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DISPERSION FOR THE SCHRODINGER EQUATION ON THE LINE WITH
MULTIPLE DIRAC DELTA POTENTIALS AND ON DELTA TREES

VALERIA BANICA AND LIVIU I. IGNAT

We consider the time-dependent one-dimensional Schrodinger equation with multiple Dirac delta poten-
tials of different strengths. We prove that the classical dispersion property holds under some restrictions
on the strengths and on the lengths of the finite intervals. The result is obtained in a more general setting
of a Laplace operator on a tree with §-coupling conditions at the vertices. The proof relies on a careful
analysis of the properties of the resolvent of the associated Hamiltonian. With respect to our earlier
analysis for Kirchhoff conditions [J. Math. Phys. 52:8 (2011), #083703], here the resolvent is no longer
in the framework of Wiener algebra of almost periodic functions, and its expression is harder to analyse.

1. Introduction

In this paper we are concerned with the dispersive properties of the Schrédinger equation with multiple
Dirac delta potentials and more generally for the Schrodinger equation on a tree with §-coupling conditions
at the vertices.

Let us first recall that the linear Schrodinger equation on the line,

{iut(t,x)-l—uxx(t,x):(), (t,x) e RxR, )
u(0, x) = ug(x), x €R,
conserves the L2-norm
lle"" 2 uoll 2@y = lluoll L2@w) )
and enjoys the dispersive estimate
itA ¢
e ZuollLoo ) < ﬁlluollu(@), t #0. 3

It is classical to obtain from these two inequalities the well-known space-time Strichartz estimates
[Strichartz 1977; Ginibre and Velo 1985], for r > 2,

e Auq| < Clluoll L2(g)- (4)

_Ar_
L1=2(R, L (R))
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These dispersive estimates have been successfully applied to obtain results for the nonlinear Schrodinger
equation (see, for example [Cazenave 2003; Tao 2006] and the references therein).

Our general framework in this paper refers to the Dirac delta Hamiltonian on a tree with a finite number
of vertices, with the external edges (those that have only one internal vertex as an endpoint) formed by
infinite strips. The particular case of a tree with all the internal vertices having degree two will give us
a result for the Schrédinger equation on the line with several Dirac potentials. Although the latter is a
corollary of the former, we shall start our presentation with the case of the line. This is motivated by the
fact that historically dispersive properties have been studied first in this case (only with one or with two
delta Dirac potentials) and that the previous results on graphs concern only star-shaped graphs (with only
one vertex), where the proofs are in the same spirit as on the line with one Dirac delta potential.

So we first consider the semigroup exp(—itHy), where Hy is a perturbation of the Laplace operator
with n Dirac delta potentials with real strengths {o; };’ —1

p
H, =—A+Zcxj8(x—xj). (5
j=1

The spectral properties of the Laplacian with multiple Dirac delta potentials on R” have been extensively
studied. Operator Hy has at most p eigenvalues, which are all negative and simple, and there are no
eigenvalues in the case of positive strengths «; > 0. The remaining part of the spectrum is absolutely
continuous and o, (Hy) = [0, 00). We will denote by P, the L? projection onto the subspace of the
eigenfunctions and by P the projection outside the discrete spectrum. Regarding the spectral properties
of Hy we refer to [Albeverio et al. 2005, § I1.2] and to the references within. The time-dependent
propagator of the linear Schrédinger equation has also been considered in the case of one Dirac delta
potential [Gaveau and Schulman 1986; Manoukian 1989; Adami and Sacchetti 2005; Datchev and
Holmer 2009], or one point interactions [Albeverio et al. 1994; Adami and Noja 2009; Fukuizumi
et al. 2008], or two symmetric Dirac delta potentials [Kovarik and Sacchetti 2010]. In particular, in the
case of the line with one delta interaction, without sign condition on the strength, dispersive estimates
has been proved but for e~itHo p [Adami and Sacchetti 2005; Datchev and Holmer 2009]. A similar
result was proved to hold in the case of two-point interactions, under a condition on the delta-strength
and on the distance between the location of the point interactions [Kovarik and Sacchetti 2010]; see
also [Angulo Pava and Ferreira 2013]. Also in [Duchéne et al. 2011] the problem of dispersion for
several-delta potentials has been considered, as well as wave operator bounds from which dispersive
estimates can be obtained as a consequence. Here Jost and distorted plane functions are used in spectral
formulae. A weighted weaker than classical dispersion estimate is obtained for a class of potentials with
singularities.

Concerning the nonlinear Schrddinger equation with a Dirac delta potential, standing wave and bound
states have been analysed [Fukuizumi and Jeanjean 2008; Fukuizumi et al. 2008; Le Coz et al. 2008], as
well as the time dynamics of solitons [Holmer and Zworski 2007; Holmer et al. 2007a; 2007b].

For stating our first result concerning the case of several Dirac potentials, we need to introduce the
following functions. With the notations in Lemma 3.1 in the case when n; = 2, we define f, = det D),
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_detﬁp . )
and g, = det D,’ defined by recursion as follows:
20+ 20+a, p0a ( ap _g )
W) =" =—=e% 1 f) ()| 1 ———e P lg, (w)],
fi@) =T )= e @)1= 5 gr-1(©)
where 5
o —2Z2w+tap _
14 _ p e 2wa"71gp—1(60)
aq npw+aop 2w+ap
girw)=—, gplw)= a
niw—+ o p e—Zwa,,_lgp_l ()

2w+ ap
These functions will appear naturally when computing the resolvent of Hy.

Theorem 1.1. For any {ozj} _, and {xj} _, Such that

057" fo| o #O. (6)

the solution of the linear Schridinger equation on the line with multiple delta interactions of strength a;
located at x; satisfies the dispersion inequality

lle™ e Pug || ooy < \/—”uOHLl(R) forall t #0. @)
Moreover, in the case of positive strengths aj > 0, condition (6) is fulfilled and we have

lle™ e vig|| Loory < ——=luoll 1y forall t #0. ®)

\/—

We first notice that, in view of the definition of f,(w), condition (6) is not fulfilled only in a few
o) ton
“uir¥ _

explicit situations. For instance, if p = 2, the situations to be avoided are when x; —x; +
o102

already used in [Kovafik and Sacchetti 2010].

In the previous works on dispersive estimates for one or two delta Dirac potentials, given the particular
itHy

2

structure of the operator Hy, the authors obtain explicit representations of the resolvent and then of e~
However in the general case of multiple delta interactions an explicit representation is not easy to obtain;
even in [Albeverio et al. 1984; 2005, §II.2] the resolvent is obtained in terms of the inverse of some
matrix D, that depends on {ozj} — and on the lengths of the finite segments {x; — xj—l}j;z-

The line setting might be seen as the special case of the equation posed on a simple graph with
n vertices, with only two edges starting from any vertex and with delta connection conditions at each

vertex (xg = —00, Xp41 = 00):
iug(t, x) +uxx(t,x) =0, x €(Xj—1,X), j=1,....p, ©)
ux(t,x;r)—ux(t,xj_):ozju(Xj), t>0,j=1,...,p.

Our second framework refers to the Dirac delta Hamiltonian Hol; on atree I' = (V, E) with a finite
number of vertices V', with the external edges (those that have only one internal vertex as an endpoint)
formed by infinite strips. We consider the linear Schrodinger equation in the case of a tree I', with delta
conditions of not necessarily equal strength at the vertices
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{iu,(t,x) = Hlu(t,x), (t,x)eRxT, (10)

u(0,x) =wuy(x), xel.

The presentation of the operator Hol; will be given in full detail in Section 2. Let us just say here that
Hol; acts on a function u# on a graph as —dx, on each restriction of u to an edge of the tree and that its
domain consists of those functions u for which §-coupling conditions must be fulfilled. The §-coupling
conditions are a continuity condition for the function # and a §-transmission condition at the level of its
first derivative at all internal vertices v:

> 0uu(v) = a(v)u(v).

eck,

The operator H£ shares the same properties of Hy above: only a finite number of negative eigenvalues,
and no eigenvalues for positive strengths, and aac(H£ ) =0, co). These properties follow as in [Albeverio
et al. 2005, § 11.2].

The dispersion inequality for (10) was proved in [Banica and Ignat 2011] for the case of Kirchhoff’s
connection condition on trees, that is o(v) = 0 for all internal vertices of the tree (see also [Ignat 2010]).
The case of §- and §"-coupling on a star-shaped tree (i.e., only one vertex) has been considered in [Adami
et al. 2011], where the main result concerns the time evolution of a fast soliton for the nonlinear equation,
in the spirit of [Holmer et al. 2007a]. Finally, we mention that for the stationary nonlinear equation, the
study of bound states on a star-shaped tree with delta conditions has been analysed in a series of papers
[Adami et al. 2012a; 2012b; 2012c¢; 2012d].

The main result of this paper is the following, involving the expression of a determinant function
det Dr, (w) defined by recursion in Lemma 3.1.

Theorem 1.2. Let us consider a tree I' = (V, E) with p vertices. If the strengths at the vertices and the
lengths of the finite edges are such that

9~V det Dr, | _,#0. (11)

then the solution of the linear Schrodinger equation on a tree with delta connection conditions satisfies
the dispersion inequality

. C
le ™M Pug|| poo(ry < —=lluoll L1qry forall t #0. (12)

vau
Moreover, in the case of positive strengths aj > 0, condition (11) is fulfilled and we have
_igT C
le™ " Ha uollLoo(ry = \/ﬁ

The proof of Theorem 1.2 uses elements from [Banica 2003; Banica and Ignat 2011; Gavrus 2012] in
an appropriate way related to the delta connection conditions on the tree. The starting point consists of

lwoll Ly forall t #0. (13)

writing the solution in terms of the resolvent of the Laplacian, which in turn is determined by recursion
on the number of vertices. With respect to the previous works with Kirchhoff conditions, the novelty here
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is that we are no longer in the framework of the almost periodic Wiener algebra of functions, and the
expression of the resolvent is harder to analyse.
—itHY

The linear solution e uo will be shown to be a combination of oscillatory integrals, that becomes

more and more involved as the number of vertices of the tree grows. We do not have any more that
e~itHy u( is a summable superposition of solutions of the linear Schrodinger equation on the line, as for
Kirchhoff conditions in [Banica and Ignat 2011].

Theorem 1.1 follows from Theorem 1.2 by considering the particular case of a tree I" with all the
internal vertices having degree two.

As classically noticed [Rauch 1978; Jensen and Kato 1979; Journé et al. 1991; Rodnianski and Schlag
2004; Goldberg and Schlag 2004], one can expect dispersion in the absence of eigenvalues and of zero
resonances. In the §-coupling case the nongeneric condition (6) for p = 2 is precisely in link with the
presence of a zero resonance (see formula (2.1.29) in Chapter II of [Albeverio et al. 2005]), so one might
expect that in the absence of eigenvalues the dispersion holds generically, even for more general coupling.
We shall give in Appendix C some sufficient conditions to obtain dispersion for general couplings.

Finally, we note that in the presence of eigenfunctions, the dispersion estimate cannot be valid globally
in time. Denoting by H either H, or HOF , the general classical 7' T* argument and the Christ-Kiselev
lemma allow one to infer global in time Strichartz estimates as on R for e 7/ P, the dispersive part of
e~iH (see for instance the short proof of Theorem 2.3 in [Tao 2006]). This together with the regularity
of the eigenfunctions of the operator H give us the following result:

Theorem 1.3. Let T > 0 and let (q,r) and (¢'.r") be two 1-admissible couples, in the sense that
4<g=<00,2=<r =<=o00and %1 + % = % For any o > 1, there exists a constant C > 0 such that the
homogeneous Strichartz estimates

||e_itH”0||Lq((O’T)’Lr(1")) = C(||ll0||L2(I‘) + Tl/q””O”L“(I‘))’

and the inhomogeneous Strichartz estimates

t
/0 e 1 F(s) ds < C(IFll e o).y + TV F L1 o1y, Le(ry):

La((0,T),L"(T"))

hold. Here x' stands for the conjugate of x, defined by % + % =1

We shall give in Appendix B a proof inspired by [Datchev and Holmer 2009]. As a typical result
for the nonlinear Schrédinger equation based on the Strichartz estimates, one obtains the global in time
well-posedness for subcritical L?(I") solutions:

Theorem 1.4. Let p € (0,4). For any ug € L*(T) there exists a unique solution

ueCR.L*T)HN () LYR.L(T))

(q,r) 1-adm.
of the nonlinear Schrodinger equation

{iu, + Hu* |ulPu=0, t+#0,

u(0) =uy, t=0. 14
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Moreover, the L*(T")-norm of u is conserved along the time: la @)l L2(ry = lluoll L2(r)-

Local in time existence with lifespan depending on the L? size of the initial data follows from a
classical fixed point argument as on R (see for instance Proposition 3.15 in [Tao 2006]). The extension to
global solutions is obtained from the conservation of the L2(I")-norm that in turn follows by taking the
imaginary part of (14) multiplied by # and integrating on I'.

The paper is organised as follows. In the next section we introduce the framework of the Laplacian
analysis on a graph. In Section 3 we give the proof of Theorem 1.2. In Appendix A we show how the
conditions of the theorems are fulfilled for positive strengths of interactions. Appendix B contains the
proof of Theorem 1.3. In Appendix C we shall describe the approach for general coupling conditions.

2. Preliminaries on graphs and §-coupling

In this section we present some generalities about metric graphs and introduce the Dirac delta Hamiltonian
HOF on such structure. More general types of self-adjoint operators, A(A, B), have been considered in
[Kostrykin and Schrader 2006; 1999]. We collect here some basic facts on metric graphs and on some
operators that could be defined on such structures [Kuchment 2008; 2004; 2005; Kostrykin and Schrader
2006; Gnutzmann and Smilansky 2006; Exner 2011].

Let I' = (V, E) be a graph where V is the set of vertices and E the set of edges. For each v € V' we
denote by E;, = {e € E : v € ¢} the set of edges branching from v. We assume that V' is connected and
the degree of each vertex v of I is finite: d(v) = | Ey| < co. The edges could be of finite length and
then their ends are vertices of V', or they could have infinite length and then we assume that each infinite
edge is a ray with a single vertex belonging to V' (see [Kuchment 2008] for more details on graphs with
infinite edges). The vertices are called internal if d(v) > 2 or external if d(v) = 1. In this paper we will
assume that there are no external vertices.

We fix an orientation of I" and for each oriented edge e, we denote by /(e) the initial vertex and by
T (e) the terminal one. Of course in the case of infinite edges we have only initial vertices.

We identify every edge e of I with an interval I, where I, =0, /] if the edge is finite and I, = [0, 00)
if the edge is infinite. This identification introduces a coordinate x,. along the edge e. In this way I" is a
metric space and is often called a metric graph [Kuchment 2008].

Let v be a vertex of V and e be an edge in E,. We set, for finite edges e,

1 )_{O if v=1I(e),
TN ite =T,

and, for infinite edges,
jw,e)=0 ifv=1I(e).

We identify any function # on I" with a collection {u€}.c g of functions u¢ defined on the edges e
of I". Each u¢ can be considered as a function on the interval /.. In fact, we use the same notation u¢
for both the function on the edge e and the function on the interval I, identified with e. For a function
u:I' > C,u={u.cg, we denote by f(u): I — C the family { f(4°)}ccE, Where f(u€):e — C.
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A function u = {u®}.cg is continuous if and only if u¢ is continuous on /, for every ¢ € E and,
moreover, is continuous at the vertices of I':

u¢(j(v.e)) =u€(j(v,e')) forall e,e’ € Eyandv € V.

The space L?(T"), 1 < p < oo consists of all functions # = {u,}.cg on I' that belong to L?(1,) for
each edge ¢ € E and

P _ e|p
Nl ] oy = D 1617 by, <00
ecE

Similarly, the space L°°(I") consists of all functions that belong to L°°(1,) for each edge e € E and
lll Loo(ry = sup [[u®]| Loo(r,) < 00.
ecE

The Sobolev space H™(I"), for an integer m > 1, consists of all continuous functions on I" that belong to
H™(1,) for each ¢ € E and

2 2
el Frmery = D 16 Fymey < 00
ecE

The above spaces are Hilbert spaces with the inner products

) 2wy = Y W) 2y = Y / 4 (x)9° (x) dx
eeE ecE
and

dk e dk
() gm(ry = YW V) gmery = ) Z e a2l
ecE ecE k=0

We now define the normal exterior derivative of a function # = {u°}.c g at the endpoints of the edges.
For each e € E and v an endpoint of ¢ we consider the normal derivative of the restriction of u to the
edge e of E, evaluated at j(v, e), to be defined by

ue(0%) if j(v,e)=0
us(l;) if j(v,e) =le.

We now introduce Hol; . It generalises the classical Dirac delta interactions with strength parameters (5).

duf —
(e = {

The Dirac delta Hamiltonian is defined on the domain

D(HY) = {u eH*T): Y. —(](v e)) = a(v)u(v), Vv € V} (15)

eck,
For any u = {u€}.cE, the operator H] acts by
(H w)(x) = —u, (x), xel,ecE.

The quadratic form associated to H) is defined on H'(T") and it is given by

=Y / W) dx+ Y a(w)u().

ecE velV
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When all strengths vanish this corresponds to the Kirchhoff coupling analysed in [Banica and Ignat 2011].

Finally, let us mention that there are other coupling conditions (see [Kostrykin and Schrader 1999]),
which allow one to define a “Laplace” operator on a metric graph. To be more precise, let us consider
an operator that acts on functions on the graph I as the second derivative d%/dx?, and whose domain
consists of all functions # that belong to the Sobolev space H?(e) on each edge e of I' and satisfy the
following boundary condition at the vertices:

A()u(v) + B(v)u'(v) =0 for each vertex v. (16)

Here u(v) and u’(v) are correspondingly the vector of values of # at v attained from directions of different
edges converging at v and the vector of derivatives at v in the outgoing directions. For each vertex v of
the tree we assume that matrices 4(v) and B(v) are of size d(v) and satisfy the following two conditions:

(1) the joint matrix (4(v), B(v)) has maximal rank d(v),
(2) A(w)Bw)T = Bw)Aw)T.
Under those assumptions it was proved in [Kostrykin and Schrader 1999] that the operator under

consideration, denoted by A(A, B), is self-adjoint. The case considered in this paper, of §-coupling,
corresponds to the matrices

1-1 0---0 O 000---00
0 1-1---0 0
oo0o1--0 0 000---00
Avy=1. . .. . . . B=1.
000--1 -1 000---00
00 0--0-a(v) 111 11

More examples of matrices satisfying the above conditions are given in [Kostrykin and Schrader 1999;
Kostrykin et al. 2008].

3. Proof of Theorem 1.2

We shall use a description of the solution of the linear Schrodinger equation in terms of the resolvent. For
@ > 0 such that —w? is not an eigenvalue, let R,, be the resolvent of the Laplacian on a tree

Ryug = (Hol; + o) .

Before starting let us choose an orientation on the tree I". Choose an internal vertex O to be the root of
the tree and the initial vertex for all the edges that branch from it. This procedure introduces an orientation
for all the edges starting from O. For the other endpoints of the edges belonging to Eg we repeat the
above procedure and inductively we construct an orientation on I'.

3A. The structure of the resolvent. In order to obtain the expression of the resolvent, second-order
equations
(Roto)” = w* Ruuig — g
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must be solved on each edge of the tree together with coupling conditions at each vertex. Then, on each
edge parametrised by I, for x € I, since w # 0,
L te(x, ®
Ryug(x) =cpe®* +3Cee ¥ + M (17)
)
with

le(Xx,w) = %/I uo(y) e_“’|x_y|dy.

Since Ryu( belongs to LZ(F), the coefficients ¢, and ¢, are zero on the infinite edges e € €,
parametrised by [0, co). If we denote by $ the set of internal edges, we have 2|$| + |€| coefficients. The
delta conditions of continuity of R, uq and of transmission of (R, u)’ at the vertices of the tree give the
system of equations on the coefficients. We have the same number of equations as of unknowns. We
denote by Dr, (w) the matrix of the system, where p is the number of vertices of the tree, and 7T, (@) is
the column of the free terms in the system.

Therefore the resolvent R, uy(x) on an edge I, is

Ce Ce
det My (@) — detMpi(@) _— f,(x,0)

R =2 - ,
wito(X) det Dr, (w) ¢ det Dr, (w) 1)

(18)

where le; (w) and M Ié; (w) are obtained from Dr, () by replacing the column corresponding to the
unknown c, and C,, respectively, by the column of the free terms 7T, (w).

3B. The expression of det Dy, (@). In view of the form (17) of the resolvent, we obtain on an edge /

- t.(0, w
Ryuo(0) = ce +Ce + el )»
@ (19)
(Rou) (0) = cow — Cow + 1.(0, w),
and, if I, is parametrised by [0, a] with a < oo,
1 (0,
Ryug(a) =c. e +Coe % + —e( a)),
w (20)

(Roup) (@) =cewe®® —Cowe ™ —to(a, w).

3B1. The star-shaped tree case. In the case of a single vertex and n; > 2 edges I;, 1 < j < ny,
parametrised by [0, oo) we have only the coefficient ¢; on each edge I; since each ¢; vanishes. The delta
conditions are continuity of the resolvent at the vertex, and the fact that the sum of the first derivatives
must be equal to o times the value of the resolvent at the vertex:

(Ro0)j (0) = (Rpt0)1(0), Y (Ruwo);(0) =y (Ruto);(0).

1<j=<n;
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From (19) we obtain as the matrix for the system of ¢’s

1 -1
DF[ ((,l)) = 1 _1 k)
1 -1
| _© w w w w
\" oter ote;  ota o+a ot
and as a free term column
/ [2(07('())_[1(0’0))
w
Tr, (w) = tnh, (0,0) =1y, -1(0, w)

w
w—oq t1(0,w) ) £ (0, w)
wto; ®w

O+ <y,

By developing det Dr, (w) with respect to its last column, we obtain by recursion that

det Dl"] (w) =

niw + o
w+ oy

Thus det Dr; does not vanish on the imaginary axis and @R, u¢ can be analytically continued in a region

containing the imaginary axis.

We introduce here the matrix 5p , (w), which is the matrix of the coefficients of the resolvent if on
the last edge I, we should have ¢, e®* instead of ¢,,e~“*. This changes only the (ny,n)-entry of

Dr, (w), whichis — ®__ instead of —2—:
w—+oq w4+
1 -1 \
1 -1
DF](a))z 1 1
1 -1
| w w w w o
w+oa; w+oq w+a; w+og a)—f—al)

Moreover, the free term column remains the same for this new system. Again, by recursion, we have

det 51“1 (w) =

(ny —2)w +a;
ow+ao
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3B2. The general tree case. Any tree I', with p vertices, p > 2, can be seen as a tree I',_1 with p —1
vertices, to which we add a new vertex on one of its infinite edges, and n, — 1 new infinite edges from
it. Let us denote by N the number of edges of I',_1. By this transformation / becomes an internal
edge, parametrised by [0, a,_1], and we have in addition external edges Iy, for 1 < j <n,—1. We
denote by «), the strength of the delta condition in the new p-th vertex. The matrix of the new system (the
unknowns of the I';,_; system, together with an extra unknown on the new internal line /) and n, — 1
unknowns on the new n, — 1 external edges) is denoted by Dr, (w). Notice that if we write the system of
unknowns of I', by changing the order of the unknowns (i.e., permuting columns) or the order of the
conditions at vertices (i.e., permuting lines), then the determinant remains unchanged or it changes sign,
and the ratio det Epp (w)/det Dr, (@) remains unchanged.

For I',, by writing the delta conditions at the end of I, together with the two conditions involving
the coefficients on 7 at the beginning of 7, we obtain the matrix Dr, () as

DFp_l (a)) -1
__w
a)+ap—1
e~ @ap—1 e®@ap—1 -1
1 -1
1 -1
1 -1
-0+ @1 | p®ap1 w w W w w
K w+op wta, wtop wo+top, wotop otop )
and the free term column as
TI‘,,,l (Cl)) \
IN+1(0,0)—ty(ap—1, ®)
1)
It,(w) =
tN“rnp—l(Ovw)_tN‘an—Z(O’w)
w
w—dy ty(ap—1,w) 10} tn+(0, )
\a)+oep w w+op 1<j<np—1 w

We point out that Dy, has p — 1 pairs of columns that are equal at @ = 0. This implies that ® =0 is a
zero of order at least p — 1 for Dr,,. The assumption imposed in Theorem 1.1 guarantees that the order
of w = 0 is exactly p — 1. This will avoid the existence of zero resonances for the resolvent R,,. In the
case when all the strengths {oy }7 _, are positive the condition in Theorem 1.1 is fulfilled; this will be
proved in Appendix A.
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Lemma 3.1. We have the recursion formulae

niw + aq detﬁpl(a)) (2o +a;

det D = , —
e F](Cl)) o+ detDFl(a)) o Lo
-2 det Dr,_ (@
det DFp (a)) = np‘:_ﬂewap_l det Dprl (60)(1 — w e—2wap_1 g tDFP—IE ;)’
w ap anl) ap e Fp_] w

(np—=2w+a, (np—4Ho+a, o—20ap—1 det Dr,_, (w)

det 51-'1, (w) npw—+a, npw—+a, det Dr,_, () 1)
det DI‘p (a)) 1 we—%}awl det Erp—l (a)) '
npw+op det Dr,_, (o)

Proof. The part about I'y was proved in Section 3B1.

By developing det Dr,, with respect to the last 1, lines, we obtain an alternated sum of determinants
of np X np minors composed of the last np lines of Dr,, times the determinant of the matrix Dr,,, without
the lines and columns the minor is made of. On the last n;, lines, there are only 7, + 1 columns that do
not identically vanish. The only possible way to obtain a n, x 1, minor composed from the last 72, lines
of Dr, with determinant different from zero is to choose all of the last n, — 1 columns together with
a previous one. This follows from the fact that if we eliminate from det Dr,, both previous columns
together with n, — 2 columns among the last n,, columns, we obtain a block-diagonal type matrix, with
first diagonal block Dr,_, with its last column replaced by zeros, so its determinant vanishes. Therefore

det Dr, = det Dr,_, det A" —det 13pp_1 det B"»,
where for m > 1, A™ and B™ are the m X m matrices
(ewa,,_l _1
1 -1
A" = 1 -1
1 -1

w w () w w
w+ta, w+tap w+ta, w+ap a)—i—otp)

Kewap_l

e @ap—1 -1
1 -1 \

m .
B = 1 -l
1 -1
—a)+oepe_a,ap_l w w w w w
w+ap wta, wtop wtop oty wtop

We have
20 + % @

w+ap

1

’

det A% =
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and by developing A" with respect to the first last column we obtain the recursion formula

1)
det A™ = ———e®%=1 4 det A",
o+ op
o)
det Am — wewap—l .
W+ op
Similarly we obtain
det B" = m=2ota e a1,

w+ap
Therefore we find, indeed,

-2 det D w
det Dr,(w) = —npw++ ¥ p0ap-1 get Dr,_, () (1 _mp=dotap ):i) Tt e 2®ap—1 T tDFp_IE ;)

In a similar way we get

~ ) —4 ~
det B (@) = 27D F D joar 1 goy pry (@)= 2D TD 0t 4ot B (),
w+ap r w+ap P

which leads directly to (21), completing the proof of the lemma. O

3C. A lower bound for det Dy , (it) away from 0.

Lemma 3.2. The function det Dr,(w) is bounded away from zero by a positive constant on a strip
containing the imaginary axis:

det 51~p (w)

VS > 0, EICF[,’GFI, >0, 30 < er < 1 such that |det D]"p(a))| > ch’ m < e,

for all w € C with |Rw| < €r, and |Sw| > 6.
Proof. We shall prove this lemma by recursion on p. For p = 1, Lemma 3.1 ensures that

niw 4+ oy detﬁpl(w) (=2 +a

det D, (w) = , =
r (@) o+ o det Dr, (@) njow + oy

We obtain a positive lower bound for |det Dr, (w)| if we show that it does not approach zero. Therefore

the existence of cp, > 0 is obtained by considering €r, = |2“_1|. Next, we have
ni

(I’ll —2)0) + o

<l < 0<oNo+ 0 -1l
niw + o

so for any § > 0 we get an appropriate 0 < r, < 1 by choosing
_1\82
er < (I’l] 1)5
S

Assume that we have proved this lemma for p — 1. We shall show now that it also holds for p. Now,
from the ratio information part in this lemma for I',_; we can choose €r, small enough to have, for
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|Rw| <ep and [Sw| >4,
p

B (np —2)w +ap o= 20ap det Drpil (w)

> Co > 0.
npw + op det Dr,_, (w)

Also from this lemma for I',_; we have the existence of two positive constants cr,_ and €r,_ such that
|det Dr,_, (w)| > r,_y for all w € C with |Rw| < €r,_, and |Sw| > 4. Fmally, (npa) + ap)/(a) +ap)
is bounded below by a positive constant for small enough Rw, so eventually we get

e, €p, > 0 such that |det Dr, (w)| > cp, forall w € C with [Row| < €r,, [Sw| > 6.

We are left with showing that the ratio det ﬁrp (w)/det Dr, (w) is of modulus less than one. In view of
the recursion formula on the ratio from Lemma 3.1, we first impose as a condition on €r, that

Ty <1,

and then we have to show that for |z| < FF,,_I’

(np—=2)w +ap—((np —4)o +ap)z
npw +op—((np —2)w +ap)z

rrp,

for all complex @ with |fw| < €r, and |Sw| > 4, for €r, to be chosen and I, < 1. By letting
q = (np —2)w + ap, the above inequality becomes

lg—(q—2w)z| <|(qg +20) —qz| <= |q(1-2)+2wz| <|q(1-2)+ 20|
Expanding this last inequality we find that we have to prove that
0 <o*(1=z*) + 1 =z ((np — 2)|o|* + apR(@)).
Since n, > 2 and |z| < ’71“,,_1 < 1, it is enough to have
0 < |o*(1—|z]*) + [1 — z|*apyR(w).

(1 —rF )52
Also, |Nz| < T < 1, so by choosing €. < —
|Rz| Ty y g€r, = 2y (1— ”r

)2 we get the existence of r, < 1. O
3D. Vanishing of the numerator at t = 0. Recall that we have denoted by le; (w) the matrix Dr, (o)
with Dy, (a)) the column corresponding to the unknown c,, replaced by the free terms column 7T, (w).
In partlcular o det M ce (a)) is the determinant of the matrix Dr, (w) with the column corresponding to
the unknown c, replaced by @Tt, (w). The same holds for M. Ce (a)) with the appropriate substitutions.

Lemma 3.3. —(@Tr, (@))(0) = Y 1(0,0)Df. (0)+ > 2(0,0)Df, (0)

ecé ecy
Remark 3.4. From the shape of Dr,(w) displayed in the proof of Lemma 3.1 we notice that the two
junction columns with Dr,_, (@), corresponding to the coefficients of the resolvent on the connecting
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edge Iy, are
—w+o d
DIV (@)=(0,...,0,—1, —2—— ¢7@%=1,0,...,0, — 2L =0-
p a)—i-(xp_l w_"_ap
and
[ T
i w+a’P_1

In particular, these two columns are the same at w = 0. Moreover, Dr, () contains p — 1 such pairs of
columns: Dlip 0) = Df,p (0) for all e € $. Thus, the last term in the right side of Lemma 3.3 could be
either DY, (0) or DIé‘ (0), fore € 9.

D p

Proof. We will prove this identity inductively. For p = 1, (wTt,) is given in Section 3B1. We choose
X1 = (t1(0,0),22(0,0),...,1,, (0, 0))7, then Dr, (0)X; = —(wTT,)(0), which proves the lemma for
p=1

Given now X1 such that Dr,_, (0)Xp—1 = —(0TT,_, (0))(0), we construct X} as follows:

Xl = (XPT_I,O, IN+1(0,0), ... . tN4n,—1(0,0)).

Using the recursion between Dr, and Dr,_, used in the proof of Lemma 3.1, the identity

a)Tprl(w) \
IN+1(0,0) —tn(ap—1, @)
oTr,(w) = ' ,
! IN+n,—1(0,0) =N 15,—2(0, ®)
w—ap ®
ty(ap—1,0) + tn+i(0,w
w+ap ( p-l ) w—+ap 15,&,,-1 +J( ))

and the fact that 7, (0, 0) =z, (a, 0) for all e € $, we obtain that X, satisfies Dr, (0) X = —(«TT, (0))(0).
Writing this identity in terms of the columns of the matrix Dr, (0) we obtain the desired identity. O

Lemma 3.5. @ = 0 is a root of order at least p — 1 of w det MIEZ (w) and of w det MIEZ (w) for all edges e.

Proof. We shall give the proof for w det MIC,; (w); the result for w det MIC:; (w) will be the same. From the
shape of Dr,(w) displayed in the proof of Lemma 3.1 and Remark 3.4 we have p — 1 pairs of columns
that are equal at @ = 0. Moreover, by Lemma 3.3, (wTT,)(0) is a linear combination of these columns
evaluated at w = 0.

The derivative of a determinant is the sum of the determinants of the matrices obtained by differentiating
one column. When 7T, does not replace any of these 2(p — 1) columns it follows that the lemma holds
since there are always two identical columns. Then by the above argument we have

af;(wdetM;;)(O):o if 0<k<p-3. (22)
Assume now that 7T, replaces one of these 2(p — 1) columns. To finish the proof we must show that

3772 (w det M;;)(O) =0. (23)
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Using again the fact that Dr, () contains p — 1 pairs of columns that match at @ = 0, we only
need to show that det Ar, (0) = 0, where Ar,(®) is Dr, (@) with the column 7T, (w) replacing one
column of one pair, and one column of each of the remaining p — 2 pairs of columns is differentiated. In
particular Ar, (0) contains one unchanged column of each of the p —1 pairs. By Lemma 3.3 we know that
(wTr,(@))(0) is a linear combination of the columns corresponding to external edges and of the internal
ones (each one from the p — 1 pairs), so the new determinant vanishes and the proof is finished. O

Lemma 3.6. For all edge indices ) and e, w = 0 is a root of order at least p —?2 of the coefficient f;L e ()
of t),(0, w) in w det Mce (w), and the same holds for the coefficient fA () of (0, w) in w det Mc" (w).

Proof. This result follows from the discussion that led to (22): the matrix a)leZ (w) has p — 2 pairs of
columns that are identical at @ = 0. O

Lemma 3.7. For each edge index e and each external edge index A, w = 0 is a root of order at least p — 1
of the coefficient f) (@) of 1).(0, w) in w det M. ce (a)) and the same holds for the coefficient f;L e(w) of
1,(0, ®) in w det MCe (w).

Proof. The statement corresponds to the particular case of Lemma 3.5 where all the components of 7T,
are taken to be 0 except #) (0, w), which is replaced by 1. O

Lemma 3.8. For each edge index e and each internal edge index A, w =0 is a root of order at least p—1 of
fk (@) + fk (@), where fk (@) and fk (w) are respectively the coefficients of t, (0, w) and t; (a),, )
in w det MCZ (w). The same holds for fk,e (w) + [k,e (w), where fA (w) and fk (w) are respectively the
coefficients of 1) (0, w) and t;, (a), ®) in w det lei ().

Proof. The proof goes the same as for Lemma 3.7. O

3E. The end of the proof. Now we shall use the theorem hypothesis, 88’ =D det Dr,|,—07# 0. We
obtain that @ = 0 is a root of order p — 1 of det Dr,,. From the previous subsections we conclude the

following:
Lemma 3.9. wR,, f (x) can be analytically continued in a region containing the imaginary axis.

Proof. The proof is an immediate consequence of decomposition (18) for x € /., together with Lemma 3.2,
Lemma 3.5 and the fact that @ = 0 is a root of order p — 1 of det Dr,,. O

Proof of Theorem 1.2. As a consequence of Lemma 3.9 we can use a spectral calculus argument to write
the solution of the Schrédinger equation with initial data u¢ as

. 1 [° .
e~ itHe pyg(x) = — / e T L Ricuo(x) d. (24)
—OoQ

In view of the definition of 7, and with the notations from Lemmas 3.7 and 3.8 we can also write the
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decomposition (18) as

fk,e(if)

iryd itx
- det Dr, (i7) ,x”‘)(y)e e

TRizug(x) = %/ ug e iTxl dyi+ Z
1.

f)» e( ) it —i
§ : Y d iTx
det D]“ (l ‘E) I, ( )

Sl ‘ S, (i) .
+ u Y& 4 elf(ax—y) ¢ : ) dy '™
g / o) ( det Dr, (i7) det Dr, (i7) Y
£ (i) , 12,0 .
+ u y# _|_ e”'—(al_y) € - ) d e—l‘EX. (25)
)L% / o) ( det Dr, (i7) det Dr, (i7) Y

Moreover, in view of the results in Lemma 3.8 and Lemma 3.7 we gather the terms as follows:

¢ L€€ p

1 . 2 .
+Z/”°( ) SreliD) SreliT) 70— g +Z/”0(«V fk,e(lf)+fx,e(lf)e,~r(x+y) i

o det Dr, (i r) oy det Dr, (it)
1 . 2 .
ey det Dl",, (i7)

(eir(ax—y) _eiry)sze(it) itx
3 d
_|_Z/”0(J’) det Dy, (it) ’ ’

A€y
(eiT(@.=) _eify)ffe(if) itx
3 - d . 26
+§/”0(y) det D, (i) S -

Let e be an external edge. In view of Lemma 3.7 and the fact that @ = 0 is a root of order p — 1
of det Dr,,, we obtain that the fraction f} .(it)/det Dr,(i7) is upper bounded near T = 0. Outside a
neighbourhood of © = 0 we use Lemma 3.2 to infer that |det Dr, (i )| is positively bounded below outside
neighbourhoods of 7 = 0. Moreover, in view of the explicit entries of M, IC‘Z (it), we see that fy .(iT) is
upper bounded for any t € R since all the entries of matrix Dr, (i7) as well as the coefficients of 7, in
TT, (ir) have absolute value less than one. Summarising, we have obtained that

Srelit)

2~ e L°(R).
det Dr, (i7) ®)

The derivative of this fraction is upper bounded near t = 0 by limited development at T = 0. Outside
neighbourhoods of T = 0 we have that d; f} .(i7) and d; det Dr, (i 7) have upper bounds of type 1/ 2.
This is because each term of d; f} (i 7) and d; det Dr, (i 7) contains a derivative of an element of the
line given by the §-condition involving the derivatives in the root vertex 0. This vertex is the one which
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is an initial vertex for all n edges emerging from it: /(e) = O, for all e € E, O € e. If « denotes the
strength of the §-condition in O, then this line of the matrix Dr, (i7) is composed of 0, 1 and £ + %
where the minus sign appears only on the finite edges that star from O, and this line for the column matrix

(” tl(Ozr)—I-— Z Z,(Ozr))

2<]<n

itTr,(it) is

Finally, as above, fj .(i7) and det Dr,(i7) are upper bounded and from Lemma 3.2 we have that
|det Dr, (i 7)| is positively bounded below outside neighbourhoods of r = 0. In conclusion we infer that

)

et L e LY(R).
“det Dr, (i7) ®)

The same argument using Lemmas 3.7, 3.8 and 3.6 can be performed to obtain that

freliny S+ 2600 filGo+ 2300

det Dr, (it)’ det Dr,(it) det Dr, (i7)
(eit(a)\—y) _eiry)f)ie(l-.[) (eir(ak—y) _ eiry)f)ie(if)
det D[‘p (it) ' det Drp (it)

are in L™ with derivative in L'. Notice that when A belongs to an internal edge I it follows that
the interval 7, has finite length. Therefore for the last fractions we use that (e!7(@2 =) — ¢i7)) ff L7)
vanishes with order p — 1 at t = 0 and repeat the argument used above. The only difference from the
previous cases is that we will obtain bounds in terms of the parameter y. Since y is now on an internal
edge I, of finite length we obtain uniform bounds. Therefore the dispersion estimate (12) of Theorem 1.2
follows from (24) by using (26) and the classical oscillatory integral estimate

o —itt? ita C /
e " eg(r)dr| = —=(llgllLee + gl L1)- O
—o0

il
Appendix A: The multiplicity of the root @ = 0 of det Dy, (»)

Here we prove that the condition (11) is fulfilled in the case of positive strengths. We shall show first the
following double property.

Lemma A.1. Forall p > 1 we have the following properties:

o 0% )1 @) 0,25 ) ) <
P7" det Dr, det D
Proof. Lemma 3.1 ensures that de tDFI( )= (1112)—w—im and in particular
et Dr nyw+oq
det Dr 201
do| —t (@) =——, 27
w(detDpl)() (no +ay)? @7
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and the lemma follows for p = 1, since oy > 0. We shall show the general case by recursion. Let us
denote by P,(w) and Qp(w) the numerator and respectively the denominator in the recursion formula of
the ratio from Lemma 3.1:

(np —2)w +ap B (np—4w +ayp 20,1 det 51“,,_1 ()

P,y(w) = ,
»(©) npw + ap npw + ap det Dr,_, ()

(np —2)w +ayp 20851 det Dr,_, (®)
npw + ap det Dr,_, (o)

Qp(w) =1-

We have P,(0) = Q,(0) =0, and in view of (9]’11)_1) we compute

detﬁppil
p—1

Therefore (@12)_1) ensures that 4, Pp(0) = 9, 0p(0) # 0 and we apply I’Hopital’s rule to conclude (QP},).
Since

2 det D .
Pp(@) = Qpl@) = ———2— (1—e—2ap—1w do b ))
p p
we define 131, (w) and Q p(w) by
2w 2w
Pp(w) = —JHXPP p(@).  Opw) = Qp(w)

In particular

det DI‘,,
— (@)=

P 2 det Dr,_,
detD Qi(w)’ Pp(w)_Qp(a))=—(l—e_2”p—lwe T ())

det Drp .

By using (9}’;_1) and (9}’;_1), we obtain

_ B det 51“1,,1
0w (Pp— Qp)(0) = —2a,_1 + 0y (m)(o)'

Moreover, 13p 0) = Q p(0) = %ap 0w Pp(0) = %ozp 0w 0p(0) # 0, and we can compute

(det ﬁrp) 0) = 2Pr©0r©0) = P (0360, (©) _ du(Pp = 0p)(0)

det D, (0p(0))2 0p(0)
det D
2ap1 — o ") (0)
det Dr*p_l
B 2 det D '
“—”( +2ap_1 — (—F”—l )(0))
2 \ap det Dr,_,
By using again (97512)_1), we obtain (97’12,). O

Lemma A.2. w = 0 is a root of order p — 1 of det Dr,, (). In particular, condition (11) is fulfilled.
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Proof. From Lemma 3.1 we have det Dr, (w) =njw + «, so det Dr, (0) # 0. Lemma 3.1 also gives us
-2 det D
det D, (@) = 229 001 get pr._ () (1 _p =20 H 0 24, IO ))
w—+op npw + dp det Dr,_,
so by recursion it is enough to show that w = 0 is a simple root for

(np=2)w+ap 20851 det Dr,_,
np @+ op det Dr,_,

1— (w).

This is precisely Qp(w) from the proof of Lemma A.1, where it was proved that 9, O, (0) # 0. O

Appendix B: Strichartz estimates

We prove Theorem 1.3. Let us first remark that by the definition of P, we have

Pep = (b 0x) k.

where {¢ }}"_, are eigenfunctions of the operator IﬁlSince @k € L?(T") we have that o € L1 (T)NL>®(T).
Indeed, on the infinite edges the eigenfunctions corresponding to an eigenvalue A < 0 are of type
C exp(—+/—X)x. This means that they belong to L!(e) N L% (e) for any external edge e. On the internal
edges this property trivially holds.

Then P, is defined for any ¢ € L"(I"), | <r <00, and for any 1 < rq, r, < oo we have, by Holder’s
inequality,

IPedpllLrary < Z| ¢. o) lekllLry < llln Z 12kl ot o 0k 1272y
k=1

<C(T, r1,r2)||¢>||L’1 (T)-

Proof of Theorem 1.3. Using the dispersive estimate (12) and the mass conservation

le™ auollL2cry = lwollL2(r)

we obtain, by applying the classical 7' T* argument and Christ-Kiselev lemma [2001], the estimates

Now using Stone’s theorem we obtain

le™" ™ Pug|| Law, L7y < Cluollz2(ry. (28)
and

t
/(; e_l(t_S)PF(S)dS E C”F”LF/((O,T),LF/(F)) (29)

La((0,T),L"(I))

m
ety = 7 py 4 oTIH pop = ¢7IH py 4 3 "M (. r ).
k=1

where by A; we denote the eigenvalue of the eigenfunction ¢;. We claim that, for all & > 1,

e~ Peatgll o7y, 2r < CT 4 ol ey G0
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and

t
/0 e"H=9 p, F(s)ds <CTY|F| . ((0,T),L(T))- (3D

Putting together estimates (28), (29), (30) and (31) we obtain the desired result. We now prove estimates
(30) and (31).
In the case of estimate (30), using the fact that

La((0,7),L"(I'))

e tH p .y, = Z e uo Y0,

we obtain by Holder’s inequality that, for any o > 1,

m
le™ Poug| Lrry < Z . </7k|||(Pk||LV(I‘)<||”0||LOf(F)Z||§0k||La(r)||<.0k||Lr(I‘)<C||"0||L°f(1“)
k=1 k=1

Taking the L9-norm on the time interval (0, 7') we obtain estimate (30).
In a similar way we have

le ™ = P F(s) | Lrry < CIF()|| Le(r)-

Using Minkowski’s inequality we obtain that

t t
H /0 e~ H p_F(5)ds / le " H P F(s) | 1 ryds

La((0,7),L"(I") La(0,T)

T
< Tl/qfo | F(s)llLaryds,

which proves estimate (31). O

Appendix C: General couplings

We consider general coupling conditions at each vertex v (see (16) in Section 2),
A’u(v) + B’u'(v) = 0.

Using the notations introduced in this article, we shall give the recursion formulae for obtaining det Dr,
for general couplings. As a consequence, we shall give a sufficient condition for obtaining the dispersion.

We follow the approach in Section 3A for computing the resolvent. For a star-shaped graph with 7
edges /; parametrised by x € [0, 00), with coupling conditions (A, B1), the resolvent on each edge / ;18

- I e —olx—
Rpup(x) =¢je “’x-l—%/o uo(p)e > dy.
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The coupling conditions yield as a system for the ¢’s

ti (0,
y > i w)(bl,jw—al,j)
1 1<j<m
(A'+0BYH| 1 | = :
C t; (0,
Cny Z i w)(bnl,ja)_anl,j)
1<j=<n;

We denote by Dr, (w) the matrix of the system. We define 5pl (w) to be the matrix
(A" + 0B, (A" +0BY),, ..., (A" —wBY),,),

where by (4! + @ B'); we mean the j-th column of A' + wB!.

The case of a general tree with p vertices can again be seen as constructed by adding a new vertex
v? to a (p — 1)-vertex tree, with coupling conditions (4%, B?), from which emerge new 7, — 1 infinite
edges. Similarly to Lemma 3.1 we derive the recursion formulae

det Dr, (0) = det(4' +w B),

det Dr, (@) _ det((A'+@B");, (A" +@BY),, ... (A'~0B")y)
det Dr, (w) det(A!+wB') ’
det Dr, (w) = det(A? +w B?)e®“ =1 det Dr,_, (w)

5 (1 _det((4P—wBP), (AP +@BP)s, .. (AP+0BP)r,) L, det Dr,_, (a)))

det(A? +wBP) det Dr,_, (o)
det Dr, (@)  (det((AP+wBP)|, (AP +®BP),,.... (AP —wBP),,)
det Dr, (@) det(A? +wBP)

det((4? —wBP)1, (AP +@BP)s, ... (AP =wBP)y,) _,,,  det Dr,_, (o)
det(A? +w BP) ¢ det Dr,_, (@)

(9 (AP =B (AP +0BP)s, . (AP 0B )y) sy, det Dr,_,(@)\!
det(4? +wBP) det Dr,_, ()

A sufficient condition for using the spectral formula as in Section 3E and then for getting the dispersion
as the following constraint, depending only on the entries of (47, B/);< j<p»1s

|det Dr,(iw)| #0 forall w € R. (32)

This is the way the Kirchhoff coupling case was ruled in [Banica and Ignat 2011] and this might be used
in other cases. In the §-coupling case presented in this article, and probably in many other cases, such an
estimate is not valid. Then an analysis around the zeros of det Dr, (@) has to be done starting from the
above recursion formulae.
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