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ON SMALL ENERGY STABILIZATION IN
THE NLS WITH A TRAPPING POTENTIAL

Scipio CUCCAGNA AND MASAYA MAEDA

We describe the asymptotic behavior of small energy solutions of an NLS with a trapping potential,
generalizing work of Soffer and Weinstein, and of Tsai and Yau. The novelty is that we allow generic
spectra associated to the potential. This is a new application of the idea of interpreting the nonlinear
Fermi golden rule as a consequence of the Hamiltonian structure.
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1. Introduction
We consider the initial value problem
iu; = Hu+ |u>u, (¢, x) e R'3, u(0) = uo, (1-1)
where H = —A + V. For f, g: R* — C, we introduce the bilinear form

(f.8)= /R3 fx)gx)dx. (1-2)

We assume the following:
(H1) V € (R?), where (R?) is the space of Schwartz functions.

(H2) 0,(H)={e; <ez <e3 <---<e, <0}. Here we assume that all the eigenvalues have multiplicity 1.
Zero is neither an eigenvalue nor a resonance (that is, if (—A+V)u =0 withu € C*® and |u(x)| < C lx| !
for a fixed C, then u = 0).

MSC2010: 35Q55.
Keywords: nonlinear Schroedinger equation, asymptotic stability.
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(H3) Thereisan N € N with N > |e;|(min{e; —e; : i > 7D~ ! such that, if u € 7" satisfies || < 4N +8
and e := (eq, ..., e,), then we have
n-e:=pe+---+upe, =0 <<= nu=0.
(H4) The following Fermi golden rule (FGR) holds: the expression
D (8(H - L)GL(©), GL(X)),

LeA

which is defined in the course of the paper (for A C R see (6-25) and for G, see (6-44)) and which is
always nonnegative, satisfies formula (6-47).

To each e; we associate an eigenfunction ¢;. We choose them so that (¢;, o) =6 jk and, since we
can, we also choose the ¢; to be all real valued. To each ¢; we associate nonlinear bound states.

Proposition 1.1 (bound states). Fix j €{1, ..., n}. Then there exists ag > 0 such that, for all z € B¢(0, ap),
there is a unique Q j, € PR3, C) = ﬂtzo % (R3, C) (for the spaces %, see Section 2) such that

HQj:+10j:°Qj: = Ej:Qjz. Qjz=29;+4jz. (4jz ¢5) =0, (1-3)
and such that we have, for any r € N:

(1) (gjz, Ejz) € C®(Bc(0, ap), T, x R), gj. = 24;(|z|?) with §;(t*) = 124, (t*), where G;(t) is in
C*®((—ap?, ap?), , (R, R)), and E;, = E;(|z|*) with E;(t) € C®((—ao?, ap?), R).

(2) llgj:lls, < Clz’, |Ej; —e;j] < Clz|? for some C > 0.
For the proof of Proposition 1.1 see Appendix A.
Definition 1.2. Let by > 0 be sufficiently small so that, for z; € B¢ (0, bo), the function Q ., exists for
all j €{l,...,n}. Forsuch z; and for D;; and D, defined in Section 2, we set
Helzl=Hclzt, ... z0] = {17 € L? : Re(i7, DjrQj:;) =Re(in, Dj;Qj;;) =0 for all j}. (1-4)
In particular, as an elementary consequence of (1-4) and Proposition 1.1, we have
¥.[0]={nelL®: 7, ¢;) =0 forall j}. (1-5)
We denote by P. the orthogonal projection of L? onto 9.[0].

A pair (p, q) is admissible when
2,3 3
Z42=2, 62g=2, p=>2. (1-6)
P q 2 q 4
The following theorem is our main result:
Theorem 1.3. Assume (H1)—(H4). Then there exist ¢y > 0 and C > 0 such that, if e = |u(0)|| ;1 < €o,

the solution u(t) of (1-1) can be written uniquely for all times as

w®)=>_ Qjz o +nt) with 1(t) € H[z(t)] (1-7)
j=1
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in such a way that there exist a unique jo, a p € [0, 00)" with p1; =0 for j # jo and |p4| < C|lu(0)] g1,
and an n4 € H' with I+l g1 < Cllu(0)|| g1, such that

. itA _ : . — . -
Jim G, x) = MA@l =0, lim_12;0] = pe. (1-8)
Furthermore, we have n = 1) + A(t, x) such that, for all admissible pairs (p, q),
lelge + 17l . o, < CluOlg and |2 +iejzjliz@,) < Clu@I3,  (1-9)
and such that A(t,-) € Xy forallt > 0 and
t_1}+moo A, )z, =0. (1-10)

As an interesting corollary to Theorem 1.3, we show rather simply that the excited states are orbitally
unstable. We recall that e "£iz Q ;. is called orbitally stable in H'(R®) for (1-1) if

Ve>036>0 lluo— Qj:llpims <8 = sup inf flu(r) —e”e " ErQ sy <€ (1-11)
te

and is orbitally unstable if (1-11) does not hold. We prove:
Theorem 1.4. Assume (H1)—(H4). Then there exists €y > 0 such that, if j > 2, and for |z| < €, the

standing wave e Ei: Q jz s orbitally unstable. Furthermore, e i Q. is orbitally stable.

Notice that [Tsai and Yau 2002b; 2002c; 2002d; Soffer and Weinstein 2004; Gang and Weinstein 2008;
2011; Gustafson and Phan 2011; Nakanishi et al. 2012] contain only very partial proofs of the instability
of the second excited state. Theorem 1.4 will be proved in Section 7 and, until then, and in particular in
the sequel of this introduction, we will focus only on Theorem 1.3.

We recall that [Gustafson et al. 2004] proved Theorem 1.3 for |u|?u replaced by more general functions
in the case when H has one eigenvalue (for the NLS with an electromagnetic potential, we refer to [Koo
2011]). The case of two eigenvalues is discussed in the series [Tsai and Yau 2002a; 2002b; 2002c] and
in [Soffer and Weinstein 2004] under more stringent conditions on the initial data, which are such that
lluol| s is small for k£ > 2 and some s large enough in [Soffer and Weinstein 2004] and ||ug|| ;14725 Small
for s > 3 in [Tsai and Yau 2002a; 2002b; 2002c]. A crucial restriction in these papers is that 2e; > e;.
They then prove versions of Theorem 1.3 involving also rates of decay of |z(¢)|, of |[1(?)|| L~ r3), and of
l7(2)1l L2 w3y for appropriate s > 0.

The ideas used in proofs such as in [Tsai and Yau 2002a; 2002b; 2002c; Soffer and Weinstein 2004]
appear to be very difficult to extend to operators with more than 2 eigenvalues, where only partial results
like in [Nakanishi et al. 2012] are known, and for initial data small only in H'. On one hand, the
Poincaré-Dulac normal form argument in these papers seems not suited to discuss the higher-order FGR
needed when 2e; < e;. Furthermore, in these papers there is a subdivision of the evolution into distinct
phases, which the solution enters in a somewhat irreversible fashion and which are considered one by one.
This division into distinct phases might become unclear in cases when u(¢) oscillates from one phase to
the other, as is not unlikely to happen in the H! case, or when the passage from one phase to the other
is very slow, as is certainly true in the H' case. Moreover, an increase in the number of eigenvalues
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of H increases also the number of distinct phases that need to be accounted for and the complexity of the
argument. So, any hope of proving Theorem 1.3 should rely on an argument which yields the asymptotics
in a single stroke and which does not distinguish distinct cases. This is what we do; see, for example, the
second part of Section 6. We did not check if our method yields the decay estimates of [Tsai and Yau
2002a; 2002b; 2002c; Soffer and Weinstein 2004] under more stringent conditions on .

We give a new application of the interpretation of the FGR in terms of the Hamiltonian structure
of the equation. This interpretation was first introduced in [Cuccagna 2009] and was then applied in
[Bambusi and Cuccagna 2011] to generalize the result of [Soffer and Weinstein 1999]. It was later
applied to the problem of asymptotic stability of ground states of the NLS, first not allowing translation
symmetries in [Cuccagna 2011a], and then with translation in [Cuccagna 2014]; see also [Cuccagna
2012].

The link between FGR and Hamiltonian structure rests in the fact that the latter yields algebraic
identities between coefficients of different coordinates in the system (compare the right-hand side in (6-13)
with the second line in (6-27)). These allow us to show that some other coefficients in the equations of
the z; have a square power structure and have a fixed sign (in the case of the NLS); see Lemma 6.8. This
then yields decay of the z;, except for at most one of the j here. We refer to pp. 287-288 in [Cuccagna
2011a] for the original intuition behind this approach to the FGR, which views the FGR as a simple
consequence of Schwartz’s lemma on mixed derivatives, and which has been used in [Bambusi and
Cuccagna 2011; Cuccagna 2009; 2011a; 2014; 2012], among others. For other applications of this theory
we refer to the references in [Cuccagna 2012; Cuccagna and Maeda 2014]. We refer also to [Cuccagna
2011b], whose treatment of the FGR 1is similar to the one in this paper. Earlier treatments of FGR, are
in [Tsai and Yau 2002a; 2002b; 2002c; Soffer and Weinstein 2004] and, still earlier, in [Buslaev and
Perel’'man 1995; Soffer and Weinstein 1999], but they seem to work only in relatively simple cases,
because they run into trouble if the normal form argument requires more than a very few steps. For more
references and comments see [Cuccagna 2011a].

As we will see below, the FGR can be seen relatively easily after one finds an appropriate effective
Hamiltonian in the right system of coordinates. This coordinate system is obtained by a normal form
argument. Right from the beginning, though, it is crucial to choose the right ansatz and system of
coordinates. For example, since H has eigenvalues, it would seem natural to split the NLS (1-1) into
a system using the coordinates of the spectral decomposition of H; see (4-2). However, this would not
be a good choice for our nonlinear system. Following [Gustafson et al. 2004], it is better to pick as
coordinates the z; of Proposition 1.1, complementing them with an appropriate continuous coordinate.
There is the natural ansatz (2-1) (the same used in [Soffer and Weinstein 2004]), which, following
[Gustafson et al. 2004], can be used to obtain the continuous coordinate, here denoted n and introduced
in Lemma 2.4.

Once we have coordinates (z, n) with z = (z1, ..., z,), where z; is the ground state coordinate,
z;j for j > 1 the excited states coordinates, and 7 the radiation coordinate, Theorem 1.3 can be loosely
paraphrased as

n(t)—0 in HILC and z;(t) - 0 except for at most one j. (1-12)
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In particular, if z(z) — O the solution u(¢) of (1-1) scatters like a solution of it = —Au in H I Otherwise
there is one j such that u(#) scatters to e Q. ,, with #(¢) a phase term which we do not control here.
We have convergence by scattering to a ground state if j = 1, and to an excited state if j > 1. The latter
presumably occurs for the u(#) whose trajectory is contained in an appropriate manifold; see [Tsai and
Yau 2002d; Beceanu 2012; Gustafson and Phan 2011].

It is not easy to see (1-12) in the initial coordinate system. So we need a Birkhoff normal form argument
to identify an effective Hamiltonian, like in [Bambusi and Cuccagna 2011]. Unlike there, but like in
[Cuccagna 2011a], the initial coordinates, while quite natural from the point of view of the NLS (1-1), are
not Darboux coordinates for the natural symplectic form €2 in the problem; see (4-1). Hence, before doing
normal forms, we have first to implement the Darboux theorem to diagonalize the problem (of course, the
coordinates arising from the spectral decomposition of H — see (4-2) — are Darboux coordinates, but, as
we wrote, they are not suited for our nonlinear asymptotic analysis). So in this paper we need to perform
a number of coordinate changes: first a Darboux theorem and then normal form analysis. At the end
of the process we get new coordinates (z1, ..., Z,, 1) Where the Hamiltonian is sufficiently simple that
we can prove (1-12) relatively easily using the FGR (which tells us that all the z;, except at most one,
are damped) and a semilinear NLS for 7, that shows scattering of n because of linear dispersion. In the
context of the theory developed in [Bambusi and Cuccagna 2011; Cuccagna 2011a] and other literature,
the work in the last system of coordinates, that is, all the material in Section 6, is rather routine.

Having proved (1-12) for the last system of coordinates (z, ), the obvious question is why (1-12)
should hold, as Theorem 1.3 is saying, also for the initial coordinates, which we now denote by (z’, ") to
distinguish them from the final coordinates (z, ). Keeping in mind that all coordinate changes are small
nonlinear perturbations of the identity, the only simple reason why this might happen is that different
coordinates must be related in the form

=2+ 0(zn)+ 0(772)+Z O(zizj) for k=1,...,n,
i#]

N =n+0Gm+007)+ ) 0z
i#]

(1-13)

This relation between any two systems of coordinates forbids relations like z| = z; + z%. Indeed, with the
latter relations it would not be true (except for the case z(r) — 0) that (1-12) for (z, ) implies (1-12)
for (z/, n'). So our main strategy is to prove (1-12) for the final (z, n) with some relatively standard
method using FGR and linear dispersion, and to be careful to implement only coordinate changes like
in (1-13). This latter point is the novel problem we need to face in this paper. It is not obvious from the
outset that (1-13) should hold.

As we wrote above, [Gustafson et al. 2004] suggests a very natural choice of functions z;, based on
Proposition 1.1, which can be completed in a system of independent coordinates. Loosely speaking,
the z; have the problem that they are defined somewhat independently to each other. This shows up in the
expansion of the Hamiltonian in Lemma 3.1, with a certain lack of decoupling inside the energy between
distinct z;; see (3-9) and Remark 3.2. This leads in (3-3) (see the second line) to terms whose elimination
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in a normal form argument would seem incompatible with coordinate changes satisfying (1-13). These bad
terms of the energy can be better seen in (4-45): they are the / = 0 terms in the third line. Other additional
bad terms arise in the course of the Darboux theorem transformation. Bad terms in the differential form I"
in (4-17) (used in the classical formula (4-40)) are those in /; in (4-22). Specifically, they are the first
term in the right-hand side of (4-22). The right-hand side of (4-28) is also filled with bad terms, in the
sense that they yield a coordinate change § in Lemma 4.8 leading to more / = 0 terms in the third line in
(4-45). Specifically, they originate from the pullback §* Z?:l E(Q ;) of the first term in the right-hand
side of (3-3) (more bad terms seem to arise if we use Q(’) —see (4-8) —rather than the slightly more
complicated 29 — see (4-13) — as the local model of €2). In a somewhat empirical fashion, for which we
don’t have a simple conceptual reason, a plain and simple computation shows that all the bad terms cancel
out and that there are no / = 0 terms in (4-45). This is proved in the cancellation lemma, Lemma 4.11,
which is the main new ingredient in the paper. This lemma proves that the change of coordinates designed
to diagonalize 2 is also decoupling the discrete coordinates inside the Hamiltonian. From that point
on, the structure (1-13) for the coordinate changes is automatic and the various steps of the proof of
Theorem 1.3 are similar to arguments such as [Cuccagna 2011b; 2012], which have been repeated in a
number of papers. So they are fairly standard, even though we are able to discuss them only in a rather
technical way. We have to go into the details of the proof, rather than refer to the references, because of
some technical novelties required by the fact that in general z - 0, and what converges to O is instead the
vector Z introduced in Definition 2.2, whose components are products of distinct components of z.

In the second part of Section 6, the FGR and the asymptotics of the z; in the final coordinate system are
rather simple to see in a single stroke. Furthermore, Theorem 6.1 is more or less the same as [Cuccagna
2011a; 2011b].

One limitation in our present paper is that we do not generate examples of equations which satisfy
hypothesis (H4). Notice though that our result, for solutions only in H', is new even in the 2-eigenvalues
case of [Tsai and Yau 2002a; 2002b; 2002c; Soffer and Weinstein 2004], where our FGR is the same.
Still, we believe that (H4) holds for generic V. And even if it fails at one stage, this is not necessarily a
problem: the strict positive sign in the FGR is only an obstruction to performing further the normal form
argument, so, if there is a 0, in principle it is enough to proceed with some further coordinate change until,
after a finite number of steps, there will finally be a positive sign in the FGR, and so the stabilization will
occur, just at a slower rate. And if the FGR is always 0, then maybe this is because the NLS has a special
structure; see [Soffer and Weinstein 1999, p. 69] for some thoughts.

Proposition 2.2 of [Bambusi and Cuccagna 2011] proves validity in general of the FGR. Transposing
here that proof would require replacing the cubic nonlinearity with a more general nonlinearity 8(|u|?)u.
This seems rather simple to do because the cubic power is only used to simplify the discussion in
Lemma 3.1. But it is not so clear how to offset here the absence of a meaningful mass term m?u, which in
[Bambusi and Cuccagna 2011, pp. 1444-1445], by choosing m generic, is used to move some appropriate

spheres in phase space. Adding to the NLS a term m?

u would not change the spheres here.
We reiterate that Proposition 1.1 is valid for small z; € C. As z; increases there are interesting

symmetry-breaking bifurcation phenomena; see [Kirr et al. 2008; 2011] and references therein and see
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also [Fukuizumi and Sacchetti 2011; Grecchi et al. 2002; Sacchetti 2005] and references therein for the
semiclassical NLS. Notice that Theorem 1.3 should allow one to prove asymptotic breakdown of the

beating motion in the case p = 0 in [Grecchi et al. 2002]. Finite-dimensional approximations of the

solutions at energies close to the symmetry breaking point of [Kirr et al. 2008] have been considered by

[Goodman 2011; Marzuola and Weinstein 2010], who prove the long time existence of interesting patterns

for the full NLS. Unfortunately, it is beyond the scope of our analysis, and it remains an interesting open

problem, to understand the eventual asymptotic behavior of the solutions in [Goodman 2011; Marzuola
and Weinstein 2010].

2. Notation, coordinates and resonant sets

Notation.

We denote by N = {1, 2, ...} the set of natural numbers and set Ny = N U {0}.
We denote z = (z1, ..., z), |2] := /2y 212
Given a Banach space X, ve X and § > 0, we set Bx(v,d8) :={x € X : |[v—x|x <6}

Let A be an operator on L*(R?). Then 0,(A) C Cis the set of eigenvalues of A and 0,(A) C Cis
the essential spectrum of A.

For K =R, C, we denote by X, = X, (R3, K) for r € Ny the Banach spaces defined by the completion
of C.(R*, K) by the norms

N3, == > X alFa s, + 108207 2 s 1e))-
loe|<r
For m < 0 we consider the topological dual %,, = (X_,,)’. Notice — see [Cuccagna 2014] — that the
spaces X, can be equivalently defined using, for r € R, the norm ||u||x, := ||(1 — A+ |x|2)’/2u||Lz.

PR3 = (=0 Zm is the space of Schwartz functions; FRH=U
distributions.

m<o 2m 18 the space of tempered

We set z; =z +1izjs for zjg, zj; € R.

For f:C" — C, set D;g f(z) :=9df/0zjr(z) and D;; f(z) := 9f/0z1(2).

We set 9; := 9d;, and 97 := 0,. Here, as is customary, 9, = %(DZR —1Dyy) and 0z, = %(DZR +1iDyy).
Occasionally we use a single index £ = j, j. To define £ we use the convention ]= = j. We will also
write z; = Z;.

We will consider vectors z = (z1, ..., z,) € C" and, for vectors u, v € (NU{0})", we set z47" :=

Atz zy We will set | =3 g

We have de = deR +ide], de = deR —ide].
We consider the vector e = (e, . . ., e,) whose entries are the eigenvalues of H.

P. is the orthogonal projection of L? onto %,[0].
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» Given two Banach spaces X and Y we denote by B(X, Y) the space of bounded linear operators
X — Y with the norm of the uniform operator topology.

Coordinates. The first thing we need is an ansatz. This is provided by the following lemma:

Lemma 2.1. There exist co > 0 and C > 0 such that, for allu € H Uyith |Ju)| ! < co, there exists a unique
pair (z, ®) € C" x (H' N ¥.[z]) such that

n
u=Yy 0j;;+0 with |z]+ 0]y < Cluly. @-1)
j=1

Finally, the map u > (z, ®) is C*®°(By1(0, co), C" x H') and satisfies the gauge property
Z(eiﬂu) = eiﬂz(u) and ®(eil9u) = eiﬂ®(u). (2-2)

Proof. We consider the functions

n
Fia(u,z) = Re<u -3 0, iDjA—Qij> for A=R, I.

=1
We have F;g(0,0) = F;;(0,0) = 0. These functions are smooth in L? x Bcn (0, by) for the by in
Definition 1.2. We have F;z(0,z) =Imz; + 0(z%) and F;i;(0,z) =Rez; + O(z?) by Proposition 1.1.
By the implicit function theorem, there is a map u — z which is C*°(B;2(0, ¢p), C") for ¢o > 0 suffi-
ciently small. Set ® :=u — Z;Zl Qjz;- Then ® € C*°(Bg1(0, cop), H'). The inequalities follow from
|z(u)| < C||lul| g1, which follows from z € C! and z(0) = 0. Formula (2-2) follows from

n n
i i i i
eu = E e’ Qj;; +e"0 = E Qjemzj—l-e‘ ®
Jj=1 j=1

and from the fact that ® € _[z] implies e’ ® e ¥.[7'], where 7’ = ¢'”z. This last fact is elementary.
Indeed, setting only for this proof z; = x; +iy; and z; = x; +1iy}, we have

Re(ie”®, 9,1 Q1) = 0y x; Re(ie’ ©, e”d, Q).) + 0y yj Re(ie?©, €9y, 0;.,)=0
if ® € ¥.[z]. Similarly, Re(ie!? ®, 9y Q) = 0. Hence © € c[z] implies O e ¥, [ 7]. O

Definition 2.2. Given z € C", we denote by 7 the vector with entries (zizj) with i, j € [1,n], in
lexicographic order. We denote by Z the vector with entries (z;z;) with i, j € [1, n], in lexicographic
order but only for pairs of indexes with i # j. Here, Z isin L, the subspace of C"° ={(a; ;); j=1,.n:i #Jj},
no=n(mn—1), with (a; ;) € Lifand only if a; ; = a;; for all i, j. For a multiindex m = {m;; € No :i # j},
we set Z™ = [[(z;z;)™¥ and |m| := Zi,j mi;.

We need a system of independent coordinates, which the (z, ®) in (2-1) are not. The following lemma
is used to complete the z with a continuous coordinate.
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Lemma 2.3. There exists dy > 0 such that, for any z € C with |z| < dy, there exists an R-linear operator
R[z] : #[0] — H.[z] such that P.|s.;) = R[z]™!, with P, the orthogonal projection of L? onto %,[0]; see
Definition 1.2. Furthermore, for |z| < dy and n € #.[0], we have the following properties:

(1) R[z] € C®(Bcn (0, dy), B(H', H")) with B(H', H") the Banach space of R-linear bounded opera-
tors from H' into itself.

(2) Foranyr > 0, we have ||(R[z] — Dnlls, < ¢ lzI*nlls_, for a fixed c,.
(3) We have the covariance property R[e" 7] = €’ R[z]e .
(4) We have, summing on repeated indexes,
Rizln=n+(a;lzlm¢; with ojlzln=(B;(z),n) +(C;(2), 1), (2-3)
where Bj(z) = §j(2) and C(z) = z,-zga-gj (2) for B and a-gj smooth and the Z of Definition 2.2.
(5) We have, forr € R and Z as in Definition 2.2,
1B () + 02,2, s, + 1Cj(2) — 02,9z, Iz, < crlZI%. (2-4)

Proof. Summing over repeated indexes, we search for a map R[z] : L% — %.[z] of the form
RIzIf = f+(lz]1/)¢; with a;lz]f = (B}(2). f)+(C;@), f)
such that R[z] f € . [z] for all f € L2. The latter condition can be expressed as
Re(f.iDia Qs + (#).1D1a Q1z) B, — ($;.iD1a 01 )Cj) =0 forall f e L*.
This and the equalities

(9j,iDiRr Q1)) =18j1 + (P, 1Dirq1z), (D). 1Dy1 Qiz)) = —8j1 + (P, 1D11q;7,),
(¢j. iDiRQuz)) =181 + (B}, iDiRG1z,)s  (Bj,1D1r Ouzy) =81+ (9. iDi1 i),
yield the equalities
DirQiz + (81 + (95, DlR‘Ilz;))E/j —(j1+{¢j, Dirqi;;))C;j =0,
1Dy Qi + (=681 +1{(9;, Dllq111>)E/j — (61 +1{pj, Di1qi;,))C; =0.

They can be rewritten as

&1+ gy, + (81 + 1, 31611@))5} —(¢j, 91917,)C; =0, 2-5)
gz + (@) 9quz) B — (81 + (@), 9, ))Cj = 0.

For 72 = {z?&-j} and 72 = {Z?S,’j} two n x n matrices, the solution of this system is of the form

E, B o0 . A1 ZZAZ m "
(e)=2v (A7) () @
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where A; = A;(|z1)?, ..., |za]?) are n x n matrices and u; = u;(|z1|%, ..., |za|%) are n x 1 matrices
forl =1 (resp 1=2) w1th entries ¢; j +9;qjz; (resp. 95qjz;) as j =1,..., n. This yields the structure
B'(z) = B’ (Z) and C;(z) = z,zZC,g](Z)

Using (¢;, gjz;) =0, we can rewrite (2-5) in the form

Bj = —¢1 — dyq1, — Y (. i) By — (¢, 91d1)C)).
J#
Cr=0q1, + Y (¢ 0q1z) By — (. 81z )C;.
J#l

2-7)

By Proposition 1.1, this implies
1B +¢ulls, +1Cillx, < Clail. (2-8)

Reiterating this estimate, from (2-7) and for B; defined by the following formula, we get

This yields (2-4). Claim (3) follows by

B

Bi+¢1—> ilg;. diq1z)$; +iqu,
j#l

<C|z)?

r

IC1 — 8quz, Iz, < C|ZI%.

ajle”zln =" ajlzle " n, (2-9)
which in turn follows by claim (4). Indeed,
ajle’zIn = (Bj(Z). n) + (™" 2i2:Cij (Z). 7))
=¢"(Bj(Z), ¢ n) +¢”(z20Citj (Z), 77 ) = & aj 2] . O

We are now able to define a system of coordinates near the origin in L?.
Lemma 2.4. For the dy of Lemma 2.3, the map (z, n) > u defined by
n
u=Yy_ Qj;+Rlzln for (z.n) € Ben (0, do) x (H' N [0]) (2-10)
j=1

has values in H' and is C™. Furthermore, there is a d; > 0 such that the above map is a diffeomorphism
for (z,n) € Ben (0, di) x (Byi (0, di) N [0]) and

1zl + lnll g~ Nl g (2-11)
Finally, we have the gauge properties u(e’ z, ¢ n) = e u(z, n),

z(emu) = emz(u) and r](emu) = ewn(u). (2-12)



ON SMALL ENERGY STABILIZATION IN THE NLS WITH A TRAPPING POTENTIAL 1299

Proof. The smoothness follows from the smoothness in z in Proposition 1.1 and Lemma 2.3. Property
u(ez, e n) = e u(z, n) and its equivalent formula (2-12) follow from (2-2) and Lemma 2.3(3). Notice
that u = u(z, n) is the inverse of the smooth map u — (z, ®) — (z, P.®). Formula (2-11) follows by the

estimates in Proposition 1.1 and by Lemma 2.3(2). O
Resonant sets.
Definition 2.5. Consider the set of multiindexes m as in Definition 2.2 and, for any k € {1, ..., n}, the
set

Me(r) ={m: Y1 Y i_imijle;—ej) —ep <0 and |m| < r, 013

Mo(r)y ={m : 377 3% mij(e; —e;) =0 and |m| <r}.
Set now

Mi(r) ={(n,v) e Ng x Ngj : 22" =z, Z™ for some m € M (r)},
(2-14)

M(r) = U Mi(r) and M= MQ@N +4)
k=1

Lemma 2.6. Assuming (H3) we have the following facts:

(1) If Z™ = 717", then m € Mo(2N + 4) implies w = v. In particular, m € Mo(2N + 4) implies
Z"m =71/ - za) P for some (14, ..., 1,) € NG-

(2) For |m| <2N + 3 and any j, we have Za’b(eu —ep)mgp —ej #0.

Proof. First of all, if i = v then 77" = |z1|**1 - - - |z,|**". So the first sentence in claim (1) implies the
second sentence in claim (1). We have

n n

n n

— . _ymj - _1my; —

z" = l_[ (ziz)™" = l_IZl-Z“1 ' Z,-Z’*' f=zH7
iI=1 i=1

The pair (i, v) satisfies || = [v| < 2N + 4, by
lul = ZM! = Zmil = [vl.
l il
We have (u—v)-e=0by m € My(2N +4) and

Z i€ — Z Ve = Zmil(ei —e) =0.
i / il

We conclude, by (H3), that u — v = 0. This proves the first sentence of claim (1).
The proof of claim (2) is similar. Set

n n
Z 7 il > 1 il =9y M = _
27z = [T@zymz; = o= a ", = 22"

i,l=1 i=1

(n—v) 'e=ZMi€i _Zvlel :Zmil(ei —e)—ej
i 1 il

‘We have
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and

=Y =Y my=Iv|-1. (2-15)
) il

If (w—v)-e=0then, by |u —v| <4N + 5 and (H3), we would have u = v, which is impossible
by (2-15). O
Lemma 2.7. (1) Consider m=(m;;) € Ny’ such thaty_,

see (H3). Then, for any eigenvalue ey, we have

Zmij(ei—ej)—ek < 0. (2-16)

i<j

i<jMij > N for N > |ej|(min{e; —e; : j >i)~

(2) Consider m € Ngo with |m| > 2N + 3 and the monomial z; Z™. Then there exista, b € Ngo such that

Zai]’ =N+1=Zbij,

i<j i<j
al-jzb,-ij forall i > j and ajj +b,-j§m,-.,-+mj,- forall (i, j), 2-17)
and moreover there is a pair of indexes (k, 1) such that
Y aijlei—e)—ex <0 and Y bijlei—e;)—e <0 (2-18)
i<j i<j
and such that, for |z| < 1,
122" < |zl 12k 2% |2 Z°). (2-19)
(3) For m with |m| > 2N + 3, there exist (k, 1), a € My and b € M; such that (2-19) holds.
Proof. Equation (2-16) follows immediately from
Zmij(ei —ej)—e,<—min{e; —¢;: j>i}N —e <0,
i<j
where the latter inequality follows by the definition of N.
Given a, b € N’ satisfying (2-17), by claim (1) they satisfy (2-18) for any pair of indexes (k, /). Consider

now the monomial z;Z™. Since |m| > 2N + 3, there are vectors ¢, d € Ngo such that [c| =|d| =N +1
and ¢;; +d;j < m;; for all (i, j). Furthermore, we have

VA z.,-z“Z”Zch with || >0 and |v| > 0. (2-20)
So, for z; a factor of z* and z; a factor of z", and for

e fori<i. ditd. fori<i
aij:{cj—i—c], ori<j bij={l]+ i fori< 2-21)

0 for i > j, 0 for i > j,
for |z| < 1 we have, from (2-20),
122" <1zl 2112 27 = |25l 12 2% |21 2°).

Furthermore, (2-17) is satisfied.
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Since our (a, b) satisfy a € My and b € M;, claim (3) is a consequence of claim (2). U

We end this section by exploiting the notation introduced in Lemma 2.3(5) to introduce two classes of
functions. First of all, notice that the linear maps n — (1, ¢;) extend to bounded linear maps X, — R
for any r € R. We set

SC={neT :(n¢;)=0,j=1,....n}. (2-22)

The following two classes of functions will be used in the rest of the paper. Recall that in Definition 2.2
we introduced the space L with dim L = n(n — 1). In Definitions 2.8-2.9, we denote by Z an auxiliary
variable independent of z which takes values in L.

Definition 2.8. Let 5 be an open subset of a Banach space. We will say that F (¢, b,z, Z,n) in
CM(I x B x s, R), with I a neighborhood of 0 in R and s{ a neighborhood of 0 in C" x L x DI
F = QJ{IK] v (. b, 2, Z, n) if there exists a C > 0 and a smaller neighborhood A’ of 0 such that

|F(t,6,2. Z.n)| < CInllz_ +1Z1) (Inlls_x +1Z]+1zD)" in I x B x . (2-23)
We will specify F = %"I’({M(t, b,z,Z)if
|F(t,0,2, Z,n)| < C|Z||z| (2-24)
and F =Ry, (¢, b, 2, ) if
|F(t,0,2, Z,m| < Clnllg_ (Inllz_y + 12D (2-25)

We will omit 7 or b if there is no dependence on such variables.

We write F = 97%’1(’ o Iif F = 97{ J . forallm > M. We write F = QR y if, for all k > K, the above F
is the restriction of an F (¢, b, z, n) e CM(I x B x &Qk, R) with &Qk a nelghborhood of 0in C" x L x ¢,
and which is F = QRZJM Finally we write F = QRI o If F = % ~ for all k.

Definition 2.9. We will say that T'(¢, b, z, n) € CM(I X B x A, ZK([R3, (©)), with the above notation, is
T = S’K’ v (t, b, 2, Z, n) if there exists a C > 0 and a smaller neighborhood A’ of 0 such that

T, 6,2, Z, )z < Clinlls_« +1ZD (Inlls_« +1ZI+12))' in I xBx . (2-26)

We use notations S;;]M(t, b,z,Z), S’I;]M(t, b, z, n), etc. as above.

Notice that we have the elementary formulas
gf‘;{bMSl JM _ Sz+a ,Jj+b and %(;(bM%tKJM _%Hra ]+b‘ (2_27)

Remark 2.10. For functions F (¢, b, z,n) and T (¢, b, z, ), we write F(¢t,b,z,n) = K M(t b,z,Z,1n)
and T(t,b,z,n) = SKJ » (. b,z, Z, n) when the equality holds restricting the variable Z to the Z of
Definition 2.2 for symbols satisfying Definitions 2.8-2.9.

Furthermore, later, when we write R/, and Sg/,,, we will mean R/}, (z, Z, n) and ¢/, (z, Z, n),
respectively.

Notice that F = QRIKJ w@ Z)yor T = SIKJ (2, Z) do not mean independence from the variable 7.
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3. Invariants

Equation (1-1) admits energy and mass invariants, defined as follows:
E(u)=Exu)+ Ep(u), where Eg(u):=(Hu,u) and Ep(u) = % / |u(x)|4 dx, 3-1)
R3 -
O(u) = (u, u).
We have E € C*°(H'(R?, C), R) and Q € C*®(L*(R?, C), R). We denote by dE the Fréchet derivative
of E. We define VE € C*(H'(R?, C), H"'(R?, C)) by dEX =Re(VE, X) forany X € H'. We define
also V,E and V; E by

dEX = (V,E, X)+ (VzE, X), thatis, V,E=2"'VE and V;E=2"'VE.
Notice that VE = 2Hu + 2|u|*u. Then (1-1) can be interpreted as
in = VzE(u). (3-2)

Lemma 3.1. Consider the coordinates (z,n) > u in Lemma 2.4. Then there exists some functions
as in Definitions 2.8-2.9 such that, for (z,n) € Ben(0, do) x (By1(0, dy) N 3.[0]), we have, for any
preassigned ro € N, the expansion (where c.c. means complex conjugate)

n
E@)=Y_ E(Qj:)+(Hn.n)+ R}, (2. n)
j=1
+Z[Ejzj(Re<szj»Zk¢k>+R6<kak7zj¢j>)+RC<|kak|2kak7Zj¢j>]
J#k
n 2N+3
FRENT@ 2 +Y Y D 2w (71 +Re(SEN (2, 2). 1)

j=1 I=1 |m|=l+1

n 2N+3
+ )0 > D G2 Gz ) +ee)+ Y D ZM(Gomij (), 1 )
jok=1 I=1 |m|=l i+j=2|m|<1
+ Y Y (Gaij @, ' YR @) + Ep (), (3-3)
d+c=3i+j=d

where:
 @jm, G jrm) € C®(Br(0, dp), C x T, (R, C));
e (Gomij, Gaij) € C*®°(Ber (0, dp), T, (R, C) x Z,(R?, ©));

e for |m| =0, where, in particular, G;;(0) = 0, we have

n

Y (G @, ') =Y (10 P M +2) Re(Qjz; Re(Q2; ), ); (3-4)

i+j=2 j=1 j=1

o« B2 (07, e n) =RL2 (2, 1) for all 9 € R for the third term in the right-hand side of (3-3).

rg,00 70,00
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Remark 3.2. In (3-3) the terms of the second line could potentially derail our proof. They appear
in (3-7)—(3-9). Similarly problematic is the first term in the right-hand side in (4-18) later. All these terms
are tied up. Indeed, in Lemma 4.11 we will show that in a system of coordinates better suited to search
for an effective Hamiltonian the problematic terms in the expansion of E cancel out.

In the proof of Lemma 3.1 we use the following lemma:

Lemma 3.3. We have, for j #k and SEj;; := Ej;;, —ej,

Ej: (G &) + (1 Qi | Orzy» #7) = Ekey (Gkesr 65 + 8 E 2, (izy - $5)- (3-5)

Proof. We apply (-, ¢;) to

Haiz, + 1Oz |* Qrze = 248 Ery Ok + Ekzy Qe

to get the following equality, which, from e; = E;;, — S E;;, yields (3-5):

eiqrzr 8)) + (1 Qkey|* Qhey» 85) = iy (Giey» 8- O

Proof of Lemma 3.1. First of all, we have the Taylor expansion

E(u)= E(Z szj) +Re<VE(Z Q,-zj), R[z]n>+2—‘ Re<v2E<Z sz,)R[z]n, m>+E3(n)
=1 =1 =1
J J J (3_6)
with

1 n n
Es(n) :=/0 (1-1) Re<[v2Ep( Q) +tR[z]n) _vzgp(z Q,,-z,)]R[z]n, m>dz.
1

J= j=1

Step 1. We consider the expansion of the first term in the right-hand side of (3-6). We have
4 _
> 05| =210, F 4" 10s, P R0z, Okey)
J#k
+2) 1051710k P+ Re(Qjz; Qe ) Re(Q iz, Qi ) +4 D 102> Re( Qi Oi,).

j<k JjFk k<l
J'#K J#kl

All terms are invariant under the change of variable z ~ ¢V z. The second line is O(|Z|?). We conclude
that

E< 3 Q,-z_,) =S (HQ;.,, QW%/

j=l,..n jk

= Y E@Qi)+Ri+)_[Re(HQj:;, O ) +2Re(1Q, P Q) Oas)], (3-7)

j=ln j#k
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where
1 _ _ —
Ry:=>)" f 1Q)c, P1Qus P45 ) / Re(Qjz; Okz) Re(Q 2y Quz ) +2 Y f 1Q2;* Re(Quz, O1z,)
j<k j#k k<l
J#K Ik
=0(ZP).

By Proposition 1.1 and by (3-5), the second summation in the last line of (3-7) equals

Y IEj:; Re(Q)z;, Oksy) +Re(1Qz, 17 Q)i Oz, )]
Jj#k

= Z[EJZJ (Re<quj P Zk¢k> + Re(kak, Zj¢j>) + Re(| kak |2Qk1k’ Zj¢j>] + RZ’ (3'8)

Jj#k

where

Ry = Z Ej: Re(qjz;. Giz) +Re(| Qe | Quzy- Gjz,) = O ZIP).

j#k

The summation in (3-8) is O(|z|?*|Z]) and not of the form O(|Z|?). Indeed, in the particular case when
7k = px and z; = p; are real numbers, we have what follows, which is not O(,o,f,on.):

Ej. Re(qj:;, Zkr) + Exz Re(quzy, 2j0;) + Re(| Qry 1> Okzy, 270
= k05 Ejo; 7G5 (0. bk} + Ero i (Gr(pi). &) + 0 (b + G (pD)’ 97} (3-9)
Finally, we observe that R + Ry = O(|Z|?) summed up together yield the first two terms on the third

line of (3-3).
Indeed, since R| + R, is gauge invariant, by Lemma B.3 in Appendix B we have

n 2N43

Ri+Ry=Y_Y" > Z"bjm(z;1")+0(Z"*) (3-10)

j=1 I=1 |m|=I+1

with O (|Z|*¥*3) smooth in z, independent of 7 and gauge invariant.
We have discussed the contribution to (3-3) of the first term in the expansion (3-6). Now we consider
the other terms in (3-6).

Step 2. We consider the expansion of the second term in the right-hand side of (3-6).

By Re(VE(Qj:,), RlzIn) = 2Re E;. (Q -, R[z]n) = 0, which follows from R[z]y € %.[z] and
10/, =—2j1DjrQjz; + 2jrD;j1Q jz; —see (11) in [Gustafson et al. 2004] (and which is an immediate
consequence of Q;;, = el? Qjz; forz; = el? |zj|) — we have

Re<VE<Z sz,), m}
j=1
0

1
= Re<VE(lel)’ Rl[z]n) +/ 0 Re<VE(lel -{-Z‘Z Qij>’ [Z]77>dl
0

j>1
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= Re<VE(Z sz,-)» R[z]n> + /{0 . 05 0; Re<VEp <SQ121 +Z‘Z lel>, [Z]n>dl ds

Jj>1 I>1

n—1
= /0 . 3,9, Re<VEp (stZj +1y le,), R[z]n>dt ds, (3-11)
j=1 [0,1]

I>j

where the last line is obtained by repeating the argument in the first three lines. For Q Pi=2 ;i Qiz» by
VEp(u) = 2|u|?u, the last line of (3-11) is, in the notation of Lemma 2.3,
n—1 - o o
23 "Re(20):,10, 7 +21Q0;:, 70+ Q3,,0;+ 0z, 05, 1+¢;({Bj(Z),n) + (Z:2:Citj(Z), m))).
j=1

Further expanding /Q\‘,- = ij Q,;, and using Q;,, = z/(¢1 + Gi(1z1]?)), the above term is of the form

S Y G 2MG @) m +ec).

j=1|m|=1

As in Step 1, by Lemma B.4, this can be expanded into

Yo Y GZ"GimuP ) +ec)+ Y (Z™(Gm(), n) +c.c.). (3-12)

j=11<|m|<2N+3 |m|=2N+4
Thus the last line in (3-11) can be absorbed in the third and fourth lines of (3-3).

Step 3. We consider the expansion of the third term in the right-hand side of (3-6). Using V2Ex(u)=2H
and proceeding as for (3-6), we obtain

27! Re<V2E<Z szj)R[z]n, R[z]n>

j=1

=27 Re<v2EK(Z sz_,)R[Z]n, m>+21 > “Re(V’Ep(Qjz))RIzln, RIzIn)
Jj=1 j=1
05 0; Re<V2EP (Sszj +1t Z QZZ,)R[z]n, m> dt ds.

I=j+1

n—1
+27! Z/[
j=1

0,1]2

The third line is absorbed in the Z™ (G2ij(2), n'nl) + 97%}(;?00 (z, n) with |m| =1 terms in (3-3). From

the second line, using (2-3)—(2-4) and, in particular, o ;[z]n = RL1 (2, n) for the last equality, we have

rp,00

27! Re<v2EK(Z Q ,-z,>R[z]n, m> = (HRI[z]n, R[zn)

j=1 n n
= (Hn,0)+2 ) _Re[(;lzIn)(H;, W]+ Y ejlejlzlnl®
Jj=1 Jok=1

= (Hn, 1) + Ry (2, ),
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which yield the second and third terms in the right-hand side of (3-3). For
n n n
27! Y VEER(Qj =Y 105, Pn+2) | Q) Re(Q):, ),
j=1 j=1 j=1

we have, for Gag;;(z) as in (3-4),

271 Y Re(VPEp(Qje ) RIzIn, RIzIn) = Ry’ zom + D (Gaoij@),0'0/). (3-13)
j=1 i+j=2

This %;%(z. 1) defines the third term in the right-hand side of (3-3). Notice that %.% (e z, € n) =

rp,00

RL2 (z,n) because this invariance is satisfied both by the left-hand side of (3-13) (by the invariance

rp, 00

of E, (2-2) and Lemma 2.3) and by the last summation in the right-hand side of (3-13), by formula (3-4).

Step 4. We now turn to the E3(n) term in (3-6). By elementary computations,

E3(n) = / t(1— z>d3EP(Z Qjz; +srR[z]n> -(R[zIn)* dt ds
[0,17?

j=1
= Ep(R[z]n)
+f t(1—1) d4Ep(f Z Qjz; +stR[z]n) -(R[z]n)3z Qj;;dtdsdr  (3-14)
0,13

Jj=1 j=>1

with d*Ep(u) - v the trilinear differential form applied to (v, v, v) and d*Ep(u) - v>w the 4-linear
differential form applied to (v, v, v, w).
In particular, we have used the fact that, since d/ Ep(0) =0 for 0 < j < 2, we have

Ep(R[z]n) =/

t(1 —t)d>Ep(stR[zIn) - (RlzIn) dt ds. (3-15)
[0,1]2

For B(u) = |u|*, and using the fact that d*B(u) € B*(C, R) is constant in u, the last line of (3-14) is

1—12 . d*B- (RN’ Y Qe (x) dx,

j=1

and can be absorbed in the (G4;;(z), ni ﬁj)%o"“ (z, n) terms in (3-3). We expand Ep(R[z]n) as a sum

rp,o0
of similar terms and of Ep (7). U

In order to extract from the functional in (3-3) an effective Hamiltonian well suited for the FGR
and dispersive estimates, we need to implement a Birkhoff normal form argument; see Section 5. This
requires an intermediate change of coordinates, which will partially normalize the symplectic form €2
defined in (4-1) below, and diagonalize the homological equations. Notice that, as a bonus, this change of
coordinates erases the bad terms in the expansion of E in (3-3) discussed in Remark 3.2.
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4. Darboux theorem

System (3-2) is Hamiltonian with respect to the symplectic form in H!(R3, C),
QX,Y):=1X,Y)—i(X,Y)=2Im(X, Y). 4-1)
In terms of the spectral decomposition of H (recall ¢ =),

X =) (X.¢;)¢; + PcX, (4-2)

j=l1
QX,Y)=1i Z((X, oY, d;) — (X, )Y, ¢;) +i(PX, P.Y) —i(PX, P.Y). (4-3)
j=1

However, in terms of the coordinates in Lemma 2.4, 2 admits a quite more complicated representation,
as we shall see. This will require us to adjust these coordinates.
Our first observation is that, for the coordinates in Lemma 2.4, we have the following facts:

Lemma 4.1. The Fréchet derivatives of n(u) and z; are given by the formulas

dyw)y=— Y > PDjagjz;dzja+ P, (4-4)

n

dz; =(-,¢;) — Z Z (Draqiz> 95) dzia —Z Z Diaajlzlndzia — ajlz] odn. (4-5)

kik#j A=I,R k=1 A=I,R
Analogous formulas for dz jr and dz j; are obtained by applying Re and Im to (4-5).

Proof. We start with (4-4). By the independence of z and 71, we have

0 0
dn =dn—— =0, (4-6)
0ZjR 0z;1
where
n
0
5o =Dialje + > Djalenlzln)gx. (4-7)
ja k=1

Next, for & € 9.[0] we have what follows, which implies dn R[z] P, = 1|g,[0):

d
dn R[z]P:§ = Eﬁ(sz,- + R[zl(n +1£))

t=0

Sodn=7) (ajdzjr +bjdzj;) + P., where we used P.R[z] = 1. Then a; and b; can be computed
applying ) (ajdzjr+bjdzjr) + P to the vectors (4-7) and using (4-6). Finally (4-5) follows by

zjw) =<u — Y iz — Rlzln, ¢,-> = <u =Y o ¢,»> —a;lzln. O
k=1

k:k#£j
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We consider the function 7(«). Notice that di(u) X = dn(u + tX)/dt|t=O =dn(u) X. Now we introduce
a new symplectic form. Notice that our final choice of symplectic form is not the €2, defined here in (4-8),
but rather the 2 defined in (4-13).

Lemma 4.2. Set

Q= 2ZdeR Ndzjr+i{dn, dn) —i{di, dn)
j=1

; (4-8)
and B) = ;(Zﬂedz]'[ ~ 2jrdzjr) — S, dn) — 0, d7)).
Then d B, = Q( and Q = Q, at u = 0 for the Q of (4-1). Furthermore,
®*B) = B|, for ®u)=-e"u for any fixed ¥ €R. (4-9)

Proof. The equality d B, = ; is elementary. Indeed, d(z;r dzj; —zj1 dzjr) =2dzjr Adz;j; and, for a
pair of constant vector fields X and Y, since d*n(X,Y)=d*n(Y, X) we have

d{m, dn)(X,Y)=X({@,dnY)=Y(n,dn X) ={dn X,dnY)—({dnY,dnX).

This yields d (5, dn) = (dn, dn) — (dn, dn) and also d(n, dn) = —d(y, dn) = {dn, dn) — {d7y, dn).
To compute 526 at u = 0, we observe that, by Lemma 4.1, we have dn = P, at u = 0, so that

i(dnX,dnY)—i{dnX,dnY)=i(P.X, P.Y) —i(P.X, P.Y) at u=0. (4-10)

By Lemma 4.1 and Proposition 1.1, at u = 0 we have dz;g =Re(-, ¢;) and dz;; =Im(-, ¢;). Summing
on repeated indexes, we have
iI(X, 9,)(Y, ¢;) — (X, ,)(Y, ¢;)) = =2Im((X, $;)(Y, ;)
=2(Re(X, ¢;) Im(Y, ¢;) —Re(Y, ¢;) Im(X, ¢;))
=2Re(-,¢;) Alm(-,9;)(X,Y)
=2dzjr Ndzjrlu=0(X,Y). 4-11)

By (4-10)—(4-11), we get Q = Q at u = 0. Finally, (4-9) follows immediately by

n
Bj:= ZIm(Z.,-dzj) +1Im(7, dn). (4-12)
=1

This concludes the proof. O

Summing on repeated indexes and using the notation in Proposition 1.1, we introduce the differential

forms
Qo = Q) +iy;(Iz;1°) dzj A dZ,

where ¥ (I2;1%) == (q;(12;1"). 4; (1z; ") +21z;1*(@; (251, 47 (1251). (4-13)
and BoZ:Bé—Im(DjAéjzj,qJ'Zj)deA
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with c}} (t) =dqj/dt. We have the following lemma:
Lemma 4.3. We have y;(|z;1*) = R20(Iz;[*). We have d By = Qq and
®*By= By for ®u)=e"u forany fixed 9 € R. (4-14)

Proof. The identity y;(|z; %) = QR%O(?OOQZ j 1) is elementary from Proposition 1.1 and Definition 2.8. Next,
d By = Qq follows by d B, = Q, and
—dIm(Djaqjz;, qjz;) dzja =Im(Djaqjz;, Djpqjz;) dzja Ndzjp
=2Im(Drqjz;> Dj1q)z;) dzjr Adzj1
=2y (lz;1») dzjr Adzj;
=iy;(Izj1») dz; ndzj,
where ¢;., =z;4;(12;1%).
Turning to the proof of (4-14), we have
cb*(i)/j(|2j|2) dzj NdZj) = i)/j(|Zj|2) d(CD*Zj) /\d(dD*Zj) = i)/j(|zj|2) dzj AdZ;. O
Lemma 4.4. We have d B = Q with B the differential form in the manifold H' defined by
Bw)X :=Im(u, X). (4-15)

Consider, for u € By1(0, dy) with the dy of Lemma 2.3, the function W € C*°(By1(0, dy), R) and the
differential form I" (u) defined by

V@) =) Im(Gje,, u) + Y Im(e;lzInz)), (4-16)
j=1 j=1
T (u) := B(u) — Bo(u) + dy (). (4-17)

Then the map (z,n) — U'(u(z, n)), where u(z, n) is the right-hand side of (2-10), which is initially
defined in Ben (0, dg) X (H' N%.[0)), extends to Bcx (0, do) x x¢, for any r € N. In particular, we have
I'=Tjadzja + (I, dn) + (I's, dn) with, in the sense of Remark 2.10,

Pia=R @ Z,n) and Te=SY' (2. Z.,n) for E=n.7. (4-18)
Furthermore, I satisfies an invariance property in By (0, dy):
QT =T for ®u)=eu for any fixed ¥ € R. (4-19)
Proof. By the definition of the exterior differential, and focusing on constant vector fields X and Y,

dB(X,Y)=XBw)Y —YBw)X =Im(X,Y) —Im(Y, X) =Q(X, Y).
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This is enough to prove d B = Q. Next, using R[z]ln =n+ Zj a;[z]n¢;, we expand

Bw) =Y Im(Qjz;, ) +Im(R[z]n, -)

J

=Y Im(Z;¢;, ) +Im@, ) + Y _Im(Gje;, ) + Y Im(e;[zIn{g;, - ). (4-20)
J J J

By the definition of By in (4-13), we have

B—Bo=h+hL+L+Y Im(Djagj:;, qj:))dzja+ Y _Im(gjz;, ), (4-21)
JA J
where

L= Imlz;(¢. ) —dzp)). Li=—Im{f.dn—P), L=y Imla;lzInig;.)].
J J

We replace dn using (4-4) and (¢}, -) using (4-5). For «[z] o dn, the linear operator defined by
ajlz]odn(X) :=aj[z]dn(X), we then get
L =1m(Djaqjz;, zZk¢r) dzja +1Im(Z; Drajlzln) dzga +Im(zja[z] o dn)
=Y RL dzja+1ImE;e lz]0dy), (4-22)
jA

where, as anticipated in Remark 2.10, here we set %IKJ M= %sz v (@, Z,n) and SlK] M= SlK] w(@ Z,n),
where Z is as defined in Definition 2.2.
The second term in the last line of (4-22) is incorporated into the first sum in (4-25). We have

L =1Im(ij, Djaqjz,)dzja = Y PR3 odzja. (4-23)
Substituting with (4-5), we have "
=Y R4 dzja+ (8Ll dn) + (8L, d7). (4-24)
Hence, we get .

B—By=>) ImGEe;lzlodn) + Y RL' dzja+(SLle. dn)+ (SL' . dn)
J JA

+ > Im(DjaGj;- qjz;) dzja+ Y _Im(Gjz,. ). (4-25)

JjA J
Set now J(u) =— 2?21 Im(q,;, u). Then it is elementary that we have
n
dy == Im(gjz,.-) = _Im(D;agjz;. qjz,) dzja+ Y RE dzja. (4-26)
Jj=1 J,A JA

By the Leibniz rule we have

Im(Zja [zl odn) =dIm(Z;j[z] n) — Im(d (Zja,[2]) n). (4-27)
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The contribution to ) j Im(za[z] odn) in (4-25) of the last term in the right-hand side of (4-27) can be
absorbed into the term ) A QR(]);)], s dzja. Then

B—Bo+dy =Y RN dzja+(SL!. dn)+(SL . d).
JA

Here we have used that the first two terms in the right-hand side of (4-26) cancel with the last two
sums in (4-25) and that there is a cancellation between the contribution to » j Im(Z;a[z] odn) of the
dIm(z;a;[z] n) in (4-27) and the differential of the last term in (4-16). This yields (4-18).

Lastly we consider (4-19). We have ®* By = By by (4-14), while ®*B = B follows immediately from
the definition of B in (4-15). Finally, ®*¢ = ¢ follows immediately from ®*(g;;, u) = (g, u), which
follows from g, (¢ z) = €"”q,(z), and from (2-9) and (2-12), which imply

O*(zZ;ailzln) = e Pz 0l zle n = 7o (2. O

Lemma 4.5. Consider the differential form Q2 — g, which is defined in By1(0, dy) for the dy of Lemma 2.3.
Then, summing on repeated indexes, we have
Q—Qp= ﬁijAB dziandzjp+ Z dzia A (Qiae, dE) + Z (Qere dt, dg'), (4-28)
§=n.1 §.8'=n.1

where, expressed as functions of (z, n), the coefficients extend into functions defined in Bc» (0, dp) x X,
for any r € N and, in particular, we have QiAg = Sgé?oo(z, Z,n), ﬁ,-jAB = %é&goo(z, Z, n) in the sense of
Remark 2.10 and ?25/5 = 0 S;é%oo(z, Z,n)— (ag/S;éfoo(z, Z,n))* (with the two instances of S distinct).
We furthermore have

P (Q—Q) =Q—Q for D(z,n) = (ez, ¢ n) forany fixed ¥ € R. (4-29)

Proof. We have

Q—Qy=dl :dZ%ébl,oodsz +dZ<S<£<’>{oo’d$>-
J.A 3

Summing over k, B and &, we have

dRY o dzjn) =0, R o dzkp Adzja+ (RY) o dE) Adzja

00,007
with the 0; R}, € #.[0] defined, summing on repeated indexes and for F with values in R, by
dFX =d,,Fdzup X+ (0: F,d& X) forany X € L*(R*, C).

It is easy to see that IR =80 and 9., R =R10 .
Furthermore, summing on repeated indexes we have

d(S% oo, dE) = dzip N (0,85 o dE) + (9 S o dE', dE) — (dE, 85 S dE)
=dzip A (02,80 o dE) + (9 S oo dE', dE) — (0 Sy )" dE, dE'), (4-30)
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where, for T € C' (U2, L?) with U, an open subset in L?, 0T € B(.[0], L?) is defined by
dTX =8,,Tdzp X +3: T dé X forany X € L*(R*, C).

Summing on £ in (4-30) we get terms which are absorbed into the last two terms of (4-28).
Formula (4-29) follows from (4-19), Qo =d By and 2 =dB. O

Lemma 4.6. Consider the form 2; := Qo+t (Q2— Q) and set ix 2, (Y) :=Q,(X, Y). For any preassigned
r € N recall by, (4-8), (4-13) and Lemmas 4.4 and 4.5, that Q2 — Qo and T extend to forms defined in
Ben (0, do) x ZE .. Then there is 5 € (0, do) such that, for any (¢, z, n) € (—4, 4) x Ben (0, 80) X Bxe (0, 8o),
there exists exactly one solution ¥'(z, 1) € L? of the equation iz 2 = —T. Furthermore, we have the
following facts:

(1) X'(z,n) € X, and, if we set %tA(Z n = dzja%¥'(z,n) and 96” (z,n) = dn%'(z,n), we have
%;A(Z, n) = @ll L.z, Z,n) and %, (z, ) = S1 L, z,Z,n)in the sense of Remark 2.10.

(2) For &' := dz; X" and %) := dn %', we have &', (eVz,e"n) = 6”9%5- (z.n) and %! (e’ z, € n) =
eiﬂ%i](z, n).

Proof. We define Y such that iy Q) = —T", which yields Y,z = —1I'j; and Y;; = ir jr (both R ),

Y, = —il; and ¥; = iT', (both SL1). We use i, x Q) = ix(Q0 — ) + 18), where © := Q — Qp, to

define in L? the operator K;. We claim the following lemma:

Lemma 4.7. For appropriate symbols %é&?w (t,z,Z,n) and Séé(?oo (t, z, Z, 1), which differ from one term
to the other, and for Z as in Definition 2.2, we have

(KIX),-A:ZQR oXip+ Y (SL0. Xe

= (4-31)
(K X)e = Z Sl Xin+ D (0 Shlaot 2 Zom) = (B S3) o (0. 2. Z, ) ") X
§'=n.1
We assume for a moment Lemma 4.7 and complete the proof of Lemma 4.6. The equation ig: 2, = —T

becomes ¥’ + K,;¥' = Y. Indeed, suppose ¥’ + K, %' =Y holds. Then, by definition of K;, we have
i% (Qt - Q/) = iK,%, 96 and so I-% Ql‘ = i%r 96 + iKr%r Q/O =T
By Lemma 4.7, in coordinates and for & = n, 7, the last equation is schematically of the form

Gt T+ T (S =tk
§=n.7

(4-32)
%g+ZS”)9€£B+ Z (0 Sk o (1. 2. Z, 1) — B S o (1. 2, Z, ) ") %G = S}
{B

Notice that (0¢ S;éfoo)Srl”;O is C* in (¢, z, Z, n) with values in X,. We have

10 S22 ) Spaolls, < 110:S% B, 2 1S 0I5,



ON SMALL ENERGY STABILIZATION IN THE NLS WITH A TRAPPING POTENTIAL 1313
By (2-26), we have 9 SL'. (¢, 0, 0, 0). This implies

10 S% ol Bz, 5 < Clinlls_ +1Z]+ 2] (4-33)
and so
1S )8 Lls, < Clnlls_« +1ZD U5 + 121+ 12D

So (3 S1 ) S1L = SEL.
Inequality (4-33), a Neumann expansion and formulas (2-27) yield claim (1) in Lemma 4.6.
Claim (2) in Lemma 4.6 follows from

it ® Q= — @ T = —T = ign Q = ig-150 Q.

where ®*T" =T is (4-19) and we use (4-14) and (4-29) to conclude ®*Q, = ;. Then & '¥’ =%,
which is equivalent to ®,%’ = %"’. For the other formulas in claim (2), we have, for instance,

X (eVz. ") =% (P ) = dz; (X' (P(w))) = dz; (P %' (1)) = d(z 0 D) (X' (u)) = %, (u).
This ends the proof of Lemma 4.6, assuming Lemma 4.7. ]
Proof of Lemma 4.7. By (4-13) and summing over the indexes (j, A, B), we can write

Qo — Q=R dzjandzip = ix(Qo— Q) =R Xjrdzjr + R Xjrdzjr.  (4-34)
So, if we define K'X by setting i x'x 2 = ix (Q0 — ), by comparing (4-34) with

ik xS =2(K'X)jrdzj; —2(K'X)jidzjr +1{((K'X),, X5) —i((K'X)5, X,),
we obtain
(K'X)ja=%% X;s and  (K'X);=0 for & =n.7. (4-35)

Summing on (j, [, A, B, &, &’), we have
= R0 dzia ndzip +dzia ASKO, dE) +1((9: S5 (2, Z, ) — (0 SL) (2, Z, )*) de, dE).
Hence,
tixQ= R X jadzip + Sk Xe) dzja+ X ja(SK0s. dE) + ([0: S — (0 Skl o) 1Xe, dE').

So, if we define K" X by setting ig»x Q) = tix 2, we obtain

(K"X)ja=Y R Xeg+ D (SL0. Xe

¢
i o N (4-36)
(K"X)e = Z SO Xip+ Y [0:SL! o — (9S4 ) 1Xer.
§=n.1
Since K; = K’ + K", summing up (4-35) and (4-36) we get (4-31), and so Lemma 4.7. O

Having established that ¥’ (z, ) has components which are restrictions of symbols as in Definitions
2.8 and 2.9, we have the following result:
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Lemma 4.8. Fixr € N and for the 8y and the X' (z, ) of Lemma 4.6, consider the following system, which
is well defined in (t, z, n) € (=4, 4) x Bcn (0, 80) x Bse (0, do) forallk € ZN[—r, r]:

2 =%z, n) and n=%(z, 7). (4-37)
Then the following facts hold:
(1) For 81 € (0, &o) sufficiently small, system (4-37) generates flows, forallk € Z N [—r, r],

§' € C™((=2,2) x Ben (0, 81) x By (0, 81), Ben (0, 80) x By (0, 89)),

(4-38)
§' € C®((=2,2) x Ben (0, 81) X By, 07(0, 81), Ben (0, 80) X Bpyinge, 0y(0, 80)).
In particular, for z; i=zjo% (z,n) and n' :=noF (z, n), we have
j=zj+Si(t,z,n) and n'=n+S,(t z,n) (4-39)

with S;(t,z,n) = %}’*éo(t, z,Z,n)and S,(t,z,n) = Srl”olo(t, z, Z, n) in the sense of Remark 2.10.
(2) § =73 is a local diffeomorphism of H' into itself near the origin such that F*Q = Q.
(3) §;(, eVz, e’ ) = emSj(t, z,n) and S, (t, ez, e ) = eiﬂSn(t, zZ, ).
Proof. The first sentence has been established in Lemma 4.6. Elementary theory of ODEs yields (4-38).

The rest of claim (1) is a special case of a more general result; see Lemma 4.9 below. We get claim (2)
by the classical formula, for Ly the Lie derivative,

9 (F* Q) = F" (Lo 2 + 8,2) = F"(dig Q +dT) = 0. (4-40)

Notice that (4-40) is well defined here, while it has no clear meaning for the NLS with translation treated
in [Cuccagna 2012; 2014], where the flows §* are not differentiable (see [Cuccagna 2012] for a rigorous
argument on how to get around this problem). The symmetry in claim (3) is elementary and we skip it. [

Lemma 4.9. Consider a system
G=Xit o) and f=X,tz0), (4-41)

where X ; = %?;,Z(t, z,Z,n) forall j and X, = Sr"”n‘i(t, z, Z, n) for fixed pairs (r, m), (a, b) and (c, d).
Assume m, b, d > 1, with possibly m = oo, and r > 0. Then, for the flow (z', n') = §' (z, n), we have

Z; :Zj+Sj(t’ Z, 77) and 77[ :77+Sn(t’z’77) (4_42)
for appropriate functions S; = @i?,’,’l (t,z,Z,n)and S, = Sfy’,ff (t, z, Z, n) in the sense of Remark 2.10.

Proof. Consider the vectors Z of Definition 2.2. Notice that Z= Qtfj;ll*b(t, z, Z, 1), and this equation can
be extended to a whole neighborhood of 0 in the space L. Pairing the latter equation with equations (4-42),
a system remains defined which has a flow § (z, Z, n) that is C™ in (¢, z, Z, n) and which reduces to

the flow in (4-41) when we restrict to the vectors Z of Definition 2.2, by construction. The inequalities
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(2-23) and (2-26), required to prove §; = %?,’;Z and §, = Sf;,ﬁ, can be obtained as follows. We have, for
all [k| <r,

t
2 — 2] 5/ RED (5.2, 20, )] ds

0

t

<c f (s, +1ZDP (I 5 + 1281+ [2°D° ds,

0

1
T s/ 18525, 2, Z° 1) 13, ds

0

t
= C/ Un'lls_, +1Z2° DA’ s, +12°1 +12°))° ds,
0

r,m

t
z' — z| 5/ R (5, 25 Z°, n%) ds
0

t
< C/ U lls., +1Z5DPAm s, +1Z°|+12° )T ds. (4-43)
0
By Gronwall’s inequality we get that |Z’| and ||n'||x_, are bounded by C(|Z| + ||n||x_,). Plugging this

into the right-hand side of (4-43), we obtain the last part of the statement. ([l

We discuss the pullback of the energy E by the map § := §' in Lemma 4.8(2). We set Hy(z, 1) =
Z';: 1€jlz; 1>+ (H n, 11). Our first preliminary result is the following one:

Lemma 4.10. Consider the 81 of Lemma 4.8, the 8o of Lemma 4.6 and set r = ro with ry the index in
Lemma 3.1. Then, for the map § in Lemma 4.8(2), we have

§(Ber (0, 81) x (By1(0, 81) N [01)) C Ben (0, 80) X (By1(0, 8o) NH.[0]) (4-44)

and §| B (0,8))x(B,,1 0,61)n%.[0]) iS a diffeomorphism between its domain and an open neighborhood of the
originin C" x (H N 9%.[0]). Furthermore, the functional K := E o § admits an expansion

K(z,n)
= H>(z, 1) + Z Az %)

j=1,...n
2N+3 n 2N+3
- 1
+ 33 2P a1z Y DY G ZMG (D). ) +ec)
1=0 |m|=I+1 j=1 1=0 |m|=I
1,2 0,2N+5 0,2N+4 _
+ R @) + R (2, Zon) +Re(S) R (2, Z, ), 1)
i o 1 o .
+ 0 Y ZMGh @ W+ Y Y (G @) RS (2 )+ Ep(n),  (4-45)
i+j=2|m|<1 d+c=3i+j=d
where ri =ry—2, G§1")1 G;ln)”.j and Gt(lli; are Sf)]’f)oo, a,(,,l)(lzllz, oz = @lg’o?oo(z), c.c. means complex
conjugate, and )\,j(|Zj|2) = %g’o(?oo(lzﬂz). For |m| = 0, G(Zir)ll.j(z, 1) = Gomij(2) is the same as (3-4).

Finally, we have the invariance 97%};200 ez, e n) = %l;zoo(z, n).
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Proof. Consider the expansion (3-3) for E(u(z, n’)), and substitute the formulas z’j =2z;+S;(z,n) and
' =n+S,(z. n), with S¢(z, n) = Se(1, z, n) for £ = j, j, n, 7, with S;=S¢. By S;(z, ) =R} (2. Z,n)
and S,(z,n) = S:L (z, Z, n), it is elementary to see that the last three lines of (3-3) yield terms that can

rp,o0
be absorbed into the last three lines (4-45) (with / > 1 in the third line). Notice that the z dependence of
the a,(nl) in terms of (|z1]2, ..., |za|?) follows by Lemmas 4.8 and B.3. The z dependence of the Giln)l is

obtained by Lemma B.4. Notice also that, if an 971;120 (z) depends only on z, then it is an %i;é)’oo(z).
We have 12 (2, n") =RL2 (2, Z, n). Note that, by the invariance of %}6,200 (z, n) and Lemma 4.8(3),

rp,00 rp,00

we have %}6,200 €z, Z, eV n) = 9{}5?00 (z, Z, n). By Taylor expansion (using the conventions under (3-14))

%1,2 (Z, Z, n) — %1,2

0,00 rp,00 70,00

1
(2, Z,0)+dyR)2 (2, Z,0)n+ / (1 =0)0;R)2% (. Z, 1) dt -n°. (4-46)
0
Each of the terms in the right-hand side is invariant by change of variables (z, ) ~ (¢!’ z, ¢!” ). We have

1
Ry @ 2= =R (2 2) = ) 1429500 O 2+ R (2, 2)

rp,00
k<2N+4
2N+4
=RV @D+ Y Y ZMen(2)
=2 |m|=l+1
2N+4 n

=R @D+ Y Y 2" cimlziP),

=2 |m|=l+1 j=1

where, as in Step 1 in Lemma 3.1, the last equality is obtained by the invariance with respect to
(z, 1) ~ (P z, €”n) and by smoothness. We have, proceeding as above,

P2, Z, 00 = Re(S); L (2, 2), 7)

rp,00

1 _ _
= Y o Re(dy Skl (2,00, ) ZF + Re(S 2N (2, Z, ), 1)
k<2N+3
n 2N43
=Re(S, 0@ Zon i+ ) Y D GZM A1z m) +ec),
j=1 I=1 |m|=l

Finally, for an %;6,200 (€Vz,eVn) = %}6,200 (z, n) we have — see Definition 2.8 —

1
/ (A —=DRR)2 (2, Z, i) di n* = Ry% (2, 7).
0

By (4-46) and the subsequent formulas, we see that %}6,200 (z/, ) is absorbed into the last three lines of
(4-45) (with [ > 1 in the third line). The term (H7n', ') = (Hn, 1) + 97{;02—2 (2, Z, n) behaves similarly,
recalling that r; = ry — 2. Here too we have %if_zyoo(eiﬁz, Z,¢%n) = 97{}(;2_2’00(& Z,n). This function
can be treated like the Qi}(foo (z, Z, n) discussed earlier.

The terms E(Q ;) and, for j # k, Re(q,z;, Zxpx) = %é&,{w(z, Z) can be expanded similarly. But this

time we need [ = 0 in the third line. |
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The expansion in Lemma 4.10 is too crude. We have the following additional and crucial fact:
Lemma 4.11 (cancellation lemma). In the third line of (4-45) all the terms with | = 0 are zeros.

Proof. We first observe that the terms in the third line of (4-45) with [ = 0 can be written as

ZZ Z Z}Abk]A(Zk)+ZRC Ar(zi), 1). (4-47)

k=1 j#k A=R,I
Indeed, they are

Z Z"aY (21, ... |zl )+Z(z, G(l)(lzjl ), n) +c.c.), (4-48)

lm|=1 J=l1

and it is obvious that the second term of (4-48) is the second term of (4-47). Arguing as in Lemma 3.1,
the first term of (4-48) can be written as

n

1
YN zmag, ().
k=1 |m|=1

Further, for Z™ = z;Z;, we can assume that i or j must be equal to k, because, if not, it can be absorbed
into the terms with [ > 1. Set Ny :={m : |m| =1, m; ; =0 if i #k and j # k}. We have

SN zmag, (al? )—Z > z"ap, (1l )—ZZ(zjzmini Lzl + 2z jag,) (2.

k=1 |m|=1 k=1 meN, k=1 j#k

So, we can write the term in the form of the first term of (4-47).
Next, notice that, for py = (0, ...,0, zx, ..., 0; 0),

brja(zi) = 0, K (z, n)\pk and Ay (zk) = VoK (pp). (4-49)

Therefore, it suffices to show the right sides in (4-49) are both zero. Recall u(z, n) = Z?:l Qjz; + RlzIn.
We have
0y K (@), = 0, E(u(@ o). 0/ 0)),

=Re(VE(u(@ (pi), ' (pi))), z,,0u(2' @ m), 'z m)] ).

By Lemma 4.8, we have
(@' (p)s 1" (Pi)) = pre. (4-50)
So
VE (@' (pr), n'(pr)) = VE(Qiz,) = 2Epz;, Qs -

By Proposition 1.1 and by (4-50), for z; = ¢'% p; we have

- 819k(ZQ]Z +RZ]”>

0
—iF—

. 1
0 - ka’f = —i—¢ “Qip = Oz

Pk Pk
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where the first equality follows by definition of push forward, the second by (4-50) and the third by
Proposition 1.1. Similarly, by the definition of push forward, we have

0yau (@ @m0’ @ )|, = Tudeyul -

Therefore, byj4(zx) = O follows by

aZjAK(Z’ 77)|pk = 2Eka Im(%*aﬁkb)k’ 'S:*aszlpk> = _EkaQO(aﬂk, azj,A)ipk = 0.

To get Ay(zx) =0, fix E € #,.[0] and set px g(t) :=(0,...,0,2,0,...,0; tE). Then, for all E,

d
= EE(M(Z/(pk,E([))a 7' (pr.(1))))

-
S4B ) = —Ej; 2 ¢ g
ky el kzj 240 aﬁk’u

5. Birkhoff normal form

d
Re(VK(pr), 8) = - K(pr.a(®))

t=0 =0

d
_ Re<VE(Qka), Sl (), 7 (prs ()

=0 = Ap(zx)=0. O
Pk

0
= 2Eka Im<$*a_ﬁk

p

In this section, where we search for the effective Hamiltonian, the main result is Theorem 5.9.

We consider the symplectic form Qg introduced in (4-13). We introduce an index £ = j, j, for ]= =j
with j=1,...,n. We write 9; = 9;; and 9; = 9z, z; = z;. With this notation, summing on j, by (4-8)
and (4-34) for y;(1z;1*) = 2%, (Iz;|*) we have

Qo =i(1 +y,(Iz;») dz;j AdZ; +ildny, di) —i{dn, dn). (5-1)

Given F € C'(U, R) with U an open subset of C" x >¢, its Hamiltonian vector field X ¢ is defined by
ix.Q0 =dF. We have, summing on j,
ix,Qo=1(1+y;(z;((XF), dz; — (XFp);dz;) +i((XF)y, dn) —i((XF)y. dn)
=0jFdzj+0;Fdzj + (VyF,dn)+ (V5F, dn).

So, comparing the components of the two sides, we get for 1 + @;(|z; ) =1+ vi(lz; 1))~!, where
(215 = R0 (121,

(Xp)j=—i(+@;(z;PN3;F,  (Xp)y=—iVyF, 52
Xpi= i0+o(z;8;F,  (Xpy= iV,F.

Given G € C1(U,R) and F € C'(U, E) with E a Banach space, we set {F, G} :=dF Xg.

Definition 5.1 (normal form). Recall Definition 2.5 and, in particular, (2-13). Fix r € Ny. A real-valued
function Z(z, n) is in normal form if Z = Zy + Z;, where Zy and Z; are finite sums of the following
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type forl > 1:

Z(zZm=)Y Y EZ™Gim(zj). ) +c.c), (5-3)
i=1 |m|=l
! mleJll/Lj(l)

Zoz.Z)= Y Z"am(zl’ ... |zl (5-4)

lm|=1+1
medlo(I+1)

where G,-,,,(|zj|2)=SQ§o(|z,-|2), Z is as in Definition 2.2 and a,, (2112, . . ., Izn|2)=97{9”80(|z1 1%, lzal?).

Remark 5.2. By Lemma 2.6, Z™ = |Z1 2™ -« - |24 |?™ for all m € Mo(2N + 4) for an m € Np with
2|m|=|m|. By Lemma 2.6 for |m| <2N+3, either ) _, , (e, —ep)map—e;>0o0r ), ,(ea—ep)map—e; <O0.

For I <2N +4 we will consider flows associated to Hamiltonian vector fields X, with real-valued
functions x of the form

x= > Z"bm(ul . e+ Y GZ™Bim(z1D), m+ce)  (5-5)

lm|=I+1 j=1 |m|=l
mgMo(l+1) mgM; (1)
: _ p0.0 2 2 o Q00 (. 2 :
with by, = R0 (1z1l% .- |zal?) and Bjm = S;°5,(1z;|7) for some r € N defined in Bex (0, d) for

some d > 0.
The Hamiltonian vector field X, can be explicitly computed using (5-2). We have

X0 =0i+ X Xy==1>" Y 2;Z"Bjm(z;"). (5-6)
j=1 |m|=l
mg; (1)

where
(Yy),(z,n) := —i(1+a;(|z;]*))

X |: Z bm(|Zl|2, cees |Zn|2)8JTZm

|m|=1+1

+°0 ) (Bim 1zl m3;GaZ™) + (Bim(|21%), ﬁ>a;(zk2m))],

k=1 |m|=I

(V) (2, m) = —i(l +wj(|z<,-|2>)[ D Opbm(zil s 2l Dz, 2"
|m|=I+1

+ > UB) 121D, Mz P27 + (B (12,17, ﬁ>z§2m>] (5-7)

|m|=1

Notice that (Y,); = 97%}:20, (?X)j =M and (X)), = Sr]:(lx). We now introduce a new space.
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Definition 5.3. We denote by X, (I) the space formed by
{(D, B) = ((bm}messys {Bjn}jel...nnem;) : bm € C, Bjn € Z;

and x (b, B) is real valued for all z € Ber(o,a)},

where
A :={m:|\m|=1+1, m & Mol + 1)},

Bi):={n:|n|=1,ngM;I+1)},
where we have assigned some order in the coordinates and where
n
X(b.B)= Y Z"bw+Y_ > (G;Z"™(Bjm.n)+cc).
mesi(l) j=1me®; (1)
We give X, (I) the norm
n
1. B)lx,oy= D> 1bml+D_ > [IBjmlls,.
mesi(l) j=1meB;()
Set 0(2) = (01(2), . . ., 0x(2)) With 0;(2) = |z, |*.

Lemma 5.4. Consider the yx in (5-5) for fixed r > 0 and l > 1, with coefficients (b(0(z)), B(0(z2))) in
C2%(Ben (0, d), X,(1)) and with Bim(0(2)) = Bjm(0j(2)). Consider the system

zj=(Xy)jz,n) and n=(Xy)y(z,n),

which is defined in (t,z) € R x Ben(0,d) and n € X forallk € ZN[—r,r] (orn € H' N%.[0]). Let
8 € (0, min(d, 81)) with &, the constant of Lemma 4.8. Then the following properties hold:

() If
41+ 18| (6@, B@E) | 1o (sor0.a).x, 0y < L (5-8)

then, for all k € Z N\ [—r, r], for the flow ¢'(z, n) we have

¢' € C%((~2,2) x B (0, 8/2) x By (0,8/2), Bea (0, 8) x By (0, 8))

(5-9)
and @' € C*°((=2,2) x Ben(0,8/2) X Byipge,01(0, 8/2), Ben (0, 8) X Bryinge,07(0, 8)).
In particular, for 25. :=2zj0¢'(z,n) and n' :=no¢'(z, n), and in the sense of Remark 2.10,
t t
Zi=zj+Sjt,z,n) and n' =n+S,(t, z,n)
e ! (5-10)

with  S;(t,z,m) =Ry (t,2.Z,n) and  Sy(t.z,m) =S} (t.2. Z.n).

(2) We have S;(t, ez, eV n) =€V S;(t, z,n) and S, (t, ez, V) = €V S, (¢, z, ).

(3) The flow @' is canonical, that is, ¢"* Q2 = Qo in Ben (0, 8/2) X Byinge,07(0, 8/2).
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Proof. Claim (2) is elementary. The same is true for (3), given that ¢’ is a standard, sufficiently regular
flow. In claim (1), (5-10) is a consequence of Lemma 4.9. The first part of claim (1) follows from
elementary estimates such as

(X, @ mI =104 (121205 % @ M| < A+ | L Be0.80) A+ DB, BYlwre(5or 0,50 %, 050"
for (z, ) € Ben (0, 8) x Bxe (0, 8). Notice that, taking o sufficiently small in Lemma 4.6, we can arrange
||l Lo (Be(0,50)) < 1. We also have
(X)) M, <10, B)llLoBen (0,80),X,(l))5(l)+1-
Then if (5-8) holds we obtain (5-9). U
The main part of ¢’ will be given by the following lemma:

Lemma 5.5. Consider a function x as in (5-5). For a parameter o € [0, 00)", consider the field W,
defined as follows (notice that W, (z, n, 0(2)) =Y, (z, n)):

W)z n,0)=-i(1+@;())

x[ > bu(@)d;Z"

|m|=I+1
+> 3 ((Bum(e0) n>a,-<zkzm>+<ékm(ek>,ﬁ>Zka,Zm)], (5-11)
k=1 |m|=I
(Wy)y(z,m,0):=—=i) Y 2 Z" Bim(0)-
k=1 |m|=l
Denote by (w', o') = ¢{(z, n) the flow associated to the system
wj=Wy)(w,o0,02), w;0)=z,,
o =Wy)s(w,o0,0(2), 0o(0)=n.
Let § € (0, min(d, 61)), as in Lemma 5.4. Then the following facts hold:
(1) If (5-8) holds, then, for B(0(z)) = (Bjm(0;(2)) jm>
wj =2z, +T;(t,b(0(2)), B(e(2)),z,n) and o' =n+T,(t, b(0(2), Bo(2)),z,n), (5-13)
T; and T, are C™ for (t,b, B, z,n) € (=2,2) x Bx, (0, ¢) x Bcn (0, 8) x Bx_, (0, 8) (5-14)

(5-12)

with values in C and X, respectively. Furthermore, we have

Ti(t,b,B,z,n) =R (t,b, B, 2, Z, 1),

,00

L1 (5-15)
Tﬂ(ta b? Bv 2, T]) = Sr:oo(tv b5 Ba <, Z’ 7])
(2) We have the gauge covariance, for any fixed ¥ € R,
T(t,b, B, é"z,é"n) = e T;(t,b, B, z, ),
! ! (5-16)

T,(t, b, B, "z, ¢7n) =€ T,(t,b, B, z, ).
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(3) Consider the Hamiltonian flow (z', n') = ¢'(z, n) associated to x; see Lemma 5.4. Then

d—w =R 2,2, 0 =o' =8, 2, Z, ). (5-17)

,00 ,00

Proof. We have (5-13)—(5-14) by standard ODE theory. For W = (w;w);»; like the Z in Definition 2.2,

w;=zj—i<1+w,~<g,-<z>))[ 3 buo) /O @;W™)* ds

lm|=1+1

+3 > (<Bkm<gk<z>>, fo o (O (D W™))' ds>

k=1 |m|=l
+<Ekm(gk<z)>, /O ESw,i(a;vadsm, (5-18)

where (BJW)S = B;W”|w:ws. Similarly, we have

ol=n-iy_ Y Ekm(gk(z))/o wi (Wm)S ds. (5-19)

k=1 |m|=l

Like in Lemma 4.9, we have also W/ = Z + fot %}loo (s, b(0(2)), B(o(2)), z, Z, n) ds. We can apply
Gronwall’s inequality like in Lemma 4.9 in these formulas to obtain (5-15). This yields claim (1).

Next, _ . .
(W) (" w, eV o, 0(2)) = e (Wy)(w, 0, 0(2)),

(W)€’ w, e’ o, 0(2)) = € (W), (w, 0, 0(2))

yield claim (2).
Consider claim (3). Observe that (5-17) holds replacing I 4 1 by I. By (5-6), we have, for a fixed C,

|2 =] < |[(Wy)j(zom) — (Wy);(w, o)+ 1RE (1,2, Z, )
<Clz—w|+Clln—ols_, + RN @, 2, Z, ).

7,00
Similarly, we have

In—0clls, = N(Wy)y(z.n,0(2) = (Wy)y(w, 0,0z, <Clz—w|+Clln—0olls_,.
We then conclude, by Gronwall’s inequality,
=+l —o'lls, < 1% @2 Zo)l,
which, along with (5-17) with I + 1 replaced by [, yields (5-17), ending Lemma 5.5. O
Using Lemma 5.5, we expand the ¢! given in Lemma 5.4.

Lemma 5.6. Let (z', ') = ¢'(z, n), where ¢ is the canonical flow given in Lemma 5.4. We have:

(1) For T (b, B,z,n) =R}:3, T,(b, B,z,n) = 832~ and T j, T, smooth in (b, B, z, 1),
j(be@). Be(@)). z.n) + Ryl
2(b(@(2), Be(2)), 2, n) + 15t

9

Z;- =z;+ Yz, n+

/ (5-20)
n=n+ (Xx)r/(z’ n)+

Q g
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(2) For 9~'j (b,B,z,n) = 97%}%2 smooth in (b, B, z, n),

1517 = 1217+ 2, (V)G + 2, (V) @ ) + T (b(e(2)), B()). z.m) + Ryt (5-21)

Remark 5.7. Forl>2,J ; and 7, are absorbed in %lé‘g and EP}:’o'g !"and do not appear in the homological
equations in Theorem 5.9. But, if [ = 1, they do, although as small perturbations.

Proof. First of all, by (5-7) and by Definition 5.3, we have Z;(Y,); +z,(Y,); = 2Re(z;(¥,);) = 0. So,
using the following formula to define % ;, we have

%|zj|2 =7;(X) i +2,(X); =7,V +2;(¥); = Y,(z, n). (5-22)
Notice that % ; is 97%9:’0‘5 I, Therefore, we have
51— 121> = R) L (5-23)
This implies
b(o(z*) —blo() =R} and  B(o(z*)) — Blo(2)) =9} (5-24)
Similarly — see right before (5-2) — we have
(12517 — @ (12; ) = Ry (5-25)
Now we show (1). By (5-6) and (5-11), using (5-24) and (5-25), we have
(Y); @ 0" = (W), 0 0(2) =R, (5-26)

By (5-6), (5-10), (5-17) and (5-26), we have
1 ' 1 ] ) ' ] 1 - ) ]
7= zj+f0 W), Q<z>)ds+/0 (V)5 1) = (W) 1 0(2) ds+/0 (F) 0y ds
1
— / (W) (W' + R 09 4 M o)) ds + 1!
0

1

:Zj+/ (WX)j(wS,cfs,Q(z))ds+%}:é‘g1
0

=2+ (W) j(z n 0@)+T;+ R,

where 7 ; = fol(WX)j (w®, 0%, 0(2))ds — (Wy)(z,n,0(z)) and the last %1,10-51 in the second line is

r,
different from the %if}‘g Uin the third line. Finally, by Lemma 5.5(1) and the fact (W, ); = 97&}:20, we have
Jj= QR}%IO*I with J ; smooth in (¢, b, B, z, n). The argument for n’ is similar.
We next show (2). Set Y;(z,n,0) :==2;(Wy)j(z,n,0) +z;(Wy);(z,n,0). As in (5-23)~(5-24), we

have
Wi 0, 02) — Y, ) = REZA,
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where ¥ is as defined in (5-22). So we have
1 1
2517 =1z, +/O Y, n')ds =z;)? +f0 Vi’ 0(2) ds + R
1
=|zj|2+/o YW, 0%, 0@)ds + Ry =12 P+ Yz, ) + T+ Ryt

where 7 = [ @ ;(w*, 0%, 0(2))ds — ¥ ;(z, ). Asin (1), T; =R12 and T is C for (b, B, z,n). O
After a coordinate change ¢ = ¢! as in Lemma 5.4 the Hamiltonian expands like in (4-45).

Lemma 5.8 (structure lemma). Consider a function K which admits an expansion as in (4-45), defined for
(z,m) € Bcn(0, 8) X (By1(0, 8) N¥,[0]) for some small § > 0 and with ry replaced by an r'. Suppose also
that the | =0 terms in the third line are zero. Consider a function x such as in (5-5) with 1 <l <2N+4, with
1B, B)lwi.oo(Ben 0,8), x, 1)) < C and with C a preassigned number. Suppose also that 2c;(2N +4)6C < 1
with ¢, the constant of Lemma 5.4. Denote by ¢ = ¢' the corresponding flow. Then Lemma 5.4(1)—(3)
hold and, for (z, n) € Bcn (0, 8/2) x (By1(0,8/2) NH:[0]), r =r' —2 and Z as in Definition 2.2, we have
an expansion

n 2N+3
Kog(z,m)=Haz,m+ ) 4D+ Y Y Z"an(al, ..., 1z
j=1 =1 |m|=I+1

n 2N+43

Y)Y GZMG iz P ) o) +RIL @+ RO, Z, )
j=1 I=1 |m|=I

+Re(S2N @ Zom, M+ Y D Z™(Gomij o), ' )
i+j=2|m|<1

+ Y D {Gaij@m ' TR (2 m) + Ep (), (5-27)
d+c=3 i+j=d

where G jm, Gomij and Gg;j are 52’000 and the a,, are %g;goo. For |m| =0, we have Gopij(z, n) = Gomij(2)
are the functions in (3-4) and the X;(|z j|2) are the same as those of (4-45). Furthermore, the term
R}-Z (2, n) in (5-27) satisfies R} 2 (e z, €7n) =RZ (2, 0).

Proof. Like in Lemma 4.10, we consider the expansion (4-45) for K (z', ), and substitute the formulas
z’j =2z;+S;(z,n) and n" = n+ S,(z, n). Proceeding like in Lemma 4.10, we have

Ry @) =R @) + R @ 2o+ Re(S 2 L 2, ), 1) + 6, (5-28)

where G consists of terms like in the second and third sums of (5-27).
Similarly, for a & like &, we have

(Hn',7) = (Hn, 1) + RS (2, Z,n)

r’'—2,00

= (Hn, 7))+ %55 @m+ R (@ 2) +Re(SY, (2 Z. ), 7)

- '—2,00

= (Hn, 0) + R @) + RN 2@ 2o +Re(S2 @ 2o )+ 6. (5-29)

/2,00 r’'—2,00
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Consider a A (|z; 1) in (4-45). Then, by (5-21), we have
AP =2z P+ Ry @ Zom) = iz 1) + Ry @ Z. ). (5-30)

The latter admits an expansion like in (4-46) and what follows it.
The term 97{1 2 >o(z, n) in the second line of (5-27) is either the first in the right-hand side in (5-28) for
[>1in Lemma 4.8, or the sum of that with the 97{} 145100 (z, ) originating from (5-29)—(5-30) for / =1 in

Lemma 4.8. In either case it satisfies %,’w(elﬁz eln) = 97{}30 (z, n). Other terms in (4-45) computed at
(z', ) by similar elementary expansions are similarly absorbed in (5-27). U

All of the above lemmas are preparation for the following result, which will give us an effective
Hamiltonian by picking ¢ = 2N +4.

Theorem 5.9 (Birkhoff normal form). For any € NN[2,2N + 4] there is a §, > 0, a polynomial x, as
in(5-5)withl =1,d =6, andr =r, =ry— 20+ 1) such that, for all k € ZN[—r (), r(1)], we have for
each x, a flow (for 8 the constant in Lemma 4.10)

¢! € C®((—2.,2) x Ben(0,8,) x Bxe(0,68,), Ben (0, 8,-1) X Bye(0,8,-1))

(5-31)
and ¢Lt € COO((_z’ 2) X BC" (07 8[) X BH]Q%C[O](O’ 8[)7 BC" (07 8[—1) X BHIH%C[O](Ov 8[—1))

and such that, for §© :=F o ¢y o--- o ¢, with § the transformation in Lemma 4.8 and ¢ i = d)tl, for
(z,n) € Ben (0, 8,) X (BF1(0, 8,) N.[0]) and for Z as in Definition 2.2, we have

HY(z,n) = EoFY(z,n)

2N+3
= Hy(z, n)+ZK I +20@Z.m+ Y > Z"aR(al’ ... |zl
j=1 =1 |m|=l+1
n 2N+3
+Y 3 N @26 () ) +ee) + R (o) + RO (2, Z, 1)
j=1 I=t |m|=Il
+Re(SIN M@ Zom. )+ Y Y Z™Gh @) ' )
i+j=2|m|<l
+ > D (G @ ' YR (2m) + Ep (), (5-32)
d+c=3i+j=d

where, for coefficients like in Definition 5.1 for (r, m) = (r,, 00),
z0= 3" Z"an(ulP .. 2P+ Z( > 5Z™(Gim(z) ) +C.c.>. (5-33)
melo(t) meMj(—1)

We have B2 =R]2 and R)2 (€72, €7n) = R)2 (2, 1)

7,00 72,00
In partlcular, we have, for 8 ; := 8N4 and for the 8y in Lemma 4.6,

FENFY(Ben(0,87) x (Byi (0, 87) N [01) C Ben(0, 89) x (B (0, 8o) N ¥[0]) (5-34)
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With §|Ben (0,87)x (B, (0,8 e [0)) @ diffeomorphism between its domain and an open neighborhood of the
origin in C" x (H' N%.[0]).
Furthermore, for r =rqg—4N — 10, there is a pair 97%1 ' and Sl L such that, for (z', ') = FON+ (2, n),

d=z4+RG@Zy) and ' =n+SL(z Z,n). (5-35)

By taking all the 8, > 0 sufficiently small, we can assume that all the symbols in the proof, i.e., the symbols
in (5-35) and the symbols in the expansions (5-32), satisfy the estimates of Definitions 2.8 and 2.9 for

|z| <8, and ||n|x,,, <&, for their respective L.

(1)

Proof. Notice that the functional K in Lemma 4.10 satisfies the case ¢ = 1. The proof will be by induction
on (. We assume that H® satisfies the statement for some ¢ > 1 and prove that there is a ¢, such that
H D .= HW o ¢, satisfies the statement for ¢ + 1. We consider the representation (5-27) for H®,
which is guaranteed by Lemma 5.8. Using (5-27), we set h = H W(z, Z, ), interpreting (z, Z, n) as
independent variables. Then we have, for I =,

; lm| <2N +4, (5-36)

1
ap (2P 2l = — 07 h
m: (z,1,2)=(2;0,0)

@ﬂm@n——%Vh

. |lm| <2N+3. (5-37)
(2.1.2)=(0,...,2},0,...,0;0,0)

The inductive hypothesis on H @ is a statement on the Taylor coefficients in (5-36)—(5-37), that is, that,
for I = (see Definition 2.5 and Remark 5.2),

ay =0 forall m & My(), (5-38)

=0 forall (j,m) with m & M;(I—1). (5-39)

h’(z n,Z)=(z;0,0)

Vh|(znZ) ... -+0:;0,0)

We consider now an as yet unknown x as in (5-5) with I =, r =r, and a yet to be determined d = 4§ > 0. Set
¢ :=¢', where ¢' is the flow of Lemma 5.4. We are seeking x such that H® o ¢ satisfies the conclusions
of Theorem 5.9 for ¢+ 1, i.e., that using Lemma 5.8 again and setting this time h = (HY o) (z, 1, Z), we
will have (5-38)—(5-39) for I = ¢+ 1. Notice that, for any yx, (5-38)—(5-39) are automatically true for I =.
This is because H(z, 1, Z) and (H® o ¢)(z, n, Z) have the same derivatives in (5-36) for |m| < ¢, and
in (5-37) for |m| <t — 1. So it is enough to consider (5-38) for |m| =+ 1 and (5-39) for |m| = ¢. This
will be true for a specific choice of x whose coefficients solve the homological equations, which we set
up in the sequel.
By (5-20) and G35y, (z. n) = Gao;(2), we have

n
HOC ) =HG )+ 2 +20C 2 ) +R2E )+ D (G ). 1" 7)
j=1 i+j=2

++ Y Z"al) (2 )+ZZ(z,zm G (251 m) +ec),  (5-40)

jm|=t+1 j=l|m|=t
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where h := (x)(z, n, Z) satisfies (5-38)—(5-39) for I = ¢+ 1. In the sequel, we will use (*) with this
meaning. Let (z/, ) = ¢(z, n). We have

n

D e GV m) +2;(Yy)) iz m)

j=1
= Z ie- (u(m) —vm)bu(z11% ..., |za|HZ™
|m|=t+1
+) (18- (2 (m) — B;m)(Bjm(12;17), mZ; 2" +c.c)  (5-41)
jlml=t
for

Zm — z“(”’)Z”("’),
72" = i (m) 0 m) (5-42)
¢ = (er(l+ @iz ), ..., eall +@u(lza?),
and, summing on repeated indexes,
(Hn, (X5, m) + (H(X )y (2, m), 1) =12, Z" (HBj m(|2;1%), 1) +c.c. (5-43)

So, by Lemma 5.6, (5-41)—(5-43) and using the notation in (5-42), we have

n

Hy(Z ) =) ejld; P+ (Hn', )

j=1
=Hy(z,m+ Y ié-(uim)—vm)bu(lzl’, ... |2 Z"
mlénﬂztrln
+3°3 " (i{(é- (i m) = B;m) + H) Bjm(I2,1%). n)Z; 2™ +c.c.)
" i)
+ Ry (b, B, 2, Z, ) + (¥), (5-44)

where c.c. refers only to the third line and, in the last line,

n
Ry (b, B,z Z.)=Y e; T+ (Hn, T+ (HT,. 7))+ (HT,. T,),
j=1

where here and in the sequel of this proof we abuse notation, denoting by (b, B) the element in X, (1) —
see Definition 5.3 — with entries by, (|z1]%, - . ., |2,|%) and Bjm(|Zj|2). The term %Ezgg(b, B,z,Z,n) can
be absorbed in (%) if « > 2, but if « = 1 needs to be considered explicitly. By A;(|z j|2) = QR&?OO and

(5-21), we have
2P =1z +RFE b, B 2, Z,n) + (%). (5-45)

Next, we claim
Z9 2 ) =20 Z. )+ RS b, Bz, Z, ) + (%). (5-46)
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Let us take a term Z™a,, (0(z)) in the first sum in (5-33). Notice that, by Lemma 2.6, we have necessarily
|m| > 2. Furthermore, by (5-21) it is easy to see that we can omit the factor a,,(0(z)). For definiteness,
let Z™ = |z1|*|z2)? (so |m| = 2; the case |m| > 2 is simpler). By (5-21) we have

12112517 = (21 )P + RYSED (22 + RYEED = |21 Pz + RS b, B, 2. Z, 1),

where we used information, such as I =R} gg contained in Lemma 5.6 and the fact, easy to check, that

Zj(Y) @ m+z;(Y);@ ) = R?,éil(b, B,z,Z,n).
To complete the proof of (5-46) let us take now a term of the form z,Z™ (G(|z2/%), ). Here we can
write G = G(|z2[%), ignoring the dependence on |z2|? and we can focus on |m| = 1. For definiteness,

let Z™ = z,Z>. By Lemma 5.6,
ZEHG ) = (2 +REE) G + Ryt MG+ SpL),

which for ¢ > 1 is of the form zlzg(G n) + (x), and for ¢ = 1, using (5-20), yields (5-46).
By Lemma 5.4(1) and dn% (z,n)- S L(b, B,z,n) =R &b (b, B, z, Z, n), we get

Ry @ ) =R0% (@) + ()
— @2, n)+(*)+/ 4PV @+ TSI (b, Bozom)) - SV (b, Bz, ) de

=R0e @) +dy P2z n) - Spi(b, Bz, n) + (). (5-47)

Like in (5-47) and using (5-20) and Ga9;j(z) = R%% (z) — see (3-4) — we have

> (Gaoij (@), " 7Ty = Y (Ganij(2), 0" TT) + (%)

i+j=2 i+j=2
= > (Gaij@. 0 1) + BRI b, B. 2. Z.n) + (). (5-48)
i+j=2
Therefore, we seek x, such that the following holds, with o(z) = (|z; 12, ..., |z»|?) and the notation in

(5-42):

=Y & (u(m)—v(m)bu(0()Z"

|m|=1+1
mgMo(e+1)
+ Z Z i((e- (nj(m)—v;(m))+ H)BJM(|ZJ| ), mz;Z" +c.c. ) +97{%:‘;§1(b, B.z,Z,n)
! mlénﬁl/t éz)
+ Y z"a (‘>(Q(z))+z Y. (2G5, m+ec). (5-49)
lm|=1+1 j=1 |m|=t

melo(t+1) mgM; (1)
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By a Taylor expansion, we can write
Ryt b, Bz, Z,n)
=®+ Y. Z"aw(b, B, o())

|m|=t+1
mgJMo(t+1)

n
+> 0 > (ZZ™Tjm®O, ... 77.0....,0), BO,....|z;|%0.....0). [z;|P). n) +c.c.),

j:l \m\=t
mgM; (1)

where o, (b, B, 0(2)) —QR s(b, B, 0(z)) and

Tim®O, ..., 1zj1%0,...,0), BO,...,|z;j%0,...,0),1z;/»
= Sp0,(b(0, ..., 1z;*,0,...,0), BO, ..., |z;1*,0,...,0), |z;.

Furthermore, by (5-42) and wj(|zj| ) = Qim Oo(lz.,-|2), the sum in the second line of (5-49) has an
expansion

Z > (e (ujm) —vj(m)) + R0 (1215 + H)Bjm(12;1%), mZ; 2™ +c.c.) + ().

|m|=t
mgM; (1)

Then we reduce to the following system:
_ i 0 o (M)
bm(0(2)) = 3@ - () —vm) [ay)(0(2)) + ttm (B (@(2)))ns (Bjn(0)(2))) jn» 0(2)) ]
Bim(lz;1*) =iRp(e- (uj(m) — v;(m)) + R.° (1z;19)

% [GY (12 + T jm(bO. ... 122, 0,....0), BO, ... |z;1%0.....0). |z;1%)].

(5-50)

The by, (0(2)) and B, (|2 |?) can be found by the implicit function theorem for |z| < 8 for 8 sufficiently
small. This gives us the desired polynomial y, yielding H“*". Formulas (5-31) for the flow ¢’ of x
are obtained choosing 8, > 0 sufficiently small, by Lemma 5.4(1). For the composition FZ*N*+4  we
obtain (5-34) as a consequence of (5-31) and of (4-44). ]

6. Dispersion

We apply Theorem 5.9, set # = H?N*9 5o that

Wiz n) = Haz )+ Y rj(lzj1H) + 2V, Z, ) + %, (6-1)
j=1
where

Ri= Ry %) + RN, Zm) +Re(SP Tz, Z,m), 1)
+ 302G )+ Y Y (Gaij o), 0 AR o) + Ep(n). (6-2)

i+j=2|m|<1 d+c=3i+j=d
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Using formula (5-33) for ¢ = 2N 44, we have

Zx,-(|z,-|2)+z<2N+4>(z,z,n)=zo(z)+z< > z,-zm<Gj,,,(|z,-|2),n>+c.c.) (6-3)

j=1 j=1 Smedl; 2N+3)

n
with Zo@) =Y A+ Y Z"aw(al ... 1zl

j=1 medlo(2N+4)
=%(z1, ..., |z,
where the last equality holds for some %(|z; 12, ... lza® by Lemma 2.6.

Theorem 6.1 (main estimates). There exist €9 > 0 and Coy > 0 such that, if the constant 0 < € of
Theorem 1.3 satisfies € < €g, then for I = [0, 0c0) and C = Cy we have

||77||Lp(1 whey = Ce for all admissible pairs (p, q), (6-4)
12;Z™ 2y < Ce  forall (j,m) with m € M;(2N +4), (6-5)
||Zj||er,oo(1)SC6 forall je{l,..., n}. (6-6)

Furthermore, there exists p4 € [0, 00)" and a jo with py; = 0 for j # jo, and an ny € H' such that
|p+ — 12(0)|| < Ce and |n4 |l g1 < Ce, such that

. itA _ : . — , -
dm iy (2, x) —e" e ()l gy =0, lim z; (0] = poj. (6-7)
Proof that Theorem 6.1 implies Theorem 1.3. Denote by (z/, ') the initial coordinate system. By (5-35),

7=z —|—9R};Olo(z, Z,n and n =n+ S,l,’olo(z, Z,n).

Notice that (6-7) implies lim,_, 1 o, Z(#) =0, and by standard arguments for s > % we have

lim [le"®ns 2@y =0 forany ny e L (6-8)
t—+4o0

These two limits, Definitions 2.8-2.9 and (6-7) imply

. 1,1 _ : n : 1,1 — -
t—1>1-irpoo Ryioo(z, Z,m) =0 inC and t_1}+moo S 0@ Z,m)=0 in %,.
This means that
. / itA _ 3 4 — .
im0 = A0l =0 and - lim_[Z5()] = pa . (69)

so that (1-8) is true. Notice also that if we set = n and A(¢, x) = S,l”l (z, Z, ), we obtain the desired

[e9)

decomposition of " satisfying (1-9) and (1-10). Finally, we have

L . d
tiejdy =1j+iejzj+ T Rine(@ Zom) + Ry (2, Zm) = O(€D),
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where 2; +iejz; = O(e?) by (6-27) below, %}J (2, Z, n) = O(e?) by (2-23) and dR} 1 (z, Z, ) /dt =
O (€2). To check the last of these, we write (it is easy that dw%},’;o (z, Z,n) = 971}20 (z,Z,n)forw=2z,27Z)

d . . .
TP @ Zom) =R (2 ZmE+ Ry (2, Z,MZ A+ dy PRy (2 2, ) -,

with dn%};éo the partial derivative in 1. By a simple use of Taylor expansions and Definition 2.8,

ldy R} A (2, Z, )llse, -5 < Cllzl + lInlis.,).

Then, by equations (6-12) and (6-27) below, we have d?]t}’l (z, Z,n)/dt = O(€?). This yields the second

, 00

inequality claimed in (1-9). 0
By a standard argument, (6-4)—(6-6) for I = [0, co) are a consequence of the following proposition:

Proposition 6.2. There exists a constant co > 0 such that, for any Cy > cg, there is a value €y = €y(Cy)
such that, if the inequalities (6-4)—(6-6) hold for 1 = [0, T| for some T > 0, for C = Cy and for 0 < € < €,
then, in fact, for I = [0, T] the inequalities (6-4)—(6-6) hold for C = Cy/2.

Proof. We will proceed via a series of lemmas.

Lemma 6.3. Assume the hypotheses of Proposition 6.2 and take the M of Definition 2.5. Then there is a
fixed c such that

||77||L,"([0,T],W1,q) <ce+c Z |ZMEV|L,2(O,T) for all admissible pairs (p, q). (6-10)
(n,v)eM
Proof. First of all, for |z| < 87 and ||n]l g71n9,0) < 8¢ defining the domain of the Hamiltonian #(z, n)
in (6-1), we will pick € € (0, 8 7) sufficiently small. Let € € (0, €p), where € = [[u(0)| 41. By (2-11), we
have |z (0)| + ||n'(0) | x < c1€, where (z'(0), ’(0)) are the coordinates in the initial system of coordinates
introduced in Lemma 2.4. Let (z(0), n(0)) be the corresponding coordinates in the final system of
coordinates. Then, by the relation (5-35), if € is sufficiently small we conclude that

2]+ In(O) | g1 < e (6-11)

for some other fixed constant c’l. We now turn to the equation of n. We have, for é.im = (_}jm 0),

n 2N+3
=iy, %y =Hn+) > > 2 Z"Gjm+A, (6-12)
j=1 I=1 |m|=l
where
n 2N+3
A= ZiZ"(G jm(12j15) — G jm] + ViR,
j=1 I=1 |m|=l
‘We rewrite
n 2N+3
2iZ"Gjm= Y "G (6-13)

j=1 I=1 |m|=l (v)eM
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Notice that (6-5) is the same as

122"l 2y < Ce  forall (u,v) € M. (6-14)
Suppose we can show that, for Iy := [0, T],

1A L2y, 118y 1 217 11y < C (S, Co)e?. (6-15)

Then, if € is small enough and € € (0, €p), we obtain (6-10) by H'S(R3?) — W16/5(R3), by (6-11),
(6-14) and (6-15) and by the Strichartz estimates, which, for P. the orthogonal projection of L? onto #[0],
are valid for P.H by [Yajima 1995] (here notice that all the terms in (6-12) belong to #[0]).

So now we prove (6-15). We have, forr —1 > S > %,

122" (G jm(2j1*) = G jmlll 2ty 115y < N25 2" 12017, )1 G jm (125 1P) = G jmll 1o 1y 11159
< Coe sup{[|G;,, (12 Pz, : 1251 < 8o} ooz )
< CCié’ < ce. (6-16)

‘We have, for a fixed ¢; > 0,
IVaEr Uity = 2000l ) < ctlimllzoe g, 1Nl 72, o) < c1Co€. (6-17)
We finally show that, for an arbitrarily preassigned S > 2,
IR | L2017 115y < C(S, Co)e® for Ry = V(R — Ep(1)). (6-18)
R is a sum of various terms obtained from the expansion (6-2). Let us start by showing
V39725 @ Dl 2r m105) < C(S. Co)e™. (6-19)

Recalling (2-25), it is elementary to show that Vﬁ%ljz (z,n) = S,],’1 (z,n) and

(o.¢] oo

1,1
1S, 00 (@ Mlli2¢y sy < Cillnlis_, + 12Dl Inll 2y s,

< Callmll g +1zD e Il 2.6 < C(S, Co)e?.
We next show
VRO (2, Z, )l L2ry sy < C(S, Co)e?. (6-20)

We have, for a remainder || O (|52 s, < C||77||22_,,

—r

ViROIN (2, Z,n) = Sp N2, Z,n) = SP2N 2, Z2) + dy SY (2, 2,0) -+ 0I5 ).
We have, by Lemma 2.7,

0,2N+4 0,0 IN+4
18,750 (@ D2y 515y < C1osup |I18;5(zs ) s, 1 Z] l22(1p)
[z]=Coe

<Gllzley Y D 122 a1 l2ay
J (w,v)eM;(N+I1)
< C(S, Cp)é.
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‘We have

Idy Syt (z, Z,0) - 0l 2y 15 < CL NNl 2¢y.5.,) sup ldySpas (2, Z,0) |5, -,

[z]=Coe

< Co(S)Inll2¢zy L0y sup |Z|PN T3

|z]=Coe

< C(S, Cp)e>.

Hence (6-20) is proved. Other terms in R; can be bounded with similarly elementary arguments,
yielding (6-18). Then (6-16), (6-17) and (6-18) imply (6-15). ]

Setting M = M (2N + 4) — see Definition 2.5 — we now introduce a new variable g, setting

g=n+Y with Y:= Y z%PRji(e-(B—))Gap. (6-21)
(o,B)eM

Lemma 6.4. Assume the hypotheses of Proposition 6.2 and fix S > %. Then there is a c1(S) > 0 such that,
for any Cy, there is an €y = €y(Cy, S) > 0 such that, for € € (0, €g) in Theorem 1.3, we have

gl 2o, 77.02-5) < c1(S)e. (6-22)
Proof. We have
ig=Hg+A+T, where T:=) [0 Y(iz;—e;z)+ 0¥ (2 +e;Z))]. (6-23)
J
‘We then have
t
g(t) = e Hin)+e MY (0) —if e HI=) (A(s) + T (s)) ds. (6-24)
0

We have, for fixed constants, by (6-11) and (6-15), the inequalities

For a proof of the following standard lemma see, for instance, the proof of [Cuccagna 2003, Lemma 5.4].

_iH _iH
e nO)l 20,77, .2-5ya < c2lle ™ n(O) | 20,77, 16y < €31 (O) |2 < c3e,

t
/ e HI=) N () ds

2
< c2llAll 2o, 71,55+ qo,11, 1) = C(Co, S)€™.
0

L2([0,T],L%-S)

Lemma 6.5. Let A be a compact subset of (0, 0c0) and let S > %. Then there exists a fixed c(S, A) such
that, for every t > 0 and A € A,

lle™ ™ Ry W) Pevoll 2. sy < (S, M) || Pevoll p2s ey for all vo € LS (R?).
By Lemma 6.5, (6-11) and Gg = P.Gqg, we have

le Y Ol 2q0,71.02-5 < D> 12O O lle# R (e - (B — ) Gapll20,71,12-5)
(a,B)eM

< @M)€ [1(t) 1 120.19¢ (S, MIGagll2s < C(N, Co, S)e?
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with M the cardinality of M and a fixed c;, and where the set A is as in Lemma 6.5,

A={v—pu)-e:(u,v) e M}. (6-25)

We finally consider, for definiteness (the term 9z, Y (iE j +ejz;) can be treated similarly),

/ e HEIRE (@ (B — @) Gapd;, Y (s)(iz; —e;z;)(s) ds

0 L2([0,T],L>=S)
3|24 () ..
<c(S.A) Y Gagllsash; < — ) iz —ez)(s) | ds
i (s)
(@.B)eM Zj L2(0,T)
7%(s)z?
<c(S.MNex Y B (izj —ejz;) (6-26)
(a,p)eM J LZ(O,T)
for fixed c,. We have
iz; = (1+w,~(|zj|2>>(e,~z,-+az,€£o<|zl|2 N A D B )
Z z”“ —
+<1+wj<|z,,-|2>>[ Yoo + > G >}
(n,v)eM (M V)eM
+(1+w,-<|zj|2))[ Z 1217 Z"™ (G ) + 252 ,m)] (6-27)
medl;(2N+3)

To bound (6-26), we substitute (iz; —e;z;) by the other terms in (6-27) in the last line of (6-26) . So, for
example, we have 3z, %o(|z1|%, ..., |za|?) ~ 2; O(€), which by (6-14) yields

o B
Z Z _
Bj|——0z,%o(z1 % ... 1zal®) < C(C)ellz*2 12007y < C(Co)Coe”.
Zj L2(0,T)
For (i, v) € M, we have, in (0, T),
7%zP 747V 7%zP 747V
Bjv, . Guw)| =<Bjvj Gl ¢ I1mll oo < C(Co)e.

joZj L2 jo %ol

A similar argument works for the terms in the second summation in the second line of (6-27). Finally,

7%7° 7%7P
Bj||—9z,R <B; 18, Rl 1207y < C(Co)e’
zj L2(0,T) Zj lir=(,1)
is a consequence of the bound
10z, Rl Lro.1) < C(Cp)e? forany p €[1, ool. (6-28)

Here we need to check (6-28) term by term for the sum in the right-hand side of (6-2). This is straightfor-
ward using (2-23), (2-25) and (2-26) and the fact, stated in Lemma 5.8, that Go;;; and Gg;; are S0 0. 0O
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We turn now to the Fermi golden rule (FGR). We substitute (6-21) into (6-27), getting

Zﬂ+ﬁ-v+a

i) = (14 @1z + %0l D = 3 vj=————(Rjj(e- (B=a)Gap. Gp)
(.v)eM <
(a,B)eM
Zv’—l—a’zu/-i-ﬁ’
- Z py=——=——(Ry(e-(B'—aNGuwp, Gu) +Fj, (6-29)
(' v)eM %
(o' .BeM

where

Z z“ —
%:=(1+w,»<|z,-|2))az,%+wj<|z,-|2)[ > 0 2, G+ > n.G n}

(w,v)EM 2 (W', v)eM
AL
+ 2 VJ = g G+ D Wy =—(& Guw)
(u,v)eM 2 (W' v)eM Zj
+<1+wj(|zj|2>)[ > |z,~|zzm<G;m,n>+z§2m<c‘;’jm,ﬁ>]. (6-30)

mel;(2N+3)

We introduce the new variable ¢, defined by

v.zu+ﬁzv+a ) -
A M%QM (L—v)-e—(ax—pB)-e)z; (Ry(e-(B—a)Gap, Guv)
(a,B)eM
/J,/ 7V '+a! l‘v+ﬁ,
a - G 18/ v 6_31
(/Z ("= p')- e—(,u,—p/).e)z< ule: (B —a)) g Guv),  ( )
wovheM
(.)eM

where we are summing only on pairs where the formula makes sense (i.e., only on pairs not in the same
set My for an L € A; see (6-33) below). It is easy to see that

I =zl 20,7y < ¢(N, Co)e*  and  [|€ —zll 10,7y < ¢(N, Co)e>. (6-32)

Recall now the set A = {(v — ) -e: (u, v) € M} defined in (6-25). For any L € A, set

My ={(u,v)eM:(v—pu)-e=L}. (6-33)
We then get
. 2 5 é-ll--‘rﬂé-v-&-oc
i85 = (4w (2P (g +0:%0(8 P - e =D Y v (R} (e-(B—)Gup. G )
LeA (u,v)eM, J
(a,B)eMy,
v -‘,-0[ é‘ﬂ/“"ﬁ, _
> > —<R,;(e (B —dNGap . Guv) +9;,  (6-34)
LeA(u/ v')eM, €

(o, peM,
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where, for some Agug0v, Brapuv, We have

G =F;+ U+ (z;PNI:% (21l ... |2 = 3500117 . [8alD)]

o 2 ij;L-i-ﬁzv-i-a fo B _
EJZU(|ZJ| )[(MéM ((/L—V)-e—(a—ﬁ)-e)zj (RH(e B Ol))Gaﬁ»G;w>
(@.B)eM

7 v +al 7+ '+B’

Wz
+ Z By T s LTIC (B —a)NGop. ,M}

(', /)EM
(o« ,p)eM
LB+ LBzt
+> 0 Gu- exz) ———— Arappn + ok — ek = Bropur: (6-35)
k (u,v)eM J

(a,B)eM
Lemma 6.6. There are fixed c4 and €y > 0 such that, for € € (0, €y), we have
16, j Il 10,77 < (1+ Co)eae’. (6-36)

Proof. We consider separately the terms in the right-hand side of (6-35) and (6-30). By (6-6), (6-28)
and (6-32),

”82_,-%Ej”1‘t1[0,7‘] =< C(C0)63.
For fixed constants ¢, and c3, by (6-4) and (6-22) we have

iabdd {1

Zj

Z”vaj

Zj

(8, Guv)

=
L10,T]

2
i gllz20,71,22-5) < ¢3C0€”. (6-37)
12[0,7]

To get (6-37) we exploit Lemma 6.4 and the following bound:
M7V E j HZV
Zj

15; — Zjll20.77 < c2Co€ + C(Co)e® (6-38)
L°[0,T]

v; < vjll2"Z" 20,77+ vj

L2[0,T]

<j

for fixed c;, where we used (6-14) and (6-32). Terms such as (6-37), that is, the terms from the second
term in the right-hand side of (6-30), are the ones responsible for the Coca€? in (6-36), where Cy could
be large. The other terms are O (€2) with fixed constants if € is small enough.

By (6-4) and (6-5), for m € JL; (2N +4) we have

Nz PZ™ (G s M) llig0,71 < callzjilleoe 125 2™ I p2po,r 1Ml 220, 71,22-5) < C(Co)e™. (6-39)
Let G be the sum of the second to fourth lines in (6-35). It is easy to see by (6-32) that
1€ (&)l 20,77 < C(Co)e™s (6-40)
see [Cuccagna 2011b, Lemma 4.11]. Furthermore,

I19:%0(z11% - - 1zal®) — 320 (10117 - 18alP)]E jll 210,77 < C(Coe’s (6-41)
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see [Cuccagna 2011b, Lemma 4.10]. Finally we have, for (u, v) € M,

2 ZMZU
‘wj(|zj| Wwi——(n, Guw)¢;
Zj L
ZHzY
= ||wj(|zj| )VJZ (7] G;w ”L' +Hw] |Zj )Vj - (naGuvKCj_Zj) 1
J Ly
< C(Cp)e’
by @ ;(|z; %) = 0(|zj|2), (6-4)—(6-6) and (6-32). This completes the proof of Lemma 6.6. ]
We now consider
0
d =
-1 2 2 2 2 2
2 E;w Is1 =—;e,~lm[(1+w(|z,~| Nejlgi P 40 Follai, - 18]

—Zejlm[‘g Cil+ > Iml Y veec" P (RE (L) Gap. Gu)

LeA (n,v)eMj,

(o, B)eMr
+ Y wed" R (L) G, G o). (6-42)
(w,v)eMy
(. pHeM,

We can now substitute Ri(L) =P.V.(1/(H—-L))xind(H — L).

Lemma 6.7. The contributions to (6-42) from P.V.(1/(H — L)) cancel out:
_ 1 _

Im|: Z v-eé’ﬂ+ﬁgv+l¥<P.V.mGaﬂ, Gl'w>

(m,v)eMy
(o,B)eMy,

/ = / 1 —
+ Z M/ . e;—l) +o ;-/L +8 <P-V-mGa/ﬂ/’ GMIU/>} =0. (6-43)
(W' v)eMy
(o, BeM,

Proof. We set (o, B/) = (u, v) and (u/, V') = (a, B) in the second sum of (6-43). With these choices,

H - —L
Then 2 times the left-hand side of (6-43) becomes

_ 1 —
2Im[ > (@) e;ﬂ*f‘;”+“<1>.v.mcaﬂ, G,wﬂ
(m,v)eMy
(a.p)eM,
_ 1 —
= Z Im|:(05 + V) . egﬂ+ﬂgv+a<P.V.mGaﬂ, Glu)>

(n,v)eMy,
(a,)eMy,

1 ~ - I &
eé.l) +a’ é-/l +ﬂ <P V. —G a'Bs G/,L/U/> =N eé‘ﬂ+ﬁgv+a<P,V.H G(xﬁg G[,LV>.

- Vo 1 el
+ (At p) el P <P-V-mGW’ Gaﬁﬂ
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= Im[ Z (+v)- e(g“+ﬂ§“+“<P.V.ﬁéaﬁ, G,w> +c.c.)i| =0,

(u,v)eMy,
(a,B)eMy,

where we exploited the fact that, if (u, v) and (¢, 8) both belong to My, then (¢ +v)-e=(u+p)-e. U

Lemma 6.8. Set, for any L € A,

GL) =T Y G (6-44)
(n,v)eMy
Then we have

Im[in Y vet" P US(H — L)Gop, Gu)+Him Y el T TP S(H — L) G, GMW}
(m,v)eMy (' vyeMy
(a,B)eMy, (o' ,peM,,

=L{§(H—L)GL(£), GL({)) = 0. (6-45)

Proof. First of all, the last inequality is a consequence of the formula

F&)G(&)do (&)
«/_ l€1=vL
with F and G the Fourier transforms of F and G associated to H; see [Taylor 1997, Chapter 9, Proposi-
tion 2.2].
To prove the equality in (6-45), set (&', B/) = («, B) and (', v') = (u, v) in the second sum of (6-45).
Then the left-hand side of (6-45) equals

(F,8(H—-L)G) =

L
nRe[ 3 (v—u)-ez“+ﬂ5“+“<6(H—L>éaﬂ,GW]=L<6<H—L>GL<;>,GL(¢)>. O

(u,v)eMy,
(o, B)eMr

From (6-42) and Lemmas 6.7-6.8, we obtain

23 LS(H —L)GL(). GL()) = Z|e1||;]| +2Zej Im[;¢ ;1. (6-46)

LeA
We are able to restate, precisely this time, hypothesis (H4):

(H4) For some fixed constants, we have

D BH - L)GLE). GL@)~ Y [¢"P forall ¢ eC" with [¢] < 1. (6-47)

LeA (1w, v)eM

We now complete the proof of Proposition 6.2. We claim we have, for a fixed c,

(15O = 12,0 F) | < c€? (6-48)
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Indeed, first of all we have [£;(0)] < c’e by € := |lug|| 1. Observe that, for (z’, n’) the initial coordinates
in Lemma 2.4, by Proposition 1.1 and Lemma 2.3 it is easy to see that we have

n n 2
€ > fluol7. = lu®). = “ (Zz;(zw,- + n/(t)) + (Zq,»z;.m + (R[Z ()] - l)n/(t))
j=1 j=1 L
=Y 1 OP + I Ol + 01201 + 12 @10 0172).
j=1
This gives the following version of (2-11):
Y IO + I 0117, <26, (6-49)

j=1

This yields an analogous formula for the last system of coordinates, (z, ) in (5-35). Finally, this yields
the following inequality for the variables ¢ introduced in (6-31):

D g0 <362 (6-50)
j=1

Hence the claim (6-48) is proved. By Lemma 6.6, the hypothesis (6-47), (6-32) and (6-48), for € € (0, €g)
with € small enough we obtain, for a fixed c,

D 1 g < €7+ cCo. (6-51)

(n,v)eM
Now, (6-51) tells us that [|z/*V||2, on S Cde? implies [|z/V|2, 0 S €24 Coe? for all (i, v) € M. This
means that we can take Co ~ 1. This completes the proof of Proposition 6.2. ]

Proof of the asymptotics (6-9). We write (6-12) in the form i) = —An + V4 B. Then 9, (e"2'n) =
—ie7 2 (n +B) and so
. . 5] .
e By (1) — e Blp(t) = —i / e BVt +B()dt for t; <ty.

14l

Then, for a fixed c;, by the Strichartz estimates,

N —ia
le™22n(2) — e 2 ) | i < c2(Inll 2w, wisy + 1B L1 01, Y 42200 101, W65 ) -

Since we have
B = Z 22" G +A,
(n,v)eM

and by (6-14) and (6-15), valid now in [0, c0), for a fixed C we have

Z ZMZVGW)

(u,v)eM

2
<Ce, |Allpgr, wos+Lim,,u < Ce,
LZ(R+,W1’6/S)
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so we conclude that there exists an n, € H' with

—iAt

lim e Ap@)=ny in H'  and  |In@t) —e®nil; < Ce forall t>0.

t—+00

So we have the first limit in (6-7) and the inequality ||+ || z1 < C|lu(0)| g1 in Theorem 6.1.
We prove now the existence of z and the facts about it in Theorem 6.1. First of all, from (6-27),

e S T s £ e non]
(n,v)eM W vHeM

Since the right-hand side has L' (0, co) norm bounded by Ce? for a fixed C, we conclude that the limit

t_1>i+moo(|zl(t)|, v |zn@®D = (o415 - - -, p+n)  exists with  |p4| < Cllu(0)| 1.
Since lim;_, ; o Z(t) = 0, we conclude that all but at most one of the p ; are equal to 0. O

7. Proof of Theorem 1.4

The stability of e “£1: Q. is known. By [Grillakis et al. 1987, Theorem 1], the stability of e *£1=Q_, or
equivalently of e E1n1 Q| p for p > 0, is a consequence of the following two points:
(1) The self-adjoint operator L_, := H — Ej, + |Q1,|* has kernel kerL_, = {Q,} and L_, > 0
in {Q1,}".
(2) The self-adjoint operator Ly, = H — E, + 3| Q1p|2 is strictly positive: Ly, > 0.
If |Q1,(x)| > O for all x, then (2) is an immediate consequence of (1). The fact thatker L_, = {Q1,}
follows by the facts that Q, € ker L_, and that, for |p| < €y with €9 > 0 small, the number E;, ~ e; is

the smallest eigenvalue of H +[Q1, |2, since e; is the smallest eigenvalue of H.

We recall that [Tsai and Yau 2002b; 2002c; 2002d; Soffer and Weinstein 2004; Gang and Weinstein
2008; 2011; Gustafson and Phan 2011; Nakanishi et al. 2012] give partial proofs of the instability of the
second excited state, and only for 2e, > e;. We now prove the instability of the excited states.

Fix j > 1 and assume that Q ;, is orbitally stable. Then Q ;, is asymptotically stable, by Theorem 1.3.
So, if |u(0) — Qjrll g1 K 1, then [lu(?) — Qj; —eiA’n+||H1 — O for t — oo and [z ()| — p with p #0
and close to r. In this case we have

E(0)) = lim E(u(t)) = lim E(Qj,u) +¢*'n),
—00 —0o0
lu ()17, = Hm [1Q;z,0) + € 0y l72.
iAt

Since [ 04 [l 216 < |In+ |l 22, there exists £, — oo such that ||eiA‘"17||L§2 — 0. So, since [e" 2y, | ;4 — 0,
X

f Ve 2y, |? dx — 0, and the cross terms in (3-3) disappear, we have
E@(0)) = lim E(Qjz,q, +e" 1) = E(Qjp) + IV 117,
lu )17 = m 11Q;z,0 + € neli72 = 1Q ol 72 + lIn4 172

We claim that for j > 2 we can construct a curve on H'! with the following property:
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Lemma 7.1. For sufficiently small §, there exists a map [0, §) - H e W (&) such that:
e V() =0Qj;
. | W(e)|? 2= ”er”LZ;
s E(W(e)) < E(Qj) ife>0.

Before proving the lemma, we show that the assumption that Q ;, is asymptotically stable and the
existence of W lead to a contradiction.

Proof of instability. Since || Q j, ||i2 =r2 4+ O(r®) by Proposition 1.1, | OQijr ||i2 is strictly increasing in r
for r small. By Proposition 1.1, we have E'(Q ) = (ej + 0(r?)) Q'(Q;jr). This implies that E(Q,) is a
strictly decreasing function of r. Setting u(0) = W(¢), we have

10117 =W @7 = 11Qpl172 + 041172

Therefore we have || er“iz > ij”iz- This implies r > p and so E(Q,) > E(Q,). But, looking at
the energy, we get the following contradiction, which ends the proof of Theorem 1.4:

E(Qjr) > E(W(2)) = E(Q)o) + | Vi4l2. = E(Qjp) = E(Qjr). 0
We now construct the curve W.

Proof of Lemma 7.1. We set W(¢) = B(¢)Q,, + ¢ and choose B(¢) to make ||\Il(8)||i2 = er||i2

1Qr 13287 +26(Qjr, p1)B+6 — 11Qjr 13, =0.

So, we have
—(Qjr, P1)e+ [ (Qjr. d1)22 =11 Q17,2 = 1 Qr112,)
Ble)= — /1o, o T = 1 @i e? + g,
jritg2
. . —_ . 2
gi1(r) = ”er”4 (”Q/r”Lz <er’¢1> ||Q]r||4 (”erlle <QJra¢1> ),
gz(r) — _ (er»d’l) __(LI]rv¢1>

1012, Q12
We now show E(V(¢)) < E(Qj ) for € > 0. It suffices to show SEJ.,_ (W(e)) < SEJ.,(QJ-,), where
Sk, () = E) — Ej/||ull7..
Notice that we have S/E/'r(er) = 0. Therefore, setting y(¢) = B(e) — 1, we have
Sg;, (W () =S, (Qjr+vy(€)Qjr+ed1)
=Sg;, (Qjr) + §<S%j,(er)()/(8)er +e¢1), y(©)Qjr +ed1)+o(lly(e)Qjr + &y ||%,1)-
If g2(r) =0, we have y (¢) = O (%r~2) and we conclude

S, (¥(e) = Sk, (Qj) +&*(SE, (01, $1) +0(?)
= Sg;, (Qjr) +e%(e1 —ej) + O(e™r) +o(e?) < Sg;, (Qjr)-
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If g2(r) # 0, we have y(¢) = O(re) and

Sk, (¥(€) =Sk, (Qjr) + & (e1 —e)) + O(re?) < Sg, (Q).

Therefore Lemma 7.1 is proved. This also completes the proof of Theorem 1.4. (I

Appendix A: A generalization of Proposition 1.1
For reference purposes, we generalize (1-1) as
i, = —Au+ V@ u+B(ulPu, ¢, x)eRxR>, (A-1)

and assume that 8(0) =0, 8 € C*(R, R) and, further, there exists p € (1, 5) such that, for every k > 0,
there is a fixed C; with

dk
‘ﬁﬂoﬂ) < CiloP™*1 i ol = 1.
Proposition A.1. Fix j € {1, ...,n}. Then there is ay > 0 such that, for all z; € Bc(0, ap), there is a

unique Qj;, € PR3, C) = M=o ¥ (R3, ©) such that

(_A+V)QJZ/+:8(|QJZI|2)Qij:E]Z/Q]Z/’ Q]Z/:Zj¢1+quj’ <quj7¢_)j>:0’ (A'z)
and such that we have, for any r € N:

(1) (qjz;. Ejz;) € C®(Bclao), Ty x R); we have qjz; = z;q;(Izj[*) with §;(t*) = 12;(1*), where
g;j(1) € C®((—ap?, ap®), T,(R*, R)), and E ., = E;(|z;1*) with E;(t) € C®((—ap?, ag?), R).

(2) There exists C > 0 such that ||q;z, |5, < Clz;|*> and |E;,, — e;] < Clz;|*.

The rest of this section is devoted to the proof of Proposition A.1.
The first step is the following lemma, which follows by a direct computation:

Lemma A.2. Let m € Ny and k € {1, 2, 3}. Then we have
[—A, [x|""1= —2mQ2m + D|x|*" "2 — 4m|x|*"2x - V,
[—A, x| x ] = —2m2m +3) x| 2xp — dmxg | x| 2x -V = 20x |3, (A-3)
Our second step is the following lemma:
Lemma A.3. The eigenfunctions ¢; of —A +V satisfy ¢; € ¥ (RY).
Proof. First, ¢; € L*(R?), so we have Q€ H2(R3) by
(—A—ej)p;==V9;.

Furthermore, if we have ¢; € H?>"(R?), then we have (¥ NS H?>"+2(R3). This implies ¢; € ﬂ,?f:l H™.
Next, by Lemma A.2, we have

(A —ej)xrpj =—20x,0; — Vxrd;
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for k =1, 2, 3. Therefore, we have x;¢; € HZ(R3). Again, by Lemma A.2, we have
(—A —ej)|x|*p; = —6¢; —4x - Vd; — Vxiop,.

So, by x - V¢; = V(x¢;) —3¢; € L>(R%), we have |x|*¢; € H>.
Now, suppose |x|2’"¢j e H*(R3). By Lemma A.2, we have

(—A —e)) x| xpp; = —2mQ2m + 3)|x|*" 2xppj — dmxp|x|*"2x - Ve — 20x P8y ) — Vx| xx ;.

Since
X123y, pj = By (1x]17" ;) — dm|x|* 2xip; € LH(RY),

we have |x|2’”xk¢j € H?(R%). Finally, since
(—A —ep)|x[*"2p; = —20m + 1) 2m +3)|x|*"p; — 4(m + D|x|[*"x - Vo; — V|x|*" T2,

and |x|*"x - V¢; = V- (Ix|*"x$;) — (4m + 3)|x|*"¢; € L*(R?), we have |x|*""2¢p; € H*(R?). By
induction, we have ¢; € ¥, for any m > 1. O

The next step is the following lemma:

Lemma Ad4. Fix j € {1,...,n} and r € N with r > 2. Then there exists 5, > 0 such that, for all
zj € Bc(0, 8,), there is a unique Q;, € %, (R3, ©) satisfying (1-3) and Proposition 1.1(1)—(2).

Proof. In this proof we write g(u) := B(Ju|*)u. Notice that it suffices to show the claim of Lemma A.4
for z; € R with real-valued Q; .. Indeed, if we define

Qj,,=€’Q;, and E;., =E (A-4)

for z = €' p, then Qj; and E |, satisfy (1-3) if O, and E, satisfy (1-3). Further, if Br(0, §) - X, x R,
2> (Qjz, Ej;) is C*, then, by (A-4), we have Bc(0,8) %, xR, 2+ (Q; ;, Ej ;) is C™.
Fix j €{0, 1, ..., n}. For simplicity we set z; =z, ¢; = e and ¢; = ¢. Set

Qj:=z2¢+z2"¥ (@) and E; =e+|z1*f(2).
We solve (1-3) under the above ansatz. Substituting the ansatz into (1-3), we have
Hy +27g(z(¢p+22) = ey + fo+2° [V (A-5)
Set Pu =u — (u, ¢)¢. Then, we have
Hy 427 Pz +22Y) = ey + 22 f ¥, (8@ +2°¥), ¢) = .

Therefore, it suffices to solve

(H—e)y = -2 Pg(z(p+2°¥)) +2 (g9 +2°V)), ). (A-6)
Now, set ¢(z) := ¢ + 2> (z). Then,

1
$f) = BP)p =7 /0 85228 ds .
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So, (A-6) can be rewritten as

1
(H—e)y = —P( /0 B (sz*¢?) ds <£3) + (BN, PV (A-T)

To show that z — Y (z) € X, exists and is C°°, we use the inverse function theorem. Set

1
®(z, ¥) :=—(H — e>—1P< /0 B (sz*$*) ds <133> + (BN, ¢)(H —e) 'y
and
Fz,¥) =y — ®(z, ¥).
Then, F:Rx PX, — PX, is C*. Next, since
FO,¥)=v+B0)(H—e) ' P>,
we have
F(0, —B'(0)(H —e)~' P¢*) =0.
We now compute Fy (z, ¥):

1 1
Dy (2, Y)h = —2z4(H—e)_1P< / B (sz>¢*)s ds <Z>4h)—3z2(H—e)—1P< / B (sz2¢*) ds ¢32h>
0 0
+224B' (2297 ¢ h, ¢) (H —e)y +22 (B(Z* ), ¢) (H —e)yr + (B (2, ¢) (H —e)h.

So, we have
Fy (0, y)h =h.
Therefore, by the inverse function theorem we have the conclusion of the lemma. ]
The final step is to show that the §, > 0 can be chosen independent of r.

Lemma A.S. Consider the Q j;; in Lemma A.4. Then there is a § > 0 such that Q j;; € P(R3) for |zl <.

Proof. We use a bootstrap argument similar to the proof of Lemma A.3. We can consider the Q ;. given
in Lemma A.4 with r = 4. It is enough to consider z = p € (0, §) with § < 84. For § > O sufficiently

small, we also have E;, < %ej < 0. By (A-2) we have

1
(—A—Ejp)ijz—Vij—/o B'(sQ3,) ds O3, (A-8)

We proceed as in Lemma A.3. Since the commutator term and —V Q ;, are the same as in Lemma A.3,
we conclude that Lemma A.5 is a consequence of the following two simple facts for m > 2:

(i) If Q) € H™, then B(0%)Q;, = [y (s 02 ds 0%, € H".
i) If [x|*" Q,, € LA(R?), then |x|2"+2 [ B'(sQ3)ds O3, € L%

Fact (i) follows from the fact that A" (R>) is a ring for m > 2. We now look at (ii). Since Q jp 18
a continuous function with Q;,(x) — 0 as |x| — oo, the range of Q;, (i.e., {Q,(x) eR:x € R3})
is relatively compact. So, since t — fol B'(st?) ds is a continuous function from R — R, the range of
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fol B (s Q? p) ds is relatively compact. Therefore, we have fol B (s Q? p) ds € L*°. On the other hand, by
Qjp € X4 we have |x|Qj, € X3 < L*. Therefore, we have
1 1
x| /0 B(sQ3,)ds Q), = /0 B'(sQ3,) ds (1x]Qp)*|x|*" Qj, € L*(RY).
This proves (ii) and completes the proof of Lemma A.5. (I

Finally, Proposition A.1 is a consequence of Lemmas A.2—-A.5.

Appendix B: Expansions of gauge invariant functions
We prove here (3-10) and (3-12), which are direct consequences of Lemmas B.3 and B.4.

Lemma B.1. Let a(z) € C*®(Bc(0, 8), R) and a(e'?z) = a(z) for any 6 € R. Then there exists « in
C([0, 82); R) such that a(|z]?) = a(2).

Proof. For z = re' we have a(z) = a(r +i0). Since x — a(x + i0) is even and smooth, we have

a(x +10) = a(x?) with a(x) smooth; see [Whitney 1943]. So a(z) = a(|z]?). O

Lemma B.2. Ler § > 0. Suppose a € C®°(Bcx (0, 8); R) satisfies a(e¥zi, ..., e%z,) =a(zi, ..., zn) for
alld e Rand a(0, ...,0) =0. Then, for any M > 0, there exists by, such that

a(zi, ..., 2p) = Zaj(|Zj|2) + Z Z"bm (21, ... 20) +ROM (2, Z), (B-1)
j=1

Im|=1
where aj(lzj|2) =a(0,...,0,z;,0,...,0). Furthermore, by, € C*(Bcx (0, §); R) and satisfies
bm(eiezl, AU eiezn) =bm(z1,...,20) forall 6 € R.
Proof. First, we expand a as
1 n
a(z],...,zn)=a(zl,0,...,0)+f (Zaja(m,tm,...,tzn)zj+8;a(m,tm,...,tzn)Zj) dr.
0 \ 4
j=2

Then, by
1 n
a0, 22, ..., 2,) = / (Z 9;a(0, 12, ..., 1z4)z; + 8;a(0, t22, . .., tzn)Zj) dt,
0 .
j=2

we have
a(Zl, ey Zn)

1 n
:a(zl,O,...,0)+a(0,z2,...,zn)+/ Z[(aja(21,tZ2,...,th)—aja(O,tZz,...,th))Zj
0 *
j=2

+ (d7a(z1, tz2, ..., 124) — 0;a(0, 122, . . ., tzn))Zj] dt
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=a(z1,0,...,0)+a(0,z2,...,2,)

1 p1
+Z/o/o [(019a(sz1, tza, . .., tza))z12j + (870a(s21, 122, . . ., 120))Z12;

j=2

4‘(313fa(szl,tZ2,...,th))lej +—(313fa(SZ1,t22,...,th))lej](istiL

Iterating this argument first for a(0, z2, .. ., z,) and then for a(0, ..., 0, z, ..., z,), we have

a(zy,...,zx) =a(z1,0,...,0)4+a(0,22,0,...,00+---+a(,...,0,z,)

n—l 1 pl
+Z Z / / [(8k8ja(0,...,0, SZk,le+1,...,lZn))Zij
0J0

k=1 j>k+1

+(050;a(0, ..., 0, 52k, tZk41, - - - » L20)) A2
+ (00;a(0, ..., 0, 52k, 1Zk41, - - - 120)) 2k

+(3p050(0, ..., 0, 52, 12415 - tzn))Zij] dsdi. (B-2)

By Lemma B.1, there exist smooth o such that «;(|z; 1) =al(0,...,0, Zj,0,...,0). Furthermore, the
sum of the middle two terms in the integral of (B-2) has the same form as the second term in the right-hand
side of (B-1). So, it remains to handle the terms in the second and fifth lines of (B-2). Since they can be
treated similarly, we focus only the second line of (B-2). Set

1,1
ﬁjk(zk,---,zn)=// (0k0ja(0, ..., 0,5z, t2x41, - .., 12,)) ds dt
0 Jo

with j > k + 1. Notice that 3%8%a(0, ..., 0) # 0 by the gauge invariance of « is easily shown to imply
le| = |B|. This in particular implies B, (0, ..., 0) =0. So, as in (B-2), we have

Bik (ks -y 2n) = Bjr 2k, 0, ..., 0) + Bk (0, 2k41, 0, ..., 0) +- - + Bk (0, ..., 0, zn)

n—1 1,1
+Y > /0 /0 [(ama,ﬂjkm,...,o,szm,zzmﬂ,...,zzn»zmzz

m=k [>m+1
+ (alﬁalﬂ‘]k(os LR ] 07 sva th+l, sy th))Zle
+ (ama[ﬂ]k(O, MR ] 09 SZ}’I’M th+1v LR ] th))Zle
+ 00 ik(0. ... 0, SZm. tZmits - - zzn))zmz;] dsdi. (B-3)
Since zfﬂjk(O, ...,0,27,0,...,0) is gauge invariant by Lemma B.1, we have

2Bk, ...,0,2,0,...,0) = Bju(lzl*) = Bt (0) + By Oz * + v Iz |zl
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aQ a a/
for some smooth Bji; and y;x. By the smoothness of B, we have B (0) = ﬂjkl (0) = 0. Therefore,

Bik(0,...,0,2,0,...,00zz; = yju(zl*)zkz;z; with &k <min{j,}.

This can be absorbed in the second term of the right-hand side of (B-1). The same is true of the contribution
of the last two lines of (B-3). The term

1 pl
/ / (0m 0Bk (0, ..., 0,8Zm, tZmg1s -+ -5 120))Zm2uZ 2k ds dt (B-4)
0Jo

does not have as factors components of Z = (z;7;);»; butitis 0(1Z)%. Treating (B-4) the way we treated
the second line of (B-2), and repeating the procedure a sufficient number of times, we can express (B-4)
as a sum of a summation like the second in the right-hand side of (B-1) and of a term that is O (|Z|™) for
an arbitrary M. Furthermore, notice that, since we can think of the dependence on Z = (z;7;);+; to be
polynomial, and so the remainder term R% (z, Z) in (B-1) can be thought to depend polynomially on

Z = (z;Z;)i+j, it can be thought as the restriction of a function in Z € L. [l
Lemma B.3. Take a(zy, ..., z,) like in Lemma B.2. Then, for any M > 0, there exist smooth a; and b j;,
such [l’lat,fOl"Olj(IZjlz) =a(0,...,0,z;,0,...,0), we have
n
azi, .=y i+ Y Z"bm(z; )+ RO (2, 2). (B-5)
j=1 1<|m|<M-1
Proof. To prove (B-5), one only has to repeatedly use Lemma B.2. U
Lemma B.4. Suppose that a : C" — ¥ is smooth from B2 (0, §,) to I, for arbitrary r € R and satisfies
azy,...,eé%,)=a(zi, ..., za),a(0, ...,0)=0. Then, for any M > 0, there exist smooth a; and G j
such that,forozj(lzjlz) =a(0,...,0,z;,0,...,0), we have
n
a(zi, .z =y @i+ Y Z"Gim(z )+ 5" (2, 2). (B-6)
j=1 1<|m|<M~1
Proof. The proof is same as the proof of Lemmas B.1-B.3 U
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TRANSITION WAVES FOR FISHER-KPP EQUATIONS
WITH GENERAL TIME-HETEROGENEOUS
AND SPACE-PERIODIC COEFFICIENTS

GREGOIRE NADIN AND LUCA ROSSI

We study existence and nonexistence results for generalized transition wave solutions of space-time
heterogeneous Fisher—KPP equations. When the coefficients of the equation are periodic in space but
otherwise depend in a fairly general fashion on time, we prove that such waves exist as soon as their
speed is sufficiently large in a sense. When this speed is too small, transition waves do not exist anymore;
this result holds without assuming periodicity in space. These necessary and sufficient conditions are
proved to be optimal when the coefficients are periodic both in space and time. Our method is quite robust
and extends to general nonperiodic space-time heterogeneous coefficients, showing that transition wave
solutions of the nonlinear equation exist as soon as one can construct appropriate solutions of a given
linearized equation.

1. Introduction

We are concerned with transition wave solutions of the space-time heterogeneous reaction-diffusion
equation
oru — Tr(A(x, t)Dzu) +qg(x,t)-Du= f(x,t,u), xE€ RN, r eR. (D)

Here D and D? denote respectively the gradient and the Hessian with respect to the space variables.
We assume that the terms in the equation are periodic in x, with the same period. The matrix field A
is uniformly elliptic and the nonlinearity f(x, ¢, -) vanishes at O and 1. The steady states O and 1 are
respectively unstable and stable.

When the coefficients do not depend on (x, ¢), Equation (1) becomes a classical homogeneous monos-
table reaction-diffusion equation. The pioneering works on such equations are due to Kolmogorov,
Petrovski and Piskunov [Kolmogorov et al. 1937] and Fisher [1937], when f(u) = u(1 —u). They
investigated the existence of traveling wave solutions, that is, solutions of the form u(x, ) = ¢ (x -e —ct),
with ¢p(—00) = 1, ¢p(+00) =0, ¢ > 0. The quantity ¢ € R is the speed of the wave and e € S¥~! is
its direction. Kolmogorov, Petrovski and Piskunov [Kolmogorov et al. 1937] proved that when A = Iy,
g =0and f = u(l — u), there exists ¢* > 0 such that (1) admits traveling waves of speed ¢ if and
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only if ¢ > ¢*. This property was extended to more general monostable nonlinearities by Aronson and
Weinberger [1978]. The properties (uniqueness, stability, attractivity, decay at infinity) of these waves
have been extensively studied since then.

An increasing attention has been paid to heterogeneous reaction-diffusion since the 2000s. In particular,
the existence of appropriate generalizations of traveling wave solutions has been proved for various classes
of heterogeneities such as shear [Berestycki and Nirenberg 1992], time periodic [Alikakos et al. 1999],
space-periodic [Berestycki and Hamel 2002; Berestycki et al. 2005; Xin 1992], space-time periodic [Nolen
et al. 2005; Nadin 2009], time almost periodic [Shen 1999] and time uniquely ergodic [Shen 2011b],
under several types of hypotheses on the nonlinearity. Now, the topical question is to understand whether
reaction-diffusion equations with general heterogeneous coefficients admit wave-like solutions or not.
A generalization of the notion of traveling waves has been given by Berestycki and Hamel [2007; 2012].

Definition 1.1 [Berestycki and Hamel 2007; 2012]. A generalized transition wave (in the direction
e € S¥~1) is a positive time-global solution u of (1) such that there exists a function ¢ € L™ (R) satisfying'

t t
lim u(x—l—e/ c(s)ds, t) =1, lim u(x—i—e/ c(s) ds,t) =0, )
X-e—>—00 0 X-e—>—+00 0

uniformly with respect to t € R. The function c is called the speed of the generalized transition wave u,
and ¢ (x, 1) :=u(x +e [y c(s)ds, t) is the associated profile.

The profile of a generalized transition wave satisfies

lim ¢(x,1)=1, lim ¢(x,t) =0, uniformly with respect to ¢ € R.
X-e——00 Xx-e—>+400

It is clear that any perturbation of ¢ obtained by adding a function with bounded integral is still a speed
of u, with a different profile. Reciprocally, if ¢ is another speed associated with u, then it is easy to
check that 1 — fot (c — ¢) ds is bounded. Obviously, all the notions of waves used previously when the
coefficients belong to particular classes of heterogeneities can be viewed as transition waves.

The existence of such waves has been proved for one-dimensional space heterogeneous equations
with ignition-type nonlinearities (that is, f(x,u) =0if u € [0,0) U{1} and f(x,u) > 0ifu € (6, 1)) in
parallel ways by Nolen and Ryzhik [2009] and Mellet, Roquejoffre and Sire [Mellet et al. 2010], and
their stability was proved in [Mellet et al. 2009]. For space heterogeneous monostable nonlinearities,
when f(x,u) >0ifu € (0,1) and f(x,0) = f(x, 1) =0, transition waves might not exist [Nolen et al.
2012] in general. This justified the introduction of the alternative notion of critical traveling wave in
[Nadin 2014] for one-dimensional equations. Some existence results have also been obtained by Zlatos
for partially periodic multidimensional equations of ignition-type [Zlato$ 2013].

When the coefficients only depend on 7 in a general way, the existence of transition waves was first
proved by Shen for bistable nonlinearities [2006] (that is, nonlinearities vanishing at # = 0 and u = 1 but
negative near these two equilibria) and for monostable equations with time uniquely ergodic coefficients

IFora given function g = g(x, ¢), the condition limy..— 400 g(x, t) =/ uniformly with respect to ¢ € R means that

lim sup |g(x,7)—1]=0.
r—=>+00 fy.e>r
teR
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[2011b]. The case of general time heterogeneous monostable equations was investigated in [Nadin and
Rossi 2012], where it was observed that the notions of least and upper mean play a crucial role in such
frameworks.

Definition 1.2. The least mean (resp. the upper mean) over R of a function g € L*°(R) is given by

lgl:= lim 1nf — / g(s)ds (resp [g]:= lim sup —f g(s) ds)
T—+oo t T—+o00 teR

As shown in Proposition 3.1 of [Nadin and Rossi 2012], the definitions of | g, [¢] do not change

if one replaces limr_, o with sup;_, and infr. respectively in the above expressions; this shows

that | g], [g] are well defined for any g € L°°(R). Notice that g admits a uniform mean (g), that is,

(g) :==limy_ o0 & [T

This is the case in particular when the coefficients are uniquely ergodic.

g(s) ds exists uniformly with respect to t € R, if and only if |g| = [g] = (g).

Note that if ¢ and ¢ are two speeds associated with the same wave u, then ¢ — ¢ has a bounded integral
and thus |[c| = |¢].

It is proved in [Nadin and Rossi 2012] that when A = I, ¢ = 0 and f only depends on (¢, #) and
is concave and positive with respect to u € (0, 1), there exists a speed ¢, > 0 such that, for all y > ¢,
and |e| = 1, Equation (1) admits a generalized transition wave with speed ¢ = c¢(#) in the direction e such
that |c] = y, while no such waves exist when y < c,.

When the coefficients not only depend on ¢ in a general way but also on x periodically, some of the
above results have been extended. Assuming in addition that the coefficients are uniquely ergodic and
recurrent with respect to ¢ and that A = Iy, Shen [2011a] proved the existence of a quantity c, such that,
for all y > c,, there exists a generalized transition wave for monostable equations with speed c.

The case of space-periodic and time general monostable equations was first studied in [Rossi and
Ryzhik 2014], under the additional assumption that the dependences in ¢ and x are separated, in the
sense that A and g only depend on x, periodically, while f only depends on (¢, #). They proved both
the existence of generalized transition waves of speed ¢ such that |c| > ¢, and the nonexistence of such
waves with | c] < c¢,. Moreover, they provided a more general nonexistence result, without assuming that
the dependence on x of A and ¢ is periodic.

The aim of the present paper is to consider the general case of coefficients depending on both x and ¢.
As in [Rossi and Ryzhik 2014], we assume the periodicity in x only for the existence result.

2. Hypotheses and results

2A. Statement of the main results. Throughout the paper, the terms in (1) will always be assumed to
satisfy the following (classical) regularity hypotheses:

(3) A is symmetric and uniformly continuous, and there exist 0 < o < & such that, for all (x, t) € RV *1,
al <A(x,t) <al.

(4) q is bounded and uniformly continuous on RV +1
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(5) f is a Caratheodory function on RV +1% [0, 1], and there exists § > O such that f(x,z,-) €
wheo([0, 11) N C ([0, 8)) uniformly in (x, ) € RN+,

The assumption that ¢ is uniformly continuous is a technical hypothesis that is used in the proofs in order
to pass to the limit in sequences of translations of the equation. It could be replaced by divg = 0. We
further assume that f is of monostable type, 0 being the unstable equilibrium and 1 being the stable one.

Namely,
Vix,t) e RV f(x,1,0)=0, (6)
Vix,t) e RV f(x, 1, 1) =0, (7
Yu € (0, 1), inf  f(x,t,u)>0. (8)
(x,t)eRN+1

In order to derive the existence result, we need some additional hypotheses. The first one is the standard
KPP condition,
Vi, ) eRY L uwel0, 1], f(xtu) < p(x, Du, )

where, here and in the sequel, ;= denotes the function
wx,t):=0,f(x,t,0).
Conditions (8), (9) imply that inf & > 0. The second condition is
3C>0,8,ve(0,1], VxeR, reR, ue(0,), fx,t,u) > u(x, Hu — Cu't. (10)

Note that a sufficient condition for (10) to hold is f(x, t, -) € C'*V([0, 8]), uniformly with respect to x, ¢.
The last condition for the existence result is

A=U,...,ly) € Rf, VieR, ue(0,1), A,gq, f arel-periodic in x, (11)
where a function g is said to be /-periodic in x if it satisfies
Vie(l,...,N},¥x eRY, g(x+1e)=g(x),

(e1, ..., ey) being the canonical basis of R".

When we say that a function is a solution (or subsolution or supersolution) of (1) we always mean
that it is between 0 and 1. We deal with strong solutions whose derivatives d;, D, D? belong to some
LP(RN*Y, p e, 00). Many of our statements and equations, such as (1), are understood to hold almost
everywhere, even if we omit to specify it, and inf, sup are used in place of ess inf, ess sup.

The main results of this paper consist of sufficient and necessary conditions for the existence of
generalized transition waves, expressed in terms of their speeds.

Theorem 2.1. Under the assumptions (3)—(11), for all e € SN=1 there exists ¢, € R such that, for
every y > cy, there is a generalized transition wave in the direction e with a speed c such that |c| =y.

The minimal speed c, we construct is explicitly given by (29), (34) and (37). A natural question is to
determine whether our construction gives an optimal speed or not; that is, do generalized transition waves
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with speed ¢ such that |c] < c, exist? One naturally starts by checking if our ¢, coincides with the optimal
speed known to exist in some particular cases, such as space-time periodic or space independent. In
Section 2C we show that this is the case. The answer in the general, non-space-periodic, case is only partial.
It is contained in the next theorem, where, however, we can relax the monostability hypotheses (8)—(9) by

L inf M(x,-)J >0, (12)
xeRN
and we can drop (7), (10) as well as (11). We actually need an extra regularity assumption on A:

A is uniformly Holder-continuous in x, uniformly with respect to ¢. (13)

This ensures the validity of some a priori Lipschitz estimates quoted from [Porretta and Priola 2013] that
will be needed in the sequel. It is not clear to us if such estimates hold without (13).

Theorem 2.2. Under the assumptions (3)—(6), (12)—(13), for all e € SN=!, there exists ¢* € R such that

if ¢ is the speed of a generalized transition wave in the direction e then |c] > c*.

We point out that no spatial-periodicity condition is assumed in the previous statement. In order to
prove Theorem 2.2 we derive a characterization of the least mean — Proposition 4.4 below — that we
believe to be of independent interest. The definition of ¢* is given in Section 4. Of course, ¢* < ¢, if the
hypotheses of both Theorems 2.1 and 2.2 are fulfilled. We do not know if, in general, ¢, = c¢*, that is, if
the speed c, is minimal, in the sense that there does not exist any wave with a speed having a smaller least
mean. When the coefficients are periodic in space and time or only depend on time, we could identify
the speed c, more explicitly (see Section 2C below). Indeed, we recover in these frameworks some
characterizations of the speeds identified in earlier papers [Nadin 2009; Nadin and Rossi 2012; Rossi and
Ryzhik 2014], which were proved to be minimal. In the general framework, we leave this question open.

Finally, we leave as an open problem the case [c| = c,, for which we believe that generalized transition
waves still exist.

2B. Optimality of the monostability assumption. The assumption (8) implies that O and 1 are respectively
unstable and stable. Let us discuss the meaning and the optimality of this hypothesis, which might seem
strong. Actually, as we do not make any additional assumption on the coefficients, we can consider much
more general asymptotic states p_ = p_(x,t) < p+ = p+(x, t) in place of 0 and 1 and try to construct
generalized transition waves v connecting p_ to py. Indeed, if p1 are solutions to (1), with py — p_
bounded and having positive infimum, then the change of variables

v(x,t)—p_(x,1)

) = e ) — o)

leads to an equation of the same form, with reaction term

f(x’tvup++(1 _”)P—)_”f(xJ7 P+)— (1 —u)f(x,t, P—)
P+ —p- '

f(x, t,u) =
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The new equation admits the steady states O and 1. Moreover, assuming that u — f(x, ¢, u) is strictly
concave, then f satisfies conditions (8), (9), the latter following from the inequality

Yu S (Oa ])v u(p-i— _p—)auf(-xv z, p—) = f(xv z, Mp++(1 _M)P—) - f(-xv t, p—)

This shows that, somehow, the concavity hypothesis of the nonlinearity with respect to u is stronger, up
to some change of variables, than the positivity hypothesis of the nonlinearity.
Let us illustrate the above procedure with an explicit example where p_ = 0. Consider the equation

8tv=Av+;L(x,t)v—v2, xeRN, reR, (14)

with p periodic in x, bounded and such that inf ;« > 0. The later condition implies that the solution 0 is
linearly unstable (actually, it can be relaxed by (12); see the discussion below). Then one can check that
there is a time-global solution p = p(x, t) which is bounded, has a positive infimum and is periodic in x.
Let u := v/ p. This function satisfies

Vp
ou=Au+2— - -Vu—+ p(x, Hu(l —u),
P

which is an equation of the form (1) for which (9)—-(11) hold, at least if, for instance, w is uniformly
Holder-continuous, since then V p is bounded by Schauder’s parabolic estimates, and inf p > 0.

Following this example, one can wonder whether (8) is an optimal condition (up to some change of
variables) for the existence of transition waves. It is well-known that other classes of nonlinearities, such
as bistable or ignition ones, could still give rise to transition waves (see for instance [Berestycki and
Hamel 2002]). Thus, this question only makes sense if one reduces to the class of nonlinearities which are
monostable, in a sense. Let us assume that f satisfies (6), (7) and that O is linearly unstable, in the weak
sense that (12) holds. Then, using the properties of the least mean derived in [Nadin and Rossi 2012],
one can construct arbitrarily small subsolutions # = u(¢) and thus, as 1 is a positive solution, there exists
a minimal solution p of (1) in the class of bounded solutions with positive infimum. One could then
check that our proof still works and gives rise to generalized transition waves connecting 0 to p. Indeed,
condition (8) only ensures that p = 1. As a conclusion, the positivity hypothesis (8) is not optimal: one
could replace it by (12) but then the generalized transition waves we construct connect 0 to the minimal
time-global solution, which might not be 1.

Since for the existence of positive solutions it is sufficient to require (12) rather than inf i > 0, one
may argue that, in order to guarantee that 1 is the minimal time-global solution with positive infimum,
hypothesis (8) could be relaxed by

Yu € (0, 1), Lmﬂi@ f(x,-,u)J > 0. (15)

This is not true, as shown by the following example. Let p € C!(R) be a strictly decreasing function
such that p(£o00) € (0, 1). Let f satisfy f (¢, p(¢)) = p’(¢). It is clear that f can be extended in such a
way that (15) holds; however p is a time-global solution of d;u = f (¢, u) with positive infimum which is
smaller than 1.
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Finally, if O is linearly stable, in the sense that
( sup u(x, -)—‘ <0 (16)
xeRN

holds, and (9) is satisfied, then there do not exist generalized transition waves at all, and, more generally,
solutions to the Cauchy problem with bounded initial data converge uniformly to 0 as t — oo. Indeed, as
an easy application of the property of the least (and upper) mean (39), one can construct a supersolution
u=e’ D¢ for some o € WH°(R) and ¢ > 0. The convergence to 0 of bounded solutions then follows
from the comparison principle.

2C. Description of the method and application to particular cases. The starting point of the construc-
tion of generalized transition waves consists of finding an explicit expression for the speed. This is not
a trivial task in the case of mixed space-time dependence considered in this paper. We achieve it by a
heuristic argument that we now illustrate.

Suppose that u is a generalized transition wave in a direction e € SV~!. Its tail at large x - e is close
from being a solution of the linearized equation around 0:

8tu—Tr(A(x,t)Dzu)—f—q(x,t)-Du =u(x, Hu. (17)

It is natural to expect the tail of u to decay exponentially. Thus, since the equation is spatially periodic,
we look for (the tail of) u under the form

u(x,t) =e ey (x,1), with n, positive and [-periodic in x. (18)
Rewriting this expression as
u(x,t)= exp(—k(x e — % In n; (x, t)))

shows that the speed of u, namely, a function ¢ for which (2) holds, should satisfy

=C,

t
/ c(s)ds — 1 Inny(x,t)
0 A

for some C independent of (x, ) € RN x R. Clearly, this can hold true only if the ratio between maximum
and minimum of 7, ( -, ¢) is bounded uniformly on ¢. This property follows from a Harnack-type inequality,
Lemma 3.1 below, which is the keystone of our proof and actually the only step where the periodicity

=1L n ||, (-, )|l Lo The problem is
that we do not know if this function is bounded, since it is not clear whether 9,1, € L>°(R¥*!) or not.

in x really plays a role. It would be then natural to define c(¢) :

We overcome this difficulty by showing that there exists a Lipschitz continuous function S such that
1
B >0, VieR, S0 =5l Olixgy| =B (19)

We deduce that the function ¢ defined (almost everywhere) by ¢ := S, is bounded and it is an admissible
speed for the wave u. The method described above provides, for any given A > 0, a wave with speed ¢ = c;,
for the linearized equation which decays with exponential rate A. It is known — for instance in the case
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of constant coefficients — that only decaying rates which are “not too fast” are admissible for waves of
the nonlinear reaction-diffusion equation. In Section 3C, we identify a threshold rate A,. In the following
section we construct generalized transition waves for any A < A,, recovering with the least mean of their
speeds the whole interval ([c,, |, +00). We do not know if the critical speed ¢, := |c,, ] is optimal, nor
if an optimal speed does exist. However, we show below that this is the case if one applies the above
procedure to some particular classes of heterogeneities already investigated in the literature.

In the case where the coefficients are periodic in time too, the class of admissible speeds has been
characterized in [Nadin 2009] (see also [Berestycki et al. 2008]). Following the method described above,
we see that an entire solution of (17) in the form (18) is given by 1, (x, 1) = kMg, (x, 1), where (k(1), ;)
are the principal eigenelements of the problem?

3¢5 — Tr(AD?@;) + (g + 20 Ae) Doy, — (u + A2eAe +Ag - )y + k(L)@ =0 in RV xR,
@ >0, (20)
@, is periodic in ¢ and x.

Actually, the uniqueness up to a multiplicative constant of solutions of (17) in the form (18), provided by
Lemma 3.1 (proved without assuming the time-periodicity), implies that 1, necessarily has this form.
Thus, S (¢) := (k(X)/1)t satisfies (19), whence the speed of the wave for the linearized equation with
decaying rate A is c¢; = k(L) /A. Since the c;, are constant (and therefore they have uniform mean), it turns
out that the threshold A, we obtain for the decaying rates coincides with the minimum point of A — ¢,
(see Remark 1 below). We eventually derive the existence of a generalized transition wave for any
speed larger than ¢, := min,~q k(A)/X, which is exactly the sharp critical speed for pulsating traveling
fronts obtained in [Nadin 2009]. To sum up, our construction of the minimal speed c, is optimal in the
space-time periodic framework. On the other hand, in the periodic framework, the speed ¢* constructed
in Section 4 is identical to ¢, and thus Theorem 2.2 implies that there do not exist generalized transition
waves with a speed ¢ such that |c| < min, - k(A)/A. We therefore recover also the nonexistence result
for pulsating traveling fronts. Only the existence of fronts with critical speed is not recovered.

In the case investigated in [Nadin and Rossi 2012], namely, when A = Iy, ¢ = 0 and f does not

2 . .
p(s)ds+27t - Ag a function S; we can simply take

depend on x, one can easily check that #, () = elo
Linna(, Ol pe@yy = 1 fo #(s) ds + At, which is Lipschitz continuous. Hence ¢; (1) := A + p(1) /A is
a speed of a wave with decaying rate A. In this case the critical decaying rate A, is equal to /[ u] (see
again Remark 1) and thus we have ¢, = 2/[1¢]. This is the same speed c, as in [Nadin and Rossi 2012],
which was proved to be minimal.

Under the assumptions made in [Rossi and Ryzhik 2014], that is, A and g only depend on x (periodically)
and f only depends on (¢, u), the speeds c, derived in the present paper and in [Rossi and Ryzhik 2014]
coincide, and thus it is minimal, in the sense that there do not exist any generalized transition waves with

a lower speed.

2The properties of these eigenelements, which are unique (up to a multiplicative constant in the case of ¢, ) are described in
[Nadin 2009] for instance.
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When A = Iy and ¢, f are periodic in x and uniquely ergodic in ¢, then one can prove that the same
holds true for the function 9,1, /n, by uniqueness, and thus «|c, | could be identified with the Lyapounov
exponent A(«, &) used by Shen in [2011a], where £ is the direction of propagation. We thus recover in
this framework the same speed c, as in [Shen 2011a], which was not proved to be minimal since the
nonexistence of transition waves with lower speed were not investigated. Note that this identification
is not completely obvious. However, as the formalism of the present paper and [Shen 2011a] are very
different, we leave these computations to the reader.

Lastly, let us consider the following example, where one could indeed construct directly the generalized
transition waves:

Ot — Oxxut — q(1)0xu = pou(l —u), (21)

with g bounded and uniformly continuous and g > 0. This equation satisfies assumptions (3)—(12). The
change of variables v(x, t) := u(x — fot q, t) leads to the classical homogeneous Fisher—KPP equation
0;V — 0y, v = pov(1 — v). This equation admits traveling wave solutions of the form v(x, t) = ¢.(x — ct),
with ¢.(—00) =1 and ¢.(+00) =0, for all ¢ > 2, /. Hence, Equation (21) admits generalized transition
waves u(x, 1) = ¢c(x —ct + [; g, t) of speed ¢ —q(t) if and only if ¢ > 2, /. That is, the set of least
mean of admissible speeds is [2,/10 — [¢], +00). Computing ¢, in this case, one easily gets

=) = R AW dstol () =) — q(6) + po/h and ¢, =210 — [q].

One could check that ¢* coincides with this value too, meaning that Theorems 2.1 and 2.2 fully characterize
the possible least means for admissible speeds, except for the critical one.

3. Existence result

Throughout this section, we fix e € SV~!

and we assume that conditions (3)—(11) hold. Actually, condi-
tion (8) could be weakened by (12), except for the arguments in the very last part of the proof in Section 3D.
As already mentioned in Section 2B, these arguments could be easily adapted to the case where (8) is

replaced by (12), leading to transition waves connecting 0 to the minimal solution with positive infimum.

3A. Solving the linearized equation. We focus on solutions with prescribed spatial exponential decay.

Lemma 3.1. For all ) > 0, the equation (17) admits a time-global solution of the form (18). Moreover,
. is unique up to a multiplicative constant and satisfies, for allt e R, T > 0,

t+T
max 1, (x,t+7T) < max n,(x, t) exp((&k + sup |q|)kT +/ max u(x,s) ds), (22)
xeRN xeRVN RN+ t xeRN
+T
min 7, (x, t +T) > C max 0, (x, 1) exp((gk ~ sup |q|),\T +/ min u(x, s)ds), (23)
xeRN xeRN RN+ t xeRN

with C > 0 only depending on a constant bounding |X|, |l|, =", &, N and the L> norms of . and q.

—AXx-e

The function (x, ) e . (x, t) is a solution of the linearization of (1) near the unstable equilibrium.

We will show in the next section that it is somehow a transition wave solution of the linearized equation,
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in the sense that it moves in the direction e with a certain speed. Due to hypothesis (9), we could use it
as a supersolution of the nonlinear equation. Then, in Section 3C, in order to construct an appropriate
subsolution, we will need to restrict to exponents X less than some threshold A,. We will eventually derive
the existence of transition waves in Section 3D.

As mentioned in Section 2C, Lemma 3.1 is the only point where the spatial periodicity hypothesis
(11) is used. If the coefficients depend in a general way on both x and ¢ and if one is able to construct a
solution 7, of equation (25) for which there exists C > 0 such that, forall 7 > 0, (x, 1) € RN*1 one has

1 —cT cT
Ellm(',t)HLoo(RN)e S, t+T) <Clim (-, Dl omnye " . (24)

Then the forthcoming other steps of the proof still apply and it is possible to construct a generalized
transition wave solution of the nonlinear equation (1). We describe this extension in Section 3E below.
It would be very useful to determine optimal conditions on the coefficients enabling the derivation of
a global Harnack-type inequality such as (24) for the linearized equation. We leave this question as an
open problem.

Proof of Lemma 3.1. The problem for n,, is
. =Tr(AD?n;) — (g + 20 Ae) - Dy + (u+A2eAe+rg-e)n,, xeRY, teR. (25)

We find a positive, /-periodic solution to (25) as the locally uniform limit of (a subsequence of) solutions 1"
of the problem in R x (—n, +00), with initial datum 5" (—n, - ) = m,,, where m,, is a positive constant
chosen in such a way that, say, sup, gy 7" (0, x) = 1.

Let us show that any /-periodic solution n, to (25) satisfies (22) and (23). For a given fy € R, the
function

t
max 1, (x, fp) exp((&k2 + sup |q|A) (t—1)+ max u(x,s) ds)
xeRN N

RN+1 o X€R

is a supersolution of (25) larger than 7, at time #y. Since 7, is bounded, we can apply the parabolic
comparison principle and derive (22). Let C denote the periodicity cell ]_[3\,:1[0, [;]. By the parabolic
Harnack inequality (see, e.g., Corollary 7.42 in [Lieberman 1996]), we have that

Vit e R, maxn;(x,7—1)<Cminn,(x,1), (26)
xeC xeC

for some C > 0 depending on a constant bounding ||, |I|, !, @, N and the L> norms of x and ¢, and
not on ¢. On the other hand, the comparison principle yields, for 7 > 0,

t+T
min 7, (x,t+7) > min n,(x, t) exp((gkz — sup |q|A)T +/ min u(x,s) ds).
xeRN xeRN RN+1 t xeRVN
Combining this inequality with (26) we eventually derive

t+T
min n(x,t+T) > C! max mx,t—1) exp((gkz — sup |q|k>T+/ min wu(x, s) ds),
xeRN xeRN ¢ xeRN

RN+1

from which (23) follows by (22).
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It remains to prove the uniqueness result. Assume that (17) admits two solutions 5!, 52 that are positive
and /-periodic in x. As shown before, we know that they both satisfy (22) and (23). We first claim that
there exists K > 1 such that

VieR, xeRY, K 'n*(x,1) <n'(x,r) < Kn*(x,1). (27)

Let 4 > 0 be such that nl < hn2 at t = 0. It follows, for ¢t <0, that min, cgn nl (x,1) < hmax,cgwy nz(x, 1),
because otherwise the parabolic strong maximum principle would imply n' > hn? at + = 0. Hence,
applying (23) with 7 = 0 to both ' and 2, we find a positive constant K such that

Vt <0, maxn'(x,7) <K min n’(x, ).
xeRN xeRN

This proves the second inequality in (27), for ¢+ < 0, whence for all # € R by the maximum principle. The
first inequality, with a possibly larger K, is obtained by exchanging the roles of n' and n%. Now define

s n'(x, 1)
k :=lim sup max ———.
i——o00 xeRN N*(x,t)

We know from (27) that k € [K !, K]. Consider a sequence (f,)nen such that

. . nl(xv tl’l)
lim t, = —00, lim max —— =
n— 0o n—00 yeRN nz(x’ tn)
Define the sequences of functions (U,ﬁ)neN, (ﬂ,%)neN as follows:
' (x, 1+ 1)

Vie{l,2},neN, n(x,1):= .
" maxyepy 71 (Y, 1)

We deduce from (22) and (23) that the (n,ﬁ)neN are uniformly bounded from above and uniformly
bounded from below away from 0 in, say, R" x [—2, 2]. The same is true for (n%)neN by (27). Thus, by
parabolic estimates and periodicity in x, the sequences (n;)n, (B,U,l;)n, (Dn;)n and (Dznfl),, converge, up
to subsequences, in Lﬁ)c(RN *+1). Morrey’s inequality yields that the sequences (1!), and (n2), converge
locally uniformly to some functions 7' and 7% respectively.

Define A, :=A(-, - +1t,), gn:=q (-, +t,), wy:=u(-, - +1t,). As A and g are uniformly continuous,
(Ap), and (g,), converge (up to subsequences) to some functions A and g in Llog’c([RN +1), whereas (n)n
converges to some /i in the L®(RY*!) weak-* topology. Hence, taking the weak LEC(RN +1) limit
as n — oo in the equations satisfied by the (1%),en, we get

i)' =Tre(AD*ii') — (G +2)Ae)Dif’ + (i +21’eAe+1rg-o)7, xeRY, 1eR.

Clearly, these equations hold almost everywhere because all the terms are measurable functions. That is,
the 7' are strong solutions. Moreover,

~1 ,O
n (x )_k

~1 ~2
<kn®, max — =
=R RN 7 (x, 0)
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The strong maximum principle then yields 7' = k7%, As a consequence, for any & > 0, we can find n, € N
such that, for n > n,, one has (k — 8)7),% < n,ll < (k+ e)n,zl at t = 0. These inequalities hold for all ¢ > 0,
again by the maximum principle. Reverting to the original functions we obtain (k —&)n? < n' < (k+&)n>
for t > t, and n > n,, from which, letting n — oo and ¢ — 0", we eventually infer that nl = knz
for all € R. U

In the particular case T = 0, the inequality (23) reads

min 1, (x,t) > C max n,(x, ). (28)
xeRN xeRN

Notice that, in contrast with the standard parabolic Harnack inequality, the two sides are evaluated at the
same time. This particular instance of (23) will be used in the sequel.

Until the end of the proof of Theorem 2.1, for A > 0, we let 1, stand for the (unique up to a multiplicative
constant) function given by Lemma 3.1.

3B. The speeds of the waves.
Lemma 3.2. There is a uniformly Lipschitz-continuous function S, : R — R satisfying (19).
Proof. Properties (22)—(23) yield the existence of a constant 8 > 0 such that

VieR, T>0, |Inn(.t+T)lmgy) = Ina(-, Ol mm| < BA+ADT.

For all n € N, we define S, on [n, n + 1] as the affine function satisfying

1 1
Si(n) = % Inf{[n, (-, Wl o@yy, Sa(n+1)= n In{[7;,(-, n+ Dl poo -
Then, forallt € (n,n+1),

1 1 1422
|Si(f)|=‘X1H||UA(',H+1)||LOO(RN)—Xlﬂﬂm(wn)”Lw(RN) <p t» .

Hence, S; is uniformly Lipschitz-continuous over R. Moreover, if ¢ € [n, n + 1], one has

1
<185.() = S.(m)| + X|1n (o Ol zee@yy — In 73 (-, 1) [l oo ms |

2
<2’31T'

1
S (t) — 5 In{[n:C-, Ol Lo mryy

Hence, t — S, () — %ln 17.(-, D)l Loo@yy 18 uniformly bounded over R. O

Owing to Lemma 3.2, the function c,, defined for (almost everywhere) ¢ € R by
(1) i= S5 (1), (29)

belongs to L (R). We will use it as a possible speed for a transition wave to be constructed.
Let us investigate the properties of the least mean of the (c;);>0. It follows from (19) that

"t—'l_T 0o
LC)\J:% lim 1nflln ”n)»( )”L (RN)

(30)
T>+4ooteR T 17:.C- 5 Ol Lo @y
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Hence, by (22) and (23), we derive

a. — sup g +1L min (x.) | <o) <@+ sup lg] +1Lmax pxo)| 31)
)\, xeRN )\' xeRN

RN+ RN+1

Analogous bounds hold for the upper mean:

ah — sup lg]++

[ min f1(x, -)] <Tley] <@r+ sup |q|+ l[max [ (x, -)]. (32)
RN+1 Al xeRN Al xer¥

RN+

We have seen in Section 2C that, when the coefficients are periodic in #, one can take S, (¢) := (k(L)/A)¢,
whence ¢, = k(A)/A. It follows that Ac, = k(X), and we know from the arguments in the proof of
Proposition 5.7 part (iii) in [Berestycki and Hamel 2002] that the function k is convex. In the general
heterogeneous framework considered in the present paper, we use the same arguments as in [Berestycki
and Hamel 2002] to derive the Lipschitz continuity of the function A +— A|c; . If the functions ¢, admit
a uniform mean then these arguments actually imply that A +— A|c, | is convex, but we do not know if
this is true in general.

Lemma 3.3. The functions .+ |c; | and A+ [c,] are locally uniformly Lipschitz continuous on (0, 400).

Proof. Fix A > 0 and —A < Xy < A. Let X be such that |A; — A9| = 2A. For j = 0, 1, the function
vi(x,1):= e‘*f"'enkj (x, 1) satisfies (17). Hence, setting v; = e"/, we find that

dw; — Tr(AD*w;) + ¢ - Dw; = u+Tr(ADw; ® Dw;), x eRY, reR.
For 7 € (0, 1), the function w := (1 — 7)wg + Tw; satisfies, for x € RV, r e R,

orw — Tr(ADZw) +g-Dw=pu —|—Tr(A((1 —1)Dwy® Dwy+tDw; ® le))
>u+Tr(ADw ® Dw).

As a consequence, ¢v is a supersolution of (17) and then, since
) _ = ((I=0)ko+thpx-e  1—
WD) — o= ((I=D)ho+TA)x enko (x, t)nL(x’ 1),

the function nio_fr];l is a supersolution of (25) with A = A; := (1 — t)Ag 4+ tA;. We can therefore apply
the comparison principle between this function and 7, and derive, fort e R, T > 0,

1—
I, s 2+ Tl Loommy - 15, C ot + Tl ooy
I, G Ollge@yy  —  mingcgn nio_TnL(x, 1)

- (nmo( 1t T)||Loo(w))1"(||ml<~ i T>||LOO(RN))’

min, gy 15, (x, 1) min, cgy My, (x, 1)

Hence, using the inequality (28) for n,, and n,, (with the same C depending on A), we obtain

17
I, (- s 14 Tl Loy 5 C_1(||mo(. St T)IILm(RN)) f(llml(-,t-l— T)”Loo(IR{N))f. a3

72, -5 Ol Loomr) 1720 C s Ol Loomry 175, C+ 5 Ol Loo )y
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Consider the function I" defined by I'(X) := A|c, |. It follows from (30) and (33) that

1 14T o T
((l—t)ln ”n}»o( )”L (RN)—{—'L'IH ”77}»1( )”L (RN)).

'A;) < lim inf —
T—>+ooreR T 1756 C+ 5 Ol Loo Ny 175, C- 5 O Loo Ny

If the (c;),>0 admit a uniform mean, the above inequality and (30) imply that I" is convex. Otherwise,
we can only infer that
F(Az) = (I =)o) + tr1 (e, 1

We have therefore shown that
Ve (0, 1), T(i)—T (o) =t@iferl—2olerl)-
Thus, by (31) and (32) there exists a constant K > 0, depending on A, g, i, such that
VT e (0,1), T(h)—T(ho) < K(A2+Dr.

This proves the Lipschitz continuity of I on [— A, A], because |A; — Ag| = 2A 7, concluding the proof of
the lemma.
The same arguments lead to the local Lipschitz continuity of A — [c;]. (I

3C. Definition of the critical speed. In order to define the critical speed c,, we introduce the set
A:={r>0:3k >0, V0 <k <k, [c) —crsk] > 0). (34)

Lemma 3.4. There exists L, > 0 such that A = (0, L,). Moreover, the function ) — |c, | is decreasing
on A.

Proof. Fix Ag, A1 > 0. For T € (0, 1), we set A; := (1 — t)X9 + tA;. Taking the natural log of (33) and
recalling that ¢, = S with S;, satisfying (19) yields

+T
/ [(1 —71)Aocyr, +TA1CH, — ArCy, ]ds > InC — 44, B.
t

Hence,

t+T t+T
A,/ (crg—cCa,) ds zr)q/ (crg—Can))ds +InC —4A. 8.
t t

Dividing both sides by 7', taking the infimum over ¢ € R and then taking the limit as 7 — 4-00, we derive

A
Vre(0,1), log—cnl> ffL% —e . (35)

T

If instead we divide by —7', we get

A
Ve, 1), Lo, —cul < rk—chM — C30)- (36)

T
Analogous estimates hold of course for the upper mean. The characterization of A follows from these
inequalities, by suitable choices of Ag, A1 and 7. We prove it in four steps.
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Step 1: A # &. The first inequality in (31), together with (12), yields
lim |¢) —c1] > lim |cy]| — [c1] = +o0.
A—0t A—0t

Then there exists 0 < A < 1 such that |c) —c¢1] > 0. Applying (35) with Ay = A, A = 1, we eventually
infer that |¢) — c4r| > 0, forall 0 <k < 1 —A; thatis, A € A.

Step 2: A is bounded from above. By (31) we obtain
lim |[ci—c¢y] <|c1]— lim |c;] =—o00.
A—+00 A——+00

Then there exists A’ > 1 such that, for > > A’, we have |c¢; — ¢, | < 0. Hence, for k > 0, applying (36)
withAg=A+k, Ay=1and t =k/(k+A — 1), we derive

k
lex —capk] < m ler —cgx] <O.

Namely, A ¢ A and thus A is bounded from above by A’.
Step 3: If A € A then (0, A] C A. Let 0 < A’ < A and k > 0. Using first (35) and then (36) we get

Lew —cuprl = . Ak lew — cari] = e —LA— Crtic]-
“\k+a-n )\ N4k ~\WV+k

Thus, A € A implies 1" € A.

Step4: sup A ¢ A. Let A* :=sup A and k > 0. For all n € N, there exists 0 < k, < 1/n such that
LCx+1/n — Cx+1/n+k, ] < 0. For n large enough, we have that 1/n +k, < k and then, by (35),

0= )= (K YR\ ]
CH* — C)* C)* — C)* .
= Lomnim = Crnmn) 2\ T N\ o, ) L+ — e

Hence,

Lexs — enrpr] < Lewrpiyn — Curpr) + [enr — Corayn | < [ — Crrgiynl

Using the analogue of (36) for the upper mean, we can control the latter term as follows:

1/n

= m ——F—([enr /2] |_CA*+1/nJ),

[ 1= Ln
Cyx* — Ch*
2 /2 = Cxrt1/n St n

[Cx — Crrgrn] <

which goes to 0 as n — oo (recall that A — |c; | is continuous by Lemma 3.3). We eventually infer that
Loy — e ] <05 that is, A* ¢ A.

It remains to show that A — |c; | is decreasing on A. Assume by way of contradiction that there are
0 <A1 <Xy <A*suchthat [c;, | < |cy,]. The function A — |[c; ], being continuous, attains its minimum
on [A1, A2] at some A. Since [c;, ] < lca,], we can assume that A € [A1, A2). The definition of A implies
that there exists A" € (A, A2) such that |¢; —c¢;/] > 0. Hence, we obtain the following contradiction:

lew] < lal +Tew —anl = Len] = Lex —en] < Leal. O
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We are now in position to define the critical speed

Cy = |ca, ], (37)
where A, is given in Lemma 3.4.

Remark 1. When the terms in (1) are periodic in time, resuming from Section 2C, we know that the
speeds (c3)>0 are constant and satisfy ¢, =k(A) /A, where k(L) is the principal eigenvalue of problem (20).

Hence,
] | k()  k(A+«)
)L —c¢ = — .
A Atk Py A+ K
As A +— k() is strictly convex (see [Nadin 2009]) and, by (31),
. k() . . .
lim — =400, lim k(A)= lim Ac) > L min u(x, -)J > 0,
rA—400 A A—0t A—0T xeRN

straightforward convexity arguments yield that X, is the unique minimizer of A — k(1)/A. Therefore,
¢y = min, - k(X)/A, which is known to be the minimal speed for pulsating traveling fronts (see [Nadin
2009)).

3D. Construction of a subsolution and conclusion of the proof. In order to prove Theorem 2.1, we
introduce a family of functions (¢, ), which play the role of the spatial-periodic principal eigenfunctions
in the time-independent case. For A > 0, let 1, be the function given by Lemma 3.1, normalized by
175.C-, O) [l Loomyy = 1. We define

—AS.(1)

oi(x,1):=e m(x, 1).

By (19) and (28), there exist two positive constants C,, B such that
VxeRN, reR, C, <@ (x, 1) <e”. (38)

We will make use of the following key property of the least mean, provided by Lemma 3.2 of [Nadin
and Rossi 2012]:
Vge L®(R), |gl= sup inf(c’+g)@). (39)
sewlom) €R
Proof of Theorem 2.1. Fix y > c,. Since the function A — |c; | is continuous by Lemma 3.3 and tends
to +oo as A — 07 by (31), and A = (0, A,) by Lemma 3.4, there exists A € A such that |c; | = y. The
function w defined by
w(x, 1) ;= min(e *n; (x, 1), 1)

is a generalized supersolution of (1).

In order to construct a subsolution, consider the constant v in (10). By the definition of A, there exists
A <A’ < (14v)A such that [ ¢, — c;r] > 0. We then set ¥/ (x, 1) := e” O (e=5.0+Sy ). (x| 1), where
o € WH°(R) will be chosen later. We have that

0y — Tr(A(x, )D*) +q(x, 1) - DY — pu(x, )Y = (07 (1) + 1/ (ca (1) — cr (1)) .



TRANSITION WAVES FOR FISHER-KPP EQUATIONS 1367

Since |A'(c) —ci)] = Al —c] > 0, by (39) we can choose 0 € W®(R) in such a way that
K :=infg(o’ + X' (cy —¢;7)) > 0. Hence,

o — Tr(A(x, t)DZW) +qg(x,t)- DYy > (ux,t)+ K)¥, xce€ [REN, teR.
‘We define

v(x, 1) 1= e, 1) —m (x, 1),
where m is a positive constant to be chosen. By computation,
e (1) =i (x, 1) = ¢TI (g, (x, 1) = m (x, 1)e7 DTG TDeTSO),

Since ¢;, ¢, satisty (38) and o € L*°(R), it follows that, choosing m large enough, we have v(x, ) <0
if x -e— S,(t) <0, and that v is less than § € (0, 1], from (10), everywhere. If v(x,t) > 0, and
therefore x - e — S5 (¢t) > 0, we see that

3 v —Tr(A(x, )D*v) +q(x, 1) - Dv — u(x, )v < —mK

vl—',—v

< _ - -
- mKwe—(l—G-v))»x-en)lL""U

— Kot P o =0/~ (A re=$:(1)
ot

< —mKv'"tCyem 1+ inﬂg o),
NS

where, for the last inequality, we have used (38) and the fact that A" < (1 4+ v)A. As a consequence, by
hypothesis (10), for m sufficiently large, v is a subsolution of (1) in the set where it is positive.
Using again (38), one computes

V(x4 Si()e, 1) = e (g (x + S (e, 1) — mgy (x + S;.()e, 1)e” O™ HPxe)

> e—Ax-e(Ck _ mCNe)»’ﬂ-i-Ila||oo—()»’—)»)x-e)‘
Hence, taking R large enough, one has

infR U(x + S)L(t)e, t) > e—)LR((:)L _mC)L/e)L/'B—H‘O-“DC_(N_)\)R) —we (0, 1)
X-e=
teR

Consequently, the function v defined by
v(x,t) ifx-e>S,(t)+ R,

v(x, 1) = .
max(w, v(x,t)) ifx-e< S, (t)+ R,

is continuous and, because of (8), it is a generalized subsolution of (1). Moreover, since v < w and
w(x + Sy (e, t) > e *RC, > wif x-e < R, one sees that v < w. A solution v < u < w can therefore be
obtained as the limit of (a subsequence of) the solutions (u,),<n of the problems

duy — Tr(A(x, 1) D%u,) +qg(x,t)-Du, = f(x,t,u,), XxE€ RN, t>—n
up(x, —n) = w(x, —n), xeRN.
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The strong maximum principle yields # > 0. One further sees that

t t
lim u(x + e/ cn(s)ds, t) < lim w <x +e / c(s)ds, t) < lim e pu(x,1)=0,
X-e—>—+00 0 X-e—>—+00 0 X-e—>+00

uniformly with respect to ¢ € R. It remains to prove that

t
lim u(x+e/ c(s)ds, t) =1
X-e—>—00 0

holds uniformly with respect to ¢ € R. Set

t
?:= lim inf u(x—l—e/ ck(s)ds,t).
r—>—mx~eﬁr 0
te

Our aim is to show that ¥ = 1. We know that ¢ > w > 0, because u(x, t) > v(x,t) >wifx-e < S () + R.
Let (x,)nen in RY and (,),en in R be such that

n—odo n—oo

tll
lim x,-e=—00, lim u(xn +ef ¢, (s)ds, tn) =9.
0

For n e N, let k, € ]_[?]:1 [;Z be such that y, = x, + efot” ¢, (s)ds —k, € ]_[j-vzl[O, l;) and define
v,(x,t) :==u(x +k,, t +1,). The functions (v,),en are solutions of

orv, — Tr(A(x, ¢t +tn)D2v,,) +qgx,t+1t,)-Dv, = f(x,t+1t,,v5), XxE€E RN, t e R.

By parabolic estimates, one can show using the same types of arguments as in the proof of Lemma 3.1
that (v,),en converges (up to subsequences) locally uniformly to some function v satisfying

v —Tr(A(x,)D*v) +§(x,1)-Dv=g(x,1) >0, xeR", teR,

where A and g are the strong limits in Llo(fc(RN 1y and g is the weak limit in L{;C(RN x R) of (a sub-
sequence of) A(x, t+1¢,), g(x,t+1,) and f(x,t+1,, v,(x, 1)) respectively, the inequality g > 0 coming
from hypothesis (8). Furthermore, letting y be the limit of (a converging subsequence of) (y,),en, We
find that v(y, 0) = ¢ and

I
Vx e RV, t e R, v(x,t) = lim u(x+x,,+e/ c,\(s)ds—y,,,t—}-tn)Zz?.
n—oo 0

As a consequence, the strong maximum principle yields v = © in RY x (—o0, 0]. In particular, g = 0
in R¥x (—o0, 0). Using the Lipschitz continuity of f(x, ¢, -), we then derive for all (x, 1) € RV x (=00, 0),

VT >0, 0= lim f(x,t+t, va(x,0)= lm f(x,t412,,9)> inf f(x,1,9).
n— 400 n— 400

(x,1)eRN+1

This, by (8), implies that either ©» =0 or ¥ = 1, whence ¥ = 1 because ¢ > v > 0. |
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3E. A criterion for the existence of generalized transition waves in space-time general heterogeneous
media. As already emphasized above, our proof holds in more general media, without assuming that
the coefficients satisfy (11), that is, without the space periodicity assumption. We then need to assume
that the linearized equation admits a family of solutions satisfying some global Harnack inequality. We
conclude the existence part of the paper by stating such a result. We omit its proof since one only needs
to check that the previous arguments still work.

Theorem 3.5. In addition to (3)—(10), assume that there exists A > 0 such that, forall ) € (0, 1), there
exists a Lipschitz-continuous time-global solution n;, of

. =Tr(AD?n;) — (g +20Ae) Dy + (u+ A2eAe+rg-e)m, xeRY, reR
satisfying

1 _
clm G nl=@ve T <, t+T) < Clma(-, Ol Loy’

for some C = C (L) > 0and forall T >0, (x,1) € RN*1,
Then there exists A, € (0, X) such that, for all y > ¢, 1= LSi*J, where S, is a Lipschitz continuous
function satisfying (19), there exists a generalized transition wave with speed c; = S} such that [c;] = y.

4. Nonexistence result
Our aim is to find bounded subsolutions to the linearized problem
ou —Tr(A(x, t)Dzu) +qg(x,t)-Du=pux,t)u, xe€ RN, t e R, 40)

in order to get a lower bound for the speed of traveling wave solutions. We recall that no spatial-periodic
condition is now assumed. Looking for solutions of (40) in the form u(x, t) = e~ Mxe=eD g (x, 1), with
A and c¢ constant, leads to the equation

(P +ch)p=0, xeRY teR, (41)
where P, is the linear parabolic operator defined by
Pow = 9w —Tr(A(x, 1) D*w) + (q(x, 1) — 20 A(x, )e) - Dw — (A\2eA(x, e +Aq(x, 1) - e+ u(x, 1)) w.
We consider the generalized principal eigenvalue introduced in [Berestycki and Nadin 2015]:
k(1) :=inf{k € R:3p, inf > 0, supy < oo, sup|Dg| < co, Pry < k¢, in RV x R}, (42)

where the functions ¢ belong to sz:rl (RN 1y, together with their derivatives d;, D, D? (and therefore
the differential inequalities are understood to hold almost everywhere). This is the minimal regularity
required for the maximum principle to apply. See, e.g., [Lieberman 1996].
Taking ¢ = 1 in the above definition we get, for A € R,
K(0) = =’ + sup |q||A| = inf . (43)

RN+
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We now derive a lower bound for « (A). Assume by way of contradiction that there exists a function ¢ as
in the definition of « (1), associated with some k satisfying

k <—ar®— sup |g||A| — sup w.

RN+1 RN+1
For B > 0, the function ¥ (x, 1) := e~ # satisfies

P
PV g @i — sup lql|x] — sup i

Y RN+ RN+
Hence, g can be chosen small enough in such a way that the latter term is larger than k; that is, P, ¢ > k.
The function v is larger than ¢ for ¢ less than some #y, whence { > ¢ for all ¢ by the comparison principle.
It follows that ¢ — 0 as ¢t — 400, which is impossible since ¢ is bounded from below away from 0. This
shows that « (1) > —o0.

We can now define ¢* by setting

A
¢* = —max Q (44)
A>0 A

This definition is well posed if «(0) < 0 because «(A)/A — —o0 as A — +00 by (43), and we know
from [Berestycki and Nadin 2015] that A — «()) is Lipschitz—continuous.3 Let us show that (12) implies
that k¥ (0) < 0 and then that ¢* is well defined and finite. Writing a positive function ¢ in the form
@(t) :=e "D we see that

Pog = —(0' () + (. 0)g < — (o' (1) + inf (1) ).

Thus, (39) implies that, for given & > 0, there exists o € W (R) such that

(L)

Therefore, if (12) holds, taking ¢ < [min, gy n(x, - )] we derive x(0) < 0.

The proof of Theorem 2.2 proceeds in two steps. In the following section we show that the average
on (0, +00) of the speed of a wave cannot be smaller than ¢*. More precisely, we derive the following
estimate.

Proposition 4.1. Assume that (3)—(6) hold and that k (0) < 0. Then, for any nonnegative supersolution u
of (1) such that there is ¢ € L (R) satisfying (2), it holds that
K()\)

1 t
liminf — / c(s)ds > ¢* ;= —max —=.
t—>+o00 t Jo >0 A

In this statement, the notion of solution (including subsolution and supersolution) is understood as in
the definition of x (A): namely, u, o,u, Du, D*u e LIIXCJr ! (RN*+1). Notice that the least mean of a function
is in general smaller than the average on (0, 400). In the last section, we establish a general property

3The coefficients are assumed to be Hélder continuous in [Berestycki and Nadin 2015], but one can check that it does not
matter in the proof of continuity.
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of the least mean that allows us to deduce Theorem 2.2 by applying Proposition 4.1 to suitable time
translations of the original problem.

4A. Lower bound on the mean speed for positive times. We start by constructing subsolutions with a
slightly varying exponential behavior as x - ¢ — *o0o. These will then be used to build a generalized
subsolution with an arbitrary modulation of the exponential behavior. The term “generalized subsolution”
refers to a function that, in a neighborhood of each point, is obtained as the supremum of some family of
subsolutions. Then, using the fact that the generalized subsolutions satisfy the maximum principle, we
will be able to prove Proposition 4.1.

Lemma 4.2. Let c, A € R be such that k(1) + ch < 0. Then there exists ¢ > 0 and M > 1 such that, for
any z € R, (40) admits a subsolution v satisfying

1 . , .
ifx-e—ct>z, —e MOWD <y(x 1)< Me AFOe=ch inf v(x,1) >0,
M z—l<x-e—ct<z

ifx-e—ct<z—1, %e_(x_g)(x'e_”) <v(x,1) < Me~ =8 (xe=ct),
Proof. By the definition of « (), there is a bounded function ¢ with positive infimum satisfying
P <kep, xeRN t>T,

for some k < —cA. It follows that v(x, 1) := e **¢~Dp(x, 1) is a subsolution of (40). Fix z € R and
consider a smooth function ¢ : R — R satisfying

{=A—gin(-o0,z—1], ¢=Ai+4ein[z,400), 0=<¢ <3e, [{"| <he,

where ¢ > 0 has to be chosen and # is a universal constant. We define the function v by setting
v(x, 1) 1= e~ (emeNitre=chy(x 1) Calling p := x - e — ct, we find that

[8:v —a;j (x, ;v +qi (x, v — pu(x, Hvle” < (P +c)e+CL(L+p+ple|+ o2 DIC 1+ plg"]],

where ¢, ¢/, ¢” are evaluated at p, and C is a constant depending on N, ¢ and the L norms of g; js
q, I, ¢, Dp. The second term of the above right-hand side is bounded by H (¢), for some continuous
function H vanishing at 0. The first term satisfies

(P +¢0)¢ < (Pr+cAM)g+C((& =)+ 187 = 22)) < (k+cA)g + Cle +2|Ale +&?).
We thus derive
v —aij (x, )3 +qi(x, )3 v — p(x, v < e[(k+ ch)p 4+ Ce(1 4 2|A| + &%) + H(e)].

Since k < —cA and infg > 0, we can choose ¢ small enough in such a way that v is a subsolution
of (40). ]

Lemma 4.3. Let A, A, ¢ € R satisfy A < A and

max (k(A) +cA) <O.
A€[A,A]
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Then there exists a generalized, bounded subsolution v of (40) satisfying

im  sup v(x, )00 =0, lim sup v(x, 1) =0,
== x.e—ct<r r—=>+00 x.o—ct>r
and
Vri < rp, inf v(x,t) > 0. 45)

ri<x-e—ct<ry

Proof. For A € [A, A1, let &5, M, be the constants given by Lemma 4.2 associated with ¢ and A. Call I,

.....

finite subcovering and set for short ¢; :=¢,,, M; := M,,. Up to rearranging the indices and extracting
another subcovering if need be, we can assume that

Vi=1,....,n—1, XAijy1—¢i41<XAi—& <Xtiy1+¢&i+1 <Xri+e.

Let v; be the subsolution of (40) given by Lemma 4.2 associated with A = A; and z = 0. Set z; :=0,
ki :=1and
e2te——eD) (=1

MM,

k2 =

Consider then the subsolution v, associated with A = A, and z equal to some value z, < z; — 1 to be
chosen. We have that

vi(x,t k
ifx-e—ct=2z1—1, 1( )2—2
va(x, 1) Tk
kivi(x,t
ifx-e—ct=z, kv (x, 1) < (M My)2e2ter—(n—en)@—u+1)
kava(x, 1)

Since Ay +¢&, > A] — €1, we can choose z; in such a way that the latter term is less than 1. By a recursive
argument, we find some constants (z;);=1,..., satisfying z, <z,-1 —1 <--- <z; —1 = —1, such that the

family of subsolutions (v;);—1 nand (z;)i=1...n

..........

satisfies, for some positive (k;)i=1... .
Vi=1,...,n—1, kiziviy1 <kjv; ifx-e—ct=2z—1, kipyjviv1 >kjv; ifx-e—ct =2z;41.

The function v, defined by

vi(x, 1) ifx-e—ct>z,
v(x, 1) = ¢ max(kjv; (x, 1), ki 1vi11(x, 1)) ifziy) Sx-e—ct <z,
kov,(x,t) ifx-e—ct <z,
is a generalized subsolution of (40) satisfying the desired properties. U

Proof of Proposition 4.1. Let u, ¢ be as in the statement of the proposition, and define ¢ (x, t) :=
ulx+e fot c(s)ds,t). Since ¢ (x,t) — 1 as x - e - —o0, uniformly with respect to r € R, one can find
p € R such that
x;gnqub(x, t) > 0.
teR
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We now make use of Lemma 3.1 in [Rossi and Ryzhik 2014], which, under the above condition, establishes
a lower bound for the exponential decay of an entire supersolution ¢ of a linear parabolic equation (notice
that the differential inequality for ¢ can be written in linear form with a bounded zero order term:
fx,t,0)=[f(x,t,¢)/Pld). The result of [Rossi and Ryzhik 2014] implies the existence of a positive
constant A such that

inf  @(x, 1)e™*¢ > 0.

x-e>p—1
teR

By the definition of c*, the hypotheses of Lemma 4.3 are fulfilled with A =0, A = Ao and ¢ = ¢* — ¢, for
any given ¢ > 0. This is also true if one penalizes the nonlinear term f(x, ¢, u) by subtracting Su, with &
small enough, since this just raises the principal eigenvalues « (1) by §. Therefore, Lemma 4.3 provides
a function v such that, for 7 > 0 small enough, Av is a subsolution of (1). We choose % in such a way
that, together with the above property, hv(x, 0) < u(x, 0). This can be done, due to the lower bounds

—Aox-e

of u(x,0) = ¢(x, 0), because v is bounded and decays faster than e as x - e - +00. Applying the

parabolic comparison principle we eventually infer that hv < u for all x € RV, ¢ > 0. It follows that u
satisfies (45) with ¢ = ¢* — ¢ for t > 0. We derive, in particular,

t t
0 <infu((c*—¢)te,t) = infu(((c* —e)t — f c(s) ds)e +e/ c(s)ds, t>,
t>0 t>0 0 0

which, in virtue of the second condition in (2), implies that
t
lim sup((c* — &)t —/ c(s) ds) < 4o00.
t—+400 0

This concludes the proof due to the arbitrariness of e. (Il

4B. Property of the least mean and proof of Theorem 2.2. Roughly speaking, the least mean of a
function is the infimum of its averages in sufficiently large intervals. We show that, in some sense, this
infimum is achieved up to replacing the function with an element of its w-/imit set. The w-limit (in the
L*> weak-* topology) of a function g, denoted by wy, is the set of functions obtained as L>° weak-*
limits of translations of g.

Proposition 4.4. Let g € L*°(R) and let w, denote its w-limit set (in the L> weak-* topology). Then

1 t
Lg] =min( lim —/ g(s)ds>.
gewg t——+0oo 0
Proof. We can assume without loss of generality that |g| = 0. Clearly, any g € w, satisfies [g] > [g],
whence

t
lim inf = / 3(s)ds = 13) = Lg] =O.
0

t—+oo f

Our aim is to find a function g € w, satisfying

1 t
lim sup — / g(s)ds <0. (46)
0

t——+00
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We claim that, for any n € N, there exists #, € N such that

tht]
vVi=1,...,n, n/ g(s)ds < j.
tn

Assume by way of contradiction that this property fails for some n € N. By the definition of least mean,
for K € N large enough, there is 7 € R such that

1 t+Kn 1
?/T g(s)ds < 3

On the other hand, there is j € {1, ..., n} such that n f;ﬂ g(s)ds > j. Then, thereis h € {1, ..., n}

such that n f;:jj th g(s)ds > h, and hence n f;ﬂ th g(s)ds > j+ h. We repeat this argument until we

find k € {1, ..., n) such that n [***"** ¢(s) ds > Kn + k. From this we deduce that

7+Kn T+Kn+k
/ g(s)ds>K—|———/ g(s)ds > K —nllgllLem)-
T n T+Kn

A contradiction follows taking K > 2n||g|lz~m®), and the claim is proved. The L* weak-* limit g
as n — oo of (a subsequence of) g(- +t,) satisfies the desired property. Indeed,

J thtj
VjeN, / g(s)ds = lim f g(s)ds =0,
0 n—oo Iy

from which (46) follows since g is bounded. O

Proof of Theorem 2.2. Let u be a generalized transition wave with speed c. Proposition 4.4 yields that
there exists ¢ € w, such that

T
le] = _lim % /0 &(s)ds. (47)

——+00

The definition of w, gives a sequence (,),en in R such that ¢(- +1,) — ¢ as n — +oo for the L weak-*
topology. For n € N, consider the functions

th In
An(x,t) :=A<x—|—e/ c(s)ds,t—Hn), gn(x, 1) :=q<x+e/ c(s)ds,t+tn),
0 0

Un(x, 1) = u,(x +e /Otn c(s)ds,t +tn), uy(x,t):= u(x +e /Otn c(s)ds,t +tn).
For any ¢ € (0, 1) there exists m € (0, 1) such that
Vix,1) e RV wel0, 1], fx,t,u)> (u(x, 1) —&)u(m —u).
It follows that the u,, satisfy
dtty — Tr(A, (x, 1) D*uy) + gu(x, ) Duy > (un(x, 1) — upy(m —u,), xRV, reR.

On the other hand, the L? parabolic interior estimates ensure that the sequences (9;u,)en, (Din)neN,
(D?u,)nen are bounded in LP(Q) for all p € (1, 0o) and Q € RV*!. Hence, by the embedding theo-
rem, (u,),en converges (up to subsequences) locally uniformly in RVY*! to some function i, and the
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derivatives 9;, D, D? of the (u,)nen weakly converge to those of i in L{;C([R{N +1). Therefore, letting
A, q be the locally uniform limits of (subsequences of) (A;)nen, (@n)nen and i be the L™ weak-+ limit

of (a subsequence of) (u,)nen, We infer that
3t — Tr(A(x, 1) D*i) + G (x, 1)Dit > (i(x, 1) —e)ii(m —i1), xRN, reR.

Hence, i is a supersolution of an equation of the type (1) whose terms satisfy (3)—(5) and (6). Moreover, it
is easily derived from the definition of the speed ¢ and the L*° weak-* convergence to ¢, that i satisfies (2)
with ¢ replaced by ¢, uniformly with respect to ¢ € R. In order to apply Proposition 4.1 to the function i,
we need to show that (0) < 0, where A — £()) is defined like A — «(X), but with A, g, L — ¢ in
place of A, g, u respectively. Namely, the « (A) are the principal eigenvalues in the sense of (42) for the
operators P, defined as follows:

Pow:=0,w—Tr(A(x, ) D*w)+ (G (x, 1) =21 A(x, t)e)- Dw— (A 2eA(x, )e+Ard (x, 1) -e+fi(x, 1) —e)w.
This will be achieved by showing that
VA>0, k) <k()+e, (48)

whence k(0) < 0 as soon as ¢ < —« (0) (recall that « (0) < 0 by (12)). Let us postpone for a moment the
proof of (48). Applying Proposition 4.1 to & yields

S A ROY R
lim inf — c(s)ds > —max —— = ———,
1=>+o0o t Jo A0 A A

for some A > 0. In virtue of (47) and (48), from this inequality we deduce

I_CJ > _K(i)i

’

from which |[c¢| > ¢* follows by the arbitrariness of &.

It remains to prove (48). Let k > x(A). By definition (43) there exists ¢ such that infg > 0 and
¢, Dg € L¥(R"N x R) and Py¢ < k¢ in RN x R. We would like to perform on ¢ the same limit of
translations as done before to obtain i from u. This would yield a function @ satisfying P, < (k + €)@.
But this argument requires the Lf;c estimates of the derivatives d;, D, D? of the translated of ¢, which
are not available because ¢ is a subsolution and not a solution of an equation. However, it is possible to
replace ¢ with a solution of a semilinear equation of the type Pyw = g(w) in RY x R, with g smooth and
such that g(w) < (k + ¢)w, which satisfies the same properties as ¢, as well as the desired additional
regularity properties. This is done in the proof of Theorem A.1 of [Rossi and Ryzhik 2014], whose
arguments can be exactly repeated here. We can therefore apply the translation argument that provides a
function ¢ such that P, @ < (k +&)@. Moreover, inf @ > 0 and sup ¢ < oo. In order to be able to use @ in
the definition of (1) and derive k(1) < k + &, we only need to have that sup |[D¢| < co. This property
does not follow automatically from the L? estimates and the embedding theorem as in the elliptic case
treated in [Rossi and Ryzhik 2014]. This is the reason why we need the extra assumption (13) on A.
Indeed, we use Theorem 1.4 of [Porretta and Priola 2013] with, using the same notations as in [Porretta
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and Priola 2013], F the nonlinear operator associated with equation P, w = g(w). Hypothesis 1.2 of
[Porretta and Priola 2013] is satisfied since A satisfies (13), g is bounded and f = f(x, ¢, u) is bounded
with respect to (x, ¢, u) € RY x R x [0, 1], and Hypothesis 1.3 is satisfied with ¢ (x, 1) := eM" (1 + |x|?)
and M large enough. Hence, we get a uniform L bound on Dw, where w is the solution of P,w = g(w).
Using w instead of ¢, we get that this bound is inherited by ¢ and we therefore deduce k¥ (A) <k +¢. As
k > k (A) is arbitrary, we eventually get (48). (I
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CHARACTERISATION OF THE ENERGY
OF GAUSSIAN BEAMS ON LORENTZIAN MANIFOLDS:
WITH APPLICATIONS TO BLACK HOLE SPACETIMES

JAN SBIERSKI

It is known that, using the Gaussian beam approximation, one can show that there exist solutions of the
wave equation on a general globally hyperbolic Lorentzian manifold whose energy is localised along a
given null geodesic for a finite, but arbitrarily long, time. We show that the energy of such a localised
solution is determined by the energy of the underlying null geodesic. This result opens the door to
various applications of Gaussian beams on Lorentzian manifolds that do not admit a globally timelike
Killing vector field. In particular, we show that trapping in the exterior of Kerr or at the horizon of an
extremal Reissner—Nordstrom black hole necessarily leads to a “loss of derivative” in a local energy decay
statement. We also demonstrate the obstruction formed by the red-shift effect at the event horizon of
a Schwarzschild black hole to scattering constructions from the future (where the red-shift turns into a
blue-shift): we construct solutions to the backwards problem whose energies grow exponentially for a
finite, but arbitrarily long, time. Finally, we give a simple mathematical realisation of the heuristics for
the blue-shift effect near the Cauchy horizon of subextremal and extremal black holes: we construct a
sequence of solutions to the wave equation whose initial energies are uniformly bounded, whereas the
energy near the Cauchy horizon goes to infinity.
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1. Introduction

Part I of this paper is concerned with the study of the temporal behaviour of Gaussian beams on general
globally hyperbolic Lorentzian manifolds. Here, a Gaussian beam is a highly oscillatory wave packet of
the form
i = ;.a.eiw,
VE(, a,d)

where E (X, a, ¢) is a renormalisation factor keeping the initial energy of i; independent of A € R™, and
the complex-valued functions a and ¢ are chosen in such a way that for A >> 0 the Gaussian beam 1, is
an approximate solution to the wave equation on the underlying Lorentzian manifold (M, g). The failure

of i, being an actual solution to the wave equation
Ueu =0 (1.1)

is measured in terms of an energy norm — and this error can be made arbitrarily small up to a finite, but
arbitrarily long, time, by choosing A large enough. The construction of the functions a and ¢ allows for
restricting the support of a to a small neighbourhood of a given null geodesic. Thus, one can infer from
ii;, being an approximate solution with respect to some energy norm that: '

There exist actual solutions of the wave equation (1.1) whose “energy” is localised
. . . o . (1.2)
along a given null geodesic up to some finite, but arbitrarily long, time.

This is, roughly, the state of the art knowledge of Gaussian beams (see, for instance, [Ralston 1982]).

The main new result of Part I is to provide a geometric characterisation of the temporal behaviour of
the localised energy of a Gaussian beam. More precisely, given a timelike vector field N (with respect to
which we measure the energy) and a Gaussian beam u, supported in a small neighbourhood of an affinely
parametrised null geodesic y, we show in Theorem 4.1 that

/ TN (@) -nz, ~ —g (N, 7})|Im(y)m:f (1.3)
P

holds up to some finite time 7. Here, we consider a foliation of the Lorentzian manifold (M, g) by
spacelike slices X;, J N (i;) denotes the contraction of the stress—energy tensor? of ii;, with N, and ny,
is the normal of ¥;. The left-hand side of (1.3) is called the N-energy of the Gaussian beam ;. The
approximation in (1.3) can be made arbitrarily good and the time 7" arbitrarily large if we only take A > 0
to be big enough. This characterisation of the energy allows then for a refinement of (1.2):3

There exist (actual) solutions of the wave equation (1.1) whose N-energy is localised
along a given null geodesic y and behaves approximately like —g(N, y) |Im(y) s, (1.4)

up to some finite, but arbitrarily large, time 7. Here, y is with respect to some affine
parametrisation of y.

I'See Theorem 2.1.
2We refer the reader to (1.8) in Section 1E for the definition of the stress—energy tensor.
3See Theorem 5.1.
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It is worth emphasising that the need for an understanding of the temporal behaviour of the energy only
arises for Gaussian beams on Lorentzian manifolds that do not admit a globally timelike Killing vector
field* — otherwise there is a canonical energy which is conserved for solutions to the wave equation (1.1).
Thus, for the majority of problems which so far found applications of Gaussian beams, for example the
obstacle problem or the wave equation in time-independent inhomogeneous media, the question of the
temporal behaviour of the energy did not arise (since it is trivial). However, understanding this behaviour
on general Lorentzian manifolds is crucial for widening the application of Gaussian beams to problems
arising, in particular, from general relativity.

In Part II, by applying (1.4), we derive some new results on the study of the wave equation on the
familiar Schwarzschild, Reissner—Nordstrom, and Kerr black hole backgrounds (see [Hawking and Ellis
1973] for an introduction to these spacetimes):

(1) It is well-known folklore that the trapping® at the photon sphere in Reissner—-Nordstrém and in Kerr
necessarily leads to a “loss of derivative” in a local energy decay (LED) statement. We give a rigorous
proof of this fact.

(2) We also show that the trapping at the horizon of an extremal Reissner—Nordstrém (and Kerr) black
hole necessarily leads to a loss of derivative in an LED statement.

(3) When solving the wave equation (1.1) on the exterior of a Schwarzschild black hole backwards in time,
the red-shift effect at the event horizon turns into a blue-shift: we construct solutions to the backwards
problem whose energies grow exponentially for a finite, but arbitrarily long, time. This demonstrates the
obstruction formed by the red-shift effect at the event horizon to scattering constructions from the future.

(4) Finally, we give a simple mathematical realisation of the heuristics for the blue-shift effect near the
Cauchy horizon of (sub)extremal Reissner—Nordstrom and Kerr black holes: we construct a sequence of
solutions to the wave equation whose initial energy is uniformly bounded whereas the energy near the
Cauchy horizon goes to infinity.

Outline of the paper. We start by giving a short historical review of Gaussian beams in Section 1A.
Thereafter we briefly explain how the notion of “energy” arises in the study of the wave equation and why
it is important. We also discuss how the results we obtain allow us to disprove certain uniform statements
about the temporal behaviour of the energy of waves. Section 1C elaborates on the wide applicability of
the Gaussian beam approximation and explains its advantage over the geometric optics approximation. In
the physics literature a similar “characterisation of the energy of high frequency waves” is folklore — we
discuss its origin in Section 1D and put it into context with the work presented in this paper. Section 1E
lays down the notation we use.

4One could add here “uniformly” timelike, meaning that the timelike Killing vector field does not “degenerate” when
approaching the “boundary” of the manifold. Let us just state here that one can give precise meaning to “degenerating at the
boundary”.

SWe do not intend to give a precise definition in this paper of what we mean by “trapping”. However, loosely speaking
“trapping” refers here to the presence of null geodesics that stay for all time in a compact region of “space”.
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Part I discusses the theory of Gaussian beams on Lorentzian manifolds. Sections 2 and 3 recall the
construction of Gaussian beams and sketch the proof of Theorem 2.1, which basically says (1.2) and is
more or less well known. In Section 4 we characterise the energy of a Gaussian beam, which is the main
result of Part I. This result is then incorporated into Theorem 2.1, which yields Theorem 5.1 (or (1.4)).
Moreover, Section 5 contains some general theorems which are tailored to the needs of many applications.

In Part II, we prove the above mentioned new results on the behaviour of waves on various black hole
backgrounds. The important ideas are first introduced in Section 6 by the example of the Schwarzschild and
Reissner—Nordstrom family, whose simple form of the metric allows for an uncomplicated presentation.
Thereafter, in Section 7, we proceed to the Kerr family.

In the Appendix we give a sufficient criterion for the formation of caustics, i.e., a breakdown criterion
for solutions of the eikonal equation, which shows the limitations of the “naive” geometric optics
approximation.

1A. A brief historical review of Gaussian beams. The ansatz

ukzeiA‘p(a(H—%a]—i--'-—FkiNaN) (1.5)
for either a highly oscillatory approximate solution to some PDE or for a highly oscillatory approximate
eigenfunction to some partial differential operator is known as the geometric optics ansatz. Here,
N €N, ¢ is a real function (called the eikonal), the a; are complex-valued functions, and A is a positive
parameter determining how quickly the function u; oscillates. In the widest sense, we understand under a
Gaussian beam a function of the form (1.5) with a complex-valued eikonal ¢ that is real-valued along a
bicharacteristic and has growing imaginary part off this bicharacteristic. This then leads to an exponential
fall off in A away from the bicharacteristic.

The use of a complex eikonal, although in a slightly different context, appears already in work of
Keller [1956]. It was, however, only in the 1960s that the method of Gaussian beams was systematically
applied and explored — mainly from a physics perspective. For more on these early developments we
refer the reader to [Arnaud 1973, Chapter 4] and references therein. A general, mathematical theory of
Gaussian beams, or what he called the complex WKB method, was developed by Maslov; see his book
[1994] for an overview and also for references. Several of the later papers on Gaussian beams have their
roots in this work.

The earliest application of the Gaussian beam method was to the construction of quasimodes; see, for
example, [Ralston 1976]. Quasimodes approximately satisfy some type of Helmholtz equation, and thus
they give rise to time-harmonic, approximate solutions to a wave equation. In this way quasimodes can be
interpreted as standing waves. Later, various people used the Gaussian beam method for the construction
of Gaussian wave packets (but also called “Gaussian beams”) which form approximate solutions to a
hyperbolic PDE.® Those wave packets, in contrast to quasimodes, are not stationary waves, but they move

61t is this sort of “Gaussian beam” that is the subject of this paper for the case of the wave equation on Lorentzian manifolds.
More appropriately, one could name them “Gaussian wave packets” or “Gaussian pulses” to distinguish them from the standing
waves — which are actually beams. However, we stick to the standard terminology.
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through space, the trajectory in spacetime being a bicharacteristic of the partial differential operator. A
detailed reference for this construction is [Ralston 1982], which goes back to 1977. Another presentation
of this construction scheme was given by Babich and Ulin [1981].

Since then, there have been a lot of papers applying Gaussian beams to various problems.” For
instance, in quantum mechanics Gaussian beams correspond to semiclassical approximate solutions to the
Schrodinger equation and thus help understand the classical limit; or, in geophysics, one models seismic
waves using the Gaussian beam approximation for solutions to a wave equation in an inhomogeneous
(time-independent) medium.

1B. Gaussian beams and the energy method.

1B1. The energy method as a versatile method for studying the wave equation. The study of the wave
equation on various geometries has a long history in mathematics and physics. A very successful and
widely applicable method for obtaining quantitative results on the long-time behaviour of waves is the
energy method. It was pioneered by Morawetz [1961; 1962], where she proved pointwise decay results in
the context of the obstacle problem. In [Morawetz 1968] she established what is now known as integrated
local energy decay (ILED) for solutions of the Klein—Gordon equation (and thus inferring decay). In the
past ten years, her methods were adapted and extended by many people in order to prove boundedness
and decay of waves on various (black hole) spacetimes — a study which is mainly motivated by the black
hole stability conjecture (see the introduction of [Dafermos and Rodnianski 2013]). A small selection of
examples is [Klainerman 1985; Dafermos and Rodnianski 2009; 2010a; 2011a; 2011b; Andersson and
Blue 2009; Tataru and Tohaneanu 2011; Luk 2010; Schlue 2013; Aretakis 2011a; Holzegel and Smulevici
2013; Civin 2014; Dyatlov 2011].

The philosophy of the energy method is first to derive estimates on a suitable energy (and higher-order
energies)® and then to establish pointwise estimates using Sobolev embeddings. Thus, given a spacetime
on which one intends to study the wave equation using the energy method, one first has to set up such
a suitable energy (and higher-order energies — but in this paper we focus on the first-order energy). A
general procedure is to construct an energy from a foliation of the spacetime by spacelike slices X
together with a timelike vector field N; see (1.9) in Section 1E. We refrain from discussing here what
choices of foliation and timelike vector field lead to a “suitable” notion of energy.” Let us just mention here
that, in the presence of a globally timelike Killing vector field T, one obtains a particularly well-behaved
energy by choosing N = T and a foliation that is invariant under the flow of 7.!° We invite the reader
to convince him- or herself that the familiar notions of energy for the wave equation on the Minkowski
spacetime or in time-independent inhomogeneous media arise as special cases of this more general
scheme.

TWe refer the reader to [Maslov 1994] for a list of references.

8A first-order energy controls the first derivatives of the wave and is referred to in the following just as “energy”. Higher-
order energies control higher derivatives of the wave. A special case of the energy method is the so-called vector field method.
Higher-order energies arise there naturally by commutation with suitable vector fields; see [Klainerman 1985].

9However, see Section II for some examples and footnote 27 on page 1400 for some further comments.

108ych a choice corresponds to what we called in the introduction a “canonical energy”.
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1B2. Gaussian beams as obstructions to certain uniform behaviour of the energy of waves. The approx-
imation with Gaussian beams allows us to construct solutions to the wave equation whose energy is
localised for an arbitrarily long, but finite, time along a null geodesic. Such solutions naturally form
an obstruction to certain uniform statements about the temporal behaviour of the energy of waves. A
classical example is the case in which one has a null geodesic that does not leave a compact region in
“space” and which has constant energy.!! Such null geodesics form obstructions to certain formulations of
local energy decay being true.'> However, it is very important to be aware of the fact that, in general, none
of the solutions from (1.4) has localised energy for all time. Thus, in order to contradict, for instance, an
LED statement, it is in general inevitable to resort to a sequence of solutions of the form (1.4) which
exhibit the contradictory behaviour in the limit. For this scheme to work, however, it is clearly crucial
that the LED statement in question is uniform with respect to some energy which is left constant by the
sequence of Gaussian beam solutions. Note here that (1.4) states in particular that the time 7" up to which
one has good control over the wave can be made arbitrarily large without changing the initial energy!
Higher-order initial energies, however, will blow up when 7T is taken bigger and bigger. In this paper we
restrict our consideration to disproving statements that are uniform with respect to the first-order energy.
In Sections 6A, 6F and 7A, we demonstrate this important application of Gaussian beams: we show
that certain (I)LED statements derived by various people in the presence of “trapping” are sharp in the
sense that some loss of derivative is necessary (however, one does not necessarily need to lose a whole
derivative; see the discussion at the end of Section 6A).

We conclude this section with the remark that in the presence of a globally timelike Killing vector
field one can already infer such obstructions from (1.2), since the (canonical) energy of solutions to the
wave equation is then constant. In this way, one can easily infer from (1.2) alone that an LED statement
in Schwarzschild has to lose differentiability due to the trapping at the photon sphere. But already for
trapping in Kerr one needs to know how the “trapped” energy of the solutions referred to in (1.2) behaves
in order to infer the analogous result. This knowledge is provided by (1.3) and/or (1.4).

1C. Gaussian beams are parsimonious. The approximation by Gaussian beams can be carried out on a
Lorentzian manifold (M, g) under minimal assumptions:

(1) One needs a well-posed initial value problem. This is ensured by requiring that (M, g) is globally
hyperbolic.!> However, one can also replace the well-posed initial value problem by a well-posed initial—
boundary value problem — and one can obtain, with small changes and some additional work in the proof,
qualitatively identical results.

(2) Having fixed an N-energy to work with, one has to have an energy estimate of the form (2.8) at
one’s disposal, which is guaranteed by the condition (2.3). The estimate (2.8) allows us to infer that the
approximation by the Gaussian beam is global in space. It is only under this condition that it is justified to

H'we refer to the right-hand side of (1.3) as the N-energy of the null geodesic.

12 A classic regarding such a result is by Ralston [1969]. However, he does not use the Gaussian beam approximation in this
work, but the geometric optics approximation.

13The assumption of global hyperbolicity has another simplifying, but not essential, feature; see the discussion after
Definition 3.13.



CHARACTERISATION OF THE ENERGY OF GAUSSIAN BEAMS ON LORENTZIAN MANIFOLDS 1385

say in (1.2) and (1.4) that the energy of the actual solution is localised along a null geodesic.'* However,
as we show in Remark 2.9, one always has a local approximation, which is, together with the geometric
characterisation of the energy, sufficient for obtaining control of the wave in a small neighbourhood of the
underlying null geodesic regardless of condition (2.3). This then allows us to establish, for example, the
very general Theorem 5.5, which only requires global hyperbolicity (or some other form of well-posedness
for the wave equation; see (1)).

In particular, the method of Gaussian beams is not in need of any special structure on the Lorentzian
manifold like Killing vector fields (as, for example, needed for the mode analysis or for the construction
of quasimodes).

We would also like to emphasise here that in order to apply (1.4) one only needs to understand the
behaviour of the null geodesics of the underlying Lorentzian manifold! This knowledge is often in reach
and thus Gaussian beams provide in many cases an easy and feasible way for obtaining control of highly
oscillatory solutions to the wave equation. In this sense the theory presented in Part I forms a good “black
box result” which can be applied to various different problems.

We conclude this section with a brief comparison of the Gaussian beam approximation with the geomet-
ric optics approximation: Let us call the geometric optics approximation, which considers approximate
solutions of the form (1.5), the “naive” geometric optics approximation. Although it applies under the
same general conditions as the Gaussian beam approximation, in general the time 7 up to which one
has good control over the solution cannot be chosen arbitrarily large, since the approximate solution
breaks down at caustics. In the Appendix we show that caustics necessarily form along null geodesics that
possess conjugate points. A prominent example of such null geodesics are the trapped null geodesics at
the photon sphere in the Schwarzschild spacetime (see Section 6A for the proof that these null geodesics
have conjugate points). However, the formation of caustics is not a serious limitation of the geometric
optics approximation, since one can extend the approximate solution through the caustics, making use of
Maslov’s canonical operator. The approximate solution obtained in this way is, however, no longer of the
simple form (1.5). The advantage of the Gaussian beam approximation is that the simple ansatz (1.5)
does not break down at caustics; it yields an approximation up to all finite times 7.

1D. “High-frequency” waves in the physics literature. In physics, the notion of a local observer’s
energy arose with the emergence of Einstein’s theory of relativity: Suppose an observer travels along a
timelike curve o : I — M with unit velocity ¢. Then, with respect to a Lorentz frame of his, he measures
the local energy density of a wave u to be T(u)(d, d), where T () is the stress—energy tensor of the
wave u; see (1.8) in Section 1E. By considering the 3-parameter family of observers whose velocity
vector field is given by the normal ny_ to a foliation of M by spacelike slices 2., the physical definition
of energy is contained in the mathematical one (which is given by (1.9)).

14That one needs condition (2.3) for ensuring that the energy is indeed localised is in fact another minor novelty in the study
of Gaussian beams on general Lorentzian manifolds (note that, in the case of N being a Killing vector field, condition (2.3) is
trivially satisfied). For an example for a violation of condition (2.3) we refer to the discussion after (6.8) on page 1406.
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The prevalent description of highly oscillatory (or “high-frequency’”) waves in the physics literature is
that the waves (or “photons”) propagate along null geodesics y and each of these rays (or photons) carries
an energy—momentum 4-vector y, where the dot is with respect to some affine parametrisation. In the
high-frequency limit, the number of photons is preserved. Thus, the energy of the wave, as measured by
a local observer with world line o, is determined by the energy component —g(y, ¢) of the momentum
4-vector y. By considering a highly oscillatory wave that “gives rise to just one photon”, one recovers
the characterisation of the energy of a Gaussian beam, (1.3), given in this paper.

In the physics literature (see, for example, the classic [Misner et al. 1973, Chapter 22.5]), this description
is justified using the naive geometric optics approximation. Here, it suffices to take N =0 in (1.5); one
then considers approximate solutions to the wave equation of the form u; = a -e*?, where a and ¢ satisfy

dp-dp=0 and 2grad¢(a)+U¢p-a=0. (1.6)
The conservation law
div(a® grad ¢) = 0, (1.7)

which can be easily inferred from the second equation in (1.6), is interpreted as the conservation of the
number-flux vector S = a® grad ¢ of the photons. The leading component in A of the renormalised'”
stress—energy tensor T (u;) of the wave u; = a - e*? in the geometric optics limit is then given by

T(u))=gradp® S,

from which it then follows that each photon carries a 4-momentum grad ¢ = p.

In particular, making use of the conservation law (1.7), it is not difficult'® to prove a geometric
characterisation of the energy of waves in the naive geometric optics limit analogous to the one we prove
in this paper for Gaussian beams. However, as we have mentioned in the previous section, the naive
geometric optics approximation has the undesirable feature that it breaks down at caustics.

The characterisation of the energy of Gaussian beams is more difficult, since (1.7) is replaced only
by an approximate conservation law.!” Moreover, it provides a rigorous justification of the temporal
behaviour of the local observer’s energy of photons, which also applies to photons along whose trajectory
caustics would form.

1E. Notation. Given a Lorentzian manifold (M, g), we denote the canonical isomorphisms induced by
the metric g between the tangent and cotangent space by & : ;M — T, M and b : T\M — T, M, where
x € M and, for & € T*M and X € T, M, the isomorphisms f and b are given by af := g~ !(a, -) and
X" := g(X, -). Here g~! denotes the inverse of the metric g. Moreover, we denote with - the inner
product of two vectors as well as the inner product of two covectors, i.e., for «, B € T*M we write
o-B:=g '(a, B), and for X, Y € T,M we write X - Y := g(X, Y). We also introduce the notation
grad f := (df ) for the gradient of a function f € C*°(M, R). The Levi-Civita connection on the

LDivided by A2.
16Although, to the best of our knowledge, it is nowhere done explicitly.
17See the discussion below (4.6) in Section 4.
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Lorentzian manifold (M, g) is denoted by V, and we write div Z :=V,, Z# for the divergence of a smooth
vector field Z on M. Furthermore, we define the wave operator U, by

Ogu :=VHV, u.

From here on we will, however, omit the index g on L, since it is clear from the context which Lorentzian
metric is referred to.

Whenever we are given a time-oriented Lorentzian manifold (M, g) that is (partly) foliated by spacelike
slices {2 }ref0,7#), 0 < T* < 00, we denote the future-directed unit normal to the slice X, by nx_. Moreover,
the induced Riemannian metric on X; is then denoted by g, and we set Rjo 7] := Uo <r<T Xz~

For u € C*°(M, C) we define the stress—energy tensor T(u) by o

T(u) = 3du @du+ 3du @ du — 3g(-,-)g~ ' (du, du). (1.8)
Given in addition a vector field N, we define the current J" (1) by
IV () == [T@)(N, )T

Finally, if N is future-directed timelike, we call
ENu) = / JY () -nyg, volg, (1.9)

the N-energy of u at time 7, where volz_ denotes the volume element corresponding to the metric g,.'8
If AC X, then Eiv 4 (u) denotes the N-energy of u at time 7 in the volume A, i.e., the integration in (1.9)
is only over A.

The notion (1.9) of the N-energy of a function u is especially helpful whenever we have an adequate
knowledge of [u, since one can then infer detailed information about the behaviour of the N-energy (see
the energy estimate (2.8) in the next section), and thus also about the behaviour of u itself. Hence, the
stress—energy tensor (1.8) together with the notion of the N-energy is particularly useful for solutions u
of the wave equation

Ou =0. (1.10)

For more on the stress—energy tensor and the notion of energy, we refer the reader to [Taylor 2011,
Chapters 2.7 and 2.8].

Given a Lorentzian manifold (M, g) and A € M, we denote with J T (A) the causal future of A, namely,
all the points x € M such that there exists a future-directed causal curve starting at some point of A and
ending at x. The causal past of A, J~(A), is defined analogously.'® Finally, C and ¢ will always denote
positive constants.

For simplicity of notation we restrict our considerations to 34+1-dimensional Lorentzian manifolds
(M, g). However, all results extend in an obvious way to dimensions n + 1, n > 1. Moreover, all given

18gee also [Choquet-Bruhat 2009, Appendix III, Sections 2.3 and 2.4] (in particular Definition (2.27)) for a detailed discussion
of the notion of N-energy.
195ee also Chapter 14 in [O’Neill 1983].
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manifolds, functions and tensor fields are assumed to be smooth, although this is only for convenience
and clearly not necessary.

Part I. The theory of Gaussian beams on Lorentzian manifolds
2. Solutions of the wave equation with localised energy

This section and the next are devoted to a sketch of the proof of Theorem 2.1, which summarises the
state of the art knowledge concerning the construction of solutions with localised energy using the
approximation by Gaussian beams.

Theorem 2.1. Let (M, g) be a time-oriented, globally hyperbolic Lorentzian manifold with time function t,
foliated by the level sets ¥, = {t = 1}, where X is a Cauchy hypersurface.** Furthermore, let y be a
null geodesic that intersects Yo and N a timelike, future-directed vector field.

For any neighbourhood N of y,any T > 0 with X1 NIm(y) # & (see Figure 1), and any p > 0, there
exists a solution v € C*° (M, C) of the wave equation (1.10) with Eév(v) =landu € C*(M, C) with
supp(it) € N such that

ENw—i)<p foral 0<t<T (2.2)

provided that we have, on Rjo.71N J T (NN o),

———+|g(N,nxg,)|<C <00 and 0<c<|g(N,N)|,
|dt(ns,)|

3 3

[VN(ns,.ns)|+ Y IVN(@ns,. el + Y [VN (e ep)| < C < oo, (2.3)
i=l1 ij=l1

where ¢ and C are positive constants and {nyx_, ey, ez, e3} is an orthonormal frame.

Note that (2.2) together with supp(iz) € N make rigorous the statement that the solution v hardly
disperses up to time 7. The energy of the solution v stays localised for finite time.

Proof. The function # in the theorem is the Gaussian beam, the approximate solution to the wave equation
(1.10) which we need to construct. Recall that a Gaussian beam u; € C*°(M, C) is of the form

U (x) = ay(x)e*?™ (2.4)

where A > 0 is a parameter that determines how quickly the Gaussian beam oscillates, and ay and ¢
are smooth, complex-valued functions on M that do not depend on A. However, ay depends on the
neighbourhood N of the null geodesic y. In Section 3 we outline how one constructs the functions ay
and ¢ in such a way that u, satisfies the following three conditions: The first condition is

10wl r2rpg 7y = C(T), (2.5)

20Bernal and Sdnchez [2005] showed that every globally hyperbolic Lorentzian manifold admits a smooth time function.
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Figure 1. The setting of Theorem 2.1.

where the constant C(T) depends on ay, ¢ and T, but not on A. The second condition is
E) (u;) — oo for A — o0, (2.6)
where N is the timelike vector field from Theorem 2.1. Finally, the third condition is
u, is supported in N. 2.7

Assuming for now that we have already found functions ay and ¢ such that the conditions (2.5), (2.6)
and (2.7) are satisfied, we finish the proof of Theorem 2.1. In order to normalise the initial energy of the

approximate solutions u,, we define
~ U

which, moreover, yields

10l 2Ry, = O for 2 — o0.

This says that as the Gaussian beam becomes more and more oscillatory (i.e., for bigger and bigger A),
the closer it comes to being a proper solution to the wave equation.

We now define the actual solution v, of the wave equation — the one that is being approximated by
the i1, — to be the solution of the following initial value problem:

v =0,
v|20 = IZ}‘\ZQ’
n20v|20 =n20ﬁk|20.

Here, we make use of the fact that the Lorentzian manifold (M, g) is globally hyperbolic and thus allows
for a well-posed initial value problem for the wave equation. Moreover, the condition (2.3) ensures that
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we have an energy estimate of the form

/ JYw)-ny, volzg, <C(T, N, {Z.}) ( LOJN(M) ‘ng, volg, + ||Du||§2(RM)) forall 0<t<T (2.8)
at our disposal (see for example [Taylor 2011, Chapter 2.8]). Thus, we obtain

EY (=) < C(T, N, £0) - |0l forall 0<7 <T,

[0.71)

which goes to zero for A — o0o. Given now u > 0, it suffices to choose Ag > 0 big enough and to set
u :=1uy, and v := v,,, which then finishes the proof under the assumption of the conditions (2.5), (2.6)
and (2.7). U

We end this section with a couple of remarks about Theorem 2.1:

Remark 2.9. As already mentioned, the condition (2.3) ensures that we have the energy estimate (2.8).
It is automatically satisfied if the region under consideration, Rjo 71N J (N N o), is relatively compact,
which will be the case in many concrete applications.

Moreover, by choosing N a bit smaller if necessary, we can always arrange that X7 NN is relatively
compact and that N N Rjo,77 € J~ (27 NN). Doing, then, the energy estimate in the relatively compact
region J (X7 NN)NJT(Zg), we obtain

ENjpg w—i)<p forall 0<t<T (2.10)

independently of (2.3). Of course, the information given by (2.10) is not interesting here, since Theorem 2.1
does not provide more information about # than its region of support. However, in Section 4 we will
derive more information about the approximate solution & and then (2.10) will tell us about the temporal
behaviour of the localised energy of v; see Theorem 5.1.

Remark 2.11. By taking the real or the imaginary part of i, and v, it is clear that we can choose # and v
in Theorem 2.1 to be real valued.

3. The construction of Gaussian beams

Before we sketch the construction of Gaussian beams, let us mention that other (and complete) presentations
of this subject can be found, for example, in [Babich and Buldyrev 2009] or [Ralston 1982]. The latter
reference also includes the construction of Gaussian beams for more general hyperbolic PDEs.

Given now a neighbourhood N of a null geodesic y, we need to construct functions ay, ¢ € C>°(M, C)
such that the approximate solution u; =ay - e*? satisfies the conditions (2.5), (2.6) and (2.7). This will
then finish the proof of Theorem 2.1. We compute

Ou; = —22(d¢ - d)aye™® +irlg - axe™® + 2ix grad ¢ (ay) - €™ + Oay - 2. (3.1

Demanding d¢ - d¢ = 0 (the eikonal equation) and 2 grad ¢ (ay) + L¢ - axy = 0 would lead us to the
naive geometric optics approximation (see (1.6)), whose major drawback is that in general the solution ¢
of the eikonal equation breaks down at some point along y due to the formation of caustics. The
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method of Gaussian beams takes a slightly different approach. We only require an approximate solution
¢ € C®°(M, C) of the eikonal equation in the sense that

d¢ - d¢ vanishes on y to high order.”!
Moreover, we demand that

¢|y and d¢|y are real valued, (3.2)

3m(VV¢)|y) is positive definite on a 3-dimensional subspace transversal to y, 3.3)

where 3m(VV¢|x), x € M, denotes the imaginary part of the bilinear map VV¢|X TyM xTyM — C.
Let us assume for a moment that (3.2) and (3.3) hold. Taking slice coordinates for y, that is, a coordinate
chart (U, ¢), ¢ : U € M — R*, such that (Im(y) N U) = {x; = x, = x3 = 0}, we obtain

Jm(g)(x) > ¢ (xF +x3 4+ x3), (3.4)

at least if we restrict ¢ to a small enough neighbourhood of y. Note that such slice coordinates exist,
since the global hyperbolicity of (M, g) implies that y is an embedded submanifold of M. This is easily
seen by appealing to the strong causality condition.?> Let us now denote the real part of ¢ by ¢; and the
imaginary part by ¢». We then have

u, = ay - e . e,

We see that the last factor imposes the shape of a Gaussian on u,, centred around y — this explains the
name. Moreover, for A large this Gaussian will become more and more narrow, i.e., less and less weight
is given to the values of ay away from y.

We rewrite (3.1) as

Ouy, = —22(d¢ - do)-ayxe*® e P2 4ix(2 grad ¢ (ay) + O - ay)-e*?1-e 2 4+ Day- .o 792 (3.5)
—— —

Intuitively, if we can arrange for the underbraced terms to vanish on y to some order and we choose
large A, then we will pick up only very small contributions. The next lemma makes this rigorous:

Lemma 3.6. Let f € C3°([0, T] x R3, C) vanish along {x; = xp = x3 = 0} to order S, that is, all partial
derivatives up to and including the order S of f vanish along {x| = x, = x3 =0}, and let ¢ > 0 be a
constant. We then have

@ f | f () PeHeGiHatd) gy < o)~ ($+D-3/2
[0,T]xR3

and

(i) f | f () |e et gy < cp=(S+D/2-3/2,
[0, T]xR3

where C depends on f (and on T).

21The exact order to which we require d¢ - d¢ to vanish on y will be determined later.
228ee, for example, [O’Neill 1983, Chapter 14] for more on the strong causality condition.
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Proof. We prove (i) here, since it is used in the following. The formulation (ii) of Lemma 3.6 is appealed
to in the proof of Theorem 4.1 in Section 4 — the proof is analogous.

Introduce stretched coordinates yg := xg, y; := VAx; fori =1, 2, 3. Since f vanishes along the x axis
to order S and has compact support, we get | f(x)| < C - lx 5! for all x = (xo, x) € [0, T] x R3; thus

y |X|S+1
‘f(yO’ ﬁ)‘ =C G
This yields
/ |f (o) Pe e gy < / C - |yPStD el gy . p~+D=3/2 (3.7)
[0,T]xR3 [0, T]xR3 -
This concludes the proof. U

We summarise the approach taken by the Gaussian beam approximation in the following:

Lemma 3.8. Within the setting of Theorem 2.1, assume we are given a, ¢ € C*(M, C) which satisfy
(3.2) and (3.3). Moreover, assume

do-do vanishes to second order along y, 3.9)
2grad¢(a)+U¢ -a vanishes to zeroth order along y, (3.10)
a(Im(y)NXp) #0 and d¢ (Im(y)N Xp) #0. (3.11)

Given a neighbourhood N of v, we can then multiply a by a suitable bump function xx, which is equal to
one in a neighbourhood of y and satisfies supp(xy) € N, such that

up = u x = aye?

satisfies (2.5), (2.6) and (2.7), where ay :=a - xx.

Proof. Cover y by slice coordinate patches and let ¥ be a bump function which meets the following three
requirements:

(i) x is equal to one in a neighbourhood of y.
(i1) (3.4) is satisfied for all x € supp(}).
(iii) Ryjo,71 Nsupp(x) is relatively compact in M for all T > 0 with 7 NIm(y) # @.

Pick now a second bump function xy which is again equal to one in a neighbourhood of y and is supported
in N. We then define yxy := x - xy. Clearly, (2.7) is satisfied.

In order to see that (2.5) holds, note that the conditions (3.2), (3.3), (3.9) and (3.10) are still satisfied
by the pair (ay, ¢). Moreover note that, due to condition (iii), the integrand is supported in a compact
region for each 7 > 0 with X7 NIm(y) # @. Thus, the spacetime volume of this region is finite. We
thus obtain (2.5) from (3.5) and Lemma 3.6.

Finally, we have

EY(uy)>C-(M2—1).
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This follows since the highest-order term in A in Eév (uy) is

32| lagPNer-ns gre” % voly,
o
and the same scaling argument used in the proof of Lemma 3.6 shows that the term e~?*?2 Jeads to a
173/2 damping — and only to a A~3/> damping due to condition (3.11) (together with (3.9) and (3.2)).
Thus, (2.6) is satisfied as well and the lemma is proved. O

For the actual construction of the functions ¢ and a such that (3.2), (3.3), (3.9), (3.10), and (3.11) are
satisfied, we refer the reader, for example, to [Ralston 1982]. We content ourselves here with pointing out
that the above conditions on the functions ¢ and a are actually only conditions on the first, second, and
third derivatives of ¢ along y and on the first derivative of a and the value of « itself along . Making
the choice

de(s) :=y"(s) (3.12)

along y, where s is an affine parameter for y, the condition (3.9) turns into a quadratic ODE for the
second derivatives of ¢ along y, while the condition (3.10) turns into a linear ODE for a along y. The
important step is to show that one can find a global solution for the first ODE, which, moreover, also
satisfies (3.3).

We conclude this section by making the following definition for future reference:

Definition 3.13. Let (M, g) be a time-oriented, globally hyperbolic Lorentzian manifold with time
function ¢, foliated by the level sets ¥; = {t = r}. Furthermore, let y : [0, S) — M be an affinely
parametrised future-directed null geodesic with y (0) € X, where 0 < § < 00, and let N be a timelike,
future-directed vector field.

Given functions a, ¢ € C*°(M, C) that satisty (3.2), (3.3), (3.9), (3.10), a(Im(y) N Zg) # 0 and (3.12),
we call the function

w5 = aye™?

a Gaussian beam along y with structure functions a and ¢ and with parameters . and N. Here, ay =
a-xy=a-x-xy with x and xy as in the proof of Lemma 3.8. Moreover, we call the function

~ Up N
g Y /E
VE (u;.x)

a Gaussian beam along y with structure functions a and ¢, parameters X and N, and initial N-energy E,
where E is a strictly positive real number. Let us emphasise that, when we say “a Gaussian beam along y”’,
y encodes here not only the image of y, but also the affine parametrisation.

We end this section with the remark that, for the sole construction of the Gaussian beams, the
assumption of the global hyperbolicity of (M, g) can be replaced by the assumption that the null geodesic
y :R DI — M is a smooth embedding, in particular y (/) is an embedded submanifold. Moreover,
note that, if y : R © I — M is a smooth injective immersion and if [a, b] € I with a, b € R, then
Ylw@.p : (@, b) = M is a smooth embedding. Thus the construction of a Gaussian beam is always possible



1394 JAN SBIERSKI

for null geodesics with no self-intersections on general Lorentzian manifolds — at least up to some finite
affine time in the domain of y.

4. Geometric characterisation of the energy of Gaussian beams

In this section we characterise the energy of a Gaussian beam in terms of the energy of the underlying
null geodesic. The following theorem is the main result of Part I:

Theorem 4.1. Let (M, g) be a time-oriented, globally hyperbolic Lorentzian manifold with time function t,
foliated by the level sets ¥, = {t = t}. Moreover, let N be a timelike future-directed vector field and
y 110, §) — M an affinely parametrised future-directed null geodesic with y (0) € g, where 0 < § < oo.

Forany T > 0 with Im(y) N X7 # & and any p > 0, there exists a Ay > 0 such that any Gaussian
beam i) x along y with structure functions a and ¢, parameters . > Ao and N, and initial N-energy

equal to —g(N, y) }y ) satisfies

|EY (ii5.x) — (—g(N, NNimepng, )| <w forall 0=t <T. 4.2)

Before we give the proof, we make a few remarks:

(i) The only information about a Gaussian beam we made use of in Theorem 2.1, apart from it being an
approximate solution, was that it is supported in a given neighbourhood N of the null geodesic y. This
then yielded, together with (2.2), an estimate on the energy outside of the neighbourhood N of the actual
solution to the wave equation, so we could construct solutions to the wave equation with localised energy.
However, Theorem 2.1 does not make any statement about the temporal behaviour of this localised energy.
The above theorem fills this gap by investigating the temporal behaviour of the energy of the approximate
solution, i.e., of the Gaussian beam. Together with (2.2) (or even with (2.10)!) this then gives an estimate
on the temporal behaviour of the localised energy of the actual solution to the wave equation.

(ii) If N is a timelike Killing vector field, the N-energy —g(N, y) of the null geodesic y is constant and,
thus, so is approximately the N-energy of the Gaussian beam.

(iii) By our Definition 3.13 a Gaussian beam is a complex-valued function. However, by taking the real
or the imaginary part, one can also define a real-valued Gaussian beam. The result of Theorem 4.1 also
holds true in this case, and can be proved using exactly the same technique — only the computations
become a bit longer, since we have to deal with more terms.

(iv) Although we have stated the above theorem again using the general assumptions needed for
Theorem 2.1, we actually do not need more assumptions than we need for the construction of a Gaussian
beam; see the final remark of the previous section.

Proof. Recall from Definition 3.13 that a Gaussian beam i, y along y with structure functions a and ¢,
parameters N and A, and initial N-energy equal to —g(N, y) |y(0), is a function

HIAD
~ U N - aye'
U N=————=-V—8WN,V)yo =

L sy TR
VE i) VEN Gy | e
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where the functions ay and ¢ satisty (3.2), (3.3), (3.9), (3.10), (3.11), (3.12), supp(ay) S N, NN Rjo,1]
is relatively compact for all T > 0 with X7 NIm(y) # @, and, for a cover of y with slice coordinate
patches, (3.4) holds for all x € supp(ay).

We will show

EY (u;. ) '
E} (u;. )

where o(A) goes to zero uniformly in 0 < t < T for A — oo. This would then prove the theorem.

EY (it x) = [N M), 0] = =8N P |ineyns, +oR) (4.3)

In the following we compute the leading-order term of EY (uy_ ) in A:

IV Wy 5)-ns, = Re(Nuy x-fis, s 5) — %g(N, ns.)duy y-duy x
= 22lay|* Ny -nz,¢1-e P 422 |ay|? Ny -nx,¢r-e 9 +0(1) e 2
—1e(N, ns)[A*|ax|? d1-dp1) e 2 + 2% |ax|? (dpr-da) e 2 +0(h) - e~ 2].

Note that d¢2|y(t) = (0, so these terms are of lower order after integration over X,. The same holds for
the d¢; - d¢; term. Thus, we get

Eiv(uA,N) = k2f |aN|2N¢1 -ngrgble*z’w’z volg, + lower-order terms . “4.4)

Ze =0(1)
=0(A1/2)

The main part of the proof is an approximate conservation law. Recall that ay and ¢ satisfy (3.9)
and (3.10). These equations yield

grad ¢ (|ay|*) = grad ¢ (ay) - @y + ay - grad ¢ (ay)
= —3(0¢ - ayay +ax O¢ - ay) = —Re(Op)|ay|*> along y 4.5)
and
dp-de = (dp1+ider) - (do1 +idpy) =dér -dp) —dgo -dey +2i dy -dd

vanishes to second order along y; thus, in particular,
do¢y -d¢r = grad ¢; (¢o) vanishes along y to second order. (4.6)
Lemma 3.6(ii), together with (4.5) and (4.6), shows that the current
Xn =A% lay|*e 2 grad ¢

is approximately conserved in the sense that

/ div X y vol,
R0,

=12 / (lgrad ¢1 (Jax|*) + Oy - lay[*le 24 — 24 grad ¢y (¢) - |ax|*e %) vol, = O(1),
Rpo,7)

=A"1/2.0-3/2=)-2 after integration =A-A"3/2.073/2=)-2 after integration
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but
/ X, -nx, volg =22 / lax|*ns, ¢re” 22 volz, = O(11/2).
%, e

In particular, we obtain??

kz‘f lay|*ns, pre” > VOlgr—)hz'/ lay |’ nz,pre VOIéO‘ = f div X, y volg| =0(1). (4.7)
%, ) Rio.n)
We also observe that, by Lemma 3.6(ii), we have
a / laxl*(Ng1 = Nz, ) - 15 pre™ % volg, = 0(1). (4.8)
P

It thus follows from (4.4), (4.7), and (4.8) that

EN(uy.) = 22 / lax2Né: -5, ¢re= 2 vol g +0(1)

P

=32-N¢, |Im(y)ﬁ>:r f |aN|2nEr¢1€_2A¢2 volz, +0(1)
P

= )‘2 "N¢y ‘Im()’)ﬁEr / |amﬂ|2n2r¢le_2k¢2 VOIEO +0(1)
o

N¢,
_ M . E(I)V(u)\,N) +0(1)

N¢ |Im(y)ﬂZ‘0
_ g(Na )})‘]m(y)mzz

= . EY (uyn) +0(1).
§(N, V)|Im(y)mzo

Substituting this into the expression for EY (iiy ), i.€., the first equation in (4.3), we obtain the second
equation of (4.3). This finishes the proof of Theorem 4.1. (I

5. Some general theorems about the Gaussian beam limit of the wave equation

We can now make a much more detailed statement about the behaviour of solutions v of the wave equation
in the Gaussian beam limit than Theorem 2.1 does:

Theorem 5.1. Let (M, g) be a time-oriented, globally hyperbolic Lorentzian manifold with time function t,
foliated by the level sets ¥ = {t =}, where X is a Cauchy hypersurface. Furthermore, let y :[0, S) > M
be an affinely parametrised future-directed null geodesic with y (0) € g, where 0 < S < oo. Finally, let
N be a timelike, future-directed vector field.

For any neighbourhood N of y,any T > 0 with X NIm(y) # &, and any i > 0, there exists a solution
v e C®(M,C) of the wave equation (1.10) with EéV w)y=—g(N,y) |y(0) such that

|EY s, () = [—g(N, 7})|Imymz,]| <u forall 0<t<T (5.2)

23n the geometric optics approximation we have, indeed, a proper conservation law, which is interpreted in the physics
literature as conservation of photon number; see, for example, [Misner et al. 1973, Chapter 22.5.]
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and**
EMjns, W) <p forall 0<t <T (5.3)

provided that we have, on Ry, 11N J (N N Zy),

——— 4+ |g(N,nx, )| <C <00 and 0<c<|g(N,N),
|dt (nx,)]

3 3
IVN(nz,,nz)l+ Y IVN@s,, e)l+ Y [VN(ei, e)| < C < o0, (5.4)
i=1 i,j=1
where ¢ and C are positive constants and {nx_, ey, ez, e3} is an orthonormal frame.
Moreover, by choosing N a bit smaller, if necessary, (5.2) holds independently of (5.4).

Proof. This follows easily from Theorem 2.1, Theorem 4.1, the second part of Remark 2.9 and the triangle
inequality for the square root of the N-energy. (I

Let us again remark that the solution v of the wave equation in Theorem 5.1 can also be chosen to be
real valued.

The next theorem is a direct consequence of Theorem 5.1 and can be used, in particular, but not only,
for proving upper bounds on the rate of the energy decay of waves on globally hyperbolic Lorentzian
manifolds if we only allow the initial energy on the right-hand side of the decay statement.

Theorem 5.5. Let (M, g) be a time-oriented globally hyperbolic Lorentzian manifold with time function t,
foliated by the level sets ¥ = {t = t}, where X is a Cauchy hypersurface. Furthermore, let T be an
open subset of M. Assume there is an affinely parametrised future-directed null geodesic y : [0, S) - M
with y (0) € X, where 0 < S < oo, that is completely contained in J. Let

" :=sup{7 €0, 00) | Im(y)NE, #2 forall 0 <1 <7}.

Moreover, let N be a timelike, future-directed vector field and P : [0, T*) — (0, 00) a function.25

If there is no constant C > 0 such that
—8(N. 7)o, < P(OC
holds for all 0 < t < T*, then there exists no constant C > 0 such that
EYsns. (w) < P(T)CE( (u) (5.6)
holds for all solutions u of the wave equation (1.10) for0 <t < t*

Proof. Assume the contrary, that is, that there exists a constant Cy > 0 such that (5.6) holds. There is then
a0 <1t <t* with —g(N, )})ilm(y)ﬂiro > —g(N, )})|Im(y)mZOCOP(r0). Choosing © > 0 small enough
and a neighbourhood N' € & of y small enough such that (5.2) of Theorem 5.1 applies without reference
to (5.4), we obtain a contradiction. O

24We denote the complement of N in M by N€.
25There is no assumption on the regularity of the function P.
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A very robust method for proving decay of solutions of the wave equation was given in [Dafermos and
Rodnianski 2010b] (but also see [Metcalfe et al. 2012]). This method requires an integrated local energy
decay (ILED) statement (possibly with loss of derivative), i.e., a statement of the form (5.8). The next
theorem gives a sufficient criterion for an ILED statement having to lose regularity.

Theorem 5.7. Let (M, g) be a time-oriented, globally hyperbolic Lorentzian manifold with time function t,
foliated by the level sets ¥; = {t = t}, where X is a Cauchy hypersurface. Furthermore, let I be an
open subset of M. Assume there is an affinely parametrised, future-directed null geodesic y : [0, S) — M
with y (0) € X, where 0 < S < 00, that is completely contained in J. Let N be a timelike, future-directed
vector field and set

" :=sup{7 €0, 00) | Im(y)NE, #& forall 0 <1 <7}.
If

*

T
/0 ~8N. )iy s, 47 = 0°.

where y is with respect to some daffine parametrisation, then there exists no constant C > 0 such that

.L,*
f/ JN () -nsx, volg, dt < CE} (u) (5.8)
0 JX.NT

holds for all solutions u of the wave equation (1.10).

The proof of this theorem goes along the same lines as the one of Theorem 5.5. The reader might have
noticed that whether an ILED statement of the form (5.8) exists or not depends heavily on the choice of
the time function. On the other hand, it also depends heavily on the choice of the time function whether
an ILED statement is helpful or not. So, for instance, we only have an estimate of the form

.[*
/ JN(u)-ngrvolg§C~// JY(u) -nyg, volg_dr,
TNR0,%] 0 JE.nT

where C > 0, if the time function ¢ is chosen such that 1/|dt(nx )| < C is satisfied forall 0 <7 < t*.
Such an estimate, together with an ILED statement, is very convenient whenever one needs to control
spacetime integrals that are quadratic in the first derivatives of the field.

Part II. Applications to black hole spacetimes

In the following we give a selection of applications of Theorems 5.1, 5.5 and 5.7. A rich variety of
behaviours of the energy is provided by black hole spacetimes arising in general relativity.’® Although
we will briefly introduce the Lorentzian manifolds that represent these black hole spacetimes, the reader
completely unfamiliar with those is referred to [Hawking and Ellis 1973] for a more detailed discussion,
including the concept of a so called Penrose diagram and an introduction to general relativity.

26 Apother physically interesting application would be, for example, to the study of waves in time-dependent inhomogeneous
media.
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We first restrict our considerations to the 2-parameter family of Reissner—Nordstrom black holes, which
are exact solutions to the Einstein—Maxwell equations. The spherical symmetry of these spacetimes (and
the accompanying simplicity of the metric) allows for an easy presentation without hiding any crucial
details. In Section 7 we then discuss the Kerr family and show that analogous results hold.

6. Applications to Schwarzschild and Reissner—Nordstrom black holes

The 2-parameter family of Reissner—Nordstrom spacetimes is given by

2 2\~

g= —<1 _amy €—2> dr* + (1 _amy 6—2) dr? +r2d6® +rsin® 0 dg?, 6.1)
roor roor

initially defined on the manifold M := R x (m++/m? — €2, 00) x S, for which (¢, r, 8, ¢) are the standard

coordinates. We restrict the real parameters m and e, which model the mass and the charge of the black

hole, respectively, to the range 0 < e <m, m # 0.

For e = 0 we obtain the 1-parameter Schwarzschild subfamily which solves the vacuum Einstein
equations. The manifold M and the metric (6.1) can be analytically extended (so that they still solve the
Einstein equations). The so-called Penrose diagram of the maximal analytic extension of the Schwarzschild
family is given in Figure 2.

The diamond-shaped region to the right corresponds to the Lorentzian manifold (M, g) we started
with; it represents the exterior of the black hole. The triangle to the top corresponds to the interior of the
black hole, which is separated from the exterior by the so-called event horizon, the line from the centre to
the top-right i *. The remaining parts of the Penrose diagram play no role in the following discussion.

The black hole stability problem (see the introduction of [Dafermos and Rodnianski 2013]) motivates
the study of the wave equation in the exterior of the black hole (the event horizon included). In accordance
with our discussion in Section 1B, we consider the framework of the energy method for the study of the
wave equation. A suitable notion of energy for the black hole exterior is obtained via (1.9) through the

Figure 2. The Penrose diagram of the maximal analytic extension of the Schwarzschild family.
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foliation given by X; = {t* = 7} for t* > ¢ > —o0, where t* =t 4+ 2m log(r — 2m), together with the
timelike vector field N := —(d1*)*.%7

6A. Trapping at the photon sphere. There are null geodesics in the Schwarzschild spacetime that stay
forever on the photon sphere at {r = 3m}. Indeed, one can check that the curve y given by

y(s) = (s, 3m, %Tl’, (27m2)_1/2s)

in (¢, r, 8, @) coordinates is an affinely parametrised null geodesic with N-energy given by —g(N, y) = 1.
We now apply Theorem 5.5: The time-oriented,”® globally hyperbolic Lorentzian manifold can be taken
to be the domain of dependence %(Xy) of Xg in (M, g). Moreover, we choose the time function to be
given by the restriction of t* to @(Xg), and the vector field N and null geodesic y (s) in Theorem 5.5 are
given by N and y (s — 2m log m) from above. Since —g(N, y) = 1 holds, Theorem 5.5 now states that,
given any open neighbourhood I of Im(y) in % (%), there is no function P : [0, co) — (0, co) with
P(t) — 0 for T — oo such that

EYgns 1) < P(DEY (u)

holds for all solutions u of the wave equation for all T > 0. It follows that an LED statement for such a
region can only hold if it loses differentiability. One can infer the analogous result about ILED statements
from Theorem 5.7.

Let us mention here that y has conjugate points. Indeed, the Jacobi field J with initial data J(0) =0
and D;J(0) = 9y, (0) vanishes in finite affine time s > 0: First note that the vector field

Nlland ag‘y(s)

along y is parallel, i.e., D9y = (. Moreover, a direct computation yields

|V(S)

R(3. )7 | d|

) — 2
ris 27Tm V()

where R( -, -) - is the Riemann curvature endomorphism. Thus, it follows that the vector field

J(s) = 27m*)' 2 sin(Q@Tm*) ™' 25) - 8y, |

27 We are intentionally quite vague about what we mean by “suitable notion of energy”. Instead of considering a foliation that
ends at spacelike infinity 0, it is sometimes desirable to work with a foliation that ends at future null infinity $T. In a stationary
spacetime, however, it is always convenient (and indeed “suitable”) to work with a foliation and an energy-measuring vector
field N both of which are invariant under the flow of the Killing vector field. The obvious advantage is that the constants in
Sobolev embeddings do not depend on the leaf — provided, of course, that higher-energy norms are also defined accordingly.
The precise choice of the timelike vector field N in a compact region of one leaf is completely irrelevant, since all the energy
norms are equivalent in a compact region. In particular, one can deduce that the following result about trapping at the photon
sphere in Schwarzschild remains unchanged if we choose a different timelike vector field N which commutes with 9; and a
different foliation by spacelike slices. In fact, note that the behaviour of the energy of the null geodesic, —g(N, y), does not
depend at all on the choice of the foliation!

28The time orientation is given by the timelike vector field N.
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satisfies the Jacobi equation DIZJ +R(J, y)y =0. Moreover, it clearly satisfies the above initial conditions
and vanishes in finite affine time.

It now follows from Theorem A.1 that one cannot construct localised solutions to the wave equation
along the trapped null geodesic y using the naive geometric optics approximation alone. Indeed, one
would need to bridge these caustics using Maslov’s canonical operator.

That one can indeed prove an (I)LED statement with a loss of derivative was shown in [Dafermos
and Rodnianski 2009] (see also [Blue and Sterbenz 2006]). In fact, it is sufficient to lose only an ¢ of a
derivative; see [Blue and Soffer 2009] and also [Dafermos and Rodnianski 2013]. For a numerical study
of the behaviour of a wave trapped at the photon sphere we refer the interested reader to [Zenginoglu and
Galley 2012].

Other, similar, examples are trapping at the photon sphere in higher-dimensional Schwarzschild [Schlue
2013] or in Reissner—Nordstrom [Aretakis 2011a; Blue and Soffer 2009].

6B. The red-shift effect at the event horizon — and its relevance for scattering constructions from the
Jfuture. Another kind of behaviour of the energy is exhibited by the trapping occuring at the event horizon
of the Schwarzschild spacetime. Recall that the event horizon #*1 at {r = 2m} is a null hypersurface,
spanned by null geodesics. In (¢*, r, 6, ¢) coordinates the affinely parametrised generators are given by

y(s) = (%logs, 2m, 6y, §00>,

where k¥ = 1/(4m) is the surface gravity, s € (0, co0) and 6y, ¢y are constants. Thus, we have
—G) Ny = = L, (6.2)
KS K
i.e., the energy of the corresponding Gaussian beam decays exponentially — a direct manifestation of
the celebrated red-shift effect. For more on the impact of the red-shift effect on the study of the wave
equation on Schwarzschild we refer the reader to the original paper by Dafermos and Rodnianski [2009],
but also see [Dafermos and Rodnianski 2013].

Let us emphasise again that the null geodesics at the photon sphere as well as those at the horizon are
trapped, in the sense that they never escape to null infinity — but only those at the photon sphere form an ob-
struction for an LED statement without loss of differentiability; the “trapped” energy at the horizon decays
exponentially. This is in stark contrast to the obstacle problem, where every trapped light ray automatically
leads to an obstruction for an LED statement without loss of derivatives (see [Ralston 1969]). This new
variety of how the “trapped” energy behaves is due to the lack of a global timelike Killing vector field.

Let us now investigate the role played by the red-shift effect in scattering constructions from the future.
While the red-shift effect is conducive to proving bounds on solutions to the wave equation in the “forward
problem”, it turns into a blue-shift in the “backwards problem” (see Figure 3);* it amplifies energy near
the horizon.

29We call the initial value problem on X to the future the “forward problem”, while solving a mixed characteristic initial
value problem on %"’(r) U X to the past (or indeed a scattering construction from the future with data on 7T and §+) is called

the “backwards problem”. Here, we have denoted the (closed) portion of the event horizon ¢ that is cut out by ¥ and ¢
by %t (7).
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Ht(v)

solve
backwards

Figure 3. Illustration of the backwards problem.

Proposition 6.3. For every u > 0 and every T > 0 there exists a smooth solution®® v e C®(F(Zy), C) to
the wave equation (1.10) with E?](v) =1and f?ﬁ(f) JN () vol, < w, which satisfies Eév(v) > et — pu,
where k = 1/(4m) is the surface gravity of the Schwarzschild black hole.

Here, JV (v) o vol, denotes the 3-form obtained by inserting the vector field J N (v) into the first slot
of vol,. Let us also remark that x should be thought of as a small positive number, while 7 rather as a
big one.

Proof. As in Section 6A, we consider the Lorentzian manifold % (X() with time function ¢* and timelike
vector field N. Since geodesics depend smoothly on their initial data, it follows from (6.2) that we
can find, for every T > 0, an affinely parametrised, radially outgoing null geodesic®' y; in B(Zg) with
|—()}T, N) ltm@ynsy — e’”| < /2 and —(¥z, N)|im@,)ns, = 1. We note that, for our choice of time
function and vector field N, the condition (2.3) is satisfied, which does not only give us the energy
estimate (2.8) but here also the refined version

N N N 2
/%Jr(t) JV(u) avolg + E (u) < C(T)(Ey (1) + ”Du”LZ(R[o,n))’ (6.4)

which holds in @(Xy) for all T > 0 and all u € C*°(%9(Zg), R). The estimate (6.4) is derived in the same
way as (2.8), namely by an application of Stokes’ theorem to JV (1) _ vol,, followed by Gronwall’s
inequality. The estimate (6.4) gives, in addition to (2.2) in Theorem 2.1, the estimate

/ JN (v —ii) Jvolg <, (6.5)
(1)

where # is the Gaussian beam and v is the actual solution, as in Theorem 2.1. We now apply Theorem 5.1,
where the Lorentzian manifold is given by %(Xy), the time function by #*, the timelike vector field

30We denote by @(Z) the closure of %(X() in the maximal analytic extension of Schwarzschild; see Figure 2 on page 1399.
31Radially outgoing null geodesics are the lines parallel to, and to the right of, %1 in the Penrose diagram. In (u, r, 6, @)
coordinates, where u(t, r, 0, ¢) :=t —2mlog(r — 2m) — r, these null geodesics are tangent to d/9r.
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by N and, for given T > 0, the affinely parametrised null geodesic is taken to be y, from above. For
our purposes we can choose any neighbourhood N of Im(y;) in @(Xp). Theorem 5.1 then ensures the
existence of a solution v € C*°(@(X), C) to the wave equation with Eé\’ (v) = " — u and E?’(v) =1—
possibly after renormalising the energy at time T of v to be exactly 1. It is not difficult to show, for
example by considering the Cauchy problem for a slightly larger globally hyperbolic Lorentzian manifold
which contains the event horizon, that v can be chosen to extend smoothly to the event horizon. We then
obtain f?ﬁ @ JN(v) 2 vol, < p from (6.5), since we recall that the Gaussian beam # in Theorem 2.1 is
supported in N, which is disjoint from %*. This finishes the proof. O

The above proposition shows that for every t > 0 one can prescribe initial data for the mixed
characteristic initial value problem on #* U X, so that the total initial energy is equal to one, while the
energy of the solution obtained by solving backwards grows exponentially to & ¢“* on Xy. Dafermos,
Holzegel and Rodnianski [Dafermos et al. 2013] approach the scattering problem from the future for
the Einstein equations (with initial data prescribed on % and $7) by considering it as the limit of
finite backwards problems, which — for the wave equation — are qualitatively the same as the backwards
problem with initial data on H*(7) and ¥,. In order to take the limit of the finite problems, uniform
control over the solutions is required: Dafermos et al. use a backwards energy estimate which bounds the
energy on X by the initial energy on #* and X, multiplied by C -exp(ct), where ¢ and C are constants
that are independent of t. Proposition 6.3 shows now that this estimate is sharp, in the sense that one
cannot avoid exponential growth (at least not as long as one does not sacrifice regularity in the estimate).
In particular, working with this estimate enforces the assumption of exponential decay on the scattering
data in [Dafermos et al. 2013].

6C. The blue-shift near the Cauchy horizon of a subextremal Reissner—Nordstrom black hole. We
now move on to the subextremal Reissner—Nordstrom black hole, i.e., to the parameter range 0 < e < m
in (6.1). More precisely, we consider again its maximal analytic extension. Part of the Penrose diagram is
given in Figure 4.

Again, the diamond-shaped region [ represents the black hole exterior and corresponds to the Lorentzian
manifold on which the metric g from (6.1) was initially defined. The regions /1, Il and IV represent the
black hole interior. Recall that Reissner—Nordstrom is a spherically symmetric spacetime. The “radius” of
the spheres of symmetry is given by a globally defined function ». We write D(r) := 1 —2m/r + €2/r>
and denote the two roots of D by r+ = m % +/m?2 — e2. The future Cauchy horizon’? is given by r = r_.
The coordinate functions (6, ¢) parametrise the spheres of symmetry in the usual way and are globally
defined up to one meridian. Regions /-III are covered by a (v, r, 6, ¢) coordinate chart; in the region I,
the function v is given by v =t +r}, where r} is a function of r satisfying dr; /dr = 1/D. With respect
to these coordinates, the Lorentzian metric takes the form

g=—Ddv’+dv®dr+dr ®dv+r*do*+r’sin®0de>.

32We consider a Cauchy surface X of the big diamond-shaped region as shown in Figure 5, i.e., a Cauchy surface of the
region pictured in Figure 4 without the regions /I] and IV.
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Figure 4. Part of the Penrose diagram for the subextremal Reissner—Nordstrom black hole.

Introducing a function r}; in region I, which satisfies drj;/dr = 1/D in this region, and defining a
function®? t := v — 1}, we obtain a (¢, r, 6, ) coordinate system for region /I in which the metric g is
again given by the algebraic expression (6.1). The regions /I and IV are covered by a coordinate system
(u,r, 6, ), where the function u is given in region Il by u =t —rj;.

Having laid down the coordinate functions we work with, we now investigate the family of affinely
parametrised ingoing null geodesics, given in (v, r, 6, ¢) coordinates by

Vvo(s) = (UO, -, 909 §00),

where s € (—o0, 0) and we keep 6y, ¢ fixed. Clearly, we have** y,, = —3/ 8r|v. We are interested in the
energy of these null geodesics in region II close to it (in the topology of the Penrose diagram), i.e., close
to the Cauchy horizon separating region /I from region IV. A suitable notion of energy is given by a
regular vector field that is future-directed timelike in a neighbourhood of i *. In order to construct such a
vector field, we consider (u, v, 8, ¢) coordinates in region /1. A straightforward computation shows that

I 3| 1 9 1 3] 1

r+—r50 r—r,%u:_mr—r@ 22( r)

1 9

_r--r+39
r—r_0ov|,

Nw=- 22 dr,

330ne could also assign the functions ¢ an index, specifying in which region they are defined. Note that these different
functions ¢ do not patch together to give a globally defined smooth function!
341 et us denote with a subscript on the partial derivative which other coordinate (apart from 6 and ¢) remains fixed.
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Figure 5. The spacelike slices X and X; of Figure 4.

is future-directed timelike in a neighbourhood of i ™ intersected with region /I and can be extended to a
smooth timelike vector field defined on a neighbourhood of i . We obtain

1

r—r_

the N-energy of the null geodesics y,, gets infinitely blue-shifted near the Cauchy horizon.
For later reference let us note that the rate with which the N-energy (6.6) of y,, blows up along a
hypersurface of constant u, in advanced time v, is exponential. This is seen as follows: One has

rp(ry=r+ L log(ry —r) + L log(r — r—) + const,
2K+ 2k

where ky = (r+ —r¢)/ (2r3) are the surface gravities of the event and the Cauchy horizon, respectively.

Thus, for large r;;, one has (1/(r —r_))(rj;) ~ e, Finally, along {u = ug = const}, we have

rp(v) = %(v —up). It thus follows that the N-energy (6.6) of y,,, blows up like e7“-" along a hypersurface

of constant u.

Let us now consider spacelike slices ¥y and X as in Figure 5, where ¥ asymptotes to a hypersurface
of constant # and X is extendible as a smooth spacelike slice into the neighbouring regions.

Since the normal ny, of X is also regular at the Cauchy horizon, it follows from (6.6) that the
ny,-energy of the null geodesics yy, blows up along X1 when approaching the Cauchy horizon. Moreover,
note that the ny,-energy of the geodesics y,, along % is uniformly bounded as vop — oo. We now apply
Theorem 5.1 to the family of null geodesics y,, with the following further input: the Lorentzian manifold
is given by the domain of dependence & (Xg) of Xy, the time function is such that Xy and X; are level
sets, N is a timelike vector field that extends ny, and nyx,, and finally N is a small enough neighbourhood
of yy,. This yields:
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Theorem 6.7. Let Xy and X\ be spacelike slices in the subextremal Reissner—Nordstrom spacetime as
indicated in Figure 6. Then there exists a sequence {u;};en of solutions to the wave equation with initial
energy EOEO (u;) =1 on Xg such that the nx, -energy on X goes to infinity, i.e., ElZl (uj) > oo asi — oo.

We can infer from Theorem 6.7 that there is no uniform energy boundedness statement — that is, there
is no constant C > 0 such that
f J"™E(u) -nyg, < Cf J"0(u) -nx, (6.8)
¥ %o
holds for all solutions u of the wave equation.

Let us remark here that the nonexistence of a uniform energy boundedness statement has, in particular,
the following consequence: one cannot choose a time function for the region bounded by X, and X; for
which these hypersurfaces are level sets and, moreover, extend the normals of £y and ¥; to a smooth
timelike vector field N in such a way that an energy estimate of the form (2.8) holds. This emphasises the
importance of the condition (2.3) for the global approximation scheme on general Lorentzian manifolds
and points out the necessity of a local understanding of the approximate solution provided by Theorems 4.1
and 5.1.

One actually expects that there is no energy boundedness statement at all, no matter how many
derivatives one loses or whether one restricts the support of the initial data:

Conjecture 6.9. For generic compactly supported smooth initial data on Xy, the ny, -energy along X of
the corresponding solution to the wave equation is infinite.

Let us remark here that the analysis carried out in [Dafermos 2005] shows in particular that proving
the above conjecture can be reduced to proving a lower bound on the decay rate of the spherical mean of
the generic solution (as in Conjecture 6.9) on the horizon.

Before we elaborate in Section 6E on the mechanism that leads to the blow-up of the energy near the
Cauchy horizon in Theorem 6.7, let us investigate the situation for extremal Reissner—Nordstrom black
holes.

6D. The blue-shift near the Cauchy horizon of an extremal Reissner—Nordstrom black hole. The ex-
tremal Reissner—Nordstrom black hole is given by the choice m = e of the parameters in (6.1). We again
consider the maximal analytic extension of the initially defined spacetime. Part of the Penrose diagram is
given in Figure 6.

The region I represents again the black hole exterior and corresponds to the Lorentzian manifold on
which the metric g from (6.1) was initially defined. The black hole interior extends over the regions I/
and /11. The discussion of the functions r, 6 and ¢ carries over from the subextremal case. However, in
the extremal case, D(r) has a double zero at r = m, the value of the radius of the spheres of symmetry
on the event, as well as on the Cauchy horizon. The regions I and I can be covered by “ingoing” null
coordinates (v, r, 6, ¢), where the function v is given in region / by v =t + r}, where again r} (r)
satisfies dr} /dr = 1/D. In the same way as in the subextremal case, one introduces r}; and defines a
(t,r, 0, ¢) coordinate system for the region //. Finally, the regions /I and III are covered by “outgoing”
null coordinates (u, r, 6, ¢), where we have u =t — r}; in region /1.
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=0

r

Figure 6. Part of the Penrose diagram for the extremal Reissner—Nordstrém black hole.

In ingoing null coordinates, the affinely parametrised, radially ingoing null geodesics are given by
Yo (8) = (vo, =S, 6o, o), where s € (—oo, 0). Expressing the tangent vector of y,, in region I/ in outgoing
coordinates, we obtain

d

. 29
Vvoz_g =

» Dou

d

) 3 (6.10)

u
which blows up at »r = m. Thus, we have, for any future-directed timelike vector field N in region I/
which extends to a regular timelike vector field in region /11, that the N-energy —g(yy,, N) of y,, blows
up along the hypersurface X for vg — oo. Choosing now a spacelike slice X as in the above diagram,
again asymptoting to a {t = const} hypersurface at i°, and restricting consideration to its domain of
dependence, we obtain a globally hyperbolic spacetime (the shaded region) with respect to which we can
apply Theorem 5.1, inferring the analogue of Theorem 6.7 for extremal Reissner—Nordstrom black holes.

For the discussion in the next section, we again investigate the rate, in advanced time v, with which
the N-energy —g(y.,, N) blows up along a hypersurface of constant u; here, we have

2

rp(r) =r+mlog((r — m)?) — + const.

(r—m)

It follows that for large r}; one has (1/D)(rj;) ~ (r,"})z. Moreover, along {u = uy = const}, we have
rp() = %(v —up), from which it follows that the N-energy —g(yy,, V) of the family of null geodesics y,,
blows up like v°.

6E. The strong and the weak blue-shift— and their relevance for strong cosmic censorship. In the
example of subextremal Reissner—Nordstrom as well as in the example of extremal Reissner—Nordstrom,
the energy of the Gaussian beams is blue-shifted near the Cauchy horizon. Although not important for
the proof of the qualitative result of Theorem 6.7 (and the analogous statement for the extremal case), the
difference in the quantitative blow-up rate of the energy in the two cases is conspicuous.
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Figure 7. Illustration of the blue-shift effect in subextremal Reissner—Nordstrom.

Let us first recall the familiar heuristic picture that explains the basic mechanism responsible for the
blue-shift effect in both cases;>> see Figure 7. The observer oy travels along a timelike curve of infinite
proper time to i* and, in regular time intervals, sends signals of the same energy into the black hole. These
signals are received by the observer o, who travels into the black hole and crosses the Cauchy horizon,
within finite proper time — which leads to an infinite blue shift. This mechanism was first pointed out by
Roger Penrose [1968, page 222].36 Although the picture, along with its heuristics, allow for inferring the
presence of a blue-shift near the Cauchy horizon, they do not reveal the strength of the blue-shift. For
investigating the latter, it is important to note that the region in spacetime which actually causes the blue
shift is a neighbourhood of the Cauchy horizon. This neighbourhood is not well defined, however, one
could think of it as being given by a neighbourhood of constant »r — the shaded region in the diagram of
subextremal Reissner—Nordstrom in Figure 7. The crucial difference between the subextremal and the
extremal case is that, in the extremal case, the blue-shift degenerates at the Cauchy horizon itself, while,
in the subextremal case, it does not: the subextremal Cauchy horizon continues to blue-shift radiation. In
particular, one can prove an analogous result to Proposition 6.3 there — but for the forward problem.

This degeneration of the blue-shift towards the Cauchy horizon in the extremal case leads to the (total)
blue-shift being weaker than the blue-shift in the subextremal case. Thus, the geometry of spacetime
near the Cauchy horizon is crucial for understanding the strength of the blue-shift effect, and hence the
blow-up rate of the energy.

We now continue with a heuristic discussion of the importance of the different blow-up rates. The
reader might have noticed that we only made Conjecture 6.9 for the subextremal case; and indeed, the
analogous conjecture for the extremal case is expected to be false: While in our construction we consider

351 Figure 7 we give the picture for the subextremal case. However, the picture and the heuristics for the extremal case are
exactly the same!

36There, he describes the above scenario in the following, more dramatic language (he considers the scenario of gravitational
collapse, where the Einstein equations are coupled to some matter model and denotes the Cauchy horizon with H4 (9€)):

There is a further difficulty confronting our observer who tries to cross Hy (9€). As he looks out at the universe that
he is “leaving behind”, he sees, in one final flash, as he crosses H4 (¥), the entire later history of the rest of his “old
universe”. [...] If, for example, an unlimited amount of matter eventually falls into the star then presumably he will
be confronted with an infinite density of matter along “H (9()”. Even if only a finite amount of matter falls in, it
may not be possible, in generic situations to avoid a curvature singularity in place of H ().
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a family of ingoing wave packets whose energy along a fixed outgoing null ray to $* does not decay in
advanced time v, the scattered “ingoing energy” of a wave with initial data as in Conjecture 6.9 will decay
in advanced time v along such an outgoing null ray. Thus, the blow-up of the energy near the Cauchy
horizon can be counteracted by the decay of the energy of the wave towards null infinity. In the extremal
case, the blow-up rate is v, which does not dominate the decay rate of the energy towards null infinity;
the exponential blow-up rate e™“~, however, does. These are the heuristic reasons for only formulating
Conjecture 6.9 for the subextremal case. We conclude with a couple of remarks: Firstly, one should
actually compare the decay rate of the ingoing energy not along an outgoing null ray to $*, but along the
event horizon — or even better, along a spacelike slice in the interior of the black hole approaching i+
in the topology of the Penrose diagram. Secondly, we would like to repeat and stress the point made,
namely that the heuristics given in the very beginning of this section, which solely ensure the presence
of a blue-shift, are not sufficient to cause a C! instability of the wave at the Cauchy horizon. For this
to happen, the local geometry of the Cauchy horizon is crucial. Finally, let us conjecture, based on the
fact that in the extremal case one gains powers of v in the blow-up rate at the Cauchy horizon when
considering higher-order energies, that there is some natural number k > 1 such that waves with initial
data as in Conjecture 6.9 exhibit a C¥ instability at the Cauchy horizon.

We conclude this section by recalling that the study of the wave equation on black hole backgrounds
serves as a source of intuition for the behaviour of gravitational perturbations of these spacetimes. Thus,
the following expected picture emerges: Consider a generic dynamical spacetime which at late times
approaches a subextremal Reissner—Nordstrom black hole. Then the Cauchy horizon is replaced by a
weak null curvature singularity (for this notion see [Dafermos 2005]).

If we restrict consideration to the class of dynamical spacetimes which at late times approach an
extremal Reissner—Nordstrom black hole, then the generic spacetime within this class has a more regular
Cauchy horizon, which in particular is not seen as a singularity from the point of view of the low regularity
well-posedness theory for the Einstein equations; see the resolution [Klainerman et al. 2013] of the
L?-curvature conjecture. This picture is also supported by the recent numerical work [Murata et al. 2013].

6F. Trapping at the horizon of an extremal Reissner—Nordstrom black hole. We again consider the
extremal Reissner—-Nordstrom black hole. With v defined as in Section 6D, we introduce the function
t* := v —r. In the coordinates (¢t*, r, 6, ¢) the metric takes the form

¢ =—D(dr*)*+ (1= D)(dt* ®dr +dr @dt*) + (2 — D)dr> +r*>d6> + r*sin® 0 dy>.

We see that the foliation of the exterior given by ¥; = {t* = 7} is a foliation by spacelike slices, which is
invariant under the flow of the stationary Killing vector field 9,+ and is regular at the event horizon ¥ in
the sense that it extends smoothly as a spacelike foliation across the event horizon; see Figure 8.

An appropriate choice of timelike vector field for measuring the energy of waves in the black hole
exterior is thus given by N = —(dt*)?, since it is also invariant under the flow of the Killing vector
field 9, and extends smoothly as a timelike vector field across the event horizon. Hence, the corresponding
N-energy is nondegenerate at the event horizon. These choices of foliation and timelike vector field N
correspond qualitatively to the choices made in the Schwarzschild spacetime in Sections 6A and 6B.
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Figure 8. The extremal Reissner—Nordstrom black hole.

Aretakis [2011a; 2011b] investigated the behaviour of waves on this spacetime and obtained stability
(i.e., boundedness and decay results) as well as instability results (blow-up of certain higher-order
derivatives along the horizon); for further developments see also [Lucietti and Reall 2012]. The instability
results originate from a conservation law on the extremal horizon once decay results for the wave are
established. In order to obtain these stability results, Aretakis followed the new method introduced by
Dafermos and Rodnianski [2010b].3” The first important step is to prove an ILED statement. As in the
Schwarzschild spacetime we have trapping at the photon sphere (here at {r = 2m}), and as shown before,
an ILED statement has to degenerate there in order to hold. The fundamentally new difficulty in the
extremal setting arises from the degeneration of the red-shift effect at the horizon %™, which was needed
for proving an ILED statement that holds up to the horizon (see for example [Dafermos and Rodnianski
2013]). And indeed, the energy of the generators of the horizon is no longer decaying: In (¢*, r, 8, ¢)
coordinates, the affinely parametrised generators are given by

y () = (s, m, 6, ¢o),

where s € (—00, 00) and again 6, ¢g are fixed. Hence, we see that the N-energy of the generators of the
horizon is constant: —(N, y) = 1.

If we consider a globally hyperbolic subset of the depicted part of extremal Reissner—Nordstrom
that contains the horizon #*, for example by extending Xy a bit through the event horizon and then
considering its domain of dependence, we can directly infer from Theorems 5.5 and 5.7, by applying
them to the null geodesic y from above, that every (I)LED statement which concerns a neighbourhood
of the horizon necessarily has to lose differentiability. However, we can also infer the same result for
the wave equation on the Lorentzian manifold %(Xg), where “a neighbourhood of the horizon” is “a
neighbourhood of the horizon in the previous, bigger spacetime, intersected with @(3¢)”: Analogous
to the proof of Proposition 6.3, we consider a sequence of radially outgoing null geodesics in %(Xg)
whose initial data on ¥y converges to the data of y from above. For every “neighbourhood of the
horizon”, every 79 > 0 and every (small) > 0, there is then an element y; of the sequence such that

37Though in addition he had to work with a degenerate energy, which makes things more complicated.
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— (N, Y0) limio)ng, € (I —pu, 14 w) for all 0 < 7 < 7. This follows again from the smooth dependence
of geodesics on their initial data. We now apply Theorem 5.1 to this sequence of null geodesics to infer
that, for every “neighbourhood of the horizon” and for every 7y > 0, we can construct a solution to the
wave equation whose energy in this neighbourhood is, say, bigger than % for all times t with 0 < 7 < 19.
This proves again that there is no nondegenerate (I)LED statement concerning “a neighbourhood of the
horizon” in % (X); the trapping at the event horizon obstructs local energy decay — which is in stark
contrast to subextremal black holes.

One should ask now whether an ILED statement with loss of derivative can actually hold. To answer
this question, at least partially, it is helpful to decompose the angular part of the wave into spherical
harmonics. Aretakis [2011a] proved indeed an (I)LED statement with loss of one derivative for waves
that are supported on the angular frequencies / > 1. By constructing a localised solution with vanishing
spherical mean we can show that this result is optimal in the sense that some loss of derivative is again
necessary. This can be done for instance by considering the superposition of two Gaussian beams that
follow the generators y (s) = (s, m, %T[, %T[) and y,(s) = (s, m, %n, %n), where the initial value of beam
one is exactly the negative of the initial value of beam two if translated in the ¢ variable by 7.3® The
question of whether one can prove an ILED statement with loss of derivative in the case / = 0 is still open,
though it is expected that the answer is negative. In order to obtain stability results for waves supported
on all angular frequencies, Aretakis had to use the degenerate energy (of course these results are weaker
than results one would obtain if an ILED statement for the case / = 0 actually held).

7. Applications to Kerr black holes

The Kerr family is a 2-parameter family of solutions to the vacuum Einstein equations. Let us fix the
manifold M := R x (m + vm?2 — a2, 00) x S%, where m and a are real parameters that will model the
mass and the angular momentum per unit mass of the black hole, respectively, and which are restricted
to the range 0 <a <m, 0 #m. Let (¢, r, 8, ¢) denote the standard coordinates on the manifold M and
define functions

2mr
,02:=r2+a200s20, 8t :=—1+—2,
0
) 2 2mra sin®
A:=r"=2mr+a", gw:=—T,

y o 2mrd®sin’@\ .,
8pp = |r"+a"+———5——]sin"0
P

381 et us mention here that in this particular situation the approximation using geometric optics is easier. Indeed, one can

easily write down a solution of the eikonal equation such that the characteristics are the outgoing null geodesics. First one has to

prove then the analogue of Theorem 4.1, which is easier since the approximate conservation law we used in the case of Gaussian

beams is replaced by an exact conservation law for the geometric optics approximation; see footnote 23 on page 1396. But

then we can easily contradict the validity of (I)LED statements for any angular frequency: working in (t*, r, 8, ¢) coordinates,

we choose the initial value of the function a in the transport equation (i.e., the second equation in (1.6)) to have the angular

dependence of a certain spherical harmonic and the radial dependence corresponds to a smooth cut-off, i.e., a initially is only
nonvanishing for r € [m, m + ¢).
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The metric on M is then defined by

2
g =gndt>— 8rp(dp @dt +dt @ dg) + gy de* + % dr? + p? do*.

The roots of A(r) are denoted by r_ and r, where r+ = m 4+ +/m? — a®. As for the Reissner—-Nordstrom
family, one can (and should) extend these spacetimes in order to understand their physical interpretation as
a black hole. For details, we refer the reader again to [Hawking and Ellis 1973]. Fixing the 6 coordinate to
be %n and modding out the S! corresponding to the ¢ coordinate, we again obtain pictorial representations
of these spacetimes. For the subextremal case 0 < a < m, the diagram is the same as the one depicted in
Section 6C, while, in the extremal case a = m, one obtains the same diagram as in Section 6F.

7A. Trapping in (sub)extremal Kerr. As in the case of the Schwarzschild spacetime there are trapped
null geodesics in the domain of outer communications of the Kerr spacetime whose energy stays bounded
away from zero and infinity if the energy-measuring vector field N is sensibly chosen. In the case of a > 0,
however, the set that accommodates trapped null geodesics is the closure of an open set in spacetime,
which is in contrast to the 3-dimensional photonsphere in Schwarzschild and Reissner—Nordstrom. Before
we explain in some more detail how to find the trapped geodesics, we set up a suitable choice of foliation
and energy-measuring vector field:

For (sub)extremal Kerr we foliate the domain of outer communication (which is covered by the above
(t,r, 0, p) coordinates) in the same way as we did before for the Schwarzschild and the extremal Reissner—
Nordstrom spacetimes, namely by first introducing an ingoing “null” coordinate v and then subtracting
off r to get a good time coordinate ¢*. Slightly more general than is needed at this point, let us define

ve:=t+r* and ¢ :=@+r,

where r* is defined up to a constant by dr*/dr = (r> +a*)/A and 7 is defined up to a constant by
dr/dr = a/A. The set of functions (v4, r, 8, ¢4 ) form ingoing “null” coordinates (v is here the “null”
coordinate, however, it does not satisfy the eikonal equation d¢ - d¢ = 0), they cover the regions 1, I1
and III in the spacetime diagram for subextremal Kerr,>® and the metric takes the form
g=8n dv%r + gpdvy ®doy +doy ®dvy) + (dvy @dr +dr ®dvy)

—asin®0(dr @ de +de+ @dr) + gy dp: + p* do*.

Finally, we define ¢* := v, — r. That this is indeed a good time coordinate is easily seen from writing the
metric in (¢*, r, 8, ¢4 ) coordinates and restricting it to {t* = const} slices: One obtains

§= (g +2)dr* + (g1, — asin’ 0)(dpy @ dr +dr @ dg.) + p* d6* + g, dg?

and the (6, 6) minor of this matrix is found to be 2mr sin® 6 + (r2+a?) sin® § —a? sin* 6, which is positive
away from the well-understood coordinate singularity 6 = {0, %n} Hence, the slices ¥; := {t* = t} are
spacelike and it is easily seen that they asymptote to { = const} slices near spacelike infinity and end

391n the extremal case they cover all of the spacetime diagram depicted in Figure 8 in Section 6F.
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on the future event horizon. A suitable timelike vector field N for measuring the energy is again given
by N := —(dt*).

To be more precise about what we mean by a null geodesic being trapped, let us call a future, complete,
affinely parametrised null geodesic y : [0, o0) — M (which is in particular contained in the black hole
exterior M) trapped if, and only if, it does not escape to infinity, i.e., for s — oo we do not have
(r oy)(s) — oo. In the following we give a brief sketch of how one finds the trapped null geodesics. For
a detailed discussion of the geodesic flow we refer the reader to [O’Neill 1995] or [Chandrasekhar 1998].

The starting point for the investigation of the behaviour of the geodesics in the Kerr spacetime
is the observation that the geodesic flow separates. An affinely parametrised null geodesic y(s) =
(t(s), r(s),0(s), p(s)) satisfies the following first-order equations:

. P
p2t=a[|])+(r2+a2)z, (7.1)
p*(#)* = R(r) == —HA+P?, (7.2)
2
p* 0 =00) =9 - —, (1.3)
sin“ 6
. D +a[l3’
PP =Gnto A

where X is the Carter constant of the geodesic, P(r) = (r’+a®)E—Laand D)=L —Ea sin” 6. Here,
E = —g(d,, ) is the energy of the geodesic*’ and L = g(dy, y) is the angular momentum. Note that
since the left-hand side of (7.3) is positive, it follows that the Carter constant J{ is nonnegative.

In order to find all trapped null geodesics, the investigation naturally starts with (7.2). The crucial
observation is that a simple zero of R(r) corresponds to a turning point (in the r-coordinate) of the
geodesic, while a double zero corresponds to an orbit of constant 7 (or to asymptotic approach).*! It
follows that a necessary condition for a null geodesic being trapped is that the constants of motion X, L,
and E can be chosen in such a way that either R(r) has a double zero in (r4, 00) or R(r) has two simple
zeros in (r4, oo0) and is nonnegative in between. In the following we show that the latter case cannot
occur.

We distinguish the two cases £ = 0 and E # 0. In the first case, R(r) is a polynomial of order two
with R(r) — —oo for r — oo (recall that J{ > 0). Moreover, R(r) is nonnegative in [r_, r4]. This shows
that R(r) can have at most one real root in (7, 00).

In the case E # 0, R(r) is a polynomial of order four. Over the complex numbers, we can write R(r)
as

R(r)=E*> (r—a)r—A)(r —23)(r —A) = E> - r* — E*(i + Aa+ Az +hg) 1+

where A; € C, i € {1, 2, 3, 4}, are the complex roots of R(r). Since R(r) does not have a term of order
three, we see that the sum of the complex roots of R(r) has to yield zero. This directly excludes R(r)

4ONote that 9; is not timelike everywhere! However, one still calls this quantity the “energy” of the null geodesic.
4gee Proposition 4.3.7 and Corollary 4.3.8 in Chapter 4 of [O’Neill 1995]
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having four positive zeros. We also note that R(r) tends to oo for r — o0; hence, for R(r) to have two
simple zeros in (r4, 00) and to be nonnegative in between, we see that R(r) has to have at least three
zeros in (r4, 00). But since X > 0, we see that R(r) is nonnegative in [r_, ry]; i.e., if R(r) has three
zeros in (r4, 00), then it needs to have a fourth positive zero, which we have already ruled out. This
shows that trapping can only occur due to a double zero of R(r).

We now sketch how one finds the values of r that accommodate trapped null geodesics (along with
the constants of motion ¥, L and E). A detailed discussion is found in Section 63(c) of [Chandrasekhar
1998].

Without loss of generality we can assume that £ = 1. We then need to solve

R(r) = =H(? = 2mr +a*) + (r* +a* — La)* =0,
d
d—R(r) =2%(m —r)+4r(r*+a*—La) =0.
’
Eliminating ¥, we obtain the two solutions

r2+a? r3 +ra* —3mr? + ma®

L](r) = and Lz(r) =

alm—r)
In the first case we obtain J{; () = 0, which characterises the principal null geodesics (see Corollary 4.2.8
in [O’Neill 1995]) and is thus not compatible with orbits of constant ». We are thus left with the second
solution L, (r), which implies ¥, (r) = (4r? /(m — r)?)A. For the further analysis it is helpful to introduce
the quantity 9 = 9 — (L — a)?, since it simplifies the analysis of the §-motion of the geodesic. We obtain

3

Y (r) = e (4a2m —r(r— 3m)2).

prrr——
It can now be shown (see Section 63(c) of [Chandrasekhar 1998]) that if we evaluate the right-hand side
of (7.3) at L,(r) and K,(r), where r is such that 9, (r) < 0, then we see that it is negative for all values
of 8. Hence, these values of r do not accommodate trapped null geodesics. However, one can show
that the values of r where 9,(r) > 0 indeed allow the presence of trapped null geodesics. This region is
bounded by the roots s and r, of 2,(r), which are bigger than r..

We now show that the N-energy of a trapped null geodesic y;,, trapped on the hypersurface {r = ro}
with rg € [r5, rp], is bounded away from zero and infinity. One way to do this is to compute the N-energy
directly:

P(Fo)]
A(ro)

where we have used (7.1). A further analysis of the behaviour of the & component of y,, yields that its

—(N,y)=(dt+dr*—dr)(y)=i= %[aD(G) + (rg +a?)

image is a closed subset of [0, 7 ]; thus —(N, y)(#) takes on its minimum and maximum. Since —(N, y)
is always strictly positive, this immediately yields that it is bounded away from zero and infinity.
Invoking Theorem 5.5 we thus obtain:

Theorem 7.4 (trapping in (sub)extremal Kerr). Let (M, g) be the domain of outer communications of a
(sub)extremal Kerr spacetime, foliated by the level sets of a time function t* as above. Moreover, let N
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be the timelike vector field from above and I an open set with the property that for all T > 0 we have
T NE:N[rs, rpl # 3. Then there is no function P : [0, 00) — (0, 0o0) with P(t) — 0 for T — 00 such
that

ENgns. (u) < P(DEQ ()

holds for all solutions u of the wave equation.

Note that the same remark as made in footnote 27 on page 1400 applies: the theorem remains true if
we choose a different timelike vector field N which commutes with the Killing vector field d; and also if
we choose a different foliation by timelike slices, i.e., a different time function.*?

Another way to show that the energy of the trapped null geodesic y;, is bounded away from zero and
infinity is to choose a different suitable vector field N. Recall that the vector fields 9, and 9,, are Killing,
and that at each point in the domain of outer communications they also span a timelike direction. We
can thus find a timelike vector field N that commutes with 9, and such that in a small r-neighbourhood
of ry the vector field N is given by 9d; + kd, with k € R a constant. Thus, N is Killing in this small

r-neighbourhood and, hence, the N-energy of Vr, 18 constant.

7B. Blue-shift near the Cauchy horizon of (sub)extremal Kerr. In this section we show that the results
of Section 6C and 6D also hold for (sub)extremal Kerr. The proof is completely analogous: In the above
defined (v, r, 6, ¢+) coordinates a family of ingoing null geodesics with uniformly bounded energy
on X near spacelike infinity (° is given by

Yy (8) = (W3, =5, 60, 90),

where s € (—o00, 0). The same pictures as in Sections 6C and 6D apply, along with the same spacelike
hypersurfaces Xg and X;. In order to obtain regular coordinates in a neighbourhood of the Cauchy horizon,
we define, starting with (¢, r, 6, ¢) coordinates in region //, outgoing “null” coordinates (v_, r, 6, ¢_) by
v_ =t —r*and ¢_ = ¢ —r. These coordinates cover the regions II and IV in the subextremal case and
regions /I and III in the extremal case. In these coordinates, the tangent vector of the null geodesic Vo
takes the form

3 2r2 +a* 9 3

_— B L4
YT T, T A Bu | or

A dp_

) (7.5)

which blows up at the Cauchy horizon. It is again easy to see that the inner product with a timelike vector
field, which extends smoothly to a timelike vector field over the Cauchy horizon, necessarily blows up
along ¥ for v?r — 00. Thus, we obtain, after invoking Theorem 5.1:

Theorem 7.6 (blue-shift near the Cauchy horizon in subextremal Kerr). Let X and X1 be spacelike slices
in the subextremal Kerr spacetime as indicated in Figure 5 in Section 6C. Then there exists a sequence
{u;}ien of solutions to the wave equation with initial energy Eg %o (u;) =1 on g such that the ny, -energy
on X goes to infinity, i.e., E?Zl (u;) — oo fori — oo.

In particular, there is no energy boundedness statement of the form (6.8).

42In the latter case one may have to alter the decay statement for the function P, i.e., replace it with P(t) — 0 for t — 7*.
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As before, let us state the following:

Conjecture 7.7. For generic compactly supported smooth initial data on Xy, the nx, -energy along X of
the corresponding solution to the wave equation is infinite.

Let us conclude this section with a few remarks:

(i) Obviously, an analogous statement to Theorem 7.6 is true for extremal Kerr, however, one has to
introduce again a suitable globally hyperbolic subset in order to be able to apply Theorem 5.1.

(i1) The discussion in Section 6E carries over to the Kerr case. In particular let us stress that Conjecture 7.7
only concerns subextremal Kerr black holes — the same statement for extremal Kerr black holes is
expected to be false. However, as for Reissner—Nordstrom black holes, we conjecture a C¥ instability
(for some finite k) at the Cauchy horizon of extremal Kerr black holes.

(iii)) We leave it as an exercise for the reader to convince him- or herself that analogous versions of
Theorems 7.4 and 7.6 also hold true for the Kerr—Newman family.

Appendix: A breakdown criterion for solutions of the eikonal equation

We give a breakdown criterion for solutions of the eikonal equation for which a given null geodesic is a
characteristic.

Theorem A.1. Let (M, g) be a Lorentzian manifold and y : [0, a) — M an affinely parametrised null
geodesic, a € (0, co). If y has conjugate points then there exists no solution ¢ : U — R of the eikonal
equation d¢ - d¢ = 0 with grad ¢)|Imy =y, where U is a neighbourhood of Im y.

The theorem is motivated by the construction of localised solutions to the wave equation using the
naive geometric optics approximation, where we need to find a solution of the eikonal equation for
which a given null geodesic is a characteristic; see (1.6). It is well known that solutions of the eikonal
equation break down whenever characteristics cross. However, by choosing the initial data (and thus the
neighbouring characteristics) suitably one can try to avoid crossing characteristics. This is for example
possible in the Minkowski spacetime. The theorem gives a sufficient condition for when no such choice
is possible.

Our proof is a minor adaptation of Riemannian methods to the Lorentzian null case; see, for example,
[Eschenburg and O’Sullivan 1976], in particular their Proposition 3.

First we need some groundwork. We pull back the tangent bundle TM via y and denote the subbundle
of vectors that are orthogonal to y by N(y). The vectors that are proportional to y give rise to a
subbundle of N (y), which we quotient out to obtain the quotient bundle N (y). It is easy to see that
the metric g induces a positive-definite metric g on N(y) and that the bundle map R, :N(y) = N(y),
where R, (X) = R(X, y)y and R is the Riemann curvature tensor, induces a bundle map Ey on N(y),
and finally that the Levi-Civita connection V induces a connection V for N y).

Definition A.2. J € End(N(y)) is a Jacobi tensor class if and only if Etzl_ + RVJ_ =0.%

“3Here and in what follows we write D; for ﬁat.
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A Jacobi tensor class should be thought of as a variation field of y that arises from a many-parameter
variation by geodesics. It generalises the notion of a Jacobi field (class), an infinitesimal 1-parameter
variation. Indeed, a solution ¢ of the eikonal equation for which y is a characteristic gives rise to a Jacobi
tensor class J:

We denote the flow of grad ¢ by W, and define J € End(N (y)) by

Ji (X1) = (W)« (Xo),

where we extend X, € N(y),; by parallel propagation to a vector field X along y whose value at 0 is Xj.
Note that J is well defined, that is, we have J;(X;) € N(y): Given X € T, )M, extend it to a vector
field X on M with [)N(, grad ¢] =0, i.e., along y we have }N(‘y(t) = (¥;)«(Xp). Then

0= Vi (grad ¢, grad ¢) = 2(Vj grad ¢, grad ¢) = 2Vraa (X, grad @),

from which it follows that X |y( 5 is orthogonal to gradq&‘y( . Moreover, J is a Jacobi tensor:** Let X be

a parallel section along  and X an extension of X as above. Then

(D J)(X) = D;(JX) = D;(W=X0) = Vgraap X = Vg gradp = V, x grad .
Thus,
D,J =(Vgrad¢)o J. (A.3)

Differentiating once more gives
(D?J)(X) = Vgrd(Vyx grad¢) = R(grad ¢, JX) grad¢ = —R,, o J(X).

Using that (¥;).(grad @[, )) = grad ¢|, (1), it is now clear that J descends to a Jacobi tensor class J.
Moreover, J is nonsingular, i.e., J ! exists. Since the metric g is nondegenerate, we can form adjoints of
sections of End(N (y)), which we will denote by *. Note also that (D, J)Jis self-adjoint. This follows

from (A.3) and the fact that VV¢ is symmetric. We now prove the theorem.

Proof of Theorem A.1. Assume there exists such a solution ¢ of the eikonal equation. Say the points
y (tp) and y (¢) are conjugate, 0 <fy < t; < a, and J is the Jacobi tensor class induced by ¢, as discussed
above. Using the identification of End(N (y);) with End(N (¥)1,) via parallel translation, we write

t
K@) := f(t)C/ (J* D)~ Y(v) dr,

where C = J 1 (19) J*(t0) J (19). A straightforward computation shows that K is a Jacobi tensor class with
K (t9) =0 and D, K (1p) = id. Moreover, K () is nonsingular for ¢ > fg.

On the other hand, there exists a Jacobi field Y with Y (f9) = 0 and Y (¢;) = 0. This implies that Y
is a section of N(y). The Jacobi field Y induces a nontrivial Jacobi field class Y that vanishes at 7
and #;. However, a Jacobi field class is uniquely determined by its value and velocity at a point. Parallelly
propagating 5,17| o gives rise to a vector field class Z. Then K Z is a Jacobi field class that has the same

value and velocity as Y at 7 =1y, thus K Z =Y. This, however, contradicts K being nonsingular for ¢ > to. [J

44 This notion is analogous to Definition A.2, without taking the quotient.
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HEIGHT ESTIMATE AND SLICING FORMULAS IN THE HEISENBERG GROUP

ROBERTO MONTI AND DAVIDE VITTONE

We prove a height estimate (distance from the tangent hyperplane) for A-minimizers of the perimeter
in the sub-Riemannian Heisenberg group. The estimate is in terms of a power of the excess (L?-mean
oscillation of the normal) and its proof is based on a new coarea formula for rectifiable sets in the
Heisenberg group.

1. Introduction

We continue the research project started in [Monti and Vittone 2012; Monti 2014] on the regularity of
H -perimeter minimizing boundaries in the Heisenberg group H”. Our goal is to prove the so-called height
estimate for sets that are A-minimizers and have small excess inside suitable cylinders; see Theorem 1.3.
The proof follows the scheme of the median choice for the measure of the boundary in certain half-
cylinders together with a lower-dimensional isoperimetric inequality on slices. For minimizing currents
in R", the principal ideas of the argument go back to [Almgren 1968] and are carried over in [Federer
1969, Theorem 5.3.4]. The argument can be also found in the Appendix of [Schoen and Simon 1982] and,
for A-minimizers of perimeter in R", in [Maggi 2012, Section 22.2]. For minimizers of H -perimeter, the
decay estimate of excess of Almgren and De Giorgi is still an open problem; see [Monti 2015].

Our main technical effort is the proof of a coarea formula (slicing formula) for intrinsic rectifiable
sets; see Theorem 1.5. This formula is established in Section 2 and has a nontrivial character because the
domain of integration and its slices need not be rectifiable in the standard sense. The relative isoperimetric
inequalities that are used in the slices reduce to a single isoperimetric inequality in one slice that is relative
to a family of varying domains with uniform isoperimetric constants. This uniformity can be established
using the results on regular domains in Carnot groups of step 2 in [Monti and Morbidelli 2005] and the
isoperimetric inequality in [Garofalo and Nhieu 1996]; see Section 3A.

The (2n+1)-dimensional Heisenberg group is the manifold H" = C" x R, n € N, endowed with the
group product

(D%, 1) =@+ 1+T+23(2, 7)), (1-1)
where t, T € R, z, ¢ € C" and (z, E) =27 51 4+ 4 zn;_‘n. The Lie algebra of left-invariant vector fields

in H" is spanned by the vector fields
d 0

5 5 5
Xj= 42y, Y= =22 and T=_, 12
U PR A ST o1 (1-2)

MSC2010: 49Q05, 53C17.
Keywords: Heisenberg group, regularity of H-minimal surfaces, height estimate, slicing formula.
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with z; =x;+iy; and j =1,...,n. We denote by H the horizontal subbundle of 7H". Namely, for any
p=1(z,t) € H" we let

HP =Span{X1(P), R Xn(p)a Yl(p)a -’Yn(p)}

A horizontal section ¢ € C1(Q; H), where Q C H” is an open set, is a vector field of the form

n
0=> 0;X;+¢n;Y},
j=1

where ¢; € C 1(Q), i.e., each coordinate ¢ ; 1s a continuously differentiable function with compact support
contained in .

Let g be the left-invariant Riemannian metric on H" that makes orthonormal the vector fields X, ... X},
Yi,...,Y,, T in (1-2). For tangent vectors V, W € TH", we let

(V,W),=g(V,W) and |V|;=g(V, V)2
The sup norm with respect to g of a horizontal section ¢ € C}(Q; H) is

= max .
lollg max lo(p)lg

The Riemannian divergence of ¢ is

n
diveg =) Xjo; +Yigus.
j=1
The metric g induces a volume form on H” that is left-invariant. Also, the Lebesgue measure .#"*! on
H" is left-invariant, and by the uniqueness of the Haar measure the volume induced by g is the Lebesgue
measure .21, In fact, the proportionality constant is 1.
The H -perimeter of an .#*"*!-measurable set E C H" in an open set Q C H" is

pEe($2) = SUP{/ divgpd 2% 19 € CHQ H), llgllg < 1}.
E

If ug (2) < 0o we say that E has finite H-perimeter in Q2. If wg(A) < oo for any open set A € €2, we say
that E has locally finite H-perimeter in €2. In this case, the open sets mapping A — wg(A) extends to a
Radon measure pg on 2 that is called the H-perimeter measure induced by E. Moreover, there exists a
wg-measurable function vg :  — H such that [vg|, =1 pg-a.e. and the Gauss—Green integration by
parts formula

[0 veredne =~ [ divopaz
Q Q

holds for any ¢ € C L] (€2; H). The vector vg is called the horizontal inner normal of E in Q.
The Koranyi norm of p = (z,1) e H" is || pllx = (|z|* +¢*)/*. For any r > 0 and p € H", we define
the balls
B, ={qeH":lqllk <r} and B.(p)={pxqeH":qe€ B}
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The measure-theoretic boundary of a measurable set E C H" is the set
IE ={peH": 2" (ENB,(p)) >0 and £*"*(B,(p)\ E) >0 forall r > 0}.

For a set E with locally finite H-perimeter, the H-perimeter measure (g is concentrated on d E and,
actually, on a subset 0*E of 0 E; see below. Moreover, up to modifying E on a Lebesgue-negligible set,
one can always assume that d E coincides with the topological boundary of E; see [Serra Cassano and
Vittone 2014, Proposition 2.5].

Definition 1.1. Let Q C H” be an open set, A € [0, 00), and r € (0, co]. We say that a set E C H"” with
locally finite H-perimeter in Q2 is a (A, r)-minimizer of H-perimeter in 2 if, for any measurable set
FCH", peQ,and s <r suchthat EAF € B;(p) € 2,

1E(Bs(p) < pr(Bs(p) + AL (EAF),

where EAF =E\FUF\E.
We say that E is locally H-perimeter minimizing in Q2 if, for any measurable set ' C H" and any open
set U such that EAF € U € 2, there holds ug(U) < up(U).

We will often use the term A-minimizer, rather than (A, r)-minimizer, when the role of r is not relevant.
In Appendix A, we list without proof some elementary properties of A-minimizers.

We now introduce the notion of cylindrical excess. The height function 4 : H" — R is defined by
4#(p) = p1, where p is the first coordinate of p = (p1, ..., pany1) € H". The set W ={p e H" : 4(p) =0}
is the vertical hyperplane passing through 0 € H"” and orthogonal to the left-invariant vector field X. The
disk in W of radius r > 0 centred at 0 € W induced by the Koranyi norm is the set D, ={p e W: || p|lx <r}.
The intrinsic cylinder with central section D, and height 2r is the set

C,=D,x(—r,r) CH".

Here and in the sequel, we use the notation D, x (—r,r) ={w*(se;) e H" : w € D,, s € (—r, r)}, where
se; =(s,0,...,0) € H". The cylinder C, is comparable with the ball B, = {||p|lx < r}. Namely, there
exists a constant k = k(n) > 1 such that, for any r > 0, we have

B,/ C C, C By 1-3)

By a rotation of the system of coordinates, it is enough to consider excess in cylinders with basis in W
and axis X;.

Definition 1.2 (cylindrical excess). Let £ C H" be a set with locally finite H-perimeter. The cylindrical
excess of E at the point 0 € JE, at scale r > 0, and with respect to the direction v = — X is defined as

1
Exc(E,r,v) = W/ Ve — v|§d,uE,
c

where g is the H-perimeter measure of £ and vg is its horizontal inner normal.
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Theorem 1.3 (height estimate). Let n > 2. There exist constants g9 = go(n) > 0 and cy = co(n) > 0 with
the following property: if E C H" is a (A, r)-minimizer of H-perimeter in the cylinder Cy2,, Ar <1,
0€dE, and
Exc(E, 4k*r, v) < &,
then
sup{|4(p)| € [0, 00) : p € IENC,} < cor Exc(E, 4k?r, v)/CCn+1), (1-4)

The constant k = k(n) is the one in (1-3).

The estimate (1-4) does not hold when n = 1. In fact, there are sets £ C H' such that Exc(E, r, v)=0
but 9 E is not flat in C,, for any € > 0. See the conclusions of Proposition 3.7 in [Monti 2014]. Theorem 1.3
is proved in Section 3.

Besides local minimizers of H-perimeter, our interest in A-minimizers is also motivated by possible
applications to isoperimetric sets. The height estimate is a first step in the regularity theory of A-minimizers
of classical perimeter; we refer to [Maggi 2012, Part III] for a detailed account of the subject.

In order to state the slicing formula in its general form, we need the definition of a rectifiable set in H"
of codimension 1. We follow closely [Franchi et al. 2001], where this notion was first introduced.
The Riemannian and horizontal gradients of a function f € C!(H") are, respectively,

Vi=&XiHXi+- -+ @ HY, +(THT,
Vuf=&iHX1+- -+ @)Y

We say that a continuous function f € C(£2), with Q C H” an open set, is of class C}J(Q) if the horizontal
gradient Vy f exists in the sense of distributions and is represented by continuous functions X f, ..., Y, f
in Q. Aset S C H" is an H-regular hypersurface if, for all p € §, there exist r > 0 and a function
fe C}{(Br(p)) such that SN B, (p) ={q € B,(p) : f(g) =0} and Vg f(p) # 0. Sets with H-regular
boundary have locally finite H-perimeter.

For any p = (z,t) € H", let us define the box norm | p|l, = max{|z|, |£|'/?} and the balls U, =
{g e H'n||qllco <7} and U,(p) = p* U, forr > 0. Let E C H" be a set. For any s > 0 define the measure

S*(E) = sup inf{c(n, s) Zrlf" EC U U, (pi), ri < 8}.
>0 ieN ieN

Above, c(n, s) > 0 is a normalization constant that we do not need to specify here. By Carathéodory’s

construction, E — .%°(E) is a Borel measure in H". When s = 2n + 2, it turns out that .72 is the

Lebesgue measure .#2"*!. Thus, the correct dimension to measure hypersurfaces is s = 2n + 1. In fact,

if E is a set with locally finite H-perimeter in H", then we have

pe =" 9*E, (1-5)

where L denotes restriction and 0* E is the H-reduced boundary of E, namely the set of points p € H"
such that g (U,(p)) > 0 for all » > 0, fU (» VE diug — ve(p)asr — 0, and [vg(p)l, = 1. The validity
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of formula (1-5) depends on the geometry of the balls U, (p); see [Magnani 2014]. We refer the reader to
[Franchi et al. 2001] for more details on the H-reduced boundary.

Definition 1.4. A set R C H" is .7?"*!rectifiable if there exists a sequence of H-regular hypersurfaces

(Sj)jen in H" such that
yQYH—] (R\ U S]) =0.

jeN
By the results of [Franchi et al. 2001], the H-reduced boundary 0* E is 21+ 1 _rectifiable. Definition 1.4
is generalized in [Mattila et al. 2010], which studies the notion of an s-rectifiable set in H"” for any integer
1<s<2n+1.
An H-regular surface S has a continuous horizontal normal vg that is locally defined up to the sign.

This normal is given by the formula
Vi f

CVafl
where f is a defining function for S. When S = 9 E is the boundary of a smooth set, vg agrees with
the horizontal normal vg. Then, for an .#2"t ! rectifiable set R C H", there is a unit horizontal normal
Vg : R — H that is Borel regular. This normal is uniquely defined .#*"*!-a.e. on R up to the sign; see

Vs (1-6)

Appendix B. However, (1-8) below does not depend on the sign.
In the following theorem, 2 C H" is an open set and u € C*°(£2) is a smooth function. For any s € R,
we denote by X° ={p € Q: u(p) = s} the level sets of u.

Theorem 1.5. Let R C Q be an .7*"*-rectifiable set. Then, for a.e. s € R there exists a Radon measure
Wk on RN X* such that, for any Borel function h : Q — [0, 00), the function

v
}—>/h| Hitle gy (1-7)
o [Vulg
is £'-measurable and we have the coarea formula
|vHu|g s _ 2 2 2n+1
/R/Q}zmdulgds_/leh\/wfmlg—(vR,VHu)ng . (1-8)

Theorem 1.5 is proved in Section 2. When R N X* is a regular subset of X¢, the measures u} are
natural horizontal perimeters defined in X°.

Coarea formulas in the Heisenberg group are known only for slicing of sets with positive Lebesgue
measure; see [Magnani 2004; 2008]. Theorem 1.5 is, to our knowledge, the first example of slicing of
lower-dimensional sets in a sub-Riemannian framework. Also, Theorem 1.5 is a nontrivial extension of
the Riemannian coarea formula, because the set R and the slices R N X* need not be rectifiable in the
standard sense; see [Kirchheim and Serra Cassano 2004]. We need the coarea formula (1-8) in the proof
of Theorem 1.3; see Section 3C.

We conclude the introduction by stating a different but equivalent formulation of the coarea formula (1-8)
that is closer to standard coarea formulas. This alternative formulation holds only when n >2: whenn =1,
the right-hand side in (1-9) might not be well defined; see Remark 2.11.
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Theorem 1.6. Let 2 C H", n > 2, be an open set, u € C*°(2) be a smooth function, and R C Q2 be an
2 rectifiable set. Then, for any Borel function h : Q — [0, 00),

/fhdu}ds:/h|Vu|g\/1—(vR,VHu/|VHu|g)§d5”2”+l, (1-9)
RJQ R

where 3, are the measures given by Theorem 1.5.

2. Proof of the coarea formula

2A. Horizontal perimeter on submanifolds. Let ¥ C H" be a C* hypersurface. We define the horizontal
tangent bundle H X by letting, for any p € %,

H,S=H,NT,%.

In general, the rank of H X is not constant. This depends on the presence of characteristic points on X,
i.e., points such that H, = T, X. For points p € X such that H, # T, X, we have dim(H,X) =2n — 1.

We denote by oy the surface measure on X induced by the Riemannian metric g restricted to the
tangent bundle 7 X.

Definition 2.1. Let F C X be a Borel set and let 2 C X be an open set. We define the H-perimeter of F
in 2,

wE(Q) = sup{/ div, pdoy : 9 € CH(Q; HE), |lpll, < 1}. (2-10)
F

We say that the set F' C X has locally finite H-perimeter in 2 if ME(A) < oo for any open set A € Q.

By the Riesz theorem, if F C ¥ has locally finite H-perimeter in €2, then the open sets mapping
A /,L?;(A) extends to a Radon measure on €2, called the H-perimeter measure of F.

Remark 2.2. If F' C X is an open set with smooth boundary, then, by the divergence theorem, we have,
for any ¢ € CH(Q; HY),

/dng€0d0>:=/ (NoF, @)gdryF, (2-11)
F oF

where Njr is the Riemannian outer unit normal to 0 F and dAyr is the Riemannian (2n—1)-dimensional
volume form on 0 F induced by g.

From the sup definition (2-10) and from (2-11), we deduce that the H-perimeter measure of F has the
representation

Wi = INJE |g har
where N;}’VE € HX is the g-orthogonal projection of Nyr € TX onto HX.

This formula can be generalized as follows. We denote by %’fgz”_] the (2n—1)-dimensional Hausdorff
measure in H" induced by the metric g.
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Lemma 2.3. Let F, Q2 C X be open sets and assume that there exists a compact set N C 0 F such that
jff”_l (N)=0and (OF \ N)NQ is a smooth (2n—1)-dimensional surface. Then, we have

RELQ =N Aopv L Q. (2-12)

Proof. For any ¢ > 0 there exist points p; € H" and radii r; € (0, 1),i =1, ..., M, such that

M

M
N C UBg(pi,ri) and Zriznfl <
i=1

i=1

where By (p, r) denotes the ball in H" with centre p and radius r with respect to the metric g. By a
partition of unity argument, there exist functions f*¢, g7 € C*°(2; [0, 1]),i =1, ..., M, such that:

i) fe4+gi+-+gy=xa

(i) fe=0o0n UM, By(pi,ri/2);
(iii) for each i, the support of g; is contained in B, (p;, r;);
(iv) |Vgilg <C ri_1 for a constant C > 0 independent of &.

Hence, for any horizontal section ¢ € C CI (2; HX), we have

/dlvggodaz _/ div, (f* <p)do>;+2/ div,(gfg) dos

FNBg(pi,ri)
M

= (ff@, Nor)gdrypm\n +
/F\N § ' Z

f div, (gi @) dos, (2-13)
i=1 FNBg(pi,ri)

where, by (iv),

M
'Z/ dlvg(gl p)doy
i=1 FNBg(pi.ri)

M
Z/ (I dngfpllLoo+Cri_1)dog§C’Zrl.2"_l <C's (2-14)

B (pi,ri) i=1

with a constant C’ > 0 independent of «.
Letting ¢ — 0, we have f® — 1 pointwise on d F' \ N, by (i) and (iii). Then, from (2-13) and (2-14),
we obtain

f divy p doy = f (0, Nogr)gdryr\n
F IF\N

and claim (2-12) follows by standard arguments. (I

2B. Proof of Theorem 1.5. Let Q2 C H" be an open set and u € C*°(£2). By Sard’s theorem, for a.e. s € R
the level set

2 ={peQ:u(p)=s}

is a smooth hypersurface and, moreover, we have Vu # 0 on X°.
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Let £ C H" be a Borel set such that E N X* has (locally) finite H-perimeter in N X?, in the sense of
Definition 2.1. Then on 2N X° we have the H-perimeter measure ;LE%ES induced by £ N X°. We shall
use the notation

: Y
Mg = WEnss
to denote a measure on €2 that is supported on 2 N X°.

We start with the following coarea formula in the smooth case, which is deduced from the Riemannian
formula.

Lemma 2.4. Let @ C H" be an open set and u € C*°(2). Let E C H" be an open set with C* boundary
in Q such that wg(2) < oo. Then we have

|VHu|g /
dupds = | \/\Vaul — (v, Vau)2 dpe, (2-15)
/R/g Vul,  F Q g 8

where g is the H-perimeter measure of E and vg is its horizontal normal.

Proof. The integral in the left-hand side is well defined, because for a.e. s € R there holds Vi # 0 on X°.
By the coarea formula for Riemannian manifolds — see, e.g., [Burago and Zalgaller 1988] —for any
Borel function 4 : 0 E — [0, oo] we have

f/ hdkaEmzsds=/ h\VEul, doyg, (2-16)
R JOENXS oE

where V?Fu is the tangential gradient of # on 3 E. Then we have

VU =Vu — (Vu, Nyg)gNop  and  |V?Eu|, = \/|W|§ —(Vu, Njg)2. (2-17)
Step 1. Let us define the set
, Vu(p)
C=1pe€edENQ:Vu(p)#0 and Nyg(p)=Lt——1.
|Vu(p)l,

If s € R is such that Vu # 0 on X°, then C N X° is a closed set in X°. Using the coarea formula (2-16)
with the function & = x¢, we get

f hygnse (C)ds = / VP uly oy =0,
R C

because we have V£ =0 on C. In particular, we deduce that
CNnX®isaclosedsetin ¥° and Ayenss(CNXE’) =0 forae. se<R. (2-18)

If p e ¥* isapoint such that Vu(p) #£0 and p ¢ C, then X° is a smooth hypersurface in a neighbourhood
of pand E* = EN X is a domain in X° with smooth boundary in a neighbourhood of p. Moreover, we
have (0ENX)\ C =0E*\ C. Then, from (2-18) and Lemma 2.3 we conclude that for a.e. s € R we
have

1wy = INJEE lghoms. (2-19)
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By (2-18) and (2-19),
wr(CNXY) :/ |N3E3 |g diyps =0 forae. s eR. (2-20)

cNnxs

Step 2. We prove (2-15) by plugging into (2-16) the Borel function & : 0 E — [0, oo],

N1V Vyul? — (ve, Vgu)?

h = IVulg\/l— (Nag. Vu/|Vul)?
0 on CU{Vu =0}.

oo 9]

on AE\ (CU{Vu=0}),

Above, N gg is the projection of the Riemannian normal N3jg onto H and vg is the horizontal normal.
Namely, we have

Nt = Nyp — (Nog, T)eT and vg =

The H-perimeter measure of E is
1E = INjElg00E- (2-21)
Using (2-17) and (2-21), we find

[ nvuas = | INJhley/IViu 2 = (ve. Viau)? doae
oE E\(CU{Vu=0})

-/ JIVauly = (g, Va2 diue
IE\(CU{Vu=0})

- fé 1Vl = (e Viu) due. (2-22)
oE

where the last equality is justified by the fact that if p € C U{Vu = 0} then

Va2 = ve(p), Vau(p)? =

For a.e. s € R, we have Vu # 0 on X°. Using (2-21) and the fact that 2 = 0 on C U {Vgzu = 0}, letting
= (ENX%)\ (CU{Vyu =0}), we obtain

// hdiygs ds = // NGl VWil — e Vit g
s p— BEV
IENTS * |VulgV1 = (Nyg, Vu/|Vulg)?

\Y
zf/ —| Hulg ﬁsd)\aEde, (2'23)
o [Vulg

where we let

VINEZ = (NE Vyu/|Vyul,)?
V1= (Nyg. Vu/|Vulg)?
We will prove in Step 3 that, for any s € R such that Vu # 0 on ¥,

v =

= |NAX|, on A*. (2-24)
IES lg
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Using (2-24), (2-19), and (2-20), formula (2-23) becomes

|Viu| s
// hd)\.aEmzadS—// g gg |gd)‘-8E3ds
ENss s |VM|g
Vv
:// Virtle g0 g
R JAS |Vu|g

v
:// Witttle ;s g, (2-25)
rRJoenys |Vulg

The proof is complete, because (2-15) follows from (2-16), (2-22), and (2-25).

Step 3. We prove claim (2-24). Let us introduce the vector field W in Q \ {Vyu = 0},

_ Tu Vyu |Vaulg
|Vu|g|vH”|g |Vu|g

It can be checked that [W|, =1 and Wu = 0. In particular, for a.e. s we have W € T X°. Moreover, W is
g-orthogonal to H X* because any vector in H X* is orthogonal both to Vyu and to T'. It follows that

Nig = Nops = (Nops, W)g
and, in particular,
INJE 1y = 1= (Nags, W),
Starting from the formula

Noe — (Noe, Vu/|Vulg)Vu/|Vulg —— Nyg — (Nog, Vu/|Vulg)gVu/|Vul,

Nyps =

INoz = (Nag. Vu/|Vulg)Vu/|Vulgls VT (Nag, Va/|Vul,)2
we find
s M
N ;=

¢ 1= (Nog, Vau/IVulg)?’

Ve <N Vu >2 <N <N Vu > Vu W>2
=1—= oE - oE — 0E = . .
\Vulg |, \Vulg [ |Vulg” "/,

where we let

We claim that, on the open set {Vyu # 0},
= [Njgls — <Na’§5, —), (2-26)

and formula (2-24) follows from (2-26). Using the identity Vu = Vyu + (Tu)T and the orthogonality

<N <N Vu > Vu v > 0
E — Ey o 1 | o VYU =Y,
Vulg | IVuly” [,
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we find
Vau+ (Tu)T \* Tu Viu |Viul 2
M=1—<N3E,—> —| =——(NsE, - £(Nyg, T)g
|v”|g g |v”|g |VHM|g g |Vu|g
Vau \* |Vaulg + (Tu)? 5 IViul2 + (Tu)?
=1—{Noe, < Va2 —Wop, T)y—— G
| Hu|g g | l’t|g | u|g
VHM 2
=1 —<N8E, > — (Nae. T);
Vyu Vyu 2
=1—(Nye. T); — (<NaE, > —<<N3E, T)T, —> )
|VHu|g g |VHu|g g
VHM 2
= |N§§;|§—<N§§5, > . (2-27)
This ends the proof. U

We prove a coarea inequality:

Proposition 2.5. Let Q C H" be an open set, u € C*(2) a smooth function, E C H" a set with finite
H-perimeter in 2, and let h : d E — [0, 0o] be a Borel function. Then we have

IVHu|g s 2 2
h dpyds < | hy/IVgul2 — (ve, Vau)2 dug. (2-28)
rRJo [Vulg Q

Proof. The coarea inequality (2-28) follows from the smooth case of Lemma 2.4 by an approximation
and lower semicontinuity argument.

Step 1. By [Franchi et al. 1996, Theorem 2.2.2], there exists a sequence of smooth sets (E;) jen in 2

such that

xg, 2y as jooo  and  lim g (Q) = ().
]—>00

By a straightforward adaptation of the proof of [Ambrosio et al. 2000, Proposition 3.13], we also have
that VE;WE; = VEIE weakly* in Q. Namely, for any ¢ € C.(2; H),
j—o0o

tim [ (e, )e i, = [ (0 veedue.

Let A @ €2 be an open set such that lim;_, o tg; (A) = g (A). By Reshetnyak’s continuity theorem
(see, e.g., [Ambrosio et al. 2000, Theorem 2.39]), we have

pm ], e ) die, = /A f(p, vE(p) dinp

for any continuous and bounded function f. In particular,

lim / \/|VHM|§ — (v, Vuu)2dpug; = / \/|VHM|§ —(ve, Vyu)2 dug. (2-29)
A A

j—>00
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Step 2. Let (E;) jen be the sequence introduced in Step 1. Then, for a.e. s € R, we have
Vu#0 on X° and XE; =~ XE in LY(Z%, oxs) as j — oo.
In particular, for any such s and for any open set A C X° N €,
i (A) < liminf iy (A).

From Fatou’s lemma and the continuity of |Vyul,/|Vul|, on ¢, it follows that

|VHu|g /oo [Vau |g
duy = uplypeA:——=(p)>t¢|)dt
A IVulg “TET g TF Vul
o . |VHu|g
< hmmf,uE peEA:——(p) >t )dt
0 Joo [Vulg

o0 Vv
§liminff ,usE_({peA. | Hu|g( ) > })dt
j—=oo Jo / [Vu |g

.. Vyu
= liminf | L
J—=00 JA |Vu|g

Ej'

Using again Fatou’s lemma and Lemma 2.4,

\Y% \Y
//' Hu|gd Eds</hminf | Hu|gdufg_ds
A |Vulg R J>© [Vul, !
\Y
<11m1nf//| Hu|gd Y. ds
J—>0 A |Vulg Ei

zli_minf/ \/|VHu|§—(ij,VHu)§dqu.
A

J—>00

This, together with (2-29), gives

Vil /
duyds < | \JIVaul2 = (ve, Vel du.
/ /A |Vulg M A J J

Step 3. Any open set A C 2 can be approximated by a sequence (Ag)ren Of open sets such that

o0
Ac€Q AcCA, (JA=A and pup@A0=0
k=1

In particular, for each k € N, we have

hmlnfME (Ar) <limsup pug; (Ap) < we(Ar) = pe(Ag) < hmlnfME (Ak).

J*)OO

Hence, the inequalities are equalities, i.e., g (Ax) = lim wg,;(Ag). By Step 2, for any k € N,
J—>00

Vil /
dyss, JIViul2 = (e, V)2 dp.
/R//;k |Vu|g Ak & &
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By monotone convergence, letting k — oo we obtain, for any open set A C €2,

Vil f
duds < | \JIVuul2 = (ve, Va2 du.
fR/A |Vulg " F 4 J 8

By a standard approximation argument, it is enough to prove (2-28) for the characteristic function

h = xp of a Borel set B C dE. Since the measure \/|VHu|§, —(vg, VHu)z,,uE is a Radon measure on 0 E,
there exists a sequence of open sets B; such that B C B; for each j € N and

lim/ \/|VHM|§—(VE,VHM)§(1ME=/ \/|VHM|§—(VE,VHM)§dME-
B; B

j—oo

Therefore, we have

v | v |
//ﬂd%dsgn_minf/f Virtls ;s g
aJs Vul, oo Ju s, TVul,

< lim / \/|VHM|§ —(ve, Vyu)2dug
B;

j—>00

= [ 1V = v Va3 e
B
and this concludes the proof. O

In the next step, we prove an approximate coarea formula for sets E such that the boundary d E is an
H -regular surface.

Lemma 2.6. Let 2 C H" be an open set, u € C*°(2) a smooth function, E C H" an open set such that
0E NQ is an H-regular hypersurface, and p € 0 E N Q2 a point such that

Vuu(p)
IVau(p)lg

Then, for any ¢ > 0, there exists r =1 (p, €) > 0 such that B;(p) C Q2 and, for any r € (0, 1),

Vyu
(1—e>/ /|VHu|§—<vE,vHu>§duEsf/ Ll 4y, as
B, () rJB, (5 [Vulg

Viau(p) #0 and vp(p) #+

§(1+8)/ \/|VHM|§_<VE,VHM>§CZME-
B, (p)

Proof. We can, without loss of generality, assume that p = 0 and u(0) = 0. We divide the proof into
several steps.

Step 1: preliminary considerations. The horizontal vector field V2, = Vyu/|Vyu|, is well defined in a
neighbourhood 2, C H" of 0. For any s € R, the hypersurface ¥ = {p € Q : u(p) = s} is smooth in 2,
because Vyu # 0 on €2;.

There are horizontal vector fields Vi, ..., Va,—1 on €, such that Vy, ..., V,, is a g-orthonormal frame.
In particular, we have Vju =0for j =1,...,2n—1, ie,

H,* =span{Vi(p), ..., Vau1(p)} forall pe = NQ;. (2-30)
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Possibly shrinking €2, reordering {V;} ;-1 .. 2,—1, and changing the sign of V;, we can assume (see
[Vittone 2012, Lemmas 4.3 and 4.4]) that there exist a function f : Q, — R and a number § > 0 such that:

(@) f€Ch(Q)NCo(Q\IE);
(b) ENQ, ={peQ: f(p) >0}
(©) Vif=46>0 on €.
By [Vittone 2012, Remark 4.7], we also have vg = Vy f/|Vy f|, on 0E N Q.
Step 2: change of coordinates. Let S C H" be a (2n—1)-dimensional smooth submanifold such that:
(i) 0eS.
() Sc=2°NQ,. In particular, Vu is g-orthogonal to S.
(@iii) V1(0) is g-orthogonal to S at 0.

(iv) There exists a diffeomorphism H : U — H", where U C R?*~! is an open set with 0 € U, such that
HO)=0and HU) = SN ..

(v) The area element JH of H satisfies JH(0) = 1. Namely,

_ . As(H(BE)
ﬂﬂm_k%;ﬁﬁﬁﬁﬁ_

’

where BrE ={p e R?"!:|p| < r}is a Euclidean ball and Ag is the Riemannian (2n—1)-volume
measure on S induced by g.

For small enough a, b > 0, and possibly shrinking U and €2., the mapping G : (—a, a) X (—b, b) x U — H",

Vu
Vil

G(v, z, w) =exp(vVy) exp(z )(H(w))

is a diffeomorphism from 528 = (—a,a) x (—=b, b) x U onto 2.. The differential of G satisfies

a) Vu(0)

0

Moreover, the tangent space 7pS = Imd H (0) is g-orthogonal to V;(0) and Vu(0)/ |Vu(0)|§. We denote
by G, the restriction of G to (—a, a) x{z}x U, i.e., G;(v, w)=G (v, z, w). From the above considerations,
we deduce that the area elements of G and G satisfy

1
JG(O):W and JGo(0)=1.

Then, possibly shrinking €, further, we have
JG;(v, w)

(1—-e)JG(v,z,w) < Vio G, 2w, <(+&)JG,z,w) (2-31)

for all (v, z, w) € Q.
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For j =1,...,2n, we define on 625 the vector fields Vj = (dG)_1 (V). By the definition of G, we
have Vi = 3/9v. We also define i =u oG € C®(Q;), f = f0G :Q, — R, and E = G~!(E). Then:

(1) E={qeQ: f(g) >0
(2) feC®(:\IE).

(3) The derivative Vj f is defined in the sense of distributions with respect to the measure = J G 2"+,
Namely, for all ¥ € C° (58), we have

| @pwan=—[ F7vau.

Qe Q,

where Vf is the adjoint operator of Vj with respect to u. Then Vj f= (Vi f)oG and so \7j fisa
continuous function for any j =1, ..., 2n. In particular, Vi f=0d,f>8>0.

Step 3: approximate coarea formula. We follow the argument of [Vittone 2012, Propositions 4.1 and 4.5];
see also Remark 4.7 therein.

Possibly shrinking ﬁg and 2., there exists a continuous function ¢ : (—b, b) x U — (—a, a) such that:

(A) 9EN EZS is the graph of ¢. Namely, letting @ : (—b, b) x U — R>*1 ®(z, w) = (¢ (z, w), z, w),
we have

IENQ, = d((=b, b) x U).

(B) The measure g is

V7
UEL Qe = (GoCIJ)#<<|V—J}|JG> o® .,%Z"L((—b, b) x U)>, (2-32)
1
where (G o @)y denotes the push-forward and
. 2n o %
VFl= <Z(ij)2) :
j=1

Using Vju =0 and u o H = 0 (this follows from H(U) = SN Q, C £°NQ,), we obtain

i —u(G - v Vi) (Hw))) = Vi)
u(v, z, w) = u( (v,z,w))—u(eXp(v 1)6Xp<z|w|§>( (w))>—u(eXp(z|vu|§>( (w))>

=z+u(Hw)) =z.

In particular, from i = u o G, we deduce that

G (= NQ) =(—a,a) x {s} x U.

We denote by J G the Jacobian (area element) of G;. We also define the restriction &, : U — R2+1,
D, (w) = (s, w), for any s € (—b, b).

By (2-30), for any s € R, the measure u} = Mg%zy is the horizontal perimeter of £ N ¥ with respect

to the Carnot—Carathéodory structure induced by the family Vi, ..., V5,1 on £°. We can repeat the
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argument that led to (2-32) to obtain

Wi L Qe _((;<><1>)#<(|ij| >oc1>s.z2"1LU), (2-33)

1

where V' f= (Vl ..., Von_t £). We omit the details of the proof of (2-33). The proof is a line-by-line
repetition of Proposition 4.5 in [Vittone 2012] with the sole difference that now the horizontal perimeter
is defined in a curved manifold.

Let us fix ¥ > 0 such that By C €2, and, for any r € (0, r), let

As,={welU:GO,s,w)e B,} and A, ={(s,w)e(=b,b)xU:weA,,}

By the Fubini—Tonelli theorem and (2-33), the function

\Y ‘ \/ V'f
I—)/ [Viilg dWEZ/ <ﬂ06> (%JGS)MDS dg™! (2-34)
B, |Vulg Ao, \ 1 Vulg Vif

is #!-measurable. Here and hereafter, the composition - o @ acts on the product. Thus, from the
Fubini—Tonelli theorem and (2-31), we obtain

// IVHulgd s
[Vul,

f/ ('V’”"g )('Y,fl JGS>o<I>S(w)d.$2"_1(w)ds
A\ [Vulg Wf

~

IV'fl  JGy on
/(|VHu|goG)< 77 lvulgoG)ocb(s,w)d.Z (s, w)

<(1+e)/ (|VHu|goG)< \/1—(V2nf)2/|Vf|2JG>o<I>(s w)d. LY (s, w).  (2-35)

From the identity

Vznf_ Vou f G—< Vyu — Vyf > oG—< VHu
Vil Vaflg \Vaulg" |Va flgl, |Viulg

and from (2-32), we deduce that
Vyu
/f | Vi Igd sds_(1+s)/ |vHu|g\/1 (Viu/|Veulg, ve)2dug
R

=(1+e) fB 1Vl = (v Vw3 du. (2-37)

, VE> oG (2-36)
8

In a similar way, we obtain

V,
// | Hu|gd y ds>(l—8)/ \/WHMI2 (vE, Viu)gdpig.
R |Vu|g

This concludes the proof. U
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We can now prove the coarea formula for H-regular boundaries.

Proposition 2.7. Let Q@ C H" be an open set, u € C*°(R2), and let E C H" be an open domain such that
dE N is an H-regular hypersurface. Then

|VHM|g s _ > 5
/L |vu|g d Eds_L\/|VHM|8_(VE’VHu>gdl’LE- (2‘38)

Proof. Let us define the set

A= {peaEﬂQ:VHu(p);éO and vE(p);é:I:M}.

|Vuu(p)lg

The set A is relatively open in 0 E N Q2. Let ¢ > 0 be fixed. Since the measure g is locally doubling
on dE N2 (see, e.g., [Vittone 2012, Corollary 4.13]), by Lemma 2.6 and the Vitali covering theorem (see,
e.g., [Heinonen 2001, Theorem 1.6]) there exists a countable (or finite) collection of balls B, (p;), i € N,
such that:

(i) for any i € N we have p; € A and 0 < r; < 7(p;, €), where r is as in the statement of Lemma 2.6;
(ii) the balls By, (p;) are contained in A and pairwise disjoint;
(i) pwe(A\Uien Br(pi)) =0.

It follows that we have

Vyu
f/ Viritlg 7, ds<(1+8)/ VIVl = (v, Vi dp
ien Br; (pi ’ENB (Pi)

) |VM|g

=(14+¢ /A \/VHu|§ —(vE, VHM)% diLg

=(1+ / Vyul|? — ,Veu)ldug. 2-39
(1+¢) Q\/| ul2 — (v, Viu)2 dig (2-39)

The last equality follows from the fact that V4 |VHu|2 (vg, VHu) = 0 outside A. In the same way, one
also obtains

Vv
[ ol s = (1 -e) [ iR = v Vi des. @40
e B (o) [Vitlg Q

Moreover, by Proposition 2.5,

Vyu
// Virtle 415 g < f \/|VHu|§—(vE,VHu)§dpLE=O.
RJ\Uien B (p) [ Vitlg Q\Uien Br; (p1)

In particular, the integral on the left-hand side of the last inequality is O and, by (2-39) and (2-40), we

obtain

Vv
(- s)/ Va2 - vE,vHuZduE<f/' il du%dss(lJre)/ JIVul2 = (ve, V)2 dpe.
o |Vulg Q

Since ¢ > 0 is arbitrary, this concludes the proof. U
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By a standard approximation argument, we also have this extension of the coarea formula (2-38):

Proposition 2.8. Let 2 C H" be an open set, u € C*°(R2), and let E be an open domain such that 9 E N Q2
is an H-regular hypersurface. Then, for any Borel function h : 9 E — [0, 00),

|VH”|g ; f
h dul.ds = | h./|Vgul|? — (vg, Vau)2dpg.
/R/Q Vulg —F Q ¢ § $

Our next step is to prove the coarea formula for .#>"*!_rectifiable sets.

Lemma 2.9. Let R C H" be an 7" rectifiable set. Then, there exists a Borel #*"*'-rectifiable
set R" C H" such that #*"T1(RAR') = 0.

Proof. By assumption, there exist a .>"+!-negligible set N and H-regular hypersurfaces S JCH", jeN,
such that

o
RcNU(JsS;.
j=1
It is proved in [Franchi et al. 2001; Ambrosio et al. 2006] that (up to a localization argument), for
any j € N, there exist an open set U; C R?", a homeomorphism & j:U;j — S;, and a continuous function
pj: Uj — [1,00) such that ot S; = ®;u(p; L U;). Since the Lebesgue measure P s a
complete Borel measure, for any j € N there exists a Borel set 7; C U; such that

LT AP (RN S))) =0.

In particular, the Borel set

o.¢]
R'=]J ;1)
j=1

is .7?"+1_equivalent to R. O

Proof of Theorem 1.5. Step 1. We prove (1-8) when R is an H -regular hypersurface. Then, R is locally the
boundary of an open set E C H" with H-regular boundary. Moreover, we have (locally) g =.7"*! L R
and vg = vg, up to the sign.

We define the measures u =, for any s such that Vu # 0 on X, The measurability of the function
in (1-7) follows from the argument (2-34). Formula (1-8) follows from Proposition 2.8.

Step 2. We prove (1-8) when R is an .#?"*!-rectifiable Borel set. There exist an .#>"*!-negligible set N
and H-regular hypersurfaces S; C H", j € N, such that

oo
RcNU(JsS;.
j=1

Each §; is (locally) the boundary of an open set E; with H-regular boundary. We denote by M%,- the
perimeter measure on d E; N X* induced by E;. l
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We define the pairwise disjoint Borel sets R; = (RN S;) \ U;l;i S, and we let

o0
s .
R_E:E'—R]'

The definition is well posed for any s such that Vu # 0 on £*. We have vg = *vg;, 2+ ae. on R;
and the sign of vg does not affect (1-8). From Step 1, for each j € N the function

is .#!-measurable; here, we were allowed to utilize Step 1 because x R; 1s Borel regular. Thus also the

V, Vv
SI—)/ | H”|gd S Z/ | Hu|g E-
Q |Vu|g |Vu|g /

is measurable. Moreover, we have

// L Vel Rds:i// IVHulgd L ds
rRJo [Vulg IR IR |Vul,
o0
:Zf h\/|vHu|§—(uR,vHu>§dy2"+l
j=17"ki

= | h,/|Vqu|? = (vg, Vgu)2 d.s*" T,
/I; \/ 8 8

function

Step 3. Finally, if R is 72+ _rectifiable but not Borel, we set Wy = W, where R’ is a Borel set as in
Lemma 2.9. Again, this definition is well posed for a.e. s € R. This concludes the proof. (I

2C. Proof of Theorem 1.6. In this subsection we assume n > 2.

Lemma 2.10. Forn > 2, let 2 C H" be an open set, u € C°°(2) a smooth function, R C Q an L
rectifiable set. Then
S ({p € R: Vyu(p) =0 and Vu(p) #0}) =

Proof. It is enough to prove the lemma when R is an H-regular hypersurface. Let
={p € R:Vyu(p)=0 and Vu(p) # 0}.

We claim that .7?"T1(4) =0
Let p € A be a fixed point and let vg(p) be the horizontal normal to R at p. Since n > 2, we have

dim{V(p) e H, : (V(p), vg(p))g =0} =2n—1>n+1.
Thus there exist left-invariant horizontal vector fields V and W such that

(V(p), ve(p))g = (W(p), vr(p))g =0 and [V, W]=
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From Vyu(p) =0 and Vu(p) # 0, we deduce that Tu(p) # 0. It follows that
VWu(p) —WVu(p) =Tu(p) #0

and, in particular, we have either VWu(p) # 0 or WV u(p) # 0. Without loss of generality, we assume
that VWu(p) #0. Then the set S ={q € 2: Wu(q) =0} is an H -regular hypersurface near the point p € S.
Since we have

VWu(p)

(V(p), vr(p))g =0 and (V(P),vs(p»g:m#o’
g

we deduce that vg(p) and vg(p) are linearly independent. Then there exists r > 0 such that the set
RN SN B (p)is a 2-codimensional H-regular surface (see [Franchi et al. 2007]). Therefore, by
[Franchi et al. 2007, Corollary 4.4], the Hausdorff dimension in the Carnot—Carathéodory metric of
ANB.(p) C RNSN B,(p) is not greater than 2xn. This is enough to conclude. O

Remark 2.11. Lemma 2.10 is not valid if n = 1. Consider the smooth surface R = {(x, y, t) € H:x = 0}
and the function u(x, y, ) =t — 2xy. We have
Vu=—-4xY+T and Vyu= —4xY.
Then we have
{peR:Vyu(p)=0 and Vu(p) #0} =R
and .73(R) = oo.

If n >2 and , u, and R are as in Lemma 2.10, then the function

[Vulg/1 — (e, Viru/|Viule)?

is defined .*"*1-a.e. on R. We agree that its value is O when |Vu|, = 0. Notice that, in this case,
Vuu/|Vyu|g is not defined.

Proof of Theorem 1.6. Let ¢ > 0 be fixed. Then (1-9) can be obtained by plugging the function

(IVulg /(e +|Vhulg)) h into (1-8), letting € — 0 and using the monotone convergence theorem. O

3. Height estimate

In this section, we prove Theorem 1.3. We discuss first a relative isoperimetric inequality on slices. Then
we list some elementary properties of excess, and finally we proceed with the proof.
We assume throughout this section that n > 2.

3A. Relative isoperimetric inequalities. For each s € R, we define the level sets of the height function,
HY ={p e H" : 4(p) = s}.

Let H* be the g-orthogonal projection of H onto the tangent space of HY. Since the vector field X is
orthogonal to H?, while the vector fields X», ..., X,, Y1, ..., Y, are tangent to HY, at any point p € HY
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we have
H, =span{X2(p), ..., Xn(p), Y] (p), Ya(p), ..., Yu(p)},

where X», Y5, ..., X,,, Y, are as in (1-2) and

The natural volume in HY is the Lebesgue measure . For any measurable set F C H" and any open
set 2 C HY, we define

W (Q) = sup{/ divi 9 d. 2% g € CL( HY), ol < 1},
F

where divz =X+ -+ Xp0p + Y] Ony1 + -+ Yo, If £ (2) < 00 then p; is a Radon measure
in Q.

By Theorem 1.6, for any Borel function 4 : H" — [0, co) and any set E with locally finite H -perimeter
in H", we have the coarea formula

// hd,LL%,dS:/ h,/l—(UE,Xl)z,dpLE, (3-41)
R :’l 1

where E* = E NHY is the section of E with HY. Notice that V4 = X;.

In the proof of Theorem 1.3, we need a relative isoperimetric inequality in each slice HY for s € (=1, 1).
These slices are cosets of W = Hfj and the isoperimetric inequalities in H can be reduced to an
isoperimetric inequality in the central slice W = HJj relative to a family of varying domains.

For any s € (—1, 1), let Q; C W be the set Q23 = (—se) * Dy * (sep). This is the left translation by
—seq of the section C; NHY. See p. 1423 in the introduction for the definition of D and C;. With the
coordinates (y1,z,1) € W =R x C" ! x R, we have

Qs = {1, 2, 1) e W: (yf + 121D+ (¢ — dsy1)? < 1).

The sets 2, C W are open and convex in the standard sense. The boundary 0€2; is a (2n—1)-dimensional
C*° embedded surface with the following property: There are 4n open convex sets Uy, ..., Uy, CW
such that 025 C Ufi 1 Ui and, for each i, the portion of the boundary d$2; N U; is a graph of the form
pi=f(p)withj=2,....2n+1and p; = (p2,..., Pj—1, Pj+1s---» Pan+1) € Vi, where V; C R*"~!
is an open convex set and f;’ € C*°(V;) is a function such that

IV () =V @)l = Kipj—q;| forall pj.g; €V, (3-42)

where K > 0 is a constant independent of i =1, ..., 4n and independent of s € (—1, 1). In other words,
the boundary 9<; is of class C!-! uniformly in s € (—1, 1).

By Theorem 3.2 in [Monti and Morbidelli 2005], the domain 2, C W is a nontangentially accessible
(NTA) domain in the metric space (W, dcc), where dcc is the Carnot—Carathéodory metric induced by
the horizontal distribution H [(,) . In particular, €2 is a (weak) John domain in the sense of [Hajtasz and
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Koskela 2000]. Namely, there exist a point pg € €25, €.g., po = 0, and a constant C; > 0 such that, for
any point p € €2, there exists a continuous curve y : [0, 1] — €, such that y (1) = pg, ¥(0) = p, and

dcc(y (0), 982) = Cydec(y (o), p), o €[0,1]. (3-43)

By Theorem 3.2 in [Monti and Morbidelli 2005], the John constant C; depends only on the constant
K > 0 in (3-42). This claim is not stated explicitly in Theorem 3.2 of [Monti and Morbidelli 2005] but it
is evident from the proof. In particular, the John constant C; is independent of s € (—1, 1). Then, by
Theorem 1.22 in [Garofalo and Nhieu 1996], we have the following result:

Theorem 3.1. Let n > 2. There exists a constant C(n) > 0 such that, for any s € (—1, 1) and any
measurable set F C W,

diamcc(Qs)
on(Qs)l/(2n+l)

An alternative proof of Theorem 3.1 can be obtained using the Sobolev—Poincaré inequalities proved

min{ 2" (F N Q,), £ (2, \ )P ) < C(n) 1 (). (3-44)

in [Hajtasz and Koskela 2000] in the general setting of metric spaces.
The diameter diamcc($2,) is bounded for s € (—1, 1) and £ (Q,) > 0 is a constant independent of s.
Then we obtain the following version of (3-44):

Corollary 3.2. Letn > 2. For any t € (0, 1) there exists a constant C(n, T) > 0 such that, for s € (—1, 1)
and any measurable set F C W satisfying

LY NQ) = TLM(Q),
we have
19 (Q4) = C(n, 1)L (F N Q)2 Cn D),

3B. Elementary properties of the excess. We list here, without proof, the most basic properties of the
cylindrical excess introduced in Definition 1.2. Their proofs are easy adaptations of those for the classical
excess; see, e.g., [Maggi 2012, Chapter 22]. Note that, except for property (3), they hold also in the
case n = 1.

(1) Forall 0 < r < s, we have
s 2n+1
Exc(E,r,v) < (—) Exc(E, s, v). (3-45)
r

(2) If (E;)jen is a sequence of sets with locally finite H-perimeter such that £; — E as j — 00 in
L] (H"), then we have, for any r > 0,

Exc(E, r,v) <liminf Exc(E}, r, v). (3-46)
j—0oo
(3) Letn > 2. If E C H" is a set such that Exc(E, r, v) =0 and O € 3*E, then
ENC,={peC,:4(p) <0}. (3-47)

In particular, we have vg = v in C, NJE. See also [Monti 2014, Proposition 3.6].
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(4) For any A > 0 and r > 0, we have
Exc(AE, Ar,v) = Exc(E, r,v), (3-48)
where AE = {(Az, A*t) e H" : (z,1) € E}.

3C. Proof of Theorem 1.3. The following result is a first, suboptimal version of Theorem 1.3.

Lemma 3.3. Let n > 2. Forany s € (0,1), A € [0, 00), and r € (0, o] with Ar < 1, there exists a
constant w(n, s, A, r) > 0 such that, if E C H" is a (A, r)-minimizer of H-perimeter in the cylinder C,,
0e€dE, and Exc(E,2,v) <w(n,s, A, r), then
6(p)l <s forany pedENCy,
L ((pe ENCy:4(p) > 5}) =0,
2 ({peCi\E:4(p) < —s}) =0.

Proof. By contradiction, assume that there exist s € (0, 1) and a sequence of sets (E;) en that are
(A, r)-minimizers in C, and such that

lim Exc(E;,2,v) =0

j—o00

and at least one of the following facts holds:

there exists p € dE; NCy such that s < [4(p)| <1, (3-49)
2" ({pe EjNCi:4(p) > s}) >0, (3-50)
or £ ({peCi\E;j:4(p) < —s}) > 0. (3-51)

By Theorem A.3 in Appendix A, there exists a measurable set ' C Cs;3 such that F is a (A, r)-minimizer
in Cs/3,0 € F, and (possibly up to subsequences) E; N Cs;3 — F in LI(C5/3). By (3-46) and (3-45),
we obtain

Exc(F, 3,v) <liminfExc(E;, §,v) < (3)

3 j—o00

lim Exc(Ej,2,v) =0.

j—o00
Since 0 € 0 F, by (3-47) the set FNCy3 is (equivalent to) a halfspace with horizontal inner normal v = — X,
namely,

FNCy3={peCy;3:4(p) <0}

Assume that (3-49) holds for infinitely many j. Then, up to a subsequence, there are points (p;)jen
and pg such that

p, €IE;NCy, [6(pj)l€(s,1] and p;— po€dFNC.

We used again Theorem A.3 in Appendix A. This is a contradiction because d F NC; ={ pE C :4(p)=0}.
Here, we used n > 2. Therefore, there exists jy € N such that

{pedE;NCr:s<p(pl<ly=o forall j=> jy
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and hence
me; (Ci\{p e H" : |6(p)| <s}) =0.

This implies that, for j > jo, xg; 1s constant on the two connected components C; N {p : £(p) > s}
and Cy N{p : 4(p) < —s}. Since the sequence (E;);cn converges in L'(C)) to the halfspace F, for
any j > jo we have

xe;, =0 L ae. on CiN{p:4(p) > s},
and  xg, =1 2*ae on CiN{p:4(p) <—s}

This contradicts both (3-50) and (3-51) and concludes the proof. U
Let 7 : H" — W be the group projection defined, for any p € H", by the formula
p =m(p)*(h(p)er).
For any set E C H" and s € R, we let E° = ENHY and we define the projection
Es=n(E’)={weW:w=x*(se) € E}.

Lemma 3.4. Letn > 2, let E CH" be a set with locally finite H-perimeter and 0 € 0E, and let so € (0, 1)
be such that

l6(p)| <so forany pedENCy, (3-52)
2 ((pe ENCy:4(p) > 50}) =0, (3-53)
an—H({pEC]\E:g(p)<—SO}):(). (3-54)

Then, for a.e. s € (—1, 1) and any continuous function ¢ € C.(Dy), we have, with M = 3*E N C| and
Mg =MnN{4 > s},

/ pd L™ = —/ por (vg, X1)gd. s (3-55)
E,ND; M
In particular, for any Borel set G C D1, we have
L¥(G) = - / (vE, X1)gd.7*", (3-56)
Mnr—1(G)
L7G) < T M na~H(G)). (3-57)

Proof. It is enough to prove (3-55). Indeed, taking s < —sg in (3-55) and recalling (3-52) and (3-54), we
obtain

/ god.,zﬂ":—f pom (vg, X1)gd. s, (3-58)
D, M

Formula (3-56) follows from (3-58) by considering smooth approximations of xs. Formula (3-57) is
immediate from (3-56) and [(vg, X1),| < L.
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We prove (3-55) for a.e. s € (—1, 1), namely, for those s satisfying the property (3-61) below. Up to
an approximation argument, we may assume that ¢ € Ccl(Dl). Letr € (0,1) and o € (max{sg, s}, 1) be
fixed. We define

F=EN(D,*(s,0))=EN{wx*(oe)) eH":we D,, o €(s,0)}.
We claim that, for a.e. r € (0, 1) and any s satisfying (3-61), we have
(Wr, X1)gitr = (g, X1)g 7" TN L' EN (D, % (5,0)) + £ LEND?. (3-59)

Above, we let D} = {w* (se;) € H" : w € D,}. We postpone the proof of (3-59). Let Z be a horizontal
vector field of the form Z = (¢ o) X;. We have div, Z = 0 because X (¢ o) = 0. Hence, we obtain

0:/ div, Zdg**! :-f pom (vr, X1)gdir,
F w

i.e., by the Fubini—Tonelli theorem and (3-59),

—/ ¢d$2"=—/ goond$2”=/ pom (vg, X1)gd. s
E;ND, END: *EN(D;*(s,0))

Formula (3-55) follows on letting first # /' 1 and then o 7 1.
We are left with the proof of (3-59). Let ¢ € CC1 (H™) be a test function. For any w € W, we let

Ey={oeR:wx(oe)) € E}, Yyu(0) =¥ (w*(0er)).

Then we have ¥, € C 61 (R) and, by the Fubini—Tonelli theorem,
o
- / X1y dg?t = - / / XE(w* (0e)) X 19 (w  (0e1)) do d-£" (w)
F D,
SO’
— [ [ xeovi@dedz w)
D, Js

B /D U VwdDxe, = V@) xe, (07) +Vu$)XE, (s+)] dL™(w), (3-60)

where Dy, is the derivative of xg, in the sense of distributions and xg, (6 7), xg, (s1) are the classical
trace values of xg, at the endpoints of the interval (s, o). We used the fact that the function xg, is of
bounded variation for #?*-a.e. w € W, which in turn is a consequence of the fact that X g is a signed
Radon measure. For any such w, the trace of xg, satisfies

XE,(5T) = Xk, (s) = xe(w* (se)) forae. s,
so that, by Fubini’s theorem, for a.e. s € R we have
XE, (5T) = xp(w*(se)) for £ -ae. we Dy. (3-61)
With a similar argument, using (3-53) and the fact that o > s, one can see that

xE,(07) = xp(wx(0e) =0 for £*"-ae. we Dy. (3-62)
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We refer the reader to [Ambrosio et al. 2000] for an extensive account on BV functions and traces. By
(3-60), (3-61) and (3-62), we obtain

— / X1y dg*t = / YwdDxg, AL (W) + | Yu(s)xe, (s) dL* (w)
F D, Js D,

:/ ¢<VE,X1)ngE+/ v dsH
D, x(s,o0)

ENDS

2/ lﬁ(VE,Xl)gdﬁ”Z"H—i-/ W d.L",
*EN(D,(s5,0)) END}

and (3-59) follows. O

Corollary 3.5. Under the same assumptions and notation as Lemma 3.4, for a.e. s € (—1, 1), we have

0<.7""\(M,) — " (E;N D) <Exc(E, 1, v). (3-63)
Moreover,

S (MY — (D)) = Exc(E, 1, v). (3-64)

Proof. On approximating xp, with functions ¢ € C.(D1), by (3-55) we get
L¥(E;NDy) = — / (vE, X1)gd.7*",
My

and the first inequality in (3-63) follows. The second inequality follows from

S (M) = £ (Eg N Dy) = / (14 (v, X1)g) d.7™m!
M;

2
=/ |‘)E;”|g 4.2

<Exc(E, 1,v). (3-65)

Notice that v = —X. Finally, (3-64) follows on choosing a suitable s < —sg and recalling (3-52)
and (3-54). In this case, the inequality in (3-65) becomes an equality and the proof is concluded. (I

Proof of Theorem 1.3. Step 1. Up to replacing E with the rescaled set AE = {(Az, At)yeH": (z,t) € E}
with A =1/ 2k%r and recalling (3-48), we can without loss of generality assume that E is a (A’, 1/ (2k?%))-
minimizer of H-perimeter in C, with

/

YE) <1, 0€dE, Exc(E,2,v)<¢gy(n). (3-66)
Our goal is to find g9(n) and c;(n) > 0 such that, if (3-66) holds, then
sup{[4(p)| : p € 0E N Cy yp2} < c1(n) Exc(E, 2, v)!/CCH+D), (3-67)
We require
eo(n) < w(n, T #) (3-68)
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where w is as given by Lemma 3.3. Two further assumptions on go(n) will be made later, in (3-80)
and (3-85). By (3-66), E is a (2k%, 1/(2k?))-minimizer in C,. Letting M = d E N Cy, by Lemma 3.3 and

(3-68) we have

1
l6(p)| < v forany p e M,

1
.,%2"+‘<{peEmcl SB(p) > E}) =0,

1
gt <{p e CI\E:4(p) < _E})
By (3-64) and (3-45), we get

0.

0 <. 72"\ (M) — > (D)) <Exc(E, 1,v) < 2> Exc(E, 2, v).
Corollary 3.5 implies that, for a.e. s € (—1, 1),
0 <. t\(M,) — £*(E; N D) <Exc(E, 1,v) <21 Exc(E, 2, v),
where, as before, My = M N {4 > s}.
Step 2. Consider f : (—1, 1) — [0, > (M)] defined by
f(s) =72 (My), se(—=1,1).

The function f is nonincreasing, right-continuous and, by (3-69), it satisfies

1
f(s) :yzn+1(M) for any s € (—1, _@]’

f(s)=0 for any s € (%,l].
In particular, there exists sg € (—1/(4k), 1/(4k)) such that
f(s) > %YZ"H(M) for any s < s0,
f(s) < %5”2”+1(M) for any s > so.
Let 51 € (s9, 1/(4k)) be such that
f(5) = VExe(E, 2,v) for any s <1,
f(s) =72 (M,) < VExc(E,2,v) forany s> si.
We claim that there exists ¢;(n) > 0 such that

£(p) <51+ c2(n) Bxc(E, 2,0) /D) forany p € dENCy 0.

The inequality (3-76) is trivial for any p € dE N Cy 2 with £(p) < s1. If p € IE N Cy )32

that 4(p) > s1, then
By(p)—s,(p) C Bijok(p) C Bijx C Cy.

(3-69)

(3-70)

(3-71)

(3-72)

(3-73)

(3-74)

(3-75)

(3-76)

is such
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We used the fact that || pl|x < 1/(2k) whenever p € Cyy2; see (1-3). Therefore,

By(py—s; (p) CC1N {5 > 51}
and, by the density estimate (A-91) of Theorem A.1 in Appendix A,
k3(m)(B(p) —s1)*" T < g (By(py—sy (P)) < e(CLO {8 > 51}) = S TH(M,,) = f(s1) < VExc(E, 2, v).

This proves (3-76).

Step 3. We claim that there exists c¢3(n) > 0 such that
51— o < c3(n) Exc(E, 2, v)!/G@mT1), (3-77)

By the coarea formula (3-41) with h = x¢,, D} ={p € C1 : 4(p) = s}, and E° = {p € E : 4(p) = s}, we
have

1
| [ dusas= [ 1=t x0zdne <V2 [ VT X a0,
—1Jps Ci M

By Holder’s inequality, (A-91), (3-56), and (3-72), we deduce that

! !
/ f du;sdswzﬂnﬂ(m( / (1+<vE,X1>g)dy2"“)
—1 y M
< () (LMY — 22 (D)2
<cs5(n)vExc(E, 2, v). (3-78)

By Corollary 3.5 and (3-72), we obtain, for a.e. s € [sg, 1),

L(E;NDy) =7 (M) = [(5) < f(s0) < 3771 (M)
= %(gzn(Dl) + 22+ Exc(E, 2, v))
< 3.2(Dy). (3-79)

The last inequality holds provided that
22"Heg(n) < 327 (D). (3-80)
Let Qg = (—sey) * D] = (—sey) * Dy * (sey) and Fy = (—sey) * E*. We have

L(Qy) = LP(DY) = £L*(Dy) (3-81)
and, by (3-79),

LM(F,NQy) = 2*(E° N DY) = £*(E,N D)) < 3.27(Dy). (3-82)
Moreover, by left invariance we have

s (DY) = p (). (3-83)
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By (3-81)—(3-83) and Corollary 3.2, there exists a constant k(n) > 0 independent of s € (—1, 1) such
that

s (DY) = W, () = k(n)- L (Fy N Q)0 = k()2 (E° 0 D>/ D, (3-84)

This, together with (3-78), gives

S1
c¢(n)v/Exc(E,2,v) > / an(Esti)zn/(znﬂ)ds
N

0
3-73) 51
( > ) (y2n+1(MS) _ 227l+1 EXC(E, 2’ v))2n/(21’l+1) ds

S0

(3-75) % 21 2n/(2n+1)
> (\/EXC(E, 2,v)—2 Exc(E, 2, v)) ds

S0

51
> %/ Exc(E, 2, v)"/ @D g,

= ;
In the last inequality, we require that gq(n) satisfies
Vz=2"z> 1z forall z €0, g(n)]. (3-85)

It follows that

co(n)y/Exc(E, 2,v) = S Exc(E, 2, v)"/ "D (s —50),
giving (3-77).

Step 4. Recalling (3-76) and (3-77), we proved that there exist 9(n) and cg(n) such that the following
holds: if E is a (2k?, 1 / (2k?))-minimizer of H -perimeter in C; such that

0€dE, Exc(E,2,v)<egyn)
and 5o = so(FE) satisfies (3-74), then
£(p) — 50 < c7(n) Bxc(E, 2, 1)/ D) forany p € JENC) ye. (3-86)
Let us introduce the mapping W : H* — H"
WX, X2 ooy Xn, Vio ooy Yo 8) = (—=X1, —=X2, ..., —=Xny Y15 - ooy Yn, —1) .

Then we have U1 = W, W(C2) = Ca, (X, vu(r))g = —(Xj, VF)go W, (Y}, vu(r))g = (Y}, VF)go W, and
ww(r) = Vs r, for any set F with locally finite H -perimeter; here, W4 denotes the standard push-forward
of measures. Therefore, the set E = W(H"\ E) satisfies the following properties:

(i) E is a (2k%, 1/(2k?))-minimizer of H-perimeter in C»;
(i) 0 € 9E and

~ 1
Exc(E,2,v) = 2—Q/ g - v|§ d.7*" T = Exc(E, 2,v) < eo(n);
I*ENCy
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(iii) setting M = 9*E N C; = (M) and f(s) = .72t (M N {£ > s}), we have
fs) = L7 (M) = Lo\ (M)  for any s < —s0,
fs) < %yZ”H(M) for any s > —s.

Formula (3-86) for the set E gives
(p) + 50 < c7(n) Exc(E, 2, v)/CC D) forany p € 9ENC pa.
5 y 1/2k

Notice that we have p € dE if and only if W(p) € dE and, moreover, 4(¥(p)) = —4(p). Hence, we
have
—4(p) + o < c7(n) Exc(E, 2, p) /@R forany p e dEN Ci - (3-87)

By (3-86) and (3-87), we obtain

1£(p) — sol < ¢7(n) Exc(E, 2, v)!/@ D) forany p e IENCy pe, (3-88)
and, in particular,
Isol < ¢7(n) Exc(E, 2, n)!/CHD), (3-89)
because 0 € E N Cyy2. Inequalities (3-88) and (3-89) give (3-67). This completes the proof. ]
Appendix A

We list some basic properties of A-minimizers of H-perimeter in H". The proofs are straightforward
adaptations of the proofs for A-minimizers of perimeter in R".

Theorem A.1 (density estimates). There exist positive constants ki (n), ko (n), kz(n) and ka(n) with the
following property: if E is a (A, r)-minimizer of H-perimeter in Q C H", p € 0ENQ, B,(p) C
and s < r, then

gln—l—l E N B,
b = LB OB ), (A-90)
kan) < LEZPD . (A-91)
S

For a proof, see [Maggi 2012, Theorem 21.11]. By standard arguments, Theorem A.1 implies the
following corollary:

Corollary A.2. If E is a (A, r)-minimizer of H-perimeter in Q C H", then
SHMHBEN\E)NQ) =0.

Theorem A.3. Let (E;) jen be a sequence of (A, r)-minimizers of H-perimeter in an open set 2 C H",
Ar < 1. Then there exists a (A, r)-minimizer E of H-perimeter in 2 and a subsequence (Ej, )ren such
that

Ejk — F in Llloc(Q) and UEjkM“Ejk s VEME
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as k — 00. Moreover, the measure-theoretic boundaries 0 E j, converge to 9 E in the sense of Kuratowski,

ie.,
() if pj, €E;NQand pj, — p € Q, then p € IE;
(i) if p € dE N, then there exists a sequence (pj, )keN such that pj € 0E; NQ and p;, — p.

For a proof in the case of the perimeter in R", see [Maggi 2012, Chapter 21].

Appendix B

We define a Borel unit normal vy to an .#%"*!-rectifiable set R C H" and we show that the definition is
well posed .#?"*1-a.e., up to the sign. The normal vg to an H-regular hypersurface S C H" is defined
in (1-6).

Definition B.1. Let R C H” be an .#2"t! rectifiable set such that
ot (R\ U S,) =0 (B-92)
jeN

for a sequence of H-regular hypersurfaces (S;)jen in H". For any p € RN,y S), we define

jeN
vr(p) = vs; (p),
where j is the unique integer such that p € S;\ j<jSj-

We show that Definition B.1 is well posed, up to a sign, for .#*"*!-a.e. p. Namely, let (SJ].) jeN
and (SJZ.) jeN be two sequences of H-regular hypersurfaces in H" for which (B-92) holds and denote by
vk and v3, respectively, the associated normals to R according to Definition B.1. We show that v} = v%
2+ ae. on R, up to the sign.

Let A C R be the set of points such that either v 1le (p) is not defined, or 1)12a (p) is not defined, or they
are both defined and vlle (p) £ iv,ze (p). It is enough to show that . n+1(A) =0. Thisis a consequence

of the following lemma:

Lemma B.2. Let S1, S, be two H-regular hypersurfaces in H* and let

A={peSiNS :vs(p) #=xvs,(p)}.

Then, the Hausdorff dimension of A in the Carnot—Carathéodory metric is at most 2n, dimcc(A) < 2n,
and, in particular, #*"*1(A) = 0.

Proof. The blow-up of S;, i =1, 2, at a point p € A is a vertical hyperplane IT; x R C R** x R=H" —
see, e.g., [Franchi et al. 2001] — where:

(i) By blow-up of S; at p, we mean the limit
lim A(p~' %))
A—o00

in the Gromov—Hausdorff sense. Recall that, for E C H", we define LE = {(Az, A%t) e H" : (z, 1) € E}).
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(ii) Fori =1, 2, IT; C R*" is the normal hyperplane to vg,(p) € H, = R2".

It follows that the blow-up of A at p is contained in the blow-up of §; N $; at p, i.e., in (IT; N I1,) x R.
Since vg, (p) # £vs,(p), [11 N1, is a (2n—2)-dimensional plane in R?", and we conclude thanks to the
following lemma. O

Lemma B.3. Let k =0,1,...,2n and A C H" be such that, for any p € A, the blow-up of A at p is
contained in I1, x R for some plane I1, C R?" of dimension k. Then we have dimcc(A) < k + 2.

Proof. We claim that, for any n > 0, we have
SN (A) = 0. (B-93)

Lete € (O, %) be such that Ce" < %, where C = C(n) is a constant that will be fixed later in the proof.
By the definition of blow-up, for any p € A there exists r, > 0 such that, for all » € (0, r,), we have

(p~'*AHNU, C(Mper xR,
where (I1,)., denotes the (¢r)-neighbourhood of I1, in R?". For any j € N, set

Aj ={p€AﬂB‘/‘ rp > 1/j}.
To prove (B-93), it is enough to prove that

yk+2+”(Aj) =0
for any fixed j > 1. This, in turn, will follow if we show that, for any fixed § € (0, 1/(2j)), one has
inf{zri"“*" A | JUnpi.ri < 285} < %inf{zri"“*” A c | U, (pi).ri < 5}. (B-94)
ieN ieN ieN ieN

Let (U, (pi))ien be a covering of A; with balls of radius smaller than §. There exist points p; € A; such

that (Up,, (pi))ien is a covering of A; with balls of radius smaller than 2§ < 1/;. By definition of A ;, we
have

(ﬁl—l * AN Uz, C((I5)er, x RYNUs,,.

The set ((IT3,)er, X R) N Uy, can be covered by a family of balls (U, (p;,))heH; of radius er; < 2&8 in
such a way that the cardinality of H; is bounded by Ce %2, where the constant C depends only on n
and not on ¢. In particular, the family of balls (U, (p; * P;z))ieN,heH; is a covering of A; and

> @adius Uy, (i # pp) 2 =303 " (er) T < Ca T2 C(ery) AT

ieN heH; ieN heH; ieN
Z k+2 IZ k+2
2 1
ieN i

This proves (B-94) and concludes the proof. U
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IMPROVEMENT OF THE ENERGY METHOD
FOR STRONGLY NONRESONANT DISPERSIVE EQUATIONS
AND APPLICATIONS

Luc MOLINET AND STEPHANE VENTO

We propose a new approach to prove the local well-posedness of the Cauchy problem associated with
strongly nonresonant dispersive equations. As an example, we obtain unconditional well-posedness of
the Cauchy problem in the energy space for a large class of one-dimensional dispersive equations with
a dispersion that is greater than the one of the Benjamin—Ono equation. At the level of dispersion of
the Benjamin—Ono, we also prove the well-posedness in the energy space but without unconditional
uniqueness. Since we do not use a gauge transform, this enables us in all cases to prove strong convergence
results in the energy space for solutions of viscous versions of these equations towards the purely dispersive
solutions. Finally, it is worth noting that our method of proof works on the torus as well as on the real line.

1. Introduction

The Cauchy problem associated with dispersive equations with derivative nonlinearity has been extensively
studied since the eighties. The first results were obtained by using energy methods that did not make use
of the dispersive effects (see for instance [Kato 1983; Abdelouhab et al. 1989]). These methods were
restricted to regular initial data (s > d/2, where d > 1 is the spatial dimension) and only ensured the
continuity of the solution map. At the end of the eighties, Kenig, Ponce and Vega proved new dispersive
estimates that enable them to lower the regularity requirement on the initial data (see for instance [Kenig
et al. 1991; 1993; Ponce 1991]). They even obtained local well-posedness (LWP) for a large class of
dispersive equations by a fixed point argument in a suitable Banach space related to linear dispersive
estimates. Then, Bourgain [1993a; 1993b] introduced the now so-called Bourgain spaces, where one can
solve by a fixed point argument a wide class of dispersive equations with very rough initial data. It is
worth noting that, since the nonlinearity of these equations is in general algebraic, the fixed point argument
ensures the real analyticity of the solution map. Molinet, Saut and Tzvetkov [Molinet et al. 2001] noticed
that a large class of “weakly” dispersive equations, including in particular the Benjamin—Ono equation,
cannot be solved by a fixed point argument for initial data in any Sobolev spaces H*. This obstruction is
due to bad interactions between high frequencies and very low frequencies. Since then, roughly speaking,
two approaches have been developed to lower the regularity requirement for such equations. The first one
is the so-called gauge method. This consists in introducing a nonlinear gauge transform of the solution
that solved an equation with fewer bad interactions than the original one. This method proved to be very

MSC2010: 35E15,35Q53, 35A02.
Keywords: Benjamin—Ono equation, intermediate long wave equation, dispersion generalized Benjamin—Ono equation,
well-posedness, unconditional uniqueness.
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efficient for obtaining the lowest regularity index for solving canonical equations (see [Tao 2004; Ionescu
and Kenig 2007; Burq and Planchon 2008; Molinet and Pilod 2012] for the BO equation and [Herr et al.
2010] for the dispersive generalized BO equation) but has the disadvantage of behaving very badly with
respect to perturbation of the equation. The second one consists in improving the dispersive estimates
by localizing it in space-frequency-depending time intervals and then mixing it with classical energy
estimates. This type of method was first introduced by Koch and Tzvetkov [2003] (see also [Kenig and
Koenig 2003] for some improvements) in the framework of Strichartz’s spaces and then by Koch and
Tataru [2007] (see also [Ionescu et al. 2008]) in the framework of Bourgain’s spaces. It is less efficient for
getting the best regularity index but it is surely more flexible with respect to perturbation of the equation.

In this paper we propose a new approach to derive local and global well-posedness results for dispersive
equations that do not exhibit too-strong resonances. This approach combines classical energy estimates
with Bourgain-type estimates on a time interval that does not depend on the space frequency. Here, we
will apply this method to prove unconditional local well-posedness results on both R and T = R/277Z
without the use of a gauge transform for a large class of one-dimensional quadratic dispersive equations
with a dispersion between those of the Benjamin—Ono equation and the KdV equation. This class contains,
in particular, the equations with pure power dispersion that read

Ur 4+ 0xDSu+uuy =0 (1-1)
with o € [1, 2].
The principle of the method is particularly simple in the regular case s > % We start with the classical

t
//axPN(uz)PNu
0JR

obtained by projecting the equation on frequencies of order N and taking the inner product with Jju.

space-frequency-localized energy estimate

| PN Zeoprs S I PNUoliFys + sup (N)* : (1-2)

t€]0,T|

Note that the second term in the right-hand side of (1-2) is easily controlled (after summing in N) by
|lu ”ic%o g fors > % This is the main point in the standard energy method that leads to LWP in HS, s > %
In order to take into account the dispersive effects of the equation, we will decompose the three factors in
the integral term into dyadic pieces for the modulation variables and use the Bourgain spaces X* bina
nonconventional way. Actually, it is known that standard bilinear estimates in X* b -spaces with b = %+
fail for (1-1) for any s € R as soon as @ < 2. On the other hand, as noticed in [Zhou 1997], it is easy to
deduce from the equation that a solution u € L°°(0, T'; H®) to (1-3) has to belong to the space X ;_1’1.
This means that, if we accept the loss of a few spatial derivatives on the solution, then we may gain some
regularity in the modulation variable. This is particularly profitable when the equation enjoys a strong
nonresonance relation such as (2-6). Actually, this formally allows us to estimate the second term in (1-2)
at the desired level. However, this term involves a multiplication by 1ljo ;[ and it is well known that such
multiplication is not bounded in X*~1!. To overcome this difficulty we decompose this function into two
parts: a high-frequency part that will be very small in LlT and a low-frequency part that will have good
properties with respect to multiplication with high-modulation functions in X*~!-1. This decomposition
will depend on the space-frequency-localization of the three functions that appear in the trilinear term.
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1A. Presentation of the results. In this paper we consider the dispersive equation

g+ Loy1t + 30x(u?) =0 (1-3)

associated with the initial condition
u(0,-) = uyg, (1-4)
where x e Ror T, u = u(¢, x) and up = ug(x) are real-valued functions, & > 0 is a real number and the

linear operator Ly satisfies the following hypothesis:

Hypothesis 1. Ly 41 is the Fourier multiplier operator by ipy+1, where pg+1 is a real-valued odd
Sfunction satisfying, for some Lo > 0,

(1) Forany || > 1and 0 < A < Ao,

A pap1 A1) < [T (1-5)
(2) Forany (£1, &) € R? with |§1] > 1 and any 0 < A < Ao,
AFNQAT EL AT 8| ~ [ min 6 [Fiaxs (1-6)

where
Q(61.52) := pa+1(51 +&2) — pa+1(61) — pa+1(52),

|§ min := min(|&1], |§2]. 161 + &21)
and  |§|max := max(|§1]. €21, [€1 + &20).

Remark 1.1. We will see in Lemma 2.1 below that, for & > 0, a very simple criterion on p ensures (1-6).
With this criterion in hand, it is not too hard to check that the following linear operators satisfy Hypothesis 1:

(1) The purely dispersive operators L := d, D§ with « > 0.
(2) The linear intermediate long wave operator L := d, Dy coth D,. Note that here o = 1.
(3) Some perturbations of the Benjamin—Ono equation, such as the Smith operator [1972], L :=
dx (D2 + 1)1/2. Here again o = 1.
Before stating our main result, let us define what we mean by unconditional well-posedness.

Definition 1.2. Let K =Ror T, T > 0 and s > 0. We will say that u € L°°(0, T; H5(IK)) is a solution
to (1-3) associated with the initial datum ug € H* (K) if u satisfies (1-3)—(1-4) in the distributional sense,
i.e., for any test function ¢ € CX°(]-T, T x K),

/ /[(¢t+La+1¢)u+%¢xu2] dxdt—i—/ @0, )updx =0 1-7)
0 JK K

Remark 1.3. Foru e L®(0, T; H*(K)), with s > 0, u2 is well defined and is in L (0, T; HS~(1/21)(K)).
Moreover, (1-5) forces
Laq1u € L%(0,T: H**71(K)).

Therefore, u; € L (0, T; H*~*~1(IK)) and (1-7) ensures that (1-3) is satisfied in L>°(0, T; H*~*~1(K)).
In particular, u € C([0, T]; HS~%~1(IK)) and (1-7) forces the initial condition u(0) = u¢. Note that this
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actually implies that u € C([0, T']; H?(K)) for any 6 < s. Finally, we note that this ensures that u satisfies
the Duhamel formula associated with (1-3).

Definition 1.4. Let K =R or T and s € R. We will say that the Cauchy problem associated with (1-3)
is unconditionally locally well-posed in H* () if, for any initial data ug € H*(KK), there exists T =
T (Jluollgzs) > 0 and a solution u € C([0, T]; H(K)) to (1-3) emanating from uy. Moreover, u is the
unique solution to (1-3) associated with u¢ that belongs to L°°(]0, T'[; H*()). Finally, for any R > 0,
the solution map ug — u is continuous from the ball of H*(I) with radius R centered at the origin into
C([0.T(R)]: H*(K)).

Theorem 1.5. Let K = R or T, Ly+1 satisfy Hypothesis 1 with 1 <« <2 and let s > 1 — % with
(s,a) # (%, 1). Then the Cauchy problem associated with (1-3) is unconditionally locally well-posed

in H®(K) with a maximal time of existence T Z (1 + ||uo||H1_a/z)_2("+1)/(2°‘_1).

Remark 1.6. In the regular case (Cauchy problem in H* with s > ), we actually need (1-6) only for

|E1] A 1E2] > 1.

Remark 1.7. Our method also works in the case o > 2. In this case we get the unconditional well-
posedness in H* () for s > 0.

Remark 1.8. For Ly := 03, we recover the unconditional LWP results for the KdV equation in L?(R)
and L?(T) obtained in [Zhou 1997; Babin et al. 2011], respectively.

For Ly+1 with @ € ]1,2[ our results on unconditional uniqueness are, to our knowledge, new for both
the real line case and the periodic case.

In the limit case (s, «) = (%, 1) we do not succeed in proving the unconditional uniqueness result.
However, our method of proof enables us to prove the well-posedness without using a gauge transform.
We think that this result is also of interest since H /2 is the energy space when a = 1. It is worth noticing
that, as far as we know, the available results without gauge transformation on the local well-posedness of
the Benjamin—Ono equation in Sobolev spaces H*(R) were restricted to s > 1 (see [Guo et al. 2011]).
Also, the well-posedness in the energy space H 1/2 seems to be new for the intermediate long waves
equation, at least in the periodic setting.

Theorem 1.9. Let K = R or T and assume Ly 41 satisfies Hypothesis 1 with o = 1. Then the Cauchy
problem associated with (1-3) is locally well-posed in H 1/ 2(K) with a maximal time of existence T

(1+ lluoll gr1/2)™*

Let us assume now that the symbol py 41 satisfies, moreover,

pat1®) SIEl for [E[ <1 and  |pet1(®) ~[§*F for [§] = 1. (1-8)
Then it is not too hard to check that (1-3) enjoys the conservation laws

i 2 — i /2,2 1.3 _
7 Ku dx =0 and dt/K(lA u| +3u)dx—0,
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where A%/2 is the space Fourier multiplier defined by
1
— 2
ATu(e) = | PO )

Combined with the embedding H*/2 < L3, we get an a priori bound of the H®*/2-norm of the solution.
We may then iterate Theorems 1.5 and 1.9 to obtain the following corollary:

Corollary 1.10. Let K = R or T and assume Ly 41 satisfies Hypothesis 1 and (1-8). Then the Cauchy
problem associated with (1-3) is unconditionally globally well-posed in H o/ 2(K) for 1 <a <2, and
globally well-posed in HI/Z(T) foroa =1.

Remark 1.11. The linear operators given in Remark 1.1 also satisfy assumption (1-8).

Remark 1.12. If one considers LWP and not unconditional LWP, then the best-known results for (1-1)
with 1 < o < 2 have been obtained in [Herr et al. 2010], where the global well-posedness in L?(R) is
proved by using a paradifferential gauge transformation. As far as we know, the best available results
without gauge transformation are obtained in [Guo 2012], where the LWP in H*(R) with s > 2 —« is
proven. This leads to a global well-posedness result only for o > %. Therefore, even for (1-1), our results
improve the local and global available well-posedness results without the use of gauge transformation on
the real line. To the best of our knowledge, they are new on the one-dimensional torus, where we are not
aware of any global well-posedness result.

It is well known that, taking into account some damping or dissipative effects, dissipative versions
of (1-3) can be derived (see for instance [Ott and Sudan 1970; Edwin and Roberts 1986]). One quite direct
application of the fact that we do not need a gauge transform to solve (1-3) is that we can easily treat the
dissipative limit of dissipative versions of (1-3). Such a dissipative limit was, for example, studied for the
Benjamin—Ono equation on the real line in [Guo et al. 2011; Molinet 2013].

Let us introduce the following dissipative version of (1-3):

ur + Lo+1u +eAgu +uuy =0, (1-9)
where & > 0 is a small parameter, 8 > 0 and Ag is a linear operator satisfying the following hypothesis:

Hypothesis 2. We assume that Ag is the Fourier multiplier operator by qg, where qg is a real-valued,
even function, bounded on bounded intervals, satisfying: for all 0 <A < 1 and £ > 1,

MagAe) ~ |58

Remark 1.13. Both the homogeneous operators Df and the nonhomogeneous operators Jxﬁ satisfy

Hypothesis 2.
Theorem 1.14. Let K =RorT,1 <a <2,0<B<1+aands>1-%.

(1) Then the Cauchy problem associated with (1-9) is locally well-posed in H* ().
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(2) For ug € H*(K), let u be the solution to (1-3) emanating from uqy and let the maximal time of
existence of u in HS be T* 2 (1 + ||u0||H1_a/z)_2(“+1)/(2°‘_1) (note that T* may be infinite).
Then the maximal time of existence Tg of the solution u, to (1-9) emanating from ug satisfies
liminfg,—o Tz = T™*. Moreover, for any 0 < Tog < T*, ug — u in C([0, Ty]; H®) as ¢ — 0.

Remark 1.15. The constraint 8 < 1+« is clearly an artifact of the method we used. We think that it could
be dropped by replacing, in some estimates, the dispersive Bourgain spaces by dispersive—dissipative
Bourgain spaces that were first introduced in [Molinet and Ribaud 2002]. But, since the dissipative
operators involved in wave motions are commonly of order less or equal to 2, we do not pursue this issue.

The rest of the paper is organized as follows: In Section 2, we introduce the notations, define the
function spaces and state some preliminary lemmas. In Section 3, we develop our method in the simplest
case, § > %, while the nonregular case is treated in Section 4. Section 5 is devoted to the proof of
Theorem 1.14. We conclude the paper with an Appendix explaining how to deal with the special case

(s,2) = (3. 1).
2. Notations, function spaces and preliminary lemmas

2A. Notation. For any positive numbers a and b, the notation a < b means that there exists a positive
constant ¢ such that @ < c¢b. We also write a ~ b when a < b and b < a. Moreover, if « € R, then o+
and «— will denote a number slightly greater and less than «, respectively.

For u = u(x,t) € $(R?), Fu = 1i will denote its space-time Fourier transform, whereas F,u = (1)~
and F,;u = (1) will denote its Fourier transform in space and in time, respectively. For s € R, we define
the Bessel and Riesz potentials of order —s, J; and D3, by

Ju=F11+E*2Fu) and Diu=F (& Fru).
Throughout the paper, we fix a smooth cutoff function 7 such that
neCe(R), 0=<n=<1, mn_ ,=1 and supp(n) C[-2,2]
We set ¢ (§) :=n(§) —n(2§). For [ € Z, we define

o1 (§) := 9 (276),
and, for / € N*,

Va1 (§.7) = ¢1 (T — pa+1(8)).
where i pg+1 is the Fourier symbol of L,41. By convention, we also denote
Y1(€.7) == n(2(r — pat1(5))).

Any summations over capitalized variables such as N, L, K or M are presumed to be dyadic. Unless
stated otherwise, we work with homogeneous dyadic decomposition for the space-frequency variables
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and nonhomogeneous decompositions for modulation variables, i.e., these variables range over numbers
of the form {2% : k € Z} and {2% : k € N}, respectively. Then we have that

Z on(E)=1 forall £ € R* and supp(¢pn) C {%N <|él < 2N} for N € {Zk 1k eZ},
N>0

and

Y v =1 foral (.1)eR?

L>1

Let us define the Littlewood—Paley multipliers by
Pyu=F . ($nFxu), QrLu=F"'(YyLFu).

P>y =) k>N Pk, P<n =Y k<n Pk, O>1 =) g>1 Ok and Q<1 =) g_; Ok. For brevity
we also write uy = Pyu, u<y = P<pyu, etc.

Let y be a (possibly complex-valued) bounded measurable function on R? and define the pseudoproduct
operator IT = I, on ¥(R)? by

9(H(ﬁg))($)=[Rf(él)é(é—él)x(é,él)dél.

Throughout the paper, we write IT = IT,, where y may be different at each occurrence of I1. This bilinear
operator behaves like a product in the sense that it satisfies the following properties:

N(f,g)= fg if y=1,
[ erom= [ £ = [ g 1)
R R R

with y1(6,61) = x(01,0) and y2(0,61) = x(6 — 61, 0) for any real-valued functions f, g, h € ¥(R).
Moreover, we easily check from the Bernstein inequality that, if f; € L?(R) has a Fourier transform
localized in an annulus {|&| ~ N;},i =1, 2, 3, then

3
1
SNZ T lze (2-2)

i=1

‘ /R (A f) f3

where the implicit constant only depends on || x || 7,00 (g2) and Nmin = min{ Ny, N2, N3}. With this notation
in hand, we will be able to systematically estimate terms of the form

/ Py (u?)dx Pyu
R
to put the derivative on the lowest frequency factor.

2B. Function spaces. For 1 < p < oo, LP(R) is the usual Lebesgue space with the norm || - ||z» and,
for s € R, H(R) is the usual Sobolev space with its usual norm,

Ipllas =173z
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If B is one of the spaces defined above, 1 < p < oo, we will define the space-time spaces Lf B and Zf B

1£eps = ( [ 1rcoigar)”

with obvious modifications for p = oo, and

equipped with the norms

=

|—

2

I/ lzr5 = ( > ||PNf||ifB) .

N>0

For s, b € R, we introduce the Bourgain spaces X b related to the linear part of (1-3) as the completion
of the Schwartz space ¥(R?) under the norm

1

2
Iolss = ([ tr= @ @106 0 de ) 03
where (x) := 1+ |x| and i pq+1 is the Fourier symbol of L4+1. Recall that
lvllxso = IUa(=0)v] s,

where Uy (1) = exp(tLy+1) is the generator of the free evolution associated with (1-3).

Finally, we will use restriction-in-time versions of these spaces. Let T > 0 be a positive time and
let Y be a normed space of space-time functions. The restriction space Y7 will be the space of functions
v:Rx]0, T[ — R satisfying

[vlly; :==inf{[|o]ly | :RxR — R, Ulrxjo,r[ = v} < 00.

2C. Preliminary lemmas.

Lemma 2.1. Let p : R — R be an odd function belonging to C'(R) N C%(R*). Assume that there exist
a > 0 and &y > 0 such that, for all £ > &,

P'©~ 1% and [p" ()]~ |§*7". (2-4)
Then the Fourier multiplier Lo+1 by i p satisfies Hypothesis 1.

Proof. Let 0 < A <&, ! be a real number. First, by the mean value theorem, for £ > 1,
IPATLE)] S [ p(Bo)| + A~ @TVET <A71(Agg) max |p/(§)] + &%

£€[0,&0]
and thus

A pATIHI A% max |p'§)|+E4T g0t
£ef0.50]

as soon as A < (maxge(o,g] |p’($)|)_1/a. This proves (1-5) for

Ao =min(§; ", (sg[lﬁ)s(o] 1P'(®)) ). (2-5)
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Let us now prove (1-6). In the sequel, we take 0 < A < Ao with A defined by (2-5). By symmetry, we
can assume |&| < |&1|. We separate different cases:

Case 1: |&;| < |£1|. Since, by hypothesis, |£1| 3> 1, it follows that A~!|£1| > £o and thus there exists
0 € [£1, &1 + &2] such that

AT p(ATE + 82)) — p(ATHED | = A%IE| [P’ (AT O)| ~ A¥[E2] [ATI01% ~ [E2] [£1]*.

Now, if A71|&;| < & then
AT 8)| < A%E| max p'(©)] < [E][&1]*.
£€[0,£0]

On the other hand, if A71|&,| > & then

AP ) = 2% p(Eo) + (AT E2) — p(&o)

< ot max |p/(€)] + 17! A lg, |
<3 ol max 5]+ A7 Eal 2 l)

<&+ A%%] max |p'(§)] < & [&]".
£€[0,80]
Gathering these two estimates leads to

AHNQATELATIE) | ~ |6l [E1]

Case 2: |E2| = |€1|. In this case we have A ~1|£;| > £p. Since p is an odd function, by symmetry we can
assume that £; > 0.

Case 2(a): £1€, > 0. Then we have 0 < £y < A71& < A71E < A71E] 4+ &5, We notice that

2THQ T e, AT g

A7
=ot! /s (P'A7'E1+0)—p'(0)dO + 2% T (p(A ™ €1 + E0) — p(A T E1) — AT p(&o)
with
|P(AT1E1L +E0) — p(ATHED| S E0ATHEY K ATYTIEEY
and

ATlE
PO+ 6)— p(6) = /0 (0 + ) dp.

But, for @ > £y, p”’ does not change sign since | p” ()| ~ |#|*~! and p” is continuous outside 0. Therefore,
for 6 € [£9, A71&5], we get

ATE AT1g
[ r e mdnn [ 00 i 7+ 00— 6% ~ A
0 0
Gathering these estimates we obtain

AHNQMAT e, AT )| ~ B8
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Case 2(b): £1&2 < 0. For & + & <K —§&,, recalling that p is an odd function, we can argue exactly as
in Case 1, but with &; + &>, —&» and £ playing the role of &, £ and &1 + &5, respectively. Finally, for
&1 4+ & = —&,, we argue exactly as in Case 2(a) with the same exchange of roles as above. O

Lemma 2.2. Assume that py+1 satisfies (1-6) with A = 1. Let Ly, Lo, L3 > 1,0 < N1 < Ny < N3 be
dyadic numbers and u, v, w € ¥'(R?). Then

/2 (Qr, Pnu. Or, PN,v) O, PN,w =0
R
whenever the following relation is not satisfied:
Lax ~ N1 Nza or (Lmax > Ny Ng and  Lyax ~ Lmed)a (2-6)

where L,y = max(Lq, Ly, L3), Limeq = max({L1, Lz, L3} —{Lmax}) and where the two first implicit
constants in (2-6) are related to the implicit constant in (1-6).

Proof. This is a direct consequence of the hypothesis (1-6) on the resonance function Q(&1, &), since
Q61.62) =0t + .51 +§) —o(r1.§1) —0(12. §2)

with 0 (7,§) := 7 — pa+1(§). O

Lemma 2.3. Let L>1,1 < p < oo and s € R. The operator Q< is bounded in LY H® uniformly
inL>1.

Proof. Let R<|, be the Fourier multiplier by n(t/L), where 7 is as defined in Section 2A. The trick is to
notice that Q <y u = Uy (?)(R< Uy (—t)u). Therefore, using the unitarity of Uy (-) in H*(R), we infer
that

19<rullLr gs = Ua(®)(R<LUa (=)Wl L2 s = [R<LUa(=0)ullLr grs S |Ua(=0)utlL7 s

= lullr - O

For any T > 0, we consider 17, the characteristic function of [0, T'], and use the decomposition

high Tow T\
tr =12+ 1%, 12k =n(%)Tr(@ @-7)
for some R > 0.

The properties of this decomposition we will need are listed in the following lemmas.

Lemma 2.4. Forany R>0and T > 0,

17l ST AR (2-8)

and

~

1% L S 1. (2-9)
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Proof. A direct computation provides
AT [‘f tr() =17 (1 = %)) 'n(s) ds|d

<
o /R/[;,T]\[S/R,T—FS/R]U[S/R,T+S/R]\[O,T]

f(TAM)@ In(s)| ds
R
<TARI

|F 1 n(s)| dt ds

110

Finally, the proof of (2-9) follows directly from the definition of 17" and Young’s inequality. O

Lemma 2.5. Let u € L?(R?). Then, forany T >0, R > 0and L > R,
1QL (%W L2 S 1Q~rLull2.
Proof. By Plancherel we get
Ip = 0L(P%w) |2

= lleL(z - w(é))lk’w 0 10(T, §)ll 2

- = 0@ [ o - sm(

Li>1

dt’

7 e—iT(t—r’) —1
T—1

L2.

In the region where Ly < L or Ly > L, we have |t —1/| ~ LV L1 > R, thus I}, vanishes. On the other
hand, for L ~ L, we get

I ) I10L(RR 0L W2 S 1Q~ru 2. =

L~L,

3. Unconditional well-posedness in the regular case s > %

In this section we develop our method in the regular case s > 5. This will emphasize the simplicity of
this approach to prove unconditional well-posedness for (1-3) posed onRorT.

Let A > 0 and Lé 1 be the Fourier multiplier by i A% po 1 (A1), We notice that if u is a solution
to (1-3) on ]0, T[ then u, (¢, x) = A%u(A%*1s, Ax) is a solution to (1-3) on 0, A=@+DT[ with Ly
replaced by Lé 11~ Therefore, up to this change of unknown and equation, we can always assume that the
operator Ly 41 verifies (1-6) with 0 < A < 1.

3A. A priori estimates. For s € R we define the function space M* as M := L HSN X~ 11 endowed
with the natural norm

lllags = llullzge s + llulxs—11.

For ugp € H5(R), s > %, we will construct a solution to (1-3) in M5, whereas the difference of two
solutions emanating from initial data belonging to H*(R) will take place in M%‘l.
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Lemma3.1. Letr0<T <2,5 > % and let uw € L H® be a solution to (1-3) associated with an initial
datum ug € H*(R). Thenu € My and

lllaeg < Nullzge s + lullLge s IIuIIL%OH%+- (3-1)

Moreover, for any pair (u,v) € (LC%OHS)2 of solutions to (1-3) associated with a pair of initial data
(ug,v0) € (H*(R))?> and any s —1 <r <,
I —vlipz S llu—vllpgenr + llu+vllpsensllu—viLgnr. (3-2)

Proof. We have to extend the function u from (0, T') to R. For this we follow [Masmoudi and Nakanishi
2005] and introduce the extension operator p7 defined by

pru(t) == n(u(Tn(F))- (3-3)

where 7 is the smooth cut-off function defined in Section 2A and w(¢) = max(1 — |t — 1],0). This pr
is a bounded operator from X?Jb into X?® and from L?(0,T; X) into L?(R; X) for any b € |—o0, 1],
s € R, p €[1, o0] and any Banach space X. Moreover, these bounds are uniform for 0 < 7 < 1.

By using this extension operator, it is clear that we only have to estimate the X ;_l’l—norm of u to
prove (3-1). As noticed in Remark 1.3, u satisfies the Duhamel formula of (1-3) and u € C([0, T]; H?)

for any 6 < 5. Hence, standard linear estimates in Bourgain’s spaces lead to
2 2
ellys—1.0 < Mo llzrs=1 + 105 @) ys-r0 < luollgs—1 +llu”ll 2 g

S Wllzgemsmr + lull ey Il

by standard product estimates in Sobolev spaces (see [Adams 1975]).
In the same way, for s —1 <r < s we have

lu=vllyr—11 < lluo—vollgr—1 +Il+v)u=v)l 12 gr Slu—vlLge gr—1 +llutvlrsemslu—vllLsenr .

since s > %+ and r 4+ s > 0. This proves (3-2). O

Lemma 3.2. Assume u; € M°,i = 1,2, 3, are functions with spatial Fourier support in {|&| ~ N;} with
N; > 0 dyadic satisfying N1 < Ny < N3. Foranyt > 0, we set

t
Iz(ul,uz,m)://H(M1,M2)M3-
o Jr

If N1 <1,
1
[Leurzu3)| S NE oo g2 izl 2l (3-4)
In the case N1 > 1,
1
L
[£i(uy uz,u3)| S Ny 2 N3~ flunllpoo g2 (luzll 2 lluslx—10 + luzlx—1allusl 2 )

1 1
. -
+ N2 N5 -zl 2 sl ooz + Ny N5 oo 2 luall oo 2 sl oo 2.
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Proof. Estimate (3-4) easily follows from (2-2) together with Holder’s inequality, thus it suffices to
estimate |/;| for N1 > 1. Note that /; vanishes unless N ~ N3. Setting R = N13/2N31/8, we split I; as

It (uy,uz,u3) = Ioo(ll,lj%?uls u2.u3) + loo (1 R 1, Uz, u3) := I (3-5)

where Joo(u, v, w) = [ II(u, v)w. The contribution of 7 th ieh i estimated, thanks to Lemma 2.4 as well
as (2-2) and Holder’s inequality, by

high % 1 high Lok
Itlg < le Hlti%? ||L1 H”l||L‘;°L)2C||“2”L‘,>°L§||”3||L‘,>°L)2€ < N; N3 ® ||”1||L?°L§”“2”L‘,>°L§||”3||L}>°L§'
(3-6)

To evaluate the contribution /.°% we use that, according to Lemma 2.2, we have the decomposition
1 1
Ioo(l;jngula Us, u3) = IOO(QRN] Nél(lt(:%ul), Uo, u3)
1
+ Ioo(Q < Ny (1 RU1), Oz Ny Ng U2, U3)
1
+ Ioo(Q < ng (1 RU1), Qv N U2, Qi Neu3).  (3-T)
1,low

It is worth noting that R < N1 N§ because N1 > 1. Therefore, the contribution /, of the first term
of the above right-hand side to 7,° is easily estimated, thanks to Lemma 2.5, by

1 1
1,1 5 -1 > A7—
1P < NN NSY s lixon a2 sl ooz S NP N3 @l lix-1alluzll 2 sl ooz . (3-8)
Thanks to Lemmas 2.3 and 2.5, the contribution / ,2 1% of the second term can be handled via

1
2,1 2 -1
12 < NE (NN ™ e o 2wz ot sl 2.
—1
SN Nl oo p2 luzllx -1 lusll 2 - (3-9)
Finally, the contribution of the third term is estimated in the same way. O

Remark 3.3. From (2-1) we see that the estimates in Lemma 3.2 also hold for any other rearrangements
of N1, N> and N3.

We are now in position to derive our “improved” energy estimate on smooth solutions to (1-3).

Proposition 3.4. Let0 <T <2 andletu € L H® with s > % be a solution to (1-3) associated with an
initial datum uy € H*(R). Then

2 2 2 2
[ullZoe s < Nletollzrs + (1 + IIMIIL%OH%+)IIMIIL%OH%+ llllZo0 grs - (3-10)

Proof. We apply the operator Py with N > 0 dyadic to (1-3). On account of Remark 1.3, it is clear
that Pyu € C([0, T]; H®) with d;uy € L°°(0, T; H®). Therefore, taking the L2-scalar product of the
resulting equation with Pyu, multiplying by (N )2 and integrating on ]0, [ with 0 < ¢ < T, we obtain

t
NV Pru()]22 = (N)?* || Pyuo|2 + (N)?* /0 /R 3 Py (u?) Pyu.
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Integrating by parts and applying Bernstein inequalities, this leads to

t
IPNUIF oo s S | PNUoNGs + sup (N)?S Py (u?)dx Pyu). (3-11)
r t€]0,T[ R
Thus it remains to estimate
I:— 25 sup //PN(M )0x Pyul. (3-12)
N>0 t€]0,T|[

According to (3-1), u belongs to M4.. We take an extension u of u supported in time in ]—2, 2[ such that
i lars < Ilull ms.- To simplify the notation we drop the tilde in the sequel.
By localization considerations, we get

Py(?) = Py (uzNuzN) + 2PN (UanU). (3-13)

Moreover, using a Taylor expansion of ¢y, we easily get
Py(uanu) =uen Pyu+N"(@xuen . u), (3-14)
where IT = IT, with x(§,§1) = —i fol ¢'(N~H(E —0&)) dO e L. Inserting (3-13)—(3-14) into (3-12)

and integrating by parts, we deduce
/ / Iy, (uny, MN)UN‘

ISy Y N(M* sup

N>00<N; <N t€]o, T
+Y > NN sup //HXZ(MNU ~N)”N‘
N>00<N; <N t€]o,T[
t
+Z Z N(N>2S sup //HX3(“N1’M~N|)MN,
N>0 N1 =N t€]o,T[I/0 /R

where y;, 1 <i <3, are bounded uniformly in N and N, and defined by

& &) = fv—llsupml (£1), (3-15)
1
£ & SuPPq?f’N(E)lsupptﬁNl(‘SS:I)

x2(8,.61) = x(§, él)ﬁﬁ SnG—ED) , (3-16)
13(6.61) = N (E) 617
Recalling now the definition of I; (see Lemma 3.2), it follows from (2-1) that
1<) ) NNO® sup |1y ey, un)l. (3-18)
N>0N; =N t€]0,T[

The contribution of the sum over N < 1 is easily estimated, thanks to (3-4) and Cauchy—Schwarz, by

2 2 2
D 2 NN lunllpgea lum 172 2 S Nl ooz 1l ooy (3-19)
N<2% NN
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Finally, the contribution of the sum over N >> 1 is controlled with the second part of Lemma 3.2 by

1—
> Y NNEINTENIT N oo g lum, 2, e,y
N>29 N\=N

1 ar—a 2 158 2
+N2Nl ||uN||X_11||uN1”L§>OL%+N N] ||uN||L?oL)2C||uN1”L?OL)2€]

< X -
< ”“”Mé.;_”u”M}”u”L;’?HS- (3-20)

Gathering all the above estimates leads to

2 2
[l zee s < luollgs + IIMIIMT%+ el pgg el Lge s » (3-21)
which, together with (3-1), completes the proof of the proposition. O

Let us now establish an a priori estimate at the regularity level s — 1 on the difference of two solutions.

Proposition 3.5. Let 0 < T <2 and letu,v € L7 H® with s > % be two solutions to (1-3) associated
with initial data ug, vo € H*(R), respectively. Then

e =012 o s S ato = vol ey + -+ vllagg e = ]2, (3-22)
Proof. The difference w = u — v satisfies
w; + D%wy = 0y (zw), (3-23)
where z = u + v. Proceeding as in the proof of Proposition 3.4, we infer that, for N > 0,

”PNw”LOOHJ 1 = ||PNu)0||HS L+ sup )2(s—1)
t€lo, T[

t
//PN(Zw)axPNw' (3-24)
0 JR

Again, according to (3-1), we can take extensions Z and w of z and w supported in time in |—2, 2[ such
that || Z]|ars < ||z||M; and || 0| pps—1 < ||w||M%_1. To simplify the notation we drop the tilde in the sequel.
Setting

J = Z(N 26=D gup
N>0 t€]0,T[

Py (zw)dx Pyw (3-25)
I |

it follows from (3-14) and classical dyadic decomposition that, for all N > 0,
Py(zw) = PN(zanw) + PN (Zonwsn) + Y Pn(znw~n,)
Ni>N

=zeNwy + N T (0xzan. w) + Py(Zonwsn) + Y Py(znw~n,).  (3-26)
Ni>N
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Inserting this into (3-25) and integrating by parts, we infer

ISy ) N1<N>2‘S‘”( sup

N>0 N, <N tE]O,T[

t
//HXz(ZNl,w~N)wND
0Jr

¢
//Hxl(le,wN)wN‘—l— sup
0JR

t€lo,T[

t
+Z Z N(N)Z(s—l) sup //H)B(ZNN,U)NI)U)N‘
N>0N; SN t€lo,T[I/0 JR
t
+ 303 NW)ETD s //Hm(le,wle)wN,
N>0N;>»N t€lo,T[1/0 JR

where y;, 1 <i <3, are as defined in (3-15)—(3-17). Therefore, it suffices to estimate

J < Z Z (N7) 2(s D sup |l (zn, w~pn,, WN,)|

N>0 N 2N t€]0,T[
+ Z Z NUND2E™D sup |1 (zew, . wn, way)]
N>0N;=N t€]0,T[
+ 30 D0 NPT sup [Li(zny wny s w))
N>0N =N t€]0,T[
=J1+ 2+ J;5. (3-27)

The contribution of the sum over N < 1 in (3-27) is easily estimated, thanks to (3-4), by

1 2 -1
Z Z NZ(N”ZN”L?OL)Z( ||wN1 ||L%Hs—l + N1(N1) ||ZN1 ”L%Hs”wN“L?OLg”le ”L%Hsﬂ
N1 N =N

1-2
+ N(Ny1) S”ZNI ||L%Hs||wN1 ”L%HS—I ”wN”L;’OL%)
2
S lzlipee 2wz oo grs—1 + ”w”L?on—% Izl e s lwll Loo prs—1. (3-28)
For the contribution of the sum over N >> 1, it is worth noting that, since s > 5, the term J3 is controlled
by J>. The contribution of Jj is estimated, thanks to Lemma 3.2, by

2(s—1 S
> Y NNETOINTINS 2yl e 2 N, D2 llww, -1
N>1NZN . ) L1 .
- -
+N2NT 2wl lwm oo o + N TN E 2wl go 2 0w 17 oo 2]

Szl s lwllags—rlwllpee =1 (3-29)
Finally, in the same way we bound J; by

25—1[ A7—4 A71—
Yoo NETNTEN T ww g2 (2w 2w -1 + 1z, -1 way ll2.)
N>1 N ZN Lo,
+N2N1 ||wN||X—1s1||ZN1||L;><>L)2€”WN1||L§>OL)2{

1
_1 - Q
+N N, 8||7JUN||LZO<>L)2(||ZN1 ”L‘;"L%”le ”L‘tx’L}%]

S ellars Dol -yl psms + 2 lars Dwlags-a ol - 3-30)
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Gathering the estimates (3-27)—(3-30), we obtain

S (IIZIIMT%JrIIwIIMs—l Tzl lwlly 3 Ollwllzge s + 1z lazg 1wl s IIwIIL%OH_%Jr, (3-31)
which leads to (3-22) and completes the proof of the proposition. O

3B. Unconditional well-posedness. Fix s > % First, it is worth noticing that we can always assume that
we deal with data that have small H*-norm. Indeed, if u € L°°(0, T; H®) is a solution to (1-3), then,
for0 <A <1,uy =A% AT 1) e L®(0,A*T1T; H®) is a solution to (1-3) with Ly replaced
by Lé - that is, the Fourier multiplier by i A% po 1 (A1), Recall that we assumed at the beginning
of this section that Lé 41 satisfies (1-6) for any 0 < A < 1. For 0 < & < 1, let us denote by %B*(¢) the ball
of H®(R) centered at the origin with radius . Since

1
luaO)llas < A% 2 uollas

we see that we can force u ) to belong to B°(e) by choosing A = [¢(1 + |[uo || )]~/ @=1/2) Therefore,
the unconditional well-posedness in H*(R) of (1-3) for small H*-initial data with a time of existence T > 1
will ensure the unconditional well-posedness of (1-3) for arbitrary large H®-initial data with a maximal
time of existence

_2(a+D
T2 (1+ [luollms)™ 2T .

Existence and unconditional uniqueness. It is well known (see for instance [Abdelouhab et al. 1989]) that
3
2

So, let u € C([0, Tp]; H*°(R) be a smooth solution to (1-3) emanating from a smooth initial datum
ug € H*®(R) with |Jug|lzs < 1. According to (3-10),

(1-3) is locally well-posed in H® for s > 5 with a minimal time of existence T = T (||u¢|| g3/2+) > 0.

17 o0 grs < (O 1Fs + (1 + IIMIIiOOH%Jr)IIuIILOOH%JFIIMII%c;oHs (3-32)
T T

for any 0 < 7 < min(1, Tp) and s > % Let us denote by T* > T, the maximal time of existence of u
in H*°(R). The well-posedness resultin [Abdelouhab et al. 1989] ensures that limg 7« [lu ||L‘;° H3 =100
whenever T* is finite. Since

O, 1+ = () las <1,
(3-32) together with the continuity of 7" ”””L;’9H1/2+ on 10, T*[ ensure that

Ju [, 10 <1

L <
LSSH2T ™
with 7/ = min(1, T*). But then (3-32) leads, for any s > %, to

lullzss ms < lu(0)]as-

This proves that 7/ < T* and thus 7/ = 1 and T* > 1.
Now, let ug € H5(R) with s > % From the above estimates, we infer that we can pass to the limit

on a sequence of solutions {u,} emanating from smooth approximations of u#¢ to obtain the existence

2

of a solution u € L H*® of (1-3) with initial data uo. Note that one can easily pass to the limit on u;,
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by compactness arguments, since {u, } and {d;u,} are bounded in L H* and L7 H* =3, respectively.
Estimates (3-22) and (3-1)—(3-2) then ensure that this solution is the only one in this class. Now the
continuity of u with values in H*(R) as well as the continuity of the flow map in H*(R) will follow from
the Bona—Smith argument [1975]. For any ¢ € H*®(R), dyadic integer N > 1 and r > 0, straightforward
calculations in Fourier space lead to

IP<nollgs+r S N"ll@llas and |lo—P<nellas— S N"IIP>nollns- (3-33)

Let ug € H® with s > % be such that ||ug||zzs < 1. We denote by u™ € L°°(0, 1; H®) the solution of
(1-3) emanating from uON = P-nyugp and, for 1 < N; < N, we set

w = ult —y M2,
Then, (3-22) and (3-2) lead to
lwllpr—1 < 1w O)llgs—1 S NI Pswv ol s (3-34)
Moreover, for any r > 0 and s > 3, we have
eV pgpr < M rstr < N7 ol s (3-35)
Next, we observe that w solves the equation
wr + Lo41w = 295 (w?) + dx @™ w). (3-36)

Proposition 3.6. Let 0 < T <2 and let w € My with s > % be a solution to (3-36). Then
2 2 3 N 2 N
lwiizee s < WO s + Twliazs + I lagg [wlizs + 1wy lwllazg [wliagg—. - G-37)

Proof. Actually, this is a consequence of estimates derived in the proof of Propositions 3.4 and 3.5. We
separate the contributions of ., (w?) and 3, (u™¥'w). Let t €0, T[. First, (3-21) leads to

t
> N f / Py dx(w?) Pyw
N=>0 0JR
Second, applying (3-31) at the level s with z replaced by u™V1, we obtain
t
Z N2S / / Pnox ™M w)Pyw
0 JR

N=>0
which leads to (3-37) since s > 1. O

3
< lwllys

< I lagg lw gy + I s lwlagg lwll g
T T T M2
T

Combining (3-2) with (3-37) and (3-35), we get
IIWIIﬁlIs S (A lluollFr) [lwoll s + ||uo||Hs||w||§4; + ||U0||HS||U)||12V11S + N ||U0||HS||w||Mf||w||MIS—1]-

Then, the smallness assumption on ||ug| s and (3-34) lead to

||w||12uf < lwollZps + N12||w||i41s—1 S PnyuollFrs (14 | PoyvyuolFrs) >0 as Ni— 0. (3-38)
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This shows that {u”V} is a Cauchy sequence in C([0, 1]; H*) and thus {u® } converges in C([0, 1]; H)
to a solution of (1-3) emanating from u¢. Then, the uniqueness result ensures that u € C([0, 1]; H®).

Continuity of the flow map. Now let {u¢ ,} C H®(R) be such that ug , — 1o in H*(R). We want to
prove that the emanating solution u, tends to u in C([0, 1]; H®). By the triangle inequality, for n large
enough,

e —unllzooms < lu—uMllpeo s + [u™ —up Lo s + ey —unllzoops .

Using the estimate (3-38) on the solution to (3-36) we first infer that

=N llagg + letm —ul¥ lagy <1 P> nollszs + [ Poyitonllrs
and thus

fim sup(|lu— ™ |0 s + llun — 1y llLge 1) = 0. (3-39)
N—o0 neN

Next, we notice that (3-22) and (3-2) ensure that
e = lpga—t < g =y st
and thus (3-38) and (3-34) lead to
1™ = 3y S Nl =25 + N2l —ugly | Fpemr S o —wonllzs (14 N?).  (3-40)

Combining (3-39) and (3-40), we obtain the continuity of the flow map. The proof of Theorem 1.5 is

thus completed in the case K = R and s > %

3C. The periodic case. In this subsection we explain the necessary adaptations to treat the periodic case.
First, we define our function spaces in the periodic setting. Since the map u + u ) maps L°(0, T; H*(T))
into L°°(0, A**T1T; H5(AT)), we will have to consider space of functions on the tori AT with A > 1. We
use the same notations as in [Colliander et al. 2004] to deal with Fourier transform of space-periodic
functions with a large period 27 A. Then, (d£); will be the renormalized counting measure on A~!Z:

[a@wsi=1 ¥ @
ger—1z

As noticed in [Colliander et al. 2004], (d£), is the counting measure on the integers when A = 1 and
converges weakly to the Lebesgue measure when A — oco. In the definitions below, all the Lebesgue
norms in § will be with respect to the measure (d§),. For a 2w A-periodic function ¢, we define its space
Fourier transform on A~1Z by

o) = //W e f(x)dx forall £ € A7'Z.

The Lebesgue spaces LY(AT), 1 < g < oo, for 2w A-periodic functions, will be defined as usual by

lellze = ( A i |<p(x)|qu)q

with the obvious modification for ¢ = oco.
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The Sobolev spaces H*(AT) for 2 A-periodic functions are endowed with the norm
lollers = 1660 E)L2 = IxellL2,

where () = (1 4|-[*)!/? and J3o(€) = (§)°@(6).
In the same way, for a function u(z, x) on R x AT, we define its space-time Fourier transform by

a(z,g)=9«*,,x(u)(z,g)=/f e 1Ty (1 x)ydx dr forall (r,6) e RxA'Z.
RJAT

For any (s, b) € R?, we define the Bourgain space X* b of 27 A-periodic (in x) functions as the completion
of (AT x R) for the norm

lullxs.o = {7 = Pa+1 (S))b(é)sﬁlng“S :

Finally, we define the functions ¢ and ¥y and the Fourier multipliers Py and Q as in Section 2A.
Since we take a homogeneous decomposition in space frequencies, in the periodic setting

u = Pou + Z Pyu, (3-41)
N>0
where 150\14@) = 1(0).

Now, with these definitions, we claim that Lemma 3.1 and Propositions 3.4, 3.5 and 3.6 also hold for
25 A-periodic functions with an implicit constant that does not depend on A > 1. Indeed, all the tools (the
Sobolev and Holder inequalities) we used in the proofs of these results work also in the periodic setting,
independently of the period. However, in view of (3-41), we have to care about the contribution of the
null-space frequencies, since we take an homogeneous decomposition. First, since the nonlinear term is a
pure derivative, it is clear that the contribution of the null frequency of the nonlinear term vanishes in all
the estimates. Now, it is also direct to check that

/ Pn(uPou)dx Pyu =0 (3-42)
AT
and, in the same way,

/ Py (wPyz)dx Pyw = 0. (3-43)
AT

We thus just have to control the contribution of the terms Py (z Pow) in Proposition 3.5 and Py (u Nipow)
in Proposition 3.6. But the contribution of the first term in Proposition 3.5 can be easily estimated by

t
NZ(H)// Py (zPow)dx Py w
0JAT

< sup |, 0NN Pyz|l2 2 Phwl2 2
€]0,T[ r r

2
< 5N”Z”L‘;"H-Y ”w”L%OHs—l )

where [|(8,/)jezl11(z) < 1. Finally, the contribution of the second term in Proposition 3.6 can be estimated
in exactly the same way by

t
NZS//)L Py ™' Pow)dx Pyw
0 T

N
SONlu™ Lo ms+rllwlizsemsllwlpge gs—1 -
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This completes the proof of the regular case s > % in the periodic setting.

4. Estimates in the nonregular case

In this section, we provide the needed estimates at level s > 1 — 5 for 1 < a < 2. We introduce the space

Fs,b _ Fs,a,b _ Xs—“T'H,b+% +XS—H'T°‘,b+§’ (4-1)

endowed with the usual norm, and we define
a+1 14+«
Y =Y = LOH A FSs = LPHS O (X5 2 4 X5 w08,

For ug € H*(R) we will construct a solution to (1-3) that belongs to Y7 for some T'= T (||uo || g1-as2) > 0.
As in the regular case, by a dilation argument, we may assume that Ly satisfies (1-6) for 0 <A < 1.

Remark 4.1. Except in the case (s,a) = (0,2), we could simply take ¥ 5% := L H* 0 xs~(@+D/2.1,
since u € L®(0, T; H®) forces dx(u?) € L>®°(0, T; HS~@+1/2) To this point of view, (s, ) = (0, 2)
is a limit case since u € L°°(0, T'; L?) only implies 8, (u2) € L>(0, T; H~3/27). As in [Zhou 1997], to
overcome this difficulty we have to evaluate our solution in Bourgain’s spaces with different conormal
regularities.

Lemmad4.2. [et0<T <2, 1l<a<2,s>1— % and let u € L%OHS be a solution to (1-3) associated
with an initial datum uy € H*(R). Then u belongs to Y;’a. Moreover, if (s,a) # (0, 2),

lllyger < Nl prs (14 ol e 1) 4-2)
and, if (s,a) = (0, 2),
2
Il ypo < Nl so 2 (14 e 2): (4-3)

Proof. As in Lemma 3.1 we will work with the extension # = pru of u (see (3-3)). Recall that
supp i C [—2,2] x R and that

litllLgorrs < llullzgeps  and lilxer < llullyos

1

for any (6, b) € R x ]—o0, 1]. It thus remains to control the F;’a’z-norm of u. In the case (s, ) # (0, 2),
we actually simply control the X ;_(aﬂ)/ 21 _norm of u. Using the integral formulation (see Remark 1.3),
standard linear estimates in Bourgain’s spaces, and standard product estimates in Sobolev spaces, we
infer that

1—x

s+
L2HT 2

2 2
Il vy % Tol e + 102Gt % ol g + 7]

Slllizgers + 1l oo g lllLgons

since, for | <a <2and s > 1—5 with (s, &) # (0,2), we have s +1—5 >Oands+1—%—(s+1_7“)= %
Let us now tackle the case (s, ) = (0, 2). First we notice that, since L1 (R) < H~1/27(R), we have

2
IIMIIX;%,I < luoll -7 + llu IIL%H,% S lullpeepa (W4 llullpor2)- (4-4)
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To bound the F©2:1/2_norm of u, we first notice that linear estimates in Bourgain’s spaces lead to

Il o3 < leoll 3 + e £02-
T T
and then decompose u? as
=P<iu®+ ) (PN(P<<NW~N)+ > PN(“N1“N1/))- (4-5)
N>1 N{~NiZN

The contribution of the first term in the right-hand side is easily controlled by ||u||? The contribution

LPL:
of the second term is easily estimated by

H Z 0x PN (P«nuu

Fo2m 5‘ > Pyox(Penution)

-3.0
N>1 N>1 T
o\
(X Ien e )
N>1

1
2
E : 2 2
S ( ||MN||L%—~L%||P<<NM||LE;~OL)2C)

N>1

S lullpgeralulipsera- (4-6)
To estimate the third term, we take advantage of the X ~3/8:=3/8_part of F*-2:=1/2 For N >> 1, we have

S 10 Py (P uPy)] sy
FT

N{~NiZN
< E N‘
N{~NZN

Y 0Py OL(QLiiN, QL,T

(L aLl 3L2)
satisfying (2-6)

(4-7)

_3_3"
g

For the contribution of the sum over L =2 NN 12 in (4-7), we obtain

~ ~ S 1 2N—3 |~ ~
Yo 0Py Qeyn2min)l, 33 < Y NSNZWND) S aw Iz liw;llpers

3
8

Ni~N{zN Ni~N{zN
3
N \4
i NV
Shilerz X (3 Tim oz
Ni=ZN
< 7112 ;

with [[(¥2/)ll;2ny < 1. The contribution of the region where L < NNZand Ly 2 NNZ in (4-7) is
controlled by

Y 1PN Qw2 @anwziiminl 3.3
Ni~N{zN

5.1 =1 s a1~ - e ~
< D). NSNZWNYTINFliaw g iy lpeerz S NSl e 2 il (4-9)

_7-
x4
Ni~N|zN
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Finally, the contribution of the last region, where L, L1 <K NN 12 and Ly ~ NN?2,in (4-7) is controlled in
the same way. Gathering (4-4) and (4-7)—(4-9), we obtain the desired result for the case (s, o) = (0,2). O

In the sequel we will need the following straightforward estimates.

Lemma4.3. Lera > 0and w € F@V/2, For 1 < B < N**1, we have
105Nl S BTN 0z pwnl oy (4+-10)
and, for B = (N)Y*T1, we have
102 pwn 2 S BH(N) ¥ Qzpunl oy (4-11)
Proof. Noticing that F01/2 = FO.a.1/2 — x—(1+e)/2.1 4 x—(1+a)/8,5/8 it i5 easy to check that

— o Ita
10z pwN 22 S max(B~(N) 2. B78(N) 5)| Oz pwn |l o

o 14a\ 32
< B max (L) ) 102 pwwl oy
which leads to the desired result. O

Now we rewrite Lemma 3.2 in the context of the F*- spaces.

Lemma 4.4. Assume u; € Y°,i =1, 2, 3, are functions with spatial Fourier support in {|&| ~ N;} with
N; > 0 dyadic satisfying Ny < Np < Ns.
If N3 > Land Ny 2 N3, for (p. q) € {(2, 00), (00, 2)},

1 11—«
—1 -5 -
[Tt (1 uz,u3)| S > L7'N{ 2N, 2 luillipr 21 Q~rningtiall oy sl L2
L>1
17

_1 o
+ N N2 ez luellpe 2 1Qow g usll Lo

B AC e
+ NN TSN ] oy llu2llpz lusllpeers

1l_«

1
+ Nl_ZN38 > [lu1 ”L?"L% ||u2||L;>oL§C ||u3||L§>°L§ .
Proof. For R = N13/4N§/2_1/8, we decompose I; as in (3-5) and obtain from (3-6) that
. 1 l_«o 3
1 S Ny NS T il oo 2
i=1
To evaluate 7 }OW we use the decomposition (3-7) and notice that

24

200 7 2ta
§N1N33 24 <<N1N§1 and N1Na2N33 > 1.

00—

13-
R=N}N;
1,low

Therefore, the contribution 7, ™" of the first term of the right-hand side of (3-7) to I}°¥ is easily estimated,
thanks to Lemmas 2.5 and 4.3, by

1
1,1 5 _5 a+1
LM S NENNS TSN oy ez 2 sl oo 2



1478 LUC MOLINET AND STEPHANE VENTO

2, low

which is acceptable. Thanks to Lemmas 2.3, 2.5 and 4.3, the contribution /; of the second term can

be handled in the following way:

21 1
1; °W|<ZN (LNINOTIN, 2 ||u1||LpLz||Q~LN1N ctta]| oy llusllpegz
L>1
1Ty
< Y L7'N|?N, luillipr 21 Q~rningu2ll oy lusliLepz - (4-12)
L>1

3,low

In the same way, we get that the contribution /;”"" of the third term in /; oW is bounded by

73 1
117" S Ny (N1N§‘) N ||u1 Lz luallps L2 1Q~n ngusll o
2N ||M1||L1’L2 lu2llzg 2 1O~y ngusll Lo (4-13)
Gathering all these estimates, we obtain the desired bound. O

Proposition 4.5. Let0<T <2, 1 <a <2,5s>1 —% and let u € L;’? H be a solution to (1-3) associated
with an initial datum ug € H®(R). Then u belongs to Z%o H* and

g) (4-14)

IIMIILOOHT < lluollzs + lellzge rrs (el oo g el + lullizgems ull -4

1—
T
Proof. First, we notice that Lemma 4.2 ensures that u € Y;;. Applying the operator Py with N > 0
dyadic to (1-3), arguing as in (3-11), we obtain

IPNUlZ o s < I PNutolFys + sup (4-15)

t
Pnu?)dx Pyul.
t€]o, T[ R

We take an extension u of u supported in time in |—4, 4[ such that ||it|ys < [luyy. To simplify the
notation we drop the tilde in the sequel. We infer from (3-18) that it suffices to estimate

I=Y" > NND)* sup [L(uy.u~n, un)l-

N>0N; =N 1€]0,T[

The low frequencies part, N < 1, is estimated exactly as in (3-19) by
lullpeor2 ||u||§§>oHs .
On the other hand, the contribution of the sum over N >> 1 is controlled, thanks to Lemma 4.4, by

> Y& ) ||uN||L2H1 g lunllogors luny g

N>1NZN

NA\E
+(§7) Il gy T s e, e

o1 1_g )
+N2TiNS 2 ||uN||L$°H'—%”“N1 ||L°°HS:|

2
S lullyi-g lulizge grs + lluell oo i—g lellgomrs ullys . (4-16)
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where we use the discrete Young’s inequality in N; and then Cauchy—Schwarz in N to bound the first
two terms.
Gathering the above estimates we eventually obtain

2
I3 IIuIIY;—% Il Zoe s A el oo g1 ltllge s el - (4-17)
which completes the proof of the proposition. O

4A. Estimates on the difference of two solutions. First we introduce the function spaces where we will
estimate the difference of two solutions of (1-3). Contrary to the regular case, we will have to work in
a function space that puts a weight on the very low frequencies. This kind of weighted space for the
difference of two solutions was, for instance, used in [Ionescu et al. 2008] in the context of short-time
Bourgain spaces.

For 6 € R we define the Banach space

H'®R) ={p e H'R) | [lpllgo < oo}
with
ol o := [(E[72)(E)0 D2,

equipped with the norm || - || z¢. Then we define the space Z?Oﬁ 9 by

lolzg = (2 ||wN||LooHe) . (@-18)

N>0

Finally, we define the function spaces Y%and 29,0 e R, by
7O =I®HNF% and z%=L®HNF%2,

with F?? as defined in 4-1).

Ifu,ve L‘%o HS are two solutions of (1-3) with s > 1 — %, then, by Lemma 4.2 and Proposition 4.5,
we know that u and v belong to Y7 N L H*. Moreover, again using the extension operator pr, it is
easy to check that

YANLPHS — Y3 (4-19)

with an embedding constant that does not depend on 0 < 7" < 2. Hence, u and v belong to )7;. Assuming
that ug — vo € H®, we claim that the difference u — v belongs to Z - Indeed, according to the above
definitions of ¥* and Z*, it suffices to check that P; (u—v) belongs to Z‘;?ﬁ §. But this is straightforward,
since, by the Duhamel formula, for any dyadic integer 0 < N < 1 we have

1 2 2
| o= o)l gse e S to = voll g + N2 (el oo 2 + 1017 o0 2):

We are thus allowed to estimate the difference w = v — v in the space Z7 s=3/2+a/2
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Remark 4.6. For « > 1, we have s — 5 + 5 > s — 1 and thus, contrary to the preceding section, the
derivative of a solution does not belong to the space where we estimate the difference w = u — v of two
solutions. This fact is crucial in the preceding section to recover the derivative in terms as J; in (3-27)
that contains small space frequencies of w. In this section, we will instead combine the weight on the low
space frequencies of w with the resonance relation to control such contributions.

Proposition 4.7. Let 0 < T <2, 1l <a <2,s>1—-% andu v € LT H? be two solutions to (1-3) on
10, T'[ associated with initial data ug, vo € H® such that Ug — Vg € HS Thenu—v € ZS 32+e/2 g
we have

vl gog SIevl g g Hletvlgg luvl g +letvlgig luvl o 3yq. (4-20)

T T T

Proof. The fact that u —v € Z3 >/>+¢/2

satisfies (3-23) with z = u 4+ v. We extend w from (0, 7') to R by using the extension operator pr defined

in (3-3). On account of the uniform bounds on p7 (see the paragraph just after (3-3)), it remains to
s—3/24a/2,a,1/2

follows from the discussion above. Now, recall that w = u — v

estimate the F- -norm of w. From classical linear estimates in the framework of Bourgain’s

spaces, the Duhamel formulation associated with (3-23) leads to

(4-21)

3 .« 1.
s—5+5.—5
217272

T FT

1l gg.g S Iwol,yogeg + [9:(w)]

Let Z and i be time extensions of z and w satisfying || Z[| g, < ||z [ 55 and |B ]| zs—3/2+a/2 S |w| ys—3/2+a/2.
. . . . . T . T .
To simplify the notation we drop the tilde in the sequel. From (4-21) we see that it suffices to estimate

[NERTITES O SU LN

2 2 2 2
N>0

We first estimate the low-high contribution Py (P<yzP-yw):

|05 Py (PsnzPoyw)ll < Y. NIPN(PyzPoyw)|xs—20

4o 1
2 2

Ni1SN
1
< D NENINY 2P 2l peep2 I Panwlip2 2
Ni1SN
N —1
1
S1Pevulyses X (G ) TN
~ 272 L°H
L?H*™2 2N<N (N) ¢ 2
Szl oo p-g IP~NwI 3
L°H! L®H* 5+%

Similarly, the high-low interactions are estimated as follows:

105 PN (PanzPsnw)ll -3+ -3 S NIPN(P~nzPsNW)|lxs—20

2
1
N1 \2
§||P~Nz||L?HS Z (m) ”Ple”LooH—%
NisN !

SIPnzlp2ps ”w”ngH—% .
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Now we deal with the high-high interactions term:

_1 5 Z NH Z dx PN OL(QL,ZN, OL, WN,) p3

Ni>N (L,Ly,L3)
satisfying (2-6)

[0 PN(P>>NZP>>NUJ)|| 34

We may assume that N1 > 1 since, otherwise, N < Nj < 1 and we have

—

_1
22

IP<10x(PsizPsiw)l 3441 S Ps1zllLge 2] Piwll

L®H 2

For N; > 1, we will take advantage of the fact that X$~13/8+3¢/8,-3/8 «, ps—3/2+a/2,=1/2 Tpe
contribution of the sum over L = N N can be thus controlled by

D 110x PN Qznne (nywy)
Ni>N

4+ 1

FY_i 272

< > NP Qznng (v wn ) 13130 -
T NN

13,30 _3
Z Z N(NY~S+¥ L3Py OL(zv, wn )12

N] >N LZNNY

3 _13, 3¢ [ T
S ONENPTEER N TNz s lwows |

3
8

L®H™?
Ni>N
1 «o
N\278 ((N)\* T2
<y (—) (—) lzw gz gellomll
~ LsHS 1 L°H™2
Ni>N Nl (N1> 4 t

’

<
= 8N||Z”L%HS”w”L}’°H 1
where [|(85/); l12(z) < 1. The contribution of the region where L < NN and L1 2 NN is estimated,

thanks to (4-10), by

D 19PN Qanng (Qznngzmwn)ll o ip 3¢
Ni>N

3
8

_ 13, 3«
S ) N(N)~s LR PN (QznnezN WAyl L2

Ni>N
3 _13 3a 1A 1—5+%
< D NENPTEESWND)TING T 1 Qzngz ey low -y
Ni>N !
1 o
N 5 Ita (N) S—1+7
<y (—) Ny (— T R e B
~ ~VANT TR s Ypeoeng=2
vy V) (M) ‘

Sonlzllysllwllzo -1 -
t
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where [[(8,/); ll;2(z) < 1. Finally the contribution of the last region can be bounded, thanks to (4-10), by

> 119« PN OQ«nNp (QanNgZN1QNNeWN 513430 3
Ni>N
_13, 3a
S Y N(NYTETE | Py Qanne (Qennezn, Qonnewny) 12
Ni>»N
3 s—ﬁ+ s ay—1 115
N2(N SNCINND) TN P lQannyzm e ms 1 Q~nngwn -1 1
Ni>N
< > ( )%uv)-”"‘(“v ) )S_Hgn luge s o |
S YENIY A ey ZN Lo Hs IWAN I 1 1
F 22
Ny V) (N1)
< -
SOMEI TS
which is acceptable. This concludes the proof of Proposition 4.7. O

Proposition 4.8. Letr 1 <a <2,0<T <2andletu,v € L%OHS withs > 1— % be two solutions to (1-3)
associated with initial data ug, vo € H® such that ug —vo € H®. Then!
2
=01 s % o =00l g+t vl =0l g g el (422
Proof. Recall that the difference w = u — v satisfies (3-23) with z = u 4+ v. Applying the operator Py
with N > 0 dyadic to (3-23), taking the L? scalar product with Py w and integrating on 0, ¢[, we obtain
S I1Pywoll iy rg + (NTHNPEEFD sup

t
//PN(Zw)awa‘.
tel0,T]1/0 JR

[ / PN(zw)awa‘

We take extensions Z and @ of z and w supported in time in ]—4, 4[ such that ||Z]lys < [u[lys and

2
w
[

Therefore, we have to estimate

Ji=) (NTI)N)? (=23 gup

N>0 t€l0,T]

0]l zs < ||Jw]| z3.- To simplify the notation we drop the tilde in the sequel.
Proceeding as in (3-27), we get

TS0 Y NINTHIND2OTEY sup (LG ww)|
N>0 N1 =N t€]o,T[
+3° 3 MNP sup [Tz, wn way)l
N>0Ni=N 1€]0, 71
+3° Y NVTINETEY) sup Lz, wy . wp))|
N>0 N =N 1€]0,T[
=J1+ 2+ J3. (4-23)

I'We include the case o = 1 here since it does not lead to additional difficulties and will be useful in the Appendix to prove
LWP for («, s) = (1, %)
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Estimates for J1. The contribution of the sum over N < 1 in Jj is estimated, thanks to (3-4), by

2 2
Yo Nznz;anszanln Y 1 P 1] (e
N=<1NizZN T

The contribution N >> 1 in J; can be controlled with Lemma 4.4 by

E N L ] ~ NN Nl FA— 2D Nl lc><>}1~S 2
I >

N>1NiZN

NAE
v lzn il i—g. g lw N1||L2HS_33a ||wN1||L?oHs—33f¥
¢ 1yus% 2
+N2TEN, IIZNIIL?OHI—%IIwNI | Loo B35
SIIZIIYl—%IIWIIZ?oﬁP sellwlls—35a

where for the first term we used Cauchy—Schwarz in (N, N1) and then summed in L. Note that for
a > 1 we could replace the L8 HS~3/2+/2_norm by a standard L9 H~3/2+%/2_norm by invoking the

discrete Young inequality.

Estimates for J,. We separate different contributions. First, the contribution of the sum over N; <1
is directly estimated by ||z||LooL2 ||w||LooH 1/2- The contribution of the sum over N < Nz(1 ~9/3 and
N1 > 1 is then easily estlmated by

Y Y NN lzml el L P e
Ni>1 %(1_‘1)
N<N;

< YN Jem R L s L) e
Ni>1
S PP ||w||L%OHS_%+% . (4-24)
Finally the contribution of the sum over N1 > 1 and N > N; 2(1-2)/3 is bounded, thanks to Lemma 4.4, by
)OND DI DY T Yy RSy EY
Ni>1 %(1_a) L>1
N>N,
gy o, ||L2Hs_35a [T
1 5+o —o_
—q - 8
+ N78(N) ® N, IIwNII %,%”wN1||L?oHs—3EU‘ lzni N2 prs
13
FNIN Sl w200 e
<
Izl s (ol e - 0l oo ol y 7).

where again we used Cauchy—Schwarz in (N, N1) and then summed over L.
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Estimates for J3. We first notice that for N < Ny and Ny > 1, since 1 + 2(s — 3_—“) >0,
NN N3 < Ny N (N) 267529,

Therefore, the contribution of this region to J3 is controlled by J5. Finally the contribution of N < N; <1

is easily bounded by ”Z”LooLZ ”w”L°°H Y

Gathering all the estimates, we eventually obtain

Y L N PR MY PR S vy (4-25)
which completes the proof of (4-22). O
4B. Unconditional well-posedness. Let us fix s > 1 — %. We notice that 1 — 5 >0>5, = ; — o, which

is the critical Sobolev exponent associated with (1-3) for dilation symmetry. Therefore, as in Section 3B,
the unconditional well-posedness in H*(R) of (1-3) for small H*-initial data with a maximal time of
existence T > 1 will ensure the unconditional well-posedness of (1-3) for arbitrary large H ®-initial data
with a maximal time of existence

_2(a+D
T =1+ [luollms)” 2T

Moreover, as in Section 3B, estimates (4-2), (4-3), (4-14), and a continuity argument ensure that a smooth
solution with small H*-initial datum has got a time of existence 7" in H°°(R) that is greater than 1.
Now, to prove the existence of a solution with initial data ug € H 1-a/2 e cannot argue exactly as in
Section 3B since, for s = 0, we miss compactness to pass to the limit on the nonlinear term. Instead, we
construct below a sequence of smooth solutions to (1-3) that converges strongly to a solution of (1-3)
emanating from u¢. This will be done by using the Bona—Smith argument.

Let ug € H® with s > 1 — 5 and |Juo[gs < 1. We denote by u™ the solution of (1-3) emanating
from P<pyuo. From the discussion above, uy € C([0, 1]; H*°(R)) and, for 1 < N1 < N3, we set

Ny N>

wi=u —Uu

Let us note that P<jwo = P<; (u™¥' —u™N2) = 0 and thus wo € H*(R) with lwoll s ~ lwollgs. It then
follows from (4-20)—(4-22) that

a—3
||w|| ~3+3 SwOIl, 319 SN * [P>nuollms. (4-26)
1

2 2
Moreover, on account of Lemma 4.2, Proposition 4.5 and (4-19), for any r > 0 we have
p y
. . N;
1N lysr < NNl gar < N lprs+r < N uollars - (4-27)
Next, since w satisfies (3-36), the Duhamel formula leads, for any 0 < N < 1, to
L, N1 2 2
| Pl S IPwwoll s + N2 2o + 02, 2)
and thus
2 2
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This proves that w € Z7.. We will also need the following estimates on w:

Proposition 4.9. Ler 1 <o <2,0<T <2and w € Z% withs > 1— % be a solution to (3-36). Then

N2 2
lwllys < lwllzge s (LA [ut I Zoo grs A w700 g7+ (4-29)
and
2 2 3 N 2 N
IIwIIZ%oHS < llwollggs + lwllys + ™ lys lwlizs + llu 1IIY;+%_%|IwIIZ;_%+% lwlizs.. (4-30)

Proof. First, (4-29) can be derived exactly as (4-2)—(4-3) of Lemma 4.2. Now, to prove (4-30), we separate
the contribution of 9, (w?) and 9, (u™N'w). First, (4-17) leads to

Z N2s

N>0

t
[ [ Posyyu| < i,
0 JR r

Second, applying (4-25) at the level s with z replaced by ™1, we obtain

t
ZNZS/ /PNax(uN‘w)PNw
0o Jr

N>0
. . 3 1
which leads to (4-30) since s — 5 + 5 > —5 fors > 1 — % and Z} — Y}}. O

2 2 2
T

< Ny N 2
< u ||Y;+3_@ ||w||Z_L lwllzs. + llu ||Y;—% lwllzs -

Combining (4-28), (4-29), (4-30) and (4-19), we infer that
lwl,

3—«a
2 2 2 2 2
< (U ol ) * [Iwollzs + luollas [wllys + luollas [wllZy + Ny 2 ||uo||Hs||1UI|ZS7%+%IIWIlz;]-
1

Then, the smallness assumption on ||ug || gs, (4-26) and the continuous injection Z7, < Y7, lead to

lwlZz; = lwolls + N~ wll®,_s (4-31)

04
242
1

S 1 PonyuollFrs (14 | P>y uolzrs) =0 as Ny — 0.

This shows that {u”} is a Cauchy sequence in C([0, 1]; H*) and thus {u™} converges in C([0, 1]; H*) to
a solution of (1-3) emanating from u. Note that there is no problem passing to the limit on the nonlinear
term here, since we have strong convergence.

Now, Lemma 4.2, Proposition 4.5 and (4-19) ensure that any L{° H *-solution to (1-3) on ]0, 1 belongs
to 177{ Therefore, according to Propositions 4.7 and 4.8, u is the only solution to (1-3) associated with
the initial datum ug that belongs to L H*.

To prove the continuity of the solution map in H*(R), we proceed as in Section 3B. Let {1, } C H*(R)
be such that ug , — 1o in H*(R) and let {u, } C C([0, 1]; H*(R)) be the associated sequence of solutions

to (1-3). Taking the same notations as above, we observe that, by construction,

P<i(uo—ud) = P<i(uop —uf,) =0 forall N > 1.
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This ensures that u — u® and Uy — u belong to Z S.. Estimate (4-31) on solutions to (3-36) then leads to

=™l zs + llun —up) |z S I P>nuollas + | P>Nitonllas .
which yields

tim _sup(lu—u™ | oo grs + ln —ul 5o ) = 0. (4-32)
>0 peN

It remains to estimate |uY —u® ||gs. Note that we cannot use Propositions 4.8 and 4.9 here, since
ué\{ n= u(j)v does not belong a priori to H* ([RR) However since ”0 and ”o ,, belong to H*°(R), we know,
from the beginning of this section, that u”V and u belong to C([0, 1]; H°°(R)). We now fix N > 1.

Setting s” = max(1, s), we have
||uév _u(])\{n”HS/ —0 as n— oo.

Therefore, on account of Section 3B,

2@+1)
Ju®Y —u, ||LooH5/—)O as n — oo with T~(1+||u0 ||H;/)_231.

Since u™ € C([0, 1]; H*®(R)) we can iterate this argument a finite number of times to obtain that the
convergence of ulY to uV holds actually in C([0, 1]; H s'(R)). The continuity of the flow map in H*(R)
follows by combining this last result with (4-32).

4C. The periodic case. We use the notations of Section 3C. Let Hy(AT) be the closed subspace of
zero-mean functions of Hj(AT). We define the Banach space H*(AT) as the space H{(AT) endowed
with the norm

ol s = I4IE12) (€)@l

Let (u,v) € (L*®(0, T; H5(AT)))? be a pair of solutions to (1-3) associated with initial data (1, vg) in
(H*(AT))? such that ug —vo € H*(AT). As noticed in Remark 1.3, (u,v) € C([0, T]; HS~*~1(AT))?
and it is not too hard to check that the mean value is a constant of the motion for such solutions. Therefore,
u(t) — v(t) has mean value zero for all ¢ € [0, T].

As explained in Section 3C, to extend our result on the torus AT, uniformly for A > 1, we only have to
care about the contributions of the null frequencies each time we used the homogeneous decomposition
in space frequencies. First we notice that in the proof of Lemma 4.2 we do not use any homogeneous
decomposition in space frequencies and thus this lemma still holds in the periodic setting. Note that this
is also true for (4-29), since the proof of this estimate is exactly the same. Moreover, on account of (3-42),
the contributions of the null frequencies vanish in the proof of Lemma 4.2. Now, for Propositions 4.7, 4.8
and 4.9, we only have to care about the contributions of d, Py (wPyz), since, according to the discussion
above, Pow = Pyo(u —v) = 0 on [0, T]. On account of (3-43), these contributions vanish in (4-22)
and (4-30). Finally, these contributions can be estimated in Proposition 4.7 by

19x Py (PNwPo2) 53491 S NIPN(PNwPoZ)llxs—20 SNzl o2 lwl 2751
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with [[(85,)l71(z) < 1. This is acceptable, since 1 —5 >0 and s — % + % > s—1. The proof of Theorem 1.5
is now complete.

5. Dissipative limits

First, we notice that, if u is a solution to (1-9), then u; defined by u; (¢, x) = A%u(A1 %, Ax) is a
solution to

Oqup + Ly qup + AT P Afuy + 30, (uz)* =0 (5-1)
with

LA 0(E) =ix*  p 1 ATLED(E)
and -
Apv(E) =2APqp(A1E)0(%) forall £ R,

Therefore, as in the preceding section, up to this change of unknown, of parameter ¢ and of operators, we
may assume that u satisfies (1-9) with Ly 41 and Ag that verify Hypotheses 1 and 2 forall 0 <A < 1.
Second, we notice that Hypothesis 2 now ensures that, for 0 <A <1 and N > 1 dyadic,

B
(A Pnv. Pyv)2 2 N2 || Pyvl3, (5-2)
and
|45 Py vlie < NPIIPyvlg2. (5-3)

The main point is now to prove that the Cauchy problem (1-9) is locally well-posed in H* uniformly
in g > 0.

Proposition 5.1. Let | <a <2, 0<pB <14 aands >1—5. Forany ¢ € H*(R) there exists
T ~ (1 + |Jugll g1—as2) 2@+ D/Qe=1) 4 4 solution u, € C([0, T); H) to (1-9) that is unique in some
function space® embedded in LF(0,T; H®). Moreover, there exists C > 0 such that, for any ¢ € ]0, 1],
sup |lue@)las = Cllolas. (5-4)
t€l0,T]
Finally, for any R > 0, the family of solution maps Sy : ¢ — ug, ¢ € 10, 1], from B(0, R)gs into
C([0, T(R)]; H(R)) is equicontinuous, i.e., for any sequence {¢n,} C B(0, R)gs converging to ¢ in
H*(R),
lim sup ||[Sgp—S oo HS =0. 5-5

,Jim_ 86]01?1[ 1Se¢ — Se@nllLoo (0,7 (R); s (R)) (5-5)
Proof. We treat the cases (o, s) # (l, %) This last case can be treated in the same way by using the
estimates derived in the Appendix. First we notice that, for (1-9), in view of (5-2), the energy estimate
(4-14) becomes

el zoo prs + «/5||M||L2THS+g S lwollzs + 1l oo pyi-g lullyy + lullge s IIMIIYTF% . (56

2For (a, 5) # (1, %), this space is simply the space LF H* N L%H“"s/z.
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On the other hand, viewing e Agu as a forcing term, (4-2)—(4-3) together with (5-3) lead to

< s(1 2 . -
lullys < lullpgeps(1+ IIMIIL%OHP%) +8”””L2THS—‘5°‘+ﬁ (5-7)

To derive an a priori bound from the above estimates, as in the previous section, we have to use the
dilation argument that is described in the beginning of this section. So the dilation function u ) defined by
u; (¢, x) = A%u(A1 19, Ax) satisfies (5-1) and we set

— +1-—
[ollvs == lvliLge s + Ver ﬂllvlleTHﬁg

Since B < & + 1, this ensures that, for A < (1 4 ||| gs) 2@ +TD/Ce=D) and 0 < T < 2,

s < s 2 o @ S
lualing < lloallms + 1+ IIMIIN;_T)IIMIIN;—7 [l Vs
with [z |gs < A% 12|¢||gs < 1. This leads to the uniform bound (5-4) for smooth solutions to (1-9)
by a classical continuity argument.
Now, proceeding in the same way for the difference of two solutions, it is not too hard to check that
(4-20) becomes

vl , 3.5

T
< lu— vIIZOOHS_7+a+||u v|| o-3+g+s Tl vlgsllu—v] T%+Ilu+vllylﬁllu vIIZT E
whereas (4-22) becomes
It =0l g o + Vo=l g g o=l gg + it ollgghu—vl] g
By the same dilation arguments as above, this leads to
vl o geq + Vel gign S o —voll gy 3ig (5-8)
T T

Combining the above estimates and the Bona—Smith argument, we can proceed as in Section 4B and
construct a sequence of smooth solutions that converges strongly in C([0, T']; H®) towards a solution
to (1-9). We thus obtain the existence of a solution u, € C([0, T]; H¥) N L%H““Hs/2 to (1-9) with
T = (1+ |Jug|| g1—as2)2@+D/@e=1) and ¢ € H* as initial data. Moreover, (5-8) ensures that this is the
only solution emanating from g in the class L H¥NL2 HS +B/2 Obviously, this solution satisfies (5-4).

Finally, the equicontinuity of the solution map in C (0, T, H?) follows from Bona—Smith arguments as in
Section 3B. O

It is clear that the above proposition implies part (1) of Theorem 1.14. Now, part (2) will follow from
general arguments (see for instance [Guo and Wang 2009]). Let us denote by S, and S the nonlinear group
associated with, respectively, (1-9) and (1-3). Let ¢ € H*(R), s > 1 =S and let T = T (¢l g1-as2) > 0
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be as given by Proposition 5.1. For any N > 0 we can rewrite S¢(¢) — S(¢) as

Se(@) — S(@) = (Se(@) — Se(P<n@)) + (Se(P<n@) — S(P<n@)) + (S(P<np) — S(9))
=Ign+JeN + KN.

By continuity with respect to initial data in H*(R) of the solution map associated with (1-3), we have
imp o0 | KN |Loo(0,7; H5) = 0. Moreover, (5-5) ensures that

lim sup ||/gNllLooo,T;H5) = 0.
N—00 ¢e]0,1]

It thus remains to check that, for any fixed N >0, limg— || Je, N || oo 0,7;75) = 0. Since P<y ¢ € H*®(R),
it is worth noticing that Sg(P<ny¢) and S(P<n¢) belong to C*°(R; H*°(R)). Moreover, according to
Theorem 1.14 and Proposition 5.1, for all § € R and ¢ € ]0, 1],

1Se(P<n @)l oo o + IS(P=n @) o o < C(N.6. llpll ).
Now, setting ve := Sg(P<ny¢) and v := S(P<ny @), we observe that w, := v, — v satisfies
0twe + Lot1we = _%ax(ws(v +ve)) — 8Aﬂvs

with initial data w.(0) = 0. For s > 0, taking the H®-scalar product of this last equation with w, and
integrating by parts, we get

d
g lwellms < A+ 195 (v + ve)llLso) [wellzzs + 11750, (v + ve)lwell .2 lwell s + e[| DE e[
Applying the mean value theorem to the Fourier transform of the commutator term, it is not too hard to
check that

I3 0x. f1gll 2 < I fxllzs+1 gl ey - (5-9)

which leads to
- 2. < C(N 2 w 2 2C N 2
di lwe@) s S CN, s+ v”‘P”L}C)” 8(1)”1-1;“’5 (N.s+ B, ||‘/’||L)2€) .

Integrating this differential inequality on [0, 7], this ensures that limg—¢ ||we | 700 (0,7;75) = 0 and proves
that

u,—u in C([0,T]; H®) (5-10)

with T ~ (1 + ||u0||H1—a/z)_2(°‘+1)/(2"‘_1). Now fix ¢ € H® and let T* > 0 be the maximal time of exis-
tence of S(¢). It remains to prove that the time of existence T, of Sg(¢) in H® satisfies liminf,_¢ Tg > T*.
Actually, this follows by a classical contradiction argument. Indeed, assuming that this is not true, there
exist &, \, 0 such that lim 7, = T1 < T*. We set

_2(a+1)
ST = (14 SO oo 7,189 1
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which is well defined since 77 < T*. Applying (5-10) about 77 /(T ) times, we eventually obtain that,
for n large enough,

H Sé‘n (@)(Tl - ﬁg(’]ﬂl)) ”Hl—% = 2||S(¢)||LOO(O,T1,H1_%) .

But then the uniform bound from below on the existence time ensures that Ty, > T7 + %8 (T1), which
contradicts lim 7, = 7T and proves the desired result. This ensures that, fixing 0 < Tp < T*, we have
T, > Ty for & > 0 small enough. Finally, applying (5-10) about T /5(Tp) times, we get (5-10) with T = Ty.
This completes the proof of Theorem 1.14.

Appendix: The casex =1and s = %

This case is important since H 1/2 is the energy space for the Benjamin—Ono equation and also the
intermediate long waves equation. Unfortunately, we are not able to prove the unconditional well-
posedness in this case. However, we are able to prove the well-posedness without using a gauge transform.
This is useful for treating perturbations of these equations, as we explained in the preceding section. In
this section, we indicate the modifications of the proofs in this case. In the sequel we set

D=

M?:=L®H:nX"2!,

LemmaA.l. Leta =1,0<T <2,andletu € ]\271/2 be a solution to (1-3). Then
< 2 ;
IIMIIMT% < IIMIIZ%OH% + IIMIIM? (A-1)
Proof. Working with the extension 4 = pru (see (3-3)), still denoted u, if suffices to estimate the
X~Y/2:1_norm of u. First we notice that the low frequency part can be easily controlled by

< 2
P2l g % Tl
Now, for N > 1, we have

+ N2

D, umny

Nj~N>2zN

Y PN(u~nun,)

1<N> <N
+ Iy +1HN+I .

<
IIMNIIX;%,I S IPyuol -

1
2 2712
L2132

+ N2 N3
L3.L%

Y Pn(u~nun,)

N2<1

L3212

= [ Pnuoll -y
Clearly,
1

INSNE Y sz g

1
L®H?
Nj~N22N

Z_/\
h:

8
T

(S
N
—~
b

=

Il
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with [[(8,/)[l;2(n+) < 1. Moreover, we easily get from Bernstein estimates that

1
< 2 < <
Iy <N NE 1||M~N||Lgx luwn,llLee < ||M~N||L%H% ”u”L;wH% < 5NIIMIIL?OH% ”””L;OH%
<<

with [[(8,/)[[;2¢n+) < 1. On the other hand,

Y QunN, PN(unun,)
1<N> <N

Hy<NZ SHN+I1%.
2

x

> 0NN, PN(uyun,)
1<N> <N

+N3
2

tx

By almost orthogonality, we have

1

2 )2
2
th

1
Iy 5 N2( > H O~NN, PN(u~NUN,)
1=N><KN
1

1 2 2 :
V(X ey ol )
L*H

N2<N r Hx

<
Sl a1l zeo 3

<

SON Ul oo g 14l oo 4
with [|(85,) [l;2(y+) < 1. It remains to control H%V. Since the Fourier projectors ensure (t— p>(§)) ~ NN,
the resonance relation (1-6) leads to |11 — p2(§1)| VvV |t — 11 — p2(§ — &1)|) = N N, for II%\,. We separate
the contributions of O>nn,u~n and Q>N N, U N,. For the first contribution, we have

1 1 1
Iy SN2 Y (NN AN Qznmstn|l 1 1 lun, |

L®H?
1<N><KN

11
X4°4

Slu~nlly g allull, o1
t

1 3
<Snllull? ull u |
R A

with [[(85/)[l;2(n+) < 1 and where we used interpolation at the last step. For the second contribution, we

write
1
Iy SN2 Z ”Q<<NN2u~N”L?°L§||Q2NN2MN2||L%L§
1<N><KN
1 1
< a —_—
<N:2 Z N 4||Q<<NN2M~N”L$°H%||QZNN2uN2”L?H%
1<N> KN
1 1 1
< N3 -1 _1
<N:2 Z N~%(NN>) 4Hu~N”L‘,’°H%”uN2”X%%
1<N><KN
1
<§ _ 4 iy
< N“u”L?C’H%”u”X—%s‘”u”L?oH%

with [[(8,/)l;2(n+) < 1. Gathering the above estimates, (5-2) follows. O
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LemmaA.2. Leta =1,0<T <2andletu € ]\271/2 be a solution to (1-3). Then

2
[l

2 2
oy S ol + ||u||
L®H?

(A-2)

Proof. We follow the proof of Proposition 4.5. Note that MY2 s y1/2, According to (4-15), it suffices
to control

I—Z Z Ni) sup |Ii(un.u~n, uN,)|-

N>0 N =N 1€]0,T[

It is easy to check that the only term of the left-hand side of (4-16) that causes trouble in the case o = 1 is
the first one. This term corresponds to the contribution of Q. NOUN, and Q. y Nt~y Fora =1,
we control these contributions by applying Cauchy—Schwarz in (N, N1). For instance, the contribution of
O LN NEUN, is estimated, thanks to Lemma 4.4, by

—1aAa—4
Do 2 NWNO Y LTINT2 uw gz | Omrnngum, | oy Nty oo 2

N>1NZN L>1

1
! 1
-1 2 2
DIV (D DI NV P IS I (N D vV Ay
L>1 NiZN>1 d NiZN>1
<
Sl el Tl - =
Lemma A.3. Let 0 < T <2 andletu,v € 1\27{/2 be two solutions to (1-3) on |0, T[. Then we have
_ <y — — -
[ vllzf% < u ”LOOH‘”*“ + ||u+v|| 3l vllzf% (A-3)
T M7 T
and
—vl? < —voll? — — -
e =l g} o —voll 2y +||u+v||~L||M V700 oo F- 3l vllz;%- (A-4)
S1/2 1/2

Proof. First we notice that (A-4) is already proven in Proposition 4.8, since M AR Y m =Y It
remains to prove (A-3). We follow the proof of Proposition 4.5. It is not too hard to check that the only
contribution that causes troubles in the right-hand side of (4-21), in the case « = 1, is the contribution
of the low-high interaction term, Py (P<yzwpy ). We proceed as in Lemma A.1 . We take extensions Z
and w, supported in |—4, 4, of z and w such that ||Z|| ;71,2 < ||Z||M}/2 and | W] z—1/2 < ”w”2;”2' For

simplicity we drop the tilde. We first notice that the contribution of P<;z is easily estimated by

|0x PN (P<1zw~p) ||

’

(S

_1
porioy SRy (Paizoem gz, S 12l g lwenl ),
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which is acceptable. Now we decompose the remaining contribution as

195 Pn (Po1Psnzw~n)ll —1.1-4
SN| Y. Pw(Pwnzw-n) e
1KN SN X
1 1
SN2 X Qewm Py(Przwan) | H(N)T2 | D Quny PN (P, 2wn)|
1<KN| SN Ix 1KN; <N Lix
=Jin+J2N.

By almost-orthogonality,

1
_1 2
Jiw < (N) ( ) ||Q~NN1PN<PN1zw~N)||§%)
1<N <N ¥

1
< N\—3 2 2
s i, el )

1KN1 SN

Slwnll, oo -1 llzll 5 1
L®H 2" "L?HZ2

’

which is acceptable. To treat J5, we notice that, since the Fourier projectors ensure that {(t— p,(§)) ~ N Ny,
the resonance relation (1-6) leads to |11 — p2(§1)| V |t — 11 — p2(§ —&1)| 2 NN, for J, . We separate
the contributions of O>nn,zn, and Q>N N, w~n . For the first contribution, we write

1 1
LN SINYTZ Y NZIQzww Phizlipe lwan o2
IKNISN

—1 4
Y. (NNDTENQznw Paizll,
IKNISN

D=

S(N)” %,%||W~N||L<;OL)2C

’

1 3
< 4 4
Sl —y s ||Z”L;>°H% .

which is acceptable. For the second contribution, according to (4-10), we have

1
BSN)TE Y zw |
1KN| SN
1 3
< -3 —1x3
SN2 ) (NNOTINZ 2w gy o
1KNi SN

Lo 192NN w~N L2,

_11
2°2

<

Sllw~nll 1.4

which is acceptable. Gathering the above estimates we obtain (A-3). O

Gathering Lemmas A.1-A.3 and proceeding as in Section 4B we obtain the local well-posedness
in H/2 of (1-3) for & = 1. Note that the uniqueness holds in the space ]\71%/ 2,
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1. Introduction

We study quantitative stochastic homogenization of equations of the form

ué + F(D*u®, x/e,t/e?,w) =0 in Ur,
(1-1

ué = g on ap Ur,
where F is a random uniformly elliptic operator, determined by an element @ of some probability space,
Ur=Ux(0,T]C Rt s a compact domain, and 9, Ur is the parabolic boundary. Lin [2015] showed

that, under suitable hypotheses on the environment (namely stationarity and ergodicity of the operator in

space and time), u®( -, -, w) converges almost surely to a limiting function # which solves
{u, + F(D*u)=0 in Ur, (1-2)
u=g on d,Ur,

for a uniformly elliptic limiting operator F which is independent of w. Furthermore, a rate of convergence
was established under additional quantitative ergodic assumptions. If the environment is strongly mixing
with a prescribed logarithmic rate, then the convergence occurs in probability with a logarithmic rate, i.e.,

P[s;pw%-,-,w)—u(-,-n > f(e)] < f(e) (1-3)

MSC2010: primary 35K55; secondary 35K10.
Keywords: quantitative stochastic homogenization, error estimates, parabolic regularity theory.
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with f(e) ~ |loge|~". In this article, we show that, under the assumption of finite range of dependence,
the homogenization occurs in probability with an algebraic rate, i.e., f(g) ~ &,

Background and discussion. For nondivergence form equations in the random setting, the pioneering
works establishing the qualitative theory of homogenization (the convergence of u® — u) include (but are
not limited to) the papers of Papanicolaou and Varadhan [1982] and Yurinskii [1982] for linear, nondiver-
gence form, uniformly elliptic equations, and Caffarelli, Souganidis, and Wang [Caffarelli et al. 2005] for
fully nonlinear, uniformly elliptic equations. The study of quantitative stochastic homogenization seeks
to establish error estimates for this convergence. For linear, uniformly elliptic equations in nondivergence
form, the first results were obtained by Yurinskii [1988; 1991]. Assuming that the environment satisfies
an algebraic rate of decorrelation, his works present an algebraic rate of convergence for stochastic
homogenization in dimensions d > 5. In dimensions d = 3, 4, the same result holds under the additional
assumption of small ellipticity contrast, that is, the ratio of ellipticities is close to 1. In dimension d = 2,
Yurinskii’s results yield a logarithmic rate of convergence.

For fully nonlinear equations, the first quantitative stochastic homogenization result appears in [Caf-
farelli and Souganidis 2010] for elliptic equations, and the parabolic case with spatiotemporal media was
considered in [Lin 2015]. Both of these works obtain logarithmic convergence rates from logarithmic
mixing conditions. The approach of both papers was to adapt the obstacle problem method of [Caffarelli
et al. 2005] to construct approximate correctors, which play the role of correctors in the random setting.
The logarithmic rate appears to be the optimal rate attainable with this approach. This left open the
question whether an algebraic rate similar to the results of Yurinskii was attainable in the more general
setting of fully nonlinear equations, and for problems in lower dimensions.

In the elliptic setting, this was addressed in [Armstrong and Smart 2014b]. They prove algebraic
error estimates in all dimensions for the stochastic homogenization of fully nonlinear, uniformly elliptic
equations. The main insight of their work was the introduction of a new subadditive quantity that (1)
controls the solutions of the equation and (2) can be studied by adapting the regularity theory of Monge—
Ampere equations. Their method does not see the presence of correctors and instead controls solutions
indirectly via geometric quantities.

The purpose of this article is to adapt the elliptic strategy to the parabolic spatiotemporal setting, which
turns out to be subtle. The approach of [Armstrong and Smart 2014b] was to view the convex envelope
of a supersolution as an approximate solution of the Monge—Ampere equation

det D*w =1 (1-4)

for w convex and to then use ideas from the regularity theory of (1-4) (namely John’s lemma) to control
the sublevel sets of w. In the parabolic setting, we will show that the monotone envelope of a supersolution
of (1-1) is an approximate solution of the analogous Monge—Ampere equation

—w;det D*w =1 (1-5)

for w parabolically convex (convex in space and nonincreasing in time). The equation (1-5) was introduced
by Krylov [1976], and then it was pointed out by Tso [1985] that this was the most appropriate parabolic



ALGEBRAIC ERROR ESTIMATES FOR PARABOLIC STOCHASTIC HOMOGENIZATION 1499

analogue of (1-4). Regularity properties of (1-5) have been studied by Gutiérrez and Huang [1998; 2001]
and other parabolic Monge—Ampere equations have been studied by Daskalopoulos and Savin [2012]. In
spite of this work, the equation (1-5) is still not as well understood as (1-4). In particular, there is no
analogue of John’s lemma for sublevel sets of parabolically convex functions. This forced us to develop
an alternative approach (which can also be used in the elliptic setting), which replaces John’s lemma with
a compactness argument.

Assumptions, and statement of the main result. We begin by stating the general assumptions on (1-1)
and the precise statement of the main result. We work in the stationary ergodic, spatiotemporal setting.
We assume there exists an underlying probability space (€2, %, P) such that

Q:={F:S% x R - R satisfies (F1)—(F4)},

where (F1)-(F4) will be specified below. In particular, we have F (X, y, s, w) = o(X, y, s). & is the
Borel o-algebra on €2, and we assume that Q2 is equipped with a set of measurable, measure-preserving
transformations 7(y ¢y : 2 — S for each (y', s’) € R4+ We also assume that 0, Ur satisfies a uniform
exterior cone condition, which allows us to construct global barriers (see [Crandall et al. 1999] for the
precise assumption). Our hypotheses can be summarized as follows:

(F1) Finite range of dependence: For A € R4*!, denote
B(A) :=0{F(-,y,s,w):(y,5) € A},
the o -algebra generated by the operators F' defined on A. For (xy, t1), (x2, 1) € Rt et
dl(x1, 1), (2, )] := (b1 =l + |6y =122,
For A, B C RI*!, let
d[A, Bl :=min{d[(x, 1), (y,5)]: (x,1) € A, (v, 5) € B}. (1-6)

The finite range of dependence assumption is:

X :BA) — R,

with d[A, B] > 1, X, Y are P-independent. (1-7)
Y :®B(B) — R,

For all random variables {

(F2) Stationarity: For every (M, w) € S¢ x Q, where S¢ denotes the space of d x d symmetric matrices
with real entries, and for all (y’, s") € RY*!,

FM,y+y,s+s, 0)=F(M,y,s, t(y.s)).

In fact, we only use this hypothesis for (y’, s") € Z4+!.
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(F3) Uniform ellipticity: For a fixed choice of A, A € R with 0 < A < A, we define Pucci’s extremal

operators,
MEM)= sup (—tr(AM)}=—-1) e—A) e
M<A<AI =0 ¢ <0
M (M) = A151}412\]{—&(AM)} =-A) e&—A) e
e,-<0 e,->0

We assume that F(-, y, s, w) is uniformly elliptic for each w € , i.e., for all M, N € S and
(O, s, w) e R x Q,

M~ (M —N)<F(M,y,s,w) = F(N,y,s, o) <M"(M—N).
(F4) Boundedness and regularity of F: For every R > 0, w € Q, and M € S? with |M| < R,
{F(M, -, -, ®)} is uniformly bounded and uniformly equicontinuous on R+,

and there exists Ky such that

esssup sup |F(0,y,s, w)| < Kp.
we (y,s)eRd+'

We also require that there exists a modulus of continuity p[ - ] and a constant o > % such that, for all
(M, y,s, o) e S* xR x Q,

|F(M, y1,51,0) — F(M, 2,50, ©)| < p[(L+ M) (Iy1 — y2| + Is1 — 52)7].

where |- | denotes the standard Euclidean norm on R? and R respectively. By applying (F4), we have
that

esssup sup |[F(M,y,s,w)|<C+AM|<C+|M]). (1-8)
weR  (y,s)eRd+!

Equipped with these assumptions, we now state the main result:

Theorem 1.1. Assume (F1)—(F4), and fix a domain Uy and constant My. There exists C=C (A, A, d, My)
and a random variable ¥ : Q — R with E[exp(¥(w))] < C such that, if u® solves (1-1), u solves (1-2), and

1+ Ko+ lglicor,uy) = Mo,
then, for any p < d + 2, there exists a B = B(A, A, d, p) > 0 such that

sup |u(x, t) —u®(x, t, )] <C[l+&”%(w)]eP. (1-9)
Ur

The above theorem implies

P[sup lu(x, t) — u®(x, t, w)| > CeP| < Cexp(—&~7) (1-10)
Ur

for B > 0 independent of the boundary data. It has recently been shown in the elliptic setting [Armstrong
and Smart 2014a; Armstrong and Mourrat 2015; Gloria et al. 2014; Fischer and Otto 2015] that quantitative
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estimates similar to (1-9) lead to a higher regularity theory at large scales. Although we do not discuss
higher regularity results in this article, we are motivated by the recent progress in the elliptic setting to
state our results in this form.

Notation and conventions. We mention some general notation and conventions used throughout the paper.
The letters A, A, Ko, T, Ur will be used exclusively to refer to the constants stated in the assumptions. In
the proofs, the letters ¢, C will constantly be used as a generic constant which depends on these universal
quantities, which may vary line by line, but is precisely specified when needed. We will always denote
S? as the set of symmetric d x d matrices with real entries and M? as the set of d x d matrices with real
entries. We use the notation | - | to denote a norm on a finite-dimensional Euclidean space (R, R?, R?*! or
S9) or the Lebesgue measure on RY*+! and we reserve || - || to denote a norm on an infinite-dimensional
function space.
We choose to employ the parabolic metric

dl(x1, 1), (x2, 22)] = (|x1 — x2|* + |11 — 12])V/2.

We point out that this equivalent to the metric

dool(x1, 11), (x2, 12)] = max{|x; — xa|, |t; — t2|"/?}.

We say that f € C%¢ if, for any (x, 1), (v, s) € RI*1,

|f G, 0) = f( ) = N fllcowdl(x, 1), (v, )]

For sets, we use the notation Q C R4t to represent an arbitrary space-time domain, i.e., Q = Q' x (#1, t;],
where Q' € RY. We define the parabolic boundary by

30 :=(Q' x{t=0hU@Q x[1,n)).

We use the convention that 0 = QU d »Q, and

0@):={xeR?: (x,1) € Q).
We use the conventions
B, (x,1) = B,(x) x {t =1},
B, (x, 1) = {(x,1) e R 1 d[(x, 1), (x, )] <},
0,(%, 1) = B-(X) x (t —r?, 1.
In general, B,, &B(r), and Q, are used to denote B, (0, 0), &, (0, 0), and O, (0, 0), respectively. We point
out that %, and Q, are nothing more than the open balls generated by d[ -, -] and doo| -, - ], respectively.

In addition to these sets, we work with a grid of parabolic cubes which partitions R¢*!. The grid boxes
take the form

G, =[-13",13") x (0,31,
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For every (x, t) € R¥*!, we identify the cube
Gu(x, )= (3"|37"x+ %], 3" [37%"t]) + G,

Outline of the method and the paper. In Section 2, we define the appropriate parabolic analogue of the
quantity introduced in [Armstrong and Smart 2014b]. We prove the basic properties of this quantity and
describe how it controls solutions from one side. In Section 3, we show how the quantity controls the
behavior of solutions from the other side, utilizing the connection with the parabolic Monge—Ampere
equation. Here our primary innovation beyond [Armstrong and Smart 2014b] appears.

In Section 4, we construct the effective operator F using the asymptotic properties of our quantity and
we also construct approximate correctors of (1-1). In Section 5, we obtain a rate of decay on the second
moments of this quantity, following closely the analysis of [Armstrong and Smart 2014b]. Finally, in
Section 6, we show how the rate on the second moments yields a rate of decay on |u® — u| in probability.

2. A subadditive quantity suitable for parabolic equations

Defining n(Q, w, £, M). We now define the quantity which will be used extensively throughout the rest
of the paper. This quantity is a functional which measures the amount a function # bends in space and
time. We first recall some geometric objects relevant to the study of parabolic equations and we refer the
reader to [Krylov 1976; Wang 1992; Imbert and Silvestre 2012; Gutiérrez and Huang 2001] for general
references. We consider a subset Q € R4t!| a fixed environment w € Q, £ € R, and M € S¢. We then
consider the set

S(Q,w, &, M)={uecC(Q):u;+F(M+ D*u,x,t,0) > £ in Q},
where the inequality is satisfied in the viscosity sense [Crandall et al. 1992], and, similarly,
S*(Q,w, £, M) ={uecC(Q):u;+F(M+ D*u,x,t,w) <{ in Q).

To simplify the notation, we omit parameters when they are assumed to be 0, e.g., S(Q, w) refers to the
choice £ =0 and M = 0. We say a function u is parabolically convex if u( -, t) is convex for all # and
u is nonincreasing in ¢. For any function u, we define the monotone envelope to be the supremum of all
parabolically convex functions lying below u. In particular, I'* has the following standard representation
formula, which can be taken as the definition:

I(x,t):=sup{p-x+h:p-y+h<u(y,s) forall (y,s) e Q with s <t}.

We point out that I'* depends on the domain Q, however we typically suppress this dependence.
At any point (xg, #p), we compute the parabolic subdifferential,

P((x0, f0); w) := {(p, B) SR min w(x,1) = p-x =ulxo, 10) — p-xo=h},

xeU,t<ty

which may be empty.
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We then say that, for a domain Q' C Q C RI+!

PQ5uy =] P, t0); )

(x0,%0)€Q’

={(p, h): min  u(x,s)— p-x =u(xp, o) — p-xo=nh for some (xg, ty) € Q’}.
(x,5)€Q, s=to

We now define the quantity

1
nQ,w, £, M) = 0l sup{|P(Q; ') 1u € S(Q, w, £, M)}, 2-1

where | - | denotes Lebesgue measure on R4+!,
At this time, we point out some properties of ;1 (Q, w), which are critical for the analysis which follows:

(1) If u is constant in time, then Q(#) is constant in time. The projection of % ((xg, t); u) into RY is
precisely the elliptic subdifferential of the convex envelope of u. We denote the elliptic subdifferential
by aI'*[¢](-; -). This shows that, after an appropriate projection and renormalization, p as defined in (2-1)
reduces to the quantity defined in [Armstrong and Smart 2014b].

(2) This quantity respects the scaling on domains with parabolic scaling. For each u € S(G,,, w), let
Un (x, 1) :=372"u(3"x, 3%'t) € S(Go, w).
Under this scaling, if (p, h) € P(G,; u), then (3" p, 372"h) € P(Go; u,). Thus, we have that
P (G )| = 3" 2 |P(Go: up)|.

This shows us that, in order to prove statements for (G, w), it is enough to prove statements for u(Gg, w)
and rescale.

(3) fw e C*(Q) is parabolically convex, then % ((xo, fp); w) reduces to
P((x,1); w) = (Dw(x,t), wx,t) — Dw(x,t) - x).
If we interpret P((-, -); w) as P[w](-, -) : Rt — R4*+! then by a standard computation,
det 3P[w] = —w, det D*w,

where 9P[w] = D; ,P[w]. We point out that the right-hand side is precisely the Monge—Ampere operator
first introduced in [Krylov 1976; Tso 1985]. Therefore, by applying the area formula [Evans and Gariepy
1992],

1 1 1
—|P(Q; w)| = —/ detDP[w]dx dt = —/ —w; det D?wdx dt.
|0 101 Jo 101 Jo
This shows the formal connection between the quantity |?(Q; I'*)|/| Q| and the parabolic Monge—

Ampere equation. We will explore this connection further in Section 3.
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As introduced in [Armstrong and Smart 2014b], we now define ©*(G,, w), which will serve as the
analogous quantity corresponding to subsolutions. We define the involution operator 7 (w) = w* by

F(M,x,1,0") = —F(=M,x,1,0) for (M,x,1,0) €S’ xR x Q.

(Recall we assumed €2 is the space of operators F.) We point out that 7 : 2 —  is a bijection and v™* = w.
Moreover, for u € C(Q),

ut+F(—M+D2u,x,t,a)*)Z—€ < v:= —u solves v,+F(M+D2v,x,t,a))§£

in the viscosity sense. Therefore, we define

1
Q. w, ¢, M) := 01 sup{|?(Q; )| 1u € S(Q, ", =, —M)} (2-2)

= M(Q’ 6()*, _Z’ _M)

1
= @ sup{|P(Q; T™)|:u € S*(Q, w, £, M)}.

Since 7 (w) = w™* is an F-measurable function on 2, we define the pushforward
myP(E) := P~ (E)].

This justifies that ©*(Q, w) enjoys the analogous properties of w(Q, w) for subsolutions. Throughout the
paper, we will focus on showing results for u(Q, w); the analogous statements hold for ©*(Q, w).

Regularity properties of n(Q, »). First, we show that «(Q, w) controls the behavior of supersolutions
on the parabolic boundary from one side.

Lemma 2.1. There exists a constant c; = c1(d) such that, for every w € Q, (x,t) € Rt e 7, and
ueSG,x,t),w),

inf u< inf u+ci3%w(Gu(x, 1), )/ @D, (2-3)
0pGy(x,t) Gu(x,1)

Proof. Without loss of generality, in light of the scaling of w(-, w), it is enough to prove the state-
ment for Go. Moreover, we assume that a := infy G, u — infg, u > 0. Let (xo, 7)) € Go be such that
u(xo, to) = infg, u. This implies that, for all |p| < a/+/d and all (y, s) € 8, Go,

”(xo,fo)—P‘x0=aifg u—a—p-xo=<u(y,s)—p-y+p-(y—xo)—a
pU0
<u(y,s)—p-yta—a=u(y,s)—p-y,

since |y — xo| < J/d. This implies that the minimum of the map (x, ) — u(x, t) — p - x occurs in the
interior of G¢. Thus, for all |p| < a/\/g, there exists a choice of & such that (p, h) € P(Go; u).

For each fixed p with |p| <a/ V/d, we examine which values of % are included in ?(Gy; u). Recall
that

h=h(tp)) = min u(x,t)—p-x.
(x,1)eGo,t<ty
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In particular, for each fixed p, the map A (-) : R — R is continuous. This implies that (p, h) € P(Go; u)
forall h [u(xo, 1) — p - Xo, infy, G, (u(x, 1) — p-x)].
Combining these observations, this yields that

{(p, h):lpl < Ta mf” —p-Xxo=h= aipntOM —p-X} S P(Go; u). (2-4)
The left side of (2-4) contains a hypercone in R?*! with base radius a/~/d and height a.
Therefore, we have that, for ¢ = c(d),

ca®! <|P(Go; ).

Since P(Go; u) € P(Go; T'"), this yields

1 1

. u

a< (l)dﬂ (|QP(G0, r )|>d+1 < e11(Go. ) /@D
c |Gol

with ¢; = c1(d). O

We now recall several results regarding the regularity of I'*. These results and their proofs can be
found in [Krylov 1976; Tso 1985; Wang 1992; Imbert and Silvestre 2012].

It is sometimes useful to use an alternative representation formula for the monotone envelope, in terms
of its contact points:

Lemma 2.2 [Imbert and Silvestre 2012, Lemma 4.5]. T'* satisfies the alternative representation formula

d+1 d+1 d+1 }

I (x, t)—1nf{Zku(x,,t,) ka,_x 4 €10, 1], ZA =1, 2 €[0,1]

i=1

In particular, if
d+1

r“° % = Z )\,-u(xlo, tio) with X; >0,
i=1
then:
o DU ) =u@? ) fori=1,...,d+1.
o ' is constant with respect to t and linear with respect to x in the convex set Co{(xl t9), (xl A )}ld+1],
the convex hull of{(xl L1, (xl , 0)}d+1

As a consequence of this representation formula, it is natural to expect that I'* inherits regularity
properties of the function u.

Lemma 2.3 [Imbert and Silvestre 2012, Lemma 4.11]. Suppose that u,+M+ (D?u) > —1. The function "
is C1 with respect to x and Lipschitz continuous with respect to t. In particular, P[T'*] : R4+ — RI+!
is Lipschitz continuous with respect to (x, t).

In addition, if u is a supersolution to Pucci’s equation, it turns out that I'* is actually a supersolution to
a linear equation almost everywhere:
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Lemma 2.4 [Imbert and Silvestre 2012, Lemma 4.12]. Suppose that u, + M+ (D?u) > —1. The partial
derivatives (I'f, DZF”) satisfy, almost everywhere,

T —AAT* > —1 in QN{u=T").

We next establish a lemma which shows that, in fact, [P (Q; u)| =|P(Q; I'*)|. As previously mentioned,
it is immediate that P(Q; u) C P(Q; I'*) and, thus, |P(Q; u)| < |P(Q; I'*)|. In order to conclude, it is
enough to show the following lemma, which is the parabolic analogue of Lemma 2.4 of [Armstrong and
Smart 2014b].

Lemma 2.5. Let Q € Rt denote an open subset, with u € C(Q), (xg, to) € Q, and r > 0 such that
Or(x0,20) S{(x,1) € QO : T (x, 1) <u(x,t)} ={I'" <u}.
Then |P(Q,(xo, 10); )| = 0.

Proof. Without loss of generality, we may assume that » < 1. Moreover, by a covering argument, it is
enough to show that |2 (Q, (xo, fo); I'*)| = 0 assuming that O3, (xo, o) € {I'* < u}.

Suppose for the purposes of contradiction that |2 (Q, (xo, fo); I'*)| > 0. Since the measure is positive,
by the Lebesgue density theorem almost every (p, h) € P(Q,(xo, tp); I'*) is a density point. We mention
that the density theorem still holds for parabolic cylinders and we refer the reader to the appendix of
[Imbert and Silvestre 2012] for a proof. We next have the following claim:

Claim. There exists (x', t') € Q,(xo, to) and (p, h) € P((x', t'); T*) such that (p, h) is a Lebesgue density
point of P(Q, (xo, to); T") and, also, p € aU"[t'](x") is a Lebesgue density point of 0T'"[t']( B, (xp)).

This follows from applying the Lebesgue density theorem to both P(Q, (xo, to); ['*) and dT*[¢']1( B, (xo))
for some ¢" with |aT“[¢'](B,(x¢))| > 0. By adding an affine function in space and translating, we may
assume that xo =0, 1 =0, I'*(x’,¢) =0, and (p’, ') = (0, 0).

Since 0 is a Lebesgue density point of aI'*[¢'](B,), for any x € d B, for r sufficiently small there exists
a p € aT*[¢'1(B,) \ 0 such that

p-% = 3IplIx|.
Suppose that p € aT#[¢'](y). Since I'*(-, t') > 0 in B,, this implies that, for any o > 2,
M(ax,t)y>T*(y,tY+p-(@aX—y)>ap-X—p-y> %ar|13| —r|p| > 0.
This and the monotonicity of ['* allows us to conclude that
I'“>0 on {|x|>2rt<t}.

Moreover, we point out that, since (0, 0) is a Lebesgue point of P(Q,; I'*), for each |x| <r < 1 there
exists (p2, hy) € P(Q,; T'*)\ (0, 0) such that

p2-x +har® > 31(p2, ho)|[(x, r?)| > 0.
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Let (p2, o) € P((y, s); I'*) for (y, s) € Q,. This implies that, for all # <s and all |x| <r, since hy >0
andr < 1,

T“(x, 1) > pr-x+hy = pr-x+hor’ +ho(1 = r%) > 0.

2

Therefore, for all + < —r~, we conclude again that I'* > 0. This implies that

>0 in (Q\Qo)N{r=<r}.

However, since u > I'* on Q3,, this implies that u > 0 on all of Q N{¢t < ¢'}. This contradicts that
I'“(x’,t") =0, and hence we have the claim. O

This regularity allows us to establish:

Lemma 2.6. Assume that Q € R4t is bounded and open, and u € C(Q) satisfies
u+MT (D) > —1;
then there exists ¢y = cy(A, d) such that
[P(Q; T < calfu =T"}N Q. (2-5)

Proof. Given the regularity of I'* established by Lemma 2.3, we apply the area formula for Lipschitz
functions to conclude that

|9]’(Q;F“)|=f detQD?P(F“):f - detDzruzxdf —I'* det D*AT".
0 0

N{u=I""} oNfu=I#}

By applying the geometric—arithmetic mean inequality and Lemma 2.4, we have that

,\—d/ —T“det D*AT" dx dt < c(%,d) [—T" + AAT 19 dx dt
ON{u=r" ONfu=r"}

Sc/ ldxdt =cl{fu=T"}NQ],
oN{u=I""}
which yields (2-5). O

We next claim that lim,,—, oo (G, ®) exists almost surely. This will follow by an application of the
subadditive ergodic theorem of [Akcoglu and Krengel 1980] to the quantity

sup  |P(Gp; T
UeS(Gp,)

We point out that the result of [Akcoglu and Krengel 1980] also holds for cubes with parabolic scaling.
In order to verify the hypotheses, we first show a decomposition property of wu( -, w):

Lemma 2.7. Foreachw e Q,neZ,andm e N,

(G rym, ) S][ n(Gn(x, 1), w)dx dt. (2-6)

Gn+m
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Proof. Let u € S(Gy4m, ®). By applying Lemma 2.6, we have that, for each (x, t) € G, 1,

|P(Grgm N0pGu(x, 1); T =0.

Therefore,
P(Gp(x,t); T
P (G T < > PG T =/ A ”(2 VIO g ar
{G=G(x,)CGim} Gt |Gl
P(Gn(x,t); TH
5/ LGSR NS
Gn+m |Gn|
where it = ulg (., for (x,t) € G,ym. By taking the supremum of both sides, we have (2-6). ([

Lemma 2.7 shows that E[ (G}, w)] is nonincreasing in n. We next show universal bounds for pu.

Lemma 2.8. There exists c3 = c3(A, A,d) > 0 and c4 = c4(\, A, d) > O such that, for every w € Q,
neZ,MeS% andl eR,

C3 inf (F(M,x’t’a))_ﬁ)t—l:—] EM(Gn,G),E, M) 564 sup (F(M’x’t’w)_g)i-i_l. (2_7)
(x,1)eG, (x,1)eG,

Proof. We fix M € S¢ and, without loss of generality, we assume that £ = 0. By Lemma 2.6, the right
inequality holds by scaling and rearranging. To prove the left inequality, we note that, letting

. n n 2
= f (F(M,x,t, d )i =——=t4+ —— ,
n (x,lt?ec,,( (M, x,t,w))+ and @(x,1) ) +4dA|x|

for each (x, t) € G,, we have

o+ F(M + D%, x,1,0) > ¢ + M~ (D*p) + F(M, x, 1, ) = —g - g +F(M, x,t, )= 0.
Therefore, ¢ € S(G,, w, M), and hence
PG, 1
(G, My = LG O /—cpzdetDzw=63nd“- O
|Gl |Gl
In particular, we mention that (2-8) implies
¢; nf (F(M,x,1,0) =0T = (G, 0, £, M) = o Ko(1+ M) = €157 (2-8)
x,0)eG,
Using the previous two lemmas, we establish:
Corollary 2.9. The limit lim,,_, o u(G,, w) exists almost surely.
Proof. We apply the subadditive ergodic theorem to the quantity
R(Gp,w):= sup |P(Gy; ).
ueS(G,,w)
We note, by the stationarity of F(-, -, -, ®), it follows that R(-, w) is stationary. By Lemma 2.7,

Lemma 2.8, and (F4), R(-, w) is subadditive on parabolic cubes and bounded almost surely. An
application of the subadditive ergodic theorem yields the claim. U
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In light of (F1), the limit is a constant almost surely. If lim,,—, oo (G, (x, t), ®) = 0, then, by (2-3), we
obtain a type of comparison principle in the limit. In the next section, we will show that, if the limit is
strictly positive, then we obtain control of the growth of an optimizing supersolution.

3. Strict convexity of quasimaximizers

The results in this section are completely deterministic and we suppress all dependencies on the random
parameter w. We show that |P(Q; I'*)| yields geometric information about the function u € S(Q). More
specifically, for some n < 0, if |P(G,(x,t); '")|/|G,| =~ 1 for all (x,t) € Gy, then the optimizing
supersolution for u(Go) is strictly convex. In particular, up to an affine transformation, the optimizing
supersolution bends upwards on 9, G.

Formally, if ¢ is parabolically convex with classical derivatives, then, for n sufficiently small, by the
Lebesgue differentiation theorem,

P(G,(x,1);
—<p,(x,z)det02<p(x,z)~][ g, det D2 dy ds = 12 G- D 0L
G (x.1) |Gl

Therefore, if |P(G,(x,1); ¢)|/|G,| = 1 for all (x,t), this is related to solving the parabolic Monge—
Ampere equation —¢; det D% = 1. This idea originated in [Armstrong and Smart 2014b], where, given an
equivalent measure condition for the elliptic subdifferential of the convex envelope, the authors conclude
that the optimizing supersolution is strictly convex.

In this article, we first utilize the regularity properties of u € S(Gg) to show that the time derivatives
and Hessian of w = I'* are uniformly bounded above almost everywhere. In particular, this bound only
depends on the ellipticity constants and dimension. Using the structure of (1-5), we then obtain that the
time derivative and Hessian are also strictly positive almost everywhere, which allows us to conclude that
the solution must be strictly convex. We mention that this approach can also be applied to the elliptic
setting of [Armstrong and Smart 2014b] to produce an alternative argument.

We first show that, by using that u € S(Gp), the monotone envelope I'* satisfies a uniform upper
bound on the time derivative and Hessian at its contact points. Recall that, by Lemma 2.3, I'* is
Lipschitz continuous in time and C'! in space. Therefore, we may represent (p, h) € P((xo, to); I'*) by
(DT (x0, 10), u(xo, f0) — DT (x0, fo) - x0) € P((x0, f0); I').

Lemma 3.1. Let u € S(Gg) and suppose
|P(G 2 (x, 1); T
|G -2
There exists y = y (A, A, d) such that, for all (xo, t)) € Q1/4(0,1) N{u = T'"}, we have that, for all
(v, s) € Q1/4(x0, to),

<2 forall (x,t) € Gy. (3-1)

M (y,s) <T"(xo, to) + DI'(x0, to) - (y — x0) + ¥. (3-2)

Proof. By the monotonicity of I'", it is enough if we can show that for all y € By,4(xo) where u(xo, tp) =
™ (xo, to),
T (y, to— 1¢) < T (x0. fo) + DT (x0, f0) - (¥ — x0) + . (3-3)
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We proceed by contradiction. Let w := I'* be defined in Go. Assume that there exists a point (x, #)
such that

sup  w(-, 10— 1) > w(xo, fo) + Dw- (y —x0) +, (3-4)

By /4(x0,10)

with y to be chosen. Without loss of generality, by adding an affine function, we may assume that
(x0, 70) = (0, 1) and I"*(xo, 10) = DT (x0, f0) =0.
Choose y € 51/4 so that

w(v. 56) = maxw(-, 1)
By (3-4),
w(y, %) > y.

Since w( -, §2) is convex, and using the definition of ¥, this implies that

w(z, %) >y forall z suchthat z-y > |y|%.

In particular, let © := {(z, 2) :z € Bij2, z- 5 = [y*}.

Let 9 := By, x (l—g, 1]. We claim there exists a test function ¢ € C 2(2) which satisfies

{got + M (D*9) =0 in 2, 3:5)

= —xe on 9p2,
and min ¢( -, 1) < —c for some universal constant c. First, by approximating — xg by a smooth function
from above and applying the Evans—Krylov theorem [Krylov 1982], there exists a supersolution which
is C? satisfying the boundary conditions of (3-5).
By the strong maximum principle, there exists a nonconstant solution such that ming(-, 1) < —c.
Moreover, by compactness, this ¢ can be chosen universally for all (xo, 7p) € Q1/4(0, 1) by a standard
covering argument. This implies that u 4 y ¢ satisfies

Uu~+yp) +FD*u+yep),x,t) >0 in 9,
u+yep=>0 on 9,9,
ming (u +y@)(-, 1) < —cy.

By a similar estimate as in Lemma 2.1, this implies that |2 (2)| > cyd“. Therefore, if we consider
covering 9 with a collection of G_,(x, t) € Gy, then

cy™ < YT 1P(Galx, )] £2Gl.
G_2(x,t)CGo
Choosing y sufficiently large, depending only on A, A, and d, we obtain a contradiction. Therefore,
(3-2) holds. O
By rescaling Lemma 3.1, we actually have that if, for all (x, ¢) € Gy,

|P(Gn(x, 1); u)

<2 and 3"5}‘1*,
|Gyl
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then, for any point such that u(xg, tp) = I'*(xo, t), for all (y, s) € O, (xo, to),
(v, 8) < T"(x0, 1) + DT (xo, 10) - (y — x0) + yr°. (3-6)

By sending r — 0, this implies that I'* < y and D’T'* < y Id at all contact points where u = I'*. By
the construction of the monotone envelope (in particular, Lemma 2.2), this implies that I'} < y and
D’T* < y 1d everywhere in G(. The proof is identical to the proof of Lemma 2.3, which can be found in
[Imbert and Silvestre 2012]. We choose to omit it since it follows verbatim.

We highlight that, unlike Lemma 2.3, the upper bound on the time derivatives and Hessian of I'* will
be independent of Ky. An observation of [Armstrong and Smart 2014b] is that it does not seem feasible
to obtain an algebraic rate if these upper bounds depend on Ky. Recall that our goal is to establish an
estimate which controls supersolutions from the other side of Lemma 2.1. Since we plan on performing
quantitative analysis, it is important that our estimate is scale-invariant. If our estimate depended on K
then, by (F4), the estimate would depend upon the scaling. In general, the upper bounds on the time
derivative and the Hessian are controlled by the quantity (G, (x, t)). In light of (3-1), this is enough to
conclude that y is independent of Kj.

We next show that these upper bounds are actually enough to conclude strict convexity.

Lemma 3.2. There exists cs = cs(A, A, d) > 0 such that, for every ¢ > 0, there exists ny =ni(e,d) <0
such that, ifu € S(Gg) and n < n, satisfies
_ PG, 0; T
- |Gl

then, for all (xo, to) € Q1/4(0, 1) N{u =T"} and all (y, s) € Q1/4(x0, 1),

1

<2 forall (x,t) € Gy, (3-7)

T“(y, s) > T"(xo, to) + DT" (xo, to) - (y — Xx0) +¢5(to — 5 + |y — x0|*) — . (3-8)

Proof. Fix ¢ > 0. Suppose for the purposes of contradiction that (3-8) does not hold. Therefore, there
exists a sequence of (i, ¥, §,) € S(Go) x Gy such that u,, satisfies (3-7) for n and u, violates (3-8)
at (3, 5,). Using the convention that w, := I'** and, without loss of generality, assuming that w, > 0
in Gy and w; (0, 1) = 0 for each n, this amounts to

Wy (P, $0) < cn +|9nl®) — & (3-9)

for ¢ to be chosen.

By (3-6) and (3-2), the family {w,} is equicontinuous and uniformly bounded in Q1,4(0, 1). By the
Arzela—Ascoli theorem, this implies that there exists a subsequence converging uniformly to a limiting
function w, with w satisfying

—w; <y and D*w < yId almost everywhere.
By the Lebesgue differentiation theorem and (3-7), w also satisfies

1 < —w;det D*w <2 almost everywhere.
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Therefore, this yields that —w, > 1/ yd , and det D%w > (1/y) Id almost everywhere. Since D*w < y Id,
this yields that there exists a constant ¢, = c¢(y, d) such that D*w > ¢y 1d.
Consider that, by (3-9), since (3,, §,) € Gy, there exists a subsequence converging to a point (3, §) € Gy
satisfying
w(@, §) < c@E+I91%) —e.
However, for ¢ chosen appropriately in terms of y, this contradicts —w; > 1/y¢, D?>w > (1/y) Id almost
everywhere. (I

Finally, we show that this implies that u# will also be strictly convex on the parabolic boundary.

Theorem 3.3. Let u € S(G1). There exist constants ce = c(A, A, d) and ny = ny(d) < 0 such that, if

n < ny satisfies

< |P(Gp(x,1); T)|
|Gl

then there exists a point (xg, t9) € {u =T'*} NG, (0,9) and (po, hy) € P((xo, ty); I'*) such that

1

< w(Gp(x, ) < 143" forall (x,1) € Gy, (3-10)

u(x,t) > po-x+ho+ce forall {t <tp}NG1\Gp(0,9). (3-11)

Proof. In order to prove (3-11), it is enough to obtain a lower bound on infy,G,0,9) ' (-, #) for t < 79. We
claim there exists (xq, fo) € G, (0, 9) such that u(xg, o) = I'*(xg, fy). By (3-10), for any (v, s) € G,(0,9),

P(G,(x,t); TH
15/ |P(Gp(x, 1) )|dxdt
Go(0,9) |Gyl

P(Gp(x,t); T
=|@><Gn<y,s>;r">|+/ EACHICTI RN PP
Go(0.9\G(y,s) |Gyl

<[P(Gu(y, $); T+ (1 = 3" (1 43"+,

This shows that |P(G,(y, s); ['*)| > 0 for any (v, s) € Gg, which implies, by Lemma 2.6, that
|G,(0,9N{u=TI"} >0.

Let (xo, f0) € G, (0, 9)N{u =T"} and consider (pg, hg) € P((xo, tp); ['*). Letu(x, t) =u(x, t)— po-x —hy.
Then ii € S(G(0, 9)) and @i (xg, to) = [z (xo, o) = 0. Moreover, we have that (0, 0) € P((x, to); I'*) and
' >0 for all (x, 1) € Go(0,9) N{r < o).

By Lemma 3.2, letting ¢ = %6‘5, since Q1/4(xo, to) C Go(0,9), this implies that, on 9,G(0, 9),

u(x, 1) >T"(x, 1) > jcs.
Defining cg := %05 completes the proof. U

For convenience, we also provide a rescaled version of (3-11) which will be used extensively later in
the paper. Let u € S(G;,+n+1). Choose n < n; so that
_ PG, ;)|
B |Gl

< w(Gp(x, 1) < (1+3" g forall (x,1) € Gpinti-
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There exists a point (xg, fo) € {u = T'*} N G,(0, 32"+ Dy and (po, ho) € P((xo, to); T'*) such that

u(x, 1) > po-x +ho+cea/@TV32D for all {t <16} N Gugntt \ Guan(0, 32T (3-12)

4. The construction of F and the construction of approximate correctors

We now define the homogenized operator F : S¢ — R. In addition, we show how one can obtain
“approximate correctors” as in [Lin 2015] using the quantity 1. For each M € S¢, we say that w?® is an
approximate corrector of (1-1) if there exists w?® satisfying
wf + F(M+ D*w®, x,t,0) = F(M) in Qi,
(4-1)
wé =0 on ale/s»

with ||&2w?|| L(Qy,,) —> 0 as ¢ - 0. Once w® exists, the qualitative homogenization (the convergence
u® — u P-a.s.) follows by a standard perturbed test function argument [Evans 1992], as shown in [Lin
2015]. In particular, the uniform ellipticity of F follows from the existence of approximate correctors.

Identifying F. We identify F (M) for each fixed M € S?. First, we establish a lemma which states that
w is Lipschitz continuous with respect to the right-hand side .
Lemma 4.1. There exists C(A, A,d, M, Ko) > 0 such that

0=pu(Q 0, b+s, M)—(Q,w, ¢, M) =—-C|Qls (4-2)
forall s € [0, 1].

Proof. Since S(Q, w, £+s, M) C S(Q, w, £, M), the left inequality follows from the comparison principle
for viscosity solutions. To obtain the right inequality, let u € S(Q, w, £, M) and define u*(x,t) :=
u(x, t)+ st, which lies in S(Q, w, £+ s, M). Let w® denote the monotone envelope of u*. We note that
lw?|, |D>w*| < C(Ko, £+ s, M) on the contact set {u® = w*}, by Lemma 2.3 and Lemma 2.6. Therefore,
by the area formula, this implies that

1P(0; w*)| =/ —u’ det D*u® dx,
(w=w)NQ

> / —u’ det D*u® dx,
{u=w}N{u, <—s}NQ

zf —u; det D*u — Cs| Q|
{u=wjnQ

=|2(Q; w)| - Cs|Q|.
By taking the supremum over u € S(Q, w, £, M), this yields (4-2). ]
Lemma 4.2. Let M € S¢. For every n € N, the map

{— Eu(G,, w, l, M)] is continuous and nonincreasing.

Similarly, the map

L — E[u*(G,, w, £, M)] is continuous and nondecreasing.
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In addition, there exists ¢ (M) € R such that, P-a.s. in w,

lim (G, w, (M), M) = lim E[(G, 0, €M), M)] = lim E[u*(Gp, @, £(M), M)]
n—oo n—o0

n—o0

= lim u*(G,, w, L(M), M). (4-3)

n—oo

Proof. The Lipschitz continuity and monotonicity follow from Lemma 4.1. By (2-8), E[u(G,,, w, £)] =0
for all £ > Ko(1 + |M]). In particular, this implies that

Iim E[u(G,, w,£)] =0 forall £> Ko(1+ |M]).
n—oo
Similarly,
lim E[u*(G,, w,£)]=0 forall £ <—Ky(l+|M]).
n—oo

Using the monotonicity in £ and (2-8), there exists a choice of ¢ such that lim,,_, oo E[0(Gp, w, £)] =
limy, 00 E[0*(G,, w, £)]. The outer equalities of (4-3) hold in light of the ergodicity assumption (F1)
and the subadditive ergodic theorem. (Il

Using Lemma 4.2, we define
F(M) :={(M). (4-4)

We will now show that F(M ) agrees with the effective operator constructed in [Lin 2015] and thus the
uniqueness follows. To do this, it is enough to show that solutions w?® of (4-1) exist and satisfy the desired
limiting behavior.

A qualitative homogenization argument. The construction of approximate correctors (4-1) follows in two
steps. First we show that, for any M € S, itis impossible for E (M), M):=1im,— 00 (G, , L(M), M)
and E*(£, M) :=lim,_, o, 1*(G,, w, £(M), M) to both be positive. Applying Lemma 2.1 allows us to
conclude.

For convenience, we provide a precise statement of the Harnack inequality for parabolic equations, as
can be found in [Wang 1992; Imbert and Silvestre 2012]. We will use the notation of this theorem in the
future.

Theorem 4.3 (Harnack inequality). Let u be nonnegative with —| f| < u, + M (D) < | f|. Then there
exists a universal C = C (A, A, d) such that

sup u < C( inf u + ||f||Ld+1(Ql))’
o o

where Q = BpZ/(Qﬁ) X (—,02 + %P“, _/02 + %,04) - Ql andp = p()\" A, d)
The Harnack inequality implies that £ and E* must vanish when they are equal:

Lemma 4.4. Fix M € S¢. If ¢ € R is such that
lim E[u(Gp, w, €, M)] = E(¢, M) = E*((, M) = lim E[u(G,, o*, —¢, M)], (4-5)
n—oo n—oo

then E(¢, M) = E*(£, M) = 0.
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Proof. We drop the dependence on M since it is fixed throughout the proof. Suppose that both
E(¢) = E*(£) := o > 0. By the subadditive ergodic theorem, there exists a choice of m sufficiently large

such that, for all (x, t) € G,,+,, with n large to be chosen,
PG 1), T
a < PG, £); T < u(Gp, o, £) < 20.
|Gl

Without loss of generality, we assume that m = 0. By Theorem 3.3, rescaled, choosing n sufficiently

=

large, and after an affine transformation, there exists a function u such that
u+ F(D*u,x,t,w)=£ in G,(0,3%"+D) (4-6)

and (xg, t9) € Go(0, 32*tDY guch that

u > u(xo, to) + €3 /@Y on 9,G,(0,3*" )N {1 < 1) 4-7)
and
inf u= inf u = u(xg, to) =0.
G, (0,32 DyN{r <o} Go(0,32+D)nfr <1y}

This is done by extracting u’ € S(G,+1, w) such that (3-11) holds. Upon an affine transformation and
solving (4-6) with u = u’ on 3,G, (0, 32011y we have the claim. Similarly, there exists u* satisfying

uf + F(D*u*, x,t,0*) = —€ in G,(0,3*"™D) (4-8)

and, for some (x7, #3) € Go(0, 32"+D),

u* > u*(xo, to) + C3%a'/“* on §,G,(0,3*" V)N {r <13} (4-9)
and
inf u* = inf u* =u*(xg,t5) =0.
G, (0,32 D) fr<t5} Go(0,32+D)N{r <15}

Let = min{ty, #;}. Notice that w := u 4+ u™* satisfies

w; + MY (D*w) > u; +ul + F(D*u, x,t, 0) + F(D*u*, x,t,0*) =0 in G,(0,3*" D)
and

w > C3%a @D on §,G,(0,3* ") N {r <7}

By the Alexandrov—Backelman—Pucci—Krylov—Tso estimate [Wang 1992; Imbert and Silvestre 2012],
this implies that
w > C37q@+D in G,(0, 32"y {r < 7). (4-10)

Let s be defined as the smallest integer such that p23° > /d, where p is defined in the Harnack inequality
(Theorem 4.3). We may assume that s < n, by choosing n larger if necessary. We observe that, in
G,(0,32+D) 4 and u* also each satisfy

u,+ MY (D%*u) > —|¢|— Ko and Ko+ €] > u, + M (D%w),
wf + MT(D*u*) > —|€| — Ko and ||+ Ko > u} + M (D*u*).
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Since infg, g 320+1) 4 = inf o 320410y u™ = 0, and
Go(0, 32"y € 0 25:(0, 32" D)

by our choice of s, this implies, by the Harnack inequality, that there exists C = C(A, A, d, £, Kp) such
that
supu < C3* and supu* < C3%,
o o
where O C G,(0, 32"tD) is a rescaled version of the Q defined in Theorem 4.3. Thus, there exists
C=C(A, A,d, £, Kp) > 0 such that

w<C3% in Q C G,(0,3%+D)y,

By choosing n sufficiently large, depending on ¢, K, and «, we obtain a contradiction with (4-10).
Therefore, o = 0. O

We next show that w? solving (4-1) has the desired decay with this definition of F(M). Letting e =37",
we relabel (4-1) as

w! + F(M + D*w", x,t,w) = F(M) in G,,
(4-11)
w'=0 on 9,G,,
and we want to show that ||3_2”w”||Loc(Gn) — 0 asn — oo.
Consider that, since E(F (M), M) = E*(F(M), M) =0, this implies that, almost surely,
lim u(G,,w) =0= lim u*(G,, w).
n—oo n—>oo
By Lemma 2.1 and (4-11), this implies that
0 <inf3™2"w" +c1u(Gy. )"/ D
and 0> sup3~2"w" —c ¥ (G, w)/@HD.
Gy
Taking n — oo, this yields
lim 37" w" |G, < lim max{u(G,, @)D, 1 *(G,, )/ V) =0, (4-12)
n—oo n—>oo

as desired.

5. A rate of decay on the second moments

In this section, we obtain a rate of decay on the second moments of p. The approach of this section
closely follows that of [Armstrong and Smart 2014b]. As before, we suppress the dependence on M. We
simplify the notation by adopting the following conventions. Let

E,(0) =E[u(G,, w,€)] and E, () =E[u*(Gp, w, )] =E[pn(G,, 0", —0)].
Also, let

Jo() =E[(Gn, @, 0?1 and  J*(0) = E[u*(Gp, 0, £)*] = E[1(Gy, 0¥, —£)?].
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Our next lemma shows that, if the variance of p and p* are not decaying, then their expectations must
be close to zero. The proof resembles the argument for Lemma 4.4, but avoids the dependence on Kj.

Lemma 5.1. Suppose that there exists m,n € N and n, y > 0 such that

0<Jn(—y)<A+nE2,  (L—y) (5-1)
and
0<Ji(—L+y)<(U+nEZ,(—L+y). (5-2)

Then there exists no = no(A, A, d) and n9 = no(A, A, d) such that, for all n > ng and all n < ny,
Inin(@—=y) + T (—C+y) < Cy>“th. (5-3)

Proof. Without loss of generality, we assume that £ =0 and m =0. First, we claim that there exists a choice
of environment w such that u(G,, ) and u(Go(x, t), w) are approximately constant for all (x, ¢) € G,,.

Fix § > 0. There exists n = () such that, if (5-1) and (5-2) hold for this », there exists an w such
that, for all (x, ) € G,

(I =8)En(=y) = (Gn, 0, =y) = (Go(x, 1), 0, =y) < (1 +8) Ep(—=y) (5-4)
and, similarly for the lower quantity,
(I=8)E,(y) =™ (G, w,y) =™ (Go(x, 1), 0, 7) = (L +8E;(y). (5-5)
Applying Chebyshev’s inequality, we have that, for any (x, 1) € G,
Plu(Golx, 1), 0, —y) = (1 +8) E,(—=y)] < P[(Go(x, 1), 0, —y) = Ex(=y) = SEn(—y)]
< P[[(Go(x, 1), 0, =y) = Ex(=1)) 2 8°E(—)]

1
< s HIk(Gox. 0. 0. =) — En(=)T]

=< m[-’o(_y) - E,Z,(_J/)]

<182,
where the last inequality follows from (5-1).
Similarly,

P[u(Gn, 0, —y) < (1 =8 Ex(—y)] < P[(w(Gp, w0, —y) — Ex(—¥))* = 8*En(—1)?]

< WE[(M(Gn, w, —y) — E,(—7))?]

< 5E oy EHGr 0.~y 1= Eu()’)

< 775_2.

By identical arguments,

P(u*(Go(x. 1), 0. 7) = (1 +8Ef()] <nd™> and P[u*(Gu.w.y) <1 —8)E;(y)] <nd~>.
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By a union bound, this implies that
P[(5-4) and (5-5) hold for all (x,?) € G,]=>1—4n8>, (5-6)

s0, by choosing n < %82, this has positive probability. Let @ € Q2 be an element of this set, which implies
w satisfies (5-4) and (5-5) for all (x, ) € G,. Using this particular w, we next show that there exist
constants ¢, C, and s € N which only depend on A, A, and d such that

C(En(—y) 4+ EX (y) — Cy™h < (1 4 8)3720=9@HD (B (—y) + EX(y)). (5-7)

Consider that, by Theorem 3.3, similar to the proof of Lemma 4.4, there exists n = n(d, A, A) and
u, u* € C(G,(0,3>"+D)) such that
U+ F(D*u, x,t,0) = —y in G,(0,3*"+D)
with

inf u(x, 1) > C3"E,(—y)/ @+ and inf. u= inf wu=0.
8 G (0,320 D)N{r <10} G(0,3201+D) G, (0,321+D)

Similarly, u™* satisfies
M;k + F(Dzu*’ X,t, a)*) =—y in G,(0, 32(n+1))’
with

inf u*(x,t) > C3*"EX(y)"/“@t)  and inf  u*= inf wu*=0.
apGn(0,32("+”)ﬁ{t§t§} G(0,32(1+1)) G, (0,32(n+1))

Let 7 = min{ro, £;}. We note that the function u + u* satisfies that

utut = C3(E, (=)D + Ex(n @) on 9,G,(0,3*" ) nifr < 1)
and
W +u*) + ME (D> +u*)) = =2y in G,(0,32"HD),

By the Alexandrov-Backelman—Pucci—Krylov—Tso estimate [Wang 1992; Imbert and Silvestre 2012],
this implies that

u+u* > 3E, (=)D L Ex )@V 32y in G,(0,3* ")) {r <7). (5-8)

Next, consider the solutions w, w solving

w; + F(D*w, x,t,w) = —y in G4(0, 320+D),
w=0 on 9,G, (0,32,

and
{w;k + F(D>w*, x,t,w*) = —y in G4(0,32"+D)y,

w* =0 on 9,G,(0, 32 +D),
with s, to be chosen, such that s < n.

We have that
w+w* =0 on 3,G,(0,3*"*D)
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and
(w+w*), + M7 (D*(w +w*) < -2y <0 in G,(0,3*"HD).
This implies that
w4+w* <0 in Gy(0, 32Dy, (5-9)

Combining (5-8) and (5-9), we have that, for all (x, ) € G(0, 32Dy N {r <7},
wix, 1) —u(x, 1)+ w*(x, 1) —u*(x, 1) < C3"y — 3" (E,(—) /D + Ex(n)!/*D). (5-10)

Notice that
w—u<0 on 3,G40,3*" )
and, in G, (0, 32(++D),
(w—u); + M (D*(w —u)) > 0> (w—u); + M (D*(w — u)).

This implies that w —u < 0 in G,(0, 32®**1). Consider the Harnack inequality (Theorem 4.3) applied to
u—w > 0. By the Harnack inequality, rescaled in G, (0, 32*+D) (where 0 corresponds to the rescaled 0),

sup(u —w) <C inf (u—w).
Q QpZSS(OY:;Z(rH»l))
This implies that
—sup(u —w) > —C inf (u—w),
Q Qp23S(0,32(n+1))
which yields
inf(w—u)>C sup (w—u). (5-11)
) Qp235(0’32(n+1))

Choose s so that G(0, 32" D) € Q 23,(0, 32 TD). Since (5-10) holds for all
(x,1) € G50, 3" N{r <i} and Q< G(0,3°" N)nfr <7},
we may assume without loss of generality that

héf(“’ —u) < 1(C3%y = B3P (E (=)D 1 EX(y)1/@HD)),

(If not, then we repeat this analysis for w* — u*.) By (5-11), this implies that, in Q 0235 (0, 320Dy,
w—u < C(3%y =3 (Es(=)/ D+ Ej () /).
In particular, we have that

inf w < inf M+C(C32ny _32n(En(_y)1/(d+l)+E:(y)1/(d+1)))
0,255 (0,3%4D) 0 23 (0,3201+D)

Since (xo, fo) € Go(0, 3*" D) € 0 23,(0, 3> *D), this implies that

inf u=>0,
0,255 (0.32+D)
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which yields

inf  w<c(C3"y =3 (E (=)D + EX(y) /D)), (5-12)
0 25(0,3204D)

By Lemma 2.1, since w =0 on 9,G(0, 32 +D)y

0< inf  w+c13¥u(Gy(0,320HD) o, —y)l/@+D
GX(O,32("+]))

< inf w43 u(G(0,37), @, —y) /D,
0 235 (0,320+1))

By (5-12), this implies

3D (B () V@TD 4 pr ) VE@ED )@t < 11(G4(0, 32D), w, —y)
< ][ W(Golx, 1), w) dx dt
le(0’32(n+1))

=(U+E(—y)

<A+ )(E(=y)+E;(¥)).
This yields

3@ (B, (—y) + EX(y) — Cy*™) < 1+ 8)(En(—y) + EX(¥)),

which is equivalent to (5-7).
To conclude, we just need to choose §, n, and show there is an n sufficiently large to obtain (5-3).
Rearranging yields

- 3—2(n—s)(d+1) —5372("’”(‘”1))@,1(—)/) + E;’,‘(y)) < Cyd+1‘
Choosing § := 372@*+D and y < 137#@*D yields a choice of w € Q such that (5-4) and (5-5) hold, and
(1—37209@HD _3=20@H Dy (E, (—y) + Ej(y)) < Cy“*.
For any n > 2s, we have that
En(—y)+EX(y) <C(1— 3-2s(d+1) _ 3—4s(d+1))—1yd+1 _ Cyd+1'
This implies that

In(=Y)+ 5 () = A+ m(En(=y)? + Ef(r)h) = Cy2 0,

as asserted. O

We next show how the finite range of dependence assumption (F1) yields a relation between Jy,4, (£)
and J,,(¢) for n > 0.

Lemma 5.2. There exists c; = ¢7(d) such that, for any £ and any m, n > 0,

€7
3n(d+2)

Jmin(0) < E% + T (€). (5-13)
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Similarly,

(=0) < E? 4 ——_J*(—0).

Tt 3n (d+2)

. . . n(d+2)
Proof. Since £ plays no role, we suppress its dependence. Consider that G4, = Uf’: 1

choice of enumeration of cubes {an}. Therefore, for each u € S(G;45, ®),

P (Gn; u)*

3/1(0[ +2)

= ( > 1P(Glys u>|)

i=1
=Y PGP + DD PGl [ P(Gy: w)
i i ji

3n(d+2) 3n(d+2)

1521

(5-14)

G,, for some

=Z|@<G:'n;u>|2+2[ > PG wIPGHE W+ Y |@<G£n;u)||@<Gz;;u>|]

i=l =l "q1Gi Gl1>1 dGi,,Gh1<1

This implies that

3n (d+2)

1 .
WG @ < 3 > (WG, W)
i=l1

3n(d+2)

32,,(d+2) 1Y wGh.owGl o)+ Y M(Gi,,,wm(G,f;,w)].

=l " q16i,,651>1 d[Gi,,Gh1<1
For each i fixed, if d [an, G,ﬁ;] > 1, then, by (1-7), stationarity, and Lemma 2.8,
E[11(G},, @) (G}, )] = Ep.
If d[G:,, G‘,ﬁ] <1, then, by the Cauchy—Schwarz inequality and stationarity,

Flu(G:,, @) (G, 0)] < EF[u(Gp, ©)*]1 = Iy

For any fixed i, the number of cubes such that d[Gin, G,’,;] <1 is at most 3¢*!. Therefore, after taking

expectation of both sides, summing over i = 1, ..., 3"?*2 copies, this yields that
C
n(d+2) _ ad+1\p2 | ad+l 2
Jm+”—3n(d+2)(J +(3 —3“"HE, +3 Jm)SEm+3n(d+2)Jm-

Our next lemma shows that, by perturbing ¢, we can make E and E* positive.

Lemma 5.3. Let £ be such that
E@) = lim E[u(G,, w, £)] = lim E[u*(G,, w, £)] = E*(L).
n—o00 n—oo
There exists cg = cg(d, A, A) such that, for any y > 0 and any n,

Flu(Gn, 0, £ —y)] = cgy?™!

(5-15)
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Analogously,
E[u*(Gpy @, =€+ )] = E[1(Gp, 0%, € — )] > cgy™. (5-16)

Proof. First, we observe that, by Lemma 4.4, E(£) = 0. By the subadditive ergodic theorem, we choose
N = N (§) sufficiently large so that E[u(Gy, w, £)] <4.

Let w solve
{w,—i—F(Dzw,x,t,a)):Z in Gy,

w=0 on 9,Gy.
Since w € S(Gy, w, £), by Lemma 2.1 we have
0< glew + 13N (G, w, )@Y,
which implies that
Plw < —2/@HD¢ 32V sV/E@HD] < P[ (G, w, ) > 28] < 1. (5-17)
Letw:=w— C)/(%pcl2 - 32N) + %y(32N —t) for C to be chosen. By (5-17),
P[w > —2¢,3*§"/@*D 4 Cy32N] > 1.
Next we consider that there exists C = C(d, A) such that w € S(Gy, w, £ — y). We verify that
W, + F(D*W, x, 1, w) :w,—%y—l—F(Dzw—CyId,x,t,a))
>w, — 3y + F(D*w,x,t,0) + A|Cy 1d|
=0—Ly+Cryd>t—y
for C =C(A,d). Since w > 0 on 9,Gy, by Lemma 2.1 we have
P[u(Gy, w, £ —y) > Cy'tt —Cs] = 1.

Therefore, for alln < N,
Elu(Gn, 0, £+ 7)1 = Cy ™+ —9).

Sending § — 0, N(8) — oo, and we have the claim by letting cg = C. (Il
We are now ready to obtain a rate of decay on the second moments of .

Theorem 5.4. There exists Tt = t(A, A,d) € (0, 1) and c9 = c9(A, A, d) such that, for all m € N and
each M € S°,

In(F(M), M)+ J*(—F (M), M) < co(1 + | M])2@+D g 2@+ D gm, (5-18)

Proof. We fix M € S¢ and drop the dependence on F(M) (although we mention where it is used). In
order to prove (5-18), it is enough to prove that there exists an increasing sequence of integers {m;} such
that |my4 —my| < C =C(d, A, A) with

In (=375 T3 (375) < C(1 + |M>HD kTP 3=k, (5-19)
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Recall that |F(M)| < CKg+1(1 + | M4, By (2-8) and scaling, it is enough to assume that we work
with
Ji

k= 2@d+1)°
C(1+ |M)2d+D K.

so that | J¢| < 1 and then to prove
T (=375 + T (378 < c372HHD, (5-20)

Let mo = 0. Suppose that (5-20) holds for the level m;_;. We would like to find my satisfying (5-20)
such that my —my_; < C. We aim to set up Lemma 5.1, and then choose y = 37k, Given ng and No as in
Lemma 5.1, we seek m satisfying (5-13).

Consider that, by Lemma 5.2,

_ _ c7 _
g (=379 < Ep L (537 + oy e (2379, (5-21)
If we can find a choice of m such that, for a fixed n; and 7,
En-n (=379 <A +n)"PEW(=37%, Ei_, 3 <+n)'?EL3™H, (5-22)
and
Tn-m (=37 < U 4+n)Jn(=375, Ti, BT =0 +n)37H, (5-23)

then, substituting this into (5-21),

—k 2 —k 7 —k
Jn—ny(=375) <A+ 7]1)|:Em(—3 )+ mfm(—?’ ):|

7

2 —k
<( +m)[Em(—3 Y T )

Jm—no (_S_k)} )

which implies that
7 - -
|:1 -1+ Ul)m]fm—no(—3 Y < A+n)En (=375,
Similarly, by (5-14),
7 — —

[1 - +m)m}f,;:_no<3 ) = A+mE; 3.

Choosing ni(d, A, A), n1(d, A, A) so that
c7 -
[1—(1+ﬂ1)m] (I+n1) =1+ no, (5-24)

we may apply Lemma 5.1, to conclude that, for m satisfying (5-22) and (5-23),

Jm(_3_k)+~]y:(3_k) < C3_2k(d+1)-
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The problem reduces to finding a choice of m satisfying (5-22) and (5-23) such that m is a bounded
distance away from my_1. This is where we will use the inductive hypothesis. We claim that, for given
ny and 7y, there exists m such that (5-22) and (5-23) hold, and

ny < m < miy +Clog[ClUp, (=370 + 5 37D, (5-25)

Consider that, for all m, by Lemma 5.3, since we are solving with right-hand side F (M) (and here is
the only place where we use that the right-hand side is F(M)),

g3~ D@D < B 3=6=Dy  ang g3 k=D@+D SE;(?’—(k—l))'

This implies that, for any N,

- Jmk’1+(j71)"l (_3_(k_1)) <C Jmk,l(_3_(k_1))
o I (S370ED) T 3mEnE@ED
N g% ) (37(/(—1)) 3~ (e 1))

mkl

1_[ mg—1+(j—1ny <
* —(k—1) - 2(k—=1)(d+1) ’
j=1 Jmk 14-]711<3 ) 3"

Emri-om (&34 By, (377D
Emy_ytjn, (=3-G=D)y =7 3-G-D@+h °

—-

Jj=1

N E* (3—(k—1)) (3 (k— 1))

1_[ mi—1+(j—1)n — <cC Wlk(}lC —
j=1 Emk 1+J"1(3 ) 3

Since each individual term in the product is bounded from below by 1, this implies that there exists
some element j’ for i =1, 2, 3, 4 such that

1

Jmk—1+(jl—1)n1(_3_(k_l)) <C Iy (=37 (k— 1)) N
o1 jim (376D~ 22(—1)(d+1) ;
—(k—1)
2= om @ )<C<J;Z (374 1>))
Ji e 376Dy =T 326 D@ )
Eny2-om (=3747D) <cf Ima (=37 k=D)\ 2%
Epy_y4jom, (Z3767D) -~ 32— D(d+1D) :
, —=D k=1 237
E’"k 1+(j471)n1(3 ) <C< my— 1 3~ ( ))> N
E:’;I\ 1+j4n1(3_(k_1)) - 3—2(k=D)(d+1)

Let

"CIOg[?)Z(k—l)(d-‘rl)(J ( 3— k- l))_}_];rklk 1(3k—1))]—‘
log(1+8;)
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and set m :=my_1 + jn; for j :=max;{j'} < N. Applying the monotonicity, this choice of m satisfies
(5-22) and (5-23). Define my := m, and this implies, by the inductive hypothesis, that

my < mg_y + Clog[3**= D@V (g, (—37¢=Dy 4 g= ~ (3571))]
< mp_1 + C log[C32*=D@+D3=20=D@+D) <y 4 (.

This completes the induction and the proof of (5-19). By the monotonicity in the right-hand side ¢, this
actually yields a sequence {my} such that |my; —my_| < C for all k and

Using the monotonicity of J,, in m to interpolate between points m = 3", we obtain (5-18) for some cg. [

Using this rate on the decay of the second moments, we apply Chebyshev’s inequality to obtain a rate
on the decay of u.

Corollary 5.5. Forevery p <d + 2, there exists c =c(p, A, A,d) and e = (X, A, p, d) such that, for
allm eNandallv > 1,

P[w(Gs 0, F(M), M) = (1 + M KFH37"0] < exp(—cv3™P) (5-26)
and

P[w* (G, w, F(M), M) > (1 + M KIT37™0] < exp(—cv3™). (5-27)

Proof. We only prove (5-26), since (5-27) follows by identical arguments. Without loss of generality, we

assume that M = 0 and we drop the dependence on F (0).
3d+2

Fix m € N and let n € N to be chosen. We consider decomposing G 4n+1 = J;_; 9,, where
Y = Ui’:?w G, is a collection of subcubes of size G, such that each of the subcubes of size G, is
separated by distance at least 1.

By the finite range of dependence assumption (F1), for each i,

w(GY, w) and w(G*, w) are independent if j # k. (5-28)

Using this decomposition yields that

3d+2 3m((i+2)
log E[exp(v3"“*2 1(Gpins1, )] < log [E[ [T [ expw3 "2 (G, w»}
i=1 j=1
3(d+2) 3m(d+2)
<37 3" jog [E[ 1 eXp(vu(Gi{,w))}
i=1 j=1

3(d+2) 3m(d+2)

=3~ @+2) Z log( 1_[ [E[CXP(VM(GZj’w))])
i=1

j=1
— 3m(d+2) log [E[eXp(UM(Gn’ a)))]’
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where the last line holds by stationarity. Moreover, if we choose v =C KO_ l/ (d+1), then viu (G, w) <1

almost surely. Using the elementary inequalities

exp(s) <1+4+2s forall 0<s <1,
log(1+s) <s for all s >0,

yields that, for this choice of v,
log E[exp(CKy V3™ 1 (Gpynsr, ))] < 3"HPEICK, 0 (G, )] < €3I (5:29)

by Theorem 5.4.
Therefore, by Chebyshev’s inequality and (5-29), this yields that

Pli(Ginsr, ) = K] < Plexp(Ky 3" D UG i1, )) 2 exp3mH0)]
< Cexp(=3"@+2(y — ).

1

Letting v = 57"v and using that v > 1, we have that

P[1(Gmint1, @) > CT"K§T 0] < Cexp(=3"@TD 7).

Choosing n ~ | (mplog3)/(2(plog3 + |logt]))] < %m implies that ¢37"7 < t" < C37"", which
yields that
P[1(Gint1, @) > C3TPKITV] < Cexp(=3"@H2Py),

Relabelingm =m +n+1 and p =d +2 — p yields that there exists « = a (X, A, p, d) such that

P[1(Gm, w) = C37™ K H1v] < Cexp(=3"Pv). O

6. The proof of Theorem 1.1

We finally present the rate for homogenization in probability using Theorem 5.4. This follows a general
procedure which has been shown in [Caffarelli and Souganidis 2010; Armstrong and Smart 2014b;
Lin 2015]. However, for completeness we provide the argument here as well, similar to the approach
of [Armstrong and Smart 2014b]. As mentioned in the above references, if the limiting function u is
C%(R¥1) (ie., C2(RY) N C'([0, T1)), then obtaining a rate for the homogenization is straightforward.
Studying lim,_, o w?®, where w? solves (4-1), is equivalent to the stochastic homogenization of (1-1) when
the limiting function is of the form u(x, t) = bt + %x - Mx. By (4-12) and Chebyshev’s inequality, a rate
on the decay of 1(G1/e, w) immediately yields a rate in probability for the decay of w®. If u € C?, then,
by replacing u with its second-order Taylor series expansion with cubic error, we obtain a rate for u® — u.
In general, since u is not necessarily C2, we must argue that one can still approximate u by a quadratic
expansion. This type of approximation is the motivation for the theory of §-viscosity solutions, which
was introduced in the elliptic setting in [Caffarelli and Souganidis 2010] and generalized to the parabolic
setting by Turanova [2015]. The rate in [Lin 2015] was obtained by using this regularization procedure.

For clarity and for a more general approach, we choose to present the argument in terms of a quantified
comparison principle as in [Armstrong and Smart 2014b]. We revert to quantifying the traditional
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“doubling variables” arguments used in the theory of viscosity solutions (see for example [Crandall et al.
1992; Crandall 1997]). We are informed that this is related to forthcoming work by Armstong and Daniel
[2015], who generalize this method to finite difference schemes for fully nonlinear, uniformly parabolic
equations. The next series of results are entirely deterministic and therefore we suppress the dependence
on the random parameter w.

We first present a result relating the measure of the parabolic subdifferential to the measure of the
corresponding touching points in physical space-time.

Proposition 6.1. Let u and v be such that
u + M~ (D*u) — Ry <0 < v, +MT(D*v)+ Ry in Ur. (6-1)

Assume 8 > 0andlet V=V CUr x Ur and W C R4t x R?*! be such that, for all (p, h), (q,k)) e W,

{(x,z,y,s>: sup w6, v)—v(n,0) = o [lE P+ (T 0Pl p-E—q-n

UrxUr:t<t,0<s
= U, 1) =003 9) = ol =y P+ (=] =prx—q -y,
h=u(e, ) = 55llv =P+ @ =21 = pox, k= —v(y, ) - %nx—yﬁw—s)z]—q-y} cv.
Then there exists a constant C = C(A, A, d, Ur) such that
|W| < C(Ro+8~ )2V, (6-2)

Proof. Without loss of generality, we may assume by scaling that Ur € Q1(0, 1). As usual, we constantly
relabel C for a constant which only depends on A, A, and d. Fori =1, 2, let (x;, t;, i, Si» Pi» Gi» hi, ki)
satisfy

1
sup - u(x, 7) —v(y,0) = 5o (X =y + (T —0)) = pi - x =gy

Ur xUr,t<t;,0 <s;

1
=u(x;, ;) —v(yi, ;) — %ﬂxi —yilP =) = pi-xi — qi - Vi

=h; + ki,
and let
A= (Ixi — %2+ |y1 — 2 l* + |11 — 2] + |51 — 522 (6-3)
We claim that
(Ip1 — p2)? +1g1 — @2 + |1 — ha|* + ki — k|2 < C(1+8"HA +0(A) (6-4)

as |[A]| — 0.

If (6-4) holds, then one can obtain (6-2) using standard measure-theoretic arguments. A priori, this
may not be apparent since the left-hand side of (6-4) corresponds to the Euclidean distance between
points in R%*!, whereas A corresponds to the parabolic distance under the metric d[ -, - ]. However, the
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parabolic cylinders have the appropriate doubling property with respect to Lebesgue measure, and thus
standard measure-theoretic arguments apply.
We prove a series of claims, using standard techniques in the method of doubling variables.

Claim. For eachi,
|ti —sil <8Ro+ C. (6-5)

Consider that the map
(5, 1) = w0 = o llx =y P+ (= 51%] = py -
achieves its maximum over U x (0, #1] at (x1, t1). Therefore, by (6-1),
L =)+ 1d) < R,
implying that
t1—s1 <8[Ry— (—C8§ )] =8Ro+C. (6-6)
Similarly, the map
(3:5) = 00, 5) + s llv =P+ (01 =97 +1 -y
achieves its minimum over U x (0, s1] at (yy, s1). By (6-1),
t1—s1>8(—Ry—C8 ') =—8Ry— C. (6-7)
Combining (6-6) and (6-7) yields (6-5).
Claim. Let u; + M+ (D*u) > —1in Q;. Let (p1, h1) € P((x1, ty); u) and (p2, hy) € P((x2, t2); u). Then
p1 = P2+ 1hy = hol? < C(xt —x2P + |t = 2 + v — xal* + |1 = 2. (6-8)

Without loss of generality, by subtracting a plane and translating, we may assume that (p;, hy) =
(0,0) and (x», 1) = (0,0). The claim will follow from the regularity of I'* (Lemma 2.3). Since
(x1,11), (0,0) € {fu =T*} and DT'* is Lipschitz continuous, this implies that

pil = ClarP + 10D
To estimate |h|, we again apply the regularity of I'* and the bound on |p;| to conclude that

\hi| = |kt — ha| = |u(xy, 1) — p1 - x1 — u(x2, 02)| < C(|x1 1>+ 16 DY+ |x1]).
Therefore,
Ihi? < C2 (P + 160D+ |x1 ) < CUxi 1P+ |1 >+ 1 * =+ |4 ).

Combining these observations yields (6-8).



ALGEBRAIC ERROR ESTIMATES FOR PARABOLIC STOCHASTIC HOMOGENIZATION 1529

Next, we apply these observations to the parabolic subdifferentials. For simplicity, we adopt some nota-
tion. Without loss of generality, assume that s; > 5. Let Ty := min{ty, t2, s2} and Ty ;= max{ty, fp, 51}
Notice that, by (6-5), Tmax — Tmin < 8Ro + C + A% := y2. Therefore, (x1, #1), (x2, &2) € @, (x1, Tmax)- Let

u(x, 1) :==—u(x, 1)+ %[Ix — P+ =51
This implies that
i, + MY (D?i) = —u; + 87" (t —51) + MT (= D*u+ 57" 1d)

> —u,+87 1t —s1) — M (D*u) - 57" C

> —Ry—C(1+8Ry+A%)57!

> —C(Ro+87'(14+4%) in Qy(x1, Tw). (6-9)

We next find elements in the parabolic subdifferential of .
Claim. We have
(—=p1, u(x1, 1) + p1-x1) € P((x1, h); ). (6-10)

Since

1 1
u(xr, 1) = 55ln — i+t —s)H = prox = ulx, 1) — S5l — 1P+t —s1)*1—p1-x

for all t <t and x € U, this implies that

~ 1 ~

xr, 1) = (=pr ) = —ur, ) + 52 (0 =i+ (= 51)%) + prox <A@, 1) = (—p1-x)
for all t <t and x € U. This yields (6-10).
Claim. We have

(—p2+ ”g” (v, ) + (Pz - ”g”) -Xz) € P((xa, 1); D). (6-11)

Since
1 2 2
—M(x,t)-i-%[lx—ml + (@ —s52) ]+ p2-x
- 1
= (0, 1)+ gsllx =yl + (= 52)* = lx = y1 P = (1 =51’ ] + pa - x
- 1 e 2 L2 2 12
=u(x, 1)+ 5( 2+y)+p -x+23[(t 52)" =t —=s)"+ |yil = Inl],
we obtain that
- 1 1
u(xy, ) + <§(—)’2 +y1)+ Pz) “Xo + %[(tz —5)? — (2 — 51)°]
- 1 1
<G, 0+ (5= )+ p2) x5l =527 = (0= ).
Simplifying yields that

(2, 1)+ (5 (=2 30+ p2) 32+ 5[0 = D62 =50 <A, D+ (5 (-3 + 30+ p2) .



1530 JESSICA LIN AND CHARLES K. SMART
Therefore, for t < t,, since 51 > 52,

” 1 ~ 1
u(xz, 1) + (5(—Y2 +y1)+ pz) xp <u(x, 1)+ <§(—y2 +y)+ Pz) X
which yields the claim.
By combining (6-8), (6-9), (6-10), and (6-11),

. 2
pP1—p2+ g(m -y1)

- - 1
+ u(xy, 1)+ p1-x1 —u(x, to) — <P2 — g(yz — yl)) X2
< C[Ro+ 57"+ AHP(Ix1 — x2l* + |t1 — 62 + |x1 — x2|* + |11 — 12]).
Recall that

—u(xy, 1) — p1-x1 =hy

and
—a(2, 1) = (2= § 02 =) 2 = o+ 51yl = 1) + 52 = 527 = (6 = 51)°]
h2+—[|y2| — |y1* 453 — 57 = 202(s2 — s1)]-
Collecting terms yields that
|p1— p2l* + 1y — ha|* < C[Rg +8—‘<1 + A2)12[|x1 —xal 1t — 0+ x1 — x4 [t — 1]

|y2—y1| +— [yl = 1?4+ 53 — 57 —202(s0 — s1)T?

452
<C[Ry+8 A+ AHPA%+ Blzo(Az)
< C[Ry+ 57 '1PA% +0(A?),
which implies that
(Ip1 = p2* + 11 —ha|)'> < C(Ro+ 87 A +o(A).
An analogous argument yields that
(Ig1 — q2* + k1 = ka|)'? < C(Ro+ 87 A + 0(A).
Combined, this yields (6-4). O

Next, we show that, if |u — u®| is large somewhere, then we can find a matrix M* and a parabolic
cube G* such that u(G*, F(M*), M*) is very large. We mention that both M* and G* come from a
countable family of matrices and cubes. In order to select M* and G*, we must construct the appropriate
approximation of u to argue that u is close to a quadratic expansion. We will employ the W3¢ estimate
proven in [Daniel 2015], which yields an estimate on the measure of points which can be well-approximated
by a quadratic expansion. We state the result slightly differently than it appears in [Daniel 2015], in order
to readily apply it for our purposes.
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Theorem 6.2 [Daniel 2015, Theorem 1.2]. Let u; + F(D*u) =0in Q, u = g on 9, Q1, with F uniformly
parabolic. Let Q C Q1. For each k > 0, let

e i={(x,1) € Q1 :3I(M, £,b) € S* xR xR with |M| <« such that, for all (y,s) € Q1 with s <t,
u(y,s) —u(x,t) =b(s—)—&-(y —x) — 3y —x) - M(y —x)| < tc(jx — y[> + s — 17D}
There exists C = C(A, A, d) and o = a (A, A, d) such that, for every k > 0,

K —
Qw@mm+wmw»wwwmmﬁﬁ)'

We note that X, corresponds to the set of points which can be touched monotonically in time by a

|01\ (BN Q12(0, —3))[ = C

quadratic expansion with controllable error. Moreover, the points in X, are touched from above and below
by polynomials. We are now ready to show the existence of M™* and G*. For simplicity, we say that a
function @ : Ur x Ur achieves a monotone maximum at (xg, fo, Yo, o) if ® (xo, fo, Yo, S0) = ®(x, 1, y, s)
forall x, y e U and all t < ty, s < sp.

Proposition 6.3. Let u and v satisfy
u; + F(D*u) = f(x,t) =v;, + F(D*v, x,t) in Uy,
u=v=g(x,1t) on 9,Ur,

such that

I F )|l Ly +sup | F(O, -, )lL~w,) + lgllco1,ury + 1 fllcorw,y = Ro < +o0.
There exists an exponent 0 = o (A, A, d) € (0, 1) and constants c = c(A, A,d,Ur), C=C(A, A, d, Ur)

such that, for any | <n, if

A :=sup(u —v) = CRon° >0, (6-12)
Ur

then there exists M* € S?, (y*, s*) € Ur such that:
o [M* <0,
o I7'M*, n~'y*, and n~2s* have integer entries,
o (", s*) +nGo, F(M*), M*) > cA‘t!,
where nGy = (—%n, %n]d x (=12, 0].
Proof. As usual, ¢ and C will denote constants which depend on universal quantities, which will vary line
by line. We first point out some simplifications which we take without loss of generality. We assume

that Rp =1 and Ur € Q;(0, 1), and appropriately renormalize.
Next, we claim that we may replace v by v solving

{5,+F(D25,x,t):f(x,t)+cA in Ur, 6.13)

V=" on d,Ur.
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The Alexandrov—Backelman—Pucci—Krylov—Tso estimate [Wang 1992; Imbert and Silvestre 2012] yields
that
v—v<CA in Uy,

so, by adjusting the constant in (6-12), we may take the replacement at no cost.
Finally, we point out that, by the Krylov—Safonov estimates [Wang 1992; Imbert and Silvestre 2012],
u and v are Holder continuous and, since Ry < 1, there exists a (A, A, d) € (0, 1) such that
lull coa gy + VI 0w,y = C- (6-14)

Without loss of generality, assume that o < % Since u = v on d,Ur, this implies that, for all

(x,0), (y,8) € Ur,
lu(x, 1) —v(y,5)| < C(d(x,1),0,Ur]* +dl(y,s), 0,Ur]* +dl(x, 1), (y, $)]%).
Consider the function
(1.3, p.q) =ulx, 1) = vy, ) = oellv = Y+t =)= prx—g .
Suppose there exists a point (xg, fp) such that u(xg, to) — v(xg, fo) > %A. This implies that

P (x0, 10, X0, 10, 0, 0) > 3 A.
Let
Ur(p) :=={(x,t) € Ur x Ur :d[(x,1),8,Ur] = p}.

Let p, g € B,, where we define r := %A. We would like to show that ®(-,-,-, -, p, g) achieves it
monotone maximum in U7 (p) x Ur(p) for some choice of p.
We note that

P(x,1,y,5, p.q)
1
=u(x, 1) =v(y,8) = 5ellx =y + (=)l = prx—q-y

< C(dl(x, 1), 3pUr]* +dl(y, 5), 3,Ur]* +dl(x, 1), (v, )]*) — 21—6[|x — P+ —s)’142r.

By Young’s inequality,

Ik — y|¢ = ACOR[A- ey y29e/2 < %A FCA~ @l g2

and

I — 5|%2 = AG—OMAp A= o)y _ g 2Je/4 < %A FCA—G g2,

Assume A < 1. This implies that A-2-o)/a < A—(@-0)/a Therefore,

D(x,y,t,5,p,q)
< Cd[(x,1),8,Ur]* + Cd[(y,s), 0,Ur]* + 1A+ ;A + C(A_(4_“)/“ — %)Hx —yP 4t — 92
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By letting
§ < JAUTO (6-15)
we have that
D(x,y, 1,5, p,q) < Cdl(x,1),0,Ur]* + Cld(y, s), 0,Ur]* + 3 A.

Therefore, letting p := CAY? yields that, for any p, g € B,, ® achieves its monotone maximum
in Ur(p) x Ur(p).

Using the language of Proposition 6.1, we choose W € RY*! such that Q, x Q, € W. This yields that
V.= {(x, t,y,s) € Uy x Uy : for some (p,q) € B, X B,
o(-,-,-,-, p,q) achieves its monotone maximum at (x, ¢, y,s) for appropriate (h, k) € [R{Z}
C Ur(p) x Ur(p).
By Proposition 6.1, this implies that
V| > C(1 4 571)72d=2,2442 5 (] 4 A~ G-0)/a)=2d=2 42d+2 5 ¢ p@Ed+8)/a_

If we define the projection 7 : R4*! x R4+ — R¥*! by 7((A, B)) = A, we have that

a(V) = |Ur|7' VI 21017 V] = cABHO/, (6-16)

Finally, we note that, for every ((x, t), (¥, s)) € V, since ®(x, ¢, y, s, p, g) > 0 for some p, g € B, C By,
a < % and A < 1, this implies that

lx —y2+ 1t —s> < C8 < CAY™/* < CA°, (6-17)

Next, we use (6-16) to show that there are points in 77 (V') where u can be approximated by a quadratic
expansion. Let X, as in the W3¢ estimate (Theorem 6.2).
By the W32 estimate, assuming that Ur C O,

1Ur \ Ze(Up)| < |01\ Ze(Ur) N Q12(0, —3)| < Cx . (6-18)

Although a priori the two «’s in (6-16) and (6-18) are not necessarily the same, we can assume without
loss of generality they are the same by taking the minimum of the two.
Thus, if we let k > CA—4@+2/¢* then

Ur \ B (Up)| < | (V)

which implies that (V) N X, # &. This implies that there are points of (V) where u can be touched
monotonically in time by a quadratic expansion with controllable error, and the function ® achieves it
monotone maximum there.

Finally, we show that there exist M*, y*, s*, and G* which satisfy the conclusion of the proposition. By
the previous step, there exists (x1, f1, y1, s1) € V with (x1, t;) € 2. In other words, there exist p, g € B,
such that

®(x1, 11, ¥1, 81, p.q) = sup ®(x,1,y,0,p,9),
Ur(p)xUr(p),T<t1,0<s]
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and (M, &, b) such that |[M| <« and, for all (x,?) e Uy, t <1y,
luCe, 1) —uCx, ) —bt—t) —& - (x —x1) — $(x —x1) - M(x —x)| < gc(x —x1 P+t —1,/).

Notice that, since u, + F(D?*u) = f(x, t) in Ur and u is touched from above and below at (x1, 1) by
polynomials with Hessians equal to M, this implies that b + F(M) = f(xy, t;). Therefore, defining

G, 1) i=ulxr, 1) +b(t — 1)+ (E —p)- (x —x1) + 3 —x1) - M(x —x1) = L (|x —x1 P+ |t = 117,
we have
u(xy, t1) —v(yr, s1) — %Hxl — P4t —s)H

> s o n—v0.9 - sl =3P+ =9 =g -} 619

Ur xUr,t<t;,s<s]

To control the right-hand side from below, we consider that, for any (y, s) € Ur with s < s, letting
x=x1+y—yrandt =t +s—s51 <t,

sup {901 = 5l — v+ (0= 9)%1)

(x,t)eUr,t<t
>¢(x1+y—yi, t+s—s1) = 12[]x; — y11* + (t1 —s51)°]
=u(x;, 1) +b(s—s)+E=p)-—y)+30—y) M@y —y)

1
— gy =3P +ls =51 = 5ella =i+ (1 = s1)°]. - (6:20)

Combining (6-19) and (6-20) yields that

1
u(xi, 1) —v(y1, $1) — a<llx1 — yi 1>+ (t1 — 51)%]
26

= sp fute b —s)+E=p) = y)+30 =) M=y by =y P+ ls—si )

(v,8)eUr,s<s1
R ST 27 _ _
28[|x1 e+ —=s) 1 =v(y,s) —q-(y—yi-
This implies that

v, s < inf fv(r ) —bs—sD—E—p—q)-(y—»)

(v,5)eUr,s<s1

— 1=y MO —y)+ic(y—yP+lIs—si?}. (621

Since I < 1, choose M* € S¢ so that M < M* < M + Cn° Id and [~' M* has integer entries. Using
that F is uniformly elliptic, F(M*) < F(M) = f(x1, ;) — b. Let

O(,s):=v(y,s)—bls—s)—E—-p—q)- O —y1)
—1o =) - M =Cn7 1)y — y) + gk (ly =yl +1s = s117/2).
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By (6-13),

O+ F(M*+ D*®, y,s)

=vs—b+%/c|s—s1|1/2

+F(M*+D2v—M—|—C17“Id+%K|y—y1|Id+%K(y_yl)®(y_yl),y,s)

ly =l
> v, —b+ F(D*,y,5) — C(M* =M +Cn° Id+Cik|y — yi|1d)

> f(y,8)+cA—b—Cn° —Cikly — yi

> f(y,8)+cA—b—Cn” —C5(c+1)|y -yl

> F(M)—CA®+cA—Cn° —Ch(kc+ DIy —yil.

where the last line holds by (6-17), using that F(M)= f(x1,1) —Db.
This implies that, in Q4 ¢c41)-1 (V15 51),

Oy + F(M*+ D?*®, y,5) > F(M)— CA®+cA—Cn°.
In addition, comparing (6-21) and the definition of ©®,

O = inf (O Cn’ly —yil?). (6-22)

y,8)eUr,s<s|

Let (y*, s*) be such that (n~'y*, n=2s*) € Z¢t! and d[(y*, s*), (y1, s1)] < Vdn.
Let
G* := (", s*) —nG,.
Since (y1, s1) € Ur(p), we have d[(y*,s*),d,Ur] > p — Vdn > dn so long as p := CA/* > Cp
(which is satisfied if o < «). This implies that G* C Ur.

We next claim that G* € Q. 4(c+1)-1 (1, s1) for an appropriate choice of k. Let k := n°~! with
o= ((1+4(d+2))/012)7l <. Since A > Cn?, we may choose the constants so that cA(k + D> \/377-
This yields that G* € Qg ¢c+1)-1 (¥1, 51), as asserted.

Therefore,

O, + F(M*+ D?®, y,s) > F(M*) in G*. (6-23)
By (6-22), we conclude that
inf® < allIle e—Cn. (6-24)
This implies, by Lemma 2.1 and (6-24), that
W(G*, F(M*), M*) = cA™!
and this completes the proof. ([

Finally, we are ready to prove Theorem 1.1.
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Proof of Theorem 1.1. We prove a rate in probability for the decay of u — u®. Fix My and Uz such that
Ur C O and
1+ Ko+ lIglicor,ur) < Mo.

We will show that there exists 8 > 0 and a random variable ¥ : 2 — R such that

sup{u(x, 1) —u’(x,t,w)} < C[1+ e’%(w)]e”.

Ur
We mention that a rate on u® — u follows by a completely analogous argument for ©*, so we choose to
omit it.

Fix e € (0,1) and p < d + 2, and let o be as in Proposition 6.3. Let « be the o associated with p as in
Corollary 5.5 and let g := }1 p. Choose m such that

max {374 37me/d+Dy < ¢ (6-25)

In the language of Proposition 6.3, let i := 37"%/2@+D and choose [ := 37"%/>¢_ Notice that we have
that [ < n < &!/2. This implies that, for any A > Cn?,

{w: sup u(x,t)—ug(x,t,a))zA}

(x,t)eUr
c | le:in/es/e+ne""Go. 0. F(M), M) = cA""!)
(7.5, M)e9(A)
= U fo:n/es/e)+Gn o, F(M), M) = A},
(y,s,M)e$(A)
where

$A) = {0, 5. M): (y,5) € Q1, (" 'y, n72%5) € 2T, M| < 3m/2FD L

This is possible since 7 < 1 and Proposition 6.3 yields that o < 1, which implies that |[M] <n° ! <p~! <
3ma/2(d+1) We mention also that [~'M € 74 NS¢,
This implies that

sup {u(x,t) —ut(x, 1, w)} < cA™ + Y, (w), (6-26)
(x,t)EUT
where
Y (@) = {sup u((z, ¥) + G, 0, F(M), M) : (ze~ ', re 2, M) € $(A)}. (6-27)

To find the number of elements in $(A), consider that, since ™'z € Z¢ N Q1/¢ and n2seZN[0,1/g%],
there are (¢n)~@*? choices for (z, s). This implies that there are at most 33me choices. For the matrices,
consider that, since 3"%/2 M 74 NS4 and M| < 3ma/2@d+1) | thig implies that there are at most gma(d+1)
terms. In total, there are 3"*@+% combinations to choose from in $(A).

By Corollary 5.5, for each (z,r, M) € $(A),

P[(z,7) + (G, 0, F(M), M) > (14 |M)?F'37*¢] < C exp(—c3"7).
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Since |[M|9+! < 3m2/2 this implies that
P[(z,7) + w(Gm, 0, F(M), M) > 37"*/>1] < exp(—c3""1).
Using a union bound and summing over all of the terms in $(A),
P[¥(w) = 37"27] < C3"*“H exp(—c3"P1) < C exp(—c3" 7).
Replacing t by 7 + 1, we have that, for all T > 0,
P[(3"*/2W,,(w) — 1)1 > 7] < C exp(—c3"P1).
Replacing again v — 3797 yields that
P[3743"*/2(WY,,(w) — 1)1 > 7] < C exp(—c3"P~ 7).
Summing over m and using that p > ¢, this implies that, for all T > 0,

P[sup{3"3" /> (Y, (w) — )4} = 7] < Z P[3743"*2 (Y, (w) — 1)1 = 1] < Cexp(—cT).  (6-28)

m

Letting
% (w) = sup{3™ (3" *Y,, (w) — 1)} (6-29)

and integrating (6-28) in t yields that
E[exp(&(w))] < C. (6-30)
This implies that

sup {u(x, 1) —uf(x, 1, w)} < Cn® @D 4 C3™%(w) + 1)37"? < C(1 + "X (w))e?
(x,t)eUr

for some choice of 8, where B(A, A, d, p). |
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