BRI
Finally,
— F —
hd,J luz—( (§)>J“ + i,
r
SO
oo —_— 2 00
/ ‘ha,Jlu drgf a(r, &) dr
1 1
and
—1
|hd,J “”Lz(R"*') ~ ””||L2(R"“)

by the same logic.
Putting all of this together gives

1,2 2
H‘I Lt” HrI(R’ff) S.; ”u“LZ(R’]'iI)’
forued ([R{”+]) Then a density argument shows that J ! extends to a bounded map
I LR - H @Y.

Again, the proof for J*~! is similar.
It remains to show that the extensions of J* and J*~! are isomorphisms. If u € & ([F\R"H) then

Ty =u

and (using integration by parts)

TV = u.

Then the result follows from a density argument.

Note that J ' Ju # u in general, because integration by parts will pick up a boundary term at r = 1.

Therefore the extensions of J and J~! are not isomorphisms.

Let H IO(IRJ{"H) denote the subspace of H, ([R{”H) cons1st1ng of functions with trace zero on the

hyperplane » = 1, and let H~ 1([RR"JFI) denote the dual space to H (IR%”“).
Now we need to prove some commutator properties for J.

Lemma 5.2. Suppose that w € S’(R"H) X € SJ’(R"H) and that Q is a second-order semiclassical

differential operator with smooth bounded coefficients on IR"Jrl Then

=
|77 w oy 2 w2y = BlFwl 2,
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and
|70 = CIywll gy S Ml gy

The constants in the 2 and < signs will depend on the derivatives of F.

Proof. Consider the first statement. If T is the operator on R" with symbol F (&), interpreted as acting on
functions on [R?’fil by action on the 6 variables only, then

T\ _,;
x\ho+—)J  w
r

where for each fixed r, Ey is an order-zero pseudodifferential operator on R" with bounds that are uniform

>
L2

T
HJX J_le L®t)= H (har—i-?))(f_lw — HhEoJ_le LR

LAR{ThH

in 7. Therefore, by Lemma 4.3, E is bounded from L? to L?, so
—1 —1 -1
” SxJ T w ”LZ(RHI) = ”XJJ w ”LZ(R’{f) - h” J w”LZ(RHl) = ||Xw||L2(R';f) - h“rw”LZ(Rﬁ])'

The proof of the second statement is similar, but somewhat more involved. First, note that multiplication
by 1/r is a bounded operator from Hr{O(R’fil) to HO1 (R'l’f). Therefore, by duality, it is a bounded operator

from H ™! ([F\R’l’f) to H! ([R{'I’f), and so

[0 = QIwl 1 ey S |r (s @ = QIDw | o o

Note that J, = hd, +r ' T, where T is a semiclassical pseudodifferential operator on R" of order 1.
Meanwhile, Q can be written as a combination of 9, derivatives and differential operators on R":

0 = Ah*3? + Bhd, +C,

where A, B, and C are (perhaps r-dependent) differential operators of orders 0, 1, and 2 respectively on
R”" for each fixed r, with bounds uniform in r.
If w e $R]T"), then Qw € F(R™"). Then

[r(Js0 = @Iow] ;s gyiry = 7[R, + r7IT, AR*07 + Bhoy + Clw]| oy -
Expanding this, and noting that 7 commutes with 9,, we get

Hr(JsQ - QJS)wHH*‘(IR’I’f) = Hr[har’ Q]wH HI R + ”[T, A]hzang H' R
+ [T, Ahd,w | oy g, + | 2070 2T, Alw ]|,

+1 +1
HRYY R

+ ”[T’ B]haerH—l(R’;f) + ”r_l[T’ B]w”H—'(Rﬁl) + ”[T’ C]w“H—l(R’{f)'

By the product rule, r[hd,, Q] = hrE} = hE)r + thi, where E and E| are second- and first-order
semiclassical differential operators. Meanwhile, [T, A] = hEy, [T, Bl = hE1, and [T, C] = hE;, where
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Ey, E1, and E, are semiclassical pseudodifferential operators on R" of orders 0, 1, and 2. Therefore
2 242
”r(JsQ - QJ-S')w”HfI(R'IT) = ”hEérw”Hfl(R';j;l) + ”h Eiw”H*](R;‘f) + ”hth aerH*](R’l‘f)
2 —1 3.2
+ Hh r EOhaerH*‘(R'l'I')—i_ ||2h r EOw”H*I(R’fI])
-1

+ ||hE1harw||H*1(R’l‘f) + Hhr Elw”H*l(R’fil) + ||hE2w||H*1(R’ff)'
E) is bounded from H! ([Ri"“) to H™ 1(IR"JFI) and E| is bounded from LZ([R{‘H) to H™ 1(IR”JFI) In
addition, by Lemma 4.3, ET is bounded from H ([Ri"“) to LZ(R"H) so by duality, E; is bounded
from LZ([R{”H) to H™ 1([R{"Jrl) Meanwhile, E; is bounded from H ([R{”H) to H™ 1([R{"Jrl) Finally, Ej
is bounded from H (R”+1) to H ([R"+1) and maps functions with trace 0 on the boundary of R"‘H
other functions with trace 0 on that boundary, so it is bounded from H,, ([F\R”H) to H, ([Ri”“) Therefore

by duality, Ey is bounded from H~'(R]*") to H~'(R]1"). Moreover, 1/r <1 on IR{"Jrl Applying all of
these facts together to the last inequality then finishes the proof. (Il

To finish this section, we need to prove a property analogous to (5") from Section 2.

Lemma 5.3. Suppose u € 8’(IR'1’11). If g is defined by

QRe F(£)—h [ -
é(r,é)z%/ (e, £y F©/h~F@/h gy
1

then

1920 gty = = 3ty
Proof. Suppose u € Ef’(lR’fil). Define g as above. A calculation shows that g € L2(eril), and

”g”l’z(R’llI]) = ||I/t ”LZ(R'ITI)'

Note that
JAg = (ﬁ + ha ) =0.
.
Therefore
|(Ju, w)l
”Ju”Hr—l(R}ill—]) = sup u, w)|
wer, @ h.wz0 Wl
|(J(u—g), w)|
= sup 1(J(u—g), w)]|
weH' R"H w0 ”w”Hrl(Rﬁl)
| —g. J*w)|
= sup w—g,J Wi

weH] , (RIT) w0 ”w”H,l(R';j;l)

Since J* : H! ([R{"H) — Lz([R{"H) is an isomorphism,

w—g,J*w)
Tl gy = sup |J*g—|_ (5-2)
weH, (RITH). J*w#0 I wll L2 g
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Now J*w € Lz(erf), SO
||JM||Hr—|<Rr1lIl) <|lu-— gIle(Rﬁl).

On the other hand, u — g = J*J*"'(u — ). Also J*"!(u — g) € H(R{™"), and by definition of g,

J* Y u — g)(x,0) = 0. Therefore J* '(u —g) € Hr{o(Rj’j_‘). Then if u — g = 0, the lemma is true by

(5-2). Otherwise, we can pick w = J *~I(y — g) in (5-2) to show that
1T ull sy 2 M= gl gt
This finishes the proof. O
6. The small frequency case

To prove Lemma 4.1, we need to define an operator of the form given in Section 5.
Consider the function ¢ : R* — C given by

s | . .
O©) = ;g (1 K& + V2K — (KE)?+ (T + KPR~ KP),

where the square root is taken to mean the branch of the square root function with nonnegative imaginary
part. We would like to use this function in place of F in Section 5 to define J and the related operators
of that section. Unfortunately, ® is not smooth. However, we can try to construct a function F that
approximates ® on the support of W and has the properties of F from Section 5. To do this, first
notice that if ¢, and §, are chosen small enough, then this is nearly continuous on the support of w;, or
equivalently, on the support of p. To be more precise, ® is smooth except where

Tk (§) =2i K&, — (K&)* + (L + |K|P)|E|* — K|

lies on the nonnegative real axis, where this branch of the square root has its branch cut. This occurs
when &, =0 and |£|?> > |K|?/(1 + |K|?), and gives a jump discontinuity of size 2,/(1 + |K|?)|£|? — |K|2.
However, |£|* < ¢» on the support of p, so for ¢ close to |K|>/(1 4 |K|?), the maximum possible size of

the jump discontinuity is small.
Therefore, for any § > 0 we can define F;(&) on the support of p such that

|Fs(§) — () <6

on the support of p, by choosing ¢, small enough. The derivatives of F; inside the support of p may
depend on c1, ¢3, 81, and §,. Since the choice of these in turn depends on §, the derivatives of F are
bounded by a quantity that depends on §.

Now consider the necessary bounds on F;. On the support of p, the imaginary part of Tx must lie in
the interval [-2K 85, 2K 65]. The real part of 7 is given by

—(K&)? = K>+ (1+ K P)E
2

We have that |£]> < ¢, on the support of p. We can choose ¢, so close to 7K that

14+ K>r,— K?* < 8,.
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Then the real part of 7k is bounded above by §, on the support of p. Therefore, on the support of p,
(Re(tg), Im(tg)) € (—00, 83] X [-2K 62, 2K 6], and so by taking §, small enough, we can ensure that
the real part of ,/Tx has absolute value less than % on the support of p.

Therefore, if § is small enough, Re(Fy), |Fs| > 1/(2+2K 2) on the support of p. We can now define
F; smoothly outside the support of p so that Re(Fy), | Fs| > 1/(242K?) for all £, and Fy, = (1 + |£|%)!/?
for |£| > 2, say. Then F; is smooth, Re(F (§)), |F(§)| =~ 1+ |&] for all £ € R", and the conditions (5-1)
are satisfied automatically for || > 2, and hence for all .

Therefore F; satisfies all the conditions given in Section 5, and the operators defined by

Tou(r, £) = (@M&)ﬁ(né),

_ F,
a6 = (28

— r N\ @/h
J;lu<r,s>=h—1/ ﬁ(r,s)(—) dt,
1 r

—h8r>ﬁ(r,5),

and

— o0 N\ @/ h
L ur, ey =n"" / ﬁ(r,s)(;) dt

satisfy all the properties from that section.
Now we are ready to begin the proof of the small frequency case. Suppose xa(r, 8) € C “(R’fil) isa
cutoff function that is 1 on U and has support inside Us.
n+1

If w e C3°(U), then wy € Ef’([RR'fil), supported away from r = 1. Therefore J;le € (R is

supported away from » = 1. Then Xstflws is in C;°(U). Therefore, by (3-4),
e PV T PR LA
\/E X2 s wS Hl(Uz) ~ (p,S,O‘X2 s wS Lz(Uz)'
Since XzJS_lws € Cgo(Uz), the H' and Hr1 norms are comparable, so
L ed wll ey ool |
\/E X2 s K Hrl (R’fil) ~ (p,E,O'XZ s s LZ(RTII)'
Using the boundedness properties from Lemma 5.1,
R TR Y P EA
\/E sX2Jg s LZ(RHI) ~ p,e,0 X2 s LZ(RTF)’

so applying the first part of Lemma 5.2,

i|| ws | N 4 I wg | +C h—zllrw I |
\/E X2Ws L2RITY) S v,e,0 X2Jg s LZ(R'I'jrrl) ) e slhp2@etty:-

The Cs factor written in front of the last term is to indicate that the constant in the < sign depends on the
derivatives of Fy, and hence on §. This is fine, because § is chosen independently of /4 and &, but this will
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help track the § dependence. Now x,w; = 2 Pw. Since w is only supported on the region where x; is

identically one,
xows = Pw+ Oh*)Ew = ws; + O(h*)Ew,

where E is a pseudodifferential operator of order O (actually a smoothing operator) on R". Therefore

i >t 0(h™
%”XZWSHL%RTI') ~ ﬁ”ws“LZ(R?il) - O( )”w”LZ(R’I’il)’

and so

! A o 0
%”ws”LZ(RHI)N p.e,0 X2Jg  Ws LZ(R’I‘f)—i_ 8?”rws|lL2(eril)+ ( )”w”LZ(R'ff)‘

For small enough £, the second last term can be absorbed into the left side (r is bounded on the support
of wy) to give

h -1
—=lwsll sy S [Loeoxa s s o), + OB Wl 2

NG
By the product rule, £, ¢ 5 x2 — £y .6 X2 1 a first-order semiclassical differential operator, and thus it is
bounded from H!(U,) to L?(U,). Therefore

h
NG

On Uy, the H' and H! norms are comparable, so

“wS “LZ([R’l’j:l) rg || Xzégqi,a,ff‘ls_lws || L2(U2) + h || Js_le ||H1(U2) + O(hoo)“w”LZ(R’fil)

h
_”wS”Lz(RTI') ) 7 I w [ RIGER +h”Js_]ws [ HI®IH + O(hoo)||w||L2(R';f>‘

NG

Using the boundedness properties again,

h -1
—=lwsll 2@ty S | Lo I Wl ey + RIWsll ey + OB Wl 2 gy

NG

The second last term can be absorbed into the left side to give

h -1
el S [Lg.0.0 0 ws | 2y + OB Wl gy (6-1)
I want to combine this last inequality with Lemma 5.3 to get

h
—1
_”wS”Lz(R’ff) S || S5y e.0dy Wy ||H;l(er111) + O(hoo)”w“LZ(Rﬁl)-

NG

To do this, I need to show that if u = £, 5,OJS*1wS, then the function g defined in Lemma 5.3 satisfies a
bound like

1
”g”Lz(R'l'il) = 2 ||u ”Lz([R’l’j:l)’

by using an integration by parts argument like the one described in Section 2.
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Let v = J. 'w;. Then

. 2ReF,—h [ —— -

é= T f P eov(t, E)r /M= Eh g
1

Writing out £, . » as in (3-5), we can consider the integral for each term of &£, . , separately. For this

equation the hat notation for the Fourier transform will become a little impractical, so let %(v) = 0. Then

2Re Fy,—h

o —
8= F((1+ |y P h*0%v)r B/ =B/ gy
]’l | f t
QReFy—h (™2 -
- / ~F((e+ By - hVho0)r e de
1
2Re Fy,—h

[o,0)
1 JR—
/ —F((@? + h?Lgyv)r~F/h=Flh gy,
h 1 l»2

We can use the assumptions on B¢, yr, and Lg» in equations (3-6), (3-7), and (3-8), together with the
fact that |1 — | < he™!, to write this as

2Re Fy—h [ _
g= T (A KPR
h 1 !

2Re Fy,—h
h

2ReFy—h [ 1 7
+T‘/ I—Z@((l+h2A9)v)r_F5/ht_F-‘/hdt

[e.¢]
2 .
/ ;@((1+K-th)hatv)r_F‘/ht_Ff/hdt
1

2ReFy—h

C
+Cpu P

o0 —
/ F(Epu)r B/ =EIM gr o (6-2)
1

where E, is a second-order semiclassical differential operator with bounds uniform in . Now we can
integrate by parts to remove the /9,’s.
In the first term, this gives us

QReF,—h [ -
S TR U+ KPR E gy
o ’

2ReF,—h [®F, -
=e—5/ 75(1+K2)hatﬁr—Fs/’1fﬂ/hdz
1

h
2Re Fy—h [*(F\ ‘s
:—ehs / <TS> (1+ K?or—b/h=hih gt
1

2ReFy—h [* F, .
+—ehs / N S
1

There are no boundary terms from the integration by parts because w is supported away from r = 1, and
hence w, and v are as well. The last term can be absorbed into the last term of (6-2). In the second term,
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we get

2Re F, —h

o 2 J—
. f —a +iKE)hdor /M gy
1

2ReF,—h [®2F, -
_ el f S+ iKg,)or~ B/ E gy
1

h 12

2ReF,—h [ 2h -
+ = / iRl gy,

Again the last term can be absorbed into the last term of (6-2). Therefore, returning to (6-2), we have

2ReF,—h [®[F\ -
§=GTS/ (7> (1 + KHor—F/h=Fh gy
1

(1 +iKE)or B/h=EIh gy

2ReFS—hf°° 2F;
h 12
2ReFy—h [®1 =
+e—s/ S A= [gPor= B a
h t
2ReFy—h [

Eovur—B/hy=F/h gy
h 1

+Cy

Now F; (&) is designed so that F;(£) is very nearly a solution to (1+K?)X>—2(1+iK&)X+1—|£1>=0
when w; # 0, and hence when 0 # 0. More precisely,

1+ K)FE) =201 +iK&)FE) + 1 - 167 S 8(1F@)+ I&]) < 8IF ).
That means that we can write g as

2Re F;—h [ = 2ReFy—h [
gzs—hs /1 R(g)ﬁr—Fs/ht—Fs/hdz+cﬂ—h“ 1

where |R(&)| S |Fs(8)] < 1+ |&]. Now it follows, as in the proof of Lemma 5.3, that

E;)r_Fs/ht_Fs/h dt,

A2 < 2 A2 202
”g”Lz(R;til) ~ 8 ”R(s)anz(Rr{il) + C/L”EZUHLZ(R’{jrrl)'
Therefore

18172ty S G+ Cllv gy (6-3)

This gives an estimate for g in terms of v. However, we want the estimate to be in terms of u. We have
u==%yeq0, 80

oy = 10,00l o o,
and
1K 11 > (14 K*)h?d? 2(1+Kh8 Yho, + 1(1+th ) ’ C2v|?
v n ~ r - n ) v - v n °
¥.€,0 LZ(Rlil) r o d r2 o LZ(ertil) H Hz(le:l)
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Rewriting in terms of v, we get

2
”tg(p,s,JU”Lz(erzil)

2
Zh"

2 2
—C2Jv]

2 1
271,292 . 2\ \ o
((1+K W20} =~ (L +iKE)hi, + — (1= & ))v(r,&‘) R

L2®R}TH
Now 0(r, &) = %(J;l Pw)(r, &) is only nonzero for £ such that

LS

I S S L
S =3+ ke =

The operator
2242 2 . 1 2
1+ K“)h"9; — ;(1 +iKE&,)ho, + r_2(1 — &9
coincides, for r > 1, with a differential operator in r of the form
(1+ K*)h?*97 = 20(1 + i K&)hd, + o (1 - |E),

where w is a smooth function that coincides with 1/r for r > 1. This is second-order elliptic for each |&|
such that 9(r, &) is nonzero, and its symbol (in ) is bounded below; therefore

—n 2,242 2 . 1 2\ )~ 2 2
h (1 +KHh"0; — —(1+iK&)hd, + — (1 —|§]7) Ju(r, §) S ([T
r r 2t ®i1)
L2R}TY
Therefore
2 > 2 2 2
||§£W’8’Uv||L2(R'1’I]) = ”v”Hz(R'l’jr") CMHUHHZ(R'I’I])’
and so
2 _ 2 > 2 2 2 > 2
el e, = N0 sty 2 10 ren) = CRlV gty 2 101 g

for ; small enough.
Substituting this into (6-3) gives

||g||L2([R'1’j:1) 5 G+C “u”LZ(R;‘f)'
Taking @ and § small enough means
1
”g”LZ(RVItIl) = fllu”Lz(R'ﬁl)'

Combining this with (6-1) now gives

h
-1
_||ws||L2([Rg;’f) S || Js&p.eods Wy ||H;I(erril) + O(hoo)”w”LZ(R'ff)-

NG
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Then using the second part of Lemma 5.2, we get
i|| I ol 2P A TN + Csh|rd; s + O™ ||w|
WsllLz@yth ~ llFgeodsds Wity TSI Ws gyt S G

NG

5 ”ENP(/L&UU)S “ H;‘(Rj‘f)‘*_ctsh||sz71wS||H1(R'fj§‘) + O(hoo)”w”Lz(R’l‘f)'

Again the C;s factor is written to track the § dependence, but again this is fine. £, ; ; wy is supported in
the r direction only for those r that can come from Qz, since wy is. Therefore the Hr_1 and H~! norms
are comparable, and so

h —1
—=lwsll 2@y S | Foe0ws | sy +1Cs |7 I ws | gy gty + OB Wil gy (6-4)

NG
— 1 [ ¢ Fs(§)/h
Js_lws(ra€)=_/ ﬁ)s(tag)(_) dt,
h 1 r

Meanwhile,
and 1 (7, £) is supported only for 1 <t < C for some C depending on o ($2,). Therefore, for r > 4C,

/'l\ 1 C t Fs/h 1 Re(Fy/h) 4C Re(Fy/h)
T w, < |— Ve — — __
o<y [ w3<r,5)(zc) ar||3 ; ,
SO
_ 5 c Re(2F; /)
-1 N ) 1
uo| s [ acopa)
1
Therefore

1 -1 00
|r s ws”u(mf) < |r g wS||L2(1<r<4C) + O )”wS”LZ(R';f)-
Similar calculations for derivatives of J. 'w give
-1 -1 00
(Eat® ”H](R’l‘f) < g tws ||H1(1<r<4c) +O(h Mwsll 2 ey
o)

—1 —1
a5 wg|| @) S 17, ws | i T OBwsl 2,
Returning to (6-4), we get
h -1 00
ﬁ”ws ”LZ(R’I‘f) § HSNP(p,s,aws || H_l(RHl) +hCs || Jo wy ||Hrl(R7j;l) +O0(h )||w||L2(R’llil)-
Applying the boundedness result for J~! gives
h
ﬁ”’“S”LZ(RH‘) S Lec.ows]| g gy +ACs lwsl ageny + OB Wl 2y

For small enough ¢, the second last term can be absorbed into the left side to give

h o
ﬁllws ”Lz(er:il) S ||$(p,€,(f ws || H,I(ertil) + O(h )”w”LZ(R)llil)

This finishes the proof of Lemma 4.1.
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7. The large frequency case

Now we turn to the large frequency case. We will need to define a new operator J,.
Consider again the function ® : R” — C given by

- 1
DE) = m(l K&, +/2iKE — (K& + 1+ KDEP — K P),

but this time take the branch of the square root that has nonnegative real part. Now & is smooth except

where
Tk (§) =2i K&, — (K&)* + (L + |K|P)|E1* — |K|?

lies on the nonpositive real axis. This happens when &, = 0 and

2 K|
€2 < —— .
14 |K]|

Therefore, on the support of 1 — p(§), ® is smooth. Since the real part of the square root is nonnegative,
both |®| and the real part of @ are bounded below by 1/(1 + K 2). Therefore we can pick a smooth

function F; such that Fy; (&) = ® (&) on the support of 1 — p(&) and

Re Fy(§), |[Fe(§)] =

, 14+ K%
In fact, if % <o < c1 and 0 < §y < &1, we can still pick F; to be equal to ® on the set

(£ eR"||E]> > co or & > &),

with F, smooth and Re F; (&), |Fy(§)| = (1 + K?)~!'. Now for large |£],

1
1+ K2

so Fy then satisfies these inequalities for all £&. Finally, for large |£|, ® is smooth and satisfies the

Re @ (§), [De(§)| = (418D,

inequalities (5-1), so it follows that F satisfies those inequalities for all £. Thus Fy satisfies all of the
conditions at the beginning of Section 5, and therefore the operators defined by

Fe(&)

r

Fy(§)
r

Jou(r, &) = < +har)ﬁ(r, £),

Tru(r &) = < —har)zw, £).

— r t FZ(S)/h
Jz_lu(r,é)zh_lf ft(t,%‘)(—) dt,
1 r
and

_— o P\Fe®)/h
J@*‘1u<r,s>=h—1/ ﬁ(nf)(;) dt

satisfy all of the properties from that section.
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Consider the Carleman estimate (3-4). By a similar argument as in the small frequency case, we get

h —1
el S 1 Loeodi el gy + Ol . (7-1)
Again, [ want to combine this last inequality with Lemma 5.3 to get

h -1
_||w(||L2(R,1111) S || Jgif(p,g,g J@ Wy || Hr—l(RTII) + O(hOO)Hw“LZ(RrILiI).

NG

To do this, I need to show that if u is of the form u = ¥, ; , J[lwg, then the function g defined in
Lemma 5.3 satisfies a bound like

1
”g”LZ(R’{f) = EHMHLz(R’ff) + O(h)”wZHLz(erril),

by an appropriate integration by parts argument. The approach used in the small frequency case does not
work here, because &£, ; , is not at all elliptic on the support of w,. However, now £, . , can be factored
into a composition of two operators, one of which has the desired properties.

Let £ (£) be a smooth cutoff function that is identically one on the set where |& |2 > ¢ or |&,| > §8;, and
vanishes if |£]% < cg or |&,| < 8. Let

Gy =(=2@)Fe(®),

and consider the symbols

a+ify-E£(@+iBr 62— 1+ ()@ — L0, §))
L+ |ysl?

G:=1¢(8)

+ G (8),

where Lg: (6, &) represents the symbol of the differential operator Ls.. The square root represents
the branch of the square root with nonnegative real part. The argument of the square root lies on the
nonpositive real axis only when B¢ -& =0 and

o?lysl?

Lgn(0,8) < ————.
L+ lysl?

Now
Lsi(0,8) = ai(0)&} + - -+ an(O)h*E, +hby (0)E + - - - + hb, () héy,

where by the hypotheses in Proposition 3.1,
la; — 1] < Cy
for C, that goes to zero as p goes to zero. Therefore
Lsi(6,8) = (1-CuIEl —hClE| = (1 - Cy — W)EP,

where C bounds the b;(8). On the support of £,

2

2> -
£ 20> o
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so for small enough p and #,

2

L (0, .
$10.6) > 1

Then |o — 1| < he™!, and by (3-7),

|yf - Kl S Cl,l,’
so for small enough p and 4, it follows that

o?lysl?

Lsi(0,8)> —~—
T+ lysl?

on the support of ¢. Therefore the square root is actually smooth on the support of ¢, and hence G4 are
smooth and really are symbols of order 1 on R”.
Now if T, is the operator associated to the symbol a,

1 ) 1
har_;TGJr (1+|Vf|) har_;TG,

2 1
= (1+ |y, 1?)h?d;} — ;(a + By -hVe)hd, Ty + r—2(012 +h?Lg) T,
2 1
(1 +ly¢1H)Tg, + (1 + v 1) (T, T, + Tg_Tg, + Tg,Tg,) + hE,

where Ej is an operator built of first-order semiclassical pseudodifferential operators in R* and 9,
derivatives that is bounded from H ([RR”H) to Lz(R”H).
Now letv=J, U)z. Then

1 > 1
hop = ~To, ) (1+1ysl")| 1o, = —To Jv

2 I
= (1 + |yf|2)h28r2v - ;(Ol +:Bf 'hVG)harT§U+ r_z(a2+h2LS”)T§2v
2 1
=~ (U+lysP)Te, v+ — (L+ vy ) (Ta, +Te_ +Tg,)To,v +hEv.

Note that Wy (r, &) is only supported for & on the support of 1 — p, and therefore v = J[lwg is supported
only for & on the support of 1 — p. Therefore

Trv=uv,
since ¢ = 1 on the support of 1 — p. Similarly, 7;2v = v. In addition,

TGSU = O,
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since Gy is 0 on the support of 1 — p. Therefore

1 ) 1
l/lar—;TG+ (1+|Vf|) har—;TG_ v

2 1
= (L+1ysI*)h*d}v — ~(e+ By hVe)hdev + r—z(az +h?Lg:)v+hEv
=%y 60V +hEv,

where E| is bounded from Hl(IR{’l’f) to Lz([R{'llf).

Therefore
1
Lo ooV = (ha, — ;TG+)Z+hE1v

for some function z, given by

1
=1+ |yf|2)<har — ;TG_)U.

Then
_M Oo% ha—lT —Fy/h,—F¢/h
B h fl ((, tG+)Z>(t,é)r t dt
w /1 hETu. e T,

Integrating by parts gives

2ReFy—h [®1 _
8 8) = CTZ/ F((Tg = Te)2) @ &) an
1
QReFy—h [® _
eTe/ hEy(t, §)r=F/h=fe/h gy,
1

There are no boundary terms because z is supported away from » = 1. Therefore, using the bounds on g,

2

2 2
R IEWI, g -

1
g2, i < | = (Tr_g. )z
SLVATG S r( Fi-G.) .

2

. Examine the symbol F; — G ;.
L2®R{TH

a+ify-E+/(@+iBr-E)2—A+ysP) @+ Ls (0, s»)
L+ |ysl? .

. 1
We need an estimate for | - (Tr_6,)z

F -G, =§<Fe(5) -

On the support of ¢,

Fy(§) =

g (1K + V2iKE, — (K& + (1 + K2~ IKP).
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Therefore

. (14iK&  atip -k
FE_G*_§<1+K2 1+|)’f|2>
(¢2i1<sn—<Ksn)2—<1+1<2>|5|2—|K|2 J(oc+iﬂf-s>2—<1+<yf>2><a2+Lsn<9,g>>)
+¢ — = u .
+ K 1—|—|)/f|

Consider the first term.

1+iKg a+ify-& _(|yf|2—1<2>(1+i1<sn>+(1+K2)((1—a)+i<ﬂf—l<en)'s)

1+K2 I+l 2 A+KHA+lyeP) I+ KL +1ysl»)

The first-order operators with symbols

(ysI> = KA +iKE,)
(1+K2)(1+|ys?)

and
(I+KH((1—a)+i(Br — Key) - §)
1+ K2 A +1yrl?)

have bounds < C,,, because they involve multiplication by a function of 6 that is bounded by Cx C,.
Similarly, consider the first-order operator with symbol

V2iKE — (K& —(1+K)EP— K2 J(@+iBr-€)>— 1+ ()@ + Ls:(0, )
é‘ —
1+ K2 1+ |y, 2 ‘

To fit everything horizontally on the page, write

tx =2iK& — (K&)? — (1 + K> — |K|?

and
Tri=(a+ify -6 —(1+ ()@ + Lsi (0, §)).
Then
ﬁ ﬁ B (1+K2) TK — Tf

1+K2 T+y2 L+ 1y (A + v D) 7Tx + (1 + K2) /77)
(4172 = (1 + K2)?) g

A+ K)A+ 1y (A + 1y e + A+ K2) /T7)

Expanding,
1k — 1y =2i(Key—afy) &+ (B &) — (Ken-£)?)+ (lys)> — KPL(O, i&)
+(ys2 = 1K) + A+ KD (> - L, £)).

Therefore the second term has operator bounds < C,,, because each term involves multiplication by a
function of € that is bounded by CxC,,.
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Therefore
1 2
~(Tr-g.)z < 8212012, o
r =G4 LZ(IR'I’I]) H' (R
for ;« small enough. Then
2
2 < =(T= 2 2
S - )z + h°||Eqv ,,N(Sz wil. +h7|v .
181, “r( ) . VEI gy S 8123 ey + 200, g
Since
1
SNP%S,GU = (har — ;TG+>Z+hE1U,
we have
1 2
1Lg.e.cv? uir, = ||| 13, — =Ta, )z — R El?,
LD r L2®R}TH LD
1 2
7 g2
= ”J[ Z”Lz([l‘\!’"“ H;TF@_GJrZ LZ(R”‘H) h ”v”Hl([R”“
2 2
o A o S ety
2
S L A Y e

for § small enough. Therefore
2 2 2 2015112 2 2 20 71 2
”g”LZ(R’l’f) Sé ”grp,a,ovllHl(eril) +h ”v”Hl(eril) Sé Hg‘p’e’UU”H'(R’l’f) +h H J, (1=Pw ||H1(erlil)-
Using similar reasoning as for the small frequency case,

W97 A= Pywlp g, S B0 = Pyl

(RnJrl) ~ (Rn+l

Therefore
2 2 2 20 71 2 2 2 2 2
1817 gty S 8200005 gy + 21T U= PYw 1 g S 871 0,005, g, N0l g
Then for § small enough,
1
”g”LZ(R;‘f) N §||$¢,E,UU||L2(RH‘) +h”wf||L2(lR’l'f)'

Now using (7-1) and Lemma 5.3,

i||w I 0S| e I w + hlwell LA+ OR®)|w]| |

\/E 14 LAR}TYH ~ tLgp.e,0 X2Jy ¢ Hr—l(er:il) ¢ 2RI LA®R

Absorbing the second last term into the left side gives

h 1
ﬁ”wfnLZ(R;’il) S || Jfb(g@,a,o XZJg We H H}fl(ertil) + O(hoo)”w”LZ(R’llil)-
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We can finish the argument as in the small frequency case to get

h
%“wé ”LZ(R’}I') 5 ||$(p,e,a Wy ”[-171(@']’11) + O(h) ”w”LZ(R’I’I')'

This finishes the proof of Lemma 4.2, and thus of Proposition 3.1.

8. Proof of Theorem 1.4
We will begin by gluing together estimates of the form in Proposition 3.1 to prove the following interme-
diate proposition.

Proposition 8.1. Suppose that [ : S" — (0, 00) is a C* function such that Q2 lies entirely in the region
Ao ={(r,0)|r= f(O)}C R+, and IS is a subset of the graphr = f(0). If w € Cy°(2), then

h
NG lwllr2@) S 1<Lgp.e.w.qwlg-14,)-

Proof. Now let 2 be as in Proposition 8.1. We can take an open cover Uy, ..., U, of Q such that on
each Q2N Uj, there exists K; such that under some choice of coordinates, |V log f — Kje,| < uk; and
|sin(fx) — 1| < uk;, where g, is the value of p from Proposition 3.1 that works for K = K ;. (Since
|Vsn log f| must be bounded above, ug; must be bounded below, and therefore this is possible with only
finitely many U;.)

Let¢y, ..., &y, be a smooth partition of unity subordinate to the cover Uy, .. ., U,,. Now for w € C, f)x’ (2),

w=§w+ -+ fpw=:w;+ -+ wy,

where each w; € C3°(2NU;). Applying Proposition 3.1 to the domain QN U},

h
$||wj||L2(mU_,) S 1wl a-1(40)

foreach j =1, ..., m. Then

h
> Zelwillie 2 > 1Ll 10409
Jj J
SO
h
—lwllzz Y 1Lgcwillg-10a0)-

Ve j
Now by the product rule,
1L cwilla-10a0) = 1Lp.eCiwlla-10a0) S NEjLp Wl a-10a,) T ChIWI L24)
SN Epewllg-10a0) + ChllwlL20a,)-
Therefore

h
—lwll2@) S 1L el -10a0) (8-1)

NG

for & small enough, for every w € CJ°(2).
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To treat the case where W and ¢ are nonzero, note that

log?
2¢

r

Loewg=Lpe+h(W-hD+hD-W)+2ihW - V(logr +h ) +h*(q + W?).

Therefore

h
ﬁ”wﬂy(ﬂ) S ew.qWlla-1a0) +hCIWI L2044

and the last term can be absorbed into the left side to give

h
ﬁ”wan(Q) SILgew. gl m-1(40)-
This completes the proof. (]

Finally, I can prove Theorem 1.4 by gluing together estimates of the form in Proposition 8.1. If I is
a neighborhood of 92, then let ' be a smooth domain containing €2, with 9Q2 N dQ" =T¢.

Then let Uy, ..., Uy, be an open cover of €2 such that each dU; N T coincides with a graph of the
form r = f;(0). For each U;, Proposition 3.1 gives us

h
NG lwlliz2w;) S 1€gew.qwllg-1(a))

for w € C3°(Uj).

Each A is defined by the graph of a function r = f;(#), and since 92" is smooth and coincides with 92
onT'¢,and d,¢ <0onT¢, dQ" must be locally a graph in a neighborhood of I'{ . Therefore we can assume
that A; coincides with ©’ in a neighborhood of each U, in the sense that their characteristic functions are
equal in that neighborhood. Then there is a smooth cutoff function x; defined on A; NQ’ that is identically
one on U; but vanishes outside on the complements of A ; and . Multiplication by this function provides
a bounded map from H(} (A) to H(} () and vice versa, and therefore lwll g-10y = ||w||H_1(Aj) for
w € C3°(U;). Therefore we have

h
NG lwliz2w) S 1Lg.ew.qwllm-10)

for w € C§°(Uj).
Gluing together these estimates in the manner used above gives

h
ﬁllwﬂm(g) S1pewqwlla-1 @)
for w e C3°(2).
Finally, note that if w € C{°(S), then e(°2"°/ey € C(RQ), so

h
NG I ooz /ey ” L2(Q) < e(logr)z/g‘sg%W,q w H-\(Q)

On €, there exists some Cq such that 1 < e(10g"?/e < oCa/e o

hllwli 2 S 1L w.qwllg-1(0),
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as desired. This establishes Theorem 1.4.

Remark. If we want to prove Theorem 1.2 instead of Theorem 1.1, then we could begin by supposing that
f:8" — (0, 00) is a C* function such that €2 lies entirely in the region A; = {(r,0) | r < f(0)} C R+,
and ' is a subset of the graph r = f(6). Then by the change of variables (7, 8) — (1/r, 8), 2 maps to
a region $2 of the form described in Proposition 8.1. Therefore, by (8-1),

hllw ”LZ(Q) 5 ||=(£(p,aw l H-1(A0)
for w € Cg° 2, where ¢ = log r. Changing variables back gives the Carleman estimate

hllwli 2 S 1L 10grewllg-104,)

for w € C§°Q2. Therefore, by the same kind of argument as above, we get

hllwli 2 S 1Le.w.qwll g1,

where ¢ = —logr and ’ is a domain containing 2, with I'® € 9’ N a2 whenever I'_ is of the form
described in Theorem 1.2. Using this Carleman estimate in the place of Theorem 1.4 in the remainder of
the argument proves Theorem 1.2 instead of Theorem 1.1.

9. Complex geometric optics solutions

Theorem 1.4 can be used to construct solutions to equations of the system (1-1). The key is the following
proposition.

Proposition 9.1. For every v € L*(Q), there exists u € H'(Q) such that

g*

owqt=von, ulpe =0

and

1
lull o) < E||U||L2(s2)-

Proof. The proof is based on a Hahn-Banach argument. Suppose v € L?(£2). Then for all w € Coo(2),

1
|(wv)a| < E||U||L2(Q)h||w||L2(Q)-

Therefore, by Theorem 1.4,

1
|(wlv)e| < Z”v”Lz(Q)||$¢,W,qw||H—1(Q/)- -1
Now consider the subspace

(Lo wqw | weCFEQ}C H Q).

By the estimate from Theorem 1.4, the map ¥, w ,w > (w|v)q is well defined on this subspace. It is a
linear functional, and by (9-1), it is bounded by (C/h)[[v| 12(g)-
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Therefore, by Hahn-Banach, there exists an extension of this functional to the whole space H ' (Q')
with the same bound. This can be represented by an element of the dual space HO1 (2), so there exists
u € H} (') such that

el g1y S E”U”LZ(Q)
and

(wlv)g = (Ly,wewl)o = (Lywqw|u)o
for all w € C3°(€2). Note that u € HO1 (2') implies that ulre = 0. Then
(Wv)e = WIE y e

since w € C3°(2), and thus
(wlv — ‘SBZ’W’qu)Q =0

for all v € C;°(R2). Therefore v = £7

0. W.gU ON Q, and

Nl g ety S Z”v”LZ(Q)’
as desired. (Il
Now I can construct the complex geometrical optics solutions.
Proposition 9.2. There exists a solution of the problem
Lw,qu=00nQ, ulpe =0

of the form u = e/ M@+ (g 1) —et'"b where p(x, y) =logr, ¥ is a solution to the eikonal equation
Vo -V =0, |Ve| = |VY¥|, a and b are C? functions on Q, and

Rel(x, y) = @(x,y) —k(x,y),

where k(x) >~ dist(x, ') in a neighborhood of I'. and b has its support in that neighborhood. Finally,
re H'(Q), withr|re =0, ||r]l g1 = O(h), and ||r|| 1250, = O (h'/?).

The proof is a combination of the proofs of the equivalent theorems in [Dos Santos Ferreira et al. 2007;
Kenig et al. 2007].

Proof. Let ¢(r,0) = logr, and take ¥ (r, 8) = ds» (6, w) for some fixed point w € S". If w # 6 for all
(r, 0) € Q, then Y solves the eikonal equation V¢ - Vi =0, |Vg| = |V¢|. Then

"2 Ly MW EHV) = AIWGHD (R (D + W) - (VY —iVe) + h(VY —iVe) - (D + W) +h* Ly ).
Therefore, if a is a C? solution to
1
(VY —iVe) -Da+ (VY —iVe) - Wa + T(Aw —iAp)a=0,
i

then
W2y gV g = QD@+ D2y o = O (h2)e /D@D,
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P

We can look for an exponential solution @ = e¢*, in which case the relevant equation becomes

(Vo +iVy) - VO +i(Vo+iVy) - W+ 1A(p+iy) =0.

Now suppose x € R"*+!, and write x = (x,, x’), where x,, is the component of x in the w direction, and
x’ are the remaining components. Then by considering z = x,, + i|x’| as a complex variable, we get
¢ = Relogz and ¢ = Imlog z. Now our equation is an inhomogeneous Cauchy—Riemann equation in
the z variable, and can be solved by the Cauchy formula. Then a is C2, since W is. The solution is only
unique up to addition of terms g, with

Vo +iVy)-Vg,=0. 9-2)
Now I want to construct a (complex-valued) function £ to be an approximate solution to the equation
VE-VE=0, {Lre=¢+iy.
In order to avoid duplicating the solution ¢ + i1, we can ask for
dllre = —0u(@+iY)lre.

To construct an approximate solution, pick coordinates (7, s) near I'S. such that 7 are the coordinates along
'S and s is perpendicular to I' . Suppose £ takes the form of a power series

0, s) =) ajn)s’.

j=0

> o0
V=it 60 = (Z Viaj (1), Zaj(t)jsj_]).
j=0 j=0

Expanding the equation V¢ - V£ = 0 and considering each power of s separately gives a sequence of

Then

equations
> ViajViae+ Y jkajar=0 (9-3)
jtk=m jH+k=m+2
foreachm =0, 1,2, .... The boundary conditions determine ag and a;, so we can solve this recursively.

If m > 1 and all a; are known for j < m, the only part of (9-3) that contains an unknown looks like
2(m + 1)aja;,+1. Note that
ay ==y (¢ +iv).

Since I'¢. coincides with a graph r = f () for some smooth function f, and ¢ = logr, there exists some
€o > 0 such that |a;| > &9 on I'¢, so we can divide by a; to solve for a,,.

This gives a formal power series that may or may not converge outside s = 0. However, we can
construct a C* function £ in £ whose Taylor series in s coincides with this formal power series at s = 0,

such that
V- Ve = 0(dist(x, ['$)™).
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Moreover,
dyRellre = —dvplre < —&o
and
Rel|r¢ = ¢lr<,

so in a neighborhood of I'¢,
Re l(x,y) =o¢(x,y) —k(x,y), (9-4)

where k(x) 2~ dist(x, '} ) in a neighborhood of I', .
By a similar method, we can construct an approximate solution b for the problem

VE-Db+VE-Wb=0, blr =alr,

SO
VEe-Db+VeE-Wb= 0(dist(x, T$)™),  blre =alr:.

Multiplying b by a smooth cutoff function does not change these properties, so we may as well assume
that b is only supported close to I'{ for (9-4) to hold. Then

—h* Ly 4(e""b) = (O (dist(x, T'$)™) + O (h?)),
SO
|2 8w 4 (e "b)| = e/ e /" (O (dist(x, T$)™®) + O (h?)).

If dist(x, ['¢) < h'/2, for h small, this is e*/" O (h?), because of the O (dist(x, I'{)*) term. On the other
hand, if dist(x, ['¢) > h!/2, this is still e*/" O (h?), because of e~*/",
Now e/M@etiv)y _ ot/hp — () on I'¢, and

e~ M p2pyy (/M@ 4 thp) =y,
where [|v]|z2q) = O (h?). By Proposition 9.1, the problem
SNP:’W’qr] = e*‘p/hhziﬁw,qe‘p/hr] =-vonQ, rir;=0

has an H! solution r; with

171l g @) S %”U”LZ(Q) = O(h).
Set r = e V/y and u = VW@V (g 4 1) — e/"b. Then
7l g1 @) = O(h),
0 |7l 200 = O(h'/?) by the trace theorem, and

ifw,qu:Oon Q, I/t|1*:_ =0.
This finishes the proof. 0

If the boundary condition is not needed, then the result is as follows:
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Proposition 9.3. There exists a solution of the problem
Lw,qu=0o0n Q2

of the form u = eV/W @V (a1r), where ¢(x, y) is any limiting Carleman weight, \r is any solution to the
eikonal equation, a is a C? function on Q, and r € H' (), with ||r 1@ =0W) and ||r| 250 = O (h'/?).

This is essentially Lemma 3.4 from [Dos Santos Ferreira et al. 2007]. We can always replace a by ya,
where y is a solution to
(Vo +iVy)-Vy =0o0n Q.

10. Proof of Theorem 1.1

For convenience, || - || will denote the L? norm in this section, unless otherwise indicated. The tilde as
used in this section has nothing to do with the notation from Section 3.

Using Proposition 9.2, we can construct i1, = e/ Mp+i Y (ay +ry) —et’"b =: uy 4+ u, to be a solution
to

ng,qzﬁz =0on Q, ﬂle"ﬁ_ =0.

Then —¢ is also a Carleman weight, and if ¢ and y satisfy the eikonal equation, then so do —¢ and .
Therefore, using Proposition 9.3, we can construct u; = e1/W=e+i¥) (g 4+ 1) to be a solution to

gprl,qT”l =0.
Let w be the unique solution to
Ewqw =0, wle=1i2lq.

(Here we are using the assumption that £, 4, does not have a zero eigenvalue.) In particular, w|r¢ =
Uz|re =0, so by the hypothesis on the Dirichlet-Neumann map,

8, (w — iiy)|r_ = 0.
Now
Lwyg (W —u2) = —Lw, qU2
= (Lws,qo — Lwy g U2
= (Wa— W) - Dita + D - (Wy — Witz + (W3 — W2+ g2 — q1) il (10-1)

On the other hand, Green’s formula from [Dos Santos Ferreira et al. 2007] gives us
/ﬁﬁwl,ql (w—u)u;dV = / 0, (llp —wurdS = / 0, (i —w)u;dS. (10-2)
Q aQ re
Combining (10-1) with (10-2) gives

/ av(ﬁz—w)u_]dSzf(Wg—Wl)-(Dﬁzu_l—H?zDu])dV—i-/(WZZ—W12+q2—q1)ﬁ2u_1dV.
re Q Q
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Expanding i1, as iy = uy + u, on the right side gives

/ av(ﬁz—w)u—ldszf(Wz—Wl)-(Duzu—l+uzDu1)dV+f(W%—Wf+qz—q1)uzu—1dv
re Q Q

+ [ W= W) (D +u D) av + [ (W= Wi —quimaV. (10
Q Q
To show that d W = d W5, we can apply the reasoning from [Dos Santos Ferreira et al. 2007] verbatim

if we can establish that

lim £ / (Wy — Wy) - (Duguiy +usDuy ) dV =0. (10-4)
Q

h—0

Similarly, to show that g; = ¢», we can apply the reasoning from [Dos Santos Ferreira et al. 2007]
verbatim if we can establish that

1im/(q2—q1)u2u—1dvzo. (10-5)
h—0 Jo

To establish (10-4), label the terms as follows: 77 = T + T3 + T4 + T5. Consider the terms on the right
side first. 7, is bounded above by

|(Wa = W)e™?"" Duy ||, a1 + rille + | (Wa = W)e?/ " Duy | llaz + r2l .
Since W, — W, is bounded on €, ||a;||q and ||az||q are O(1), and ||r|||lq and ||r2]lq are O (h),
T2l < 7" Dus || + ||/ Duy | -
T3 is bounded above by
T3 < (W = Wi+ a2 — q1) (a2 +12)| o lar +rille = O(D).
Similarly,
\Tal < |7/ Duy|| o + €/ Dur| o 727" [ < || e™/" Duy || + R D [

and
ITs| < | (W5 = Wi +q2—q1)e "D llay + rille = O(h).

Now examine the term 77:

‘ / au(az—w)u—ldS‘ < [3viz — wye™"| . ar + rilire -
re -

The factor ||a; + r1||pe is O(1). Furthermore, d,¢ > &; on I'“, so

1 »
- £ 2 Ve = w,

~ _ 1 _ ~
/Fvav(uz—w)uldS‘,<V\/—8_1||\/8V¢e fﬂ/hav(uz_w)
By the Carleman estimate given in Equation (2.13) of [Dos Santos Ferreira et al. 2007],

|V aupe™¢"0, (12 — w) | r. S ‘/m|e_(p/h5£W1,q1 (12 — w) HQ + [V =8upe ™0, (i1 — w) ”39,'
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Therefore

C
N V7 R I N e N g

The last term on the right side is zero, because 9, (it —w) =0 on I'_ and 9Q2_ C I'_. Therefore the
upper bound becomes

C N
\/—8—1“/5\18_”}135%41 (12 — w)| o-

Expanding L, 4, (12 — w) and writing ity = us + u,, we obtain that 77 is bounded above by

CVh
Ve

<H€_‘p/hDu2HQ + ”e </>/hu2”Q + He WhDurHQ + He o/hy ” )
Cf(He 0 Dus |+ laz + 12l + e Dy o + e b )
NG

C

\/\/—_<H “/"Duy ||+ O + e Du, ||, + O(h))

where the constant C mutates as necessary to preserve the bound. Therefore, in order to bound the terms

Ty, T>, and T4, we need to calculate ||e‘/’/hDu] ||Q, ||e_‘/’/hDu2HQ, and ||e_‘/’/hDur ||Q We have

1 . )
Je#/4 Du = |72 D= 411D 0y 1) + 9D 10

Q
1
S IPe+ i@ g+ [ D@ +r)fg= 00,
since |71l g1(g) 18 O (h). Similarly,
le™*"Dus |, = O (™).

Finally,

”eiwhD“r HQ =

ew/h% Deet/ b4 e/t thH S %ka/hbDEHQ + |e " Db, = 0(1).
Q

Putting all of this together gives Ty = O(h~'/?), T, = O(h™"), T3 = O(1), Ty = O(1), and Ts = O (h).
Therefore, multiplying (10-3) through by % and taking the limit as & goes to zero gives

;in})hf (W2 — W1) - (Duytty +uyDuy) dV =0,
- Q

which establishes (10-4), and thus by the reasoning in [Dos Santos Ferreira et al. 2007], that dW; = d W,
in Q and Wi = W, up to a gauge transformation that leaves the Dirichlet—-Neumann maps invariant.
It remains only to prove (10-5). Going back to (10-3), we now have

/ Oyt —w)u1 dS = / (q2 — q1)uzuy dx +f (g2 —qDuyur dV. (10-6)
< Q Q
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The first and second terms on the right side are O (1) and O (h) as before. The left side is now bounded

by
h
\/£8_1<||e_<ﬂ/h(q1 _QZ)M2||Q + ||e_¢/h(q1 —qz)u,”Q) = \/E(O(l) + O(h)) _ O(hl/z),

so taking the limit of (10-6) as & goes to zero gives

lim / (g2 — q)usiiT dV = 0.
h—0 Q

This establishes (10-5), and thus that g; = g, on Q2. This finishes the proof.
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