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ANALYSIS AND PDE
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dx.doi.org/10.2140/apde.2015.8.1

HOLDER CONTINUITY AND BOUNDS FOR FUNDAMENTAL SOLUTIONS
TO NONDIVERGENCE FORM PARABOLIC EQUATIONS

SEIICHIRO KUSUOKA

We consider nondegenerate second-order parabolic partial differential equations in nondivergence form
with bounded measurable coefficients (not necessary continuous). Under certain assumptions weaker
than the Holder continuity of the coefficients, we obtain Gaussian bounds and Holder continuity of the
fundamental solution with respect to the initial point. Our proofs employ pinned diffusion processes for
the probabilistic representation of fundamental solutions and the coupling method.

1. Introduction and main result

Leta(t, x) = (a;;(t, x)) be a symmetric d x d-matrix-valued bounded measurable function on [0, 00) x R4
which is uniformly positive-definite, i.e.,

A <a(, x) < Al (1-1)

where A is a positive constant and [ is the unit matrix. Let b(¢, x) = (b; (¢, x)) be an R<-valued bounded
measurable function on [0, 0o0) x R¢ and ¢(z, x) a bounded measurable function on [0, 0o) x R?. Consider
the parabolic partial differential equation

a7 u(t xX) = Z a;j(t, x)

1]1

u0, x) = f(x).

Generally, (1-2) does not have a unique solution. We will assume the continuity of a in spatial components

d
.u(t,x)+2b,~(t,x)aimu(t,x)—i—c(t,x)u(t,x), 12)
i=1

uniformly in ¢, and this implies the uniqueness of the weak solution; see [Stroock and Varadhan 1979]. In
the present paper, we always consider cases where the uniqueness of the weak solution holds. Set

d

1
Lif@) =5 ) aijt,x)

i, j=1

d
j i 2 rmd
T, fx)+ ; bt 05 f@ Fet0f @, f e CGRY

and denote the fundamental solution to (1-2) by p(s, x; ¢, y), i.e., p(s, x; t, y) is a measurable function
defined for s, € [0, 00) such that s <t and x,y € R¢ which satisfies

9
3 / FO)pGs, - 5t,y)dy =Lz(/ fO)pGs, -5t y)dy) and limf fpG, - sr,y)dy=f
t Jrd R4 rls JRd

MSC2010: primary 35B65, 35K10, 60H30; secondary 60H10, 60J60.
Keywords: parabolic partial differential equation, diffusion, fundamental solution, Holder continuity, Gaussian estimate,
stochastic differential equation, coupling method.
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for s, t € [0, 00) such that s < ¢ and a continuous function f with a compact support. In the present paper,
we consider the existence and the regularity of p(0, x; z, y).

The problem of regularity of the fundamental solutions to parabolic partial differential equations with
bounded measurable coefficients has a long history. Parabolic equations in divergence form has been
investigated more thoroughly than that those in nondivergence form, because the variational method is
applicable to them. The Holder continuity of the fundamental solution to d;u = V-aVu for a matrix-valued
bounded measurable function a with ellipticity condition A~!'7 < a < AI was originally obtained by De
Giorgi [1957] and Nash [1958] independently. Precisely speaking, in their results the o-Ho6lder continuity
of the fundamental solution, with some positive number « € (0, 1], is obtained. The index « depends on
many constants appearing in the Harnack inequality and so on. These results have been extended to the
case of the more general equations o,u =V -aVu +b - Vu — cu, where b, ¢ are bounded measurable; see
[Aronson 1967; Stroock 1988]. The case for unbounded coefficients is also studied; see, for example,
[Metafune et al. 2009; Porper and Eidelman 1984; 1992]. An analogy to the case of a type of nonlocal
generators (the associated stochastic processes are called stable-like processes) is given by Chen and
Kumagai [2003]. In the results above, the index of the Holder continuity of the fundamental solution
depends on many constants appearing in the estimates, and it is difficult to calculate its exact value.
Moreover, it is difficult to obtain even a lower bound for the index.

The fundamental solutions to parabolic equations in nondivergence form with low-regular coefficients
have been studied mainly in the case of Holder-continuous coefficients. One of the most powerful tools
for the problem is the parametrix method, and it yields the existence, uniqueness and Holder continuity
of the fundamental solution; see [Friedman 1964; LadyZenskaja et al. 1967; Porper and Eidelman 1984,
Chapter I]. Furthermore, an a priori estimate (the so-called Schauder estimate) is known for the solutions,
and twice-continuous differentiability in x of the fundamental solution p(s, x; ¢, y) to (1-2) is obtained;
see, for example, [LadyZenskaja et al. 1967; Krylov 1996; Bogachev et al. 2009; Bogachev et al. 2005].
We remark that all the coefficients a, b, ¢ need to be Holder-continuous to apply the Schauder estimate.
Even in the case that a is the unit matrix and b is not continuous, we cannot expect the continuous
differentiability of the fundamental solution; see [Karatzas and Shreve 1991, Remark 5.2, Chapter 6].

In the present paper, we consider the Gaussian estimate and the lower bound of the index for the Holder
continuity in x of the fundamental solution p(s, x; ¢, y) to (1-2) by a probabilistic approach.

Now we fix some assumptions. Let B(x, R) be the open ball in R? centered at x with radius R for
x € R? and R > 0. We assume that

0

d
d
—a;j(s,x)| e "dx < M, (1-3)

> s [
(2 rel0.00) Jre | 0

where the derivatives are in the weak sense, 0 is a constant in [d, 0c0) N (2, o0), and m and M are

nonnegative constants. We also assume the continuity of @ in spatial component uniformly in ¢, i.e., for
any R > 0 there exists a continuous and nondecreasing function pr on [0, 0o) such that pg(0) =0 and

sup supla;;(t, x) —a;;(t, Y)I < pr(lx —y)),  x,y € B(O; R). (1-4)

1€[0,00) i,j
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We remark that under the assumptions (1-1) and (1-4), the equation (1-2) under consideration is well-
posed (see [Stroock and Varadhan 1979, Chapter 7]), and for fixed s € [0, oo) the fundamental solution
p(s, - ;t,-) exists for almost all ¢ € (s, 0o0) (see [Stroock and Varadhan 1979, Theorem 9.1.9]). However,
the fundamental solution does not always exist for all ¢ € (s, co0) under assumptions (1-1) and (1-4); see
[Fabes and Kenig 1981]. We remark that under assumptions (1-1), (1-3) and (1-4), neither existence
of the fundamental solutions nor examples where the fundamental solution does not exist are known.
In the case that a does not depend on the time ¢, the fundamental solution exists for all ¢; see [Stroock
and Varadhan 1979, Theorem 9.2.6]. We also remark that (1-3) and (1-4) do not imply the local Holder
continuity of a in the spatial component.
Let pX(s, x; t, y) be the fundamental solution to the parabolic equation

9 1 & 92
- t’ = = [ ] ta ta 9
ydO) 2”2_1%( gm0
and let
Za,,< x>a . (1-5)
l_] 1

Suppose that {a (¢, x)} is a sequence of symmetric d x d-matrix-valued functions with components
in C;°([0, c0) x R?) such that a™(z, x) converges to a(t, x) for each (¢, x) € [0, 00) X R?. We also
assume that (1-1), (1-3) and (1-4) hold for ¢ instead of @, with the same constants m, M, 6, R and A,
and the same function pg. Denote the fundamental solution to the parabolic equation associated with
the generator

52

d
1
(n)
- t,
2 Zz ( x)axlaxj

by pX:™. We assume the uniform Gaussian estimates for the fundamental solutions to p* ™, i.e., there
exist positive constants y , yér , Cg and Cé’ such that

Cg vG lx —yI? Cd va lx = yI?
smen( ) < e < Thmen( U)o

for s, 1 € [0, 00) such that s < 7, x, y € R, and n € N. The Gaussian estimates for the fundamental
solutions to parabolic equations in divergence form have been well investigated; see [Aronson 1967;
Karrmann 2001; Porper and Eidelman 1984; 1992]. However, there are not many known results in the
case of nondivergence form. A sufficient condition for the Gaussian estimate is obtained in [Porper and
Eidelman 1992, Theorem 19] by means of Dini’s continuity condition. The result includes the case of
Holder-continuous coefficients. We remark that two-sided estimates similar to the Gaussian estimates for
the equations with general coefficients are obtained in [Escauriaza 2000].
Now we state the main theorem of this paper:
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Theorem 1.1. Assume (1-1), (1-3), (1-4) and (1-6). Then, there exist constants Cy, Ca, y| and y»
depending on d, y , yg, Cg» Cé‘r, m,M,0, A, ||blloc and ||c||eo Such that
Cre=C10=9) yilx —y|? Cre©2l=) yalx — y|?
———exp|l ——— | < pG,x;t,y) < ———exp| ———
(1 —5)d" - = V=g I—s
fors,t €]0,00) suchthats <tandx,y € R4, Moreover, for any R > 0 and sufficiently small € > 0, there
exists a constant C depending ond, ¢, y , yg, Cg» Car, m, M, 0, R, pr, A, ||b|lloo and ||c||so Such that

d/2-1,C1|

[pQ0, x;t,y)— p(0,z;1, y)| < Ct™ x—z|'7¢

fort € (0,00),x,z€ B(0; R/2) and y € R’.

The first assertion of Theorem 1.1 is the Gaussian estimate for p. The advantage of the result is
obtaining the Gaussian estimate of the fundamental solution to the parabolic equation in nondivergence
form without the continuity of b and c¢. Such a result seems difficult to obtain via the parametrix method.
The second assertion of Theorem 1.1 implies that p(0, x; ¢, y) is (1 — )-Holder continuous in x, and
this is a clear lower bound for the continuity. The approach in this paper is mainly probabilistic. The
key method to prove Theorem 1.1 is the coupling method introduced by Lindvall and Rogers [1986].
This method enables us to discuss the Holder continuity of p(0, x; ¢, y) in x from the oscillation of the
diffusion processes without regularity of the coefficients.

If a is uniformly continuous in the spatial component, our proof below follows without restriction on
X, z, and the following corollary holds:

Corollary 1.2. Assume (1-1), (1-3), (1-6) and that there exists a continuous and nondecreasing function
p on [0, 00) such that p(0) = 0 and
sup sup |a;; (1, x) —aij (1, )| < p(Ix = y]),  x,y € R

1€[0,00) i,j
Then, for sufficiently small ¢ > 0, there exists a constant C such that

—d/2-1,Ct

1p(0,x;t,y) — p(0, z; 5, ¥)| < Ct lx —z|'~*

fort € (0,00) and x, y, z € R%.

The assumption (1-6) may seem strict. However, as mentioned above, Theorem 19 of [Porper and
Eidelman 1992] gives a Gaussian estimate for the parabolic equations with coefficients which satisfy
a version of Dini’s continuity condition. From this sufficient condition and Theorem 1.1, we have the
following corollary:

Corollary 1.3. Assume (1-1), (1-3), and that there exists a continuous and nondecreasing function p on

[0, o0) such that p(0) =0,

/ _(/ P(rl)dr1>dr2<oo and  sup sup|a;;(t,x)—a;j(t, y)| < p(x—yl), x,yeR. (1-7)
0 0

r ri te[0,00) i,j
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Then, for sufficiently small ¢ > 0, there exists a constant C such that

d/2-1,Ct y _ o [1=¢

Ip(0, x;¢,y)— p(0,z; 5, y)| < Ct~ z

fort e (0,00) and x, y, z € R%.

We remark that, for « € (0, 1] and a positive constant C, p(r) = Cr® satisfies (1-7). Furthermore,
p(r) = Cmin{l, (—logr)~*} satisfies (1-7) for o € (2, 00). We also remark that continuity of b and ¢
are not assumed in Corollary 1.3.

The organization of the paper is as follows:

In Section 2, we prepare the probabilistic representation of the fundamental solution to (1-2). It
should be remarked that we consider the case where a is smooth in Sections 2—4, and the general case
is considered only in Section 5. The representation enable us to consider the Holder continuity of the
fundamental solution by a probabilistic way, and actually in Section 4 we prove the constant appearing in
the Holder continuity of p(0, x; ¢, y) in x depends only on the suitable constants. The representation is
obtained by the Feynman—Kac formula and the Girsanov transformation, and in the end of this section
p(s, x; t,y) is represented by the functional of the pinned diffusion process.

In Section 3, we prepare some estimates. The goal of this section is Lemma 3.5, which concerns the
integrability of a functional of the pinned diffusion process. Generally speaking, it is much harder to
see the integrability with respect to conditional probability measures than with respect to the original
probability measure. In our case, conditioning generates a singularity, and this fact makes the estimate
difficult. To overcome the difficulty, we begin with Lemma 3.1, which is an estimate of the derivative of
p(s, x; t,y). The proof of this lemma is analytic, and (1-3) is assumed for the lemma. In this section, we
also have the Gaussian estimate for p(s, x; t, y).

In Section 4, we prove that the constant appearing in the (1 — ¢)-Holder continuity of p(0, x; ¢, y) in
x depends only on the suitable constants. This section is the main part of our argument. To show this,
we apply the coupling method to diffusion processes. By virtue of the coupling method, the continuity
problem of the fundamental solution is reduced to the problem of the local behavior of the pinned diffusion
processes. To see the local behavior, (1-4) is needed. Finally, by showing an estimate of the coupling
time, we obtain the (1 — ¢)-Holder continuity of p(0, x; ¢, y) in x and the suitable dependence of the
constant appearing in the Holder continuity.

In Section 5, we consider the case of general a and prove Theorem 1.1. Our approach is just smoothly
approximating a and using the result obtained in Section 4.

Throughout this paper, we denote the inner product in the Euclidean space R? by (-, - ), and all random
variables are considered on a probability space (2, F, P). We denote the expectation of random variables
by E[ - ] and the expectation on the event A € & (i.e., f 4 dP)by E[-; A]. We denote the smooth functions
with bounded derivatives on S by C;°(S) and the smooth functions on § with compact support by C3°(S).

2. Probabilistic representation of the fundamental solution

In this section, we assume that a;; (7, x) € CI?’OO([O, 00) x R%). Define a d x d-matrix-valued function
o (t, x) as the square root of a(z, x). Then, (1-1) implies that o;; (¢, x) € Cl?’oo([O, 00) x RY), a(t, x) =
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o(t,x)o(t,x)T and

sup Suploij(t’x)_oij(t’ y)|§CPR(|x_}’|)» x’yEB(Os R)’ (2_1)

1€[0,00) i,j

where C is a constant depending on A. Note that (1-1) implies that
ATV <o(r,x) < AV2IL (2-2)

Consider the stochastic differential equation:

{de =o(t, X¥) dB;, 23)

X __
Xo_x.

Lipschitz continuity of o implies the existence of a solution and its pathwise uniqueness. Let (%;) be
the o-field generated by (B, : s € [0, t]). Then, pathwise uniqueness implies that the solution X} is
%F;-measurable. All stopping times appearing in this paper are associated with (%;). We remark that the
generator of (X}) is given by (1-5), and therefore the transition probability density of (X;) coincides
with the fundamental solution pX of the parabolic equation generated by (LX). The smoothness of o
implies the smoothness of pX (s, x;t,y)on (0,00) x RY x (0, 00) x R?; see, for example, [Kusuoka and
Stroock 1985] for the probabilistic proof and [Lax and Milgram 1954] for the analytic proof.

There is a relation between the fundamental solution and the generator, as follows. Since pX is smooth,
by the definition of pX we have

0
pr(s, x;t,y) = [LEpX(s, 51, y)1x) (2-4)

for s, ¢ € [0, 00) such that s < ¢ and x, y € R?. Let (L)* be the dual operator of LX on L?(R?). Define
Tsfi and (Tsf(t)* as the semigroups generated by LX and (LX)*, respectively. Since

fR ) ¢ () (TXY) (x) dx = /R ) Y (O[(T)*1(x) dx,

we have

/Rd ¢<x>(/w v P (s, x: 1, y) dy) dx = /R ‘/’(")(/W S0 (P (s, x: 1, ¥) dy) dx,

where ( pX )*(s, x; t, y) is the fundamental solution associated with (L,X )*. Hence, it holds that

PG, xit,y) = (p)*(s, yi 1, %)

for s, ¢t € (0, 00) such that s < r and x, y € RY. Differentiating both sides of this equation with respect to
t, we obtain

[LEpX (s, 56, 1) = L (X (s, -5 £, 0)10) = [(LH*pX (s, x5 1, )1(y) (2-5)



HOLDER CONTINUITY AND BOUNDS FOR SOLUTIONS TO PARABOLIC EQUATIONS 7

for s, € [0,00) such that s <¢,and x, y € R4, By the Chapman—Kolmogorov equation, we have, for
s,t,u€el0,00)suchthatuy <s <tandx,ye R4, that

pX(u,x;t,y)=fdeX(u,x;s,€)pX(s,E;t,y)dé-

Differentiating both sides of this equation with respect to s, we have

0 5
O=fﬂQd(apX(u,x;s,S))pX(s,é;t,Y)dS-i-/ pX(u, x; s, S)( pX(s, €; 1, y)) dg

for s, u € [0, 0o) such that u < s and x, y € R?. Since (2-4) and (2-5) imply that

d
ap’((u,x; 5, 8) =LY pX(u, - 55, 6)1x) = (LY pX (u, x5 5, )1(E),

we have, for s,7,u € [0, 00) suchthatu <s <t and x, y € R4, that
0
f pX(u. x:s, s><—p"<s, £t y)) dt = —f [LY)* p* (u, x58, )1E) p (s, €1, y) dE
R4 as R4
= —/dpx(u,x;s,@[Li‘pX(s, 1, M) dE.
R
Noting that pX (u, x; s, £) converges to §,(£) as u 1 s in the sense of Schwartz distributions, we obtain

0
apx(s, x;t,y)=—[L¥p*(s, 51, »)](x) (2-6)

for s,t € (0, 00) such that s <t and x, y € R4,

Next we study the probabilistic representation of p(s, x; ¢, y) by pX(s, x; ¢, y). By the Feynman—Kac
formula (see, for example, [Revuz and Yor 1999, Proposition 3.10, Chapter VIII]) and the Girsanov
transformation (see, for example, [Ikeda and Watanabe 1989, Theorem 4.2, Chapter IV]), we have the
following representation of u(z, x) by X;:

u(t,x):E[f(Xf)exp(/ (bs (s, X3), dBs) / |bs (s, Xx)l ds+/ c(s, Xx)ds)] -7
0
where b, (f, x) := o (¢, x)"'b(t, x). For s <t and x € R?, let

€(s, t; Xﬂ::exp(/ (b (u, X;), dBy) / |bs (u, X")| du—i—/ c(u, Xx)du)

Then, by the definition of the fundamental solution and (2-7), we obtain the probabilistic representation
of the fundamental solution:

p(0,x:1,y) = pX(0, x; 1, V) EX =V[€(0, 1; X¥)], (2-8)
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where PX7=Y is the conditional probability measure of P on X ;=yand E X7=Y[.]1is the expectation
with respect to P*1 =Y. Hence, to see the regularity of p(0, x; ¢, y) in x, it is sufficient to see the regularity
of the function x — p*(0, x; ¢, y) EXI=Y[€(0, t; X*)]. We prove Theorem 1.1 by studying the regularity
of this function. The definition of € implies that

€00,1; X)) —C(t AL, 1; X)) =SC(t AL, t; X)(E0, T AL; XT)— 1) (2-9)

for any stopping time 7 and ¢ € [0, 00), and by Itd’s formula we have

t t
%(s,t;Xx)—lzf %(s,u;Xx)(ba(u,Xi),dBu)—i-/ €(s, u; X )e(u, X)) du (2-10)

s s

for s, t € [0, 0c0) such that s <. We use these equations in the proof.
Now we consider the diffusion process X* pinned at y at time . Let s, ¢t € [0, 00) such that s < ¢,
x,y € R and & > 0. By the Markov property of X, we have for A € %, that

P(AN{X} € B(y: €)}B(y:e) (/Rd pX(s, &1, ENP(AN{X] € dé})) d&'.

Hence, we obtain
Xf=y 1 X x
PX=Y(A) = —————— | p¥(s 8110 P(AN{XY e dE}) (2-11)
pr0,x51,y) Jpa

fors,t € (0,00) suchthat s <t, Ae Fyand x, y € R<. This formula enables us to see the generator of
the pinned diffusion process. By Ito’s formula, (2-6) and (2-11) we have, for f € Cl%([Rd), s, t €0, 00)
suchthat s <t and x, y € R4,

pXO, x; 1, EX (XD = pX(0, x5 1, y) £ (x)
= E[f(X)p*(s, X551, )] — ELF(X3)p* (0, X3 1, y)]

’ X xy\ X X ’ X 0 X
=E[/ (L, HIX)p (M,Xu;t,y)u]JrE[/ f(Xu)<a—P (u,f;t,y)>’ du}
0 0 u E=X2

+ EU FXDWLSpXu,-st, y))(X;“)du]
0
+ %E[/A(G(u, XTIV (X, o(u, XHT(VpX(u, -1, y))(ij))du]
0

=p*(0,x;1, ) / s EX=Y[(LY /)(X2)]du
0

(VpXu, -1, y))(Xﬁ)ﬂd
u.

1 X § XX_
— 0, x;1, EXTY{(V (XD, , X
+2p ( X y)‘/o |:< f( u) a(u M) pX(u,X;;t’ y)

Hence, the generator of X pinned at y at time ¢ is

d 5 ¥
1 d 1 \V/ s, 1 y)(x
52 ay(s.n) +<—a(s,x) PYs i) )’v>
ij=1 dxidxj  \2 pX(s, x5 t,y)
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for s € [0, ¢) and x € R?. Of course, pinned Brownian motion is an example of pinned diffusion processes;
see [Ikeda and Watanabe 1989, Example 8.5, Chapter IV].

3. Estimates

In this section we prepare some estimates for the proof of the main theorem. Assume that a is smooth
and fix notation as in Section 2.

Lemma 3.1. Let t € (0, 00) and ¢ be a nonnegative continuous function on (0,t) x RY such that
d(-,x) e WhL(O, 1), ds) for x e R? and ¢ (s, -) € WA (RY, dx) for s € (0, t). Then, for s1, s2 € (0, 1)

loc loc
such that s1 < 57,

52 X N X ;
/nﬁfdmg%p<%5“y%%P(W£“y”mm©d&w

pX(u, &1, y)?

sc<1+|loga—sl)nfw¢><s1,s>ds+c<r—sl>—1 fR (51, &) dE

+C(1+|10g(f—82)|)/ ¢<sz,s>ds+cu—s2)1fw |y—s|2¢<sz,s>ds+6/ /Rdmu,wwu

2 52
+C// RO g aurc [ a+itogu—w) | ‘iqs(u,é)‘dw
supp ¢ ¢(M g) S1 R4 du
9 S
2
ﬁ(ﬁ(”’g)‘dgd”w”z:l/o/w

+C/sz(t—u)_1

where C is a constant depending ond, yg , yg, Cs» Cg, and A, and supp ¢ is the support of ¢.

2
¢ (u, §)d§ du,

Remark 3.2. If ¢ is a continuous function on R?, the Lebesgue measure of supp ¢ \ {x € RY : ¢ (x) > 0}
is zero.

Proof of Lemma 3.1. 1t is sufficient to show the theorem for ¢ € C;°([0, ¢] x R4), because the general
case is obtained by approximation. Let u € (0, f). Recall that the components of the coefficient o of
(2-3) are in C,?’oo([O, 00) x R?) and o is uniformly positive-definite. Hence, the associated transition
probability density pX (-, -; ¢, ) is smooth on (0, ) x R? x R¢, and pX (s, x; ¢, y) > 0 for s € (0, ) and
X,y € R4; see, for example, [Aronson 1967]. By the Leibniz rule, we have

d
8_/ (log p*(u, &: 1, y)p(u, &) d&
u Jp

_ (8/0u) pX(u,&;t,y)
re  pX(u,&5t,y)

0
¢<u,s>ds+fw<logp"<u,s;r, W) dg. (D)

The equality (2-6) and integration by parts imply
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3/0u)p*(u, &; 1,
/Rd | /p%’gfy)l y)f(u’fjf(u £)(9°/0&08) pX (u. &: 1. y)
:_Eiéfw U’ pxml,s;jz,py) R
j .
! ,-,jz:l ) <a/as,-><ai,-<u1;§§f/;€t{>yp)x<”’ S0 g, 6 de
., :
+%i§1 i ((a/agi)a,j(ul;fzzt(’ag/;aij)f)((u, E;t, y)¢(u, £)de
:_%/Rd (a(u’s)vgpxi?f;’zé;y;: yV)gsz(u,E;t, y>>¢(u,$)d5
o R e
y :
+%i§1 i ((a/agi)a,j(ul;fzzt(’ag/;aij)f)((u, E:t, y)¢(u, £) dE.
Hence, by (3-1) we have
%fRd(long(u,é‘;t,y))¢(u,§)dé = —%/Rd (a(u,g)Vng;u);(S;’fé;yt):ZEZPX(”’5;”y)>¢(u,s)d§
gy v
y :
. ,,,Zzl ) <<a/asi>aij<ul;2l<’8$/ffy>)l’x(”’5 ) ey di

a
+/ (log p™ (u,&;1,y)) = (u, ) dé.
R4 ou
Integrating both sides from s to s, with respect to u, we obtain

1/32/ (a(u, §)Vep* (u, &1, y), Ve p* (u, £;1, y))
2 ) Jra pXu, &1, y)?

= [ og (s & 301, £ = [ og p¥ G 61300 02,

52 X .
+%/ /Rd<a(u,é)vsp (u,S,t,y)’V€¢(u,§)>d§du
1 d

¢ (u, &) d& du

pXu, &5, y)

/‘” ((0/0&)aij(u, £))(3/08) p* (u, &: 1, y)
s Jmd pX(u, &1, y)

+- > ¢ (u, £)dE du

2 -
i,j=1

5 9
+ / / (og p¥ (. & 1, 1)) = ¢, &) d d (3-2)
S R4 u
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Now we consider the estimates for the terms on the right-hand side of this equation. By (1-6), we have
for s € (0, ¢) that

/R (log ¥ (s, &: 1. P,

d 2
sfwologcg|+|1ogca|+§|log<r—s)| VG?—S'>¢< &) dt.

Hence, there exists a constant C depending on d, v, yg » Cgo C(Jg , and A such that, for s € (0, 1),

Rd“"g PY(s, &1, y)p(s, &) ds'

< C(1+[log(z —s)) /d P(s,E)dE+C(t—s)"" /d v —EPp(s, £)dE. (3-3)
R R
The third term of the right-hand side of (3-2) can be estimated as follows:

a(u,E)V,pX(u,&:t,y)
Rd pX(M,f;t,Y)
< 1// (au, §)Ve p* . 551, ), Vep* (u, §:1, )
~ 85 Jwe pXu, &1, y)?
—|—8/SZ/ (a(u,§)Vepu, &), Vep(u, §))
supp ¢ ¢, §)

To estimate the fourth term of the right-hand side of (3-2), we observe that

Ve (u, §)) d€ du

¢ (u,§)dE du

d& du. (3-4)

1 d

2

/‘Yz ((3/0&)a;j(u, £))(0/0) p* (u, &: 1, y)
51 JR

PX(u. ki1, y) ¢ (u, §) d§ du

ij=1

1 18/9&)) pX (u, &: 1, )2
7\;/ /Rd TR AR A

d .
52 8
4 8dA Z/ /Rd'a—gj“ff(“’f)'2¢(“’5)d5d”'
i j=17"1

Hence, by (1-1) we have

// (g aij (1. 6)) 5 P* (. £:1, )
s1 JR

P Pl 515 du
1= <a(u,$)Vng(u,E;t,y),Vng(u,é;t,y))
¢(u §)dé& du, (3-5)

111
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where C depends on d, y, yg » Cgo Cér and A. By using (1-6), we estimate the final term of the
right-hand side of (3-2) as follows:

82 8
(log p™ (u, &; 1, )5, §) dé du
R4 u

Yo ly— ‘§|2)

52 d
< [ [ (noecgi+nopcqi+ G iontr -1+ P E )| L g | de
51

Hence, there exists a constant C depending on d, v, yg , Cg» Cz{ and A such that

[ oer* .0 m061.00d

scf 2(1+|log(t—u)|)/ ‘iqb(u,é)‘dé-du—i—C/ 2(t—u)_1
s1 Re | O 1 R4

0

2 —¢(u,s>‘dsdu. (3-6)
ou

Therefore, by (3-2), (3-3), (3-4), (3-5) and (3-6) we obtain the lemma. ]

Next, we state the fact on the integrability of € as a lemma. The proof is obtained by the standard
argument; see, for example, [Stroock and Varadhan 1979, Theorem 4.2.1]. So, we omit it.

Lemma 3.3. Let 11, 7p be stopping times such that 0 < 1) < 1t almost surely. It holds that, for any q € R,
E[€t AT, t ATy X)) < €U 150, x,yeRY,
where C is a constant depending on d, A, ||b|~ and ||c||co-

Lemma 3.4. Let 11, 1 be stopping times such that 0 < 1y < 1o <t almost surely. It holds that

' )
pX(O, x;t, y)EXf:y |:f EUAT, uNT X5 dui| < Crd/2+1-¢ ,CU+g™1 exp(——ﬂx ; l )
0

fort € (0,00), x,y € RY, g € R and sufficiently small ¢ > 0, where C and y are positive constants
depending on d, ¢, y(f;, Cér, A, |b|loo and ||¢|| co-

Proof. In view of Fubini’s theorem and (2-11), it is sufficient to show that there exist positive constants C
and y, depending on d, &, y;{, Cg, A, |6l and ||¢]|| oo, such that

t _ul2
/ E[%(um,umz;xwp’((u,X,,;ay)]duscz—d/z“—ge““*qz”exp(—M) (3-7)
0



HOLDER CONTINUITY AND BOUNDS FOR SOLUTIONS TO PARABOLIC EQUATIONS 13
for t € (0, 00) and x, y € R?. By (1-6) and Holder’s inequality, we have

t
/E[%(u/\tl,u/\rz;Xx)qpx(u,Xu;t,y)]du
0
t + X, — 2
gcg/ E[%(u/\rl,u/\rz;Xx)q(t—u)_gexp<—M):|du
0 —u

&
+e

t a
ch(f E[%(U/\Tl,u/\‘fz;Xx)(d+5)4/8]du)
0

f - d+o)rg1Xs = v\, \™
_\—(d+e)/2 _ G 1 %u
(oo ST o)

Hence, in view of Lemma 3.3, to show (3-7) it is sufficient to prove that

t d + XX — 2 )
/ E| (= w2 exp( =TV X ZYPN T ezt g (), XTI )
A d(t —u) ‘

fort€(0,00)and x, y € R?, where C and y are constants depending on d, ¢, yg, Cg, A, |b]lso and | ¢]| so-
Lety :=(1 +s/d)yér. By (1-6) again, we have for u € (0, ) that

STV 42
E[(t—u)_d/zexp(——ﬂxu l ):|
t—u

S1E _ p)2 FlE o2
§Cgu_d/2(t—u)_d/2/ exp(——yléE ] )exp(——yds ul )dé
Rd

t—u u

Vg7 2
——————lx—
uy—i—(t—u)yG

~ t_ + +t_ ~
Xf exp uy+(—wyg . Yo (1 —w)x +yuy
Rd u(t —u)

uy + (1 —u)yg
= (271)d/2C§(u)7 + (t — u)ygf)*d/2 exp(—

= Clu™ "t —u)~1/? exp(—

2
)as
va v

T S
uy + (t — u)yér

+ 2
_ X —
< (2JT)d/2Cér)/G+ dﬂt“’”exp(—M).

Hence, there exists a positive constant C depending on d, yg , Cér , A\, ||blloo and ||c]| 0, such that
JIX* — 2 + X — 2
E[(t_u)—d/zexp<_y|tu—y|>:| S Ct—d/zexp<_u>’ u e (O, t)
—u
Thus, we obtain (3-8). O
Lemma 3.5. Let t € (0, 00) and 11, T2 be stopping times such that 0 < 1 < tp <t almost surely. Then, it

holds that

2
X_ X —
X0, x: 1, VEX=E(s ATy, 5 A Ta; XF)T] < C1=4/2C0+aN exp(—u)
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fort e (0,00),x,y€RY, g €eRands €0, t), where C and y are positive constants depending on d, YG -
J/G+, Ca7 Ca_v m, Ma 97 A7 ||b||00 and ”C”OO

Proof. Let 51, sp € (0, t) such that s; < s,. In view of (2-10), by (2-11) and Itd’s formula we have

PXO. x: 1, EXTE(s AT Vs, (s AT2) Asy: X))
= E[p¥(s2. X3 1, E((s AT1) V51, (s AT2) A sz X))

(SAT2)AS2
X 0 X X
=p 0, x;t,y)+E —p(u,&;t,y) L X%((S/\n)\/sl,u;X ) du
( =Xi

S/\‘L’|)\/S| 81/[

(SAT2)AS
+ E[/ (L p*(u, - 1, ) XGE(s AT V sy, u; X du}

(SAT1) VS|
q (SATY)AS2
+ EEU (s A7) Vst s X9 x (o, X0 VopX (u, 258, p)lemxy, bo (u, X;‘))du]
(SAT]) Vs

SAT)VS]

q2 (SAT2)AS2
+ TE[/ pX(u, X251, (s AT1) Vs, us X5 by (u, Xj)lzdu]
(

(SATY)AS?
+qE|:/ pX(u, Xit, E((sAT) Vs, u; X¥)e(u, X;) du].
(

SATI)VS]

Hence, by (2-6) we obtain
pX(0, x; 6, EXZE((s AT1) Vst, (s AT2) Asas X))
=p%(0,x;t,y)

q (SAT)AS2
+ EE[/ E((sAT) Vs, u; XH1 x (G(u, ij)TVZpX(u, 58, Y)z=xx, bs (u, Xﬁ))dui|
(

S/\'L'])\/Sl
q2 (SAT)AS2
+ ?E[f( pXu, X5 1, »E((s ATy) Vost, u; X5 by (u, X2)? du}

S/\‘L’])\/S]

(SATY)AS2
+qE[/ pX @, X2 t, VE(s ATy) Vst u; X)) e(u, X;)du]
(

S/\‘L'])\/Sl

In view of the boundedness of det o, b and ¢, the desired estimate is obtained, once we show the estimates

E[/SZ%(u/\[(s/\rl)\/sl], u; X pX(u, X t, y)du]

51

d/241—¢ C(14¢> lx — y|?
< Cr /1= LU exp ([ —y —). (9

s
E[/ EuA[s AT) Vil u; X VepX(u, &1, y)lemx: du]
51

2
< C1—4/2+(1=0)/2,C+g exp(_ﬂx t— Y ) (3-10)
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for sufficiently small ¢ > 0, where C and y are positive constants depending on d, ¢, YG yér » Cgo
Cg, m, M, 0, A, ||b|lc and ||c]lco. The first estimate (3-9) follows, because by (2-11) and Lemma 3.4
we have

E[/ 2%(u/\ (s AT Vsl u; X5 pX(u, X t, y)dui|

S1

52
= pX(O,x; t, y)EXfX:y[/ EUAN[(sAT)VS], u; X5 du]

51

2
< C—4/2+1-¢ ,CU+g™) exp<—y@>,

where C and y are positive constants depending on d, ¢, yg, Cé, A, |b|ls and ||¢]lco. Now we show
(3-10). By (2-11) and Holder’s inequality, we have

E[/2 EuN[(sAT) Vil u; XD Vep*, &1, y)lemxz du]

. 52 VepX(u, &1, y)|e=x:
=px<o,x;t,y>EX':y[/ AL A Vsl u xoyr el LT e ”]
51 pr(u, X351, y)

2 1/2—¢
< pX(0,x;1,y) (/ EXi=Y [%(u Als AT Vs, u; XX)Z‘J/(I_ZS)} du)
51

$ ~ e T IVepXu, &1, Y e=xx |\ 172
_ 1/2 _ e pXi=y p
([ o) ([ oy | (FEGEE RS a)

Lemma 3.4 and (1-6) imply that

E[/2 Eun[(s AT) Vil u; X Vep*u, &1, 9)lemxz du]

- t

o [(1VeP* @ 85 le=x 1V, V2
X e Xi=y Ep > 20 ’y g Xu
x| p (O,x;t,y)f [u@—u)°E* }|:( p )}du) ,
( S1 px(uaxu;tvy)

2
< Oy~ d/AH1 /2 ,C1 g exp<_y lx —yl )

where C and y are positive constants depending on d, ¢, yg , Cér , A\, ||P]loo and ||c||co- Hence, to show
(3-10), it is sufficient to prove

’ ey [ (1Vep™ @ &5 1 )le=x; |\
X . /2 pXrF=y D »§5 L, Y)e=Xx;
p (OJC,I‘,)’)/ [u(t—u)] E d |:< ):|dl/l
0 pX(u, X551, y)

< CE P 1P log)),  (3-11)
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where C is a constant depending on d, ¢, y, yg, Cs» Cg, m, M, 6 and A. Equation (2-11) implies
that

! X V X 9 ata =Xx 2
P* 0. x:1, y)/ [u(t—u)]s/zEXf:y[C LAGIL LR Xu') ]du
0 pA(u, X35t y)

! |‘ PX(M»§§I»Y)|E:XX| 2
t g/ZE 3 u X th
_—/0 [u(t —u)] |:< X, X1, y) ) p-(u, X;5t,y) | du

t ‘prx(bh‘i:at»y)’ 2
g/2 X . X .
=f0[u(r—u)]/ /R( . T )p (, & 1, y)p* (O, x; u, &) dE du.

By (1-6), we have

! x VepX(u,&;1, —x:|\?
pX(o,x;r,y)/[u(t—u)]E”EXFy Vep G5t Nle=x 1),
0 pX(u, X55t,y)

t X 2
N |v§p (”vé»t,)’N) _ —(d—S)/2
<(Cg) /O /W( X EitLy) [ (r —u)]

) 2
><exp[—yg<|S uxl 4 =Sl )i|dédu. (3-12)

t—u

For fixed ¢, x and y, let

12 12
b (u, &) = [u(r—u)]-<d—8>/2exp[_yg(|f uxl L=l )}

t—u

Denote the surface area of the unit sphere in R? by w, for d > 2. In the case d = 1, let w, = 2. Explicit
calculation implies that

: 0-2)/6
/(/ ezmls/(9_2)¢(u,5)9/(9_2)d§> dut
0 Rd
p o ) _ g2 0-2)/0
:f [t — u)]|~ @72 x (/ o2mIEl/(6-2) exp[_ YG (Ié x| +|y £l )]dé) du
0 Rd 6—2 u t—u
iy — vI2 t
:exp(_M)/o [u(t_u)]—(d—s)/z

+
“ / 200 gl ¥6b |,
” © —2ult —u)

(t —u)x +uy
t

2 (6-2)/0
i| dé) du.
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Hence, noting that for u; € [0, 00), 2 € (0, 00) and v € R4
/ 1 exp(—palé —vI?) d&
R4
- / e 1ET exp(—pualEI7) dE
Rd
<ot [ expulel — uals ) ds
R

= a)de’“l"| / rd1 exp(uir — Mzrz) dr
(0,00)

:wd,uz_d/ze’“”'/ rdlexp< ad r—r2) dr
(0.00) V2

I+ /2 0o
= wdﬂgd/z / rd=1 exp( M/lzr — r2) dr + de;d/z / rd=1 exp( M;lzr — r2> dr
0 A/ I+u1 /12 v

—d/2 d
< Yty : (1 + ad ) exp|:—M1 (1 —i——'ul )] —i—a)d,u_d/z /OO rd=le™" dr
- d N Vi NI : SN/

oo 2]

where C is a constant depending on d, we have

: 0-2)/6
f (/ PIENO-2) 5 (1) £10/@-2) dg) i
0 Rd

+ 2
< 2 exp<_ VG |xt_ yl )

x/t[u(t—u)]_d/9+8/2exp|:C1 u(1—§><1+ /u(l—%))}du
0

t
0

< C3t7d/2+17d/(9+8/26C22’

where C1, C;, C3 are constants depending on d, ¢, yg ,m and 6. Hence, by Holder’s inequality and (1-3),
we have

ij=1 '/51 '/Rd
t 0-2)/6 d

5/ <[ €2m|s/(e—2>¢(u7§)9/<9—2>d§) " Z( sup /

0 Rd ii=l uel0,t] JR4

< Cpd/2H1-d/0+¢/2,Ct.

2
¢ (u, &) d§ du

d
8_&_jaij(“a &)

0
—a;j(u, §)

0 2/6
—ml§|
e dé)
0E;
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where C is a constant depending on d, ¢, yg ,m, M and 6. On the other hand, by explicit calculation,
we have

1im<1+|log<r—s)|>/ b (s.£)dE =0,
540 Rd
hm(r—s)—lf v — £ (s, £) dE =0,
540 Rd
1im(1+|log(r—s)|)f 6 (5. £)d =0,
st Rd
gg(t—srlf |y €% (s,§) d& =0,

/ / Ve (u, §)I £)[? dE du < 1412+,
re P, §)

/<1+|1og<r—u>|>/ ‘—¢(u,€)‘d$duSCt“’/”gIlogtI,
0 Rd 8u

t
/ (t—u)™!
0

where C is a constant depending on d, ¢ and yg . In view of these results, applying Lemma 3.1 to (3-12),
we obtain (3-11). [l

9
2 PIRACE S)‘ d& du < Cr=/>*,
u

From Lemma 3.5 we can easily show the Gaussian estimate for p with constants depending on the
suitable constants.

Proposition 3.6. Fors,t € [0, 00) such thats <t,and x,y € R?,

Cie=C10=9) ( yilx —y|? CpeC2=9) < Vzlx—y|2)
_nr =y - exp - ),

; <p(s,x;t,y) <
(t_s)il r— ) (t—s)% t—s

where y1, y2, C1 and C; are positive constants depending on d, yg , yér, Cg» Cér, m, M, 0, A, ||b|leo
and ||¢||co-

Proof. Since the argument follows even if a, b and ¢ are replaced by a(-—s, ), b(-—s,-)and c(-—s, +)
respectively, it is sufficient to show that there exist positive constants y;, y», C; and C, depending on d,
m, M, 0, A, ||blloo and ||c|ls such that

—v|? V)
Cit=42e=C1t exp(——m'xt i ) < p(0,x;t,y) < Cot ™42 exp(—M) (3-13)

for t € (0, 00) and x, y € R%. The upper estimate in (3-13) follows immediately from (2-8) and Lemma 3.5.
Now we prove the lower estimate in (3-13). From Holder’s inequality, it follows that

1< EX =& AT, s AT X TNEX =€ (s AT, s Aoy X))
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Hence, by Lemma 3.5, we have

X 2
X — 07 ’t’
PO, x;t, NEXT[E(s AT1, s ATas XF)] > px_( %)
pX(0,x;t, Y)EXi=Y[E€(s ATy, s ATp; X¥) 1]

> Ct%e= S pX(0, x; 1, y)?,

where C and C’ are positive constants depending on d, m, M, 6, A, ||b|l~ and ||c|ls. This inequality,
(2-8) and (1-6) imply the lower bound in (3-13). U

4. The regularity of p(0, x; ¢, y) inx

Assume that a is smooth and set notation as in Section 2. In this section, we prove the Holder continuity
of p(0, x; ¢, y) in x, with constant depending only on suitable ones. The precise statement is as follows:

Proposition 4.1. For any R > 0 and sufficiently small ¢ > 0, there exists a constant C depending on d, ¢,
V(}_$ yg’ C(_}a CE";_’ m, Ma 0’ R’ )OR, A$ ”b”OO and ||C||OO SuCh that

1P, x;t,y) — p(0,z; 1, y)| < Ct =42 1eCl|x —z|17¢
fort e (0,00),x,z€ B(0; R/2) and y € R’

We use the coupling method; see, for example, [Lindvall and Rogers 1986; Cranston 1991]. Let
x, z € R?. Given (X*, B) defined by (2-3), we consider the stochastic process Z* defined by

t

INT
Zf:z—‘,—/ O’(S,Zg)st'i_‘/. 0(s7 Z?)dBSa
0 t

AT zy—1 X _ 77 zy—1 X _ 72
B :/ (1_ 20(s, Z5)" (X5 —Z5) ® (o (s, Z3) ™ (Xj ZS)))dBS,
0 lo(s, Z5)~N(XF = Z))|?

(4-1

where 7 is the stopping time defined by t :=inf{r > 0: X' = Z;}.
To see the existence and uniqueness of Z¢, for each n € N consider the following stochastic differential
equation for VASE

20t 2P TNXF = 27 @ (o, 2T X = Z1)
o (2, Z) N (X = 2P

dZ?’Z = O’([, 2,”’Z) X (I )ﬂ{,<{n} dB[

v

Zy* =z,

where 7, :=inf{r > 0: | X} — Zf **| < 1/n}. Note that the equations have random coefficients, since we
are considering equations where X* is given. Now we see the existence and the uniqueness of Z"%. Let

2(0(t,$)_1(Xf—5))®(0(I,§)_1(Xf—§))) . d
- — 7 if (#,&) €[0,00) xR

0 otherwise.

G(I,S)(I
Gn(ta‘i:)::
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Then, there exists a constant C,, such that |G, (¢, §) — G,(t, n)| < C, for t € [0, 00) and £, n € R?. Note
that C, is nonrandom. Let Y, W be stochastic processes satisfying

{dY[:Gn(I, Yt)”{l‘<fny}dBf’ {dW[:Gn(Z, W[)H{t<TrYV} dB[, (4_2)

Yo =z, Wy =z,

where rnY =inf{r >0:|X;—Y;| <1/n} and rnW :=inf{r >0:|X;—W;| <1/n}. Then, by Proposition 1.1(iv),
Chapter II and (6.16) of Theorem 6.10, Chapter I of [Ikeda and Watanabe 1989], we have
]

saty AW
/ (Gu(v, Yv)l]{u<tg'}_Gn(v, Wv)l]{v<rnw})dBv
0

]

2
E|: sup |Ys/\rny/\r,}” - Ws/\r,}’/\r,fl’l :| = E|: sup
s€[0,¢] s€[0,7]

s
/ (Gu(v, Yy)—Gy(v, WU))H{v<t{}H{v<rnW} dB,
0

= E[ sup
s€[0,1]

t
<4E |:/ |Gn(v, Yy)—Gy(v, Wv)lzl]{v<r,f}|]{v<rnw}dvi|
0

t
=< 4C2/ E|:|Yv - Wvlzn{v<rny}u{v<ty}i| dv
0

2
i|dv.

Yt/\rnY/\r,yV = Wt/\r,f’/\rnwv 1 €0, 00) (4-3)

t

2

=4C; / E|: sup |YsAr,{/\rnW - WsAr,,YAr,,W
0 s€[0,v]

Hence, by Gronwall’s inequality, we have

almost surely. If 77 < W and ¢ < oo for some events, then by letting ¢ — oo in (4-3) we have Y. =W,
Hence, 7,/ =7,V for these events. Similarly, if 7, > 7 and 7)Y < oo for some events, then we have
tY = ¢V for these events. Therefore, we obtain

n =

V=" 4-4)

n n

almost surely. On the other hand, (4-2) implies that Y.y = Y;,,r and W.w = W,,.w for ¢ € [0, c0). Hence,
by (4-3) and (4-4) we obtain that Y; = W; for ¢ € [0, oo) almost surely. Thus, we have uniqueness. To see
existence, let

20, )X ) (0 (1, H) (X —%‘)))

Gn(tv S) = O’(l, %_)<I (IO’(t, %’)_I(X;C _%—)| vV (A—(I/Z)n—l))Z

fort € [0,00) and & € R“. Then, there exists a constant C,, such that |6n (t, &) — Gn (t,n)| < C, for
t €0, 00) and &, n € R?. Define a sequence of stochastic processes {Y : m € NU {0}} by Y,0 =z for
t €0, 00) and

t
y" :=z+/ Gu(s, Y"1 dB (4-5)
0
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for t € [0, co) and m € N by iteration. Then, by a similar calculation as above, we have for m € N and
t € [0, 0o) that

t
E[ sup |yt —Y;"|2} 5403/ E[ sup |YS’"—YS’"_1|2:| dv.
s€[0,7] 0 s€[0,v]

Applying this inequality iteratively, for m € N and ¢ € [0, co) we obtain

Um
E[ sup |Yserl Y| i| < (4C, )m/ / / |: sup Ys1 —YSO|2] dvydvy - - - dvy,
s€[0,1] s€[0,v1]
= (4C3H" / f / [ sup
s€l0,v1]

2\m 4m
_(4C) t E[
(m+ D!

2
]dvldvz---dvm

s
/ G, (w, 2)dBy,

1

Since [Ikeda and Watanabe 1989, (6.16) of Theorem 6.10, Chapter I] implies

2 t
] §4E|:f Ian(w,z)lzdw:| < 00
0

o0
ZE[ sup |Y"*! —Y;"|2} <00
m=1

sup
s€l0,1]

/ Gn(w’ 2)dBy,
0

E|: sup
5€[0,1]

/ G.(w, z) dB,,
0

for t € [0, 0c0), we have

s€[0,1]

for ¢ € [0, 00). Hence, {Y™} is a Cauchy sequence in L%(2; €), where € is the complete metric space
C ([0, 00); R?) with distance function given by

D(w, w') ::Zz—"( sup Iw(t)—w/(t)|>/\1, w, w' € C([0, 00); RY).

tel0,k]
Therefore, there exists a stochastic process Y in L2($2; 6) which satisfies
lim E|: sup |Y; — YS'”IZ] =0
Mm=>00 | s€[0,]
for ¢t € [0, 00). By taking the limit in (4-5) as m — oo, we have
t
YI:Z+/ Gu(s,Ys)dBs, te]0,00) (4-6)
0

almost surely. Let rny :=inf{r > 0:|X; — Y| < 1/n}. Note that (2-2) implies that
o (6, YT X =YV (AP = o, Y TN X =Yl 1€10,7)

almost surely. Applying [Ikeda and Watanabe 1989, Proposition 1.1(iv), Chapter II] to (4-6), we see that
the Y. ,.r satisfy the stochastic differential equation for Z™%. Thus, we obtain existence.
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We remark that {Z™ : n € N} is consistent; i.e., Z;"Aj

immediately obtained by [Ikeda and Watanabe 1989, Proposition 1.1(iv), Chapter II] and uniqueness.
Define the stochastic processes (Z;, E,; t €[0,7)) by

= Z?AZI for m > n almost surely. This fact is

7 _ 7z
Zi =71,

5 _ f (1_ 2(0 s, Zg@)”(X;C—Z;’yZ»@(a(s,Z;“)*(X;‘—Z?’Z») B
o o (s, Z5) 7 (x5 = 289 S

for ¢t € [0, rnz) and n € N, where rnz :=inf{r > 0:|X; — Z;| < 1/n}. Then, (4-1) holds for 7 € [0, 7).
On the other hand, by applying [Ikeda and Watanabe 1989, Proposition 1.1(iv), Chapter II], we have
that Z* ne? solves the stochastic differential equation of Z"% for n e N. Hence, (Z;, E,; t €[0, 1)) are
determined almost surely and uniquely. Let

2o (t, ZHNXT = ZH1® o (t, Z2) N (XF — Z§)]
lo(t, ZH)" WX — Z)|?

Ht::I—

for t € [0, 7). Then, H; is an orthogonal matrix for all # € [0, ), and hence E, is a d-dimensional
Brownian motion for ¢ € [0, 7). Hence, (Z;, E,; t € [0, 7)) are extended to (Z;, E,; t € [0, t]) almost
surely and uniquely. By the Lipschitz continuity of o, (4-1) is solved almost surely and uniquely for
t € [1, 00), and thus we obtain (Z;; ¢ € [0, 00)) almost surely and uniquely; see [Stroock and Varadhan
1979, Section 6.6]. From this fact we have that Z; is %,-measurable for 7 € [0, c0). Hence, if x =z, X*
and Z* have the same law. Moreover, X; = Z; for t € [t, 0o0) almost surely.

Lemma 4.2. For R > 0 and sufficiently small ¢ > 0, there exist positive constants C and cy depending on
d, e, R, pr and A such that

Eltnt]<CA+)|x—z'¢ (4-7)
fort €10, 00) and x, z € B(0; R/2) such that |x — z| < cy.
Proof. Let R > 0 and x, z € B(0; R/2). Define
&:=X; -7, and «a,:=0(t,X;)—0o(t, Z))H,.

Then, by Itd’s formula we have, for ¢ € [0, 1),

: ! 76l
d(|&]) :<%,a, dB,>+ e (tr(a,a,T) — 'Oi;’zl )dt, (4-8)

where tr(A) is the trace of the matrix A. Now we follow the argument in [Lindvall and Rogers 1986,
Section 3]. Since
26 @, Z)™'E)
lo(t, Zf)~1&|?
268 (01, Z)) ™"
lo(t, ZH)7'& 1> 7
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it holds that
tr(eya]) — "Téj;'z — te(fo (1, X2) — 0 (1. ZD)][o (1. X}) — (1, 20)]T) — N XD T;é’ ZOV&IE
Hence, in view of (2-1), there exists a positive constant y; depending on d and A such that
tr(a,a,T) — |Ot:ﬁt2|2 <yipr(l&|) for t €[0, 7) such that X}, Z7 € B(0; R). 4-9)
'

On the other hand, following the argument in [Lindvall and Rogers 1986, Section 3], we have a positive
constant y, depending on d and A such that

T
loe; & >y, ' for 1 €0, 7) such that |0 (t, X)) — o (t, ZF)| <2A". (4-10)

& — 72

Note that if pr(|&]) <2A~! and X7¥, Z7 € B(0; R), then |0 (¢, X7) —o (¢, ZF)| <2A~ L. Lety := ¥ V1.
Define stopping times 7, by 7, :=inf{r > 0: |X; — Z| < 1/n} for n € N. For a given ¢ > 0, let

7= r/\inf{te[o, 00) : prU&] > 2%3/\21\—‘, X* ¢ B(0; R) or ZF ¢ B(0; R)},
7 = 'L'n/\inf{te[O, 00) : pr(&]) > 2i)/3/\2A_1, X* ¢ B(0; R) or Z: ¢ B(0; R)}

for n € N. Then, it holds that 7,, 1 T almost surely as n — oo. By Itd’s formula, (4-8), (4-9) and (4-10),
we have for ¢ € [0, c0) that

Elléins, ™1 =r —2)'~* + (1= e)E[ | e (tr(otsotT) o 5‘"2) ds]
" 0 26\ g 2

_ AT, Ts |2
e S)E[/O P i i1 ds]

2 &
B (1 _ S)V AT, L 8(1 _ 8) AT, o
<lx—z|'"*+——E &1 or (& ds | - ———E 177" ds
2 0 2y 0
. 8(1 _ 8) AT, L 8(1 _ 8) AT, e
<te—o' =+ S E[/O s | = S0 [ s as
1— AT,
T Y R T
4y? 0
_ e(1—e) 3
Elx—zll S—WE[I/\T,Z].
Hence, it holds that
E[t AT]<Clx—z|'¢ fort €0, 00), (4-11)

where C is a constant depending on d, ¢, R and A.



24 SEIICHIRO KUSUOKA

Now we consider the estimate of the expectation of T by using that of 7. To simplify the notation, let

8 ) . — 'OR 8,3 A\ 2A .
E 2)/‘

|&| > 380 implies |X; — x| > 8o, |Z; —z| > 8o, or |x —z| > bo,

x . N R R
X; ¢ B(0; R) or Z; ¢ B(0; R) implies |X; —x| > 0 or |Z; —z| > X

we have, for x, z € B(0; R/2) such that |x — z| < §y,

R R

P(r>t)< P(t > t)—l—P( sup |X7 —x|> 8 A —) +P< sup |Z{—z| > 8y A —). (4-12)
s€[0.1] 2 s€[0.1] 2

Let n = x or z. By Chebyshev’s inequality and Burkholder’s inequality we have

R R —2/e
P(sup |X;7—n|>50/\—>§(60/\—) E[ sup |X;7—n|2/8:|
s€[0,1] 2 2 sel0,1]

R\ 2/ 2/e
< <80 A —) E[ sup ]
2 sel0,1]

R —2/e d t 1/e
5(&V\3) CE[(E:LécmahXﬁoﬂw,Xﬁd%) }

ij=1

R —2/e
Sdl/‘E((SO/\E) CAl/gtl/g,

N
/ o(u, XNdB,
0

where C is a constant depending on ¢. Hence, there exists a constant C depending on d, €, R, pg and A
such that

R
P( sup | X7 —n|> A —> <Clx—1z| (4-13)
sel0.1] 2

forn=x,zand t € [0, |x — z|®]. By (4-11), (4-12) and (4-13) we have, for x, z € B(0; R/2) such that
|x —z| <o, and 7 € [0, |x — z|*],

t
E[t/\t]f/ P(t =s)ds
0

! R R
< / P(t zs)ds—i—t[P( sup | X7 —x| > 80/\—> —|—P( sup |Xi—z| > 80/\—)]
0 sel0.1] 2 sel0.1] 2
<C(+0)|x -z,
where C is a constant depending on d, €, R, pg and A. Therefore, we obtain

EltAt]<C(+1)|x—z|'"* (4-14)
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for x, z € B(0; R/2) such that |[x —z| < g and ¢ € [0, |x — z|°]. By using Chebyshev’s inequality, we
calculate E[t A ] as

t

lx—z[®
E[t/\r]:/ P(tzs)ds+/ P(t>s)ds <E[lx —z|° At]+1tP(t > |x — z|)
0 |

x—z|¢

<E[lx—zI*At]+ E[t A|x —z[°]

|x —z|*
< +1lx =z )E[lx —zI° ATl
Thus, applying (4-14) with t = |x — z|® and choosing another small ¢, we obtain (4-7) for all # € [0, 00). [J

Lemma 4.3. For R > 0 and sufficiently small ¢ > 0, there exist positive constants C and cy depending on
d, e, Cér, R, pr and A such that

X0, x: 1, NEX =t AT] < Ct (1 4+ 1) |x — 2|75,
pX0,z;t, VEZ= [t AT < Ct P+ 1) |x — 2| °

fort € (0,00), x,z € B(0; R/2) such that |x —z| < cg,and y € R4.
Proof. 1t holds that
EX =t A= EXT = A0,/ + EXT =0 AT /2,000 (T)]. (4-15)

By (2-11) and (1-6), we have

x_ t _
PO, x5 t, NEX =t AD 0,021 (T)] = E[(t/\f)ﬂ[o,z/z](f) p¥ (5, X7t Y):| <2/PcliPEl AT,

Hence, in view of Lemma 4.2, there exists positive constants C and ¢y depending on d, ¢, CZ{ , R, pp and
A such that

PXO, x; 6, EX [t AT, /2)(T)] < Ct P (A 4 17)|x — 2| * (4-16)

for x, z € B(0; R/2) such that |x —z| < co and y € R?.
On the other hand, by (2-11) and (1-6), we have

PXO0. x: 1. Y)EXT [ AT /2,00) (D] < 1pX (0, x:1 2, y) P (‘[ >

Jor ()l
=t Pl zt,y|PlTt>
Rd 2

< 2d/zcgt—d/2+lp<r > %)

NSRS

, Xip € dz)
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Hence, by applying Chebyshev’s inequality we have
PXO. x: 1. Y EXT [t AT /2,00 ()] < CtPEE AT,
where C is a constant depending on d and Cé“ . Thus, Lemma 4.2 implies that
PXO, x5 £, YEX =t At j2,00) (D] < Ct7 (1 +17)|x — 2| * (4-17)

for x, z € B(0; R/2) such that |x — z| < ¢, where C and ¢y are positive constants depending on d, ¢, cr,
R, pr and A. Therefore, we obtain the assertion for x by (4-15), (4-16) and (4-17). Similar argument
yields the assertion for z. U

Lemma 4.4. For g > 1, R > 0 and sufficiently small ¢ > 0, there exist positive constants C and cg

depending on q,d, €, R, pr, A, ||b||cc and ||| 0o, Such that

E[ sup [€(0, T As; X') — 1|‘1] < CeCllx — 7Y/ @V—¢,
s€[0,7]

E[ sup [€(0, 7 As; Z7) — 1|4] < Ce%l|x — z|?/aVD—¢
s€[0,1]

fort €[0,00), x,z € B(0; R/2) such that |x —z| < cg,and y € R4,

Proof. By (2-10) we have

E[ sup €0, v; X*) — 1|’1]

vel0,TAt]

v v q
= E|: sup / €0, u; X*)(bs(u, X)), dBu)+/ €0, u; X*)c(u, X;) du ]
vel0,TAr]IJO 0
v q v q
§CE|: sup / €0, u; X*)(bs(u, X;)), dBy) ]—i—CE[ sup / €0, u; X*)c(u, X;)) du :|,
ve[0,TAt]lJ0 vel0,TAt]1J0

where C is a constant depending on g. The terms of the right-hand side of this inequality are dominated
as follows: By Burkholder’s inequality and Holder’s inequality we have

|
TAL q/2

§CE|:(/ %(O,u;Xx)zlbo(u,Xj)lzdu) ]
0

AL
1-1 2)v1 . 2 2)v1
< CAq||b||gol‘ /lq/2)v ]E[/O €0, u; X*) [(q/2)v ]du:|

/v%w, us X5 by (u, X2), dBy)
0

E|: sup

vel0,TAf]
1/l(q/2v1]

t 2¢/(qVv2)
< CA4 ||b||got172/[qV2]E[‘c A t]2(18)/(q\/2)E|:</ (0, u; XX)(q\/2)/€ du>:| ,
0
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where C is a constant depending on ¢, and by Holder’s inequality we have

q TAL
] < ||c||got“/‘1EU €0, u; X*)? du]
0

t &
< el =Y E[c A z]HEU €0, u; X¥)4/¢ du:| .
0

E|: sup

vel0,TAt]

v
/ €0, u; X")c(u, X)) du
0

Thus, applying by Lemmas 3.3 and 4.2 to these inequalities and choosing another small &, we obtain

E[ sup  [€(0, v; X¥) — 1|q] < CeCl|x — gY@V,

vel0,TAf]

where C is a constant depending on ¢, d, €, R, pg, A, ||b|lco and ||c||c. Similar argument yields the
same estimate for Z<. O

Now we start the proof of Proposition 4.1. Let ¢ € (0, 00), x, z € B(0; R/2) such that x # z, y € R¢
and s € (¢/2, t). Recall that X* and Z* have the same law. By (2-11) and (2-9) we have

x t 2 t
pX(0, x; 1, y)EXI =Y [%(o, 1 X%t < 5} — pX(0,z:t, )EZY [%(0, s:Z9); 1< 5”

t t
= ‘E[%(O, 53 X pX(s, X5 t,y); T < E] - E[%(O, s; Z9pX(s, Z5 1, y); T < E]‘

t
< E[%(O, 53 Z9IpX (s, X558, 9) — pX (s, Z5 1, y)|; T < E]

t
+E|:|%(O, TAS; X5)—€0, T As; Z9)[€(t As, 53 Z9) pX (s, Xt y); 1< 5]

t
+ E[%(O, TAS; XOIE(T As, 85 X)) =€t As, 53 Z9) I pX (s, XEit, ) T < 5}

Noting that

X; =27 fors>r,

N

we obtain
x t . t
pX(0, x; 1, y)EXi =Y [%(o, 5;X%); 1< 5} — pX(0, z;t, ) EZ =Y [%;(0, s:Z9): 1 < 5”

t
< E|:|%(O, TAS; XY) =0, T As; Z9)[E(t As, 53 Z9) pX (s, X;it,y); 1< E] (4-18)

By the triangle inequality and Holder’s inequality, we obtain
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t
E[I%(O, TAS; X)) =80, T As; Z)E(T AS, 55 Z)pX (s, X2t ) T < 5}
t
< E[I%(O, TAS XY) = 1E(T As, 53 Z9)p™ (s, XXst,y); T < E]
b4 z X x !
+E|€0, T As; Z°) = 1[E€(T As,5; Z°)p~ (s, X551, y); TSE
1—¢/2
< (E[l%(O, TAS; XY)— 1|2/(2_8)px(s, Xt y); 1< 5]

1—¢/2
—I—E|:|%(0, TAs; Z9) — 11779 pX (s, XX 1, y); T < 5} )

¢ e/2
x E[%(r Ns,s; ZOMEpX (s, Xt y) T < 5} :
Hence, by (2-11) and (1-6), we have
. yX . 72 .72\ o, X X. . !
E[%(O, TAS; X)) —€0, T ASs; Z)[E(T A, 85 Z)pT (s, X5 t,y); T < 5:|
. ¢ 1—¢/2
< (EX’:y[I%(O, TAS; XY =179 1 < 5}
) PRISE
+EXi:y[l%(0,t/\s; Z%) — 119, rﬁﬂ )
. t 787
x pX(0, x; ¢, y)EXf:y[%(f NS, 83 Z9HE T < 5}
1—¢/2
< (E[I%(O, T As: X0 = 1O pX (172, X ity T < E]
1—¢/2
+E|:|°<€(0, T AS; ZY) =117 pX ()2, X it y); T < 5} )

. ¢ e/2
X (PX(O,X; t,y)EXi=y |:(<€(r NS, s  Z9)YE T < 5])

< (CHTA IR PX 0, x5 1, ) EXTTE (T A5, 53 20D
x (E[|€(0, T As; X¥) — 117C1=2 L E[1€(0, T As; Z7) — 112/ C=971=8/2y,

Applying Lemmas 3.3 and 4.4 to this inequality, we obtain
. yx .72 N X (o XEep vy r < L —d/2 ,Ct 1—¢
E[1€0,tAs; X7)—=%(0,TAs; Z°)[€(T NS, 5, Z)p” (5, X3 t,); TEE <Ct e 'x—z| (4-19)

for x, z € B(0; R/2) such that |x — z| < ¢, where C and ¢y are constants depending on d, ¢, Cé, R, pr,
A, |6l and |||l co-



HOLDER CONTINUITY AND BOUNDS FOR SOLUTIONS TO PARABOLIC EQUATIONS 29
Holder’s inequality and Chebyshev’s inequality imply

1—g/2
X t X t X
EXi=Y [%(0, s: X% T > E] < pXi=y (r > 5) EXi=V[€(0, s; X*)?/518/?

21_8/2 x X
EXi=0[1 A1 2 EXTSY[€(0, 5 X762,

<
- t178/2

Hence, by Lemmas 3.5 and 4.3, we obtain
x_ t
pX O, x;t, y)EX =Y [%(0, 5 XY); T > 5] <Ct P71 x — g 7F (4-20)

for x, z € B(0; R/2) such that |x — z| < cg, where C and cq are constants depending on d, &, m, M, 6, R,
PR, A\, |b]loo and ||c||so. Similarly we have

z t
pX(0,z; 1, y)EZ=Y [%(o, VA R E] < Ct7 9P 1l x — 7)1 ¢ (4-21)

for x, z € B(0; R/2) such that |x — z| < co, where C and ¢y are constants depending on d, ¢,y , yg , Cgs
Cé, m, M, 0, R, pr, A, |b|lso and ||¢|lco. Thus, (2-8), (4-18), (4-19), (4-20) and (4-21) imply

—d/2—14¢/2 ,Ct

|p(0, x;t,¥)— p(0,z; ¢, y)| < Ct lx —z)'~*

for t € (0, 0), x,z € B(0; R/2) such that |x —z| < c¢g,and y € R4, with constants C and ¢ depending
ond,e, v, yg, Cs» Ca“, m, M, 0, R, pr, A, ||b|lec and ||c||ec- By (1-6) we can remove the restriction
on |x — z|, and, therefore, we obtain Proposition 4.1.

5. The case of general a (proof of the main theorem)

Leta™ (t,x)= (al.(]'.l) (t,x)) be symmetric d x d-matrix-valued bounded measurable functions on [0, 00) x R4
which converge to a(¢, x) for each (¢, x) € [0, c0) X R? and satisfy (1-1), (1-3) and (1-4). Consider the
parabolic partial differential equation

d
d 1 - 92 3
Eu(h X) = Eizj::1 aij (tv )C) axiaxju(t9 )C) + ;:1 bi(ts x) axi l/l(t, X) +C(ta X)M(t, x)v

(0, x) = f(x).

Denote the fundamental solution to (5-1) by p(")(s, x;t,y). From (1-6) and Proposition 3.6 we have

(5-D

positive constants y1, y2, Cy and C; depending on d, v, yg, Cs» Car, m, M, 0, A, ||bllo and ||¢]|co
such that

CreCi1t—s) _vl2 C,eC2(t—5) |2
1€ ; exp(— yilx —yl ) < p(”)(s, x;t,y) < Ldexp(—m) (5-2)
(t—s)2 b=s (t—s)2 t—s

for s, t € [0, 00) such that s <7, x, y e R and n € N.
It is known that local Holder continuity of the fundamental solution follows, with index and constant
depending only on the constants appearing in the Gaussian estimate; see [Stroock 1988]. This fact and (5-2)
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imply that the Arzela—Ascoli theorem is applicable to p. Moreover, in view of Proposition 4.1, there
exists a constant C depending on d, ¢, v, yg, Cs» Cg, m, M, 0, R, pr, A, ||bllco and ||¢||o such that

1P, x5 1, y) — p™(0, z; 1, y)| < Ct 74271 |x —¢)17¢

fort € (0,00), y € R¢ and x, z € B(0; R/2). Hence, there exists a continuous function p(‘x’) ©O,-5-,4)
on R? x (0, 0o) x R? such that

lim sup [p™(0,x;t,y)— p(0,x;t,y) =0, (5-3)

"0 x|<R/2

10, x; 1, y) — p©(0, z; 1, y)| < Ct~ > 1eClx —z|'¢,  x,ze B(O; R/2), (5-4)

for ¢ € (0, 00) and y € RY, where C is a constant depending on d, &, VG yé“, Cg» Cér, m, M, 6, R, pr,
A, ||b]le and ||c|loc. Moreover, we have positive constants Cy, C2, y; and ), depending on d, y; , yg ,
Cg» CZ{, m, M, 0, A, ||b|lcc and ||c||oo such that

C e—Cl(f—S) X — 2 C eCQ(f—S) X — 2
l_exp<_u> < p (s xity) < z_dexp(_u)

(1 —9)% t—s (1 —9)% t—s
for s, ¢ € [0, 00) such that s < ¢, and x, y € R?. To prove Theorem 1.1, we show that p® (0, - ; -, )
coincides with the fundamental solution p(0, - ; -, -) of the original parabolic partial differential equation

(1-2). Let ¢, ¢ € C°(R?), and set

PP (x) = /R S0P, X1 ) dy forg € Gy,

1< 32 d 9
LM .=— ™ (¢, bi(t, x)— 4 c(t, x).

Noting that p™ (s, x; 7, y) is smooth in (s, x, 7, y), we have P""L™ ¢ (x) = (3/31) P ¢ (x). Hence,

/W (fR 6()P™ (0, x: 1, y) dy>1ﬂ(x) dx — /r; 6 ()W (x) dx

= /R{I[Pz(")qﬁ(X)]l//(X)dx —/Rd¢(X)1//(X)dx

=// [3P5<">¢(x)]¢(x)dxds
0 R4 3s

:/ / [PL™ ¢ (x)] (x) dx ds
0 JRY

d
' 1 0
= — a;i"(s,y)

2

0
By,-a

d
]
+Zbl-(s,y>—+c<s,y)]¢(y>p<">(o,x;s,y)dy)w(x)dxds.
Yioio oyi
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Taking the limit as n — 0o, we obtain

/Rd (/Rdwy)p(w(o,x;z,y>dy>w<x)dx —fRdm)w)dx

' 1 & 32 d 3 o
— /O /R d ( /R d[EiJZ:lai,-<s,y) ayiayj+§bi<s,y>a—yi+c(s,y>]¢<y>p <o,x,s,y>dy)w<x>dxds.

This equality implies that p©® (0, x; ¢, y) is also the fundamental solution to the parabolic partial differen-
tial equation (1-2). Since the weak solution to (1-2) is unique, p("o) (0, x; t, y) coincides with p(0, x; 1, y).
Therefore, we obtain Theorem 1.1.

Acknowledgments

The author is grateful to Professor Felix Otto for finding a mistake and giving the author the information
on the Schauder estimate. The author also thank to the anonymous referee for careful reading, indicating
mistakes in the previous version and giving the author information on references. This work was supported
by JSPS KAKENHI grant number 25800054.

References

[Aronson 1967] D. G. Aronson, “Bounds for the fundamental solution of a parabolic equation”, Bull. Amer. Math. Soc. 73
(1967), 890-896. MR 36 #534 Zbl 0153.42002

[Bogachev et al. 2005] V. I. Bogachev, M. Rockner, and S. V. Shaposhnikov, “I"to6GanbHas perynapHOCTL U OLEHKU
pemenun napabonuueckux ypasuenunn”, Teor. Veroyamn. Primen. 50:4 (2005), 652—-674. Translated as “Global regularity
and bounds for solutions of parabolic equations for probability measures” in Theory Probab. Appl. 50:4 (2006), 561-581.
MR 2008£:60073 Zbl 1203.60095

[Bogachev et al. 2009] V. 1. Bogachev, N. V. Krylov, and M. Rockner, “Oinnnruyeckue n napaboimyeckue ypaBHEHUS
nns mep”, Uspekhi Mat. Nauk 64:6(390) (2009), 5-116. Translated as “Elliptic and parabolic equations for measures” in
Russian Math. Surveys 64:6 (2009), 973-1078. MR 2011¢:35592 Zbl 1194.35481

[Chen and Kumagai 2003] Z.-Q. Chen and T. Kumagai, “Heat kernel estimates for stable-like processes on d-sets”, Stochastic
Process. Appl. 108:1 (2003), 27-62. MR 2005d:60135 Zbl 1075.60556

[Cranston 1991] M. Cranston, “Gradient estimates on manifolds using coupling”, J. Funct. Anal. 99:1 (1991), 110-124.
MR 93a:58175 Zbl 0770.58038

[Escauriaza 2000] L. Escauriaza, “Bounds for the fundamental solution of elliptic and parabolic equations in nondivergence
form”, Comm. Partial Differential Equations 25:5-6 (2000), 821-845. MR 2001i:35009 Zbl 0946.35004

[Fabes and Kenig 1981] E. B. Fabes and C. E. Kenig, “Examples of singular parabolic measures and singular transition
probability densities”, Duke Math. J. 48:4 (1981), 845-856. MR 86j:35081 Zbl 0482.35021

[Friedman 1964] A. Friedman, Partial differential equations of parabolic type, Prentice-Hall, Englewood Cliffs, NJ, 1964.
MR 31 #6062 Zbl 0144.34903

[Giorgi 1957] E. De Giorgi, “Sulla differenziabilita e 1’analiticita delle estremali degli integrali multipli regolari”, Mem. Accad.
Sci. Torino. Cl. Sci. Fis. Mat. Nat. (3) 3 (1957), 25-43. Reprinted, pp. 167-184 in Selected papers, edited by G. Dal Maso et al.,
Springer, New York, 2006; translated as “On the differentiability and the analyticity of extremals of regular multiple integrals”,
ibid., 149-166. MR 20 #172 Zbl 0084.31901

[Ikeda and Watanabe 1989] N. Ikeda and S. Watanabe, Stochastic differential equations and diffusion processes, 2nd ed.,
North-Holland Mathematical Library 24, North-Holland, Amsterdam, 1989. MR 90m:60069 Zbl 0684.60040


http://dx.doi.org/10.1090/S0002-9904-1967-11830-5
http://msp.org/idx/mr/36:534
http://msp.org/idx/zbl/0153.42002
http://dx.doi.org/10.1137/S0040585X97981986
http://dx.doi.org/10.1137/S0040585X97981986
http://msp.org/idx/mr/2008f:60073
http://msp.org/idx/zbl/1203.60095
http://dx.doi.org/10.4213/rm9326
http://dx.doi.org/10.4213/rm9326
http://dx.doi.org/10.1070/RM2009v064n06ABEH004652
http://msp.org/idx/mr/2011c:35592
http://msp.org/idx/zbl/1194.35481
http://dx.doi.org/10.1016/S0304-4149(03)00105-4
http://msp.org/idx/mr/2005d:60135
http://msp.org/idx/zbl/1075.60556
http://dx.doi.org/10.1016/0022-1236(91)90054-9
http://msp.org/idx/mr/93a:58175
http://msp.org/idx/zbl/0770.58038
http://dx.doi.org/10.1080/03605300008821533
http://dx.doi.org/10.1080/03605300008821533
http://msp.org/idx/mr/2001i:35009
http://msp.org/idx/zbl/0946.35004
http://dx.doi.org/10.1215/S0012-7094-81-04846-8
http://dx.doi.org/10.1215/S0012-7094-81-04846-8
http://msp.org/idx/mr/86j:35081
http://msp.org/idx/zbl/0482.35021
http://store.doverpublications.com/0486466256.html
http://msp.org/idx/mr/31:6062
http://msp.org/idx/zbl/0144.34903
http://msp.org/idx/mr/20:172
http://msp.org/idx/zbl/0084.31901
http://www.sciencedirect.com/science/bookseries/09246509/24
http://msp.org/idx/mr/90m:60069
http://msp.org/idx/zbl/0684.60040

32 SEIICHIRO KUSUOKA

[Karatzas and Shreve 1991] 1. Karatzas and S. E. Shreve, Brownian motion and stochastic calculus, 2nd ed., Graduate Texts in
Mathematics 113, Springer, New York, 1991. MR 92h:60127 Zbl 0734.60060

[Karrmann 2001] S. Karrmann, “Gaussian estimates for second-order operators with unbounded coefficients”, J. Math. Anal.
Appl. 258:1 (2001), 320-348. MR 2002d:35085 Zbl 0983.35053

[Krylov 1996] N. V. Krylov, Lectures on elliptic and parabolic equations in Holder spaces, Graduate Studies in Mathematics 12,
American Mathematical Society, Providence, RI, 1996. MR 97i:35001 Zbl 0865.35001

[Kusuoka and Stroock 1985] S. Kusuoka and D. W. Stroock, “Applications of the Malliavin calculus, 11", J. Fac. Sci. Univ. Tokyo
Sect. IA Math. 32:1 (1985), 1-76. MR 86k:60100b Zbl 0568.60059

[LadyZzenskaja et al. 1967] O. A. LadyZenskaja, V. A. Solonnikov, and N. N. Ural’ceva, Jlureunsie u kea3urunetne
ypasrenus napabosunecroeo muna, Nauka, Moscow, 1967. Translated as Linear and quasilinear equations of parabolic
type, Transl. Math. Monogr. 23, American Mathematical Society, Providence, RI, 1968. MR 39 #3159b Zbl 0164.12302

[Lax and Milgram 1954] P. D. Lax and A. N. Milgram, “Parabolic equations”, pp. 167-190 in Contributions to the theory of
partial differential equations, edited by L. Bers et al., Annals of Mathematics Studies 33, Princeton University Press, 1954.
MR 16,709b Zbl 0058.08703

[Lindvall and Rogers 1986] T. Lindvall and L. C. G. Rogers, “Coupling of multidimensional diffusions by reflection”, Ann.
Probab. 14:3 (1986), 860-872. MR 88b:60179 Zbl 0593.60076

[Metafune et al. 2009] G. Metafune, D. Pallara, and A. Rhandi, “Global properties of transition probabilities of singular
diffusions”, Teor. Veroyatn. Primen. 54:1 (2009), 116-148. MR 2011m:35144 Zbl 1206.60072

[Nash 1958] J. Nash, “Continuity of solutions of parabolic and elliptic equations”, Amer. J. Math. 80 (1958), 931-954. MR 20
#6592 Zbl 0096.06902

[Porper and Eidelman 1984] F. O. Porper and S. D. Eidelman, “/IBycTopoHHME OICHKN ()yHIAMEHTAILHLIX DEIICHUI
mapaboINUeCKUX YPABHEHUN BTOPOTO MOPSAKA W HEKOTOpLIe ux upuiao:kenus’, Uspekhi Mat. Nauk 39:3(237)
(1984), 107-156. Translated as “Two-sided estimates of fundamental solutions of second-order parabolic equations, and some
applications” in Russian Math. Surveys 39:3 (1984), 119-178. MR 86b:35078 Zbl 0582.35052

[Porper and Eidelman 1992] F. O. Porper and S. D. Eidelman, “CsoricTBa pemrenutt mapaboIUUYeCKUX ypaBHEHUN
BTOPOTO MOPSIKA ¢ Miaammumu dineHamu”, Trudy Moskov. Mat. Obshch. 54 (1992), 118-159. Translated as “Properties
of solutions of second-order parabolic equations with lower-order terms” in Trans. Moscow Math. Soc. 54 (1993), 101-137.
MR 95b:35084 Zbl 0783.35023

[Revuz and Yor 1999] D. Revuz and M. Yor, Continuous martingales and Brownian motion, 3rd ed., Grundlehren der Mathema-
tischen Wissenschaften 293, Springer, Berlin, 1999. MR 2000h:60050 Zbl 0917.60006

[Stroock 1988] D. W. Stroock, “Diffusion semigroups corresponding to uniformly elliptic divergence form operators”, pp.
316-347 in Séminaire de Probabilités XXII, edited by J. Azéma et al., Lecture Notes in Math. 1321, Springer, Berlin, 1988.
MR 90b:35071 Zbl 0651.47031

[Stroock and Varadhan 1979] D. W. Stroock and S. R. S. Varadhan, Multidimensional diffusion processes, Grundlehren der
Mathematischen Wissenschaften 233, Springer, Berlin, 1979. MR 81f:60108 Zbl 0426.60069

Received 16 Oct 2013. Revised 6 Nov 2014. Accepted 21 Dec 2014.

SEIICHIRO KUSUOKA: kusuoka@math.tohoku.ac.jp
Graduate School of Science, Tohoku University, 6-3 Aramaki Aza-Aoba, Aoba-ku, Sendai 980-8578, Japan

mathematical sciences publishers :'msp


http://dx.doi.org/10.1007/978-1-4612-0949-2
http://msp.org/idx/mr/92h:60127
http://msp.org/idx/zbl/0734.60060
http://dx.doi.org/10.1006/jmaa.2001.7507
http://msp.org/idx/mr/2002d:35085
http://msp.org/idx/zbl/0983.35053
http://msp.org/idx/mr/97i:35001
http://msp.org/idx/zbl/0865.35001
http://hdl.handle.net/2261/6411
http://msp.org/idx/mr/86k:60100b
http://msp.org/idx/zbl/0568.60059
http://nsportal.com.ua/book/283
http://nsportal.com.ua/book/283
http://msp.org/idx/mr/39:3159b
http://msp.org/idx/zbl/0164.12302
http://msp.org/idx/mr/16,709b
http://msp.org/idx/zbl/0058.08703
http://dx.doi.org/10.1214/aop/1176992442
http://msp.org/idx/mr/88b:60179
http://msp.org/idx/zbl/0593.60076
http://dx.doi.org/10.1137/S0040585X97984012
http://dx.doi.org/10.1137/S0040585X97984012
http://msp.org/idx/mr/2011m:35144
http://msp.org/idx/zbl/1206.60072
http://dx.doi.org/10.2307/2372841
http://msp.org/idx/mr/20:6592
http://msp.org/idx/mr/20:6592
http://msp.org/idx/zbl/0096.06902
http://mi.mathnet.ru/rus/umn/v39/i3/p107
http://mi.mathnet.ru/rus/umn/v39/i3/p107
http://dx.doi.org/10.1070/RM1984v039n03ABEH003164
http://dx.doi.org/10.1070/RM1984v039n03ABEH003164
http://msp.org/idx/mr/86b:35078
http://msp.org/idx/zbl/0582.35052
http://mi.mathnet.ru/rus/mmo/v54/p118
http://mi.mathnet.ru/rus/mmo/v54/p118
http://msp.org/idx/mr/95b:35084
http://msp.org/idx/zbl/0783.35023
http://dx.doi.org/10.1007/978-3-662-06400-9
http://msp.org/idx/mr/2000h:60050
http://msp.org/idx/zbl/0917.60006
http://dx.doi.org/10.1007/BFb0084145
http://msp.org/idx/mr/90b:35071
http://msp.org/idx/zbl/0651.47031
http://msp.org/idx/mr/81f:60108
http://msp.org/idx/zbl/0426.60069
mailto:kusuoka@math.tohoku.ac.jp
http://msp.org

ANALYSIS AND PDE
Vol. 8, No. 1, 2015

dx.doi.org/10.2140/apde.2015.8.33

EIGENVALUE DISTRIBUTION OF OPTIMAL TRANSPORTATION

B0’Az B. KLARTAG AND ALEXANDER V. KOLESNIKOV

We investigate the Brenier map V& between the uniform measures on two convex domains in R", or,
more generally, between two log-concave probability measures on R”. We show that the eigenvalues
of the Hessian matrix D*® exhibit concentration properties on a multiplicative scale, regardless of the
choice of the two measures or the dimension 7.

1. Introduction

Let u and v be two absolutely continuous probability measures on R”. It was discovered by Brenier
[1991] and McCann [1995] that there exists a convex function ® on R” with (V®),.u = v, i.e.,

/n b(VO(x))du(x) = / b(x)dv(x) ey

for any v-integrable function b : R* — R. Moreover, the Brenier map x +— V®(x) is uniquely determined
w-almost everywhere. In this paper we consider the case where © and v are log-concave probability
measures. An absolutely continuous probability measure on R" is called log-concave if it has a density p
which satisfies

pOx+(1=2)y) > p) oM™ (xr,yeR", 0<r<1).

The uniform measure on any convex domain is log-concave, as is the Gaussian measure. Write Supp(ut)
for the interior of the support of 1, which is an open, convex set in R”. We make the assumption:

(%) The function ® is C?-smooth in Supp(ut).

It follows from work of Caffarelli [1990; 1992; 1999] that (%) holds true when each of the measures y and
v satisfies the following additional condition: either the support of the measure is the entire R" or else the
support is a bounded, convex domain and the density of the measure is bounded away from zero and
from infinity in this convex domain. It is fair to say that Caffarelli’s regularity theory covers most cases
of interest, yet it is very plausible that (x) is in fact always correct, without any additional conditions. For
related results on the regularity of optimal transportation, see Delano€ [1991] and Urbas [1997].

As it turns out, the positive-definite Hessian matrix D?>® (x) exhibits remarkable regularity in the
behavior of its eigenvalues. We write Var[ X] for the variance of the random variable X.

MSC2010: 35196.
Keywords: transportation of measure, log-concave measures.
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Theorem 1.1. Let u, v be absolutely continuous, log-concave probability measures on R". Let VO be
the Brenier map between u and v, and assume (x). Write 0 < A1(x) < --- < A, (x) for the eigenvalues
of the matrix D>*®(x), repeated according to their multiplicity. Let X be a random vector in R" that is
distributed according to . Then, fori =1, ...,n,

Var[log 1; (X)] <4.

Thus, on a multiplicative scale, the eigenvalues of D>® are quite stable. Note that the multiplicative
scale is indeed the natural scale in the generality of Theorem 1.1: by applying appropriate linear
transformations to x and v, one may effectively multiply all eigenvalues by an arbitrary positive constant.
The variance bound in Theorem 1.1 follows from a Poincaré inequality which we now formulate. For
x € Supp(u) set

A(x) = (logAi(x),...,logA,(x)).

We write | - | for the standard Euclidean norm in R”.
Theorem 1.2. Under the notation and assumptions of Theorem 1.1, for any locally Lipschitz function
f:R" - Rwith E| f(A(X))] < o0,

Varl £ (A(X))] < 4EIV £ (A (X))
whenever the right-hand side is finite. At the points at which f is not continuously differentiable, we define
|V f| via (36) below.

Set m = A, (u), the push-forward of the measure © under the map A. Theorem 1.2 is a spectral gap
estimate for the metric-measure space (R”, | - |, 7). Gromov and Milman [1983] proved that a spectral
gap estimate implies exponential concentration of Lipschitz functions. Therefore, Theorem 1.2 admits
the following immediate corollary:

Corollary 1.3. We work under the notation and assumptions of Theorem 1.1. Let f : R" — R be a
1-Lipschitz function (i.e., | f (x) — f (V)| < |x — y]).
Write A =Ef(A(X)). Then A is finite and

Eexp(c|f(A(X)) — A]) <2,
where ¢ > 0 is a universal constant.

Remark 1.4. Corollary 1.3 implies that Ee'*®)| < co. Consequently, one may replace the condition
E| f(A(X))| < oo in Theorem 1.2 by the requirement that e~“Il| £ (x)| is bounded in R”" for a certain
universal constant ¢ > 0.

Our next result is that the diagonal elements of the matrix D?®(x) are also concentrated on a logarithmic
scale, pretty much like the eigenvalues.

Theorem 1.5. We work under the notation and assumptions of Theorem 1.1. Fix v € R", let H(x) =
log(D*® (x)v - v) and let Y = H(X). Then:

(i) Var[Y] <4
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(i1) For any locally Lipschitz function f : R — Rwith E| f(Y)| < oo,
Varl £ (V)] < 4E| f'[*(Y).
(ii1) For any 1-Lipschitz function f : R — R, denoting A =E f(Y) we have that A € R and
Eexp(c|f(Y) — A =2,
where ¢ > 0 is a universal constant.

All of the assertions made so far follow from Theorem 5.1 below, which is in fact a sound reformulation
of [Klartag 2013, Theorem 1.4]. The results in [Klartag 2013] were obtained under a technical assumption
dubbed “regularity at infinity”’, which we shall address in this paper. Our argument is based on analysis
of the transportation metric; this means that we use the positive-definite Hessian D>® in order to define a
Riemannian metric in Supp(u). The weighted Riemannian manifold

My, = (Supp(n), D*®, 1)

was studied in [Kolesnikov 2014], where it was shown that the associated Ricci—-Bakry—Emery tensor is
nonnegative when p and v are log-concave. We will also consider the map

x> D>®(x)

from Supp() € R” into the space of positive-definite matrices. The space of positive-definite matrices
is endowed with a natural Riemannian metric, which fits very nicely with computations related to the
weighted Riemannian manifold M, ,. This leads to a certain Poincaré inequality with respect to the
standard Riemannian metric on the space of positive-definite matrices, formulated in Theorem 5.1 below.

We have tried to make the exposition self-contained, apart from the regularity theory of mass-transport.
The rest of this paper is organized as follows: In Section 2 we recall some well-known constructions
related to positive-definite matrices. In Section 3 and Section 4 we prove the main results under regularity
assumptions by employing the Bakry—Emery I'-calculus. Section 5 is devoted to the elimination of
these regularity assumptions. In Section 6 we complete the proofs of the theorems formulated above. We
denote derivatives by d; f = fix = df/dx and f;; = 0% f/(dx;0x ;). By a smooth function we mean a
C®°-smooth one. We write log for the natural logarithm, x - y stands for the standard scalar product of
x, y € R", and Tr(A) stands for the trace of the matrix A.

2. Positive-definite quadratic forms

This section surveys standard material on positive-definite matrices. Denote by M, (R) the collection of
all symmetric, positive-definite n x n matrices. For a function f : (0, 00) - R and A € Mn+ (R) we may
define the symmetric matrix f(A) via the spectral theorem. In other words,

f(z)»ivi ®Ui> = Zf()»i)vi ® v;
i—1 i—1
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for any orthonormal basis vy, ..., v, € R" and Ay, ..., A, > 0, where we write x ® x = (X;X;); j=1,..n
for x = (x1, ..., x,) € R".

Lemma 2.1. Forany A, B € M,/ (R),
Ilog(A'2BAY?) | s < Illog(A) | s + Ilog(B)ll s, 2)

where || - || gs stands for the Hilbert—Schmidt norm.

Proof. Forann x n matrix T and k =1, ..., n we define
Vol (T (B"NE))
Di(T)= sup _ : (3)
ECR" Vol (B" N E)
dim(E)=k

where B" = {x € R" | |x| < 1} and the supremum in (3) runs over all k-dimensional subspaces in R”".
Thus, an application of the linear transformation 7" may increase k-dimensional volumes by a factor of at
most Dg(T). It follows that, for any n x n matrices A and B,

Dy (AB) < Dr(A)Dy(B) (k=1,...,n). “

In the case where A € M,T([R{), we have Dy(A) = Hle Ai, where Ay > Ay > --- > A, > 0 are the
eigenvalues of A. Assume that A, B € M, (R). Denote the eigenvalues of the symmetric, positive-definite

matrix AYV2BAY2 by et > ... >¢e¥ > (. Then, fork=1,...,n,
k k
[ [ = Di(A'*BA?) < Di(AV*) Di(B)Di(A'?) = De(A) Di(B) = [(e¥eP),  (5)

i=1 i=1

where e*! > ... > % > 0 are the eigenvalues of A and ePr > ... > ePr > 0 are the eigenvalues of B. We
will next apply a lemma of Weyl [1949]; see also [Polya 1950]. According to the inequality of Weyl and
Polya, the inequalities (5) entail that

anhm) < ijh(ai + 1) ©)
i=1 i=1

for any convex, nondecreasing function 4 : R — R. For ¢ € R let £, = max{t, 0}. The function ¢ — (£,)>
is convex and nondecreasing; hence, from (6),

n n
D (P <Y (i + B (7
i=1 i=1
By using (4) for the inverse matrices, we conclude that, fork =1, ..., n,

n n
[[ e7=DcA™"2B'AT ) < D(ATYD(B™ )= ] (e e ).
i=n—k+1 i=n—k+1
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The inequality of Weyl and Polya now implies that > ;| h(—y;) < > i, h(—a; — ;) for any convex,
nondecreasing function 4. By again using A () = (t,)%, we get

D (=) =) (o = )™ (®)

i=1 i=1

Adding (7) and (8), we finally obtain

St e +hr = (S @+ e ). ©)
i=1 i=1

where we used the Cauchy—Schwartz inequality in the last step. By taking the square root of (9) we
deduce (2). U

For two matrices A, B € M, (R), set

dist(A, B) = [[log(A™'?BA™"?)| ys. (10)
Equivalently, dist(A, B) equals
V Zi 10g2 )\'i s
where A1, ..., A, > 0 are the eigenvalues of the matrix A~' B which is conjugate to A~'/2BA~1/2_ The

latter equivalent definition of dist shows that, for any invertible n x n matrix 7,
dist(A, B) =dist(T'AT, T'BT) (A, Be€ M (R")), (11)

where T' is the transpose of the matrix 7. Observe too that dist(A, B) = dist(A~', B~!) for any
A, B € M} (R). Lemma 2.1 states that, for A, B € M, (R),

dist(A, B) <dist(A, Id) + dist(Id, B), (12)

where Id is the identity matrix. From (11) and (12) one realizes that dist satisfies the triangle inequality
in M7 (R), so it is a metric. For A € M7 (R") and a symmetric n x n matrix B, we define

IBlla=IA""2BA™"2| g5 = VTt[(A=1 B)2].

For a smooth curve y : [a, b] — M;’(R), set

b
Length(y) = [ 176) o s (13)
a
where y (s) =dy(s)/ds is a symmetric n x n matrix. Then Length is invariant under conjugations. That
is, the length of the curve y (s) equals that of the curve T'y (s)T for any invertible n x n matrix 7.

Lemma 2.2. (i) Forany A € M;}(R") and a symmetric n x n matrix B,

_ dist’(A+¢B, A)
lim

= =|1B|3 = Tr[(A~'B)’]. (14)

e—>0
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(ii) Let A, B € M;F(R") and consider the curve
ya.p(s) = A2(ATIPBATIRP AR (0<s < D).
Then y4 p is a curve connecting A and B with Length(y4 p) = dist(A, B).
Proof. The invariance property (11) implies that
dist(A +¢B, A) = dist(Id+sA~"?BA~1/2 1d).

It therefore suffices to prove (i) under the additional assumption that A =1Id. Let A, ..., A, > O be the
eigenvalues of B. It follows from (10) that

lim 3 = lim

dist?(Id +¢B,1d) lelog (1+ehi) Zk

e—>0 & e—0

and (i) follows from the fact that || B ||§x =) kl.z. We now turn to the proof of (ii). Again, we may reduce
matters to the case where A = Id by noting that

vap(s) = Ay anpan()AV? (0 =s<1).
Abbreviate y (s) = y4.5(s) = y1a,8(s). Since y (s) = B, we have y (s) = B* log(B) and hence, for any

0<s<l,

17y ) = 1B2(B* log(B)) B~*/? || s = log(B)|| s = dist(1d, B).
From the definition (13) it follows that Length(y) = dist(Id, B), and (ii) is proven. U

The right-hand side of (14) depends quadratically on B, and therefore Lemma 2.2 tells us that our
distance function dist on M, (R) is induced by a Riemannian metric. We refer to this Riemannian metric
as the standard Riemannian metric on M,j (R). The next two lemmas describe certain Lipschitz functions
on M;F(R).

Lemma 2.3. Fix v € R" and set f(A) =log(Av-v) for A € M} (R). Then f is a 1-Lipschitz function
with respect to the standard Riemannian metric on M,f (R).

Proof. The map f is clearly smooth. Fix A € M, (R) and let us show that the norm of the Riemannian
gradient of f at the point A is bounded by one. For any symmetric n x n matrix B, we have

Bv-v
Av-v’

d
TfA+B)| =

Thus, in order to prove the lemma, it suffices to show that

Bv-v
Av-v

By switching to another orthonormal basis if necessary, we may assume that A is a diagonal matrix. Denote
by A1, ..., Ay > 0 the numbers on the diagonal of A. Let B = (b;});,j=1,...n and v = (vy, ..., v,) € R".

<|IBlla=lA"2BAT?| 5. (15)
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From the Cauchy—Schwartz inequality,

Zbijvivjf\/zu 1635/ (?»)»)\/Z” hikvp _\/Z” 1bij/ (Ak)<zkv)

i, j=1

which is equivalent to the desired inequality (15). ]

Lemma 2.4. For A € M;“([R), let its eigenvalues be L1 (A) > ---> 1, (A) > 0. The map A : M;r([R) — R

defined via
A(A) = (log(1(A)), . .., 10g(n(A))). (16)

is a 1-Lipschitz map with respect to the standard Riemannian metric on M\ (R) and the standard Euclidean
metric on R".

Proof. Let % € M, (R) be the collection of all positive-definite, symmetric matrices with n distinct
eigenvalues. Then % is an open, dense set. The function A is continuous, since the eigenvalues vary
continuously with the matrix. It therefore suffices to prove that

[A(A]) — A(Ay)| < dist(Ag, Ap) for Ay, Ay e F.

Fix Ay, A € & with A; # A,. Consider the curve y (s) = ya, 4,(s/ dist(A1, Az)), where y4,,4,(s) is as
in Lemma 2.2. Then y is a length-minimizing curve between A; and A, parametrized by Riemannian
arclength. We claim that y (s) € % for all but finitely many values of s. Indeed, the resultant of the matrix
y (s) is a real-analytic function of s which is not identically zero; hence its zeros are isolated. Since A oy
is continuous, in order to prove the lemma it suffices to show that

Ay () ‘ 3

(17)

for all s with y(s) € &. Let us fix so with y(sg) € . Let A = y(sg) and B = p(sg). Since y is
parameterized by arclength,

1Blla=11A"2BA™ 2|5 = 1. (18)
Let v, ..., v, € R" be the orthonormal basis of eigenvectors that corresponds to the eigenvalues
M (A), ..., A, (A) of the matrix A. Then,
dx;
dhiy () =Bvi-v; (i=1,...,n). (19)
ds s=s0

The relation (19) is standard; see, e.g., [Reed and Simon 1978, Section XII.1]. Consequently,

dA(y(s)) _ (Bvl - U1 Buv, ‘vn) (20)
ds |y M(A) T (A )
However, by (18),
2
~( Bv; - v; _ & —1/2p A—1/2. N2 —12pA-172)2  —
2\ 5y ) =@ BAT ) < 14T 2BAT s = 1. @
i=1 ! i=1

Now (17) follows from (20) and (21). [l
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Corollary 2.5. Whenever A and B are positive-definite n x n matrices,

n
)\‘.
> log® =t < |log(A™2BAT) |15
"

i=1 !

where A1 > --- > A, > 0 are the eigenvalues of A and 11 > - - - > u, > 0 are the eigenvalues of B.

3. Bakry—Emery I';-calculus

Let u and v be two absolutely continuous, log-concave probability measures on R". Assume that
du=e"V®dx and dv = e~V ®dx for certain smooth, convex functions V, W : R" — R. Let V& be the
Brenier map between p and v. Caffarelli’s regularity theory states that ® : R” — R is a smooth, convex
function. Therefore (1) implies that the transport equation

—V(x) =logdet D*®(x) — W(V®(x)) (22)

holds everywhere in R”. In particular, the matrix D*®(x) = (D; (x))i,j=1,...,n 1s invertible and hence
positive-definite for any x € R". The inverse to D?*®(x) is denoted by (D*®(x))" ! = (d (X))i,j=1,...n-
We use the Einstein summation convention; thus an index that appears twice in an expression, once
as a subscript and once as a superscript, is being summed upon. We also use abbreviations such as
CIDS.,( = cDi‘chij and CD;C] = & PImPy,,,. Differentiating (22), we obtain

Vi) = =050+ Y ®@Wi(Ve) (j=1,....n, xeR"). (23)

i=1

Following [Kolesnikov 2014], we use the positive-definite matrices D?*®(x) in order to induce a Rie-
mannian metric on R” and consider the weighted Riemannian manifold

M=M,,= R", D2CD, ).

See [Grigor’yan 2009] and Bakry, Gentil and Ledoux [Bakry et al. 2014] for background on weighted
Riemannian manifolds and the I'>-calculus. For a smooth function u : R"” — R we have |Vyu|3, = ®Vu,u ,
where |VMM|12VI stands for the square of the Riemannian norm of the Riemannian gradient of u. The
Dirichlet form associated with the weighted Riemannian manifold M, , is defined, for smooth functions
u,v:R"—= R, via

P o) = [ (Vi Vagvhasdu = [ @) du
n Rn

whenever the integral converges. The Laplacian associated with the weighted Riemannian manifold M,, ,,
is defined, for a smooth function u : R* — R, by

n
Lu=®Vu; =Y Wi(VO@)uj = du;; — (& + 0V Vyu;, (24)
j=1
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where the last equality holds in view of (23). Integrating by parts, we verify that
— | Quwvdu= —/ (D uj; — [DF + O ViJu)ve™" = / (®Yu;v;)dp =T (u, v)
Rn [Rn Ril

for any smooth functions u, v : R” — R, one of which is compactly supported. The next step is to consider
the carré du champ of M, ,: As in [Bakry and Emery 1985], for a smooth function u : K — R we define

o) = 3 L(Vamulyy) = (Vygu, Var (L)) = 3 LD ujuej) — DY (Luyiuy. (25)
Lemma 3.1. For any smooth function u : R* — R, we have the pointwise inequality
[ (u) = }Ld%kd)i{u,-uj.

Lemma 3.1 is proven in [Klartag 2013] by introducing a Kéhler structure and interpreting the left-hand
side of (26) below as the Hilbert—Schmidt norm of a certain Hessian operator restricted to a subspace.
There are several additional ways to prove Lemma 3.1. The brute force way involves a tedious but
straightforward computation which shows that

n
Ta(u) = X DV uju jo — D *ujjuy + L (@K 0] + 0* DI Vipyuju; + 4 > (Wi o Vd)uju;.
ij=1
This computation is more or less equivalent to reproving Bochner’s formula. Then, one proves the
pointwise inequality
, . .
CDkZCI)”u,-kujg - q)ljkuijuk + }‘szkq)]]( uij > 0 (26)

.....

bl.j = Oy — %d>{kuk. The product A = (D?>®)B is a symmetric matrix; hence
Tr(B?) = Tr[(D*®) 2 A(D*®)~1/%)?] > 0.

Lemma 3.1 follows from (26) and from the fact that D>V and D>W are positive semidefinite matrices.

Another approach to Lemma 3.1 is to use the notation of Riemannian geometry as in [Kolesnikov
2014] and use the Bochner formula. We first observe that identity (23) in the case j = 1 has the simple
form

Lo, =-V. 27)
Differentiating (27) and using 9, (®V) = —<I>f€j , we obtain

n
L(®1) = @1jp— Y @j1@u(Wiko V) = —Vyy. (28)
jk=1

The Bochner-Lichnerowicz—Weitzenbock formula states that, for any smooth u : R* — R,

Ty (u) = | D3,ul)3, + Ricy (Vagu, Vagu), (29)
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where ||Di4u ||ﬁ,[ is the Hilbert—Schmidt norm of the Riemannian Hessian of u# and Ricy, is the Bakry—
Emery—Ricci tensor of the weighted Riemannian manifold M = M u,v- Let us analyze the term in (29)

involving the Hessian of u. The Christoffel symbols of our Riemannian metric are szj = %bej, and

therefore (D%,,u),-j =ujj — %bejuk and
2 2 ik gy 1 gl 1
1Dy ullyy = 7" (i — 5 Pjjue) (ttmic — 5 Pyt )-

In the particular case where u = @, we obtain (DIZ‘,Ile)jk = %Cbljk and hence ||D12Wd>1 ||12v1 = }fCIJII‘jCD{k.
Furthermore, the vector field Vy, @, satisfies Vy; & = 0/dx; and |V D, |ﬁ,, = ®q;. Since Ld; = -V},
the Bochner formula (29) for u = &, takes the form

TL(®11) = —(Vy @1, Vg Vidur + §OF @], + Ricy (Vagu, Vagu)
= — Vi1 + 0k, &7, + Rican)1. (30)

From (28) and (30), we obtain a formula for the Bakry—Emery—Ricci tensor:

n
(Ricy) 1 = %qﬂqu){k + %Vn +% Z D 1P (Wjro VD).
k=1

It is clear that there is nothing special about the derivative u = @1, and that we could have repeated the
argument with u = V& - 6 for any 6 € R". We thus obtain the formula

n
(Ricu)ie = 305y +3Vie+ 3 ) ©jiPu(Wixo VD). (31)
Jok=1
Since D?V and D>W are positive semidefinite, for any smooth u : R” — R we have
I'2(u) = Riey (Vyu, Vyu) = ‘l‘@;k@ifuiw,

and the third proof of Lemma 3.1 is complete.

Having finished with Lemma 3.1, let us introduce one of the main ideas in this paper, which was absent
from [Klartag 2013]. The idea is to consider the map

R" 3 x > D*®(x) € M, (R). (32)

Denote by (g;;(x))i, j=1,....» the pull-back of the standard Riemannian metric on M,f (R) via the map (32).
It follows from Lemma 2.2 that g;; is given by the formula

gij =Tr((D*®) " - 3;(D*®) - (D*®) ™" 9;(D*®)] = D} %, (33)

n 18 not necessarily invertible, and it could happen

.....

Note that the positive semidefinite matrix (g;;(x)); j=1
that distinct points of R" have zero Riemannian distance with respect to the Riemannian metric (g;;).
The metric g;; resembles an expression appearing in Lemma 3.1, a fact that will be exploited in the next
section.
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4. Dualizing the Bochner inequality

It is by now well known that, in the presence of convexity assumptions, Poincaré-type inequalities may be
deduced from Bochner’s formula via a dualization procedure. In this section we investigate the Poincaré
inequality that is dual to Lemma 3.1. This Poincaré inequality was also obtained in [Klartag 2013], but in
a cumbersome formulation and under an undesired assumption called “regularity at infinity”, which we
eliminate here.

We begin with an easy case. Throughout this section we assume, in addition to the smoothness
assumptions made at the beginning of Section 3, that there exists g9 > 0 for which

D’®(x)>gp-1d (x e RY) (34)

in the sense of symmetric matrices. Write C°(R") for the space of all compactly supported, smooth
functions on R". The following lemma is a variant of a well-known fact (see, e.g., [Strichartz 1983]), that
compactly supported functions are dense in Sobolev spaces when the Riemannian manifold is complete.
Our assumption (34) implies the completeness of the Riemannian manifold M = M, .

Lemma 4.1. Let f € L*(u) satisfy f f du =0. Then there exists a sequence uy € C°(R") with
I Lug — fllp2qy —> 0 as k— oo.

Proof. Recall that [(Lu)dp = 0 for all u € C2°(R"). To show that the linear space {Lu | u € C°(R")}
is dense, we analyze its orthogonal complement. Let f € L?(w) be in the orthogonal complement, i.e.,
for any u € C°(R"),

: f(Lu)dp = 0. (35)

Our goal is to show that f = Const. Note that (35) means that f is a weak solution of Lf = 0. Since L
is elliptic, f is smooth and Lf = 0 in the classical sense. Thus,

L(f2)=2fLf +2|Vu fI* =2|Vu fI*.

Therefore, for any n € C°(R"),
: |vM<nf)|2du=/R [PV 1P+ 3V (fD) - Vu ) + 2V *] dp
=f [nZIVMfIZ—%nzL(f2)+f2|VMn|2]dM=/R Va2 d.

However, according to our assumption (34), we have IVun|? = dl nin; < 80_1 [Vn|?. Let ng be a smooth
cutoff function in R" that equals one on a Euclidean ball of radius R centered at the origin, equals zero
outside a Euclidean ball of radius 2R, and satisfies |Vng| < 2/R throughout R". Then,

_ 2
f|vM<an>|2dus/ |anR|2f2duseolf Vel du<— [ fPdu—0 as R— oo,
K R R Rey Jrn

since f € L?(u). Therefore, V f =0 and f is constant. U
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Suppose that F is a locally Lipschitz function on a Riemannian manifold such as M, (R). By the
Rademacher theorem, the gradient V F' is well defined almost everywhere with respect to the Riemannian
volume measure. In order to have a function |V F| that is defined everywhere, in this note we set

VFI@) = limsup -0 O _ iy IFO) ~ F@)I

yox dist(n,2) om0ty pepire  dist(y, 2)
o y#L

) (36)

where dist is the Riemannian distance and B(x, €) = {y | dist(x, y) < ¢}. Since F is locally Lipschitz,
the function |V F| is locally bounded and upper semicontinuous. Clearly, at any point x where F is
continuously differentiable, |V F|(x) equals the Riemannian length of V F(x).

Proposition 4.2. Denote by 0 the push-forward of the measure | under the map (32). Then, for any
locally Lipschitz function F : M} (R) — R that belongs to L%(0) with fM+ Fdo =0,

/ F2d0§4/ |IVF|>do
M [R) My (R)

whenever the right-hand side is finite.

(R)

Proof. Since F is locally Lipschitz in L?(6), the function f defined via
f)=F(D*®(x)) (xeR"

is locally Lipschitz in R" and belongs to L?(1). Abbreviate H = |VF|? and h(x) = H(D?*®(x)). From
the definition (36) of |V F|, for any x € R" at which f is differentiable,

h(x) =sup{d 7 V' fi | X7 g V'V/ <1, V.. V" eR}], (37)

where f; and g;; are evaluated at the point x. In the case where the matrix (g;;(x)); j=1,....n 18 invertible,

.....

we may express the supremum in (37) in terms of the inverse matrix, yet it is the formula (37) which is
valid in the general case. Setting U; = &;; V7, we reformulate (37) as

h(x) = sup{ @7 U, f; | g " @Y UU, < 1, Uy, ..., U, e R} (38)

The formula (38) is valid for almost any x € R", since f is differentiable almost everywhere in R" by the
Rademacher theorem. We would like to show that, for any u € C°(R"),

— | fLu)ydu <2 / h%du (Lu)?du. (39)
R R R
To this end we observe that, since u is compactly supported,
/ To(u)dp = %/ L(®Vuju;)dp —/ &Y (Lu)ju;dp = _/ &Y (Lu)ju;dp = / (Lu)>dpu.
Rn R" n n n

Therefore, Lemma 3.1 and (33) imply that, for any u € C>°(R"),

(Lu)*dp > }1 f O D gy puiujdp.
RVL n
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Since f is locally Lipschitz, we may safely integrate by parts and obtain that, for any u € C>°(R"),

—| flwdp= f Y fiujdu < / h(x)y/ 8ij @4 P uguy dpu(x)
Rn Rn Rn
5\// hzdu\// gijCDk"CI)[jukugd,ugZ\/f hzdu\/ (Lu)?du
n n n Rn

and (39) is proven. Since fM;(R) F df =0, we also have [, f du = 0. From Lemma 4.1, there exists

a sequence u; € C°(R") with Luy — —f in L?*(u). We substitute u = uy in (39), and take the

limit k — oo. This yields
frdu 52\// thu\/f f2du.
Rn Rn n

/fzduf4/ W du.

Since h(x) = H(D*®) with H = |VF|?, the proposition is proven. U

Hence,

5. Regularity issues

This section explains how to eliminate assumption (34) and also the smoothness assumptions of the
previous two sections.

Theorem 5.1. Assume that i and v are absolutely continuous, log-concave probability measures on R".
Let V® be the Brenier map between (. and v and assume condition (x) from Section 1. Denote by 0 the
push-forward of the measure |1 under the map x — D>® (x).

Then, for any 0-integrable, locally Lipschitz function F : M, (R) — R,

2
f F?do — (/ Fd@) 54/ IVF|*>do (40)
M, (R) M R) M (R)

whenever the right-hand side is finite and |V F | is interpreted as in (36).

The strategy for proving Theorem 5.1 is to approximate ® by a sequence of functions @ that satisfy
assumption (34), and to prove the pointwise (and even local uniform) convergence D*®y(x) —> D*®(x)
as N — oo. Below we discuss two possible justifications of this convergence, as we believe that both
of them may be useful. The first proof occupies Section 5A, and is based on various results from the
regularity theory of the Monge—Ampere equation. The log-concavity of the measures is not really required
for the first proof, and it suffices to assume that the densities are locally Holder.

The second proof, in Section 5B, is in fact an alternative approach to Caffareli’s C'“-regularity
results in the log-concave case. The argument in Section 5B is more self-contained, and is based on
integration-by-parts arguments. The log-concavity of the target measure plays an important role here, and
we further assume a certain integrability condition on the logarithmic derivative of the density of u. This
integrability condition is rather mild in our opinion, and it is satisfied in many cases of interest.
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5A. First proof of Theorem 5.1. As before, we write e~ and e~" for the densities of 1 and v respec-
tively. By log-concavity, the functions V and W are locally Lipschitz in the open sets Supp(u) and
Supp(v) respectively. From condition (%), the function ® is C2-smooth, and the push-forward equation (1)
implies that

det D*® (x) = ¢~ VHIHTWE ) (41)

for any x € Supp(w). In particular, D?®(x) is invertible, and hence positive-definite for all x € Supp(u).
Thus @ is strictly convex. The modulus of convexity of & at the point x is defined to be

0o (x; 8) = inf{®(y) — (B x) + VO(x) - (y —x)) | y € R", |y — x| =35}.

Then we (x; §) is a positive, continuous function of x € Supp(ut) and § > 0 when we restrict to x and §
for which B(x, §) € Supp(n). Here, B(x,6) ={y € R" | |y — x| < 8}. Next, the Legendre transform

O*(x)= sup [x-y — D(y)]
yeR”
P (y)<oo

is also C2-smooth and strictly convex in Supp(v), with y — V®*(y) being the inverse map to x — V& (x).
Thus, V& is a C!-diffeomorphism of Supp() and Supp(v). The reader is referred to [Rockafellar 1970]
for the basic properties of the Legendre transform.

We will approximate p and v by sequences of probability measures uy and vy with the following
properties:

(i) The probability measures 1y and vy have densities in R” of the form e~"¥ and e="¥ respectively.

(i1) The functions Vy, Wy : R" — R are smooth and, for any x € R”",
D?*Vy (x) > % 1d, D*Wy(x)<N-Id.

(iii)) Vy — V locally uniformly in Supp(u) and, similarly, Wy — W locally uniformly in Supp(v).

It is quite standard to approximate p and v in this manner. For instance, in order to obtain uy (or vy), we
may convolve u (or v) with a Gaussian of tiny variance, then multiply the resulting density by a Gaussian
of huge variance, and then normalize to obtain a probability density. Denote by V& y the Brenier map
between puy and vy. Again, we use Caffarelli’s regularity theory to conclude that &y : R* — Ris a
smooth, strictly convex function, with

det D*®y (x) = e~ "WOFWNEENED) (1 e R, (42)

The following lemma should be known to experts on the Monge—Ampere equation, yet we could not find
it in the literature.

Lemma 5.2. There exists an increasing sequence {N;} such that
DZQDNj (x) — D2<I>(x) as j— oo

locally uniformly in x € Supp(w).
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Proof. Fix xo € Supp(u). It suffices to find {N;} such that D*® N; —> D*® uniformly in a neighborhood
of xo. A standard convexity argument (e.g., [Klartag 2014, Section 2]) based on (iii) and the fact that
[eV = [e " =1 shows that there exist A, B > 0 with

min{i]r\llf Vv (@), inf Wy (x), V (x). W)} > Alx| - B (x eR"). (43)
Therefore,
sup [ |VON|Pe "D gx =sup | |x]Pe "D ax < [ |x]PeB A dx < 0. (44)
N R~ N R~ R~

Recall that Vy — V locally uniformly in Supp(u), according to (iii). From (44) we learn that
supy ||<DN||H1(K) < oo for any compact K C Supp(n). Here,

||u||§1(K)=/ Vu(x) | dx.
K

From the Rellich—Kondrachov compactness theorem (e.g., [Evans and Gariepy 1992, Section 4.6]), we
conclude that there exist a subsequence ®y;, numbers C; € R and a certain function F : Supp(u) — R
such that, for any compact K C Supp(u), the sequence ®y; + C; converges to F in L%(K). Passing
to another subsequence, which we conveniently denote again by {®y}, and using [Rockafellar 1970,
Theorem 10.9], we may assume that F' is convex and that the convergence is locally uniform in Supp(u).
Thus, from [ibid., Theorem 24.5],

Voy(x) — VF(x) as N —> 45)

for almost any x € Supp(r). However, (V®y).uy = vy. From (iii), (43) and (45) we conclude that
(VF).pu =v. From the uniqueness of the Brenier map, we deduce that VF = V& almost everywhere in
Supp(u). Since ® is C?-smooth, we may then apply [ibid., Theorem 25.7] and upgrade (45) to

Voy(x) — VO(x) as N > (46)

locally uniformly in Supp(u). The convexity arguments in [ibid., Section 25] also give that V@7, —> V&*
locally uniformly in Supp(v). As for the modulus of convexity, we have

wo, (x;8) — we(x;8) as N — o0 and C()q;*[;/(y; 8) — wex(y;8) as N - oo 47)

locally uniformly in the sets {(x,d) € Supp(un) x (0, c0) | B(x,8) C Supp(w)} and, respectively,
{(,8) € Supp(v) x (0, 00) | B(y, 8) C Supp(v)}.

We will now invoke the estimates of Gutierrez and Huang [2000] and Forzani and Maldonado [2004;
2005], which are constructive versions of Caffarelli’s Cl’“—regularity theory. Thanks to (iii), (42), (46)
and (47), we are allowed to apply [Gutiérrez and Huang 2000, Theorem 2.1] and [Forzani and Maldonado
2004, Theorem 15] locally near xg. From the latter result, we learn that there exist «, §, C > 0 such that,
for any x, y € B(xg, ) and N > 1,

VO (x) = VOy ()] = Clx — y|* (48)
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The function V is locally Lipschitz. From (iii) and [Rockafellar 1970, Theorem 24.5], the sequence {Vy}
is uniformly locally Lipschitz. This means that, for any compact subset K C Supp(u), the Lipschitz
constant of Vy is bounded by some finite number Cg, independent of N. Similarly, the sequence { Wy}
is also uniformly locally Lipschitz. Together with (46) and (48), we deduce that there exists C > 0 such
that uy (x) = —Vy(x) + Wy (VP y(x)) satisfies

un () —un(I < Clx —y|*  (x, y € Bxo,8), N = 1).
Recalling the Monge—Ampere equation (42), we learn that there exists C > 0 such that
|det D*®y (x) —det D’ Py ()| < Clx =y (x, y € B(x0.8), N = 1).

We are finally in good shape for applying the C*“-estimates from [Trudinger and Wang 2008, Theorem 3.2].
These estimates yield the existence of C > 0 such that, for any x, y € B(xo, 8/2) and N > 1,

ID*®y (x) — D*®n () las < Clx — y|*. (49)

The uniform C?*-estimate in (49) allows us to apply the Arzella—Ascoli theorem. All we need is to let
K = B(xg, §/2) and observe that

/(Ad)N)S:—/V¢N-V§—>—/V¢~V§:/(Ad>)$ as N — oo,
K K K K

where £ is any smooth, compactly supported function in K. Hence, the sequence { f x A N} N1 18
bounded and, since D?®y is positive-definite, the sequence { [ | D@y |l as} -, is also bounded. From
(49) and the Arzella—Ascoli theorem, there exists a subsequence, still denoted by {®y}, such that

D*®y —> D*® uniformly on K = B(xg, §/2). [l

Remark 5.3. Our proof of Lemma 5.2 does not make any use of the log-concavity of u and v. By
inspecting the proof above, we see that Lemma 5.2 holds true as long as V and W are locally Holder, and
Vi, Wy are uniformly locally Holder.

In order to simplify the notation, we denote the sequence {®y;} from Lemma 5.2 by {®y}. Properties
(1), (i1) and (iii) above are still satisfied.

Corollary 5.4. Denote by Oy the push-forward of the measure jy under the map x — D?>® y(x). Then,
for any bounded, continuous function b : M;} (R) — R,

/ bdoy — bdfd as N — oo. (50)
M;F(R) M, (R)
Furthermore, if b : M} (R) — R is bounded and upper semicontinuous, then
limsupf bdOy 5/ bdo. 6D
N—oo JM}®R) M (R)
Proof. In order to prove (50), we need to show that

/ b(D*®n(x)e "D dx — [ b(D?*®(x))e VM dx as N — oo.
n RVL
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This follows from Lemma 5.2 and from the dominated convergence theorem, since (43) provides an
integrable majorant. Next, assume that b is bounded and upper semicontinuous. Then, for any x € Supp(u),

limsup b(D>®y (x))e "V < p(D*®(x))e V™,

N—oo
Now (51) follows from Fatou’s lemma, since we have an integrable majorant by (43). [l
Proof of Theorem 5.1. Assume first that the locally Lipschitz function F is compactly supported. We
observe that, for any fixed N, assumption (34) holds true. Indeed, we may apply a refinement of

Caffarelli’s contraction theorem [2000] which appears in [Kolesnikov 2010], and thus obtain from (ii)
that, for any x € R",

1
D2CI>N(x)zm-Id.

We may therefore apply Proposition 4.2 and conclude that, for any N > 1,

2
/ F>doy — (/ FdeN) < 4/ IVF|?doy.
M (R) M, (R) M (R)

Recall that |V F|? is upper semicontinuous and bounded, while F is continuous and bounded. By taking
the limit as N — oo and using Corollary 5.4, we obtain that

2
/ F*do — (/ Fde) < 4/ IVF|*do,
M [R) M (R) M (R)

and (40) is proven in the case where F' is a compactly supported function.

The next step is to prove (40) under the additional assumption that F € L?(6). To that end, we select a
smooth function 6 : M,'f (R) — [0, 1] such that 6 equals one on B(Id, R) and vanishes outside B(Id, 2R),
with [VOg| < 2/R. Set Fgr = 6g F. We have just proven that (40) holds true when F is replaced by Fg.
Clearly, Fr — F in L?*(®) as R — oo. All that remains is to show that

1imsup/ |V Fg|>do 5/ |VF|*dob. (52)
R—oo JMF(R) My (R)

The functions 8¢ and F are continuous, and we may therefore use the Leibnitz rule
IVFR| < |F||IVOr|+0rIVF| < [VF|+2|F|/R,

where we interpret |V F| and |V Fr| in the sense of definition (36). Since F, |[VF| € L?(9), (52) follows
in the case where F € L2(9).

Finally, to eliminate the assumption that F is in L?(6), we replace F by Fg = max{—R, min{F, R}},
apply the inequality for Fg, and let R tend to infinity. For all but countably many values of R,
the level set {A € M;F(R) | F(A) = R} has zero 6-measure. Consequently, we have the inequality
f |VFRI?do < f |V F|?d6 for all but countably many values of R, and (40) follows. [l
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5B. Second proof: log-concave target measure. In our second proof we will exploit the fact that v is
log-concave, but we will not require the log-concavity of u. Throughout this subsection we make the
following additional assumption:

(A) For some p > n,
fﬂ IVV|PeV dx < o0,
where the derivatives V; are understood in the logarithmic derivative sense, i.e.,
Rné%du:— R”f;‘[du, EeCrRY,i=1,...,n.
By the Morrey embedding theorem (see, e.g., [Evans and Gariepy 1992, Section 4.5]), the function V

is locally Holder. We will approximate u and v by sequences of probability measures wy and vy having
properties (i), (ii) and (iii) from Section SA. We also require a fourth property:

(i) There exists p > n such that
sup IVVNIPe™ "V dx < oco.
N JRe
The approach outlined in Section 5A — to convolve with a tiny Gaussian and then multiply by the density
of a huge Gaussian — also yields property (iv). Recall that the Brenier map V®y between uy and vy is
smooth and that it satisfies (42). The central ingredient of this subsection is the following a priori estimate:

Proposition 5.5. Assume that functions V, W and ® are smooth on the entire R" and that v is a log-
concave measure. Then, for every g > 2,0 <t < 1,i =1,...,n, there exists C(q, t) > 0 such that

/ CD?,-dMSC(q,r)< ViP/C70 dp+ |xl~|2q/fdv). (53)
R" R"

Rll
Proof. Assume in addition that D*W > (1/C) -1d, D>V < C -1d. In this case, D*® < C? - 1d. Recall
formula (28):
n
L(®i) = &) Byje— Y @i @y Wi 0 VO ==V,
Jok=1

which is obtained by differentiating the change of variables formula (22) along x;. Let us multiply this
formula by @Z, p > 0, and formally integrate by parts with respect to ©. Using the convexity of W we
obtain

_ _ ik
/vﬁ@f’i duzpfcbﬁ (D) 1v<1>l~f,vcl>ii>du+/d>f’id>{ i dp. (54)

Let us justify this formula. To this end, we fix a compactly supported function n > 0 and integrate with
respect to 1 -

/Viiq)fmdﬂ

_ — _ ik
z/<(02<1>> 'V, V) ®! du+pf<1>;’§ H(D?®) 1va>ii,v¢,-,~>ndu+/d>f’,.d>{ ®;xndu.
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Applying the Cauchy inequality yields

- / (D*®)'Vn, V&) Of du
4/ (D*®)~'Vy, Vi)

o dute [(D20) 1V Ve ndp.

Finally,

D2®d)"'vn, vV
/(( ) n, 77>q)p+1du

/V”d>”nd +=
><p—s)/<1>” "(D*®)~ lveb,,,V<I>”>ndu+/d>{;<1>{"<b,-,-kndu.

Assume that n has the form n = £(V®), where £ is compactly supported. We obtain

4C,,+2 |VS|2
/ Vie®pndp +

> (p— e)/ O/ (D?®) IV, Vi) ndp +/ o o/ Dyjindp.
It remains to construct a sequence of functions 1 > &y > 0 satisfying limy &y (x) = 1 for v-a.e. x and
limy [ |Vén |>/&x dv = 0. Then, by applying the Fatou lemma we justify (54).
It is helpful to keep in mind that ®/*®, ;;, = Tr[(D?®)~/2D2d;(D*®)~1/2]2 > 0. From (54),

/ Vi@l dp > Pf ‘I’Zil((qu))_lVd)ii, Vo;;)du.

Let us integrate by parts the left-hand side: [ V;;®!du = [ V20l du — p [V, ®) '@, du. The
justification of this integration by parts is much easier, since D>® and D2V are bounded. Applying

21D Vil <2|VilV/ @i - (D) IV D, V) < V20, + ((D*®) 'V, V),
one obtains

[ viehan= [ o ey e vou u. (55)

Let us show that the right-hand side controls powers of the second derivative ®;;. Indeed, for every
g>2and ¢ > 0,0 <t <1, the following estimate holds:

/q)?id[t:_(q_1)/q)iCDiiiCD?i_2dM+/(I)iVi(I)?i_ldM
1
e/dD,-zd)?i “du +(q i / 1T (D2D) IV, Vi) du

—1 q 1
+_ G du+— |®; Vi|Tdu.
q q
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Finally,
i q 24T q(q— 1)? 43+ (P!
o dpu < [ 1@ Vi|Tdu+qe | Q70 du+——— [ @ ((D*®)T VO, VO;;) d
Sflq)iVilquJrqe/d)?dDZ’du+q(q_ ) /q)q 2+rV2 du

Applying the Holder inequalities
- -7 T
;" < qTob;’,. + C—1|<1>,-|2‘1/f,

OV <00 4+ Cle g, DIV,
@i Vil < 32— D)V P1CT0 4 Ty T,

choosing a sufficiently small ¢, and applying the change of variables formula [ |®;|9dpu = [ |x;|7 dv,
we easily obtain the claim.

Finally, let us get rid of the assumption that D>W > (1/C)-Id, D*V < C-1d. To this end we approximate
w and v by measures with smooth potentials satisfying D?Wy > (1/Cy) -1d, D*>Vy < Cy -Id satisfying
limy [ [(VN)ilPdpuy = [ |Vi[??dp and limy [ |x;1% dvy = [ |x;|?4 dv. It remains to show that the
weak L4 (w)-limit of (®y);; coincides with ®;;. The latter can be easily shown with the help of integration
by parts and identifications of the pointwise limit limy V&, with V® (see the proof of Lemma 5.2). [

Remark 5.6. The conclusion of Proposition 5.5 holds without any additional smoothness assumptions.
This can be verified by smooth approximations (again, see [Kolesnikov 2013] for details). Finally, we see
that (53) holds for every log-concave measure v and measure p satisfying f [Vi|24/C=®) dp < 0o, where
V; is the logarithmic derivative of u along x;.

Second proof of Lemma 5.2. Let us demonstrate how Proposition 5.5 implies (48) above without appealing
to the works by Forzani and Maldonado [2004; 2005] and Gutierrez and Huang [2000] related to Caffarelli’s
C!%_regularity theory. We know that sup [IVVyIP e~V dx < oo, p > n. Since v is log-concave, all
the moments of v are finite. Thus, Proposition 5.5 implies

sup/ ID*® |5 e "V dx < 00
N

forany n < p’ < p. Applymg the fact that the Vi are uniformly locally bounded from below, we see
that supy [’ Bx | D>® N5 s dx < oo for every R. The result then follows from the Morrey embedding
theorem. O

6. Corollaries to Theorem 5.1

Proof of Theorem 1.2. For A € M;} (R), define

F(A) = f(logAi(A), ..., logr,(A)),
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where 0 < A1(A) <--- < X,(A) are the eigenvalues of A. According to Lemma 2.4, for any A € M,T (R),
IVF|(A) < |V f|(logxi(A), ..., logA,(A)). (56)

Since f is locally Lipschitz and the eigenvalues vary continuously with the matrix A, (56) implies
that F is locally Lipschitz. Denote by 6 the push-forward of the probability measure u under the map
x > D>®(x). Since E|f(A(X))| < 0o, F € L1(8). Since E|V f|>(A(X)) < 00, [ |[VF|>df < co. We
may apply Theorem 5.1 and conclude that

2
/ F%ze—(/ Fde) 54/ |VF|?de.
MR MR MR

The left-hand side equals Var[ f (A(X))]. Glancing at (56), we thus obtain

Varl f (A(X))] < 4E|V f 2 (A (X)),

and the proof is complete. U

Proof of Theorem 1.1. Substitute f(x) = x; in Theorem 1.2. Then f is a 1-Lipschitz function, and
by Remark 1.4 we have E| f(A(X))| < co. Thus, the application of Theorem 1.2 is legitimate, and
Theorem 1.1 follows. O

Proof of Theorem 1.5. The argument is almost identical to the proof of Theorem 1.1, with Lemma 2.3
replacing Lemma 2.4. 0

Let us end this paper with a few remarks concerning future research. If we make further assumptions
regarding the log-concave measures in question, it should be possible to prove concentration inequalities
for the eigenvalues of D?>® themselves and not only for their logarithms. For example, there is a soft
argument which shows that, when V& is the Brenier map between the uniform measure on K and the
uniform measure on T,

/ACI>§nV(K,...,K,T),
K

where V stands for mixed volume. The details will be discussed elsewhere. Another possible research
direction is to investigate whether phenomena similar to Theorem 1.1 occur also in a nonlinear setting,
when transporting measures with convexity properties supported on Riemannian manifolds.
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NONLOCAL SELF-IMPROVING PROPERTIES

TuoMo Kuusi, GIUSEPPE MINGIONE AND YANNICK SIRE

Solutions to nonlocal equations with measurable coefficients are higher differentiable.
Specifically, we consider nonlocal integrodifferential equations with measurable coefficients whose
model is given by

[ e —utine —nok e yydray = [ padx foralye e,
n n Rﬂ
where the kernel K (-) is a measurable function and satisfies the bounds

A|x _y|n+2a = K(x’ y) = |)C _y|n+2a

with0 <a <1, A > 1, while f € LfOC(IR”) for some ¢ > 2n/(n + 2«). The main result states that
there exists a positive, universal exponent § = §(n, «, A, g) such that for every weak solution u the
self-improving property

uec WD(,Z(RVL) — ue WO(+5,2+8(R;1)

loc

holds. This differentiability improvement is a genuinely nonlocal phenomenon and does not appear in the
local case, where solutions to linear equations in divergence form with measurable coefficients are known
to be higher integrable but are not, in general, higher differentiable.

The result is achieved by proving a new version of the Gehring lemma involving certain families of
lifted reverse Holder-type inequalities in R** and which is implied by delicate covering and exit-time
arguments. In turn, such reverse Holder inequalities are based on the concept of dual pairs, that is, pairs
(u, U) of measures and functions in R?* which are canonically associated to solutions. We also allow for
more general equations involving as a source term an integrodifferential operator whose kernel does not
necessarily have to be of order «.
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1. Introduction

A basic and fundamental result in the theory of linear and nonlinear elliptic equations is given by the
higher integrability of solutions. This falls in the realm of so-called self-improving properties. The
result was first pioneered by Meyers [1963] and Elcrat and Meyers [1975], and then extended in various
directions and in several different contexts; see for instance [Bojarski and Iwaniec 1983; Fusco and
Sbordone 1990; Giusti 2003; Kinnunen and Lewis 2000]. Modern proofs of this property in the nonlinear
case rely on the so-called Gehring lemma [Gehring 1973; Iwaniec 1998]. In the simplest possible instance
the result in question asserts that distributional W'-2(£2)-solutions u to linear elliptic equations

27"2—1-30
—div(A(x)Du) = f e L""* 7 (Q), 8> 0,

loc

actually belong to a better Sobolev space:

ue whri(Q), (1-1)

loc

for some positive § < &g. Here 2 C R” is an open subset and n > 2. The matrix A(x) is supposed to be
elliptic and with bounded and measurable entries, that is,

ATNEP < (AM)E,€) and A < A 1-2)

hold whenever & € R", x € 2, where A > 1. The number § > 0 appearing in (1-1) is universal in the
sense that, essentially, it depends neither on the solution u nor the specific equation considered. It rather
depends only on n, A, that is, on the ellipticity rate of the equation considered. The key point here is
the measurability of the coefficients; when A(-) has more regular entries, higher regularity of solutions
follows from the corresponding result for equations with constant coefficients, via perturbation. This is
the reason why the result in (1-1) lies deep in the core of regularity theory, and allows for a proof of
several other regularity results; see for instance [Giusti 2003].

We are interested in studying self-improving properties of solutions to nonlocal problems. To outline
the results in a special yet meaningful model case, let us consider weak solutions u € W*2(R") of the
nonlocal equation

Ex(u,m)=(f,n) forevery test function n € CZ(R"), (1-3)

where f € L2 (R") and

loc
Ex (u,m) = / [u(x) —u(]n(x) =n(IK (x, y) dx dy.
n Rﬂ
The measurable kernel is assumed to satisfy the uniform ellipticity assumptions

<K(x,y) = (1-4)
|x

A|x_y|n+2a - _y|n+2ot
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for every x, y € R", where o € (0, 1) and A > 1. We recall that the fractional Sobolev space W*7, for
y >1ands € (0, 1), is given by the subspace of LY (R")-functions u for which the Gagliardo seminorm

W), = // @) = (1-5)

Ix _ |n+ys

is finite (see for instance [Di Nezza et al. 2012; Maz’ya 2011]).
In view of (1-1), a natural question to begin with is whether or not the inclusion

u e WEAH (R (1-6)

loc

holds for some § > 0, possibly depending only on the ellipticity parameters of the equation and not on
the solution itself. For the definition of local fractional Sobolev spaces, see Section 2. This has been
answered in a very interesting paper of Bass and Ren [2013], who consider the function

_ 2 \1/2
ruy:(/ﬂ%%}j%%L@o , (1-7)

and prove that I € L>(1*9(R") for some positive 8§ depending only on 7, &, A and 8y. Then (1-6) follows
by characterizations of Bessel potential spaces [Dorronsoro 1985; Stein 1961]. In this paper we provide a
stronger and surprising result. Indeed, we see that for nonlocal problems the self-improvement property
extends to the differentiability scale. This means that there exists some positive § € (0, 1 — «), depending
only on n, o, A, such that

ue W()l+5 2+5(Rn). (1-8)

loc

This phenomenon is purely nonlocal, and has no parallel in the regularity theory of local equations, where,
in order to get fractional Sobolev differentiability of Du, a similar fractional regularity must be assumed
on the coefficient matrix A(x), as for instance established in [Kuusi and Mingione 2012; Mingione 2003].

In the classical local case, measurability is, in general, not sufficient to get any gradient differentiability.
To see this already in the one-dimensional case, n = 1, it is sufficient to consider the equation

Ul ™Y —o0, L<am<a (1-9)
—la(x)— ) =0, —<alkx) <A, -
dx dx A
and to note that
/" dt
X —
o a(r)

is a solution with a( - ) being any measurable function satisfying nothing but the inequalities in (1-9). It is
then easy to build similar multidimensional examples.

We remark that the differentiability gain is in fact the main information in (1-8), since a standard
application of the fractional Sobolev embedding theorem gives that, if u € W*+%2 for some § > 0, then
(1-8) holds for some other number §. Our results actually cover a more general class of equations than
the one in (1-3) and provide a full nonlocal analog of the classical higher integrability results valid in
the local case. The precise statements are in the next section. Our results are a consequence of a new,
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fractional version of the Gehring lemma for fractional Sobolev functions that replaces the classical one
valid in the local case.

We finally remark that, in recent times, there has been much attention to the regularity of solutions to
nonlocal problems, especially in the basic case of kernels with measurable coefficients; see for instance
[Bass and Kassmann 2005; Bjorland et al. 2012; Cabré and Cinti 2014; Cabré and Roquejoffre 2013;
Caftarelli et al. 2011; Caffarelli and Silvestre 2011; Felsinger and Kassmann 2013].

1A. Higher differentiability results. A rather general statement concerning higher integrability for weak
solutions to local problems involves nonhomogeneous equations such as

—div(A(x)Du) =—divg+ f in Q, (1-10)

where the matrix A(-) has measurable coefficients and satisfies (1-2). Indeed, assuming that g €
leot’s"(Q, R*) and f € Lfonc/ (n+2)+8°(52) hold for some §y > 0, it follows that there exists another positive
number § < §¢ such that (1-1) holds. The exponent 2n/(n + 2) is nothing but the conjugate of the Sobolev
embedding exponent of W12, that is, 2n/(n — 2).

A first nonlocal analog of (1-10) is given by
Ex(u,n) =Ek(g, 77)+/ fndx forall ne CI(R"), (1-11)
RVL

considering weak solutions u € W*2(R"). The assumptions are the natural counterpart of the local ones;
indeed, we take g € W*t%-2(R") and

feLxom (1-12)

loc

for some §y > 0. The exponent 2, is the conjugate of the relevant fractional Sobolev embedding exponent,

that is,

__ 2n «._  2n 1,1 )
= o 2'_—n—2a’ 2*—}—2*—1. (1-13)

*

The terminology is motivated by the fractional version of the classical Sobolev embedding theorem, that
is, W*2 c L%". On the other hand, we recall that the essence of the structure of (1-10) lies in the fact that
the right-hand side contains terms of all possible integer orders. A full extension to the fractional case
then leads us to consider right-hand sides of arbitrary fractional order, not necessarily equal to the order
of the considered nonlocal elliptic operator on the left-hand side. Moreover, since higher integrability of
solutions still holds when considering monotone quasilinear equations, we will also examine nonlinear
integrodifferential equations. Specifically, we will consider general equations of the type

S}?(u,n):é’H(g, n)+/ fndx forall ne C(R"). (1-14)
Rn
The form £% () is then defined by

Ex(u, n) = / /Rn @(u(x) —u(y)Nnx) —n(MIK (x, y) dx dy,
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where the Borel function ¢ : R — R satisfies
lp()| < Alt] and @)t >t forall t € R, (1-15)

making in fact S,‘? a coercive form in W2, and thereby (1-14) an elliptic equation. While we assume
(1-4) for K (-), the measurable kernel H (-) is now assumed to satisfy

A
|H(X,y)|§m (1-16)

for B € (0, 1). In particular, 8 is also allowed to be larger than «. Here the function f is still assumed to
satisfy (1-12), while the assumptions on g sharply match the structure in (1-14). We actually consider
two different cases; the first one is when 28 > «. In this situation we assume the existence of a positive
number 8y > 0 such that

g € WH—at2 (g, (1-17)

Needless to say, we also assume that 28 — o + 89 € (0, 1) to give (1-17) a sense in terms of the seminorm
(1-5); this in particular implies that § < %(1 4+ ). In the case 0 < 28 < o we instead do not consider any
differentiability on g, but only integrability:

2n

e LM@Y, ppi=——
8 B0 o= a2

(1-18)

We then have the following main result of the paper:

Theorem 1.1. Let u € W*%(R") be a solution to (1-14) under the assumptions (1-4) and (1-12)—(1-18).
Then there exists a positive number § € (0,1 — ), depending only on n, o, A, B, 8y, but otherwise
independent of the solution u and of the kernels K(-), H(-), such that u € ASRERE (R™).

loc

Equation (1-11) is covered by taking @ = 8. The optimality of the assumptions on f and g can be
checked by considering the model equation (—A)%u = (—A)Pg + f, and using Fourier analysis. They
sharply relate to the fractional Sobolev embedding theorem. As in the case of the classical, local Gehring
lemma, explicit estimates on the exponent § for Theorem 1.1 can be given by tracing back the dependence
of the constants in the proof.

1B. Dual pairs (n, U) and sketch of the proof. In order to get (1-8) we introduce here a new approach
and develop a method aimed at exploiting the hidden cancellation properties which are intrinsic in the
definition of the nonlocal seminorm (1-5). To this aim, we introduce dual pairs of measures and functions
(u, U) in R*", proving that a version of the Gehring lemma applies to them; see Section 1C below. A
natural choice would be to consider the measure generated by the density |x — y|™", but this would not
yield a finite measure. We therefore consider a perturbation of it, i.e., the measure defined by

dxd
J(A) ;:/ 2y (1-19)
alx =yl
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for suitably small & > 0, whenever A C R?" is a measurable subset. This is a locally finite, doubling
Borel measure in R*". Accordingly, for x # y, we introduce the function

_ @ —u)l

Ulx,y): Ty

(1-20)

The main point here is that the measure w and the function U are in duality when u € W*?2 in the sense
that for a function u € L*>(R") we have that U € L*(R**; w) if and only if u € W®2(R™). This motivates
in fact the following:

Definition 1.2. Let u € W%?(R") and let ¢ € (0, %oz). The pair (u, U) defined in (1-19)—(1-20) is called
a dual pair generated by the function u.

We then look at the higher u-integrability for U, proving that

U e L3R 1) (1-21)

loc

for some 6 > 0. Now, by the very definition of U, we have that (1-21) implies the higher differentiability
of u, that is, (1-8); see Section 6. This is the effect of the cancellations hidden in the definition of
fractional norm in (1-5) we mentioned above. In order to prove (1-21), we shall prove decay estimates
for the pu-measure of the level sets of U. The first step consists of deriving suitable energy estimates
(i.e., Caccioppoli-type inequalities) for U; see Theorem 3.2. We obtain a kind of reverse Holder-type
inequality, that is,

o0

1/2 1/q
( ][ U? du) < Z 2 k@=e) ( ][ U1 du) + terms involving g, f, (1-22)
B —1 2B

with g < 2; see Proposition 4.4. The estimate in (1-22) holds whenever B= B x B and B C R”" is a ball.
Notice that if we discard from the sum above all the terms but the first one we formally obtain a reverse
Holder-type inequality similar to those that hold for solutions to local problems.

The inequality (1-22) does not seem to be sufficient to proceed, since in order to prove estimates on level
sets in R?" we need information on every ball B C R?", not only those of diagonal type B x B. To overcome
such an apparently decisive lack of information, we have to introduce an extremely delicate localization
technique. Consider the level set {U > A}; we use a Calder6n—Zygmund-type exit-time argument in
order to cover the level set with (almost disjoint) diagonal balls B x B and disjoint “off-diagonal” dyadic
cubes K:

w=nclysxsul K,

on which, for a suitably large number L, we have

1/2 1/2
(][ Uzdpc> ~ ) and (][ Uzdu) ~ LA;
BxB K

see Sections 5A and 5F. We call the cubes K oft-diagonal because they are “far” from the diagonal, in the
sense that their distance from the diagonal is larger than their side length. The number L is introduced to
make the decomposition along the diagonal predominant with respect to the decomposition outside the
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diagonal. Indeed, the exit-time balls B x B will tend to be “larger” than the cubes K, since they have
been obtained via an exit time at a lower level A, as shown by the first formula in the previous display.

Surprisingly enough, the fact that a cube K is off-diagonal allows us to prove that a reverse inequality
of the type (1-22) also holds on K (see Lemma 5.8). This inequality, however, incorporates certain
correction terms involving diagonal cubes once again. This introduces serious difficulties, since this time
such cubes do not come from any exit-time argument, and there is no a priori control on them. Matching
the resulting reverse inequalities with those in (1-22) is not an easy task and indeed requires an involved
covering/combinatorial argument. See Sections 51 and 5J, and in particular Lemma 5.12.

The final outcome of this lengthy procedure is an inequality on level sets of U — see Proposition 5.1 —
that implies the higher integrability of U, together with the new reverse Holder-type inequality reported
in (1-24) below. This holds for some § > 0 that does not depend on the solution u#. See Theorem 6.1.
We have therefore proved (1-21). We also remark that treating the complete problem of Theorem 1.1
up to the sharp interpolation range described by (1-17) requires additional ideas. As a matter of fact,
the exit-time arguments have to be adapted in order to realize a direct analog of the so-called good-A
inequality principle: i.e., no maximal operator is used here. In particular, we employ a simultaneous
level set analysis by using the composite quantity W (- ) in (5-1), where the number M (appearing in the
definition of W( -)) is used to adapt the size of the levels at the exit time. This must eventually match
with the specific form of the energy estimates available for solutions.

Finally, we would like to remark that, although we are here dealing with the case of scalar, linear
growth nonlocal equations, our approach is only based on energy inequalities, and therefore can be
extended to more general nonlinear operators of nonlocal type; see for example [Di Castro et al. 2014a;
2014b]. This will be the object of future works.

1C. The fractional Gehring lemma for dual pairs. The classical Gehring lemma does not simply deal
with solutions to equations, but, more generally, with self-improving properties of reverse Holder-type
inequalities. At the core of our approach lies in fact a new, fractional version of the Gehring lemma
valid for general fractional Sobolev functions, and not only for solutions to nonlocal equations. Here is a
version of it.

Theorem 1.3 (fractional Gehring lemma). Let u € W2 (RY) fora € (0,1). Let ¢ € (0,®/2) and let
(u, U) be the dual pair generated by u in the sense of (1-19)—(1-20) and Definition 1.2. Assume that the
following reverse Holder-type inequality with the tail holds for every o € (0, 1) and for every ball B C R":

L\ o) 1/q 0 S e 1/a
—K(d—¢
(L) = mim(fva) v am S (f i) o
k=2

where q € (1, 2) is a fixed exponent, B = B x B and c(0) is a nonincreasing function depending on o.
Then there exists a positive number § € (0, 1 — «), depending only on n, a, ¢, q and the function c(-),

such that U € leot‘s (R*:; w) and u € Wg:a’HS(R”). Moreover, the following inequality holds whenever
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B C R", again for a constant c depending only on n, a, €, q¢ and the function c( - ):

1/(2+8) 0 1/2
( ][ Uyt du) <c)y akee) ( ][k U? d,u) . (1-24)
B =1 2B

In the literature there are several extensions of Gehring’s lemma in general settings, for instance in
metric spaces equipped with a doubling Borel measure, but Theorem 1.3 is completely different. Indeed,
its central feature is actually that global higher integrability information is reconstructed from reverse
inequalities that do not hold on every ball in R?", but only on diagonal ones. This is a crucial loss of
information that makes Theorem 1.3 hold not for any function U € L*(R?"; u), but rather only for dual
pairs (i, U). Moreover, the presence of the infinite series on the right-hand side of (1-23) gives to this
inequality a delicate nonlocal character that adds relevant technical complications. Theorem 1.3 is a
particular case of a more general result; we prefer to report this form again to make the basic ideas more
transparent. A more comprehensive version including additional functions F and G on the right-hand
side of (1-23) can be proved as well; see Theorem 6.1 below.

The results of this paper have been announced in the preliminary research report [Kuusi et al. 2014].

2. Preliminaries and notation

In what follows we denote by ¢ a general positive constant, possibly varying from line to line; special
occurrences will be denoted by cy, 2, 1, ¢z or the like. All such constants will always be greater than or
equal to one; moreover, relevant dependencies on parameters will be emphasized using parentheses, i.e.,
c1 =ci(n, A, p, «) means that ¢; depends only on n, A, p, ®. We denote by

B(xg,r) =B, (x0) :={x e R" : |x —xp| <1}

the open ball with center x¢ and radius » > 0; when not important, or clear from the context, we shall
omit denoting the center by writing B, = B(xp, r); moreover, with B being a generic ball with radius r,
we will denote by o B the ball concentric to B having radius or, o > 0. Unless otherwise stated, different
balls in the same context will have the same center. With © C R¥ being a measurable set with positive
u-measure and with £ being a measurable map, we shall denote by

1
o = hdu .= —— hd
(o ][o " M(O)/o "

its integral average. We shall need to consider integrals and functions in R” x R". In this respect, instead
of dealing with the usual balls in R*", we prefer to deal with balls generated by a different metric, that is,
that relative to the norm (in R*") defined by

Il (x0, yo) Il := max{lxol, [yol}, 2-1)

where | - | denotes the standard Euclidean norm in R"” and xg, yo € R*. These balls are denoted by
B(xo, Yo, 0), and are of course of the form

B(x0, 0, ©) := B(xp, 0) x B(yo, 0).
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In the case xo = yo we shall also use the shorter notation B(xg, xo, 0) = B(xg, 0). With obvious meaning,
these will be called diagonal balls. Moreover, with B(xg, 0) being a fixed ball, we shall also denote
B = B(xg, x9, 0) when no ambiguity shall arise, and s B := B(xg, so) for s > 0. Needless to say, since they
are metric balls, and actually equivalent to the standard ones in R*", we can apply to them several tools
that are available for the usual balls. For instance, we shall later on apply the classical Vitali covering
lemma. It follows that

B ((x0, ¥0), 0) = {(x0, Y0) € R* : |(x0, y0)| < 0} C B(x0, 0, 0)-

Accordingly, we shall denote
Diag := {(x, x) € R*" : x € R"}.

If A is a finite set, the symbol #A denotes the number of its elements. We shall very often use the
elementary inequality

o
2 3 2% <8 for pe 0, 1]and k= 1. (2-2)
j=k—1 p
Finally, the local fractional Sobolev spaces are defined via the Gagliardo seminorm

_ 1/y
Mkﬂ9%=<L ngl_ﬂﬁﬁd“@) 23)

b=y

(R™) belongs to Wo" (R™) if [u],,, () is finite whenever €2

loc

fory > 1ands € (0, 1). A function u € L)
is an open bounded subset of R".

loc

The following two lemmas report some classical Poincaré—Sobolev-type inequalities valid in the
fractional setting; the proof of the first is exactly the one in [Mingione 2003], for the second we refer to
[Kassmann 2009]. See also [Di Nezza et al. 2012; Maz’ya 2011].

Lemma 2.1 (fractional Poincaré inequality). Let v € L?(B), with B C R" being a ball of radius r, and
let a be a real number such that such that n + po > 0; then the following inequality holds:

][ [v—(v)g|” dx <crp“f][ |v(x)—v(y)|p dx dy.
Ty

This inequality in particular applies when v € W% ?(B), and in this case the quantity on the right-hand
side is finite.

Lemma 2.2 (fractional Poincaré—Sobolev inequality). Let v € W*?(B), for « € (0, 1), where B C R" is
a ball of radius r, or a cube of diameter r. If pa < n, then the following inequality holds for a constant c

depending only on n, a:

i 1/p* _ p 1/p
(][ v ()g]” dx) §cr°‘(/ dedy) ,
B pJp |x—y[tre

where p* :=np/(n — pa).
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With 2, being the exponent defined in (1-13), an immediate consequence of the previous lemma is the
following inequality, that we report since it will be used several times:

1/2 _ 2, 1/2,
(ﬁﬁv—wmﬁdo < (/ffﬁ?iﬂﬁﬁléz@) . (2-4)

Moreover, if v is compactly supported in B, then v — (v) p above can be replaced by v.

3. The Caccioppoli inequality

3A. Preliminary reformulation of the assumptions. We start with the assumptions made on g, that is,
(1-17)—(1-18). In order to give a unified proof for the two cases 28 > « and 28 < «, and to simplify
certain computations, we shall make a few preliminary reductions and will restate the assumptions in a
more convenient way. First of all let us consider the case 28 > «, when (1-17) is in force. Let us notice
that, eventually reducing the value of ¢, and in particular taking 89 < /40, (1-17) implies the existence
of exponents p, y and §; > 0, such that g € WY {I+30.P(1+30 (Rm) and

2n o
, 6 < —.
n+2(y —28+a) 4n

Indeed, let us set y =28 — o + 8o/2 and recall that W?#=¢+%.2 embeds in WY +8D.P(0+81) whenever
26—a+d8g—n/2=y(1+6)—n/[p(1+461)]. Alengthy computation then shows that any choice of p
as above and §; < 1 satisfying the inequalities

(146810 -5 < (24381)éo
n+2y(1+6) T nt2p(1+8)

26>y >2—0a, 2>p>

(3-D

matches the conditions in (3-1). We now consider the case 28 < «, when (1-18) is in force. In this case
we can instead assume the existence of numbers p > 1 and §; > 0 such that

2n
g€ L2 gy, _. 3-2
R, p s (3-2)
Let us now unify the previous conditions. In the case 28 > « we clearly have that
— p(1+61) — P
/ |8(x) —g ()| " avdy +/ 18(0) —sWI” dy < oo (3-3)
BJB |x—y|"+[’(1+51) 1% gJp |x—ylrtry

for every ball B C R". This comes by the definition of the space W¥(1+31):r(+3D) On the other hand,
when 28 < «, then assumptions (1-18) do not involve any number y. Thanks to the lower bound on p in
(1-18), we can find a negative number y, such that |y | € (0, 1—10) is small enough to still verify (3-1). In
this case we note that

f lg(x) — g7+ / (lg(0)| + |g(y)P+sn
BB BB

X <
|x — y|rpd+80%y - |x — y|ntp+60?y

dx dy

cr—PA+3D%y
< —/ 11”100 dx < o0, (3-4)
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where r denotes the radius of B; a similar estimate follows for the second quantity in (3-3). Summarizing,
in the rest of the paper we shall always assume that (3-1) and (3-3) hold. In the case 28 < « the number y
is negative.

Remark 3.1. We shall denote by ¢; a constant that depends on n, «, A, p, 8, y and exhibits the blow-
up behavior

lim cp = 00. (3-5)
p—2n/(n+2(y —2B+a))
3B. The Caccioppoli estimate. The Caccioppoli-type inequality stated in the next theorem is an essential
tool in the proof of Theorem 1.1.

Theorem 3.2. Let u € W*%(R") be a solution to (1-14) under the assumptions of Theorem 1.1; in
particular, (3-1) and (3-3) are in force. Let B = B(xo, r) C R" be a ball, and let € C°(B(xo, %r)) be
a cutoff function such that 0 < <1 and |D{¥| < c(n)/r. Then the Caccioppoli-type inequality

/ () (x) —u(N Y )I?
dx dy
BJB

|x _ |n+2a

i/ |u<x>|2dx+c/ Mdy/ |u<x)|dx+cr"““(][ If(x)lz*ch>2/2*
2 Jp R\ B X0 — y[r+2 B B

» 1/p7?
n+2(y —2B+a) 2y =2B)k lg(x) —g(y)l dx d 1.6
ar |:Z (/2k3 ][%B |x — y|r+py Y (5-6)

k=0

holds for a constant ¢ = c(n, A, a) which is independent of p, and a constant ¢, = cp(n, A, a, B, v, p).
The constant cp exhibits the behavior described in (3-5); moreover, all the terms appearing on the

right-hand side of (3-6) are finite.

Proof. In the weak formulation
/ / pu(x) —u(y)nx) —n(IK (x, y) dx dy
— [ [ e =g — a0 dvdy+ [ prds 6

we choose 1 = uyr?, where ¥ € C°(B) is the cutoff function coming from the statement. By a density
argument, 7 is an admissible test function. Then we have

L+DhL+5 :=/B/B¢(M(X)_u(y))[u(x)wz(x)_”(y)wz(y)]K(x,y)dxdy
+/"\B/B(p(u(x)_”(y))”(x)‘ﬁz(x)lf(x,y)dxdy

_/B/,,\B Pu(x) —u()uMY* (MK (x,y) dx dy
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_ / / ) — g Y> () — uY2(IH (x, y) d dy
/ f [(0) — §NIuCIY2(x) H (x, y) dx dy
R\ B
+ f / [6(y) — g (U)W () H x, y) dx dy
B JR"\B

+ f FuE)W2(x) dx =: Ji 4+ Jo + J3 + Ja. (3-8)
B

We proceed in estimating the various pieces stemming from this identity.

Estimation of /;. Let us first consider the case in which ¥ (x) > v (y). Then we write
() —u()[u@)P>@) —uM P> )]
= @u(x) — u()[ux) —u(MIP> ) + @ux) —u@)uMP*x) > (M1, (3-9)
Applying Young’s inequality and recalling the first inequality in (1-15), we have
P(u(x) —u(u)y? ) - w2<y)] = @(u(x) = (UMY @) = Y MY ) + ¥ ()]
= =2ex) —u)uWIYx) =¥ WMIY(x)
> —3lu() —u) PP ) = 282 MY () — v M1
Combining the content of the last two displays, and using this time the second inequality in (1-15), yields
@) —uN[u)P?) —uMP> ] = 3lu0) —uMPY?0) =282 W)Y () — v )T
Now we consider the case in which 1 (y) > ¥ (x), and we similarly write
@ (x) — u(y)u)P>(x) —u()P>(y)]
=@ (u(x) —u()[ux) —u( > )+ ex) —u()u)[¥ &) — > ().

Proceeding similarly to the case ¥ (x) > ¢ (y), we arrive at

Pux) —u()uE)Y*x) —uMY* (M1 = 2u) —uM)PY(y) — 28%% [ (x) — v ()]

In any case, using also (1-4), we conclude that

_ 2 2
n=1 [ R iy, vt obdsdy —e [ [ ueoP 2= vy

c |X _ y|n+2a |n+2a

where ¢ depends on A. Moreover, by noticing that

[u ()Y () —u(Y NP < 20w (x) = )P + 208 (1) wx) —u(y)]?

and integrating, we conclude that

1121/ @)Y @) —uMYME f/'“< )lzw(x) volr
BJB

c |X _ y|n+2a |n+2a

(3-10)
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Estimation of /; and /5. The estimation of the terms I, and /3 is similar. Indeed, as for I, we start by
observing that a direct computation yields

Ju (Ol (919> (x)

[u(x) —u(Nu )Y (K (x, y) > —A 5
|x _ y|n+ o

’

and therefore, by (1-15) we obtain (we can assume without loss of generality that u(x) 7~ u(y)) that

Q) —u)| @)l lu()y? &)

@u(x) —u(y)u(x) Y (K (x,y) > —A‘

u(x) —u(y) |x — ylnt2e
- _AZIM(X)Ilu(y)Iwz(x)
- |)C _y|n+2a :

Similarly, we obtain

2
() — U PO K (x, y) = — A2 HHOIZ)
|x _y|n+2a

‘We then estimate

2
12+I32—c[ | o) |u(y) | (x)dxdy
rgJp X —y[it

> e sup / Mdy/m(xwz(x)dx
B

zesuppy JR?\B |Z_y|n+2a
lu(y)l
s e[ MO [ et ax (3-11)
r\B X0 — ¥l B

Here we have used the fact that, since ¥ is supported in B(xo, ?Tr), we have

|xo — y| < lxo — z| <
|z =yl |z =yl

(3-12)

whenever z € supp ¢ and y € R* \ B.

Estimation of J;. The fractional Sobolev inequality yields

1/2% 1/2
J4§Ci’"(][ )Y P dx) (][ P dx)
B B

_ 2 1/2 1/2,
Scrnma( / @)Y ) —uMY P dy) ( ][ o dx) ,
B JB B

|x — y[rt2e

so that, applying Young’s inequality with o € (0, 1), we have

2/2, _ 2
£rn+20l (f If(-x)|2* dx) +O'/ f |M(]C)lp'(-x) ”(y)‘ﬂ()m d.x dy (3_13)
o B BJB

Ja |x _ y|n+2a

IA

The constant ¢ depends only on 7, .
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Estimation of J;. We write

u() Y (x) —u(NY(y) = )P ) —uY MY Q) +uC)y V&) — ()]

Therefore, using that ¥ < 1 together with (1-16), we have

e [ [ EEED o -utw ;i =5

dx d
+A// 1809 =8Ny (ol ) — 9]
| |X—)’|

= Jia+ Ji2.
In turn, we estimate J;; and Jj » separately. Recalling (3-1), we now set

f=1-2P=Y  4nd szzﬁ[l—l]. (3-14)
o alp 2

Observe that 0 < ¢t < 1 if and only if 28 — o < y <28. Then we notice that

2n 2n
28 > d 2 2 =2
pzy an >p>n+2(y—2,8+01) — >p>n+2a *
= 0O0<s<l, (3-15)
and moreover
2n
p > = O<s<t. (3-16)

n+2(y —26+w)

We also record the identity ot = y — (28 — ). Let us now write

I nf ][ [ ar 18(X) — gy Mlu(x)w(x)—u(y)t/f(y)l}l_"[ _D,,/sIM(X)xlf(X)—u(y)l/f(y)l]
1.1 =¢r r

|x_y|25—a+toz |x—y|°‘ |x—y|"‘(1 t/s)

The definitions in (3-14) imply that
1—-s s 1

T

2 2* ' p

therefore, applying Holder’s inequality with the corresponding choice of the exponents, we have

1/ (1—-s5)/2
I Scrn—i-at(ff 1g(x) —gW)I? dxdy) ”(f ()Y (x) — u(y) P (y)|? dxdy)
B BJB

B |)C _ y|n+p(2ﬁ—a+ta) |)C _ y|n+2a

_ o s/2*
(_z*at/g/f |M(X)W(X) u()’)llf()’ﬂ dxdy> ) (3_17)

|n+2*a(l t/s)
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Before going on, let us estimate the last integral:

_ 2% 2%
/ ()Y (x) —u(y)y(y)l dxdyfzz*_lf][ [ (x) v (x)| dx dy
BJB BJB

|X _ y|n+2*a(l—t/s) |x _ y|n+2*a(l—t/s)

—2*a(1—t/s)
= cr—][ ()Y () dx
t—s B
cr2iat/s </ ()Y (x) —u(y) P (y)[?
BJB

=
t—s |x_y|n+2(x

2%/2
dx dy) . (3-18)
Plugging the inequality into (3-17) yields

w2+t 8(x) —g()I? r )Y () — (YO 12
Jl'l =cr " (fli-ﬁ |x_y|n+p(2,3—oz+ta) dXdy s JB |x |n+2a dx dy :

Using Young’s inequality, and keeping in mind that af =y — (28 — «), leads to

Jl.lsﬁrn+2<y—2ﬂ+a>( / dedy)z“’ Y / LY ) —u Y OIP
o BJB 55

|x _ y|n+py |x _ |n+2a

whenever o € (0, 1). The constant ¢ depends only on n, o, A, B, ¥, p. We then continue with the
estimation of J;,. Upon setting n := %(1 — «), using Holder’s inequality with conjugate exponents
(2*, 2,) we have

2(r) — g0 V()| dx dy
Sz <clDyflz=r” / 5 X — PP =y Jx "

; lg(x) — g dxdy \'* )Y )* dedy \M*
=cl|Dy|lLer 2, (2B—1+1) n —2% n ’
BJB |x —y|= o x -yl gJp Ix—y|7=" |x—y|

In turn, by Lemma 2.2 (see also the remark following it) we have

,
/ e ) drdy ¢ ][ P (o d
BJp [x—=y[77" |x =yl 1-

< X0t </B [ ()Y (x) — u()Y () xdy>2*/2

|x _ |n+2a

and, recalling that p > 2, by (3-15), we proceed with

/][ lg(x) —g(I*  dxdy :/][ lg(x) —gMI\* 1 dx dy
pJp lx —y@B=Hn x —yn Jp Jp\ lx—y|” |x — y|2CE=141=Y) |x — y|
_ P 2+/p
5(/ lg(x) — g dxdy)
B lx—y |”+”V
dx dy 1-2,/p
(Lf o )

_ ey ([ Ig(x)—g(y)|pdxdy>2*/z)
T Y —2p+« BJp |x—yptry ’




72 TUOMO KUUSI, GIUSEPPE MINGIONE AND YANNICK SIRE

where of course we used that 28 —1+n—y =2,3—%—%a—y <2B—a—y <0dueton:= %(l—a)
and (3-1). Connecting the estimates in the last three displays yields

— p 1/p
J1.2 < c||D1ﬁ||Loor"/2+y_2ﬁ+a+l (f |g()€) g()’)| dx dy)
B

B x— ey
_ 2 1/2
X(/ @)Y () = MY )| dxdy) |
BJB

|x _y|n+2a

Again using Young’s inequality, we conclude that

— p 2/p
Jia < P2 DY B 20260 ( / 8@ —gI” dy)
o BJp lx—y|"trY

+Gf Iu(X)llf(X)—u(y)w(y)lzd
B JB

EENET

which holds whenever o € (0, 1). Gathering together the estimates found for J; ; and Jj 5, and using that
r2| DY |2« < c(n), gives

2/p
Iy < Cpr2-2pte) ( / 80 —gWI” dy)
BJB

o x = ylm+py

. 2
+20/ lu(x)y (x) —u(y)¥(y)l dxdy. (3-19)
B JB

|x _ y|n+2a
The constant ¢ depends on n, a, A, B, ¥, p.

Estimation of J, and J3. The estimation of the two terms is completely similar, and we therefore confine
ourselves to estimating J,. Using (1-16) we have

lg(y) — (g)al
|x _y|n+2ﬁ

lg(x) — (g)al

stAf —|u<x>|w2<x>dxdy+A/
r\B Jp X — y[it2P rR\B J B

| (x) |2 (x) dx dy

=: D1+ Jos.

In turn we estimate the two resulting terms. Using that p > 2, by (3-15), we have

d
hi<c sup / —ymﬂ/|g<x>—<g)B||u(x>|x/f(x>dx
zesupp ¥ JR"\ B |z —yl B

dy 1/2, L\
<er" sup f —Hﬁ(][ |g<x>—<g>3|2*dx) (f Ju ()Y ) dx)
zesupp ¥ J R"\ B |Z_y| B B
dy 1/p » A\
<cr" sup / —n+2ﬁ<][ |g(x)—(g)3|pdx> (][ | ()9 (x)] dx)
zesuppy JRNB 12— Y B B

2 1
< e g / r¥dy < / g —eWI” dy) r
B zesupp ¢ JRM\B |z — y|+2f gJp |x—y|ntry

_ 2 172
" (/ |u () (x) —u(NY ()] dxdy) '
BJB

|x — |t
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Therefore, using Young’s inequality, we have

by < S 2ﬂ+a)( / 2@ — g dy)z“’ o / / U@y ) —uOWWOE
BJB B

|x — y|r+py |x — y|n+2e

where we have also used that ¢ = 0 outside B(x, %r), and therefore (3-12), to estimate
Zﬁdy
sup / ————z <cn, p).
zesupp ¥ JR\B |z — )’|"+2ﬁ

In order to estimate J> , we need another splitting over annuli. Recalling again that ¥ < 1 and that ¢» =0
outside B(xo, %r), we have

o0

lg(y) — (8)al
Jry < E _ dx d
2‘2_Cj=0/2i+lB\2fB B lx =yt (I de dy

<cr" Y @7 ][

1
=0 2/+1B

Ig(y)—(g)Bldy][B lu(x)y (x)| dx

o] ' 1/p
<"y @£ 1g() —(@)sl7 dy () (x)] dx. (3-20)
=0 2/+1B B

The estimation of J>, needs again a splitting; we start with the telescoping summation

1/p
(][ lg(¥) — (g)Bl" dy)
2/+1B

1/p J
=< (][ 18(») = (&)2i+151" dy) + > 1o — (8)2t5]
2i+lp k=0

yp 1/p
§<][ Ig(y)—(g)2j+13|"dy) +Z(][ Ig(y)—(g)szI”dy)
2it1B o \J2+1B
j+l1

1/p
522<][ |g<y>—(g>2k3|pdy) : (3-21)
o \J 2B

Then an application of the fractional Poincaré inequality in Lemma 2.1 yields

1/p Jj+1 p 1/p
3 by o y(/ ][ 18@) =W, d) .
(][2_[+|3|g(y> (8)5] y) <cZ< s T ey &

Merging the content of the last display with the one of (3-20) gives

> 1g(x) — g(»)]? p
Jas <cr” [ZZ(ZU) 2ﬂ(2kr)V</2kB ][ZkB g|x— |§+);y dx d ) :|][ [u(x)y(x)|dx.

j=0 k=0
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We now manipulate the content of the square brackets above using discrete Fubini’s theorem:

oo j+1 P 1/p
ni 28 ok y(/ ][ |g(x)_8()’)| dx d)
ZZ( e g Jug lx—ylrtrr Y

j=0 k=0

1/p o0
:ry—Zﬁ(/ lg(x) — g dxdy) pZZ—Zﬁj
BJp |x—y|"try =

P l/p ©°
=26 N ok lg(x) — gl drd 28]
r Z (/2kB ]ng |x — y|rtry Y Z

j=k—1
o izw 26k / ][ ls) =g | Ve
kg Jokp  |x — y|rtPY '

We remark that in the previous display we have used the elementary inequality in (2-2). All in all we

have, by using also Holder’s inequality and Lemma 2.1, that

_ P 1/p vz
Pz < cr- Zﬂzzw zﬁ)k(/m][m 'ﬁixi S0 axd ) <][ UG P )

i~ 1/
< or/2HY- 2ﬁ+a22(7 Zﬁ)k< / ][ |g(x) —gWI” dxd)’> ’
= g Jokg  |x —y|ntey
|t () (x) —u ()Y ()] 12
X dx dy .
/s |X— |n+2a

Finally, using Young’s inequality we conclude that

1/p7?
Ty < Spnt2y-28+e) 2(y 28)k / ][ lg(x) —gI” dx dy
o wp Jop X —yltrr

/ lu(x) ¥ (x) —bt(y)w(y)l2
+o
BJB

|x _ |n+2a

whenever o € (0, 1). Connecting the inequalities found for J;, and J;,, and again recalling that J3 can
be estimated in a completely similar way, we have

1/p7?
ot Iy < S =25t 2(y 2B)k lg@) —gWI” dy P
wp Jokg |x —y|ntPY

+4af ()Y () — u(NY (I
B JB

|x — y[rt2e

dxdy. (3-22)

The constant ¢ depends on n, A, «, B, ¥, p.
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Reabsorbing terms. Inserting the estimates for the terms /; and J; into (3-8), we conclude that

l// |M(X)W(x)—M(Y)¢(y)|2d dy
|x — |t
_ 2 2
570/ lu(x)y (x) —u(y)¥(y)l drdy +c //lu( )|2|1/f( x) =¥yl dx dy
BJB |x — yjn+2e |x — y|r+2e

lu(y)| 2 c 2 2 2/2+
vo M ay [ (x)dx+—r"+“(][ £l dx)
rRe\B |X0 — " B o B

1/p7]?
+ 4 2y —2B+a) 22(1/ 2B)k / ][ Ig(x)—g(y)ll’d dy '
wp Jokg |x —y[tPY

The constant ¢ depends only on n, o, A, and the constant ¢, depends only on n, A, «, B, ¥, p. Now,
taking o = 1/(14c¢) and reabsorbing terms finishes the proof, together with the estimate

. 2
//| ()W” VO e dysannoo/ P [ =y dy dy
yl B By, (x)
c(n)

= 1—||Dw||oo |u(x)|* dx
B

The finiteness of the terms appearing on the right in (3-6) follows directly from the fact that u € W%2(R")
and from Section 4C below. This completes the proof of Theorem 3.2. O

Remark 3.3. In the statement of Theorem 3.2, one can replace u with u— (u) p by testing with (u—(u) g) W
instead of w2

Remark 3.4. All the constants denoted by ¢ that appear in Theorem 3.2 blow up as @ — O or as @ — 1.
The blow-up of the constant ¢; is more peculiar, and it is as in (3-5). This appears for instance in estimate
(3-18), as in this case s — ¢; see (3-16). In terms of (1-12) the blow-up of ¢; occurs for instance when
80 — 0. Moreover, the constant ¢, blows up also when 8 — 0 and y — 28 —«.

4. The dual pair (1, U) and reverse inequalities
4A. A doubling measure. With ¢ initially satisfying the condition 0 < ¢ < %a, we consider the locally
finite measure © on R" x R" introduced in (1-19). We summarize its basic properties:
Proposition 4.1. With u being defined as in (1-19):
o Whenever B= B x B and B C R" is a ball with radius r, we have

ce(m)r" 2

pu(B) = ——, (4-1)
&

where c.(n) denotes a constant depending only on n, €, and it satisfies 1/c(n) < c.(n) < c(n) for
another constant c(n) depending only on n.
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e (doubling diagonal property) Whenever A > 1, we have

sup HBEAD _ iz (4-2)

xeRm,0>0 /L(B(X, Q))
o For every A > 1, there exists a constant cq = c4(n, A) such that

nBE, 0) _ca

w(Ky x Kz) — ¢ )

whenever K, Ko C B(x, 0) C R" are cubes with sides parallel to the coordinate axes and such that
|Ki| = |K2| =" /A"

e (standard doubling property) There exists a constant c, depending only on n, such that

Sup M E . (4_4)

%.5,€R",0>0 w(Bx,y,0) ~ ¢

Proof. The proof of (4-1) follows directly from the definition in (1-19) and a scaling argument, while
(4-2) follows from (4-1). The proof of (4-3) is slightly less direct. First, observe that K| x K, C B(X, 0)
and moreover that |x — y| < 2o whenever x € K| and y € K,. Therefore we can estimate

n+2e 2n
n(B(X, 0)) = (n)Q =< C(n)A pr= 28/ / dx dy
K1 JK>

c(n)A2" dx d c(n)AZ”
/ / Y (K x Ko).
K| JK;

|x— |n 2¢e

and the proof of (4-3) is complete. The proof of (4-4) is similar to the one of (4-3); this estimate will not
be used in the rest of the paper. (I

4B. Diagonal reverse Hilder-type inequalities. For (x, y) € R, we define the functions

lu(x) —u(y)l _ 1g&) =gl

G(x,y)

T SRR

F(x,y):=[f()l, (4-5)

the first two being defined when x # y. According to Definition 1.2 the function u generates the dual pair
(u, U). From now on, we shall always assume the following restriction on the number &:

0 <& <min{5a, ly[(14+81), ;28— y)p}. (4-6)
Lemma 4.2. With the definitions in (4-5), it follows that
2:+68¢ .
UelLl?>R¥;n) and FeL. "R w), withd; €0, 5] 4-7)

Moreover, assuming (4-6) it follows that

GeLl(R¥™; 1), where 8, €10, péy]. (4-8)

loc
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Proof. The first inclusion in (4-7) is a direct consequence of the definition in (4-5). As for F, for a ball
B =B x B, where B C R" has radius r > 0, we have

If(X)I2*+5°
/F2*+aodﬂ=/ n— 28
B B lx—yl

This clearly implies that F' € legj o (R?"; ) as long as 8 r < 8p. To prove that G € Lf:crag (R?"; ), let us
start with the case 28 > «, when y > 0. By using (4-6) we have

— p(1+31)
/Gp+p81 d//v=// lg(x) —g(y)I dx dy
B BJB |x_y|n+)/[7(1+81)+2581

_ (1+81)
< iP5 2] 8(x) — g™ ™™ dx dy. (4-9)
slp |x— y|n—|-)/17(1-i-51)2

2,480 dx.

o e . 8
The last quantity is finite since we are assuming g € W?+80:-2(0+80) 50 it follows that G € Lf:cr *(R*"; ).

We finally treat the case 28 < «. In this case, we have 2¢6; < 2¢ < |y|p(1+681) = —yp(1 +4;), so that
yp(1+4681) + 281 < 0. We can therefore estimate

(1+81)
PP (g + 18D
/BG dp 5/ g |x — y|rtyp+8n+2ed, dx dy

cr~lyp(+381)+2¢81]

<
T —lyp(1+681) +2¢81]

/ 11”19 dx < o0, (4-10)

and (4-8) follows again since when 28 < a we are precisely assuming that g € Lﬁ)(CHSl)(R"); see (3-2). U

We are now going to state a few inequalities for later use. Let v € W?-4(B) for & € (0, 1) and q=>1;
then the fractional Sobolev inequality

_ 2/q
][Blv—(v)Blzdxfcr%(fB B%dxdy) (4-11)

holds as a consequence of (2-4), provided ¢ > 2n/(n +26) and 6 > 0. With ¢ € (0, %a) we study the
compatibility of the conditions

(4-12)

in inequality (4-11); this gives ¢ > (2n +4¢)/(n + 2« 4 2¢). Recalling the definition of the function U in
(4-5), and using (4-1), we gain

_ q 2/q 2/q - 20+2¢ 2/q
(/][m(x) o) —l? dxdy) _ e <][ UW) ,
|x — y[rtea e/d B

with ¢, (n) defined in (4-1). We therefore have the following:
Lemma 4.3. Let ¢ € (0, %a), and let q be defined by

2 4
gi=—T 4-13)
n+2a+2¢



78 TUOMO KUUSI, GIUSEPPE MINGIONE AND YANNICK SIRE

cr2(ate) 2/q
][ ju— (u)p|* dx < (][ U‘fdu) (4-14)
B

holds for a constant ¢ depending only on n and o, whenever B is a ball with radius r and B = B x B.

Then the inequality

The same inequality continues to hold when the ball B is replaced by a cube Q with sides of length r, and
consequently B is replaced by Q x Q.

We are now ready for the main result of this section:

Proposition 4.4 (diagonal reverse Holder-type inequality). Let u € W%2(R") be a solution to (1-14)
under the assumptions of Theorem 1.1; in particular, (3-1) and (3-3) are in force. Assume that € satisfies
(4-6). Then the following reverse Holder-type inequality with tail holds whenever B C R*" is a diagonal
ball and o € (0, 1):

1/2 1/q oo 1/q
][UZd < ¢ ][qu b Y gk ][ Utd
5 m] = setia—1/2 5 H cl/a—1/2 £ . M
clu®B)]" 2 VL B N k2py—2e/m)

+81/2*—1/2 ZBF )+ el /p—1/2 ;2 )

where 0 and n denote the positive exponents

-2 2/p—1 —
y—2ptateC/p=b -9 "¢ (4-16)
n+2e n+42e
The constant ¢ depends only on n, a, A, while the number q € (1, 2) has been defined in (4-13). The
constant cp depends on n, o, A, B, y, p and exhibits the behavior described in (3-5). The infinite sums on

the right side of (4-15) are finite.

1/p
G? d,u) , (4-15)
kB

0=

Proof. In the rest of the proof all the constants depend at least on n, «, A. We write B= B(xo, r) X B(xo, r)
and apply Theorem 3.2; we choose a cutoff function ¥ € C(‘)’O(%B) suchthat 0 <y <1, |[DY| <c(n)/r
and ¥ =1 on %B. Inequality (3-6) remains valid upon replacing u by u — (1) g; see Remark 3.3. Indeed,
notice that for such a function all the integrals on the right-hand side of (3-6) are finite. For this see
Section 4C and (4-19) below. All in all, we have

:/][ |[u(x) — ) p]Y (x) — [u(y) — (u)p] 1#(y)l2

|x _ |n+20¢

2"‘][ |u<x>—(u)3|2dx+c/R %dy][ Ju(x) — ()| dx
B B

g |xo—y
2/2,
2(][ o dx)

1/p7?
o2 —2B+e) Zz(y 28)k / ][ l8@) —gWI” o
v Jap |x—ylrer

= Js+Jsg+ J7+ Js. 4-17)




NONLOCAL SELF-IMPROVING PROPERTIES 79

We start by rewriting I, as

|[u<x>—<u)3 V() — [ue) — sl o)
|B| X — yP@re e )

Iy =
so that, with the current choice of yr, we have
r c(n)

_ 2d
e Jsp ~ B B)2

We estimate J5 with the aid of (4-14):
chs g 2/q
]5582/‘1 (]{gU d,u) .

To estimate Jg we split the term in annuli, and proceed somewhat as in (3-21). As a matter of fact, we

U? du < cly.

will prove that this term is finite; indeed, we have

lu(y) — (u) g s lu(y) — (u) |
A |n+2a dy:ZO/ . |n+2(x dy
]:

mp |Xo—y 2+1B\2iB X0 — Y
(o)
<> f ) - waldy. (4-18)
=0 2/+1B

In turn, we again split every integral in the previous sum, similarly to (3-21), and using Holder’s inequality

we estimate
jH1

1/q
][. Iu(y)—(u)BldySZZ(][ Iu(y)—(u)zksl"dy) :
2i+1B o \J 2B

Each of the previous integrals can be then estimated with the aid of the fractional Poincaré inequality of
Lemma 2.1:

@) —uI dy

lu(y) — (u)xpgl? dy < C(zkr)q(oHrs) 2¢ ][
][ZkB wp Jop Jx—y|tas

2k q(o+e)
_ c@nT ][ Uldp,
€ 2kB

where ¢ is as in (4-12) and ¢ remains independent of €. As a consequence, we obtain
j+l

1/q
C
_ dy < —— 2]{ ote a4 .
[ ) —wsldy =7 > (f,,v7an)

Connecting the content of the last display to that of (4-18) yields

_ oo j+l1 1
f Iu(y)—(u)BI ot ZZZ 2a;2k<a+s)(][ quu) /q.
rR\B |X0—y |"+2“ B l/q =0 k=0 2B
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Reversing the order of summation gives
oo j+1 1/q
Z Z =20 pk(ete) (][ quM>
2%B

j=0 k=0
o

/g > 1/q ,
= <][ U"d,u) Zz 20] +22’<<‘*+8> (][ quu) > o
B %B Pl
e 1/q
<= o7k ( ][ quu) .
o =0 2k

Observe that we have once again used the elementary inequality in (2-2) (with 8 = «). All in all,
combining the content of the last two displays yields

— 1
[, o e izkw)(][ quu) " (419)
rRi\B X0 — y["te T T el P 2*B

so that, via another application of (4-14), we have

cr2e & P 1/q 1/q
Jog < —— P ][ Uid, ][ U4, .
6_82/”’2: ( %8 M) ( B "

k=0

With ¢ € (0, 1), using Young’s inequality we finally conclude that

or2e 29 g2, e /g7
J— q a—e q
el ) S () |

For the estimation of J7 we observe that

][ o dx=][ ][ f O dx dy
B BJB
S—rn_fm f ][ £GP dx dy
O
= rn+2€ / /B |x_y|n 2¢ dy

<S4 F%du.
_8]{3 ,

Here we have used (4-1) to perform the last estimation and the very definition of the measure . By the

definition of J7 it then follows that
2a 2/2,
cr
Jr < F*d .
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Next, the definitions of G(-) and u imply

2
2y—2p+a+2 = "
cr2ly—2btatae/p) 3 22/ ik G"d
g2/p 25 ’ |

k=0

oo
IA

Finally, connecting the estimates found for /4 and Js, ..., Jg to (4-17) yields

e 5 cre 2a 52,2 [ X kae) 1/47?
- q o—E& q
e ) T[S ()
2o 2/2« 2y =2B+a+2e/p) 1/p7?
a 2, (y—2B+2¢/p)k P
+82/2* (_fBF dM) + 82/17 {22 2kBG d'u ’

from which (4-15) follows immediately (since the ball B is arbitrary, and we can switch from B to 255).

The right-hand side terms in (4-15) involving infinite sums are finite; we check this in the next remark. [J

Remark 4.5. A computation based on the definitions in (4-16) gives
2.n  2n(a—e¢) 2

< —

1—-2.n n2+4en+4as " n

and
pd ply—=2B+a)+e2-— 12 3

1—p0 n—ply—-24+a)+ep — n—p(y 2,3+0()+8p

4C. The tails are finite. We here observe that all the terms on the right-hand sides of (3-6) and (4-15) are
finite, obviously confining ourselves to those involving infinite sums. We start with the terms involving u.
The second term appearing on the right-hand side of (3-6) is seen to be finite by estimating

[u(y)] lu(y) — (u) gl |(u) B
/ n+2a dy = n+2a dy + n+2a dy
rR\B 1X0 — Yl r\B |x0 — Yl rR\B 1X0 — Yl

The last integral in this display is obviously finite, while the finiteness of the second one can be obtained as
in (4-19). In fact, by (2-2) and since ¢ € (0, %a), the right-hand side of (4-19) can be further estimated as

00 1/q o0 1/2
Z z—k(a—é‘) (f qu'u> < Z 2—k(a—s) (f Uzd/./L)
=0 2kB =0 2kB

_ 2 172
<c(e, oz)<// |14|ix)_ ;gi' dxdy) .

This also proves the finiteness of the first infinite sum appearing on the right-hand side of (4-15). We now
come to the terms involving g, proving that the last series appearing in (4-15) is finite. The finiteness of
the last series appearing in (3-6) is therefore implied by looking at the estimate for the term Jg in the
proof of Proposition 4.4. We start with the case 28 > «, where, using (4-9), we have

1/p
z—k(lﬁ—y—%/p)(][ G”d,u) 5Cz—k(2ﬁ—y—81y+n/[p(1+81)])[g]y(l+31)7p(1+81)
2kB
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with c =c(n, B, v, p, 81, 1), and since by (3-1) we have y < 28 and §;yp(1 + §;) < n, the convergence
of the series follows. In the case 28 < o we instead use (4-10) to have the inequality

I/p
2—k(2B—y—2¢/p) <][ G? dM) < 2 k@2B+n/Ip(1+81)]) gl passpan,
2B
which again implies the convergence of the series in question.

5. Level set estimates for dual pairs

In this section we prove a level set estimate which is at the core of the proof of our higher differentiability
and integrability results. Let us first define a few functionals. With 6 and 5 as in (4-16), for every
B = B(x, 0) C R** we define

12 g n 1/2,
u(B(x, 0))]
Yy m(B(x,0)) = (][ Uzdﬂ) T imsir F* dp
B(x,0) g B(x,0)
M{u(B(x. 0)))’ o\
+ By ][B(M) GPldu) , (5-1)
where H, M > 1 and B(x, ¢) C R2". We also define the functionals

1/(24+8¢) 1/(p+8,)
To(B(x, 0)) := ( ][ F2Hor dM) + ( ][ GP s du) : (5-2)
B(x,0) B(x,0)

Ti(B(x, @)=Y 27+ <][
k=0 B

1/q
U? du) (5-3)
(x,2%0)

and

6 1/p
Yo, 0= MATEEIL S o tes v (f - grae) (54)
k=0

(x,20)

‘We shall denote
V(B(x,0)) :=V¥11(B(x, 0)),

and shall often use the abbreviations
Vi mBx,0)=VYuu(x,0), TolBx,0)="Tolx, o),
and so forth. Finally, we can define
ADD(B(x, ¢)) = ADD(x, ¢) := W(x, ) + To(x, @) + T1(x, 0) + T2,1(x, 0). (5-5)
The aim of this section is to prove the following:

Proposition 5.1. Let u € W*%(R") be a solution to (1-14) under the assumptions of Theorem 1.1; in
particular, (3-1) and (3-3) are in force. Let i be the measure defined in (1-19), with ¢ satisfying (4-6).
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Consider a ball B(xg, 200) C R2" such that 00 < 1, and related concentric balls
B(xo, 00) C B(xo, 1) C B(xo, 5) C B(xo, 300) (5-6)

foroyp <t <s < %Qo. There exists a constant c¢g = cy(n, a, A) independent of ¢ and p, and con-
stants cy = cp(n,a, A, e) > 1, cg =cgn,a, A, By, p,e) > 1, kr =xrn,a, A e) € (0,1), kg =
ke(m,a, A, B, p,e) € (0, 1), such that the inequality

1 Cs

e /B(xo,t)m{U>x} e3C=D/9)4 [y niU=i)
2,48 1)2.n/(1=2,
ka(() +38£)2:m/(1=247m)

A+081)2./(0=2,)

U?du

P+ P/ (1= pb)
F2dp s / GPdu (5-7)
AUH03)p/(=p B(x0,5)N{G >ky )

~/13(x0,s)ﬁ{F>KfA}
holds whenever ). > Ay, where
Ca

2n
o = ( Qo ) ADD (x0, 200). (5-8)
e \§s—t

The constant c, introduced in the last display depends on n, o, A, B, y, but is still independent of ¢.

Remark 5.2. Unlike « ¢, c ¢, the constants kg, ¢, exhibit the following behavior:

. 1 . 1 . .
lim —=lim —=o0c0= lim cg = lim cg. (5-9)
p—2n/[n+2(y-2+a)l Kg  y—2B Kg p—2n/[n+2(y —2p+a)] y—2B

The proof of Proposition 5.1 is rather delicate and falls into twelve steps. It will take the rest of this section.

S5A. Diagonal balls and Vitali’s covering. The proof starts with an exit-time argument for the functional
Wy m(-), aimed at covering the “diagonal” level set of U. The constants H, M > 1 shall be fixed in due
course of the proof, and the whole argument is independent of their particular values until the moment
these are fixed. They will be used to give a different weight to the integrals of F?* and G”: at the exit time,
the averages of F2*, G” will be smaller than the one of U? provided H, M are chosen to be large enough,
respectively. Let us consider concentric diagonal balls as in (5-6). Let « € (0, 1] be a free parameter to be
chosen in the course of the proof, and define

for=i7" sup sup [W(x, 0) + Yolx, 0) + Yi(x, 0) + Tom(x. 0)]- (5-10)

%;JSQSQTO x€B(xq,1)

All the foregoing steps of proofs are independent of the specific choice of « until we fix « in (5-55) below.
For the same « (to be defined later) and for A > 5\0, define further the “diagonal level set”

D, = {(x,x) € B(xg,t): sup Wy py(x,0) > Kk}. (5-11)

s—t
O<o<igr

Since, by the definition in (5-10), we have

Wy m(x,0) <iho<kh if (x,x) € Bxo, 1) and ¢ € [(s —1)/40", 00/2], (5-12)
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we can find for all (x, x) € D, an exit radius o(x) € (0, (s —t)/40") such that

Wy m(x,0(x)) >kA, while sup Wy pm(x,0) <kA. (5-13)

s—t
e(x)<o<igr

Collect the enlarged balls into a covering {B(x, 20(x)) : (x, x) € Dy, }. Balls of the type B(x, ¢, o) are, as
explained in Section 2, metric balls with respect to the metric (2-1). We therefore apply Vitali’s covering
theorem to find a countable set Jp and related diagonal points {(x;, x;)} ey, such that

U B 200 c | Bxs, 100(x))) € Bixo, ) (5-14)
()C,)C)ED,()L jGJD
and
{B(xj,20(xj))}jey, 18 afamily of mutually disjoint balls. (5-15)

Implicit in (5-14) is the fact that, since o(x;) < (s —1)/40" and x; € B(xo, t) for every x; € Jp, then
B(x;, 100(x;)) C B(xo, s). By (5-12)—(5-13) and the doubling property in (4-2), it follows that

> U2di < 3 w(BCx;, 1000)) Wiy (Bx;, 10001
jelp B(x;,100(x;)) jelp
< 10" Y~ w(B(xj, 0(x))). (5-16)
Jj€Jp
We shall denote in short
Bj:=B(xj,o0(x;)), oBj:=B(xj,00(x;)), o>0. (5-17)

Finally, since we are assuming that oo < 1, by (4-1) we observe that

2n+25
u(B(xo, 200)) <

=:L=L(n,e). (5-18)

5B. Dyadic cubes, and two constants. This section has a very technical nature, and reports a few facts
that are true independently of the specify context we are working in. In order to cover the off-diagonal
level sets of U, we need a more elaborate argument based on classical Calderén—Zygmund coverings. To
this aim, we start by recalling basic properties of dyadic cubes in R?". They differ from the usual ones
since they are “centered” at xo and the size is adapted to the size of the starting ball B(xg, s). Define

ko = [— 10g2< st )}Ll, (5-19)

nlolOn

where [ - ] denotes the integer part of a given number, with the (unnecessarily large) constant 10'%" having
also a symbolic meaning. Let Ay, k > kg, be the disjoint collection — centered at xo — of half-open cubes
of side length 2~% whose closures are touching B (xo, %(s +1)), i.e.,

A i={xo+2 v +[0,279" 10 € Z", (xo+2 v +10,2751") N B(xo, 3(s +1)) # D).
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Notice that, with such a definition, by using (5-19) it follows that k > k(¢ implies

B(xo.t) C | ) K C B(xo.s). (5-20)
KeAx

The cubes defined above are, up to a translation aimed at centering everything at xo, the standard dyadic
cubes in R”. Let us recall a few basic properties. Let A be the family of all cubes from the families Ay,
that is, A :={K € Ay : k > ko}. Defined this way, every cube K in A1, k > ko, has only one predecessor
Ke Ay such that K C K. Moreover, if K| € Ay, and Ky € Ay, with kg <k; <k and also K1 N K> # &,
then K, C K. Starting from the previous cubes, we fix the notation for the corresponding ones in R%".
We set, again for k > ko,

Ek ZZ{/CEK]XKziKl,KzeAk}, 2= Ek,

while the diagonal cubes build up the family
B i={K=K xK:K e A (5-21)
With the above definition, it follows from (5-20) that

B(xo, ) C | J K CB(xo.5) (5-22)

Ke&i

whenever k > ko. Notice that, by defining the product cubes as above, we are actually once again
considering dyadic cubes in R?", with the same properties of the cubes from Aj;. We also notice that
if 2> K= K; x K, then K=K 1 X I%z is its unique predecessor. Finally, let K € E; then there exist
K1, K> € A such that £ = K x K>; in this case we let

k(K) =k. (5-23)
Next, again with K = K| x K,, we define the cube projections as
Pl(]C)EPﬂCZ: K]XK] and Pz(’C)EPzIC = K2XK2

whenever K, K, € Ay. In order to shorten the notation, we shall also write P, (K) = P,K forh =1, 2.
It hence follows that
Pl(Kl XK2)=P2(K2XK1). (5-24)

For a given cube K = K| x K, we define
dist(Pi K, P,K) = dist(K1, K2), (5-25)
and its symmetric (or mirror-reflected) cube with respect to the diagonal Diag, is defined by
Symm(K) = Symm(K; x K3) := Ky x K. (5-26)

For future convenience we collect a few basic facts that are a direct consequence of the definitions above,
and in particular of (5-23)—(5-26).
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Proposition 5.3. Let K = K| x K, € B. The following facts are true:
e PIK, bLKe B

pn(P1K) = n(P2K) and k(K) = k(P1K) = k(PK).

IfE>H CK, then k(K) < k(H).

If K is the predecessor of IC, then

dist(P, K, P,K) < dist(P K, P,K). (5-27)
o The following relations hold:
dist(P C, P,K) = /2 d’i‘ét(Plic P.K), (5-28)
dist(C, Diag) = 1 5 dist(P1KC, PK) = dlst(PllC PK), (5-29)
dist(K, P1K) = dist(K, P,K) = dist(K1, K») = dist(P|K, P,K), (5-30)

dist(P; Symm(K), P, Symm(K)) = dist(P, K, P,K).

Let F: (x,y) € R" x R" — R be a locally ji-integrable function which is symmetric, i.e., F(x,y) =
F(y, x) holds for every x, y € R". Then

f Fdu= f F du
K Symm(K)

whenever K € 8. In particular, u(K) = u(Symm(K)) and, moreover, k(K) = k(Symm(K)).

In the next two lemmas we introduce the e-independent constants ¢4y and ¢4, and these will be used
very often throughout.

Lemma 5.4. There exists a constant cqq, depending only on n, and in particular independent of €, such
that for h € {1, 2} we have the inequality

1 /dist(P1KC, oK)\ w(K)
=B\ 2Em H(PiK)

Kez |l €
N " . dist(P K, P2KC) \* ™" u(PyK)
P 2k ()

} +1. (5-31)
KeE,dist(Py K, Pyk) =2+
Proof. Indeed, observe that using the definition of the measure u together with (5-25) (and assuming
without loss of generality that dfi\ét(PllC, P,K) > 0) we have

C(n) 2—2k(l€)n

w(PK) = kRO and w(K) < = :
dist(PC, P,KC)n—2¢

This allows us to bound the first quantity in (5-31) in a universal way:

1<d’i“st<P1/c, P2/C>)”‘28 (K)
&

27K u(pii) =
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On the other hand, again by (5-25), if x € K| and y € K5 then
dist(Pi K, P2K) < x — y| < 2/n 2750 - dist(PIKC, PoKO)],

so that the very definition of the measure u yields
9—2k(K)n

Q)2 [27FE) L ESUPIK, P2

n(k) =

Then we have
dist(P C, PoKO) \ ™" w(PuKC) dist(PC, PoKO) \ " [27% )  dist(P K, PokO)]" 2
€ 2—k(K) W) = cn) 2—k(K) D=2k (K)n+k(K) (n+26)

where we have used that d’i\ét(PllC, P>K) > 27K We have therefore proved that (5-31) holds for a
constant ¢4y depending only on 7. (Il

<c(n),

The second constant is presented in the next lemma.

Lemma 5.5. There exists a constant ¢g, depending only on n, in particular independent of e, such that
the following inequality holds:

K) ~ —
sup{% : IC is the predecessor of K, dist(P1/C, P,K) > 2_1‘(’0} <dcq. (5-32)
"
Proof. Let us consider a dyadic cube K = K| x K, C R*", with K being its predecessor, and such that
dist(P| K, P,K) > 27509 The triangle inequality gives

Ix — y| < 2/n27 KO 4 dist(P K, PK) < 8/ dist(P1K, P.K)

whenever (x, y) € K| x K,. By the very definition of u and (5-25), and finally using the inequality in the
previous line when performing the final estimation, we get

w(K) < dist(P K, P,K)" 291K, x K|
= 4"dist(P K, P,K)™ ") |K ;| x K»|
< c(m)u(K),

and the proof of the lemma is complete. U

5C. Off-diagonal cubes and Calderon—-Zygmund coverings. We start by reporting an adaptation of the
classical Calderén—Zygmund decomposition lemma. The argument is completely similar to the classical
one and for a proof we refer for instance to [Stein 1993], taking into account that the measure w is
doubling and absolutely continuous with respect to the Lebesgue measure.

Theorem 5.6. Let Qg be a cube in R*" and let U be a nonnegative function in L' (Qq). Let i be a real

number such that
][ U du < x.
Qo
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There exists a countable, but possibly finite, family of pairwise disjoint dyadic cubes {Q;}, with sides
parallel to those of Qy, such that

5»<][ l7d,u and ][~ l7d,u§i for every Q;,
Qi i

i

where Qi denotes the predecessor of Q;, and
U<Xi aein QO\UQi.
i

We now start to cover the off-diagonal part of the level set of U. To this end, let us consider the cubes
from the family Ey, and, accordingly, the quantity

y 1/2
A= max{)»o, sup (][ U2du> } (5-33)
KeBi, \J K

‘We recall that the numbers ):0 and ko have been determined in (5-10) and (5-19), respectively. Let us
observe that (5-22) implies that the family {K} KeEx forms a disjoint covering of B(xg, ). With A > A,
we now apply Theorem 5.6 with the choice Qg = Ko, for every single cube Ky € Ey,; we therefore obtain
a family of disjoint dyadic cubes Q;(Kp) such that

2% < ][ U?du and ][~ U?du <2* for every Q;,
Q:(Ko) Qi (Ko)

where, as usual, éi(lCo) denotes the predecessor of Q;(Ky), and
U=<x ae inKo\U Qi(Ko.
i

Putting all such families of cubes together, we get a countable family

U= | {QiKo) =K}

Ko€E,

of disjoint dyadic cubes K which are such that
A< ][ U? du and ][~ U? du < A% for every K e Uy, (5-34)
K K

where K denotes the predecessor of /C, and such that

U=<x ae.inBx,1\ U K. (5-35)
KEZ/{A

Remark 5.7. The symmetry of the function U and Proposition 5.3 imply that

/ U?du = / U?du
K Symm(KC)

whenever K € E. It then follows that K € 4, if and only if Symm(K) € U,.
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5D. First removal of nearly diagonal cubes. In this step we are going to show that, in order to cover
the level sets of U?, it is sufficient to restrict our attention to those dyadic cubes that are “far” from
the diagonal in a suitably quantified sense. Specifically, the word far refers to the fact that for such
cubes it happens that their distance to the diagonal is larger than their size. These are really the relevant
cubes to analyze, since we shall see that the remaining ones can be covered by the balls considered in
(5-14)—(5-15). We therefore start by considering the family of nearly diagonal cubes

?/lff ={Kel,: d’i\gt(PllE, PZI%) < 2_1‘(’0, K is the predecessor of IC}.

With £ € Z/If, consider now a point (X, x) € Diag such that dist((X, x), IACJ) = dist(Diag, I%) and a diagonal
ball B(%, 0) C R*" with radius o greater than or equal to

Sﬁ dTSE(P] IE, Pz’%)
2

+5/n2 KO+

Keeping (5-29) in mind and applying it to K, it follows that K C B(X, o). Ultimately, we can find a
diagonal ball B = B(x, 24./n 2~k such that K C B. Notice that, in this case, by using (4-3) from
Proposition 4.1 and recalling that (X, X) € Diag, we conclude there exists a constant ¢, which depends
only on n, such that

l<—L<—= (5-36)
w(K) £ e
Therefore, if K € Z/{f , then the lower bound in (5-34) yields
B
A2<][U2du§& Uzd,usc—d][Uzdu.
K w(K) Js e Js
Assuming that the number « € (0, 1] introduced in (5-10) satisfies
0 e 5-3
S ) ) = ) - 7
k€ (0,k0]l, ko Ty ( )

all in all we have proved that
for all K € Uf, there exists BX = BN x BX  such that ][ U? dp > «*2* and K c BF.
BK

This means that, if X is the center of B*, by the exit-time condition (5-13) it follows that (X, X) € Dy
and then BX C B(X, 0(X)). By (5-14) it hence follows that

U kc U 108, (5-38)

Keud j€JIp

Notice that here, in order to find the ball B and apply the exit-time condition in (5-13), we have used
that the radius of the diagonal ball B = B(X, 24,/n27%")) is smaller than (s — ¢)/40". In turn, this is a
consequence of the fact that k(XC) > ko and of the fact that kg is large enough, as prescribed in (5-19).
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5E. Off-diagonal reverse Holder inequalities. As we saw in the previous section, Z/{f has already been
covered by the diagonal cover. Thus, we shall now only consider so-called off-diagonal cubes:

L{)'fd ={Kel,: d’i\ét(Pll%, le%) > 27K K is the predecessor of KC}. (5-39)
We notice that (5-27) implies
Keu — dist(PiK, P,K) > 27K0),

The goal is thus to sort and estimate suitable off-diagonal sums of the measures of cubes belonging
to Z/{fd. The following lemma is our basic tool. It roughly says that, for nondiagonal cubes, reverse Holder
inequalities hold automatically, and independently of the fact that the function solves an equation. The
price to pay is the appearance of certain diagonal correction terms, and this is eventually treated by some
combinatorial lemmas.

Lemma 5.8 (off-diagonal reverse inequality). Let k > ko, and suppose that K € Ey. There exists a
constant c,q = cpq(n, o), independent of €, such that whenever dTét(PﬂC, P,K) > 27 the inequality

5 1/2 1/q Cud 2—k a+te 1/q
o) sofra) s mims) ()
(][;c K el \ dise(P K, P,K) Pk

2_k ate 1/q
() (fovra)
el \ dist(P K, P,K) PoK

holds, with the number q being defined in (4-13). In particular, this inequality holds whenever K € L{fd.

Proof. Let K= K| x K, € By, and find points x; € K and V1 € K5 such that dist(K{, K») = |x] — Vil
By the triangle inequality we obtain, whenever x, y € K,

lx — y| < dist(Ky, K2) + |x1 — x|+ |y1 — y|
< dist(K1, K») +2/n27*
< 3/ndist(P K, P,K) = 3/ndist(K, K»).

Therefore we have

lx — |
— <3 for all (x,y) e KC, 5-40
= Gtk Ky) = vn (x,y) (5-40)
where the first inequality is a trivial consequence of the definition of dist(K, K»). Next, thanks to (5-40),
the very definition of u yields
4—nk

dist(Kq, Kz)”_28 ’

n(K) = (5-41)
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with the constant involved being independent of ¢, but just depending on n. By using (5-40) and (5-41)
we then have

2 @) —u)P -\
var) =G J, i)
<~{K (’C) K, /K, |'x - |n+2a
dist(K;, Kp)" "2~ ("Ha)f / 2 172
< — dx d
< ( e @ P dvdy

12
scdist(Kl,K2>—<“+8>(][ ][ |u<x>—u<y>|2dxdy) , (5-42)
K| J Ky

where ¢ depends only on n. We further estimate the integral on the right using Minkowski’s inequality:

1/2 172
(][ ][ |u(x)—u(y)|2dxdy> 5(][ |u<x>—<u)1<l|2dx)
K| J Ky K

1/2
+(][K |u<x>—<u)1<2|2dx) + W)k, — (WK, |-

By using the fractional Poincaré inequality of Lemma 4.3 applied to cubes, and recalling that P, =
K, x K, for h € {1, 2}, we deduce that

12 ap—k(+e) 1/q
<][ |u(x) — (M)Kh|2dx> < 1—<][ qu/L> , hell 2},
Ky € /6] PK

with the implied constant ¢ depending only on n and «. Finally, by Holder’s inequality, and using (5-40)
and (5-41) repeatedly, we get

|<u>K1—<u)K2|s][ ][ (x) — u(y)] dx dy
K| J K>

1/q
< (][ ][ |M(X)—M(y)|qudy>
K| JK;
1 , 1/q
_C(dist(Kth)"st(’C) /Ku /Kz lu(x) —u(y)l dxdy)

1/q
<c(]€c|u<x)—u<y>|‘1du>

1/q
fcdist(Kl,Kz)‘”s(][ qup,) ,
K

with ¢ = c(n). Combining the content of the last four displays and recalling the definition in (5-25)
finishes the proof. U

We remark that the previous lemma works for any function u € W*?2 and does not require that u solves
any equation; moreover, the lemma works for every positive integer k. Applying it in the present situation
gives the next result:
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Corollary 5.9. Let k > ko be an integer, and suppose that K € By, is such that dﬂi\gt(PllC, PK) > 27K,

Assume that
12
K

and that the number k introduced in (5-10) satisfies

el/q
k€, k], ki:

=, 5-43
2V43¢,4 ( )

where cpg = cpq(n, @) has been defined in Lemma 5.8. Then we have

q —k q(ate)
w(k) < Mf U9 du + 3¢, n(K) ( _ 2 ) / U7 du
A Jnusica) et u(PK) \dist(P, K, P,K) PUCA{U KA}

n 3chd w () ( 27% )q(a+€>/ Uld 5.44
erd pu(P2K) dist(P KC, P,K) P,KN{U >k}

In particular, the inequality (5-44) holds whenever K € L{,{’d.

Proof. Appealing to Lemma 5.8, and using the elementary inequality (a + b 4 ¢)9 <3971 (a? + b9 + c9)
valid for all nonnegative numbers a, b, c € R, we get

q —k q(a+e)

A 1 2

ﬁf][quM"f‘— _ f qu,bb+][ Ufdu ).
397 ey, K e \dist(P K, P,K) PIK K

To estimate the integrals appearing on the right-hand side, we note that by (5-43) we have

1
Uddp <kird 4+ —— U?du
][E ! M(E) JEnU k)

with E € {KC, P{K, P,K} so that, recalling that d’i\ét(PllC, PK) > 27k we gain

X 3kdna 1 1 2k q(a+e)
<Ly U4 dp+ (~.4 ) / Ut du
39-1cl & w(K) Jeniusen e (P1K) \ dist(P K, P,K) PUCA{U >KcA}

1 2—k q(a+e)
+ < — ) / Uldu.
en(P2K) \ dist(P K, P,K) PKO{U >k}

Now (5-44) follows by inserting (5-43) in the last estimate and reabsorbing terms. O

5F. Families of off-diagonal cubes. With Mfd as defined in (5-39), consider now the families

M= {/C ey ][ U dp < (10n)"+2mq} (5-45)
P K
and

N = { Keu: ][ U?du > (10n)"+2mq} (5-46)
PLK
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for h € {1, 2}, with the number « defined as in (5-10) and g defined as in (4-13). Furthermore, define
M, = MiNM; and N; =N} UNZ, (5-47)
so that we have the decomposition into disjoint families
UM = My UN;. (5-48)

Lemma 5.10 (soft off-diagonal summation). The inequality

67¢?
(k) < —=nd U’ du (5-49)
A
KKeM, B(xo,s)N{U>«kA}
holds whenever the number k in (5-10) satisfies
gl/a
k€0, k], kp:= 81730,/ (10m) D7 (5-50)

The constant cpqg = cq(n, @) was defined in Lemma 5.8 and appears in Corollary 5.9; it is independent
of e.
Proof. 1t is sufficient to prove that if K € M,, then

q .4

6c
() < ~End / U?du. (5-51)
A Jnusica)

After this, (5-49) follows, since the initial family I/, is disjoint and (5-22) holds. For the proof of (5-51),
notice that if IC /\/lﬁ then we have, for i € {1, 2}, that

3¢,y 1K) (N 2—k(K) )q<a+e)/ U
et w(PpK) \ dist(P, K, P>K) PyKN{U k1)

34 q 39cd K
= pnK)—= - ][ Udp < M(’C) nd(lon)"+2 < M( )- (5-52)
P

el

Using this last estimate for 4 € {1, 2} in combination with (5-44), and reabsorbing terms, gives (5-51);
the proof is therefore complete. (Il

It remains to study the family N, defined in (5-47). To this aim, we introduce the family of diagonal
cubes defined by

PNy = {(PK:KeN"), hefl,2).
Keeping (5-24) and Remark 5.7 in mind, we have that
KeN,) = Symm(K)eAN} (5-53)

whenever K € E. Now, let us make a remark: consider T € PN, so that T = P;(K) for some K € N, Al
Therefore T = P>(Symm(K)) by (5-24), and by (5-53) we have Symm(K) € ./\/k2 We conclude that
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T € P,/N, and eventually that Py C P, N;. In a similar way it follows that P,N; C PiN;. We therefore
conclude that Py, = PN, = PIN, U PN, Let PN, be a disjoint subfamily of Py U PN, such that

U#x= U « (5-54)

HEPN;, KePIN,UPN;

Note that, since all the cubes of the family PN, are themselves dyadic cubes, such an extracted disjoint
covering always exists. We remark that a straightforward consequence of the definitions is that all cubes
from PN/, obviously belong to PiN; U PN, and are therefore diagonal cubes.

5G. Determining k. We here determine the parameter « in (5-10). By choosing

(5-55)

g2 gl el/a }

i :=minfio, k1, K2} = mm{ J2cs” 2936y 8143 crg(10m) 274

conditions (5-37), (5-43) and (5-50) are all satisfied, so the content and the results of Sections SD-5F are
at our disposal. Recalling that ¢4 in (5-36) (coming from Proposition 4.1) depends only on n, and that ¢,
from Lemma 5.8 depends only on n, &, we conclude there exists a new constant ¢, such that

k>e/c..  co=celn, ). (5-56)

5H. Further removal of nearly diagonal cubes. We recall that our final goal is to estimate the measure
of the level sets of U. Since the nearly diagonal part has already been covered, we proceed in excluding
from the subsequent analysis those cubes covered by the balls in (5-14)—(5-15). Therefore, we introduce

Nid = {ICENA:ICC U 103j} (5-57)
Jj€Jp
and, accordingly,
Nina =N\ Nog and N}, := N g NN, for he{l,2}. (5-58)

We observe that the main difficulty in handling the cubes from the family PN, stems from the fact that
they do not belong to the family U4, i.e., they do not come from an exit-time argument and therefore no
control is available on the values taken by U? on such cubes. This will be bypassed via a very delicate
combinatorial argument. The next lemma is instrumental to that.

Lemma 5.11. Let K € N, nq be such that P,k C H for some H € PN, and some h € {1,2}. Then
dist(P K, P,K) = 270,

Proof. First, let us consider a cube H € PN, ; take the diagonal ball B(H) = B(xy, 2= CFDEDY (xqy, x%)
being the center of #. It follows that

B(H) CH C /nB(H). (5-59)
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Therefore we have by Holder’s inequality and the definition of PA/; that

1/q
(10n)"2/4c ) < ( ][ U1 du)
H

1/q
< (M(lOnB(H)) U du)
w(BH))  JionB)
1/2
< (10n)*2/4 (][ U2d,u> . (5-60)
10nB(H)

By the definition of D, in (5-11) it follows that (x4, x3;) € Dy, and then the exit-time condition (5-13)
gives B(H) C B(xy, o(x%)). We are using that the radius of the ball 10nB(H) is smaller than (s —¢) /40".
In turn, this is a consequence of the fact that k() + 1 > ko and of (5-19). Then (5-14) implies

10nBH) C | 108;. (5-61)

J€Jp

Now, in order to prove the lemma, assume by contradiction that dist(P K, P,K) < 27¥*) and let B(H)
be the ball determined in (5-59), and for which (5-61) holds. We are going to show that

K C 10nB(H), (5-62)

and this then contradicts the assumption K € N, 4 by (5-61). In order to show (5-62), we observe that
Proposition 5.3 and the fact that P,/C C H give

dist(K, H) < dist(K, P,K) = dist(P1K, P,K) <27%00.
Again by Proposition 5.3 we have k(P,K) = k(K) and k(K) > k(#). Therefore, since H C /nB(H) and
the radius of B(#) is 2~ *H+D then (5-62) must hold. The proof of the lemma is complete. U
SI. Summation in Ny ,q. The aim of this section is to prove the following:

Lemma 5.12 (hard off-diagonal summation). There exists a constant c, depending only on n, «, such that
the estimate

Y ou) < )%/ U9 dy (5-63)
KeNi na B(xo,s)N{U >k 1}

holds, where k has been determined in (5-55).

Proof. Step 1: Classifying cubes. Here we classify the cubes from N, _,; according to their projections,
thereby partitioning N, ,4 into suitable disjoint subfamilies. For every H € PN, set

NP () = 1K € Ny wa s PAK CHY. he(1,2).
Since PN, is a disjoint covering of PN, U P, N, = PN, = PN, we have the decomposition in mutually
disjoint families

M= U M. (5-64)
HEPN,;,
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This means that for H, H, € PN, it follows that Nf’,nd(fﬁl) ﬂ/\/’xh,nd(HZ) # & implies H; = H;. Indeed,
assume that a cube K lies in N}fl,nd(Hl) N Nkh’nd(Hz) and that H; # Hp; then we would have that
P, C Hi N H, against the fact that 7| and #, have a nonempty intersection, being elements of the
disjoint covering PA;. Next, let us recall that for every K € Nxh,nd(H) we have k(K) = k(P,K) > k(H),
and this leads us to define the classes

N gD i={K € N} y(H) - k(K) = i +k(H)}
for h € {1, 2} and for every integer i > 0. Therefore, the decomposition in mutually disjoint families

N ) = IN L (HD):

i>0

holds, in the sense that [N)fl,nd(H)]i N [Nkhynd(’H)] j # @ implies that i = j. Next, take H € PNy; by
Lemma 5.11 we have thatif K € N}, ,(H), that s, if P,K C H, then it follows that dist(P| K, PoK) > 275,
and this finally leads us to classify elements of [N }{/l,nd(H)]i in the following way:

N (P j =K € [N} q(FD)]; : 2075 < disy(PiKC, P,K) < 27+ 7K(0)
for h € {1, 2} and for integers i, j > 0. Again, we have the decomposition

N @) = | INEa(D]): . (5-65)

i,j=0
and these are disjoint classes in the sense that, if [Nxh,nd(H)]il,jl N [/\/)fl’nd(H)],-z,j2 # &, then (i, j;) =
(i, j2). All in all, in view of (5-64) and (5-65), we have the decomposition into mutually disjoint classes

Nxh,nd= U U [Nf,nd(H)]i,j- (5-66)
’HEP/\/}L i,ij

Step 2: Sums and further partitions. Let us fix H € PN, ; our aim here is to prove that the following
inequality holds for & € {1, 2}:

K 2—k(K) q(a+te)
Y W )( > / quusi’;) Uddp.  (5-67)
P, KN{U >k )}

e PO \ dis
KEN{,M(H)M( WK \dist(P, K, PK) o Junusci

We start by recalling that, by the very definitions in (5-46) and (5-47), and again (5-27), we have that
dist(PIC, PoKC) > 27509 as soon as K € Ny g; (5-31) yields

1 () ( 27k )”‘28

— R ] = aee—
& n(PpK) dist(P K, P,K)

for h € {1, 2}, and, moreover, if K € [N;’,nd(’}-[)]i,j, we also have that
27k 1 27k 1
e ) < -
dist(PiKC, P,K) 2" dist(PiK, P,K) — 21/
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Using the inequalities in the last two displays we can estimate

1 Z p(K) < 2=k (I) >q(oc+e) f Ut
€ PyK) \ dis .
KeNT () u(PC) \ dist(P K, P2K) P KCN{U > 1))

2—k(l€) n+q(a+e)—2e¢
can Y (=) / Ut du
KN ) dist(P1 IC, oK) PO {U >k A}

oo Z_k(jg) n+q(a+e)—2e
= Cdd . f Ut dp
Z Z ( ) P, KN{U>kA}

=0 el oo - SR PO

o0
1 n+q(a+e)—2e
<cn) Y (— ) / U9 dy. (5-68)
. 2’+f> PRKN{U>KA)

i,j=0 KelN] ,y(H)i )

In order to evaluate the last sum we have to further decompose [N ,\h’n (")), j. For each integer i > 0,
# contains precisely 4" = 22" disjoint cubes from Ei k() and exactly 2" disjoint cubes from §i+k(m;
see the definition in (5-21) and in the preceding display. As a consequence, it contains at most 2" disjoint
(diagonal) cubes from the class g itk N (PN, U P,N;). We anyway consider all the diagonal cubes
i1k from 7, and relabel them as

(HeEipan : HCHY ={H" 1 <m<2"), (5-69)
so that
2ni
Z/ v duff U dp. (5-70)
m=1Y H'NU>k} HO{U >k )}

Now, let us concentrate one moment on the elements of [N, /\lyn 4(H)]i,j; a similar argument then applies to
[/\//f,nd(H)],», j. For any K € [N, ,\l,nd (H)1;,;, there is the unique cube from the diagonal class (5-21), which
we denote by H" (K), such that P; K = H!"(K). Now, note that for /2 € {1, 2} one can split [N;”nd(H)]i, j
into subsets

NY d(FO i jum =K € INYy(H) i s PAK =M}, moe{l, ..., 2"
Since N}, is a family of dyadic cubes, if K1, Kz € [N} ,(H)]i,j.m and K1 # Ky, then P11 N PKy = 2,

i.e., the second components are disjoint (otherwise the two cubes would coincide). A similar argument
holds when looking at N f g+ 1t then follows that

HIND DN jom < cm2"TH) | he (1,2}, (5-71)
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for every choice of i, j >0and m € {1, ...,2"}. We use now use (5-70)—(5-71) to estimate

2rlt

q q
/Phim U>KA}U d = Z Z / Uty

ice[and<H>], ; m=1 KGN (HOT g T U=

2m

<cm2r )y U?du
m=1 H' WU >k)}
< c(n)2"<"+f>/ U?dpu.
HAU >k A}
Using also (2-2) it follows that
i < 1 \nt+gq(a+e)—2e Utd
— w
Qi+j ) /
i, j=0 ICE[N){IM(’H)], ; P, KN{U >k A}
q(a+e)—2¢
<em Y (55) / Ut du
,JX_IO 20t HOU>cA)
- c(n) . f U? dp
[g(a+¢e) —2¢e]* Juniu=in
< @ U4 dM

T o Junwsia

Notice that we have used that, since ¢ > 1 and ¢ < %a, we have g(o +¢) —2¢ > %a. Combining the

inequality in the last display with (5-68) yields (5-67).

Step 3: Summation. Let now K € le’n 4~ There are then two cases: either K € M% or K € Nf (the
relevant definitions are in (5-45), (5-46) and (5-58)). Now, if K € M?, then using (5-44) and (5-52), and
reabsorbing terms, we obtain that

q 4 q 4 k q(a+e)
M(/C)Emf U9 du + 6%y 1K) (cv 2 ) f U9 du.
A Jienusica) erd pu(P1K) \dist(P K, P2K) PIKN{U>kA)

If, on the other hand, K € N, )%’ then using (5-44) we get

3909 3909 K 0~k q(ate)
w(K) < "d/ Ut dy 4 Cna PR (cv ) / U9 du
A Jenusica) erd u(PIK) \dist(P, K, P>K) PUCN{U > K1)

L3 10O < 2+ )‘“"‘“) / U du.
erd pu(PK) \dist(P K, P2K) PKA{U>KkA)
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A similar reasoning holds if K € N, fn 4~ Summing up over the cubes K € Ny 0 =N, )3 nd YN f g then yields

Y ou) = Y f Ut du

KeN;. na KEN; KN{U>«kA}
L 8% w(K) ( 2k >q<a+e> / v
el e u(PLK) \ dist(P, K, P,K) PIKN{U>KA)
X,nd
k (a+e)
I’ld Z M(IC) (~ 2 (K) )q o 8/ U1 dl‘L (5_72)
W(P2L) \dist(PiC, P,K) PaCA{U KA}

And

Observe that a key point in the previous inequality, due to the argument at the beginning of Step 3, is that
terms involving integrals over P, K appear on the right-hand side if and only if K € N; f aq» Tor h e {1, 2}.
By the symmetry of U and u, by (5-53) and subsequent remarks, and using Proposition 5.3, we have that
if K eWN, fn 4> then Symm(KC) € N, Al’n 4+ and vice versa; moreover, again by Proposition 5.3, we have

f U?du = / U?du.
P, KN{U >k )} P Symm(K)N{U >« A}

Hence the last two terms in (5-72) coincide. Therefore, also recalling (5-64), (5-72) can be rewritten as

> e = 2/ UY du

’CENA_nd K:€N)L nd Kﬂ{U>K)»}

Z Z w(K) < 2=k (K) >4(a+8)/~ o
s}ﬂ HEPN, KN () n(P1C) \dist(P K, P>K) PIKO{U>KkA}

for a constant ¢ depending on n, «. To estimate the last term we make use of (5-67), and this yields

PONTCESTEY / Uldu+— Y f Ut dp.

]CEN}».nd K:EN NU>kh} He PN, HO{U >k A}

At this stage (5-63) follows, observing that

> / U7 du + Z/

Uldu < 2/ U?du.
KEN; nd KN{U>k\} HEPN, N{U >k}

B(xo,s)N{U>«kA}

This is in turn true since the families PN, and N, _,, are made of mutually disjoint cubes and all their
members are contained in B(xg, s) (since these families are contained in & and (5-22) holds). The proof
of Lemma 5.12 is complete. U

5J. Conclusion of the off-diagonal analysis. The next lemma summarizes the decomposition results in
the off-diagonal case:
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Lemma 5.13 (off-diagonal level set inequality). The inequality

f U?dp < 10"2207 ) w(B)) +ca> 4 / U dp (5-73)
B(xg,t)N{U >A}

jedn B(xg,s)N{U>kA\}

holds for a constant ¢ depending only on n, o, while the number k has been defined in (5-55) and exhibits
the dependence displayed in (5-56).

Proof. We have the decompositions in disjoint classes Uy, = U¢ UL and U = M UN; 4 UN; g, and
we recall that all the cubes from U{"’ are mutually disjoint. Moreover, by (5-38) and (5-57) it follows that

Uxu Y kc (108

ICeZ/{)”" KeN; 4 jeJp

Therefore

Uxkc s ul|Jku | &

Kely, j€Jp KeM, KeN;. na

Keeping this in mind, and recalling (5-35), we start by estimating

/ U?du < Z/ U?du +
B(xo, ) N{U>1) 108,N{U>1})

By (5-34) it follows that, if K € M; UN; g C UM, then

/ Uzdu
KeM, UNA d KN{U>A}

K
][ U< L v2 g <0,
K w(k) Jg

Note that we have used (5-32), since K € U} implies by the definition in (5-39) that dist(P|K, P,K) >

2=k Therefore we conclude that

KeMUNya = U?dp < 2 u(K).
KN{U=>1}

Using this last inequality together with (5-16) yields
/ Urdp < 107622 3 " uB +éan® Y wK),
B(XOJ)Q{U>)‘} jeJp ]CEMAUN}».MI
and (5-73) follows by just using Lemmas 5.10 and 5.12. (Il
Remark 5.14. An interesting point of Lemma 5.13 is that it does not make use of the fact that u is a
solution. All the estimates just rely on the fact that u belongs to the Sobolev space W2, This is ultimately

linked to the fact that the analysis in Sections 5B—5] is made in a zone where the kernel of the operator,
that is, |x — y|~®*+2%_ is not very singular. The ultimate outcome is that the whole issue reduces to
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estimating ) j (Bj). Therefore, it remains to perform the analysis close to the diagonal, and this will be
done in the next section.

SK. Diagonal estimates. Whenever B3; is a ball from the covering determined in (5-14)—(5-15), from
(5-13) it follows that Wy 4 (B;) > k. By the very definition of Wy 5/(-) in (5-1) it then follows that at
least one of the following three inequalities must hold:

1/2 )

<][ Uzdu> =4 (5-74)
B;j
H{pn(B)" o A\ e
T (f, ) =% 57
J
MIp(B)Y Yr
el/p—1/2 ][B‘Gpd“ Z 3 (5-76)

where « has been defined in (5-55). We now examine the occurrence of each of the three cases separately.

Occurrence of (5-74) (and estimate of the tail at the exit time). When (5-74) holds, using (4-15) we have

A< ¢ ][ Uid .
K —
= gela 12\ |, H

[e9]
g —k(ax—¢)
e 22 f

1/q c YU 1/2,
(R (B))] 5
U1 dM) + 81/2*—_1/2 . F>du
J

CZ[M(Bj)]Q = —k(2B—y—2¢/p)
+ c1/p—1/2 22 e )
k=1

for all o € (0, 1]. The constants c1, ¢ depend only on n, &, A, while ¢, := 3¢, and therefore it depends

kBj

1/p
G” d,u) (5-77)
kBj

onn, o, A, B, y, p and exhibits the behavior described in (3-5). With B; = B(x;, o(x;)) we determine
the integer m > 0 such that

27M00/2 < 0(x;) <27 gy/2. (5-78)

Notice that since ¢(x;) < (s —1)/40", we have m > 3 and moreover (s — 1) /40" < 0o/40" < 2m_1Q(Xj),
so that (5-10) implies

Yo" B)) + 112" Bj) + Ya.m(2" ' Bj) < ho. (5-79)

On the other hand, the terms indexed before m can be estimated using Holder’s inequality and the exit-time
condition in (5-13) as

1/q
<][ U‘fdu> < Wy m@B)<ir if 1<k<m-—1.
2kB;
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By using the inequalities in the last two displays we then have

00 /g m—2 1/q
Z —k(a—e) (f U4 dﬂ) — Z —k(a—e) (f U1 dﬂ>
k=1 2kB; k=1 2kB;

ad 1/q
+ 2—(m—1)(ol—8) 2—k(0{—£) ][ Ul d
Z 2k+m—-1p3. ®
k=0 :
m—2
<wh Yy 27K ey n I g))
k=1
m—2
< KA Z pk@—e) 4 p=(m=Die=e), 3
k=1

4 A SKA
<K\ y—k(@—e) - =z
Z a—s_ o

where we have used (2-2) and that ¢ < %oz. In a completely similar way, again using (5-79), we have

CZ[M(B ) k(2B—y—2¢/p)
el/p—1/2 22 T ][2

where we also used the upper bound on ¢ in (4-6). By (5-78) and the fact that m > 3 we gain that
20(x;) < %Qo so that (5-13) and Hélder’s inequality yield

c1lp(®B))" ][ Py < Ynu@B) _ cich
2172\ [, = H - H

1/p
GP dM) - 4deokeh - 8ok A

‘5, = QB—y —2¢/pM ~ QB— )M’

By merging the inequalities in the last three displays with (5-77) we obtain

1/q
c o 8kA  clkA 8cok A
A< —— 7[ Uld _ . 5-80
KA < 081/4_1/2( 5, M) +81/‘7—1/2 " + I + QB — )M ( )

We recall that up to now the parameters H, M > 1 in the definition in (5-1) have not yet been chosen, and
neither has o € (0, 1). Hence, taking

el/a=1/2¢ 56¢;
o =—, H:=6c;, M:= ,
28—y

3 (5-81)

and reabsorbing terms in (5-80), we conclude that

1/q
c c
A< —— 7[ Uld, — B'<—/ U dy,
= sl/q—1< 28 'u) n(B) = g2 (k1) Jop, g
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where ¢ depends on n, o, A. Now, select a number k3 > 0; also using (4-2), we estimate

C C C
_-— quus—/ quM-i‘—/ U?du
€279 (k1 )4 /wj 279 (kM) Jas,n(u <csen 27 (k M) Jan,n(U >k3in)
cn(Bid ¢
PRI )l SN / U dp, (5-82)
g4 & q(K)\)q 2B {U>k3Kch}
again for ¢ depending only on n, o, A. By choosing
82—q 1/q
K3 < (—N) : (5-83)
2¢
we arrive at
Cc3 2¢
uB;) < / U%du, where c3:= ——, (5-84)
7T kM o nwske g2

and ¢ is independent of ¢ and only depends on 7, «, A.

Occurrence of (5-75)—(5-76). In case of (5-75), we have

oo HEu@BpPt [
<?) = gl=2:/2 /BjF an

which readily implies

3H 24/ (1=241) s 1/(1=247)
Bj) <\ =——7>5— Fd, .
M( ]) — (81/2*_1/2K)\,> (/l;j ILL)

Observe that by the definitions given in (4-16) we have that 2,n < % With «4 € (0, 1) being a positive
number to be chosen in a few lines, we further split the support of the right-hand side integral as already

done in (5-82):
(1

1/(A=2m) 1/(1=2.m)
F du) < [ f F? du+ (K4K)»)2*M(Bj)]
BiN{F>k4k )}

1/(1-2.1)
< 2n/(1-2.m) ( / P2 du)
BiN{F>KaK )}

+2(L + 1)]2*/(1_2*'7)(K4K)»)2*/(1_2*'7)/,L(Bj).

J

Observe that, in view of B; C B(x¢, 200) and (5-18), we have estimated
[ BHIVI2 < [ (B(xo, 200) "2 (B)) < L2072 1 (8B;). (5-85)

We now take x4 € (0, 1) in order to satisfy

|:6H(L —+ 1)K4i|2*/(1—2*77) - (5 86)

1\U=2a/2 gl/2=1/2
el/2:—1/2 )

<(= -
= "4—<2 6H(L+1)

| =
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Using this choice and combining the content of the last four displays (and recalling that 2,.n/(1 —2.n) <1)

then yields that
3H 2,/(1=24m) ) 1/(1-2.m)
u(B;) < 4(—) (f F *czﬂ) .
/ gl/2:=1/2c ) BiN{F>k4k )}

Now, by means of (5-78)—(5-79), we have

F 2*+8f
/ F2 du < (kak))> ( ) du
Bin{F >K4k )} BiN{F>kqkc )} K4k A

_n@"'B))
(K4K)\.)8f 2n1—lBj

F2tor du

"2*+5f

B(xo, 2 - La
~ k(B BQO))[TO(Zm—IBj)]Z*-l—S/ <= (5-87)
(k4K X)°F (keqrcA)7
and hence
64;’(2*4’5/’)2*7’/(1*2*7})
u(B;)) < <%0 } / F dy, (5-88)
J (K4Kk)(l+n5f)2*/(l 2,m) BiN{F>kaich)
where

3H L 1 24 /(1=24m)
cq4:= |: (E+ )] , (5-89)

el/2,-1/2

and H has been defined in (5-81). A similar argument can be used in case (5-76) holds. Specifically,

g \P/1=pd) 1/(1=po)
B)<|——5— GPd :

J

we have

and then

(/ GP dM)I‘I”e < 2P0/(1=p0) (/ GP dM)“l’” +12(L 4 DIP O (esicnyP 17D 1 (B,
B; BiN{G>kskA)
This time we select a number k5 € (0, 1) such that
I\NU=p0)/p gl/P=1/2
s < (E) LT (5-90)

and recall Remark 4.5 in order to get

Ag+1 3IM p/(1—po) 1/(A=pb)
w(B;) <28 <—) <f G? d/L) .
J el/p=1/24 ), BN {G>«sk)}

We then estimate as in (5-87), thereby obtaining

> p+6
/ G dy < M(B(XO’2QO))[TO(2’”_1Bj)]P+8g _ L ¢ |
B,N(G>rsich) T (ksk)’ T (kskh)’s
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and we conclude that

):(p+5g)p9/(1—p0)

5%
n(B;) < / G" dp, (5-91)
77T (kesker) 140800/ (A=p0) BjN{G >kskA}
where
3M(L+1) p/(1—p0o)
. ~Ap+1
C5 =27 [W] . (5-92)

All in all, taking (5-84), (5-88) and (5-91) into account, we obtain
¢ ):(2*-1-5;’)2*?7/(1—2*?7)

U9 dy + —2 / F> du

(kA) /28jﬁ{U>K3KA} (eqie ) THMP2S A2 Jio o cieny

~(p+3,)pb/(1—pb
Cs)»(()er ¢)p0/(1—pb)

G?du.
(K5K)\.)(1+€8g)l’/(17p6) /zsjﬁ{G>K5KA}

w(B;)) <

Since {2B;}; is a disjoint family and all members belong to B(xo, s), we have that

~ (2448 £)2:n/(1-2,
C4)\.(() +87)24n/( n)

(kake A)1HN8)2/(1=24m)

U du +

> B =

F> du
Jj€lp (k1)1 /B(xo,s)m{U>K3,<,\}

/l;(xo,s)ﬂ{F>/(4K)»}

~(p+38,)po/(1—pb
65kép+ ¢)p0/(1—p0)

GPdu. (5-93)
(k5K 1)1 F03)p/(1=p0) /z;(xo,s)n{c>/<5m}

The constants c3, ¢4, c5 have been defined in (5-84), (5-89) and (5-92), respectively, while the numbers
K, k3, k4, k5 € (0, 1) must be taken in order to satisfy (5-55), (5-83), (5-86) and (5-90), respectively.

5L. Conclusion of the proof. We start by combining (5-73) and (5-93). Using the elementary estimate

/ U?dp < 271 f Ufdp+ f U?dpu,
B(xo,t)N{U >k3k A} B(xo,t)N{U >x3K A} B(xo,t)N{U >A}

(5-73) and (5-93) yield, after a few elementary manipulations, the estimate

l]2 d,LL < W(K3K)\,)27q / Uq d,bL
B

/l;(xo,t)ﬂ{U>K3K)»} (x0,8)N{U>k3Kk A}

= (2448 )2,m/(1-2,
C4)»(() 187240/ (1=241)

KZ (kg 1) AF13)24/(1=2m) =2 /B(xo,s)m{F>x4xA}
= (p+8¢)p0/(1—pb)
0

F? du

Csk

G”du. (5-94)
i3 (ks h) 1+08)p/(1=p0) =2 /B(xo,s)m{c>/<5m\}
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The constant ¢ appearing above depends on n, o, A, but is still independent of &, and we have also used
the fact that «, 3 € (0, 1). We can therefore reformulate estimate (5-94) as

ex2—4 5\(2*+5_f)2*77/(1—2*?7)

60 2
Uzd,uf—/ U? du + / F? du
»/l;(xg,t)ﬁ{U>A} (k36€)279 J By 5)n(U =2} AAMNZSA=2=2 Jio (P ks k)

~(p+3,)po/(1—pb
C7k(()p+ ¢)p0/(1—p0)

A 1+68,) p/(1—p6)—2

f GPdu. (5-95)
B(x,s)N{G>«xs5X/k3}

The constant ¢ = c(n, o, A) is independent of ¢, while
ce=cen,a, A,L,e) and cr=ci(n,a, A, B,y,p,L,¢);

the constant ¢7 exhibits a blow-up behavior with respect to p as described in (3-5). Since estimate (5-94)
holds for A > A1 —and A; has been defined in (5-33) — we have that (5-95) holds whenever A > kk3Xq.
We remark that the previous inequality holds for a choice of «, k3, k4, k5 € (0, 1) that satisfy (5-55), (5-83),
(5-86) and (5-90), respectively. In order to conclude with (5-7) we now need to estimate a few constants.
We are primarily interested in an explicit dependence on ¢ in the second integral appearing in (5-95). We
therefore look at (5-55) and (5-83), and we infer that we can in fact choose «, k3 in order to have
83/q—1
K3k & , (5-96)

Cx

for a constant c, which is now independent of &, but just depends on n, a, A. We next find an upper bound
for the numbers Xo and A introduced in (5-10) and (5-33), respectively; this will allow us to verify estimate
(5-7) in the range dictated by (5-8). Let us notice that if x € B(xg, t) and (s —¢)/40" <p < %Q(), then
B(x, 0) C B(xg, 200). Therefore, recalling (4-2), whenever U is a p-integrable function we can estimate

][ bd _ H(Bxo, 200))
B(x,0) /L(B(x, Q)) B(x0,200)

~ n+2e ~
T du < c( Qo ) ][ T du (5-97)
§s—1 B(x0,200)

for a constant ¢ depending on n but independent of €. Applying the inequality in the last display to
U?, GP, F*, GP*% and F>*% — and eventually on different balls 2*B(x, o) C 2¥B(x0, 200) — yields

KW (x, 0) + Yolx, 0) + Ti(x, 0) + Yo m(x, 0)}

c 00 n+2e
< s <:) {Wa.m(x0, 200) + Yo(x0, 200) + Y1(x0, 200) + Y21 (X0, 200)}
c 00 n+2e
=7 (-=) " ADDG. 200). (5-98)

In order, we have also used (5-56), (5-81) to get rid of the presence of M and H and that go/(s —t) is
bounded away from zero. We recall that the functional ADD( - ) has been introduced in (5-5). We now
obtain an upper bound for A; defined in (5-33). The quantity appearing on the right-hand side of (5-98)
provides an upper bound on ):0. In a similar way, if K = K; x K> € Ey,, with ko as in (5-19), then
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K C B(xg, s) C B(xg, 200) and therefore we have

—t 2n
dr dy = 8 2)
& JK, n &
Hence, as for (5-97), we have
~ B(xo, 2 - 2n -
][Ud,ufw 7 du 5( Qo ) ][ 7 dy. (5-99)
K (k) B(x0,200) e\s—t B(x0,200)

By using (5-98)-(5-99), and recalling that ¢ < 1, we get

c 00 2n
a1 = =(-2=)" ADD(. 200)
s —_—

e
where ¢ depends only on n, &, A, B, p, ¥, €. Summarizing the content of these manipulations, we can
finally arrive at (5-7), with the restriction on A described in (5-8). Specifically, we use (5-96) to estimate
the constant in front of the second integral appearing in (5-95), and the bounds found for A¢ and A; to
conclude with the admissible range of values A > Ag described via (5-8). Needless to say, we are taking

Ky :=kK4/k3 and kg 1= K5/K3.

6. Self-improving inequalities

This section is dedicated to the proof of a fractional reverse Holder-type inequality on diagonal balls with
increasing supports, that is, the estimate (6-1) below. This will eventually imply Theorem 1.1 at the end
of the section.

Theorem 6.1 (reverse Holder-type inequality). Let u € W%2(R") be a solution to (1-14) under the
assumptions of Theorem 1.1; in particular, (3-1) and (3-3) are in force. Define the functions U, F and G
as in (4-5). Then there exist positive constants ¢ € (0,1 —«), § € (0,1) and cg > 1, depending on
n,a, A, B, p, ¥y, 81, such that whenever B = B(xg, 09) C R we have the inequality

1/(24+5) o0 1/2
(f U2+3 dM> <cg Zz—k((x—é‘) <f U2 dM)
B k=1 2kB

1/(2«+60) > ) 1/[p(14+81)]
+cg@8“8 (][23 F2td0 dM) tcg 95 B+a+e(2/p— (][23 Gp(1+81)dM)

o0
+ C8Q(])/—213+a+8(2/[’—1) Z 0 —k(2B—y—2¢/p) (f
2

1/p
G? d,u) . (6-1)
k=1 ‘B
All the terms on the right-hand side of this inequality are finite.
Proof. Step 1: Determining the exponents. Let us observe that, whenever ¢ € (0, a) we have

8¢e 2e(n+2a)
< .
n+2e n(oe—¢)
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Therefore, we can always find two positive numbers ¢ € (0, %a) and 8y > 0, satisfying (4-6) and 6 ; < Jo,

respectively, such that

8¢e 2e(n +2a)
<< ——
n—+2e n(a—eg)

and e<1—a. (6-2)
2,48

We recall that F € Lloj 4
different restrictions on it; we start by assuming that

4 2 -2 1)
< e(n+2a) and 85()’ ,3+Ol)g.
n?2+4e(n+a) 4n

(R"; ) by (4-7). Next, we determine the positive number § > 0 by imposing

(6-3)

Let us briefly discuss a few consequences of the two conditions above, starting with the first one.
Specifically, we start by showing that

5<3; (n+2a)(n+2¢) B de(n +2a) . (6-4)
n?+4e(n+a) n2+4e(n+a)
Indeed, using the first inequality in (6-3), we have
de(n+2a) 8¢ (m+4+2a)(n+2¢) de(n 4+ 2a)

_n2+48(n+a):n+28 n2tde(n+a) nl+de(n+a)
<5 (n+2a)(n+2¢) de(n +2a)
- n2+4e(n+a) n2+4e(n+a)

Next, the definition in (4-16) and the fact that & < %a givesthat 1 >0 > (y —28+«a)/(n + «). Then the
fact that the function t — ¢/(1 — ¢t) is increasing in the interval (0, 1) allows to estimate
y—284+a y-28+« 0 po
< < < s
2n “n—y4+28"1-6 1—-pb
so that, from the second inequality in (6-3), it follows that

(v —2B+)8, _8;_pt

§ < < ) (6-5)
4n 21— pb
Finally, for ¢ € (0, 1), we define the function
_ 2¢5(n+4) 2¢y

where ¢, is the constant introduced in Proposition 5.1 and g has been introduced in (4-13); in the last
estimation we have used that ¢ € (0, %a). We then impose the last restriction on §, that is,

38(e) < 1. (6-7)

All in all, the choices made in (6-3) and (6-7) allow us to determine é as a positive number depending
only on n, o, A, B, p, ¥, 81, as required in the statement of Theorem 6.1.

Step 2: Reverse Holder-type inequalities. In this step, by applying Proposition 5.1 with the numbers
248
loc

the right-hand side of (6-1) has already been discussed in Section 4C. First of all, we show that we can

g,8, 8 as chosen in Step 1, we are going to prove that U € L (R?"; ). The finiteness of the terms on
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reduce to the case oo =1 and B = B(0, 1) x B(0, 1); this eventually allows us to apply Proposition 5.1.
Indeed, notice that the rescaled functions

i(x) =u(o+oox), g0 =0 Pegxo+0ox), Fx):=0f(x0+00x),

still solve (1-14). Therefore, applying (6-1) in this case and in B(0, 1) x B(0, 1), and scaling back to the
original functions and to the original diagonal ball /5, leads to (6-1) in the general case. We now pass to
the proof of (6-1) when B = B(0, 1) x B(0, 1). We define the truncated function U,, := min{U, m} for m
being a positive integer, and the measure dv = U? dju. Moreover, we use the abbreviation B := B(0, s).
With the aim of applying Proposition 5.1, we then consider balls

B=B,CB CB;, CB

as in (5-6), while A is accordingly defined as in (5-8). We shall derive uniform higher integrability for
the functions U,, and will recover the final result by letting m — oco. With § € (0, 1) being the number
determined in Step 1, by Cavalieri’s principle we have that

/U;Uzduzf U dv
B; B;

o
3/ 2B, N{U, > 1)) dr
0

m
5/ A‘H/ U? du dx
0 U >\}

gg/ Uzd,u—irS/ A5_1/ U? dp dh. (6-8)
; A U >\

0

The second-last integral appearing in this display can be easily estimated by recalling the definition of A
in (5-8) and that go/(s — ) > 1, and using (4-2):

S N TSI A AP 6:9)
t 2B

We proceed with the remaining term in (6-8); using (5-7) we gain

" s 2 Cs8 " st
5/ x/ Ududxgwf x+‘1/ U9 du dx
Ao B,N{U>A) e3C-a/a [, B,N{U>1)

m o Qet80)2an/(1-2:m)
+cfd / ; / r et
f o k(l+n5f)2*/(1—2*n)_1_8 ByN{F>kpr}

m 5 (P+89p0/(1=p0)
+¢,8 / ! / GF ddh
% Jiy A(+08)p/(1=p0)=1-5 B,N{G >k}

=N+h+T. (6-10)
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Using (6-6)—(6-7) and Fubini’s theorem, we get

- 83(2_[1)/(1 0 Bsm{Um>)‘}

_ ¢s8 248-q77q

T 842- q)e32—a/a /& Un U du

585(8)/ USU?du < %/ Ul U dp. (6-11)
By s

We next estimate /. Changing variables, using Fubini’s theorem, and recalling the dependence « y =
kr(n,a, A, g), we have

m
/ ka+1—<1+ns_,>z*/(1—2*n>f F2 dyd
Ao BsN{F>k A}

o0
- C/ Aa+1—(1+naf>2*/<1—2*n)/ F2 dydo.
0 BsN{F>\}

_ cu(Ba) P2 2/ (1= 420 g
S+2—-(1+ 773f‘)2*/(1 —241) B>
- c,ufsBz) P22/ (=2 420 g (6-12)
B,

again for a constant depending on n, o, A and ¢. In writing the last inequality we have used that (6-2) is
in force and the fact that

- 2e(n 4 2a) 5_ (1 +ndr)2, -

0.
F= T —e 1—2.p —

The last integral appearing in (6-12) is finite if § +2 — (1+76 £)24/(1 —24n) +24 <24+, and a lengthy
computation shows that this is equivalent to (6-4). Therefore, using Holder’s inequality, we can estimate

842 (1418 7) 24/ (1=241)+2
T < CM(Bz)k(zﬁaf)z*n/(lfz*n) (][ Ftdy dM) 2,48
= 0
B,

2,48 )20/ (1=2.0)+84+2— (1418 £)2:. /(1=2,7) 42,
SCM(Bl))»(() +87)24n/( M+8+2— (1418 )24 /( m+

= cu(BAg ", (6-13)

where ¢ depends only on n, @, A and €. We finally come to the estimation of 73. For this we notice that
the definitions of p and 6 give, independently of ¢, that

> 2n — P2 5 (6-14)
P="wi2—28+a —po ="
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and then, recalling that k, = ko (n, o, A, &, v, B, p), we have

m &)
/ A0 H1=(1+68,)p/(1—pb) / G? dudi < / A0 H1=(14+68)p/(1-pb) d)»/ G’ du
A BN {G>kgh} s

0 A0

3+2—(14+608¢) p/(1—p0)

<
T (14+608)p/(A—=ph)—56-2 Jp,
3+2—(14+68,) p/(1—p)

8
C)\O /’L(BZ) (f GP+5$’ d/_L)p/(IH_ i
= Goep/0—por—5  \Js,

C . 64+2—(14068¢)p/(1—pO)+
<5 PP LBy,

GPdu

Observe that in order to perform the last two estimations we have also used (6-14) and (6-5), respectively.
Therefore we can estimate as in (6-13), that is,

+38,)p6/(1—p0)+5+2—(1+65 1-p0)+

with ¢ = c(n, o, A, &, y, B, p). Connecting (6-11), (6-13) and (6-15) to (6-10), and combining the
resulting inequality with (6-8) and (6-9), we get

1
/BU;E,U%JMSZ/ USU? dp+ e (BAg ™.

By recalling the definition of Ag in (5-8), and using several times the doubling property of u, after a few
elementary manipulations we come to

yew L
( ][ Ul U2 du> <5 ( ][ Ul U? du> +5(-%-)" ADD(B).
B, B; e\s —t

We can therefore rewrite the above inequality as

(ﬂt)zn ADD(28)

K

$(1) < Lp(s)+ 5

e
for a constant ¢ = c(n, «, A, €, y, B, p) which is still independent of m € N, and where, obviously, we

1/(2+8)
b(0) = (][ U,iUsz)
B

4

have set

for o €[00, %Qo]. We are therefore in position to apply the standard iteration Lemma 6.2 below, which
gives, after returning to the full notation,

1/(2+6)
( ][ U,;iUZd;L> < c¢ADD(2B).
B



112 TUOMO KUUSI, GIUSEPPE MINGIONE AND YANNICK SIRE

The previous inequality holds for a constant ¢ = c(n, o, A, €, y, B, p) which is independent of m € N.
Therefore, letting m — oo yields

1/(2+8)
( ][ yrts du) < ¢ ADD(2B).
B

At this point (6-1) follows by recalling the definition of ADD(25) in (5-5) and using a few elementary
manipulations involving Holder’s inequality. In particular, we use the fact that 2, + 6 < 2, + §p and
p+38; < p(1+4;); see Lemma 4.2. O

Lemma 6.2. Let ¢: [0, %Qo] — [0, 00) be a function such that

P(t) < 3d(s)+

(s =)
whenever gp <t < s < %Qo, where A and y are positive constants. Then the inequality
cA
$(00) < —

Qo

holds for a constant ¢ = c(y).
For a proof of this lemma, see for instance [Giusti 2003, Chapter 6].

Proof of Theorem 1.1. The proof is now a simple consequence of Theorem 6.1, that gives that U €
L*>*3(B; ) whenever B= B x B and B C R" is a ball (that for simplicity we take to be centered at the
origin). We now translate this information in terms of fractional norms of the original function . In fact,
this means that, whenever B C R" is a ball centered at the origin, we have

_ 245
U dy = lulx) —u@) dx dy < oo.
BxB g Jp lx — y|iT@Hdates

Rewriting the last integral, we find

@) —u@P*

/B/B x — y|rrCrolares/@r)] 4 =00
whenever B C R” is a ball, and this means that u € Wloéjga/ (2+8),2+8
then o 4 €§/(2 4+ §) < 1. We have therefore improved the regularity of u both in the fractional and in
the differentiability scale, and Theorem 1.1 follows by suitably renaming (via embedding theorems) the
number § considered in its statement. (Il

(R™); observe that since ¢ <1 —«

Proof of Theorem 1.3. The proof is just a consequence of the arguments developed to prove Theorem 6.1.
In fact the only thing needed there is Proposition 4.4, whose content is now considered as an assumption
in (1-23), provided that we take F' = G = 0; the rest of the argument then remains unchanged. U
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ON LIPSCHITZ SURFACES WITH VMO NORMALS,
AND RELATED PSEUDODIFFERENTIAL OPERATOR CALCULUS

STEVE HOFMANN, MARIUS MITREA AND MICHAEL E. TAYLOR

We show that operators of layer potential type on surfaces that are locally graphs of Lipschitz functions
with gradients in vmo are equal, modulo compacts, to pseudodifferential operators (with rough symbols),
for which a symbol calculus is available. We build further on the calculus of operators whose symbols
have coefficients in L° N vmo, and apply these results to elliptic boundary problems on domains with
such boundaries, which in turn we identify with the class of Lipschitz domains with normals in vmo. This
work simultaneously extends and refines classical work of Fabes, Jodeit and Riviere, and also work of
Lewis, Salvaggi and Sisto, in the context of &1 surfaces.
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1. Introduction

We produce a symbol calculus for a class of operators of layer potential type, of the form

Kf(x)=PV/mk(x,x—y)f(y)da(y), x €02, (1.1

in the following setting. First,
k € ¢ R"T! x (R"T1\ 0)) (1.2)

with k(x, z) homogeneous of degree —n in z and k(x, —z) = —k(x, z). Next, @ C R*T! is a bounded
Lipschitz domain with a little extra regularity. Namely, €2 is locally the upper graph of a function
@o : R" — R satisfying

Voo € L°(R") N vmo(R"). (1.3)

We say €2 is a Lip N vmo; domain.
Since we will be dealing with a number of variants of BMO, we recall some definitions. First,

BMO(R") := {f € Lj,o(R") : /* € L®(R")}, (1.4)
where
By . 1 .
1w s g [ 170 sl (15)

with B(x) := {B,(x) : 0 < r < 00}, By(x) being the ball centered at x of radius r, and fp the mean
value of f on B. There are variants giving the same space. For example, one could use cubes containing
x instead of balls centered at x, and one could replace fp in (1.5) by cp, chosen to minimize the integral.
We set

I fllemo == Il f* || Loe. (1.6)

This is not a norm, since ||c||pmo = 0 if ¢ is a constant; it is a seminorm. The space bmo(R") is defined
by

bmo(R") := {f € Ljo(R") : *f € L®(R")}, (1.7)
where
# I 1 _ —1
fwi= s i [ O Ssldr g [0l (18)
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with B1(x) :={Br(x) : 0 <r < 1}. We set

I f Nlomo := [*£ | oo (1.9)

This is a norm, and bmo(R") has good localization properties.

Now, VMO(R") is the closure in BMO(R") of UC(R”) N BMO(R"), where UC(R") is the space of
uniformly continuous functions on R”, and vmo(R") is the closure in bmo(R”) of UC(R”) N bmo(R").
One can use local coordinates and partitions of unity to define bmo(M) and vmo(M) on a class of
Riemannian manifolds M (see [Taylor 2009]). See also Appendix C of this paper for a discussion of
BMO(M) and VMO(M) on spaces M of homogeneous type. If M is compact, BMO(M ) coincides
with bmo(M) and VMO(M ) coincides with vmo(M ).

With this in mind, € could be an open set in a compact (n+1)-dimensional Riemannian manifold
M, whose boundary, in local coordinates on M, is locally a graph as in (1.3), and k(x,x — y) in (1.1)
could be the integral kernel of a pseudodifferential operator on M of order —1 with odd symbol. In fact,
lower-order terms in k(x, x — y) yield weakly singular integral operators on functions on L?(d2), which
are compact on L?(9L2), for 1 < p < 0o, on elementary grounds. Thus it suffices for the principal symbol
to have this property.

The analysis of operators of the form (1.1) as bounded operators on L?(d<2) for p € (1, 00), together
with nontangential maximal function estimates for

Hflx)= /m k(x,x—y)f(y)do(y), xeR'T1\aQ, (1.10)

and nontangential convergence, was done for general Lipschitz domains in [Coifman et al. 1982], carrying
through the breakthrough initiated in [Calderdn 1977], at least for k = k(x — y).

Also key was [Fabes et al. 1978], which treated (1.1) (again with k = k(x—y)) when Q has a ¢ ! bound-
ary and gave some applications to PDE. These applications involved looking at double layer potentials

K f(x)= PV/asz v(x)- (x =y)E(x—y) f(y)do(y). xedQ, (1.11)

where v(x) is the unit normal to dQ and E(z) = c¢,|z|~®TD. Such an operator is of the form
K f(x)=v(x)-Kf(x), where K is as in (1.1) with k(z) = z E(z) vector-valued. In [Fabes et al. 1978] it
was shown that Kz is compact when €2 is a bounded domain of class %'!. (See Section 3D of this paper for
a proof that K; is compact more generally when €2 is a bounded Lip N vmo; domain.) This compactness
was applied to the Dirichlet problem for the Laplace operator on bounded %! domains. In fact, if

f7f(;zf(96)=/aQ v(x)-(x=y)E(x—y)f(y)do(y), xe€Q, (1.12)
one has
Haflog =1+ Ka)f. (1.13)

so solving the Dirichlet problem Au =0 on Q, u|yn = g, in the form u = ¥ ; f, leads to solving

(31 +Ka)f =g (1.14)
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and the compactness of K; implies %I + K is Fredholm of index 0.

For a general bounded Lipschitz domain €2 C R**1, (1.12)—(1.14) still hold but K is typically not
compact. However, it was shown in [Verchota 1984] that %I + K is still Fredholm of index 0, using
Rellich identities as a tool. This led to much work on other elliptic boundary problems, including boundary
problems for the Stokes system, linear elasticity systems, and the Hodge Laplacian. In [Mitrea and Taylor
1999] a program was initiated that extended the study of (1.1) fromk = k(x —y)tok =k(x,x —y), a
development that enabled the authors to work on Lipschitz domains in Riemannian manifolds. This led
to a series of papers, including [Mitrea and Taylor 2000; Mitrea et al. 2001], in which variants of Rellich
identities also played major roles.

Meanwhile, [Hofmann 1994] established compactness of K; in (1.11) when 2 C R**+1 is a bounded
VMO; domain, i.e., its boundary is locally a graph of a function ¢q satisfying

Vo € VMO(R™), (1.15)

which is weaker than (1.3). This led [Hofmann et al. 2010] to establish compactness of a somewhat
broader class of operators called regular SKT domains, not just VMO; domains; this class was introduced
by [Semmes 1991; Kenig and Toro 1997], who called them chord—arc domains with vanishing constant.
This was applied in [Hofmann et al. 2010] to the Dirichlet boundary problem for the Laplace operator, on
regular SKT domains in Riemannian manifolds, and also to a variety of boundary problems for other
second-order elliptic systems.

In these works on various elliptic boundary problems, both on Lipschitz domains and on regular SKT
domains, each elliptic system seemed to need a separate treatment. This is in striking contrast to the
now-standard theory of regular elliptic boundary problems on smoothly bounded domains for operators
with smooth coefficients. Such cases yield operators of the form (1.1) that are pseudodifferential operators
on d€2, for which a symbol calculus is effective to power the analysis. One can, for example, see the
treatment of regular elliptic boundary problems in [Taylor 1996, Chapter 7, §12].

Our goal here is to develop a symbol calculus for operators of the form (1.1) in Lip N vmo; domains,
and to apply this symbol calculus to the analysis of some elliptic boundary problems.

We work in local graph coordinates, in which (1.1) takes the form

Kf(x)= PV/R” k(p(x), p(x) —o(y) f(ME(y)dy, xeR", (1.16)

where ¢(x) = (x, po(x)) with go : R* — R as in (1.3). In fact, we allow @ : R — RE. The surface area
element do(y) equals X(y) dy. Our first major result is that, with K¥* given by

K'f(x) = PV/R” k(e(x), Do(x)(x =) f(NE() dy, xeR", (1.17)

we have

K — K* compact on L?(B) (1.18)
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for p € (1, 00), for any ball B C R". Then, as we show, K¥f = p(x, D)(Zf), with
p(x, D) € OP(L* Nvmo)SI(R™), (1.19)

a class of pseudodifferential operators studied in [Taylor 2000] and shown to have a viable symbol
calculus. Definitions and basic results are given in Appendix C of this paper. The proof of (1.18), given
in Section 2, makes essential use of results in [Hofmann 1994] and further material in [Hofmann et al.
2010].

Since (1.16) and (1.17) are given in local graph coordinates, it is important to record how operators are
related when represented in two different such coordinates and how a symbol can be associated to such
an operator independently of the coordinate representation. These matters are handled in Section 3.

In connection with this, we mention work of Lewis, Salvaggi and Sisto [Lewis et al. 1993], providing
such an analysis on ¢! manifolds. In particular, (1.18) (for ¢ € €!) plays a central role there. In that
work, the function k(x, z) is required to be analytic in z € R*T1\ {0}. The need for such analyticity
arises from technical issues, which we can overcome here thanks to the advances in [Hofmann 1994,
Hofmann et al. 2010]. One desirable effect of not requiring such analyticity is that our results readily
allow for microlocalization. Though we do not pursue microlocal analysis on boundaries of Lip N vmo;
domains here, we are pleased to advertise the potential to pursue such analysis.

The structure of the rest of this paper is as follows. Section 2 is devoted to a proof of the basic result
(1.18). Section 3 builds on this to produce a symbol calculus, making essential use of results on operators
of the form (1.19), recalled in Appendix C. Section 4 applies these results to some boundary problems
for elliptic systems on Lip N vmo; domains. These include the Dirichlet problem for a general class of
second-order, strongly elliptic systems and a class of oblique derivative problems. We also produce a
general result on regular boundary problems for first-order elliptic systems, and show how this plays out
for the Hodge—Dirac operator d + 6 acting on differential forms.

A set of appendices deals with auxiliary results. Appendix A gives material used in Section 2A.
Appendix B gives a detailed analysis of just how a principal value integral like (1.1) works for such domains
as we consider here. Appendix C reviews material on the class of pseudodifferential operators (1.19).
Appendix D reviews matters related to BMO(M ) and VMO(M ) when M is a space of homogeneous
type. Appendix E proves that a bounded domain  C R"*! is locally the upper-graph of a function
satisfying (1.3) if and only if its outward unit normal belongs to VMO(02).

2. From layer potential operators to pseudodifferential operators

The primary goal of this section is to establish the compactness of the difference between a singular
integral operator K of layer potential type as in (1.1) and a related operator K*, which belongs to the class
of pseudodifferential operators OP(L % N vmo)S CO , a class that is reviewed in Appendix C. We proceed
in stages.

2A. General local compactness results. Below, the principal value integrals PV [ are understood in the
sense of removing small balls centered at the singularity and passing to the limit by letting their radii
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approach zero; for a more flexible view on this topic see the discussion in Appendix B. We begin by
recalling the following local compactness result:

Theorem 2.1. Assume ¢ : R" — R and ¢ : R" — R™ are two locally integrable functions satisfying
Vg € vmo(R"), Dy € bmo(R"), (2A.1)
and set
I'(x,y) =) —e(y) = Ve(x)(x—y), x,yeR" (2A.2)
Given F : R™ — R smooth (of a sufficiently large order M = M (m,n) € N), even on R™ and such that
IFw)| < C(+w|)™ ! forevery weR™ (2A.3)
and 3°F € LY(R™) whenever |a| < M, (2A.4)

consider the principal value integral operator

Tf(x) = PV / vy F(M

)F(x, Y f()dy, xeR", (2A.5)
R |x — ¥

and the associated maximal operator

[y oo R (P oy ry ] vern 2a

T« f(x) :=sup Xyl

e>0

|x—y|>¢

Then for each p € (1, 00) there exists Cy,p € (0, 00) such that

||T*f||Lp(Rn)§Cn,p( Z 0% F || 1 (gemy + sup [(1+|w|)|F(w)|])
le|<M weRr™

x | Vollsmomny (1 + | DY lemo@ )™ | flLr@n (A7)

for every f € LP(R™). Also, with Bg abbreviating B(0, R) := {x € R" : |x| < R}, it follows that for
each R € (0,00) and p € (1, 00) the operator

T :LP(BRr) —> LP(BR) iscompact. (2A.8)

This result is given in [Hofmann et al. 2010, Theorem 4.34, p. 2725 and Theorem 4.35, p. 2726]. As
noted there, the analysis behind it is from [Hofmann 1994]. Of course, there is a natural analogue of
Theorem 2.1 when the function ¢ is vector-valued (implied by the scalar case by working componentwise).
Here, the goal is to prove the following version of Theorem 2.1:

Theorem 2.2. Suppose ¢ : R" — R and  : R" — R™ are two locally integrable functions satisfying
Vo e vmo(R"), Dy € L®°(R"), (2A.9)

and let the symbol T (x, y) retain the same significance as in (2A.2). Given an even, real-valued function
FeeM (Rk) (for a sufficiently large M € N) along with some matrix-valued function

A:R" —RF™  4e L®RY), (2A.10)
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consider the principal value singular integral operator

Y (x)—v(y)

[x — |

Ta f(x):= PV/W |x —y|—(”+1)F(A(x) )r(x, Wi dy, xeR'.  (2A.11)

Then for each R € (0, 00) and p € (1, 00) the operator
T4 :LP(BR) —> L?(BR) is compact. (2A.12)

Once again, there is a natural analogue of Theorem 2.2 when the function ¢ is vector-valued (implied
by the scalar case by working componentwise).

Proof of Theorem 2.2. Fix a finite number
Ry > | DY || oo ) (2A.13)
and abbreviate By := {w € R : |w| < Rx}. Also, select a real-valued function y satisfying
x € [R™), xeveninR™, supp y S Bx, x(z)=1 whenever |z| <|Dy|oown). (2A.14)

To proceed, let {9;}jen C L?(Bx) denote an orthonormal basis of L2(By) consisting of real-valued
eigenfunctions of the Dirichlet Laplacian in B4 (as discussed in Appendix A). For x € R”, we can write
in L2(By) and for a.e. z € B,

F(A(x)z) =) bj(x)9;(2). (2A.15)
jeN
where, for each j € N, we have set
bj(x):= / F(A(x)z)0;(z)dz, xeR"™ (2A.16)
B

To estimate the b;, fix j € N, x € R", and observe that for each N € N we may write

AN by ()] = VB F(A@2) (=N 9))(2) dz

; (—A)N[F(A(x)2)]9(z) dz

<CnlAlff@nt  sup 3% F) ()|} 19 [l Lo (8.

|w|<R« || All Loo wn)
la|=2N

<Carr.NJjY2T2m 2A.17)

by (A.9). In light of (A.8) this ultimately shows that for each N € N there exists a constant Cp € (0, 00)
such that

1Bl ooy < Cyj~N  forall j eN. (2A.18)
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Moving on, we note that combining (2A.15) with its version written for —z in place of z, and keeping
in mind that F is even, yields

F(A(x)z) =Y bj(x)d;(2). (2A.19)
JjeN
where, for each j € N, we have set
9j(2) = 1(®;(z) + 9;(~2)), 7z € Bx. (2A.20)
In particular, for each j € N,
5j € CKIOOOC(B*) is even, vanishes on dBx, and satisfies — A;}j =A; 17}]- in By. (2A.21)

Multiplying both sides of (2A.19) with the cut-off function y from (2A.14) then finally yields

AEF(AX)2) =) bj(x)Fj(z). xeR" zeR", (2A.22)
jeN

where, for each j € N, we have set
Fi(2):= y(2)0,(z), zeR™, (2A.23)

naturally viewed as zero outside B.. Hence, for each j € N,

Fj € ¢°(R™) is an even function supported in By, (2A.24)

and (A.11) implies that for every multi-index o € N’ there exists a constant Cyy, o € (0, 00) such that

18% F} || Lo gy < Comar s /221 (2A.25)
Since
v(x)—vy©)
=TT — 2| = 1DYllLewny = x(2)=1, (2A.26)
we deduce from (2A.22) that
Taf(x) =) b;()T; f(x), (2A.27)
jeN

where, for each j € N, we have set

Lx,y)f(y)dy, xeR". (2A.28)

T f(x) = pv/w =y, (W)%ffy))

|x
At this stage, Theorem 2.1 applies to each operator 7. In concert, estimates (2A.7) and (2A.25) yield
a polynomial bound in j € N on the operator norms of 7; on L?(R™). Then, in the context of the

expansion (2A.27), the rapid decrease (2A.18) implies the desired compactness on L?(Bpg) for T4 for
each R € (0,00) and p € (1, o0). O
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It is possible to prove Theorem 2.2 using the Fourier transform in place of spectral methods, based
on Dirichlet eigenfunction decompositions. We shall do so below and, in the process, derive further
information about the family of truncated operators (indexed by & > 0)

V(x)—¥(y)
|x =y

where x € R”, including the pointwise a.e. existence of the associated principal value singular integral
operator.

Theorem 2.3. For each ¢ >0 let Ty ¢ be as in (2A.29), where I'(x, y) is defined as in (2A.2) for a function
¢ : R" = R satisfying Vo € BMO(R"), A € L®(R") is a k x m matrix-valued function, ¥ : R" — R™ is
Lipschitz, and F € €M (R¥) is even.

Then, if M = M(m,n) € N is large enough, there is a positive My < oo such that, for 1 < p < oo,

Thef @)=

|x—y|—<”+“F(A<x>
{yeR™:|x—y|>¢}

)F(m)f(y) dy.  (A29)

sup I Ta,e flLr@ny < HSUP(@)ITA,afluLp(Rn) < Co(1 + |V || oo @) ™M | Vollzmo@m) I £ | Lo @
E> e>

(2A.30)
where the constant Co depends on || Alloo, p, n, m, k and || F oM (B0, 4] o R.)) With

Ry :=2(|VY¥]leo + 1). (2A.31)
Moreover,
Vg € VMO(R") — limJr Taef(x) exists forae x eR" forall f e LP(R"). (2A.32)
e—>0

In fact, a more general result of this nature holds. Specifically, if B : R" — R™ isa bi-Lipschitz function
and if, for each, ¢ > 0 we set

Ta,Be f(x) = /

{yeR":|B(x)—B(y)|>¢}

Y (x) v ()

|x—y|—<"+“F(A<x>
|x —y|

)r(x, WSO dy. 2A33)

where x € R, then

Vo e VMO(R") — lim+ TaoBef(x) existsforae x €R" forall f € LP(R"). (2A.34)
e—>0

We shall prove estimate (2A.30) by reducing it to the scalar-valued case k = m = 1, with A = 1, which
is Theorem 1.10 in [Hofmann 1994]. Given (2A.30), for ¢ € vmo(R") one then gets local compactness
(as in the statement of Theorem 2.2: compare (2A.12)) of the associated principal value operator by the
usual methods.

Proof of Theorem 2.3. For z € R™, set Fx(z) := F(A(x)z). Note that, since A € L°°, we have that
Fy(-) € €M with

sup ||V Fe()] Loo(B) controlled uniformly in x for every ball B C R™. (2A.35)
0<j=<M

Moreover, as before, we may suppose that

Fx(-) is supported in the ball B(0, Rx) C R™ for every x € R", (2A.36)
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where R, is as in (2A.31). For notational convenience, we normalize F' so that

sup  |V/ F(+)llzoo(B(o,1alooRe)) = I- (2A.37)
0<j<M
We may write
Fr(z)=c / Fy(§) cos(z -§) dE, (2A.38)
Rm

where F % is the Fourier transform of Fy, and we observe that, by standard estimates for the Fourier
transform and our normalization of F from (2A.37),

esssup | Fy(§)] < CR™(1+|g)~™. (2A.39)

xX€ER”

Let n € 5°(—2,2) be an even function with n = 1 on [~1, 1] and, for § € R™, 1 € R, set

Eg(t) = cos(t)n( (2A.40)

t
(14 [ED R« ) '
Observe that, for z € B(0, R«x) C R™, we may replace cos(z -§) by Eg(z-£) in (2A.38). In concert with
(2A.29) and (2A.38), this permits us to write

s [ Y=V ()

{yeR":|x—y|>¢} |x — |

— [ ﬁx(s){ | |X—y|_("+l)E5(§'M)F(X»J’)f(ﬁ dy} d
R {yeR":|x—y|>¢e}

|x =y

|x—y|—<"+”F(A(x) )F(x,y)f(y) dy

_e / (1+ [EDMN Fo(§)Teo £ (x) dE,
Rm

(2A.41)
where

Tef ()= [

{yeR":|x—y|>¢&}

|x—y|“"+“13‘g(s-M)F(x,wf(y)dy 2A42)

lx =yl
and, with N a large number to be chosen later,
Ee(t):= (1+ |E)NMEg(r) forall  €R. (2A.43)

In turn, from (2A.41) and (2A.39) we deduce that

Isup | Tae f1] 1 p ey < CRY / A+ 1ED™V[|sup | Tee 1] Lo gny 46 (2A.44)
&>0 R >0
We now set

N:=M-=-2 (2A.45)

and note that this choice ensures that, for all nonnegative integers j,

()70 1

L4 [e[/((T+ [EDRx)

2
) <CiRI(1+]t)~2,

<G +|él)‘2(
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where the constant C; may depend on j but is independent of §. By [Hofmann 1994, Theorem 1.10,
p. 470] applied to the scalar-valued Lipschitz function & - ¢, we then have that, for some M; < oo,

I sup T/ () | Lo @y < CRE+IEIR)M Vo lmpo@n | f e @) (2A.46)
&>
Plugging the latter estimate into (2A.44) and finally choosing
M =M +m+3, (2AA47)

we obtain (2A.30) thanks to (2A.45).

Finally, it remains to consider the issue of the existence of the limits in (2A.32) and (2A.34). We treat
in detail the former, since the argument for the latter is similar, granted our results in Appendix B. To
justify (2A.32), make the standing assumption that

Vo € VMO(R") (2A.48)

and recall from (2A.41), (2A.45) that
Taef @) =c [ (+1E2 Fu@ T ) ds (2A49)
where T¢ . f(x) is as in (2A.42). To proceed, observe that, for each f € L?(R"),
su%|(1 +EN2 Fx(®)Tge f(¥)] € LE(R™) for ae. fixed x € R". (2A.50)
>

To see that this is the case, use Minkowski’s inequality along with (2A.39) and (2A.46) to estimate

1
~ p 4
{/(/R Supl(1+ISI)ZFx(E)Tg,gf(x)mg) dx}”

m e>0

< [ Isup 101+ 1602 Fe@) e /]y
< [, -+ leDPtesssup | P fsup T 00| oy 08

< CRI™*?||Vollpmo@n I.f L @) /R (U [EDPTM A+ EIR)M dE < +oo. (2A51)

thanks to (2A.47). With (2A.51) in hand, the claim in (2A.50) readily follows. Next, granted (2A.48), we
claim that for each fixed function f € L?(R") the following holds:

for each fixed &€ € R™, lim+ Tee f(x) exists forae. x € R”. (2A.52)
e—>0

Given that we have already established (2A.30), this may be justified along the lines of the proof of
Theorem 5.11, pp. 500-501 in [Hofmann 1994], based on Proposition B.2 and keeping in mind that VMO
functions may be approximated in the BMO norm by continuous functions with compact support, which,
in turn, are uniformly approximable by functions in €°.
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In concert with the uniform integrability property (2A.50), the existence of the limit in (2A.52) makes
it possible to use Lebesgue’s dominated convergence theorem in order to write that, for a.e. x € R”,

tim Taaf(0=c tim [+ D2 E@) Tk f () d

=c / (14 |ED?Fy(§) lim T, f(x)dE. (2A.53)
R e—0~F
This proves the claim in (2A.32) and finishes the proof of the theorem. O

2B. The local compactness of the remainder. Let ¢ : R" — R"*+¢ be a Lipschitz map of “graph” type,
i.e., assume that

o(x) = (x,p0(x)) forall x € R", (2B.1)
for some
¢o: R" — R®  Lipschitz. (2B.2)
Note that this implies
lp(x) =) > |x—y| forall x, y eR". (2B.3)
Let
kRt \ {0} = R be a smooth function, positive, homogeneous of degree —n (2B.4)
and satisfying k(—w) = —k(w) for all w € R"+\ {0}.
Then
KI@ =PV [ k()=o) /() dy
- Pv/W Ix —y|—"k(W) f()dy, xeR", (2B.5)

defines a bounded operator on L?(R") for each p € (1, 00). We aim to establish a finer structure when
@ € €1 (R") or, more generally, when the Jacobian D¢ of ¢ satisfies

Dy € L*°(R") N vmo(R"). (2B.6)
Namely, we set
R:= K —Ko, (2B.7)
with
Kof () =PV [ KDy =y dy. xR, (2B.8)

Note that (2B.3) implies |D¢(x)z| > |z| for all z € R". We have
pe?¢'(R") = KoeO0P%°S)

cl»

(2B.9)
Dy € L*(R")Nvmo(R") = Ko e OP(L*> Nvmo)SY.

The latter class is studied in [Taylor 2000, Chapter 1, §11] and, for the reader’s convenience, useful
background material on this topic is presented in Appendix C. See Theorem 2.6 for a derivation of the
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second part of (2B.9) in a more general setting. As for the “remainder” R in (2B.7), we have

Rf(x)=PV/';wr(x,y)f(y)dy, x € R", (2B.10)
where .
r(x,y) :=k(p(x)—@(y)) —k(De(x)(x —y)) :/0 re(x, y)dre, (2B.11)
with
re(x,y) == (VK)(o(x) —o(y) + t(x, ) - T'(x, y),
Lx, y):=@(x) —@(y) = De(x)(x — y).

The following is our first major result:

(2B.12)

Theorem 2.4. Let ¢ be as in (2B.1)-(2B.2), suppose k is as in (2B.4) and define R as in (2B.7), where
K, Kg are as in (2B.5) and (2B.8), respectively. Finally, assume that (2B.6) holds. Then, for each ball
B CR" and p € (1, 00), the operator

R:L?(B)— L?(B) is compact. (2B.13)

In the case when ¢ € ¥!(R") and D¢ has a modulus of continuity satisfying a Dini condition, the
compactness result (2B.13) is straightforward. See [Taylor 2000, Chapter 3, §4].

Proof of Theorem 2.4. Note that
1
R :/ R, dr. (2B.14)
0

interpreted as a Bochner integral, with

R: f(x):= PV/ re(x,y)f(y)dy, xeR", (2B.15)
Ri’l

and the integral kernel r;(x, y) as in (2B.12). Given this, and bearing in mind that the collection of
compact operators on L?(B) is a closed linear subspace of £(L?(B), L?(B)), it suffices to show that
each operator R; has the compactness property (2B.13).

With this goal in mind, for each t € [0, 1] observe that the operator R, has the form

Do(x)(x —y) +t'(x,y)
|x =yl
with I'(x, y) as in (2B.12) and F := Vk. Note that the argument of F in (2B.23) is

Ref =PV [ eyt Jrensmay - esae

Do(x)(x—y)+1l(x,y) = (x—y, Dpo(x)(x —y) + tlo(x, y)), (2B.17)

with ¢ as in (2B.1)-(2B.2) and ['g(x, y) as in (2B.12), but with ¢ replaced by ¢q. In particular, there
exists a constant C € (1, 0o) such that

_ 1P (x = y) +l(x, y) _

1 <C (2B.18)
|x —y|
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for all x, y € R" and all 7 € [0,1]. As such, we can alter the function F(w) at will off the set
{we R"t:1 < |w| < C} and arrange that
F e €5°(R"+Y) (2B.19)

while keeping F even.
Moving on, observe that another way of looking at the argument of F in (2B.23) is to write

Do(x)(x—y)+1l(x,y) =1t(p(x) —9(y)) + (1 =7) Do(x)(x — y)
= [to(x) + (1 = 1) Do(x)x] = [ro(y) + (1 = 1) Dp(x)y]

= A () (Y (x) =¥ (), (2B.20)

with
Ar(x):= (] (1—71)De(x)) (2B.21)

and
W(x) = (wiX))’ ¥R —s REFE (2B.22)

The bottom line is that for each t € [0, 1] we have

Ref ) =PV [ oy 00 F (V=IO

where A;, ¥ are as in (2B.21)-(2B.22) and we can assume F is even and satisfies (2B.19). Granted this,
Theorem 2.2 applies and yields that each R; has the compactness property (2B.13). O

)F(x, »f(y)dy, xeR", (2B.23)

2C. A variable coefficient version of the local compactness theorem. Here the goal is to work out a
variable coefficient version of Theorem 2.4 by treating the following class of operators. Let k be in
£ (R x (R4 0)). Suppose k(w, z) is odd in z and homogeneous of degree —n in z. In addition,
assume bounds

|Dg DEke(w, 2)] < Caplz| A1, (2C.1)
We take ¢ : R” — R"*+¢ as in (2B.1)-(2B.2), (2B.6), and consider
KF@) =PV [ k0.0 =00 S0 dy. xR (c2)
To analyze this type of singular integral operator with variable coefficient kernel, it is convenient to expand
k(w.z) =" a;(w)Q,; (). (2C.3)
J

where, starting with orthonormal, real-valued, spherical harmonics £2; on S n=1 we have set

Qn,j(2) = Q) (é—|)|z|_”, z e R\ {0}, (2C.4)

and where the coefficient functions a; are given by

aj(w) = /Sn_l k(w,z)Q(z)dz. (2C.5)
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We can arrange that all the functions €2, ;(z) in (2C.3) are odd. There is a polynomial bound in j on
the ¢ norm of @, ;|gn—1 for each m € N, and the coefficients a; are rapidly decreasing in 4" norm
for each m € N. We have
K=>K;. (2C.6)
J

where, for each j,

Kp S0 i=a @) PV [ 20y =D dy. xR )
The series (2C.6) converges rapidly in L?-operator norm for each p € (1, 00).

Let us compare K with K*, defined as

K*f(x):= PV/W k(p(x), Do(x)(x—y)) f(y)dy, xeR". (2C.3)
This time (2C.3) yields
K* ="Kt (2C.9)
J
with Kj’i‘E given by
K f(x):=a;(p(x)) PV/W Qn,j (De(x)(x —y)) f(y)dy, xeR" (2C.10)

We claim that the series (2C.9) is rapidly convergent in L?-operator norm for each p € (1, c0). Indeed,
Theorem 2.4 directly implies that, for each j,

K;—K? is compacton L?(B) (2C.11)

for each ball B C R” and each p € (1, 00). The operator norm convergence of (2C.6) and (2C.9) then
yield the following variable coefficient counterpart to Theorem 2.4:

Theorem 2.5. Given K as in (2C.3) and K* as in (2C.8),
K — K* is compact on L?(B). (2C.12)

Moving on, we propose to further analyze (2C.8) and show that (again, see the discussion in Appendix
C for relevant definitions)

K* € OP(L*™ Nvmo)SY. (2C.13)
To this end, it is convenient to write
k(w, Az) = " bj(w. A)Q,;(2) (2C.14)
J
for A : R" — R" ¢ of the form /
A= ) 2C.15
(4, (2C.15)

with
bj(w, A) :=/ k(w,Az)Q;(z)do(z). (2C.16)
Sn—1
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Again, we can arrange that only odd functions €2, ; arise in (2C.14). As Ao varies over a compact
subset of £(R”, RY), the space of linear transformations from R” to R¢, we have uniform rapid decay of
bj(w, A) and each of its derivatives. We have the following conclusion:

Theorem 2.6. The operator K* defined by (2C.8) satisfies

K1) = Y by0). Do) PV [ R0y =)f()dy. xR @CI)
J
hence
K*f(x) = p(x,D)f(x), xeR" (2C.18)
with
p(x. €)=Y bj(p(x). De(x))Qn,; (). (2C.19)
J
Consequently,
p € (L*® Nvmo)S) (2C.20)

and (2C.13) follows.

3. Symbol calculus

Our goals here are to associate symbols to the operators studied in Section 2 and to examine how these
operators behave under coordinate changes.

3A. Principal symbols. Let Q C R"™! be a bounded Lip N vmo; domain, so € is locally a graph of
the form (2B.1)—(2B.2), (2B.6) with £ = 1. Let 0*2 denote the subset of Q2 of the form ¢(x) such that
x is an LP-Lebesgue point of D¢ with p > n (so in particular ¢ is differentiable at x). Then we set

Tp(x)0* 2 :={Do(x)v:v eR"} whenever p(x) €d*Q. (BA.1)
In this fashion, we can talk about the tangent bundle and cotangent bundle over 0* €2,
T0*Q and T*0*Q, (BA.2)

where, in the latter case, the fiber TJ(X)B*Q is the dual space to (3A.1).
Let k(w, z) be smooth on R”*1 x (R”*1\ 0), odd in z and homogeneous of degree —n in z. Consider

Kf(x):= PV/ k(x,x—y)f(y)do(y), K:LP@0OQ)— L?(0R), pe(,o0). (BA.3)
aQ
In the local coordinate system described above,
Kf(x)= PV/@ k(p(x). @(x) =) f()E(y) dy (3A.4)

with 0 C R” and do(y) = X(y) dy. Note that ¥ € L°° N vmo. As we have seen in Section 2C,

K = p(x, D) mod compact (BAYS)
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with p(x,§) € (LN Vmo)Sg odd and homogeneous of degree 0 in £&. We want to associate to K a
principal symbol ok defined on 7*9*€2. We propose

ok (9(x).§) := p(x, Do(x)"§) (3A.6)

for x €0, p(x) € 9*Q, with p asin (3A.5). If 92 is smooth, this coincides with the classical transformation
formula for the symbol of a pseudodifferential operator. Now K = K* mod compact, with K* given by
(2C.8) with a factor of X(y) thrown in. This factor can be changed to ¥ (x) mod compact, so we can
take

p(x, D) f(x) = PV/ k(p(x), Do(x)(x = y))Z(x) f(y) dy. (AT
The standard formula connecting a pseudodifferential operator and its symbol yields
P = [ kg, Do) 2 () dz. (3A.8)
so (compare (3B.22)—(3B.23))

p(x. Do(x)TE) = /R k(p(x). Dp(x)z)e” PEDTER (x) dz

N / k(p(x), 2%)e 2" d2°, (3A.9)
Tw(x)a*gz
since the area element of 02 at w € 0*Q coincides with that of Ty,0* . Hence,
ox(w, §) = / k(w, z%e 7" 420 wed*Q. (3A.10)
Twd*Q

This last formula is independent of the choice of local coordinates on 2. If 92 is smooth, (3A.10) is the
standard formula. We note that 7, 9* 2 inherits an inner product, and hence a volume form, as a linear
subspace of R”*1, and dz® = ¥ (x) dz when w = ¢(x).

Suppose K is an £ x £ system of singular integral operators. We say K is elliptic on 0S2 if there exists
a constant C > 0 such that

lox(w,&)v|| > Cllv|| forall ve C! and o-ae. w € 9*Q. (BA.11)

In such a case, by (3A.6), the operator p(x, D) € OP(L°° N vmo)S 3 associated to K in a local graph
coordinate system is elliptic, i.e., its symbol p(x, §) satisfies the analogue of (3A.11). We can thus prove
the following:

Theorem 3.1. Let Q@ C R**! be a bounded Lip N\ vimo, domain. If K is an £ x { elliptic system of
singular integral operators of the form (3A.3) and satisfies the ellipticity condition (3A.11), then

K :LP(0Q) — L?(02) is Fredholm for all p € (1, 00). (3A.12)
Moreover, the index of K in (3A.12) is independent of p € (1, 00), and we have the regularity result

l<p<g<oo and feLP@Q), KfelLi(3Q) = feLi(OQ). (3A.13)



132 STEVE HOFMANN, MARIUS MITREA AND MICHAEL E. TAYLOR

Proof. Let {0} }; be an open cover of d€2 on which we have graph coordinates. (We also identify each 0;
with an open subset of R”.) Let {1 }; be a Lipschitz partition of unity on d2 subordinate to this cover.
Let ¢; € Lip(0;) have compact support and satisfy ¢; = 1 on a neighborhood of supp ;. Then

K = Z KMy, = Z My, KMy, mod compacts, (3A.14)
J j

where, generally speaking, My f := ¥f. Now we have (see (3A.5))
My, KMy, = My, pj(x, D)My,; mod compacts, (3A.15)

with p;(x, D) € OP(L*° N vmo)Sg elliptic. We have a parametrix e;(x, D) € OP(L*° N Vmo)Sg,
satisfying

My, ei(x, D)My, My, KMy,; = My, y,; mod compacts. (3A.16)
Set

E:=) Myei(x.D)My,. (3A.17)
i

Then
EK = Z My, ei(x, DYMy,; My, KMy,; mod compacts
iJj
= Z My, y,; mod compacts
i,J
=1 mod compacts. (3A.18)

Similarly, E is a right Fredholm inverse of K, and we have (3A.12).
Going further, for each p € (1, 00) let 1, (K') denote the index of K on L?(9€2). Then, if 1 < p <q <o0
and N, denotes the null space of K on L?(92), and N;) that of K* on L? (3Q), we have

Ng CNp, N;,CN'q, hence 1,(K) > 14(K). (3A.19)
The same type of argument applies to £, yielding ¢, (E) > t4(E), hence
1p(K) =14(K), (3A.20)
as wanted. Note that, together with (3A.19), this actually forces
Ng=Np and N}, =N, (3A.21)

Finally, for (3A.13), if /' € LP(0Q) and Kf = g € L9(d<2), then g annihilates N,. Since Ny = N7,
g annihilates N, so g = K f for some f € L9(3S). Given p < ¢, we have f — f € Np. Hence
f— f € Ny, and thus f € L9(0Q2), as asserted in (3A.13). O
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3B. Transformations of operators under coordinate changes. Let ¢ : R" — R” be a bi-Lipschitz map,
so there exist a, b € (0, c0) such that

alx —y| <lp(x) =) <blx—y| forall x, y eR". (3B.1)
In addition, we assume
D¢ € vmo(R"). (3B.2)
Given
k € € (R"\0) homogeneous of degree —n, k(—z)=—k(z), (3B.3)
we set
Kf(x)::PV/ k(x—y)f(y)dy, xeR". (3B.4)
Ri’l
Let us also set
Ko f0) =PV [ k@) =gt dy. xR (3B.5)

As in the past, we let M, denote the operator of pointwise multiplication by y.

Definition 3.2. Say that ¢ is in T(R") provided that (3B.1)—(3B.2) hold and, in addition, whenever (3B.3)
holds, the singular integral operator K, associated with ¢ as in (3B.5) may be decomposed as

Ko (1) =PV [ kDo) =) f0)dy+ Ro f). 5 <R, (3B.6)
for a remainder with the property that for each cut-off function y € ¢5°(R") one has
MyR,M, : LP(R") — L?(R") compact for all p € (1, 00). (3B.7)
By Theorem 2.6, the principal value integral on the right-hand side of (3B.6) defines an operator

K, € OP(L* Nvmo)S) (3B.8)

cl»

which is bounded on L?(R") for each p € (1, 00).
The following is a variant of Theorem 2.4, proven by the same sort of arguments.

Theorem 3.3. Assume @ satisfies (3B.1)—(3B.2). Assume also that there exists k > 0 such that, for all
T €[0,1],
[tle(x) =]+ (1 =) Do(x)(x —y)| = k|x —y| forall x, y € R". (3B.9)

Then ¢ € T(R™).
In fact, given a function x € €5°(R"), one has (3B.7) provided the estimate in (3B.9) holds for all
points X, y € supp x.

Note the similarity of (3B.9) and (2B.18). In this connection, if £ C R™*¢ is an n-dimensional graph
over R”, as introduced in Section 2B, and if it is also represented as a graph over a nearby n-dimensional
linear space V', then one gets a bi-Lipschitz map from R” to V' = R” satisfying (3B.9). In such a way, one
can represent X as a Lip N vmoy manifold, whose transition maps satisfy the conditions of Theorem 3.3.
See the next section for more on this.
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We proceed to a variable coefficient version of (3B.3)—(3B.7). Take k measurable on R” x R”", satisfying
k(x,z) homogeneous of degree —n in z, k(x,—z)=—k(x,z). (3B.10)

Assume k(x, z) is smooth in z # 0 and that for each multiindex « there exists a finite constant Cy > 0
such that

192k (-, 2) || oo Avmo < Calz| ™14, (3B.11)
where, for f € L°°(R"),

| fllLee if f € vmo,
- 3B.12
- o GB.12)
Then we can write
k(x,z):ij(x)|Z|_an(|§—|), (3B.13)
j=0

where {Q;}; is an orthonormal set of spherical harmonics on "1, all odd, and for each j € N we have
Ik | Loorvmo < Ca (j)™N  forevery N € N. (3B.14)

In place of (3B.4)—(3B.6), we take

Kf(x) :=PV/ k(x,x—y)f(y)dy, xeR", (3B.15)
Rl’l
Ky f(x):= PV/Rnk(ﬁﬂ(x),w(x) () f(y)dy, xeR", (3B.16)
and write
Ko (1) =PV [ k(). Do) =) f () dy + Rof(5), x <R, (3B.17)

Using (3B.13)—(3B.14), we can write these as rapidly convergent series, and deduce that
peIR") = MyR,M,:L?(R")— LP(R") compactforall p e (1,00) (3B.18)
whenever y € ¢5°(R"). Implementing this for (3B.16) involves using the following result:

Lemma 3.4. The function spaces bmo(R") and vmo(R") are invariant under u + u o @, provided
@ : R" - R" is a bi-Lipschitz map.

Proof. This has the same proof as Proposition D.5 (see also [Taylor 2009, Proposition 3.3; Bourdaud et al.
2002, Theorem 2, p. 516]). O

As in (3B.8), the integral on the right-hand side of (3B.17) defines an operator
K, € OP(L% Nvmo)SyY. (3B.19)

We use these results to analyze how an operator P = p(x, D) € OP(L®° Nvmo)S 3 transforms under
amap ¢ € T(R"). In more detail, given P : L?(R") — LP(R"), set

Pyg(x) = Pf(p(x)), [ €LP(R"), g(x) = fle(x)). (3B.20)
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Our hypothesis (3B.1) implies ||g|lL» ~ || f|L», so Py : LP(R") — LP(R"). We claim that
P, € OP(L*°Nvmo)S g, at least modulo an operator with the compactness property (3B.18). Furthermore,
we obtain a formula for its principal symbol.

We take p(x, £) to be homogeneous of degree 0 in £. To start, we assume

p(x,§) =—p(x,=§). (3B.21)
Now
Pf(x) =PV/ k(x,x—y)f(y)dy, xeR", (3B.22)
with §
k(x,z) = Q2n)™" / px,£)e! 7€ dE, (3B.23)
SO R
p(x.&) = | k(x,z)e""¥dz. (3B.24)
Note that §
p(x.§) =) pi(0)Q; (%) (3B.25)
j=0

with {€2;}; as in (3B.13) (again, all odd) and
IpjllLoorvmo < Cn (j)™N forall N eN. (3B.26)

It follows that k(x, z) satisfies (3B.10)—(3B.11). Hence, (3B.15)—(3B.19) apply. Consequently, with
Jo(y) :=|det Do (y)|,

Pyg(x) = Pf(p(x)) (3B.27)
=PV [ K@) =310 dy (3B.28)
=PV [ k0,000 =00 000 dy (3B.29)
=PV [ k). 00 =)0 g () dy. (3B.30)

Applying (3B.15)—(3B.18), we have

Ppg(x) =PV | k(p(x), Do(x)(x —y)g(y)Jp(y) dy + Rigp, (3B.31)
Rn

where R1, has the compactness property (3B.18). Also, J, € L°° N vmo, so we can use the commutator
estimate from [Coifman et al. 1976] to replace J,(y) by Jy(x) in (3B.31), replacing R14 by R2y, also
satisfying (3B.18). Consequently, we have

Pyg(x) = (2n)‘"/ / Po(x.£)e! ¥ E g (y) dy dE + Ry, (3B.32)
R7 JR?
and
ey [ pel 8067 dE = Ty k(). D)), (3B.33)
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Taking &' = Do(x)T¢ gives d&’ = J,(x) d€. We have cancellation of the factors J,,(x), hence

@) / Po(x. Dp(x)TE)e’Vo™7E 4 = k(p(x), Do(x)2). (3B.34)
Hence, with N
0(x,€) = py(x, Dep(x)"€), 2 = Dg(x)z, (3B.35)
we have
2m)™" / o(x,£)e'?E dE = k(p(x),2), (3B.36)
SO R
o(x.£) = f k(p(x), 2)e 2 € dz. (3B.37)
-

Comparison with (3B.24) yields the formula

Pe(x, Dp(x)T€) = p(p(x).§). (3B.38)
This has been derived for p(x, §) satisfying (3B.21). We now address the general case.

Theorem 3.5. Assume ¢ € T(R"). Given P € OP(L* Nvmo)S g with principal symbol p(x, &) and Py,
defined by (3B.20), one can decompose

Py = py(x,D)+ Ry (3B.39)
with Ry satisfying (3B.18) and py(x, D) € OP(L*° N Vmo)Sg satisfying (3B.38).

Proof. We have this when p(x, £) satisfies (3B.21). It remains to treat the case p(x,—§) = p(x, ). For
this, we can write

p(.D) = 3 q;(e. D)sj(x. D), where 5;(6,6) = L. g5 8) = plx, ) L

, . (3B.40)

P €] €]
The previous analysis holds for the factors ¢;(x, D) and s;(x, D), and our conclusion follows by basic
operator calculus for OP(L° N vmo)S 3. O

3C. Admissible coordinate changes on a Lip N vimoy surface. Let ¢ : R* — R"*¢ have the form
o(x) = (x, po(x)) with Dgo(x) € L°°(R") N vmo(R"), as in Section 2B. Thus ¢ maps R” onto an
n-dimensional surface . Let V C R be an n-dimensional linear space. If V' is not too far from R”
(depending on || D¢g||z), then X is also a graph over V' and we have the coordinate change map

YR —V, ¥((x)=Q¢(x), (3C.1)
where Q : Rt — ¥V is the orthogonal projection. Consequently,
X v
v =0(,0m) PY@U=2(pu ) (3C.2)
Consequently,
W)=Y+ =DV =)= 0111y g1+ (10 Dgorx—3))- BCD
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Recall that the condition for Theorem 3.3 to apply is that (3C.3) has norm at least «|x — y| for some
k >0, for x, y € R", r €0, 1]. We see that the norm of (3C.3) is at least

Q=) —y(x.y), (3C.4)

where, with Q¢ denoting the orthogonal projection of R” ¢ onto R”,

y(x,y) =10 — Qo)(z[po(x) —po(¥)] + (1 — ) Do (x)(x — y))||

< I1DpollLe=llQ( = QoI - [x = yI. (3C.5)
Since Q(x—y)=(x—y)+ (I — Q)Qo(x —y), we deduce that the norm of (3C.3) is at least
(1= = 2)Qoll = I = Qo) 21l IDgolloe)|x = y. (3C.6)
Consequently, Theorem 3.3 applies as long as
(I = Q) Qoll + (1 = Qo) 2l - [DgollL~ < 1. (3C.7)

This in turn holds provided
10 = Qoll < (1+ [ DeollLee) " (3C.8)
We have the following conclusion:

Proposition 3.6. Let v : R" — V be as constructed in (3C.1). Assume (3C.8) holds, where Q and Qg are
the orthogonal projections of R+ onto V and R™, respectively. Take a linear isomorphism J : V — R".
Then J o\ belongs to ‘T(R™).

3D. Remark on double layer potentials. Assume that a kernel

E :R**1\ {0} — R, which is a smooth function, positive homogeneous of degree —(n + 1)

oo . (3D.1)
and satisfying E(—X) = E(X) for all X € R"*1\ {0},

has been given. Also, let 2 C R"*! be a bounded Lip N vmo; domain and consider the singular integral
operator

Kf(X):= PV/aQ(v(X), X-Y)EXX-Y)f(Y)do(Y), X €dQ, (3D.2)

where v and o are, respectively, the outward unit normal and surface measure on d2. To study this, focus
on a local version of (3D.2) of the following sort. Let

¢@o : 0 — R Lipschitz with Vgg € vmo, (3D.3)

where O C R" is open, be such that its graph is contained in dQ and define the Lipschitz map ¢ : 0 — R* 1
by setting
@(x) :=(x,¢90(x)) forall x €0. (3D.4)

Then, in these local coordinates, K takes the form

Ko f(x) = PV/@((V%(X), =1, o) —o() E(e(x) —9() f(y) dy. (3D.5)
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Its “sharp” form, obtained by replacing ¢(x) — ¢(y) with Do(x)(x — y), is then
Ky f(x):= PV/@((V%(X), —1). Do(x)(x = y)) E(Dg(x)(x — y)) f(y) dy

= PV/ (De(x)" (Voo (x).—1). x — y) E(Do(x)(x — y)) f(y) dy
=0, (3D.6)
since

T
Do(x) = Tnxn =  Do(x) (Vgo(x),—1) = (Ian V(po(x)) Veo(x) =0. (3D.7)
Vo(x) —1

In concert with our local compactness result, according to which K, — Kf; is compact on L? for each
p € (1, 00), this ultimately gives that

if @ C R"*! is a bounded Lip N vmo; domain and E is as in (3D.1)

3D.8
then K from (3D.2) is compact on L?(d2), for each p € (1, 00). ( )

Of course, the above result contains as a particular case the fact (which is a key result in the work of
Fabes, Jodeit and Riviere [Fabes et al. 1978]) that the principal value, harmonic, double layer operator

Kf(X):= lim L/Yem %]‘(Y)dc(m X €99, (3D.9)
|X—Y

is compact on L2 (d2) for each p € (1, 00) if 2 C R"*1 is a bounded ¢! domain.

|>e

3E. Cauchy integrals and their symbols. Given £ €N, let M (£, C) denote the collection of £ x £ matrices
with complex entries. Let 9 be a first-order elliptic £ x £ system of differential operators on R* 1,

Du(x)=Y_ Ajdju, Aj€M(.C). (3E.1)

Thus 04 ({) =i ) ; Aj¢j 1s invertible for each nonzero ¢ € R”*1 and 9% has a fundamental solution

k@ =0 [ B dn @ =) (GE2)

odd and homogeneous of degree —n in z. If @ C R**™! is a bounded UR (uniformly rectifiable) domain,
we can form

Bf(x) = / k(=) f() do(y). xeQ, GE3)
I
with nontangential limits (see (4A.3))
@) @)= Jim B() = 3-0a(00)™ £ + B () GE4)

for o-a.e. x € 02, where ' (x) C 2 is a region of nontangential approach to x € 92 (see (4A.2)) and

Bf(x):= PV/aQ k(x—y)f(y)dao(y), xe€df. (3E.5)
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One is hence motivated to consider the “Cauchy integral”

Cof () =i /a K =)as o)) o), v, GE.6)

with nontangential limits
Go f |5(x) = L F(x) + Ca £ (x) (3E.7)

for o-a.e. x € 0€2, where
Caf(x) =i PV /a K =)o) doy), x <09, GES)

As shown in [Mitrea et al. 2015], a reproducing formula yields
Py=Li14+Cy = PZ=Py. (3E.9)

They study this in the setting of UR domains (and also for variable coefficient situations, which for
simplicity we do not take up here in detail). The operator Pg is a Calderén projector.

Here, we take €2 to be a Lip N vmo; domain and analyze the principal symbol of Pg as a projection-
valued function on 7*90*Q \ 0. To start, we recall from (3A.10) that, for B in (3E.5),

op(w,§) = / k(z9e 7" 420, wed*Q. (3E.10)
Ty d*Q
Plugging in (3E.2) and using basic Fourier analysis, we obtain
op(w, §) = %Pvfoo E(E + sv(w)) ds. GE.11)
We then have ' ~ >
oc,(w,§) = 2l_n PV/ 05 (§ +isv(w)) Log(v(w)) ds. (3E.12)
Now 05 (§ 4+ sv(w)) = 09 (§) + sog(v(w)), so
05 (§ +sv(w) " log(v(w)) = (M(w, §) +s1)~", (3E.13)
with
M(w, §) = 05 (v(w) ™ o5 (E). (3E.14)

The invertibility of og(§ 4+ sv(w)) and of og (v(w)) imply that

Spec M(w,§) NR = @. (3E.15)
We have . -
oc, (w, €) = 2’—ﬂ PV/ (s + M(w, §))" ds. (3E.16)

Lemma 3.7. Assume A € M(£,C) and Spec ANR = &. Then

00 icA :
. Pi(A
L/ (s—A)ylei® ds =€ .A+( ) #e>0, (3E.17)
2ni J_ o —e'®4P_(A) ife<0,
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where P4 (A) is the projection of Ct onto the linear span of the generalized eigenvectors of A associated
to eigenvalues in Spec A with positive imaginary part annihilating those associated to eigenvectors with
negative imaginary part, and P_(A) = I — P+ (A). Hence

1 o _1 1
Proof. If ¢ > 0, the left-hand side of (3E.17) is equal to
lim — —A)7! E.l
RI—I}})o 2mwi BDI(S ) as, 3 %)

where Dg :={s € C:|s| < R} and D; := DrN{s € C:Ims > 0}. This path integral stabilizes when
R > || A|| and the desired conclusion in this case follows from the Riesz functional calculus. The treatment
of the case when ¢ < 0 is similar. Then (3E.18) follows readily from (3E.17). O

We apply Lemma 3.7 to (3E.16) with A := —M (w, £). Making use of the identity P4 (—M )= P_(M),
we have the following conclusion:

Proposition 3.8. The operator Cq and the associated Calderon projector, derived from the Cauchy
integral (3E.6) via (3E.7)-(3E.9), have symbols given by

oc, (w.§) = —(P_(M(w.§) ~ 11) = 11 — P_(M(w.£)) (3E.20)
and

op,(w,§) = P+ (M(w,£)) (3E.21)
respectively, with M(w, §) as in (3E.14) and P+ (A) as described in Lemma 3.7.

Remark 3.9. Extensions of the results in this section to variable coefficient operators (acting between
vector bundles) and to domains on manifolds can be worked out using the formalism developed in [Mitrea
et al. 2015; > 2015].

4. Applications to elliptic boundary problems

Here we apply the results of Sections 2-3 to several classes of elliptic boundary problems, including
the Dirichlet problem for general strongly elliptic, second-order systems and general regular boundary
problems for first-order elliptic systems of differential operators.

4A. Single layers and boundary problems for elliptic systems. Let M be a smooth, compact, (n+1)-
dimensional manifold equipped with a Riemannian metric tensor

g= Zgjk dx; ®dxy with g;x € ¢, (4A.1)

jk
Also, consider a Lip N vmo; domain 2 C M (see the discussion in the last part of Appendix E). Having
some fixed x € (0, 00), for each x € 02 define the nontangential approach region with vertex at x by

setting
Te(x) :={y € Q :dist(x, y) < (1 + k) dist(y, 9Q2)}. (4A.2)
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Next, given an arbitrary u : 2 — C, define its nontangential maximal function and its pointwise non-
tangential boundary trace at x € 92, respectively, as

W) (x) = sup{lu(»)| : y € T}, (uf3g)(x) = Lim  u(y) (4A.3)

T (x)2y—x
whenever the limit exists. The parameter « plays a somewhat secondary role in the proceedings, since for
any k1, k2 € (0,00) and p € (0, 00) there exists C = C(x1, k2, p) € (1, 00) with the property that
CTHNqulLr@o) < INeullLroe) < ClINqulLr@o) (4A.4)

for each u : 2 — C. Given this, we will simplify notation and write N in place of Ny.
Moving on, let L be a second-order, strongly elliptic, k x k system of differential operators on M .
Assume that, locally,

Lu=Y"0;AY (x)oju+ Y _ B/ (x)dju+V(x)u, (4A.5)
i j
where
AV e¢?, Ble¢', Vel®. (4A.6)
Also, suppose
L:HY"Y(M)— H™VP(M) is an isomorphism for 1 < p < co. (4A.7)

We want to solve the Dirichlet boundary problem
Lu=0 on Q. ulyg=/feLP(dQ). NueLP(@Q) (4A.8)

via the layer potential method. To this end, let E denote the Schwartz kernel of L~!, so that
L v(x)= / E(x,y)v(y)d Vol(y), xeM, (4A.9)
M

where d Vol stands for the volume element on M. Then, with ¢ denoting the surface measure on 92,
define the single layer potential operator and its boundary version by

Fg(x):= /z;g E(x,y)g(y)do(y), xeM\IQ, and Sg:= S’g‘gg on dQ2. (4A.10)

We want to solve (4A.8) in the form
u=9%g, where g ischosen sothat Sg = f. (4A.11)

As such, if H%?(02) with 1 < p <oo and —1 <s < 1 denotes the L?-based scale of Sobolev spaces of
fractional order s on 02, we would like to show

S:H YP(HQ)—> LP(3Q) is Fredholm of index 0. (4A.12)

Since the adjoint of S is the single layer associated with L* (which continues to be a second-order,
strongly elliptic, k x k system of differential operators on M), this is further equivalent (with ¢ := p’ the
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Holder conjugate exponent of p) to the condition that
S:L9Q) — H"(3Q) is Fredholm of index 0. (4A.13)

Such a result was established for g close to 2, when €2 is a Lipschitz domain, in Chapter 3 of [Mitrea et al.
2001]. The argument made use of a Rellich-type identity. In the scalar case the result was established (in
the setting of regular SKT domains) in [Hofmann et al. 2010, Section 6.4], and applied in Section 7.1
of that paper to the Dirichlet problem. If 92 is smooth, it is standard that S is in OP S~1(dL) and it is
strongly elliptic, from which (4A.12) and (4A.13) follow. Here is what we propose:

Proposition 4.1. Let Q2 be a Lip N vmoy domain and let L be a second-order, strongly elliptic, k x k
system of differential operators on M as in (4A.5)—(4A.6) and satisfying (4A.7). Then (4A.12) holds for
all p € (1,00) and (4A.13) holds for all g € (1, 00).

Proof. We start with the proof of (4A.13). Pick L°° N vmo vector fields X;, 1 < j < N, tangent to 9<2,

such that
N

D IXj(x)|=A>0 forae. xedQ. (4A.14)
j=1

Thenlet Vr f :={X; f:1<j <N}. Wehave V7S : L9(0Q2) - L9(0R2) forall ¢ € (1, 00). Theorem 2.4
(or rather its standard “variable coefficient” extension) implies

V7S =ko(x, D)+ R, ko(x, D)€ OP(L®Nvmo)SI (4A.15)
with R compact on L7(9€2). At this point we make the following:
Claim. We have the (overdetermined) ellipticity property
[ko(x,&)v] > Aollv]l, Ao > 0. (4A.16)
Assuming for now this claim (whose proof will be provided later), we obtain that
kg (x, D)ko(x, D) € OP(L*° N Vmo)Sg mod compacts (4A.17)

is a (determined) elliptic operator, so it has a parametrix Q € OP(L°° Nvmo) Sg (see Appendix C). Hence,

Qky(x,D)VyS =14 Ry, with Ry compact on L4(9Q). (4A.18)
This implies that
S:L90Q) — H Q) is semi-Fredholm; (4A.19)

namely, it has closed range and finite-dimensional null space.
To complete the argument, we take a continuous family L, T € [0, 1], of second-order, strongly elliptic
operators on M such that Ly = L and L is scalar. This gives a norm-continuous family

Sy L1(0Q) — H" (), all semi-Fredholm. (4A.20)
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We know that Sy is Fredholm of index 0. Hence, so are all the operators S; in (4A.20). This gives
(4A.13), which, by duality, also yields (4A.12).

Now we return to the proof of the claim made in (4A.16). That is, we shall establish the (overdetermined)
ellipticity of ko(x, D) € OP(L® Nvmo)S) arising in (4A.15) (which is equal modulo a compact operator
to VrS). To begin, we discuss the smooth case. If d€2 is smooth and L is strongly elliptic of second
order with smooth coefficients, then actually S is in OPS™!(9Q) and this operator is strongly elliptic. In
fact, given (x, &) € T*0Q \ 0, and with v € T;¥9SQ2 the outward unit conormal to 92, we have

+o00 +o00

aE(x,s+zv)dz:c,,/ or(x,£+1tv)~Ldr. (4A.21)

—00

mmazq/

—o0
This is seen as in [Taylor 1996, (11.11)—(11.12) in Chapter 7], where we take m = —2, x,, = 0. Strong
ellipticity of S then follows from (4A.21), keeping in mind the strong ellipticity of L. Specifically,
os(x, &) is positive homogeneous of degree —1 in £ and the integrals in (4A.21) are absolutely convergent
since |og,(x, € +tv(x))"!| < C(|€]?> 4 t2)~L. Thus, for any section n and any 0 # & € TdQ C T M,
we may estimate

+o00

400
(~oL(x.€ +1v(x) 'y, n) dr > CInIZ/ (&7 + %)~ dt

—00

Fm@@w%=@/

—00

> Cnl*lg|™! (4A.22)

for some C > 0. This yields the strong ellipticity of S. Next, since ox; s = 0x; 05, the ellipticity of V7§
is an immediate consequence of what we have just proved and (4A.14).

To tackle the case when 2 is a Lip N vmo; domain, we take local graph coordinates ¢(x) = (x, ¢o(x))
and arrange that the vector fields {X;}1<;<n include those associated with coordinate differentiation.
The integral kernel E(x, y) has the form

E(x,y)=Eo(x,x—y)+r(x,y), (4A.23)

where Eo(x, z) is smooth on {z # 0} and homogeneous of degree —(n — 1) in z (note that dim 02 = n)
and r(x, y) has lower order. See the analysis in [Mitrea et al. 2001]. Locally, the operator S has the form

Sg(x) = /R Eo(p(x), 0(x) —@(y)g(»)Z(y)dy + Rg(x), xeR”, (4A.24)

where do(y) = X(y)dy and R denotes the integral operator with kernel r(x, y). Hence, for each
jed{l,...,n},

d;Sg(x) = PV/W 0j0(x)-VaEo(p(x), 0(x) —p(»)g(»E(y)dy + Rjg(x), xeR", (4A.25)

where here and below R; will denote (perhaps different) operators that are compact on L? for 1 < p < o0.
Theorem 2.4 (or rather its natural “variable coefficient” extension from Section 2C) gives

0;Sg(x) = PVfRn dj0(x)-VaEo(p(x), Do(x)(x —y)g(»)Z(y)dy + Rjg(x), xeR"; (4A.26)
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that is,
0;Sg(x) =Tj(x,D)(Xg)(x)+ Rjg(x), xeR", (4A.27)

where T (x, D)(2g)(x) is given by the principal value integral in (4A.26). We therefore have that
Ti(x,D)isin OP(L*® N vmo)ScO, with symbol

Tj(x,£) = /R ) e 179, 0(x) - Vo Eo(9(x), Dp(x)z) d-z. (4A.28)

Given that L is a k x k system, Tj(x,§) is a k x k matrix, i.e., Tj(x,§) € M(k,C) for £ #0 and a.e. x.
We need to show that there exists C > 0 such that, for all £ # 0 and v € C¥,

DT (x.&)v]| = Clv| for ae. x. (4A.29)
J

Recall that ¢ has the form (2B.1), so Dg(x) : R* — R**! has the form

Do(x) = (D(pf)(x)), Dgo(x) : R" — R (4A.30)

for a.e. x € R". Freezing coefficients at a point where ¢ is differentiable, we can rephrase our task as
follows: Let L¢(¢) be a matrix in M (k, C) whose entries are homogeneous polynomials of degree 2
in £ € R**! and which is positive definite for each ¢ # 0. For ¢ # 0 set Eo(¢) := Lo(¢)™!. In addition,
consider a linear mapping A : R” — R"*! of the form

A:(;O), Ao :R" > R. (4A31)

Let Ag run over a compact set in £(R”, R). Also let Ly and Eg = Lal run over compact sets of symbols.
Take
Tj(€) := / e”7¥ Ae; - VEo(Az) dz, (4A.32)
Rn

where {e;}1<;<n denotes the standard orthonormal basis of R". We need to prove that there exists a
finite constant C > 0 such that, for all v € C¥ and & # 0,

Y ITiEw] = Clvl. (4A.33)
J

uniformly in Ay, Lo, Eg. This is equivalent to the ellipticity of V.S if ¢(x) = Ax, so dQ2 is a hyperplane
in R**1. In this case, the previous analysis applies, since S € OPS™!(d) is strongly elliptic, and (4A.33)
follows.

This finishes the proof of the claim in (4A.16), which, in turn, finishes the proof of Proposition 4.1. [J

We next note a regularity result, under the assumption that €2 is a Lip N vmo; domain. Let us temporarily
denote
Ss.p=8:H"P(0Q) — HTP(03Q), s5e€{0,—1}, (4A.34)
with adjoint
Sy, =8*"H'™M0Q) — H™*1(0Q), q=7p (4A.35)
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Clearly the null spaces Ker(Ss, p) and Ker(Sy’ ) of these operators satisfy
Ker(So,p) C Ker(S—1,5), Ker(SZ; ,) CKer(Sg ,), (4A.36)
so the vanishing index property established in Proposition 4.1 forces
Ker(So,p) = Ker(S-1,5) and Ker(SZ; ,) = Ker(Sy ,). (4A.37)
Also,
l<p<p<oo = Ker(Sop) =Ker(So,p), Ker(Sq ,)=Ker(Sg 5) (4A.38)
and, again, the aforementioned vanishing index property implies
Ker(So,») = Ker(So, 5). (4A.39)
Collectively, (4A.37) and (4A.39) prove the following regularity result:

Proposition 4.2. Assume that 2 is a Lip N vmo; domain in M and suppose L is a second-order, strongly
elliptic system of differential operators on M as in (4A.5)—(4A.6) and satisfying (4A.7). Then, given
f e H~LP(0Q) for some p € (1,00), one has

Sf=0 = fe () LIO9). (4A.40)

1<g<oo
Recall that standard Lipschitz theory (see [Mitrea et al. 2001]) gives

Lu=0 on M\JR,

felL?0RQ) with pe(l,00) and u:=%f — Nu, N(Vu) € L?(0R2), (4A.41)
s = 5.
and
Lu=0 on M\d%,
feH YP0Q) with pe(l,00) and u:=¥f — Nu e LP(0), (4A.42)

.t
u ‘gsz =Sf.
In addition, we single out the following additional properties. Let H%?(2), with s € R and p € (1, c0)

stand for the L?-based Sobolev space of fractional smoothness s in 2. Also, let Tr: H2(Q) — H %’2(852)
denote the boundary trace operator in the sense of Sobolev spaces, and set HOI’Z(Q) := Ker Tr. Then

.t
fel?0Q) = u:=9%fecH(Q). Tru=uly;=>5f (4A.43)
These considerations are relevant in the context of the following well-posedness result:

Theorem 4.3. Suppose 2 C M is a Lip N vmo; domain and suppose L is a second-order, strongly
elliptic system of differential operators on M as in (4A.5)—(4A.6) and satisfying (4A.7). Set

Qp:=Q, Q_:=M\Q (4A.44)
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and assume that the following nondegeneracy conditions hold:

ue Hy*(Q4), Lu=0inQy = u=0 inQy,

1,2 (4A.45)
ueHy"(Q-), Lu=0in Q- = u=0 inQ_.
Then
S:H VP Q) — LP3) is invertible for each p € (1,00), (4A46)
S:LPQ) — HYP Q) is invertible for each p € (1, 0). '
In particular, the Dirichlet problem
Lu=0 inQ, ulyg=feLP(Q), NueLP@ORQ) (4A.47)
is well posed and its unique solution is given by u = $(S™ f), where S~! f € H=1P(3Q).
Furthermore, the regularity problem
Lu=0 inQ, u|g~;2- = fe HYP0Q), Nu, N(Vu) e LP(dQ), (4A.48)

is well posed and its unique solution is given by u = $(S71 f), where S~ f € L?(3Q).

It is worth pointing out that the nondegeneracy conditions in (4A.45) hold, in particular, if the system
in question is of the form
L=9%D, (4A.49)
where
D is a first-order system with the unique continuation property, (4A.50)

in the sense that, if u € H'2(M) is such that Du = 0 on M and u vanishes on some nonempty open
subset of M, then necessarily u = 0 everywhere on M. As a consequence, Theorem 4.3 applies to the
Laplace—Beltrami operator on a Riemannian manifold, in which scenario the present well-posedness
results complement those in [Mitrea and Taylor 1999].

Proof of Theorem 4.3. First, we shall show that
fel?0Q) and Sf=0 = f=0. (4A.51)

Suppose f is as in the left-hand side of (4A.51) and set u := % f in M \ Q2. In light of (4A.43), the
hypothesis (4A.45) then yields u = 0 both in 24 and in 2_. Recall that L is as in (4A.5)—(4A.6) and set
(with v = (v;); denoting the outward unit conormal to €2)

- . [ .t.
Eif = ZuiAU(ajst)\gQi. (4A.52)
l’J
Then, on the one hand, the jump formulas from [Mitrea et al. 2001, Theorem 2.9, p. 21] yield
E+f =(FiI+K")f, (4A.53)

where K* is a principal value singular integral operator on 92 and 7 is the identity. As such, we have
the jump relation
f=EB_f—-EB4+f (4A.54)
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On the other hand, clearly u = ¥ f = 0 on Q4+ U Q_ implies E4 f = 0. We conclude that ' = 0,
finishing the proof of (4A.51).

In turn, (4A.51), Proposition 4.2, and Proposition 4.1 imply that, for each p € (1, 00), the operator S
is an isomorphism in (4A.12) and (4A.13). This proves the claims in (4A.46). With these in hand, the
fact that the Dirichlet and regularity boundary value problems (4A.47)—(4A.48) may be solved in the
form u = $(S™! f) follows from (4A.41)—(4A.42).

Turning to the uniqueness part, it suffices to show that any solution u of the homogeneous version of
the Dirichlet problem (4A.47) vanishes identically in 2. To this end, we introduce the Green function

G(x,y):=T(x,»)=F[STUEx,)s) (). (x.y)€QxQ)\ diag, (4A.55)

where the intervening single layer potential operators are associated with L*. For each fixed x € €2, the
function E(x,-)|sq belongs to H!4(dR2) for any ¢ € (1, 00). Thus, on account of (4A.46) we see that
G(x, y) is well defined. To proceed, consider a sequence of Lipschitz subdomains €2; of €2 such that
Q; /" Qas j — oo as in [Mitrea and Taylor 1999, Appendix AJ; in particular, their Lipschitz character
is controlled uniformly in j. Let G; stand for the Green function corresponding to £2;. By construction,
Gj(x,-)|se, =0 and we claim that, for each g € (1, 00), there exists a constant C, € (0, 00) with the
property that
sup [N (V2Gj(x, - DlLe@ag;) < Cq- (4A.56)
J
This follows from the fact that if S; denotes the single layer constructed in relation to 0€2; then, for each
q € (1, 00), the operator norm of Sj_1 : H14(3S2;) — L9(3Q;) is uniformly bounded in j. In turn, this
is seen from (4A.18) and reasoning by contradiction.
For each j € N let 0; denote the surface measure on 0€2;. Integrations by parts against these Green
functions give that, if u solves the homogeneous version of the Dirichlet problem (4A.47) and if x € Q is
an arbitrary fixed point, then for j € N sufficiently large we have

u(x)| = ‘ | (@G5 p )y d Vol(y)

=/ 0(|u|-|V2Gj(x,-)|)doj
99,
< ClulLr@e;) (4A.57)

where the last step utilizes Holder’s inequality and (4A.56). Because [u|Lr@ag;) — 0 by Lebesgue’s
dominated convergence theorem (and the manner in which Q;  Q as j — 00), we ultimately obtain
u(x) = 0. Given that x € Q2 was arbitrary, the desired uniqueness statement follows.

Note that for the proof of uniqueness we could have avoided using the approximating family €2; ' Q
and, instead, worked directly with the Green function for L* constructed as in (4A.55), by reasoning as in
the proof of [Hofmann et al. 2010, Theorem 7.2, p. 2831] as carried out in Step 3 on pp. 2832-2837. O

In the last part of this section we discuss the Poisson problem for strongly elliptic systems with data
in Sobolev—Besov spaces in Lipschitz domains with normal in vmo. Throughout, retain the setting of
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Theorem 4.3. For starters, from (4A.46) and complex interpolation we deduce, with the help of [Fabes
et al. 1998, Lemma 8.4], that

S:HLP09Q) — HSP(dQ) is invertible for each p € (1, 00) and s € [0, 1]. (4A.58)

With BZ*1(dQ) for p, g € (0,00] and 0 # s € (—1, 1) denoting the scale of Besov spaces on <2, real
interpolation then also gives that

S : BP9 (0) — BP4(dQ) is invertible for p € (1,00), ¢ € (0,00] and s € (0,1).  (4A.59)

Furthermore, the action of the single layer potential operator ¥ on Sobolev—Besov spaces on Lipschitz
domains has been studied in [Mitrea and Taylor 2000]. The emphasis there is on the Hodge—Laplacian
but the approach (which utilizes size estimates for the integral kernel and its derivatives) is general
enough to work in the present setting. Indeed, the mapping properties from [Mitrea and Taylor 2000,
Lemmas 7.2-7.3] are directly applicable here. They imply that if BZ*?(Q) for p, g € (0,00] and s € R
stands for the scale of Besov spaces in €2, the single layer operator induces well-defined and bounded
linear mappings in the following contexts:

S :BPP(IQ) — Bfﬁ_s(sz) for 1 <p<ooand 0<s <1, (4A.60)
P
S 1 BPP(3Q) — H' TSP (Q) for 1< p<ooand 0<s <1, (4A.61)
S HSPHQ) —> Bf’j?fjp’z}(sz) for | <p<ooand 0<s<1. (4A.62)
p

Theorem 4.4. Suppose Q2 C M is a Lip N vmo; domain and suppose L is a second-order, strongly
elliptic system of differential operators on M as in (4A.5)—(4A.6) and satisfying (4A.7) and (4A.45). In
addition, assume that L*, the adjoint of L, also satisfies the nondegeneracy conditions in (4A.45).

Then, for any p € (1,00) and any s € (0, 1), the Poisson problem with a Dirichlet boundary condition,

Lu=feHTr2r(Q),
Tru =g € BP'?(0Q), (4A.63)
ue HST5P(Q),

has a unique solution.
Proof. Extend the given f € HS 2P () to some f € Hs+%_2’p(M), then consider
vi= (L7 g € H 5P (Q). (4A.64)
In particular, # := Trv € BY*?(0Q) and a solution u of the boundary value problem (4A.63) is given by
u:=v—9S(h—g) inQ, (4A.65)

with S~! the inverse of the operator in (4A.59) (with ¢ = p) and ¥ considered as in (4A.61).
There remains to prove uniqueness. The existence result just established may be interpreted (taking
g = 0) as the statement that

1
L: H;Jr”’p(Q) — Hs+%_2’p(9) is surjective for each p € (1,00) and 5 € (0,1)  (4A.66)
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in the class of operators L described in the statement. Since the class in question is stable under taking

adjoints, writing (4A.66) for L* then taking adjoints yields (after adjusting notation) that

+1, i_ R
L: H; ’ p(Q) s HTD 2:2(Q) is injective for each p € (1,00) and s € (0,1).  (4A.67)

With this in hand, the fact that any null solution of (4A.63) necessarily vanishes identically in €2 readily
follows. This completes the proof of the theorem. O

4B. Oblique derivative problems. To start, let 2 C R” be a bounded, regular SKT domain, so its unit
normal field v belongs to vmo(d€2). We have tangential vector fields

gy = Vk0j — vk, 1= jk=<n (4B.1)

(see [Hofmann et al. 2010, Section 3.6]).
Let £k, 1 < j, k <n, be real-valued functions on d€2 and define the tangential vector field

n
X = )" Ejde,. (4B.2)
J.k=1
Assume that for each j, k € {1,...,n} we have
Eixvi, Eixvi € vmo(92) N L (0R). (4B.3)

Given p € (1, 00), the goal here is to study the oblique derivative problem
Au=0 on Q, @y+X)u=f ondQ, Nu, N(Vu)eL?(0RQ), (4B.4)

where f € L?(02) is given. Above, d,u and Xu are understood, respectively, as

n

n
dyu := Z V) ((Bju)|g;2) and Xu:= Z EikOz (u gstz) (4B.5)
J=1 J.k=1

We look for a solution of (4B.4) in the form
u:=9g in Q, (4B.6)

where g € L?(0R2) is yet to be determined and ¥ is the harmonic single layer potential operator associated
with €2. That is,

Pg(x) = /a EG=))g0)do(y). xef, (4B.7)

with E denoting the standard fundamental solution for the Laplacian in R”, i.e., for all x € R"\{0},

|x[27" /(wp—1(2—n)) if n >3,

4B.8
% In | x| if n=2, ( )

E(x):= {
where w,_1 is the surface measure of the unit sphere $”~! in R”. As shown in [Hofmann et al. 2010,
Section 4],
.t
WIg|ye = (—31 + K*)g. (4B.9)
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where
K*:LP(0Q) — L?(32) is compact for every p € (1, 00). (4B.10)
Meanwhile,
X($g)=Cg:=) (Ajxg—Bjrg) on dQ, (4B.11)
where ]’k
Ajrg(x) = PV/asz ajr(x)0; E(x—y)g(y)do(y), x€dRQ, (4B.12)
and
Bjrg(x) = PV[asz bik(x)0kE(x—y)g(y)do(y), x €03, (4B.13)
with
ajk(x) = () (x),  Djg(x) 1= (X)) (x). (4B.14)

The following provides a key to the study of (4B.4):
Lemma 4.5. If Q C R" is a bounded, regular SKT domain and (4B.3) holds, then

Aj + A}kk and Bjj + B;-kk are compact on L?(0Q2) for all p € (1, 00). (4B.15)

Proof. For each j € {1,...,n},

Fig(x):= PV/ 0 E(x—y)g(y)do(y), xeiQ, (4B.16)
02

defines an operator of Calderon—Zygmund type that is bounded on L? (02) for all p € (1, c0), since Q2
is a UR domain. Then

so (4B.15) follows from a general commutator estimate of Coifman—Rochberg—Weiss-type (see [Hofmann
et al. 2010, Section 2.4]), since a i, bjx € vmo(d<2). O

In light of (4B.9) and (4B.11), solving the oblique derivative boundary value problem (4B.4) via the
single layer representation (4B.6) is equivalent to finding a function g € L?(9€2) satisfying

(-ir+C+K"g=f (4B.18)
In this regard, the following Fredholmness result is particularly relevant.
Proposition 4.6. If Q2 is bounded, regular SKT domain in R" and if (4B.3) holds, then
—1I+C+K*:L*(9Q) — L*(3Q) is Fredholm of index 0. (4B.19)
Proof. By Lemma 4.5, we can write C + K* = C + K>, where
C*:=—C and K, isacompact operator on L?(32) forall p € (1, 0) (4B.20)

Then, for g € L2(3R2),
R((—31 +C)g.2) = —3l2l720): (4B.21)
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which, in turn, shows that
11+ C isinvertible on L?(3<2). (4B.22)

Since the operator in (4B.19) is a compact perturbation of this, the desired conclusion follows. O

Corollary 4.7. In the setting of Proposition 4.6, there exists € > 0 such that
—%I +C+K*:L?(0Q) — LP(0Q) is Fredholm of index 0 (4B.23)
whenever |p —2| < e.

Proof. For p close to 2, that
—%I +C :LP(0Q) — LP(IQ) is invertible (4B.24)

follows from (4B.22) and the stability results in [§neiberg 1974] (see also [Kalton and Mitrea 1998]).
Meanwhile, the operator in (4B.23) is a compact perturbation of that in (4B.24) for all p € (1,00). O

In the context of Corollary 4.7, one wonders whether (4B.23) holds for all p € (1, co). We show that it
does hold if 2 is a bounded Lip N vmo; domain in R”:

Proposition 4.8. If Q2 is a bounded Lip N vmo; domain in R" and if (4B.3) holds, then the Fredholmness
result (4B.23) is true for all p € (1, o0).

Proof. For starters, we note that, since (4B.3) and (4B.14) imply that ax, b;x € vmo(d<2), it follows
from Lemma E.1 that a;i o ¢, bjx o ¢ € vmo(U) whenever ¢ : U — 92 is a coordinate chart for €2 (in
the sense of Definition E.3). Keeping this in mind it follows that, in the present setting, the operator C
defined by (4B.11) belongs to OP(L* N vmo)S 3, and (4B.20) implies that its principal symbol is purely
imaginary. Hence, for each s € R, F := —%1 + sC is an elliptic operator in OP(L° N vmo)S 3. Thus,

these operators Fy are all Fredholm on L?(d€2) and all have index independent of s. Clearly, Fy has
index zero, hence so does Fy, and the desired conclusion follows. O

We are now ready to state our main Fredholm solvability result for the oblique derivative problem.
This builds on the earlier work of Calderén [1985]. Other extensions in the Euclidean setting are in
[Kenig and Pipher 1988; Pipher 1987]; see also [Mitrea et al. > 2015] for some recent refinements in the
two-dimensional setting. For Lipschitz domains on manifolds see [Mitrea and Taylor 1999].

Theorem 4.9. Let Q2 is a bounded Lip N vmo; domain in R" with outward unit normal v. Assume that
(4B.3) holds and define the tangential vector field X as in (4B.2). Finally, fix p € (1, 00).

Then, for any boundary datum [ € LP(0Q) satisfying finitely many (necessary) linear conditions,
the oblique derivative problem (4B.4) has a solution. Moreover, such a solution is unique modulo a
finite-dimensional linear space, whose dimension coincides with the number of linearly independent
constraints required for the boundary data.

Hence, the oblique derivative problem (4B.4) is Fredholm solvable with index zero.

Proof. Fatou results in Lipschitz domains give that

Au=0on @ and Nu, N(Vu) € LP(3Q) == ulyg existsand uly;, € H"P(3Q). (4B.25)

Ulan
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Going further, from (4B.25) and the well-posedness of the L? regularity problem for the Laplacian in
bounded Lip N vmo; domains established in Theorem 4.3, it follows that

u=0on Q and Nu, N(Vu) € L?(0Q2) — u=%g in Q for some (unique) g € L?(0Q).
(4B.26)
In turn, from (4B.26) we deduce that, if the boundary datum f € L?(dS2) is such that the oblique
derivative problem (4B.4) has a solution u, then there exists a (unique) function g € L?(9€2) with the
property that

f=0v+X)u=(00,+X)(%g)=(—31+C+K")g. (4B.27)

This analysis shows that the oblique derivative problem (4B.4) is solvable precisely for boundary data f
belonging to the image of the operator —%I + C + K* on LP(092). By Proposition 4.8, this is a closed
subspace of L?(02) of finite codimension. The above analysis also shows that the space of null solutions
for the oblique derivative problem (4B.4) is isomorphic to the kernel of the operator —%I +C+ K* on
LP(0€2). Again, by Proposition 4.8, this is a finite-dimensional subspace of L?(d€2). Moreover, since
the operator in question has index zero, we conclude that the number of (necessary) linear conditions
which the boundary data must satisfy coincides with the dimension of the space of null solutions. Hence,
the problem in question is Fredholm solvable with index zero. O

4C. Regular boundary problems for first-order elliptic systems. Suppose 2 C M a Lip N vmo; domain
and let & be a first-order elliptic differential operator on M. It is permissible that & acts on sections of a
vector bundle £ — M. In local coordinates, assume that

Du(x) = ZAj(x)aju(x) + B(x)u(x), where A; € ¢, Be¢!. 4C.1n
J

As in Section 3E (see especially Remark 3.9), we associate to % a Cauchy integral 6g and a projection P,
which is an element of OP(L° N vmo)S 3 in local graph coordinates.

When © is smooth, there is a well-established theory of regular boundary problems associated to &
(though sometimes regular boundary conditions do not exist). We want to investigate the situation where
2 C M is a LipN vmo; domain.

Let F — 9*Q be an L° N vmo vector bundle of rank k, so F is locally trivializable to C¥ x 0 with
transition matrices in L° N vmo. Let

B:L?P(0Q,E)— LP(0Q,F) (4C.2)
be an operator that, in local graph coordinates and local trivializations of E and F, satisfies
B € OP(L*® Nvmo)SY. (4C.3)
We can use analogues of (3A.6)—(3A.10) to define

op(x,8): Ex — Fy 4C.4)
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for almost all (x, §) € T*9*Q2\ 0. Extending the setup used when 92 is smooth, we propose the following
criterion for regularity:

op(x,€):0p,(x,§)Ex —> Fx is an isomorphism for a.e. (x,§) € T*9*Q\ 0 4C.5)
and there exists C > 0 such that, for almost all (x,§) € T*9*Q \ 0,
veEEy, op,v=v = |op(x.§)vl|=C|v]. (4C.6)
Note that (4C.5)—(4C.6) is equivalent to (4C.6) alone plus
dimop, (x,§)Ex = dim Fx. 4C.7)

Also, op, (x,—&) =1 —op,(x,£), so, if dim 02 > 2, the left-hand side of (4C.7) is equal to %dim E.
Here is our basic Fredholm result:

Proposition 4.10. Assume Q2 C M is a Lip N vmo; domain and suppose @ : E — E is a first-order
elliptic differential operator as in (4C.1). Under the hypotheses (4C.5)—(4C.6), the operator

B:PyLP(0Q2, E) — LP (02, F) is Fredholm (4C.8)
for each p € (1, 00).

Proof. The hypotheses imply that ogp, (x,§) : Ex — Fyx is surjective for almost every (x, §), and
furthermore
BPg P B* € OP(L*®° Nvmo)SY is elliptic. (4C.9)

Hence B has a right Fredholm inverse, so B in (4C.8) has closed range of finite codimension. Also,
f € PyLP(0RQ,E), Bf=0 (4C.10)

is equivalent to

B
(;2p,)f =0 feLP@9.E), 4c.11)

and the operator on the left-hand side of (4C.11) (call it Q) is an element of OP(L° N vmo)S 3 (mod
compacts) with symbol o (x, §) injective, and furthermore

0*Q € OP(L>® Nvmo)SY is elliptic. (4C.12)
Thus, Q has a left Fredholm inverse, so its null space in L?(d$2, E) is finite dimensional. This proves
(4C.8). O
Theorem 4.11. Under the hypotheses of Proposition 4.10, the boundary problem

Pu=0 on 2,
Nu e LP(02), (4C.13)
Bu=felLPORQF),

is Fredholm solvable for each p € (1, 00).
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Proof. To restate the result, consider
HP (2, D) :={uct (Q,E):Du=0 on Q, NuecLPOQ)}. (4C.14)

In [Mitrea et al. > 2015], a Fatou-type lemma is established showing that each u € #? (2, %) has a
boundary trace provided €2 is a regular SKT domain. From there, results in [Mitrea et al. 2015, §3.1] (see
also [Mitrea et al. > 2015]) imply that the boundary trace yields an isomorphism

T WP (Q, D) = Py LP (092, E) (4C.15)

for p € (1, 00). The assertion of Theorem 4.11 is that, if B satisfies the hypotheses of Proposition 4.10,
then
Bot:#P(Q,%) —> LP(0Q2, F) is Fredholm. (4C.16)

In light of (4C.15), the result (4C.16) is equivalent to (4C.8). O

As we have mentioned, sometimes & has no boundary conditions of the form (4C.2)—(4C.4) satisfying
the regularity condition (4C.5)—(4C.6). In Section 4D we shall give important examples (well known for
smooth boundaries) of regular boundary conditions for @ = d + d* acting on differential forms. Here, we
record a simple example (also well known) of a first-order elliptic operator with no such regular boundary
condition. Namely, we take a bounded 2 C R? (possibly with smooth boundary) and set

_0 ;9
D=yt (4C.17)

acting on complex-valued u, so £, = C. In this case, og(x, &)u = i(&; + i&)u, or, if we identify
£=(£1,&) e R? with & +i& € C, 09(x, £)u = i Eu; hence,

M(x,£)=v"lE (4C.18)

Now £ runs over the orthogonal complement of v, i.e., over real multiples of i v. We have

M(x,iv)y=i, M(x,—iv)=—I, (4C.19)

SO
PL(M(x,iv))=1, Pi(M(x,—iv))=0. (4C.20)
Since the ranges have different dimensions, there is no way to achieve (4C.5) for both £ =jv and £ = —iv.

Returning to the setting of Proposition 4.10 and Theorem 4.11, we see from (4C.9) that the operator B
in (4C.8) has a right Fredholm inverse that is an element of OP(L®° N Vmo)Sg, and that this operator

is independent of p € (1, 00). Since B in (4C.8) is Fredholm, this right Fredholm inverse is also a left
Fredholm inverse for each p € (1, 00). Call it

H:L?0Q,F)— Py L?(0Q,E). (4C.21)
Using this observation, we can prove the following:

Proposition 4.12. Under the hypotheses of Proposition 4.10, the index of B in (4C.8), and hence the
index of B ot in (4C.11), is independent of p.
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Proof. Setting V), = Py LP (02, E) and W), = L? (92, F), our setup is
B:Vy— W, H:W,— 1V, Fredholm inverses
for p € (1, 00). Setting

Kerp B:={f €V,:Bf =0}, Coker, B:={peW,:B*p =0},

we have
l<p<g<oo = Kery B CKery, B, Cokerp, B C Cokery B

= indexy B <index, B.

The same argument gives
l<p<g<oo = indexy H <index, H,
and, since index, B = —index, H, we have

l<p,g<oo = index, B =indexy B,

as desired.

The results (4C.24)—(4C.26) also imply that

l<p,g<oo =— Kerp B=Ker,B.

Let us set
95 () :={u € #P(Q, D) : Bu=0 on 9Q}.

Then, the isomorphism (4C.15) gives
T: 95 () => Py LP (02, E) NKer B = Ker), B.

Thus (4C.27) yields the following:
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(4C.22)

(4C.23)

(4C.24)

(4C.25)

(4C.26)
O

4C.27)

(4C.28)

(4C.29)

Corollary 4.13. Under the hypotheses of Proposition 4.10, the space 3‘€§ (2) defined in (4C.28) is

independent of p € (1, 00).

4D. Absolute and relative boundary conditions for the Hodge—Dirac operator. Let Q2 be a Lip N vmo;

domain in a smooth Riemannian manifold M. Let d denote the exterior derivative on M, denote by

§ = d* its adjoint, then define the Hodge-Dirac operator

Gi=d+6

acting on sections of

We take F := A£9*Q and

4D.1)

(4D.2)

(4D.3)
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the pull-back associated to j : 0% 2 < M. We claim that (%, B) given by (4D.1) and (4D.3) satisfy the
regularity conditions (4C.5)-(4C.6), i.e.,

op(x,8): PL(M(x,§))Ex —> Fyx isomorphically (4D.4)
for almost every (x, &) € T*0*Q \ 0, with a uniform lower bound of the form
veFy, PL(M(x.§)v=v = o, Ev|=C|vl. (4D.5)

Recall that P+ (M (x, &)) is the projection of E onto the span of the generalized eigenvectors of M (x, )
associated with eigenvalues with positive imaginary part, annihilating those associated with eigenvalues
with negative imaginary part, where

M(x,§) = 09(x,v) og(x, §). (4D.6)
Checking (4D.4)—(4D.5) is a purely algebraic problem, and to do this algebra it suffices to take the case
M =R Q:={xeR"!:x,.; <0} (4D.7)

Let A and V denote, respectively, the exterior and interior product of forms. The following calculation
shows that we have symbols independent of x:

o) u=iEAu—iévu, ogE)u=j;j*u=vv{Au). (4D.8)

In addition, 09 (§)? = |£|>1 and, more generally, the anticommutator identity holds:

0(§)ow () + 0z (n)ow(§) = 2(¢. n) 1. (4D.9)
Consequently, og(v) ™! = 0 (v) and, for £ € T*IQ\ 0,
M(&) = 0g(v)og(§) = —o0g(§)og(v); (4D.10)
hence
M(§)* = —[¢]*1, (4D.11)
)
Spec M(§) = {i|§], —i[&]}. (4D.12)

Note that if &, 1 belong to 7*9dQ2 = R” and have the same length, then M (§) and M (n) are conjugate if
n > 2, since then one can pass from £ to n by an element of SO(7). On the other hand, M (—§) = —M (§).
It follows that

dim Py (M(§)) = 5 dim Ex = dim Fy (4D.13)

for all £ # 0. For n = 1, this can be checked by a simple direct calculation.
Having this, all we need to show to establish (4D.4)—(4D.5) is that
ve AR EeR", [E=1, MEw=iv, j*v=0 (4D.14)
implies
v=0. (4D.15)
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Indeed, (4D.14) implies
og()v=iog(V)v=—vAV4+V VU, (4D.16)
hence, since j*v = 0 forces v A v = 0, we obtain

og()v=vVvu. (4D.17)

Now the right-hand side of (4D.17) belongs to AZR”. But, if v Av =0 and § € R" \ 0, the left-hand side
of (4D.17) cannot belong to AZR” unless it is zero. This implies 05 (£§)v = 0, and hence (4D.15) follows.
A similar argument applies if we replace B in (4D.3) by

Bu=vVvulyg,. (4D.18)
Then we need to show that
ve AFR"TL EeR", |E|=1, M@Ev=iv, vwv=0 (4D.19)
implies (4D.15). Indeed, (4D.19) implies
og(§)v=—v Av. (4D.20)

If vvv=0and £ € R"\ 0, one cannot factor out a v on the left-hand side of (4D.20) unless this term
vanishes, so again we get (4D.15).

The boundary condition (4D.3) is called the relative boundary condition for d + &, and (4D.18) is
called the absolute boundary condition for d + §. The arguments above establish the following:

Proposition 4.14. The absolute boundary condition (4D.18) and the relative boundary condition (4D.3)
are each regular boundary conditions for the elliptic operator d + 8. Consequently, specializing (4C.28),

the spaces t
HA(Q) = {u e HP(QL,d+8):vVuly =0},
%R(Q;:= iue%p(Q,d—i-S;:v/\u:gz:O; (@b-2h
where p € (1,00) and, as in (4C.14),
HP(Q,d+8) :={uecc (AL :(d+8u=0in Q, Nue LP(OQ)}, (4D.22)

are finite dimensional. Furthermore, by Corollary 4.13 the spaces in (4D.21) are independent of p € (1, 00).

Here, A := @)j_o AL, where n := dim Q. We also set

AZ:=EP AL AL:= P AL (4D.23)

£ odd £ even
HP(Q,d +8):=HP(Q,d +8)NE°(Q,AL), o=o0ore, (4D.24)
HT(Q) =% (QNE(Q,AL), b=Aor R,o=0 ore. (4D.25)

Note that
d+8:¢1(Q,A2) — ¢°Q, AY),

d+38:¢Y(Q2, A8 — €°(Q2, A2) (4D-26)
: » 3¢ » )
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SO
HP(Q,d +8) =HE(Q,d +8) ®HE(Q,d + ), (4D.27)
Hp () = HE(Q) D H(RQ), b=A or R. (4D.28)
In this vein, we wish to note that if we also consider
Ha(Q) :={u € WP (Q.d ®S):vVuly, =0}, (4D.29)
HR(Q) = {u e HP(Q.d &8 :vAulyg =0}, (4D.30)
where
HP(Q,d ®S) :={uect (R AY):du=58u=0on Q, NueLP(Q)}, (4D.31)

then from [Mitrea 2001, Theorem 6.1] it follows that
Fa(Q) =H4(Q) and Hr(Q) = Hr(Q). (4D.32)

In more detail, (4D.32) was demonstrated for p close to 2 in [Mitrea 2001] in the setting of a general
Lipschitz domain. However, the independence of ¥4 (£2) and # r(£2) from p, plus the obvious inclusions
%A(Q) C #4(2) and %R(Q) C #R(2), imply that T (2) and T r (£2) are also independent of p.

Aucxiliary results
We collect here a number of auxiliary results that are useful in the body of the paper.

Appendix A. Spectral theory for the Dirichlet Laplacian. Specifically, fix an arbitrary bounded open
set O C R” and, for any given p € (1, 00) and k € Z, denote by WP (0) the standard LP-based Sobolev
space of smoothness order k. Also, let Whep (0) be the closure of ¢5°(0) in wk-r(0).

Let Ap be the realization of the Laplacian with (homogeneous) Dirichlet boundary condition as an
unbounded linear operator in the context of the Hilbert space L?(0), with domain

Dom(Ap) := {u € WI2(0): Au € L2(0). (A.1)

Then —Ap is a nonnegative self-adjoint operator mapping Dom(A p) isomorphically onto L?(0), and its
inverse

Gp :=(—Ap)~': L?(©0) — L*(0) (A.2)
is self-adjoint, nonnegative and compact. In particular, —Ap has a pure point spectrum
0<A; <A<+ <A <Ajp1 < (A.3)

listed according to their (finite) multiplicities. See, for example, [Dautray and Lions 1990, p. 82].
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Let us temporarily write A;(O) in place of A; in order to emphasize the dependence on the underlying
domain 0. The classical Rayleigh—Ritz min—max principle asserts (see, e.g., [Dautray and Lions 1990,
Theorem 10, p. 102]) that, for each j € N,

A ; f@|Vu|2
;(0)= min max (A.4)
v, cii2o) vV Moy fo ul

Assume now that 0 is a bounded, open subset of R” such that 0 C 0. Given that extension by zero is a
well-defined, norm-preserving mapping from W 1-2(0) into Wl’z(é), it readily follows from (A.4) that
the following domain monotonicity property holds:

A;(0) > ;@) forall j eN. (A.5)

In this vein, let us also mention that each A; (0O) is invariant with respect to translations and rotations of O,
and one has the scaling property

Aj(c0) =c724;(0) forall ¢ €(0,00), j €N. (A.6)
Finally, pick a complete set of normalized eigenfunctions {#;};en C L?(0) for —Ap. Thus,
9, e WH2(0), |19;llL2@ =1 and —A9; =2i;9;  foreach j €N. (A7)

Lemma A.1. Let O be a bounded, open subset of R".
Then there exist c1, ¢z € (0, 00) depending only on n and O such that

c1j2" <A <cpj?™  foreach j eN. (A.8)

Also, there exists Co n € (0, 00) with the property that

19/ lLoo0) < Conj 1/2+42/n for each j € N. (A.9)
Moreover, for each j € N one has
¥ € €. (0) (A.10)

and, for every compact subset K of O and every multi-index o € N[}, there exists a constant Co g o € (0, 00)

with the property that

189 [l oo (k) < Co,k,ad /22", (A.11)

Proof. When 0 is the cube (0, 1)” in R”, the pure point spectrum of the Dirichlet Laplacian is given by
2500, D))} jen = 4 (kT +---+ k) ki €N, 1 =i <n}, (A.12)

an identification that takes into account multiplicities. From this one can deduce Weyl’s asymptotic
formula
47.[2 ] 2/n

a2l (n/2+ 1)’

1:((0. 1)) ~ (A.13)
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valid for large values of j € N, and the estimates in (A.8) follow in this scenario from (A.13). The general
situation when O is an arbitrary bounded open set in R” may then be handled based on the special case
just treated and the comments in (A.5)—(A.6).
The operator Gp in (A.2) is an integral operator whose kernel is the negative of the Green function for
0, 1ie.,
Gpu(x) = —/ G(x,y)u(y)dy, xe€0, (A.14)
0

for each u € L?(0). Since (see [Griiter and Widman 1982]) we have

|G(x, y)| <

n
_m, X, ye@, (A15)

(assuming n > 2; the case n = 2, when a logarithm is involved, is treated analogously), it follows that
Gp behaves like a fractional integral operator of order 2; hence (see [Stein 1970]),

g<ooand 1/g>1/p—2/n, or

Gp : L?(0) — L?(0) linearly and boundedly if (A.16)

g=o00 and p>n/2.
Iterating, it follows that
(GD)k : L?(0) —> L*°(0) boundedly if k > n/4. (A.17)

On the other hand, for each fixed j € N, from (A.7) we have ©; = A; Gp¥};, which, inductively, implies
v = )Lf(GD)kz?j for each k € N. Consequently, if k := [n/4]+ 1 then k € N satisfies k € (n/4,n/4+1];
hence, we may estimate

19| oo o) = 1A% (G D)9 [l oo (0

< G s z2(6), Lo @) A5 19 I 126
< Copnj2oIm < Copjl/2t2/n (A.18)

by (A.17), (A.7) and (A.8). This proves (A.9).
Finally, (A.10)—(A.11) follow from (A.7), (A.9) and elliptic regularity. O

Appendix B. Truncating singular integrals. If U C R", call ® : U — R bi-Lipschitz if there exist
My, M5 with 0 < M1 < M, < oo such that

Mi|x —y| <|®(x)—®(y)| < Ma|x—y| forall x, yeU. (B.1)

When U is an open set, it is known from [Rademacher 1919] that necessarily m > n, ® is an open
mapping, the Jacobian matrix D® = (05 ®;) 1< <m,1<k<n €Xists a.e. in U, and

rank D®(x) =n forae. x €U. (B.2)
Lemma B.1. Let A: R" — R™ and B : R" — R™ be functions satisfying

|[A(x) —A(W)| < M|x—y| and (B.3)
MY x—y|<|B(x)—B()|<M|x—y| forall x, yeR" (B.4)
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for some positive constant M. Also let F : R™ — R be an odd function of class €. Finally, fix a point
x € R™ where both DA(x), DB(x) exist, rank DB(x) = n and, for each & > 0, consider

U@E)={yeR":1>|x—y|> ¢}
V(e):={y e R":|DB(x)(x —y)| > ¢, |[x—y| <1}, (B.5)
W():={yeR":|B(x)—B(y)|>¢ |x—y|<1}.

Then, whenever any of the three limits

lim ! F(A(x)_A(y)) dy, (B.6)
eNO Ju(e) [x =y " |x — |

1 A(x) —
lim F( ) — Ay )) dy, (B.7)
eNO0 Jy(e) [Xx —y[" lx — vl
lim ! F(A(x) _A(y)) dy (B.8)
eNO Jw(e) [X —y|" |x =yl

exists (in R), it follows that all exist and are equal.

Proof. Without loss of generality we can take x = 0 and assume that A(0) =0, B(0) =0. As a consequence
of this normalization and (B.3), we have

|A(y)]
|yl

<M forall yeR"\{0}. (B.9)

The fact that DA(0), DB(0) exist implies that we can find a function 7 : (0, o0) — [0, co) with the property
that n(z) \ 0 as r \ 0 and
|B(y)— DB(0)y|+|A(y) = DAO)y| < |yIn(|y]) forall yeR". (B.10)

In particular,
|A(y) + A(=y)| = [(A(y) — DA(0)y) + (A(=y) — DA0)(=»))|
< |A(y) = DA(O)y] + |A(=y) — DAO) (=y)]
<2|yIn(ly]) forall y e R". (B.11)

Recall that the matrix DB(0) is assumed to have rank n. Hence, || DB(0)| > 0 and, letting

A(e) :={y eR" :e > |y| = /|| DB(0)| } (B.12)
for each ¢ > 0,

V(e)\U(s) € A(e) forall ¢ > 0. (B.13)

Observing that U(e) and V (¢) are symmetric with respect to the origin, employing the properties of F
and 7, and keeping in mind (B.10), (B.13), (B.11) and (B.9), we may use the mean value theorem in order
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to estimate the absolute value of the difference of the limits in (B.6) and (B.7) by

1 A(y)) ‘
li F|—=)d
N0 /V(e)\U(e) |y|" ( |y Y
1 1 A(y)) (A( y))] ‘
= lim Fl—— dy B.14
T 02 /V(s)\U(s) |y|”[ ( [yl - |y (B9
1 1 A(y)) ( A(— y))] '
= lim Fl —=
T 02 /V(s)\U(s) |J’|”[ ( [»] [yl

<[ sup |[VF(§)|] lim n(lyDly|™" dy
eNO JA(e)

|El=M

<C lim n(e) = 0. (B.15)
&\

This proves that the limits in (B.6) and (B.7) exist simultaneously and are equal.
In order to prove the simultaneous existence and coincidence of the limits in (B.7) and (B.8), observe
that for each y € V(g)\W(e) we have M ~!|y| <|B(y)| <&, so |y| <eM. That s,

yeVEe)\WE) = |y|<eM. (B.16)
In turn, this forces
[((DB)(0)y| = [(DB)(0)y — B(y)| + [B(y)| = eMn(eM) + ¢ (B.17)
and, further,
yeV(E\WE) = e<|[(DB)0)y|<eMn(eM)—+e. (B.18)

From (B.16) and (B.18) we may therefore conclude that
V(e)\W(e) € Z[e; Mn(eM)], (B.19)
where, in general, we define

Zle;al :={y e R" :e <|DB(0)y| <eca+¢} forall e>0 and a > 0. (B.20)

Let %76’1‘\, be the k-dimensional Hausdorff measure in RY . To estimate the n-dimensional Lebesgue measure
of Z|e; a], note first that, for each a > 0 fixed,

Zlg;al=¢eZ[l;a] forall ¢ > 0. (B.21)

On the other hand, if we set Hy, := {DB(0)y : y € R"} C R™ then, since DB(0) is a rank-n matrix, it
follows that H,, is an n-dimensional plane in R™ and DB(0) : R* — H, is a linear isomorphism. As

such, we obtain
¥ (Z[1:a]) = 90 ({y €R" : 1 < [DB(O)y| <a+1})

<C¥#, ({ze Hy:1<|z|<a+1}). (B.22)
A moment’s reflection shows that

lim #),({zeH,:1<|z|<a+1})=0. (B.23)
a—>0~t



SYMBOL CALCULUS FOR OPERATORS OF LAYER POTENTIAL TYPE 163

From this, (B.21), (B.19) and the fact that n(eM) — 0 as ¢ — 0™, we may conclude that
IRV E\WE) _
im =

e—0T en

0. (B.24)

Since the expression (1/]y|")F(A(y)/|y]|) restricted to V(e)\W(e) is pointwise of the order e™" in a
uniform fashion, we deduce from (B.24) that

lim ! F(M) dy =0, (B.25)

e—0t Jyenwe) 191" |y

as desired.
Finally, an argument analogous to (B.18) gives that

e—eMn(eM) < |(DB)(0)y| <e forall y € W(e)\V(e). (B.26)

Thus, for reasons similar to those discussed above, we also have

1 A
lim P F(ﬁ)) dy =0, (B.27)
e—0+ Jw(e\ve) V] |y

which completes the proof of the lemma. O

The main result in this appendix, pertaining to the manner in which singular integrals are truncated,
reads as follows:

Proposition B.2. Let A : R” — R™ be a Lipschitz function and assume that F : R" — R is an odd
function of class €N for some sufficiently large integer N = N(m). Also, suppose B : R* — R™ isa
bi-Lipschitz function and pick p € (1, 00). Then, for each fixed f € LP(R"), the limit

! F(A(x)—A(y)

lim
|x — ¥

eNO J{yerm:|B(x)—B()|>&} |X — Y["

)f(y) dy (B.28)

exists at a.e. point x € R"™. Moreover, this limit is independent of the choice of the function B, in the sense
that for each given f € L?(R") the limit (B.28) is equal to

! F(A(x)—A(y)

lim
[x =y

eNO J{yeRn:|x—y|>&} |x - y|n

)f(y) dy (B.29)
fora.e. x € R".

As a preamble, we deal with a simple technical result. In the sequel, we agree to let Jl stand for the
usual Hardy-Littlewood maximal operator.

Lemma B.3. Assume that
Cilx—y| <p(x,y) <Calx—y| forall x, yeR" (B.30)

and

|k(x. y)| <

| i forall x, y e R" (B.31)
xX—=y
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for some finite positive constants Cq, C1, C. Then

DW= | [y kD SO = [y kw01

yeR” yeR”
< Co(CT" + CHMf (x) (B.32)

for all x € R".

Proof. A direct size estimate gives

Co
Dy +

Co
i—y|>e. ﬁ(x,y)<8 . | fO)|dy =:1+1I, (B.33)
YER"

A < _—
(x) = | —yl<e plx,y)>¢ |x — y|?
yeR”?

where the last equality defines 7, /1. We have:

C() CO
I =— lfOD)ldy <= — M f(x) (B.34)
€0 JClx—yl<e Ci
and Cocn
1< 2 f F Ol dy < CoCR (). (B.35)
€ |x—y|<e
The desired conclusion follows. O

Below, we shall also make use of the following standard result:
Lemma B.4. Let {T;}c~0 be a family of operators with the following properties:

(1) There exists a dense subset V' of L? (R") such that for any f €V the limit lim,_, o+ T¢ f(X) exists
for almost every x € R",

(2) The maximal operator Ty f(x) := sup{|Te f(x)| : € > 0} is bounded on LP (R").
Then, the limit lim,_, o+ T f (x) exists for any f € LP(R") at almost any x € R", and the operator
Tf(x):= lim Tgf(x) (B.36)
e—>07F
is bounded on L? (R").

Proof. The boundedness of the operator 7" is an immediate consequence of (2), once we prove the
existence of the limit in (B.36). In this regard, having fixed f € L?(R"), we aim to show that

‘{x € R" : limsup T f(x) # liminngf(x)}} =0. (B.37)
e—>0t e—~>0t
Fix 6 > 0 and consider
S :={x e R": [limsup T; f (x) —liminf T, f(x)| > 6}. (B.38)
e—>0t e—>0t

Also, fix § > 0 and select & € V" such that || f —&||z» @) <. Then

S CSUS,, (B.39)
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where
S1i={x e R": [limsup Ty f(x) — lim Teh(x)| > 16},
e—>0

e>0% (B.40)
Sy :={x €eR" : [liminf T, f(x) — lim T.h(x)| > 16}.
e—>071 e—01

Then the measure of the set S; can be estimated by

P
1S1] < |{x € R Tu(f — b)) > 6/2)] < (%) /R \T(f — 1) (x)|? dx

2\? p 2\?op
SC 5 “f_h”Lp(Rn)fC 5 LR (B-41)
Since § > 0 was arbitrary, this proves that | S| = 0. The same consideration works for the set S»; hence
also |.S| = 0 by (B.39). This concludes the proof of Lemma B.4. O
We are now ready to present:

Proof of Proposition B.2. For each bi-Lipschitz function B defined in R”, consider the truncated singular
integral operator

Tpef(x) i=/

(yeR":|B(x)—B(y)|>e} X — Y|"

! F(A(x)—A(y)

)f(y) dy, xeR", (B.42)
lx =yl

where ¢ > 0. The maximal operator associated with the family {7 ¢}s>0 is defined as
T« f(x):=sup|Tpef(x)], xeR". (B.43)
e>0

In particular, corresponding to the case when B = I, the identity on R”, we have

Thef) = [ — F(A(x) —AW) )f(y) dy. xeR®'.  (BA4)
{yeR":|x—y|>¢&} |x_y| |x_y|
and
Tref(¥) = 5up|Tre [, x €R". (B.45)

We proceed is a number of steps.

Step 1. Given p € (1, 00) there exists a constant C € (0, 0co) with the property that, for each Lipschitz
function A : R — R and for each ¢ > 0, the truncated Cauchy integral operator

S()
4,6 f(x) = / - y, x€R, (B.46)
¢ {yeR:|x—y|>¢} x—y+i(A(x)—A(y))
satisfies
1€4,6 f lLr ) < CA + | A | Lo @)Dl f | L2 (m)- (B.47)

This is the Coifman—McIntosh—-Meyer theorem [Coifman et al. 1982]. An elegant proof is given by
M. Melnikov and J. Verdera [1995].
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Step 2. Given p € (1, 00) there exists a constant C € (0, 00) with the property that, if B € (1, 00) and
if B : R — R is a Lipschitz function satisfying B~' < B'(x) < B for a.e. x € R, then for each & > 0 and
each n € [—1, 1] the operator

Z S )
€Bpef(x):= / - , xeR, (B.48)
e {yeR:|x—y|>¢} n(x—y)i+ B(x)—B(y)
satisfies
1€B.n.c.f lLr@) < CBH S Lo @) (B.49)

To prove (B.49), changing variables s := B(x) and ¢ := B(y) allows us to write

. N FBT(O)B'(BT ()]
@pone NB(5)) = /|B—1(s)_3—1(t)|>8s—z+m DES I a mso)

Based on this and Lemma B.3, we then obtain the pointwise estimate
|@B,n,e /IB(5))| < [€y5-1((f/B) o B~)()| + CBYUF (BT (s)) (B.51)

for all s € R. Then (B.49) follows from (B.51) with the help of (B.47).

Step 3. Suppose F(z) is an analytic function in the open strip {z € C: |[Imz| <2}. Let A:R—> R be a
Lipschitz function with || A'|| oo my < M. Then, for each p € (1, 00) there exists a constant C = Cp € (0, 00)
such that, for each € > 0, the operator

1 A(x)— A
Karef )= [ P2 ran, wer (B.52)
lx—y|>e X =Y X=Y
satisfies
||KA,F,sf||L1’([R) <C(l1+ M4) sup{|F(2)|:z €C, |Imz| < 2}||f||Lp(R). (B.53)

To justify (B.53), let yi ={=uxi:|ul <2M}, yi ={¢ =22M +iv:|v| <1}, and set
y = y_}_ u yi Uyl Uy2. Since F is analytic for z € C with |[Im z| < 2, Cauchy’s reproducing formula

yields
F F F
Fisy= -1 [ FO 4= 1./ ©) d;+i./ © g 154
2ni ), L —s 2mi yluyl {—s 2mi y2 Uy2 {—s
Accordingly,
1 1 f)
KA, , X) = —[ F )/ d d
Pl 1) 2mi yiuyl ¢ lx—y|>e X =YV ¢ — A—(x;:;l(y) v
1 1 f)
o F dyd
" 2mi yIUy2 © /Ix—y|>s X=Yi¢— _A—(x)z:;l(y) v
:I++I_+II+ +11_, (B55)
where

1 f)
Iy :=F— F
* 27 /y; © lx—y|>¢ X —y + i[Agt(x) - A?(y)]

dyd¢ (B.56)
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wnhAggo;:quno—cnomem

1 VAS))
Hi?:——T/)}«D : dyd¢ (B.57)
2mi Jy2 x—yl>e (IME)(x —y)i + [BE(x) — BE(y)]
with B (x) := —[A(x) F 2M x]. At this point, the proof of (B.53) is concluded by invoking the results
from Steps 1-2.

Step 4. Suppose F € ¢N(R), N > 6, and assume that A : R — R is a Lipschitz function with
A Lo < M. Then, for each p € (1,00), there exists a constant C = Cp € (0,00) such that
the operator (B.52) satisfies, for each € > 0,

IKa,FefllLr@ < C(L+M*sup{| FO )| [x] <M +1,0<k <6} flLr @) (B.58)

In dealing with (B.58), there is no loss of generality in assuming that F is supported in the interval
[-M — 1, M + 1]. With “hat” denoting the Fourier transform we have

Kipef(x) = fR f(&)( /{ RN () dy) d. (B.59)

yeR:|x—y|>e} X — )
Note that the inner integral above is precisely the truncated Cauchy operator (B.46) corresponding to the
choice F(z) := exp(iz) and with A replaced by £A. Consequently, (B.58) follows from (B.59) with the
help of (B.53).

Step 5. Suppose F € €N (R™), N > m + 5, F is odd, and assume that A : R" — R™ is a Lipschitz
function with || DA|| o (mn gmy < M. Then, for each p € (1, 00), there exists a constant C = Cp € (0, 00)
such that, for each ¢ > 0, the operator

Ka,Fef(x) ::/ 1 F(A(x)—A(y)

n )f@ﬂ@a x e R", (B.60)
Ix—y|>e X — ¥ lx —y|

satisfies
|Ka,FeflLr@y < C(L+M*Y)sup{|dF(0)| : |x| < M +1, [a| <m+ 5} fllLr@n.  (B.61)

In the case n = 1, since F' is odd we may write
1 Ax)—A 1 A(x)—A
F( (x) (y)) _ F( (x) (y)), (B.62)
[x =l [x =l x—=y x—=y

so (B.61) follows from an argument similar to the one used in the treatment of Step 4, based on writing

Kapef(x) = /R Tv(&)(/ L pite o= f(y)dy)dé (B.63)
m y

{yeR:|x—y|>e} X — Y
and invoking the result established in Step 3. For n > 1 we can reduce the problem to the one-dimensional
case by the classical method of rotation.

Step 6. Retain the same assumptions as in Step 5. Then there is a constant C such that

C
[ € R K pe O] > 1 < S ooy (B.64)
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for every function f € LY(R") N L2(R™) and every positive number A. In particular, K4, F ¢ extends to a
bounded operator from L' (R™) into LV (R™) (where L1 (R™) stands for the weak-L' space in R™).

This follows from Step 5 (with p = 2) and the classical Calderén—Zygmund lemma.

Step 7. Retain the same assumptions as in Step 5. There exists a finite constant C > 0 depending only on
the dimension with the property that, for each fixed g > 0, the following Cotlar-type estimate holds:

Kp  f(X) < CMF(x) + 2M(K g F o0 £)(X) forall &> eg (B.65)

for each f € Lip,,,,,(R") and each x € R", where

Kf{f},*f (x) := sup K4, F.e f(X)]. (B.66)

g'>e

Without loss of generality, it suffices to prove (B.65) for x = 0, so we focus on showing that
|K4,F,e f(0)] < CAMf(0) +2M(K4,F ) f(0) forall &> go. (B.67)

Then (B.67) implies (B.65) by suitably taking the supremum.
The first step is to observe that, for all x € R” and for all ¢ > 0,

|Ka,Fe f(x') = Ka,Fe f(x)| < CMF(0) provided |x —x'| <e/2. (B.68)

To see that this is the case, abbreviate k(x, y) := F((A(x) —A())/|x—yl)/lx — y|", then write

|Ka,Fe f (X)) — Ka,F e f(x)] <

/| | (k(x’,y)—k(x,y))ﬂy)dy'
x—y|>e

k /, dy — k /’ d
+‘/|x/—y|ze (x ) f(y)dy /IX—yze ', y) f(y)dy
= (B.69)

The term /I can be bounded by a multiple of .t /(0) using an argument similar to that in Lemma B.3.
The estimate for / follows from the mean vale theorem, the nature of the kernel k(x, y), and the standard
inequality

e[ Iy fF(»)|dy < CMf(0) forall &> 0. (B.70)
|y|=¢

Turning to the proof of (B.67) in earnest, fix ¢ > g9 > 0 then introduce f1 := fxp(o,) and set
f2:= f — f1. In particular, this entails

Ka,F,e f(0) = K4,F e /2(0). (B.71)
Then, for each x € B(0,¢/2), by (B.68) we have
| K4, F.e0/2(X) — Ka,F e f2(0)] < CALF(0); (B.72)

therefore,

|Ka,F o0 2(0)] < |Ka,F o0 f ()| + [ Ka,Foe0 /1 (X)| + CMS(0) forae. x e B(0./2). (B.73)
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We finish the proof by analyzing the weak-L! norms of the above functions. To this end, define
N(f):= iup[w({x €B:|f(x)|>A})], (B.74)
>0

where B := B(0, &/2) and p stands for the n-dimensional Lebesgue measure restricted to the ball B of
constant density |B|~!. Observe that f(x) = « on B implies N(f) = « for any constant «, and that
N(fi+ fa+ f3) <2N(f1) +4N(f2) +4N(f3) for all functions f1, f> and f3. Then the estimate

|Ka,F,e f(O)] = |Ka,Fe0 f2(0)| 2N (K4, Foe0 f) +4N(Kg,F e /1) +4C A £(0) (B.75)

follows from (B.71), these observations and (B.73). It remains to note that the right-hand side above can
be further bounded using Chebyshev’s inequality, which yields N(K4,F s, f) < CM(K4,F s, f)(0), and
the weak-L! boundedness result from Step 6, which eventually gives N(K4, F ¢, f1) < CAL£(0). From
these, (B.67) follows.

Step 8. Retain the same assumptions as in Step 5 and consider the maximal operator
Ka.Fsf(x):=sup|Karef(x)], xeR". (B.76)
e>0
Then for each p € (1, 00) there exists a constant C = C(F, A,m,n, p) € (0, 00) with the property that

IKa,Fx flLr@ny < Cll fllLo@ny forall f€LP(R"). (B.77)
To see this, fix an arbitrary f € L?(R") and first observe from (B.66) that for each x € R” we have

K$p  f(X) / Kapa f(x) as e \0. (B.78)

Based on this, Lebesgue’s monotone convergence theorem, (B.65), (B.61) and the boundedness of the
Hardy-Littlewood maximal function, we obtain
|Kapoufllo@n = tim [KSp, fllLon
e—>0~F >

<C 1i1(1)1+(||J‘/Lf||LP(R") + [[M(Kg,Fe2 ) lLe @) < Cllf lLr@ny, — (B.79)
e—

completing the proof of (B.77).
In terms of the maximal operator 77 « from (B.45), estimate (B.77) yields

IT7% fllLe@wny <Cl fllLp@wny forall feLP(R"). (B.80)

In order to show the existence of the pointwise limit in (B.29), the strategy is to return to the various
particular operators discussed in Steps 1-5 and show that, in each case, such a pointwise convergence
holds for such operators acting on functions in L?, almost everywhere in R”. In all cases, we shall make
use of the abstract scheme described in Lemma B.4.

Step 9. Pointwise convergence for the Cauchy operator (B.46): LetV := (1 +iA’) Lipcomp([R{), which is
a dense subclass of L (R), 1 < p < o0, since A is real-valued and Lipschitz. We claim that

forany h € V, limy_, o+ 64 ch(x) exists for a.e. x € R. (B.81)
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Indeed, if h = (1 +iA’) f with f € Lip omp (R), then we can write

_ 1+iA(y) B
Gohw=[ e ey VO S

—(1+id'(y)

TS e Xy T A — A
1+iA'(y)
d
+/|x_y|>1 Yy i) Ay PP
=: I +1I+1l. (B.82)

Using the fact that f is a compactly supported Lipschitz function, it is immediate that lim,_,,+ / and
lim,_, o+ JII exist at every x € R. Furthermore, the fundamental theorem of calculus gives

—14+i(Ax)—A(x + 8))/8)
1+i(A(x)—A(x—¢))/e

and the limit as ¢ — 0T of the right-hand side exists for almost every x € R since, by Rademacher’s

II=—f(x) 1n( (B.83)

theorem, the Lipschitz function A is a.e. differentiable. This concludes the proof of (B.81).
Finally, a combination of (B.81), Lemma B.4 and (a suitable version of) the maximal inequality (B.80)
gives that for f € L?(R) the limit lim,_,+ €4, f(x) exists for almost every x € R.

Step 10. Pointwise convergence for the Cauchy operator (B.48).

Using Step 9, (B.50) and Lemma B.1, it follows that, for each function f € LP?(R), the limit
lim,_, g+ €B,5,¢ f(x) exists for almost every x € R.

Step 11. Pointwise convergence for the operator (B.52). Specifically, we claim that, if f € L?(R), the
limit limg_0 K4, F ¢ f(x) exists for almost every x € R.

In order to prove this claim, fix f € L?(R) and recall /1, Il as defined in (B.55). The goal is to first
show that lim,—,o I+ exists for almost every x € R. To this end, for x, { € R set

f)

F5* .= F(¢) : dy. (B.84)
’ —yl>e X =y +i[AF (x) = AF (9)]
Then, employing Step 9 it follows that for each ¢ € yi the limit
lim F5~ (B.85)

=01

exists for almost every x € R. Next, we want to prove that sup,., |F§’x| € Lé(yi) for almost every
x € R. To see the latter we write

/[ sup | F&¥| dt
RiJy

—ll- £>0
The first inequality in (B.86) is standard, while for the second one we have used (a suitable version of)

2
dx 5[ /(supng’xDzdx d? < Cllf l2m- (B.86)
y_li_ R >0

the maximal inequality (B.80). The above analysis provides all the ingredients necessary for invoking
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Lebesgue’s dominated convergence theorem, which, in turn, allows us to conclude that

lim /4 = lim {—i fl Ff’x d@} exists at almost every point x € R. (B.87)
y

e—0~+ e—o0t+ | 27
Similarly, one shows that lim,_, o+ /_, lim,_, 4+ I+ exist for almost every x € R, and thus the earlier
claim is proved.

Step 12. Pointwise convergence for the operator (B.58).

The fact that for f € L?(R), the limit lim,_, o+ K4, F ¢ f(x) exists for almost every x € R follows by
a reasoning similar to the one in Step 11. This time the identity (B.59) replaces the expressions in (B.55)
and the decay properties of the Fourier transform /15(5 ) in are used when applying Lebesgue’s dominated
convergence theorem.

Step 13. For each given [ € LP(R"), the limit (B.29) exists for a.e. x € R".

Indeed, the case n = 1 has been treated in Step 12. Finally, in the case n > 1, the existence of the
limit in question for f* € 45°(R") follows via the rotation method from the one-dimensional result (and
Lebesgue’s dominated convergence theorem). Granted this, we may invoke Lemma B.4 and the maximal
inequality (B.80) in order to finish, keeping in mind that 45°(R") is dense in L (R").

In summary, at this point we know that

for each f € LP(R"), the limit lim,_, o+ 77 ¢ f (x) exists for a.e. x € R". (B.88)

In turn, this readily yields that

lim -
eNO J{yeR":1>|x—y|>¢} lx =yl

! F(mm—A@)

) dy exists for a.e. x € R". (B.89)
lx — |

With this in hand and relying on Lemma B.1, we deduce that, for each bi-Lipschitz function B,

. (A0

eNO J{yern:| B(x)—B()|>5, [x—y|<1} [X = Y[" |x =y

) dy exists forae. x e R® (B.90)

and the limits in (B.89) and (B.90) are equal. Having proved this, it follows that

for each f € €5°(R"), lim,_, o+ T ¢ f(x) exists for a.e. x € R" and is equal to lim,_, o+ T7 ¢ f(x).
(B.91)
Let us also note that, thanks to (B.80) and Lemma B.3,

ITgx fllLr@ny < CllfllLr@ny forall feLP(R"). (B.92)

From (B.91), (B.92) and Lemma B.4 we may finally conclude that for each fixed f € L?(R") the limit
(B.28) exists at a.e. point x € R" and is equal to (B.29). This finishes the proof of Proposition B.2. [
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Appendix C. Background on OP(L°° N vmo) Sc?. If X is a Banach space of functions on R”, we say
a function p on points (x, §) € R” x R” belongs to the symbol class XS {’,’0,

P € XS, (C.1)
provided p(-, &) € X for each £ € R” and
19 p(-.&)llx < Ca (&)™ forall € N, (C.2)
where (€) := (1 + |£]?)'/2 and Ny := N U {0}. If, in addition,
PO )~ pi(x.€).  pi(x.rE) =r"" pi(x.&) for r, [E| =1, (C.3)
j=0

in the sense that for every k € N the difference p — Zj:(l) p; belongs to X'S {’?()_ k. we say

p e XS. (C4)
The associated operator p(x, D) is given by

px. Dy = (27) "> / P OAE)E dE. (C.5)

If (C.1) holds, we say p(x, D) € OPXST', and if (C.4) holds, we say p(x, D) € OPXS{.

cl
Here we single out the spaces

L*®(R"), bmo(R"), vmo(R"), L*(R")Nvmo(R") (C.6)

to play the role of X. Here bmo is the localized variant of BMO, and vmo that of VMO. We summarize
some results about the associated pseudodifferential operators. Details can be found in [Taylor 2000,
Chapter 1, §11], which builds on work in [Chiarenza et al. 1991; Taylor 1997, §6]. A key ingredient in
the proofs of these results is the classical commutator estimate of [Coifman et al. 1976],

IMg, Blulr = Cpligllomollullzr (C.7)

given B € OPS(I)’O. Here Mgu := gu is the operator of multiplication by g.
The following extension appears in [Taylor 2000, Proposition 11.1]:
Proposition C.1. If p(x, D) € OP(bmo)Sg and B =b(x,D) € OPS(I) s5» 0 <1, with B scalar, then
[p(x,D),B]: LP(R") — LP(R"), 1< p<ooc. (C.8)

0
cl

IfpevmoS;andb e S ? s have compact x-support, this commutator is compact.
This result in turn helps prove the following, which may be found in [Taylor 2000, Proposition 11.3].

Proposition C.2. Assume that

peL®S%  ge(L>®Nvmo)s) (C.9)

cls cl»

with compact x-support. Then

p(x.D)q(x,D) =a(x,.D)+ K, a(x,§)=p(x,§)q(x.§), (C.10)
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with K compact on LP (R") for 1 < p < oc.

The following result has a proof parallel to that of Proposition C.2:

Proposition C.3. Assume g € (L°° Nvmo)S 3, with compact x-support, and set
q"(x.§) =q(x.5)". (C.11)
Then
q(x,D)* =q*(x,D)+K, (C.12)

with K compact on LP (R") for 1 < p < oc.

To proceed, we have the following useful result, which appears in [Taylor 2000, Proposition 11.4].
Proposition C.4. The space L°° Nvmo is a closed subalgebra of L°°(R™).

Putting Propositions C.2 and C.4 together yields the following:
Corollary C.5. Assume that

p. g € (L*®Nvmo)S? (C.13)

cl

with compact x-support. Then
p(x,D)q(x,D)=a(x,D)+ K, (C.14)
with K compact on L? (R") for 1 < p < oo and
a=pqe(L®Nvmo)SY. (C.15)

Generally, if o is a C *-algebra and % a closed *-subalgebra of s{ containing the identity element, and
if f €, then f is invertible in 9 if and only if it is invertible in . To see this, consider 2 = f* f and
expand H(z) = (h+ 1 —2z)~! in a power series about z = 0. The radius of convergence is greater than 1
if f is invertible in «. Clearly, H(z) € B for |z| < 1 if f € B, so H(1) € B.

Consequently, we have

acel®nvmo, a'el® = g !'eL®nNvmo. (C.16)
This holds for matrix-valued a(x). Similarly, if
p € (L®Nvmo)SY is elliptic, (C.17)
so that there exist C; < oo such that
Ip(x,6)7H <€y for [§] > Ca, (C.18)

then
(1—pE)p(x. &)~ € (L Nvmo)SY (C.19)

cl»

where ¢ € C5°(R") is equal to 1 for |§| < C,. This allows the construction of Fredholm inverses of
elliptic operators with coefficients in L°° N vmo.
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Appendix D. Analysis on spaces of homogeneous type. We begin by discussing a few results of a
general nature, valid in the context of spaces of homogeneous type. Recall that (X, p) is a quasimetric
space if X is a set (of cardinality at least two) and the mapping p : ¥ x ¥ — [0, 00) is a quasidistance;
that is, there exists C € [1, 0o) such that, for every x, y, z € X, p satisfies

p(x,y) =0 x=y, py x)=px,y), plx,y)=<Clo(x,z)+p(z,y)). (D.1)

A space of homogeneous type in the sense of Coifman and Weiss [1977] is a triplet (X, p, ) such that
(X, p) is a quasimetric space and u is a Borel measure on X (equipped with the topology canonically
induced by p) that is doubling. That is, there exists C € (0, co) such that

0 < u(Bp(x,2r)) < Cu(Bp(x,r)) forall x€X and r >0, (D.2)

where B,(x, r) is the p-ball of center x and radius r given by {y € X : p(x, y) <r}.
Then the John—Nirenberg space of functions of bounded mean oscillations, BMO(X, u), consists of
functions f € L}

ioc (X, ) for which || f|lgmo(z, ) < +00. As usual, we have set

||f|| o {SupR>0 M, (f’ R) if /L(E) = 400, D3
BMO(Z, 1) ‘= ] . (D.3)
|5 f du|+supgso Mi(f:R) if u(E) < +oo0,
where, for p € [1, 00), we have set
b Vb
M= s s (f e f o panlau)’,
x€X re(0,R] \J By(x,r) By(x,r) (D.4)

1
and /[ fdu=——— fdu.
By(x,r) I'L(Bp(x’ r)) By(x,r)

Following [Sarason 1975], if UC(Z, p) stands for the space of uniformly continuous functions on X, we
introduce VMO(X, 1), the space of functions of vanishing mean oscillations on X, where

VMO(Z, i) is the closure of UC(X, ) NBMO(Z, ) in BMO(Z, w). (D.5)

We have the following useful equivalent characterization of VMO on compact spaces of homogeneous
type. To state it, we denote by €% (X, p) the space of real-valued Holder functions of order o > 0 on the
quasimetric space (X, p). That is, €% (X, p) is the collection of all real-valued functions f on X with the
property that

lf(x) =Sl
[ fllge(z.p):=sup [ f(X)|+ sup ——————— <+o0. (D.6)
xX€X X,yEX, x#y p(x,y)
For further reference, let us also set
c5 (X, p):={f € €*(Z, p) : supp f bounded}. (D.7)

The following two propositions contain results proved in [Hofmann et al. 2010; Mitrea et al. 2013].
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Proposition D.1. Assume that (X, p, ) is a compact space of homogeneous type. Then
VMO(Z, w) is the closure of €*(X, p) NBMO(X, i) in BMO(X, 1) (D.8)

for every o € R such that

p(x,y) !
°<“”5[k%2(xjiiz1mmhﬂmz»pchw})} ‘ B9

not all equal

Proposition D.2. Let (X, p, ) be a space of homogeneous type. Then, for each p € [1, 00),

=

cmdeﬁVMOQLMD%Hmmm{wpr()f;( Jfoo—f@npmuwdu@ﬁ

r—0t+ (xeX
A limsup{ sup][ f—][ fdu
r—0t (xexJ B,(x,r) By (x,r)

uniformly for f € BMO(Z, ) (i.e., the constants do not depend on f'), where the distance is measured

P b
dﬂ} (D.10)

in the BMO norm. In particular, for each p € [1, 00),

distgmo( f, VMO(X, 1)) = lim+ My,(f:R) uniformly for f € BMO(Z, u), (D.11)
R—0

where My, ( f; R) is defined as in (D.4). Moreover, for each function f € BMO(Z, u) and each p €[1, 00),

f—f £ du
By(x,r)

For future purposes, we find it convenient to restate (D.11) in a slightly different form. More specifically,

1
4 )z
du} =0. (D.12)

feVMO(Z,u) < lim {sup][
B,(x,r)

r—0t xXEY

in the context of Proposition D.2, given f € L2 (X, 1), x € ¥ and R > 0, we set

loc
%
1/ 1+ (Bp(x. R) = sup ( v—mﬁw), D.13)
BCB,(x,R)\J B

where the supremum is taken over all p-balls B included in B,(x, R) and fp := u(B)™! [, g fdu. Itis
then clear from the definitions that

sup IfII«(Bp(x, R)) ~ Ma(f: R). (D.14)
xXe
Consequently, (D.11) yields:

Corollary D.3. With the above notation and conventions,

1im+[su;2> I f 1+ (Bo(x. R))] ~ distgmo(f: VMO(Z, ) (D.15)

—0
uniformly for f € BMO(Z, w).

We continue by translating Proposition C.4 (which was formulated in the Euclidean context) to spaces
of homogeneous type.
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Proposition D.4. Assume that (2, p, i) is a space of homogeneous type. Then there exists a constant
C € (0, 00) such that

distgmo(fg, VMO(Z, w))
< C| fllLeo(z,w) distsmo(g, VMO(Z, ) + C|lgllLoo(z, ) distemo (/. VMO(X, p)), (D.16)

forany f, g€ L°°(X, n), where all distances are considered in the space BMO(Z, ().
Moreover,

VMO(Z, ) N L®°(Z, ) isaclosed C* subalgebra of L*(X, 11), (D.17)

and

£ € VMO(S, ) N L®(S, 1) and % cL®(S, 1) — % € VMO (S, 1) N L=(Z, 10). (D.18)

Proof. Note that (D.16) implies (D.17) and also (D.18), via the same type of argument used to establish
(C.16). As such, it suffices to prove (D.16). To this end, if f, g € L°°(X, ) then, forany x € £, r >0
and y, z € By(x,r), we have

| f(Me(y) = f(2)g@ = fWlgy) —g@I+ 1@ f () = f(2)]
< 1 f L lg(y) =g @I+ lIgllzoe x| f (V) = f(2)]. (D.19)

With this in hand, (D.16) follows with the help of the first equivalence in (D.10). O

Another useful result pertains to the manner in which one can control the distance to VMO under
composition by a Lipschitz function.

Proposition D.5. Assume that (X, p, 1) is a space of homogeneous type. Let F : R™ — R be a Lipschitz
function. Then there exists a constant C € (0, 00) such that, for every [ : ¥ — R™ with components in
BMO(X, ),

distgmo(F o f, VMO(Z, p)) < C||V F||Loowm) distemo(f, VMO(Z, p)). (D.20)
where the distances are considered in the space BMO(X, ). In particular,
feVMO(Z,u) = FofeVMO(Z, ). (D.21)

Proof. Fix x € ¥ and r > 0, arbitrary. Using the fact that F is Lipschitz we may then estimate, for every
V,z € Bp(x,r),

|[F(f (7)) = F(f @) = IVF oo @m| £ () = f(x)]. (D.22)

Then the desired conclusion readily follows from this and the first equivalence in (D.10). O
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Appendix E. On the class of Lip N vino1 domains. The starting point in this appendix is the following
result.

Lemma E.1. Let ¢ : R" — R be a Lipschitz function, with graph
Y= {(x,p(x)): x e R"} Cc R"TL, (E.1)
Set j 1= H" | X, where " is the n-dimensional Hausdorff measure in R"T1. Then
FeEVMO(S, ) <= f(-.9(-)) € VMO(R"). (E.2)

Proof. For each given point X = (x,¢(x)) € ¥ with x € R" and each given radius r > 0, set
A(X,r) :={Y € £ :|Y — X| < r}. Then fix Xog = (x0,¢(x9)) € X for some x9 € R"” and pick
some r > (. Consider ¢ := 7CB(xo r)f(x,(p(x)) dx. Then

f f ][ f du‘du
A(Xo,r) A(Xo,r)
N fA(Xo,r)

52][ f —cldu
A(Xo,r)

_ 2][
{x€RM:| x—x0 2+ (p(x)—(x0))2<r2}
<c ][ | £(x. 0(x)) | dx. (E3)
{xeR”:|x—xo|<r}

(f —c)—][ (f —o) du‘du
A(Xo,r)

| f(x,0(x)) —cly/ 1+ [Ve(x)]> dx

Bearing in mind the significance of ¢, the left-pointing implication in (E.2) follows from (D.12) (with
p = 1). For the opposite implication, pick ¢’ := A(Xo.r) f du. Then, for some sufficiently large M > 0
depending on the Lipschitz constant of ¢, we have

][B(xo,r)

dx

£ () — ][B( S0pdy

< 2][ £ p(x)) — '] dx
{xeR":|x—xp|<r}

SC][ | f (e p(x)) = c'[y/ 1+ [V (x)|? dx
{xeR:|x—x0]2+(p(x)—p(x0))2 <(M1)2}

f —][ fdu
A(X()sr)

Based on this and (D.12), the right-pointing implication in (E.2) now follows. O

<C du. (E.4)

A(X(),r)

In turn, Lemma E.1 is an important ingredient in the proof of the following result:

Lemma E.2. Assume that ¢ : R" — R is a Lipschitz function, and let ¥ as in (E.1) denote its graph. Set
W= H"| X, where H" is the n-dimensional Hausdorff measure in R* 1, and let v = (v1,...,Vp41)
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stand for the unit normal to X (defined v-a.e.). Then
v, e VMO(XZ, ) for 1<j<n+1 <= 0;9c VMO[R") for1<j <n. (E.5)

Proof. Recall that the components v; : ¥ — R of the unit normal to the Lipschitz surface X satisfy

. _[9j0(0)/V1+ Vo) if 1<j <n,
”’(x"p(x))_{—u I+ Ve  if j=n+1 E8)

for a.e. x € R". As regards (E.5), assume first that
dj9 € VMO(R") foreach j e{l,...,n} (E.7)

and consider the functions F; : R” — R, 1 < j <n 41, given by

Fix) = xi/V14+]x]?2 if 1 <j<n, E5)
P =11+ x]2 i j=n41 ‘

for each x = (x1,...,x,) € R". A straightforward computation gives that there exists a dimensional
constant such that, for every x € R”,

Cn/V1+|x12 if 1 <j <n, E9)
Cu/(1+1x|?) if j=n+1. '
In particular, each function F; : R" — R is Lipschitz. Upon noting from (E.6) and (E.8) that v; (x, ¢(x)) =
F;(Vp(x)) for a.e. x € R", this implies, in concert with (E.7) and (D.21), that v; (-, ¢(-)) € VMO(R")
for each j € {1,...,n + 1}. Having established this, we may then conclude that v; € VMO(X, u) for
1 <j <n+1 by invoking Lemma E.1. This proves the left-pointing implication in (E.S5).

VE; ()| s{

In the opposite direction, assume

v; € VMO(Z, u) foreach je{l,...,n+1}. (E.10)

Then Lemma E.1 gives
vi(-,9(+)) € VMOR") N L*®(R") foreach j e{l,....n+1}. (E.11)
Since, from (E.6) and the fact that ¢ is Lipschitz, we have
1/vn1 (- 0(+)) € L2(R"). (E.12)
we deduce from (D.18), (E.11) with j =n + 1, and (E.12) that
1/vng1(-, 0(+)) € VMO(R") N L= (R™). (E.13)

Given that VMO(R"™) N L°°(R™) is an algebra (see (D.17) in Proposition D.4), it follows from (E.11)
and (E.13) that

Vi (- @(-)/vas1(-,@(+)) € VMO(R") N L*°(R") foreach j €{l,...,n}. (E.14)
In light of (E.6) this ultimately entails d;¢ € VMO(R") for 1 < j < n, as wanted. O

We are now in a position to define the class of Lip N vmo; domains.
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Definition E.3. Assume that C € (0, 00) and let 2 be a nonempty, open subset of R”, with diameter at
most C. One calls 2 a bounded Lipschitz domain, with Lipschitz character controlled by C, if there
exists r € (0, C) with the property that for every xo € 2 one can find a rigid transformation 7" : R"” — R"
and a Lipschitz function ¢ : R*~! — R with | Vg Loo(rn—1) < C such that

T(2 N B(xo,r)) = T(B(xo,7)) N{(x",x,) e R" I xR:x, > p(x")}. (E.15)

Whenever this is the case, call ¢(x’) := (x/, ¢(x’)) a coordinate chart for d$2.
If, in addition, d;¢ € vmo(R"™!) for each j € {1,...,n — 1}, then we shall say that Q is a bounded
Lip N vmo; domain.

Both the class of Lipschitz domains and the class of Lip N vmo; domains may be naturally defined in
the manifold setting by working in local coordinates, in a similar fashion as above (see also the discussion
in [Hofmann et al. 2007]).

We conclude this appendix by proving the following characterization of the class of Lip N vmo;
domains:

Proposition E.4. Let Q be a Lipschitz domain with outward unit normal v. Then

vevmo(dR2) <= Q isa LipNvmoy domain. (E.16)
Proof. This is a consequence of Lemma E.2 and definitions. O
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CRITERIA FOR HANKEL OPERATORS TO BE SIGN-DEFINITE

DIMITRI R. YAFAEV

We show that the total multiplicities of negative and positive spectra of a self-adjoint Hankel operator H in
L?(R,.) with integral kernel 4(¢) and of the operator of multiplication by the inverse Laplace transform of
h(t), the distribution o (1), coincide. In particular, =H > 0 if and only if +o (1) > 0. To construct o (1),
we suggest a new method of inversion of the Laplace transform in appropriate classes of distributions.
Our approach directly applies to various classes of Hankel operators. For example, for Hankel operators
of finite rank, we find an explicit formula for the total numbers of their negative and positive eigenvalues.

1. Introduction

1.1. Hankel operators can be defined as integral operators
oo
(Hf)(t)=/ h(t+s)f(s)ds (1-1)
0

in the space L?(R,.) with kernels % that depend on the sum of variables only. Of course H is symmetric
if h(t) = h(1). In the fundamental paper [Megretskii et al. 1995], A. V. Megretskii, V. V. Peller, and
S. R. Treil characterized the spectra of all bounded self-adjoint Hankel operators by a certain balance
between the positive and negative parts of their spectra. The result of [Megretskii et al. 1995] applies to
all Hankel operators, and so it does not allow one to distinguish spectral properties of particular operators.

The cases where Hankel operators can be explicitly diagonalized are very scarce. We mention here the
kernels /1(t) = t~! [Carleman 1923], h(¢) = (t + 1)~' [Mehler 1881], and h(¢) =t~ 'e™" [Magnus 1950;
Rosenblum 1958a; 1958b]. These kernels are treated in a unified way in [Yafaev 2010], where some new
examples are also considered.

Our goal here is to find explicit expressions for the total numbers N, (H) and N_(H) of (strictly)
positive and negative eigenvalues of self-adjoint Hankel operators H. Actually, we show that Ny (H) =
N4+ (X), where ¥ is the operator' of multiplication by the function (distribution) o (1) obtained through
the inversion of the Laplace transform

00
h(t) = / e o (M) dA. (1-2)
0
We call o () the sigma function of a Hankel operator H or of its kernel h(t).
MSC2010: primary 47A40; secondary 47B25.
Keywords: Hankel operators, convolutions, necessary and sufficient conditions for positivity, sign function, operators of finite

rank, the Carleman operator and its perturbations.
ITo be more precise, we consider the quadratic forms (Hf, f) and (X¢, ¢) instead of the operators H and X.
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In particular, we obtain necessary and sufficient conditions for the sign-definiteness of Hankel operators.
Indeed, it formally follows from (1-2) that
2

k]

(Hf, f) = /O dro ()

/ ” f()e ™ dt
0

and hence £H > 0 if and only if 0 > 0. We usually discuss conditions for H > 0, but of course

replacing H by —H we obtain conditions for H < 0. Note that positive” distributions are always given
by some measures, so that for positive Hankel operators H, representation (1-2) reduces to

h(t) = f e dm), (1-3)
0
where dm(}) is a (positive) measure on [0, 00).

1.2. If a function o (1) is sufficiently regular (for example, bounded), then its Laplace transform (1-2) is
analytic in the right half-plane and satisfies certain decay conditions for |[¢| — co. For example, such
simple functions as the characteristic functions of intervals or A (t) = e~ do not satisfy these conditions.
A regular function o () can be recovered from its Laplace transform %(¢) by the integral of h(a +it),
a > 0, over T € R; alternatively, it can also be recovered (see, for example, [Paley and Wiener 1934,
Section 13]) from the values of A(¢) for ¢t > 0. These methods are not sufficient for our purposes since,
for example, for h(t) = tXe=*, k € Z, Rea > 0 (such Hankel operators have rank k), the corresponding
function

o(M) =8P —a) (1-4)

(6(-) is the Dirac function) is a highly singular distribution, especially if Im« # 0.
Thus we are led to a solution of (1-2) for o (1) in a class of distributions. Put

1 [ h@)e— dr

bE) = _- 1-5
O = o e ar (=

and let s(x) = /27 (D*b)(x), where ® is the Fourier transform. We show that the function
o(A) :=s(—1Ink) (1-6)

satisfies (1-2). We call b(&) the b-function and s(x) the sign function (or s-function) of the Hankel operator
H (or of its integral kernel /(¢)). The sigma function o (1) differs from s(x) by a change of variables
only. In specific examples we consider, functions »(§) and s(x) may be of a quite different nature. For
instance, s(x) may be a polynomial or, on the contrary, it may be a highly singular distribution such as a
combination of delta functions and their derivatives. We emphasize that all our formulas are understood
in the sense of distributions and of course no analyticity of 4 () is required. From a purely formal point of
view, our method of inversion of the Laplace transform is not too far from one of the methods described
in [Paley and Wiener 1934], but the classes of functions (distributions) are quite different.

2We use the term “positive” instead of the more precise but lengthy term “nonnegative”.
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The precise meaning of formula (1-5) requires some discussion. Observe that the denominator in (1-5)
coincides with the numerator for the special case h(r) = e". It equals I'(1 — &), and hence exponentially
tends to zero as |£€| — oo. Therefore b(£) is a “nice” function of & only under very restrictive assumptions
on the kernel /4(¢). Thus, to cover natural examples, we are obliged to work with distributions b(§)
and s(x). The choice of appropriate spaces of distributions is also very important. The Schwartz space
F(R)’ is too restrictive for our purposes, which is seen already in the example of finite-rank Hankel
operators. In order to be able to divide in (1-5) by an exponentially decaying function, we assume that
the numerator belongs to the class of distributions C§® (R)’. This means that the Fourier transform of the
function 6 (x) = e*h(e”) belongs to C;° (R)’, that is, 6 belongs to the space %’ dual to the space & = %(R)
of analytic test functions. The class of distributions /(¢) such that the corresponding function 6 is in %’
will be denoted by %/, . It follows from (1-5) that b € C;°(R) and s e ' if h € &/, .

A remarkable circumstance is that, in these classes, there is a one-to-one correspondence between
kernels of Hankel operators and their sigma functions. To be precise, let us put h%(1) = 27 1o (A). We show
that & € &/ _if and only if h'e #!,, and the correspondence /1 — h" is a continuous one-to-one mapping of
££’+ onto itself. As an example, note that although the functions 4 (¢) = t“e= and K'(A) = A" 18O L — )
are of a completely different nature, both of them belong to the class %/, .

In the case & € Lfoc(R+)’ the condition & € %/ means that

/oo|h(t)|(1+|lnt|)_K dt < oo 1-7)
0

for some k. Condition (1-7) is also quite general and does not require that the corresponding Hankel
operator be bounded. For example, it admits kernels

h(r) = P(nn)r !, (1-8)

where P(x) is an arbitrary polynomial. Note that Hankel operators with such kernels are bounded for
P (x) = const only.

1.3. Our study of spectral properties of Hankel operators H relies on their reduction to the operators S of
multiplication by the corresponding sign functions. This reduction is given by a transformation which is,
in a suitable sense, invertible but not unitary. Let B,

o0

(Bg)() = / b(E — mg(m dn. (1-9)

—00
be the operator of convolution with the function (1-5), and let S be the operator of multiplication by s (x)
so that § = ®*B®. If h(r) = h(r), then b(—&) = b(£) and s(x) = s(x) so that the operators B and S are
formally symmetric.
We establish the identity

(Hf, f) = (Bg. g) = (Su, u), (1-10)

where

gE) =T (3+i§) f© = (ENE), ukx)= (@), (1-11)
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f (&) is the Mellin transform of f(¢), and I'(-) is the gamma function. We often write the identity (1-10)
in short form as

)
1)

H=E'B *S

(1]
(1]

: (1-12)

where E = ®*E.
It follows from (1-12) that the total multiplicities of the strictly positive (negative) spectra of the
operators H and B, or S, coincide:

N+(H) = N+(B) = N=(S). (1-13)

This result can be compared with Sylvester’s inertia theorem, which states the same for Hermitian matrices
H and B, or S, related by (1-12) provided the matrix Z, or @, is invertible. In contrast to linear algebra,
in our case the operators H and B, or S, are of a completely different nature and B and S (but not H)
admit explicit spectral analysis.

Thus our calculation of the numbers N (H) consists of two parts. The first is the construction of the
sign function (distribution) s(x). The second is the study of the operator S of multiplication by s(x).
Observe that since s(x) is a distribution, the numbers N1 (S) are not necessarily zero or infinity. We also
note that N+ (S) = N+ (X) because the functions s(x) and o (1) differ by the change of variables (1-6)
only.

In particular, we see that the Hankel operator H is positive if and only if B > 0 or, equivalently, S > 0.
This means that a Hankel operator H is positive if and only if its sign function s(x) is positive. In some
cases the calculation of the sign function is not necessary. Actually, we show that if |b(£)| — oo as
|&| — oo, then H is not sign-definite.

Under the assumption i € ¥/, , we prove the identity (1-10) for test functions f(z) whose Mellin
transforms f are in C§°(R). Then functions (1-11) belong to C3°(R) and both sides of (1-10) are well
defined. The condition & € %'_is very general. It is satisfied for all bounded, but also for a wide class of
unbounded, Hankel operators H. More than that, it is not even required that H be defined by formula
(1-1) on some dense set. Therefore we work with quadratic forms (Hf, f), which is more convenient
and yields more general results. This context allows us to accommodate distributions /(¢) as kernels of
Hankel operators and makes the theory self-consistent. Note that for bounded operators H, the identity
(1-10) extends to all elements f € L*(R,).

1.4. Representation (1-2) does not require the positivity of H. If, however, H > 0, then combining our
results with the Bochner—Schwartz theorem, we obtain that o (1) dA = dm (L), where dm () is a positive
measure on Ry (m({0}) = 0). In this case, representation (1-2) reduces to (1-3), with the measure dm (1)
satisfying for some x the condition

/00(1 +InA) A" Hdm(h) < oo, (1-14)
0

which follows from the assumption & € %/, .
Recall that according to the Bernstein theorem (see the original paper [1929] or [Akhiezer 1965;
Widder 1941]), the representation (1-3) is true if and only if the function /4 (¢) is completely monotonic. In
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contrast to this classical result, we link the representation (1-3) to the positivity of the Hankel operator H
with kernel /(¢). This fact is not very surprising in view of the analogy with the discrete case when Hankel
operators are given in the space £>(Z..) by infinite matrices with elements /,,,, where n, m € Z_.. Indeed,
according to the classical Hamburger theorem (see, e.g., [Akhiezer 1965]), the positivity of a discrete
Hankel operator is equivalent to the existence of a solution of the moment problem with moments 4,,. In
the continuous case, the role of the moment problem is played by the exponential representation (1-3).

We mention that Hankel operators H with kernels 4 (¢) admitting representation (1-3) were considered
by H. Widom [1966] and J. S. Howland [1971]. Such kernels /(¢) and operators H are necessarily
positive. Widom proved that H is bounded if and only if m ([0, A)) = O(X) as A — 0 and as L — oo. In
this case, h(t) < Ct~! for some C > 0. Howland showed that H belongs to the trace class if and only if
condition (1-14) is satisfied for x = 0.

1.5. A large part of this paper is devoted to applying the general theory to various classes of Hankel
operators H, although we do not try to cover all possible cases. In some examples, the sign-definiteness of
H can also be verified or refuted with the help of Bernstein’s theorems. Note, however, that our approach
yields additionally an explicit formula for the total numbers N1 (H) of positive and negative eigenvalues
of H.

In Section 5, we calculate N1 (H) for Hankel operators H of finite rank. Then we consider two specific
examples. The first one is given by the formula

h(t)=tke ™, o >0, k>—1. (1-15)

Note that the Hankel operator H with such kernel has finite rank for k € Z only. We show that H is
positive if and only if £ < 0. The second class of kernels is defined by the formula

hity=e", r>0. (1-16)

It turns out that the corresponding Hankel operator is positive if and only if r < 1.

Section 6 is devoted to a study of Hankel operators H with kernels /(#) having a singularity at a single
point fp > 0. In this case the operators H are compact, but both numbers N4 (H) are infinite. We find
the asymptotics of positive (k,(f)) and negative (k,([)) eigenvalues of H as n — oo for singularities of
different strengths.

Finally, in Section 7, we consider perturbations of the Carleman operator C, that is, of the Hankel
operator with kernel 1~!, by various classes of compact Hankel operators V. The operator C can be
explicitly diagonalized by the Mellin transform. We recall that it has the absolutely continuous spectrum
[0, r] of multiplicity 2. The Carleman operator plays a distinguished role in the theory of Hankel operators.
In particular, it is important for us that its sign function s(x) equals 1. As was pointed out by Howland
[1992], Hankel operators are to a certain extent similar to differential operators. In this analogy, the
Carleman operator C plays the role of the “free” Schrodinger operator D, D = —id/dx, in the space
L*(R). Furthermore, Hankel operators H = C + V with “perturbed” kernels A(t) = t~' 4+ v(t) can be
compared to Schrodinger operators D? + V(x). The assumption that v(¢) decays sufficiently rapidly as
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t — 00 and is not too singular as t — 0 corresponds to a sufficiently rapid decay of the potential V(x) as
|x| — oo.

As shown in [Yafaev 2013], the results on the discrete spectrum of the operator H lying above its
essential spectrum [0, ] are close in spirit to the results on the discrete spectrum of the Schrédinger
operator D% +V(x). On the other hand, the results on the negative spectrum of the Hankel operator H are
drastically different. In particular, contrary to the case of differential operators with decaying coefficients,
the finiteness of the negative spectrum of the Hankel operator H is not determined by the behavior of
v(t) at singular points t =0 and t = co. As an example, consider the Hankel operator with kernel

hey=t""—ye™, re(,1).

Now the kernel of the perturbation is a function that decays faster than any power of t~! as t — oo,
and it has a finite limit as # — 0. Nevertheless, we show that the negative spectrum of H is infinite if
y > o (here yp = yo(r) is an explicit constant), while H is positive if y < yy. Such a phenomenon has no
analogy for Schrodinger operators with decaying potentials, although a somewhat similar effect (known
as the Efimov effect) occurs for three-particle Schrédinger operators. Note, however, that for y > yy, a
new band of the continuous spectrum appears for three-particle systems, while in our case, the continuous
spectrum of H is [0, r] for all values of y.

We also study perturbations of the Carleman operator C by Hankel operators V of finite rank. Here
we obtain a striking result: the total numbers of negative eigenvalues of the operators H = C 4V and V
coincide.

As examples, we consider only bounded Hankel operators in this paper. However, our general results
directly apply to a wide class of unbounded operators, such as Hankel operators with kernels (1-8); see
[Yafaev 2014a].

1.6. Let us briefly describe the structure of the paper. In Section 2, we define the basic objects, establish
the inversion formula (1-2), and obtain the main identity (1-10). Necessary information on bounded
Hankel operators (including a continuous version of the Nehari theorem) is collected in Section 3. In
Sections 2 and 3, we do not assume that the function 4 is real, i.e., the corresponding Hankel operator H
is not necessarily symmetric. Spectral consequences of the formula (1-10) and, in particular, criteria for
the sign-definiteness of Hankel operators are stated in Section 4. In Sections 5, 6, and 7, we apply the
general theory to particular classes of Hankel operators.
Let us introduce some standard notation. We denote by &,

o0

(Pu)(E) = 2n)~ /2 / u(x)e ™ dx,

—0o0

the Fourier transform. The space # = #(R) of test functions is defined as the subset of the Schwartz
space ¥ = ¥(R) which consists of functions ¢ admitting the analytic continuation to entire functions in
the complex plane C and satisfying bounds

lp(2)| < Cu(1+|z]) e ™3 forall z € C,



CRITERIA FOR HANKEL OPERATORS TO BE SIGN-DEFINITE 189

for some r = r(p) > 0 and all n. Note that & is invariant with respect to the complex conjugation
¢(z) — ¢*(2) = (7). We recall that the Fourier transform & maps % — Cy°(R) and that @*: Cj°(R) — Z.
The dual classes of distributions (continuous antilinear functionals) are denoted by &', CS°(R)’, and %/,
respectively. In general, for a linear topological space ¥, we use the notation &’ for its dual space.

We use the notation (-, -} and (-, - ) for the duality symbols in Lz([RQ) and L*(R), respectively. They
are always linear in the first argument and antilinear in the second argument. The letter C (sometimes
with indices) denotes various positive constants whose precise values are inessential.

2. The main identity

2.1. Let us consider the Hankel operator H defined by equality (1-1) in the space L>(R..). Actually, it is
more convenient to work with sesquilinear forms (H f, f») instead of operators.

Before giving precise definitions, let us explain our construction at a formal level. It follows from (1-1)
that

<mmm=ﬁtﬂhmmmu%mmw=ﬁimﬁEM=MJm 2-1)
where

[— -
F(t)=/0 J18) falt —s)ds =: (fi* f2)(1) (2-2)

is the Laplace convolution of the functions f_l and f,;. Formula (2-1) allows us to consider & as a
distribution with the test function F defined by (2-2). Thus the Hankel quadratic form will be defined by
the relation

hLf1. fol = (h, fi* fo). (2-3)
Let us introduce the test function
Qx)=F(e') =: (RF)(x) (2-4)
and the distribution
0(x) =e*h(e*) (2-5)

defined for x € R. Setting r = ¢* in (2-1), we see that

mjw=fwmeuNM=4aQy (2-6)

o
We are going to consider the form (2-6) on pairs F, i such that the corresponding test function 2
defined by (2-4) is an element of the space # of analytic functions and the corresponding distribution 6
defined by (2-5) is an element of the dual space %#'. The set of all such F and & will be denoted by %
and %' , respectively; that is,

Fe¥ < Qec%* and he¥, <0c¥. 2-7)

Of course, the topology in %, is induced by that in % and ¥/, is dual to %,. Note that & € ¥/ _if
hell

1oc(R4) and integral (1-7) is convergent for some «. In this case, the corresponding function (2-5)
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satisfies the condition

f 16 () (1 +[x) ™ dx < oo,

—00
and hence 6 € ' C ¥'.
Define the unitary operator U : L>(R,) — L*(R) by the equality

U x) =2 f(eh). (2-8)
Let the set % consist of functions f(¢) such that U f € %. Since
fO=1"2Unn)
and % C &, we see that functions f € &% and their derivatives satisfy the estimates
@] = Comt ™27 (L It )"

for all n and m. Obviously, f € % if and only if (z) = t'/? f (¢) belongs to the class %...

Let us show that form (2-3) is correctly defined on functions f1, f> € 9. To that end, we have to verify
that function (2-2) belongs to the space ¥ or, equivalently, that function (2-4) belongs to the space %.
This requires some preliminary study, which will also allow us to derive a convenient representation for
form (2-3).

Recall that the Mellin transform M : L>(R,) — L*(R) is defined by the formula

(Mf)(E) = 2n)~ 12 /O Oof(t)z—‘/z—fé dt. (2-9)

Of course, M = ®U, where ® is the Fourier transform and U is operator (2-8). Since both ® and U are
unitary, the operator M is also unitary. The inversion of the formula (2-9) is given by the relation

f(t)=Q@mn)" 1?2 f Oof(sn—”“’*S d&, f=Mf. (2-10)

Let I'(z) be the gamma function. Recall that I'(z) is a holomorphic function in the right half-plane and
I'(z) # 0 for all z € C. According to the Stirling formula, the function I"(z) tends to zero exponentially
as |z| — oo parallel with the imaginary axis. To be more precise, we have

. 27 \'/? .
F(O[-ﬁ-l)») :em(Za—l)/4<_> Aa—1/2ezk(lnk—l)e—nk/2(1_|_ 0()\—1)) (2_11)
e
for a fixed @ > 0 and A — +o00. Since I'(a¢ —iX) =" (« +iA), this yields also the asymptotics of I" (o +i 1)
as A — —o0.

If f;, €9, j=1,2, then f] =Mf; = dUf; € C;°(R), and hence the functions g; (&) defined by
formula (1-11) also belong to the class C{°(R). Let us introduce the convolution of the functions g;
and g,

o0

(g1%82)(8) = / g1(& — mga(m) dn,

—00
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and set
($8)(€) = g(=%).

We have the following result.

Lemma 2.1. Suppose that f; €9, j =1, 2, and define functions g ;(§) by equality (1-11). Let the function
Q(x) be defined by formulas (2-2) and (2-4). Then

(®Q)(E) = 2m) 2T (1 +i8) "1 (($81) * g2) (). (2-12)

Proof. Substituting (2-10) into (2-2), we see that

F(t) = (27T)71 f ds /OO ﬁ(f)(t _S)*I/Z*i‘[ dt /oof"z(o,)sl/2+i0 do.
0 —00 o0

Observe that

1 . 1 .
/[(t _ gy~ V2t gm1/2tie o 4o D) F(Z - ”)F(E +"7)
0 I'l+i(c—1))

Then using (1-11), we obtain the representation
oo o . .
F(t) = (271)_1/ / OO +i(0 —1) 'g1(t)g2(0)dr do
—o0 J —00

— 2n)! / FEC(L+i8) " (931 * g2) (6) dE.
whence

Qx) = ()" / T (14i8)7'(($81) * g2) (§) dé.

This is equivalent to formula (2-12). O

Observe that the function I'(1+i£)~! on the right-hand side of (2-12) tends to infinity exponentially as
|€] — oo. Nevertheless, ®Q2 € Ci°(R) because ($g1) * g2 € C°(R) for g1, g2 € C;°(R). Thus we have:

Corollary 2.2. Let f; € 9, j = 1,2, and let the function Q(x) be defined by formulas (2-2) and (2-4).
Then Q2 € % or, equivalently, F € ¥ .

Now we are in a position to give the precise definition.

Definition 2.3. Let h € ¥ and f; € %, j =1, 2. Then fi* f» € %, and the Hankel sesquilinear form is
defined by the relation (2-3).

We shall see in SeE:tion 2.4 that h € %/ _is determined uniquely by the values (A, fix fo)on fi, fr €D,
that is, h = 0 if {h, f1x f) =0 for all fi, f, € 9.
Of course (2-3) can be rewritten as

hlf1. f21=1(6, ), (2-13)
where 0 is distribution (2-5) and
Q(x) = (fi* f2)(e").
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We sometimes write h[ f1, f>] as integral (2-1), keeping in mind that its precise meaning is given by
Definition 2.3.

2.2. Our next goal is to show that (2-13) is the sesquilinear form of the convolution operator B, that is, it
equals the right-hand side of (1-10). Here the representation of Lemma 2.1 for the function

G(§) = V2T (1 +i§)(PQ) () (2-14)
plays a crucial role.
Since 6 is in &', its Fourier transform a = ®6 is correctly defined as an element of C;°(R)’. Formally,
a(§) = (P0)(§) = 2n)~"/2 fo hor dr, (2-15)
that is, a (&) is the Mellin transform of the function h(r)z'/2. Let Q € %. Passing to the Fourier transforms
and using notation (2-14), we see that
0, Q) = {(a, PRQ) = (b, G), (2-16)
where G € C§°(R) and the distribution b € C§°(R)" is given by the relation
b(E) = @m)~a@ra -ig)™ (2-17)
which is of course the same as (1-5). Thus we are led to the following.

Definition 2.4. Let i € Si; The distribution b € C§°(R) defined by formulas (2-5), (2-15), and (2-17)
is called the b-function of the kernel /4(¢) (or of the Hankel operator H). Its Fourier transform s =
2m ®*b € %' is called the s-function or the sign function.

Recall that the distribution o was defined by relation (1-6). It is convenient to also introduce
A =2"lo () =27 s(—1nx). (2-18)
The following assertion is an immediate consequence of formulas (2-5), (2-15), and (2-17).

Proposition 2.5. The mappings
h> 0 a>brs s> h°

vield one-to-one correspondences (bijections)
¥, % - CFR) - CFR) - %' - %,
All of them, as well as their inverse mappings, are continuous.
Putting together equalities (2-6) and (2-16), we see that
(h, F) = (b, G). (2-19)

Combining this relation with Lemma 2.1 and Definitions 2.3, 2.4 and using notation (1-11), we obtain the
main identity (1-10). To be more precise, we have the following result.
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Theorem 2.6. Suppose that h € &/, and let b € Ci°(R)' be the corresponding b-function. Let f; € 9,
Jj =1,2, and let the functions g be defined by formula (1-11). Then g; € C;°(R), and the representation

(h, fix f2) = (b, ($31) * 82) =: blg1. g2l (2-20)
holds.
Passing to the Fourier transforms on the right-hand side of (2-20) and using
O*(($81) * 82) = 2m) 2 DT @7 gy,
we obtain:

Corollary 2.7. Let s € %' be the sign function of h, and let u; = ®*g; = ®*Ef; € %. Then

(h, fix f2) = (s, ufuz) =: suy, uz]. (2-21)

Loosely speaking, equalities (2-20) and (2-21) mean that

o) (o.¢] o
ey = [ [ se-nama@da= [ swuwnmd. @2
In the particular case 4 (¢) = ¢~! when H = C is the Carleman operator, we have

o) =1, a(€)=Qn)'%8¢E), bE) =8, sx)=1, (2-23)

and hence (2-22) yields

(h, fi* f2) =/ g1(8)g2(8) dé =/ (L +i€)[* fi®) fa®) dt,
where
2_ T

1y T -
PG+ = hme (2-24)

This leads to the familiar diagonalization of the Carleman operator.

2.3. According to Proposition 2.5, the distribution 4 determines uniquely the distribution /. Let us now
obtain an explicit formula for the mapping h° — h. This requires some auxiliary information.

Let Ty : C3°(R) — Ci°(R), a > 0, be the operator of multiplication by the function I' (o« +i&). Making
the change of variables = ¢~ in the definition of the gamma function, we see that

%) . %) . ‘
IMNa+id) = / e Tl gy = / e e e gy, a >0,
0

—0o0
and hence
o | —X
Qm)~! / M (a+id)dr=e"¢ e, (2-25)
—00
It follows that
o0
(D T, PQ)(x) = f O™ Q(y) dy. (2-26)
—00
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Let us also introduce the operator L,:
o0
(Le F)(A) = A“/ e VF@)ydt, >0, a>0. (2-27)
0

Obviously, Ly F € C*°(R..) for all bounded functions F () and, in particular, for F € %, . Note that L, is
the Laplace operator L,

(LF)(L) = / ooe—“F(z) dt, (2-28)
0

sandwiched by the weights A% and %~
The following result yields the whole scale of spaces where the Laplace operator L acts as an isomor-
phism. Recall that the operator %R defined by (2-4) is a one-to-one mapping of % onto %.

Lemma 2.8. For all « > 0, the identity

Ly = R~ $D*T, PR (2-29)
holds. In particular, L, and its inverse are the one-to-one continuous mappings of % onto itself.
Proof. Putting Q(y) = (RF)(y) = F(e”) in (2-26) and making the change of variables t = ¢”, we find
that

o —x
(P T, PRF)(x) :e—‘”/ e ¢ T F(n) dt.
0

Now making the change of variables A = e™*, we arrive at the identity (2-29).

Consider the right-hand side of (2-29). All mappings ®: %, — %, ®: % — C®(R), I'y : C;°(R) —
C°(R), @*: CP(R) — %, $ : % — ¥ are bijections. All of them as well as their inverses are continuous.
Therefore the identity (2-29) ensures the same result for the operator L, : &4 — %. ]

The adjoint operators L}, are defined by the relation (L, F, ) = (F, L3y), where F € % and ¢ € %/,
are arbitrary. According to (2-27), they are formally given by the relation

Lay) (@) =" / we*’kx“w(x) dx, t>0. (2-30)
0

By duality, the next assertion follows from Lemma 2.8.

Theorem 2.9. For all a > 0, the operators L}, as well as their inverses are the one-to-one continuous
mappings of %' onto itself.

To recover h(t), we proceed from formula (2-19). Passing to the Fourier transforms, we can write it as
(h, F) = 2r)"'/(s, ®*G),

where G is defined by formulas (2-4), (2-14), that is, G = Qm)'’T | ®RF. Therefore, using the identity
(2-29) for @ = 1, we see that

o0

(h, FYy = (s, $RL, F) :/ s)(L1F)(e™¥) dx.

—0o0
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Making the change of variables A = ¢™* and using notation (2-18), we obtain the identity
(h, Fy = (h", L, F).
Passing here to adjoint operators and taking into account that F' € % is arbitrary, we find that
h=Lth" or h=L%, (2-31)
where o (L) = Ah"(L). In view of (2-30), this gives the precise sense to formula (1-2).
Let us state the result obtained.

Theorem 2.10. Let h € %/, and let s € %' be the corresponding sign function (see Definition 2.4). Define
the distribution h* by formula (2-18). Then h° e ¥ and h can be recovered from h® or o by formulas
(2-31).

We emphasize that in the roundabout & — h" — h, the mapping & — h® and its inverse A" — h are
the one-to-one continuous mappings of the set %/, onto itself.
Let us also give a direct expression of u(x) = (®*g)(x) in terms of f ().

Lemma 2.11. Suppose that f € % and put ¢(t) = t'/% f(t). Let g(£) be defined by formula (1-11) and
u(x) = (®*g)(x). Then
u(x) = (Lipp)e™). (2-32)

Proof. Since (Rp)(x) = (Uf)(x), it follows from formula (2-29) for « = % that
(R FOT1p@U (M) = (Lij29) (V).
The left-hand side here equals (R~ $u) (1), which after the change of variables A = ¢~ yields (2-32). [J

Now we can rewrite identity (2-21) in a slightly different way.

Corollary 2.12. Let h € ¥/, and let the distribution h* € %!, be defined by formula (2-18). Then for
arbitrary f; € 9, j =1, 2, we have

(h. fix f2) = (h". Lijp@iLlip@a).  where ¢j(t) = 1" f; (1). (2-33)
Proof. 1t suffices to make the change of variables x = — In A in the right-hand side of (2-22) and to take
equality (2-32) into account. 0

We emphasize that according to Lemma 2.8, L »¢; € ., and hence Lip@1Li 292 € . Thus the
right-hand side of (2-33) is correctly defined.

2.4. Finally, we check that a distribution & € ¥/_ is determined uniquely by the values (A, fi* f2) on
f1, f» € . First we consider convolution operators. Let us introduce the shift in the space L*(R):

(T(t)g)E)=gE—-1), TR (2-34)
Since o
(81 *%82)(&) =f (T(7)g1)(¢)g2(r)dr  forall g1, g2 € C5°(R),
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we have the formula
o0

b, ($31) * g2) = / (b, (1981520 d, (2-35)

—0o0

where for b € C;°(R)’ the function (b, T'(7)$g1) is infinitely differentiable in 7 € R.
The following assertion is quite standard.

Lemma 2.13. Let b € Ci°(R)". Suppose that (b, ($g1) * g2) =0 for all g, g> € C°(R). Then b = 0.

Proof. If (b, ($g1) * g2) =0 for all g> € C°(R), then (b, T'(t)$g1) =0 for all T € R according to formula
(2-35). In particular, for T = 0 we have (b, $g1) =0, whence b = 0 because g; € Ci°(R) is arbitrary. []

Next we pass to Hankel operators.
Proposition 2.14. Let h € &!,. Suppose that (h, fix f2) =0forall f, f, €%. Then h =0.

Proof. Let b € C§° (R)" be the b-function of & (see Definition 2.4). For arbitrary g1, g2 € Ci°(R), we
can construct fi, f» € 9 by formula (1-11). Since (A, fl * f2) =0, it follows from the identity (2-20)
that (b, ($g1) * g2) = 0. Therefore » = 0 according to Lemma 2.13. Now Proposition 2.5 implies that
h=0. (Il

3. Bounded Hankel operators

Our main goal here is to show that the condition & € #/, is satisfied for all bounded Hankel operators H.

3.1. In this section we a priori only assume that / € C(‘)’O(R+)’ and consider the Hankel form (2-3) on
functions f1, f> € Ci°(Ry). Let T (1), where T > 0, be the restriction of the shift (2-34) on its invariant
subspace L2(R,). Since

(fi *fz)(t)=/0 (T () @) fo(r)dr forall fi, fr € CP(Ry),

for all h € C°(R;)" we have the formula

(h fix f2) = f (h. T, (1) FY Fo() d. (3-1)

0

Here the function (h, T, () f1) is infinitely differentiable in T € R, and this function, as well as all its
derivatives, has finite limits as T — 0. In the theory of Hankel operators, formula (3-1) plays the role of
formula (2-35) for convolution operators.

The proof of the following assertion is almost the same as that of Lemma 2.13.

Proposition 3.1. Let h € C°(R,)". Suppose that (h, fix f2) =0forall fi, f> € Cy°(Ry). Then h = 0.

Proof. If (h, fi* f2) = 0 for all f, € C°(Ry), then (h, T (7) fi) = 0 for all T € [0, co) according to
formula (3-1). In particular, for t =0 we have (A, fl) =0, which implies that 7 =0 because fi € C°(R;)
is arbitrary. U
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Of course Propositions 2.14 and 3.1 differ only by the set of functions on which the Hankel form is
considered.
Assume now that
[Kh, f* I < CIFI? forall f e CORY). (3-2)

Then there exists a bounded operator H such that

(Hf1, f2) ={h, fi*x fo) forall fi, f» € CRy). (3-3)

We call H the Hankel operator associated to the Hankel form (h, fi* ).

3.2. It is possible to characterize Hankel operators by some commutation relations. A presentation of
such results for discrete Hankel operators acting in the space of sequences /2(Z..) can be found in [Power
1982, §1.1].

Let us define a bounded operator Q in the space L*(R..) by the equality

() (1) =2~ /0 ¢ £(s) ds.
Note that o
Q= —2/ Ti(v)e " dr. (3-4)
0

Lemma 3.2. Let (3-2) hold. Then the operator H defined by formula (3-3) satisfies the commutation
relations
HT (t) =T, (x)*H forallt>0 (3-5)

and

HQ = Q*H. (3-6)

Proof. Since
(TL(D) f)* fr= fix(Te(x) fo) forall T >0,

relation (3-5) directly follows from (3-3). By virtue of formula (3-4), relation (3-6) is a consequence of
(3-9). [l

Below we need the Nehari theorem; see the original paper [1957] or [Peller 2003, Chapter 1, §1;
Power 1982, Chapter 1, §2]. We formulate it in the Hardy space [H]i([R) of functions analytic in the upper
half-plane. We denote by Q the operator of multiplication by the function (i —i)/(u + i) in this space.
Clearly, Q =o*Q0o.

Theorem 3.3 [Nehari 1957]. Let w € L*°(R), and let an operator H in the space [H]%r (R) be defined by

the relation
o0

(Ffr fo) = / oW i~ o du forall fi. fr € HE(R). (3-7)

—0o0

Then H is bounded and ﬁ@ = Q*ﬁ Conversely, th:f is a bounded operator in [H]?F (R) and ﬁ@ = Q*ﬁ,
then there exists a function w € L*(R) such that representation (3-7) holds.
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The following assertion can be regarded as a translation of this theorem into the space L?(R,.). Recall
that, by the Paley—Wiener theorem, the Fourier transform & : I]-I]%r([RR) — L*(R,) is the unitary operator.
Since

o0
/ (w+i) e M du = —2rie”!
—0
for ¢+ > 0 and this integral is zero for t < 0, we have the relation
[+ 0=d00" (3-8)

Theorem 3.4. If h = 2n)~/?®w, where w € L®(R) (in this case h € ¥’ C CP(RL)"), then estimate
(3-2) is true and the operator H in the space L*(R..) defined by formula (3-3) satisfies the commutation
relation (3-5). Conversely, if a bounded operator H satisfies (3-5), then representation (3-3) holds with
h = Qm)~2®w for some w € L®(R).

Proof. Since

(@*(fi* f2) (W) = V21 (Ff1)(w) fa(u) forall fi, fr € CP[Ry),
where fi = ®* fi, fo = ®* fo, and ($ /1) (1) = fi(—p), we have
(h, fix ) = 27 (®*h, ($f1) fo) forallhe . (3-9)

Therefore, estimate (3-2) is satisfied if ®*h € L*°(R). Relation (3-5) for the corresponding Hankel
operator H follows from Lemma 3.2.

Conversely, if a bounded operator H satisfies relation (3-5), then by virtue of (3-4), it also satisfies
relation (3-6). Hence it follows from (3-8) that H @ = Q* H , Where H = ®*H® is a bounded operator
in the space I]-I]%r([R). Thus, by Theorem 3.3, there exists a function w € L°(R) such that representation
(3-7) holds. This means that

o0

(Hfi, fr) = / () fi(—=w) () dp  forall fi, fr € LA(Ry). (3-10)

—0o0

If h = (27)~'/?>®w, then the right-hand sides in (3-9) and (3-10) coincide. This yields representation
(3-3). O

Corollary 3.5. For a bounded operator H in the space L*(R..), commutation relations (3-5) and (3-6)

are equivalent.

Proof. As was already noted, (3-6) follows from (3-5) according to formula (3-4). Conversely, if H satisfies
(3-5), then representation (3-3) holds according to Theorem 3.4. Thus it remains to use Lemma 3.2. [

Recall that a function w € L®(R) such that ®w = /27 h is called the symbol of a bounded Hankel
operator H with kernel h(t). In view of formula (3-7), if w € H®(R), that is, w admits an analytic
continuation to a bounded function in the lower half-plane, then the Hankel operator H equals 0, and
hence H = ® H®* = 0. Therefore the symbol is defined up to a function in the class H*(R).
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3.3. Now we are in a position to check that the condition & € &/, is satisfied for all bounded Hankel
operators. By (2-7), it means that distribution (2-5) belongs to the class %#’. We shall verify the stronger
inclusion 6 € &',

To that end, it suffices to check that, for some N € Z and some k € R,

N
10, Q)<C Zmaﬂg((l +1xDF1QM x)])  for all @ € C§°(R). (3-11)
=0 xXe

Putting F'(t) = Q2(Int), we see that (3-11) is equivalent to the estimate

N
(h, FY = C ) max((L+ e FP @), F e CERy). (3-12)
ey
n=0

Let us make some comments on this condition. If 4 € LIIOC(IR), then estimate (3-12) for N = 0 is

equivalent to the convergence of integral (1-7) for the same values of «. If H is Hilbert—Schmidt, that is,
o0
/ |h(t) |t dt < o0,
0

then integral (1-7) converges for any « > % Similarly, if |4 ()| < Ct~!, then integral (1-7) converges for
any k > 1.

For the proof of (3-12) in the general case, we use the following elementary result. Its proof is given
in Appendix A.

Lemma 3.6. If F € C°(R,), then for an arbitrary k > 2, the estimate

2
1D*Fll 1y < Co) Y max((1+ [Int)*e" | F™ (1)) (3-13)
=0 IER+
holds.

Corollary 3.7. If h = ®w, where w € L™ (R), then estimate (3-12) holds for N = 2 and an arbitrary
K > 2.

Proof. 1t suffices to combine the estimates
[{h, F)| = (@, ®*F)| < [lollLo@ | P*Fll .1 g
and (3-13). (]

Since, by Theorem 3.4, for a bounded Hankel operator H, its kernel /& equals ®w for some w € L*°(R),
we arrive at the following result.

Theorem 3.8. Suppose that h € C{°(R,.)" and that condition (3-2) is satisfied. Then estimate (3-12) holds
for N =2 and an arbitrary k > 2; in particular, h € %/, .

The following simple example shows that for N = 0, estimate (3-12) is in general violated (for all «).
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Example 3.9. Let h(t) =e~'" * . Then the corresponding Hankel operator H is bounded because according
to the formula e~/ +9)" = ¢=i* ¢=1215,=is” 'it i5 a product of three bounded operators. Since i € L™ (R.),
estimate (3-12) for N = 0 is equivalent to the convergence of integral (1-7) for the same value of «.

However, this integral diverges at infinity for all «.

Let us show that for h(t) = e‘”z, condition (3-12) is satisfied for N = 1 and x = 0. Integrating by
parts, we see that

/Ooh(t)mdt = —/Oohl(t)F/(t)dt, (3-14)
0 0

where the function A (¢) = fot e~ ds is bounded. Therefore, the integral on the right-hand side of (3-14)
is bounded by max;cg, ((1 + |Inz|)“t| F'(t)|) for any k > 1.

Note that for h(t) = e~"’, the symbol of H equals w (i) = /e "/4¢i1’/4 More generally, one can
consider the class of symbols w () such that w € C*°(R), w(u) = ' o > 0 for large positive
and w(u) = 0 for large negative . Of course, Hankel operators with such symbols are bounded. Using
the stationary phase method, we find that for o > 1, the corresponding kernel /(¢) has the asymptotics

h(t) ~ hotPe®” |t — oo, (3-15)

where 8 = (1 —a/2) (o — D7, y =a(e—1)"", and hy, 0 = & are some constants. Moreover, /(z) is a
bounded function on all finite intervals. Similarly to Example 3.9, it can be checked that for such kernels,
condition (3-12) is satisfied for N = 1 but not for N = 0. The same conclusion is true for o € (0, 1),
because in this case the asymptotic relation (3-15) holds for + — 0.

3.4. Here we shall show that, for bounded Hankel operators H, the representations (2-20) and (2-21)
extend to all fi, f>» € L?>(R;). By Theorem 3.8, we have / € %! . Let b and s be the corresponding b-
and s-functions (see Definition 2.4). Recall that the operator E is defined by formula (1-11). We denote
by K the operator of multiplication by the function +/cosh(&) /7 in the space L?(R). It follows from
identity (2-24) and the unitarity of the Mellin transform (2-9) that

IKELI =11

and hence the operator K 2 : L>(R,) — L*(R) is unitary. Therefore, in view of the identities (2-20) and
(2-21), we have the following result.

Lemma 3.10. The inequalities (3-2),
(b, ($8)* &)l < ClIKgl* forall g e C°(R), (3-16)

and

[(s, u*u)| < C||K<I>u||2 forallu e % (3-17)

are equivalent. The Hankel operator corresponding to form (2-3) is bounded if and only if one of equivalent
estimates (3-2), (3-16), or (3-17) is satisfied.
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These estimates can be formulated in a slightly different way. Let us introduce the space € C L*(R)
of exponentially decaying functions with the norm ||g|l¢ = || Kg||. Then the space W = ®*€ consists
of functions u(x) admitting the analytic continuation u(z) in the strip Imz € (—x /2, w/2); moreover,
functions u(x + iy) have limits in L?(R) as y — =47 /2. The identity

00 2
||<I>u||%=(271)1/ (u<x+i%> u(x—ig) >dx=:||u||3W

defines the Hilbert norm on W. We call W' the exponential Sobolev space because it is contained in the
standard Sobolev spaces H'(R) for all /. The operators & : L2(R,) — ¢ and E:=d*E: L2(Ry) — W
are of course unitary. Obviously, ||Kg|| and || K ®u|| on the right-hand sides of (3-16) and (3-17) can

2
+

be replaced by ||g|l¢ and |/u||y, respectively. Note that the inclusions f € L*’(Ry), g = Bf €€, and
u="=2 f €W are equivalent.

Recall that the operator B is defined by formula (1-9) and (Su)(x) = s(x)u(x). If one of the equivalent
estimates (3-2), (3-16), or (3-17) is satisfied, then all operators H : L>(R) — L*(R), B : ¢ — €/, and
S : W — W’ are bounded. Using that relations f, — f in L*>(R,), g, = Ef, — g = Ef in ¢, and
u, = ®*g, > u = d*g in W are equivalent, we extend (2-20) and (2-21) to all f € LZ([R{+). Thus we
have obtained the following result.

Proposition 3.11. If one of equivalent estimates (3-2), (3-16), or (3-17) is satisfied, then the identities

(Hf1, f2) = (Bg1, &) = (Sui,uz), g;=E8f;, uj=>"g;
are true for all fi, f> € L>(R,).

Let K; be the operator of multiplication by the function (1 + & 2)l/2 Then estimates (3-16) or (3-17)
are satisfied provided

(b, ($8) * )| < CilIKigll* or (s, [u*)| < Crllull?, (3-18)

®)

for some /; in this case

C=Cm Iglea[é(((l +&%)! (cosh(z£)) ™).
3.5. In terms of the sign function, it is possible to give simple sufficient conditions for the boundedness
and compactness of Hankel operators.
Proposition 3.12. A Hankel operator H is bounded if its sign function satisfies the condition
s € L'®) + L¥(R). (3-19)
If s € L*°(R) and s(x) — 0 as |x| — oo, then H is compact.

Proof. The first statement is obvious because under (3-19), the second estimate (3-18) is satisfied with
[ > % To prove the second statement, we observe that the operator S®*K ~! is compact because both S
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and K ! are operators of multiplication by bounded functions which tend to zero at infinity. Since the
operator K & : LZ(R+) — L%(R) is bounded, it follows from the identity (1-12) that the operator

H = (2*®)S(P*E) = Z*O(SP*K ') (K E)
is also compact. U

Condition (3-19) is of course not necessary for the boundedness of H. For example, in view of formula
(1-4) for Hankel operators H of finite rank, the sign function is a singular distribution.

4. Criteria for sign-definiteness

In this section we suppose that i1(f) = h(t) so that the operator H is formally symmetric. The results
of Section 2 allow us to give simple necessary and sufficient conditions for a Hankel operator H to
be positive or negative. Moreover, they also provide convenient tools for the calculation of the total
multiplicity of the negative and positive spectra of H. We often state our results only for the negative
spectrum. The corresponding results for the positive spectrum are obtained if H is replaced by —H.

4.1. Actually, we consider the problem in terms of Hankel quadratic forms rather than Hankel operators.
This is both more general and more convenient. As usual, we take a distribution 7 € %/_ and introduce
the b-function b € C{°(R)’ and the s-function s € %’ as in Definition 2.4.

Below we use the following natural notation. Let h[g, ¢] be a real quadratic form defined on a linear
set D. We denote by N4 (h; D) the maximal dimension of linear sets Jl+ C D such that +h[¢, ¢] > 0 for
all ¢ € M, ¢ # 0. This means that there exists a linear set M+, dim M+ = N1 (h), such that £h[¢, ¢] >0
for all ¢ € A+, ¢ # 0; and for every linear set M. with dim ', > N4 (h) there exists ¢ € M., ¢ # 0,
such that h[¢, ¢] < 0. We apply this definition to the forms k[ f, f] = (h, f = f) defined on &, to
blg, gl = (b, ($2) * g) defined on C;°(R), and to s[u, u] = (s, |u|?) defined on %. Of course, if D is
dense in a Hilbert space # and h[¢, ¢] is semibounded and closed on D, then for the self-adjoint operator
H corresponding to h, we have N1 (H) = N4 (h; D).

Observe that formula (1-11) establishes a one-to-one correspondence between the sets & and Ci°(R).
Moreover, the Fourier transform establishes a one-to-one correspondence between the sets C;”(R) and %.
Therefore the following assertion is a direct consequence of Theorem 2.6.

Theorem 4.1. Let h € %/, . Then
Ni(h; D) = N1 (b; C°(R)) = Ni(s; %).

In particular, we have:

Theorem 4.2. Let h € %/,. Then £(h, f x f} > 0 for all f € % if and only if £(b, ($§) * g) > 0 for all
g € CP(R), or £(s, u*u) > 0 for all u € %.

4.2. A calculation of the form s[u, u] on analytic functions u € % is not always convenient. Therefore it
is desirable to replace the class %, for example, by the class C5°(R). Such a replacement is not obvious
because for u € C;j°(R) we only have g = ®u € Z. In this case (Mf)(§) = F(% + if)_lg(é) need not
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even belong to L*(R), so that f & LZ([RQ). Nevertheless, under the additional assumption s € &', we
have the following assertion.

Lemma4.3. Ifs € ¥, then N.(s; %) = N+(s; Ci°(R)) = N+(s; F).

Proof. Since @ : % — C3°(R), ®*: C;°(R) — % and ¥ is invariant with respect to the Fourier transform @,
it suffices, for example, to show that N1 (s; %) = N.(s; ¥). The inequality Ny := N1 (s; L) > Ni(s; %)
is obvious because % C ¢.

Let us prove the opposite inequality. Consider for definiteness the sign “+”. Let £, C ¥, and
let s[u,u] > 0 for all u € £, u # 0. Suppose first that N := dim¥; < oo and choose elements

uy,...,uy € £y such that sfu;, u] =38 forall j,k=1,..., N. Let us construct elements uﬁ.e) e%
such thatu(e) — u; and hence u§€) ,(f) —ujiyinSase—>0for j,k=1,..., N. Since s € ¥, we see that
s[uﬁ.e), u,(f)] — & as € — 0. For an arbitrary o > 0, we can choose € such that ‘s (6) ,(f)] — (Sj,k’ <o.
Then for arbitrary Aq, ..., Ay € C, we have
N
[Zk u©, Zx,.uﬂ ZM Pl )1 2Re 3 sl )
j=1 J.k=1
J#k
>(1—a)Z|x 220 Z rjre = (1— Q2N — Do Z'* 2.
J.k=1
J#k

©. . ( ) are linearly independent if (2N — 1)o < 1. The same inequality shows that

s[u, u] >0 on all vectors u #% 0 in the space 32( ) spanned by u(é) .. uﬁ)

Thus elements u |

If N. = oo, then the same construction works on every finite- dlmensmnal subspace of £ where
s[u, u] > 0. This yields a space SNPSf) C % of arbitrarily large dimension where s[u, u] > 0. O

Putting together this lemma with Theorem 4.1, we obtain the following result.

Theorem 4.4. Let h € #!_. Suppose that b € &' or, equivalently, that s € &'. Then Ni(h; D) =
N (s; C3P(R)).

In many cases the following consequence of Theorem 4.4 is convenient. According to Proposition 3.12,
under the assumptions of Theorem 4.5, H is defined as the bounded self-adjoint operator corresponding
to the form (A, f_ * ). Therefore No(h; D) = N (H) is the total multiplicity of the (strictly) positive
spectrum for the sign “+” and of the (strictly) negative spectrum for the sign “—" of the operator H. For
definiteness, we consider the negative spectrum.

Theorem 4.5. Let h € %!, and let the corresponding sign function satisfy condition (3-19). If s(x) > 0,

then the operator H is positive. If s(x) < —so < O for almost all x in some interval A C R, then
N_(H) =

Proof. If s(x) > 0, then H > 0 according to the second relation in (2-22).
Lets(x) < —so <0 forx € A, and let N be arbitrary. Choose a function ¢ € C§°(R) such that ¢(x) =1
for x € [-4, §] and ¢ (x) =0 for x & [—26, 28], where § = §y is a sufficiently small number. Let points
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oj eEA,j=1, ...,N,besuchthatosz—aj =oj—0j] forj=2,...,N—1. SCtAjZ(Olj—(S,Olj-i-S),
Zj = (a; — 28, aj +24). For a sufficiently small §, we may suppose that Zj CAforall j=1,...,N
and that A;  NA; =@ for j=1,..., N — 1. We set 9;(x) = p(x — ;). Since s(x) < —so < 0 for
x € A, we have
o0
by = [ sl 0P dx = <255 <0. @1
—o0
The functions ¢, . .., ¢y have disjoint supports, and hence (s, |#|?) < 0 for an arbitrary nontrivial linear
combination u of the functions ¢;. Therefore, combining Theorem 4.1 and Theorem 4.4, we obtain the
second statement of the theorem. [l

Theorem 4.5 can be reformulated, although in a weaker form, in terms of the functions »(§) and
even h(t). Suppose, for example, that

be L'(R). (4-2)

Then b(&)’s Fourier transform s (x) is a continuous function which tends to 0 as |x| — oo. The convolution
operator B defined by formula (1-9) is bounded in L%(R) and self-adjoint, and

spec(B) = [min s(x), max s(x)].
xeR xeR

The result below follows directly from Theorem 4.5. Note that by Proposition 3.12, under (4-2) the
operator H is compact.

Proposition 4.6. Under (4-2), the Hankel operator H is positive if and only if s (x) > 0. If minycg s(x) <0,
then H necessarily has an infinite number of negative eigenvalues.

In particular, condition (4-2) is satisfied if

f(In
h(t) = %lx where 6 € %.

In this case a = ®0 € C°(R), and hence b € C;°(R).

4.3. For the proof that a Hankel operator is not sign-definite, it is sometimes not even necessary to
calculate the sign function s(x) (the Fourier transform of b(£)). It turns out that if b(§) grows as |§| — oo,
then the form b[g, g] = (b, $g * g) cannot be sign-definite. More precisely, we have the following
statement about convolutions with growing kernels b(—&) = b(£).

Theorem 4.7. Let b = by + beo, where by € CP(R)' for some p € Z and by, € L%, (R). Suppose that
there exists a sequence of intervals A, = (r, — o,, ry, + 0,,), where r,, — 00 (or equivalently r, — —00)
and the sequence o, is bounded such that

lim U,IL min Re by (§) =00 or lim a,l, max Re by (§) = —00, 4-3)
n—o0o EeA, n—o0 Eel,

wherel =2 if p=0or p=1andl= p+1if p > 2. Then for both signs, N+ (b; Cg°(R)) > 1.
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Proof. Since b can be replaced by —b, we can assume that, for example, the first Condition (4-3) is
satisfied. P1ck a real even function ¢ € C;°(R) such that ¢(§) > 0, ¢(§) =1 for |§] < 4, and p(£) =0
for |E] > 2, and set

§-72 §+ 2
gn@):so( 2>i¢(—2>. (4-4)
oy oy
An easy calculation shows that
() * g)(E) = 2onx/f<§> + cm/f(S ;r> io—nw(s +r”), (4-5)

where ¥ = (J¢) x ¢ € C°(R). The function v (§) is also even, with ¥ (€) > 0, ¥ (§) > g for [§] < g,
and ¥ (&) =0 for €] > 1.
Since |{bg, g}| < C||gl|lcr, it follows from (4-5) that

|(bo, ($8n) * gn)| < Ca, 7. (4-6)

Moreover, again according to (4-5), we have

(boo, (F2n) % gn) = 202 / boo(0nm ¥ (n) dn £ 20 / Reboo(onn+r)W(ndn.  (4-7)

The first term on the right-hand side is O (0;?). For the second one, we use the estimate

32waebm(ann +r)v(m)dn = " miln Re by (§). (4-8)

00 —Ip|<0n

Let us first choose the sign “4-” in (4-4). Then using representation (4-7) and putting together estimates
(4-6) and (4-8), we obtain the lower bound

o2

(b, ($8n) * &gn) = _C(Ul p+0' )+1_6 _Illlricr Re b (§).

If p =0 or p =1, then under the first condition in (4-3), the right-hand side here tends to +00 as n — oo.
If p > 2, it is bounded from below by
ol

A < +R _nrlnlnanReboo(S))

where the expression in the brackets tends again to +oc. Therefore (b, ($g,,) * g,) > 0 for sufficiently

9

large n. Similarly choosing the sign in (4-4), we see that (b, ($g,)*g,) < 0 for sufficiently large n. [

Corollary 4.8. Instead of condition (4-3), assume that

lim Rebs(§) =00 or Iéllim Rebo(§) = —
— 00

|§]—o00

Then for both signs, N+(b; C{°(R)) > 1.
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In contrast to Theorem 4.7, there are no restrictions in Corollary 4.8 on the parameter p in the
assumption by € C”(R)’. On the other hand, condition (4-3) permits Re b(£¢) to tend to +co only on
some system of intervals. Moreover, the lengths of these intervals may tend to zero. In this case, however,
the growth of Re b(§) and the decay of these lengths should be correlated and there are restrictions on
admissible values of the parameters p and /.

Unlike Theorem 4.5, Theorem 4.7 does not guarantee that N = oo; see Section 5.4 for a discussion of
various possible cases.

4.4. Theorem 4.2 can be combined with the Bochner—Schwartz theorem (see, e.g., Theorem 3 in [Gel fand
and Vilenkin 1964, Chapter II, §3]). It states that a distribution b € Cgo([R)’ satisfying the condition
(b, $g x g) = 0 for all g € C3°(R) (such b are sometimes called distributions of positive type) is the
Fourier transform

e}
b(§) = 2m)™! f e dM(x)
—0
of a positive measure dM(x) such that
o
/ (I4+]x)™*dM(x) < o0 (4-9)
—00
for some x (that is, of at most polynomial growth at infinity). In particular, this ensures that b € &'
Theorem 4.2 implies that if (h, f « f) > 0 for all f € 9, then the distribution b related to & by

Definition 2.4 is of positive type. This means that the sign function s(x) of h(¢) is determined by the
measure dM(x):

(s. o) =/ PO AME), ged,

o0

that is, s(x) dx = dM(x). Let us define the measure
dm(A) =r1dM(—=1Ini), XreR,. (4-10)

It is easy to see that condition (4-9) is equivalent to condition (1-14) on measure (4-10). In terms of
distribution (1-6), we have o (1) dA = dm()). Therefore, Theorem 2.10 leads to the following result.

Theorem 4.9. Let h € ¥/ and (h, fxf)=0forall f €%. Then h(t) admits the representation (1-3)
with a positive measure dm(A) on Ry satisfying for some x condition (1-14).

The representation (1-3) is of course a particular case of (1-2). It is much more precise than (1-2), but
requires the positivity of (i, f » f). Theorem 4.9 shows that the positivity of (%, f x f) imposes very
strong conditions on A (¢). Actually, we have:

Corollary 4.10. Let h € %/_and (h, f*fy=0forall f €%. Then h e C*(Ry) and
(=D)"h"™ (@) =0 (4-11)

forallt >0andalln=0,1,2, ... (such functions are called completely monotonic). The function h(t)
admits an analytic continuation in the right half-plane Ret > 0, and it is uniformly bounded in every strip
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Ret € (11, 1), where 0 < t; <ty < 00. Moreover, for some x € R and C > 0, we have the estimate
h(t) <Ct ' (14 Int))*, t>0. (4-12)

All these assertions are direct consequences of the representation (1-3). In particular, under condition
(1-14), we have
h(t)<C ?aég(e—’u(l + [In AD¥),
>

which yields (4-12).

Recall that according to the Bernstein theorem (see, e.g., Theorems 5.5.1 and 5.5.2 in [Akhiezer 1965]),
condition (4-11) implies that the function /(¢) admits the representation (1-3) with some positive measure
dm(}) on [0, 00). Note that condition (4-11) does not impose any restrictions on the measure dm(X)
(except that the integral (1-3) is convergent for all ¢ > 0).

Under the positivity assumption, the identity (2-21) takes a more precise form.

Proposition 4.11. Let h € ¥/ and (h, fx f)=0forall f e€%. Then there exists a positive measure
dM(x) satisfying condition (4-9) for some » such that

o0

(. Fox f2) = f 1 (D)) dM(x)

—o0

forall fi €D, j=1,2,andu; = *Ef; € %, where the mapping & is defined by (1-11).

5. Applications and examples

5.1. Consider first self-adjoint Hankel operators H of finite rank. Recall that integral kernels of Hankel
operators of finite rank are given (this is the Kronecker theorem — see, e.g., Sections 1.3 and 1.8 of [Peller
2003]) by the formula

M
h(t) =Y Pu(t)e ™", (5-1)
m=1
where Re a,, > 0 and P, (¢) are polynomials of degree K,,. If H is self-adjoint, that is, h(r) = h(z), then
the set {«, ..., ay} consists of points lying on the real axis and pairs of points symmetric with respect to
it. LetImay, =0form =1,..., Mg and Ima, > 0, apgy4m = 00 form =Mo+1, ..., Mo+ M;. Thus
M = My + 2M;; of course the cases My =0 or M| = 0 are not excluded. The condition A(z) = m also
requires that P, (¢) =P,(t) form=1,..., My and Pyiym (@) = P, (1) form=My+1,..., Mo+ M,.
As is well known and as we shall see below,

M
rank H = ZKm—i—M::r.
m=1
Form =1, ..., My, we denote by p,, = p,» the coefficient at tXn in the polynomial P, ().

The following assertion yields an explicit formula for the numbers N1 (H). Its proof relies on formula
(1-4) for the sigma function of the kernel A (t) = t*e* and on the identity N+ (H) = N4(S). The detailed
proof is given in [Yafaev 2015].
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Theorem 5.1. Form=1, ..., My, set
Kn+1
N = N = % if K, is odd,
Yaom _ =y — B d 0 (5-2)
+ —l=N"== if Ky, is even and p,, > 0,
(m) (m) Ky . :
N7 =NT —lzT if Ky, is even and p,, < 0.
Then the total numbers N1 (H) of (strictly) positive and negative eigenvalues of the operator H are given
by the formula
Moy Mo+M,
Ne(H) =) NS+ 3" Ku+ M. (5-3)
m=1 m=My+1
Formula (5-2) shows that every pair
P ()e™ " + Py, (e m=Mo+1,..., Mo+ M, (5-4)

of complex conjugate terms in (5-1) yields K,, 4+ 1 positive and K,, 4+ 1 negative eigenvalues. The

contribution of every real term P, (t)e %’

, where m = 1, ..., My, also consists of equal numbers
(K, + 1)/2 of positive and negative eigenvalues if the degree K, of the polynomial P,,(¢) is odd. If K,
is even, then there is one more positive (negative) eigenvalue if p,, > 0 (p,, < 0). In particular, in the
question considered, there is no “interference” between different terms Py, (1)e *', m =1, ..., My, and
pairs (5-4) in representation (5-1) of the kernel A ().

According to (5-3), the operator H cannot be sign-definite if M; > 0. Moreover, according to (5-2),
Ni") =0form=1,..., Mpif and only if K,, = 0 and Fp,, > 0. Therefore we have the following result.

Corollary 5.2. A Hankel operator H of finite rank is positive (negative) if and only if its kernel is given
by the formula

My
h(t) = pme ",
m=1

where o, > 0 and py, > 0 (py, < 0) forallm=1, ..., M.

Corollary 5.2 admits different proofs which avoid formula (5-3). For example, one can use that although
the functions P, (t)e %"’ are analytic in the right half-plane Re ¢ > 0, they are bounded for t = 7 +io as
o — oo for a constant P, () only. Therefore, according to Corollary 4.10, such Hankel operators cannot
be positive. Alternatively, using formula (5-15) below for the b-function of the kernel r*e~*, one can
deduce Corollary 5.2 from Theorem 4.7.

Let us compare formula (5-3) with the result of [Megretskii et al. 1995]. In application to finite-rank
operators H, this general result implies that the spectra of Hankel operators are characterized by the
following condition: the multiplicities of eigenvalues A # 0 and —A of H do not differ by more than 1.
This condition and formula (5-3) mean that there is a certain balance between positive and negative
spectra of finite-rank Hankel operators. Nevertheless, neither of these results ensures another one.
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5.2. Consider now Hankel operators H with kernels (1-15). Since the case k = 0, 1, ... (finite-rank
Hankel operators) has been discussed in the previous subsection, here we suppose that k #0, 1, .... If
k > —1, condition (1-7) is satisfied for all «, and the operators H are compact (actually, they belong to
much better classes of operators). If k = —1, then condition (1-7) is satisfied for « > 1, and the operators
H are bounded but not compact.

Let us calculate the b- and s-functions of kernels (1-15). If kK > —1, then function (2-15) equals

a€)=Q2n)"'? /mtke—“’t—ié dt = Q) V2o 17D (1 4k —i§), (5-5)
0

and hence function (2-17) equals

e DU+ —i)

b(&) = . 5-6
@) =a 27T (1—ik) -0
If Kk = —1, then in accordance with formulas (5-5) and (5-6), we have
a(€) = 2n)" et lim T'(e —i§), b)) = Qm)laiE+i0)7".
e—+
This yields the expression
= if
{s(x) O ifx>p here f= —Ina. (5-7)
s(x)=1 ifx <§p,

for the function s = /27 ®*b. Formula (5-7) remains true for the Carleman operator C (the Hankel
operator with kernel A (t) = t~1) when o = 0. Indeed, in this case, according to (2-23), the sign function
s(x) equals 1.

Next, we calculate the Fourier transform of function (5-6). Assume first that k € (—1, 0). Then (see,
e.g., formula (1.5.12) in [Erdélyi et al. 1953])

© L (k) +k—1ig)
fO t t+1) t T i)

Making here the change of variables t + 1 = a~!e™, we find that

1 /oo (e _a);k—le—ix%' dx = a—l—k—iér(l‘F—k'_ig‘-).
D L —ié)

Passing now to the inverse Fourier transform, we see that for k € (—1, 0) the sign function s(x) = sz (x)
of kernel (1-15) equals

5(x) (e —a) L. (5-8)

~T'(=k)

Let us verify that this formula remains true for all noninteger k. To that end, we assume that (5-8)
holds for some noninteger kK > —1 and check it for k& =k 4 1. Since

I'd+k —i&§) =k —iH)I'A +k—i&),
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we have

Sty (X) = o (kg — 3)sp(x).

Substituting here formula (5-8) for s; (x) and differentiating this expression, we obtain formula (5-8) for
Sk, (x). This concludes the proof of relation (5-8) for all k > —1.

Lemma 5.3. Let h(t) be given by formula (1-15), where k & Z .. Then the sign function is determined by
relation (5-8).

Actually, relation (5-8) remains true for k € Z, if one takes into account that the distribution
(e — oz)jrk_1 has poles at integer points. For example, for k = 0 we have s(x) = a 18(x — B).

Obviously, s(x) =0forx > = —Ilna. If k =—1, then s(x) =1 for x < 8. If k € (—1,0), then
s(x) >0 and s € L'(R). Therefore it follows from Theorem 4.5 that H > 0.

If k£ > 0, then distribution (5-8) does not have a definite sign. Therefore it can be deduced from
Theorem 4.2 that the corresponding Hankel operator also is not sign-definite.

Alternatively, for the proof of this result we can use Corollary 4.8. Formula (2-11) implies that function
(5-6) has the asymptotics

b(E) = 2n)" T T =i 1+ 0(EIT),  1E] - oo (59)
Making the dilation transformation in (1-15), we can suppose that @ = 1. Then we have

Reb(¢) = 2n)~! cos(%k)ék +0@EY, £— +oo. (5-10)

Since cos(mk/2) # 0 unless k is an integer odd number, this expression tends to +o0c if £ cos(wk/2) > 0.
Thus Corollary 4.8 for the case b = b, ensures that the Hankel operator H is not sign-definite.
Let us summarize the results obtained.

Proposition 5.4. The Hankel operator with kernel (1-15) is positive for k € [—1, 0], and it is not sign-
definite for k > 0.

Actually, using relation (5-8), one can calculate explicitly the numbers N, (H) for all values of k (see
[Yafaev 2014b]).

Explicit formulas for the sign functions can also be used to treat more complicated Hankel operators.
For example, in view of (5-7), the following assertion directly follows from Theorem 4.5.

Example 5.5. The Hankel operator with kernel
h(t) =17 (e —ye™), y =0,

is positive if and only if oo > o7 > 0 and y < 1.
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5.3. In this subsection, we consider the Hankel operator H with kernel (1-16). Condition (1-7) is now
fulfilled for all «, and the operator H belongs of course to the Hilbert—Schmidt class (actually, to much
better classes). Observe that

a) = (27-[)*1/2 /Ooezrtig dt — (27T)1/2}"1F<1 — lé)
0

r

and define, as usual, the function b(§) by formula (2-17) so that

<1 - ié)
r r

_ -1
b(&)=(2nr) FA—ie)

Consider first the case r > 1. It follows from the Stirling formula (2-11) that for all > 1, the modulus of

(5-11)

function (5-11) exponentially grows and the periods of its oscillations tend to zero only logarithmically as
|€| — o0. Therefore, Theorem 4.7 implies that the Hankel operator with kernel (1-16) is not sign-definite.

The Hankel operator H with kernel 2 (¢) = e~"" can also be treated (see Appendix B) in a completely
different way, which is perhaps also of some interest. This method shows that both positive and negative
spectra of the operator H are infinite.

If r =1, then h(t) = e yields a positive Hankel operator of rank 1.

Let us now consider the case r < 1. Again according to the Stirling formula (2-11), function (5-11)
belongs to L'(R), so that its Fourier transform

F(l —ié)
_ N r ix€ ge . )
s(x)=Q2nr) f_oo —F(l ~7%) e déE = 1.(x) (5-12)

is a continuous function which tends to 0 as |x| — oo. Therefore, by Proposition 4.6, the corresponding

Hankel operator H is nonnegative if and only if /. (x) > O for all x € R.

It turns out that I, (x) > 0. Surprisingly, we have not found a proof of this fact in the literature, but it
follows from our results. Only for r = %, integral (5-12) can be explicitly calculated. Indeed, according
to formula (1.2.15) of [Erdélyi et al. 1953],

'Q2(1 —i§))
T(1— i)

Therefore it follows from formula (2-25) that

— 21—21'57_[—1/21-'(% _ lg)

Iip(x) =27 =123 /24, (5-13)

which is of course positive.
For an arbitrary r € (0, 1), one can proceed from the Bernstein theorem on completely monotonic
functions (see Section 4.4). Observe that if

Yty =1, p=>0, (5-14)
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then

V()= —pt Pl — Pl

Further differentiations of v (#) change the sign and yield sums of terms having the form (5-14). Thus the
function h(t) = e~" satisfies, for all n, condition (4-11), and hence admits the representation (1-3) with

some positive measure dm(1). It follows from (1-3) that

(Hf, f)Z/ml(Lf)(k)lzdm(k) >0, forall feCe[Ry),
0

where L is the Laplace transform (2-28). Since the operator H is bounded, this implies that H > 0.
Thus we have obtained the following result.

Proposition 5.6. The Hankel operator with kernel (1-16) is positive for r € (0, 1], and it is not sign-definite
forr > 1.

Putting together this result with Theorem 4.5, we see that integral (5-12) is positive for all r € (0, 1).
Our indirect proof of this fact looks curiously enough.

5.4. Let us now discuss convolution operators with growing kernels b(&). We emphasize that condition
(4-3) does not guarantee that the numbers Ny (b; C;°(R)) are infinite. Indeed, consider the kernel
h(t) = t*e=®', where k is a positive integer. Formula (5-6) shows that for Im o = 0, the corresponding
b-function

b(E) = Qm) e T —ig) - (k—i&) (5-15)

has power asymptotics as |§| — oco. According to Theorem 5.1, the positive and negative spectra of
the Hankel operator H with the kernel /() are finite; for example, H has exactly (k + 1)/2 positive
and negative eigenvalues if k is odd. Moreover, if Ima # 0O, then in view of (5-15), the function
b(&) exponentially grows as & — 400 or £ — —oo. Nevertheless, the Hankel operator H with kernel
h(t) = t*(e™% 4 e~%") has exactly k + 1 positive and negative eigenvalues.

On the other hand, for kernel (5-11), where r = 2, we have N (b; C;°(R)) = co. This follows from
Theorem 4.1 because, by Proposition B.1, the Hankel operator with kernel A(t) = ¢~"" has an infinite
number of positive and negative eigenvalues.

A similar phenomenon occurs for Hankel operators with nonsmooth kernels. This is discussed in the
next section. However, in general, the calculation of the numbers N (b; Cg®(R)) for convolutions with
kernels b(£) growing and oscillating at infinity looks like an open problem.

6. Hankel operators with nonsmooth kernels

According to Corollary 4.10, a Hankel operator H can be sign-definite only for kernels &7 € C*°(R,).
Here we show that if 4(¢) or one of its derivatives 4 (7) has a jump discontinuity at some point 5 > 0,
then H has an infinite number of both positive and negative eigenvalues accumulating to zero. Moreover,
we calculate their asymptotic behavior.
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6.1. We start with a distributional kernel. Let the symbol (see the definition in Section 3.2) of the Hankel
operator H be defined by the formula (1) = /. Then h(t) = Q) 12(dw) () =8t —tp). It follows
from (1-1) that H = 0 for 7y < 0 and

(Hf)(@®) = f(to—1)
for fy > 0, which we suppose from now on. For such /(¢), condition (3-12) is satisfied for N = 0 and
Kk =0.
The operator H admits an explicit spectral analysis. Indeed, observe first that (H f)(z) = 0 for ¢t > 1,
and hence L?(ty, o0) C Ker H. Since H?> f=ffor fe L?(0, to), the restriction of H on its invariant

subspace L2(0, ty) may have only %1 as eigenvalues. Obviously, the eigenspace ¥ of H corresponding
to the eigenvalue 1 consists of all functions f(¢) such that f(t) = % f (fo —t). Since

Yy ®H_ ® L (19, 00) = L*(Ry),
the spectrum of H consists of the eigenvalues 0, 1, —1 of infinite multiplicity each.

6.2. For a compact operator H, let us denote by kﬁﬁ (—Af,_)) its positive (negative) eigenvalues. Positive
(negative) eigenvalues are of course enumerated in decreasing (increasing) order with multiplicities taken
into account.

Let us start with the explicit kernel

h(t):(to—t)l for t <ty, h@)=0 for t > 19, (6-1)

where [ is one of the numbers [ =0, 1, .... Then

(H) (@) = /0 o=t —)f(s)ds. 1€ 1),

and (Hf)(t) =0 for t > ty. For such h(t), the symbol equals

[

to . . 1
w(p) = /O Mty —n)'dr =G~ (e””O -2 E(i/xto)k)-

k=0

It is a smooth function oscillating as || — oo.
It follows from (1-5) that the b-function of the operator H equals

l!t(l)-H—ié
27T (1 +2— i)

(if h(t) =6 (¢t —1to), then this formula is true with / = —1). So according to Theorem 4.7, we have N1 (H) > 0.
Actually, the spectrum of H consists of an infinite number of positive and negative eigenvalues denoted

b(§) =

(6-2)

by Afli) , and we will find their asymptotic behavior as n — oo.
Let us consider the spectral problem Hf = Af, that is,

to—t
/ (to—t—8) f(s)ds =rf (1), te€(0,1). (6-3)
0
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Differentiating this equation k times, we find that

fo—t
DX =1 - A—k+1) / (to—1 —8) % f(s)ds =rf® (1) (6-4)
0
for k=1, ..., 1. Differentiating (6-4), where k = [/ once more, we see that
@) =rx(=DT Do —1),  1€(0,1). (6-5)

Setting ¢t = ty in (6-3) and (6-4), we obtain the boundary conditions

fto)=f't)=--= fPw)=0. (6-6)

Conversely, if a function f(¢) satisfies (6-5) and boundary conditions (6-6), it satisfies also (6-3). This
leads to the following intermediary result.

Lemma 6.1. Let the operator A be defined on the Sobolev class H'(0, ty) by the equation
AN =DM —1). (6-7)

Considered with boundary conditions (6-6), it is self-adjoint in the space L*(0, ty), and its eigenvalues
oz,(,i) are linked to eigenvalues )»,(f) of the Hankel operator H with kernel (6-1) by the equation a,(,i) =

I OEH-1

6.3. Clearly, A? is a differential operator and the asymptotic behavior of its eigenvalues is described by
the Weyl formula. However, to find the eigenvalue asymptotics of the operator A, we have to distinguish
between positive and negative eigenvalues. For this reason, it is convenient to introduce an auxiliary
operator A with symmetric (with respect to the point 0) spectrum having the same eigenvalue asymptotics
as A.

We define A by the same formula (6-7) as A but consider it on functions in H'*1 (0, 19/2) ®H* (19/2, 1)
satisfying the boundary conditions

F00) = f® (%0 - 0>, FO (%0 +0) = 9 (1), (6-8)
where k =0, ...,/ for [ even, and
f®) = f® (%‘) — 0) =0, f® (%0 +o) = P (1) =0, (6-9)

where k=0, ..., (I—1)/2 for [ odd. The operator A s self-adjoint in the space L2(0, t0/2) @Lz(to/Z, 10),
and it is determined by the matrix

T 0 AI,Z _ A¥
A = (Az,l 0 ) N A1,2 — Az’l, (6'10)

where Ay 1 : L%(0, 1o /2) — L3ty /2, ty). The operator A, ; is again given by relation (6-7) on functions
in H1(0, 15/2) satisfying conditions (6-8) or (6-9) at the points 0 and #y/2 — 0. It follows from formula
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(6-10) that the spectrum of the operator A s symmetric with respect to the point 0 and consists of
,2l are eigenvalues of the operator A§,1A2,1 =:A.
An easy calculation shows that A is the differential operator A = (— DIH19242 i the space L2(0, to /2)

defined on functions in the class H**2(0, o/2) satisfying the boundary conditions f® (0) = f® (1y/2),

eigenvalues *+a,, where a

where k =0, ..., 2[4+ 1 for [ even, and the boundary conditions
f(k)(o) — f(k) (tio) — f(l-l-l-‘rk)(o) — f(l+l+k) (tgo) — 0’

where k =0, ..., (Il — 1)/2 for I odd. The asymptotic formula for the eigenvalues a2 of A is given by the
Weyl formula, that is,

ay = Quty 'n) A+ 0m™h).

Let us now observe that the operators A and A are self-adjoint extensions of a symmetric operator
Ao with finite deficiency indices (2] + 2, 2/ + 2). For example, Ao can be defined by formula (6-7) on
C°-functions vanishing in some neighborhoods of the points 0, 79/2, and #;. Therefore, the operators
A and A have the same spectral asymptotics. Taking Lemma 6.1 into account, we obtain the following
result.

Lemma 6.2. The eigenvalues of the Hankel operator H = H (ty) with kernel (6-1) have the asymptotic
behavior

AB =1 T A+ om ). (6-11)

Remark 6.3. It is interesting that the asymptotic coefficient in (6-11) is proportional to té“ , where 1y

is the jump point. However, this fact is not surprising, because the operators H (fy) are related by the
equation H (tp) = t(l)“D(to)*H(l)D(to), where D(ty), (D(to) f)(t) = /fo f (tot), is the unitary operator of
dilations.

Remark 6.4. In the case [ = 0 we have the explicit formulas
W =em h-3)"" A0 =en wh-0)"" n=1,2,....

6.4. Now we extend the asymptotics (6-11) to general Hankel operators whose kernels (or their derivatives)
have jumps of continuity at a single positive point. To that end, we combine Lemma 6.2 with Theorem 7.4
in Chapter 6 of [Peller 2003]. This theorem implies that singular values s, (V) of a Hankel operator V
satisfy the bound

sa(V) =o'

if V has a symbol belonging to the Besov class Bﬁfl} (R), where p = (I + 1)~!. By the Weyl theorem on
the stability of the power asymptotics of eigenvalues, adding such an operator V to the Hankel operator
with kernel (6-1) cannot change the leading asymptotic term in formula (6-11). This yields the following
result.
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Theorem 6.5. Let [ € 7, and let v(t) be the Fourier transform of a function in the Besov class Bﬁfr[} (R),
where p = (I + 1)~ Set
h(t) = ho(to — 1)’ + v (1)

fort <tyand h(t) = v(t) fort > to. Then eigenvalues of the Hankel operator H have the asymptotics

1 = Iholit @)™ a7 (1 4 o(1))
asn— 0.

We emphasize that under the assumptions of this theorem, the leading terms in the asymptotics of the
positive and negative eigenvalues are the same. Of course if /(¢) becomes smoother (/ increases), then
eigenvalues of the Hankel operator H decrease faster as n — oco. Observe that for / = 0 (when the kernel
itself is discontinuous), the Hankel operator H does not belong to the trace class.

We finally note that, under assumptions close to those of Theorem 6.5, the asymptotic behavior of the
singular values of the Hankel operator H was obtained long ago in [Glover et al. 1990] by a completely
different method.

7. Perturbations of the Carleman operator

In this section we consider operators H = Hy + V, where Hj is the Carleman operator C (or a more
general operator) and the perturbation V belongs to one of the classes introduced in Section 5. Various
objects related to the operator Hy will be endowed with the index “0”, and objects related to the operator
V will be endowed with the index “v”.

7.1. For perturbations V of finite rank, we have the following result.

Theorem 7.1. Let the sign function so(x) of a Hankel operator Hy be bounded and positive. Let the
kernel v(t) of V be given by the formula

M
v(t) =Y Pu(t)e ",

m=1

where P, (t) is a polynomial of degree K,,. Put H = Hy+ V and define the numbers N m) by formula
(5-2). Then N_(H) is given by formula (5-3).

Corollary 7.2. Under the assumptions of Theorem 7.1, we have N_(H) = N_(V). In particular, H > 0
ifand only if V > 0.

Of course, in the case Hy = 0, Theorem 7.1 reduces to Theorem 5.1. Since for the Carleman operator
C the sign function equals 1, Theorem 7.1 applies to Hy = C.

The inequality N_(H) < N_(V) is obvious because Hy > 0. On the other hand, the opposite inequality
N_(H) > N_(V) looks surprising because the operator Hy, which may have the continuous spectrum, is
much “stronger” than the operator V of finite rank. At a heuristic level, the equality N_(H) = N_(V)
can be explained by the fact that the supports of the sign functions so(x) and s, (x) are essentially disjoint.
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Very loosely speaking, this means that the operators Hy and V “live in orthogonal subspaces”, and hence
the positive operator Hy does not affect the negative spectrum of V. The detailed proof of Theorem 7.1,
as well as that of Theorem 5.1, is given in [ Yafaev 2015].

7.2. Let C be the Carleman operator, and let V be the Hankel operator with kernel
v(t)=fe ™™, a>0,k>—1. (7-1)

The operator V' is compact, and hence the essential spectrum spec,(H, ) of the operator

ess
H,=C—-yV, yEeR, (7-2)

coincides with the interval [0, 7]. Since the sign function of the operator C equals 1, the sign function s,
of the operator H, equals

sy (x) =1—=ys,(x),

where the function s,(x) is given by formula (5-8).

Let first £k € (—1,0). Observe that s,(x) is continuous for x < 8 = —In« and s,(x) — 400 as
x — B —0buts, € L'(R). Thus the function sy (x) goes to —oo as x — B —0 for all y > 0, and hence it
follows from Theorem 4.5 that the operator H,, has infinite negative spectrum for all y > 0.

In the case k > 0, we use the formula

b(§) =48(8) +by(8) (7-3)

and apply Theorem 4.7 (more precisely, Corollary 4.8) with bg(§) = 6(§) and by (§) = by (§). Since
by € C(R)’ and b, has the asymptotic behavior (5-9), the operator H, has a negative spectrum for all

y #0.
Let us summarize the results obtained.

Proposition 7.3. Let H, = C — yV, where V is the Hankel operator with kernel (7-1). Then:
() Ifk € (=1,0) and y > 0, then the operator H, has an infinite number of negative eigenvalues.
(2) If k > 0, then the operator H, has at least one negative eigenvalue for all y # 0.

7.3. The result below directly follows from Theorem 4.5.

Proposition 7.4. Suppose that the sign function s,(x) of a Hankel operator V is continuous and s, (x) — 0
as |x| — oo. Then the operator H, defined by formula (1-2) is positive if and only if

ysp(x) <1 forall x e R.

If this condition is not satisfied, then H, has infinite negative spectrum.

We note that by Proposition 3.12, under the assumption of Proposition 7.4 on the sign function s, the
operator V is compact, and hence spec
b, € L'(R).

ess (Hy) = [0, 00). Of course, this assumption on s, is satisfied if
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Example 7.5. Let v(?) = e, where r < 1. We have seen in Section 5.3 that its sign function s, (x)
equals I, (x), where I, (x) is integral (5-12). Recall that I, (x) is a nonnegative continuous function of
x € Rand I, (x) - 0 as |x| — oo. Set
v, = max I, (x).
xeR

Then H, >01if y <v~ ! and the operator H, has infinite negative spectrum for all y > v~ I, Using the
explicit formula (5-13), it is easy to calculate vy, = 3/6/me™%/2.

In the case r > 1 we use formula (7-3). As shown in Section 5.3, the modulus of the function b, (§)
exponentially grows and the periods of its oscillations tend to zero only logarithmically as |§| — oc.
Therefore Theorem 4.7 yields the following result.

t

Proposition 7.6. Let v(t)=e™" , where r > 1. Then the operator (7-2) has at least one negative eigenvalue

forall y #0.

Thus the results on the negative spectrum of the operator H, = C — yV, where v(f) = e

, are
qualitatively different forr < 1,r =1, and r > 1.

Appendix A: Proof of Lemma 3.6

Set
F™ = max ((In t)’(t”IF(n)(f)Da

[€R+

where for shortness we use the notation (x) = (1 + |x]).
Let us first consider (®*F) (1) for L € (—1, 1) =: I. We have

«/ﬁ(cp*F)(x)=/QF(r)ei“dt+/OOF(z)e"“dt, a=|r""2.
0

a

The first integral on the right-hand side is bounded by Féo) |A|~1/2, which belongs to L' (7). In the second
integral, we integrate by parts:

o0 o0
/F(z)el’“dz=ir1F(a)e’“+ir1/ F'(t)e dt. (A-1)

a a

The first term here is bounded by C|A|~!(In 1)~ F,{(O), which belongs to L' (1) if ¥ > 1. The second term
is bounded by

o0
A" f ™ ne)y ™ dt FD < Cla " ina) T ED,
a
It belongs to L! (1) if k > 2. Thus, for all k¥ > 2, we have
1D Fll 1 sy < C)(Fy” + FD). (A-2)

Next, we consider (®*F) () for |1| > 1. Integrating by parts, we see that

V27 (*F)(W) = ir~! /QF’(t)eW dt +i)x~! /OOF’(t)eW drt. (A-3)
0

a
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The first term here is bounded by
a
A" / T nt)y ™ dt FD < C|a"HIna)y < ED,
0
It belongs to L' (R\ I) if « > 2. In the second integral in (A-3) we once more integrate by parts, that is,
we use formula (A-1) with F(¢) replaced by F’(¢). The function A72F'(a) is bounded by |A|_3/2F0(1).
For the second term, we use the estimate

o0 o0
‘,\—2 / F' ()™ dt| < 272 / 172 dtFP = |0 TPEP.
a

a

Therefore the second term in (A-3) also belongs to L' (R\ ). Thus, for all k > 2, we have
1% Fll sy < CRFD + Fg?). (A-4)

Putting together (A-2) and (A-4), we obtain estimate (3-13).

Appendix B: The Gaussian kernel

2

Here we return to the Hankel operator H with kernel h(t) = e™" considered in Section 5.3. Since

2 2 2 . .
e~ UF9)" = 71" ¢7215¢75" we have the identity

(Hf, f) =Ly, ¥), (B-1)

where (1) = e~ '2 f(t/~/2)/+/2 and L is the Laplace transform defined in the space L2(R,) by formula
(2-28). We shall use (B-1) essentially in the same way as the main identity (1-10). It follows from equality
(2-29) for a = % that L = M*$T M, where M is the Mellin transform. Therefore the spectrum of L
consists of the interval [—y, y], where, according to (2-24),

— max|T(L +i8)| = h(ré) ™! = V.
y Iglea[é(} (2 15)‘ ﬁl;lea[é((cos (7)) J
This allows us to check the following assertion.

Proposition B.1. The Hankel operator H with kernel h(t) = e~ has an infinite number of positive and
negative eigenvalues.

Proof. Fix some u € (0, /). For an arbitrary N, let A§+), e AE\T) C (1, 4/7) and Ag_), e AE\,_) C

(—+/7, —u) be closed mutually disjoint intervals. Choose functions ¢‘*) in the spectral intervals A® of
y disj ¥ P j

the operator L and such that ||<pj(.i) [=1,j=1,...N.Let o = Ziv: o jgo;i) be a linear combination

of the functions ¢{*, ..., ). Then

N N
+)  (+ +
+(Le™, @) =+ o Pl o) = 1Y loP ey 17 = wlle ™))% (B-2)
j=1 j=1
: () 00 ) _ D :
For an arbitrary € > 0, we can choose wi € C;°(R4) such that ||1ﬁj @, | <eforall j=1,..., N.

ince the functions ¢'™ are orthogonal, the functions '™’ are linearly independent if ¢ is small enough.
S he fi o hogonal, the f (*) are linearly independent if 11 gh
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Moreover, it follows from (B-2) that
(LY, g ) = 27y @2 (B-3)

if Y& = Z?’:l o 1//]@:) and ¢ is small.

Set now f@ (1) = v2e' Y@ (V2t). Then f& e L2(R,), and according to the identity (B-1),
inequality (B-3) implies that £(H f®, f&)) > 0 on the linear subspace of such functions f™® (except
£ =0). This subspace has dimension N. Hence the operator H has at least N positive and N negative
eigenvalues. Since N is arbitrary, this concludes the proof. ]

We emphasize that the operator H is compact while the operator L has the continuous spectrum.
Nevertheless the total multiplicities of their positive and negative spectra are the same (infinite).
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NODAL SETS AND GROWTH EXPONENTS
OF LAPLACE EIGENFUNCTIONS ON SURFACES

GUILLAUME ROY-FORTIN

We prove a result, announced by F. Nazarov, L. Polterovich and M. Sodin, that exhibits a relation between
the average local growth of a Laplace eigenfunction on a closed surface and the global size of its nodal
set. More precisely, we provide a lower and an upper bound to the Hausdorff measure of the nodal set in
terms of the expected value of the growth exponent of an eigenfunction on disks of wavelength-like radius.
Combined with Yau’s conjecture, the result implies that the average local growth of an eigenfunction on
such disks is bounded by constants in the semiclassical limit. We also obtain results that link the size of
the nodal set to the growth of solutions of planar Schrodinger equations with small potential.

1. Introduction and main results

1.1. Nodal sets of Laplace eigenfunctions. Let (M, g) be a smooth, closed two-dimensional Riemannian
manifold endowed with a C* metric g. Let {¢}, A ' 00, be any sequence of eigenfunctions of the
negative-definite Laplace—Beltrami operator A,:

Ay + Ay, = 0. (1.1.1)
In local coordinates, we write the Laplace—Beltrami operator as
2
1 0 ( . ad
A, = — —| g g—).
£ /8 iJZ=1 0x; 0x;

The nodal set of ¢, is the set
Z,:={peM:¢,(p)=0}

It is known [Cheng 1976] that Z, is a smooth curve away from its finite singular set

S :={peM:¢,(p)=Ver(p) =0}.

Nodal sets of Laplace eigenfunctions have been of interest since the discovery of the Chladni patterns and
their asymptotic properties as A ' oo have been intensively studied, notably in the context of quantum
mechanics. In that setting, the square of a normalized eigenfunction ¢, represents the probability density
of a free particle in the pure state corresponding to ¢, and Z, can be thought of as the set where such
a particle is least likely to be found. Estimating the one-dimensional Hausdorff measure %'(Z;) of

Roy-Fortin has been supported by NSERC.
MSC2010: 58750.

Keywords: spectral geometry, Laplace eigenfunctions, nodal sets, growth of eigenfunctions.
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the nodal set has thus been the subject of intense studies over the last three decades, sparked by the
well-known conjecture of S.-T. Yau [1982; 1993]:

Conjecture 1.1.2. Let (M, g) be a compact, C*® Riemannian manifold of dimension n. There exist
positive constants ¢ and C such that

A2 <9 1(Z,) < CAV2.

Remark that this paper is concerned with the case n = 2 but that the conjecture has been stated for
smooth manifolds of any dimension. A common intuition in spectral geometry is that a A-eigenfunction

1/2

behaves in many ways similarly to a trigonometric polynomial of degree A'/~. As such, one can understand

Yau’s conjecture as a broad generalization of the fundamental theorem of algebra: counting multiplicities,

1/2 will vanish A!/? times. The conjecture has been proved by Donnelly and

a polynomial of degree A
Fefferman [1988] for real analytic pairs (M, g) of any dimension. When M is a surface with a C*®
metric, the lower bound was proved by Briining [1978]. The current best upper bound of A*/# obtained
by [Donnelly and Fefferman 1990; Dong 1992] is still weaker than the conjectured one. Note that the
current best exponent % in dimension 2 gets much worse in higher dimensions. Indeed, for n > 3, the
current best upper bound is AY* and has been obtained by Hardt and Simon [1989]. This hints that the
methods used on surfaces are specific and cannot, in general, be easily extended to higher-dimensional
manifolds, which is indeed the case for the results of this paper. For more details and a thorough survey

of the most recent results on nodal sets of Laplace eigenfunctions, we refer to [Zelditch 2013].

1.2. An averaged measure of the local growth. Here and elsewhere in this article, given a ball B(r) of
radius r, o B will denote the concentric ball of radius «r. In any metric space, it is possible to measure
the growth of a continuous function f by defining its doubling exponent S( f, B) on a metric ball B by

supg| f|

B(f, B) :=log sup1 1 f]°
1B

The simplest example is that of the polynomial x” on the real interval D =[—1, 1], for which the doubling
exponent is the degree n, modulo a constant. Indeed, (x", [—1, 1]) = nlog2. Given two concentric
balls B and a B, where 0 < o < 1, one can define the more general «-growth exponent B(f, B; o) by

supg| f]
sup, | f1

Albeit more general, the growth exponent can still be seen as the analog of the degree of a polynomial as

B(f. B;a) :=log

showcased once again by the monomial x":
supp_y plx /"

=nlog(e™ ).
Sup[—a,a]|x|n " g(a )

ﬂ(xnv [_17 1]v a) = log
It is worth mentioning that the growth exponent is itself a special case of the more general Bernstein
index, which measures in a similar fashion the growth of a continuous function from one compact set to a
strictly larger one. For more background on the Bernstein index, we refer to [Khovanskii and Yakovenko
1996; Roytwarf and Yomdin 1997].
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The metric g turns M into a metric space, and it is natural to define similar exponents to measure
the growth of eigenfunctions on metric disks on the surface. We write B, (r) for a metric disk centered
at p € M and of radius r. Donnelly and Fefferman [1988] show that on a smooth manifold (M, g) of any
dimension, the following holds for every ball B:

B(¢s, B) < crll?,

where ¢ = c¢(g, r, @) is a positive constant depending only on the geometry of M, the radius r and the
scaling factor o. From now on, we will restrict our attention to disks B, (r) of radius comparable to the

wavelength: r = koA ~1/?

, where kg is a suitably small, positive constant. It turns out that, at this scale,
the local study of an eigenfunction can be reduced to that of a solution of a planar Schrodinger equation

(see Section 2.3), which is a central idea throughout this article. For simplicity, we write

Bp(A) := B(¢a, Bp(r); ap)

for the ap-growth exponent of ¢, and where o is a geometric constant whose explicit value is given
by (2.2.3). The quantity B,(A) is by definition local, and motivated by Section 7.3 in [Nazarov et al.
2005], we make it global by defining the average local growth of a A-eigenfunction, which is essentially
the averaged L' norm of B p(A):

1
AQ) = VOI(M)/Mﬁp(A)dVg(P).

Thus, A(A) can be interpreted as the expected value of the «g-growth exponent of an eigenfunction ¢,

on disks of wavelength radius.

1.3. Results. We recall the basic intuition of interpreting an eigenfunction ¢, as a polynomial of degree .
In the case of a polynomial, the degree controls both the growth and the number of zeros and it is thus
natural to expect a similar link for eigenfunctions. Our main result proves Conjecture 7.1 of [Nazarov
et al. 2005] and provides such a link by showing that the average local growth is comparable to the size

of the nodal set Z, times the wavelength A~1/2.

Theorem 1. Let (M, g) be a smooth, closed Riemannian manifold of dimension 2. There exist positive
constants ¢ and ¢y such that

anPAG) < H'(Z,) < enHAM) + ). 1.3.1)

The theorem provides an interesting reformulation of Yau’s conjecture for surfaces with smooth metric.
Recall that, in this setting, the lower bound of Conjecture 1.1.2 is proven so that, in view of Theorem 1,
the conjecture holds if and only if

A =0(Q).

Also, since the conjecture is true in the analytic case, we immediately have that A(A) = O(1) in such
a setting. In other words, on a surface with a real analytic metric, the average local growth of an
eigenfunction on balls of small radius is bounded by a constant independent of the eigenvalue.
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Finally, two other main results are of interest, namely Theorems 2.1.1 and 3.1.1, each providing a link
between growth exponents and the size of nodal sets of solutions to a planar Schrodinger equation. The
explicit statement of these results is respectively given at the beginning of Sections 2 and 3.

1.4. Outline of proof and organization of the paper. Nazarov et al. [2005, §7.3] suggested a heuristic
for the proof of Theorem 1 that essentially consisted of the following four steps:

(i) Reduce an eigenfunction ¢, to a solution F of a planar Schrodinger equation. This is done locally on

1/2

a conformal coordinate patch by restricting ¢, to a small disk of radius ~ A~"/~, which transforms

the eigenvalue equation (1.1.1) into
AF +qF =0,

where A is the flat Laplacian and ¢ is a smooth potential with small uniform norm.

(i) Use Lemma 3.4 from [Nazarov et al. 2005] to express F as the composition « o & of a harmonic
function # with a K-quasiconformal homeomorphism /4 whose dilation factor K is controlled.

(iii) Extend to F and then to ¢, some appropriate estimates linking the size of the nodal set of u with its
growth exponent 8. Such estimates are in the spirit of Lemma 2.13 in [Nazarov et al. 2005] (see also
[Gelfond 1934; Robertson 1939; Khovanskii and Yakovenko 1996]) and relate the growth exponents
of a harmonic function u on some disk with the number of change of signs of u on the boundary of
either a larger or a smaller disk.

(iv) The last step is an integral-geometric argument based on a generalized Crofton formula that allows one
to recover the global statement of Theorem 1 from the local estimates obtained in the previous steps.

This approach has been successful in obtaining the lower bound for the size of the nodal set in terms of
the average local growth, that is, the left inequality of Theorem 1. The details are presented in Section 3.
However, as first noticed by J. Bourgain, the same approach cannot be used for the other inequality. The
problem roughly resides in step (iii), where we aim to extend to F = u o h a result of the type

N.(dD-) < Bu(D™),

where N, (0 D_) is the number of zeros of u on a circle d D_ that is strictly contained in a bigger disk D™
on which the doubling exponent is computed. It is impossible to do so since we have no way to ensure
that the K-quasiconformal map /# will map the circle 0 D_ to another circle in the domain of F. It might
in fact map a circle to a nonrectifiable curve, which prevents one from properly counting the zeros of F.

Based on a private communication with Nazarov, Polterovich and Sodin, we take a different route
to prove the upper bound in Theorem 1, which is inspired by [Donnelly and Fefferman 1988]. More
precisely, we keep steps (i) and (iv) but replace the intermediate steps by Theorem 2.1.1, which provides a
convenient estimate linking the size of the nodal set of F' on a small disk to its growth exponent on a bigger
disk. This approach is presented in Section 2 and allows us to recover the remaining inequality of our main
theorem. Theorem 2.1.1 thus plays a crucial role, and its proof is presented in Section 4. The general idea
is to tile the domain of F into squares of rapid and slow growth and to then notice that: (a) the nodal set in
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a square of slow growth is small and (b) there cannot be too many squares of rapid growth. The interested
reader will also find further explanations detailing the structure of that proof in Section 4.2. Involved
in the proof are notably the technical Proposition 4.2.1, which roughly proves statement (b) above, as
well as the specialized Carleman estimate of Lemma 5.2.1, whose rather long derivations we respectively
present in Sections 5 and 6. We conclude the article with a discussion and a few questions in Section 7.

Notation. Throughout the paper, we will denote positive numerical constants in the following fashion.
Constants cy, ¢2, ... will be used in the statements of any result and may depend on the geometry of
the manifold M but nothing else. In particular, they are independent of A. Within proofs, we will use
ai, as, ... for numerical constants without any dependency and by, b,, ... for constants that may depend
on the geometry of the surface. Often, we merge many numerical constants together to simplify the
sometimes heavy notation; for example, as = a5 1a4 (4mr)/ Vol(M). Finally, we reset the numeration for
the constants a; at each section.

We will use D to denote Euclidean disks and B for metric balls on the surface. Given the context, we
either write D(p, r) for a disk centered at p of radius r or just D, if the radius is known. Finally, we will
keep the convention that, given a positive constant a and a disk D = D(p, r), aD denotes the concentric
disk of radius ar. We write D for the open unit disk in R?.

2. Upper bound for the length of the nodal set

In this section, we prove the right inequality of Theorem 1, which provides an upper bound to the length
of the nodal set in terms of the average local growth of an eigenfunction ¢,. The main tool in the proof is
the following, which links the size of the nodal set of a Schrodinger eigenfunction to its growth exponent:

Theorem 2.1.1. Let F : 3D — R be a solution of
AF+qgF =0 (2.1.2)

with the potential g € C* (3D) satisfying ||q|lcc = supsplq| < €o. Let also
supsp| F|
B :=B(F, 3D;10) =log —>——.
sup 1| F|
Finally, denote by Z the nodal set {p € 3D : F(p) =0} of F. Then
9 (Zr NgD) =< c3B%,

where B* := max{p, 1} and c3 is a positive constant.

We remark that we do not assume here that g has a constant sign. The proof of this theorem is presented

in Section 5, and some information about the value of ¢y is given at the end of Lemma 5.4.6.

2.2. From the surface to the plane: the passage to Schrodinger eigenfunctions with small potential.
Cover the surface M with a finite number N of conformal charts (U;, ¥;), ¥; : Ui C M — V; C R?,
iel={1,..., N}. On each of these charts, the metric is conformally flat and there exist smooth positive
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functions ¢; such that g = ¢;(x, y)(dx?> 4+ dy?). By compactness, we can find positive constants ¢_
and ¢ such that we have 0 < q_ < ¢; <g* forall i =1, ..., N. The metric is thus pinched between
scalings of the flat metric, and we have a local equivalence of various metric notions on M and in R2. In
particular, given any subset E C U;, the one-dimensional Hausdorff measures are equivalent:

b1 (Y (E)) < %' (E) < by¥' (Y (E)). (2.2.1)

In the same spirit, the Riemannian volume form on M and the Lebesgue measure dA in R? are
equivalent in the following sense: given any integrable function f on U;, we have

by | fdA< fdV,<bs | fdA. (2.2.2)
Vi Ui Vi
Note that the explicit values of the constants by, ..., b4 involve only the geometric constants g_ and g .
We now let B, := B, (kor~Y%) € M be a metric disk and set
q-
oy = —. 2.2.3
0= 5,7 (2.2.3)

The value of the small positive constant ko will be fixed later. Recall that, at a point p € M, the growth

exponent B, (1) of an eigenfunction ¢, is defined by

supp, |9l
Bp(1) :=log ————.
Supoton |¢}» |

2.3. Metric and Euclidean disks. In order to estimate §,(A) from below, we define the Euclidean disks
D} :=Dp(q_kor™'/?), D, :==agD,(g kor™'/?)

so that D, is a proper subset of D;;. Note that, by a Euclidean disk D, (r) centered at p € M, we mean
the set {(x, y) : x2 + y? < r?}, where (x, y) are local conformal coordinates around p. The inclusions
B, D Dy and agB), C D, imply
SUp p+ |y |
log ——>—— < £,(3).
SUpp, ||

In a conformal chart (U;, ¥;), the eigenvalue equation A,¢; + A¢p; = 0 becomes
Ag; +rqi¢,. = 0. (2.3.1)

With the aim of using Theorem 2.1.1, we endow the disk 3D with the complex coordinate z = x + iy, fix
a scaling constant T = 2¢ " and define a function F = F; p:3D— Rby F(z) = ¢y (thor=Y2z + p).
The scaling allows us to absorb the spectral parameter A in the potential. Indeed, we have

AF = T30 A = (ko1)*A ™ (—agi) . = —(koT)*qi F

so that F satisfies (2.1.2), where g = (kor)zq,- is a smooth potential whose supremum norm satisfies
llgllco < €0 Without loss of generality. Indeed, since the family of g; is bounded, we can choose kg as
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'
!
1

Dp DP Dp
..... B -—- B — DO
p %o 5p »

Figure 1. Mapping of Euclidean disks and metric balls within a conformal patch.

small as needed. The transformation z — tkoA~'/?z 4 p induces the following correspondences between
disks in 3D and Euclidean disks centered at p:

{el=i}eD,.  {z=3}eD;.  {:zl=g)<D)
where Dg = Dp(%rko)ﬁl/z). As a consequence, we have

sup . 51

B*<pB+1=log
sup - 16

+1=<B,(0)+1. (2.3.2)

It is important at this stage to remark that the construction of F is dependent on a fixed choice of
conformal chart U; both for the well-posedness of (2.3.1) as well as the very definition of the Euclidean
disks. Thus, in order to allow the construction of F' = F}_ , everywhere on the surface M, one has to
choose ko small enough so that the disks D7, := D, (3korA~1/%), which are mapped onto 3D, are contained
in at least one chart U; for every p € M. This allows the definition of the mappingo : M — I ={1, ..., N},
which assigns to a point p a unique index o (p) such that D}, C Uy(p). The disjoint sets G; := o)
form a partition of M. Figure 1 summarizes the setting we are in by presenting a sketch of the various
correspondences between Euclidean disks in G; and those in 3D.

We now turn to the study of the nodal set Z,. Recall that S is the singular set of the eigenfunction ¢;,
and consider the sets Z; (i) := ¥; ((Z, \ Sx) N G;) C R2. Since S, is discrete, we have

H(Zo) = ' (Zu\ $) < b2 ) H(Zi(0)). (2.33)

iel
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Denote by Zr the nodal set of F. By construction, we have
%' (2,.(i) N DY) = (kor)A™ "% (ZF N g5D).
Applying Theorem 2.1.1 and (2.3.2) now yields
#'(Z,.() N DY) < azk™ (B, (1) + 1). (2.3.4)

We integrate the left-hand side of the last equation over the set G; and use a generalized Crofton
formula (see (6) in [Hug and Schneider 2002]) to get

/ H(Z,.(1) N DY) dA(p) = a3 (D)) (Z3.(1)) = asd™ ' %' (Z,. (). (2.3.5)
G;
Recalling the equivalence (2.2.2) and combining (2.3.4) and (2.3.5) then gives
ash='%N(Z,(0) < ar 2 f (By(M) + 1) dA(p) < (azbyHr~"/? / (By(M)+1)dV.
G,’ Gi

Simplifying readily gives
9 (Z,.(1)) < asxl/zf (Bp(M)+1)dV
so that B
#'(Z) <by Y H(Zo(0)) <aph' ) /Gi (B,(1) +1)dV = aen'/? /M(ﬂp(x) +1)dv

iel iel

<A 2(A) + 1.

3. Lower bound for the length of the nodal set

In this section, we prove the left inequality of Theorem 1. As was the case in the previous section, the
central idea is once again the use of conformal coordinates on M and restriction to wavelength scales to
reduce the local behavior of an eigenfunction ¢, to that of F, a solution of a planar Schrodinger equation
with small, smooth potential. The main result of this section is the following theorem, which suitably
links the growth exponent of F with its nodal set:

Theorem 3.1.1. Let F : D — R be a solution of
AF4+qF =0 (3.1.2)

in ) and with the potential g € C*°(D) satisfying ||q|lco = supglg| < €1. Denote by | Zr (SY)| the number

of zeros of F on the unit circle S'. Then
su F
ool i+ 12pshD,
sup,-plF|

where 0 < p~ < pT < % are fixed, small radii.
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The value of €] can be obtained in the proof of Lemma 3.3 in [Nazarov et al. 2005] while those of p~
and pT are given in the proof. The constant p~ depends on the geometry of the manifold. It is possible
to get rid of this dependency if one wants Theorem 3.1.1 to be a stand-alone result. However, our aim is
to prove the left inequality of Theorem 1, and as such, our choice of p~ makes the rest of the argument
much simpler. Also, remark that, in contrast to Theorem 3.1.1 where F was defined on D, the setting is
now in 3D. This is an arbitrary choice made only in order to ease the writing of the respective proofs:
confining Theorem 2.1.1 to the unit disk would have added even more complexity in the expression of
the many constants needed to carry out the long proof.

3.2. Proof of Theorem 3.1.1. The general strategy is as follows: we first prove a similar kind of result
for harmonic functions, and inspired by [Nazarov et al. 2005], we then express F as the composition
of a harmonic function and a K-quasiconformal homeomorphism. Controlling the properties of the
quasiconformal homeomorphism allows one to recover the desired result. We begin with a lemma that
relates the growth of harmonic functions within a disk and its nodal set on the boundary.

Lemma 3.2.1. Let v € C®(D) N C%(D) be harmonic in the open unit disk, and denote by N, the number
of changes of sign of v on the circle |z| = 1. Choose rgin 0 <rg < % Then

supiplvl c \ Vv

5

— <= ., (3.2.2)
SuprOID | Ul ro

where cs is a positive numerical constant.

Proof. Let u be the harmonic conjugate of v such that #(0) = 0. Then the function

f@) =) &2 =u@) +ivQ)

n=0
is holomorphic in the closed unit disk {|z| < 1}. Suppose that

sup|v| = max|v| = 1.
roD |Z|:r0

The harmonic function v changes sign 2p = N, times on the circle |z| = 1, where p is a nonnegative
integer. Also, let i, :=max{|ol, |&1], ..., |§p(}. By [Robertson 1939, Theorem 1, (iii)], we have

|f(re)| < c(p)p,(1—r)2P71 0 r <1, (3.2.3)

where c(p) > 0 is a constant depending on p that will be given explicitly later. (Robertson actually proves
(3.2.3) in our current setting and then uses a limiting argument to obtain a slightly different statement.)

The classical Schwarz formula says that, for a function g holomorphic on the open disk oD and
continuous on the boundary {|z| = ¢}, we have

0619 +z

1 2w ) 7
8() =5 f Re(g(roe’®)) ———— d6 +i Im(g(0)), |z| < ro.
7 Jo roet? —z
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Since f =u+iv is holomorphic, so is g = v —iu and we obviously have | f| = |g| so that the following
inequality holds for all |z| < %ro:

1 i0
@l =g = ‘2— / Re(g(roele»—+
T Jo

1 o+ z
§—ma||/ 0 ||d9§3::a1.
27 |zl=ro 0 |I’Q—Z|

d@—Hu(O)‘

o0
Applying Cauchy’s inequality for holomorphic functions to f = ) &,z" on the open disk of radius %ro,
n=0

—n 2 n
16l < (%0) sup |f(2)] —a1< ) )
|z|=ro/2 ro

Hence, we have w, < a(2/rp)?. Setting r = % in (3.2.3) now yields

. 2\? 4 2p
£ (3¢°)] < c(pynp2?P*! < 2a1c<p)(—> 2% < 2a1c<p>(—) ,
ro ro
which in turn means

4\*"
sup|v| = max |v] < | f(3 '9)|sza1c(p>(%) :

1 1/2
ip lzl=1/

Going back to [Robertson 1939], we use the explicit value of the constant ¢(p) to get the bound

c(p)=2* (2p)2 2% 4 (2 ) <2% 4 (2p ) =2° +(2¢)" <2(2¢)".
(P P P

Since we assumed that sup, p|v| = 1, we have
supip|v| 2p
Pl 4 (8_)
Suppose now that sup, plv| =7 # 1, and let as before f = u +iv be the holomorphic function built
from v and its harmonic conjugate u. Define f=i+id by f=1"1f. Then sup, p|v| =1 and

supip|v| rsup1D|5| 8e 2p cs\?
sup,plvl T SUPrOD|U| ro ro

We now prove Theorem 3.1.1. By Lemmas 3.3 and 3.4 in [Nazarov et al. 2005], there exist a K-

quasiconformal homeomorphism # : D — D with 4#(0) = 0, a harmonic function v : D — R and a
solution ¢ to (3.1.2) such that F = ¢ - (v o h). Moreover, the function ¢ is positive and satisfies

l—are; <p=<1.
Finally, the dilation factor of the quasiconformal map £ satisfies

Il <K <1+a3lqllec < aq.
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We refer the reader to [Nazarov et al. 2005] for the precise values of the various constants stated above. We
recall Mori’s theorem (see Section III.C in [Ahlfors 1966] or [Nazarov et al. 2005]) for K-quasiconformal
homeomorphisms:

Hlzr = 22lX < 1h(z1) — h(z2)| < 16]z21 — 2] /¥,
Since the origin is a fixed point of &, we have

EzlX < h@)| < 16]z2|VX, zeD.

Fix a small radius p* = (3%)“4, and consider the circle {|z] = p*}. For such z, Mori’s theorem gives
Ih(2)] < 16(pH)/K < 1 so that

h(p*D) C iD.
Now, set p~ = % pt(g—/q")?. The image by & of the circle {|z] = p~} contains the circle of radius
11—6(,0_)K > 11—6(,0_)"4 =:rp. As a consequence, we have

roD C h((p7)D).
Since F = ¢ - (v o h), the bounds on ¢ and the above inclusions imply

su F sup +plvoh supip|vl
pp+|]])| |< pp IDl |< 2

=ds =as )
Supp*l]])|F| Supp*l]])lvohl Suproﬂ]lvl

where as = (1 —ae;) ™. Since ¢ is positive and 4 is a homeomorphism, the number N of sign changes
of F on the unit circle is the same as that of v. Applying Lemma 3.2.1 now yields

Np
sup,+plF| cs
B 7] i

sup, olFl — "\ ro

Since the number |Z(S")| of zeros of F on the unit circle is bounded below by Np, taking the logarithm
on both sides yields

su F
ogﬂ”' <cs(1+1Zp(SH),
supp7D|F|

where ¢4 = max{as, cs5/ro}.

3.3. A lower bound for the nodal set in terms of the average local growth. In order to recover the
right inequality of Theorem 1, we propose an argument that is very similar to the one developed in
Section 2. It thus helps to refer to that section when reading the remainder of this one. The aim is to
apply Theorem 3.1.1 to a function F that has been built from an eigenfunction ¢, and to then apply
an integral-geometric argument to recover the desired result. We begin with the same setting as that of
Section 2.2 and then define the Euclidean disks

D} :=Dp(q kor™'7?), Dy, :==agDy(q kor™'?).
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The last two definitions employ the same notation as in the previous section, but the radii of the disks are
different. The inclusions B, C D} and @B, D D,, imply

Supp+ |

_ 3.3.1)
SUPD;|¢A|

Bp(A) < log
Let T := ¢ /p™ be a scaling constant, endow the unit disk with the complex coordinate z = x + iy
and define F, , = F : D — R by F(z) = F(tkoA~'/?z + p). The function F solves (3.1.2), and the
potential g satisfies ||¢g|lcoc < min{ep, €1} without loss of generality, choosing kg small enough. Recalling

1/2

that p~ = é 0T (g~ /q™)?, we remark that the mapping z — tkoA~!/?z + p induces the bijections

{lz2l<p™} < DS, {lzl<p }o D,.
An immediate consequence is

F su
supprol Pl SP0p 1] B0 (332)
Supp—D|F| SuPD;|¢A|

Notice that, for F' to be properly defined on D, the Euclidean disk Dg =D, (thkor™1?) must lie
completely within some conformal chart U;. Hence, to ensure that the above construction can be carried
through for any p € M, we choose ko small enough that D), (tkor~1/?) is a proper subset of at least one
conformal chart U; for every p € M. This allows one to define the mapo : M — I ={1, ..., N} that assigns
to p € M a unique index o (p) such that Dp(tko)»_l/z) C Uy (p)- Once again, the sets G; := o () cU;
form a partition of M. Now consider the sets Z, (i) ;= ¥; ((Z, \ S,)NG;),i =1,..., N. Then

W' (Z2) = HNZo\ S) = b1 Y H(Za (D). (3.33)

iel

Denote by |Z, 5 (i)| the number of intersection points of the circle aDg with Z, (i). By construction,
the following equality holds outside from the singular set, that is, almost everywhere:

|Zp0 () =1Zp(SH]. (3.3.4)
Applying Theorem 3.1.1 and (3.3.2) now yields
Bp(A) = ca(l+1Zp 5 (D) (3.3.5)

outside of S,. We integrate the left-hand side of the last equation over the set G; and use a generalized
Crofton formula [Hug and Schneider 2002, (6)] to get

/ |2, (8D dA(p) = ax3€' (I DY) (2.(1)) = azh ™23 (Z,.(0)). (3.3.6)
Gi\Si

Notice that, in contrast to the previous use of an analogous Crofton formula in Section 2, we have
now integrated, over all planar rigid motions, the cardinality of the intersection of a one-dimensional
rotation-invariant submanifold — namely the circle E)D?7 — with the one-dimensional nodal set.
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It is now straightforward to conclude

1
MM=wwmé;LmM@N%

1 .
< (b4C4)(1 + Vol(M) ;/G,-\SAIZP’A(IN dA(p))

_ as -1/2 1 .
_a5<1+—V01(M)/\ ;% (zk(z))>

<as(14+217"2%"(Z,))
<% (Z)r2,

where the last inequality uses the fact that the lower bound in Yau’s conjecture holds for surfaces,
preventing 1~ /2% (Z,) to be too small.

4. Nodal set and growth of planar Schrodinger eigenfunctions with small potential

This section is dedicated to the proof of Theorem 2.1.1. We start with a function F : 3D — R that satisfies

the equation AF 4+ g F =0 on 3D. The potential ¢ is smooth and has a small uniform norm: ||¢| < €o.
Recall that

supsp ||

p=log — 2
sup1p | F|

and that 8* = max{g, 1}.

4.1. A configuration of disks and annuli. We start with some notation for disks and annuli within our
main setting, which takes place in the disk 3D. We denote a finite set of small disks by

D,=D(z,,8) C&D, 1<v<N,

where the radius § > 0 is suitably small. We will say that such a set of small disks is y-separated if it
satisfies |z, — z,| > 2y § for all u # v, where y is some positive constant. One has to understand the
y -separation condition as disjointness after a scaling of factor y. For example, in Figure 2, the disks D
and D, are y-separated while the pair D, and Dy is not.

For a small 0 < a < 1, we now let D, (a) := (1 — 2a) D, and define the following annuli:
¢« Ay ={(1-2a)é <|z—zv| < (1 —a)d},

o Ay ={(1 -3a)8 < |z—zv] < (1 —4/(3a))s},

« Ay ={(1-3a)s <|z—2z| < (1 —a)}.

We regroup the collection of annuli A, under A = J A,. Figure 3 provides a close-up of the various
annuli defined above. Y



236 GUILLAUME ROY-FORTIN

\ 1 YDV
3
Figure 2. A finite set of disks D, and scaled disks within %[D.
A,(8)
(z,=0) 5(1—3a)6 }(1—2(1)6 ;(1—%a)8 E(l—ga)s f(l—a)s 56

4,3)

- A1(5)

Figure 3. Various annuli within a disk D, of radius § centered in z,,.
Given M > 0, we say that a disk D, is a disk of M-rapid growth or simply a rapid disk if
M F2§/ F2. @.1.1)
AU/ Av//

We say the radius § is f*-related if it satisfies

<. B <73 (4.1.2)

Finally, we fix the separation constant to y :=§ /2,

4.2. Intermediate results. We first state a result that shows that, if the potential is small enough and if
we fix the growth threshold M sufficiently high, there cannot be too many disks of rapid growth. In fact,
it turns out that the number of such disks is bounded above by a constant times the growth exponent 8*.
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Proposition 4.2.1. Suppose that the radius of a collection of y -separated small disks in %ID satisfies the
constraints (4.1.2), and let N = N (M) denote the number of such disks that are of M -rapid growth. Then

N <57,
provided that ||q||co < €0 and M > My, where cs, €9 and My are positive constants.

The rather long proof, inspired by that of Proposition 4.7 in [Donnelly and Fefferman 1990], is presented
in Section 5. The next result is Proposition 5.14 in the same reference and links the growth condition and
the local length of the nodal set.

Proposition 4.2.2. Suppose that the disk of radius € centered at z,, is not My-rapid, that is,

/ F?<M™! / F?
( —%a)e<|z—zﬂl<(1—a)e (1—3a)e<|z—zu\<(1—%a)e

#'(Zr N D(z,, c€)) < c7e,

holds. Then

where cg, c7 > 0 are positive constants.

The last two propositions allow us to lay out a general strategy to prove Theorem 2.1.1. Indeed, we
now know that there cannot be too many disks of rapid growth and the nodal set of a slow disk cannot
be too big. Conjugating those two ideas in the right way will allow us to bound the global length of the
nodal set by the growth exponent of F'.

The proof is based on an iterative process that will be indexed by k =0, 1, 2, .... We begin the first
step k = 0 by fixing some §(0) satisfying the constraints (4.1.2) and then divide the square P = {(x, y):
[x], [y] < %} into a grid of squares whose sides have length 6(0). We distribute those smaller squares
into two categories. The rapid squares R;(0),i =1, 2, ...,r(0), are those that contain at least one point
zi(0) € R;(0) such that D; = D(z;, §) is a disk of M-rapid growth of the function F. Here we have fixed
M = M to allow the use of Proposition 4.2.1. If that condition is not satisfied, we consider the square to
be a slow square and label it §;(0), j =1,2,...,5(0).

We now proceed to the next step k =1 and set §(1) = %8(0). We bisect the rapid squares R;(0) of the
previous step into four smaller squares and split those newly obtained squares into rapid squares R;(1),
i=1,2,...,r(1), and slow squares S;(1), j=1,2,...,s(1), depending on whether they include a point
that is the center of an M-rapid disk of radius §(1). Note that the slow squares of the previous step are
left untouched. Figure 4 gives a representation of the tiling process.

We repeat the process so that, at step k, we have §(k) = 27k5(0) as well as some rapid squares R; (k)
and slow squares S; (k). Let I (k) ={1,2, ..., r(k)} be the indexing set of the rapid squares obtained at
step k. To simplify notation, we will sometimes write § instead of §(0) in what follows and until the end
of the section.

Lemma 4.2.3. Denote by |1 (k)| the cardinality of the finite set I (k), i.e., the number of rapid squares at
step k. There exists a constant cg > 0 such that, for each step k =0, 1,2, ..., we have

11 (k)| < g8~ B*.
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F—38(0) —
5,00 ol 5,(0)

Initial step (k= 0) First bisection (k= 1)
E] Slow squares S; (k) D Rapid squares R; (k) O Rapid disks

Figure 4. Iterative tiling of P in rapid and slow squares.

56 Y8(k)

Figure 5. A close-up of a rapid square.

Proof. Recall that §(k) := 27%8(0). Since §(0) satisfies the constraints (4.1.2), it follows that §(k) is

B*-related for all k € NU {0}.
We choose some v € I (k) and recall that there is one rapid-growth disk D, (k) whose center z, lies

in R, (k). Notice that, since y8(k) > /28 (k), we have R, (k) C y D, (k) as shown in Figure 5.
Thus,
U rwc | ybuo.

vel (k) vel (k)
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We now choose a maximal subcollection of disjoint disks y D, and denote by I*(k) C I(k) the
corresponding set of indices. Notice that disjointness of two scaled disks y D, and y D,, is equivalent
to y-separation of D, and D,. By maximality, for u € (k) \ I*(k), there exists v € I*(k) such that
|z, — zv] <2y 8(k). In this case and for all z € y D,,(k), we thus have

lz— 2ol S lz—zul+lzp — 20l S v8(k) +2y8(k) < 4yds(k).

As a consequence, we get the inclusion y D, (k) C 4y D, (k), where 1 represents a disk excluded from
the maximal subset. This in turn means

U rouoc | 4vDuo.
vel (k) vel*(k)
Hence,

U rmc | 4D

vel (k) vel* (k)

We compare the respective areas of the regions covered by the last inclusion and get |1 (k)|8%(k) <
167 Y282 (k)| I*(k)|. By Proposition 4.2.1, |I*(k)| < c¢sB8* and we finally get

[1()| < 16wy > |1* (k)| < 16mcsy”* = cgd ™' (0) B,
which concludes the proof since [ is precisely the set indexing the rapid squares. O
Lemma 4.2.4. Denote by |J (k)| the number of slow squares S;j(k) obtained at step k. Then, for any
k=0,1,2,..., we have
| T (k)| < 4cgs™" B*.
Proof. By construction, we have |J (k)| < 4|1 (k —1)| < 4cgé~!B*. [l
Lemma 4.2.5. There exists a constant cg such that, for each slow square S;(k) and eachk =0, 1,2, ...,

%' (Zr N S;(k)) < co27%8.

Proof. 1f z,, lies in some slow square S; (k), then the disk D(z,, §(k)) is slow, which means it satisfies

/ F*>M™! / F2.
(1-3a)8<|z—zul<(1-2%a)8 (1-3a)s<|z—zul<(1-a)$

By Proposition 4.2.2, we thus have
W' (ZF N Dz, c62748)) < 7275,
which holds for all z,, € S; (k). We can now pick a finite collection of No = Ny(ce) points z; € S; (k) such

that the reunion of the associated disks D(z;, c27%8) cover S j (k). The collection being finite, we have

No
%' (Zr N Sj(k) <D #'(Zr N D(z1 c62758)) < (Noc7)2 78 = co27Fs. 0
=1

The next result is exactly Lemma 6.3 in [Donnelly and Fefferman 1990].
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Lemma 4.2.6. The union Ujej(k), keNU{0} S (k) covers the whole square

P ={lx], [yl < g}
except for the singular set ¥r :=={z € P : F(z) = VF(z) =0}.
The last lemma allows us to discard the singular set when studying the length of the nodal set of F.

Lemma 4.2.7. Let SF be the singular set of F in P. Then
%' (%) =0.

Proof. 1t is well-known (see for instance [Bers 1955; Han and Lin 2007]) that the singular set & of a F is
a submanifold of codimension 2, which means here that it is a finite set of points, whence #*'(¥)=0. O

We are now ready to complete the proof of Theorem 2.1.1.

Proof of Theorem 2.1.1. Using all of the above lemmas, we have

o0

1 1 1 1
%' (Zr N &D) < % (ZﬂUD);% ‘;@% (Zr N S;(k))
=0 je

o0 o0
<c8 Y Y 27K <(cod)dessTIpFY 27
3 k=0

k=0 jeJ (k) 4

o0
=dcgeof* Y 27K <e3p”. O
k=0

5. Proof of Proposition 4.2.1

We divide the rather long proof into six subsections. The treatment is based on the proof of Proposition 4.7
in [Donnelly and Fefferman 1990].

5.1. Setting. Using the same hypotheses, we will actually prove a slightly different statement. We let
t := B + 1. It follows from the fact that §8* < % that

st < 1. 5.1.1)

We normalize F by the condition sup;p|F| = 1, which has no effect whatsoever on the growth exponent.
Finally, we can choose the uniform norm of the potential to be conveniently small: ||g|lco < €9 < 1. We
will show that there exists a constant c5 > 0 such that, for a large enough M = M, the number N' = N(M)
of y-separated, M-rapid disks satisfies

N < cst,

which implies the result since ¢ < 28* =2 max{p, 1}. We recall that we are still in the setting of disks and
annuli described in Section 4.1, that is, we have an arbitrary, finite collection of open disks D, C %[D,
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1 <v < N, each of radius §. Moreover, the collection of disks is y-separated: the disks are mutually
disjoint after a scaling of factor y,

|z —zv| = 2y8 forall u# v,

where y = §71/2,

5.2. A Carleman-type estimate. The starting point of the proof is (2.4) of [Donnelly and Fefferman
1990], which is an estimate in the spirit of Carleman, relating the weighted L? norm of a function to that
of some of its derivatives.
Lemma 5.2.1. Let t > 0, and define

P(z) = l_[(z — 2y).

v

There exists a constant c1o > 0 such that, for any f € C§° (3[]]) \U, Dy (a)), we have

/ IAfIP|P| 26! >clo< IfI 2P| 2 45~ 2/|Vf| |P|%e "Z') (Cl)

The rather long development of that inequality is postponed to Section 6. Our first goal is to replace
ik by | f |2 in the right-hand side of the Carleman estimate. To do so, we will need the next two lemmas.

Lemma 5.2.2. There exist positive constants ¢;, i = 11, ..., 14, such that, for any wy, wy € Ay,
) - et|w1|2 - (ii) < |P(w1)|
) c11 =< <c12, 1) c3= =< Ci4.
ellw2l? | P(w 2)|

Proof. Since wy, w, € 6—10[D), we have
2 2
|tlwi* = tlwo|*| = t|(wi| — [waD (w4 wal)| < t]lwi] — [wal| < tlwy — wa| < 218.

Since t§ < 1, the result (i) now follows from exponentiation.
We now prove (ii). We have

[log | P(w1)] —log |P(wy)]| =

—zul =) log|ws — 2,
"

< [log |wy — 2| = log [wa — zu|| + Y _|log w1 — z,,| — log [wz =z
UV

We first consider the first term of the right-hand side of the above inequality. Suppose without loss of
generality that w is farther from z,, than wy, that is, |w; — z,,| = max {|w; — z,|, |wz — z,|}. Then since
both w; and w, belong to the annulus A,, we have

|log |wi — zy| —log |wy — z,|| =log |wi — z,| — log |wa — z,|
<log (1 —a)s —log (1 —2a)é

- a27
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where a; > 0. It now remains to estimate Zuﬂ‘log |lwi —z,| — log |wy — ZM”' By the mean value
theorem applied to w — |w — z,,|, there exists some point w € {(1 — T)w; +Tw; : 0 < 7 < 1} such that

—1
log lwi — z,,| —log |wy — 2 || = |w — 2| wy — wa.

The triangle inequality also implies |z, — z,| < |w — 2, | + |[w — z,| < 2|w — z,|, whence |w — zM|*1 <
2|z, — zy| and

|wi — ws| 46
|log |wy — z,,| — log [wz — z,|| <2 <

|z — 20l T lzp— 20l
We now have
> [log lwy =z, —log lwa — 2,1 <48 Y Iz — 27" (5.23)
HF#EY HFV

Forz € yD,, u # v, we have |z — z,| + |z, — 2v| < 2|z, — 2y, from which we easily get

/ 1z —z,|7! >l/ L 7 (y8)”
yD ' —2 yDy, |ZM_ZV| 2|Zﬂ_zl)|

i

We define E, :=J,, 4, ¥ Dy, and we now have

8
48 — 7t < —z = / —z7L 5.24
S ezl WWZ/ LA (524)

nFEY

Let B, be the disk centered at z, whose total area is the same as E,; that is, Area(B,) = Area(E,) =
(N — 1)71()/8)2. Remark that the maximum number of y-separated disks of radius § in 3D is of the
order (y8)~?; that is, there exists a positive constant ¢, independent of y and 8, such that the cardinality N
of our collection of disks satisfies N < c(y8)~2. We consequently have

f |z —2zu|” / |z —z,|7' <4y/Area(E,) <4/aNys <4/cm. (5.2.5)

Combining (5.2.3), (5.2.4) and (5.2.5) now gives

Z|log|w1 — zu] —log lwy — z,|| < % = % =a3
w#EY
since y = 8~ !/2. Finally,
|log |P(w1)| —log |P(w2)|| < a2 +as,
from which the result follows via exponentiation. (I

The second lemma is a Poincaré-like inequality.

Lemma 5.2.6. Suppose f € C*°(A,) and vanishes on the inner boundary |z| = (1 —2a)d of A,. Then

/ A N (5.27)

where c|5 is a positive constant.
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Proof. We introduce polar coordinates (r, 8) on A,. Since f((1 —2a)é, 8) = 0, the fundamental theorem
of calculus yields

f(r,@):/r —f(s 0) ds.
(

1-2a)8 0

2 p(1—a)d r af 2
Iflsz=/ / f —(s,0)ds | rdrdb.
A 0 Ja—2as \J(1—2a)5 0

By Cauchy—Schwarz, we have

r 2 r 2 r r 2
(/ %(S,H)ds) 5/ (%) ds/ 12ds§a5/ (%> d
(1-2a)s 0s (1-2a) \ 08 (1-2a)5 (1-2a)8 \ 08
Consequently,
2n p(1—a)s (1—a)é
/ |f|2§a3/ / / ( > dsrdrdo
A, o Ja—2a)8 J(1-2a)s

2r .2 |(1—a)s (1-a)s /5
<a5/ ~ / (_f> S dsas
2 {q—2ays Ja1—2ay5 \ s/ (1 —2a)s

27 p(1—a)s
<0158/ / |Vf|2sdsd9:c1582/ IV 712 O
A,

1-2a)8

Hence,

Fix one w, € A, for all 1 <v < N. Then, for each v, we have

ol w2 otlwol?
P v>|2/ VI 2 ek mpe s v>|2/ r

2 4 -2 2 -2 2
> (c1icl5c15)8 / P2,
A,

f IV FRIPI2E = (enney)

where we have used, respectively, Lemmas 5.2.2, 5.2.6 and then 5.2.2 again. The Carleman estimate (C1)
thus becomes

[arPipre s = a( i [ prere s [ e, )
3D 3D A

where a4 1= min{c%lc‘l‘3c15, cio}-

5.3. A suitable cut-off for F. We now apply the previous estimate to f = 6 F, where 0 is a suitable
cut-off. More precisely, the cut-off 0 satisfies the following properties:

(i) 0<6<1,0eC2D\U, D),
(i) 0@ =lon{z:lzl <1, |z—z| > (1 —3a)s},
(ili) |VO|+|A8] <as on {|z| > 1},
(iv) |VO| <aed~" and |AG] < az872 for |z —z,| < (1 — 3a)s.
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R ) F(130)0 __;(1—2a)8 g(l—%a)S (-2 (1-a)d 5

Figure 6. A smooth cut-off 6 defined on 2D.

The property (iv) allows us to control the growth properties of the cut-off in terms of the radius § of
the disks. Figure 6 summarizes the property of the cut-off.
Using the properties of 6, we have the following:

Lemma 5.3.1. Let F and 6 be as defined in our current setting. Then
|AOF)| <5(*F>+|VOP|VF > + F?|A0)%).
Proof. The proof is a simple computation:

IA(OF))? =|0AF +2(V6 -VF)+ FAO|?
< (|0AF|+2|VO||VF|+ |FAO))?
<50%|—qF+|VOP|VF >+ F?|A6]%)
<5(q°F*+|VOXIVF >+ F2|A0]%). O

Applying (C2) to 6 F now yields

/|A9F|2|P|_Ze’|Z|2Za4<t2/ |9F|2|p|—2erlzlz+5—4/|9F|2|P|-zez|z|2>_
2D D A

Using Lemma 5.3.1 to estimate the left-hand side of the above equation, we now get
/ (4> F>+IVOPIVF P+ F2|A01) | P| e = ‘15_4(;2/ |9F|2|P|—2e"22+6—4/ |9F|2|P|—2e"“).
2D 2D A

Now, since our potential is small, ||¢|lc < €, the first term of the left-hand side can without loss of
generality (by picking a smaller constant if needed) be absorbed by the right-hand side, yielding

/ (IVOPIVE P + F2|A6%) | P| 2! Zag(tzf |9F|2|P|—2ef'12+5—4f|9F|2|P|—2ef'12). (C3)
2D 2D A

The remainder of the proof consists mostly of improvements of the left- and right-hand sides of this
last estimate.
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5.4. Using elliptic theory to improve the left-hand side of (C3). We now work on the left-hand side
of the last Carleman estimate. By the definition of the cut-off 6, we have |VO| = |Af| = 0 on
2D\ (A =J A, U{l < |z| <2}) so that it makes sense to write (LHS) = + )" I,,, where

%

1=/ £(2), Iu=f ¢(2)
1<|z|<2 Ay

£(z) = (IVOPIVF> + F2|A60)| P| 2!

and

The following lemma uses elliptic theory to improve estimates of both / and 1,,:

Lemma 5.4.1. There exist positive constants ¢y, and ¢, such that

(i) I <cige™ max|P|_2/ F?, (i) I, <ci78 4 max(|P| 2y | F2.
3/4<|z|<9/4 A

lzI>1 ; o

Proof. Recalling the various assumptions on the cutoff 6, we immediately have

I <ase™ max |P|_2f (F24+|VF?)
1<]z]<2

1<|z|<2

= ase max_ |P| 2| FII3, (5.4.2)
<[|z|=

(@)

where H! = W2 is the habitual Sobolev space and ' = {1 < |z| < 2}. We now apply Theorem 8.8 in
[Gilbarg and Trudinger 1998] with L = A, u = F and f = —qF to get

I Fllw22eey < ao(l Fll 2y + 19 F Il 12 (0)
< ag max{l, Area(Q)eo} || Fl.2(q)
= a10||F||L2(Q),

which holds for any subdomain 2 such that Q' € €, that is,

sup  |x—y|>0.
x€dQ, ye

We set Q2 := {% <|z] < %} so that the above condition is satisfied. Since || - ||y12 < || - |lw22, we have

2 2 2
” FHHI(Q/) = 6110” F”LZ(Q)
so that estimate (5.4.2) becomes

2,4 -2 2 4 ) 2
I = @salet max 1PIF g =cnemap [ p
l=<fz]=2 2= 3/4<|z|<9/3

We now prove the second part of the lemma. We define Ayi=(1—-2a)8 <|z—2z0| < (1— 3a/2)6 C A,.
Since 8(z) =1 for (1 —3a/2)é < |z] < (1 —a)é, we have

1, < max(|P| %) f (IVOPIVF? + F*|A01%)
v Ay

fmax{ag,a%}n}xax(lmzetlzlz)[f 82|VF|2—|—/ 84F2]. (5.4.3)
v AU

v
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=1
¢:0 _ 3 4
z,=0) ((1-3a)d f(1-20)8 [(1-3a)5 [(1-2a)d
: . ZV : :
A/

Figure 7. A second cutoff ¢ on the annuli.

Our goal is now to get rid of the gradient in the first integral of the last equation above. To do so, we
set [, 1= / A, |V F|? and introduce another cutoff ¢ € C{°(A}) that satisfies

H0=e¢=1,
(ii) ¢(z)=1on A,,
(iii) |V¢| <aii(¢ps™").
Figure 7 summarizes the properties of this cutoff function.

Using Green’s identity and since ¢ vanishes on the boundary of A/, we notice that

/q¢F2:— ¢FAF:/ V(¢F)-VF=/ F(VF-V¢)+ [ ¢|VF|.
: A, ¢ Ay

Thus, since ||glco < 1, we get
aii
$IVF| 5/ SF + T/ SIFIIVF]. (5.44)
A, A, A

Now, for any nonnegative numbers a, b and ¢ and k > 0, we have the elementary inequality abc <
%(ab2 /k — kac?), which we apply to our setting to get

¢(ﬂ)u Fll < —(¢—2+k¢|w|)
b} — 2\ k&2

We integrate over A/, and then choose k small enough to absorb %(k¢|VF 1) in the left-hand side of (5.4.4)

so that it becomes

VPP < max{1, 3 }
 OIVEP il ), o
Going back to the definition of I,, we now have
- 1
f= [ wrPs [ ovFPsang [ oFtzans [
A, A, 0= Jay A,
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Plugging this into (5.4.3) yields

I, < max{aZ, a3} rr}‘ax(|P|_2et|Z‘2) |:5_ziv +/ 8_4F2:|

v

Ay

v

< (max{aZ, a3} max{1, ap,}) n}‘ax(|P|_2e”|2)5_4/ F?

5c17max(|P|—2ef'12)5—4/ F2. O
A A/

v
v

By Lemma 5.2.2, we have

rrkax(|P|_2et|Z‘2) <ap rgin(|P|_ze"Z|2).

v v

Applying the estimates of Lemma 5.4.1 to the left-hand side of (C3) then gives

(LHS)=I+ZIV 5a14(e4’ max|P|—2/ F2+6_4Zmin(|P|_2e’|Z|2)/ F2>, (5.4.5)
" 3/4<|z|<9/4 A A

lz|>1

where alg = max{cle, 016a13}.
The next lemma introduces the growth exponent 8 of F in an expression that links the L? norms of F
on two annuli of different sizes.

Lemma 5.4.6. There exists a positive constant cg such that

/ F2§C18€2/3/ F2.
3/4<|z|<9/4 1/4<|z]<1/2

Proof. First, recall that the potential g satisfies ||g||co < €9. On the one hand,

F~dA < FdA<|—— |supF-~. 5.4.7
3/4<[z]<9/4 D 4/ 5o

2

On the other hand, the definition of the growth exponent yields

sup F?=¢* sup F2. (5.4.8)
3D iD

Following an approach similar to Lemma 4.9 in [Nazarov et al. 2005], we now represent F as the sum of

its Green potential and Poisson integral. More precisely, for |z| < % and given any fixed radius p € (% %],

Fo= [[ ror©6,coumo+ [ Forcodso. (549)
p o

where G, (z,¢) = log|(p? — z0)/p(z — )| and P,(z,¢) = (p* — |z13)/1¢ — z|>. We write I} and I,
respectively, for the double integral and the (line) integral above and notice that

FP=L42LL+1; <4} +13). (5.4.10)
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Using Cauchy—Schwartz, we get the upper bound
1< ff PAOFA@) dAQ) // G2(2, £) dA()
pD oD
<as [[ Por© e <asiok [ FPeoae
pD oD
<ajs€d /fDFz(g)dA(g). (5.4.11)

In the above, we have a5 = SUP ¢ (1/4,1/2) SUP.c 1 p [ Gf)(z, £)dA(¢). Similarly,
oD

1< / _P@ds) f B0 ds© <a / P@ds) (5.4.12)
0

with a16 = SUpP,e(1/4,1/2] supZE D fp§1 P (z,¢)ds(¢). Now, recalling that the representation of F in
(5.4.9) holds for any |z| < ; and subst1tut1ng (5.4.11) and (5.4.12) into (5.4.10), we get

sup F2§a17<e§f/ F2dA+/ des> forallpe(%,%]
zelp 3D pS!
4

with a;7 = 4 max{ais, aje¢}. Averaging over all p yields

16
sup F25an—<e§// F2dA+// deA)
zeiD 37 D 1/4<|z|<1/2
:algeg// F2dA+ais(1+€)) // F*dA
iD 1/4<|z]<1/2

< (alSJT)eg sup F2+a13(1 +e§) // F*dA
16 ZE%D 1/4<|z]<1/2

= ayoes sup F>+ajz(1+€5) // F2dA. (5.4.13)
/4<|z|<1/2

1
z€5D

Hence,
(1—(1196%) sup F2§a18(1+63) // F?dA.
JA<|z]<1/2

1
24D

It suffices to choose €j small enough so that (1 — algeg) is positive to finally obtain

1+¢€
sup F2 < 218 as(l +€) // F2dA. (5.4.14)
elD 1— 611960 1/4<|z]<1/2
Linking (5.4.7), (5.4.8) and (5.4.14) together concludes the proof. O

To finalize our estimate of the left-hand side of (C3), we need one last lemma.

Lemma 5.4.15. Let N be the number of disks D, in our collection, that is, N = deg P. Then there exists

a positive constant c9 such that

max|P|72 < e %N min|P| 2
z=1 |Z|S§
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Proof. For |z] = 1, we have
1 1 1 _ 60

< < =
lz—2zv] = lz|—lzp] — 1=1/60 59

while, for |z| < 1/2, we have

1 1 1 60
> > =—.
2=zl ~ lzl+ 1zl T 1/2+1/60 31

Asa consequence,

_2 60\2deg P 31\2deg P /60\2deg P 31\2deg P . -2
max|P|™ " < (3 =(z B <z min |P|™~.
max| P < ($)"7 = ()74 (9)7 " < () min P
We set cjg = —2 log(%) to conclude the proof. O

Applying the results of the last two lemmas to (5.4.5), we obtain a final estimate for the left-hand side
of (C3):

(LHS)§a14<e4’e_“'9N min |P| %cize?? / F2+8_4Zmin(|P|_2e’|Z|2) / FZ)
lz1=1/2 1/4<z1<1/2 o A A,

§azo<e6’_C‘9N min |P| 2 / F2+8_4Zmin(|P|_2e’|z|2) f FZ), (5.4.16)
lzl=1/2 1/4<|z]<1/2 A A,

where ayg = a4 max{c;g, 1}, since 8 < t.

5.5. Improving the right-hand side of (C3). Recalling that r > 1 as well as the various properties of the
cut-off, we estimate the right-hand side of (C3):

ag_l(RHS):tz/ |9F|2|P|_2e’|Z2+8_4Z/ 0F | P| 2
2D T JA,
T 2
> (—) min |P|_2/ F2+57*S min(|P| 2! / F2
47/ 121172 lz]<1/2 Xv: Ay ( ) A,

2
Za21< min |P|—2/ F?24+8™*) min(|P| 2 / F2>, (5.5.1)
lzl<1/2 1/4<|z]<1/2 XV: Ay ( ) Al

where ap; = min{mr /4, 1}.

5.6. Conclusion. At last, putting together the estimates (C3), (5.4.16) and (5.5.1) yields

%N min |P|2/ F2+84Zmin(|Plze”|2)/ F?
lz1<1/2 1/4<|z]<1/2 o A A

/
v

za22< min |P|—2/ F2+8_4Zmin(|P|_ze’|Z|2)/ F2>,
lz|<1/2 1/4<|z]<1/2 A Ay

where ayy = apjag/asg. Recall that a disk D, is said to be M-rapid if

M F2§/ F2.
A, v
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Suppose now that all the disks of our collection are M-rapid, i.e., that N = N, and assume without loss of
generality that ay; > 1 (otherwise, the argument still works: it suffices to pick a larger M). We get

6t—cioN - -2 2 —4 . -2 tlz)? 2
e min |P| / F +4 min(|P|™ e / F
lz1=1/2 1/4<lz|<1/2 ; Ay ( ) A

!
v

2
> min |P|—2/ F24+ M5 min(|P| 2 / F2. (5.6.1)
lz|<1/2 1/4<|z]<1/2 Xv: Ay ( ) A

We get a contradiction if N > %t < c19N > cet, and the proof is completed.

6. An inequality in the spirit of Carleman

Carleman estimates are known to be useful in obtaining unique continuation results as well as growth
estimates (see for instance [Koch and Tataru 2001]). It is thus not surprising that the estimate (C1)
has played a crucial role in the proof of the growth estimate presented in the previous section. For
completeness, we present here one way to obtain such an inequality, which follows very closely the
approach taken in Section 2 of [Donnelly and Fefferman 1990].

6.1. An elementary inequality in a weighted Hilbert space. We let 9 C C be open and bounded and
¢ 1% — R be a smooth real-valued function. Let also % = L*(%, e~? dx dy) be the Hilbert space
of complex-valued square-integrable functions on 9 with respect to the weight e~%. Finally, let
u € C3°(2) C H. We introduce the differential operators

1/0 0 - 1/90 0 _
d==——-i—, 0==—+i—|, 0" :=e %0(e” 7).
2\ 0x ay 2\ ox ay

Easy computations allow one to verify the following facts:

(i) For any real-valued function ¥, 09y = %Ai/f.
(ii) By the Cauchy—Riemann equations, u is holomorphic if and only if du = 0.
(iii) 8* is the adjoint operator of 9.

(iv) [0, 0*Ju = (%A(p)u, where the interior of the parentheses acts on u by multiplication.

Lemma 6.1.1. Let ® : % — R be a smooth, positive function. Then

/|5u|2<1>z/ L(A log ®)[ul?®,
9 19)

where the integrals are taken with respect to the usual Lebesgue measure, that is, not in the weighted
Hilbert space .
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Proof. Put ¢ := —log @, i.e., e™¥ = ®. In the following, the norms and inner products are taken in the
Hilbert space #:
0 < |10*u|)® = (8*u, 3*u) = (39™u, u)
= (0%0u, u) + ([9, *u, u)
= (Qu, du) + ([3, 3*u, u)

— ||5u||2+/(}—1A(p)|u|Ze“’.
D
Thus, ||du|? > —%Q{(Amwe—w = %g{(Alog D) |ul>d. O

6.2. A specialized choice of weight function. The remainder of the section aims to specialize the choice
of @ in order to obtain a more refined inequality. In particular, we will build a weight function that has
singularities on a crucial set of points. In the following, a is a small, positive constant: 0 < a < 1.

Lemma 6.2.1. There exists a function Vy(z), defined for |z| > (1 — 2a), such that
(i) a1 < Wo(z) < az, where ay, ay > 0,
(i) Wo(z) =L on{|z| > 1},
@iii) AlogWy>0on {|z] > (1 —2a)},
@iv) AlogWp>az>0o0n{l —2a <|z| <1—a}l.
Proof. First, choose ¥y(z) to be a radial function, i.e., depending only on r = |z|. Let A(r) > 0 be smooth

and such that i(r) > a3z for1 —2a <r <1 —a and h(r) =0 for |z| > 1 —a/2. Now consider the radial

Laplacian
2

d 1d
Alog ¥o(r) = <W + ;d_r) log ¥o(r),

which has smooth coefficients on » > 1 — 2a. By the fundamental theorem for ordinary differential
equations, we let log o (r) be the solution of the second-order ODE

Alog o(r) = h(r),

log ¥0(1) =0,
log vy’ (1) = 0.
The function v satisfies all the requirements. O

We now let D, :={z:]z —z,] <8}, 1 <v < N, denote a finite collection of disks in the open unit
disk D and let D, (a) be the closure of (1 —2a)D,. Define ®y: C\ |J, D,(a) by

1 if z¢ U, Dy,
Z_Zv .

¢0< - ) if z € D,.

We have that log ®¢(z) = log ¥o(w(z)), where w(z) = (z — z,,)/3 and w’(z) = 1/8. Thus,

Do(z) = {

1
Alog ®y(z) = 8_2A log Yo(w(z)) > a3
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forze A, ={(1 —2a)l < |z| < (1 —a)d}. By Lemma 6.2.1, we have
(1) a1 = Pp(z) < an,

(i) Alog®g>0forallzeC\{J, Dy(a),

(iii) Alog ®g > az/8% forall z € A,(8).

Let + > 0 be a constant, and denote by A the union [ J, A,(5). We want to apply Lemma 6.1.1 to
®d(z) := Do(z)e'?’. Foru e C(C\ U, Dy(a)), we assume that 9 is a bounded domain such that
suppu C D and A C D C C\ |J, Dyv(a). Applying the lemma gives

/ |3u>®o(2)e > / L(Alog @oe' ) |u2doe 2. (6.2.2)
@ )
2
But log ®pe’*I” = log ®( + £|z|?, and the right-hand side of the above inequality satisfies
(RHS) = U +/ ]%(A log ®o)|ul*®o(z)e’ + ¢ / lu|> Do (z)e'
A Jana 9

a
> / ul?®@o(2)e’ < + 1 / jul®o(2)e’ "
8% Ja @

Since @y is bounded, we get

/|8u|2 2P > 2 /|u|2 el +a5t/|u|2 fzl (6.2.3)

Define the holomorphic function P(z) :=[],(z —z,), and replace u > u/P. Then

5(u)_5uP—u5P_ du

P P2 P’
Since u/P € C3°(9), (6.2.3) becomes
/|au| |P| 26 > 22 = /|u| |P| 2P +a5t/|u|2|P|_2e’|Z|2. (6.2.4)

All of the above discussion is valid for u : % — C. We now choose f :% — R. We have |3 f| = |3f| =
|V f]. We choose u = df, whence du = ddf = %Af, which yields

_ 2 dg _ 2 - _ 2
f |AfPIP| 72 = 5 / IVSPIPI2e ! +ant / 18171 P2,
1)} ) A @
We work on the last integral. Applying Lemma 6.1.1 to ® = |P|2¢! 2 we get
_ 1
f 8/ PIPI e = f (Alog (1P| 72" %)) | 121 P|72!F,

Also, log |P|72 = —log[],lz — zv|* = = Y, log |z — z,,|?, whence

Alog(|P|2e'<F) Za<z—zu>+4t
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where § is the Dirac delta, meaning that the sum above vanishes on %. Thus,

U o
[areipre® = [ ippipr e,
@D 9D

Finally, (6.2.4) becomes the desired Carleman estimate
[1aripre® = S8 [ 197 Rp1 e a1 fP1P e (e
o) 8% Ja 9
which holds for any f € C{° ([R{2 \U, Dv (a)), with 9 a bounded open set such that A C 9 C |, D, (a).

7. Discussion

7.1. Higher dimensions. In this paper, we have studied eigenfunctions of the Laplace-Beltrami operator
on closed C* surfaces and have underlined a natural interpretation of Yau’s conjecture in light of
Theorem 1. Since the conjecture is expected to hold in any dimension, it is natural to ask:

Question 7.1.1. Does Theorem 1 hold for a compact, smooth manifold of dimension n > 3?

It seems reasonable to expect that the result holds in higher dimensions. On the one hand, as previously
stated, Yau’s conjecture on the size of nodal sets is formulated for manifolds of any dimension. On the
other hand, some fundamental results for the growth exponents of eigenfunctions are known to hold in
any dimension, most notably the Donnelly-Fefferman growth bound

By, B) =log “PBIPL _ 12 (7.12)

Supy 1| —

where B is any metric ball (see for instance [Donnelly and Fefferman 1988; Mangoubi 2013; Nazarov
et al. 2005]). However, the approach we have used relies crucially on the reduction of an eigenfunction ¢;,
to a planar solution F to a Schrodinger equation, a transformation made possible by the existence of
local conformal coordinates, a fact that does not generalize in dimension n > 3. One would therefore
need to follow a fundamentally different approach to prove a result in the spirit of Theorem 1 in that
setting. Nazarov et al. [2005] give a simpler proof of the growth bound (7.1.2) in the setting of closed
surfaces. A generalization of that proof in higher dimensions has been given by Mangoubi [2013], notably
using a clever extension of eigenfunctions on an n-dimensional manifold M to harmonic functions on
the (n 4+ 1)-dimensional manifold M x R (see also [Lin 1991; Jerison and Lebeau 1999; Nazarov et al.
2005]). We believe that a similar treatment could be useful in attempting to generalize Theorem 1.

7.2. How to measure the growth: generalization to LY norms. Our measure of the growth of eigenfunc-
tions has been made through growth exponents defined on small metric disks on which we have taken the
L norm. Indeed, we recall that

sup |l

Bp(A) =log — 22—
i Supy, Bl
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where B is a metric ball of small radius centered at p € M. For 1 < g < oo, define the more general
q-growth exponent ,BZ (1) of an eigenfunction ¢, :

lpsllLaB)
By (x) i=log ——————,
P |l e o B)
where B is once again a suitably small metric ball centered at p. Notice that 8,(1) = ,6;0 (A). Consider

the average of such quantities on the surface; that is, define

1
B1(}\) i = ——— () dv,
*) Vol(M)/Mﬁ,,() ,
and then ask:

Question 7.2.1. For which g € [1, 00), if any, do we have the following analogue of Theorem 1:
BN <%1(Z,) < C(BI(MAY? 4 1)?

Keeping our setting of closed surfaces, it would suffice to prove analogues of Theorems 2.1.1 and 3.1.1
for g-growth exponents of planar Schrodinger eigenfunctions to answer positively the last question, but
there does not seem to be an obvious way to tackle this problem.
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