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INEQUALITY FOR BURKHOLDER’S MARTINGALE TRANSFORM

PAATA TVANISVILI

We find the sharp constant C = C(t, p, EG, EF) of the inequality || (G + 12F2)1/2||,, < C||F|,, where
G is the transform of a martingale F under a predictable sequence ¢ with absolute value 1, 1 < p < 2,
and t is any real number.
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1. Introduction

Let I be an interval of the real line R, and let |/| be its Lebesgue length. We write % for the o -algebra of
Borel subsets of 1. Let {F;}7° , be a martingale on the probability space (1, %, dx/|I|) with a filtration
{1, 2} =%) C % C---C%. Consider any sequence of functions {e,},2 | such that, for eachn > 1, g, is
%,—1 measurable and |e,| < 1. Let G be a constant function on /; for any n > 1, let G,, denote

n
Go+ Z ek (Fr — Fr—1).
k=1
The sequence {G,};2, is called the martingale transform of {F,}. Obviously {G,}°° is a martingale
with the same filtration {F,}° ;. Note that, since {F,} and {G,} are martingales, we have Fp = EF, and
Go=LEG, for any n > 0.
Burkholder [1984] proved that if |Gg| < |Fp|, 1 < p < oo, then we have the sharp estimate

IGaliLr < (p* = DIIFyllLr  forall n>0, )

where p* — 1 =max{p — 1, 1/(p — 1)}. Burkholder showed that it is sufficient to prove inequality (1) for
the sequences of numbers {¢,,} such that ¢, = =1 for all n > 1. It was also noted that such an estimate

MSC2010: 42B20, 42B35, 47A30.

Keywords: martingale transform, martingale inequalities, Monge—Ampere equation, torsion, least concave function, concave
envelopes, Bellman function, developable surface.
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as (1) does not depend on the choice of filtration {¥,}. For example, one can consider only the dyadic
filtration. For more information on the estimate (1) we refer the reader to [Burkholder 1984; Choi 1992].

Vasyunin and Volberg [2010] slightly generalized the result by the Bellman function technique and
Monge—Ampere equation, i.e., the estimate (1) holds if and only if

|Gol = (p* = DI Fol. 2)

In what follows we assume that {¢,} is a predictable sequence of functions such that |g,| = 1.
In [Boros et al. 2012], a perturbation of the martingale transform was investigated. Namely, under the
same assumptions as (2) it was proved that, for 2 < p < oo, T € R, we have the sharp estimate

G2+ T2 EH 1 < (p* = 1>+ )| Fyllpr  forall n>0. 3)

It was also claimed to be proven that the same sharp estimate holds for 1 < p <2, |t| < 0.5, and the case
1 <p<2,|t| > 0.5 was left open.

The inequality (3) stems from important questions concerning the L? bounds for the perturbation of
the Beurling—Ahlfors operator and hence it is of interest. We refer the reader to recent works regarding
martingale inequalities and estimates of the Beurling—Ahlfors operator [Bafiuelos and Janakiraman 2008;
Baiiuelos and Méndez-Herndndez 2003; Bafiuelos and Osgkowski 2013; Bafiuelos and Wang 1995; Boros
et al. 2012] and references therein.

We should mention that Burkholder’s [1984] method and the Bellman function approach [Vasyunin
and Volberg 2010; Boros et al. 2012] have similar traces in the sense that both of them reduce the required
estimate to finding a certain minimal diagonally concave function with prescribed boundary conditions.
However, the methods of construction of such a function are different. Unlike Burkholder’s method,
in [Vasyunin and Volberg 2010; Boros et al. 2012] the construction of the function is based on the
Monge—Ampere equation.

1.1. Our main results. Firstly, we should mention that the proof of (3) presented in [Boros et al. 2012]
has a gap in the case 1 < p <2, 0 < |t] < 0.5 (the constructed function does not satisfy a necessary
concavity condition).

In the present paper we obtain the sharp L? estimate of the perturbed martingale transform for the
remaining case 1 < p < 2 and for all T € R. Moreover, we do not require condition (2).

We define

u@ L (p=DE+ACP =P (p- )+ 1+ =22 = p)— L.

|Gol =1 Fol

Theorem 1. Let 1 < p <2, and let {G,},?2, be a martingale transform of {F,},2,. Set = Gol 1 Fol’
0 0

The following estimates are sharp:
(D) Iful/(p—1) <0, then

1

1
G 2\ 2
. ’—} ) |EullLr  forall n> 0.
D

12 F2+ G2 |1r < (r2 —|—max{ -

Fo 1
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(@) Ifu(1/(p = 1)) > 0, then
I F+ G2, < CBIFNL, forall n=0,

where C(f) is continuous, nondecreasing, and defined as follows:

(T2 +|Gol?/| Fol*)P/? if B> so,
def 227P(1 — s0)P! -t
CB) = P(1- —142
D=1 ( <r2+1)<p—1><1—so>+2<2—p>> ¥h=-1+2/p

CB) if Be(=1+2/p,s0),
where sy € (—1+2/p, 1) is the solution of the equation u((1 4+ sg)/(1 —s9)) =0.

Explicit expression for the function C(B) on the interval (—1+2/p, s9) was hard to present in a simple
way. The reader can find the value of the function C(8) in Theorem 39(ii).

Remark 2. The condition #(1/(p — 1)) < 0 holds when || < 0.822. So we also obtain Burkholder’s
result in the limit case when t = 0. It is worth mentioning that although the proof of the estimate (3) has
a gap in [Boros et al. 2012], the claimed result in the case 1 < p < 2, |7| < 0.5 remains true as a result of
Theorem 1.

One of the important results of the current paper is that we find the function (5), and the above estimates
are corollaries of this result. The argument we exploit is different from [Vasyunin and Volberg 2010;
Boros et al. 2012]. Instead of writing a lot of technical computations and checking which case is valid,
we present some pure geometrical facts regarding minimal concave functions with prescribed boundary
conditions, and in this way we avoid computations. Moreover, we explain to the reader how we construct
our Bellman function (5) based on these geometrical facts, derived in Section 3.

1.2. Plan of the paper. In Section 2 we formulate results about how to reduce the estimate (3) to finding
a certain function with required properties. These results are well known and can be found in [Boros
et al. 2012]. A slightly different function was investigated in [Vasyunin and Volberg 2010]; however, it
possesses almost the same properties and the proof works exactly in the same way. We only mention these
results and the fact that we look for a minimal continuous diagonally concave function H (xy, x2, x3)
(see Definition 7) in the domain Q = {(xi, x2, x3) € R? : |x;|? < x3} with the boundary condition
H(x1, x2, |x117) = (x3 + t2x})P/2.

Section 3 is devoted to the investigation of the minimal concave functions in two variables. It is worth
mentioning that the first crucial steps in this direction for some special cases were made in [Ivanishvili
et al. 2012a] (see also [Ivanishvili et al. 2012b; > 2015]). In Section 3 we develop this theory for a
slightly more general case. We investigate a special foliation called the cup and another useful object,
called force functions.

We should note that the theory of minimal concave functions in two variables does not include the
minimal diagonally concave functions in three variables. Nevertheless, this knowledge allows us to
construct the candidate for H in Section 4, but with some additional technical work not mentioned in
Section 3.
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In Section 5 we find the good estimates for the perturbed martingale transform. In Section 6 we prove
that the candidate for H constructed in Section 4 coincides with H, and as a corollary we show the
sharpness of the estimates found for the perturbed martingale transform in Section 5.

In conclusion, the reader can note that the hard technical part of the current paper lies in the construction
of the minimal diagonally concave function in three variables with the given boundary condition.

2. Definitions and known results

Let EF def (F),, where

F) dﬁfi/F(z)dt
Ty,

for any interval J of the real line. Let F and G be real valued integrable functions. Let G, = E(G|.M,,)
and F,, = E(F|M,) for n > 0, where {M,} is a dyadic filtration (see [Boros et al. 2012]).

Definition 3. If the martingale {G,} satisfies |G, +1 — G| = | F,,+1 — F,| for each n > 0, then G is called
the martingale transform of F.

Recall that we are interested in the estimate
1G>+ F*) 2| 1» < C||F 0. (4)
We introduce the Bellman function

def
H(x) = sup{EB(¢(F, G)) : Ep(F, G) = x, |Gpy1 — Gyl = |Fyg1 — Ful, n > 0}, 5)
F.G

where @(x1, x2) = (x1, X2, |x1]P), B(p(x1, x2)) = (x3 + t°x})P/? and x = (x1, x2, x3).
Remark 4. In what follows, bold lowercase letters denote points in R>.

Then we see that the estimate (4) can be rewritten as follows:
H(x1, x2, x3) < CPx3.

We mention that the Bellman function H does not depend on the choice of the interval /. Without loss
of generality, we may assume that / = [0, 1].

Definition 5. Given a point x € R?, a pair (F, G) is said to be admissible for x if G is the martingale
transform of F and E(F, G, |F|?) = x.

Proposition 6. The domain of H (x) is Q = {(x1, x2, x3) € R? : |x1|” < x3}, and H satisfies the boundary
condition
H(x1, x2, |x1|7) = (x5 + t2x)P/2 (6)

Definition 7. A function U is said to be diagonally concave in €2 if it is concave in both
QN{(x1, x2,x3) i x1 +x2=A} and QN {(x1, x2, x3) : x; —x2 = A}

for every constant A € R.



INEQUALITY FOR BURKHOLDER’S MARTINGALE TRANSFORM 769

Figure 1. A domain 2.

Proposition 8. H (x) is a diagonally concave function in 2.

Proposition 9. If U is a continuous, diagonally concave function in Q with the boundary condition
U(xy, xa, [x1|7) > (x5 + 12x})P/%, then U > H in Q.

We explain our strategy of finding the Bellman function H. We are going to find a minimal candidate B
that is continuous and diagonally concave, with the fixed boundary condition B|yq = (y* + 2x2)?/%. We
warn the reader that the symbol B denoted boundary data previously, however, in Section 6 we are going
to use the symbol B as the candidate for the minimal diagonally concave function. Obviously, B > H by
Proposition 9. We will also see that, given x € 2 and any ¢ > 0, we can construct an admissible pair
(F, G) such that B(x) < E(F?+ t2G?*)?/? + ¢. This will show that B < H and hence B = H.

In order to construct the minimal candidate B, we have to elaborate a few preliminary concepts from
differential geometry. We introduce the notions of foliation and force functions.

3. Homogeneous Monge-Ampere equation and minimal concave functions

3.1. Foliation. Let g(s) € C3(I) be such that g” > 0, and let Q be a convex domain which is bounded by
the curve (s, g(s)) and the tangents that pass through the endpoints of the curve (see Figure 1). Fix some
function f(s) € C3(I). The first question we ask is the following: how the minimal concave function
B(x1, x») with boundary data B(s, g(s)) = f(s) looks locally in a subdomain of 2. In other words, take
a convex hull of the curve (s, g(s), f(s)), s € I; then the question is how the boundary of this convex
hull looks.

We recall that the concavity is equivalent to the following inequalities:

det(d’*B) > 0, (7
B! . +B, <0 ®)
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The expression (7) is the Gaussian curvature of the surface (xi, xo, B(x1, x2)) up to a positive factor
1+ (B)’Cl)2 + (B)’Cz)z)z. So, in order to minimize the function B(xj, x»), it is reasonable to minimize
the Gaussian curvature. Therefore, we will look for a surface with zero Gaussian curvature. Here the
homogeneous Monge—Ampere equation arises. These surfaces are known as developable surfaces, that is,
such a surface can be constructed by bending a plane region. The important property of such surfaces
is that they consist of line segments, i.e., the function B satisfying the homogeneous Monge—Ampere
equation det(d” B) = 0 is linear along some family of segments. These considerations lead us to investigate
such functions B. Firstly, we define a foliation. For any segment ¢ in the Euclidean space, by £° we
denote its open segment, £ without endpoints.

Fix any subinterval J € I. By ®(J, g) we denote an arbitrary set of nontrivial segments (i.e., single
points are excluded) in R? with the following requirements:

(1) For any £ € ©(J, g) we have £° € Q.
(2) For any £, £, € ©(J, g) we have {1 N{p = O.

(3) For any £ € ®(J, g) there exists only one point s € J such that (s, g(s)) is one of the endpoints of
the segment ¢ and, vice versa, for any point s € J there exists £ € ©(J, g) such that (s, g(s)) is one
of the endpoints of the segment £.

(4) There exists a C! smooth argument function 0(s).

We explain the meaning of the requirement (4). To each point s € J there corresponds only one segment
£ € ©(J, g) with an endpoint (s, g(s)). Take a nonzero vector with initial point (s, g(s)), parallel to the
segment ¢ and having an endpoint in 2. We define the value of 6(s) to be an argument of this vector.
Since argument is defined up to addition by 27k, where k € Z, we take any representative from these
angles. We do the same for all other points s € /. In this way we get a family of functions 6(s). If there
exists a C'(J) smooth function 6 (s) from this family then requirement (4) is satisfied.

Remark 10. It is clear that, if (s) isa C ! (J) smooth argument function, then, for any k € Z, 0(s) +2nk
is also a C'(J) smooth argument function. Any two C'(J) smooth argument functions differ by a constant
2nn for some n € Z.

This remark is a consequence of the fact that the quantity 6’ (s) is well defined regardless of the choices
of 6(s). Next, we define Q(®(J, g)) = U@e@)(]’g) £°. Given a point x € Q(®(J, g)), we denote by £(x)
a segment in ®(J, g) which passes through the point x. If x = (s, g(s)) then, instead of Z((s, g(s))),
we just write £(s). Surely such a segment exists, and it is unique. We denote by s(x) a point s(x) € J
such that (s (x), g(s (x))) is one of the endpoints of the segment £(x). Moreover, in a natural way we set
s(x) =sif x = (s, g(s)). It is clear that such s(x) exists, and it is unique. We introduce a function

K(s)=g'(s)cosf(s) —sinf(s), seJ. ©)
Note that K < 0. This inequality becomes obvious if we rewrite

g'(s)cosf(s) —sinf(s) = ((1, g), (—sinb, cosh))
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Figure 2. A foliation ®(J, g).

and take into account requirement (1) of ®(J, g). Note that (-, - ) means scalar product in Euclidean
space.
We need two more requirements on ®(J, g).

(5) For any x = (x1, x2) € (O(J, g)), we have K (s(x)) +6'(s(x))|| (x1 —s(x), x2 — g(s(x))) | <O.
(6) The function s(x) is continuous in (O (J, g)) UI'(J), where I'(J) = {(s, g(s)) : s € J}.

Note that if 6’(s) < 0 (which happens in most of the cases) then requirement (5) holds. If we know
the endpoints of the segments ®(J, g), then in order to verify (5) it is enough to check it at those points
x = (x1, x2), where x is an endpoint of the segment other than (s, g(s)). Roughly speaking, requirement (5)
means the segments of ®(J, g) do not rotate rapidly counterclockwise.

Definition 11. A set of segments ®(J, g) with the requirements mentioned above is called a foliation.
The set Q2(O(J, g)) is called the domain of foliation.

A typical example of a foliation is given in Figure 2.
Lemma 12. The function s(x) belongs to C! (Q (O, g))). Moreover,

(sinf, — cos )

(S5, S5y) = : (10)
TR —K(s) =0 [ — s, x2— g(9)l
Proof. The definition of the function s(x) implies that
—(x1 —s)sinf(s) + (x — g(s)) cos O (s) = 0.
Therefore the lemma is an immediate consequence of the implicit function theorem. 0

Let J = [s1, 52] € I, and let (s, g(s), f(s)) € C>(I) be such that g” > 0 on I. Consider an arbitrary
foliation ®(J, g) with an arbitrary C Y([s1, s21) smooth argument function 6(s). We need the following
technical lemma:

Lemma 13. The solutions of the system of equations
11(s) cos O (s) + 15(s) sinO(s) =0, (11)
t(s) +n()g'(s) = f'(s), seJ (12)
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are the functions

H(s) = f | (i((:)) sin0() -2 — - ((:)) sine<r)) dr+ £(s1) = 12510’ (51),

1h(s) = tz(sl)exp(— /S i((:)) cos6(r) dr) —i—/s J;{g)) exp(— /S i((:)) cos6(r) dr) cosf(y)dy
S1 S1 y

fors € J, where ty(s1) is an arbitrary real number.

Proof. We differentiate (12) and combine it with (11) to obtain the system

cos® sinf\ (1) _ (0 O f n 0
1 g/ té - 0 _g// 12 f// .
AN g_” 0 sinb)\ (4 f_” —sin6
(té) K (O —cos@) (tz) + K ( cos 9)' (13)

By solving this system of differential equations and using the fact that ¢, (s;) + g'(s1)t2(s1) = f'(s1), we

This implies that

get the desired result. U

Remark 14. Integration by parts allows us to rewrite the expression for #,(s) as

B S ¢"(r) IPACOATRAC)
1 (s) _exp<— /s1 K0 cos@(r)dr> <t2(81) g,,(sl)> + ()

K " / s S
— / |:f” (y)i| exp(— / L) cosA(r) dr) dy.
s L&) y K@)
Definition 15. We say that a function B has a foliation ®(J, g) if it is continuous on Q(®(J, g)) and it
is linear on each segment of ®(J, g).

The following lemma describes how to construct a function B with a given foliation ®(J, g) and
boundary condition B(s, g(s)) = f(s) such that B satisfies the homogeneous Monge—Ampere equation.
Consider the function B defined by

B(x) = f(5) +(t(s), x = (5, 8(5))), x = (x1,x2) € RO, g)), (14)
where s =s(x), and 7 (s) = (#1(s), t2(s)) satisfies the system of equations (11), (12) with an arbitrary #,(s;).
Lemma 16. The function B defined by (14) satisfies the following properties:

(1) BeC*(Q(O(J, 8))NCHQUOW, g))UT), B has the foliation ©(J, g) and
B(s, g(s)) = f(s) forall s €lsy, s2]. (15)

(2) VB(x) =1t(s), where s = s(x); moreover, B satisfies the homogeneous Monge—Ampére equation.
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Proof. The fact that B has the foliation ®(J, g) and that it satisfies the equality (15) immediately follows
from the definition of the function B. We check the condition of smoothness. By Lemma 12 and
Lemma 13 we have s(x) € C*(Q(©(J, g))) and 11, 1, € C'(J), therefore the right-hand side of (14) is
differentiable with respect to x. So, after differentiation of (14), we get

VB(x) =[f"(s) = (t(s), (1, 8" ()] (sh,» s5) +1(s) 4+ {1'(s), x — (5, (5)))(s%, . 55,)- (16)
Using (11) and (12) we obtain V B(x) =t (s). Taking the derivative with respect to x a second time we get

3B 3°B 3°B 3B
P 11(8)s%,» =1,(s)sy,, =15(8)sy,, 5 =h(s)sy,.
i

0X20X1 0x10x7 0x;

Using (11) we get that t](s)s;, = t;(s)s}, , therefore B € C? (Q (O, g))). Finally, we check that B
satisfies the homogeneous Monge—Ampere equation. Indeed,

2B 9°B 9B 9%B

det(d’B) = : — :
ei( ) 8x12 ax% 0x20x7 0x10x2

=11(8)sy, - 1 (8)sy, —11(8)sy, - 15(s)sy, = 0. O

Definition 17. The function #(s) = (¢1(s), r2(s)) = VB(x), s = s(x), is called the gradient function
corresponding to B.

The following lemma investigates the concavity of the function B defined by (14). Let 1€ =
[ (sx) = x1, g(s(x)) — x2) ||, where x = (x1, x2) € Q(O(J, &)).

Lemma 18. The following equalities hold:

aZB 323 g// (_

+ = /
ax?  ax3  K(K+60'1E)) g

_/Sl é;{((:)) cosG(r)dr) (tz(sl)— f (sl))

g"(s1)

TroY “g'(r)
+/S1 |:g”(y):| exp(— Ko cos@(r)dr) dy].

2+
_ g// [ (
= = —exp
K(K +0"|[£x)1)

Proof. Note that

3’B +323 £ (55! 4+ £5)s!
_2 _2 == 1 S Sl 2 S S2.
0x7 0x5
Therefore the lemma is a direct computation and application of (10), (11), (12) and Remark 14. O

Finally, we get the following important statement:
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Corollary 19. The function B is concave in Q(®(J, g)) if and only if F(s) < 0, where

F(s) =— exp(— /S 8'(r) cos O (r) dr) (12(51) - f”(sl))

K(r) 8" (s1)
K /" 4 s I
+/ |:f// (y)} exp<— / L) cos O (r) dr) dy
s L&) y K@)
I (s)
= —1(s). 17
e ~® (17)
Proof. B satisfies the homogeneous Monge—Ampere equation. Therefore, B is concave if and only if
3’B  3’B
— +t-—==0 (18)
0x; 0x3
Note that
g//
= >0
K(K +0'[[£x)[D
Hence, according to Lemma 18, the inequality (18) holds if and only if F(s) < 0. O

Furthermore, the function & will be called a force function.

Remark 20. The fact that t,(s) = f”/g” — F together with (13) implies that the force function F satisfies
the differential equation

0 /U
%4%%5’”—[][—”} =0, sel,
1" (1) 1
S
F(s1) = —; L h(sh).
g"(s1)

We remind the reader that, for an arbitrary smooth curve y = (s, g(s), f(s)), the torsion has the
expression

det(y/ y// y///) f///g// _ g///f// (g//)z f// !
Iy <y lly' xy"I> Iy’ xy"I? [g”] '

Corollary 21. If F(s1) <0 and the torsion of a curve (s, g(s), f(s)), s € J is negative, then the function B

defined by (14) is concave.

Proof. The corollary is an immediate consequence of (17). U

Thus, we see that the torsion of the boundary data plays a crucial role in the concavity of a surface
with zero Gaussian curvature. More detailed investigations about how we choose the constant #,(s;) will
be given in Section 3.2.

Let ®(J, g) and (:)(J , &) be foliations with some argument functions 6(s) and 0 (s), respectively.
Let B and B be the corresponding functions defined by (14), and let %, F be the corresponding force
functions. Note that F(s) = ?;?(s) is equivalent to the equality 7 (s) = 7(s), where 7(s) = (t,(s), t»(s)) and
t(s) = (11(s), t2(s)) are the corresponding gradients of B and B (see (12) and Corollary 19).

Assume that the functions B and B are concave functions.
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o~

{(x)

(s(z),9(s(x)))
Figure 3. Foliations ®(J, g) and O(J, g).

Lemma 22. Ifsin(@ —6) >0 forall s € J, and F(s1) = F(s1), then B < B on Q(O(J, ))NQO(J, 2)).

In other words, the lemma says that if, at the initial point (s;, g(s1)), gradients of the functions B
and B coincide and the foliation ©(J, g) is “to the left of” the foliation ®(J, g) (see Figure 3), then
B<B provided B and B are concave.

Proof. Let K and K be the corresponding functions of B and B defined by (9). The condition K, K <0
implies that the inequality sin(d —6) > 0 is equivalent to the inequality

cosf  cosf
— =
K

for s € J. (20)

Indeed, if we rewrite (20) as K cos6 > K cos 6 then this simplifies to — sin 8 cos® > —sinf cos b, so
the result follows.

The force functions %, F satisfy the differential equation (19) with the same boundary condition
F(s1) = F(s1). Then, by (20) and by comparison theorems, we get & > % on J. This and (17) imply that
f» <t on J. Pick any point x € Q(O(J, g)) N Q(@(J, g)). Then there exists a segment £(x) € O(J, g).
Let (s (x), g(s (x))) be the corresponding endpoint of this segment. There exists a segment le @(J ,8)
which has (s(x), g(s(x))) as an endpoint (see Figure 3).

Consider a tangent plane L(x) to (x1, x2, B) at the point (s(x) g(s (x))) The fact that the gradient
of B is constant on £ implies that L is tangent to (x1, X7, B) on £. Therefore,

L(x) = f(5) +((f1(5), 2 (s)), (x1 =5, x2 — g(5))),

where x = (x1, x2) and s = s(x). The concavity of B implies that a value of the function B ata point y
seen from the point (s(x), g(s(x))) is less than L(y). In particular, B (x) < L(x). Now it is enough to
prove that L(x) < B(x). By (14) we have

B(x) = f(s)+((11(s), 12(s)), (x1 —5(x), x2 — g(5))).

Therefore, using (12), the fact that <(—g/, 1), (x1 —s5,x — g(s))> >0 and 1, < 1, we get the desired
result. u
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(s2,9(s2))

J- J+

\J

Figure 4. Gluing of B~ and B™.

Let J~ =[s1, s2] and J* =52, s3], where J—, J™ C I. Consider arbitrary foliations ©~ =0~ (J ", g)
and OT =OT(JT, g) such that Q(O7)NQ(OF) =, and let &~ and 6 be the corresponding argument
functions. Let B~ and B™ be the corresponding functions defined £ (s,), where £~ (s3) € @~ by (14),
and let t~ = (], 1, ) and 1" = (tfr , t2+ ) be the corresponding gradient functions. Set Ang(s;) to be a
convex hull of £~ (s,) and and £ (s,) € O are the segments with the endpoint (s2, g(s2)) (see Figure 4).
We require that Ang(s;) N Q(O7) = £~ and Ang(sy) NQ(OT) = ¢,

Let %~, & be the corresponding forces, and let Bay, be the function defined linearly on Ang(s,) via
the values of B~ and BT on £, £ respectively.

Lemma 23. Ift, (s;) = t2+ (s2), then the function B defined by

B~ (x) fxeQ(OU,g)),
B(x) = { Bang(x) if x € Ang(s2),
BT (x) ifxeQ(OUT,9),

belongs to the class C'((®7)UAng(s;) UQ(OH)UT(J~UJ)).

Proof. By (12) the condition #, (s2) = t2+ (s2) is equivalent to the condition ¢~ (s7) =t (s3). We recall
that the gradient of B~ is constant on £~ (s3), and the gradient of BT is constant on £7 (s;), therefore the
lemma follows immediately from the fact that B~ (s, g(s2)) = BT (52, g(s52)). U

Remark 24. The fact B € C'! implies that its gradient function ¢ (s) = V B is well defined and is continuous.
Unfortunately, it is not necessarily true that ¢ (s) € C Y([s1, s3]). However, it is clear that 7 (s) € C!([s1, s2])
and t(s) € C'([s2, s3]).

We finish this section with the following important corollary about concave extension of the functions
with zero Gaussian curvature:
Let B~ and B™ be defined as above (see Figure 4). Assume that 1, (s2) = t2+ (s2).

Corollary 25. If B~ is concave in Q(©®7) and the torsion of the curve (s, g(s), f(s)) is nonnegative on
J T =52, 53] then the function B defined in Lemma 23 is concave in the domain Q (©~)UAng(s,)UQ(OT).
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In other words, the corollary tells us that, if we have constructed a concave function B~ which satisfies
the homogeneous Monge—Ampere equation, and we glue B~ smoothly with B (which also satisfies the
homogeneous Monge—Ampere equation), then the result, B, is a concave function provided that the space
curve (s, g(s), f(s)) has nonnegative torsion on the interval J .

Proof. By Corollary 19, concavity of B~ implies %~ (s2) < 0. By (17) the condition #, (s2) = t2+ (s2)
is equivalent to ¥~ (s2) = F T (s2). By Corollary 21 we get that B is concave. Thus, concavity of B
follows from Lemma 23. 0

3.2. Cup. In this subsection we are going to consider a special type of foliation, which is called a cup.
Fix an interval / and consider an arbitrary curve (s, g(s), f(s)) € C3(I). We suppose that g’ > 0 on [.
Let a(s) € C'(J) be a function such that a’(s) < 0 on J, where J = [so, s1] is a subinterval of /. Assume
that a(so) < so and [a(s1), a(so)] C I. Consider a set of open segments O¢yp(J, g) consisting of those
segments £(s, g(s)), s € J such that £(s, g(s)) is a segment in the plane joining the points (s, g(s)) and
(a(s), g(a(s))) (see Figure 5).

Lemma 26. The set of segments Ocyp(J, g) described above forms a foliation.

Proof. We need to check the six requirements for a set to be the foliation. Most of them are trivial except
for (4) and (5). We know the endpoints of each segment, therefore we can consider the argument function

g(s) —g(a(S)))

0(s)=m + arctan(
s —al(s)

Surely 6(s) € C L(J), so requirement (4) is satisfied. We check requirement (5). It is clear that it is enough
to check this requirement for x = (a(s), g(a(s)). Let s = s(x); then

K(s)+6' ()l (a(s) —s, gla(s)) — g(s)
(1, ), (g—g@,a—s) (g —ag@)s—a)—(1—d)(g—ga)
I(g@) —g.s —a)l I(g(a)—g.s—a)ll
_a {1, ¢'(a), (g —ga),a—s))
B I(ga)—g.s —a)ll

which is strictly negative. U

’

Lety(t) = (¢, g(t), f(t)) € C3([ag, bo]) be an arbitrary curve such that ¢g” > 0 on [ag, byg]. Assume
that the torsion of y is positive on I~ = (ayg, ¢), and it is negative on I = (c, by) for some ¢ € (ay, by).

Lemma 27. For all P such that 0 < P < min{c — ag, by — ¢}, there exista € I~, b € I'" such that
b—a= P and
1 1 a—>b
g'(a) g'b) gla)—gb)|=0. (21)
f'@) f'(b) f(a)— f(b)

Proof. Pick a number a € (ag, by) such that b =a + P € (ag, byp). We denote

—g(b
g(a) — g(b) _g,(a))
a

M(a,b) = (a —b)(g'(b) — g/(a))< 5
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Figure 5. The foliation Oy, (/, g).

Note that the conditions a # b and g” > 0 imply Jl(a, b) # 0. Then
1 1 a—>b
g'(a) g'(b) gla)—g(b)|=Ma,b)
f'@) f'b) fla)— fb)
Thus our equation (21) turns into
fl@—fb) = fll@a=b [’ -—f(a) _o.
gla)—gb)—g(a)a—b) g'b)—g'(a)
We consider the functions V(x) = f(x) — f'(a)x and U (x) = g(x) — g’(a)x. Note that U (a) 7~ U (b) and
U’ #0on (a, b). Therefore, by Cauchy’s mean value theorem there exists a point £ = &(a, b) € (a, b)
such that

[f(a) —f®) = fll@a—-b) f(b)— f/(a)]
gl@a)—gb)—g@@—-b) gb-gw@ ]

(22)

f(@)— f(b)— f'(a)(a—b) _V@-V®) _ V(&) _ 1) — fl(a)
gla)—gb)—g'a)a—b) U@-U®b) U'E gE—g
Now we define

def ['(z) — f'(a)

Cf@-g@’
So the left-hand side of (22) takes the form W, (&) — W, (b) = 0 for some &(a, P) € (a, b). We consider
the curve v(s) = (g’(s), f'(s)), which is a graph on [ag, by]. The fact that the torsion of the curve
y(s) = (s, g(s), f(s)) changes sign from + to — at the point ¢ € (ag, bg) means that the curve v(s) is

Wa(2) z € (a,b].

strictly convex on the interval (ag, ¢) and it is strictly concave on the interval (c, bg). We consider a
function obtained from (22),

wf [(2)—fe+P)+ [ @QP f'z+P)—f)

2@ -g@+P)+E@P  fG@+P) - )
Note that D(ag) = Wy, () —W,, (ao+ P) for some ¢ =¢ (ag, P) € (ao, ap+ P). We know that v(s) is strictly
convex on the interval (ag, ap + P). This implies that W, (z) — Wy, (ap + P) < 0 for all z € (ap, ap + P).
In particular, D(ap) < 0. Similarly, concavity of v(s) on (c, c + P) implies that D(c) > 0. Hence, there
exists a € (agp, ¢) such that D(a) =0. O

D(z) z € [ap, c]. (23)
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Let a; and b; be some solutions of (21) obtained by Lemma 27.

Lemma 28. There exists a function a(s) € C'((c, b1]) N C([c, b1]) such that a(by) = ay, a(c) = c,
a'(s) <0, and the pair (a(s), s) solves (21) for all s € [c, b1].

Proof. The proof of the lemma is a consequence of the implicit function theorem. Let a < b, and consider

the function
1 1 a—>b

def
P, b)= |g'@) g'b) gla)—gb)|.
f'@) f'(b) f(a)— f(b)
We are going to find the signs of the partial derivatives of ®(a, b) at the point (a, b) = (a1, b;). We
present the calculation only for d®/db. The case for d®/da is similar.

1 0 a—>b

ad@.b) |, .,
—r = g@ g'®) g@)—g®)
fl@ f'®) fla)— fb)
L (@ —g®) , \[f@—fb) - f@@—b f'b)
=(a—b)g' ()| =2 - .
(a=hg )( a—b g("))[g(a)—g(b)—g’(a)(a—b) g”(b)]
Note that b
(a—b)g"(b) (% - g’(a)) <0,

therefore we see that the sign of 0®/0b depends only on the sign of the expression

fl@—f®)—fl@a=b f'O)
gla)—gb)—g'(a)a—b) g'(b)
We use the cup equation (22), and we obtain that the expression (24) at the point (a, b) = (ay, b)
takes the form

(24)

J'®) = f'@ o)
gb)—g'@ g'b)

The above expression has the following geometric meaning. We consider the curve v(s) = (g'(s), f'(s)),

(25)

and we draw a segment which connects the points v(a) and v(b). The above expression is the difference
between the slope of the line which passes through the segment [v(a), v(b)] and the slope of the tangent
line of the curve v(s) at the point b. In the case shown in Figure 6, this difference is positive. Recall
that v(s) is strictly convex on (ay, ¢) and it is strictly concave on (c, b1). Therefore, one can easily note
that this expression (25) is always positive if the segment [v(a), v(b)] also intersects the curve v(s) at
a point £ such that @ < & < b. This always happens in our case because (22) means that the points
v(a), v(€), v(b) lie on the same line, where & was determined from Cauchy’s mean value theorem. Thus,

f'o) - f@ o,

/ / 17 (26)
g'b)—g'(a) g"(b)
Similarly, we can obtain that d®/da < 0, because this is the same as to show that
/ b . / 4
fo)-f@  f'@ o7

>
g'b)—g'(a) g"(a)
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Y

Figure 6. Graph of v(s).

Thus, by the implicit function theorem there exists a C! function a(s) in some neighborhood of 5| such
that a’(s) = —®) /®;, < 0, and the pair (a(s), s) solves (21).

Now we will explain that the function a(s) can be defined on (c, b] and, moreover, lims_, .49 a(s) =c.
Indeed, whenever a(s) € (ay, ¢) and s € (¢, by) we can use the implicit function theorem, and we can extend
the function a(s). It is clear that for each s we have a(s) € [aq, ¢) and s € (¢, by). Indeed, if a(s), s € (a1, c],
or a(s), s € [c, by), then (21) has a definite sign (see (23)). It follows that a(s) € C'((c, b1]), and the
condition a’(s) < 0 implies lim;_, .9 a(s) = c¢. Hence a(s) € C([c, b1]). Il

It is worth mentioning that we did not use the fact that the torsion of (s, g(s), f(s)) changes sign from
+ to —. The only thing we needed was that the torsion changes sign.
Let a; and b be any solutions of (21) from Lemma 27, and let a(s) be any function from Lemma 28. Fix
an arbitrary s1 € (c, b1) and consider the foliation Ocyp([s1, b1], g) constructed by a(s) (see Lemma 26).
Let B be the function defined by (14), where
_ [ = fla(sy)

= . 28
260 = e —gats) 8

Set Qeup = L(Ocup([51, b1], ), and let ﬁcup be the closure of Qcyp.

Lemma 29. The function B satisfies the following properties
(1) B € C*(Qeup) N C' (Qeup)-
(2) B(a(s), gla(s))) = f(a(s)) forall s € [sy, by ].

(3) B is a concave function in S_Zcup.

Proof. The first property follows from Lemma 16 and the fact that VB(x) = ¢(s) for s = s(x), where
s(x) is a continuous function in S_Zcup.

We are going to check the second property. We recall (see (12)) that 7;(s) = f'(s) — t2(s)g’(s).
Condition (28) implies that

ti(s1) +n(sng'als) = f'(als). (29)
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Let B(a(s), g(a(s))) = f(a(s)). After differentiation of this equality we get t;(s1) +2(s1) g’ (a(s1)) =
f'(a(s1)). Hence, (29) implies that f'(a(s1)) = f'(a(s1)). It is clear that
t1(s) +12()g'(s) = f'(s),
1(s) +1(s)g'(@(s)) = f'(a(s)),
1n(s)(s —a(s)) +2(s)(g(s) — ga(s))) = £(s) — f(a(s)),

which implies
1 1 s —a(s)
g'(s) g'a(s)) gs)—glals)|=0.
f'(s) f(a(s)) f(s)— fla(s))

This equality can be rewritten as follows:

' 1 s —al(s)
g'(a(s)) g(s) —gla(s))

1 s—a(s)

¢ o(s) — glaisy| T TN @) @6) — ') =0.

f ~-fl@

By virtue of Lemma 28 we have the same equality as above except f is replaced by f. We subtract one
from the other:

1
g'(a(s)) —g'(s)

1 s —a(s)

[f(a(s) = Fla@n] + [ @) = f'as)] - ¢ o) — statsn| =

Note that
1 1 s—a(s)

g'(a(s)) —g'(s) [8" 8(s) —gla(s))

and a(s) is invertible. Therefore, we get the differential equation z(u)C (1) + z'(u) = 0, where C is in
CY(la(®1), a(s)]), z(u) = f(u) — f(u) and C < 0. The condition z'(a(s;)) = 0 implies z(a(s)) = 0.
Note that z = 0 is a trivial solution. Therefore, by uniqueness of solutions to ODEs, we get z = 0.
We are going to check the concavity of B. Let & be the force function corresponding to B. By
Corollary 21 we only need to check that F(s;) < 0. Note that (17) and (28) imply
L0 o 60 f ) = )
8" (s1) g'(s1)  g'(s1) —g'als)’

which is negative by (26). U

Remark 30. The above lemma is true for all choices s; € (c, b1). If we send s to ¢ then one can easily
see that limg, .4 t2(s1) = 0, therefore the force function & takes the form

e [TTSDY (8D
Jv(s)—/c [g”(y)] exp( /y 0 cos@(r)dr) dy.

This is another way to show that the force function is nonpositive.

The next lemma shows that, regardless of the choices of initial solution (a;, b;) of (21), the function a(s)
constructed by Lemma 28 is unique (i.e., it does not depend on the pair (ai, b1)).
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a(s2) a(s1)=a(s1) c s1 S0

Figure 7. Uniqueness of the cup.

Lemma 31. Let pairs (a1, b1), (ai, 151) solve (21), and let a(s), a(s) be the corresponding functions
obtained by Lemma 28. Then a(s) = a(s) on [c, min{b;, l;l}].

Proof. By the uniqueness result of the implicit function theorem we only need to show existence of
si € (¢, min{by, 151 }) such that a(s1) = a(s1). Without loss of generality, assume that l;l =b; =s7. We
can also assume that a(sy) > a(s»), because other cases can be solved in a similar way.

Let ® = Ocyp([c, 521, g) and Q= @Cup([c, s2], g) be the foliations corresponding to the functions a(s)
and a(s). Let B and B be the functions corresponding to these foliations from Lemma 29. We consider
achord 7 in R j joining the points (a(sl) gla(sy)), f(a(s]))) and (s, g(s1), f(s1)) (see Figure 7). We
want to show that the chord 7' belongs to the graph of B. Indeed, concavity of B (see Lemma 29)
implies that the chord T lies below the graph of B(xl, Xx2), where (x1, x») € (@). Moreover, concavity
of B, 2(®) C Q(O) and the fact that the graph B consists of chords joining the points of the curve
(t, g(t), f(¢)) imply that the graph B lies above the graph B. In particular, the chord T, belonging to
the graph B, lies above the graph B. This can happen if and only if T belongs to the graph B. Now we
show that, if 51 < s, then the torsion of the curve (s, g(s), f(s)) is zero for s € [s1, s2]. Indeed, let T
be a chord in R3 which joins the points (a(sl), gla(sy)), f(a(sl))) and (s, g(s2), f(s2)). We consider
the tangent plane L(x) to the graph B at the point (x1, x2) = (a (s1), g(a (sl))). This tangent plane must
contain both chords 7 and 7', and it must be tangent to the surface at these chords. Concavity of B
implies that the tangent plane L coincides with B at points belonging to the triangle, which is the convex
hull of the points (a (s1), g(a (sl))), (s1, g(s1)) and (s2, g(s2)). Therefore, it is clear that the tangent
plane L coincides with B on the segments £ € © with the endpoint at (s, g(s)) for s € [s1, s2]. Thus
L((s, (s))) = B((s, g(s))) for any s € [s1, 52]. This means that the torsion of the curve (s, g(s), f(s))
is zero on s € [s1, s2], which contradicts our assumption about the torsion. Therefore 5| = s;. Il

Corollary 32. In the conditions of Lemma 27, for all 0 < P < min{c — ag, by — ¢} there exists a unique
pair (ay, by) which solves (21) such that by —a; = P.
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The above corollary implies that, if the pairs (a1, b1) and (a, l;l) solve (21), then a; # a; and by # b R
and one of the following conditions holds: (a;, b1) C (ai, 151) or (ap, 151) C (ay, by).

Remark 33. The function a(s) is defined on the right of the point c. We extend naturally its definition
on the left of the interval by a(s) def a=l(s).

4. Construction of the Bellman function

4.1. Reduction to the two-dimensional case. We are going to construct the Bellman function for the
case p < 2. The case p = 2 is trivial, and the case p > 2 was solved in [Boros et al. 2012]. From the
definition of H it follows that

H(x1,x2, x3) = H(|x1], |x2|, x3) forall (x1,x2, x3) € 2. (30)
Also note the homogeneity condition
H(Axy, Axa, APx3) = APH(x1, x2, x3) forall A > 0. (31)

These two conditions (30), (31), which follow from the nature of the boundary data (x> + r2y?)*?, make
the construction of H easier. However, in order to construct the function H, this information is not
necessary. Further, we assume that H is C 1(€) smooth. Then, from the symmetry (30), it follows that
oH .
— =0 onx;=0for j=1,2. (32)
8Xj
For convenience, as in [Boros et al. 2012], we rotate the system of coordinates (x1, x2, x3). Namely, let

def X1 + X2 def X2 — X def
NETSS nESS pnEn (33)

We define
def
N1, y2, y3) = H(y1 — y2, y1 +y2,y3) on Qi,

where Q1 = {(y1, y2, ¥3): ¥3 >0, |y1 — 2| < y3}. Itis clear that, for fixed y;, the function N is concave
in the variables y, and ys; moreover, for fixed y,, the function N is concave with respect to the other
variables. The symmetry (30) for N turns into the condition

N1, y2,¥3) = N(y2, ¥1, y3) = N(=y1, =2, ¥3). (34)
Thus it is sufficient to construct the function N on the domain
def
Q= (1, ¥, 93): 0120, —=y1 <y2 < yi, (1 —y2)P < y3).

Condition (32) turns into

ON ON
—_— = — on the hyperplane y, =y, (35)
dyr 9y
oN oN
=—— on the hyperplane y, = —y;. (36)

ay1 dy2
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The boundary condition (6) becomes

N1, y2, [y1 — »21P) = (1 + y2)> + 72 (1 — y)H) P2 (37)

The homogeneity condition (31) implies that N (Lyy, Ayz, AP y3) = AP N (y1, y2, y3) for A > 0. We choose
A =1/y1, and we obtain that

Y2 3
N1, y2, ¥3) =y{’N<1, =, —,,) (38)
Y1y

Suppose we are able to construct the function M (y;, y3) =Y (1, y2, y3) on

Q{2 y9): —1=m =1 (-3 <ys3)
with the following conditions:
(1) M is concave in Q3.
(2) M satisfies (37) for y; = 1.

(3) The extension of M onto €2 via formulas (38) and (34) is a function with the properties of N (see
(35), (36), and concavity of N).

(4) M is minimal among those who satisfy the conditions (1)—(3).

Then the extended function M should be N. So we are going to construct M on 3. We denote

e a-nr, re[-11], (39)

FOE O+ 4220 =M, tel-11]. (40)
Then we have the boundary condition

M(t,g(t))Zf(f), te[—l,l]. (41)

We differentiate the condition (38) with respect to y; at the point (y;, y2, y3) = (1, —1, y3) and we
obtain that

oN oN oN
_(la _17y3) =pN(1? —1,)’3)4‘_(17 _1ay3)_py3_» y3 ZO
a1 ay2 ay3
Now we use (36), so we obtain another requirement for M (y;, y3):
oM oM
0=pM(—1,y3) +2—(—1,y3) — pys——(—1,y3) for y3 >0. (42)
ay2 ay3

Similarly, we differentiate (38) with respect to y; at the point (y1, y2, ¥3) = (1, 1, y3) and use (35), so we
obtain

oM oM
0=pM(,y;) —2— (1, y3) — py3—(1,y3) for y3 >0. 43)
dy2 dy3

So, in order to satisfy conditions (35) and (36), the requirements (42) and (43) are necessary. It is easy to
see that these requirements are also sufficient in order to satisfy these conditions.
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The minimum between two concave functions with fixed boundary data is a concave function with the
same boundary data. Note also that the conditions (42) and (43) are still fulfilled after taking the minimum.
Thus it is quite reasonable to construct a candidate for M (y,, y3) as a minimal concave function on 23
with the boundary conditions (41), (42) and (43). We recall that we should also have the concavity of the
extended function N (y1, yz, y3) with respect to the variables y;, y3 for each fixed y,. This condition can
be verified after the construction of the function M (y,, y3).

4.2. Construction of a candidate for M. We are going to construct a candidate B for M. Firstly, we
show that, for T > 0, the torsion 7, of the boundary curve y () def (t,g@), f()) ont € (—1,1), where
f, g are defined by (39) and (40), changes sign once from + to —. We call this point the root of a cup.
We construct the cup around this point. Note that g’ <0, ¢” > 0 on [—1, 1). Therefore,

"
2
sign T, = sign(f”/— _i’” f”) = sign(f”/— T, P

- f”) = sign(v(1)).

where

VO E 1+ 22— DA+ A+ HEE+2p+3—3p)?
+ Q2 p—9tt+ttp+3-3p—6tD)r—p+5tt+2t%p—tip—107% + 1.

Note that v(—1) = 167* > 0 and v(1) = —8((p — 1) + 72) < 0. So the function v(¢) changes sign from +
to — at least once. Now, we show that v(¢) has only one root. For 72 < 3( p—1)/(3—p), note that the linear
function v (¢) is nonnegative, i.e., v’ (—1) =872 p(1+1%) > 0, v"(1) = —4(1+1?)(t*p—37>+3p—3) > 0.
Therefore, the convexity of v(¢) implies the uniqueness of the root v(¢) on [—1, 1].

Suppose 72 < 3(p —1)/(3 — p); we will show that v’ < 0 on [—1, 1]. Indeed, the discriminant of the
quadratic function v’(x) has the expression

D =16t*(r*+ D*((3—p)** = 9(p— 1)),

which is negative for 0 < 2 <3(p—1)/(3 — p). Moreover, v'(—1) = —4t?(t?>p +37t%>+3) < 0. Thus
we obtain that v’ is negative.
We denote the root of v by c. It is an appropriate time to make the following remark:

Remark 34. Note that v(—1+2/p) < 0. Indeed,

( | 2) (3p—2)(p2—2p—4)r4+(16+5p3—8p2— 16p)r2+8(1 —-p)
v JE— +_ —_—
3 9
p p

which is negative because the coefficients of 74, 72, ¥ are negative. Therefore, this inequality implies

thatc < —14+2/p.

Consider a = —1 and b = 1; the left side of (21) takes the positive value —22?~! p(1 — p). However,
if we consider a = —1 and b = ¢, then the proof of Lemma 27 (see (23)) implies that the left side
of (21) is negative. Therefore, there exists a unique sg € (c, 1) such that the pair (—1, sp) solves (21).
Uniqueness follows from Corollary 32. The equation (21) for the pair (—1, sg) is equivalent to the
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OM __ aM Aus OM _ M
9yo Oy3 Oyz ~ 9y3

y=(y2,y3)

Figure 8. The segment £(y).

equation u((1 +sp)/(1 —so)) = 0, where
U@ E P (p— D@+ _2(p -+ 1+ P —z22—p)— 1. (44)

Lemma 28 gives the function a(s), and Lemma 29 gives the concave function B(y,, y3) for s; = ¢ with
the foliation Ocup((c, so], &) in the domain Q(Ocyp((c, 0], 8)).
The above explanation implies the following corollary:

Corollary 35. Pick any point y, € (—1, 1). The inequalities sy < y3, So = Y2 and y, > s are equivalent
to the following inequalities, respectively: u((1 + y2)/(1 — ¥2)) < 0, u((1 4+ ¥2)/(1 — y2)) = 0 and
u((1+52)/(1=y)) > 0.

Now we are going to extend C' smoothly the function B on the upper part of the cup. Recall that we
are looking for a minimal concave function. If we construct a function with a foliation ®([sg, y21, £),
where ¥, € (s9, 1), then the best thing we can do according to Lemma 23 and Lemma 22 is to minimize
sin(Ocup (s0) — € (s0)), where Ocyp(s) is an argument function of Oy ((c, s0l, g) and O(s) is an argument
function of ®([sg, y2], £). In other words, we need to choose segments from ® ([sg, y2], g) close enough
to the segments of Oy, ((c, s0l, ).

Thus, we are going to construct the set of segments ® ([so, y>]) so that they start from (s, g(s), f(s)),
s € [0, ¥2], and they go to the boundary y, = —1 of Q3.

We explain how the conditions (42) and (43) allow us to construct such a type of foliation ® ([sg, y21, &)
in a unique way. Let £(y) be the segment with the endpoints (s, g(s)), where s € (s, y2) and (—1, h(s))
(see Figure 8).

Let t(s) = (t1(s), t2(s)) = VB(y), where s = s(y) is the corresponding gradient function. Then (42)
takes the form

0=pB(—1, h(s)) +2t1(s) — ph(s)tz(s). (45)
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oM __ 9M OM _ 9M
dyy —  Oyg dyy ~ 9y3
O([50,Yp),9)

Ang(so)  h(so)

\

@C‘JP((C930] 79)

1 U2

Figure 9. Foliations ©¢up((c, sol, g) and O ([so, y,), &)-

We differentiate this expression with respect to s, and we obtain
211(s) — ph(s)ty(s) = 0. (46)

Then, according to (11), we find the function tan 6 (s), and, hence, we find the quantity A (s):

ph(s) h(s)—g(s) _ ph(s)
2 = s+1 2

tanf(s) = —

Therefore,

2
), where y, & —1+4 =, (47)
p

B 2g<s>( 1

We see that the function A(s) is well defined, it increases, and it is differentiable on —1 <5 < y,. So we
conclude that if 59 < y, then we are able to construct the set of segments © ([so, y,), g) that pass through
the points (s, g(s)), where s € [so, y,), and through the boundary y, = —1 (see Figure 9).

It is easy to check that ©([so, y,), g) is a foliation, so, taking the value 7,(so) of B on Q(@([so, Yp)s g))
according to Lemma 23, by Corollary 25 we have constructed a concave function B in the domain
Q(Ocup (e, 50, £)) U Ang(s0) U (O [s0, ¥ 1. 2)).

It is clear that the foliation ®([so0, y,), &) exists as long as sy < y,. Note that (1+y,)/(1 —y,) =
1/(p —1). Therefore, Corollary 35 implies the following remark:

Remark 36. The inequalities so < yp, so =y, and sy > y, are equivalent to the following inequalities
respectively: u(1/(p—1)) <0, u(1/(p—1)) =0and u(1/(p — 1)) > 0.

At the point y,, the segments from O ([so, y,), g) become vertical. After the point (y,, g(y,)), we
should consider vertical segments ®([y,, 11, g) (see Figure 10), because by Lemma 22 this corresponds
to the minimal function. Surely ©([y,, 1], g) is the foliation. Again, choosing the value #(y,) of B on
Q(@([y ps 11, g)) according to Lemma 23, by Corollary 25 we have constructed the concave function B
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OM _ M Y3 OM _ dM
dyy—  Oy3 dyy~ 9dy3
O([50,9p)»9) O([yp,1],9)

Ang(so)  h(so)

Ocup((¢,50],9) [

Figure 10. The case u(1/(p — 1)) <O.

on Q3. Note that if 5o > y, (which corresponds to the inequality u(1/(p — 1)) > 0) then we do not have
the foliation ®([so, y,), g). In this case we consider only vertical segments O ([so, 1], g) (see Figure 11),
and again, choosing the value #,(sg) of B on Q(®([sg, 1], g)) according to Lemma 23, by Corollary 25
we construct a concave function B on Q3. We believe that B = M.

We still have to check the requirements (42) and (43). A crucial role is played by symmetry of the
boundary data of N. Further, the given proofs work for both of the cases y, < so and y, > 5o, so we do
not consider them separately.

The requirement (43) follows immediately. Indeed, the condition (14) at the point y = (1, y3) (note that
in (14) instead of x = (x1, x2) we consider y = (y2, y3)) implies that B(1, y3) = f(1) + (1) (y3 — g(1)).
Therefore, (43) takes the form 0 = pf (1) — 2, (1). Using (12), we obtain that ¢;(1) = f/(1). Therefore,
we see that pf (1) — 2 (1) = pf (1) —2f'(1) =0.

Now, we are going to obtain the requirement (42) which is the same as (45). The quantities ¢, #, of B
with the foliation O ([so, y,), g) satisfy the condition (46) which was obtained by differentiation of (45).
So we only need to check the condition (45) at the initial point s = sg. If we substitute the expression
of B from (14) into (45), then (45) turns into the following equivalent condition:

1($)(s = yp) +12(s)g(s) = f(5). (48)

Note that (12) allows us to rewrite (48) into the equivalent condition

_ SO =6 =yp)f(s)

1 (s) . 49)
g(s) — (s —yp)g'(s)
And, as was mentioned above we only need to check condition (49) at the point s = s, i.e.,
f(s0) = (so—yp) f'(s0)
t2(s0) = £ (50)

—g(s0) — (50— yp)g'(s0)
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oM __ oM y3 oM _ oM
9y2 Oy3 Oyz ™~ 9y3

O([s0,1],9)

Ang(so)

ecup((c’s()]’g) !

/

Yp 50 1 Y2

|
—
[}

Figure 11. The case u(1/(p —1)) > 0.

On the other hand, if we differentiate the boundary condition B(s, g(s)) = f(s) at the points s = sg, —1,

then we obtain
11(so) + 12(50)g" (—1) = f'(=1),

11(s0) + 12(s0)8" (s0) = f'(s0).

Thus we can find the value of #,(sp):

f'(=1) — f'(s0)
= . 51
R0 = Ch = g0 Gb
So these two values (51) and (50) must coincide. In other words, we need to show
f(s0) = (so—yp) f'(s0) _ f'(=1)— f'(s0) (52)

g(s0) = (50— yp)g'(s0) ~ g'(=1)—¢'(s0) "
It will be convenient for us to work with the following notations for the rest of the current subsection.
We denote g(—1) = g—, g'(=1) =g_, f(=D) = f-, f/(=1) = fL g(s0) = g, &'(s0) = &, f(s0) = f
and f'(so) = f'. The condition (52) is equivalent to
L+ S8 g —gf! L+ f8— g —sf! 2
_fs /f/g f/g/ 8f +yp:(fg /f/g f/g/ 8f _1>+_. (53)
8 —g'f- fe-—gf- p
On the other hand, from (21) for the pair (—1, s9), we obtain that
(feL+[fg—f8 —gf | fe-+glf-—gf-—flg-
0= e =g )7 gf—fg '
So, from (53) we see that it suffices to show that

fle-+g f-—8f-—flg- _2

50

gf—re- 12
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We note that ¢’ = —(p/2)g_, f. = —(p/2)f_, hence g’ f_ = f’ g_. Therefore, we have
fle-+elf-—g'f-—flg- _ fle—gf 2

gf —fg. g fl—-fg  p

4.3. Concavity in another direction. We are going to check the concavity of the extended function N

via B in another direction. It is worth mentioning that both of the cases y, < so, y, > so do not play any
role in the following computations, therefore we consider them together. We define a candidate for N as

def Y2 y3 Y2 ¥3
N(y1, y2.y3) = y{’B(l, =, —,,) for (—, —,,) € Qs (54)
Yoy N

and we extend N to 21 by (34). Then, as was already discussed, N € C 1(Q1). We need the following
technical lemma:

_ 2
Lemma 37, N, Ny, = (V07 = —tishp(p = 0o 2 (sn4gn= £+ 20 (2 1))

where s = s(y2/y1, y3/y1) and (y2/y1, y3/y}) € int(Q3) \ Ang(so).
As was mentioned in Remark 24, the gradient function 7 (s) is not necessarily differentiable at the point
so; this is the reason for the requirement (y»/y1, y3/ yf ) € int(23) \ Ang(sg) in the lemma. However,

from the proof of the lemma, the reader can easily see that N N’ — (N’ )% =0 whenever the points

Yiy1© y3y3 yiy3
(y2/y1, y3/ yf’ ) belong to the interior of the domain Ang(sg).

Proof. The definition of the candidate N (see (54)) implies Ny, . = t5(s)sy,, Ny, =t5s; and

yo yioyy i v

B(H y—f,) =f(s)+t1-(E—s)ﬂz'(y—f,—g(s)).
)’1 yl YI yl

We substitute this expression for B(y»2/y1, y3/ yf ) into (55), and we obtain

Condition (14) implies

—1 y2
N;u = yf (Pf + ;11(19 —1)— pst; — pgt2>_ (56)
The condition (y2/y1, y3/y!) € int(23) \ Ang(so) implies the equality N}, =Ny, . which in turn
gives
- y2
tﬁs;l = y{’ 1<pf/ + ;ti(p — 1) —(pst —I—pgtz)g)s;}.
Hence,

-1 2
th- (s3> =yl (pf/ + ;t{ (p—1—(psti + pgtz)@)S;Ss;l- (57)
We keep in mind this identity, and continue our calculations:

_ »2 - »
Ny =(p—=1y! 2<pf+;tl(l7_2)_l75tl_Pgt2)+yf) I(Pf/‘F;fi(P—l)—(PStl+ng2);>s;l-
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So, finally we obtain

" " " 2 " e N2
N}’lley3y3_(Ny1Y3) _t2(Ny1y1sy3 t2(sy1) )-

Now we use the identity (57), and we substitute the expression (s;1 )2:

-1 2
N = =5, (Vi =1 (01 200 =0 =+ e ),

-2 »2
= tés/g(p - 1))’{) pf +=—ti(p—2)— pst; — pgtr
. »
- Y2 2
= —t5,,p(p = Dy} 2(sn +an—f+ 20 (; - 1)) 0

Now we are going to consider several cases, when the points (y2/y1, y3/ yf’ ) belong to the different
subdomains in 23. Note that we always have N;/m < 0, because of the fact that B is concave in 23
and (54). So we only have to check that the determinant of the Hessian of N is negative. If the determinant
of the Hessian is zero, then it is sufficient to ensure that N;’} 1, 18 strictly negative, and, if N;g 1 is also

zero, then we need to ensure that N/

J1,y 1S nonpositive.

The domain 2(O[so, y,1). In this case we can use the equality (48), and we obtain that

sty +gh — f=ypt1.

Therefore,

2 p—2 Y2
Vi N = V3 = —tisp(p = 3f Py (1422) 20

because #; > 0. Indeed, #1(s) is continuous on [c, 1], where c¢ is the root of the cup and B;fm = tis;z <0;
therefore, because of the fact s;z > 0, it suffices to check that ¢; (1) > 0, which follows from the inequality

n() = f'(H)—nlg' 1) = f1)>0.

Domain of linearity Ang(sp). This is the domain that consists of the triangle ABC with A = (—1, g(—1)),
B = (50, g(s0)) and C = (-1, h(sp)) if 59 < y,, and the infinite domain of linearity, which is of rectangular
type and which lies between the chords AB, BC’, where C’ = (s, +00), and AC”, where C”" = (—1, +00)
(see Figure 11).

Suppose the points (y2/y1, y3/ ylp ) belong to the interior of Ang(sg). Then the gradient function ¢ (s)
of B is constant, and, moreover, s(y2/y1, ¥3/ yf ) is constant. The fact that the determinant of the Hessian
is zero in the domain of linearity (note that s;3 = 0) implies that we only need to check N ;,’l y <0. The
equality (56) implies

_ V2 _
Nj, = (p—D)y! z(pf+;t1(p—2)—psm1—pgtz>f(p—l)yf’ 2(pf — psot— pg—t (p—2)) =0.

The last equality follows from (48). The above inequality turns into an equality if and only if y,/y; = s¢;
this is the boundary point of Ang(sp).
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Domain of vertical segments. On the vertical segments, the determinant of the Hessian is zero (for

example, because the vertical segment is a vertical segment in all directions) and B;; y; = 0; therefore, we
must check that N;/lyl < 0. We note that s(y;, y3) = y2, so

-2
Ny =y1 x [(p=D(pf +sti(p—2) — psti — pgh) —s(pf' —tis —tip — pg'n)].

However, from (12) we have pf’ —t; p — pg'ts = 0; therefore,
-2
Ny =1 x[(p— D(pf — 25t — pghr) +5°11].

The condition #{ < 0 implies that it is sufficient to show pf — 2st; — pgt> < 0. We use (12), and we find
t1 = f' — g't,. Hence,

pf —2sti — pgtr = pf — gptr = 2s(f' — g'tr) = pf —2sf" —tr(gp — 2s¢').

Note that gp — 2sg’ > 0 (because s > 0 and g’ < 0). From (12) and the fact that on the vertical
segments #, is constant (see the expression for #, in Lemma 13 and note that cos 6 (s) = 0), it follows that
0>t = f” — g"t; therefore, we have 1, > f”/g". Therefore,

4

f
pf—=2sf —ta(gp —2sg") < pf —2sf' — ?(gp —2sg").
Now we recall the values (41), (40), and after direct calculations we obtain

" 2 . 2 ) N2 201 2
pf_zsf/_g(gp_%g/):f(l Hpp =D +5°+ 1 =9 +22(1 =5%) _

(p = D1 +5)* +72(1 —5))? B

Domain of the cup Q(Ocup((c, s0l, g)). The condition that N7, is strictly negative in the cup implies
that we only need to show st; + gt3 — f + (2 /y1)t1(2/p — 1) > 0, where s = s(y2/y1, y3/yf’) and the
points y = (y2/y1, y3/ ylp ) lie in the cup. Without loss of generality we can assume that y; = 1. Therefore
it suffices to show that st; + gt3 — f + y2t1(2/p — 1) = 0, where y = (y3, y3) € Q(@Cup((c, sol, g)). On
a segment with the fixed endpoint (s, g(s)) the expressions s, t1, g(s), t» and f(s) are constant, so the
expression st| + gty — f +y2£1(2/p—1) is linear with respect to y, on each segment of the cup. Therefore,
the worst case appears when y, = a(s) (it is the left end — an abscissa— of the given segment). This
is true because f; > 0 (as was already shown) and (2/p — 1) > 0. So, as a result, we derive that it is
sufficient to prove the inequality

2a(s)

2
St1+gf2—f+a(s)t1-<;—1> =n(s—a(s)+gh—f+ t1 > 0. (58)

We use the identity (14) at the point y = (a (s), gla (s))), and we find that

n(s —a(s)) + g — f=glals)n — f(a(s)).
We substitute this expression into (58), then we get that it suffices to prove the inequality

2
g(a(sNta — fla(s)) + 22

t>0. (59)
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We differentiate the condition B(a(s), g(a(s))) = f (s) with respect to s. Then we find the expression
for 11 (s), namely #;(s) = f'(a(s)) — t2(s)g’(a(s)). After substituting this expression into (59) we obtain
that

2ap)  1+z(  @-DE+Df@
gla@n - flalp+=, “_g%n(«1+@%+ﬂa—zﬁmwn ”“9’

where z = a(s). So it suffices to show that
(z—DE*+1)f(2)
((A+2)2+12(1-2)Hg'(2)
because g’ is negative. We are going to show that it is sufficient to check the condition (60) at the
point z = —1. Indeed, note that (tz)/Z >0 on [—1, c], where c is the root of the cup, and also note that

( C-D@E*+Df )’_r2+1
((14+2)2+12(1 —2)2)g’

—1(s) <0 (60)

(p—2)1—2)" P V[14+2*+2(1-2)21"*22(1 +2) <O.

Z

The condition (60) at the point z = —1 turns into the condition
P22+ 1
nn- D g
P

Now we recall (27) and 1, (s¢) = (f'(=1) — f'(s0)/(g'(—=1) — g'(s0)); therefore, we have
P 2124 1) e P22+ tP(p— 1) +1P7?
P ~ g'(-1) P  plp—1)

Thus we finish this section with the following remark:

1 (s0) — >

Remark 38. We still have to check the cases when the points (y2/y1, ¥3/ yf ) belong to the boundary of
Ang(sg) and the vertical rays y, = %1 in €23. The reader can easily see that, in this case, the concavity
of N follows from the observation that N € C' (). Symmetry of N covers the rest of the cases when

(v2/y1. y3/97) & Q3.

Thus we have constructed the candidate N.

5. Sharp constants via foliation

5.1. Main theorem. We remind the reader the definition of the functions u(z), g(s) and f(s) (see (44),
(39) and (40)), the value y, = —1+2/p and the definition of the function a(s) (see Lemma 28, Lemma 31
and Remark 33).

Theorem 39. Let 1 < p <2, let G be the martingale transform of F and let |[EG| < B|EF|. Set ' = E

B+1
@ ffu(l/(p—1) <0 then

(SIS}

2
E(z2F? 4+ G2)P/? < (f2+max{,8, %} ) E|F|P. (61)
=
(i) Ifu(1/(p — 1)) > 0 then

E(z*F*+GHP? < C(B)EIF|?,
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where C(B') is continuous, nondecreasing, and is defined by
(v2 + AP/ if B’ = s,

» 227 (1 —s0)"”! IR
cEH=E " (1 T @ hp-na —So)+2(2—]9)) Fp=mip
f'(s) — f(a(s1)
g'(s1) — g'(a(s1))
where sg € (—1+2/p, 1) is the solution of the equation u((1+sg)/(1 —s9)) =0, and the function R(s, 7)
is defined as follows:
def f'(a(s))g'(s) — f'(s)g'(a(s)) 1'(s) — f'(a(s))

R0 == o —v@sn VT gm—gas) Y

forze[—142/p,s*],s €z, so). The value s* € [—142/p, so] is the solution of the equation
f'(s*) — f'(a(s™)) _ f(s™)
g(s") —g'(a(s*)  g(s*)’

Proof. Before we investigate some of the cases mentioned in the theorem, we should make the following

if R(s1, B))=0 for s1 € (B, 50),

(62)

observation. The inequality (61) can be restated as follows:
H(x1, x2, x3) < Cx3, (63)

where H is defined by (5) and x; = EF, xo = EG, x3 = E|F|”. In order to derive the estimate (61), we
have to find the sharp C in (63). Because of the property (30), we can assume that both of the values x1, x»
are nonnegative. So, the nonnegativity of x|, x» and the condition |EG| < B|EF| can be reformulated as

_x1+x25x2—x1 S,B—l.X1+X2 (64)
2 2 B+1 2
The condition (64) with (63) in terms of the function N and the variables y;, y,, y3 means that we have

to find the sharp C such that

B—1
N(y1,y2,y3) <Cys for —y; <y» < Vi, ¥ € $2.
B+1
Because of (38), the above condition can be reformulated as
B—1
B(yz,y3) <Cy3 for —1 <y < Bl y3 = 8(2), (65)

B+

where B(y2, ¥y3) =N (1, y2, ¥3). So our aim is to find the sharp C, or in other words the value supy, y, B/ys,
where the supremum is taken from the domain mentioned in (65). Note that the quantity B(y2, y3)/y3
increases with respect to the variable y,. Indeed, (B(y2, ¥3)/ y3)’y2 =t1(s(y))/y3, where the function ¢, (s)
is nonnegative on [co, 1] (see the end of the proof of the concavity condition in the domain 2 (®[so, y,1)).
Note that, as we increase the value y,, the range of y; also increases. This means that the supremum of
the expression B/yj3 is attained on the subdomain where y, = (8 — 1)/(B + 1). It is worth mentioning



INEQUALITY FOR BURKHOLDER’S MARTINGALE TRANSFORM 795

that, since the quantity (8 —1)/(8+ 1) € [—1, 1] increases as § increases and because of the observation
made above, we see that the value C increases as 8’ increases.

5.2. The case y, < so. We are going to investigate the simple case (i). Remark 36 implies that so < y;
in other words, the foliation of vertical segments is ©([y,, 1], g), where the value 6(s) on [y,, 1] is equal
to 7 /2. This means that 7,(s) is constant on [y, 1] (see Lemma 13), and it is equal to f(y,)/g(yp) =
(> +1/(p = DHP7? (see (49)).

If (B—1)/(B+1)>y,,orequivalently 8 > 1/(p — 1), then the function B on the vertical segment
with the endpoint (8’, g(B')), where (B —1)/(B +1) = B’ € [y, 1), has the expression (see (14))

f()’p)

(-8B, y3=gB).
g(yp)

BB, y3) = f(B) +

Therefore,

B(B', y3) _ fOp) . g(B") (f(ﬁ’) ~ fOp)
y3 g(yp) yi \gB) gOp)

The expression f(s)/g(s) is strictly increasing on (—1, 1); therefore, (66) attains its maximal value at
the point y3 = g(B’). Thus, we have

B(y2,y3) _ BB y3) _ BB ¢(B)) _ f(B)
oy gB) 8(B")
If(B—1)/(B+1) <y, orequivalently B < 1/(p — 1), then we can achieve the value for C which
was achieved at the moment 8 = 1/(p — 1), and, since the function C = C(8’) increases as B’ increases,

this value will be the best. Indeed, it suffices to look at the foliation (see Figure 10). For any fixed y, we
send y3 to 400, and we obtain that

), 3= g(B). (66)

= (2 BHP? for —1<y3<PB, y3>g(n).

. B(ys, y3) . f()+n(s)(y2—s)+12(5)(y3 — g(5))
im —————— = lim
y3—>00 V3 y3—>00 Y3
P
. 5 1 2
:y3h_1;noot2(s(y)):t2(yp): (r + (p_l)z) .

5.3. The case y, > s9. As was already mentioned, the condition in case (ii) is equivalent to the inequality
so > yp (see Remark 36). This means that the foliation of the vertical segments is ®([so, 1], g) (see
Figure 11). We know that C(B’) is increasing. We recall that we are going to maximize the function
B(y2, y3)/y3; on the domain in (65). It was already mentioned that we can require y, =(8—1)/(B+1)=p".
For such fixed y, = 8’ € [—1, 1], we are going to investigate the monotonicity of the function B(8’, y3)/ys.
We consider several cases. Let 8’ > s9. We differentiate the function B(8’, y3)/ys with respect to y3, and
we use the expression (14) for B to obtain that

i(B(,B/, y3)> _ 0By = BB y3) _ —f(B)+nB)eB)
v\ »3 3 '

V3 y32
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Recall that 1, (s) = t2(sp) for s € [sg, 1]; therefore, direct calculations imply

f(s0) = (s0 = yp) f" (50) _fGo f(B)

2B = 0 — Go—ypg o) g6 ~gBy’ P =T
This implies that
C(,B/): sup B(ﬂ,)@):B(ﬁ»)’ﬁ :LIB/):(‘EZ—{—IBZ)IJ/Z‘
y3zg(p) V3 Y3 =gy 8B

Now we consider the case 8’ < so. For each point y = (8’, y3) that belongs to the line y, = g/, there
exists a segment £(y) € O((c, so], g) with the endpoint (s, g(s)), where s € [max{8’, a(B’)}, so]. If the
point y belongs to the domain of linearity Ang(so), then we can choose the value sy and consider any
segment with the endpoints y and (so, g(so)), which surely belongs to the domain of linearity. The reader
can easily see that as we increase the value y; the value s increases as well. So,

2 (B0 _ 0= B0 =10 n)E ) et
a3 3 2 '

Y32 Y3
Our aim is to investigate the sign of the expression — f(s) — 1 (s)(B’ — s) + t2(s)g(s) as we vary the
value y3 € [g(B'), +00). Without loss of generality, we can forget about the variable y3, and we can vary
only the value s on the interval [max{a(8’), B}, sol.
We consider the function R(s, z) def —f(s)—1t1(s)(z—s)+t2(s)g(s) with the domain —1 < z < g and
s € [max{a(z), z}, so] (see Figure 12). As we have already seen, R(sg, so) < 0. Note that R(sg, —1) > 0.
Indeed, R(sg, —1) = t2(s0)g(—1) — f(—1). This equality follows from the fact that

f(s0) = f(=1) =t1(s0) (so + 1) + 12(s0) (g (s0) — g(—1)),
which is a consequence of Lemma 29. So, (51) and (27) imply
J'(=1) = f'(s0) - /(=1 _fGED
g'(=D—g'(s0) g"(=1) ~ g(=1
The function R(z, so) is linear with respect to z. So, on the interval [—1, s¢], it has the root y, = —1+2/p.
Indeed,

r(so) =

—f(s0) +12(s0)8(s0) + 11 (s0)s50

11(s0) B

The last equality follows from (51), (53) and (12). We need a few more properties of the function R(s, z).
For each fixed z, the function R(s, z) is nonincreasing on [max{«(z), z}, so]. Indeed,

Yp-

Ri(s,2) = —f'(s) —11(s)(z = 5) +11(5) + 15(5) g (5) + 12(5) g (5). (67)
We take into account the condition (12), so the expression (67) simplifies to
R (s,2) =15(5)g(s) +11(s)(s —2).

We remind the reader of the equality (11) and the fact that #)(s) < 0. Therefore, we have Ry (s, z) = y3t}(s),
where y3 = y3(s) > 0. Thus we see that R(s, ') > 0 for B’ < y,,.
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So, if the function R( -, z) at the right end on its domain [max{«(z), z}, So] is positive, this will mean
that the function B/ys is increasing; hence, the constant C(8’) will be equal to
B(z, y3) (=1 = f'(s0)

C ! = 1 _— = =
Fr=m =, =Rl = ) Tt

(this follows from (51) and the structure of the foliation). Since u((1 4 s9)/(1 — sg)) = 0 and given (52),
direct computations show that

=D = f(s0) Tp(l 2277 (1 — 59)P~! )“. 68)

g (=) —g'(s0) @+ D(p— D1 —s50) +22—p)

So it follows that, if 8’ <y, then (68) is the value of C(8’).

If the function R( -, z) on the left end of its domain is nonpositive, this will mean that the function
B/ys is decreasing, so the sharp constant will be the value of the function B(z, y3)/y3 at the left end of
its domain:

B(z, y3)

Y3

NE)

= (12 + BHP/2. (69)
n=g &

C(p) =

We recall that c is the root of the cup and ¢ < y,, (see Remark 34). We will show that the function R(z, s)
is decreasing on the boundary s = z for s € (y,, sol. Indeed, (12) implies

(R(s,$))s = —f'(s) +15(5)g(5) + 12(5)8(s) = —t1(s) +15(s)g(s) <O.

The last inequality follows from the fact that #;(s) < 0 and #;(s) > 0 on (c, 1]. Surely R(yp, y,) >
R(s0, yp) =0, and we recall that R(so, so) <0, so there exists a unique s* € [y, so] such that R(s*, s*) =0.
This is equivalent to (62). So it is clear that R(z, z) <0 for z € [s*, so]. Therefore, C(8’) has the value
(69) for B’ > s*.

The only case that remains is when B’ € [y,, s*]. We know that R(z,z) > 0 for z € [y,, s*] and
R(s0, z) <0 for z € [y,, s*]. The fact that, for each fixed z, the function R(s, z) is decreasing implies the
following: for each z € [y, s*], there exists a unique s1(z) € [z, So] such that R(z, s1(z)) = 0. Therefore,
for B’ € [yp, s*] we have

B(B', y3(s1(B))
y3(s1(8")

where the value s;(8’) is the root of the equation R(s(B’), 8’) = 0. Recall that

C(p) = ; (70)

R(s1(B), B) =12(s)y3(s1) — B(B', y3(s1)) = = f(s1) —t1(s1)(B" —51) + 2(s)g(s1).  (71)
So the expression (70) takes the form

J'(s1) = f'(a(s)

cpH= = '
(B) =1n(s1) g'(s1) — g'(a(sy))
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Finally, we remind the reader that

f'(s) = f'(a(s))

n(s) == p ,
g'(s) —g'(a(s))
_ f(a(s)g'(s) — f(s)g'(a(s))
ns) =
g'(s) —g'(a(s))
for s € (c, so], and we finish the proof of the theorem. U

6. Extremizers via foliation
We set W(F, G) = E(G* + t2F?)?/P. Let N be the candidate that we have constructed in Section 4
(see (54)). We define the candidate B for the Bellman function H (see (5)) as follows:

X1 +Xx2 X2 — X
272
We want to show that B = H. We already know that B > H (see Proposition 9). So, it remains to show
that B < H. We are going to do this as follows: for each point x € €2 and any ¢ > 0, we are going to find

B(xl,xz,x3)=N( ,x3>, (x1,x2,x3) € Q.

an admissible pair (F, G) such that
V(F,G)> B(x)—e¢. (72)

Up to the end of the current section, we are going to work with the coordinates (y;, y2, y3) (see (33)). It
will be convenient for us to redefine the notion of admissibility of a pair.

Definition 40. We say that a pair (F, G) is admissible for the point (y1, y2, ¥3) € 1 if G is the martingale
transform of F and E(F, G, |F|?) = (y1 — y2, y1 + Y2, ¥3).

So, in this case, the condition (72) in terms of the function N takes the following form: for any
point y € 21 and for any ¢ > 0, we are going to find an admissible pair (¥, G) for the point y such that

W(F,G)> N(y)—e. (73)
We formulate the following obvious observations:
Lemma 41. (1) A pair (F, G) is admissible for the point y = (y1, y2, y3) if and only if (F,G) =
(£F, FG) is admissible for the point y = (Fy2, FYy1, ¥3); moreover, W(F,G)=V(F,G).
(2) A pair (F,G) is admissible for the point y = (y1, 2, v3) if and only if (F,G) = (AF, AG)
(where ) #£0) is admissible for the point y = (Ay1, Ay2, |A|P y3); moreover, \IJ(F, G) = |MPY(F, G).
Definition 42. The pair of functions (F, G) is called an e-extremizer for the point y € Q; if (F, G) is
admissible for the point y and W (F, G) > N(y) —¢.

Lemma 41, homogeneity, and the symmetry of N imply that we only need to check (73) for the
points y € Q; where y; = 1 and (y;, y3) € Q3. In other words, we show that W(F, G) > B(y;, y3) — ¢
for some admissible pair (¥, G) for the point (1, y, ¥3), where (y2, y3) € 23. Further, instead of saying
that (F, G) is an admissible pair (or e-extremizer) for the point (1, y,, y3) we just say that it is an
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A

- — — — — — — — — — — — — 4

Figure 12. The domain of R(s, 7).

admissible pair (or an e-extremizer) for the point (y,, y3). So we only have to construct e-extremizers in
the domain 23.

It is worth mentioning that we construct e-extremizers (F, G) such that G will be the martingale
transform of F with respect to some filtration other than dyadic. The reader can find a detailed explanation
on how to pass from one filtration to another in [Slavin and Vasyunin 2011].

We need a few more observations. For « € (0, 1), we define the a-concatenation of the pairs (F, G)
and (F, é) as follows:

(F,G)(x/a) if x € [0, «],

<F-F,G-G)a(x)={ 2 .
(F,G)(x —a)/(1 —@)) if x €[a, 1].

Clearly, W((F e F, G ¢ G)o(x)) = aW(F, G) + (1 —a)W(F, G).

Definition 43. Any domain of the type €21 N {y; = A}, where A is some real number, is said to be a
positive domain. Any domain of the type €, N {y, = B}, where B is some real number, is said to be a
negative domain.

The following lemma is obvious:

Lemma 44. If (F, G) is an admissible pair for a point y and (F, G) is an admissible pair for a point ¥
such that either of the following is true: y, ¥ belong to a positive domain, or y, y belong to a negative
domain, then (F o« F, G » G)y is an admissible pair for the point ay + (1 —a)3.

Let (F, G) be an admissible pair for a point y, and let (F, G) be an admissible pair for a point j.
Let y be a point which belongs to the chord joining the points y and y.

Remark 45. It is clear that, if (F*, G) is admissible for a point (y;r , y;r ) and (F~, G7) is admissible
for a point (y,, y;), then an a-concatenation of these pairs is admissible for the point (y2, y3) =
a0 YD F A=) (07, 53).



800 PAATA IVANISVILI

Now we are ready to construct e-extremizers in 23. The main idea is that these functions W and B
are very similar: they obey almost the same properties. Moreover, foliation plays a crucial role in the
contraction of e-extremizers.

6.1. The case s) < y,. We want to find e-extremizers for the points in £23.

Extremizers in the domain Q(@Cup((c, sol, g)). Pick any y = (y2, y3) € Q(Ocup((c, so0l, g)). Then there
exists a segment £(y) € Ocup((c, 50, g). Let yt = (s, g(s)) and y~ = (a(s), g(a(s)) be the endpoints
of £(y) in Q3. We know e-extremizers at these points y™, y~. Indeed, we can take the ¢-extremizers
(Fr,GH=(0—=s,14+s)and (F~,G") = (1 —a(s), 1 +a(s)) (i.e., constant functions). Consider an
a-concatenation (F+ e F~, GT ¢« G™),, where « is chosen so that y = ay* + (1 —a)y~. We have

W[(F*eF~, G oG )l =a¥(F*, G +(1—a)W(F~', G7)>aB(y")+(1—)B(y ) —e=B(y)—e.
The last equality follows from the linearity of B on £(y).

Extremizers on the vertical line (—1, y3), y3 > h(sp). Now we are going to find e-extremizers for the
points (—1, y3), where y3 > h(sg). We use a similar idea to one mentioned in [Vasyunin and Volberg
2010] (see the proof of Lemma 3). We define the functions (F, G) recursively:

—w if0<t<e,
t—¢ X
Gt)y=4{v-g fe<tr<l-—sg,
1-—2¢
w fl—e<t<l,
d_ if0<t<e,
t_
F(t) = y-f(l ;) if e<t<l1-—g,
—2¢
ds ifl-e<t<l,

where the nonnegative constants w, d_, dy and y will be obtained from the requirement E(F, G, |F|?) =
(2,0, y3) and the fact that G is the martingale transform of F. Surely (G),, = 0. The condition
(F)

(0. = 2 means that

d-+d)e+2y(1—2¢)=2. (74)

The condition (|F|”),, ,, = y3 implies that

e(d? +d”)

1 -20)yr 7

y3

Now we use the condition |Fy — F| = |Gy — G1|. In the first step we split the interval [0, 1] at the point ¢
with the requirement Fy — F; = Gy — G, from which we obtain w =2 — d_. In the second step we split
at the point 1 — ¢ with the requirement | — F> = G, — G, obtaining w = 2y — d,. From these two
conditions we obtain d_ +d; = 2(1 + y) — 2w, and by substituting in (74) we find

cw
y=14+—.
1—¢
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Now we investigate what happens as ¢ tends to zero. Our aim will be to focus on the limit value
limg; o w = wg. We have 1 — (1 —2¢)y? =~ &(2 —wp). So (75) becomes

el +dP) 22 —wy)?
T 1= (1-2e)yP 2—wop

y3 (76)

Note that, for wy = 1+ s, equation (76) is the same as (47). By direct calculations we see that as ¢ — 0
we have

el(w? 4+ 12d*)P? 4+ (w? 4 t%d?)P/? 2 —1
((G2+T2F2)p/2>m = [( - ( +) ] — S (wo )
: 1—(1—=2e)yP 2—wop

Now we are going to calculate the value B(—1, h(s)), where h(s) = y3. From (45) we have
2
B(—1, h(s)) = h(s)t2(s) — ;tl (s).
By using (12) we express f; via t; also because of (47) and (50), we have
2 2 / !/ 2 !/ /2
B(—1, h(s)) = h(s)t2(s) — ;n (s) =h(s)tr — ;(f —hg)=1nh(s)+ ;g —f »

:fm%wwwﬂfm< 2 2,)_,3
26— G —ypg () 8)7 0

p(yp—s) p
_3[ﬂ®}_2@—mﬁ
Coplyp—s] 2—wop

Thus we obtain the desired result

(G*+2FHP%y > B(—1,y3) as ¢ — 0.

[0,1]

Extremizers in the domain Q(@([so, p)s g)). Pick any point y = (y7, y3) € Q(@([so, ol g)). Then
there exists a segment £(y) € ©([so, ypl, g). Let y* and y~ be the endpoints of this segment, so that
yT = (-1, 33) for some §3 > h(so) and y~ = (§, g(§)) for some § € [y,, so). We remind the reader
that we know e-extremizers for the points (s, g(s)), where s € [sg, 1], and we know e-extremizers on
the vertical line (—1, y3), where y3 > h(sg). Therefore, as in the case of a cup, taking the appropriate
a-concatenation of these e-extremizers and using the fact that B is linear on £(y), we find an g-extremizer
at the point y.

Extremizers in the domain Ang(so). Pick any y = (y1, y2) € Ang(sp). There exist points y* € £F,
y~ € £, where £T = €T (s0, g(s0)) € O([s0, yp), &) and £~ = £~ (s0, g(s0)) € O((c, 501, &), such that
y=ay" + (1 —a)y~ for some a € [0, 1]. We know e-extremizers at the points y* and y~. Then by
taking an a-concatenation of these extremizers and using the linearity of B on Ang(sg) we can obtain an
g-extremizer at the point y.

Extremizers in the domain Q(@([yp, 1], g)). Finally, we consider the domain of vertical segments
Q(®[y,, 1], g). Pick any point y = (y2, y3) € Q2(O[yp, 11). Take an arbitrary point yt = (~1, y3+),
where y;r is sufficiently large such that y = eyt + (1 —ar)y~ for some & € (0, 1) and some y~ = (y, , y3)
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with (1, y,", y;7) € 0€2;. Surely, yT and y~ belong to a positive domain. The condition (1, y, , Y3 ) €082
implies that we know an g-extremizer (F~, G™) at the point y~ (these are constant functions). We
also know an e-extremizer at the point y*. Let (F™ e F~, G « G7), be an a-concatenation of these
extremizers. Then

W[(FTeF ,G"eG )yl >aB(y")+(1—a)B(y ) —e.
Note that the condition y = ay* + (1 — )y~ implies that
3= On/y)yy
Y3 +y3/y;

Recall that B(y2, g(y2)) = f(y2) and B(y") = f(s)+11(s)(—1—s)+12(s)(y] —g(s)), where s € [0, y,]
is such that a segment £(s, g(s)) € ©([s0, ¥»), &) has an endpoint yt.

Note that as y;r — o0 all terms remain bounded; moreover, « — 0, y~ — (y2, g(y2)) and s — y,.
This means that

lim «aBOT)+ (1 —a)B(y")—e= lim tz(s)y;(m
¥ —>o00 y§ —> o0 Y3 + 3 /Y2
=n(p)(y3—80n2) + f(2) —e.

We recall that #,(s) =t (y,) for s € [y,, 1]. Then

)‘i‘f()’z)—t?

B(y) = f(2) + ()3 —g02) = f(2) +0(yp)(yz — g(y2)).

Thus, if we choose y3+ sufficiently large then we can obtain a 2¢-extremizer for the point y.

6.2. The case sy > yp. In this case we have so > y, (see Figure 11). This case is a little bit more
complicated than the previous one. The construction of e-extremizers (F, G) will be similar to the one
presented in [Reznikov et al. 2013].

We need a few more definitions.

Definition 46. Let (F, G) be an arbitrary pair of functions. Let (y2, g(y2)) € 23 and let J be a subinterval
of [0, 1]. We define a new pair (I:", G) as follows:

- (F, G)(x) if x [0, 17\ J
(F, &)(x) = { ! \
(I =y, 14y if xel.
We will refer to the new pair (ﬁ , G) as putting the constant (y,, g(y2)) on the interval J for the pair (F, G).
Sometimes we will denote the new pair (F , G) by the same symbol (F, G).

Definition 47. We say that the pairs (F,, Gy), (Fi—q, G1—o) are obtained from the pair (F, G) by
splitting at the point @ € (0, 1) if
(FOHGO!)Z(Fv G)(xa)a xe[()» ]]7
(Fl—ou Gl—ot):(Fv G)(x(l_a)+a)v XE[O, 1]
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It is clear that W (F, G) = aW(F,, Gy) + (1 — )W (F|_o, G1_«). Also note that, if (F,, G4) and
(F1—w, G1—y) are obtained from the pair (F, G) by splitting at the point o € (0, 1), then (F, G) is an
a-concatenation of the pairs (Fy, Gy) and (F1—, G1—y). Thus, splitting and concatenation are opposite
operations.

Instead of explicitly presenting an admissible pair (¥, G) and showing that it is an e-extremizer, we
present an algorithm which constructs the admissible pair, and we show that the result is an e-extremizer.

By the same explanations as in the case so < y,, it is enough to construct an g-extremizer (F, G) on
the vertical line y, = —1 of the domain €23. Moreover, linearity of B implies that, for any A > 0, it is
enough to construct e-extremizers for the points (—1, y3), where y3 > A. Pick any point (—1, y3), where

y3 =¥ > g(—1). Linearity of B on Ang(sy) and direct calculations (see (14), (51)) show that

f'(=1) — f'(s0)
B(=1,y3) = f(=D +53650)(y3 —g(=1) = f(=D + (33 —g(=1) — (77)

g'(—=1) —g'(s0)
We describe the first iteration. Let (F, G) be an admissible pair for the point (—1, y3), whose explicit
expression will be described during the algorithm. For a pair (F, G), we put a constant (sg, g(sg)) on an

interval [0, €], where the value ¢ € (0, 1) will be given later. Thus we obtain a new pair (F, G), which
we denote by the same symbol. We want (F, G) to be an admissible pair for the point (—1, y3). Let the
pairs (F., G.) and (Fi_., G1_.) be obtained from the pair (F, G) by splitting at the point ¢. It is clear
that (F;, G) is an admissible pair for the point (sg, g(sg)). We want (Fj_., G|_) to be an admissible
pair for the point P = (33, ¥3), so that

(=1, y3) = &(s0, g(s0)) + (1 —&) P. (78)
Therefore we require
—1— —
P ( &0 33 88(So)>' (79)
1—e¢ 1—¢

So we make the following simple observation: if (Fj_., G|_.) were an admissible pair for the point P,
then (F, G) (which is an e-concatenation of the pairs (1 — sg, 1 4 sg) and (F;_¢, G1_.)) would be an
admissible pair for the point (—1, y3). The explanation of this observation is simple: note that the pairs
(Fi—¢, G1—¢) and (1 — 59, 1 4+ sg) are admissible pairs for the points P and (sg, g(so)), which belong to
a positive domain (see (78)); therefore, the rest immediately follows from Lemma 44. So we want to
construct the admissible pair (F;_., G|—.) for the point (79).

We recall Lemma 41, which implies that the pair (F;—., G1—.) is admissible for the point

(1 —l—eso y3— 88(50))

1—¢ 1—¢

if and only if the pair (F, G), where (Fi_., —G_,) = (1+¢s0)/(1 —&)(F, G), is admissible for a point

-1 _
w=(1. € ’)’3 88(S0)'(1_8)p—1 ‘
14esg (14esg)?

So, if we find the admissible pair (F , G) then we automatically find the admissible pair (F, G).
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Choose ¢ small enough so that ((¢ — 1)/(1 + &s0), (y3 —£8(s0))/(1 +£s0)? - (1 —&)P~') € Q3 and

e—1 y3—eglso)
1 +8S0’ (1+es9)?

(1— s)f“) = 5(s0, (50)) + (1 = 8) (=1, y{V)

for some § € (0, 1) and yél) > g(—1). Then

= = ¢+ 0(&?),
1+8S0 et (8)

(3 —eg(s0))/(1 +50)?) - (1 — )P~ = (2/(1 + £50)) g (50)
i = 1—e/(1+e50)
= y3(1 —&(p + pso —2)) — 2eg(s0) + O (e?). (80)

For the pair (ﬁ , G), we put a constant (sg, g(sg)) on the interval [0, §]. We split the new pair (F‘ , G)
at 8, so we get the pairs (1:"5, G,;) and (Fl—a, 61_5). We make a similar observation as above. It is
clear that if we know the admissible pair (F 1—8» G 1—s) for the point (—1, yél)), then we can obtain an

admissible pair (F , G) for the point

e—1 , y3 —£g(s0) d—eyr).
14esg (14 esg)?

Surely (f, G) is a §-concatenation of the pairs (1 — sg, 1 4 s¢) and (ﬁl_g, C~;1_5).

We summarize the first iteration. We took ¢ € (0, 1), and we started from the pair (F©, G©) = (F, G),
and after one iteration we came to the pair (FV, Gy = (Fl_g, 61_5). We showed that, if (F(, G(D)
is an admissible pair for the point (1, yél)), then the pair (F(@, G©) can be obtained from the pair
(FM, GM); moreover, it is admissible for the point (1, yéo)).

Continuing these iterations, we obtain the sequence of numbers { yéj ) ?’:o and the sequence of pairs
{((FY, G(j))};vzo. Let N be such that yéN) > g(—1). It is clear that, if (F™), G™)) is an admissible pair
for the point (—1, ygN)), then the pairs {(F), GU ))}ﬂ-\’:_ol can be determined uniquely, and, moreover,
(FY, GW) is an admissible pair for the point (—1, y{)) forall j =0,..., N —1.

Note that we can choose sufficiently small ¢ € (0, 1), and we can find N = N(¢) such that yéN ) —
g(—=1) (see (80), and recall that 5o > y,). In this case the admissible pair (F N GMN)Yy for the point
(—1, yéN)) = (—1, g(—1)) is a constant function, namely, (F"), G‘™) = (2, 0). Now we try to find N
in terms of &, and we try to find the value of W (F O GOy,

Condition (80) implies that y§" = y{” (1 — e(p + pso — 2)) — 2eg(s0) + O(£?). We denote & =
p + pso — 2 > 0. Therefore, after the N-th iteration we obtain

2g(s0)\  28(so)
yéN)=(1—sao)N<y§°)+ ) - 0.

The requirement yéN) = g(—1) implies that

Y +2g(s0)/8
1—esn~N = Y3 +28(50)/00 Ol(e).
T | PTET
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This implies that limsup,_, & - N =limsup,_ ¢ - N(¢) < oo. Therefore, we get

v Vs +28(s0)/80
g(—=1)+2g(s0)/do

+ O (e). (81)
Also note that
V(FO GO =W(F,G)=eW(F,, G:) + (1 —&)W(Fi_¢, G1—)

1+8S0
1—e¢

p ~ ~
=¢f(s0)+ (1 —e)W(Fi—, Gi—) =€f (s0) + (1 — 8)( ) V(F,G)

1+850
1—¢
=2¢ef(s0) + (1 +e80) W (FV, Gy 4+ 0(e?).

p ~ ~
=¢ef(s0) + (1 —e)(1 - 8)( ) [8f (so) + (1 =)W (Fi-s, G1-5)]

Therefore, after the N-th iteration (and using the fact that W (F™ G®™)) = f(—1)), we obtain

W(EO,GO) = (14 e5)" <f(—1) +H S(SO)) S04 o)
0 0
= el (f (~+22 (SO)) _H L o), (82)
8o 8o

The last equality follows from the fact that limsup,_,, e - N(g) < 0o.
Therefore (81) and (82) imply that

O 4 24(s0)/8 2f(s0)\ 2/ (s0)
N F(O),G(O) :( Y3 +28(s0)/0%0 >< _1 0 >_ 0 0
( Ul T ey A A 5 TO®

N S (f(—1)+2f(So)/3o
FEDH0s =D T g ts0) /50

) + O (¢).
Now we recall (77). So, if we show that
f(=D+2f(s0)/30 _ J'(=1) = f'(s0)
g(=1)+2g(s0)/80  g'(—=1)—g'(s0)’

then (83) will imply that W(F©, G©) = B(—1, y§0) )+ O(e). So, choosing ¢ sufficiently small, we can
obtain the extremizer (F 9, G©) for the point (—1, y3). Therefore, we need only to prove equality (83). It
will be convenient to use the following notations: set f— = f(—1), f' = f'(—=1), f = f(s0), f' = f'(s0),
g-=g(=1),g =g'(—1), g=g(s0) and g’ = g(s0). Then (83) turns into

S _ S-S~ gt ['g

(83)

(84)
2 g'f-—f's-
This simplifies into
oy, 2 8L f8 et f's f8 — S~ et f's
Pp gf —fg —-g'fL+ e

which is true by (53).
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CLASSIFICATION OF BLOWUP LIMITS FOR SU@3) SINGULAR TODA SYSTEMS

CHANG-SHOU LIN, JUN-CHENG WEI AND LEI ZHANG

For singular SU(3) Toda systems, we prove that the limit of energy concentration is a finite set. In addition,
for fully bubbling solutions we use a Pohozaev identity to prove a uniform estimate. Our results extend
previous results of Jost, Lin and Wang on regular SU(3) Toda systems.

1. Introduction

Systems of elliptic equations in two-dimensional space with exponential nonlinearity are very commonly
observed in physics, geometry, chemistry and biology. In this article we consider the following general
system of equations defined in R?:

Aui+Y ajjhje"s =4mydy  in By CR® foriel, (1-1)
jel
where I ={1, ..., n}, B is the unit ball in R2, hi, ..., h, are smooth functions, A = (@ij)nxn 18 a constant

matrix, y; > —1 and &g is the Dirac mass at 0. If n = 1 and a;; = 1, the system (1-1) is reduced to a
single Liouville equation, which has vast background in conformal geometry and physics. The general
system (1-1) is used for many models in different disciplines of science. If the coefficient matrix A is
nonnegative, symmetric and irreducible, (1-1) is called a Liouville system and is related to models in
the theory of chemotaxis [Childress and Percus 1981; Keller and Segel 1971], in the physics of charged
particle beams [Bennet 1934; Debye and Huckel 1923; Kiessling and Lebowitz 1994] and in the theory
of semiconductors [Mock 1975]; see [Chanillo and Kiessling 1995; Chipot et al. 1997; Lin and Zhang
2010] and the references therein for more applications of Liouville systems. If A is the Cartan matrix

2—-1 0 0 --- 0
-1 2-1 0 --- 0
0-1 2 -1 :
o --- 0-1 2-1
o -~ 0 0-1 2

the system (1-1) is called an SU(n+-1) Toda system (which has n equations) and is related to the nonabelian
gauge in Chern—Simons theory; see [Dunne et al. 1991; Dunne 1995; Ganoulis et al. 1982; Leznov
1980; Leznov and Saveliev 1992; Malchiodi and Ndiaye 2007; Malchiodi and Ruiz 2013; Mansfield

MSC2010: primary 35J60; secondary 35J55.
Keywords: SU(n + 1)-Toda system, asymptotic analysis, a priori estimate, classification theorem, topological degree, blowup
solutions.
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1982; Nolasco and Tarantello 1999; 2000; Yang 1997; 2001] and the references therein. There are also
many works on the relationship between SU(n + 1) Toda systems and holomorphic curves in CP", the
flat SU(n 4 1) connection, complete integrability and harmonic sequences; see [Bolton and Woodward
1997; Bolton et al. 1988; Calabi 1953; Chern and Wolfson 1987; Doliwa 1997; Guest 1997; Leznov and
Saveliev 1992; Lin et al. 2012a] for references.

After decades of extensive study, many important questions related to the scalar Liouville equation are
answered and the behavior of blowup solutions is well understood (see [Bartolucci and Tarantello 2002a;
2002b; Bartolucci and Malchiodi 2013; Chen and Lin 2002; 2003] for related discussions). However,
the understanding of blowup solutions to the more general systems (1-1) is far from complete. In recent
years, much progress has been made on more general systems and we only mention a few works related
to the topic of the current article. First, Lin and Zhang [2010; 2011] completed a degree-counting project
for Liouville systems defined on Riemann surfaces. Second, for regular SU(3) Toda systems (which have
two equations), Jost, Lin and Wang [Jost et al. 2006] proved some uniform estimates for fully bubbling
solutions (see Section 4 for the definition) using holonomy theory. Later, Lin, Wei and Zhao [Lin et al.
2012b] improved the estimate of [Jost et al. 2006] to the sharp form using the nondegeneracy of the
global SU(3) solutions, which was established by Lin, Wei and Ye [Lin et al. 2012a] among other things.

In this article we mainly focus on the asymptotic behavior of blowup solutions of (1-1) and the weak
limit of energy concentration for SU(n 4+ 1) Toda systems. More specifically, let u* = (u’l‘, ey u’,‘l) be a
sequence of solutions

n
A+ ahkes =dnyfsy in B, i=1,....n, (1-2)
j=1
with 0 being its only possible blowup point in Bj:

max u¥ < C(K). (1-3)
KeB\{0}

Since the right-hand side of (1-2) is a Dirac mass, we define the regular part of uf to be

i*(x) =uf(x) —2yflog|x|, xeBy, i=1,...,n. (1-4)
Then u* = (u/f, R uf,) is called a sequence of blowup solutions if max; max,cp, ﬁf‘ — 0.
We assume that yl.k — y; > —1, that h’l‘, R hﬁ are positive smooth functions with a uniform bound
on their C3 norm:
%5}4‘50, 175l c3gy < € in By, yF =y >—1 foralliel; (1-5)

and we suppose that there is a uniform bound on the oscillation of uf.‘ on dB; and its energy, | B, hf.‘ .
lu¥(x) —uf(y)| < C forall x,yedB, / hei <C, iel, (1-6)
B

where C is independent of k.
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Note that the oscillation finiteness assumption in (1-6) is natural and generally satisfied in most
applications. The energy bound in (1-6) is also natural for a system or equation defined in two-dimensional
space.

If A= Aj, (1-2) describes SU(3) with sources. Our first main theorem is concerned with the energy
limits of solutions to singular SU(3) Toda systems.

Given any 8§ > 0, u* has no blowup point in B; \ B;s (in this article we use B(x, r) to denote a ball
centered at x with radius r and use B, to denote B(0, r)). Thus we are interested in the following limit:

o; = lim lim i/ Rke'', i=1,2. (1-7)
§—>0k—o0 27 Jp
Since, for each § > 0, f B, hf uf is uniformly bounded, the limy_, , in (1-7) is understood as the limit of a
subsequence of u*. For convenience we don’t distinguish x* and its subsequences in this article.
Let
wi=1l+y, i=1,2,
and let
I' ={(o1,072) : 01,07 >0, 012 — 0102 +022 =201 + 2207}

be a quadratic curve in the first quadrant. It is easy to see that I" is contained in the box

[0, 401+ 2pa + 3V + s + 3] % [0, 2y + 2o + 4V 03 + pipna + 13-
In Definition 1.1 below we shall define a finite set on I". In order to describe the relative positions of
points, we say (c, d) is in the upper right part of (a, b) if c > a and d > b.

Definition 1.1. It is easy to verify that the following six points are on I":

0,00 Qui,0), O,2u2), QCu1, 2(u1+p2)),  Qpr +p2), 212), Q21+ p2), 2(01 + 12)).

First we let the six points above belong to X, then we determine other points in X as follows: For
(a,b) € X, intersect I' with oy =a+2N and 0o =b+2N (N =0, 1,2, ...) and add the point(s) of
intersection to X that belong to the upper right part of (a, b). For each new member (c, d) € ¥ added by
this process, we apply the same procedure based on (c, d) to obtain possible new members.

Theorem 1.2. Let A = A, hf.“ and yl.k satisfy (1-5). Then, for u* satisfying (1-2), (1-3) and (1-6), we have
(01, 00) € X, where o; is defined by (1-7) and X is defined as in Definition 1.1.

Remark 1.3. If y; = y» = 0, the system is a nonsingular SU(3) Toda system. One sees easily that
2 ={(0,0), (2,0), (0,2), 2,4), 4,2), 4, D}

Indeed, when the procedure described in Definition 1.1 is applied to any of the six points in X, no extra
point of intersection can be found. For example if we start from (0, 0) and intersect I" by lines o7 = 2N
(N being a nonnegative integer), then we see immediately that the intersection of I with o) = 2 gives
(2,0) and (2, 4), which are already in X. The intersection with oy = 4 gives (4, 2) and (4, 4), which also
belong to the six types in X. There is no intersection between I and oy = 6. Theorem 1.2 in this special
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case was proved in [Jost et al. 2006]. Recent work of Pistoia, Musso and Wei [Musso et al. 2015] proved
that all six cases for nonsingular SU(3) Toda systems can occur.

Remark 1.4. It is easy to observe that the maximum value of o7 on I' is

Spn+ 2o+ AVl + .

The maximum value of o5 is

S+ Fua+ %\/M% + i + 445

Thus ¥ is a finite set. As two special cases, we see that:

(1) If

S+ 2+ Vil a3 <2 and Eug+ 2+ 4Vl + e+ 43 <2
then there are only six points in X:

T ={(0,0), 2u1,0), (0,2u2), 21+ u2),212), 21, 2(p1 + p2)), (11 + p2), 2(u1 + pu2) .
(2) For y; =y, =1, in addition to (0, 0), (4, 0), (0, 4), (4, 8), (8,4) and (8, 8), X has other 14 points.

An earlier version of the current article was posted on the arXiv in March 2013. After that, some work
has been done based on Theorem 1.2 (see [Battaglia and Malchiodi 2014] for example). Theorem 1.2
reflects some essential differences between Toda systems and Liouville systems. Lin et al. [2012a] proved
that all the global solutions of SU(n + 1) Toda systems can be described by n? + 2n parameters and the
energy of global solutions is a discrete set. On the other hand, the global solutions of Liouville systems
all belong to a family of three parameters but their energy forms an (rn—1)-dimensional hypersurface
(see [Chipot et al. 1997; Lin and Zhang 2010]). These differences lead to very different approaches in
their respective research. For example, [Lin et al. 2012b] obtained sharp estimates for fully bubbling
solutions (see Section 4 for the definition) of SU(3) Toda systems using the discreteness of energy as a
key ingredient in their proof.

Here we briefly describe the strategy used to prove Theorem 1.2. First we introduce a selection
process suitable for SU(n 4 1) Toda systems. The selection process has been widely used for prescribing
curvature-type equations (see [Li 1995; Chen and Lin 1998], etc) and we modify it to locate the bubbling
area, which is a union of finite disks. In each of the disks, the blowup solutions have roughly the energy
of a global SU(m + 1) Toda system on R? (with m < n), which is the limit of the blowup solutions
after scaling. If m = n, which means no component is lost after scaling and taking the limit, we say
the sequence of solutions in the disk is fully bubbling, otherwise we call it partially bubbling. Next we
introduce the “group” concept to place bubbling disks according to their relative locations. There are only
finitely many bubbling disks and their relative distances may tend to O with very different speed. The
name “group” is used to describe a few disks that are roughly closest to one another and much further from
other disks. Lemma 2.4 is a Harnack-type result that plays an important role in determining the energy
concentration around a group. Suppose there is a circle that surrounds a group and both components of
the blowup solutions have fast decay (see Section 3 for the definition) on the circle. Then a Pohozaev
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identity can be computed on this circle to determine how much energy this group carries. Because of
Lemma 2.4, such a circle can always be found, so the energy within the circle can be determined. Then
we consider the combination of groups by scaling. The relationship among groups is similar to that of
members in a same group. For example, if the distance between two groups is scaled to be 1, the bubbling
disks of one group look like a Dirac mass from afar. We can similarly find circles surrounding groups
that are also suitable for computing Pohozaev identities (i.e., both components of the blowup solutions
have fast decay on these circles). From these Pohozaev identities, we determine how much energy is
contained in each group and all the combinations of groups. One important fact is that one component of
the blowup solutions always has fast decay, even though the other component may not. It is possible for
the first (fast decay) component to turn to a slow decay component as the distance to a group becomes
bigger, but before that happens the second component, which used to be a slow decay component, will
turn to a fast decay component first.

As another application of the Pohozaev identity we establish some uniform estimates for fully bubbling
solutions. These estimates were first obtained by Li [1999] for the scalar Liouville equation without
singularity (using the method of moving planes) and [Bartolucci et al. 2004] for the scalar Liouville
equation with singularity (using the Pohozaev identity and potential analysis). For regular SU(3) Toda
systems, [Jost et al. 2006] established similar estimates using holonomy theory. Our results (Theorem 4.1
and Theorem 4.3) apply to general SU(n 4 1) Toda systems with singularity.

This article is set out as follows. In Section 2 we introduce the selection process mentioned before
and in Section 3 we prove the Pohozaev identity, which is crucial for the proof of Theorem 1.2. In
Section 4 we prove a uniform estimate for fully bubbling solutions (Theorem 4.3 and Theorem 4.1). Then
in Section 5 and Section 6 we finish the proof of Theorem 1.2 according to the strategy mentioned before.

2. A selection process for SU(n + 1) Toda systems
Clearly in the proof of Theorem 1.2 we can assume 0 to be a blowup point:

max {uf — Zyl-k log |x|} — oo, (2-1)
xeBy,iel

because otherwise the blowup type is (0, 0). So, from now on throughout the paper, (2-1) is assumed.

Case one: y1k= =y,f‘=0.

Proposition 2.1. Let A = (a;j)nxn be the Cartan matrix A,, hf.‘ satisfy (1-5) and u* = (ulf, e u,’;) be a
sequence of solutions to (1-2) with ylk =...= y,f = 0 such that (1-6) and (1-3) hold. Then there exist finite
sequences of points ¥y 1= {xlf, A x,’,‘l} (all x? — 0, j =1, ..., m) and positive numbers ;... l,’jl -0
such that the following four properties hold:

(D) maxiel{ui.‘(xf.)} = maxB(x/;’l/;)’iel{uf}for allj=1,...,m.

) exp(% maxiel{uf.‘(xf)})lf —->00,j=1,...,m.

(3) There exists C > 0 independent of k such that
uk(x) +2logdist(x, ) < Cy forall xe By, iel,
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where dist stands for distance.

4) In each B(xf, l;‘.) let

vf‘(y) = uf(eky +x§) +2loger, €= e_Mk/z, M; = max max u;‘. (2-2)
:TE SN
Then one of the following two alternatives holds:
(a) The sequence is fully bubbling: along a subsequence, (v’f, ce vﬁ) converges in Clzoc([Rz) to
(vi, ..., vy) which satisfies
Avi+ ) ajjhje’ =0 in R%, iel,
jel
lim / Zaithfe”f > 4, iel.
=00 Jaat i) 7
b)) I=21UhLU---UJ, UN, where Ji, Jo, ...,y and N are disjoint sets, N # & and each
Ji (t =1, ..., m) consists of consecutive indices. For eachi € N, vlj‘- tends to —oo over any fixed
compact subset of R>. The components of v€ = (vll‘, e vf‘l) corresponding to each J; (I =1, ..., m)

converge in C2 (R?) to an SU(|J;| + 1) Toda system, where | Jj| is the number of indices in J;. For
loc

. k
lim E ai,h];e”f > 4.
k— 00 B(x/\ lk)

jvi’ted;

each i € J;, we have

Remark 2.2. In this article we don’t use different notations for sequences and subsequences.

Remark 2.3. For each xj? € X, suppose 2t§‘ is the distance from xj? to 2 \ {xf}. Then tj.‘/lf — 00
as k — oo if lf is suitably chosen.

Proof of Proposition 2.1. Without loss of generality we assume

u'l‘(xlf) = max uf?(x).
iel, xeB;
Clearly x’l‘ — 0, because max; maxyep, uf.‘ — oo and u* is uniformly bounded from above away from the
origin. Let (v’l‘, ey vfl) be defined by (2-2) with xj? replaced by x’l‘ . Immediately we observe that |Avf‘ |
is bounded because each vll‘ < 0. Consequently, |vf (z) — vf (0)] is uniformly bounded in any compact
subset of R%. Thus, since vlf (0) =0, (along a subsequence) vllc converges in C120C(|R2) to a function v;. For
the other components of v¥ = (v’l‘, ey v’; ), either some of them tend to —oo over any compact subset
of R2, or all of them converge to a system of n equations. Let J C I be the set of indices corresponding to
those convergent components. That is, for all i € J, vf converges to v; in CIZOC([RZ) and, forall j e I\ J,
vf‘ tends to —oo over any fixed compact subset of R>. For each i € I\ J, there is J; C J such thati € Jj,
the indices in J; are consecutive and the limit of the vl’.‘ is one component of an SU(|J;|+ 1) Toda system:

{Avm + Zjej amihie’ =0 in R? for all m € J; (2-3)

fRthevm Sca me‘lla
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where 4, = lim;_, hfn(x{‘), (aij) = Ay, and C is the same constant as in (1-6). By the classification
theorem of [Lin et al. 2012a] (if the limit is a system) or [Chen and Li 1991] (if the limit is one equation)
we have

E / ajjhje’ =8m forall i € J; (2-4)
, R2
Jeh
and
vi(x) =—4log|x|4+0(1), |x|>2, forallieJ. (2-5)

Thus, for any index i € I, we can find Ry — oo such that
vE(y) +2loglyl <C, |y <Rk, foriel (2-6)
Equivalently, for u* there exist l’f — 0 such that

uk(x)+2log|x —xN| <, |x—xf|<i¥, foriel
and

e“lf(xlk)/2l{‘ — 00 ask—o0, i€l
Next, we let gx be the maximum point of max <1 ;es ui‘ (x)+2log|x — x’l‘|. If

max ui.‘(x) +2log |x —x’f| — 00,
Ix|<l,iel

we let j be the index such that
ub (qr) +2log lgx — xf| = malxuf.‘(x) +2log |x — x| = o0.
4SS
The following localization is to adapt the original argument of R. Schoen [1988] for the scalar curvature
equation (also see [Chen and Lin 1998]). Set
di = }lqi — xf|
and
SE(x) = uf (x) + 2log(di — |x —qcl)  in Blq. dv).
Then clearly, for fixed &, Slk — —o00 as x tends to d B(qy, di). On the other hand, at least for j, we have

S5 (qr) = u(q) +2log di — oo.
Let p; be where

max max S{‘
b xeB(qk.di)

is attained and i be the index corresponding to where the maximum is taken:
u} (pr) +2log(di — | pr — qil) = S5 (qi) — oo. 2-7)
Let
I = 5 (di — | Pk — k).
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Then for y € B(px, lt), by the choice of p; and [, we have
uf(y) +2log(dy — |y — qr]) < uf-co(pk) +2log(2l;) forall i el.

On the other hand, by the definition of /;, we have

di — |y —qel = de — Ipk —ql — |y — pil = I i |y — pi| <,
and
uf () <uj (pr)+2log2 forall ye B(pi, i) (2-8)
Next, we set
R = &0 P2 (2-9)

and scale u¥ by

- —uk 2 .
vf(y) =uf(l?k+e iy (Pi)/ y) —uf-‘o(pk) for i el.

From (2-7) we clearly have ®; — oo. By (2-8) and standard elliptic estimates for the Laplacian, f)f is
bounded in CIZOC([R{Z) and there exists @ # J C [ such that, for alli € J, ﬁf‘ converges to a limit system
like (2-3). On the other hand, f)f‘ converges uniformly to —oo over all compact subsets of R? foralli € I\ J.

Clearly (2-6) holds for f)ll‘ . Going back to u*, we have
uk(x) +2log|x —x5| < C for |x —x%| <&,

where x4 is the point where max; max g Pl u¥ is attained and /5 = ;. Here we note that x5 is neither g,

k
nor py and the distance between py and x4 is small: "o PO/ |x5 — pr| = O(1). If we rescale u* around x5,

then v* defined as in (2-2) satisfies (a) and (b) in Proposition 2.1. Clearly B (x{‘, l{‘) NB (xé‘, l’z‘) =J.
To continue with the selection process, we let Xy 2 := {x’f, x’2‘} and consider

max uf-‘(x) + 2log dist(x, X 2).

iel,xeB

If, along a subsequence, the quantity above tends to infinity, we apply the same procedure to get x’3‘ and l§ .

After each selection we add a new disjoint disk, say B(xX , X ), in which the profile of bubbling solutions

is like that of a global system, so from (2-4) we see that

/ the“{'{ > C forsome C > 0 independent of k.
B(xfn’l)ﬁ) l

Therefore by (1-6) the process stops after finitely many steps and we have
ub(x) +2logd(x, ) <C, iel. (2-10)

Proposition 2.1 is established. O
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2.1. Case two: the singular case y; #0. First, the selection process is almost the same. The difference
is instead of taking the maximum of uf.‘ over B we require

OEEk.

Clearly, in B; \ {0}, u* satisfies the same equation as the nonsingular case. Then we consider the maximum
of uf.‘(x) + 2logdist(x, X¢) = uf.‘ (x) +21log |x| and the selection proceeds the same as before. Therefore,
in the singular case, ¥; = {0, x’f, e x,’jl}.

Lemma 2.4. Let Xy be the blowup set (thus, ifyik =0foralli, Xy = {x{‘, e xfn}, and if the system is

singular, ¥ = {0, x{‘, oo Xk In either case, for all xo € By \ Xk, there exists Cy independent of xg

and k such that
|uf~‘(x1) —uf(xz)l <Cy forall x1, x3 € B(xo, %d(xo, Zk)) forall i 1.

Proof. We can assume x| < % because it is easy to see from Green’s representation formula that the
oscillation of uf on By \ By/o is finite. Recall the regular part of uf.‘ is defined in (1-4) and zlf satisfies

A )+ Y ayht0lx? e =0 in By, iel.
jel
Let oy be the distance between xq and X. Clearly, for xo € By \ ¢ and xy, x2 € B(xo, 3d(xo, Z¢)),
. ~ ko k
uf (e) —uf (x) = if (e) —iif () + O = | (G, m)—Gx2,m) Y aijh () n|>7 "1™ dn+0(1).
B ;
jel
Here G is the Green’s function on B;. The last term on the above is O (1) because it is the difference of

two points of a harmonic function that has bounded oscillation on d B;. Since both x;, x5 € By, it is
easy to use the uniform bound on the energy (1-6) to obtain

k  ~k
(v (1, m) =y (2. m) Y aizhb ()1 €™ dn = 0(1),
B .
jel

where y (-, -) is the regular part of G. Therefore, we only need to show

/ log 1= Z: > ahklnPe™ dn=0(1),
B j
J

lxp —

Ifne B\ B(xo, %O’k), we have log(|x; —n|/|x2 —n|) = O(1), then the integration over B \B(xo, %ak)
is uniformly bounded. Therefore, we only need to show

x — ~J x —_—
/ tog S b e dn=/ tog LIS 0 ket an = 0.
B(o30r/4)  1X2— 1 R B 30c/4)  1X2— 1 I

To this end, let
vi (y) =uj (xo+oxy) +2logox, y€Bia, i€l (2-11)
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Then we just need to show

/ log L= 3" aiht (xo + oxmets™ dn = 0(1). (2-12)
B3/4 |y2_77| j

We assume, without loss of generality, that e; is the image of the closest blowup point in ;. Thus, by
the selection process,

vi (1) < —2log|n —e1| +C.
Therefore,
e < Clp—e| 2.

With this estimate, we observe that | —e| > C > 0 for n € B3 /4. Thus, for j =1, 2 and any fixed i € I,

log|y; —

/ llog ly; —nl|e” ™ dn < C/ Mdn <C.

B3/4 | B3/4 |7]_el|
Lemma 2.4 is established. O
Remark 2.5. For systems with nonnegative coefficient matrix A, the selection process can also be applied.

See [Chen and Li 1993] or [Lin and Zhang 2010] for more details.

3. Pohozaev identity and related estimates on the energy

In this section we derive a Pohozaev identity for u* satisfying (1-2), (1-3) and (1-6), hf‘ and yl.k satisfying
(1-5), and A = A,,.

Proposition 3.1. Let A = A,, o; be defined by (1-7). Suppose u* = (u%, ..., uk) satisfy (1-2), (1-6),(1-3)
and (2-1), h* and )/l-k satisfy (1-5). Then we have

n

Z a;jjo;0j = 4 Z(l + )/i)O’i.
i.jel i=1

Proof. We start with a lemma:

Lemma 3.2. Given any ¢, — 0 such that ¥ C B(O, %ek), there exist Iy — O satisfying l;, > 2¢; and

¥ () +2logly — —oo forall i € I, where ﬁf(r)::i uk. (3-1)
2r 9B,

Remark 3.3. By Lemma 3.2 and Lemma 2.4,
uk(x) +2log|x| - —oo forall i € I and x € dB,.

This is crucial for evaluating the R term (the first term on the right) of (3-7) below.

Proof of Lemma 3.2. Since % C B(0, %ek), we have, by Proposition 2.1(3),

uk(x) +2log|x| < C, |x|>«. (3-2)
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The key point of the argument below is that we can always use the finite energy assumption and Lemma 2.4
to make u’f satisfy (3-1). Then we can adjust the radius to make the other components satisfy (3-1) as
well.

First we observe that, for each fixed i, there exists rx; > €; such that

ﬁf(rk,i) +2logry; — —o0, (3-3)

because otherwise we would have
ﬁf(r) +2logr > —C forall r > ¢
for some C > 0. By Lemma 2.4, uf.‘ has bounded oscillation on each 9 B,. Thus

uk(x)+2log|x| > —C forall x €dB,, e <r<]1
for some C. Then

k
i >Clx| 7, e <|x|<l.

Integrating e on Bi \ B,, we get a contradiction on the uniform energy bound of | B, hf.‘ “ Thus (3-3)
is established.

Now, for u’f, we find rg | > € so that
llll‘(rk,l) +2logrg — —oo.
Here we claim that we can assume rx 1 — 0 as well. In fact, if r¢ 1 does not tend to 0, by Lemma 2.4
ﬁll‘(r) +2logr < —N;+C, %rk,l <r <ri,

where N, — oo and satisfies
ik (ri.1) +2logri < —Ny.

Using Lemma 2.4 again we have
ﬁ/f(r) +2logr < —Ny+C, %rk,l <r< %rk,l.

Obviously this process can be done N times, where N is chosen to tend to infinity slowly enough so
that r, := rk,12_Nk satisfies

ik (i) +2log iy < —Ng +CNy — —o0.

We can use ry to replace ry 1. Exactly the same argument shows the existence of s — 0, Ny — oo such

that
Sk/Tr,1 —> 00,
ﬁ’f(r)+210gr < —Ng, re1 <r <Sg.

Next we claim that, between ry | and si, there must be a ry » such that

it (ri.2) +2logres < —Nio (3-4)
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for some N, — 00 as k — oo. The proof of (3-4) is very similar to what has been used before: If
this is not the case, s > Cr—2 forsome C >0and r € (rk.1, k). The fact that s /rx,1 — oo leads to a
contradiction to the uniform bound of the energy of u’ﬁ.

Thus, we have proved that, for r = r; » both u’l‘ and u§ decay faster than —2logr:

ik(ry+2logr < =Ny, r=ra, i=1,2,
for some Ny — oco. Then it is easy to see that there exist sy — 0 and si/rr 2 — oo such that
ik(ry+2logr < =N, nao<r<s, i=1,2,

for some N, — oo as well. The same argument as above guarantees the existence of [y € (r¢ 2, sx) and
some N,/ — oo such that

ity (Iy) +2logly < —Ny.

Clearly this argument can be applied finitely many times to exhaust all the components of the whole
system. Lemma 3.2 is established. U
Now we continue with the proof of Proposition 3.1.

Case one: y¥ = 0. Using the definition of o; in (1-7), we choose [y — 0 such that £, C B(0, /) and

Zl hke" = o, 4+ 0(1) foriel. (3-5)
T Blk

Here we claim that (3-1) also holds, because otherwise we would have

u;(ly) +2logl, > —C.
By Lemma 2.4
uj(r)+2logr > —Cy, I <r =<2,

which means there is a lower bound on the energy in the annulus By, \ B;,. Consequently

1

k
% hfe”i >o0;+e€
7 By,

for some € > 0 independent of k, a contradiction to the definition of o; in (1-7).
Let

v () =ub(ey) +2logl, i€l

Then clearly we have

) -1
{Avf(Y)+Z?=1ainf(y)e”fy=0, vl <L', i€l (3-6)

k(1) - —oo,
where
HY ) =hsey), Iyl <7, iel
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The Pohozaev identity we use is

Y[ a2y [ me
i YBym i YBUr
=,/Rk/ > Hfe' + VR > (@7a,vf 0,0k — JaTVuEVLt),  (3-7)
dB -
N

IB /R i

where Ry — oo will be chosen later and (a'/) is the inverse matrix of (a;;). The key point of the following
proof is to choose Ry properly in order to estimate Vvl’.‘ on dB sz In the estimate of B /., the procedure
is to get rid of unimportant parts and prove that the radial part of Vvl{‘ is the leading term. To estimate all
the terms of the Pohozaev identity we first write (3-7) as

L14+Lr =R + R+ R3,

where &£ stands for “the first term on the left” and the other terms are understood similarly. First, we

choose R, — oo such that R,f/z = o(lk_l), then use [, — O to show that £; = 0o(1). To evaluate &£,
we observe that, by Lemma 2.4, vf (y) — —oo over all compact subsets of R? \ Bi,2. Thus we further
require Ry to satisfy
f HFe' = o(1) (3-8)
B, \B3/4
and, for i € I, by (3-6) and Lemma 2.4,
v,k(y) +2log|y| = —oo uniformly in 1 < |y| < Ry. (3-9)
By the choice of /; we clearly have
L[ gt = L[ ket — o h 01y, el
2 Jp, ! S 27 B,kl - ’ .

By (3-8), we have

=41y oi +o(l).
i=1
For R, we use (3-9) to conclude R = o(1).
Therefore we are left with the estimates of R, and R 3, for which we shall estimate va on dBg,. Let

1
Gr(y,n) = 5 logly —nl+w(y,n)

be the Green’s function on Bl;1 with respect to the Dirichlet boundary condition. Clearly

1 Iyl

lk_zy B ‘
lyl? ’

and we have
Vyv(y,m)=0Ux), y€dB g, ne B (3-10)
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We first estimate va on 9B 12. By Green’s representation formula,
k

n
k
vi(y) = /B G(y.m) Y _ aiHfe" dn+ Hy,
et j=1

where Hj; is the harmonic function satisfying H;; = vf‘ on aBlk—l. Since Hjj — ¢, =

IVHir(y)| = Ox), so

n
k
Vi (y) = / Vy,Gily,m) ) aijHfe" dn+V Hy(y)
By j=1
1

=T, Iy n|2 Z"UHk"U’ dn + O l).

We estimate the integral in (3-11) over a few subregions. First, the integral over Bl—l \Bg 23 iso(DR,

0O(1) for some ¢y,

(3-11)

-1/2

because, over this region, 1/|y —n|~1/[n| < o(R, 172 ). For the integral over B;, we use

y—n y 1
ol
ly—n> |y ly|?

to obtain

: et (-2 o( ) (S age,
SN n|2Z“’fHe ( |y|2+0(|y|2>><.2“”"f+”(”)'

J=1

This is the leading term. For the integral over the region B(0, /Rx/2) \ By, we use 1/|y —n| ~ 1/|y|

and (3-8) to get

/ Zal,Hk = o(Dly|”!
B, \Bi |y nl?

By a similar argument we also have

ai erl=0(l)|y|
/Bm\(B 112,,0B0.191/2) |y "lzz g

Finally, over the region B(y, |y|/2) we use ¢% ™ = o(1)|n]~2 to get

a; er!:0(1)|y|
/B<y y1/2) |>’—’7|2 Z V

Combining the estimates on all the subregions mentioned above, we have

n

y _ 2

Vvtk(y):—W( E aijaj+0(1))+0(|)’| 1)» |y|:Rli/ :
j=l1
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Using the above in R, and R3, we have
n n
Z a;jjoio; = 420’,‘ +o(1).
ij=1 i=1
Proposition 3.1 is established for the nonsingular case.
Case two: the singular case 3y; # 0.

Lemma 3.4. For o € (0, 1), the following Pohozaev identity holds:

a/ Z aij(avufavu'; - %Vuf . Vu’;) + Za/ h* uf
9B 9B,

7 i, jel iel
k k ..
2L [ el a3 |, vt pan iyt
iel Y Bo iel ¥ Bo ijel
Proof. First, we claim that, for each fixed &,
Vuk(x) =2yFx/|x|* + O(1)  near the origin. (3-12)

Indeed, recall the equation for the regular part ftf is
Aiif (x) + Z |x|2)’./l'€h1]‘. e’ =0 in By.
J

By the argument of Lemma 4.1 in [Lin and Zhang 2010], for fixed &, itf‘ is bounded above near 0, then an
elliptic estimate leads to (3-12).
Let @2 = B, \ Bc. The standard Pohozaev identity on €2 is

Z(/Q(x-Vh{F)e“erzhff k) =/BQ<Z(x-v)hf~‘ "f+Za"f(avu’;(x-wff)—%(x-u)(wj.‘-w’;)))
iel i ij

Let ¢ — 0, then the integration over 2 extends to B, by the integrability of hf.‘e”f and (1-5). For
the terms on the right-hand side, clearly 92 = 9B, U d B.. Thanks to (3-12), the integral on 9 B is
—4r Y, allyfy}. Lemma 3.4 is established. O

Let
k 1 k uk .
oi(r):§/3rhi i, iel.
Lemma 3.5. Let ¢, — 0 such that T C B(0, 1e;) and
uk(x) +2log |x| - —o0, |x|=¢, i€l (3-13)

Then we have

> aijof (ot @) =4 (1 +yHof(e) +o(l). (3-14)

i,jel iel
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Proof of Lemma 3.5. First the existence of ¢, that satisfies (3-13) is guaranteed by Lemma 2.4. In B, , we
let zlf (x) be defined as in (1-4). Then

vE(y) = @ (ery) +2(1 + y}) log &.

Using vll‘ — —o00 on d B, we obtain, by Green’s representation formula and standard estimates,

Voi(y) = (Zaijo,’-‘(emo(l))y, y € 9B

jel
After translating the above to estimates of u¥, we have

otl)

o Xl =er. (3-15)
|x|

k k ky) _*
Vi (x) = (Z(aijaj (&) — 2y >) ot
jel
As we observe the Pohozaev identity in Lemma 3.4 with 0 = ¢;, we see easily that the second term on the
left-hand side and the second term on the right-hand side are both o(1). The first term on the right-hand
side is clearly 47 ) . oik (ex). Therefore we only need to evaluate the first term on the left-hand side, for

which we use (3-15). Lemma 3.5 is established by similar estimates as in the nonsingular case. Il
Thus Proposition 3.1 is established for the singular case as well. 0

Remark 3.6. The proof of Proposition 3.1 clearly indicates the following statements when it is applied
to an SU(3) Toda system. Let B(py, [;) be a circle centered at p; with radius /. Let E,’c be a subset
of Xx. Suppose dist(X,, dB(px, Ir)) = o(1) dist(Zx \ 7, 9 B(px, Ix)), and we consider the following two
situations: If py = 0, we have

&t ()? — &1 )65 (1) + 65 (k) = 2151 () + 2u265 (k) + o(1).
If0 e X\ 7, then
&t ()* = 6{ 105 () + 65 ()* = 261 () + 265 (Ik) + o(1),
where &l.k () =(1/2m) f B(pedo) hf.‘e”?. This fact will be used in the final step of the proof of Theorem 1.2.

Remark 3.7. From the proof of Proposition 3.1, we see that the Pohozaev identity has to be evaluated on
fast decay components in order to rule out the | term. A component is called fast decay if the difference
between itself and the threshold harmonic function tends to —oo; for example, see (3-13). A component
is called a slow decay component if it is not a fast decay component. Later, in the remaining part of the
proof of Theorem 1.2, we shall derive Pohozaev identities over different regions and all of them will have
to be evaluated on fast decay components.

4. Fully bubbling systems

Next we consider a typical blowup situation for systems: fully bubbling solutions. First, let y;* = 0 for
alli el. Let

A =max{maxu]]‘,...,maxuﬁ} 4-1)
B B)
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and x¥ — 0 be where AX is attained. Let

) =ufe+e Py =ik ye@u, el (4-2)
where Q; = {y: e/ 2y + x; € By}. The sequence is called fully bubbling if, along a subsequence,
{v'f, e vf} converge in CIZOC([RQ) to (v1,..., V) 4-3)
that satisfies
Avi+Y ajjhje’ =0 in B>, iel, (4-4)
Jjel
where h; = limy_ o hf.‘(O). Our next theorem is concerned with the closeness between u* = (u’l‘, el uﬁ)

and v = (v, ..., v,).

Theorem 4.1. Let A = A,, u* be a sequence of solutions to (1-2) with yik =0foralli € I. Suppose u*

satisfies (1-3) and (1-6), h* satisfies (1-5), and Ak, x* and vk are described by (4-1) and (4-2), respectively.
Suppose uk is fully bubbling; then there exists C > 0 independent of k such that
k(e y +x%) = 2k — v, (| < C+o() log(1 + |y]) for x e, i€l (4-5)

Remark 4.2. If A is nonnegative, i.e., the system is a Liouville system, Theorem 4.1 and Theorem 4.3
below are established in [Lin and Zhang 2010]. For A = A,, [Jost et al. 2006] proved

ke Py 4+ =k — v <C for x ey, i=1,2.

Clearly this estimate is slightly stronger than (4-5) for n = 2. The Jost-Lin—Wang proof uses holonomy
theory but the proof of Theorem 4.1 is a simple application of the Pohozaev identity proved in Section 3.

If there is a y; # 0, we let

- maxp, i\ maxp, itk }

Akzmax{ s k”
14y 1+,

“ ey

and
~ ~ _ 5k ~
() = ke y) — (1 + yo)ik

forielandye Qp:={y: e‘ik/zy € B;}. We assume

(17'f, R f)’,f) converge in CIQOC([RRZ) to (01,...,Up) (4-6)
that satisfies
n
AT+ aijlx[?hje" =0 in R?, iel, (4-7)
j=1

where h; = limy_ o0 1% (0).

Theorem 4.3. Let A = A, i*, 0, (¥y, ..., U,), Ak, €, and Q. be as described above, and hi.‘ and yik
satisfy (1-5); then, under assumption (4-6), there exists C > 0 independent of k such that

ik (" 2y) — (14 vk — ()| < C+o(1) log(1+|y]) for x € . (4-8)
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Proof of Theorem 4.1. Recall that o; is defined in (1-7). By Proposition 3.1, we have

Z ajjoio; =4ZO’,'. (4'9)

i,jel iel
On the other hand, let
Oiv :=i/ h;e fori=1,...,n,
27 R2
where v = (vy, ..., vy) is the limit of the fully bubbling sequence after scaling. Clearly o, = (01y, - . ., Ony)
also satisfies (4-9). We claim that
o,=0; fori=1,...,n. (4-10)

Let s; = 0; — 0,,;; we obviously have s; > 0. The difference between o and o, on (4-9) gives

ZaijSiSj+2Z(ZaijO'vj—2>S,’:0. 4-11)

i,jel iel ~ jel
First, by Proposition 2.1, we have ) ;; a;jo,; —2 > 0. Next, if either A is nonnegative (a;; > 0 for all
i, j=1,...,n)or A is positive definite, we have Zi’jel a;jjsisj > 0. Then (4-11) and s; > 0 imply (4-10).

From the convergence from v¥ to v; in C2,_(R?), we can find Ry — oo such that

loc

W) — v =0o(1), |yl < Re.
For |y| > Ry, let

Sk — L k
v (r) = 77 /33, v; (y)dS,.

Aty L[ Ao L ket _ 2 4%
dr Vi (r) = an/B Av; = 2nr/B Z;a,]hje ' r '
r rje

Then

Hence

i (r) = —(Zaija,- —I—o(l)) logr +0O(1) forall r> 2.
jel

Since v¥(y) = 95 (ly|) + O(1) and

Ui()’):_<Zaij0j)10g|)’|+0(l) for |y| > 1,

J

we see that (4-5) holds. Theorem 4.1 is established. Il
Proof of Theorem 4.3. By (3-14) we have
> aijoio; =4 (1+y)o;. (4-12)
i,jel iel
Recall that v = (vq, ..., v,) satisfies (4-7). Let

1 .
Ojpy = 2— / h,-|x|2y’evl.
T R2
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On the one hand, (oy,, ..., 0;y) also satisfies (4-12); on the other hand, the classification theorem of [Lin
et al. 2012a] gives
Y aijojy>2+2y. i€l (4-13)
jel

Let s; = 0; — 0y, (i € I); then (4-12), which is satisfied by both (o1, ..., 0,) and (o1, - . ., Oyy), giVes

Z a;ijs;s +2Z(Zaij0'jv —2—2)/,').5‘,' =0.

i,jel iel ~jeJ
By (4-13) and the assumption on A, we have s; = 0 for all i € /. The remaining part of the proof is
exactly like the last part of the proof of Theorem 4.1. Theorem 4.3 is established. O

5. Asymptotic behavior of solutions in each simple blowup area

In this section, we derive some results on the energy classification around each blowup point. First we let
A = A, (the Cartan matrix) and consider:

The neighborhood around 0. Since 0 is postulated to belong to X first, it means there may not be a
bubbling picture in a neighborhood of 0.

Let t;, = %dist(O, ¥\ {0}); we consider the energy limits of hi.‘e”f in B;,. By the selection process
and Lemma 2.4,

ui(x) +2loglx| <C, wi®)=af(lxD+0(), |xl<m, iel, (5-1)
where ﬁf.‘(|x|) is the average of uf‘ on dB\y|. Let fti‘ be defined by (1-4). Then we have

~ ) ~k
AdiF (x) + Za,’jlxlzy-/hl;(x)e”/(x) =0, |x|<T.
jel
Let
ik
—2log 6y = max max T
iel xeBO,%) 1+ Z

and
vE () = @F Gey) +2(1+ ) logde, |yl < wd ' (5-2)

It is easy to see the equation for vf is

AVED) + > ay P Sy)e ) =0, Iyl < us;
jel
Then we consider two trivial cases, first, 7,6, ! < C. This is the case that there is no entire bubble after
scaling.
Let fik solve
{Af,-" + Y jer aifly HESy)ets =0, 1yl < udp
fF=0 on |y|=us; .
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Using v; <0 we have | fl.k | <Con B(0, 746, 1). Since vf‘ — fl.k is harmonic and vf‘ has bounded oscillation
on dB(0, fk(Sk_]), we have

vk(x) = 0¥ (@B, 7ed; ")) + 0(1) forall x € B, 78, 1), (5-3)

where Df (0 B(0, rk(Sk_l)) stands for the average of vf‘ on dB(0, t 8, ]). Direct computation shows that

B(0,7) BO, 78"

/ hke"! dx = O(1)e @BO.B5), (5-4)
B

Tk

Therefore,

So, if 9 (9B(0, wd; 1)) = —oo, then [, hfe" dx =o(1).
The second trivial case is when the blowup sequence is fully bubbling. We now have
T8, — oo (5-5)

and we assume that (v’l‘, e, v’,f) — (V1,...,V,) In CIZOC(RZ). Clearly,

n
Avi+ Y aijlx[?hje’ =0 in R?, iel,
j=1

where h; = limg_, hf.‘(O). By the classification theorem of [Lin et al. 2012a], we have

1 .

a iy [ Iy Pethydy =224yt v
jel R?
and
vi(y) = —(@+2up1-) loglyl+0(), |yl>1, i€l

By the proof of Theorem 4.3, there is only one bubble.

The final case we consider is a partially blown-up picture. Note that (5-5) is assumed. For the following
two propositions we assume n = 2, i.e., we consider SU(3) Toda systems.

Proposition 5.1. Suppose (1-2), (1-3), (1-5) and (1-6) hold for u*, hf-‘ and y;. The matrix A equals A,
and (5-5) also holds. Suppose s;, € (0, ty) satisfies

uk(x) < —2log|x| — Ny, i=1,2,

for all |x| = sy and some Ny — oco. Then (Ulk (%), 02/‘ (sg)) is an o(1) perturbation of one of the following
five types:

Cu1,0),  (0,2u12), Q1 +p2),212),  Qui, 2(ur +wp2)),  Cuy +2u2, 2101 +242).
On 0 B(0, 1), for each i either

uf(x)+2loglx| > —C, |x|=1,
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for some C > 0 or
uf.‘(x) +2log|x| < —(2+38)log|x|+5logdr, |x|= 1, (5-6)
for some § > 0. If (5-6) holds for some i, then
of (m) = o(1), 2u;i +o(1) or 2pu1 42z +o(1).
Moreover, there exists at least one iy such that (5-6) holds for i = iy.

Similarly, for bubbles away from the origin we have:

Proposition 5.2. Suppose (1-2), (1-3), (1-5) and (1-6) hold for u*, h¥ and y;. The matrix A equals A,.
Let x; € L\ {0}, 7y, = %dist(xk, 2\ {0, xx}) and

8¢ = exp(—3 max ut (x)).

XEB(xk,fk)

Then, for all sy € (0, T), if
uf-‘(x)—l—Zloglx —xk| < =Ny forall |x —x¢|=sp, 1=1,2,

for some Ny — o0, then ((1/27‘[) fB(Xk’Xk) h’l‘euﬁ, (1/2m) fB(Xk’Sk) hée“é) is an o(1) perturbation of one of
the following five types:
2,0, (0,2), 2,49, &2, “G494.

On 0 B(xg, T), for each i either
uk(x) +2log % = —C  forall x € dB(xx, &)

or
uf.‘(x) <—(2+93)logt+dlog Sk forall x € 0B (xg, Tx). (5-7)

If (5-7) holds for some i, then (1/2) fB(xk 7 hfe”f iso(l),24o0(1) or 44 o(1). Moreover, there exists
at least one ig such that (5-7) holds for iy.

We shall only prove Proposition 5.1, as the proof for Proposition 5.2 is similar.

Proof of Proposition 5.1. Let vf be defined by (5-2). Since we only need to consider a partially blown-up

situation, without loss of generality we assume vllc converges to vy in Cﬁm(Rz) and vlz‘ tends to —oo over

any compact subset of R%. The equation for vy is
Avi 4 2hi|y|?"e" =0 in R?, f hily|e" < oo,
R2
where hy = limy_, oo h’f(O). By the classification result of [Prajapat and Tarantello 2001] we have

2/ hily e = 8y
RZ
and
vi(y) = —4ploglyl+0(1), |yl >1.
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Thus we can find Ry — oo (without loss of generality, Ry = o(1)td; 1) such that

1 k Lk
— | BEGy) Iy et =21 +o(1),

27 Bg,

i.e., of(ékRk) =2u1 +o(1), and

k k
f RS Sy y 12 e = o(1).
B,

For r > Ry, recall that

1 koo k
of (Ber) = 5 - / hi Sxy)|y177" €' dy;
7T Br
then we have
—20k(s ks
il_)]f(r)= U](kr)'i'oz(kr)’
dr r
k k
Skr) — 205 (8
;irﬁ’;(r)zol( k) =205 (k1) Re<r<md;.
r

Clearly we have

d - d
R 01 (Re) = =41 +o(1), R

The following lemma says that as long as both components stay well below the harmonic function

U5 (Ri) =21 +o(1). (5-8)

—2log|y| (i.e., both of them are fast decay components), there is no essential change on the energy for
either component:

Lemma 5.3. Suppose L € (R, ‘L'kSk_I) satisfies
v (y) +2y{ loglyl < —2log|yl = Np.  Re<Iyl<Li, i=12, (5-9)

for some N — o0, then
of (8 Ry) = ol (8 Ly) +o(1), i=1,2.

Proof of Lemma 5.3. We aim to prove that al.k does not change much from §; R to §; Lx. Suppose this is
not the case; then there exists i such that al.k (8 Ly) > o*l." (8 Ry) + 6 for some & > 0. Let Zk € (Ry, L) be
such that

m%(oﬁ(skik} —oF (8 Ry)) =€ fori=1,2, (5-10)
=1,

where € > 0 is sufficiently small. Then, for v’f s

—4(1+y1) +e€ - 214y +e€

j—rﬁ'f(r) < < (5-11)

r r

It is easy to see from Lemma 2.4 that

/ v e’ = o(1),
Bik\BRk
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which is o (8 Li) = 0¥ (8 Ry) + o(1). Indeed, by Lemma 2.4,
/ yIPiet = 0(1) Iy el = o(1).
Br, \Bg, B, \Bg,

The second equality above is because, by (5-11),
ﬁll‘(r) +2y1k logr < —N; —2log Ry + (—2 — %e) logr, Ri<r <Ly.
Thus 02" ((Skl:k) = 02" (8x Rxr) + €. However, since (5-9) holds, by Remark 3.6 we have
Jim (o §Li), 73 (8Li)) €T
The two points on I" that have the first component equal to 2 are (241, 0) and (241, 2(i1 + (2)). Thus
(5-10) is impossible. Lemma 5.3 is established. Il
From Lemma 5.3 and (5-8) we see that, for r > Ry, either
vf () +2yf loglyl < —2log |yl = Ny, Re<lyl=uéi', i=1.2, (5-12)
or there exists L € (R, tk(Sk_l) such that
V() +2y5 log Ly = —2log Ly — C, |yl =Ly, (5-13)
for some C > 0, while, for R; < |y| < Lg,
k) +2yf loglyl < —2+8) log|yl,  Re <yl < Lu, (5-14)

for some § > 0. Indeed, from (5-8) we see that if the energy has to change, 05‘ has to change first. L can
be chosen so that oé‘ (8rLy) — oé‘ (8x Ri) = € for some € > 0 small.

Lemma 5.4. Suppose there exist Ly > Ry such that (5-13) and (5-14) hold. For Ly, we assume
L, = 0(1)fk8k_1. Then there exist ik such that I:k/Lk — 00 and I:k = o(l)rkék_1 still holds. For
ly| = Ly, we have

of ) +2(0+ v loglyl < —Ne,  Iyl=Li, i=1,2, (5-15)
for some Ny — oo. In particular,

vi () +2(1+yf +58) log Iyl <0, Iyl =L, (5-16)
of (kL) =2u1+0(1). 05 (8Ly) =2p1 + 22+ o(1). (5-17)

Remark 5.5. The statement of Lemma 5.4 can be understood as follows: Suppose, starting from 9By, ,
oé‘ starts to change because (5-13) holds. Then, from L to Ly, 01" does not change much and vé‘ is still
far below —2(1 + ylk) log |y|, but v’z‘ has changed from decaying slowly (which is (5-13)) to a fast decay
(the i = 2 part of (5-16)). In other words, as aé‘ changes from L; to Zk, v'zc changes from slow decay to
fast decay but v’lC still has fast decay in the meanwhile. The change of oé‘ has influenced the derivative
of 171‘, but has not made o*lk change much because 02" changes too fast from L to Ly.
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Proof of Lemma 5.4. First we observe that, by Lemma 5.3, the energy does not change if both components
satisfy (5-12). Thus we can assume that oé‘ (8x Ly) < € for some € > 0 small. Consequently,

—4(1 2
ity < HLEVIT2E L Ry
dr r
Now we claim that there exists N > 1 such that
o} (§k(LiN)) = 24 y1 + y2 + o(1). (5-18)
If this is not true, we would have ¢y > 0 and I§k — 00 such that
oF (S ReLi) <2411 + 72 — €. (5-19)

On the other hand, Ry can be chosen to tend to infinity slowly, so that, by Lemma 2.4 and (5-14),
vf () +2(1+ ) log |yl < —38loglyl, Ly < Iyl < ReL. (5-20)
Clearly (5-20) implies alk((SkLk) = af(SkI?kLk) + o(1). Thus, by (5-19),

Lk =

ar (5-21)

—2 -2y +€p/2
p .

Using (5-21) and
() = (=2=2yH)log|yl+ O(1), Iyl =Ly,
we see easily that

ok
/ 5 [y[*2 e — oo,
B(0,Rx L)\ B(0,Lg)

a contradiction to (1-6). Therefore (5-18) holds.
By Lemma 2.4,

Vi () +2log(NLy) = B (NLg) +21og(NL) + O(1),  |y|=NL, i=1,2.
Thus we have
9 (NLp) < (=2 —2y{ — 38) log(N Ly),
U5(NLy) > (=2 —2y5)log(NLy) — C.
Consequently,
U5 ((N+ L) = (=2 —=2y5) log Ly — C

leads to
1

k k
27 h5@)|y72 e dy = 2+ y1 + 2+ €0
B(0,(N+1)Lg)

for some €y > 0. Going back to the equation for 17'2‘, we have

242pm+eo

d _
d—rvz(r)f— r=(N+1)L.
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Therefore we can find ﬁk — o0 such that ﬁkLk = o(l)tk(Sk_1 and

vA(y) < (=2—2y5 —€p) log |yl — Nk, |yl = ReLy,
v () < (=2 —2yf — 18) log |yl Ly <yl < RiLy.
Obviously,
of xRy Li) = of 8k Ly) +o(1) = of (8 Ry) +0(1) = 2(1+y1) +o(1).

By computing the Pohozaev identity on Ry Ly, we have
o3 Sk RiLi) =21 + 22 +o(1).
Letting ik = Rk Ly, we have proved Lemma 5.4. O

To finish the proof of Proposition 5.1, we need to consider the region Ly < [y] < wé; Lif Ly =o0()td; !
(in which case ik can be made to be o(l)rkcﬁk_l), or L, = 0(1)rk8k_l. First we consider the region
Zk <yl < rk8k_1 when i,k = o(l)rkSk_l. It is easy to verify that

2y1 =2 1
iﬁ’f(r):— V1 V2+0()’
dr r r

6+ 2y +4y, +0(1) ~
— , r=1L

r=Lg,

A ok _
drvz(r)_ r -k

The second equation above implies

d _i 22 +46 ~
EUZ(}’)S_ r ’ r=Lka

for some § > 0. So oé‘ (r) does not change for r > Ly unless olk changes. By the same argument as before,
either v’l‘ rises to —21log |y|+ O(1) on |y| = tk(Sk_l, or there is ik = o(l)rk(Sk_1 such that

X (SpLy) =211 +2u2+o0(1), i=1,2.
Since this is the energy of a fully bubbling system, we have in this case both
vl = —Qui+dloglyl, Iyl=ud ', i=1.2,

for some § > 0.
If Ly = O(l)rkék_l, it is easy to use Lemma 2.4 to see that one component is —2(1+ y,-k) log |y|4+0O(1)
and the other component has the fast decay. Proposition 5.1 is established. U

6. Combination of bubbling areas

The following definition plays an important role:

Definition 6.1. Let Q; = { p’l‘, R p'{;} be a subset of X such that Q; has more than one point in it and
2\ OQr =B. Qg is called a group if:
(1) dist(pf, p%) ~ dist(pf, pf).

where pf.‘, p’;., pf, pf are any points in Qy such that pf.‘ * p’j‘. and pf * pf .
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(2) For any pi € i\ Qx, dist(pj, p})/dist(pf, px) — 0 for all pf, pl € Ok with pf # pf.

Proof of Theorem 1.2. Let 27;, be the distance between 0 and X \ {0}. For each zx € Xy N 9dB(0, 27;), if
dist(zg, X \ {zk}) ~ ., let Go be the group that contains the origin. On the other hand, if there exists
7, € 9B(0, 21;) such that 7/ dist(z, Xk \ z;) — 00, we let Gg be 0 itself. By the definition of a group,
all members of G are in B(0, Nt;) for some N independent of k. Let

) =ub(my) +2log i, |yl <7l

Then we have

2
A+ ayhh(ny)et Y = dmyfso, Iyl <7l (6-1)
j=1
Let O, Q1, ..., On be the images of members of G after the scaling from y to 7z y. Then all Q; € By.

By Proposition 5.1 and Proposition 5.2, at least one component decays fast on d By. Without loss of
generality, we assume
v]f <—N; on 0B

for some N, — o0, and
of (m) = o(1), 21 +o(1) or 21 +2pz +o(1).

Specifically, if rk(Sk_l < C, then Ulk(‘fk) = o(1). Otherwise, alk (tx) 1s equal to one of the two other
cases mentioned above. By Lemma 2.4, vll‘ <—Ny+Conall dB(Q;, 1) (t=1,...,m); therefore, by

Proposition 5.2,
1

— rh(e et =2m +o(l), t=1,....m,
21 /(g1

where, for each ¢, m; =0, 1 or 2. Let 274 Ly be the distance from O to the nearest group other than Gy.
Then Ly — oo. By Lemma 2.4 and the proof of Lemma 3.2, we can find f,k < Ly, I:k — 00, such that
most of the energy of v’f in B(0, L) is contributed by bubbles and v'z‘ decays faster than —2 log Li on
dB(0, Ly):

1

— k vk _
= B(O,Zk)hl(O)e I =2m+o(l), 21 +2m+o(1) or 2(u; + p2) +2m +o(1) (6-2)

for some nonnegative integer m, and
v(y)+2logLy - —oc0, |y = L. (6-3)
Then we evaluate the Pohozaev identity on B(0, Zk). Since (6-3) holds, by Remark 3.6 we have

kli)n;o(af(rkik), Uzk(fkik)) el

Moreover, by (6-2) we see that limg_, oo (olk (rkf, ©)s aé‘ (T i,k)) € ¥ because the limit point is the intersection
between the line o1 = limy_ o olk (T ik) and I".
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The Pohozaev identity for (alk (tki,k), aé‘(rkf,k)) can be written as
of (1 L) ot (v Ly) — o5 (L) — 4u1) + o5 (L) Qo (v Ly) — of (i Ly) — 4p2) = o(1).
Thus either
20 (v Li) — o (v L) > 41 +o(1) (6-4)
or
205 (e Li) — o (teLi) = 4z + o(1).

Moreover, if
201 (tLy) — 03 (wLi) = 21 +0(1) and 205 (veLy) — oy (wLi) = 22 +0(1),

then, by the proof of Theorem 4.3,
/ Rt =0(1), i=1,2,
By \tilk

for any [y — 0. In this case we have
o; = lim of (e Ly), i=1,2,
k— 00

and Theorem 1.2 is proved in this case.
Thus, without loss of generality, we assume that (6-4) holds. From the equation for u’f, this means that,
for some § > 0,

ko T = d - —2-46 =
@) (teLp) < —2log(aeli) = Ne.  -#1(r) < ==, r=1ly (6-5)

The property above implies, by the proof of Proposition 5.1, that, as r grows from 1Ly to 7Ly, the
following three situations may occur:

Case one. Both uf‘ satisfy, for some N, — oo, that
uf(x)+2log|x| < =N, wle<Ix|<mli, i=12.
In this case,
of (L) = of (uLi) +o(l), i=1,2.
So, on 0B(0, ty Ly), u’f is still a fast decaying component.
Case two. There exist L1y and Ly i € (Zk, L) such that
us(x) = —2log(teL1x) —C,  |x| =Lk,
uf(x) < —2log(teLay) — Nk,  |x|=tkLlok, i=1,2, (6-6)

and
of (mLy) =of (Loyg) +o(1). (6-7)
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Since (6-6) holds, by Remark 3.6 we have (limg_, o alk (teLok), limg_ o0 02" (txL2.x)) €". Then we further
observe that, since (6-7) holds, limk_mo(crlk (txL2x), oé‘ (txL2.x)) € X, because this point is obtained by in-
tersecting I with oy = limg_, af(tkik). In other words, the new point limk_)oo(o{‘(tk Lyyg), Uéc(‘tkLz’k))
is on the upper right part of the old point limk_wo(alk (rkik), O‘éc(‘[kik)).

Case three. u’é(x) > 2logt Ly —C, |x| =1Ly,

for some C > 0 and af(tkik) = alk(tkLk) 4+ o(1). This means that d B(0, ;. Ly), u'l‘ is still the fast
decaying component.

If the second case above happens, the relationship between olk and aé‘ on B(0, 7 L) \ B0, ©x Lo ) is
the same as discussed before. In any case, on d B(0, t; L) at least one of the two components has fast
decay and has its energy equal to a corresponding component of a point in X. For any group not equal to
Gy, it is easy to see that the fast decay component has its energy equal to O, 2 or 4. The combination
of bubbles for groups is very similar to the combination of bubbling disks as we have done before. For
example, let Go, G1, ..., G; be groups in B(0, €;) for some €, — 0. Suppose the distances between any
two of Gy, ..., G; are comparable and

dist(G;, Gj) =o(l)e, forall i, j=0,...,t, i#].

Also we require (Ek \ (ngo G,-)) N B(0, 2¢x) = &. Let €1 = dist(Go, G1); then all Gy, ..., G, are
in B(0, Ne; ) for some N > 0. Without loss of generality let u’f be a fast decaying component on
0B(0, Neq ). Then we have

of (Ney ) = of (n L) +2m +o(1),

where m is a nonnegative integer because, by Lemma 2.4, u’f is also a fast decaying component
for Gy, ..., G;. Moreover, by Proposition 5.2, the energy of ull‘ inGy,(s=1,...,t)iso(1),2+o(1) or
4+o0(1). If ug also has fast decay on 0 B(0, Ne€j x), then limk%oo(alk(Nel,k), af‘(Nel,k)) € X because
this is a point of intersection between I' and o] = limg_, oo alk (txLi) +2m. If

ub(x) = —2log Nejy —C,  |x| = Neiy,
then, as before, we can find €3 x in (Ne€j , €¢) such that, for some Ny — oo,

ub(x) +2logezp < —Ni, |xl=e3p, i=1,2,
and
k _ k
o (Neyy) = (oF] (e3,4).
Thus we have

lim (of (€3.4), 05 (63.0)) € 2,
k— 00

because this point is the intersection between I and o7 = limy_, o af(N €1.k)-
The last possibility on B(0, €) \ B(0, €1 x) is

of(er) = of (Nepg) +o(1)
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and
ub(x) +2loger > —C, |x| =&

In this case, u’f is the fast decaying component on d B(0, €).

Such a procedure can be applied to include groups further away from Gq. Since we have only finitely
many blowup disks this procedure only needs to be applied finitely many times. Finally, let s; — O be
such that

o; = lim lim of(s;), i=1,2,
k—00 5, —0

and, for some N, — 00,
uk(x) +2logsy < —Ni,  |x|=s, i=1,2.

Then we see that (o1, o) € 2. Theorem 1.2 is established. O
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RICCI FLOW ON SURFACES WITH CONIC SINGULARITIES

RAFE MAZZEO, YANIR A. RUBINSTEIN AND NATASA SESUM

We establish short-time existence of the Ricci flow on surfaces with a finite number of conic points,
all with cone angle between 0 and 277, with cone angles remaining fixed or changing in some smooth
prescribed way. For the angle-preserving flow we prove long-time existence; if the angles satisfy the
Troyanov condition, this flow converges exponentially to the unique constant-curvature metric with these
cone angles; if this condition fails, the conformal factor blows up at precisely one point. These geometric
results rely on a new refined regularity theorem for solutions of linear parabolic equations on manifolds
with conic singularities. This is proved using methods from geometric microlocal analysis, which is the
main novelty of this article.
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1. Introduction

This article studies the local and global properties of Ricci flow on compact surfaces with conic singularities.
This is a natural continuation of various efforts, including recent work of Mazzeo and Sesum, to develop a
comprehensive understanding of Ricci flow in two dimensions in various natural geometries. This work is
also partly motivated by extensive recent efforts in higher-dimensional complex geometry toward finding
Kéahler—FEinstein edge metrics with prescribed cone angle along a divisor, as approached by Mazzeo and
Rubinstein using a stationary (continuity) method with features suggested by the Ricci flow, together with
geometric microlocal techniques. A final motivation is the Hamilton—Tian conjecture, stipulating that
Kihler—Ricci flow on Fano manifolds should converge in a suitable sense to a Kéhler—Ricci soliton with
mild singularities; we make some progress toward the analogue of this conjecture in our setting.

We investigate here the dynamical problem of Ricci flow on a Riemann surface (M, J), with conic
singularities at a specified k-tuple of points p, where the cone angle at p; is 278;. Our main theorems
provide optimal regularity for flow in this setting for cone angle smaller than 2. We state these results,
deferring explanation of the notations and terminology until later in the introduction and the next section.

MSC2010: 53C44, 58]35.
Keywords: Ricci flow, conic singularities, heat kernels.
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Theorem 1.1. Consider a set of conic data (M, J, p, B) with all B; € (0, 1), and let g be a C;’y conic
metric compatible with this data (this regularity class is defined in Section 3B) with curvature K € Cg’y.
If B (1) : [0, 1] — (0, 1) is a k-tuple of C* functions with B;(0) = B;, then there exists a solution g(t)
of (2-1) defined on some interval 0 <t < T < to with conic singularities at the points p; with cone angle
2 B(t) at time t. Fort > 0, g(t) is smooth away from the p; and polyhomogeneous at these conic points,
and satisfies lim;\ o g(t) = go.

The special case of this theorem when B;(¢) = B8;(0) is called the angle-preserving flow and is the
two-dimensional case of a recent short-time existence result for the Yamabe flow with edge singularities
by [Bahuaud and Vertman 2014]; the methods developed here to obtain the necessary bounds for the
linear parabolic problem are somewhat more flexible than theirs and yield stronger estimates.

The key step in the proof of this short-time existence result is a new regularity statement for the
linearized parabolic equation. This regularity is one of the main new technical contributions of this article.

Theorem 1.2. Let B € (0, 1). Suppose that (0; — Ay — V)u= f,u(0,-) = ¢, where g, V, ¢ € Cg’y(M)
and f lies in the parabolic regularity space CZ v/ 2(M x [0, T')). Then, near each conic point,

u=ao(t) +r'P(a(t) cos y +ap(t) siny) + O(r?), (1-1)

where ay, a;j(t) € cHv/2([0, T)). When g, 'V, f and ¢ are all polyhomogeneous, then the solution u is
polyhomogeneous on [0, T) x M. If B > 1, a similar expansion holds but there exist additional terms of
order r®(log r)* with § € (1/8, 2).

This refined regularity for solutions of singular parabolic equations seems to be new and requires some
delicate analysis that is mostly contained in Propositions 3.6 and 3.9. We expect this type of estimate
should be a standard tool in problems where such equations arise; see [Gell-Redman 2011] for a recent
application.

We go beyond this short-time existence result only for the angle-preserving flow. Theorem 1.2 allows
us to directly adapt Hamilton’s method to get long-time existence of the normalized flow. Convergence,
however, is more subtle. As we explain below, there is a set of linear inequalities (2-14), discovered by
Troyanov, which is known to be necessary and sufficient for the existence of constant-curvature metrics
with this prescribed conic data (for cone angles less than 27).

Theorem 1.3. Let g(t) be the angle-preserving solution of the normalized Ricci flow from Theorem 1.1.
Then g(t) exists for all t > 0. If x(M) <0, or if x(M) > 0 and (2-14) holds, then g(t) converges
exponentially to the unique constant-curvature metric compatible with this conic data.

In the remaining cases we have two parallel results.

Theorem 1.4. Let g(t) be the angle-preserving solution of the normalized Ricci flow, as above. Suppose
that x (M) > 0 and (2-14) fails.

e Define Y (t) to be the t-dependent diffeomorphism generated by the vector field V f(t), where
Af(t) = Rgq) — p (Where p is the average of R). Then g(t) := *g(t) satisfies 9g(t)/0t = 2/i(t),
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where [ is the tensor defined by (5-1) with respect to the metric g(t), and we prove that
. A2 AT 2 _
lim /M A0, dAw) = lim /M IO dAW) =0.
Furthermore, the vector field X = VR + RV f satisfies

i | X (0[5, dA1) =0.
 Returning to the unmodified normalized Ricci flow, and writing g(t) = u(t, - ) go, the conformal factor
u blows up at precisely one point g € M.

The significance of the tensor u and the vector field X, is that they both vanish on a Ricci soliton. It
would be very interesting to connect the two different conclusions of this theorem.

Remark 1.5. It should be possible to show that there is a 7-dependent family of conformal dilations F'(¢)
fixing the point of blowup of u(¢), and such that F'(¢#)*g(¢) converges (on every compact set K C Sz\ p) to
an eternal solution of normalized Ricci flow. One would hope to prove that the family of metrics F (¢)*g(z)
converges to a soliton metric, but, unfortunately, this does not seem to be possible with the present methods.
It would also be quite interesting to identify the unique point of blowup of u(#); the natural conjecture
is that this blowup occurs at the unique conic point p; € p where the Troyanov condition fails.

We learned only in November 2014 of [Phong et al. 2014], where this conjecture is verified. The proof
uses the machinery developed in the recent proof of the Yau-Tian—Donaldson conjecture.

Our goals are, first, to provide a clear and direct analytic treatment of the short-time existence for
this problem, thus circumventing the approximation methods of [Yin 2010], and, second, to establish
convergence to a constant-curvature metric when the Troyanov condition holds. This generalizes [Yin
2013], where only the negative case is handled. We assume throughout that all cone angles lie between
0 and 27. As explained below, this restriction has significant geometric and analytical ramifications.
The regularity theorem accounts for a substantial amount of the analysis here, and is one of our new
innovations. Our methods provide a new approach for obtaining estimates for heat operators on conic
spaces on the naturally associated Holder spaces.

This article is organized as follows. In Section 2 we review some basic facts regarding the two-
dimensional Ricci flow. The heart of the article, Section 3, develops the linear parabolic edge theory on
Riemann surfaces. In particular, Sections 3A-3E review the relevant elliptic theory, based on the methods
of [Mazzeo 1991; Jeffres et al. 2014], but emphasizing the simplifications that occur in this dimension com-
pared to [Jeffres et al. 2014]. Building on this, Section 3F develops the corresponding parabolic regularity
theory. Short-time existence, Theorem 1.1, is proved in Section 3G, while Section 3H contains Theorem 1.2
on the asymptotic expansion for solutions and the further results on higher regularity. The long-time exis-
tence of the flow is a fairly easy consequence of all of this and appears in Section 3J. The convergence result
in the Troyanov regime is the subject of Section 4, while in Section 5 we study the complementary regime.
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2. Preliminaries on Ricci flow
The normalized Ricci flow equation on surfaces is

%8(1) = (p—R(z,-))g(), (2-1)

where R is the scalar curvature function of the metric g(¢) and p is the (time-independent!) average of the
scalar curvature. For this choice of p, the area A(M, g(¢)) remains constant in time. This flow preserves
the conformal class of g(#), so (2-1) can be written as a scalar equation for the conformal factor: if gg is
the metric at = 0 and g(¢) = u(, - )go, then (2-1) is equivalent to

ou = Ag,logu — Rgy + pu, u(0)=1. (2-2)
This is the fundamental equation studied in this article.

2A. Miscellaneous formulae. In two dimensions, Ric(g) = %R g, where R is the scalar curvature, so
Ricci flow coincides with the Yamabe flow, and both are given by (2-1). This flow preserves the conformal
class of the metric, and so can be written as a scalar parabolic equation. Indeed, if g = e?go, then the
scalar curvatures of these two metrics satisfy

Ao — Ry + Re? =0, (2-3)

so, with u = e?, (2-1) is equivalent to (2-2). (The reader should note that the conformal factor is often
written ¢? elsewhere, but this is compensated for here by the fact that R = 2K.)

If go is any metric with finite Holder regularity and isolated conic points, then its conformal class [go]
admits a representative gg which is smooth on all of M. We can even assume that gy is exactly Euclidean
in a ball around each p;. Fix any such metric, then choose a conformal factor ¢g € C*°(M \ {p1, ..., pr})
which equals (8; — 1) log r in Euclidean coordinates near each p;. The metric gy = e’ g is then smooth
away from each p; and has the exact conic form dr?+ ,sz.rz dy? near p ;. Finally, write the metric go, the
initial condition for the Ricci flow, as upgo. This encodes the finite regularity entirely in the conformal
factor. Using this regular background conic metric gg allows for some technical simplifications in the
presentation below. Henceforth we relabel g¢ as go, and then consider the initial value problem (2-2)
with u(0) = ug, assuming that g is C>* on M \ {p1, ..., px} and exactly conic near each p;.

We record some other useful formulae. First, using (2-3) in (2-2) with ¢ = % logu gives

du=(p—Ru < 9 logu=p—R. (2-4)

Another formulation of the equations for the angle-fixing flow includes a distributional contribution from
the cone points:

dlogu=p—R+2w Y (1= Sy,

This conforms with a standard presentation in higher dimensions, but we primarily work with the
equations (2-2) without the extra delta summands. Denoting the area form for g(z) by d A, then

d
TdA=(p—R)dA. (2-5)
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Consequently, the area A(7) := [,, d A satisfies

d -
d—A(t) =/ (p—R)dA = pA(t) —4m x (M, B),
t M

so, if we now fix B
_4rx (M, B) 26)
A(0)
then A(t) = .A(0) for all ¢.
Note that, by (2-4), uniform bounds on R(#) imply bounds and (at least subsequential) convergence for
logu(t) as t /' oo. This means we can focus on the curvature function rather than the conformal factor.

Differentiating (2-3), assuming that g(¢) is a solution of (2-1) on some interval 0 <t < 7', we obtain
&R = AgyR+R(R —p). 2-7)

When M is compact and smooth, (2-7) implies that the minimum of R is nondecreasing in ¢. Indeed,
Runin(t) :=infy; R(q, t) satisfies

d
ZRmin > Rmin(RInin - /O)-

Since Ry, (t) is only Lipschitz, the term on the left is defined as the limit infimum of the forward
difference quotient of Ruin(#). Since p is the average of R, Rnin < p; hence, if p <0, then the right-hand
side is nonnegative, and the claim about Ry, being nondecreasing holds. If p > 0, then, choosing r () so
that dr(t)/dt =r(t)(r(t) — p), r(0) = Rpin(0), a similar argument applied to the difference Ry, — 7 (¢)
leads to the same conclusion.

Estimating Rp,x is more difficult, especially when R > 0, and we discuss this later.

2B. Conic singularities. In two dimensions, there are two equivalent ways to describe conic singularities.
The first is conformal: using a local holomorphic coordinate, we can write

g = e |21 2dz|?, (2-8)

where 8 > 0 and ¢ is a bounded function (with regularity to be specified later); the second is the polar
coordinate model

g= dr? +r2h(r, y)zdyz, y € SZIJT, (2-9)

where £ is a strictly positive function with 2(0, y) = 8, again with regularity to be specified later. The
equivalence between these two representations, at least in the model case where ¢ =0 and h =1, is
exhibited by writing |dz|?> = dp* + p?dy?, y € Szln =R/27Z, and setting r = p# /B, since then

dr = pP 7 ldp = g =e*dr? + B*r2dy?).

The fact that more general conic metrics can be written in either of these two forms is considered
in [Troyanov 1991]. We refer also to [Jeffres et al. 2014, §2.1] for a thorough discussion of this
correspondence. Consequently, if g has a conic singularity at p, then the underlying conformal class [g]
extends smoothly across p, or, in other words, the conformal class [g] determined by a conic metric contains



844 RAFE MAZZEO, YANIR A. RUBINSTEIN AND NATASA SESUM

a representative which is smooth across the conic points. (This holds for isolated conic singularities only
in two dimensions, or, more generally, for nonisolated “edge” singularities in complex codimension one.)
It is also convenient to use
a=p-1,

and we refer to either « or 8 as the cone angle parameter, hopefully without causing confusion. We focus
in this article exclusively on surfaces with conic singularities for which the equivalent conditions

2rB€(0,2n), Be@0,1), aec(-1,0) (2-10)

hold. There are good reasons for this restriction: for such cone angles, the uniformization results are
definitive, and, in addition, conic surfaces with cone angles in this range have certain favourable geometric
and analytic properties which are very helpful, and perhaps crucial, in certain parts of the analysis below.
Related issues appear in [Jeffres et al. 2014].

2C. Uniformization of conical Riemann surfaces. Fix a smooth compact surface M, along with a
conformal, or, equivalently, a complex structure J. Denote by p = {py, ..., px} C M a collection of
k distinct points, and let ,5 ={Bi, ..., Bx} € (0, 1)* be a corresponding set of cone angle parameters. As
above, write o; = B; — 1. The conic Euler characteristic associated to this data is the number

k k
XM B)=x(M)+> a;j=x(M)+)_ B;—k. (2-11)
j=1 j=1
In the higher-dimensional language of [Jeffres et al. 2014], this is the twisted anticanonical class of
the pair (M, > (11— ,Bi)pi), ie, —Ky — > (1 — B;)pi, where Kj; = T10*M denotes the class of the
canonical divisor of M.
The uniformization problem asks for the existence of a conic metric g compatible with the complex
structure J with cone parameters ; at p; and with constant curvature away from these conic points.
This can also be phrased in terms of the distributional equation

Ry =27 ) (1— )8, = const. (2-12)

Indeed, in conformal coordinates, R, = —A, log y up to a constant factor, where g = V=1 ydz ® dz =
v/ —1y|dz|?, and the Poincaré-Lelong formula asserts that — A log |z| is a multiple of the delta function
at {z = 0} (this can be seen by excising a small neighbourhood near the cone point and using Stokes’
formula). Then (2-12) follows, since, for a conic metric, y = |z|*#=2F near a cone point, with F' bounded.

A consequence of this formulation is the Gauss—Bonnet theorem in this setting: if g is any metric with

this conic data, then
27 x (M, B):/ Ky dA,. (2-13)
M

Therefore, if a constant-curvature metric with this conic data exists, then the sign of its curvature K,
agrees with the sign of x (M) + ) «;. Note that, because of (2-10), this sign can be positive only when
M = §? (or RP?, but for simplicity we always work in the oriented case).



RICCI FLOW ON SURFACES WITH CONIC SINGULARITIES 845

The next theorem combines results of McOwen [1988; 1993] and Troyanov [Troyanov 1991] (the
existence), Luo and Tian [1992] (uniqueness and nonexistence), and Jeffres, Mazzeo and Rubinstein
[Jeffres et al. 2014] (higher regularity).

Theorem 2.1. Let (M, J, p, E) be as above. Then there exists a conic metric with constant curvature
associated to the data (J, p, B) if and only if either x (M, ,5) < 0, in which case {B;} € (0, DX can be
arbitrary, or else x (M, ,5) > 0 and, foreach j =1, ...k,
k
aj > Z(xi or, equivalently, 2o > Zai. (2-14)
i#j i=1

This metric, when it exists, is unique, except when x (M, B) =0, in which case it is unique up to a constant
positive multiple, or when M = S* and there are no more than two conic singularities, in which case it is
unique up to Mdobius transformations which fix the cone points. Finally, the metric is polyhomogeneous
with a complete asymptotic expansion of the form

Njk

8~ ( Z 2:ajk/z(y)rijk/ﬂ(logr)g)Iz|2’3_2|al1|2

7, k>0 £=0

The existence and regularity statements here were recently generalized to any dimension in [Jeffres
et al. 2014, Theorems 1 and 2]; in that setting, the Troyanov condition is replaced by the coercivity of the
twisted Mabuchi K-energy functional. Following [Ross and Thomas 2011], these conditions can also be
reinterpreted as saying that the twisted Futaki invariant of the pair (M Y (1=Bp) pi) is nonnegative, or,
equivalently, that this pair is logarithmically K-stable. The generalization of the uniqueness part of this
result to higher dimensions has been accomplished by Berndtsson [2015]. Nonexistence when coercivity
fails can be easily deduced from [Jeffres et al. 2014] together with work of Berman [2013]. We also
remark that Berman’s work gave a new proof of Troyanov’s original results. We refer to [Rubinstein
2014] for a survey of the results mentioned in this paragraph and further references.

The rather curious linear inequalities (2-14) were discovered by Troyanov [1991, Theorem 5], and
we refer to them henceforth as the Troyanov conditions. As just noted, they guarantee coercivity in the
variational approach to this problem, which is key to proving existence, and which plays a key role in our
considerations about the flow below. This coercivity is automatic when x (M) < 0, where simpler barrier
methods suffice [McOwen 1988].

We also remark that, if k£ > 2, then (2-14) can fail for no more than one value of j. Indeed, if these
inequalities fail for two distinct index values j, j’, which we may as well take as j = 1 and j’ =2, then

k k k
0615062+Zai, 05250!1+Zai = OSZOG,
j=3 j=3 j=3

which is impossible since all the «; are negative.
We discuss the cases k = 1, 2 separately. Using that a constant-curvature metric is rotationally symmetric
near each conic point, we see that there can be no constant-curvature metric with only one conic point,
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while, if there are precisely two conic points, then the surface is globally rotationally symmetric, the cone
angles are equal and the metric is the standard suspension dr? + 2 sin® r dy?, 0 <r < . When k <2
and no constant-curvature metrics exist, there are well-known soliton metrics: the teardrop (k = 1 and
any B € (0, 1)) and the (American) football (k =2 and any pair 0 < 8; < B, < 1). These can be obtained
by ODEs methods; see [Hamilton 1988; Yin 2010; Ramos 2013]; Ramos’s paper gives a particularly
complete and incisive analysis.

The variational approach has recently been extended considerably through the work of Malchiodi et al.
to allow angles bigger than 2, even when coercivity fails; see, e.g., [Bartolucci et al. 2011; Carlotto and
Malchiodi 2012]. Our regularity result, Theorem 1.2, holds for such angles, but our proofs of long-time
existence and convergence do not carry over to that angle regime.

2D. Optimalregularity. We have already identified the central role of the refined regularity in Theorem 1.2.
This result considerably sharpens the linear estimates proved by Jeffres and Loya [2003]. At the technical
level, that paper establishes control on two “b-derivatives”, i.e., with respect to the vector fields 79, and 9,
which vanish at the cone points, which imply only that 8,u = O (), for example. Our Theorem 1.2 shows
that both 9,u and r'~V#3,u are bounded. It also parallels the recent result [Jeffres et al. 2014, Proposi-
tion 3.3], which concerns the corresponding elliptic Poisson equation Agu = f for the Laplacian of a Kéhler
edge metric g (generalizing the conic metrics considered here). This result in the elliptic case for smooth
(or polyhomogeneous) edge metrics and with data lying in Sobolev spaces appears in [Mazzeo 1991].
These refined regularity statements represent basic phenomena associated to elliptic and parabolic edge
operators. The fact that “singular” terms with noninteger exponents appear in solutions goes back to the
work of Kondratiev and his school in the 1960s. However, since the methods and the particular choice of
function spaces used here are less well known to geometric analysts, we pause to make some additional
remarks. One key fact is that, even for the model (exact conic) case, if Agu = f is Holder continuous
with respect to the metric g (i.e., defining Holder seminorms using the distance determined by g), then it
is not the case — unlike in the smooth setting — that all second derivatives of u are even bounded, let
alone Holder continuous. A basic example of this is the harmonic function ¥ = Re z = r!/# cos v, since,
if % < B < 1, then 8,2u ~ r1/8=2 blows up as r — 0. The optimal regularity is that [0,ulg.0,1/8—1 < 00,
where
lv(z) —v(2)]

v]e:0.y = SU
[Vlg:0.y P de(z,2')Y

The results described above show that the phenomena in these examples provide the only mechanism
through which control of second derivatives is lost. They also show that, if g € (0, %] (the easier “orbifold
regime”), one has full control on the Hessian, since 1/8 > 2. One can obtain a slightly weaker statement
using classical methods; see [Donaldson 2012]. As shown here, and in line with [Jeffres et al. 2014], one
can go further by taking advantage of a detailed description of the structure of the Green function and
heat kernel. Thus, we use here the so-called »-Holder spaces Cl,f’y, which are defined using the slightly
different seminorms

[v(2) —vE@)I(r +r)"

de(z, 7)Y

[v]p;0,, = sup
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where r = r(z) and r’ = r(z’) are the g-distances of these respective points to the nearest conic points.

As already noted, [Bahuaud and Vertman 2014] contains a result similar to Theorem 1.1 for the
higher-dimensional Yamabe flow for metrics with edges, while, as announced in [Mazzeo and Rubinstein
2012], direct analogues of Theorems 1.1 and 1.2 for the higher-dimensional Kihler—Ricci edge flow will
appear in [Mazzeo and Rubinstein > 2015].

2E. Historical remarks. The survey [Isenberg et al. 2011] provides a fairly recent account of what is
known about Ricci flow on various classes of smooth surfaces, both compact and noncompact. The survey
[Rubinstein 2014] reviews results on geometry and analysis related to Kéhler edge metrics, including the
special case of conic metrics on Riemann surfaces. The Ricci flow on conic surfaces presents several new
challenges, some geometric and some analytic. For example, the uniformization problem in this setting
is obstructed, in the sense that it is not always possible to find metrics of constant curvature in a given
conformal class with certain prescribed cone angles. In addition, the flow starting at an initial singular
surface is not uniquely defined: there are solutions which immediately smooth out the cone points [Simon
2002; Ramos 2011], and others which immediately become complete and send the cone points to infinity
[Giesen and Topping 2010; 2011]. The solutions studied here, by contrast, either preserve the cone angles
or allow them to change in some prescribed, smoothly varying manner. Our methods are drawn from
geometric microlocal analysis, and are continuations of the elliptic methods used in [Jeffres et al. 2014;
Mazzeo and Rubinstein 2012; > 2015] to study the existence problem for Kidhler—Einstein edge metrics.
These provide very detailed information about the asymptotic behaviour of solutions near the conic points.
Indeed, we have already noted that Theorem 1.2, concerning a regularity and asymptotics theorem for
solutions of linear heat equations on manifolds with conic singularities, is a key ingredient, and should be
useful elsewhere too.

The angle-preserving flow for Riemann surfaces with conic singularities was previously studied by
Yin [2010]; his approach provides few details about the geometric nature of the solution and does not
yield precise analytic or geometric control of the solution for positive time. More recently, in [Yin
2013], he establishes long-time existence of the normalized Ricci flow for conic surfaces, and proves
convergence to a constant-curvature metric when the conic Euler characteristic (see Section 2C for the
definition) is negative. However, he only establishes smooth convergence away from the conic points,
and does not describe the precise limiting behaviour near these conic points. There is other work on
this problem by Ramos, contained in his thesis but not yet released (see, however, [Ramos 2011; 2013]).
Another related paper is [Bahuaud and Vertman 2014], which proves a short-time existence result for
the Yamabe flow on higher-dimensional manifolds with edge singularities. Their methods are not far
from the ones here, but our approach to regularity theory developed is simpler in many regards. Recently,
Chen and Wang [2013] use quite different ideas to study the Kdhler—Ricci flow on Kéhler manifolds with
edges.

We also mention the work of Rochon [2014], where a “propagation of polyhomogeneity” result is
proved in the spirit of Theorem 1.2 but in the complete asymptotically hyperbolic setting; see also Albin,
Aldana and Rochon [Albin et al. 2013], and also [Rochon and Zhang 2012] concerning a similar result in
higher dimensions.
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Finally, we make some remarks about the history of these results and of this particular work. The
initial draft of this paper was completed in the Fall of 2011, though the work on it had started a few
years before, and this material has been presented at conferences since then and announced in the survey
article [Isenberg et al. 2011]. The appearance of this final draft was held up by other commitments of
the authors, as well as our efforts to obtain the most incisive results possible. We now comment on the
relationship between this work and other recent papers. These recent works include Yin’s original [2010]
paper and his very recent follow-up [2013]; these certainly have substantial overlap with the present work,
although our more detailed treatment of the linear and nonlinear regularity theory should be useful in
further and more refined investigations of this problem. In addition, some time ago we were informed
that D. Ramos had obtained results on this problem, relying on the short-time existence results in [Yin
2010]. His work was done independently of ours and has many points of overlap as well, though we have
not seen details beyond what is contained in [Ramos 2011; 2013]. We acknowledge some very interesting
and helpful conversations with him, clarifying his work, shortly before this paper was initially posted.
Finally, we mention the very recent paper by Chen and Wang [2013], which has made substantial inroads
into the higher-dimensional Kihler—Ricci flow in the presence of edge singularities using rather different
methods that do not give higher regularity, and the announcement of Tian and Zhang [2013] concerning
the Hamilton—Tian conjecture in the smooth setting in dimension three.

3. Linear estimates and existence of the flow

We now review some of the basic theory of the Laplacian and its associated heat operator on manifolds
with conic singularities. For brevity, we focus entirely on the two-dimensional case. The main part of this
section is an extension of standard parabolic regularity estimates to this conic setting; the main goal is a
refined regularity result which is necessary for understanding our particular geometric problem. These
estimates also lead directly to a proof of short-time existence.

3A. Elliptic operators on conic manifolds. Let g be a metric on a compact two-dimensional surface M
with a finite number of conic singularities; in fact, to simplify the discussion below, assume that there is
only one conic point, p. Write g = e? g, where g( is smooth and exactly conic near p. We now study some
analytic properties of the operator A, + V, where g and V have some specified Holder regularity. Since

(Ag+VIu=(e?(Agy+e?VIu=f = (Ag+e?VIu=e"f,

we may as well replace g by go and the potential V by e?V, and hence it suffices to study operators of
the form A, + V, where g is smooth and exactly conic, and V satisfies an appropriate Holder condition.

We use tools from geometric microlocal analysis to study elliptic operators on surfaces with cone
points. As references for these results, see the monograph by Melrose [1993] and the articles of Mazzeo
[1991], Gil, Krainer and Mendoza [Gil et al. 2006], and [Jeffres et al. 2014, §3 ] for a more extended
expository review. This approach takes advantage of the approximate homogeneity of the Laplacian of a
conic metric of the cone point, as well as the resulting approximate homogeneity of the Schwartz kernels
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of the corresponding Green functions. The strategy is to use these to obtain refined mapping properties of
the operator, as well as regularity properties of its solutions.

In much of the following, it is convenient to replace the conic manifold M with a manifold with
boundary M which is obtained by blowing up the conic point. This blowup procedure (which is described
in more generality below) corresponds to introducing polar coordinates (r, y) around the conic point p
and then replacing p by the circle {(0, y)} = {0} x S at r = 0. The space M is then given the smallest
smooth structure for which these polar coordinate functions give a smooth chart.

3B. Function spaces. We first introduce various function spaces used later. The key to all these definitions
is that it is advantageous to base them on differentiations with respect to the elements of V), (1\7 ), the
space of all smooth vector fields on M which are unconstrained in the interior but tangent to the boundary.
In local coordinates, any element of this space is a linear combination, with C°°(A71 ) coefficients, of the
vector fields 9, and 9,. Natural differential operators are built out of these; for example, the Laplacian
of an exactly conic metric with cone angle 28 takes the form

Ap=r"2((r8,)* + B7°9))

near p, where y € Szln. In other words, up to the factor r—2, this is an elliptic combination (sum of
squares) of the basis elements of V.
Now define

CK(M) = {u:Vy---VoueC'(M) forall £<k and V; € Vy(M)).

Because these spaces are based on differentiating by elements of V), observe that Clb‘ contains functions
like réy(y), where ¥ € C*(S') and Re¢ > 0. We also use the corresponding family of b-Holder
spaces C';*‘S(A?). The space C;j(l\?) consists of functions ¢ such that ||¢||.s := sup @] + [@]p.s < 00,
where this Holder seminorm is the ordinary one away from dM, while, in a neighbourhood U = {r < 2},

Wlosy= sup POV DN+
R e R U R VR

Observe that, if we decompose U into a union of overlapping dyadic annuli, | J,., A¢, where each
Ag={(r,y): 271 <r <271}, then this seminorm (for functions supported in /) is equivalent to the
supremum over £ of the Holder seminorm on each annulus,

[Plsu ~ iug (@15, 4,- (3-1)

Said differently, the seminorm can be computed assuming % <r/r’ <2. To verify this, simply note that,

if (r, y) € Ag and (+', y') € Ay with [£ —¢'| > 2, then
=
I+

6, 3) =S¢ )N+
=Pty —yp = P

’

so that
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with C independent of ¢ and ¢'.

We also let c§+5(n7 ) consist of the space of ¢ such that V;--- V¢ € C,f (1\7[ ) for all £ <k, and where
Ve Vb(ﬁ) for every j; finally, define rVCIb‘J”S(M) ={p=r"y: ¢y e Clg+5(]\7)}.

The intersection of all these spaces, (), C’g (M ), is the space of conormal functions, denoted by .A(M ).
It contains the very useful subspace of polyhomogeneous functions, Apne. By definition, Appe consists of
all conormal functions which admit asymptotic expansions of the form

Nj
o~ > Y ¢ie(rilogn)t.

Re )/j/'OO £=0

Note that the conormality condition requires that each coefficient ¢; ¢ lies in C*°(S 1. As an important
special case, C°°(A7I ) C Aphg(IVI ), since smoothness corresponds to demanding that the exponents in
the expansion above are all nonnegative integers, i.e., y; = j and N; =0 for all j > 0. Finally, define
AY(M) = A(M) N L and A% (M) = Apng (M) N L®(M).

A metric g is le‘s, conormal, polyhomogeneous or smooth if g = uggy, where the background metric

go is smooth and exactly conic, and where the function u satisfies any one of these regularity conditions.

3C. Mapping properties. Suppose that L = A, + V, where both g and V are polyhomogeneous (and V
is real-valued). There is a canonical self-adjoint realization of this operator, which we still denote by L,
defined via the Friedrichs construction associated to the quadratic form f [Vul>—V|ul>dA ¢ and core
domain C;°(M \ {p}). It is well known that the Friedrichs domain of L obtained from this construction
is compactly contained in L?, so this operator has discrete spectrum. We let G denote its generalized
inverse. As an operator on L*(M ), this satisfies

AgoG=GoAy=Id—TI, (3-2)

where I1 is the orthogonal projector onto the nullspace of L. Thus IT has finite rank, and a basic regularity
theorem in the subject (see the references cited earlier) states that, if g and V are polyhomogeneous,
then the range of I1, which is the nullspace of L, lies in Appg. When V = 0, we have rank(IT) = 1 and
[T projects onto the constant functions. We regard each of these integral operators as corresponding to
a Schwartz kernel, which is an element of D'(M x M). The “integration”, or distributional pairing, is
taken with respect to the density dA,. In local coordinates this equals r dr dy; the reader should note
that this is not the standard b-density 7 ~! dr dy that is commonly used in setting up the b-calculus. The
differences are minor and notational only.

In this subsection we apply the theory of b-pseudodifterential operators to describe the fine structure of
the Schwartz kernel of G. There are many reasons for wanting to know this structure, beyond the simplest
statement that G is bounded on L?. One example is that, once we know the pointwise structure of this
Schwartz kernel, we can show that G and IT are bounded operators acting between certain weighted
b-Holder spaces. Since the equality of operators (3-2) remains true on these spaces as well, we deduce
that the operator L is Fredholm between these weighted Holder spaces as well as just on L? or Sobolev
spaces. This is very helpful when studying nonlinear problems.
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We are primarily interested in the mapping

L:CZT (M) —> Co(M). (3-3)

This is unbounded because, for a general u € Cb2+5, it need only be true that Agu € r—zc;j. Thus the

domain of (3-3) is
DJ(L):={ueC(M): Lu= f eC)(M)), (3-4)

which we call the Friedrichs—Holder domain of L. This space is independent of the potential V. Indeed,
ifue Dg(L), then Aqu=f—-Vue . soue Dg(Ag). Note finally that DI‘Z(Ag) is complete with respect
to the Banach norm

lullpy 1= s + | Agitllgs.
An essentially tautological characterization of this space is that
DY(L)={u=Gf+w: feC) and w e ker LNCF). (3-5)
However, there is an even more explicit characterization of this space:
Proposition 3.1. Suppose that L = A, +V with g, V € Cl‘j, and u € D,‘i (L) satisfies Lu = f € Cg (M).

Then
u=ag+ (ajjcosy—+ap siny)rl/ﬂ +u,

where ay, a1, ajp are constants and i € rZC§+8. (Note that the middle term on the right can be absorbed
into ii if B < 1.)

To explain the relevance of the terms in this expansion, recall that, using the exactly conic structure
of g near the conic points, we have that, if y € R and ¢ € C*°(S 1), then

Agr?(y) = (B72¢"(3) +y2p())r*™> and Vr7¢(y) = OGY).

Thus, in terms of its formal action on Taylor series, A, is the principal part. The operator A, has special
locally defined solutions 7//# (a j1cos(jy) +ajzsin(jy)), and the terms in the statement of this result are
simply those special solutions with exponent less than 2.

The L? version of this proposition is a special case of Theorem 7.14 in [Mazzeo 1991], and it is not
hard to deduce the corresponding statement in these b-Holder spaces from that. We sketch a direct proof
below in Section 3E.

Remark 3.2. The higher-dimensional version of this decomposition for solutions of Schrodinger-type
equations on manifolds with edges plays a crucial role in [Jeffres et al. 2014].

3D. Structure of the generalized inverse. We now describe the detailed structure of G. First recall the
definition of conormal and polyhomogeneous distributions. We say that u is conormal of order y on M,
written u € AY (1\7), it Vi---Vou € rV L™ for every £ > 0 and all V; € V,(M). Such a u is smooth
away from the conic points. Next, let E be an index set, i.e., a discrete subset {(y;, p;)} C C x Ny such
that there are only finitely many pairs with y; lying in any half-plane Re z < C. We also assume that
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(vj, pj) € E implies that (y; + ¢, p;) € E for every £ € N. We then say that u is polyhomogeneous with
index set E, written u € Aghg(M), if u € AY (M) and

u~ Z Zajg(y)ry-f(logr)g,

(vj,pj)EEL<p;

where each a;;, € C*°(S 1. Similarly, if X is any manifold with corners, then we can define the space of
polyhomogeneous functions on X; these have the same type of asymptotic expansion at all boundary
faces and product-type expansions at the corners of X.

The reason for introducing polyhomogeneity is that the Schwartz kernel G is polyhomogeneous, not
on (1\71 )2, but rather on a certain manifold with corners (1\~4 )% which is obtained by blowing up (1\71 )2
along the codimension two corner (0 M)?. This new space has three boundary hypersurfaces: two are
lifts of the faces M x M and M x dM and called the left and right faces, If and rf, respectively, and
the third is the front face, ff, which is the one produced by the blowup. There is a natural blowdown
map b : (1\7[ ),% — (A71 )2, and the precise statement is that G = (b), K¢, where K¢ is polyhomogeneous
on (M )127, with an additional conormal singularity along the lifted diagonal in (M )ZZ,.

There are several useful coordinate systems on (1\7 )i. Using coordinates (r, y) near the boundary on the
first copy of M and an identical set (r’, ¥) on the second copy, this blowup is tantamount to introducing
the polar coordinates r = R cos 6, r’ = R sin 6 and replacing the corner {r = r’ = 0} by the hypersurface
{R=0, 6 €[0,m/2]}. Thus If corresponds to & = 7 /2, rf corresponds to 6 = 0, and the front face ff
corresponds to R = 0. The lifted diagonal is the submanifold {# =z /4, y = y'}. If £ = (E}, Eyr) is a pair
of index sets, the first for If and the second for rf, then we say that a pseudodifferential operator A lies in
the space W, °°’r’g(1\7[ ) if the lift K 4 of its Schwartz kernel to (]\71 )127 lies in A;ﬁg((l\? )12)), where the initial
superscript r indicates that K4 = R" 2K '» where K’ is C* up to the front face and is polyhomogeneous
at the side faces with index sets Ejf and E.f, respectively. Finally, A € \Dg”r’g(l\? Yif K4 =R 2(K 1/4 +K X),
where the first term lies in W, o€ and K "+ is supported in a small neighbourhood of the lifted diagonal,
and in particular vanishes near If Urf, has a conormal singularity of pseudodifferential order m along
the lifted diagonal (so its Fourier transform on the fibres of the normal bundle to the lifted diagonal is a
symbol of order —2 + m), and is smoothly extendible across the front face. The reason for the slightly
odd normalization of the singularity along ff is to make the identity operator an element of \lf,?’o’g 2(M).
Indeed, relative to the measure 'dr’dy’, the Schwartz kernel of Id is r ~'8(r — r")8(y — y’), and this lifts
to (M)} as R™28(6 — m/4)8(y — ).

If g is a smooth conic metric and 8 ¢ Q, then the index set for the expansion of K¢ at 1b and rb is

E={<%+e,o) . j. eeNo, (G, ) £ (0, 1)}.

This excluded element (0, 1) corresponds to requiring that the expansion not include the term logr. If B
is rational, or if g is only polyhomogeneous, then we are able to state that the generalized inverse G lies
g —2.2,ELE
Wy, "o

b

the index set; however, the initial part of this index set (and hence the exponents in the initial part of the

(M) for some index set E’, which may contain extra terms, including log terms, high up in

expansion of any solution) up to order 2 remains the same. The fact that the index r in the general definition
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equals 2 for the particular kernel K turns out to be very helpful. This correspond to precisely the order of
approximate homogeneity needed to compensate for the fact that the identity operator behaves like R~ at
the front face, and A is approximately homogeneous of order 2. The index sets of G at the left and right
faces are equal to one another because G is a symmetric operator. The fact that £ does not contain the term
(0, 1) is because G is the generalized inverse for the Friedrichs extension. It can also be verified by direct
calculation that, in fact, £ does not contain the element (1, 0), for, if it did, then we could produce a poly-
homogeneous element # = G f in the Friedrichs domain which contains a term u (y)r; this holds because
Agr = O(r~"). We refer to [Jeffres et al. 2014, §3 ] for a more careful description of all of these facts.

Let us say that A € \IJZ””S is of nonnegative type if m <0, » > 0, all the terms (y, s) in the index sets
Er and Es are nonnegative and, if (0, s) lies in either index set, then s = 0. Proposition 3.27 in [Mazzeo
1991] implies that, if A is of nonnegative type, then A : Cl?"s — Cg,a is a bounded mapping.

3E. Mapping properties, revisited. We are now ready for:

Proof of Proposition 3.1. Rewrite Lu = f as Agu = f — Vu := f € Cl‘f. Let G denote the generalized
inverse of the Friedrichs extension of Ag, so thatu =G f —IMu; since ITu is a constant, we can concentrate
on the first term.

Decompose the Schwartz kernel of G into a sum G’ + G”, where G’ is supported in a small neighbour-
hood of the lifted diagonal of M b2 (and hence vanishes near If Urf), and G” € Aphg (]\7 g); see Section 3F3,

where the parabolic version of this decomposition is described more carefully. Since G’ € ¥, 2299 e
can write G’ = r2>G’, where G’ € v, 2029 and hence is nonnegative. Since G’ f € Ci*‘g, we obtain that
u' e r2C§+3.

Turning now to u”, first observe that rd, and 9, lift to the left factor of (M )i as smooth vector
fields on A},f that are tangent to all boundaries. It follows that (r,)’ aﬁc“ ey, 20200 for all j, £ > 0,
from which it follows that u” € A°(M). Moreover, the initial part of the expansion G —and hence
of G” — at 1f takes the form Agr® + (A;; cos Y+ Az sin y)rl/ﬁ + O(r?), which means that the kernel
(rd, — B~ (rd,) o G is not only of nonnegative type (and of pseudodifferential order —o0), but in fact
vanishes to order 2 at rf. Since G” already vanishes to this order at ff, we can remove a factor of 72, i.e.,
write (9, — B~)rd, o G” = r*G”, where G” is of nonnegative type and smoothing. This means that

rd,)(rd, — B~ Oyu” € r2A%(M).
Integrating in r gives that u” = ao(y) +a;(y)r'/? +r2 A°. Finally, since A,u” is bounded, we conclude
that ag is constant and a;(y) = aj; cos y + aj» sin y, as claimed. Ol
We conclude this discussion with the following application of Proposition 3.1 to our geometric problem.

Proposition 3.3. Let go be a conic metric and suppose that its scalar curvature Ry, lies in Cg and,
in particular, is bounded near the conic points. If g = e®gq is another conformally related metric,
with ¢ € CZJ”S, then R, € Cg if and only if

p=co+r'Plciicosy+ciasiny)+¢, ¢ericy,

or, more succinctly, ¢ € Di(]VI ).
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Proof. Apply the generalized inverse G for the Friedrichs extension of Ag to the curvature transformation
equation
1
Agy® = Rgy — ERge¢
to get
¢ =T1¢ + G(Ry, — 3 Rge™).

Suppose now that R, € Cy. The first term I1¢ is just a constant, while, by Proposition 3.1, G(Rg, — 5 Rye*?)
has an expansion up to order 2.
On the other hand, if ¢ has an expansion as in the statement of this proposition, then R, € Cg. U

Remark 3.4. The results in 3A-3E are special cases of the ones in [Jeffres et al. 2014, §3], which are
proved for Kihler manifolds of arbitrary dimension. We have presented this material in some detail since
the statements and proofs in the Riemann surface case are simpler than in higher dimensions, and also
because the discussion above sets the stage for the derivation of the parabolic estimates, which occupies
the remainder of this section.

3F. Parabolic Schauder estimates. We now turn to the parabolic problem, and in particular to the
analogue of Proposition 3.1.

Let (M, g) be a smooth exactly conic metric with cone angle 278 < 2, and set L = Ag+V, where V
is polyhomogeneous; later we relax this to assume that V € C,f. We are interested in the homogeneous
and inhomogeneous problems

{(at_L)UZOa and {(8t—L)”=f, (3-6)
v(0,2) = ¢(2), u(0,2) =0,
for which the solutions can be represented as
v(t,z) = / H(t,z,2)¢(Z) dAy (D), (3-7)
M
t
u(t,z) = // Ht—1t,z,2)f(t,2)dt' dAg; (3-8)
0JMm

here H is the heat kernel associated to L. In order to study the regularity properties of the solution u, we
describe a fine structure theorem for H, similar to the one for the Green function G above. This leads to
a definition of parabolic weighted Holder spaces, and finally a derivation of the estimates for solutions
in these spaces. As in the previous section, we work exclusively with the Friedrichs extension of the
Laplacian.

3F1. Structure of the heat kernel. Denote by gg the complete flat conic metric dr? + B*r? dy? and by
Apg its Laplacian. The first observation is that the model heat operator 9; — Ag is homogeneous with
respect to the dilation (z, r, y) — (M2t, Ar, y), A > 0, and hence, if Hjy is the heat kernel associated to
(the Friedrichs realization of) Ag, then

Hﬁ(kzt, ar,y, Ay = k_zHﬁ(t, ry,r,y). (3-9)
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In fact, there are explicit expressions:

o0

1 o
Hp(t,r,y,r',y) == Z( / e Ty jo () Jeju (')A dx> cos £(y — ")
oo
o
1 r*+ (r)?) rr’ ,
—exp| ———— ejo| 5= | cos(y —y).
=3 pen( =5 e ) osr )

These expressions are better suited for studying the action of Hg on L? Sobolev spaces than weighted
Holder spaces, so, just as for the operator G earlier, we describe this model heat kernel, and then the true
heat kernel, using the language of blowups and polyhomogeneous distributions. This structure theory for
the Laplacian on a conic space appears in [Mooers 1999], with basic mapping properties later determined
by Jeffres and Loya [2003].

The function H (¢, z, 7’) is a distribution on R x (1\71 )2, but the key point is that its lift to the “conic
heat space” (M )i is polyhomogeneous. This will be obvious for the model heat kernel Hg once we
define (M )% and, conversely, starting from the ansatz that this lift is polyhomogeneous, we can construct
(the lift of) H as a polyhomogeneous object by standard heat operator parametrix methods.

The conic heat space is defined, starting from R™ x (1\71 )2, through a sequence of blowups. The first
step is to blow up the corner » =’ =t =0, with a parabolic homogeneity in the variable 7, and, following
that, to blow up the diagonal in (M)? at t = 0. The first blowup is tantamount to introducing the parabolic
spherical coordinates p > 0 and w = (wg, @1, @2) € S}r = 52N (RT)3, where

t rr
t+r24+(0)? and w=|-—,—, — .
P p P
Thus p, w, y, ¥ are nondegenerate local coordinates near the new face created by this first step. For the
second blowup we use the coordinates

/

z—z
R=Vt+lz=7> 6= . 7,

R

where z is any interior coordinate system and z’ an identical chart on the second copy of M. This sequence
of blowups is summarized by the notation

7= [R* x M2 (0} x (961)%, {d1}: {0} x diaggg. {d1)].

This manifold with corners has five boundary faces (see Figure 1): the left and right faces If = {w, = 0}
and rf = {w; = 0}, which are the lifts of the faces ' =0 and r = 0, respectively; the front face ff = {p = 0};
the temporal diagonal td = {R = 0}, which covers the diagonal at t = 0, and bf, the original bottom face
at t = 0 away from the diagonal.

The construction in [Mooers 1999] shows that H is polyhomogeneous on (M )i with index set
E ={(j/B,0):j e Np} at the left and right faces; note that these are exactly the same as the index sets
for the Green function G at the corresponding faces. The kernel H vanishes to infinite order at bf, while
at td it has an expansion in powers of R, starting with R~2 (in general, this is R~ 4™ ™)_Finally, at ff it
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bf bf

Figure 1. The faces of the manifold with corners.

has an expansion in integer powers of p, beginning with p~!. The leading coefficient of the expansion at
this face is precisely the model heat kernel Hg.

3F2. Function spaces. We now describe a family of function spaces commonly used in parabolic problems.
We refer to [Lunardi 1995, Chapter 5] for a careful description of these (in the setting of interior and
standard boundary problems). In the definitions and discussion below, we first introduce a scale of fully
dilation-invariant spaces (jointly in the variables (¢, r)), where the parabolic estimates are obtained by
using scaling arguments to reduce to standard interior parabolic estimates. After that, we refine the
estimates to obtain the maximal expected regularity in ¢.

First, for 0 < & < 2, define Cpy’/>([0, T] x M) to consist of all u € €°([0, T] x M) for which
u(-,z)€C¥2([0,T)) forall z€ M\ dM and

[]p0:0,5/2 1= sup r[u( -, 2)1s/2, (0.7] < 005 (3-10)
Z

by contrast, the standard Holder space in ¢, C%%/2([0, T] x M ) is defined using the usual seminorm

[ulo,s/2 :=suplu(-, 2)]s/2, 10,7
Z

(without the extra weight factor 7). Next, spatial regularity is measured using the spaces
010, T1 x M) = {u € C°([0, T1 x M) : u(t, -) € Co(M) forall ¢ € [0, T},

where the norm is [|ul|p:5,0 = sup, ||u (¢, - )||»:5. We still let 0 < § < 2, with the understanding that if § = 1
then this is the Zygmund space (so that interpolation arguments can be used). For simplicity below we
omit discussion of this special case. Taking intersections yields the two natural parabolic Holder spaces
Co2 (10, T x M) = Cp* ([0, T1 x M)y N C2O([0, T] x M), (3-11a)
Y2 (10, T1 x M) = c¥2([0, T1 x M) N C2O([0, T] x M). (3-11b)
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Thus, functions in Czb‘s/ ? have no regularity in ¢ at r = 0, while functions in Cg"g/ : satisfy the ordinary
Holder regularity in ¢ even at r = 0. The seminorms on these two spaces agree away from p, while, in a
neighbourhood U/ of this conic point, these seminorms are described as follows. Decomposing ¢/ into a
countable union of dyadic annuli, (_J =0 Ay, we have

(] lut, r,y) —u(t', ', y)|(r +1)°
Ulpo;5,8/2,4 = SUp  sup sup
/ CeNo -1 <2-2¢ z.z/eA, [T =1/ [P 41t =t/ [9/2 4 (r +1')2 |y — y/|P

and
[u] Jut, r, y) —ul@,r', )| (r +7')°
Ulp:s,5/2,u = SUp sup Ssup '
U o T =P+t — 1P+ Iy =y

These seminorms are equivalent to

lu(t, z) —u(t', z')| max{r(z)®, r'(z)%}
(RITUND) |t —1'13/2 + dist, (z, 2)°

and
lu(r, z) —u(’, 2) max{r(z)°, r'(z')°}
Sup 11872 5 70 - "N’
.24,y [t == max{r(z)°, r'(z/)°} + disty(z, 2')

respectively, where the radial function r has been extended from i/ to the rest of M to be smooth and
strictly positive.
We also define higher regularity versions of these spaces,

Crrr R0, TIx M) and ¢y ([0, T x M),

where k is an even positive integer and 0 < § < 2. The former space consists of functions u« such that
Vi Vi(r?d)u e C;s(,)a/ % for i +2j <k, where every V, € V), (1\71 ), while the latter consists of all # such
that V; - -- V,-atju € Cg,a/z fori+2j <k and every V; Vb(]\71). As before, these are Zygmund spaces
when § = 1. We also introduce weighted versions of these spaces, rVC§+8’(k+8)/ 2, * = b0 or b. For
later reference, for the same ranges of k and &, CO-k+9/2(10, T x M ) is the space of functions u with
3/ u € C09/2([0, T x M) for 2j < k.

Finally, we define the analogues of the Friedrichs—Holder domain:

D20, T x M) = {u € C>%? : Au e C>¥2([0, T1 x M)}, x=b0 or x=b,

again with the higher regularity analogues.
Ifh(t,r,y) e C,’jara’(kHW is supported in R* x I/, then the rescaled function h; (¢, r, y) = h(xzt, AF,Y)
satisfies

171 b0:k+5,(k+8) /2,y = AV 101l b0: k45, (k+8) /2,7

(the final subscript in the norms indicates the weight factor). In other words, these spaces are compatible
with the approximate dilation invariance of the heat operator d, — L, which means that we will be able
to prove the basic a priori estimates on them by exploiting this scaling. On the other hand, it is clearly
important to obtain better regularity of solutions in # near »r = 0. We obtain estimates on the b-spaces
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starting from the estimates on the »0-spaces and using induction and interpolation. Note that the analogue
of (3-11b) is not true when k > 0; namely, there is a proper inclusion

k+68,(k+68)/2 k+38,(k+68)/2 0,(k+38)/2
C, CCh ne 2, k>0.

3F3. Estimates. The basic Holder estimates for the homogeneous problem were already determined by
Jeffres and Loya [2003].

Proposition 3.5. Suppose that ¢ € Clbc"“S (1\7 ) and
(0, —L)v=0, v|[—=2¢.
Then v € C];H’(HB)/Z([O, T] x 1\71) and, furthermore, v(t, -) € Aphg(M) N Dﬁ"‘(ﬁ?) forallt > 0.

The proof in [Jeffres and Loya 2003] of the first assertion here proceeds by direct and rather intricate
estimates in various local coordinate systems, but they do not consider the issue of membership in Dg"s.
The polyhomogeneity of v when ¢ > 0 is immediate from the polyhomogeneous structure of H on M?; also,
vE Dg,a implies that v(z, - ) ~ co(t) + (c11(t) cos y + c12(¢) sin y)r'/# as r — 0; using polyhomogeneity
again, these coefficients are smooth when ¢ > 0.

There are a couple of variants of the inhomogeneous problem, depending on the regularity assumptions
placed on f. We start with the version in dilation-invariant spaces.

Proposition 3.6. Let [ € Clb((;r S.(k+9)/ 2([0, T x M ) and suppose that u is the unique solution in the

Friedrichs domain to (0, — L)u = f,u|;—0=0. Then u € C£;2+5’(k+2+8)/2([0, T] x 1\71) and

llpo: k4248, k424872 < Cll flb0;k+5, k+8)/25 (3-12)
where C is a constant independent of u and f. In addition,

u(t,2) = it, 2) +ilt, z),  where ii e r’Cog > "R and i, 2) € (G
>0

The proof of this, which relies on the approximate homogeneity structure of H, adapts readily to the
homogeneous case too, and gives a new proof of Proposition 3.5 which is conceptually simpler than the
one in [Jeffres and Loya 2003].

Proof. Write u as in (3-8). We analyze this integral by decomposing H into a sum of two terms, as
follows. Choose a smooth nonnegative cutoff function x = x ' (p) x @ (w) on M2, where x V(p) equals 1
for p < 1 and vanishes for p > 2, and x®(w) has support in {1 < wi/w> <2, wy < 1} and equals 1
near (0, 1/ V2,1 / ﬁ) (which is where the diagonal {r =0, r = r'} intersects ff). Note that x is (locally)

invariant under the parabolic dilations (¢, r, y, 7', y') = (A%t, Ar, y, A", y'). Then set

H=Hy+H,, Ho={0-x(p,w)H, H; =x(p,wH,
and

u=ug+uy, uj=H;jxf, j=0,1



RICCI FLOW ON SURFACES WITH CONIC SINGULARITIES 859

We study u first. Introduce a partition of unity {1} relative to the covering U = |_J A¢; for example,
take ¥ (r) = ¥ (2%r), where ¥ (r) € C3°((5.4)) = 0 equals 1 for 1 < r < I and is chosen so that
Y =0 ¥ () =1for 0 <r < 1. Now write

f=Y_felt,r,y), fe=vyuf, and wi=Hi* fi.

Thus f; has support in R™ x Ay, while the support of u1, lies in Rt x (A,_; U A, U Ag11). We can also
assume that f; is supported in some time interval [t, T + 22728, since if |t — ¢'| > (r +r')? then the
b-Holder seminorm can be estimated by C sup | f¢|. By the support properties of Hj, u, is supported in
a time interval of at most twice this length. We replace ¢ by r — t without further comment.

Fix £ € Ng and let A = 2¢~!; for any function h, define (D, h)(f, 7, y) = h(A~%f, A"'7, y). Thus,
if h is supported in Ay, then D;h is supported in Ay := {(7,7,y) : § <7 < 1}. In particular, D; f;
and D;u, are supported in [0, 1] x Ay and [0, 1] x (AgU A U Ajy), respectively. We shall use that
| Dsue1ellpo;k+2+5, (k+2+8)/2 = llu1ellk+2+5,(k+2+5)/2> and similarly for D;, f;.

For convenience in the next few paragraphs, drop the indices £ and 1, and simply write D,u = u;,
D, f = f,.. Since it also just complicates the notation, we also assume that k = 0. Using these conventions,
change variables in u = H; » f by setting

f=A%, F=M%, F=Arr, F=M\r.
This yields

t
u(t, 7, y) = / /A“‘Hl(ﬂ(f— D, 7y, AR Y)Y fud 7L YDF AR Y di.
0

For simplicity we have replaced the measure d A, dt’ in the initial integral by r' dr’ dy' dt’.
The key point is that the polyhomogeneous structure of H; on M,% implies that the family of dilated
kernels
(HOW(E =17, y, 7, YY) =272 H G720 = 0,077, y, 2717, )
1
Z 9
the heat kernel for the model operator Ag on the complete warped product cone restricted to this range

converges in Aphe on the portion of the heat space with 7, 7 € [ 4] as A — oo. In fact, its limit is simply

of radial variables. Since this region remains away from the vertex, we invoke the classical parabolic
Schauder estimates to deduce that, as an operator between ordinary parabolic Holder spaces, the norm
of (Hy), restricted to functions supported in [0, 1] x (AgU A U Ay) is uniformly bounded in A. Hence,
comparing the last two displayed formulae, we see that

2 2
lusllpo;2+s.145/2 < CA™ 7| fallbo:s,s2 = IIr “uallpo;2+s.145/2 < Cll fallpo:s.6/2

with C independent of A. Restoring the indices, and using the fact that, analogous to (3-1),
17211 50;k5, (k+5)/2 = SUP |12 llp0sk-+s. (k+8) /2
¢
for any function % and any k € Ny, we conclude finally that

I~ 2urllp0:2+5.1+8/2 < CILf 1160:5.5/25 (3-13)
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2+48,(1+8)/2
soulersz(;r (+9)/2.

We now turn to the estimate for ug = Hy  f, which is the same as the function i in the statement
of the theorem. The polyhomogeneous structure of H is slightly simpler than that for H; indeed, Hy
vanishes to infinite order not only along bf but along td as well. This means that Hj is polyhomogeneous
on the space obtained from M,f by blowing down td. We first claim that || Hy* f||co < C|| f|lco. The proof
reduces immediately to verifying that fot [y Ho(t —s,r,y,r',y)r'dr' dy' ds < C independently of 1,
and this can be done by changing to polar coordinates in M,% near ff to see that the integrand is actually
bounded. Details are left to the reader. Since the vector fields r29;, rd, and dy lift to M,% to be tangent to
the side and front faces, and because of the infinite order vanishing along ¢ = 0, the differentiated kernel
(r29,)! (ro,)’ 8; Hj has the same polyhomogeneous structure as Hy for any i, j, s € Ng. This means that
(rza,)i(rar)ja;uo satisfies precisely the same estimates as u( does, whence ug =1 € C%’Z for all £ > 0,
as claimed.

This discussion has focussed entirely on the behaviour of H near ff. This is because if we localize H
by multiplying by a cutoff function which vanishes near ff and the side faces, then the estimates reduce to
those for a standard local interior problem with no conic degeneracy. O
Remark 3.7. There is one other dilation-invariant vector field, namely #9,, and it is natural to ask about
the regularity of #0,u when f € Clgar 5HD/2 Write td; = (t/r*)r*d,, and note that, in the support of Hj,
t/r* is a smooth bounded function; in addition, 79, is tangent to the front face of the heat space, and
hence preserves the expansion of Hy. Taking these two facts together, we see that

rd,) (8y)! (P20 (t9,) " u € Cyy

provided i + j + 2£ +2m < k 4+ 2. In particular, we see that u obtains more regularity in ¢ than was
initially apparent near r = 0 when ¢ > 0.

The next estimate is for the Friedrichs—Ho6lder domain norm.

Proposition 3.8. Suppose that f € Clgar 8. (k+8)/ 2([0, T]x M ) and u is the unique solution to (3, — L)u = f,
u|t=0 = 0. Then u lies in the Friedrichs—Holder domain D];(J)r 202 ind satisfies
ol prss.oesorrz = N llposkers, ey 2+ I Agttllpoirs, k8172 = CllLF Nb0sk+s, 6e+0)/2- (3-14)

Proof. We must estimate
t
Agu:f/ AgH(t—t/,z,z/)f(s,z/)dAgdt/
0JM

in C,fba/ *. The key observation is that the Schwartz kernel K of A, o H is an operator of heat type which
we say is of “nonnegative type” (by analogy with the stationary case), and which therefore gives a bounded
map of the spaces Cg(,)a/ 2. To be more specific, K is polyhomogeneous at all the faces of M2, and the
terms in its expansions at the left and right faces are nonnegative, while the leading terms at ff and td
are p~* =72 and R4, respectively. To see this, note that A ¢ differentiates tangentially to the left face
(where " — 0) so K has the same leading order as H there; at the right face (r — 0), A, annihilates
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the initial terms ° and r'/# cos y and r!/# siny in the expansion of H, so the leading order of K is
nonnegative here too; the leading orders exhibit the maximal drop in order to p~* and R~ at the other
two faces because A is not tangent to these faces and acts as a second-order conic operator in (r, y), and
the leading coefficients in the expansion of H there are not annihilated by this operator.

We now proceed as in the preceding proof, decomposing K into Ko+ K; and estimating the integrals
corresponding to each. The details are almost exactly the same, except for two facts. First, the extra factor
of A=2 =272 no longer appears when rescaling the terms K| » f; because of the drop in leading order
homogeneity (from p~2 to p~#) at the front face. In addition, we appeal to the standard interior estimate
| Aulls,s)2 < Cll flls,s/2, where u and f are defined on the product of [0, 1] with a ball of radius 1, A'is a
nondegenerate Laplacian on that ball, and, as usual, the norm on the left is only computed over a ball of
radius % A generalization of this interior estimate is that, if J is a kernel on the double heat space of R?
with compact support in all variables, and which vanishes to infinite order at # = 0 but blows up like =2
at the new face, td, of the blowup, then [|Jf|l5.5/2 < C|| flls,5/2- The simpler integral estimate for Ko * f
is again essentially the same, since [ Ko(z, z, z') dt dz’ is still bounded as a function of z. This proves
that || Agullpo:k4s,k+8)72 < Cll fllb0sk+s,k+8)/2- O

We can now turn to the estimates in the b-spaces.

k¥, (k+8)/2([0 T] x M) and u is the unique Friedrichs solution to

k+3,(k+8)/2

Proposition 3.9. Suppose that f € C,

(0 — L)u = f, ul;=0 = 0. Then u lies in the Friedrichs—Holder domain D, and satisfies

Nullp; k245, k+2+8)/2 < C L f l:k+s,(k+8)/2 (3-15)
and

ol press.esorrz = Nt llsks, ey 2 + N Agttllpsirs, +o)/2 = CllLF Nskers, o) /2- (3-16)

k42468, (k+2+68)/2
Moreover,u =u + 1, whereuerQC+Jr k+2+8)/ and

i(t, z) = ao(t) + (@11 (t) cos y +apa(t) sin y)r'/# (3-17)
with ag, ai1, arp € C'/2([0, T1).

Proof. First suppose that k = 0. We prove (3-16) using (3-11b). By Proposition 3.8, we already know that
ue CH(S 14872 OD(S %2 Thus it suffices to show that u and Agu lie in C%9/2 a5 well. Defining K = AgoH,

we first prove that
CS ,8/2 CO,Z N C‘S ,8/2 CO V4

is bounded for £ =0, 1. For £ = 0, observe first that if f = C is constant then K x f =0, since H x1 =¢.
This means that we may reduce to considering functions which vanish at t = r = 0. Next, if f vanishes
near t =r =0, then direct inspection of the integral defining K » f shows that this function also vanishes

near ¢ = r = 0; taking the closure in the C° norm (or rather, the C° N C‘S -4/ 2) norm preserves the property
of vanishing at t = r = 0. The case £ = 1 follows by noting that 9, commutes with H and hence with K.

By interpolation, we conclude the boundedness of

Kx C‘; /2 p0.8/2 C‘S 8/2 ~ 00.8/2
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This finishes the proof of (3-16).

To obtain (3-15) when k = 0, we must show that u € C§+5’l+a/ 2, or equivalently (in a neighbourhood
of the conic point), that (r8r)i8§8fu € 62’8/2 ifi+j+2¢0<2 Iff£=1(soi=j=0), we use that
du=~Agu+ f € C;S,s/z’ as per the last paragraph. If £ =0, we observe, as before, that (r8,)"8§. oH is
bounded on Cgb‘s/ 2Neot for € = 0, 1, and hence, by interpolation, is bounded on 62’6/ 2,

Now suppose that & is a strictly positive even integer. We use induction, supposing that (3-16) and (3-15)
have been proved for 0, 2, ..., k — 2. To prove that K = A, o H is bounded on Clg+8’(k+8)/2, we must
show that K; ; ¢ := (1’8,)"858;‘Z o Kx: C/;M’(H(S)/z — 62’8/2 is bounded whenever i + j + 2¢ < k. There

are three cases. First, if 1 < ¢ < k/2 — 1, then K| j : C];J“S’(H‘S)/z — C,‘j"s/z is bounded provided

Kijo: Clg%_%’(kH_%)/z — 62’8/2 is, and, since i + j < k — 2¢ < k — 2, this is known by induction.

Next, if £ = k/2 then, since B,k PoK=Ko 8tk / 2, we reduce directly to the boundedness of K on Cg,a/ 2,
Finally, when ¢ = 0, a bit more work is needed. If V is any b-vector field, we consider either the
commutator [V, Hx] or, more or less equivalently, the commutator [V, 9, — A]. The latter is slightly
more elementary, so we follow that route. Writing g = e?(dr? + (1 + 8)?r? dy?) near the conic point, it
is easy to check that

[V.Al=pA+qg+ W,

where W is a second-order operator with coefficients supported away from r = 0. Since the estimates we
seek are standard in the support of W, we shall systematically neglect this term in the calculations
below. For this part of the estimate we induct in integer steps, so, to unify the notation, assume

that k e N and 0 < § < 1. Now, suppose that f € ClgH’(kM)/ % and that we have proved by induction that

ue Cll§+l+8’(k+l+8)/2 and Au € CIg_IM’(k_lM)/Z. We then compute that
@ —MVu=Vf+(pA+quec, T2

which implies that Vu € Cy ¥ > 1492 and Avue ey 2 Finally, V Au= AVu+(pA+q)u

isin C],;_1+5’(k_1+8)/ ?. Since this is true for every b-vector field V, we conclude that u C’g+2+5’(k+2+5)/ 2

and Au € Cl,f+5’(k+8)/2, as required. This proves (3-16) and (3-15) in general.

It remains to study the expansion as r — 0. We explain the case k = 0 and leave the extension to
spaces with higher regularity to the reader. Recalling the decomposition H = Hy + H; from the proof of
Proposition 3.6, the same interpolation argument as earlier implies that

Hix: 62’5/2 — r262+8’1+8/2.
Next, similarly to what we did in the stationary (elliptic) case, note that 79, (rd, — B o Hy= rzHé,
where Hé has nonnegative index sets at ff U If U rf (and vanishes to infinite order at td), which means that
rd,(ro, — B Hug € rZCi;(’)k/ * for all k > (. Applying interpolation once more, this time for the mappings

(r3,)'8J8{ 79, (rd, — B~ Hox : Cpy > N O™ —s r2Cpy > N,

gives that 79, (rd, — B Dug € rzcl;+a,(k+8)/z

involving H; are complicated slightly by the fact that [9,, H ;] is no longer zero, but the extra terms can
still be handled.

for every k > 0. Both this and the previous interpolation
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Finally, integrating in r gives that ug = ao(t, y) +ai(t, y)r'/? +ii’, where ii’ € rZCZH’HS/Z. Applying

(0; — Ag) to u = ug + uy shows first that agp = ao(t) and a; = ay;(¢) cos y +aj2(¢) sin y, and then that
ap, a1, aiz € C'2([0, T). 0

Corollary 3.10. Let u and f be as in Proposition 3.9. Then

ullp ks, k+s8)/2 < CT I fllpk+s, k+8)/2- (3-18)

Proof. The inequality (3-18) is actually a formal consequence of (3-12) and (3-16). Indeed, since
u(0,2) =0,

: T
u(t, z) =/ Ocu(t,2)dt = |lullp;s,0 < / 10 u(z, Hllps,0dt < Tllullp2+s,148/2 < CT || f ;5,52
0 0

Similarly, since 9:u(0, z) = A,u(0,z) =0,
t t
lu(t, z) —u(t’, 2)| 5/ |0:u(T, 2)|dT :/ |0:u(t, z) — 0:u(0, 2)|dt
t t

t

5/2 5/2

< ||M||b;2+5,1+8/2/ 2 dr < Clt —1'|- (|t + 112 + Dl prots,148)2
[/

for some constant C = C(§) > 0, whence

[u]p:0,8/2 < CTIl fllp:s,5/2-
Combining these two inequalities yields (3-18). (|

We make a special note of the fact that the estimate (3-16) is the main one here, since both (3-15)
and (3-18) follow from it.

Corollary 3.11. Let gy be any smooth conic metric, and suppose that g, = e® gy with ¢ € C]b"M (1\7 ), where
¢=0at M. For any R € Cf”s (1\7), i.e., not necessarily the scalar curvature of g1, set L1 = Ag, + Ry.
Then the solution operator Hy to (0; — L1)u = f, u|,—9 = 0, satisfies the same set of bounds (3-12), (3-14),
(3-15), (3-16) and (3-18) (for that particular value of k, with constants depending only on gy and the

norms || @llp:k+ss || R1llb;k-+s-
Proof. We may as well absorb the term Rju into f. Choose a function a € ij‘“s which agrees with e?

in a small neighbourhood of dM and which is chosen uniformly close to 1 on the rest of M, so that
(@ — D) AoHox|p:k+s < €, where Hy is the heat kernel for 9, — Ag. Writing AI =daly,

(8, — A1) Hox = 1d —(a@ — 1) AgHox;

by our choice of a, the right-hand side is invertible by Neumann series, so we may represent the heat
kernel I:Il for A as
Hy = Hy*(Id —(@ — 1) AgHo#) "

This shows that the solution & to (9, — Al)ﬁ = f satisfies all the same estimates as the solution u
to (0; — Ag)u = f, with constants depending only on the norm of ¢.
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Taking as given that the solution u exists, but may not satisfy the correct estimates near M, observe
that
(3 — A —u) =bAgu

for some function b € C],;J”S which vanishes in a fixed neighbourhood of the conic points. Noting that, by
standard local parabolic regularity theory, u certainly satisfies the correct estimates on the support of b,
we observe finally that

u :ﬁ—l:ll*(bAou) =I:Il*(f—bA0u),

from which we again obtain all necessary estimates. It is clear that the constants depend on ¢ only through
its norm [|@||p;ic+s- O

3G. Short-time existence. We can now apply the mapping properties of the last section to establish the
short-time existence for the angle-preserving solution of the flow (2-2). For this short-time result, we
may as well assume that p = 0, and we consider the flow starting at any Dlg’a metric go. Recall that this
means that gg = e"0gp, where gg is a smooth and exact conic and wy € Dlg"s. Now let g(t) = e?® 20, SO
that (2-2) becomes

0ip = e Agyp — Roe ™ = (Agy+ Ro)p — Ro+ (¢ — 1) Agp — Ro(e™? — 1+ ¢)
=L¢ — Ro+ Q(9, Aog) (3-19)
with ¢ (0, -) = 0. By Corollary 3.11, the heat kernel H for 0, — L, L = Ag + Ry, satisfies the same
estimates as before.

Proposition 3.12. Let gy be a D]g"; metric. Then there exists a unique solution ¢ € Dlg+8’(k+6) /2 ([0, T]x M )
to (3-19) with ¢|;—9 = 0 for some T > 0 depending on the Dlg’a norm of go.

Proof. We suppose that k =0, leaving the case of general k to the reader. The equation (3-19) is equivalent
to the integral equation

t
¢(I,Z)=// H(t—s5,2,2)(Q(¢, Aog) (s, 2) = Ro(s, 2)) ds d Ay . (3-20)
0Jm

Denote the operator on the right by 7 (¢). We claim that there are constants n and 7' so that the convex,
closed set

T = {6 € DYY2([0, T1 x M) : 111552+ I Dodllpss.s2 < 1)

is mapped to itself by 7 and, moreover, 7 : J — J is a contraction.
For notational simplicity below, write

lDllb:s5,52 + |1 Ao@llp:s,s2 = @l p.

Denote by B the norm of Hx : 62’5/2 — Di’m; cf. Proposition 3.9. Writing ® = H x (—Ry), we then

take n = 2||P||p.
To proceed, recall first that, if x € Cg,a/ 2 vanishes at 1 = 0, then, for0 <t <T,

Ix(t, )| = x(t, 2) = x0, )| < T x1p:5.5/25
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and hence

D xales.sn < xilloolxales.syz 4+ [xilos.sp2ll x2lloo < T2 x1 5.5 /211 X2 1b:5.5/2-
Therefore,
1™ — 1) Aodllps.62 < CT*Pllb:s.5/21l Aodllp:s.6/2,

where the constant C depends on #; hence,

10(¢, Aod) 5572 < C1TY 1.
Thus, if ¢ € 7, then
IT @) p < BCiT*n> +||®|p.

By taking T sufficiently small, we can make this less than n again, so 7 maps J to itself.
By the same reasoning, adding and subtracting (e~%2 — 1) A¢¢; shows that

[(e™® — 1) Agp1 — (7 — 1) Aodallps.52 < CTY*(p1llp + lld2llp) It — B2l

The identical estimate for the other term in Q(¢, Ao¢), which does not involve derivatives of the ¢;, is
easier. We deduce that

1T (¢1) — T(p2)lp < BCT**2n) g1 — ¢allp,

s0, by taking 7 still smaller, we can make the coefficient less than 1

2
on 7, and hence that there exists a unique solution ¢ € Di"s/ % to (3-20) in J. O

. This proves that 7 is a contraction

We now prove the short-time existence result for the angle-changing flow. Since this is a side note
of the paper, we make some simplifying assumptions about the initial metric to remove some irrelevant
details from the proof. We assume that the prescribed angle functions g;(¢) are smooth functions of ¢,
although the optimal result should allow these to have only finite Holder regularity. Assume too that there
is only one conic point, and that the initial metric go is the exact conic metric dr? + f2r? dy? near r = 0.
Reverting back to the conformal form of the metric, define

So(t) = 2|0~ 2|dz|?,

We have g (1) =2p'(t) log |z|go(t), or, in terms of the (r, y) coordinates,

&(0) = kB O logrio(0. x= 7.
Setting g(¢) = u(t, - )go(t), the Ricci flow equation (with p = 0) thus becomes
(@u+uCkB'logr) = Agplogu — Ry ),
or, finally, in terms of ¢ = logu,

W =e"?Nguyd — Rzye ? —kp logr. (3-21)

We seek a local-in-¢ solution to this equation with initial value ¢ (0, -) =0.
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Unlike the case considered before, the reference metric go(¢) now depends on #, and there is an extra
inhomogeneous term —«8’(¢) log r. For the first issue we say nothing, because short-time existence for
the heat operators associated to time-dependent metrics is standard; see [Chow et al. 2006]. Regarding
the second issue, since this additional term is polyhomogeneous, we may choose a polyhomogeneous
function qAﬁ(t, -) with leading term Ckr?logr that satisfies

(0 — €_¢Ago(z))¢3 + Rgme ? = —«p' () logr + x,

where x is smooth and vanishes to infinite order at r = 0. Now set ¢ = qAb + ¢ and rewrite (3-21) as an
equation for the unknown function . It is straightforward to check that this equation is different from
the one for the angle-fixing flow in only a few minor ways. There are additional terms in the coefficients
of the nonlinear terms; these, however, are polyhomogeneous in (7, y, t) and vanish at least like 7% logr.
Next, there is an additional inhomogeneous term coming from the “error term” y. The general structure
of the equation is very similar to the one considered earlier in this section, and it is a straightforward
exercise to check that this equation has a solution (¢, - ) for 0 <t < T for T sufficiently small.

It is important to note that, unlike in the angle-changing flow, the fact that the conformal factor now
includes a term r?log r means that the curvature Ry is unbounded for # > 0 near r = 0. This is in
accord with the results in the thesis of Ramos.

3H. Higher regularity. It will be very helpful for us later to be able to appeal to some higher regularity
properties of the solution, so we prove these now.

Proposition 3.13. Suppose that g(t) is the solution to the Ricci flow equation with g(t) = u(t)go, where
8o is smooth and exactly conic, u(0) € c and u € Dg,a/z is given by Proposition 3.12. Then u is
polyhomogeneous on (0, T) x M.

Proof. Write u = e¢? with ¢ satisfying (3-19) and ¢ (0) = ¢ € Cg"s. Since the initial condition is no longer
zero, we have

¢(t,2) = /M Ho(t, z, 2)$o(z)) dAz + Hox (Q(¢, Aog) — Ro).

The first term is polyhomogeneous when ¢ > 0 because of the polyhomogeneous structure of Hy. The
second term lies in C§+5’1+6/ 2, S0 its restriction to any t = € > 0 lies in CZ’S. Consider the equation
starting at t = ¢, i.e., replace ¢ by ¢ + €. Then Proposition 3.12 and the uniqueness of solutions shows that

ue DI%J”S’H‘S/ ? for t > € and, since € is arbitrary, this holds for all # > 0. Bootstrapping in the obvious

way gives that u € Dz+a’(k+6)/ 2 for every k, all in the same interval of existence (0, 7). In other words,
(ra,)f'aga;Aou € CZ"S/Z for all j, £, s > 0, which means that u is conormal when ¢ > 0.

From Proposition 3.6, ¢ = ag(¢t) + rl/B(ay (1) cos y +apa(t) siny) + qS; by what we have just shown,
(;3 er? A0, T) x 1\7) and ay, ai1, a;p € C*°((0, T)). In order to extend this expansion to all higher orders,

assume g is exactly conic (so Ry = 0) in some neighbourhood of » = 0 and write (3-19) there as

r*de? = ((rd,)* + B°0))¢.
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Since ¢ is conormal, we may study this formally. Taking advantage of information we have already
obtained, inserting the expansion of ¢ to order 2 shows that the expression on the left has a finite expansion
r2a6(t) +r2+1/B (ail (t)cosy+ aiz(t) sin y) and a conormal error term of order ré. Using the operator
on the right shows that ¢» must have an expansion up to order 4, with new terms of orders 2 and r>*1/#
as well as 7%/ if B > 1, with a conormal error term of order 4. Continuing in this way, we see that ¢ has
an expansion to all orders, as claimed. O

Corollary 3.14. Let R(t) denote the curvature function of the solution metric g(t). Then R(t) is also
polyhomogeneous on (0, T) x M, and the initial terms in its expansion have the form

R(1) ~ bo(t) +r'/P (b1 (t) cos y + b1a(¢) sin y) + O(r2).

In particular, AgR is bounded and polyhomogeneous for all t > 0.

Proof. This follows directly from the polyhomogeneity of ¢ and equation (2-4). O

31. Maximum principles. Before embarking on the remainder of the proof of long-time existence and
convergence, we present some results which show how the maximum principle may be extended to this
conic setting. We adapt the trick of [Jeffres 2005].

The possible difficulty in applying the maximum principle directly is if the maximum of the solution
were to occur at a conic point, so the idea is to perturb the solution slightly to ensure that the maximum

cannot occur at the singular locus.

Lemma 3.15. Suppose that (M, g(t)) is a family of metrics which is in Di’s/ 2([O, T)x M, polyhomoge-

neous on (0, T) x M ), and that w satisfies
oow>Aw+ X -Vw —i—a(w2 — A2),

where X and a are a given vector field and function, respectively, with the same regularity as g(t) and with
a > 0; here A >0 is a constant. Suppose too that w(0, - ) > — A and that sup(|w(t, IN+r?|Vw(t, - )|) <0
foreveryt >0,where0 <o < 1. Thenw > —A forallt <T.

Proof. Define wmin(#) = inf, . j7 w(t, ¢). By hypothesis, wmin(0) = —A. Suppose that, at some time 7 > 0,
this minimum is achieved at some point g. If g is not one of the conic points, then Aw(z, g) > 0 and
Vw(t, g) = 0; hence

d

7 Wmin(t) = a(Wmin (1) — A?). (3-22)
Suppose for the moment that we have established this differential inequality regardless of the location of

the minimum. But then, if wpy;, () were ever to achieve a value less than — A at some ¢y > 0, (3-22) would

give that wl’nin(to) > 0, which is impossible (if 75 > 0 is the smallest time at which wpi, (f9) < —A).
Thus it suffices to show that (3-22) is always true. Fix y with 0 <y < 1 —o. Then, for any k > 1,

define wy(q, t) = w(q, t) —rY /k (where r is a fixed radial function near each conic point such that r is

smooth and strictly positive in the interior and » = 0 at a conic point). Suppose that wy,(¢) is achieved

at some conic point p. We first observe that, for g sufficiently near p, using the hypothesis on |Vw|,

w(t, q) < Wmin(?) + Cr'=7 =w(r, p)+Cr'=c,
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where r = r(g), and hence
wet, ) < wt, p)+Crl=? — 17 <w(t, p) = wi(t, p)
for r sufficiently small. In other words, (wg)min(¢#) cannot occur at p. Now, the differential inequality
satisfied by wy is

2
o wy > A(wk + %r”) +X- V(wk + %r”) —i—a((wk + %r”) - AZ).

At a spatial minimum (away from the conic point), Awy >0 and Vw; =0. On the other hand, Ar? > C rv=2
and | X - Vr?| < Cr?~! near r = 0, and, since the first of these terms is positive, these two terms together

satisfy
C

1 ¥

— .VrY) > =,

X (Ar" +X-Vr?') > A
Thus altogether, applying the same reasoning as before (and using that (wy)min does not occur at a conic
point), we deduce that

4 wemin = < +a((0mn + %r(qkmv)z - 42),

where the minimum of wy is achieved at g (7). The same arguments as above give (wy)min > —A — C'/k,
and hence wy, > —A — C”/k. Letting k 7 co proves the result. O

Essentially the same proof gives the following version of the maximum principle:

Lemma 3.16. Suppose that the setup is exactly the same as in the previous lemma, and that

oow = Aw +aw? + bw.
Then

— Wmax < awrznax + bwmax and iwmin > awrznin + bWhin. (3-23)

dt dt

3J. Long-time existence. We are finally able to complete the proof of long-time existence of the solution
of the Ricci flow with prescribed conic singularities. In fact, the proof is a straightforward adaptation of
the original proof of this same fact for the Ricci flow on smooth compact surfaces in [Hamilton 1988].
We refer to that article as well as [Isenberg et al. 2011] for all the details of the proof. We supply here
only the key results which then allow the proofs in those articles to be applied verbatim.

The strategy is to consider the “potential function” f for the metric g(¢#). (In the language of [Jeffres
et al. 2014], f is the Ricci potential for g.) By definition, this is a solution to the equation

Agiry f = Rty — P (3-24)

where p is the average scalar curvature. The crucial property that it must satisfy is that |V f| < C. Observe
that f is only defined up to an arbitrary additive constant, which may depend on #, but that the proof in
[Hamilton 1988] shows how to choose this constant using the evolution equation satisfied by f.

In any case, we now show that a potential function with bounded gradient exists. Interestingly, this is
one place where the assumption that the cone angles are less than 2 plays a crucial role.
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Proposition 3.17. Suppose that g is a conic metric with all cone angles less than 2 ; suppose too that
g = ugo, where gg is smooth (or polyhomogeneous) on M, u € Cg,a and, furthermore, R, € C[?"S. Then the
solution f to Ag f = Ry — p which lies in the Friedrichs domain and satisfies [ f dA, =0 has |V f| < C.

Proof. By Proposition 3.1 (as well as the fact that the integral of R — p is zero), there exists a unique
solution f which has integral zero, and this function has a partial expansion

f ~ap+ (ajjcosy+ap siny)rl/ﬁ +u, ue rzcj‘s.
Since B < 1, it follows immediately that |V f| < C. O

We recall very briefly that the rest of the proof of long-time existence involves getting an priori uniform
bound on R,(;) where g(t) is the family of solution metrics, and then using (2-4) to find bounds for log u.
The bounds on Ry, follow easily from the maximum principle, while the bound for Ry, is derived by
considering the evolution equation satisfied by 4 := Af + |V f|2. For both of these steps, one needs the
maximum principle from the previous subsection, which is permissible since R and % both satisfy the
conditions of Lemma 3.15.

4. Convergence of the flow in the Troyanov case

We are now in a position to be able to prove that the solution g( -, t) converges exponentially as t — 0o
to a constant-curvature metric with the same cone angles, provided the Troyanov condition (2-14) holds.

Let W2 denote the usual Sobolev space of L? functions whose gradient is in L? (with respect to go).
Following [Troyanov 1991; Struwe 2002], consider the energy functional F : W2 — R,

f@yzﬁfwwﬂ+2mmdm»

where the conformal factor has been rewritten as u = ¢?. (The function spaces W2 and W2 used below
are taken with respect to any fixed conic metric that is smooth in the (r, y) coordinates.) The next lemma
says that the Ricci flow is the gradient flow of F with respect to the Calabi L? metric (see, e.g., [Clarke
and Rubinstein 2013, §2]).

Lemma 4.1. If u is a solution of (2-2), then
d
E}"(@ = —2/ (R—p)*dA,. 4-1)
M

Proof. On smooth, closed surfaces the formula is well known [Struwe 2002, Equation (49)]. Indeed,
recall that, using (2-1) and (2-2),

dip=e"? (Aou—Ro)+p=p—R;
from this we get

%f(¢)=2/ (V¢-V¢1+Ro¢z)d1‘\o=2/ ¢t (Ro — Aog) d Ag
M M

=2/ Re"’¢tdA0=—2/ (R—p)RdA,,
M M
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and the result follows since [(R — p) dA, = 0. Concealed here is the fact that these integrations by parts
remain valid in this conic setting. This sort of computation will be used repeatedly in the remainder of
this paper. The key point is that the functions involved enjoy sufficient regularity near the conic points
that one may integrate by parts on the complement of an e-neighbourhood of these points and show that
the boundary term tends to O with €. O

Troyanov [1991] proves that the conditions (2-14) ensure that there exists a constant C such that
F(p(@)) = —C forall t >0.

(In fact, Troyanov considers the stationary problem from a variational point of view and proves that F is
bounded below on W2 if (2-14) holds.)

We now prove that ¢( -, ¢) is uniformly bounded in W2, This too follows arguments in [Troyanov
1991; Struwe 2002].

Proposition 4.2. With all notation as above, if the conditions (2-14) hold and ¢ is a solution to the flow,
then

loC-. Dllwz2 < C.

Proof. We sketch the argument and refer to [Troyanov 1991; Struwe 2002] for more details. The starting
point is the uniform lower bound F(¢ (-, ¢)) > —C. We first claim that

loC-, Dllwi2<C, 1=0. (4-2)

There are three cases to consider. We only give details for the case when x (M, B) > 0, since the
cases where x (M, B) < 0 are similar but simpler. The Troyanov condition (2-14) is equivalent to
0<2my :=2mx(M, B) < 47 min; {B;}. Choose b such that 1y = x (M, ,5) < b <27 min;{B;} and set

1 2 1
= \Y% — .
19) =55 | VoPdo+ L [ Rpaay
As in the proof of Theorem 5 in [Troyanov 1991], we have I(¢) > —C forall ¢ € w2, But

! — el 1 2 _
s F @ =10+ 3 (= 1) [ 1vePda= 10 c.
Since F(¢) <m,

[ wepam=c. izo

M

and Troyanov’s argument then shows that also the L? is uniformly bounded [Troyanov 1991, p. 8171,
whence |[¢ (-, 1)|ly12 < C for all £ > 0.
It is proved in [Troyanov 1991] that, if 0 < b < 27 min; {2 + 2¢;}, then there exists a constant C such

that ,
/ P dAy < C
M

for all u € W2 such that fM udAg=0 and fM |Vu|>dAy < 1. This is the Moser—Trudinger—Cherrier
inequality for surfaces with conic singularities.
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We now prove that
/ IV2p|>dAy < C forall t € [0, 00).
M

Carrying out a standard integration by parts argument over the complement of the e-balls around the
conic points, we obtain

/ V29 d Ao
M\B(p,e¢)

=/ |AO¢|2dA0—1/ R|v¢|2dAo+/ 8vV¢-V¢>dao—/ Ao d,¢ dop.
M\B(5,6) 2 Jm\Bo ) 0B(j,€)

Using Proposition 3.3 and letting € — 0 gives

[ woRano= [ 1awParo-5 [ RIvePda, @3)
M M M
By(2_3)9

/ |Ao¢|2dA0§2<f RgdA0+/ R2e2¢dA0) §C<1+/ e2"f’dA0) §C(1+/ Ealds dAo),
M M M M M

since, by Corollary 5.7 (proved later), the scalar curvature is uniformly bounded in time, where b is
any real number such that 0 < b?> < 27 min; {2 + 2;} and C may depend on the choice of b. Now, by
[Troyanov 1991, Proposition 11], the map ¢ — ¢ is a compact embedding of W2 in L2, which thus
yields

f |Aop|* dAg < C,
M
and hence, finally,
/ IV2¢|>dAy < C forall > 0. O
M

Proposition 4.3. Let g(t) be the angle-preserving solution of (2-1) provided by Theorem 1.1. If (2-14)
holds, then g(t) converges exponentially to the unique constant-curvature metric in the conformal class
of go with specified conic data.

Proof. We have already shown that ¢ (-, t) exists and ||¢ (-, t)| w22 < C for all # > 0. We now invoke the
arguments of [Struwe 2002] verbatim to deduce that g(¢) converges exponentially to a constant-curvature
metric goo in the conformal class of go.

It remains to show that g, has the same conic data {p, ,5 } as go. The W22 bound and the Sobolev
embedding theorem give a uniform C° bound |¢ (-, ¢)| < C. This implies that the conic points do not
merge in the limit. Indeed, if i # j and yi’j is the geodesic for g(¢) joining these two conic points, then

diste) (pi, pj) = / e >¢ f > ¢ distg(0)(piy Pj)-
vi; vi;

Next, suppose that go, has cone angle parameter §; at p;. Thus, in local conformal coordinates,

g0 =[P 2dz|* and  goo = €% |z|7%dz|?,
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50 by the uniform C° bound it is clear that B; > f8; for all i. Since

XM+ Bi=x(M)+ ) _ Bi,
we see that 8; = Bi for all i. O

5. Convergence in the non-Troyanov case

In this final section we consider the case where the Troyanov condition (2-14) fails. As remarked earlier,
the angle inequality fails at just one of the points p;, say pi, and necessarily M = S2. Then, (M, J, p, B)
does not admit a constant-curvature metric, and hence, even if g( -, f) converges, its limit must either not
be of constant curvature or else some of the conic data is destroyed in the limit. More precisely, the limit
might be a surface with fewer conic points and different cone angles, and hence might conceivably still
admit a constant-curvature metric. The existence of nonconstant-curvature, soliton metrics with one or
two conic points (the teardrop or American football) on S? can be ascertained using ODEs arguments,
[Yin 2010], and these are the reasonable candidates for limiting metrics in the non-Troyanov case. To
this end, we first show that every compact two-dimensional shrinking Ricci soliton which does not have
constant curvature has at most two conic points. Furthermore, if (2-14) holds, then any shrinking Ricci
soliton must have constant curvature. The next lemma also appears in [Ramos 2013].

Lemma 5.1. If g is a shrinking Ricci soliton metric on M with conic data (p, B) and there are at least
three conic points, then g has constant curvature.

Proof. View g as a Kidhler—Ricci soliton; then
(R - l)ng_ = Vlvj_f9

where the vector field X’ := V' f is a holomorphic vector field on S\ p. The trace of the soliton equation
gives Af = R — 1, and hence, using the static case of Theorem 1.2 —see also [Jeffres et al. 2014,
Propositions 3.3 and 3.8] — it follows that V f = O(r!/#~1), so must vanish at each of the points p;. This
may also be deduced as in [Luo and Tian 1992, Lemma 3]. Using this same regularity, we can integrate

by parts to get
/ |X|2dA:/ |Vf|2dA:/ (1—R)fdA < .
S\ S\ $2\j

However, there is no nontrivial holomorphic vector field on S? which vanishes at more than two points,
so X =0 and hence V;V; f = 0. Finally, using the soliton equation again, R = 1. O

Lemma 5.2. If (M, J, B , p) satisfies (2-14) and g is a shrinking Ricci soliton metric, then g has constant
curvature, i.e., f = const.

Proof. The argument carries over from the smooth setting, by virtue of Theorem 1.2. We already know
that there exists a constant-curvature metric g with this prescribed data. By rescaling, assume R; = 1.
Write g = e?g. Since g is a shrinking soliton, it moves under Ricci flow by a 1-parameter family of
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diffeomorphisms 1 (¢), so g(¢) = ¥ (¢)*g. Hence, ¢ (-, t) = ¥ *¢ solves
0= (V. Vp)g=e?(Agh—Rp)+1.
However, R, = e (1 — Agp) and R; =1, 50 (V f, V), = — R, + 1, which implies that

(Vf, V¢>g = Rg —-1= _Agf»

or, equivalently, div(e?V f) = 0. Multiplying by f and integrating by parts on M \ B.(p) gives

/ IVfI?e? dA, :/ fo, fe?do,

M\Bc(p) dBe(p)

and this converges to 0 as € — 0. Hence, fM |Vf|2 dAg =0, so f = const. Thus R, =1 and, by the
uniqueness of constant-curvature metrics with given conic data [Luo and Tian 1992], ¢ = g. O

Our goal in the remainder of this section is to prove:

Proposition 5.3. Let g(t) be the angle-preserving flow on (M, J, p, B) and assume that (2-14) fails.
Define y(t) to be the t-dependent diffeomorphism generated by the vector field V f (t), where Af(t) =
Roy — p. Then g(t) := *g(t) satisfies g(t)/dt = 2[1(t), where [i is the tensor defined by (5-1) with
respect to the metric g(r). We prove that

tim [ 170, di=lim [ ), da=0
and, moreover,
. 2 _
tim [ X @), da=0.
where X =VR+ RV f.

In the next subsections we assemble various facts which lead to the proof of this proposition. These
were all initially developed in the smooth case, and the main work here consists mainly in verifying that
they remain true in this conic setting.

The outline of this proof is as follows: In Section SA we adapt Perelman’s arguments for volume
noncollapsing for the Kihler—Ricci flow; see [Sesum and Tian 2008]. We then follow the arguments
in [Hamilton 1988], making use of the entropy functional N(g) = [, Rlog RdV,, and showing that
N(g(t)) < C here too. In Section 5C we explain how to apply the maximum principle in the proof of the
Harnack inequality, and hence obtain that Ry, < CRjyr. Area noncollapsing, entropy monotonicity and
the Harnack estimate then show that R < C for all ¢ € [0, o0). We also show R > ¢ > 0 for 1 > 1.

5A. Area noncollapsing via Perelman’s monotonicity formula. Our first goal is to prove an estimate
on the area of small geodesic balls.

Lemma 5.4. Let (M, g(t)) be a compact conic surface evolving by the angle-preserving area-normalized
Ricci flow. Define Rmax (1) = sup,ey Re(r). Then there exists C > 0 so that, for all p € M and t > 0, we
have

Area,nB(p, R T B P
2(1) (P, Rmax(?) ) > R (1)
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Proof. The proof relies on monotonicity properties with respect to the unnormalized Ricci flow of
Perelman’s W functional,

Wee. )= @0 [ VSRR +f — 20 day,
M

where g is a metric, f is a function and T € R™. For us, g is a polyhomogeneous conic metric and
f(z, 1) =ao(t)+ (a1 (t) cos y +aia(r) sin y)r'/f +r2 f(z, t), where both f and f lie in C' ([0, 00); CZ"S).
This integral is convergent, since |V f| is bounded.

We review the proof of monotonicity of this functional to check that the singularities of g and f do not
cause difficulties. We restrict to the space of triples (g, f, t) such that the measure Art)V2e T dA g 18
fixed. If (v, &, o) is a tangent vector to this space then, by [Kleiner and Lott 2008, Propositions 5.3 and
12.1],

Wle, .y, h,0) = (4mr) ™! / [0(Rg + |V fI*) — t(v,Ricg +V* f) + hle™/ dA,
M
This requires justifying the three integrations by parts

/ef(—Atrgv)dAz—/ Ale™ ) trgvdA,
M M

/e—fa*a*vdA=/ (VZe™/ v)dA,
M M

f e S (Vf, Vh)dA :f Ae ThdA,
M M
which we do in the usual way, using the expansion for f.
Still following [Kleiner and Lott 2008, §12], set v = —2(Ric, +V2f), sotrg v =—2(Ry +Af), and

also h = —Af + |V f|> - Ry, +1/(2t), 0 = —1. Then
. 2 1 |2 -1 —f
Wl foy(v, h,0) = 7|Ric, +V f—Zg (drt) e dAg > 0.
M

To recover the actual Ricci flow, we add to v and & the Lie derivative terms Ly g and Ly f = Vf,
respectively, where V = V f. This new infinitesimal variation corresponds to the flow

hg=—2Ric, 8f=—Af+IV/P-Re+1 and dr=—1,
along which we have

1 1
Wl f.o)(v, h, o) =/ 2T‘V2f + §<Rg )g,-j
M

2
—-1/2 _ —f
- @rt) 2l dA,.

Finally, define
g, t) = i?f{W(g, fio): (47777)_1/2 fM e/ dAg = 1}‘

We have proved that 1 (g(¢), 7(¢)) increases along the Ricci flow. Using this monotonicity, we follow
precisely the same arguments as in Perelman’s proof of volume noncollapsing for the Kéhler—Ricci flow
(see [Sesum and Tian 2008] for details). O
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5B. Entropy estimate. The potential function f satisfies Af = R — p. Define the symmetric, trace-free
2-tensor

p=Vf—3Afg (5-1)

and the vector field X = VR + RV f. As in the earlier part of this section, g is a gradient Ricci soliton
if u = 0; in fact, one also has X = 0 on any soliton. The entropy function introduced by Hamilton [1988]
when Ry is a strictly positive function on M is the quantity

N(t):/ RlogRdA.
M

When R changes sign, Chow [1991b] considered the modified entropy
N(@) = / (R—s)log(R—s)dA, (5-2)
M

where s'(t) = s(s —r) with s(0) < min,cy R(x, 0). In either case, if M is smooth, these authors showed
that N (r) < C for t > 0; in the first case, this is based on the monotonicity of N, which follows from the

formula
dN |X|?
— =— [ (2|u* + =) dA. 5-3
’ / ( el R (3-3)
We now prove that this entropy function, or its modified form, is still bounded above even in the conic
setting.

Lemma 5.5. If g(t) is an angle-preserving solution of the normalized Ricci flow, and if the entropy N is
defined by (5-3) if R > 0 everywhere and by (5-2) if R changes signs, then N (t) < C for all t < oo.

Proof. The argument proceeds exactly as in the smooth case once we show that the various integrations
by parts are justified. We assume that R does change signs, since the two cases are very similar, and
follow Chow’s [1991a] proof on orbifolds.

Define L = log(R — s). The proof relies on the following identities:

/ VRP / VRP
AL(R—5)=— , LAR = — ,
R—s R—s

/ (Af) = — / (V. VAS), f (VF, AV F) = — / D> f P,

[ rar==[19se. [wrvp== [ Ras=- [ RR-n)
/(VL,Vf)=—/LAf=—/L(R—r);

these are all proven using Green’s identity on M \ B(p, €) and taking advantage of the expansions of f
and R to show that the boundary terms vanish in the limit € — 0. O
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5C. Harnack estimate and curvature bound. The proof of the Harnack estimate for R, when R > 0
everywhere, or for R — s if R changes sign, again proceeds exactly as in the smooth [Chow 1991b] and
orbifold [Chow and Wu 1991] cases, although now using the maximum principles from Lemmas 3.15
and 3.16. We outline the main step. Consider P = Q + sL, where

Q=0L—|VL>?—s=AL+R—p and L =Ilog(R —s).

One computes that
9P >AP+2VL-VP+1(P? -, (5-4)

where C is a constant chosen so that L > —C — Ct. By Corollary 3.14, R is polyhomogeneous (for ¢ > 0)
and the only terms in its expansion less than > are r* and r!/#. Using (2-7), the initial terms in the
expansion of AR have the same exponents. Thus, |V P| satisfies the conditions in these maximum
principle lemmas, and we conclude that Q > —C, independently of ¢. The usual integration in spatial and
time variables leads to the Harnack inequality — see [Chow 1991b] for details — and thus gives:

Lemma 5.6. If y € By (x, % R(x, t)), then R(y,t+1) > CR(x, t) for some universal constant C > Q.

Using the entropy bound and area comparison, the boundedness of R follows as in [Hamilton 1988;
Chow 1991b].

Corollary 5.7. There exist constants ¢, C > 0 such that |R(-,t)| < C forallt > 0 and R(-,t) > ¢
fort> 1.

Proof of Proposition 5.3. Consider the following modification of the Ricci flow equation:

%gij =20ij = (p— R)g;j —2ViV, f, (5-5)
where R is the scalar curvature of & (the covariant derivatives in the last term are also with respect to g(¢),
but we omit this from the notation for simplicity) and f is the same potential function as before. This
differs from the standard flow by the action of the one-parameter family of diffeomorphisms v; generated
by Vf,ie., g(t) = ¢/ g(t), where g(¢) is a solution of the original normalized (but unmodified) Ricci
flow. According to Lemma 5.5, Corollary 5.7, and (5-3), N(¢) is monotone (for ¢ sufficiently large) and

converges to a finite limit, hence

. dN
Jim —-=0;

recalling (5-3), the conclusion follows from this. O

Remark 5.8. Hamilton’s original argument showing that the pointwise norm of i« converges exponentially
to zero breaks down in our setting for the following reason. As for many of the other quantities we
consider here, the function f admits an expansion

f=ao(t)+r"P (a1 (t) cos y +an(t) siny) + ax(t)r* + OF>+),
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where the a; and a;; are smooth in 7. This follows from the equation satisfied by R, the equation
Ry — Ag(O) 10g u(t)
u(t) ’
the asymptotic expansion (1-1) of u(¢), and [Jeffres et al. 2014, Corollary 3.5]. However,
u=Vif—3Afg (5-6)

is a second-order operator applied to f, and not all of these annihilate the troublesome term r!/# in the

Agy f()=R(t)—p=—p+

expansion of f. This means that, although w, and hence |ut|, has an asymptotic expansion, this expansion
contains a singular term of the form 7!/#~2. This means that the maximum principle is not applicable,
and we cannot conclude the exponential decay of |w|. Note that there is no difficulty with what we prove
above, since this most singular term r'/#=2 is square-integrable with respect to r dr dy.

SD. One concentration point. We now prove the second part of Theorem 1.4, concerning the divergence
profile of the unmodified flow. Namely, we show that the conformal factor ¢ blows up at precisely one
point ¢ as ¢ 7 oo, but tends uniformly to zero on every compact set K C 2\ {g}. This argument is
drawn from methods developed specifically for higher-dimensional complex analysis, so it is convenient
to now change to the K#hler formalism.

Fix the initial conic metric go; since the flow immediately smooths out any initial metric, we may as
well assume that gg is polyhomogeneous. Denote its associated Kédhler form by w. Define H,, to consist
of all functions ¢ such that wy := w + V/—=100¢ > 0, and then denote by PSH,, the L' closure of #,,.
Observe that, since w and wy (or, rather, go and g4) lie in the same Kihler class, they are conformally
related; indeed,

wy = (1 +App)w, andsimilarly o= (1— Ayd)wgy.

Here A and Ay are the Laplacians for @ and wg, respectively. Note that this implies that
Aop > —1 and Agp < 1. (5-7)

For any ¢ € PSH,,, we define the multiplier ideal sheaf Z(¢) associated to the presheaf which assigns
to any open set U the space of holomorphic functions

Z(p)(U) ={h € Op(U) : |h)?e™? € L (5%, w)}.

It is proved in [Nadel 1990] that Z(¢) is always coherent; moreover, it is called proper if it is neither the
trivial (zero) sheaf nor the structure sheaf Ogo.

Definition 5.9 [Nadel 1990, Definition 2.4]. The multiplier ideal sheaf Z(¢) is called a Nadel sheaf if
there exists an € > 0 such that (1 4+ €)¢ € PSH,,.

A fundamental result of Nadel’s [1990] is that any Nadel sheaf has connected support. The proof is not
hard in this low dimension, so we give it below. This uses an extension (for the one-dimensional case only)
of the result [Rubinstein 2009, Theorem 1.3], which in turn extends Nadel’s work from the continuity
method to the Ricci flow. Note too that [Rubinstein 2009] provided a new proof of the uniformization
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theorem in the smooth case using the Ricci flow (see also [Chen et al. 2006] for an earlier and different
flow-based proof), and hence its use here is natural.
We write the flow equation in this setting in terms of the Kéhler potential as

o+ V—103¢ :=ws =/ %0, $0)=¢y, and ¢=0¢, (5-8)

where f,, is the initial value f(0) of the Ricci potential, as defined in (3-24). There is a choice of constant
in this initial condition, and it is explained in [Phong et al. 2007] how to choose this additional constant
so that ¢ remains bounded along the flow. We assume henceforth that this initial condition has been set
properly. We also write A for the (constant value of the) area of (8%, g(1)).

Theorem 5.10. Suppose that (S*, J, p, E) does not satisfy (2-14). Fix any y € (%, 1). Then the solu-
tion ¢ (t), normalized as above, admits a subsequence ¢ := ¢,; for which ‘73/ = — Al f ¢, converges
in L' to ¢ € PSH,,. Finally, Z(y ¢so) is a proper Nadel multiplier ideal sheaf with support equal to a
single point.

Proof. We proceed in a series of steps.

Step 1: diam(M, g(¢)) < C. This is a special case of [Jeffres et al. 2014, Claim 6.4]. Indeed, since 8 < 1,
if p, g € M are not conic points then the minimizing geodesic which connects them does not pass through
a conic point. Thus we can apply the standard argument for Myers’ theorem, using that R > ¢ > 0 for
large ¢. This can also be deduced by specializing Perelman’s diameter estimate [Sesum and Tian 2008] to
our setting, which is possible using Theorem 1.2.

Step 2: —inf¢ < sup¢ + C. The proof of [Rubinstein 2009, Lemma 2.2] carries over without change by
using the twisted Berger—Moser—Ding functional

D(¢)=§/8¢A5¢—log(%/eﬁ”‘/’a)).

This is monotone along the flow, which gives, after some calculations, that [Rubinstein 2009, (15)]

1 1

We next show that the average A~! [ ¢w is comparable to sup ¢. Indeed, the inequality A1 [ ¢w<sup¢
is trivial. For the converse, recall that the Green function of A, normalized so that f Go(g,q)w(g) =0
for every g and G N\ —oo near the diagonal, is bounded from above by a constant Ey. We then write

1
b@) -5 / o= / G(q. ) Aud (@)oo (@)
_ / ~(G(q. 4 — Eo) (=Bt (@ Do) < — / (G(q. q) — E)yw < AEq,

using the first inequality in (5-7). Taking the supremum over the left side gives sup¢ < (1/A) [ pw + C,
as claimed.
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To estimate the infimum of ¢ we use a similar trick, but using the upper bound G4(q, ¢’) < E, and
the second inequality in (5-7). This gives

1
¢(q)—Z/¢w¢=/G¢(q’q/)A¢¢(q/)w¢(61/)
_ / (G 4) — E) Do (@ (@) > / (G(q.q) — En)wy(q) = —AE,,

s0, taking the infimum, —inf¢ < —(1/A) [ pwy + AEy.
It remains only to observe that, special to this dimension, G¢(q, ¢") = Go(q, ¢’); this is because, if we
write wy = Fo, and if [ fws =0, then

A / Go(qr ) F(@woo@) = F~' Ag / Go(a.d) [ (@) F@ho@),

and this equals f(q) when G4 = Gy. This means that Ey = E( and the constant in this inequality does
not vary along the flow.
Putting these inequalities together completes this step.

Step 3: sup,||¢:llo = co. Indeed, if this supremum were finite, then, by Step 2, ¢ would be bounded
in €%, and standard regularity estimates would then show that some subsequence of the ¢, converges. The
limiting metric (or rather, the limit of any one of these subsequences) would then need to have constant
curvature. Furthermore, the uniform boundedness of the conformal factor shows that the cone angles
do not change in the limit. This is a contradiction, since we are assuming that the Troyanov conditions
(2-14) fail.

The construction of the Nadel sheaf now proceeds as in [Rubinstein 2009, p. 5846].

Step4: If y € (% 1) and V), denotes the support of Z,, := Z(y ¢ ), then V), is a single point. Recall that
a coherent sheaf is locally free away from a complex codimension-two set, so, since we are in complex
dimension one, Z, is a sheaf of sections of a holomorphic line bundle Og2(—k), k > 0. By the properness
assumption, k > 1. We claim that k = 1, which then implies that Z,, is spanned by a single holomorphic
section, which vanishes to order one at precisely one point.

To do this, let U be a small open set and let 4 € 7, (U), and assume that & vanishes exactly to order one
at a point p € U. Then [, U |h|?¢~7%~w < 0o. Now fix a local holomorphic coordinate z which vanishes
at p and assume either that U contains no conic points or, if it does contain one, then p is that point. In
the first of these cases, w is locally equivalent to |dz|?, while ¢oo > 4log|z|,and 0 <y < 1. If p = p;
is a conic point, then, assuming that U contains no other conic points, fU |h|2e Y= 726=2 |d7|? < oo.
This follows just as before but using that ¢, has a singularity of, at worst, 4log |z] —2(1 — 8;) log |z|
(recall [w] = Og2(2) — > (1 —Bi)[p;i]) and 0 < y < 1. Thus k cannot be greater than one. Since k > 0, it
follows that k = 1, as desired.

There is an alternative proof that does not rely on facts about coherent sheaves, using weighted L? esti-
mates for the 5—equation. This proceeds as follows. Let 1 be a (0, 1)-form such that f In|2e™Y9> |dz|? < .
It is always possible [Berndtsson 2010, §1] to find a solution p to 3 = 7 that satisfies f |p|?e™ 79> |dz|*> <
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c, f In|>e~Y9> |dz|? < oo, where C,=0(1~- ¥)~1). The same arguments can be used to verify that
this estimate also holds with respect to the measure |z|*#~2|dz|?. This proves that H'(S?, 7,) =0.
From the long exact sequence in cohomology corresponding to the short exact sequence of sheaves
0—>Z, - O0gp — OVV — 0, one concludes that HO(Vy, Ovy) =~ HO(S?, Og42) = C, which means once

again that the support of Z,, is connected, i.e., a single point.

These two methods of proof are closely related, of course, by virtue of the identification H'(S?, 7,)=
H(S%, 0g(Ks2 —T,)). 0O

Following [Clarke and Rubinstein 2013, Lemma 6.5], we can use Theorem 5.10 to deduce estimates
on the conformal factor:

Corollary 5.11. The conformal factor u blows up at exactly one point. On any compact set K disjoint
from that point, u — 0 uniformly, so, in particular, the area of K with respect to g(t) tends to 0.
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GROWTH OF SOBOLEV NORMS FOR THE QUINTIC NLS ON 72

EMANUELE HAUS AND MICHELA PROCESI

We study the quintic nonlinear Schrodinger equation on a two-dimensional torus and exhibit orbits whose
Sobolev norms grow with time. The main point is to reduce to a sufficiently simple toy model, similar
in many ways to the one discussed by Colliander et al. for the case of the cubic NLS. This requires an
accurate combinatorial analysis.

1. Introduction
We consider the quintic defocusing NLS on the two-dimensional torus T2 = R?/ (27 Z)?
—idu+ Au = |ul*u, (1-1)

which is an infinite-dimensional dynamical system with Hamiltonian

H:/ |Vu|2+1/ |u|® (1-2)
'H'Z 3 ‘|]'2

having the mass (the L? norm) and momentum

L= [P and M= | 3I(u-Vu) (1-3)
T T2
as constants of motion. The well-posedness result of [Bourgain 1993; Burq et al. 2004] for data
ug € H(T?), s > 1, gives the existence of a global-in-time smooth solution to (1-1) from smooth
initial data, and one would like to understand some qualitative properties of solutions.

A fruitful approach to this question is to apply the powerful tools of singular perturbation theory,
such as KAM theory, the Birkhoff normal form and Arnold diffusion, first developed in order to study
finite-dimensional systems.

We are interested in the phenomenon of the growth of Sobolev norms, i.e., we look for solutions which
initially oscillate only on scales comparable to the spatial period and eventually oscillate on arbitrarily
short spatial scales. This is a natural extension of the results in [Colliander et al. 2010; Guardia and
Kaloshin 2015], which prove similar results for the cubic NLS. In the strategy of the proof, we follow
[Colliander et al. 2010] — henceforth abbreviated [CKSST]— as closely as possible; therefore our main
result is the precise analogue of theirs for the cubic NLS. Namely, we prove:

MSC2010: 35B34, 35Q55, 37K45.
Keywords: nonlinear Schrédinger equation, growth of Sobolev norms, Hamiltonian PDEs, weak turbulence.
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Theorem 1.1. Lets > 1, K > 1 and 0 < § K 1 be given parameters. Then there exists a global smooth
solution u(t, x) to (1-1) and a time T > 0 with

luO)l s rzy <8 and  |u(T) |l gsr2) = K.

Note that we are making no claim regarding the time 7" over which the growth of Sobolev norms
occurs; this is the main difference between the approaches of [CKSTT] and [Guardia and Kaloshin 2015].

1A. Some literature. The growth of Sobolev norms for solutions of the nonlinear Schrodinger equation
has been studied widely in the literature, but most of the results regard upper bounds on such growth. In
the one-dimensional case with an analytic nonlinearity 3z P (Jul?), Bourgain [1996b] and Staffilani [1997]
proved at-most polynomial growth of Sobolev norms. In the same context, Bourgain [2000] proved a
Nekhoroshev-type theorem for a perturbation of the cubic NLS. Namely, for s large and a typical initial
datum u(0) € H*(T) of small size ||u(0)||; < &, he proved

sup lu(t)|ls <Ce, |t|<T, T <e 4,

t1<T
with A = A(s) — 0 as s — oo. Similar upper bounds on the growth have been obtained also for the NLS
equation on R and R? as well as on compact manifolds.
We finally mention [Faou et al. 2013], which discusses the existence of stability regions for the NLS
on tori.
Concerning instability results for the NLS on tori, we mention the work by Kuksin [1997b] (and see
his related works [1995; 1996; 1997a; 1999]) who studied the growth of Sobolev norms for the equation

—idu~+8Au = ul*Pu, peN,

and constructed solutions whose Sobolev norms grow by an inverse power of §. Note that the solutions
that he obtains (for p = 2) correspond to orbits of (1-1) with large initial data. A big advance appeared in
[CKSTT], where the authors prove Theorem 1.1 for cubic NLS. Note that the initial data are small in H®.
Finally, [Guardia and Kaloshin 2015] follows the same general strategy of [CKSTT] and constructs orbits
whose Sobolev norm grows (by an arbitrary factor) in a time which is polynomial in the growth factor.
This is done by a careful analysis of the equation and using in a clever way various tools from diffusion
in finite-dimensional systems.

These results do not imply the existence of solutions with diverging Sobolev norm, nor do they claim
that the unstable behavior is typical. Recently, Hani [2014] has made remarkable progress towards
the existence of unbounded Sobolev orbits: for a class of cubic NLS equations with nonpolynomial
nonlinearity, the combination of a result like Theorem 1.1 with some clever topological arguments leads
to the existence of solutions with diverging Sobolev norm. Moreover, Hani et al. [2013] prove infinite
growth of Sobolev norms for the cubic NLS on R x T2.

Regarding growth of Sobolev norms for other equations, we mention the following papers: [Bourgain
1996b] for the wave equation with a cubic nonlinearity but with a spectrally defined Laplacian; [Gérard
and Grellier 2010; Pocovnicu 2011] for the Szego equation; and [Pocovnicu 2013] for certain nonlinear
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wave equations. We also mention the long time stability results obtained in [Bambusi 1997; 1999; 2003;
Bambusi and Grébert 2006; Grébert et al. 2009a; 2009b; Wang 2008; 2010].

A dual point of view to instability is to construct quasiperiodic orbits. These are nongeneric solutions
which are global-in-time and whose Sobolev norms are approximately constant. Among the relevant
literature we mention [Wayne 1990; Poschel 1996; Kuksin and Poschel 1996; Bourgain 1998; Berti and
Bolle 2013; Eliasson and Kuksin 2010; Geng et al. 2011; Berti and Biasco 2011; Wang 2014; Procesi and
Xu 2013; Berti et al. 2015]. Of particular interest are the recent results obtained through KAM theory,
which gives information on linear stability close to the quasiperiodic solutions. In particular, [Procesi and
Procesi 2015] proves the existence of both stable and unstable tori (of arbitrary finite dimension) for the
cubic NLS.

In finite-dimensional systems diffusive orbits are usually constructed by proving that the stable and
unstable manifolds of a chain of unstable tori intersect. Usually this is done with tori of codimension one,
so that the manifolds should intersect for dimensional reasons. Unfortunately, in the infinite-dimensional
case one is not able to prove the existence of codimension-one tori. Actually, the construction of almost-
periodic orbits is an open problem except for very special cases, such as integrable equations or equations
with infinitely many external parameters (see, for instance, [Poschel 2002; Chierchia and Perfetti 1995;
Bourgain 1996a]).

In [CKSTT] and [Guardia and Kaloshin 2015] (and the present paper) this problem is avoided by
taking advantage of the specific form of the equation. First one reduces to an approximate equation, the
first-order Birkhoff normal form; see (1-5). Then, for this dynamical system, one proves directly the
existence of chains of one-dimensional unstable tori (periodic orbits) together with their heteroclinic
connections. Next, one proves the existence of a slider solution which shadows the heteroclinic chain in a
finite time. Finally, one proves the persistence of the slider solution for the full NLS. In the next section,
we describe the strategy more in detail.

1B. Informal description of the results. In order to understand the dynamics of (1-1), it is convenient
to pass to the interaction representation picture

.. R
M(t,x) — Z aj(l,)elj-x—H‘]l I’

jer?
so that the equations of motion become

i = .. o L6t
laj = § : ajapapapajse (1-4)

Nt+itiz—ia—is=J
where we = | 11> + | joI* + 1 j3* = Ljal* = js|* = 1j >
We define the resonant truncation of (1-4) as
_iBj = Z ﬂjlﬂjzﬂj33j4ﬂ_j5' (1-5)

Jitjptjz—ja—js=j
Ljt P2 P+ 312 = a2 =1 s 2=l 12
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It is well known that the dynamics of (1-4) is well approximated by the one of (1-5) for finite but
long times.! Our aim is to first prove Theorem 1.1 for (1-5) and then extend the result to (1-4) by an
approximation lemma. The idea of the approximation lemma roughly speaking is that, by integrating in
time the left-hand side of (1-4), one sees that the nonresonant terms (those with wg # 0) give a contribution
of order O(a°). By scaling a™ () = A~'a(A~*t) with A arbitrarily small, we see that the nonresonant
terms are an arbitrarily small perturbation with respect to the resonant terms appearing in (1-5) and hence
they can be ignored for arbitrarily long finite times.

We now outline the strategy used to prove Theorem 1.1 for (1-5).

The equations (1-5) are Hamiltonian with respect to the Hamiltonian function

H= % Z BjiBj»BjsBjsBisBis (1-6)

N+t i=jatjs+Jje
Lt P 2 P+ s 1P =1ja P+ s 12+ s 1

and the symplectic form Q =i dB A dB.

This is still a very complicated (infinite-dimensional) Hamiltonian system, but it has the advantage
of having many invariant subspaces on which the dynamics simplifies significantly. Let us set up some
notation.

Definition 1.2 (resonance). A sextuple (ki, k2, k3, k4, ks, ke) € (Z%)% is a resonance if
ki+ky+ks—ks—ks—ke=0 and |ki|*+ [ka|* + k3> — [kal* — [ks|* — |k|* =0.  (1-7)
A resonance is trivial if it is of the form (ky, k3, k3, k1, k2, k3) up to permutations of the last three elements.

Definition 1.3 (completeness). We say that a set S C Z? is complete if the following holds: for every
quintuple (ky, k2, k3, kq, ks) € 87, if there exists kg € Z2 such that (ky, ka, k3, ka, ks, k¢) is a resonance,
then kg € S.

It is easily seen that, for any complete S C Z?, the subspace defined by requiring gy = 0 for all k ¢ S
is invariant.

Definition 1.4 (action-preserving). A complete set S C Z2 is said to be action-preserving if all the
resonances in S are trivial.

We remark that, for any complete and action-preserving S C 72, the Hamiltonian restricted to S is
given by (see [Procesi and Procesi 2012])

1
H|s=§<§. B0 D0 1B B +36 ) |ﬁj|2|ﬁk|2|ﬂm|2), (1-8)
JjeS j.keS Jj.k,meS
JjF£k Jj<k<m

where < is any fixed total ordering of Z2.

lActually, passing to the resonant truncation is equivalent to performing the first step of a Birkhoff normal form. However,
since we follow closely the proof in [CKSTT], we chose to use similar notation.
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If S is complete and action-preserving, then H|s is a function of the actions |B; 2
ing twist (i.e., the amplitude-to-frequency map is locally one-to-one); therefore, the corresponding motion
is periodic, quasiperiodic or almost-periodic, depending on the initial data. In particular, if 8;(0) = B, (0)

only, with nonvanish-

for all j, k € S, then the motion is periodic. Finally, since all the actions are constants of motion, so are
the H® norms of the solution.

On the other hand, it is easy to give examples of sets S that are complete but not action-preserving. For
instance, one can consider complete sets of the form e = {k1, ko, k3, ks4}, where the k; are the vertices
of a nondegenerate rectangle in 72, or of the form 6@ = {k1, k2, k3, k4, ks, ke}, where the k; € 72 are
all distinct and satisfy (1-7). Other examples are sets of the form S® = {ky, ko, ks, k4} with

ki +2ky—2ks—ks=0 and |ki|>+2lk2|? —2|k3|> — ks> = 0, (1-9)

studied in [Grébert and Thomann 2012] or, more generally, the sets 6w = U j 65.3) studied in [Haus and
Thomann 2013]2. In all these cases, the variation of the H* norm of the solution is of order O(1). Note
that, while sets of the form &, 3, G® exist in Z¢ for all d, the nondegenerate rectangles SM exist
only in dimension d > 2. Let us briefly describe the dynamics on these sets. By writing the Hamiltonian
in symplectic polar coordinates 8; = \/E ¢'% , one sees that all these systems are integrable. However,
their phase portraits are quite different. In &) one can exhibit two periodic orbits Ty, T, that are linked
by a heteroclinic connection. T is supported on the modes ki, k and T, on k3, k4. The H® norm of each
periodic orbit is constant in time. By choosing &) appropriately, one can ensure that these two values
are different, and this produces a growth of the Sobolev norms. Moreover, all the energy is transferred
from T; to T». In the other cases, 5@, &3 &@, there is no orbit transferring all the energy from some
modes to others (see Appendix C).
These heteroclinic connections are the key to the energy transfer. In fact, assume that

Sti={v,...,m}, S:={wy, ..., w,}

with n even are two complete and action-preserving sets. Assume moreover that, for all 1 < j <n/2,
{vaj—1, v2j, waj_1, wy;} are the vertices of a rectangle as in s, Finally, assume that S; US, is complete
and contains no nontrivial resonances except those of the form (k, v2;_1, v2j, k, woj 1, wa;). As in the
case of &V, the periodic orbits

Ti: By, ) =bi(t) #0, Pu,(®)=0 forall j=1,...,n
and
To: Bu, () =ba(t) £0, By, (1)=0 forall j=1,....n

are linked by a heteroclinic connection.

We iterate this procedure constructing a generation set S = va: 1 Si, where each §; is complete and
action-preserving. The corresponding periodic orbit T; is linked by heteroclinic connections to T;_;
and T;; ;. There are two delicate points:

2The papers [Grébert and Thomann 2012; Haus and Thomann 2013] actually consider the one-dimensional case, but of
course the construction of complete sets can always be trivially extended to higher dimensions.
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(i) At each step, when adding a new generation S;, we need to ensure that the resulting generation
set is still complete and contains no nontrivial resonances except for those prescribed and those
implied by the prescribed ones. The prescribed resonances are those of the form (k, vy, vo, k, v3, v4),
where v{, vy € S; and v3, v4 € S;41 for some 1 <i < N — 1 and {vy, va, v3, v4} are the vertices of a
rectangle.

(il)) We need to ensure that the Sobolev norms grow by an arbitrarily large factor K /§, which requires
taking n (the number of elements in each §;) and N (the number of generations) to be large.

The point (i) is a question of combinatorics. It requires some careful classification of the possible
resonances and it turns out to be significantly more complicated than in the cubic case. We discuss this in
Section 3B.

The point (ii) is treated exactly in the same way as in [CKSTT]; we discuss it for completeness in
Section 3A, Remark 3.2.

Given a generation set S as above we proceed in the following way: First we restrict to the finite-
dimensional invariant subspace where f; = 0 for all k ¢ S. To further simplify the dynamics, we restrict
to the invariant subspace

Bu(t)=0b;(t) forall vesS;,, i=1,...,n;

this is the so called toy model. Note that the periodic solutions T; live in this subspace. The toy model is
a Hamiltonian system, with Hamiltonian given by (2-3) and with the constant of motion J = ZINZ | |bi 2.
We work on the sphere J = 1, which contains all the T; with action |b; I>=1.

As discussed above, we construct a chain of heteroclinic connections going from T; to Ty. Then, we
prove (see Proposition 2.10) the existence of a slider solution which “shadows” this chain, starting at
time O from a neighborhood of T3 and ending at time 7 in a neighborhood of Ty_».?

We proceed as follows: First, we perform a symplectic reduction that will allow us to study the
local dynamics close to the periodic orbit T;, which puts the Hamiltonian in the form (2-6). The new
variables ¢, are the ones obtained by synchronizing the by (k # j) with the phase of b;. Then, we
diagonalize the linear part of the vector field associated to (2-6). In particular, the eigenvalues are the
Lyapunov exponents of the periodic orbit T ;. As for the cubic case, one obtains that all the eigenvalues
are purely imaginary, except for four of them which, due to the symmetries of the problem, are of the
form A, A, —A, —A € R. Note that these hyperbolic directions are directly related to the heteroclinic
connections connecting T; to T;_; and to T ;. It turns out that the heteroclinic connections are straight
lines in the variables c. The equations of motion for the reduced system have the form (2-10) (which is
very similar to the cubic case); this is crucial in order to be able to apply almost verbatim the proof given
in [CKSTT]. Note that it is not obvious a priori that the equations (2-10) hold true: for instance, this
turns out to be false for the NLS of degree 7 and above.

30ne could ask why we construct a slider solution diffusing from the third mode b3 to the third-to-last mode by _», instead
of diffusing from the first mode b; to the last mode bp;. The reason is that, since we rely on the proof given in [CKSTT], our
statement is identical to their Proposition 2.2 and Theorem 3.1. As there, also in our case, it would be possible to diffuse from the
first to the last mode just by overcoming some very small notational issues.
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The strategy of the proof, which is exactly the same as in [CKSTT], consists substantially of two parts:

o Studying the linear dynamics close to T, treating the nonlinear terms as a small perturbation; one
needs to prove that the flow associated to equations (2-10) maps points close to the incoming hetero-
clinic connection (from T;_1) to points close to the outgoing heteroclinic connection (towards T ;1)
(note that, in order to take advantage of the linear dynamics close to T;, we need that almost all the
energy is concentrated on S;).

« Following closely the heteroclinic connection in order to flow from a neighborhood of T; to a
neighborhood of T ;.

The precise statement of these two facts requires the introduction of the notions of targets and covering
and is summarized in Proposition 2.13. The main analytical tool for the proof are repeated applications
of Gronwall’s lemma. Our proof of Proposition 2.13 follows almost verbatim the proof of the analogous
statement, given in Section 3 of [CKSTT]. However, the only way to check that the proof works also in
our case is to go through the whole proof in [CKSTT], which is rather long and technical, and make the
needed adaptations. Therefore, for the convenience of the reader, in Appendix A we give a summary of the
proof of Proposition 2.13, highlighting the points where there are significant differences with [CKSTT].

1C. Comparison with the cubic case and higher-order NLS equations. In the cubic NLS, the only
resonant sets of frequencies are rectangles, which makes the choice of using rectangles as building blocks
of the generation set S completely natural. In the quintic and higher-degree NLS many more resonant
sets appear, which a priori gives much more freedom in the construction of S. In particular, in the quintic
case, sets of the form G are the most generic resonant sets, and therefore it would look reasonable to
use them as building blocks. However (see Appendix C), such a choice does not allow full energy transfer
from a generation to the next one and is therefore incompatible with our strategy. The same happens if one
uses sets of the form G . This leads us to use rectangles for the construction of S also in the quintic case.

It is worth remarking that, while nondegenerate rectangles do not exist in one space dimension, sets
of the form &, &® already exist in one dimension. The equations of the toy model only depend on
the combinatorics of the set S. Therefore, if one were able to prove diffusion in a toy model built with
resonant sets of the form @, & (or other resonant sets that exist already in one dimension), then one
could hope to prove the same type of result for some one-dimensional (noncubic) NLS.

The use of rectangles as building blocks for the generation set of a quintic or higher-order NLS makes
things more complicated, since the rectangles induce many different resonant sets; see Section 2. This
leads to combinatorial problems that make it harder to prove the nondegeneracy and completeness of S.
The equations of the toy model also have a more complicated form than in the cubic case. Since these
types of difficulties grow with the degree, dealing with the general case will most probably require some
careful — and possibly complicated — combinatorics, and one cannot expect to have a completely explicit
formula for the toy model Hamiltonian of any degree.

In the quintic case the formula is explicit and relatively simple, and we can explicitly perform the
symmetry reduction. After some work, we still get equations of the form (2-10) that resemble the cubic
case with some relevant differences: here the Lyapunov exponent A depends on n and tends to infinity
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as n — oo; moreover, the nonlinear part of the vector field associated to (2-6) is not homogeneous in the
variables cy, as it contains both terms of order 3 and 5 (in the cubic case, it is homogeneous of order 3).

For the NLS of higher degree, not only the reduced Hamiltonian gets essentially unmanageable, but
there also appears a further difficulty. Already for the NLS of degree 7, a toy model built using rectangles
(after symplectic reduction and diagonalization) does not satisfy equations like (2-10), meaning that
the heteroclinic connections are not straight lines. Such a problem can be probably overcome, but this
requires a significant adaptation of the analytical techniques used in order to prove the existence of the
slider solution (work in progress with M. Guardia).

1D. Plan of the paper. In Section 2, we assume we have a generation set S = UlN: 1 Si which satisfies
all the needed nondegeneracy properties and deduce the form of the toy model Hamiltonian. Then we
study this Hamiltonian and prove the existence of slider solutions.

In Section 3 we prove the existence of nondegenerate generation sets such that the corresponding slider
solution undergoes the required growth of Sobolev norms.

In Section 4 we prove, via the approximation Lemma 4.1 and a scaling argument, the persistence of
solutions with growing Sobolev norm for the full NLS.

Since some of the proofs follow very closely the ones in [CKSTT], we move them to the appendix.

2. The toy model

We now define a finite subset S = UlN: 1Si C 7* which satisfies appropriate nondegeneracy conditions
(Definition 2.8) as explained in the introduction. In the following we assume that such a set exists. This
is not obvious and will be discussed in Section 3B.

For reasons that will be clear, and following [CKSTT], the S; will be called generations. In order to
describe the resonances which connect different generations, we introduce some notation.

Definition 2.1 (family). A family (of age i € {1,..., N — 1}) is a list (v, v2; v3, v4) of elements of S
such that the points form the vertices of a nondegenerate rectangle, meaning that

2 2 2 2
vi+vy=v3+vs and |vi|"+|vz]" =|v3|" + |v4]7,

and such that one has vy, v; € S; and vs, v4 € S;11. Whenever (vy, v2; v3, v4) form a family, we say that

v1, vy are the parents of vs, vq and that v3, vy are the children of vy, v,. Moreover, we say that v; is the

spouse of v, (and vice versa) and that v3 is the sibling of v4 (and vice versa). We denote (for instance)
__par . par, __.sp __ _sib __.ch _ .ch

VI=UV3 L,V2=UV; LU =U,,04=03,03=0; ,04=1,

Remark 2.2. If (v, vp; v3, v4) is a family of age i, then the same holds for its trivial permutations

(v2, v1; V3, Va), (V1, V2; V4, v3) and (v2, V1; V4, V3).

Definition 2.3. An integer vector A € Z!S! such that

D xi=0 and A=) [N <6
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is resonant for S if

D aivi=0 and > Aifvi*=0.
i i

To a family F = (vy, vo; v3, v4) We associate a special resonant vector A with |A| = 4, through
> Af v; = v1 4+ vy — v3 —v4. Similarly, to the couple of parents in the family F we associate the vector A7»
through ) . Aif” v; = v1 + vy and to the couple of children we associate aTe through ) . Aiff V; = U3 + V4,
so that A7 = A7» — A%«

Definition 2.4 (generation set). The set S is said to be a generation set if it satisfies the following:

(1) Foralli e {1,..., N —1}, every v € S; is a member of one and only one (up to trivial permutations)
family of age i. We denote such a family by FV. (Note that F¥ = F¥ if v = w*P.)

(2) Foralli € {2,..., N}, every v € §; is a member of one and only one (up to trivial permutations)
family of age i — 1. We denote such a family by F,. (Note that 7, = F, if v = wsib))

(3) Forall v € U1N=_21 S;, one has v*P £ v8i®,
Remark 2.5. The vectors A7 corresponding to the families of a generation set are linearly independent.

Whenever two families 7| and F, have a common member (which must be a child in one family and a
parent in the other one), A”! + 1”2 is a nontrivial resonant vector whose support has cardinality exactly 6.
This motivates the following definition:

Definition 2.6 (resonant vector of type CF). A resonant vector A is said to be of type CF (couple of
families) if there exist two families F| # F» such that A = (171 4+ 172). (Note that, since |A| < 6, the
two families F; and /> must have a common member.)

Definition 2.7. Given an ordering of S, we have a one-to-one correspondence e; <> v; between the
canonical basis of Z/°! and the elements of S.

We say that a generation set is nondegenerate if the following condition is fulfilled:

Definition 2.8 (nondegeneracy). Suppose that there exists A € Z°!, with Y ;Ai=1land || <5, such that

2:)»1‘|Ui|2 — ‘Zkivi
i i

Then only four possibilities are allowed:

2
=0.

(1 A =1.

(2) |A] =3 and the support of A consists of exactly three distinct elements of the same family, and the
two A; appearing with a positive sign correspond either to the two parents or to the two children of
the family.

(3) |A| =5 and there exist a family F and an element v € S such that A = £17 + ¢;. Here, ¢, is the
vector of the canonical basis in Z!S! associated to v by Definition 2.7.

(4) |A| =5 and there exists v € S (with bfe; <> v) such that A — e; is a resonant vector of type CF.
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Note that, if S is a nondegenerate generation set and A is a resonant vector, then either A = £A7 for
some family F or A is a resonant vector of type CF.

In what follows we will assume that S is a nondegenerate generation set. This implies that S is
complete and all the subsets S; are pairwise disjoint, complete and action-preserving. Finally, the only
resonances which appear are those induced by the family relations. Then, the Hamiltonian restricted to S
is

”'S:%(Zlﬂjlﬁwz 1B;1*1B> +36 ) |,3j|2|,3k|2|,3m|2>

jesS j.keS Jj.k,meS
Jj#k Jj<k<m
N-1
+3) D (BiBjsoBn By + BB Bjen ﬁ,-ch»(z STIBlP+ Y |/3m|2)
i=1 jeS; keS. meFi
k¢ Fi
N-1
F12) Y By Bjowa Bjso Bio B Bjevs + B B jevy Bjsiv oo Byt Bjowr). (2-1)
i=2 jeS;
We restrict to the invariant subspace D C S where By = b; forall k € S; andi =1, ..., N. Denote

by n (which must be an even integer) the cardinality of each generation. Following the construction in
[CKSTT], one has n =2N-1. A straightforward computation (involving some easy combinatorics) of the
Hamiltonian yields

N
> |bk|4|be|2}

k=1
kAt

N N N
+6[<n—1)<n—2>Z|bk|6+3n<n—1> > |bk|4|be|2]+36n2 > bbbl

k=1 k,e=1 k,t,m=1
k#L k<€<m

N N
3
“Hlp = bel®+9l(n—1 by |®
—~Hlp kZ:;|k|+ [(n )k;m +n

N—1 N
+18) <—|bk|2 — b1 P40y |bg|2><b,%15£+1 + by b
k=1 e=1
N—1
+36 ) bl A (bf_ by + b bi_)). (2-2)
k=2
The equations of motion for the toy model can be deduced by considering the effective Hamiltonian
h(b, b) :=H|p(b, 15)/n, endowed with the symplectic form Q =i db A db.
Due to the conservation of the total mass L, the quantity

N
=Y |l

k=1

J =

S|~

is a constant of motion.
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We use this conservation law in order to remove from the right-hand side of (2-2) the terms depending
on n”>. We compute the quantity 34 —6n%J3: Up to a global phase shift, the subtraction of the constant
term 61273 can be ignored, so with an abuse of notation we keep denoting it by 34. We get

N N N N—-1
3h=4) |bl®—9n ) |bh|2[z bt =2 (i +b,f+115,%)}
k=1 h=1 k=1 k=1

N-1 N—-1
18 ) (=il = 1brt ) by + b5 +36 ) 1k P (B by + b by (2-3)
k=1 k=2

2A. Invariant subspaces. Since J is a constant of motion, the dynamics is confined to its level sets. For
simplicity, we will restrict to J = 1, that is, to

N
2:={beCN:Z|bk|2=l}.

k=1

All the monomials in the toy model Hamiltonian have even degree in each of the modes (b;, b i), which
implies that

Supp(b) :={1 < j < N | b; #0}
is invariant in time. This automatically produces many invariant subspaces, some of which will play a
specially important role, namely:

(i) The subspaces M; corresponding to Supp(b) = {;j} for some 1 < j < N. In this case the dynamics is
confined to the circle |b; |> = J, with

bj(t) =~/T exp[—i(3n — 3)J%t]. (2-4)

The intersection of M; with X is a single periodic orbit, which we denote by T ;.

(i1) The subspaces generated by M; and M, (corresponding to Supp(b) = {j, j + 1}) for some
1 < j < N — 1. Here, the Hamiltonian becomes
3hag = 4(1bj1° + 1bj111%) = 9n(1b; 1> + b1 PIb,1* + bt = 26767, + b7, b7)]

—18(1b; > + bj 1)) B3D5 4+ b7y, 57). (2-5)

Passing to symplectic polar coordinates
bj = \/Eem‘ , bj-H = Izeiez,
we have
3hog = (4—9n)(I; + L)} +6(I+ D) L(3n —2+6(n—1)cos(2(6) — 62)));

since J = I} + I, is a conserved quantity, the dynamics is integrable and easy to study.
We pass to the symplectic variables

J, 11, 92 and (p=92—91
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111

T —T+¢ —¢%o ®o T—¢@y T %

Figure 1. Phase portrait of the two-generation Hamiltonian /5, on .

and obtain the Hamiltonian
3hyy = (4— 9n)J3 +6J11(J—11)Bn—2+6(n—1)cos(2p)).

The phase portrait (ignoring the evolution of the cyclic variable ;) restricted to X is described in Figure 1.

Remark 2.9. The coordinates /;, ¢ and the domain given by the cylinder (¢, I) € S! x [0, 1] are
singular, since the angle ¢ = 6, — 6 is ill-defined when I; = 0 or I; = 1. In the correct picture for the
reduced dynamics, each of the lines /; = 0 and /1 = 1 should be shrunk to a single point, thus obtaining
(topologically) a two-dimensional sphere (see Figure 2).

This can also be seen in the following way. The level set J = 1 is a three-dimensional sphere S*, with
the gauge symmetry group S' acting freely on it. Due to the Hopf fibration, the topology of the quotient
space is S2.

As for the case of the cubic NLS (see [CKSTT] and [Guardia and Kaloshin 2015]), there exist
heteroclinic connections linking T; to T ;4. Again as in the cubic case, the orbits have fixed angle

® 1 3n—2 L) M
= @o = = arccos| ——— |, = —,
% ¥0 3 6(n—1) 1 1t o2

where A = 2/(9n — 8)(3n — 4). Our aim will be to construct slider solutions that are very concentrated
on the mode b3 at the time r = 0 and very concentrated on the mode by_, at the time t = 7. These
solutions will start very close to the periodic orbit T3 and then use the heteroclinic connections in order
to slide from T3 to T4 and so on until Ty_,.

2B. Symplectic reduction. Now, since we are interested in studying the dynamics close to the j-th
periodic orbit T, we introduce a set of coordinates that are in phase with it and give a symplectic
reduction with respect to the constant of motion J. This procedure is the same as was carried out, for the
cubic NLS, in [Guardia and Kaloshin 2015] and, substantially, already in [CKSTT].
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Let 9) be the phase of the complex number bj. Then, for k # j, let c(J )

conjugating by with the phase 9, i.e.,

the variable obtained by

c,((j) = bke*m(j).
Then, the change of coordinates (which is well-defined on {b; # 0}) given by

(bi,...,by, b1, ... bN)|—>(c(j),.. ;’)I,J cﬁﬂz],.. c%),cgﬁ,... (j) A (’Jz],.. _(’))

is symplectic. Namely, in the new coordinates the symplectic form is given by
Q=idc" nde" +dJ nav'.

Then, we rewrite the Hamiltonian /4 in terms of the new coordinates (from now on, in order to simplify
the notation, we will omit the superscript (j) in the ¢\/) variables, in their complex conjugates ¢/} and in
the phase /). Thus, we get the expression

3 2
3h=4 Z |ck|6—4<2 |ck|2> +(18n—12)J? Z lck|>=9nJ Z |ck|4—(9n—12)J(Z |ck|2>

K#j K] k] K#j k]
N-1
+18 " (—leal = leal + 1) (& 41 + &)
k=1
k#j—L.j
N N
+18[ > |ck|2+(n—1>1}(1 Z|cz|2)(c§_]+6§_1>
k=1 =1
CARN U#]
N
+18[ > |ck|2+(n—1)J](J—Z|cz|2>(c§+l+éf+l)
k=1 (=1
k#j, j+1 t#j

N-1 N
+36 Z |C/<|2(Clzflél%Jrl+Cl%+lél%fl)+36|cj—1 ? (J_Z |C’<|2> (C§*2+E?*2)
k=2 k=1
kAj-T7.j+1 kZj
N

+36<J Zlckl) ] 1C1+1+C1+1Cj 1)
k#]
N
+36|cj+1|2(1 -3 |ck|2)(c§+2+5§+2). (2-6)
k=1
=5

Observe that the Hamiltonian # does not depend on ¢. Since J is a constant of motion, the terms
depending only on J can be erased from the Hamiltonian. Up to those constant terms, one has

h=hy+ry, (2-7)
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/s

Figure 2. A sketch of the phase portrait of the two-generation Hamiltonian /7, on X in
the correct topology.

where h; is the part of order 2 in (c, ¢) (which corresponds to the linear part of the vector field) and ry4 is
of order at least 4 in (c, ¢). By an explicit computation, one obtains

N
hy = 212[(3;1 =) a3 - +& +cd, + Eiﬂ)]. (2-8)

k=1
k#j

It is easily seen that the dynamics associated to the vector field generated by 45 is elliptic in the modes ¢
with1 <k <j—2or j+2<k<=<N,while it is hyperbolic in the modes c;_; and c¢;;. In order to put
in evidence the hyperbolic dynamics, we perform a change of coordinates which diagonalizes the linear
part of the vector field. Namely, for k = j — 1, j + 1, we set

- - + = 1 - =+
(e, +wcy) and ¢ = ———=(wc;, +ac;),

1
V23(w?) 23(w?)

= 1 arccos 3n_2
=3 6(i—1))

Note that this change of variables affects only the hyperbolic modes, which are expressed in terms of

. + — + — . . . s . o, . .
the new variables (¢ Jo1 G G € 1)- This transformation is symplectic; writing 4, as a function of

=

where @ = €' with

the new variables, we get

N

hy = 212[(3;1 -2 > alPHVOn=8)Bn—4)(cl_ e + c;lc;l)]. (2-9)
kot ST

We have proved that the periodic orbit (2-4) is hyperbolic and we have explicitly written the quadratic part
of the Hamiltonian in the local variables. Similarly to the case of the cubic NLS, these local variables are
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actually well adapted to describing also the global dynamics connecting two periodic orbits, as discussed
in the previous section.
To this purpose, we study the integrable fwo- generation Hamiltonian (2-5) after all the changes of

variables described in this section, i.e., in the variables ¢ , and c . Direct substitution shows that the

+
Hamiltonian is given by

hag =2J+/(On —8)(3n — 4)c -l )+ ()’ —|—2§R(w2)c;r+1cj_+l]}.

]+ICJ+I{J 29 S( 2)

It is important to note that all the monomials in /5, contain both c I and c’_ ;, so the subspaces c = =0

JH1e
and ¢ = = 0 (which correspond to the heteroclinic connectlons) are invariant for the 2—generatlon

dynamics. It is useful to let ¢* = {cp}n£—1,j, j+1, S0 that the dynamical variables of the Hamiltonian (2-6)

+ - * =k
become (cj 1> j_l,ch,ch,c ,CH).
Now, since
h2g - hlc 1—c =q1=0,c*=0>
exploiting also the symmetry between (cT i1 Ciop) and (cT i+ Cipn)s this implies that, in h, none of the
+ ~% + -
monomials in (c] 1 €1 Ciprs €y €55 CF) depends only on one of the variables cj 12 €1 €y €y

Finally, we recall that all the monomials in A (c. ¢*) have even degree in each of

+
J=1 €1 it j+1’
the couples (¢, ¢;) and in both couples (ck )
From these observations, and from the bound O (c?) < J = 0(1), we immediately deduce the following

relations about the Hamilton equations associated to /:

¢ =2/ On—-8)Bn—4)c;_ + 0(c2c;_1) +0(cL e,
¢t =272/ On—=8)Bn—4)c]_ + O0(Pct_ )+ 0(cL;_ici_y,

Eiy = —2J%/(9n — 8)(3n — 4)c; o’ c._+1) + 0 e, (2-10)
j_-i-l = 2]2\/(911 —8)(3n —4)c gt O(C J+1) + O(C#]_HCJ_H)

¢ =2J%Bn+2)ic* + 0(c*c"),

where we denote ¢ = (c;“_l, c;_l, C;r+1’ Cj_+1’ c*), cxj = (c;“H, C;+1’ "), Ccxj1 = (c;r_l, c;_l, c*).
These relations are the precise analogue of [CKSTT, Proposition 3.1]; the factor 2J 2/On=8)(3n —4)
here replaces the factor /3 in [CKSTT].

From the equations of motion (2-10), we deduce that

0hog

aCJJr

—iCjt1= + O(Cj+1c7$]+1)

We have

hag =273/ (On —8)(3n —4)ct ci (J —lejnl?),
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where ¢

i1 and ¢;, can be thought of as functions of (¢;41, ¢j+1). Then

) (. 1€41) _
¢j41 =200/ On=8)Bn—4)(J = |cj 1) —2—— 4+ O(cjpict i) + Ocjrick; ).

ICjt1
We compute
+ —
ia(cj+lcj+1) = 2 (wcT wc, )
354/._’_1 s(wZ) Jj+1 Jj+17

from which we deduce

. 29n —8)(3n —4) " - 2 + - 2
Ciy1=J 3@ (e =oc; DU =lejr1I)+0(cjpic; ¢ )T 012 j4), (2-11)

which is the analogue for ¢ of equation (3.19) in [CKSTT]. In the same way, one deduces

, 2(9n —8)(3n — 4) _ _
cj_1=1/ S (wet_j—ac;_ (I =lcj1)+0(cj1c]_jc;_)+0(cj—ic; ), (2-12)

which is the analogue of equation (3.19) in [CKSTT] for the evolution of ¢;_;.

2C. Existence of a “slider solution”. In this section, we are going to prove the following proposition
(which is the analogue of Proposition 2.2 in [CKSTT]), which establishes the existence of a slider solution.

Proposition 2.10. For all € > 0 and N > 6, there exist a time Ty > 0 and an orbit of the toy model such
that

1b3(0)] = 1 —¢, 1bj(0) <€, j#3,
lbn—2(To)| = 1 —€, bj(To)| <€, j#N-2.

Furthermore, one has ||b(t)||¢~ ~ 1 for all t € [0, Ty].

More precisely, there exists a point x3 within O (€) of T3 (using the usual metric on X), a point xy_»
within O(€) of Ty—z and a time Ty > 0 such that S(Ty)x3 = xny—2, where S(t)x is the dynamics at time t
of the toy model Hamiltonian with initial datum x.

In order to prove Proposition 2.10, we completely rely on the proof of the analogous Proposition 2.2 in
[CKSTT]. In order to keep our notations as close as possible to those of [CKSTT], we rescale the time
t =2/(9n —8)(n —4/3)t in our toy model; this means rescaling 4 to «/gh/2\/(9n —8)(3n —4), where
h is defined in (2-3), so that the Lyapunov exponents of the linear dynamics are /3. We hence prove

Proposition 2.10 for the rescaled toy model. By formulae (2-10), (2-11), (2-12), we have the analogue of
Proposition 3.1 and of equation (3.19) of [CKSTT].
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Proposition 2.11. Let3 < j < N —2 and let b(t) be a solution of the rescaled toy model living on ¥ and
with bj(t) # 0. We have the system of equations

o= _ﬁc;—l + O(Czcj_—l) + O(Cij—lc;r_l), (2-13a)
¢ =V3el  + 0l )+ 0L ey, (2-13b)
(T =—V3¢ 0, )+ 0% 1¢h), (2-13c¢)
o = V3 + 0Pl )+ 0L e, (2-13d)

& =ikc* + 03P, k= V3Gn-2) (2-13¢)

JOn=8)Bn—4)

Moreover,

: BE _ _
Cja1 = m(wc;l —aci, DU —lejriP) + 0cjmcl ¢ )+ 0ejnch ) (2-14)

. [ 3 _ _
Cj—1 = m(wc}tl —a)cjfl)(J — |Cj_1|2) + O(Cj—lC}thjfl) + O(Cj—lcij—l)- (2-15)

Finally, since the equations (2-13) come from the Hamiltonian (2-6), which is an even polynomial of

and

degree six, one has that all the symbols O (c?) are actually O(c3) + O(c”).* For instance,

0(FPc; ) =0(c;_ )+ 0t y), 0@k el ) =0k ¢l )+0(Pck; ¢l y). (2-16)

The only difference with [CKSTT] is that our remainder terms (of type O(czc;_l), 0(03,é j_lc;r_l),
etc.) are not homogeneous of degree three but have also a term of degree five (which is completely
irrelevant in the analysis).

We now introduce some definitions and notations of [CKSTT].

Definition 2.12 (targets). A target is a triple (M, d, R), where M is a subset of X, d is a semimetric on X
and R > 0 is a radius. We say that a point x € ¥ is within a target (M, d, R) if we have d(x, y) < R
for some y € M. Given two points x, y € X, we say that x hits y, and write x — y, if we have
y = S(t)x for some ¢ > 0. Given an initial target (M, d;, R;) and a final target (M3, d», R»), we say that
(M., dy, Ry) can cover (M3, d», R), and write (M1, dy, Ry) — (M3, d3, Ry), if for every x, € M, there
exists an x| € M such that, for any point y; € X with d(x1, y;) < Ry, there exists a point y, € ¥ with
dy(x2, ¥2) < Ry such that y; hits yj;.

We refer the reader to pp. 64—-66 of [CKSTT] for a presentation of the main properties of targets.
We need a number of parameters: First, an increasing set of exponents

0 - - - 9
1AV AT €A € <Ay, <A,

4As in [CKSTT], we use the schematic notation O(-). The symbol O(y) indicates a linear combination of terms
that resemble y up to the presence of multiplicative constants and complex conjugations. So, for instance, a term like

2iCj4 |cj+2|2c§+3 —3cjy1lej42l* is of the form O(c’) and, more precisely, O(Cjﬂcjéjﬂ)
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which, for sake of concreteness, we will take to be consecutive powers of 10. Next, we shall need a small
parameter 0 < o0 < 1 depending on N and the exponents A which basically measures the distance to T
at which the quadratic Hamiltonian dominates the quartic terms. Then, we need a set of scale parameters

LIy Ky, LI, Ly 3 L Lrf <,

where each parameter is assumed to be sufficiently large, depending on the preceding parameters and
on o and the A’s. These parameters represent a certain shrinking of each target from the previous one
(in order to guarantee that each target can be covered by the previous). Finally, we need a very large
time parameter 7 > 1 that we shall assume to be as large as necessary depending on all the previous
parameters.

Setting

{Cla-~"ch}:=6§ha {C/’HCh-i-lv"'?cN}:czh,

we call c<;_; the trailing modes, c 11 the leading modes, c<;_» the trailing peripheral modes, and
finally c> ;4 the leading peripheral modes. We construct a series of targets:

» Anincoming target (Mj_, dj_, Rj_) (located near the stable manifold of T ;) defined as follows: Mj_ is
the subset of X where

) + - ) — 23T
CS]_Z’CJ'—I_O’ cj—l_a’ C>j+1 Srje s
Rj_ = T/ and the semimetric is
- =\ . 23/3T ~ V3T | .— 43T 33T
d] (X,X).—e |c§j—2_C§j—2|+e |cj_1_ 1|+€ |C 1+C |+€ |C>]+1_c>]+1|

» A ricochet target (M 5.), d(/.), R?) (located very near T itself), defined as follows: M ? is the subset of

3 where

- 0_—+/3T 0 _—2/3T
c<j-1,¢;4 =0, |J+1|<rje s lesjpal =rje ,

0
R, = T4/ and the semimetric is
0y =) .— ,2V3T ~ + ot 3T~ ~—
dj(x’x) =e V3 (le<j—2—C<j|+ |cj+1 +Cj+1|) +e[ |Cj_1 _Cj_ll
33T (| + ~+ —~ < =
+e V3 (|C]‘_1 +Cj_1| + |Cj+1 +Cj+1| + |C2j+2 - Czj+2|)

o An outgoing target (M7, d;.r, R;r) (located near the unstable manifold of T ;) defined as follows:
M;.r is the subset of ¥ where

) - _ + , + ,—2/3T
cij_l,ch_O, €1 =0, lezjpal=rje ,
_ At . ..
R ;= T/ and the semimetric is
+ _ 2V3T 44/3T - V3T A+ ~+ 33T ~
di(x,%):=e lc<j—1—C<j_1l+e i — j+1|+€ lcip+¢j 4l +e le>j12 —C=j42l.

By Section 3.5 of [CKSTT], Proposition 2.10 follows from:
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Proposition 2.13. (M} ,d;, R;) — (M}, d}, R)) forall 3<j<N-2,
(M9, d}, R)) —» (M}, d], R}) forall 3<j<N—=2,
(M}, df, RT) — (M; +1,dj_+l, R7,)) forall 3<j<N-2.

Proof. See Appendix A. 0

Proof of Proposition 2.10. By [CKSTT, Lemma 3.1] we deduce the covering relations
(M3, d3, RY) — (My_,.dy_,. R} _,); (2-17)

in turn this implies that there is at least one solution 5 (¢) which starts within the ricochet target (MY, dg , Rg )
at some time 7o and ends up within the ricochet target (M? N_2> a’g,_2, R?V_z) at some later time 11 > .
But, from the definition of these targets, we thus see that b(#y) lies within a distance O(rge_‘/gT) of Ts,
while b(#;) lies within a distance O(rl%ize_ﬁT) of Ty_». The claim follows. O

3. Construction of the set S

3A. The density argument and the norm explosion property. The perturbative argument for the con-
struction of the frequency set S works exactly as in [CKSTT, Section 4]. However, for the convenience
of the reader, we recall here the main points.

A convenient way to construct a generation set is to first fix a “genealogical tree”, i.e., an abstract
combinatorial model of the parenthood and brotherhood relations, and then to choose a placement function,
embedding this abstract combinatorial model in R?. Our choice of the abstract combinatorial model is
the one described in [CKSTT, pp. 99-100]. Then, once the combinatorial model is fixed, the choice of
the embedding in R? is equivalent to the choice of the following free parameters:

« the placement of the first generation S; (which implies the choice of a parameter in [F\RZN);
« the choice of a procreation angle ¥ for each family of the generation set (which globally implies

the choice of a parameter in TV =D2" since (N — 1)2¥~2 is the number of families).

We let S(Sy, 97) be the corresponding generation set and write X := R2" x TOV=D2" for the space of
parameters.

The set of parameters producing degenerate generation sets is small; more precisely, we have the
following:

Proposition 3.1. There exists a closed set of zero measure D C X such that the generation set S(Sy, )
is nondegenerate for all (S, 9") € X\ D.

For the proof, see Section 3B.
We claim that the set of (S, 97) € X such that S(S;, 97) c @\ {0} is dense in X. This is a
consequence of two facts:

o the density of Q2 \ {0} in R? (for the placement of the first generation);

« the density of (nonzero) rational points on circles having a diameter with rational endpoints.
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) @ first generation
/\ second generation
O third generation
@) il O fourth generation

X fifth generation

)
T

Figure 3. The prototype embedding with five generations. Note that this is a highly
degenerate realization of the abstract combinatorial model of [CKSTT]. Since N =5,
each generation contains 16 points; we have explicitly written the multiplicity of each
point when it is not one. In zero there are: 0 points of the first generation, 8 points of the
second, 12 of the third, 14 of the fourth and 15 points of the fifth generation.

These two points imply that the set of (S, #7) € X such that S(S;, ¥7) is nondegenerate and
S(Sy, 97) c @2\ {0} is dense in X.
In order to prove the growth of Sobolev norms, we require a further property on the generation set S,

the norm explosion property

Z k|2 > %2(571)(N75) Z k|2 3-1)

keSy_» keS3

Given N > 1, our aim is to prove the existence of a nondegenerate generation set S C Q2 \ {0}
satisfying (3-1). The fact that (3-1) is an open condition on the space of parameters X, together with the
above remarks, implies that it is enough to prove the existence of a (possibly degenerate) generation set
S C R? satisfying (3-1), which is achieved by the prototype embedding described in [CKSTT, pp. 101-102]
(see Figure 3).

For the reader’s convenience, we recall the construction of the prototype embedding. Let

S1={Li}, $={0,i+1};
then the 2V~! elements of the k-th generation are identified with

(R1s e os Zhmts o - IN—1) € S5 X SV TR =3 (3-2)
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The union of the X is denoted by X. For all 1 <k < N — 1, a combinatorial nuclear family with parents
in the k-th generation and children in the (k+1)-st generation is a quadruple

(Zla---’Zk—Z’w9Zk5'~"ZN—1)’ weSIUSZ’ (3_3)

where all the z; with j # k — 1 are fixed, withz; € S if 1 < j<k—-2andz; € S ifk<j<N - L
Then, the prototype embedding f : ¥ — C ~ R? is the one defined by

N-—1
fz1, oo, 2N—1) = 1_[Zj. (3-4)
j=1

Remark 3.2. For any given positive integer £, the function F : S*~! — R, where

14

Zx?:l},

i=1

§f—‘={(x1,...,xg)e[r\ef

defined by
¢
F(xi,...,xp) :Zx?s
i=1
attains its minimum (since s > 1) at

1y x) =27
and its maximum at
(x1,x2,...,x)=(1,0,...,0).

From this, one deduces that, for each family F with parents v{, v, and children v3, v4, one must have

s + (vl _
lv1]% + |va|? —
and therefore, forall 1 <i <N —1,
2
Zk53i+l k™ < 9s—1
Zke& |kl —
which implies
2s
Lies, K™ < 26=D(=i)
ZkeS,- |k|25 B

forall 1 <i < j < N. This means that we have to choose N large if we want the ratio

2
ZkESNfz |k| *
D kes, k1>
to be large.
Moreover, since

Fe V2 ey =t F(1,0,...,00 =1,
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we have, forall 1 <i, j <N,
2s
Thes, WP _
D kes kI~

which implies that n (the number of elements in each generation) also has to be chosen large enough.

In this sense, the prototype embedding and the choice n = 2V ~!

are optimal, because they attain the
maximum possible growth of the quantity >, S |k|>* both at each step and between the first and the last

generation.

Trivially there exists a one-to-one map from ¥ to S which preserves the age, then the same map
identifies X with the basis vectors of Z!®!. This defines the family relations of our generation set. Then,
once we are given a nondegenerate generation set contained in @\ {0} and satisfying (3-1), it is enough
to multiply by any integer multiple of the least common denominator of its elements in order to get a
nondegenerate generation set S € 72\ {0} and satisfying (3-1) (note that (3-1) is invariant by dilations of
the set §). Note that we can dilate S as much as we wish, so we can make mingcs |k| as large as desired.

These considerations are summarized by the following proposition (the analogue of Proposition 2.1 in
[CKSTT]):

Proposition 3.3. Forall K, §, R > 0, there exist N > 1 and a nondegenerate generation set S C 72 such

that ,
k|~ 2
szkss |ll|2| S ;(_2 )
and such that
min |k| > R. (3-6)

keS

3B. Proof of Proposition 3.1. The proof is composed of several steps. First, we need a lemma ensuring
that any linear relation among the elements of the generation set that is not a linear combination of the
family relations is generically not fulfilled.

Lemma 3.4. Let p € ZV ZN_I, i=1,..., M be an integer vector, linearly independent from the subspace
of RN 28! generated by all the vectors L7 associated to the families. Then, for an open set of full
measure S C X, one has that, if (S1, 7)) € S, then S(Sy, ©7) is such that

N2N71
> wjvj #0. (3-7)
j=1
Proof. We denote the elements of S by vy, ..., vs, with [S|=N 2N=1 For simplicity and without loss

of generality, we order the v; so that couples of siblings always have consecutive subindices.
For each family F, both the linear and the quadratic relations

D afvj=0 and Y aT|v;P=0
j j
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are satisfied. The coefficients of the linear relations can be collected in a matrix A” with (N — 1)2V 2
rows (as many as the number of families) and N2V~! columns (as many as the elements of S), so that

the linear relations become
AT v =0.

We choose to order the rows of A7 so that the matrix is in lower row echelon form (see figure).

wp w2 w3 w4 Ws ps We pe W7 p7 Wy Py

1 1.0 0-1-1{0 0 0 O O O
o011 00-1-1{0 0 0 O
0o 0 00 1O01UO0-1-1{00
0 0 0001 O01O0 O0-1-1

Each row of a matrix in lower row echelon form has a pivor, the first nonzero coefficient of the row
starting from the right. Being in lower row echelon form means that the pivot of a row is always strictly
to the right of the pivot of the row above it. In the matrix A”, the pivots are all equal to —1 and they
correspond to one and only one of the children from each family. In order to use this fact, we accordingly
rename the elements of the generation set by writing v = (p, w) € R* x R?* with a = (N — 1)2V 2,
b=N2N"!—a=(N+1)2V=2, where the p; € R? are the elements of the generation set corresponding
to the pivots and the w, € R? are all the others, that is, all the elements of the first generation and one and
only one child (the nonpivot) from each family. Here, the index £ ranges from 1 to b, while the index j
ranges from 2¥~! + 1 to b (note that a +2V~! = b), so that a couple (p;, wy) corresponds to a couple of
siblings if and only if j = £. Then, the linear relations A” v = 0 can be used to write each p ; as a linear
combination of the wy with £ < j only:

pi=Y_ mw, e (3-8)
<j

Finally, the quadratic relations A7 |v|? =0 constrain each wy with £ > 2¥~! (i.e., not in the first generation)
to a circle depending on the w; with j < £; note that this circle has positive radius provided that the
parents of wy are distinct. Then, (3-8) implies that the left-hand side of (3-7) can be rewritten in a unique
way as a linear combination of the w, only, so we have

VeWy = 0. (3'9)

M=

=1
Hence, the assumption that 1 is linearly independent from the space generated by the A7 is equivalent to
the fact that v € R does not vanish.
Now, let
¢ :=max{{ | vy # 0},
so that (3-9) is equivalent to

1
w; = —v—e_%v@wg. (3-10)
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If ¢ <2N-1 then w 7 1s in the first generation. Since there are no restrictions (either linear or quadratic) on
the first generation, the statement is trivial. Hence, assume £ > 2V~!. We can assume (by removing from
& a closed subset of zero measure) that v, # vy for all 4 # k. Then the quadratic constraint on w; € R?
gives a circle of positive radius. By excluding at most one point of this circle, we can ensure that the
relation (3-10) is not fulfilled, which proves the thesis of the lemma. Il

In view of Lemma 3.4, those vectors 1 € Z!S! that are linear combinations of the family vectors assume
a special importance, since that is the only case in which the relation ) | x;v; = 0 cannot be excluded
when constructing the set S. In that case, we will refer to u ~ 0 as a formal identity. In general, we will
write ( ~ A whenever the vector i — A is a linear combination of the family relations.

We introduce some more notation: given a vector A € Z°!, we denote by 7 A the projection of A on
the j-th generation, namely the projection of A on A; C 7'5! defined by

A; := Span({e; | v; belongs to the j-th generation}; Z).

Now, let Ry = ) ; a; A7 be a linear combination with integer coefficients of the family vectors. We
denote by np, the number of families on which the linear combination is supported, the cardinality of
{i | @; # 0}. Moreover, we denote by ”I;eu the number of families of age k on which R, is supported, the

cardinality of
{i | @i #0 and F; is a family of age k}.

Finally, we denote respectively by mg, and Mg, the minimal and the maximal age of families on which
R, is supported. Then, we make the two following simple remarks.

Remark 3.5. If ”l;ea = n];el'l =1, then w41 Ry is supported on at least two distinct elements.

Remark 3.6. If ”];ea * nlgl, then ;41 R, is supported on at least two distinct elements.
Before proving the main result of this section, we need some lemmas.

Lemma 3.7. Ifng, > 3, then R, is supported on at least 8 distinct elements.

Proof. For simplicity of notation, here we put m := mpg, and M := Mg, . First, observe that 7, R, is
supported on 2n’; elements and that 711 Ry is supported on Zn%fx elements. So, if n; + n’,‘{a >4, the
thesis is trivial.

Up to symmetry between parents and children, we may choose n < n%’a . So, the only nontrivial
cases to consider are (n’l’;a, n%x) =(1,1) and (n’};a, n%x) =(1,2).

Case (1,1): We must have M > m + 2, since there must be at least three families in R,. Now, let
C := max; n"Ra. If C =1 then, by Remark 3.5, the support of R, involves at least 4 generations and
at least 2 elements for each generation, so it includes at least 8 elements. If C > 1, then there exist
m <1i, j < M with i # j such that n"Ra < n';;l and ngl < nfea. Then, by Remark 3.6, ;11 R, and
7 j+1 Ry are supported on at least 2 elements each. Since 7, R, and 41 R, are supported on exactly 2

elements and since the four indices m, i + 1, j + 1, M 4 1 are all distinct, then we have the thesis.



GROWTH OF SOBOLEV NORMS FOR THE QUINTIC NLS ON 72 907

Case (1,2): Here, m,, R, is supported on 2 elements and ), R, is supported on 4 elements. Moreover,
there exists m <i < M such that n’Rtl < n’km, which, by Remark 3.6, gives us at least 2 elements in the

support of ;41 Ry. Thus, we have the thesis. (|
From Lemma 3.7, the next corollary follows immediately.

Corollary 3.8. If Ry is supported on at most T elements, then Ry, is an integer multiple of either a family
vector or a resonant vector of type CF.

Lemma 3.9. Let A, B,C € R, R > 0and p, g € R*> ~ C be fixed. Let
c1(®):=p+ Re'7, () :=p— Re'.
Then, the function F : S' — R defined by
F@):= Alei(®)* + Blea@)* + € — |Aci (9) + Bea(9) + g1
is an analytic function of U, and it is a constant function only if A= B orif (A+B—1)p+¢q =0.
Proof. An explicit computation yields
F(@®)=2R(B—A){(A+B—1)p+gq.e’)+K,
where K is a suitable constant that does not depend on . O
Corollary 3.10. If A # B and (A+ B — 1)p + g # 0, then the zeros of F are isolated.

Lemma 3.11. Let F = (p1, p2; c1, ¢2) = (v, Viy; iy, Vi) be a family of age i in S and let A= e, +e,
be the abstract vector corresponding to the sum of the parents of the family F. Moreover, let . € 7!°!
be another vector with || < 5 such that w;ju = 0 for all j > i+ 1 and such that the support of u and
the support of the abstract vector M7 = e;, + e;, corresponding to the sum of the children of F are
disjoint. Finally, let h, k € Z \ {0}. Assume that the formal identity hj + kA”» ~ 0 holds. Then, only two
possibilities are allowed:

(1) hp+kr"r =0;

(2) hu + kA%r is an integer multiple of AT , where F is a family of age i — 1, one of whose children is a
parent in F.

Proof. We first remark that hu 4 kA”7 is supported on at most 7 elements. Moreover, since it is a linear
combination of some family vectors (because of the formal identity hu + kA7» ~ 0), we are in a position
to apply Corollary 3.8 and conclude that /4 4 kA7 must be an integer multiple of either a family vector
or a resonant vector of type CF.

Now, assume by contradiction that i + kA”? is a nonzero integer multiple of a resonant vector of
type CF. Then, the support of 4 + kA”7» cannot include both parents of the family F, since the support
of a CF vector including a couple of parents of age i should include also a couple of children of age i + 2,
but we know by the assumptions of this lemma that the support of 4u + kA”? does not include elements
of age greater than i + 1. Therefore, at least one of the elements in A must cancel out with one of the
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elements in 177, but then the support of 711 +kA”7 can include at most 5 elements, and therefore it cannot
be a vector of type CF.

Then, if hj + kA%7 is a nonzero integer multiple of a single family vector F, observe that its support
must contain one and only one of the parents of F. In fact, if both canceled out, then the support of
hit + kA”» could contain at most 3 elements, which is absurd. If none of them canceled out, then we
should have F = F, which in turn is absurd since, by the assumptions of this lemma, the support of
hu+kA7» cannot include any of the children of the family F. This concludes the proof of the lemma. [J

We can now prove the main proposition.

Proof of Proposition 3.1. The proof is based on the following induction procedure. At each step, we
assume we have already fixed i generations and say & < 2¥~2 families with children in the (i41)-st
generation. Our induction hypothesis is that the nondegeneracy condition is satisfied for the vectors u
whose support involves only the elements that we have already fixed. Then, our aim is to show that the
nondegeneracy condition holds true also for the set of vectors supported on the already fixed elements plus
the two children of a new family (whose procreation angle has to be chosen accordingly) with children in
the (i+1)-st generation, up to removing from X a closed set of null measure.

First, we observe that, at the inductive step zero, that is, when placing the first generation Sy, the set of
parameters that satisfy both nondegeneracy and nonvanishing of any fixed finite number of linear relations
that are not formal identities is obviously open and of full measure.

Then, we have to study what happens when choosing a procreation angle, i.e., when generating the chil-
dren of a family F = (p1, p2; c1, c2) = (v;,, Viy; Vi3, vi,) Whose parents (pi, p2) = (v;,, vi,) have already
been fixed. We need to study the nondegeneracy condition associated to the vector A(A, B, i) € Z!5!
given by

MA, B, u) := Ae;; + Bej, + 1,
where u satisfies the same properties as in the assumptions of Lemma 3.11, and

|Al+|B|+|ul <5 and A+B+) p;j=1.
j

IfA#Bandif (A+B—1)(p1+p2)+2 Zj wjv; #0, then we are done, because, thanks to Corollary 3.10,
the nondegeneracy condition is satisfied for any choice of the generation angle except at most a finite
number. Therefore, we have to study separately the case A = B and, for A # B, we have to prove that
(A+B—1)A"r+24 ~0holds as a formal identity only in the cases allowed by Definition 2.8. Whenever the
formal identity (A4B—1)A7»42u ~0 does not hold, we can impose (A+B—1)(p1+p2)+2 Zj wjvi#0
by just removing from X’ a closed set of measure zero, thanks to Lemma 3.4.

Case A= B: If (A, B) = (0, 0) there is nothing to prove, thanks to the induction hypothesis. Then we
have to study (A, B) = =£(1, 1). In this case, thanks to the linear relation defining the family F, we have
the formal identity

MA, B, p) ~ 2T 4 =07
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with [u| <3, 3", v = =1 and 3_;v; = 3. The good point is that v is entirely supported on the
elements of the generation set that have already been fixed, so we can apply the induction hypothesis
of nondegeneracy to v* and distinguish the 4 cases given by Definition 2.8: we have to verify that
A(A, B, u) accordingly falls into one of the allowed cases:

« v satisfies (1) of Definition 2.8. Then one readily verifies that A(A, B, 1) satisfies either (2) or (3)
of Definition 2.8.

« vT satisfies (2) of Definition 2.8. Observe that the family involved by the statement of (2) cannot be

F, since v+

cannot be supported on either child of the family F. Then p must cancel out one of the
two parents appearing in =A77. It cannot be supported on both parents because that would not be

consistent with |x| <3 and |[v*| = 3. Then one verifies that A(A, B, w) satisfies (4) of Definition 2.8.

« v satisfies (3) of Definition 2.8. Since |v¥| = 1, then nothing cancels out, so the support of v™
includes both parents of F. But this is absurd, so this case cannot happen.

o v* satisfies (4) of Definition 2.8. This case is again absurd, since v* should be supported on 5 of
the 6 elements of a CF vector, including the two parents of the family F.

Case A # B: By symmetry, we may suppose |A| > |B|. Assume that (A + B — 1)A7» 421 ~ 0 holds as
a formal identity; we must prove that this can be true only in the cases allowed by Definition 2.8. First,
we consider the case A+ B — 1 = 0: then, we must have the formal identity u ~ 0 with || < 5: so, by
Corollary 3.8, either u is (up to the sign) a family vector (which may happen only if (A, B) = (1, 0)
due to the constraint |A| + |B| + || <5) or © = 0. Consider the case (A, B) = (1, 0): if x is a family
vector, then A(A, B, u) falls into case (3) of Definition 2.8; if © =0, then A(A, B, u) falls into case (1)
of Definition 2.8. If (A, B) = (2, —1) or (A, B) = (3, —2), then i = 0. Then, in both cases, from

2

> (A B Iy = Y h(AL B, 1),
J J

with some explicit computations one deduces |c; —c2|? =0, which is absurd, since the induction hypothesis
implies p; # p» and since the endpoints of a diameter of a circle with positive radius are distinct.

Now, if A+ B —1 # 0 we can apply Lemma 3.11 and deduce that (A + B — 1)A77» 42 is either zero
or an integer multiple of the vector of a family where one of the parents of F appears as a child. Suppose
first (A 4+ B — DA77 +2u = 0. Then A + B — 1 must be even. If (A, B) = (—1, 0), then © = A7 and
A(A, B, ) falls into case (2) of Definition 2.8. If (A, B) = (2, 1), then u = —A”7 and A(A, B, ) falls
into case (3) of Definition 2.8. These are the only possible cases if (A + B — DA +2u =0. Finally,
assume that (A 4+ B — 1)A77 42y is an integer multiple of the vector of a family where one of the parents
of F appears as a child. Then p must be such that the other parent of F is canceled out, so A+ B — 1
again has to be even. If (A, B) = (—1, 0), then . — A7 is the vector of a family where one of the parents
of F appears as a child and A(A, B, w) falls into case (4) of Definition 2.8. This is the only possible case,
since the support of 1 must include one parent of F and the other three members of the family where the
other parent of F appears as a child. This also concludes the proof of the proposition. O
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4. Proof of Theorem 1.1

In the previous sections we have proved the existence of nondegenerate sets S on which the Hamiltonian
is (2-1) and the existence of a slider solution for its dynamics. We now turn to the NLS equation (1-4)
with the purpose of proving the persistence of this type of solution.

As in [CKSTT], one can easily prove that (1-4) is locally well-posed in ¢! (Z3): to this end, one first
introduces the multilinear operator

N@) 1 7% x 1 (7% x £1(Z%) x ¢17?) x £1(7%) — ¢ (7%
defined by
(N(t)(a, b,c.d, f))j = Z ajlbjzc.i,%‘zjz‘f_jseiwd’ (4-1)

Ntitiz=ia=is=j
so that (1-4) can be rewritten as

—iaj=WN(t)(a,a,a,a,a));.

Then, in order to obtain local well-posedness, it is enough to observe that the following multilinear
estimate holds:

IN@(a,b,c.d, Pller S Nallellbllerliclleldlioll fller (4-2)

Lemma 4.1. Let 0 < 0 < 1 be an absolute constant (all implicit constants in this lemma may depend
ono). Let B> 1, and let T < B*log B. Let g(t) := {8 (1)} jez2 be a solution of the equation

g(1) =iN @) (g(), 8(1), 8(1), (1), g(1)) + £(1)) (4-3)

for times 0 <t < T, where N (t) is defined in (4-1) and the initial data g(0) is compactly supported.
Assume also that the solution g(t) and the error term £(t) obey bounds of the form
lg@llera < B~ (4-4)

‘/ E(r)drt
0

We conclude that, if a(t) denotes the solution to the NLS (1-4) with initial data a(0) = g(0), then we have

<BL (4-5)
ZI(ZZ)

la(t) — g®llpz2) S B~ 72 (4-6)
forall0 <t <T.

Proof. The proof is the transposition to the quintic case of the proof of Lemma 2.3 of [CKSTT] and is
postponed to Appendix B. (|

Given 8, K, construct S as in Proposition 3.3. Note that we are free to specify R = R(§, K) (which
measures the inner radius of the frequencies involved in &) as large as we wish. This construction fixes
N = N(8, K) (the number of generations). We introduce a further parameter € (which we are free to
specify as a function of 4, K) and construct the slider solution b(¢) to the toy model concentrated at
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scale € according to Proposition 2.10 above. This proposition also gives us a time Tp = Tp(K, §). Note

_ t
bM (1) := A ‘b(F).

We choose the initial data for NLS by setting

that the toy model has the scaling

aj(0)=bM(0) forall jes (4-7)

and a;(t) =0 when j ¢ S. We want to apply the approximation lemma, Lemma 4.1, with a parameter B
chosen large enough so that

B*log B > ATy, (4-8)
We set g(7) = {g(#)}cz> defined by the slider solution as
gy =bP ) foral jes;,

g; (1) = 0 otherwise. Then we set £(7) := {£; (1)} jcz2 with

. — - = iwet
5] () =— E 8k 8ky 8k3 8ka8ks € ’
k; €8iky Hhp+hz—ky—ks =)
wg#0

where wg = k1|2 + k2| + |k3|* — |ka|? — |ks|? — |j|2. We recall that the frequency support of g(¢) is in S
for all times. We choose B = C(N)A and then show that, for large enough A, the required conditions
(4-4), (4-5) hold true. Observe that (4-8) holds true with this choice for large enough . Note first that,
simply by considering its support, the fact that |S| = C(N), and the fact that ||b(#)]| ¢~ ~ 1, we can be
sure that [|b(t)||¢1(z) ~ C(N) and therefore

16D ()lle1 2y 180 g1 z2) < A C(N). (4-9)

Thus, (4-4) holds with the choice B = C(N)A. For the second condition, (4-5), we claim

t
‘/ E(t)dr
0

This implies (4-5) since B=AC(N) and T = M.
We now prove (4-10). Since wg does not vanish in the sum defining £, we can replace ¢/“6* by

SCINA+27°T). (4-10)

01

d[e'”sT /(iwg)]/dT and then integrate by parts. Three terms arise: the boundary terms at T = 0, 7 and the
integral term involving

d o
d—r[gklgkzgkg 8ky8ks]-

For the boundary terms, we use (4-9) to obtain an upper bound of C(N)A~>. For the integral term, the
t-derivative falls on one of the g factors. We replace this differentiated term using the equation to get
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an expression that is 9-linear in g and bounded by C(N)A~°T. Once A has been chosen as above, we
choose R sufficiently large so that the initial data g(0) = a(0) has the right size:

(Z |g,~(0>|2|j|2°‘)2 ~s. (4-11)

jeS

This is possible since the quantity on the left scales like A~! and R* respectively in the parameters A, R.
The issue here is that our choice of frequencies S only gives us a large factor (that is, K /§) by which the
Sobolev norm of the solution will grow. If our initial datum is much smaller than § in size, the Sobolev
norm of the solution will not grow to be larger than K. It remains to show that we can guarantee

1

2
( > |aj(A4To>|2|j|2S) > K, (4-12)
jer?

where a(t) is the evolution of the initial datum g(0) under the NLS. We do this by first establishing

1
2
(Z|g,<x4To>|2|j|2“> ZK, (4-13)
jes
and then
> g 04 To) —a; A To) P11 S 1. (4-14)
jes

In order to prove (4-13), consider the ratio

0. Ziesl8 TP T, b7 AT Y e, 1P
D jes |85 O 1> S BPORY s

(4-15)

SetJi =) jcs |1%; by construction, J; /J; ~ 2!~/ and, by the choice of N, one has J3/Jy_2 < 82K 2.
Then one has

YL YA TP L Jva(l—e)
YN P OR3 Y eXiasdi+ (-6
_ 1—e _ 1 . K?
€2 iz Ji/In2+ 1 =)J3/In-2  J3/In-2+0(e) ™ 82

provided that e = €(NV, K, §) is sufficiently small.
In order to prove (4-14), we use the approximation lemma, Lemma 4.1, to obtain that

. 2 . 1
> 1803 T0) —a; W To)P1jI» 27270 ) 1P < 5. (4-16)
Jjes jes

The last inequality is obtained by scaling A by some (big) parameter C and R by C'/* so that the
bound (4-11) still holds while A™277 3" _o|;j|* scales as C 7.
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Appendix A: Proof of Proposition 2.13

This proof is in fact exactly the same as in [CKSTT], however in that paper all the results are stated for
the cubic case (even though they are clearly more general) and so we give a schematic overview of the
main steps.

Lemma A.1. Suppose that [0, T] is a time interval on which we have the smallness condition

T
f ()2 ds < 1;
0

then we have the estimates

T
7 (D1 S eV T, O] + /0 eI 9]l

T
[YCa] Seﬁﬂcjil(o)l +/ €ﬁ(r_s)|0;i1(s)||C7éj:|:1|2a
4 i |
lej=1(D)] < eV [cj21(0)],
Ic* ()] S 1e* (0)).

Proof. As in [CKSTT] this lemma follows from equations (2-13) by Gronwall’s inequality and the
definition of O(-). O

We now prove that the incoming target covers the ricochet target. We start from some basic upper
bounds on the flow.

Proposition A.2. Let b(t) be a solution to the toy model such that b(0) is within (MJ._, dj_, Rj_). Let (1)

denote the coordinates of b(t) as in (2-13). Then, for all 0 < t < T, we have the bounds
()] = 0T e™2V37),
7, (D] = O(ce™3),
T (D] = 05 g m43TH3T) (A-1)
I (O] = 07 (14 1) 23 TV3T),
lcF (D] = O(ry e 2V3THV3r),

Proof. This is Proposition 3.2 of [CKSTT]. The proof is an application of the continuity method and of
Lemma A.1. U

Now, from these basic upper bounds and from the equations of motion (2-13) and (2-16), we deduce

improved upper bounds on the dynamical variables. We first consider ¢ i1 we have

= =3+ O D) + O )Y + 0T 7237

for some explicit expression O((c;_1)3) + (’)((c;_1 )). Let g be the solution to the corresponding equation

§=—V3g+0(g*+0@")
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with the same initial datum g(0) = 0. One has the bound
g(t) = 0(ce¥™), (A-2)

which is formula (3.35) of [CKSTT]. Then, by estimating the error term Ej:l = c]ll — g, one has

¢7_ (1) = g(1) + O(T i He V3T, (A-3a)
O(cH) = 0(g%) + O(T4i 23T, (A-3b)
O(cL 1) = O(8%) + O(TH 23T =V3r), (A-3¢)

which are respectively formulae (3.36)—(3.38) of [CKSTT]. Now we control the leading peripheral modes.
Inserting (A-3b) in (2-13e), we see that

—2/3T

bsjp2 = ikCsjia+O(csj128%) + Oles j128") + O(T" e le>j+2)-

We approximate this by the corresponding linear equation
i =iku—+ Oug®) + Oug*),

where u(t) € CN=/~!. This equation has a fundamental solution G>jyo(1): CN-Ji=1 — CcN=Ji~! From
(A-2) and Gronwall’s inequality, we have

/T g2 (v)dr=0(1) (A-4)
and '
G=jsal, 1GZ] ol = O(D). (A-5)
Setting c>j42(0) = e‘zﬁTaszrz + O(T% 33T, we define
Exjiri=czjpa—e V¥ Gojpnaz .
Applying the bound on ¢ ;4 from Proposition A.2 and Gronwall’s inequality, we conclude
|E=ji2(0)] = O(T* e™3T)
forall 0 <t < T, and thus
e i12(1) = e T Goja(T)as 4o + O(TH ¢33, (A-6)

This is formula (3.41) of [CKSTT].

Now we consider the two leading secondary modes ¢

jiny cj_Jr | simultaneously. From (2-13), (A-3) and

Proposition A.2, we have the system

i e o O(TA;+le—4\/§T)
) =3I ) Mo ) + - :
(C;rH) ( i ) i O(T 4 = #V3T+V3r)
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Here M(7) is a two-by-two matrix with all entries O(g?) + O(g*). Passing to the variables
- a; (1)
i1 (r) = 2
it ()

2[T+ft - (T)

aj (1) =e Cit

where

we get the equation

{8,a,~+1 (1) = A(D)@j11(x) + O(TH =231 43T (A7)

dj41(0) = aj1 + O(TH V3T,

where A(t) is some known matrix which (by (A-2)) has bounds

03  0Q)
A(T) = 02 (0(64\/§7) O(ez\/gf)> .

We have obtained formula (3.42) of [CKSTT]. Hence, following verbatim the proof given in [CKSTT],
we get

o2V3T+V37 .~ N2, T
VAT b ) =G (Mg + O(T 4 2T, (A-8)
+1

which is formula (3.45) of [CKSTT].
Then, following Section 3.7 of [CKSTT] verbatim, we deduce that the incoming target covers the
ricochet target.

Then, one has to prove that the ricochet target covers the outgoing target. In order to do this, one
should adapt Sections 3.8-3.9 of [CKSTT] exactly as we have done in the previous section. Since this is
completely straightforward, we will not write it down.

+ gt ot
jdisr
rj41)- An initial datum in the outgoing target has the form

The last step consists in proving that the outgoing target (M

(Mj+1’ j+1’

;) covers the next incoming target

c<j-1(0) = O(T" ™ 2V3T),
€71 (0) = O(T ™37,
ch ) =0 +0(Th 3T,
e2j12(0) = ez 54+ 0T VT
for some ax j;» of magnitude at most r . From (2-13e), (2-14) and (2-15) we deduce
Cxj+1 = O0(lcxjt1))-

Thus, for all 0 < v < 10log(1/0), Gronwall’s inequality gives

1 N
crjt1(t) = 0(00(1) T4 e—ZﬁT) (A-9)
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The stable leading mode cj_+1 can be controlled by (2-13c), which, by (A-9), becomes

o - 1 24T 43T
Cj+1:0(|0j+1|)+0<00(1)T e,

By Gronwall’s inequality we conclude

_ 1 + o
Cj+1(f) =0 <0,0(1) T e 4ﬁT>' (A-10)
Then, taking the c;“H component of (2-11), we obtain, by (A-9) and (A-10),

1 +
: 2 24T 43T
C7+1 —x/g(l—|C}L+1| )C;r+1+0<mT ie >

As in [CKSTT], we define g to be the solution to the ODE
0.8 =3(1—1338 (A-11)

with initial datum g(0) = o. This solution can easily be computed and is given by
1

g(r) = :
V14 e 2V3(@—1)

1

B ———lp
V1 4+ e2V30

1
§021) = ——x==V1-0?

and that 2ty < 10log(1/0) if o is small enough. Then, estimating as in [CKSTT] (via Gronwall’s

where 1 is defined by

We note that

inequality) the error

E;r+1 = C;r+1 -8
we get
. 1 +
(@ =g(f)+0(00(1)TAje ﬁT)' (A-12)

This (together with (A-9) and (A-10)) implies

O(c?) +0(ch) = 0(§*) + 0" + 0( o0
o

TATe—ﬁT) (A-13)

Now, from (2-13c¢), (A-9) and (A-13), we have

. : . . 1 +
C>jy2 =1KC>jy2 + O(gzczj”) + (’)(g4c2j+2) + 0 (00(1) T e 3‘5T).

We approximate this flow by the linear equation

i =iku+Owg?) +0ws",
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where u(t) € CN=/=!. This equation has a fundamental solution G 42(z) : CN=/=! — CN=/~! for
all T > 0; from the boundedness of ¢ and Gronwall’s inequality we get

A N 1
-1
As in [CKSTT], a Gronwall estimate of the error

E>jia(7) i =c5j40(7) — e_zﬁTézj+2(T)azj+2

gives

T2A7'e%fT)’ (A-15)
which is equation (3.62) of [CKSTT]. Then, at the time v =279 < 10log(1/0), the estimates become

1 +
c<j—127) = 0(00(1) TA7 o 2\/57)’

- 1 24T _43T
cj+1(27:0)=0< 0(1)T ie ,

N
]H(Zto) =v1—-02+ O( o0 TA e_ﬁT),

c>j+2(210) = e—Z«/?T(A;EHZ(sz)azHZ + 0< TZA;Te—3\/§T).

o 0D

From this, we deduce

1
2 1 +
|bj| = (1 — Z |ck|2> =0+ O(gO(l) TAj e_\/gT).

k#j

Moving back to the coordinates by, ..., by, this means that we have

1
b<j-1(210) = 0<0—0(1)T j —sz)
1 o
b;j(2ty) = [0 +§R0< om TAfeﬁT)]enW)(zro),
o

1 . 1 +
. — 2 AT 3T\ | - ivP Q1) 247 —4fT
bj+1(27) = [ l—0o —i—ﬂ%O( —q e )i|a)e‘ 0 —I—O( —a T >

’

bs j12(270) = 7V CV VTG (2w)as 40 + 0( T“Te—?’ﬁT)

o0

where the notation f =M O (-) means that both f = O(-) and f € R. We now have to recast this in terms

of the variables c(J +]), . (] D in phase with T ;. Following [CKSTT], we denote these variables by

C1,...,Cn. We first note that

90 21) =9V Q1) + & + 0< e ’MT)

o0
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Then, we deduce our final estimates

C<j-1210) = 0< TA}e_ZﬁT)
TA-TeﬁT)

T2Aje—4f3r)

o 0D

& =0+ 0<00<1>

~+ —
&r@ry) = 0(00(1)

je

N _ A + o
C>j+2(210) = we zﬁTGsz(zTO)azHZ + 0(00(1) T 3ﬁT>'

This, together with (A-14), shows that the outgoing target (M;.“, d;f, rj+) covers the next incoming target
(M]._+1, dj_+1, rj_+1) (it is enough to choose a= ;> appropriately).
Appendix B: Proof of Lemma 4.1

Proof. First note that, since a(0) = g(0) is assumed to be compactly supported, the solution a(¢) to (1-4)
exists globally in time, is smooth with respect to time, and is in £'(Z?) in space. Write

F() :=—i/t€(r)dr and d(t):=g@)+ F(1).
0

Observe that
—id=Nd—-F,d—F,d—F,d—F,d—F),

and g = Op(B™') and F = O, (B~'7%) by hypothesis. In particular we have d = O, (B~'). By
multilinearity and (4-2) we thus have

—id=N(d,d,d,d,d)+ 0, (B~>7°). (B-1)
Now write e := a — d and recall that a is the solution of the NLS. Then we have
—id+é)=Nd+e,d+e,d+ed+ed+e). (B-2)
Subtracting (B-2) from (B-1) (and using (4-2)) we get
ie=0p(B"7) + 0u (B~ |lell) + Op (e}
so, taking the £! norm and differentiating in time, we have
d —5—0 —4 5
E”eHIS,B + B " lelli + llelly.

We make the bootstrap assumption that ||e||; = O(B~") for all ¢ € [0, T], so that one can absorb the third
term on the right-hand side into the second. Gronwall’s inequality then gives

lelli < B~ exp(CB™*1)
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W I

01— 0,

wIN
|

Figure 4. The phase portrait of H on the subspace I; + I, = 1; the dynamical variables
are clearly I, 8; — 0,.

for all t € [0, T]. Since T < B*log B, we have |le||; < B~!79/? and the result follows by the bootstrap
argument. O

The result of Lemma 4.1 is that g(¢) is a good approximation of a solution to (1-4) on a time interval
of approximate length B*log B, a factor log B larger than the interval [0, B*] for which the solution is
controlled by a straightforward local-in-time argument. We choose the exponent o/2 for concreteness,
but it could be replaced by any exponent between 0 and o.

Appendix C: Two-generation sets without full energy transmission

We describe the dynamics associated to the sets G, & given in the introduction.

In G we have six complex variables f;, k € G and correspondingly six constants of motion, so
that the system is integrable. Passing to symplectic polar coordinates By = «/Jxe'%, we find that Ji, — J,,
Ji, = Jis» iy — Jis and Jy, — Ji, are constant in time. Then one can study the dynamics reduced to the
invariant subspace where all these constants are zero. We are left with four degrees of freedom, denoted
by Iy, I, 61, 0>, and the Hamiltonian

H =31(I1 + b)* — 6611 (I + 1) + 241,71, cos (3(61 — 62))
Then we reduce to the subspace’ where I; + I, = 1, and get the phase portrait of Figure 4. It is evident
from the picture that there is no orbit connecting I; =0 to I; = 1. One could argue that this is due to our
choice of invariant subspace. However, if we set, for instance, Ji, 7 Ji,, then we cannot transfer all the
mass to k4, ks, kg since this would imply Ji, = Ji, = Ji; =0.
The case of @ is discussed in detail in [Grébert and Thomann 2012]. Proceeding as above, one
gets the phase portrait of Figure 5. One could generalize this approach by taking two complete and

SThis subspace is invariant due to the conservation of mass.
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Figure 5. The phase portrait of &),

action-preserving sets Sy, S, and connecting them with resonances as &® or G©®, as we have discussed
in introduction for &1, However, the dynamics is in fact qualitatively the same and one does not have
full energy transfer.

We have experimented also with higher-order NLS equations. We have not performed a complete
classification but it appears that the sets &, G never give full energy transfer, while &) does.

Acknowledgement

This research was supported by the European Research Council under FP7, project “Hamiltonian PDEs
and small divisor problem: a dynamical systems approach” (no. 306414 HamPDEs).

References

[Bambusi 1997] D. Bambusi, “Long time stability of some small amplitude solutions in nonlinear Schrodinger equations”,
Comm. Math. Phys. 189:1 (1997), 205-226. MR 98m:35188 Zbl 0895.35095

[Bambusi 1999] D. Bambusi, “Nekhoroshev theorem for small amplitude solutions in nonlinear Schrédinger equations”, Math.
Z.230:2 (1999), 345-387. MR 2000h:35146 Zbl 0928.35160

[Bambusi 2003] D. Bambusi, “Birkhoff normal form for some nonlinear PDEs”, Comm. Math. Phys. 234:2 (2003), 253-285.
MR 2003k:37121 Zbl 1032.37051

[Bambusi and Grébert 2006] D. Bambusi and B. Grébert, “Birkhoff normal form for partial differential equations with tame
modulus”, Duke Math. J. 135:3 (2006), 507-567. MR 2007j:37124 Zbl 1110.37057

[Berti and Biasco 2011] M. Berti and L. Biasco, “Branching of Cantor manifolds of elliptic tori and applications to PDEs”,
Comm. Math. Phys. 305:3 (2011), 741-796. MR 2012e:37152 Zbl 1230.37092

[Berti and Bolle 2013] M. Berti and P. Bolle, “Quasi-periodic solutions with Sobolev regularity of NLS on T4 with a multiplica-
tive potential”, J. Eur. Math. Soc. (JEMS) 15:1 (2013), 229-286. MR 2998835 Zbl 1260.35196

[Berti et al. 2015] M. Berti, L. Corsi, and M. Procesi, “An abstract Nash—-Moser theorem and quasi-periodic solutions for NLW
and NLS on compact Lie groups and homogeneous manifolds”, Comm. Math. Phys. 334:3 (2015), 1413-1454. MR 3312439
Zbl 06410173

[Bourgain 1993] J. Bourgain, “Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear
evolution equations, I: Schrodinger equations”, Geom. Funct. Anal. 3:2 (1993), 107-156. MR 95d:35160a Zbl 0787.35097


http://dx.doi.org/10.1007/s002200050196
http://msp.org/idx/mr/98m:35188
http://msp.org/idx/zbl/0895.35095
http://dx.doi.org/10.1007/PL00004696
http://msp.org/idx/mr/2000h:35146
http://msp.org/idx/zbl/0928.35160
http://dx.doi.org/10.1007/s00220-002-0774-4
http://msp.org/idx/mr/2003k:37121
http://msp.org/idx/zbl/1032.37051
http://dx.doi.org/10.1215/S0012-7094-06-13534-2
http://dx.doi.org/10.1215/S0012-7094-06-13534-2
http://msp.org/idx/mr/2007j:37124
http://msp.org/idx/zbl/1110.37057
http://dx.doi.org/10.1007/s00220-011-1264-3
http://msp.org/idx/mr/2012e:37152
http://msp.org/idx/zbl/1230.37092
http://dx.doi.org/10.4171/JEMS/361
http://dx.doi.org/10.4171/JEMS/361
http://msp.org/idx/mr/2998835
http://msp.org/idx/zbl/1260.35196
http://dx.doi.org/10.1007/s00220-014-2128-4
http://dx.doi.org/10.1007/s00220-014-2128-4
http://msp.org/idx/mr/3312439
http://msp.org/idx/zbl/06410173
http://dx.doi.org/10.1007/BF01896020
http://dx.doi.org/10.1007/BF01896020
http://msp.org/idx/mr/95d:35160a
http://msp.org/idx/zbl/0787.35097

GROWTH OF SOBOLEV NORMS FOR THE QUINTIC NLS ON 72 921

[Bourgain 1996a] J. Bourgain, “Construction of approximative and almost periodic solutions of perturbed linear Schrodinger
and wave equations”, Geom. Funct. Anal. 6:2 (1996), 201-230. MR 97f:35013 Zbl 0872.35007

[Bourgain 1996b] J. Bourgain, “On the growth in time of higher Sobolev norms of smooth solutions of Hamiltonian PDE”,
Internat. Math. Res. Notices 6 (1996), 277-304. MR 97k:35016 Zbl 0934.35166

[Bourgain 1998] J. Bourgain, “Quasi-periodic solutions of Hamiltonian perturbations of 2D linear Schrodinger equations”, Ann.
of Math. (2) 148:2 (1998), 363-439. MR 2000b:37087 Zbl 0928.35161

[Bourgain 2000] J. Bourgain, “On diffusion in high-dimensional Hamiltonian systems and PDE”, J. Anal. Math. 80 (2000),
1-35. MR 2001;j:35134 Zbl 0964.35143

[Burq et al. 2004] N. Burq, P. Gérard, and N. Tzvetkov, “Strichartz inequalities and the nonlinear Schrodinger equation on
compact manifolds”, Amer. J. Math. 126:3 (2004), 569—-605. MR 2005h:58036 Zbl 1067.58027

[Chierchia and Perfetti 1995] L. Chierchia and P. Perfetti, “Second order Hamiltonian equations on T® and almost-periodic
solutions”, J. Differential Equations 116:1 (1995), 172-201. MR 96d:58119 Zbl 0821.34043

[Colliander et al. 2010] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao, “Transfer of energy to high frequencies in
the cubic defocusing nonlinear Schrodinger equation”, Invent. Math. 181:1 (2010), 39-113. MR 2011£:35320 Zbl 1197.35265

[Eliasson and Kuksin 2010] L. H. Eliasson and S. B. Kuksin, “KAM for the nonlinear Schrédinger equation”, Ann. of Math. (2)
172:1 (2010), 371-435. MR 2011g:37203 Zbl 1201.35177

[Faou et al. 2013] E. Faou, L. Gauckler, and C. Lubich, “Sobolev stability of plane wave solutions to the cubic nonlinear
Schrodinger equation on a torus”, Comm. Partial Differential Equations 38:7 (2013), 1123-1140. MR 3169740 Zbl 1274.35357

[Geng et al. 2011] J. Geng, X. Xu, and J. You, “An infinite dimensional KAM theorem and its application to the two dimensional
cubic Schrodinger equation”, Adv. Math. 226:6 (2011), 5361-5402. MR 2012k:37159 Zbl 1213.37104

[Gérard and Grellier 2010] P. Gérard and S. Grellier, “The cubic Szegd equation”, Ann. Sci. Ec. Norm. Supér. (4) 43:5 (2010),
761-810. MR 2012b:37188 Zbl 1228.35225

[Grébert and Thomann 2012] B. Grébert and L. Thomann, “Resonant dynamics for the quintic nonlinear Schrédinger equation”,
Ann. Inst. H. Poincaré Anal. Non Linéaire 29:3 (2012), 455-477. MR 2926244 Zbl 1259.37045

[Grébert et al. 2009a] B. Grébert, R. Imekraz, and E. Paturel, “Normal forms for semilinear quantum harmonic oscillators”,
Comm. Math. Phys. 291:3 (2009), 763-798. MR 2010f:81119 Zbl 1185.81073

[Grébert et al. 2009b] B. Grébert, T. Kappeler, and J. Poschel, “Normal form theory for the NLS equation”, preprint, 2009.
arXiv 0907.39381

[Guardia and Kaloshin 2015] M. Guardia and V. Kaloshin, “Growth of Sobolev norms in the cubic defocusing nonlinear
Schrodinger equation”, J. Eur. Math. Soc. (JEMS) 17:1 (2015), 71-149. MR 3312404 Zbl 06419398

[Hani 2014] Z. Hani, “Long-time instability and unbounded Sobolev orbits for some periodic nonlinear Schrédinger equations”,
Arch. Ration. Mech. Anal. 211:3 (2014), 929-964. MR 3158811 Zbl 1293.35298

[Hani et al. 2013] Z. Hani, B. Pausader, N. Tzvetkov, and N. Visciglia, “Modified scattering for the cubic Schrodinger equation
on product spaces and applications”, preprint, 2013. arXiv 1311.2275

[Haus and Thomann 2013] E. Haus and L. Thomann, “Dynamics on resonant clusters for the quintic nonlinear Schrédinger
equation”, Dyn. Partial Differ. Equ. 10:2 (2013), 157-169. MR 3071705 Zbl 06225369

[Kuksin 1995] S. B. Kuksin, “On squeezing and flow of energy for nonlinear wave equations”, Geom. Funct. Anal. 5:4 (1995),
668-701. MR 96d:35091 Zbl 0834.35086

[Kuksin 1996] S. B. Kuksin, “Growth and oscillations of solutions of nonlinear Schrodinger equation”, Comm. Math. Phys.
178:2 (1996), 265-280. MR 97f:35203 Zbl 0862.35112

[Kuksin 1997a] S. B. Kuksin, “On turbulence in nonlinear Schrodinger equations”, Geom. Funct. Anal. 7:4 (1997), 783-822.
MR 2001a:35197 Zbl 0912.35143

[Kuksin 1997b] S. B. Kuksin, “Oscillations in space-periodic nonlinear Schrédinger equations”, Geom. Funct. Anal. 7:2 (1997),
338-363. MR 98e:35157 Zbl 0874.35113

[Kuksin 1999] S. B. Kuksin, “Spectral properties of solutions for nonlinear PDEs in the turbulent regime”, Geom. Funct. Anal.
9:1(1999), 141-184. MR 2000c:35223 Zbl 0929.35145


http://dx.doi.org/10.1007/BF02247885
http://dx.doi.org/10.1007/BF02247885
http://msp.org/idx/mr/97f:35013
http://msp.org/idx/zbl/0872.35007
http://dx.doi.org/10.1155/S1073792896000207
http://msp.org/idx/mr/97k:35016
http://msp.org/idx/zbl/0934.35166
http://dx.doi.org/10.2307/121001
http://msp.org/idx/mr/2000b:37087
http://msp.org/idx/zbl/0928.35161
http://dx.doi.org/10.1007/BF02791532
http://msp.org/idx/mr/2001j:35134
http://msp.org/idx/zbl/0964.35143
http://dx.doi.org/10.1353/ajm.2004.0016
http://dx.doi.org/10.1353/ajm.2004.0016
http://msp.org/idx/mr/2005h:58036
http://msp.org/idx/zbl/1067.58027
http://dx.doi.org/10.1006/jdeq.1995.1033
http://dx.doi.org/10.1006/jdeq.1995.1033
http://msp.org/idx/mr/96d:58119
http://msp.org/idx/zbl/0821.34043
http://dx.doi.org/10.1007/s00222-010-0242-2
http://dx.doi.org/10.1007/s00222-010-0242-2
http://msp.org/idx/mr/2011f:35320
http://msp.org/idx/zbl/1197.35265
http://dx.doi.org/10.4007/annals.2010.172.371
http://msp.org/idx/mr/2011g:37203
http://msp.org/idx/zbl/1201.35177
http://dx.doi.org/10.1080/03605302.2013.785562
http://dx.doi.org/10.1080/03605302.2013.785562
http://msp.org/idx/mr/3169740
http://msp.org/idx/zbl/1274.35357
http://dx.doi.org/10.1016/j.aim.2011.01.013
http://dx.doi.org/10.1016/j.aim.2011.01.013
http://msp.org/idx/mr/2012k:37159
http://msp.org/idx/zbl/1213.37104
http://smf4.emath.fr/Publications/AnnalesENS/4_43/pdf/ens_ann-sc_43_761-810.pdf
http://msp.org/idx/mr/2012b:37188
http://msp.org/idx/zbl/1228.35225
http://dx.doi.org/10.1016/j.anihpc.2012.01.005
http://msp.org/idx/mr/2926244
http://msp.org/idx/zbl/1259.37045
http://dx.doi.org/10.1007/s00220-009-0800-x
http://msp.org/idx/mr/2010f:81119
http://msp.org/idx/zbl/1185.81073
http://msp.org/idx/arx/0907.39381
http://dx.doi.org/10.4171/JEMS/499
http://dx.doi.org/10.4171/JEMS/499
http://msp.org/idx/mr/3312404
http://msp.org/idx/zbl/06419398
http://dx.doi.org/10.1007/s00205-013-0689-6
http://msp.org/idx/mr/3158811
http://msp.org/idx/zbl/1293.35298
http://msp.org/idx/arx/1311.2275
http://dx.doi.org/10.4310/DPDE.2013.v10.n2.a2
http://dx.doi.org/10.4310/DPDE.2013.v10.n2.a2
http://msp.org/idx/mr/3071705
http://msp.org/idx/zbl/06225369
http://dx.doi.org/10.1007/BF01902057
http://msp.org/idx/mr/96d:35091
http://msp.org/idx/zbl/0834.35086
http://dx.doi.org/10.1007/BF02099448
http://msp.org/idx/mr/97f:35203
http://msp.org/idx/zbl/0862.35112
http://dx.doi.org/10.1007/s000390050026
http://msp.org/idx/mr/2001a:35197
http://msp.org/idx/zbl/0912.35143
http://dx.doi.org/10.1007/PL00001622
http://msp.org/idx/mr/98e:35157
http://msp.org/idx/zbl/0874.35113
http://dx.doi.org/10.1007/s000390050083
http://msp.org/idx/mr/2000c:35223
http://msp.org/idx/zbl/0929.35145

922 EMANUELE HAUS AND MICHELA PROCESI

[Kuksin and Poschel 1996] S. Kuksin and J. Poschel, “Invariant Cantor manifolds of quasi-periodic oscillations for a nonlinear
Schrodinger equation”, Ann. of Math. (2) 143:1 (1996), 149-179. MR 96j:58147 Zbl 0847.35130

[Pocovnicu 2011] O. Pocovnicu, “Explicit formula for the solution of the Szeg6 equation on the real line and applications”,
Discrete Contin. Dyn. Syst. 31:3 (2011), 607-649. MR 2012h:35330 Zbl 1235.35263

[Pocovnicu 2013] O. Pocovnicu, “First and second order approximations for a nonlinear wave equation”, J. Dynam. Differential
Equations 25:2 (2013), 305-333. MR 3054639 Zbl 1270.65060

[Poschel 1996] J. Poschel, “A KAM-theorem for some nonlinear partial differential equations”, Ann. Scuola Norm. Sup. Pisa CI.
Sci. (4) 23:1 (1996), 119-148. MR 97g:58146 Zbl 0870.34060

[Poschel 2002] J. Poschel, “On the construction of almost periodic solutions for a nonlinear Schrodinger equation”, Ergodic
Theory Dynam. Systems 22:5 (2002), 1537-1549. MR 2005a:37142 Zbl 1020.37044

[Procesi and Procesi 2012] M. Procesi and C. Procesi, “A normal form for the Schrodinger equation with analytic non-linearities”,
Comm. Math. Phys. 312:2 (2012), 501-557. MR 2917174 Zbl 1277.35318

[Procesi and Procesi 2015] C. Procesi and M. Procesi, “A KAM algorithm for the resonant non-linear Schrodinger equation”,
Adv. Math. 272 (2015), 399—470. MR 3303238 Zbl 06391241

[Procesi and Xu 2013] M. Procesi and X. Xu, “Quasi-To6plitz functions in KAM theorem”, SIAM J. Math. Anal. 45:4 (2013),
2148-2181. MR 3072759 Zbl 1304.37056

[Staffilani 1997] G. Staffilani, “On the growth of high Sobolev norms of solutions for KdV and Schrodinger equations”, Duke
Math. J. 86:1 (1997), 109-142. MR 98b:35192 Zbl 0874.35114

[Wang 2008] W.-M. Wang, “Logarithmic bounds on Sobolev norms for time dependent linear Schrédinger equations”, Comm.
Partial Differential Equations 33:10-12 (2008), 2164-2179. MR 2009k:35247 Zbl 1154.35450

[Wang 2010] W.-M. Wang, “Supercritical nonlinear Schrodinger equations, 1I: Almost global existence”, preprint, 2010.
arXiv 1007.0154

[Wang 2014] W.-M. Wang, “Supercritical nonlinear Schrodinger equations: quasi-periodic solutions”, preprint, 2014. arXiv
1007.0156

[Wayne 1990] C. E. Wayne, “Periodic and quasi-periodic solutions of nonlinear wave equations via KAM theory”, Comm. Math.
Phys. 127:3 (1990), 479-528. MR 91b:58236 Zbl 0708.35087

Received 9 Jun 2014. Revised 19 Jan 2015. Accepted 6 Mar 2015.

EMANUELE HAUS: emanuele.haus@unina.it
Dipartimento di Matematica e Applicazioni “R. Caccioppoli”, Universita di Napoli “Federico II”, Via Cintia, Monte S. Angelo,
I-80126 Napoli, Italy

MICHELA PROCESI: mprocesi@mat.uniromal.it
Dipartimento di Matematica, Universita di Roma “La Sapienza”, Piazzale Aldo Moro, 5, I-00185 Roma, Italy

mathematical sciences publishers :'msp


http://dx.doi.org/10.2307/2118656
http://dx.doi.org/10.2307/2118656
http://msp.org/idx/mr/96j:58147
http://msp.org/idx/zbl/0847.35130
http://dx.doi.org/10.3934/dcds.2011.31.607
http://msp.org/idx/mr/2012h:35330
http://msp.org/idx/zbl/1235.35263
http://dx.doi.org/10.1007/s10884-013-9286-5
http://msp.org/idx/mr/3054639
http://msp.org/idx/zbl/1270.65060
http://www.numdam.org/item?id=ASNSP_1996_4_23_1_119_0
http://msp.org/idx/mr/97g:58146
http://msp.org/idx/zbl/0870.34060
http://dx.doi.org/10.1017/S0143385702001086
http://msp.org/idx/mr/2005a:37142
http://msp.org/idx/zbl/1020.37044
http://dx.doi.org/10.1007/s00220-012-1483-2
http://msp.org/idx/mr/2917174
http://msp.org/idx/zbl/1277.35318
http://dx.doi.org/10.1016/j.aim.2014.12.004
http://msp.org/idx/mr/3303238
http://msp.org/idx/zbl/06391241
http://dx.doi.org/10.1137/110833014
http://msp.org/idx/mr/3072759
http://msp.org/idx/zbl/1304.37056
http://dx.doi.org/10.1215/S0012-7094-97-08604-X
http://msp.org/idx/mr/98b:35192
http://msp.org/idx/zbl/0874.35114
http://dx.doi.org/10.1080/03605300802537115
http://msp.org/idx/mr/2009k:35247
http://msp.org/idx/zbl/1154.35450
http://msp.org/idx/arx/1007.0154
http://msp.org/idx/arx/1007.0156
http://msp.org/idx/arx/1007.0156
http://dx.doi.org/10.1007/BF02104499
http://msp.org/idx/mr/91b:58236
http://msp.org/idx/zbl/0708.35087
mailto:emanuele.haus@unina.it
mailto:mprocesi@mat.uniroma1.it
http://msp.org

ANALYSIS AND PDE
Vol. 8, No. 4, 2015

dx.doi.org/10.2140/apde.2015.8.923

POWER SPECTRUM OF THE GEODESIC FLOW
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We describe the complex poles of the power spectrum of correlations for the geodesic flow on compact
hyperbolic manifolds in terms of eigenvalues of the Laplacian acting on certain natural tensor bundles.
These poles are a special case of Pollicott—Ruelle resonances, which can be defined for general Anosov
flows. In our case, resonances are stratified into bands by decay rates. The proof also gives an explicit
relation between resonant states and eigenstates of the Laplacian.
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1. Introduction

In this paper, we consider the characteristic frequencies of correlations,

pf,g<r>=fs (fog_r)-gdu, f.geC™(SM), (1-1)
M

for the geodesic flow ¢; on a compact hyperbolic manifold M of dimension n + 1 (that is, M has constant
sectional curvature —1). Here ¢; acts on SM, the unit tangent bundle of M, and w is the natural smooth
probability measure. Such ¢, are classical examples of Anosov flows; for this family of examples, we are
able to prove much more precise results than in the general Anosov case.

An important question, expanding on the notion of mixing, is the behavior of py,(t) as t — +o0.
Following [Ruelle 1986], we take the power spectrum, which in our convention is the Laplace transform
Pre(A) of pr, restricted to t > 0. The long-time behavior of py () is related to the properties of

MSC2010: 37DA40.
Keywords: Pollicott—Ruelle resonances, hyperbolic manifolds.
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Ims Im M
em=20
mm=1
oem =2
——>
1 Re )

Figure 1. An illustration of Theorem 1, with eigenvalues of the Laplacian on the left and
the resonances of geodesic flow on the right. The red crosses mark exceptional points
where the theorem does not apply.

the meromorphic extension of p¢ . (A) to the entire complex plane. The poles of this extension, called
Pollicott—Ruelle resonances (see [Pollicott 1986; Ruelle 1986; Faure and Sjostrand 2011] and (1-7) below),
are the complex characteristic frequencies of p ., describing its decay and oscillation and not depending
on f, g.

For the case of dimension n + 1 = 2, the following connection between resonances and the spectrum
of the Laplacian was announced in [Faure and Tsujii 2013b, Section 4] (see [Flaminio and Forni 2003]
for a related result and the remarks below regarding the zeta function techniques).

Theorem 1. Assume that M is a compact hyperbolic surface (n = 1) and the spectrum of the positive
Laplacian on M is (see Figure 1)

Spec(A) = {s;(1 —s/)}, s;€[0,11U (3 +iR).

Then Pollicott—Ruelle resonances for the geodesic flow on SM in C\ (—1 — %No) are

Aim=-m—14+s;, meNy. (1-2)

Remark. We use the Laplace transform (which has poles in the left half-plane) rather than the Fourier
transform as in [Ruelle 1986; Faure and Sjostrand 2011] to simplify the relation to the parameter s used
for Laplacians on hyperbolic manifolds.

Our main result concerns the case of higher dimensions n 4 1 > 2. The situation is considerably more
involved than in the case of Theorem 1, featuring the spectrum of the Laplacian on certain tensor bundles.
More precisely, for o € R, denote

Multn (o, m) := dimEig" (o),
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Im \f
oem=0,(=0
am=1¢=0
xm=20=0
em=2/0=1
Re A

Figure 2. An illustration of Theorem 2 for n = 3. The red crosses mark exceptional
points where the theorem does not apply. Note that the points with m = 2, £ =1 are
simply the points with m = 0, £ = 0 shifted by —2 (modulo exceptional points), as
illustrated by the arrow.

where Eig” (0), defined in (5-19), is the space of trace-free, divergence-free symmetric sections of ™ T* M
satisfying Af = o f. Denote by Multg (1) the geometric multiplicity of A as a Pollicott—Ruelle resonance
of the geodesic flow on M (see Theorem 3 and the remarks preceding it for a definition).

Theorem 2. Let M be a compact hyperbolic manifold of dimension n+1>2. Assume A € C\ (— %n — %No).
Then, for A & —2N, we have (see Figure 2)

m/2]
Multg() = > > Multa(—(r+m + in)* + 1n? +m —26,m — 2¢) (1-3)
m>0 £=0
and, for . € —2N, we have
Lm/2] 5
Multg(M) = YY" Multa(—(A+m+ 5n)" + 40> +m —20,m —2¢). (1-4)
m>0 £=0
m#—X

Remark. (i) If Multa (— (A +m + %n)2 + in*+m —2¢,m —2¢) > 0, then Lemma 6.1 and the fact that
A > 0 on functions imply that either A € —m — %n +iR or

re[—1—m, —m] ifn=1, m>?2¢,
rell—-n—m, —1—m] ifn>1 m>2¢, (1-5)
re[—n—m, —m] if m=2¢.

In particular, we confirm that resonances lie in {Re A < 0} and the only resonance on the imaginary axis
is A = 0 with Multz (0) = 1, corresponding to m = £ = (. We call the set of resonances corresponding
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to some m the m-th band. This is a special case of the band structure for general contact Anosov flows
established in the work of Faure and Tsujii [2013a; 2013b; 2014].

(ii) The case n =1 fits into Theorem 2 as follows: for m > 2, the spaces Eig” (o) are trivial unless o is
an exceptional point (since the corresponding spaces Bd™’(1) of Lemma 5.6 would have to be trace-free
sections of a one-dimensional vector bundle), and the spaces Eig' (o + 1) and Eig (o) are isomorphic, as
shown in Appendix C2.

(iii) The band with m = O corresponds to the spectrum of the scalar Laplacian; the band with m =1
corresponds to the spectrum of the Hodge Laplacian on coclosed 1-forms; see Appendix C2.

(iv) As seen from (1-3) and (1-4), for m > 2 the m-th band of resonances contains shifted copies of bands
m—2,m—4,.... The special case (1-4) means that the resonance 0 of the m = 0 band is not copied to
other bands.

(v) A Weyl law holds for the spaces Eig” (0); see Appendix C1. It implies the following Weyl law for
resonances in the m-th band:

2—nj.[—(n+l)/2 (m +n— 1)|
r(fmn+3) mi@—1!

Z Multg (1) = Vol(M)R"! + O(R™). (1-6)

re—n/2—m+i[—R,R]

The power R"*! agrees with the Weyl law of [Faure and Tsujii 2013b, (5.3)] and with the earlier upper
bound of [Datchev et al. 2014]. We also see that, if n > 1, then each m and ¢ € [0, %m] produce a
nontrivial contribution to the set of resonances. The factor (m +n — 1)!/m!(n — 1)! is the dimension of
the space of homogeneous polynomials of order m in n variables; it is natural in light of [Faure and Tsujii
2013a, Proposition 5.11], which locally reduces resonances to such polynomials.

The proof of Theorem 2 is outlined in Section 2. We use in particular the microlocal method of Faure
and Sjostrand [2011], defining Pollicott—Ruelle resonances as the points A € C for which the (unbounded
nonselfadjoint) operator

X+xr:H —-H, r>—-CoRex, (1-7)

is not invertible. Here X is the vector field on SM generating the geodesic flow, so that ¢, = ¢'X, H" is a
certain anisotropic Sobolev space, and Cy is a fixed constant independent of r; see Section SA for details.
Resonances do not depend on the choice of . The relation to correlations (1-1) is given by the formula

o0 o0
Preh) = / e Mpr (1) dt = / e M  f g dt = (X + 1) f, &) 2isu
0 0

valid for Re A > 0 and f, g € C*°(SM). See also Theorem 4 below.

We stress that our method provides an explicit relation between classical and quantum states, that is,
between Pollicott—Ruelle resonant states (elements of the kernel of (1-7)) and eigenstates of the Laplacian;
namely, in addition to the poles of p,()), we describe its residues. For instance, for the m = 0 band, if
u(x,&),x e M, & e S;M, is a resonant state, then the corresponding eigenstate of the Laplacian, f(x), is
obtained by integration of u along the fibers S, M; see (2-3). On the other hand, to obtain u from f one
needs to take the boundary distribution w of f, which is a distribution on the conformal boundary S" of
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the hyperbolic space H"*! appearing as the leading coefficient of a weak asymptotic expansion at S" of
the lift of f to H"*!. Then u is described by w via an explicit formula, (2-4); this formula features the
Poisson kernel P and the map B_ : SH"t! — S" mapping a tangent vector to the endpoint in negative
infinite time of the corresponding geodesic of H"*!. The explicit relation can be schematically described

as follows:
u > ud ;
resonant J; sou 45 eigenstates
states of X of A
wr— P* (woB.) asymptotics at S"

| boundary distributions

For m > 0, one needs to also use horocyclic differential operators; see Section 2.

Theorem 2 used the notion of geometric multiplicity of a resonance A, that is, the dimension of the
kernel of X + A on H". For nonselfadjoint problems, it is often more natural to consider the algebraic
multiplicity, the dimension of the space of elements of " which are killed by some power of X + A.

Theorem 3. If ) ¢ —%n - %No, then the algebraic and geometric multiplicities of A as a Pollicott—Ruelle
resonance coincide.

Theorem 3 relies on a pairing formula (Lemma 5.10), which states that

(u, u*)L2(5M) = Fin,e(M(f, f*>L2(M;®'"—2‘T*M)s

where u is a resonant state at some resonance A corresponding to some m, £ in Theorem 2, u* is a
coresonant state (that is, an element of the kernel of the adjoint of (X + 1)), f, f* are the corresponding
eigenstates of the Laplacian, and F,, ¢(A) is an explicit function. Here (u, u*) > refers to the integral f uu*,
which is well-defined despite the fact that neither u nor u* lie in L?; see (5-6). This pairing formula is
of independent interest as a step towards understanding the high frequency behavior of resonant states
and attempting to prove quantum ergodicity of resonant states in the present setting. Anantharaman and
Zelditch [2007] obtained the pairing formula in dimension 2 and studied concentration of Patterson—
Sullivan distributions, which are directly related to resonant states; see also [Hansen et al. 2012].

To motivate the study of Pollicott—Ruelle resonances, we also apply to our setting the following
resonance expansion, proved by Tsujii [2010, Corollary 1.2] and Nonnenmacher and Zworski [2015,
Corollary 5]:

Theorem 4. Fix ¢ > 0. Then, for N large enough and f, g in the Sobolev space H" (SM),

Multg (1)

Pre(t) = f fdu f gdp+ Y Y Nful )k &)+ Opgle” PN, (1-8)

re(=n/2,0) k=1

where u;_ i is any basis of the space of resonant states associated to ) and u’ , is the dual basis of the
space of coresonant states (so that ), u; x ®;2 us , is the spectral projector of —X at A).



928 SEMYON DYATLOV, FREDERIC FAURE AND COLIN GUILLARMOU

Here we use Theorem 3 to see that there are no powers of ¢ in the expansion and that there exists the
dual basis of coresonant states to a basis of resonant states.

Combined with Theorem 2, the expansion (1-8) in particular gives the optimal exponent in the decay
of correlations in terms of the small eigenvalues of the Laplacian; more precisely, the difference between
pf.¢(t) and the product of the integrals of f and g is O(e™"""), where

Vo= min min{v +m | v E (O, %n —m), vin—v)+me Specm(A)},
0<m<n/2
or O(e~"/2=9)") for each & > 0 if the set above is empty. Here Spec”(A) denotes the spectrum of the
Laplacian on trace-free, divergence-free symmetric tensors of order m. Using (1-5), we see that in fact
one has v € [1, in —m) for m > 0.

In order to go beyond the O (e~ "/2~9") remainder in (1-8), one would need to handle the infinitely
many resonances in the m = 0 band. This is thought to be impossible in the general context of scattering
theory, as the scattering resolvent can grow exponentially near the bands; however, there exist cases, such
as Kerr—de Sitter black holes, where a resonance expansion with infinitely many terms holds; see [Bony
and Héfner 2008; Dyatlov 2012]. The case of black holes is somewhat similar to the one considered here,
because in both cases the trapped set is normally hyperbolic; see [Dyatlov 2015; Faure and Tsujii 2014].
What is more, one can try to prove a resonance expansion with remainder @ (e~®/>+1=9") where the
sum over resonances in the first band is replaced by ((ITo f) o™, g) and Iy is the projector onto the
space of resonant states with m = 0, having the microlocal structure of a Fourier integral operator — see
[Dyatlov 2015] for a similar result in the context of black holes.

Previous results. In the constant curvature setting in dimension n+1 =2, the spectrum of the geodesic flow
on L? was studied by Fomin and Gelfand [1952] using representation theory. An exponential rate of mixing
was proved by Ratner [1987] and it was extended to higher dimensions by Moore [1987]. In variable nega-
tive curvature for surfaces and, more generally, for Anosov flows with stable/unstable jointly nonintegrable
foliations, exponential decay of correlations was first shown by Dolgopyat [1998] and then by Liverani
[2004] for contact flows. The work of Tsujii [2010; 2012] established the asymptotic size of the resonance-
free strip and the work of Nonnenmacher and Zworski [2015] extended this result to general normally
hyperbolic trapped sets. Faure and Tsujii [2013a; 2013b; 2014] established the band structure for general
smooth contact Anosov flows and proved an asymptotic for the number of resonances in the first band.

In dimension 2, the study of resonant states in the first band (m = 0) —that is, distributions which lie
in the spectrum of X and are annihilated by the horocyclic vector field U_ — appears already in the works
of Guillemin [1977, Lecture 3] and Zelditch [1987], both using the representation theory of PSL(2; R),
albeit without explicitly interpreting them as Pollicott—Ruelle resonant states. A more general study of
the elements in the kernel of U_ was performed by Flaminio and Forni [2003].

An alternative approach to resonances involves the Selberg and Ruelle zeta functions. The singularities
(zeros and poles) of the Ruelle zeta function correspond to Pollicott—Ruelle resonances on differential
forms (see [Fried 1986; 1995; Giulietti et al. 2013; Dyatlov and Zworski 2015]), while the singularities
of the Selberg zeta function correspond to eigenvalues of the Laplacian. The Ruelle and Selberg zeta
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functions are closely related; see [Leboeuf 2004, Section 5.1, Figure 1; Dyatlov and Zworski 2015,
(1.2)] in dimension 2 and [Fried 1986; Bunke and Olbrich 1995, Proposition 3.4] in arbitrary dimensions.
However, the Ruelle zeta function does not recover all resonances on functions, due to cancellations with
singularities coming from differential forms of different orders. For example, [Juhl 2001, Theorem 3.7]
describes the spectral singularities of the Ruelle zeta function for n = 3 in terms of the spectrum of the
Laplacian on functions and 1-forms, which is much smaller than the set obtained in Theorem 2.

The book of Juhl [2001] and the works of Bunke and Olbrich [1995; 1997; 1999; 2001] study Ruelle
and Selberg zeta functions corresponding to various representations of the orthogonal group. They also
consider general locally symmetric spaces and address the question of what happens at the exceptional
points (which in our case are contained in —%n — %No), relating the behavior of the zeta functions at these
points to topological invariants. It is possible that the results [Juhl 2001; Bunke and Olbrich 1995; 1997;
1999; 2001] together with an appropriate representation-theoretic calculation recover our description of
resonances, even though no explicit description featuring the spectrum of the Laplacian on trace-free,
divergence-free symmetric tensors as in (1-3), (1-4) seems to be available in the literature. The direct
spectral approach used in this paper, unlike the zeta function techniques, gives an explicit relation between
resonant states and eigenstates of the Laplacian (see the remarks following (1-7)) and is a step towards a
more quantitative understanding of decay of correlations.

An essential component of our work is the analysis of the correspondence between eigenstates of the
Laplacian on H"*! and distributions on the conformal infinity S”. In the scalar case, such a correspondence
for hyperfunctions on $" is due to Helgason [1970; 1974] (see also [Minemura 1975]); the correspondence
between tempered eigenfunctions of A and distributions (instead of hyperfunctions) was shown by Oshima
and Sekiguchi [1980] and van den Ban and Schlichtkrull [1987] (see also [Grellier and Otal 2005]).
Olbrich [1995] studied Poisson transforms on general homogeneous vector bundles, which include the
bundles of tensors used in the present paper. The question of regularity of equivariant distributions on S"
by certain Kleinian groups of isometries of H"*! (geometrically finite groups) is interesting since it
determines the regularity of resonant states for the flow; precise regularity was studied by Otal [1998] in
the 2-dimensional cocompact case, Grellier and Otal [2005] in higher dimensions, and Bunke and Olbrich
[1999] for geometrically finite groups. In dimension 2, the correspondence between the eigenfunctions
of the Laplacian on the hyperbolic plane and distributions on the conformal boundary S' appeared
in [Pollicott 1989; Bunke and Olbrich 1997]; it is also an important tool in the theory developed by
[Bunke and Olbrich 2001] to study Selberg zeta functions on convex cocompact hyperbolic manifolds
(see also [Juhl 2001] in the compact setting). These distributions on the conformal boundary §”, of
Patterson—Sullivan type, are also the central object of the recent work of Anantharaman and Zelditch
[2007; 2012] studying quantum ergodicity on hyperbolic compact surfaces; a generalization to higher-rank,
locally symmetric spaces was provided by Hansen, Hilgert and Schréder [Hansen et al. 2012].

2. Outline and structure

In this section, we give the ideas of the proof of Theorem 2, first in dimension 2 and then in higher
dimensions, and describe the structure of the paper.
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2A. Dimension 2. We start by using the following criterion (Lemma 5.1): A € C is a Pollicott—Ruelle
resonance if and only if the space

Resy(A) :={u € D'(SM) | (X + 1)u =0, WF(u) C E¥}

is nontrivial. Here D’ (S M) is the space of distributions on SM (see [Hormander 1983]), WF(u) C T*(SM)
is the wavefront set of u (see [Hormander 1983, Chapter 8]), and E; C T*(SM) is the dual unstable
foliation described in (3-15). It is more convenient to use the condition WF(u) C E;; rather than u € 1",
because this condition is invariant under differential operators of any order.

The key tools for the proof are the horocyclic vector fields Uy on SM, pictured in Figure 3(a) below.
To define them, we represent M = I'\H?, where H> = {z € C | Imz > 0} is the hyperbolic plane
and I' C PSL(2; R) is a cocompact Fuchsian group of isometries acting by Mobius transformations.
(See Appendix B for the relation of the notation we use in dimension 2, based on the half-plane model
of the hyperbolic space, to the notation used elsewhere in the paper that is based on the hyperboloid
model.) Then SM is covered by SH?, which is isomorphic to the group G := PSL(2; R) by the map
y € G (y(i),dy(i)-i). Consider the left-invariant vector fields on G corresponding to the following
elements of its Lie algebra:

10 01 00
SN ) e () o

then X, UL descend to vector fields on SM, with X becoming the generator of the geodesic flow. We
have the commutation relations

[X,Us]==xUyr and [U4,U_]=2X. (2-2)
For each A and m € Ny, define the spaces
Vi) :={u e D'(SM) | (X+Mu=0, U"u=0, WF(u) C E}},

and put
Res% (1) := Vi(A).

By (2-2), U™ (Resx (1)) C Resx(A +m). Since there are no Pollicott—Ruelle resonances in the right
half-plane, we conclude that

Resx(A) =V,,(A) for m > —Re .

We now use the diagram (writing Id = Ui, U+ = U for uniformity of notation)

L

0=Vo(h) ——= Vi (V) ! Va(A) Vi(h) — ...,

wlle wlle e

Res% (1) Res% (A + 1) Res% (A +2)
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where ¢ denotes the inclusion maps and, unless A € —1 — %No, we have
Vi1 (W) = Viu (W) ® U (Resy (A +m)),

and U'" is one-to-one on Resg)( (A +m); indeed, using (2-2) we calculate

m
unut = mz(]_[(zx +m +j)> Id on Resy(+m)
j=1

and the coefficient above is nonzero when A ¢ —1 — %NO. We then see that

Resx () = EP U (Resy (A +m)).

m=>0

It remains to describe the space of resonant states in the first band,
Res% (M) ={u e D'(SM) | (X +)u =0, U_u =0, WF(u) C E'}.

We can remove the condition WF(u) C E} as it follows from the other two; see the remark following
Lemma 5.6. We claim that the pushforward map

ul—>f(X)1=/ u(x, §)ds() (2-3)
SeM
is an isomorphism from Res(})((k) onto Eig(—XA(1 4+ 1)), where Eig(o) = {u € C*°(M) | Au = ou}; this
would finish the proof. In other words, the eigenstate of the Laplacian corresponding to u is obtained by
integrating u over the fibers of SM.

To show that (2-3) is an isomorphism, we reduce the elements of Resg( (1) to the conformal boundary S'!
of the ball model B? of the hyperbolic space as follows:

Resy (M) = {P(y, B_(y, §))'w(B_(y, §)) | w € BdR)}, (2-4)

where P(y, v) is the Poisson kernel: P(y,v)=(1—|y[®)/ly—v|>, yeB? veS'; B_:SB>— S! maps
(y, &) to the limiting point of the geodesic ¢; (v, £) as t — —oo — see Figure 3(a)—and Bd(1) C D'(S')
is the space of distributions satisfying a certain equivariance property with respect to I'. Here we lifted
Resg)( (1) to distributions on SH? and used the fact that the map B_ is invariant under both X and U_; see
Lemma 5.6 for details.

It remains to show that the map w — f defined via (2-3) and (2-4) is an isomorphism from Bd(}) to
Eig(—A(1 4+ 1)). This map is given by (see Lemma 6.6)

f) =2 w(y) = /Sl P(y, )" w()dS(v) (2-5)

and is the Poisson operator for the (scalar) Laplacian corresponding to the eigenvalue s(1 —s), s =1+ A.
This Poisson operator is known to be an isomorphism for A ¢ —1 — N—see the remark following
Theorem 6 in Section 5B — finishing the proof.
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2B. Higher dimensions. In higher dimensions, the situation is made considerably more difficult by the
fact we can no longer define the vector fields U+ on SM. To get around this problem, we remark that, in
dimension 2, U_u is the derivative of u along a certain canonical vector in the one-dimensional unstable
foliation E,, C T(SM) and, similarly, U u is the derivative along an element of the stable foliation Ej;
see Section 4B. In dimension n + 1 > 2, the foliations E,, E; are n-dimensional and one cannot trivialize
them. However, each of these foliations is canonically parametrized by the following vector bundle £
over SM:

Ex,§)=nelM|nLE}, (x,§)eSM.
This makes it possible to define horocyclic operators
Ul D' (SM) — D'(SM; ®FEY),
where ®'¢' stands for the m-th symmetric tensor power, and we have the diagram

L L

0=Vo(}) ——= Vi(») Va(h) Va(h) — s

alla wlfe e

Res$, (1) Resh (A +1) Res% (L +2)
where V' = (= 1)"(U'!")* and we put, for a certain extension X of X to ®'¢E*,

VW) :={ueD' (SM) | (X+Mu=0, U"u=0, WFu) C E}},
Rest (M) :={v e D'(SM; YE") | (X +1)v =0, U_v =0, WF(v) C E}}.

Similarly to in dimension 2, we reduce the problem to understanding the spaces Res'y (1), and an operator
similar to (2-3) maps these spaces to eigenspaces of the Laplacian on divergence-free symmetric tensors.
However, to make this statement precise, we have to further decompose Res'y () into terms coming from
traceless tensors of degrees m, m —2, m — 4, ..., explaining the appearance of the parameter £ in the
theorem. (Here the trace of a symmetric tensor of order m is the result of contracting two of its indices
with the metric, yielding a tensor of order m — 2.) The procedure of reducing elements of Res’y (1) to
the conformal boundary S" is also made more difficult because the boundary distributions w are now
sections of @' (T*S").

A significant part of the paper is dedicated to proving that the higher-dimensional analog of (2-5)
on symmetric tensors is indeed an isomorphism between appropriate spaces. To show that the Poisson
operator &, is injective, we prove a weak expansion of f(y) € C™ (B"*1) in powers of 1 —|y| as y € B"*!
approaches the conformal boundary S”; since w appears as the coefficient in one of the terms of the
expansion, &, w = 0 implies w = 0. To show the surjectivity of %7,", we prove that the lift to H*+! of
every trace-free, divergence-free eigenstate f of the Laplacian admits a weak expansion at the conformal
boundary (this requires a fine analysis of the Laplacian and divergence operators on symmetric tensors);
putting w to be the coefficient next to one of the terms of this expansion, we can prove that f = &, w.
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2C. Structure of the paper. In Section 3, we study in detail the geometry of the hyperbolic space H"*!,
which is the covering space of M. In Section 4, we introduce and study the horocyclic operators. In
Section 5, we prove Theorems 2 and 3, modulo properties of the Poisson operator. In Sections 6 and 7, we
show the injectivity and the surjectivity of the Poisson operator. Appendix A contains several technical
lemmas. Appendix B shows how the discussion of Section 2A fits into the framework of the remainder of
the paper. Appendix C shows a Weyl law for divergence-free symmetric tensors and relates the m = 1
case to the Hodge Laplacian.

3. Geometry of the hyperbolic space

In this section, we review the structure of the hyperbolic space and its geodesic flow and introduce various
objects to be used later, including:

« the isometry group G of the hyperbolic space and its Lie algebra, including the horocyclic vector
fields Ul.jE (Section 3B);

o the stable/unstable foliations Ey, E,, (Section 3C);

« the conformal compactification of the hyperbolic space, the maps B4, the coefficients @, and the
Poisson kernel (Section 3D);

e parallel transport to conformal infinity and the maps .4 (Section 3F).

3A. Models of the hyperbolic space. Consider the Minkowski space R'"*! with the Lorentzian metric

n+1
2 2
gm =dxy — dej.
j=1
The corresponding scalar product is denoted (-, - ). We denote by ey, ..., e,+] the canonical basis

of Rl.A+1

The hyperbolic space of dimension n + 1 is defined to be one sheet of the two-sheeted hyperboloid
H'* = {x e RV (x, x)y = 1, x0 > 0}
equipped with the Riemannian metric

gH ‘= _ngTIHI""'l'

We denote the unit tangent bundle of H**! by
SH™ = {(x, &) [x e W™, § e RV (6,6)y = —1, (x,§)n =0). (3-1)

Another model of the hyperbolic space is the unit ball B"t! = {y e R**! | |y| < 1}, which is identified
with H"+! ¢ R"*! via the map (here x = (xg, x’) € R x R"*1)

x/

v S B oy =——, Yyl =

p—— 1_|y|2(1+|y|2,2y>. (3-2)
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and the metric gz pulls back to the following metric on B"*+!:

4dy?
W= 5. (3-3)
(I—1y»?
We will also use the upper half-space model U"+! = [RRZ) x R? with the metric
1. — dzl +dz?
Wy g = 05—, (3-4)
<0
where the diffeomorphism v, : B"*! — U"*! is given by (here y = (y1, y') € R x R")
A-pP2y) (zg+ 121> —1,22)
V) =T, 20,2) = . 3-5
WI(YI )’) 1+|y|2_2y1 w1 ( 0 ) (1+Z0)2+|Z|2 ( )

3B. Isometry group. We consider the group
G =PSO(1,n+1) CSL(n+2; R)

of all linear transformations of R""*! preserving the Minkowski metric, the orientation, and the sign
of xo on timelike vectors. For x € R!"*! and y € G, denote by y - x the result of multiplying x by the
matrix y. The group G is exactly the group of orientation-preserving isometries of H"*!; under the
identification (3-2), it corresponds to the group of direct Mobius transformations of R"*! preserving the
unit ball.

The Lie algebra of G is spanned by the matrices

X=Eop1+Eo Ai=Eox+Eio, R ;=E ;—E;; (3-6)

fori, j > 1 and k > 2, where E; ; is the elementary matrix if 0 <i, j <n+1 (thatis, E; jex = jie;).
Denote fori =1,...,n

U'i=—Aip1—Riit1, U7 :=—Ai1+ Rt (3-7)

1 1

and observe that X, Ul.+, U7, Rit1,j41 (for 1 <i < j < n) also form a basis. Henceforth we identify
elements of the Lie algebra of G with left-invariant vector fields on G.
We have the commutator relations (for 1 <i, j, k <n andi # j)

[X, U 1=+U", [UFU71=0, [U"U71=2X, [U7, UF1=2Ri11 11,

(3-8)
[Rij1j01, X1=0, [Riy1j41, U1=08, U —8u U5

The Lie algebra elements Ul.i are very important in our argument, since they generate horocyclic flows;
see Section 4B. The flows of Ui in the case n = 1 are shown in Figure 3(a); for n > 1, the flows of Ui
do not descend to SH"*!.

The group G acts on H"*! transitively, with the isotropy group of ey € H**! isomorphic to SO(n + 1).
It also acts transitively on the unit tangent bundle SH"*!, by the rule y.(x, &) = (y - x, y - £), with the
isotropy group of (eg, 1) € SH"*! being

H={yeG|y-en=epy, y-e1 =e1} =SOn). (3-9)
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By (x,8)

exp(UL)(2.,6)

(a) (b)

Figure 3. (a) The horocyclic flows exp(£U li) in dimension n 4 1 = 2, pulled back to
the ball model by the map 1 from (3-2). The thick lines are geodesics and the dashed
lines are horocycles. (b) The map A, and the parallel transport of an element of £ along
a geodesic.

Note that H is the connected Lie subgroup of G with Lie algebra spanned by R; 1 ;11 for 1 <i, j <n.
We can then write SH"*! ~ G/H, where the projection 7rg : G — SH"*! is given by

ms(y) =(y-ep, y-e1) € SH™,  yeG. (3-10)

3C. Geodesic flow. The geodesic flow,
@ SH' — SH'™M, 1 eR,
is given in the parametrization (3-1) by
¢r(x, &) = (x cosht + & sinht, x sinht + & cosh?t). (3-11)
We note that, with the projection s : G — SH"*! defined in (3-10),

@i (s (y)) = ms(y exp(tX)),

where X is as defined in (3-6). This means that the generator of the geodesic flow can be obtained by
pushing forward the left-invariant field on G generated by X by the map mg (which is possible since X
is invariant under right multiplications by elements of the subgroup H defined in (3-9)). By abuse of
notation, we then denote by X also the generator of the geodesic flow on SH"*!:

X=£0,+x0. (3-12)

We now provide the stable/unstable decomposition for the geodesic flow, demonstrating that it is hyperbolic
(and thus the flow on a compact quotient by a discrete group will be Anosov). For p = (x, &) € SH"*!,
the tangent space T,(SH"*!) can be written as

T, (SH™) = {(vy, ve) € R | (x, v) = (£, ve)m = (x, ve)r + (£, ve)ar = O}
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The differential of the geodesic flow acts by
de:(p) - (vx, ve) = (v cosht + vg sinh, v, sinhf + vg cosh?).
We have T,(SH"*!) = E%(p) @ T,(SH"*"), where E°(p) := RX is the flow direction and
To(SH'™) = {(vx, v) € R [, ve)w = (x, ve)wr = (6, vadwr = (6, ve)m =0},
and this splitting is invariant under d¢;. A natural norm on Tp(S H"+1) is given by the formula
| (e, v) P 1= —(vx, V) — (v, V) w1, (3-13)

using the fact that v, and vg are Minkowski orthogonal to the timelike vector x and thus must be spacelike
or zero. Note that this norm is invariant under the action of G.
We now define the stable/unstable decomposition Tp (SH™ ) = E,(p) ® E,(p), where

Es(p) :={(v, =v) | {x, v)p = (§, v)u = 0},
E,(p) :={,v) | {x,v)y = (§, v}y =0}.

Then 7, (SH™ 1) = Eo(p) @ Es(p) ® E,(p), this splitting is invariant under ¢, and under the action of G,
and, using the norm from (3-13),

(3-14)

ldo(p)-w|=e""w|, we Es(p), and  |do;(p)-w|=elw|, we E,(p).
Finally, we remark that the vector subbundles E and E, are spanned by the left-invariant vector fields
U1+, e, U,f and U, ..., U, from (3-7) in the sense that
niEs=span(U;, ..., U @Y, niE, = span(U; ,..., U, ) ®b.

Here niEs := {(y,w) € TG | (ms(y),dns(y) - w) € Es} and n$E, is defined similarly; b is the left
translation of the Lie algebra of H, or equivalently the kernel of drg. Note that, while the individual
vector fields U li, ..., U* are not invariant under right multiplications by elements of H in dimensions
n+1 > 2 (and thus do not descend to vector fields on SH"*! by the map ), their spans are invariant
under H, by (3-8).

The dual decomposition, used in the construction of Pollicott—Ruelle resonances, is

TH(SH'™) = Ej(p) ® EX(0) ® Ej(p), (3-15)

where Ej(p), E;(p), E;;(p) are dual to Eo(p), E,(p), Es(p) in the original decomposition (that is, for
instance, E (p) consists of all covectors annihilating Eo(p) @ E(p)). The switching of the roles of Ej
and E, is due to the fact that the flow on the cotangent bundle is (d¢, yx,

3D. Conformal infinity. The metric (3-3) in the ball model B"*! is conformally compact; namely,
the metric (1 — |y|?)>(¥ ~")*gy continues smoothly to the closure B"*!, which we call the conformal
compactification of H'*!; note that H"*! embeds into the interior of B"*! by the map (3-2). The
boundary S” = dB"*!, endowed with the standard metric on the sphere, is called conformal infinity. On
the hyperboloid model, it is natural to associate to a point at conformal infinity v € S” the lightlike ray
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{(s,sv) | s > 0} ¢ RV"F1; this ray is asymptotic to the curve {(+/1 +s2,sv) | s > 0} C H"*!, which
converges to v in B"T!.
Take (x, £) € SH**!. Then (x &, x £&)) = 0 and xo =& > 0, so we can write

x£§=dsL(x, §)(1, B+(x,§))
for some maps
®p:SH™ - RY,  Bi:SH'™ — s, (3-16)

Then B (x, &) is the limit as ¢t — 00 of the x-projection of the geodesic ¢;(x, §) in B!
Bi(x,§) = lim m(p(x,8)), m:SH™ —H"™"
—> 00

This implies that, for X defined in (3-12), dB+ - X = 0, since B+ (¢s(x,&)) = B+ (x, &) for all s € R.
Moreover, since @ (¢; (x, £)) = e* (xg + &) = e DL (x, £) from (3-11), we find

Xdp =+, (3-17)
For (x, v) € H"*! x S" (in the hyperboloid model), define the function
P(x,v) = (xo—x"-v)" = ((x, (1,v)y)""if x = (x0,x") € WL (3-18)
Note that P(x, v) > 0 everywhere, and in the Poincaré ball model B"*! we have

1—yP

g VB (3-19)

P (y),v) =

which is the usual Poisson kernel. Here v is as defined in (3-2).
For (x, v) € H"t! x S”, there exist unique &4 € Sy H"*+! such that By (x, £4) = v: these are given by

§x(x,v) =Fx £ P(x,v)(1,v), (3-20)
and we have

D4 (x,81(x,v)) = P(x,v). (3-21)

Notice that the equations B (x, £+ (x, v)) = v imply that By are submersions. The map v — &4 (x, v) is
conformal with the standard choice of metrics on S* and S,H"*!; in fact, for ¢, 0 eT,S",

(0u&+(x, 1) - 1, €L (x, v) - L) = — P (x, v)* (L1, &) ot (3-22)
Using that (x + &, x — &)y = 2, we see that
O, (x, 5P _(x,8)(1—By(x,6)-B_(x,8)) =2. (3-23)

One can parametrize SH"*! by

D, (x,8)

o_(x. §)> €(S" xS"a xR, (3-24)

(v_,vy,s)= (B—(X, §), B1(x,§), %log
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where (S" x §")a is §" x §" minus the diagonal. In fact, the geodesic y (t) = ¢;(x, &) goes from v_
to vy in B"*! and y(—s) is the point of y closest to ey € H"! (corresponding to 0 € B"*!). In the
parametrization (3-24), the geodesic flow ¢, is simply

(U—a Vi, S) = (U—a Vi, S +t)

We finally remark that the stable/unstable subspaces of the cotangent bundle, E¥, E C T*(SH"'1),
defined in (3-15), are in fact the conormal bundles of the fibers of the maps B.:

Ef(p) = N*(BY'(BL(p)). Ei(p)=N*(B~'(B_(p))). peSH"™. (3-25)

This is equivalent to saying that the fibers of By integrate (that is, are tangent to) the subbundle
Ey ® E; C T(SH"'!), while the fibers of B_ integrate the subbundle Ey & E,. To see the latter
statement, say for B, it is enough to note that d By - X = 0 and differentiation along vectors in Ej
annihilates the function x 4 £ and thus the map B, ; therefore, the kernel of d By contains Ey & E;, and
this containment is an equality since the dimensions of both spaces are equal to n + 1.

3E. Action of G on the conformal infinity. For y € G and v € S", y - (1, v) is a lightlike vector with
positive zeroth component. We can then define N, (v) > 0, L, (v) € S" by

y - (L, v) =N, (v)(, Ly, (v)). (3-26)

The map L, gives the action of G on the conformal infinity S" = dB"*!. This action is transitive and the
isotropy groups of £e; € S" are given by

Hi={yeG|3s>0 y-(egte)) =s(egLer)} (3-27)

The isotropy groups H- are the connected subgroups of G with the Lie algebras generated by R; 1,41
forl <i<j<n,X,and UijE for 1 <i <n. To see that H are connected, for n = 1 we can check directly
that every y € Hy can be written as a product e’X ¢* UY for some t,s € R, and for n > 1 we can use the
fact that S" >~ G/ H is simply connected and G is connected, and the homotopy long exact sequence of
a fibration.

The differentials of N, and L, (in v) can be written as

y-0,8) = (@dNy(v) - 5)(1, Ly (v))
Ny (v) ’

dNy(v)-¢ = (dxo,y-(0,8)), (0,dL,(v)-{)=

here ¢ € T,S". We see that the map v +— L, (v) is conformal with respect to the standard metric on S";
in fact, for ¢y, &, € T,S",

(dL,(v)-¢1,dL, (V) - )t = Ny (V) 2(E1, Q).

The maps B : SH™t! — S" are equivariant under the action of G:

Bi(y.(x,8)) =Ly (Bx(x, §)).
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Moreover, the functions @4 (x, £) and P(x, v) enjoy the following properties:
Qi(y.(x,8)) = Ny(B+(x,8)P+(x,8), P(y-x,L,(v))=Ny(v)P(x,v). (3-28)

3F. The bundle £ and parallel transport to the conformal infinity. Consider the vector bundle £ over
SH"*! defined as follows:

E={(x,&v) e SH'™ x T,H"™ | gy (&, v) =0},

i.e., the fibers £(x, £) consist of all tangent vectors in 7,H"*! orthogonal to &; equivalently, £(x, &)
consists of all vectors in R""*! orthogonal to x and £ with respect to the Minkowski inner product. Note
that G naturally acts on &, by putting y.(x,&,v) :=(y -x,y-&, ¥ -v).

The bundle £ is invariant under parallel transport along geodesics. Therefore, one can consider the
first-order differential operator

X C®°(SH'™: £) — ¢®(SH™ ! &), (3-29)

which is the generator of parallel transport; namely, if v is a section of £ and (x, &) € S H™*1, then Xv(x, &)
is the covariant derivative at t = 0 of the vector field v(¢) := v(¢;(x, &)) on the geodesic ¢;(x, ). Note
that £(¢;(x, £)) is independent of ¢ as a subspace of R'7+1 and, under this embedding, X just acts as X
on each coordinate of v in R""*!. The operator %X is a symmetric operator with respect to the standard
volume form on SH"*! and the inner product on & inherited from 7H"*!.

We now consider parallel transport of vectors along geodesics going off to infinity. Let (x, £) € SH"*!
and v € T,H""!'. We let (x(r), £(1)) = ¢; (x, ) be the corresponding geodesic and v(¢) € Tx(,)[H]"le be
the parallel transport of v along this geodesic. We embed v(¢) into the unit ball model B"*! by defining

w(t) =dy (x(®)) - v(r) € R,

where  is as defined in (3-2). Then w(¢) converges to 0 as t — 400, but the limits lim;_, £ xo(#)w(?)
are nonzero for nonzero v; we call the transformation mapping v to these limits the transport to conformal
infinity as t — £00. More precisely, if

v=cé+tu, uef(x§),
then we calculate
. ligtn xo(Hw(t) = +cBi(x, §) +u' —ugBi(x, §), (3-30)
—> 00

where By(x, &) € §" is as defined in Section 3D. We will in particular use the inverse of the map
Ex, &) su > u —ugBi(x,§) € Tp,(x5)S": for (x,€) € SH"*+! and ¢ € T, (x,£)S", define (see
Figure 3(b))
dvé+r(x, BL(x,8)) ¢
Ar(x, 6)8 = (0,2) = ((0, ), x)p (x £ &) = 2= €&, §). (3-31)
P(x, B+(x,§))

Here &, is as defined in (3-20). Note that, by (3-22), A is an isometry:

AL (x, E) gy =1CIRe, ¢ € Tp (xS (3-32)
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Also, Ay is equivariant under the action of G:

Ax(y -x,y-§)-dL,(Bx(x, )¢ = Ny (Be(x, )y - (Ax(x, £)0). (3-33)

We now write the limits (3-30) in terms of the O-tangent bundle of Mazzeo and Melrose [1987].
Consider the boundary defining function pg :=2(1 —|y|)/(1+|y|) on B"*+!; note that in the hyperboloid
model, with the map i defined in (3-2),

Vag+l—vxo—1

po(¥ (x)) :2\/}6 i =x;' + 05D as xg—> o0. (3-34)
0 0—

The hyperbolic metric can be written near the boundary as gg = (d,og +hp,)/ pg with A, a smooth family
of metrics on S”, and ho = d6? is the canonical metric on the sphere (with curvature 1).

Define the 0-tangent bundle °7B"*! to be the smooth bundle over B"*! whose smooth sections are the
elements of the Lie algebra Vg (B"+1) of smooth vectors fields vanishing at S" = BN {po = 0}; near the
boundary, this algebra is locally spanned over C* (@”H) by the vector fields pod,,, 0009, , - - ., P00, if 6;
are local coordinates on S”. There is a natural map °7TB"*! — TB"*!, which is an isomorphism when
restricted to the interior B"T!. We denote by °7*B"*! the dual bundle to °TB"*!, generated locally near
po = 0 by the covectors dpo/po, d61/po, - - ., d6,/po. Note that T*Brt! naturally embeds into O*pgn+!
and this embedding is an isomorphism in the interior. The metric gy is a smooth, nondegenerate, positive
definite quadratic form on °TB"*!, that is, gy € C*(B"*!; ®%(°T*B"*!)), where ®% denotes the space
of symmetric 2-tensors. We refer the reader to [Mazzeo and Melrose 1987] for further details (in particular,
for an explanation of why 0-bundles are smooth vector bundles); see also [Melrose 1993, §2.2] for the
similar b-setting.

We can then interpret (3-30) as follows: for each (y, ) € SB"*! and each w e TyIE%”“, the parallel
transport w(¢) of w along the geodesic ¢;(y, n) (this geodesic extends smoothly to a curve on B+,
as it is part of a line or a circle) has limits as  — 00 in the O-tangent bundle °7B"*!. In fact (see
[Guillarmou et al. 2010, Appendix A]), the parallel transport

T(y/, y) . OTan-‘rl — OT}‘/BH-FI
from y to y' € B"*! along the geodesic starting at y and ending at y" extends smoothly to the boundary
(v, y") € B! x B**!\ diag(S" x S") as an endomorphism °7,B"*! — T, B"+!, where diag(S" x S")
denotes the diagonal in the boundary; this parallel transport is an isometry with respect to gg. The same

properties hold for parallel transport of covectors in °7*B"+!, using the duality provided by the metric g .
An explicit relation to the maps A4 is given by the following formula:

Ar(x, &)L =dy(x)"" - T (Y (x), B(x, §)) - (p00), (3-35)

where pg¢ € OTp i(x,g)@”“ is tangent to the conformal boundary S”.
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4. Horocyclic operators
In this section, we build on the results of Section 3 to construct horocyclic operators
Us : D' (SH @/ €%) — D/ (SH'; @/t 1e™).

4A. Symmetric tensors. In this subsection, we assume that E is a vector space of finite dimension N,
equipped with an inner product gg, and let E* denote the dual space, which has a scalar product induced
by gr (also denoted gr). (In what follows, we shall take either E = £(x, ) or E = T, H"*! for some
(x,&) € SH**!, and the scalar product g in both cases is given by the hyperbolic metric gz on those
vector spaces.) We will work with tensor powers of E*, but the constructions also apply to tensor powers
of E by swapping E with E*.

We introduce some notation for finite sequences to simplify the calculations below. Denote by &7 the
space of all sequences K =k; ...k, with1 <k, <N.Fork,...k, €™, ji...j €&, and a sequence
of distinct numbers 1 < ¢y, ..., ¢, <m, denote by

{Z]-)jl,...,ﬁr%jr}KGVQfm

the result of replacing the £ ,-th element of K by j, for all p. We can also replace some j, by blank
space, which means that the corresponding indices are removed from K.
For m > 0 denote by ®" E* the m-th tensor power of E* and by ®'¢ E* the subset of those tensors which

are symmetric, i.e., u € ¢ E* if u(vg(1), ... Vo)) =u(vy, ..., vy) forallo €1, and all vy, ..., v, € E,
where IT,, is the permutation group of {1, ..., m}. There is a natural linear projection S : " E* — ®'¢ E*
defined by
k % 1 * k * %
S(’h®"'®nm)=;!Z%u)@---@na(m), ni € E*. (4-1)
oell,

The metric gg induces a scalar product on Q™ E™,

m
(Vi@ Qui, wi®  Qui)e, = l_[(v}'f, wigp, wj, v € ET.
j=1
The operator S is selfadjoint and thus an orthogonal projection with respect to this scalar product.
Using the metric gg, one can decompose the vector space ®'g as follows. Let (e,-)lN: , be an or-
thonormal basis of E for the metric g¢ and (e]) be the dual basis. First of all, introduce the trace map

T : ®@"E* — ®™ 2E* contracting the first two indices by the metric: for v; € E, define

N

Tw)(vy, ..., vu_2):= Zu(ei, €, Vi,...,Un_2) (4-2)

i=1
(the result is independent of the choice of the basis). For m < 2, we define 7 to be zero on ®” E*. Note
that 7 maps ®’§+2E* onto @ E*. Set

ey ::e,fl®~--®e;§m e@"E*, K=ki...ky, € ™.
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Then

T( > fKe}}>= 30> faaxex.

K eo/mt2 Keg™ ged

The adjoint of T : ®’S"+2E * — ®'¢ E* with respect to the scalar product gg is given by the map u
S(ge ®u). To simplify computations, we define a scaled version of it: let 7 : @' E* — ®’§’+2E * be
defined by

(m+2)(m+1) (m+2)(m+1)
I(u) = fS(gE Qu) = fT*(u)- (4-3)
Then
m-+2
I( > fKéﬁ?) = > Y Sk S ke
Kea™ K caym+2 Zér=l
Note that, for u € ®'§ E*,
TZu)=0C2m~+ N)u+Z(Tu). 4-4)

By (4-3) and (4-4), the homomorphism 77 : ®¢E* — ®'JE* is positive definite and thus an iso-
morphism. Therefore, for u € ®'J E*, we can decompose u = u1 + Z(u2), where u; € ®'g E* satisfies
Tu)=0and u, = (TZ) " Tu e ®’§’*2E*. Iterating this process, we can decompose any u € ®'g E*
into

Lm/2]
u= Y I'(u), u €®F Y E* T(u)=0, (4-5)
r=0

with u, determined uniquely by u.
Another operation on tensors which will be used is the interior product: if v € E and u € @ E*, we
denote by ¢, (u) € ®’§l_1E * the interior product of u by v given by

(U, ooy V1) = u(V, V1, .o, Upy1).

If v* € E*, we write t,+u for the tensor ¢,u with gg(v, -) = v*.

We conclude this subsection with a correspondence which will be useful in certain calculations later.
There is a linear isomorphism between ®'¢ E* and the space Pol” (E) of homogeneous polynomials of
degree m on E: to a tensor u € ®'g E* we associate the function on E given by x — P, (x) :==u(x, ..., x).
If we write x = ZlNzl x;e; in a given orthonormal basis, then

m
Ps(e)(x) = ka_,, K=k kyed™.
j=1

l{v=1 8%1_ in the coordinates induced by the

The flat Laplacian associated to gg is given by Ag = — )
basis (e;). Then it is direct to see that

AgP,(x) =—m(m —1)Pry(x), u€QFE", (4-6)
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which means that the trace corresponds to applying the Laplacian (see [Dairbekov and Sharafutdinov
2010, Lemma 2.4]). In particular, trace-free symmetric tensors of order m correspond to homogeneous
harmonic polynomials, and thus restrict to spherical harmonics on the sphere |x|,, =1 of E. We also
have

Pruy(x) = 3(m +2)(m + D|x|*P,(x), u e ®FE". (4-7)

4B. Horocyclic operators. We now consider the left-invariant vector fields X, Ui, Riy1,j41 on the
isometry group G, identified with the elements of the Lie algebra of G introduced in (3-6), (3-7). Recall
that G acts on SH"*! transitively with the isotropy group H ~ SO(n) and this action gives rise to the
projection 7rg : G — SH"*!; see (3-10). Note that, with the maps @4 : SH"*! — R* and B, : SH"T! — S
defined in (3-16), we have

Bi(ms(y)) = Ly(£e1) and @i(ms(y)) =Ny(Fe), yeq,

where N, : S” — Rt and L, : " — S" are defined in (3-26). Since Hi, the isotropy group of +e;
under the action L,,, contains X and Ul.jE in its Lie algebra (see (3-27) and Figure 3(a)), we find

d(Broms)-U“=0 and d(Bioms)-X=0. (4-8)
We also calculate
d(®4oms) - UF =0. (4-9)

Define the differential operator on G

Ug =US Ut K=k knea

Note that the order in which k1, ..., k,, are listed does not matter, by (3-8). Moreover, by (3-8),
m
[Ris1j+1: Ugl =Y GieUjiik — Sk Uji jy)- (4-10)
=1

Since H is generated by the vector fields R; 1 j11, we see that in dimensions n + 1 > 2 the horocyclic
vector fields Ul.i,
by elements of H and therefore do not descend to differential operators on SH"*! —in other words,
if u € D'(SH*t), then U;(t(rr;u) € D'(G) is not in the image of 7{.

However, in this section we will show how to differentiate distributions on SH"*! along the horocyclic

and more generally the operators U;?, are not invariant under right multiplication

vector fields, resulting in sections of the vector bundle £ introduced in Section 3F and its tensor powers.
First of all, we note that by (3-14), the stable and unstable bundles E;(x, &) and E,(x, §) are canonically
isomorphic to £(x, &), by the maps

0 :Ex,8)—> Es(x,8), 60_:£x,8)— E,(x,8), 6+(v)=(—v,*xv).

For u € D'(SH"*!), we then define the horocyclic derivatives Uru € D'(S Hr L £%) by restricting the
differential du € D'(SH"*!; T*(SH"*t!)) to the stable/unstable foliations and pulling it back by 6.:

Usu(x, &) :=du(x, )00 € £ (x, ). 4-11)
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To relate U4 to the vector fields Ul.jE on the group G, consider the orthonormal frame e7, ..., e of the
bundle 75E* over G defined by

i) =y N (elyy) € EX s (),

where the ejf = dx; form the dual basis to the canonical basis (e;);o,...n+1 Of RI7+1and y =
(y~H* : (RUH* — (RIH1)* More generally, we can define the orthonormal frame e}, of 73 (®™E*)
by

ey =€ Q- --Qe , K=ki.. kyed™.

We compute, for u € D' (SH'™Y, du(ms(y)) - O+(y(ejy1)) = Uji(ﬂ;‘u)(y), and thus

n
g Uzu) = Z Uji(n;u)ej. 4-12)
j=1

We next use the formula (4-12) to define /1 as an operator
Uy ,D/(Su_un-i-l; ®m5*) s D/(Sl]_l]n-i-l; ®m+18*) (4_13)

as follows: for u € D/(SI]-I]”H; Q™ME™), define U u by

n
miUsu) =Y > (UFug)efy, miu= Y ugek. (4-14)
r=1 Kea/m Keam
This definition makes sense (that is, the right-hand side of the first formula in (4-14) lies in the image
of ) since a section

f=" fxex eD(Gias@"EN), fx €D(G),
Keam
lies in the image of 7§ if and only if R; 1 j41f =0for 1 <i < j <n (the differentiation is well defined
since the fibers of 75 (®™ E*) are the same along each integral curve of R; 1 1), and this translates to

m
Riv1j+1fk = Z((Sjk@f{f—n‘}K —Sik, fu—jk), 1<i<j<n, Ked™ (4-15)
=1

to show (4-15) for f,x = U,iuK, we use (3-8):

+ +
Riv1,jr1frk =[Riv1,j+1, U Jug + U7 Ri, jriuk

m
=04, Ui:tuK - 8irUjiuK + Z ik, Uriu{K—H’}K — 8ik, Uriu{é—”'}K-
=1
To interpret the operator (4-13) in terms of the stable/unstable foliations in a manner similar to (4-11),
consider the connection VS on the bundle £ over SH"*! defined as follows: for (x, &) € SH*H!,
(v, w) € Tix.e)(SH™ ), and u € D' (SH™; €), let V3 u(x, €) be the orthogonal projection of

(v,w)

Rl,n-H
(v, w)

VR Nu(x, £) onto E(x, €) c RV
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where VE"""" is the canonical connection on the trivial bundle SH*™! x R'"+! over SH"*! (corresponding
to differentiating the coordinates of u in R!"*1). Then V¥ naturally induces a connection on ®”&*, also

denoted V¥, and we have, for v, vi, ..., v, € E(x, £) and u € D'(SH'!; @™E*),
Uru(x, E)(v, v1, ..., Up) = (V(;i(v)u)(vl, cees Up). (4-16)
Indeed, if y(¢) = )/(O)etUJ‘i is an integral curve of U;—L on G, then y(t)es, ..., y(t)e, 4+ form a parallel

frame of £ over the curve (x(1), £(t)) = ms(y (¢)) with respect to V¥, since the covariant derivative
of y(t)ex in t with respect to VR s simply y(t)Ufek; by (3-7) this is a linear combination of
x(t) =y(t)ey and £(t) = y (t)e; and thus V,S(y (t)er) =0.

Note also that the operator X defined in (3-29) can be interpreted as the covariant derivative on &
along the generator X of the geodesic flow by the connection V5. One can naturally generalize X to a
first-order differential operator

XD (SH': @"*) — D' (SH': @™ &%), (4-17)

and :—.X is still symmetric with respect to the natural measure on SH"*! and the inner product on ®"&*
induced by the Minkowski metric. A characterization of X in terms of the frame e} is given by

mi(Xu)= Y (Xug)ey, miu= Y  uxek. (4-18)
Keag™ Keag™

It follows from (3-8) that, for u € D'(SH™*!; @"&*),
XUsu — UL Xu = *Utu. (4-19)

We also observe that, since [Ul.i, Uji] =0, for each scalar distribution u € D’(SH"t!) and m € N we have
UlueD'(S Hr+ ®'¢EY), where ®YE* C ®™E™ denotes the space of all symmetric cotensors of order m.
Inversion of the operator ¢/ is the topic of the next subsection. We conclude with the following lemma,
describing how the operator U}' acts on distributions invariant under the left action of an element of G:

Lemma 4.1. Let y € G and u € D'(SH'*Y). Assume also that u is invariant under left multiplications
by v, namely u(y.(x, £)) = u(x, ) for all' (x,£) € SH'*'. Then v = U'u is equivariant under left
multiplication by y in the following sense:

v(y.(x,8) =y.v(x, §), (4-20)
where the action of y on ®'sE* is naturally induced by its action on £ (by taking inverse transposes),
which in turn comes from the action of y on R +1,

Proof. We have, for y’ € G,
Ulu(rs(y)) = Y WUgwoms)(y)ex ).

Keom

1Strictly speaking, this statement should be formulated in terms of the pullback of the distribution u# by the map
x,8) > y.(x,8).
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Therefore, since U;E are left-invariant vector fields on G,

Uru(y.ms(y) =Uu(rs(yy) = Y (Ugwoms)(y)ek(yy).
Keag™

It remains to note that e} (yy’') = y.ex (¥'). O

4C. Inverting horocyclic operators. In this subsection, we show that distributions v € D'(SH"*+!; ®GET)
satisfying certain conditions are in fact in the image of 2/ acting on D’(SH"*!). This is an important
step in our construction of Pollicott—Ruelle resonances, as it will make it possible to recover a scalar
resonant state corresponding to a resonance in the m-th band. More precisely, we prove:

Lemma 4.2. Assume that v € D'(SH'!; ®'§EX) satisfies Urv = 0, and Xv = EAv for A & %Z. Then
there exists u € D'(SH"TY) such that Ul'u = v and Xu = (A —m)u. Moreover, if v is equivariant under
left multiplication by some y € G in the sense of (4-20), then u is invariant under left multiplication by .

The proof of Lemma 4.2 is modeled on the following well-known formula recovering a homogeneous
polynomial of degree m from its coefficients: given constants a, for each multiindex o« of length m, we
have

af > ix“aa:aﬂ, |B] =m. (4-21)

|oe|=m
The formula recovering u from v in Lemma 4.2 is morally similar to (4-21), with Uf taking the role of 9y,
the condition U4+ v = 0 corresponding to a, being constants, and U;F taking the role of the multiplication
operators x ;. However, the commutation structure of U;E, given by (3-8), is more involved than that of 9y,
and x;, and in particular it involves the vector field X, explaining the need for the condition Xv = £Av
(which is satisfied by resonant states).
To prove Lemma 4.2, we define the operator

Vi :D'(SH'™ @"He*) - DI(SH'™: @"€%), Vi = TUs,

where 7 is as defined in Section 4A. Then, by (4-14),
miVeu)= > Y (Ufugk)ey, u= Y  ugek.
Kea™ qgedf K ea/m+1

For later use, we record the following fact:
Lemma 4.3. U} = —V., where the adjoint is understood in the formal sense.

Proof. If u € C(‘)’O(SI]-I]”“; ®"E), v e C®(SH™™; @ T1€%), and uk, v, are the coordinates of 7u and
mgv in the bases (€% ) ke and (€7) jc m+1, then, by (4-14), we compute the following pointwise identity
on SH"*!:

(Usu, D) + (u, Vev) = Vaw, weCPESH™ Y, miw= Y uxigxe).

Kea™
qed
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It remains to show that, for each w, the integral of V1w is equal to zero. Since V4 is a differential operator

f Viw = / (w, nt)
SHr+!1 SHr+!1

for all w and some n+ € C*°(SH"*!; £%) independent of w. Then 7. is equivariant under the action

of order 1, we must have

of the isometry group G and, in particular, || is a constant function on SH"*!. Moreover, using that
f Xf=0forall f e CE)’O(SI]-[I”H) and Vi (Xw) = (X F1)Viw, we get, for all w € C°,

:F/ (w, nt) :/ Vi(Xw) = —f (w, Xn4).
SHn+1 SH”'H SHn-H

This implies that X'ny = +ny and, in particular,

X[nel® = 2(Xns, ne) = 202
Since |n+)? is a constant function, this implies 1+ = 0, finishing the proof. O

To construct # from v in Lemma 4.2, we first handle the case when 7 (v) = 0; this condition is
automatically satisfied when m < 1.

Lemma 4.4. Assume that v € D'(SH"™'; @ £*) and Usv =0, T (v) = 0. Define u = Vv € D'(SH™™).
Then

n+m-—2
u;luzzmm!( I1 (Kj:X))v. (4-22)
l=n—1

Proof. Assume that
miv=Y_ fkex, [k €D (G),

Keagm™
Then

Ko §: F kg Mmoo\ § : ¥ *
JTSM— UKfKa NS(Z/[:EM)— Uj UKfKeJ.
Keg™ K,Jeag™

ForO0<r <m, J e ™ 17" and p € 7, we have, by (3-8),

Y WE UFWZE fyxs =£2X > UEfoks +2° Y Rpsig+1UZ fyx.

Keg” Ked™ Keag”
qed qged

To compute the second term on the right-hand side, we commute R, 441 With U;(F by (4-10) and
use (4-15) to get
-

> RppignUF faki= > (Z(quzU{:'gap}Kqu]_8171(2U{:'lf%q}Kqu])-i_UI:ngK]_8PqUI§qu]
Kew" Keg" ~t=1
qed qed r
+ D (e UE fatte—mxrs = Sk UE fatte—a1)7)
=l m—1-r
+ > (5qjeUf<quK<{e+p}J>—5pszzj<quK<{eeq}J>))-
=1
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Since v is symmetric and 7 (v) = 0, the expressions ZKeM,qed quzU{qg_)p}Kqu], qud Jewe=qyk) 75
and ) .., fqk((t—q)s) are zero. Further using the symmetry of v, we find

Z Rpt1,g+1UE fuks =m+m—r—2) Z Ug frk s

Keg;’ Kew”

gE

and thus
S W UAUF fukr =2 ) UFEX +n+m—2r—2) fpx. (4-23)
Kei/{’ Kedg™
qE!

Then, using that ULv = 0, we find

r+1
+ +
D, UpUifes= ), D UL xlUp  UFIUE i, Faxcs
Keo/rt! Kea" (=1
qged
r+1
=2 Y Y UFEX+n+m=20fpk,
Kedg" (=1
=2(r+1) Y UFEX+n+m—r—2)fpk,. (4-24)
Kea™

By iterating (4-24) we obtain (using also that v is symmetric), for J € &/,

UT Y Uffx=2mUs , = > Ug(EX+n-—1)fk,

Kea™ K eoym—1
— + T
=d4m(m—DU; . Z US@EX +n)(&EX +n—1fkjiin
Keogm—2
n+m—2
=2"m! [ &X+0f.
l=n—1
which achieves the proof. U

To handle the case 7 (v) # 0, define also the horocyclic Laplacians
Ag = —TU = —Vills : D' (SH') - D' (SH™),
so that, for u € D' (SH**1),

n
TeALu = — Z ququ(rr;u).
g=1

Note that, by the commutation relation (3-8),
[X, As]=42A.. (4-25)

Also, by Lemma 4.3, AL are symmetric operators.
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Lemma 4.5. Assume that u € D'(SH't") and U7« = 0. Then
UTT?Azu = —4(X Tm)QX £ (n —2)TUTu) — 4T (T UTw)).

Proof. We have
UL Azu)=— Y UgUFUFuey.

KEJme+2
qged

Using (3-8), we compute, for K € /"2 and q e,

+
[UE, UF]
m+2
_ + + it
- Z Ukl---kl—l [Ukz’ Uq ]Uk/é+l---kn1+2
(=1
m+2

i + +
=2 Z gk Ujioyx EX+m =+ )+ U o RirrgnUi k)

m+2 m+2
=2 Z (U{ )k Ogh (EX +m —€+2) + Riy41.4+1) + Z (g, U{ﬂr;}K — Sk, U{je;,r»q}K)>
r={(+1

m—+2 m+2
=2 Z(U{jl?e K((que (£X +m+1)+ Riy41, q+l) - Z Skoke, Uz—> r—>q}K>
r={(+1

Since L{m“u =0, for K € &"12 and q € o/ we have U?u = [Ui, U;E]u =0, and thus
UgUFUFu=[[Ug.UF1. UFu.
We calculate

D gk, (EX +m+ 1) + Repg1.41. U 1 = (0 = U,
qged

and thus, for K € &/™*2,

m—+2 m-+2
ZUiWU%—zZ([U{H e UEIGEX mtn =)= 3 S, S0 gy U1
qgef r=£+1 qgeS

Now, for K € &/™12,

m+2
Z[U{[_)}K, UFN(&EX +m+n—Du

m—+2 m+2
=2y ((SklksU{f_)’s_)}K(:I:X—l—m)— > sksk,U{;H}K)(iX +m4n—1)u

£,s=1 r=s+1
L#s r#EL
m—+2
=2 ) Sk Ujps oy (E2X +m)(EX +m+n — Du.
L,r=1

l<r
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Furthermore, we have, for K € &,

m
Z[UjK,U;F]u=2U§((m+n)(ix+m)—m)u—2z Z 8kxkpU(;—;{S_>,p_>}Ku.

qed qed s,p=1
s<p
We finally compute
> URUTUF
qgedf
m+2 m+2 m+2
=4 ) Sk Ul poy g XQXEM42m=20u44 > " >~ > Sk Sk, U s s so ps i
l,r=1 gedd Lir=1 s,p=1
L<r L<r s<p
{s,pIn{t,ri=0
which finishes the proof. O

Arguing by induction using (4-4) and applying Lemma 4.5 to ALu, we get:

Lemma 4.6. Assume that u € D' (SH**") and Z/{;’E’Jrl u=0,TULu) =0. Then, for eachr > 0,

r—1 r
UL AL = (=1)"2% ( [JxFmm+ j))) ( [Jex+m- 2j))>I’ UL u).

=0 j=1

Moreover, forr > 1,

r—1 r
TUET ALu) = (=1 2% r(n+2m +2r —2) ( [Jx+mm+ j))) ( [[ex+m - 2j))>1’—‘ U™ u).
j=0 j=l1

We are now ready to complete the proof of Lemma 4.2. Following (4-5), we decompose v as
v= eriéﬂ 7" (v,) with v, € D' (SH"H!; ®’§’_2’8*) and 7 (v,) = 0. Since X commutes with 7 and Z, we
find Xv, = £Av,. Moreover, since U+v = 0, we have Ui v, = 0. Put

Uy = (=Ap) VE v, € D'(SH™D.

By Lemma 4.4 (applied to v,) and Lemma 4.6 (applied to VI ~2ry, and with m replaced by m — 2r),

r—1 r
Uu, =27 ( [[r—m—2r+ j))) ( [[er+n- 2j)>zr ULV,
Jj=0 j=l

r

n+m—2r—2 m—r—1
=2"(m —2r>!( I1 <A+j>>( [T &~ j))(]‘[(zx+n —2j>>1’<v,>.
i

j=n—1 =m—2r j=1

Since A ¢ %Z, we see that v = U'u, where u is a linear combination of uo, ..., u|,/2). The relation
Xu = £(A —m)u follows immediately from (4-19) and (4-25). Finally, the equivariance property under G
follows similarly to Lemma 4.1.
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4D. Reduction to the conformal boundary. We now describe the tensors v € D' (SH"*+!; ®'§E¥) that
satisfy U1 v = 0 and Xv = 0 via symmetric tensors on the conformal boundary S". For that we define the
operators

Q. :D'(S"; @ (T*S")) — D/ (SH'!; @™ &%)

by the following formula: if w € C*°(S"; ™ (T*S")), we set, for n; € £(x, &),

Quw(x, &)1, -+, M) i= (wo Bx(x, E)) (AL (x, )1, - AL (X, &)1, (4-26)

where A4 (x,8) : Tp (x,eyS" — E(x, &) is the parallel transport defined in (3-31), and we see that
the operator (4-26) extends continuously to D'(S"; ®'¢(T*S")), since the map B : SH"! — s7
defined in (3-16) is a submersion; see [Hormander 1983, Theorem 6.1.2]; the result can be written as
Qrw = (QR" (A;I)T).w o By, where T denotes the transpose.

Lemma 4.7. The operator Q+ is a linear isomorphism from D'(S"; @' (T*S")) onto the space
{v e D/(SH™!; @1E") | Urv =0, Xv =0} (4-27)

Proof. 1t is clear that Q. is injective. Next, we show that the image of Q. is contained in (4-27). For
that it suffices to show that, for w € C*°(S"; ¢ (T*S")), we have U+ (Q+w) =0 and X (Q+w) =0. We
prove the first statement; the second one is established similarly. Let y € G, wy, ..., w, € C*(S"; TS"),
and w} = (wj, - )g., be the duals through the metric. Then

n

QLwi® - @ul) sy = Y (]‘[(w;f o By oms(y)(AL (s -ek_,.+1>)e*,<<y)
kiyeory k= j=1

n m

=-=n" ) (]‘[((Ai.wj o Bi)oms(y), v -ekj+1>M)e’,z(y),

kiyokm=1 " j=1

where we have used (3-32) in the second identity. Now we have, from (3-31),

AL(s(y))C =(0,8)—((0,8), v -eo)my (eo +e1);
thus

n m

Qr(wi® - @uwi)ms(y) = Y. ( ((0, —w; (Bx(xs(y))), ¥ -ek,.H)M)e;z(y).
kivokp=1 " j=1
Since d(Bx o7g) - U;” =0 by (4-8) and U; (v - ex,+1) =y - U - ex,+1 is a multiple of y - (eg £ 1) =
CIDi(nS(y))(l, Bi(ﬂ’s()/))), we see that U1 (Q1w) = 0 for all w.
It remains to show that, for v in (4-27), we have v = Q4 (w) for some w. For that, define

b= (@"AL) -v e D'(SH™!; BL(QTT*S")),
where AL denotes the transpose of Ay. Then Uyv = 0 and Xv = 0 imply that U lft (rgv) = 0 and

X9 = 0 (where, to define differentiation, we embed T*S" into R"*!). Additionally, R; 1. j1(gv) =05
therefore v is constant on the right cosets of the subgroup Hy C G defined in (3-27). Since
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(Bioms) '(Bioms(y)) =y Hy, we see that 7 is the pullback under B of some w € D'(S"; ®ST*S"),
and it follows that v = Q4 (w). Il

In fact, using (3-31) and the expression of &1 (x, v) in (3-20) in terms of the Poisson kernel, it is not
difficult to show that Q4 (w) belongs to a smaller space of fempered distributions: in the ball model, this
can be described as the dual space to the Fréchet space of smooth sections of ®" (°SB"*!) over B"*!
which vanish to infinite order at the conformal boundary S" = aB"+!.

We finally give a useful criterion for invariance of Q4 (w) under the left action of an element of G:

Lemma 4.8. Take y € G and let w € D'(S"; Q(T*S")). Take s € C and define v = ®%,. Q1 (w). Then v
is equivariant under left multiplication by y , in the sense of (4-20), if and only if w satisfies the condition

L;w(v) =N,(v)" "w), veS" (4-28)
Here L, (v) € S" and N, (v) > 0 are defined in (3-26).
Proof. The lemma follows by a direct calculation from (3-28) and (3-33). Il

5. Pollicott—Ruelle resonances

In this section, we first recall the results of Butterley and Liverani [2007] and Faure and Sjostrand
[2011] on the Pollicott—Ruelle resonances for Anosov flows. We next state several useful microlocal
properties of these resonances and prove Theorem 2, modulo properties of Poisson kernels (Lemma 5.8
and Theorem 6), which will be proved in Sections 6 and 7. Finally, we prove a pairing formula for
resonances and Theorem 3.

5A. Definition and properties. We follow the presentation of [Faure and Sjostrand 2011]; a more recent
treatment using different technical tools is given in [Dyatlov and Zworski 2015]. We refer the reader to
these two papers for the necessary notions of microlocal analysis.

Let M be a smooth compact manifold of dimension 2n 4+ 1 and ¢; = ¢'X be an Anosov flow on M,
generated by a smooth vector field X. (In our case, M = SM, M = I'\H"*!, and ¢; is the geodesic
flow —see Section 5B.) The Anosov property is defined as follows: there exists a continuous splitting

TyM=Eo(y) ® E,(y) ® Es(y), yeM, Eo(y : =RX(y), (5-1)

invariant under d¢, and such that the stable/unstable subbundles E;, E, C T M satisfy, for some fixed
smooth norm | - | on the fibers of T.M and some constants C and 6 > 0,

lde,(y)v] < Ce™|v|, v e E(y), 52)
ldo_,(y)v] < Ce ™ v], veE,(y).

We make an additional assumption that M is equipped with a smooth measure p which is invariant
under ¢, that is, Lxu = 0.
We will use the dual decomposition to (5-1), given by

TyM=E;(») ® E,(») ®E{(y), yeM, (5-3)
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where E, E;;, E; are dual to E, E;, E, respectively (note that £, and E switch places), so for example
E’(y) consists of covectors annihilating Eo(y) ® E,(y).

Following [Faure and Sjostrand 2011, (1.24)], we now consider, for each r > 0, an anisotropic Sobolev
space

H' (M), where C®(M)CH (M)CD(M).

Here we put u := —r, s :=r in [Faure and Sjostrand 2011, Lemma 1.2]. Microlocally near E, the
space H" is equivalent to the Sobolev space H ™", in the sense that, for each pseudodifferential operator A
of order 0 whose wavefront set is contained in a small enough conic neighborhood of E}, the operator A
is bounded, " — H™" and H™" — . Similarly, microlocally near E}, the space H" is equivalent to
the Sobolev space H". We also have #° = L?. The first-order differential operator X admits a unique
closed unbounded extension from C* to H"; see [Faure and Sjostrand 2011, Lemma A.1].

The following theorem, defining Pollicott—Ruelle resonances associated to ¢y, is due to Faure and
Sjostrand [2011, Theorems 1.4 and 1.5]; see also [Dyatlov and Zworski 2015, Section 3.2].

Theorem 5. Fixr > 0. Then the closed unbounded operator
X H (M) > H (M)

has discrete spectrum in the region {ReA > —r/Cy} for some constant Cy independent of r. The
eigenvalues of —X on H", called Pollicott—Ruelle resonances, and taken with multiplicities, do not depend
on the choice of r as long as they lie in the appropriate region.

We have the following criterion for Pollicott—Ruelle resonances which does not use the H" spaces
explicitly:

Lemma 5.1. A number A € C is a Pollicott—Ruelle resonance of X if and only the space
Resx (1) :={u e D'(M) | (X +1)u =0, WF(u) C E}} (5-4)

is nontrivial. Here WF denotes the wavefront set; see, for instance, [Faure and Sjostrand 2011, Defini-
tion 1.6]. The elements of Resx (L) are called resonant states associated to A and the dimension of this
space is called the geometric multiplicity of A.

Proof. Assume first that A is a Pollicott—Ruelle resonance. Take r > 0 such that Re A > —r/Cy. Then A
is an eigenvalue of —X on ', which implies that there exists nonzero u € H" such that (X + A)u = 0.
By [Faure and Sjostrand 2011, Theorem 1.7], we have WF(u) C E}; thus u lies in (5-4).

Assume now that u € D’ (M) is a nonzero element of (5-4). For large enough r, we have Re A > —r/Cy
and u € H™"(M). Since WF(u) C E;; and " is equivalent to H~" microlocally near E;;, we have u € H".
Together with the identity (X + X)u, this shows that X is an eigenvalue of —X on H" and thus a Pollicott—
Ruelle resonance. O

For each A with Re A > —r/Cy, the operator X + X : H" — H' is Fredholm of index zero on its domain;
this follows from the proof of Theorem 5. Therefore, dim Resy (1) is equal to the dimension of the kernel
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of the adjoint operator X* + A on the L? dual of H", which we denote by #~". Since ll.X is symmetric
on L2, we see that Resy (1) has the same dimension as the following space of coresonant states at A:

Resy+(A) :={u € D'(M) | (X —Mu =0, WF(u) C E7}. (5-5)

The main difference of (5-5) from (5-4) is that the subbundle E7 is used instead of E; this can be justified
by applying Lemma 5.1 to the vector field —X instead of X, since the roles of the stable/unstable spaces
for the corresponding flow ¢_; are reversed.

Note also that, for any A, A* € C, one can define a pairing

(u,u*) € C, ueResy()), u* € Resy+(A*). (5-6)

One way to do that is to use the fact that wavefront sets of u and u* intersect only at the zero section and
apply [Hormander 1983, Theorem 8.2.10]. An equivalent definition is obtained by noting that u is in H"
and u* is in H~" for r > 0 large enough and using the duality of H" and % ~". Note that, for A # 1*, we
have (u, u*) = 0; indeed, X (uu*) = (A* — A)uu* integrates to 0. The question of computing the product
(u, u™) for A = A* is much more subtle and related to algebraic multiplicities; see Section 5C.

Since %X is selfadjoint on L?> = #° (see [Faure and Sjostrand 2011, Appendix A.1]), it has no
eigenvalues on this space away from the real line; this implies that there are no Pollicott—Ruelle resonances
in the right half-plane. In other words, we have:

Lemma 5.2. The spaces Resx (L) and Resx+()\) are trivial for Re A > 0.

Finally, we note that the results above apply to certain operators on vector bundles. More precisely, let &
be a smooth vector bundle over M and assume that X is a first-order differential operator on D'(M; &)
whose principal part is given by X, namely

X(fu)=fXw)+(Xf)X@w), feDM), uecC®M;é). (5-7)

Assume moreover that & is endowed with an inner product (-, - )s and ll.X is symmetric on L? with
respect to this inner product and the measure p. By an easy adaptation of the results of [Faure and
Sjostrand 2011] (see [Faure and Tsujii 2014; Dyatlov and Zworski 2015]), one can construct anisotropic
Sobolev spaces H" (M; &) and Theorem 5 and Lemmas 5.1 and 5.2 apply to X on these spaces.

5B. Proof of the main theorem. We now concentrate on the case
M=SM =T\(SH""", M =T\H"",

with ¢, the geodesic flow. Here I' C G = PSO(1,n + 1) is a cocompact discrete subgroup with no
fixed points, so that M is a compact smooth manifold. Henceforth we identify functions on the sphere
bundle SM with functions on SH"*! invariant under I', and similar identifications will be used for other
geometric objects. It is important to note that the constructions of the previous sections, except those
involving the conformal infinity, are invariant under left multiplication by elements of G and thus descend
naturally to SM.
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The lift of the geodesic flow on SM is the generator of the geodesic flow on SH"*! (see Section 3C);
both are denoted X. The lifts of the stable/unstable spaces Ej, E, to SH**! are given in (3-14), and
we see that (5-1) holds with & = 1. The invariant measure p on SM is just the product of the volume
measure on M and the standard measure on the fibers of SM induced by the metric.

Consider the bundle £ on SM defined in Section 3F. Then, for each m, the operator

X :D'(SM; ®YE*) — D' (SM; QLEY)

defined in (4-17) satisfies (5-7) and l—!X is symmetric. The results of Section SA apply both to X and X.
Recall the operator I/_ introduced in Section 4B and its powers, for m > 0,

U" :D'(SM) — D' (SM; QFE™).
The significance of U™ for Pollicott—Ruelle resonances is explained by the following:

Lemma 5.3. Assume that A € C is a Pollicott—Ruelle resonance of X and u € Resx (L) is a corresponding
resonant state as defined in (5-4). Then

U"u=0 for m > —ReA.

Proof. By (4-19),
(X+r+mU"u=0.

Note also that WF(U™u) C E};, since WF(u) C E and U™ is a differential operator. Since A + m lies in
the right half-plane, it remains to apply Lemma 5.2 to U™ u. U

We can then use the operators U™ to split the resonance spectrum into bands:

Lemma 5.4. Assume that A € C\ %Z. Then

dimResx (%) = Y _ dimRes’y (. +m), (5-8)
m>0
where
Res™ (1) == (v € D'(SM; @UE*) | (X +M)v =0, U_v =0, WF(v) C EX}. (5-9)

The space Resy. (1) is trivial for Re A > 0 (by Lemma 5.2). If A € %Z, then we have

dimResy (1) < Y _ dimRes’y (. +m). (5-10)

m=>0

Proof. Denote, form > 1,
Vi) :={ueD'(SM) | (X+Mu=0, U"u=0, WE(u) C E}}.

Clearly, V,,(A) C Vj+1(A). Moreover, by Lemma 5.3 we have Resy (L) = V,,,(1) for m large enough
depending on A. By (4-19), the operator " acts as

U" : Vypy1(A) — Res’y (A +m), (5-11)
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and the kernel of (5-11) is exactly V,,(A), with the convention that Vy(A) = 0. Therefore,
dim Vy,41(A) < dim V,,(X) + dim Res'’y (A + m)

and (5-10) follows.
To show (5-8), it remains to prove that the operator (5-11) is onto; this follows from Lemma 4.2 (which
does not enlarge the wavefront set of the resulting distribution, since it only employs differential operators

in the proof). O
The space Res'y. (A 4-m) is called the space of resonant states at A associated to the m-th band; later
we see that most of the corresponding Pollicott—Ruelle resonances satisfy Re A = —%n — m. Similarly,

we can describe Resy«(A) via the spaces Res'y. (A + m), where
Rest. (1) :={v € D'(SM; QFE") | (X — Mv =0, Uv =0, WF(v) C E7Y}; (5-12)
note that here I/ is used in place of U_.
We further decompose Res’y (1) using trace-free tensors:

Lemma 5.5. Recall the homomorphisms T : ®'§E* — ®’;1725 L 1:RYE = ® ~2&* defined in Section 4A
(we put T =0 for m =0, 1). Define the space

Res%’o()\) :={v eResy (1) | T(v) =0}. (5-13)
Then for all m > 0 and A,
m/2]
dimRes’y (2) = »  dimResy (). (5-14)
=0
In fact,
m/2]
Res’y'(1) = P T (Resy >0 (). (5-15)
£=0

Proof. The identity (5-15) follows immediately from (4-5); it is straightforward to see that the defining
properties of Res'y (1) are preserved by the canonical tensorial operations involved. The identity (5-14)
then follows since Z is one-to-one by the paragraph following (4-4). (|

The elements of Res'}’O(X) can be expressed via distributions on the conformal boundary S":

Lemma 5.6. Let Q_ be the operator defined in (4-26); recall that it is injective. If iy : SH'! — SM is
the natural projection map, then

miResy ') = ®F Q_(BA" (1)),
where BA™(L) c D' (S"; ®'§(T*S™)) consists of all distributions w such that T (w) = 0 and
Liw@®)=N,(0) " "w®), veS" yel; (5-16)
L, and N, are as defined in (3-26). Similarly

miResw (1) = 950, (Bd™O(R)), Bd™O(R) =Bd"™0(2).
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Proof. Assume first that w € Bdm’o(k) and put v = ®* Q_(w). Then, by Lemma 4.8 and (5-16), v is
invariant under I" and thus descends to a distribution v € D'(SM; ®'JE*). Since X ®* = —Ad* and
Uj_(CDﬁ omg) =0by (3-17) and (4-8), and X and ¢/_ annihilate the image of Q_ by Lemma 4.7, we have
(X 4+ 2)v =0 and U_v = 0. Moreover, by [Hormander 1983, Theorem 8.2.4] the wavefront set of ¥ is
contained in the conormal bundle to the fibers of the map B_; by (3-25), we see that WF(v) C E;;. Finally,
T (v) = 0 since the map A_(x, &) used in the definition of Q_ is an isometry. Therefore, v € Res’}é’o(k)
and we have proved the containment 7* Res")?’o(k) > ®* 9_(Bd™(1)). The opposite containment is
proved by reversing this argument. U

Remark. It follows from the proof of Lemma 5.6 that the condition WF(v) C E}; in (5-9) is unnecessary.
This could also be seen by applying [Hormander 1994, Theorem 18.1.27] to the equations (X + A)v =0
and U/_v = 0, since X differentiates along the direction Ey, U_ differentiates along the direction E,
(see (4-11) and (4-16)), and the annihilator of Eg & E, (that is, the joint critical set of X + X, U/_) is
exactly E;.

It now remains to relate the space Bd™ (1) to an eigenspace of the Laplacian on symmetric tensors.
For that, we introduce the following operator, obtained by integrating the corresponding elements of
Res")?’o()\) along the fibers of S":

Definition 5.7. Take A € C. The Poisson operators
ngi . ,D/(Sn; ®mT*Sn) — Coo([H]n+l; ®mT*[H]n+l)
are defined by the formulas
@Aw(x):/ N _(x,6)"Q_(w)(x,§)dS(&),
S ] (5-17)
Zruw = [ @070, S,
S H

Here, integration of elements of ®"E*(x, &) is performed by embedding them in ®” T H"*! using
composition with the orthogonal projection T,H"*! — £(x, &).

The operators @f are related by the identity
PEw = 2Fw. (5-18)

By Lemma 5.6, &, maps Bd™Y(%) onto symmetric I-equivariant tensors, which can thus be considered
as elements of C*°(M; ®'¢ T*M). The relation with the Laplacian is given by the following fact, proved
in Section 6C:

Lemma 5.8. The image odem’O()\) under &, is contained in the eigenspace Eig" (—\(n 4 1) +m) for
each A, where

Eig”(0) :={f € C¥(M; @IT*M) | Af =of, V*f =0, T(f)=0}. (5-19)
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Here the trace T was defined in Section 4A and the Laplacian A and the divergence V* are introduced in
Section 6A. (A similar result for L@f follows from (5-18).)

Furthermore, in Sections 6C and 7 we show the crucial:

Theorem 6. Assume that A ¢ R,,, where

I I .
Rm:{—jn—jNo ifn>1o0orm=0, (5-20)

—1Ng if n=1 and m > 0.
Then the map 2, : Bd"™(1) — Eig" (—A(n + 1) 4+ m) is an isomorphism.

Remark. In Theorem 6, the set of exceptional points where we do not show isomorphism is not optimal
but is sufficient for our application (we only need R,, C m — %n — %No); we expect the exceptional set to
be contained in —n + 1 —Ng. This result is known for functions, that is for m = 0, with the exceptional set
being —n — N. This was proved by Helgason [1974] and Minemura [1975] in the case of hyperfunctions
on $" and by Oshima and Sekiguchi [1980] and Schlichtkrull and van den Ban [1987] for distributions;
Grellier and Otal [2005] studied the sharp functional spaces on S” of the boundary values of bounded
eigenfunctions on H"*!. The extension to m > 0 does not seem to be known in the literature and is not
trivial: it takes most of Sections 6 and 7.

Z:

We finally provide the following refinement of Lemma 5.4, needed to handle the case A € (— %n, oo) ﬂ%

Lemma 5.9. Assume that .. € —3n + 3N. If A € —2N, then
dimResy(2) = > dimRes}(1+m).

m>0
mz#£—Ai

If & ¢ —2N, then (5-8) holds.
Proof. We use the proof of Lemma 5.4. We first show that, for m odd or A #= —m,
U™ (Vir1(X)) = Resp (A +m). (5-21)

Using (5-15), it suffices to prove that, for 0 < ¢ < %m, the space 7t (Res’;_%o(k +m)) is contained in
U (Vi1 (X)). This follows from the proof of Lemma 4.2 as long as
A+me¢ZN(264+2—n—m,1—n]U[m—26,m —€—1]),
A+m+in¢ZN[L,L;
using that A > —%n, it suffices to prove that

AgZN[=2¢,—€—1]. (5-22)

On the other hand, by Lemma 5.6, Theorem 6, and Lemma 6.1, if £ < %m and the space Res';_zz’o()\ +m)

is nontrivial, then
—(A+m+%n)2+%n2+m—2ﬁ >m—-20+n—1,
implying

|k+m+%n|§|%n—l, (5-23)
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and (5-22) follows. For the case £ = %m, since A > 0 on functions we have
—(k—l—m + %n)2 + [—inz >0,

which implies that A < —m and thus (5-22) holds unless A = —m.
It remains to consider the case when m = 2¢ is even and A = —m. We have

Res7(0) = 7° (Res(j\;O(O));

that is, Resﬁ_QZ/’O(O) is trivial for £’ < %m For n > 1, this follows immediately from (5-23), and, forn =1,

since the bundle £* is one-dimensional, we get Res’;,’o(k) =0 for m’ > 2. Now, Resg;O(O) = ResOX(O)
corresponds via Lemma 5.6 and Theorem 6 to the kernel of the scalar Laplacian, that is, to the space
of constant functions. Therefore, Resgéo is one-dimensional and it is spanned by the constant function 1
on SM; it follows that Res’y (0) is spanned by 7¢(1). However, by Lemma 4.3, for each u € D'(SM),

(D), U™ u) 2 = (=)™ (V") u) 2 = 0.

Since U™ (Vjp+1(X)) C Res%(0), we have U™ = 0 on V,,41(A), which implies that V,, 1 (1) = V,, (1),
finishing the proof. 0

To prove Theorem 2, it now suffices to combine Lemmas 5.4-5.9 with Theorem 6.

5C. Resonance pairing and algebraic multiplicity. In this section, we prove Theorem 3. The key
component is a pairing formula which states that the inner product between a resonant and a coresonant
state, defined in (5-6), is determined by the inner product between the corresponding eigenstates of the
Laplacian. The nondegeneracy of the resulting inner product as a bilinear operator on Resy (1) x Resx« (1)
for A & %Z immediately implies the fact that the algebraic and geometric multiplicities of A coincide (that
is, X + A does not have any nontrivial Jordan cells).

To state the pairing formula, we first need a decomposition of the space Resx (), which is an effective
version of the formulas (5-8) and (5-14). Take m > 0, £ < |m/2] and w € Bd"~24%(1). Let Z be the
operator defined in Section 4A. Then (5-15) and Lemma 5.6 show that

m/2] Lm/2]
Resty (1) = (D T'Resly 200 = @D 7°(¢* 0_(BA"°(1))).
=0 =0

Next, let
VI D/(SM; @%E*) — D'(SM) and AL :D'(SM) — D'(SM)

be the operators introduced in Section 4C. Then the proofs of Lemma 5.4 and Lemma 4.2 show that, for
» &5,
Lm/2]

Resx (1) =P €D VieW),  Vie():= ALV (@ Q (B 200 +m))).
m>0 (=0

Lm/2]

Resy-() =D @ Vi), Vi G)i= ALV 2@ Q (BA" 200 +m))),
m>0 ¢=0

(5-24)
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and the operators in the definitions of V,¢(A), V¥,(A) are one-to-one on the corresponding spaces.
By the proof of Lemma 5.9, the decomposition (5-24) is also valid for A € (—%n, oo) \ (—2N); for
AE (—%n, oo) N (—2N), we have

lm/2] lm/2]
Resx() = D P V). Resx:y= P P V(- (5-25)
m>0 £=0 m>0 £=0
m#—A m#—\

We can now state the pairing formula:

Lemma 5.10. Let o ¢ —3n— 5No and u € Resx (1), u* € Resx«(1). Let (u, u*) 125y, be defined by (5-6).
Then:

(D) Ifu € VW), u* € VY, (L), and (m, £) # (m', £'), then (u, u*) 2(sp) = 0.

@) fueVu),u*eVy, (1), andw € Bd" 240\ 4+ m) and w* € BA" 240\ +m) are the elements
generating u and u™* according to (5-24), then

(, w*) p2smy = Cme QNP5 (W), P, (W) 120y (5-26)
where
Cme(h) = 2T I 20 o — 20) U sin (e (30 + 1))
T(m+4n—OT (O +n+2m—20T (-2 — O (—A—m—in+L£+1)
X
T'(m+ 4n —20)T'(—1 —20)

’

and, under the conditions (i) either A ¢ —2N or m # —A and (ii) V¢ ()) is nontrivial, we have
Cme ()") ;é 0.

Remark. (i) The proofs below are rather technical, and it is suggested that the reader start with the case
of resonances in the first band, m = £ = 0, which preserves the essential analytic difficulties of the proof
but considerably reduces the amount of calculation needed (in particular, one can go immediately to
Lemma 5.11, and the proof of this lemma for the case m = £ = 0 does not involve the operator ¢,). We

have
C(n+2)

F(in+x)
(ii) In the special case of n =1, m = £ =0, Lemma 5.10 is a corollary of [Anantharaman and Zelditch

2007, Theorem 1.2], where the product uu™ € D'(SM) lifts to a Patterson—Sullivan distribution on S H2.
In general, if [Re A| < C and Im A — oo, then c,,¢ (1) grows like |A|"/2F™,

coo(A) = (4m)"/?

Lemma 5.10 immediately gives:

Proof of Theorem 3. By Theorem 6, we know that
P Bd" 200\ +m) — Eigm_zz(—()» +m+ %n)2 + }Tnz +m— 26)

is an isomorphism. Given (5-18), we also get the isomorphism

@; :Bd"249() +m) — Eig" =% (—(k +m+ %n)2 + %nz +m— 28).



POWER SPECTRUM OF THE GEODESIC FLOW ON HYPERBOLIC MANIFOLDS 961

Here we used that the target space is invariant under complex conjugation. By Lemma 5.10, the bilinear
product
Resy(A) x Resy+(A) — C,  (u, u™) — (u, u*) 25 (5-27)

is nondegenerate, since the L>(M) inner product restricted to Eig” 2 (—(A +m+ %n)z + }an +m— 26)
is nondegenerate for all m, £.

Assume now that it € D'(SM) satisfies (X + A)%i = 0 and i € H" for some r, Re A > —r/Cp; we
need to show that (X + A)i = 0. Put u := (X 4+ A)u. Then u € Resy(A). However, u also lies in the
image of X + A on H"; therefore we have (u, u*) = 0 for each u™ € Resx«(}). Since the product (5-27) is
nondegenerate, we see that u = 0, finishing the proof. U

In the remaining part of this section, we prove Lemma 5.10. Take some m, m’, €, £' > 0 such that
20 <m, 2t <m’, and consider u € Vo (1), u* € V", (1) given by

_ ’ I_~p
u=A V", = ALY

where, for some w € Bd”2°() +m) and w* € Bd" 20 + m"),
v=0""Q (w) eRes 00 +m), v* =D Q, (w*) eRes™ 00 +m).
Using Lemma 4.3 and the fact that A1 are symmetric, we get
(s u*) paespry = (=)™ U 2EAL ALV 0, 0%) o sppign 20 e -

By Lemmas 4.4 and 4.6, Z/{THA‘_‘FV_":*MU = 0. Therefore, if m’ > m, we derive that (u, u*) 25y, = 0;
by swapping u and u*, one can similarly handle the case m’ < m. We therefore assume that m = m’.
Then, by Lemmas 4.4 and 4.6 (see the proof of Lemma 4.2),
(_l)i-i-f/um—Zf/Af/ Aﬁv—l;l_’l—ZZU
=T U (=AY
T(h+n+2m—20—D0(—A—OT (=2 —m —in+€+1)
T(h+m+n—DI (=2 =200 (-A—m—4n+1)

= 2" (m — 20)!
If ¢ > ¢, this implies that (u, u*);2(5)) = 0, and the case ¢’ < £ is handled similarly. (Recall that
T (v) =0.) We therefore assume that m = m’, £ = £'. In this case, by (4-4),
F(m + %n — E)
F(m + %n — 26)

Tty =20

which implies that
T(m+3n—0TO+n+2m—20—1)
T(m+in—20TG+n+m—1)
F(—A—OT(—A—m—in+€+1)
F(—A =200 (—A—m—3n+1)

(u, u*) 2sar) = (=2)" 240 (m — 20)!

("U, v*>L2(SM;®’"_2l€*)'
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Note that, under assumptions (i) and (ii) of Lemma 5.10, the coefficient in the formula above is nonzero;
see the proof of Lemma 5.9.

It then remains to prove the following identity (note that the coefficient there is nonzero for A ¢ Z or
ReA >m — %n):

Lemma 5.11. Assume that v € Res’fé’o(k) and v* € RGS%;O()\.). Define

f(x):=/ o(x, £) dS(E), f*(x>:=/ v (x, £) dS(E),
ScM Sy

M
where integration of tensors is understood as in Definition 5.7. If . & —(%n + NO), then

T'(3n+2)
k) * L QM T * :2" n/2 2
(fs IO 2omemrm) T i adm—DI(—14n

<U, U*>L2(SM;®’”8*)'
Proof. We write
e Yoot = [ 00010, 0 T Derrwdy di-dns (528
S M i

where the bundle S>M is given by

S*M ={(y.n-,n4) |y € M, ns € S,M}.
Define also
SAM ={(y.n-.n4) € S*M | n_ +n4 #0}.
On the other hand,

(v, V) p2(smsemeny = /SM(v(x, £), v*(x, §))emex(x.5) dx dE. (5-29)

The main idea of the proof is to reduce (5-28) to (5-29) by applying the coarea formula to a correctly chosen
map SXM — SM. More precisely, consider the following map W : £ — S3H"*!: for (x, &) € SH'!
and n € £(x, &), define W(x, &, n) := (y, n—, ny), with

s+ 1 0

y X K 1
- | =AM &), A =] /sl Js+1
N+ n 3 L
Vs+1 As+1
Note that, with || denoting the Riemannian length of n (that is, |17|2 =—(n,Nm),
Dyi(x,§)

2
Bi(y,ns) =B+ (x,8), Iny+n-|=—F—s.
VItnl?
Vs =L HT 0 LS
A@) "= 0 IVvs+1 IV/s+1
—s s+ D —36+D

QL(y,ne) = ——,
V1+nl?

Also,

2
det A(s) = e
s
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¢ C+
Y
B_(a.6) By (@.6) T
=B_(y.n-) =By (y.n+) T
(a) (b)

Figure 4. (a) The map V¥ : (x, &, n) — (¥, n—, n+). (b) The vectors AL (x, )¢+ (which
are equal in the case drawn) and A+ (y, n+)x.

The map VW is a diffeomorphism; the inverse is given by the formulas

24y —n- et 20— —n4) — Ing —n—?y
T el T 7T 0+ +n-|? '
The map W~! can be visualized as follows (see Figure 4(a)): given (y, n_, 1), the corresponding tangent
vector (x, &) is the closest to y on the geodesic going from v_ = B_(y, n_) to vy = B4 (y, n+) and the
vector n measures both the distance between x and y and the direction of the geodesic from x to y. The
exceptional set {4 + n— = 0} corresponds to |n| = oco.
A calculation using (3-31) shows that, for {4 € T, (+,£)S",

(AL(x,8)+) -1
V1+in?

Here, - stands for the Riemannian inner product on &, which is equal to —( -, - ) s restricted to £. Then
(see Figure 4(b))

(Ar(y,n)C) - (A-(y, n-)¢-)
= A (x, 88 - (A(x,8)¢) — EaSE

= (€ (AL (x, 6)Ep)) - (A-(x, £)¢-),
where ¢, : £(x, §) — E(x, &) is given by

AL (¥, n+)+ = Ax(x, §) e +

(x £8).

(AL (x, £)¢4) - n) ((A-(x, §)¢-) - n)

© (M) =1 (n-nn.

1+

We can similarly define € : £(x, §)* — E(x, §)*. Then, for £+ € @ Ty

n
i(xyg)g ’

(@™ (AT 02 1) D @ (AT 3 1) ) gmrapans

=(®" % " (A7 (x. )"y, @ (AT (x. )" ) (5-30)

®mg*(x’5)'
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The Jacobian of W with respect to naturally arising volume forms on £ and Si H"*! is given by (see
Appendix A2 for the proof)

Ju(x, &.m =2"(L+ ™" (5-31)
Now, W is equivariant under G, therefore it descends to a diffeomorphism
W:iEy—> SAM, Eyi={(x,&En)]|(x,&) eSM, ne&(x, &)
Using Lemma 5.6 and (5-30), we calculate, for (x, &, n) € &y and (v, n—, ny) = ¥ (x, &, n),

WL 1), O ez = L+ 11D HO G v, 6), v (. E))gree).  (5-32)

We would now like to plug this expression into (5-28), make the change of variables from (y, n_, n4)
to (x, &, n), and integrate n out, obtaining a multiple of (5-29). However, this is not directly possible
because (i) the integral in 5 typically diverges and (ii) since the expression integrated in (5-28) is a
distribution, one cannot simply replace SZM by SiM in the integral.

We will instead use the asymptotic behavior of both integrals as one approaches the set {n + n_ = 0},
and Hadamard regularization in 7 in the (x, &, n) variables. For that, fix x € C5°(R) such that y =1
near 0, and define, for ¢ > 0,

xe(y.n—,n4) = x(eln(y, n—, npl),

where 1(y, n_, ;) is the corresponding component of W~!; we can write

. Iny —n-|
Xe(ysn—,ny)=xle—— |
1N+ +n-|

Then x, € D'(S?M). In fact, y, is supported inside SiM ; by making the change of variables (y, n—, n4+) =
W(x, &, n) and, using (5-31) and (5-32), we get

/SW Xe(¥s n—s 1)y, 1), v (v, n))ernrym dy dn—dny

:znfg xEnDA+ )" E v(x, &), v (x, E))gnerre) dx dE dn. (5-33)

By Lemma A.4, (5-33) has the asymptotic expansion

1
n_n/2 F(in—i_k)
m+r+m—-—DI'n—1+2)

W) saaren + Y. cie P o) (5-34)
0<j<—ReXi—n/2
for some constants c;.
It remains to prove the following asymptotic expansion as € — 0:

o0

/2 (= xe (s n— )y, 1), V(0 ) enrym dy dn—dny ~ Y e 2, (5-35)
S°M ’ ;
j=0

where the c;. are some constants. Indeed, (f, f*)2(p.@m1+um) 1S €qual to the sum of (5-33) and (5-35);
since (5-35) does not have a constant term, (f, f*) is equal to the constant term in the expansion (5-34).
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To show (5-35), we use the dilation vector field n - 9, on £, which under W becomes the following
vector field on SiM extending smoothly to S*M:

Lo = (G0= =10 Hne —n-1Py = e+ 30— - nom—, —3ns —n-1>y — n—+ 11— -n)n4).
The vector field L is tangent to the submanifold {54 + n_ = 0}; in fact,
L(lny =n-1) = =Lns +n-1* = 3Iny —n-1>-In+ +n-1>

We can then compute (following the identity L|n| = |n|)

L<|n+—n|> _ Iy —n-| on $2M.
N4+ +n-| N4 +n-|

Using the (x, &, n) coordinates and (5-31), we can compute the divergence of L with respect to the
standard volume form on S%M:

DivL =n(n4-n-).
Moreover, BL(y, n+) are constant along the trajectories of L, and

L(®+(y,n1) = —1ns —n-P®x(y, n1).

We also use (3-31) to calculate, for {1 € T, (y,y,)S",

LA+, n924) - (A—(r, 1-)22)) = (A4 (. n)8) - =) ((A= (v, n=)E2) - ),
L((A+(y, n£)¢2) - ng) = (4 - 1) (A, n£)8x) - ng).

Combining these identities and using Lemma 5.6, we get

(L+ $rlny — n-1*)(w(y, n-), v*(, NN enrem = mlty, v(y, n-), t_v*(y, 1)) gm-rrzm-  (5-36)

Integrating by parts, we find
£d, /S = 260 ) 005,10, T e dy i ds
= [ L= )01, G e dy -
= /SZM(%AIM — 0 =n(ny - n2)) (A= Xe (v, n— n )W, 1), v, 1)) emrzm dy dn—dny
—m ./SZM(I — Xe (Y, n—, ) vy, n-), ln_m>®m47;M dydn_dny.
Arguing similarly, we see that if, for integers 0 <r <m, p > 0, we put

I p(e) := /2 -+ 0 PP = xe (v, e m) (& vy, 1), 6 v* (v, n ) gm-rrem dy dn—dny,
S°M
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then (¢, — 24 —n —2(r + p)) I, ,(¢) is a finite linear combination of 1,7 ,(¢), where r’ > r, p’ > p, and
(', p") # (r, p). For example, the calculation above shows that

(89, — 21 —n) I o(e) = =3 (A +n) o1 (e) —m1y o ().

Moreover, if N is fixed and p is large enough depending on N, then I, ,(¢) = O(eM); to see this, note
that 1, , (&) is bounded by some fixed C*°-seminorm of |n_ + n+|2”(l — xe(y, n—, n4)). It follows that,
if N is fixed and N is large depending on N, then

N
(H(eas —2%—n —2j)) Ioo(e) = O@EM),
j=0

which implies the existence of the decomposition (5-35) and finishes the proof. U

6. Properties of the Laplacian

In this section, we introduce the Laplacian and study its basic properties (Section 6A). We then give
formulas for the Laplacian on symmetric tensors in the half-plane model (Section 6B), which will be the
basis for the analysis of the following sections. Using these formulas, we study the Poisson kernel and in
particular prove Lemma 5.8 and the injectivity of the Poisson kernel (Section 6C).

6A. Definition and Bochner identity. The Levi-Civita connection associated to the hyperbolic metric gy
is the operator
\VJ :COO(HYH-l TlH]rH—l) — Coo([l'[ln+l T*Hn+l ®T|H]n+l)

which induces a natural covariant derivative, still denoted V, on sections of ®”T*H"*!. We can work
in the ball model B"*! and use the O-tangent structure (see Section 3F), and nabla can be viewed as a
differential operator of order 1:

V@ " OTB) — e @, " T 0T B ).
We denote by V* its adjoint with respect to the L? scalar product, called the divergence; it is given
by V*u = —T (Vu), where T denotes the trace; see Section 4A. Define the rough Laplacian acting on
COO(Bn-H; ®m(0T*Bn+l)) by
A:=V*V; (6-1)
this operator maps symmetric tensors to symmetric tensors. It also extends to D'(B"*!; ®’S”(OT*@”+1))
by duality. The operator A commutes with 7 and Z:

ATw)=T(Au) and AZm)=7I(Au) (6-2)

for all u € D'(B"*': @ ("T*B"*")).
There is another natural operator given by

Ap=D*D
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if
D:Cc¥B"™: @ TB") - c* @ @5 (“T'B")

is defined by D := S oV, where S is the symmetrization defined by (4-1), and D* = V* is the formal
adjoint. There is a Bochner—Weitzenbock formula relating A and A p, and, using that the curvature is
constant, we have on trace-free symmetric tensors of order m, by [Dairbekov and Sharafutdinov 2010,
Lemma 8.2],

Ap=— (mDD*+ A+mm—+n—1)). (6-3)
m-+1

In particular, since |SVu|?> <|Vu|? pointwise by the fact that S is an orthogonal projection, we see that, for
u smooth and compactly supported, ||Du||%2 < ||Vu||i2 and thus, form > 1, u € C°(H"*!; @2(T*H")),
and Tu =0,

(Au,u)p2 > (m—+n—1ul? (6-4)

Since the Bochner identity is local, the same inequality clearly descends to cocompact quotients I"\H"*!
(where A is selfadjoint and has compact resolvent by standard theory of elliptic operators, as its principal
part is given by the scalar Laplacian), and this implies:

Lemma 6.1. The spectrum of A acting on trace-free symmetric tensors of order m > 1 on hyperbolic
compact manifolds of dimension n + 1 is bounded below by m +n — 1.

We finally define
E™ =% T* B ) Nker T (6-5)

to be the bundle of trace-free symmetric m-cotensors over the ball model of hyperbolic space.

6B. Laplacian in the half-plane model. We now give concrete formulas concerning the Laplacian on
symmetric tensors in the half-space model U"*! (see (3-4)). We fix v € S" and map B"*! to U"*! by
a composition of a rotation of B"*! and the map (3-5); the rotation is chosen so that v is mapped to
0 € U"*! and —v is mapped to infinity.

The O-cotangent and tangent bundles °7*B"*! and °7B"*! pull back to the half-space; we denote
them °7*U"*! and °TU"*!. The coordinates on U"*! are (z9, z) € Rt x R” and z = (21, .. ., zx). We
use the following orthonormal bases of °TU"*! and OT*U"+!:

Zi =709, and Z;“:ﬁ, 0<i<n.
20
Note that in the compactification B"*! this basis is smooth only on B"*! \ {—v}.
Let & :={1, ..., n}. We can decompose the vector bundle ®’§(0T*[U”+1) into an orthogonal direct

sum
m

*
RUTUTY =@ E™.  E™ =span(S(Z)® ® Z]) e
k=0
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and we let 7; be the orthogonal projection onto El.(m). Now, each tensor u € ®’§(OT*[U”+1) can be
decomposed as u = Y ;" u; withu; = m;(u) € E l.(m) which we can write as

m
w=>y ui, u;=8(Z)® @u), ujeE"". (6-6)
i=0
We can therefore identify E,Em) with Eém_k) and view E™ as a direct sum E™ = @, E(()m_k). The

trace-free condition, 7 (u) = 0, is equivalent to the relations

2 1
r+)e+D U,y 0=<r<m-2, (6-7)

/
T = = o —hm—r—1)
and, in particular, all u; are determined by u¢ and u by iterating the trace map 7. The u; are related to
the elements in the decomposition (4-5) of up and u; viewed as a symmetric m-cotensor on the bundle
(Zo)* using the metric z;, 2h = > i Z¥® ZF. We see that a nonzero trace-free tensor u on Ut must
have a nonzero ug or #; component.

The Koszul formula gives us, for i, j > 1,

Vz.Z;=06ijZo, Vz,Z;j=0, VzZo=-Z;, Vz,Zy=0, (6-8)
which implies
- h
VZi=->72i@Zi=——. VZi=Z;®Z. (6-9)
j=1 %0
We shall use the following notations: If I1,, denotes the set of permutations of {1, ..., m}, we write

o) = (o). rlogm) ifoell, fS=5&- --®S,is a tensor in QL (OT*U" ), we denote by
T; j(S) the tensor obtained by permuting S; with §; in S, and by p;_, v (S) the operation of replacing S;
by V € °7*U ! in S.

The Laplacian and V* acting on E(()m) and Eim). We start by computing the action of A on sections of
E(()m) and E fm), and we will later deduce from this computation the action on E ,Em). Let us consider the

tensor Zj :=Z; ®- - ® Z}, € E)", where [ = (i1, ..., in) € /" and Z% =7} @ --®Z} . The

symmetrization of Z7 is given by S(Z7) = (1/m!) }_, ., Z; ;) and those elements form a basis of the
space E(()m) when 7 ranges over all combinations of m-tuples in &7 = {1, ..., n}.

Lemma 6.2. Let ug =Y ;. [1S(Z}) with f; € C®(U"). Then one has

Aug= Y ((A+m) f)S(Z}) +2m S(VFug ® Z3) +m(m — DS(T(uo) ® Z§® ), (6-10)

leagm

while, denoting d. fi =Y";_, Zi(f1) Z}, the divergence is given by

Vg =—(m— DS(Tuo) ® Z§) — Y ta.;,S(Z}). (6-11)
Teg™
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Proof. Using (6-9), we compute

V(/1S(Z}) = Z(z RZI@S(Z)) + f 1) Z D Tkt (Z5® Zy ).

i=0 ' k=1 oell,

Then, taking the trace of V(f;S(Z7)) gives

v*(f,3<z>;))———z > St Ph-1525 (25, @ ZF )

la(m)
k=2 o€ll,

—Z(Z fz)— > it (Ziy @ ®ZE, ). (6-12)

! oell,

We notice that S(T(S(Z}‘)) ® Za‘) is given by

S(T(SZ)® Z§) = ﬁ > Zalgm o Tk (ZE® ZE @ ®ZF ),
oell, k=1

which implies (6-11). Let us now compute V3( f18(Z7)):
VA(f18(Z)))

=Y Z;Zi(fDZ;®ZF ®S(Z)) — Zo(f1)2g *h ® S(Z])
i,j=0

LY 2z 9 2952 + S Stk L ® 25 ® 2
j=1 ! oell, k=1

+ Zi,;{l) 2 Zflek+2(Z§®Z*®Z*(1))+Z < (fl) > Zﬁek“(z ®Z® Zo)

i=1 T oelly, k=1 ! oell, k=1

Zo(f1) d
m‘l ZE;@Z Z Tl<—>k+l(Z(>)k®Z;(1))
k=1 o0€ll,

+

m  m+1

/i
ZZ*® Z Zflek-i-l(z QRZk (1))+ ! Z Z Tl<—>€+1(Z§®Tlek+l(za<®z;(1)))-

oell, k=1 Tk=1 =1
eFk+1

We then take the trace: the first line on the right-hand side has trace —(Af7)S(Z7), the second and fourth
lines have vanishing trace, the first term on the last line has trace —m f;S(Z7), the last term has trace

2fi
S5 D SwieoPho 7P 73 (Zom), (6-13)

T oelly, 1<k<t<m

and the third line has total trace

22 4 (f Dy Zal o P25 (ZE 7). (6-14)

oell, k=1
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1 * * * 1
Computing S(T(S(Z})) ® Z§ ® Z§) gives

S(T(S(ZD) ®Z5 ® Zp)
2

- - . . k *
- m'm(m _ 1) Z Z 816(1),10(2) Tl<—>k+2T2<—>[+2(ZO ® ZO ® Zl o(3) ® ® l”(m))

l<k<t<moelly,

therefore the term (6-13) can be simplified to

m(m —1) [iS(T(S(Z])) ® Z§ ® Z;).
Similarly, to simplify (6-14), we compute
S(V*(f18(Z]) ® Z;)

— —m—DS(T(/18Z))®Z;®Z5) — Z(z m—Z 3 Sty Tk (Z5®Z], @B Z, ),

k=1 o€ell,
so that
n m
Zi(f1)
ZZ lm' Z Zai,ig(k)pk—>23(zz(1))
i=1 " oelly, k=1

= -2mS(V*(f1S(Z}) ® Z§) — 2m(m — DS(T (f1S(Z}) @ Z§ Q Z§)),

and this achieves the proof of (6-10). O

A similarly tedious calculation, omitted here, yields:

Lemma 6.3. Letu; =S(Zi@u)), uy =Y ;e m1 8sS(Z}) with g; € C® U™ YY; then the E(()m) ® Efm)
components of the Laplacian of u| are

Aup= Y (A+n+30m—1)g)S(ZERZN+2 Y Sd:gs ® Z}) +Ker(mo+m1)  (6-15)
Jeam-1 Jeoym—1

and the E(()m) ®F im) components of divergence of uy are

Vi = Z (<n+m—1>gj—zo<gf>)8<zf>—— > S(ZE ® a5, S(Z5)) + Ker(mo + m1).
Jew 1 Jegm=1 (6-16)

General formulas for Laplacian and divergence. Armed with Lemmas 6.2 and 6.3, we can show the
following fact, which, together with (6-7), completely determines the Laplacian on trace-free symmetric
tensors.

Lemma 6.4. Assume that u € D'(U"!; @3 T*U") satisfies T (u) = 0 and is written in the form (6-6).
Let
uo = Z f18(Z)),  w = Z 81S8(Zo® Z%).

leg™ Jegm—1
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Then the projection of Au onto Eém) ®F fm) can be written

mo(Au) = Y (A+m) fDSZNH+2 Y Sd:gs ®Z)) +mm — DS h @ T (uo)),  (6-17)

leag™ Jegm—1
(A= Y ((A+n+3m—1)g,)S(Z5®Z3) —2m Y S(Z§ @, ;,S(Z}))
Jeam! Iea™
+(m—1D)m—S(Z5 @25 h @ Tw)) —2mm —1) Y 8(Z5 @d- f1 ®T(S(Z}))).
Team (6-18)
Proof. First, it is easily seen from (6-9) that Auy is a section of @]J‘ii_z E;m). From Lemmas 6.2 and 6.3,
we have
mo(AGo+u) = Y (A+m)fDS(ZN+2 Y Sd.g,®Z). (6-19)
lea™ Jeam—1

Then, for u;, using S((ZE)“)®2 Quy) =S(gu Quj) — S(zazh Quj) and AT =TA,
o(Auz) = 0(S (25 °h ® Auh)) — m0(A(S (25 h @ uh)))
and, writing ), = —%m(m — D)7 (up) by (6-7), we obtain, using (6-10),
T0(Auz) =m(m — 1)S(zy*h & T (uo)). (6-20)

We therefore obtain (6-17).
Now we consider the projection on E Em) of the equation (A —s)7T = 0. We have, from (6-10),

T (Aug) = —2m Y S(Z§ ® a1, S(Z})),

Ie’dﬂl
where (4, r, means Z?:l Zj(ftz;. Then, from (6-15),
mi(Au) = Y ((A+n+30m—1)gs)S(Z; @ Z)).
Jeam-1

Using again S((Z(’)k)®2 Quj) =S(gy Quj) — S(zazh ®u,) and AT =TA, (6-10) gives

T (Aup) = =2m(m —1) Y S(Z3 ®d. fi ® TS(Z})).
leag™

Finally, we compute 7 (Aus): using the computation (6-15), we get
T (Auz) = m1(S(z52h ® AS(ZE @ uy)) — m1(AS(Z5 ® 75 *h @ uy))
= (m—1)(m —2)S(Z§ ® 75 *h @ T (u})).
We conclude that 771 (Au) is given by (6-18). Il

Similarly, we also have:
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Lemma 6.5. Let u be as in Lemma 6.4. Then the projection onto E(()m_l) DE %m_l) of the divergence of u

is given by
mo(Vu) == Y ta;S(Z)) + % Y ((ntm—1)gs = Zo(g))S(Z}), (6-21)
leg™ Jegm=1
(V)= (m—1)Y_ (Zofi — (m+n—1)f)S(T(S(Z)) ® Z) — ’"7_1 > S(Z5 ®tlag, S(Z3)).
e Jeam (6-22)

Proof. The m part follows from (6-11) and (6-16). For the 7| part, we also use (6-11) and (6-16) but we
need to see the contribution from V*u, as well. For that, we write u’2 = —%m(m -, com J1T(S(ZY)),
as before, and a direct calculation shows that

w1 (Viuz) = (m — 1) Z (Zof1 = (m+n—=2) fS(T(S(Z]) ® Z5),

Jeagm

implying the desired result. O]
6C. Properties of the Poisson kernel. In this section, we study the Poisson kernel &2, defined by (5-17).

Pairing on the sphere. We start by proving the following formula:

Lemma 6.6. Let A € C and w € D'(S"; Q(T*S")). Then

Pw(x) = / PG, v (& (A (x, £ (x, 1)) )w(v) dS(v),

where the map &_ is as defined in (3-20).

Proof. Making the change of variables & = £_(x, v) defined in (3-20), and using (3-21) and (3-22), we
have

Prw) = fs P @ AT 1, ) (B (5, £) dS(E)

= / P(x, v)" (@™ (A (x, E_(x, v)))T)w(v) ds®v),

as required. U

Poisson maps to eigenstates. To show that &7, w(x) is an eigenstate of the Laplacian, we use:

Lemma 6.7. Assume that w € D'(S"; Q" (T*S")) is the delta function centered at e; = 3, € S" with the
value ej.‘H_l R Q e;me, where 1 < ji, ..., jm <n. Then, under the identifications (3-2) and (3-5), we
have

Prw(zo.2) =225 ®@ - QLT .

Proof. We first calculate
P(z, e1) = 20.

It remains to show the identity in the half-space model

ATz E o), =21, 1<j<n (6-23)
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One can verify (6-23) by a direct computation; since .4_ is an isometry, one can instead calculate the
image of e, under A_, and then apply to it the differentials of the maps ¥ and vr; defined in (3-2)
and (3-5).

Another way to show (6-23) is to use the interpretation of .A_ as parallel transport to conformal infinity;
see (3-35). Note that under the diffeomorphism v/ : B"+! — U1 v = ¢, is sent to infinity and geodesics
terminating at v to straight lines parallel to the zo axis. By (6-9), the covector field Z;‘ is parallel along
these geodesics and orthogonal to their tangent vectors. It remains to verify that the limit of the field pg Z.T

along these geodesics as z — 0o, considered as a covector in the ball model, is equal to ej U

+1°

Proof of Lemma 5.8. 1t suffices to show that, for each v € §", if w is a delta function centered at v with
value some symmetric trace-free tensor in ®'g 7,7S", then

A+r(n+1)—m)2, w=0, V'Z w=0 T(Z w)=0.

Since the group of symmetries G of H"*! acts transitively on S", we may assume that v = ;. Applying
Lemma 6.7, we write in the upper half-plane model

Prw =2 g, up€ ESY, T(ug) =0.

It immediately follows that 7 (7, w) = 0. To see the other two identities, it suffices to apply Lemma 6.2
together with the formula

Azgﬂ =—An+ A)zgﬂ.

Injectivity of Poisson. Notice that &7, is an analytic family of operators in A. We define the set

Rmzi—%n—%f\lo if n>1orm=0, 6:24)
—>Np if n=1 and m > 0,

and we will prove that, if A ¢ R, and w € D'(S"; ®T*S") is trace-free, then 2, (w) has a weak
asymptotic expansion at the conformal infinity with the leading term given by a multiple of w, prov-
ing injectivity of &2,". We shall use the O-cotangent bundle approach in the ball model and rewrite
A;l(x, £+(x, v)) as the parallel transport 7(y’, y) in °TB"*! with ¥/ (x) = y and y’ = v, as explained
in (3-35). Let p € C®(B"*") be a smooth boundary defining function which satisfies p > 0 in B!,
|dplp2g, =1 near S§" = {p = 0}, where gp is the hyperbolic metric on the ball. We can for example take
the function p = py defined in (3-34) and smooth it near the center y = 0 of the ball. Such a function is
called a geodesic boundary defining function and induces a diffeomorphism

0:10,€), xS" > B 'n{p<e}, 0@, v):=6,0), (6-25)

where 6, is the flow at time ¢ of the gradient vesn p of p (denoted also d,) with respect to the metric 0’gH.
For p given in (3-34), we have, for ¢ small,

0(t,v) = 2+tv, veS".
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For a fixed geodesic boundary defining function p, one can identify, over the boundary S” of B"*+!,
the bundle 7*S" and T'S" with the bundles °7*S" := OTS*,, B+ Nkert pd, simply by the isomorphism
v — p~'v (and we identify their duals 7S" and °TS" as well). Similarly, over S”, E?™ N kerys,
identifies with @ T*S" Nker 7 by the map v — p~"v. We can then view the Poisson operator as an
operator

P D(S" E™ Nkeriyy,) — CO @ @7 (OT*B ).

Lemma 6.8. Ler w € D'(S"; E™ N ker LPO%) and assume that . ¢ R,,. Then 2, (w) has a weak
asymptotic expansion at S" as follows: for each v € S", there exists a neighborhood V, C B"*! of v
and a boundary defining function p = p, such that, for any ¢ € C*°(V, N S"; ®?(OTS")), there exist
Fy € C*([0, €)) such that, for t > 0 small,

/Sn(%—(w)(e(t, V), @ (t(0(t, ), v)).0(1))dS,(v)

C[tTRF_ @) + TR, g —In+N, 6.26)
e FL @)+ log() Fy (), € —in+N.
using the product collar neighborhood (6-25) associated to p, and, moreover, one has
T(A+3in
F_(0)=C (+57) (™ .w, p) (6-27)

(A+n+m—DCO+n—1)

for some f € C®°(S") satisfying p = %ef 00+ O(p) near p = 0 and C # 0 a constant depending only
on n. Here dS, is the Riemannian measure for the metric (02gw)|s and the distributional pairing on S"
is with respect to this measure.

Proof. First we split w into w; + wy, where w; is supported near v € S” and w, is zero near v. For the
case where w, has support at positive distance from the support of ¢, we have, for any geodesic boundary
defining function p, that

= t"'x/ (25 (w2 (B(1,v)), @ (1(B(2, v), v)).0(1))dS, (v) € C®([0, €)):
Sn
this is a direct consequence of Lemma 6.6 and the following smoothness properties:

P (y),v)

(y,v) > log| —————=
p(y)

(-, ) €C®B" x B\ diag(S" x §"); 'T*B " @ OTB" ).

) e C®(B"! x S"\ diag(S" x S")),

This reduces the consideration of the lemma to the case where w is wy, supported near v, and to simplify
we shall keep the notation w instead of w;. We thus consider now w and ¢ to have support near v. For
convenience of calculations and as we did before, we work in the half-space model Rjo x R? by mapping
v to (29, z) = (0, 0) (using the composition of a rotation on the ball model with the map defined in (3-5)),
and we choose a neighborhood V,, of v which is mapped to z% +z|> < 1in U"*! and choose the geodesic
defining function p = z¢ (and thus 6(zg, z) = (20, 2)). (See Figure 5.) The geodesic boundary defining
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201 7(2'; 20, 2) Tw(2")

o(2) =
Figure 5. The covector w(z'), the vector ¢(z), and their parallel transports to (zg, z),
viewed in the 0-bundles for the case m = 1.

function pg =2(1 — |y|)/(1 4+ |y|) in the ball equals

470

—— (6-28)
1+ 25+ |zI?

po(20,2) =
in the half-space model. The metric dS, becomes the Euclidean metric dz on R" near O and w has
compact support in R*. By (3-5) and (3-19), the Poisson kernel in these coordinates becomes

20

—————, (&) =log(1+Z']»),
Z+lz—7)2 s

P(z0.2:2) = /@ P(z0.2:7) with P(z0.2:7) 1=
where z, 77 € R" and zg > 0. One has p = %ef,oo + O(p) near p = 0.
In [Guillarmou et al. 2010, Appendix], the parallel transport 7 (z, z; 0, z’) is computed for z’ € R" in a
neighborhood of 0: in the local orthonormal basis Zy = z09,,, Z; = z¢d;; of the bundle OTU"*!, near v,
the matrix of (zo, z; Z’) := t(20, 2; 0, ) is given by

lz—2'|
T00=1—2P(20,2; 7)) ———,
20
P(z0,2;7)
T0i = —Tio = —220(zi — 7)) —————,
20
(zi—zp)(zj—2)

Tij = 8ij — 2P (20, 2; 2)
20

In particular, we see that 7(zg, z; z) is the identity matrix in the basis (Z;); and thus 7(6(zo, z), z) as well.
We denote by (Zf) ; the dual basis to (Z;); as before.

Now, we use the correspondence between symmetric tensors and homogeneous polynomials to facilitate
computations, as explained in Section 4A. To S(Z7), we associate the polynomial on R" given by

PI(X) :S(Z}“)(Zx,zl, ey inzl) =Xy,
i=1 i=1

where x; = [[;—, xi, if I = (i1, ..., im). We denote by Pol” (R") the space of homogeneous polynomials
of degree m on R" and Poljj (R") those which are harmonic (thus corresponding to trace-free symmetric
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tensors in E(()m)). Then we can write w = Y, we pe(x) for some w, € D'(R") supported near 0 and
Pa(x) € Poljf (R"). Each pq(x) composed with the linear map 7(z'; zo, Z)lZOL becomes the homogeneous
polynomial in x
P(z20,2: 7
p(x(x - 2(Z _Z/)<Z - Z/’ x) ° M)a

<0

where (-, -) just denotes the Euclidean scalar product. To prove the desired asymptotic expansion, it
suffices to take ¢ € C;°([0, 00);, x R") and to analyze the following homogeneous polynomial in x
as zo — 0:

/ Z<€<”+“fwa,w(zO,mP(zO,z;-)"“pa(x—2<z—-><z—-,x>-M»da (6-29)

<0

where the bracket (wy, -) means the distributional pairing coming from pairing with respect to the
canonical measure dS on S”, which in R” becomes the measure 4"¢ "/ dz, and so the ¢/ in (6-29)
cancels out if one works with the Euclidean measure dz, which we do now. We have a convolution kernel
in z and thus apply the Fourier transform in z (denoted F): writing P(zo; |z — Z’|) for P(zo, z; Z'), the
integral (6-29) becomes (up to nonzero multiplicative constant)

1o, %) = Z(f—%e” wa), Fg) Fror (P(zO; £+ pe (x 8N p, |;|>))> .
RV!

o ZO

We can expand po (x — (2£(Z, x)/z0) P (zo: 1£])) so that

£(¢, x)

20

P (201 1£1)"* pa (x -2 P (20; |c|)) =Y 0ral, X)z5"2" P(20: 1",
r=0

where O, ,(¢) is homogeneous of degree m in x and degree 2r in ¢. Now we have (for some C # 0
independent of A, r, o)
2r C274z5™

= n+A+r . _ : A+n/24r
ngwg(P (203 18] QralC, X)) = F(/\JrnJrr)[Qr,a(zB;,x)(lél K (18] e

where K, (-) is the modified Bessel function (see [Abramowitz and Stegun 1964, Chapter 9]) defined by

_m (@) - L) . & 1 L\
K,(z) = EW if 1,(z) := 62:(:) m<§> , (6-30)

satisfying that | K, (z)| = O(e™*/4/z) as z — oo, and, for s ¢ N,

2—s+l (27.[)11/2

s—n/2
F(S) |§:| Ks—n/2(|$|)-

F(A+1zH™)E) =
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When A ¢ (—%n + Z) U (—n - %NO), we have

2725 0 (0, )T Ko (1) e =2
2r+n/2n.za}n

- 2 sin(n (X + %n + r))

20 Qralite D([3E]") s g 7 Qraite, »(|3[ )
X 1 — "ty 1 . (6-31)
O (6—A—3n—r+1) OT(E+r45n+r+1)

=0 =0

Here the powers of || are homogeneous distributions (note that, for A € R,,, the exceptional powers
|E|7", j € Np, do not appear) and the pairing of (6-31) with F “L(eM wy)F (¢) makes sense since
this distribution is Schwartz, as w, has compact support. We deduce from this expansion that, for any
we € D'(R") supported near 0 and ¢ € C°(R"), when A ¢ (—in+2Z) U (—n — 1Ny),

I(z0. %) = 25" F-(z0. X) + 2§ ™ F1. (20, x)

for some smooth functions Fy € C*°([0, €) x R") homogeneous of degree m in x. We need to analyze
F_(0, x), which is obtained by computing the term of order O in £ in the expansion (6-31) (that is, the
terms with £ = r in the first sum; note that the terms with £ < r in this sum are zero): we obtain, for some
universal constant C # 0,

F(0,x)=C) (M wy, @) Y

r=0

(=127 T (x+ 1n)

: 2r
F'F()»-i-n-i-r) Ql’,a(lafax)(|$| )7

where we have used the inversion formula I'(1 — 2)I"(z) = 7/ sin(7z) and Q, o (i ¢, x)(|§ |>") is constant
in &. Using the Fourier transform, we notice that

01 (i ) (1) = A} Q€. 1) em0 = A (palx = £{2. )|,

We use Lemma A.5 to deduce that

I'(A+3n) i (—1)'T(+n+m)

_ Af "
F_(0,x) —C;<e Wy, Q)R Po (X)m! (m—r)!l“()»—l—n—l—r)’

‘TA+n+m) s

The sum over r is a nonzero polynomial of order m in A, and, using the binomial formula, we see that its
roots are A = —n —m +2, ..., —n + 1; therefore, we deduce that

T'(A+1in)

F_(0,x) = C{e™ w, ¢)gn )
0, x) (e w, g)r Gntm DG an—1D

We obtain the claimed result except for A € —%n + N by using that the volume measure on S" is 4~ "¢/ .
Now assume that A = —%n + j with j € N. The Bessel function satisfies, for j € N,

(=Dt — g — 1))

EVK (gD =~ Y 7 £1% + 1€ 1%/ (log(1€D L (1&]) + H; (1£D))
= !
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for some function L, H; € C*° (RT)NL*(RT) with L j(0) # 0. Then we apply the same arguments as
before, and this implies the desired statement. (|

We obtain as a corollary:

Corollary 6.9. For m € Ny and X ¢ R,,, the operator
2 :D(S"; @U(T*S") Nker T) — CO(H"™; @ (T*H"))
is injective.

This corollary immediately implies the injectivity part of Theorem 6 in Section 5B.

7. Expansions of eigenstates of the Laplacian

In this section, we show the surjectivity of the Poisson operator &7, (see Theorem 6 in Section 5B). For
that, we take an eigenstate u of the Laplacian on M and lift it to H**!. The resulting tensor is tempered
and thus expected to have a weak asymptotic expansion at the conformal boundary $”; a precise form of
this expansion is obtained by a careful analysis of both the Laplacian and the divergence-free condition.
We then show that u = &2, w, where w is some constant times the coefficient of p~* in the expansion
of u (compare with Lemma 6.8).

7A. Indicial calculus and general weak expansion. Recall the bundle E" defined in (6-5). The
operator A acting on C*®(B"*!; E/™) is an elliptic differential operator of order 2 that lies in the 0-
calculus of [Mazzeo and Melrose 1987], which essentially means that it is an elliptic polynomial in
elements of the Lie algebra Vy(B"*!) of smooth vector fields vanishing at the boundary of the closed
unit ball B"*!. Let p € C>°(B"*!) be a smooth geodesic boundary defining function (see the paragraph
preceding (6-25)). The theory developed by Mazzeo [1991] shows that solutions of Au = su which are in
p~NL2(®"*'; EM™) for some N have weak asymptotic expansions at the boundary S” = dB"*!, where
p is any geodesic boundary defining function. To make this more precise, we introduce the indicial family
of Arif A € C, v € §", then there exists a family 7, ,(A) € End(E"™ (v)) depending smoothly on v € §"
and holomorphically on A such that, for all u € C* (@”“; E (’")),

AP ) O, v)) = L (A)u(8(0,v)) + O(t)

near S", where the remainder is estimated with respect to the metric g5 . Notice that I, ,(A) is independent
of the choice of boundary defining function p.
For o € C, the indicial set spec,(A —o;v) atv e S" of A —o is the set

spec,(A —o;v):={AeC| I ,(A)—oId is not invertible}.
Then [Mazzeo 1991, Theorem 7.3] gives the following:2
2The full power of [Mazzeo 1991] is not needed for this lemma. In fact, it can be proved in a direct way by viewing the

equation (A —o)u =0 as an ordinary differential equation in the variable log p. The indicial operator gives the constant coefficient
principal part and the remaining terms are exponentially decaying; an iterative argument shows the needed asymptotics.
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Lemma 7.1. Fix o and assume that spec, (A — o; v) is independent of v € S". If u € PP LB E)
with respect to the Euclidean measure for some 6 € R, and (A — o)u = 0, then u has a weak asymptotic
expansion at S" = {p = 0} of the orm

ki
1
u= ) > > p*llog p)Pwy e+ O N2
Aespec,(A—o) £eNp, p=0

Re(M)>5—1 Re(h)+{<8—L+N

forall N € N and all € > 0 small, where k) ¢ € Ny, and wy_ ., are in the Sobolev spaces
Wiep € H—Re()»)—ﬁ—r-a—%(gn; E(m))‘

Here the weak asymptotic means that, for any ¢ € C*(S"), ast — 0,

ke
/5 u@@,v)ew)dS,(v) = Z Z Zt/wz log(t)p(wx,e,p, o)+ O(ﬂH—N—%—e)’
p=0

A€espec,(A—o) £eNy
Re(W)>8—1 Re(M)+l<s—3+N
(7-1)

where d S, is the measure on S" induced by the metric (p*gr)|s and the distributional pairing is with
respect to this measure. Moreover, the remainder O(t>*N=1/2=€) is conormal in the sense that it remains
Ot5+N=12=¢) after applying the operator td; any finite number of times, and it depends on some Sobolev
norm of ¢.

Remark. The existence of the expansion (7-1) proved by Mazzeo [1991, Theorem 7.3] is independent of
the choice of p, but the coefficients in the expansion depend on the choice of p. Let Ay € spec,(A — o)
with Re(Ag) > § — % be an element in the indicial set and assume that k;, o = 0, which means that
the exponent p”° in the weak expansion (7-1) has no log term. Assume also that there is no element
A € spec, (A — o) with Re(Ag) > Re(h) > 6 — % such that A € A9 — N. Then it is direct to see from the
weak expansion that, for a fixed function x € C°°(B"*!) equal to 1 near S" and supported close to S”
and for each ¢ € C*°(B"*!), the Mellin transform

h(g) = /B N P X (Me(u(y)dVoly, (v), Rel>n+5%—34,
(with values in E™) has a meromorphic extension to ¢ € C with a simple pole at { = n — Ay and residue

Resc—n—1y () = (w3,0,0, @lsn)- (7-2)

As an application, if p’ is another geodesic boundary defining function, one has p = e/ p’ + O(p’) for
some f € C°°(S") and we deduce that, if wio,o,o is the coefficient of (p’)* in the weak expansion of u
using p’, then, as a distribution on S”",

o
w&oyo’o = M/ Wj.0.0- (7-3)

In particular, under the assumption above for Ag (this assumption can similarly be seen to be independent
of the choice of p), if one knows the exponents of the asymptotic expansion, then proving that the
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coefficient of p* term is nonzero can be done locally near any point of S" and with any choice of
geodesic boundary defining function.

Finally, if w;, 0,0 is the coefficient of ,030 in the weak expansion with boundary defining function pg
defined in (3-34) and if y*u = u for some hyperbolic isometry y € G, we can use that pgpo y =
N, U po+ (9(,03) near S", together with (7-2) to get

Lw;,.00= N} *ws00 € D'(S"; E™) (7-4)

as distributions on S" (with respect to the canonical measure on S") with values in E™. Here N,, L,
are as defined in Section 3E. If we view w;, 0,0 as a distribution with values in ®'¢T*S", the covariance
becomes

L5 wi,00 = N " ws,00 € D'(S"; @§T*S™). (7-5)
Using the calculations of Section 6B, we will compute the indicial family of the Laplacian on E:

Lemma 7.2. Let A be the Laplacian on sections of E™. Then the indicial set spec, (A — o, v) does not
depend on v € S" and is equal to>

lm/2]
U 1 =22 +na+m +2k@m +n— 2k —2) = 0}
k=0 Lm—1)/2]
U (J ®I=2+nh+n+30m—1)+2kn+2m -2k —4) =o0).
k=0

Proof. We consider an isometry ma